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Résumeé

Titre : Enquéte sur les phénomenes entourant les ensembles universellement Baire

Mots clef: ensembles universellement Baire, détermination, HOD, souris, souris du type
hod, modeéle Chang-plus, préservation des ensembles stationnaires, jeu d’existence de mod-
ele, Prax, absoluité générique, maximalité générique

Résumé: Cette thése présente mes contributions a divers aspects de la théorie des ensem-
bles universellement Baire. L'un de ces aspects est le plus petit modéle intérieur contenant
tous les réels dont tous les ensembles de réels sont universellement Baire (4 savoir, L(R))
et sa relation avec son modéle intérieur HOD. Nous vérifions ici que HOD™® bénéficie
d’une forme de définissabilité locale a I'intérieur de L(R), ce qui justifie sa caractérisation
en tant que « modéle de cceur » dans L(R). Nous étudions ensuite une construction « as-
cendante » d’ensembles universellement Baire plus compliqués (plus généralement, des en-
sembles déterminés). Cette construction nous permet de donner une description du « type
L » du plus petit modele de ADg + Cof(©) = ©. Une conséquence de cette description
est que ce plus petit modéle est contenu dans le modéle Chang-plus. Lorsque nous com-
binons notre construction et les travaux de Woodin sur le modele Chang-plus, il s’ensuit
qu’une classe propre de cardinaux de Woodin qui sont des limites de cardinaux de Woodin
implique l'existence d’une souris du type hod avec une limite mesurable de cardinaux de
Woodin dont la stratégie est universellement Baire.

Un autre aspect de la théorie des ensembles universellement Baire est ’absoluité et la
maximalité génériques qui leur sont associées. Nous incluons certains résultats concernant

I’absoluité générique de formules qui sont Zf{(wz’)

et qui utilisent des ensembles universelle-
ment Baire en tant que prédicats ou parameétres, ainsi que la maximalité générique de cer-
taines formules qui sont Hf(wg) et qui utilisent des ensembles universellement Baire comme
prédicats. Dans le second cas, nous sommes amenés a considérer la question générale de
savoir quand un modele d’une formule propositionnelle infinitaire peut étre ajouté par un
poset préservant les ensembles stationnaires de w;. Nous caractérisons quand cela se pro-
duit en termes d’un jeu qui est une variante du jeu d’existence de modéle. Enfin, nous

donnons une condition suffisante pour cela en termes de plongements génériques.
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Abstract

Title: Investigation into phenomena surrounding universally Baire sets

Keywords: universally Baire sets, determinacy, HOD, mice, hod mice, Chang-plus model,
stationary-set-preserving, Model Existence Game, [P,,,.«, generic absoluteness, generic max-
imality

Abstract: This thesis presents my contributions to various aspects of the theory of uni-
versally Baire sets. One of these aspects is the smallest inner model containing all reals
whose all sets of reals are universally Baire (viz., L(R)) and its relation to its inner model
HOD. We verify here that HOD*® enjoys a form of local definability inside L(R), fur-
ther justifying its characterization as a “core model” in L(R). We then study a “bottom-
up” construction of more complicated universally Baire sets (more generally, determined
sets). This construction allows us to give an “L-like” description of the minimum model
of ADg + Cof(©) = ©. A consequence of this description is that this minimum model is
contained in the Chang-plus model. Our construction, together with Woodin’s work on
the Chang-plus model, shows that a proper class of Woodin cardinals which are limits of
Woodin cardinals implies the existence of a hod mouse with a measurable limit of Woodin
cardinals whose strategy is universally Baire.

Another aspect of the theory of universally Baire sets is the generic absoluteness and
maximality associated with them. We include some results concerning generic E{{(wz’)—
absoluteness with universally Baire sets as predicates or parameters, as well as generic
Hf(W)—maximality with universally Baire sets as predicates. In the second case, we are led
to consider the general question of when a model of an infinitary propositional formula
can be added by a stationary-set-preserving poset. We characterize when this happens in
terms of a game which is a variant of the Model Existence Game. We then give a sufficient
condition for this in terms of generic embeddings.
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Chapter 1

Avant-propos

1.1 Qu’est-ce que les ensembles universellement Baire ?

L’une des questions les plus fondamentales de la théorie des ensembles est de savoir quels
ensembles de réels existent. C’est méme le coeur de ’hypothése du continu : dans sa forme
originale, elle demande s’il existe un ensemble de réels qui ne s’injecte pas dans w ni ne
se surjecte sur R. L’énorme travail réalisé par les théoriciens des ensembles au cours des
derniéres décennies nous permet de dire, au moins, qu’il existe deux types d’ensembles de
réels : « canonique » et « chaotique ». Cette thése se concentre sur les ensembles canon-
iques, également connus sous le nom d’ensembles universellement Baire.

Les ensembles universellement Baire ont été introduits dans [1]. Leur définition est
basée sur la propriété de Baire.

Definition 1.1.1. Soit X un espace topologique et A un sous-ensemble de X. On dit alors
que A est mesurable au sens de Baire (ou qu’il posséde la propriété de Baire) s’il existe un
ensemble ouvert U tel que AAU est maigre. O]

L’axiome du choix implique qu’il existe des ensembles de réels qui ne sont pas mesu-
rables au sens de Baire ; en revanche, tout ensemble de réels raisonnablement défini I’est.!
Conscients de ces faits, nous commencons a associer la mesurabilité de Baire aux ensembles
canoniques de réels, et son absence aux ensembles chaotiques. Il s’avere que c’est en fait
un renforcement de cette propriété qui délimite ces deux types d’ensembles de réels.

Definition 1.1.2. On dit qu’un ensemble de réels A est universellement Baire (ou qu’il
posséde la propriété de Baire universelle) si pour tout espace compact de Hausdorff X et

toute fonction continue f : X — R, I'ensemble f~![A] est mesurable au sens de Baire
dans X. H

L’une des fagons dont les ensembles universellement Baire se comportent bien est le
fait qu’ils sont mesurables au sens de Baire. Il s’avere qu’ils sont également mesurables au

Woir par exemple Theorem 1.1.9.
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sens de Lebesgue. De plus, ils ont la propriété d’ensemble parfait. Pour revenir au lien avec
I’hypotheése du continu évoqué au début, le fait que les ensembles universellement Baire
jouissent de la propriété d’ensemble parfait signifie qu un contre-exemple a I’hypothese du
continu ne peut pas étre universellement Baire. Bien siir, on peut se demander quelle est
I'importance de cette derniére affirmation, c’est-a-dire quelle est la richesse de la collection
des ensembles universellement Baire ; la réponse a cette question deviendra claire : elle est
trés riche? et encode probablement une part importante du contenu canonique de 'univers®.

Ainsi, les ensembles universellement Baire sont mesurables aux sens de Baire et de
Lebesgue et ont la propriété d’ensembles parfait, mais il y a plus. Ces propriétés peuvent
étre résumées et renforcées en un seul énoncé sur la détermination des jeux a deux joueurs
de longueur w associés a des ensembles universellement Baire.*

Theorem 1.1.3 (Martin, Steel, Woodin). Supposons qu’il existe deux cardinaux de Woodin.
Alors tout ensemble universellement Baire de réels est déterminé.

Proof. Ceci résulte des [3, Théorémes 3.1, 2.1 et 1.7]. O

Le fait que les ensembles universellement Baire ne puissent pas étre témoins de 1’échec
de ’hypothése du continu suggere qu’ils sont en quelque sorte immunisés contre le forcing.
C’est en effet vrai, et nous allons essayer de le préciser de plusieurs fagons. Tout d’abord, les
ensembles universellement Baire peuvent étre définis simplement comme des projections
de certains arbres bien équilibrés.

Definition 1.1.4. Soient T et S des arbres sur w x Ord et P un poset. Alors (7', S) sont

P-absolument complémentés si
VP EplT] =R —p[S].

]

L’idée est de commencer par 7" et S qui sont dans V' et se projettent sur des complé-
ments. Or, dans toute extension générique, 1" et S se projettent nécessairement sur des
ensembles disjoints. Cependant, il n’y a aucune raison a priori pour que leurs projections
couvrent 'ensemble de R ; ceci est le coeur de la définition.

Ces arbres incarnent dans leur définition méme une forme d’absoluité générique : il
est absolu qu’ils se projettent sur des compléments. Voici leur lien avec les ensembles uni-
versellement Baire.

Theorem 1.1.5 (Feng, Magidor, Woodin). Soit A un ensemble de réels. Alors A est uni-
versellement Baire si et seulement si, pour tout poset IP, il existe des arbres P-absolument com-
plémentés, T et S, tels que p[T] = A° O

2Voir Theorems 1.1.9 and 1.3.8.

3Voir Theorem 1.3.8.

“Pour une dérivation des trois propriétés ci-dessus a partir de la détermination, voir [2, Section 27].
>Voir [1, Corollaire 2.1].
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Il s’avere que les ensembles universellement Baire jouissent d’'un degré d’absoluité gé-
nérique bien plus élevé que ne le laisse supposer la valeur apparente de cette caractérisation.
Pour commencer, un ensemble universellement Baire A garantit une maniére canonique de
réinterpréter génériquement le prédicat « z € A », défini sur les réels x.

Proposition 1.1.6 (folklore). Soient P un poset et T, S et T",S" deux paires d’arbres P-
absolument complémentés satisfaisant p[T| = p[T"]. Alors V¥ |= p|T]| = p[T"].6 O

Definition 1.1.7. Soit A un ensemble universellement Baire et ¢ un filtre générique sur
V. Alors A, est 'unique ensemble de réels dans V'[g] tel que pour toute paire 7', S d’arbres
P-absolument complémentés dans V/,

p[T) = Aetp[T)"9 = A,.

O

L’intuition est que A, C RV19 est la réinterprétation canonique dans V' [g] de 'ensemble
A C RY. Ainsi, les ensembles universellement Baire ont des réinterprétations génériques
canoniques. Une sorte de converse est également vraie.

Theorem 1.1.8. Soit ¢(v,., v,) une formule de complexité 3, otn < w, et soit a un ensemble
arbitraire. Les énoncés suivants sont équivalents.

a. L'ensemble A := {x € R : ¢(x,a)} est universellement Baire et pour tous les filtres g
génériques sur'V,

Ay ={z € R: p(x,a)}"V.

b. Pour tout 6 > rank(a) satisfaisant Vy <x
plongements élémentaires dénombrables

V, il existe U C V, tel que pour tous les

n+5

(M, e, Ua) — (Vy,€,U,a)
avec M transitif, pour tous les filtres g génériques sur M et tous les réels x € M|g],
Mlg) b= ¢lv.a) <= V = lz,a).

Proof. Voir [3, Lemma 4.1]. O

Une fois que nous sommes capables de réinterpréter le prédicat « x € A », il n’est pas
étonnant que des formules plus compliquées puissent étre réinterprétées également. Par
exemple, il s’avere que si B est projectif depuis un ensemble universellement Baire A, alors
B est aussi universellement Baire, et dans V' [g] 'ensemble B, est projectif depuis A, par la
méme définition que B depuis A. On peut méme dépasser le niveau projectif.

Voir [4, Proposition 1.3-IV].
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Theorem 1.1.9 (Woodin). Supposons qu’il existe une classe propre de cardinaux de Woodin et
que A est un ensemble universellement Baire. Alors (R, A)? est universellement Baire et pour
tout filtre g générique surV, (RV, A)¥), = (RVI9) A,)*

Proof. 1l s’agit d’un résultat non publié, mais comparez avec [5, Theorem 3.3.9]. O

Ainsi, tout ensemble de réels dans L(R, A) est universellement Baire, et si g est généri-
que sur V/, il existe un plongement élémentaire

j: LR, A) — L(RVI A))

tel que pour tout B € Z(RY)NL(RY, A), j(B) = B,. Ceci généralise clairement le niveau
projectif de ’absoluité générique.

Theorem 1.1.9 peut étre considéré comme le point de départ de cette thése. Dans les
sections suivantes, nous allons souligner quelques questions que ce théoréme souleve na-
turellement, ce qui était connu a leur sujet, et ce que nous avons démontré.

1.2 Qu’est-ce que la théorie de L(R) ?

Un corollaire de Theorem 1.1.9 est que la théorie de L(R) est génériquement absolue. Il est
donc naturel de se demander quelle est cette théorie. Le théoréme cité implique également
que tout ensemble de réels dans L(RR) est universellement Baire, donc en particulier L(R)
satisfait ZF+AD" +DC. Méme si'axiome du choix échoue dans L(IR), son modéle intérieur
HOD ™) satisfait AC et est proche de L(R).” La théorie de HOD*® fait partie de la théorie
de L(R) et est donc génériquement absolue. Cette théorie étend ZFC, mais on peut en dire
beaucoup plus : il s’avere que ce modele est « du type L ».

Concentrons-nous sur cette derniere remarque. Sous nos hypothéses de grands car-
dinaux, le diése pour la souris minimale avec w cardinaux de Woodin, appelé M? , existe et
posséde une stratégie d’itération unique du type (wy, w;). Soit * cette stratégie. Il s’avére
qu’elle est universellement Baire et que

L(R,2*) = L(R,R%). (1.1)

Cela suggere un lien entre les diéses pour les ensembles de réels et les stratégies pour les
souris, mais nous nous éloignons du sujet (nous reviendront sur ce lien dans Section 1.3).
Nous nous intéressons ici au lien entre (M, 2*) et HOD*®).

Soit (M, X2) 1a paire constituée de M? coupé au successeur de son cardinal de Woodin le
plus petit et de la stratégie pour elle obtenue a partir de 3. Soit s une pile d’arbres normaux
sur (M, ).} avec la derniére paire (N, T) dont la branche principale ne tombe pas. Nous

"Une facon de préciser la proximité est d’observer que chaque ensemble de L(R) appartient a HOD,, pour
un certain x € R, alors que d’autre part = est générique sur HOD et que HOD,, = HOD|[z] (voir [6, Théoréme
10.1.2]).

8Nous entendons par 12 que s est sur M et selon 3.

— 4 —



Avant-propos

disons que (N, T) est un itéré non-tombant de (M,Y). La paire (N, T) peut également
étre obtenue a partir de (M, X)) via une autre pile, disons s’. Cependant, les plongements
d’itération donnés par s et s’ doivent étre les mémes.” Nous désignons ce plongement
unique par i(y7,s),(N,T)- Al lieu de commencer par (M, 3J), nous aurions pu commencer par
(N, T), et les mémes remarques s’appliqueraient a ses itérés. De cette fagon, nous obtenons
une famille d’itérés non-tombants de (M, ¥), ainsi que des plongements entre eux : Chaque
fois que (N, T) et (P, Y) sont deux itérés de (M, X) tels que (P, ) est également un itéré
de (N, T), nous avons le plongement

i(N,T),(P,T) : (N, T) — (P, T)

Il s’avere que cette famille est un systéme inductif. Ignorant pour I'instant les stratégies,
nous désignons le modéle limite direct du systéme par M, (M, ).

Theorem 1.2.1 (Steel). Les énoncés suivants sont vérifiés.

a. Mo (M, ) est bien fondé.
b. L’image du cardinal de Woodin de M, par le plongement limite i(y; 5 o, €st OL®),

c. Le domaine de M(M,X)||©F®) est (HOD[O)L®),
Proof. Une preuve peut étre trouvée dans [7]. O]

Ainsi (HOD[O)*®) a la structure d’une souris. En revanche, HODX® p’est pas une
souris, mais il est trés proche d’une. Puisque ¥ est universellement Baire, il s’étend canon-
iquement & une stratégie X pour M du type (Ord, Ord)."® Par normalisation, il existe
un arbre normal 7 sur (M,%") dont le dernier modéle est M, (M, Y). En particulier,
la stratégie de queue 3T est une stratégie d’itération du type (Ord, Ord) pour le modeéle
Mo (M, X). Nous avons la caractérisation suivante de HOD“®),

Theorem 1.2.2 (Woodin). Soit T* le levage de T vers M,,.'" Il existe alors un sous-ensemble

A de %% tel que HOD™®) = MT7[A].7?
Proof. Une démonstration est donnée dans [7]. O

Ainsi, HODZ®) différe d’une souris en ce qu’il est construit a partir d’extenseurs et d'une
stratégie d’itération partielle pour son segment initial. Les objets de ce type général figurent
en bonne place dans les arguments de Chapter 4. Notons simplement ici que HOD(®)
posséde une structure fine et toutes ses conséquences : par exemple, HOD*® = GCH.

Ceci résulte du lemme de Dodd-Jensen.

98i A C H,, est codé par un ensemble universellement Baire, on peut alors définir la classe AT C V en
affirmant que pour tout X, X € A si et seulement si 1 Col(wte(X)) EXe Ajy. Ainsi, dans le cas de X, >t
est défini et s’avére étre une stratégie d’itération du type (Ord, Ord).

" M,, est obtenu a partir de M, par itération de son extension supérieure hors de I'univers, c’est-a-dire
Ord fois.

260 ./\/lz: est le modéle final de 'arbre 7*
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Comme il s’agit d’'un modéle avec une structure fine proche de L(R), il est tentant
d’appeler HODZ® «le modéle de coeur » de L(R), surtout en dessous de O > Cepen-
dant, on attend généralement plus d’'un modéle de coeur : par exemple, ce modele bénéficie
généralement d’une certaine définissabilité locale.'* Dans Chapter 3, nous prouvons un ré-
sultat dans cette direction. Pour I’énoncer, nous désignons par ux le filtre des clubs sur
[X]“, pour un ensemble X quelconque.

Theorem 1.2.3. Supposons qu’il existe w cardinaux de Woodin avec un cardinal mesurable
au-dessus d’eux. L’énoncé suivant est vérifié dans L(R). Pour tous les cardinaux n de HOD
dans Uintervalle [67,0), l'ensemble H (" )HOP est définissable sans paramétres supplémen-
taires sur la structure

Lx((HyOD)“)[un],

ou x est le deuxiéme ordinal supérieur a ) pour lequel la structure ci-dessus satisfait

ZF™ + « Z([n]*) existe ».

Proof. Voir Corollary 3.9.13. ]

1.3 D’ou viennent les ensembles universellement Baire
?

S’il existe une classe propre de cardinaux de Woodin, les ensembles universellement Baire,
lorsqu’ils sont étudiés dans le cadre de la réductibilité continue, forment une ligne.

Theorem 1.3.1. Supposons qu’il existe une classe propre de cardinaux de Woodin. Alors la

collection des ensembles universellement Baire forme un ensemble bien pré-ordonné sous la
réductibilité de Wadge modifiée™.

Proof. Ceci résulte de Theorem 1.1.3 et des [10, Lemme 2.1 et Théoréme 2.5]. O

Un rang plus élevé dans ce préordre correspond a une plus grande complexité logique
et combinatoire : par exemple, A <3, A!. En fait, Uescalade de cette hiérarchie est étroite-
ment liée a 'escalade de I’hiérarchie des grands cardinaux.'® Bien sir, on ne peut pas
s’attendre a pouvoir faire cet escalade complétement « algorithmiquement », mais si 'on
relache nos exigences, on peut dire beaucoup de choses sur la facon dont les ensembles
universellement Baire apparaissent. Par exemple, Theorem 1.1.9 propose une premiere ten-
tative d’épuisement de I’hiérarchie des ensembles universellement Baire : soit R®’ := R et

B3Voir le titre de [8].

Voir [9, Théoréme 6.15], ou cette propriété est appelée “définissabilité inductive”.

BLa réductibilité de Wadge modifiée, notée <3y, est définie en affirmant que A < BsiA <w Bou
A <w BS.

16par exemple, 'ordre de souris sur les paires du type hod affine I'ordre de Wadge. Voir aussi Conjec-
ture 1.3.2.
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soit R¥*D) .= (R, R*)* chaque fois que R* est défini. Pour que cette procédure soit utile,
nous devons donner un sens aux étapes limites, et nous ne savons le faire que pour les
ordinaux limites de cofinalité dénombrable.

Soit (A, : n < w) une suite d’ensembles universellement Baire ; nous voulons définir

leur jointure, @,,_, Ay. Pour n < w et x € R, définissons (n, z) € R en affirmant

n, 1=0

(n, )(0) = w(i—1), i>0.

Nous pouvons maintenant définir

@An ={(n,z):n<w,xe A} CR.

n<w
I s’agit également d’'un ensemble universellement Baire, et son rang de Wadge est au moins
le supermum des rangs des ensembles A,,. Ainsi, pour un ordinal limite v de cofinalité
dénombrable, si (Rﬁa : v < 7y) est défini, on peut définir

R .— @ Rion
nw
ot (o, : m < w) est une séquence cofinale dans . Une subtilité ici est que R*" dépend
du choix de la séquence (o, : n < w) ; cependant, tous les ensembles obtenus de cette
maniére sont équivalents au sens de Wadge, donc la classe d’équivalence de Wadge de R*Y
est unique.

On obtient donc la suite (R : o < wy). Il y a maintenant deux possibilités : soit cette
suite est cofinale parmi les ensembles universellement Baire, soit elle ne I'est pas.'”” Nous
excluons la premiére possibilité en renforgcant notre hypothése de grands cardinaux : nous
supposons qu’il existe une classe propre de cardinaux de Woodin qui sont des limites de
cardinaux de Woodin."® Cela signifie qu’il y a des étapes limites de cofinalité indénombrable.
Cecipose un probléme : nous ne savons pas comment joindre w; ensembles universellement
Baire.

Heureusement, il existe une solution : il s’agit de rappeler le lien entre les dieses et les
stratégies pour les souris, évoqué dans Eq. (1.1). Ici, il est plus pratique de travailler avec des
souris du type hod plutét qu’avec des souris simples.'? 1l résulte des résultats de Sargsyan®
qu’il existe un ensemble de universellement Baire codant une stratégie pour une souris du
type hod et dont le rang de Wadge est supérieur ou égal a

sup{w(R*) : o < wy }.

Soit ¥ une telle stratégie du plus petit rang dans l'ordre de souris ;*! cette stratégie n’est

pas unique, mais elle I'est 4 I’équivalence de Wadge preés. Soit R*! ’'ensemble des réels qui
code Y ; cet ensemble dépend du choix de X, mais pas sa classe d’équivalence de Wadge.

!7La premiére possibilité se présente, par exemple, dans le modéle minimum de ZFC+« il existe une classe
propre de cardinaux de Woodin ».

8La premiére possibilité est exclue par Theorem 1.3.8 (voir aussi le paragraphe précédent).

YEn raison de leur relation avec les HOD des modéles de la détermination.

20Voir [11, Corollaire 0.1].

210n peut facilement reconstruire la souris sous-jacente a partir de sa stratégie. On peut ainsi parler de
Pordre des stratégies, c’est-a-dire de I'ordre des paires de souris impliquées par les stratégies.
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Plus généralement, lorsque +y est un ordinal limite de cofinalité indénombrable et que la
suite (R : o < ) est définie et n’est pas cofinale au sens de Wadge parmi les ensembles
universellement Baire, nous pouvons définir R’ comme la stratégie d’itération du minimal
rang de souris, pour une souris du type hod qui est au-dessus de tout R* (o« < ) au sens de
Wadge. Bien sir, ceci est a condition qu’il existe au moins une telle stratégie. Alors, nous
arrivons a la question fondamentale de I'existence des stratégies. La conjecture suivante
est une version de Hod Pair Capturing pertinente pour notre discussion.

Conjecture 1.3.2. Supposons qu’il existe une classe propre de cardinaux de Woodin. Alors,
soit il existe un ensemble universellement Baire codant une stratégie pour une souris du type
hod avec un extenseur long sur sa séquence, soit les ensembles de réels codant des stratégies pour
les souris du type hod a extenseurs courts sont cofinals parmi les ensembles universellement
Baire? O

Les souris du type hod a extenseurs courts sont définies avec précision dans [12]. La
théorie présentée la peut étre ajustée pour donner un sens a une souris du type hod dont les
extenseurs sont tous courts, sauf celui en haut. Cela suffit a préciser la premiére possibilité
de la conjecture. Cependant, si cette possibilité se réalise, nous ne savons pas comment
poursuivre la description des ensembles universellement Baire au-dela d’un telle stratégie.
Plus précisément, en supposant que la conjecture soit vraie, la procédure décrite ci-dessus
produit la suite

(R*: a < 9)

avec la propriété suivante : soit $ est un ordinal limite et la suite est cofinale au sens
de Wadge parmi les ensembles universellement Baire, soit $ est un ordinal successeur et
R#®=1) code une stratégie pour une souris du type hod dont I'extenseur en haut est long.
Si le deuxiéme cas se présente, pour dépasser R¥®~1) nous devons d’abord développer la
théorie des souris du type hod avec de longs extenseurs.

Il s’agit d’une description d'une construction ascendante d’ensembles universellement
Baire a ’aide de dieses et de souris. Nous souhaitons savoir si ces ensembles peuvent étre
construits plus simplement, d’une maniére combinatoire.

Soit /[y I’ensemble des parties de R calculé dans L(R) ; /[y est un segment initial des en-
sembles universellement Baire au sens de Wadge. Nous avons déja montré deux manieres
d’aller au-dela de /I, : nous pouvons prendre R* ou nous pouvons prendre la stratégie pour
M? ; ces ensembles sont universellement Baire et n’appartiennent pas a /. Il existe égale-
ment une troisiéme voie, qui correspond le mieux a ce que nous souhaitons faire maintenant
: tout ensemble de réels de L(/[y) est universellement Baire, et un entre eux n’appartient
pas a /y. C’est ce qui motive I'introduction de 'opérateur

O, : P(P(R)) — P(P[R)): T P(R)NLI¥).

Nous pouvons alors énoncer le fait général suivant, exprimé en termes de point-classes fer-
mées, c’est-a-dire des collections d’ensembles de réels I" qui vérifient Z(R) N L(R,I") =T

Proposition 1.3.3. Supposons qu’il existe une classe propre de cardinaux de Woodin et que
I’ € UB soit une point-classe fermée. Alors

22Cf. [12, Définition 1.7.1].



Avant-propos

a. tout ensemble de réels dans O,(I") est universellement Baire,

b. I' C O1(T) si et seulement si cof (I', <{)) = w.

Proof. Pour la premiére partie, voir Proposition 2.3.4. Pour la seconde partie, supposons
d’abord que cof (T", <{,,) = w. Soit (A,, : n < w) une suite cofinale au sens de Wadge dans
I'. Nous avons que

A, o) -T.

n<w

D’un autre coté, supposons que cof (I', <{\/) > w. Alors 'Y C L(I"), donc O1(I') =T. O

Il s’avére que L(O1(/y)) est de la forme L(R, A), pour un ensemble A,* de sorte que
la cofinalité au sens de Wadge de son ensemble des parties de R soit a nouveau dénom-
brable.?* Cela nous incite a essayer d’itérer cet opérateur pour obtenir plus d’ensembles
universellement Baire. En général, pour une fonction O : Z(Z(R)) — Z(Z(R)), on
définit 0O : Z(Z(R)) — P (X (R)) par récurrence sur « :

« O° est I'identité sur 2(Z(R)),
. Ol := 000",

« O P2(P(R)) — (P (R)) : T = U,., O%(I), pour une limite 7,

c O P(P(R) — Z2(P(R)): T — PR)N L(O(T)), pour une limite ~.

Nous définissons ainsi I’étape limite afin de garantir que O7 prenne des valeurs dans des
point-classes fermées ; de toute facon, seuls les opérateurs possédant cette propriété nous
intéressent. Ainsi, les point-classes Of(/[y) constitueront une suite croissante de classes de
points fermées d’ensembles universellement Baire, jusqu’a sa stabilisation. Ceci se produit
avant le petit modéle de ADg, : la point-classe correspondante O%(/]y) est la premiére point-
classe fermée I' qui satisfait cof (I', <},) > w. Pour aller au-dela de ce point, un nouvel
opérateur est nécessaire.

Le nouvel opérateur provient des travaux non-publiés de Woodin sur le plus petit mod-
eéle de ADg + DC. L’idée sous-jacente vient d'un théoréme de Solovay, qui stipule que sous
ADg, le filtre 1x des clubs sur [X]“ est un ultrafiltre lorsque X est une image surjective
des réels. Nous nous intéressons a 'opérateur

Oy : P(P(R)) — P(PR)):T s P(R) N LI) ).

Proposition 1.3.4. Supposons qu’il existe une classe propre de cardinaux de Woodin et que
I' C UB soit une point-classe fermée. AlorsT" C O5(I") C UB.

#0n peut simplement prendre @, _, Ay, pour une suite cofinale dans /.

%Une suite cofinale (A, : n < w) dans 'ensemble des parties de R de L(R, A) est donnée par A¥ : pour
obtenir A,,, il faut prendre les formules de (la théorie de) A* dans lesquelles seuls les n premiers indiscernables
apparaissent.
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Proof. D’apres [5, Théoreme 3.3.19], il existe une point-classe fermée ['* C UB telle que
[’ C T'*. 1l résulte de Proposition 4.3.16 appliqué a L(I'™*) que O5(T") C L(T™*), ce qui suffit
pour la conclusion. O]

Theorem 1.3.5 (Woodin). Supposons que

1. il existe une classe propre de cardinaux de Woodin,

2. A est un ensemble universellement Baire,

3. pour toute point-classe fermée ' C {B : B <}, A}, L(I") = ADgr + DC.
Alors il existe « tel que A € O% (/).

Proof. Ceci résulte de Proposition 1.3.4 and Corollary 4.3.18. O

Sous une hypothése de grands cardinaux suffisamment forte, le plus petit modele de
ADg + DC existe, et tous les ensembles de réels qu’il contient sont universellement Baire.*
Il s’ensuit que pour un certain «, L(O$( 1)) est ce modeéle. On ne sait pas si 'ensemble
des partie de R de ce modele est stable par 5, mais nous savons que la stabilisation arrive
avant que le plus petit modéle de ADg +cof (©) = © soit atteint.?® Pour atteindre ce modéle,
une modification supplémentaire de 'opérateur est nécessaire. Nous avons trouvé un tel
opérateur et démontré qu’il peut atteindre le plus petit modeéle de ADg + cof(©) = ©.

Notre opérateur est défini comme suit. Tout d’abord, soit
O;: Z2(Z(R)) x Ord — Z2(Z(R)) : (I',k) = Z(R) N LT, k) [pr, iy

Ensuite, pour I' C #(R), nous définissons O3(I") comme O}(T', k) pour le plus petit k <
Ord qui satisfait soit I' C O}(T', k), soit k = Ord. Voila ce que nous savons de la mesure
dans laquelle O3 peut produire des ensembles universellement Baire.

Theorem 1.3.6. Soit I" une point-classe fermée telle que L(I") |= ADg. Supposons que dans
L(T), il n’existe pas de paire du type hod avec une limite mesurable de cardinaux de Woodin.
Alors il existe « tel que I' = O (/).

Proof. Voir Theorem 4.1.1. O

Nous avons énoncé le théoréme en termes de point-classes déterminées, ce qui le rend
applicable dans un contexte plus général que celui des ensembles universellement Baire.
Nous revenons au contexte des ensembles universellement Baire en rappelant Theorem 1.1.3.

Enoncons maintenant trois corollaires a ce théoréme. Nous avons déja mentionné que
le modéle minimum de ADg + cof (©) = O ne peut pas étre atteint en itérant 'opérateur
O,. Cependant, il peut étre atteint en itérant I'opérateur O : ceci résulte de Theorem 1.3.6
et du fait que le modéle minimum de ADg + cof (©) = O ne contient pas de paire du type
hod avec une limite inaccessible de cardinaux de Woodin.

ZPar exemple, cela résulte de Theorem 1.3.8 (voir aussi la discussion qui le précéde).
26Voir Footnote 10 du Chapter 4.
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Avant-propos

Corollary 1.3.7. Supposons qu’il existe un modéle intérieur contenant tous les réels et véri-
fiant ADg + cof (©) = O. Alors il existe « tel que L(O$ (o)) est le plus petit modéle de ce
type. U

On savait, grace a des travaux antérieurs de Sargsyan, que le modele minimum de ADg +
cof (©) = O existe, mais il s’agit de la premiére construction « ascendante » de ce modéle.
Pour voir ce qu’apporte une telle construction, considérons le modele dit de Chang-plus :

CM* := L(Ord*)[(ftaw : @ € Ord)].

Woodin a montré que les grands cardinaux impliquent que le modéle de Chang-plus sat-
isfaisant AD"+“w; est supercompact”. Il découle des travaux d’Tkegami et Trang que ce
modéle satisfait en fait ADg + DC+“w; est supercompact”? Nous nous intéressons ici a
I’énoncé suivant, plus précis, du résultat de Woodin.

Theorem 1.3.8 (Woodin). Supposons qu’il existe une classe propre de cardinaux de Woodin
qui sont des limites de cardinaux de Woodin. Alors, les énoncés suivants sont vérifiés :

a. il existe un ensemble universellement Baire qui est au-dessus au sens de Wadge de tout
ensemble de réels dans le modele Chang-plus ;

b. Pourtout X € CM™, ux NCM™ appartient au modéle Chang-plus et y est un ultrafiltre
fin normal *®

]

En utilisant ce fait, nous pouvons obtenir deux corollaires supplémentaires de notre
résultat. Le premier est que le modéle minimum de ADg + cof (©) = © est contenu dans le
modeéle Chang-plus.

Corollary 1.3.9. Supposons qu’il existe une classe propre de cardinaux de Woodin qui sont
des limites de cardinaux de Woodin. Alors le plus petit modéle de ADg + cof(©) = © est
contenu dans le modeéle Chang-plus. O]

L’idée ici est que Theorem 1.3.8 garantit que (O3 est absolu entre CM™ et V. Le revers
de cette réalité est que 'opérateur O3 ne peut aller au-dela de la collection des parties des
réels du modele Chang-plus :

O (Z(R) N CMY) = 2(R) N CM™.

Cela conduit a un autre corollaire concernant 'existence de souris du type hod avec des
stratégies universellement Baire.

2"Voir [13, Théoréme 4].
28Voir [14, Théoréme 1.3].
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Corollary 1.3.10. Supposons qu’il existe une classe propre de cardinaux de Woodin qui sont
des limites de cardinaux de Woodin. Il existe alors une paire du type hod avec la portée H,,
dont la pré-souris a une limite mesurable de cardinaux de Woodin et dont la stratégie est codée

par un ensemble universellement Baire.

Proof. Soit I' := Z(R) N CM™. Par Theorem 1.3.8, il existe un ensemble universellement

Baire A tel que
'={BCR:B<y A}

Par [5, Theorem 3.3.19], il existe une point-classe fermée ['* telle que A € I'* C UB et
L(I'*) = ADg. Puisque O3(I") = I, Theorem 1.3.6 (appliqué a I'*) implique qu’il existe une
paire du type hod avec la portée H,, dans L(I'*) dont la pré-souris a une limite mesurable

de cardinaux de Woodin. O

1.4 Absoluité et maximalité génériques

Theorem 1.1.9 implique, entre autres, que les vérités qui sont projectives depuis les ensem-
bles universellement Baire sont génériquement absolues.

Corollary 1.4.1. Supposons que

1. il existe une classe propre de cardinaux de Woodin,
2. A est un ensemble universellement Baire,
3. ¢ est une phrase du langage { RZ, R}, },

4. P est un poset arbitraire.

Alors (H,,, €, A) |= ¢ si et seulement si V' |= ((Hy,, €, Ay) E ¢). =

On se demande comment aller plus loin. Par exemple, nous pourrons établir ce qui
4 29
suit.

Theorem 1.4.2. Supposons que

1. il existe une classe propre de cardinaux de Woodin,
2. A est un ensemble universellement Baire,

3. ¢ est une phrase de complexité 2y dans le langage { R2, R,l\lsw1 ,RY},

#Pour voir que cela est plus fort, notons que tout fait du premier ordre sur (H,,, €, A) est codé dans A,
qui est lui-méme universellement Baire.

- 12 -
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4. P est un poset arbitraire.
Alors (H,,, €,NS,,, A) = ¢ si et seulement si V¥ |= ((H,,, €,NSy,, 4;) E ¢).
Proof. Voir Corollary 6.6.4. ]

Dans ce théoréme, les ensembles universellement Baire sont utilisés comme prédicats.
Si nous supposons CH, nous pouvons également les utiliser comme parametres. Nous
obtenons ainsi une conjecture qui renforce le théoréeme de Woodin sur ’absoluité générique
conditionnée sur CH pour les énoncés de complexité 2.

Conjecture 1.4.3. Supposons que

1. il existe une classe propre de cardinaux de Woodin,

[\

. CH est vérifiée,
3. A est un ensemble universellement Baire,

4. ¢(va) est une phrase de complexité ¥ dans le langage { RZ, Rys,, },

(8]

. P est un poset arbitraire qui force CH.
Alors (H,,, €,NSy,) = @[A] si et seulement si V¥ |= ((H.,, €,NS,,) = ¢[A4;]). O

La démonstration du théoréme de Woodin mentionnée ci-dessus montre que le résultat
est vrai si le prédicat NS,,, est omis.

Theorem 1.4.4. Supposons que

1. il existe une classe propre de cardinaux de Woodin,
2. CH est vérifiée,
3. A est un ensemble universellement Baire,

4. ¢(va) est une phrase de complexité 3y,

S

. P est un poset arbitraire qui force CH.
Alors (H,,, €) | ¢[A] si et seulement si V¥ = ((Hy,, €) E ¢[Ay]).

Proof. Voir Theorem 6.7.9. O]

- 13 -
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Une autre fagon d’aller au-dela de I’absoluité générique établie dans Theorem 1.4.2 est
d’examiner les phrases de complexité II; au lieu de ceux de complexité >;. Dans ce cas, il
n’y a aucun espoir d’obtenir une absoluité générique. En effet, ~CH peut étre exprimé par
une phrase de complexité II, sur la structure (H,,, €, R), tandis que CH et -CH peuvent
étre forcés tous les deux. Dans ce cas, le mieux que 'on puisse espérer est une forme de
maximalité générique. Par exemple, considérons le principe suivant.

Definition 1.4.5. L’énoncé ()yg affirme que pour tout ensemble universellement Baire A
et toute phrase ¢ de complexité IT, du langage {RZ, Ryg, , Iy}, si

E'IED, ”_P ((H(w2>7 <, NSw17A9> ): ¢> )

alors (H(ws), €,NS,,, A) &= ¢. O

Nous pouvons montrer que cet énoncé est essentiellement équivalent a la forme bornée
de MM™ suivante (en particulier, elle est vraie sous MM ™).

Definition 1.4.6. L’énoncé UB — BMM " affirme que pour tout ensemble universellement
Baire A, toute formule ¢(v,) de complexité X, dulangage { RZ, Rys,, , [t} ettouta € H,,,
si

P ssp, V' | ((H(w2), €,NS,, 4;) | ¢la]),
alors (H(ws), €,NS,,, A) E ¢[al. O

Theorem 1.4.7 (Asperd, Schindler, Woodin). Supposons qu’il existe une classe propre de
cardinaux de Woodin. Alors :

a. UB — BMM™*" implique (1)us ;

b. s’il existe un cardinal supercompact, alors (1)yg implique UB — BMM™,

Proof. Cela résulte des faits bien connus de [15] et [16]. Nous expliquons exactement com-
ment dans Corollary 6.2.13. [

Les principes UB — BMM™™ et (})yg peuvent étre affaiblis en omettant le prédicat
NS, de leurs énoncés. On obtient ainsi respectivement les principes UB — BMM et (})g-
L’implication UB — BMM*™* = ({)yg de Theorem 1.4.7 est vérifiée en citant [16] pour
obtenir

UB — BMM*T — (¥)us

et en citant [15] pour obtenir
(*)Jus = (t)us,

ou (x)yp est un renforcement naturel de 'axiome () défini dans Definition 6.2.5. Pour
montrer que UB — BMM = (7)., on ne peut pas simplement passer par (*)yg comme
ci-dessus. Cependant, en passant par les preuves des deux implications et en éliminant les
coupures, on obtient cette implication.

- 14 -
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Theorem 1.4.8. Supposons qu’il existe une classe propre de cardinaux de Woodin. Alors

UB — BMM implique (T)yg-
Proof. Voir Corollary 6.4.5. ]

La démonstration de ce théoréme montre que I’étape principale est la vérification de la
proposition suivante.

Proposition 1.4.9. Supposons que

1. il existe une classe propre de cardinaux de Woodin,
2. A est un ensemble universel Baire,
3. ¢(z) est une formule de complexité 3, dans le langage { R, ¢,,,, R4},

4. il existe un poset qui force « (H,,, €,wy, Ay) =V, ¢(z) ».

Alors il existe un poset Q qui préserve les ensembles stationnaires de wy et qui vérifie que dans
Ve, HXQ € H,, et (Hy,, €,wi,Ap) EVz € H:f;,qﬁ(x).

Proof. Voir Proposition 6.4.4. O]

Pour démontrer cette proposition, nous écrivons une formule propositionnelle infini-
taire ® et nous nous demandons si un modele pour celle-ci peut étre ajouté par un poset
préservant les ensembles stationnaires de w;. Nous soutenons ensuite que la réponse est
affirmative ; tout poset Q de ce type fonctionne comme requis dans la conclusion de Propo-
sition 1.4.9. Notons également qu’il n’est pas tout a fait simple de trouver la formule correcte
®, mais les idées nécessaires existent dans [16] (bien que les auteurs y développent un lan-
gage ad hoc au lieu d’utiliser la logique propositionnelle infinitaire). Quoi qu’il en soit, une
fois notre formule établie, la question a laquelle il faut répondre devient assez générale :
quand un poset préservant les ensembles stationnaires de w; peut-il ajouter un modele a
une formule propositionnelle infinitaire ? Ceci nous ameéne au dernier axe de recherche
poursuivi dans cette these.

1.5 PES-consistance des formules infinitaires

Avant de répondre a la question de savoir quand un modeéle de formule propositionnelle
infinitaire peut étre ajouté par un poset pes (= « préservant (les) ensembles stationnaires
(de wy) »), considérons d’abord le méme probléme pour un poset arbitraire. La réponse a ce
probléme releve essentiellement du folklore, une fois replacée dans son propre contexte.

Soient ¢ et 1 deux formules propositionnelles (ordinaires). Nous disposons d’une no-
tion bien définie de prouvabilité, ¢ - 1) : elle affirme simplement qu’il existe un arbre de

- 15 -
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déduction dans le systéme de déduction naturelle, NK, dont la conclusion est ¢/ et dont les
seules hypothéses non-déchargées sont contenues dans {¢}. Dans ce cas, la relation de
prouvabilité est équivalente a la notion standard de conséquence sémantique ¢ = v qui
affirme que tout modele de ¢ est aussi un modeéle de ).

Maintenant, dans le cas ou ¢ et ¢ sont des formules propositionnelles infinies, la relation
¢ F 1 peut étre définie de maniere relativement simple. L'important est que le systéme
NK soit modifié pour autoriser certaines régles infinies. Par exemple, il devrait y avoir
une regle d’introduction pour les conjonctions infinies, ce qui renforce la regle habituelle
(finitaire). Une conséquence de cette exigence est que les déductions devraient désormais
pouvoir étre des arbres infinis ; néanmoins, ce sont toujours des arbres bien fondés. Une fois
ces ajustements effectués, la relation de prouvabilité a essentiellement la méme définition
qu’auparavant.

Quelle est la contrepartie sémantique de cette relation de prouvabilité ? Pour compren-
dre la réponse, notons que I’assertion ¢ - 1) est (1) génériquement absolue, et (2) implique
que tout modele pour ¢, dans toute extension générique, est également un modele de .
Considérons maintenant la formule naturelle ¢, dont les modéles codent un sous-ensemble
cofinal dénombrable de w}/ , d’une part, et la formule ¢y := 1, d’autre part. Dans Y Col(wwr)
il existe un modéle pour ¢, tandis qu’il n’en existe pas pour L ; donc ¢ t/ L. Ce dernier fait
est également vérifié dans V, mais les formules ¢ et L ont le méme ensemble de modeles
la, a savoir I’ensemble vide. Cela montre que ’ensemble pertinent de modeéles a considérer
pour = est (au moins) 'ensemble de tous les modéles dans toutes les extensions génériques.

En effet, nous définissons ¢ |= 1) comme signifiant « pour tout poset P et pour tout
e VE ke (i = ¢ = 1 |E 1) ». De cette facon, le théoréme de complétude est valable
: pour toutes formules propositionnelles infinitaires ¢ et 1, ¢ b= 1) si et seulement si ¢ |= ).

L’étude de ces deux relations peut étre quelque peu simplifiée en prenant la formule de
droite comme L. Aucune généralité n’est perdue de cette maniere : ¢ - v si et seulement si
oA F L, ainsique ¢ |= 1 siet seulement si pA—1) = L (c’est-a-dire que pA—1) n’apas de
modele dans aucune extension générique). En rappelant que nous lisons « ¢ I/ L » comme
« ¢ est cohérent » et « ¢ [~ L » comme « ¢ est consistent », le théoréme de complétude
s’écrit alors : une formule propositionnelle infinitaire est cohérente si et seulement si elle
est consistent.

Puisque la consistance signifie I'existence d’'un modéle dans une extension générique,
il est naturel d’appeler « pes-consistance » la propriété d’existence d’'un modéle dans une
extension générique par un poset préservant les ensembles stationnaires de w;. Notre ques-
tion motivante est alors de savoir quand une formule propositionnelle infinitaire est pes-
consistante. La caractérisation que nous pouvons donner ici n’est pas en termes de la théorie
de la démonstration, mais plutot de la théorie des jeux. Elle trouve sa motivation dans le
jeu d’existence de modele.

Soit ¢ une formule propositionnelle infinitaire sous forme normale de négation. Le jeu
d’existence de modele associé a ¢ est un jeu a deux joueurs de longueur w, que nous ap-
pellerons Héloise et Abélard. Abélard joue aux questions, tandis que Héloise répond en
jouant aux parties actives. Ces parties actives sont des ensembles finis de sous-formules de
¢ ; Héloise doit s’assurer qu’ils ne contiennent pas une paire composée d’une lettre proposi-
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tionnelle et de sa négation, sinon elle perd. La partie commence par le choix arbitraire d'une
partie active contenant ¢ par Héloise. Abélard continue avec des questions, puis Héloise
agrandit la partie active afin que celle-ci contienne une réponse a la question.

Abélard peut poser deux types de questions. Dans le premier cas, il choisit une conjonc-
tion présente dans la partie active courante, y choisit un conjonctif et demande a Héloise
d’agrandir la partie active afin qu’elle contienne ce conjonctif (et éventuellement d’autres
éléments). Dans le second cas, Abélard choisit une disjonction présente dans la partie active
courante et demande a Héloise d’étendre la partie active afin qu’elle contienne au moins
une des disjonctions (et éventuellement d’autres éléments). L’idée est que lors de ces agran-
dissements, Héloise peut étre contraint d’inclure une paire composée d’une lettre propo-
sitionnelle et de sa négation. L’idée derriére ce jeu est que Héloise prétend connaitre un
modeéle pour ¢, mais Abélard pense qu’elle ment et pose des questions pour la prendre en
flagrant délit de mensonge.

Il s’agit du jeu d’existence de modele associé a ¢, et Héloise y a une stratégie gagnante
si et seulement si ¢ est consistante. Nous souhaitons savoir s’il existe un jeu qui caractérise
la pes-consistance de maniere similaire. La réponse est oui, et ce jeu est une variante du jeu
que nous venons de décrire ; nous ’appelons Df;i. L’indice x est un cardinal inaccessible, et
sa présence est due au fait que Héloise doit jouer une partie des conditions secondaires en
plus de la partie active. Une condition secondaire est un ensemble des ensembles élémentaire
dans sa cldture transitive et qui satisfont ZFC™.*® Un exemple typique est un sous-modeéle
élémentaire d’un certain Hy. Une partie de condition secondaire est une €-chaine finie
de conditions secondaires dénombrables (avec quelques restrictions supplémentaires). Le
paramétre x indique, entre autres, que toutes les conditions secondaires considérées dans
le jeu sont dans V.

Une stratégie gagnante pour Héloise dans le jeu d’existence de modele, vue comme un
poset, peut étre utilisée pour forcer une théorie complete (et donc un modéle) pour ¢. L’idée
est que, grace a ce forcing, nous obtenons un jeu générique d’Abélard dans lequel « toutes les
questions » sont posées ; I'union des parties actives de ce jeu constitue une théorie complete.
Le jeu E)Zii est une variante du jeu d’existence de modéle dans lequel une stratégie gagnante
pour Héloise, vue comme un poset, ajoute une théorie compléte contenant ¢ et préserve
en outre les ensembles stationnaires de w;. La préservation des ensembles stationnaires
de w; est assurée par la partie des conditions secondaires. Nous conservons les questions
d’Abélard qui apparaissent dans le jeu d’existence de modele afin de garantir que le poset
ajoute un modéle pour ¢, mais nous avons des questions supplémentaires concernant la
partie des conditions secondaires qui garantissent que le poset préservera les ensembles
stationnaires de w;.

Theorem 1.5.1. Supposons qu’il existe une classe propre de cardinaux inaccessibles. Soit ¢
une formule propositionnelle infinitaire sous forme normale de négation. Alors les énoncés
suivants sont équivalents.

a. ¢ est pes-consistante.

%'Dans Chapter 5, nous utilisons le terme « modéle virtuel » pour ce qui est appelé ici une condition sec-
ondaire.
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b. Pour un cardinal inaccessible r, Héloise a une stratégie gagnante dans D;’fi.
Proof. Voir Corollary 5.7.8. O]

Notre probleme motivant, qui consiste a ajouter un modéle a une formule par un poset
pes, devient le probléme de la description d’une stratégie gagnante pour Héloise dans D(S;;;.
Bien siir, cette stratégie n’est généralement pas évidente, mais elle provient parfois de
plongements génériques. Cela suffit a démontrer Theorem 1.4.8, par exemple.

Definition 1.5.2. Supposons que ¢ est une formule propositionnelle infinitaire et que x >
rank(¢) est inaccessible. Alors ¢ est dit AS-bonne en k ssi ¢ est consistante et pour tout
S C w stationnaire, il est vérifié dans V'@ <) que pour tout y |= ¢, il existent un
plongement élémentaire 7 : V' — W et un modéle /i = 7(¢) tels que crit(7) = w} € 7(9)
et pour toute sous-formule ¢ de ¢, i(7(¢))) = p(v). O

Theorem 1.5.3. Supposons que r est un cardinal inaccessible et que ¢ € V), est une formule
propositionnelle infinitaire qui est AS-bonne a k. Alors ¢ est pes-consistante.

Proof. Voir Corollary 5.8.7. O]
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Chapter 2

Introduction

2.1 Why universally Baire sets?

One of the most fundamental questions in Set Theory is which sets of reals exist. This is
even the core of the Continuum Hypothesis: in its original form, it asks whether there is a
set of reals which neither injects into w nor surjects onto R. The tremendous work done
by set theorists in the last few decades allows us to say, at least, that there are two kinds
of sets of reals: “canonical” and “chaotic”. The focus of this dissertation is on the canonical
ones, also known as universally Baire sets.

Universally Baire sets were introduced in [1]. Their definition is based on the property
of Baire.

Definition 2.1.1. Let X be a topological space and let A be a subset of X. Then A is said
to be Baire-measurable (or to have the property of Baire) iff there exists an open set U such
that AAU is meager. O]

The Axiom of Choice implies that there are sets of reals which are not Baire-measurable.
On the other hand, any reasonably defined set of reals is Baire-measurable.! Being aware
of these facts, we begin to associate Baire measurability with canonical sets of reals, and its
failure with the chaotic ones. It turns out that it is actually a strengthening of this property
that delimits these two kinds of sets of reals.

Definition 2.1.2. A set of reals A is said to be universally Baire?® iff for every compact
Hausdorff space X and every continuous function f : X —» R, the set f~![A] is Baire-
measurable in X. ]

One way in which universally Baire sets are “well behaved” is the fact that they are
Baire-measurable. It turns out that they are also Lebesgue-measurable. Moreover, they

1See for example Theorem 2.1.9.
2or, universally Baire-measurable
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have the Perfect Set Property. Returning to the connection with the Continuum Hypothesis
alluded to at the beginning, the fact that universally Baire sets enjoy the Perfect Set Property
means that a counterexample to the Continuum Hypothesis cannot be universally Baire. Of
course, one may wonder how important this last statement is, i.e., how rich is the collection
of universally Baire sets; the answer to this will become clear: it is quite rich® and probably
encodes a significant part of the canonical content of the universe®.

Thus, universally Baire sets are Baire- and Lebesgue-measurable and have the Prefect
Set Property, but more is true. These properties can be abstracted and strengthened into a
statement about the determinacy of length w, two-player games associated with universally
Baire sets.’

Theorem 2.1.3 (Martin, Steel, Woodin). Suppose there are two Woodin cardinals. Then every
universally Baire set of reals is determined.

Proof. This follows from [3, Theorems 3.1, 2.1, and 1.7]. O

The fact that universally Baire sets cannot witness the failure of the Continuum Hy-
pothesis suggests that they are somehow immune to forcing. This is indeed true, and we
will try to make it precise in several ways. First, universally Baire sets can be defined simply
as projections of certain well-behaved trees.

Definition 2.1.4. Let 7" and S be trees on w X Ord and let P be a poset. Then (7', S) are
[P-absolutely complemented iff

VF | p[T] =R - p[S].

]

The point here is that 7" and S are in V' and project to complements, but more is true:
in any generic extension, 7" and .S necessarily project to disjoint sets, but there is no reason
a priori that their projections cover all of R - this is what we impose in the definition. Now
these trees embody in their very definition a form of generic absoluteness: it is absolute
that they project to complements. Here is their connection to universally Baire sets.

Theorem 2.1.5 (Feng, Magidor, Woodin). Let A be a set of reals. Then A is universally Baire

if and only if; for every poset IP, there exist P-absolutely complemented trees’I" and S such that
p[T] = AS O

It turns out that universally Baire sets enjoy a much higher degree of generic absolute-
ness than the face value of this characterization suggests. To begin with, a universally Baire
set A ensures a canonical way to generically reinterpret the predicate “z € A”, defined on
reals x.

See Theorems 2.1.9 and 2.3.8.

“See Theorem 2.3.8.

>For a derivation of the above three properties from determinacy, see [2, Section 27].
%See [1, Corollary 2.1].
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Proposition 2.1.6 (folklore). Let P be a poset and let T',.S and T', S’ be two pairs of P-
absolutely complemented trees satisfying p[T] = p[T"]. Then V¥ = p[T] = p[T"]” O

Definition 2.1.7. Let A be a universally Baire set and let g be a V-generic. Then A, is the
unique set of reals in V'[g] such that for some pair 7', S of P-absolutely complemented trees
inV,

p[T)V = Aand p[T]V1 = A,.

O

The intuition here is that A, C R"19 is the canonical reinterpretation in V' [g] of the set
A C RY. Thus, universally Baire sets have canonical generic reinterpretations. However,
a kind of converse is also true.

Theorem 2.1.8. Let ¢(v,,v,) be a ¥, formula, where n < w, and let a be an arbitrary set.
Then the following are equivalent.

a. Theset A :={x € R: ¢(x,a)} is universally Baire and for all V -generic filters g,

Ay ={z € R: ¢(x,a)}".

b. For all § > rank(a) satisfying Vy <x,., V, there exists U C Vj, such that for all
countable elementary embeddings

7 (M, e, Ua) — (Vy,€,U,a)
with M transitive, for all M -generic filters g and all reals © € M|g],
Mlg] = ¢lx,a] <= V |= ¢z, a].
Proof. See [3, Lemma 4.1]. [

Once we are able to reinterpret the predicate “x € A”, it stands to reason that more
complicated formulas can be reinterpreted as well. For example, it turns out that if B is
projective in a universally Baire set A, then B is also universally Baire, and in V'[g] the set
B, is projective in A, by the same definition as B from A. We can even go beyond the
projective level.

Theorem 2.1.9 (Woodin). Suppose there exists a proper class of Woodin cardinals and A is a
universally Baire set. Then (R, A)* is universally Baire and for every V -generic g,

((Rv> A)ﬁ)g = (Rv[g]> Ag)ﬁ-

Proof. This is an unpublished result, but compare with [5, Theorem 3.3.9]. O]

’See [4, Proposition 1.3-IV].
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Thus, every set of reals in L(R, A) is universally Baire, and if g is V' -generic, there exists
an elementary embedding

j : L<RV7A) — L<RV[Q]7AQ)

such that forall B € Z(RV)NL(RY, A), j(B) = B,. This clearly generalizes the projective
level of generic absoluteness.

Theorem 2.1.9 can be seen as the starting point for this dissertation. In the following
sections, we will point out some questions that this theorem naturally raises, what was
known about them, and what we proved.

2.2 What is the Theory of L(R)?

A corollary of Theorem 2.1.9 is that the theory of L(R) is generically absolute, so it is
natural to ask what this theory is. The quoted theorem also implies that every set of reals
in L(R) is universally Baire, so in particular L(R) satisfies ZF + AD" + DC. Even though
the Axiom of Choice fails in L(R), its inner model HOD*® satisfies AC and is close to
L(R).2 The theory of HOD*® s a part of the theory of L(R) and thus also generically
absolute. This theory extends ZFC, but much more can be said about it: it turns out that
this model is L-like.

Let us focus on this last remark. Under our large cardinal assumptions, the sharp for
the minimal mouse with w Woodin cardinals, called M?, exists and has a unique (w;, w; )-
iteration strategy, say 2*. It turns out that this strategy is universally Baire; moreover,

L(R,2*) = L(R,R%). (2.1)

This suggests a connection between sharps for sets of reals and strategies for mice, but we
digress; we will explore this connection further in Section 2.3. Here we are interested in
the connection between (M?, ¥*) and HOD®),

Let (M,Y) denote the pair consisting of M? cut at the successor of its least Woodin
cardinal, together with the strategy for it obtained from .. Let s be a stack of normal
trees on (M,>),” with the last pair (N, T) whose main branch does not drop. We say
that (N, T) is a non-dropping iterate of (M, Y). The pair (N, T) can also be obtained from
(M, Y) via some other stack, say s’. However, the iteration embeddings given by s and s’
must be the same.’” We denote this unique embedding by iy 5),(v 1) Instead of starting
with (M, ), we could have started with (N, T), and the similar remarks would hold for
its iterates as well. In this way we get a family of non-dropping iterates of (M, ¥) together
with embeddings between them: whenever (IV,T) and (P, T) are two iterates of (M, X)

80ne way to make the closeness precise is to observe that every set in L(R) belongs to HOD,, for some
x € R, while on the other hand z is generic over HOD and it holds that HOD,, = HOD|z] )(see [6, Theorem
10.1.2]).

By this we mean that s is on M and according to 3.

10This follows from the Dodd-Jensen Lemma.
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such that (P, Y) is also an iterate of (IV, T), we have the embedding
i(N,T),(P,T) : (N, T) — (P, T)

It turns out that this family is a directed system. Ignoring the strategies for a moment, we
denote the direct limit model of the system by M. (M, X).

Theorem 2.2.1 (Steel). The following holds.

a. M (M, Y) is well-founded.
b. The Woodin cardinal of M is mapped to ©®) by the direct limit embedding L(M,5),00-

c. The domain of Mo.(M,%)||0*®) is (HOD[O)L®),
Proof. A proof can be found in [7]. O]

So (HOD[©)~®) has the structure of a mouse. On the other hand, full HOD*® is not a
mouse, but it is closely related to one; let us explain what it is. Since X is universally Baire,
it extends canonically to an (Ord, Ord)-strategy X" for M.!" By normalization, there exists
anormal tree 7 on (M, ¥7) whose last model is M, (M, X). In particular, the tail strategy
¥ is an (Ord, Ord)-iteration strategy for the direct limit model M, (M, X). We have the
following characterization of HOD*®),

Theorem 2.2.2 (Woodin). Let T* be the lifting of T to M,,.'* Then there exists a subset A
of ¥F such that HOD*® = MT"[A].13

Proof. A proof can be found in [7]. O]

Thus HOD*® differs from a mouse in that it is built from extenders and a partial iter-
ation strategy for its initial segment. Objects of this general kind figure prominently in the
arguments of Chapter 4. Let us just note here that HOD® has fine structure and all its
consequences: for example, HODY® = GCH.

Because it is a fine structural model close to L(R), it is tempting to call HOD*® “the
core model” of L(R), especially below ©%(®) 1* However, one usually expects more from
a core model. For example, this model usually enjoys some kind of local definability."® In
Chapter 3, we prove a result in this direction. To state it, for a set X we denote by px the
club filter on [X]“.

If A C H,, is coded by a universally Baire set, then one can define the class AT C V by asserting that
for every X, X € A" if and only if  Col(w,te(X)) EXe Ajg. So in the case of X, YT is defined, and it turns
out to be an (Ord, Ord)-iteration strategy.

12 M, is obtained from M by iterating its top extender out of the universe, i.e. Ord times.

Bwhere M7 is the final model of the tree 7*

14See the title of [8].

15See [9, Theorem 6.15], where this property is called “inductive definability”. See also [17, Lemma 3.5]
which contains a local definition of K ||x™% from K||; this kind of description will be one of the steps in
our proof of Theorem 2.2.3 (see Proposition 3.8.4).
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Theorem 2.2.3. Suppose there are w Woodin cardinals with a measurable cardinal above
them. The following holds in L(R). For all HOD-cardinals 1) from the interval [85, ©), the set
H (n*)HOD is lightface'® definable over the structure

Lx((HyOD)w)[NUL

where x is the second ordinal greater than ) for which the above structure satisfies

ZF~ + “P([n]*) exists”.

Proof. See Corollary 3.9.13. [

2.3 Where do universally Baire Sets come from?

If there is a proper class of Woodin cardinals, universally Baire sets, when studied under
continuous reducibility, form a line.

Theorem 2.3.1. Suppose there exists a proper class of Woodin cardinals. Then the collection
of all universally Baire sets is pre-wellordered by modified Wadge-reducibility"’.

Proof. This follows from Theorem 2.1.3 and [10, Lemma 2.1 and Theorem 2.5]. O

Higher rank in this pre-well-ordering corresponds to higher logical and combinatorial
complexity: for example, A <}, A’ In fact, climbing this hierarchy is closely related to
climbing the large cardinal hierarchy.'® Of course, we cannot expect to be able to do this
completely “algorithmically”, but if we relax our requirements, a lot can be said about how
universally Baire sets “come to be”. For example, Theorem 2.1.9 suggests a first attempt to
exhaust universally Baire hierarchy: let R®¥ := R and let R¥*+!) := (R, R*)* whenever
R is defined. For this procedure to be useful, we need to make sense of limit stages, and
we only know how to do that for limit ordinals of countable cofinality.

Let (A, : n < w) be an w-sequence of universally Baire sets; we want to define their
joint, @, _, A,. Forn < wand x € R, let (n, z) € R be defined by asserting

N n 1=0
. 2)(i) = {x(i —1), i>0.

Now we can define
@An ={(n,z) :n<w,xe A} CR.

n<w

16This means that only the parameters that are part of the structure are used. Of course, the additional
predicate that is part of the structure is also used.

17Mod[i:ﬁed Wadge-reducibility, denoted by <j,, is defined by asserting that A <{;, B iff A <w B or
A <w B".

BFor example, the mouse order on hod pairs refines the Wadge order. See also Conjecture 2.3.2.
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This is also a universally Baire set, and its Wadge rank is at least the supermum of the ranks
of A,’s. Thus, for a limit ordinal v of countable cofinality, if (]Rﬂa o < 7y) is defined, we

can set
RIY -— @Rﬁan’

n<w

for some cofinal sequence (o, : n < w) in 7. A subtlety here is that R¥ depends on
the choice of the sequence (o, : n < w); however, all sets obtained this way are Wadge-
equivalent, so the Wadge equivalence class of R is unique.

So what we get is the sequence (R* : o < w;). Now there are two possibilities: either
this sequence is cofinal among universally Baire sets, or it is not.” We exclude the first
possibility by strengthening our large cardinal assumption: we assume that there exists a
proper class of Woodin cardinals which are limits of Woodin cardinals.?® This means that
there are limit stages of uncountable cofinality. This is a problem: we do not know how to
join w; many universally Baire sets.!

Fortunately, there is a way to proceed: it involves recalling the connection between
sharps and strategies for mice alluded to in Eq. (2.1). Here it is more convenient to work
with hod mice instead of mice.” It follows from results of Sargsyan® that there exists a
universally Baire set that codes a strategy for a hod mouse and whose Wadge rank is at
least

sup{w(R*) : o < wy }.

Let 3 be such a strategy of the lowest mouse rank;** this strategy is not unique, but it is
unique up to the mouse equivalence. Let R*! be the set of reals that codes Y; this set
depends on the choice of ¥, but its Wadge equivalence class does not.

More generally, whenever v is a limit ordinal of uncountable cofinality and the sequence
(R* : o < ) is defined and not Wadge-cofinal in universally Baire sets, we can define R*Y
to be the mouse-order-minimal iteration strategy for a hod mouse that is Wadge-above all
R (a < 7), provided there is at least one such strategy. This brings us to the fundamental
question of the existence of strategies. The following conjecture is a version of Hod Pair
Capturing relevant to our discussion.

The first possibility occurs, for example, in the minimum model of ZFC+“there is a proper class of Woodin
cardinals”.

2The first possibility is then excluded by Theorem 2.3.8 (see also the preceeding paragraph). Let us also
note that even smaller large cardinals suffice for this exclusion: see, for example, [18, Theorem 30].

?1Given a sequence of universally Baire sets (A, : @ < w; ), one might try to take as their joint the set

{{z,y) :y € WO A x € Aot

However, we cannot expect this set to be universally Baire just because the individual sets are, without saying
anything about the sequence itself. It may seem that this problem does not arise for the sequence (R** : o <
w1): after all, we spoke as if it were canonical. However, this sequence is only canonical when considered
as a sequence of Wadge degrees: at limit stages, we must choose a cofinal w-sequence, which introduces
randomness in the construction.

22Because of their relation to HOD’s of determinacy models.

2See [11, Corollary 0.1].

240ne can easily reconstruct the underlying mouse from its strategy. Thus we can speak of the mouse
order of strategies, i.e. the mouse order of the mouse pairs implied by strategies.
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Conjecture 2.3.2. Suppose there is a proper class of Woodin cardinals. Then either there is a
universally Baire set that codes a strategy for a hod mouse with a long extender on its sequence
or sets of reals that code strategies for short-extender hod mice are cofinal among universally
Baire sets.” O

Short-extender hod mice are precisely defined in [12]. The theory presented there can
be adjusted to make sense of a hod mouse whose extenders are all short except for the top
one. This is enough to make the first possibility of the conjecture precise. However, if this
possibility occurs, then we do not know how to continue beyond the strategy for such a
hod mouse. More precisely, assuming that the conjecture is true, the procedure outlined
above produces the sequence

(R* : a < 9)
with the following property: either $ is a limit ordinal and the sequence is Wadge-cofinal
among universally Baire sets or $ is a successor ordinal and R¥®~1) codes a strategy for a
hod mouse whose top extender is long. If the second case occurs, to climb beyond R#®~1)
we must first develop the theory of hod mice with long extenders.

This is a description of a bottom-up construction of universally Baire sets using sharps
and mice. We want to know whether these sets can be constructed more simply, in a com-
binatorial manner.

Let /[y be the powerset of reals computed in L(R); /[, is a Wadge-initial segment of
universally Baire sets. We have already shown two ways to go beyond /Iy: both R* and
the strategy for M are universally Baire sets of reals outside /[,. There is also a third
way, which is most in the spirit of what we want to do now: every set of reals in L(/[}")
is universally Baire, and not all of them are in /];. This motivates the introduction of the

operator
’ O, : 2(PR)) — P(P(R)): T — P(R)NLIY).

We can then state the following general fact, which is stated in terms of closed pointclasses,
i.e., those sets of sets of reals I that satisfy Z(R) N L(R,I") =T.

Proposition 2.3.3. Suppose there exists a proper class of Woodin cardinals and I’ C UB is a

closed pointclass. Then

a. every set of reals in Oy (I") is universally Baire,

b. I' C O1(1) if and only if cof (T, <{) = w.

Proof. For the first part, see Proposition 2.3.4. For the second part, first assume that
cof (I, <) = w.
Let (A, : n < w) be a Wadge-cofinal sequence in I'. We have that

A, o) -T.

n<w

On the other hand, suppose cof (I', <{},) > w. Then I'¥ C L(I"), so O, (I") =T.. O

BCf. [12, Definition 1.7.1].
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It turns out that L(O1(/)) is of the form L(R, A), for some set A, so that the Wadge-
cofinality of its powerset of reals is again countable.”’” This motivates us to try to iterate
this operator to get more universally Baire sets. In general, for a function

O0: 2(ZR)) — Z2(Z(R)),
we define O : Z(Z(R)) — Z(Z(R)) by recursion on a:

« 0V is the identity on Z(Z2(R)),
° OCX+1 = O ¢] OOC,

« O 2(ZR)) — Z2(ZR)): I'—=U,.., 0*T), for a limit ~,

a<ly

c O P(PR) — P(P(R)): T — Z(R)NL(O(T)), for a limit ~.

We define the limit stage in this way to ensure that O” takes values in closed pointclasses -
we are only intersted in operators with this property anyway. So the pointclasses O (/)
will make up an increasing sequence of closed pointclasses of universally Baire sets, up
to the point where it stabilizes. This happens before the minimum model of ADg: the
corresponding pointclass Of(/ly) is the first closed pointclass I that satisfies

cof (I, <) > w.
To go beyond this point, a new operator is needed.

The new operator comes from Woodin’s unpublished work on the minimum model of
ADg + DC. The idea behind it is a theorem of Solovay, which states that under ADg the
club filter on [X]“ is an ultrafilter whenever X is a surjective image of the reals. For any
set X, let us denote by 11x the club filter on [ X|“; we then get the operator

Oy : P(P(R)) — P(PR)): T s P(R) N LI) ).

Proposition 2.3.4. Suppose there exists a proper class of Woodin cardinals and ' C UB is a
closed pointclass. Then I C O5(I") C UB.

Proof. By [5, Theorem 3.3.19], there exists a closed pointclass I'* C UB such that I' C I™.
It follows from Proposition 4.3.16 applied to L(I™*) that Oo(I") C L(I'*), which is sufficient
for the conclusion. O

Theorem 2.3.5 (Woodin). Suppose

1. there exists a proper class of Woodin cardinals,

2. A is a universally Baire set,

#We can simply take €D, _,, An, for a Wadge-cofinal sequence in /.
27 A Wadge-cofinal sequence (A,, : n < w) in the powerset of reals of L(R, A) is given by A*: to get A,,,
take the formulas of (the theory of) A* in which only the first n indiscernibles appear.
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3. for every closed pointclassI" C {B : B <}, A}, L(I") =~ ADr + DC.
Then for some o, A € O3 (o).

Proof. This follows from Proposition 2.3.4 and Corollary 4.3.18. [

Under a sufficiently strong large-cardinal assumption, the minimum model of ADg+DC
exists, and all sets of reals in it are universally Baire.?® It follows that for some a, L(O%(/ly))
is this model. It is not clear whether further iterations of O can go beyond this model,* but
we know that they cannot reach the minimum model of ADg + cof (©) = 0.%° To reach this
model, a further modification of the operator is required. We have found such an operator
and proved that it can reach the minimum model of ADg + cof () = ©.

Our operator is defined as follows. First, let
O;: Z2(Z(R)) x Ord — Z(Z(R)) : (I',k) — Z(R) N LI, k) [ur, ).

Then, forI' C Z(R), we define O3(I") to be O}(T, k) for the smallest x < Ord that satisfies
either I' C O}(T', k) or k = Ord. This is what we know about the extent to which O3 can
produce universally Baire sets.

Theorem 2.3.6. Let I be a closed pointclass such that L(I") = ADg. Suppose that in L(T"),
there is no least-branch hod pair with a measurable limit of Woodin cardinals. Then for some

Q, I'= O?o: (,ZZ())
Proof. See Theorem 4.1.1. ]

We stated the theorem in terms of determinacy pointclasses, which makes it applica-
ble in a more general context than just that of universally Baire sets. We return to the
universally Baire context by recalling Theorem 2.1.3.

Let us now state three corollaries to this theorem. We have already mentioned that the
minimum model of ADg + cof(©) = © cannot be reached by iterating the operator O.
However, it can be reached by iterating the operator Os: this follows from Theorem 2.3.6
and from the fact that the minimum model of ADg + cof(©) = © does not contain a hod
pair with an inaccessible limit of Woodin cardinals.

Corollary 2.3.7. Suppose there exists an inner model containing all reals and satisfying
ADg + cof (©) = ©. Then for some o, L(O5 (1)) is the minimum such model. O

28For example, this follows from Theorem 2.3.8 (see also the preceeding discussion).

2Let T be the powerset of the reals of the minimum inner model containing all reals and satisfying ADg +
DC+"p g (r) is an ultrafilter”. Then I is the C-minimum pointclass satisfying O>(I') = I'. We expect that
this pointclass is strictly bigger than the powerset of reals of the minimum model of ADg + DC, but this does
not seem to be immediate and we could not find a reference in the literature. Let us also mention that we do
not know whether the minimum model of ADg + DCH-“/1 () is an ultrafilter” is the same as the minimum
model of ADg + DC+“w; is Z(R)-supercompact”.

%0See Footnote 10 of Chapter 4.
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It was known from earlier work of Sargsyan that the minimum model of ADg+cof (©) =
O exists, but this is the first “bottom-up” construction of it. To see what is gained by such
a construction, consider the so-called Chang-plus model:

CM™ := L(Ord“)[(ftaw : @ € Ord)].

Woodin showed that large cardinals imply that the Chang-plus model satisfying AD" +“w;
is supercompact”. It then follows from work of Tkegami and Trang that this model actually
satisfies ADg + DC+“w; is supercompact”.*" We are interested here in the following, more
precise statement of Woodin'’s result.

Theorem 2.3.8 (Woodin). Suppose there exists a proper class of Woodin cardinals which are
limits of Woodin cardinals. Then the following holds:

a. there exists a universally Baire set which is Wadge-above every set of reals in the Chang-

plus model;

b. forall X € CM™, ux N CM™" belongs to the Chang-plus model and is a normal fine
ultrafilter there.>

]

Using this fact, we can obtain two additional corollaries of our result. The first is that
the minimum model of ADg + cof (©) = O is contained in the Chang-plus model.

Corollary 2.3.9. Suppose there exists a proper class of Woodin cardinals which are limits
of Woodin cardinals. Then the minimum model of ADg + cof(©) = © is contained in the
Chang-plus model. O]

The point here is that Theorem 2.3.8 also ensures that O3 is absolute between CM* and
V. The flip side of this reality is that the operator O3 cannot go beyond the powerset of
reals of the Chang-plus model:

Os (Z(R) N CMT) = 2(R) N CM*.

This leads to another corollary regarding the existence of hod mice with universally Baire
strategies.

Corollary 2.3.10. Suppose there exists a proper class of Woodin cardinals which are limits
of Woodin cardinals. Then there exists a least-branch hod pair with scope H,, whose mouse
component has a measurable limit of Woodin cardinals and whose strategy component is coded
by a universally Baire set.

31See [13, Theorem 4].
32See [14, Theorem 1.3].
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Proof. Let := 2(R)NCM™. By Theorem 2.3.8, there exists a universally Baire set A such

that
'={BCR:B<y A}.

By [5, Theorem 3.3.19], there exists a closed pointclass I'* such that A € I C UB and
L(I"™) = ADg. Since O3(I") = I, Theorem 2.3.6 (applied to I'*) implies that there exists a
least-branch hod pair with scope H,, in L(I'*) whose mouse component has a measurable

limit of Woodin cardinals. O

2.4 Generic Absoluteness and Maximality

Theorem 2.1.9 implies, among other things, that truths which are projective in universally
Baire sets are generically absolute.

Corollary 2.4.1. Suppose

1. there exists a proper class of Woodin cardinals,
2. A is a universally Baire set,
3. ¢ is a sentence in the language { R%, R\ },

4. P is an arbitrary poset.

Then (H,,, €, A) | ¢ ifand only if V¥ |= ((Hy,, €, 4;) E ¢). O

We wonder how to go beyond this. For example, we will be able to establish the follow-
: 33

ing

Theorem 2.4.2. Suppose

1. there exists a proper class of Woodin cardinals,

2. A is a universally Baire set,

3. ¢ is a X, sentence in the language { RZ, R,l\lswl , R4
4. P is an arbitrary poset.

Then (H,,, €,NS,,, A) = ¢ if and only if V¥ |= ((H,,, €,NS,,, 4;) E ¢).

33To see that this is stronger, note that every first-order fact over (H,, , €, A) is coded into A, which is

itself universally Baire.
**This means the atomic formulas allowed for building ¢ are of the form R2 (z,y), RZ(z,y), R,l\lsul (x)

or RY(x). These atomic formulas are interpreted as asserting “z = y”, “z € y”, “z € NS,,,” and “z € A”,
respectively.
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Proof. See Corollary 6.6.4. [

In this theorem, universally Baire sets are used as predicates.* If we assume CH, we can
also use them as parameters.* In this way we arrive at a conjecture which is a strengthening
of Woodin’s theorem on Generic 32-absoluteness conditioned on CH.

Conjecture 2.4.3. Suppose

1. there exists a proper class of Woodin cardinals,

2. CH holds,

3. A is a universally Baire set,

4. ¢(va) is a Xy sentence in the language { RZ, Rys,, }.

5. P is an arbitrary poset that forces CH.
Then (H,,, €,NS,,) = ¢[A] if and only if V¥ = ((H.,,, €,NS.,) = ¢[4;]). O

The proof of Woodin’s theorem mentioned above shows that the result is true if the
predicate NS,,, is omitted.

Theorem 2.4.4. Suppose

1. there exists a proper class of Woodin cardinals,

2. CH holds,

31f A is only allowed as a predicate, then the statement “there are = and y in A such that z # y” is not X:
it is formally equivalent to the ¥; formula

Az, 3y, Ra(z) A Ry(y) A —R2(z,y).

One may wonder if the quantification 3z € A is bounded. The answer is that this syntax is simply not
permitted. Namely, if c is a constant, then 3z € ¢, 6 formally means

dx, R%(aac) A b,

since there is no constant for A in our language, the syntax 3z € A does not apply. In other words, if we
have some language in which we have a constant symbol ¢, and a unary relation Rll) for speaking about a set
p. then there are to ways to express the idea “z € p”: we can say R{(x,¢,) or we can say R} (x). The first
expression can be used to bind a quantifier, whereas the second cannot.

3Tf CH does not hold, R cannot be used as a parameter over the domain H (w5 ) because it does not belong
to that domain. On the other hand, if CH holds, R (and every other set of reals) can be used as a parameter.
Using a set A as a parameter means extending the language with a constant symbol and then interpreting
it as A; this by definition requires that A belongs to the domain of interpretation. This is equivalent to
maintaining the same language, but considering a formula with an additional free variable v4 for A; this
variable is subsequently evaluated as A.
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3. A is a universally Baire set,
4. ¢(v4) is a X1 sentence in the language of set theory,

5. P is an arbitrary poset that forces CH.

Then (Hw27 E) ): ¢[A] if and only lfVP ): ((HW27 G) ): ¢[Ag]>
Proof. See Theorem 6.7.9. ]

Another way to go beyond the generic absoluteness established in Theorem 2.4.2 is
to look at II, sentences instead of ;. In this case, there is no hope of obtaining generic
absoluteness. Namely, -CH can be expressed by a Il sentence over the structure (H,,, €
,R), while both CH and —CH can be forced. In this case, the best one can hope for is generic
maximality. For example, consider the following principle.

Definition 2.4.5. The sentence (f)yg asserts that for every universally Baire set A and
every II, sentence ¢ in the language {RZ, Rys, , R}, if

EIIP? ”_P ((H(w2>7 <, NSUJ17 Ag) ): ¢> s

then (H (w9), €,NS,,, A) = ¢. N

It can be shown that it is essentially equivalent to the following bounded form of Mar-
tin’s Maximum™™ (in particular, it is true under Martin’s Maximum™™).

Definition 2.4.6. The sentence UB — BMM ' asserts that for every universally Baire set
A, every ¥; formula ¢(v,) in the language {RZ, Rys, , [t} and every a € H,,, if

dP S8p, VP ): ((H(WQ)v €, NSwl? Ag) ): ¢[a’]) )
then (H(w2), €,NS,,, A) = ¢|a]. O

Theorem 2.4.7 (Asperd, Schindler, Woodin). Suppose there exists a proper class of Woodin
cardinals. Then the following holds.

a. UB — BMM™*™ implies (1)us.

b. If there exists a supercompact cardinal, then (1)yg implies UB — BMM™ ™+,

Proof. This follows from the well-known facts of [15] and [16]. We spell out exactly how
in Corollary 6.2.13. O
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The principles UB—BMM™ " and (f)yg can be weakened by omitting the predicate NS,
from their statements. This way we get the principles UB — BMM and () g, respectively.
The implication UB — BMM*" = (})yg from Theorem 2.4.7 is verified by citing [16] to
get

UB — BMM™" = (x)yp
and citing [15] to get
(*)Jus = (T)us,
where (*)ypg is a natural strengthening of the axiom (x) defined in Definition 6.2.5. To show
that UB — BMM = (})g, we cannot simply go through (x)yg as above. However, by
going through the proofs of the two implications and eliminating cuts®’, we get a version
of the proof which can be adjusted to show this new implication.

Theorem 2.4.8. Suppose there exists a proper class of Woodin cardinals. Then UB — BMM

implies (1) yg-

Proof. See Corollary 6.4.5. ]
From the proof of this theorem, it will be seen that the main step is the verification of

the following proposition.

Proposition 2.4.9. Suppose

1. there exists a proper class of Woodin cardinals,
2. Ais a universally Baire set,
3. ¢(z) is a Xy formula in the language { R%, c,,,, R4},

4. there exists a poset that forces “(H,,, €, w1, A;) = Vz, ¢(z)”.

Then there exists an ssp poset Q such that it holds in V? that H), € H,,, and

(Hu,, € w1, Ay) E Vo € HY ().
Proof. See Proposition 6.4.4. [

To prove this proposition, we write down an infinitary propositional formula ¢ and ask
whether a model for it can be added by a stationary-set-preserving poset. We then argue
that the answer is affirmative; any such poset Q works as required in the conclusion of
Proposition 2.4.9. Note also that it is not entirely straightforward how to find the correct
formula @, but the necessary ideas exist in [16] (though the authors there develop an ad
hoc language instead of using infinitary propositional logic). Be that as it may, once we
have our formula, the question to answer becomes quite general: when can a model to an
infinitary propositional formula be added by a stationary-set-preserving poset? This leads
us to the final line of research pursued in this thesis.

%7 Assuming the natural translation from informal to formal proofs, applying a lemma within a proof cor-
responds to a cut; eliminating this cut corresponds to replacing the reference to the lemma by its proof.
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2.5 SSP-satisfiability of Infinitary Formulas

Before answering when a model of an infinitary propositional formula can be added by an
ssp®® poset, let us first consider the same problem for an arbitrary poset. The answer to this
problem is essentially folklore, once put in the proper context.

Let ¢ and 1) be two (ordinary) propositional formulas. We have a well-defined notion
of provability, ¢  1: this simply asserts that there is a deduction tree in the natural-
deduction system, NK, whose conclusion is 1) and whose only non-discharged assumptions
are ¢. In this case, the provability relation is equivalent to the standard notion of semantic
consequence, ¢ |= 1): the assertion in this case is that every model of ¢ is also a model of

.

Now, in the case where ¢ and v are infinitary propositional formulas, the relation ¢ - 1
can be defined in a relatively straightforward way. The point is that the system NK should
be modified to allow certain infinitary rules. For example, there should be an introduction
rule for infinite conjunctions, which strengthens the usual (finitary) one. A consequence of
this requirement is that deductions should now be allowed to be infinite trees; nevertheless,
they are still well-founded trees. Once these adjustments are made, the provability relation
has essentially the same definition as before.

What is the semantic counterpart of this provability relation? To understand the answer,
note that the assertion ¢ - 1 is (1) generically absolute, and (2) implies that every model
for ¢, in every generic extension, is also a model of {). Now consider the natural formula
¢, whose models code a countable cofinal subset of w}/, on the one hand, and the formula
1 := L, on the other. In VColw.wr) there is a model for ¢, while there is no model for L ; so
¢ t7 L. This last fact also holds in V/, but the formulas ¢ and | have the same set of models,
viz., the emptyset. This shows that the relevant set of models to consider for = is (at least)
the set of all models in all generic extensions.

Indeed, we define ¢ = 1) to mean “for all posets IP and for all /1 € VP,

e (il ¢ = fif=v)"

In this way, the completeness theorem holds: for all infinitary propositional formulas ¢ and

Y, ¢ 1) if and only if ¢ = 1.

The study of these two relations can be somewhat simplified by taking the formula on
the right to be _L. No generality is lost in this way: ¢ - ¢ if and only if p A —¢) = L, as well
as ¢ =1 if and only if p A =) = L (viz., ¢ A =) has no model in any generic extension).
Recalling that we read “¢ I/ 1” as “¢ is consistent” and “¢ [~ 1” as “¢ is satisfiable”, the
completeness theorem then reads: an infinitary formula is consistent if and only if it is
satisfiable.

Since satisfiability means existence of a model in a generic extension, it is natural to
call “ssp-satisfiability” the property of existence of a model in a generic extension by a
stationary-set-preserving poset. Our motivating question is then when an infinitary propo-

%8i.e., “stationary-set-preserving”
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sitional formula is ssp-satisfiable. The characterization we are able to give here is not proof-
theoretic, but rather game-theoretic. It finds its motivation in the Model Existence Game.

Let ¢ be an infinitary propositional formula in negation normal form. The Model Ex-
istence Game associated with ¢ is a two-player game of length w. Player I plays questions,
while Player II answers by playing working parts. These working parts are finite sets of
subformulas of ¢; Player II must make sure that they do not contain a pair of a proposi-
tional letter and its negation, otherwise she loses. The game starts with Player II choosing
an arbitrary working part containing ¢, and continues with Player I asking questions, and
Player II enlarging the working part so that the enlarged working part has an answer to
the question.

Player I can ask two kinds of questions. In the first kind, he chooses a conjunction that
occurs in the current working part, picks a conjunct in it, and asks Player II to enalarge the
working part so that it contains that conjunct (and possibly other things). In the second
kind, Player I chooses a disjunction that occurs in the current working part and asks Player
II to extend the working part so that it contains at least one of the disjuncts (and possibly
other things). The point is that during these enlargements, Player II may be forced to in-
clude a pair of a propositional letter and its negation. The intuition behind the game is that
Player II pretends to know a model for ¢, but Player I thinks she is lying and asks questions
to catch her in the lie.

This is the Model Existence Game associated with ¢, and Player II has a winning strat-
egy in it if and only if ¢ is satisfiable. We want to answer the question whether there is a
game that characterizes ssp satisfiability in a similar way. The answer is yes, and the game
is a variation of the game just described; we call it D P . The subscript « is an inaccessible
cardinal, and its presence is due to the fact that Player IT has to play a side-condition part
in addition to the working part. A side condition is a set that is elementary in its transitive
closure and satisfies ZFC™.*° A prototipical example is an elementary submodel of some
Hy. A side-condition part is a finite €-chain of countable side conditions (with some addi-
tional restrictions). The parameter x indicates, among other things, that all side conditions
considered in the game are in V..

A winning strategy for Player II in the Model Existence Game, seen as a poset, can
be used to force a complete theory (and hence a model) for ¢. The point is that forcing
with it we get a generic play of Player I in which “all questions” are asked; the union of
working parts of this play is a complete theory. Now the game 07, is a modification of
Model Existence Game in which a winning strategy for Player II, seen as a poset, adds a
complete theory containing ¢ and is additionally stationary-set-preserving. The stationary-
set preservation is ensured through the side-condition part. We keep Player I's questions
that appear in the Model Existence Game to ensure that the poset adds a model for ¢, but
we have additional questions about the side-condition part that ensure that the poset will
be stationary-set-preserving.

Theorem 2.5.1. Assume there exists a proper class of inaccessible cardinals. Let ¢ be an
infinitary propositional formula in negation normal form. Then the following are equivalent.

%In Chapter 5 we use the term “virtual model” for what is here called a side condition.
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a. ¢ is ssp-satisfiable.

b. For some inaccessible cardinal r, Player Il has a winning strategy in Dzii.

Proof. See Corollary 5.7.8. ]

Now our motivating problem of adding a model to a formula by an ssp-poset becomes
the problem of describing a winning strategy for Player Ilin 0. Of course, it is not obvious
in general what this strategy is, but sometimes it comes from generic embeddings. This is
enough to prove Theorem 2.4.8, for example.

Definition 2.5.2. Suppose ¢ is an infinitary propositional formula and x > rank(¢) is
inaccessible. Then ¢ is said to be AS-good at x iff ¢ is satisfiable and for all stationary
S C wy, it holds in VC!«:<r) that for all i = ¢, there exist elementary 7 : V. — W
and /i = 7(¢) such that crit(7) = w) € 7(S5) and for all subformulas 1 of ¢, ji(7(¢))

(). -

Theorem 2.5.3. Suppose r is an inaccessible cardinal and ¢ € V,, is an infinitary proposi-
tional formula which is AS-good at k. Then ¢ is ssp-satisfiable.

Proof. See Corollary 5.8.7. [
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Local Definability of HOD in L(R)

3.1 Introduction

In this chapter, we work in a ZFC universe V' with the following large cardinal assumption.

Section Assumptions 3.1.1. We assume that there exists a measurable cardinal with w
Woodins below it. O]

There are two important consequences of this assumption that will play a crucial role
here.

Theorem 3.1.2. The Axiom of Determinacy AD holds in L(R).

Proof. This is a classical result that came out of the work of Martin, Steel, and Woodin. Its
full proof can be found in [19]. O

The other result, Theorem 3.1.3, concerns the existence and iterability of the mouse
./\/15) This theorem is a well-known fact in Inner Model Theory, but we were unable to
pinpoint an exact reference. As a courtesy to the reader, we will briefly outline its proof.
Regarding its notation, the mouse M? is defined in [20, Definition 7.3]. We will state here
its basic properties, but in later sections, we will be mostly concerned by the mouse M,
which is obtained from M by iterating its top extender out of the universe. At the end
of this introduction, we will review the notation concerning mice. We note here that all
premice have the degree of soundness, which we denote by k(—). Our convention is that
k(M) = 0. This mouse projects to w and it is sound.

Theorem 3.1.3. Let \ be the least limit of Woodins. Then MF, exists and it has a unique
(w1, wy + 1)-iteration strategy 3. The strategy Y| H,, is coded by a <\-universally Baire set.

Proof outline. The existence of M follows from [20, Theorem 7.2]. To verify the unique-
ness, we have to consider Q-structures, which will be reviewed in Section 3.2. Since ME,
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projects to w, for all normal trees 7 on M of countable limit length and for all cofinal
wellfounded branches b through 7, we have that Q(7,b) exists. If 7 b is according to
some (wq,w; + 1)-iteration strategy, then Q(7, b) is (w; + 1)-iterable. This means that any
such strategy must pick the same branch through 7 (cf. [20, Corollary 6.14]). This shows
the uniqueness of the restriction of > to normal trees. The uniqueness of the full strategy
then follows from the normalization (cf. [21]).

To verify that the strategy ¥ := Y [H,, is <A-universally Baire, fix an uncountable
cardinal x < ). By doing the K¢ construction above x, we reach M’ and obtain the
strategy for it from the construction. This construction is absolute between V' and any
generic extension of V by a poset of size <x. In the generic extension, we also reach M}
and obtain the strategy for it from the construction. Since these strategies come from the
realizability into the construction (cf. [20, Theorem 6.6]), it is easily seen that club many
hulls are <k-generically correct about W. This implies that ¥ is <x-universally Baire (cf.
[3, Lemma 4.1]). O

We denote by O, 8%, HOD, and HOD,, (for all € R) the corresponding objects com-
puted in L(R). It was shown by Steel and Woodin (cf. [7]) that HOD||©' is a premouse.
They in fact represented this structure as a certain direct limit of mice, which we will de-
scribe in Section 3.6. The first paper in this direction was [8], where the author said that
“HOD*® s a core model below ©”. One usually expects of a core model more than just
the structure of a premouse. For example, one might expect it to be locally definable?. Our
work can be understood as a step in this direction. We show the following.

Theorem 3.1.4. Suppose

1. n € [6%,0) is a HOD-cardinal,
2. p, is the supercompactness measure’ on [1]* in L(R),

3. x is the second ordinal > 1) satisfying that

L\ ((HOD||n)*) ] = ZF~ + “P([n]*) exists™.

Then HOD || t1OP is definable over the structure

(Ly((HOD{|n)*)[py], €, i, (HOD||n)*),

with no additional parameters.*

Proof. See Corollary 3.9.13. ]

"Whenever W is a transitive model of ZFC and & is a cardinal in it, we denote by W || the model H .

2This is elsewhere called “inductively definable”; see for example [9, Theorem 6.15]

3We say the supercompactness measure since there exists a unique such measure (cf. Theorem 3.9.2).

*For the sake of precision, in the given structure, /i, is a predicate and we consider its restriction to the
domain of the structure, while (HOD||)* is used as a constant.
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In Section 3.2, we review the basics of Q-structures. Under certain circumstances, these
structures determine which branches should be picked by an iteration strategy. They play
the crucial role of allowing us to approximate iteration strategies of certain mice inside
L(R). These mice will be called super-suitable and they will be our primary focus here.
Since L(R) cannot ascertain the super-suitability, we will need to extract some weaker
properties from it. One such property is the suitability, introduced in Section 3.3. The
super-suitability itself is introduced in Section 3.4, while Section 3.5 analyses one more
weakening of it, the so-called short tree iterability. In Section 3.6, we describe the already
mentioned result of Steel and Woodin on representing HOD||© as a direct limit of mice.
This concludes the introductory part of the chapter.

Sections 3.7-3.9 contain the main arguments of the chapter. In Section 3.7, we use known
facts on the normalization of stacks of normal trees to see HOD as a normal iterate of super-
suitable mice. The normal tree leading from a super-suitable mouse to HOD||© is unique
and we analyze those trees. In Section 3.8, we use this analysis to give a definition of
HOD||»*HOP over a structure of the form

L(R, Qy),

where 7 is a HOD-cardinal from the interval [§7, ), Q,, is the shortest initial segment of
HOD||© that knows that 71 is not Woodin in HOD, and & is a certain admissible ordinal.
Finally, in Section 3.9, we show that Q, is definable over a structure of the form

Lx((HODHW)w)[Nn]

and obtain the main result of the chapter, Corollary 3.9.13.

Notation

We review the notation which we will be using. We will try to follow the notation of [12] as
closely as possible and note the differences when they arise. We will need to use J-hierarchy
above some 1z, which is defined as follows:

JE(x) = V,Utrcd({z})
Jan(@) = rudp(Jy (2) U {7 (2)})
Jf(l’) = U Jf(x) (7 limit).
€<y

An z-J-structure M has the form
M = (JE(z),€,E, A, y:y € trc({z})),
where A is amenable to JZ (). We denote
6(M) ;== aand o(M) := wa.
Following [22], we define the first projectum of M as below.
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Definition 3.1.5. Suppose that

1. x is a set,

2. M = (JE(x),...) is an z-J-structure.

Then p; (M) is the least p < a such that there exists A € X}/ satisfying

ANJP(z) & M.

Note that it can (and does) happen, according to our definition, that
pr(M) = 1.

If x = 0, the usual definition would have the projectum be w, so this is a difference to
keep in mind. If p; (M) > 1, there are no discrepancies of this kind. Regarding the notions
of the standard parameter and soundness, they have their usual description, but w.r.t. the
language of z-J-structures. This comment about the language was not necessary when we
were defining the projectum: the set A above needs only be boldface definable anyway.
However, in the case of the standard parameter and soundness, it is important to know that
the elements of trcl({x}) are always allowed to be used as constants.

All premice are MS-indexed and they have the soundness degree integrated into them.
If M is a premouse, then k(M) denotes its soundness degree. For all (n,1) < (6(M), k(M)),
we denote
M(,0) := (J €, BM g, B,

M|n :== M|(n,0),
Mln = (JF", €, E19,0,0).

An ordinal £ < o(M) is a strong cutpoint of M iff for all extenders E on the M-sequence,
either Ih(E) < & or crit(E) > &. In the case that M has a unique Woodin cardinal, that
cardinal is denoted by §(M). All of this notation relativizes to z-premice in the obvious
way. If we end up talking about X, 1, the reader should understand this as simply talking
about rX,,.

3.2 Q-structures

In this section, we review basic facts about Q-structures. For an introduction on this, the
reader is invited to consult [20]. Our definitions here are based on [23, Definition 3.3].

Definition 3.2.1. Suppose that

1. M is a premouse,
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2. 6 <o(M),

3. Q <M.
Then () is a O-structure of M at ¢ iff both a and b hold, where:

a. either 0 = o(Q) or @ =0 is Woodin”;
b. one of the conditions i, ii, or iii is met, where:

i 6(Q) < o(M), k(Q) = w, and 0 is not Woodin in J; (M)°;

ii. 6(Q) = o(M), p(Q) = 9, and there exists an r¥;(a7)+1 subset of § witnessing
that ¢ is not Woodin in J; (M);

iii. 6(Q) = 0o6(M) and p(Q) < 4. O]

Notation 3.2.2. In the setup of the previous definition, there there exists at most one ()
which is a Q-structure for M at ¢. If such () does exist, we call it the Q-structure for M at
0 and we denote it by O(/, ). To say that such () exists, we use the shorthand of saying
“Q(M, ) exists”. O

In an iteration tree of limit length which is not too complicated, cofinal branches come
with a naturally assigned Q-structures. These structures can then be used to pick the right
branch through that tree.

Definition 3.2.3. Suppose that

1. M is a premouse,
2. T is anormal tree on M of limit length,
3. bis a cofinal well-founded branch of 7.

Then O(7,b) exists iff Q(M],5(T)) exists. In that case, we denote by Q(7T,b) the struc-
ture Q(M],5(T)). O

The Q-structures corresponding to two different cofinal branches are mutually in com-
parable, unless they are of a certain particular type. We isolate this exception in the follow-
ing definition.

Definition 3.2.4. Suppose that

1. M is a premouse,

2. T is anormal tree on M of limit length,

>Note that the universe of J; (M) is the same as the universe of M ||(6(M) + 1).
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3. bis a cofinal well-founded branch of 7.
Then (M, T, b) is an anomaly iff all of the following conditions are simultaneously met:

a. M is not sound,
b. b does not drop,
c. Q(T,b) exists and is equal to M. O

Proposition 3.2.5. Suppose that

1. M is a premouse,
2. T is a normal tree of limit length on M,
3. b # c are cofinal well-founded branches through T,

4. (M,T,b) and (M, T,c) are not anomalies.
Then neither Q(7,b) < Q(T,¢) nor Q(T,c) I Q(T,b).
Proof. See [20, Theorem 6.12]. O

If 7 is a normal tree on M of limit length and if the next branch to be picked has the
Q-structure, we might try to guess that structure before actually knowing the branch. We
now work towards introducing this structure and finally succeed in doing so in Definition
3.2.9.

Definition 3.2.6. Suppose that M is a premouse. Then M is countably iterable iff for
all countable premice M and all elementary i : M — M, it holds that M is (w; + 1)-
iterable. [

Lemma 3.2.7. Suppose that P is a premouse. Then there exists at most one premouse ()
satisfying that

a. P4Q,

b. o(P) is a strong cutpoint in Q,

c. Q is the Q-structure of Q) at o(P),°

d. Q is sound above o( P),

e. () is countably iterable.

®0Or in other words, Q = Q(Q, o(P)).
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Proof. Let us assume otherwise and let )y # @)1 be two witnesses. Since we can always
take a countable hull of some Hy, for a large enough 6, we may assume w.l.o.g. that P, (),
and (), are countable. By the argument of [20, Corollary 3.12], we have that either Qg < Q)
or ()1 < Q. However, the minimality which is a part of the definition of a Q-structure
would then imply Q)g = @)1, which is a contradiction. O]

Definition 3.2.8. Suppose that P is a premouse. The Q-structure above /°, denoted by
O(P), is the unique premouse () satisfying:

a. P<Q,

b. o(P) is a strong cutpoint in @),

c. @ is the Q-structure of () at o(P),

d. @ is sound above o(P),

e. () is countably iterable. O]

Definition 3.2.9. Suppose that

1. M is a premouse,

2. 7T is anormal tree on M of limit length.

Then O(7) exists iff Q(M(T)) exists. In that case, we define

]

If mice do not have extenders overlapping local Woodins, they are said to be tame.
Tame mice are simple enough so that Q-structures can be used to identify the right branches
through trees on them, i.e. the branches that must be pick by any sufficiently strong strategy
for those mice.

Definition 3.2.10. Suppose that M is a premouse. Then M is tame iff for all n < 6(M), if
E} # 0, then for all 6 € [crit(E),n), M||n =0 is not Woodin”. O

Proposition 3.2.11. Suppose that

1. M is a tame premouse,

2. T is a normal tree on M of limit length.

Then there exists at most one cofinal wellfounded branch b through T such that
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a. (M,T,b) is not an anomaly,
b. Q(T,b) exists,

c. Q(T,b) is countably iterable.

Proof. Let us assume otherwise and let by # by be two such branches. Since M is tame, 6(7T)
is a strong cutpoint in both Q(7,by) and Q(T, b;). By the uniqueness of Q-structures (cf.
Lemma 3.2.7), we have that Q(7,by) = Q(T, by ), which contradicts Proposition 3.2.5. [

Proposition 3.2.12. Suppose that

1. M is a tame premouse,

2. ¥y is an (wy + 1)-iteration strategy for M,

3. T is a normal tree on M of limit length according to ¥y,
4. b:=XN(T),

5. Q(T,b) exists.
Then Q(T) exists and is equal to Q(T, b).

Proof. The Q-structure Q(7T,b) is countably iterable since M is countably iterable. The
ordinal 0(7) is a strong cutpoint in Q(7,b) because M is tame. This suffices for the con-
clusion. O

The ordinal (67)*® will figure prominently in the present work. There are many dif-
ferent characterizations of this ordinal, but we choose the one most useful for our purposes
(cf. [22, Lemma 1.12]). Since we will not compute this ordinal in any other model except
L(R), we omit the superscript.

Definition 3.2.13. The ordinal &° is the least ordinal ¢ satisfying that ¥;-formulas with
parameters in R U {R} are absolute between Ls(R) and L(R). O

This reflection implies that all countable mice that have wy -iteration strategies in L(R),
have such strategies in L;2(R). The following proposition is an example of how this fact
can be used.

Proposition 3.2.14. Suppose that

1. M is a countable w-small' premouse,

2. forallo < o(M), if M =9 is Woodin”, then Q(M, §) exists,

’See [20, Definition 7.1]
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3. M is (w1 + 1)-iterable.

Then L(R) ="M is (w1 + 1)-iterable”. Moreover, there exists a set of reals in Lg2(R) which
canonically codes an wy -iteration strategy for M.

Proof. Since M is (w;+1)-iterable, we have that it is weakly w-iterable®. By the proof of [20,
Theorem 7.10], we have that M has an (w; + 1)-iteration strategy in L(R). The moreover
part follows from Definition 3.2.13. [

3.3 Suitable Premice

We are really interested in super-suitable premice. They are the appropriate initial seg-
ments of iterates of M, and they are going to be introduced in Section 3.4. However,
super-suitable premice cannot be defined internally in L(RR), so we need to work with an
approximate notion, that of a suitable premouse. Of course, it will be a theorem that super-
suitable premice are suitable.

Definition 3.3.1. Suppose that

1. a is countable and transitive,

2. M is an a-premouse.

Then M is Lp-good iff all of the following conditions are met:

a. k(M) = w,
b. p, (M) =1°,
¢. M has an w-iteration strategy in L(R). [l

Lp-good a-premice extend each other and there is no longest one among them. We will
be interested in their supremum.

Lemma 3.3.2. Suppose that

1. a is countable and transitive,

2. M, N areLp-good.

Then either M < N or N < M.

8See [20, Definition 7.7]
9See Definition 3.1.5 and the comment after it.
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Proof. This is a straightforward generalization of [20, Corollary 3.12]. [

Lemma 3.3.3. Suppose that a is countable and transitive. Then for all Lp-good a-premice M,
there exists an Lp-good a-premouse N such that M <1 N.

Proof. Since M projects to 1 and is sound, there exists a surjection f : Ji(a) — M which
is definable over M. Now, if look at J; (M), organized as an a-premouse, we see that it is
obtained as the rudimentary closer of M U { M }. However, the rudimentary functions can
be listed recursively, so the facts that V, U {f} C Ji(a) allow us to define a surjection

g:Ji(a) = Ji(M)

over .J;(M ). This means that .J; (M) projects to 1 and is consequently Lp-good. O

Supremum of all Lp-good a-mice is denoted by Lp(a). This object is itself an a-mouse
and it looks like the power set of a. Since sets appearing in Lp(a) are not too complicated,
i.e. they come from mice that have strategies in L(R), this object can be understood as a
lower part of the full powerset of a (hence the abbreviation Lp).

Definition 3.3.4. Suppose that a is countable and transitive. Then Lp(a) is the unique
a-premouse satisfying:

a. for all Lp-good a-premice M, we have that M < Lp(a);

b. no proper initial segment of Lp(a) satisfies the previous close. ]

Lemma 3.3.5. Suppose that a is countable and transitive. Then the following holds:

a. k(Lp(a)) =0,

b. Lp(a) is countable.
Proof.

1° If it were the case that k(Lp(a)) > 0, then the a-premouse obtained from Lp(a) by
decreasing k(Lp(a)) by 1 would also satisfy condition a of Definition 3.3.4, while
being a strict initial segment of Lp(a). This shows that a must hold.

2° To establish b, let us assume otherwise. Then the set C of all & € (rank(a),w;) such
that there exists an Lp-good a-premouse M satisfying 6(M) = « is cofinal in w.

3° For all « € C, an M witnessing this fact is unique and we denote it by M,,.
4° Let (fo : o € C), g be as follows:

1. foralla € C, f, : aU {a} — M, is given by the soundness,
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2. g :w —» a U {a} is an arbitrary enumeration,

3. foralla € C, e, := {(m,n) : fo(g(m)) € fu(g(n))} C W
5° The sequence (e, : o € () is injective and it belongs to L(R). This contradicts
L(R) = AD.

O]

We said that Lp(a) should be understood as a lower part of the powerset of a. It turns
out that if a is countable, transitive, and self-wellorderable®, it is in fact the case that

Lp(a) _ H(la’+)Mw(a) _ H(’a‘Jr)HODL(R)(aU{a})'
This is the content of [7, Theorem 6.4], which we reproduce here.

Theorem 3.3.6. Suppose that

1. a is countable and transitive,

2. bCa.
Then the following are equivalent.

a. b is definable over (L(R), €) from parameters in Ord U a U {a}.
b. b € Lp(a).
c. be My(a). O

Corollary 3.3.7. Suppose that a is countable, transitive, and self-wellorderable. Then it holds
that

a. Lp(a) = H(la|*)M,
b. Lp(a) = ZFC™,

c¢. Lp(a) isw-sound. O

We are ready to introduce the notion of a suitable premouse. Here and later, we will
need reorganize premice into premice over their initial segments (when this is possible).

Notation 3.3.8. Suppose that M is a premouse and 9 is a strong cutpoint of M. Then we
denote by 1/ /¢ the canonical reorganization of M into an (M||J)-premouse. O

10A transitive set a is self-wellorderable iff J (a) |="there exists a wellordering on a”.
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Definition 3.3.9. Suppose that M is a premouse. Then M is suitable iff there exists § < w;
such that

a. M = ZFC™+%) is the largest cardinal”+“J is Woodin”,

o

. 0 is a strong cutpoint of M,

e

_forally <6, Lp(M|n) € M,

o

. for all n < §, if ) is a strong cutpoint of M, then Lp(M||n) = (M ||nt™)/n,

o

. foralln < 6, Lp(M||n) E*n is not Woodin”. O

We observe that the part of the definition is for § to be countable. This has as an imme-
diate consequence the fact that all suitable premice are countable.

Lemma 3.3.10. Suppose that M is suitable. Then M is countable.

Proof. This follows from Lemma 3.3.5. and the fact that there exists 0 < w; such that
M/6 = Lp(M||0). ]

3.4 Super-suitable Premice

A super-suitable premouse is obtained from an iterate of M, by cutting it at the successor
of its least Woodin. We make precise in next few definitions. Here and later, we shall
introduce several variations on the notion of an iterate. What we call here simply “an
iterate” is elsewhere called (more cumbersomely) “a nondropping iterate”. Since we will not
have the need to talk about dropping iterates, we omit this additional qualifier. Similarly,
since we will not have the need to talk about uncountable iterates, we omit the qualifier
“countable” as well and incorporate the countability in the definitions.

Definition 3.4.1. Suppose that

1. M, N are countable premice,

2. Yy isan (wy + 1)-iteration strategy for M.

Then N is a normal > ,/-iterate of M iff there exists a countable normal tree 7 on M
according to X5, whose last model is /V and whose main branch does not drop. ]

Definition 3.4.2. Suppose that

1. M, N are countable premice,

2. Xy is an (wy,wy + 1)-iteration strategy for M.
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Then N is a > ,,-iterate of M iff there exists a countable stack of countable normal trees on
M according to X3, whose last model is V and whose main branch does not drop. ]

Definition 3.4.3. Suppose that

1 7:=§(M,) M,

2. M= M,|

7,

3. X m is the iteration strategy for M obtained from the unique (w;, w; + 1)-iteration
strategy for M.,

4. M, N are countable premice.
Then we define the following.

a. M is super-suitable iff M is a Xy -iterate of M.

b. If M is super-suitable, then ¥, is the (w;,w; + 1)-iteration strategy for M induced
by by M- [

Since the supremum of Woodin cardinals of M, is countable and since all iterates are
countable by our choice of the definition, we have that all super-suitable mice are countable.
Furthermore, since all super-suitable mice are elementarily equivalent to the mouse M of
the previous definition, they are all tame. We highlight this in the following lemma.

Lemma 3.4.4. All super-suitable premice are countable and tame. ]

When we consider super-suitable mice, we will only consider them together with their
canonical strategies. Thus, we can simplify the terminology of iterates a bit.

Notation 3.4.5. Suppose that M is super-suitable and that N is a countable premouse.
Then we define the following.

a. N is a normal iterate of M iff N is a normal > ;,-iterate of M.

b. N is an iterate of M iff N is a XJ;-iterate of M. l

As we have already pointed it out, the suitability is an approximation to the super-
suitability, so the following proposition is to be expected.

Proposition 3.4.6. Suppose that M is a super-suitable premouse. Then M is suitable.

Proof. See the paragraph immediately below Definition 6.8 of [7]. O]
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If M is super-suitable, then M is in particular tame. This has for a consequence that
d(T) is a strong cutpoint in Q(7,b) whenever T is a normal tree on M, b a cofinal well-

founded branch through 7, and Q(T, b) exists. In particular, the M (T )-premouse

QT 0)/6(T)

is defined. If Q(7T, b) is iterable, then teh canonical strategy ¥, must pick the branch b for
the tree T, which is the content of the following proposition.

Proposition 3.4.7. Suppose that

1

2.

3.

4

M is a super-suitable premouse,
T is a countable normal tree on M of limit length according to ¥y,
b is a cofinal wellfounded branch through T,

Q(T,b) exists and is (w1 + 1)-iterable.

Then Q(T,0)/6(T) <Lp(M(T)) and £, (T) = b.

Proof.

10
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By Proposition 3.2.14, we have that Q(7, b) has an (w; +1)-iteration strategy in L(RR).
In particular, Q(7,b) is Lp-good and consequently,

Q(T,0)/6(T) < Lp(M(T)).

Let us now verify that 3,,(7) = b. We assume towards contradiction that the branch
¢ := X (T) is distinct from b.

The Q-structure Q(7, ¢) does not exist, for otherwise it would be (w; + 1)-iterable,
while there can be only one branch with an iterable Q-structure. Hence, we get that

¢ does not drop and M7 =“6(T) is Woodin”,

Since ¢ does not drop, we have that M is super-suitable.

Putting together 3° and 4°, we get that M7 is suitable and that §(7") is its unique
Woodin. This means that

MT[5(T) = Lp(MT||3(T)) = Lp(M(T)).
Adding to this the conclusion of 1°, we have that
Q(T,b) ALp(M(T)) = M].
Since 6(7") is Woodin in M7, it follows that Q(7,b) = M.

Now, this would mean that Q(7, ¢) does exist (and is equal to Q(7, b)), which is in
contradiction with 3°.
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3.5 Short tree Iterability

The model L(R) does not contain an w;-itertion strategy for M,,. The reason for this is
that otherwise one could easily construct, using the genericity iterations, R¥ inside L(R). A
consequence of this fact is that L(R) cannot check if a given countable normal tree on the
suitable initial segment of M, is according to the strategy for M,,. This also means that
one cannot expect to be able to verify inside L(R) whether a premouse is super-suitable
and for this reason, we introduced the notion of suitability. Now, given a super-suitable
premouse M, we can verify inside L(IR) that it is suitable, but we cannot know the strategy
Yin. What we do have is a partial strategy, one which knows how to continue the tree as
long as the tree is short and breaks down once the tree stops being short (such trees are
called maximal). This partial strategy is called the short tree strategy and denoted by 3.

Definition 3.5.1. Suppose that

1. M is suitable,

2. 7T is a countable normal tree on M of limit length.

The predicates “7 is short”, “7 is maximal”, “7 € dom(X3,)” and the value ¥3,(7 ) are
defined by recursion on |h(7), as follows. If 7 is according to X5, then

a. T is short iff Q(T) exists,
b. T is maximal iff it is not short,

c. T € dom(X5,) iff T is short and there exists a cofinal wellfounded branch b through
T such that Q(7) < M7,

d. if T € dom(3%;), the X255 (7)) is the unique cofinal wellfounded branch b through 7
satisfying Q(7) I M]. O

To explain the previous definition, at successor stages, the tree is built by picking and
applying an extender, so the strategy is concerned by limit stages only. If the tree is built
according to the short tree strategy and if we reach a limit stage, several things can occur.
One possibility is that the tree is maximal, in which case the strategy breaks down. In
particular, no extension of such a tree will be according to the short tree strategy. The
other possibility is that the tree is short. In this case, we would like to say that 35,(7)
is defined, but the fact that Q(7) exists does not guarantee that there is a branch whose
Q-structure is exactly Q(7). This last scenario is a pathology and we would like to exclude
it. Assuming that this pathology does not occur, we then know that the branch b whose
Q-structure is equal to Q(7) is unique, so we can set 3X5,(7) := b. The pathology just
mentioned is dealt with by introducing the notion of short tree iterability. This notion
also excludes another pathology, that of the possibility that an ultrapower in the tree may
produce an illfounded model, and it additionally guarantees that the iterates of M stay
suitable (which is sometimes called being fullness preserving).
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Definition 3.5.2. Suppose that M is suitable. Then M is short tree iterable iff for all count-
able trees 7 on M according to Y3, we have that

a. if 7 has a last model /V, then

i. T can be normally extended by any extender on the N-sequence without pro-
ducing an illfounded model,

ii. if the branch M-to-N of 7 does not drop, then N is suitable,
b. if 7 is short, then 7 € dom(X5,),

c. if 7 is maximal, then there exists a nondropping cofinal wellfounded branch b through

T such that M7 is suitable. O

We have already seen that a super-suitable premouse is suitable. In this sense, the suit-
ability is an approximation to the super-suitability. We want to see next that X%, is an
approximation to >, whenever M is super-suitable.

Proposition 3.5.3. Suppose that M is super-suitable. Then 35, C ;.
Proof.

1° By induction on |h(7"), we show that for all 7 € dom(3%,), if
Vn < |h(T) limit, 7 [n € dom(3y,),
then 7 € dom(X,,) and Xy, (7) = X55(7).
2° Since T is according to ¥);, we immediately have that 7 € dom(X,).

3° Let us denote by b the branch 35 (7). By the definition of X3, we have that Q(T)
exists and satisfies Q(7)<IM] . Thus, Q(T,b) = Q(T) exists and is (w; +1)-iterable.

4° By Proposition 3.4.7, we must have that 3,,(7") = b, as required.

O]

Super-suitable mice are not only suitable, but also iterable. Since we are interested in
L(R)-approximations, we should verify the short tree iterability of these mice.

Proposition 3.5.4. Suppose that M is super-suitable. Then M is short tree iterable.
Proof.

1° Let T be a countable normal tree on M according to ©5;. By Proposition 3.5.3, 7 is
also according to X);.
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What needs to be verified depends on the type of the tree 7, as can be seen from
Definition 3.5.2. We have three cases.

Case. T is of successor length.

Proof. First, we need to verify that when 7 is extended by one extender, we do not
get an illfounded model. However, this is obvious since 7T is according to 3, and
Y is an (wy, wy + 1)-iteration strategy for M. The second thing to verify is that if
the main branch of 7 does not drop, then the last model of 7 is suitable. For this,
observe that if the main branch of 7 does not drop, then the last model of 7 is an
iterate of a super-suitable premouse M, so it must itself be super-suitable. [

Case. 7 is short.

Proof.

1" Being short means that Q(7) exists, so we only need to verify that there exists
a cofinal wellfounded branch b through 7 such that Q(7) < M] works. We
claim that b := 3,(7") works.

2" Let us assume towards contradiction that b does not drop. Then M is suitable
and §(7) is its Woodin.

3’ By definition, the premouse Q(7) is (w; + 1)-iterable and §(7) is its strong
cutpoint. This means that Q(7)/d(7) is Lp-good and consequently,

Q(T)/o(T) SLp(M(T)).
4’ However, we have by suitability that
MG [8(T) = Lp(MJ[|6(T) = Lp(M(T),

so we conclude that Q(7) < M7 .

5" If it were the case that o(Q(T)) < o(M]), it would hold that §(7) is not
Woodin in ./\/l;r This being absurd, we conclude that the J-structures under-
lying premice Q(7) and M] are equal.

6/ However, this is a contradiction since p(Q(7)) < §(7T ) while
po(M]) = o(M]).

7' The conclusion is then that b drops, which means that Q(7, ) exists.

8’ By the uniqueness of the Q-structure above M(T) (cf. Proposition 3.2.7), it
follows that Q(7,b) = Q(T) and consequently, Q(7) < M/, as required.

O
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5° Case. 7T is maximal.

Proof.

1’ In this case, we need to verify that there exists a nondropping cofinal well-
founded branch b through 7 such that M| is suitable. We claim that b :=
Ya(T) works.

2/ If b dropped, then Q(T,b) would exist and be (w; + 1)-iterable. In other words,
Q(T) would exist and be equal to Q(7,b), which is not the case.

3’ Thus, b dos not drop.

4" Tt follows that M] is an iterate of a super-suitable premouse M, as witnessed
by 77b, so M is super-suitable.

5 In particular, M[ is suitable, as required.

6° The three cases above cover all possibilities, so the verification is concluded.
O

Hence, the right L(R)-approximations for super-suitable mice are suitable, short tree
iterable premice. The notion of a normal iterate for them is not in general defined, so we
introduce a more general notion, which we shall call a normal pseudo-iterate.

Definition 3.5.5. The relation 1/ —% N holds iff

a. M is suitable and short tree iterable,

b. T is a tree on M according to 25,

c. if 7 has a last model, then N is the last model of 7 and the M-to-N branch of 7

does not drop,

d. if 7 does not have a last model, then 7 is maximal and there exists a nondropping

cofinal wellfounded branch b through 7 such that M/ is suitableand M] = N. [J

This relation is absolute between L(IR) and V. In the part c, one has the behavior that
one would expect from a normal iterate. It is the part d that is unusual insomuch that we
do not know what is the branch leading to the final model. Let us look closer to this case.

Lemma 3.5.6. Suppose that M —5* N. Then N is suitable and if T is maximal, then 6(T)
is the Woodin of N and N||6(T) = M(T).

Proof. This is immediate from the definition since it subsumes the short tree iterability of

M. U
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What could happen is that there could be many branches that are “good enough”, so
we do not force ourselves to choose, but we know that they all lead to the same model. In
other words, by Lemma 3.5.6, we have that

N/6(T) = Lp(M(T)),

which means that N depends only on 7, but not on b. That there are indeed such branches
follows from the definition of the short tree iterability, but (assuming that M is super-
suitable) we do not know which one of them is chosen by >:,,. We observe just below that
in the case that M is super-suitable, the relation

t
M —% N
simply means that NV is a normal iterate of M via 7.

Lemma 3.5.7. Suppose that

1. M is super-suitable,
2. N is a countable premouse,

3. T is a countable normal tree on M,

4. for all limity < |h(T"), Q(T |7) exists.
Then M —35t N holds if and only if the following holds:

a. T is according to Xy,

b. if T has a last model, then T [(In(T) — 1) is not maximal'’, N is the last model of T,
and the M-to-N branch of T does not drop,

c. if T does not have a last model, then forb := 3 ,(7T ), we have that b does not drop and
N =M].

Proof.

Implication (=)
1° The part a follows from Proposition 3.5.3, while the part b follows from the part a.
2° We want to verify the part c. In this case, the tree 7 is maximal.

3° If b dropped, then Q(7, b) would exist and be (w; + 1)-iterable, which would mean
that Q(7T) exists and is equal to Q(7, b). This being contradictory, we conclude that
b does not drop.

We do not say “short” here because we 7 [(Ih(7) — 1) might not be of limit length.

— 55 —



CHAPTER 3

4° Tt follows that M] is super-suitable and that §(7) is its Woodin. In particular,
M [5(T) = Lp(M(T)) = N/&(T),
where the second equality follows from Lemma 3.5.6.
5° This suffices for the conclusion that N = M/ .
Implication (<)
6° The assumptions yield that if 7 has a last model, then 7 [(lh(7") — 1) is not maximal.

7° We also know that there cannot exist £ such that £ + 1 < |h(7") and 7 ¢ is maximal.
The reason for this is that §(7") = 6(M]) is a strong cutpoint of M, so any cofinal
branch through 7 must contain ¢ and must drop at the successor of &.

8° These two fact together with Proposition 3.5.3 imply that 7 is according to >3. The
rest is now a routine verification.

]

Definition 3.5.8. Suppose that ) is suitable and V is a countable premouse. Then NV is a
normal pseudo-iterate of M iff there exists 7 such that M —3 N. [

Proposition 3.5.9. Suppose that

1. M is super-suitable,

2. N is a countable premouse.
Then the following are equivalent.

a. N is a normal pseudo-iterate of M.

b. N is a normal iterate of M.

Proof. This follows from Lemma 3.5.7. [

It turns out that the short tree iterability suffices for the comparison.

Proposition 3.5.10. Suppose that M, N are suitable and short tree iterable. Then there exists
P which is a normal pseudo-iterate of both M and N .

Proof.
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1° Let T be the tree of a (3?)X®)-scale on a universal (X?)“(®)-set and let
(1= max{5(M), §(N)} HHTMN],

We want to show that 1 < wy, for once we do this, the conclusion follows from [7,
Theorem 6.14].

2° Let z be a real coding M and N. It suffices to show that wf o] < .
3° The theorem at the bottom of the page 77 of [8] implies that
L[T]]182 = HODJ|6%,
while [6, Corollary 10.3.7] implies that HOD,, = HOD|[z].

4° We can now compute that

LT, ]| 67 = (L[T]||87)[x] = (HOD||8})[z] = HODIz][|4} = HOD, |4}.

5° By [7, Lemma 6.34], w; is the least measurable of HOD. Exactly the same arguments
yields the same conclusion for HOD,.

6° Thus, it follows that
whOP= < (“the first measurable”)"°P= = |

as required.

3.6 HOD as a Direct Limit of Mice

In this section, we describe HOD||© as the direct limit of a certain directed family of mice.
This is just a slight reformulation of the well-known results of [7].

Definition 3.6.1. Suppose that M, N are super-suitable. Then we define the following.

a. Z(M) is the set of all normal iterates of M.

b. M <; N iff N is a normal iterate of M. O

We note that if the main branch of a normal tree on a super-suitable mouse does not
drop, then the tree is based below the Woodin. The reason why extenders above the Woodin
cannot be used is that once such an extender is used, all later extenders need to be above
the Woodin, while any such extender necessarily leads to a drop. Instead of restricting
ourselves to normal iterates, we could have looked at all iterates (via stacks of normal trees).
However, by results of [21], stacks of trees can be normalized, so nothing would be gained
from this extension and we are still the scenario of [20, Section 8] and [7, Section 6]. In
particular, the structure (Z(M), <7) is a countably directed partial order.
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Lemma 3.6.2. Suppose that M is super-suitable. Then (Z(M), <7) is a countably directed
partial order. ]

This partial order will index our directed family. To every pair (M, N) satisfying M <7
N, we need to assign an arrow M/ — N, which is provided by the next lemma.

Lemma 3.6.3. Suppose that

1. M is super-suitable,

2. N is a normal iterate of M.

Then there exists a unique normal tree T on M according to ¥, with the last model N. This
tree is countable and its main branch does not drop.

Proof. Such a tree 7T exists by the fact that /V is a normal iterate of M. The uniqueness
follows from the fact that any such tree must be the first coordinate of the coiteration of

(M,ZM) and (N,EN) ]

Definition 3.6.4. Suppose that

1. M is super-suitable,

2. N is a normal iterate of M.

Then the mapping 7, v is defined to be the mapping
7’ M — N
where 7T is the normal tree on M according to ¥, whose last model is V. ]

We are ready to introduce the directed system.

Definition 3.6.5. Suppose that M is super-suitable. Then we define 7 (M) to be the system
(P,7TP7Q :P,Q € I(M), P <z Q)
O

Proposition 3.6.6. Suppose that M is super-suitable. Then f(M) is a directed system with
a wellfounded direct limit.

Proof. The commutativity follows from the normalization (cf. [21, Theorem 1.1]), while
wellfoundedness follows from the fact that (Z(M), <7) is countably directed. O
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By the results of Section 3.5, and in particular Proposition 3.5.10, if M and N are two
super-suitable mice, then there exists a super-suitable P which is a normal iterate of both.
We get that

Z(M)|P =Z(N)|P =Z(P).

This leads to the following consequence.

Proposition 3.6.7. Suppose that M, N are super-suitable. Then the direct limits of the sys-
tems Z(M) and Z(N)) are equal and for all P € (M) NZ(N),

(M) _ _I(N)
7TP,oo - 7TP,oo .

O

Definition 3.6.8. Let us denote M := M, || 6(M,,)*M=. We define objects M., 7p ..
(for all P € Z(M)) as follows:

(MOO77TP,OO - P S I(M))
is the direct limit of the system Z(M). O

We can now state the characterization of HOD||© in the style of [7] that we shall use.
Theorem 3.6.9. It holds that §(M ) = © and M ||© = HOD||©. O

3.7 HOD as a Normal Iterate

In order to get from a super-suitable mouse to the mouse HOD||©, we did the direct limit
construction. In that limit construct, one moves from one mouse to another via a normal
tree, so we see that, after collapsing everything relevant to be countable, we get a stack
of normal tree leading from a super-suitable mouse to M. This stack again can be nor-
malized, leading to a single normal tree on the super-suitable mouse, ending with M.
This tree will not be countable, but it will be according to the canonical extension of the
canonical strategy for the super-suitable mouse. We will dissect this normal tree in order
to come up with a desired local definition of HOD||©.

Proposition 3.7.1. Suppose that M is super-suitable. Then there exists a unique normal tree
T on M according'® to Y.; whose last model is M,. Moreover, the main branch of T does
not drop, 77 = TMoor and IN(T) = O + 1.

Proof. The existence of T follows from [21, Corollary 1.2]. The uniqueness follows from
the fact that, when comparing M to M using X, all disagreements are on the M side
and the comparison tree is exactly 7. This characterization also implies that Ih(7) < ©+1,
while the regularity® of © in L(RR) implies the equality. The rest of the proposition follows
from [21, Theorem 1.1]. O

2A priori, Ih(T) < ¢t + 1, s0 ' := X/ needs to be extended. This is done in the standard way: for

U C H(ct), pick any g which is V-generic for Col(w, #(R)) and define I'(U/) := T, (U).
I3Cf. [24, Lemma 2.19]
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Notation 3.7.2. Suppose that M is super-suitable. Then 7,, denotes the unique normal
tree on M according to ), with the last model M, and b;; denotes the main branch of

T O

For initial segments of 7y, the Q-structures exist, so L(R) knows how to pick the right
branches of those trees. This means that the proper initial segments of 7, are in L(R).
On the other hand, once we reach 7, [©, we reach the Woodin cardinal and we need the
strategy to tell us which branch to pick, the strategy which is not in L(RR). In fact, the final
branch is not in L(IR), for otherwise we would have the embedding

7 M —s Mo,
which is continuous at the Woodin and whose image would thus witness that
cof '® (@) = w
(whereas © is regular in L(R)).
Proposition 3.7.3. Suppose that M is super-suitable. Then every proper initial segment of
Tur belongs to L(R).

Proof.

1° We will show that extenders and branches of 7j;, except possibly the last branch, are
picked definably over L(RR), which suffices for the conclusion.

2° For all € satisfying £ + 1 < [h(73,), the extender Eg M is exactly the first extender on
the M?M -sequence which is not on the HOD||©-sequence, hence chosen definably.

3° Let & be a limit ordinal satisfying £ + 1 < lh(7,). We want to show that the branch
[0, &), is picked definably over L(R).

4° Claim. Q(Ty[&,[0,&)r,,) exists and it is an initial segment of HOD||©.

Proof.
1 Let 6 := 0(Twml€) = Uie Ih(E]™). Since £ + 1 < Ih(7T3;), we must have that
0 < 0.

2/ It [0, &), drops, then Q(Ty/[&,[0,&)r,,) exists.

3" If [0,&)r,, does not drop, then § < 5(./\/{27”), for otherwise Ty [{ could not
have a strict normal extension whose main branch does not drop. In particular,
Q(Tm &, 10,€)r,,) exists in this case as well.

4" Let Q := Q(Tm1€,[0,8)7,) < MZM. We want to show that @ <HOD||©.
5" Since 7T is normal, Ih(Eg'M) > 0.
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6 Recall that for all i < &, Ih(E/™) is a cardinal of MZLMI, which means that J is a
limit cardinal of MZM.

7' Consequently, there are no extenders in MZM indexed at 9 and it must be the
case that Ih(EETM) > 0.

8' Thus, 2(5) N M{M = 2(5) N HOD.

9’ Since § is not Woodin'* in HOD, there exists ( < 67HOP such that

HOD||(¢ + 1) = “§ is not Woodin”.

10’ Note now that HOD||(¢ 4 1) < M/, so Q = HOD|C.
O
5° For all cofinal wellfounded branches b through Ty, [€, (M, Ty [€, b) is not an anomaly.
This simply follows from the fact that M is sound.

6° If b is a cofinal wellfounded branch through 7 [¢ different from [0, £)r,, which has a
Q-structure, then that Q-structure is not equal to

Q(TM r€7 [07 g)TM)-
In particular, Q(7,1¢,b) £ HOD||©.

7° We conclude that [0, £)7,, is exactly the unique cofinal wellfounded branch through
Tar 1€ which has a Q-structure which is an initial segment of HOD||©. This shows
that [0, £)7,, is picked definably over L(RR).

]

We now start working towards establishing local definability of HOD. We will work at
some fixed HOD-cardinal 7.

Section Assumptions 3.7.4. We fix a HOD-cardinal 1 satisfying that 6> < n < ©. ]

We want to show that HOD||n*HOP is definable over some local structure at 7. We
would like to say that it is definable over H(n*)L®) but this is not good enough since
Choice fails. We propose two alternatives, the first one being the structure A, defined just
below and the second one being B, defined in Notation 3.9.5. The structure 5, is arguably
more canonical, but establishing the definability over it is considerably harder.

Notation 3.7.5. We fix the following notation.

a. #, is the premouse HOD||n,

YThis is because § < ©, the models HOD and M, agree below ©, and © is the only Woodin of M.
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b.
C.

d.

9, is the Q-structure Q(HOD||O, 7)),
1, is the least k > 0(Q,,) such that L. (R, Q,) = ZF ",

A, is the structure (L,, (R, @,), €,R, Q,)), where R and Q, are treated as constants.
O

Lemma 3.7.6. The ordinal k,, is well defined and is strictly less than ©.

Proof.
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We work in L(R) and we denote by 6 the cardinal ©1°.

Let us first verify that Ly(R) satisfies ZF~. What is nontrivial is to see that this model
satisfies Collection, so we concentrate on that.

Let z € Ly(R) and R C Ly(R)? be arbitrary. We want to find y € Ly(R) such that
forall u € x Ndom(R), R[u] Ny # 0.

Forallu € x, let g(u) be the least 7 < 0 such that R[u]|N L, (R) # (). We have defined
a function g : © — 6.

Claim. g is not cofinal.

Proof.

1" Let us assume otherwise.
2" There exist £ < 0 and a surjection f : £ X R — .

3’ Let h : w — R code a generic for Col(w, R) and let us work in L(R)[h] = LIh].
We have that 6 remains a successor.

4’ Since Choice holds, we get that 0 regular.
5 The mapping g o f o (id¢ X h) : & X w — 6 is cofinal. This contradicts the
regularity of 6.

]

Let ¢ :=sup(ran(g)) < 0 and let y := L.(R). It is immediate that y is as required in
2°.

We have established that Ly(R) |= ZF ™. Since Q,, is coded by a set of reals and since
6 > O, we get that

Lo(R, Q,) = Ly(R) |- ZF~.

Since there exists a surjection § X R — Ly(R), there exists X < Ly(R, Q,) satistying
that RU 9, U {R, Q,} C X and satisfying that there exists a surjection R — X.
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9° The transitive collapse of X is of the form L, (R, Q,) with ~ < ©. This suffices for
the conclusion.

]

Showing that HOD||t"°P is definable over A, amounts to showing that () "HOD
is a subset of and definable over .4,. We now work towards giving a characterization of
this set which we will be able to approximate in A,,.

Definition 3.7.7. Suppose that M is super-suitable. Then we define the following.

a. 7y, is the least i such that M || = HOD||7.
b. U, is the tree Tys [ (var + 1).
c. Py is the premouse M O]

M

Lemma 3.7.8. Suppose that M is super-suitable. Then it holds that

a. Ih(Uy) <n+1,
b. Uy € L(R),

c. [Pu|F® < |n|t® < @.

Proof. Part a follows from the fact that U, the tree arising from comparing (M, ¥,/) to

HOD||n, part b follows from Proposition 3.7.3, while part ¢ follows from the previous two.
O]
Definition 3.7.9. Suppose that M is super-suitable. Then
a. M is n-exactiff n € ran(mpr00),
b. if M is n-exact, then 7)), denotes the preimage of 17 by 7y . O

The characterization of %?(n) N HOD that we announced is given below. Namely, this
powerset is the same as the powerset &?(n) N Py, where M is any 7-exact super-suitable
mouse.

Proposition 3.7.10. Suppose that M is super-suitable and n-exact. Then it holds that

a. Ym € b,

T

b. crit(wVMJh(TM)_l) >,

-
c. 1 € ran(myY ),
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d.
Proof.
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3.8

,@(77) N PM = @(7]) N HOD.

Let us assume towards contradiction that a fails. Then there exist £, ( € by, such that
yu € (&,¢) and € is a Ty,-predecessor of (.

Note that { = ¢ + 1 for some { > ~,; and

MDY = Ule(MPM, EI).

We have that
crit(EIM) < h(BM) <n < Ih(EDY),

where the first inequality follows from the fact that 7, is normal, the second one
follows by definition of 7,;, and the third one follows from the fact /\/lZ——MHn =
M|l = Mo In.

Y™

The previous two points then imply that n ¢ ran(wgfé{), which contradicts the fact

that ) € ran(77™),

Let us now verify part b. Let E be the extender used at 7y, along b,;. We have that
h(E) > n.

T

(T 1)—1>’ which is not possible since

The case crit(E) < n would imply 7 & ran(m
n € ran(m 7).

Y™

Thus, crit(ﬂ-TM,Ih(TM)—1> = crit(F) > n, which establishes part b.

Parts ¢ and d now easily follow.

Local Definition of HOD I

We will now establish the definability of HOD||5*t"°P over A,. This is done by approx-
imating the characterization of Proposition 3.7.10 inside .A,. The first step is to expand
the notions of the previous section to a larger domain of premice, in order to make them
definable inside the structure that we are interested in.

Definition 3.8.1. Suppose that M is a countable premouse. Then we define the following.

a.

The tree U4/); on M is the unique normal tree ¢/ on M of the maximal possible length
satisfying that
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i. forall i such thati+ 1 < Ih(i), the least disagreement between MY and H,, is
on the M%-side and EY is that disagreement,

ii. for all limiti < Ih(U), we have that the Q-structure Q(U 1, [0, 7)) exists and is
an initial segment of Q,,.

b. We say that [/, converges iff there exists N such that

i. N is the last model of U,
ii. the M-to-N branch of U); does not drop,
iii. either N JH, or H, I N.

c. If Uy; converges, we denote by 7, the last model of /), and we denote by o, the
mapping
7 N Py

d. The premouse M is 1-exact iff Uy, converges, Py > H,, and n € ran(oyy).

e. If M is n-exact, we denote 177, the ordinal ¢, (1) and by 7,/ lh(Uy,) — 1. O

The tree U is built by comparing M to H,, using the strategy given by Q-structures at
limit stages. We want that #,, does not move in this comparison, so we set up the definition
in such a way that the construction breaks down if H,, has to move (or if the strategy is not
strong enough). The notion of convergence is simply ensuring that breakdown does not
happen. If M is super-suitable and n-exact in the sense of Definition 3.7.9, then it is n-exact
in this new sense (cf. Proposition 3.7.10) and the objects s, Ups, yar, and Py, correspond
to those introduced in Definition 3.7.9 and Definition 3.7.7. In that case, the embedding o,

is exactly the embedding
7Tg—M =7 M — Py

Recall that we want to locally approximate the notion of an n-exact super-suitable mouse.
We do so as follows.

Definition 3.8.2. Suppose that M is a countable premouse. Then M is 7)-good iff

a. M is suitable,
b. M is short tree iterable,

c. all normal pseudo-iterates N of M are n-exact and satisfy that

Proposition 3.8.3. Suppose that M is super-suitable and n-exact. Then M is n-good.

Proof.
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We already know that super-suitable premice are suitable and short tree iterable, so
it remains to verify condition c of Definition 3.8.2.

Let NV be a normal pseudo-iterate of //. We want to show that NV is 7-exact and that
@(77) ﬂPN = y(n) ﬂPM.

Let T be the tree satisfying M —35* N. By Lemma 3.5.7, we have that 7 is according
to X)s and N is either the last model of 7 or N = M;M ) In addition, the main
branch of 7 or the branch X,,(7) does not drop.

This implies that N is super-suitable. Since ) € ran(my,o0) and Tz 0o = TN,00 © TN,
we get that ) € ran(7y ), which is another way of saying that NV is n-exact.

By Proposition 3.7.10, we have that
Z(n) NPy = P(n) "HOD = Z(n) N Pus,

which concludes the verification.

We are finally ready to state our local characterization of %?(n) N HOD.

Proposition 3.8.4. Suppose that A C 1. Then A € HOD if and only if there exists an n-good
M such that A € Py,

Proof.
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For the implication (=), we can pick a super-suitable M satisfying n € ran(mas o)
and reach the conclusion by referencing Propositions 3.8.3, 3.5.4, and 3.7.10. We now
focus on the implication (<).

Let M be n-good such that A € P),;. We want to show that A € HOD.
There exists a super-suitable N such that 7 € ran(7my ).

By Proposition 3.5.10, there exists a suitable P which is a normal pseudo-iterate of

both M and N.

Since M is n-good, we have that

@(T])QIPM:@(U)PI'PP.

Since N is super-suitable and 77 € ran(my o), we have that P is super-suitable as well
and 7 € ran(7Tp).

I5Cf. [17, Lemma 3.5].
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7° By Proposition 3.7.10, we have that

P (n) NPp = Z(n) NHOD.

8° By 5° and 7°, we have that A € HOD.

To see that this characterization definable in A,, the main ingredient is to observe that
the function Lp is definable over A,,. Recall that Lp is defined on countable transitive sets
and returns such sets as values. Since these sets are coded by reals, the function Lp is indeed
a (partial) function in the structure A4,. In other words, it really makes sense to ask whether
now this function is definable over that structure.

Lemma 3.8.5. The function Lp is lightface definable over A,,.

Proof. Definition 3.2.13 implies that 3;-formulas with parameters in R U {R} are absolute
between A, and L(R), from which it easily follows that the definition of Lp is absolute
between A, and L(R). O

Once we have Lp in \A,,, we can run the standard definitions of the suitability, short tree
iterability, and 7-goodness inside this structure and obtain their definability as well.

Corollary 3.8.6. The following sets are contained in A, and definable over it:

a. {M : M is suitable}

b. {M : M is short tree iterable},

c. {M : M isn-good}. O
Putting this corollary together with Proposition 3.8.4, we get the conclusion.

Corollary 3.8.7. The premouse HOD||tH°P is contained in L, (R, Q,) and definable over

it from the parameter Q,,. O
As an immediate consequence, we get an upper bound on nHOP,
Corollary 3.8.8. 1P < ¢, . O
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3.9 Local Definition of HOD II

In the previous section, we established local definability of HOD||n™"°P from Q,. We now
want to obtain a more canonical structure to define HOD||n*"°P over it, a structure that
does not refer to Q,. Hence, the work done in this section has for its goal locally defining
Q, from some other objects (cf. the structure B,, of Notation 3.9.5). Most of this work will
be done internally in L(RR), so we position ourselves accordingly.

Section Assumptions 3.9.1. In this section, we work in L(R), unless otherwise stated. [

We remind the reader that a supercompactness measure on [X|* is just a normal fine
ultrafilter on that set. Since AD holds (in L(RR)), the sets that can be wellordered in the
ordertype < © come with unique supercompactness measures.

Theorem 3.9.2. For all X satisfying | X| < O, there exists a unique supercompactness mea-
sure on [ X]%.

Proof. See the first theorem on page 32 of [25]. O]

Definition 3.9.3. Suppose that | X| < ©. Then ;. denotes the unique supercompactness
measure on [X]“. O

Since these measures are unique, they must project to each other.

Lemma 3.9.4. Suppose that

L |X],[Y| <6,
2. XCY,

3. DG,LLy.
Then{cNX :0 € D} € ux.

Proof. We have that
v={{tNX:0€E}: E¢€puy}

is a supercompactness measure on [ X |“. By the uniqueness of supercompactness measures
(Theorem 3.9.2), we get that v = px. This now means that

{cNX:0€D}ev=pux.
0

We are now able to define the new structure over which we will define HOD||5*HOP.

This structure has the measure 1, as one of its predicates.
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Notation 3.9.5. We use the following notation.

1. x, denotes the second of ordinals x > 7 satisfying that

Lx(Hg)[Mn] = ZF~ + "2 ([n]”) exists™.

2. 3, denotes the structure

(an (Hﬁ)[ﬂn]a €, ty, Hy),

where (the restriction of) € is a binary predicate, (the restriction of) u, is a unary
predicate, and H,, is a constant. O

Lemma 3.9.6. The ordinal ,, is well defined and strictly less than ©.

Proof. This is verified similarly to Lemma 3.7.6. [

The goal is to define Q, over B,. Let M be an arbitrary n-exact super-suitable mouse.
This mouse belongs to B, and it is not hard to see that the tree Uy, [y also belongs to
B,,. What will require some work is to see that the branch b, of this tree belongs to B, as
well. Once we know this, we will get that Q, is definable over B, as the Q-structure corre-
sponding the branch b, of the tree Uy, [7y5;. Our approach to establishing that b, belongs
to B, is to represent it as a certain ultraproduct and then argue that that ultraproduct can
be computed inside B,,. Now, in the absence of Choice, we do not have full Los’s Theorem,
but we will be able to salvage a part of it which will suffice for our purposes.

Notation 3.9.7. Suppose that

1. W > nis a rudimentarily closed transitive set,

2. W:= (W, €,...) is a first-order structure in a countable language with a lightface
definable wellordering,

3.0 CW.
Then we denote by

a. Hull" (o) the Skolem hull of ¢ inside W, understood both as a set and as a substruc-

ture,
b. cHull™(o) the transitive collapse of Hull"Y (o),

c. 7/ the anticollapse associated to Hull"Y (c), where the superscript is omitted when-
ever it is clear from the context. H

Theses hulls are well defined because we assumed that V' defines a wellordering. We
can now get the following form of Lo§’s Theorem.
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Lemma 3.9.8. Suppose that

1.

2.

3.

4

5.

Then

Proof.

10

20

30

40

50

60

W > n is a rudimentarily closed transitive set,

W = (W,€,...) is a first-order structure in a countable language with a lightface
definable wellordering,

wr=1] cHul (o) / 1,

o€n]«

¢(x) is a formula in the language of the structure WV,

f € Myepye cHUl™ (o).

W E[[f]] <= {o € [ : cHull¥(o) |= [f (0)]} € py.

This is shown by induction on the complexity of ¢(Z), as in the usual proof of Lo$’s
Theorem. We verify here the nontrivial step.

Suppose that
o € [ cHUlP (o) b= Ty, 6(F(0), 1)} € i
We want to show that W* = 3y, o([f], v)-

Let
C:={o e[ : cHul™(0) 3y, ¢(f(0),9)}.

There exists a mapping C' > ¢ — (t,, @) such that for all 0 € C, ¢, is a Skolem
term, oo, € 0, and

cHull™ (o) = ¢(f(0), o (as)).

Since i, is countably closed, we may assume w.l.o.g. that there exists a Skolem term
tsuch thatforallo € C, t, = t.

By normality of 1, we may assume w.l.o.g. that there exists o < 1 such that for all
o € U, a, = a. In particular, for all 0 € C,

cHull™ (o) | ¢[f (), t(a)].
Let g € [[, ¢y cHul™ (o) be defined by

Vo € [n]°, g(o) =7, (t(a)).
By the inductive hypothesis, we have that W* = ¢[[f], [¢]].
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]

We can use the above lemma to show that in fact WW* embeds canonically into V. This
in particular shows that the ultraproduct WW* is wellfounded.

Lemma 3.9.9. Suppose that

1

2.

3.

W' 3 n is a rudimentarily closed transitive set,

W = (W,€,...) is a first-order structure in a countable language with a lightface
definable wellordering,

W= 11, e cHul™ () / -

Then W* is wellfounded and there exists a unique embedding

satisfying that for all o < 7,

j ([(otp(ana) -0 € n])]) = a.

Moreover, ran(j) = Hull"Y(n).

Proof.

10

20

30

40

The wellfoundedness follows from the existence of ;.

Let f € [ [, cHull™ (o) be arbitrary. By applying the countable completeness and
the normality of 4., as in the proof of Lemma 3.9.8, we see that there exist C' € p,), a
Skolem term ¢, and an ordinal o < 7 such that forall o € C, f(0) = 7, ' (t(c)). We
denote by (¢f, a¢) the minimal such (¢, «).

Forall f € I, (e cHull™ (o), we define j([f]) := t;(c). By Lemma 3.9.8, it follows
that j is well defined and

j ([(etp(a o) - 0 € [])]) = a.
The “moreover” part is now easily verified.

]

We are now ready to do the main work, which involves showing that I/, belongs to 13,
where M is n-exact and super-suitable. This breaks down into first observing that i/ [y
belongs to 3, and then proving that by, = [0, Yar)u,, also belongs to B,,.
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Lemma 3.9.10. Suppose that M is an n-exact super-suitable premouse. Then Uy [y belongs
to BB,,.

Proof. The tree Uy [y is obtained by comparing M to H,, where at limit stages, we pick
the branches whose Q-structures are initial segments of #,. In this comparison, #, does
not move. This description relativizes correctly to 3, yielding the conclusion. ]

The previous proof does not go through when we need to pick the final branch of i/y,.
The reason for this is that this branch has for its Q-structure the structure Q,,, which we
are actually trying to obtain. We thus need a more complicated argument, which we give
below.

Proposition 3.9.11. Suppose that M is an n-exact super-suitable premouse. Then the branch
bas belongs to B,,.

Proof.

1° Let z)s be a real coding M and let § > 7 be the least ordinal satisfying that ' :=
Lo(xpr, Ho, Uni Iyr) = ZFC™. We have that 6 < x,, and that 1V belongs to B,,.

2° We use the following notation:

1. U :=Uylvum,
2. W= (W, €, 201, H,, U),
3. forallo € [n]*, U, := (7)1 (V).

g

3° Let B consist of all pairs (o, B, ) where

a. o € [n]¥,
b. U, is a short tree on M,
c. B, =%35(U,).

We have that B is a function and belongs to B,, (cf. Proposition 3.2.14).
4° Let

1. A € (0,0) be such that W* := Ly,(W, Q,) = ZFC™,
W = (W*7 g, W7 Q"?)’
for all o € [n]*, HullYY (o) := Hul™ (o) N W,

L

for all o € [1]*, cHull’Y () be the transitive collapse of HullY (o),

5. for all o € []*, ky : cHull™ (o) = cHull” (o) be such that the diagram
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HulY (6) —=— Hull’’ (o)

:

cHulY (5) 22 cHull (o)

commutes.

Note that by, € W* and it is definable over W* (with no additional parameters) as
the unique cofinal wellfounded branch through U having Q,, for its Q-structure.

5° Claim. There exists S € p, such that forall o € .5,

a.
b.

C.

o € dom(B),

crit(k,) > (7)1 (n),
B, € cHull™ (o).

Proof.

1/

2/
3/

8/
9/

Let C* := {X* € [W*]* : X* < W*} € uw~. By Proposition 3.9.4, we have
that
S ={X"Nn: X" e€C'} € p,
We want to show that S is as required. To that end, fix an arbitrary o € S.
Let X* € C* be such that 0 = X* N 7. We have that

Hul (o) Ny = Hu™ (o) Ny = o,

and in particular, k, [(7}Y)~1(n) is the identity.

In addition, 7 is definable over both W and W*. This suffices for b.

Note that U € Hull” (¢) and that U is coded by a subset of . Since crit(k,) >
(7¥)~1(n), we conclude that (7" )"}(U) = U,,.

We have that @, € Hul™’(¢), so we can denote Q := (7)¥")~1(Q,). By ele-
mentarity, cHull™" (o) =Q is the Q-structure of the tree U,”.

Being the case that () embeds into Q,, it is (w; + 1)-iterable (in V and in L(RR);
cf. Proposition 3.2.14). This means that () is the true Q-structure of the tree U,,.

In particular, U, is short and o € dom(B). This establishes a.

Now, B, is the unique cofinal wellfounded branch through U, which has () as
its Q-structure, which means that

B, = (WW*>71<[077M)UM) € cHul™’ (0)7

g

as required in c.
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6° Let
b:={a<n:V, o otplano) € B,} Cu.

By 3°, b belongs to B,,.

7° Claim. b = by,

Proof.

1" Let
. W *
J: | | cHull™ (o) / = w

o€
be the unique embedding satisfying j[n = id, (cf. Lemma 3.9.9). Since 7 is
definable over W*, we also have that j(n) = .
2 By 4° and 1/, we have that

a. j71(Qy) = Qp,

b. by is definable over W*, bys € ran(j), and j 1 (bas) = bas,

. [Toep- cHul™ (0)/p, E=“bas is the unique cofinal wellfounded branch

through U having Q,, for its Q-structure”.

3’ By Lemma 3.9.8, if we fix some f satisfying [f| = by, we get that for ji,-almost
all o, it holds that cHull"”" (¢) |=“f () is the unique cofinal wellfounded branch
through (7)")~1(U) having (7}¥")~(Q,) for its Q-structure”.

4" By Claim 5° and the step 3', there exists S € p,, such that forall o € S,

a. 0 € dom(B),
b. crit(k,) > (#¥)71(n),

o

c. By € cHul™ (o),
d. f(o) is the unique cofinal wellfounded branch through

having (72V")71(Q,) for its Q-structure.

(e

5 Thus, for all 0 € S, we have that

a. U, is short,
b. (7)Y U) = U,,

g

c. (7V")71(Q,)is (w1 + 1)-iterable (for this, we reason as in the step 5°7’).

g

6’ Putting 4’ and 5’ together, we get that for all o € S,

a. U, is short,
b. (7")71(Q,) is the Q-structure of the tree U,,

g
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c. f(o) is the unique cofinal wellfounded branch through U, having
(m) ()

for its Q-structure.
Hence, forallo € S, f(0) = B,.

7' Now, we can compute as follows:

by = {a<n:aclf} (3.1)
{a<n:V, o, otplano) € f(o)} (3.2)
{a<n:V, o, otplano) € By} (3.3)

" (3.4)
]

8° By the point 6° and Claim 7°, we conclude that by, belongs to B,,.

]

Thanks to the previous proposition, we can obtain Q,, as a definable element of B,,
which then implies that the structure 4, is a definable element of the structure B,,.

Corollary 3.9.12. A, belongs to and is definable over B,, with no additional parameters.

Proof. Let M be an arbitrary 7-exact super-suitable premouse. Since U/, belongs to 5, so
does 9, = Q(Unr [y, bar). Tt remains to show that O, is lightface definable over B,. To
that end, notice that Q,, is the Q-structure above #,, (in the sense of Definition 3.2.8). Since
B, has the strategies for the hulls of this structure (cf. Proposition 3.2.14), this characteri-
zation relativizes correctly to B3,,. ]

We now get the main local definability result.

Corollary 3.9.13. The premouse HOD||n*"°P is definable over the structure

(an (H:)[NHL <, Uy, H;;))

with no additional parameters.'® O
We of course get one more upper bound for +H°P,
Corollary 3.9.14. n"HOP < . O

1Here, M is treated as a constant and € and y,; as predicates (and they are naturally assumed to be
restricted to the domain of the structure).
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Chapter 4

Building Models of Determinacy from
Below

4.1 Introduction

4.1.1 Statement of the Result

It was known through the work of Sargsyan that if there exists an inner model containing all
reals and satisfying ADg+“O is regular”, then there exists the smallest such model.! How-
ever, this was an existence result rather than a construction, so it was left open what this
model looks like. In this chapter we will describe an L-like construction that can produce
this model, and somewhat larger models.

The minimal model of ADg+“O is regular” satisfies V' = L(Z(R)), so we will focus
only on such models. Each such model .# is completely determined by the collection of its
sets of reals. More precisely, if A denotes &(R) N.#, then .#4 = L(A). So the problem is
to construct the powerset of reals of the minimal model of ADg+"© is regular”.

Let us call A C Z(R) a determinacy pointclass if
PZR)NLR,A)=A

and L(A) = AD™. For any set X, we denote by ux the club filter on [X]“. Now, given a
determinacy pointclass A and an ordinal x, we let (A, k) be the pointclass

‘@(R) N L(Aw7 ’%w)[”Av MN]
For any determinacy pointlcass A, if there exists x such that

AC O, k),

'Tt was shown in [11] that if there are two divergent inner models containing all reals and satisfying AD ™,
then there exists an inner model containing all reals and satisfying ADg+“© is regular” contained in both.
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we let K be the smallest such k, otherwise kx is undefined. Finally, the pointclass &(A)
is defined if and only if kA is defined, and it is set to be O(A, ka).

The sequence

(o o < w)

of determinacy pointclasses is defined recursively by iterating the operator & as long as
possible. If L(IR) does not satisfy AD™, the sequence is empty, otherwise /] is set to be the
powerset of reals of L(R). If /[, is defined, then /[, is set to be &(/],), if the latter is
defined and a determinacy pointclass. The recursion terminates if the last condition is not
met. At the limit stages we take the constructive closure of the union of the previous point-
classes. Again, the construction terminates if the obtained pointclass is not a determinacy
pointclass. Our main theorem is then the following.

Theorem 4.1.1. Suppose .# is an inner model containing all reals and satisfying AD" +
ADg+ “there is no least branch hod pair with a measurable limit of Woodin cardinals”. Then

there exists v < wi such that Z(R) N A = /,. ]

Corollary 4.1.2. If there exists an inner model containing all reals and satisfying ADg+ “©
is regular’, then there exists o < w such that L(/l,) is the minimal model of ADg+ “© is
regular”.

Proof. The point is that in the minimal model of ADg+“O is regular”, there is no sharp for
the minimal hod mouse with an inaccessible limit of Woodin cardinals. To see this, let V' be
this minimal model and suppose M is such a sharp. Let A denote the inaccessible limit of
Woodin cardinals in it. First, the top measure of M can be iterated Ord times to produce an
inner model M*. Second, M* is w;-iterable below A by essentially the same strategy as M.
We can then go to the forcing extension by Col(w, R) and make all reals of V' generic over
Woodin cardinals of a countable iterate M/** of M*. The derived model of M/ ** at A is then
of the form L(RY, A), where A is its powerset of reals, and it satisfies ADg+“© is regular”
by [26, Theorem 1.3]. It is easy to see that in fact A isin V' and is a surjective image of the
reals there, which contradicts the minimality assumption on V. O]

We will now try to motivate why the operator & looks the way it does. The idea behind
it is that we want a way to go from any determinacy pointclass to a strictly bigger one.

If there exists an inner model containing all reals and satisfying AD", then L(RR) is the
least such model. This minimal model is obtained by a well-known recursive construction:

J1<R> = Von
Jos1(R) = rud(Jo(R) U{Ja(R)})
L,R) = [ JJa(®) (vlimit)
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In other words, we start with the reals and iterate the operator .J;. From time to time a
new set of reals is added to .J,(R) and by the time we reach o = ©L®)_ all sets of reals

of L(R) have been added. This results in the pointclass /[y of all sets of reals of L(R), the
C-minimal determinacy pointclass.

A strictly bigger determinacy pointclass cannot be obtain by the simple L-construction:
an oracle must be added to this purely recursive approach.? It turns out that if there is a
determinacy pointclass strictly larger than /[, then

Z(R) N L(Ly)

is such a pointclass. More generally, the same is true if /], is replaced by any determinacy
pointclass A such that ©%(*) has countable cofinality.® So the oracle we use in this case
is the sequences of sets in the pointclass. On the other hand, if ©L(A) has uncountable
cofinality, then the pointclass

P(R) N L(AY)

is just A.* To continue, we need to distinguish two cases, depending on whether L(A) =
ADg.

An ADgy pointclass is a determinacy pointclass whose constructible closure satisfies
ADg. Suppose there exists an ADg pointclass strictly larger than A. In the first case, if
A is not an ADg pointclass, we have that

Z(R) N L(A)[pal

is a determinacy pointclass strictly larger than A. On the other hand, in the second case,
where A is an ADy pointclass, the answer to how to get a larger determinacy pointclass is
more subtle and only partially known.

We would like to say that there exists x such that the powerset of reals of L(A, k) [11]
is strictly larger than A. However, this can fail in general.® What we have been able to
show is that there is such a x if A is not too complicated.® Furthermore, for the smallest
as above, we know that L(A, xk*)[j,] satisfies AD™. So in this last case,

P (R) N L(A, &) ]

is a determinacy pointclass strictly larger than A.

2If there exists a model of AD™ which extends L(R) and has a larger ©, then by [6, Theorem 10.1.8] this
model contains R. In particular, whatever operation is used to get to this model must be able to produce the
sharp of the reals.

3The equality cof (©L®)) = w holds since it is witnessed by the direct limit embedding coming from the
HOD analysis for L(R).

#This follows from the fact that if ./ is an inner model containing all reals and satisfying AD™, then for
ala < 0% o C /.

SFor example, it fails if there is a proper class of Woodin limit of Woodin cardinals and if A is the powerset
of reals of the Chang-plus model. We give more details below.

The upper bound on the complexity of the pointclass is given in terms of strategies for hod mice. The
exact statement is given below.
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4.1.2 Outline of the Proof

Before starting the proof of the Main Theorem, we include a section summarizing some
facts regarding HOD mice and HOD analysis (Section 4.2). Near the end of Section 4.3, we
start working towards the proof of the Main Theorem. The introductory part of that section
recalls and systemizes some facts concerning the club filter on the collection of countable
subsets of a set. More precisely, we describe the notion of quasi-club filter in the context
independent of the Axiom of Choice, which reduces the usual club filter if the Choice holds.

Let now .# be an inner model containing all reals and satisfying AD" + ADg+“there
is no least branch hod pair with a measurable limit of Woodin cardinals”. We want to show
that there exists v < w such that

RN A = ,.

The proof comes down to showing that the construction does not break down too soon
and that a long enough initial segment of the construction is absolute between V' and ..
The point here is that the sequence of pointclasses that the construction produces is strictly
increasing, so as long as it stays in .# and does not break down, it will eventually reach
the powerset of reals in .Z .

The absoluteness of the construction comes down to the absoluteness of the operator
0: A ‘@(R) N L(va RZ)[MA7M5A}'

As long as we know that OLA) and k, are strictly smaller than O | this absoluteness
follows from the fact that .# contains all the w-sequences which are bounded in © and
from the fact that quasi-club filters are sufficienlty absolute between .# and V' (the latter
is established in Section 4.3). Thus, the hard part is to show that xk is well-defined and
strictly smaller than ©-7.

If cof (%(2)) = w, then the joint of any w-sequence which is Wadge-cofinal in A is a
set of reals which is not in A. This shows that L(A®“) contains a new set of reals, so ko = 0.
If cof (@L(A)) > w, we have to consider two subcases. First, if A is not an ADg pointclass,
then L(A)[ua] contains a new set of reals. If this were not the case, then L(A)[ua] would
satisfy AD" +DC+—ADg+"“w; is Z(R)-supercompact”, which will be shown inconsistent
in Section 4.3. This means that in the first subcase of the second case, we also have kAo = 0.

Thus, the remaining subcase is when A is an ADy pointclass. We place ourselves in
M and argue as follows. Let (K, ¥) be a mouse pair which is not in A and is minimal in
the mouse order with respect to such mouse pairs. In Section 4.4, we show that K has a
largest cardinal and is coded by its powerset. Let M (K, ¥) denote the direct limit of all
non-dropping iterates of (K, ¥) and let x be the height of this direct limit. We will show
that ko < K by establishing that L(A, k“)[u,.] contains a set of reals which is not in A.

This step is broken into two parts. Let S be the set of all w-sequences of elements of
Moo (K, ¥). In Section 4.5, we show that L(A,S) contains the non-dropping part of U,
which is essentially a set of reals not in A. This further reduces our goal to showing that
S € L(A, k¥)[] and this is done in Section 4.6. In Section 4.7, we put everything together
and formally state and prove the main theorem.
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4.1.3 History

Woodin has constructed’ in an unpublished® work the minimal model of ADg + DC. Steel
extended this work in [27, Theorem 3.1] and reached the minimal model of ADg + DC+“w;
is Z(R)-supercompact”. This latter model does not satisfy V' = L(Z?(R)), but its power-
set of reals is presumably strictly larger than the powerset of reals in the former model.’
The construction that Steel proposes roughly corresponds to the first two oracles of our
construction: if A is the current determinacy pointclass, then if cof (@L(A)) = w, the next
pointclass is
Z(R) N L(A%),
otherwise, the next pointclass is

Z(R) N L(A)[pal,

but only in the case that it is strictly bigger then A. When this step fails to produce a
bigger pointclass or produces a non-determined set, the construction terminates. In the
cited paper, Steel argues that the construction does not terminate too soon. The pointclass
that Steel’s construction reaches is strictly smaller than the powerset of reals of the minimal
model of ADg+“© is regular”.’

4.1.4 Future Prospects

Our construction produces the powersets of the reals of all ADg models below a strategy
for a hod mouse with a measurable limit of Woodin cardinals. We believe that this is not the
ultimate extent of the method and that the construction reaches even larger ADr models.
However, our construction can reach at most the Chang-plus model

CM* := L(Ord*)[(ftaw : @ € Ord)].

Namely, if there exists a proper class of Woodin limit of Woodin cardinals, the Chang-plus
model satisfies ADg + DC+“w; is supercompact™.'’ Moreover, the proof of the supercom-
pactness of w; (due to Woodin) shows that it is witnessed by the restrictions of the club
filters pux (for all X). Letting A be the powerset of reals in the Chang-plus model, this is
enough to conclude that for all x,

P (R) N LAY, £7)[pa, pe] = A.

In other words, if our construction can reach A, it cannot go beyond it. This means that a
new kind of oracle is required at this stage. Let us observe the following lower bound on
the consistency of the determinacy beyond the Chang-plus model.

’in the sense of that we described in Subsection 4.1.1
8but see [27, Section 3]
"We could not locate a proof of this claim in the literature.

' To see this, work in ADg+“© is regular”. It turns out that, letting A := Ay, , the model L(A)[ua]
satisfies ADg + DC+“w; is &?(R)-supercompact” and its powerset of reals is just A. Once we verify the
latter, then the former follows by the results of [28]. The verification is based on the observation that every
set of reals in L(A)[pa] is ordinal definable from a member of A and thus, in A.

Tt follows from [14, Theorem 1.3] that it satisfies AD" 4“w; is supercompact”, while the rest follows by
results of [13].
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Corollary 4.1.3. Suppose that CM™ satisfies AD" + “w; is supercompact” and that there exists
an inner model .# such that

P(R)NCM* C .4 = AD" + ADg.

Then in ., there exists a least branch hod pair with a measurable limit of Woodin cardinals.

Proof. If there is such pair in CM™, we are done. Otherwise, the Main Theorem implies that
there exists o < w such that

P(R)NCMT = J1,,.

By the observations given above, our construction cannot continue further, so w = o + 1.
Applying the Main Theorem this time to & (R) N .# shows that there must exist in .Z a
least branch hod pair with a measurable limit of Woodin cardinals. [

Another missing point of our construction are the powersets of the reals of determinacy
models satisfying AD" + —ADg. Looking at our argument, one thing that we lack is the
HOD analysis of these models in terms of least branch hod mice. However, the conceptual
difficulty lies in the usage of club filters. Under ADg, they are ultrafilters on any set which
is a surjective image of the reals, but this may fail in the absence of ADg.

Let us also say a few words on possible applications. An important question that we
would like to address is, working in some extension of ZFC,'? show that there are models
of ZFC with a given large cardinal.”> One approach is to first exhibit an inner model con-
taining all reals and satisfying AD™ and then show that its HOD, or a rank initial segment
thereof, has the target large cardinal. Our method shows what this model must be, so what
remains to show is that the construction lasts long enough as to ensure that HOD of the
corresponding model is complex enough.'*

4.1.5 Some Technical Remarks

For the sake of precision, let us mentioned that by an inner model we mean a transitive,
proper class model satisfying ZF. We will be mostly interested in inner models contain-
ing all reals and satisfying AD", which we might sometimes call determinacy models."”
Every such determinacy model contains L(R). If M C N are determinacy models, then
PZR)M ¢ 2(R)Y ifand only if ©7 < ON. Also, if N is a deterimancy modeland M C N

is an inner model containing all reals, then M is a deterimancy model as well.'®

2for example, ZFC + PFA

31n the PFA case, that can be a Woodin limit of Woodin. Of course, this would require that our method is
extended further.

14Tn this scenario, the study of HOD would probably require the HOD analysis, which would require show-
ing HPC in bigger and bigger determinacy models.

15We expect that the reader is familiar with the basic theory of ADT and ADg, but as a general reference
we recommend [6].

16This follows from [6, Theorem 8.22]. The way this theorem is stated, it would require that M is a definable
subclass of N, but this issue can be avoid by assuming that both M and N satisfy V' = L(Z?(R)). The reason
why we can add this assumption is that an inner model P satisfies AD™ if and only if L(Z?(R)"") does so.
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The construction that is the central topic of this chapter concerns sufficiently closed
pointclasses. For our purposes, a pointclass is sufficiently closed if it is the collection of all
sets of reals of some inner model containing all reals. If Ay C A; are closed pointclasses

and L(A;) satisfies AD™, then L(A,) satisfies AD" as well and it holds that Ay C A; if
and only if

QL&) ~ LA,
Notation 4.1.4. A subset A of Z(R) is said to be a closed pointclass iff
Z(R)N LR, A) = A.

If A is a closed pointclass, then we denote by © 5 the ordinal eL»), O

Let us now fix some relatively standard notation in the AD context that we will use
through the chapter.

Notation 4.1.5. Let us assume AD.
a. We denote by (2 and 0, (for a < Q) the length and the members of the Solovay
sequence'’, respectively.'®
b. For A C R, we denote by w(A) the Wadge rank of A.

c. For a < ©, A, denotes the set of all A C R satisfying w(A) < a. O

For the fine structure, hod mice, and HOD analysis, our main sources are [12] and [29].
We will try to follow their notation as much as possible. One point where we diverge is the
notation for the pull-back strategy:.

Notation 4.1.6. Let M be a premouse, let (N, T) be a mouse pair, and let 7 : M — N be
nearly elementary. Then we denote by 7°'I" the pull-back strategy of T along . O

Another detail that needs to be adjusted concerns cutpoints.

Definition 4.1.7. Let M be a premouse and let 7 < o(M). Then we say that

a. 1 is a cutpoint of M iff for all £ < n, oM (&) < n,

b. nis a strong cutpoint of M iff for all £ < 1, 0™ (&) < 7,

c. nisaclean cutpoint of M iff for all M-extenders F, iflen(E) > o(M), then crit(E) >
o(M). O

Cutpoints and strong cutpoints appear in [29, Definition 2.16], while the clean cutpoints
are new. The following relation is the reason why we introduce them.

7Cf. the beginning of [6, Section 6.3].
830 in particular, 6 = ©.
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Definition 4.1.8. Let M and N be premice. Then A/ <* N iff M < N and o(M) is a clean
cutpoint of N. [

This relation corresponds to the strong initial segment relation from [29, Definition 4.1],
but the way the relation is defined there excludes the possibility that A/ <* N whenever
M is extender-active. We believe this to be a typo and that our formulation captures the
point.

4.2 HOD Mice and HOD Analysis

We try to follow [12] regarding the fine structure as much as possible. To avoid cumbersome
wording, we will use the following convention.

Notation 4.2.1. When we say “premouse” and “mouse pair”, we mean the one of the least
branch hod type. The scope of a mouse pair is assumed to be H,,, unless stated otherwise.

]

Notation 4.2.2. Assume AD". Let (M, ) be a mouse pair. We denote by (17, ))|/¢ the
mouse pair

(M€, Bje),

whenever £ < 6(M). The pairs (M, %) and (M, Y)|(£,n) are defined similarly (for
(& n) < UM)). u

We consider that every notion defined for premice is inherited by mouse pairs via their
premouse component, unless explicitly stated otherwise. For example, a mouse pair (M, X)
is strongly stable iff M is strongly stable, where the definition of strong stability of premice
reads as follows.

Notation 4.2.3. A premouse M is strongly stable iff the 73y -cofinality of pyan (M) is
not measurable by the M -sequence.

The comparison theorem that we work with is proved for strongly stable mouse pairs,
cf. [12, Theorem 9.3.6]. The shows the importance of strongly stable mouse pairs. In
particular, given a mouse pair (M, ¥) which is not strongly stable, we will often have to
replace it with one that is so. The construction that we most often use in this chapter comes
from [12, Page 111, last paragraph] and [29, Page 43, penultimate paragraph] and it goes
as follows. Since M is not strongly stable, we necessarily have that k := k(M) > 0. We
denote by M the premouse

¢(M™)
and by ¥ the pullback of ¥ by the anti-core embedding. Then (M, ¥) is essentially a mouse
pair, except that M is may fail to be pfs. The only thing that can fail is in fact that its k"
projectum is measurable. In other words, pair (M, ¥) is either equal to (M, X) or (M, X))~
is the ultrapower of (M, )~ by an order zero measure on p;(M). Since M is assumed not
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to be strongly stable, there is an order zero measure D on the 7Y-cofinality of pj,(M). Let
(M*, %) be the ultrapower of (M, X)) via D. Then (M*, ¥*) is a strongly stable mouse pair.

One drawback of the above construction is that if M is not equal to M, then (M, %)~
is an ultrapower of (M, ¥)~, but it is not clear that we can reconstruct the full strategy ¥
from ¥. This prevents us from showing that when passing from ¥ to ¥* we do not drop
in Wadge rank. However, there is another way to make a mouse pair strongly stable and
it is based on [30, Section 3]." Since we are assuming that M is not strongly stable, we
can take the order zero measure D on 1 and produce the ultrapower Ult(M, D). An issue
is that the premouse Ult()M, D) might not be k-sound, i.e. it might be a pfs premouse of
type 2. If that happens, we have to make sense of iterations of such non-sound structures
in order to talk about the mouse pair (Ult(M, D), ¥(p)). This is done in [30, Lemma 3.49].
What we care about is here is the k&' core M* of Ult(M, D), together with the pullback
strategy > of Y p) along the anti-core map. This is a strongly stable mouse pair (of type
1). The cited lemma shows that w(3(p)) > w(X*), while the reverse inequality follows is
witnessed simply by the anti-core map. Since strategies 3 and ¥y are an rX;-ultrapower
away from each other, they also have the same Wadge-rank, finally ensuring the conclusion
that w(X*) = w(X).

One way in which this construction turns out to be useful is with respect to HPC. We
invite the reader to consult [29, Definition 1.7.1] and the paragraph that follows if they are
not familiar with this principle. As stated there, assuming AD ™, principle HPC is equivalent
to the strategies of mouse pairs being Wadge-cofinal in Suslin co-Suslin sets of reals. What
the above construction brings to the table is that we can make sure that these mouse pairs
are strongly stable, which gives the following lemma.

Lemma 4.2.4. Suppose that AD" holds. Then HPC holds if and only if for all Suslin co-Suslin
sets of reals A, there exists a strongly stable mouse pair (M, X)) such thatw(X) > w(A).* [

The principle HPC is conjectured to follow from AD" and the assumption that there
are no mouse pairs with long extenders.?! If we (significantly) strengthen this additional
requirement, then HPC is known to hold. The anti-large-cardinal assumption that will
suffice for our purposes reads as follows.

Notation 4.2.5. The statement NML\W (“no measurable limit of Woodins”) asserts that
“there does not exist a mouse pair (M, ¥) such that M has a measurable cardinal which is
a limit of Woodin cardinals”. [

The important theorem which will often be implicitly used is the following.

Theorem 4.2.6. ZF + AD™ + NMLW + HPC

Proof. Working in ZF + AD" + NMLW, we know by [31, Theorem 10.2.1] that the Mouse
Capturing holds. It was shown in [32] that the Mouse Capturing is equivalent to the principle
LEC defined in [12, Defition 1.7.1]. By [12, Defition 10.4.3], LEC implies HPC. OJ

YWe thank John Steel for drawing our attention to this.
2This was stated without an explanation in the paragraph following [29, Definition 0.6].
21Cf. [12, Conjecture 1.7.6].
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The importance of HPC lies in the fact that it allows HOD analysis, which will be the
main technical tool in the chapter. Our starting point for that method is [29] and we will
summarize here the aspects of the paper that will be important for us.

Definition 4.2.7. Assume AD™. Let A be a selfdual pointclass and let (M, Y3) be a mouse
pair. Then (M, X) is a generator for A iff

a. (M,Y) is strongly stable,
b. Y isnotin A,

c. for all mouse pairs (N, T) <* (P, X), we have that T is in A. O

We impose the strong stability on the generators from the beginning.?* The reason for
this is that strongly stable mouse pairs are pre-well-ordered by the mouse order.”® Hence, a
generator for A is the least mouse pair outside of A and all the generators for A are mouse-
equivalent. When generating pointclasses, essentially only Suslin co-Suslin sets matter.

Lemma 4.2.8. Let A be a closed pointclass and let A’ be the pointclass of Suslin co-Suslin sets
in L(A). Then (M, Y) is a generator for A if and only if it is a generator for /\'.

Proof. This follows from the fact that the iteration strategies are Suslin co-Suslin. [

The mouse limits of generators for non-limit Solovay pointclasses are known full in the
following sense.

Lemma 4.2.9. Suppose that

~

.V =L(ZMR)) =AD" + ADg + HPC,
2. a < Q) is not a limit,
3. (M, %) is a generator for Ay,
4. (N,T) is a strongly stable mouse pair,
5. (M,%) <* (N,T).
Then M (M, %) <" M (N, T).
Proof. This is [29, Corollary 4.5]. O]

This fullness allows us to stack all such mouse limits.

22In [29, Definition 3.3], the author did not require the strong stability, which we believe to be a non-
essential omission.
BCf. [12, Corollary 9.3.7.b].
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Definition 4.2.10. Assume V = L(Z(R)) = AD" + ADgr + HPC. We define # to be
the least branch premouse of the least possible length satisfying that for all ¢ < (2, for all
(M, X3) which are generators for Ay, ,, we have that M (M, %) <*H. O

In turns out that this stack is exactly the HOD of the determinacy model.

Theorem 4.2.11. AssumeV = L(Z2(R)) = AD* + ADg + HPC. The domain of H is equal
to HOD||©.

Proof. This is [29, Theorem 4.7]. O

Notation 4.2.12. Let I be a closed pointclass such that (") = AD" + ADg + HPC. Then
we denote by 7 the premouse H (™). [

We will also need some additional properties of generators of the non-limit Solovay
pointclasses. Before we state them, let us recall some notation.

Definition 4.2.13. Suppose that M is a premouse. Then we define the following.

a. The ordinal 7" is the supremum of all s where k < p~ (M) and there exists
n € (K™, o(M)] such that x = crit(E}").

b. If 7 is not a strong cutpoint of M, then the ordinal 3"/ the least ordinal £ < o(M)
satisfying that o(§)M > 7M. O

Definition 4.2.14. Let (M, X)) be a strongly stable mouse pair. Then we define the follow-
ing.

a. The ordinal 7. (1/, ) is defined as m(xs,5) 00 (7).
b. If 7 is not a strong cutpoint of M, then the ordinal 3., (), ¥) is defined as

T(M,%),00 (BM)-

The properties that we want now read as follows.

Theorem 4.2.15. Suppose that

1. V=LZ2R)) =AD" + ADg + HPC,
2. a < is not a limit,

3. (M,Y) is a generator for A,

2*We remind the reader that o(¢)* denotes the ordinal sup{n < o(M) : crit(E}) = £}
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4. A is the pointclass of Suslin co-Suslin sets of L(Ay,,).
Then it holds that

a. ol M) =1™and k(M) =0,
b. M is passive,
c. the domain of M, (M,Y) is HOD||6,,

d Poo(M,X) =0(A) and Too(M, X)) = 0,.
Proof. These facts are listed in the first paragraph of [29, Page 38], except b. To see b, fix
a generator (N, T) for Ay, ,. We have that o( M (N, T)) = 6,41. By Lemma 4.2.9, we
get that M (M,3) < My (N,T). Since 0, = o(M (M, ¥)) is a cardinal in V/, it is so in

Mo (N, T) as well. This means that in M, (N, T), neither a branch nor an extender are
indexed at o(M (M, X)), which shows that M, (M, X)) is passive. N

4.3 Club Filter

The goal of this section is to describe the notion of club filter in the choiceless context.
This notion will generalize the usual notion of club filter under the Axiom of Choice. The
definition that we will work with essentially comes from [28].

Section Assumptions 4.3.1. Suppose that

1. ZF holds,
2. S is an infinite set,

3. DCg holds. l

Under these assumptions we know that the set [S]“ of all countable subsets of .S is non-
empty. We want to talk about filters on [S]*, one instance of which is the club filter. Below
are some properties which are usually associated with the club filter.

Definition 4.3.2. Let F be a filter on [S]“.

a. F is said to be fine iff for all 7 € [S]¥,
{oce[S]*:7Co}eF.
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b. F is said to be normal iff for all A which are F positive, for all
F:A—|[9]"

satisfying that
Vo e A0 C F(o) C o,

there exists a € S such that
{c€eA:acF(o)}
is F-positive.

c. F is said to have the diagonal intersection property iff for all families (4, : a € 5)
of sets in F, the set

A A, ={oec[S]:Vaeco,oeA,}

a€sS

belongs to F. ]

The notion of normality is adjusted to the choiceless context. This adjustment is appro-
priate, since we have the following standard equivalence.

Proposition 4.3.3. Let F be a filter on [S|*. Then F is normal iff F has the diagonal inter-
section property.

Proof. By the proof of [28, Lemma 4.5]. O]

We also have that normal fine filters are w;-complete.

Lemma 4.3.4. Suppose that F is a normal, fine filter on [S]”. Then F is wy-complete.

Proof. Let (A, : n < w) € F¥ be arbitrary. There exists an injection (a,, : n < w) € S¥.
We define (B, : a € S) € F¥ as follows: for a € S,

B A,, n<w,a=a,
a +—
S,  otherwise.

Since F is fine, we have that

C:={o€[5)* {an}ncw Co} € F.

Note that
(14.nC= A B.NC.
a€S
n<w
Since F is normal, it follows that [, o An € F. ]
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Following the terminology [33], we introduce the so-called club game. This game is
what will allow us to characterize the club filter.

Definition 4.3.5. Let A C [S]*. The game 0“""(5, A) is a length w two player game of
the form

I ‘ Qo aq
I | bo b,
where for all n < w, a,, b, € S. Player Il wins iff {a,,b, : n < w} € A. O

We will introduce now what is supposed to be the club filter, but we will avoid using
the word “club” unless the Axiom of Choice holds. The reason for this is that different
characterizations of being a club are not necessarily equivalent in the choiceless context.
In informal discussions, we might use the term “quasi-club filter”.

Definition 4.3.6. We define ;i to consist of all A C [S]* for which Player II has a winning
quasi-strategy in O (S, A).

The set j1g is a filter and it will have some of the usual properties of the club filter.

Proposition 4.3.7. pg is a fine filter.

Proof. To see that pg is a filter, the only non-trivial part is to verify the closure for inter-
sections. This is argued similarly to the countable completeness of [28, Lemma 4.1], but we
work with quasi-strategies instead of strategies. Our case is simpler insomuch that we are
only considering intersections of two sets. Let us explain why (g is fine. Let o € [S]* and
let

A:={c"€[S]”:0C o'}

We need to give a winning quasi-strategy for Player II in O"P(S, A). If we fix an enumer-
ation (a, : n < w) of o, then Player II can win 0"?(S, A) by playing a,,’s, regardless of
the moves of Player L. [

The normality seems to require more than just the assumptions that we are working
under. One way to ensure it is to assume more choice.

Proposition 4.3.8. Suppose that DC 5 (g<w) holds. Then filter ji5 is normal.

Proof. Suppose that (A, : a € 9) is a family of sets in pg. Implicit in the proof of [28,
Lemma 4.6] is a quasi-strategy 7 for Player II in the game in the game

DCIUb(S, A Aa)-

a€sS

- 90 -



Building Models of Determinacy from Below

Note that we do not pick a family (7, : a € S) of winning quasi-strategy for Player II in
the games

(OMP(S, A,) : a € A)

as it is done there, but we play a tree of auxiliary games according to all possible such
quasi-strategies. In the end, if f is a play according to 7, we can use DC »(g<«) to be pick a
sequences of (7, : a € ran(f)) of winning quasi-strategies for Player II in the games

(OMP(S, Ay) 1 a € ran(f))

which ensure that for all @ € ran(f), ran(f) € A,. O

We will soon observe another natural way to obtain the normality. In the choiceless
context that we care about the most, the quasi-club filter will be both ultra and normal. We
call such filters supercompactness measures.

Definition 4.3.9. A supercompactness measure on [S]* is a normal, fine ultrafilter on [S]“.

]

It follows from Lemma 4.3.4 that every supercompactness measure on [S]* is w;-com-
plete. We will now show that every supercompactness measure must extend the quasi-club

filter.

Proposition 4.3.10. Suppose that p is a supercompactness measure on [S]“. Then ug C p.
Proof. This follows from the proof of [34, Theorem 1.2]. ]

One immediate consequence is that the existence of a supercompactness measure im-
plies the normality of the quasi-club filter. Another consequence is that if the quasi-club
filter itself is a supercompactness measure, then it is the only supercompactness measure.
This situation naturally occurs in the determinacy context (see Proposition 4.3.12 below).

Lemma 4.3.11. Suppose that ADg holds and that R surjects onto S. Then in every game on
S, one of the players has a winning quasi-strategy.

Proof.

1° Let A C S be arbitrary. We want to show that one of the players in the game O(S, A)
on S with A as the payoff set for Player II has a winning quasi-strategy.

2° Let m: R — S be a surjection and let
B:={yeR“:moyec A}

By ADg, one of the players in the game on R with B as the payoff set for Player II
has a winning strategy. We can assume without loss of generality that it is Player I
who has a winning strategy 7.
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3° Regarding 7 as a tree, let 0 := {m oy : y € 7}. Then 0 is a quasi-strategy for Player
Iin O(S, A). We want to show that it is winning.

4° Let f be a play according to 0. By DCg, there exists g according to 7 such that
f=mog.

5° Since g is according to 7, we have that g € BE. This implies f € AL, as required.

]

Proposition 4.3.12. Suppose that ADy holds and that R surjects onto S. Then pg is a super-

compactness measure. Furthermore, it is the only supercompactness measure on [S]w'ZS

Proof. By Lemma 4.3.11, either Player I or Player II has a winning quasi-strategy in
aclub (S, A) )

If Player II has a winning quasi-strategy, then A € g by the definition. On the other hand,
if Player I has a winning quasi-strategy in 0"?(S, A), then we can easily show that Player
I has a winning quasi-strategy in D" (S, A%), which means that A® € pg. Thus, jg is a
fine ultrafilter on [S]“. To see that it is also normal, we can run the proof of [28, Lemma
4.6]. On the other hand, the uniqueness follows from 4.3.10. O]

In the case that .S is a mouse limit, there is an important collection of quasi-clubs that
we will have to be aware of in the proof of Theorem 4.6.9.

Proposition 4.3.13. Suppose that

1. AD" holds,
2. (M,X) is a mouse pair,
3.5 1= My (M, %)

Then the set {ran(m(n,1),00) : (N, T) is a non-dropping iterate of (M, %)} belongs to jig.

Proof. Let us denote by A the said set. A winning quasi-strategy for Player Il in 0" (S, A)
consists in the following. Let (M_1,%_1) := (M, X). As the game progresses and Player
I plays some a,, € S (for n < w), Player II produces a non-dropping iterate (M, >,,) of
(My—1,%,-1) so that a,, € ran(m(y, x,),00)- Player II then makes sure to list each element
of ran(7(as, 5,,),00) in one of his future moves. The set produced in the end is equal to

U ran(W(M'rL,En)7OO)7

n<w

23[34, Theorem 1.5] proves that there exists a unique supercompactness measure on [S]“, but we need a
more precise statement.
% Note that in this case DCg holds because S is wellordered, so adding this assumption is not necessary.
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which is easily seen to belong to A. One thing to keep in mind is that we actually never
have to pick an iterate (M, ¥,,) (or its enumeration in order type w) since we only need to
exhibit a quasi-strategy. O

Another fact that we will use in the proof of Theorem 4.6.9 is that quasi-club filters
project onto each other.

Lemma 4.3.14. Suppose that

1. S C S is infinite,”

2. A belongs to .
Then the set {o NS : 0 € A} belongs to ug.

Proof. Let u be an arbitrary element of S and let A’ consist of all ¢ € A satisfying that
u € o. Since g if fine, it follows that A’ € pg. Let us consider an arbitrary winning quasi-
strategy for Player Il in O°"(S, A"). We transform this quasi-strategy into a quasi-strategy

for Player II in
OM(S {onNS:ocAY)

by asserting that Player II should follow it faithful as long as it prescribes an element of
S and otherwise, he should play u instead. This new quasi-strategy is easily seen to be
winning, thus witnessing that

{onS:0e A} € pg.

The conclusion now readily follows from the fact that A O A'. [

Let us state for the record that under the Axiom of Choice, the quasi-club filter is simply
the club filter.

Proposition 4.3.15. Suppose that AC holds. Then ps is equal to the club filter on [S]“.

Proof. AC allows us to work with strategies instead of quasi-strategies. The conclusion then
follows from [33, Proposition 6.19]. O

From this point on, we work towards proving the Main Theorem. The following propo-
sition has for a consequence that the construction described in the introduction is suffi-
ciently absolute.

Proposition 4.3.16. Suppose that

1. M is an inner model,

270bserve that DCg implies DCg since every tree on S is also a tree on S.
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2.5¢e M,

3. 5 CM.
Then p C ps. In particular, if 1! is an ultrafilter in M, then ' = pug N M.

Proof. Suppose that A € p. Then there exists 7 such that M 7 is a winning quasi-
strategy for Player II in 0°"P(S, A)”. Since S* C M, we see that 7 is a winning quasi-
strategy for Player Il in O"P(S; A) (in V). This shows that A € ys. O

In the introduction, we said that in the case that A is a deterimancy pointclass which is
not an ADy, pointclass and for which cof (@%(?)) > w, the model L(A)[u] contains a set
of reals which is not in A. This is the content of the corollary below, which states in the
counter-positive.

Proposition 4.3.17. Suppose that AD" and DC hold and that there exists a supercompactness
measure on [Z?(R)]“. Then ADg holds.*®

Proof. Since we are assuming AD™, to get ADy, it suffices to show that every Suslin set is
co-Suslin.?’ Let A < © and let T be a tree on w x \. We want to show that p[T]® is Suslin.
We can run the proof of [13, Theorem 2] to get that 7" is weakly homogeneously Suslin.
Since DC holds, we can construct a Martin-Solovay tree for 7" and show that it projects
onto p[T]°. This tree witnesses that p[T]° is Suslin.

We briefly explain why the cited proof goes through. Its examination shows that the
authors are using that DC holds, that there exists a supercompactness measure on*

w

U (2(Am) uMEASZ ) |

n<w

and that there exists a supercompactness measure on [#(\)]|“. In our case, DC hods by the
assumption. To get the required supercompactness measures, observe that A\ < © means
that R surjects to A, so by Coding Lemma, R surjects onto &?(\). This suffices to get the
second supercompactness measure. To get the first one, we need to show that there is a
surjection
P(R) - | (Z(\") UMEAS: ) |
n<w

Since DC holds, it suffices to show that for each n < w, there exists a surjection

P(R) - P(A") UMEAS“,

%835, Theorem 2.2.1] shows that the conclusion does not follow if instead of assuming that w; is Z(R)-

supercompact, we just assume that it is R-supercompact.
29Cf. [6, Theorem 0.3].

¥Following the cited opus, MEAS:! A denotes the set of all countably complete measures on \".
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Since there is a canonical bijection A <+ A" for n > 1, we may assume that n = 1. In that

case,

P(A\") UMEAS“™ C 2(\) U 2(2(N),
so the required surjection is obtained by the fact that R surjects onto & (). [l

Corollary 4.3.18. Suppose that AD™ holds, that 1 2(R) IS a supercompactness measure, and
that V = L(Z(R))[p»®)]. ThenV |= ADg + DC.

Proof. Note that w; is (R )-supercompact. The proof of [13, Theorem 1] then shows that
DCr) holds. Since V' = L(Z(R))[p12 )], we conclude that full DC holds. Proposition
4.3.17 shows that ADy holds. O

4.4 Description of a Generator

Section Assumptions 4.4.1. Suppose that

1. V=L(Z(R)) =AD" + HPC,

2. there does not exist a mouse pair with a superstrong cardinal,
3. I' is a closed pointclass such that L(I") = ADg,

4. w < cof(Or) < Op < 6,

5. (K, V) is a generator for I. O

The goal of this section is establish how the generator K for I' looks like. For the
final description, we will have to strengthen the anti-large-cardinal assumption to the non-
existence of a mouse pair with a measurable limit of Woodin cardinals. In that case, K has
the largest cardinal, which is a limit of Woodin cardinals, and its fine structural degree is 0.
To start arguing, we will require the following technical notion from [29].

Definition 4.4.2. Suppose that (M,Y) <* (N, T) are strongly stable mouse pairs. Then
(T,U) is a minimal comparison of (M, X)) with (N, T) iff

a. T is a normal tree on (M, ) with the last pair (M’, YY),

b. U is a normal tree on (N, T') with the last pair (N', T"),

c. the main branch of 7 does not drop,

d. (M')¥) < (N',T),

e. for all a < len(U), crit(E%) < o(M"). O
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Lemma 4.4.3. Suppose that (M,%) <* (N, T) are strongly stable mouse pairs. Then there
exists a minimal comparison of (M, ) with (N, T). O
We will also need a fullness lemma for generators of Solovay pointclasses.

Lemma 4.4.4. Let (M,>) be a generator for some AGLDER’ where o < Q). Then for all
strong cutpoint cardinals k of M, letting M := M|x™™, for all mouse pairs (N, T) € L(T)
satisfying that (N, T) > (M, X ;), it holds that that p(N) > M.

Proof. This is [29, Lemma 4.3] relativized to L(I"). O

Furthermore, we have to observe that every mouse pair weaker than the generator
(K,V) of I' is in I'. This is just the definition of a generator in the case that the former
is strongly stable, but otherwise, an argument is required.

Lemma 4.4.5. Suppose that (M, Y) is a dropping iterate of (K, V). Then (M, ) belongs to
L(T).
Proof.
1° Let us assume otherwise. By the definition of a generator, this can only occur if M is
not strongly stable.

2° Let M be the strong k(M )-core of M and let  be the pullback of ¥ along the anti-
core embedding.

3° Let D be the order zero measure on n,i‘/(f ' and let
(N,T) := Ult((M, ), D).
Premouse N is strongly stable.

4° Since (N, T) ¢ L(I'), it follows that (K, V) <* (N, T). Thus, there exist a stack ¢ on
(N, T) and a nearly elementary embedding

o (K, V) — (Mx(t), Ty).

5° Let 5 be the stack (D)t on (M, X)), let s be the lift of 5 via the anti-core embedding
M — M, and let
T Mu(t) — P I My(s)

be the embedding from lifting. We now have a nearly elementary embedding

moo: (K, V) — (P,%p).

31'We remind the reader that n% M) denotes the TEQ'({M)-coﬁnality of p% M)
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6° On the other hand, (P, 3 p) is a dropping iterate of (K, V): we first have a dropping
stack from (K, ¥) to (M, X) and then the stack s~ (P). This contradicts Dodd-Jensen
Lemma*.

O

Having done these technical preparations, we are ready to make a very important point.
Namely, if (M, X) is a generator for a non-limit Solovay pointclass of L(I"), then (K, V) is
of course stronger than (M, X)), but it turns out that in a minimal comparison witnessing
this, neither tree drops.

Proposition 4.4.6. Suppose that

1 a < QL)

L(T)
0a+1 ’

2. (M, %) is a generator for some A

3. (T,U) is a minimal comparison of (M, X)) with (K, V).
Then the main branch of U does not drop.>
Proof.

1° Let us assume otherwise and let (M’,¥') and (K’, ¥’) be the last pairs of 7 and U,
respectively. We have that (M’, ¥') <* (K, V') and that ¥’ € L(I") (cf. Lemma 4.4.5).

2° Claim. For all (N, T) for which
(M X)) S (N, T) < (K, 9,
forall n < o(M’), for all » € N, we have that the set

H“”QEN)H(U u{r})

is not cofinal below o( M").**

Proof.

1" Let us assume otherwise and let NV be the counter-example with the least pos-

sible [(V).

32Cf. [12, Theorem 9.3.4].

33The proof of this proposition follows closely the proof of [29, Lemma 4.4], but unfortunately, we cannot
directly use that lemma.

**We are essentially claiming that o(M’) is 7Y, y)-regular in N.
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2 By the minimality of N, we get that o(M’) is TE],;E vy-regular in N. (Note that
the case N = M’ is covered by Lemma 4.2.15.)

3" This regularity together with the fact that (M’, %) <* (N, T) implies that
a. Mo (M%) <* Moo (N, T),
b. T(wT),00 [M' = T(17,57) 005
. T(N,1),00(0(M")) = 0(Moo(M', X)),
4" Letn < o(M') and r € N be such that the set
Hu”lZc\ZN)-&-l(n u{r})

is cofinal below o(M’) and let

(Toos Too) 1= TN, T),.00 (1 7))-
We have that the set

Meo(N,T
HuIIk(N)(+1 )(noo U{rx})

is cofinal below o(M (M, ¥)).?
5 Since T € I', we get that M (N, T) € Hr. Thus,

cof T (0( Moo (M, %)) < Moo < 0( Moo (M, 5)).

6' However, Lemma 4.2.15 shows that o(M (M, ¥')) = 0,41, so it is Woodin in
Hr. This is a contradiction.

]

3° Claim. There exists a limit ordinal 7y such that len({/) = v + 1.

Proof.

1" Let us assume otherwise. Then there are £ and 7 such that len(i/) = 7 + 2 and

¢ is the U-predecessor of 1) + 1.
2" Recall that
K' = My, = UMY, B,

where M;ﬁfrl is the longest initial segment to which Eg{ can be applied.
3" Since the main branch of ¢/ drops, it follows that K is sound above )\(Enu )

4’ In other words, the equality
K' = Hulli{on 1 (A(E}) U {p(K")})

holds. Since Claim 2° excludes this possibility in the case that A\(E%) < o(M’),
we conclude that

AEY) > o(M').

%The fact that we have enough elementarity to push this statement about the cofinality from N to the

mouse limit follows from the pfs version of [36, Corollary 4.3].
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5/

6/

7/

8/

9/

10’

Let us denote by & the critical point of E,Zf . The minimality of (7,U) implies
that K < o(M").

Thus, we know so far that
k< o(M') < MNEY) < len(EY).

The next thing we verify is that the first inequality is strict.

Subclaim. xk < o(M’)

Proof. Let us assume otherwise, i.e. that K = o(M’). Theorem 4.2.15 implies
that
M (MY = M = o(M') = k.

Since M’ <1 " and EY is on the K'-sequence and overlaps o(M’), it follows that
o' (M) > &k,
but this contradicts the fact that M’ <1* K”, i.e. that o(M') is a cutpoint of K’. [

Thus, k < o(M’) < len(E}). This in particular means that « is a cardinal in
M.

Subclaim. « is a strong cutpoint in M.

Proof. Let us assume otherwise, i.e. that for some o < x, we have that o™’ (o) >
. This implies that
o™’ (@) = A(EY) > o(M),

which contradicts M’ <* K. O
Subclaim 9’ ensures that k < g™ ",
Subclaim. p(K') < &
Proof.
17 Ifn+1 € DY, then p(K') = p(M¥7,) < & by definition.

2" Otherwise, if n + 1 ¢ DY, we have that
[075]1/1 N Du 7& 0.

Let a + 1 be the largest element of this set.
3" It follows that

p(K') = p(/\/lgil) < crit(EZ’H) < )\(Ez’ﬂ) < crit(Eg{H) = K.

4" In either case, we get that p(K') < k.
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12" Thus, p(K') <k < pM ' which contradicts Lemma 4.4.4. (One should recall the
first line of the proof where we assumed that (K’, ') is a dropping iterate of
(K, ), which meant that ¥’ € L(T").)

]

4° We have just argued that len(U/) = 7 + 1 for some limit 7. Let us now pick « on the
main branch of U so that there are no drops in the interval [« 7);, and so that there
is an 7 -preimage & of o(M’).

5° Let F be the extender applied at « along [0, 7). We have that § > crit(F).

6° Let o be the successor of a in [0,7)y, let 6* := &% ,.(0), let 1 be the supremum of
generators of I, and let W := MY.. We have that ) < A\ < §* *® and that

W= HU”ZI(/W)H(?? U{p(W)}).

7° In particular, HuIIZW)H(n U {p(W)}) is cofinal below §*.

8° By the elementarity®’ and the continuity® at * of the embedding i%. _ : W — K’,
it follows that

Hull ey %, (m) U {p(K")})

is cofinal below i%. _ (0*) = o(M"), which is in contradiction with Claim 2°.

]

What we have just proven essentially says that we may assume that a generator (M, X3)
for a non-limit Solovay pointclass of L(I") is an initial segment of (K, ¥). The next point
that we want to make is that K does not project strictly across the height of M.

Proposition 4.4.7. Suppose that

1. a< QD)
2. (M,Y) is a generator for some Al

0 +1’

3. (T,U) is a minimal comparison of (M, Y) with (K, V).

Then o(M7) < p= (MY).>

%6We are using here the assumption that there are no mouse pairs with superstrong cardinals, which we
made at the beginning of the section.

7The level of the elementarity that we need again follows from the pfs version of [36, Corollary 4.3].

% We are using here that o(M’) is not measurable and is 7Y, x+)-regular in K.

%The proof is similar to the proof of Claim 1 of the proof of [29, Lemma 4.4].
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Proof.

1° Let us assume otherwise and let (M’,Y') and (K’, ') be the final models of 7 and
U, respectively. The situation is that

a. neither 7 nor U drops,
b. (MY <* (K', V'),
c. pm(K') <o(M").

2° Let us denote by (P, T) the shortest initial segment of (K’, ¥’) for which there exist
n < o(M’') and r € P so that

HU”f(P)H(?? u{r})
is cofinal in o(M").*°
3° Observe that

a. (M, ¥)<Q(P,Y) < (K, V),
b o1 < g ().

4° Case 1. P is strongly stable.

Proof.

1" This assumption implies that M. (P, T) belongs to HOD of L(T"),*

Mo (P,Y) € Hr.
2’ Considering that o(M’) is a clean cutpoint of P and is rEkP( py-regular, we get
that
Moo(M',5') S Moo(P, )
and that

T 1)00(0(M')) = o(Moo(M', 5)) = 051
3’ For allp < o(M') and r € P for which
HU”IIcD(P)+1(77 u{r})

is cofinal in o(M’), we have that

Moo (P, Y
Hully 55 (7w 0 (1) U {1 00 (1))

is cofinal in 9& -

“0We are essentially picking the least initial segment that singularizes o(M’) at the next degree of the fine
structure. Such P exists since this singularization occurs for (K’)~.
41Cf. [29, Proposition 2.1].
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4" However, M (P, T) € Hr, so it follows that 0552 is not regular in Hr, which
of course absurd.

O
5° Case II. P is not strongly stable.

Proof.

1" Let P be the k(P)"™ strong core of P and let T be the pullback strategy of
T along the anti-core embedding. The fact that o(M’) < p~(P) yields that
(M, < (P,Y).

2" Let D be the order zero measure on 7],]5( p) on the P-sequence and let
(P*,T*) := (Ult(P, D), Tp).

3" Since o(M’) is a clean cutpoint of P, it follows that either D is on the M’-
sequence or that the critical point of D is strictly above o(M’). This means that
in the respective cases, either*

iP(M'y = Ult(M’, D) or i5(M") = M.

4’ Again in the corresponding cases, let us denote by (M*, ¥*) either the pair
(Ult(M’, D), X",) or the pair (M’, Y'). The situation now is as follows:
a. (P*,T*) is strongly stable,
b. (M*,¥*) <* (P*, ™),

c. (M*,¥*) is a generator for ALD)

Oat1’
d. o(M*)is TEkP(}*)-regular,
e. there exist < o(M*) and r € P* such that

HU”kP(*P*)H(n u{r})

is cofinal in o( M*).
5 This suffices to run the argument of Case I and obtain a contradiction in the
same way.
O]
6° We showed that both cases lead to a contradiction, which concludes the proof.
O]

#2For the first case, one should recall that o(M’) is TEE(P)-regular.
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We can now conclude that the direct limit associated to (K, V) extends Hr and does
not project strictly across its height.

Corollary 4.4.8. It holds that Hr < M (K, V) and that
P~ (Moo(K,¥)) > Or.
Proof.
1° Let a < Q¥ be arbitrary. We want to show that 'Hp||9£f1 I M (K, V) and that
P (Mao(E, ) > 621,

2° Let (M, X)) be a generator for A and let (N, T) be a generator for A Wlthout
loss of generality, we may assume that (M%) <* (N, T).

3° By [29, Lemma 4.4], we have that o(M) < p~ (V) and that o(M) is 7X(x)-regular in
M.

4° Let (7,U) be a minimal comparison of (N, T) with (K, V), let (N’, T") and (K’, ')
(resp.) be the last pairs of these trees, let M’ := i (M), and let ' := T',,,. Lines 2°
and 3° imply that (M’,Y') is a pair on the main branch of 7 and that 7 up to that
pair can be seen as a normal tree on (M, X).

5° Propositions 4.4.6 and 4.4.7 imply that ¢/ does not drop,
(M3 < (N, T') <* (K', ¥'),
and p~ (K') > o(N') > o(M’).
6° Lines 3° and 5° imply that o(M") is 73,k -regular in K'. It follows that
Moo(M', ) 9 Moo (K, T)
and p~ (Mo (K", U")) > o(M (M, ¥)).

7° In other words,

HFHQQ—H = MOO(M/7 2/) S] Moo(Ka \Ij)
and p~ (M (K, ¥)) > 9a+1, as required.

N
We are finally ready to state the description of K that we require. As pointed out in the

beginning, it is necessary for us to strengthen the anti-large-cardinal hypothesis.

Proposition 4.4.9. Assume NMLW.** Then k(K) = 0 and that Or is the largest cardinal of
Moo (K, ).

“That is, we are assuming that there is no mouse pair with a measurable limit of Woodin cardinals.
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Proof.

1° Itisnotpossible that p~ (M. (K, V)) = Or. For otherwise, the fact that K is strongly
stable would imply that 7k w) o [p~ (/) is cofinal in Or, contradicting the fact that
cof (Or) > w.

2° Thus, p~ (M (K, ¥)) > Or.

3° Let us assume towards contradiction that either k(/K) > 0 or Or is not the largest
cardinal of M (K, V).

4° Let (K', V) be a non-dropping iterate of (K, ) such that for some 6 < o(K’),
T(K',w'),00(0) = Or,

let P := K'|0*/, and let T := W’,. Our assumptions ensure that (P, ) <1 (K’, ¥")
and that p~ (K’) > o( P). (Note that we might have 6% = o(K").)

5° Claim. (P, T) is a generator for I'.

Proof.

1’ If suffices to show that for all o« < Q) and for all generators (M, ¥) for Aga(i ,
it holds that (M, ¥) <* (P, T).

2" Let (7,U) be a minimal comparison of (M, 3J) with (K’, ¥'), with the last pairs
(M",¥") and (K", ¥"), and let

Q =M (P) = K"|iM (5.

3" Since K is strongly stable and since § is not measurable** in K, it follows that
(Q, ¥{) is a non-dropping iterate of (P, T).

4" By Corollary 4.4.8, it follows that (M", ") I(Q, ¥g)), so we get that (M, X)) <*
(P,T).

]

6° Claim 5° contradicts the fact that (P, 1) <* (K, V).

O

Corollary 4.4.10. Assume NMLW. Then some ordinal is mapped to Or by the direct limit
embedding 7k w),c0- O

*4This is the reason why we had to strengthen our anti-large-cardinal assumption for this proposition.
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4.5 Realizability Strategy

Section Assumptions 4.5.1. We are assuming that

1. V=L(ZR)) EAD",
2. there does not exist a mouse pair with a measurable limit of Woodin cardinals,
3. I'is a closed pointclass such that L(I") = ADg and

w < COf(@r) < @F < @,
4. (K, W) is a generator for T'. O

Note that these assumptions together with Theorem 4.2.6 imply that HPC holds. This
fact will be used tacitly from now on.

Notation 4.5.2. We denote by /', the domain of M. (K, V). O

The goal of this section is to show that the model L(T', K ) has a set of reals which
is not in I'. This set of reals is essentially the fragment of the strategy W acting on the
non-dropping® normal trees. In order to see that the model L(I", K) can reconstruct this
fragment, we will have to give a sufficiently absolute description of it. The idea how to
proceed comes from [11, Section 6.3]. Roughly, we have enough information in I to iterate
initial segments of K, while for picking a non-dropping branch through a tree, we can ask
whether the model associated to a branch embeds into K, in a commutative manner (i.e.
whether the branch is “realizable”). In the later case, the point is that all the embeddings
belong to KZ.

Notation 4.5.3. Let M be a premouse which is elementarily equivalent* to K. Then the
ordinals A" and 5 (for « < AM) are defined in such a way that the sequence (6} : o <
AM) is a continuous, strictly increasing enumeration of cutpoint Woodin cardinals and their
limits in M. We also set 4" to be 651, and " to be 0. O

By the results of Section 4.4, MM is a limit ordinal, 0™ is the largest cardinal of M, and
k(M) = 0. Furthermore, under the direct limit embedding

(kW) | K — Moo (K, V),

the ordinal 6% is mapped to O, M. (K, ¥)||©r = Hr, and the ordinals 6% (for a < A\M)
are mapped to members of the Solovay sequence of L(I").

The sequence (6% : o < AM) naturally divides K and its iterates into windows. While
using the extenders between two successive members of this sequence, we only need to

“Recall that the non-dropping trees are exactly those which (1) have the final model and (2) the branch
leading to the final model does not drop.
“We mean that k(M) = k(K) and that these premice have the same 3, )-theory.
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know the iteration strategy for the initial segment up to the larger member. This is what
we think of as a window. The fragment of the iteration strategy for a single window is
contained in I, but the complexity increases when changing a window. In that case, we
pick the correct branch of the tree by asking whether it can be realized into K. This is an
intuitive explanation why the information in I'U K% is enough to reconstruct the fragment
of ¥ concerning non-dropping trees.

We will know work on formalizing the intuition just given. The first step is to make sure
that we can choose canonically the strategy for any single window. This will be enough for
the part of the previous description concerning iterations that stay inside one window.

Lemma 4.5.4. Suppose that

1. M is a countable premouse elementarily equivalent to K,

2 0:|M| ;—Of> Koo,
1

3. Hr € ran(o),
4. &< \M,

Then there exists at most one strategy T such that (M||6{,, ) is a generator for Ag((;a,

er1)

anda[(MH(Sé\il) = T(M |82, 0) 000

Proof. This is immediate from [12, Proposition 2.1(b)]. O

Definition 4.5.5. Suppose that

1. M is a countable premouse elementarily equivalent to X,

2. 0:|M] ;—Of>KOO,

3. Hr € ran(o).

We say that o is ['-certified iff for all £ < A, there exists a strategy T such that
(M]|ogh,, 1)

. L(T) M\ _
is a generator for A"(‘;ﬁl) and o[ (M ||z ,) = T(MII52 1) o0 O

If the premouse M of the previous definition is a non-dropping iterate of (K, V), it
will be I'-certified. The previous lemma and definition together mean that a I'-certified
premouse M has a unique strategy with the relevant properties for each initial segment

MI|5M .

*"We remind the reader that | M | denotes the domain of the premouse M.
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Definition 4.5.6. Suppose that

1. M is a countable premouse elementarily equivalent to K,
2. 0: |[M| — K is I'-certified,

3. ¢ is a cutpoint Woodin cardinal of M.

Then we denote by T{ the unique strategy T such that (M]|d, T) is a generator for Aﬁ((g))
and U[(MH(S) = W(M\\(S,’I‘),oo- D

Observe that the model L(I', o) can correctly identify each Y¢, which means that we
can simply use this strategy to iterate below d. This was the case of iterations within a
single window. We will now proceed to study the case when windows change. If we have
built a normal iteration tree with a final model M and then picked an extender E outside
of the current window, this means that the branch leading to M does not drop. Let us
distinguish nodes where a change of the window can occur.

Definition 4.5.7. Suppose that 7 is a countable normal tree on K. Then for a < len(T),
we say that « a terminal node of 7T iff the branch [0, a]7 does not drop. We denote by
Ter(T) the set of all terminal nodes of T O

If we have built a normal tree whose last node is terminal, then the tree can easily be
continued in a way that changes the window. In particular, in order to go forward, we might
require an iteration strategy for a larger initial segment. These strategies are derived from
the realization into K., so we want to make sure to record the realizations of the terminal
nodes as we build an iteration.

Definition 4.5.8. Suppose that 7 is a countable normal tree on K. Then a 7(x ¢ -
realization of 7 is a sequence

7= (0,:a€Ter(T)),

such that for all «, 5 € Ter(T), for all ¥ € («,len(T)), it holds that

a. 04 : |IMT| — K, is [-certified,
b. if « = 0, then 0, = Tk v)

c. if @ <7 [, then the diagram
K
-] N
M7 ] Tﬂ> LMZJ
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commutes,
d. if a4+ 1 < len(T), then len(ET) < M,

e. forall &€ < A& letting 0 := 01 (MT), if T|[a, 7] is a tree on MT |8, then

i. Tl[a,~]is according to T¢*, and

ii. if v is a terminal node of T, then, letting 6* := iz;v(d), the last pair of T [[a, 7],
seen as a tree on (M |4, Y§*), is the pair (M7 |6*, T52). O

Definition 4.5.9. Suppose that 7 is a countable normal tree on K. Then T is 7 ¢ oo-
realizable iff there exists a 7k v),c-Tealization of 7. O

We will be able to identify the restriction of W to the non-dropping trees by character-
izing it as the strategy that produces 7k v) . -realizable trees. The crucial point is that this
characterization is absolute between V and L(T", K¥).*

Lemma 4.5.10. Suppose that

1. T is a countable, normal tree on K,

2. 7 is a T(k,w),c-realization of T
Then

a. T is according to W, and

b. forall oo € Ter(T), we have that 0o = T(mT v,

[[0,04])700'

Proof.

1° We show this by induction on the length of 7. To that end, let us suppose that

a. T is of the length v + 1, where  is a limit ordinal,
b. that 7 [v is according to V¥,
c. forall a € Ter(7) N+, we have that 0, = T(\7 v,

1[0,@])s00"

We want to show that [0, )7 = V(7 |7) and that if v € Ter(7), then
O-’Y - 7T(/\/l,YT,\I/T),OO

2° The set W C Ter(7T) N~ and the sequence (J, : « € W) are defined recursively so
that for all a < :

“Note that the model L(T', K'¥) does not need to compute the embedding 7k ), since it can use it as
a parameter.
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.
a. if o € W, then 9, = 52:?1‘, where £ < MM is the least such that Ien(EZ) <
gMe
€41

b. a € W ifand only if for all # € W N e, T[3, « + 1] is not a tree on M7 ||d.
Observe that 0 € WW and that I is closed in 7.

3° Case L. W is cofinal in .

Proof.

1’ Inthis case, there is a unique cofinal branch through 7: the one obtain by closing
W downwards for <7. This means that necessarily [0,7)7 = W(7 |7y) and that
this branch does not drop.

2" It remains to verify that o, = 7 MT W) 000

3 Letx € MWT be arbitrary. There exists ¢ € W and 7 € /\/lz such that Z'ZV (z) =

Z.

4" We then have that

o) = o, (2)) (4.1)
o¢(Z) (4.2)

= TMT W 0.6 00(T) (4.3)

= W(MI,\I/T),OO<7Z:’V(‘%)) (4.4)

= T(MT 7)o (T); (4.5)

where

(4.2) follows from property c of Definition 4.5.8 of a (kv ~-realization,
(4.3) follows by the inductive hypothesis,
(4.4) follows from the fact that 7 [[£,~] is a normal tree on

(ML U70).-

4° Case II. W is bounded in 7.

Proof.

1" Since W is closed in 7, there exists the largest element « of V.
2" We have that T [[a, 7] is a tree on (M ||d4, T5*).

rQ _ oo _ 49
3" Since 0o = T(MT Wy 01),000 WE have that T5* = W10 0] mT 60

#In other words, we are saying that the pullback strategy for M ||4,, along o, is exactly the same as the
tail strategy of W obtained by first iterating along the tree 7 [[0, o] and then dropping to M ||6,.
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4/

5/

6/

7/
8/
9/

10’

11

By the property e of Definition 4.5.8, it holds that 7 [[c, 7] is a tree on
(M 1100, T52).
Adding to this the equality of strategies in 3, we conclude that
[0,7)7 =152 (T, 7)) = ¥y, m7 6. (T Tev, 7).
By the internal lift consistency of ¥, we get that
[0,7)7 = Yrip0.0)(T N, 7)) = (T ).

It remains to show that if v € Ter(7), then o, = T(MT W) 00
Let 0% := 1] (o). We will use the following claim.

Clalm W(MT U.r),00 (MTH(S ) = T‘—MTH(S* ‘W)

o0

Proof. Property e of Definition 4.5.8 implies that (MT||5* 5) is an iterate of
(M7 ||64, Y5*) via T [[cv, 7]. Adding to this 4/, we obtain that T D =Ur M7
Thus,

TMT w7).00 (M [16%) =TT w167 00 = T T 5777 00
O

Let € M7 be arbitrary. Since 7 [[c, 7] can be seen as a tree on (M7 [|d,, T5*),
we have that there exists a function f € M and some z € M7 |0* such that

We now have that

oy(x) = 0,(i,(f)(2)) (4.6)
= 0,(i],()(o(2)) (4.7)

= 0a(f)(o,(2)) (4.8)

TMT w10.0).00 (1) (04(2)) (4.9)

T T, w00 (i () (0(2)) (4.10)

=TT w00 (e () (Mg 50 177,00 (2)) (4.11)

=TT )00 (10 () (T T 07,00 (2)) (4.12)

=TT w700 (00 (F)(2)) (4.13)

= TMT¥7),00(T); (4.14)

where

(4.8) follows from property c of Definition 4.5.8 of a (v ~-realization,
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(4.9) follows by the inductive hypothesis,
(4.10) follows from the fact that 7 [[c, 7] can be seen as a tree on (M7, Ur9.4]),
(4.11) follows from the property a of Definition 4.5.8 of a 7 ¢ ~o-realization,
property (K,9),
(4.12) follows from Claim 9'.

12" This concludes the verification of Case II.

5° The verification of the two cases concludes the proof of the lemma.

]

Corollary 4.5.11. LetT be a countable, non-dropping, normal tree on K. ThenT is according
to U if and only if it is Tk w) o -realizable.

Proof. The implication (<) follows from the lemma. For the other direction, let 7 be ac-
cording to W. We claim that

0= (W(sz\pTHO,a])’oo ca € Ter(T))

is a 7(x w)c-realization of 7. Our assumption on the extenders of K ensures that for
all o« € Ter(T) such that a + 1 < len(7"), we have that len(E7) < §M& . This shows the
property d of Definition 4.5.8, while properties b and c are obvious. The rest will follow once
we verify the following. For all o € Ter(T) and for all £ < MM, letting § := ¢yq (MT),
the pair

(MENG, Wri0.01 17 10)

is a generator for Aggi and

9 T<MZ;H5) = W(MI“‘S?\IITHO,Q],MZ:H&)’OO.

The verification of this is given below.

1° Let us assume otherwise. Then, letting (M, X) be a generator for Aggi, we have that
either

(MG, W riio.amrys) < (M, ) or (M, ) <* (M8, ¥rijo.a1mT15)-

2° Let 0 := T(mT w),0(0). Then 6 is a successor member of the Solovay sequence of
L(T") and

Moo(MT 16, Ur0,01.0m7 15) = Moo (K, W)[[0 = He[|§ = Moo (M, 3).
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3° If it was the case that (M ||6, Ui a7 s) <* (M, X), we would have that
(M6, ¥ ri0.0.m7ps) € D5

and consequently,
O(Moo(MI6, ¥ 110,01 17 115)) < 0-

This is clearly a contradiction.

4° Thus, the only remaining possibility is that

(M, ) <* (M8, U rij0,a1,mT5)-

5° Let (V,T) <* (P, T) be the result of a minimal comparison witnessing the above
inequality. It follows from [29, Lemma 4.4] that neither of the trees in this comparison
drop, that o(N) < p~(P), and that o(N) is TZf(P)—regular.

6° This suffices for the conclusion that M (N, T) < M (P, T), which again contra-
dicts 2°.

]

The fact just established, together with the absoluteness of the 7k y) .-realizability,
gives us the absoluteness of the relevant fragment of W.

Corollary 4.5.12. The restriction of ¥ to non-dropping normal trees belongs to L(T", K¥).
H

This fragment of VU is coded by a set of reals which cannot belong to I': the reason for
this is the ability to define from it a surjection R — Hp. The surjection in question is just
the one coming from the direct limit construction for M, (K, ¥) and it witnesses that Op
is not the “real” ©.

Corollary 4.5.13. There exists a set of reals in L(I", K“) which is not in T

Proof.

1° Let F consist of all non-dropping normal trees on (K, V). The mapping
F— F(K,0) : T s (ML, ¥r)
is a bijection.”

2° Corollary 4.5.12 implies that F € L(T', K¥)).

*YWe remind the reader that 7 (K, ¥) denotes the set of all of non-dropping iterates of (K, V).
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For T,T" € F, we define T <y T iff there exists a non-dropping 7 y(7 w.)cc-
realizable tree U on M such that the stack 7~ normalizes to 7.

Note that for all T € F, Mo (M7, V1) = K, and consequently,
L(I', K3)
can correctly identify 77 ¢, oo-realizable trees. In particular, <r€ L(I', K¥).

Observe that for all 7,7’ € F, we have that 7 <z 7" if and only if (M’ , U7/)isa
non-dropping iterate of (M;ro, U7 ). Furthermore, if U/ witnesses that 7 <z 7”, then
U is equal to the unique normal tree on (M7, W) with the last pair (ML, W),

This means that for 7 <7 7', we can define
T T = ﬂ'u : MZ; — MZ;/,
where U is the unique tree witnessing that 7 <z 7.

In this way we obtain a family of embeddings (w7 7 : T <z T') which belongs to
LT, K2).

On the other hand, for all 7 <z 7T,
T = TME07), ML W)

Thus, the family
(MZ;N T - T7 T/ € fa T S]‘— Tl)

belongs to L(I', K% ) and forms a directed system which is equivalent to the standard
directed system leading to M. (K, ¥).

Now, for each z € R which codes a pair (7, «), where T € F and a < M&, we can
map x to
TTo0o(T) € Kuo.

This defines a surjection onto Or inside L(I', K% ), which concludes the proof.

Adding Sequences and Measures

Section Assumptions 4.6.1. We are assuming that

1.

V = L(2(R)) - AD* + ADg,
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2. there does not exist a mouse pair with a measurable limit of Woodin cardinals,

3. I'is a closed pointclass such that L(I") = ADg and

w < COf(@F) < GF < 0.

The goal of this section is to show that for some £ < ©, the model
LT, £2)[pas]

contains a set of reals which is not in I".>! By the results of the previous section, it will suffice
to find k < © so that K% belongs to L(I", x*)[u,], where K, comes from a generator
(K, W) for I'. It will turn out that we can take « to be the ordinal height of K.

The first step is to show that K, belongs to L(I", x*)[u]. The argument that we have
in mind is to give a sufficiently absolute description of this set. We will represent K, as
a ,-ultraproduct of the transitive collapses of the hulls of X inside M (K, V), where
X varies over the countable subsets of x. The point here is that this family of collapsed
hulls is equal almost everywhere to a family inside L(T', k*)[u,]. More concretely, almost
every collapsed hull of M (K, V) is a non-dropping iterate of (K, V) and its part below
its largest cardinal is just the corresponding hull of Hr. This means that the only remaining
issue is to describe the parts of the iterates of (K, V) above their largest cardinals in a way
that relativizes to L(T", k%) [p,].

Thus, the first problem that we will address is, given a generator for I', compute the
domain of its premouse component from its part up to its largest cardinal inside L(I).
Denoting by (K, V) the generator, we would like to say that /K can be obtained by stacking
the premouse components of all mouse pairs that belong to L(T'), extend (K, ¥)|6%, and
project to 8%, This corresponds to the notion of the lower part operator, but it seems that this
scenario does not fully work out in the least branch hierarchy. For now, let us distinguish
the pairs that we want to stack.

Definition 4.6.2. Let (K, V) be a generator for I and let (/V, T) be a mouse pair in L(T").
We say that (N, T) anticipates (K, W) iff (K, ¥)|6% <* (N, T) and p~(N) = p.(N) =
oK. ]

We would like to say that if (N, T) and (P, T) both anticipate (K, V), then one of the
premice N and P is an initial segment of the other and the both are initial segments of
K, but this does not seem to be true. Nevertheless, we will be able to show that either
N and P have the same domain or one of them is an element of the other. We will also
establish that both of /V and P must be elements of K. Thus, the premouse components
of the anticipating pairs all align with each other and with K as well, but with respect the
membership relation only. Furthermore, we will be able to argue that the domain of K is

1We remind the reader that 1, is the quasi-club filter on [x]“ introduced in Definition 4.3.6. This filter is
an ultrafilter by Proposition 4.3.12.
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the union of the definable powersets all these premice, therefor obtaining a lower-part-like
characterization of the set underlining K. This will suffice for the purposes of this chapter.
What follows below, excepting the final theorem of the section, is verifying what we have
just elaborated. We start from a useful technical observation.

Lemma 4.6.3. Suppose that

1. (K, %) is a generator for T,

2. (N, T) anticipates (K, V).
Then Q_:k(N)(N) = N.Sz

Proof. Otherwise, p~(NN) would be a measurable limit of Woodin cardinals in €4y ().
This is not possible since we are assuming that there is no mouse pair with a measurable
limit of Woodin cardinals. ]

If a pair (N, T) anticipates (K, ), then N and K agree up to 6%, but might be incom-
parable above it. It turns out that we can produce a non-dropping tree on their common
part below 6% which aligns them. More precisely, when this tree is lifted to N and K, the
final model corresponding to NV is an initial segment of the final model corresponding to
K.

Lemma 4.6.4. Suppose that

1. (K, W) is a generator for T,
2. (N, T) anticipates (K, ).

Then there exists a non-dropping, normal tree T on (K, V)|6% such that, when regarded as a
treeon (N, T) and (K, V), it has the last models N* and K* (resp.) satisfying that N* < K*.>?

Proof.

1° If N is not strongly stable, then, by Lemma 4.6.3, letting D be the order zero measure
on nﬁm, we have that
(U|t(N, D), T(D))

is a strongly stable mouse pair.

2In other words, N is strongly sound.
53Since N projects to 6, the lifting of a tree on K |§% simply means applying exactly the same extenders.
The similar fact is true for K due to 6% being its largest cardinal.

- 115 -



CHAPTER 4

20

30

40

50

60

70

80

90

10°

11°

These facts, together with the comparison for strongly stable mouse pairs and the
full normalization®*, imply that there are a normal tree I/ on (N, T) with the last pair
(N*, T*) and a normal tree V on (K, V) with the last pair (K’, ') such that the main
branch of U does not drop and (N*, T*) <* (K', ¥).

There exists the largest ordinal ~;; such that U/ |y;; can be regarded as a tree on K |5%.
There exists the analogous ordinal vy, with respect to V.

We have that v;, and 7y, are on the main branches of i/ and V (resp.).

Let Ty, and 7y, be the trees U [[0, 7] and V[0, 7] (resp.) regarded as trees on
(K, W)|6%.

These are non-dropping, normal trees on (K, ¥)[§¥.

All extenders Eg’ for £ > 7, have the critical point strictly larger than O(M%’) and
all extenders Eg for & > 7y have the critical point strictly larger than O(Mz,—“j). In
both cases, the said height is a limit of Woodin cardinals and consequently, a clean
cutpoint in MY (resp. MY ).

Now, since (N*, T*) < (K’, ¥'), we have that one of the final pairs of 7;; and 7Ty, is an
initial segment of the other. Since these two mouse pairs are equivalent, they must
be equal.

This has as a consequence that 7;; = 7Ty. Letting 7 denote this tree and (M*, ¥*) be
its last pair, we have that 7 </, ) and

(M*, %) Q(N*,T%), (K',¥').
Since U is non-dropping, we must have that in fact/ =T J V.

Let us denote by K* the model Mljv, i.e. the last model of 7 when considered on
(K, W)|0*". The fact that all extenders £ for & > 7y have the critical point strictly
larger than o( M*) implies that ZZ(o(M*)) N K" C K*.

Since p~ (N*) = o(M*), we can conclude that N* <1 K*. This shows that the tree T
is as required.

]

Even though we do not seem to be able to pull this alignment along 7 back to the
starting premice N and K, we are able to pull back the alignment with respect to the mem-
bership. We will prove this after stating another useful technical observation.

Lemma 4.6.5. Suppose that

> Qur reference for the full normalization is [37].
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1. (K, %) is a generator for T,
2. (N, T) anticipates (K, V),
3. T is a non-dropping normal tree on K ||0%,

4. U andV are the tree T seen as a tree on (N, T) and (K, V), respectively.
Then for all o« < (3 on the main branch of T,

a. M7 is an initial segment of both MY and MY,
b. p~(M{) = o(M]),

Proposition 4.6.6. Suppose that

1. (K, %) is a generator for T,

2. (N, T) anticipates (K, V).
Then N € K
Proof.

1° By Lemma 4.6.4, there exists a non-dropping, normal tree 7 on (K, ¥)|6% such that,
when lifted to a tree I/ on (N, T) with final model N and a tree V on (K, ¥) with the
final model K, we have N < K. In particular, N € K.

2° Let ¢ on the main branch of 7 be the least such that
u %
ME e ML
We will be done if we show that ( = 0.
3° Let N* := ./\/lzg’ and let K* := M})

4° Claim. ( is not a successor.

Proof.

1" Let us assume otherwise, i.e. that there exists v such that { = v + 1.

2" Let v be the T -predecessor of v + 1, let N' := ./\/lff/, let K/ = Mlj,, and let
E = E;r We have that N’ ¢ K’ and that

Ult(N', E) = N* € K* = Ut(K', E).

- 117 -



CHAPTER 4

3’ We will reach a contradiction by showing that N’ € K’. To that end, it suffices
to show that TthV(IN)(p*(N’) U {prny(N)}) € K.

4’ Let ¢ be a formula, let s € [p~ (N')]<“, and let
N" = ¢[s, prvy (N')].
5 It follows by the elementarity that

N* = 6lig (), o) (N7)].

6’ There exist an rEf(lK)-function f:k — K and a < Ag such that N* =

i (f)(a).

7' Lemma 4.6.5 implies that iY (s) = i%’(s). Adding to this 5/, we conclude that
iy, (N)(@) E olis (s),puow (iE (F)(@))].
8’ It follows that for F,-almost every £ < kg,

f(&) E dls, pray (f(E))]-

9" Thus,
Thi (0~ (N') U {pran) (N') })

consists of all those ¢ such that for E,-almost every £ < kg,

6 € TS (0™ (') U {praw) (F(E)})-
10" Since E is close to K', we get that

Thiny (0~ (N) U {pran (N')}) € K

and consequently, that N’ € K’, which is a contradiction.

5° Claim. ( is not a limit.

Proof.

1’ Let us assume otherwise.

2 Since N* € K*, there exist 7 € [0,()7 and N” € MY such that
/[:}Y/,C(N”) — N*.

3’ Let N/ := MY and K’ := MY. We will reach a contradiction by showing that
¥ 5 y g
N' e K.
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4 Letp:=p (N') = o(MT). Since N” € K’, it suffices to show that
N' = CHU”IQ\E/]IV) (p U {pevy(N")}),
which in turn comes down to showing that
Thii(ny (0 U {pken) (N)}) = Thifiy (0 U {preny (N)})-
5 Suppose that ¢ is a formula, s € [p]<“, and
N' = ¢[s, prvy (N')].

6' By the elementarity of Z%C, it follows that

N* = [ (), prvy (V)]

7' Lemma 4.6.5 implies that i/ (s) = 1)

¥ ¢(s). Adding to this line 2/, we conclude
that

iy (N") | 01i3 ¢ (5), proan) (i« (N7)))-

8’ It follows by the elementarity of i‘%c that
N" = o[s, pr(vy (N")].
9’ Since ¢ and s were arbitrary, we conclude that

Thiy (0 U {orwy (N')}) = Thidtn (0 U {pan (N")}),

which in turn yields N’ € K’, as explained in line 4. We have reached a con-
tradiction.

]

6° Thus, the only remaining possibility is that ( = 0, which means that
N=N'e K"=K.
]

This shows that the anticipating pairs align with the generator. Essentially the same
arguments show that they also align among themselves.

Proposition 4.6.7. Suppose that

1. (K, V) is a generator for T,

2. (N, T) and (P, Y) anticipate (K, V).
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Then either N € P,or N = P,or P € N.%°

Proof. Essentially the same proof as that of Lemma 4.6.4 shows that there exists a non-
dropping normal tree on (K, V)|6% such that, when lifted to the tree on (N, T) with the
final model N* and to the tree on (P, T) with the final model P*, it holds that either N* <J*
P* or P* <* N*. If o(N*) = o(P*), then it follows that N = P. Hence, we may assume
without loss of generality that o(N*) < o(P*), i.e. that N* € P*. We can now run the
proof of Proposition 4.6.6 to establish that in fact N € P. [
As a corollary, we obtain a lower-part-like characterization of the generator.

Corollary 4.6.8. Let (K, V) be a generator forT'. Then the domain of K is equal to the union
of all J1(N), where (N, T) anticipates (K, V).

Proof.

1° If (N, T) anticipates (K, V), then it holds by Proposition 4.6.6 that J;(N) C K. This
verifies one inclusion.

2° For the other inclusion, it suffices to show that for all A € Z2(6%) N K, there exists
a mouse pair (N, T) which anticipates (K, ¥) so that A € J;(N).*®

3° Since A € Z(6%) N K, there exists @ < 6(K) such that p,(K|a) = 6% and A €
Jl (K|Oj)

4° Let k < w be such that p,(K|a) = 6% and let (N, T) := (K, ¥)|a. It follows from
Lemma 4.4.5 that (N, T) € L(T"), so (N, T) anticipates (K, ¥).

5° Since A € J;(N), this verifies the other inclusion.

We are finally ready to state the main result of the section.

Theorem 4.6.9. Let (K, V) be a generator for I" and let r be the height of M, (K, V). Then
L(T', k) [us] contains a set of reals which is not inT".

Proof.

1° Let us assume otherwise and let .# := L(T", k*)[u,]. We have that

a ZR)NA =T,

55Recall that N denotes the bare premouse underlining N, i.e. the structure obtained from N by disregard-

ing the soundness degree k(N).
56The reason why this is sufficient is that %€ is the largest cardinal of K.
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b.

C.

kY C A,

w” = p,. N A is a supercompactness measure in ./ .

2° For X € [r]“, let

Ox : ICX —)MOO(K, \If)

be the anti-collapse of Hull; W(K’W)(X ), where we are assuming the pullback pre-

mouse structure on x.

3° Claim. [[, Kx = M (K, ¥)

Proof.

1/

2/

3/

4/

For all X € [k]” and for all # € K, there exists the least pair (tx ,, px ), With
tx,, a Skolem term and py , € [X]|<“, such that

ox(x) =tx.(pxz)-

For all f € []yc(, o Kx, there exists a unique pair (¢4, py) such that for -
almost every X,

(.00 Px.x)) = (85, 05).
(This follows from the fact that y,, is a supercompactness measure.)

Let /C be the ultraproduct [ | uenz Kx, as computed inside .#. The mapping
Ji K — Mo (K, ) : [f] = tr(py)

is well defined and elementary.

We want to see that j is a surjection. Let y € M (K, V) be arbitrary and let
us find f € [ yc(ge Kx N such that j([f]) = v.

For all X € [k]“ satisfying that y € HuII{M‘”(K’\P) (X), welet f(X) := o' (y).
Function f is defined i,,-almost everywhere.

It follows now that j([f]) = y. This shows that j is surjective.

Thus, j is the identity, which suffices for the conclusion of the claim.

4° For X € [k]“, let us denote by

a.

b.

7x : Hx — Hr the anti-collapse of Hull?'" (X N ©y),

Zx the mx-pullback strategy on Hx,”’

"Note that sup mx [o(Hx)] < Or, so this pullback is a well-defined, complete strategy.
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c¢. Kx the union of all J;(N), where (N, T) is a mouse pair satisfying that
(Hx,ZEx) <" (N, T)
and p(N) = pu(N) = ofH).*
Observe that (Kx : X € [k]¥) € 4.

5° Claim. For p,-almost every X, the set Kx is the domain of the premouse Cy.

Proof.

1" Let A consist of the sets ran(mg v ), Where (K', U’) is an arbitrary non-
dropping iterate of (K, V). Proposition 4.3.13 implies that A € px__.

2" 1t follows from Lemma 4.3.14 that the set
B:={YnNnk:Y eA}

belongs to /.

3’ The fact that every element of a premouse is X1 -definable from a finite sequence
of ordinals yields that for all X € B, the set HuII{Vt“(K’\Ij)(X ) is the unique
Y € Asuchthat X =Y Nk.

4" This shows that for all X € B, it (Kx, ¥x) is a non-dropping iterate of (K, V).
5" Reasoning similarly to the line 3’, we conclude that for all X € B,

HullM=Y" (X)) A Hp = Hullfr (X N ).
6’ The last two lines mean that for all X € B, the mouse pair
(’CX7 \I]X) |5ICX

is equal to (H x, Zx) and that the domain of Kx is equal to the union of J;(V),
where (N,T) is an arbitrary mouse pair anticipating (K, V). For the second
conclusion, we used Corollary 4.6.8.

7' What has been just said is simply another way of saying that for all X € B, the
domain of Ky is equal to K'x. Since B belongs to (i, the claim is proven.

[
6° Let
M
g (HKX> — []1Kx]

be the canonical embedding. This embedding is Yy-elementary.>

*¥Observe that this is how we express “(IV, T) anticipates (K, ¥)” inside ..
%This comes down to the fact that j commutes with rudimentary functions.
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7° Claim. j is surjective.

Proof.

1/
2/
3/

7/

Lety € [, [ x| be arbitrary and let us show that y € ran(j).
For 1,-almost every X, the value o3 (y) is a well-defined element of K x.

For such an X, we define N X,y to be the €-least bare premouse N coming from
amouse pair (N, T) anticipating (K, ¥) and satisfying that 05 (y) € J1 (V) (cf.
Proposition 4.6.7).

We want to show that the family (N Xy)x is almost everywhere equal to some
family in ..

Let o := o(]],, Nx,) < o(Mq(K,¥)). We have that « is represented in the
ultraproduct [ |, [Kx ] by the function

h:[k]* — Ord : X — otp(a N X).

Observe that h € .# and that for y,-almost every X, N x,y the €-least bare pre-
mouse coming from a mouse pair (/V, T)) which anticipates (K, V) and satisfies
that o(N) = h(X). This shows that the function X + Ny, is equal j1,-almost
everywhere to some function in ..

Since fu,; is a supercompactness measure, there exist a Skolem term ¢, and a
Py € [@]<¥ such that for p,.-almost every X,

ox'(y) = ty* (o (py))-
For ju.-almost every X,

ox'(py) ={0x' (&) : £ € p,} = {otp(E N X) : £ € p,}.

Thus, the function (o' (p,))x belongs to .# up to a negligible permutation.

The previous three points show that the function (o' (y))x belongs to .# up
to a negligible permutation. The corresponding equivalence class represents an
element in ([] e K x)”” whose image via j is equal to 3. This concludes the
verification that j is surjective.

]

8° Since j is Yp-elementary and surjective, it is the identity. Thus,

M
Ky = [Mxo(K, 9] = [[IKx] = (H KX> €.

9° Claim. /# = |K| <k
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Proof. We work in .#. By the proof of [38, Lemma 1.17], for every J-structure M,
there exists a surjection f : [o(M)]<¥ — M which is ¥, uniformly in M. Adding
to this Proposition 4.6.7, we get that for ji,.-almost every X, there exists a surjection

fx: [O(KX)]<W — Kx,

which is uniformly definable in X. By passing to the ultraproduct, we construct the
surjection

[ [o(Koo)]™ = Koo
This suffices for the conlusion. O
10° Since k¥ C .#, the last claim implies that K C .#. However, this means that

L(T,K¥) C .#, which together with Proposition 4.5.13 shows that Z(R)“ is
strictly larger than I'. This is a contradiction with 1°.

4.7 Synthesis

We are now going to formulate precisely our construction of pointclasses and show that
it reaches every model of AD" + ADg in which there is no mouse pair with a measurable
limit of Woodin cardinals.

Section Assumptions 4.7.1. We are assuming that V' = ZFC. [

Let us remind the reader that the filter ;1 x has been defined in Definition 4.3.6 for all sets
X. Since we are assuming AC, this filter is simply the club filter on [X]“. The construction
to be defined can at most reach the minimal Chang type pointclass.

Definition 4.7.2. Let A be a closed pointclass. Then A is said to be of Chang type iff for
all kK, Z(R) N LAY, k%) [ua, ] = A. O

Our construction of pointclasses is essentially obtained by iterating the operator Next
to produce the next pointclass. The definition of the operator that we propose cannot be
realized if the current pointclass is of Chang type, so we will immediately exclude those
pointclasses.

Definition 4.7.3. Suppose that A is a closed pointclass which is not of Chang type. Let
be the least ordinal such that

P(R) N LAY, k) [pia, ] D A.
We define Next(A) to be Z(R) N L(A“, k) [, ). O
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When trying to reach by our construction the collection of all sets of reals of a certain
determinacy model, it suffices to verify that a closed pointclass belonging to the model is
not of Chang type and that the operator Next produces a pointclass that still belongs to the
model in question. The point is that Next can be applied to any non-Chang type pointclass
and that it produces a strictly bigger pointclass by the definition. This means that as long as
the next pointclass is still inside the model, a simple recursive construction will relativize
to the determinacy model and eventually reach all sets of reals.

Proposition 4.7.4. Suppose that .# is an inner model containing all reals and satisfying

AD™ 4+ ADg + NMLW. Let A € .# be a closed pointclass satisfying that On < . Then A
is not of Chang type and Next(A) € .

Proof. Recall that for & < ©7, we have that o € .#. This implies that also A¥ € .Z.
Adding to this Proposition 4.3.16, we conclude that for all K < o7,

L(Aw7 ’%w)[MAv ,u,.g] = L<Aw7 K“w)[/j’ﬁa MH](///'
Hence, we will be done if we show that there exists k < O such that

Z(R) N LAY k) [ua, ts] D A.

If cof (©a) = w, then there exists a Wadge-cofinal sequence (A4, : n < w) in A. The
joint of this sequence is a set of reals in L(A"), which is not in A. Hence, it remains to con-
sider the case when cof (O ) > w. By Propositions 4.3.16 and 4.3.12, w; is A-supercompact
in

L(A)jua] = LIA) s},
If L(A) = —ADg, then Corollary 4.3.18 implies that

A C ZR)NL(A)[pal-

This means that the remaining case to verify is when L(A) |= ADg. In this case, Theorem
4.6.9 shows that there exists x < O/ such that

A C P(R)N LA, )]

]

Let us now formulate the construction. The first pointclass in the construction is the
collection of sets of reals in L(RR), provided that determinacy holds there. If the determinacy
fails in L(R), then the construction terminates immediately and is empty. The construction
also terminates if the current pointclass is of Change type. Otherwise, we apply the operator
Next, which produces a bigger pointclass, but we take the bigger pointclass as a part of
the construction only if it is a determinacy pointclass. This means that the construction
terminates as well if we ever reach a pointclass with a non-determined set. At limit stages,
we take the minimal closed pointclass extending all the previous ones, again terminating if
a non-determined set is produced.
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Definition 4.7.5. We define
(U : a0 < w)

to be the longest sequence of closed pointclasses satisfying that for all & < w,

a. L(/l,) =AD",
b. if « = 0, then /I, = Z(R) N L(R),
c. if «v is a successor, then /[, ; is not of Chang type and /[, = Next(/[,_1),

d. if o is a limit, then, letting /[, := U§ <o e, it holds that

Ao = 9(R> N L(ﬂ«!)‘

The main result of the chapter now reads as follows.

Theorem 4.7.6. Suppose that ./ is an inner model containing all reals and satisfying AD" +
ADg + NMLW. Then there exists a« < w such that

PR)NM = ]I,

Proof. This follows immediately from Proposition 4.7.4. [
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Chapter 5

Forcing and Infinitary Logic

5.1 Introduction

One of the fundamental problems in logic is to characterize when a given formula has a
model and what that model is. The most important instance of this problem is the well-
known Entscheidungsproblem, which asks whether a first-order theory is satisfiable. In this
chapter, we will be interested in certain forms of the problem which concern infinitary
propositional formulas. In this case, the most basic form of a model-existence property is,
of course, the satisfiability.

Definition 5.1.1. Let ¢ be an infinitary propositional formula. Then ¢ is satisfiable iff there
exists a poset [P such that in V¥, there exists a model' for ¢. U]

A superficial inspection of this definition might cause doubts as to whether it is natural
to look at models in all generic extensions. These doubts are quickly eliminated once we
realize that this notion is equivalent to the property of “not proving the contradiction”. To
fully appriciate this last comment, one has to recall the fact that the infinitary propositional
logic comes equipped with a natural notion of a proof system, one which is a relatively
straightforward generalization of the proof system for the standard (finitary) propositional
logic.? This explains the central role in Logic of this notion of satisfiability. The starting
point of our investigation is the question of what happens with this property if we restrict
the class of posets which are to be considered for adding a model to the formula.

Definition 5.1.2. Let ¢ be an infinitary propositional formula. Then ¢ is proper-satisfiable
(resp. semiproper-satisfiable, ssp-satisfiable®) iff there exists a proper (resp. semiproper,
ssp) poset IP such that in V¥, there exists a model for ¢. O]

For each of these three notions, we will give a game-theoretic characterization. The
motivation for such pursuit is the fact that the notion of satisfiability has, in addition to the

! A model for ¢ is an evaluation for its propositional letters which assigns the value 1 to ¢.
2See, for example, [39, Section 1].
3The abbreviation “ssp” stands for “stationary set preserving”.
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proof-theoretic characterization, an important game theoretic one. The latter is given in
terms of the Model Existence Game*.

Definition 5.1.3. Suppose that ¢ is an infinitary propositional formula in negation normal
form®. Then the game 0™°¢(¢) is defined as the length w two player game of the form

I| Qo Q1

1I ‘ Wo w1

where w_; := {¢} and for all n < w, the following is satisfied.

a. Player I must ensure that either
i. Q, = for some ¥ € w,_; of the form \/,_, 0;, or
ii. @, = (¢,1) for some 1) € w,_, of the form A,_, §; and some 7 € I.

b. Player II must ensure that if (), = 1 for some ¢ = \/Z.el 6;, then for some i € I,
0; € w,.

c. Player Il must ensure that if Q,, = (¢, i) for some ¢ = A,_, 6;, then §; € w,,
d. Player Il must ensure that w,, does not contain any propositional letter together with
its negation.

The infinite plays with no rules broken are won by Player II. O

The characterization of satisfiability that we want to imitate reads as follows.

Theorem 5.1.4. Let ¢ be an infinitary propositional formula in negation normal form. Then
¢ is satisfiable if and only if Player II has a winning strategy in O™(¢). O

We will describe versions of the Model Existence Game that correspond to the notions of
proper-, semi-proper, and ssp-satisfiability. They are denoted by O (0), O3 (0), and O%P(0)
(respectively), and depend implicitly on ¢ and explicitly on a beth-fixed point x. We prove
the following.”

Theorem 5.1.5. Let ¢ be an infinitary propositional formula in negation normal form. Sup-
pose there exists a proper class of inaccessible cardinals. Then the following are equivalent.

*See [33, Section 8.3]. The game presented there greatly simplifies when we are only interested in propo-
sitional formulas.

5A formula is a negation normal form iff all the negations are immediately in front of propositional letters.
Every formula is canonically equivalent to a formula in negation normal form. This form is obtained simply
by pushing the negations “all the way inside” using De Morgan’s laws.

5This follows by the proof of [33, Theorem 8.12]. The point is that once the set of all subformulas of ¢
is made countable, we are in the scenario of the quoted theorem. Since the game is closed for Player II, it is
generically absolute whether or not Player II wins.

’See Corollaries 5.4.10, 5.6.9, and 5.7.8.
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a. ¢ is proper- (resp. semiproper-, ssp-) satisfiable.

b. For some inaccessible r, Player I has a winning strategy in O® (o) (resp. O%P(0), 03P (0)).

O

This theorem essentially characterizes when a model to a 33; formula can be added by
forcing of the given kind. Let us mention some examples. There is a formula whose models
(in all generic extensions) naturally code surjections w — w} . This is an example of a satis-
fiable formula which is not ssp-satisfiable. On the other hand, we will see a formula whose
models naturally code a cofinal map w — wy .® This is an example of an ssp-satisfiable
formula which is not proper-satisfiable.” An example of a proper-satisfiable formula drawn
from the literature is given in Section 5.5."

In addition to simply answering the question of whether a model for a given formula
can be forced by a poset of a certain kind, our method provides such a poset whenever
the answer is positive. The poset thus obtained is made up of conditions consisting of
working parts and side-conditions. This is exactly the form of proper posets that dominated
the literature on applications of PFA.' Thus, our result can also be seen as an abstract
unification theorem for those seemingly ad hoc constructions.

Finally, in a recent breakthrough of D. Asper6 and R. Schindler,'? a new sophisticated
construction of ssp posets was presented. We observe that the concrete aim towards which
their poset was built can be expressed by an infinitary propositional formula. One is then
confronted by the question of whether that formula is ssp-satisfiable. Once this is veri-
fied, our method provides an ssp poset forcing a model for that formula.”® Thus, the final
question that we want to answer is how to verify the ssp-satisfiability for the formulas of

» 14

“Asper6-Schindler type”.

We resolve this final question by providing an abstract condition on infinitary proposi-
tional formulas that we call the AS-goodness and show that it implies ssp-satisfiability. This
condition is stated in terms of generic elementary embeddings and we will verify that the
concrete formula relevant for the Asper6-Schindler result satisfies it. This verification is

also an explanation of why we expect this condition to hold in other applications of their
method®.

8See Example 5.2.8.

The fact that the formula is ssp-satisfiable follows from the fact that the Namba forcing is always ssp.
We prove it explicitly in Example 5.8.9, but by assuming more than ZFC. On the other hand, it is a matter of
routine to verify that the cofinality of wy cannot be changed to w by a proper poset, which explains why the
formula is not proper-satisfiable.

The formula is given implicitly, since we work with the notion of a problem. This notion and its exact
relationship to infinitary propositional formulas is described in Section 5.2.

See, for example, [40] or [41].

12[16]

BLet us note here that the Asperé-Schindler poset is somewhat analogous to the posets made up of pairs
of working parts and side conditions, but it did not really fit into this paradigm, while our poset is exactly of
this form.

MFor example, in addition to the construction of [16] itself, its variation plays an important role in the
argument of [42].

15Such as, for example, the one that appears in [42].
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Let us give a brief outline of the chapter.

Sec. 5.2 We define a simply combinatorial notion of a problem and explain why it is same
whether we work with infinitary propositional formulas or with problems. We will
then, for the rest of the chapter, mostly work with problems, which is essentially just
a matter of simplifying some proofs.

Sec. 5.3 We recall the characterization of genericity and semigenericity which will play
the main role in designing our game-theoretic characterizations. Additionally, we
introduce the notion of a virtual model and some basic notation around it.

Sec. 5.4 This is where we present the game-theoretic characterization of proper satisfia-
bility.

Sec. 5.5 Here we give an example a formula whose proper satisfiability has been (implic-
itly) considered in the literature. We illustrate how to apply our method in this case.

Sec. 5.6 This is where we present the variation of our method that concerns the semi-
proper satisfiability.

Sec. 5.7 Here we give the variation of the method for the ssp satisfiability.

Sec. 5.8 In this section, we prove the ssp-satisfiability criterion based on generic embed-
dings.

Sec. 5.9 Finally, we illustrate that criterion on the example of a formula coding the main
task of [16].

5.2 The Notion of a Problem

Given an infinitary propositional formula, we can think of it as a problem. A solution to
this problem is a model for the formula, i.e. an evaluation that assigns the value 1 to the
formula. The following poset is a natural attempt to force a model of a formula.

Definition 5.2.1. Let ¢ be a satisfiable infinitary propositional formula in negation normal
form. Then the poset H(¢) consists of all finite satisfiable sets of subformulas of ¢ that
contain ¢, ordered by the reverse inclusion. O]

Forcing with this poset adds a model of the formula, but it will usually collapse w;. If
we want to force a solution with, say, a proper forcing, then we must not produce generics
for H(¢). Luckily, we do not actually need full generics.

Definition 5.2.2. Let ¢ be a satisfiable infinitary propositional formula in negation normal
form. Then the set D(¢) of dense subsets of H(¢) is defined to be

{Dy, Dyi}ty.o.,

where
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a. for ¢ a subformula of ¢ with ¢ = \/,_; ¢,

Dy ={weH(p): Yy ew = Jiel,ycuw},

b. for 6 a subformula of ¢ with 6§ = /\ie[ 0; and for ¢ € I,

Dy, ={w e H(¢):0 c w = 0, € w}.

It turns out that adding a filter for H{(¢) which is just D(¢)-generic'® suffices.
Proposition 5.2.3. Let ¢ be a satisfiable infinitary propositional formula in negation normal

form. Then there exists a D(¢)-generic filter for H(¢) if and only if there exists a model for ¢.

Proof. If we are given a D(¢)-generic filter g for H(¢), we can set

1, Jweglew
,Ug(l) = )
0, otherwise,

for all propositional letters [ appearing in ¢. It then follows by the induction on the com-
plexity of a subformula that s, = ¢. On the other hand, if we are given a model ;1 |= ¢, we
define

gui= {w €H(G) : 1 b= w}
and routinely verify that g, is a D(¢)-generic filter for H(¢). O

Thus, we are lead to the following generalization of the notion of a problem given by a
propositional formula.

Definition 5.2.4. A pair (H, D) is a problem iff

a. H is a poset!/,

b. for all p, ¢ € H, if p|

q, then inf{p, ¢} exists (and it will be denoted by ),

c. D is a collection of pre-dense subsets of H. [

A solution for a problem then becomes simply a D-generic filter for H. The proper
satisfiability then naturally becomes the property of being able to force a solution by a
proper forcing.

Definition 5.2.5. A problem (H, D) is proper-satisfiable (resp. semiproper-satisfiable, ssp-
satisfiable) iff there exists a proper (resp. semiproper, ssp) poset Q such that in V@, there
exists a D-generic filter for H. [

16Tn other words, a filter that intersects all the sets in D(¢), but not necessarily all dense sets in V.
For the sake of precision, we will mean by “poset” a partial order with the distinguished maximum.

-131 -



CHAPTER 5

Lemma 5.2.6. Let ¢ be a satisfiable infinitary propositional formula in negation normal form.
Then ¢ is proper- (resp. semiproper-, ssp-) satisfiable if and only if (H(¢), D(¢)) is so. O

Not all problems come from an infinitary propositional formula, but the most complex
ones do. The possibilities of the expressing power of propositional formulas will be illus-
trated in Section 5.9. The apparent increased generality that problems introduce is just that,
apparent. We explain further in the following example.

Example 5.2.7. Let (H, D) be a problem. We want to find a propositional formula y such
that there is a canonical correspondence between D-generic filters for H and models for x
(in all generic extensions). We will use the set

{gw : w € H}

of propositional letters to build x. The idea is that the evaluation for g,, answers “yes” or
“no” to the question of whether w belongs to the corresponding filter. The formula x is
then the conjunction of the following formulas:

a. Gy,

b' Awgw’ (g’w :> gw’),

C. /\w,w/eH(gw A Ju = gww/)a

d. /\DeD \/weD Guw-

Now, in any generic extension, if g is a D-generic filter for H, then

1, weg

gw tw € H} —2: g, —
t } {0, wéyg

is a model for . On the other hand, if 1 is a model for y, then

{wel: u(gn) =1}

is a D-generic filter for H. Furthermore, these two correspondences are mutual inverses.
O

The next example illustrates that sometimes it might be easier to work with the abstract
notion of a problem than to pass through a propositional formula.

Example 5.2.8. We explain how to code the “Namba problem”. More precisely, we want
to force a cofinal function w — wy by an ssp poset. Such a function is a subset of w X wy,
so we can build a natural propositional formula ¢ with the propositional letters

{fra:n<w,a<w}
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such that for every evaluation v in every generic extension, v |= ¢ if and only if the set

{(nva) : V(fn,a) = 1}

is a cofinal function w — wy . The Namba problem then becomes the question whether ¢
is ssp-satisfiable, or equivalently, whether (H(¢), D(¢)) is ssp-satisfiable.

On the other hand, the generality that we get from the notion of a problem allows us
to code the Namba problem more directly, i.e. without passing through a propositional
formula. We then set

H := {w C w X ws : w is a finite function},
ordered by the reverse inclusion, and we set D := {D,,,C, : n < w, a,ws }, where
D, :={w e H:n € dom(w)},
Co :={w e H:3Im e dom(w),w(m) > a}.
Then a filter F' for H (in a generic extension) is D-generic if and only if

£
UF:wiMu;/.

5.3 Some Simple Remarks

In our arguments, we will define a class of preconditions, and then we will define a way to
pick among them those that should be conditions in our final posets. The preconditions will
simply be pairs of a working part together with a chain of side conditions. The criterion for
picking the conditions is based on games. The games are designed to ensure that the final
poset adds a correct object. However, they must also ensure that a condition of the poset is
(semi)generic for a model that appears as a side condition. To do this, we use the following
slight modification of the standard (semi)genericity criterion.

Lemma 5.3.1. Suppose that

1. Q is a poset,
2. 6> rank(Q) is regular,

3. M < (Hy, €,Q) is countable,

4. p e Q.
Then the following are equivalent.
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a. p is generic (resp. semigeneric) for (M, Q).

b. Forallq < p, forall E € M which contain q, there existsr € 2N Q such thatr € M
(resp. (Hull(M,r)) = §(M))*® andr || q.

Proof. The modification here is that £ is not required to be (pre)dense. In order to apply
the standard lemma, we just need to replace £ by £ U E L where

Et:={rcQ:v¢ cE rlq}.

]

The side conditions in our posets will be virtual models. They were first defined by
Velickovi¢ when studying alternative ways to iterate semiproper posets, see for example
[43]. In the cited paper, one can also find a detailed elaboration on how to work with virtual
models. We review here only the basics. A prototype of a virtual model is an elementary
submodel of some Hy, with 6 regular, but there is more to the notion.

Definition 5.3.2. A set M is a virtual model iff M < M |= ZFC™.%0 O

One of the fundamental operations for virtual models is the hull operation.

Definition 5.3.3. Let M be a virtual model and X an arbitrary set. Then Hull()/, X)
is defined as the set of all f(x) where f is a function in M and z is an element of X N
dom(f). O

Hull(M, X) is elementary in M and it contains X M M. In fact, it is the smallest virtual
model with respect to these two properties. The most important virtual models which
are not elementary submodels of some Hj originate from an application of the following
operation.

Definition 5.3.4. Suppose that M is a virtual model and that ) is an infinite ordinal. We
define M/ |\ to be the image of M under the transitive collapse of Hull(M, V). O

The anti-collapse of a virtual model is essentially a partial extender. The following
parameter measures the strength of that extender.

Definition 5.3.5. Suppose that M is a virtual model. Then )\, is defined as the largest A
such that V), € M, when it exists. O

We will mostly talk about virtual models which belong to C,, for a beth-fixed point .
These collections are defined just below. Since we will refer a lot to beth-fixed points, it
helps to introduce the following notation.

8We write d()M ) or d,; for the intersection of M with w;. We use the same notation for all virtual models
(cf. Definition 5.3.2).

191/ denotes the transitive closure of M.
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Notation 5.3.6. J;;, denotes the class of all beth-fixed points. O

Definition 5.3.7. Suppose that A € Jg,. Then C, denotes the set of all virtual model M
satisfying that

a. )\M = /\,
b. M = Hull(M, V). 0
Definition 5.3.8. The class C is defined as [, Ch. [

If M € C and if Q is a poset that belongs to M N V),,, we can make sense of the phrase
“Q is (semi)proper for M”. One way to do so is to just run the usual definition, but with
respect to this more general object M .2 It turns out that this notion is equivalent to saying
that Q is (semi)proper for M N Hy for any and all regular § € (22", \;;) N M. However,
M N Hy < Hyp, so we do not diverge much from the usual notion of (semi)properness.

When using virtual models as side conditions, we will require them to be €-chains. In
fact, we will require a bit more, as explained in the following definition.

Definition 5.3.9. Suppose that M C C. Then M is a vim-chain iff for all M, N € M,

a. if 6y = 0y, then M = N,

b. If(SM < 5]\[, then M € N and \j; < Ay. L]

When passing from a virtual model M to its projection M |\, we lose information. In a
sense, M then certifies that M |\ is “consistent” with more information.?! This is not true
for all models N € C, and even if it is true for some such /N, a virtual model M such that
M|\ = N is not necessarily unique. We will use the following notion in order to talk about
this possibility of increasing the information content of a virtual model.

Definition 5.3.10. Suppose that

1. M and N are virtual models,
2. M eC,

3. m: M — N.

Then 7 is a lifting iff, letting
p: Nl = Hull(N, V3,,) < N

be the anti-collapse, we have that M = N|\y; and 7 = p[ M. [

2The point is that M is not necessarily an elementary submodel of some Hy.
21Qur intuition is that it is more complicated to embed a model into a transitive structure of a larger rank.
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5.4 Proper Satisfiability

Section Assumptions 5.4.1. We fix a problem (H, D). O

We want to characterize when this problem is proper-satisfiable. In this case, we will
also give a poset that adds a D-generic filter for Hl. We start by defining a class-sized poset
of preconditions. The required will be a (set-sized) suborder of it.

Definition 5.4.2.

a. The class PP consists of all p = (w,, M,) such that w, € H and M, is a finite
vm-chain.

b. The order <P on vm-chains is the reverse inclusion D.

c. The order <" on P? is defined by asserting that p < ¢ iff w, <y w, and M, <P
M,. O

The criterion for deciding which preconditions should be taken as conditions in the final
poset is based on a game. We describe this game in the following definition. Player I plays
by asking certain questions and Player II plays by answering those questions. Preconditions
will be conditions if Player II (the “good” player) can always play the corresponding game
for w rounds, i.e. without failing to produce an answer of the required form. There are
three types of questions that Player I can ask. The first ensures that the final poset actually
forces a D-generic filter for H. The other two types of questions ensure that the final poset
is proper. They are based on the genericity criterion given in Lemma 5.3.1.

Definition 5.4.3. Suppose that x € Jg, and p € PP N V.. Then the game 0" (p) is defined
as the length w two Player game of the form

I | Qo Q1
II ‘ b1 Po b1

where p_; € PP NV}, is such that p_; < p and for all n < w, the following is satisfied.

a. Player I must ensure that either

i. @, =D forsome D € D, or
ii. @, = M for some countable M < H((2")"%), or
iii. @, = (M, E) for some M € M, , andsome E € M.

b. Player II must ensure that p,, € PP NV, and p,, < p,,_1.

c. Player II must ensure that if (),, = D for some D € D, then there exists w € D such
that w,, < w.
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d. Player I must ensure that if ), = M for some countable M < H((2")"), then
Pn-1,K € M.

e. Player Il must ensure that if ,, = M for some countable M < H((2%)"), then there
exists A € Jgx N & such that k N Hull(M,Vy) C Aand M\ € M, .

f. Player I must ensure that if ), = (M, E) for some M € M,, , and some E € M,
then there exist M* < (H((2%)"), €, k) and a lifting

T M — M*
such that p,,_; € 7(E).
g. Player Il must ensure that if ), = (M, E) for some M € M,, , and some E € M,
then there exists ¢ € F such that ¢ € M and p,, < q.

The infinite plays with no rules broken are won by Player II. [

We will be interested in those p for which Player II has a winning strategy in o (p).
Something that we can observe right now, and which will be useful throughout, is that if o
is a winning strategy for Player II in OP(p), then any move ¢ that this strategy prescribes
for Player II has the same property: Player II has a winning strategy in OP(q). To see this,
one can simply use the tail strategy.

Definition 5.4.4. Suppose that x € Jg,. We let C? consist of all p € PP NV, such that
Player II wins OP(p). O

The set CP might be empty. If it is not empty, then it inherits the ordering from PP
which makes it into a poset. It also has the natural unit element.

Notation 5.4.5. We denote by o the pair (1, 0). O

It turns out that CP is an initial segment of (PP, <P). By this, we simply mean that it
is upwards closed. In particular, if CP contains any element whatsoever, then it contains o.
On the other hand, if CP contains o, then it also contains ran(o) for any winning strategy
o for Player Il in 0P (o).

Proposition 5.4.6. Suppose that x € Jg,. Then the following holds.
a. CP is an initial segment of (PP, <P).
b. If C? is non-empty, then o € CP and (CP, <P 0) is a poset.
c. If CP is non-empty, then, letting g be a V -generic for CP, we have that the set
{w,:p € g}
is a D-generic filter for H.
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Proof. The fact that CP is an initial segment of (PP, <P) easily follows from the fact that we
allowed Player II to arbitrarily strengthen condition p at the very beginning of game OP(p).

Part b is then immediate. Let us now verify part c.
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10°

Suppose that CP # (.

We have that for all p € CP, for all w € H satisfying that w > w,, it holds that
(w,P) € CP and (w, D) > p. This readily implies that

CPIF“{w, : p € g} is afilter in H”.

It remains to verify genericity. Let D € D be arbitrary. We want to show that

CrIFdp e g,w, € D.

To this end, it suffices to show that the set
E:={peCl:3we Dw, <w}

is dense in CP.

Let p € CP be arbitrary. We want to find ¢ € E such that ¢ < p.

Since p € CP, there exists a winning strategy o for Player I in OP(p).

Let us consider the following partial play of OP(p) according to o.

I | D
II ‘ P—1 Do

Since p_; and py appear in a play according to a winning strategy for Player II, we
have that p_1, py € CP.

The rules of the game imply that
Po<p-1=p
and that there exist w € D such that w,, < w.

This imply that py € E, so q := py is as required.

O]

Proposition 5.4.7. Suppose that k € g, and that CP is non-empty. Then CP is a proper

poset.

Proof.
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For p € CP, let 0, be a winning strategy for Player II in the game O®(p).

Let
M < (H((2°)%),€,k,H,D, (0, : p € Ch))

be an arbitrary countable virtual model. We want to show that CP is proper for M.
Let p € CP? N M be arbitrary. We need to find py < p which is generic for (M, CP).
Consider the following partial play of OP(p) according to o,,.

I ‘ M|k
I ‘ P—1 Do

Since p_; = 0,(0) and p € M, we get that p_; € M|k. In other words, Player I did
not break the rules.

Consequently, it follows that py < p_; < p and that there exists A\ € Jg, N & such
that
kO Hull(P,Vy) C A

and M|\ € M,,.

We want to show that p, is as required. This comes down to the following. Let ¢ < py
and let £/ € M be an open dense subset of CP containing q. We need to show that
there exist r € E such that r € M and r||q.

Let
7 M\ — Hull(M, V) < Hy

be the anti-collapse. We have that 7'(k) = Aand 7' (E) = ENV,.

Let us consider the following partial play of O (¢) according to o,

I | (MIXN,ENVy)
I ‘ qd-1 do

Player I did not break the rules since
a. Mxe M, M, ,,
b. ENVy=n"YE)en ' [M] =M\,
c. w[(MJN): M{X — M is a lifting,
d ¢g,€ E=n(ENnV,) (Fisopenand g ; < g).

The rules then imply that ¢y < ¢ and that there exists » € £ N V) such that ¢y < r
andr € M|\,

Thus, r € F, r||q (as witnessed by ¢p), and r € (MI\) NV, C M.
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]

Thus, if Player II has a winning strategy in o (0), then CP is a proper poset which adds
a D-generic filter for H. It turns out that a converse is true as well. To show it, we need the
following lemma.

Lemma 5.4.8. The following are equivalent.

a. (H, D) is proper- (resp. semiproper-, ssp-) satisfiable.

b. There exists a proper (resp. semiproper, ssp), complete boolean algebra B and a mapping
v : H — B satisfying that

ii(l) =1,
ii. forallp,q € H,ifp <gq, theni(p) <i(q),
iii. forallp,q € H, ifpLlq, theni(p)i(q) =0,

iv. forallp,q € H, ifp || q, theni(pq) = i(p)i(q),
v. forallD € D, i[D] = 1.

Proof. We explain the proper case, the other two being analogous. Let us first show that
(a=b). Since (H, D) is proper-satisfiable, there exists a proper poset QQ which adds a D-
generic filter for H. Let B be the complete boolean algebra obtained as the completion of
Q and let F' be a B-name satisfying that

g “F' is D-generic for H”

Theni:H — B : w — ||w € F|| is as required. To see that (b=-a), fix i : H — B as in
b. Then for g which is V-generic for B, we have that i ! [g] is D-generic for H. ]

Theorem 5.4.9. Suppose that

1. there exists a proper class of inaccessible cardinals,
2. (H, D) is proper-satisfiable.
Then for some inaccessible k, Player Il has a winning strategy in O (o).
Proof.
1° By Lemma 5.4.8, there exists a proper, complete boolean algebra B and a mapping

i : H — B satisfying that
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. forall p,q € H, if p < ¢, theni(p) < i(q),
. forall p,q € H, if pLg, then i(p)i(q) = 0,

o

d. forallp,q € H, if p || ¢, then i(pq) = i(p)i(q),
e. forall D € D, Y i[D] = 1.

Let x be an inaccessible cardinal satisfying that rank(H), rank(B) < & and let us show
that Player II has a winning strategy in OP(0).

Let us assume otherwise. Since the game is closed for Player II, it follows that Player
I has a winning strategy 0. We will reach a contradiction by showing that Player II
can defeat o.

Forp € PP and b € B, let U(p, b) be the conjunction of the following statements:

o

. forall M € M, H,B,: € M,

b. forall M € M, Ay > rank(B),

c. 0<b<i(wy),

d. for all M € M,, b is generic for (M, B).

We will show that Player II can play by maintaining that for all n € [—1,w), there
exists b € B such that ¥(p,,, b) holds.

Suppose first that n = —1. Let
M < (H((29)%), €, k, H, B, 1)

be countable, let A := sup(kN M), and let p_; := (0, {M|\}). We see that conditions
4°a and 4°b are met.

Since B is proper and 1y € M, there exists b € B such that
0<b<1=1i(w,,)

and such that b is generic for (M, B).

It is now easily seen that W(p_1, ) holds.

Let us now inductively consider the case n assuming that there exists b € B such
that WU(p,_1, b) holds. Let Player I play a move (),, and let us show how Player II can
answer in such a way as to ensure that there exists ¢ € B such that ¥(p,, ¢) holds.

Casel. ), = D for some D € D.

Proof.

1" Since ) i[D] = 1, there exists w € D such that i(w)b > 0.
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2 Let p, == (wp, ,w, M, )andletc:=i(w)b. We have that
0<c<i(wy,)

and M, =M, ..
3" Since also ¢ < b, it follows easily that W(p,, c¢) holds.

10° Case II. ,, = M for some countable M < H((2%)").

Proof.
1" We have that p,,_1,x € M.
2" We need to find p,, € PP, \ € Jg, Nk, and ¢ € B such that

a. Pn < Pn-1s

b. %N Hull(M, V3) C A,
c. MxeM,,,

d. ¥(p,, c) holds.

3" Let F': Kk — K be defined by setting
F(&) :==sup(k NHull(M,Vg)) < &

for ¢ < k. There exists A € Jg, N k such that F[A\] C .

4" Let p, = (wp,, ,, M,,  U{M][A}) € PP. We have that p,, < p,_; and M\ €
M,,,. It remains to find ¢ € B such that ¥(p,, ¢).

5 By elementarity, there exists by; € B N M such that W(p,,_1, bys) holds.

6’ Since M, , C M,, , € M, we have that B € M. This means that B is proper
for M.

7' Hence, there exists ¢ € B such that 0 < ¢ < by, and such that ¢ is generic for
(M,B). It follows that W(p,, c) holds, as required.

O
11° CaseIIL. ), = (M, E) for some M € M, , and some £ € M.

Proof.
1’ We have that there exist M* < (H((2%)"), €, k) and a lifting
T M — M*

such that p,_; € 7(E).
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2/

3/

8/
9/

10’

11
12/

We need to find p,, < p,_1,q € E, and ¢ € B such that
a. g€ M,
b. pn < ¢,
c. U(py,, c) holds.
Let N := M, , NV,,, € M and let F consist of all d € B such that there
exists ¢ € I/ N PP satisfying that
a. foral P e M, H,B,: € P,
b. forall P € M, Ap > rank(B),
c. 0<d<i(wy),
d. forall P € M, d is generic for (P, B),
ee NCM,.
We have that F' is an open subset of B — {0} and F' € M.

Let X :={a € B— {0} : Vd € F, ad = 0}. We have that F' U F'* is dense in
B and belongs to M.

Since b is generic for (M, B), there exists d € F U F* such that bd > 0 and
de M.

Since p,—1 € 7(F) and ¥(p,,_1, b) holds, it follows that b € = (F).

Since ' C B, we have that ' € M N V,,,. This means that 7(F') = F and
consequently, b € F.

Since bd > 0 and b € F, we have that d ¢ F*, which means that d € F.
Since d € ' N M, there exists ¢ € E N PP N M such that
a. forall P € M, H,B,: € P,
b. forall P € My, Ap > rank(B),
0 <d <i(w,),
d. forall P € M,, d is generic for (P, B),
e. M, NV, €M,
Let p,, := (wp, ,w,, M,, , UM,). We have that p,, € PP. (Note that 0 < bd <
i(wp,_)i(wy), so wy, , [|wg.)

We also have that p,, < p,_1 and p,, < ¢, while g € £ N M.

o

Let ¢ := bd > 0. We get that ¥(p,, ¢) holds, concluding the argument.

]

12° The three cases show together that Player II can survive w moves against ¢. This

contradicts the fact that o is winning for Player I.
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Hence, we obtain a game-theoretic characterization of proper satisfiability.
Corollary 5.4.10. Suppose that there is a proper class of inaccessible cardinals. Then the
following are equivalent.

a. (H, D) is proper-satisfiable.

b. For some inaccessible k, Player I has a winning strategy in O®(0). ]

If (H, D) is proper-satisfiable, then for any sufficiently large inaccessible x, the poset
CP is a proper poset adding a D-generic filter for H. It turns out that this is the maximal
poset in a collection of posets which are methods identify and which have the the same

property.

Proposition 5.4.11. Suppose that

1. \ € Dy is strictly larger than rank(H),
2. Cis a poset contained in PP N V),

3. forallp € C, there exists a winning strategy o for Player I in OX (p) such that ran(o) C
C.ZZ

Then C is a proper poset that adds a D-generic filter for H. Moreover, C is contained in CY

Proof. These assumptions are sufficient to run the proofs of Propositions 5.4.6.c and 5.4.7.

O

There are also minimal ones among the posets that this proposition describes. They
are obtained from by taking the range of a single winning strategy for Player II in o% (o).
We will have the analogous situation in the semiproper and stationary set preserving case.
In Section 5.9, we will actually have to work with a smaller poset in the corresponding
collection of posets in the stationary set preserving case.

5.5 An Example for the Proper Satisfiability

In this section, we will illustrate the method described in Section 5.4 using a concrete ex-
ample. First, let us fix our assumptions.

Section Assumptions 5.5.1. Suppose that

1. X C R is uncountable,

?In other words, the moves that o prescribes for Player Il are all in C.

- 144 -



Forcing and Infinitary Logic

2. I': [X]? — 2 is an open coloring,
3. k 1is an inaccessible,

4. <y, is a wellordering of V.. [

The goal is to show that there exists a proper poset Q such that in VV?, there exists a
sequence (X, : n < w) such that X = | |, _ X, and such that for all n < w, I'I[X,]* =
const.? This goal can be naturally reformulated as a problem (in our formal sense).

Definition 5.5.2.

a. Let [H consist of finite partial functions w C X X Z such that for all n € Z,
['[fw™*(n)]* = const.
The order on H is the reverse inclusion.
b. Forz € X, let D, be {w € H: x € dom(w)}.

c. Let D be theset {D, : z € X}. O

Partial functions w € H are approximations of the final partition. We chose to index that
partial by Z in order to simplify notation in arguments below, but of course, any countable
set works equally well. The dense sets inside D are such as to ensure that the D-generic
filter for H gives a total partition of X. The following lemma is a simply observation that
the problem is what is designed to be.

Lemma 5.5.3. Let Q be an arbitrary poset. Then in V'©, the following are equivalent:

a. there exists a sequence (X,, : n < w) such that X = | |
n < w, I'N[X,]? = const;

X, and such that for all

n<w

b. there exists a D-generic filter for H. O

This means that our goal reduces to showing that Player II has a winning strategy in
OP(0), where the game is defined with respect to the problem (H, D). Our approach for
describing this strategy is to define a set of good preconditions in such a way as to be able
to show that Player II can win by simply maintaining that all of their moves are good. The
hardest part of this definition is to establish in which way the working part w, of a good
precondition p has to respect its side condition part M,,. To that end, we first work towards
describing a coloring of X “over” M given by T', for a countable M < H(c™).

Notation 5.5.4. We denote by <, the wellordering <y, [H(ct) of H(¢") and we denote
by H the first-order structure

(H<C+), €, <u, X, F)

2This was previously known by the results of [44].
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The following lemma is a slight generalization of the well-known fact that if M < H
is countable and ¢(x) is a formula with parameters in M and with a realization outside of
M, then ¢(z) has uncountably many realizations.

Lemma 5.5.5. Suppose that

1. M < H is countable,
2. a C X is finite such that a N M = (),

3. ¢(z) € tp’(a/M) .2
Then for all countable S C X, there exists a finiteb C X — S such that H |= ¢[b].

Proof. For all countable S C X satisfying that S € M, it holds that M = ¢[a] AanN S = ().
Since M < H, it follows that
HEVS € [X]¥, 3 € [X — S, ¢(x).

This suffices for the conclusion. O]

We can strengthen the above lemma in a way that better takes into the account the
coloring I'. Namely, if a = {a; : i < n}, we can find fixed colors (2; : i < n) such that for
all formulas ¢ and all countable S C X as above, the corresponding tuple b = {b; : i < n}
satisfies additionally that the color I'(a;, b;) is exactly ¢; for all i < n.

Lemma 5.5.6. Suppose that

1. M < H is countable,

2. 0 C X — M is finite.

Then there exists 2 : 0 —> 2 such that for all ¢(x) € tp™(c/M), for all S € [X]*, there
exists f : 0 — X — (S U o) such that

a. H = ¢[ran(f)],
b. foralla € 0,1 (a, f(a)) = 2(a).

Proof.
1° Let us assume otherwise. Then for all 2 : ¢ — 2, there exist ¢,(z) € tp*(o/M)

and S, € [X]|“ such thatforall f: 0 — X — (S, U0),if H |= ¢.[ran(f)], then for
some a € 0, ['(a, f(a)) # 2(a).

2We use the notation “tp”(a/M)” to denote the type of the object a in the structure H with respect to
parameters in M.
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2° Let ¢"(x) = N,,_.o0.(x) andlet S := J,, ., S, Uo. It follows that for all
fio0— X —=S,if H = ¢"[ran(f)], then

Ve:o0 — 2,3a € 0,[(a, f(a)) # 2(a).

3° Lemma 5.5.5 implies that there exists f : 0 — X — S such that H = ¢"[ran(f)].

4° Lete : 0 — 2 :a > I'(a, f(a)). The existence of this 2 contradicts 2°.
[

Note that in this lemma, the coloring obtained depends on o, so let us call it 2,. If we
have another finite set 7 C X — M, we would like the colorings 2, and 2. to be coherent, i.e.
that 2,[(c N7) = 2.[(c NT). A priori, there is no reason for this to hold, but the following
lemma shows that we can pick the colorings in such a way as to ensure it.

Lemma 5.5.7. There exists a function M| — I'y; which is defined on all countable M < H
and which satisfies that for all countable M < H,

a 'y : X —-—M — 2,

b. for all finite e C X — M, for all p(z) € tp* (o /M), for all S € [X]*, there exists
f 0 — X —(SUo) such that H = ¢[ran(f)] and such that for all a € o,
[(a, f(a)) = Tu(a).

Proof.

1° For M < H countable and for ¢ C X — M finite, let I['(c/M) be defined as the
<y-least 2 : 0 —> 2 such that for all ¢(z) € tp™(c/M), for all S € [X]*, there
exists f : 0 — X — (S U o) satisfying that H |= ¢[ran(f)] and that for all a € o,
I'(a, f(a)) = 2(a). This is possible by Lemma 5.5.6.

2° Let U be an ultrafilter on [X]<“ satisfying that for all 0 € [X]<¥,

{reX|*™¥:0C7}€U.

3° For a countable M < H and for 0 C X — M finite, we define I'(0 /M) to be that 2 :
o —» 2 which satisfies that for {/-almost all 7, it holds that ¢ C 7 and I'(7/M) |0 =
e.

4° Observe that for all countable M < H and for all finite 0 C 7 C X — M, it holds
that I'(7/M)[o = T'(o/M).
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5° For a countable M < H, we let

Tye=|J T(o/M).

o€[X—M]<w

It is easily seen that M — I'); is as required.

Notation 5.5.8.

a. Let us denote by M > [, the <y, -least mapping whose existence is established by
Lemma 5.5.7.

b. For M € C, we denote by '), the function I"j;n3.

c. We denote by r, the mapping which assigns to each element of 7Z its remainder mod-
ulo 2. ]

We are now ready to define the set of good preconditions.

Definition 5.5.9. We define a subset Good of PP N V|, by asserting that p € Good iff

a. M, #0,
b. for all M € M,, it holds that (I'p : P < H countable) € M,

c. for all @ € dom(w,), it is true that w,(a) < 0 if and only if a belongs to the &-least
element of M,,

d. for all n € Z, for all distinct a,b € w, ' (n), it holds that T'(a, b) = r2(n),

e. forall M, N € M,,if M € N and M, N (N — M) = 0, then letting o := dom(w,) N
(N — M), it holds that I'j;(¢) = (r2 o wy) [0,

f. dom(w,) C |JM,,. O

Recall that the goal is to show that Player II can win OP(0) by maintaining that for
all n € [—1,w), p, € Good. The next three lemmas exactly address the three types of
moves that Player I can making and show that Player II can keep answering with good
preconditions.

Lemma 5.5.10. Suppose that p € Good and that a € X. Then there exists ¢ € Good such
that ¢ < p and a € dom(w,).

Proof.
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1° If a € dom(w,), we can take ¢ := p.
2° Hence, let us assume that a ¢ dom(w,).
3° If a in the €-least model of M,, then let

a. n € Zeo — ran(w,),
b. w, :=w,U{(a,n)},
c. My :=M,,
d. q:= (wy, M,).
It is now easily seen that ¢ € Good, ¢ < p, and a € dom(wy,).
4° Hence, let us assume that a is not in the €-least model of M,,.
5° Ifa € M, let
a. M, =M,
b. M € N € M, be suchthat M, N (N — M) =0anda e N — M,
c. n € w — ran(w,) be such that ro(n) = I'y;({a}),
d. w, :=w,U{(a,n)},
e. ¢ = (wg, My).
It is now easily seen that ¢ € Good, ¢ < p, and a € dom(wy,).
6° If a & |JM,, let
a. N € C.,besuchthatH,(P+— T'p),p € N,
b. M, = M,U{N},
c. M be the c-largest element of M,
d. n € w—ran(w,) be such that ry(n) = I'y({a}),

Cwy = w, U{(a,n)},
f. q = (wy, My).

o

It is now easily seen that ¢ € Good, ¢ < p, and a € dom(wy).

7° The four cases conclude the proof.

]

Lemma 5.5.11. Suppose that p € Good and that M < H((2%)") is countable satisfying that
p, k € M. Then there exist ¢ € Good and A € Jg, Nk such that g < p, k NHull(M, V) C A,
and M\ € M,.
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Proof. 1t is easily seen that we can take M, := M, U {M]A} and ¢ := (w,, M,), for an
appropriate . [

Lemma 5.5.12. Suppose that

1. p € Good,
2. NeM,
3. m: N — N* < H((2¢)7") is a lifting,

4. E € N issuch thatp € n(E).
Then there exist ¢ € E N N andp’ € Good such that p’ < p,q.
Proof.

1° Let n := |w,| and let (a; : i < n) be the <y-increasing enumeration of dom(w,).
Since I is an open coloring, there exists a sequence (¢; : i < n) € (w<“)" such that

a. foralli < n,t; <a,,
b. forall i < j < n,t; and t; are not initial segments of each other,

c. foralli < j <mn,forallb,ce X,ift; <bandt; <c, thenI'(b, c) = I'(a;, a;).
2° Let k < n be such that {a; : i < k} = dom(w,) N N.

3° Since p € m(E) € N*, we may assume without loss of generality that for all ¢ € E,
it holds that

a. q € Good,

o

. |dom(w,)| = n,

. MpmNqu,

o

d. the first k elements of dom(w,) are exactly ay, . .., ax_1,”

)

. foralli < n, letting b be the i*" element of dom(w,), it holds that w,(b) = w,(a;)
and t; < b.

4° Claim. There exists ¢ € EN N such that for all i € [k, n), letting b be the i'" element
of dom(wy), it holds that I'(a;, b) = ra(w,(a;)).

Proof.

%We mean the first k in the order <.
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1/

2/

4/

5/
6/

7/

Let E € N be the set of all n-tuples that increasingly enumerate dom(w,) for
some g € F. Since N < N , it suffices to show that there exists o € F such that
for all i € [k, n), it holds that I'(a;, 0;) = ra(w,(a;)). We may assume without
loss of generality that & < n, for otherwise there is nothing to show.

Let (M; : i <) be the €-increasing enumeration of M, — N and let (n; : i <)
be the increasing sequence of natural numbers such that forall: <[ — 1,

dom(wp) N (Mi+1 — M,) = {aj in; < j < n,-+1}.

Since k£ > 0, we must have that [ > 0.

Let ¢(z, ..., x,_1) be the formula in the language of H, with parameters in
N N H(c"), asserting that

agay - ag—1" xy ... Tpo1 € E.

Observe that H = ¢ifag, ..., a,1].

By a reverse recursion on ¢ < [, we define sequences
(rjimg <7 <mig1),(sj:n; <j<migp) € (WS9)r—m

and a formula ¢;(xy, . .., z,,—1). We maintain as the recursive hypothesis that

H ): ¢i+1[ak7 SRR anHl—l]-

Since p € Good, we have that for all j € [n;,n,41), I'ng,({@;}) = r2(wp(ay)).
By the definition of I'y;, and the fact that

H = divala, .- ang -1,
we have that there exist b,,, ..., b,,,,—1 € X — M; 1, such that
HE= dipalar, .- n—1,bnyy o ooy 1]
and such that for all j € [n;, n;11),
I(aj,b5) = T, ({a;}) = r2(wp(ay)).

For j € [n;,n;+1), let r; <a; and s; < b; be finite sequences of natural numbers
which are not initial segments of each other and which satisfy that for all ¢, d €
X,ifr; < cand s; < d, then

(e, d) = T(a;,b;) = ra(wy(ay)).
(We are using here that the coloring is open.)
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8’ Let ¢;(zk, ..., Tn,—1) be the formula asserting that

Elyni""7yni+1*17 /\ Sj Qyj/\

n; <j<ni41

/\gbi-i-l(l'ka vy Tni—15,Yngy - - - 7yni+1—1)-
This concludes the reverse recursion.

9" Observe that H |= ¢,. By recursion on i < [, we can witness the existential
quantifiers in ¢; so that we obtain o,,,,...,0,,,,-1 € X N N satistfying that

H ): ¢Z[O-k:7 s 7Uni+1—1]-
10’ Let o := (ag,...,ar_1,0%,--.,0,_1). Line 9 yields that ¢ € E and that for all
J € [k,n), s; <10j.

11" For all j € [k, n), the fact that 7; < a; and s; < 0; ensures that I'(a;,0;) =
ro(wp,(a;)) (cf. line 7°). This shows that o is as required in 1'.

]

Let ¢ be as provided by Claim 4° and let
P = (wp, Uwy, M, UM,).
We will show that ¢ and p’ are as required.

We already now that ¢ € F'N N and that p’ < p, ¢, so the only thing to verify is that
p’ € Good. For this, in turn, the only non-trivial point is that for all n € Zx, for all
distinct b, ¢ € w;l(n), it holds that I'(b, ¢) = ra(n). Let us show that this is indeed
the case.

This is clear if b, c € w, ' (n) or b, ¢ € w, " (n), so let us assume that b € w,'(n) — N
and ¢ € w, ' (n) — N.

Leti,j € [k,n) be such that b is the i*™" element of dom(w,) and c is the j" element
of dom(wy). If i # j, we have that

(b, c) =T(a;,aj) =12(n)
because ¢; <1 b and ¢; < ¢ (which gives the first equality) and
wplar) = wy(b) = n = w,(¢) = wy(a;)
(which gives the seconde equality).
If, on the other hand, 7 = j, then we have that
D(b,¢) = Dlas, ¢) = ra(uwp(as)) = 12(n)
because of the way we chose ¢ (cf. Claim 4°).
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10° This shows that ¢ and p’ are as required.

Putting together the three lemma just proved, we get the desired conclusion.

Corollary 5.5.13. Player II has a winning strategy in O% (o).

Proof. One can easily find M € C such that
p1:=(0,{M}) € Good.

Lemmas 5.5.10, 5.5.11, and 5.5.12 then show that Player II can survive w moves by main-

taining that for all n < w, p, € Good. This describes a winning strategy for Player II in

OP (o). O
As observed in the beginning, this exactly solves the problem that we posed.

Corollary 5.5.14. There exists a proper poset Q such that in VO, there exists a sequence
(Xp:n <w)

such that X = | | __ X, and foralln < w, T'[[X,]* = const.

n<w

Proof. This follows by Corollary 5.5.13 and Lemma 5.5.3. [

5.6 Semiproper Satisfiability?°

Section Assumptions 5.6.1. We fix a problem (H, D). O

In this section, we want to characterize the semiproper satisfiability of (H, D) in a way
analogous to what we did for the proper satisfiability. We will closely follow the outline of
Section 5.4. We start by introducing the preconditions. They are the same as in the proper
case, except that we order them differently.

Definition 5.6.2.

a. The class P consists of all p = (w,, M,,) such that w, € H and M, is a finite
vm-chain.

b. The ordered <*" on vm-chains is defined by asserting that M <*P A/ holds iff for all
N € N, there exists M € M such that

26 A version of this section was done jointly with Ben De Bondt. He pursued some of these ideas in a
different direction in his thesis [45].
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i Oy = on,
il. Ay = An,
iii. there exists X C V), such that M = Hull(V, X).

c. The order <*" on P*P is defined by asserting that p < ¢ holds iff w, <y w, and
Mp Ssp Mq. D

The game in this case differs from the one in the proper case only in that Player II is
required to do less when answering questions of the third kind.

Definition 5.6.3. Suppose that k € Jg, and p € P N V.. Then the game 03" (p) is defined
as the length w two Player game of the form

I Qo Q1
0| p, Do P

where p_; € P NV, is such that p_; < p, and for all n < w, the following is satisfied.

a. Player I must ensure that either

i. @, = D forsome D € D, or
ii. @, = M for some countable M < H((2")%), or
iii. @, = (M, E) for some M € M,, , and for some E € M.

b. Player Il must ensure that p, € P** NV, and p,, < p,,_1.

c. Player Il must ensure that if (),, = D for some D € D, then there exists w € D such
that w,, <w.

d. Player I must ensure that if ), = M for some countable M < H((2")"), then
DPn-1,K € M.

e. Player Il must ensure that if ),, = M for some countable M < H((2")"), then there
exists A € Jgx N & such that Kk N Hull(M,Vy) € Aand M\ € M,,.

f. Player Imust ensure thatif ),, = (M, E) for some M € M,, , andforsome F € M,
then there exist M* < (H((2%)"), €, k) and a lifting

T M — M*
such that p,,_; € 7(E).

g. Player II must ensure that if (), = (M, E) for some M € M, | and for some
E € M, then there exists ¢ € E such that §(Hull(M, ¢)) = §(M) and p,, < q.
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The infinite plays with no rules broken are won by Player II. [

Definition 5.6.4. Suppose that x € Jg,. We let C:P consist of all p € PP NV, such that
Player II wins O%P(p). O

Proposition 5.6.5. Suppose that k € Jg. Then the following holds.

a.

b.

C.

The set CP is an initial segment of (P <" o).

If C? is non-empty, then o € CP and (CP, <P 0) is a poset.

If CP is non-empty, then, letting g be a V -generic for CP, we have that the set
{w,:p € g}

is a D-generic filter for H.

Proof. This is shown analogously to Proposition 5.4.6. [

Proposition 5.6.6. Suppose that . € g, and that CP is non-empty. Then CP is semiproper.

Proof.
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For p € C;P, let 0, be a winning strategy for Player II in the game OP(p).

Let
M < (H((2")"),€,5,H,D, (0, : pe CP))

be an arbitrary countable virtual model. We want to show that C5P is semiproper for
M.

Let p € CP N M be arbitrary. We need to find py < p which is semigeneric for
(M, CP).

Consider the following partial play of OP(p) according to o,,.
I M
II ‘ P Do

Since p_; = 0,(0) and p € M, we get that p_; € M. Thus, Player I did not break the
rules.

Consequently, it follows that py < p_; < p and that there exists A € Jg, N & such
that
kN Hull(M, V) C A

and such that M|\ € M,,.
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We want to show that p, is as required. This comes down to the following. Let ¢ < pg
and let £ € M be an open dense subset of C’P containing q. We need to show that
there exist r € E such that 6(Hull(M,r)) = 6(M) and r||q.

Let
7 MIX — Hull(M, V) < Hy

be the anti-collapse. We have that 7'(k) = Aand 7' (E) = ENV,.

Let us consider the following partial play of OP(¢) according to o,.
I | (N.ENV))
| g, %

Here, N is the unique virtual model in M, | such that iy = dy. (It exists since
MIX € My, and g_1 < pq.)

Player I did not break the rules since

a. NeM,,
b. ENVy =7 ' (E)e MIAC N,

c. 1[N : N — Hull(M, X) < H((2%)") is a lifting, where X C V) is such that
N = Hull( M), X),

d. g1 € E=7n(ENYV,) (because FE is open and q_; < q).
The rules then imply that gy < ¢ and that there exists » € /N V), such that
d(Hull(N,r)) = 0(N)
and gy < r.

Thus,r € E, r
note that

|q (as witnessed by qq), and §(Hull(M, r)) = §(M). (For the last point,

S(M) < S(Hull(M, 1)) = S(Hull(MX, r)) <
< S(HUll(N, 7)) = §(N) = §(M).)

O

We now proceed to showing that the semiproper satisfiability implies that Player II has
a winning strategy in 03P (o), for some k. We will use the following simple lemma.

Lemma 5.6.7. Suppose that

1

2.

Q is a poset,

0 > rank(Q) is regular,
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3. M < (Hp, €,Q) is countable,
4. p is semigeneric for (M, Q),

5 pe Ee M.

Then there existr € ENQ and s < p,r such that s |- 7 € M(§). O

Theorem 5.6.8. Suppose that

1. there exists a proper class of inaccessible cardinals,

2. (H, D) is semiproper-satisfiable.
Then for some inaccessible r, Player II has a winning strategy in O (o).
Proof.

1° By Lemma 5.4.8, there exists a semiproper, complete boolean algebra B and a mapping
¢ : H — B satisfying that
a. 1(1) =1,
b. for all p,q € H, if p < ¢, then i(p) < i(q),
. forall p,q € H, if pLg, then i(p)i(q) = 0,

o

d. forall p,q € H, if p || ¢, then i(pq) = i(p)i(q),
e. forall D € D, Y i[D] = 1.

2° Let k be an inaccessible cardinal satisfying that rank(H), rank(B) < x and let us show
that o € CP. We need to show that Player II has a winning strategy in 03P (0).

3° Let us assume otherwise. Since the game is closed for Player II, it follows that Player
I has a winning strategy 0. We will reach a contradiction by showing that Player II
can defeat o.

4° For p € P** and b € B, let U(p, b) be the conjunction of the following statements:

o

.forall M € M,, H,B,: € M,

b. for all M € M, Ay > rank(B),

c. 0<b<i(wy),

d. for all M € M,, b is semigeneric for (M, B).

We will show that Player II can play by maintaining that for all n € [—1,w), there
exists b € B such that ¥(p,,, b) holds.
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Suppose first that n = —1. Let
M < (H((29)%), €, k, H, B, 1)

be countable, let A := sup(kNM), andlet p_; := (0, {M|\}). We see that conditions
4°a and 4°b are met.

Since B is semiproper and 1p € M, there exists b € B such that
0<b<1l=i(w,,)

and such that b is semigeneric for (M, B).

It is now easily seen that W(p_q,b) holds.

Let us now inductively consider the case n assuming that there exists b € B such
that U(p,_1, b) holds. Let Player I play a move (),, and let us show how Player II can
answer in such a way as to ensure that there exists ¢ € B such that ¥(p,, ¢) holds.

Casel. ),, = D for some D € D.

Proof. This is shown like Case I of the proof of Theorem 5.4.9. [
Case II. Q,, = M for some countable M < H((2%)").

Proof. This is shown like Case II of the proof of Theorem 5.4.9. O
CaseIIL. ), = (M, E) for some M € M, , andsome £ € M.

Proof.

1’ We have that there exist M* < (H((2%)"), €, k) and a lifting
m: M — M*

such that p,,_1 € 7(E).
2" We need to find p,, < p,,_1, ¢ € E, and ¢ € B such that
a. 0(Hull(M, q)) = 6(M),

c. U(py,,c) holds.

3 Let N := M, , NV,,, € M and let F consist of all d € B such that there
exists ¢ € E/ N PP satisfying that

a. forall N € M, H,B,7 € N,
b. forall N € M,, Ay > rank(B),
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c. 0<d<i(wy),
d. forall N € M,, d is semigeneric for (N, B),
e. N is an initial segment of (M, €).
We have that /' € M.
4’ Claim. There exists d € F' and ¢ € B such that
a. foral N e M, , — N, d(Hull(N,d)) = 6(N),
b. 0 < ¢ < bd,
c. forall N € M, , — N, cis semigeneric for (Hull(N,d),B).

Proof.

1” Since p,_1 € m(E) and ¥(p,_1, b) holds, it follows that b € 7(F).

2" Since F' C B, we have that F' € M N V,,,. This means that 7(F) = F and
consequently, b € F'.

3” By Lemma 5.6.7, there exists d € F' and ¢ € B such that
0<e<bd

and cl-d € M(g).

4" Let N € M,, , — N be arbitrary. We have to verify that §(Hull(N, d)) =
d(N) and c is semigeneric for (Hull(N, d),B).

5" Since ¢ < b and b is semigeneric for N, we have that
clFo(N(g)) = d(N).

6" Since c - d € M(g), we have that ¢ I- d € N(g)

7" Consequently, ¢ IF N < Hull(N,d) < N(g).

8" Lines 5” and 7" imply that §(Hull(V, d)) = 6(N).
9” Line 7” also implies that ¢ I- Hull(N,d)(¢) = N(g).

10" By referencing line 5” once again, we get that ¢ is semigeneric for

(Hull(N, d), B).

5 Since d € F N Hull(M, d), there exists ¢ € E NP N Hull(M, d) such that
a. foral N e M, H,B,7 € N,
b. forall N € My, Ay > rank(B),
c. 0<d<i(wy),
d. forall N € M,, d is semigeneric for (N, B),
e. M,, , NV,, is an initial segment of (M, €).
6 Let
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a.

b.

Wp,, += Wp,,_, Wq,

M,, = M, U{HUll(N,d) : N € M,,_,, 5x > du},

C. pn = (wpn7Mpn)'

7' Claim. p,, g, and c are as required in 2’

Proof.

1//

2//
3//
4//

5//

6//

8//

9//

10//

Since 0 < ¢ < bd < i(wp, ,)i(w,), it follows that w,, ,|w,. This means
that w,,, is a well defined element of H.

Since M, € Hull(M, d), we can easily verify that M, is a vm-chain.
This means that p,, € P.

The fact that p,, < p,,_1 is self-evident, modulo the observation that for all
N e M, , — N, wehave that

S(Hull(N, d)) = §(N) and A(Hull(N, d)) = A(NV).

q was picked so that ¢ € E, while the fact that ¢ € Hull(M, d) easily implies
that
d(Hull(M, q)) = 6(M).

The fact that p,, < g is also self-evident.
It remains to verify that ¥(p,, c¢) holds, i.e. that

a. foral N e M, ,H,B,7 € N,

b. forall N € M, , Ax > rank(B),

c. 0<ec<i(wy,),

d. forall N € M,, , cis semigeneric for (N, B).

Parts a and b are immediate, while for ¢, we have
c<bd < i(w/pnq)i(wq) = i(wpn)~

Let us explain part d. By the choice of ¢, we have that d is semigeneric for

(N,B) forall N € M,.

By the choice of ¢, we know that it is semigeneric for
(Hull(N,d),B),

forall N € M, —N.

Since ¢ < d, the last two line imply that ¢ is generic for (/V,B) for all
NeM,,.

]

8" The claim concludes verification of Case IIL
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12° The three cases show together that Player II can survive w moves against o. This
contradicts the fact that o is winning for Player I.

]

Corollary 5.6.9. Suppose that there is a proper class of inaccessible cardinals. Then the fol-
lowing are equivalent.

a. (H, D) is semiproper-satisfiable.

b. For some inaccessible k, Player I has a winning strategy in O3 (o). ]

5.7 Stationary Set Preserving Satisfiability

Section Assumptions 5.7.1. We fix a problem (H, D). O

In this section, we want to characterize the ssp satisfiability of (H, D) in a way analo-
gous to what we did for proper and semiproper satisfiability. We follow closely the outline
of Sections 5.4 and 5.6. In this case, the preconditions and their ordering are exactly the
same as in the semiproper case. The game OP(p) that we define below differs from the
game O°P(p) in the questions of the second type that Player I can ask. While a semiproper
poset is semiproper for club many models, this is not true for an ssp poset. What we have
is that an ssp poset is semiproper for projectively stationary many models (cf. [46, Lemma
4.8]). The change in the game is such that it reflects this fact.

Definition 5.7.2. Suppose that k € Jg, and p € PPN V,. Then the game 0" (p) is defined

as the length w two Player game of the form

I Qo Q1
0| p, Po P1

where p_; € P NV, is such that p_; < p and for all n < w, the following is satisfied.

a. Player I must ensure that either

i. @, =D forsome D € D, or
ii. @, = (U,S) for some U C H((2%)") and for some S C w; which is stationary,
iii. @, = (M, E) for some M € M,, . and for some £ € M.

b. Player Il must ensure that p, € P** NV, and p,, < p,,_1.

c. Player II must ensure that if (),, = D for some D € D, then there exists w € D such
that w,, < w.
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d. Player II must ensure that if @), = (U, S) for some U C H((2")") and for some
S C w; which is stationary, then there exist

M < (H((2)7), €, £, po-1, U)

and A € Jg, N & such that
kN HUll(M, V) C A,

Mi,)\ € Mpn’ and 5]V[ € S.

e. Player Imust ensure thatif (), = (M, E) for some M € M,, , andforsome F € M,
then there exist M* < (H((2%)"), €, k) and a lifting

T M — M*
such that p,,_; € 7(E).

f. Player II must ensure that if ), = (M, E) for some M € M, , and for some
E € M, then there exists ¢ € F such that §(Hull(M, ¢)) = §(M) and p,, < q.

The infinite plays with no rules broken are won by Player II ]

Definition 5.7.3. Suppose that x € Jg,. We let C*P consist of all p € P NV, such that
Player II wins O$*P(p). O

Proposition 5.7.4. Suppose that k € Jg,. Then the following holds.

a. The set C* is an initial segment of (PP, <P o).

b. If C¥P is non-empty, then o € C¥P and (C¥P, <P 0) is a poset.

c. If CSP is non-empty, then, letting g be a V -generic for C3*P, we have that the set
{w, :p € g}

is a D-generic filter for H.

Proof. This is verified as in the proof of Proposition 5.4.6. O]

Proposition 5.7.5. Suppose that . € Jg, and that CP is non-empty. Then C*P is stationary
set preserving.

Proof.

1° Let us assume otherwise. Then there exist S C w; which is stationary, p € C$P,
and C' which is a canonical name for a subset of w; such that p IF“C is a club and

SNC =0
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For all ¢ € C¥P, let 0, be a winning strategy for Player II in the game 0P (p).

Consider the following partial play of O3 (p) according to o,,.

I (U, 5)
m|p, Do

Here, U C H((2")") is some canonical coding of the tuple
(H, D, (0, : p € CP), 0).
The rules then imply that py < p and that for some countable
M < (H((2)%). €,/,p-1,H, D, (0, : p € C3?), C)
and for some \ € Js, N K, we have that
kO Hull(M,Vy) C A,
MIXN e M,,,and 6y € S.

Claim. p, is semigeneric for (M, C>P).

Proof.

1" We need to verify the following. Let ¢ € CP be such that ¢ < py and let £ be
a dense open subset of C5*P such that ¢ € £ € M. We need to find r € E such
that (Hull(M,r)) = 6(M) and r||q.

2" Let us consider the following partial play of O3 (q) according to o,

I | (N,ENVy)
| g, %

Here, N is the unique virtual model in M, | such that 5 = 0. (It exists since
MIN € My, and ¢—1 < po.)
3’ Let
7 MIX — Hull(M,Vy) < Hy
be the anti-collapse. We have that 77!(x) = Aand 7~ }(E) = ENVA.
4’ Player I did not break the rules since
a. NeM,,
b. ENVy=n"YE)e M|ANC N,
c. 1[N : N — Hull(M, X) < H((2%)") is a lifting, where X C V) is such
that N = Hull(MJX, X),
d. g1 € E=7n(ENYV,) (because E is open and ¢_; < q).
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5" The rules then imply that ¢y < ¢ and that there exists » € E N V) such that
S(Hull(N,r)) = §(N) and gy < .

6' Thus, r € E, r||q (as witnessed by ¢p), and §(Hull(M, r)) = 6(M). (For the last
point, note that

O(M) < d(Hull(M,7)) = §(Hull( M\, 1)) <
< O(Hull(N,7)) =6(N) =d(M).)
O

6° Now, let g be a V-generic filter for C$*P that contains p,. Since p is semigeneric for
(M, CP), we have that

Onrlg) = Ont-
7° Since C' € M and C’g is a club in wY, we have that

5M = (SM[g} € Cg.

8° Since dy; € S, we get that C'g NS # (), which contradicts line 1° and the fact that
Po < D-

]

We now turn towards showing that the ssp satisfiability implies the existence of a win-
ning strategy for Player II in O*P(0), for some x. We will need the following lemma.

Lemma 5.7.6. Suppose that

~

. Q is a poset,

[\

. 0> rank(Q) is regular,

w0

Q is stationary set preserving,

N

.S C w is stationary,

5. U is an arbitrary subset of Hy.
Then there exists a countable M < (Hy, €,U) such that §p; € S and Q is semiproper for M.

Proof. See [46, Lemma 4.8]. [

Theorem 5.7.7. Suppose that

1. there exists a proper class of inaccessible cardinals,
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2. (H, D) is ssp-satisfiable.
Then for some inaccessible r, Player II has a winning strategy in 0% (o).
Proof.

1° By Lemma 5.4.8, there exists an ssp, complete boolean algebra B and a mapping 7 :
H — B satisfying that

a. forallw € H, i(w) > 0,

b. i(1) =1,

c. forall p,q € H, if p < ¢, then i(p) < i(q),

d. for all p,q € H, if p_L g, then i(p)i(q) = 0,

e. forall p,q € H, if p || ¢, then i(pq) = i(p)i(q),
f. forall D € D, i[D] = 1.

2° Let  be an inaccessible cardinal satisfying that rank(IH), rank(B) < x and let us show
that o € CP. We need to show that Player II has a winning strategy in 0% (0).

3° Let us assume otherwise. Since the game is closed for Player I, it follows that Player
I has a winning strategy 0. We will reach a contradiction by showing that Player II
can defeat 0.

4° For p € P and b € B, let ¥(p, b) be the conjunction of the following statements:

a. forall M € M,,H,B,: € M,
b. for all M € M, Ay > rank(B),
c. 0<b<i(wpy),

d. for all M € M,, bis semigeneric for (M, B).

We will show that Player II can play by maintaining that for all n € [—1,w), there
exists b € B such that ¥(p,,, b) holds.

5° Suppose first that n = —1. By Lemma 5.7.6, there exists a countable
M < (H((29)%), €, x,H, B, 1)
such that B is semiproper for M.

6° Let A\ := sup(k N M) and let p_; := (), {M|\}). We see that conditions 4°a and 4°b
are met.
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7° Since B is semiproper for M and 1y € M, there exists b € B such that

0<b<1=1i(w,,)

and such that b is semigeneric for (M, B). It is easily seen that ¥(p_1,b) holds.

8° Let us now inductively consider the case n assuming that there exists b € B such that

U(pp_1,b) holds. Let Player I make a move @,, and let us show how Player II can

answer in such a way as to ensure that there exists ¢ € B such that ¥(p,, ¢) holds.

9° Casel. (), = D for some D € D.

Proof. This is verified in the same way as Case I of the proof of Theorem 5.4.9. [

10° Case IL. Q,, = (U, S) for some U C H((2")") and for some S C w; which is
stationary.

Proof.

1/

2/

3/

4/
5/

By Lemma 5.7.6, there exists
M < (H((2")"), €, K,pn-1,U)

such that d,; € S and B is semiproper for M.
Let F' : Kk — k be defined by setting

F(&) :==sup(k NHull(M,Vg)) < &

for £ < k. There exists A € Jg, N k such that F[\] C .

Let p, = (wp, ,, My, , U{M]A}) € PP. We have that p, < p,_; and
M) € M,, . It remains to find ¢ € B such that ¥(p,, c).

By elementarity, there exists by, € B N M such that W(p,,_1, by) holds.

Since B is semiproper for M, there exists ¢ € B such that 0 < ¢ < b); and such
that c is semigeneric for (M, B). It follows that ¥(p,, ¢) holds, as required.

]

11° CaseII. ), = (M, E) for some M € M, , and some £ € M.

Proof. This is shown like Case III of the proof of Theorem 5.6.8. ]

12° The three cases show together that Player II can survive w moves against 0. This

contradicts the fact that o is winning for Player 1.
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]

Corollary 5.7.8. Suppose that there is a proper class of inaccessible cardinals. Then the fol-
lowing are equivalent.

a. (H, D) is ssp-satisfiable.
b. For some inaccessible , Player Il has a winning strategy in O3 (o). [l

Proposition 5.7.9. Suppose that

1. \ € Dy is strictly larger than rank(H),
2. C is a poset contained in PP N V),

3. forallp € C, there exists a winning strategy o for Player Il in 03" (p) such thatran(o) C
C.

Then C is a stationary set preserving poset that adds a D-generic filter for H.

Proof. These assumptions are sufficient to run the proofs of Propositions 5.7.4.c and 5.7.5.

O

5.8 AS Goodness

Section Assumptions 5.8.1. We fix a problem (H, D). O
We want to give a sufficient condition for this problem to be ssp-satisfiable. This is the

content of the following definition.

Definition 5.8.2. Suppose that x > rank(HH) is inaccessible. Then (H, D) is AS-good at
# iff for all stationary S C wy, it holds in V <°!(“:<#) that for all D-generic filters F for H,
there exists an elementary embedding

j:V—M

such that crit(j) = wy" € j(S) and there exists a j(D)-generic filter F'* for j(H) such that
JjlF] € F*. O

In Section 5.9, we will illustrate how this criterion can be used in practice. We now
proceed to show that it implies the ssp satisfiability. More precisely, we will show how
Player II can win 0% (0). In the next definition, we recursively define a family of posets

(C}Y : X € Jgy, A > rank(H))
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which is closely related to the posets C}*. The conditions in these posets are chosen based
on a modification of the game O*P(p): Player I is not allowed any more to play the moves

Qn = (U,S), while in the moves ), = (M, E), he needs to meet a slightly different
requirement.

Definition 5.8.3. Suppose that

1. 1 € gy is strictly larger than rank(H),
2. for all £ € Jg, N7, the poset Clgv has been defined,

3. for all £ € 3, N7, poset C?V is an initial segment of P°P N V.

For p € P** N'V,, the game D?V (p) is defined as the length w two Player game of the form

I Qo Q1
| p, Do P

where p_; € P®* NV, is such that p_; < p and for all n < w, the following is satisfied.

a. Player I must ensure that either

i. @, =D forsome D € D, or
ii. @, = (M,FE)forsome M € M,, , and forsome £ € M.

b. Player Il must ensure that p,, € P°* NV, and p,, < p,,_1.

c. Player Il must ensure that if (),, = D for some D € D, then there exists w € D such
that w,, < w.

d. Player I must ensure thatif Q),, = (M, E) for some M € M,, , and forsome E' € M,

then F is a dense subset C}" .

e. Player II must ensure that if ), = (M, E) for some M € M, , and for some
E € M, then there exists ¢ € E such that §(Hull(M, q)) = §(M) and p,, < q.

The infinite plays with no rules broken are won by Player II. The set C,T/W is defined to
consist of all p € P NV}, such that Player II has a winning strategy in 0}V (p).?’ O

Note that this game is local: there is no essential difference between DEV (p) and D?,V (p),
as long as 1,1’ > rank(p). We will show that Player II can win 0%*?(0) by maintaining that
for each of his moves p,, he can win the (auxiliary) game 02V (p,,). The following lemma
observes some basic facts about the posets (C?V, which are standard by now.

TThis definition is essentially due to De Bondt and Velickovié.
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Lemma 5.8.4. Suppose that n € gy is strictly larger than rank(H). The following holds.

Q

. The poset CEV is well-defined.
b. Forallw € H, (w, ) € C}V.

c. The poset CEV is an initial segment of P°* N V.

ISW

. For all { € Jg, which are larger thann, (CCBV NV, = CEV.

o

. If g is V -generic for C2V, then {w, : p € g} is a D-generic filter for H. O

As we said, Player II will win O%P(0) by maintaining that he can win 02V (p,) for all
n < w. The following proposition shows how he can answer a question of the form ),, =
(U, S) of Player I in O (0). The proof uses the AS goodness in a crucial way.

Proposition 5.8.5. Suppose that

1. k > rank(H) is inaccessible,
2. (H, D) is AS-good at k,

3. peCBY,

4. U C H((2%)T),

5. S C w; is stationary.

Then there exists a countable
M < (H((2")%),€,U, K, p)

with 6y € S, there exits A € g, N k with Hull(M, Vy) Nk C ), and there exists ¢ € CEV
such that ¢ < p and M [\ € M,.

Proof.

1° Let H := (H((2")"), €,U). Up to modifying U, we may assume that the structure
‘H has a lightface definable wellordering and that «, p, H, D are lightface definable
singeltons over H.

2° Let A < k be such that there exists H < H satisfying that c N H = A, let g € V'[h] be
V-generic for CBY NV, = CBV containing p, and let i be V-generic for Col(w, < k)
such that g € V[h]|. We work in V'[h].

3° Let F':= {w, : p € g}. By Lemma 5.8.4, F is a D-generic filter for H.
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4° Since (H, D) is AS-good at x (in V), there exist (in V'[h]) an elementary embedding
7:V — W with
crit(7) = w) € 7(9)

and a 7(D)-generic filter F* C 7(H) such that 7[F] C F*.
5° Let N := Hul"™ (WY U {7(p)}) < 7(#). It holds that

. NeW,

N = w,

c. N <7[H],

d. on =w} € 7(9).

o

o

6° Claim. In W, there exists ¢ € 7(CBV) such that ¢ < 7(p) and N{7()\) € M,

Proof.

1" We will verify that one can take

q = (1(wp), 7(Mp) U{NIT(A)}).

To that end, it suffices to show that ¢ € 7(CEV).

2" Let us assume otherwise. Then there exists a winning strategy o for Player I in
OBV (¢)"W. We will reach a contradiction by defeating this strategy in V'[h]. (We
use in this step that the game OBV (q)" is closed for Player II.)

3’ Let Player I play according to ¢ and let us show that Player II can play by main-
taining that for all n € [—1,w), there exist r, X, P such that
a. reg,
b. w,, € F*and w,, < 7(w,),
X is a finite subset of 7[V}],
d. P=Hul"™(w) U X),
e. M, =7(M,)U{PIr(\)}.
4" The above conditions are satisfied for n = —1 and p_; = ¢. Let us consider the

case n > 0 and the move (), of Player 1. We let r, X, P be as above, but for the
index n — 1.

5 Casel. @), = D for some D € 7(D).

o

Proof. Since F* is 7(D)-generic, there exists w € F*ND. Let w,,, 1= w,, ,w €
F*andlet M,, := M, ,.lItiseasily seen thatp, := (w,,, M,, ) is as required.
]

6’ Case lla. Q,, = (P{7(\), F) for some E € P|7()\).
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Proof. Since P C im(7), it follows that P|7()\) C ran(7). Hence, thereis £ € V/
such that 7(E) = E. By elementarity, £ is dense in C}V (in V). Since g is V-
generic, there exists s € £ N g such that s < r. Observe that 7(s) € 7(E) = E
and that

P = Hull"™(w) U X U {r(s)})

satisfies that §(P’) = §(P) = wy’. Thus, we may set

Pn = (T(ws)wy, ,, T(Ms) U{P'[T(N)} € 7(P*PNV,).

7" CaseIlb. Q),, = (M, E) for some M € 7(M,) and some E € M.

Proof. Observe that the preimages M := 77 1(M) € M, and E := 77 }(E) €
M are defined. By elementarity of 7, £ is dense in Ci\é (in V). We will verify
below that the set

{s<r:3t€FE, s<t 6(Hull(M,t)) =d5(M)} (5.1)

is dense below r (in CE¥V, in V). Once we know this, the genericity of g yields
s € gandt € F such that s < r.t and §(Hull(M,t)) = §(M). For P' :=
Hull™® (WY U X U {7(s)}), we have that 6p = w! = P. Thus, we may set

Pn = (T(ws)wp,_,, (M) U{P'[T(N)}) € 7(P).

Let us now verify that the set (5.1) is dense. Let 7’ € C}V be an arbitrary
satisfying that v’ < r and let us find s < r’ which belongs to the set (5.1). Then
there exists M’ € M, such that §(M’') = §(M), A\ = Ajz, and M C M.
Using the winning strategy for Player II in 0%V (r’), we obtain s € CE¥V such
that s < 7’ and such that there exists t € E satisfying s < tand §(Hull(M’ 1)) =
§(M'). We have that

S(M) < §(Hull(M, 1)) < 6(Hull(M', 1)) = §(M') = 6(M),

which shows that all of the above values are equal. Hence, s < 7’ is as required.
O]

8’ Cases I, Ila, and IIb show that Player II can survive w steps against the strategy
o, which is a contradiction.

]

7° The conclusion of the proposition now follows from Claim 6°, by the elementarity of
T.
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We are now ready to show how Player II can win 03 (0), provided that (H, D) is AS-
good at .

Theorem 5.8.6. Suppose that

1

2.

x> rank(H) is inaccessible,

(H, D) is AS-good at k.

Then Player II has a winning strategy in 0% (0).

Proof.

10
20
30

40

50

60

We show that Player II can play by maintaining that for all n € [-1,w), p, € CBV.
For n = —1, Player II can simply play p_; := o.
Let us consider the move @),, of Player I.

Casel. ),, = D for some D € D.

Proof. Let us consider a partial play

I D
II ‘ qd-1 do

of OBV (p,,_1) according to some winning strategy for Player II. The rules imply that
for some w € D, wy, < w. They also imply that gy < ¢_; < p,,—1. This is enough to
conclude that Player II can play p,, := qo in the play of O%%(0). O]

Case II. Q, = (U, S) for some U C H((2")") and for some S C w; which is
stationary.

Proof. By Proposition 5.8.5, there exist a countable
M < (H((2")",€,U, 5, pn-1)
with 0y, € S, an ordinal A € g, N x with Hull(M,V}) Nk C A, and a condition

pn € CBV such that p, < p,_; and M|\ € M, . We see now that Player II can
respond by playing p,,. [

CaseIIL. ), = (M, E) for some M € M, , and some £ € M.

Proof.
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1’ We have that there exists M* < H((2")") and a lifting
T M — M*

such that p,,_; € 7(E).
2" Let
a. F:= (C/\BIE NE,
b. Ft:={qe C/\BJX :Vr e F’QLCEI\QT}’
c. G:=FUF*
We have that
a. F,F+ G e M,
b. G is dense in C?}X,
C. pn1 € w(F).
3’ Let us consider a partial play
I | (M,G)
| g, %

of OBV (p,_1) according to some winning strategy for Player IL

4’ The rules imply that there exists € G such that 6(Hull(M,r)) = 6(M) and
that g0 <7, q1.

5 Note that r € V),,. This means that 7 = 7(r) € 7(F) U w(F?1).

6’ Since gy < r and ¢ < ¢_1 < p,_1, we see that r||p,_; in the sense of (C])?X.

However, this also means that 7||p,_; in the sense of CBV.

7' Since p,_1 € m(F), we get that r ¢ w(F*). This means that r € 7(F) and
consequently, r € F.

8’ Since F' C F, we get that
a. r € Eand o(Hull(M,r)) = §(M),

b. g0 < pn_1,7,
C. go € CEV

In other words, Player II can respond in the play of ©%°?(0) by playing p, := qo.

O

7° The verification of three cases shows that Player II can always play w many rounds of
O¥P (o) without breaking the rules. This concludes the argument since all such plays
are won by Player IL
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Corollary 5.8.7. Suppose that

1. k > rank(H) is inaccessible,

2. (H, D) is AS-good at k.
Then C3® is a stationary set preserving poset that adds a D-generic filter for H. [

Our arguments actually show that CBV C C®P and that this set is closed for some
winning strategy for Player II in 0% (—). The point is that the winning strategy for Player
Il in O%P(—) is simply “play so as to remain inside C2V”. This ensures that CBV is yet
another ssp poset adding a D-generic filter for H. We will have to come back to this poset
in Section 5.9, so we observe the following corollary as well.

Corollary 5.8.8. Suppose that

1. k > rank(H) is inaccessible,

2. (H, D) is AS-good at k.

Then CBY is an initial segment of CSP, it is stationary set preserving, and it adds a D-generic
filter for H.

Proof. The proof of Theorem 5.8.6 actually shows that for all p € CBV, Player II has a
winning strategy o in O%P(p) such that ran(o) € CBV. This show that CEBY C CP and
that CBV is a stationary set preserving poset adding a D-generic filter for H (Lemma 5.7.9).
We observed in Lemma 5.8.4 that CEV is an initial segment of P*? N V,,, whence the final

conclusion. O

Example 5.8.9. Suppose that NS, is saturated and that x is an inaccessible cardinal. We
want to show that there exists a stationary set preserving poset adding a cofinal function
f : w — wy. This comes down to showing that the Namba problem (H, D) of Example
5.2.8 is spp-satisfiable. A sufficient condition for the ssp satisfiability is the AS goodness at x
and this problem satisfies that. More precisely, let S C w; be stationary, let g be V' -generic
for Col(w, < k), and let F' be a D-generic filter for H. We want to find

7:V—W

satisfying that crit(7) = wy" € 7(S5) and a 7(D)-generic filter F™* for 7(H) satisfying that
T[F] C F*.

Let G be a V-generic filter for (NS} )" containing S and let

T7:V —W
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be the corresponding generic embedding. Observe that f := |J F' is a cofinal function

w —> wy . Since 7 is continuous at wy , it follows that 7 o f is a cofinal function w — w}’.

Hence,
Fr:={werMH):wCrTof}

is a 7(D)-generic filter for 7(H). This shows that 7 and F™* are as required.

We have shown that the Namba problem is AS-good at x. This means that there exists
a stationary set preserving poset adding a solution to it. This solution is exactly a cofinal
function w — wy'. Furthermore, we know that C3*P and CPV are stationary set preserving
posets adding such a function. O

5.9 An Example for the AS Goodness

In this section, we show how our methods can be used to give another proof of the main
lemma of [16]. Before we precisely state what we are doing, we need a following auxiliary
notion.

Definition 5.9.1. Suppose that 6 is a cardinal and I' C Z?(R). Then I' is #-well behaved
iff
a. forall A € I', A is f-universally Baire,
b. for all A € T, for all formulas ¢(x, A) projective in A, we have
B:={reR:¢(x,A)} el
and V@) = B, = {x € Ry, : d(z, Ap)}- O

Section Assumptions 5.9.2. Suppose that

1. NS,, is saturated,

2. 291 = wy,

3. MA,, holds,

4. D is dense in P,

5. for all 6, there exists #-well behaved I" such that D is coded by a setin I,
6. A C w; satisfies that wlL[A} = wy,

7. k is inaccessible. O]

Our goal is to construct an ssp poset Q such that in VV©, there exist generic iterations Z
and J of P,,.x conditions of length w; + 1 such that
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a. My’ € Dg,

J
b. Tlw)" witnesses that My < MZ,

d. M? =(H.,,e,NS,,, A)Y,
e. NS, N 2 (w)M&h = M
We will start by forgetting for a moment about the requirement e and recasting the rest of

the problem as adding a model to an infinitary propositional formula by an ssp forcing. It
will turn out that we can get e for free.

Notation 5.9.3. Suppose M = (w, ... ) isastructure in a recursively enumerable language.
Then /(M ) denotes the truth function of the model (M, m : m < w),i.e. ¥(M) : w — 2
is defined in such a way that for all n < w, for 1) denoting the formula in the language of

(M, m:m < w)
with "¢ " = n, it holds that

IM)(n) =1 <= (M, m:m <w) 1.

[
Notation 5.9.4.
a fEC X xYandz € X,wedenote £, :={y €Y :(z,y) € E}.
b. Ifa: X — Y and z € X, then a, := a(x). O

It is not clear that we can express the fact that something is a P, condition using
propositional logic. Our workaround is to fix a tree that projects to codes of P, conditions
and just make sure that a code of the object that we are forcing belongs to the projection
of that tree. Similarly, we will not express directly that one of the conditions that we are
forcing belongs to the reinterpretation of the set D, but rather that its code belongs to the
projection of the corresponding tree.

Section Assumptions 5.9.5. Let 7', U be ws-absolutely complemented trees on w X wo
such that

a. p[T) is the set of all ¥(w, E, I, a) for which there exists p € Py, satisfying

(WJE7]7CL) 2])7

b. p[U]isthesetofall ¥(w, E, I, a) for which there exists p € D satisfying (w, E, I, a) ~
p. ]
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Having made the necessary compromises, we are ready to restate the goal in a way that

can easily be coded by an infinitary propositional formula.

Goal 5.9.6. Construct an ssp poset Q such that in VQ thereexist £, F, I, J, a, b, u, v, T,
o, A, otc such that

. EJF Cuw X (wXw),

L J Cw Xw,

Labw — w,

S UV W — Wy,

. foralln < w, (Y(w, Ey, Iy, ap)[n,uln) € T,
. foralln < w, (Hw, Foy, Jo, bo)[n,vin) € U,
o CH{(a,f) ra < B <w} X (wxw),

foralla < B < wy, Tap (W, Ea, Ln, Go) = (w, Eg, I3,ap),

w

i. foralla < 3 < v <wi, gy 0 Tap = Tay,
j. for all o < wy, there exists k < w such that

i (w, Eat1) E k<,

ii. for all 4w < w, there exists u < w such that (w, E,) = @ : &; — V and such
that for w := 74 011(%), (W, Eat1) = w(k) = 4,

ili. for go == {w < w : (W, Ea, 1) Ew € If, k Epi1 Taat1(w)}, we have that
(W, Ea, I, 9o) E “ga is generic for 117,

. foralllimity < wy, foralln < w, there exist « < yandm < w such that, (m) = n,

foralla < B <wy, 00p: (W, Fu, Ja, ba) = (w, s, J3,bs),

w

foralla < B <7y <wiy, 08,0048 =0an,
. for all o < wy, there exists k < w such that

1. (w, Foc+1) ): k? < w1,
ii. for all 4w < w, there exists 4 < w such that (w, F,) = % : &; — V and such
that for w 1= 04 a+1(%), (W, Fag1) = w(k) = 4,
ili. for hy = {w < w: (w,Fa,Jo) Ew € J, kFai10a.a0+1(w)}, we have that
(W, Foy Jas ha) = “hg is generic for J17,

o. foralllimity < wy,foralln < w, thereexista < yandm < w suchthato, (m) = n,
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p- 4 Cwi X (WX w),

q. forall & < wy, 4 @ (W, Eq, 1a, aq) = (W, Fo, Jay ba)s
0

r. forall @ < wy, for all v < w, for all ¥ < w, if y F,, 4,(%), then for some w < w,
'/La(w) - y;
s. forallae < B <wy, a0Tap = 0030 A,

t. oc Cwy X (wx HY ),

u. forall o < wy, oty 1 (w, Eu, Iy, ay) = (H,,,e,NS,,, A)Y,

v. forall o < 8 < wy, o1c, = otcg 0 To g,
w. forall z € HY , there exist & < wy and v < w such that ¢, (4) = z. O
Note that if |Q| > ws, then every element of p[T] in V© will be of the form ¥(M) for
some M isomorphic to a IP,,c-condition, but the converse might not hold, and similarly

for U. However, this suffices for our purposes. Here are some examples how to convert the
requirements of Goal 5.9.6 into a propositional formula.

a. Let Ea,m,rm Fa,m,n; Ia,ma Ja,m7 aa,m7 ba,mu um,&v ’Um,ﬁu T, 8,m,n> Oa,8,m,n>
Aovm.n, HCom, De propositional letters, foralla < 8 < wy, v <wi,m,n < w, § < wy,
x € H,,.

b. If ¢ is the language of some (w, E,, I, a,), we can express

(W, Ea; Loy aa) E ¥
as a propositional formula by induction on complexity of ¢). Similarly for (w, Fy, Ju, ba)-

c. We can now express requirement e as

AV Nbw

n<w s€T, i<n
s|=n.

where

i. for s(i) = (1,£) and for ¢; being the formula with code i, 6, ; is defined as the
propositional formula asserting

“(UJ, Eav Iaa aa) ): %‘” A ui,&?

ii. for s(i) = (0,&) and for 9; being the formula with code i, 6, ; is defined as the
propositional formula asserting

‘W, Bas Lo, o) |~ Ae.
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Similarly for the requirement f.

One can proceed like this to code all of the requirements of Goal 5.9.6 and obtain a for-
mula which will have ws propositional letters and whose every conjunction and disjunction
will have the length at most ws.

Definition 5.9.7. We denote by ¢ s the negation normal form of the formula sketched just
above. O

The poset Q required in Goal 5.9.6 will be the poset CEV of Definition 5.8.3, defined with
respect to the problem (H(¢pas), D(¢as)). The several things need to be verified, starting
from the fact that the said problem is well-defined.

Lemma 5.9.8. ¢xg is satisfiable.
Proof. This is shown as [16, Lemma 3.6]. [

The following lemma simply states that the formula ¢5g codes that which it is designed
to code.

Lemma 5.9.9. Suppose that 1 = ¢ags belongs to an outer model. Then in the outer model,
there exist unique generic iterations T and J of Py conditions of length wy” + 1 such that
J
a. I[wiuo witnesses that My < MZ,
M

b. 77 (Zlw, ° ) =1,

c. MZ = (H,,,€,NS,,,A)Y,

d. My € D,

e. foralla < wy, (w, By, Iy, aq) =~ MZ* and (w, F,, Ju, by) ~ M7,

f. foralla < B < wy, the diagrams

(wv Eom ]Om aa) % (w’ E/B7 167 (I/B)

FoLk

M= : > M7

(w7 EOC? [Oé7 aOé) & (HUJ27 67 NSWl) A)V

. I

o,wy

Mt ———— (H,,,€,NS,,,A)Y
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(wyFCU Jaaba) % (wa FB? J57b5)

F b

™
M SRV 4

commute. O]

Notation 5.9.10. In the case of the above proposition, we denote by 7" and 7" the generic
iterations Z and 7, respectively. We also denote

E* = {(a,m,n) € w) x (wXw): w(Egmn) =1},
F* o= {(a,m,n) € w) X (wxw): w(Famn) =1},
" = {(a,m) € W) X w: p(lym) =1},

and so on. ]

We now want to show that ¢ag is AS-good at k. By this, we simply mean that the
problem (H(pas), D(éas)) is AS-good at k. After unraveling the definitions, it turns out
that we need to verify that for all stationary S C w, it holds in Y/ Col(w,<k) that for all wE o,
there exist elementary 7 : V' — W and /i |= 7(¢) such that crit(7) = w; € 7(S) and for

all subformulas ¢ of ¢, f1(7(¢)) = u(e).
Proposition 5.9.11. ¢ag is AS-good at k.

Proof.

1° Let h be V-generic for Col(w, < k) and let us work in V[h]. We fix an arbitrary
valuation y |= ¢ and an arbitrary stationary S C w; and we are going to produce
elementary 7 : V — W and i = 7(¢) such that crit(7) = w} € 7(S) and for all

subformulas ¢ of ¢, [1(7(¢)) = ().
2° Let J be a generic iteration of length w; + 1 extending J* and satisfying S € gf v
1

and let 7 := 7'('5‘/ o, (Z). Since
1 9

My = (Ha,, €,NS,,, A)",

w

there exists a unique generic iteration /C of V' of length w; 41 such that for all o« < wy,

K_ 1
9o _ng—i-a'
3° Welet7'::7r’C:V—>Mf1 =:W.

4° Forall o < wy, lete, : w — Mo{ be a bijection such that if @ < w}, then e, is the
transitive collapse of (w, F, ). We define for all &« < wy,

A

E, :={(m,n) : eq(m) € eq(n)}.

In the case o < wy’, we get the old E,=E,.
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5° In the similar fashion, we extended other sets from Goal 5.9.6, producing the “hat
versions” of them. Then the valuation /i is defined according to these “hat versions”.

6° Claim. For ¢ a subformula of ¢, ji(7(v))) = u(v).

Proof. This requires a tedious verification. Suppose for example that 1) comes from
the part w. of Goal 5.9.6. Then ¢ might of the formula

AV Vo

I€H¥2 a<w¥ Y<w

In this case, u(¢) = 1, 7(¢) is the formula

AV Vo

eru‘g a<w) w<w

and we need to verify that 7(1)) is evaluated as true by /.. However, this is trivial,
since

(HY orcq a0 < wy)

w2
is the direct limit o
(Mg,ﬂiﬁ < B <w).

We leave it to the reader to convince herself of the rest. O]

7° Thus, 7 and [i are as required.

O

We now know that both C*P and CBV are stationary set preserving and add a model
for ¢as. Let g be a V-generic for one of them and let yi, :== p, Z := ¥, and J := J*". The
P ax-iterations Z and J are like what we wanted, except the thing that we forgot about.
Namely, recall that we did not code into ¢ag the requirement that

NS, N P (w) M = M

It turns out that if we force with the smaller of the posets, i.e. C2V, then we get this property
for “free”.

Proposition 5.9.12. It holds in VY that
NS, N P(w)Md " = M5
Proof.

1° Let us assume otherwise. Since (2) clearly holds, the other inclusion must fail. More
precisely, there exist p € CEV, Ce VCEV, a < wi, and m < w such that p forces that
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a. (w, Fa’) | “m is a subset of w; which is not in J5?”,
b. Cisaclubin w}/,

c. the image of m in the final iterate of J#¢ has the empty intersection with CC
Vi.

1. 0:=(2%)7,

2. R be a wellordering of Hy,

H = (Hy, €, R, k,C,T,U, A),

A < k be such that there exists I < H satisfying thatp € H and A =x N H,
g be V-generic for (C];V containing p,

h be V-generic for Col(w, < k) such that g € V'[A],

= g O

We work in V' [h].

N o oo w

3° Let Sy be the image of m under the transitive collapse of (w, F*) and let S :=
v (o)
a,wY 0/

4° Let ZA', j ,IC, 7, W, and [1 be obtained as in the proof of Proposition 5.9.11. (The reason
why we cannot simply quote this proposition is because now .S is not necessarily in
V'.) We have that
a. 7: V — W elementarily,
b. crit(1) = wy,
wy € Wiv’wl(S) = WC{M(SO),

d. for all subformulas ¢ of ¢, i(7(¢)) = ().

e

5° Let

1. s be the formula coding the assertion that “wiw i 0 and this ordinal belongs
to the image of the set coded by m under the a-to-(§ + 1) iteration embedding”,

2. N :=Hull"™ W} U {r(p)}),
3. q:= (T(wp) U{Dy }, T(M,) U{NIT(N)}) € 7(P*).

6° Claim. ¢ € 7(CBY)
Proof. This is shown like Claim 6° of the proof of Proposition 5.8.5. O

7° By elementarity, it holds in V' that there exist r € P\, § < wy, and P < H such that
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a. r=(w, U{hs}, M, U{PlA}) € Py,
b. pe P,
C. (Sp =0>a.

8° Claim. r Ik, “0 belongs to both the image of the set coded by m along the 7-
iteration embedding and to the club C”.

Proof.
1" Since h5 € w,, it is immediate that  IF) belongs to the image of the set coded
by m along the 7 -iteration embedding”. It remains to verify that r I+ § € C.

2/ The proof of Claim 5° of Proposition 5.7.5 shows that r is semigeneric for (P, CBV)
(in V). The point here is that P|\ € M,, so the rules of the game OBV (r) suffice
to show the semigenericity.

3’ Let ¢’ be an arbitrary V'-generic for CEV containing r. We have that §( P[¢]) =
d(P) = 0.

4 Since CY € P[¢'] is a club in w;, we have that § € C, as required.

9° The previous claim is in contradiction with 1°c.

Finally, we arrive at the conclusion.

Corollary 5.9.13. The poset CBV is stationary set preserving and there exist in yey generic
iterations Z and J of Ppax conditions of length wy + 1 such that

. M67 EDG,

Q

My
b. Tlw, ® witnesses that My < MZ,

o

(L) ) = 1,
d. Mfl = (Hy,, €, NSM,A)V,

e. NS, N gz(wl)M:fl = M3 O
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Chapter 6

Generic Absoluteness and Maximality

6.1 Introduction

It follows from results of [15] and [16] that Martin’s Maximum™* implies' the following
generic-maximality principle.

Definition 6.1.1. The sentence (f)yg asserts that for every universally Baire set A and
every I, sentence ¢ in the language { B2, Rhswl , R4}, if

EIIED’ H_]P’ ((H(WQ)a <, Nswm Ag) ): QS) y

then (H(ws), €,NS,,, A) = ¢. N

More precisely, under large cardinal assumptions, (T)yg is equivalent to the following
bounded form of Martin’s Maximum™ .

Definition 6.1.2. The sentence UB — BMM ™" asserts that for every universally Baire set
A, every X formula ¢(v,) in the language { RZ, R,l\,sw1 , RY} and every a € H,,,,, if

P ssp, V' | ((H(w2), €,NS,, 4;) E ¢la]),

then (H(ws), €,NS,,, A) E éla].? O

Theorem 6.1.3. Suppose there exists a proper class of Woodin cardinals. Then the following
holds.

a. UB — BMM™™ implies (1)ys.

b. If there exists a supercompact cardinal, then (1)yg implies UB — BMM™,

'assuming proper class of Woodin cardinals in the backgroud; cf. Theorem 6.1.3.
2This principle follows from MM ™™ - see Lemma 6.2.10. The origin of the name of the principle will be
clear from the proof (explanation) of this fact.
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Proof. In Section 6.2 we put together explicitly facts from [15] and [16] to obtain this con-
clusion; see Corollary 6.2.13. O]

A corollary of the theorem is that MM ™" implies (1)ys. We would like to obtain a
similar result for just MM. However, an argument for a proof of generic maximality under
MM has to be at least somewhat different: the argument of Section 6.2 goes through a form
of the axiom (x), while it is known that MM does not imply (x).> We will be intersted in
the following versions of (f)yg and UB — BMM™*™.

Definition 6.1.4. The sentence () asserts that for every universally Baire set A and
every II, sentence ¢ in the language {R%, c,,,, Ry}, if

3P, ke (H(w2), € w1, 45) = 9),
then (H (ws), €, w1, A) = ¢. ]
Definition 6.1.5. The sentence UB — BMM asserts that for every universally Baire set A,
every 3; formula ¢(v,) in the language { RZ, R} and every a € H,,, if
AP ssp, V7 = ((H(w2), €, 43) = ¢lal)
then (H(ws), €, A) = ¢[al. O

By unraveling the proofs of lemmas used for the results of [16] and [15] used in Sec-
tion 6.2, we obtain the following result. We include its proof here as an example for appli-
cation of the AS-goodness condition for ssp-forcibility.

Proposition 6.1.6. Suppose there exists a proper class of Woodin cardinals. Then UB — BMM
implies (1) yg-

Proof. See Corollary 6.4.5. O

As a corollary, we infer that MM implies (t);g.»> We conjecture that the converse of
Proposition 6.1.6 also holds (assuming existence of a supercompact cardinal).

Conjecture 6.1.7. Suppose there exists a proper class of Woodin cardinals and a supercompact

cardinal. Then (t)g implies UB — BMM. H

Once again, what is missing when compared with Theorem 6.1.3 is a version of the
axiom (x). We propose such a statement in Definition 6.5.2. Section 6.5 contains a brief
discussion on how to approach Conjecture 6.1.7.

While developing the argument for Proposition 6.1.6, we observed that the following
generic maximality simply follows from large cardinals. It readily implies generic absolute-
ness for the mentioned formulas - see Corollary 6.6.4.

3See [47].

4The point is that MM implies UB — BMM; cf. [15, Theorem 10.124].

>A corollary of (T)g is that every I, sentence over H,,, that can be forced is true. The fact that this
instance of (1) follows from MM was previously known through [48, Theorem 3.1].
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Theorem 6.1.8. Suppose

1. there exists a proper class of Woodin cardinals,
2. A is a universally Baire set,
3. ¢ isa ¥ sentence in the language { R2, Rhswl , R4,

4. there exists a poset that forces that (H,,, €,NS,,, A;) = ¢.
Then (H,,,€,NS,,, A) = ¢.

Proof. See Proposition 6.6.1. [

One curiosity about this theorem is that, assuming CH, one can try to add R as a pa-
rameter in ¢. This form of generic maximality is a strengthening of generic X*-maximality,
which is known to hold assuming a proper class of measurable Woodin cardinals and CH.°

Hence, it makes sense to conjecture the following.’

Conjecture 6.1.9. Suppose

1. there exists a proper class of measurable Woodin cardinals,
2. CH holds,

3. A is a universally Baire set,

4. ¢(va) is a Xy formula in the language {RZ, Rys, }.

5. there exists a poset that forces that CH and (H,,, €,NS,,) = ¢[4;].

Then (H,,, €,NS,,) = ¢[A]. O

We do not know if the conjecture is true. However, if the predicate for NS, is omitted,
then the proof of Woodin’s theorem on Generic X7-absoluteness condition on CH gives the

following.

Theorem 6.1.10. Suppose

1. there exists a proper class of measurable Woodin cardinals,

2. CH holds,

3. A is a universally Baire set,

8This fact is due to Woodin; see [5] for a proof. We have given our interpretation of this proof in [49].
"The difference with Theorem 6.1.8 is that the universally Baire set is now added as a parameter.
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4. ¢(vga) is a ¥y formula in the language of set theory,

5. there exists a poset that forces that H,,, = ¢[A,].

Then H,, = ¢[A].
Proof. See the proof of Theorem 6.7.8 for details. [

Finally, we propose in Section 6.6 an approach to Conjecture 6.1.9 based on the proof
of Conjecture 6.1.9.

6.2 Proof of Theorem 6.1.3

Notation 6.2.1. We denote by dec the canonical surjection R — H,,, . [

Definition 6.2.2. A set A C H,,, is universally Baire in codes iff dec ' [A] is a universally
Baire set of reals. ]

Definition 6.2.3. Let A C H,, be universally Baire in codes and let g be a V'-generic. Then
A, is defined to be dec [(dec™'[A]),].

Definition 6.2.4. Suppose a C w;. We denote by g, the set of all p € P,,« for which there
exists a generic iteration Z satisfying that

it (I") = NS,,, N PL and i*(a”) = a.
[

Definition 6.2.5. The sentence () asserts that foralla C w; such that wlL lal _ wi and for
all dense subsets D of P, that are universally Baire in codes, it holds that g, D # (. [

Lemma 6.2.6. Suppose there exists a proper class of Woodin cardinals. Then UB — BMM™*™
holds if and only if (x)yg holds.

Proof. This follows from [16, Theorem 2.16]. OJ

Lemma 6.2.7. Suppose

1. there exists a proper class of Woodin cardinals,

2. (x)yg holds,
. La]
3. a C wy satisflesw; " = wy,

4. A is a universally Baire set.
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Then g, is an L(R, A)[g.]-generic filter for Py and 2 (w1) C L(R, A)[ga)-
Proof.
1° Claim. For all p,q € ga, p || ¢

Proof.
1" Let G be a V-generic such that in V[G],
a. NS, NV =NS”,

w1?

b. NS,, is saturated.

2’ Let k be an inaccessible cardinal in V[G] and let i be V' [G]-generic for Col(w, k).
We work in V[G][h].

3" Letr := (H,, €,NS,,,a)"I%. Notice that 7 € P, and 7 < p, q.
4’ This shows that p || ¢. By absoluteness, V' = p || ¢.

]

2° Since every set of reals in L(R, A) is universally Baire, g, intersects every dense
subset of P, which is in L(R, A). This, together with Claim 1°, implies that g, is
an L(R, A)-generic filter for Py,.

3° It remains to verify that for a given b C wy, it holds that b € L(R)[g,].
4° Letc:={2a:a €a} U{2a+1:a € b}. By (*)us, 9. # 0.
5° Let

a. p € ge,

b. « :={a:2a € da’},

c. b :={a:2a+1¢€d},
d. q:=(MP, g, 1P d).

Then q € g, and if29a (V') = b.

6° This shows that b € L(R)[g,], as required.

Lemma 6.2.8. Suppose

1. there exists a proper class of Woodin cardinals,
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2. A is a universally Baire set of reals,
3. ¢ is aIl, sentence in the language { RZ, R,l\lswl , R4,

4. there exists a poset that forces “(H,,, €,NS,,, 4;) = ¢”
Then it holds in L(R, A)¥==x that (H,,,, €,NS,,, A) & ¢.

Proof. This follows by the proof of [50, Theorem 7.3]. O]

Proposition 6.2.9. Suppose there exists a proper class of Woodin cardinals and UB—BMM™*™.
Then (})ug holds.

Proof.

1° Let A be a universally Baire set and let ¢ be a II, sentence in the language
{Rév RlNSL\,1 ) R,lél}

Suppose that
dP, IFp ((H(w2)7 <, Nswp Ag) ): ¢) :

We want to show that (H (w2), €,NS,,, 4) | ¢.
2° By Lemma 6.2.8, L(R, A)fm= = ((H,,, €,NS,,, A) E ¢).

3° By Lemma 6.2.6, there exists an L(R, A)-generic filter g for P, such that #(w;) C
L(R, A)[g].

4° This means that the formula “(H,,,, €,NS,,, A) = ¢” holds in L(R, A)[g] and conse-
quently, in V.

Lemma 6.2.10. Suppose MM™" holds. Then UB — BMM ™" holds.

Proof. The principle A — BMM™™ is defined in [15, Definition 10.123]. As observed in [15,
Theorem 10.124], MM ™" implies that forall A € UB, A—BM M™ holds. On the other hand,
this consequent is equivalent to our principle UB — BMM*": A — BMM™* is equivalent to
the instance of UB — BMM™™ that corresponds to A by the methods of [51]. O]

Proposition 6.2.11. Suppose

1. there exists a proper class of Woodin cardinals,

2. there exists a supercompact cardinal,
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3. (T)UB holds.
Then (x)yg holds.
Proof.

1° Let D be a dense subset of PP, which is universally Baire in codes. We want to show
that For every ¢ C w; satistying wlL [C], geN' D # 0.

2° Let D* be a universally Baire set that codes D. There exists a II; sentence 7 in
the language {RZ, Rys, , -} that is equivalent to the statement “for all ¢ C w;

satisfying wlL[c], there exists p € D} N g.” over the structure
(HU.)27 E? NS(Ul? D;)?
in every forcing extension.

3° Let P be a poset that forces MM™ . By Lemmas 6.2.6 and 6.2.10, V¥ = (*)D;f, which
means in V7,

(Huy, €,NSu,y, D) = 0.

4° By the assumption 3, (H,,, €,NS,,, D*) = 1. This shows that for every ¢ C w;
satisfying wf[c], ge N D # (), as required.

Proposition 6.2.12. Suppose

1. there exists a proper class of Woodin cardinals,

2. there exists a supercompact cardinal,

3. (T)UB holds.
Then UB — BMM ™™ holds.

Proof. This follows from Proposition 6.2.11 and Lemma 6.2.6. ]

Corollary 6.2.13. Suppose there exists a proper class of Woodin cardinals. Then the following
holds.

a. UB — BMM*™ implies (1)ys.

b. If there exists a supercompact cardinal, then (1)yg implies UB — BMM ™™,

Proof. This follows from Propositions 6.2.9 and 6.2.12. O
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6.3 Pre-conditions

Definition 6.3.1. A pre-condition is a structure (M, €, I) satisfying that

a. M is a countable transitive model of ZFC,
b. [ is a normal ideal on wy in M,
c. (M, 1) is generically iterable. O

Notation 6.3.2. We denote by [P’ the set of all pre-conditions. For p € PP} __, we denote

max max?

by M? and [” its first and third coordinate, respectively. [l

Notation 6.3.3. Suppose p be a pre-condition and 7 is a (generic) iteration of p. Then

a. for a < len(Z), P’ denotes the o' structure in the iteration Z,

b. for < 8 < len(Z), i/, ;, denotes the embedding P — P given by Z,

c. PL denotes the the direct limit of the iteration Z,

d. for a < len(Z), Zf,x denotes the direct limit embedding PZ — PZ given by Z,

T T
e. = denotes 7y ., ]

Definition 6.3.4. The relation 7 : p > ¢ holds iff

a. p and q are pre-conditions,
b. p € HY,
c. Zeg,

d. 7 is a generic iteration of p,

e. iZ(IP) =I11NPL. O

Lemma 6.3.5. Suppose

1. J is a normal ideal on wq,

2. p is a pre-condition.
Then there exists an iteration T of p such that i*(I?) = J NPL.

Proof. This result comes from [15], but we learned it from [50]. See [52, Proposition 2-X]
for our presentation of the proof. O
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Definition 6.3.6. Let p be a pre-condition and let A be a set of reals. Then p is A-iterable
iff AN p € pand for every countable generic iteration Z of p, i*(ANp) = ANPL. ]

Lemma 6.3.7. Suppose

1. ¢ is a limit of Woodin cardinals,

2. A is a <0-universally Baire set,

3. 0 > ¢ is inaccessible,

4. M is countable and transitive,

5. m:(M,€,6,A) — (Vp, €,0, A) is elementary,
6. gis <5—generic over M,

7. I is a precipitous ideal on w in M|g].
Then (M]|g], I) is an A-iterable pre-condition.

Proof. 1t is our understanding that this comes from [15], but we learned it from [50]. See
[53, Proposition 2.10] for our presentation of the proof. O]

Lemma 6.3.8. Suppose

1. ¢ is a beth-fixed point,

2. A'is a <0-universally Baire set of reals,

3. 0 > ¢ is inaccessible,

4. M is transitive,

5.m:(M,¢e,8,A) — (Hy, €,6,A) is elementary,

6. g is <d-generic over M.
Then A, = AN M|g].

Proof. This is probably folklore, but see [53, Lemma 1.6] for our presentation of the proof.
O

Lemma 6.3.9. Suppose ¢ is a Woodin cardinal. Then there exists a semi-proper poset that
forces ‘NS, is saturated”.

Proof. This is an unpublished result of Shelah. For a new proof of this fact, see [43, Propo-
sition [3.3.6]]. 0
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Proposition 6.3.10. Suppose

1

there exists a proper class of Woodin cardinals,

2. A is a universally Baire set,

. there exists a poset that forces “(H,,, €,w, A;) =V, p(x)

o(x) is a ¥y formula in the language { RZ, c,,,, R4},

2»

5. p is a pre-condition.

Then there are Z and q such that

a L:p>q,
b. q is A-iterable,
c. (HY, e ,w{,ANq) Yz ei'(HL),¢(x).
Proof.
1° Let P be a poset such that (H,,, €,w:, A;) E Va, () holds in VF, let § > rank(PP)
be a limit of Woodin cardinals, and let # > § be an inaccessible cardinal.
2° Let 7 : (M,€,p,P,5,A) — (Vi, €,p,P,8, A) be a countable elementary embed-
ding, where M is transitive, and let g be M -generic for P. Observe that in M|g],
(Hup, €,w1, Ay) =V, ().
3° By Lemma 6.3.5, there exists in M|[g] a generic iteration Z of p such that / Po =
NS%M N PZ. Observe that
(HW, € 0", Ag) Vo € F(HE,), o(x).
4° By Lemma 6.3.9, there exists a <d-generic h over M [g] such that
a. NSMWIM A Ar[g] = NS,
b. NS, is saturated in M [g][h].
5° Let ¢ be the triple (M|g][h], €, NS%[Q} "), We want to show that g is as required.
6° By Lemma 6.3.7, q is an A-iterable pre-condition.
7° It is immediate that Z : p > q.
8° By upward absoluteness applied to 2°, we have that

(H, €, wi, Aguy) = Vo € iE(H?), 6(x).

wo?

Since, by Lemma 6.3.8, flg*h = A N g, this suffices for the conclusion.
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6.4 Proof of Proposition 6.1.6

Definition 6.4.1. Suppose

1. 0 is an inaccessible cardinal,

2. ¢ € Vj is an infinitary propositional formula in negation normal form.

Then ¢ is AS-good at ¢ iff ¢ is satisfiable and for all stationary sets S C w;, it holds in
|/ Colw.<0) that for every model j of ¢, there exists a well-founded elementary embedding
7:V — M and a model /i for 7(¢) such that

a. crit(t) = wy € 7(9),
b. for every subformula i) of ¢, u(v)) = (7(v)). O

Lemma 6.4.2. Suppose

1. 0 is an inaccessible cardinal,
2. ¢ € Vj is an infinitary propositional formula in negation normal form,

3. ¢ is AS-good at 6.
Then there exists an ssp poset P C Vj such that in V¥, there is a model for ¢.

Proof. This follows from Corollary 5.8.7. [

Proposition 6.4.3. Suppose

1. there exists a proper class of Woodin cardinals,
2. D C{(i,p,q) : 3T : p > q,i = i*} is universally Baire in codes,

3. forallp € P% _, there are q and i such that (i,p,q) € D.

max’

Then there exists an ssp poset P such that in V¥, there are p, q, T, J satisfying that

a. (izapa q) € Dg,
b. J is a generic iteration of q of length wy + 1,

7 (1)

c. H(wy)"="" = H(wy)".

Proof.
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1° Since it can be forced by an ssp poset, we may assume without loss of generality that
NS, is saturated.

2° For n < w, let 1, be the formula in the language
{RZ,c1,cp,CiyCm - < w}

whose Godel number is n. Let D* consist of all reals x for which there are a triple
(1,p,q) € D and surjection a : w — M9 such that the set

{wn By (n) = 0}
is the theory of the structure

(M, e, 17 p,i,am, : m < w).

3° Let k be an inaccessible cardinal and let 7>+ be a k-absolutely complemented tree on
w X k such that p[Tp+] = D*?

4° Let ® be the negation normal form of the canonical infinitary propositional formula
whose models (in all generic extensions) code’

« asequence
(((wa E%, 13, pa, Z'(Junl)m<w < wY)
of structures in the language { R%, 1, ¢, ¢, ¢ : M < w,
. asequence u : w —> K,
e afamily (Ta5:a < 8 <wy),

. asequence (91c, 1 v < wy)
such that
a. letting ¢ : w — {0, 1} be the function defined by asserting that for all n < w,
tn) =1 <= (w, E{, I, po,i0, M)m<w = ¥n,
it holds that (¢,u) € Tp-,
b. foralla < 8 < wy,

Ta,B - <w7ng[gmpOé7ia) E—> (waEq’Iq’p,Bai,C?);

w

c. the family ((w, £9,1%), 7a5 : @ < < w)) is a generic iteration of a pre-

e e

condition, modulo the transitive collapse,

8We gave a presentation of the proof of this fact in [4, Proposition 1.3-IV]; we learned the fact from [3].
For more details on how to get @, see Section 6.8.
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d.

for all o < wY , letting

2

* Y4, < w be such that (w, £4, I9) ="u, is the transitive closure of ran(i,)”,

* Y, be the set of all m < w satisfying mE?w,,

it holds that
. ; \%
HCo (ya?Egz ryﬂﬂjgz rya) . (VH7€7N5w1>

and for all 8 € [o,wy’), the diagram

Ta,B [Yor

Ys
M [
Vi

Yo

commutes.

5° Let # > K be an inaccessible cardinal.

6° Claim.  is satisfiable.

Proof.

1/
2/

6/
7/

Let G be V-generic for Col(w, k). We work in V[G].
Notice that p := (V,,, €,NS, ) is a pre-condition.
By the assumptions on D, there are ¢ and ¢ such that (i,p, q) € Dg.

Let Z be the generic iteration given by 4, let J be an arbitrary generic iteration
of ¢ of length w; + 1, and let Z be the generic iteration of i/ (Z).

Since H(w;)P> = H(w,)V and since NS, is saturated in V/, there exists a
unique generic iteration Zy of V satisfying that for all @ < 6, g2V = gin(

Let 7 :=i*V and M := PZV.So,7: V — M.

I)+a*

Lett : w —> {0, 1} be the function defined by asserting that for all n < w,
t(”) =1 <= (wu Egv ]g)p07i07m)m<w ): @Z}n‘

Since (i,p, q) € Dg, it follows that t € p[Tp-].
Let u : w —> K be such that (t,u) € Tp- and let v := T o w.

Let /i be obtained from 7 , J , v in the manner analogous to what is described in
steps 7' and 8’ of the proof of Claim 7°. We have that i = 7(®P).

By Xj-absoluteness, 7(®) has a model in M <“*)  This means that 7(®) is
satisfiable in M and consequently, ® is satisfiable in V.

]

7° Claim. ® is AS-good at 6.
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Proof.

1’ Let S be a stationary subset of w; and let G be V'-generic for Col(w, < 6). We
work in V[G].
2’ Let p be an arbitrary model for ®. We want to find an elementary embedding
7:V — M and a model i for 7(®) such that
a. crit(t) = wy € 7(9),
b. for every subformula ¢ of @, (o) = fu(7(¢)).
3’ Let the following be the canonical decoding of y:
« asequence
(((w, B8, I8, Pas oy M)+ 0 < wy)
of structures in the language { R%, ¢, ¢, Ciy G = M < W},
. asequence u : w — K,
e afamily (T, 5:a < 8 <wy),
. asequence (91, 1 v < W),
where
a. letting t : w — {0,1} be the function defined by asserting that for all
n < w,
tn) =1 < (v, EG, Iy, po, io; M)m<w = n,
it holds that (¢,u) € Tp-,
b. foralla < 8 < wy,
Tap (W, G, 15 Do ia) —— (@, By, 15, 5 1s),

c. the family ((w, B9, 1%), map : o < 8 < w/) is a generic iteration of a
pre-condition, modulo the transitive collapse,
d. forall @ < wy, letting

« 4, < w be such that (w, F9, 1) =“u, is the transitive closure of

ran(iq)”
* Yo be the set of all m < w satisfying mE?w,,
it holds that

MHCq - (you Efi fya, [g fya) E—> (Vm <, NSZl)

w

and for all 3 € [o,w]), the diagram

Ta,B [Ya

Ys
WN lﬁ’f%
Vi

Yo

- 198 -



Generic Absoluteness and Maximality

commutes.
4" Let

a. J be the generic iteration given by the transitive collapse of

(w, B4 1), map:a< < w}/),

) T

b. p and i be the images of py and 7 (resp.) under the transitive collapse of
(w, E5),
c. Z be the generic iteration of p given by 1,
d. J be a generic iteration of length 6 which end extends J and satisfies that
J
Se glen(J)’
e. 7 be the generic iteration i/ (Z).
5' Since H(wy)P> = H(w,)” and since NS, is saturated in V, there exists a
unique generic iteration Zy of V satisfying that for all o < 6, g2V = ginm tar
6’ Let 7 :i?V : V — PLv. We have that crit(1) = wy € 7(9).
7" For a € [len(7), ),
a. leta, :w — 73&7 be a surjection,

b. let (E2, 19, p,,1i,) be the unique 4-tuple satisfying that
(@, BL I8, payia,m :m < w) = (P, p, i o (i), @ s m < w),

c. letu* :=7ou,
d. for ¢ < a, let

7T§,o¢ : (waEgaIgvpzaif) E—> (waEgalg7p27ia)

be obtained from zg ., via the anti-collapse from b of its domain and codo-

main,

e. let oic, be obtained from i/ __, restricted to the final model of ig (1), via the

@,00?

anti-collapse of Pg from b.
8’ Let /i canonically code the following information:
« the sequence
(((w, EG: 18 P oy M)mews = @ < ),
« the sequence u* : w — 7(K),
« the family (7,5 :a < < 0),
« the sequence (o, : v < 6).

It is a matter of routine to verify that for every subformula ¢ of ®, i(7(¢)) =

(o).
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8° By Claim 7° and Lemma 6.4.2, there exists an ssp poset P that adds a model for ®. It
is easily seen that P is as required.

Proposition 6.4.4. Suppose

1. there exists a proper class of Woodin cardinals,

2. A is a universally Baire set,

3. ¢(z) is a Xy formula in the language { R%, c,,,, R4},

4. there exists a poset that forces “(H,,, €, w1, Ay) = Vo, ¢(z)”.

Then there exists an ssp poset Q such that it holds in V@ that HY € H,, and (H,,, €
,wi, Ap) |E Vo € HY, ¢(x).

Proof.

1° Let D consist of all (iZ, p,q) where Z : p > q, q is A-iterable, and

(HL,e,wi,ANgq) = Vz € (HP), ¢().

wo?
Since D is first-order-definable over (H,,,, €, A), it is universally Baire codes.

2° Proposition 6.3.10 implies that for all p € P*,,_, there exist g and Z such that (i*, p, q) €
D.

3° By Proposition 6.4.3, there exists an ssp poset Q such that V', there are p,q,Z, J
satisfying that
b. J is a generic iteration of g of length w; + 1,

()

C. H(WQ) > :H(WQ)V.

4° We want to show that Q is as required. Let H be V' -generic for Q and let p,q,Z, J
be as above. We work in V'[H].

5° Since (i%,p, q) € Dy, we conclude that

a. Z:p>q,
b. qis Ag-iterable,
c. (Hi, € ,wl, Ayngq) Ve eif(HP), ¢(x).

w2?
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6° By elementarity,
(HI=,€,w1,i7 (Ay Nq)) E Vo € i7 (T (HD)), ().
7° By upward absoluteness, we get that
(Hu,, €,w1,i7 (A N q)) E Vo € i7(i*(HP)), ¢(x).
8° Since g is Ap-iterable, we have that i/ (Ag N q) = Ap.
9° We also have that
7 (2 (HE,) = i Oy, = HEE = HY,

w2

10° Thus, (H.,,, €,w1, Ay) = Vo € HY , ¢(z), as required.

Corollary 6.4.5. Suppose

1. there exists a proper class of Woodin cardinals,

2. UB — BMM holds.
Then (T)yg holds.
Proof.

1° Let ¢(z) be a Xy formula in the language { R%, c,,,, R} } such that
E”P)v V]P ): ((HW27 €, w1, Ag) ): an ¢(I)) .

We want to show that
(Hoy, €01, A) =V, d(2).

2° Leta € H,, be arbitrary and let us show that
(Hu,, €, w1, A) |= dlal.
3° By Proposition 6.4.4, there exists an ssp poset P such that
VP (Hay, €,01,45) = ¢la]) -
4° Since UB — BMM holds, we get that
(Huy, €, w1, A) | ¢a],

as required.
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6.5 Towards Conjecture 6.1.7

Definition 6.5.1. A subset D of H,, is called a densoid iff

a. every element of D is a triple (i, p, ¢), where p and ¢ are pre-conditions and for some

T:p>qi=1%;

b. for every precondition p, there exist 7 and ¢ such that (i, p, q) € D. ]

Definition 6.5.2. The sentence () asserts that for all « € H,, and for all densoids D
which are universally Baire in codes, there exist p, ¢, 7, J such that

a. (i,p,q) € D,
b. J is a generic iteration of ¢ of length w; + 1,
c. a € ran(i7(4)). O

Proposition 6.5.3. Suppose

1. there exists a proper class of Woodin cardinals,

2. UB — BMM holds.
Then (x)g holds.

Proof. This follows from Proposition 6.4.3. ]

Conjecture 6.5.4. Suppose there exists a proper class of Woodin cardinals. Then the following
is true.

a. (x)yg implies UB — BMM.

b. If there exists a supercompact cardinal, then (1) implies (*) - [

6.6 Towards Conjecture 6.1.9

Proposition 6.6.1. Suppose

1. there exists a proper class of Woodin cardinals,
2. A is a universally Baire set,

3. ¢ is a X sentence in the language { RZ, R,l\lswl , R4,
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4. there exists a poset that forces that (H,,, €,NS,,, A;) = ¢.
Then (H.,, €,NS.,, A) | ¢.
Proof.

1° Let P be a poset that forces that (H,,, €, NS,,, A;) = ¢, let 6 > rank(P) be a limit of
Woodin cardinals, and let & > 4 be an inaccessible cardinal.

2° Let m : (M,€,p,P,5,A) — (Vi, €,p,P,5, A) be a countable elementary embed-
ding, where M is transitive, and let g be M-generic for P. Observe that in M|g],
(HUJ27 E’ NSUJI’ Ag) ): ¢

3° By Lemma 6.3.9, there exists a <d-generic h over M [g] such that

a. NSMUIM A Arlg] = NSM),
b. NS, is saturated in M g][h].

4° Let ¢ be the triple (M|[g][h], €, NSS){[Q”M). By Lemma 6.3.7, ¢ is an A-iterable pre-
condition.

5° By Lemma 6.3.5, there exists a generic iteration Z of ¢ such that £ (1%) = NS, N PZ.
Observe that by A-iterability, iZ(A Nq) = ANPL.

6° It follows that (H,,, €,NS,,, A) = ¢, as required.
]

This generic maximality implies corresponding generic absoluteness. To show it, we
will need to recall Woodin’s theorem that (2-satisfiability of 35 formulas is generically ab-
solute. We need a slight generalization of it which uses universally Baire sets as parameters;
this generalization follows from the proof of said theorem.

Lemma 6.6.2. Suppose

1. there exists a proper class of Woodin cardinals,

2. A is a universally Baire set,

3. G isaV-generic,

4. M is an inner model containing all reals (in V[G]),

5. j:V — M is an elementary embedding.

Then j(A) = Ag.
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Proof.

1° Let P be the underlining poset for G and let 7', S be P-absolutely complementing
trees in V satisfying p[T]" = A. Then j(A) = p[j(T)]* and A = p[T].

2° Since R C M, it follows that j(A) = p[j(T)].

3° Note that p[T] C p[j(T")] and p[S] C p[j(S)]. Since T and S project to complements
and since p[j(T)] N p[j(S)] = 0 by elementarity of j and absoluteness of wellfound-
edness, it follows that p[T'| = p[j(T)].

4° This means that Ag = j(A), as required.

Proposition 6.6.3. Suppose

1. there exists a proper class of Woodin cardinals,

2. A is a universally Baire set,

3. ¢(va) is a formula,

4. there are a poset X such that -x “for some inaccessible k, R, |= ¢[As,]”

5. P is an arbitrary poset.

Then there exist a complete super-poset Y of P such that by “for some inaccessible \, Ry =
oldg,)

Proof.

1° Let X be as in the assumption 4 and let § be a Woodin cardinal satisfying that X, P €
Vs and I-x“for some inaccessible x < 4, R, = ¢[Ag,|”. Since P completely embeds
into Ps, we will be done we show find a complete super-poset Y of Ps such that |-y “for
some inaccessible \, R\ = ¢[As. ]”.

2° Let Z be the canonical Ps-name for the poset jgﬂ) (X). We want to show that we can
8

take Y := P « 7.
3° Let GG be V-generic for Ps and let us work in V[G].

4° Letj = j& V. — Ul(V,G) and let Z = ZS = j(X). By elementarity,
Ult(V, G)? ="for some inaccessible < j(9), R, |= ¢[j(A)¢,]”

0Cf. [54, Theorem 2.2].
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5° Let k be a V[G]-generic filter for Z and let us work in V[G][k].

6° Let k& < j(0) be inaccessible in Ult(V, G)[k] such that RY™ ¥ = ¢[5(A),]. Since
j(8) = d and Rglt(v’c) = R}S/[G}, we conclude that

a k<9,

b. k is inaccessible,
c. Ry = oli(A)l.
7° By Lemma 6.6.2 applied in V[G], j(A) = Ag. Thus, R, | ¢[Ack], as required.

Corollary 6.6.4. Suppose

1. there exists a proper class of Woodin cardinals,
2. A is a universally Baire set,
3. ¢ isa ¥ sentence in the language { R2, R,l\lswl , R},

4. P is an arbitrary poset.
Then (H,,, €,NS,,, A) = ¢ if and only if VF |= ((H,,, €,NS,,, 4;) E ¢).

Proof. The implication (<) follows from Proposition 6.6.1, so let us argue for the other one.
Let us assume that (H,,, €,NS,,, A) = ¢. This fact and Proposition 6.6.3 imply that in V¥,
there exists a poset QQ that forces

(HW27 <, Nswu (AGP)G@) ): .

By Proposition 6.6.1 applied in V¥, we conclude that

vE ): ((HW2> <, NSWl? Ag) ): ¢) :

Conjecture 6.6.5. Suppose

1. there exists a proper class of measurable Woodin cardinals,
2. CH holds,
3. A is a universally Baire set,

4. ¢(va) is a ¥y formula in the language { R2, Rhsm }
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5. there exists a poset that forces that CH and (H,,, €,NS,,) = ¢[A;].
Then (H,,,€,NS,,) = ¢[A]. O

Theorem 6.7.8 shows that the conjecture is true if we omit the predicate for NS,,. It
is not clear at the moment how to modify the proof of Theorem 6.7.8 to be able to add
NS,,. We think that a different approach, based on the proof of Proposition 6.6.1, is more
promising. There, we first obtained an A-iterable pre-condition ¢ = (N, €, stfl) such that

(HY € NSN AN N) E ¢[AN N].

w2? wi?

We then produced a generic iteration ¢ : ¢ — ¢* such that i(NSﬁ) = NS, N¢*. This
sufficed for the conclusion there, but for Conjecture 6.6.5, more is need.

What would suffice for this conjecture is obtain an embedding 7 : ¢ — ¢* such that

a. i(NSJ ) = NS, ng¢*,

b. i(ANN)=AnNgqg",

c. RCq".
The first two points are as before, but the third one is new. It is not immediately impossible,
since we are assuming CH. Together with the second point, it would ensure that A =

AN g* € ¢g* and consequently, the conclusion of the conjecture. So, the question is how to
ensure R C g*.

Our idea is to produce a generic iteration as for Proposition 6.6.1, but with cofinally
many extra steps. If we have a model X at some stage, the extra step consists in picking
a real  and producing an embedding k : X — X* with critical point > w;*. It is not
clear whether this is possible, but the following fact is encouraging (even though it is stated
under the assumption that NS, is saturated).

Proposition 6.6.6 (De Bondt, Velickovi¢). Suppose

1. NS, is saturated,

2. 0 is large enough regular.

Then for projectively stationary many countable M < Hy, for all x € R, there exist N and f
such that

a M < N < Hy,
b. N is countable and 65 = Oy,

c. f € N isa function and f(0y) = x.
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Proof.
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6.7

Let S C w; be stationary, let U C Hy, and let H := (Hy, €,U). We may assume
without loss of generality that there exists a lightface definable wellordering of H.

We want to show that there exists a countable M < H such that

a. 5]\/[ €9,
b. for all x € R, there exists f : w; — Hy such that §(Hull(M, f)) = (M) and
f(é]\/[) = XZ.

Let g be V-generic for NS:1 containing S and let us work in Vg].

Let
ji= j;/ V— Ult(V,g9) =W

be the generic ultrapower. We will be done if we show that it holds in IV that there
exists a countable M < j(#) such that

a. 0y € j(S),
b. for all z € R, there exists f : wi — Hj) such that 6(Hull(M, f)) = 6(M)
and f(dy) = .

Let M := HulP™(w)) < j[H] < j(H). Observe that M € W, that |[M|" = w, and
that 6,y = wy € j(9).

We will be done if we show that in W, for a given real z, there exists f : w; — Hjg)
such that 6(Hull(M, f)) = 6(M) and f(dy) = .

Since x € W, there exists f € V such that f : v} — R and j(f)(w}) = =.

Since M < Hull(M,j(f)) < j[H}], it follows that 5(M) = §(Hull(M, j(f))) =
0(j[Hy])-

Since j(f)(0rr) = j(f)(w]") = x, we seen that j(f) is as required.

Proof of Theorem 6.1.10

The proof is essentially the same as the proof of Woodin’s theorem on the equivalence
of Generic E%-maximality and CH, see [5, Theorem 3.2.1]. We broke Woodin’s proof into
lemmas in [49]; we explain below how to modify these lemmas to show Theorem 6.1.10.

Definition 6.7.1. Suppose
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1. 4 is Woodin,
2. 0 > ¢ is regular,

3. M < (HQ,E,(S).

Then M is said to be (Qs-self-generic iff for all D € M which are predense in s, there
exists S € D N M such that M N (US) € S. O

Definition 6.7.2. Suppose

1. N is a transitive model of ZFC™,
2. w; is an element of N,

3. Cis a subset of w;.
Then C'is an /N-slow club iff

a. every o € C'is Woodin in NV,

b. C'is a club,
c. for all limit points v of C, for all £ € N which are club subsets of 7, there exists
p < suchthat C'N(p,v) C E. O
Notation 6.7.3. For a set X, tc(.X') denotes its transitive collapse. O

Lemma 6.7.4. Suppose x is a measurable Woodin cardinal. Then for stationary many M <
H(k™),

a. tc(kN M) = wyq,
b. M is Q,-self-generic,

c. there exists a tc(M)-slow club.

Proof. See [5, Proof of Theorem 3.2.1, the claim]. O

Proposition 6.7.5. Suppose

1. K is a measurable Woodin cardinal,
2. 6 > K is Woodin,

3. 0 € (k,0) is inaccessible.
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Then there are stationary many M < (Hy, €, k) satisfying that

a. tc(k N M) = wy,
b. there exists a tc(M)-slow club,

c. every real is <w) -generic over tc(M).

Proof.

1° We denote by U the set of all M < (Hy, €, k) such that

a. tec(k N M) = wy,
b. M is Q,-self-generic,

c. there exists a tc(M)-slow club.
Lemma 6.7.4 implies that U is stationary in &2 (V}).
2° Let GG be a V-generic filter for Ps containing U and let
ji=j& vV — Uk(V,Q).
We have that j[Vy] = [((M : M C V4)V]¢ € UIt(V, G) and

UIt(V, G) |= j[Va] < (Hj), €, (k).

3° By Lo§’s Theorem, it holds in Ult(V, G) that

a. tc(j(k) Nj[Va]) = wi,
b. j[V4] is Qj(x)-self-generic,

c. there exists a tc(j[Vp])-slow club.

4° Claim. It holds in Ult(V, G) that every real is <w;-generic over tc(j[Vp]).

Proof. 1t follows from 3° that G N QY is V-generic for QY and that

k:UR(V,GNQY) — U(V,G) : [flangr + [fle

A%
is well-defined, elementary, and has the critical point > x = wij *(V.GNQs) This means

that all reals of V[G] are contained in Ult(V, GNQY ) and consequently, in Vy[GNQY].
The properties of the Q-tower ensure now that every real is <x-generic over Vjp, as
required. [

5° Since j[Vy] = [(M : M C Vj)V]g, Lo§’s Theorem now implies that there exists
S € P(Vy) NG such that for all M € S, it holds in V' that
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a. tc(kNM) = w,
b. there exists a tc(M)-slow club,

c. every real is <w) -generic over tc(M).

This finishes the proof because S is necessarily stationary in V.

Lemma 6.7.6. Suppose

1. N is a transitive model of ZFC,
2. w}/ is a Woodin cardinal in N,
3. there exists an N -slow club,

4. every real is <wy -generic over N,

5. his a <wy -generic filter over N.
Then there exists an N|h]-slow club and every real is <w) -generic filter over N|h]

Proof. See the argument that starts at the last paragraph of [5, Page 95].

Lemma 6.7.7. Suppose

1. P is a transitive model of ZFC,
2. wY is a Woodin cardinal in P,
3. there exists an P-slow club,

4. every real is <w) -generic over P.
Then there exists an P-generic filter H for Q) such thatR C P[H].
1

Proof. See the argument that starts at the last paragraph of [5, Page 95].

Theorem 6.7.8. Suppose

1. there exists a proper class of measurable Woodin cardinals,
2. CH holds,

3. A is a universally Baire set,
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4. ¢(vga) is a Xy formula in the language of set theory,

5. there exists a poset that forces that H,,, = ¢[A;].

Then H,, = ¢[A].
Proof.

1° Let

a. P be a poset that forces “H (w) = ¢[A4;]”,
b. x > rank(IP) be a measurable Woodin caradinal,
c. 0 > kK be Woodin,

d. (T,S) be xT-absolutely complementing trees on w x k" satisfying that p[T] =
4,

e. 0 € (k,0) be an inaccessible cardinal.
2° By Lemma 6.7.5, there exists M < (Hy, €, k,T, S, P) such that

a. tc(k N M) = wy,
b. there exists a tc(M)-slow club,

c. every real is <w] -generic over tc(M).

3° Let NNV be the transitive collapse of M. For x € N, let ¥ denote the image of = by this
transitive collapse.

4° Let h be N-generic for P. Note that N[h] = (H(w,) = ¢[AL)).

5° By Lemma 6.7.6, there exists an N|h|-slow club and every real is <w;-generic over
NJh]. Thus, Lemma 6.7.7 implies the existence of a N[h]-generic filter H for QLV‘LH]
1
satisfying that R C N[h|[H].
6° The elementarity of

j= 0" N[B) — U(N[R], H) =: Q

implies that

Q = (H(w2) = ¢L5(An)))-

7° Since ¢ is X1 and since H (w5 )@ is a transitive set contained in H (w;), we will be done

if we show that j(A,) = A.
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8° The facts that
plH(T)° = j(A) = RQ — p[j(5)] and R? = RN — R
yield that

9° Claim. p[j(T')] = p[T]

Proof.

1" Let x € p[T] and let us show that x € p[j(T)].
2" Since z is <w} -generic over N, we have that N|z] is a forcing extension of N
via a poset in N [w} = N|[&.

3" Since (T, S) are k-absolutely complemented in N, it follows that either z € p[T]

or x € p[S].

4" Since p[S] C p[S], it is not the case that = € p[S]. Hence, x € p[T).
5" Taking into the account the fact that p[T] C p[j(T)], we get that z € [j(T)].

This shows that p[T] C p[j(T)].
6’ We can analogously show that p[S] C p[j(S)].
7' Since p[T] = R — p[S], it follows that p[T] = p[j(T)] and p[S] = p[j(I)].

10° It now follows that j(A;) = p[j(T)] = p[T] = A, as required.

Theorem 6.7.9. Suppose

1. there exists a proper class of Woodin cardinals,

2. CH holds,

3. A is a universally Baire set,

4. ¢(va) is a X sentence in the language of set theory,

5. P is an arbitrary poset that forces CH.
Then (H..,, €) = ¢[A] if and only if V¥ |= ((H.,, €) b= 9[4;]).

Proof. The implication (<) follows immedaitely from Theorem 6.7.8. For the other impli-
cation, note that if (H,,, €) &= ¢[A], then Proposition 6.6.3 that in V¥, there exists a poset
Q that forces

(Hw27 E) >: ¢|:(AG]P>GQ:|
The conclusion then follows by again applying Theorem 6.7.8. O]
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6.8 Appendix: Coding with Propositional Formulas

Section Assumptions 6.8.1. Suppose

1. there exists a proper class of Woodin cardinals,
2. D is a densoid which is universally Baire in codes,
3. k is inaccessible. O
Notation 6.8.2. For n < w, let 1, be the formula in the language
{RZ,c1,cp,CiyCm - < w}
whose Godel number is n. O

Notation 6.8.3. Let D* consist of all reals = for which there are a triple (i,p,q) € D and
surjection a : w — M1 such that the set

{¢n - x(n) = 0}
is the theory of the structure
(M, e, 17 p,i,am, :m < w).
]
Section Assumptions 6.8.4. Let T)p- be a k-absolutely complemented tree on w X x such

that p[Tp+] = D*. O

Our goal is to describe an infinitary propositional formula ¢ whose models (in all
generic extensions) code

« asequence
q 9 ; : v
(((w, EL T Doy iy M) e - 6 < wy)
of structures in the language { RZ, ¢/, ¢, Ciy Cp 0 < W},
. asequence u:w — K,

a family (7,5 : a0 < B <w!),

. asequence (o, 1 o < W)
such that

a. letting ¢ : w — {0, 1} be the function defined by asserting that for all n < w,
t(”) =1 <= (w7 Eg7 Igvp07 Z'07 m>m<w ): wna
it holds that (¢,u) € Tp+,
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b. foralla < 8 < wy,

Ta,B - (vag’[gvpa’ia) E—> (W,E§>[§>pﬁ>iﬁ),

w

c. the family ((w, E2,19), 75 : a < 8 < wy) is a generic iteration of a pre-condition,

modulo the transitive collapse,
d. forall @ < wy, letting

« 4, < w be such that (w, E4, I7) =4, is the transitive closure of ran(i,)”,

) T

* Yo be the set of all m < w satisfying mEd«,,

it holds that
INHCq - (yaa Eg [yaa ]g fya) 2—> (Vm €, NSZI)

and for all 8 € [o,w]), the diagram
T, B [You

Ys
M lﬁ’fﬂa
Vi

Yo

commutes.

We will try to convince the reader that this can indeed be expressed by an infinitary propo-
sitional formulas. To give more details about what exactly should be expressed, let us in-
troduce some notation.

Notation 6.8.5.

a fFC X xYandx € X,wedenote £, :={y €Y :(x,y) € E}.
b. Ifa: X — Y and z € X, then a, := a(z). O

Notation 6.8.6. Suppose M = (w, ... ) is a structure in the language { R, ¢/, ¢,, ¢; }. Then
(M) denotes the truth function of the model (M, m : m < w), i.e. ¥(M) : w — 21is
defined in such a way that for all n < w, for ¢ denoting the formula in the language of

(M, m:m < w)
with "¢ " = n, it holds that
IM)(n) =1 <= (M, m:m <w) 1.

]

Now, we need to construct a formula ® whose models code F, I, p, 7, u, w, ot such that
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a. F Cw X (wXxw),

b. I,p,i:w — w,

C.U:W—K,

d. foralln < w, (J(w, Ey, Iy, po, o) [n,uln) € Tp,
e mC{(a,f):a<f<w}x(wxw),

f. foralla < 8 <wi, Tap: (W, Ea, Lo, Pas i) = (w, Eg, I5,ps,15),

w

foralla < 8 <7y <wi, gy 0 Ta g = Tans

= e}

. for all & < wy, there exists k < w such that

1. ((A}, Ea+1) ’: ]C < wq,

ii. for all 4 < w, there exists u < w such that (w, F,) = % : &y — V and such
that for w 1= 74 011(%), (W, Eat1) = w(k) = 4,

iii. for g, == {w < w : (W, Ea, ) Ew € I}, k Epi1 Taat1(w)}, we have that
(W, Eoy Loy o) E “ga is generic for 1}

a
i. foralllimit~y < wy, foralln < w, there exist &« < vand m < w such that 7row(m) =n,
jo o Cwy X (w x V),

k. forall o < w}/ , letting

* 4, < w be such that (w, E,) E"u, is the transitive closure of ran(i,)”,
* Yo be the set of all m < w satisfying (w, E,) = m € 4,
* z, be the set of all m < w satisfying that (w, F,) = m € I, N u,,
it holds that
i. forall @ < wy, 9¢y @ (Yo, Pas Za) = (Vi, €,NS))),

w

ii. forall o < 8 < wy, 91 = 91c3 © To 8 Yas

iii. for all x € V,, there exist @ < w; and 4 < w such that osrc,(u) = x. O

Here are some examples how to convert these requirements into a propositional formula.

o Let E.mm’n, I'a,m, Da,m, ia,m, U5 To,B,m,ms HCa,m,» D€ propositional letters, for all o <
B<w,y<w,mn<w&<wy,x€V,.
« If ¢ is the language { RZ, ¢/, ¢, ¢; }, we can express
(w7 EO[? IO[JPO[? ZO[) ): w

as a propositional formula by induction on complexity of 1.
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AV Ao

n<w s€T, i<n
|s|=n

where

a. for s(i) = (1,¢) and for ¢; being the formula with code i, 6, ; is defined as the
propositional formula asserting

“(OJ, Eaa [aapaa ia) |: wi” A ui,é?

b. for s(i) = (0,&) and for 1; being the formula with code i, 5 ; is defined as the

propositional formula asserting

“(w7 EOU Ioupom ia) ): _‘@Z)i” A uz,f

One can proceed like this to code all of the requirements of listed above and obtain a formula
which will have x propositional letters and whose every conjunction and disjunction will
have the length at most . If ® is the formula just described and p its model, then one
obtains F, I, and so on, in the obvious way:

E* = {(a,m,n) € W x (wxw): w(Eamn) =1},

1= {(vm) € X w: p(lam) = 1},

and so on.
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