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Avant-propos

Ever since my early years of studying chemistry, I have been drawn to two different
aspects of the molecular theory. Initially, I was fascinated by the visual aspect of imagining
how molecules interact at a microscopic level — how they bounce off each other, rotate and
exchange atoms or electrons. Secondly, I became intellectually interested in understanding how
thermodynamics and transport properties emerge from chaotic molecular-level mechanisms.
Although I was initially lured by the graphical representation of reaction mechanisms in organic
chemistry, I quickly realised that my experimental skills were limited—as the existing models
of these reactions. I therefore shifted my focus towards the physical chemistry and the chemical
physics of fluids, where reactions are rare, but other molecular motions (rotation and translation)
and collective fluctuations play the main role.

Aside from my personal interests, fluids are ubiquitous in many natural environments
and technologies. Modern questions related to molecular fluids cover topics such as energy
storage and generation, improving synthesis processes, carbon capture, cleaning and decontam-
inating industrial products, and the role of solvents in biological systems. In terms of classifi-
cation, I organise for myself fluids according to their molecular properties, from the simplest
to the most complex. Starting with simple fluids consisting of atomic particles, the following
features can be considered/added: (i) dipole and other electrostatic moments, (ii) shape, (iii)
hydrogen bonding/associativity, (iv) internal flexibility, and (v) reactivity. However, when the
molecules of the fluid become long (polymer), bi- or tri-dimensional (membrane, nanoparticle),
or messy (biomolecule), we usually leave the realm of the physical chemistry of fluids to enter
that of soft matter — an area that I haven’t explored in my work.

I completed my PhD under the supervision of B. Rotenberg (PHENIX, Paris, 2012-
2015). My research here aimed to determine which molecular motions control the nuclear
magnetic resonance (NMR) relaxation of aqueous atomic ions at infinite dilution. I explored
several hypotheses (e.g., rotation of water molecules in the first solvation shell, rotation of the
shell itself, or translation of the ion), but none of them were successful. (I passed my PhD nev-
ertheless, as we at least managed to correctly reproduce the NMR relaxation time using a com-
bination of molecular and quantum simulations.) I then moved to London to temporarily leave
the world of the molecular motions and learn about the (nether)world of semi-classical molec-
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ular simulations and their applications to charge transfer in organic crystals and proteins (group
of J. Blumberger, UCL, London, 2015-2018). I returned to Paris in 2018 (with R. Vuilleumier,
PASTEUR, Paris, 2018-2019) to join a project about the development of the molten carbonate
electrolyser cells. Using ab-initio and classical simulations, I determined the solvation structure
and dynamics of different solvated species within the molten carbonate, as well as the transport
and structure of the bulk molten carbonate at different temperatures and compositions.

I joined the Université de Lorraine in September 2019 to work at the Laboratoire de
Physique et Chimie Théoriques (LPCT) for the scientific part and at the Faculté de Pharmacie
(College of Pharmacy) on the teaching side. I will develop in this manuscript the work I have
done on both these aspects. At LPCT, I was warmly welcomed within the group of F. Ingrosso
and the team "Liquid-state, interfaces, solvation". My scientific work focused on the properties
of molecular fluids, the main project involved developing a molecular density functional theory
to study the solvation within the supercritical CO2. I also contributed to other projects inves-
tigating the dynamical properties at the molecular scale. These projects included modelling
of spectroscopic properties under confinement with F. Ingrosso, studying of the displacement
of chiral liquids under a rotating electric field with C. Millot, and developing theory for the
dielectric properties in dipolar electrolytes with P. Illien and B. Rotenberg.

My future research projects will strengthen the work conducted previously. I will con-
tinue to focus on the modelling of molecular fluids, aiming to develop density-based theories
that can efficiently model the thermodynamic and dynamical properties. These theories will
then be applied to more complex fluids, such as molten salts, deep eutectic solvents, and con-
fined fluids. In this manuscript, I present my ideas for technical developments: firstly, improving
and extending the classical DFT approach to study supercritical CO2 at different temperatures,
different pressures and with a cosolvent; and secondly, developing a molecular dynamics DFT
approach to investigate the solvation dynamics of electrolytes.

Chapter 1 of the manuscript will summarise my previous work up to my arrival in
Nancy. Chapter 2 will present my current and future work on the molecular DFT for supercriti-
cal CO2. Chapter 3will focus on the dynamic aspect, exploring the development of a stochastic
DFT for modelling molecular fluids. Chapter 4 will conclude the manuscript by covering the
other collaborative projects. Annex A will review my scientific output (published papers, con-
ferences, supervised students), while annex B will present all the non-scientific aspects of my
work, including my teaching, collective and administrative duties.

In conclusion, I would like to clarify the purpose of this manuscript. Of course, it is
my thesis for obtaining the Habilitation à Diriger des Recherches, the ultimate qualification in
the French academic system. While writing it, I also took the opportunity to document some
unpublished works and to force myself to grasp difficult concepts that were still unclear to me
(e.g., classical DFT). I compiled a patchwork of grant proposals, published and unpublished
results, and human resource reports, attempting to organise them coherently. In the future,
I hope to use this manuscript as a preparation for future publications, as a textbook for my
own understanding, and as a roadmap for my future research. In terms of notation, I indicate
the supervised or co-supervised students in bold, and I present the published articles to which
I contribute as [AC1], in accordance with the numbering in section I. I have also chosen to
present the bibliography with the author and date stated explicitly, as this makes it easier for the
reader to identify the cited paper (e.g., [Chandler, 1993]). Now that everything is in place, let
us begin.



CHAPTER 1

Previous Works

Since the beginning of my thesis in 2012, I have focused my research on two areas: i)
the dynamic and thermodynamic processes in the condensed phase, and ii) the development of
innovative theoretical and numerical methods to study these processes. My research journey
has unfolded as follows:

— M2 internship with B. Rotenberg and V. Marry on the dynamics of ions in clay sheets,
— Thesis with B. Rotenberg on NMR relaxation of ions in aqueous solution,
— Post-doc with J. Blumberger on charge transport in organic materials,
— Post-doc with R. Vuilleumier and F.X. Coudert on solvation in molten carbonates,
— Lecturer at the Laboratory of Theoretical Physics and Chemistry (LPCT, UMR 7019).

This research journey enabled me to specialise in density theories for molecular liquids.
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Chapter 1. Previous Works 4

I PhD: Modelling NMR relaxometry in condensed phase
The measurement of NMR relaxation times (called relaxometry) allows extracting in-

formation on microscopic dynamics in complex systems. [Redfield, 1957] The relaxometry of
atomic ions, for example, provides access to transport properties in multiscale materials such
as clays or polymers. [Korb, 2018] The interpretations of these experiments generally rely on
overly simplistic models of microscopic dynamics, considering, for example, only Brownian
motions for the translation and rotation of molecules. [Chubak et al., 2023] My PhD project
was therefore to develop a new simulation method to calculate the NMR relaxation times of
atomic ions and to propose a more realistic interpretation of the relaxation mechanism. We
chose to restrict ourselves to quadrupolar ions (i.e., with a spin I ≥ 1) in water at infinite dilu-
tion. For these ions, linear response theory [Redfield, 1957] allows writing the NMR relaxation
time as

1

T1
= A (1 + γ∞)2

∫ ∞

0

dt CEFG(t) (1.1)

whereA is a numerical prefactor dependent on the nucleus under consideration, the Sternheimer
factor γ∞ describes the response of the electronic cloud of the considered ion in the presence
of the solvent [Sternheimer, 1950], and CEFG(t) is the correlation function of the electric field
gradient (EFG), which arises from the solvent fluctuations around the ion. The calculation of
relaxation times presents the dual challenge of accurately describing the interactions between
the nucleus and the electronic cloud (γ∞) and sampling the molecular fluctuations around these
nuclei (CEFG(t)).

During this project, I developed an original method combining precise quantum calcu-
lations to determine γ∞ and classical molecular dynamics trajectories to calculate CEFG(t). The
factor γ∞ is defined by the hypothesis of a linear relationship between the EFG from the ion’s
electronic cloud V cloud and the EFG from the solvent V solv, V cloud = (1 + γ∞)V solv. [Stern-
heimer, 1950] We validated this hypothesis by comparing the EFG calculated using an ab-initio
method (V AI) and the EFG from the point charge distribution of water molecules from a classi-
cal force field (denoted V PIM). Figure 1.1(a) confirms the linear relationship between these two
EFG and allows calculating γ∞. Figure 1.1(b) shows the evolution of CEFG(t), which decays
in two successive modes, plus a third oscillating mode for lithium. The inset represents the
integral of the correlation function

∫∞
0

dtCEFG(t), from which the relaxation time is calculated
(equation 1.1).

With these results, I was able to quantitatively reproduce the NMR relaxation times
for alkali, alkaline earth, and chloride ions in water at infinite dilution. Table 1.1 summarises
the theoretical values obtained during my thesis alongside the experimental values found in
the literature. I also adapted this method for sodium ions diffusing in a silicate matrix and for
aqueous solutions at finite concentrations. Finally, I proposed original analyses of molecular
movements to understand which microscopic modes control NMR relaxation. By exploiting
the modularity of the simulations, I was able to test the importance of the first solvation sphere,
the mass of water molecules, or the charge of the ion. This highlighted the invalidity of the
models usually employed to describe the experiments (based on a stochastic reorientation of
water) and emphasised the essential role of collective density fluctuations in the ion’s solvation
sphere. This work resulted in three articles. [AC3][AC4][AC6]



5 I. PhD: Modelling NMR relaxometry in condensed phase

Figure 1.1 – Main results of my thesis. Figure (a) represents the EFG obtained by an ab-
initio calculation V AI as a function of the EFG obtained by the force field V PIM. For each
ion, 100 configurations containing one ion and 63 water molecules were used. The continuous
line represents the best linear fit, allowing the calculation of γ∞. Figure (b) represents the
normalised autocorrelation function of the EFG Cnorm

EFG (t) = CEFG(t)/CEFG(0). For each ion,
500 ps of molecular simulations containing one ion and 215 water molecules were used. The
inset figure represents

∫ τ

0
dtCnorm

EFG (t).

Ions 7Li+ 23Na+ 39K+ 87Rb+ 133Cs+ 25Mg2+ 35Cl−(
1
T1

)
sim

(s−1) 0.032 6.7 15 370 0.055 1.8 40(
1
T1

)
exp

(s−1) 0.03 17 18-26 370-420 0.075 4.16 28-42

Table 1.1 – Comparison of NMR relaxation times obtained by simulations
(

1
T1

)
sim

and by

experiments
(

1
T1

)
exp

. The good quantitative agreement highlights the validity of our modelling.

This project allowed me to study the collective fluctuations of water around ions, to
link these fluctuations to the experimentally measured T1, and to develop an original simulation
method for calculating these T1. I was particularly interested in the dynamics of the solvent
around a solute, especially when described in terms of solvent density. [Perng and Ladanyi,
1998] This project continued after my thesis: I supervised I. Chubak, a post-doc working with
B. Rotenberg in 2022 and 2023. Building on the method I had developed during my thesis,
he extended it to new ions in water and to alternative classical force fields. [AC16] [Chubak
et al., 2023]. This work recently led us to collaborate with P. Illien in an attempt to model
NMR relaxation using stochastic density functional theory (SDFT), [Dean, 1996] which led us
to build SDFT for electrolytes (see the chapter 3). [AC22]
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II Post-doctorate 1: charge transfer in organic materials
After completing my thesis, I joined J. Blumberger’s group to participate in a very

different project: modelling charge transport in organic crystals. These organic crystals are
electrical conductors and flexible materials, making them interesting for photovoltaic technolo-
gies. [Coropceanu et al., 2007] However, their use is limited by their low electrical mobility.
This weakness stems from the coupling between charge dynamics and molecular fluctuations
(phonons), but no theory had qualitatively modelled this coupling in 2015 (neither hopping
transport theories nor band transport theories). [Troisi, 2011, Oberhofer et al., 2017] The goal
of J. Blumberger’s group was therefore to use molecular simulations to improve our under-
standing the charge transport mechanism in these materials with the ultimate goal of proposing
new, more efficient organic crystals. Molecular simulations were, however, faced with the three
challenges of describing electronic dynamics in excited states (where transport occurs), cou-
pling this dynamics with molecular fluctuations (the coupling), and modelling sufficiently large
systems (100 nm) and for a sufficiently long time (10 ps).

We have therefore developed a new molecular simulation method, called Fragment-
Orbital Based Surface Hopping (FOB-SH). This method is based on an original combination
of non-adiabatic molecular dynamics (i.e., integrating excited states [Tully, 2012,Crespo-Otero
and Barbatti, 2018]) with calculations of energies, forces, and non-adiabatic couplings using
classical force fields (much less costly than ab-initio methods). This enables the propagation of
electrical dynamics coupled to molecular fluctuations at a low numerical cost. I played a key
role in the theoretical and numerical development of this new method, from its conception to
the implementation of the main ingredients in the CP2K simulation code. [AC7][AC9][AC11] I
then participated in its validation by comparing it with numerous experimental results. [AC12]
Figure 1.2 (right) shows the excellent agreement between our simulations and experiments, a
result that had previously been unattainable for any theory.

We then used this method to elucidate the transport mechanism, demonstrating that it
involves an alternation of localised charge phases and brief yet extensive delocalisation. [AC10]
The duration of these localisation/delocalisation phases and the size of the charge during delo-
calisation depend on both temperature and coupling strength. Figure 1.2 (right, A-B) illustrates
the trajectory and the extension of a charge at two temperatures. The higher the temperature, the
more significant the molecular fluctuations, and the more localised and less mobile the charge
will be. During this project, I had the opportunity to supervise S. Giannini, who was a PhD
student with J. Blumberger (2017-2020), on a daily basis. I continued to work with J. Blum-
berger’s group for a few years. Thanks to the FOB-SH method, we were able to test new organic
crystals, propose rules for designing more efficient organic crystals, and study exciton transport
in organic crystals. [AC14][AC17]

In addition to my work on developing and applying FOB-SH, I was involved in a project
to determine the rate of electron transport in proteins. This project was a collaboration between
experimentalists (in biology and physics) and J. Blumberger’s group for simulations. Using
the standard charge transport hopping simulation method, [Blumberger, 2015] we were able to
provide a microscopic interpretation of the experiments carried out by our collaborators and de-
termine, for the first time, the electron transfer speed within a multi-heme protein. [AC8][AC13]
This project corresponded to the thesis of X. Jiang (2015-2019), whom I helped to supervise in
the early stages of the project.

The research themes that interest me now are quite different from the work of my first
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Figure 1.2 – Left figure: comparison between experimental electrical mobilities µexp and those
obtained by simulation µcomp. The points represent the results of the FOB-SH method for 10
different organic crystals, the red triangles represent the results of a band theory, and the green
dashed line is the limit of the predictions of hopping theories. Right figure: snapshots taken at
different times during two FOB-SH trajectories in an ethylene chain with an electronic coupling
of 120 meV at 50 K (A) and 1000 K (B). Increasing the temperature decreases the size of the
charge and its mobility.

postdoctoral position. I learnt however some key concepts about mixed classical/quantum sim-
ulations that could be useful in future projects on photochemistry and the solvation of excited
states, for example. I also developed advanced scientific programming skills in both Fortran
2003 and Python. I also had the opportunity to supervise several PhD and Master’s students.
This postdoctoral position was therefore an essential step in my training as a researcher.
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III Post-doctorate 2: solvation in molten carbonate
I then decided to undertake a second postdoctoral position focusing on the thermody-

namics of solvation in complex liquids—the molten carbonates. This project was funded by the
ANR MCEC (Molten Carbonate Electrolyser Cell, principal investigator: M. Cassir), and I was
supervised by R. Vuilleumier and F.-X. Coudert in the Chemistry Department of ENS Paris. The
ANR MCEC project aimed to develop of a new type of molten carbonate electrolyser (MCEC)
for the valorization of CO2 captured in industrial installations. [Chery et al., 2016,Chery, 2015]
My role in the project was to provide microscopic information on the structure and solvation
dynamics of the different carbon oxides that appear during the operation of an electrolyser.
I learnt new dynamic simulation techniques (ab-initio molecular, thermodynamic integration)
and adapted them to reactive liquids, such as molten carbonates. Thanks to these techniques, I
was able to characterise the structure and dynamics of the different species dissolved in molten
carbonate (CO, CO2, O2−, C2O2−

4 ) that play a major role during the operation of an MCEC
electrolyser. In particular, I demonstrated that CO2 reacted with the carbonate ion CO2−

3 to
form a transient species, pyrocarbonate C2O2−

5 . This species has a very short lifespan (a few
hundred femtoseconds), yet it is present 25% of the time, which affects the dynamics and solu-
bility of CO2. We also showed the stability of the oxalate species C2O2−

4 , the CO species, and
characterised the quasi-rigid nature of the (O2−, 4Li+) complex. Figure 1.3 illustrates the sol-
vation of pyrocarbonate and oxalate species in molten carbonate. These results are essential for
understanding the operation of an MCEC, particularly the charging and discharging processes
that occur at the interface between the electrode and the molten carbonate. [AC15]

As part of this ANR project, I also collaborated with experimentalists from the CEMHTI
laboratory (UPR 3079, Univ. Orléans). Together, we studied the structural and dynamic proper-
ties of two molten carbonates (Li2CO3-Na2CO3 and Li2CO3-K2CO3) at several concentrations.
We compared NMR experiments (spectrum and calculation of diffusion coefficient) and elec-
trical conductivity with molecular simulation results. [AC18]

Figure 1.3 – Snapshots of two carbon oxides solvated in molten carbonate: (A): pyrocarbonate
C2O2−

5 and (B): oxalate C2O2−
4 .

This postdoctoral position enabled me to acquire new theoretical and numerical skills,
for example in ab-initio molecular dynamics and thermodynamic integration. It also reinforced
my strong interest in studying solvation in complex liquids, particularly in relation to developing
ecological technologies.
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I joined the LPCT in Nancy in 2019 with the project to develop a new method for deter-
mining the solvation properties of supercritical CO2 (scCO2). The team in Nancy (F. Ingrosso,
M. Ruiz-López, A. Lambert) already had significant expertise in understanding the specific
molecular interactions between the CO2 and the solute using MD simulations and DFT cal-
culations. [Altarsha et al., 2012b, Azofra et al., 2013, San-Fabián et al., 2014, Ingrosso et al.,
2016, Ingrosso and Ruiz-López, 2017, Ingrosso and Ruiz-López, 2018] Recognizing the limita-
tions of these methods in terms of efficiency, I wanted to implement classical density functional
theory (cDFT), a fast and accurate molecular simulation method. I was of course inspired by the
recent project of D. Borgis, L. Belloni, G. Jeanmairet, M. Levesque and their collaborators, who
designed a powerful cDFT for water under ambient conditions, the so-called MDFT (molecular
DFT). [Jeanmairet et al., 2013b, Ding et al., 2017] They notably included the molecular nature
of the solvent by integrating the rotational degrees of freedom into the solvent density ρ(r,ω),
where ω describes the 3 Euler angles of the considered solvent molecule.

To carry out this project, I first requested funding from the “molecular chemistry and
molecular physics” (CPM) department in 2020 to purchase a computing computer. In April
2021, I submitted a request for thesis funding to both the CPM department and the C2MP
doctoral school with F. Ingrosso. We recruited M. Houssein Mohamed for a thesis (Octo-
ber 2021/September 2024). In collaboration with D. Borgis and L. Belloni, we successfully
developed a first cDFT approach for scCO2 in the near-critical region. [Houssein Mohamed,
2024, Houssein Mohamed et al., 2025] We assessed the accuracy of our cDFT approach by
comparing its results with those of standard molecular simulations. This was particularly the
work of two M2 interns G. Szczepan (February 23 - July 23) and C. Cao (February 25 - July

9
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25). The next step in this research project is now to build a cDFT that covers the entire su-
percritical regime (and not just a single condition). This work is the subject of the ANR JCJC
BAC2MOL grant obtained in July 2024, which also includes potential applications for studying
scCO2 in confinement, in collaboration with G. Galliero.

In this chapter, I will first provide an overview of scCO2 as a solvent and review the
state of the art for modelling of solvation properties in scCO2. Secondly, I will describe what
classical DFT is in theory —and in practice. The third section will summarise the PhD project
of M. Houssein Mohamed and its recent continuation. In the final section, I will present the
BAC2MOL project and my ideas for developing a powerful and flexible cDFT approach to
studying scCO2 as a solvent.

I The supercritical CO2, a powerful green solvent.

I.A Industrial and ecological contexts for the use of scCO2

The scCO2 is a valuable eco-friendly solvent with very interesting properties for various
industrial applications. [Anastas and Eghbali, 2010] It is non-toxic to humans and the environ-
ment, and non-flammable, making it a powerful “greener” alternative to the traditional organic
solvents. It can be brought into the supercritical state under mild conditions. Its phase diagram
is presented in figure 2.1, where the critical point is located at Pc = 73.8 bar, Tc = 304 K
and ρc = 468 kg.m−3. In this supercritical state, physical and chemical properties gradually
change from liquid-like to gas-like, in a way that can be easily controlled by small pressure
adjustments. The ability to fine-tune the density changes in the supercritical CO2 can be used to
modify its dissolving power, [Liu et al., 2010] e.g. for instance through the retrograde conden-
sation process. [Johnston et al., 1987,Tai et al., 2000] On the other hand, the gas-like behaviour
ensures a better mass transport (and lower viscosity) than in the liquid phase. Under confine-
ment, the supercritical fluid can produce a Casimir effect: the confinement of the walls sup-
presses the long-range fluctuations, resulting in a pressure difference between the confined fluid
and the bulk fluid and in a thermodynamic attractive force between the walls. [Dantchev and
Dietrich, 2023, Schurtenberger and Heuberger, 2012] These properties provide a wide range
of applications, especially in the chemical industry. The supercritical CO2 is used for exam-
ple as a selective solvent, specifically solvating certain molecules of interest. It is used to
extract target molecules from natural substances (e.g., to produce decaffeinated coffee), [Rever-
chon, 1997, Zosel, 1978] to impregnate polymers with medical applications, [Coutinho et al.,
2021,Weinstein et al., 2010] to perform supercritical fluid chromatography, [Lesellier and West,
2015, Molineau et al., 2021] or to separate racemic mixtures. [Johnston et al., 1987, Tai et al.,
2000] On the other hand, the properties of supercritical CO2 are also used for the synthesis of
nanoparticles (e.g., drug carriers) via the micronisation processes (supercritical anti-solvent, ex-
pansion of supercritical solution, [Türk, 2009] and particles from gas-saturated solutions. [Ross-
mann et al., 2012, Sampaio de Sousa et al., 2007, Türk, 2009]

Moreover, scCO2 is also at the heart of carbon capture and utilisation technologies
(CCU), which are emerging as a promising strategy to reduce CO2 emissions from industrial
processes and fight against global warming. [Agency, 2022] For example, the CO2 fluid can be
stored in a geological reservoir to prevent its release into the atmosphere. In such a reservoir,
the CO2 fluid is present both as a pure fluid or in a mixture — and often in its supercritical state.
From acting as a green solvent to long-term storage, the scCO2 plays a key role in advancing



11 I. The supercritical CO2, a powerful green solvent.

technologies that mitigate the global warming and promote environmental sustainability.

The development and optimization of these various applications requires a detailed un-
derstanding of the properties of the CO2 fluid interacting with a multiscale environment (e.g.,
a solute, an interface, a cosolvent, or a confinement). Such understanding is challenging due
to the multiple length and timescales involved, the various thermodynamic conditions and the
different properties of interest (thermodynamics, structure, transport). Molecular modelling ap-
proaches seem to be the perfect tool for this task: by specifying the microscopic structure and
interactions, they could compute different CO2 fluid properties at different scales and for differ-
ent thermodynamic conditions. However, a suitable molecular modelling must provide accurate
CO2 properties in an cost-effective way. As we will discuss in the following section I.B, there
is currently no existing molecular modelling method that satisfies all the criteria of accuracy,
efficiency, and versatility.

Figure 2.1 – CO2 pressure-temperature phase diagram

I.B State of the art of the modellings of CO2

In this section, we will review the current modellings of CO2 fluid used in industry,
chemical engineering research and physical chemistry research, and highlight their limitations
and the need for a new theory.

I.B.1 Thermodynamics and empirical methods

Equation of state. In the chemical industry, the thermodynamic properties of the CO2 fluid
are routinely determined using cubic equations of state (cubic equation of state). [Huang et al.,
1985, Span and Wagner, 1996, Vega, 2018] These equations consist of analytical expressions
that allow to quickly calculate the thermodynamic properties – speed is an essential feature
for industrial applications (e.g., to investigate fluid transport with pressure and temperature
gradients). [Zhao et al., 2017] These equations rely on 5 to 10 empirical parameters that must
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be determined for each mixture. [Le Guennec et al., 2016] While they accurately reproduce
the thermodynamic properties of the bulk fluid, their macroscopic nature fails to capture the
properties of the CO2 fluid at a the microscopic level. They cannot model the CO2 interactions
with nanoconfinements or with complex solutes.

Parametric solubility approaches. In the case of solvation in CO2 fluid, specific paramet-
ric approaches have been developed: to determine the solubility (i) the equation of state ap-
proach, [Colussi et al., 2006,Garlapati and Madras, 2009] where the solubility is obtained from
an equation of state of a mixture of two fluids (the CO2 and the solute/cosolvent); (ii) the
density-based approach, which relates the solubility directly to the solvent density with a semi-
empirically derived equation (different functional forms exist in the literature); [Bartle et al.,
1991, Chrastil, 1982, Kumar and Johnston, 1988, Mendez-Santiago and Teja, 2012, Tabernero,
2011] and (iii) the solvation models, generally with two parameters (interaction energy and
molecular volume). [Cheng et al., 2003, Iwai et al., 1992, Shin et al., 2001] Overall, all these
parametrized methods can correctly reproduce the solubility for a wide range of pressures and
temperatures with a relative error ( 10%, thanks to the fitting procedure). However, they lack
flexibility for any system modification as they must be re-parametrized again for each solute
and each new system (e.g., the presence of an interface or a cosolvent).

I.B.2 Molecular simulations

Unlike the empirical/thermodynamic approaches, molecular simulations consider an
atomic-level description of the CO2 fluid and its environment. These microscopic models gen-
erate N-body trajectories from which the microscopic and macroscopic properties are calcu-
lated. These trajectories are obtained via the equations of motion (molecular dynamics sim-
ulation, MD) or via an efficient stochastic sampling (Monte-Carlo simulation, MC). [Frenkel
and Smit, 2002] These models are widely used in the scientific literature to study the CO2 flu-
ids, [Stubbs, 2016] with different levels of approximation, ranging from simple point-charge
force-fields [Harris and Yung, 1995, Potoff and Siepmann, 2001, Su and Maroncelli, 2006] to
the on-the-fly ab-initio dynamics. [Mi et al., 2019, Saharay and Balasubramanian, 2004] They
facilitate the study of the CO2 fluid properties in many situations: bulk, [Mi et al., 2019,Saharay
and Balasubramanian, 2004] solvation, [Noroozi et al., 2016, Noroozi and Paluch, 2017, Reddy
and Saharay, 2019, Su and Maroncelli, 2006] mixtures, [Idrissi et al., 2010, Potoff and Siep-
mann, 2001] and confinement. [Fuentes-Azcatl and Domínguez, 2019, Rébiscoul et al., 2019]
In particular, they can accurately calculate the solvation free energies (on the order of a few
kJ/mol) [Noroozi et al., 2016, Noroozi and Paluch, 2017, Stubbs et al., 2005, Su and Maron-
celli, 2006] or provide precise details on the local structure and dynamics of the solvation (e.g.,
spectroscopic data). [Foltran et al., 2011, Kajiya and Saitow, 2013] They help to clarify several
key concepts related to the solvation in supercritical CO2, such as the effect of the local density
augmentation, [Idrissi et al., 2010, Su and Maroncelli, 2006, Yoon et al., 2017] of large density
inhomogeneity, and CO2-philicity, a particular interaction between CO2 and certain chemical
functions (e.g., carbonyl group). [Altarsha et al., 2012a, Azofra et al., 2013, Ingrosso and Ruiz-
López, 2018, San-Fabián et al., 2014]

They have numerous advantages: they are accurate; they naturally include the micro-
scopic scale and anisotropic interactions, and can easily be adapted to different complex systems
and thermodynamic conditions. Their main limitation remains the computational cost. While
the cost is moderate to study the microscopic structure of one specific system (few CPU.hours),
it is ten times higher to compute thermodynamic properties, where specific simulation tech-
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niques are required (Widom insertion, thermodynamic integration, etc.) [Frenkel and Smit,
2002] This cost prohibits the use of molecular simulations to model the CO2 fluid properties in
several multi-scale environments and under multiple thermodynamic conditions.

I.C The solvation properties
In terms of modelling, the objective of my current and future projects is specific: the

calculation of the solvation properties, e.g. the solvation free energy, the solvent density and
the partial molar volume. I am not considering the calculation of the solubility for now, as this
would also require determining also the free energy of the corresponding solid formed by the
solute molecules.

State 0

+

State 1

Δ𝐺01

Density ρ0
Density ρ1

Figure 2.2 – Diagram of the thermodynamic process studied in this work: the initial state 0
corresponds to a solute molecule in a vacuum (here a caffeine molecule) and pure scCO2, the
final state 1 corresponds to a solute molecule in solution in scCO2.

The solvation free energy corresponds to the energy required to transfer a particle (an
atom, a molecule, an interface or a confinement) from a vacuum to the molecular fluid of scCO2.
Inserting a particle into scCO2 activates a potential Vext that describes the interaction between
the inserted particle and the scCO2 molecules. The Hamiltonian of the solvated system is given

H1 = H0 + Vext , (2.1)

withH0 the sum of the Hamiltonians of the bulk scCO2 and of the particle in vacuum. Figure 2.2
illustrates the process. We aim to calculate,

∆G01 = G1 −G0 , (2.2)

where G0 and G1 are the Gibbs free energies of the non-interacting and solvated systems, re-
spectively. Similarly, we will denote the molecular densities of the solvent ρ0 and ρ1 for state 0
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(without solute) and state 1 (in the presence of the solute). I will now explain what the classical
DFT is and how we will use it to calculate the solvation properties.

II Classical DFT for molecular fluids

II.A Statistical physics of molecular fluid
II.A.1 Hamiltonian and partition function

The classical DFT of molecular fluids focus on fluids formed with nonspherical parti-
cles (molecules) and without quantum effects. I will also restrict myself to system in 3 dimen-
sions. The Hamiltonian that characterises this type of system is the sum of a kinetic energy
term and a potential energy term representing the interactions between the constituents of the
fluid. [Hansen and McDonald, 2013] For a molecular fluid, it reads

H =
N∑
i=1

1

2

(
p2
i

mi

+ Li · I−1
i Li

)
+ U

(
rN ,ωN

)
, (2.3)

whereN is the number of molecules, pi andmi are the momentum vector and mass of molecule
i, Li and Ii are the angular momentum and moment of inertia of molecule i, U is the potential
energy, rN stands for the positions of the centres of mass of the N molecules, and ωN stands
for the orientations of the N molecules, defined by three Euler angles in the laboratory frame,
ωi ≡ (θ, ϕ, ψ). In presence of an external field, we will note U = U0 + Vext, where U0 is the
interaction energy between the molecules. We define the partition function denoted as Q,

Q(N, V, T ) = Trtot exp (−βH) , (2.4)

with the trace

Trtot =
1

h6NN !

∫
drN

∫
dpN

∫
dωN

∫
dLN , (2.5)

where β = 1
kBT

, kB is the Boltzmann constant, and h is the Planck constant. For a classical
fluid, the kinetic degrees of freedom pN and LN can be integrated out directly, resulting in a
partition function of the form:

Q(N, V, T ) =
1

N !

Qrot∏N
i λ

3
i

Z(N, V, T ) , (2.6)

where Qrot is the molecular kinetic partition function, which depends solely on the temperature
and of the moments of inertia of the molecules in the system and λ is the de Broglie wavelength,
λi =

√
h2/(2πkBTmi). [McQuarrie, 2000] The configuration integral Z reads

Z(N, V, T ) = Tr exp (−βU(rN ,ωN)) , (2.7)
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with the configurational trace

Tr =

∫
drN

∫
dωN . (2.8)

It is not possible to calculate this integral analytically for a realistic potential energy with a large
number of molecules.

II.A.2 Pair correlation function

The pair correlation function is central in the statistical physics of liquids, particularly
in systems that interact via a pair potential. [Hansen and McDonald, 2013] It enables physical
properties to be determined without having to calculate the configuration integral (equation 2.7),
which is a computationally challenging process. Let us start by presenting the n-particle density
function,

ρ(n)(r1,ω1, ..., rn,ωn) =
N !

(N − n)!

∫
exp

(
−βU(rN ,ωN)

)
drN−ndωN−n

Z
. (2.9)

In particular, the equilibrium 1-body density is ρ(1) = N
V

and the equilibrium N-body density is
ρ(N) = exp

(
−βU(rN ,ωN)

)
/Z. We define the n-particle correlation functions,

g(n)(r1,ω1, ..., rn,ωn) =
ρ(n)(r1,ω1, ..., rn,ωn)∏

i=1,N ρ
(1)(ri,ωi)

=
ρ(n)(r1,ω1, ..., rn,ωn)

ρn0
. (2.10)

The pair correlation function g ≡ g(2) is the most important one. It depends on the distance
r = r12 between the two molecules and their orientations ω1 and ω2. It characterises the
structure of the fluid and can be used to calculate various thermodynamic properties. We also
define the direct correlation function c via the Ornstein-Zernike relation, [Ornstein and Zernike,
1917]

h(r12,ω1,ω2) = c(r12,ω1,ω2) +
ρ0
8π2

∫ ∫
c(r32,ω3,ω2)h(r13,ω3,ω1)dr3dω3. (2.11)

The direct correlation function plays a central role in classical DFT. Before discussing this
theory, I will explain how translational and rotational invariance shape the correlation functions.

II.A.3 Rotational invariants

We will consider systems that are both translationally and rotationally invariant, which
implicates a specific structure for the correlation functions. For instance, the translational in-
variance implies, for any fields A and B, that,

CAB(r1, r2) = ⟨A(r1)B(r2)⟩ = ⟨A(r1 − r2)B(0)⟩ . (2.12)
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It also means that the proper “basis functions” to describe the spatial part are exp(ik · r) and
that the correlation function could be expressed in Fourier space as,

CAB(r1, r2) =
1

(2π)3

∫
dk exp (ik · (r1 − r2)) C̃AB(k) , (2.13)

where C̃AB(k) is (not exactly) the Fourier transform of CAB(r1, r2). With the same idea, Blum
and Torruella proposed in 1972 using the correct “basis functions” to describe the angular part
of the correlations in a system with rotational invariance. [Blum, 1972, Blum and Torruella,
1972] They termed these functions the rotational invariants and denoted them as Φmnl

µν . Using
Blum’s notation, any correlation function f can be expanded onto this basis as

f(r12,ω1,ω2) = f(r12,ω1,ω2, r̂12)

=
∑

m,n,l,µ,ν

fmnl
µν (r12)Φ

mnl
µν (ω1,ω2, r̂12) (2.14)

with r12 the distance between the centres of mass of molecules 1 and 2, r̂12 the orientation
of the vector between the centres of mass, and where fmnl

µν (r12) plays the role of the “Fourier
transform” (where the integers m,n, l, µ, and ν plays the same role as k), but now with respect
to the rotational invariant basis. The rotational invariants Φmnl

µν are defined by

Φmnl
µν (ω1,ω2, r̂12) =

√
(2m+ 1)(2n+ 1)

∑
µ′,ν′,λ′

(
m n l
µ′ ν ′ λ′

)
Rm

µ′µ(ω1)R
n
ν′ν(ω2)R

l
λ′0(r̂12).

(2.15)

The coefficients
(
m n l
µ′ ν ′ λ′

)
are the Wigner 3-j symbols and Rm

µ′µ(ω) are the generalized

Wigner spherical harmonics,

Rm
µ′µ(ω) = Rm

µ′µ(ϕ, β, ψ) = exp(−iµ′ϕ)rmµ′µ(β) exp(−iµψ) , (2.16)

with rmµ′µ the generalized Legendre polynomials. [Messiah, 1962] The expression 2.14 gener-
alizes to all the functions studied in this work. We denote Θ = (ω1,ω2, r̂12) the five angles
characterizing the relative orientations of two molecules, with ωi the three Euler angles of
molecule i and r̂12, two angles defining the local frame.

II.B Principles of the cDFT
The classical density functional theory (classical DFT) is a powerful theory for de-

termining the 1-body density of a fluid in the presence of an external potential. [Mermin,
1965,Evans, 1979,Löwen, 2002,Wu, 2006,Evans et al., 2016,Hansen and McDonald, 2013] By
providing exact reformulation of the statistical mechanics of fluids, it enables one to escape the
N-body integrals. It relies instead on minimising of a functional of 1-body the density, which is
much more efficient numerically. Similar to the famous electronic DFT, classical DFT suffers
from the same major problem: while the reformulation is exact, the exact functional remains
definitely unknown, and approximate functionals must be developed.
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II.B.1 Fundamental theorem

I will propose here an alternative derivation of the cDFT theorem, based on the Levy-
Lieb search idea and the recent work of Jeanmairet et Giner. [Levy, 1979,Lieb, 1983,Jeanmairet
and Giner, 2025] I find this approach more intuitive and grounded in physics than the original
ad absurdum derivation [Mermin, 1965,Evans, 1979]. I will derive it in the canonical ensemble
and then I will discuss how to extend it to the grand canonical ensemble.

We consider the N-body probabilities f (N), such that Trf (N) = 1, and define the fol-
lowing functional,

FG

[
f (N)

]
= −kBT Tr

(
f (N) ln

(
exp(−βU)

f (N)

))
= −kBT

〈
ln

(
exp(−βU)

f (N)

)〉
f (N)

,

(2.17)

where we introduce the notation ⟨A⟩f (N) = Tr(f (N)A). We note that FG

[
f (N) = ρ(N)

]
=

−kBT lnZ = F , where ρ(N) = exp(−βU)/Z is the equilibrium N-body probability and F the
free energy. By invoking the Jensen’s inequality, we obtain

FG [f ] ≥ −kBT ln

〈
exp(−βU)

f (N)

〉
f (N)

= −kBT lnZ = F . (2.18)

This demonstrates that the Helmholtz free energy can be obtained by minimising the N-body
probabilities,

F = min
f (N)

FG

[
f (N)

]
. (2.19)

We now consider the case of interest in classical DFT: a fluid under the influence of an
external potential, i.e. U = U0+Vext, where U0 the interaction energy of the bulk fluid and Vext
is an external potential of the form,

Vext =

∫
dr

∫
dωvext(r,ω)ρ(r,ω) , (2.20)

where ρ is the 1-body density. The FG functional now reads

FG

[
f (N)

]
= −kBT

〈
ln

(
exp(−βU0)

f (N)

)〉
f (N)

+

∫
dr

∫
dωvext(r,ω) ⟨ρ(r,ω)⟩f (N) .

(2.21)

We can proceed with the Levy-Lieb constrained search in two steps: [Levy, 1979, Lieb, 1983,
Jeanmairet and Giner, 2025] (i) we fix the 1-body density ρ and minimise over all the N-body
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probabilities that give ρ (i.e., ⟨ρ⟩f (N) = ρ, (ii) we minimise over all the 1-body densities. The
Helmholtz free energy is given as

F = min
ρ

[
min

f (N)→ρ

(
− kBT

〈
ln

(
exp(−βU0)

f (N)

)〉
f (N)

)
+

∫
dr

∫
dωvext(r,ω)ρ(r,ω)

]

= min
ρ

[
F [ρ] +

∫
dr

∫
dωvext(r,ω)ρ(r,ω)

]
, (2.22)

where define the intrinsic functional

F [ρ] = min
f (N)→ρ

(
− kBT

〈
ln

(
exp(−βU0)

f (N)

)〉
f (N)

)
. (2.23)

The power of cDFT is that the intrinsic functional F [ρ] does not depend on the external potential
vext, but only on the fluid interactions. If we would know this functional, we would be able to
determine the free energy and equilibrium 1-body density for any external potential, just by
following the minimisation procedure.

The intrinsic functional F [ρ] can be written as the sum of two parts: the ideal gas
functional Fid and the excess part Fexc that includes the interaction between the particles

F [ρ] = Fid[ρ] + Fexc[ρ]. (2.24)

The ideal part (i.e., the case without interaction) corresponds to the entropy and is written as

Fid[ρ] = kBT

∫
drdωρ(r,ω)

(
ln
(
λ3ρ(r,ω)

)
− 1
)
. (2.25)

II.B.2 Extension to the grand canonical ensemble

The standard proof of the classical DFT theorem is based on the grand canonical for-
mulation and demonstrates that there is a one-to-one correspondence between the equilibrium
density and the external potential ρ1 ⇔ vext. On the other hand, Lutsko recently demonstrated
that in the case of the canonical ensemble, the equilibrium density corresponds to a family of
external potentials that are defined up to an additive constant. [Lutsko, 2022] The Levy-lieb ap-
proach in the grand canonical ensemble appears feasible, albeit impractical in terms of notation.
The trace will be written as

TrGC =
∞∑

N=0

exp(µN)

∫
drNdωN , (2.26)

and the initial function to express the grand potential will be
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ΩG [{f}] = −kBT
∞∑

N=0

∫
drNdωNf (N) ln

(
exp(−βU + βµ)

f (N)

)
(2.27)

where {f} = f (1), f (2), f (2), ... is a family of j-body probabilities. To continue, I should un-
derstand how to apply the Jensen’s inequality and in which set of probabilities function the
minimisation akin to equation 2.19 should be performed. For the remainder of this manuscript,
I will assume the standard classical DFT theorem and express the grand potential as

Ω = min
ρ

Ωvext [ρ] , (2.28)

with the grand potential functional

Ωvext [ρ] = F [ρ]− µ

∫
dr

∫
dωρ(r, ω) +

∫
dr

∫
dωvext(r,ω)ρ(r,ω) (2.29)

where F is the intrinsic functional that does not depend on the external potential vext.

II.B.3 Expression of the direct correlation functionals

We define the 1- and 2-body direct correlation functionals,

c(1)(r,ω; ρ) = − δβFexc

δρ(r,ω)
[ρ] (2.30)

c(2)(r,ω, r′,ω′; ρ) =
δc(1)(r,ω; ρ)

δρ(r′,ω′)
= − δ2βFexc

δρ(r′,ω′)δρ(r,ω)
(2.31)

= c(2)(r′,ω′, r,ω; ρ) (2.32)

They are functions of the particle positions and orientations, as well as functionals of the 1-
body density. The 2-body direct correlation functional is related to the (2-body) direct corre-
lation function, which is defined through the Ornstein-Zernike equation 2.11, c(r,ω, r′,ω′) ≡
c(2)(r,ω, r′,ω′; ρ0). Combining equations 2.25 and 2.30, the minimisation 2.28 takes the form

λ3ρ1(r,ω) = exp (−βµ− βvext(r,ω) + c(1)(r,ω)) (2.33)

where c(1)(r,ω) = c(1)(r,ω; ρ1) is a one-body effective potential that takes into account the
contribution of interactions between particles. For g(r,ω) = ρ1(r,ω)

ρ0
, the previous relation

becomes

g(r,ω) = exp (−βvext(r,ω) + c(1)(r,ω)− c(1)(ρ0)) , (2.34)
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where c(1)(ρ0) is the excess chemical potential of the bulk system. It is defined by

c(1)(ρ0) = − δβFexc

δρ(r,ω)
[ρ] = −βµ+ βµid(ρ0) , (2.35)

where µid(ρ0) = kBT lnλ3ρ0 is the chemical potential of the ideal gas. For the case of the ideal
gas (no inter-particle interactions) c(1) = 0, we recover the Boltzmann relation of the ideal fluid
in the presence of an external potential vext(r,ω).

II.B.4 Application to the solvation

For the bulk, the grand potential functional is written as

Ωvext=0[ρ0] = F [ρ0]− µ

∫
drdωρ0(r,ω) , (2.36)

while the grand potential of a system subjected to an external potential, with the same chemical
potential and the same temperature, is

Ωvext [ρ] = F [ρ]− µ

∫
drdωρ(r,ω) +

∫
drdωρ(r,ω)vext(r,ω) (2.37)

The difference between these functionals gives

∆Ω[ρ] = Ωvext [ρ]− Ωvext=0[ρ0]

= F [ρ]−F [ρ0] +

∫
drdωρ(r,ω)vext(r,ω)−

∫
drdωµ∆ρ(r,ω) (2.38)

= (Fid[ρ]−Fid[ρb]) + (Fexc[ρ]−Fexc[ρb]) + Fext[ρ] . (2.39)

The difference between the excess free energy can be obtained a thermodynamic integration
between the reference state (with density ρ0) and the density ρ. Using the relations 2.30 and
2.32, this gives

(Fexc[ρ]−Fexc[ρ0]) = kBT

∫ 1

0

dλ

∫
drdω∆ρ(r, ω)c(1)(r,ω; ρλ) (2.40)

= kBT

∫
drdω

∫
dr′dω′∆ρ(r, ω)C(r,ω, r′,ω′)∆ρ(r′, ω′)

− kBT

∫
drdω∆ρ(r,ω)c(1)(ρ0) (2.41)

where

C(r,ω, r′,ω′) =

∫ 1

0

dα(α− 1)c(2)(r,ω, r′,ω′; ρα) (2.42)
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and ∆ρ = ρ − ρ0. Using equation 2.35, the solvation free energy can be re-organised as the
sum of three terms,

∆Ω[ρ] = ∆Ωid[ρ] + ∆Ωexc[ρ] + Fext[ρ] (2.43)

with ∆Ωid[ρ], ∆Ωexc[ρ] and Fext[ρ] the ideal, excess, and external solvation functionals. The
ideal and external solvation functionals are explicitly known,

∆Ωid[ρ] = kBT

∫ [
ρ(r,ω) ln

(ρ(r,ω)

ρ0

)
− ρ(r,ω) + ρ0

]
drdω , (2.44)

Fext[ρ] =

∫
ρ(r,ω)vext(r,ω)drdω. (2.45)

while the excess solvation functional reads

∆Ωexc[ρ] = kBT

∫
drdω∆ρ(r, ω)C(r, r′,ω,ω′)∆ρ(r′, ω′) . (2.46)

I mention that (i) the 1-body term −kBT
∫
drdω∆ρ(r,ω)c(1)(ρ0) was absorbed in the defi-

nition of ∆Ωid and not in ∆Ωexc, and, therefore, (ii) ∆Ωexc ̸= Fexc[ρ] − Fexc[ρb], hence the
difference in notation. I will now discuss the different approximations that have been proposed
in the literature for modelling the unknown part of the functional ∆Ω[ρ]— the excess function-
als Fexc[ρ] or ∆Ωexc[ρ].

II.C Construction of the excess functional
In this section, I will review different strategies for developing the excess functionals,

either directly (Fexc) or in their solvation expressions (∆Ωexc[ρ], equation 2.46). As most of the
theories were developed for spherical particles, I will use the notation x for the spatial degrees
of freedom, representing either position x ≡ r only, or position and orientation, x ≡ r,ω.

II.C.1 Fundamental measure theory

The development of the statistical physics of fluids is often based on the hard sphere
model, which captures the essence of the microscopic structure and thermodynamics of real
fluids. Within the cDFT framework, the development of the excess functional known as FMT
(fundamental measure theory) has been tremendously successful in accurately reproducing the
properties of hard sphere fluids in the presence of an external potential. [Rosenfeld, 1989,Roth,
2010] For a hard sphere fluid, the FMT functional is given by

Fexc[ρ] =

∫
dxΦ ({ρ̂α(x)}) (2.47)

where ρ̂α(x) denotes the weighted densities of the 1-body density with a weight function wα,
ρ̂α(x) =

∫
dx′wα(x,x

′)ρ(x′). The weight functions {wα} are based on the geometric char-
acteristics of the overlap between hard spheres. [Rosenfeld, 1989, Roth, 2010] The function Ψ
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is related to the bulk free energy of the hard sphere fluid, for which different expressions have
been developed. [Roth et al., 2002, Hansen-Goos and Roth, 2006] Extending the FMT to non-
spherical hard bodies is an active area of research. [Hansen-Goos and Mecke, 2009, Hansen-
Goos and Mecke, 2010,Marechal et al., 2011,Roth et al., 2012,Wittmann et al., 2015,Wittmann
et al., 2016, Wittmann et al., 2017]

II.C.2 Perturbation-base functionals

Exact perturbation We consider that the pair interaction between the solvent particles can be
divided into two terms, v = v0+vw, where vw usually represents the weak, attractive interactions
while v0 represents the the strong repulsion between the particles. We define the intermediate
potentials vλ = v0 + λvw, for 0 < λ < 1. After performing a thermodynamic integration along
the path λ = 0 → 1, the excess free energy functional can be expressed exactly as [Hansen and
McDonald, 2013]

Fexc[ρ] = F0
exc[ρ] + FMF[ρ] + Fcorr[ρ] , (2.48)

where F0
MF[ρ] is the excess function for a fluid with pair potential v0, FMF[ρ] is the mean-field

term which depends quadratically on ρ,

FMF[ρ] =
1

2

∫
dx

∫
x′ρ(x)vw(x,x

′)ρ(x′) , (2.49)

and where Fcorr[ρ] is called the correlation functional and reads

Fcorr[ρ] =
1

2

∫
dλ

∫
dx

∫
x′ρ(x)w(x,x′)ρ(x′)

(
g
(2)
λ (r,x,ω′)− 1

)
. (2.50)

This term depends on all the 2-point pair distribution functions g(2)λ associated with the interme-
diate potentials vλ. This exact perturbation scheme cannot be used directly, both the reference
functional F0

exc[ρ] and the correlation functional Fcorr[ρ] must be approximated.

Standard mean-field approximation The standard mean-field approach assumes that Fcorr[ρ] =
0. The accuracy of this approach therefore depends on the approximation used for the reference
term and on the relative smallness of the potential vw. In the literature, the most common
strategy is to employ the FMT functional for the reference term, which model the short-range
repulsion, while the van der Waals and electrostatic interactions are taken into account in the
mean-field functional FMF. [Archer et al., 2017] In the case of supercritical CO2, this strat-
egy was recently followed by Budkov et al. to study the solvation properties. [Kalikin et al.,
2021a, Kalikin et al., 2020, Kalikin et al., 2021b] They obtained the qualitative evolution of the
solvation free energy for different pressures and temperatures. They focused in particular on
molecules of pharmaceutical interest (aspirin, ibuprofen, carbamazepine). However, the spheri-
cal approximation in FMT neglects anisotropic interactions between CO2 and the solute, which
prevents the important specific interactions from being accurately described.
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Baker-Henderson functional The standard mean-field approximation is equivalent to write
that g(2)λ ≈ 1 in the expression of the correlation functional. 2.50 The correlation term could
be approximated more accurately by assuming instead that g(2)λ ≈ g

(2)
1 . This gives the Baker-

Henderson excess functional, Fexc = F0
exc + FMF + FBH

corr, where

FBH
corr[ρ] =

1

2

∫
dx

∫
x′ρ(x)vw(x,x

′)ρ(x′)
(
g(2)(x,x′)− 1

)
. (2.51)

This method is relative expansive, since it requires to determine the 2-point correlation g(2) for
each density during the minimisation process. [Tschopp et al., 2020]

II.D Thermodynamics-based functionals
Local density approximation The local density approximation (LDA) assumes that each
small volume element dx is in equilibrium with a given density ρ(r). The excess free energy is
therefore given by

Fexc[ρ] =

∫
dxa(ρ(x)) , (2.52)

where Ψ(ρ) is the Helmholtz free energy density of the bulk fluid. [Duque et al., 2004] This is
a significant approximation as it neglects all non-local contributions to the free energy, e.g., the
surface tension between regions with density differences.

Density gradient functional In order to include some interfacial effects, the LDA can be
extended to include a gradient term. This yields the functional of the density gradient theory
(DFT): [Duque et al., 2004]

Fexc[ρ] =

∫
dx
(
a(ρ(x)) +

γ

2
|∇ρ(x)|2

)
, (2.53)

where γ is related to the surface tension of the fluid. This approach is still based on macroscopic
thermodynamics concepts, and neglects the microscopic interactions between the solvent par-
ticles. In practice, the Helmholtz free energy and the surface tension can be derived using
equations of state.

Statistical associated fluid theories One such family of equation of state are the statistical
associated fluid theories (SAFT). The SAFT were designed to include a microscopic informa-
tion, in contrast with the standard cubic equation of state. [Vega, 2018] They have primarily
been developed by the chemical engineering community. They are based on stat-mech theory;
the molecular interactions are the sum of three contributions: the hard sphere potential for the
short-range interactions, the perturbation theory for the long-range interactions (e.g., electro-
static), and Wertheim’s perturbation method for the other associative interactions. [Chapman
et al., 1989, Wertheim, 1984] Near the critical point, the SAFT have been combined with the
renormalisation group approach to include the critical divergence and non mean-field proper-
ties. [Llovell and Vega, 2006, Llovell and Vega, 2007] SAFT have also been used to investigate
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mesoscale interfacial properties (e.g. surface tension or structure in mesoconfinement). [Klink
and Gross, 2014, Klink et al., 2015, Malheiro et al., 2014b, Malheiro et al., 2014a, Bernet
et al., 2020, Miqueu and Grégoire, 2020, Dufour-Décieux et al., 2025] The SAFT family is
of a powerful and versatile framework for studying the properties of CO2 fluids at macro- and
mesoscales. [Dias et al., 2006, Llovell and Vega, 2015, da Silva et al., 2018, Tang and Gross,
2010] But, like the cubic equation of state, the SAFT equations require several parameters to
be fitted for CO2 fluid and its mixtures, which limits their transferability to the study of real
CO2-based processes. In addition, the SAFT do not account for the anisotropy of the interac-
tions at the molecular scale. This key feature is essential for modelling the CO2 fluid close to a
microscopic environment, such as nanoconfinements or complex solutes.

Exact weighted density approximation The LDA formulation 2.52 becomes valid for coarse-
grained densities, where the microscopic fluctuations are averaged out. This idea led to the
weighted density approximation, in which the excess functional is [Nordholm et al., 1980,Curtin
and Ashcroft, 1985, Tarazona, 1985b, Tarazona, 1985a]

Fexc[ρ] =

∫
dxρΨ(ρ̄(x)) . (2.54)

The coarse-grained density ρ̄ is obtained from a convolution product with a weight function w,

ρ̄(x) =

∫
dx′w(x,x′)ρ(x′) . (2.55)

The form of the weight function could be chosen empirically, e.g. a Gaussian weight could
be used with a screening length parameter. [Borgis et al., 2020] It could also be determined
more accurately by ensuring that the functional derivatives of Fexc[ρ] (i.e. the direct correlation
functions) are equal to those of the homogeneous bulk fluid at different densities. [Tarazona,
1985b] This requirement gives rise to a series of complicated equations, which are particularly
difficult to solve if the pair potential contains an attractive interaction.

II.E Homogeneous reference fluid and bridge corrections
In a dense fluid, we can assume that the solvent correlations close to the solute are sim-

ilar to those in the bulk (i.e., without interference from the solute). This idea lies at the heart
of the Gaussian field theory developed by Chandler and collaborators, [Chandler, 1993, Sergi-
ievskyi et al., 2017] in particular for studying hydrophobicity. [Lum et al., 1999] In the cDFT
framework, this means that the 2-point correlations of the bulk, c, should play a central role.
With this in mind, the exact excess solvation free energy (equation 2.46) can be reformulated
exactly as follows:

∆Ωexc[ρ] = ∆ΩHRF[ρ] + ∆Ωbridge[ρ] , (2.56)

where ∆ΩHRF[ρ] is the free energy induced by the bulk correlation, at the quadratic level. It
reads
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∆ΩHRF[ρ] = −kBT
2

∫
dx

∫
x′∆ρ(x)c(x,x′)∆ρ(x′), (2.57)

where ∆ρ = ρ − ρ0, which measures the excess density around the solute. The bridge func-
tional ∆Ωbridge[ρ] = ∆Ωexc[ρ] −∆ΩHRF[ρ] contains all the effects of the solute on the solvent
correlations. After minimisation, the equilibrium density in presence of a solute is

ρ1(x) = ρ0 exp (−βvext(x) +
∫

x′c(x,x′)∆ρ(x′) + b1(x)) , (2.58)

where b1 is the bridge function

b1(x) =
δ∆Ωbridge

δρ(x)
[ρ1] , (2.59)

In this approach, the excess functional requires two inputs: the bulk direct correlation function
c and on the bridge functional ∆Ωbridge[ρ].

II.E.1 Calculating the bulk correlation

The determination of accurate bulk correlations c is paramount for the success of this
strategy. I will discuss two methods to calculate them.

Integral equations The integral equations are a set of liquid-state theories developed for cal-
culating the structural and thermodynamic properties of bulk fluids. [Hansen and McDonald,
2013] Taking as inputs the pair potential v and the thermodynamic conditions, they output the
thermodynamic properties and various correlation functions, such as the pair distribution g and
the direct correlation c. In practice, they rely on combination of the Ornstein-Zernike equa-
tion 2.11; the equilibrium pair distribution (obtained from equation 2.58),

g = exp (−βvext + g − 1− c+ b0) , (2.60)

where b is the bridge function for the bulk fluid, b(x) =
δ∆Ωbridge

δρ(x)
[ρ0]; and a closure equation

relating the bridge function to either the pair distribution function b[g] or to the pair potential
b[v]. Numerous closure relations have been developed, achieving some successes in specific
systems (e.g., hard sphere fluids, electrolytes). [Hansen and McDonald, 2013] For instance, the
hypernetted chain approximation (HNC) involves neglecting the bridge term, b = 0, and can
accurately predict the structural properties of simple liquids. [Lado et al., 1983,Fries and Patey,
1985, Anta et al., 1995] In the presence of a solute with a potential vext, we note that using the
c from HNC into the HRF functional (equation 2.57) and disregarding the bridge functional
(δ∆Ωbridge = 0) results in a classical DFT that is identical to the HNC integral equations for a
for a binary solute/solvent mixture. [Hansen and McDonald, 2013]
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MD simulations Alternatively, the direct correlations can be calculated rigorously using molec-
ular dynamics simulations. The Ornstein-Zernike equation 2.11 can be inverted using the pair
distribution functions obtained from the MD simulations to determine the exact c. [Ramirez
et al., 2002, Puibasset and Belloni, 2012, Belloni, 2017] While this approach can provide c and
∆ΩHRF, it is however severely limited by the computational cost of calculating the direct corre-
lation functions, since such correlations must be calculated for each temperature, and long MD
simulations are required.

II.E.2 Calculating the bridge functional

Homogeneous reference fluid The second term in the excess functional 2.56 is the bridge
functional. For a simple liquid, this term should be viewed as a correction, since the most
important contributions of the interactions are accounted for in the ∆ΩHRF[ρ] = 0. The simplest
approximation is to neglect this, ∆Ωbridge[ρ] = 0 and is called HRF (for homogeneous reference
fluid). [Hansen and McDonald, 2013] This amounts to writing the excess functional as

∆ΩHRF
exc = ∆ΩHRF. (2.61)

This HRF approximation, combined with the c calculated from Md simulations, lies at the
heart of the molecular density functional theory (MDFT), developed by D. Borgis, L. Bel-
loni, M. Levesque, and G. Jeanmairet to investigate the solvation in water at ambient condi-
tions. [Zhao et al., 2011c, Jeanmairet et al., 2013b, Jeanmairet et al., 2016, Ding et al., 2017]
MDFT has successfully reproduced the structure and thermodynamics of the hydration of sim-
ple solutes, interfaces and biomolecules. [Levesque et al., 2012, Jeanmairet et al., 2014, Jean-
mairet et al., 2019, Luukkonen et al., 2020, Borgis et al., 2021] This approach is however not
fully accurate in the case of water, as the hydrogen bond tetrahedral network cannot be captured
with a quadratic term as in equation 2.57. [Jeanmairet et al., 2013a,Jeanmairet et al., 2015,Bor-
gis et al., 2020] The HRF approximation also fails to correctly determine the solvation free
energy of macroscopic solutes. Consider for instance a hard sphere with a volume Vsol, the
HRF approximation predicts that the solvation free energy is ∆G = −PHRFVsol, where

PHRF =
1

2
c̃(k = 0)kBTρ0 . (2.62)

In fact, the exact solvation free energy for the macroscopic hard sphere is ∆G = −PVsol,
with P the fluid pressure. The difference between P and PHRF could be dramatic for certain
liquids, e.g., for water. The developers of MDFT proposed accounting for this HRF failure by
adding an a posteriori correction to the free energy ∆G = −(P −PHRF)Vsol. [Jeanmairet et al.,
2015, Sergiievskyi et al., 2014, Sergiievskyi et al., 2015] The volume Vsol remains however
ambiguous for a real solute, and this a posteriori correction will not correct the fluid density
around the solute.

Hard sphere bridge The bridge functional can also be approximated using the FMT excess
functional (∆ΩFMT

exc , equation 2.47). [Rosenfeld and Ashcroft, 1979,Rosenfeld, 1993,Kahl et al.,
1996, Zhao et al., 2011b, Zhao et al., 2011a, Liu et al., 2013a, Liu et al., 2013b, Li et al., 2020].
The idea is to use only the FMT functional to account for the bridge contribution,
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∆ΩHSB
exc = ∆ΩHRF +∆ΩFMT

exc −∆ΩFMT
HRF︸ ︷︷ ︸

∆ΩFMT
bridge

(2.63)

where the functionals ∆ΩFMT and ∆ΩFMT
HRF are

∆ΩFMT
exc [ρ] = FFMT

exc [ρ]−FFMT
exc [ρ0] (2.64)

∆ΩFMT
HNC [ρ] = −δ∆ΩFMT

exc

δρ
+

1

2

∫
dxdx′∆ρ(x)cHS(x,x′)∆ρ(r′) (2.65)

with cHS the direct correlation function for a hard sphere fluid of radius Rsd. We can set this
radius by imposing that it allows us to reproduce the correct pressure of the pure solvent or the
correct solvation free energy for hard-sphere solutes with various radius. [Borgis et al., 2020]

WDA-like bridge Since the microscopic interactions between the solvent molecules are cap-
tured with the functional ∆ΩHRF, the bridge functional can be considered at a coarse-grained
level, based on macroscopic considerations. For instance, it could have a local density form
(equation 2.52),

∆ΩLDA
bridge[ρ] =

∫
dxfbridge(ρ(x)) , (2.66)

where fbridge(ρ) is the bridge free energy, per molecule, for the bulk fluid, defined by

fbridge(ρ) = f(ρ)− kBT (x ln(x)− x+ 1) + PHRF(1− x)2 , (2.67)

where x = ρ/ρ0, and where f is the total free energy of the bulk fluid at density ρ, from which
we remove the HRF contribution. Unfortunately, with this bridge term, the MDFT functional
∆Ω (equation 2.39) cannot be minimised because the functional ∆ΩLDA

bridge diverges. [Evans,
1979] To overcome this limitation, the bridge functional can be made dependent on the coarse-
grained density, [Borgis et al., 2020, Borgis et al., 2021]

∆ΩWDA
bridge[ρ] =

∫
dx fbridge(ρ̄(x)) , (2.68)

where ρ̂(r) is given in equation 2.55. This strategy was recently employed in MDFT, with an
empirical Gaussian weight,

ρ̂(r) =

∫
dr′ω′ρ(r′,ω′)

1√
2πσ2

g

3 exp

(
−|r − r′|

2σ2
g

)
, (2.69)

where σg is the coarse-graining length. The functional bridge ∆ΩWDA
bridge[ρ] depends on this length

σg and on the free energy of the bulk, fbridge. We will discuss in section III.D how to construct
this bridge for scCO2.
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Inhomogeneous reference fluid Bui and Cox recently proposed to include the large scale
fluctuations of the solvent using an ingenious scheme, inspired by the hydrophobicity theory of
Lum, Chandler, and Weeks. [Bui and Cox, 2024,Lum et al., 1999] Instead of directly performing
the thermodynamic integration from the reference bulk fluid (ρ0) to the fluid in presence of the
solute (ρ1) (as in equation 2.41), they integrate first from the reference ρ0 and an inhomogeneous
coarse-grained density (ρ̄), and then from the coarse-grained density to ρ1. The coarse-grained
density models the large-scale fluctuations of the solvent, such as the surface tension, and is
typically described by an excess functional in a macroscopic form, as in equation 2.53. The
coarse-grained density is coupled with the density ρ1, which enables the latter to overcome
the quadratic free energy (equation 2.57) and to reach a vapour density in the vicinity of the
solute. [Ten Wolde and Chandler, 2002]

II.F Machine-learned functionals
The rise of the machine learning technologies provides a new opportunity for the devel-

opment of accurate excess functionals. [Wu and Gu, 2023,Simon and Oettel, 2024] The general
idea is based on the thermodynamic integral formulation of the excess functional, which reads

Fexc = −
∫ 1

0

dλ

∫
dxρ(x)c

(1)
λ (x) , (2.70)

and to learn the functional relationship between c(1) and ρλ. [Shang-Chun and Oettel, 2019,Sam-
müller et al., 2023] In practice, the learning dataset is created from numerous molecular simu-
lations of the fluid subjected to various external potentials. From each simulation, the density
ρλ and the correlation function c(1)λ are extracted, and a neural network is used to interpolate
the relationship between them. This method was initially developed for 1D systems, but it is a
rapidly expanding field of research, with recent developments towards anisotropic particles, [Si-
mon and Oettel, 2024, Simon et al., 2025, Yang et al., 2025] and ionic liquids. [Bui and Cox,
2025]

This machine learning approach will likely enable us to construct highly accurate ex-
cess functionals for a given fluid. However, an important question remains: how transferable
are these machine-learned functionals to an external potential vext that differs significantly from
the potentials in the original dataset? In particular, we could question its effectiveness in the
presence of a large solute/interface, where solvent fluctuations explore a larger part of the phase
diagram and phase transitions could occur near the solute/the interface. [Ten Wolde and Chan-
dler, 2002, Huang and Chandler, 2000] A recent work of Evans et al. [Robitschko et al., 2025]
shows that learning the functionals only in a region of the supercritical phase diagram is suffi-
cient to predict the coexistence curve and the interfacial profile in the subcritical domain. This is
encouraging for the future development of a machine-learned functional for supercritical CO2.

I will now review M. Houssein Mohamed’s PhD project on constructing an MDFT
functional for the supercritical CO2.

III Previous work: M. Houssein Mohamed’s PhD project.
M. Houssein Mohamed’s PhD project focused on the development of a MDFT func-

tional for scCO2 in the near-critical region. In collaboration with D. Borgis and L. Belloni, we
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determined the two terms of the excess functional: ∆ΩHRF and the bridge functional ∆Ωbridge.
The HRF functional (equation 2.57) depends on the direct correlation functions of the bulk
fluid. We explored two methods of calculating the direct correlation functions (i) MD simula-
tions and (ii) the HNC integral equation. We also tested different bridge functionals: no bridge
(HRF), a WDA-like bridge (HRF+WDA, equation 2.68) and a hard sphere bridge (HRF+HBS,
equation 2.63

III.A CO2 modelling and thermodynamic conditions
We studied the CO2 fluid at four densities under supercritical conditions (0.4 ρc, 0.7 ρc,

0.8 ρc, and 2 ρc) at T = 1.05 Tc, where ρc and Tc are the critical density and temperature of
the CO2 model, respectively. Among the force fields proposed in the literature for CO2 [Harris
and Yung, 1995, Potoff and Siepmann, 2001, Zhang and Duan, 2005, Cygan et al., 2012], we
opted for the rigid version of the EPM2 model by Harris and Yung, [Harris and Yung, 1995].
This model reproduces the phase diagram of CO2 in the supercritical region using a simple
description of molecular interactions. It describes CO2 as a linear molecule with fixed C-O
distances, dCO = 1.149 Å and O-C-O angle. Intermolecular interactions are obtained as the
sum of Lennard-Jones and Coulomb potentials. The critical point coordinates for this force
field are: Tc = 313.4 K, ρc = 453 kg/m3, and Pc = 76.5 bar. [Harris and Yung, 1995]

We calculated the direct correlation functions from the MD simulations and the HNC
integral equation. The MD simulations were performed with the LAMMPS software, and the
numerical details can be found in the reference [AC23]). The HNC calculations were per-
formed in collaboration with L. Belloni, using one of his in-house codes. [Puibasset and Belloni,
2012, Belloni, 2017] The iterative resolution of equation 2.11 with the HNC closure relation
(equation 2.60 with b =0) is a standard technique, although it is computationally expansive for
anisotropic interactions. [Patey, 1977, Lado, 1982, Fries and Cosnard, 1987, Fries and Cosnard,
1987, Anta et al., 1995, Lado et al., 1995] L. Belloni recently proposed a powerful algorithm to
accelerate the iterative resolution of anisotropic HNC for water. [Belloni and Chikina, 2014]

III.B Structure and thermodynamics of scCO2

We first evaluated the ability of HNC to reproduce the thermodynamic properties and
the local structure in the supercritical region. The EPM2 force field was designed specifically
to accurately reproduce the experimental liquid-vapour coexistence curve [Harris and Yung,
1995]. A comparison of the experimental and MD curves is presented in Figure 2.3. On the
other hand, HNC theory does not predict a coexistence curve, since there is no valid physical
solution to the HNC equation over a range of pressures and temperatures. [Belloni, 1993, Rull
et al., 1996] This forbidden HNC region has been added for comparison, although its bound-
ary is more or less identified with the spinodal line. [Belloni, 1993, Rull et al., 1996] Since
Tc(HNC) > T > Tc, the HNC approach does not account for a small part of the isotherm
relative to density, near the true critical point.

We then compared the local structure predicted by MD and HNC. Instead of consid-
ering the site-to-site distribution functions, we examined the pair distribution functions g(r,Θ)
for four different orientations between CO2 molecules: parallel, perpendicular (in the same
plane), aligned, and cross. Figure 2.4 shows the pair distribution functions calculated by MD
and by HNC for the three densities for which HNC admits solutions and for the four orien-
tations (shown in the insets). We observe good agreement between the HNC and MD pair
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Figure 2.3 – Phase diagram of scCO2 obtained with MD (EPMF force field) and HNC. Liquid-
vapour coexistence curve obtained from experiments, MD simulations, and HNC calculations.
For HNC, the dashed line indicates the limit of existence of HNC solutions (and not a physical
transition line). The horizontal line and the star symbols indicate the isotherm and the four
densities studied in M. Houssein Mohamed’s project.

distribution functions at short range, as they coincide for all densities and orientations. The
pair distribution functions for these four orientations reveal a strong microscopic organisation
of the scCO2 fluid: the first peak of the pair distribution is around 4 Å and is highest for the
perpendicular (in-plane) orientation (g ∼ 6, see figure 2.4(b)), slightly lower for the transverse
orientation (g ∼ 2, see figure 2.5(d)), and significantly lower for the other two orientations (par-
allel and aligned, g ∼ 6, see figure 2.5(a) and (c)). This demonstrates that two neighbouring
CO2 molecules preferentially arrange themselves in the perpendicular (in-plane) orientation, a
configuration that minimises the quadrupole-quadrupole interaction.

III.C Calculation of the ∆ΩHRF Term

Determining the functional ∆Ω requires calculating the direct correlation functions c
using HNC or MD.

Numerical calculations of the MD correlation functions The MD-based c function can
be obtained by inverting the Ornstein-Zernike equation 2.11 using the pair distributions g as
inputs. However, the MD simulation data are only available for a limited range of distances r,
i.e., r < Lbox/2, and the long-range tail of the pair distribution functions cannot be calculated.
This prevents an accurate inversion of the Ornstein-Zernike equation 2.11. This problem can be
circumvented by using the available MD data at short distances (r < rmax) and neglecting b at
longer distances (r > rmax), thus defining a new mixed closure:



31 III. Previous work: M. Houssein Mohamed’s PhD project.

Figure 2.4 – Pair distribution functions g(r,Θ) for four characteristic orientations Θ, displayed
as insets. The MD results are indicated by solid lines and the HNC results by dashed lines. The
results are presented for three densities for which HNC solutions exist (0.4, 0.7, and 2 ρc). No
results are presented for 0.8 ρc, as the MD pair distribution functions do not differ from those at
0.7 ρc and the HNC calculation fails. The functions are shifted upwards for easier comparison.

gα(r) = gα(r)(MD), r ≤ rmax (2.71)

=

〈
exp

[
−βv(r,Θ) +

∑
α′

γα′(r)Φα′(Θ)

]
Φ∗

α(Θ)

〉
, r > rmax (2.72)

where v is the interaction potential between CO2 molecules, γ is the indirect correlation func-
tion, γ = h− c, Φα are the rotational invariants, and rmax < Lbox/2. The iterative solution with
respect to γ(r > rmax) is similar to that of HNC. The absence of a discontinuity in the functions
gα(r) at rmax will a posteriori confirm the validity of this mixed closure approach.

Comparison of Direct Correlation Functions c MD and HNC Figure 2.5 shows the di-
rect correlation functions for the three densities for which HNC admits a solution and for the
four mutual CO2/CO2 orientations described previously for the pair distribution functions. Fig-
ures 2.5(a)-(d) show the direct correlation functions c(r,Θ) in real space, while Figures 2.5(e)-
(h) show their Fourier transforms c̃(k,Θ)).
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Figure 2.5 – Direct correlation function c(r,Θ) for four characteristic orientations Θ indicated
in the insets. As in Figure 2.4, the MD results are indicated by solid lines and the HNC results
by dashed lines. The results for three densities are represented (0.4, 0.7, and 2 ρc), with an
upward shift (for graphs a, b, c, and d).

In direct space, all direct correlation functions behave similarly. There is an increase
from negative values to 0 below 4 Å, an abrupt change in slope between 3 and 5 Å, a peak
around 4-5 Å and a decrease to zero for higher distances. The highest peak is observed for
the perpendicular orientation (2.5(b)), a smaller peak for the transverse orientation (2.5(d)), and
an almost invisible peak for the other two orientations (parallel and aligned, (a) and (c)). The
different densities only impact the initial values of the direct correlation functions; otherwise, a
trend similar to that of the pair distribution functions is observed (Figure 2.4). In Fourier space
(Figure 2.5(e)-(h)), the direct correlation functions differ mainly in the case of perpendicular
and crossed orientations compared to parallel and aligned orientations. First, the initial values
c̃(k = 0,Θ) are positive for perpendicular and crossed orientations, while they are negative for
parallel and aligned orientations. Furthermore, the perpendicular and crossed orientations ex-
hibit pronounced oscillations, related to the peaks in direct space, whereas the direct correlation
functions in Fourier space for the parallel and aligned orientations are smoother.

If we now compare the HNC and MD direct correlation functions, we notice that they
overlap perfectly for all distances at densities 0.4 ρc and 0.7 ρc. For the density 2 ρc, they only
overlap beyond 4 Å (i.e., beyond the slope change). Below 4 Å, the HNC direct correlation
functions evolve slightly above the MD direct correlation functions, although the difference is
small. In Fourier space, the HNC and MD direct correlation functions are completely identical
for 0.4 ρc and 0.7 ρc. For 2 ρc, the HNC and MD direct correlation functions are similar
above 1.5 Å−1, while the HNC direct correlation functions evolve slightly above the MD direct
correlation functions below 1.5 Å−1. Notably, at 2 ρc, the direct correlation functions calculated
using HNC differ from the MD results at both short and long distances (below 4 Å) and at long
distance (below 1.5 Å−1). The intermediate structure is well reproduced by HNC in the liquid
region. For lower densities, the HNC and MD direct correlation functions are similar for all
distances.
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III.D Calculation of the ∆Ωbridge Term

Figure 2.6 – Construction of the WDA bridge from the homogeneous fluid equation of state.
Total free energy per molecule of the bulk fluid calculated with 4 methods: exact results from
MD (black), HRF approximation (blue), cubic fit of the homogeneous bridge (red), FMT bulk
functional (green). See the text for details.

We will now present the construction of the second term, ∆Ωbridge, but only for the
condition ρ0 = 0.8 ρc and T = 1.05 Tc. We implemented two strategies: the WDA-like
approach (equation 2.68) and the HBS approach (equation 2.63). The WDA-like approach
requires the determination of the homogeneous bridge 2.67. We assumed this bridge to have
the simple form fbridge(x) = a3∆x

3, where a3 is a parameter to be determined, and ∆x =
x − 1. To do so, we performed a series of bulk MD calculations at different densities along
the isotherm T = 1.05 Tc, from. This enabled us to calculate the exact (MD-based) bulk free
energy, and the exact homogeneous bridge (equation 2.67). We then fitted the exact bridge
to the cubic approximation (a3∆x3) and found a3 = 0.119. Figure 2.6 shows the bulk free
energy obtained from the MD simulations, the cubic fit, and the HRF approximation. The
fitted bridge fbridge(x) = a3∆x

3 perfectly reproduces the exact bulk free energy, whereas the
HRF approximation (fbridge(x) = 0) dramatically fails at high densities. The second parameter
of the WDA-like bridge is the screening length of the Gaussian weight, σg. We determined
this parameter by calculating the solvation free energy of a range of hard-sphere solutes with
various radius σ. The best correspondence between MD and MDFT results was obtained for
σg = 1.45 Å.

We similarly determined the hard sphere HBS bridge functional (equation 2.63) by
fitting the hard-sphere radiusRsd to reproduce the bulk free energy. We foundRsd = 1.78 Å and
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the FMT bulk free energy is presented in figure 2.6. The bulk FMT reproduces the MD results
very well for densities ρ < 1.5ρc, but overestimates them beyond this point.

In summary, we have identified all the necessary ingredients for implementing different
variants of the MDFT functional: the direct correlation functions c calculated from MD or MD,
and the bridge functionals with the HRF, WDA-like, and HBS formulations. It remains to be
seen how these MDFT The performance of these MDFT variants in reproducing the solvation
properties remains to be seen.

III.E Comparison of MD and MDFT
We then compared the predictions of the various MDFT functionals with the MD re-

sults. We focused on the density 0.8 ρc and the temperature T = 1.05 Tc. We used two sets of
solutes: LJ solutes with different radius/interaction energies, and small molecular solutes. The
molecular solutes were modelled using the OPLS-AA force field, [Jorgensen et al., 1996] except
for water, for which we used SPCE. [Berendsen et al., 1987] For each solute, we determined
the pair distribution functions between the solute and the solvent, as well as the solvation free
energy. The MD solvation free energies were calculated using Bennett’s method by M. Hous-
sein Mohamed, and were recently recalculated using thermodynamic integration by C. Cao, a
Master 2 intern (February 25-July 25). Please refer to M. Houssein Mohamed’s manuscript for
the numerical details of both the MD simulations and MDFT calculations. [Houssein Mohamed,
2024]

Figure 2.7 – Comparison of the solvation structure of scCO2 around a spherical solute obtained
by MD and MDFT: pair distribution function between the LJ solute and the C atom of the
CO2 solvent molecules obtained using two methods: predictions from MDFT (solid line) and
calculations from MD (dashed lines). We studied two sets of LJ solutes: (a) with different
radius σ and a fixed interaction energy ε = 1. kJ/mol, and (b) with a fixed radius σ = 3.4 Å and
various interaction energies.

Solvation of spherical solutes Figure 2.7 shows the radial distribution functions between the
different LJ solutes and the C atom of the CO2 molecule, gLJ−C(r). We observe a perfect overlap
between the predictions of MDFT and the results of the MD simulations, for all the solute radius
and all the interaction energies investigated. We then considered the solvation free energies,
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which are presented in figure 2.8 for 4 different methods: MD simulations and MDFT with 3
different bridge functionals: HRF (equation 2.61), HRF+HBS (equation 2.63) and HRF+WDA-
like (equation 2.68). We observe again a perfect agreement between the solvation free energies
and the MDFT calculations, except for the smallest interaction energy (ε = 0.25 kJ/mol) and
the larger solutes (σ > 7 Å). For these solutes, the predictions of the HRF approximation are
higher than the MD calculations and the difference is increasing with respect to the solute size.
Conversely, MDFT with a bridge (HRF+HBS and HRF+WDA-like) predict almost the same
solvation energy and in close agreement with the MD calculations.

Figure 2.8 – Comparison of the solvation free energies of spherical solute in scCO2 obtained by
MD and MDFT. The MD results are indicated with different symbols according to the interac-
tion energy. The MDFT predictions was performed with 3 different versions: HRF (blue line),
HRF+WDA-like (red line), and HRF+HBS (green line).

Solvation of molecular solutes We focused next on small molecular solutes to evaluate the
performance of MDFT in the presence of a nonspherical solute. Figure 2.9 presents the pair
distribution functions between the CO2 solute and the water solute and the CO2 solvent, calcu-
lated using MDFT and MD. Using a solvent molecule as solute means simply that vext = v, this
could be a severe test for a classical DFT approach. Figure 2.9 shows perfect overlaps between
MD results and MDFT predictions for the CO2 and the water solutes, albeit the MD results are
noisier for the water.

The solvation free energy predictions for a range of molecular solutes are presented
in figure 2.10. I updated M. Houssein Mohamed’s previous MD results with those of C. Cao,
which differ by less than 1%. For the MDFT results, we considered a functional without a
bridge (HRF), and two with a bridge (WDA and HBS). We also plotted the prediction of the
ideal solvent, which simply involves neglecting the excess solvation free energy (∆Ωexc = 0).
Figure 2.10 shows that the three MDFT variants reproduce well the MD calculations over a wide
range of solvation free energy (-12 to -1 kJ/mol). The only discrepancies occur for the toluene
and isopropanol, and we are still investigating why. Moreover, the three MDFT variants produce
identical results, indicating that the bridge contribution is negligible for the solutes considered
here. Finally, the solvation free energies of the ideal solvents differ by few kJ/mol from the
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Figure 2.9 – Comparison of the solvation structures around two molecular solutes: (a) CO2 and
(b) water. All the site-site pair distribution functions are shown, with the MDFT predictions
indicated by solid lines and the MD calculations by dashed lines.

correct results. These results demonstrate the ability of the MDFT approach to reproduce both
the solvation free energy and the structure of molecular solutes.

Figure 2.10 – Correlation between the solvation energies (SFE) calculated by MD and MDFT
for the following molecular solutes: ethylene glycol, toluene, benzene, ethanol, methanol, iso-
propanol, water, ethane, ordered according to the MD solvation free energy. The MDFT predic-
tions were obtained using different approximations of the bridge functions (HRF, HRF+WDA-
like and HRF+HBS), while the ideal results correspond to cDFT without the excess functional
(∆Ωexc = 0). The dashed line corresponds to the identity function.

Chemical potential of CO2 at different densities So far, we have only considered the density
ρ0 = 0.8 ρc to determine the solvation properties using MDFT. We then evaluated the ability of
MDFT to predict the solvation properties at the other densities (0.4 ρc, 0.7 ρc, and 2.0 ρc). We
focused only on the solvation free energy of CO2 in CO2 (i.e., the chemical potential) and we
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compared three methods: MD calculations, MDFT predictions with the HRF approximation and
HNC predictions. As discussed in subsection II.E.1, the HNC is equivalent to using the HRF
functional (equation 2.61) in combination with the direct correlation functions cHNC obtained
with the HNC integral equations (presented as dashed lines in figure 2.5). The MD calculations
were performed using Widom’s insertion technique. [Widom, 1963]

The results for the solvation free energies of CO2 in supercritical CO2 for the four den-
sities, obtained using the three methods are indicated in table 2.1. At low densities (< ρc), the
solvation free energies obtained using the three methods are remarkably similar. This demon-
strates the strength of integral equations: to obtain the same results, HNC requires 100,000 times
fewer numerical resources than MD simulations. It is interesting to note that the HNC method
is equivalent to the HRF method for densities 0.4 and 0.7 ρc. This confirms the similarity of
the direct correlation functions calculated by MD or HNC, which was discussed previously in
section III.C. At the density of 2.0 ρc, the MD solvation free energy differs by more than 2.0
kJ/mol from the HRF results. The HRF approximation is known to fail in dense liquids as it
overestimates the pressure (section II.E.2). In the future, we will consider adding a hard sphere
or WDA-like bridge functional. This approach has been shown to be effective for large LJ
solutes (figure 2.8). Its application at a the density 2.0 ρc is underway.

Table 2.1 – Solvation free energies ∆Gsol (in kJ/mol) of a CO2 molecule in supercritical CO2

at T = 1.05 Tc for four density values, calculated with three methods: MD, HRF, and HNC.
Details are provided in the text.

ρ0 0.4 ρc 0.7 ρc 0.8 ρc 2 ρc
MD -1.83 -2.91 -3.21 -3.79
HRF -1.83 -2.88 -3.16 -0.918
HNC -1.83 -2.87 - -1.50

Computational cost differences MDFT provides an accurate reproduction of MD results for
both Lennard-Jones and molecular solutes, in terms of both solvation structures and solvation
free energies. However, an MDFT calculation takes just a few tens of seconds on a laptop,
whereas a typical Bennett calculation or thermodynamic integration takes 100 hours on com-
puting clusters with several CPU cores running in parallel. In terms of computational cost
(measured in CPU hours), MDFT is 200,000 times cheaper than MD— and with the same level
of accuracy!

III.F Conclusion of M. Houssein Mohamed’s project.
M. Houssein Mohamed’s project was a real success. We constructed the first MDFT

functionals for the supercritical CO2 and we demonstrated their ability to accurately reproduce
the solvation properties of molecular solutes. The MDFT functionals required to determine the
direct correlation functions c, which were calculated for four densities in the supercritical re-
gion and using two methods: MD simulations and HNC calculations. Extracting the c from MD
simulations is technically challenging, as it requires inverting the molecular Ornstein-Zernike
equation in combination with a mixed closure equation. We also compared the structures, ther-
modynamics and correlation functions obtained using MD and HNC. HNC fails to reproduce
to reproduce the phase diagram of scCO2, but correctly obtains the short-range structure for
all orientations, as well as the smooth transition from an unstructured gaseous fluid to a more
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liquid-like fluid at higher densities. We also determined the parameters of two bridge function-
als at the condition ρ0 = 0.8 ρc and T = 1.05 Tc: the WDA-like bridge functional, based on
a cubic fit of the homogeneous solvent functional, and the HBS bridge functional, which uses
the highly accurate FMT for hard sphere fluids. We then presented solvation free energy results
for molecular solutes. The MDFT results are in very good agreement with those of MD, except
for toluene and isopropanol. Moreover, at the density ρ0 = 0.8 ρc, the HRF approximation
seems sufficient. We finally considered the CO2 chemical potential for the three other densities
ρ0 = 0.4, 0.7 and 2 ρc. We compared the results obtained from MD, from HNC and from HRF.
For low densities (< ρc), the excess chemical potentials of MD are perfectly reproduced with
both HNC and HRF methods, unlike at 2.0 ρc, where they do not provide satisfactory results.
These successes and this limitation encourage us to develop a more general excess functional
that would be valid across the entire supercritical region.

IV Present development: the BAC2MOL project
To generalise the MDFT functional at different thermodynamic conditions, I designed

the BAC2MOL project, which was awarded an ANR grant for junior researcher in 2024. This
is a collaborative project, which involves a local team at the LPCT (F. Ingrosso, D. Lesnicki)
and G. Galliero (Laboratory of complex fluids and their reservoirs, Université de Pau et des
Pays de l’Adour). The grant enabled me to recently recruit a new PhD student, O. Tannous,
who joined the LPCT in October 2025. The BAC2MOL project aims to develop a generalised
MDFT functional capable of handling various temperatures and pressures. This new MDFT
functional will be used to study the properties of CO2 in the presence of complex solutes and
molecular confinement. This will pave the way for more realistic industrial applications, for
which MDFT would need to be extended to account for solvent mixtures.

I will present my ideas for developing new functionals for supercritical CO2 at various
pressures and temperatures, and in complex environments. The focus will be on the accuracy
and transferability of these functionals to complex solvation processes. I will then discuss the
potential applications, including the various envisaged applications, which include the solvation
of complex solutes and the nanoscale confinement of CO2 fluids.

IV.A Development of P,T functional for the scCO2

To develop the generalised MDFT, I envision to test different strategies that have al-
ready been proposed in the existing literature. Some of these strategies only require implemen-
tation work, while others require more challenging development.

Integral equations The results of M. Houssein Mohamed’s project discussed in section I
demonstrated that combining the direct correlation functions c obtained with HNC, and the HRF
approximation (i.e., no bridge functional) produced already accurate results at low densities. We
note this combination corresponds in fact to the HNC approximation for a binary solute/solvent
mixture. [Hansen and McDonald, 2013] HNC is very efficient, as it only requires the force
fields of the solute and the solvent as input. It can therefore determine the solvation properties
across the entire phase diagram, without the need to perform MD calculations to parametrise it.
However, we have also shown that HNC fails to converge in the near-critical region [Belloni,
1993, Rull et al., 1996] and cannot predict the correct solvation energy at high densities (see
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subsection III.E). I think it would be nevertheless interesting to compare the generalised MDFT
with HNC as a baseline strategy, and I plan to implement this method in the MDFT code.

Mean-field approach The mean-field strategy discussed in subsection II.C.2 is also valid at
any pressure and temperature. If the mean-field approach fails for complex liquids such as wa-
ter, it would be worth testing it for CO2. The reference functional could be one of the existing
FMT for spherical solvent particles, [Rosenfeld, 1989, Roth et al., 2002, Roth, 2010, Hansen-
Goos and Roth, 2006] or for nonspherical particles. [Hansen-Goos and Mecke, 2009, Hansen-
Goos and Mecke, 2010,Marechal et al., 2011,Roth et al., 2012,Wittmann et al., 2015,Wittmann
et al., 2016, Wittmann et al., 2017] The MDFT code can already deal with the rotational invari-
ants framework discussed in subsection II.A.3 and should be able to accommodate the imple-
mentation of the mean-field functional (equation 2.49) in terms of rotational invariants. This
would be the second step towards the generalised MDFT.

Weighted density approximation The mean-field functional will however fails to correctly
predict the phase diagram of the bulk supercritical CO2. I plan to add a correction functional
in the form of a WDA-like functional (equation 2.68), where some parameters will need to
be adjusted in order to reproduce the equation of state of the underlying solvent force fields
(e.g., EPM2). Another option would be to use an accurate experimental equation of state to
parametrise the correction functional, [Huang et al., 1985,Span and Wagner, 1996] with the risk
to have some inconsistencies. The exact WDA (equation 2.54 could also be considered. [Tara-
zona, 1985b] L. Belloni and D. Borgis have already started developing a WDA functional for
CO2, using as inputs the direct correlation functions c at various densities. (I do not contribute
to this work, I merely supply them with MD trajectories.) While this strategy appears extremely
promising in terms of accuracy, constructing the functional at a given temperature requires many
MD calculations, which contradicts the objective of creating a transferable MDFT functional
across the phase diagram. The exact WDA could still provide a rigorous framework for combin-
ing the microscopic direct correlations c obtained from mean-field or HNC, with a macroscopic
equation of state.

Renormalization of integral equations. Another challenge rises in the near-critical region,
where industrial applications often occur (i.e., T between Tc and 1.2 Tc, P between Pc and
2 Pc). When approaching the critical point, the mean-field theories cannot capture the long-
range divergence of the correlations and the algebraic power-law of the equations of state. [Wil-
son, 1971] This difficulty can be overcome by using a group-renormalisation approach, an it-
erative procedure that averages out the short-range fluctuations while refining the long-range
ones. [White and Zhang, 1993,White and Zhang, 1995] This strategy has already been used for
SAFT, [Bymaster et al., 2008, Forte et al., 2011, Reatto and Parola, 1996] in which G. Galliero
has an interesting expertise.

Machine-learned functional Finally, as I mentioned earlier, machine-learning based func-
tionals are developing rapidly. [Simon and Oettel, 2024,Simon et al., 2025,Yang et al., 2025,Bui
and Cox, 2025,Robitschko et al., 2025,Wu and Gu, 2023,Simon and Oettel, 2024,Shang-Chun
and Oettel, 2019, Sammüller et al., 2023] I think that would be a highly efficient route for the
development of a generalised MDFT, particularly given the transferability of machine-learned
functions across the phase diagram. [Robitschko et al., 2025] I would however highlight two
limitations: (i) The machine-learned functional depends on the force fields used to construct
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the learning set. These functionals may therefore be difficult to tune if we want to ensure that
they correctly reproduce the equations of state. (ii) Supercritical CO2 is often mixed with a co-
solvent, both in industrial processes or in geological reservoirs. How transferable would these
machine-learned functionals be at different cosolvent concentrations?

IV.B Application to technology-oriented processes: solvation and confine-
ment

Application to solvation. Supercritical CO2 is a powerful solvent, used in several industrial
processes for the extraction of natural substances or the synthesis of nanoparticles or polymer
matrices (see the discussion in section I). Equipped with the generalised MDFT, we will cal-
culate the solvation properties of multiple solutes at any temperature and pressure. We will
follow a gradual approach, by first applying this strategy to simple solutes and comparing the
results with MD simulations (e.g., 3D-density and solvation free energy). We plan to start with
small molecules (noble gas, methane, water), before moving on to larger molecules, for which
a large amount of numerical and experimental data is available, such as naphthalene or an-
thracene. [Bartle et al., 1991, Stubbs et al., 2005, Su and Maroncelli, 2006] We will next target
more challenging and valuable molecules with chemical groups that specifically interact with
CO2 (carbonyl groups: acetone, aspirin or fluorine atom: [Dardin et al., 1998,Shimoyama et al.,
2008] fluorene or perfluoro-n-hexane). Finally, we will focus on molecules that have signifi-
cant applications in food processing or in the pharmaceutical industry (e.g., caffeine, ibuprofen,
paracetamol, statin). [Champeau et al., 2016, Dujarric et al., 2022, Hojjati et al., 2007, Sam-
paio de Sousa et al., 2007] Our objective is to demonstrate the ability of MDFT to obtain the
same results as MD in these complex solvation processes at different temperatures and pres-
sures, but with a negligible computational cost.

Application to confinement. The CO2 fluid is also present in porous materials, such as geo-
logic reservoirs and zeolites. [Fuentes-Azcatl and Domínguez, 2019,Oulebsir et al., 2018,Rébis-
coul et al., 2019] If the pore size is nanometric, the macroscopic equations of state will fail to
model the strong interactions between CO2 molecules and the solid interfaces. [Bernet et al.,
2020,Malheiro et al., 2014a,Miqueu and Grégoire, 2020] The new MDFT will enable the deter-
mination of the CO2 3D-density and the absorption free energy. We will first test this strategy
on simple systems, such as CO2 confined between two flat walls of uncharged atoms (e.g.,
Lennard-Jones walls). We will then compare the 3D-density and thermodynamics with MD
results, as a function of the pressure, the temperature and the distance between the walls. We
will then consider more complex pore geometries and more realistic interfaces (e.g., graphene
or mineral walls). In a second step, we will focus on the critical Casimir effect. [Dantchev and
Dietrich, 2023, Schurtenberger and Heuberger, 2012] Thanks to the renormalisation strategy
that we will develop, [Reatto and Parola, 1996,White, 1992,White and Zhang, 1995] we expect
that the new MDFT to capture this effect. This result will pave the way to study interesting
phenomena, such as self-assembly under supercritical conditions. [Wolde and Frenkel, 1997]

V Conclusion
In this chapter, I present my research project on the development of a molecular density

functional theory (MDFT) for studying the solvation properties of supercritical CO2. Supercrit-
ical CO2s a promising solvent for developing ecological industrial processes, as it can replace
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toxic organic solvents and be used to store CO2 emissions. While there are efficient models of
supercritical CO2, macroscopic models disregard the molecular interactions between a solute
and the CO2, while microscopic simulations are accurate but costly. On the other hand, classical
density functional theory (classical DFT) provides an efficient framework for accurately captur-
ing molecular interactions and determining the solvation free energy and structure at minimal
cost.

I discussed the various forms of classical DFT found in the literature, paying particular
attention to molecular DFT. I then reviewed M. Houssein Mohamed’s PhD project, in which we
implemented various MDFT strategies and demonstrated their ability to accurately reproduce
the solvation properties of small solutes. However, the MDFT strategy is limited to one ther-
modynamic condition. This is why I designed the BAC2MOL project: a collaborative initiative
aimed at generalising MDFT across the phase diagram of supercritical CO2. Long-term exten-
sions would involve including cosolvents in order to model the realistic applications of CO2 in
geological reservoirs or industrial processes.





CHAPTER 3

Stochastic Density Functional Theory for Molecules and
Electrolytes

The second part of my research project focuses on the dynamical properties of molecu-
lar fluids at the microscopic scale. Specifically, I am interested in the “solvation” dynamics, i.e.
in all the molecular processes related to the collective motion of “solvent molecules” around a
central “solute molecule”, as well as how these processes affect the self-dynamics of the solute
(translation, rotation, and conformational change). This topic has been central to some of my
previous works. For instance, during my Ph.D. project, I examined how the collective fluc-
tuations of water molecules surrounding quadrupolar ions drive the NMR relaxation. For my
Master 2 project, I investigated how a pulled particle drags an added mass with it. Finally, my
second postdoctoral fellowship focuses on the dynamics of carbon oxides solvated in molten
carbonates.

In 2023, I resumed studying of the microscopic dynamics of molecular fluids through
various different collaborative projects. The main project builds upon my Ph.D. research and
is conducted in collaboration with my former supervisor B. Rotenberg (PHENIX, Paris). His
team calculated the NMR relaxation rates for electrolytes at finite concentrations. [Chubak et al.,
2021, Wolf et al., 2025] I joined the project to try to explain how the NMR rate evolves with
respect to the ionic concentration, the temperature, the viscosity, etc. Such an understanding
requires modelling the electrostatic fluctuations experienced by a central ion, which would also
provide insight into other interesting properties, such as rotational and translational electronic
frictions. In parallel, I worked with C. Millot (LPCT, Nancy) on the enantiomeric separation
driven by an external field. Here, we attempted to rationalise how a polarised field could create
two opposing currents in an enantiomeric mixture. [Clemens et al., 2015] This effect is directly
related to the coupling between the translational and rotational motions at the microscopic scale.

In the future, I intend to extend the analysis to the microscopic dynamics of other
experimental properties and of more complex fluids. The ultrafast spectroscopic experiments
can measure the solvent relaxation after an excitation, providing information on energy transfer
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and molecular dynamics at the microscopic scale. [Song et al., 1996, Banerjee and Bagchi,
2019, Maroncelli and Fleming, 1988, Jimenez et al., 1994, Geissler and Chandler, 2000, Roy
et al., 2015] The team in Nancy (F. Ingrosso, M. Pastore at the LPCT) has a strong expertise in
the molecular simulations of the excited solvation dynamics. [Prampolini et al., 2019, Cerezo
et al., 2023] In terms of systems, I would also like to work with molten salts and deep eutectic
solvents. These fluids play a key role in various innovative technologies due to their solvation
properties. [Hansen et al., 2021, Wang et al., 2025, Sheridan et al., 2018]

This chapter will focus on my current projects and future plans for extending SDFT to
molecular fluids. First, I will present the specific observables that I intend to calculate, alongside
a review of the relevant literature. The second section will review the fundamental principles of
SDFT, as well as a recent development towards non-Gaussian fluctuations in mean-field treat-
ment (reference [AC25]). The third section will present SDFT for electrolyte with an implicit
solvent. I will present in particular a novel functional formulation of SDFT for electrolytes
in an implicit solvent. The fourth section will discuss the recent development toward a SDFT
for electrolytes with an explicit dipolar solvent (reference [AC22]). Section 6 will present new
work on how to incorporate the size of the particles (solute and solvent) into SDFT. The final
section will apply these different extensions of SDFT to determine the NMR relaxation rate for
quadrupolar ions in an electrolyte at different concentrations. In the conclusion, I will highlight
other extensions to SDFT that enable this theory to model the dynamic properties of fluids at
the molecular scale.

I Modelling the solvation dynamics

I.A Role of the solvent density fluctuations
In this chapter, I will focus on the calculation of dynamic solvation properties. I will

consider a spherical tracer particle with position R solvated in a solvent with molecular density
ρ(r,ω). I am interested in a given solvation observable, A, which depends linearly on the
solvent density ρ,

A(t) =

∫
drdωa(r,ω)ρ(r +R(t),ω, t) , (3.1)

where a is the local contribution of the solvent molecules in position r and orientation ω (in
the tracer frame) to the observable A. The observable A could represent the force, the elec-
trostatic potential, the electrostatic field or the electrostatic field gradient (EFG) experienced
by the tracer particle. The observable A could be related to a macroscopic property, such
as the friction coefficient, [Hansen and McDonald, 2013] the frequency shift during an ul-
trafast spectroscopy [Song et al., 1996, Banerjee and Bagchi, 2019, Maroncelli and Fleming,
1988, Jimenez et al., 1994, Geissler and Chandler, 2000, Roy et al., 2015] or the NMR relax-
ation rate. [Abragam, 1983] The link between A and the macroscopic measurement often relies
on the linear response theory, [Zwanzig, 2001] which involves the time autocorrelation of A,

CA(t) = ⟨A(t)A(0)⟩ =
∫

drdω

∫
dr′dω′a(r,ω)a(r′,ω′)C(r,ω, t, r′,ω′, 0) , (3.2)
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where we introduce the 2-point density correlations

C(r,ω, t, r′,ω′, t′) = ⟨ρ(r +R(t),ω, t)ρ(r′ +R(t′),ω′, t′)⟩ . (3.3)

This quantity is central to the study of solvation dynamics. It is however very difficult to obtain,
as it depends on the dynamics of both the solute and the solvent. For the purposes of this work,
I will restrict my analysis to the case of a fixed tracer,

C(r,ω, t, r′,ω′, t′) = ⟨ρ(r,ω, t)ρ(r′,ω′, t′)⟩1 , (3.4)

where the 1 index denotes that the average is obtained for a solvent subjected to the effect of the
tracer, which acts as an external potential vext. The C is still difficult to determine, particularly
because the system (now the solvent) is no longer translationally invariant. In my current work,
I also restrict myself to observables for which the local contribution is independent of the local
orientation of the solvent and takes the form

a(r) = alm(r)Ylm(θ, ϕ) , (3.5)

where Ylm is the spherical harmonic of degree lm and θ, ϕ are the polar and azimuthal angles
of r. This is a typical form for electrostatic properties. A can now be written as

A(t) =

∫
dra(r)ρ̄(r, t) =

∫ ∞

σ

drr2alm(r)ρ̄lm(r, t) , (3.6)

where ρ̄(r, t) =
∫
dωρ(r,ω, t) and I expand the solvent density in terms of spherical harmon-

ics,

ρ̄(r, t) =
∞∑
l=0

l∑
m=−m

ρ̄lm(r, t)Ylm(θ, ϕ) . (3.7)

The time autocorrelation function can now be written as

CA(t) =

∫ ∞

σ

dr

∫ ∞

σ

dr′alm(r)alm(r′)C lm(r, r′, t, 0) , (3.8)

where the density correlation function read

C lm(r, t, r′, t′) =
〈
ρ̄lm(r, t)ρ̄lm(r′, t′)

〉
1
. (3.9)

Alternatively, the property A could have also been written in Fourier space as
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A(t) =
1

(2π)3

∫
dkã(k)˜̄ρ(k, t) =

1

(2π)3

∫
dkk2ãlm(k)˜̄ρlm(k, t) , (3.10)

where I introduced the spatial Fourier transforms of a and ρ̄ as well as the Hankel-Fourier
transforms of alm and ρ̄lm. Using this formulation, the autocorrelation function is

CA(t) =

∫
dk

∫
dk′ã(k)ã(k′)C̃(k, t,k′, t′) , (3.11)

=

∫
dk

∫
dk′k2k′2ãlm(k)ãlm(k′)C̃ lm(k, t, k′, t′) , (3.12)

where

C̃(k, t,k′, t′) = ⟨ ˜̄ρ(k, t)˜̄ρ(k′, t′)⟩1 (3.13)

C̃ lm(k, t, k′, t′) =
〈
˜̄ρlm(k, t)˜̄ρlm(k′, t′)

〉
1
. (3.14)

Modelling the solvation dynamics is therefore equivalent to modelling of these density fluctua-
tions, C lm.

I.B State-of-the-art
Most of the theories developed in the literature to model solvation dynamics rely on the

so-called uniform approximation,

C(r, t, r′, t′) ≈ Cu(r, t, r
′, t′) = ⟨ρ(r, t)ρ(r′, t′)⟩0 , (3.15)

where I dropped the bar notation, and the index 0 indicates that the average is taken in the
absence of the solute (vext = 0). In this approximation, the density correlation is translationally
invariant and the correlation of A reads

CA(t) =

∫
dk|a(k)|2C̃u(k, t) , (3.16)

where C̃u(k, t) = C̃u(k,−k, t, 0)/δ(k + k′). The quantity |a(k)|2 is sometimes called the
vertex and plays the role to select the k-mode of the solvent fluctuations that contribute to
the correlation of A. However, this approximation neglects the impact of the solute on the
solvent dynamics. Even in the case of a hard-sphere solute that simply excludes the solvent
density from its core, Chandler and his collaborators have demonstrated that the solute affects
the solvent modes. [Song et al., 1996, Song and Chandler, 1998].

Much of the existing literature ignores the effect of the excluded volume of the solute.
On the other hand, there exists a wealth of powerful theories that can accurately model the
bulk density correlations Cu(r, t, r

′, t′). Bagchi and his collaborators developed an effective
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dynamical density functional theory (DDFT) for the dipolar density ρS(r, û, t) of a dielectric
solvent, where û is the unit vector indicating the orientation of the molecular dipole. [Bagchi,
1989, Bagchi and Jana, 2010] Their theory is based on the equilibrium and the homogeneous
correlation functions of the solvent. They combined spectroscopic experimental data with inte-
gral equations to obtain these correlations and analyse various properties of a dielectric solvent:
solvation dynamics, [Chandra and Bagchi, 1989b, Bagchi and Chandra, 1992, Roy and Bagchi,
1993,Nandi et al., 1995] rotational diffusion, [Chandra and Bagchi, 1989a,Chandra and Bagchi,
1990,Bagchi, 2001] or translational diffusion. [Bagchi and Chandra, 1988,Chandra and Bagchi,
1988, Vijayadamodar et al., 1989] They also extended their theory to the case of electrolytes
by coupling the dipolar density with the ionic densities. [Biswas and Bagchi, 1997, Bagchi
and Biswas, 1998, Bagchi, 1998, Chandra and Bagchi, 2000, Dufrêche et al., 2002, Banerjee
and Bagchi, 2019] Their DDFT is however heuristic and mixes different levels of approxi-
mation. The DDFT approach was also employed in combination with the atomic densities
ρi(r, t), where i denotes one of the atomic species of the system. This approach extends the
reference interaction site model to the dynamical domain for dipolar fluid, [Chong and Hirata,
1998b,Chong and Hirata, 1998a,Chong and Hirata, 1999,Chong and Hirata, 1998c,Nishiyama
et al., 2009] or for water [Yamaguchi and Hirata, 2002, Yamaguchi et al., 2002, Yamaguchi
et al., 2003,Yamaguchi et al., 2004,Kobryn et al., 2005] It was employed to study the diffusion
in supercritical solvent, [Egorov et al., 2002, Egorov, 2003] In the context of colloidal studies,
DDFT was given a more formal derivation and has recently been extended to nonspherical par-
ticles. [te Vrugt et al., 2020, Rex et al., 2007, Grelet et al., 2008, Archer, 2009, Wittkowski and
Löwen, 2011, Durán-Olivencia et al., 2016]

Overall, these different approaches suffer from the same two major approximations: (i)
they neglect the effect of the solute size and (ii) they neglect the coupling between the solute
dynamics and the solvent dynamics. To properly address the solvation dynamics, we therefore
require a theory capable of describing fluctuations, nonequilibrium responses, 3-point corre-
lation functions. To this end, I will explore the potential of the stochastic density functional
theory (SDFT), a powerful and rigorous approach for modelling the dynamics at a microscopic
scale. [Dean, 1996, Illien, 2025] I will first review this theory for the simple case of spherical
particles.

II Principles of stochastic density functional theory
Let us start with the simple SDFT for identical particles that interact via a pair inter-

action . [Dean, 1996] I will first present the derivation of the core SDFT equation—the Dean-
Kawasaki equation—and then discuss recent results on the non-Gaussian fluctuations of the
density field in the mean-field limit. The Dean-Kawasaki equation is a stochastic equation for
the microscopic density, unlike DDFT or other coarse-grained theories which focus on some
average densities. [te Vrugt et al., 2020] SDFT is thus the appropriate framework for unusual
correlation functions, such as 2-point correlations in the presence of an external field or in a
moving frame, or 3-point correlations. An excellent review on SDFT was recently put forward
by P. Illien. [Illien, 2025]

II.A Dean-Kawasaki equation
We consider a system of N particles interacting with a pair potential v and embedded

in an implicit solvent and with a bare diffusion coefficient D. Their dynamics is given by a set
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of N coupled overdamped Langevin equations obeyed by the positions ri of the particles:

d

dt
ri(t) = − D

kBT

N∑
j=1,j ̸=i

∇v(ri(t)− rj(t)) +
√
2Dηi(t) (3.17)

= − D

kBT

∫
dr′ρ(r′)∇v(ri(t)− r′) +

√
2Dηi(t) (3.18)

with kB the Boltzmann constant, T the temperature, ηi(t) a unit Gaussian white noise vector
with statistics,

⟨ηαi (t)⟩ = 0, (3.19)〈
ηαi (t)η

β
j (t

′)
〉
= δijδαβδ(t− t′) . (3.20)

ηαi are the Cartesian components of the noise ηi(t). In equation 3.18, we introduce the micro-
scopic density,

ρ(r, t) =
N∑
i=1

δ(r − ri(t)) . (3.21)

SDFT consists of an exact recasting of the N overdamped Langevin equations that
provides the dynamical evolution of ρ(r, t) via the so-called Dean-Kawasaki equation [Dean,
1996]

∂

∂t
ρ(r, t) = D∇2ρ(r, t) +∇ ·

[
ξ(r, t)

√
2Dρ(r, t)

]
+

D

kBT
∇ ·
[
ρ(r, t)

∫
dr′ρ(r′, t)∇v(r − r′)

]
, (3.22)

where ξ(r, t) is a unit Gaussian white noise vector fields with statistics,

⟨ξα(r, t)⟩ = 0, (3.23)〈
ξα(r, t)ξβ(r′, t′)

〉
= δαβδ(t− t′)δ(r − r′) . (3.24)

The Dean-Kawasaki equation is a stochastic equation for a stochastic variable, the mi-
croscopic density ρ(r, t). Due to its multiplicative noise (∇ ·

[
ξ(r, t)

√
2Dρ(r, t)

]
), it cannot

be solved exactly, except in the case without interactions (v = 0) or in the mean-field limit (see
the next subsection II.C). There exists other formulations of the Dean-Kawasaki equation. I do
like the one that introduces a kind of microscopic free energy. [Dean, 1996] It reads
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∂

∂t
ρ(r, t) = ∇ ·

[
ξ(r, t)

√
2Dρ(r, t)

]
+

D

kBT
∇ ·
[
ρ(r, t)∇ δ𭟋[ρ]

δρ(r, t)

]
, (3.25)

with the functional of the microscopic free energy

𭟋[ρ] = kBT

∫
drρ(r) ln ρ(r) +

1

2

∫
dr

∫
dr′ρ(r)v(r − r′)ρ(r′) . (3.26)

The latter functional also appears in the equilibrium probability of the microscopic density,

Peq[ρ] ∼ exp(−β𭟋[ρ]) . (3.27)

II.B Path integral formulation
Another expression relies on the path integral formulation of stochastic dynamics.

This formulation is based on the initial works of Martin-Siggia-Rose [Martin et al., 1973] and
Janssen [Janssen, 1976], and is now used by Mallick and co-workers to study fluctuating hydro-
dynamics [Krapivsky et al., 2014, Krapivsky et al., 2015, Mallick et al., 2022, Dandekar et al.,
2023, Dandekar et al., 2024]. I will detail here how to obtain this formulation. First, using the
fact that ξ is a Gaussian noise with probability P [ξ] = exp(−

∫ T

0
dt
∫
dr|ξ(r, t)|2 (where T

is the typical observation time of the trajectory), the probability of observing a time-dependent
microscopic density given the initial configuration ρ(r, t = 0) can be written as

P [ρ|ρ(r, t = 0)] =

∫
Dξδ

[
∂

∂t
ρ(r, t)−D∇2ρ(r, t)−∇ ·

[
ξ(r, t)

√
2Dρ(r, t)

]
− D

kBT
∇·
[
ρ(r, t)

∫
dr′ρ(r′, t)∇v(r − r′)

] ]
exp

(
−
∫ T

0

dt

∫
dr|ξ(r, t)|2

)
.

(3.28)

We then employ the Fourier-like expression of the Dirac functional,

δ[G] =

∫
Dρ̂ exp

(
−
∫ T

0

dt

∫
drG(r, t)ρ̂(r, t)

)
, (3.29)

which gives

P [ρ|ρ(r, t = 0)] =

∫
Dξ

∫
Dρ̂ exp

(
−
∫ T

0

dt

∫
drρ̂

(
∂

∂t
ρ(r, t)−D∇2ρ(r, t)

−∇ ·
[
ξ(r, t)

√
2Dρ(r, t)

]
− D

kBT
∇ ·
[
ρ(r, t)

∫
dr′ρ(r′, t)∇v(r − r′)

]))

× exp

(
−
∫ T

0

dt

∫
dr|ξ(r, t)|2

)
. (3.30)
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After doing an integration by parts on the noise multiplicative terms ρ̂∇·
[
ξ(r, t)

√
2Dρ(r, t)

]
→

−∇ρ̂ ·
[
ξ(r, t)

√
2Dρ(r, t)

]
, we can perform a Gaussian integration over the noise and obtain

P [ρ|ρ(t = 0)] =

∫
Dρ̂ exp (−Sρ0 [ρ, ρ̂]) (3.31)

with the action

Sρ0 [ρ, ρ̂] =

∫ T

0

dt

∫
dr

(
ρ̂
∂

∂t
ρ−Dρ̂∇2ρ− ρ̂

D

kBT
∇ ·
[
ρ(r, t)

∫
dr′ρ(r′, t)∇v(r − r′)

]
−Dρ|∇ρ̂|2

)
(3.32)

=

∫ T

0

dt

∫
dr

(
ρ̂
∂

∂t
ρ+D∇(ρ̂) · ∇ρ+ D

kBT
ρ∇(ρ̂) ·

[
ρ(r, t)

∫
dr′ρ(r′, t)∇v(r − r′)

]
−Dρ|∇ρ̂|2

)
, (3.33)

where the last term −Dρ|∇ρ̂|2 originates directly from the Gaussian integration of the noise.
The second line is obtained by performing integrations by parts of the form (∇ρ̂) → −ρ̂∇, and
is identical to equation 4 in reference [AC25]. The action can also be expressed in terms of the
microscopic free energy (equation 3.26),

Sρ0 [ρ, ρ̂] = ρ̂
∂

∂t
ρ− ρ̂

D

kBT
∇ ·
[
ρ(r, t)∇ δ𭟋[ρ]

δρ(r, t)

]
−Dρ|∇ρ̂|2 (3.34)

= ρ̂

(
∂

∂t
ρ− D

kBT
∇ ·
[
ρ(r, t)∇ δ𭟋′[ρ]

δρ(r, t)

])
, (3.35)

where

𭟋′[ρ] = 𭟋[ρ]− kBT

∫
drρ(r)ρ̂(r) , (3.36)

corresponds to a microscopic free energy (equation 3.26) in presence of an external field −kBT ρ̂.
Finally, we obtain the probability to observe a time-dependent microscopic density by averaging
over all initial condition and find

P [ρ] =

∫
Dρ̂ exp (−S[ρ, ρ̂]) (3.37)

with the generalized action,

S[ρ, ρ̂] = Sρ0 [ρ, ρ̂]− lnP0[ρ(r, t = 0)] , (3.38)

where P0[ρ(r, t = 0)] is the initial distribution of the density.
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Cumulant generative functional. In order to calculate the correlation functions, we will use
the successive derivatives of the cumulant generating functional,

µ[λ] = ln

〈
exp

[∫ T

0

dt

∫
drλ(r, t)ρ(r, t)

]〉
(3.39)

= ln

∫ Dρ
∫
Dρ̂ exp

(
−S[ρ, ρ̂] +

∫ T

0
dt
∫
drλ(r, t)ρ(r, t)

)
∫
Dρ
∫
Dρ̂ exp (−S[ρ, ρ̂])

 (3.40)

= ln

(∫
Dρ
∫
Dρ̂ exp (−Sλ[ρ, ρ̂])∫

Dρ
∫
Dρ̂ exp (−S[ρ, ρ̂])

)
, (3.41)

where we define the tilted action

Sλ[ρ, ρ̂] = S[ρ, ρ̂] +
∫ T

0

∫
drλ(r, t)ρ(r, t) . (3.42)

For instance, the average density and the connected 2-point correlation functions can be com-
puted as

⟨ρ(r, t)⟩ = δµ[λ]

δλ(r, t)
|λ=0 , (3.43)

⟨δρ(r, t)δρ(r′, t′)⟩ = δ2µ[λ]

δλ(r, t)δλ(r′, t′)
|λ=0 (3.44)

=
δ ⟨ρ(r, t)⟩λ
δλ(r′, t′)

|λ=0 , (3.45)

where δρ(r, t) = ρ(r, t)− ⟨ρ(r, t)⟩ and ⟨·⟩ indicates on average with the tilted action. Similar
expressions can be found for the n-point connected correlation functions.

II.C Mean-field limit and non-Gaussian fluctuations

I will now present how we used the path integral formulation to determine the n-point
correlation functions in the mean-field. This work was carried out in collaboration with P. Illien
(as the PI) and L. Le Bon (M2 intern), and has recently been published in the reference [AC25]
.

Mean-field approximation To determine the correlations explicitly , we will consider the
following joint limit: ρ0 → ∞ and ρ0v = O(1). The action in equation 3.32 can be written
as Sρ0 [ρ, ρ̂] = ρ0Sρ0 [ρ/ρ0, ρ̂], where Sρ0 [ρ/ρ0, ρ̂] = O(1). In this joint limit, we can apply the
saddle-point approximation, which means that the average with the tilted action Sλ is dominated
by the most probable path — the path which minimises the action. We denote this path (q, p),
and it satisfies the minimisation conditions,
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δSλ[ρ, ρ̂]

δρ̂(r, t)
|q,p = 0 , (3.46)

δSλ[ρ, ρ̂]

δρ(r, t)
|q,p = 0 . (3.47)

This gives the following equations

∂

∂t
q =

D

kBT
∇ ·
[
q(r, t)∇ δ𭟋[q]

δq(r, t)

]
− 2D∇ · (q∇p) , (3.48)

∂

∂t
p = − D

kBT

δ

δq
∇ ·
[
q(r, t)∇ δ𭟋′[q]

δq(r, t)

]
− λ , (3.49)

where I explicitly write down these equations in terms of the microscopic free energy (equa-
tion 3.26) to propose an alternative formulation as the one written in the reference [AC25]. The
equation for q is similar to the full Dean-Kawasaki equation 3.25, but where the multiplicative
noise term is no more a stochastic variable, ξ(r, t)

√
2Dρ(r, t) → −2Dq∇p.We also note that

the dynamics of p is given by an “anti-diffusion” equation.

Calculation of the correlation functions Equations 3.48 and 3.49 cannot be solved, except
for the case without interactions (see for instance the supplementary information C of the ref-
erence [AC25]). We propose instead to focus on the correlations. We assume that q and p can
be expanded into power of λ, q(r, t) =

∑
i qn(r, t)λ(r, t)

n (and likewise for p). We obtain the
following equations at order 0

∂

∂t
q0 = D∇2q0 − 2D∇ · (q0∇p0) +

D

kBT
∇ ·
(
q0

(∫
dr′q0(r

′)∇v(r − r′)

))
, (3.50)

∂

∂t
p0 = −D∇2p0 −D|∇p0|2 +

D

kBT
(∇p0) ·

(∫
dr′q0(r

′)∇v(r − r′)

)
− D

kBT

(∫
dr′q0(r

′)∇p0(r′) · ∇v(r − r′)

)
, (3.51)

which corresponds to the mean-field equations 3.48 and 3.49 with λ = 0. In the following,
we will assume that we are considering the case of fluctuations around a uniform state, i.e.
q0(r, t) = ρ0 and p0(r, t) = 0. This allows us to express the order 1 as

∂

∂t
q1 −D∇2q1 −

D

kBT
ρ0

∫
dr′q1(r

′)∇2v(r − r′) + 2Dρ0∇2p1 = 0 , (3.52)

∂

∂t
p1 +D∇2p1 +

D

kBT
ρ0

∫
dr′p1(r

′)∇2v(r − r′) = −λ . (3.53)

The right-hand side consists of a linear operator acting on the vector (q1, p1), while the left-
hand side contains the source term −λ. After performing space and time Fourier transforms,
the equation for p1 gives p̃1(k, ω) = λ̃/

[
iω +Dk2 + D

kBT
ρ0k

2ṽ(k)
]

and
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q1(k, ω) =
2Dρ0k

2

−iω +Dk2 + D
kBT

ρ0k2ṽ(k)
p̃1 =

2Dρ0k
2λ̃

ω2 +
(
Dk2 + D

kBT
ρ0k2ṽ(k)

)2 . (3.54)

After a derivation over λ, one find the 2-point connected correlations:

⟨δρ̃(k, ω)δρ̃(k′, ω′)⟩ = 2Dρ0k
2

ω2 +
(
Dk2 + D

kBT
ρ0k2ṽ(k)

)2 δ(k + k′)δ(ω + ω′) . (3.55)

We can apply the same strategy for the 3-point connected correlations. The mean-field equations
at order 3 read

∂

∂t
q2 −D∇2q2 −

D

kBT
ρ0

∫
dr′q2(r

′)∇2v(r − r′) + 2Dρ0∇2p2 = −2D∇ · (q1∇p1)

+
D

kBT
∇
(
q1

(∫
dr′q1(r

′)∇V (r′ − r′)

))
, (3.56)

∂

∂t
p2 +D∇2p2 +

D

kBT
ρ0

∫
dr′p2(r

′)∇2v(r − r′) = −D|∇p1|2

+
D

kBT
(∇p1) ·

(∫
dr′q1(r

′)∇V (r′ − r′)

)
− D

kBT

(∫
dr′q1(r

′)∇p1(r′) · ∇V (r′ − r′)

)
. (3.57)

We observe that the left-hand side consists of the same operator as in the equations of order 1,
but applied to (q2, p2). The right-hand side no longer contains the term λ any more, but rather
products of q1 and p1, which are known from the resolution of the first order equations. More
generally, we will have equations of order n of the form

∂

∂t
qn −D∇2qn −

D

kBT
ρ0

∫
dr′qn(r

′)∇2v(r − r′) + 2Dρ0∇2pn = Qn , (3.58)

∂

∂t
pn +D∇2pn +

D

kBT
ρ0

∫
dr′pn(r

′)∇2v(r − r′) = Pn , (3.59)

where Qn and Pn are known functions of qi and pi for i < n. These equations can be formally
solved as,

p̃n(k, ω) = − P̃n

iω +Dk2 + D
kBT

ρ0k2ṽ(k)
and (3.60)

q̃n(k, ω) =
Q̃n

−iω +Dk2 + D
kBT

ρ0k2ṽ(k)
+

2Dρ0k
2P̃n

ω2 +
(
Dk2 + D

kBT
ρ0k2ṽ(k)

)2 . (3.61)
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The resolution for n = 3 and n = 4 is presented in the reference [AC25] — thanks to L. Le
Bon! I would like to conclude this discussion by highlighting an important limitation for me:
the joint mean-field limit (ρ0 → ∞ and ρ0v = O(1)) is questionable from a physical point of
view. Which pair interactions evolve as 1/ρ0? Nevertheless, this approach provides a robust
route to determine the high-order correlations.

II.D Possible extension of SDFT
SDFT was originally developed to address the dynamics of colloids and other particles

that are much larger than the solvent molecules. [Dean, 1996, Illien, 2025] The mass/size dif-
ference entails a timescale separation between the colloids and the solvent dynamics, enabling
the modelling of the colloids dynamics with the overdamped Langevin equations or, equiva-
lently, with SDFT. Furthermore, SDFT particles are often spherical and without internal degree
of freedoms. In order to apply SDFT to molecular fluids of interest, we must adapt the theory
to include numerous physical effects at the microscopic length and time scales. Below is a list
of features that I consider essential for properly modelling a molecular fluid:

1. Size of the particles. In practical applications, SDFT neglects the short-range repulsive
interactions (i.e., the particles size). [Illien, 2025] To model solvation dynamics, it seems
essential to incorporate these repulsive interactions — at least, to take into account the
steric effect of the solute on the solvent dynamics. [Song et al., 1996,Song and Chandler,
1998]

2. Nonspherical particles. SDFT has mainly been applied to spherical particles (e.g., col-
loids) with radial pair interactions. However, to accurately model rotational dynamics
or rotation/translation couplings, it will be necessary to write a SDFT for the molecular
density ρ(r,ω, t). We recently proposed a SDFT for a dipolar solvent [AC25], a raising
subject in the literature. [Cugliandolo et al., 2015]

3. Associativity. Water (and other complex fluids) forms hydrogen bonds, which are strong
and directional interactions, in-between of nonbonding and bonding interactions. Such
hydrogen bonds can be formally treated as an orientation-dependent pair interaction, as
in the force fields developed for water (e.g. SPCE, TIP3P, etc.). However, I envisage
that modelling hydrogen bonds specifically using the patchy particle formalism, [Simon
and Oettel, 2024] for example, will help to take them into account within the SDFT
framework.

4. Inertial effects. SDFT is primary employed within the framework of the overdamped
Langevin equation. [Dean, 1996] An accurate description of the dynamics at the pi-
cosecond scale will require inertial effects such as ballistic motion or momentum con-
servation. There is existing extensions of SDFT to consider the phase space density
f(r,v). [Das and Yoshimori, 2013,Nakamura and Yoshimori, 2009] For instance, it could
be interesting to use SDFT to explain the solvent structure in presence of a pulled parti-
cles, [Lesnicki et al., 2020, Lesnicki and Vuilleumier, 2017, Lesnicki et al., 2021, Poncet
et al., 2021] [AC5] In combination with the work on the molecular SDFT, I intend to
develop a SDFT for the phase density of position, orientation, translational velocity, and
angular velocity f(r,ω,v, ω̇, t). This inertial SDFT will more naturally accounts for
collisions between molecules.

5. Non-Markovian dynamics. The standard SDFT is based on the (overdamped) Langevin
equation, which assumes that all translational and rotational motions are Markovian (i.e.,
memoryless). However, microscopic dynamics are often non-Markovian. For example,
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the rotational dynamics of water occurs through "jumps" [Laage and Hynes, 2006], while
the diffusion of small solutes in dense liquids can be described as a hopping process
between cages. [Polimeno and Moro, 1994, Bier et al., 2008, Acharya et al., 2015, Dokko
et al., 2018] I will seek to integrate these non-Markovian effects by proposing a SDFT
with memory, starting from the generalised Langevin equations, [Zwanzig, 2001] which
reads

mi
d

dt
vi(t) = −

∫
K(t− u)vi(u)du+ ηi(t) (3.62)

wheremi is the mass of the particle i andK is called the memory kernel, which takes into
account the non-Markovian effects on the molecular dynamics. I intend here to derive a
SDFT with this kind of formalism. In practical application, the calculation of this memory
can rely on the algorithms developed during my M2 internship [AC1][AC2].

6. Intramolecular degrees of freedom. “Large” molecules (those with more than 4 atoms)
exhibit various intramolecular motions: bending, stretching, dihedral rotation. These mo-
tions can couple with the rotational or translational dynamics of the molecule, especially
the dihedral rotation, which can affect its interaction with the surrounding molecules.
Including the intramolecular dynamics will be essential when studying large solutes or
complex solvents, such as the deep eutectic solvents.

I have just started exploring the first two features on this list, namely the size of the
particles and their non-sphericity in collaboration with P. Illien and B. Rotenberg. Addressing
all these aspects will necessarily be a collaborative work, to which I hope to provide some
decisive contributions. I will next review SDFT for an electrolytes in an implicit solvent.

III SDFT for electrolytes in implicit solvent
Electrolyte solutions are ubiquitous in our world, appearing in many industrial applica-

tions and biological or geological systems. Current hot topics related to electrolytes include the
development of the blue energy technology [Rastgar et al., 2023], the modelling of the electric
double-layer [Jeanmairet et al., 2022] or of the solvation shell of biomolecules, [Laage et al.,
2017] and the characterization the long-range correlations. [Smith et al., 2016, Elliott et al.,
2024, Rondepierre et al., 2025] When the ionic concentration increases (and the solvent one
decreases), the electrolytes reach a regime called water-in-salt, [Goloviznina et al., 2024, Feng
et al., 2025, Nguyen et al., 2025] then the ionic liquid regime where no solvent is present.

Due to their importance, there exists a rich variety of theoretical methods to determine
the equilibrium properties of electrolytes. [Hansen and McDonald, 2013, Kjellander, 2020b] In
particular, I am interested in the density-based approaches, such as the classical DFT, [Härtel,
2025,Bültmann and Härtel, 2022,Gillespie et al., 2002,Piron and Blenski, 2019] or the field the-
ories. [Gao et al., 2023,Di Caprio et al., 1998,Maggs and Everaers, 2006,Levy et al., 2012,Adar
et al., 2018,Budkov, 2020,Berthoumieux and Maggs, 2015,Berthoumieux, 2018,Berthoumieux
and Paillusson, 2019, Vatin et al., 2021, Hedley et al., 2023, Becker et al., 2025] My project is
however focused on the modelling of the dynamics of the electrolytes surrounding a given so-
lute. This will involve to calculate complex correlation functions, such as 3-point correlations
or 2-point correlations in presence of an external field. SDFT is the perfect tool to model these
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complex correlations. For instance, SDFT has already been used to calculate the conductivity
of electrolytes [Démery and Dean, 2016, Bernard et al., 2023], the frequency-dependent con-
ductivity, [Bonneau et al., 2023,Bonneau et al., 2024,Bonneau et al., 2025], or the conductivity
at high ionic concentration [Avni et al., 2022b, Avni et al., 2022a, Berthoumieux et al., 2024].
As SDFT is powerful framework tailored to model the fluctuations, it has also be employed
to investigate the nonequilibrium Casimir effect in driven electrolytes. [Dean and Podgornik,
2014,Lu et al., 2015,Dean et al., 2016,Mahdisoltani and Golestanian, 2021b,Mahdisoltani and
Golestanian, 2021a, Du et al., 2025a, Du et al., 2025b]

Before applying SDFT to determine charge correlations and the NMR relaxation rate,
this section will review SDFT for electrolytes with an implicit solvent. [Démery and Dean,
2016] First, I will review the Dean-Kawasaki equations for cation and anion densities, followed
by the standard linearisation scheme. In the final subsection, I will derive the path integral
formulation of SDFT for electrolytes for the first time, which could be used in future work for
NMR modelling. As an exercise, I will also derive the mean-field equations satisfied by the
most probable path, although I am unsure whether the mean-field limit is relevant to the study
of electrolytes.

III.A Dean-Kawasaki equations for electrolytes
In the following, we consider a symmetric binary electrolyte consisting of N cations

andN anions, with respective charges ±ze. We denote their overall densitiesCI = N/V , where
V is the volume of the system. Their respective mobilities will be denoted by µ±, and their bare
diffusion coefficients byD± (we assume that the fluctuation-dissipation relation holds, in such a
way that D± = µ±kBT ). We assume for simplicity that µ+ = µ− ≡ µI (i.e. D+ = D− ≡ DI).
The ion dynamics is described by the set of 2N coupled overdamped Langevin equations obeyed
by the positions r±

i of the ions:

d

dt
r±
i (t) = ± DI

kBT
ze[−∇φ(r±

i (t))] +
√

2DIη
±
i (t), (3.63)

where η±
i (t) are unit white noises with correlations:

⟨ηαi
±(t)⟩ = 0, (3.64)

⟨ηαi
±(t)ηβj

±
(t′)⟩ = δijδαβδ±δ(t− t′), (3.65)

with α and β denote Cartesian coordinates, and where φ is the electrostatic potential. The latter
is a solution of the Poisson equation:

−∇2φ(r, t) =
ze

εw

[
ρ+(r, t)− ρ−(r, t)

]
, (3.66)

where ε0εw is the static dielectric permittivity of water with εw. the relative permittivity We
define the microscopic densities of cations and anions,

ρ+(r, t) =
N∑

α=1

δ(r − r+
α (t)), (3.67)

ρ−(r, t) =
N∑

α=1

δ(r − r−
α (t)). (3.68)
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The solution of the Poisson equation reads

φ(r, t) =

∫
dr′ G(r − r′)ze

[
ρ+(r, t)− ρ−(r, t)

]
, (3.69)

where G(r) = 1/(4πε0εwr) is the Green function associated with Poisson equation. Apply-
ing Dean’s strategy, we can obtain the Dean-Kawasaki equations for the cationic and anionic
densities [Dean, 1996, Démery and Dean, 2016]

∂

∂t
ρ+ = DI∇2ρ+ +

DI

kBT
ze∇ · (ρ+∇φ) +∇ · (

√
2DIρ+ξ

+(r, t)) , (3.70)

∂

∂t
ρ− = DI∇2ρ− − DI

kBT
ze∇ · (ρ−∇φ) +∇ · (

√
2DIρ−ξ

−(r, t)) , (3.71)

where ξ± are two uncorrelated unit Gaussian white noise vector fields with statistics,

〈
ξα±(r, t)

〉
= 0, (3.72)〈

ξα±(r, t)ξβ
±
(r′, t′)

〉
= δαβδ(t− t′)δ(r − r′)δ± . (3.73)

Following [Mahdisoltani and Golestanian, 2021a], using the charge density (ρI = ze(ρ+−ρ−))
and the number density (C = ρ+ + ρ−) as variables, we obtain the following equations

∂

∂t
ρI = DI∇2ρI +

DI

kBT
(ze)2∇ · (C∇φ) +∇ ·ΞρI , (3.74)

∂

∂t
C = DI∇2C +

DI

kBT
∇ · (ρI∇φ) +∇ ·ΞC, (3.75)

where ΞC(r, t) and ΞρI (r, t) are unit Gaussian white noise vector fields with correlations

〈
Ξα
ρI
(r, t)

〉
= ⟨Ξα

C (r, t)⟩ = 0, (3.76)〈
Ξα
ρI
(r, t)Ξβ

ρI
(r′, t′)

〉
= (ze)22DIC δαβδ(t− t′)δ(r − r′) , (3.77)〈

Ξα
C (r, t)Ξ

β
C(r

′, t′)
〉
= 2DIC δαβδ(t− t′)δ(r − r′) , (3.78)〈

Ξα
C (r, t)Ξ

β
ρI
(r′, t′)

〉
= 2DIρI δαβδ(t− t′)δ(r − r′) , (3.79)〈

Ξα
ρI
(r, t)Ξβ

C(r
′, t′)

〉
= −2DIρI δαβδ(t− t′)δ(r − r′) . (3.80)

III.B Linearisation
We linearise the set of equations 3.74-3.75 by assuming that the fluctuations of ρ+ and

ρ− around their homogeneous values are small: ρ± = CI + δρ± with δρ± ≪ CI . ρI = ρ+ − ρ−

is of linear order in the perturbation, while the number density is written as C = 2CI + c, which
c = δρ+ + δρ− = O(δρ1). The linearised evolution equation for ρI and c read:
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∂

∂t
ρI(r, t) =DI∇2ρI −DIκ

2
impρI + (ze)

√
4DICIΞρI (r, t), (3.81)

∂

∂t
c(r, t) =DI∇2c+

√
4DICIΞc(r, t), (3.82)

where we define the Debye length κ−1
imp through κ2imp = 2CIz

2e2/(ε0εwkBT ). The noises ΞρI

and Ξc are uncorrelated, have zero average, and have correlations:

⟨ΞρI/c(r, t)ΞρI/c(r
′, t′)⟩ = −∇2δ(r − r′)δ(t− t′)δρI/c . (3.83)

Equations 3.81 and 3.82 are uncoupled and can be solved directly with space and time Fourier
transforms. It gives for ρI ,

ρ̃I(k, ω) =
(ze)

√
4DICIΞ̃ρI

−iω +DIk2 +DIκ2imp

. (3.84)

The correlation of the Fourier-transformed noises is derived in the annex I.A. It reads

〈
Ξ̃ρI (k, ω)Ξ̃ρI (k

′, ω′)
〉
= (2π)4k2δ(k + k′)δ(ω + ω′) , (3.85)

and the 2-point correlation function is

⟨ρ̃I(k, ω)ρ̃I(k′, ω′)⟩ = 4(2π)4DICI(ze)
2k2

ω2 +D2
I

(
k2 + κ2imp

)2 δ(k + k′)δ(ω + ω′) (3.86)

=
2(2π)4DIε0εwkBTκ

2
impk

2

ω2 +D2
I

(
k2 + κ2imp

)2 δ(k + k′)δ(ω + ω′) . (3.87)

In time domain, it reads,

CI(k, t,k
′, t′) = ⟨ρ̃I(k, t)ρ̃I(k′, t′)⟩ (3.88)

=
2(2π)3CI(ze)

2k2

k2 + κ2imp

exp
(
−DI

(
k2 + κ2imp

)
|t− t′|

)
δ(k + k′) , (3.89)

=
(2π)3DIε0εwkBTκ

2
impk

2

k2 + κ2imp

exp
(
−DI

(
k2 + κ2imp

)
|t− t′|

)
δ(k + k′) . (3.90)

This correlation may enter in the calculation of the autocorrelation of A in the uniform
approximation shown in equation 3.16.
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III.C Mean-field approximation for electrolytes
Here, I will present new result: the path integral formulation and mean-field approxi-

mation of SDFT for electrolytes with an implicit solvent. In the literature, Farhadi and Limmer
proposed (very) recently a path integral formulation for the electrolyte dynamics in presence
of an external field. [Farhadi and Limmer, 2025] They did not however construct the Martin-
Siggia-Rose action and did not consider the mean-field limits. In the following, I will derive
this action using the same route as before in subsection II.B. First, we express the probability to
observe a given microscopic joint densities of anions and cations,

P [ρ+, ρ−|(t = 0)] =

∫
Dξ+Dξ−

× δ

[
∂

∂t
ρ+ −DI∇2ρ+ − DI

kBT
(ze)∇ · (ρ+∇φ)−∇ · (

√
2DIρ+ξ

+)

]
× δ

[
∂

∂t
ρ− −DI∇2ρ− +

DI

kBT
(ze)∇ · (ρ−∇φ)−∇ · (

√
2DIρ−ξ

−)

]
× exp

(
−
∫ T

0

∫
dr|ξ+|2

)
exp

(
−
∫ T

0

∫
dr|ξ−|2

)
. (3.91)

After inserting the Fourier-like expression of the Dirac functional and integrating over the Gaus-
sian noises, we obtain the probability

P [ρ+, ρ−|(t = 0)] =

∫
Dρ̂+Dρ̂− exp

(
−Sρ0 [ρ

+, ρ−, ρ̂+, ρ̂−]
)

(3.92)

with the action,

Sρ0 [ρ
+, ρ−, ρ̂+, ρ̂−] =

∫ T

0

∫
dr

[
ρ̂+
(
∂

∂t
ρ+ −DI∇2ρ+ − DI

kBT
(ze)∇ · (ρ+∇φ)

)
−Dρ+|∇ρ̂+|2

+ ρ̂−
(
∂

∂t
ρ− −DI∇2ρ− +

DI

kBT
(ze)∇ · (ρ−∇φ)

)
−Dρ−|∇ρ̂−|2

]
.

(3.93)

After integrating over the initial conditions, one obtains the generalized action

S = Sρ0 [ρ
+, ρ−, ρ̂+, ρ̂−]− lnP0

[
ρ+(r, t = 0), ρ−(r, t = 0)

]
, (3.94)

where is the joint initial distribution of the densities. We then define the tilted action,

Sλ+,λ− = S +

∫ T

0

∫
dr
(
λ+(r, t)ρ+(r, t) + λ−(r, t)ρ−(r, t)

)
. (3.95)
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In the joint limit of large densities (CI → ∞) and small pair potentials (CIv = O(1)), we can
apply the saddle-point approximations. We denote q+, q−, p+, p− the path which minimises the
action, it satisfies the conditions:

δSλ+,λ− [ρ+, ρ−, ρ̂+, ρ̂−]

δρ+(r, t)
|q+,q−,p+,p− =

δSλ+,λ− [ρ+, ρ−, ρ̂+, ρ̂−]

δρ̂+(r, t)
|q+,q−,p+,p− = 0 , (3.96)

δSλ+,λ− [ρ+, ρ−, ρ̂+, ρ̂−]

δρ−(r, t)
|q+,q−,p+,p− =

δSλ+,λ− [ρ+, ρ−, ρ̂+, ρ̂−]

δρ̂−(r, t)
|q+,q−,p+,p− = 0 . (3.97)

These conditions explicitly read

∂

∂t
q+ = DI∇2q+ − DI

kBT
(ze)∇ · (q+∇φ)− 2D∇ · (q+∇p+) , (3.98)

∂

∂t
p+ = −DI∇2p+ −DI |∇p+|2

+
DI

kBT
(ze)

[
∇p+ · ∇φ+ ze

∫
dr′ (∇p+(r′)q+(r′)−∇p−(r′)q−(r′)

)
∇G(r − r′)

]
,

(3.99)
∂

∂t
q− = DI∇2q− +

DI

kBT
(ze)∇ · (q−∇φ)− 2D∇ · (q−∇p−) , (3.100)

∂

∂t
p− = −DI∇2p− −DI |∇p−|2

+
DI

kBT
(ze)

[
∇p− · ∇φ+ ze

∫
dr′ (∇p−(r′)q−(r′)−∇p+(r′)q+(r′)

)
∇G(r − r′)

]
,

(3.101)

where G is the Green function of the Poisson equation 3.66. We expand all functions q+, q−, p+, p−

and φ in a series expansion of power of λ. Assuming an homogeneous state for the order 0
(q+0 = q−0 = CI and p+0 = p−0 = 0), the equations at order 1 are

∂

∂t
q+1 = DI∇2q+1 − DI

kBT
(ze)CI∇2φ1 − 2DICI∇2p+1 , (3.102)

∂

∂t
p+1 = −DI∇2p+1 +

DI

kBT
CI(ze)

2

∫
dr′∇

(
p+1 (r

′)− p−1 (r
′)
)
∇G(r − r′)− λ+ , (3.103)

∂

∂t
q−1 = DI∇2q−1 +

DI

kBT
(ze)CI∇2φ1 − 2DCI∇2p−1 , (3.104)

∂

∂t
p−1 = −DI∇2p−1 +

DI

kBT
CI(ze)

2

∫
dr′∇

(
p−1 (r

′)− p+1 (r
′)
)
∇G(r − r′)− λ− . (3.105)

Inserting explicitly the Poisson equation 3.66 at order 1 (∇2φ1 = −(q+1 − q−1 )/(ε0εw) and
the definition of the corresponding Green function (∇2G = −δ(r)/(ε0εw), one formulates the
equations as
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∂

∂t
q+1 −DI∇2q+1 +DI

κ2imp

2

(
q+1 − q−1

)
+ 2DICI∇2p+1 = 0 , (3.106)

∂

∂t
p+1 +DI∇2p+1 −DI

κ2imp

2

(
p+1 − p−1

)
= −λ+ , (3.107)

∂

∂t
q−1 −DI∇2q−1 −DI

κ2imp

2

(
q+1 − q−1

)
+ 2DICI∇2p−1 = 0 , (3.108)

∂

∂t
p−1 −DI∇2p−1 +DI

κ2imp

2

(
p+1 − p−1

)
= −λ− . (3.109)

Using the variables qI1 = q+1 − q−1 , qN1 = q+1 + q−1 (and likewise for p± and λ±), we obtain two
uncoupled sets of equations for the pair (qI1 , p

I
1) and for the pair (qN1 , p

N
1 ):

∂

∂t
qI1 −DI∇2qI1 +DIκ

2
impq

I
1 + 2DICI∇2pI1 = 0 , (3.110)

∂

∂t
pI1 +DI∇2pI1 −DIκ

2
impp

I
1 = −λI , (3.111)

∂

∂t
qN1 −DI∇2qN1 + 2DCI∇2pN1 = 0 , (3.112)

∂

∂t
pN1 +DI∇2pN1 − = λN . (3.113)

The equation for p1I can be solved directly with space and time Fourier transforms, p̃I1 =
λ̃I/(iω+DIk

2+DIκ
2
imp). The resolution of the equations for qI1 gives q̃I1 = 2DICIk

2p̃I1/(−iω+
DIk

2 + DIκ
2
imp). After inserting the results for p̃I1 and do the derivative over λ, we obtain the

same 2-point correlation functions as in equation 3.87. Finally, I write below the mean-field
equations at order 2:
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∂

∂t
q+2 −DI∇2q+2 −DI

κ2imp

2

(
q+2 − q−2

)
+ 2DICI∇2p+2 =

− DI

kBT
(ze)∇ · (q+1 ∇φ1)− 2D∇ · (q+1 ∇p+1 ) , (3.114)

∂

∂t
p+2 +DI∇2p+2 −DI

κ2imp

2

(
p+2 − p−2

)
=

−DI |∇p+1 |2 +
DI

kBT
(ze)

[
∇p+1 · ∇φ1

+ze

∫
dr′(∇p+1 (r′)q+1 (r

′)−∇p−1 (r′)q−1 (r
′)
)
∇G(r − r′)

]
,

(3.115)

∂

∂t
q−2 −DI∇2q−2 +DI

κ2imp

2

(
q+2 − q−2

)
+ 2DICI∇2p−2 =

− DI

kBT
(ze)∇ · (q−1 ∇φ1)− 2D∇ · (q−1 ∇p−1 ) , (3.116)

∂

∂t
p−2 −DI∇2p−2 +DI

κ2imp

2

(
p+2 − p−2

)
=

−DI |∇p−1 |2 +
DI

kBT
(ze)

[
∇p−1 · ∇φ1

+ze

∫
dr′(∇p−1 (r′)q−1 (r

′)−∇p+1 (r′)q+1 (r
′)
)
∇G(r − r′)

]
.

(3.117)

As these are new results, I stopped short of calculating the 3-point correlation functions. We
can notice a similar structure as for the case of identical particles (equations 3.56 and 3.57),
with the same linear operator (put in the left-hand side) at order 1 and order 2 and non-linear
source terms appearing at order 2. The main question for me is the justification of the mean-
field limit for that system, where the pair interaction is independent of the average densities of
ions. Nevertheless, it is interesting to see we can easily extend the path integral formulation to
a binary system. Let us now review SDFT for a dipolar solvent.

IV SDFT for electrolytes in dipolar solvent
I will now present a brief summary of our recent work [AC22]. Our aim is to derive

SDFT equations for an electrolyte with an explicit dipolar solvent, which is described by both
translational and rotational degrees of freedom. I will first review the Dean-Kawasaki equations
for this system, and then present the results of their linearisation. In the final subsection, I will
relate this explicit description of the solvent to the implicit description discussed in section III.

IV.A Dean-Kawasaki equations
We consider a symmetric binary electrolyte consisting of NI cations, NI anions and

NS solvent molecules. The cations and the anions have a charge ±ze and overall densities
CI = NI/V , where V is the volume of the system, while the solvent molecules bear a point
charge dipoles p and have a concentration CS = NS/V . We assume that the ionic diffusion
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coefficients are equal, D+ = D− and we denote DS and Dr
S the translational and rotational

diffusion coefficients of the solvent. The ion dynamics is described the set of 2N overdamped
Langevin equations obeyed by their positions r±

i and the solvent dynamics are described by the
set of 2N overdamped Langevin equations, which are obeyed by their positions rS

j and their
orientations ûj . These 4N equations read

dr±
i

dt
= ± DI

kBT
ze∇

[
−φ(r±

i )
]
+
√
2DIη

±
i (t) , (3.118)

drS
j

dt
=

DS

kBT
(pûj · ∇)∇

[
−φ(rS

j )
]
+
√

2DSη
S
j (t) , (3.119)

dûj

dt
=

[
Dr

S

kBT
pûj ×∇[−φ(rS

j )] +
√
2Dr

Sη
S,r
j (t)

]
× ûj , (3.120)

where the noises ηα
i (t) are uncorrelated Gaussian white noises of zero average, unit variance,

and correlations:

⟨ηαi
a(t)⟩ = 0, (3.121)

⟨ηαi
a(t)ηβj

b
(t′)⟩ = δijδαβδabδ(t− t′), (3.122)

where α or β are the Cartesian components of the vectors and a, b denote the nature of the noises
(±, S or S, r). We assumed that the ions only interact through electrostatic interactions, and
that short-range repulsive interactions are neglected. The electrostatic potential is the solution
of the Poisson equation

−∇2φ(r, t) =
1

ε0

(
zeρ+(r, t)− zeρ−(r, t) + +ρcS(r, t)

)
(3.123)

where we define the charge density of the solvent as

ρcS(r, t) = −
∫

dûpû · ∇ρS(r, û, t) , (3.124)

with the molecular density of the solvent

ρS(r, û, t) =

NS∑
j=1

δ
(
r − rS

j (t)
)
δ (û− ûj) , (3.125)

which depends both on r and û, the translational and rotational degree of freedom respectively.

Following Dean’s strategy for ions, [Dean, 1996] we obtain the Dean-Kawasaki equa-
tions for the cationic and anionic densities
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∂

∂t
ρ+ = DI∇2ρ+ +

DI

kBT
ze∇ · (ρ+∇φ) +∇ · (

√
2DIρ+ξ

+(r, t)) , (3.126)

∂

∂t
ρ− = DI∇2ρ− − DI

kBT
ze∇ · (ρ−∇φ) +∇ · (

√
2DIρ−ξ

−(r, t)) , (3.127)

where ξ± are two uncorrelated unit Gaussian white noise vector fields with statistics,

〈
ξα±(r, t)

〉
= 0, (3.128)〈

ξα±(r, t)ξβ
±
(r′, t′)

〉
= δαβδ(t− t′)δ(r − r′)δ± . (3.129)

We have presented the derivation of the Dean-Kawasaki equations for the solvent den-
sity ρS(r, û, t) in the paper [AC22], which is more complicated by the presence of the orienta-
tional degree of freedom û. It reads:

∂tnS(r, û, t) = DS∇2
rnS +Dr

SR2
ûnS

+
DS

kBT
∇r · [nSp(û · ∇)∇φ(r)] + Dr

S

kBT
Rû · [nSpû×∇φ(r)]

+∇r · (
√

2DSnSξS(r, t)) +Rû · (
√

2Dr
SnSξS,r(r, t)) , (3.130)

where Rû = û × ∇û is the rotational gradient operator. The three Dean-Kawasaki equa-
tions 3.126, 3.127 and 3.130 form a closed set of nonlinear equations, which reformulate ex-
actly the overdamped Langevin equations. As we have already discussed in section II.A, we
cannot solve these equations. The proper approach would be to write down the path integral
formulation and try to solve the mean-field equations order by order, as done in section III.C.
This should be addressed for a future work.

IV.B Linearisation
For now we will simply consider a linearisation around the uniform state. For the ions,

we write n± = CI + δn± and obtain

∂

∂t
ρ+ = DI∇2ρ+ +

DI

kBT
zeCI∇2φ+∇ · (

√
2DICIξ

+(r, t)) , (3.131)

∂

∂t
ρ− = DI∇2ρ− − DI

kBT
zeCI∇2φ+∇ · (

√
2DICIξ

−(r, t)) . (3.132)

For the solvent, we write nS = CS/4π where the 1/4π factor accounts for the uniform density
of orientations. This gives us the linearised equation for the solvent charge density,

∂

∂t
ρcS = DS∇2ρcS − 2Dr

Sρ
c
S +

1

3kBT
p2CS∇2(DS∇2φ− 2Dr

Sφ) + ΞS(r, t) . (3.133)

The correlations of the noises ΞS are given by
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⟨ΞS(r, t)⟩ = 0 , (3.134)

⟨ΞS(r, t)ΞS(r
′, t′)⟩ = 2DSkBTε0(εw − 1)∇2

(
−∇2 + 2a−2

)
δ(r − r′)δ(t− t′) . (3.135)

Inserting the Poisson equation 3.123 and introducing the ionic charge density ρI =
(ze) (ρ+ − ρ−) and the ionic number density c = ρ+ + ρ−, we obtain two uncoupled sets of
equations. The first set of equations couples the ionic and solvent charge densities,

∂

∂t
ρI = DI∇2ρI −DIκ

2
I (ρI + ρcS) + ΞI(r, t) , (3.136)

∂

∂t
ρcS = DS

[
εw
(
∇2ρcS − 2a−2ρcS

)
+ (εw − 1)

(
∇2ρI − 2a−2ρI

)]
,+ΞS(r, t) (3.137)

where we denoted the vacuum Debye length κ−1
I through κ2I = 2CI(ze)

2/(ε0kBT ) and the
relative permittivity of the dipolar solvent εb = 1 + p2CS/(3kBTε0). We showed in the refer-
ence [AC22] that εb corresponds indeed to the zero-frequency permittivity of this dipolar fluid.
The second set is the equation for the number ionic density,

∂

∂t
c = DI∇2c+

√
4DICIξc(r, t)) . (3.138)

Based on the translational invariance, we apply a spatial Fourier transform to equations 3.136
and 3.137 and obtain the following matrix equation

∂t

(
ρ̃I(k, t)
ρ̃cS(k, t)

)
= −

(
DI(k

2 + κ2I) DIκ
2
I

DS(εb − 1) (k2 + 2a−2) DSεb (k
2 + 2a−2)

)(
ρ̃I(k, t)
ρ̃cS(k, t)

)
+

(
Ξ̃I(k, t)

Ξ̃S(k, t)

)
,

(3.139)
where the correlations of the noises are

〈(
Ξ̃I(k, t)Ξ̃I(k

′, t′) Ξ̃I(k, t)Ξ̃S(k
′, t′)

Ξ̃S(k, t)Ξ̃I(k
′, t′) Ξ̃S(k, t)Ξ̃S(k

′, t′)

)〉
=

2(2π)3kBTk
2ε0

(
DIκ

2
I

DS(εb − 1)(k2 + 2a−2)

)
δ(k + k′)δ(t− t′) . (3.140)

IV.C Link with the implicit solvent model
I want to finish this section by presenting the relation between the explicit solvent model

and the implicit solvent model discussed in section III. The implicit solvent model corresponds
to a solvent that relaxes faster than the ion dynamics — at least within a certain range of k. This
can be expressed as ∂tρ̃cS = 0. When this is applied to equation 3.137, the result is

ρ̃cS = −εb − 1

εb
ρ̃I +

Ξ̃S(k, t)

DSεb(k2 + 2a−2)
. (3.141)



Chapter 3. SDFT 66

We insert this result into equation 3.136 for ρ̃I and obtain

∂tρ̃I = −DI(k
2 +

κ2I
εb
)ρ̃I −DIκ

2
I

Ξ̃S(k, t)

DSεb(k2 + 2a−2)
+ Ξ̃I(k, t)

= −DI(k
2 + κ2imp)ρ̃I + Ξ̃′

I(k, t) , (3.142)

where we retrieve the implicit Debye length κ2imp = κ2I/εb. The result is similar to the lin-
earised Dean-Kawasaki equation 3.81 of the implicit model, but with a coloured noise Ξ̃′

I(k, t)
of variance,

〈
Ξ̃′
I(k, t)

〉
= 0 , (3.143)〈

Ξ̃′
I(k, t)Ξ̃

′
I(k

′, t′)
〉
= 2(2π)3kBTε0DIκ

2
impk

2

(
εb +

DIκ
2
imp(εb − 1)

DS(k2 + 2a−2)

)
δ(k + k′)δ(t− t′) .

(3.144)

In particular, we can solved the Dean-Kawasaki linearised equation 3.142 as in subsection III.B.
After performing a time Fourier transform, the ionic density reads

ρ̃I(k, ω) =
Ξ̃′
I(k, ω)

−iω +DIk2 +DIκ2imp

, (3.145)

and the 2-point correlation function reads in frequency domain,

⟨ρI(k, ω)ρI(k′, ω′)⟩ =
2(2π)4DIε0εbkBTκ

2
impk

2

ω2 +D2
I

(
k2 + κ2imp

)2 (
1 +

DIκ
2
imp(εb − 1)

DSεb(k2 + 2a−2)

)
δ(k + k′)δ(ω + ω′) ,

(3.146)

and in time domain,

⟨ρI(k, t)ρI(k′, t′)⟩ =
2(2π)3ε0εbkBTκ

2
impk

2

k2 + κ2imp

(
1 +

DIκ
2
imp(εb − 1)

DSεb(k2 + 2a−2)

)
× exp

(
−DI

(
k2 + κ2imp

)
|t− t′|

)
δ(k + k′) , (3.147)

≈
2(2π)3ε0εbkBTκ

2
impk

2

k2 + κ2imp

exp
(
−DI

(
k2 + κ2imp

)
|t− t′|

)
δ(k + k′) .

(3.148)

We see that we retrieve the implicit solvent correlation (equation 3.90) in the limit of the fast
solvent relaxation, DSa

−2 ≫ DIκ
2
imp(εb − 1)/(2εb).

Having reviewed SDFT for electrolytes with implicit and dipolar solvents, I will now
discuss my current work on including particle size in the SDFT framework.
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V Project : SDFT for finite-size particles

In the study of solvation dynamics, the size of the solute —i.e., the steric repulsion
from its core— affects deeply the solvent density fluctuations. For instance, Chandler and his
collaborators have demonstrated that the presence of a hard-core solute is sufficient to generate
new timescales in the solvent fluctuations. [Song and Chandler, 1998, Song et al., 1996] Fur-
thermore, the translational invariance of these fluctuations is broken in the solute frame, leading
to correlations between their different modes.

In the following, I will propose two approaches to explicitly incorporate the solute
radius into SDFT for an electrolyte with an implicit solvent. The aim is to calculate the 2-
point correlation function in the presence of the solute, which can then be used to determine
the time correlation of an observable A. To conclude this section, I will suggest a path integral
formulation to include the solute size, as well as a a strategy to develop a SDFT consisting of
finite-size particles (solute and solvent).

V.A Cut-off approach

The first strategy to take into account the size of the tracer ion is to “cut-off” the inte-
gral 3.6. If A depends only of the ionic density, this reads

A(t) =

∫ ∞

σ

dralm(r)ρlmI (r, t)θ(r − σ) (3.149)

=

∫ ∞

σ

dralmσ (r)ρlmI (r, t) (3.150)

=

∫
dkãlmσ (k)ρ̃I

lm(k, t) , (3.151)

where I introduced an effective local contribution almσ (r) = alm(r)θ(r − σ) and its Hankel
transform ãlmσ (k). The autocorrelation of A reads

CA(t) =

∫ ∞

σ

dr

∫ ∞

σ

dr′r2r′2almσ (r)almσ (r′)C lm
I (r, r′, t) (3.152)

=

∫
dk

∫
dk′ãlmσ (k)k2k′2ãlmσ (k′)C̃ lm

I (k, k′, t) , (3.153)

where

C lm
I (r, r′, t) =

〈
ρlmI (r, t)ρlmI (r′, 0)

〉
1
, (3.154)

C̃ lm
I (k, k′, t) =

〈
ρ̃lmI (k, t)ρ̃lmI (k′, 0)

〉
1
. (3.155)

I will now propose 3 approximations for the solvent density correlations C lm
I .
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V.A.1 Uniform approximation

Often used in the literature, [Perng and Ladanyi, 1998] the uniform approximation
assumes that

C̃I(k, t,k
′, t′) ≈ C̃u,I(k, t,k

′, t′) , (3.156)

i.e., that the solvent fluctuations around the tracer ion are identical to the bulk one C̃u,I . For
instance, we could use the result of the linearised SDFT for electrolytes in an implicit solvent
(equation 3.90) and write the autocorrelation of A as

CA(t) = 2(2π)3CI(ze)
2

∫
dk|ãlmσ (k)|2 k4

k2 + κ2imp

exp
(
−DI

(
k2 + κ2imp

)
t
)
. (3.157)

For a given observable A, the calculation could be performed if we know the so-called effective
vertex function |ãlmσ (k)|2. Of course, the uniform approximation is very crude, as it assumes the
translational invariance of the correlations, which decouples the different k-mode.

V.A.2 Linearised SDFT

Instead of approximating the density correlation with its bulk value, we can calculate it
using SDFT. In presence of the tracer ion, the Dean-Kawasaki equations for the electrolytes are
equivalent as before,

∂

∂t
ρ+ = DI∇2ρ+ +

DI

kBT
ze∇ · (ρ+∇φ) +∇ · (

√
2DIρ+ξ

+(r, t)) , (3.158)

∂

∂t
ρ− = DI∇2ρ− − DI

kBT
ze∇ · (ρ−∇φ) +∇ · (

√
2DIρ−ξ

−(r, t)) , (3.159)

where the noises ξ+ and ξ− are Gaussian white noise vector fields. The cation density are now
defined with one cation left out,

ρ+(r, t) =
N∑

α=2

δ(r − r+
α (t)) . (3.160)

The Poisson equation now reads

φ(r, t) =

∫
dr′ G(r − r′)ze

[
ρ+(r, t)− ρ−(r, t) +Qδ(r)

]
, (3.161)

where Q is the size of the tracer ion, which are assumed to stay immobile at the origin,
R(t) = 0. We then linearise the Dean-Kawasaki equations and write them for the variable
ρI = (ze) (ρ+ − ρ−) and C = ρ+ + ρ−,
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∂

∂t
ρI(r, t) =DI∇2ρI −DIκ

2
imp (ρI +Qδ(r)) + (ze)

√
4DICIΞρI (r, t), (3.162)

∂

∂t
c(r, t) =DI∇2c+

√
4DICIΞc(r, t), (3.163)

where the noises ΞρI and Ξc have a statistics given by equation 3.83. Taking the spatial Fourier
transform gives for ρI :

∂

∂t
ρ̃I(k, t) =−DIk

2ρI −DIκ
2
imp (ρ̃I +Q) + (ze)

√
4DICIΞ̃ρI (k, t) . (3.164)

where
〈
Ξ̃ρI (k, t)Ξ̃ρI (k

′, t′)
〉

= (2π)3k2δ(k + k′)δ(t − t′). After projecting onto the ‘lm’
spherical harmonic, we get

∂

∂t
ρ̃lmI (k, t) = −DI(k

2+κ2imp)ρ̃
lm
I (k, t)+ze

√
4DICI

∫ π

0

dθ sin θ

∫ 2π

0

dφ Ylm(θ, φ)Ξ̃ρI (k, t)︸ ︷︷ ︸
≡Ξ̃lm

I (k,t)

,

(3.165)
where the correlation of Ξ̃lm

I (k, t) is derived in annex I.B and reads:

⟨Ξ̃lm
I (k, t)Ξ̃lm

I (k′, t′)⟩ = (2π)3δ(t− t′)δ(k − k′). (3.166)

Solving equation 3.165 in frequency domain yields

ρ̃lmI (k, ω) = ze
√

4DICI
Ξ̃lm
I (k, ω)

−iω +DI

(
k2 + κ2imp

) . (3.167)

where ⟨Ξ̃lm
I (k, ω)Ξ̃lm

I (k′, ω′)⟩ = (2π)4δ(ω + ω′)δ(k − k′) The density-density correlations are
deduced straightforwardly

C lm
I (k, k′, ω, ω′) =

(2π)4(ze)24DICI

ω2 +D2
I

(
k2 + κ2imp

)2 δ(k − k′)δ(ω + ω′) , (3.168)

and in time domain,

C lm
I (k, k′, t, t′) =

2(2π)3CI(ze)
2

k2 + κ2imp

e−DI(k
2+κ2

imp)|t−t′|δ(k − k′) . (3.169)

Finally, the autocorrelation function of A reads

CA(t) = 2(2π)3CI(ze)
2

∫
dk|ãlmσ (k)|2 k4

k2 + κ2imp

exp
(
−DI

(
k2 + κ2imp

)
t
)
. (3.170)
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We obtain the same result as the uniform approximation (equation 3.157)! This probably stems
from the linearised approximation of the Dean-Kawasaki equations which removes the inter-
action between the electrolyte and the tracer ion. Moreover, both approaches include the size
of the tracer in an ad-hoc manner through the effective vertex function |ãlmσ (k)|2, which ne-
glects the actual coupling between the solvent modes induced by the exclusion core of the
solute. As a consequence of these approximations, we see that only the timescale of the bulk,
1/(DI(k

2 + κ2imp)), appears in the expression of the autocorrelation of A. I will now present a
more rigorous derivation, based on the boundary conditions at the interface between the solute
and the electrolyte.

V.B Boundary conditions approach
The second strategy is to solve the dynamical equations with a “no-flow” boundary

condition, which prevents the density to flow into the vicinity of the tracer ion. As the density
remains null inside the core of the tracer ion along the dynamics, we do need to explicitly
include its radius in the formulation of A and of the time autocorrelation function. However,
the no-flow boundary condition will impose the use of a specific Green operator.

V.B.1 Dean-Kawasaki equations and the boundary conditions

The Dean-Kawasaki equations are given by equations 3.158 and 3.159, but are com-
pleted by the following boundary conditions,

lim
r→∞

ρ+(r, t) = lim
r→∞

ρ−(r, t) = CI , (3.171)

Jr
+(r = σ) =

(
DI∇ρ+ + βDI(ze)ρ

+∇φ
)
· êr|r=σ = 0 , (3.172)

Jr
−(r = σ) =

(
DI∇ρ− − βDI(ze)ρ

−∇φ
)
· êr|r=σ = 0 , (3.173)

where the radial flux for the cations J+
r and for the anions J−

r are both null at the interface with
the tracer ion.

V.B.2 Linearisation

We then determine the linearised Dean-Kawasaki equations with the boundary condi-
tions. As in subsection III.B, we define ρ± = CI ± δρ± and get for the boundary conditions

lim
r→∞

δρ+(r, t) = lim
r→∞

δρ−(r, t) = 0 , (3.174)(
∇δρ+ + βzeρ−∇φ

)
· êr|r=σ = 0 , (3.175)(

∇δρ− − βzeρ−∇φ
)
· êr|r=σ = 0 . (3.176)

Assuming that the electrostatic potential is of order 1, φ = O(δρ±), one gets

lim
r→∞

δρ+(r, t) = lim
r→∞

δρ−(r, t) = 0 , (3.177)

∂r(δρ
+ + βzeρ+φ)|r=σ = 0 , (3.178)

∂r(δρ
− − βzeρ−φ)|r=σ = 0 . (3.179)

(3.180)
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With the variable, ρI = (ze)(ρ+ − ρ−) = (ze)(δρ+ − δρ−) and c = δρ+ + δρ−, we obtain

lim
r→∞

c(r, t) = lim
r→∞

ρI(r, t) = 0 , (3.181)

∂r(ρI + 2βCI(ze)φ)|r=σ = 0 , (3.182)
∂rc|r=σ = 0 . (3.183)

Finally, because of the application of the Gauss theorem at the interface of the tracer ion (r = σ),

∮
r=σ

E(σ) · dS =

∫
S2

Er(σ)dΩ = Q , (3.184)

which means Elm
r (σ) = 0 for lm ̸= 00. This gives ∂rφ|r=σ = 0 and the boundary conditions

for ρI read

∂rρI |r=σ = 0 . (3.185)

V.B.3 Formal expression with the Green function

The ionic density can be formally obtain as

ρI(r, t) =
√

4DICI(ze)

∫
dr′
∫ T

0

dt′GρI (r, r
′, t, t′)ΞρI (r

′, t′) , (3.186)

where the Green operator G satisfies the following equation and boundary conditions,

∂

∂t
GρI −DI∇2GρI +DIκ

2
impGρI = δ(r − r′)δ(t− t′) , (3.187)

∂rGρI |r=σ = 0 . (3.188)

We are in particular interested in the lm projection of the density, which is related to the Green
operator via

ρlmI (r, t) =
√

4DICI(ze)

∫ ∞

σ

dr′
∫

dt′r′2Gl
ρI
(r, r′, t− t′)Ξlm

ρI
(r′, t′) , (3.189)

where Gl
ρI

and Ξlm
ρI

are the components of the spherical harmonics expansions,

GρI (r, r
′, t− t′) =

∑
lm

G̃l
ρI
(r, r′, t− t′)Ylm(Ω)Ylm(Ω

′) , (3.190)

ΞρI (r, t)) =
∑
lm

Ξlm
ρI
(r, t)Ylm(Ω) , (3.191)
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respectively. The correlation of the noises are

〈
Ξlm
ρI
(r, t)Ξl′m′

ρI
(r′, t′)

〉
= l(l + 1)δll′δmm′δ(t− t′)

δ(r − r′)

r4
, (3.192)

which leads to the formal expression of the density correlations in terms of the Green function.

C̃ lm
I (r, t, r′, t′) = 4DICI(ze)

2l(l + 1)

∫ ∞

σ

dr′′
∫

dt′′G̃l
ρI
(r, r′′, t− t′′)G̃l

ρI
(r′′, r′, t′′ − t′) .

(3.193)

V.B.4 Solution at ω = 0

We present in the annex II.B the resolution of the Green equation at frequency ω = 0.
The Green operator reads

G̃l
ρI
(r, r′, ω = 0) = G̃l<

ρI
(r, r′, ω = 0)

=
2κimp

πDI

(
il(κimpr)−

i′l(κimpσ)

k′l(κimpσ)
kl(κimpr)

)
kl(κimpr

′) for σ ≤ r < r′

(3.194)

= G̃l>
ρI
(r, r′, ω = 0)

=
2κimp

πDI

(
il(κimpr

′)− i′l(κimpσ)

k′l(κimpσ)
kl(κimpr

′)

)
kl(κimpr) for r′ < r .

(3.195)

We will denote Gl
ρI
(r, r′, ω = 0) =

2κimp

πDI
f l(κimpr, κimpr

′, κimpσ) and express the density cor-
relation function as

C̃ lm
I (r, r′, ω = 0) = 4DICI(ze)

2l(l + 1)
4κ2imp

π2D2
I

×∫ ∞

σ

dr′′f l(κimpr, κimpr
′′, κimpσ)f

l(κimpr
′′, κimpr

′, κimpσ) , (3.196)

and the autocorrelation at zero-frequency as

C̃A(ω = 0) =
8κ4impkBTε0εw

DIπ2
×∫ ∞

σ

dr

∫ ∞

σ

dr′
∫ ∞

σ

dr′′f l(κimpr, κimpr
′′, κimpσ)f

l(κimpr
′′, κimpr

′, κimpσ)a
lm(r)alm(r′) .

(3.197)

The next steps of the calculation depend on the local contribution a. I will propose in
section VI an application where A is the EFG experienced by the tracer ion.
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V.C Path integral approach
The size of the particles could also be taken into account in the path integral formalism

presented in subsection II.B. It is clear that the solvent densities cannot have a non-zero value
inside the core of the solute,

P [ρ] = 0 if ∃ r < σ, ρ(r) ̸= 0 . (3.198)

Of course, this constraint is exactly fulfilled if we consider the exact path integral presented
in equation 3.37. In practice, the path integration is performed using approximations, such
as the mean-field approach II.C or the Gaussian approximation. [Chandler, 1993, Song et al.,
1996, Song and Chandler, 1998] Twenty years ago, Chandler and his collaborators proposed
performing the path integration by explicitly excluding the solvent densities present in the core
of the solute. They only considered a Gaussian field model, but demonstrated that the 2-point
correlation function in the presence of the solute differs from that in the bulk (as assumed in the
uniform approximation). More recently, Speck applied this theory to the velocity field around a
solute particle and showed that it reproduces the overdamped Langevin equation. [Speck, 2013]
In what follows, I will first recall the results of Chandler et al. in my notation, before exploring
how to combine their ideas with the mean-field SDFT.

V.C.1 Gaussian field model

Chandler and his collaborators assumed that the probability to observe a given solvent
density is given by

P [ρ] = exp (−Sg [ρ]) , (3.199)

where the action is quadratic in the density,

Sg [ρ] =

∫ T

0

dt

∫
dr

∫ T

0

dt′
∫

dr′ρI(r, t)C
−1
b (r, t, r′, t′)ρ(r′, t′) + β

∫
drvext(r)ρ(r, t) ,

(3.200)

and where vext is the interaction potential between the solute and the solvent, while the tensor
C−1

b (r, t, r′, t′) denotes the inverse of the bulk correlation functions,

∫ T

0

dt′′
∫

dr′′C−1
b (r, r′′, t, t′′)Cb(r

′′, r′, t′′, t) = δ(r − r′)δ(t− t′) . (3.201)

The generative cumulant function read in our notation

µ [λ] = ln

∫
DρIδσ [ρ] exp (−Sg [ρ]) +

∫ T

0
dt
∫
drλ(r, t)ρ(r, t)∫

Dρδσ [ρ] exp (−Sg [ρ])
, (3.202)
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where the Dirac functional δσ [ρI ] if ρI(r) ̸= 0 for r < σ. After inserting the Fourier-like
expression of the Dirac functional 3.29 and performing the Gaussian path integral, they found
the correlation

C(r, r′, t− t′) = Cb(r, r
′, t)

−
∫ T

0

dt′′
∫

dr′′
∫ T

0

dt′′′
∫

dr′′′Cb(r, r
′′, t− t′′)C−1

in (r′′, r′′′, t′′ − t′′′)Cb(r
′′′, r′, t′′′ − t′) ,

(3.203)

where C−1
in denotes the functional inverse of

Cin(r, r
′, t) = Cb(r, r

′, t) for r, r′ < σ and
= 0 otherwise. (3.204)

The 2-point correlation function, C (equation 3.203), is thus different from the bulk function,
Cb(r, r

′, t), and is directly affected by the presence of the solute. In particular, C will not
exhibit the translational invariance of Cb, and the rotational invariance will depend on the solute
structure. We note however that the solute/solvent interaction vext does not contribute to C, as
would be expected in a Gaussian field model with a quadratic action 3.200. Determining C
through equation 3.203 is complicated as it involves taking the functional inverse of Cin. Next,
I will outline the initial steps to derive C with the complete Dean-Kawasaki action, but in the
mean-field limit.

V.C.2 Mean field for solvation

Instead of the Gaussian action 3.200, we could use the exact Dean-Kawasaki action 3.38
(or equation 3.94 for the electrolyte) and try to determine the 2-point correlation function of the
solvent in presence of the solute. Assuming that the solute is a hard sphere with a radius σ, its
only effect is to exclude the solvent density from its core. We will express the cumulant gen-
erative function 3.39, but restrict the path integral to the solvent densities with no values inside
the solute core. It reads

µ [λ] = ln

(∫
Dρ
∫
Dρ̂δσ [ρ] exp (−Sλ [ρ, ρ̂])∫

Dρ
∫
Dρ̂δσ [ρ] exp (−S [ρ, ρ̂])

)
, (3.205)

= ln

∫ Dρ
∫
Dρ̂
∫
Dψ exp

(
−Sλ [ρ, ρ̂]−

∫ T

0
dt
∫
r<σ

drψ(r)ρ(r, t)
)

∫
Dρ
∫
Dρ̂
∫
Dψ exp

(
−S [ρ, ρ̂]−

∫ T

0
dt
∫
r<σ

drψ(r)ρ(r, t)
)
 , (3.206)

where we used the tilted action 3.42 and the the Fourier-like expression of the Dirac func-
tional 3.29. In the mean-field limit, we should find the path (q, p, x) that minimises the action
S ′
λ[ρ, ρ̂, ψ] = Sλ [ρ, ρ̂] +

∫ T

0
dt
∫
r<σ

drψ(r)ρ(r, t). We study the small variations around this
path
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ρ(r, t) = q(r, t) + δρ(r, t) , (3.207)
ρ̂(r, t) = p(r, t) + δρ̂(r, t) , (3.208)
ψ(r, t) = x(r, t) + δψ(r, t) . (3.209)

Defining δS ≡ Sλ(ρ, ρ̂) − Sλ(q, p), we look for the conditions δS = 0 at leading order in
(δρ, δρ̂, δψ). We find that the path (q, p, x) should satisfy

∂

∂t
q =

D

kBT
∇ ·
[
q(r, t)∇ δ𭟋[q]

δq(r, t)

]
− 2D∇ · (q∇p) , (3.210)

∂

∂t
p = − D

kBT

δ

δq
∇ ·
[
q(r, t)∇ δ𭟋′[q]

δq(r, t)

]
− λ+ x , (3.211)

q(r, t) = 0 for r < σ . (3.212)

After performing the λ-expansion, the mean-field equation at order 0 is

∂

∂t
q0 = D∇2q0 − 2D∇ · (q0∇p0) +

D

kBT
∇ ·
(
q0

(∫
dr′q0(r

′)∇v(r − r′)

))
, (3.213)

∂

∂t
p0 = −D∇2p0 −D|∇p0|2 +

D

kBT
(∇p0) ·

(∫
dr′q0(r

′)∇v(r − r′)

)
− D

kBT

(∫
dr′q0(r

′)∇p0(r′) · ∇v(r − r′)

)
+ x0 , (3.214)

q0(r, t) = 0 for r < σ . (3.215)

Unlike to subsection II.C, the presence of the hard-sphere solute prevents fluctuations from
being considered around the uniform state (q0 = ρ0). I should therefore solve the equation at
order 0 before to obtain the order 1 (which will give me the 2-point correlation). The following
steps would probably involve assuming a perfect gas (v = 0) and performing the Cole-Hopf
transformation ((P0 ≡ ep0; Q0 ≡ q0e

−p0). In this case, the equations at order 0 are

∂

∂t
Q0 = D∇2Q0 − x0Q0 , (3.216)

∂

∂t
P0 = −D∇2P0 + x0P0 (3.217)

Q0(r, t) = 0 for r < σ ., (3.218)

which seem soluble. The next step would be to insert the results at order 0 into the equations at
order 1 to determine the 2-point correlation function.

V.C.3 Mean field for pairs of particles

Finally, I want to sketch another idea to explicitly incorporating the size of all the par-
ticles into the SDFT framework (not only the solute). This idea is still based on Chandler’s
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approach, [Chandler, 1993] but is now applied to all pairs of particles. In the path integral ex-
pression of the cumulant generative function, equation 3.39, only density fields without particles
overlapping should contribute. These “correct” density fields must satisfy the conditions,

ρ(ri(t) + r, t) = δ(r) for all r ∈ VHC, for all i ∈ {1, . . . , N} and for all t ∈ [0, T ] . (3.219)

Using the relation ρ(ri(t) + r, t) =
∫
dr′δ(r′ − ri(t))ρ(r

′ + r, t) and summing over all the
particles, we obtain the following functional constraint on the density: Γ [ρ] = 0, where

Γ [ρ] =

∫
dr′ρ(r′, t)ρ(r′ + r, t)−Nδ(r) for all r ∈ VHC . (3.220)

We can explicitly incorporate this constraint into equation 3.39 and transform it using the Dirac
functional Fourier-like formulation 3.29,

µ [λ] = ln

(∫
Dρ
∫
Dρ̂δ [Γ] exp (−Sλ [ρ, ρ̂])∫

Dρ
∫
Dρ̂δ [Γ] exp (−S [ρ, ρ̂])

)
, (3.221)

= ln

(∫
Dρ
∫
Dρ̂
∫
Dψ exp (−S ′

λ [ρ, ρ̂])∫
Dρ
∫
Dρ̂
∫
Dψ exp (−S ′ [ρ, ρ̂])

)
, (3.222)

with the following tilted action:

S ′
λ[ρ, ρ̂, ψ] = Sλ[ρ, ρ̂] +

∫ T

0

dt

∫
r∈VHC

dr ψ(r, t)

[∫
dr′ρ(r′, t)ρ(r′ + r, t)−Nδ(r)

]
.

(3.223)

Following the same mean-field strategy as in subsection II.C and subsection V.C.2, we
now postulate that the integral over ρ, ρ̂ and ψ is dominated by the path that minimises the
action 3.223. We denote this path as (q, p, x), and study small variations around it:

ρ(r, t) = q(r, t) + δρ(r, t) , (3.224)
ρ̂(r, t) = p(r, t) + δρ̂(r, t) , (3.225)
ψ(r, t) = x(r, t) + δψ(r, t) . (3.226)

Defining δS ≡ S(ρ, ρ̂)− S(q, p), we find, at leading order in δρ, δρ̂ and δψ:

δS ′ = δS +

∫ T

0

dt

∫
r∈VHC

dr δψ(r, t)

[∫
dr′q(r′, t)q(r′ + r, t)−Nδ(r)

]
+

∫ T

0

dt

∫
r∈VHC

dr x(r, t)

∫
dr′q(r′, t)δρ(r′ + r, t)

+

∫ T

0

dt

∫
r∈VHC

dr x(r, t)

∫
dr′δρ(r′, t)q(r′ + r, t) . (3.227)
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The condition δS ′ = 0 gives the differential equations that follow the path of least action,

∂

∂t
q = D∇2q − 2D∇ · (q∇p) + D

kBT
∇ · (q

(∫
dr′q(r′)∇v(r − r′)

)
, (3.228)

∂

∂t
p = −D∇2p−D|∇p|2 + D

kBT
(∇p) ·

(∫
dr′q(r′)∇v(r − r′)

)
− D

kBT

∫
dr′(q(r′)∇p(r′)∇v′r − r′)

+

∫
r′∈VHC

dr′ x(r′, t) [q(r − r′, t) + q(r′ + r, t)] , (3.229)

0 =

∫
r′∈VHC

dr′q(r′, t)q(r′ + r, t)−Nδ(r) . (3.230)

In comparison with the mean-field approach described in subsection II.C, we see that the equa-
tion for q is identical to equation 3.48, while the equation for q contains an additional term
compared to equation 3.49. As in subsection II.C, we expand q, p and x in powers of λ, where
λ is the source term in equation 3.39. We find at order 0,

∂

∂t
q0 = D∇2q0 − 2D∇ · (q0∇p0) , (3.231)

∂

∂t
p0 = −D|∇p0|2 −D∇2p0

+

∫
r′∈VHC

dr′ q0(r
′ + r, t) [x0(−r′, t) + x0(r

′, t)] , (3.232)

0 =

∫
r′∈VHC

dr′q0(r
′, t)q0(r

′ + r, t)−Nδ(r) . (3.233)

We obtain 3 equations for 3 unknown functions x0, q0 and p0. We have not yet succeeded in
solving these equations, but I would like to mention two ideas: (i) The Cole-Hopf transfor-
mation (P0 ≡ ep0; Q0 ≡ q0e

−p0) may help to remove the nonlinearities. This transformation
yields

∂

∂t
Q0 = D∇2Q0

− Q0(r)

∫
r′∈VHC

dr′ Q0(r
′ + r, t)P0(r

′ + r, t) [x0(−r′, t) + x0(r
′, t)] ,(3.234)

∂

∂t
P0 = −D∇2P0

+ P0(r)

∫
r′∈VHC

dr′ Q0(r
′ + r, t)P0(r

′ + r, t) [x0(−r′, t) + x0(r
′, t)] ,(3.235)

0 =

∫
dr′Q0(r

′, t)P0(r
′, t)Q0(r

′ + r, t)P0(r
′ + r, t)−Nδ(r) . (3.236)

which could be solved for Q0, then for P0 as a function of x0, the latter of which could be
obtained from the third equation. (ii) The system is still translation-invariant, so a description
using spatial Fourier modes would probably be helpful.
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VI Application to NMR relaxation rate for quadrupolar atomic
ions in liquids
The original aim in developing a molecular SDFT was to identify the molecular motions

that drive the NMR relaxation of quadrupolar atomic ions in electrolytes. In these systems, the
NMR relaxation rate 1/T1 depends on the time correlation of the electric field gradient (EFG),
which itself is related to the density fluctuations of the electrolytes.

In this section, I will first recall the expression of the NMR relaxation rate for a quadrupo-
lar atomic ion and review the latest experimental results. I will then apply SDFT for two situa-
tions: (i) explaining how the rate changes at different concentrations and (ii) modelling the rate
in the presence of a dipolar solvent at infinite dilution.

VI.A Formal expression
For most of the quadrupolar nuclei (I > 1/2), the dominant relaxation channel is the

energy exchange HQ = QVzz between the quadrupole momentQ of the nucleus and the electric
field gradient (EFG) Vzz it experiences. [Abragam, 1983] In the case of quadrupolar nucleus of
an atomic ion, the EFG is primarily induced by the distortions of the electronic cloud of the
ion, which in turn originate from the instantaneous structure of the surrounding solvent. In my
previous work, [AC3][AC16] we showed the validity of the Sternheimer approximation, [Stern-
heimer, 1950] which assumes a linear relationship between the total EFG experienced by the
nucleus and the EFG induced by the charge distribution of the solvent, V tot

zz = (1 + γ∞)Vzz,
where γ∞ is the so-called Sternheimer factor. [Foley et al., 1954, Sternheimer, 1966] Finally,
since the solvent EFG Vzz fluctuates on a much faster timescale (1 ps) than the Larmor fre-
quency (10 ns), we can apply the extreme-narrowing approximation and find that the NMR
relaxation rate reads [Roberts and Schnitker, 1993]

1

T1
=

3

16

2I + 2

I2(2I − 1)
(1 + γ∞)2

(
eQ

ℏ

)2

C̃EFG(ω = 0) , (3.237)

where Vzz is the zz component of the electric field gradient (EFG) tensor. We introduced the
Fourier transform C̃EFG(ω) of the EFG correlation function CEFG(t), defined by

CEFG(t) = ⟨Vzz(0)Vzz(t)⟩ . (3.238)

The EFG Vzz for an ion at the position R(t) depends on the solvent charge density ρc,

Vzz(t) =

∫
drρc(r −R(t), t)vzz(r) , (3.239)

where we used the EFG density

vzz(r) =
1

ε0
√
5π

1

r3
Y20(θ) +

1

4πε0
δ(r) , (3.240)
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and the charge density,

ρc(r, t) =
Natoms∑

S

qSδ(rS(t)− r) . (3.241)

The sum runs over all the atoms with position rS(t) and charge qS . The expressions 3.239 and
3.238 are similar to the expressions 3.1 and 3.2, respectively. The charge density can also be
expressed as linear sum of the molecular densities ρi(r,ω, t) of the solvent species (e.g., water
and ions). Modelling the NMR relaxation rate means modelling the coupled dynamics of the
molecular densities ρi(r,ω, t) and of the position of the tracer ion R(t), as in equation 3.4. In
the following, I will assume that the tracer ion remains fixed, R(t) = 0. In the frame of the
central ion, the EFG also reads

Vzz(t) =
1

(2π)3

∫
dk ρ̃c(k, t)ṽzz(k) (3.242)

where we introduced the Fourier transform of the charge density

ρ̃c(k, t) = exp(−iR · k)ρ̃c(k, t) =
Natoms∑

S

qS exp (−i( rS(t)−R(t) )·k) , (3.243)

and of the EFG density

ṽzz(k) = − 1

ε0

4

3

√
π

5
Y20(θk, ϕk) +

1

ε0
. (3.244)

Note that the final constant term originates from the Poisson equation and does not contribute
to the EFG experienced by the central ion. In Fourier space, the EFG correlation is given by

CEFG(t) =
1

(2π)6

∫
dk

∫
dk′C̃c(k,k

′, t)ṽzz(k)ṽzz(k
′) , (3.245)

where we introduced the charge density correlation functions,

C̃c(k,k
′, t) = ⟨ρ̃c(k, 0)ρ̃c(k′, t)⟩1 . (3.246)

The EFG tensor (excluding the Poisson term) is related to the second-order spherical
harmonic Y20. We therefore expand the ion-frame charge density ρc(r) into spherical harmon-
ics,

ρc(r, t) =
∞∑
l=1

l∑
m=−l

ρc,lm(r, t)Ylm(θ, ϕ) . (3.247)



Chapter 3. SDFT 80

By inserting the expansion into equation 3.239 and using the orthogonality of the spherical
harmonics, we can demonstrate that the EFG depends solely on the quadrupolar component of
the ion-frame charge density ρ20c (r, t). It reads

Vzz(t) = − 1

ε0
√
5π

∫ ∞

0

drr2ρ20(r, t)
1

r3
. (3.248)

When we insert this result into the EFG correlation functions, we obtain

CEFG(t) =
1

5πε20

∫ ∞

0

dr

∫ ∞

0

dr′C20
c (r, r′, t)

1

rr′
,with (3.249)

C20
c (r, r′, t) =

〈
ρ20c (r, t)ρ20c (r′, 0)

〉
1
. (3.250)

which is equivalent to equation 3.9. Finally, we can combine the Fourier formulation and the
spherical harmonics expansion. The EFG density, the EFG and the EFG correlation function
are given by the following expressions, respectively,

ṽ20zz(k) = − 1

ε0

4

3

√
π

5
, (3.251)

Vzz(t) = − 1

ε0

4

3

√
π

5

1

(2π)3

∫ ∞

0

dk k2ρ̃20c (k, t) and (3.252)

CEFG(t) =
1

180π5ε20

∫ ∞

0

dk

∫ ∞

0

dk′C20
c (k, k′, t)k2k′2 with (3.253)

C̃20
c (k, k′, t) =

〈
ρ̃20c (k, 0)ρ̃20c (k′, t)

〉
1
. (3.254)

Overall, modelling the NMR quadrupole relaxation requires calculating the charge cor-
relation function of the solvent in the frame of the tracer ion, which acts as an external potential.
While it is difficult to determine such a complex correlation using standard dynamic DFT, it can
be achieved using a fluctuation-based theory, such as SDFT.

VI.B Experimental results
In a recent work, Jershow and his collaborators have determined the 23Na+ NMR relax-

ation rate in aqueous NaCl solutions at different concentrations (ranging from 0 to 5 mol.kg−1)
and different temperatures (ranging from 25 to 50◦ C). [Chubak et al., 2023] They showed that
the relaxation rates increase with respect to the concentration and decrease with respect to the
temperature. In collaboration with the team of B. Rotenberg, they have also assessed the validity
of the Stokes-Einstein-Debye model, which is often used to explain the relaxation data. [Eisen-
stadt and Friedman, 1966,Price et al., 1990,Mitchell, 2016,D’Agostino et al., 2021] This model
assumes that the relaxation is induced by the Brownian rotation of the solvation shell around
the ion. It predicts that the NMR relaxation time is

τEFG =
C̃EFG(ω = 0)

CEFG(t = 0)
, (3.255)
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is given by τEFG = 4πηr30/(3kBT ), where η is the viscosity and r0 the radius of the solva-
tion shell. By combining experimental and theoretical results, they found that τEFG evolves
as 4πηr30/(3kBT ) + τ 0EFG, but with a radius of r0 = 0.69 Å, much smaller than the radius of
the solvation shell (the first peak of the radial distribution function is about 2.5 Å). The offset
τ 0EFG is approximately 0.11 ps. The Stokes-Einstein-Debye model therefore fails to explain the
relaxation mechanism. However, the strong correlation between the NMR relaxation time and
the ratio η/kBT triggered our interest, leading us to try to rationalise the relaxation mechanism
using a more elaborate theory than Brownian rotation.

VI.C Relaxation at finite concentration
We first apply SDFT for electrolytes in implicit solvent to evaluate the effect of the

ionic concentration for the NMR relaxation rate. Since the EFG density diverges as r → 0
(see equation 3.240), we must explicitly account for the size of the tracer ion. We will test the
different strategies discussed in section V.

Cut-off approach The effective EFG density with zero-contribution within a shell of radius
σ reads

vσzz(r) = vzz(r)θ(r − σ) , (3.256)

and the EFG induced by the ionic density is

Vzz(t) =

∫
drρI(r, t)v

σ
zz(r) =

∫ ∞

0

drr2ρ20I (r, t)vσ20zz(r) (3.257)

=

∫ ∞

0

dkk2ρ̃20I (k, t)ṽσ
20
zz(k) . (3.258)

The term ṽσ
20
zz(k) can be obtained via an Hankel-transform,

ṽσ
20
zz(k) = 4

√
π

5

1

ε0εw

sin kσ − kσ cos kσ

(kσ)3
, (3.259)

and the EFG correlation is given by

CEFG(t) =
1

(2π)6

∫ ∞

0

dk

∫ ∞

0

dk′k2k′2ṽσ
20
zz(k)ṽ

σ20
zz(k

′)C20
I (k, k′, t) , (3.260)

with the charge correlation functions

C20
I (k, k′, t) =

〈
ρ20I (k, t)ρ20I (k′, 0)

〉
1
. (3.261)
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Combining the results for the charge correlation in the cut-off approach (equation 3.169)
and the vertex function for the EFG density 3.259, we obtain

CEFG(t) =
4

5π2

CI(ze)
2

ε2wε
2
0

∫ ∞

0

dk k4
e−DI(k

2+κ2
imp)t

k2 + κ2imp

[
sin kσ − kσ cos kσ

(kσ)3

]2
. (3.262)

This integral does not seem to be computable explicitly, except at zero frequency where it reads

C̃EFG(ω = 0) =

∫ ∞

−∞
dt CEFG(|t|) = 8

5π2

CI(ze)
2

ε2wε
2
0DI

∫ ∞

0

dk k4
1

(k2 + κ2imp)
2

[
sin kσ − kσ cos kσ

(kσ)3

]2
(3.263)

=
kBTκ

3
imp

5πDIε0εw

1

x6

[
x2

2
− 3

2
+

1

2
(1 + x)(2x2 + 3x+ 3)e−2x

]
, (3.264)

where x = κimpσ. Let us now calculate the results with the other method, the no-flow boundary
conditions detailed in subsection V.B.

Boundary conditions approach The EFG correlation is given in equation 3.249, where the
charge correlations can be expressed in function of the Green operator as in equation 3.193,

C̃20
I (r, r′, ω) = 12DICI(ze)

2

∫ ∞

σ

dr′′G̃(2)
ρI
(r, r′′, ω)G̃(2)

ρI
(r′′, r′, ω) . (3.265)

The Green operator is shown at ω = 0 in equations 3.194 and 3.195. If we write G(2)
ρI (r, r

′, ω =
0) =

2κimp

πDI
f (2)(κimpr, κimpr

′, κimpσ), we can expressed the EFG correlation as

C̃EFG(ω = 0) =
12DICI(ze)

2

5πε20ε
2
w

∫ ∞

σ

dr

∫ ∞

σ

dr′
∫ ∞

σ

dr′′G̃(2)
ρI
(r, r′′, 0)G̃(2)

ρI
(r′′, r′, 0)

1

rr′

(3.266)

=
24

5π3

κ3impkBT

DIε0εw

∫ ∞

κimpσ

dx

∫ ∞

κimpσ

dx′
∫ ∞

κimpσ

dx′′f(x, x′′, κimpσ)f(x
′′, x′, κimpσ)

1

xx′
.

(3.267)

We observe that both the prefactors of equations 3.264 and 3.267 are proportional to kBTκ3imp/(DIε0εw).
Although equation 3.267 does not appear to be analytically computable, it can be integrated nu-
merically.

Comparison with the experiments and the simulations We then compare the relaxation
rate obtained through equations 3.264 and 3.267 with the experimental and numerical results of
Chubak et al. [Chubak et al., 2023] The chosen parameters for the solvent and ion properties are
gathered in table 3.1. As both equations 3.264 and 3.267 were obtained for an implicit solvent,
we aim to calculate only the ionic contribution, ∆T−1

1 (CI) = T−1
1 (CI) − T−1

1 (CI), where CI
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Table 3.1 – Numerical parameters for the calculation of the NMR relaxation rates for 23Na+ at
different concentrations and at T = 298K.

DI σ γ∞ εw I Q

1.3×10−9 (m2.s−1) 1 Å 12.1 80 3/2 104×10−31 (m2)

is the ionic concentration and the NMR relaxation rate within the Sternheimer approximation is
given in equation 3.237.

Figure 3.1 shows the ∆T−1
1 (CI) as obtained using the different methods (experiments,

simulations and the two SDFT approaches). SDFT results are ten times smaller than the ex-
perimental results. This discrepancy could be explained by the oversimplification of the SDFT
models. These models do not take into account the dependence of the diffusion coefficient DI

and of the relative permittivity εw with respect to the ionic contribution. The self-diffusion of
the tracer ion was also neglected. These aspects are currently under study, but I do not expect a
major difference with the present results: the changes in the concentration ofDI and εw are lim-
ited and will counteract each other. Similarly, the timescale of the self-diffusion is larger than
that of the EFG fluctuations, meaning that the motion of the tracer ion will not have significantly
impact on the NMR relaxation rate.

On the other hand, the prediction of a small ionic contribution to the NMR relaxation
rate could be a physical outcome. At the highest concentration, the average distance between the
ions is around 10 Å, at which point the EFG contribution becomes negligible. If the ions impact
the NMR relaxation rate, it is more likely to be through their effect on the water dynamics. In
the next subsection, I will attempt to use the dipolar SDFT to calculate the full NMR relaxation
rate induced by the water.

VI.D Relaxation at infinite dilution

The ultimate goal would be to predict the NMR rate using the dipolar SDFT developed
in section IV. However, we first considered the case of the infinite dilution (CI = 0), which was
challenging enough. I will first discuss the charge and EFG correlations using a dipolar SDFT
and a cut-off approximation. I will then present the theory of Hynes and Wolynes (HW), which
is the most accurate model in the literature. [Hynes and Wolynes, 1981] Finally, I will compare
SDFT with the HW theory, as well as with simulations and experiments.

Cut-off approach In the infinite dilution limit (CI = 0), the linearised Dean-Kawasaki equa-
tion for a dipolar fluid in presence of the fixed tracer ion read

∂

∂t
ρcS = DSεw

(
∇2ρcS − 2a−2ρcS

)
− (εw − 1)(k2 + 2a−2)Qδ(r) + ΞS(r, t) , (3.268)

where the statistics of the noise ΞS are given by equation 3.135 and where we assumed that
εb = εw. After performing a spatial Fourier transform and a spherical harmonics expansion, we
obtain the following charge correlation function,
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Figure 3.1 – Comparison between the ionic contribution to the NMR relaxation rate ∆T−1
1 (C1)

obtained via the implicit cut-off model (green, equation 3.264), the implicit boundary-condition
model (magenta, equation3.267), the experiences (cyan), and the simulations (black). Experi-
mental and simulation data are taken from the reference [Chubak et al., 2023].

C20
c (k, k′, t) =

〈
ρ̃c,20S (k, t)ρc,20S (k′, 0)

〉
1

(3.269)

=
2(2π)3kBTε0(εw − 1)

εw
e−DS(2a

−2+k2)εwtδ(k − k′) . (3.270)

We insert this result into the EFG correlation with a cut-off, equation 3.260, and obtain

CEFG(t) =
4

5π2

kBT (εw − 1)

ε0εw

∫ ∞

0

dk k4e−DS(2a
−2+k2)εwt

[
sin kσ − kσ cos kσ

(kσ)3

]2
. (3.271)

The zero-frequency value is given by

C̃EFG(ω = 0) =
8

5π2

kBT (εw − 1)

DSε0ε2w

∫ ∞

0

dk k4
1

2a−2 + k2

[
sin kσ − kσ cos kσ

(kσ)3

]2
(3.272)

=
kBT (εw − 1)

5πDSε0ε2wa
3

1

2y6

[
√
2
(
1 +

√
2y
)2

e−2
√
2y −

√
2
(
1− 2y2

)]
, (3.273)

where y = σ/a.
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Boundary conditions approach On the other hand, the linearised Dean-Kawasaki equation
with the no-flow boundary condition at the surface of the tracer ion is given by

∂tρ
c
S(r, t) =DSεw

(
∇2ρcS − a−2ρcS

)
+ ΞS(r, t) , (3.274)

∂rρ
c
S|r=σ = 0 . (3.275)

These equations are similar to the ones for the ionic density in presence of an implicit solvent,
with the mapping κ2imp → 2a−2. We can therefore obtain the Green operator at ω = 0 following
the steps presented in the appendix II.B. The EFG correlation function reads

C̃EFG(ω = 0) =
24DSkBT (εw − 1)

5πε0
×∫ ∞

σ

dr

∫ ∞

σ

dr′
∫

dr′′G
(2)
ρcS
(r, r′′, 0)G

(2)
ρcS
(r′′, r′, 0)

(
3r−2 − a−2

) 1

rr′

=
384

5π3

kBT (εw − 1)

DSε0ε2wa
3

×∫ ∞

σ/a

dx

∫ ∞

σ/a

dx′
∫ ∞

σ/a

dx′′f(x, x′′, σ/a)f(x′′, x′, σ/a)
(
3x−2 − 1

) 1

xx′
. (3.276)

Hynes and Wolynes result In the early 1980s, Hynes and Wolynes derived an expression
for the correlation function CEFG(t) in the infinite dilution case. [Hynes and Wolynes, 1981]
They assumed that the solvent (e.g., water) is a continuum described by a frequency-dependent
permittivity εw(ω). This takes the following Debye-like form:

εw(ω) = ε∞ +
εw − ε∞
1− iωτD

, (3.277)

where τD is the Debye time, εw = εw(ω = 0) is the static permittivity and ε∞ is the ultrafast
response of the solvent accounting for the electronic degrees of freedom. They calculate the
EFG correlation functions using the (inverse) linear response theory, employing the same strat-
egy as one used to determine the dipolar friction. [Nee and Zwanzig, 1970,Titulaer and Deutch,
1974] In practice, they consider the solvent response to a rotating quadrupole of a fixed ion with
radius σ. They used standard electrostatic calculations, which explicitly consider the boundary
conditions at the solvent/ion interface. [Böttcher et al., 1973] This leads them to the following
zero-frequency component of the EFG correlation

C̃EFG(ω = 0) =
5kBT

2πε0σ5

(εw − ε∞)

(2 + 3εw)2
τD , (3.278)

They obtained semi-quantitative equivalence in comparison with the experimental results. [Hynes
and Wolynes, 1981]

Comparison between the different methods Our idea was to assess how the dipolar SDFT
performs in the simple case of an electrolyte at infinite dilution (CI = 0). In figure 3.2, we
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plot the zero-frequency component of the EFG correlation, C̃EFG(ω = 0), with respect to the
radius σ of the ion. We compare the results obtained from the recent simulations of Chubak et
al. (reference [AC16]), from the experiments (where we combined the experimental T1 with
the numerical evaluation of the Sternheimer factor [AC16]), from the HW theory 3.278 and
from SDFT 3.273. However, we did not for now implement the SDFT result with the boundary
condition approach (equation 3.276). The parameters for the Debye-like permittivity in equa-
tion 3.277 are the same as is in the paper of Hynes and Wolynes (εw = 78.6, ε∞ = 1.85 and
τD = 8.2 ps). [Hynes and Wolynes, 1981] The parameters or the SDFT solvent are the same as
in the reference [AC22]) : εw = 80, a = 2.14 Å, and DS = 2.3× 10−9 (m2.s−1).

Figure 3.2 – Comparison of the NMR correlations at zero-frequency, C̃EFG(ω = 0) between the
experiments (circle symbol), the simulations (star symbol), the linearised SDFT with the cut-off
approach (red line, equation 3.273), and the Hynes-Wolynes theory (blue line, equation 3.278).
Experimental and simulation data are taken from the reference [Chubak et al., 2023].

Figure 3.2 shows that SDFT captures the correct trend decreasing with respect to the
size of the tracer, but completely fails to obtain the correct order of magnitude. On the contrary,
the simpler HW theory seems to reproduce the zero-frequency correlation of the EFG more
accurately. To explain the failure of SDFT, it is instructive to compare the structure of equa-
tions 3.278 and 3.273. Assuming that the Debye time is related to the rotational self-diffusion
coefficient as τD ∼ 1/Dr

S = a2/DS , the zero-frequency correlations are proportional to

C̃EFG(ω = 0) ∼ kBT (εw − ε∞)

DSε0(2 + 3εw)2
(HW) (3.279)

C̃EFG(ω = 0) ∼ kBT (εw − 1)

DSε0ε2w
(SDFT) (3.280)
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where we put aside the numerical and size-related prefactors here. Note that both the cut-off
approach (equation 3.271) and the boundary conditions approach (equation 3.276) show the
same prefactor. The ultrafast permittivity is close to one, ε∞ ≈ 1, which means that the main
difference resides in the denominator, (2 + 3εw)

2 for HW and ε2w for SDFT. For εw ≈ 80, the
ratio (2 + 3εw)

2/ε2w ≈ 9, which could partly explain the failure of SDFT. The term (2 + 3εw)
stems from the electrostatic boundary conditions between a sphere of radius σ and a dielectric
solvent. It appears that both the cut-off approach and the no-flow boundary conditions approach
combined with the linearised SDFT failed to properly capture the electrostatic boundary condi-
tions correctly. A proper treatment may require overcoming the linearisation and adopting the
mean-field limit presented in subsection II.C. In subsections V.C, I discussed different strategies
to include the size of the solute (here the tracer ion) in the mean-field limit of SDFT.

VII Conclusion
In this chapter, I present my current and future works on the study of the solvation

dynamics in fluids. The solvation dynamics determine various properties of interest, such as
the spectroscopic data, the transport coefficients, and the reactivity. At the microscopic scale,
the solvation dynamics are controlled by the solvent density fluctuations, which are affected
by the interactions with a dynamical solute. Describing these density fluctuations is therefore
challenging because it requires the modelling of the coupling between the solute and solvent
dynamics correctly, as well as the impact of the solute on the solvent. Even when approximating
a fixed solute, the solvent density fluctuations must be described by taking the solute/solvent
interaction potential into account. The steric repulsion of the latter is sufficient to couple the
solvent modes.

In the literature, most of the theories were however based on the uniform approxi-
mation, which assumes that the solvent density fluctuations are similar in the bulk and in the
vicinity of the solute. I therefore propose developing a new approach that correctly takes into
account the impact of the solute. I have chosen to use the stochastic density functional theory
(SDFT), a powerful framework powerful framework capable of properly describing the effects
of fluctuations and the presence of an external field.

After reviewing the standard SDFT, SDFT for electrolytes with an implicit solvent,
and SDFT for electrolytes with a dipolar solvent, I presented my present works on explicitly
incorporating solute size into the SDFT framework. I concluded the chapter by demonstrating
how these developments could be applied to the NMR relaxation rate. While these applications
fail to capture the experimental results, they provide valuable guidance for future research.





CHAPTER 4

Conclusion and perspectives

To wrap up this manuscript, I will first review three other projects on which I am not
the principal investigator (PI), or which are less significant. I will then present the long-term
direction I wish to explore in terms of both systems and methods, before drawing a final con-
clusion.

I Secondary projects
Micro-solvation and solvation under confinement (PI: F. Ingrosso) Since joining the LPCT,
I have also participated in F. Ingrosso’s project on modelling micro-solvation and spectroscopy
experiments. I accompanied the various members of the team on this project: a PhD student
(V.K. Porwal) and two postdoctoral researchers (K. Anand and A. Semmeq). I helped to write
the analysis codes and interpret the simulation data.

The first task was to compare and develop three solvation models: the continuous
solvent model, the MM solvent model, and the QM/MM model. We first studied the micro-
solvation of carboxylates. [AC19] Then, using an innovative method of force-field fitting on
quantum calculations, [Giannini et al., 2025] we developed an intramolecular force field for a
bicyclic diol species and its tautomers. This methodological development allowed us to study
the micro-solvation of these species in water, to demonstrate their relative stability, and explain
for the first time the absorption spectrum of these species. [AC20]

In parallel, we were interested in solvation in complex environments, such as confined
media. In collaboration with experimentalists from LCPME (Nancy), we studied the properties
of layered double hydroxides (LDH). These materials are of interest in the context of decontam-
ination applications and are considered favourable environments for the formation of the peptide
bond (which is related to the origin of life). [Grégoire et al., 2016] We were first able to pre-
cisely describe the interactions between three anions (aspartate, glutamate, and succinate) and
the LDH lamellae for different hydration rates. These results are presented in the article [AC21].

89
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We also studied LDH intercalated with small inorganic ions (chloride, chlorate, nitrate, iodide,
carbonate). We characterised the structural differences between LDH with these different ions
at various hydration levels and demonstrated that the carbonate ion exhibits different behaviour
in LDH. [AC24]

This work permitted me to collaborate with experimentalists and to study rich solvation
phenomena in complex environments. While this research has so far been carried out using
standard simulation methods (MD, QM/MM), I intend to apply density-based theories (MDFT,
SDFT) to them in the future. For instance, I have started discussing with D. Cornu (LCPME,
Nancy) how to explain the difference in diffusion mechanisms between monovalent and divalent
cations in the interlamellar space of the LDH.

Long-range correlations in electrolytes (Collaboration: F. Ingrosso, D. Lesnicki) The ex-
istence of long-range structural correlations in electrolytes is an active field of research from
both the experimental and numerical perspectives. Current questions include: what is the shape
of the long-range decay of the ion-ion correlations (monotonic or oscillatory)? [Kjellander,
2018] How do the correlation lengths change with the ionic concentration? [Coupette et al.,
2018, Kjellander, 2020a, Elliott et al., 2024] Recent data from force apparatus experiments has
shown that the correlations may exhibit an underscreening at high concentrations [Smith et al.,
2016]— a phenomenon that remains unexplained by the current simulations and existing liquid-
state theories. [Pluhařová et al., 2017, Belloni et al., 2018, Rotenberg et al., 2018, Coles et al.,
2020]

The team in Nancy (F. Ingrosso, D. Lesnicki, and myself) were contacted one year ago
by J. Duboisset, an experimental specialist in second order harmonic scattering (Institut Fres-
nel, Marseille, France). He had developed a powerful experiments to measure the long-range
orientational correlations between water molecules. [Duboisset et al., 2020, Rondepierre et al.,
2025] His previous collaboration with theorists had helped to rationalise the experiments, at
least for a small ionic concentrations. [Borgis et al., 2018]

Within the project Harmonix (ANR grant), we are starting a collaboration with J. Dubois-
set and his collaborators. Our objectives is to combine MD simulations and liquid-state theo-
ries [Belloni, 2017] to accurately calculate the long-range correlations in two systems: (i) pure
water at different pressures and temperatures (and up to the critical region), and (ii) various
electrolytes at different concentrations. A postdoctoral researcher will join us in November
2025 to begin working on this interesting project. From my perspective, this project nicely
aligns between the development of the MDFT for supercritical CO2 (which requires long-range
correlations) and the investigation of the electrolyte dynamics using the SDFT.

Dynamic properties of supercritical fluids In addition to my work on the solvation in su-
percritical CO2 using the classical DFT, I have also been interested in dynamics near the crit-
ical point. In particular, recent experiments and simulations have revealed the presence of
two distinct behaviours in the supercritical region: a rigid domain, with a liquid-like diffusive
mechanism, and a non-rigid domain, with a gas-like diffusive mechanism. [Brazhkin et al.,
2013, Bolmatov et al., 2015, Bryk et al., 2017, Skarmoutsos et al., 2022, Ranieri et al., 2024]
These domains are separated by the so-called Frenkel line, one of the lines that divides the su-
percritical region into liquid- and gas-like domains (such as the Widom lines). [Simeoni et al.,
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2010,Banuti et al., 2017,Fomin et al., 2015,Li and Jin, 2024] While these lines do not represent a
thermodynamic transition, they still affect the solvation properties and the operating conditions
of supercritical CO2-based processes. [Yang et al., 2015, Pipich and Schwahn, 2018, Mouahid
et al., 2022] I proposed exploring these aspects to several M1 interns (M. Rieff, Q. Greffe, J.
Klein, G. Szczepan, and A. Tarif Almodares) as well as to M. Houssein Mohamed during
his M2 internship. I would be interested to find out if a density-based theory (dynamical DFT,
as in the references [Egorov et al., 2002, Egorov, 2003] or stochastic DFT) could capture the
rigid/non-rigid transition.

II Long-term projects
In the longer term, I would like to generalise this work in order to examine a broader

range of “green” solvents, such as ionic liquids and deep eutectic solvents (DES). These flu-
ids are used in various industrial technologies, including batteries, synthesis processes, or CO2

capture technologies [Anastas and Eghbali, 2010, Hansen et al., 2021]. Their vast chemical
diversity offers immense potential for optimising industrial processes [Alizadeh et al., 2020].
Molecular density theories would enable these fluids to be modelled efficiently and chemical
space to be explored rapidly. However, these are complex fluids, with all the features that I dis-
cussed in the introduction : electrostatic moments, nonspherical shapes, associativity, flexibility,
and even reactivity. I present below some of the theoretical work required for the development
of molecular density theory for these complex fluids.

Solvent mixtures The first challenge will be to develop an MDFT for a mixture of solvents.
The functional will need to be adapted to include terms specific to each fluid, as well as inter-
action terms between them. This approach will initially be applied to the case of supercritical
CO2: the latter is indeed generally used with a cosolvent to enhance its solvating power or to
exploit its anti-solvent properties. In parallel, a natural extension of the SDFT previously devel-
oped for an electrolyte with a dipolar solvent will be extended to include several solvents. This
development is essential for studying the DES, which are mixtures of solvents. [Hansen et al.,
2021]

Non-Markovian dynamics As discussed in the subsection II.D, the dynamics at the molecu-
lar scale comprise complicated mechanisms operating at different timescales. For instance, the
rotation of water molecules occurs with jumps, [Laage and Hynes, 2006] the translation motion
of the small solutes alternates between short-time cage rattling and diffusion via a cage-hopping
mechanism, [Polimeno and Moro, 1994, Bier et al., 2008, Acharya et al., 2015, Dokko et al.,
2018] and the ions form long-lived pairs which impacts the macroscopic conductivity. [Kirch-
ner et al., 2015,van der Vegt et al., 2016,Brünig et al., 2022] One of my objectives is to develop
a dynamic/stochastic DFT that incorporates these mechanisms, through the presence of a mem-
ory kernel, as well as some complex interaction potentials between the particles.

Associativity and network Molecules that interact directionally can form strong associations,
creating dimers, trimers, and ultimately forming a network at high density. The hydrogen bond
network of water is well known, [Kühne and Khaliullin, 2014] but networks also form in high-
concentration electrolytes, [Roget et al., 2023, Goloviznina et al., 2024, Liang et al., 2025],
ionic liquids, [Salanne et al., 2006], deep eutectic solvents, [Stettler et al., 2025], and even
nonpolar fluids [Moog et al., 2021, Hosokawa et al., 2024] Network formation can impact the



Chapter 4. Conclusion and perspectives 92

phase transitions in fluids , [Simeski and Ihme, 2023, Neophytou et al., 2024], spectroscopic
properties, [Miguel et al., 2014] and transport properties. [Imai et al., 2020,Becher et al., 2022,
Gao et al., 2024] In terms of molecular modelling, I propose combining the multiple-scale DFT
framework developed by Bui and Cox, [Bui and Cox, 2024, Lum et al., 1999] in combination
with a coarse-grained density theory based on the patchy particle model. [Simon and Oettel,
2024,Simon et al., 2025] Extending this approach to dynamics would also present a fascinating
challenge.

Molecular flexibility So far, I have only considered solvents composed of rigid molecules.
While this approximation is relevant for small molecules (CO2, water, atomic ions), it is too
strong for molecules that form a DES (for example, glycerol-choline chloride [Hinz et al.,
2023]) or those that form molecular ionic liquids (such as those based on imidazolium chains,
[CnIm]+ [Groves and Perkin, 2024], or other molecular cations like [TEA]+ or [C5Py]+ [Dziubinska-
Kühn et al., 2025]). It is therefore important to explicitly include the flexibility of these
molecules in order to correctly describe the dynamic or thermodynamic properties of these
fluids. In terms of strategy, I propose adding the internal degrees of freedom to the molecu-
lar density, n(r, ω, α), and determining new functionals that depend on these internal degrees.
Some of these degrees are quantised (their energy is greater than thermal energy), which will
allow them to be modelled simply. The main challenge will be to develop a formalism for con-
formational degrees of freedom. From a dynamic point of view, it will be particularly interesting
to model the couplings between translation and conformational dynamics.

III Conclusion
In this manuscript, I have presented my past, present and future research projects. My

work focuses on the theoretical study of the molecular fluids, particularly the structure, the
thermodynamics and the dynamics of solvation. My aim is to develop density-based theories
that could:(i) reproduce quantitively and efficiently the experimental data, and (ii) establish a
relationship between the chaotic molecular modes (rotation, collision and collective motions)
and the macroscopic properties. This could facilitate the design of more powerful solvents and
industrial fluids, e.g. for the development of ecological technologies.
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III Oral communication at conferences
Nov. 2024 SolvATE24, Dijon, France

Fast calculation of solvation structure and thermodynamics in
supercritical CO2

Juin 2024 RCTF, Rouen, France
Fast calculation of solvation structure and thermodynamics in
supercritical CO2

Sept. 2023 EMLG-JMLG, Bordeaux, France
Ultrafast calculation of solvation in supercritical CO2 with cDFT

Sept. 2023 DFTDays, Tübingen, Germany
Ultrafast calculation of solvation in supercritical CO2 with cDFT

Juin 2023 SCF2023, Nantes, France
Ultrafast calculation of solvation in supercritical CO2 with cDFT

Oct. 2022 JTMS22, Rennes, France
Ultrafast calculation of solvation in supercritical CO2 with cDFT

Sept. 2022 DFTDays, Tübingen, Germany
Ultrafast calculation of solvation in supercritical CO2 with cDFT

Juin 2021 IWOM, online (invited conference)
How to calculate charge mobility in molecular materials from surface
hopping

Juill. 2019 IUPAC, Paris, France
Structure and solvation in molten carbonates with ab-initio simulation

Mai 2019 MS11, Orléans, France
Structure and solvation in molten carbonates with ab-initio simulation

Mai 2018 JTMS18, Paris, France
Modeling charge transfer in organic crystals : Fragment Orbital-Based
Surface Hopping

Sept. 2017 ECPC17, Borgo, France
Ultrafast calculation of solvation in supercritical CO2 with cDFT

Juill. 2017 CCP2017, Paris, France
Charge transfer in Organic Materials : Development of Fragment
Orbital-Based Surface Hopping

Juin 2017 CECAM: Seeking synergy between dynamics and statistics for non-
equilibrium quantum processes, Paris, France
Detailed balance and detection of trivial crossing in FOB-SH

Avril 2017 Faraday Joint Interest Group Conference, Warwick, UK
Electron Transfer in Organic and Biological Materials

Oct. 2016 CPC16, Nancy, France
Electron Transfer in Biological Materials

Juin 2016 CECAM Workshop: Different Routes to Quantum Molecular Dy-
namics, Lausanne, Switzerland
Electron Transfer in Organic and Biological Materials

Août 2015 ICSC, Prague, Czech Republic
Water dynamics around alkaline cations: Molecular Dynamics
simulation of NMR relaxation time

Août 2014 CMD 25 - JMC 14, Paris, France
Water dynamics around alkaline cations: Molecular Dynamics
simulation of NMR relaxation time
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IV Poster communications at conferences
June 2025 WATOC, Oslo, Norway
June 2022 JPH, Paris, France
June 2019 JTMS, Paris, France
Oct. 2018 CECAM Workshop: Dynamic Coarse-Graining and Mem-

ory Effects in Soft Matter System, Mainz, Germany
Oct. 2018 RCTF, Toulouse, France
Oct. 2017 CECAM CCDYN, Bremen, Germany
August 2019 WATOC2017, Munich, Germany, Best poster prize
March 2017 CMS, Warwick, UK
Sept. 2016 Faraday Discussion: Reaction Rate Theory, Oxford, UK
Sept. 2016 Future of Chemical Physics, Cambridge, UK
July. 2014 Gordon Research Seminar and Conference: Water & Aque-

ous Solutions, Holderness, USA
June 2014 WaterEurope Zaragoza, Spain

V Invited seminars
Feb. 2019 LPCT, Nancy, France
Sept. 2018 LPTMC, Paris, France
Oct. 2016 Paris en résonance, Paris, France
Oct. 2016 Invited seminar, CEMHTI, Orléans, France
Feb. 2016 Invited seminar, Grey Group, Cambridge, UK
Feb. 2016 CP2K UK User Meeting , London, UK
Sept. 2014 Journées Modélisation , Paris, France
Oct. 2013 Journée relaxométrie, Paris, France
Oct. 2013 JFJPC, Frejus, France

VI Communications by researchers under supervision
Nov. 2023 SolvATE2023, Nancy, France

M. Houssein Mohamed, poster communication
Sept. 2023 DFT Days, Tübingen, Germany

M. Houssein Mohamed, poster communication
Juil. 2023 SFP, Paris, France

M. Houssein Mohamed, oral presentation
Mai 2023 RCTGE, Reims, France

M. Houssein Mohamed, oral presentation
Juil. 2022 RCTF, Nancy, France

M. Houssein Mohamed, poster communication
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VII Details of Scientific Supervisions
Thesis of M. Houssein Mohamed (10/2021-09/2024). Topic: Development of an ultra-efficient
method for calculating solvation in supercritical CO2.

I had the opportunity to be the co-director (50% supervision) of M. Houssein Mohamed
with F. Ingrosso (director, 50% supervision). I defended the thesis project to the CPM depart-
ment council in March 2021 and obtained my authorization to co-direct a thesis in September
2022. Table A.1 summarizes the achievements obtained during this thesis.

Table A.1 – Achievements obtained by M. Houssein Mohamed during his thesis.

Publication Molecular integral equations theory in the near critical region of
CO2, M. Houssein Mohamed, L. Belloni, D. Borgis, F. Ingrosso et
A. Carof, J. Mol. Liq., 418, 126623 (2025). [AC23]

Oral presentations at
conferences

2022, Master of Physics Day, Nancy

2023, RCTF-Grand Est, Reims
2023, Congress of the Société Française de Physique (SFP), Paris

Poster presentations at
conferences

2023, RCTF, Bordeaux

2023, DFT Days, Tübingen (Germany)
2023, SolvATE, Nancy

Future of the Doctor Post-doctorate at the PHENIX laboratory (Sorbonne Université)

Since my arrival at the University of Lorraine, I have also been heavily involved in
supervising M1 and M2 internships at the Faculty of Science and Technology (FST). Table A.2
lists all the internships I have supervised or co-supervised since 2021.
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Table A.2 – List of M1 or M2 interns supervised or co-supervised since my recruitment at LPCT
in 2019.

Date Level Student(s) Topic Co-supervision
02/25—07/25 M2 Physics C. Cao Statistical field theory

to study CO2 in con-
finement

01/24—03/24 M1 Physics C. Wenger
and N.
Couval

Confined fluid: Simu-
lation by classical den-
sity functional theory

Co-supervisor: D.
Lesnicki

02/23—07/23 M2 Physics G.
Szczepan

Density functional
theory near the critical
point

02/23—07/23 M2 Chemistry R. Martin Simulation of chiral
liquids in the presence
of an electric field

Main supervisor:
C. Millot

01/23—03/23 M1 Physics A. Tarif
Almodares

Statistical physics of
fluids

02/22—07/22 M2 Chemistry M. Msaad Rotation/translation
coupling in water

Main supervisor:
C. Millot

01/22—03/22 M1 Physics J. Klein and
G. Szczepan

Dynamic transition
in supercritical fluids,
what impact on ther-
modynamics?

Co-supervisor:
F. Ingrosso

02/21—07/21 M2 Physics M. Hous-
sein Mo-
hamed

Rigid/non-rigid transi-
tions of supercritical
fluids. What impact
on solubility?

Co-supervisor:
F. Ingrosso

01/21—03/21 M1 Physics M. Rieff
and Q.
Greffe

Modeling the solubil-
ity of hard spheres in
supercritical fluids

Co-supervisor:
F. Ingrosso
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VIII Funding
Table A.3 summarizes all the funding obtained since my recruitment at the University

of Lorraine. I am in particular the leader of an ANR JCJC selected in July 2024. It started in
January 2025 and will allow me to recruit a PhD student starting in October 2025.

Table A.3 – List of funding and research contracts obtained following calls for projects since
my recruitment at LPCT in 2019.

Contract Type Year Title Role Total
Amount

Laboratory
Share

Agence Nationale de
la Recherche, JCJC

2025 Bridging the gap for
CO2 fluid modeling:
a new multi-scale
molecular liquid state
theory (BAC2MOL)

Leader 168 kC 100%

UL International Re-
search Partnerships

2024 Green Chemistry
Strategies Driven by
Molecular Modeling
(GreenMoMod)

Partner
(Leader:
F. Ingrosso)

152 kC 100%

Thesis from the Doc-
toral School C2MP

2021 Développement
d’une méthode
ultra-efficace pour
le calcul de la sol-
vatation dans le CO2

supercritique

Leader 100 kC 100%

CPM Call for
Projects

2020 Leader 15 kC 100%
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IX Dissemination and Outreach
Thesis Jury outside the institution Examiner of the thesis of J.-X. Bardaud (06/12/2024),
Université de Saclay. Topic: Édifices moléculaires isolés sondés par spectroscopie laser : for-
mation par vaporisation assistée par CO2 supercritique et dissociation ionique contrôlée par
microhydratation. [Bardaud, 2024]

Comité de suivi individuel I participate in individual monitoring committees of PhD stu-
dents:

— Méthodes de modélisation innovantes pour décrire les propriétés des fluides, H.R. Asmuni
(start 2023)

— Modèles de Richardson-Gaudin et systèmes quantiques ouverts, R. Burgun (start 2023)
— Description thermodynamique des machines quantique autonomes, Y. Jha (start 2023)
— Étude de la diffusion en présence de défauts topologiques et application aux tissues bi-

ologiques, A. Manapany (2020-2024)

Activities in Scientific Societies Since June 2024, I have been an elected member of the board
of the Modeling and Simulation (ModSim) subdivision of the Physical Chemistry Division
(DCP) of the Société Chimique de France (SCF). ModSim animates the scientific community
around theory and modelling in physical chemistry: it nominates members for various national
awards, co-awards the Gaston Berthier Prize with the ThéMoSiA GDR which distinguishes
an exceptional thesis in theoretical chemistry, it also supports congresses and organizes the
"Theory, Modelling, Simulation" days.

Conference Organization 2021: Co-organization of the CECAM conference in Dijon "Re-
cent progress in the statistical mechanics of solutions through Kirkwood-Buff integrals and
related approaches." (Main organizer: J.-M. Simon). This conference allowed me to meet part
of the European and French community working on liquid theory, and in particular to strengthen
my ties with L. Belloni and D. Borgis.

2023: Co-organization of the SolvATE2023 conference in Nancy (main organizer:
F. Ingrosso). This conference brought together members of the SolvATE GDR (GDR 2035)
in Nancy.

2025: Organization of the DFT Days conference. This conference brings together the
community of classical DFT developers (static and dynamic). It was organized in Tübingen
for 10 years. In collaboration with P. Illien, D. Lesnicki, G. Jeanmairet, we will organize it in
Nancy in September 2025.
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Teaching and Administrative Duties

I Synthesis of Teaching Activity

I.A Synthetic Presentation of Teaching Activity

Since my recruitment in 2019, I have been teaching computer science and digital tech-
nology in healthcare within the computer science department of the Faculté de Pharmacie
de Nancy. My teachings are for all diploma programs at the faculty.: Diplôme de Forma-
tion Générale en Sciences Pharmaceutiques (DFG-SP2 and DFG-SP3, equivalent to L2/L3),
Diplôme de Formation Approfondie en Sciences Pharmaceutiques (DFA-SP1 and DFA-SP2,
equivalent to M1/M2), and the sixth year of the Diplôme d’État de Docteur en Sciences Phar-
maceutiques (DE-SP). These courses are conducted in person and are part of initial training.
My teaching load is approximately 210 hours (equivalent to TD hours) per year, primarily in
the form of practical work (TP), but also lectures (CM), tutorials (TD), and student monitoring
activities. The courses in which I participate are:

— TIC: Information and Communication Technologies (DFG-SP2, course leader, 102 TD
hours, 100 students)

— DOC: Critical Analysis of Documents (DFG-SP3, 57.5 TD hours, 100 students)

— ODS: Health Data Tools (DFA-SP1, 9 TD hours, 100 students)

— MOD: Health Modelling (course leader, elective course, DFG-SP3, 33 TD hours, 20
students)

— TDS: Health Data Processing (course leader, elective course, DFA-SP2, industry track,
13.5 TD hours, 5 students)

— SCD: Future of Connected Health (DE-SP, pharmacy track, 11.5 TD hours, 80 students)
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I.B Pedagogical Evolution and Transformation of Teaching
Since my arrival in 2019, I have actively participated in the reflection and evolution of

teaching within the computer science section of the college of Pharmacy. Indeed, digital health
is a rapidly changing field that is transforming the professions of pharmacists, whether in phar-
macies (digitization of the care circuit, digital prescriptions, Mon Espace Santé, in the industrial
world (connected objects, new data-based production methods), or in research. To respond to
these transformations, the French government implemented a strategy in 2021 to accelerate dig-
ital health, which includes a deepening of digital skills in the initial training of health studies.
This deepening is codified in a national competency framework through a specific decree. [Min-
istère de la Santé et de la Prévention, 2022] We therefore conducted an analysis of our courses
during the 2021-2022 academic year to propose evolutions in our teaching and respond to this
new framework. Following this reflection, I created two elective courses in 2022 for pharmacy
students interested in data professions in the pharmaceutical world. I also participated in estab-
lishing a convention between the college of Pharmacy and the TELECOM Nancy engineering
school to allow pharmacy students to integrate TELECOM Nancy and obtain a double diploma
in pharmacy and engineering. I also helped reorganize the ODS course in 2024, at the heart of
the teaching on digital health.

In addition to these developments, I took responsibility for the TIC course (2nd year)
in 2021, reorganizing the course to allow students to take the PIX certification and introduce
them to new computer tools offered by the University of Lorraine. I also created new practical
work on health databases, infographics, and information monitoring. I also implemented and
shared with my colleagues new teaching methods (based on the interactive software Wooclap,
in particular).

I.C Detailed Presentation of Courses
Table B.1 presents all my courses at the college of Pharmacy of Nancy, with a brief

description of the content given below (UEB: Basic Course, UEO: Mandatory Course, UEL:
Elective Course).

UEB Information and Communication Technology (TIC). This 2nd-year course aims to
provide students with the necessary computer skills for their studies: word processing, computer-
assisted presentations, spreadsheets, tools for communication and collaboration. This course
also allows them to take the PIX certification, thus validating their computer skills.

UEB Critical Document Analysis (DOC). This course provides students with the tools for
documentary research: online information search, use of bibliographic software, information
search in specific databases (medication databases, open data digital databases), critical reading
of articles.

UEB Distribution-Dispensing-Traceability of Medicines (DIS). I participated in this 3rd-
year course for three years during the practical work on the discovery and use of dispensing
assistance software.

UEB Health Data and Tools (ODS). This 4th-year course presents to students the essential
developments in their future professions as pharmacists with regard to digital health. It covers
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most of the points of the national digital competency framework. [Ministère de la Santé et de la
Prévention, 2022] I have been involved since 2021 to present a course on artificial intelligence
and algorithms in health, as well as a tutorial on information monitoring for pharmacists.

UEO Future of Connected Health (SCD). This 6th-year course, pharmacy track, allows
students to reflect on the impacts of digital technology on the profession of community phar-
macist. I help students prepare their report and then summarize the latest developments in the
pharmaceutical world regarding artificial intelligence and algorithms in health.

Legislation/Management. As part of the reform of pharmacy technician studies (beginning
in 2024/2025), the computer science department was responsible for presenting digital health
to them. I intervene in the field of cybersecurity.

UEL Health Modelling (MOD). I created this elective course in 2022, with the aim of fa-
miliarizing students with the modelling of processes in the health world. It introduces students
to mathematical notions (probability, statistics, regression), algorithms, and the description of
databases. Students must then carry out a modelling or database analysis project.

UEL Health Data Processing (TDS). In the 5th year, industry track, the UEL TDS focuses
on the processing of health data in the industrial world. It details the industrial approach to be
implemented (governance, new professions), offers to discover the codes used to process data
(Python, SQL), to visit the Lorraine datacenter, and to participate in a half-day dedicated to AI
in health (drug design, pharmaceutical decision support, optimization of production processes).

I.D Other Pedagogical Activities at the University of Lorraine
In addition to my teaching, I participate in other supervision and tutoring activities at

the College of Pharmacy and the University of Lorraine. The detailed list of these activities and
the associated framework is presented in Table B.2.

Student Monitoring. The courses for monitoring students for their professional orientation
were set up in 2019 and 2020 (UEB POP1 and POP2). As part of these courses, I am a tutor for
4 students per year, with whom I hold 2 or 3 individual meetings to discuss their career choices,
their feelings about pharmacy studies, and to advise them on their track choice (industry, phar-
macy, or hospital tracks, the choice being made in the 4th year).

PharmD Thesis. I participate in the supervision of doctor of pharmacy (PharmD) theses (2
defended, 4 ongoing) and in the juries (2 participations). These theses mainly concern artificial
intelligence and digital health. In detail, I was co-director of two PharmD theses defended in
2024:

— Processing of health affairs in the media, impact on health perception and role of the
community pharmacist, C. Sakfa, 2024,

— Optimizing the care of patients with ocular diseases through algorithms, M.-A. J. Hobekkaya,
2024.

I am currently director or co-director of 4 PharmD theses:
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Table B.1 – Detailed list of fundamental and optional courses conducted at the College of Phar-
macy of Nancy. The hours of lectures (CM), tutorials (TD), practical work (TP), and the number
of students are given as an indication and reflect the workload provided since 2020.

Type Course name Period hCM hTD hTP Level Number of
Students

Information and
Communication

Technology
(TIC)

2020-
...

1.5 100 DFG-SP2 (L2) Group of 25,
class of 100

Critical
Document

Analysis (DOC)

2020-
...

7.5 50 DFG-SP3 (L3) Group of 25,
class of 100

Fu
nd

am
en

ta
l

C
ou

rs
es

Distribution-
Dispensing-

Traceability of
Medicines (DIS)

2020-
2023

6 DFA-SP1
(M1)

Group of 25,
class of 100

Health Data and
Tools (ODS)

2021-
...

1 7.5 DFA-SP1
(M1)

Group of 25,
class of 100

Future of
Connected

Health (SCD)

2020-
...

1 10 DE-SP,
pharmacy

track

Group of 30,
class of 80

Legislation /
Management

2024-
...

1 DEUST2
Pharmacy
Technician

Class of 150

Health Modeling
(MOD)

2022-
...

3 30 DFG-SP3 (L3) Group of 20
students

O
pt

io
na

l
C

ou
rs

es

Health Data
Processing

(TDS)

2022-
...

1.5 12 DFA-SP2,
industry track

(M2)

Group of 5



109 I. Synthesis of Teaching Activity

— What are the key success factors for an effective integration of generative AI in the work
experience of pharmaceutical laboratory employees in France?, A. Weber,

— Pharmacy in the era of intelligent systems: between expectations and concerns, H. Bolet-
tieri,

— The use of artificial intelligence in the industry: a catalyst for the revolution of the phar-
maceutical supply chain, V. Baesjou,

— The influence of social networks on dietary supplements, from their beneficial effects to
their deleterious effects, D. Joly.

Internship Monitoring. I regularly monitor hospital internships and application internships
of students in the industry track, and I have also been a reference teacher for a student in the 6th
year of the industry track.

Hack’in Pharma. Since January 2024, I have been one of the three teachers accompanying
the Hack’in Pharma team of the College of Pharmacy of Nancy. Hack’in Pharma is a compe-
tition between teams from different faculties of pharmacy. After 33 hours of continuous work,
each team presents a start-up project to a jury composed of industrialists and patient associa-
tions. The winning teams will be helped to launch their start-up. I help the students during their
preparation before the event and I participate with them in the two days of Hack’in Pharma in
Saclay. The Nancy team won the jury prize in March 2025.

Open Days. I participate every year in the Open Days of the College of Pharmacy, particularly
to present the computer platform and its equipment (serious games, teleconsultation terminal,
connected health objects).

Internship Supervision. I have also had the opportunity to supervise various research intern-
ships at the laboratory (LPCT): 5 M1 interns and 4 M2 interns from the College of Science and
Technology (University of Lorraine). These internships are detailed in Section VII on scientific
supervision.

I.E Dissemination and Scientific Outreach Activities
I have been participating for several years in the organization of the International Chem-

istry Olympiads (IChO). In 2019, I participated in the creation of the competition subjects dur-
ing the international events in Paris. Since 2019, I have been involved in the preparation of
students in preparatory classes (Poincaré high school, Nancy) for the preselection test. I present
3 or 4 hours of classes per year (equivalent to tutorials) to about ten students. These classes
allow me to teach on a theme different from my position at the College of Pharmacy. I also
regularly participate in the Science Festival organized by the College of Science and Technol-
ogy, at the stand of the laboratory dedicated to modelling in chemistry. We present different
visualizations of molecular concepts to classes of students (from primary to high school) using
various tools (virtual reality, origami, molecular simulation videos, candies).
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Table B.2 – List of teaching duties carried out at the University of Lorraine. The number of
students is given as an indication and reflects the workload provided since 2020.

Type Course name Period Hours
equivalence

Level Number of
students

In
te

rn
sh

ip
M

on
ito

ri
ng

an
d

Tu
to

ri
ng

Professional
Orientation

Project 1 (POP1)

2020-... 1/student DFG-SP2
(L2)

1 to 3 students
per year

Professional
Orientation

Project 2 (POP2)

2021-... 1/student DFG-SP3
(L3)

1 to 3 students
per year

Monitoring of
hospital and

industrial
internships

2022-... 4/student DFA-SP2,
industry track

(M2)

1 to 3 students
per year

Supervision of
PharmD theses

2024-... 2/student Doctoral 1 to 3 students
per year

Monitoring of
master’s

internships

2021-... 1/student in
M1,

3/student in
M2

M1 and M2
Physics

1 to 3 students
per year

II Administrative and collective activities
Member of the Unit Council. (2023-...) Since June 2023, I have been a member of the
unit council of the LPCT laboratory. I joined the council during a special renewal to prepare
for the new contractualisation, following the recommendations of the Hcéres (the independent
public authority responsible for evaluating all higher education and research structures). During
this transitional phase, we were able to consider the opinions of all laboratory members and
proposed a new governance model, rebalancing the roles of the management, the unit council,
and the general assembly. During the elections for the new laboratory contract (2024-2029), I
was re-elected to the council (college of category B executives). The council meets about ten
times a year to discuss topics essential to the life of the laboratory: budget, scientific activities,
selection of theses supported for applications to the doctoral school or the region, decisions on
the computing cluster.

Ecological Transition Correspondent. (2022-...) Interested in the issues of ecological and
energy transition, I spontaneously applied to the laboratory management to become the ecolog-
ical transition correspondent for the laboratory. I have set up waste sorting bins and initiated a
reflection on the laboratory’s carbon emissions. I lead a working group within the laboratory
to implement the carbon assessment, with the goal of proposing a first assessment in 2025. I
also participate in the network of sustainable correspondents of the University, through which I
regularly train on climate issues and participate in discussions on the evolution of the campus.

Member of the Computer Science Commission. (2019-...) The commission advises the
unit council and the laboratory management on the management of the computer equipment,
both for users (office automation) and for computing machines (storage, computing power, and
long-term perspectives). It meets about six times a year. I joined it in 2019 upon my arrival at
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the laboratory as a user of the computing cluster. The commission has had to make important
decisions on the management of the cluster, outsourcing to an external company, the purchase of
computing and storage machines, or the positioning of the cluster in relation to the University’s
data centre and the regional computing mesocentre (eXplor).

Open Science Ambassador. (2023-...) The LPCT is both a major producer of data and a
developer of codes and software, but this data and these codes are not always fully utilized.
Interested in new tools to promote the opening of data, codes, and publications, I joined the
network of data ambassadors of the University of Lorraine in 2023 (which became the network
of Open Science ambassadors in 2025). This network allowed me to train on issues related to
the opening and reuse of data, the creation of data management plans, and bibliographic tools.
I was then able to raise awareness among laboratory members on these issues during general
assemblies or during the half-day for new entrants (four times a year).





APPENDIX C

Mathematical Details for the Chapter 3

I Correlation of the noises in Fourier space and using spher-
ical harmonics expansion

I.A Space and time Fourier transforms
In the chapter 3, we are dealing with noise correlation of the form

⟨Ξ(r, t)Ξ(r′, t′)⟩ = −∇2δ(r − r′)δ(t− t′) (C.1)

We perform a Fourier transform, Ξ̃(k, t) =
∫
dr exp(ir · k)Ξ(r, t) and obtain

⟨Ξ̃(k, t)Ξ̃(k′, t′)⟩ =
∫

dr

∫
dr′ ⟨Ξ(r, t)Ξ(r′, t′)⟩ exp(ir · k + ir′ · k′) (C.2)

= −
∫

dr

∫
dr′∇2δ(r − r′)δ(t− t′) exp(ir · k + ir′ · k′) (C.3)

After performing a double integration by parts, we get

⟨Ξ̃(k, t)Ξ̃(k′, t′)⟩ =
∫

dr

∫
dr′ ⟨Ξ(r, t)Ξ(r′, t′)⟩ exp(ir · k + ir′ · k′) (C.4)

= k2
∫

dr

∫
dr′δ(r − r′) exp(ir · k + ir′ · k′)δ(t− t′) (C.5)

= k2
∫

dr exp(ir · (k + k′))δ(t− t′) (C.6)

= (2π)3k2δ(k + k′)δ(t− t′) (C.7)
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The time Fourier transform reads

⟨Ξ̃(k, ω)Ξ̃(k′, ω′)⟩ =
∫

dt

∫
dt′
〈
Ξ̃(k, t)Ξ̃(k′, t′)

〉
exp(iωt+ iω′t′) (C.8)

= (2π)3k2
∫

dt

∫
dt′δ(k + k′)δ(t− t′) exp(iωt+ iω′t′) (C.9)

= (2π)3k2δ(k + k′)

∫
dt exp(iωt+ iω′t) (C.10)

= (2π)4k2δ(k + k′)δ(ω + ω′) (C.11)
(C.12)

I.B Spherical harmonics expansion
We expand the noise as

Ξ(r, t) =
∞∑
l=0

l∑
m=−l

Ξlm(r, t)Ylm(Ω) , (C.13)

where the spherical harmonics coefficients are defined by

Ξlm(r, t) =

∫
dΩ Ξ(r, t)Ylm(Ω) . (C.14)

The correlations of the spherical harmonics coefficient read

〈
Ξlm(r, t)Ξl′m′

(r′, t′)
〉
=

∫
dΩ

∫
dΩ′⟨Ξ(r, t)Ξ(r′, t′)⟩Ylm(Ω)Ylm(Ω′) (C.15)

= −
∫

dΩ

∫
dΩ′∇2δ(r − r′)δ(t− t′)Ylm(Ω)Ylm(Ω

′) (C.16)

After performing a double integration by parts, we get

〈
Ξlm(r, t)Ξl′m′

(r′, t′)
〉
= l(l + 1)

∫
dΩ

∫
dΩ′ 1

r2
δ(r − r′)Ylm(Ω)Ylm(Ω

′)δ(t− t′) (C.17)

= l(l + 1)

∫
dΩ

∫
dΩ′ δ(r − r′)

r4

×
∑
l′′m′′

Yl′′m′′(Ω)Yl′′m′′(Ω′)Ylm(Ω)Yl′m′(Ω′)δ(t− t′) (C.18)

= l(l + 1)
δ(r − r′)

r4

∫
dΩYl′m′(Ω)Ylm(Ω)δ(t− t′) (C.19)

= l(l + 1)
δ(r − r′)

r4
δll′δmm′δ(t− t′) (C.20)
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Similarly, if we consider the noises in Fourier space,

Ξ(k, t) =
∞∑
l=0

l∑
m=−l

Ξlm(k, t)Ylm(Ωk) , (C.21)

where the spherical harmonics coefficients are defined by

Ξlm(k, t) =

∫
dΩk Ξ(k, t)Ylm(Ωk) . (C.22)

The correlations of the spherical harmonics coefficient read

〈
Ξ̃lm(k, t)Ξ̃l′m′

(k′, t′)
〉
=

∫
dΩk

∫
dΩ′

k⟨Ξ̃(k, t)Ξ̃(k′, t′)⟩Ylm(Ωk)Ylm(Ω
′
k) (C.23)

= (2π)3k2
∫

dΩk

∫
dΩ′

kδ(k + k′)δ(t− t′)Ylm(Ωk)Ylm(Ω
′
k) (C.24)

= (2π)3k2
∫

dΩk

∫
dΩ′

k

δ(k − k′)

k2

×
∑
l′′m′′

Yl′′m′′(Ωk)Yl′′m′′(Ω′
k)Ylm(Ωk)Ylm(Ω

′
k)δ(t− t′) (C.25)

= (2π)3δ(k − k′)δ(t− t′)δll′δmm′ (C.26)

And after a time Fourier transform, we get

〈
Ξ̃lm(k, ω)Ξ̃l′m′

(k′, ω′)
〉
= (2π)4δ(k − k′)δ(ω + ω′)δll′δmm′ (C.27)

II Green operator for SDFT with boundary conditions

II.A General solution
In time-Fourier space, the Green equation reads

(
iω +DIκ

2
imp

)
G̃ρI −DI∇2G̃ρI = δ(r − r′) (C.28)

∂rG̃ρI |r=σ = 0 (C.29)

which amounts to an inhomogeneous Helmholtz equation with a Neumann boundary condition.
We expand the Dirac function in spherical harmonics,

δ(r − r′) =
1

r2
δ(r − r′)

∑
lm

Ylm(Ω)Y
∗
lm(Ω

′) (C.30)
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which leads to

(
iω +DIκ

2
imp

)
G̃l

ρI
(r, r′)−DI∆

l
rG̃

l
ρI
(r, r′) =

1

r2
δ(r − r′) (C.31)

∂rG̃
l
ρI
(r, r′)|r=σ = 0 (C.32)

We re-write the Helmholtz equation in the usual form,

(
d2

d2r
+

2

r

d

dr
+ λ2 − l(l + 1)

r2

)
G̃l

ρI
(r, r′) = −δ(r − r′)

DIrr′
(C.33)

λ2 = − iω

DI

− κ2imp (C.34)

We solve this equation interval by interval. For σ < r′

σ ≤ r < r′ : G̃l<
ρI
(r, r′) = a(r′)jl(λr) + b(r′)yl(λr) (C.35)

r′ < r : G̃l>
ρI
(r, r′) = c(r′)jl(λr) + d(r′)yl(λr) (C.36)

The boundary condition at r = σ implies

a(r′)j′l(λσ) + b(r′)y′l(λσ) = 0 (C.37)

or

a(r′)

b(r′)
= −y

′
l(λσ)

j′l(λσ)
(C.38)

and

σ ≤ r < r′ : G̃l<
ρI
(r, r′) = A(r′) (y′l(λσ)jl(λr)− j′l(λσ)yl(λr)) (C.39)

II.B Results at ω = 0

In the following, we will restrict to ω = 0, which gives λ = iκimp. We will use the
modified Bessel function, il(x) = jl(ix) and kl(x) = yl(ix). For σ ≤ r′, we obtain

σ ≤ r < r′ : G̃l<
ρI
(r, r′) = B(r′) (k′l(κimpσ)il(κimpr)− i′l(κimpσ)kl(κimpr)) (C.40)

with B = −iA. The divergence of il for x → ∞ imposes that c(r′) = 0. The continuity
conditions at r = r′ imposes
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B(r′) (k′l(κimpσ)il(κimpr
′)− i′l(κimpσ)kl(κimpr

′)) = d(r′)kl(κimpr
′) (C.41)

And,

lim
ε→0

[
d

dr
G̃l

ρI
(r, r′)

]r=r′+ε

r=r′−ε

= − 1

DIr′2
(C.42)

which leads to

κimpd(r
′)k′l(κimpr

′)− κimpB(r′) (k′l(κimpσ)i
′
l(κimpr

′)− i′l(κimpσ)k
′
l(κimpr

′)) = − 1

DIr2

(C.43)

Here we solve the linear system with two equations and two unknowns:

κimpd(r
′)k′l(κimpr

′)− κimpB(r′) (k′l(κimpσ)i
′
l(κimpr

′)− i′l(κimpσ)k
′
l(κimpr

′)) = − 1

DIr2

(C.44)

d(r′)kl(κimpr
′)−B(r′) (k′l(κimpσ)il(κimpr

′)− i′l(κimpσ)kl(κimpr
′)) = 0 (C.45)

κimpd(r
′)k′l(κimpr

′)kl(κimpr
′)−

κimpkl(κimpr
′)B(r′) (k′l(κimpσ)i

′
l(κimpr

′)− i′l(κimpσ)k
′
l(κimpr

′)) = −kl(κimpr
′)

DIr2
(C.46)

κimpd(r
′)kl(κimpr

′)k′l(κimpr
′)−

κimpk
′
l(κimpr

′)B(r′) (k′l(κimpσ)il(κimpr
′)− i′l(κimpσ)kl(κimpr

′)) = 0 (C.47)

It gives

B(r′)

[
− κimpkl(κimpr

′) (k′l(κimpσ)i
′
l(κimpr

′)− i′l(κimpσ)k
′
l(κimpr

′)) (C.48)

+ κimpk
′
l(κimpr

′) (k′l(κimpσ)il(κimpr
′)− i′l(κimpσ)kl(κimpr

′))

]
= −kl(κimpr

′)

DIr2

(C.49)

B(r′) = − kl(κimpr
′)

κimpk′l(κimpσ)DIr2 [−kl(κimpr′)i′l(κimpr′) + k′l(κimpr′)il(κimpr′)]
(C.50)

Knowing that,

−kl(x)i′l(x) + k′l(x)il(x) = − π

2x2
(C.51)

we obtain,



Appendix C. Mathematical Details for the Chapter 3 118

B(r′) =
2κimpkl(κimpr

′)

πDIk′l(κimpσ)
(C.52)

And

d(r′) =
2κimp

πDIk′l(κimpσ)
(k′l(κimpσ)il(κimpr

′)− i′l(κimpσ)kl(κimpr
′)) (C.53)

=
2κimp

πDI

(
il(κimpr

′)− i′l(κimpσ)

k′l(κimpσ)
kl(κimpr

′)

)
(C.54)
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