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Summary

Title: Coupling electronic properties of molecules and materials to cavity optical
modes: a road towards optical and chemical complexity.

Keywords: Electronic transport; STMplasmonic cavities; Photon emission statistics; Stochas-
tic dynamics; Energy-transfer; Chemical reaction networks; Optical Fabry-Pérot cavities; Elec-
tronic strong coupling; Polaritons; Polaritonic chemistry; Chirality

Abstract: We investigate from the point of
view of theory spectral and transport proper-
ties of open systems in interaction with elec-
tronic baths and photonic electromagnetic en-
vironments. We focus on three recent re-
search fields for which this investigation is rel-
evant and deal with the following questions
of i) understanding how electronic transport
properties (current and current-current fluctu-
ations) of STM plasmonic nanojunctions cor-
relate to their light-emission properties (lumi-
nescence spectra, g(2)(τ)-measurements), ii)
grasping how collective effects related to the
intertwined dynamics between molecular ag-
gregates and Fabry-Pérot cavity modes might
be responsible for a modification of the em-
bedded material chemical reactivity or chirop-
tical properties, and iii) how to model and
characterize the stochastic dynamics of chem-
ical reaction networks in concentrated molec-
ular aggregates for ultrafast pump-probe ex-

periments.
In all those research directions our objec-

tive is to propose and develop some theoret-
ical tools and methods that enable both ana-
lytical and numerical calculation of transport
properties, spectroscopic signatures and char-
acterization of physico-chemical properties of
molecular ensembles going from the single-
molecule limit to the mesoscopic aggregate
in presence of interactions with a dynamical
electromagnetic bath. We aim at initiating a
discussion on how to incorporate in the mod-
eling the necessary level of electronic, electro-
magnetic or chemical complexity found in the
related experiments.

This HDR thesis is an attempt to describe
some interesting physical mechanisms I had
the luck to find or think about during this re-
search journey and to enlighten open ques-
tions in systems where the chemical and op-
tical complexity is a relevant or key issue.
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To be read before reading

This manuscript covers a period of my own research activities from 2017 to 2024. It is
structured in three different parts that are independent and reflect my research interests as
well as the related future research perspectives I will follow in the next years. Each part
contains an introduction, a core text taken and reformulated from my recent publications
containing some unpublished material, and additional derivations that I found useful to add
for a better understanding of the main text. I tried to provide a pedagogical introduction to
the concepts and theoretical calculations developed in each of those parts. The conclusion
and a middle- to long-term research perspective are presented at the end of each section.
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Penser n’est pas sortir de la caverne, ni remplacer l’incertitude des ombres par
les contours tranchés des choses mêmes, la lueur vacillante d’une flamme par la
lumière du vrai Soleil. C’est entrer dans le Labyrinthe, plus exactement faire être et
apparaître un Labyrinthe alors que l’on aurait pu rester «étendu parmi les fleurs,
faisant face au ciel».

Les Carrefours du labyrinthe I. Cornélius Castoriadis.
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Chapter 1

Photon-Emission Statistics induced by
Electron Tunneling in Plasmonic
Nanojunctions

1.1 Introduction

Figure 1.1: a) Schematics of current-induced light emission by a STM tunneling junction.
Inelastic tunneling of electrons is at the origin of the photon emission process. b) Observed
light emission spectra in a STM plasmonic nanojunction. Adapted from Ref. [16].

Abrief introduction to STM light-emission. The scanning tunnelingmicroscops (STM)
is a powerful tool in nanotechnology that enables to image atoms and molecules deposited
onto surfaces. Not only such device enables to explore and image the complex physical and
chemical properties of molecules with atomic resolution, but also it can be used to emit light,
thus playing the role of a new current-induced source of photons at the nanoscale. The under-
standing and control of the light emission process is of crucial importance in this field of
research, but is still incompletely understood. The simplest mechanism for light emission
is presented in Fig. 1.1-a): it involves inelastic tunneling of electrons across the tunneling
gap which couples to and excites the localized plasmon mode between tip and substrate
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when the bias voltage exceeds an inelastic threshold [73, 93]. The light emitted out of this
plasmonic cavity is further collected by a far-field detector: this gives rises to broad band and
high frequency plasmonic resonances [16] (due to losses in the metal) in the optical frequency
range (see Fig. 1.1-b)). A description of the light emission power spectrum can be obtained
by the following approach [60]: the electronic tunneling current is seen as a current source
in Maxwell equations and thus generates an output electromagnetic field which depends
on the peculiarities of the source and on the electromagnetic Green function of the STM
nanojunction that is function of its geometry and dielectric properties.

Figure 1.2: a) Photon emission spectrum of a molecular wire contacting the tip to the sam-
ple of a STM plasmonic junction. The emission mechanism involves a narrow 0-0 transi-
tion and vibrational sidebands due to the formation of a molecular exciton. Adapted from
Ref.[23]. b) Observed light emission spectra in a plasmonic STM nanojunction in proxim-
ity of a molecule deposit on an insulating substrate. Fano resonances are seen which are
a signatures of molecular fingerprints on the emitted signal. Adapted from Ref. [65]. c)
Measured second order correlation function of the emitted light field presenting an anti-
bunching behavior. Light is emitted from single levels out of the band of C60 molecular
layer between the STM tip and substrate. Adapted from Ref. [81].

Molecular fingerprints in STM light emission. The actual mechanism at the origin
of light-emission in current-driven STM nanojunctions is however still not completely well
understood and is actually quite complex. In presence of a molecule inside or close to the
localized cavity plasmon, current injection excites the molecule to an electronic excited-
state that further decays back to ground state by emitting a photon. Several mechanisms
(see Fig. 1.2) were proposed for describing this molecular excitation, including elastic tun-
neling of an electron and a hole from the metallic electrodes to the molecule [40], inelastic
tunneling of an electron across the junction at the origin of emission of a localized plas-
mon that is further absorbed by the molecule [40, 39], and a more complex energy-transfer
mechanism in which the absorption and emission processes of the localized plasmon by
the molecule interfere one with each other [65]. We note that the deposition of a single
molecule on an insulating substrate enables to block fluorescence quenching usually due to
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fast charge-transfer from the molecule to the metallic substrate. This allowed to report sig-
natures of molecular fingerprints like molecular vibrations [96] that impact the luminescence
spectra on top of the broad plasmonic feature. The relative isolation from the metallic sub-
strate of the deposited molecule is a nice playground for unveiling complex Coulombian
effects due to charging and discharging of the molecule upon passing an electronic current
from the STM apex: this signals the necessity to keep a manybody description of the molecular
electronic structure for computing light-emission in such structured plasmonic electromagnetic
environments [72]. While most of the works in STM tunneling junctions deal with such a
complex molecular structure and its impact on photon emission, we recently predicted that
upon proper tuning of the external electrode potentials a single electronic level was sufficient
to generate electrically-driven single-photon emission [107]. Recent experiments with STM
on C60 molecular films go in that direction and reported a Coulomb-blockade mechanism
resulting from tip-induced split-off single-level states [81]. The resulting single level model
of a STM plasmonic junction is interesting and simpler than the complex molecular effects
above mentioned and are thus the topic of the present section of this study. This model
was even reported to lead to a photon antibunching mechanism both theoretically [107] and
experimentally [81] (see 1.2-c)), which is the hallmark of single photon emission by the STM
junction.

Problematic of the present study. The main problematic of the present study in rela-
tion to the light emission mechanism in STM junctions is related to the following questions

1. What is the mechanism describing plasmon-molecule interactions and it role on light
emission ? What is the interplay between tunneling electrons charging or discharging
the molecule and the plasmonic electromagnetic environment ?

2. Is it possible to design innovative current-induced single photon sources of interest from
such STM junctions that would be tunable with external electrical parameters ?

3. How to characterize and model the statistics of light emission out of such junction ?

4. When and how is there single photon emission in such plasmonic devices ? What
controls the timescales of the related antibunching mechanism ?

In this section, we present a theoretical investigation of the statistics of photon emission
in a single-level plasmonic nanojunction in order to deal at least partially with the above
open questions. In Sec. 1.2, we introduce the notion of photon emission statistics in the
framework of the paradigmatic model of two-level system. We show how to characterize
this statistics by defining and computing the second order correlation function of the emit-
ted light field g(2)(τ) and the waiting-time distribution w(τ) between successive photon-
emission events [99, 20, 26]. In Sec. 1.3.1, we formulate a microscopic model of single level
STM plasmonic nanojunction from which we compute the current-voltage characteristics
at the origin of plasmon excitation. In Sec. 1.4, we compute explicitly the second correla-
tion function of light emitted out of this junction and show the existence of a crossover
from bunching to antibunching upon fine tuning the molecular junction to a "sweet spot"
of high symmetry. The departure from this "sweet spot" and the related open perspectives
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of research in this field are sketched in the last Sec. 1.5. This work is the outcome of a
collaboration with Fabio Pistolesi (LOMA) and Thomas Frederiksen (San Sebastian). Most
of the presented results are part of the PhD thesis of Quentin Schaeverbeke [108]. I tried to
reformulate those results and rederive them in a way that is generalizable to more complex
situations.

1.2 An introduction to photon emission statistics

In this section, we provide an introduction to the notion of photon emission statistics. We
found simpler to introduce this notion through the paradigmatic model of a two-level sys-
tem (TLS) which, after being excited, can emit single photons in the far-field electromag-
netic environment. The emitted photons are then collected by a single photon detector. We
characterize the statistics of random clicks measured by the photon detector in Sec. 1.2.1 and
explain how to define and compute exactly the second-order correlation function g(2)(τ) of the
emitted field in the TLS model. We show that the emitted photons are antibunched, namely
they present a lower probability of being emitted close in time one from each other. The
signature of antibunching is obtained as a vanishing of g(2)(τ) at zero delay time τ = 0. In or-
der to understand better this antibunching mechanism, we introduce and compute exactly
in Sec. 1.2.2 the waiting time distribution (WTD) between pairs of successive emitted photons
in the TLS model. We show that the WTD is a statistical indicator that is complementary
to the second order correlation function and that it provides additional information about
the typical timescales involved in the photon emission process. We close this analysis by
considering in Sec. 1.2.3 the role of having a non perfect photon detector with finite detection
yield. To write this whole section, we used part of the material that we published in our
recent Ref. [9]. This material follows directly from the PhD research work done by Quentin
Schaeverbeke [108], in collaboration between LOMA and San Sebastian. The derivation that
we propose here is inspired by the reading of the section devoted to photon emission statis-
tics in the book of van Kampen [117] and by the seminal paper of Serge Reynaud [99] de-
voted to fluorescence of atoms in the "dressed atom" picture. The former reference was and is
still to me the source and origin of most of the understanding I could developed in this research
topic.

1.2.1 Photon antibunching in the two-level system model

A first glimpse to the photon correlation functions. In this paragraph, we provide
a first glimpse at the description of the statistics of photons emitted by a simple two-level
system (TLS). This model is shown in Fig. 1.3-b). It is made of two levels labeled 0 and 1
connected by an upward rateΓ10 for exciting the TLS and a downward rate κ for de-exciting
it and emitting a single photon in the electromagnetic environment. The emitted photon is
then collected by a single-photon detector, leading to a temporal trace of the photon "clicks"
(see Fig. 1.4-upper panel). The study of photon emission statistics aims at characterizing the
correlation functions of the stochastic temporal trace of the photon "clicks" provided by the
detector. In this context, following the seminal paper of Glauber [53], it is natural to define
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Figure 1.3: Scheme of a simple two-level system at the origin of photon emission. The
states 0 and 1 are connected by an upward rate Γ10 for exciting the TLS and a downward
rate κ for de-exciting it by emitting a photon in the electromagnetic environment. The
emitted photon is collected by a single-photon detector. This leads to a temporal stochastic
sequence of photon detection events or "clicks" given by the detector. Unpublished Fig.

the correlation functions of the emitted photon output field as

1. G1(t0)dt0 the probability to "emit a photon" in the time interval [t0, t0 + dt0],

2. G2(t0, t0 + τ)dt0dτ the joint probability to "emit a first photon" in the time interval
[t0, t0 + dt0] AND to "emit a second photon" in the time interval [t0 + τ, t0 + τ + dτ ].

The normalized second-order correlation function (SCF) of the emitted photons is defined
from the above correlation functions as

g(2)(t0, t0 + τ) =
G2(t0, t0 + τ)

G1(t0)G1(t0 + τ)
. (1.1)

In the stationary regime, the stochastic process is independent of time thus leading to
G1(t0) ≡ Gst

1 and G2(t0, t0 + τ) ≡ Gst
2 (τ = τ). The stationary g(2)(τ) correlation function

is thus given by

g(2)(τ) =
Gst

2 (τ)

(Gst
1 )

2
. (1.2)

While the first correlation function Gst
1 characterizes the average intensity of emitted light by

the TLS, the second correlation function g(2)(τ) is a signature of the correlations between two
photon emission events obtained at a delay time τ . The computation and characterization of
g(2)(τ) is the main goal of this section.
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Figure 1.4: Upper panel: Time-trace of the history of "clicks" for a photodetector detecting
the emission of photons by a TLS with upward rate Γ10 = 0.03 and downward rate κ =

0.1. This stochastic process is computed using a Monte Carlo simulation. Lower panel:
Corresponding g(2)(τ) signal obtain from theMonte Carlo simulation (red points) compared
to the exact analytical solution in Eq. 1.10 that exhibits antibunching behavior. Generated
using the Monte Carlo code implemented in our Ref. [9]. Unpublished Fig.

Expression of g(2)(τ) in terms of occupation probabilities. We now consider the
time-dependent process at the origin of the measurement of the correlation functions by
a single-photon detector, as exemplified in panel a) of Fig. 1.3. The first order correlation
G1(t0) provides the probability of emitting a single photon between t0 and t0 + dt0. It is
given by

G1(t0)dt0 = κdt0π1(t0) , (1.3)

namely it is proportional to the probability of having the TLS in the excited state π1(t0) at
time t0 times the probability κdt0 of emitting a photon through the radiative transition 1→ 0
in the time interval [t0+τ, t0+τ+dτ ]with rate κ. Similarly, the unnormalized second-order
correlation function G2(t0, t0 + τ) is provided by the expression

G2(t0, t0 + τ)dt0dτ = κdτP (1t0 + τ |0t0)κdt0π1(t0) , (1.4)

namely it is proportional to the probability κdt0π1(t0) of emitting a photon in the time in-
terval [t0, t0 + dt0], times the conditional probability P (1t0 + τ |0t0) of having the TLS in
excited state 1 at a later time t0 + τ KNOWING it was in the ground state 0 at time t0 af-
ter the first measurement, times the probability κdτ of emitting another photon in the time
interval [t0 + τ, t0 + τ + dτ ]. We note the crucial role played in this expression by the
collapse of the wavefunction in the photon measurement process that imposes the TLS to
be in the ground state 0 after each photon emission process: this was noticed explicitly for
the first time by Claude Cohen Tannoudji and Serge Reynaud in Ref. [26]. Using Eq. 1.2, we
obtain the expression for the normalized second-order correlation function g(2)(τ) in the
stationary state

g(2)(τ) =
P (1τ |00)

πst
1

. (1.5)
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Explicit expression of g(2)(τ) for the TLS system. We compute in this paragraph the
explicit expression of g(2)(τ) as written in Eq. 1.5. For that purpose, we need to find the
conditional probability P (1τ |00), which is nothing but the π1(τ) probability for the TLS to
be in the excited state 1 at time τ provided the choice of initial condition π0(0) = 1 at time
0 is adopted. The former population is obtained from the rate equation (see also Fig. 1.3-b))

π̇1(τ) = Γ10π0(τ)− κπ1(τ) , (1.6)
π0(t) = 1− π1(t) . (1.7)

Its solution for the initial condition π1(0) = 0 is given by

π1(τ) = πst
1

{
1− e−κtτ

}
, (1.8)

πst
1 =

Γ10

κ
, (1.9)

with κt = κ + Γ10 the total relaxation rate. From the previous Eqs. 1.8,1.9, the explicit
expression of the second-order correlation function follows

g(2)(τ) = 1− e−κtτ . (1.10)

This is the main result of this section. The SCF is shown in Fig. 1.4-lower panel by com-
paring the outcome of a Monte Carlo calculation (red points) to the analytical formula of
Eq. 1.10 (plain red curve). In the case of the TLS model, the second-order correlation func-
tion thus goes to zero at zero time-delay (g(2)(0) = 0) and increases exponentially towards
unity on a time scale τg(2) given by

τg(2) =
1

κt
≡ 1

κ+ Γ10

. (1.11)

It also fulfills at all times the inequality g(2)(τ) ≤ 1which is the hallmark of a sub-Poisonian
statistics. The fact that g(2)(τ) ≥ g(2)(0) with g(2)(0) = 0 is a clear signature of antibunching
[125], namely the property for the TLS to have a lower probability to emit a photon at short
delay-times τ ≪ 1

κt
, after a first photon has been emitted at time 0. At large times τ ≫ 1

κt

we find g(2)(τ)→ 1 and the photon emission statistics recovers the Poisonian statistics of
uncorrelated photon emission events.

Open question. We have shown that the light emitted by a TLS exhibits antibunching
in its g(2)(τ) correlation function and thus vanishes at zero delay time. The interpretation
of this antibunching mechanism is related to the interpretation of the second order corre-
lation function in terms of a two-probe measurement process: once the first photon has been
detected, the TLS is projected onto its ground state 0 and one has thus to wait during a given
delay time ⟨τ⟩ before the next photon will be emitted. At this stage, the g(2)(τ) correlation
function contains only one time scale given by τg(2) in Eq. 1.11. The question we ask is thus
the following: do we have that τg(2) = ⟨τ⟩ ?
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Figure 1.5: Illustration of Eq. 1.15 giving the conditional probability distribution P (τ |0)
to emit one photon at time τ knowing that a photon was emitted at time 0 as a series in
terms of the corresponding "exclusive" probability distribution Q(τ |0). A cross in a time
interval means that no photon has been emitted in that interval, while curly arrows stand
for elementary single photon emission events. Unpublished Fig.

1.2.2 Waiting time distribution between successive photon emis-
sion events

Definition and expression of the WTD. To answer the question of the previous sec-
tion, we introduce here another indicator characterizing the statistics of emitted light by a
given emitter which is the delay-time distribution or waiting-time distribution (WTD) w(τ)
between two successive photon emission events. In order to compute the WTD, we need to
introduce the following additional distribution functions [117, 99]

1. P (τ2|τ1) the conditional probability distribution to emit a photon at time τ2 KNOW-
ING that a photon has been previously emitted at time τ1.

2. Q(τ2|τ1) the "exclusive" conditional probability distribution to emit a photon at time
τ2 KNOWING that a photon has been previously emitted at time τ1 but with THE
CONSTRAINT that no photon has been emitted in the time-interval ]τ1, τ2[.

Both P andQ are obtained from the time-trace or history of "clicks" provided by the single
photon detector (see Fig. 1.5) from which both the SCF and WTD can be expressed

g(2)(τ) =
S(τ)

G
(st)
1

, (1.12)

w(τ) = Q(τ |0) , (1.13)
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with S(τ) ≡ P (τ |0). However, we remark that in general P ̸= Q. Indeed, as shown in
Fig. 1.5, Q involves to the statistics of "exclusive" histories in which no photon-emission event
is observed in between two successive photon-emission events (see the a) history), while P
includes the statistics of the "complete" history of emission events including "0-photon" emis-
sion event plus "1-photon" emission events (see the b) history) plus "2-photon" emission events
(see the c) history) plus etc · · · in between two photon-emission events. This can be written
mathematically as the following series

P (τ |0) = Q(τ |0) +
∫ τ

0

dτ1Q(τ, τ1|0) +
∫ τ

0

dτ1

∫ τ

τ1

dτ2Q(τ, τ2, τ1|0) + · · · , (1.14)

with Q(τ, τ1|0) the exclusive probability distribution that one photon is emitted at time τ1
and another one is emitted at later time τ , knowing that one photon-emission event oc-
curred at time 0. A similar definition holds for Q(τ, τ2, τ1|0) that contains an additional
photon-emission event at a time τ2 in the interval ]τ1, τ [. If the stochastic process of pho-
ton emission events is Markovian then Q(τ, τ1|0) ≡ Q(τ |τ1)Q(τ1|0) and Q(τ, τ2, τ1|0) ≡
Q(τ |τ2)Q(τ2|τ1)Q(τ1|0) such that Eq. 1.14 can be simplified to

P (τ |0) = Q(τ |0) +
∫ τ

0

dτ1Q(τ |τ1)Q(τ1|0) +
∫ τ

0

dτ1

∫ τ

τ1

dτ2Q(τ |τ2)Q(τ2|τ1)Q(τ1|0) + · · ·

(1.15)

This series is illustrated in Fig. 1.5 and can be resummated into an integral equation con-
necting the P and Q distributions

P (τ |0) = Q(τ |0) +
∫ τ

0

dτ1P (τ |τ1)Q(τ1|0) .

(1.16)

Using the definition of w(τ) in Eq. 1.13, we finally obtain for a stochastic photon emission
process that is both Markovian and stationary

S(τ) = w(τ) + (S ∗ w) (τ) , (1.17)

with ∗ meaning the convolution product as in Eq. 1.16. This integral equation can be solved
by Laplace-transform thus providing a simple algebraic link between S̃(z) and w̃(z), the re-
spective Laplace transforms of S(τ) = G

(st)
1 g(2)(τ) and w(τ)

w̃(z) =
1

1 + S̃−1(z)
. (1.18)

This is the main result of this paragraph devoted to the WTD.

Explicit expression ofw(τ) for the TLSmodel. Wenow computew(τ) analytically for
the TLS model of Sec. 1.2.1. We find a one to one mapping between P (τ |0) and conditional
probability P (1τ |00) in Eq. 1.5, leading to S(τ) = P (τ |0) ≡ κP (1τ |00). This implies that
for the TLS emitter, the photon emission process is indeed Markovian and that we can use
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the relation connecting the WTD to the SCF written in Eq. 1.18. We find for S(τ) and its
Laplace transform S̃(z) the values

S(τ) =
κΓ10

κt

{
1− e−κtτ

}
, (1.19)

S̃(z) =
κΓ10

z (z + κt)
. (1.20)

Incorporating Eq. 1.20 into the expression of w̃(z) in terms of S̃(z) written in Eq.1.18, we
find after inverse Laplace transform

w(τ) =
κΓ10

κ− Γ10

{
e−Γ10τ − e−κτ

}
, (1.21)

≈ κΓ10τ −−−→
τ→0+

0+ , (1.22)

≈ Γ10e
−Γ10τ −−−−→

τ→+∞
0+ . (1.23)

This expression is the main result of this section. It shows that w(τ) is the sum of two
exponential functions, one with relaxation rate Γ10 and the other with relaxation rate κ. The
WTD is shown in Fig. 1.6. At "short" times (τ ≪ min ( 1

κ
, 1
Γ10

)), w(τ) vanishes linearly
with τ and is proportional to the product of both upward rate Γ10 and downward rate κ at
which photons are emitted out of the TLS. The vanishing of w(τ) at zero delay-time τ = 0
is a signature of antibunching of emitted photons, while the proportionality of the slope with
Γ10 translates the fact that after one photon has been emitted, one needs to wait some delay
time for re-exciting the TLS and have another photon to be emitted. In the opposite limit of
"long" times (τ ≫ min ( 1

κ
, 1
Γ10

)), the WTD vanishes exponentially in time with the upward
rate Γ10 (for κ > Γ10). This reflects both facts that the WTD is a normalized distribution
function

[∫ +∞
0

dτw(τ) = 1
]
and that it becomes very unlikely that after one photon has

been emitted initially, another photon is not emitted after a delay-time much larger than
the TLS typical relaxation time. It is interesting to notice that w(τ) is a non-monotonous
function of time, reaching a maximum at time τm given by

τm =
1

κ− Γ10

ln

(
κ

Γ10

)
. (1.24)

Finally, we obtain from Eq. 1.21 an analytical expression for the average delay-time ⟨τ⟩
between two photon emission events

⟨τ⟩ =

∫ +∞

0

dττw(τ) =
1

Γ10

+
1

κ
. (1.25)

Conclusion regarding the TLS model. We conclude this introductory exploration of
the statistics of photons emitted by a TLS with the following summary

1. The normalized second-order correlation function of the emitted photons g(2)(τ) de-
cays exponentially in time with time scale given by the total dissipation time of the TLS
τg(2) =

1
κ+Γ10

in Eq. 1.11.

– 10 –



2. In contrast, the WTD of delay times between photon emission events w(τ) exhibits
a non-monotonous behavior with time. The corresponding average delay-time be-
tween two photon emission events ⟨τ⟩ = 1

Γ10
+ 1

κ
in Eq. 1.25 is given by the sum of

the inverse upward excitation time of the TLS 1/Γ10 plus the inverse relaxation time 1/κ
by photon emission from the TLS.

Surprisingly, we thus find that in general τg(2) ̸= ⟨τ⟩. This is due to the fact that the SCF
g(2)(τ) and WTD w(τ) do not contain the same statistical information, each exhibiting dif-
ferent characteristic time-scales characterizing a different aspect of the photon-emission
statistics. The first timescale τg(2) provides information about the speed at which the correla-
tions in the detection of photons pairs decay in time, while ⟨τ⟩ provides information on how
long one has to wait between two successive photon emission events, hence the speed at which
the TLS is re-excited from the TLS ground state. Those two time-scales are thus not inconsis-
tent one with each other but constitute complementary statistical indicators of the photon
emission statistics [19]. Only in the short-time regime τ ≪ τm, the behavior in time of
w(τ) and S(τ) = G

(st)
1 g(2)(τ) do coincide since they are related to the same antibunching

mechanism, while at larger time τ ≫ τm they differ in a significant manner sincew(τ) goes
exponentially to zero while S(τ) converges to the constant value Γ10.

1.2.3 Role of a non-perfect photon detection yield

Figure 1.6: Upper panel: SCF S(τ) = G
(st)
1 g(2)(τ) and WTD w(τ) of the photon emitted by

a TLS as function of time τ . The detector has a non-perfect detection yield η = 0.1. Lower
panel: same curve but zoomed in the short time range. Parameters are those of Fig. 1.4.
Adapted from our recent Ref. [9].

In this last section, we model the non-perfect detection efficiency of the photodetector
collecting the photons emitted out of the emitter. For that purpose, we assign a probability
η ∈ [0, 1] for a photon to be detected by the photodetector, namely η is the experimental
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detection-yield. A perfect detector efficiency means η = 1. For computing how the SCF
g(2)(τ) and WTD w(τ) are impacted by this detector efficiency, we need to generalize the
definitions of the previous probability distributions written in Sec. 1.2.1 and Sec. 1.2.2. We
thus redefine (see Fig. 1.3)

1. G1(t0)dt0 the probability to "emit a photon AND detect it by the apparatus" in the
time-interval [t0, t0 + dt0].

2. P (t0, t0 + τ) dt0dτ the joint-probability that "a first photon is emitted AND detected
by the apparatus" in the time interval [t0, t0 + dt0] AND that a "another photon is
emitted AND detected by the apparatus" in the time interval [t0 + τ, t0 + τ + dτ ].

3. Q (t0, t0 + τ) dt0dτ the exclusive joint-probability that "a first photon is emitted AND
detected by the apparatus" in the time interval [t0, t0+dt0] AND that a "second photon
is emitted AND detected by the apparatus" in the time interval [t0 + τ, t0 + dτ ], with
THE CONSTRAINT that "no photon is emitted in the time interval ]t0 + dt0, τ [".

The role of a non-perfect detection-yield is taken into account by adding an additional ran-
dom process with probability η to detect the photon arriving on the detector that is independent
of the photon-emission event itself. Due to the above mentioned statistical independence be-
tween the photon-emission and photon-detection events, the previously defined probability
distributions do factorize

G1(t0) = ηG1(t0) , (1.26)
P (t0, t0 + τ) = η2P (t0, t0 + τ) , (1.27)

with the underline symbols corresponding to quantities evaluated at a perfect detection
efficiency (η = 1). Those equations imply a modification of the expression of the SCF and
WTD as

S(τ) = P (τ |0) = ηS(τ) , (1.28)
Gst

2 (τ) = P (τ, 0) = η2Gst
2 (τ) , (1.29)

g(2)(τ) =
P (τ |0)
Gst

1 (0)
=
ηS(τ)

ηGst
1

= g
2
(τ) , (1.30)

so that the unnormalized SCFGst
2 (τ) is modified by the non-perfect photon-detection quan-

tum yield: this is expected since the lower the detection yield, the lower the number of
collected photons per unit time by the detector. However, the normalized SCF g(2)(τ) is not
modified by decreasing η since the η2 factors simplify in the numerator and denominator: the
only effect being now that one has to wait longer in order to achieve the proper statistics of pho-
ton "clicks" ! Using the definition of w(τ) = Q(τ |0) in Eq. 1.17, we find that the modified
relation between the SCF and WTD

ηS(τ) = w(τ) + η (w ∗ S) (τ) , (1.31)

which provides after Laplace transform

w̃(z) =
1

1 +
{
ηS̃(z)

}−1 . (1.32)
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This expression generalizes Eq. 1.18 and shows that the WTD is modified by a non-perfect
detection yield. It recovers the results of Ref. [118]. The final expression of the WTD is
obtained after inverse Laplace transform of Eq. 1.32 providing

w(τ) =
ηκΓ10

κd

{
e−

(κt−κd)τ
2 − e−

(κt+κd)τ
2

}
, (1.33)

with κd =
√
κ2t − 4ηκΓ10. The resulting WTD is shown in Fig. 1.6. The corresponding

average delay-time ⟨τ⟩ between two photon emission events is also modified to

⟨τ⟩ =
1

η

{
1

Γ10

+
1

κ

}
. (1.34)

It is interesting to notice that, in contrast to the SCF, the WTD and the average delay time
between successive photon emission events ⟨τ⟩ depends significantly on the non-perfect detector
efficiency η. In the case of ⟨τ⟩, this is understood because due to a lower detection yield η, a
fraction of the emitted photons arriving to the detector are not detected by it (false negative)
thus leading to a larger time to wait in average for a next photon to come after a first photon
has been detected.

1.3 Inelastic electronic transport properties of a STMplas-
monic nanojunction

1.3.1 Problematic

The TLS model for photon emission presented in the previous Sec. 1.2 was a very simple
one. However it seems to be insufficient to take into account the complexity of actual
experiments performed in STM plasmonic nanojunctions. The following points making
the mechanism of light emission quite a complex one are listed below:

1. Molecules have complex electronic and vibrational strutures that are beyond the de-
scription by only two levels.

2. A plasmon mode is actually localized in the tunneling gap between the STM tip apex
and the substrate. This plasmon mode is characterized by a high frequency (here
optical frequency), a broad-band plasmonic spectrum and an inhomogeneous spatial
structure of the electromagnetic field.

3. The interaction mechanism at the origin of light emission involves either inelastic
tunneling of charges through the tunneling gap or direct tunneling through themolecule,
or even interference between the plasmon field and the fluorescence spectrum of the
molecule.

4. The low mode volume of the plasmonic cavity in the STM gap might enable to reach
enhanced and thus stronger molecule-plasmon interaction strength.
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We do not aim in describing ab initio the mechanism of current-induced molecule-plasmon
interaction, but are willing to find a minimal model that would incorporate some of the fea-
tures listed previously. To the best of our knowledge, a complete theoretical understanding
of light-emission in STM is still missing.

Open question. Can we formulate a minimal microscopic model that could be solved with
a sufficient level of accuracy and would enable to explore some of the characteristics of current-
induced light emission in STM plasmonic nanojunctions ?

For that purpose, we introduce in Sec. 1.3.2 a theoretical microscopic model of single-
level plasmonic nanojunction fromwhich we characterize the statistics of photon emission.
This model is derived from a formalism developed by Audrey Cottet et al. in Ref. [29] and
was adapted by us to describe a current-driven plasmonic nanojunction in our Ref. [107].
We then describe in Sec. 1.3.3 the plasmon-molecule interaction mechanism in this junc-
tion. For that purpose we write and solve formally a rate equation ruling the dynamics of
the junction manybody states mixing charge and plasmon occupancies, with incoherent rates
computed using Fermi Golden Rule. This approach was developed in our recent Ref. [9].
We present in Sec. 1.3.5 the current-voltage characteristics of this junction obtained from
the solution of the rate equation. The computed I(V ) curves present inelastic channels
corresponding to the onset of single or many plasmon emission in the plasmonic gap that
is induced by single electron tunneling events: this is a signature of the conversion of the
electron kinetic energy provided by the bias voltage into plasmon excitation inside the STM
cavity. This current-driving mechanism is at the origin of light-emission is this simple model
of STM plasmonic nanojunction. Most of the results presented here in a compact way, where
derived and expressed for the first time in the PhD work of Quentin Schaeverbeke [108]. For the
sake of clarity and simplicity, I chose to present here those results using only the plasmon-
molecule bi-partite rate equation, with the philosophy that most of the physics we discuss
can be understood using properly the Fermi Golden Rule.

1.3.2 The single-level model of a STM nanojunction

Hamiltonian description of the single-level nanojunction. In order to deal with the
open questions of the previous section, we proposed and study in our previous Refs. [9],[108]
amodel of STMplasmonic nanojunctionwhere themolecule is described by a single (HOMO
or LUMO) electronic level (see Fig. 1.7). That single level is coupled to two electronic leads
at the origin of current injection and to a composite electromagnetic environmentmade one
plasmonic mode that decays to an external electromagnetic bath. In this way, we take into
account the presence of a high optical frequency and damped plasmonic mode with its proper
dynamics that is coupled to the slower dynamics of current tunneling across the junction. Off
course, the complex electronic and vibrational structure of the molecule is not taken into
account in this model. Such models describing electron-photon coupling in mesoscopic
devices has been proposed in the context of circuit quantum electrodynamics in Ref. [29],
which led to a theoretical framework taking into account spatial inhomogeneities of the elec-
tromagnetic field at the scale of the molecular orbitals describing the junction. We use this
formalism and propose the following microscopic Hamiltonian describing the single-level
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Figure 1.7: Representation of a current-driven STM plasmonic nanojunction. The molecule
is shown as a single electronic level of energy ε̃0. In presence of a bias-voltage V , electrons
from the STM apex (L) or from the substrate (R) can tunnel to the electronic level, emitting
a cavity plasmon of frequency ωc. The former decays with rate κ, and a photon is emitted
(red wavy arrow) that is finally collected by a detector (in black) with detection-yield η.
Adapted from our recent Refs. [9],[107].

molecular junction (SLM) presented in Fig. 1.7

H = HS +HB +HI , (1.35)

with HS the Hamiltonian describing the "molecule + plasmon mode" system as a whole, HB

the bath Hamiltonian containing the electronic and electromagnetic environments and HI

the tunneling Hamiltonian at the origin of system-environment coupling and tunneling of
electrons (photons) at the origin of the electronic (photonic) current. The "system"Hamiltonian
is written as

HS = ε0d
†d + ωca

†a+ (a+ a†)
(
Λmd

†d+ · · ·
)
, (1.36)

with d† the creation operator for an electron on the single level of energy ε0 and a† the cre-
ation operator for the plasmon mode of frequency ωc. The last term contains the molecule-
plasmon coupling operator that couples the dot charge fluctuations to the plasmonic electric
field, with a coupling strength Λm = λωc with λ the dimensionless coupling strength. The
corresponding coupling strength is given by the matrix element

Λm = −e
∫
d3r|ϕd (r⃗) |2V⊥ (r⃗) , (1.37)

with ϕd (r⃗) the dot electronic wave function and V⊥ (r⃗) = −iωc

∫
C(r⃗0,r⃗) A⃗(⃗l)·d⃗l the photonic

pseudo-potential [29] obtained as the integral of the cavity electrical field −iωcA⃗(⃗l) (A⃗ is
the vector potential) on a path C (r⃗0, r⃗) connecting any reference point r⃗0 to the point r⃗.
The coupling termΛm has a simple physical interpretation: it stands for the work a tunneling
electron has to perform against quantum vacuumfluctuations of the plasmonic field in the STM
gap along the path it follows in an elementary tunneling event from one lead to the molecule.
We estimated in our Ref. [107] that, due to the small cavity mode volume of the plasmonic
cavity, this monopolar coupling strength can be actually quite large, reaching upper values
Λm ≈ 0.1− 2ωc. This mechanism of coupling the plasmon mode to the charge fluctuations
of the dot level should be differentiated from the different mechanism of direct coupling
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of the plasmon mode to the electronic tunneling current across the tunneling gap which
is usually much weaker in the experiments and provides a low quantum yield for photon
emission of order 10−4 [93]. We note in Eq. 1.36 the presence of dots "· · · " standing for
additional terms in the interaction Hamiltonian describing a modulation of the electronic
tunneling from the leads to the dot induced by the photonic potential aswell as a direct coupling
between the electrons in the leads and the cavity plasmon mode. The former terms of weaker
amplitude are discussed in our Ref. [107] and will be neglected in our model. The electronic
and photonic environments are described by the bath Hamiltonian HB in Eq. 1.35 which is
given by

HB =
∑
αk

εαkc
†
αkcαk +

∑
q

ωqb
†
qbq , (1.38)

with c†αk and b†q the creation operators for the electrons on the leads α = L,R with energy
εαk and for the propagating photons of energy ωq, respectively. Finally, the last termHI in
Eq. 1.35 is the system-environment tunneling term given by

HI =
∑
αk

[
tαkc

†
αkd+ t∗αkd

†cαk
]
+
∑
q

[
lqa

†bq + l∗qb
†
qa
]
, (1.39)

with tαk and lq the electronic and photonic tunneling amplitudes respectively. As usual in
quantum transport, we suppose that the electrons in the leads are at thermal equilibriumwith
a population given by the Fermi distribution function f(ω−µα) at temperature T and chemical
potential µα for the lead α. The photons in the electromagnetic environment are also supposed
to be at thermal equilibrium at the same temperature T which, being much smaller than the
optical frequency, makes as if the electromagnetic environment was at zero temperature
(corrections due to finite Bose distribution at temperature T are negligible).

Figure 1.8: Representation of the eigenstates of the system Hamiltonian after Lang-Firsov
transformation in Eq. 1.43. The eigenstates are the (q, n) manybody states corresponding
to the dot charge states q = 0, 1 and plasmon mode occupancies n ∈ N. There are two
displaced harmonic ladders for the shifted plasmon mode written in Eq. 1.41 and the elec-
tronic tunneling terms are dressed by the plasmon mode as written in Eq. 1.42.

Lang-Firsov unitary transformation. The Hamiltonian written in the previous section
shares similarities with the well known Holstein model describing electron-phonon inter-
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actions in molecular junctions [61, 7, 79]. As in the former case, the spectrum of the Hamil-
tonian Eq. 1.35 is not known for arbitrary values of the junction parameters, especially in
out of equilibrium situations where a bias voltage is applied between the leads that is at
the origin of an electronic current. In this paragraph, we perform a Lang-Firsov unitary
transformation on the Hamiltonian H . This transformation enables to remove the explicit
electron-photon interaction term from the system Hamiltonian HS. This unitary transforma-
tion is defined as

U = eλd
†d(a−a†) , (1.40)

which acts by shifting the cavity plasmon mode operator ã = UaU † to the displaced oper-
ator depending on the dot charge

ã = a− λd†d , (1.41)

and dresses the electronic dot operator D̃ = UdU † by a photon cloud operator coupling
exponentially to the plasmonic electromagnetic environment

D = deλ(a−a†) . (1.42)

The new Hamiltonian H̃ = UHU † thus gets modified in the following way: first the system
Hamiltonian gets to a form that is diagonal in the charge and plasmon occupancy degrees of
freedom

H̃S = ε̃0d
†d+ ωca

†a , (1.43)

with the shifted dot level position ε̃0 = ε0−λ2ωc. The eigenstates of H̃S are the manybody
states |q, n⟩ corresponding to the charged (uncharged) state of the dot q = 1(0) and to the
number n ∈ N of quanta occupying the harmonic oscillator corresponding to the plasmon
mode of frequencyωc. They have eigenenergies qε̃0+nωc. Both eigenstates and eigenenergies
can be represented as two displaced harmonic ladders shown schematically in Fig. 1.8. Finally,
the Hamiltonian HI coupling the system to the environment gets modified by the unitary
transformation to

H̃I =
∑
αk

[
tαkc

†
αkD + t∗αkD

†cαk
]
+
∑
q

[
lqã

†bq + l∗qb
†
qã
]
. (1.44)

The electronic tunneling term is dressed by the plasmonic environment aswritten in Eq. 1.42:
this is a similar phenomenon to the dynamical Coulomb blockade theory describing the cou-
pling of electrons tunneling to the electromagnetic environment in ultrasmall tunnel junctions
[66]. Then the photon tunneling term couples to the displaced plasmonic field: this is a sig-
nature of the possibility for slow charges fluctuations to couple to the high frequency plasmonic
electromagnetic field.

A comment about this transformed Hamiltonian. The transformed Hamiltonian H̃
removes the explicit plasmon-molecule coupling from the system Hamiltonian and dis-
placed it into the tunneling Hamiltonian coupling the system to the environment. This is
well suited to perform an expansion into a weak sytem-bath interaction, while keeping the non-
pertubative nature of the plasmon-molecule interactions given by the coupling strength λ. We
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also note that H̃ is the same Hamiltonian as the one describing the Franck-Condon physics
induced by electron-phonon interactions that was studied in depth in molecular electronics
[77, 78], expect that now the energy scales are quite different (the plasmon mode is in the
high-frequency optical range).

1.3.3 Fermi Golden Rule and its consequences

Problematic. We want in this section to compute the typical timescales associated to in-
elastic electronic tunneling of electrons and by photon emission out of the STM plasmonic junc-
tion, as described by the microscopic Hamiltonian in the previous Sec. 1.3.2. The electronic
and photonic environments will provide the necessary energy costs to induce incoherent
transitions between themanybody states (q, n) of the system "plasmon +molecule" through
the perturbation Hamiltonian H̃I in Eq. 1.44. We will compute the rates associated to those
incoherent transitions using Fermi Golden Rule.

Figure 1.9: Representation of the incoherent transitions associated to inelastic electronic
tunneling and photon emission out of the STM plasmonic cavity. The rate Γ+

L(n + 3, n)

in blue is the rate of tunneling of a single electron from left lead thus charging the dot
and emitting three quanta in the plasmon mode. The rate Γ−

R(n − 3, n) in blue is the rate
of tunneling of a single electron from the dot to the right lead thus discharging the dot
and absorbing three quanta in the plasmon mode. The rate κ is the rate at which single
photons are emitted out of the cavity from the decay of the plasmon mode occupation by
one quantum. Unpublished Fig.

Inelastic electronic tunneling rates. We first consider the incoherent electronic tun-
neling events coming from the photon-dressed electronic tunneling Hamiltonian in H̃I (see
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Eq. 1.44). The former Hamiltonian induces transitions of the form (q, n)→ (q̄ = 1− q,m)
among the system manybody states with q̄ = 1− q . In such a transition, the charge-state of
the dot is modified from q = 0 to q = 1 or from q = 1 to q = 0 for a charging or discharging
event of the dot level respectively. Moreover, it is accompanied by a modification of m − n
additional or lower number of quanta populating the cavity-plasmon mode. If m − n > 0
the corresponding transition is an inelastic tunneling event of a single electron mediated by
the emission of m − n quanta into the plasmon mode. On the other hand, if m − n < 0 the
inelastic tunneling event is mediated by absorption of n−m quanta from the plasmon mode.
The specific case m = n is an elastic tunneling event of a single electron in the molecular
junction. Wewrite Γ+

α(m,n) the inelastic tunneling rate of a single electron emitted from lead
α = L,R that charges the dot in the transition (0, n) → (1,m). The other rate associated
to discharging of the dot is written Γ−

α(m,n). Using Fermi Golden Rule, we obtain for those
incoherent rates

Γ+
α(m,n) = Γα|Xn,m|2f ((m− n)ωc − Vα) , (1.45)

Γ−
α(m,n) = Γα|Xm,n|2 [1− f ((n−m)ωc − Vα)] , (1.46)

with Γα ≡ 2π
∑

k |tαk|2δ(EF − εαk) the tunneling rate of electrons from the lead α to the
dot level evaluated at Fermi energy. We note that we made the wide band approximation
which neglects the energy dependence of Γα on the scale provided by the voltage around
Fermi energy. The factor Xn,m ≡ ⟨n|m̃⟩ is the Franck-Condon overlap [78] between the
state |n⟩ of the cavity with empty dot and the displaced-state |m̃⟩ of the cavity with occu-
pied dot. Finally we introduced the lead voltage Vα = µα − ε̃0 which provides the relative
distance in energy between the chemical potential of the lead and the position of the renor-
malized single level of the molecule. The expression of the rates Γ±

α(mn) are dependent on
temperature T , on the voltage drop Vα and on the tunneling rate Γα. Upon modifying those
electronic parameters of the junctions, it becomes possible to excite the plasmon mode by in-
jecting an electronic current across the STM junction. We illustrate in Fig. 1.9 the transition
Γ+
L(n+3,n) (blue arrow) in which an electron from the left lead charges the dot level and emits

three plasmons in the junction. Another transition rate Γ−
R(n−3,n) (blue arrow) is shown for

which an electron discharges the dot level to the right lead and absorbs three plasmons in the
junction.

Photon emission rate. The second type of transitions is induced by the photon tunnel-
ing Hamiltonian in H̃I (see Eq. 1.44). Those are transitions of the form (q, n) → (q, n − 1)
which do not change the charge state of the dot but decrease by one the number of cavity-
plasmons. Those incoherent transitions are associated to the cavity losses through which single
photons are emitted in the far field and later detected by a photon detector. We write κ(n−1,n)

the incoherent rate associated to such a transition the expression of which is given by

κ(n−1,n) = nκ , (1.47)

with κ ≡ 2π
∑

q |lq|2δ(ωc−ωq) the cavity damping rate. Here also wemade a wide band ap-
proximation, evaluating this rate at the cavity optical frequency ωc. One transition κ(n−1,n)

is shown as a red arrow in Fig. 1.9. In this transition a photon of frequency ωc is emitted out
of the STM plasmonic cavity and induces a "click" of the photon detector. Finally, we make
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a remark that the photon dressed tunneling Hamiltonian couples the displaced plasmonic
field (see Eq. 1.41) to the electromagnetic far field. Thus, strictly speaking, the electromag-
netic far field of the bath couples not only to the high frequency optical plasmon mode
of the STM cavity, but also to lower frequency charge fluctuations of the single dot level
occurring on a timescale 1/Γα. It is clear physically that low frequency electronic current
fluctuations always induce photon emission. The possibility to detect or not those additional
lower frequency (MW) photons out of the plasmonic junction is a property of the photon detec-
tor that is used. This question will be discussed in a new preprint in preparation [13] that is
part of the PhD thesis of Andres Bejarano. In what follows, we will suppose that we have
a photon detector with a bandwitdh centered on optical frequencies so that only optical
photons at frequency ωc are detected out of the STM plasmonic nanojunction.

Hierarchy of energy scales. In this paragraph we evaluate the typical energy scales
associated to the previously derived incoherent transition rates. We estimate from exper-
iments performed on current-induced STM tunnel junctions [73, 93] and STM molecular
junctions [72] typical values of the parameters

1. The typical tunneling current I ≈ eΓ ≈ 5− 500 pA.

2. The plasmon mode frequency ωc ≈ 2 eV
ℏ .

3. The cavity losses κ = ωc

Q
≈ 0.1ωc related to a quality factor Q ≈ 10 of the STM

cavity.

4. A temperature T ≈ 4− 10 K.

We thus end up with a hierarchy of typical frequencies characterizing the physical problem
given by

Γα ≈ 10−5 − 10−4ωc < T ≈ 10−3ωc < κ ≈ 10−1ωc < ωc . (1.48)

In the previous inequality, the condition Γα < T plus the fact that the molecules are de-
posited on an insulated substrate thus preventing charge transfer and fluorescence quench-
ing due to the underlying metallic substrate enables to consider that electronic tunneling is
a sequential process, namely the electrons that tunnel from one lead to the dot loose their phase
coherence fast enough on timescale 1/T before the next coming electron enters the dot on the
slower timescale 1/Γα. In parallel, the condition κ < ωc corresponds to an electromag-
netic bath that decays to equilibrium on the fast timescale 1/ωc compared to the slower
plasmon mode that relaxes with the cavity damping time 1/κ. In both cases of electronic
and electromagnetic environments, one can thus treat perturbatively the coupling between the
system and such environments, making use of a Born-Markov approximation for describing
the plasmon-molecule dynamics. We derived the corresponding generalized master equa-
tion describing the dynamics of the system reduced density matrix in our Ref. [107]. In our
more recent preprint in preparation [14] we extended this approach to a two level model of
the plasmonic nanojunction. We solved and computed the electronic currents, the power
emission spectra and second order correlation spectra characterizing the emitted light field
by such STM nanojunctions. In this section, however, we choose another approach and decide

– 20 –



to present all computations of physically relevant observables within a rate equation approach
(when possible) where the rates are computed using Fermi Golden Rule. This is so not only
because of the simplicity of this way of presenting, but also because most of the physics
we discuss can be understood with Fermi Golden Rule. The eventual limitations of such an
approach will be enlightened and the way to eventually cure it will be briefly given.

1.3.4 The rate equation dynamics of plasmon-molecule interactions

Figure 1.10: Representation of the rate equation connecting the manybody states of the
plasmon-molecule system in the case |VL|, |VR| < 2ωc. The rates Γ+

m,n corresponding to
inelastic tunneling of electrons and charging of the single level are shown as blue arrows
while the rates Γ−

m,n corresponding to discharging of the single level are represented by
black arrows. The rates κ(m,n) associated to photon emission out of the STM cavity are
shown as red arrows.

Writing of the rate equation. We investigate the dynamics of the manybody states
(q, n) describing the molecule-plasmon system. We define Pn(t) ≡ P(0,n)(t) the probabil-
ities of occupying the state (0, n) of the ladder of states with uncharged dot q = 0 and
Qn(t) ≡ P(1,n)(t) the probabilities of occupying the state (1, n) of the ladder of states
with charged dot q = 1. Those time-dependent probabilities are solution of a bi-partite rate-
equation (RE) with incoherent rates computed in Sec. 1.3.3. We obtain

Ṗn(t) =
+∞∑
m=0

{
Γ−
(n,m)Qm(t)− Γ+

(m,n)Pn(t)
}
+ κ {(n+ 1)Pn+1(t)− nPn(t)} , ,(1.49)

Q̇n(t) =
+∞∑
m=0

{
Γ+
(n,m)Pm(t)− Γ−

(m,n)Qn(t)
}
+ κ {(n+ 1)Qn+1(t)− nQn(t)} , .(1.50)

with given initial conditions (Pn(0), Qn(0)) and with the rates Γ±
(m,n) ≡ Γ±

L(m,n) + Γ±
R(m,n)

obtain as the contribution of both leads. This a bi-partite RE with two harmonic ladders

– 21 –



that are coupled by inelastic tunneling events changing the charge state of the single level.
The RE in Eqs. 1.49,1.50 is shown schematically in Fig. 1.10 for the case |VL|, |VR| < 2ωc. At
the "sweet spot" corresponding to an electron-hole symmetric junction for which ΓL = ΓR = Γ
and VL = −VR the RE takes a simpler form. Indeed in this regime, the tunneling rates get
independent of the charge-state of the dot

Γ+
(m,n) = Γ−

(m,n) ≡ Γ(m,n) , (1.51)

thus the occupation probabilities of the cavity-mode in each ladder are equalPn(t) = Qn(t).
Introducing πn(t) = Pn(t) + Qn(t) after integrating-out the dot charge states, we obtain
the simpler RE at the "sweet spot"

π̇n(t) =
+∞∑
m=0

{
Γ(n,m)πm(t)− Γ(m,n)πn(t)

}
+ κ {(n+ 1)πn+1(t)− nπn(t)} ,(1.52)

with initial conditions πn(0).

Formal solution of the rate equation. The RE in Eqs. 1.49,1.50 are in general not solv-
able analytically, especially in the case shown in Fig. 1.10 where two infinite ladders of
states are coupled one to each other. The stationary out of equilibrium population thus re-
sults from a delicate balance between the incoherent drive of the plasmonic cavity induced by
inelastic tunneling of electrons and the damping of the cavity that tends to relax the cavity pop-
ulation to its ground state. We can however solve formally the RE and grasp the behavior of
its time-dependent solution since the RE is a system of linear equations. For that purpose,
we first eliminate the redundant degree of freedom contained into the normalization condition
of the probability of the manybody states, namely we substitute in the RE the population
P0(t) = 1−Q0(t)−

∑+∞
n=1 (Pn(t) +Qn(t)) by its expression in terms of all the other ones.

The resulting system of linear equation then becomes invertible. For solving generally the
RE, we first define π(t) ≡ [Q0(t), P1(t), Q1(t), · · · , Pn(t), Qn(t), · · · ] the vector of which
components are given by the population of the manybody states. We then rewrite the RE
that connects those populations among themselves in the following algebraic form

π̇(t) = Γ̂π(t) + q , (1.53)

with Γ̂ the invertible rate-matrix and q a constant vector due to the substitution of P0(t) in
terms of the all the other populations. The RE is complemented with an initial condition
π(0). Its solution is formally obtained as

π(t) = eΓ̂tπ(0) +
(̂
Id− eΓ̂t

)
π(st) , (1.54)

with π(st) the stationary population given by

π(st) = −Γ̂−1q . (1.55)

We can further analyse the behavior of Eq. 1.54 by expanding it in terms of eigenmodes of
the RE. For this purpose, we define the right and left eigenvectors vλ and wλ associated to
the λ (real and strictly negative) eigenvalue of the Γ̂-matrix, such that

Γ̂vλ = λvλ , (1.56)
wt

λΓ̂ = λwt
λ . (1.57)
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The solution of the RE given in Eq. 1.54 can thus be expressed as a linear superposition of
eigenmodes with coefficients given by the initial condition

π(t) =
∑
λ

(
1− eλt

) [
wt

λ ·
(
π(st) − π(0)

)]
vλ + π(0) . (1.58)

This expression is exact and shows that π(t) is the superposition of damped exponential func-
tions (λ < 0) towards the stationary state, with damping rate given by the eigenvalues λ of
the rate-matrix. In particular, for times t ≥ 1

λm
larger than the inverse of the eigenvalue

λm = maxλ(λ) that is closer to zero, the time-dependent population dynamics takes the
following simple asymptotic form

π(t) ≈
(
1− eλmt

) [
wt

λm
·
(
π(st) − π(0)

)]
vλm

+ π(0) . (1.59)

Open question. The formal solution of the RE written in Eq. 1.58 generalizes the ana-
lytical expressions written for the TLS system in Sec. 1.2.1 to the case of a bi-partite ladder
of states describing light emission in a single-level plasmonic nanojunction. However, we
still do not have written explicitly the connection of those populations to the actually measured
observables.

1.3.5 Computing the current-voltage characteristics

Analytical expression for the electronic current. We close this section by computing
and showing briefly the current-voltage characteristic in the single level model. For that
purpose, we first express the tunneling current in terms of the stationary occupation prob-
abilities of the manybody states of the junction obtained in the previous Sec. 1.3.4. We note
that since we look for dc currents, the electronic currents computed at left electrode< IL >
or at right electrode < IR > do coincide, thus expressing that no charge is accumulated in
average on the dot in stationary state. Within Fermi Golden Rule and RE approximations,
a simple balance or charge conservation at the left electrode enables to express the < IL >
current as

< IL > = −e
+∞∑
n=0

+∞∑
m=0

{
Γ+
L(m,n)P

(st)
n − Γ−

L(m,n)Q
(st)
n

}
. (1.60)

This expression has a simple physical interpretation: the first term gives the contribution to
current of tunneling events starting from the left electrode and charging the dot with emission
of m − n plasmons (when this quantity is positive) or absorption of n −m plasmons (when
this quantity is positive) inside cavity. The second term has a similar interpretation is terms
of discharging events of the dot. Following the discussion of energy scales in Sec. 1.3.3, we
suppose that Γ < T < κ < ωc. In this limit where κ≫ Γ is the fastest relaxation rate, the
cavity damping is so large that we anticipate the cavity states to be nearly not populated
in stationary states (see also Fig. 1.10), namely that

P (st)
n ≈ δn,0P

(st)
0 , (1.61)

Q(st)
n ≈ δn,0Q

(st)
0 . (1.62)
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Placing ourselves at the "sweet spot" with symmetric tunneling ΓL = ΓR = Γ and bias
voltage VL = −VR = V

2
, we have that P (st)

0 = Q
(st)
0 ≈ 1

2
and using the expression of

the rates written in Eqs. 1.45,1.46, we obtain for the expression of the current within this
large-κ approximation

< IL > ≈ −eΓ
2

+∞∑
m=0

e−λ2 λ2n

n!

{
f

(
mωc −

V

2

)
− f

(
mωc +

V

2

)}
. (1.63)

This expression means that each time the voltage crosses a plasmonic sideband, one or several
plasmons might be emitted in the junction due to inelastic tunneling of single electrons. The
linewidth of those jumps in the current is given by the temperature in this model. The side-
bands are populated with a Poissonian distribution depending on the plasmon-molecule
coupling strength λ. The typical scale for electron tunneling is eΓ as expected in the se-
quential tunneling regime.

Figure 1.11: a) Stability diagram as a function of (VL, VR) of the single level model for
λ =

√
2. The charge states q = 0 and q = 1 are stable in the white sectors while the

colored sectors correspond to the bias window where electronic tunneling occurs. b) Cuts
of the electronic current-voltage I(VL) characteristics along the symmetric voltage drop
(plain curves) and asymmetric ones (dashed curves) upon varying both the voltage VL and
the plasmon-molecule coupling strength λ. Jumps occur each time the voltage crosses an
inelastic threshold for emitting one or several plasmons in the junction. Adapted from our
Ref. [107].

Numerical calculation of the electronic current. For completeness, we show in Fig. 1.11
the I − V characteristics as a function of (VL, VR) computed in our Ref. [107] for various
values of the plasmon-molecule coupling strength, in the regime of symmetric tunneling
rates ΓL = ΓR. The panel a) exemplifies the stability diagram of the dot level coupled to
the plasmonmode, with the white sectors corresponding to the region of parameters where
the charge states q = 0 and q = 1 of the dot are stable. Single electron tunneling occurs in
the colored sectors. We show in panel b) a cut of the I(V ) along either the symmetric bias
situation (plain curves) or asymmetric bias (dashed ones). The inelastic thresholds (position
and height) are well reproduced at the "sweet spot" (plain curves) by the approximate output
of the RE given in Eq. 1.63. However, their linewidth is not given by temperature but rather
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by the damping rate κ of the cavity. Indeed, since κ > T , in Ref. [107] we had to take into
account the finite lifetime of the plasmon mode which necessitates to resummate the per-
turbation expansion in the photon tunneling Hamiltonian to all orders. This resummation
goes beyond the RE and Fermi Golden Rule approximation we made in this section.

1.4 Bunching and antibunching in a single level plas-
monic nanojunction

In this section, we would like to investigate the photon emission statistics of the single
level plasmonic nanojunction presented in Sec. 1.3, generalizing the approach presented
for the paradigmatic two-level system in Sec. 1.2. For that purpose, we provide in Sec. 1.4.1
a theoretical framework based on the rate equation to compute the second order corre-
lation function characterizing the statistics of light emitted by this single level junction.
Exact analytical expressions are given for it at the junction symmetric "sweet spot". The
related g(2)(τ) signals are computed and shown in Sec. 1.4.2. A crossover from bunching to
antibunching of the photon statistics is predicted and analyzed at the "sweet spot".

1.4.1 Expression of the second order correlation function

General formulation. We derive in this section the relation between the second order
correlation function g(2)(τ) and the conditional probabilities that are solution of the rate
equation written in Eqs. 1.49,1.50 with given initial conditions. This is the direct general-
ization of Eq. 1.5 that is only valid for the two-level system. We target the regime in which
κ≫ Γ is the largest relaxation rate, following in that the hierarchy of energy scales written in
Eq. 1.48. In this range of parameters, we expect that the populations of the manybody states
of the system formed by the single molecular level coupled to the plasmon mode fulfill the
following hierarchy in the stationary state occupancies (see also Fig. 1.10)

P
(st)
0 , Q

(st)
0 ≫ P

(st)
1 , Q

(st)
1 ≫ P

(st)
2 , Q

(st)
2 ≫ · · · . (1.64)

This hierarchy is also reminiscent of the approximation we used for computing the elec-
tronic tunneling current in Eqs. 1.61,1.62. It basically amounts to perform an asymptotic
expansion of the rate equation in the small parameter Γ/κ: the higher the excitation energy
of a state, the lower its probability. We also restrict ourselves to the range of voltage bias
|VL|, |VR| < 2ωc. Those restrictions enable to simplify the problem of the bi-partite infinite
ladder of manybody states due to the only remaining possibility in this regime to excite single
photons in the junction and thus the possibility to truncate the RE to at most n = 2 plasmon
excitations. The truncated rate equation is shown in Fig. 1.10 with the probabilities that
remain to be computed (P0(t), Q0(t), P1(t), Q1(t), P2(t), Q2(t)). The first Glauber correla-
tion generalizing Eq. 1.3 is provided by

Gst
1 = κ

{
P

(st)
1 +Q

(st)
1 + 2

[
P

(st)
2 +Q

(st)
2

]}
, (1.65)
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and is then expressed as the rate κ of photon emission out of the STM gap times the contri-
bution of each populated excited state of the cavity with charge or uncharged dot. We note
that the contribution to the decay rate of the states with two plasmons n = 2 inside cavity
is multiplied by two compared to the one of the state with only one plasmon. The non-
normalized second order Glauber correlation function generalizing Eq. 1.10 then becomes

G2(τ) = κ2

{
P

(st)
1

[
P1(τ)

∣∣∣
(P0,0)

+Q1(τ)
∣∣∣
(P0,0)

+ 2

(
P2(τ)

∣∣∣
(P0,0)

+Q2(τ)
∣∣∣
(P0,0)

)]
+ Q

(st)
1

[
P1(τ)

∣∣∣
(Q0,0)

+Q1(τ)
∣∣∣
(Q0,0)

+ 2

(
P2(τ)

∣∣∣
(Q0,0)

+Q2(τ)
∣∣∣
(Q0,0)

)]
+ 2P

(st)
2

[
P1(τ)

∣∣∣
(P1,0)

+Q1(τ)
∣∣∣
(P1,0)

+ 2

(
P2(τ)

∣∣∣
(P1,0)

+Q2(τ)
∣∣∣
(P1,0)

)]
+ 2Q

(st)
2

[
P1(τ)

∣∣∣
(Q1,0)

+Q1(τ)
∣∣∣
(Q1,0)

+ 2

(
P2(τ)

∣∣∣
(Q1,0)

+Q2(τ)
∣∣∣
(Q1,0)

)]}
, (1.66)

where we introduced the conditional probabilities like P1(τ)
∣∣∣
(P0,0)

to be in state (q = 0, n =

1) at time τ knowing the system was in state (q = 0, n = 0) at time 0. This expression
corresponds to the sum of all possible ways, starting from a state of the system just after a first
photon emission event, to excite the plasmonic nanojunction again at time τ and emit a second
photon. At zero time delay, this correlation function becomes

G2(0) = 2κ2
{
P

(st)
2 +Q

(st)
2

}
. (1.67)

From Eq. 1.65,1.66,1.67, we can express formally the normalized second order correlation
function as

g(2)(τ) =
G2(τ)

(Gst
1 )

2 , (1.68)

g(2)(0) =
2
{
P

(st)
2 +Q

(st)
2

}
{
P

(st)
1 +Q

(st)
1 + 2

[
P

(st)
2 +Q

(st)
2

]}2 . (1.69)

In general, the conditional probabilities and stationary probabilities entering into the ex-
pression of g(2)(τ) cannot be found analytically and have to be computed analytically. Look-
ing at the rate equation in Eqs. 1.49,1.50, we see that the population dynamics is in general a
multiscale dynamics involving both the energy scale κ associated to photon damping out of the
plasmonic cavity, the electronic tunneling rates ΓL,ΓR and the inelastic tunneling rates Γ±

(m,n).
We thus anticipate a rich stochastic dynamics describing the photon emission statistics even
in the simpler model of single level molecular junction.

Particular case: populations at the symmetric "sweet spot". We consider now the
specific "sweet spot" case described in Sec. 1.3.4 for which the tunneling to the leads and
voltage bias are symmetric and close to the first inelastic threshold for photon emission.
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Figure 1.12: Graphical representation of the truncated rate equation giving the cavity-mode
populations πn(t) in the case of a symmetric junction at the "sweet spot" and close to the
first inelastic threshold for photon emission. Red (blue) downward (upward) arrows stand
for dominant (subdominant) transition rates induced by cavity-damping (inelastic tunnel-
ing of electrons) . Adapted from our recent Ref. [9].

The rate equation has a simpler form derived in Eq. 1.52 that involves only the occupation
probability πn(t) of the plasmon mode (the two ladder with different charge states having
the same probability of occupancy). The truncated RE is shown in Fig. 1.12, which is a
specific case of Fig. 1.10. In this regime, the dominant transition rates are represented in
Fig. 1.12 as red downward arrows for cavity-damping rates (κ and 2κ) and blue upward
arrows for inelastic tunneling rates of single electrons across the STM junction (Γ10 and
Γ21). After eliminating π0(t), one obtains the reduced RE written in Eq. 1.53 for the vector
of populations π(t) = [π1(t), π2(t)] with a reduced matrix of rate Γ̂ given by

Γ̂ =

[
−(κ+ Γ10 + Γ21) 2κ− Γ10

Γ21 −2κ

]
. (1.70)

In the limit of large κ ≫ Γ discussed in the previous paragraph, using the hierarchy of
probabilities written in Eq. 1.64, we find the following asymptotic expressions for the eigen-
values λ± of the reduced rate matrix Γ̂ in Eq. 1.70 as

λ+ ≈ − (κ+ Γ10 − Γ21) ≈ −κ , (1.71)
λ− ≈ −2 (κ+ Γ21) ≈ −2κ , (1.72)

as well as the stationary populations of the STM cavity plasmon-mode

πst
1 ≈ Γ10

κ
πst
0 , (1.73)

πst
2 ≈ Γ21

2κ
πst
1 , (1.74)

πst
0 = 1− πst

1 − πst
2 ≈ 1 . (1.75)
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The corresponding approximate solution for the time-dependent populations π(t) with ar-
bitrary initial condition π(0) = [π1(0), π2(0)] follows as

π1(t) ≈ πst
1 +

{
π1(0) + 2π2(0)−

[
πst
1 + 2πst

2

]}
e−κt + 2

{
πst
2 − π2(0)

}
e−2κt ,(1.76)

π2(t) ≈ πst
2 +

{
π2(0)− πst

2

}
e−2κt , (1.77)

π0(t) = 1− π1(t)− π2(t) . (1.78)

Exact asymptotic solution for g(2)(τ) at the "sweet spot". Using the previous results
for the populations of the plasmon mode at "sweet spot" and the expressions of the two
Glauder correlation functions of the emitted field out of the plasmonic cavity written in
Eqs. 1.65,1.66, we find the asymptotic analytical expressions

Gst
1 ≈ κ

(
πst
1 + 2πst

2

)
=

Γ10(κ+ Γ21)

κ
≈ Γ10 , (1.79)

Gst
2 (τ) ≈ κ2

{(
πst
1 + 2πst

2

)2 (
1− e−κτ

)
+ 2πst

2 e
−κτ
}
, (1.80)

from which the normalized g(2)(τ) correlation function of emitted photons is obtained

g(2)(τ) ≈ 1 + e−κτ
(
g(2)(0)− 1

)
, (1.81)

g(2)(0) =
2πst

2

(πst
1 + 2πst

2 )
2 ≈

Γ21

Γ10

=
(2− λ2)2

2
. (1.82)

Those expression for the second order correlation function of the light emitted by a single level
plasmonic nanojunction recover the ones we obtained in our Refs. [107, 9]. They are only valid
at the high symmetry "sweet spot" of the junction.

1.4.2 Statistics of photon emission in the single level model

Analysis of the second order correlation function. We show in Fig. 1.13 the nor-
malized second order correlation function g(2)(τ) of the emitted photon field as a function
of time τ . This curve is computed at the symmetric "sweet spot" and is obtained numeri-
cally from a Monte Carlo simulations (dot and triangle curves) which is equivalent to solve
the RE written in Eq. 1.49,1.50. The voltage-bias is fixed at the first inelastic threshold for
photon-emission (eV = 2ℏωc) and the photon detection is perfect (η = 1). The outcome
of the analytical formula written in Eq. 1.81 are shown as plain curves for comparison. A
very good agreement between the Monte Carlo and analytical calculation is obtained in the
whole range of plasmon-molecule coupling strenght. We thus find that, at the "sweet spot"
and in the large κ limit, the g(2)(τ) correlation function evolves exponentially in time from
g(2)(0) with the cavity-damping rate κ. The convergence of g(2)(τ) to 1 is due to the fact
that two distinct photon emission events separated by a time-interval τ ≫ 1/κ become in-
dependent. We find however that, depending on the plasmon-molecule coupling strength
λ, the behavior of the second order correlation function is predicted to be quite different
(increasing or decreasing function), namely that
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Figure 1.13: Second-order correlation function g(2)(τ) for the emitted photons as a func-
tion of time τ , obtained from a Monte Carlo simulations (averaged over 40 runs) that is
equivalent to solve numerically exactly the RE written in Eq. 1.49,1.50. Blue lower triangles
are obtained for a plasmon-molecule coupling strength λ = 0.25, cyan upper triangles for
λ =

√
2−
√
2 ≈ 0.77 and red dots for λ =

√
2 ≈ 1.41. Plain curves are the analytical

results from Eq. 1.81. Parameters corresponding to the symmetric "sweet spot": η = 1,
κ = kBT/ℏ = 0.1ωc, ΓL = ΓR = Γ = 0.01ωc, and VL = −VR = V/2 = ℏωc. Adapted from
Ref. [9].

1. For weak coupling λ≪ 1, the second order correlation function exhibits a behavior
g(2)(τ) ≤ g(2)(0) on the whole time-range with g(2)(0) ≈ 2 > 1. Those conditions
are a signature of a bunching behavior of the photon emission statistics, for which the
emitted photons tend to be emitted by packets at short delay times.

2. The opposite antibunching behavior is obtained for λ =
√
2 ≈ 1.41 which is character-

ized by g(2)(τ) ≥ g(2)(0) on the whole time range with g(2)(0) ≈ 0 < 1. The photons
tend to be emitted one by one at short delay times, like in a single photon emitter.

3. At the critical point λ =
√

2−
√
2 ≈ 0.77, we find that g(2)(τ) = g(2)(0) = 1,

namely the photon emission events are uncorrelated and the statistics of photon emission
is Poissonian in this regime.

Upon increasing the plasmon-molecule coupling strengthλwefind a crossover fromphoton-
bunching to photon-antibunching in the second order correlation function. This result was
derived for the first time in our recent Refs. [107, 9].

Analysis of the bunching regime. We interpret the results of the previous paragraph
first in the case of weak plasmon molecule coupling λ ≪ 1. While this case is described
approximately well by Eq. 1.82 which predicts g(2)(0) ≈ 2 in the low coupling limit, the
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Figure 1.14: a) Representation of the incoherent transitions associated to inelastic electronic
tunneling and photon emission out of the STM plasmonic cavity at the "sweet spot", close
to the first inelastic threshold 2ωc > VL = −VR ≥ ωc, and with low plasmon-molecule
coupling strength λ≪ 1. The main inelastic tunneling rate for plasmon emission available
in this bias window are Γ(n+1,n) ≡ (n + 1)Γ↑. b) Infinite ladder of the states of plasmonic
occupation in this regime. Unpublished Fig.

understanding of the physical mechanism at the origin of this value necessitates to take
into account the whole ladder of states that might be reached in this regime (see Fig. 1.14-
b)). Indeed, at the "sweet spot", close to the first inelastic threshold (VL = −VR ≥ ωc), the
only inelastic tunneling rates at the origin of plasmon emission involve the emission of a single
plasmon (see Fig. 1.14-a)) and are obtained in the limit λ → 0 from the expression of the
Franck Condon rates in Eq. 1.51 as

Γ(n+1,n) ≈ (n+ 1)Γ↑ , (1.83)
Γ↑ = Γλ2 . (1.84)

From those expressions, the RE of Eq. 1.52 becomes the simpler one in this regime

π̇n(t) ≈ (n+ 1)κπn+1(t) + nΓ↑πn−1(t)− {nκ+ (n+ 1)Γ↑} πn(t) , (1.85)

The stationary solution π(st)
n of Eq. 1.85 is the balance between inelastic tunneling current that

tend to increase the population of the plasmon mode and the damping of the cavity that tend
to decrease it. This balance leads to an out of equilibrium distribution which is thermal-like
with effective temperature Teff given by

π(st)
n =

(
1− e−

ωc
Teff

)
e
−nωc

Teff , (1.86)

1

Teff
=

1

ωc

ln

(
κ

Γ↑

)
. (1.87)
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The average number < n > and second moment < n2 > of the plasmon disctribution in
the cavity follow immediately and are written as a function of the Bose distribution nB(ωc)

< n > = nB(ωc) =
1

e
− ωc

Teff − 1
, (1.88)

< n2 > = nB(ωc) [1 + nB(ωc)] . (1.89)

From those expressions, the zero time delay second order correlation function becomes

g(2)(0) =
< n(n− 1) >

< n >2
= 2 . (1.90)

The result g(2)(0) = 2 in Eq. 1.90 is consistent with the outcome of the approximation
Eq. 1.82 in the limit λ → 0. Hence the bunching behavior obtained for λ ≪ 1 in Fig. 1.13
(blue curve) is due to the establishment of a thermal-like out of equilibrium state in the junction
with effective temperature provided by Eq. 1.87.

Figure 1.15: a) Representation of the bi-partite harmonic ladder of plasmonic states of the
STM cavity. Case of the Franck-Condon overlaps at the origin of the inelastic tunneling
rates Γ±

10 at the symmetric "sweet spot". b) Scheme of the ladder of states that remain from
Fig. 1.12 at the specific value of the coupling λ =

√
2. The transition Γ21 vanishes at this

value of λ forbidding to climb up further the ladder of states. Unpublished Fig.

Analysis of the antibunching regime. We now interpret the occurrence of photon
antibunching at the specific point λ =

√
2 in Fig. 1.13. For this, we consider the ladder

of states in the RE shown in Fig. 1.15. We remark first that the Franck-Condon matrix
element at the origin of the rate Γ21 vanishes when λ =

√
2, which induces g(2)(0) = 0 in

Fig. 1.13. This implies the impossibility to reach excited states of the ladder for which n ≥ 2
(see Fig. 1.15-b)). Hence, the stochastic dynamics of photon emission in single level plasmonic
nanojunctions at this specific point is ruled by the effective two-level system made of the two
states n = 0 and n = 1 shown in Fig. 1.15-b), which are connected by the incoherent rates Γ10

and κ. The mechanism of antibunching is thus completely mapped to the one explained
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in detail in the introduction given by Sec. 1.2.1 for the paradigmatic TLS coupled to an
electromagnetic environment. As in this TLS case (for the regime κ ≫ Γ10), we find that
antibunching occurs with a typical timescale 1/κ given by the cavity relaxation time (see
Eq. 1.11) while the average delay time between two photon emission events is provided by
1/Γ10 the inelastic tunneling time of single electrons in the junction (see Eq. 1.25). A similar
effect has been reported in dc-biased Josephson junctions coupled to microwave resonators
[102, 55]. We note that the fact that Γ21 = 0 for λ =

√
2 is a kind of additional selection rule

due to Franck-Condon blockade of photon emission occurring in the strong coupling regime
between the molecular single level and the STM plasmonic mode.

Open question. In the case of a single level model molecular junction finely tuned at the
symmetric "sweet spot", we have shown the existence of a crossover between bunching and anti-
bunching for photon emission out of the cavity upon increasing the plasmon-molecule coupling
strength. However, the question remains about what is happening of this phenomenon out
of the "sweet spot" which might be hard to reach experimentally. We also ask whether or
not such signatures of antibunching are measurable depending on the time-resolution of
state-of-the-art photodetectors used in experiments to measure the g(2)(τ) signals.

1.5 Conclusion and future research perspectives

Conclusion. In this section, we have explored the statistics of photon emission out of
a single level STM plasmonic nanojunction. We characterized the related stochastic pro-
cess of photon emission by introducing, computing and investigating the time-dependence
of the second-order correlation function g(2)(τ) and the waiting-time distribution w(τ)
between emitted photons. By mixing numerical calculations based on Monte Carlo sim-
ulations and analytical results derived from the rate equation ruling the dynamics of the
molecule-plasmon interaction in presence of decay or excitation to the electronic and elec-
tromagnetic environments, we have shown that the two above mentioned quantities provide
complementary but not equivalent information about the statistics of emitted photons by the
nanojunction. In particular, we focused on the highly symmetric "sweet spot" for which
tunneling rates to the leads and voltage drops are symmetric. In this regime, for which
additionally the damping rate of the cavity κ is much larger than the inelastic tunneling
rate Γ10 of single plasmons in the junction (κ ≫ Γ10), we have predicted the existence of a
crossover from bunching to antibunching that occurs upon increasing the plasmon-molecule
coupling strength λ. The bunching regime atweak coupling strength (λ≪ 1) is associated to
the build up of an out-of-equilibrium thermal-like distribution in the plasmonic junction with
an effective temperature that reflects the balance between inelastic current-injection and plas-
mon relaxation due to cavity damping and photon emission out of the STM gap. We analyzed
in depth the regime of photon-antibunching occurring at a specific value of the coupling
strength λ =

√
2. We have shown that, in this case, the normalized second order correlation

function g(2)(τ) relaxes in time towards unity with the cavity damping-time 1/κ, while the
average delay-time ⟨τ⟩ between successive photon emission and detection events is pro-
portional to the inelastic tunneling time of single-electrons across the nanojunction 1/Γ10.
We interpreted this phenomenon as resulting from a photon blockade mechanism mediated

– 32 –



by an additional selection rule for which the Franck-Condon overlap between the bi-partite
plasmonic states of the cavity vanishes. This is at the origin of a highly non-linear behav-
ior of the plasmonic junction: everything happens as if there were an effective two-level
system dynamics between the two lowest energy states of the plasmonic cavity.

Figure 1.16: a) Representation of the incoherent transitions associated to inelastic electronic
tunneling and photon emission out of the STM plasmonic cavity in an asymmetric config-
uration for which ΓL ̸= ΓR, ωc < VL < 2ωc and −ωc < VL < 0. b) Asymmetric ladder of
states connecting Pn(t) to Qn(t) ̸= Pn(t). Unpublished Fig.

Future research perspectives. The work presented in this section leads the following
natural question: are the timescale measured in g(2)(τ) experiments due to the finite detector
time resolution or are they due to the intrinsic plasmon-molecule interaction mechanism devel-
oping in current-induced STM photon sources ? The answer to this question is not trivial and
contains both experimental and theoretical aspects that necessitate further investigations.
We identify the following open questions as natural a perspective and continuation to our
work:

1. What is the issue of having a finite time-resolution of the photodetector in measuring
the power spectra and second order correlation function of the emitted light out of
plasmonic cavity ?

2. How robust is the mechanism of crossover from bunching to antibunching that we inves-
tigated to asymmetries in the configuration of the nanojunction like asymmetric tun-
neling rates and voltage drops (see for instance the case of Fig. 1.16-a)) ? What are
the timescales characterizing the photon emission statistics in those regimes that are
closer to the ones of experiments (like in Ref. [81]) ?

3. What is the effect on photon emission statistics of the inherently complexmolecular struc-
ture which contains more than one electronic levels, molecular vibrations, Coulomb
repulsion and spin degrees of freedom ?
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4. The plasmonic cavity having a low cavity mode volume, one expects increased light-
matter interactions in this cavity. The question is thus to characterize the signatures
of entering the moderate to strong coupling regime for such plasmonic STM nanodevices.
Do we expect striking coherent signatures like a vacuum Rabi splitting of the mea-
sured emission spectra or simply an impact of the larger coupling between molecule
and plasmon on the timescales extracted from the measured optical signals ? We
started recently to investigate such questions in a manuscript in preparation [14],
but many aspects related to a consistent description of strong plasmon-molecule in-
teractions like the interplay between monopolar, dipolar and quadrupolar couplings
in such plasmonic cavities remain largely open.

Recently, we started to investigate some of those points within the single level model of
a plasmonic nanojunction. In particular, in a work in preparation [13], we anticipate the
role of the photon detector time resolution on optically measured spectra. For instance, the
photon emission spectrum as measured by a perfect photodetector that is able to measure
all emitted photons out of the STM cavity is the Fourier transform of the output field cor-
relation function S(τ) ≡< E−

out(τ)E
+
out(0) > [53]. The former is given by the expression

S(τ) ≈ κ < ã†(τ)ã(0) >

= κ
{
< a†(τ)a(0) > −2λ Re < a†(τ)nd(0) > +λ2 < nd(τ)nd(0) >

}
,(1.91)

with nd = d†d the occupation operator of the single level. Thus the high frequency (optical)
spectrum of photon emission is accompanied by a lower frequency contribution to the emission
spectrum due to charge fluctuations of the dot level, as well as with mixed terms. The question
of the possibility to observe this low frequency (typically in the microwave-range) signal
completely depends on the detector resolution. We also anticipate on the robustness of
the mechanism of crossover to antibunching developed in this section. For instance, in
the asymmetric regime for which ΓL ̸= ΓR, ωc < VL < 2ωc and −ωc < VL < 0 (see
Fig. 1.92-b)), the bi-partite ladder of manybody state between the dot and plasmonic mode
get populated in a very asymmetric way, namely in this case P (st)

n ̸= Q
(st)
n . We predict a

modified zero time-delay of the second order correlation function in this regime as a result
of the asymmetric way of reaching the excited state n = 2 of the plasmon mode from P

(st)
0

but not from Q
(st)
0

g(2)(0) ≈
ΓL(21)ΓR(11)

κΓL(10)P
(st)
0

. (1.92)

In the limit κ≫ Γ, one can thus get antibunching signals in this asymmetric single level junc-
tion, even at low plasmon molecule coupling strengths, with a slow relaxation time provided by
the electronic inelastic tunneling time. We anticipate also more complex time dependencies
of the g(2)(τ) correlation function that is intrinsically a multiscale process: the computed
signals involve the cavity damping time 1/κ and inelastic tunneling times 1/Γα,(m,n) depend-
ing on the electronic configuration of the junction. Here also the possibility to measure the
short-time dynamics depends crucially on the detector time resolution.

A final remark. The investigation of photon emission statistics by STM junctions thus
promises new and dynamic developments from both theory and experiments. On a more
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fundamental point of view, a missing link up to day is to connect the electronic current noise
at the origin of photon emission to the actually measured correlation functions of the photon
field emitted out of the STM cavity: this relation involves to deal non-perturbatively with
the plasmon-molecule coupling mechanism and to perform the joint calculation or mea-
surement of the electronic current fluctuations and of the photonic ones. The interplay and
feedback between those fluctuation signals promises a rich new playground for molecular
technologies and fundamental physics.

– 35 –



– 36 –



Chapter 2

Stochastic Dynamics of Resonance
Electronic Energy Transfer in
Molecular Aggregates

2.1 Introduction

Figure 2.1: a) Scheme of a RET process where a donor D molecule transfers energy to an
acceptor A molecule. The rate of RET is proportional to the overlap between the donor
emission spectrum and the acceptor absorption spectrum. Adapted from Ref. [110]. b)
Scheme of the dependence of the rate of RET as a function of the intermolecular distance in
log scale, computed with the perturbative quantum electrodynamic calculation of Ref. [3].
Inset: the two diagrams used in the perturbative calculation corresponding to a virtual
photon of the vacuum exchanged between the two interacting molecules. Adapted from
Ref. [3].
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A brief introduction to RET. We investigate in this chapter how energy dissipates and
migrates from one place to another in complex molecular aggregates. In this context a key
role is played by resonance electronic energy transfer (RET) processes through which an
excitation (labeled ∗) initially stored onto a donor molecule (D) can be transferred to an
acceptor molecule (A), resulting into the RET process D∗ + A → D + A∗ (see Fig.2.1-
a)). This topic is of paradigmatic importance in understanding various physical, chemical
and biological processes [22, 10]. The mechanism of RET is usually described by Förster
resonance energy transfer (FRET) theory [46, 76]. It involves the coupling mediated by fluc-
tuating dipole-dipole interactions between the involved donor and acceptor molecules. The rate
of FRET kD−A is obtained from quantum mechanics using Fermi Golden Rule [68]

kD−A = |VD−A|2JD−A/2πℏ2 = ΓD (R0/RD−A)
6 , (2.1)

with VD−A the matrix-element corresponding to the dipole-dipole interaction Hamiltonian,
JD−A the overlap integral between the donor emission spectrum and acceptor absorption
spectrum (see Fig.2.1-a)), and ℏ the Planck constant. This expression can be rewritten in
the standard form [46, 15] in the second equality of Eq. 2.1. We introduced ΓD the rate of
spontaneous photon emission of the donors,RD−A the distance between theD-Amolecules,
and R0 the Förster radius that quantifies the typical range of the RET process of order
1 − 10 nm. The rate of RET thus has a scaling with intermolecular distances kD−A ∝ R−6

D−A

that is reminiscent of the dipole-dipole interactions between the donor and acceptor molecules.

Recent issues related to the RET mechanism. Despite its long history, the mecha-
nism of FRET is still the object of intense research activities and fruitful debates. For in-
stance, some recent theoretical investigations inmolecules made of multiple chromophores,
emphasized the central role of non-equilibrium effects and molecular vibrations in FRET
[15, 68, 59, 37, 70]. The latter were shown to be responsible for a vibration-assisted long-
range energy-transfer mechanism beyond standard Förster theory. Other studies focused
on deriving kD−A rigorously from a microscopic model using a non-relativistic quantum-
electrodynamics framework. In the former case, the interaction between two molecules is
mediated by coupling to virtual photons of the electromagnetic reservoir [71, 33, 3, 31, 30, 105]
(see inset of the right panel in Fig. 2.1). Those studies predict the existence of a crossover from
the standard Förster static-regime at short-distances scaling with kD−A ∝ R−6

D−A to a long-
range retarded radiation-regime mediated by the emission and propagation of real photons
scaling with kD−A ∝ R−2

D−A (see the right panel in Fig. 2.1). The question of understanding
the effective range of RET processes beyond the two-molecule process is actually a very
important one, in particular for biological complexes or molecular aggregates, where disorder-
induced [83, 110, 1, 24], and coherent long-range mechanisms in the mechanism of FRET at the
mesoscale are supposed to play a key-role in the mechanism of photosynthesis [111, 69, 114,
49, 89].

RET mechanism in optical cavities. A revival of those issues occurred recently in a
different context for which the RET processes are modified by an alteration of the electro-
magnetic environment mediating the interaction between the D and A molecules. This is
the case for molecules deposited close to a mirror [120] in which case the electromagnetic
vacuum is modified close to the mirror interface. This is also the case when embedding the
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Figure 2.2: Left panel: Scheme of an optical Fabry-Pérot cavity in which a layer of donor
D molecules and one of acceptor A molecules have been inserted. The D molecules are
resonant with one optical cavity mode frequency leading to the formation of polaritonic
excitations. The former hybridate with the A electronic states leading to a long-range en-
ergy transfer mechanism. Right panel: resulting kinetics of the RET relaxation process
measured as a function of time inside cavity (red curve) that is faster compared to the one
outside cavity (black curve). Adapted from Ref. [123].

donor and acceptor molecules inside electromagnetic cavities (see left panel of Fig. 2.2) for
which one electromagnetic cavity mode couples resonantly and strongly to one molecular
species [123, 104, 51, 41, 98]. This results into a new kind of long-range resonance energy
transfer mechanism [123, 104, 51, 41, 98] mediated by the collective polariton excitations re-
sulting from the coupling between the molecules and the resonant electromagnetic cavity mode.
For instance, in the seminal paper of T. Ebbesen in Ref. [123], was reported a modification
of the rate of RET by a factor seven as a consequence of this mechanism (see right panel of
Fig. 2.2).

Problematic of the present study of RET. The question of understanding collective
and non-equilibrium effects in RET processes occurring in molecular ensembles or aggregates
beyond the standard description in terms of single donor and acceptor molecules is thus still
a lively and open important question in molecular sciences. In this chapter, we will develop
a theoretical modeling and understanding of one aspect of RET in molecular aggregates,
namely how to describe the incoherent but collective RET process occurring between many
molecules in the aggregate. We will deal with the following questions

1. How to define and compute a mean-field rate of RET, given a specific aggregate with
donor and acceptor molecules ? What is the scaling the computed rate with the av-
erage intermolecular distances ?

2. How to describe more generally the full stochastic dynamics of an incoherent RET
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process ? How to recover the mean-field solution in the macroscopic limit ? What are
the effects of spatial frustrations and correlations due to interactions between more
than two molecules ?

3. How to quantify deviations from the mean-field approximation due to mesoscopic
fluctuations in a finite but large aggregate ?

We will formalize those problems in three steps: we provide first in Sec. 2.2 a pedagogical
introduction to the description of the stochastic dynamics for the simpler process of fluores-
cence. We will introduce the necessary concepts and theoretical tools in the context of this
example, leading in the next section to the more complex study of RET. Then, we apply
those tools in Sec. 2.2 to the description of stochastic processes involving RET between many
D and A molecules dispersed in a mesocopic aggregate. Finally, in Sec. 2.4, we will compute
quantitatively the impact of mesoscopic fluctuations at the origin of deviations with respect
to the mean-field description of RET. This chapter is an extended version of the work we
published in Ref. [8]. We took the opportunity of this HDR thesis to provide additional ex-
planations and we hope pedagogical derivations of the published results. We note that some
of our derivations are original in the sense that they are unpublished. Such is the case for
Sec. 2.2 devoted to fluorescence and in Sec. 2.4 where the Fokker-Planck equation describing
an ideally homogeneous RET process is derived with some care from the chemical master
equation. We did our best to clarify the delicate points and physical approximations usually
made in such studies: the difficulty in developing and using the corresponding theoretical
tools is a consequence of the multi-disciplinary nature of RET which is at the carrefour be-
tween physics and chemistry. We hope to convince the reader of the interest of such studies
and to promote a further development of methods inherited from statistical physics to a
broader class of physico-chemical processes. This work results from a collaboration with
Gediminas Jonusauskas (LOMA) who asked us questions about his experimental studies of
RET and with Alice Marché who initiated this project during her master M1 internship in
LOMA.

2.2 Stochastic description of fluorescence in molecular
aggregates

In this section, we unveil the main properties and treat in some details the stochastic dy-
namics of fluorescence in a molecular aggregate. This problem is well known and sufficiently
simple to exhibit an analytical solution. The former enables to i) calibrate the involved nu-
merical schemes that become necessary to describe more complex physico-chemical pro-
cesses developing in molecular ensembles and ii) introduce the physical concepts and hy-
pothesis that are necessary to understand and think the underlying chemical complexity. In
Sec. 2.2.1, we provide the general problematic underlying the description of fluorescence in
molecular ensembles. A statistical description of fluorescence is developed in Sec. 2.2.2 with
the derivation of the chemical master equation. The former is solved both analytically in
term of a stochastic process on a graph of configurations and numerically withMonte Carlo
simulations in Sec. 2.2.3. The connection between microscopic and macroscopic evolution
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is made in Sec. 2.2.4 where we derive the kinetic equations for the fluorescence process
from the chemical master equation. Finally we include in Sec. 2.2.5 the presence of Gaus-
sian laser pulse exciting the molecular aggregate at times shorter than the fluorescence
timescale. This is a necessary ingredient to add in order to compare to actual transient
fluorescence experiments.

2.2.1 Position of the problem

Macroscopic evolution. One way through which molecules put into their electronic
excited state can dissipate energy is through fluorescence. In such an elementary process,
any excited moleculeM∗

i can emit a spontaneous photon and come back to its ground state
Mi

M∗
i →Mi + hν . (2.2)

This process is stochastic, namely the time at which the photon is emitted by the molecule
M∗

i is intrinsically random. This reflects the well known fact that spontaneous emission
is due to coupling of the molecular transition dipoles to vacuum quantum fluctuations of
the electromagnetic reservoir [27]. We introduce Γ the rate or probability per unit time
at which a spontaneous photon is emitted by any excited molecule of the ensemble. This
rate is computed quantum mechanically [27]. Under the assumptions that i) each molecule
has the same rate Γ of fluorescence and that ii) there is no coherent effect in the underlying
spontaneous emission process [36], one expects that the average kinetics of fluorescence at
the macroscopic scale is ruled by the equation

d

dt
⟨NM∗(t)⟩ = −Γ ⟨NM∗(t)⟩ , (2.3)

with ⟨NM∗(t)⟩ the average number of molecules in the excited state at time t and ⟨NM∗(0)⟩
the initial condition. The solution of Eq.2.3 is a simple exponential relaxation

⟨NM∗(t)⟩ = ⟨NM∗(0)⟩ e−Γt . (2.4)

Problematic. We formulate the following problem: how is it possible to recover Eq. 2.4
describing the macroscopic time evolution of the number of excited molecules, knowing the
microscopic stochastic evolution of each molecule inside the aggregate ?

2.2.2 Statistical description of fluorescence inmolecular ensembles

Microstates andmacrostates. We introduce the notion ofmicrostate of themolecular ag-
gregate as the list of excitation-states for each molecule in the ensemble a ≡

{
σ
(a)
i

}
i∈[|1,N |]

,

in which N is the total number of molecules and the variable σ(a)
i = 1(0) if the molecule

i is in excited (ground) state M∗
i (Mi). We also introduce the macrostate of the molecu-

lar aggregate corresponding to the microstate a as the total number of excited molecules
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N
(a)
M∗ ≡

∑N
i=1 σ

(a)
i in this microstate. We note that the total number of microstates is huge

and equal to 2N . For a give macrostate N (a)
M∗ , there are many possible microstates a given

by the combinatorics factor CN
(a)
M∗

N = N !

N
(a)
M∗ !

(
N−N

(a)
M∗

)
!
.

Chemical master equation. Under the influence of random elementary spontaneous
emission processes described by Eq. 2.2, starting from a given initial condition, the system
jumps randomly from one microstate to another, finally reaching a stationary state at times
much larger than the fluorescence lifetime 1/Γ. The time evolution of the system thus
follows a stochastic Markov process that is described by the followingmicroscopic chemical
master equation (ME) [117]

Ṗa(t) =
∑
b

{ΓabPb(t)− ΓbaPa(t)} (2.5)

with Pa(t) the probability of occupying the microstate a at time t and Γba the incoherent
rate or probability per unit time for the system to jump from a to b microstates. In the
simple case of fluorescence, Γba = Γ for an allowed transition involving a spontaneous
photon emission event as described by Eq. 2.2, and zero otherwise. We also chose to fix the
initial condition at time t = 0 to be the microstate ain ≡

{
σ
(ain)
i = 1

}
i∈[|1,N |]

} in which all
molecules are excited in the aggregate, so that

Pa(0) = δa,ain . (2.6)

The conjunction of Eq.2.5 and Eq.2.6 provides a complete description of the stochastic flu-
orescence dynamics from the initial (fully excited) microstate ain to the final (fully relaxed)
microstate af ≡

{
σ
(af)
i = 0

}
i∈[|1,N |]

for which all molecules are back to their ground-state.
In principle, the solution of theME Eq. 2.5 provides the way to compute the average number
of excited molecules we looking for

⟨NM∗(t)⟩ =
∑
a

N
(a)
M∗Pa(t) . (2.7)

Problematic. The ME Eq. 2.5 is a system of 2N linear equations the solution of which
necessitates to diagonalize a 2N × 2N matrix of transition rates. This cannot be done nu-
merically easily in the general case, when the number of molecules in the aggregate is large
N ≫ 1.

2.2.3 Solving the chemical master equation

Exact solution. In the case of fluorescence, due to the homogeneity of the problem (each
elementary spontaneous emission process has the same transition rate), the sparse nature
of the transition rate matrix and independence of each fluorescence process with respect to
the chosen emitted molecule, the ME is simple enough to allow an exact solution for the
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Figure 2.3: a) Scheme of a distribution ofN = 3molecules (blue points) labeledM∗
1 ,M∗

2 ,M∗
3

that are initially excited. After some time, each molecule as a probability per unit of time
Γ to emit a spontaneous photon (red dashed) arrow. b) Associated graph of possible mi-
crostates

(
σ
(a)
1 , σ

(a)
2 , σ

(a)
3

)
(blue dots) corresponding to the macrostate N (a)

M∗ . The elemen-
tary transitions corresponding to a fluorescence process of rate Γ allowed by Eq. 2.5 are
pictured as red dashed arrows. Unpublished Fig.

average population of excited molecules. To illustrate this, we picture in Fig. 2.3 the graph
corresponding to the allowed transitions described by Eq. 2.5 in the case ofN = 3molecules
in the aggregate. There are 8 possible microstates pictured as the vertex (blue dots) of the
graph, while the possible elementary fluorescence process between those states are the
oriented edges (dash red arrows) of the graph. Starting from the initial condition where
all molecules are inially excited, the total number of excited molecules is then given by the
following combinatorial problem

⟨NM∗(t)⟩ =
N∑
p=0

pCp
NP

p
1 (t) (1− P1(t))

N−p = Ne−Γt , (2.8)

with P1(t) = e−Γt the single molecule probability of fluorescence. The summand Eq. 2.8
has a simple interpretation: it is the total number Cp

N (combinatorial factor) of excited
molecules in microstates containing p ∈ [|0, N |] excited molecules contributing to p times
the probability that p excited molecules emit a spontaneous photon and N − p molecules
are in ground state and thus cannot emit a photon at time t in the fluorescence process. The
latter probability factorizes into a product of single molecule probabilities due to the inde-
pendence between the fluorescence process for each molecule. As expected, Eq. 2.8 recovers
the result of the macroscopic kinetic equation Eq. 2.7 with the initial condition ⟨NM∗(0)⟩ = N .

Kinetic Monte Carlo numerical approach. The considerations of the previous para-
graph can be interpreted another way. Starting from the initial microstate (1, 1, 1) where
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all molecule are excited, the systems can relax back by undergoing a succession of random
jumps downward the graph of Fig. 2.3, during which a series of spontaneous photons are
emitted (dashed red arrows) and the emitting molecules are relaxed back to their ground
state. At time t, a given number of photons has been emitted along a given stochastic trajectory
on the graph, and the average number of emitted fluorescence photons ⟨NM∗(t)⟩ is obtained
by summing on all possible such trajectories. The process stops when reaching the stationary
state (0, 0, 0) for which each molecule is back to ground state. The above considerations
basically describe a kinetic Monte Carlo (MC) approach [52, 45], which is equivalent to
solve numerically the ME Eq. 2.5. The main idea of it, is to discretize the time-window into
small time-steps δt. At each time-step, one either updates randomly the amicrostate of the
system to the b one with probability∝ Γbaδt, or leaves the a-state unchanged. The number
of excited molecules in the ground-state is then counted and stored. The final observable
value ⟨NM∗(t)⟩ is obtained after averaging on a large-enough number Ntraj of stochas-
tic trajectories of the system connecting the initial to the final state. The chosen value of
Ntraj = 105 is sufficient to reach a relative statistical uncertainty of ≈ 1/

√
Ntraj ≈ 0.3%

for the MC calculation. We implemented numerically such kinetic Monte Carlo algorithm in
Ref. [8] and used it to investigate more complex processes involving both fluorescence and RET
in molecular aggregates.

Figure 2.4: Average number of excited molecules ⟨NM∗(t)⟩ as a function of time t in units of
1/Γ, for a molecular aggregate withN = 50molecules that are initially excited and further
decay with a fluorescence rate Γ. Plain red curve: output of the kinetic Monte Carlo solver
we implemented and used in Ref. [8] in order to solve the ME Eq. 2.5. The average is taken
on Ntraj = 100 stochastic trajectories. Dashed black curve : exact result given by Eq. 2.4.
Unpublished Fig.

Numerical results. We show the outcome of such MC calculation in Fig. 2.4, in the case
of a molecular aggregate withN = 50molecules that are initially excited and further decay

– 44 –



with a fluorescence rate Γ. The molecules in the simulation are put on a 2D square lattice,
but the computed population of excited molecules does not dependent on the spatial config-
uration of the molecules. Upon doing an average over Ntraj = 100 stochastic trajectories,
we already obtained a very good agreement between the ⟨NM∗(t)⟩ curve computed with
MC (plain red curve) and the exact result given by Eq. 2.4 (dashed black curve).

2.2.4 Derivation of exact kinetic equations

Time-dependent population of excited molecules. To complete our description of
fluorescence, as proposed in Sec. 2.2.1, we have now all the necessary tools to derive the
macroscopic kinetic equation Eq. 2.3 from the ME Eq. 2.5. The derivation starts by taking
the time derivative of ⟨NM∗(t)⟩ at time t given by Eq. 2.7 and replacing into it the expression
of Ṗa(t) by the right-hand-side of the ME Eq. 2.5. We obtain

d

dt
⟨NM∗(t)⟩ =

∑
a,b

ΓabPa(t) {(NM∗)b − (NM∗)a} = −Γ
∑
(a,b)Γ

Pa(t) , (2.9)

with Pa(t) the solution of the ME with proper initial condition and
∑

(a,b)Γ
the sum con-

strained on all pairs of microstates (a, b) connected by a spontaneous emission rate process
of rateΓ. The second equality in Eq. 2.9 is made because in the transition a→ b, the number
of excited molecules in the microstate b after a single photon emission is lower by one unit
compared to the number of excited molecules before the fluorescence event, thus leading
to (NM∗)b − (NM∗)a = −1. We note that the resulting simple expression is due to the fact
that Γab = Γ for all pairs of connected states, namely the homogeneity assumption of the
fluorescence process.

Constraint sums. The constrained sums in Eq. 2.9 can be written more explicitly as

∑
(a,b)Γ

Pa(t) =
N∑
i=1

∑
{σj}j ̸=i

Pa={σi=1,{σj}j ̸=i}(t) , (2.10)

where in the configuration a the site i is excited such that σi = 1 and a single spontaneous
photon emission event is possible, reaching the microstate b. The former is independent
of the state of the other sites {σj}j ̸=i which are thus summed independently. The output
of Eq. 2.10 can be rewritten in a compact way, after introducing Π(1)

σi (t), the "one-molecule"
probability distribution that the molecule i is in the excitation state σi = 0, 1 at time t

Π(1)
σi
(t) =

∑
{σj}j ̸=i

Pa={σi,{σj}j ̸=i}(t) . (2.11)

Using the former definition in Eq. 2.10 and back into Eq. 2.9, we obtain finally the kinetic
equation for the fluorescence process

d

dt
⟨NM∗(t)⟩ = = −Γ ⟨NM∗(t)⟩ , (2.12)
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with the average number of excited molecules

⟨NM∗(t)⟩ =
N∑
i=1

⟨σi(t)⟩ (2.13)

that are given in terms of the sum of average excitation states ⟨σi(t)⟩ for each molecule i

⟨σi(t)⟩ ≡
∑

σi=0,1

σiΠ
(1)
σi
(t) . (2.14)

Discussion of the derivation. We note that the obtained kinetic equation Eq. 2.12 for
the fluorescence process is exact and recovers the macroscopic kinetic equation Eq. 2.3. In the
more complex cases of RET developed later this is no more so, and we will need additional
assumptions to recover the macroscopic limit from the microscopic ME. Finally we note as
an additional property that the statistical averaging on microstate configurations restores the
spatial homogeneity of the fluorescence process, as is physically expected, namely that the
average excitation state of molecule i

⟨σi(t)⟩ = ϕM∗(t) =
⟨NM∗(t)⟩

N
(2.15)

is the same for all the molecules in the aggregate. In other words, the thermodynamic limit
limN→+∞ ⟨σi(t)⟩ is well defined in Eq. 2.15 and is given by the intensive quantity ϕM∗(t)
which is the relative portion of excited molecules in the ensemble.

2.2.5 Towards a description of transient fluorescence experiments

Driving of the aggregate. To close this chapter devoted to the study of fluorescence,
we introduce in the kinetic equation Eq. 2.12 an additional term standing for the optical
excitation of the molecular aggregate by a Gaussian laser pulse (see a scheme of experiment
in Fig. 2.5). In an actual transient fluorescence experiment, indeed, this pulse is necessary
to excite the molecules during a timescale shorter than the typical fluorescence decay time.
The fluorescence signal defined as F(t) = ⟨NM∗(t)⟩ /Max (⟨NM∗(t)⟩) is then collected as
a function of time and is directly proportional to the number number of excited molecules
in the sample. The former quantity follows the modified kinetic equation

d

dt
⟨NM∗(t)⟩ = −Γ ⟨NM∗(t)⟩+Wp(t) ⟨NM(t)⟩ , (2.16)

with ⟨NM(t)⟩ = N − ⟨NM∗(t)⟩ the number of molecules in the ground state and

Wp(t) = Wpe
− (t−t0)

2

2T2
p , (2.17)

the time-dependent Gaussian pulse profile. The pulse is parametrized byWp its amplitude,
t0 its arrival time on the sample, and Tp its duration.
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Figure 2.5: Scheme of a transient fluorescence spectroscopy experiment. A time-dependent
Gaussian pulse Wp(t) (thick blue arrow) is sent on a aggregate of molecules (blue dots)
Mi to put them into excited stateM∗

i . The excited molecules will relax to ground-state by
emission a spontaneous photon (dashed red arrow) with a rate Γ. The fluorescence photons
are collected by a detector (in black) and produces a time-dependent signal proportional to
the number of excited molecules. Unpublished Fig.

Numerical results. We show on Fig. 2.6 the normalized transient fluorescence signal
F(t) (plain red curve) as a function of time t in units of nanoseconds. This signal is com-
puted by solving numerically the modified kinetic equation Eq. 2.16. We chose parameters
for which Γ = 0.18 ns−1, t0 = −0.04 ns, Tp = 0.14 ns and Wp = 0.10 ns−1. The initial
condition is fixed at time t = −0.8 ns to the value F(t = −0.8) = 0.0. This choice of pa-
rameters is relevant for describing transient fluorescence experiments performed on molecular
aggregates in LOMA by Gediminas Jonusauskas. The computed fluorescence signal is simple
to interpret. Initially at t = −0.8 ns no molecule is excited, hence no signal is collected. Af-
ter some time, the Gaussian pulse arrives on the sample and a portion of the molecules are
brought to their excited state thus giving rise to an increasing fluorescence signal. After at
time given by the pulse duration, the sample is no more excited by the pulse and the num-
ber of excited molecule slowly decays on the fluorescence timescale given the exponential
relaxation F(t) ≈ e−Γt (black dashed curve). We thus recover the simple result of Fig. 2.4
in absence of drive, but with a choise of initial condition where all molecules are excited.
However, to correctly reproduce the experiments, one would need to add another non-
linear term in the kinetic equation standing for the presence of exciton-exciton relaxation
processes [91] that are important at short times: this could be done in a straightforward
manner.

Open question. During the duration of the pulse Tp, due to spatial and temporal coher-
ence of the laser field, we cannot exclude the formation of time-dependent manybody corre-
lations in the molecular aggregate that are prior to the spontaneous photon emission process.
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Figure 2.6: Normalized transient fluorescence signal F(t) (plain red curve) as a function
of time t in units of nanoseconds. The aggregate is driven by the Gaussian laser pulse of
Eq. 2.17 and the fluorescence signal is computed after numerical solution of the kinetic
equation Eq. 2.16. For comparison, the exponential relaxation e−Γt obtained in the absence
of drive is shown as a black dashed curve. Parameters are: Γ = 0.18 ns−1, t0 = −0.04 ns,
Tp = 0.14 ns,Wp = 0.1 ns−1 and F(t = −0.8 ns) = 0.0. Unpublished Fig.

The question of quantifying the impact of such correlations on the fluorescence process
itself is beyond the scope of the theoretical treatment presented here, and is led open for
future theoretical as well as experimental investigations.

2.3 Stochastic description of RET in molecular aggre-
gates

In this section, we develop a stochastic description of RET processes in molecular aggregates.
As far as we could investigate it, this model does not exhibit any exact solution, but enables
nevertheless a thorough study of themain features underlying the RET processes. We intro-
duce the model of RET that is relevant for describing the ultrafast relaxation of an ensemble
of donor and acceptor molecules in Sec. 2.3.1. The statistical description of RET from a mi-
croscopic point of view is provided in Sec. 2.3.2 together with the analysis of a special case
(with two donors and two acceptors on a regular square configuration) exhibiting an ana-
lytical solution. A hierarchy of exact kinetic equations is derived in Sec. 2.3.3 that preclude
the existence of an exact solution in the general case, but provides a first hint on the col-
lective effects involving more than two molecules in the RET process. Finally we provide
in Sec. 2.3.4 some reasonable physical conditions that are sufficient to recover a mean-field
description of the RET kinetics. A mapping between the microscopic rate of RET and the
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macroscopic one is found and computed explicitly in the case of a disordered 2D molecular
aggregate. The time-dependent populations of excited donor and acceptor molecules in the
case of a regular square lattice are then computed with the Monte Carlo simulation and
compared to the outcome of the mean-field approximation without any fitting parameter.

2.3.1 Position of the problem

We now consider in this section the more complex situation of a molecular aggregate made
ofd ND donor D molecules and NA acceptor A, with a total number of molecules N =
NA +ND. After the excitation by an external laser pulse that is tuned to the donor electronic
transition, all donor molecules are put into their excited state such thatND∗(0) = ND, but all
acceptor ones remain in their ground state NA∗(0) = 0. Similarly to the previous Sec. 2.2,
the energy deposited onto the sample can decay at a later time by fluorescence from the
excited donors with a rate ΓD. However, there is now an additional relaxation channel for
energy, namely any excited donor can transfer its excitation energy to a nearby acceptor
molecule. The former process is described by a RET process that is mediated by exchange of
virtual photons between the D and A molecules. We write the whole RET process as

D∗
α + Aj → Dα + A∗

j , (2.18)

with α ∈ [|1, ND|] labeling the donor molecule number α and j ∈ [|1, NA|] labeling
the acceptor molecule number j. The decay rate of the rate process is given by kαj ≡
k (rαj = ||r⃗α − r⃗j)||) and depends on the relative distance rαj between the pair of molecules
(D∗

α, Aj). Standard FRET theory [46, 15] provides the expression

k(rαj) = ΓD

(
R0

rαj

)6

. (2.19)

We did not take into account the more complex dependence of the rate k(rαj, θαj) with the
relative orientation θαj of the molecular dipoles [83], and supposed from start a sufficient
orientational disorder of the molecular dipoles such that, in average, isotropy of the rates
in Eq. 2.19 is restored. In other words, we investigated the chemical complexity arising from
spatial inhomogeneities of the molecular positions in the aggregate, but not from anisotropy
in the distribution of the relative molecular orientations. Finally, since the RET processes in
Eq. 2.18 generates excited acceptors A∗, the former can further relax their energy by emit-
ting a spontaneous photon with rate ΓA. If the aggregate is macroscopically homogeneous,
then we expect the following macroscopic kinetic rate equations to rule the evolution of
the D adnd A molecular populations

d

dt
⟨ND∗(t)⟩ = −ΓD ⟨ND∗(t)⟩ − k ⟨ND∗(t)⟩ ⟨NA(t)⟩ , (2.20)

d

dt
⟨NA(t)⟩ = ΓA ⟨NA∗(t)⟩ − k ⟨ND∗(t)⟩ ⟨NA(t)⟩ , (2.21)

with k the mean-field rate of RET. In the case of an equimolar ensemble of donors and
acceptors (ND = NA = N/2) with the same fluorescence rate (ΓD = ΓA ≡ Γ), the previous
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macroscopic equations can be solved exactly analytically

⟨ND∗(t)⟩(mf) =
N

2

exp
{
−
(
Γ + k̃

)
t+ k̃

Γ

(
1− e−Γt

)}
1 + k̃

∫ t

0
dτ exp

{
−
(
Γ + k̃

)
τ + k̃

Γ
(1− e−Γτ )

} , (2.22)

⟨NA(t)⟩(mf) =
N

2

(
1− e−Γt

)
+ ⟨ND∗(t)⟩(mf) , (2.23)

with the macroscopic rate of RET k̃. In the thermodynamic limit where N → +∞ and
k → 0, the macroscopic rate k̃ remains finite and

k̃ = lim
N→+∞

N

2
k . (2.24)

Problematic. We ask ourselves how the macroscopic kinetic equations emerge from the mi-
croscopic stochastic RET process in the large N limit. In particular, what is the connection be-
tween the macroscopic rate of the RET k̃ in Eq. 2.24 and the microscopic one k(rαj) in Eq. 2.19 ?
What are the eventual deviations from the mean-field kinetics described by Eqs. 2.20,2.21 that
are induced by fluctuations in mesoscopic samples ? The answers to those questions are not
simple and need a more involved approach developed in the following sections.

2.3.2 Statistical description of RET in molecular ensembles

Extension of the chemical master equation. We extend the statistical description of
fluorescence derived in Sec. 2.2 to the case of RET. For that purpose, one has to extend

the notion of microstate to the list a ≡
{{

σ
(a)
α

}
α∈[|1,ND|]

,
{
σ
(a)
j

}
j∈[|1,NA|]

}
of states of

excitation for each donor and acceptormolecule in the ensemble. Themacrostate associated
to the microstate a is the list of total number of excited donor and acceptor molecules(
N

(a)
D∗ ≡

∑ND

α=1 σ
(a)
α , N

(a)
A∗ ≡

∑NA

j=1 σ
(a)
j

)
belonging to a. As in the case of fluorescence, in

a macroscopic sample, there is a huge number of possible microstates leading to the same
macrostate. The resulting combinatorial complexity is at the origin of the chemical complexity
developing in the RET process. The description of the RET process is thus naturally done in a
statistical manner and is ruled by the same chemical master equation Eq. 2.5 that we derived
for fluorescence, but with the microscopic rates Γba between the microstates a and b that
are connected by the following processes:

1. Γba = ΓD the rate for a transition involving a spontaneous photon emission event
(see Eq. 2.2) from an excited donor D∗

α,

2. Γba = ΓA the rate for a transition involving a spontaneous photon emission event
(see Eq. 2.2) from an excited acceptor A∗

j ,
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3. Γba = kα,j the rate for a RET process (see Eq. 2.18) between an excited donorD∗
α and

an acceptor Aj in its ground state.

The whole stochastic process is described by a Monte Carlo simulation that starts from
the state in which all donors are excited by the laser and all acceptors are in their ground

state ain ≡
{{

σ
(in)
α = 1

}
α∈[|1,ND|]

,
{
σ
(in)
j = 0

}
j∈[|1,NA|]

}
and ends in the state in which all

molecules have relaxed in their ground state af ≡
{{

σ
(f)
α = 0

}
α∈[|1,ND|]

,
{
σ
(f)
j = 0

}
j∈[|1,NA|]

}
.

The formulation of this approach to the case of RET processes in 2D molecular aggregates of
D and A molecules is derived in our Ref. [8].

Figure 2.7: a) Scheme of a distribution ofND(NA) = 2 donor (acceptor) molecules located in
a square configuration presented as red circles (blue triangles). The excited donor (acceptor)
can emit a spontaneous photon shown as a red (blue) arrow. The RET process between
excited donor and ground state acceptor is shown with black arrows. b) Associated graph
of possible microstates

(
σ
(a)
D1
, σ

(a)
D2
, σ

(a)
A1
, σ

(a)
A2

)
(blue dots) corresponding to the macrostate(

N
(a)
D∗ , N

(a)
A∗

)
. The elementary transitions corresponding to fluorescence and rate processes

entering in the chemical master equation Eq. 2.5 are pictured as arrows with same colors
as in a). Unpublished Fig.

An exact solution in the case ND = NA = 2 molecules. In contrast to the case of
fluorescence in Sec. 2.2, there is no known exact solution to the computation of the average
populations ⟨ND∗(t)⟩ and ⟨NA∗(t)⟩. We derive in this paragraph a special case in which
ND = NA = 2 and for which an exact solution can been derived. The derivation and
solution of this exact model was done for the first time by Alice Marché during her Master
1 internship in LOMA [84]. In this case, the D and A molecules are put at the vertex of a
square and presented respectively as red circles and blue circles, as presented in Fig. 2.7-a).

– 51 –



The excited donors (acceptors) can emit a spontaneous photon presented as a red (blue)
arrow. The RET process between D and A molecules are shown as black arrow. Due to
the equidistance between each pair of donor and acceptor molecules, the rate of RET are thus
all the same and equal to k, thus making the RET process homogeneous. We show in Fig. 2.7
the graph of possible microstates we consider (in total 11 microstates), that are connected
by random jump events associated to either an elementary fluorescence process or by a
RET process. Starting from the state (1, 1, 0, 0) ≡ (2D∗) with 2 donors and 0 acceptors
excited, the system undergoes a stochastic succession of jumps to finally reach the final
state (0, 0, 0, 0) ≡ (0∗) without any acceptor excited. We note that the homogeneity of the
rate process is mapped onto a general symmetry of the graph itself that reflects the permutation
symmetry of the molecular ensemble with respect to the molecular indices 1←→ 2. This leads
to the following symmetry properties of the microstate populations

P(1,0,1,0) = P(1,0,0,1) = P(0,1,1,0) = P(0,1,0,1) ≡ P(1D∗,1A∗) , (2.25)
P(1,0,0,0) = P(0,1,0,0) ≡ P(1D∗) , (2.26)
P(0,0,1,0) = P(0,0,0,1) ≡ P(1A∗) , (2.27)

and the following expression of the average population of excited donors

⟨ND∗(t)⟩ = 2P(2D∗)(t) + 4P(1D∗1A∗)(t) + 2P(1D∗)(t) . (2.28)

The chemical master equation can be simplified by the symmetry properties written above
and lead to a reduced system of 3 linear equations

Ṗ(2D∗)(t) = − (4k + 2ΓD)P(2D∗)(t) , (2.29)
Ṗ(1D∗1A∗)(t) = kP(2D∗)(t)− (k + ΓD + ΓA)P(1D∗1A∗)(t) , (2.30)
Ṗ(1D∗)(t) = 2ΓAP(1D∗,1A∗)(t) + ΓDP(2D∗)(t)− (2k + ΓD)P(1D∗)(t) . (2.31)

This system can be solved exactly, with the initial conditionP(2D∗)(0) = 1,P(1D∗1A∗)(0) = 0
and P(1D∗)(0) = 0. After substitution into Eq. 2.28, this leads to the exact solution for the
population of excited donors

⟨ND∗(t)⟩ = 2
{
Ce−(2ΓD+4k)t +De−(ΓD+ΓA+k)t + [1− C −D] e−(ΓD+2k)t

}
, (2.32)

with the constant coefficients

C = − 2k2

(ΓA − ΓD − 3k) (ΓD + 2k)
, (2.33)

D = − 2k2

(ΓA − ΓD − 3k) (ΓA − k)
. (2.34)

Analysis of the exact solution. The exact evolution of the population of excited donors
encoded in Eq. 2.32 forND = NA = 2 already contains interesting features that are relevant
to understand the dynamics of larger molecular ensembles. First we see that, in contrast to
the single exponential relaxation obtained for a fluorescence process (see Eq. 2.4), the time
evolution of ⟨ND∗(t)⟩ in presence of RET, is a sum of three exponential functions with three
different rates. We assign those rates to three different timescales involved in the random
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Figure 2.8: Time-dependent populations of excited donors ⟨ND∗(t)⟩ (plain red curve) and
acceptors ⟨NA∗(t)⟩ (plain blue curve) obtained from the MC calculation, in the case of the
regular square lattice made of 2 donor and 2 acceptor molecules shown in Fig. 2.7-a). Com-
parison is shown with the exact analytical solution of Eq. 2.32 (dashed black curve). Pa-
rameters are: a = 1.2R0, ND = NA = 2, ΓD = ΓA = 1.0, k = 0.33, and Ntraj = 104.
Unpublished Fig.

fluorescence and RET events (whenND = NA = 2) that occurred with different probability
upon varying the number of excited molecules in the aggregate. The RET process is thus a
hierarchical stochastic process in which the physics of relaxation to equilibrium depends on
spatial and occupation constraints of the molecular sites at the origin of collective effects. The
former are negligible at the beginning and at the end of the relaxation dynamics, but dominate
in the intermediate times for which the distribution of excitations is maximally mixed in the
ensemble. Second, we show in Fig. 2.8 that the time evolution of ⟨ND∗(t)⟩ computed with
the numerical MC simulation (plain red curve) exactly matches the outcome of the analyt-
ical formula in Eq. 2.32 (dashed black curve). The evolution is monotonously decreasing
to zero because, once excited, the donor molecules can only loose their energy either by
fluorescence or by transferring their energy by RET. In contrast, the evolution of ⟨NA∗(t)⟩
as computed by MC simulations (plain blue curve) is not monotonous and reaches a maxi-
mum at times ≈ 1/Γ. This can be understood easily. Initially, there is no excited acceptor
in the ensemble. Thus one has to wait for RET processes to occur in order that some accep-
tor molecules get excited and thus increase ⟨NA∗(t)⟩. At longer times, the excited acceptor
population will decay by fluorescence and relax back to zero.

Open questions. The previous example leads to the natural question of what is happen-
ing for a similar aggregate in the macroscopic limit, when both ND and NA are very large.
It will certainly be interesting to consider and investigate the stochastic dynamics of RET
in the situation of an homogeneous RET process as the non-trivial limit of a stochastic pro-
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cess on a graph of increasing size: will this procedure converge to some fix point ? The
emerging chemical complexity in this process will be of combinatorial nature. Such a task
is largely open for future research and is at the carrefour of graph theory and statistical
physics. We suspect that the dynamics in the large N limit will be approximated by a series
of exponential functions with a lot of different rates, and thus will become a multi-scale and
non-linear process. This fact is of relevance for spectroscopic experiments which usually fit the
time evolution of the excited molecular populations (obtained by measurement of their related
fluorescence signal) with a single or few exponential, while the true evolution is certainly much
richer.

2.3.3 Hierarchy of exact kinetic equations

Figure 2.9: Representation of a square lattice aggegrate of D and A molecules. Some RET
processes are shown emerging from theD∗

α molecule as plain black arrows when reaching
a nearest neighbor Ak molecule and as dashed black arrows when reaching a next nearest
neighbor one. We illustrate the competition between i) the two RET processesD∗

α +Aj →
Dα+A

∗
j andD∗

β+Aj → Dβ+A
∗
j and ii) the one between the two RET processesD∗

α+Aj →
Dα+A

∗
j andD∗

α+Ak → Dα+A
∗
k. The single RET processD∗

α+Al → Dα+A
∗
l is forbidden

and thus not shown, because the acceptor molecule A∗
l is already excited. Unpublished Fig.

Derivation of an exact kinetic equation. We complement the derivation of the exact
kinetic equationmade for homogeneous fluorescent processes in Sec. 2.2.4 to the casewhere
additional non homogeneous RET processes occur between D and A molecular pairs (see
Eq. 2.18). This derivation was published in our Ref. [8]. An additional term d

dt
⟨ND∗(t)⟩RET

due to RET is thus added in Eq. 2.9

d

dt
⟨ND∗(t)⟩RET = −

∑
(a,b)RET

kbaPa(t) , (2.35)

with
∑

(a,b)RET
the sum constrained on all pairs of microstates (a, b) connected by a spon-

taneous emission rate process of rate kba. The constrained sum can be expanded further
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as

∑
(a,b)RET

Pa(t) =

ND∑
α=1

NA∑
j=1

kαj
∑
{σβ}

β ̸=α

∑
{σl}l ̸=j

P
a=

{
σα=1,{σβ}

β ̸=α
,σj=0,{σl}l̸=j

}(t) , (2.36)

where the sum is taken on all initial configurations of excitation states of the molecular
ensemble a for which the donorDα is excited σα = 1 and the acceptor Aj is in the ground
state σj = 0. Those configurations are the only ones that can lead to a RET process D∗

α +
Aj → Dα + A∗

j (see Fig. 2.9). The output of Eq. 2.36 can be rewritten in a compact way,
after introducing Π(2)

σασj(t), the "two-molecule" joint probability distribution that the molecule
Dα is in the excitation state σα = 0, 1 and the molecule Aj is in the excitation state σj = 0, 1
at time t

Π(2)
σασj

(t) =
∑
{σβ}

β ̸=α

∑
{σl}l ̸=j

P
a=

{
σα,{σβ}

β ̸=α
,σj ,{σl}l ̸=j

}(t) . (2.37)

Plugging the definition in Eq. 2.37 into Eq. 2.4, adding also the contribution of fluorescence
process, we obtain the final kinetic equation for the RET and fluorescence process in the
molecular aggregate ruling the evolution of the excited donor molecules

d

dt
⟨ND∗(t)⟩ = −Γ ⟨ND∗(t)⟩ − ⟨kDAND∗(t)NA(t)⟩ , (2.38)

with the pair correlation function of excited donors and ground state acceptors

⟨kDAND∗(t)NA(t)⟩ ≡
ND∑
α=1

NA∑
j=1

kαj ⟨σα(t)σj(t)⟩ . (2.39)

We introduced in Eq. 2.39 the pair correlation function of excitation states ⟨σα(t)σj(t)⟩ for
each pair of molecule Dα and Aj defined as

⟨σα(t)σj(t)⟩ ≡
∑

σα=0,1

∑
σj=0,1

σασjΠ
(2)
σασj

(t) , (2.40)

with σj = 1− σj .

Comments about the kinetic equation. The kinetic equation Eq. 2.38 has a simple
physical interpretation. The first term in its right-hand-side stands for the decay channel
for the exited donors D∗

α by a fluorescence process of rate ΓD. The second term on the
right-hand-side, is related to RET processes with rate kα,j , that naturally correlates the
excited-state of the donor D∗

α to the ground-state of the acceptor Aj . This kinetic equation
is exact. However, contrary to the macroscopic kinetic equation Eq. 2.20, it is not a closed-
equation. Indeed, one has to complement Eq. 2.38 with an additional equation providing the
time-evolution of the still unknown pair correlation functions ⟨σα(t)σj(t)⟩.
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"Une mise en abîme". The process of the previous paragraph can be iterated. It leads to
a hierarchy of coupled kinetic equations, which becomes an infinite hierarchy in the large N
limit. We provide below the three first equations of this hierarchy

d

dt
⟨σα⟩ = −ΓD ⟨σα⟩ −

NA∑
j=1

kα,j ⟨σασj⟩ , (2.41)

d

dt
⟨σj⟩ = ΓA ⟨σj⟩ −

ND∑
α=1

kα,j ⟨σασj⟩ , (2.42)

d

dt
⟨σασj⟩ = ΓA ⟨σασj⟩ − (ΓD + kα,j) ⟨σασj⟩

−
ND∑

β=1,β ̸=α

kβ,j ⟨σασβσj⟩ −
NA∑

k=1,k ̸=j

kα,k ⟨σασkσj⟩ , (2.43)

· · · etc

The existence of a hierarchy of coupled kinetic equations makes the problem of computing
exactly the average population of excited molecules as a function of time unsolvable for
an arbitrary large number N of molecules. The origin of this unsolvability has a profound
physical significance: it reflects the manybody nature of the RET process that results into mi-
croscopic constraints and spatial frustrations at the origin of chemical complexity. Already in
those three first kinetic equations, we can interpret the resulting terms as follow

1. The average rate of excitation of theDα molecule in Eq. 2.41 decreases due to fluores-
cence events D∗

α → Dα + hν of rate ΓD, which are intrinsically "one-body terms" and
thus provide a contribution proportional to ⟨σα(t)⟩.

2. But ⟨σα(t)⟩ can also decrease in Eq. 2.41 due to RET events D∗
α + Aj → Dα + A∗

j of
rate kαj transferring the excitation energy of theD∗

α molecule to all available ground
state acceptor molecules Aj in the ensemble. This is an intrinsic "two-body effect" that
is possible only if theAj site accepting the excitation are not excited, thus correlating the
evolution of the population to the dynamics of the pair correlation function ⟨σα(t)σj(t)⟩.

3. The pair correlation function in Eq. 2.43 correlates to single and two-body processes
through fluorescence and RET events respectively. But it also couples to three-body
terms through RET events that come from a competition mechanism in the RET pro-
cess between three molecules. The former are shown in Fig. 2.9. Indeed the term
⟨σα(t)σβ(t)σj(t)⟩ comes from the competition between two excited donors to trans-
fer their exciton to the same ground state acceptor through the two RET processes
D∗

α+Aj → Dα+A
∗
j andD∗

β+Aj → Dβ+A
∗
j . Similarly, the other term ⟨σα(t)σk(t)σj(t)⟩

is associated to the competition between the following RET processes D∗
α + Aj →

Dα + A∗
j and D∗

α + Ak → Dα + A∗
k.

Open question. In our quest to compute the time evolution of the excited donor and
acceptor molecules in the aggregate in presence of RET, we have mapped the problem of
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solving the microscopic chemical master equation onto the problem of solving an infinite hier-
archy of kinetic equations involving correlation functions of increasing order. Both problems
cannot be solved exactly for arbitrary configurations and number of molecules. We thus ask
ourselves in the next section how to truncate the hierarchy of kinetic equations and recover
the macroscopic ones.

2.3.4 The mean-field approximation

Spatial coarse-graining. We aim at proposing a closure assumption to the kinetic equa-
tions Eqs. 2.41,2.42 which simplifies it and reproduces well themacroscopic kinetic equation
Eq. 2.20 obtained in the limit of large number of moleculesN ≫ 1 in the aggregate or large
sample volume Ω (given by the sample surface S in dimension two). For that purpose, we
make a first assumption (A1) that in the large N limit, the spatially coarsed-grained two-
molecules joint-distribution function Π

(2)

σα,σj
(t) defined in Eq.2.37 factorizes, namely that

Π
(2)

σα,σj
(t) ≈ Π

(1)

σα
(t)Π

(1)

σj
(t) , (2.44)

where A means the coarsed-grained (spatially averaged) value associated to any quantity
A. Using this approximation (A1), we can simplify the kinetic equations Eqs. 2.41,2.42 as

d

dt
⟨σα⟩ = −ΓD⟨σα⟩ −

NA∑
j=1

kα,j⟨σα⟩ ⟨σj⟩ (2.45)

d

dt
⟨σj⟩ = ΓA⟨σj⟩ −

ND∑
α=1

kα,j⟨σα⟩ ⟨σj⟩ . (2.46)

Those coarse-grained kinetic equations are closed for the fields
{
⟨σα⟩

}
α
and

{
⟨σj⟩

}
j
, and

constitute a system ofN non-linear mean-field equations. Such equations can in principle be
solved with proper initial conditions, although, due to the large number of unknowns and
the non-linearity of the equations, this remains a heavy and difficult task.

Spatial homogeneity assumption. We now make the last assumption (A2), that after
spatial coarse-graining performed in (A1), the molecular system becomes spatially homoge-
neous in the large-N limit, namely that translational invariance is restored at the mean-field
and macroscopic level

⟨σα(t)⟩ ≈ ϕ
(mf)
D∗ (t) =

⟨ND∗(t)⟩
ND

, (2.47)

⟨σj(t)⟩ ≈ ϕ
(mf)
A (t) =

⟨NA(t)⟩
NA

. (2.48)
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Injecting back Eqs.2.47,2.48 into Eqs.2.45,2.46, we obtain the following kinetic equations

d

dt
⟨ND∗(t)⟩ = −ΓD ⟨ND∗(t)⟩ − k ⟨ND∗(t)⟩ ⟨NA(t)⟩ ,

(2.49)
d

dt
⟨NA(t)⟩ = ΓA ⟨NA∗(t)⟩ − k ⟨ND∗(t)⟩ ⟨NA(t)⟩ ,

(2.50)

which are nothing but the macroscopic kinetic equations Eqs. 2.41,2.42 but with the mean-
field rate of RET

k =
1

NDNA

ND∑
α=1

NA∑
j=1

kαj . (2.51)

Eq. 2.51 is the main result of this section and answers to one of the questions formulated in
Sec. 2.3.1, namely it provides the expression of the macroscopic mean-field of RET k in terms of
the microscopic rates kαj . It has a simple interpretation: the rate k is obtained as the spatial
average on the whole molecular aggregate of the sum of microscopic rates connecting aD∗

molecule to all other Aj molecules (see the black arrows going out from the molecule D∗
α

in Fig. 2.9).

One simple example: the case of a 2D aggregate. In this paragraph, we provide an
explicit expression for the macroscopic mean-field rate of RET k̃ evaluated in the special
case of a disordered bi-dimensional aggregate ofD and Amolecules (see Fig. 2.10-a)). This
case and the case of a perfect ordered square lattice are analyzed in depth in our Ref. [8].
The disordered molecular ensemble is a random lattice that fulfills in the large N limit both
assumptions (A1) of decoupling of the pair correlation functions and of spatial homogeneity
(A2) (see Sec. 2.3.4). Substituting the mean-field expression of Eq. 2.51 into the expression
of the macroscopic rate written in Eq. 2.24, we obtain in the case ND = NA = N/2 the
integral form

k̃ =
2

N

∫
d2r⃗

∫
d2r⃗′ρDA(r⃗, r⃗′)k

(
||r⃗ − r⃗′||

)
(2.52)

with k
(
||r⃗ − r⃗′||

)
given by Eq. 2.19. The spatially averaged density of pairs of donor and

acceptor molecules ρDA(r⃗, r⃗′) is defined as

ρDA(r⃗, r⃗′) = ρD(r⃗)ρA(r⃗′) (2.53)

with ρD(r⃗) =
∑ND

α=1 δ
2 (r⃗ − r⃗α) and ρA(r⃗′) =

∑NA

j=1 δ
2
(
r⃗′ − r⃗j

)
. The assumption (A2)

of spatial homogeneity implies that the mean-field rate becomes translational invariant after
spatial coarse graining or averaging on disorder configurations (which are equivalent proce-
dures in practice due to the self-averaging property of the molecular ensemble upon increasing
N ) so that ρDA(r⃗, r⃗′) ≡ ρDA(r⃗ − r⃗′) and

k̃ =
2S

N
ΓDR

6
0

∫ R

Rc

dr

∫ 2π

0

dθ
ρDA(r, θ)

r5
. (2.54)
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Figure 2.10: a) Representation of a disordered 2D lattice with Rc = 0.8R0 the cutoff dis-
tance, and ⟨R⟩ = 2.0R0 the average distance between molecules. Donnor (D) and acceptor
(A) molecules are shown as red dots and blue triangles respectively. The system contains
ND = NA = 50 molecules of type D and A. b) Macroscopic mean-field rate of RET k̃(rand)

(red points) as a function of the average distance< R > between individual excited donors
and their nearest-neighbor acceptor molecules. An average is performed on 1000 config-
urations of disorder for various random distributions of molecules on the square network
in a). The error bars represent one standard deviation, illustrating the uncertainty due to
fluctuations in the spatial location of molecules that varies from sample to sample. The
dashed-dotted red curve is obtained from the analytical rate k̃(an,rand) in Eq. 2.56. Adapted
from Ref. [8].

We introduced S = πR2 the surface of the sample supposed to be a disk of radius R and
Rc the cutoff length defined as the minimum distance between two molecules. At this
stage, this expression of k̃ is general and independent of the chosen bi-dimensional network of
molecules. It connects the effective macroscopic rate of RET to the actual spatial distribution
of molecular pairs of donors and acceptors in the macroscopic sample. In the specific case of
a random 2D lattice shown in Fig. 2.10)-a), the additional assumption (A1) of factorization
of the "two-molecules" correlation functions after spatial coarse graining implies that the
averaged spatial density of pairs in Eq. 2.53 simplifies to

ρDA(r⃗, r⃗′) ≈ ρDρA , (2.55)

with ρD = ρA ≈ N/2S the equal concentration of donor and acceptor molecules. This
provides a simpler and explicit expression for k̃ in Eq. 2.54 which is valid in the limit of
large number of molecules N ≫ 1 or of large sample surface S ≫ R2

c , R
2
0. We obtain

k̃(an,rand) ≈ k0

(
R0

2 ⟨R⟩

)2

, (2.56)
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with k0 = ΓD (R0/Rc)
4 and ⟨R⟩ =

√
S/πN the average distance between an individual

excited-donor and its nearest-neighbor acceptor that is proportional to the inverse square
root of the molecular concentration. The scaling-law k̃ ∝ ⟨R⟩−2 in Eq. 2.56 obtained for the
macroscopic mean-field rate of RET is a surprising result. Indeed one would have expected
a scaling k̃ ∝ ⟨R⟩−6 by simple inference from the microscopic rate in Eq. 2.19. This inter-
esting effect comes from disorder in a bi-dimensional random sample, namely the average
rate of RET from a given donor D molecule results from spatial averaging of the contribution
of acceptor A molecules around D that scales at the mean-field level with the molecular con-
centration. We show in Fig. 2.10)-b) (red points), the dependence of k̃(rand) in units of ΓD,
as a function of< R > /R0. This curve is obtained from a numerical evaluation of Eq. 2.51
for a random lattice containing ND = NA = 50 molecules after averaging on 1000 con-
figurations of disorder. This calculation compares quantitatively very well to the predicted
analytical values of k̃(an,rand) given by Eq. 2.56 (see dash-dotted red curves). The scaling law
depends on the molecular network. In particular we show in Ref. [8] the expected scaling
k̃ ∝ ⟨R⟩−6 for the regular square network (see also Fig. 2.9 blue points).
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Figure 2.11: Left: Time-dependent relative populations of excited donors ϕD∗(t) =

⟨ND∗(t)⟩ /ND (plain red curve) and acceptors ϕA∗(t) = ⟨NA∗(t)⟩ /NA (plain blue curve)
obtained from the MC calculation, in the case of the regular square lattice shown in Fig. 2.9.
Comparison is shown with the macroscopic mean-field analytical results ϕ(mf)

D∗ (t) (dashed
red curve) and ϕ(mf)

A∗ (t) (dash-dotted blue curve). Right : Time-dependence of the contri-
bution due to fluctuations ϕD∗(t)− ϕ(mf)

D∗ (t) (red curve) and ϕA∗(t)− ϕ(mf)
A∗ (t) (blue curve).

Parameters: a = 1.0R0, ΓD = ΓA ≡ Γ and ND = NA = 50. The MC runs are averaged on
Ntraj = 105 stochastic trajectories. Adapted from Ref. [8].

Full time-dependence of the molecular populations. For completeness, we show in
Fig. 2.11(left-panel) the outcome of the MC calculation for ϕD∗(t) ≡ ⟨ND∗(t)⟩ /ND (plain
red curve) and ϕA∗(t) ≡ ⟨NA∗(t)⟩ /NA (plain blue curve) for the regular square lattice
shown in Fig. 2.9 with ND = NA = 50 molecules. We chose the case where the distance a
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between two neighbor D and A molecules equates the Förster radius R0 such that the rate
of spontaneous emission is of the same order of magnitude as the rate of RET (Γ ≈ k). There is
thus a competition mechanism between both processes and a significant energy-transfer occurs
towards the acceptors. The qualitative behavior and analysis of the curves is very similar
to the ones shown in Fig. 2.8, that were derived in the case ND = NA = 2, for which the
analytical exact solution of Sec. 2.3.2 holds. However, the quantitative behavior is quite
different. Indeed, we show in Fig. 2.11 the mean-field curves ϕ(mf)

D∗ (t) (dashed red curve
obtained from Eq. 2.22) and ϕ(mf)

A∗ (t) (dash-dotted blue curve obtained from Eq. 2.22) ob-
tained as solutions of the macroscopic rate equations with the mean-field rate in Eq. 2.51.
We see that the mean-field approximation is very well approximating the exact MC cal-
culations shown as ϕD∗(t) (plain red curves) and ϕA∗(t) (plain blue curves). The average
kinetics of the RET process in a macroscopic sample (largeN limit) is thus accurately described
by non-linear mean-field equations rather than by a linear relaxation process as obtained in
Fig. 2.9 for a microscopic sample. We show in the right panel of Fig. 2.11 weak deviations
from themean-field approximation that are quantitatively computed through the quantities
ϕD∗(t)− ϕ(mf)

D∗ (t) (red curve) and ϕA∗(t)− ϕ(mf)
A∗ (t) (blue curve). We see that the mean-field

approximation is not exact and that deviations of the MC calculation occur that are due to
finite-size fluctuations (here N = 100).

Open question. Our theory provides a solid approach to recover the macroscopic limit as
illustrated by the computation of the coarse grained RET of rate k in Eq.2.51 or by the very
good agreement between the time-dependent evolution of mean-field molecular populations
and the ones computed with the MC calculation. However deviations to the mean-field ap-
proximation are seen. It still remains to analyze the origin of those deviations and there
relative amplitudes. In particular, what are the effects of spatial inhomogeneities and dynam-
ical constraints due to collective effects in RET on those mesoscopic fluctuations ?

2.4 Mesoscopicfluctuations and collective aspects ofRET

2.4.1 Position of the problem

In this section, we come back to the problem of quantifying the deviations from the mean-
field approximation that we unveiled in the previous Sec. 2.3.4. This is a notoriously difficult
problem. To keep some hope of progress in this task, we first simplify the model of RET
that we used up to now. Our physical intuition will be guided by the exact solution we
found in Sec. 2.3.2 for the model ofND = NA = 2molecules deposited on a regular square
network. Such an exact solution exists because of the homogeneity of the rates k for each
microscopic RET event occurring in the sample (see Fig. 2.7-a)). This leads to the equalities
in Eqs. 2.25,2.26,2.27 among various microstates that are obtained one from each other by
a permutation of the index labeling the molecules. We thus now generalize this model to an
ideally homogeneous aggregate for which, whatever the pairs of molecules that undergo a RET
processD∗

α +Aj → Dα +A∗
j , the microscopic rate of RET kαj for such an individual random
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event is the same, namely that

∀ (α, j) ∈ [|1, ND|]× [|1, NA|] ; kαj = k . (2.57)

The condition in Eq. 2.57 is a condition of all to all homogeneous coupling: it is not fulfilled
in general, even in the case of the regular square lattice as soon as ND, NA > 2, because of
the dependence of the RET with the intermolecular distance written in Eq. 2.19. However, it
should be a good approximation to the behavior of an aggregate after spatial coarse graining in
the largeN limit, for which the assumptions (A1) and (A2) of Sec. 2.3.4 hold and the aggregate
is homogeneous in average.

Problematic. We will rewrite the chemical master equation describing the RET process
in Sec. 2.4.2 and investigate its stochastic dynamics in the case of an ideally homogeneous
aggregate. For the purpose of investigating the macroscopic limit of the molecular ensemble,
we will make use of statistical physics methods that were derived and explained for the first
time by van Kampen in his seminal book Ref. [117]. The final outcome will be the calculation
of the Fokker-Planck equation in Sec. 2.4.3 and the calculation of corrections to the mean-
field approximation in Sec. 2.4.4 that we simply wrote without justification in our Ref. [8]
due to length constraints. We thought that a detailed derivation could be of interest. This
derivation is original, in the sense that, to our knowledge, such a derivation is not published
nor known in the literature of RET. Moreover, it contains interesting physical concepts and
ideas that could be applied to broader classes of problems, for instance those encountered
in the field of polaritonic chemistry (see next Chapter).

2.4.2 Chemical master equation for the homogeneous RET process

The joint probability distribution of excited D∗ and A∗ molecules. In this para-
graph, we first consider generic macrostates (nD, nA) associated to all the microstates
a ∈ E(nD, nA) for which the total number of excited donors and acceptors is N (a)

D∗ = nD

and N (a)
A∗ = nA respectively. Similarly to the simple case of Fig. 2.7, due to homogeneity

of the RET events, all the microstates belonging to E(nD, nA) have the same probability of
occurrence in the microscopic chemical master equation Eq. 2.5. It is thus natural to retain
only the net contribution of all those microstates belonging to a given macrostate, thus focusing
on a coarse grained description of the dynamics involving only the macrostates (nD, nA). For
that purpose, we introduce the corresponding joint probability distribution of having nD

excited D∗ molecules andmA excited A∗ molecules P (nD,mA) defined as

P (nD,mA, t) =
∑

a∈E(nD,nA)

Pa(t) . (2.58)

This distribution is the main mathematical object in terms of which the chemical master
equation in Eq. 2.5 can be rewritten, in the special case of an ideally homogeneous aggre-
gate.
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Figure 2.12: Scheme of the graph of macrostates (nD, nA) (blue points) corresponding to all
microstates containing nD and nA excited donor and acceptor molecules. The elementary
fluorescence events from D∗ and A∗ molecules are shown as red arrows and blue arrow
with rates ΓD and ΓA respectively. The generic homogeneous RET events with rate k are
shown as black arrows. Unpublished Fig.

Derivation of the homogeneous chemical master equation. We present in Fig. 2.12
the possible individual random events connecting the macrostates (nD, nA). We write the
resulting homogeneous chemical master equation as a sum of three terms

Ṗ (nD,mA) = Ṗ (nD,mA)
∣∣∣
ΓD

+ Ṗ (nD,mA)
∣∣∣
ΓA

+ Ṗ (nD,mA)
∣∣∣
k
. (2.59)

The first term in Eq. 2.59 stands for the contribution of fluorescence eventsD∗
α → Dα+hν

with rate ΓD. Such transition connects a macrostate (nD, nA) to another one (nD − 1, nA)
containing one less excited donor but the same number of excited acceptors (see red arrows
in Fig. 2.12). We obtain

Ṗ (nD,mA)
∣∣∣
ΓD

= ΓD

{
(nD + 1)P (nD + 1,mA)− nDP (nD,mA)

}
. (2.60)

The second term in Eq. 2.59 has a similar expression and interpretation, but in terms of
fluorescence events from the excited acceptors (see blue arrows in Fig. 2.12). The last term
of Eq. 2.59 encodes the contribution of all homogeneous RET processes with D∗

α + Aj →
Dα + A∗

j with rate k. Such transition connects the macrostate (nD, nA) with another one
nD − 1,mA + 1 containing one less D∗ excitation and one more A∗ excitation (see black
arrows in Fig. 2.12). We obtain

Ṗ (nD,mA)
∣∣∣
k

= k
{
(nD + 1) (NA −mA + 1)P (nD + 1,mA − 1)

− nD (NA −mA)P (nD,mA)
}
. (2.61)
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Operator form of the homogeneous chemical master equation. We can obtain an
operator form for the homogeneous chemical master equation in Eq. 2.59. For that pur-
pose, following the notation of van Kampen in Ref. [117], we introduce the E±1

D and E±1
A

operators, defined by their action on any function f(nD,mA) as

E±1
D f(nD,mA) = f(nD ± 1,mA) , (2.62)

E±1
A f(nD,mA) = f(nD,mA ± 1) . (2.63)

Those operators create or destroy one D∗ or A∗ excitation in the molecular ensemble. Us-
ing the previous definition inside Eqs. 2.60,2.61 we can give to the homogeneous chemical
master equation its final operator form

Ṗ (nD,mA) = ΓD (ED − 1)nDP (nD,mA) + ΓA (EA − 1)mAP (nD,mA)

+ k
(
EDE−1

A − 1
)
nD (NA −mA)P (nD,mA) . (2.64)

This expression of the chemical master equation is the main result of this section. Apart
from being compact and aesthetic, Eqs. 2.64 consists now of a system of linear equations of size
(ND +1)× (NA+1). We thus arrived to an explicit coarse grained version of the microscopic
chemical master equation that scales quadratically with the system size ∝ N2 instead of the
exponential scaling ∝ 2N obtained in the microscopic chemical master equation written in
Eq. 2.5. The coarse grained evolution encoded in Eq. 2.64 is thus more suited to investigate
the stochastic RET dynamics of an ideally homogeneous mesoscopic sample than the mi-
croscopic evolution of Eq. 2.5. Unfortunately there is no known exact solution to Eq. 2.64. One
thus has to resort to an approximation scheme described in the next section.

2.4.3 Derivation of the Fokker–Planck equation for RET

The large-Ω expansion. We apply now the large-Ω expansion technique that was de-
veloped by van Kampen in Ref. [117] in order to evaluate the behavior of the average pop-
ulations and their fluctuations from Eq. 2.64 in the limit of large aggregates. The parameter
Ω is an extensive parameter, typically here the volume of the studied molecular system.
We suppose that ND, NA ≫ 1 and that the number of excited donors and acceptors in the
aggregate is large nD, nA ≫ 1. Following van Kampen approach, we introduce the decompo-
sition or change of variable of nD, nA into the sum of two quasi-continuous variables

nD ≡ ΩΦD + Ω
1
2 ξD , (2.65)

nA ≡ ΩΦA + Ω
1
2ηA . (2.66)

In Eqs. 2.65,2.66, the first term is the mean-field contribution (undefined at this stage) to the
excited donor population that scales linearly with the system volume ∝ Ω. The second term is
the contribution of weak deviations or fluctuations from the mean-field term and scale with the
square-root of the system size∝ Ω

1
2 . In the following, we introduce k̃ ≡ kΩ the macroscopic

rate of RET and φ
A
(t) = ΦA(0)− ΦA(t) the concentration of acceptor A molecules in the

ground state, such that φ̇
A
(t) = −Φ̇A(t). The idea behind the large-Ω expansion is the

perform an asymptotic expansion of the homogeneous chemical master equation in the limit
of large Ω.
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Continuous limit of the E±1
D and E±1

A operators. Substituting the large-Ω expansion
provided by Eqs. 2.65,2.66 into the expressions of nD and nA, the action of the E±1

D operators
on any function f(nD,mA) as written in Eqs. 2.62,2.63 can be approximated accurately as a
series of continuous differential operators in powers of Ω− 1

2

E±1
D f(nD,mA) = f(nD ± 1,mA) ≡ F

(
ξD ± Ω− 1

2 , ηA

)
≈ F (ξD, ηA)± Ω− 1

2
∂

∂ξD
F (ξD, ηA) +

Ω−1

2

∂2

∂ξ2D
F (ξD, ηA) . (2.67)

We thus obtain for the operators entering the homogeneous chemical master equation the
following asymptotic expansions

E±1
D − 1 ≈ ±Ω− 1

2
∂

∂ξD
+

Ω−1

2

∂2

∂ξ2D
, (2.68)

E±1
A − 1 ≈ ±Ω− 1

2
∂

∂ηA
+

Ω−1

2

∂2

∂η2A
, (2.69)

EDE−1
A − 1 ≈ Ω− 1

2

{
∂

∂ξD
− ∂

∂ηA

}
+

Ω−1

2

{
∂

∂ξD
− ∂

∂ηA

}2

. (2.70)

Asymptotic expansion of the chemical master equation. We substitute the asymp-
totic expansions in Eqs. 2.68,2.69,2.70 in the chemical master equation written in operator
form Eq. 2.64 for P (nD,mA, t) ≡ Π(ξD, ηA, t). We get for the right hand side of the chem-
ical master equation

Ṗ (nD,mA)
∣∣∣
r.h.s

≈ ΓD

{
Ω

1
2ϕ

D

∂Π

∂ξD
+
∂ (ξDΠ)

∂ξD
+
ϕ
D

2

∂2Π
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}
+ ΓA

{
Ω

1
2ϕ

A

∂Π

∂ηA
+
∂ (ηAΠ)

∂ηA
+
ϕ
A

2

∂2Π

∂η2A

}
+ k̃

{
Ω

1
2ΦDφA

(
∂

∂ξD
− ∂

∂ηA

)
Π+

(
∂

∂ξD
− ∂

∂ηA

)[
φ
A
ξDΠ− ΦDηAΠ

]
+

ΦDφA

2

(
∂

∂ξD
− ∂

∂ηA

)2

Π
}
. (2.71)

We now develop the left hand side of the chemical master equation and obtain

Ṗ (nD,mA)
∣∣∣
l.h.s
≡ dΠ

dt
=

∂Π

∂t
+ ξ̇D(t)

∂Π

∂ξD
+ η̇A(t)

∂Π

∂ξD

=
∂Π

∂t
− Ω

1
2

[
Φ̇D(t)

∂Π

∂ξD
+ Φ̇A(t)

∂Π

∂ηA

]
, (2.72)

where the last line is obtained after deriving Eqs. 2.65,2.66 taking into account that in the
change of variable ṅD = ṁA = 0 (the variables nD,mA do not depend explicitly on time
in P (nD,mA, t)). We then equate Eq. 2.71 and Eq. 2.72 and collect all the terms of order Ω 1

2

and of order Ω0.
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Recovering the mean-field equations. The terms of order Ω 1
2 in the r.h.s and l.h.s of

the chemical master equation should be equal for any value of the independent variables
ξD, ηA, t. This is so if and only if

Φ̇D = −ΓDΦD − k̃ΦDφA
, (2.73)

Φ̇A = −ΓAΦA + k̃ΦDφA
. (2.74)

It is interesting to notice that the former equations are the same as the mean-field equations
written in Eqs 2.49,2.50. The large-Ω expansion of the joint distribution functionP (nD,mA, t)
thus recovers a posteriori and in a natural way the mean-field approximation as its dominating
term of order Ω

1
2 , thus without imposing it a priori !.

Fokker-Planck equation for the RET process. Finally, we equate the terms of order
Ω0 in the r.h.s and l.h.s of the chemical master equation, and obtain

∂Π

∂t
=

(
ΓD + k̃φ

A

) ∂ (ξDΠ)
∂ξD

+
(
ΓA + k̃ΦD

) ∂ (ηAΠ)
∂ηA

+ ΓD

ϕ
D

2

∂2Π

∂ξ2D
+ ΓA

ϕ
A

2

∂2Π

∂η2A

+ k̃
{ΦDφA

2

(
∂

∂ξD
− ∂

∂ηA

)2

Π− φ
A
ξD

∂Π

∂ηA
− ΦDηA

∂Π

∂ξD

]
. (2.75)

The former Eq. 2.75 is the main result of this section. It is a multivariate Fokker-Planck
equation describing deviations from the mean-field approximation derived in Sec. 2.3.4. This
Fokker-Planck equation answers to our problematic of investigating the role of mesoscopic
fluctuations developing in the case of an ideally homogeneous and large but finite sample.

2.4.4 Analysis of mesoscopic fluctuations in the RET process

Average deviations to the mean-field solution. We now consider ⟨F (ξD, ηA, t)⟩ =∫
dξD

∫
dηAF (ξD, ηA)Π(ξD, ηA, t) the average value of any function F (ξD, ηA) taken with

respect to the distribution Π(ξD, ηA, t) that is solution of the Fokker-Planck equation with
proper initial conditions. We find, using Eq. 2.75, that the average deviations to the mean-
field solution ⟨ξD(t)⟩ and ⟨ηA(t)⟩ are solution of the following set of linear equations

d

dt
⟨ξD(t)⟩ = −

(
ΓD + k̃φ

A
(t)
)
⟨ξD(t)⟩+ k̃ΦD(t) ⟨ηA(t)⟩ , (2.76)

d

dt
⟨ηA(t)⟩ = −

(
ΓA + k̃ΦD(t)

)
⟨ηA(t)⟩+ k̃φ

A
(t) ⟨ξD(t)⟩ . (2.77)

The interpretation of those equations is simple: they actually come from the study of stabil-
ity of the mean-field equations Eqs. 2.73,2.74 under weak perturbations ΦD → ΦD + δΦD

and ΦA → ΦA + δΦA. The resulting linear stability analysis of the variations δΦD and δΦA

gives back the same equations as Eqs. 2.76,2.77 followed by ⟨ξD(t)⟩ and ⟨ηA(t)⟩. Thus the
regression of average deviations from the mean-field solutions follows the linear variation of
the mean-field equations themselves. For instance, ⟨ξD(t)⟩ decays as a function of time due
to the effective time-dependent rate Γ + k̃φ

A
(t) coming from i) the fluorescence process

of the excited D∗ molecules and ii) from a coupling through a RET process of the ⟨ξD(t)⟩
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fluctuation to the average occupation φ
A
(t) of A molecules in their ground state. The time

dependence of this effective rate comes from the non-linearity of the mean-field kinetic equa-
tions. The quantity ⟨ξD(t)⟩ can also increase in time due to contribution of fluctuations of
theAmolecular populations coupling to the average occupation of theD∗ moleculesΦD(t),
with an effective time-dependent rate k̃ΦD(t). A similar interpretation can be found for the
evolution of ⟨ηA(t)⟩. Finally, we remark that, a consequence of the linearity of Eqs. 2.76,2.77
and of starting from an initial conditions ⟨ξD(0)⟩ = 0 and ⟨ηA(0)⟩ = 0, is that at all times

⟨ξD(t)⟩ = ⟨ηA(t)⟩ = 0 . (2.78)

This is the case for the dynamics we consider. The understanding of deviations from the
mean-field solution is thus encoded fully into the fluctuations of the instantaneous ξD(t) and
ηA(t) quantities. The large-Ω expansion amounts to make a linear noise approximation where
fluctuations from the average are described by a Gaussian process. However, no truncation of
the chemical master equation nor any a priori ad hoc assumptions are needed to recover this
behavior: it comes from the asymptotic expansion itself.

Gaussian fluctuations around the mean-field solution. In the same way as in the
previous paragraph, we derive from the Fokker-Planck equation Eq. 2.75 the time-dependent
equations ruling the dynamics of the correlation functions ⟨ξD(t)ηA(t)⟩, ⟨ξ2D(t)⟩ and ⟨η2A(t)⟩.
We obtain
d

dt
⟨ξDηA⟩ = −

[
ΓA + ΓD + k̃

(
ΦD + φ

A

)]
⟨ξDηA⟩+ k̃

[
φ
A

〈
ξ2D
〉
+ ΦD

〈
η2A
〉
− φ

A
ΦD

]
,

(2.79)
d

dt

〈
ξ2D
〉

= −2
(
ΓD + k̃φ

A

) 〈
ξ2D
〉
+ 2k̃ΦD ⟨ξDηA⟩+

(
ΓD + k̃φ

A

)
ΦD , (2.80)

d

dt

〈
η2A
〉

= −2
(
ΓA + k̃ΦD

) 〈
η2A
〉
+ 2k̃φ

A
⟨ξDηA⟩+ ΓAΦA + k̃φ

A
ΦD , (2.81)

with the initial conditions ⟨ξD(0)ηA(0)⟩ = ⟨ξ2D(0)⟩ = ⟨η2A(0)⟩ = 0. Those equations
are the main results of this section. They have a simple physical interpretation: the first
term of Eq. 2.79 describes the decay in time (regression of fluctuations) of the correlation
function ⟨ξD(t)ηA(t)⟩ due to the decay of each ξD(t) and ηA(t) with the respective time-
dependent rates ΓD + k̃φ

A
(t) in Eq. 2.76 and ΓA + k̃ΦD(t) in Eq. 2.77. The second term

of Eq. 2.79 corresponds to an increase of ⟨ξD(t)ηA(t)⟩ due to the onset of excited donor
and acceptor fluctuations ⟨ξ2D(t)⟩ and ⟨η2A(t)⟩. Those terms could have been derived in-
dependently from Eq. 2.43, doing an a priori Gaussian ansatz closure hypothesis for the
third moments ⟨σα(t)σβ(t)σj(t)⟩ and ⟨σα(t)σk(t)σj(t)⟩. We note, however, that the large-Ω
asymptotic expansion of van Kampen [117] is more suited to derive this result, since it recov-
ers as a consequence of the approximation that the fluctuations are Gaussian in the macro-
scopic limit, without supposing it initially, nor truncating arbitrarily the chemical master
equation. Finally, the last term of Eq. 2.43 is the one that dominates at short times, since
d
dt
⟨ξD(t)ηA(t)⟩ ≈ −k̃φA

(0)ΦD(0) = −k̃ when t → 0+. This term basically describes an
anti-correlation between the populations of excited donor and acceptor molecules. This is due
to the intrinsic mechanism of RET reaction, for which each time an excited donor molecule
D∗ transfers its energy to an acceptor in the ground-state, the latter gets excited toA∗. This
anti-correlation is beyond the mean-field approximation which supposes statistical indepen-
dence between the donor and acceptor populations.

– 67 –



Analysis of the computed deviations from the mean-field solution. We close our
investigation of mesoscopic fluctuations in RET by analysis the deviations from the mean-
field solution computed from the Monte Carlo calculation and shown in the right panel
of Fig. 2.11 as a red curve for ϕD∗(t) − ϕ

(mf)
D∗ (t) and a blue one for ϕA∗(t) − ϕ

(mf)
A∗ (t). At

short times t ≪ 1/k̃, those deviations are weakly negative, namely ϕD∗(t) − ϕ(mf)
D∗ (t) < 0

(red curve). Indeed the initial slope of this curve is proportional to the initial fluctuations
d
dt
⟨ξD(t)ηA(t)⟩ ≈ −k̃, given by Eq. 2.79. The latter exhibit a sizable anti-correlation effect

due to the anti-correlated mechanism of disappearance ofD∗ and appearance of A∗ molecules
in the elementary RET process. At later times t > 1/k̃, the onset of excited donor and accep-
tor fluctuations ⟨ξ2D(t)⟩ and ⟨η2A(t)⟩ in Eq. 2.79 start to couple to the curve ϕD∗(t)−ϕ(mf)

D∗ (t)
and leads to its increase (with even a small overshoot above zero). At long times t≫ 1/Γ,
the curve ϕD∗(t)−ϕ(mf)

D∗ (t) goes back to zero due to the regression of fluctuations in Eq. 2.79.
In summary, the mean-field curves ϕ(mf)

D∗ (t) and ϕ(mf)
A∗ (t) constitute very good approximations

to the Monte Carlo calculation in the large-N limit, which thus validates a posteriori the use
of this approximation. Deviations to it are due to mesoscopic fluctuations that incorporate in-
formation about the microscopic RET process and related "three-body" competition mechanism
between donor and acceptor molecules.

2.5 Conclusion and future research perspectives.

Conclusion. In this chapter, we have investigated in depth the stochastic dynamics de-
veloping in two-dimensional aggregates containing donor and acceptor molecules in pres-
ence of both fluorescence and resonance energy transfer. We provided reasonable physical
assumptions under which amean-field approximation for describing the RET process holds.
We could provide an explicit expression in terms of the molecular aggregate configuration of an
effective mean-field rate of RET k̃ in the macroscopic limit. The former expression depends
in a non-trivial way of the spatial distribution of pairs of molecules inside the sample. We
showed that the rate of RET scales as k̃ ∝ ⟨R⟩−2 in the case of a disordered sample of D and
A molecules, expressing the fact that one random D∗ molecule in the sample sees an average
mean-field contribution of all available A molecules randomly located around it. This is in
contrast to the scaling k̃ ∝ ⟨R⟩−6 obtained in the case where the molecules are put on the
apex of an ordered square lattice (see Ref. [8] for that case). We have then computed the
time-dependent populations of excited donor and acceptor molecules using a numerically
exact kinetic Monte-Carlo approach and compared it to the non-linear dynamics provided
by the mean-field approximation. The former shows a good agreement with the latter. De-
viations of the exact Monte Carlo calculation compared to the mean-field result were shown to
be due to fluctuations and spatial correlations developing at the microscopic level and involving
at least three molecules in the elementary RET process. Those deviations should be impor-
tant in finite-size clusters or mesoscopic samples of molecules, as currently seen in biology.
Finally, we provided a full derivation of the Fokker-Planck equation from the chemical mas-
ter equation describing the coarsed-grained relaxation dynamics of an ideally homogeneous
RET process. From it we were able to quantify precisely the kinetics of regression of those
mesoscopic fluctuations.
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Figure 2.13: Scheme of a distribution of donor (red circles) and acceptor (blue squares)
molecules embedded inside an optical Fabry-Pérot cavity. The cavity mode might be res-
onantly coupled with an electronic transition of either the D or A-type of molecules. The
arrows correspond to lc the cavity coherence length, lP the spatial correlation length of
molecular pairs, R0 the Förster radius and ⟨R⟩ the average distance between molecular
pairs involved in the RET processes. Unpublished Fig.

Future research perspectives. Our predictions for the RET dynamics should be observ-
able in state of the art transient-fluorescence or pump-probe experiments. In the former
case, additional effects at ultra-short times (shorter that the exciton-exciton annihilation
time) should be observable that result from the interplay between the time-dependent drive
by the pump followed by the slower relaxation dynamics due to fluorescence, exciton-
exciton relaxation, and RET. The theoretical description of such effects in spatially inhomoge-
neous and anisotropic samples (position and orientational disorder of the molecular dipoles) is
still an open issue, that would necessitate a generalization of our approach towards the use of
a generalized master equation [75]. Such generalization would be of interest to investigate
another class of problems for which theD andAmolecules are embedded inside an optical
cavity, and compute the modification of the rate of RET inside the cavity (see experiments
performed in Ref. [123]). Such approach would mix the intrinsic chemical complexity of the
RET process to the complexity induced by collective coupling of the molecular ensemble to the
cavity optical modes at the origin of polariton formation. This problem is multiscale in na-
ture (see Fig. 2.13). We anticipate the interplay between the following length scales: lc the
cavity coherence length defining the mode volume in which coherent coupling between
molecules has to be taken into account, lP the spatial correlation length for the distribution
of molecular pairs, R0 the Förster radius and ⟨R⟩ the average distance between molecular
pairs involved in the local RET processes. We formulate the following questions which at
the present day, to our knowledge, are still unsolved.

– 69 –



1. How to reconcile the collective and delocalized nature of polariton excitations in an op-
tical cavity with the local nature of RET processes at the microscopic molecular level ?

2. How to model and compute the modification of the RET dynamics inside cavity ?

We believe that part of the answer is encoded into the interplay between the coherent (delo-
calized) light-matter coupling mechanism and the stochastic dynamics (localized) of RET as
described by a general chemical master equation including both the molecular aggregate and
the mode dynamics. Such equation has still to be derived and solved ! We hope that the the-
oretical approach and results we derived in this chapter will be of interest to drive future
theoretical and experimental investigations along that way. We anticipate a modeling of the
complexity of this problem in terms of a random diffusion of the system configuration onto the
graph of manybody states describing its correlated light-matter excitations: this is very simi-
lar to the graph theoretical approach of RET we have shown in the simple example of Fig. 2.7.
This will be a hierarchical problem: at ultrafast femtosecond time scales, the molecules
collectively synchronize to the dynamics of the cavity mode leading to the formation of
a polariton. At larger times (picoseconds to nanoseconds), RET process that are local in
space will occur, thus inducing a perturbation of the molecular ensemble composition and
a reorganization of the polaritonic electromagnetic environment. A mean-field description
of the structured (spatially and temporally) hybrid light-matter polaritonic environment made
of the coupled cavity modes and the molecular ensemble is thus clearly needed and probably
is a crucial ingredient to include into the description of RET in polaritonic chemistry. The the-
ory in this direction is still in its infancy and I see it as a motivating path and a challenge
for my future research to look for such surprising and rich effects, when chemistry meets
physics inside optical Fabry-Pérot cavities. Whether this approach is successful or not for
this goal is still not known and of no true importance: what matters is "the beauty and the
knowledge acquired when walking along that path"...
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Chapter 3

Chirality and dimensionality in the
ultrastrong light-matter coupling
regime

3.1 Introduction

Figure 3.1: d) Scheme of an optical Fabry-Pérot cavity made of a layer of Spiropyran
molecules (SPI) sandwiched between two layers of silver mirrors. a) The SPI molecules
can undergo a photochemical reaction giving Merocyanine (MC) molecules. c) Absorption
spectrum of the MC form in red for molecules out of cavity. f) Same absorption spectrum in
green but for the MC embedded inside cavity which is resonant with theMC−MC∗ tran-
sition. Rabi split peaks appear due to the formation of polaritons. Adapted from Ref. [64].
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An ultra brief introduction to polaritonic chemistry. Polaritonic chemistry [42, 47]
is an emerging and dynamic field of research which aims at modulating physical properties
[123, 90] and chemical reactivity [64] of molecular ensembles or materials embedded inside an
electromagnetic cavity. This modulation occurs in the so-called light-matter strong-coupling
regime when a collective interaction mechanism between electronic or vibrational molec-
ular transitions and the quantum vacuum fluctuations of some resonant cavity mode takes
place and gets faster than the total dissipation rate of the cavity. This strong coupling
regime is characterized by the formation of hybrid light-matter states called polaritons [64,
35] which can be observed by measuring the collective vacuum Rabi splitting of the cavity
absorption signal (see Fig. 3.1 for a measurement performed in the electronic strong cou-
pling regime). However many points remain badly or only partially understood to explain
the observed experiments which are related to the necessity of including into the theo-
retical modeling of optical cavities "a certain degree of complexity" either related to the
chemical complexity of the molecular material or to the optical complexity in describing the
spatial structure of the cavity electromagnetic field. Both points are particularly salient when
dealing with chiroptical effects related to the intrinsic chirality of molecules embedded inside
cavity and its interplay with the spatial structure and polarization state of the cavity modes.

The issue of chirality in the light-matter interactions mechanism. Developing a
better understanding of chiral light-matter interactions appears to be an important issue
in order to design more precise spectroscopic tools for molecular [121], chemical [38, 54]
and biological [97, 88] sciences. This quest is however made difficult due to the intrinsically
weak intensity of chiroptical signals [28] and to the complexity andmulti-scale nature [32, 113]
of the related light-matter interaction process. Indeed, at the microscopic level, a description
of optical activity (OA) or circular dichroism (CD) in three dimensions involves a delicate
interference process between intrinsic molecular electronic or vibrational properties and
the spatial inhomogeneity of the local electromagnetic (EM) field [28, 80, 82, 116]. It is by
consequence crucial to describe the system "chiral material plus electromagnetic field" as a
whole [44, 4].

Chiral polaritonics. This problematic is at the heart of an emerging field of research
known as chiral polaritonics [11, 86] which aims at boosting chiroptical signals through
the onset of collective interaction mechanisms [42, 47] taking place in an engineered elec-
tromagnetic environment. A central question in this field is to investigate whether strong
coupling between light and matter could open new paths towardsmodification of the stere-
oselectivity of chemical reactions inside cavity, thus leading to an asymmetric polaritonic
chemistry. Unfortunately, one is confronted to the problem that inside a standard optical
Fabry-Pérot (FP) cavity, polarization reversal of the EM waves occurs at the interfaces with
the metallic mirrors [67]. This leads to no cavity-induced amplification of OA or CD signals
[94, 119, 112] despite a very large collective coupling strength [87]. The idea was thus pro-
posed to recycle the EM field helicity in so-called chiral FP cavities [122, 43, 119, 11, 86, 87,
12, 48, 21, 106] (see Fig. 3.2), thus leading to an imbalance of polarization content of the EM
field stored inside cavity and possibly enhanced chiroptical properties of the cavity [86, 87].
In parallel, the theoretical description of the above mentioned interplay between collective
light-matter strong coupling and chirality in such cavities is still in its infancy. There are
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Figure 3.2: a) Scheme of single-handedness optical Fabry-Pérot cavity for which spin-
preserving mirrors enable to recycle the helicity of the electromagnetic waves inside the
cavity. The left handed or right handed circular polarization content of the electromagnetic
energy stored inside cavity is thus imbalanced close to some spin-preserving frequency.
Adapted from Ref. [119]. b) Differential circular dichroism (DCT) signal for such a cavity
computed as a function of cavity length and frequency. Close to the spin-preserving fre-
quency of the mirrors, the DCT chiroptical signal is enhanced significantly, thus realizing
a chiral Fabry-Pérot cavity. Adapted from our recent Ref. [86].

many recent efforts enabling to describe accurately either the EM field structure in the cav-
ity [119, 86, 87], or the molecular electronic and vibrational structure usingmixed quantum
electrodynamics approaches [116, 95] with ab initio quantum chemical methods [101, 109,
100]. Those works consider either three dimensional chiral cavities filled homogeneously
with an optically active material, or single to few molecules coupled to a spatially homo-
geneous and single quantum EM mode of the cavity. However, by their very approaches,
these works do not perceive one crucial aspect that is fundamental to the phenomenon of chi-
rality, namely the role played by dimensionality when looking at a chiral molecular system
embedded inside a given electromagnetic environment.

Problematic of the present chapter. We address in the present chapter the following
questions related to chiral light matter interactions but in a standard FP cavity with normal
metallic mirrors

1. What is the role of reducing dimensionality from dimension three (3D) to dimension
two (2D) of the coupled molecular system embedded inside cavity ?

2. How to deal with the spatial dispersion along the optical axis of the EM field structure
inside cavity, that is necessary to describe chiral signatures on optical properties of
the cavity ?

3. Is there some enantio-dependent shift of the cavity polaritonic spectra and how do they
depend on experimentally relevant parameters like the concentration of the chiral
molecules, the position of the 2D layer along the mode spatial profile or the intrinsic
molecular chirality ?
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We formulate a partial answer to those problems in three steps. We provide first a gen-
eral introduction to the physics of polaritons in optical cavities in Sec. 3.2: this shows how to
compute the polaritonic spectra andwhat is the effect of the unavoidable presence of inhomo-
geneous disorder in the material inside cavity. We then study in more detail the polaritonic
spectra including the peculiarities induced upon entering the ultrastrong coupling regime in
Sec. 3.3: an in-depth analysis is given of the polaritonic dispersion curves and an analogy is
developed between the underlying physical mechanism with an equivalent problem of classi-
cal Newtonian mechanics. We then investigate in Sec. 3.4 the chiral light matter interaction
mechanism emerging between a 2D layer of chiral molecules an the states of polarization of an
optical FP cavity. We provide an analytical scaling law of chiroptical polaritonic dispersions
that can be tested experimentally. On top of that, intertwining chirality with dimensionality
points towards a fundamental role played by topology. To unveil the underlying topological
structure of our quantum theory, we analyzed the analogous classical dynamics of the in-
teracting chiral light-matter system in its phase space. We show a one to one correspondence
between the enantio-dependent shifts of the predicted polaritonic spectra and the dynamics of
the equivalent classical trajectories exhibiting a modified anholonomy angle due to the onset
of gyrotropic coupling. Finally, a conclusion and some perspectives and open questions for
future research are given in the conclusion in Sec. 3.5. This work on chirality is mainly
the output of a collaboration with Cyriaque Genet (ISIS) that is part of the scientific work
I made during my one year visit in his laboratory. It is reported in our recent Ref. [6]. This
opens many doors to question our understanding of chiral light-matter interactions both
theoretically and experimentally.

3.2 Canonical model of polariton formation

In this section, we provide an introduction to the mechanism of polariton formation in
standard Fabry-Pérot cavities. This introduction is inspired by the pioneer work of Houdré
[63] whose beautiful paper introduced the general concepts that are necessary to grasp
and understand the effect of inhomogeneous broadening due to molecular disorder in po-
lariton physics. We provide here a personal derivation of those main physical concepts and
formulate them in such a way to be readily generalizable to a broader class of problems, for
instance for problems involving the coupling between a molecular ensemble and more than
one electromagnetic cavity mode. For that purpose, we first introduce the general descrip-
tion of the coupling between a distribution of molecules and a single optical cavity mode
in Sec. 3.2.1 and then provide the corresponding microscopic Hamiltonian in Sec. 3.2.2. In
order to simplify this problem and make it tractable analytically, the rotating-wave approx-
imation is introduced and justified in Sec. 3.2.3. The eigenspectrum of such Hamiltonian in
the strong coupling regime provides the desired polaritonic spectra: the former are obtained
as the multiple solutions of a non-linear secular equation written and solved in Sec. 3.2.4.
While an exact analytical solution is available for the case of an homogeneous coupling of
the molecules to the cavity mode as written in Subsec. 3.2.4, the case of inhomogeneous
coupling is more complex to treat. For that purpose, we introduce with some care a way
to define and treat the unavoidable energetic and orientational disorder of the molecular
ensemble. From those considerations, the crucial issue of the thermodynamic limit is tenta-
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tively discussed. This discussion about the thermodynamic limit is, we think, original to this
manuscript and remains on many aspects an open and lively problem in the field of molecular
polaritonics. Finally, the complete analysis of the polaritonic spectra in presence of such
inhomogeneous coupling of molecules to the cavity is provided.

3.2.1 Position of the problem

Figure 3.3: Sketch of a canonical Fabry-Pérot cavity of length L and with a cavity mode ωc

that is resonant or close to be resonant with the electronic transition∆ of cavity-embedded
molecules (red points).

We consider the paradigmaticmodel of Fabry-Pérot cavity shown schematically in Fig. 3.3.
This cavity is made of perfect metallic mirrors of length L and is filled with molecules (red
points) having an electronic transition frequency∆ between their ground and excited state.
The cavity is such that there is one cavity electromagnetic (EM) mode of frequency ωc (the
fundamental mode is shown as an example in Fig. 3.3) that is resonant or close to be reso-
nant with the electronic transition ωc ≈ ∆. We consider the typical experimental situation
in which the optical response of the cavity is probed by excitation of a weak incoming laser
signal at normal incidence. The resulting optical absorption spectrum is then measured and
reveals the energetics of the cavity optical excitations arising from the interaction between
the cavity EM field and the embedded molecules. We ask ourselves how to compute those
optical spectra. This is a complex problem that can be formulated in several ways. One way
is to model the cavity as a layered dielectric material with metallic mirrors of finite length
and a dielectric material standing for the continuous medium made by the molecules in-
side cavity. One then solves the classical Maxwell equations for the EM field and computes
the transmission, reflection and absorption signals of the cavity using transfer matrix ap-
proaches. We developed and used that fully classical approach in our recent Refs. [86, 87].
Another approach inspired from cavity quantum electrodynamics [58] is to build a full
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quantum mechanical microscopic description of the resonant cavity modes coupled to the
molecules inside cavity, the mirrors being incorporated as hard boundary conditions for
the EM field. One then obtains the desired optical spectrum as the eigenspectrum of the
Hamiltonian describing the cavity. The first approach provides a complete description of
the classical EM field structure inside and outside cavity but poorly describes the material
response inside. The second approach instead describes accurately the quantum mechani-
cal properties of the molecules coupled to a single quantum cavity mode, but neglects the
spatial structure as well as the dispersive and multimode nature of the EM field inside cav-
ity. It would be very interesting to mix both approaches in order to retain the desirable level
of "optical complexity" in the description of both the EM field and material inside cavity but
this problem would in general result in non-tractable or very hard problems to solve. We thus
chose in this section to follow the Hamiltonian formulation of light-matter interactions in-
side cavity within the simplest possible model, adding optical complexity to the theoretical
modeling when this will be necessary to describe a given physical question.

Open question. Given the paradigmatic and simplest theoretical model sketched in Fig. 3.3,
we ask ourselves how to compute the eigenspectrum of the microscopic Hamiltonian describing
the problem of molecules coupled quantum mechanically to the cavity EM field.

3.2.2 Microscopic Hamiltonian of the Fabry-Pérot cavity

Homogeneous Hamiltonian. Wewrite the homogeneous Hamiltonian Ĥ(hom) describ-
ing light-matter interactions at the quantum level between a single EM cavity-mode and a
distribution of N identical molecules as

Ĥ(hom) = ℏωc

(
a†a+

1

2

)
+ ℏ

∆

2

N∑
i=1

(
c†eicei − c

†
gicgi

)

− iℏg
(
a− a†

) N∑
i=1

(
c†eicgi + c†gicei

)
+ ℏ

g2

ωc

∣∣∣∣∣
N∑
i=1

(
c†eicgi + c†gicei

)∣∣∣∣∣
2

, (3.1)

with c†ei (c
†
gi) a fermionic creation operator putting the molecule number i into its electronic

excited (ground) state and g the homogeneous electric-dipole coupling constant between
molecule i and the cavity-mode. The first term stands for the Hamiltonian describing the
single cavity mode of frequency ωc. The second one describes the population of molecules
inside cavity that we consider to be approximated by N identical two-level systems of fre-
quency ∆. The third term is the standard light-matter electric dipole interaction term with
g the homogeneous electric-dipole coupling constant between molecule i and the cavity-
mode. The last term is the self-dipole interaction term that was shown to be necessary to
ensure gauge invariance and the existence of a finite ground-state energy for the coupled system
in the ultrastrong light-matter coupling regime [101, 109]. We note that this homogeneous
Hamiltonian holds under the following assumptions

1. We suppose that there is only one cavity mode of frequency ωc that couples to iden-
tical molecules and we suppose the EM field is spatially homogeneous.
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2. Each molecule is embedded inside a mode volume in which it couples in the same
way to the cavity-mode with coupling strength g.

3. The electric dipole approximation is made for which the spatial variation of the electric
field is neglected on the size of the molecular orbitals, leading to an homogeneous and
coherent light-matter coupling.

4. We neglect losses due to finite reflectivity of the cavity mirrors or direct spontaneous
emission of the molecules to the cavity structured electromagnetic bath.

5. We do not describe accurately the multilevel electronic structure of the molecule nor
effects related to its vibrational structure or to electron-electronCoulomb interactions
between the molecules.

Inhomogeneous Hamiltonian. All those assumptions at the origin the homogeneous
Hamiltonian model in Eq. 3.1 can be questionable to describe the physical problem of
Fig. 3.3. The simplest hypothesis to relax is the homogeneity assumption, namely to con-
sider that each molecule imay be embedded inside a slightly different fluctuating local elec-
trostatic environment at the origin of a shifted electronic transition frequency∆i = ∆+ εi.
A different coupling strength gi between this molecule and the cavity mode also arises
due to either the spatial dependence of the cavity mode electromagnetic field or to molecular
orientations fluctuating from place to place in the cavity. This leads to the inhomogeneous
Hamiltonian Ĥ(inhom) taking into account both local energetic disorder and off-diagonal ori-
entational disorder for the light-matter interaction problem

Ĥ(inhom) = ℏωc

(
a†a+

1

2

)
+ ℏ

N∑
i=1

∆+ εi
2

(
c†eicei − c

†
gicgi

)

− iℏ
(
a− a†

) N∑
i=1

gi

(
c†eicgi + c†gicei

)
+ ℏ

1

ωc

∣∣∣∣∣
N∑
i=1

gi

(
c†eicgi + c†gicei

)∣∣∣∣∣
2

.(3.2)

Open problem. In general the exact eigenspectrum of Ĥ(inhom) is not known, either due the
energetic and orientational disorder or to the anharmonic nature of the light-matter interaction.
We thus need approximate methods to derive the spectrum of light-matter excitations.

3.2.3 Projected Hamiltonian in the single-photon excitation sector

Rotating-wave approximation. We simplify the inhomogeneousHamiltonian in Eq. 3.2
by doing the rotating-wave approximation (RWA) obtaining

Ĥ(RWA) = ℏωc

(
a†a+

1

2

)
+ ℏ

N∑
i=1

∆+ εi
2

(
c†eicei − c

†
gicgi

)
− iℏ

N∑
i=1

gi

(
ac†eicgi − c

†
giceia

†
)
. (3.3)
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Figure 3.4: Left: Connectivity graph of the Hamiltonianwritten in Eq. 3.10. The cavitymode
of frequency ωc is shown as a blue circle while the N molecules of transition frequencies
∆ + εi are shown as black circles. The light-matter couplings gi are pictured as red links.
Right: Graph of the renormalized optical mode frequency ω̃c(ω) = ωc+ΣN(ω) after tracing
out the excitonic bath degrees of freedom (thick blue circle). Unpublished Fig.

This approximation is valid within the following assumptions

1. The cavity frequency ωc is close to resonance with the molecular transition∆ so that
in the rotated frame (rotating at angular frequency ωc) one neglects fast oscillating
terms at frequency ωc compared to static or quasi-static ones: this amounts to keep
in the dipole interaction Hamiltonian only terms that conserve the total energy of
the system. The former terms are those in which a cavity photon is destroyed and ab-
sorbed by one molecule, or a cavity photon is created and emitted from one of the excited
molecule.

2. One neglects the self-dipole interaction terms which are of typical relative lower or-
der max(gi)/ωc ≪ 1 compared to the rotating terms in the dipole interaction term.

Both conditions of throwing out the counter-rotating terms in the dipole interaction term
and of neglecting the self-dipole interaction term are consistent and well justified for cou-
pling strengthsmax(gi)≪ ωc. Hence the Hamiltonian in Eq. 3.3 describes well the excitation
spectrum for light-matter coupling strengths that are smaller than the cavity frequency thus
out of the so-called ultrastrong coupling regime, but which can still be much larger than the to-
tal dissipation rate due to the cavity andmaterial losses thus in the strong (but not ultrastrong!)
coupling regime.

Projection onto the single-photon excitation sector. In this paragraph, we derive an
algebraic approach to compute the polaritonic excitation spectrum from the Ĥ(RWA) Hamil-
tonian projected onto the low-energy single-photon and single molecular-exciton sector.
This additional approximation is valid for weak average number of photons populating the
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cavity mode
〈
a†a
〉
≪ 1 and a low density of electronic excitations

∑N
i=1

〈
c†eicei

〉
≪ N .

This the case if the cavity is not driven or the damping the cavity is sufficiently large to
bring back the cavity close to its vacuum ground state. When this condition is fulfilled, we
look for eigenvectors |λ⟩ of Ĥ(RWA) in the form

|λ⟩ = ac |G; 1c⟩+
N∑
j=1

bj |(ej); 0c⟩ , (3.4)

with the basis of manybody light-matter states written

|G; 0c⟩ = |g1 · · · gN⟩ ⊗ |0c⟩ , (3.5)
|G; 1c⟩ = a† |G; 0c⟩ = |g1 · · · gN⟩ ⊗ |1c⟩ (3.6)
|(ei); 0c⟩ = b†i |G; 0c⟩ = |g1 · · · gi−1(ei)gi+1 · · · gN⟩ ⊗ |0c⟩ . (3.7)

The excitation spectrum in the single-photon sector of the truncated Hamiltonian Ĥ(RWA)

is then solution of the following linear system of equations

λac = ωcac +
N∑
j=1

g∗j bj , (3.8)

λbj = (∆ + εj)bj + gjac . (3.9)

which can be written as an eigenvalue problem for the effective matrixH(1) written in this
basis

H(1) = ℏ


ωc ig1 ig2 ig3 · · · igN
−ig1 ∆+ ε1 0 0 · · · 0
−ig2 0 ∆ + ε2 0 · · · 0
−ig3 0 0 ∆ + ε3 · · · 0
· · · · · · · · · · · · · · · · · ·
−igN 0 0 0 · · · ∆+ εN

 . (3.10)

This effective Hamiltonian can be represented by a graph of interactions shown in Fig. 3.4-left)
with a star connectivity, the cavity mode being coupled to all molecules in the ensemble.

Tracing out the excitonic bath. The linear equation Eq. 3.9 enables to eliminate explic-
itly the bj excitonic degree of freedom, expressed as

bj =
gj

λ− (∆ + εj)
ac , (3.11)

thus leading to the following secular equation for the unknown eigenvalue λ ≡ µ + ∆
given by

µ− δc = ΣN(µ) , (3.12)

ΣN(µ) =
N∑
j=1

|gj|2

µ− εj
, (3.13)
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where we introduced δc = ωc − ∆ the cavity mode detuning frequency and ΣN(µ) the
self-energy depending on the unknown eigenvalue µ that renormalizes the bare cavity fre-
quency ωc. This tracing out of the exciton bath degree of freedom that results in a renormaliza-
tion of ωc is shown in Fig. 3.4-right). Formally, the solution of the secular equation Eq. 3.12
provides the expected polariton spectrum of the cavity.

3.2.4 Effect of disorder on the polariton spectra

Polaritons in the homogeneous case

We consider the homogeneous case for which gj = g and εj = 0 for all molecule j. This
corresponds to identical molecules without energetic and orientational disorder that are cou-
pled to the same cavity mode. The secular equations Eqs. 3.12,3.13 can be solved exactly,
providing the excitation spectra as

λη=±(δc) = ∆ +
δc
2
+ η

ΩR(δc)

2
, (3.14)

ΩR(δc) = 2

√
Ng2 +

(
δc
2

)2

. (3.15)

There are thus two branches of solutions: a lower polariton (LP) branch λ− and a upper
polariton (UP) branch λ+ that are splitted by the collective vacuum Rabi splitting ΩR(δc).
At resonance δc = 0 we obtain for the excitation spectra and corresponding eigenstates

λresη=± = ∆+ η
Ωres

R

2
, (3.16)

Ωres
R = 2g

√
N , (3.17)

|λ⟩resη =
1√
2

{
|G, 1c⟩+

η√
N

N∑
j=1

|(ej), 0c⟩

}
. (3.18)

Hence the eigenstates written in Eq. 3.18 are collective and hybrid light-matter excitations
called polaritons that have a component that is delocalized on the molecular ensemble. The
collective Rabi splitting is scaling with the square root of molecular concentration in the en-
semble [58]. We show in Fig. 3.6 those polaritonic branches at resonance as dashed red
(blue) lines corresponding to the UP (LP) branches. It is interesting to notice that the LP
and UP branches written in Eq. 3.16 can be obtain as the solution of an analogous prob-
lem of two coupled oscillators: one which is the cavity oscillator of frequency ωc and the
other the collective exciton oscillator of frequency ∆, the coupling between them being
the collective coupling g

√
N . In other words the LP and UP polaritons in rotating wave

approximation could be obtained as the eigenmodes of the following effective Hamiltonian
H(2−modes) written as

H(2−modes) = ℏ
[

ωc ig
√
N

−ig
√
N ∆

]
. (3.19)

It is then physically clear that the emergence of Rabi split LP and UP in in Eq. 3.18 can be
interpreted as the anti-crossing between two coupled oscillators. We leave the justification

– 80 –



and further physical interpretation of those spectra for the next section Sec. 3.3.3. We note
that there is no threshold for the appearance of the splitting: this is an artifact of our model
which neglects dissipation in the cavity. Dissipation can be included in a phenomenological
way by adding a non-hermitian contribution to H(2−modes) in Eq. 3.19. We also remark
that we recover the standard single-photon excitation spectra of the paradigmatic Tavis-
Cummings model in quantum optics [115].

Disorder and orientational averaging in the inhomogeneous case

We now consider the general case where onsite energetic disorder and orientational disor-
der are both present. In this paragraph, we define a precise way to perform ensemble averages
on the configurations of molecular energetic disorder and orientational disorders. For that
purpose, we consider a general function f

(
{εj,Ωj}j∈[|1,N |]

)
of the distribution of molec-

ular exciton energies εj and orientation angles Ωj ≡ {θj, ψj, ϕj} with the Euler angles
(θj, ψj, ϕj) ∈ [0, π]× [0, 2π[×[0, 2π[ giving the direction of the electric transition dipole of
molecule j. We define the disorder and orientational average

〈
f
(
{εj,Ωj}j

)〉
Ω,W

of the
f-function as〈
f
(
{εj,Ωj}j

)〉
Ω,W

=
N∏
j=1

∫ W

−W

dεj
2W

∫ π

0

dθj
8π2

sin(θj)

∫ 2π

0

dψj

∫ 2π

0

dϕjf
(
{εj,Ωj}j

)
.

(3.20)

In Eq. 3.20, we made the following assumptions that

1. The distribution of onsite energetic disorder and molecular orientation disorder are in-
dependent.

2. The distribution of both molecular disorder and orientations are spatially uncorrelated
and independent from molecule to molecule.

3. The random onsite energy εj varying from molecule to molecule is equally distributed
in the range [−W,W ]withW the disorder strength, thus realizing an Anderson-type
of disorder.

4. The system is supposed to be isotropic, namely each choice of random solid angle is
equiprobable.

This choice of averaging enables to simplify the calculation of disorder and orientational av-
erages. In particular the average in the case where f

(
{εj,Ωj}j

)
= f1

(
{εj}j

)
f2

(
{Ωj}j

)
can be obtained as a factorized expression〈

f
(
{εj,Ωj}j

)〉
Ω,W

=
〈
f1

(
{εj}j

)〉
W

〈
f2

(
{Ωj}j

)〉
Ω
, (3.21)

with
〈
f1

(
{εj}j

)〉
W

the average performed on onsite disorder for the f1-function and〈
f2

(
{Ωj}j

)〉
Ω
the average performed on molecular orientations for the f2-function. The
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latter assumptions on disorder can be generalized to any kind of spatially correlated disorder
at the prize of an harder or even impossible analytical calculation of the averaged f-function !

Issue of the thermodynamic limit

  

Unstable UnstableStable

Figure 3.5: Graphical solutions (black dots) of the secular Eqs 3.34,3.35. We find here two
stable solutions u± and one unstable solution uI . Unpublished Fig.

Problematic of the thermodynamic limit. In this section, we want to investigate the
behavior of the polaritonic spectra for the inhomogeneous molecular systems in the ther-
modynamic limit N → +∞, V → +∞ but N/V finite. This is a subtle question which up
to the present day, did not received a completely satisfactory answer in the field of polaritonic
chemistry. To make some progress towards this goal, we propose to investigate the behav-
ior of the solution of the secular equations Eqs. 3.12,3.13 derived in the previous Sec. 3.2.3
after performing disorder and orientational average on the self-energy ⟨ΣN(µ)⟩Ω,W in the
limit N → ∞. This procedure is ambiguous because there are at least two ways of defining
this limit depending on the order that is chosen to perform the disorder and orientational
averaging or the limit N →∞. We introduce consistently two quantities

⟨Σ(µ)⟩1 = lim
N→+∞

〈
N∑
j=1

|gj|2

µ− εj

〉
Ω,W

, (3.22)

⟨Σ(µ)⟩2 =

〈
lim

N→+∞

N∑
j=1

|gj|2

µ− εj

〉
Ω,W

. (3.23)

The study of the thermodynamic limit thus amounts to analyze mathematically the conver-
gence properties with respect to N of both series in Eq. 3.22,3.23 and if the N →∞ limit and
the ⟨· · · ⟩Ω,W average can be permuted or not. We anticipate the following possible situation
for which

⟨Σ(µ)⟩1 ̸= ⟨Σ(µ)⟩2 , (3.24)
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namely the large N-limit does not commute with the spatial averaging resulting in a difference
between both approaches to the thermodynamic limit. Similar analysis of a phase-transition
when approaching the macroscopic limit were investigated in mesoscopic physics by Pastawski
[92]. A sufficient condition for having equality between both averages happens when both
series in Eq. 3.22,3.23 converge absolutely (uniform convergence) so that one can permute
the large N-limit with the spatial averages. We show in the next paragraph when this is the
case.

Convergence of the self-energy series. Using the assumptions of Sec. 3.2.4 for the
spatially uncorrelated energetic and orientational disorders, we can write the following
explicit expressions for the average self-energies

⟨Σ(µ)⟩1 = lim
N→+∞

N
〈
g2
〉
Ω

N∑
p=0

⟨ε2p⟩W
µ2p+1

, (3.25)

⟨Σ(µ)⟩2 = N
〈
g2
〉
Ω

〈
1

µ− ε

〉
W

, (3.26)

with 2
√
N ⟨g2⟩Ω the "macroscopic" or spatially coarsed grained collective Vacuum Rabi Split-

ting that recovers the expression given by Eq. 3.17 in the homogeneous case. The moments
of the Anderson probability distribution in Eq. 3.25 are readily obtained as〈

ε2p+1
〉
W

= 0 , (3.27)〈
ε2p
〉
W

=
W 2p

2p+ 1
, (3.28)

which after a direct calculation provide the final expressions of the average self-energies

⟨Σ(µ)⟩1 =
N ⟨g2⟩Ω
W

arctanh
(
W

µ

)
; ∀W < |µ| , (3.29)

⟨Σ(µ)⟩2 =
N ⟨g2⟩Ω
2W

{
ln

∣∣∣∣µ+W

µ−W

∣∣∣∣− iπRectµ [−W,W ]

}
; ∀µ ∈ R\ {−W,W} .

(3.30)

Those analytical expressions are remarkable since they enable a complete analysis of the series
convergence. We find that the positive series ⟨Σ(µ)⟩1 in Eq. 3.25 is convergent and thus ab-
solutely convergent forW/|µ| < 1 and divergent forW/|µ| > 1. Its radius of convergence
is thus |µ| = W . The series ⟨Σ(µ)⟩2 in Eq. 3.30 is also well defined for W/|µ| < 1: as
expected, inside the radius of convergency both self-energies do coincide ⟨Σ(µ)⟩1 = ⟨Σ(µ)⟩2.
However, in contrast to ⟨Σ(µ)⟩1 which diverges out of its radius of convergency, we find
that the self-energy ⟨Σ(µ)⟩2 stays well defined and acquires a finite imaginary part. The
latter phenomenon is assigned to an emergent and finite lifetime τd(λ) acquired by polari-
tonic excitations in the thermodynamic limit, due to the coupling to the disordered molecular
excitonic bath

1

τd(µ)
≡ −Im (⟨Σ(µ)⟩2) = π

N ⟨g2⟩Ω
2W

Rectµ [−W,W ] . (3.31)
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The interpretation of the finite lifetime is the following. The Hamiltonian matrix in Eq. 3.10
is characterized byN +1 eigenvalues. In absence of disorder, two of those eigenvalues are
the LP and UP polariton excitations located at energies given by Eq. 3.14. But there remains
N − 1 dark states that are orthogonal to the LP and UP that are located at energy ∆. Due
to disorder, those dark states get split into a distribution ofN −1 states of widthW around
the average exciton energy∆. In the thermodynamic limitN → +∞, this band becomes a
continuum of states forming an excitonic bath. The polaritons falling inside this band acquire
a finite lifetime due to inhomogeneous broadening by disorder which is given by Fermi Golden
Rule (in units ℏ = 1)

1

τd(µ)
= 2π

〈
g2
〉
Ω
⟨ρ(µ)⟩W , (3.32)

⟨ρ(µ)⟩W =
N

2W
Rectµ [−W,W ] , (3.33)

with ⟨ρ(λ)⟩W the averaged density of states of the dark-states excitonic bath. Outside the
miniband of dark states, there is no density of states so that the broadening of states vanishes:
this explains the existence of a threshold behavior as resulting from both the thermodynamic
limit (necessary to induce a continuum of states at the origin of irreversibility) and the specific
nature of disorder (the fact that there is an energy cutoffW in the disorder strength and thus
in the density of states). We note that the finite lifetime cannot be obtained by truncating
the series ⟨Σ(λ)⟩1 at any fixed order N (even very large!). It is found as the analytical
continuation of the series out of its radius of convergency with a sign of its imaginary part
associated to the retarded response of the medium.

Polaritons in the inhomogeneous case

In this paragraph, we look for the solution of the secular Eq. 3.12 with the expression of
the averaged self-energy in the thermodynamic limit given by Eq. 3.30. In general, complex
solutions are to be searched in the form µ = µ′ + iµ′′ thus giving two real equations

1

u
− δ̃c =

Ω̃2

2
ln

∣∣∣∣1 + u

1− u

∣∣∣∣ , (3.34)

−µ′′ =
1

τd(µ′)
, (3.35)

with

u =
W

µ′ ; δ̃c =
δc
W

; Ω̃2 =
N ⟨g2⟩Ω
W 2

. (3.36)

We note that Eq. 3.34 is a non-linear and transcendental equation: it thus cannot be solved
explicitly analytically. We thus resort to a graphical solution shown in Fig.3.5 for a normal-
ized detuning δ̃c = 0.5 and coupling strength Ω̃2 = 2.0. In this range of parameters, we find
two stable solutions u± with infinite lifetime λ′′± = 0 corresponding to the UP u+ and LP
u− branches. In this case there is no disorder-induced inhomogeneous broadening of the po-
laritons, even if the disorder-strength is quite large: this is consistent with the pioneer work
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Figure 3.6: Polaritonic excitations computed from numerical solution of the transcendental
Eq. 3.34, as a functions of the light-matter coupling strength g

√
N . At resonance δc =

0, we find two stable solutions corresponding to the LP (plain blue) and UP (plain red)
excitations. Two unstable solutions are also found and shown as dotted curves. The yellow
points are the result of numerical diagonalization of the Hamiltonian written in Eq. 3.10 for
fixed a number N = 100 molecules and one configuration of energetic Anderson disorder.
Parameters are: ∆ = ωc = 1.0,W = 0.2, N = 100. Unpublished Fig.

of Houdré et al. [63] that reports an homogeneous linewidth for the LP and UP at finite N
values despite the presence of disorder. Those solutions of the secular equation in the range
of parameters for which

∣∣µ′
±
∣∣ > W , correspond to polaritons located out of the miniband

of dark-states. We also find one additional unstable solution uI with finite lifetime µ′′
I ̸= 0

for which |µ′
I | < W , namely when the collective excitation falls inside the dark-state mini-

band. The former solution acquires a large inhomogenous broadening and the UP and LP get
"diluted" in the disordered dark-state manifold. There is thus a threshold behavior character-
izing the thermodynamic limit that is similar to a phase transition. This threshold behavior
could not be obtained in Ref.[63] because of the performed truncation at finite number N
of molecules. Finally, we show in Fig.3.6, the polaritonic excitation spectrum computed
from numerical solution of the transcendental Eq. 3.34 as a function of light-matter cou-
pling strength g

√
N . At resonance δc = 0, we find two stable solutions corresponding to

the LP (plain blue) and UP (plain red) excitations. Two unstable solutions are also found
and shown as dotted curves. The stable solutions of the secular equation Eq. 3.34 do match
very well with the results of the full numerical diagonalization of the Hamiltonian with a
finite number N = 100 of molecules (yellow points). Inside the band we see that the polari-
ton branches are not stable and are expelled out of it, namely they are pushed at the frontier of
the radius of convergency of the self-energy series in Eq. 3.29. We note that recent theoretical
papers appeared that discuss the spectral properties of such inhomogeneous models [85],
which, to our point of view, are still not completely understood.

Open questions. The reasoning we made about the thermodynamic limit and the van-
ishing of the inhomogeneous broadening of polaritons due to disorder in Eq. 3.31 has some
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limitations. In particular, the fact that the polariton excitation out of the mini-band of dark
states does not have any additional inhomogeneous linewidth is due to our particular model
of disorder that is finite range in energy. A Gaussian disorder or any kind of model of disor-
der without finite support would lead to a finite (even very weak) additional broadening of
the polaritons. Finally, we remark that in taking the thermodynamic limit, one has to take
into account the finite coherent length of the molecular aggregate that is coupled to the cavity
mode. It is still an open but crucial question in the field of polaritonic chemistry to define a
precise and quantitative way to perform this limit.

3.3 A jump into the ultrastrong coupling regime

In this section we investigate the physics of polariton formation in the electronic ultra-
strong coupling regime, namely when the light-matter coupling strength gets of the same
order as the cavity mode frequency. For that purpose, we develop in Sec. 3.3.1 a variational
approach to compute the polariton spectra that includes multi-photon effects. The former
approach is compared to a bosonization method to get the polaritonic spectra as presented
in Sec. 3.3.2. This amounts to solve non-perturbatively an equivalent problem of coupled
quantum mechanical oscillators, as was first proposed by Hopfield in his pioneer work de-
scribing excitons in solids Ref. [62]. An exact analytical solution to this problem is derived
in Sec. 3.3.3 after proposing a mapping of the Hopfield polariton problem to an equivalent
model of classical mechanics in which a mass-weighted fictitious particle is coupled to an ex-
ternal effective magnetic field in a two dimensional harmonic trap. This mapping is original
to this work and, to our knowledge, was not completely noticed in the field of molecular
polaritonics. We finally analyze in Sec. 3.3.4 the peculiarities of the polaritonic spectra de-
veloping in the ultrastrong coupling regime, recovering early theoretical results of Ciuti et
al. in Ref. [25] and experimental ones by George et al. in Ref. [50].

3.3.1 A variational approach to the polariton problem

Problematic. We come back to the polaritonic problem described by the homogeneous
Hamiltonian written in Sec. 3.2.2 in Eq. 3.1. We aim at improving the rotating-wave ap-
proximation made in Sec. 3.2.3 in order to explore the electronic ultrastrong coupling regime,
first in the case where no molecular disorder nor spatial inhomogeneities of the field are in-
volved. Indeed, upon increasing the coupling strength g towards values close to the cavity
mode frequency ωc, one cannot anymore neglect the counter-rotating and the self-dipole
interaction terms to the light-matter interaction mechanism which are both of the same
non-negligible order g2/ωc: one thus need to include all the terms in the Hamiltonian writ-
ten in Eq. 3.1. The brute force calculation of the eigenspectrum for the Hamiltonian Ĥ(hom) is
not possible for any value of N , since the size of the Hilbert space describing the states of the
system increases exponentially with the numberN of molecules. We thus are doomed to pro-
pose reasonable and hopefully not uncontrolled approximations to compute the polaritonic
excitation spectrum.
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Including the multiple-photon excitations. In this section, we propose a variational
approach to solve for the polaritonic spectra. Compared to Sec. 3.2.3, we keep the condi-
tion of low density of electronic excitations

∑N
i=1

〈
c†eicei

〉
≪ N , but relax the condition

of having a low number of photons populating the cavity mode, namely in the ultrastrong
coupling regime, we allow the molecular system to couple to virtual transitions with an arbi-
trary number of photons populating the cavity mode. We thus propose the following trial
manybody wavefunction improving the previous expansion of Eq. 3.4

|λ⟩ =

Nph∑
nc=0

{
anc |G;nc⟩+

N∑
j=1

bj;nc |(ej);nc⟩

}
, (3.37)

with |nc⟩ ≡ a†n√
n!
|0c⟩ the number state containing nc photons in the cavity mode and Nph

the maximum number of photon occupation that will be varied up to convergence of the
computed spectra. We note that this approach is the starting point of a more systematic
variational approach that would include higher-order molecular excited states into its descrip-
tion: clearly here, since we only kept single molecular excitons in the wave-function while
any multiple photon excitation is included, this approach is not fully consistent in the way
it treats light and matter in the interaction mechanism. It has however the good prop-
erty of being quite straightforward to solve numerically. We thus proceed by project-
ing and truncating the Hamiltonian Ĥ(hom) written in Eq. 3.1 on the basis of manybody
states {|G;nc⟩ , |(ei);nc⟩}nc∈[|0,Nph|]. We obtain the following tri-diagonal-per-bloc matrix

H(Nph) of size [(N + 1)(Nph + 1)]× [(N + 1)(Nph + 1)] which improves on the Hamilto-
nian matrix H(1) truncated in the single-photon sector in Eq. 3.10

H(Nph) =



H0 V 0 0 · · · 0

V † H0 + ℏωcId V
√
2 0 · · · 0

0 V †
√
2 H0 + 2ℏωcId V

√
3 0 · · ·

0 0 V †
√
3 H0 + 3ℏωcId · · · 0

· · · · · · 0 · · · · · · V
√
Nph

0 0 · · · 0 V
√
Nph H0 +NphℏωcId

 .

(3.38)

We introduced H0 the molecular matrix of size (N + 1)× (N + 1)

H0 = ℏ



ωgs 0 0 0 · · · 0

0 ωgs +∆ 2 g2

ωc
2 g2

ωc
· · · 2 g2

ωc

0 2 g2

ωc
ωgs +∆ 2 g2

ωc
· · · 2 g2

ωc

0 2 g2

ωc
2 g2

ωc
ωgs +∆ · · · 2 g2

ωc

· · · · · · · · · · · · · · · · · ·
0 2 g2

ωc
2 g2

ωc
2 g2

ωc
· · · ωgs +∆


, (3.39)

(3.40)

with the energy ωgs defined as

ℏωgs = ℏ
ωc −N∆

2
+Nℏ

g2

ωc

. (3.41)
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The light-matter coupling matrix V of size (N + 1)× (N + 1) is written

V = −iℏg


0 1 1 1 · · · 1
1 0 0 0 · · · 0
1 0 0 0 · · · 0
1 0 0 0 · · · 0
· · · · · · · · · · · · · · · · · ·
1 0 0 0 · · · 0

 . (3.42)

(3.43)
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Figure 3.7: Spectrum of eigenstates (relative the ground-state) of the H(Nph) Hamiltonian
matrix containing multi-photon processes(see Eq. 3.38) as a function of cavity frequency
ωc. Numerical eigenvalues are presented as yellow points, while the plain curves are those
given by analytic formula in Eq. for the polaritons computed in the harmonic approxi-
mation of Sec.. Parameters are ∆ = 1.0, ΩR(ωc = ∆) = 0.4, N = 100 molecules, and
Nph = 10. Unpublished Fig.

Polaritons with multi-photon excitations. We compute numerically the eigenspec-
trumof theH(Nph)Hamiltonianmatrix containingmulti-photon processeswritten in Eq. 3.38.
We show the excitation spectra (relative to the ground state) as yellow points in Fig. 3.7 for
the case N = 100 and Nph = 10 for which the eigenvalues in the low-energy sector have
converged in the chosen range of parameters. This spectrum is quite complicated to ana-
lyze. It includes both collective polariton and dark state polariton excitations, as well as higher
energy multi-photon polariton excitations that are an hallmark of the strong coupling regime:
they introduce essential anharmonic features in the polariton problem. We let the analysis
and interpretation of such spectra to the next section.

3.3.2 A bosonization of the polariton problem

Problematic. In this section, we come back to the original eigenvalue problem associated
to the homogeneous Hamiltonian in Eq. 3.1. Compared to the previous Sec. 3.3.1, instead of
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postulating an approximate variational solution to this problem, we hereby propose an analo-
gous but simpler approximate Hamiltonian problem that we are able to solve exactly.

Bosonization of thehomogeneousHamiltonian. For that purpose, we start by rewrit-
ing the Ĥ(hom) Hamiltonian in the equivalent form

Ĥ(hom) = ℏωc

(
a†a+

1

2

)
+ ℏ∆

N∑
i=1

(
c†eicei − c

†
gicgi

)
− iℏΩR

(
a− a†

) (
B +B†)+ ℏD

(
B +B†)2 , (3.44)

where we introduced the fully symmetric collective molecular exciton destruction operator

B =
1√
N

N∑
i=1

bi , (3.45)

with bi ≡ c†eicgi the destruction operator of a single molecular exciton on molecule i. We
also introduced in Eq. 3.44 the collective Rabi frequency ΩR due to electric-dipole interac-
tions and the self-dipole interaction term D expressed respectively as

ΩR = g
√
N ≡ ωP

2

√
ωc

∆
, (3.46)

D =
ω2
P

4∆
, (3.47)

with ωP the typical plasma frequency of the intracavity medium. We note that the bi op-
erator shares some analogy with a bosonic operator, but is not strictly speaking a boson,
since it does not fulfill the proper bosonic commutation relations[

bi, b
†
j

]
= δij

(
Îdi − 2c†eicei

)
. (3.48)

Upon exchange of two excitons, there is an additional exchange-interaction to pay that
is proportional to the number of excitations on molecule i. We thus prefer to talk about
composite boson excitations instead of bosonic excitations for describing that exciton. The
commutation relations of the collective B operator in Eq. 3.45 follows directly

[
B,B†] = δij

(
Îd− 2

N

N∑
i=1

c†eicei

)
. (3.49)

The quasi-bosonic nature of the B-operator appears in the regime of low density of elec-
tronic excitations

∑N
i=1

〈
c†eicei

〉
≪ N for which the second part of Eq. 3.49 can be ne-

glected. We thus make the following harmonic approximation, for which we write an analo-
gous Hamiltonian Ĥ(hom)

bos made of an ensemble of N coupled harmonic oscillators describing
approximately the physics of the electronic strong coupling problem in the limit of low density
electronic excitons in the ensemble

Ĥ
(hom)
bos = ℏωc

(
a†a+

1

2

)
+ ℏ∆

N∑
i=1

(
b†ibi +

1

2

)
− iℏΩR

(
a− a†

) (
B +B†)+ ℏD

(
B +B†)2 . (3.50)
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The spectrum of this Hamiltonian can be found exactly. However we note that the original
Hamiltonian Ĥ(hom) in Eq. 3.44 is not harmonic due to the presence of the two level systems. The
presence of anharmonicities in the light-matter interaction problem makes the former harder
to solve.

Bogoliubov transformation. The Hamiltonian Ĥ(hom)
bos in Eq. 3.50 being quadratic in the

bosonic operators a and bi, it can be diagonalized exactly. This amounts to find the new
eigenmodes of the coupled harmonic oscillator problem by doing a Bogoliubov transfor-
mation, as was done for similar problems in Refs. [62, 50, 25]). We thus look for eigenmode
bosonic operators of the form

χs = αa+ βB + γa† + δB† , (3.51)

that are linear combination of the initial creation and destruction operators. By construc-
tion, those operators should fulfill the following conditions[

χs, χ
†
s

]
= 1 , (3.52)

ωχs =
1

ℏ

[
χs, Ĥ

(hom)
bos

]
. (3.53)

The equation Eq. 3.52 is a commutation rule expressing the fact that the χ†
s operator is an op-

erator that creates a bosonic collective excitation (polariton), and the equation Eq. 3.53 is the
condition that this χs excitation is an eigenmode in Heisenberg representation for the Hamil-
tonian Ĥ(hom)

bos . We now introduce the vector of operators Â =
[
a,B, a†, B†] and the un-

known vector of Hopfield coefficients C = [α, β, γ, δ] from which, Eq. 3.51 can be written
χs = Â

t
· C . Using this notation, the spectrum of polariton collective excitations can be

found from Eqs. 3.52,3.53 as the solution of the following linear eigenvalue problem

C† · g · C = 1 , (3.54)

ωÂ
t
· C = Â

t
· H · C , (3.55)

with the g metric andH Hopfield-matrix respectively given by

g = diag (1, 1,−1,−1) , (3.56)

H =


ωc −iΩR 0 iΩR

iΩR ∆+ 2D iΩR −2D
0 iΩR −ωc −iΩR

iΩR 2D iΩR −∆− 2D

 . (3.57)

The Hopfield-matrix H in Eq. 3.57 can be diagonalized numerically exactly with the con-
straint of normalization given by Eq. 3.56, providing the desired polariton spectrum.

Comparison with the variational approach. We plot in Fig 3.7 the spectrum of the LP
(in blue) and UP (in red) polaritons obtained as numerical solution of the above Hopfield-
matrix problem. This spectrum is superimposed and compared to the numerical solution
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of the variational approach described in Sec. 3.3.1 (yellow points). We note that those low-
energy polaritons are qualitatively the same with both methods. However, there are some
quantitative differences, that we assign to the intrinsic anharmonicities of the variational ap-
proach while the Hopfield-matrix problem is a strictly harmonic one. This enlightens the diffi-
culty and sensibility of the chosen approximationmethods to derive the polariton spectra in
the ultrastrong coupling regime. We thus adopt the following pragmatic approach of choosing
the Hopfield-matrix approach for exploring ultrastrong light-matter interaction problems due
to its simplicity and capacity to both exhibit analytical results and transparent physical inter-
pretation of the computed analytical spectra. This choice is not unique: it is still an open and
relevant problem of manybody physics to investigate the ultrastrong light-matter coupling
regime with non-pertubative methods that are both gauge invariant and well controlled.

3.3.3 Classical analog and exact solution to the Hopfield problem

Classical limit of the Hopfield problem. In this section, we provide a mapping of the
previous quantum mechanical problem described by the Ĥ(hom)

bos in Eq. 3.50 to an equivalent
classical Hamiltonian H(cl) obtained as the classical limit of the previous one. This enables
to propose a fruitful analogy between the polariton physics and an equivalent problem
of classical mechanics. The classical limit is achieved using the natural mass-weighted
coordinates (qc, Q) andmomenta (pc, P ) of the harmonic oscillators associated respectively
to the optical cavity mode operator a and the collective molecular excitation operator B
relative to the dielectric polarization of the molecular ensemble. We have

qc =

√
ℏ
2ωc

(
a+ a†

)
, (3.58)

pc =

√
ℏωc

2

a− a†

i
, (3.59)

Q =

√
ℏ
2∆

(
B +B†) , (3.60)

P =

√
ℏ∆
2

B −B†

i
. (3.61)

In the classical limit, those operators are taken to be classical and thus commuting variables.
This leads to the following form of classical Hamiltonian H(cl) equivalent to Ĥ(hom)

bos in the
classical limit

H(cl) =

[
p2c
2

+
ω2
c

2
q2c

]
+

[
P 2

2
+

∆2

2
Q2

]
+

[
ωPpcQ+

ω2
P

2
Q2

]
. (3.62)

As expected, the eigenmodes of the classical Hamiltonian H(cl) in Eq. 3.62 are the same
as the eigenvalues of the Hopfield matrix H in Eq. 3.57. This is so because the problem of
Hopfield polaritons is an harmonic one in which the underlying physical problem is equivalent
to find the eigenmodes of a collection of interacting harmonic oscillators.

Classical equations of motion. We now study in more details the problem of classical
mechanics associated to H(cl) in Eq. 3.62. For that purpose, we first derive the classical
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Hamilton equations associated to the variables (qc, Q, pc, P )

q̇c = pc + ωPQ , (3.63)
Q̇ = P , (3.64)
ṗc = −ω2

cqc , (3.65)
Ṗ = −∆̃2Q− ωPpc , (3.66)

where we introduced the renormalized molecular exciton frequency ∆̃ as

∆̃ =
√

∆2 + ω2
P . (3.67)

From those Hamilton equations, we can obtain the Newton equations of motion associated
to the classical variables (qc, Q) of the interacting oscillator coordinates

q̈c = −ω2
cqc + ωP Q̇ , (3.68)

Q̈ = −∆2Q− ωP q̇c . (3.69)

We note that contrary to Hamilton equations Eqs. 3.63,3.64,3.65,3.66 which involve the
renormalized molecular exciton frequency ∆̃, the Newton equations Eqs. 3.68,3.69 involve
the bare exciton frequency ∆. The former equations can be rewritten in a more transpar-
ent vectorial form, introducing a fictitious mobile of unit mass located at position x⃗(t) ≡
qc(t)e⃗x +Q(t)e⃗y such that

¨⃗x(t) = −kx⃗(t) + ˙⃗x(t)× Ω⃗ , (3.70)

with the dyadic spring-tensor k ≡ ω2
c e⃗x ⊗ e⃗x + ∆2e⃗y ⊗ e⃗y standing for an anisotropic

harmonic restoring force applied to themobile a fictitious effectivemagnetic field or Larmor
vector Ω⃗ ≡ ωP e⃗z . We thus obtained that solving for the polariton spectrum of the Hopfield
matrix described by Eq. 3.57 is equivalent to solving for the equation of motion of a classical
mass-weighted mobile in an anisotropic two-dimensional harmonic trap in presence of a static
transverse B-field (see Fig. 3.8-b)), as described by Eq. 3.70. This is the main result of this
section.

Exact solution to the Hopfield polariton problem. The classical model developed
above provides an elegant way to find an exact solution to the initial Hopfield problem
derived in Sec. 3.3.2. For doing so, we look for solutions of the Newton equations of motion
Eqs. 3.68,3.69 in the form of a Fourier eigenmode

qc(t) = qc(ω)e
iωt , (3.71)

Q(t) = Q(ω)eiωt , (3.72)

thus leading to the system of coupled linear equations(
ω2 − ω2

c

)
qc(ω) + iωωPQ(ω) = 0 , (3.73)

−iωωP qc(ω) +
(
ω2 −∆2

)
Q(ω) = 0 . (3.74)

A non-trivial solution is obtained if the following secular determinant equation is fulfilled(
ω2 − ω2

c

) (
ω2 −∆2

)
= ω2ω2

P . (3.75)
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Figure 3.8: a) Scheme of equivalent model of coupled classical mechanical oscillators equiv-
alent to the polariton problem within rotating wave approximation. b) Equivalent model of
polaritons in the ultrastrong coupling regime for which a mass-weighted fictitious classical
particle is coupled to an effective magnetic field in a two dimensional harmonic trap.

The solutions of Eq.3.75 provide the polariton spectra we are looking for. We obtain 4
eigenmodes (ω+, ω−,−ω−,−ω+), with

ω± =

√√√√√ω2
c + ∆̃2

2
±

√√√√(ω2
c − ∆̃2

2

)2

+ ω2
cω

2
P , (3.76)

∆̃ =
√

∆2 + ω2
P . (3.77)

The frequencyω+ corresponds to the frequency of the upper polariton (UP) excitation , whileω−
corresponds to the frequency of the lower polariton (LP) excitation. The eigenmode solutions
of negative energy are not relevant in this context, since we are looking for excitation
energies (with respect to the ground-state energy) thus being of positive energies.

3.3.4 Polariton spectra in the electronic ultrastrong coupling regime

Polariton dispersion

We show in Fig. 3.9 the polariton dispersion ω± as a function of cavity frequency ωc for a
given value of ΩR(ωc = ωv) =

ωP

2
= 0.4∆. The upper (lower) polariton are obtained from

numerical diagonalization of the Hopfield matrix written in Eq. 3.57 and shown as a red
(cyan) plain curve. The dashed black lines are the outcome of the exact analytical formula
obtained by solving the problem of classical coupled harmonic oscillators as written in
Eq. 3.76, while the dashed cyan and red lines are the LP and UP outcome of performing the
rotating wave approximation as written in Eq. 3.15. We note first that, as expected, the curves
corresponding to the exact analytical formula (dashed black lines) match perfectly the outcome
of the numerical diagonalization of the Hopfield matrix (plain lines), showing the equivalence
between a problem of classically coupled oscillators and the calculation of polaritonic spectra in
the electronic ultrastrong coupling regime. However, in this regime, the RWA (dashed colored
lines) has some discrepancies compared to the exact result. While the RWA reproduces
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Figure 3.9: Polariton dispersion ω± as a function of cavity frequency ωc. The upper (lower)
polariton are shown as red (cyan) lines. Plain lines are obtained by diagonalizing numeri-
cally the Hopfield matrix (Eq. 3.57), while dashed black lines are the outcome of the analyt-
ical exact formula (Eq. 3.76). Dashed lines are the outcome of performing the rotating wave
approximation as written in Eq. 3.14. Parameters are: ∆ = 1.0, ΩR(ωc = ∆) = ωP

2
= 0.4.

Unpublished Fig.

qualitatively the physics of avoided crossing between the cavity EM oscillator of frequency
ωc and the collective molecular exciton of frequency ∆ ((see Fig. 3.8-a)) as anticipated in
Sec. 3.2.4, it fails to match quantitatively with the exact results both in and out of resonance.
We illustrate this phenomenon by considering the asymptotic behaviors at low frequencies
(ωc ≪ ∆) obtained from the exact Eq. 3.76

ω+(ωc → 0+) ≈ ∆̃ , (3.78)
ω−(ωc → 0+) ≈ 0+ , (3.79)

and at large frequencies (ωc ≫ ∆)

ω+(ωc → +∞) ≈ ωc , (3.80)
ω−(ωc → +∞) ≈ ∆ . (3.81)

The former recovers, as expected, the eigenmodes of the uncoupled cavity and bare molec-
ular exciton. We further define the polaritonic gap ωP ;g as

ωP ;g ≡ ω+(ωc → 0+)− ω−(ωc → +∞)

= ∆̃−∆ . (3.82)

Wenote that this polaritonic gap is a fingerprint of the electronic ultrastrong coupling regime: it
corresponds to a spectral region of frequencies in the range ω ∈ [0, ωP ;g] for which no polariton
excitation exists. The existence of the polaritonic gap is not reproduced by the RWA. Finally,
the ultrastrong coupling regime implies that the condition of resonance is now shifted from
ωc = ∆ to ωc = ∆̃ due to the renormalized collective molecular exciton frequency ∆̃
written in Eq. 3.77. We also show in Fig. 3.9 that at frequency ωc = ∆ (thus out of the true
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resonance condition), the polariton lines are blue-shifted with respect to the RWA. This blue
shift is a Lamb-shift effect induced by coupling quantum vacuum fluctuations of the cavity
mode to the collective molecular exciton through both counter-rotating terms and self-dipole
interaction terms of Ĥ(hom)

bos in Eq. 3.50.

Study at resonance (ωc = ∆̃)
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Figure 3.10: Polariton dispersion ω± as a function of the Rabi frequency ΩR(ωc = ∆) =
ωP

2
for a cavity at resonance (ωc = ∆̃). The legend is similar to the previous Fig. 3.9.

Unpublished Fig.

We show in Fig. 3.10 the polariton dispersion ω± as a function of the Rabi frequency
ΩR(ωc = ∆) = ωP

2
for a cavity at true resonance with the molecular material ωc = ∆̃. At

low coupling regime (ωP ≪ ∆), we obtain the asymptotic behavior for the polaritons

ω±(ωP → 0+) ≈ ∆± ωP

2
+

3ω2
P

8∆
. (3.83)

In this weak-coupling regime, the agreement between the exact result (plain curves) and the
rotating wave approximation is very good and the vacuum Rabi splitting is well approximated
by the RWA result ω+ − ω− ≈ ωP = 2ΩR(ωc = ∆). In the opposite regime of ultrastrong
coupling (ωP ≫ ∆), we obtain the following asymptotic behaviors

ω+(ωP → +∞) ≈ ωP

√
2 , (3.84)

ω−(ωP → +∞) ≈ ∆√
2
. (3.85)

In this ultrastrong coupling regime, there is no more agreement between the exact result
(plain curves) and the outcome of the RWA (dashed curves). While the exact UP frequency
is lower than the one computed with RWA, the discrepancy in the case of the LP is much
worse. Indeed, the RWA predicts an unphysical absence of lower-bound for the energy of the
LP. Including both counter-rotating and self-dipole interaction terms is thus essential for the
true LP to achieve a finite (and positive) energy at large-couplings ωP ≫ ∆. The results
shown in Figs. 3.9,3.10 are consistent with an earlier work by Ciuti et al. in Ref. [25].
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3.4 Chiral light-matter interactions in optical cavities

In this section, we investigate the issue of computing and analyzing the polaritonic spec-
tra for a 2D-layer of chiral molecules embedded inside an optical Fabry-Pérot cavity. In
Sec. 3.4.1, we give a sketch of the main issues underlying this problem. We provide in
Sec. 3.4.2 a microscopic model describing chiral light-matter interactions in an optical cav-
ity beyond the strict dipole approximation. We bosonize this problem in Sec. 3.4.3 and
derive an analytical expression for the resulting polaritonic spectra: we unveil a new gy-
rotropic coupling mechanism between a 2D-layer aggregate of chiral molecules and the cavity
modes at the origin of enantioselective signatures on the polaritonic spectra. We show in
Sec. 3.4.4 that solving the former quantum mechanical problem of polaritons in dimension 2
is equivalent to solve an analogous problem of classical mechanics involving the dynamics of
a fictitious mobile in dimension 2+1 in presence of a weakly anistotropic harmonic trap and
effective magnetic field. In Sec. 3.4.5 we analyze the nature of the mobile trajectories in the
analogous classical problem. An analogy with the motion of a Foucault pendulum is pro-
posed in the weak coupling regime, while in the ultrastrong coupling regime, the proper
analogy is with a cyclotron gyration problem. The differential shift in the polaritonic spectra
is shown to be directly proportional to the anholonomy angle of the computed classical trajec-
tories. This work was developed in collaboration with Cyriaque Genet (ISIS) during my one
year visit in his team and reported in our recent Ref. [6].

3.4.1 Position of the problem

In this section, we come to the general problem of describing light-matter interactions in-
side an optical cavity. Compared to the previous section Sec. 3.2, we add some optical
complexity in the modeling of both the molecular aggregate and cavity mode microscopic
description, by considering the following additional features (shown in Fig. 3.11)

1. The molecules are embedded in a two dimensional layer configuration that is located
at distance z = zL along the cavity optical axis.

2. The molecules have both electric and magnetic transition dipole features at the origin of
intrinsic molecular chirality. Each molecules are however the same with no energetic
nor orientational disorder.

3. The cavity mode that is resonantly coupled to the molecular aggregate has two com-
ponents corresponding to the two states of polarization of the optical mode and a spatial
dispersion along the optical z-axis.

Those additional features enable to describe the interplay between intrinsic molecular chiral-
ity and spatial dispersion and polarization of the cavity in the light-matter interaction mecha-
nism, thus probing the onset of cavity-induced chiral polariton formation beyond the strict
dipole approximation. This problem depends crucially on the dimensionality of the molec-
ular aggregate as we will show in the following.
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Figure 3.11: a) Main panel. Scheme of optical Fabry-Pérot cavity of length L. A 2D layer of
molecules is located at position z = zL on the optical axis and couples to the two degenerate
cavity modes with polarization α = x, y corresponding to the same mode indexm and zero
transverse wave vector k⃗⊥ = 0⃗. Inset: Zoom of the moleculeMj(xj, yj, zL) (blue dot) seen
from above the e⃗z direction with electric (blue) and magnetic (red) transition dipoles µ⃗ and
m⃗ respectively. We considered here the case where uz = vz = 0 so that u⃗ = u⃗⊥ and
v⃗ = v⃗⊥. b) Lower panel. Same scheme but for a 3D bulk configuration of molecules filling
homogeneously the cavity. Adapted from our Ref. [6].

3.4.2 Microscopic model of a 2D-layer inside an optical cavity

Description of the cavity modes. In order to describe chiral light-matter interactions
developing between the 2D-layer of molecules shown in Fig. 3.11 and the optical cavity
modes, we need to take into account the vectorial structure of the quantized electromagnetic
(EM) field inside cavity. In Coulomb gauge, the EM field can be expanded can be expanded
in terms of transverse optical cavity modes

ˆ⃗
A(r⃗) =

∑
α

√
ℏ

2ε0ωα

{
aαL⃗α(r⃗) + a†αL⃗∗

α(r⃗)
}
, (3.86)

ˆ⃗
E(r⃗) = i

∑
α

√
ℏωα

2ε0

{
aαL⃗α(r⃗)− a†αL⃗∗

α(r⃗)
}
, (3.87)

ˆ⃗
B(r⃗) =

∑
α

√
ℏ

2ε0ωα

{
aα∇⃗ × L⃗α(r⃗) + a†α∇⃗ × L⃗∗

α(r⃗)
}
, (3.88)

(3.89)

with ˆ⃗
A(r⃗) the vector-potential operator, ˆ⃗E(r⃗) the electric field operator and ˆ⃗

B(r⃗) the mag-
netic field operator. We introduced a†α (aα) the operator creating (destroying) a photon in
the cavity mode α corresponding to a spatially dependent cavity mode lineshape L⃗α(r⃗).
We wrote ℏ the reduced Planck constant, ε0 the vacuum permittivity, c the speed of light,
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L the cavity length along the optical axis and V the cavity mode volume. The minimal the-
oretical model describing gyrotropic coupling necessitates at least coupling of the molecules to
two cavity modes. We consider such two modes with degenerate frequency ωc = mπc/L, a
normal k-vector k⃗⊥ = 0⃗, an integer mode index m and two possible linear polarization ε⃗α
along the directions α = x, y orthogonal to the optical axis. This mode structure enables to
compute the polaritonic spectra of an optical cavity probed at normal incidence. The polari-
tonic spectra result from the hybridization of the embedded molecules electronic structure
with the EM field described by the z-dependent cavity mode lineshape

L⃗α=x,y(z) =

√
2

V
sin
(
m
π

L
z
)
ε⃗α . (3.90)

Description of themolecular aggregate. As in Sec. 3.2.2, the molecules in the 2D-layer
are described as a collection ofN two-level systems with an optical transition at frequency
∆. However, the molecules have now both an electric-transition dipole operator ˆ⃗µj and a
magnetic transition dipole operator ˆ⃗mj expressed as

ˆ⃗µj =
N∑
j=1

µ⃗j

{
c†ejcgj + c†gjcej

}
, (3.91)

ˆ⃗mj =
N∑
j=1

{
m⃗jc

†
ejcgj − m⃗∗

jc
†
gjcej

}
, (3.92)

with µ⃗j the real electric transition dipole and m⃗j the pure imaginary magnetic transition
dipole of the molecule j. The interference between the electric and magnetic molecular polar-
izations is at the origin of intrinsic chirality of the molecular aggregate. If those molecules
were randomly dispersed in a 3D-bulk homogeneous and isotropic medium and were to
interact with an incoming light of left (L) or right (R) circularly polarization, the intrin-
sic chirality of such molecules would give rise to a differential rate of optical absorption
∆Γ = ΓL−ΓR (after averaging on the molecular orientation) derived in the book of Craig
et al. Ref. [116]

∆Γ =
8πN

3ℏc
nℏck
2ε0V

ρ Im (µ⃗ · m⃗∗) , (3.93)

with n the medium index of refraction, k the norm of the k⃗-vector and ρ the optical density
of states in free EM vacuum. The corresponding rate Γ of absorption for achiral molecules
is

Γ =
2πN

3ℏ
nℏck
2ε0V

ρ ∥µ⃗∥2 . (3.94)

This suggest to introduce as a natural measure of the intrinsic molecular chirality the relative
ratio ∆Γ/Γ that quantifies circular dichroism of the molecular medium.

∆Γ

Γ
= 4

Im (µ⃗ · m⃗∗)

∥µ⃗∥2 c
≡ −4Ru⃗ · v⃗ , (3.95)
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where we labeled the directions of both µ⃗ and m⃗ transition dipoles by the unit vectors u⃗
and v⃗. We also introduced the dimensionless quantityR given by

R =
∥m⃗∥
∥µ⃗∥ c

. (3.96)

The intrinsic molecular chirality (here with respect to circular dichroism) is thus quantified by
the natural pseudo-scalar parameter C defined as

C = Ru⃗ · v⃗ . (3.97)

Upon embedding those molecules in the 2D-layer inside cavity, their intrinsic molecular chi-
rality are changed in this model by changing the sign of the pseudo-vectorRv⃗, thus changing
the sign of C. Typical orders of magnitude ofR ≈ 10−4 − 10−3 are given in Ref. [116].

Microscopic Chiral Hamiltonian. In order to describe the regime of ultrastrong light-
matter coupling, we include in the microscopic light-matter interaction Hamiltonian both
counter-rotating and self-dipole interaction terms [25]. We propose the following general-
ization of the HamiltonianH(2D) written in Eq. 3.2 describing chiral light-matter interactions
of the 2D molecular aggregate inside cavity

H(2D) = Hc +He +HD +HM +HSD , (3.98)

with Hc the Hamiltonian of the free cavity-mode with both states of polarization α = x, y

Hc = ℏωc

{
a†xax + a†yay + 1

}
, (3.99)

with aα (a†α), the bosonic operator that destroys (creates) an excitation in the mode α. The
Hamiltonian of the free molecules is still written

He = ℏ
∆

2

N∑
j=1

{
c†ejcej − c

†
gj
cgj

}
, (3.100)

Themolecules interactwith the cavity-modes through the electric-dipole interactionHamil-
tonian HD and magnetic-dipole interaction Hamiltonian HM

HD = −
N∑
j=1

ˆ⃗µj ·
ˆ⃗
E(r⃗j)

≡ −iℏ
N∑
j=1

(
bj + b†j

){
gjx
(
ax − a†x

)
+ gjy

(
ay − a†y

)}
,

(3.101)

HM = −
N∑
j=1

ˆ⃗mj ·
ˆ⃗
B(r⃗j)

≡ −iℏ
N∑
j=1

(
bj − b†j

){
νjx
(
ay + a†y

)
− νjy

(
ax + a†x

)}
,

(3.102)
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where we introduced b†j = c†ejcgj the operator that creates an electronic excitation on
molecule number j and

ℏg⃗j ≡
√

ℏωc

ε0V
µ⃗j sin

(
θzj
)
∈ R3 , (3.103)

ℏν⃗j ≡ −i1
c

√
ℏωc

ε0V
m⃗j cos

(
θzj
)
∈ R3 . (3.104)

respectively the electric-dipole and magnetic-dipole coupling vectors with the z-dependent
angle θzj = m π

L
zj obtained after writing the E⃗ and B⃗ electric and magnetic field vectors

deriving from the cavity mode lineshape written in Eq. 3.90. Finally, the self-dipole inter-
actions term HSD that is necessary to deal with the ultrastrong coupling regime is written

HSD =
ℏ
ωc

∑
α=x,y

∣∣∣∣∣
N∑
j=1

gj,α

(
bj + b†j

)∣∣∣∣∣
2

. (3.105)

Open issues. The HamiltonianH(2D) written in Eq. 3.98 contains terms beyond the strict
dipole approximation, which is not without implying any issue. We indeed note the fol-
lowing limitations of our model

1. The multipolar expansion of the interaction Hamiltonian H(2D) contains also electric
quadrupolar terms that are of the same order of magnitude as the magnetic dipolar
one [95]. We did not take them into account in the present study, but they could be
in principle added to incorporate the description of a broader class class of chiral
molecules.

2. This multipolar expansion contains additional diamagnetic self-dipole terms that explic-
itly break translational invariance of the interaction Hamiltonian but are smaller than
the electric self-dipole termsHSD [95] due to the smallness of the chiroptical constant
R: we consistently neglected those terms in the writing of H(2D).

3. We neglected entirely the effect of purely electrostatic longitudinal interactions between
molecules within the cavity mode volume. In principle the former are described in
Coulomb gauge by adding the continuum part of the electromagnetic spectrum lead-
ing to electrostatic interactions mediated via exchange of virtual photons [3] inside
the cavity.

How to consistently introduce those points in a more complex but still tractable theoretical
model of chiral light-matter interactions inside cavity still constitutes an open problem in
molecular polaritonics. We chose to incorporate step by step the inherent optical complex-
ity of this problem and focused on what we think are the first dominant corrections to
the dipole approximation associated to spatial inhomogeneities of the EM cavity field that
contain most of the qualitative features of the polaritonic spectra.
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3.4.3 Hopfield polaritonic spectra in the 2D-layer configuration

Homogeneous molecular aggregate

We now make the additional homogeneity assumption that all the molecules in the chiral
2D-layer are supposed to all have the same orientation andmagnitude of their electric andmag-
netic transition dipoles thus realizing an homogeneous but anisotropic aggregate in which
each molecule of the ensemble couples in the same way to the EM cavity modes. We thus
write for each moleculeMj the electric and magnetic transition dipole vectors

µ⃗ ≡ µu⃗ sin (θzL) , (3.106)
m⃗/c ≡ iRµv⃗ cos (θzL) . (3.107)

shown in Fig. 3.11 as red and blue arrows respectively. Those vectors point in a direction
given by the unit vectors u⃗ = uz e⃗z+u⃗⊥ and v⃗ = vz e⃗z+ v⃗⊥ which have in general a non zero
z-component on the optical axis. In the following, we write u⃗⊥ the component of any vector
u⃗ that is orthogonal to the optical z-axis. We consider in Fig. 3.11 and in the rest of this work
the situation for which the proposed gyrotropic coupling mechanism is maximum. This
happens when uz = vz = 0 and thus u⃗ = cos (αu) e⃗x + sin (αu) e⃗y and v⃗ = cos (αv) e⃗x +
sin (αv) e⃗y with αv = αu + α. However our theoretical approach and analytical formulas
are still valid in the case where the transition dipoles do not necessarily lie in the transverse
plane. In the following paragraphs, we found convenient for analytical calculations to use
the simpler notation for the homogeneous coupling vectors in Eq. 3.103,3.104

g⃗j ≡ g⃗ , (3.108)
ν⃗j ≡ ν⃗ , (3.109)

with the convention that the results for the homogeneous 2D-layer written Eqs. 3.106,3.107
can be obtained from Eqs. 3.108,3.109 by multiplying all the expressions involving g⃗ and ν⃗
by sin (θzL) and cos (θzL) respectively.

Bosonization of the interaction Hamiltonian and Bogoliubov transformation

Using the same bosonization method as the one described previously in Sec. 3.3.2, we
write the effective quadratic Hamiltonian equivalent to the H(2D) microscopic Hamiltonian
of Eq. 3.98 but in the case of harmonic approximation and homogeneous coupling (see also
Eqs. 3.106,3.107) as

H
(2D)
bos = ℏωc

{
a†xax + a†yay + 1

}
+ ℏ∆

N∑
j=1

{
b†jbj +

1

2

}
− iℏΩR

(
B +B†) {ux (ax − a†x)+ uy

(
ay − a†y

)}
− iℏRΩR

(
B −B†) {vx (ay + a†y

)
− vy

(
ax + a†x

)}
+ ℏD

(
B +B†)2 . (3.110)

– 101 –



In Eq. 3.110, we introduced the collective molecular polarization or collective molecular
exciton operator mode

B =
1√
N

N∑
j=1

bj , (3.111)

as well as the collective vacuum Rabi splitting and self-dipole interaction terms

ΩR = g
√
N ≡ 1

ℏ

√
ℏωcN

ε0V
µ , (3.112)

D =
Ω2

R

ωc

∥u⃗⊥∥2 . (3.113)

As in Sec. 3.3.2, the diagonalization ofH(2D)
bos in Eq. 3.110 amounts to find its eigenvectors χ

in the form of a linear combination of destruction and creation operators of the cavity and
collective exciton modes

χ = Â
t
· C , (3.114)

Â =
[
ax, ay, B, a

†
x, a

†
y, B

†] , (3.115)
C = [αx, αy, γ, βx, βy, δ] , (3.116)

with C a vector of unknown coefficients. The χ-operators follow a linear eigenvalue prob-
lem

ωÂ
t
· C = Â

t
· H · C , (3.117)

C† · g · C = 1 , (3.118)

with g the underlying metric

g = diag (1, 1, 1,−1,−1,−1) , (3.119)

andH the Hopfield-matrix of dimension 6× 6

H =


ωc 0 −iΩRw

+
xy 0 0 iΩRw

−
xy

0 ωc −iΩRw
−
yx 0 0 iΩRw

+
yx

iΩRw
+
xy iΩRw

−
yx ∆+ 2D iΩRw

−
xy iΩRw

+
yx −2D

0 0 iΩRw
−
xy −ωc 0 −iΩRw

+
xy

0 0 iΩRw
+
yx 0 −ωc −iΩRw

−
yx

iΩRw
−
xy iΩRw

+
yx 2D iΩRw

+
xy iΩRw

−
yx − (∆ + 2D)

 .

(3.120)

were we introduced the components w±
jk ≡ uj ± Rvk. The polariton spectrum of H is

found by numerical diagonalization. We find 3 positive eigenvalues of the H-matrix: one
lower polariton ω2D

− , one upper polariton ω2D
+ , and one middle polariton ω2D

0 .
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Exact solution to the Hopfield polariton spectra

We remark that the characteristic polynomialP (λ) = det
(
λId−H

)
of theHopfield-matrix

(see Eq. 3.120) can be obtained analytically as

P (λ) =
(
λ2 − ω2

c

)2 (
λ2 −∆2

)
− 16R2λ2Ω4

R (u⃗⊥ · v⃗⊥)2

− 4
Ω2

R

ωc

(
λ2 − ω2

c

) {
∆ ∥u⃗⊥∥2 λ2 + 2Rλ2ωce⃗z · (u⃗⊥ × v⃗⊥) +R2∆ω2

c ∥v⃗⊥∥
2} .
(3.121)

In the physically relevant limit R ≪ 1, the roots of this characteristic polynomial can
be found analytically, leading to an explicit expression of the differential shift δ2Dη in the
polariton frequencies. Reintroducing the z-dependence of coefficients of P (λ) with the
cavity mode lineshape, we obtain the following expression

δ2Dη = ωη;R − ωη;R=0 ≈ ηχ(zL)

(
ΩR

Ω̃

)2

ωη;0 , (3.122)

χ(zL) = R [e⃗z · (u⃗× v⃗)] sin (2θzL) , (3.123)

with η = +(−) labeling for the upper (lower) polariton branch and χ(zL) the gyrotropic
coupling induced by the cross-coupling between electric and magnetic transition dipoles µ⃗ and
m⃗ and the cavity mode spatial lineshape. We also introduced in Eq. 3.122 the renormalized
collective Rabi frequency Ω̃ and collective molecular exciton frequency ∆̃ written as

Ω̃2 =

√√√√(ω2
c − ∆̃2

2

)2

+ 4∆ωcΩ2
R ∥u⃗⊥∥

2 sin2 (θzL) , (3.124)

∆̃ =

√
∆2 + 4

∆

ωc

Ω2
R ∥u⃗⊥∥

2 sin2 (θzL) , (3.125)

and the polariton frequency in the case whenR = 0 recovering Eq. 3.76 in Sec. 3.3.4

ωη;0 =

√
ω2
c + ∆̃2

2
+ ηΩ̃2 . (3.126)

Both Eqs. 3.122,3.123 are the main results of this section. Those expressions were derived first in
our recent Ref.[6]. They provide an explicit analytical formula for the cavity-induced modi-
fication of polaritonic spectra in the case of a 2D-layer of chiral molecules embedded inside
cavity. We note that this expression involves the gyrotropic coupling χ(zL) in Eq. 3.123 which
is a fundamental dimensionless quantity with true scalar behavior with respect to both rota-
tions and planar reflections. The gyrotropic coupling results from the hybridization between
the chiral molecules and the cavity modes: it is the product of one term proportional to R
times the projection of u⃗ × v⃗ on the z-direction characterizing the molecular orientation
and enantiomeric class, by a second term sin (2θzL) associated to the spatial z-dependence
of the cavity mode lineshape along the optical axis. The χ(zL) parameter depends crucially
on the interplay between the dimensionality of the molecular ensemble and the spatial dis-
tribution of the cavity modes profile. It can change sign either by changing the molecular
orientation, the intrinsic molecular chirality parameter C in Eq. 3.97, or by changing the
2D-layer position zL with respect to a spatial plane of symmetry of the cavity mode profile.
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Analysis of the Hopfield polaritonic spectra
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Figure 3.12: a) Plots of the relative shift in the polaritonic frequency δη = ωη;R−ωη;R=0 (in
units of |R|∆) computed at resonance (ωc = ∆̃) as a function of the collective vacuum Rabi
splitting Ωres

R . The upper (lower) triangles and crosses are the spectra of the upper (lower)
polariton η = 1(−1) computed after numerical diagonalization of the Hopfield matrix.
Triangles (crosses) are obtained for molecules with relative angle α = π

4

(
5π
4

)
between their

transition dipoles, intrinsic chirality C = ± R√
2
and gyrotropic coupling equal to χ(zL) = C

with the chosen parameters. Plain and dashed lines are analytical results of Eq. 3.122 for
the 2D layer case (see the scheme in lower inset). The corresponding shifts in the 3D bulk
case are shown after multiplication by a factor 102. b) Same quantities plotted as a function
of cavity frequency ωc at fixed Ωres

R = 0.3. Lower inset is a scheme of the 3D bulk case.
Parameters common to both panels: ∆ = 1.0, m = 1, zL = L

4
, uz = vz = 0, αu = π

3
, and

R = 10−3. The legends are common to both panels. Adapted from our Ref. [6]

2D-layer case. We show in Fig. 3.12-a), the δ2Dη -signals computed after exact numeri-
cal diagonalization of the Hopfield matrix (see Eq. 3.120) describing the 2D-layer of chiral
molecules coupled to the cavity modes, as a function of the collective vacuum Rabi splitting
Ωres

R = ΩR. Same quantities are shown in Fig. 3.12-b), but as a function of cavity frequency
ωc. A very good agreement is obtained between the analytical result of Eq. 3.122 shown as
plain and dashed curves and the exact numerical solution shown as triangles and crosses.
We find that the upper polariton δ2D+ -signal is positive for χ(zL) > 0 (upper red triangles)
and negative for χ(zL) < 0 (upper red crosses). The reversed signs are obtained for the
lower polariton δ2D− -signals (see blue curves). Consistently with Eqs. 3.123,3.122, the com-
puted signals exhibit on the full range of parameters the remarkable antisymmetry property

δ2Dη (−χ(zL)) = −δ2Dη (χ(zL)) , (3.127)

upon sign reversal of χ(zL) obtained by changing the sign of the intrinsic molecular chi-
rality C in Fig. 3.12. The enantiodependent relation in Eq. 3.127 is the main signature of the
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reduced 2D dimensionality of the cavity configuration on the considered chiroptical observ-
ables. We note that for low values of the collective Rabi coupling ΩR ≪ ωc, Eq. 3.122
predicts that

δ2Dη ≈
χ(zL)

2

(
η

ΩR

∥u⃗⊥∥
+

Ω2
R

∆

)
. (3.128)

The latter signal is thus approximately linear with ΩR, consistently with the collective na-
ture of the polaritons which leads to δ2D− (χ(zL)) ≈ −δ2D+ (χ(zL)). For typical values of
the cVRS ΩR ≈ 1 eV/ℏ reported in the electronic strong coupling regime [64, 74, 35], we
obtain in Fig. 3.12 values of

∣∣δ2D+ ∣∣ ≈ 0.38R∆ ≈ 7.6× 10−5− 7.6× 10−4 eV/ℏ at resonance
ωc = ∆̃ ≈ 2eV/ℏ and for R ≈ 10−4 − 10−3. However, departures do occur for larger ΩR

(first quadratically) that are more pronounced for the upper than for the lower polariton. In
the developed ultrastrong coupling regime, no such antisymmetry relation exists between
the δ2D+ and δ2D− -signals which in general are not opposite δ2D− (χ(zL)) ̸= −δ2D+ (χ(zL)).
We assign the latter inequality to the contribution of both counter-rotating and self-dipole
interaction terms [101, 109] in the microscopic Hamiltonian which similarly to the case
of polaritonic gaps [25, 50] provide here asymmetric or differential polaritonic band gaps
fingerprints upon entering the ultrastrong coupling regime. As shown in Fig. 3.12-b), the δ2Dη -
signals acquire a non-monotonic behavior upon sweeping ωc reaching thereby a maximum of∣∣δ2Dη ∣∣ close to resonance (ωc ≈ ∆).

3D-layer case. For completeness, we consider in Figs. 3.12-a), and b), the case of a 3D bulk
configuration (shown as inset in Fig. 3.12-b)) where all chiral molecules are dispersed in the
whole cavitymode volume. The computed δ3Dη -signals are shownmultiplied by 102 (magenta
and cyan triangles and crosses) as a function of both Ωres

R = ΩR/
√
2 and ωc. In contrast to

the 2D case , the δ3Dη -signals are much weaker and do not change sign upon sign reversal of
χ(zL). This is due to the fact that δ3Dη is obtained by integration of opposite terms δ2Dη (zL)
and δ2Dη (L−zL) = −δ2Dη (zL)with respect to the plane of symmetry zL = L/2 of the chosen
(here m = 1) cavity mode. This argument can be generalized for any mode m > 1. As we
have shown in our recent Ref. [6], in contrast to Eq. 3.127, this leads finally to a cancellation
of all odd contributions inR in the expression of δ3Dη ∝ R2 and to the symmetry relation

δ3Dη (χ(zL)) = δ3Dη (−χ(zL)) , (3.129)

and thus to no discrimination of the LP and UP upon switching molecular chirality. We note
that this behavior is consistent with our previous Refs. [86, 87] where we have shown in
the framework of classical Maxwell equations the absence of cavity-amplified chiroptical
signals emerging at normal incidence of a 3D bulk cavity made of normal metallic mirrors.
The emerging antisymmetry properties encoded in Eq. 3.127 of the computed differential δη-
signals upon reducing dimensionality of the cavity-embedded molecular ensemble from 3D to
2D is one of the main results of the present investigations, and was reported for the first time
in our recent Ref. [6].
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3.4.4 Analogous classical model in dimension 2+1

Derivation of the classical equations of motion.

In this section, we analyze the classical limit for the previous model of 2D-layer aggregate em-
bedded inside a Fabry-Pérot cavity derived in Sec. 3.4.2. Similarly to the approach developed
in the previous Sec. 3.3.3, we introduce the conjugated position and momentum variables
defined as

qx(y) =

√
ℏ
2ωc

(
ax(y) + a†x(y)

)
, (3.130)

px(y) =

√
ℏωc

2

ax(y) − a†x(y)
i

, (3.131)

Q =

√
ℏ
2∆

(
B +B†) , (3.132)

P =

√
ℏ∆
2

B −B†

i
, (3.133)

and associated to the two polarization states qα=x,y of the cavity mode and to the collective
excitonic polarization Q of the molecular ensemble. In the classical limit, we can map the
H

(2D)
bos Hamiltonian written in Eq. 3.110 into the following classical Hamiltonian, consider-

ing that all conjugated variables (qx, qy, Q, px, py, P ) are commuting variables

H
(cl)
2D =

[
∥p⃗⊥∥2

2
+
ω2
c

2
∥q⃗⊥∥2

]
+

[
P 2

2
+

∆2

2
Q2

]
+

[
ωP u⃗⊥ · p⃗⊥Q+

(
Ω⃗g × v⃗⊥

)
· q⃗⊥P

]
+
ω2
P

2
∥u⃗⊥∥2Q2 , (3.134)

with the quantities defined by

ωP = 2

√
N∆

ωc

g , (3.135)

Ω⃗g = Ωge⃗z = R
ωc

∆
ωP e⃗z . (3.136)

The classical Hamilton equations of motion resulting from Eq. 3.134 are readily obtained as

˙⃗q⊥ = p⃗⊥ + ωPQu⃗⊥ , (3.137)

Q̇ = P +
(
Ω⃗g × v⃗⊥

)
· q⃗⊥ , (3.138)

˙⃗p⊥ = −ω2
c q⃗⊥ −

(
Ω⃗g × v⃗⊥

)
P , (3.139)

Ṗ = −∆2Q− ωP u⃗⊥ · p⃗⊥ − ω2
P ∥u⃗⊥∥

2Q . (3.140)

From the former equations, one can derive classical Newton equation of motions for the
(q⃗⊥, Q) coordinates alone and obtain the following system of coupled linear equations

Q̈ = −∆2Q−
(
ωP u⃗⊥ − Ω⃗g × v⃗⊥

)
· ˙⃗q⊥ , (3.141)

¨⃗q⊥ = −ω2
c q⃗⊥ +

(
Ω⃗g × v⃗⊥

) [(
Ω⃗g × v⃗⊥

)
· q⃗⊥
]
+
(
ωP u⃗⊥ − Ω⃗g × v⃗⊥

)
Q̇ . (3.142)
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Eigenmodes of the Newton equations.

We look for Fourier eigenmodes

q⃗⊥(t) = q⃗⊥(ω)e
−iωt , (3.143)

Q(t) = Q(ω)e−iωt , (3.144)

of the Newton equations Eqs. 3.141,3.142, thus leading to a system of three coupled linear
equations for the Fourier amplitudes(

ω2 −∆2
)
Q(ω) + iω

(
ωP u⃗⊥ − Ω⃗g × v⃗⊥

)
· q⃗⊥(ω) = 0 , (3.145)(

ω2 − ω2
c

)
q⃗⊥(ω) +

(
Ω⃗g × v⃗⊥

) [(
Ω⃗g × v⃗⊥

)
· q⃗⊥(ω)

]
− iω

(
ωP u⃗⊥ − Ω⃗g × v⃗⊥

)
Q(ω) = 0

. (3.146)

Non-trivial solutions for (q⃗⊥(ω), Q(ω)) are found as zeros of the secular determinant∆(cl)
2D (ω)

∆
(cl)
2D (ω) =

(
ω2 − ω2

c

)2 (
ω2 −∆2

)
−R2ω2ω2

c

ω4
P

∆2
(u⃗⊥ · v⃗⊥)2

− ω2
P

∆

(
ω2 − ω2

c

) {
∆ ∥u⃗⊥∥2 ω2 + 2Rω2ωce⃗z · (u⃗⊥ × v⃗⊥) +R2∆ω2

c ∥v⃗⊥∥
2} .
(3.147)

Considering that ω2
P = 4∆Ω2

R/ωc, it is simple to show that the secular determinant∆(cl)
2D (ω)

in Eq. 3.147 is the same as the characteristic polynomialP (ω) of theHopfield-matrixwritten
in Eq. 3.121. Thus both problems have the same eigensolutions and describe the same collective
polariton spectra given by the analytical formula Eq. 3.122 derived in Sec. 3.4.3. As in the
previous Sec. 3.3.3, we find again the remarkable fact that the solution of the harmonic
quantum Hamiltonian problem provides the same polaritonic spectra as the solution of the
classical coupled-mode problem derived in this section. This is again a consequence of the
harmonic approximation made in the H(2D)

bos Hamiltonian in Eq. 3.110 that is quadratic in
the matter and cavity mode fields.

Interpretation of the classical Newtonian dynamics.

We provide in this paragraph a physical interpretation of the Newton Eqs. 3.141,3.142 de-
scribing the dynamics of the polarization states of the cavity-mode (qx(t), qy(t)) coupled to
the collective excitonic state of polarizationQ(t). For that purpose, we introduce the vector

x⃗(t) = qx(t)e⃗x + qy(t)e⃗y +Q(t)e⃗z , (3.148)

associated to the motion of a fictitious classical mobile of unit mass and unit charge. This
mobile is subject to effective forces and its dynamics is solution of the following Newton equa-
tion that is equivalent to Eqs. 3.141,3.142) but written in vectorial form and restoring the
z-dependence of the involved physical quantities due to the cavity mode lineshape

¨⃗x(t) = −kRx⃗(t) +
˙⃗x(t)× B⃗R . (3.149)
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with kR = diag (ω2
c , ω

2
c ,∆

2) + δkR a spring tensor corresponding to an anisotropic elastic
restoring force where

δkR = 4
ωc

∆
R2Ω2

R cos2 (θzL)

 −v2y vxvy 0
vxvy −v2x 0
0 0 0

 . (3.150)

The particle is also subject to a Lorentz force with the effective magnetic field

B⃗R = −2
√

∆

ωc

e⃗z × Ω⃗P,R (3.151)

Ω⃗P,R = ΩR

{
sin (θzL) u⃗⊥ −R

ωc

∆
cos (θzL) e⃗z × v⃗⊥

}
, (3.152)

with Ω⃗P,R the precession vector. In absence of gyrotopic coupling (R = 0) the spring tensor
k
0
is diagonal and encodes free oscillations of the qα=x,y(t) and Q(t) modes at respective

frequencies ωc and ∆. The B⃗0 field ∝ ΩRe⃗z × u⃗⊥ stands for a Larmor-like precession due
to the molecules-cavity electric dipole interactions that dominate upon entering the standard
ultrastrong coupling regime, as already obtained in Sec. 3.3.3. At finite values ofR,magnetic
dipole interactions induce a correction to the B⃗R-field ∝ RΩRv⃗⊥ at the origin of gyrotropic
coupling. The δkR-tensor is of lower order∝ R

2 and encodes for a negligible renormaliza-
tion of ωc and elastic coupling between the cavity modes.

A preliminary conclusion. The previous analogy between the problem of computing the
polaritonic spectra for a 2D-layer of chiral molecules embedded inside an optical cavity and the
problem of the dynamics of a classicalmobile in dimension 2+1, is themain result of this section.
It is extremely simple and elegant. In particular, the emergence of an effective Lorentz-
force in Eq. 3.151 is a peculiarity of dimension 3, which arises because we considered here
i) only two cavity modes coupling at normal incidence to the molecular ensemble, and ii) a
2D-layer configuration of coupled molecules inside cavity. The 2D-layer configuration is a
simple casewhere the effective Lorentz-force has some effect on the topology in the classical
trajectories describing the dynamics of the polaritons. The case of 3D-bulk configuration
is more complicated and was studied in detailed in our Ref. [6]. The Newton Eqs. 3.149 are
integrable. Their solution is a linear combination of three eigenmodes of frequencies coinciding
with the Hopfield polaritonic spectra in Eq. 3.122 thus confirming the essential classical nature
of the polaritons [124, 62]. We also note that Eq. 3.149 shows similarities (although being
not the same) with the dynamics of an harmonically trapped and rotating Bose gaz [103].

3.4.5 Analysis of the analogous classical trajectories

Analytical solution for the trajectories

We rewrite the Newton Eqs. 3.141,3.142 with a simpler notation x(t) = qx(t), y(t) = qy(t)
and z(t) = Q(t). In the limitR ≪ 1, they can be simplified to obtain the following system
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Figure 3.13: a) Plot of the classical trajectory (qx(t), qy(t), Q(t)) in the plane (qx, Q), that
is solution of Newton Eq. 3.149 during the time interval t ∈ [0, 1280/∆]. The collective
vacuum Rabi splitting is ΩR ≈ 0.01 and the gyrotropic coupling χ(zL) = R√

2
. b) Same plot

but with ΩR ≈ 1.44 and during time t ∈ [0, 700/∆]. Parameters are: ∆ = 1.0, ωc = 1.0,
m = 1, uz = vz = 0, αu = 0.0, α = π

4
,R = 10−3, zL = L

4
, qx(0) = 1.0, qy(0) = Q(0) = 0.0,

and q̇x(0) = q̇y(0) = Q̇(0) = 0.0. Adapted from our Ref. [6].

of linear equations describing the motion of the fictive particle

ẍ(t) ≈ −ω2
cx(t) + Ω cos (β) ż(t) , (3.153)

ÿ(t) ≈ −ω2
cy(t) + Ω sin (β) ż(t) , (3.154)

z̈(t) ≈ −∆2z(t)− Ω {cos (β) ẋ(t) + sin (β) ẏ(t)} , (3.155)

where we introduced the vector

Ω⃗ ≡ Ω {cos (β) e⃗x + sin (β) e⃗y} = ωP u⃗⊥ − Ω⃗g × v⃗⊥ , (3.156)

as a sum of one contribution due the electric transition-dipole and one due to the magnetic
transition-dipole. After doing a rotation of angle β in the plane (x, y), the linear system of
Eqs. 3.153,3.154,3.155 can be simplified in the rotated frame (X, Y, z)

Ẍ(t) = −ω2
cX(t) + Ωż(t) , (3.157)

z̈(t) = −∆2z(t)− ΩẊ(t) , (3.158)
Ÿ (t) = −ω2

cY (t) . (3.159)

We see that the Y (t)-mode in Eq. 3.159 decouples from the other (X(t), z(t))-modes. The
Y (t)-mode is thus a free running sinusoidal oscillation at frequency ωc. In the following, we
will focus on the case ωc = ∆ for which the classical trajectories are simpler to analyze.
We introduce the complex variable ξ(t) = X(t) + iz(t), which after using Eqs. 3.157,3.158,
follows the simple differential equation

ξ̈(t) = −iΩξ̇(t)− ω2
cξ(t) . (3.160)
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This equation can be solved exactly as

ξ(t) = e−iΩ
2
t

{
ξ(0)

[
cos (ω̃ct) + i

Ω

2ω̃c

sin (ω̃ct)

]
+
ξ̇(0)

ω̃c

sin (ω̃ct)

}
. (3.161)

with the renormalized cavity frequency ω̃c, provided by

ω̃c =

√
ω2
c +

(
Ω

2

)2

. (3.162)

In the following, we use the initial conditions x(0) = 1, y(0) = z(0) = 0, ẋ(0) = ẏ(0) =
ż(0) and a direction of the electric transition dipole along the x-axis u⃗ = e⃗x for which the
rotation angle vanishes β ≈ 0 in the limit R ≪ 1. For arbitrary initial conditions, the ob-
tained classical trajectories can be quite complex: they are indeed quasiperiodic and bounded
(for nonvanishing restoring force) but not closed [5], unless some specific commensurate val-
ues of the eigenmode frequencies are chosen. From the solved time dependence of ξ(t) in
Eq. 3.161, we can find exact expressions for the rotated-variables (X(t), z(t)) and obtain
from it an exact analytical solution for the trajectory (x(t), y(t), z(t)) of the fictive mobile in
the non-rotated frame as

x(t) = cos

(
Ωt

2

)
cos (ω̃ct) +

Ω

2ω̃c

sin

(
Ωt

2

)
sin (ω̃ct) , (3.163)

y(t) = 0 , (3.164)

z(t) = − sin

(
Ωt

2

)
cos (ω̃ct) +

Ω

2ω̃c

cos

(
Ωt

2

)
sin (ω̃ct) . (3.165)

Analogy with the Foucault pendulum (Ω≪ ωc)

Precession of the effective Foucault pendulum. We then consider the regime of weak
light-matter interactions for which Ω≪ ωc in which case ω̃c ≈ ωc in Eq. 3.162. Neglecting
the terms of order Ω/ωc in Eqs. 3.163,3.165, the latter equations can by simplified to

x(t) ≈ cos (ωct) cos

(
Ωt

2

)
, (3.166)

y(t) = 0.0 , (3.167)

z(t) ≈ − cos (ωct) sin

(
Ωt

2

)
. (3.168)

Those equations describe beating oscillations in the (x, z)-plane at a fast frequency ≈ ωc,
together with a slow precession frequency ΩP ≡ Ω/2 =

∥∥∥Ω⃗P,R

∥∥∥ given by the norm of the

precession vector Ω⃗P,R already introduced after Eq. 3.152

ΩP =
ωP

2
∥u⃗⊥∥

{
1 +R e⃗z · (u⃗× v⃗)

∥u⃗⊥∥2

}
. (3.169)

In this regime, both the equations of motion, and the obtained trajectories thus get equivalent
to the ones describing the motion of a Foucault pendulum located at the North pole: in this
analogy, the oscillation frequency of the pendulum is played by the cavity-frequency ωc,
while its precession frequency due to the earth rotation becomes ΩP in the effective model.
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Figure 3.14: Same plots as in Fig. 3.13-a). a) Case with α = π
4
and χ(zL) = R√

2
> 0. The

black arrow shows the anholonomy angle ∆θR ≈ ∆∆θR > 0 given by Eq. 3.170 for this
range of parameters. b) Case with α = 5π

4
and opposite χ(zL) = − R√

2
< 0. The angle

∆θR < 0 reverses sign. All the other parameters are those of Fig. 3.13-a). Adapted from
our Ref. [6].

Anholonomy of the classical trajectories. We show in Fig. 3.13-a) the obtained tra-
jectory corresponding to Eqs. 3.166,3.167,3.168 for a gyrotropic coupling χ(zL) > 0. As
expected by the above analysis, the effective pendulum trajectory lies in the (x, y) and
rotates clockwise (black arrow) from the initial point x⃗(0) = (1, 0, 0) with a slow preces-
sion frequency give by ΩP in Eq. 3.169. Waiting for times larger than the precession time
(t≫ 2π/ΩP), the trajectory of the classical mobile becomes dense in the plane (qx, Q) due to
its already noticed quasiperiodic nature. In order to unveil the role of gyrotropic coupling
on the previous trajectories, we show in Fig. 3.14 a zoom of Fig. 3.13-a) close to the region
Q = 0. The initial point x⃗(0) is labeled 0 and the black arrow visualizes the change in angle
∆θR of the inertial plane of oscillations after one full precession of the fictitious Foucault
pendulum. The latter Hannay’s angle [57] is a signature of anholonomy of the pendulum
trajectory, namely of its property to not come back to its initial condition after one complete
precession. This anholonomy of classical trajectories has some deep topological meaning
[17, 18, 2, 34]. We define the relative change in Hannay’s angle ∆∆θR = ∆θR − ∆θ0 as a
quantitative measure of the gyrotropic coupling contribution to ∆θR that follows from a bit
faster (slower) precession frequency due to positive (negative) χ(zL). We choose parameters
such that |∆θ0| ≪ |∆∆θR| and visualize directly the quantity ∆∆θR ≈ ∆θR for which
the following analytical expression is derived from Eq. 3.169. Restoring the z-dependence
of the physical quantities induced by the cavity mode lineshape, we obtain

∆∆θR = 2πR cotan (θzL)
e⃗z · (u⃗× v⃗)
∥u⃗⊥∥2

. (3.170)

Using Eq. 3.123, we see that ∆∆θR is directly proportional to the gyrotropic coupling pa-
rameter χ(zL), namely that

∆∆θR = πχ(zL)/ ∥u⃗⊥∥2 sin2 (θzL) . (3.171)
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This relation is a major result first derived in our Ref. [6]. It connects the differential shift in
the polaritonic spectra induced by gyrotropic coupling to the variation of anholonomy angle
of the classical trajectories in the analogous classical model. We check in Fig. 3.14-a) that
∆∆θR > 0 when χ(zL) > 0, while in Fig. 3.14-b) ∆∆θR < 0 reverses sign upon sign
reversal of χ(zL) < 0.

Entering the ultrastrong coupling regime (Ω ≥ ωc)

Analogy to a Spirograph drawing game. We show in Fig. 3.13-b) the classical mobile
trajectories for higher values of the collective vacuum Rabi coupling ΩR ≈ 1.4ωc > ωc.
In this regime the trajectories are dramatically modified compared to those of the weak
coupling regime. Indeed, the analogy with a Foucault pendulum breaks down and the ap-
proximate Eqs. 3.166,3.167,3.168 do not capture well the presence of cusp singular points in the
trajectories present in both Fig. 3.13-b) and Fig. 3.14. To obtain them, one needs to push the
calculation in Eqs. 3.163,3.164,3.165 beyond the lowest order in Ω/2ωc. Actually, as shown
in Fig. 3.13-b), in the ultrastrong coupling regime, the classical dynamics of the fictive particle
exhibits cyclotron gyrations around the direction of the effective B⃗R magnetic field written in
Eq. 3.151. We thus come back to the analysis of the exact Eqs. 3.163,3.164,3.165 describing
the mobile trajectory. They can be rewritten in the following canonical form

x(θ) = r {(q − 1) cos (θ) + cos [(q − 1) θ]} , (3.172)
y(θ) = 0.0 , (3.173)
z(θ) = r {(q − 1) sin (θ)− sin [(q − 1) θ]} , (3.174)

where we introduced the (θ, r, q) parameters

θ =

(
ω̃c −

Ω

2

)
t , (3.175)

r =
1

2

{
1− Ω

2ω̃c

}
, (3.176)

q =
2

1− Ω
2ω̃c

. (3.177)

In this form, Eqs.3.172,3.174 are particularly transparent and provide an accurate description of
the classical trajectories in the full range of parameters investigated in our recent Ref.[6]. They
describe an hypocycloid trajectory 1 in the (x, z)-plane, with a radius R = 1 of the external
fixed-circle provided by the choice of initial conditions and conservation of mechanical
energy (the B⃗R-field does not work), and a radius r = R/q of the internal moving-circle.
The angle θ describes an oscillation at angular frequency ω̃c − Ω

2
, while the parameter q =

R/r is the ratio between the radius of the fixed-circle and the moving-circle. Interestingly
the trajectory of the effective classical mobile can be obtained with a Spirograph drawing game
(see Ref. [56] as an illustration). It is remarkable that the complex physics of polaritons in
presence of chiral light-matter interactions could be mapped onto a simple drawing game
played by children: this appeared to me as a source of wonder and joy !

1See for instance https://mathcurve.com/courbes2d/hypocycloid/
hypocycloid.shtml for graphical illustrations and selected animations of hypocycloid curves,
with some of their mathematical properties.
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Topology and cusp singularities of the trajectory. The hypocycloid trajectory of the
fictive mobile derived above takes place inside a ring-manifold with big-circle of radiusR and
low-circle of radius Rmin = R− 2r given by

Rmin =
Ω

2ω̃c

. (3.178)

This dimensionless parameter contains both effects of the light-matter coupling-strength
and the chiral-coupling encoded in Eq. 3.169. In the weak-coupling regime (Ω ≪ ωc), the
lower-circle of the ring has a vanishing radiusRmin ≈ 0 and thus converges to a single point
at the center of the fixed-circle, recovering the trajectory of a precessing Foucault pendulum
as shown in Fig. 3.13-a). In the deep ultrastrong coupling regime (Ω≫ ωc and ω̃c ≈ Ω/2),
the lower-circle of the ring gets close to the fixed-circle with a radius Rmin ≈ 1: the mobile
thereby undergoes cyclotron gyrations around the direction of the effective B⃗-field, with
a radial velocity ≈ Ω/2. In the ultrastrong coupling regime (Ω ≥ ωc), the trajectory takes
the form of a developed hypocycloid as shown in Fig. 3.13-b). The hole at the center of this
ring manifold spanned by the trajectory at long times is thus a striking topological signature
of entering the strong coupling regime for light-matter interactions. To close this study, it is
interesting to notice that the cusp singularities of the hypocycloid curves are achieved at
times tk ≥ 0 given by the expression

tk =
k

q

2π

ω̃c − Ω
2

; k ∈ N . (3.179)

The trajectory is thus closed, namely it comes back to its initial point, if and only if q is a
rational number (q ∈ Q with q ≥ 2). The latter condition imposes the following constraint
on Ω/ωc

Ω

2ωc

=
q − 2

2
√
q − 1

; q ∈ Q ∩ [2,+∞[ . (3.180)

If q is an irrational number, the trajectories are not closed and thus fill the ring manifold in a
dense-way as a result of the quasi-periodic nature of the trajectories [5].

3.5 Conclusion and future research perspectives

Conclusion. In this chapter, we have investigated several aspects of the light-matter
strong-coupling regime developing inside optical Fabry-Pérot cavities. The basic concepts
and theoretical tools were derived for understanding and computing the polaritonic spectra
measured at normal incidence out of the cavity: the former excitations result from the hy-
bridization between the electronic properties of the molecular material embedded inside cavity
and the cavity electromagnetic modes. We have shown the crucial role played by the dimen-
sionality of the cavity-embedded molecular aggregate when dealing with the the polaritonic
spectra generated by chiral molecules. We predicted that, when the coupled molecules are
arranged in a mesoscopic 2D chiral layer, the emergence of a gyrotropic coupling between
the chiral molecules and the cavity modes is at the origin of a differential shift of the polari-
tonic spectra that become enantiodependent. The latter effect results from a subtle interplay
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between the orientations, the enantiomeric class of the chiral molecules, and the spatial
distribution of the cavity modes profile along the optical z-axis. For macroscopic 3D chiral
bulk samples, such differential shift disappears. We interpreted this 2D chiral effect by de-
veloping an analogous classical Newtonian model in dimension 2+1. We have shown that
the molecular gyrotropic coupling is directly responsible for a perturbation of the anholonomy
angle of the analogous classical trajectories. The predicted differential polaritonic signals
while very weak could in principle be observed with state-of-the-art optical spectroscopy
[48]. We anticipate the latter signals to be robust to partial orientational disorder but to
be destroyed upon full rotational averaging of the molecular orientations. We hope that
our work will stimulate new theoretical efforts to find and analyze the nature and topology
of analogous classical models of chiral light-matter interactions like the present one. Such ef-
forts would thereby lead to revisiting our current interpretations of materials chiroptical
properties in the ultrastrong coupling regime.

  

Figure 3.15: Prospective figure showing the same optical Fabry-Pérot cavity as in Fig. 3.11 in
which a 2D-layer of chiral molecules interacts with one or several cavity modes. The finite
reflection and transmission coefficients of the left L and right R mirrors are taken into ac-
count thanks to the polarization and frequency dependent matrices

{
r(L(R))(ω), t(L(R))(ω)

}
.

An input optical signal a(L(R))
in with given polarization content enters the cavity through the

L(R) mirror and goes out as an output signal a(L(R))
out after coupling to the states of polariza-

tion of the cavity mode a. Unpublished Fig.

Future research perspectives. We provide here several prospective roads for future re-
search works devoted to investigating chiral light-matter interactions developing inside
optical cavities, following the lines we proposed in this chapter. The main open issues
which, we think, are of great interest for the field of chiral polaritonics are the following

1. How to characterize formally in a deeper mathematical way the connection between
the topology of classical trajectories and the underlying polariton formation under
cavity-induced chiral light matter interactions ? This could probably be done in general
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cases by deriving a Berry curvature associated to the electromagnetic gauge field both
in the initial quantum mechanical model and in the equivalent classical model.

2. Are there some more general way of thinking about the symmetries and conservation
laws (like conservation of orbital angular momentum and spin) of the coupled entity
made of interacting quantum cavity modes and collective and delocalized electronic ex-
citons of the 2D-layer chiral material? While many works analyze chiroptical features
of materials or of the electromagnetic field itself separately, very fewworks have been
done to clarify what happens for the case of strongly coupled polaritonic materials
embedded inside optical cavities.

3. What is the role of dissipation and fluctuations induced by finite losses of the cavity
and of the material embedded inside ? Do they have an effect on the crossover from
weak to strong light-matter coupling regimes, like introducing a threshold effect or
the emergence of exceptional points ?

4. What is the connection between the computed polaritonic spectra and the chiroptical sig-
nals that are actually measured in a real experiment ? How to compute experimentally
relevant signals from the output of the existing quantum mechanical model of chiral
light-matter interactions (which is intrinsically a closed system) ?

5. Is it possible to propose chiral electromagnetic environments generated by the cavity in
order to modify the chemical reactivity and enantioselectivity of chemical reactions for
materials embedded inside a Fabry-Pérot cavity in the strong coupling regime ?

Those questions are all open either from the side of theory or of experiments. Those are
quite hard ones and it seems at first sight quite difficult to propose any significant progress
along those directions. Regarding the points number 3,4, however, there is a way out which
is illustrated in Fig. 3.15. Indeed, to connect our work to actual experiments, one needs to
"open the system" and take into account the coupling of the electromagnetic modes of the cavity
to the external electromagnetic environment through the left L and right R mirror. This can be
done through the polarization and energy dependent reflection and transmission matrices
characterizing those mirrors

{
r(L(R))(ω), t(L(R))(ω)

}
. An input optical signal a(L(R))

in with
given polarization content enters the cavity through the L(R) mirror and goes out as an
output signal a(L(R))

out after coupling to the states of polarization of the cavity modes a. One
thus has to write quantum Langevin equations within an "input-output theory" and solve them
to find the polarization-dependent chiroptical measurable signals in transmission or reflection
out of the cavity. Those quantum Langevin equations will include by construction dissi-
pation and fluctuations (thermal or quantum) induced by the cavity finite quality factor.
We will pursue such a research project in collaboration with David Haggenmüller (ISIS) and
Cyriaque Genet (ISIS) and a future postdoctorate researcher that will be financed by the PEPR
LUMA TORNADO national project for that purpose.
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