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Résume et mots clés

Cette these est organisée en deux parties :

La premiére partie traite des modeles stochastiques d’épidémies avec perte progres-
sive d'immunité. Plus précisément nous étudions un modele stochastique individu-
centré d’épidémie dans lequel un individu infecté redevient susceptible apres guérison
et peut a nouveau étre infecté avec une probabilité égale a sa susceptibilité courante.
Contrairement aux modeles existants qui supposent qu’apres rétablissement l'indi-
vidu redevient immédiatement susceptible, nous supposons que I'individu redevient
progressivement susceptible et que I’évolution de sa susceptibilité est décrite par une
fonction aléatoire.

Pour ce faire nous avons étudié deux modeles. Pour le premier modele nous avons
établi le comportement limite en grande population, puis nous avons étudié le com-
portement en temps long. Il s’agit notamment des différents équilibres possibles et
enfin nous avons étudié les fluctuations du modéle autour du modele déterministe
obtenu par la loi des grands nombres. La limite en grande population est décrite par
un systeme déterministe d’équations intégrales de type Volterra modélisant la force
moyenne d’infection et la susceptibilité moyenne de la population et généralisant le
modele edp de Kermack et McKendrick. De plus, nous avons démontré que le seuil
d’endémicité dépend de la susceptibilité des individus et que lorsque le nombre de
reproduction de base est au dessous de ce seuil nous avons un équilibre sans maladie
asymptotiquement globalement stable et dans le cas contraire il est instable. Nous
avons également pu montrer I'existence d'un équilibre endémique lorsque le nombre
de reproduction de base est au dessus de ce seuil. Enfin la limite du théoreme de la
limite centrale est décrit par un systeme d’équations intégrales de types Volterra avec
en entrée un vecteur gaussien.

Pour le second modele, nous étendons le premier modele en faisant dépendre a
chaque réinfection les valeurs de l'infectivité et de la susceptibilité des individus de
celles précédents leur réinfection. Pour cela nous utilisons une approche paramé-
trique en modélisant par un processus de Markov I’évolution des parametres et I’age
d’infection des individus au fil du temps. Nous supposons qu’entre deux instants
d’infection les traits des individus restent constants et que I’dge d’infection repasse
a zéro a chaque nouvelle infection. De plus nous supposons aussi que le nouveau
trait est tiré suivant une loi de probabilité décrite par un noyau de transition. Puis
nous montrons que la mesure empirique du couple trait et age converge dans la limite
d’'une grande population vers une mesure de probabilité solution d’'une edp de trans-
port non-linéaire. Par la suite nous démontrons que cette edp admet une solution



stationnaire non nulle, donc I'existence d’'un équilibre endémique. Nous obtenons
un seuil d’endémicité tres général que nous calculons dans certains et enfin nous
donnons une conjecture donnant la stabilité locale de notre modele.

Dans la seconde partie, nous étendons la théorie des poids de Békolle-Bonami B, en
remplacant la constante p par une fonction mesurable positive p(-) et nous supposons
qu’elle est log-Holder continue et minorée par 1. Puis nous montrons que le projecteur
de Bergman dans la boule unité de C" est borné sur un espace de Lebesgue a poids a
exposant variable L") (w) si et seulement si w appartient a la classe généralisée de
poids de Békolle-Bonami By,(,. Pour ce faire nous définissons une fonction maximale
et nous montrons qu’elle est bornée sur LPO(w)siwe By(,. Puis nous prouvons un
théoreme d’extrapolation a poids qui nous permet de conclure.

Mots clés : Modele d’épidémie, Infectivité variable, perte progressive d' immunité,
Equation ntégral de Volterra stochastique, Mesure aléatoire de Poisson, intégral par
rapport a une mesure de Poisson, Modele en quarentaine, Espaces de Lebesgue a expo-
sant variable, Espaces de Lebesgue a poids a exposant variable, Espaces de Bergman a
exposant variable, Inégalités a poids, Projecteur de Bergman.



Abstract and keywords

This thesis is organized in two parts:

The first part deals with stochastic models of epidemics with progressive loss of
immunity. More precisely, we study an individual-based stochastic epidemic model
in which each infected individual become susceptible again after recovery and can
be infected again with a probability equal to his current susceptibility. In contrast to
existing models, which assume that after recovery the individuals immediately become
susceptible again, we assume that the individuals gradually become susceptible again,
and that this is described by a random function.

To do this, we have studied two models. For the first model, we establish the limit
behavior in a large population, then we study the long time behavior. Finally, we study
the fluctuations of the model around the deterministic model obtained by the law of
large numbers. The large-population limit is described by a deterministic system of
Volterra-type integral equations modeling the average force of infection and the aver-
age susceptibility of the population, and generalizing the edp model of Kermack and
Mckendrick. In addition, we have proved that the endemicity threshold depends on
the susceptibility of individuals, and that when the basic reproduction number is be-
low this threshold we have an asymptotically globally stable disease-free equilibrium,
which is otherwise unstable. We were also able to show the existence of an endemic
equilibrium when the basic reproduction number is above this threshold. Finally, the
central limit theorem is described by a stochastic system of integral equations of the
volterra type with a Gaussian noise vector.

For the second model, we extend the first model by deriving the value of the new
individual parameters (infectivity and suceptibility) after each new infection from the
previous ones. To do this, we use a parametric approach, using a Markov process to
model the evolution of the parameter and the age of infection of individuals over time.
We assume that between two times of infection , the traits of the individuals remain
constant, and that the age of infection returns to zero with each new infection. We
then show that the empirical measure of the pair trait and age converges in the large
population limit to a probability measure which solves a nonlinear transport pde. We
then show that this pde admits a non-zero stationary solution and hence deduce the
existence of an endemic equilibrium. Finally we obtain a very general endemicity
threshold that we calculate in certain cases.

In the second part, we extend the theory of Békolle-Bonami B, weights. Here we



replace the constant p by a non-negative measurable function p(-), which is log-
Holder continuous function with lower bound 1. We show that the Bergman projector
on the unit ball of C" is continuous on the weighted variable Lebesgue spaces LP") (w)
if and only if w belongs to the generalised Békolle-Bonami class Bj,(,). To achieve this,
we define a maximal function and show that it is bounded on LY (w) if w € B,,(). We
next state and prove a weighted extrapolation theorem that allows us to conclude.

Keywords: epidemic model, varying infectivity, waning immunity, Gaussian-driven
stochastic Volterra integral equations, Poisson random measure, stochastic inte-
gral with respect to Poisson random measure, quarantine model,Variable exponent
Lebesgue spaces, Variable exponent Bergman spaces, Weighted inequalities, Bergman
projector, Muckenhoupt weight.
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Introduction

Depuis I'antiquité, le monde a fait face a plusieurs crises sanitaires ayant provoqué
un nombre important de déces. Nous pouvons citer I’épidémie de paludisme, qui
selon le rapport de I'OMS de 2022 aurait déja atteint 249 millions de déces, de méme
selon I’OMS le nombre total de déces associé a la pandémie de covid-19 entre le
1¢7 janvier 2020 et le 31 décembre 2021 était d’environ 14.9 millions. Dans le but
de controler la propagation de ces épidémies, il est apparu urgent de comprendre
leurs mécanismes de propagation, et leur comportement sur le long terme. C’est a
cette fin qu’est née I'’épidémiologie mathématique et 'un des tout premiers modeles
mathématique fut proposé par Ross et Hudson en 1915 et 1917, plus précisément
ils modélisaient la transmission d'un pathogene du moustique vers ’humain et de
I’humain vers le moustique. Plus tard Kermack et McKendrick en 1927 se sont inspirés
de ce modele pour proposer un modele ou le pathogene se transmet d'un individu a
un autre. Depuis lors nous avons assisté a la publication de nombreux articles sur le
sujet se regroupant principalement en deux grandes écoles : une école axée sur des
modeles déterministes et I’autre sur des modeles stochastiques.

Ces deux approches utilisent des modeles compartimentaux. En particulier nous
avons le modeéle SEIRS ou S représente la classe des individus susceptibles, E la classe
des individus exposés, I celle des infectieux et R celle des rétablis. Dans ce modéle on
sous-entend qu’un individu initialement susceptible passe de S a E, puisde Ea 1, de
I a Retenfin de R a S. De méme on définit le modele SIR, SIS, et SIRS. Pour que le
modele stochastique soit Markovien il faut que les durées d’exposition, d’infection et
d’immunité des individus suivent des lois exponentielles indépendantes, et que les
taux de passages d’'un compartiment a un autre soit des constantes, voir [15].

Dans I'approche stochastique, pour décrire la dynamique de I'épidémie on part en
général d'un nombre fini d’individus, puis on établit un résultat de type loi des grands
nombres en faisant tendre la taille de la population vers 'infini. Cette limite est décrite
par un systeme déterministe et est généralement caractérisée soit par un systeme
d’équations différentielles, soit un systeme d’équations aux dérivées partielles ou un
systeme d’équations intégrales. Ensuite on se pose la question des fluctuations autour
du modele déterministe obtenu par la loi des grands nombres : dans un premier
temps on peut regarder le théoréme de la limite centrale, puis les grandes déviations
de I’épidémie et enfin les déviations modérées afin d’estimer le temps d’extinction.

Dans la suite nous ne considérerons que des modeles homogenes autrement dit
nous ne tenons pas compte des inhomogénéités dans la population, par exemple de
type spatiale ou différence de niveau d’activité sociale.

17



Introduction — 1. Modéles déterministes

1. Modeles déterministes
1.1. Modele de Kermack-McKendrick

En 1927, Kermack et McKendrick publient un article dans lequel ils proposent I'un
des tout premiers modeles d’épidémie [61]. Dans [61] ils décrivent la dynamique de
I’épidémie, et la taille finale de I'épidémie. D’autre part ils étudient le comportement
en temps long du modele SIR général sans perte d'immunité, puis déduisent celui
du cas particulier ot les taux d’infectivité et de rémission sont constants. Plus préci-
sément, ils démontrent 'existence d’un seuil critique au-dessous duquel on a une
extinction rapide de I'épidémie et dans le cas contraire I’épidémie touche une large
fraction de la population avant de s’éteindre.

1.1.1. Modéle SIR

Dans ce modele Kermack et McKendrick font les hypotheses suivantes :

— Au début de I'épidémie on a un ou plusieurs individus infectés dans une popula-
tion d’individus susceptibles au virus;

— Tous les individus susceptibles ont la méme susceptibilité;

— L'épidémie se propage d'un individu infecté a un non-infecté par un contact
infectieux;

— Chaque individu infecté se remet de la maladie par guérison ou déces;

— La probabilité d’infecter un susceptible dépend de I'infectivité de I'individu;

— Apres guérison les individus acquierent une immunité totale;

— Un individu infecté ne peut étre réinfecté pendant sa période infectieuse;

— Lataille de la population reste constante égale a NV au cours du temps.

En introduisant les notations suivantes :

— I(t,0) : Le nombre d’individus infectés a I'instant ¢ depuis 8 unités de temps.

— I(t,0) représente le nombre d’individus a I'instant ¢ qui ont été récemment
infectés.

— I(1) : Le nombre total d’individus infectés a I'instant .

— Jo le nombre d’individus qui viennent juste d’étre infectés a t = 0.

— v(t) le nombre d’individus qui deviennent infectés dans I'intervalle de temps
[t t+1].

— S(t) le nombre d’individus susceptibles a I'instant .

— w(0) le taux de rémission (guérisons + morts) apres 6 unité de temps;

— ¢(0) le taux d’infectivité d’age 0 avec ¢(0) = 0.

— R(t) le nombre de personnes rémises (guéries et mortes) a l'instant ¢.

IIs ont donc
S(e)+I(5) + R(t) = N. (1)

Puis en regardant dans un premier temps chaque intervalle de temps de longueur
un comme une unité de temps, ils déduisent que le nombre d’individus rémis dans
I'intervalle [, £+ 1] apres avoir passé 6 unités de temps dans I’état infectieux est donné
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pary(0)I(t,0) =1(t,0)—1(t+1,0+1).D’ou

[(5,0)=1(t-1,0-1)(1-y(©6-1))
=1(t-2,0-2)(1-w©0-2))(1-y(©O-1)
=B(0)I(t—0,0)

avec
0

BO)=[](1-v(-D).
j=1

De la définition de () ils déduisent que,

t t
(=) 1(t,0)= ) BO)v(t-0)+B(t)yo.
6=0 0=0

De méme ils en déduisent qu’on a
t
v()=S(1) ) $O)I1(1,0)
6=1

t
=S(1) ) pO)BO)I(t-0,0)
0=1

3
=S| Y. A v(t-0)+ Ay |,
0=1

ou A(0) = ¢(0)B(0).
D’autre part, puisqu’on a aussi

v(t) =S)-S(t+1),

de (5) ils déduisent que

t
S-S+ =8| ). A@)v(t—6)+A)yo |-
0=1

t
R(t+1)-R(1) =) w@®)I(1,0)
0=1
t
=Y vO)BO)v(t-0)+yw(1)B(t)yo
0=1

t
=Y COW(-0)+CW)y.
0=1
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IIs déduisent de (1) que

t
Y COV(E-06)+C1)yo
0=1

t
Y A@)v(t-06)+ A yo
0=1

I(t+1)—-1(¢) = S(1)

D’ouiils déduisent que la dynamique de I'épidémie est décrite par le systeme discret
suivant:

SH+IN+RH=N 4)
t
(1) =S@)| ) AO)v(r-6)+ ANy |, (5)
0=1
J S() - S(t+1)=v(1) (6)
t
I(t)=)_ BO)v(t—06)+B(1)yo (7)
6=0
t
R(t+1)-R(1) =) CO)v(t—0)+C(1)yo. 8)
6=1
ol o
BO)=[][(1-w(-D), A®B) =B@O)$®), CO)=w(O)BO).
j=1

Puis en supposant maintenant que la subdivision de chaque intervalle augmente en
nombre de sorte que chaque intervalle devient petit, ils déduisent en passant a la
limite dans les équations (1), (6), (3), (7) et (8) le systeme continu suivant :

S +I1I(t)+R()=N

1(£,0) = =S'(1)

t
S'(1) =-S(1) ([ AO)I(t—0,0)d0 + A(1) yo
0 9)

t
R :f CO)I(t-06,0)d6 +C(t) yo
0

t
I(1) :f B(0)I(t-0,0)d0 + B(t)yo,
0

ol
6
B(@) =exp (—fo w(a)da), A@)=B0)p(B), CO)=wO)B(@O).
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IIs déduisent de (9) I'’équation suivante :

dln S(1)

t
:—A(I)N+f A@)S(t-0)de, (10)
dt 0

En utilisant le fait que S est une fonction croissante en ¢ et majorée, elle converge vers
Soo et en passant a la limite dans (10) ils déduisent I'’équation suivante

S0 ©
log(ﬁ) =(N- Soo)f A(0)do. (11)
o) 0
En notant ﬁoo =1- Sﬁ"’ et A= f(fo A(0)d0, ils obtiennent
— S0 =
| — Ry = 2O p-NaRs, (12)

N

qui est leur principal résultat et qui permet de décrire la taille finale de I'épidémie. De
nos jours cette équation s’écrit autrement. En fait, elle n’a pas de sens lorsque la taille
de la population est tres grande. Plus précisément, dans ce modele N A représente le
nombre moyen d’infections par un individu infecté dans une population de suscep-
tibles ou tout simplement le nombre de reproduction de base qu’on note aujourd’hui
Ry et qui est supposé indépendant de N. Ainsi (12) se réécrit comme suit :

1-S(0)e BB =R (13)

oi1 S(0) est la proportion d’individus susceptibles 4 I'instant initial et R la proportion
d’individus remis ou ayant été infectés a la fin de I'épidémie.
On en déduit le résultat suivant de Kermack et McKendrick.

Théoreme 1. Si_g(O) =1,0ona:
— SiRy<1,Re=0. _
— SiRy > 1, il existe, R, €]0,1[ solution de (13).

Corollaire1.1. 1. Quand Ry <1, Roo peut-étre rendue arbitrairement petit en choi-
sissant 1(0) suffisamment petit.
2. Quand Ry > 1, Eoo >R, pour tout S(0) €]0, 1.
Dans ce méme article ils traitent le cas particulier de (9) ou ¢ et ¥ sont des constantes

égales a A et f respectivement et dans ce cas I'on obtient le célebre systeme d’EDO
caractérisant le modele SIR d’épidémie suivant :

S () =-AS(0HI(0)
I'(t) = AS()I(1) — BI(1) (14)
R'(t) = BI(1).

Pour ce cas particulier ils démontrent que lorsque le nombre moyen d’individus
infectés dans une population de susceptibles par un individu infecté, noté R, qui vaut

21



Introduction — 1. Modéles déterministes

SIR Model, Ro = 2.60 SIR Model, Rg = 0.86

—— Susceptibles
0.8 — Infectés
—— Rétablis

0.6

0.8

0.6 1

—— Susceptibles
— Infectés

0.44 —— Rétablis 0.4

0.2 i
0.0
T T T T

temps temps

0.24

0.0

FIGURE 1. - Représentation du modele SIR déterministe pour différentes valeurs de
Ry avec S(0) =0.9, et I(0) =0.1.

AB~! estinférieur a un, il y a extinction rapide de I'épidémie et dans le cas contraire
I’épidémie touche une large fraction de la population avant de s’éteindre (voir la
figure 1). C’est le théoreme du seuil de Kermack et McKendrick.

1.1.2. Modéle SIRS

En 1932 Kermack et Mckendrick publient un second article [62] dans lequel ils
étendent le modele de [61] en introduisant la perte progressive de I'immunité apres ré-
mission des individus et des nouveaux susceptibles dans la population par naissances
ou immigration. Ils obtiennent ainsi un modéle avec quatre classes :

— S:laclasse des individus qui n’ont jamais été infectés,

— I:la classe des individus qui sont infectieux,

— R:laclasse des individus qui ont été infectés au moins une fois,

— D :la classe des individus décédés.

Dans ce modele un individu est susceptible s’il est dans la classe S ou R.

Dans un premier temps ils étudient un cas particulier ou tous les taux sont constants
et 'immunité est perdue instantanément. En notant m le taux d’'immigration, u le
taux de natalité des individus de la classe S, p celui des R et v celui des I. Puis k le taux
avec lequel un individu de la classe S devient I, k le taux avec lequel un individu de
la classe R devient I, d le taux de déces des I et £ le taux avec lequel un individu de la
classe I devient R, ils obtiennent que la dynamique de I’épidémie est décrite par le
systéme suivant :

S' () = m+uS(t) + uR() +vI(H) — kS(HI(1)
R(H)y=¢I(t)-kR(1)I(1)
I'() = kR(OI(£) + kS(0)I(1) — €1(1) — dI(D).

Rappelons qu'une maladie est dit endémique si elle persiste dans la population et
lorsqu’elle atteint un équilibre, ce dernier est appelé équilibre endémique. Cela cor-
respond a un équilibre entre le nombre de nouveaux cas infectieux et le nombre de
nouvelles guérisons.
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Ils en déduisent le théoreme d’endémicité suivant :

Théoréme 2. Sid > v, le triplet (S«, R+, L) définit par

d . ¢ 1( fid z)

est un équilibre endémique localement stable.

Plus généralement, ils supposent que le taux de guérison, noté ¢, de déces noté d,
et de passage de S vers I, noté k, dépendent de I’age d’infection, noté 6. De plus, ils
supposent que le taux de passage de R vers I, noté k, dépend de 'age d’infection et de
I’age de guérison, noté 7. Ils supposent aussi que k(7,0) est de la forme w(7)p(0) et
consideérent toujours constant les taux de naissance et d'immigration. En introduisant
les notations suivantes :

— S(t, 1) représente le nombre d’'individus susceptibles a I'instant ¢ depuis 7 unité

de temps,

— R(t,7) représente le nombre d’'individus remis a I'instant ¢ depuis 7 unité de

temps,
et en utilisant le fait que

I(t,O):S(t)f %(9)[(t,9)d9+[ f k(t,0)I1(t,0)R(t,7)dOdT
0 o Jo

) R(t,O):f 0O)I(t,0)d0
0

S(£,0) = m+IS(t) + pR(1) + vI(1),

o0

S(t):f S(t,7)dr, I(t):f 1(t,0)d0, etR(t):f R(t,0)do.
0 0

0
IIs obtiennent que la dynamique de I’épidémie est décrite par le systeme d’équations
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aS(¢, 1) +05(t»T) :—S(t,T)f k(0)I(t,0)d6
ot ot 0

oI(t,0) 9I(t,0) _
5 + 0 - (00)+d)) 1(t,0)

OR(L,T) OR(1,7) _ ~R() [k O)1(0,0)d0
ot 0t 0

I(t,0) :S(t)f %(9)[(t,9)d9+‘[ f k(r,0)I1(t,0)R(t,T)dOdT
0 0 0

R(t,0) :f 20)1(¢,0)do
0

S(£,0) = m+IS(t) + uR() + vI(1).

(15)

Cependant ils laissent pour des travaux futurs I’étude du comportement en temps

long.

En 1933 dans [63] Kermack et McKendrick étendent le modele de [62] en rajoutant
les déces qui ne sont pas dus a I'épidémie. A cet effet en notant par 7, 7 et p le taux
de déces des susceptibles, des rémis et des infectés respectivement, ils obtiennent la
dynamique suivante :

0S(tT) 98T _ o f T RO 1(1,0)d0 -7S(1,7)
ot ot 0

01(t,0) 01(t,0)
St =~ (O +dO)1(1,0) - pl(1,6)

OR(t,T) N OR(t, 1)
ot ot

:—R(t,r)f k(t,0)1(t,0)d0 —nR(t,7)

0

I(t,0) :S(t)f %(9)](t,9)d0+[ f k(t,0)I(t,0)R(t,7)dOdT
0 0 0

R(z,0) = ‘[ooE(H)I(t,H)dH
0

S(£,0) = m+ES(t) + uR (1) +vI(1)
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Pour ce modele ils étudient les variations de la solution stationnaire de (16) par rapport
aux parametres de démographies mais laissent pour des travaux futurs I’étude de la
stabilité du modéle.

1.2. Comportement en temps long

Les équations (15) et (16) sont appelées généralement équations de Kermack-
McKendrick. L'étude du comportement asymptotique de ces équations est a I'origine
de I’écriture de plusieurs livres et articles. En effet, dans [50] Hertcote étudie le cas
particulier du modele SIS décrit par le systeme suivant :

S'(1) = —BS)I(1) +yI(¢)
I'(0) = BS(OHI(t) —yI(t)
S(1)+I(t) = N.

Plus précisément il établit le résultat du comportement en temps long en utilisant la
technique de Lyapunov voir [99, 12] pour plus de détails sur la technique de Lyapunov.

Dans ce cas Ry = g En notant S(¢) et I(¢) la proportion d’individus susceptibles et
infectés respectivement a I'instant z, ce résultat s’énonce ainsi que suit :

Théoreme 3. Si Ry <1, L
(S(1), I1(1)) P (1,0),

sinon des que I1(0) >0, on a:

- = 1 1
(S0, 1(0) —— (R_’l_R_)'
—o0 0 0

Dans [53, 54] Inaba étudie le cas particulier du modele de Kermack et Mckendrick
(I6)oum=0,u=p=v,p=n=m,d0) =0 et k(r,0) = w(r)p(0). Dans ce cas le
nombre de reproduction de base Ry est donné par,

o) (7]
Ry = f b)) exp (—f ((s) + p)ds) dae.
0 0

Puis il démontre le résultat suivant :
Théoréme4. 1. SiRy < (supgs, w(9))_1, I'équilibre sans maladie est asymptotique-
ment globalement stable.

2. SiRy > (sup@20 w(@))_l, I'équilibre sans maladie est instable et il existe un équi-
libre endémique.

3. SiRy > (sup9>o w(H))_l, I'équilibre endémique est unique et est asymptotique-
ment localement stable si le nombre d'individus infectés a l'équilibre est suffisam-
ment petit.
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Plusieurs autres cas particuliers du modele de Kermack et McKendrick ont été aussi
étudiés. Dans [13] Breda réécrit la force totale d’infection de I'épidémie comme solu-
tion d'une équation du renouvellement et en déduit son comportement asymptotique,
et dans [68] Magal, McCluskey et Webb étudient le comportement en temps long vu
comme modele de McKendrick-von Foerster. Mieux encore dans [99] Webb présente
une théorie assez générale pour I’étude asymptotique des équations de transport non
linéaire pour des modeles de populations de naissance et de mort structuré en age
généralement appelé équation de type McKendrick-von Foerster généralisant (16). Il
s’agit du systeme suivant :

o0v(t,a)+04v(t,a) =—ula,P(0))v(t,a)
v(t,0) = foooﬁ(a,P(t))v(a, fda

< v(0,a) = ¢p(a)

P(t) = fooo v(t,a)da

(17)

Dans ce modéle a représente 1'age de I'individu qui évolue de maniere linéaire et qui
repasse a 0 a chaque déces. v(f,0) représente le taux de naissance de la population
a l'instant ¢ et u(a, P(t))v(t, a) le taux de naissance par individu. L'idée principale
consiste a transformer notre probleme en un probléeme de Cauchy abstrait de la forme

suivante
du(r)

dt

ou «f : D(«/) c X — X est un opérateur différentiel et F un opérateur défini sur un
sous-ensemble borné Cy de X. Puis il définit les quantités suivantes

=of (u;) + F(uy), (18)

1
wo(f) = }Lr&;lnll Ty (Dl 2x),
et 1
Wess(A) = tll»rgo;ln | Toy () ll ess- (19)

ol |-l #(x) désigne la norme d’opérateur continue sur X, T, (¢) le semi-groupe associé
ad et
ILlless=inf |IL—Klx,
KeX (X)

avec £ (X) I'espace des opérateurs compacts sur X.
Le premier résultat principal de cette théorie dans [99, Proposition 4.13] est le
théoréme suivant.

Théoreme 5.
wo (/) = max{wess(f), sup{Re(a), a € 0(</)}},

oo () désigne le spectre de < .

Il en déduit le résultat suivant, voir [99, Proposition 4.17, page 211] ou [93, Théo-
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reme 4.2] qui donne la stabilité locale :

Théoréme 6. Soit F un opérateur continu Fréchet-différentiable sur Cy et u, un point
d’équilibre de (18). Si wy(<f + F'(u.)) <0, alors pour tout w > wo(sf + F'(u.)), il existe
0>0,c>0, tel que pour tout u e Co, lu—u.ll <06,ett >0,

I Ty () (1) — s || < ce™" |t — wse .

Par suite il en déduit le corollaire suivant [99, Théoréme 4.12, page 219] ou [93,
Corollaire 4.3]

Corollaire 1.2. Soit F un opérateur continu Fréchet-différentiable sur Cy. Soit u,. un
point d’équilibre de (18). Si w,ss(<f + F'(u)) <0, alors :

1. Si toutes les valeurs propes de < + F'(u.), ont leurs parties réelles strictement
négatives, il existe w <0< 9,c > 0, tel que pour tout u € Co, llu—u.ll <6,ett >0,

I Ty () (1) — || < c™" e — wsell.

2. Si au moins une des valeurs propes de «f + F'(u.), a une partie réelle strictement
positive, alors u, est un équilibre instable au sens suivant :

Il existee > 0, et une suite (u,), convergeant vers u,. dans Cy et t,, — 0o, n — 00
tel que pour tout n € N,
| Ty (£) (up) — us |l = €.

Dans [93] Thieme propose une approche un peu différente toujours basée sur les
problémes de Cauchy abstraits afin de traiter des cas ot les conditions au bord sont
non linéaires. L'idée d’utiliser la méthode des problemes de Cauchy abstraits pour
I’étude du comportement en temps long fut récement reprise par Magal dans [69] ol
il présente plusieurs exemples. De méme dans [21] Chen étudie de la stabilité globale
du modele SIRS avec démographie et age d’'infection.

Dans [44] Gabriel utilise les conditions de minorations de Doeblin pour étudier
le comportement asymptotique d'un modele de population de naissance et mort
structuré en age modélisant la division cellulaire. Il s’agit du systéme conservatif

suivant :
ou(t,a) N ou(t,a)

ot oa
u(t,0) :f Bla)u(t,a)da, >0, (20)
0

=-p@u(t,a), t,a>0,

10, a) = u'"™ (a).

Il redémontre le résultat suivant (voir aussi [72]),

Théoréme 7. Soit (T(1)):>o un semi-groupe sur 4 (R.) qui satistifait la condition de
Doeblin :

At >0,c€l0,1[,ve P(Ry)telsqueVue PR;), uT(ty) = cv.
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Alors pour tout iy, pp € M (R), tels que 1 (Ry) = p2(R4),

1
N1 T(E) —p2T (Dl rv < :eXp(—a(t— o)y — p2ll v,

_ _log(l -0C) >0
fo

et || - | Tv désigne la norme en variation totale.

)

11 utilise ensuite ce résultat pour démontrer le théoréme suivant,

Théoreme 8. S'il existe a. > 0, Bin, Pmax >0,Va =0, Buinlia, co < P(@) < Bmax,
alors le systeme d’équation (20) admet une unique solution stationnaire a constante
pres u,. définie par :

o0 a
us(a) :f ﬁ(s)u*(s)dsexp(—f ,B(s)ds).
0 0
De plus pour tout t >0, pour tout ug € L' (R,),

1 (e
< ——e Yy —uy | 7y,

ut—f ug(a)dau,
R

_ log(1—c¢)
¢ = ayPmine” “Pmax eta=-—8""% 9
Ay
D’autre part si a, =0 pour tout t >0,
s = wellry < e Printlug - wll v,

Dans [73] Michel, Mischler et Perthame présentent la méthode d’entropie générali-
sée pour étudier le comportement en temps long de différentes EDP. Celle-ci consiste
a chercher une fonction de Lyapunov ./ et une fonction de dissipation D g telles que

iff(ur) =—Dg(u) <0.
dt
Puis d’utiliser une inégalité de type Poincaré et le lemme de Gronwall pour conclure,
voir par exemple [83] pour plus d’exemples.
Dans [76] Pakdaman, Perthame et Salort étudient le comportement en temps long
du systeme d’équations suivant modélisant un réseau excitateur composé de neurones
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qui se chargent par décharge d’'un autre neurone :
oiu(t,a)+0,u(t,a)=—-pla, X()u(t,a), t>0,a>0,
u(t,O):N(t)::f pla, X(D)u(t,a)da, t>0,

0

int 2D
u0,a)=u"@a), a>0

o0
f u(t,ada=1, t>0,
0

ou p(a; X) représente le taux d’excitation d'un neurone d’age a situé dans I’enviro-
nement X. Les auteurs supposent X(f) = N(f) et p(a, x) = 1 ,5¢(x) avec o une fonc-
tion Lipschitzienne strictement positive, minorée et majorée. Puis ils démontrent
sous certaines hypotheses que %N (n)a’(N(1)) < 1 et N(t) converge lorsque t — oo
et par conséquent u(t,-) converge lorsque t — oo (voir aussi [75]). D’autre part ils
construisent une fonction o et des fonctions périodiques N tels que %N (o' (N(1) =
1 et déduisent que le systeme d’équations aux dérivées partielles (21) admet une
solution périodique.

Dans [96] Torres, Perthame et Salort étudient le comportement en temps long du
systeme d’équations suivant modélisant un réseau excitateur composé de neurones
qui se chargent par décharge d'un autre neurone :

o0u(t,s,a)+0su(t,s,a)+0,u(t,s,a) =—p(s,a X())u(t,s,a), t>0,a>s>0,

u(t,O,a):N(t,a)::f pla,s, X())u(t,s,a)ds, t>0,a>0
0

<X(t)=f N(t,a)da, t>0
0

u,s,a) = u'"(s,a), a>s>0

(0 0) a
f f u(t,s,a)dsda=1, t>=0.
o Jo

(22)
Ils établissent le résultat suivant :

Théoreme 9. S'il existe o, po, Poo > 0 tel que polig>s>01 < P < Poo, €L Si p est une
fonction Lipshitsienne satisfaisant |0x plloo < 1 alors le systeme d’équations (22) admet
une unique solution stationnaire (U, N, X.) . De plus il existe C,a > 0 tels que pour
toutt >0,

ey — wallrv < Ce™“Mug — wali7v,

D'autre part | N(t) — N |1 et| X () — X«| convergent exponentiellement vite vers 0 quand
 — oo.

Pour établir ce théoreme ils utilisent les hypotheéses de minorations et majorations
de p pour vérifier la condition de Doeblin. Ensuite, ils appliquent le Théoreme 7 et le
fait que ||0x plleo < 1 pour conclure.

Pour en savoir plus sur I’étude des modeles déterministes avec age d’'infection, on
pourra consulter [83, 69, 67].

29



Introduction — 2. Modéles Stochastiques

2. Modeles Stochastiques

En 1925 dans [70] McKendrick introduit le modele stochastique SIR, puis en 1931
et 1946 Greenwood utilise les chaines binomiales pour étudier la distribution des
cas multiples de maladie dans les ménages. Nous avons aussi les travaux de Bartlett
en 1946 [9] et 1949 [10], et de Bailey en 1950 [2]. Dans ces articles a chaque instant
ils décrivent I’évolution de la loi du nombre d’individus infectés et de susceptibles
remplacant ainsi la valeur ponctuelle donnée par le modele déterministe. Dans [2]
Bailey décrit un modele stochastique d’épidémie dans lequel aucun individu infecté
ne se remet de la maladie. D’autre part, dans [3] il traite le cas du modéle stochastique
SIR et étudie la loi de la taille finale de I'épidémie. En 1955 dans [17] Bartlett établit la
convergence en grande population du modeéle stochastique SIR vers le modéle déter-
minste décrit par le systeme d’équations différentielles (14). Ce résultat fut étendu a
une classe de processus de Markov a temps continu par Kurtz dans [65] en 1970. De
méme en 1956 dans [60] Kendall étudie le comportement en temps long de I'épidémie
pour le modele stochastique. Les modéles stochastiques d’épidémies furent largement
étudiés par la suite et nous avons assisté a de multilples variantes de modeles, voir par
exemple [15].

2.1. Modeéles Markoviens (SIR et SIRS)
2.1.1. Modeles SIR classique

En 1955 dans [17] et en 1970, dans [65] Bartlett et Kurtz montrent que le systeme
d’équations différentielles (14) décrivant la dynamique déterminste du modele SIR
d’épidémie est la limite en grande population d'un procesus de Markov. Plus précisé-
ment, en faisant les hypothéses suivantes :

— On se donne une population de taille N;

— On suppose qu'’il existe un nombre 0 < IV(0) < N, d’infectés a I'instant 0;

— Chagque paire d’individus a des contacts aux instants de saut d'un processus de

poisson d’intensité ¢/ N indépendamment les un des autres.

— Si l'individu contacté est susceptible, alors il devient infecté avec probabilité
p>0;

— Chaque individu infecté le reste pendant une durée aléatoire 7, de fonction
de répartition F, indépendant pour chaque individu. A la fin de cette période
I'individu est remis.

On note A = cp, l'infectivité d'un individu.

Rappellons que SV (1) représente le nombre de susceptibles a I'instant ¢, IV () celui
des infectés et RV (1) celui des rémis.

Ftant donné gu’a un instant s un individu devient infecté a taux A% IN(s), eten
supposant que 11 ~ &(y), le modeéle stochastique est décrit par le systeme fonctionnel

30



Introduction — 2. Modéles Stochastiques

N = 1500, Rg = 2.60 N = 1500, Rp = 0.86
0.8 1
0.6 1
—-—=- Susceptibles —-=—=- Susceptibles
=== Infectés === Infectés
0.4 -—- Rétablis 0.4+ --- Rétablis
0.2 1
0.0 1
0 1 2 0.0 0.5 1.0
temps temps

FIGURE 2. — Comparaison du modele stochastique SIR avec le modele déterministe
pour différentes valeurs de Ry avec S(0) = 0.9, et 1(0) = 0.1. La courbe en
trait interrompu est celle du modele déterministe.

d’équations Poissoniennes suivant :

SV =SV (0) - Py ([ ASE N (9)ds)

110 = 1Y) + Py AL I (s)ds) - Po (fy y IV (5)ds)

RN() =RN () + P2 (fy yIN(9)ds),

ol P, et P, sont deux processus de Poisson indépendants d’intensité 1.
—N N =N N —N N . PN s s
EnnotantS = SW, I = IW etR = RW, on déduit de [65, Théoreme 3.1] le théoreme
suivant dit loi des grands nombres (voir aussi [15]).

Théoreme 10. Si (§N(O),7N(O),§N(O)) — (E(O),T(O),E(O)) en probabilité lorsque N —
oo, alors pour tout T >0, ete >0,

lim [P’{sup (|§N(t) SO+ -1+ IR (1) —E(m) > e} -0, (23)
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u (E(t)j(t),ﬁ(t)) est solution du systeme d’équations différentielles (ODE) suivant :
S'(1) = -AS( (1)

ST =ASWI) -y

R () =yI®).

Puis en 1971 dans [66] Kurtz étudie les fluctuactions du modele stochastique au-
tour de la limite en grande population : c’est le théoreme de la limite centrale. Plus
précisement, en notant

sN\/_( )IN\/_( )etRN\/_( )
dans [7] Barbour déduit du Théoréme 3.1 de [66] le résultat suivant (voir aussi [16]).

Théoreme 11. On suppose que SN0y, IN(0), RN (0)) — (5(0), I(0), R(0)), en loi lorsque
N — oo. Alors (SN, IN,RN) — (5,1, R) en loi dans € (10, T1,R®) quand N — oo, oit le
triplet (S, I, R) vérifie le systeme suivant :

8 =80 -21J; ($Ts)+3(9)1(s))ds— fi \/AS()T(s)a B

Jio =i+ Sy (A8 T(9) + A5 1(9) - y1(9)) s

+ fi\/AS(9)I(s)dBL — [ \/yI(s)dB?

R() =RO)+y [ [(s)ds+ ff \/yI(s)dB?,

et B = (B!, B?) est le mouvement Brownien standard.

Etant donné que la phase centrale de I'épidémie est décrite par le modele détermi-
niste obtenu par la loi des grands nombres ( Théoreme 10 ), la loi des grands nombres
ne permet pas d’étudier les différentes phases d'une épidémie. En fait, le début et la fin
de I'épidémie sont des phases intrinsenquement stochastiques, qu’au aucun modéele
déterministe ne peut décrire. Ainsi, en 1975 dans [8] Barbour propose une méthode
pour étudier les différentes phases d’'une épidémie. Plus précisément, il détermine le
temps écoulé entre la premiere infection et la derniéere rémission pour le modele SIR
classique. Il établit un théoréme limite pour la loi de cette durée lorsque la taille de la
population est grande. Plus précisément, de (13) on a

S Rioln(Eoo) —1- Rioln(§(0)).

Par suite en notant 0 < 0 < 1 la valeur approchée de la proportion de susceptibles a la
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fin de I'épidémie, solution de I’équation suivante :
1 -
60— —1In(@) =1+1(0),
Ry

puis en remarquant que

1 (b du
J(a,b) = — (24)

Ada 4 [1 +7(O)+Riolog(u) - u]

est la durée approchée pendant laquelle a < S(f) < b et en posant
TV =inf{r>0,7" (1) =0},
il établit le résultat suivant :
Théoréme 12. 1. SiI(0) = h, h€]0,1[, alors quand N — oo,
(y[1-0R) " TN —log(\) - k (25)
converge en loi vers la variable aléatoire W de loi définie par :
P(W < w)=exp(-e "),
ou

k= lim (=Ingm) +y(1=0R) J (0 (1+m™ (y[1-0Ro)) "), 1) +In(1+6Rp)) .

2. SiRy>1, et IN(0)=1. Alors quand N — oo,

P{TN < t} R ,},(1 _ e—Y(Ro—l)t) (1 _,ye—y(RO_l)[)—l 26)
PAT = (r1-0Rl) "+ (v 1Ro~1))""|log(N) = > xf =y (Ro ~ P {W' > 4},

(27)
ol

c= lim (| (y11-0Ro1) ™"+ (y [Ry—11) " 1og(m) + (y [Ro — 11) " log y [Ry - 11)

+(y[1-0Ro)) ' log(1—0Ry) +J[0(1+m L (y(1-0Rol) "), 1= m ™ (y(Ro-11) ]

— O et](,-) sont évalués lorsqueT(O) =0;
— W' = (y[1-0Rol)” Wy + (Y [Ry—11)"' Wh, oit W, et W, sont deux variables
aléatoires indépendantes de méme loi que W.

L'avantage de ce théoreme est qu’il permet de donner une bonne approximation de
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la durée de I'épidémie a N fixé.

Notons aussi que dans I'énoncé 1 du Théoréme 12, Barbour considére que S(f) +
I(tH) + R(t) = 1 + h et dans le second énoncé 2 il suppose SV () + IN(£) + RN(H) = N +1,
ce qui differe 1égérement du modele stochastique décrit ci-haut.

Dans [6] il propose une généralisation de ce résultat pour le modele SIR général
décrit a la section 1.1.1.

2.1.2. Modeles SIRS classique

Si on suppose en plus des hypotheses du modele SIR qu’apres rémission les indi-
vidus redeviennent susceptibles aprés une durée aléatoire de loi exponentielle de
parametres f, la dynamique stochastique de I'épidémie est cette fois donnée par

V(D) = SN () - Py (3 ASZE N (9)ds) + Py (fif BRN (5)ds)

V@0 =10 + Py ([ ASE N () ds) - Po (fy YTV (9)ds)

RN(®) = RN(0) + P2 (fy yIN(s)ds) — P3 (fy BRN (s)ds).

ou P, P; et P3 sont trois processus de Poisson indépendants d’intensité 1.
De [65, 15] on a le théoreme limite loi des grands nombres.

Théoréme 13. Si (§N ©,1"©0),R" (0)) - (E(O),Y(O),E(O)) en probabilité lorsque N —

oo, alors pour tout T >0, ete >0,

lim P{sup (|§N(t) S+ TN -T01+1R (0 —E(m) > e} -0, (28)
N—oo 1<T

oil (g(t),._f(t),ﬁ(t)) est solution du systeme d'équations différentielles ordinaires (ODE)

suivant : -, o .
S(t)=—-AS(0)I(t)+ BR(1)

ST =8I -y

_/ f— f—
R (1) =yI(t) - BR(1).
Son comportement asymptotique est donnée par le théoréeme suivant :

Théoreme 14. 1. Le triplet (1,0,0) est un équilibre sans maladie. Il est stable si et
seulement si Ry < 1;

2. SiRy>1, letriplet (S.,I.,R.,) défini par

So=4 T.=P -ty m-o Y -l (29)

Y+p Ry Y+pB Ry
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est l'unique équilibre endémique globalement asymptotiquement stable.
Le théoréme de la limite centrale associé est donné par le théoréme suivant :

Théoreme 15. On suppose que (SN (0), IV (0), RN (0)) — (5(0), [(0), R(0)) en loi lorsque
N — oo. Alors (SN, IV, RN) — (8,1, R) en loi dans €10, T quand N — oo, oil le triplet
S, 1, R vérifie le systeme suivant :

81 =80 -1J; (89T +S©)(s))ds+B fy Rs)ds— [ \/AS(9)T(s)dB!
+ Ji\/BI(s)dB3

e :f(O)+Af0t(§(s)7(s)+§(s)f(s))ds—)/f0tf(s)ds

+ Jy JAS(T(5)dBL — [ \/yI(s)dB?

R =RO)+y [ [(s)ds—Bfy R(s)ds+ [y \/yI(s)dB2 - [ \/ BI(s)dBS,

et (B, B2, B3) est le mouvement Brownien standard.

Du théoréme de la limite centrale, dans [81] Pardoux déduit que VN (TN( 1) —7*)
converge vers un processus gaussien quand N est grand et il en déduit que pour
t suffisament grand, TN(t) ~1,+N12fp). Puisque pour ¢ grand la loi de I(r) est
approximativement une gaussienne de moyenne 0 et de variance Ry, il déduit que
si N ~ Tle I'épidémie va s’éteindre en un temps d’ordre 1 avec une probabilité non

négligea*b(ie.

Dans le but d’étudier le temps d’extinction des épidémies pour le modéele sto-
chastique il apparait crucial d’étudier les grandes déviations. Les grandes déviations
permettent d’étudier la décroissance exponentielle des probabilités d’événements ex-
trémes, lorsque le nombre d’observations est arbitrairement grand. Dans [82] Pardoux
et Samegni-Kepgnou étudient les grandes déviations pour des modeles stochastiques
d’épidémies classiques généralisant [30] et dans [81] Pardoux étudie les déviations
modérées. Pour en savoir plus sur les modeles stochastiques d’épidémie markoviens
nous renvoyons a [35, 15, 16] et sur les grandes déviations [29].

Bien que ces modeéles markoviens nous permettent d’avoir des informations sur
I'épidémie, il n’en sont pas pour autant tres proches de la réalité. En effet, dans ces
modeles, le taux d’infectiosité d’un individu infectieux reste constant durant toute
la période de sa maladie. De maniere générale les taux avec lesquelles les individus
changent de compartiments sont des constantes, ce qui n’est pas réaliste car normale-
ment ces taux devraient évoluer avec le temps. D’autres part les durées de séjour dans
chaque compartiment suivent des lois exponentielle, d’ou1 'absence de mémoire. En
effet, dans des situations ot il y a changement brusque des parameétres, on observe
expérimentalement que le systeme a une mémoire et ceci est mal reflété par des
modeéles ODE. De plus lorsque le nombre moyen de personnes qu'un individu peut

35



Introduction — 2. Modéles Stochastiques

1e6 Number of infectious individuals Daily hospital deaths

—— 'Markov SEIR model 800~ —— 'Markov SEIR model

—— 'non-Markov SEIR model 700- —— 'non-Markov SEIR model

=== lockdown
600 -
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1
1
[} 500 -
1
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!

300 -

0.50 - 200-

100 -

1
o ‘;rfwoe since Igckdown (zdoays) N * o t7ir2n0e since \gckdown (zgays) N *
FIGURE 3. — Comparaison du modéle SEIR Markovien et du modele SEIR non-
Markovien (avec durée d’exposition et d'infectiosité déterministe) pour
les prédictions de 'effet du confinement sur le nombre de morts dans
les hopitaux. Ces deux modeles supposent que la durée moyenne de la
période pré-infectieuse est de 2 jours et celle de I'infection est de 8 jours.
Le délai entre I'infection et la mort est en moyenne de 20 jours avec une
variance de 7.5 jours.

infecter (noté Ry) devient brutalement inférieur a 1 (par exemple a cause d'un confine-
ment, voir la figure 3) 'épidémie continue de croitre pendant un petit moment avant
de chuter, cela est dii au changement soudain du taux d’infectiosité et a la mémoire
du systeme. D’autres part |'’estimation des parametres et les prédictions des deux
modeles ne sont pas les mémes. En fait, pour les modeles markoviens en dimension
finie, pour estimer les conditions initiales on résout un systeme d’équations diffé-
rentielles par contre comme nous le vérons plus tard pour des non-markoviens on
résout un systéeme d’équations fonctionnel. Ainsi pour résoudre ces problemes nous
avons trois solutions : soit rester dans le cadre markovien en multipliant le nombre
de compartiments, ou en passant en dimension infinie en considérant les modeles
structurés en age ( et éventuellement un trait), ou s’affranchir du cadre markovien et
passer aux modeles non-Markoviens.

2.2. Modeéles structurés en age

Les processus de branchement classique permettent de mieux décrire le début et la
fin de I'épidémie car ils ne supposent pas que les temps de contact sont décrit par un
processus de Poisson d’intensité homogene (voir par exemple [4, 16]). Comme nous
allons le voir au chapitre 3, lorsqu’on rajoute des interactions aux processus de bran-
chement classique, on est capable de capturer I'évolution entiere de I'épidémie. Dans
cette section, nous allons introduire les processus de branchement avec interaction et
rappeler quelques résultats de limite en grande population.

En 1968 dans [27, 26] Crump, Mode et Jagers introduisent une généralisation des
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processus de branchement structurés en age. Dans [27] ils s'intéressent aux processus
décrivant le nombre d’'individus vivant a un instant donné qui descendent d'un unique
ancétre a I'instant initial. Leur modele est le suivant :

— Chaque individu de la population a une durée de vie aléatoire et donne naissance
a des instants aléatoires au cours de sa vie;

— Alamort de I'individu, il se divise en un nombre aléatoire d’individus;

— La progéniture de I'individu se comporte de la méme maniere et le comporte-
ment de chaque individu est indépendant de tous les autres.

Leur processus de branchement structuré en age fut appelé plus tard, le processus de
Crump-Mode-Jagers (CM]).

En 1990 dans [74], Oelschlager établit 1a loi des grands nombres et le théoreme de la
limite centrale d'une population structurée en age. Il suppose que le taux de naissance
et de déces de chaque individu dépendent de I'age de I'individu et de la structure
d’age de la population. Les hypothéses de son modele sont les suivants :

— Il suppose que la taille initiale de la population est N;

— Il suppose qu’a un instant ¢ > 0 la population est formée d’individus d’age

ar, ke Zn(t), ou Zpn(t) est une énumeération des individus vivant a I'instant ¢;

— Il définit la moyenne empirique du processus décrivant I’évolution de 1’age des
individus par

A=< Y b
keRN (1)

— II'suppose qu’'a un instant ¢ > 0 I'individu j d’age a; donne naissance au taux
,B(aj,AN(t)) et meurt au taux y(aj,AN(t)). Dans ce cas AN saute de AN (1) a
AN + %60 pour une naissance et de AN a AN - %661]. pour un déces. En
dehors de ces transitions discontinues, A" évolue continuellement avec 1'age.

Moyennant des hypothéses techniques, il démontre que la mesure empirique des ages
des individus de la population converge en loi vers le processus a valeurs mesure A et
u(t,-) estla densité de A(f), décrite par le systeme d’équation aux dérivées partielles
de Von Foerster suivant :

oru(t,a)+0,u(t,a) =—-y(a, A u(t,a)

u(t,0)= | p@ AW)ut, 2, 50
A, :foo u(t,a)da.
0

Le méme résultat fut obtenu par Hamza, Jagers et Klebaner en 2013 dans [48] via une
autre méthode pour le processus de Crump-Mode-Jagers. Pour le modele CMJ, Hamza,
Jagers et Klebaner supposent qu’'un individu d’age a donne naissance au cours de sa
vie au taux b (a), ou z est la taille de la population. De plus ils supposent aussi qu'un
individu d’age a a une durée de vie aléatoire avec un taux de survie h;(a) (hazard rate).
IIs notent m.(a) = E[Y (a)] ou Y (a) est la variable aléatoire représentant le nombre
d’individus produit a la mort d’'un individu d’age a. Ils supposent que les fonctions
b, h et m sont uniformémént bornées et qu’il existe C > 0 tel que pour touta >0, A, B
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deux mesures quelconque,
|ba(a@) — bp(a)| < Cp(A,B),|ha(a) — hg(@)| < Cp(A, B),Imala) — mp(a)l < Cp(A, B),

ou p est la distance de Levy Prokhorov et ils démontrent que la moyenne empirique
de 'age des individus converge. Dans ce cas on a ff(a, A(t)) = b, (a) + ma,(a) ha,(a)
ety(a, A(1)) = ha,(a@).

Dans [97], Tran introduit un modele de reproduction de population structurée en
trait et en age. Il suppose qu'un individu est représenté par une masse de dirac en
(a,0) e R, x ©,0 c R étant I'espace des traits et R, 'espace des ages. Il suppose qu’au
temps ¢ la population est décrite par

Ny

1
Zl'=—=Y S w,emm)
n k=1 k k

ou N/ estle nombre d’individus vivant au temps ¢. Il suppose qu'un individu d’age a
et de traits 6 dans une population représentée par Z" se reproduit de fagcon asexuée et
transmet héréditairement ses traits sauf s’il se produit une mutation, viellit et meurt :
— Il donne naissance a un nouvel individu au taux b(a, ) € R.. Avec probabilité
p(a,0),le nouvel individu est un mutant de trait 6 choisi suivant une distribution

de probabilité K (a,0,0)v(d0) o1 v est une mesure o—finie sur ©,
— lmeurtautauxd (.0, fy, .o U ((@,0),(4,0) 2"(da,d0)| € R, ou U ((,0), (4,0))

est le taux de compétition de I'individu de parameétre (@,0) sur 'individu (a,6),
— Il viellit avec la vitesse v(a,0) € R,.
Moyennant des hypothéses techniques, il démontre que le processus Z" converge
en probabilité vers le processus a valeurs mesure Z ou u(t,-) est la densité de Z(1),
décrite par le systeme d’équations aux dérivées partielles suivant :

01144(a,0) +04u(a,0) = —d (a0, fy .0 U ((a,0),(a,0)) u,(2,0)dav(db)) u,(a,0)

) v0.0)u(t,0,0)= Jr, b(a,0)0 - p(a,0))u(a,0)da
+ Jo.xo D(@,0)p(a,0)K(a,0,0)u,(a,0)dav(d6)

u(0,a,0) = ug(a,n).
(31)

2.3. Modéeles non-Markoviens
2.3.1. Modeles stochastiques d’épidémies avec infectiosité variable

Dans [78] Guodong Pang et Etienne Pardoux étendent le modele SIR, SEIR et SIRS
non-Markovien avec durée d’exposition, d’infection et d'immunité arbitraires et fonc-
tion d’infectiosité constante. Puis plus tard, associés a Raphaél Forien, ils définissent
dans [39] le modele SIR et SEIR non-Markovien mais cette fois 'infectiosité de chaque
individu infecté est une fonction aléatoire du temps écoulé depuis I'infection. Ce
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modele généralise le modele de Kermack et McKendrick sans perte d'immunité décrit
par (9) et permet de conclure que le modele de Kermack et McKendrick s’obtient
comme limite en grande population d'un modéle stochastique.

Dans ce modeéle, le seul aspect de la modélisation qui differe du modele Markovien
est le fait que la fonction d’infectiosité de chaque individu (noté A; pour le i-éme
infecté apres I'instant 0 et /1? pour le i-éme infecté a I'instant 0) devient une variable
aléatoire dépendant du temps (chacune des familles étant prise i.i.d), puis le fait
que les lois des durées d’expositions et d’'infectiosités sont quelconques et non plus
seulement exponentielles. Ici afin d’établir la loi forte des grands nombres, ils intro-
duisent la notion de fonction force totale d’infection qui n’est autre que la somme des
infectiosités des individus infectieux a un instant donné. Ainsi en notant

n =sup{t >0, A(t) > 0} et n° = sup{t >0, A°(¢) > 0}

la variable aléatoire représentant la durée pendant laquelle un individu reste infectieux
pour les individus infectés respectivement apres 'instant 0, ou déja infectés a I'instant
0. Posons,

F'=P(n>t) et F{()=P(n° > 1).
Nous faisons I'’hypothese suivante,

Hypothese 2.1. Supposons que F = Fi + F>, ot F1 = } je g il 1>y ol F est un en-
semble ﬁni dénombrable ou infini dénombrable, (a;); une suite de réels positifs tel que
Yiesai<let(t;); une suite croissante de réels positifs et F> une fonction continue de
Hélder d’'exposant 0 + 5 pourun@ >0, cestadire |F>(t+0) — Fo(1)| < 69+2 .

De plus on suppose que %I N0) - 1(0) et %RN (0) — R(0) en probabilité lorsque
N — +oo et on note FV () la force totale d’infection a I'instant ¢ et si XV est un
processus on note X" = N1XN. Les auteurs obtienent que la dynamique de ce
modele est décrite par le systeme suivant :

V) AN

1
= ~ Z A‘)m+— > i)

i=1
IN(O) 1 AY®

M=~ Z Lpset 5 2 Levagse

i=1
—N 1 Vo 1AM
R =R" (0)+ Z 1 Pty > Lo
i=1 !

t +00
AN(t):fOfo 1,<ynQds, du)
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est le nombre d’infectés apres I'instant 0,

SN(s)

YN(s) = TSN(s)

est le taux avec lequel un nouvel individu est infecté a I'instant s, (Tﬁv )i les instants de
sauts du processus AV, c’est-a-dire les instants auxquels les individus sont infectés et
Q une mesure de Poisson standard sur R . Ils établissent alors le théoréme suivant
représentant la loi forte des grand nombres pour le modele SIR :

Théoréme 16 ([39]).
P

(gN,g’N) @S, §) dans D?

—+00

ot le couple (S,F) vérifie le systeme suivant :

S0 =TOX () + [I At - ST (s)ds

S(t) =S(0) - [ S(HF(9)ds.

De plus étant donné (S, ),

P

N—+o0

a,®Y (I, R) dansD?,

oit (I, R) est donné par

1(t) = T FS(8) + [y FE(£—$)S(9)F(s)ds

R(t) = R(0) + I(0)Fo(8) + fi} F(t - 5)S(s)F(s)ds.

Nous rappelons que D est l'espace des fonctions continues a droite et limitées a gauche
et qu'il est muni de la topologie de Skorokhod.

Plus tard dans [79] Pang et Pardoux proposent une version EDP du Théoréme 16
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avec infectivité dépendant de ’age d’infection donnée par le systeme suivant :

0,i(t, x) +0xi(£,X) = — £33 v(dx)

i(£,0) =350 [ 28 i1, x)dx

GC(x-1)

N

St =—i(t,0) (32)
i(0,x) =J(0,x)Vx € [0,X]

S(0)=1-1(0),

ouG(t)=F(t")etG°(t)=1—-F(t7), vlaloiden, i(t, x) le nombre moyen d’individus
infectés ayant un age au plus égal a x et ot ils supposent qu’il existe X tel que 1(0) =
3(0,%).

Par la méthode des caractéristiques ils déduisent de (32) que,

G (x—1)

G°(x) . .
. —i0,x—0)six>t
z(t,x)—{
G (x)i(t—x,0)sit> x.

Danscecasona:

_ t+x
anf it ) dx.
0

Dans [42] Foutel-Rodier et al proposent aussi une version EDP de la loi des grands
nombres du modele de McKendrick-Von Foerster décrit par 'EDP suivante :

oru(t,a)+0,u(t,a)=0
u(t,0) =S f;° M@ u(t,ada

{ (33)
u(0,a) = xpg(a)

S0 =1- [ u(t, @)da.

oul<xy<l,
f gla)da=1, etf Ala)da < oo.
0 0

Dans cet équation u(t, a) représente la densité de population infectée a I'instant ¢
ayant un age a et S(¢) la proportion de susceptibles a I'instant ¢.
En effet, en regardant I'évolution de la mesure empirique des ages d’infection des
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individus et du processus (Xx(a)),>o décrivant I’évolution de 'infection de l'indi-
vidu x, IIs montrent que la dynamique de I’épidémie lorsque N — oo est décrite par
I'EDP (34).

Ce modele suppose qu’'une fois rétabli on ne devient plus susceptible, et pour
chaque individu x on note X, (a) le processus a valeurs dans {I, R} décrivant I’évolu-
tion de I'infection de I'individu x. De plus a chaque individu x on associe un proces-
sus ponctuel &2, dont les atomes représentent les ages auxquels I'individu x infecte
d’autres individus. La paire (%, X,) caractérise I'évolution de I'infection de I'individu
x. Ils supposent en plus que la famille ((£2y, X)), esti.i.d et de méme loi que (£, X).
Afin de simplifier le modéele ils supposent que le processus décrivant les infections
est donné par un processus de branchement structuré en age appelé processus de
Crump-Mode-Jagers décrit dans [27] : un individu infecté a 'instant 7 < oo produira
N, infections aux instants 7, + Aj, Tx + Ap,--- T4 + Ny, D’ol

Ny
Pe=) 8,
i=1

De plus ils supposent qu’a chaque contact infectieux avec I'individu x a un instant ¢,
I'individu devient infecté avec probabilité c(z) € [0, 1]. De plus ils supposent que

AMa)da=E[P(da)]

Ainsi en se donnant une population de taille N et une famille i.i.d de densité g d’age
d’infection des individus initialement infectés, en notant

1
Y (dax {i}) = 5 2 Sroux-oo(dax i),

ox<t

la mesure empirique des ages d’infections et des compartiments, et en notant

1 _
u (1) = 5 Y ix (-0 =iy = By Ry x {I}),

Oe<t

le nombre d’individus dans le compartiment i a 'instant ¢, ils établissent le résultat
suivant :

Théoréme 17. ﬁltv(da x {i}) — u(t,a)P(X(a) = i)da, quand N — oo dans D, ot u est
défini par
o:u(t,a)+0,u(t,a)=0

4 u(t,0)= C(t)f(foﬂt(d)u(t, a)da (34)

u(0,a) = g(a)
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De plus

o0
uM () —— | u(t,@P(X(a)=i)da
N—oo Jo

Ils démontrent aussi que pour des parametres bien choisis ce modele correspond
aun cas particulier de celui de Forien et al dans [39] et dans [31] Duchanps, Foutel-
Rodier et Schertzer en donnent une généralisation.

Notons que dans [42, 31] ils supposent que le processus décrivant les infections
est un processus ponctuel, ce qui est plus général que de supposer que ce sont des
processus de Cox comme par exemple dans [39, 79].

Le systéeme d’équations aux dérivées partielles (30) généralise celui de Kermack et
McKendrick sans perte d'immunité, de méme que le systéeme déterministe (32) de
Pang et Pardoux [79], et (34) de Foutel-Rodier et al [31].

Dans [77] Guodong Pang et Etienne Pardoux établissent le théoreme de la limite
centrale associé a la loi des grands nombres donnée par le Théoreme 16.

3. Résultats de la these

Les modeles énumérés dans la sous-section 2.3.1 supposent qu'une fois rétablis, les
individus le restent a vie, ce qui n’est pas réaliste. A cet effet, il existe plusieurs modeles
stochastiques d’épidémie tenant compte de la perte d'immunité mais supposant
qu’'une fois rétabli I'individu redevient immédiatement susceptible (voir par exemple
[78, 79]), ce qui n'est pas le cas dans la réalité. En fait, on s’attendrait a ce qu’apres la
premiere infection, I'immunité de 'individu décroisse progressivement, augmentant
ainsi sa probabilité d’étre réinfecté. Le but de cette thése est de définir et d’étudier
un modele d’épidémie tenant compte de la perte progressive d'immunité. Dans le
chapitre 1 en collaboration avec Forien, Pang et Pardoux, nous avons décrit un modele
d’épidémie tenant compte de la perte progressive d' immunité. Dans ce chapitre nous
faisons les hypotheses suivantes :

— On se donne N individus;

— On suppose qu'une fraction de la population est infectée a I'instant 0;

— On suppose que chaque paire d’individu a des contacts infectieux aux instants

de saut d'un processus de Cox d’intensité égal a son infectivité courante sur
N et il devient infectieux avec une probabilité qui est égale a sa susceptibilité
courante;

— On suppose de plus qu’a chaque nouvelle infection on tire une paire de fonctions
aléatoires cadlag (1,y) indépendante des précédentes, représentant I'infectivité
et la susceptibilité de I'individu nouvelllement infecté.

Ainsi en numérotant les individus, on tire deux familles de fonctions aléatoires cadlag
indépendantes, (A ;, Yk i)1<k<n,i>1 1.i.d, de méme loi que (A,y) et (Ax0,Vk0)1<k<N
i.i.d de méme loi que (Ao, yo). Ak,; représente I'infectivité du k—ieéme individu apres
sa i—iéme infection, Ay o l'infectivité du k—ieéme individu avant sa premiere infec-
tion, vy ; la susceptibilité du k—ieme individu apres sa i—ieme infection et y o la
susceptibilité du k—ieme individu avant sa premiéere infection. En notant A]]X (1) le
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processus comptant le nombre de réinfection du k—ieme individu entre I'instant 0
et £, son infectivité a I'instant ¢ est donnée par A AN (r) (cfcv (1)) et sa susceptibilité par

Yi,AY () (¢ (1), ot
N(6):= t - (supis € [0, 71, AN (s) = AN (s7) + 1} v 0)

est le temps écoulé depuis sa derniere infection.
La force totale d’'infection moyenne de la population a I'instant ¢ est alors donnée
par

=N 1 Y N
(0= ﬁé*kﬂﬁm“k (1),

et la susceptibilité moyenne par
—N 1 X
& (== Yeav(Sp ().
Nz 77x

De plus nous notons I N(#) le nombre de personnes infectées a I'instant ¢ et UN(t) 1e
nombre de personnes non-infectées a l'instant ¢.
En effet, pouri >0et1 < k< N, en notant,

Nk,i :=supit > 0: A ; (1) >0},

nous obtenons les expressions suivantes

=2 ﬁ]l ¢ UV =2 ﬁ]l (35)
- Nk:l Clly(t)<nk,AkN(t]’ © - Nk:l C;gv(t)>nk‘A2](t).

Nous faisons les hypotheses suivantes :

Hypothese 3.1. Il existe une constante déterministe 1. > 0, telle que sup o A(f) < A
et
sup{t > 0: A(r) > 0} <inf{r > 0:y(¢) > 0} presque siirement.

En s’inspirant des techniques utilisées pour des modeles de propagation du chaos
voir par exemple [71, 92, 23] nous établissons le théoreme suivant.

Théoreme 18. Sous les hypothéses 3.1,

6"F) -2~ @3 dans D (36)
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ol (@, §) est solution du systeme d'équations,

_ 11 _
& =E Yo(t)eXp(—fO Yo(r)S(r)dr)]
t t _ _ —
4 +f E|y(t—s)exp (—f y(r—s)&(r)dr)]6(s);§(s)ds, (37)
0 N
_ _ r_ .
@) =1(0) Ao (1) +f0 At=8)6(s)F(s)ds. (38)

De plus étant donné (S, ),

P

(ﬁNjN) (U, 1) dans D?

N—+o0

oiL (U, I) est donné par

—_ t —_
U(t)=E ]lt>n0exp(—f0 YO(r)g(s)dr)]
t t _ _
+f E ]lt_s>nexp(—f y(r—s)%(r)dr)]6(s)§(s)ds, (39)
0 N
t —
T(t)zf(O)Fg(r)Jrf Fe(t-9)G(9)F(s)ds. (40)
0

Notons que U(f) peut étre vu comme la proportion d’individus non-infectés a
l'instant t et I(¢) celui des infectés a I'instant ¢.

Le modele déterministe ainsi obtenu par la loi des grands nombres généralise
le modele de Kermack et McKendrick avec perte d'immunité et sans démographie
énoncée ci-dessus (15).

Notons aussi qu'’il existe un lien entre ce modele et les modéles de particules en
interactions, en particulier avec les processus de Hawkes multivariés. En effet dans [23]
Chevallier établit la loi des grands nombres pour des processus de Hawkes multivariés.

On appelle processus de Hawkes multivarié de parametres (n,,up,vF,\I’,cNi—) le
processus ponctuel (N7, -+, NJ) définit sur R tel que

— (Nl.‘)1 <icn EStUne famille de processus ponctuels i.i.d défini sur R_, de méme

loi que ¢ N7 et

— (N l.”'+)l. est une famille de processus ponctuels défini sur R, d’intensité,

, n t
A=Y, (C?(f),% Y (fo hi,j(t—Z)Nf(dZ) +Fi,j(t))),
i=1

avec
¢ :=t—(sup{se[0,2], N/'(s) = N (s")+1} v 0),

le temps écoulé depuis le dernier saut du processus.
Dans cette définition, ¥; : R — R, représente la fonction d’intensité associée a
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la particule i, (h; ;);j la matrice de fonctions aléatoires échangeables décrivant
les interactions entre les particules apres I'instant 0 o /11,1 ~ vy, et (F; j);; la ma-
trice de fontions aléatoires i.i.d décrivant I'interaction des particules a I'instant
initial et ou Fy ; ~ pr.
Lorsque le nombre de particules n est tres grand, Chevallier démontre via des argu-
ments de type propagation du chaos (voir par exemple [71, 92, 45] ) que la famille
(N l”)l converge dans D vers une famille de variables aléatoires i.i.d. De plus il dé-
montre que la loi du temps écoulé depuis le dernier saut du processus limite est
décrite par une équation de type McKean-Vlasov.
En comparaison a notre modele introduit au chapitre 1 énoncé a la section précé-
dente, le processus ponctuel Af.V comptant le nombre de réinfections de I'individu i
ayant pour intensité

N

1 t
i szl 0 J

peut étre vu comme un cas particulier d'une généralisation du processus de Hawkes
avec age ou la fonction d’intensité V; est aléatoire.

Dans ce méme chapitre nous étudions le comportement en temps long du systeme
d’équations (37)-(38) et nous en déduisons celui de (39)-(40). Plus précisément en
supposant que la fonction de susceptibilité y est croissante, en notant y, la limite
de y, nous parvenons a montrer que I’équilibre sans maladie est asymptotiquement
stable lorsque Ry < E [Yi*] . En supposant de plus que la fonction de susceptibilité est
minorée a partir d'un instant aléatoire d’espérence finie, nous parvenons a caractériser
I'équilibre endémique lorsque Ry > E [7’%] , et au moyen d’hypotheses supplémentaires
plus techniques, nous prouvons que I'équilibre sans maladie est instable dans ce cas.
Cependant nous n’avons pas pu établir la stabilité globale de I’équilibre endémique.
Ces résultats sont résumés dans le théoreme suivant :

Théoreme19. 1. Si Ry <[ [H il existe G, tel que (5(1),8(1) — (0,8,) quand
I — oo.
2. SiRy>E [YL] ,en supposant quil existe (5., .,) tel que § (1), 8(1) —— (3., 8.)
alors soit§* =0, soit
G.=—
Ry

etF, est l'unique solution positive de l'équation

+00 N r
fo E exp(—f0 Y(?) dr)] ds = Ry. 41)

*
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Dans le second cas, (1(t),U(t)) — (I.,U.) quand t — oo, ol U.,=1-1,¢et

_E[n]3.
-0

1. (42)

SiRy=E [YL], I'énoncé est encore vrai, mais (41) n'admet pas de solution positive,
donc§* =0etainsil, =0.
3. SiRy>E [%], et (0) > 0, sous des hypotheses supplémentaires il existe une

constante ¢ > 0, telle que pour tout t > 0, §(t) > C.

Ce théoréme caractérisant le comportement en temps long nous dit que le seuil
d’endémicité de I'épidémie dépend de la loi de I'immunité des individus, ce qui n’était
pas le cas dans la plupart des modeles existants.

Dans le chapitre 2 nous étudions les fluctuations

A —N — N —N _
SV :=VNE 0-30), et&V (1) :=VN(G (1-6(1).
Nous introduisons la définition suivante :

Définition 3.1. Soir (3,90 un processus gaussien de fonction de covariance : pour

Lt >0,:
COU(ﬁ(t),j(t')) = Cov(y1,4,0(61(0), Y1417 (1 (),

Cov(I (1), M(r)) = Cov( Ay, 4,0 (61(0), A1, 4,11 (61 (1)),

Cov(MN (1), 3(t))) = Cov (A1, 4,5 (G1(D), Y14, (G1(£))),
ol

t +00
Al(t) :j(; L ]lung(r‘)Ql(dr;du)y
avec _
Y1(8) =vy1,4,00(S1(D)S (D),

er

c{v(t) :=t—(sup{s€[0,], A1(s) = A1 (s )+ 1} v0).

Contrairement aux méthodes habituelles, par exemple dans [97, 22] ou les auteurs
travaillent en dimension infinie dans des espaces de Sobolev, nous abordons le pro-
bléme directement en dimension finie. Plus précisément, en approximant le modele
décrit au chapitre 1 par un modele en quarantaine afin de controler les interactions
entre les individus, en développant un nouveau théoréeme des moments pour les
intégrales par rapport aux mesures de Poisson avec un intégrand non prévisible, en
établissant des inégalités des moments, et au moyen d’hypothéses de régularité sup-
plémentaires sur les fonctions d’infectivité et de susceptibilité, nous établissons le
théoreme de convergence suivant.
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Théoreme 20. o o
SN, = (6,5) dans D? (43)
(

ol (@, %) est l'unique solution continue du systéeme d'équations stochastiques intégrales
suivant:

t t — ~
&)= —fo E [YO(L‘)YO(S) eXp(—fO Yo(r)S(r)dr)] S(s)ds

t pt t —
_fo f [E[y(t—s)y(r—s)exp(—f y(u—s)g(u)du)
N N

t t _ R _ N — — N
i+ fo [E[)f(t—S)eXp(— f y(r—s)%(r)dr)](G(s)S(s)—s(s)S(s)+6(s)3(s))ds
S

+3(0), (44)

FT()S(s)drds

A t— N —_ A —_ —_ ~ A
SOR fo At =9 (ST 3T + B©F () ds+ M), (45)

ot (J,9M) est un processus gaussien de fonction de covariance donnée par la Défini-
tion 3.1.

Dans le but d’étudier le comportement en temps long, question laissée ouverte
dans [41], et de répondre a la question de I'unicité du seuil d’endémicité énoncé dans
[43] par Foutel-Rodier, Charpentier et Guérin, dans un travail en cours avec Hélene
Guérin, au chapitre 3, nous étendons le modele décrit dans [41] en faisant dépendre a
chaque ré-infection les valeurs de I'infectivité et la susceptibilité des individus de celles
précédent leur ré-infection. A cet effet, vu les difficultés rencontrées dans [41] avec
une approche complétement non-Markovienne, nous avons opté pour une approche
paramétrique. Plus précisément a chaque (ré-)infection nous tirons une variable
aléatoire 6 € © c R décrivant les caractéristiques de I'individu et nous suivons aussi
le processus décrivant I'évolution de I'dge d’infection des individus. Ainsi étant donné
0, I'infectivité et la susceptibilité d'un individu infecté d’age a est donnée par la
paire (A(a,0),y(a,0)).Ici A et y sont des fonctions déterministes et ’aléa du modele
est contenu dans le parametre 0 aussi appelé trait par analogie avec les modeles
d’évolution. Par conséquent a un instant t donné, en notant par HIZCV (#) le processus
décrivant I’évolution des traits de I'individu numéro k et par afcv (2) celui de son age
d’infection, nous définissons

N_ 1
Hy = N};6(akN(t),0kN(t))'
Puis en supposant y < 1, A borné, et en supposant que la loi du nouveau trait dépend

du précédent par le noyau de transition des traits K : ©® x ® — R, nous établissons le
théoréme de convergence suivant :

Théoréme 21. pN o Meen probabilité dans D(R,; 2 (R4 x ©)) ou u est la solution
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faible de

t t
(e, fr) = (Mo, fo) + fo (Us,0afs+0sfs)ds + fo (s, A s, Rfs)ds, (46)

Pour toute fonction mesurable bornée f surR, x R, x ©, et de classe €' par rapport au
deux premieres variables, ot le terme de saut R est donnée par,

Rf(a,0) = f@ (£(0,0) - f(a,0))y(a,0)K(H,0)v(dd),

et v une mesure de probabilité sur ©.

Notons que si y; a pour densité u(t,-,-), par rapport a dav(d@) alors (46) est équi-
valent au systeme d’équations suivant :

0:1:(a,0) + 041 (a,0) = —F(1)y(a,0)u(a,d)
u(t,0,0) = F(1)S(t,6)

u(0,a,0) = up(a,n) (47)

3 :f Ma,0)us(a,0)dav(dl).
R, x0O

S(t,0) = f y(a,0)K(©0,0)u;(a,0)dav(do)
Ry xO

Notons que le modele en age introduit par Tran décrit a la Section 2.2 est similaire au
notre. Nous pouvons cependant noter une différence au niveau de la modélisation
du taux de naissance. En identifiant avec notre modeéle, nous avons U ((a, 0),(a, é)) =
y(a,0)A(a,0), et d(a,0, u) = u. Par conséquent

d (a,e, f U((a,0),(a0)) us(a0)dav(dd) | = F(Oy(a,0).
Ry x0®

Nous pouvons noter que le terme décrivant les nouvelles naissances de I'équation aux
dérivées partielles (31) est linéaire en u, par contre celui de (47) est non-linéaire en u.

Nous pouvons aussi noter une légere différence au niveau du modele stochastique.
En effet, dans le modele stochastique de Tran, le taux de naissance est indépendant
de I'état des autres individus, le processus des naissances est indépendant de celui
des morts, ce qui n’est pas le cas dans notre modele car les "naissances" et les "morts"
ont lieu simultanément. En fait, implicitement dans notre modele nous considérons
qu'un individu se remet de la maladie par guérison ou déces.

En supposant I'irréductibilité du noyau K, et que pour v—presque tout § € 0, la fonc-
tion ¢ — y(t,0) est non intégrable, en passant par la théorie des opérateurs compacts
et une généralisation du théoréme de Perron-Frobenius nous établissons I’existence
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et 'unicité d’'une fonction S, € L (©), telle que

S, (0) = f K©,0)6.(0)v(d0) et f AMa, 06, (O)dav(dd) = 1.
(€] R

+x0

Puis en supposant que pour v—presque tout 6 € ©,

1 t
Y« (0) = lim —f y(s,0)ds,
t—oo t 0

nous établissons le théoreme suivant décrivant I’existence d’'une mesure stationnaire
non nulle, donc 'existence d'un équilibre endémique.

Théoreme 22. Si

1 —
——G.OPO) <1, 48
f@y*(e) O)P(dO) (48)

il existe§, > 0, tel que u, défini par

U.(a,0) =F.65.(0) exp (—§*f Y(s,G)dS).
0

est une solution stationnaire de l'équation (47).
Si, on suppose en plus que v-p.s,

a

1
Vaz0 y(a,)=> Ef y(s,.)ds, (49)
0

alors u, est l'unique solution stationnaire non nulle de (47).

Ce théoreme généralise le résultat d’endémicité obtenu au chapitre 1 car il ne
suppose pas que la fonction de susceptibilité est croissante et par conséquent prend
en considération le modeéle avec vaccination introduit dans [43]. Dans [43] Foutel-
Rodier, Charpentier et Guérin supposent qu’apres guérison suite a une infection
on tire un temps de vaccination Ty décrivant un processus de renouvellement et
une nouvelle fonction de susceptibilité indépendante de la précédente qui vaudra
0 initialement car suite au vaccin l'individu sera totalement immunisé au début. En
comparaison au modele décrit au chapitre 1, dans ce cas la fonction de susceptibilité
considérée n’est pas une fonction croissante puisqu’elle repasse a zéro apres chaque
vaccination.

De plus en supposant qu'il existe un instant déterministe a partir duquel la fonction
de susceptibilité y est minorée par une constante déterministe o, en réécrivant notre
probléme sous forme de probleme de Cauchy abstrait, nous linéarisons le semigroupe
associé au voisinage de u., puis nous démontrons que le taux de croissance de ce
Semigroupe wess est majoré par —oF,. Grace aux travaux de Webb [99] ( voir Théo-
reme 5) pour conclure il suffit de démontrer que la partie réelle de toutes les valeurs
propres du semigroupe associé est strictement négative. Pour ce faire, nous avons
déterminé I'équation caractéristique des valeurs propres de notre semigroupe. Plus
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précisément pour une valeur propre a € C,Ze > -0§. associée a la fonction propre
¢ € L1 (R, x ©) tel que fR+ «oP(a,0)dav(dB) =0, dans le cas particulier ou K = 1 nous
obtenons I’équation suivante :

f u.(a,0)e **dav(do)
Ry x0©

a
= f u.(a,0) f y(b,0)e"**Pdpdav () Aa,0)u(a,0)e"**dav(d). (50)
R, x® 0 R, x0O

Rappelons que pour K =1,5, = RLO. Puis nous introduisons la conjecture suivante.
Conjecture .1. L'équation (50) n‘admet pas de solution avec Ze(a) > 0.

Si cette conjecture est vraie, nous déduisons du Théoreme 6 de Webb énoncé ci-
dessus, le résultat suivant.

Théoréme 23. Pour A ety pris tels que | 'équation (50) n'admet pas de solution telle

que Ze(a) = 0. Si
1
Ry > v(d6),
0 f@me) (@9

alors il existe 6 > 0, et ¢ > 0, tels que, pour tout t > 0,

- _*[
g — tn |l <& = Nty — | < e 75 g — us .

Autrement dit u.. est localement asymptotiquement stable.

Nous avons démontré la conjecture dans le cas particulier
y(a,0) =119 et Ma,0) = A<t

ou T =n A a, avec a, un réel positif, et n une variable aléatoire exponentelle de
parametre p > 0.

La preuve de ce résultat est tres technique. Dans la littérature plusieurs auteurs ont
étudié le comportement en temps long du modele de Kermack et McKendrick ou des
modeles avec des conditions aux bords a peu prés comme la notre. IIs I'ont traité la
plupart du temps comme un modele de reproduction en supposant I’équivalent de
notre y (le taux de naissance ou mortalité) minorée a 'instant 0. Voir par exemple
Magal et Ruan [69, Chapitre 8, section 8.2.2], Perthame [83, 68], et Roget [87]. En fait
supposer y minoré a ¢t = 0 pour une épidémie revient a dire qu’a chaque contact
on a une probabilité non nulle d’étre infecté et par conséquent il n’y aura jamais de
période ou I'on soit completement immunisé. D’autre part y minoré a ¢ = 0 facilite la
majoration du coefficient de linéarité du semi groupe w,;s lorsqu’on utilise la théorie
des problémes de Cauchy abstraits. Dans des modeéles avec démographie (naissance
de nouveaux susceptibles), le coefficient de linéarité du semigroupe w,;; est majoré
sans minoration de la fonction de susceptibilité et dans certains cas on obtient un
résultat de stabilité locale voir par exemple [21, 83, 68].
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La méthode utilisant les conditions de minorations de Doeblin comme Gabriel
[44], et Torres et al [96] ne fonctionne pas ici. En effet, il n’était tout simplement pas
possible d’obtenir une inégalité du type

t
lue—udllry < e®Hlug— udllry

avec un « négatif via cette méthode. Les conditions de minorations de Doeblin
nous permettent de controler 'edp linéarisée, et pour la partie non-linéaire elle dé-
<
A«llus — usll 7y et il est impossible de faire mieux que cette inégalité. Cet inégalité
entraine que I'on obtient un «a positif. Dans [96] pour résoudre le probleme de I'esti-
mation de la partie non-linéaire, les auteurs imposent que leur norme de Lipschitz
soit assez petite devant 1 (voir le théoréme 9, voir aussi [32]). De méme la technique
de Doeblin-Lyapunov utilisant le théoreme de Harris ne fonctionne pas ici car la
condition de Lyapunov sur le semigroupe n’est pas satisfaite [47].

pend essentiellement de I’estimation de ‘{?(t) — §*

. En fait, nous avons ‘%(t) — §*

4. Organisation du document

Dans le chapitre 1 nous introduirons les modeles d’épidémies avec perte progres-
sive d’'immunité. Dans le chapitre 2 nous étudierons le théoréeme central limite et
dans le chapitre 3 nous généraliserons le modele du chapitre 1 en introduisant de la
dépendence entre les parametres récents et les précédents.

Le chapitre 1 et le chapitre 2 sont déja sous formes d’articles soumis.

Le chapitre 1 correspond a [41] et le chapitre 2 a [100].
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1.1.

Introduction

Many infectious diseases are such that the immunity acquired after recovery from
the illness is eventually lost, after a period whose length varies both with the individual
and with the illness. The huge majority of the literature on mathematical epidemiology
which considers models with loss of immunity assume that this loss happens instan-
taneously. However, it is rather clear that, in reality, immunity wanes progressively
over some period, which can vary from one individual to another. In their pioneering
1927 paper [61], Kermack and McKendrick introduced the first mathematical model
of epidemic propagation in which the infectivity of individuals depends on the time
elapsed since their infection (this time is often called the age of infection). This model
was deterministic and assumed that recovered individuals can no longer be infected.

In two

subsequent papers, [62, 63], Kermack and McKendrick introduced another
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deterministic model in which recovered individuals eventually loose their immunity.
They studied the conditions under which an infectious disease can become endemic,
i.e., reach a stable equilibrium where some macroscopic fraction of the population is
infected. This kind of equilibrium for the deterministic system is called an endemic
equilibrium, as opposed to the disease-free equilibrium, in which there are no infected
individuals.

Our aim in the present chapter is to revisit these questions with the use of a general
stochastic model, following the recent developments carried out by the first three
authors. In [39], the 1927 model of Kermack and McKendrick was obtained as the
infinite population limit of an individual-based stochastic model in which the infec-
tivity of individuals is a random function of their age of infection. More precisely, it
was shown that the fraction of susceptible individuals and the average infectivity (also
called the force of infection) converge to a deterministic limit which solves a system
of non-linear integral equations already introduced in [61]. The widespread ordinary
differential equations (ODEs) compartmental SIR model is only a very special case
of these equations, in which neither the infectivity nor the recovery rate depends
upon the age of infection. Such models are less realistic as they do not reproduce the
dependence of the dynamics of the epidemic on its past [90, 38], and thus neglect
the inertia of the evolution of the epidemic. Note that ODE models are law of large
numbers limit of Markov stochastic models, in which individuals move from one
compartment to the next after an exponentially distributed time.

In the present chapter, we introduce a very general model in which individuals are
characterized by their infectivity and susceptibility, which are assumed to be given as
random functions of their age of infection. These random functions are assumed to
be i.i.d. among the various individuals in the population, and a new independent pair
of random functions is drawn at each new infection. See Figure 2.1 for a realization of
the infectivity and susceptibility of an individual after his/her infection.

Note however that, in contrast with the model in [62, 63], we consider a closed
population, in which there are no birth and no death (we do not exclude deaths due
to infections, represented by individuals whose susceptibility remains equal to zero
after the fatal infection).

We also assume (as in [62, 63]) that all pairs of individuals have contacts at the same
rate. In other words, we assume a situation of homogeneous mixing. Of course, this
is not quite satisfactory. One may wish to take into account the spatial distribution
of the population, as well as the variety of social behaviors of the individuals. How-
ever, mathematical models involve necessarily a simplification of the complex reality.
We believe that the results presented here constitute a significant progress over the
classical models where all rates are constant and immunity is lost instantaneously. In
future works, we do intend to combine the complexity of the present work with that of
inhomogeneous models, such as spatial models or models on graphons.

Besides the fact that we prefer to present our model in the form of a system of integral
equations rather than a system of partial differential equations, our deterministic
model is more general than the model of [62, 63]. The reason is the following. While
the law of large numbers limit of the model with infection age dependent infectivity
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254 = infectivity A(t)
: Exposed Infectious Immune susceptibility y(t)
Susceptible

2.0 A

1.5

1.0

0.51

0.0 1

0 time since infection

Figure 1.1. - Illustration of a typical realization of the random infectivity and suscep-
tibility functions of an individual from the time of infection to the time
of recovery, and then to the time of losing immunity and becoming fully
susceptible (or in general, partially susceptible).

depends only on the mean of the random infectivity function [39], the deterministic
limit of the model with random susceptibility depends on the distribution of this
random susceptibility function in a much more complicated way. To see this, suppose
that we wish to compute the average susceptibility of the individuals at some time ¢.
This average can be obtained by summing the contributions of individuals that have
not been infected on the interval [0, ¢), and of individuals that have been infected at
some time s € [0, #) and have not yet been reinfected again on the interval [s, £). But the
probability that such an individual has not been reinfected by time ¢ depends on the
full trajectory of their susceptibility, as well as on the trajectory of the force of infection,
on the interval [s, 1) (see (1.15)—(1.16) below). This explains why the deterministic limit
is more complex than that in [39], and shows that, in their 1932-33 model, Kermack and
McKendrick implicitly assumed that the only random component of the susceptibility
function is the time of recovery (see the discussion in Section 1.5.2). As a consequence,
we obtain a strict generalization of the model in [62, 63] as the deterministic limit of
our stochastic model.

Since in our model there is a flux of new susceptibles, due to waning of immunity,
one expects that under certain conditions, there may be a stable endemic equilibrium.
We manage to study the existence, uniqueness and some stability properties of an
endemic equilibrium (as well as the stability or instability of the disease—free equi-
librium) in our deterministic limit. We identify a threshold, which is the harmonic
mean of the large time limit of the susceptibility (which is 1 in Figure 1, but may be
less than 1 in our general model). If the basic reproduction number Ry (defined below
by (1.22)) is smaller than this threshold, then the process converges to the disease-free
equilibrium. We also show that under appropriate assumptions, if R is larger than
the threshold, and the model converges as ¢t — oo to some limit, then this limit is
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the unique endemic equilibrium, which is fully characterized. We conjecture that
under appropriate assumptions, when Ry is larger than the threshold, any solution of
the deterministic limit starting with a non zero force of infection at time ¢ = 0 does
converge to the endemic equilibrium.

Let us comment on the method used to prove our law of large numbers result. One
key argument is based upon a coupling of the processes which count the numbers
of infections of the various individuals up to time ¢ with i.i.d. counting processes,
where the renormalized force of infection is replaced by its deterministic limit. This
approach, for which the inspiration came from [23], is an application of ideas from
the theory of propagation of chaos, see Sznitman [92]. Note both that we were unable
to adapt the methodology of [39] to the setting of the present paper, and that the
assumptions made here on the random infectivity function are weaker than those
made in [39]. Recently, the methodology of the present paper has been applied to the
model in [39], thus resulting in the same result under weaker assumptions, see [40].
We also note that our approach differs significantly from the techniques classically
used for age-structured population models, as in [74, 58, 98, 48, 49, 36]. In these
papers, the authors describe the model as a branching process (sometimes with
interaction), which becomes an infinite dimensional Markov process if one adds all
the age structure in the present state of the system, in which the lifespan, birth rate
and death rate depend on the ages of all individuals in the population. The state of
such a model is then described by the empirical measure of the ages of the individuals.
These works combine infinite-dimensional stochastic calculus and measure-valued
Markov processes analysis in order to prove the convergence of the model. In contrast,
our stochastic models are non Markovian, and their deterministic limit does have a
memory.

Using random infectivity and susceptibility functions allows us to build a very gen-
eral model which is both versatile and tractable. It captures the effect of a progressive
loss of immunity, and this loss is allowed to be different from one individual to another.
The integral equations that we obtain to describe the large population limit of our
model are both compact and extremely general, since most epidemic models with
homogeneous mixing and a fixed population size can be written in this form. The
effect of the variability of susceptibility on the endemic threshold has received very
little attention in the literature, despite some profound implications which we outline
in the present work. The fact that the threshold depends on the harmonic mean of
the susceptibility reached after an infection shows that the heterogeneity of immune
responses in real populations should not be neglected in public health decisions.
Similarly, the variability of the immune response after vaccination (both in time and
between individuals) should affect the efficacy of vaccination policies in non-trivial
ways, although these questions are outside the scope of the present work.

We want to comment on the terminology which can be used for our model as
a compartmental model. Recall that the compartments most classically used in
epidemic models include S for Susceptible individuals, E for Exposed (those infected
individuals who are not yet infectious), I for infectious and R for Recovered. We claim
that our model can be classified as a SEIRS, SIRS, or SIS model. Indeed, referring
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to Figure 2.1, we can consider that a given individual passes from the S to the E
compartment when he/she becomes infected, then into the I compartment when
the attached infectivity first becomes positive, into the R compartment when the
infectivity reaches 0 and remains null, and into the S compartment when the attached
susceptibility becomes positive. However, without modifying the dynamics of the
epidemic, we can merge the E and I compartments into a compartment I (for infected),
where the infectivity need not be positive all the time. Similarly, we can merge the
R and S compartments into the S compartment (or U, for uninfected, as we suggest
below), whose members may have a susceptibility equal to zero. As a matter of fact,
our model is vey general and includes most of the existing homogeneous epidemic
models without demography as particular examples. It is non Markov. All the rates are
not only infection age dependent, but also random, i.e., different from one individual
to another, which we believe reflects the reality of epidemics.

Models with gradual waning of immunity have been studied since Kermack and
McKendrick by only a handful of authors, including Inaba, who in a series of works,
see [53, 56, 54, 55], has performed a careful mathematical study of the PDE model from
[62, 63], as well as Breda et al. [13] who have considered an integral equation version
of the same model. Other authors have pursued the study of the system of ODE/PDEs,
see in particular Thieme and Yang [94], Barbarossa and Rost [5] and Carlsson et al.
[20]. More recently Khalifi and Britton [64], compare the level of immunity in a model
with gradual vs. sudden loss of immunity.

Organization of the paper

The rest of the paper is organized as follows. In Section 1.2, we define the model
in detail. In Section 1.3, we state the assumptions and the functional law of large
numbers (FLLN) and discuss how the results reduce to already known results when
we restrict ourselves to the classical SIS and SIRS models. The results on the endemic
equilibrium are presented in Section 1.4. In Section 1.5, we focus on the generalized
SIRS model with a particular set of infectivity and susceptibility random functions and
initial conditions, and show how the limit relates to the Kermack and McKendrick PDE
model with the corresponding infection-age dependent infectivity and recovery-age
dependent susceptibility. The proofs for the FLLN are given in Section 1.6 and those
for the endemic equilibrium in Section 1.7.

Notation

Throughout the paper, all the random variables and processes are defined on a
common complete probability space (Q2, %, P). We use

to denote convergence
N—+o0

in probability as the parameter N — oco. Let N denote the set of natural numbers
and R*(R¥) the space of k-dimensional vectors with real (nonnegative) numbers,
with R(R,) for k = 1. We use 1y, for the indicator function. Let D = D(R,;R) be the
space of R-valued cadlag functions defined on R, with convergence in D meaning
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convergence in the Skorohod J; topology (see, e.g., [11, Chapter 3]). Also, we use DF
to denote the k-fold product with the product J; topology. Let C be the subset of D
consisting of continuous functions and D the subset of D of cadlag functions with
values on R,

1.2. Model description

1.2.1. Definition of the model

Let (Ao, 7o) and (A, y) be two random elements of D?. We consider a population of
fixed size N. To each individual k, 1 < k < N, is attached a sequence of random ele-
ments (Ak,;, Yk i)i=o0 Of D?, such that the sequence (1 ki Yki)l<k<N,i=0 is independent.
The sequence (A, Yk0)1<k<n is i.i.d., their common law being that of (19, o), while
the sequence (A, Yk,i)1<k<n,i>1 is i.i.d., their common law being that of (1, 7).

Ak,o (resp. yk,o) is the infectivity (resp. susceptibility) of individual k between time 0
and the time of his/her first (re)-infection. We can think of the law of (1¢,y¢) as being a
mixture of the law for the initially infected individuals, who have been infected before
time 0 and for which 14(0) = 0 and y((0) = 0, and the law for the initially susceptible
individuals, for which 14(0) = 0 and y(0) > 0 (possibly y,(0) = 1).

On the other hand, A ; () denotes the infectivity of the k-th individual, at time ¢
after his/her i-th infection (where we count here only the infections after time 0), and
Yk,i (1) denotes the susceptibility of the k-th individual, at time ¢ after his/her i-th
infection, given that this is his/her most recent infection.

We assume that (Ag, o) and (A, y) satisfy the following assumption.

Assumption 1.1. We assume that:

1. There exists a constant A, < oo such that forallt > 0,0 < Ao (1), A(t) < A, almost
surely, and 0 < yo(1), y(t) < 1 almost surely.

2. Almost surely,

sup{t >0, 1o(#) >0} <inf{r > 0, yo(t) > 0} and sup{t > 0, A(t) > 0} <inf{r > 0, y(¢) > 0}.
(1.1)

Condition (1.1) implies that, while an individual is infected, he/she cannot be
reinfected. Hence in each infected-immune-susceptible cycle, the infected and sus-
ceptible periods do not overlap. Note that (1.1) is not necessary for the process to
be well defined, and we discuss the consequences of removing this assumption in
Remark 1.4 below. It would be rather natural to assume that y((¢) and y() are a.s. non
decreasing. We do not make this restriction at this stage, since we do not need it. We
shall make this assumption in section 1.4 below.

Fori>0and1 < k< N, we define

Nko:=sup{f = 0:Aro(#) >0}, and mng;:=supi{t=>0:Ax;() >0}
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We will also use the notations 19 = sup{t >0, A¢(¢) > 0} and n = sup{z > 0, A(t) > 0}.
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Figure 1.2. —Illustration of the evolution of an individual’s infectivity and susceptibility
through time. Each graphic shows the dynamics of an individual’s infec-
tivity (blue) and susceptibility (orange). The top graphic corresponds to
an individual which is initially susceptible, and the bottom one to an ini-
tially infectious individual. Note that, after being reinfected, the second
individual remains partially immune even a long time after infection.

Let A],;’ (1) be the number of times that the individual k has been (re)-infected on
the time interval (0, ¢]. The time elapsed since this individual’s last infection (or since
time 0 if no such infection has occurred), is given by

G () :=t—(sup{s€e (0,1]: AY(s) = Ay (s) +1}v0),

where we use the convention sup @ = —oco. With this notation, the current infectivity
and susceptibility of the k-th individual are given by

Ao a1 SR (1)), and Yioad (S (D).

Figure 1.2 shows a realization of these processes for two individuals. Let us now define
=N —N . . . e eqen s . .
§ (1) and & (1) as the average infectivity and susceptibility in the population, i.e.,
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=~ 1J N —N 1 N
§ (1):= N I;l/lk,AiV(t) ¢y (1), S (n:= NI;Y]C’AJIX(” (¢ (D).
The instantaneous rate at which the ¢-th individual infects the k-th individual is
1
NN (67 ()Y v (67 (1))

where the % factor comes from the probability that the k-th individual is chosen as
the target of the infectious contact. Summing over the index ¢, the instantaneous rate
at which the k-th individual is (re)infected is given by

YY) =y v ¥ T 0. (1.2)

Let now (Qg,1 < k< N) be an i.i.d. family of standard Poisson random measures
(PRMs) on Ri, independent of the sequence (A, ;,Yk,i)1<k<N,i=0. The family of count-
ing processes (AkN (1),t>0,1 < k< N)isthen defined as the solution of

AN (1) :f[o . Lycy o Quldr, du). (1.3)

Note that we construct AQ’ by induction on the jumps times. Part (i) of Assumption
1.1 implies that the rate Y],;’ (2) is bounded almost surely by the constant A... Conse-

quently the jump times do not accumulate, and the above induction defines A]]y () for
all £t >0.

1.2.2. Numbers of infected and uninfected individuals

For i > 1, ny; is the duration of the infected period of the k-th individual following
its i-th infection, while 1 o = 0 if the k-th individual is initially susceptible and o > 0
shall say that the k-th individual is currently infected (resp. uninfected) if cjly (1) <
Mk, 4N () (TESP: cN() =y aN)- Note that, with this definition, an individual need
not be infectious when he/she is infected. In the same way, an individual is called
uninfected if he/she is no longer infected or has never been infected, hence this group
comprises both recovered and susceptible individuals. This choice of two broadly
defined compartments allows us to keep the notations tractable, but the equations
obtained below can be generalized in a straightforward way to keep track of the
number of individuals at different stages of their infection and susceptibility in more
detail.

Let IV(¢) (resp. UM (1)) denote the number of infected (resp. uninfected) individuals
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in the population at time ¢ > 0. Then

N N
N = 1 , and UN () = 1 . 1.4
(1) ]; gg([)<nk’A;CV(t) (1) ]; civ(t»”k,AQ’(r) (1.4)

Note that, quite obviously, UN (¢) + IV (¢) = N for all ¢ > 0. We then define
1(0) :==P(n0 > 0), U(0):=P(no=0)=1-1(0).

Recall that {(A0,Yk0),1 < k< N}, and hence (1x,0,1 < k < N), are independent and
identically distributed. Thus by the law of large numbers,

Lo, L UN(O)) - (2 i 1 ! i 1 (10, T0)
N ) N - N = T]k’0>0) N = T]k’():O i)
almost surely as N — oo.

Remark 1.1. The classical compartmental models

Most compartmental epidemic models can be obtained as special cases of our model,
as long as no population structure is assumed and birth and death are disregarded.
Here are a few examples.

1. The SIS model considers that infected individuals instantly become infected with
some deterministic infectivity B, and remain infected for a random timen, after
which they become instantly fully susceptible again. Thus, this model is obtained
by assuming that,

A(t) = Blo<i<n, Y(0) =Tz, (1.5)

and n is a non-negative random variable, which follows an exponential distribu-
tion in the case of the Markov model. Let us also specify the distribution of (Ay,Yo)-
For this, fix 1(0) € [0,1], set S(0) = 1 — I(0) and let y be a random variable taking
values in {S, I} such thatP(y = S) = S(0) andP(y = I) = I(0). Then set

ify =S, ify =S,
Ao(D) :{ x Yo(t) :{ i (1.6)
Blo<i<n, ifx=1, Lizgy ifx=1

wheren is a positive random variable (which follows an exponential distributions
in the case of the Markov model). (Note that, with this definition, the model starts
from a random initial condition, which is not always assumed in the literature,
but does not greatly affect its behaviour.)

2. The SIR model instead considers that, at the end of the infectious period, infected
individuals recover from the disease, and can no longer be infected again. This
model can be obtained from the above by proceeding as for the SIS model, but
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assuming instead that

1 ify=S,
Vi>0, () =0, and (1) = 1.7)
y(1) Yo {0 ify=1.

Note that, in this case, if we keep a general distribution for the random functions
A and Ay, this model reduces to the one studied in [39].

3. The SIRS model assumes that, at the end of their infectious period, individuals
stay immune to the disease for a random time 0, after which they become fully
susceptible again. This model is obtained by assuming that,

A1) = Plogr<n, (@) =1i>pn+0, (1.8)

where (n,0), is a pair of independent random variables taking values in Ri (which
are distributed as pairs of independent exponential variables in the Markov mod-
els). The generalization of the definition of the distribution of (Lg,yo) to this case
is straightforward.

Note that, in the last two cases, the quantity U™ (t) defined in (1.4) counts
both susceptible and removed individuals. The actual number of susceptible and
removed individuals in the SIRS model is given by

N N
V=) 1 RNn:=)1
k=1 k=1

N N
nk,AkN(t)+0k,A§CV(t)<Ck (1)’ nk,Ally(t)gck m<’7k,A§€V(r)+9k,A’,;’(t)’

(1.9)

where
Ok, =inf{0 > 0,y ;(ng,; +6) >0},

following (1.8).
In the SIR model, the above expression remains exact provided we set 0y ; = +oo
fori>1,0k0=0ifyx=Sand0Oro=+ooif i =1.

It is also common to assume that infected individuals do not become infectious right
after being infected, but first become exposed (i.e. infected but not yet infectious) before
becoming infectious. This results in an additional compartment E, which can also be
included in the above examples without difficulty.

Remark 1.2. In [23], Chevallier studied a model formulated as a system of age-dependent
random Hawkes processes. This model considers a system of N neurons which fire at
a rate depending both on the times of the previous firings of other neurons and on
the time elapsed since their last firing (called the age process). The author proves in
[23] a propagation of chaos result for the empirical measure of the point processes
corresponding to the firing times of the neurons, and for the empirical measure of the
age processes of the neurons, as N tends to infinity. Although neither our model or that
of Chevallier can be formulated as a special case of the other, the two are closely related
(if firing is understood as an analogous of being infected). The main difference between
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the two frameworks is in the assumptions on the randomness in the interaction between
individuals after each firing/infection. For instance, our model would be closer to that
of Chevallier if, instead of choosing a different infectivity function after each infection
for each individual, we chose a different infectivity function for each directed pair of
individuals at the beginning, and kept the same infectivity function for this pair of
individual after each infection. Thus, the law of large numbers limit that we prove
below can be seen as an extension of Chevallier’s result, and indeed some steps of the
proof are adapted from [23]. See also Theorem 1.5 in Section 1.6 whose formulation is
closer to the propagation of chaos result of [23]. In [22], the same author also proves a
central limit theorem for the empirical measures mentioned above, something which
we do not do here, but will be the subject of future work.

1.3. Functional law of large numbers
) ) —N =N —N =N
In this section we present the FLLN for the scaled processes (5 ,§ ,U ,I ) where
T = N'UN and T" := NIV,
Let
o(t) := [E[/ll,o(t)‘m,o >0], AD):=E[A1(0)],
F§():=P(n1,0>t|mo>0), F():=P(n>1),
and recall that I(0) = P (11,0 >0) =P(y1 = 1). We shall denote below by p the law of y.
To describe the limits of the FLLN, we introduce the following two-dimensional
integral equation. Observe that the solution (x, y) of this system depend on the laws
of Ap and A only through expectations but for y, and vy it is much more complex.

We consider the following system of integral equations for which we look for a
solution (x,y) € Di :

t
x(t)=E Yo(t)eXp(—fO Yo(r)y(r)dr)]

t
.
0

— r_
y(1) :7(0)/10(t)+f At =8)x(s)y(s)ds. (1.11)
0

x(s)y(s)ds, (1.10)

t
Y(t—s)exp (—f y(r— s)y(r)dr)

In (1.10) the only random elements are y, and 7.
Our first result establishes existence and uniqueness of the solution (x, y) of (1.10)-
(1.11). The proof is given in Section 1.6.

Theorem 1.1. Under Assumption 1.1, the set of equations (1.10)~(1.11) has a unique
solution (&,%) € D*>(Ry,R,). The solution belongs to C*(R,) if t — (Yo(8),Ao(2)) is
CORLinUous.
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We have the following convergence result which we prove in Section 1.6.
Theorem 1.2. Under Assumption 1.1,

& FH—"2-.@3% in D? (1.12)
N—+
where (@, §) is the uniﬂug solution of the system of equations (1.10)—(1.11).
Given the solution (6,5),

P

N—+o00

AN T.D in D2

where (U, 1) is given by

— t —
Ut)=E ]lt>n0exp(—f() yO(r)S(r)dr)]
t t _ _ _
+f E ]lt_s%exp(—f y(r—s)&(r)dr)}G(S)S(s)ds, (1.13)
0 s
t . _
T(I):T(O)Fg(t)+f FC(t—-5)6(s)F(s)ds. (1.14)
0

We rewrite (1.10)—(1.11) as

S =F

t _
Yo(t)eXp(—fO Yo(r)S(r)dr)}

t
3 +f[E
0

— _ — r_ —_ —
g(t):I(O))Lo(t)+f At —35)B(s)F(s)ds. (1.16)
0

r _ .
Y(t—s)exp (—f y(r—s)S(r)dr)] G(5)F(s)ds, (1.15)
S

We prove the following Lemma in Section 1.6.

Lemma 1.2. Ifthe pair (x, y) is a solution to the set of equations (1.10)-(1.11), then for

allt >0,
t
+f E
0

Remark 1.3. Since ﬁN(t) +7N(t) =1forallt >0 and N > 1, it follows from the above
convergence that U(t) + I(t) = 1 as well. Let us check that this follows also from the set
of equations (1.15)-(1.16) satisfied by (S,F).

First we note that, by (1.1) in Assumption 1.1, y(t) =0 forall t € [0,n) and yo(t) =0
fort€(0,n¢), hence

E x(s)y(s)ds=1. (1.17)

t
exp (—fo )fo(r)y(r)dr)

t
exp (—f y(r— s)y(r)dr)

t _ r _
Fg(t):[E[]lt<n0eXp(_/(; Yo(r)S(r)dr)], F"'(t—S):[E[L—KneXpU Y(r—S)S(r)dr)].
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Hence, summing (1.13) and (1.14), we obtain
t
; f E
0

Therefore, as (§, ) is a solution of the set of equations (1.10)-(1.11), by Lemma 1.2 we
conclude that U(t) + I(t) =1 forall t > 0. The identity (1.17) can be seen as stating the
conservation of the population size.

U +It)=E

t _
eXP(—fO Yo(r)S(r)dr)

4 _ .
exp (—f y(r—s)&(r)dr)] G(s)5(s)ds.
(1.18)

Remark 1.4. Without condition (1.1) of Assumption 1.1, the limit obtained in the
functional law of large numbers satisfies a different set of equations. More precisely,
equation (1.16) is replaced by

_ t _
S(t):[E[Ao(t)eXp(—fo Yo(r)%(r)dr)]
t t _ . _
+f [E[)L(t—s)exp (—f y(r—s)%(r)dr)] S5 (s)ds, (1.19)
0 s

and (1.14) by

J— t —_—
I(t)=E []1n0>texp (—fo m(r)%(s)dr)}

t
. f E
0
Remark 1.5. We can check that, in the special cases mentioned in Remark 1.1, the

limiting system of equations obtained in Theorem 1.2 coincides with the corresponding
models in the literature.

1. In the case of the SIS model, we note that, by (1.5) and (1.6),

t — — —
]ln>t—seXp(—f Y(r—s)%(r)dr)] G(s)5(s)ds. (1.20)
N

A1) = BP( > 1), Ao(8) = BP(10 > 119 > 0).

It thus follows from (1.16) and (1.14) that @'(t) = ,BT(L‘) forall t > 0. Moreover,

comparing (1.15) and (1.13) and using (1.5) and (1.6), we see that S(t) = U(t) =
S(t). Combining this with the fact that 1(t) + U(t) = 1, we obtain

t
1(t) = T(0)F§ () + ,Bf Fe(t-9)(1-1(s)1(s)ds, (1.21)
0

as stated in Theorem 2.3 of [78].
2. In the case of the SIR model, from the definition of y andy, in (1.7) and (1.15),
combined with the fact that §(t) = BI(t), we see that

_ _ r_ _ _ _
S(1) =6(1) = S(0) exp (—ﬁf I(r)dr) and U =S +R(®).
0
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This yields the statement of Theorem 2.1 in [78].

3. In the case ofzhe SI}iS model, we note that, §(t) = ﬁf(t), @(t) = S(1), in view of
(1.13), U(t) = S(t) + R(t), where

— t —
S(t)=E ]ln0+90<texp(—,6f0 yO(r)I(r)dr)]
t t _ _ _
+[3f0 E ]ln+9<t_sexp(—,6f y(r—s)I(r)dr)] S(s)I(s)ds,
and
—_— t —
R =E 1n0<t<n0+90exp(—ﬁf() YO(r)I(r)dr)

S(s)I(s)ds.

t t _

+ IBL E ]lnét—s<n+9 €xp (_:Bf )’(I’ - S)I(r)dr)
N

In fact, S and R are the limit of ;SN and + R™, respectively, where SN and RY

are defined in (1.9) (recall that, for simplicity, we assumed that no individual is

initially in the R compartment). But, from the definition of y in (1.8), y(t) = 0 for

allte[n,n+0) andyy(t) =0 forall t € [nyg,no + 0y), hence

t

T(r)dr)

t
S(1) = S(0) exp(—ﬁf T(r)dr) +I(0)E
0

+,6f0t[E

-
n

t —_— —_— —
Tpro<i-sexp (—,B I(r)dr)] I(s)S(s)ds,

s+n+0

o+6o

and

t
R(t) = T(0)P(no < t < 1Mo +6|no>0) +ﬁf P <t—s<n+0)I(s)S(s)ds.
0

AsS(t)+1(t) + R(t) = U(t) + I(t) = 1, this yields the result stated in Theorem 3.3 in
[78].

1.4. The endemic equilibrium

When the disease persists in the population, we say that the disease becomes
endemic, and if it reaches an equilibrium, it is called the endemic equilibrium. This
corresponds to a balance between the number of new infections and new recoveries.
In this section, we study the conditions that lead to an endemic equilibrium in the
FLLN limit. We first recall the endemic equilibrium behavior of the classical SIS model
discussed in Remark 1.1. Given the infectivity rate 3, the basic reproduction number
is given by Ry = BE[n]. It is well known (see, e.g., [78, Section 4.3], and also [15] for a
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discussion of the Markov model) thatif Ry <1, I(t) — 0 as t — oo, and if Ry>1and
1(0) >0, I(t) = 1 - Ry 1 as t — oco. This can be easily obtained from the expression
of I(¢) in (1.21). In words, in the case Ry < 1, the disease-free steady state is globally
asymptotically stable, and in the case Ry > 1, the disease-free steady state is unstable
and there is exactly one endemic steady state, which is globally stable. Recall that in
this model, A(1) = BF¢(t). Thus, since f0°° FC(t)dt =E[n], we have

Rozf AD)dt. (1.22)
0

In fact, the expression of Ry in (1.22) is the definition of the basic reproduction number
in the Kermack and McKendrick model with an average infectivity function A(1),
because it represents the average number of individuals infected by an infectious
individual in a fully susceptible population.

Remark 1.6. Note that to ensure that A(t) — 0 as t — oo we could assume thatn < oo
a.s. However, we shall not need that assumption.

We make the following assumptions on the random susceptibility and infectivity
functions in order to study the equilibria of our model.

Assumption 1.3. 1. Therandom functionst — y(t) and t — y(t) are non-decreasing
a.s.

2. The pair (Ly,Yo) is distributed as follows. Let¢ > 0 be a random variable such _that
¢ < n almost surely. Let y be a Bernoulli random variable with P(y = 1) = 1(0),
independent of (A,v,n,¢). Then

ify=0,

Ao(t) = and yo(t) =

y(+¢) ify=1.

The random variable ¢ represents the age of infection at time zero of the initially
infectious individuals.

We define

Y« :=supy(f) = lim y(#), and 7vyo.:= lim yo(f).
>0 t—+00 t—+00

In the classical SIS model, the susceptibility functions are given by y(#) = 1>, and
Yo(£) = 1>y, so that y. = 1 a.s. However, in general, after being infected and recovered,
individuals lose immunity gradually and do not necessarily reach “full” susceptibility
(being equal to 1). Thus, Y. may take any value in [0, 1] and is a priori random.

It turns out that the classification of the endemic equilibria depends on the law of
Y «, more specifically on whether Ry is smaller than or larger than E[1/y.]. Note that
this expectation E[1/y.] may be infinite in general (for example if P(y. = 0) > 0). We
first prove the following result under the condition that Ry < E[1/y.].
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Theorem 1.3. Under Assumptions 1.1 and 1.3, if Ry <E [l/y*] , there exists G, € [0,1]
such that
&(1),F() — (6,00 as t— oo,

where

S,= lim 6()=E
t—+o00

+00 _
Yo,*eXp(—fo Yo(r)S(r)dr)

+00
; f E
0
As a consequence, (U (1), I(1) — (1,0) as t — oo. In the special casey . =1 a.s., we also
have S, =1.

S()F(s)ds. (1.23)

+00 _
Y « exp(—f y(r—s)g(r)dr)
N

Remark 1.7. Without the assumption on the monotonicity of the functiony, when Ry <
E [(supty(t))_l] the same proof as that of Theorem 1.3 shows that as t — +oco, §(£) — 0

and I(t) — 0.

Note that in this theorem, we do not assume E [1 / y*] < +o0o. However, we do assume
that Ry < oo, that is, A(f) is integrable.

Remark 1.8. In [55, Proposition 8.9] one can find a similar result for a model with
demography.

The case Ry > E[1/7.] is more complex. We make the following additional assump-
tions.

Assumption 1.4. There exists a non-negative random variable t, such thatE|[t.] < +oo
and fort > t., y(t) > % a.s.

Assumption 1.5. y. is deterministic, positive and for any 6 € (0,1), there exists a
deterministic ts > 0 such that

Yo(ts) Ay (ts) = (1 —6)y« almost surely. (1.24)

Assumption 1.6. There exists a positive decreasing function h such that h(0) = 1 and
for al_l S,tERy, A(s+ 1) = h(s)A(t). The same holds for Ay. In addition, Ay is continuous
and A is of bounded total variation.

Theorem 1.4. 1. Suppose that Assumptions 1.1, 1.3 and 1.4 hold and Ry > E [Y%] If

there exists (@*,§*) such that (g(t),§(t)) (@*,§*), then either§* =0, or
else

t—+o00
1

g*:_
Ry
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and §. is the unique positive solution of the equation

+oo N r
fo E exp(—fo y(?) dr)] ds=Ry. (1.25)

In the second case, (I(t),U(t)) — (I.,U) as t — oo, whereU, =1—-1, and

_  E[n]3,
I, = [77] S . (1.26)
Ry

IfRy=E [%] , the same statement holds but (1.25) does not admit any positive
solution, so, necessarily, F.=0and thus1, =0.

2. Assume in addition that Assumption 1.5 and Assumption 1.6 hold and _that§(0) >
0. Then there exists ¢ > 0 such that for all t > 0, §(t) > c. In particular §(t) cannot
tend to zero as t — oo.

Remark 1.9. Assumption 1.4 controls the time required for an individual’s suscep-
tibility to increase beyond some level, Assumption 1.5 ensures that after some time
the average susceptibility returns above Rio if there are not too many re-infections and
Assumption 1.6 ensures that the force of infection does not decrease too rapidly.

Corollary 1.1. Suppose that Assumptions 1.1, 1.3 and 1.4 hold and that Ry > E [Yi] .

Assume thaty(t) =y« 1;>;, where( is a random variable satisfying { > n almost surely
and E[{] < +oco andy . is a random variable taking values in (0,1]. Then,

__metfy
=, (1.27)
E[{]

is the solution of equation (1.25) and

- EmIS. E 1

7, = ES :ﬂ(1—30—1[£[—]) (1.28)

Ry ElC] Y«

where Ry is given by (1.22).
Proof. In this case, equation (1.25) becomes

+00 N

f E|exp (—y*f ]lezdr) ds = Ry.
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By a change of variables and Fubini’s theorem, the left hand side is equal to

§*f()+°°[5

ds :§* j:ooﬂi []l(>s +1,<sexp (—§*y*(s—())] ds

_ s
exp (—m* | ngdr)

=3.E[(1+F.E

f;oo exp (—§*Y* (s—C)) dS]

|
Vil

This gives the expression in (1.27). O

= 5.E[(1+E

Remark 1.10. For the classical models discussed in Remark 1.1, the above allows us to
recover previously known results.

1. Inthe SIS model, we havey . = 1 andn = { almost surely, so we obtain ﬂ_zatf(t) -0
ast — oo if Ry < 1, and that, if Ry > 1, the only other possible limit for I(t) is given
by

2. For the SIRS model, we havey. =1 and { =n+0. As a result, applying Corol-
lary 1.1, we see that, when Ry > 1, the only possible positive limit for 1(t) is

7,-_ tm (1 _ L)
©OEMI+EBIL Ry
In the same way, we can also deduce that R, := lim,_. .o, R(t) is given by

ﬁ*:l-a_f*:L‘”(l-i).
|E[17]+[E[9] Ry

We refer to Proposition 4.2 of [78] for a previous derivation of this equilibrium in
the particular case where A(t) = 1 <, and y(t) = 11>y1¢ withn and 0 indepen-
dent, the laws of n and 0 being arbitrary.

Our results in (1.27)—(1.28) thus extend those for classical compartmental models.
Note thaty . is random and takes values in [0, 1], indicating potentially partial suscep-
tibility after recovery.

For the SIS and SIRS models discussed in Remark 1.10, it is known that, if Ry > 1 and
1(0) > 0, then I(¢) does indeed converge to the endemic equilibrium I, as t — co. We
are not yet able to prove such a result for our general model.

We make the following conjecture on the convergence to the equilibrium in the case
Ry>E [1 / Y « ] .
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Conjecture 1.1. Under Assumptions 1.1, 1.3-1.6, if Ry > [E[ ] and §(0) > 0, then

S1),51) — (6.,F.) as t—oo,

where S, = 1/Rg and@k is the unique positive solution of (1.25).

This conjecture is equivalent to another. Indeed, by applying the Arzela-Ascoli
Theorem to the set of functions {(TJG T]S) j €N} where 7;x(¢) := x(£ + t]) and (¢;); <

Ry, tj — +oo as j — +oo, there exists a subsequence of pairs (TJG TJS) denoted

again (716 TJS) such that (xj,y;) := (‘L']6 7]5) (x, ) uniformly on compact sets as
J — +oo. Note that the pair (x;(#), y;(1)) satisfies the following system of equations:
fort > —t;

x]'(t):[E

If+tj
Yo(t+ tj)exp(—fo yo(r)yj(r)dr)]

t
+[ E

—_— — t —
yi(®) = 1(0) Ao (t + tj)+f At —$8)xj(s)y;(s)ds. (1.30)

xj(8)yj(s)ds, (1.29)

-

t
Y(t—s)exp (—f y(r— s)yj(r)dr)
N

As a result, as the first terms of the right hand side of (1.29) and (1.30) tend to zero
when j — +oo, and (x;(2), y;(£)) — (x(8), y(¢)) for all € R, we deduce by the dominated
convergence theorem that the pair (x, y) satisfies the following set of equations,

t_
y(1) :f At —=9)x(s)y(s)ds, (1.31)
; —00
| e
We can remark that the constant pair (RLOE*) where F, is the unique solution of

(1.25) is a solution oi (1.31)-(1.32). Hence if this solution is unique, all converging
subsequences of (76, 7 ;5§) have the same limit, from which we can easily conclude

t
exp (—f y(r— s)y(r)dr)

x(s)y(s)ds=1. (1.32)

the convergence of (§(t),§(t)) as t — oo.
Thus, Conjecture 1.1 is equivalent to the following.

Conjecture 1.2. Under Assumptions 1.3-1.6, if Ry > E [}/L] and F(0) > 0, the set of
equations (1.31)-(1.32) has a unique positive and bounded solution on R.
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1.5. Relating to the Kermack and McKendrick PDEs
for the SIRS model

1.5.1. The FLLN limits with a special set of
susceptibility/infectivity functions and initial conditions

We consider the special family of susceptibility and infectivity functions:
AD=AD1ey and  y(O) =F(E-m1;sy

where A(f) and ¥ (¢) are deterministic functions, representing the infectivity and sus-
ceptibility functions, and the infected period 7 is a random variable with cumulative
distribution function F. Then we have A(1) = X(t)F ¢(t). In addition, let f be the
density function of F and ug(t) := % be the hazard rate function of F. Then one can
also write

t
Fc(t):exp(—f yp(s)ds), (1.33)
0

We assume that the infectivity function of an initially infected individual is the same
as that of a newly infected individual but shifted by the time elapsed since infection
before time zero, that is, _

Ao(8) = At + )1 1<p,

where 7 is the duration of the remaining infectious period after time zero, whose
distribution depends on ¢, the age of infection at time 0. To specify the distribution of
¢, we assume that there exists a function 1(0,7) such that I1(0) = fg’o 1(0,7)dT, that is,
1(0,7) is the density of the distribution of 1(0) over the ages of infection. Then we can
specify the distribution of ¢ as

+00
P& >x) = _Lf 100, r)dr. (1.34)
1(0) Jx

And the conditional distribution of ¢ given ¢ is given by

FeE+1)

&+t
P(no > t]é) = 0 _exp(—(S uF(r)dr). (1.35)

It is then clear that

+7

Ao (1) :[E[JL(t+§)]lt<n0] = _Lf A(t+1)I(0,7)exp (— ,up(s)ds) dr. (1.36)
0

1(0) T

Next, to specify the initial susceptibility y(#) associated with each individual, we
consider three groups of individuals at time zero, susceptible, infected, and recovered,
whose respective proportions are S(0), 1(0) and R(0) with S(0) + I1(0) + R(0) = 1. Note
that we have combined the fully susceptible and initially recovered individuals as
one group in the model description in Section 1.2. Thus, the model discussed in
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this section is in fact a generalized SIRS model. Moreover, we shall in this section
consider that individuals in the R compartment have recovered from the disease but
are not necessarily immune. In accordance with [53] (see Section 1.5.2 below), once
an individual recovers from the infection, after some potential immune period, the
immunity is gradually lost, the individual may become infected again, and the process
is repeated at each new infection with a new realization of the random infectivity
and susceptibility functions. This means that, the susceptible individuals are those
who have never been infected. For the initially fully susceptible individuals, their
susceptibility y¢ equals 1. For the initially infected individuals, their susceptibility
starts to become positive after time 1, which is the end of the infected period 71,
i.e. yo(#) = 14>y, Y —no). For the initially recovered individuals, their susceptibility
depends on the elapsed time since the last recovery, which we denote by 9, so that, for
these individuals, y((#) = ¥ (¢ + 9). Let y be a random variable indicating the group of
an individual at time ¢ = 0, with the following law

L) =S0)5s+1(0)5;+R(0)57.
Then the initial susceptibility y(¢) of an individual can be written as
Yo(B) =L y=s +Y(E=N0)Linpgy=1 +Y(E+ )L y=p.
To specify the distribution of 9, we assume that there exists a function R(0,6) such

that R(0) = fooo R(0,0)d6, that is, R(0,0) is the density of the distribution of R(0) over
the age of recovery. Then we can specify the distribution of 9 by

1 +oo
PO >x)= _—f R(O,r)dr. (1.37)
R(0) Jx
Thus, we have

E

t _ _ r__
Yo(t)eXp(—jo Yo(r)S(r)dr) ZS(O)eXp(—fO S(r)dr)

t roo T+r t _
+[ f Y(t—1)ur + 1)1, r)exp(—f up(s)ds)exp(—f ?(S—T)S(s)ds) drdr
0 JO r T
oo t —
+f Y(t+1)R(0,7) exp(—f ?(s+r)§(s)ds) dar.
0 0

Note that, concerning the second term, we have to condition upon ¢ in order to
compute its expression.

We denote by S(#) the proportion of susceptible individuals who have never been in-
fected, I(f) the proportion of infected individuals and R(#) the proportion of recovered
individuals at time ¢.

We obtain the following expression of the limit (g, §).

Proposition 1.1. For the generalized SIRS model described above, the limit (G,F) from
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Theorem 1.2 solves the following system integral equations:

— _ r_
G(t):S(O)exp(—f S(r)dr)
J, [ oot iones|- [ |
(t—1) I(O r)exp Y(s-0F(s)ds|drdr

+f 7(t+r)§(o,r)exp(—f )7(S+T)S(s)ds) dr
0 0

t( rt t _ _
+f (f Yt—-1)f(r—1)exp (—f ?(S—T)S(s)ds) dT)G(r)S(r)dr, (1.38)
0 r T

and

F°(1)

F()= f A()I1(0, T—t)FC( — )d +f At=1)6@F (1) FC(t—T1)dT. (1.39)

In addition,

r_
S(t) = S(0) exp (—f S(r)dr),

+00 ;¢ r [
T(t):fo %{L;)I(O )dr+f FC(t—39)B(s)F(s)ds,

+00 t _ _
E(t):f exp (—f )7(1+r);§(r)dr)R(0,T)dT
0

+00
f fexp( fy(r—s)%(r)dr)up(r+s) F(C(+))dsl(0 1)dt

u—s —_ —_
+f f exp(—f )7(r—u)S(r)dr),up(u—s)exp(—f /,tp(r)dr)duG(s)S(s)ds.
0 Js u 0

1.5.2. Connection with the Kermack and McKendrick PDE
model
In [53], the model introduced by Kermack and McKendrick in [62, 63] was refor-
mulated as follows. Let S(¢) denote the proportion of susceptible individuals who
have never been infected, let I(#,7) denote the density of infectious individuals with

infection-age 7 > 0 and R(t,6) the density of recovered individuals with recovery-age
0 > 0. Then, given an initial condition (S(0), I(0, -), R(0,-)) such that

S(0) + f 100, 7)dT + f R(0,0)d6 =1,
0 0
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the system evolves according to the following set of partial differential equations:

< +oo = _
ﬁ(t) :_E(t)f A I(t,T)dt
dt 0

O—T(r )+g(r ) = —up(T)I(t,1)
ar P T g b T THFEALT

A

OR OR — too o _
__ ~ (1.40)
3 (t,r)+—0T (t,7) R(m)y(r)fo A (L, r)dr

+00 +oo
1(t,0) = (§(t)+ f 7(6)§(t,9)d6) f A I(t,7)dT
0 0

+00
E(t,O):f pr(mI(t,1)dT.
0

We will use the following notion of a solution of the system of ODE-PDE:s (1.40). For
us, a solution is an element (S(2), I(¢,-),R(,"), t > 0) € € (Ry, Ry x L' (Ry) x L' (R,))
satisfying (1.40), where the derivatives are taken in the distributional sense, and
(1.40) is understood as follows. If (S(£), I(t,-), R(t,-) is a solution, then the continuous
function S(#) is the unique solution of a linear equation which is given explicitly in
terms of I and A, and the equation is satisfied pointwise. It follows from the second
equation that s — I(t + s, s) also solves a linear equation, whose explicit solution is at
least continuous, hence we can define I(¢,0) = lim,_q I(t + s, s), and it is this quantity
which is assumed to satisfy the boundary condition stated on the fourth line of (1.40).
A similar argument can be applied to R. Note that it is essential that A and Y be
bounded, as well as pur. This last point will be an assumption in our statements below
The classical reference for systems of PDEs of the type of (1.40) is the book of Webb
[99], which establishes existence and uniqueness, but with a notion of solution which
is a bit tricky, and we prefer to avoid presenting it. We will show below how to associate
to any solution of (1.40) the solution to the system of integral equations (1.38)-(1.39),
and vice versa how to construct a solution to (1.40) from the solution of (1.38)-(1.39).
This establishes the connection betwen our results, in the particular case of the model
described in the present section, and those of Kermack and McKendrick. We shall
then deduce existence and uniqueness of a solution of (1.40) as a Corollary.

Proposition 1.2. We assume tliat | L lloo < 00. If(g(t)j(t, 3, R(t,), t > 0) is a solution
of the system (1.40), and (G(-),§(-)) is given by

_ _ +00 _

S(1) = S(1) +f ?(T)R(t,r)dr,

_ +00 0 (1.41)

F(= f AmI(t,7)dr,
0

then (@(-),@(-)) solves (1.38)-(1.39). Conversely, given (@(')E(-)) the unique solution of

75



1. Law of large numbers for stochastic epidemic models with varying infectivity and
waning immunity — 1.5. Relating to the Kermack and McKendrick PDEs for the SIRS

model
(1.38)-(1.39), the following is a solution to (1.40).
S(t) = S(0) exp(— fo t§(s)ds),
1(t,71) = 1(0,7 - I)%lpt +3(t-1S(t -1 F (M) L1,
{R(t,1)=R(t—7,0)exp (—fOT YTt +s— T)ds) Tre; (1.42)

T

+R(0,7—1) exp (— ?(S)§(t—T+S)dS)]lr>t»

[+
Fe(1)

Tt

t —  —
R(t,0) = f 1(0,7) D i+ f ft-1)6@F(1)dr,
0 0

with F given by (1.33) and f is the density of F.

Proof. Assummg that (S(¢), I(t,-),R(t,-), t > 0) is a solution of the system (1.40), we
now show that (&(.), S )) given by (1.41) satisfies (1.38) and (1.39). Integratlng Tand R
along the characteristics, which are the parallels of the first diagonal of R?, we obtain:

t +00 _ _
§(t):§(0)exp(— fo fo )L(T)I(S,T)drds),

- - Fe(r) - )
167 =107 = ) Lo + =T, 0 F @ o,

T +oo . _
R(t,7) :E(r—r,O)exp(—f 7(s)f A(r)I(Hs—r,r)drds)nK,
0 0 (1.43)

_ T +OO~ _
+ R(0,7—t)exp (—f ?(s)f ANI(t—1+s, r)drds)]l,>t,
T—t 0

+00 +00 - _
1(t,0) = (E(t) + f ?(e)ﬁ(t,e)de) f A I(t,1)dT,
0 0

+00 t
R(t,0) :f T(O,T)f(t+ﬂ dr+f f(t—1)I(r,0)dr.
0 Fe(T) 0
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By (1.41), this can be written

I_
S(t) = S(0) exp (— f S(s)ds),
0

I(t,7)=1(0 —I)ﬂ]l +1(t—1,0)F¢(1)1
yT) = T FC(T—I) >t T, T 127>

) R(t,7) :E(I—T,O)exp (—f }7(3)§(t+s—r)ds) 1,44
0
+§(0,T—t)exp(—f ?(s)§(t—r+s)ds) 1>
T—t
1(t,0) = &(OF (D)

flt+1)
Fe(7)

t
R(£,0) :f 100,7) dr+f ft-1)(r,0)dr,

0 0
Substituting those expressions for S(¢), R(¢,7) and I(¢,7) in (1.41) using the above
expressions yields (1.38) and (1.39).

Conversely let (5(-), S (1)) be a solution of the set of equations (1.38)-(1.39). We now
show that (S(#),1(t,-), R(t,-), t > 0) given by (1.42) solves the system (1.40). It suffices
in fact to show that (S(¢), I(¢,), R(t,-), t > 0) satisfies (1.43) (see Theorem 2.2 in [99]).
Comparing (1.42) and (1.43), we see that it is enough to show that, if 1(t,1), S(t) and
R(t,7) are given by (1.42), then

+oo _ _
f A I(t,1)dt = §(1), (1.44)
0

and e
S() + f Y(T)R(t,1)dT = &(1). (1.45)
0

Indeed, replacing 1(t,7), S(¢) and R(t,7) by their expressions in (1.42), we obtain

Fe(r+

f AL, T)dr—f AT+ 010,7)——— 7o)

dr+f ADOF@F(t-1)6(r-1)dT,
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and

+00 +oo__
§(t)+f Y@ R(t,7)dT = S(0) exp (—f S(s)ds)
0 0
+00 . T+t _
+f Y+ t)R(0,7)exp (—f ?(s)&(s—r)ds) ar
0 T

t T _ —
+f Y (1) exp (—f ?(S)S(t+s—r)ds)R(t—r,O)dT.
0 0

Replacing R(t — 7,0) by its expression in (1.42) and using the fact that (S, F) solves
(1.38)-(1.39), we obtain (1.44) and (1.45).
This completes the proof of the equivalence. O

Corollary 1.2. We assume that ||prllec < co. Then the system (1.40) has a unique
solution.

Proof. From the solution of (1.38)-(1.39), we define a solution of (1.40) with the help

of (1.42), hence existence. Let now (gl,fl,ﬁl) and (gz,fz,ﬁz) be two solutions of (1.40)
with the same initial condition at time ¢ = 0. Through (1.41), they define the same
solution of (1.38)-(1.39). Hence for all t =0,

fooi(rﬁl(t, Ddr = fool(rﬁz(r, Ddr.
0 0

Consequently from the first line of (1.42), gl () = Ez(z‘), for all £ = 0. This, combined
with the first line of (1.41), implies that for all £ =0,

f T YR (4, ndr = f TR (L dr.
0 0

The above three facts combined with the fourth line of (1.42) imply that Tl(t, 0) =
Tz(t, 0) for all £ =0, and hence also R (¢,0) = Ez(t, 0) for all £ = 0. The second and third
lines of (1.42) allow us to conclude that 71 (t,7) = Tz(t, 7) and ﬁl (t,7) = Fz(t, 7) for all
t,7 = 0. Hence uniqueness. O

1.6. Proofs for the FLLN

In this section, we prove the FLLN. We start with the proof of Lemma 1.2.

Proof of Lemma 1.2. We can note that, if we multiply the equation for x(t) by y(#), we
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obtain

t
y@x()=E [y(t)yo(t) exp (—fo Yo(r)y(r)dr)]

t t
+f0 [E[y(t))/(t—s)exp(—f y(r—s)y(r)dr) x(s)y(s)ds.
As aresult,
d t t t
E([E exp(—f )fo(r)y(r)dr) +[ E exp(—f y(r—s)y(r)dr) x(s)y(s)ds):O.
0 0 S

Note that this function may not be differentiable everywhere since there may be an
at most countable set of points where its right and left derivatives do not coincide.
Nevertheless this function is almost everywhere differentiable and since its derivative
is equal to zero almost everywhere, it is constant.

Hence, integrating between 0 and t, we obtain the result. O

We next prove Theorem 1.1.

Proof of Theorem 1.1. Let (x, y) € D? be a solution to the set of equation (1.10)—(1.11).
From Assumption 1.1, yo(#) < 1 and y(f — s) < 1. Hence the combination of (1.10) and
(1.17) implies that x(¢) < 1. Moreover, from Assumption 1.1 if A(#) > 0(A((¢) > 0) then
Y(s) =0(yo(s) =0) for 0 < s < £, we have

- — r_
y) = I(O)/lo(t)+f0 At —s)x(s)y(s)ds

t
=E [/10(1?) exp (—fo )fo(r)y(r)dr)

t t
+f [E[/l(t—s)exp (—f y(r—s)y(r)dr) x(s)y(s)ds
0 s

<A%,
where the last inequality follows from (1.17) and the fact that A¢(#),A(z —s) < A*.

Consequently;, if (x, y) solves (1.10)—(1.11), then for t > 0, x(#) < 1 and y(f) < 1*.
Suppose now that we have two solutions (x!, y!) and (x?, y?) of equations (1.10)-
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(1.11). Then we have

() -x*) =E

t t
Yo(?) (exp(—fo )/o(r)yl(r)dr)—exp(—fo yO(r)yz(r)dr))]

t
+f[E
0

t
y(t—s)(exp(—f y(r—s)yl(r)dr)xl(S)yl(S)
t
—exp(—f )/(r—s)yz(r)dr)xz(s)yz(s))]ds,
S
t_
yl(t)—yz(t):fo At=s) [x' )y (5) = P ()y*(s)] ds.

We first deduce from the second relation, taking into account that for i = 1,2, x’(s) < 1
and y'(s) < 1", that for any ¢ > 0,

t
|y1(t)—y2(t)|5/1*f0 [|x' () = @] [y )| + |y ) = Y2 )| |**(9)]] ds
t
</1*max(/1*,1)f [|x1(s) = x*(9)] + |y (9) — ¥*(9)|] ds. (1.46)
0

We now exploit the first relation. Since |exp(-a) —exp(-b)| < la—bl,Va,beR,,y < 1
and xly1 <Ay, wehavefor0< < T,

t
|x' (1) - x* (0] <f0 ly' () - y*(s)|ds

t
v E
0

t
exp (—f y(r— s)yl(r)dr) x! (s)yl(s)
N

t
—exp (—f y(r— s)yz(r)dr) X% (5)y2(s)

]ds
t
<fo ¥ ()= y*(9)| ds

t
+f[E
0
t
+f[E
0

t t
<f Iyl(S)—yz(S)IdHT/l*f 1Y ()= y2(9)| ds
0 0

t
‘exp (—f y(r— s)yl(r)dr)
S

t
—exp(—f Y(r—s)yz(r)dr)‘ () yl(s)ds

|x1(s)y1(s) - xz(s)yz(s)| ds

t
exp(—f )/(r—s)yz(r)dr)
S

t
+ f |x' 9y (9) - ¥ ()% (9)| ds.
0
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Hence, again, given T > 0, there exists a constant C such thatforany0<t<T,
t
| () - x*()| = Cf [|x!(8) = ()] + |y (5) = y*(9)]] ds. (1.47)
0

Uniqueness follows from (1.46), (1.47) and the Gronwall Lemma.

Now local existence follows by an approximation procedure, which exploits the esti-
mates (1.46) and (1.47). Indeed, Picard iteration procedure works for an existence of
integral equation as for the more technical ODEs. For detail, see Brunner [18]. Global
existence then follows from the above a priori estimates, which forbids explosion.
Theorem 1.1 is established. O

We next prove Theorem 1.2. We first construct a system of stochastic equations
driven by Poisson random measures (PRMs), and then use an approach of the type of
propagation of chaos as in [92].

Let m € D, (Ao, y0) € Di and (A;,yi)i>1 a collection of i.i.d. random elements of
D, independent of (1y, 7o), Q a standard PRM on Ri independent of the previous
collection. We define for ¢ > 0,

t p+oo
AU () ::f f 1<y - QUdr, du)
0 JO

Y(m) (1) := Y At (p) (C(m) ())m(t)

(1.48)

where ¢ is defined in the same manner as c{v with A" instead of Allv .
Let

50 =E[ Ay ™ @], and &0 =E [y 000" 0)].

Lemma 1.7. There exists a unique function m* € D, such that

=m*

5 =m

Moreover, (g(m ),§(m )) solves the set of equations (1.10)—(1.11).

Proof. Let us denote the jump times of the process A" by (Tg.m))

From Assumption 1.1, for ¢ > Tg.m), ifA;(t— rgm)) #0, we have

i>0 with Tém) =0.
t (m)y =M
o Yir =708 (Ndr =0,
i

hence A" (f) = A(m)(rg.’”)) = i. Therefore for 0 < i < A" (1), A; (¢ — TE.’”)) = A;(t—
rﬁ.m))]lA(m)(t):i a.s. We also recall that 1o (#) = E[ Ao (2) |10 > 0] and 1(0) =P(19 > 0) and
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we deduce that
—=(m)
3 (0) = E[Aqmp (6" (1))]

=E Z Ai(t— Tg-m))]lA(m)(t):i]
| >0
[ A(Wl)(t)
=E [Ao(t) + Ai(t =1
| i=1
=E[Ao()[n0>0] P (10> 0) + ¥ E|Ai(t =71 on
i>1 '

=T+ Y E [/li(t—rﬁ.m))]lrgm)gt] ,

i1

(m)

andas A; and 7, are independent, we further obtain that

3" 0 =T0 X+ ¥ E[A-7")1 0 _]
i>1 !
_ r_
=T(0) (1) +E f At — ) A" (ds)
0

Note that the process t — A" (t) — [J Y™ (s)ds is a martingale. The integral of a
bounded deterministic function over a compact interval w.r.t. such a martingale has
zero expectation, hence

r_
[Ef At =) [A"™ (ds) - Y™ (s)ds] = 0.
0

As aresult, .
§(m)(t) =T1(0)Ao(1) + f A= mS " (s)ds. (1.49)
0

In addition,
+00
Y atm) (g (C(m)(t)) = Yo(t)]lA(m)([):() + Z Yi(t— Tg-m))]lr(_m)gt]lA(m)([):i .
i=1 i

Let
gt =0 ({(Ai)ogig,q(m)(t), (Yi)OgigA(’”)(t)’ A(m)(tl);o < t, g t}) .
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Since Q is independent of g_[(m) , we have
i

17,1

P(A™(0) = | F o) 1 om

<t

=P (Q(its W e, 7™ <5< 1, yi((s 1™ Im(sT) > ul) = 0| F,0m | Ly,

t

:exp(— (m))/,-(r—Tg.m))m(r)dr)]lr(_m)gt.
T. i
Thus, since y( and Q are also independent, we obtain

& (1) =E[yo(01 yomog] + 3 E it =)0 P (A (1) = i(gr(_m))]
i>1 i i

t
=E [)fo(t) exp (—fo )/O(r)m(r)dr)

+) E

i1

t
yilt— rg.m))]lrgm)gtexp (— o Yi(r— Tﬁ-m))m(r)dr)] .

Moreover, since y; and Tg.m) are independent, recalling that the law of y is denoted by
u, we further obtain

g(m)(t) —F

t
Yo(t)eXp(—fO Yo(r)n’L(r)dr)]

+Y E

i1

t
fDY(t_ Ti'm)) P (_f(m) Y= TEM))m(r)dr) pAnl g, | -
T. i

)y

In addition, as (7;""); are the jump time of A”, by Fubini’s theorem, we have

A(Iﬂ) 0))

t
E| > y(t—rgm))exp(—f(m)y(r—rgm))m(r)dr)] p(dy)
i=1 T

—(m t
6( )(t):[E[)fo(t)exp(—fO )/O(r)m(r)dr)
+

D

t
=F [)/O(t) exp (—fo YO(r)m(r)dr)]

t t
+f [E[f Y(t—s)exp(—f y(r—s)m(r)dr) A(m)(ds)]u(dy).
D 0 N
(1.50)

For any given y € D, we define

t
gy(s, B):=vy(—-s)exp (—f y(r— s)m(r)dr).
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Since
t +00
A(m)(t):ff Lyeyom (s QUds, du),
0 Jo

by the same argument as the one leading to (1.49) we obtain

t t
E f gy (s, A" (ds) :[E[ f gy (s, DY (s)ds
0 0

t
:f gy (s, DE[Y"™ ()] ds
0
t _
:f g/(5,08 " ()m(s)ds. (1.51)
0
Then, from (1.50) and (1.51), we deduce that
—(m) t
S (t):ﬂi[)fo(t)exp(—fo yo(r)m(r)dr)]
t ¢ —(m)
+f fy(t—s)exp(—f y(r—s)m(r)dr)u(dy)m(s)G (s)ds
0 JD s
t
:[E[}fo(t)exp(—fo yO(r)m(r)dr)]

t t —m
+f [E[y(t—S)eXp(—f Y(T—S)m(r)dr)]m(s)GS( )(s)ds. (1.52)
0 s

Hence from (1.49) and (1.52), §(m) = mif and only if (g(m), m) solves (1.10)—(1.11).
Consequently, by Theorem 1.1, there exists a unique element m* € D, such that
_(m*) *

5 = m”* and that (@(m ), m*) solves (1.10)—(1.11). This concludes the proof of the
lemma. O

We next consider the sequence (Qg)x>1 of Poisson random measures introduced in
Section 1.2 and for each k > 1, we define the process {Ax(?), t > 0}:

t +00
Ap() = fo fo Lucy o Qr(dr, du),

where _

and ¢ is defined in the same manner as c]lV with A instead of AiV . (This defini-
tion follows a similar idea to Lemma 1.7 as in [23].) In this definition we use the
same (A, i, Yk, Qk) as in the definition of the model in Section 1.2. Moreover, since

(A i (Vk,Di Qk) > areiind, (Ax)g=1 are also ii.d.

Remark 1.11. From Lemma 1.7 we have

() =E [A1,4,(0(S1(1)] andS(t) =E [Y1,4,0(c1()].
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Now for each k > 1, we compare the process Ag(t), t > 0 with the process Ay (1), t >
0.

Lemmal.8. ForkeNand T >0,

T
E| sup |A,ICV(t)—Ak(t)|]<f E| YN -Ye@|]|ar=6"m (53
t€(0,T] 0
and
E| sup |C1,;](t)—clc(l‘)|] < TN(T).
t€[0,T]
Moreover, i
sN(1) < ANTexp(Z)l*T). (1.54)

Proof. We adapt here the proof of Theorem IV.1 in [23] to our setting. Since

t p+oo
N
|Ak (6 - Ak(t)l < L fo ﬂmin(YQ’(r‘),Yk(r‘))<u<max(Y1,X(r‘),Yk(r‘)]Qk(dr’ du),

we have

T
E| sup |A§€V(t)—Ak(t)|]<fO [E[|Y1,;’(r)—Yk(t)|]dt:5N(T).

t€(0,T]

We recall that

YR (0 =Y v 6k T (0 and  Yi(®) =Y a0 GHNF D).

—N —
However, since yr; <1and 0<§ (1), §(#) < A*, we obtain

[E[ RHGER 0] ] sE [|Y1/y(” ~Yi(0)] ]lAf,;’(t)zAk(t).ck(t)=c1,;’(t)] +
AP (AY (1) # Ap(D) or 6 (1) # 6 (1) (1.55)
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On the other hand, using §(¢) = E [A1,4,(0(61(2)], we have

[E[|YN(t) Yk(t)|]1ANm Ar(D,6r (D)= cN(t)]

<IEH& GEHO]

N
Z( ]AN(t)(C] (1)) - [E[ﬂlAl(r)(Cl(t))])H

( JAN @D (C;V(l‘)) —Aja (Cj(t)))‘

T [\/]2 T

(1.56)

1 N
< Z (;L]-,A,m(cj(r)) —E[A1, 400 (Cl(t))])‘ :

Since ((A,i)i, Ak, Sk)k are ii.d, (Ag a,» Gk (1) are ii.d., hence, by Holder’s inequal-

ity we have

i A 0 (cj(0)—E[A4, Al(t)(Cl(t))])“

oL
Ml

]:

=~
I'Mz

1
21\ 2
]Aj(t)(Cj(l‘))—[E[AJ',AJ'(U(CJ'(I))])) ])

([E

= % (g‘. E [(/lj,Aj(t)(Cj(t)) -F [Aj'Af(t)(Cj(t))Dz])

j=1

—
NI—

A/*
<. (1.57)
vN
Here the equality holds because (A, .0 (Gk(£)) —E[ Ak, a.n (Sk(1)]) are i.i.d. and the

last inequality holds since Ay ; is bounded by 1*.
In addition, as (A}V ) j are exchangeable we have

JAN(t)(C] (D)= Aj,a;0( (1)) H

||M2

|

N
N
Z ( j.a 0 €5 (D) = Aj a0 (%'(t))) Lpjza¥w orc;inc¥

N
ﬂ N
<FLP (40 # A¥ @) or () # Y )

(Ak(r) # AY (D or ¢ (D) # 67 (D). (1.58)
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Hence from (1.56), (1.57) and (1.58) we have

*

AT
E [|Y§€V (1) = Y ()] 1Ag<r)=Ak(z),ck<r)=cg<r)] < =+A"P(Ar(0) # AL (1) or k() # 6} (D).

VN

On the other hand, since

{AY (1) # Ap(D) or g (D) £ ¢N (D)} c{ sup |AY (r)— Ar(r)| > 1},
rel0,z]

we have

P(Ak(0) # AY (D) or g (8) # ¢¥ (1) <E| sup |AY (r) —Ak(r)|] <M.

rel0,z]

Thus, from (1.55), we have

/’l*
+22*8N ().
VN

INOERPGII RS

Combining this with (1.53), we deduce that for any T > 0,

*

T
oN(T) < A T+2)L*f sNdt,
0

VN

hence by Gronwall’s lemma, we have

*

sN(1) < ANTexp(ZA*T).

Moreover,

E| sup cN(t)—ck(t) ] :[E[]l N sup cN(t)—ck(t)]
tE[O,T]| k | {3re(0,T1,eN (D #ck (1)} tE[O,T]| k |

< TP(31€(0, 1,6} (1) # 6i(D)

= TP( sup |AY (1) — Ax(0)] # 0)
te[0,T]

< TE| sup \Af,g’(t)—Ak(t)|]

tel0,T]
< T8N,

This concludes the proof of the lemma. O

From the proof of Lemma 2.15, we deduce the following Remark.
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Remark 1.12. For ke N and t > 0 we have

[EH%N(t)—%)Hg\/_( A7), E[[§ - G(t)H —= (142" rexp(21"1)

*

jﬁ (1422 texp(2A°1)).

andE[|[YY () - Y]] <

From Lemma 2.15, we deduce the following Lemma.

Lemmal.9. ForkeNand T > 0 we have

E| sup ‘Yk,AN(t)(CkN(t))_Yk,Ak(t)(Ck(t))H < (2/1*T), (1.59)
te(0,T] k
*2
sup (A (c () -A7A ( (t))] Texp(21*T), (1.60)
te[Op ) kAN (1) Sk kAp(0)\Gk ‘ VN P( )
and i
ts[l(l)%] 1:2’(1‘)«7“1\/ @ ]le(f)<77k,Akm < \/TVTeXp(Z/l T)' (1.61)

Proof. From (1.53) and the fact that y ; < 1, we have

sup ‘Yk AN(1) (Ck () = Yk,Ac(0) (Ck(t))u
te[0,T]

sup ‘Yk AN (1) (63 (1) = Vi a0 Sk ()| 1

N
relo.T Supyeio, 1| AY (0= A(0)|>1

<[P’(sup | AN () - Ar(0)] = )
t€(0,T]

<M.

Similarly we also have

E| sup [ an6N () = A an (ck(r))\] <AeN(),
te[0,T]
N
E t:gg] ILCIIX(IK?]]CAN() ]le(l‘)<le,Ak(t) ]<6 (7).
Hence the claims follow from (1.54). O

Completing the proof of Theorem 1.2. For t > 0, we have

=N 1 Y N
F (=— Z ﬂk,A;ym (G (1)

2

1 1
= 5 2 (Meayeo (68 ) = Ao (6x () + Y Lo GO,
k=1 k—l
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and

—N 1 N N
& (=5 LYy € @)
— 1 N N ; ; 1 N .
— NkZI(Yk,AJ,;’(n(Ck( N =Yk, Ac0) Gk ( )))+N]€2::1Yk'Ak([)(Ck( ).

From (1.59) and (1.60), we have

2 lg:ltg[%%] )Ak,AQ’(n(C/IcV(t)) —/lk,Ak(t)(Ck(t))’ < %Texp(z/l* T),
N A*
2 ng‘ltgg’pﬂ‘Yk,AjcV(r)(C]kV(l‘))—Yk,Ak(t)(Ck(t))’ < mTexp(Z/l* T).
Hence,
1 X N 1 Y N
NL (Vi a0 X () =Yg Gr(eD) )y (M avin G () = Ao (ck(t)))) —— 00

locally uniformly in ¢.
Moreover, as (Yk,a,() 6k (), Ak, a,() (Gk())) . is a collection of i.i.d. random variables
in D?, by the law of large numbers in D? [84, Theorem 1],

P

N—+o00

(Ely1,4,061(D] E[A1,4,0(€1()]) in D

1 X 1N
(N ]CZIYkrAk(') €k (), N k;/lk,Ak(-) (Ck(-)))

We have shown in the proof on Lemma 1.7 that the pair (@, §) given in Remark 1.11
solves the set of equations (1.10)—(1.11). This proves the convergence (1.12).

—N =N
For (U ,I ), wehave for t >0,

-N 1 X
I )=—)> 1
" ng’l Cg(t)<nk,A]]X(t)

1

1 N N
= N ]; (ﬂcfcv(tknk‘AI]ym - ILCk(t)<TIk,Ak(r)) + N kZI ]le(t)<nk,Ak(r)’

and

1 N
(]lcl,g’(t)Enk‘Agm - ]le(t)>le,Ak(t)) * N kX—:l ]lck(t)%k'/*km'
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As above, from (2.46), we deduce that

1 X 1 Y
N I; (]lcl,y(t)%lk,Az,ym - ]ls’k(t)>nk,Ak(t)) ’ N kZ:l (ﬂcfj(tknmi\,m - HCk(t)<nk,Ak(t))) (0,0

N—+o00

locally uniformly in ¢.

Moreover, as (ck(t), Nk, A ,;)) « is a collection of i.i.d. random variables in D?, by the
law of large numbers in D? [84, Theorem 1],

1 YN 1 XN P
—Y1 — Y1 —— (€[t |E[n |) in D2
SkOZ2Nk,A,.(1)° Sk(D<Nk A1) c1(=2n1,a,00 |2 c1(B<n1,4,00
(N =1 K Nk:l k ’) N—+o00 1 1

Recall the formula (1.13) and (1.14). In order to complete the proof of Theorem 1.2, it
remains to verify that:

I =E []lCl(t)<171,A1(t)] and U(1) = E []lcl(t)>n1,A1(t)

Denote the jump times of the process A; by (t;);>1,if t—7; <n1,;, A1,;(£—7;) # 0. From
Assumption 1.1, we deduce that

t _
f Y1,i(r—1)§(r)dr =0.

L

So A1(#) = A1 (7). Since 1<y, = L1<p, o1 4,(1=0 a.8., we have

=L

E IL(»‘1(I)<TI1,A1(z)

Licmolaim=0+ ), ]lt—Ti<771,i]lA1(l’):i]
i1

=P (110> t|n10>0)P(N1,0>0) +E | D Ly r,<py; Lri<s

i1
=TOF @)+ Y E[P(t—7; <nui|ti) Lri<i] -

izl

Moreover, since 17; ; and 7; are independent, we obtain

E ]lcl(t)<n1,Alm] :T(O)Fg(t) + Z [E[Fc(t_Ti)]lnét]
i>1

r
= T(O)Fg(l‘) +[E f FC(t—s)A1(ds)
0

t —
:._T(O)Fg(t)+f FC(t—9)F(5)S(s)ds. (1.62)
0

Ifn10> 1 A10(8) >0(n1,1 > £, A1,1(8) >0), from Assumption 1.1 by using the fact that
A1,1(8) > 0(A1,0(2) > 0) implies that y;,1(s) =0(y1,0(s) =0) for 0 < s < £, from (1.62) we
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also have,

t —
:[E[]lm‘onexp (—fo )/O(r)g(r)dr)]

t t _
+f [E[ﬂm,pt—seXp(—f y(r—s)%(r)dr)
0 s

E ]lCl(l')<T]1,A1(t)

F(9)6(s)ds,

which combined with (1.17) yields

=1-E []lgl(t)<171,A1(t)]

t —
]lt>771,0 exp (_fo Yo(l‘)&(l’)di‘)]

E ]lCl(tDTh,Al(z)

=L

t t _ — J—
+f [E[]lt_@m'1 exp (—f Y(r—s)&’(r)dr)] S()S(s)ds.
0 s

This completes the proof of Theorem 1.2. O

We also have the following convergence result on the empirical measure of the
processes (A]kV (1), g‘jly (1)) >0. Itis not used in our analysis, but a worth to be established.

Theorem 1.5.

1 N P - 2
ﬁ];l6(A]Iy(t)’c§<V(t))t>0 mg((Al(t)yCl(t))t>0) ln@(D ) (163)

Proof. By Lemma 2.15, we have

E| sup (|AV(0)- 4] +]4Y 0 - Ap0)] + ¢V () - 18] + |c§V(t)—cz(t)|)] —0.
t€(0,T) N—+oo
Hence

({(A{V(t),civ(t))}t>0,{(Aév(t),cév(t))}go)

({(A1(0), 1)} 120, {(A2(1), 62(6)} >0)

N—+o00

in D? x D?. Thus since the processes are exchangeable and D is a separable metric
space, by [92, Proposition 2.2 i), page 177], the convergence in (1.63) holds. O

1.7. Proofs for the endemic equilibrium

In this section, we prove the results on the endemic equilibrium behaviors. We
proceed in two subsections to prove the results in the scenarios Ry < E [YL] and

Ry>E [}%] . We have a complete theory in the first scenario as stated in Theorem 1.3,

which we prove first. We then establish some of the partial results in the second
scenario.
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1.7.1. Proof of Theorem 1.3

Proof of Theorem 1.3. This theorem is proved in two cases: P (y. =0) >0and P (y, =0) =
0.
Case 1: Py, =0) > 0. Recall (1.17). Note that, since y. = 0 implies y(¢) = 0 for all ¢,

E

t _
exp (—f y(r—s)%(r)dr)] >P(y«=0).
N

As aresult, from (1.17), forall t > 0,

o _ 1
L<————. .
fo S()F()ds < Py, =0) (1.64)
Consequently,
+oo__ _
f S(9)F(8)ds < +oo. (1.65)
0

Since A(t) < A, a.s. aind A(t) = 0 for all £ > n, from Remark 1.6 and the dominated
convergence theorem Ay(¢) — 0, A(¢) — 0 as t — +oo. By the dominated convergence
theorem applied to (1.16), using (1.65), we obtain

t—+oo

— r_ -
lim §(¢) = tliar1 f Alt—8)6E(s)5(s)ds=0.
m—
Next by the dominated convergence theorem applied to (1.15) using (1.65) again,

S, = limt_,+oo§(t) as given in (1.23). This concludes the proof of the first case of
Theorem 1.4.

Case 2: P(y. =0) = 0. We first note that
+00 __ +00__ _
f S(u)du<+ooof G(s)§5(s)ds < +oo. (1.66)
0 0
Indeed, from (1.16), and from Fubuni’s theorem
+oo__ _ +oo _ too__
f S(u)du:I(O)f /lo(u)du+R0f G(s)§(s)ds. (1.67)
0 0 0

Next from Assumption 1.3, we have

+oo__
f Ao(w)du < Ry < +oo. (1.68)

0

This combined with (1.67) implies (1.66). _
Thus from the proof of Case 1 and (1.66), it suffices to show that f0+°° 5(8)ds < +oo.
We prove this claim by contradiction. Suppose that

+00__
f S(wdu = +oo. (1.69)
0
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By (1.16), using Fubuni’s theorem, we obtain

r_ _ r_ t(pt-u_ . _
f S(u)du:I(O)f /lo(u)du+f (f A(s)ds)G(u)@(u)du
0 0 o \Jo

r . t( ptoo__ _
:T(O)f /lo(u)du+R0f G(u)g(u)du—f (f A(s)ds)@(u)%(u)du.
0 0 0 \Jr

—-Uu

Consequently,

Ji8wFwdu 1 +fot (A ds|SwFadu T [ Ty du

— — — (1.70)
fo Fwdu Ry Ry [y F(wdu Ry [ F(wdu
Thus by (1.68) and (1.69), we have
o(wd
Jo Aowdu 1.71)

f0[§(u)du t—+00

In addition, since f ;OOI(s)ds — 0 as t — +oo, for € > 0 there exists T, > 0 such that
}Zoo/l(s)ds <e. Hence, for t > T,

t +oo __ _ _
f ( A(s)ds)@(u)&(u)du
0

t—u
t +oo __ _ _
:f (f )L(s)ds)@(t—u)&(t—u)du
0 u
Te +oo__ . _ r__ _
<f (f A(s)ds)@(t—u)%(t—u)du+€f GSt—-wSt—udu
0 u Te
r__
<R0A*T€+€f Swdu.
0
Thus by (1.69), we have

S (22 29ds) ST du

= 0. (1.72)
fO S(M)du t—+o00

Hence under the assumption (1.69), from (1.70), (1.71) and (1.72), we obtain

= =
S d
Jo t(ﬁt)@(u) u 1 (1.73)
JoFwdu =+ Ro
On the other hand, from (1.17) and the fact that y < y. we have
f E |exp (—y*f §(r)dr)] S(9)F()ds<1. (1.74)
0 N
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Next, multiplying by ??(u) and integrating from 0 to ¢ both sides of (1.74), we have

NI

and by Fubuni’s theorem,

r
| e
0

from which we obtain

— u_ _ t_
§(u) exp (—y*f S(r)dr)] 6(3)3(s)ds)du<f S(wdu,
s 0

_ t_
G(S)S(S)dS<f Sw)du,
0

[ u__
f&(u)exp(—y*f S(r)dr)du
S S

_ r_
6(s)§(s)ds<f Fwdu.
0

t [1 —exp (—y* fst§(r)dr)
| e
0 Y x

Hence for0<e <1, since 1y,>¢ <1,

r
[ e
0

1—exp (—y* fst§(r)dr)
Y

. _ r_
Ty, e 6(s)$(s)ds<f Swdu.
0

Thus,

E

t__ _ [ t [ _ _
f@(s)&(s)ds<f S(u)du+f [E[Yi]ly*>€exp(—y*f S(r)dr)]@(s)&(s)ds.
0 0 0 % s

(1.75)

1
—1y,>
Y. 7F

Moreover, from (1.74),

t 1 r__
E| =1, 5 —*f ()d)
AT

Consequently, under the assumption (1.69), we have

ST (s)ds < %

JoE [Yi*]ly*% exp (—y* fst§(r)dr)] S()F(s)ds
fotg'(u)du t—+o00

)_1.

Since P (y. = 0) =0, we deduce by the monotone convergence theorem that

This implies that, by (1.75), forall0 <e < 1,

— =
limsup Jo SWwdu < (E[ ! 1y, >e

t—+00 fJ{?(u)du %

[ ~ d -1
limsup J 6t(f)3(u) “ < ([E [LD ,
t—+00 fO Swdu Y«
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However, this contradicts (1.73) since Ry < E [yi] by the assumption of Theorem 1.3.
This completes the proof of the second case. O

1.7.2. Proofs in the case R, > [H

In this subsection, we prove Theorem 1.4.

Proof of Theorem 1.4 (i). As S() — 6. and§(t) — §* ast— oo, Ry < +oo and§(t)@(t) <
A, by the dominated convergence theorem, we have

[ _ _ +o0__ _ _ -
lim f At~ 98©F(9ds = lim f 2Bt - 9F (-1 04()ds = &, 5. Ro.
’ o (1.76)
Thus by (1.76) and (1.16), using the fact that A¢(¢) — 0 as t — oo,

§* = g*§>|<R0

As aresult, either §* =0orelse 5, = RLO.
1

In the following, we assume that §* >0, then g* = o
Recall (1.17). Since E [ﬂ < Ry < +ooand Py, = 0) = 0, y(£ + T (1) — Y4Fu > 0
with probability one when ¢ — +oo0 and hence

t _ r__
lim f Y(r+&)S(r)dr =+ooand lim f §(r)dr = +oo almost surely.
t—+o0 Jo I—+00 Jg

It follows that

lim E
t—+00

t _
exp (—fo )/O(r)S(r)dr)] =0.

Hence from (1.17) we have

t

lim E
t—+00 0

t _ _ —
exp (_f y(r—s)g(r)dr)] S(s)F(s)ds=1. (1.77)

Since §(t) — @'* when ¢t — +oo, there exists fy > 0 such that for all ¢ > £, @( 1 > ‘%

Then,

t t _ _ _
f E |exp (—f y(r—s)%(r)dr)] &(s)5(s)ds
0 s

Tp
:f E exp(—
0 0
-1
+f E
0

The first term on the right hand side converges to zero as t — oo by the dominated

t—s

y(NF(s+ r)dr)] ST (s)ds

S(t—-9)F(t—s)ds. (1.78)

exp (—f y(r)@(m— r— s)dr)
0
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convergence theorem. On the other hand, for 0 < s <t — 1,

s _ = N
exp(—f y(NFr+ t—S)dr)éeXp(—%f Y(f)dr)’ (1.79)
0 0

and by Assumption 1.4, we deduce that

+00 = s +00 =
f E |exp —&f y(rydr||ds <E[t.]+E f exp —S*Y*s ds
0 2 Jo 0 4
4 1
ZlE[t*]-l-_—[E[— < +00 (1.80)
3* Y«

Thus, applying the dominated convergence theorem to the second term on the right-
hand-side of (1.78) and using (1.77), we obtain

+00
| e
0

Next by a change of variables in (5.5) and the fact that &, = Rio, we obtain (1.25).
To conclude, Lemma 1.10 below implies that the equation H(x) = Ry has a unique

_ s _
exp (—S*f y(r)dr)] S.F«ds=1. (1.81)
0

positive solution if and only if Ry > E [Yi] , which yields the result.

On the other hand, as Fj(#) — 0 as t — +oo and (@(t),@(t)) — (@*,§*) as t — +oo,
applying the dominated convergence theorem to (1.14) we obtain

—_— t —_— — —_— — =
I.= lim | F°(t—9)F()S(s)ds=6.FEn :ﬁ[E[n].
I—+o0 Joy RO
This proves the claims of Theorem 1.4 (i). O

Let H:R, — R, as follows,

+00
forx>0,H(x)::f E
0

ds; H(0) :[E[i].

ool )

Lemma 1.10. Ify is nondecreasing and E [YL] < +o0, then the function H : R, — Ry is
continuous and strictly increasing. Moreover,

, and lim H(x)= +oo.
X—+00

1
H(O):[E[—

*

Proof. Note that H(x) is also given by the following equivalent formula

exp (—x[ y(r)dr)
0

This formula and monotone convergence imply the continuity of H. The fact that H is

H(x):xfoo[E ds.
0
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nondecreasing follows readily from the first formula and the nondecreasing property
of y. Moreover we have

HO)=E , and lim H(x) = +oo.

X—+00

Y+

To prove that H is strictly increasing, assume that H(x) = H(y) for some y > x. Then,
fora.e. r, y(r/x) = y(r/y) almost surely, which implies that y is constant.

Moreover, from the second formula for H, it follows readily that x — H(x)/x is
non-increasing. From the continuity at 0, we deduce that there exists x > 0 such that
H(x) <oo. Now forany y > x, H(y) < y@ < oo. Hence H takes values in R... The rest
of the statement is easy to verify. O
Proof of Theorem 1.4 (ii). The goal of this Lemma is to prove that, if y . is determinis-

tic, Ry > Yi*, for all 6 > 0 there exists #5 such that y(z5) > (1 — )y« and if there exists a

positive decreasing function £ such thatforall 0 < s, £, X(H s) = h(t)%(s), and §(0) >0,
then there exists ¢ > 0 such that for all £ > 0, §(t) >c.

Let 6 > 0 be such that (1 -68)y« > Rio. From Assumption 1.5, there exists s; > 0
deterministic such that yo(s1) Ay(s1) = (1 -0)y« a.s. Lete > 0 be such that (1 -9)y. >

1+e
Ry °
Let x be the solution of the following Volterra equation

t
x(t):h(sl+t)+(1+€)f p(t—s)x(s)ds, t >0, (1.82)
0
with
AD)
p(t) = R_O
As

+00 +00
(1+e)f ptydt=1+e>1, f h(t)dt < +oo
0 0

where the integrability of & results from Assumption 1.6 and the integrability of A.
Moreover, since h and p are bounded and non-negative, by [37, Remark following
Theorem 4, page 253], x(f) — +oo as t — +o00, hence there exists s, > 0 such that
x(s2) > 2.
Let ¢, > 0 be such that
1+e€
(1-06)y.exp(—ca(sy +52)) = R (1.83)
0

Let

1 —
c1= Emin(az,%(o)), and ¢o = %h(sl +52),

to=inf{t>0,F(H)<co}, and f=sup{t<to,3() >l
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Since h is decreasing and /(0) = 1 we have ¢y < ¢;. We want to show that 7y = oo, and
will prove it by contradiction. Let us thus suppose that fy < +oo, which implies that
f; < +oo. From Assumption 1.6, by the continuity of § and the definition of #;, for all
t > 11, we obtain

— - _ r_ — —
3(t)=/10(t)1(0)+f0 At —9)§(5)S(s)ds

— _ h_ - —
> Ao(t—t +1)I1(0)+ lxl(t—t1+t1—s)3(s)6(s)ds
0

— _ h_ —
= h(t-1) (lo(tl)l(o) + ll(tl - 8§ (S (s)ds
0

= h(t—1)F (1)
= Clh(l'— tl).

The definition of 7y and the continuity of ;?, implies that {?(to) < ¢p. Combining with the
last inequality evaluated at ¢ = ¢y, we have ¢y > ¢; h(fy— t;). Hence, by the definition of
¢o and the fact that & is decreasing, we deduce that, fp— #; > s; + 2. S0 fo > 1 + 51+ $2
and for all £ € [#, tp]

T <a<o. (1.84)

On the other hand, as y(#) <1and y(f) <1, we have, forall t > 1,

_ t _
&) =E [Yo(l‘) eXp(—fO Yo(r)S(r)dr)]

t t _ _ —_
+f [E[y(t—s)exp(—f y(r—s)S(r)dr)]S(s)G(s)ds
0 s

151

r_
> exp (— S(r)dr) ([E
n

Yo(t)eXp(— i m(r)%(r)dr)]
51 n _ -

+f [E[y(t—s)exp (— y(r—s)%(r)dr)]§(S)G(S)ds).
0 N

But, asfor t € [t;+51, 1 +s1+s21and s € [0, 1], Yo(£) AY(£—35) = Yo(s1)AY(s1) = (1-0)Y«,
and using (1.17) at time t; we deduce that, for all ¢ € [£; + s, £; + $1 + S2],

— r_
G()=>1-06)y«exp (— S(r)dr).
151

Moreover, since from (1.84) for t € [#; + 1, 1 + 1 + $21, g(t) L 0y,

S(1) = (1-8)y«exp(—ca(so + s1)).
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Then from (1.83)

— l1+e
Vte[t;+S1,t + 81+ 8], 6(ﬂ;v7;—. (1.85)
0

Let y(t) = §(t + 11 + 51) and define g as follows:
_ _ f1+81 _ _ _
g()=100)Ap(t1 +s1+1) +f AL+ 81+ t—955)S(s)ds,
0

where we recall that

AD)
f)=——.
p(1) Ry
Then using (1.85) for any ¢ > 0,
Hh+s1+t
y) =z gm+1Q+e) ph+si+t—=s)y(s—t—s)ds
Hh+8

t
=g+Q1 +e)f0 p(t—s)y(s)ds.
However, from Assumption 1.6 we deduce that

g(t) = T(t)h(s; + 0

and as §(t1) = ¢1 by continuity, we deduce that

t
y() Zch(si+0)+(1 +e)f pt—=s)y(s)ds. (1.86)
0

Thus by Theorem 1.2.19 in [18] applied to (1.86), we have
y(t) = ¢y x(1)

where x is given by (1.82). However x(s») > 2. Hence §(tl + 81+ 82) > 2¢1 > ¢; and
to = 1 + s1 + S2, this contradicts the definition of #;. Hence t, = +oo. This concludes
the proof. O
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2.1. Introduction

Many infectious diseases become endemic over a long time horizon, for which
waning of immunity plays a critical role in addition to the infection process. The
classical compartment model, SIRS (susceptible-infectious-recovered-susceptible),
assumes that immunity at the individual level is binary, that is, each individual is
either fully immune or fully susceptible. However, that is largely unrealistic since it
does not allow for partial immunity or gradual waning of immunity. Various models
have been developed to study the effects of the waning of immunity and the associated
vaccination policies [51, 52, 95, 5, 33, 20, 91, 24, 88, 64, 43, 34]. All the models except
[20, 43] start from an ODE model with the additional waning immunity characteristic.
In particular, El Khalifi and Britton [64] recently studied an extension of the ODE
for the classical SIRS model with a linear or exponential waning function. They
started with an approximation using a fixed number of immunity levels and then
discussed the corresponding ODE-PDE limiting model (similar to [95]) associated
with the age of immunity as the number of immunity level goes to infinity. See also
[34] for a perturbation analysis of a model with an arbitrarily large number of discrete
compartments with varying levels of disease immunity. Carlsson et al. [20] study an
age-structured PDE model that takes into account waning immunity. Despite the
interesting findings, there is a lack of individual-based stochastic epidemic models
that take into account waning immunity.

In chapter 1 we introduced an individual-based stochastic epidemic model that
captures waning immunity as well as varying infectivity [39]. More precisely, we
proposed a general stochastic epidemic model which takes into account a random
infectivity and a random and gradual loss of immunity (also referred to as waning
immunity or varying susceptibility). See Figure 2.1 for a realization of the infectiv-
ity and susceptibility of an individual after an infection. Individuals experience the
susceptible-infected-immune-susceptible cycle. When an individual becomes in-
fected, the infected period may include a latent exposed period and then an infectious
period. Once an individual recovers from the infection, after some potential immune
period (whose duration can be zero), the immunity is gradually lost, and the individual
progressively becomes susceptible again. Then the individual may be infected again,
and repeat the process at each new infection with a different realization of the random
infectivity and susceptibility functions. This model can be regarded as a generalized
SIS model. When “I" is interpreted as “infected" including exposed and infectious
periods, and “S" is interpreted as including immune and susceptible periods. It can of
course also be regarded as a generalized SEIRS model. We also mention the recent
work [43], where a similar stochastic model of varying infectivity and waning immu-
nity with vaccination is studied, where the focus is on the effect of vaccination policies
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= infectivity A(t)
susceptibility y(t)

2.5 A

Exposed Infectious Immune

Susceptible
2.0 A

1.5

1.0

0.51

0.0 1

>
»

0 time since infection

Figure 2.1. - Illustration of a typical realization of the random infectivity and suscep-
tibility functions of an individual from the time of infection to the time
of recovery, and then to the time of losing immunity and becoming fully
susceptible (or in general, partially susceptible).

to prevent endemicity. We notice the difference from our modeling approach besides
the vaccination aspect: the random susceptibility function and varying infectivity
function are taken independently in each infection. However, we do not impose the
independence between the random infectivity and susceptibility functions in each
infection.

In chapter 1, we have proved a functional law of large numbers (FLLN) in which
both the average susceptibility and the force of infection converge, when the size of
the population goes to infinity, to a deterministic limiting model given by a system
of integral equations depending on the law of the susceptibility and on the mean of
the infectivity function (see Theorem 1.2 below). Under a particular set of random
infectivity and susceptibility functions and initial conditions, we also show that a PDE
model with infection-age can be derived from the limiting model, which reduces to
the model introduced by Kermack and McKendrick in [62, 63] (see the reformulation
in [53]). We also characterize the threshold of endemicity which depends on the law
of susceptibility and not only on the mean, and prove the global asymptotical stability
of the disease-free steady state when the basic reproduction number is lower than the
above-mentioned threshold. When the basic reproduction number is larger than this
threshold, we prove existence and uniqueness of the endemic equilibrium and under
additional assumptions, we prove that the disease-free-steady state is unstable.

The goal of this work is to study the stochastic fluctuations of the dynamics around
the deterministic limits for the stochastic epidemic model with random varying in-
fectivity and a random and gradual loss of immunity, see the result in Theorem 2.1.
More precisely we study jointly the fluctuation of the average total force of infection
and average susceptibility and then deduce the fluctuations of the proportions of
the compartment counting processes. The limiting fluctuations of the average to-
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tal force of infection and average susceptibility are given by a system of stochastic
non-linear integral equations driven by a two-dimensional Gaussian process. Given
these, the limits of the compartment counting processes are expressed in terms of
the solutions of the above non-linear stochastic integral equation driven by another
two-dimensional Gaussian process. This result extends the functional central limit
theorem (FCLT) results of Pang-Pardoux in [77, 78] for the non-Markovian models
without gradual loss of immunity and in [15, 66] for the Markovian case.

To prove the FCLT (Theorem 2.1), we first obtain a decomposition for the scaled
infectivity and susceptibility processes, each of which has two component processes.
We employ the central limit theorems for D-valued random variables [46] to prove
the convergence of one component since it can be regarded as a sum of i.i.d. D-
valued random variables. The convergence of the other component is much more
challenging, and we must develop novel methods to prove tightness and convergence.
We need more assumptions on the pair of random function (4,y) than the ones used
to establish the FLLN, and these assumptions are crucial to establish tightness. For
that purpose, we need to establish moment estimates and maximal inequalities for
the increments of the processes. This is extremely difficult because of the complicated
interactions among the individuals, as well as the randomness in the infectivity and
susceptibility. Some of the expressions involve stochastic integrals with respect to
Poisson random measures, with integrands which are not predictable but depend
on the future. The classical result for moment calculations of stochastic integrals
cannot be used in our setting, for example, [25, Theorem 6.2]. Thus, we establish a
new theorem to calculate the moments for such stochastic integrals (see Theorem 2.3).

In addition, we develop an approximation technique by introducing a quarantine
model, in which one infected individual is quarantined so that the number of in-
fected descendants of that individual can be bounded conveniently (this scheme can
be extended to more than one quarantined individual). Using this approximation,
we compare the processes counting the number of infections of each individual for
the original process to the number of infections of each individual for the quaran-
tine model, and as a consequence, we obtain the moment estimates and maximal
inequalities to prove tightness (see Lemmas 2.30 and 2.31).

Finally it is worth noting that our individual-based stochastic model resembles the
recent studies of models with interactions, for instance, interacting age-dependent
Hawkes process in [23, 22], age-structured population model in [97] and stochastic
excitable membrane models in [85]. In the proof of the FLLN in chapter 1, we adapted
the tools of the theory of propagation of chaos (see Sznitman [92]) by constructing a
family of i.i.d. processes with a well-chosen coupling. A similar approach was taken in
[23, 97]. However, for the FCLI, we depart from the approach of studying fluctuations
from the mean limit that were taken in [23, 97], since it is more challenging for our
non-Markovian model. In that approach one has to work with processes taking values
in a Hilbert space (dual of some Sobolev space of test functions) and the limit is
characterized by an SDE in infinite dimension driven by a Gaussian noise. On the
contrary, we work directly with the real-valued processes and prove their convergence
with the conventional tightness criteria, which leads to a finite-dimensional stochastic
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integral equation driven by Gaussian processes.

Organization of the chapter

The rest of the chapter is organized as follows. In Section 2.2, we describe the model
and recall the FLLN results from chapter 1. Next, we state the assumptions and the
FCLT result. The proof for the FCLT is presented in Section 2.3. In Section 2.4, we
present some preliminary results that will be used in the proofs. In Section 2.5 we
characterize the limit of the convergent subsequences. In Section 2.6 we approximate
the limit, and finally we prove tightness in Section 2.7.

Notation

Throughout the chapter, all the random variables and processes are defined on a

common complete probability space (2, %,P). We use to denote convergence

N—+oo
in probability as the parameter N — oco. Let N denote the set of natural numbers

and RF (Rf) the space of k-dimensional vectors with real (nonnegative) coordinates,
with R(R,) for k = 1. We use 1{-} for the indicator function. Let D = D(R.;R) be the
space of R-valued cadlag functions defined on R., with convergence in D meaning
convergence in the Skorohod J; topology (see, e.g., [11, Chapter 3]). Also, we use D¥
to denote the k-fold product with the product J; topology. Let C be the subset of D
consisting of continuous functions and D, the subset of D of cadlag functions with
values in R,. We use = to denote the weak convergence in D.

2.2. Model and Results
2.2.1. Model description

We start with a population with a fixed finite size N, and enumerate the individuals
of the population with the parameter k, 1 < k < N.

Let (Ak,i,Yk,i)k>1,i>1 beacollection ofi.i.d. random functions and also, (A0, Y k,0)k>1
be a collection of i.i.d. random functions taking values in the same space, indepen-
dent from the previous one. Let (Q)x>1 be a family of independent standard Poisson
random measures on R?, independent from the two previously defined families.
Ak, represents the infectivity of the k-th individual after its i-th infection and yy ;
represents the susceptibility of the k-th individual after its i-th infection. Similarly,
Ako (resp. yk,o0) represents the infectivity (resp. susceptibility) of the k-th individual
in the beginning of the epidemic.

We assume that each infected individual has infectious contacts at a rate equal to
its current infectivity. At each infectious contact, an individual is chosen uniformly
in the population and this individual becomes infected with probability given by its
susceptibility. Thus if we let AkN (1) be the number of times that the k-th individual has
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been infected between time 0 and ¢, then the infectivity of the k-th individual at time
tis given by Ay 4v (¢ (1) and its susceptibility is y,. AV (¢ (1) where

G (1) :=t—(sup{se[0,1]: AY(s) = AN (s) + 1} v 0) 2.1)

is the time elapsed since the last time when it was infected or since the start of the
epidemic if it has not been infected yet (we use the convention sup @ = —00).
Hence, let {AkN (1), t=0,1 < k< N} be the solution of

Af,g’(t):f 1,cyn g Qildr, du)
[Oyt]X[R+ k
where N

YR (0 =Y aven (6} ()T (1)

is the instantaneous infectivity rate function at time ¢ with
—N 1 X
§ 0 =52 deavin (6K (). 2.2)
k=1

The total force of infection N (¢) at time ¢ is the sum of the infectivities of all the
infected individuals at time ¢.
We also define the average susceptibility of the population by

—N 1 X N
S (D=—= D Yiavn Gy (D). (2.3)
N = ok

Let N
—N_ =N
YN =Y YN=N& 1T ©
k=1
be the total instantaneous infection rate function in the population at time ¢.

Define
Nk,i =sup{t >0, A ;(t) >0}

foreachieNpand k=1,..., N, representing the duration of the i-th infection of the
k-th individual. By the i.i.d. assumption on (A ;) k>1,i>1, the variables (7 ;) k>1,;>1 are
i.i.d., similarly for () k>1. Also, the two families of random variables are independent.
We denote their cumulative distribution functions by

Fo(t):P(nL()St), F(t):ﬂ:p(nlylft), r=0.

Let Fj =1— Fy(f) and F°(£) =1 - F(¢) for t =2 0.
We define the number of infectious individuals at time ¢ by

N
Non=Y1 , 2.4
(2) kgl Civ(”“lk,Al,jm @.4)
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and the number of uninfected individuals at time ¢ by
N J N
vt = gﬂc’;(rgnmgu) =N-I7(D. (2.5)

From Lemma 6.1 in chapter 1, we recall that there exists a unique FeDR,) such
that

F(O =E[A,a,061(1)] and S(8) = E [y1,4,00(c1(£)],

where for k > 1 the process Ay is defined as:

Ap() = f Lucy o) Qi(dr, du),
[0, ] xRy

with _
Y (8) =Y a0 Gk ()T (1),

and ¢y is defined in the same manner as cle with Ay instead of AY, see (2.1). In
this definition we use the same (A ;,Y«,i, Qk) as in the definition of the model in
subsection 2.2.1. Moreover, note that, as the (()lk,i)i, Yi.i)i» Qk) k>1 are i.i.d, the (Ap)k
are alsoi.i.d.

2.2.2. Main Results

The purpose of this section is to establish a FCLT for the fluctuations of the stochastic
sequence around its deterministic limit. More precisely, we define the following
fluctuation processes: for all £ > 0,

V@) = \/N@N(t) ~3(1), and 6N (1) := \/N@N(t) -&(1), (2.6)

and we want to find the limiting law of the pair (éN , @N ).

2.2.2.1. Assumptions

We introduce the following Assumptions.

Assumption 2.1. There exists a deterministic constant A, < oo such that0 < Ay ; (1) <
A« almost surely, and 0 < yi,; (1) <1 forallt >0, foralli > 0 and 1 < k < N, almost
surely. Moreover,

sup{t >0, Ag,;(£) >0} <inf{r > 0, y ; (1) >0}, (2.7)

almost surely foralll1 < k< N andi > 0.
Let us define

Ao(®) =E[A10(0)|mo>0], and A(H)=E[A1,1(0)]
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and let u be the law of y1,1, which is in 22 (D).

For simplicity, we write y and y, as random functions with the same law as y;,; and
Y1,0 respectively.

Assumption 2.2. The random functions (A,y), of which (Ak;,Yk,i)k=1,i=1 are i.i.d.
copies, satisfy the following properties: There exist a number ¢ € N*, two random
sequences 0 = Ol cl =400and0=0" <! <--- < ¢! = +00 and random
functions M € C,y/ € C, 1 < j < ¢ such that

¢ ‘.
At =Y MO 1gey(1)  and  y(0) =)y () 1z 5(0). 2.8)
=1

j=1

J

In addition, for any T > 0, there exists deterministic nondecreasing function ¢t € C
with @ 1(0) = 0 such that |AJ (£) — A (s)| < pr(t—s) and |y’ (t) -y’ (s)| < @1 (t—s) almost
surely, forall0<t,s<T,1<j<k.

Assumption 2.3. There exists a > 1/2 such that for all0 < t < T, the function @1 from
Assumption 2.2 satisfies
@r(t) = Ct?, (2.9)

for some constant C > 0. Also, if F; denotes the c.d.f. of the r.v. &l and G; denotes
the c.d.f. of the r.v. {/, there exist C' > 0, and p > 1/2 such that, forany1 < j</¢-1,
O0<s<t<T,

Fi()—Fj(s)=C'(t-9° and Gjt)-G;(s) <C'(t-9)". (2.10)

Assumption 2.4. There exist non-decreasing continuous functions ¢y, ¢, W1, w2 and
constants ay > 3, &z > 3, f1 > 1, f2 > 1 such that forall0 < s< u < t,
i) E[A) = A(s)?] < (p1(1) — 1 (8))™;

ii) E|(r(0) =y (9)] < (@2 (0) - pa(5)™;

ii) E[(A(0) = Aw)? (M) - As)?] < (w1 () —y1(9)™;

iv) E [(Y(l‘) - 7’(14))2 (y(w —Y(S))Z] < (wa(n) - 1,’/2(8))[52 .

We note that, Assumptions 2.2, 2.3 and 2.4 are not required to establish the FLLN in
chapter 1. These additional assumptions are used to establish the tightness of §V and

GV, see the proof of Lemma 2.9. There are many examples of (1,7) that satisfy them.
A typical example of pair (4,y) can be given by:

At) = Mogiay, and y(0) = Lz or y() = (1— e 7)1z, (2.11)

where 7 is a random variable with density.
For more examples and discussions on A(:) we refer to Section 2.3 in [77], and on
Y () in [64].
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2.2.2.2. Statement of the main result

Definition 2.1. Let (fj , 952) be a two-dimensional centered continuous Gaussian process,
with covariance functions: for t,t' > 0,

COU(j(t),j(t')) = Cov(y1,4,0(61(0), Y1,4,1)(G1(2)),
Cov(IN (1), M(t)) = Cov (A1, 4,5 (§1(0), A1, 411 (61 (1)),
Cov(9(),3(£)) = Cov(A1, 4,0 (§1(1)), Y1, 4, (11 (S1(E))).

Note that, thanks to Assumption 2.4, the process (J,90) is continuous by applying
Kolmogorov’s continuity theorem for Gaussian processes.

Remark 2.1. In subsection 2.3.4 Lemma 2.13 we give another expression for (j , 95?)

We consider the following system of stochastic integral equations for which we have
(x,y) € Cc2:

t t _
x(t) = —fo [E[YO(I)YO(S) eXp(—f0 Yo(r)S(r)dr)] y(s)ds

t pt t _ -
—fo f [E[Y(t—s)y(r—s)exp(—f y(u—s)&(u)du) y(r)S()S(s)drds

t t _ _ R _ _
< + fo [E[ﬂt—S)eXp(— | Y(r—S)S(r)dr) (*(9F© -3 +S()y(9) ds
+3(0), (2.12)
r_ — — — ~
y( = fo At =9 (x(DFE - ST + S (9)y(9)) ds+ M (D). 2.13)

Lemma 2.5. The set of equations (2.12)-(2.13) has a unique solution (x, y) € C2.
We denote its solution by (G,§) € Cc2.

Broof If we denote by (x!, yl) and (x2, yz) two solutions of (2.12)-(2.13), as S <1land
§ < A, we obtain by easy computations that there exists C such that for all ¢ € [0, T,

t
1 (6) = ()] + 1y (D) - Y2 ()| < chO (Ix'(s) = X+ Iy () = Y2 () ds.  (2.14)

Uniqueness then follows from Gronwall’s Lemma.

Now local existence follows by an approximation procedure, which exploits the
estimate (2.14). Global existence then follows from the estimates (2.14), which forbid
explosion. Lemma 2.5 is established. O

The following is our main result.

Theorem 2.1. Under Assumptions 2.1-2.4,

(&V,5VM)=>(6,5) in D (2.15)
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where (é,@) is the unique continuous solution of the system of stochastic integral
equations (2.12)-(2.13), that is,

t t — ~
&)= —fo E [Yo(t)Yo(S) eXp(—fO Yo(r)g(r)dr)] S(s)ds

t pt t _ o
—fo f [E[y(t—s)y(r—s)exp(—f y(u—s)%(u)du) SNFS)S(s)drds
N S

t t — P A = — A
o fo [E[ﬂt—S)eXp(— | y(r—s)&(r)dr)](6(s)3(s)—3(s)3(s)+6(s)3(s))ds
+3(0), (2.16)
A t— A -_— A - _ A A
SOR fo At =9 (ST - I$F5) + BOF () ds+ M), 2.17)

where we recall that (J,90%) is specified by Definition 2.1.

We define

N =vNI w-1() and OV =VN@" O-U®), t=0.
Replacing A ; (#) by 1 ;<p, , and using the fact that TV W+T 0 =1andI(0+T(1) =1,
We obtain the following Corollary from Theorem 2.1 and the system of equations
(2.16)-(2.17).
Corollary 2.1. Under Assumptions 2.1-2.4,
(OGN, IN)= (U,I) in D? (2.18)

where (U, I) is the unique continuous solution of the system of equations:

t r _
U(t)=—f0 E 1r>n0)fo(5)eXp(—f() Yo(r)%(r)dr)

LI

@(s)ds

F(NT (S (s)drds

t —
Li—sony(r—s)exp (—f y(u-— S)S(u)du)

t t _ N _ N — I ~
3o fo [E[]lt_s>nexp(— | y(r—s)&(r)dr)](G(s)S(s)—Jl(s)%(s)+6(s)3(s))ds
+31(8), (2.19)
t “ _ N —_ J— ~ ~
i = fo Fo(t—s) (G(sms) ~ 51T () + G(sms)) ds+ 90 (1), (2.20)

where (31,901) is a centered continuous Gaussian process as given in Definition 2.1
where we replace M, 4, andy1,4, by Li<n, 4,y and 1>y, , , in the expressions of J
and 9N, respectively.
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2.2.3. Relaxing Assumption 2.1

From chapter 1 if we remove condition (2.7) from Assumption 2.1, then individuals
can be reinfected even when they are still infected. In this case the FLLN limit satisfies
a different set of equations. More precisely, equation (1.16) is replaced by (2.21) and
(1.14) by (2.22), where (2.21) and (2.22) are given below:

_ r _
() = [Ao(t)eXp( fYo(r)S(r)dr)
[A(t s)exp( fy(r—s)%(r)dr”@(s)&(s)ds (2.21)

T(t):[E[ no>t €Xp fyo(r)§(S)dr)]

+fE
0

In the same way without condition (2.7) of Assumption 2.1, the limit obtained in
the FCLT (Theorem 2.1 and Corollary 2.1) satisfies a different set of equations. More
precisely, equation (2.17) is replaced by (2.23) and (2.20) by (2.24), where (2.23) and
(2.24) are given below. In that case, the convergence of V(1) follows an analogous
argument as that used for &N (1) in Theorem 2.1. More precisely, without condition
(2.7) of Assumption 2.1, equation (2.28) is replaced by a similar equation in (2.29). In
fact, for each fixed k, we replace y, A1) and y,; by ;. AN (1) and Ay ; in the expres-

t — — —
Ly>i-sexp (—f y(r—s)&(r)dr)] S()F(s9)ds. (2.22)
S

sions in (2.29). Consequently instead of the expression in (2.33), one gets a different
expression, which resembles the expression in (2.34), so that the proof follows from a
similar argument.

A t t —_— A
S(t)=—f0 [E[/lo(t)yo(S)eXp(—fO Yo(r)S(r)dr)]S(S)ds

t t r —
—f f [E[/l(t—s)y(r—s)exp(—f y(u—s)%(u)du)
0 Js s

t t _ R _ N _ — N
+f0 [E[/l(t—s)exp(—f y(r—s)%(r)dr)] (6(3)3(5)—3(3)3(3)+6(s)§(s))ds
+9N(), (2.23)

t
(0= f[E[ n0>tYO(S)eXp( fYo(r)S(r)dr)]S(S)ds

ff [ n>t—sY(r_3)eXp(_f Y(u—8)§(u)du)

t — - A = — A
+ fo E [11,,>Hexp (— | - s)%(r)dr)] (665 -36F(5) +S(9F(9)) ds
N
+ 90t (1), (2.24)

FTF()S(s)drds

@(r)g"(s)@(s)drds
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2.3. Proof of Theorem 2.1

We recall the definitions of @N and &N , from (2.6) below:

V) = \/N(§N(t) —§(t)), and &N (1) := m(@Nm —g(t)).

Let us write,
AN 1 N N
V0= VN ¥ (Aeavn 6 ) = deacn6r ()
e
1 N
m(ﬁ Y Ak arn Sk —E[A1,4,00 (Cl(l‘))])
k=1
=N +§V . (2.25)
and

A 1 Y
&N = \/N(N > (Yearo € ) = v (ck(t))))
k=1

1 N
’ m(ﬁ Y Ve ©k(®) —E[y1,a0 (Cl(t))])
k=1
= &N+ &Y. 2.26)

Since (i, a,() €k, Ak, 4.0 Gk (), are i.i.d D*-valued random variables with each
component satisfying Assumption 2.4, by applylng the central limit theorem in D, (see
Theorem 2 in [46]) it follows that GN = Jand {?2 = MNinDas N — co. Then, as D
is separable from [80, Lemma 5.2] the pair (&Y, §Y) is C—tight in D? and using the
uniqueness of the limit of &} and &Y, the convergence in D? of the pair (&}, §Y)
follows. Moreover, given the convergence of (éé\’ ,@év ), by the continuous mapping
theorem éév @év converges in D. It follows that for each ¢, > 0, the covariance of
&Y (¢') and § (1), which is given by Cov (y1, 4, (61(£), A1,4,(1(61(£)))), converges to
the covariance of the limit process of éﬁv (") and {?ﬁv (£). Hence we have the following
Lemma:

Lemma 2.6. Under Assumption 2.4, as N — +oo,
(67,5Y)=(3,9m) in D

where (J,90) is a centered continuous 2-dimensional Gaussian process given in Defini-
tion 2.1.

Proving the convergence of the pair (6]1\[ , @11\1 ) is highly nontrivial. We start by the
following decomposition of the pair in the next subsection.
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2.3.1. Decomposition of the fluctuations (&Y, §V)

In chapter 1 we made a coupling between AkN and Ay. We now introduce a slightly
different coupling, such that the law of the first time for which A;CV # Ay is the same
for both couplings.

We then introduce a sequence of Poisson random measures Q; on R, x D?> x R,, so
that the mean measure of the PRM is

dsxP(dA,dy) x du,

where P is the lay of pair (4,7).
We denote by Q,. its compensated measure.
ForO<s<t andyeD, ¢ € D we set

Pk (S) t; Y) (,b) = f ]lu<)/(r‘—s)gb(r‘) Qk(dr! dﬂ/» d)/,) du)
[s,t]xD2 xR,

So we define Afcv as follows

Afj(n:f ey Qeldr dA,dy, duw)
[0,] xD2 xR,
where

YV () = 1 _
e (D (Y’C'O(” PLO,4,y0S =0

t Y (s-) x
+f0 szfo Y(t_S)]]'pk(s,tﬁ,,@]v):OQk(ds)dA;dY,du) 03

and
—N 1 N

= — 1 _
5o N kZ::l{/lk’O(t) PLO,£Y10F =0

t YR (s-)
+f0 f[ﬂfo Mt—S)ﬂpk(s,t,y,EN):oQk(ds’ an, d}f,du)}. (2.27)

Under the conditions on Ay ; in Assumption 2.1, (2.27) becomes

N

=N 1 ! pC)
F == )kao(t)+‘[f f At —$)Qi(ds,dA,dy,du) ¢ . (2.28)
N = 0 Jp2Jo

On the other hand, we have
N

— 1
& wm==Y {Yk,o(l‘)]l

=N
Nkzl Pk(O’t!Yk,mg )—0
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Yk (S_)
+f0 j;)zfo Y(t_s)]lpk(s,t,y,§N)=0Qk(ds’ dl, dy,du)}. (2.29)

Similarly, we define
Ae(t) = f Lucy - Qe(dr,dA, dy, du)
[0,£] xD2 xR,
with
r Y (s-) _
Yk(t) = ’Yk’o(t)]lpk(o,l,}’kyo,g)=0 +‘L /];)2 ‘L Y(t - S)]lPk(s,t,y,@:OQk(ds’ d/‘/) dY’ du)) ‘S(t)

where § is given by (1.16).
Consequently we have

o N t Yi(s7)
2 Meao6e):= 2 {A’“"’(’“fo fnfo Mt_s)Qk(dS,dﬂ,d%dU)}’ (2.30)
k=1 k=1
and
N N
Z Viaww Gre):= Z {Yk'O(t)]lPk(O,t,Yko>§)=0
k=1 k=1
Y (s— )
f ‘[sz P (5,5,7,8)= OQk(dS,d/l d)/,du)}
(2.31)
Using the fact that

—N —
Y (8) = Yi(s) = Yk,AY(s) CR T () =Tk a9 Ck(NT(S),
from expression (2.26), it follows that,

1

M=

(YN -Yk(9) =EY9F 9-6Y©F 9+E¥ 9§V, (232

2

k=1

where

SN = N Z Yk, Art) Gk (8)),

and from expressions (2.25) and (2.26), we obtain the following Proposition.

Proposition 2.1. Under the condition (2.7) in Assumption 2.1, for every t > 0,

Yi(s—)VY Y (s-) _
SN(IT) \/_k 1[ szf )L(t—s)sign(YIIX(s_)—Yk(s_))Qk(ds, dA,dy,du)

Yi(s=)AYR (s-)
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t_ R _ t_ R _ t_ _ R
+f A(t—s)GN(s)gN(s)ds—f A(t—s)GéV(s)SN(s)ds+f At— &N ()FN (9)ds,
0 0 0
(2.33)

and

[V]z

ko( )( Pk(Otykog )=0 ]lPk(O,t,yk,o,§):o)

1; Y (s)
Zf ]I;Zf v(t— )( [,t,y,gN):O_]lPk(s,t,)’,§)=0) Qxlds,dA,dy,du)

Yir$)VYN(s)
\/_ f szf y(t—s)]lpk(styg)zosign(YZ]y(s_)—Yk(s_))Qk(ds, dA,dy,du)
N k=1 o

Yr()AYN(s)

&Ny + &N (1 + &Y, (0. (2.34)

Remark 2.2. Note that, in the following Qr(dr,du) can be seen as the projection of
Qk(dr) d/l, d’)/, du) on R+ X R+.

2.3.2. Two continuous integral mappings

Let ¢ : IR?; — Ry and ¢ : Ri — R be bounded Borel measurable functions and let
¥, :D’” — D be given by

t t
lPl(f)(lf)=f2(l‘)—fg(l‘)—f4(l‘)+f0 f $1(t,s,1) [1(1r) f5(8) fe(s)drds
t t t
—j; cbz(t,S)fs(S)fz(S)dHfo </>2(t,5)f5(5)f4(5)ds—f0 P2 (t,5) f1(8) fz(s)ds, (2.35)

for all I, where f = (fl»fZ)fSrf4’f5)f6)f7) € DZ—

Lemma 2.7. If f" — f inD’, as n — oo and f is continuous on R, then V1 (f") —
Y1(f) inD asn — oo.

Proof. Since f" — f in DK, as n — oo and f is continuous, || f" — fll7 — 0 as n — co.
Consequently (|| f"|l7), is bounded and it follows easily that there exists Cy > 0, such
that

1P (" =Dl <Crllf" = flir.
Where for f, g € D’, we define,

If—glr= sup |f(2)— g0,
0<t<T

with | - | the Euclidian norm with respect to the dimension of the space. O
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On the other hand, let ¥ : Dﬁ — D, be given by

r_ r_
Y’z(f)(t)Zfl(t)—fz(l‘)—fO A(t—s)fs(s)ﬁ;(s)ds—fo At -9 f5() fals)ds

r_
+‘[0 At =) fe(s) f1(s)ds, (2.36)

for aan = (fl)nyf:?nf4;f5,f6) € D?.

Lemma 2.8. If f" — f inD®, as n — oo and f is continuous on R, then ¥ (f™) —
Yo (f) inD as n — oo.

The proof is similar that of Lemma 2.7.

N A —_———

ing
r _
¢1(t,s,r)=E [y(t—s)y(r—s) exp (—f y(u—s)&(u)du)
N

’

and
¢o(t,s) =L

)

t _
Y(t—s)exp (—f y(u— s)&(u)du)

in (2.35) then (&,%) is a solution of (2.16)-(2.17).

2.3.3. Proof of Theorem 2.1
We refer to Section 2.7 for the proof of the following tightness result.
Lemma 2.9. The sequence (&N, §V, &Y, 55, &N, &V) o, is tight in DS

We have the following characterisation for the limit of any converging subsequence,
of 6]1\’0 in D and we refer to Section 2.5 for the proof.

Lemma 2.10. Let (3§, &) be a limit of a converging subsequence of (§V, @]1\,70). Then,
almost surely,

A t
Gi0(0) = —f E
0

t —_ A
YO(I)YO(S)eXp(—j; Yo(r)g(r)dr)] S(s)ds.

In the following we consider

)

1 _
o1(t,s,1)=E [y(t—s))f(r—s) exp (—f y(u—s)S(u)du)
S

and

¢ —
¢o(t,s)=E [y(t— s)exp (—f Y(u— S)S(u)du)
N

in (2.35).
We now establish the following Lemma:
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Lemma 2.11. Under Assumptions 2.1-2.4, as N — oo,

A

(S 6 1,0 éé\]»§N;§N, éN) =0 in D,
and NN .
w5V, 6N, 5,65 .6 ,6M)=>0 in D.
We refer to Section 2.6 for the proof.

Hence the following characterisation follows:

Lemma 2.12. Let (&,§,G1,) be a limit of a converging subsequence of (&V, &V, éll\,]o)
inD3. Then, almost surely,

(2.37)

where we recall that the pair 3,900 is given by Definition 2.1.

=N —N =
Proof. AsthespaceDisseparable,and¥ ,& ,and &Y aretightin D, from Lemma 2.9.

A

(ZV, &N, &N, 65,8 ,6Y)

o (AN AN AN AN =N =N =z
is tight in D”. We can extract a subsequence denoted again (5, &%, 611\’0, GQI 5,6 ,6N)

that converges to (@ ,6,610,3,3.6, @) in law in D’. By Lemma 2.11, and the continu-
ous mapping theorem, (2.37) follows. O

Note that
156,610,356, 10=61-6100)-30

t t r —
+j f [E[y(t—s)y(r—s)exp (—f y(u—s)&(u)du)
0 Js s

t t _ — N — ~ N ~
+ fo [E[)/(t—S) eXp(— | Y(r—S)S(r)dr)] (5939 -F969 -§6(9) s,
(2.38)

ST (S(s)drds

and
¥,(§,6,9,5,3.6,6) 1)
r_ - r_ - r_ ~ A
=§(t)—952(t)—f /l(t—s)G(s)S(s)ds—f /l(t—s)J(s)S(s)ds+f At - 5)S(5)F(s)ds.
0 0 0
(2.39)

Combining Lemma 2.12 with Lemma 2.10, it follows that the pair ((‘”3, 3) satisfies the set
of equations (2.12)-(2.13) and by Lemma 2.5 this concludes the proof of Theorem 2.1.

116



2. Functional central limit theorems for epidemic models with varying infectivity and
waning immunity — 2.3. Proof of Theorem 2.1

2.3.4. Alternative expressions of (&), §)) and their limits

Note that the following expression follows from (2.30) and (2.29)

&Y (=&Y +6EY (1) + 6N, (0
t r — — A
+/(; E Y1,1(t—S)eXp(—f Y1,1(r—S)S(r)dr)]3(3)697(3)618,
N

N
; (Yko(t)]]'Pk(ot)/kog) =0 [YlO(t)eXp( f YlO(S)g(S)dS)])
. N Y (s— )
621(t) gf fl)zf Y(t S)]lPk(S t,y,8)=0
- fD F—s) exp(— f 7(r—s)§(r)dr)u(d7)] Qu(ds, dA, dy, dw),
S

N 1 N Yi(s— t . .
GQZ(t):: — Zf f f f?(t—s)exp(—f )7(r—s)S(r)dr),u(df/)Qk(ds,d}L,dy,du).
\/Nkzl 0 JD?Jo D s

Similarly, we have

A A A t— _— A
§2 () =$§Y0(t)+sév,1(r)+fo At - 9)F ()63 (s)ds,

where
AN 1 X
32,0(0::\/7“: (Ako(D —E[A10(D)]),
N N Yy (s—)
Sé\(l(t)l Zf fDZf At —5)Quds,dA,dy,du).
Let

R t Y1(s-)
62,1(1‘)1=f0 f])zfo [Y([_S)ﬂpl(s,t»Y!§)20

t J—
—fD?(t—S)eXp(—f ?(r—S)S(r)dr)u(d?)] Qi(ds,dA,dy,du),

R t Yi(s t _ _
Go2(1) ::f f f f?(t—s) exp (—f ?(r—s)S(r)dr) wdy)Q,(ds,dA,dy,du),
0o Jp?2Jo D s

R t Y1(s-) _
32,1“)1:[ ff Alt—95)Q,(ds,dA,du).
0o JpJo

Recall that (Yk.Ak(-) (Ck())s Ak, ar) (ck(-)))k are i.i.d. D?-valued random variables and
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that each component satisfies Assumption 2.4 and (ak) ¢ are also i.i.d. (Note that the
processes P depends only on Qi and Y depends only on yy 4,.) As a result, the
processes (‘%Q’O(t), éé\,]l (1), @é\fz(t), @é\fo(t) and @Q{l(t) can all be regarded as sums of
i.i.d. random processes in D with mean equals to zero. Thus, applying the central
limit theorem in D to each term (see Theorem 2 in [46]), we obtain the convergence of
these processes: ((‘%%,é%,é%,@%,@%) = (:”50,1, le, Wg,i)ﬁlm, W) in D%, where
the limits are Gaussian processes as defined below: 30,1 has covariance function, for
t,t'=0,

Cov(§o.1(8, o () = Cov (Y1001, 0. 50 Y10 p g 150
and 95?0,1 has covariance function, for ¢, ' =0,
Cov(Mo,1 (1), Mo,1 () = Cov (A1,0(8), Ar,0(£)) ,
and the covariances between any two processes can be obtained,
Cov(Go.1 (5, W] () = Cov (y10(01 . 500 21 (1))

and so on. Then by the continuous mapping theorem, we obtain the convergence of
G2, and then given its convergence and the convergence of (§2,, 52, ), we obtain the

convergence of @9’ . This leads to the following lemma.

Lemma 2.13. Under Assumption 2.4, as N — +oo,

(62,5Y)=(5,9m) in DA
where (fj , ?fﬁ) is a centered continuous 2-dimensional Gaussian process given in Defini-
tion 2.1. More precisely, (J,90) satisfies the following system of equations:

t r — — A
I@) =Jo () + W/ () + W) (1) + fo [E[m(t—s) eXp(— f n,l(r—s)%(r)dr)]S(s)s(s)ds,

t— — A
M(r) = Mo, (1) + WD) +f0 At — )T ()3 (s)ds.

where (30,1, le , Wzy Mo 1, WA) is a centered continuous 5-dimensional Gaussian pro-
cess whose covariance functions are described above.

2.4. Some preliminary results

To establish the tightness of FV, 6N we need a C-tightness criterion, a new result on
stochastic integrals with respect to Poisson random measures, the moment estimates,
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an approximation of the original model by a quarantine model, and an estimate on
the pair (1,7y), which are given in the next five subsections.

2.4.1. Tightness criterion

We recall the following theorem used to prove of C-tightness in D (see Theorem 3.21
in [57, page 350]).

Theorem 2.2. Let (XN)y be a sequence of r.v. taking values in D. It is C-tight in D, if
(i) forany T >0, € >0 there exist No € N and C > 0 such that

N> Ny = IP( sup |XV| >C) <e. (2.40)
0<s<T

(ii) forany T >0,€ >0, 8 >0 there exist Ny € N and 6 > 0 such that

N> Ny = P(wr(xXV,8)>0) <e. (2.41)

where
wr(a,d) = sup la(t) — a(s)].
0<s<t<T,|t—s|<6
Since we work with processes in D, we will simply write C-tightness below for brevity.
In fact, C-tightness means that the limits of subsequences are continuous. We also
recall the following result from [77, Lemma 3.1].

Lemma 2.14. Let {XN}n>; bea sequence of random elements in D such that X N) =0.
IfforallT >0,e>0,as6 — 0,

1
limsup sup —IP( sup IXN(t+ u)—XN(t)I >€)—>0,
N—-oo 0<t<T 0<u<éd

then the sequence X" is C-tight.

2.4.2. A property of stochastic integrals with respect to
Poisson random measures

Theorem 2.3. Let (E,%(E),v) be a o—finite measured space and let Q be a Poisson
random measure on Ry x E of intensity dsv(du) and (¥;); a filtration such that for all
t 20, Qljo,nxE is Fr—measurable, and for0 < s < t, F; and Qlys, 1)« E are independent.
Let h : Ry x E — R be a predictable process such that forall t e R,

t
E f flh(s,u)lv(du)ds < oo.
0o JE
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Let f : Ry x Ex Mr(R+ x E) — R, be a bounded and measurable deterministic function.
Then

t _
E :E[f fh(s,u)f(s,u, Hv(du)ds|,
0o JE

f h(s,u) f(s,u,Qlis,nxp)Qds,du)
[0,f]xE

where

fls,u, 0 =E[f(s,u,Qlisnxp)].

Proof. Let (s;, u;); be an arbitrary ordering of the atoms of the measure Q. We note
that

f h(s, Lt)f(S, u’Q|]S,t]xE)Q(ds»du) = Z h(Si, ui)f(si’ ui, Ql]si,t]xE)]lsigt-
[0,t]xE

i>1
t
[E[f flh(s,u)lv(du)ds
0o JE

= Y E[h(si, udE[f(si, ui, Qlis;qxB) | Fs: | Ls;<i]

i1

As

< 00,

by Fubini’s theorem

E U h(s,u) f(s,u,Qlis,nxp)Q(ds,du)
[0,t]xE

and as Qljs;, 1x e and F; are independent,

[E[f(si)ul')QI]Sl',L‘]XE)|gSi] :?(Si,ui, t)r

it follows that,

E =) [E[h(si,ui)f(si,ui, If)]ls,-gt]

i1

f h(s, u)f(s, u,1)Q(ds,du)
[0,/1xE

f h(s, u) f (s, u, Qlis,nxp)Q(ds, du)
[0,t]1xE

=L

Consequently, as £ is a predictable process, by a classical result on Poisson random
measures [25, Theorem 6.2]

E

t _
:E[f fh(s, wfs,u t)vidu)ds
0o JE

f h(s,u) f(s,u,Qlis,nxp)Qds,du)
[0,t]xE

2.4.3. Moment Inequalities

We recall the following Lemma from chapter 1.
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Lemma2.15. ForkeNand T > 0,

T
E| sup |AkN(t)—Ak(t)|]<f0 E| YY) - Y| |de=6" 1)

t€[0,T]

and
P((C]Iy(s))te[O,T] 7 (Ck(t))te[O,T]) < 16N(D).

Moreover,

As
sN(T) < \/TVTexp(Z)L*T).

From Lemma 2.15, we deduce the following Corollary.

Corollary 2.2. ForkeNand T >0,

A
su CN(1) - (Sk(D) ] —Texp(2A. 1),
tE[OPT )Yk AN)\Sk Yk, A0Sk ‘ N p

sup ‘Ak AN (SN () = Ak, a0 Sk (D) ”

tel0,T]
and

E| sup |1~ -1 <£Texp(2/l*T)

t€[0,T] Sr0<n , N SkO<nran|| S \/N .

From Remark 1.12 in chapter 1, we deduce the following Corollary.

Corollary 2.3. ForkeNandt >0,

E[[5" - S(t)H

«0),

[EHG (- G(t)H —= (14 Ao texp@A.n)

and E[|Y’,j(t)—Yk(r)|]< =~ (1+2A.texp(2A.1)).

A
VN

By exchangeability we have the following Corollary.
Corollary 2.4. Fort=0,

A;V (1+2A.texp2A.1)),

rEHYN(r)—YN(t)H <

where

N 1 Y
=5 Y Yi().

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

Now we establish similar inequalities as in Corollary 2.3 for higher moments. Let

10 = PN (D seton # G seto,, YK =1, k).
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We establish the following Proposition.

Proposition 2.2. Forall N > k, and t € [0, T], there are positive constants Cy,t and
C,. ; depending on k and T, such that

W <CrNT2 ana {P —[EHS (t) - S(t)\ ] Cp (N2,

Proof. We adapt the proof of [22, Proposition 3.1]. Let

YRGSV (sT)
AY (D)= ff Qr(ds,du).

NsAY (s

Observe that for all &/, (cg () sei0,1 = Gk (5))seqo,7 if and only if AIIX (1) =0. As AJIX takes
integer values,

(k)(t) <E

]_[A /(1)

=1

Let us set, for all k, p € N such that N > k,

k
eVl =E| [ (AN )"

k'=1

We next show by induction on k that
WP (1) < Crp pNF2. (2.48)

From Lemma 2.15,

Note that for all p < g,
ey’ <y ),

because the counting process A],;’ takes values in N.
As in [22, Proposition 3.1] we have for all p e N,

ey” 0 =E|(aV®)"| < Cr,N2. (2.50)
Indeed, noting that, as the process (Allv (1)) jumps at each time from A{V (t7) to

AN(t7) +1, the process (AN (£))7); jumps from (AN (£7))7 to (AN(z7) + 1)P. Conse-
quently, from the fact that

N~ p_N—p_p_lp NP
AYE)+DP =AY )P =) . (AY ()",

p'=0
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it follows that
p K p) [t N;—\\P' AN
a¥®) =3 p, fo (ANGT))” AN ds).

p'=0

Moreover, as (Af’(s‘))p, < (AN(s)? for p’ < p, we deduce that

t
eV (1) =E [(A{V(t))”] <E UO AN(ds)| +2PE

t
fo (Ai\’(s‘))"’A{V(ds)]
t
:g§\1,'”(r)+2pfo [E[(A{V(s))”wl(s)—yflv(sn]ds
t
<CT,pN‘”2+2M*f e\ (s)ds,
0

where the last inequality comes from (2.49) and the fact that | Y, (s) — Yiv ()| < A*.The
conclusion (2.50) follows by Gronwall’s Lemma.

When k > 2 and p > 1, as above, noting that

i}f[ AN = i pi (”;)fot( ﬁ (Afv(s‘))p) (A;V(s'))plAjV(ds),

j=1p'=0 i#],i=1

almost surely, and using exchangeability of the processes (Ai.v )i and the fact that the
integrand is predictable, it follows that

e¥P (1) = ZZ( )

j=1p'=0

p-1 t
p
() [
p’z=:0(p,) 0
t
L
0

]‘[ (aY )" (Al sH)” Aﬁ.V(ds)]
0 i#j,i=1

, k
AY©)" TT(aN®) -1V )| ds
=2

k
[T(aY©)" 1715 - YN (9]
=2

+ 2’%*5%"7) (s)) ds.

However, as

Y1) - YVOI<IF (-5 +A, 171,459 61 () = V1,419 (G1.(8))]
< (0)-Fol+ AL (619 or AV 92419
<IF () =T+ A.AN(s),
it follows that,
e®P (1) < kfot (MN(9)+27 el (5)) ds,

with MN(s) =E []’[i.‘:2 (AN(s)? |§N(s) —§(s)|] . Using exchangeability we can replace
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each term (Aﬁv (s))p in the expression of M N by the following sum
il %]

—~ 2 @fe’
L% j=G-D1E]+1

2| -

without changing the value of M", since the sums are taken on disjoint indices. Then,
from Holder inequality

e L N =
MY =E|[]|w X @QYO?P|IF -3l
i=2 | LT j=a- DIE+1
) k 1/k
k 1 il¥] N Uk
<|ME||l+ X @Yoy €[5 @ -FwiF]) .
i=2 |_ J] (i— 1)|_NJ+1
Consequently, using Young’s inequality, it follows that
(e, p) frk-1 1 (k,p)
el (t)gf (—EN,k,p(s)+—5N (s)+e\ (s))ds, 2.51)
o\ k k
where
N k
k
Enkp(s):=E (T 2 AN(S))”)
r =1
&k (K okp) (k,p)
<G| Y NFFel P (s) + ey ”(s)),
k'=1
and
fﬁ)(r)::[E[_

ﬁai,Aim(cl-(m —§(r))2])

l:

gzk—l( [( ZANU)) ]+[E[( ZAZA(t)(c,(t))— (t))z])

-] |

—

k-1
I ’ k, _
< k’Zl NE=FED i 1 8P (1) + C NTF2,

We refer to [22, Proposition 3.1] for more details. The conclusion of the proof of this
Proposition follows by induction and Gronwall’s Lemma. O

The proof of the following Corollary is similar to the proof of Proposition 2.2 replac-
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ing ﬂi,]' by Yi,j-

Corollary 2.5. Forall?, k, T >0, There exists Cr ;. > 0, such that forall t € [0, T], VN >
k,

_ _ k
E ‘GN(t)—G(t)‘ < CrpN2, and[E[|Y§Y(t)—Y[(t)|k]gCT,kN—’C’Z. 2.52)

Let us recall the following result, which follows from Borel-Cantelli Lemma.

Proposition 2.3. Let (X")y be a family of real-valued random variables and X be a
random variable. If for each e > 0,

Y P(IXN-XI>¢€)<oo,
N2>1

then (XN) 5 converges almost surely to X.
The following results is a consequence of Proposition 2.3 and Corollary 2.5.
=N —N
Corollary 2.6. Foreacht>0,§ (t) andS (t) converge almost surely respectively to

() and S(1).

2.4.4. Quarantine model
Fix k € N, let us consider the model above where the k-th individual is quarantined.

Then we define

=N 1 1 ¥
g(k)(t) Z Ag AN o ® (C[ (k)(t))’ and G(k)(t) Z Ye, k) (1) (Cg(k)(t))’
N[ 1,0#k N[:l,[?ﬁk

where

“k)m f f Yeal 6 (B Ny (s)>u Qelds, duw), £2 K,

and we recall that Qy is a standard Poisson random measure on R2. In the original
model, the number of individuals infected by the k-th individual can be described by

N
Z k-1 N N (-
=72k f f VeaNes) YNNI A, AN (6 (57 ))<u<y“1v(s (6l (s NI, lAN(S (¢;"Gs™)

Qe(ds,du).

Since A; 4 - (Q‘i-V(S_))Yg,Ale(sf) (67 (s7)) < As, we have

N t p+oo
ﬁ:;#kj(; [) ]IY[AN(S (C (s~ ))Nzk l/leN(s (CN(S ))<u<Y[AN (C (s~ ))sz 1 lAN(s )(C (s7))

Qe(ds,du)
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t Py
< f Q.(ds, du),
0 JO

where Q;C is a standard Poisson random measure on R? independent of Qy.
So we can bound the number of infected descendants of the individual k by a pure
birth process with birth rate 1., denoted by Y (¢— TN ) (where Tﬁc\’ ) denotes the first time

of infection of the individual k in the full model). Note that Y (t— ley D=Y(), and that
Y (1) follows a geometric distribution with parameter exp(—A.f) and is independent
of Q. As the random variable Y (#) bounds the number of individuals who do not
have the same state in the two models, we have

Y(t)

5 (-F 0| < —Y(t) and [ (1~ 80| < =

Similarly we can define a quarantine model (§3]€ [),@f\,iy[)) where the k-th and ¢-th
individuals are quarantined such that

— Yt
5 - S(M(t) —Y(t) and [&"(n- G(M(t) ]EI) (2.53)

where Y (¢) follows a geometric distribution with parameter exp(—21, t) and is inde-
pendent of Qx and Qy.

2.4.5. Useful inequalities for A and y
We establish the following Lemma where A and y are given in Assumption 2.2-2.3.
Lemma 2.16. Fort=s=0, witha > 1/2 as in Assumption 2.2-2.3,
-1

A=A < Clt=9"+ A Y Vicsicy,
=1

/-1
[y —y($)| = Cu-9%+ Y Viricy,
j=1

and
_ _ /-1
IA(0) = A < CE—8)* + A% Y (Fj (1) — F;(s)).
j=1
Proof. We have
¢ ' -1
A =As) =Y (MO =M (D) gjm1cg, i + (AD = A)) Y Lcgiay
j=1 j=1
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Thus the statement follows from Assumption 2.3. O

2.5. Characterization of the limit of converging
subsequences of (§V,5%)

The aim of this section is to prove Lemma 2.10. We recall that

R 1 N
N (o y _ _
Siol0= \/Wk:1Yk'0(t) ]lPk(O,t,Vk,o,ENho Lpo.tyeod=o)-

Let
=N = —— i PO (2.54)
1 \/Nkzl k

where

N _ _ _
Xie (D= 7/k'om(]lpk(o,zr,y,c'o,?\’):o ]lpk(oythk,O:S)ZO

t _N t _
—eXp(—fO Yko(r)§ (r)dr)+6Xp(—f0 Yk,o(r)S(r)dr)).
Lemma 2.17. Under Assumption 2.4, forall t =0,
. =N 2]
lim E|(2V(0)°| =o0. (2.55)

Proof. By exchangeability, we have
E|(=V0)] =E| (¥ )]+ - DE[xVoxd )] (2.56)

—N = . N .
From Theorem 1.2, as N — oo, § = ¢, in D, consequently as N — oo, ;' (£) — 0 in
probability and as | lev (1] <2, it follows that, as N — oo,

El(rY )| —o. (2.57)
To obtain (2.55) it remains to show that
1
E[x (0x2' 0] =0(ﬁ)- (2.58)

We consider a quarantine model where the first and second individuals are in quar-

=N
antine (see subsection 2.4.4). We denote by §, , (#) the force of infection in the
population at time ¢ in this model. As in (2.53), for any T > 0, there exists a geomet-
ric random variable Y independent from Q; and Q. such that almost surely for all
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te[0,T],

—N Y =N —N Y

N——< 1)< )+ —.

3(1,2)( ) N § (@) 8‘“(1,2)( ) N

Therefore,
—N Y —N =N Y
Pk(o) t}Yk,O)S(l,z) - N) < Pk(oy t)Yk,O)g ) < Pk(o; t,Yk,O»g(Lz) + N)

Let

—N Y =N Y
El]cv - {Pk(O, LYKo S, — N) =Pr0, 6,60 S0+ N)}

Then, for k € {1,2} as Qy is independent of (Q;, ¥k, Y,§i\1]y2)) for k # i, it follows by
Markov’s inequality that

=N 2tY
P ((E]ICV)C Y0802 Y, Qi) < N (2.59)

Set

~N _ _ _
X (0 =Yko(® (]lpk(o,r,yk,oig‘z)):o ]lPk(o,t,yk,o%hO

—exp (‘fot“rk,o(r)@gz)(r)dr) +exp (—fotn,o(r)??(r)dr)) )
For k € {1,2} as Qx, Yk,0, and §é\£2) are independent, it follows that
E [XkN(f)@g,z)rYk,o] =0.
Moreover, as Q1, ¥1,0, Q2, Y2,0 and §£sz) are independent, it follows that
ELY 0 0] =E[E |7 0[Fa2 | E[H 0F0] | =0 (2.60)
We have

E[x(0xs (-3 O (0] =E[xY (1) (x3' (1) - 75 )] +E[(x?’ (0 - 7Y (0) 22 (0]

+E[(xY (0 -7Y () (12 (0 - 1 ()]
(2.61)

However, v
- r
FMORFMO] é]l(E]]Cv)c+W. (2.62)

Hence from (2.59) and (2.62),

t
LY 0 (8 0 - 1 )] <E[| ¥ 0] 1 gy | +E[H0]y]
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- c =N t -
=k [|X{V(I)|P((Eév) |Y2,0»3(1,2)> Y, Ql)] + N[E[|X{V(t)| Y]
3t ~
<Xz v)
3t ~
= SElm o[lEw,

where we use the fact that Y and )Z{V are independent.
=N = =N =N
From (2.3)as§ —§,and |§ —§(1 2] < %, it follows that as N — oo,

t rro)(Faa rIVEED)
f f —N Ql (drr du)
o Jy

E[|l7 0] <E
o]l 1007) (B2 AT )

+ fot[E [Yl,o(r) \?gff,z) (r) —§(r)H dr

_ 2[(:[5 [no(r) (§f\f,2) () —§(r)” dr — 0.

Thus X
E[RY (0 (0 - B )] = o(ﬁ). 2.63)
Similarly, we show that,
1
E[(xY ) - @) 22 ]| = o(ﬁ). (2.64)

Moreover, from (2.62), by the fact that Q; and Q, are independent, and exchangeabil-
ity,

E[(x1 (0 -1 1) (x2 (0 - 15’ 0)]]
1 Yt 1 Yt
( (E{V)”W)( ety }
—N —N 2t —N t2
=E[P((E) (S0 ¥)P((ED) S0 ¥)| + E[ Y2 ((EN) 000 ¥)| + 2E (V7]
10£2

SaeEl

<E

where we use (2.59).
Consequently,

1
E[( YO - 0) (x2'0 -3 )| = o(ﬁ). (2.65)

Thus from (2.65), (2.64), (2.63), (2.61) and (2.60), (2.58) holds. O

Corollary 2.7. Under Assumption 2.4, forany t >0, as N — +oo,

Ef’(t) — 0 in probability.
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We set,

1 N t _ 14 _
wéV(t):—NZm,o(t) (exp(— fo yk,o(r)sN(r)dr)—exp(— fo n,o(rmr)dr)).

k=1

Consequently, from (2.54) for any t > 0, G{VO(I) == N + \/N (£). Therefore from

Corollary 2.7 as = N - 0in probability, to conclude the proof of Lemma 2.10, it
suffices to establish the following Lemma.

Lemma 2.18. Let§ be a limit of a converging subsequence 0f§N. Then, forany t > 0,
as N — oo, along this subsequence

(Vo (), ") — (20),5)
in law, where

t t _ ~
Z(t):—fo [E[Yo(t)yo(S)eXp(—fO Yo(r)S(r)dr)]S(S)ds.

Proof. By Taylor’s formula we have
Vo' =-ZNt) +— Z re (1), (2.66)
where

tf1 N L _ ~
ZN(t):f (— ZYk,o(t))fk,o(S)eXp(—f Yk,o(r)S(r)dr))gN(S)ds.
o \Nio 0

and

(01 < VN f Y(9-30) ds,

From Proposition 2.2, it follows that,

N

Z ro ()

Cr

< T\/NfOT[E (@N(s)—@s)) ]ds< - 2.67)

sup
0<t<T

Hence ~ N PN =1k N(#) — 0 in probability.
On the other hand, for any fixed t, as (y,) are i.i.d by the classical law of large
numbers it follows that, for all s € [0, ], as N — oo,

a.s.

1 N t _ L —
N Y Yio(®)Yko(s)exp (—fo Yk,o(r)S(r)dr) —E [YO(I)YO(S) eXp(—fO Yo(r)S(r)dr)
k=1

andas N — oo,@N = @ in D. By Slutsky’s theorem,
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1 N t — .
(— Y Yiko(®)Yko(s)exp (—f Yk,o(r)S(r)dr))SN(S)
Nk:1 0

t _— A
—’[E[Yo(l‘)}/o(s) eXp(—fO yo(r)S(r)dr)IE(S),

in law. For any fixed ¢, since the mapping f — fot f(s)ds is continuous from D into R,
as N — oo,

t t _ R
ZN(D—»fO E[Yo(t)Yo(S)eXp(—fo Yo(r)S(r)dr)]S(S)ds.

This concludes the proof.

We have thus proved Lemma 2.10.

2.6. Approximation of the limit

In this section we establish the proof of Lemma 2.11. We organise this section as
follows: In subsection 2.6.1 we give the proof of Lemma 2.11 with the proofs of the
supporting lemmas in subsection 2.6.2.

2.6.1. Proof of Lemma 2.11

We first make the following observation related to the process @év .

Lemma 2.19. Fort >0,
t ! =N ¢ B .
VR [ [ v-9es(- [ vo-95" ar|-exp (- [ v -9Far| |7V utapas
0 Jp ] s
t t ; 3 B
:_f f f}/(t—s)y(r—s)ﬁN(r)exp(—f 7/(u_S)S(u)du)YN(S)M(dY)drdHrN(t),
0 Js JD s

where as N — oo, r'V — 0 in probability in D.

Proof. By Taylor’s formula we have

Y t - p|— t - ! = —
Nf fﬂt S) (ex ( f y(r S)SN(r)dr) exp(—f Y(r—s8)§(r) r))YN(s)u(dy)ds
0 Jp s i d
t pt :
fff)’(t—s))/(r—s)@zv(r)ex ( f ( S)S(Lt)du)_N(S) ydrds+ o,
0Js JD I s yiu Y u

where

A**/N t t _ _ 2
N < 5 fo[n(f y(r_s)(gN(r)_g(r))dr) udyyds. (2.68)
N
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By Holder’s inequality and Proposition 2.2 it follows that,

T T
<”*mff[E
2 0 S

—N — 2 31,
— drds < ——.
(S (r) %(r)) ] rds Wi

sup |7V (1)
0<t<T

E

Hence, from (2.26), (2.34), (2.35) and Lemma 2.19, it follows that
qjl(‘@'N)éNré]l\,]()réévygN)gNréN)(t)
=&V -&Ym-6Y
t pt t — AN, =N —<N
+f0 f f[)y(t—s)y(r—s)exp(—f y(u—s)%(u)du),u(dy)% (NS ()G (s)drds
! ! = =NV AN =N AN AN &N
+f0 fDY(t—S)eXp(—f Y(r—S)S(r)dr)u(d)f)(S (965 () —-F (67 (9)-§F" (96 (S))ds
N
=2 )+ V) +EY (),
where
N AN ‘ ! =N
=) (t):GLl(t)—\/ﬁfo ny(t—s) (exp(—f Y(r—)F (r)dr)
N
t —_ J—
—eXP(—f Y(r—S)S(r)dr))YN(s)u(dy)ds,
N

(2.69)

R t t _ _ -

= (=& m- fo fD y(t=s)exp (— | - smr)dr) uapVN (Y - 1V)ds
) (2.70)

and where we use the fact that,

VNI (-1 =5 96Y 9 -F &N (5 - FV &N ().
On the other hand, from (2.25) and (2.33),
AR LR AN R ANCANCLI0)
=N -§Y - fo - 9693 (9)ds - fo ti(r—s)ésgV (9T (s)ds

t— ~ A
+f A= SN HFN (s)ds
0

1 N ot YYOIVY () N —
:\/T\szo fpz e At = 8)sign(Y; (s7) = Y(s7))Qr(ds,dA,dy,du)
k=1 FIOAY k(™

=2V (1. 2.71)

To conclude the proof of Lemma 2.11 it suffices to establish the following three lemmas,
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whose proofs are given in the next subsection.
Lemma 2.20. Under Assumption 2.4, as N — +oo,

_flv =0 in D,
in probability.

Lemma 2.21. As N — +oo,
=¥ —0 in D,

in probability.

Lemma 2.22. As N — oo,
=¥ —0 in D,

in probability.

2.6.2. Proofs of Lemmas 2.20-2.22
2.6.2.1. Proof of Lemma 2.20

We recall that

YN(r VY (r7) —
Ey N = \/_ f /I;ZfN(r‘)AY - /1(t—s)sign(YfCV(s‘)—Yk(s_))Qk(ds, dA,dy,du).
N =1 k
(2.72)

As (Qp)k areii.d, by exchangeability and from (2.44), it follows that

[ Ep (1) ] E U A= $)1YY () = Y1(s)lds
< (A*)Zf E[[YY($)=Y1(s)|]ds— 0as N — +oo.
0
To conclude, it suffices to prove tightness of (EflV )n. By the expression in (2.72), tight-

ness of the sequence processes (Eflv )n can be deduced from the tightness of the
following sequence processes since sign(YfCV (s7) =Y (s7)) does not modify the setting:

N 1 N YNGOIVY )
Vi () = — f f f At —98)Q(ds,dA,dy,du),
! \/ng’l 0 JD2 YN AY () Q Y
t— - —
Wm:\/ﬁf Ae-5)[T¥-Y" )]s
0

where we recall that

—N 1Y v - N 1 N
Y (0==) Y (Wand YV () == ) Y(0).
N& N 2
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The tightness of (\/iv )y will be established in Lemma 2.26 below. Hence it remains to
prove the tightness of (\/9’ IN-
From (2.47) we have

E| sup \/ﬁV(t)] gA*fOT[EH\/N(YN(r)—YN(r))Hdrgﬂt*CT. (2.73)

0<I<T

From Lemma 2.16, forany 0 < s <t < T,

t
VY (@0 -V (9] <AVN [ Vo -TV0|dr

s j— j— ~ j—
+\/Nf Ae-n-As-n| [TV -Y" 0|ar
0
. —N P —N
</1*\/Nf W -Y (r)jdr+\/N(t—s)“f YV -Y"|ar
s 0
l-1 prs B _N
+7L*\/N2f (Fjtt=n) = Fis=n) [T @) =Y " ()] ar.
j=170
(2.74)
By Markov’s inequality,
Fle —N
P sup \/Nf YN(r)—Y (r)‘dr}@
0<s<t<T,|t—s|<o N
N . — 2
< 5E sup (t—s)f YN(r)—YN(r)‘ dr
6 0<s<t<T,|t—s|<O N
1) T = - 2
<—Nf E )YN(r)—YN(r)‘ ]dr
0%  Jo
O0Cr
<z (2.75)
where the last line follows from applying (2.52) with k = 2.
On the other hand,
a SloN N 6 T &N N
p sup  (t—9) \/ﬁf (Y 1 -Y (r))dr>e <—\/Nf [EHY 1 -Y (r)Hdr
0<s<t<T)|t—5|<8 0 0 0
<%6‘*, (2.76)

where the last line follows from applying (2.52) with k = 1.
Applying again (2.52) with k = 1, by Markov’s inequality and Assumption 2.3,

(=1 ps
IP( sup  VNY | (Fie-n-Fs=n)|[Y¥m -Y" | dr>0
j=1o

0<s<t<T,|t—s|<0
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mp\/_f )YN(r) Y (r)Hdr

€CT
0

(2.77)
— 5P,

Thus from (2.74), (2.75), (2.76)and (2.77),

limlimsupP (wT(\/év,é) >0)=
6—0 N

combined with (2.73), it follows from Theorem 2.2 that (\/9’ ) is C-tight.

2.6.2.2. Proof of Lemma 2.21

We recall that

. 1 N YN(s)
S \/__ f fl)zf o= )( Pi(s, t}f% )=0 ]lPk(StYS) O)Qk(ds’d/l dy,du).

1 N
=, = — (t).
ST %

where

t YN(s7)
N = ¢ {ye-s (]1 | - )
k 0 JD%2Jo Pi(s,t,y,§ )=0 Pi(s,t,7,8)=0

—fD)”/(t—s) (exp (—f:?(r—s)g’N(r)dr)—exp (—fst}?(r—s)g(r)dr))y(d}”/)}
Qr(ds,dA,dy,du).
Lemma 2.23. Foranyt >0, as N — +oo,
E| (@) —o.
Proof. By exchangeability we have
E|EY )| =E|(¥ @) |+ - DE[rY 0 0] (2.78)

Set

N t YY)
Fie ()= fo f[)ZL {Y(t_ Y (ﬂpk(&t:%g?{,zﬂ:o - ﬂpk(s’t’y’@:())

¢ _ t _
—fof(t—s) (exp(—f ?(r—s)&i\{yz)(r)dr)—exp(—f )7(r—s)3(r)dr)),u(d}7)}
N N
Qx(ds,dA,dy,du),
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and

t As
XkN(t)ZZf f f {y(t—s)
0 JozJo

t _ t .
+fD)7(t—s) exp(—f ?(r—s)%ﬁ,z)(r)dr)—exp(—f Y(r—S)S(r)dr) ,u(dff)}
Qk(ds,dA,dy,du).

Y}’

—N Y =N
EN S, =<P S, t; ) __) =P (Sr tr ) +—=
e (57) { k( Y 3(1,2) N k Y 3(1.2) N

1 - -1 =
Pk(srterSZ\ll,Z))ZO Pk(s’t’y’g):()

For0<s<t,andyeD,let E,JCV (s,7) denote the event

where Y is a geometric random variable independent from Q; and Q. chosen as in
(2.53), such that, almost surely, for all £ € [0, T1,

—N Y N —N Y
S, () - N ST (O<FayO)+ N
We define
LQ.ITN = U{(/lk,i(ley(')))lgkéN,iiAg(t)’ (Yk’i(C]k\[(.)))léng,igAiv(t)’ (le[O,t]xE)kSN}.

As
—N —=N
Pk(S, t;')/,g )]lEllcV(s’Y) = Pk (S; t,%g(l,g)) ]lEIICV(S’Y)’

and YIIX (s7) < A, it follows that

t A Yt
N ~N
W O-20I< [ [ [ LgyapeQuids,drdydw+ T Bn, @79

where . A
Bi.(t) :f f Qr(ds,dA,dy,du).
0o Jp2Jo

Moreover, as Qkl}s 7 is independent of (FY, §é\£2), Y, Qp), for ¢ # kand k € {1,2},

=N 2tY
gsN’ 3(1,2)’ Y, Qé) <—. (2.80)

N c
P (B 5,7 <

We have

ExYoxy -0 o] =e[xY¥ @ (@ -1y @) +E[(xY 0 -7V @) i 0]
+E[(x 0 -1 () (12 (0 - 75 )] 2.81)

Note that
AV < AN and 17N < 7Y
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As Qy is independent of (§f\1]y2), Y, Qy), from (2.79), (2.80) and Theorem 2.3,

—N
gSN; 3(1,2); Y, Ql) uldy)ds

t
el o0 o- ol <Ak [ [ pEsne

r ..
+N[E[)(]1V(I)YBZ(L‘)]

320,

<
N

~

E[YA (D],
where as N — oo, E[Y# ()] — 0, because ' (¢) — 0 in probability as N — co and ¥

is bounded.
Thus it follows that

1
E[Y 0 (0 - 2 )] = o(ﬁ).
Similarly we show that
1
E[(N 0 -7V 0) 2 (0] = o(ﬁ),
In addition from (2.79),
Ellx N0 -1¥o| | o -1y o]
t As ; A
<l o] tavemeorasanran [ [7 s iraran
t t A
+N[E[YBZ(I:)[0 LZL ]I(E{V(S,Y))ch(ds,d}l’d}/,du)

t t A

t? )
+W[E[Y B1()Ba(1)].

=N
Conditionally on §§; 5, and Y, the terms inside the first expectation above are indepen-
dent because Q; and Q, are independent, and from (2.80) and Theorem 2.3, it follows
that

t A ¢ 1,
[EUO szfo ]l(E{V(s,y))ch(dSrd/l»d%du)fo fl)zfo L5y Qe(ds,dA, dy, du)

¢ _ t

:Ai[E[ f f P((EN (512 Y) udy)ds f f P((EY (5,1
0 JD 0 JD

4%t

NZ

—N
S1,2) Y) H(dY)dSI

<

E[Y?].

—N
Hence using again (2.79) and the fact that Qi is independent of (§, ,), Y, Q/), with
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k#¢andk,/? e {l,2}, we deduce that

E(|xN -2 0| |2 @ -1 )]
4221t As

2 J ! N c
gW[E[Y |+ N [E[YBg(t)fO fDP((El (s, 7))

A*t[E[YBl(t)ftf P (B (5,7)°
N o Jp 2

472 4
N2

—N
Sz Y Qz) ,u(dy)ds]

+

t? )
+W[E[Y B1(1)B(1)]

—N
a2 Y Ql) widy)ds

24,12 t2

r EYBi(0]+

ZA/*

t2
< ~EIYBo(0)] +

E[Y?]+ E[Y2B1(1)Ba(1)].

Hence,

1
E[( Yo -7V @) (Y @ - m)]| = O(N)-

In conclusion, coming back to (2.81)

1
E[xY (0 0 -7 (05 (0]] = o(ﬁ). (2.82)

On the other hand, since Q, Q, and §€\1],2) are independent,
~ _ —N
E[BN 0B 0[50 =o.
Hence from (2.78) and (2.82), it follows that

E|E0)] <e[(i¥ o) ]+ - EYor 0 - g 0]
=E|(i¥ )] +o.

—N
However, as Q; and § (1,2 are independent, from Theorem 2.3
N, . |=N t
[ihoffi] 1. [ [ oo
o JD

t
+)L*f ff/(t—s)ﬂi
0 JD

Hence since §£\1[_2) — 3, as N — oo, and ¥ is bounded, it follows thatas N — oo, E [V (£)] —
0and E[(¥)(1)?] — 0. O

—N
]lpl (s, r,y@gz)):o - ]lP1 (5,4,7,3)=0 ’3(1,2)] uldy)ds

t _ t —
exp (—f ?(r—s)&f\ll,z)(r)dr)—exp (—f ?(r—s)%(r)dr)

)§f¥,2)] u(dy)ds.

Now, let
N 1 i N
Yo ()=—=) x: (D),
0 N = k

where
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t Ylly(s_)
xfkv(r)=f f fﬂr—s)
0 JO D

exp (—fst?(r - s){?N(r)dr)

—exp (—fstf/(r - s)§(r)dr)] ,u(dff)ak(ds, dA,dy,du).
Lemma 2.24. Foranyt >0, as N — oo,
E[I¥) ()] — o.

Proof. Let

tpYY(sT)
;zf,j(r)=ff fﬂr—s)
0 JO D

4 —_ J—
—exp (—f ?(r—s)@(r)dr)] u(dy)Qi(ds,dA,dy,du).

t —N
exp (—f y(r— 8)87(1)2)(I‘)dr)
S

As in Lemma 2.23 we have
5 tY
FMOEF MO RS ~ Br(+ ).
On the other hand, since Q;, Q, and §i\1],2) are independent, it follows that

E[fY 0 05| =0.

The Lemma follows by exchangeability and the fact that as N — oo, j{kN () — 0, pro-
ceeding as in (2.78) and (2.81) O

We recall that

A t t _
aév(r)zefl(r)—\/ﬁfo fDY(l‘—S)(eXp(—f y(r_s)gN(r)dr)
! —_— J—
—eXP(—f Y(T—S)S(r)dr))YN(s),u(d}/)ds.

From Lemmas 2.23 and 2.24, for each ¢ > 0, as N — oo, Eiv () — 0 in probability. As
aconsequence, forallneN, fo< t; <--- < t,

(EN (1), =N (1), EN (1)) — (0,0, -+ ,0).

To conclude it remains to show the tightness of (EQ’ )N, but from Lemma 2.9 ((‘”36\’ N
is C-tight, hence using Lemma 2.19, it remains to show the tightness of the following
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sequence of processes:

tpt t — —
\/é\_fm(t) = f f ny(t— S)y(r— EN () exp (—f Y(u—s)§(wdu YN(s)u(dy)drds.
0 Js s
N (2.83)
Since the pair (§V,Y ) is tight in D?, the result follows using the continuous mapping
theorem.
This concludes the proof of Lemma 2.21.

2.6.2.3. Proof of Lemma 2.22

We recall that

1 X Yir(sTIVYY(sT)
CHAGES f f f y(t=91 _
v \/]_ngl 0 JD2JY (5™ )/\YN(s) Pk(s,t,7,3)=0
sign(YY (s7) — Y1 (s ) Qx(ds, dA, dy, du).

We define for any k € N,

Yi(sIVYR(s7)
AY(0) = f f Qr(ds,du) . (2.84)

YiE(sHAYY(s7)

and let (9} )« ; be such that
N
Ap=3 Loy <t

i1
We note that, for some i.i.d (yg,;, i > 1),
S, (1) = —kzl ;lyk,(t Y1, (ﬁi\,i,t’yk,l_@:osign(Yg(ﬁgi) ~ Y Doy < -
: , :
(2.85)
We recall that
—N —N =N - N 1 X —
Y (D=6 (0§ (Hand Y™ (1) = N Z Yk, A0 (S (£)T (D).
k=1
We set
(gl{V = O'{(/lkri)lgng,kA;CV(t)’ (Yk,i)lgng,kA]]j(t)’ (le[O,t]xE)kéN}: (2.86)

and from (2.70) we recall

. t t — — -

Eév(t) = 611\,[2(1‘)—‘[0 ny(t—s) exp (—f y(r— s)&(r)dr) ,u(dy)\/ﬁ(YN(s) - YN(S)) ds.
' 2.87)

Note that from Lemma 2.9 Eé\’ is tight.
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We want to show that, as N tends to oo, Eé\’ — 0in D in probability. To do this, we
define

1 N
B3 (1) = \/__Z;IXJ’XZ'(”’ (2.88)
with
N N t N =
Xii(D= Yk,i(t—ﬁk,i)]lpk(%v‘_t,yki,@:o f)f(t 19k,)eXp( fﬁN Y(r—ﬁk,i)S(r)dr)u(dy))
e ki
x sign(Y Y (97 ) = Y (0 )1 oy <t (2.89)

We establish the following Lemma.

Lemma 2.25. Foranyt >0, as N — oo,

E[Z5,(0)*] —o.

Proof. Forall k,i eN, E [X],Xi(t)kgé\]’\, = 0. Moreover, for any k # ¢,

Xkl(t)xéj(t)] E ]119N<19N[E Xkl(t)xf](t” 19N! ]]

+E

[kaﬁwwﬁ v 0193 0 H

X{j(t)]lﬁN <1‘)N E

sz(t)| {)N’ ”
=0 (2.90)

because X]Xj and Qy are independent and similarly for y}; and Q,. Hence, as |y, (1] <
1 oY <o from (2.90) and exchangeability,

-1

Y Y E[rinxd o]

1<k<l<Ni,j>1

2
> xJ,X,-(t)) +

i1

1N
=0 ==YE
e[z 7] -5 3

<5 L E[dor]
=E|(aV®)].

where A]kV is given by (2.84).
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However from Corollary 2.3,

t
El(aNm)*] <2 fo E[|YN () - Y1(5)|] ds+E

t 2
fo YN (s) —Yl(s)|ds) ])

t t
2(]0 E[[YN(s)=Y1(9)]] ds+ tfo E[[YN©-Yi9)[] ds)
Cy
<—L.
VN

Consequently

E[Z5, (%] < \/N

Note that from (2.87),

(t) ~31(l‘)
YR GIVY(sT) t _
= (t—s)ex (—f (r—s)S(r)dr) (dy)
\/ngl.[ fN(s‘)/\Yk(S‘) fDY P s Y HAAY
x sign(Y R (s7) = Ye(s)Qx(ds, du).

Hence, as (Qp) arei.i.d.,

YR (SIVY(sT) t _
(t—s)ex (—f (r—s)&(r)dr) (dy)
(\/ N j= 1[ fN(s‘)AYk(s‘) fDY P s Y HAAY

2
xsign(Y} (s7) - Ye(s))Qr(ds, du))

YR (STIVYg(sT) t —
f f])y(t—s)exp(—f y(r—s)S(r)dr)u(dy)
S

YNGIAYk(s7)

I8

2
X sign(Y]kV(s_) ~Yr(s7)Qi(ds, du))

t t _ 2 -
:fo (f[)y(t—s)exp(—f y(r—s)S(r)dr),u(dy)) [EHYN(S)—YN(S)Hds

From Corollary 2.5 and Lemma 2.25 it follows that, as N tends to oo, :N (1) —0in prob-
ability for any ¢ > 0. This implies the ﬁnlte dimensional convergence and as (_3 )N is
tight in D, it follows that as N — 00, = _3 — 0 inlaw in D and hence in probability.

2.7. Proof of Tightness

In this section we prove Lemma 2.9.
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To prove Lemma 2.9, since D is separable, it suffices to establish that each com-
ponent of (GV,§V, &}, 5}, 51 is tight in D. Moreover, from Lemma 2.6 the pair

(&Y, §Y) is C-tight in D?, since it converges in D? to a continuous limit. The tightness
of the rest follows from the following Lemmas.

Lemma 2.26. §V is C-tight.

Lemma 2.27. &Y, isC-right.
Lemma 2.28. &Y, isC-right.

Lemma 2.29. &Y, isC-right.

2.7.1. Proof of Lemma 2.26

Since (§)) is C-tight in D, it suffices to prove that (§V) v is C—tight in D. By the
expression in (2.33), that claim can be deduced from the tightness of the following
sequence of processes

Yi(s—)VYR (s-)
\/3 (1) = \/_k f szf At =3$)Qx(ds,dA,dy,du).
1

Yi(s=)AYY (s-)
From Assumption 2.2 and Lemma 2.16, forany 0 < s <t < T,

N N Yr(r)VYR ()
V3 (1) = V3 ()| <

Qk(dr,dA,dy,du)

N =1 D2JY . (r )/\YN(r*)

€ [— 5% N YrrvYNGT)
S ffo " Qudr i, dy,dw

Y (r )/\YN(r*)

Yi(r™ )VYN(r )
f f f s rcvici—rQxldr,dA, dy,du).
] lk 1 D2 JY (r)AYR ()

(2.91)

By Markov’s inequality,

5% N Yr(rVYR ()
(dr,dA,dy,du) >0
(\/_k 1[ fl)sz(r)AYN(r) R Y )

059 N YL rVYY () 2
Qi(dr,dA,dy,du)
VN 2 1f fl)sz(r JAYN () R ¥

However, by exchangeability and Holder’s inequality, it follows that
059 N f f fYk(r WYY () 2
Qk(dr,dA,dy,du)
VN iZ1do Joz Jyiardo)
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5@ N YL rIVYN () 2
(dr,dA,dy,du)
(\/_k lf fDka(r)/\Y;CV(r) Q Y )
2
((5“ T N
— Y (r)-Yi(r)|dr
(G2 o -vlar |

T T
gzgzézaf [E[|Yf’(r)—Y1(r)|]dr+2€2(52“Nf [E[|Y{V(r)—Y1(r)|2]dr
0 0

+2E

T
< 24252“f E[[YY () = Y1(n)|] dr +2Cr 0267,
0

where the second term in the last line follows from applying (2.52) with k = 2. Note
that from (2.44) the first term in the last line tends to 0 as N — oo, while the second
term is independent of V.

Then, thanks to a > } (Assumption 2.3),

1 Yr(rOvYR ()
limlimsup sup —IP sup f f f Qk(dr,dA,dy,du) >0]|=0
6=0 N—oco 0<t<T 0 0<U<6\/_k 1Jo Jp2 Jyienarye Y
(2.92)

On the other hand, for all 0 < t < T, since (Qg) are i.i.d, by Hélder’s inequality and
exchangeability, we obtain

1. N pr+s Yr(rvYR )
Pl= f f f (dr,dA,dy,du) >0
\/ng’l t D2 JY rAYN () Qu L4
1 1. N pt+s YrrvYR o) 2
—E - f ff (dr,dA, dy, du)
\/N,; ¢ D2 JY () AYY () Q Y
212 t+6 YrrvYY () 2
<= f f f Qc(dr,dA, dy, du)
Nk 1 D2 JY(r)AYR ()
e[ B mr-venre |}
Y (r)=Yr()|dr
VN 21
212 2
< 0° E

t+6 t+6
f YN -Y1()|dr U |Y]1V(r)—Y1(r)|dr) ”
t t
2
_2A

T+6
<5 {fo [E[|Y{V(r)—Y1(r)|]dr+CT62},

+ NE

where the last line follows from Hélder’s inequality and applying (2.52) with k = 2.
Note that the second term is independent of N and from (2.44) the first term tends to
0 as N — oo. Consequently,

t+v Y VYR o)
limlimsup sup —IP sup f f f Qi(dr,dA,dy,du) >€e|=0.
6—0 N—oco 0<t<T6 0<v<6\/_k 1 D2JY (r)AYN () Y

(2.93)
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Moreover, by Markov’s inequality,

1j Yr(r)AYR )

N (-1 Y OvVYN ™ ) 2
f szf t r<\/f<t+5—er(dr,d/1,d%du))

Yr(r)AYR )

1 Nl Y (r~ )VYN(r )
\/__ Z Zf j;)zf I, r<\/J<t+5—er(dr,dﬂ,d}/,du) >0
1

( ]
2 N -1 YrrVYY ™ ) _ 2
S ﬁlE \/_— Z Zf szf L reviciro—rQildr,dA, dy, du)

Yr(r)AYR )

2
+?[E

1

-1 N 2
(—Z Zf (F](s+6—r)—Fj(t—r))|Y1,;’(r)—Yk(r)|dr) :
N j=1ik=1J0

Consequently, since (Qg)x are i.i.d., from (2.10) and Holder’s inequality and from
exchangeability, we obtain

1 N =1 pt Yi(r)VYY ()
P ﬁkzl Zlfo fo Ly reviciso-rQildr,dA, dy,du) > 0
= ]:

Yi(rHAYY ()

-1 pt YrrvYR o ) _ 2
(Zfo f]) f L r<w<t+5-er(dr,dit,dy,du))

Yi(r)AYR )

2
(f YN - Yk(r)|dr)
2 /-1

t
62 Zf (Fj(8+5—r)—Fj(t—r))[EHY{V(r)—Yl(r)|] dr

e
ezkl

22621) N

20%5%0

t 2
+ Nf E[Y¥ - |ar
0

2C0%6%P
02

206°P [t
<2 fOE[|Y]1V(r)—Y1(r)|]dr+

where the last line follows from Hélder’s inequality and applying (2.52) with k = 2.
Note that the second term is independent of N and from (2.44) the first term tends to
0as N — oo.

Therefore, as p > % (Assumption 2.3),

1
limlimsup sup

60 N—oo 0<i<T 5

f 1 N Yi(r)vYR (™ )
I]:D Sup \/_] = 1[ j];zf l’ r<\/J<t+u—er(d7‘;dl,d%du)29 =

0<v<é Yi(rAYY ()

(2.94)
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Thus, from (2.91), (2.92), (2.93) and (2.94), we deduce that

1
limlimsup sup —P| sup VY (t+v)-VY (0 >6]=0,
0=0 N = 0<t<T 0<v<d

and thanks to Lemme 2.14, (\/év )n is C—tight in D.

2.7.2. Proof of Lemma 2.27

We recall that

AN 1 X Yi(s VYR (s7) ' N, B
GLZ(I).:\/—nglfO fpzf Y(t_S)]lpk(s,t,yg):oSlg”(Yk (§)=Yr(s)

Yi(sHAYY(s7)

Qi(ds,dA,dy,du). (2.95)

By the expression in (2.95), tightness of the processes (6 »)n can be deduced from
the tightness of the following processes

Yi(svYY
NOE f szf Y& —9)1 (St 5] o Qrlds,dA,dy,du). (2.96)

Yi(sTAYR (s7)
Foralo<s< < T,

\AGEAAG]

1 N YrrvYR o)
g\/—_kzlf fDJW e Qxldr,dA,dy,du)

g f— g4 N YrrvYR o)
bl S) f fDZf Qk(dr,dA,dy,du)

Yr(r)AYY ()

YrrvYR o )
i<i—rQrldr,dA,dy,du)
V j=lk= J fDZfYk(r IAYY () borecicor

Yi(rvYY ()
+\/_Nk;f0 fl)sz(r IAYY () ( s3]0~ ai(nas)o ) QAT AN Y 10

where we use Lemme 2.16.
From (2.92), (2.93) and (2.94) it remains to prove that, as 6 — 0,

1
limsup sup

N 0<t<T5

1 Yi(r)HvVYR ()
g f\lk;j; f1)2fk(r IAYN () ( P’C(”’Y@:O_]lpk(””‘s’y’%):(’ Quldr ad,dy.dw = ¢
— 0. (2.97)
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Werecall thatfor0<t<T,

N
F, ZU{(/lk,i,Yk,i) 1<k<N ;(Qk|[0,t])1<k<N}-

1<i<AY (1)

t Y )IVYY ()
ng(t):fff Qx(dv,dA,dy,duw),
D2

Y@ )AYN(07)

We set

=N, . . .
and D, is given by the same expression as D;CV but where we replace Qj by its com-
pensated measure.
Since

t+6 pAs
0<1 Pk(v,t+6,7,§)=0<ft , Qr(duy,duy) = C(t, t+9),

Pk(l/, t,y,@):o

by exchangeability and the fact that (Q) are independent and Cy.(¢, t+6) and Qgljo, 1
are independent, it follows that

1 N Y VY () ’
: f\fk;fo fDka(u YN ) ( Pk(”'t'%@]:o_ﬂpk(”’t+5'Y’§):° Qeldv dd, dy, du)

N 2
— ) G, t+6)D;CV(t)) }
k=1

<E

=E|C}t,1+8) (DY )|+ W-DE[Ci (1, 1+8)Catt, £+ ) DY (DY ()]

=E[C(t,t+0)|E [(D{V(r))z] +(N=DE[Cy(t, t+OE[Ca(t, t+OE [ DY (DY ()]

r 2
gzmmmia%(m[(ﬁﬁn)g +E (f IY{V(U)—Yl(v)ldv) +A262NE [DN (1 DY (1)]
0

t t
<2(1.6 +126%) (f E[IY:(») =YY )] dv+ Tf E(IYY () -Y1(0)?] dv)
0 0

+A28°NE[DY (DY (1],
(2.98)

where we use Holder’s inequality in the last inequality.
At this stage, we admit the following inequality holds (and we will show this imme-
diately below):
NE[DY DY (1] <C, (2.99)

for some C > 0 independent of N.
Consequently from Corollary 2.5, from (2.99) and (2.98), (2.97) follows.
Now we establish the inequality (2.99). To do this, we define the following process
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foreach ke N,
t pOY()
B,iV(r)sz Qx(dr,duw),
0o Jo

where N
O (1) =Yg iy Oy (DT 1,2 (D),

and 1‘)2’ is defined in the same manner as ¢ with B]’CV instead of AY in (2.1).

Lemma 2.30. ForkeNand T >0,

T
E| sup |A§€V(r)—B,ch(t)|]<f [E[|YkN(t)—@§€V(t)|]dt::6N(T) (2.100)
t€[0,T] 0
and
E| sup |g§j(t)—f)§j(t)|] < 18N (D).

t€[0,T]
Moreover,

5 (T)gTTexp(.z;L T). (2.101)

Proof. Since

t +00
N N
— <
| A () - By (t)|\f0 fo ]lmin(ygc\’(r—),@;j(r—))<u<max(YkN(r—),@1,;’(r—)]Qk(du’dr)’
we have

T
E| sup |A],2’(t)—B,’CV(t)|]<j; [E[|Y1,;’(t)—@1,g’(t)|]dt:5N(T).

t€[0,T]

We recall that
Nip N =N d Ny 9N =N
Yk(t)—Yk_Aiv(t)(Ck(t))S (f) an @k(t)_yk,Bllcv(t)( e (DS 1,2)(0).
. =N =N .
However, since yr; <1and 0<§ (1), 3(1,2)(1‘) < A%, we obtain

[E[ Yy (0 -0 (@) ] SE [|Y§€V(t) -6y ()] ]lAIkV(t)=B,§V(t),ck(t)=19§y(t)] +

AP (AY (1) # By () or g () #9Y (1), (2.102)

On the other hand, as y; < 1, from (2.53), we have

2 “Yk OECMO] ]lAI,X(t):BIICV(t),CJ,X(t)=0kN(t)] sE ”3 (2) _3(1,2)(”’]

1
< —E[Y]. 2.1
N [Y] (2.103)
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Moreover, since

{AY (1) #BY (1) or 6} (1) ;éﬁf,j(t)}c{ st;)g}|A§X(r)—B}X(r)| > 1},

we have

P(AY (D) #BY (1 orc (1) # 9 (1) <E

sup |A§X(r)—B,iV(r)|] <M.
rel0,z]

Thus, from (2.102) and (2.103), we have

E[Y] .
A INHORETRGIIES — AN,

Hence, from (2.100), we deduce that

T
oN(T) < [E[—;]Tm*f oNdt,
0

and by Gronwall’s lemma, it follows that

sN(1) < i]\l]/]Texp()L*T).

Moreover,

E| sup CN(f)—ﬁN(t)]=[E[]l N(p£oN( SUD CN(t)—ﬁN(t)]
tE[O,T]| k k | {3t€[0,T]ka(t)#)k(t)}tE[O’T]| k k |

<TP(3r€l0, TN, ¢ (1) # 07 (1)

= TIP( sup |AN(6)— By (1) # 0)
t€[0,T]

<TE

sup |A],y(l‘) —Bllcv(l‘)|]
t€[0,T]

< T8N ().
This concludes the proof of the lemma. O

Adapting the proof of Proposition 2.2 we obtain the following Lemma, where we
replace Ay by B,ICV and Y by @]kV and using Lemma 2.101 instead of Lemma 2.15.

Lemma 2.31. ForallpeN, te[0,T],

P (¢ (Nseio,q # O () seto,n, VK =1, ,p) < —,

and c
E[ly¥m-of ] <5
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We can now establish the following lemma for inequality (2.99).
Lemma 2.32. There exists C > 0 such that inequality (2.99) holds for all N.

Proof. By exchangeability and the fact that Q; and Q. are independent,
E[DN (DY (1)) :E[Bf(r)ﬁf(n] +2f0t[E[IYJIV(U)—Yl(v)IﬁiV(t)] dv
+f0tfot[E[|Y{V(v)—Yl(v)anV(r)—Yz(rn]dvdr
:2f()t[E[|Y{V(v)—Yl(u)@f(u)] dv
+f0tf0t[E[|Y{V(v)—Yl(v)IIYév(r)—Yg(r)l]dvdr, (2.104)

where the first term in the last equality follows from the fact that

t Yo (r)vYY ()
f f f Q,(dr,dA, dy,du)]gzN
v JD?

Yo (r)AYY ()

E[D; 0-D, || =k

As
YN -YimI< YY) -oYwl+1eYw) - Y (w),

by Hélder’s inequality, it follows that
—N —N —N
E[YY @) -1 ID; )] <E[ YY) -6 w)IID; (v)|] +E[16Y () - Y1 (@)IID; ()|

<ElYw-eYwr)” [E[Dy w?])”
+E[10Y ) -1wIID; W]

Moreover, as
=N N Y UN
|D, ()| <Dy (v)|+f Y5 (r) = Ya(r)ldr
0

<|D§V(v)—ﬁgv(v)|+D§V(v)+fo YY) - Ya(rldr,

_ t Y )vey ")
DY (1) :f f f Qx(dv,dA,dy,du),
0 JD2JY((w)AOY ()

where

it follows that,

E|1YNw) - Y1(0)11D, (u)|] E[YNw) -eNwiE])" ( [(D2 ) ])
+ AE[IDY () - DY ()]

+E[10N W) -1 IE [ DY )T, @1
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+f0 E[1O6Y ) - Y1mIYY (1) = Y2 ()] dr,

where we use the fact that I@{V(v) -Yi(v)| < As.

=N
Consequently from Lemma 2.31 and the fact that Q, and (Q1,§ (1,2)) are independent,
it follows that

YNrvelYa)
f ‘[sz QZ(dr) dA, d')/,du)

YN(r)neY )

E[Y ) -1 1Dz w)l] < 5,4+ME

v
+f0 E[10Y ) = Y, (I10Y (1) - Ya(r)l dr
14
+f0 E[10Y ) = Y1 I () = Yo (01| dr

N5’4+/1 f E[loY () - Y] (r)|]dr+f E[loY ) - Y1mI10) (1) = Y2l dr
+f0 E[10Y () - Y1 IYY () - Yo (0] dr

C2Cr Cr(As+1)

\N5/4+ N

)

where the last line follows from Lemma 2.31 and Corollary 2.5.
Hence, from (2.104) and Corollary 2.5 it follows that the inequality (2.99) holds. O

2.7.3. Proof of Lemma 2.28

We recall that
AN 1 N YN
Gl,l(t) = \/—_ f jl;Zf y(t— r)( (yl‘yY,§NJ=0_lpk[rvter§)20 Qx(dr,dA,dy,du).
(2.105)
We set
t py(w—s)(¢p1vez(v-)
Hk(S) t)Y)(pl)(PZ):f f Qk(dl/,du))
s Jy(v=s)(p1Agp2(v-)

Using the fact that for all A, BeN,
T p=0 —1p=ol <|A-B].

From Assumptions 2.2 and 2.3 and Lemma 2.16, it follows that

|6i\,71m _611\,]1(3”
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/1*
+—Zf f f Hi(r, 67,5, 8)Qidr, dA, dy, du)

2(t - s)“ N
\/_

2 A
+_ f szf s—r<ti<t-r Hk(h LY, S S)Qk(dr,d/l dy,du)

jlk'l

+

A*
f sz Hi(r, t, )/,S B Qxdr,dA, dy,du)

1 As —N — —N —
+\/7Vk;f0 fnz 5 (Hk(m‘,%ﬁ ,8) + Hi (1, 8,7, 8 ,S))Qk(dr,dxl,dy,du).

Lemma 2.33. Asd — 0,

1 t+0 As
limsup sup —=P f f Hi(r,t+0, )/,S S)Qk(dr,d/l dy,du) >e|—0.
N—oo 0<t<T O \/_k ] D2

(2.106)
Proof. By exchangeability, we have
1 t+6 As —N — 2
E|l|l— f j Hi(r,t+0,y,§ ,5)Qk(dr,dA,dy,du)
\/N]; o)), H Y, 8k Y
t+8 Nu N — 2
~e|([ [ [ oo B dray.du)
t D2 Jo
t+0 . _N —
+(N-DE (f f Hi(r,t+8,7, ,3)Ql(dr,cm,dy,du)) (2.107)
t D2 Jo
t+0 A _N —
([ L[ e 005 Deatdnd,y.du)
t D2 Jo
Let
N t+0 A _N —
o= [ [ meeesr 5 oanardy.do,
t
and

N t+0 A —N —
Xk (t):f f])zf Hk(r;t+6)Y}S(1,2)’3)Qk(dr)dAJdY)du)-
t 0

=N
Note that, as §; 5) and Qi for k € {1,2} are independent, from Theorem 2.3 we have

E[T 0[50 =E

t+8 A _N — _N
ﬁ ];)2 0 Hk(ryt+6)Y!S(1,2))3)Qk(dr)d/1ydY)du)‘g(l,m]

= AE

t+0 t+0 —N — —N
f jl; Y(U—r) )3(1,2)(1})_S(V)‘dvﬂ(dy)dr‘g(l,m]
t r

t+6 pt+6,__
[
t t

%’f\lfyz)(v)—@v)‘dvdr
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HNT) —§(v)’ dv. (2.108)

t+6
t

=N =N
Consequently, conditioning on §, ,), and using the fact that Q;, Q2 and ¥ , are
independent, we have

APNGIANOIE [E[[E [)Z{V(f)féév(f))gf\l],m”
=E [[E [)Z{V(l‘)‘§f\1],2)] E [?Zév(t)‘ﬁ\l],m”

- +6 | _p _ 2
<A*5 E (f 3(1,2)(11)_3(1/)‘(11})
t

t+0 _N _ 2

<7Li(53f E([Fop @ -Fw)| | dv
t

<2161 L[E[YZ]+E : (2.109)
N2 N

where we use Holder’s inequality and the fact that |§é\1],2) (v) —§(v) | < % + |§N( V) —§( V)|,
(a+b)? <2(a? + b?) and Proposition 2.2.
In addition for k € {1, 2}, using subsection 2.4.4

N N t+6 A —N —N
ka(ﬂ—ik(t)l=f[ foO Hi(r,t+6,7,8 12,8 )Qkdr,dA,dy,du)

—N
t+6 As t+6 Y(U—r)(g(l,z)(l/_)'FY/N)
gf ff f f " Quldv,dw) | Qu(dr,dA, dy, du).
t D2 Jo r Yw-r(§g@)-Y/N)

(2.110)
Consequently, using Theorem 2.3
=N 2Y A6
Ell -2 o [Fon] < =55 (2.111)
N
and from (2.110) we deduce that as N — oo, )(Ilv () — 0 in probability and as
N t+6 P 2
X] (t)g(/‘ 0 Ql(dU,dW)) l}
t
it follows that, as N — oo, ,
El(r@)°| —o. (2.112)

We have

E[xYOxy O -xY @0 O] =E[7Y 0 (xd @) - 1 @0)] +E[(x ¥ ) - ¥ ) 7Y (1]
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+E[(xY (0 - 2Y () (12 (0 - 1 ()]
(2.113)

As (Q1, Q2) and (;?f\f,z), Y) are independent, from Theorem 2.3, (2.110), (2.111) and
(2.108) it follows that

[AFANGIFAGESF O

t+6 A pt+6 pyYw-nGoy@)+YIN) N
wo [ [ [ ] Qu(dv,dw) | Qu(dr,d, dy, dw)|Fy 5, Y
t r Y

E —N
w-nrSa@)-Y/N)

<E

:[E[[E[;z{\’(t)‘§f\1],2)’y]

—N B
t+6 A t+6 py(w-r)(§qy @ )+Y/N) _N
f f f (f f Qz(dl},dW)) QZ(dry d)“) de du))g(lyzp Y
t D2Jo r Y

W= G2 (W )-YIN)
20262 [ (140
2
N t
21363
N

xE

o @) -Fw)|dv

=

E[YT,
(2.114)

where the last line follows from the fact that ‘§£\II,Z) (v)— §(v)‘ < s
Similarly, we show that

2/1?"‘63[E[Y] (2.115)
N . .

E[(x) (-7 () 12 (]| <

From (2.110), and as in the setting of (2.114), it follows that

N ~N N _N 40560 L o
E[lar (0 —%1 @] |x2 (- F> 0] < W[E[Y ]. (2.116)

Consequently from (2.116),(2.115), (2.114), (2.113), and (2.109), it follows that

1
limlimsup sup —NE[yY (x5 (£)] =0.
§—0 N—oco 0<i<T O

Therefore, from (2.112) and (2.107), it follows that (2.106) holds. O

Applying the same method as in the previous lemma, we establish the following
Lemma,

Lemma2.34. Asd — 0,

5% Nt As _N —
limsup sup =P ff Hi(r,t+06,y,§ ,850r(dr,dA,dy,du) >€|—0,
N—»oop0<t£T6 (\/Nk; o Joedo K Y Q Y
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1 (1 X ! A N —
limsup sup <P —Zf fz Hi(r, t,7,F ,8)Qk(dr,dA,dy,du) >e|—0,
0 JnzJo

N—oo Ogthﬁ ,/]\[k:1

and

1 (1 Yot A N
limsup sup <P —NZf f f Hi(r, t+6,7,F ,&Qr(dr,dA,dy,du) >e|—0,
— 0 D2 Jo

N—co 0<t<T 0

To conclude the tightness of (‘”Aaiv 1» it remains to establish the following Lemma.
Lemma 2.35. As6 — 0,

. 1
limsup sup —
N—oo0 Ogth5

1 /-1 N t A N
P(ﬁz Z\/(; sz; ]lt—r<(f<t+6—er(T, If+5,)’,g ;S)Qk(dl’,dﬂ,dy,du) 26)—>0,
j=lk=1

(2.117)

Proof. By exchangeability it follows that

1 /-1 N t s N )
E Z Zf() jl;Zf() 1t—r<(1<t+5—er(T, t+06,y,§ ,5Qk(dr,dA,dy,du)

mjzlk:l

=L

-1 prt s N 2
(Zfo j];zf() ]lt—r<(1<t+6—rH1(r, t+06,7v,§ ,S)Ql(dr,d/l,d%du))
=1

+(N-1E

-1 pt s N
(Z‘/(; sz; ]lt—r<(j<t+5—rHl(r; L‘+5,Y»3 rS)Ql(dr,dﬂ,,d’)/,du))
j=1

-1 pt As v
(Zﬁ LZL ]lt—r<(f§t+6—rH2(r,l‘+5,7’,3 ;S)Qz(dr’d/l’d’}/’du))
=1

(2.118)

Let
N -1 pt e N
A ()= Zfo frﬂfo Lo rcticers—rHe(nt+6,7,§ 8§ Qk(dr,dA,dy,du),
j=1
and

-1 pt As N
?Z;cv(t): Zfo szfo 1 cticiro—r He(h 146,78 1,2, 8)Qr(dr, dA, dy, du).
j=1

=N
Since § ») and Qi for k € {1,2} are independent, from Theorem 2.3, we have
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E[1 050z

/-1 t A —N = —N
Z E [\[0 ‘/;2\[0 ]]-[—r<(j<[+§—er(r’ t+6)Y’3(],2)!S)Qk(dr; da«) dY} du)‘g(ll)]
j=1

-1

l t t+6 —N — —N
A Z[EUO jl;lt—r<(j<t+6—r y(w—r) ‘3(1,2)(’/)—S(U)‘d’/#(dﬂdr)gu,m]
1 r

~.

t+6

S0 -3W)| dvdr\%ﬁ,z)]

t
<A, [EU (Gj(t+6—r)—Gj(t—r))f
0 r
T _n _
ga*émﬁ’fo ‘S(lyz)(v)—g’(v)’dv,
(2.119)

where we use y < 1, to get the third line.

=N =N
Consequently, conditioning by §; »), and using the fact that Q1, Q2 and §; , are
independent, we have

E[xY(Ois (D] =E [[E[)Z{V(t)iév(f)lgg.m”

=E[€ [0 E[ 2 0[50
T _n _ 2
(fo ‘3(1,2)(") _S(”)‘ dv)

2 923820 Tz =P
SALCTE | E| [Tz () -F0)

<A20%T?5%PE

dv

1 C
< 2A20%T36% (—[E (V2] + —T), (2.120)
N2 N

where we use Holder’s inequality and the fact that |§f\1]y2) (v) —§(v) | < AZ, + I§N( V) —§( V)|,
(a+ b)? <2(a? + b?) and Proposition 2.2.
In addition for k € {1,2}, using subsection 2.4.4

FNGEFNG]

(-1 pt As —N —
-y fo fD 2 fo Ly ticosr Hiln 048,75 na DQildr, dA, dy, du)
i=1

(-1 ot Ay 48 pyw-nGoa @ )+YIN)
<YL e | [ Qu(dv,dw) | Qudr, dA, dy,dw
j=1 0 JD-JO r y(v—r)(S(l,g)(l/’)—Y/I\D

=: f ¥ (0. (2.121)
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Consequently, using Theorem 2.3, it follows that,

2T?), L6P
——E[Y]

N (2.122)

Ellx (1) - 2Y (0] <

and from (2.121) we deduce that as N — oo, )(11\7 — 0 in probability, and as it is bounded
by a square-integrable process, it follows that, as N — oo,

El(r@)°| —o. (2.123)
We have

E[x 0O 0 -1 0 0] =E[1 () (x2' () - 13 0)]+E[(x2' (0 - 1’ (0) 12’ (1)]
+E[(N -V O) N 0 -1 )], @124

As (Q1, Q2) and (@é\{,z), Y) are independent from (2.121) and (2.119),

EL# 0 (13’0 - 23/ 0)]| <E[E [ @02 0[S0, Y
=E [|E [}lev(t) ‘gf\lfyz); Y] E [?Ziv(t) ‘{_gi\ll,zw Y] ]

2732202520 TN —
<T[E[on [So0@-Fw)|dv

2T3 A5 025%F
< - - =

N3/2 (2.125)
Similarly we show that
_ _ 2T3)2026%°
IE[(xY (-7 ®) 1y @] < —an Ell. (2.126)
From (2.121), and as in the setting in (2.125), it follows that
4T AL o454
Elln' -1 0l 0 -1 0] < ——7—E[Y*]. (2.127)
Consequently from (2.127),(2.126), (2.125), (2.124), and (2.120), it follows that
1
limlimsup sup —NE[yY (x5 (£)] =0.
-0 N—ooo 0<t<TO
Therefore, (2.117) follows from (2.123) and (2.118). O
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2.7.4. Proof of Lemma 2.29

We recall that
AN 1 N
St = = I;Yk,o(t) ]lpk(o,t,Yk,O,§N)=o ~Lp 007000

Using the fact that for all A, BeN,
T a=0—1p=0ol < |A-BI,

from Assumption 2.2 and 2.3 and Lemma 2.16, it follows that

AN AN (t-9* —N —
|G10(0) —61(5)| < Vi > HiO0,t,v60,5 »8)
k=1
1 N (-1 N —
7R o & e HEO 70T -
1 N —N — —N — '
+ ﬁ Z (Hk(o’ t)Yk,O’S: )‘S) + Hk(oy S)’)/k‘,())gr )3/)) .
k=1

Hence as in the setting of (2.92), (2.93) and (2.94) respectively, we establish the tight-
ness of &7
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3.1. Introduction

After an individual is first infected by a pathogen, T lymphocytes store information
about the pathogen. Consequently, upon reinfection by the same pathogen, there
is an immune response. In the first chapter 1 we introduced a stochastic epidemic
model which takes into account this immune response. More precisely we introduced
a stochastic epidemic model which takes into account the varying infectivity and
waning immunity. However, we assume that at each new infection the new infectivity
and susceptibility does not depend of their previous values. This is not very realistic.
So in the present chapter we extend the individual-based epidemic model to take
into account the fact that at each new infection the new infectivity and susceptiblity
depend of their previous values. We study a particular case of this model with vaccina-
tion policy to understand its impact on the stochastic epidemic model with waning
immunity over the long term as in [43]. In [43], the authors assume that at each event
(recovery, infection, or vaccination) new curves of infection and susceptibility are
randomly chosen independently of the past. Besides, they also assume that there is
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no dependence between the individual’s level of infectivity following an infection and
the resulting level of immunity. They prove that when the basic reproduction number
Ry is greater than some threshold there exists an endemic equilibrium. This threshold
depends of the immunity of the individuals in the population.

To do this, we use a parametric approach. More precisely, for each individual, we
define his/her age as the duration since last infection. We consider a probability
space of parameters (also called traits) (0, </,v) with © c R (d > 1) and a family
of nonnegative functions (A(-,0),y(:,0))gce defined on R*, where A(a,0) and y(a,0)
respectively model the infectivity and the susceptibility at age a of an individual with
parameter 6. Infectivity represents the virulence of an infection and susceptibility
represents the probability of being reinfected (the lower the susceptibility, the stronger
the individual’s immunity). In this work, we therefore consider a parametric family of
infectivity and susceptibility, satisfying the following assumptions.

Assumption 3.1. A andy are nonnegative measurable functions satisfying the following
conditions:
1. A e LYR, x ©,dav(d0)), and there is a constant A, > 0 such that
— 0< A< A
— VO €0, A(-,0) has compact support;
2. ye LI([0, T] x ©,dav(d0)) for any T > 0, and such that
—0<y<sL;
— VOeO,y(0,0)=0;

In this chapter, we allow the susceptibility to depend on the infectivity (as in [41]). At
each reinfection of an individual, a new value of the parameter 6 is randomly chosen
for this individual and his age drops to zero. Given this parameter, the infectivity and
susceptibility curves following the infection are deterministic. We allow the choice
of the value of 6 to depend on its previous value to keep the memory of the previous
infection. Depending on the epidemiological model, we might, for instance, assume
that if an individual had one serious infection, the next might be less severe.

Finally, we suppose that the epidemic has been spreading for a long enough time
that all individuals have been infected at least once at ¢ = 0.

We consider a population of size N. For k € {1,..., N}, we denote by (ally(t))go
the age process and by HIZCV () the parameter of the k-th individual at time ¢. The
individuals are in interaction through the force of infection in the population, denoted

by §N. This system is difficult to study for any finite N. However, for each ¢ > 0 and
for i.i.d initial values, when the size of the population goes to infinity, we prove that
the empirical distribution of (a,ICV (t),QIZCV (1) 1<k<n converges weakly to the solution
of a nonlinear equation. Thus there is propagation of chaos. Then we will focus on
the long time behaviour of this (deterministic) nonlinear equation. More precisely,
we show that this equation admits a non-zero stationary solution and hence there
exists of an endemic equilibrium. We obtain a very general endemicity threshold
that we compute in some cases. Finally, we show the local stability of our model in
the non-Markovian SIRS and SIS model, where the period of infection and recovery
follows an exponential law.
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Organization of the chapter

The rest of the chapter is organized as follows. In Section 3.2, we define the model
in detail. In Section 3.3, we present the main results (functional law of large numbers
(FLLN) and endemic equilibrium) of this work. The proofs for the FLLN are given in
Section 3.4 and those for the endemic equilibrium in Section 3.5. In Section 3.6, we
study some applications.

3.2. The stochastic parametric model with memory

We consider a population of size N. For k € {1,..., N}, we denote by (a,zc\’(t))t>0 the
age process and by GkN (2) the trait of the k-th individual at time t. We assume that
(a(’)C , 9(’)“) 1<k<n are i.i.d random variables with distribution yp on R* x © modeling the
initial age and parameter of each individual. The individuals are in interaction through
the force of infection of the disease in the population, denoted by §N and defined

hereafter.
Let us denote by u¥ the empirical measure of ages and parameters at time ¢ with

1 N
N _
Hy = N ];6(akN(t).0kN(t))' (3.1)

At each infection of an individual its age jumps to 0 and a new parameter is randomly
chosen. Between two infections, the age grows linearly and the parameter remains
unchanged.

We introduce N independent Poisson random measures (Qk);<x<y On R™ x © x R*
with intensity dzv(df)dt. We also introduce a memory kernel K: @ x0 — R, satisfying
the following.

Assumption 3.2. K is a nonnegative measurable function on ® x © such that for any
fe@cR?,

f K(0,0)v(do) = 1. (3.2)
(€]

Then the behavior of (ach , HkN )1<k<n can be described by the following system of
stochastic differential equations,

t 00
N _ k4 N,o— 71
G =t fof@fo (9 )ﬂa?N(s*wﬁX(s*)K(ekN(s*),é)>sz(dz’de’ds)

t (o]
N _pk 5 AN, 3 (3.3)
o) =0+ fo f@ fo (O-0) ) v o o Qel2:00.)

YR(0 =y(a) (0,0 (1),

N
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where the force of infection in the population is given by
=N N 1 N N
COGEX(T ,)L>=NZA(ak(r),9k (1) (3.4)
k=1
We also denote the mean susceptibility in the population by

—N N 1Y
S (t)=<ut,y>:NZYk(t). (3.5)
k=1

Consequently, the individual k gets reinfected at time ¢ at rate §N(t)ylk\’ (#) and if
it occurs, his age jumps to 0 and he is assigned a new parameter according to the
distribution K (07 (£7),0)v(d0).

Let us observe that (ay, 01)1<k<n is a system of interacting piecewise deterministic
Markov processes on the Skorohod space D(R.,R; x ©). This stochastic system is well
defined and has a unique solution under Assumptions 3.1 and 3.2 (see [28] ).

3.3. Main resulis

The system (3.3) is difficult to study since the individuals are in interaction. However,
for each ¢t > 0 and for i.i.d initial values, when the size of the population goes to
infinity, we prove that the empirical distribution of (akN ( t),HIICV (D)1<k< N converges
weakly to the solution of a nonlinear equation. The system being exchangeable, there
is propagation of chaos.

We prove the following theorem in Section 3.4.

Theorem 3.1. Under Assumption 3.2 and Assumption 3.1, as N — oo, u¥ converges to
w in distribution in D, where u € D(R; 22 (R4 x ©)) is the weak solution of

t t
e f) = o, fo) + fo s Oafs +0s fr)ds + fo o M (s, Rfyds,  (3.6)

for any bounded function f onR, x R, x ©, and of class €' with respect to the first two
variables, where the operator R is given by,

Rf(a,0) = f@ (£(0,0)- f(a,0)y(a,0)K(©6,0)v(d0). (3.7)

When p has a density uy with respect to dav(d0), the weak solution p; of (3.6)
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admits a density u; which solves the following PDE for any (a,0) e R} x O,

0:1:(a,0) +0,u.(a,0) = —F(Dy(a,0)u(a,6)

u(t,0,0) = 3(1) y(a,0)K(0,0)u;(a,0)dav(do) (3.8)
Ry xO©

u(0,a,0) = ug(a,n)

HOE fR Madui(a,6)dav(do). (3.9)
We introduce the deterministic function

S(t,0) := fR . v(a,0)K6,0)u,(a,0)dav(do). (3.10)

Then we will focus on the long time behaviour of this (deterministic) nonlinear equa-

tion.
It is easy to check the following theorem.

Theorem 3.2. Given u solution of the system of equation (3.8)-(3.9), the pair XS
given by (3.9) and (3.10) respectively, is the unique solution of the following system of
integral equations

&(1,0)= J foy(t=b,0)exp (- f3 3(s)y(s—b,O)ds| S (b, T (BIK@,0)dbv(dB)
+ 2 [y b+ 1,0) exp (— JI3)yh+s, 'é)ds) 1o(b,§)K(@,0)dbP(df)

50 = Jy JoMe a8 exp (- [T ()y(s - a,0)ds) & (a,0)F (@) dav(dd)

+ o JoMa+t, 0) exp (— f0t§(s)y(a +s, g)ds) uo(a,0)dav(do).

(3.11)
Conversely, given (3, S) solution of the system of equations (3.11),
upgla—t,0)exp|- 0] (a—t+s,0)ds ifa>t
ua,0)=4 p( Jo'S Yt _ ) / (3.12)
S(t—a)S(t—a,0) exp (—ft_ag(s)y(s— r+ a,H)ds) ifa<t.

is the unique solution of the system of equations (3.8).

Using the fact that u, is a probability density with respect to dav(d@), we get the
following Remark.
Remark 3.1. Forallt >0, § and S are such that,

e} t_
f fexp(—f S y(r+s,0)ds|uy(r,0)drv(do)
0o Jo 0
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t r_ _
+[ fexp (—f S$©)y(s—r,0)ds|§(r)S(r,0)drv(dd) =1. (3.13)
0 JO r

Then we note that forall >0, F(t) <A, and t > 0,0 € ©, S(t,0) < 1.

Remark 3.2. In the case K(0,0) = K(0), the system of equations (3.11) is identical to the
system of equations (1.15)-(2.21) obtained in chapter 1.

We make the following Assumptions.

Assumption 3.3. There exist Oy € o withP(0y) =0, and a positive functiony, :© —
[0,1], such that for any 0 € ©\ 9y,

1 a
lim —f Y(s,0)ds =7y.(0),
aJo

a—+oo
exists.
Assumption 3.4. 1. Thekernel K is positive on ©2 and the function — supg o K (5 ,0)
isin L'(©,v).
2. There exists ¢ > 0 such that for each 0 € ©,y.(0) > ¢ a.s.
3. VOeO,
sup{t > 0, A(¢,0) > 0} < inf{r > 0, y(¢,0) > 0}.

Assumption 3.3, will be important to prove the existence of a positive §,. Assump-
tion 3.4-(3) implies that as long as an individual remains infectious, he or she cannot
be infected. Assumption 3.4-(2) will be replaced below by a general framework (see
Assumption 2).

Then we prove the following theorem in section 3.5.1
Theorem 3.3. Under Assumptions 3.1, 3.2, 3.8 and 3.3,

1. There is a unique eigenfunction S., positivev-a.s., in L' (©,v), such that

G.0) = f K(0,0)5.(0)v(d0) and f Ma,0)S . (0)dav(dd) = 1.
(€] R, x®

2. When

f L S.0)v(do) <1, (3.14)

there exists an endemic equilbrium.
Moreover, if we also assume that v-a.s,

1 a
Yaz=0 vyl(a,.) > Ef Y (s,.)ds, (3.15)
0

@* (0)v(dO) > 1 thereis no endemic

this equilibrium is unique, and when f
0 Y=«
equilibrium.
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3.4. Functional law of Large Numbers

Let (aéC , H(I)C)lg k<n be i.i.d random variables with distribution py on R™ x ® modeling
the initial age and parameter of each individuals, and (afCV , HkN )1<k<n solution of the
SDEs (3.3). In this section we study the behaviour of the associated empirical measure
uV, defined by (3.1), when N goes to infinity.

It is easy to check that for all f:R; xRy x ® — R, such that forall 0 € ©, (t,a) —
f(t,a,0) =: f;(a,0) is a continuously differentiable function on R, x R,, we have

I3
W, £y = <uév, for + f W, 0ufs +0sfoyds
. N
f f f (£:0,0) - fs(al (s7),0N (s )1 B KON 52 Qx(dz,dd,ds)
= <uéV, foy + f (W, 0afs +0sfyds+ f W Ay, Rfods

+—Zf ff (£500.0) = fsla (.08 (SN L ) v i - Qe (A2 00, )
k
(3.16)

where Q. is the compensated Poisson measure, and R is defined by (3.7).

3.4.1. The deterministic limit

Recall that py is the initial distribution of ages and parameters in the population.

Remark 3.3. Note that when (a(')C , H(I)C)Kkg N are i.i.d. random variables with distribu-
tion g, by the law of large number, it follows that, as N — oo a.s ué\’ converges to [ in
distribution inD.

If uV converges weakly to a probability measure u = () >0 € DR+, PRy x ©)),
then, from (3.16), u should satisfy Equation (3.6) for any bounded function f on
R, xR, x ©, and C! with respect to the first two variables.

Note that, if ¢ has a density uy(a,0) with respect to dav(df), we have for any
t 20, u; < dav thanks to the Radon-Nikodym theorem. Thus, u, has also a density
u(t,a, x) := us(a,d), with respect to dav(df) on R, x ©, and u is a weak solution of
(3.8)

We consider the norm in total variation on the space of probability measures on
Ry x0O,ABR,)®,dakdv):

=Vl = sup [Ku=v, ).
PEL® (R x0), |plloo=1

Proposition 3.1. The solution u = (1), € DR+; PR, x ©)) to Equation (3.6) is
unique.
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Proof. Assume that there are two solutions u! and p? of (3.6) with the same initial
value . Let ¢ be a test function on R, x ©, of class €' with respect to its first variable,
with [@lleo < 1.

For any fixed ¢ > 0 and for all 6 € © the following parametric transport equation,

0sfs(a,0)+0,fs(a,0)=0 Vse|0,1]
fi(a,0) =p(a,0),

has a unique solution f defined by:
VteR,,Vse[0,t],Y(a,0)eR, x0O, f(s,a,0)=¢pla-(s—1),0).

Consequently, from (3.7) and (3.6), for i € {1,2},

. t . .
(U, @) = (o, o1 +f0 (Ui, Ay (s, Rp—g)ds, 3.17)

where ¢g(a,0) = p(a+s,0). Let us note that for ||¢|__ < 1,|R¢—s(a,0)| < 2. Therefore,
using Assumption 3.1 and Assumption 3.2 it follows that, for £ > 0

t t
[<ut — 15, )| <f0 |<u§—u§,1>||<u§,R<pt_s>|ds+f0 [, 00| |<1s — 13, Repe—s)|ds
t
<4, fo It = 2l 7vds.

Since this class of test functions is dense in {(p €EL®R, x0O,dav®v): ||(,0||Oo < 1}, we

deduce that ,

1 2 1 2
sup gy, — pyllpy < 4244 sup u, —pyllrvds,
o<ugt 0 o<u<s

and by Gronwall’s lemma we obtain sup, <, Il 1y, — i3 Iy = 0 V£ > 0. Then unique-
ness is proved.
0

3.4.2. Propagation of chaos

In this section we prove Theorem 3.1. But first, let us make a few comments.
From Proposition 3.1 and Theorem 3.1, a straightforward consequence is the follow-
ing result.

Corollary 3.1. There exists a unique solution to Equation (3.6).

Remark 3.4. As we will see in the proof of Theorem 3.1, the solution p of Equation (3.6)
is the distribution of a pair of random processes (a(t),0(%)) >0 solution of the following
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stochastic differential system

t oo -
a(t)=ao+t—f0 /;)fo a(s )1§(s—)y(s—)1<(e(s-),§)>ZQ(dZ’dg’ds)

r co .
0w =00+ [ [ [T (0-00) L5222 08,09
¥(0) = y(a(0),0(0),

N

where (ay,00) is a random variable with distribution L, § i’s defined by (3.9), and
Q is a Poisson measure on R, x © x R, with intensity dzv(dO)dt. We also note that
S =E[A(a(1),0(D)].

To prove Theorem 3.1, we will first prove €-tightness of the sequence (u!), then
we will identify the limits as solution of Equation (3.6). By uniqueness of the solution
of Equation (3.6), we will deduce the convergence of (u) to u on any time interval
[0, T].

For the €-tightness of (1), we will use the following criterion (see [77, Lemma 3.1]).

Lemma 3.5. Let (XV) N1 be a sequence of random processes taking values in the

Skorohod space D(R,,R%) such that XN (0) = 0. Ifforall T >0, ¢ >0,

1
limlimsup sup —P( sup IXN(t+ u)—XN(t)|>€) =0,
6—0 Nooo 0=<t=<T 0<u<é

then the sequence XN s C-tight inD(R;, R%).
Lemma 3.6. The sequence (1), defined by (3.1) is C-tight inD (R,, Z (R, x ©)).

Proof. Let 6,(R. x O) be the space of continuous real-valued function converging to
0 at infinity, with the norm || f|| ., = sup,>¢gce | (4, 0)|. Fix T > 0. From [86, Theorem
2.1], it suffices to prove that (,uN, f) is tightin D([0, T1,R) for any f € 6p(R; x ©) with a
derivative with respect to the first variable and || O0uf ||oo < +o00, which is a dense family
in 6y(R; x ©).

We have, forall0 < s <t < T, as f and d,f are bounded,

[, £y =, p
t
<[ W, 0, f)dr

N o~
f ff |£0,0) - fay (r), 00 (r~ ))I]lS VKON - )0)>ZQ k(dz,d6,dr)

21/l ¢ .
<10aflelt =51+ =52 3 f f s Q{02100 d1)

< (10af oo+ 241 flloc) 12 = Z f L 1500 Qxldz dB.dr),
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where the last line follows from Assumption 3.2 and that §N(r‘) <Ay, ¥y <1 from
Assumption 3.1.

Hence for 6 small enough that (Ilaaflloo +21, ||f||oo) 0 < %, by Doob’s maximal in-
equality,

(Osup (SR ERITAN Y >€)
<pv<d
t+v ~ €
- >
<P oiliga N = 1f ff 3 N KON r),8)22 Qu(dzdf,dr)| > 41l flloo

2
161 115, 1+6 i
) * - [( j f[ 5o N IKON (- )3)>2Qk(dZ,d9,dr)

611 [ ([0 e
~ Ne? (f ff 3 N rKeN o )e)>zQ1(dZ’d0’dr))
1611 f1IZ, [1+° N _ _
=N f f@tE[S YN EOKOY 1),0)] vidoydr
< 16,1 f2, x5
Ne?

where the third line follows from the orthogonality as (Q); are independent and
the family of processes (afcv , HkN , Q1) k is exchangeable and the last line follows from
Assumption 3.1 and Assumption 3.2.

Then
11m11msup sup —IP( sup |(,ut+,,,f) (y ,f)| ze|=0.
-0 N o0<t=T0 \o<y=s
Thus from Lemma 3.5 ((u¥ ) 1 is €-tight. O

Let f be a bounded measurable function defined on R, x R, x ® to R. We introduce

N N n
Z = Zf ff (/5(0.0) = fila/(s7), 05 (s ) L 3 N sOKON (s )0)>sz(dz’de’d3)’

(3.18)
where (ak)1< are the compensated Poisson measures.
Lemma 3.7. Forall0 < t < T, for all bounded function f, as N — oo,
sup (ZNf0)*|—o. (3.19)
0<t<T

Proof. Note that (ZV f(1)) r>o 1s amartingale. First by the Burkholder-Davis-Gundy
igequality, and then using the fact that the family (Qg) is independent, the family
(Qu)k is orthogonal, then it follows that,
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E

sup (zwﬂnf] <4E[(ZV1),]

0<i<T

N2 Z f f fs(o 0) - £,(aY (9,0 (N)’T Y OKOV (), 6)]v(d6)ds

=N fo f@ E[(/:0,00- fa (9,6 ))°F 9rY (9K O) (5),0)| v(d6)ds
2
_ 16113, TA

~ )

N

where the third line follows by exchangeability and the last line by Assumption 3.1 and
Assumption 3.2. This conclude the proof. O

We deduce from (3.16) that the limit of any converging subsequence of (u") satisfies
Equation (3.6), and by the uniqueness stated in Proposition 3.1, Theorem 3.1 is proved.

3.5. Long time behavior

We do not assume that the susceptibility is increasing, unlike in chapter 1.

3.5.1. Existence of a stationary measure

We adapt the proof of [19] to study the equilibria of (3.6). Assume that p has a
density up with respect to dav(df) on R, x ©. Let us recall that the limit measure y;
has a density u; solution of (3.8), and given by

(2.0 up(a—t,0)exp (— fotg(s)y(a— t+ s,H)dS) ifa>t
a,0)={ _ _ _
e S(t—a)S(t—a,0)exp (—ftt_a%’(s)y(s— t+ a,B)ds) ifa<t

where §, and S are defined by (3.9) and (3.10).
Consequently, if it exists, a stationary solution u. of (3.8) is obviously given by the
following system:

1+ (a,0) =T &..(0) exp (—§* Jrs, H)dS)
3+ = Jp, xo Ma,0) u. (a,0)dav(d0) (3.20)
6. (0) = [z, voY(@0K(®O,0)u.(a,0)dav(do).

Obviously u. = 0 is solution of (3.20). We are looking for a criterion for the existence
of probability density solutions on R, x © of (3.20), i.e such that

f fu*(a,e)dav(de)zl. (3.21)
0o Je
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To achieve this we study the existence of a nonnegative solution (x,@), denoted by

(§*,@*), of the following system:

xf @(9) exp (—xf y(s,@)ds) dav(df) =1 (3.22)
R, x0® 0

{61 = xf y(a,g)K(g,H)@(g) exp (—xf y(s,g)ds) dav(dh), (3.23)
R, x0® 0

x= xf A(a,0)6(0) exp (—xf y(s,@)ds) dav(df) (3.24)
Ry xO 0

where the first equation is related to (3.21) to ensure that u. is a probability density
function, and the second equation is the last condition in (3.20).

We now make the following assumptions to obtain the existence of a density solution
u, of (3.20). The following first set of hypothesis, Assumption 3.8, will be used to prove
the existence of G.,.

Assumption3.8. 1. ThekernelK is positive on ©? and the function 0 — Supge K 6,0)
isin L'(©,v).

2. There exist ©g € of withP(©g) =0, such that

a) VHE()\@O
(0,0]
f y(a,0)da = co.
0
b) Vx>0,
a
sup f exp (—xf Y(s, 9)ds) da < co.
HE(")\(")O R4 0
3. VO €O,
sup{t >0, A(¢,0) > 0} <inf{zr >0, y(£,0) > 0}.
Remark 3.5. — For the existence of a density solution to (3.20), we do not really need

K to be positive, we indeed need that K satisfies Condition 2 of Theorem 3.4.

— Assumption 3.3 implies Assumption 3.8 condition 2a.

— Wheny(a,.) has a positive limit when a — +oo (as assumed in [41, Assumption
4.1]), i.e. there is a function y.(-) on © such that slir&y(s, J=7.() v-a.s., then
Assumption 3.3 is satisfied.

— Ify(.,0) is a periodic function, then Assumption (3.3) is satisfied.

— Under Assumption 3.3, if vy, has a positive lower bound on ©, then Assumptions
3.8(ii) are satisfied.

We first note that by Assumption 3.8-(ii) (a), for any x > 0 and 0¢ Oy,

xf )/(a,g) exp (—xf y(s,g)ds) da=1.
R, 0
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Consequently, Equation (3.23) becomes
&) = f@ K(6,0)8(0)v(d0).
We introduce the linear operator T from LY(©,v) to L'(©,v) defined by
T(B)(®) = f@ K(6,0)B©O)v(d6). (3.25)
Remark 3.6. We easily observe, by Assumption 3.2, VB € L(0),
IT®)l0y <1Blney and [ T@OVE0) = [ BOVO).

It follows from Remark 3.6 that the spectral radius p(T) of T is smaller than 1 and the
only possible eigenvalue with an integrable nonnegative eigenfunction is 1. Moreover,

for eigenvalues different form 1, the associated eigenfunctions B satisfy f B(@)v(do) =0.
0

From (3.23), we are looking for an integrable nonnegative solution & of G (6) = T(S).
We now recall the following spectral property for some integral operators.

Theorem 3.4. [89, Theorem 6.6, Chapter 6] Let E := L” (0, </,v), where1 < p < oo and
(0,4,v) is a o -finite measure space. Let T € £ (E) be an integral operator given by a
measurable kernel K > 0 fulfilling

1. some power of T is compact;
2. forany S € o such thatP(S) >0 andP(®\S) >0

f f K(0,0)v(d0)v(do) > 0.
O\SJS

Then the spectral radius p(T) of T is strictly positive, with a unique normalized eigen-
function G satisfying S(0) > 0 v-a.e. Moreover, if K >0 v ® v-a.e., then any eigenvalue
x of T different from p(T) has modulus |x| < p(T).

From Remark 3.6 and Theorem 3.4, we easily deduce the following proposition.

Proposition 3.2. Under Assumptions 3.1, 3.2 and 3.8, the spectral radius of T defined
by (3.25) is p(T) = 1. There is a unique eigenfunction S, positive v-a.s., in LY©,v),
associated to the eigenvalue 1, such that

f AMa,0)6.(0)dav(do) = 1. (3.26)
Ry x©
Proof. From Assumption 3.8-(i), we have

f sup K(6,0)v(dh) < oo,
O geo
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consequently the operator T is of Hille-Tamarkin type (see [59, Section 11.3]) and it
follows from [59, Theorem 11.9] that the square of the operator 72 from L!(0,v) to
L'(®,v) is compact. Moreover as the application § — K(.,0) is a positive density on
0, Condition (2) of Theorem 3.4 is also satisfied. Then, by Theorem 3.4, the spectral
radius p(T) of the operator T is a strictly positive, isolated simple eigenvalue of T, and
itis the only eigenvalue with a corresponding normalised positive a.e. eigenfunction
&..0).

Moreover, by Remark 3.6, we note that p(T) = 1. We thus define &, as a positive
eigenfunction of T in L' (0, v) associated to the eigenvalue 1. Since &, can be choosen
up to a multiplicative constant, we take it such that Condition (3.26) is satisfied. We
note that 6* satisfying (3.26) is well defined since 0 < A < A.. O

Given &, defined in Proposition 3.2, we are now looking for x > 0 such that (3.22)
holds.
We introduce H : Ry — R, the function defined by

a _
H(x) = xf exp (—xf Y(s, H)ds) S, (0)dav(dO). (3.27)
R:x0@ 0

Lemma 3.9. Under Assumption 3.3, the function H : Ry — R, is well defined and
continuous. Moreover

H(0) = f 6*(6)v(d9), and lim H(x) = +oo.
0 Vs« @) X—+00

Proof. Since S, el! (©,v), from Assumption 3.8 (iii)(b), H is well defined and from
expression (3.27), H is continuous.
Using the change of variables b = ax, and then u = xs, we have

blx _
H(x) :f exp (—xf Y(s,@)ds)S*(H)dbv(dQ) (3.28)
Ry xO© 0

b _
:f exp(—f y(z,H)du)G*(G)dbv(dH). (3.29)
R.x® 0 X

Hence, from Assumption 3.3 for the limit when x goes to 0, and y € [0, 1] with y(0,0) =0
for any 0 € © and by Fatou’s Lemma for the limit when x goes to +oo, it follows that,

H(0) = f L G, (O)v(dO), and lim H(x) = +oo.
@)')/*(0) X—=+00

Using Lemma 3.9 and by continuity of H, we deduce the following proposition.

Proposition 3.3. Let H be the function defined by (3.27). Under Assumptions 3.3, when

1 —
G.0)v(do) <1,
f@y*(e) O)v(do) <
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there exists §* >0 such that H (§*) =1.

Theorem 3.5. Under Assumptions 3.1, 3.2, 3.8 and 3.3, when

f L S.O)v(do) <1, (3.30)

there exists an endemic equilbrium.
Moreover, if we also assume that v-a.s,

1 a
Vaz0 vyl(a,.) > Ef Y(s,.)ds, (3.31)
0

1

@* (0)v(dO) > 1, there is no endemic
Y+ (0)

this equilibrium is unique. Otherwise if f
0
equilibrium.

Proof. Let &, be given by Proposition 3.2 and §, by Proposition 3.3, we consider the
function u. defined on Ry x ©® by

u.(a,0) =F.6.(0)exp (—&f Y(s,G)dS).
0

By Assumption 3.8 condition 3, supp (1) N supp(y) = @, we then observe that Vx > 0,

_ a _
f AMa,0)S.(0) exp (—x[ y(s,@)ds) dav(dO) :f AMa,0)S.(@)dav(dl) =1.
R:xO® 0 Rix®
(3.32)

Since the pair (F., S.,) satisfies the system of equation (3.22)-(3.24), and by (3.32), we
deduce that u, is a solution of the system (3.20).
Moreover, we easily compute from (3.28)

blx b b
H'(x) :f (— y(s,@)ds+—y(—,0))exp (—x
R+X® 0 X X 0

= x f (— f y(s,@)ds+ay(a,6))exp(—x f y(s,G)ds)g*(H)daP(dH)-
Ry x© 0 0

blx -
y(s,O)ds) S.(0)dbP(dO)

Then when v-a.s., forany a > 0, ay(a,.) > foay(s, .Jds, H is non-decreasing and the
conclusion follows. O

Remark 3.7. Under Assumptions 3.1, 3.2 and 3.8, &, is uniquely defined. An extra
condition, given in Proposition 3.3, is needed for the existence of a positive § ..
Since Ala, 9)@* (@)daP(dO) = 1, the condition of existence of an endemic equilib-

[R+ x©O
rium in Theorem 3.5, can be written

Y«

|E*

)

<R} withR; =E* U Mada
0
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where E* is the expectation on © with respect to the measure k16, 0)v(dO), with
K= [56.(0)v(dD).

Consequently, up to a change of measure, we have a generalisation of the condition of
existence of an endemic equilibrium obtained in chapter 1.

Remark 3.8. When a— vy(a,.) is v-a.s. non-decreasing, then Condition (3.31) is sat-
isfied, and H given by (3.29) is obviously non-decreasing. But as we will notice in
Section 3.6.1, Condition (3.31) is not a necessary condition for H to be non-decreasing.

When H is non-decreasing, then Condition (3.30) becomes a sufficient and necessary
condition for the existence of an endemic equilibrium.

Even if Condition (3.31) is not a necessary condition for H to be non-decreasing, we
remark in the following specific example that it can be an optimal condition for the
monotony of H.

Example 3.1. Fix a,f € (0,1], with a > B, and Ty, Tg such that 0 < Tgp < Ty. We
consider the non-monotone function y(a) = al rp<a<1, + Pla>1,, independent of 0.
Assumption 3.3 is satisfied with y. = . We easily compute from (3.27) that

1 1 1
H(x) = K(xTR +—- (— - —)e_x(TV_TR)“),
a \a p

wherex = fgg* (0)v(dB). We observe that H is non-decreasing if and only if BTy >
a(TV - TR).
On the other hand, we have

fo y(9)ds=a(a— Tp)Lry<a<t, + (@(Tv — Tp) + Bla— Tv))Laz1y

which satisfies y(a) > %foay(s)dsfor anya >0 ifandonly if Ty > a(Ty — Tg).
We now compute the value of S, for special cases of K(-,-) in the following example.

Example 3.2. 1. When there is no memory of the previous infections, we have K (6) :=
K(6,0) independent of 0 with Jo K(0)v(dO) = 1. Up to a change of probability
measure on (©,<,v), we can always assume K = 1. Then, we easily deduce that
G, isa constant, and using condition (3.26), we have

-1
S, = (f A(a,@)dav(d@)) = i
R, xO Ry

Let us recall that under Assumptions 1.1, 1.3 and 1.4 of chapter 1, Assumptions 3.8
and 3.3 are satisfied andy . (0) =lim,_.y(a,0). Then, by Proposition 3.3, there is
existence of an endemic equilibrium when

1 1
R a9 =| - |,
°>f@y*(0)” ) [y]
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where E is the expectation on © with respect to v. As noted in Remark 3.7, we
recover the condition of chapter 1 in the case of a parametric model.

. IfK(,-) is symmetric, i.e for each 6,5 €0, K(§,9) = K(B,g), then from Assump-
tion 3.2,

f K@,0)v(do) = f K©,0)v(do) =1.
(€] (€]

Consequently, by Proposition 3.2, S, = RLO and the condition of existence of an
endemic equilibrium is

1 1
R, do9)=FE|—|.
°>fw*(6)” ) [y]

. We assume that there exists a density m on © such that t(0)K (0, 5) = 71(5)1((5, 0).
From Assumption 3.2

f K©,0)n(0)P(dO) = n(0) f K(©,0)P(d0) = n(0),
(€] (€]

consequently by Proposition 3.2, there exists ¢ > 0 such that G, (0) = cr(6). There-
fore since

f A(s,0)6, O)P(dO)ds =1,
Ry x0®

it follows that
o L -1
S.(0)=mn(0) (f AMa,0)r(0)daP(db)

Ry x©

There is an endemic equilibrium in this case if and only if

[E*

*
<R,

with Ry =E*[ [;° A(a)da] and E* the expectation on © with respect to the measure
n(0)v(do).

. Wetake® = {01,0,}, withv = p10g,+p260,, p2=1-p1 €(0,1), and K = (Kij)lgi'jgz’
whereK;j = K(0;,0;) with Ky p1+Ki2p2 = Ko1 p1+Ko2p2 = 1 (see Assumption 3.2).
From (3.25), we consider the matrix

T:(Kupl K21P2)
Kiop1 Kaopo)'

K>

We notice that Span (
Kz

) is the eigenspace associated to the eigenvalue 1 and

Span (_pp 2) is the eigenspace associated to the eigenvalue p(Kz2 — Ky2). Since S,
1

175



3. Stochastic epidemic model with memory of previous infections and waning
immunity - 3.5. Long time behavior

is the eigenfunction associated to the eigenvalue 1 with Aa, B)g* @)dav(db) =1,

IR+ x©O
we deduce

E* O] _ 1 (K21)
G.(02)] Ko [3°AMa,01)da+ paKiz [3° Aa,02)da \Ki2)
The condition of existence of an endemic equilibrium is then

1 o0
E*|—|<R; withR}=FE" U AMa)da
0

Y«

p1Ka p2K12 )

% . . .
whereE* is the expectation with respect to the measure ( o Ko+ poKa’ Dikor F ki

on® = {91,02}.
As noted in Remark 3.6, we observe that the eigenvectors B associated to p (Kz2 — Ki2)
satisfy [oB(0)v(d6) = Bip1 + Bop2 = 0.

3.5.2. Local stability of endemic equilibria

To deal with the asymptotic stability of the equilibrium, we use the tools of abstract
semi-linear Cauchy problems. We refer the reader to [69, 93, 99] for more details.
We set X = L1(0) x L (R, x ©), and endow X with the product norm

I (w, P)lIx =llyle + 1Pl R, xo)-

We set X = {0} x L1 (R, x ©).

Let AC(R; x ©) be the space of functions on R, x ® which are absolutely continuous
with respect to their first variable. We set D (&) = {0} x AC(R; x ©). Note that D(«/) =
Xo-

We define, for (0,¢) € D(s/)

0 - ¢(0,0)
of (a,0):= , (3.33)
((ib) (_aa(p(a;e))
and for ¢ € L' (R, x ©)
0 Fy(¢p)
F()=F = ,
@ ((/’ (Fl ()

with
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where (A, ¢) and (K(-,0), y¢) denote

A, )= f AMa,0)¢p(a,0)dav(dO)
Ry x©

(K(0),yd) := fR 1@dK@,0)(a,5)davidd)
We remark that
f@ (K(,0), yyv(dB) = fR ¥@0)¢(a,0)dav(d),

and for ¢ = u., we have (A, u,) = §* and (K(-,0),yu.) = @* ).
We note that «f is the infinitesimal generator of a strongly continuous semigroup
on X (see e.g. [69, Theorem 1.3.1]):

0 0
Ty (t ,0) = . 3.34
d()((p)(a ) (d)(a—t,e)]l@t) (3.34)

We thus can rewrite the PDE system (3.8) as folllows:

0, v, = F
{ Uy (V1) + F(vy) (3.35)

v(0,a,0) = vy(a,0)

where

and vg(a,0) = (

ve(a,0) = ( wo(a 6))'

Ut (a) 8))
The Frechet-derivatives of Fy and F) are given by:

Fé(h) () (0) = (A, h){K(-,0),yd) + (A, Pp){K(-,0),yh)
F{(h) (@) (a,0) = —{(A, hyy(a,0)p(a,0)— A, ¢)y(a,0)h(a,o).
We assume that the assumptions of Theorem 3.5 are satisfied, and we consider
u, an endemic equilibrium. Thus u, is a probability density on R, x © solution of

the system (3.20). We prove the local stability for susceptibility curves satisfying the
following assumption.

Assumption 3.10. Thereis o € (0, 1] such that for each 0 € © there exists a.(0) >0 and
bounded such thatVaeR,,

y(a,0) > 01l(a,6),+00)-

We remark that under this assumption the function y. defined in Assumption 3.3
satisfies y.(0) > o for any 0 € ©.
We note that
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0) (— $(0,0) + S (0)(p, &) + (K(-,0), Y) - )
(a,0) =

(of + F'(us)) ( _
¢ -04¢(a,0)-v(a,0)dp(a,0)§« —y(a,0)u.(a,0){Pp,A)

( —$(0,0) ) N (6* @), 1) + <K(-,0),Y¢>>§*)
—04¢(a,0)—v(a,0)¢(a, 9)§* —vy(a,0)us(a,0){p,A)

o (°)< 0+ (0)( 3
= % a; * a’
¢ ¢

Using the method of characteristics, the semigroup generated by the operator &, is

given by
0 0
L. (D) (¢) - (T*m«m)

with
T, (1) ((,b) (a,0) = ]l@t[cb(a— t,0)exp (—§* fot)f(a— t+ r,H)dr)
—foty(a— t+5,0)us(a—t+s0)A, T*(s)((,b)>exp(—§*fty(a— t+ r,H)dr) ds]
=: T} () (¢) (a,0) — T(1) (}) (a,0). s (3.36)
Lemma 3.11. Forall t >0, T?(t) is a compact operator on L' (R, x ©).
Proof. For ¢ € L' (R, x ©), we define
To(0)($)(a,0) = 11a>tf()tu*(a— t+5,0) |(T* () (@), V)| ds.
We note that,
f&x@ T>(1) (¢) (a,0)dav(d0) :f0t|<T*(s)(<p),7L>|f®ftoo u.(a—t+s6)dav(do)ds
=f0t|<T*(s)(<p),)L>|f®fsoo us(a,0)dav(do)ds

t
<f0 [KT™ (5)(¢), A)|ds

< 00.

Hence from Riez-Fréchet-Kolmogorov criterion in LY (R, x®©) [14, Theorem IV.25], and
[14, Lemma IV.4] it follows that T»(¢) is a compact operator. As a result, as T2(f) (¢p) <
T» (1) (), for all ¢ € L1 (R, x ©) it follows that T?(¢) is also a compact operator. O

As in [99, Proposition 4.12, page 169] we introduce

1
wo(ef + F'(uy)) = tlir&;log I T« (D)llop, (3.37)

178



3. Stochastic epidemic model with memory of previous infections and waning
immunity - 3.5. Long time behavior

where ||, is the operator norm defined by [ Tl := sup || T () ||L1(R+X@).
G:llPll 1 gy xey=1
We denote by £ (R, x ©) the set of compact operator on R, x ® and by Z (R, x ©)
the set of bounded operators on R, x @. We then introduce

1
Wess(ef + F'(142)) := lim ~10g I T, () ess. (3.38)

where |.|l¢ss is the operators norm on the quotient space £ (R, x ©) / % (R4 x ©).
Lemma 3.12. Under Assumption 3.10,

Wess(of + F' (1)) < -+ 0.

Proof. Using the Riez-Fréchet-Kolmogorov criterion in L'(R, x©) [14, Theorem IV.25],
from [14, Lemma [V.4] it follows that 28, is a compact operator.
As aresult, from Webb [99, Proposition 4.14, page 179] it follows that,

Wess( + F' (1)) = Wess(4s).
From Lemma 3.11 and from Webb [99, Proposition 4.9, page 166],
I T2 (Dlless = | T (0) = T2 | o5 = | TEO | i < [ TE @, (3.39)

Note that for ¢ € L' (R, x ©),

1T O 11, xe) = f@ f | T} (1) () (a,0)|dav(de)
t

By a simple change of variables in the integrals, and using Assumption 3.10 in the
inequalities, we observe that

[EEGICT P x@)zf f |p(a—t,0)|e S r@ter0drq 4y )
* eJr

oo = ra+t
:f f |p(a,0)|e S Ja 100 qay(dg)
0J0

a-(0) ~ ra+t oo = ra+t
:ff |(l)(a,9)|e_3*fa Y(T,H)drdav(de) +ff |¢(a,9)|e—3* Ia Y(r,@)drdav(de)
eJo 0 Ja.(6)

oo

a.(0) = a+t _
< f f |p(a,0)|e S+ Ja" Y:0drq gy (@) + e+ f |p(a,0)|dav(d6)
0J0 0Ja.(0)
a. (0)

_ A (0) ~
<[ tonw [ p@oldaven)+e [ o [ 9@ 0]davo)

+ffoo\¢(a,9)|dav(d9))
0Jo

< e—o%ﬂf f |¢(a’ 9)|e‘7§*“*(9)dav(d9). (3.40)
®J0
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Note that from Assumption 3.10 as a. is bounded, it follows that

sup ff |¢(a,9)|e”§*“*(9)dav(d9)<oo.
l$ll=1J/0J0

Consequently, using Equations (3.40), we deduce
1 — 1 00 —
—log||T; (1) ||Op <-0F.+ —log( sup f f |p(a,0)|e”5*Pdav(de) |.
t t “\igh=1JeJo

By definition (3.38) of w,s(<#,) and equation (3.39), we deduce

Wess(Hy) < —0F «.

Take a € C, with Ze(a) > —0F.. We consider the following eigenvalue problem

0
(of + F'(us)) ((p) (a,0) = a( (3.41)

0
$(a,0))

In other words,

{ —0,¢(a,0) —y(a,0)p(a,0)F. —y(a,0)u.(a,0)(p,A) = agp(a,b) (3.42)
$(0,0) =G, (0){(P,A) +(K(-,0),YP) T «. (3.43)

As aresult,

¢(a,0) = ¢(0,0) eXp(—fO (§*y(s,6) +a) ds)

_<¢,}L)f y(b,@)u*(b,ﬁ)exp(—f (§*y(s,6)+a)ds)db
0 b

_aq Ux(a,B0) a —ala—
= (0,9)9 aaT_< ,A>u*(a,6)f (b»e)e ala b)db
¢ 560 7 0
. a
- (“’1” + <K(_’9)’Y‘/’>) (@ 0)e = A @,0) [y, b

(3.44)

where we use in the second line the fact that

1 (a,0) = F.6..(0) exp (—§*f y(s,G)dS),
0

and (3.43) in the last line.
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Lemma 3.13. Under Assumption 3.8, if ¢ is the eigenfunction associated to eigenvalue
a € C, with Ze(a) > —0F 4, such that [ .o ®(a,0)dav(dd) =0. Then,

(1 — _if Aa,0) ux(a, H)e_““dav(de))/ wu*(a,e)e_““dav(de)
R, x© R

S SN CH ()

a 1
:( f . (a,6) f y(b,0)e~ @D dpda— — 1 (a,0)e“ dav(do)
Ry xO 0 5« JRxO
) f (K(,0), 7
Ry xO

— AMa,0uy(a,0)e *“dav(dd). (3.45)
S.(0)

Proof. From (3.44) we have,

«&Mf AMa,0uy(a,0)e**dav(dl)
S* R x0

Ry x0®

(P, A) =

— AMa,uy(a,0)e " **dav(dl)

S.(0)
a
— (P, A) Ma,0)u.(a,0) f y(b,0)e"*“Ddbdav(do)
R+ X@ 0
= <(/i/1> AMa, 0 uy(a,0)e *“dav(d)
3* R x©

+f wl(dﬂ)u* (a,0)e”*“dav(d0), (3.46)
Ry x©

S.(0)

where we use in the last line the fact that A and y have disjoint support (see Assump-
tion 3.8-(3)).
As aresult, as (¢, 1) # 0 by virtue of (3.44), it follows that,

1
1-— AMa,0uy(a,0)e *“dav(dO)
3{* Ry %0

_ 1 (K(-,0),y¢)
(D) Jr.x0  &,(0)

AMa,0uy(a,0)e *“dav(dd). (3.47)

We also have

¢(a,0)dav(dO) = M u.(a,0)e " **dav(do)
R, xO S« JRxO

.\ f (K(-,0),7¢)
R.x0 &, (0)

— (P, A) f u.(a,0) f y(b,0)e”*“"Pdbdav(ds).
R, x® 0

u.(a,0e **dav(do)
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As we consider the eigenvalues such that,

¢(a,0)dav(dl) =0,

[R+X®
it follows that
a b 1
(B, Ay f u.(a,0) f y(b,0)e”** Pdpda - — u,(a,0)e"*dav(dd)
Ry xO 0 Ty IR x0
K(-0), _
- f KDY o e dav(do), (3.48)
Ry xO S.(0)

Combining (3.47) and (3.48) it follows that

(1—;[ Ma,@)u*(a,H)e‘““dav(dH))f <K(;’eﬂu*(a,Q)e‘““dav(d@)
S* R, x0® R, x© 6*(9)

a 1
= (f u*(a,B)f y(b,0)e"**Pdpda - _—f u.(a,0)e”““dav(do)
R+X® 0 3’* R+X®

Rix0O

— Aa,0)u.(a,0)e *“dav(d0).
G.(0)

In particular when K = 1, recalling that &, = Rio, consequently (3.45) becomes

(1 - _if Aa,0) ux(a, H)e_““dav(de))f u(a,0)e " **dav(dd)
R, x© R

"S* +%x0
a 1
_ f s (a,0) f Y0 Pdpda— — [ u.(a,6)e **dav(d)
R, x0 0 T« JRxO

x f AMa,0us(a,0)e *“dav(dd). (3.49)
Rix0®

This implies that,

f u.(a,0)e **dav(do)
Ry x©

a
- f u.(a,o) f y(b,0)e"**Ddbdav(do) Aa,0) u.(a,0)e **dav(d0).
R.x® 0 R x®

(3.50)

From Webb [99, Proposition 4.15] or [93, Corollary 4.3], we can make the following
conjecture on the convergence to the equilibrium and we handle some special cases
in subsection 3.5.3.
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Conjecture 3.1. We assume that Assumptions 3.1, 3.2, and 3.10 are satisfied. If A and y
are taken such that equation (3.50) does not have a solution when Ze(a) > 0, when

1
Ry > do),
0 f@me)w )

forany w > wo(<f + F'(u4)), there exist 5 > 0, ¢ > 0 such that | ug — u. || < 8 implies that
foranyt >0,

I Ty (2) (1) — e |l < €™ llug — wee .

3.5.3. Special cases of local stability of endemicity

We consider the case K = 1, and we assume that for any 0 € 0, the functions
a — y(a,0) are nondecreasing and Supp(y(.,0)) < [n(0),+o0) with 8 — 1n(0) a posi-
tive integrable function on ©. 7(.) represents the duration of the infections period.

In this case we recall that the characteristic equation for the eigenvalue « is given by

f u(a,0)e **dav(do)
Ry x©
a
- f AMa,0)u.(a,0)e”**dav(do) u*(a,H)( f y(b,@)e_“(“_b)db)dav(de)
R:x0@ R:x0@ 0

- &f Aa,0)e *“dav(d)
R: x0®

m U, (a,0) ( f y(b,G)e_“(“_b)db)dav(de). (3.51)
0 0

Ry xO®
Taking the limit in (3.51) when a — 0 we obtain

1=3. f u*(a,B)( f y(b,@)db)dav(d@). (3.52)
R, x® 0

In addition , using (3.51),

—
a * = qa ¢

3. f u*(a,B)(f Y(b,@)db)dav(de):&f e_g*f"@mﬂ)ds( Y(b’g)db)dm(dg)
R, x© 0 Ro Je Jy6) n®

gg f f e—§*f,,“<g]Y(sﬂ)d%*y(a,g)(a—n(e))dav(de)
Ry Jo n(0)

= &f _/OO e~ S+ o 760454 4y, (dg)
Ry Jo Jn®)

:f foo us(a,0)dav(dd) =1- &[E[n] <l
0 Jn® Ry

Thus condition (3.52) cannot be satisfied for a close to 0.
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For a step susceptibility We still work under the assumption K = 1, and we
consider a susceptibility y given by: for a > 0

yY(a,.) =1ir0),+00) (@),

with T a positive variable such that T > 7, and E[T] := [y T(B)v(d@) < oo. In this

specific case, we can compute explicitly every quantity: y,. =1, &, = R , S « = RO 1
and for (a,0) e R, x O

S* _S*

o T
U (a,0) = gy + —e ST o).
Ry Ro
We assume Ry > 1 to ensure the existence of an endemic equilibrium. We easily
compute that for a #0

=2

f u«(a,0)e"**dav(dd) = 8 _ ﬁ* Ele*T].
Ry x© @Ry aRy(F.+a)

On the other hand, for a # 0, we have

fo E[A(a)le"**da

f AMa,0)uy(a,0)e**dav(dl) =
R;xO

Ry
¢ 1
f u.(a,0) ( f y(b,0)e”*“Pdp|dav(d) = ———.
R ® 0 Ro(§« + )
Then Condition (3.51) is equivalent to
= /"/ —a’(ld
1+ 55 (1-EfeeT)) - Jo” EMae*da (3.53)
a Ry

Since §* = 1;0;]1 , we note that

m%(l E[e 7)) = Ro—1

lim Jo EM@)]e” “da _
(Zl—>0 RO

As by hypothesis Ry > 1, we recover that (3.53) cannot be satisfied for small |«|.
T

1
Take a = x+iy with x > 0. We compute the real part of (3.53). Asf e *da= E(l —-e™97),
0

we obtain

T
%e(1+&(1—[E[e_“T])):1+§*[E f e *“cos(ya)da
a 0

184



3. Stochastic epidemic model with memory of previous infections and waning
immunity - 3.5. Long time behavior

=1 +§*f e *“cos(ya)v(T > a)da,
0

. (f(;)oﬂi[&(a)]e_““da)_ I ElA(a)le * cos(ay)da
e R = Re .
We note that f(fo[E[)L(a)]e;;“cos(ay)da <1.
We recall that

—Xa

a _ e .
fo e " cos(yr)dr = szyz(ysm(ay) - xcos(ay)),
a
f e " sin(yr)dr =
0

e—xa

m(—xsin(ay) - ycos(ay)).

We now focus on examples, that are SIS-type and SIRS-type models, where we have
been able to conclude. Since the model need to satisfy Assumption 3.10, the classical
SIS and SIRS models cannot be included in our study.

Example 3.3. Weassumethat T = EAa. with a. a positive real, and E is an exponential
variable of parameter p > 0: v(E > a) = e P%. This case coincides with a model where
Tt is equal to the minimum of T with another variable (in order to ensure that T > Ty).
We observe that when Tr = T and a. = 400, it coincides with a generalized SIS model
(the infectivity curve is not assumed to be a step function).

We easily compute in this case that

[

f e *“cos(ya)v(T > a)da:f e *cos(ya)e P“da
0 0

X+p e~ (x+pax )
TP (i pP+y? (ysin{a.y) = (x+ preos(a.)
x+p 1- Cos(a*y)e_(x+p)“* + ysm(a*y) e—(x+p)a* )

:(x+p)2+y2 X+p

(3.54)

When A(a,0) = /1*]1T(9)>a,§* = Ay (1 - Rio) So it follows that the real part of equa-
tion (3.53) satisfies

A [ _
1+ (Ry— 2)R—f e ““cos(ya)v(T > a)da=0. (3.55)
0 Jo

Note that if1 < Ry < 2, forx >0,

A [ _
’(RO—Z)R—f e *“cos(ya)v(T > a)da| < |Ry—2| < 1.
0 Jo
So
Ai [ _
1+(R0—2)R—f e ““cos(ya)v(T > a)da > 0.
0 Jo
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On the other hand if Ry > 2, from (3.54), for x > 0,
A/* oo
1+ (Ro— 2)R—f e ““cos(ya)v(T > a)da > 0.
0 Jo

Consequently Equation (3.55) has no solutiona = x+1iy with x > 0.
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3.6. Application to a model with a vaccination
policy

3.6.1. Renewal process of vaccination

We define
00 N(a,0)

Y(d,@) = Z Un(a_Tn(g);g)ﬂrn(9)<a<rn+1(9) = Z Un(a_Tn(e)»6)]lrn(9)<a<rn+1(0);
n=0 n=0

where

— (0 n)n>0 be anon-decrasing deterministics curves with respect to its first variable
defined on R, x ® with values in [0, 1].

1,0 =Y THO),
k=0

where for 6 € ©® we construct two independent sequences (0,,), and 02,,),
taking values in ©, with respect to distribution v; and v, respectively. Then, we
set T8(9) =1(02,0) and for k > 1, T"}(B) =Ty(0,) and 0,(a,0) =o(a,04,,).

— N is the counting process associated to the stopping times (7,),>0: N(a,0) =
2n>11r,0)<a

The processes (N(a,0)) >0 is a renewal process.
Let b > 0, we have

Nb,0) 1 N&O Tyl 1 rb-tnwe©
b N(b,@) nzlj; U(ayel,n—l)da+EL U(a,@LN(byg))da,

1 rb
Efo y(a,0)da =

S B OIC) b-1 @)
with 3 f onNw,e) (a)da < %. Let us note that
0

b-tnwe© _, NbO 1 NP

2 b NGO kg,l Ty (62,1).

A classical result on renewal processes gives % converges a.s. to f@ Ty (02)v2(dB5)

when b — +oo (see e.g. [1, page 138]). By assumptions (fOTV(HZ'”) a(a,HLn_l)da) - are
nz
integrable i.i.d. random variables, we then deduce

JoJo (foTV(HZ) ol(a, 91))(1@) v1(d01)v2(dO,)
=y, a.s.
fo T (82)v2(d62) Y

b—+o00

1 b
lim —f y(a,0)da =
b Jo

We notice that y . is a constant. Using Proposition 3.3, there is existence of an endemic
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equilibrium if and only if

Ry > ! Jo Tv(82)v2(d6>)
0>— = .
Y« f@f@( OTv(Hz)a(a,Bl))da) v1(dO1)v2(dO,)

We then recover the result of [43] in the case of parametric distributions for o and A.

3.6.2. One shot of vaccination after an infection

We can imagine the case where access to the vaccine is very restricted, and only
people vulnerable to the disease (those who have been infected) have the opportunity
to receive a dose of vaccine to prevent re-infection.

We assume that the infectious curve A has a compact support . We introduce
two integrable positive random times Tz and Ty, with Tp > nand Ty >na.s.: Tg—n
is the immunity period after an infection, and Ty is the vaccination time after an
infection. Let a, B € (0, 1] be random variables independent of Tk and Ty. We consider
a susceptibility curve given by

y(a) = alry<a<ty + Bla>T,

if Ty > Tg, and y(a) = 14>, otherwise.
We note that Assumption 3.3 is satisfied with y. = . We introduce the expectation

E* defined in Remark 3.7 and x = E [@* ] . Note that when there is no memory of the

previous infection, we have G= Rio andE* =E.
When Ty < Tk, we have

xf exp(—xf }f(s)ds)da:xTv+l.
0 0 p

When Ty > Ty, we have

o0 a 1 1 1
- ds|da) = xTp+— - —W(TV—TR>(———).
xfo exp( xfo Y(s) s) a)=x Rt+— e 2 F

We note that H is increasing when a < § a.s., which was indeed obvious since v is
increasing.

Let us consider the case a > f§ a.s., i.e. ¥ non-monotone, which is more realistic
when vaccination gives better immunity.
We have
)

1
H(x) = K([E* [— +xE*[Tp A Ty] —E*
a

(l _ l)e—xa(Tv—TR>+
a p
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with a A b = min(a, b) and a; = max(a,0). We easily compute

H'(x) =x|E*[Tr A Ty] +E*

o
(1 _ B) (Ty — TR)+e—xa(TV—TR)+

If > pas., H is increasing, with H'(0) = 4 (E*[Tr A Ty] +E* [1 - %][E* (Tv = Tr)- )
Consequently,
— ifa>pBas. andE*[TRATy] > E* [% - 1][E* [(Ty — Tr)+], then H is increasing and
then there is a (unique) endemic equilibrium if and only if Ry > %
— ifa>pPas. and E*[Tr A Ty] <E* [% - I]E* [(Ty — Tr)+], then H is decreasing
and then increasing, with H(0) = xE* [%]
Let Xmin such that H' (Xmin) = 0. Then if E* [%] <1, thereis a (unique) endemic
equilibrium. When E* [%] > % and H(xnin) > 1, there is extinction of the disease.

But when E* [%] > L and H(xmin) < 1, there exist two solutions to H(x) =1, and
then two possible endemic equilibria.
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4. Introduction

4.1. Intégrales singulieres de Calderon-Zygmund

Le développement de la théorie des intégrales singulieres fut motivé avec I'appari-
tion de la transformée de Hilbert

JC(f)(x) = limj M ¥y

1
Te=0J|x—y|>e X— Y

en 1905 voir [34, 11, 22]. Plus précisémement, elle fut formalisée en 1970 dans [34]
par Stein et en 1971 dans [35] par Stein et Weiss dans des espaces Euclidiens. Puis en
1971 dans [11] par Coifman et Weiss dans le cas des espaces homogenes. On appelle
opérateur intégrale singulier tout opérateur intégral de la forme

TfR"—R
x—Tf(x) =fw K, ) f(ndy 4.1)
ol K : R" x R" — R est un noyau singulier sur la diagonale x = y et |x — y|"*|K(x, y)|
est borné lorsque |x — y| — 0.
Cette théorie fut enrichie par 'introduction des temps d’arrét par Calderén et

Zygmund en 1954 dans [8](voir aussi [22, Theorem 4.3.1],[34] ).
On rappelle que pour p > 0, et w une fonction mesurable positive,

LP(wdx) = {f, f I f(0)IPwx)dx < oo},
R

est’espace de Lebesgue de poids w.

Une question qui se posait, était de déterminer toutes les fonctions mesurables
positives w tel que pour tout 1 < p < oo, il existe une constante C > 0 tel que pour tout
felP(wdx),

leeif(f)(x)I”W(x)dxéClef(x)l”’W(x)dx. (4.2)

Dans la section suivante nous donnerons cette caractérisation.
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4.2. Inégalités L’ a poids de Muckenhoupt

On rappelle que pour f locallement intégrable, la fonction maximale de Hardy-
Littlewood est donnée par,

x1(x)
]

M f(x) = sup fl If(ndy, (4.3)
I

le sup étant pris sur '’ensemble des intervalles ouverts de R.
En 1972 dans [29] Muckenhoupt étudie I’équivalent de 'estimation (4.2) du pro-
bleme de la transformée de Hilbert pour la fonction maximale de Hardy-Littlewood.
Plus précisément, il introduit la classe A, définie ainsi que suit :
— pour 1 < p <oo, w € A s'il existe une constante C := C(p, w) > 0 tel que pour
tout intervalle I,

1 p-1
(f w(x)dx) (f w(x)_ﬁdx) < C|I|P, (4.4)
I I

ol |I] est la mesure de Lebesgue de I.
— Pour p=1, we A s'il existe C > 0 tel que pour tout x e R, Mw(x) < Cw(x).
— pour p =00, Acx =Up=1 Ap.
Puis il démontre que pour p €]1,00], les deux propriétés suivantes sont équivalentes :

1. Pour tout f € LP(wdx),
fIMf(x)l”W(x)dx<Cf If(0)IPw(x)dx, (4.5)
R R

2. weAp.

Le cas w =1 avait été traité par Hardy et Littlewood en 1930 dans [23], celui de
w(x) =|x|%avec -t <a<1- % par Stein dans sa these de doctorat en 1955 et dans
[20] en 1971 Fefferman et Stein ont traité le cas Mw(x) < Cw(x). En fait, dans [20]
Fefferman et Stein montre que les deux propriétés suivantes sont vraies :

1. Sip>letMw(x) < Cw(x)ona:
fle(x)lpw(x)dngf If ()P w(x)dx. (4.6)
R R

2. Si p =1 les deux assertions suivantes sont équivalentes :
a) pour fe L' (wdx), et t>0,

*© C
fo AMfztwx)dx < 7fRIf(x)|pw(x)dx, (4.7)
b) Mw(x) < Cw(x).

Plus tard dans [25] en 1973, Hunt, Muckenhoupt et Wheeden montrent que I'estima-
tion (4.2) est équivalente a la condition w € A,. La preuve de ce résultat fut améliorée
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dans [10] par Coifman et Fefferman.
En effet, dans [10] pour n > 1 ils rappellent que la fonction Maximale de Hardy-
Littlewood est définie sur R” par

xB(x)
| B|

Mf(x) = s%p fB lfnidy, (4.8)
le sup étant pris sur 'ensemble des boules ouvertes de R".
De méme pour 7 > 1, ils définissent la classe A, de Muckenhoupt sur R” comme
suit :
— pour 1 < p <oo, w € A s'il existe une constante C := C(p, w) > 0 tel que pour
toute boule ouverte B de R”,

1 p-1
(f w(x)dx) (f w(x)_ﬁdx) < C|BJ?, 4.9)
B B

ol |B| est la mesure de Lebesgue de la boule B.
— Pour p =1, we A; s’il existe C > 0 tel que pour tout x € R”?, Mw(x) < Cw(x).
— pour p =00, Axo = Up>1 Ap.
IIs considerent un opérateur singulier a noyau de convolution K vérifiant les condi-
tions standard suivantes,

1K loo < C, (K étant la transformée de Fourier de K) (4.10)
C
KX < —, (4.11)
| x|
K0 - K= )1 < 0—Y oy < X 4.12)
|x|n+1 2

Puis ils démontrent que pour p > 1, les deux propriétés suivantes sont équivalentes :

1. pour tout f € LP(wdx),
f ITf(x)IPw(x)dx < Cf |f ()P w(x)dx. (4.13)
R” R”

2. weAp.

Ce résultat fut étendu a tous les espaces homogenes, voir par exemple [22]. Un espace
homogene est un triplet (X, d, 1), ou X est un ensemble, d une pseudo-distance et u
une mesure sur X tel que pour tout r >0, u(B(x,2r)) < Cu(B(x,r)), avec

B(x,r)=1{yeX, d(x,y) <r},

boule ouverte de X pour la pseudo-distance d.
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boule unité de C"

FIGURE 4.1. - Exemple d’ouvert pour cette topologie.

4.3. Intégrales singuliéeres sur les espaces
homogenes : le cas de la boule unité de C”"

On note B = {z € C", |z| < 1} la boule unité du plan complexe C".
Pour z=(z1,---,z,) et{ = ((1,---,(;) € B, définissons

— — 1
(2,()=z1(1+-+zpln et |z]=(z,2)2.
Dans la suite nous prendrons

z1=111+[1- E& ] if 2,0 B (o)

d(z,0) = { _ .
lz| + (] ifz=00r{=0

d est une pseudo-distance sur B. Plus précisément, pour tous z,{,¢ € B, nous avons
d(z,0) <2(d(z,8)+d(¢, () et0< d(z,() <3.

Un exemple de boule ouverte pour cette topologie sont les fenétres de Carleson voir
la figure 4.1.

Nous noterons i la mesure de Lebesgue sur B. Pour a > 0, dq(z) = (1— 1¢]%)e1 du(z).

Le triplet ([EB, d, ua) est un espace homogene.

Nous noterons H(B) I’espace des fonctions holomorphes sur B et on définit Az (B) =
H(®) N LP (B, du,) I'espace de Bergman. Il fut introduit pour la premiere fois par
S.Bergman en 1895.

Dans le but de caractériser le dual de A, (B) on définit I'opérateur P, sur L?(B, diq)
comme la projection orthogonale de L?(B, d ) sur A2 (B). L opérateur P, ainsi définit
est appelé projecteur de Bergman de B. Il est bien connu que pour f € 2B, d La) 134,

24]
Pof(2) = f@ K(z.0); J©

Wdﬂa((),

avec

K= ——
“8 T A (g e

appelé noyau de Bergman. Il fut démontré en 1974 par Forelli et Rudin qu’il s’étend en
un opérateur continu de L? (B, du,) dans lui méme pour p > 1 [21].
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4.4. Inégalités L’ a poids pour le projecteur de
Bergman la boule unité de C”

La singularité de P, sur la diagonale n’a lieu qu’a la frontiére. Notons aussi que P,
est un opérateur singulier puisque son noyau K vérifie les deux inégalités suivantes :
— Il existe B, C; >0 et C, >0 tel que

dw, b

0
IK(z,{) = K(z,{")| < CIW

(4.14)

pour tout z, ¢, {* € B, tel que d(z,{°) > C,d ((,{°).
— Pourtout z, { € B, |K(z,0)| < %-
Des travaux de Coifman et Fefferman [10], pour p > 1 on a déduit le résultat suivant :

weAp = f[B|Paf(Z)|pw(Z)dua(Z)<Cf[B|f(z)|pw(z)dua(z). (4.15)

Contrairement au cas de la transformée de Hilbert donnée en (4.13), la réciproque
n’est pas vraie. Il se pose donc la question de savoir s'il existe une classe de fonctions
mesurables positives sur B plus grande que A, rendant I'inégalité (4.15) vraie dans
les deux sens. La solution a cette question fut donnée en 1978 par Békollé et Bonami
dans le disque unité de C [3] et en 1982 dans la boule unité de C" par Békolle [2]. Plus
précisément, ces auteurs introduisent la classe de poids B}, qui porte aujourd’hui leurs
noms (classe de Békolle-Bonami ). On al'inclusion A, < B,.
En effet, ils définissent la petite fonction maximale m, par:

¥B(2)
(2) =
Maf(2)=sup )

fBIf(()Idua((), (4.16)

ol1 & est I'ensemble des boules B € B telle que BN 0B # @.
Puis ils introduisent la définition de la classe B, suivante :

Définition 4.4.1. Soit p > 1. La classe des poids de Békolle-Bonami B,, est la classe de
fonctions positives w sur B telle que

il L
su w w pP- < .
peor\aB) Jo ) e (B) Js Haf =

D’autre part w € B s'il existe C > 0 tel que pour tout z € B, mqw(z) < Cw(z).

Leur théoreme est le suivant :

Théoreme 24. [2] Soit w une fonction mesurable positive et 1 < p < oo (p une constante
réelle). Les deux assertions suivantes sont équivalentes.
1. Lopérateur P, est bien défini et continu sur LP (wduy);

2. WE By.
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Ce résultat fut cité un bon nombre de fois. En particulier dans [32] Pott et Reguera
étudient la dépendance du poids dans la norme d’opérateur continue du Projecteur
de Bergman dans la boule unité de C et dans [33] Rahm, Tchoundja et Wick I'étendent
alaboule unité de C". Dans [31] Peldez et Rittyd étudient les poids de Békolle-Bonami
radiaux et récemment dans [4] Békolle, Keumo, Tchoundja et Wick établissent un ré-
sultat similaire a celui du Théoréme 24 pour une extension du projecteur de Bergman.

4.5. Résultats de la these

En 1931 dans [30] Orlicz remplace la constante p des espaces de Lebesgue par
une fonction mesurable positive p(:) : B — R, appellée fonction exposant. C’est la
naissance des espaces de Lebesgue a exposant variable. Dans la suite nous noterons
22 (B) 'espace des fonctions exposants. Pour tout sous ensemble mesurable E de B,
nous introduisons les notations suivantes :

p-(E)=essinfp(z) et pi(E)=esssupp(z)
z€E z€E
et nous utiliserons les notations p_ = p_(B) and p = p+(B).
Plus précisément, pour p(-) € 22(B), on dit que f € LP") (v) s'il existe A > 0, pp(.)(]zc) <
00, ol

Ppe(f) izf[B|f(Z)|p(z)dV(z).

Pour p(-) € 22(B), p+ < oo cette définition peut étre sinplifiée comme suit : f € LPY (v)
si pp()(f) <oo.Quand v est une mesure o-finie et p(-) € Z(B) est tel que p(-) > 1, la
fonctionnelle

1Al o = 1l = inf{A S0 Py (%) < 1}

est une norme.

Si dv = wdu pour un poids w, on appelera LP) (v) 'espace de Lebesgue variable a
poids. Dans la suite nous noterons simplement LP" (wdu,), par LP (w).

La plupart des propriétés des espaces de Lebesgue a exposant variable furent prou-
vées par Kovacik et Rakonisk dans [28] en 1991 et récemment par Diening, Harjulehto,
Hasto et Ruzicka dans [17] et Cruz-Uribe et Fiorenza dans [15].

En 2014 dans [9] Chacén et Rafeiro introduisent la notion d’espaces de Bergman
a exposant variable. Dans ce papier ils démontrent que le projecteur de Bergman
est continu de L”Y (D), dans lui méme. Plus précisément, ils établissent le théoreme
suivant :

Théoreme 25. SoitD={z€C, |z| <1}, p(1) e (D) telquel < p_ < p+ <oo et tel qu’il
existe ¢ > 0 tel que pour tous z # { € D,

Ip(2) - p)| < -
log(e+—d(zy0)
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Alors il existe C > 0 tel que pour tout f € LPO(D),

I1P1fllpey S Clifllpe-

La preuve de ce résultat uilise le Théoréme 24, le fait que la fonction maximale de
Hardy-Littlewood donnée par (4.8) est continue sur LP") (D) dans lui méme et le théo-
reme d’extrapolation de Rubio-de Francia, voir [15]. En 2017 dans [27] Karapetyants et
Sanko proposent une nouvelle preuve du théoreme 25 n'utilisant pas I’extrapolation.
Plus précisément ils regardent le projecteur de Bergman sur le demi-plan supérieur et
I’écrivent comme somme d’opérateur singuliere de Calderon-Zygmund.

En effet, dans [27] , en notant C; = {z=x+ i}, y > 0} le demi plan-supérieur, C_ le
demi-plan inférieur et d A({) = dxdy, Karapetyants et Sanko remarquent que :

1
Pif(z)=—— f((_) dA({)

T Jc, (z—()?

1fﬂ(%)

nJe |z—-¢?

g()dA() (4.17)

ouQ(() = 22, etg(()=Ec_Qf()avecQf ) =f (Z) I'opérateur de réflexion par rapport
fQ)siCeC,
0 sinon .

Puis ils déduisent que P; f(z) =y (RZg(2) — R5g(2) —2R1 R2g(2)) ol R et R, sont les
transformées de Riesz par rapport a Ze(z) et Im(z) respectivement et y une constante
réel.

Etant donné p(-) € 2(C,) tel que 1 < p_ < py < +oo, et tel qu'il existe ¢ > 0 et poo € R
tel que pour tous z #{ € C;,

al’axe des abscises et Ec_f({) =

|p(2) = pO)I < et [p(2) — pool < (4.18)

log(e+ ﬁ) log(e+|zl)’
En étendant p sur C en posant p(z) = p(z) sur C_, p vérifie encore les estimations
(4.18) et de [19, Corollaire 4.12] qui dit que la transformée de Riesz est bornée sur
LPY(R?) dans ce cas car opérateur singulier, ils déduisent que P; est borné sur L") (C,).

Dans le méme ordre d’idée que Békolle dans [2], dans le chapitre 5 en collabora-
tion avec Békolle et Tchoundja nous nous sommes posés la question de déterminer
une classe de fonctions mesurables positives pour laquelle le projecteur de Berg-
man est continu sur I'espace de Lebesgue variable a poids associé, étendant ainsi le
théoréeme 24 et le théoreme 25. Plus précisément, nous avons introduit la définition
suivante généralisant la définition 4.4.1 de poids de Békollé-Bonami :

Définition 4.5.1 (Classe de Békolle-Bonami variable). Soit p(-) € 22(B) tel que 1 <
p- < p+ < +o0 et w une fonction positive. On dit que w appartient a la classe de
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Békolle-Bonami variable noté B si

a1 _ 1
lw?O Ll plw™ PO Lgl ) < oo. (4.19)

Wlayo =00 B)

oit on rappelle que 9B est I'ensemble des boules B B, BN OB # @, et p'(-) est la fonction

conjuguéde p(-), i.e.
1 1

—+ =1
pt) p'()

Puis nous avons établi le théoreme suivant généralisant le théoréme 24 et le théo-
reme 25 et apportant une nouvelle preuve du théoreme 25.

Théoréme 26. Soit p(-) € P (B) tel quel < p_ < p+ < oo et tel qu'il existe ¢ > 0 tel que
pour tout z # { € B,

Ip(2) - p)I < Ty
log(e+ m)

Soit w une fonction mesurable positive. Les deux assertions suivantes sont équivalentes.
1. Lopérateur P, est bien défini et continu sur PO (wdpg);
2. W e Bp,.
La preuve de ce résultat est trés technique. Pour établir la condition nécessaire nous
avons introduit deux nouvelles classes de fonctions mesurables positives équivalentes

ala classe By dont les conditions sont plus faciles a vérifier. Cela se résume dans le
théoreme suivant :

Théoréme 27. Soit p(-) e P (B) tel quel < p_ < p+ <oo et tel qu'il existe c > 0 tel que
pour tout z # { € B,

Ip(2) - pO)I < —
log(e+ m)

Soit w une fonction mesurable positive. Les assertions suivantes sont équivalentes.
1. weB p)s

1 -1 4 + .
2. 1831615 mwrs lwxslillw™ xsll o <oo, Cestlaclasse B ;

p)

w(B) (w'B))PE! , -
3. lsgugp; 10 (B) (ua(B)) < oo, Cest la classeBp(.),

1 1 -1 )
—dua(x)) , w(B) = fB w(2)de(2), w'(z) = (w(z))P@

PB= (ua(B) 5 )

Pour la condition suffisante, nous avons commencé par montrer que la petite
fonction maximale m, donnée par (4.16) est bornée.
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Théoréme 28. Soit p(-) e P (B) tel quel < p_ < p+ <oo et tel qu'il existe c > 0 tel que
pour tous z # { € B,

Ip(z) — p(O)] < Y
log(e+ _d(z,())

. Si w € By, alors il existe une fonction C définie sur (0,00) tel que f € LPY(w) ona

ma fllLro ) < C([W]Bp(.))”f”Lp(-)(w)-
La preuve de ce théoreme découle de quatre Lemmes fondementaux dont le princi-
pal qui est une variante du tour de magie de Diening est le suivant :

Lemme 4.5.1. Soit p(-) € P (B) tel que 1 < p_ < p; < oo et tel qu'il existe ¢ > 0 tel que
pour tous z # { € B,

Ip(2) - p)| < Y
log(e+—d(zyo)

et w € By). Alors pour tout g € LPO (w), Igllzp6) ) = 1, et z € B < B, une pseudo-boule,

1 p(2) 1
diig < f PO g )41,
(Ha(B) Lg(C) # (()) ~ ta(B) Jp (g(()) i} O+

Puis nous avons établi le théoréme de factorisation suivant pour la classe B,

Théoreéme 29. Soit une constante p telle que 1 < p < oo, les assertions suivantes sont
équivalentes.
1) we Bp;

2) il existe w) € By et wy € By tel que w = w, wzl_p.

Nous utiliserons le Theoréme 29 pour prouver le théoreme d’extrapolation suivant.

Théoréme 30. Soit F un sous ensemble de couples de fonctions mesurables positives.
Supposons qu'ils existent une constante py > 1, et une fonction C: (0,00) — (0,00) tel
que pour tout v € By, et (F, G eF,ona

fBF(x)’”Ov(x)dua(x) < C([U]BPO)fBG(x)”"v(x)dua(x). (4.20)

Alors pour p(-) e 2(B) tel que 1 < p_ < p; < oo et tel qu'il existe ¢ > 0 tel que pour tous
z# (e,

Ip(2) - p)| < Y
ln(e+ _d(z,())

et w € By(,, nous avons

1

_1 e
1Pl oy < 163477 (C([015,))  1Gll ooy (4.21)

pour tout (F,G) € & and F € LPO (w)
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Cecinous a permis de conclure la preuve du théoreme 26 en utilisant le théoreme 24.

La méme question fut traitée plus tot dans la littérature pour le cas de 'opérateur
singulier T donné par (4.1) qui sont bornés dans un espace de Lebesgue classique [16].
En effet, dans [18], Diening et Hasto introduisent la classe de poids de Muckenhoupt
variable sur R", et notée A,,. Ils démontrent que la fonction maximale de Hardy-
Littlewood donnée par (4.8) est bornée sur L’V (w) si w € A, pour p(-) € P E®RM).
Plus tard dans [13] Cruz-Uribe, Diening et Hasto donnent une nouvelle preuve de
ce résultat utilisant la décomposition de Calder6n-Zygmund et ils prouvent aussi I’
implication réciproque. Récemment, dans [12] Cruz-Uribe et Cummings étendent le
résultat de [13] aux espaces homogenes. Dans [16] Cruz-Uribe et Wang établissent les
théoremes d’extrapolations pour des espaces de Lebesgue a poids variable, de méme
dans [14] Cruz-Uribe et Hdsto en donnent une version pour des espaces de Orlicz
généralisés. Ces deux résultats ont été obtenus pour la topologie euclidienne sur R” et
non dans le cadre des espaces homogenes quelconques.

4.6. Organisation du document

Cette partie ne contient qu'un seul chapitre. Il a été publié sous forme d’article voir
[5].
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5.1. Introduction

The purpose of this work is to generalise the Békolle-Bonami theorem [2] for the
Bergman projector on the unit ball B of C” to the case of weighted variable Lebesgue
spaces. The case of the unweighted variable Lebesgue spaces was treated by Chacon
and Rafeiro [9, 36]. These authors showed that the Bergman projector is bounded
on variable Lebesgue spaces for exponent functions p(-), which are log-Hélder con-
tinuous function with lower bound 1 (cf. Definition 5.1 below). The ingredients
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of their proof are: the classical Békolle-Bonami theorem, the boundedness of the
Hardy-Littlewood maximal function on variable Lebesgue spaces, and an extrapola-
tion theorem. For basic properties of variable Lebesgue spaces, e.g. the boundedness
of Hardy-Littlewood maximal function and an extrapolation theorem, we refer to [15,
17].

The o-algebra on B is the Borel o-algebra. Let v be a positive measure on B. The
variable Lebesgue space on B, denoted by L” Ow), isa generalisation of the classical
Lebesgue spaces, obtained by replacing the constant exponent p by a measurable
exponent function p(:) : B — [0,00). We shall denote by 22(B) this family of all expo-
nent functions p(-) on B. For a measurable subset E of B, we introduce the following
notation:

p-(E)=essinfp(z) and p4(E)=-esssupp(z)
Z€E z€E
and we will use the notation p_ = p_(B) and p. = p+(B). We shall denote by £, (B),
the subfamily of 22(B) consisting of those p(:) such that p. < oco. More precisely, for

p(-) € 2 (B), we say that f € L’V (v) if for some A > 0, Ppe) (%) < 0o, where

Pn(-)(f)izf[Blf(Z)lp(Z)dv(z).

For p(-) € 2, (B), this definition can be simplified as follows: f € LPY (v) if p () (f) < o0.
When v is a o-finite measure and p(:) € Z(B) is such that p(:) > 1, the functional

1f 1 pe :inf{/1>0: Ppe) (%) < 1}

is a norm on the space L” O (yy; equipped with this norm, L ©)(v) is a Banach space.
We shall denote by i the Lebesgue measure on B. A non-negative locally integrable
function on B is called a weight. If dv = wdpu for a weight w, we call LP©) (v) a weighted
variable Lebesgue space. In the sequel, a is a positive number and we set d,(z) =
(1-1¢1?)*~ 1 du(z). We shall focus on the weighted variable Lebesgue space L") (wd ),
which we shall simply denote L” O (w).
In this paper, we shall take

Izl =121l +[1- 28| itz B\ o)

d(z,0) = ] .
|z] + || ifz=00r{=0
Here, for z = (z1,---,2z,) and { = ((1,---,{;) € B, we have set

O =2+ +z0n and  |z|=(z,2)2.

This application d is a pseudo-distance on B. Explicitly, for all z,{,{ € B, we have
d(z,() <2(d(z,) +d(&,0) and 0 < d(z,{) < 3. In addition, for z € Band r > 0, we
denote by

B(z,r)={{eB:d(z,{) <r}
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the open pseudo-ball centred at z and of radius r > 0.

Definition 5.1. A function p(-) € Z(B) is log-Holder continuous on B if there exists a
positive constant ¢ > 0 such that for all z,{ € B

Ip(z2) - p)I < if z#C(. (5.1)

1
log(e + d(z,())
We denote by 2'°8(B) the space of all log-Holder continuous functions on B. It is easily
checked that 2'°%(B) c 2, (B). As usual, we set Q’iog ®) ={p() e PS®): p_>1}.

An example of a member of @iog(B) is p(z) = 2 +sin|z|. We shall denote by 22_(B)

the subfamily of 22(B) consisting of those p(-) such that p_ > 1. So g’iog (B) = P8(B) N
2_(B).

Definition 5.2. We denote by 9 the collection of pseudo-balls B of B such that B N 0B #
@. Next we define the maximal function my, by

mg f(z) = sup —XB(Z)

dug ().
sup A2 fB £ Oldia)

Observe that, from Lemma 5.1, 9B is the set of pseudo-balls that touch the boundary
of B.

In the classical Lebesgue spaces, we have the following definition.

Definition 5.3. Let p > 1 be a constant exponent. The Békolle-Bonami B, weight class
consists of weights w such that

(o f e (i [ 7
Su w _— w pr- < 0OQ.
Beg% Ue(B) JB Ha ta(B) JB Ha

This definition of By, is equivalent to the following definition:

1 _1
sup lwrxslplw »xplly <oo,

Be® Ma(B)

where p’ is the conjugate exponent of p, i.e. % + % =1.

In the same spirit, we introduce a variable generalisation of the B, weight class.
Analogously to the classical case, for p(-) € 2_(B), we say that p’(-) is the conjugate
exponent function of p(-) if for all z € B we have

1 1
— + =1
pz)  p'(2)

Moreover, we set 22, (B) = 22_ (B) N 22, (B), the subfamily of 22(B) consisting of those
exponent functions p(:) such that 1 < p_ < p; < co. We now define the variable
Békolle-Bonami classes of weights.
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Definition 5.4. Let p(:) € 22, (B). A weight w belongs to the variable Békolle-Bonami
class onB, denoted By,.), if

1 1 -1
lw?O xgllpollw”™ 0 xgl e < oco. (5.2)

[w] = sup

By
79" Be Ha(B)

We define the operator P, on L' (B, d ) by

Paf(z) :f f(o

o (=g, Oyyra Hal®).

The restriction to L (B, d ) of the operator Py, is called the Bergman projector of B.
We also define the positive Bergman operator P, by

P} f(z2)= f J©

51— (g (e e

We now recall the classical Békollée-Bonami theorem:

Theorem 5.1. [2] Let w be a non-negative measurable function and let1 < p <oo (p is
a constant exponent). The following two assertions are equivalent.

1. The Bergman operator Py, is well defined and bounded on LP (wdu,);
2. WE By.

Moreover, P}, is well defined and bounded on LP (wdis) if w € Bp.

The purpose of this work is to prove the following generalisation of the previous
theorem:

Theorem 5.2. Let w be a non-negative measurable function and p(-) € @iOg(B). The
following two assertions are equivalent.

1. The Bergman operator P, is well defined and bounded on L") (wduy);
2. WE Bp(.).
Moreover, P}, is well defined and bounded on LPO (wdpq) if w € Bp.

The problem under study is trivial if w(B) =0, i.e. w =0 a.e. on B. We shall assume
that w(B) > 0.
In [18], Diening and Hésto introduced the variable Muckenhoupt weight class A,

on R”, and showed that for p(-) € ,@iog(ﬂl{”), the Hardy-Littlewood maximal function
is bounded on LPY(w) only if w € A,(,. In order to manage the necessary condition,

they introduced a new class A;(.) which coincides with A,) when p(-) € ,@iOg(qun),
but whose condition is easier to check. Later, Cruz-Uribe and these two authors [13]
gave a new proof of this result using the Calderén-Zygmund decomposition and they
also proved the reverse implication. Very recently, Cruz-Uribe and Cummings [12]
extended the result of [13] to the spaces of homogeneous type.
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In this paper we will use the technique of [18, 13] to manage the proof of the neces-
sary condition in Theorem 5.2. Precisely, we shall introduce a new class denoted B;;(.)

which coincides with By, when p(-) € 2.*%(B). To deal with the sufficient condition,
we rely on the result of [12] about the boundedness on L") (w) of the Hardy-Littlewood
maximal function on the space of homogeneous type B, for p(-) € @iog([B) and w in
the corresponding class of weights Aj(,. The proof then follows two steps. First, we

use this result to show that, for p(:) € ,@iog([B), the maximal function m, is bounded
on LPY(w) if w € By(). Secondly, we lean on the first step to define a new extrapo-
lation theorem which allows us to conclude the proof of the sufficient condition in
Theorem 5.2.

The rest of our paper is organised as follows. In section 5.2, we shall recall some
preliminaries. Next in section 5.3, we review properties of weighted variable Lebesgue
spaces, variable Békolle-Bonami and Muckenhoupt classes of weights. In the end of
this section, we state the theorem of Cruz-Uribe and Cummings about the bound-
edness on LPY (w) of the Hardy-Littlewood maximal function on B. In section 5.4,
we prove the necessity of the conditions WO € [PV (dpe) and w PO € [PV (dpq) in
Theorem 5.2. In section 5.5, we define and study the class B;;(.) and we show the iden-
tity B;(.) = By(y. In section 5.6, we prove the necessary condition in Theorem 5.2. In
section 5.7, we show that the maximal function m is bounded on LPY (w) if w € B)y(.).
Finally, in section 5.8, we prove a weighted extrapolation theorem from which we
deduce a proof of the sufficient condition in Theorem 5.2.

Let a and b be two positive numbers. Throughout the paper, we write a < b if there
exists C > 0 independent of a and b such that a < Cb. We write a = b if a < b and
b<a.

5.2. Preliminaries

In this section we present some background material regarding the unit ball of C"
as a space of homogeneous type and the variable exponent Lebesgue spaces.

5.2.1. The unit ball is a space of homogeneous type

In this subsection we recall some lemmas from [2] where it was first considered
(B, d, pa).

Lemma5.1. Letze€ B and R > 0. The pseudo-ball B(z, r) meets the boundary of B (in
other words, B € ) ifand only if R > 1 —|z|.

Lemma5.2. Letze B and0< R < 3, we have

o (B(z,R)) = R™ ! (max(R,1—|z]))*!.
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Remark 5.1. From Lemma 5.1 and Lemma 5.2 if B(z, R) € 98 we have
Ua(B(z,R) = R""%,

From Lemma 5.2, we deduce that (B, d, u,) is a space of homogeneous type. Next
we have the following lemma.

Lemma 5.3. [12] There exist two positive constants C andy such that, for all{ € B(z, R)
we have

r\Y
a(BE, 1)) > C(E) 11a(B(z, R)

forevery0<r < R<oo.

5.2.2. Variable exponent Lebesgue spaces

We denote by ./ the space of complex-valued measurable functions defined on B.
Let v be a positive measure on B. The family 22(B) of variable exponents was defined
in the introduction. In the rest of the paper, we take p(-) € 22(B). The next definitions,
properties and propositions are stated in [15, 17, 36]. We first recall some properties
of the modular functional p () : 4 — [0,00], defined in the introduction as

Ppe(f) Zf[Blf(Z)Ip(Z)dv(z).

Proposition 5.1. Let p(:) € Z(B) be such that p(-) > 1.

1. Forallfe M, pp.(f) =0, andpy.(f)=ppcUfD.
2. Forall f € M if pp)(f) <oo then|f(z)| <oo a.e. onB.

3. pp() is convex. In particular, forO<a < 1and f € M, ppy(af) < appn(f) and
Jora=1, appn(f) <ppolaf).
4. ppy(f) =0ifandonlyif f(z) =0 a.e. onB.

5. Ifforalmostallze B, | f(2)| < |g(2)|, then p ) (f) < pp (8)-

6. If there exists 3 > 0 such that pp(.)(%) < 00, then the function A — pp(.)(%c) is
continuous and non-increasing on [f3,c0l. In addition

. f)
1 — | =
;le pp(.)(/1 0

For p(-) € 2(B), the variable Lebesgue space LP" (dv) was defined in the introduc-
tion.

Proposition 5.2. [15, Theorem 2.7.2] Let p(-) € 2. (B) be such that p(-) > 1. Then the
subspace of continuous functions of compact support inB is dense in the space L’V (dv).

We next recall the Holder inequality in the variable exponent context.
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Proposition 5.3. [15, Theorem 2.26, Corollary 2.28]
1. Let p(-) € (B) be such that p(-) > 1. Then for all f, g € 4, we have

fB Feldv <2110 lglyo.

2. Letr(-), q(-) € 2(B) such thatr(-),q(-) > 1 and ﬁ + w5 <1 for all x € B. Define
p() € 2(B) such that p(-) > 1, by

L _ 1, 1
p(x) qx) rx)’

Then there exists a constant K such that forall f € LY and ge L'V, fge LPV
and

Ifgllpey < KIfllgallglre-
We record the following useful remark.
Remark 5.2. The property p(-) € @iog(B) is also true for p' ().
The following lemma will be useful.

Lemma 5.4. Let p(-) € 2'°8(B). Let B = B(x, R) be a pseudo-ball of B such that R < i.
Then

p+(B) - p-(B) <

log(£%)

Lemma 5.5. Let p(-) € P8(B). There exist two positive constants C; = Cy(a, n, p(+))
and C, = Cy(a, n, p(+)) such that for every pseudo-ball B of B, we have

o (B)P-B=P+B < C| and gy (B)P+B-P-B L ¢,

Proof. Since p;(B) — p-(B) > 0, uq([B) < oo, B < B and p(-) bounded, we have the
second inequality. We are going to prove the first inequality. Suppose that B = B(z, R).

1. IfR> %, from Lemma 5.2, there exists C > 0 such that uy(B) > CR"*% and as
p-(B) — p+(B) < 0, we obtain:

ua(B)p—(B)—lh(B) < (CRn+ll)(P—(B)—P+(B)) < (C(16)n+1)(l]+(3)—p—(3))

2. IfR< %, from Lemma 5.3 and Lemma 5.2, there exist positive constants C, C’
and y such that

Ha(B(2,R) = C(4R) g (B (z, %)) >C'RY. (5.3)
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Thus, since p_(B) — p+(B) < 0, by Lemma 5.4, it follows from (5.3) that
Ua (B)p-(B)—m(B) < (CrRy)lL(B)—m(B)

__rc
<R 'os(ar)

< exp(2yc).

From the previous lemma, we easily deduce the following corollary.

Corollary 5.1. Let p(-) € 2'°8(B). There exists a constant C = C(a, n, p(-)) > 1 such that
for every pseudo-ball B of B and every z € B we have

% <paBP-PPE L.
5.3. Weighted variable Lebesgue spaces, variable
Békolle-Bonami and Muckenhoupt classes of

weights

5.3.1. Weighted variable Lebesgue spaces

Let w be a weight and let p(-) € 22(B) be such that p(-) > 1. The corresponding
weighted variable exponent Lebesgue space LPY (wdp,) consists of those f € .4
which satisfy the estimate

Pp(~),w(f)Zf[Blf(Z)lp(Z)W(z)dua(z)<oo.

We also denote it L") (B, w) or simply LP") (w), and we denote its norm by || - || 5, w- It

is easy to check that
1

1 fllpe,w =1 fwro .
In the sequel, we shall adopt the following notation:

w = w PO, (5.4)

We recall the notion of subordinate norm on LP") (w) defined by

”f”/p(-),w = sup [Bf(()mdua(()‘ .

“g“p'(.),w’zl

We next recall the following proposition.
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Proposition 5.4. [15, 17, Corollary2.7.5] Let p(-) € 22(B) such that p(-) > 1 and let w
be a weight. Then

1 e < D10 < 20Flpo0-

The following lemma will be very useful.

Lemma 5.6. [15, 17] Let w be a non-negative measurable function and let p(-) € 22, (B)
be such that p_ > 0. Then for every f € ./ whose support is E, the following double
inequality holds

1 1 1 1
min (Ppt%w(f) =, 0pe),w(f) ”“E)) SIAlpe,w < maX(Pp(-),w(f) =B, 0p0),w(f) p+(E>).

It is equivalent to

: p-(E) p+(E) p-(E) p+(E)
min (1 F17055, 1 £12455) < oper,w(H) <max (IF1055, 1712655 ).

5.3.2. Variable Békolle-Bonami classes of weights

Concerning the variable Békolle-Bonami weight class By, we record the following
elementary remark.

Remark 5.3. Let p(-) € 2. (B). If w € By, the following two assertions are valid.

1 _1
D wrollp <ocoandllw POy <oo.

2) The functions w and w' are integrable on B.

1 1
Proof of the remark. Otherwise, if || w?® |, = oo, then necessarily [[w 7?9 ||, =0
1
and this would imply that w = oo a.e. Alternatively, if [w 70 | p() = 00, then necessarily
1

lw?r® |,y =0 and this would imply that w = 0 a.e. Furthermore, by Lemma 5.6, for
p(-) € 2. (B), the assertions 1) and 2) are equivalent. O

We also have the following proposition.
Proposition 5.5. Let p(-) € 22, (B). For a weight w, the following two assertions are
equivalent.

1. weB p();

2. w'e Bp/(.).
Moreover, (w]p,,, = [w'] By

The following simple lemma will be useful.
Lemma5.7. Let p(-) € . (B). For a weight w, the following two assertions are equiva-
lent.

1. we Bp(.);

2. 5D gt 18y 180,00 <00

217



5. Weighted norm inequalities in the variable Lebesgue spaces for the Bergman
projector on the unit ball of C" - 5.3. Weighted variable Lebesgue spaces, variable
Békollé-Bonami and Muckenhoupt classes of weights

5.3.3. Variable Muckenhoupt classes of weights
Definition 5.5. The Hardy-Littlewood maximal function M, on the space of homoge-

neous type (B, d, 1) is defined by

xB(2)
Mo f(2) =
J@=sup’ "

f £ Oldpa)
B

where the supremum is taken over all pseudo-balls of B.

When p is a constant greater than 1, the Muckenhoupt class A, consists of weights
w which satisfy the estimate

T o
su w —— | w < 00,
Pla® Js P\ e ® Js Ha

where the sup is taken over all pseudo-balls B of B. This definition is equivalent with
the following definition:

1 _1
lwryslylw »xgll, <oo,
p p

Su
% Lia(B)

where the sup is taken again over all pseudo-balls of B.
We next have the following variable generalisation of the variable Muckenhoupt
weight classes. This generalisation was given first by Diening and Hésto [18].

Definition 5.6. Let p(-) € 2. (B). A weight w belongs to the variable Muckenhoupt class
Ap(.) on B if

1 1
w70 x gl poy w70 gl oy < 00 (5-5)

1
=Su
v = SR (B

where the sup is taken over all pseudo-balls of B.

[w]a

Let p(-) € 22, (B). The following proposition is similar to Proposition 5.5.

Proposition 5.6. The following two assertions are equivalent.
1. we Apy;
2. we Ap!(.).

We record the following properties of A, () and By.).

Proposition 5.7. 1. The inclusion Ap() < By, holds with (W], < [Wla,,-

2. (wlp,, >3 and [wla,, > 3.

Proof. 1. This follows directly from the definitions of A,) and By,).
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2. We first give the proof for By,(,. Let B € 9. From the Holder inequality and the
definition of By, we have

1 1 1 2 1 1
1= W w0 dpt < — 2 NPT gl ol 5l < 2l
I-‘a(B)./I; Ha 'ua(B)” xBlpoll x8lpe [ ]Bp(,)
(5.6)

The proof for Ay, then follows from assertion 1.
O

In [12], Cruz-Uribe and Cummings proved the following fundamental result for the
maximal Hardy-Littlewood function. This variable theorem generalises a well-known
theorem of Muckenhoupt [29] in the Euclidean space R”. For spaces of homogeneous
type, the analogous theorem for constant exponents was proved later by A. P. Calder6n
[7].

Theorem 5.3. Let p(:) € ,@iog([ﬁﬂ). The following two assertions are equivalent.

1. There exists a positive constant C such that for all f € LPY) (w), we have
||Maf||p(-),w < C”f”p(-),w-

2. WE Ap(.).

In fact, these authors [12] proved their result in the general setting of spaces of
homogeneous type. There, in addition to the condition p(-) € P8(m), they have a
condition at infinity which has the following expression on the unit ball B: there are
two constants ¢ and p, such that

c

_ <—
|p(2) = Pool logle + 12D

for every z € B. It is easy to show that this extra condition is satisfied on B.
Since my f < M, f, we deduce the following corollary.

Corollary 5.2. Let p(-) € Wiog(B) and w € Ap(.. For the same constant C as in Theorem
5.3, we have

” ma'f”p(-),w < C”f”p(-),w
forall f € LPY (w).

5.4. Necessity of the conditions Wwio € LPY(du,) and
w0 € LPY(du,) in Theorem 5.2

Proposition 5.8. Let w be a weight and let p(-) € 22_(B). If the operator P, is well
1 /
defined on LPO (w), then w™»0 € [P0 (dug).
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Proof. 1f the operator Py is well defined on LPO (w), then for every f € LPO (w), we
have for all z € B,
|Pa(f)(2)] < o0.

1 !
Now, by a contradiction argument, suppose that w™ »@ does not belong to L” O (d ).
Then applying the closed graph theorem using Proposition 3.1 above and Proposition
2.67 of [15] !, there exists a non-negative g € LP") (du,) such that

_1
fB g W) 7 dpa(() = co.
Let f = gw_ﬁ. We have f € LPO (w) but f does not belong to LY (B); in other words,

[P, (f)(0)] = co. This contradicts the fact that | P, (f)(0)| < co. O

Proposition 5.9. Let w be a weight and p(-) € 22_(B). If the operator P, is bounded on
1
LPO(wdp), then w? € LPY (duyg).

Proof. Let0 < r < 1 and define the function f(z) = (1—|z1*)1"*yp(,r) (z) on B. We have

Pof(2) :f [

8 (= (z,0yre Ha®

1
) I S—7)
fB(o,r) 1=, oyme e

1
= ——d .
fB(o,r) (1=, 20" KO

Since the function { — W is analytic on B and B(0, r) is the Euclidean ball
centred at 0 and of radius r, it follows from the mean value property that P, f(z) = C,.,,
and so

1

|Cr,n| | wro ”p(-) = ”Pa'(f)”p(-),w- (5.7)

In addition,

pp(«),w(f) = jl; w(z)( - |Z|2)(a_1)(l_p(Z))dﬂ(Z).

0,r)

On the one hand, if a < 1, we have (1—|z|?) @~ D1=P@) 1 because (a—1)(1-p(z)) >0
and 1—|z|? < 1. Consequently

Ppiw(f) < fB w(2)dpu(z) < oo

0,r)

because w is locally integrable.

1. Also refer to Exercise 4.7 of [6], for the analogous result for the classical Lebesgue spaces.
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On the other hand, if @ > 1 we have (1 — |z]2)@DU-P@) L (1 — |z]2)(@-DU-p+) gg

Pp,w(f) < sup (1—IZI2)(“_D“_”+’] wmdun) < oo
z€B(0,r) B(0,r)

because w is locally integrable and sup ¢ g, ) (1 — |2[%) @ DA=P+) = (1 — p2)(@-DU=Ps),
Thus, since p (), (f) < oo in both cases, by Lemma 5.6 we obtain || f| 5, < oo and as
P, is bounded on LPY (w), we deduce from (5.7) that there exists a positive constant

Cr,a,n sSuch that
L
| wrt) ”p() cr,a,n”f”p(-),w <o0.

Hence we have the result. O

In what follows, we will need to calculate the p(-)—norm of some functions but is
not easy like a constant case. To deal with that, in the following section we introduce
the definitions of new spaces whose coincide with the class By,,).

5.5. The weight classes Bp() and B;(*)

Definition 5.7. Let p(-) € 22, (B) and let w be a weight. We say that w is in the B;(.)

class if
1
[Ww]lg+ =sup ———|wyzll ||w |y <oo. (5.8)
B, Begg,ua(B)p XBll1 XB pT
where
( 1 1 ())‘1
PE =\ (B Jy poo W)

This class coincides with the B, class when p(-) = p (p constant). We also adopt
the following notation:

1
10 B) j; p(xX)dpq(x). (5.9)

Remark 5.4. Let p(-) € P8(B) and let B be a pseudo-ball of B. As p—(B) < pp,{p)B <
p+(B), it follows from Lemma 5.5 and Corollary 5.1 that

(p)B=

pia(B)P~B) = 11, (B)PP = 1y (B)PE = 1 (B)P'5 = o (B)P+B),

Lemma5.8. [17, Theorem 4.5.7]
Letp(-) € P98 () be such that p- > 0. Let B be a pseudo-ball of B. Then

a1
lxBllpe) = Ha(B)P5.

Proof. From Lemma 5.6 we have

_1_ _1_
min (p1a(B) =, g (BP0 | < 105l py < max (11 (BYF-9, 1 (B) 779 ).
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Next, from the Remark 5.4, we have pq (B) 7- o ~ Ua(B) P ~ Ua(B) o because p(-) is
bounded away from zero. The conclusion follows. O

Lemma5.9. Let p(-) € @iog (B) and let q be a constant exponent greater than p. + 1.
There exists a positive constant C depending only of the log-Hélder constant of p(-) such
that

[wlp, < Clwlg: .

Proof. As p() < pi+1 < g, we have 1 E < I;(())

(assertion 2 of Proposition 5.3), we obtain

Hence from the Hoélder inequality

lw " xslly <Klxslpollw™ xslyo,

q pQ)

where
1 _q_pv
L) 4 p')
It is easy to check that (-) is a member of 22/%8(B) such that f_ > 0. Consequently,
from Lemma 5.8 and Remark 5.4, we have

=qg-p()>1.

L - _
IxBlpe) = a(B) 5 = 1a(B)I™ P8 = g (B)T7PE.
Thus there exists a positive constant C such that

1 -1 -
mmallwyslhillw )(B”%’ SCo (B),,Ilwxglhllw )(BIIpT Ha(B)I7PE

= Crgpr lwxslilw™ sl o < Clwls;,

for all pseudo-balls B € 8. The conclusion follows.

We recall the following definition.

Definition 5.8. The weight class B, is defined by B.o= U By.
qe(1,00)

Remark 5.5. It follows from Lemma 5.9 that if p(-) € @iog(B), we have

B+

p()cBoo.

In the rest of this article, to simplify the notation, we denote w(B) = ||wygll:.
We next define another class of weights A, which contains the class B,,. For a
reference, cf. e.g. [1].

Definition 5.9. We call A the class consisting of those integrable weights w satisfying the
following property. There exist two positive constants C and 6 such that the following
implication holds.

b
Ha(E) _ C( w(E)) (5.10)

Lo (B) w(B)
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whenever B € 8 and E is a measurable subset of B.

Remark 5.6. 1. For w € A, the weighted measure wd i, is doubling in the following
sense. There exists a positive constant C such that for every pseudo-ball B of B
whose pseudo-ball B of same centre and of double radius is a member of B, we
have

w(B) < Cw(B).

This result easily follows from the definition of A.

2. Werecall that w(B) > 0. For w € A, this implies that w(B) > 0 for every pseudo-ball
B of B. Indeed, takeB® for B and B for E in (5.10).

Lemma 5.10. Let p(-) € 2'°8(B) be such that p_ > 0. Let w € A. Then
1 1 1 L
||7(B||p(~),w ~ w(B)P+B) =~ w(B)r-® ~ w(B)r®™ ~ (B)Prs
for all pseudo-balls B of B such that w(B) > 0 and for all x € B.

Proof. Take B for B and B for E in Definition 5.9. We have

1
B)\s
(0‘1““—()) wBd) < wB) < w).
o (BB)
So
w([B)p—(B)—p+(B) < w(B)p—(B)—p+(B) < ‘ua(B)%(p—(B)—m(B))w([B)p—(B)—er(B)'
It is easy to check that

min(L, w®)”-""*) < w®@)?~ P 7P+B <max(1, w®)P- ).
Next, combining with Lemma 5.5 gives

min(1, w(®)"- ") < w(B)P~ B PP < Cymax(1, w®)P~P*).

1 1 1 1
We have thus proved the estimates w(B) 7+® =~ w(B)»-® =~ w(B)?® =~ w(B)"s for all
X € B.
On the other hand, from Lemma 5.6 we have
1 1 1 1
min (w(B) 7=, w(B) 7P )| < 15l 0,0 < max (w(B) =, w(B) 7).
Hence

1 1
IxBllpe),w=w(B)P-® =w(B)r+® .

We recall again the notation w'(y) = w(y) =P,
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Lemma5.11. Let p(-) € @iog(B) and w € B;(.). Then

pp—1
lw™ XBIIp_—(pp_(w XB)) =w'(B)Ps L, (5.11)
() )

Proof. Let we B;(.) and B € 98. By definition we have

wB)lw™ sl o < (Wl . (5.12)
pC)

pC)

Ha(B)PE

On the other hand, by the Holder inequality (Proposition 5.3, assertion 1) and Lemma 5.10,
we have

L
pC)

1 __1
ua(B):wa(y)P(ww(y) PO dug(y) <2|wro xpllpollw P))csllp()—w(B)pB lw" p()XB”p()

Hence )
w(B) P8 w_%
1ia(B) X

>1, (5.13)

1240

Consequently, from (5.13), Lemma 5.6, Lemma 5.10 and Corollary 5.1, we have:

1 1\PW
w(B)PE 1 w(B) "B _rew
lﬁppw)( B P“XB)=fB( ® ) w(y) "V dua(y)

Ma(B) Ha(B)
w(B) 1;(_(yy)) _rw
:-[B(—,U (B)pB) w(y) PV dpue(y)
a
oo oo 1)
P G 1P)
So by Lemma 5.6, we have
B
w(B) wlysl > (5.14)
o (B)PE L(-))N
Thus from (5.12) and (5.14), we have
(B)pB
lw™yp ||p_=%. (5.15)
)

Furthermore, from Remark 5.4 and as p(-) € 2., we have the equivalences

1B ® = 1 (B)P-B) = 114 (B) =BT = i (B) 7T

_PB__ _PB__
< Ug(B)P-B-1 = 1, (B)r+®B-T,
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from which we deduce that
PB PB _PB_
Ha(B)P+®B-1 = 114 (B)P-B-1 = g (B) PB~!
since p_(B) < pp < p+(B). Similarly, by Lemma 5.10, we deduce from the estimate
w(B)PE =~ w(B)P+® ~ yw(B)P-®

that 1 1 1
w(B)P-B-1 =~ (B) +B-1 =~ w(B) P51,

So from (5.15) we have

_1

P llw s IIP() .
) ol

,_.

(B)l —(B)—
lw ys 1, =lw” )(BII

p() P

Since p y, (w™'x5) = w'(B), combining with Lemma 5.6 where 2= >
F0) )

obtain the required result. O

() replaces p(), we

Proposition 5.10. Let p(-) € @}_rog([EB) and w € B+ Then w' € B+,() and

pp—1

1
——lw'xslhilw™ xall x =~ ——wyplhllw xsll po = ——
PR i o paBps | CABIINE XBLEG =, (B)

w(B) (w’(B))pB_l
Ua(B)

for all pseudo-balls B € 2.

Proof. We recall that w € A by Remark 5.5. Hence, from Lemma 5.10 used with %
replacing p(-), equation (5.11) and the property w € B;(,), we obtain

1 1
—w(B) w'” =—w'(B) :
B [ XB”% B ||XB||%,W
N;w (B)w(B)pB Pp-1
Mo (B L b
1
= (ﬂw/(B)PB—l)pB_l (5.16)
o (B)PB
1
w(B) PB-1
—-(;I;E}§;EEW|LU Bl'ETT) (5.17)
1
<lwlp”!

pe)

Hence w' € B, and from (5.16) and (5.17), we deduce that

Z40]

wB) = (B)( (B))”’B1

2w sl =
paBps ' ABE = By e (B)

225



5. Weighted norm inequalities in the variable Lebesgue spaces for the Bergman
projector on the unit ball of C" — 5.5. The weight classes B, and B

p() p()
O

Definition 5.10. Let p(-) € 22, (B) and let w be a weight. We say that w is in the B;;(T)
class if

w®B (wB)!
[w]B;;) 1= sup —_— < 0o0. (5.18)

Be® Ha(B) \ g (B)
It is easy to check the following Proposition.
Proposition 5.11. Let p(-) € 22, (B). The following two assertions are equivalent.
++.
1. we Bp(,),
2. weBHt.
p'e)
Lemma5.12. Letp(:) € .@iog([ﬂs), and w € B;;(T). Then for all pseudo-balls B of B,
1 1 L

Proof. Since w € B+(+_), we have w'(B) < oo and it follows from Lemma 5.6 that || yp || PO <
oo. Hence, by the Holder inequality, we obtain

Ha(B) <20 x8lpe),wllX Bl pre),w
L2xslpe,wlxslpye,w-

Therefore, from Lemma 5.5, we get

p-(B)-p+(B) ~ p—(B)-p.(B) p(B)-p_(B)
[F9:1 [ S Ha(B) 7 1:1 [

< n+—p—)
NmaX(l, (P71 e B (5.19)

On the other hand, using again w € B;(Jf), we have w(B) < oo and hence [ ygll (),w < co.
Then
p+(B)—p-(B) p+(B)—p-(B) p+—p-
sl PO <l e < max (1, Ixsle ). (5.20)

Thus from (5.19) and (5.20), we have

(B) —(B)
Il = 1B

and from Lemma 5.6 we conclude the proof. O

log ++
Lemma 5.13. Let p(-) € 22, °(B). Then Bp(.) c A.

Proof. Let w e B;(T). Let B € % and let E be a measurable subset of B. By the Holder
inequality and from Lemma 5.6, we have

Ha(E) <21 xElpe),wll X el pre),w
S 2xElpe),wllxsllpe),w

_1 1
g 2max(w(E) p+(B) , w(E) p—(B)) ”XBHP’('),W"
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However, since w' € B;’,?) by Proposition 5.11, from Lemma 5.12 we have
1

_1 1
I8l pe,w = w'(B) PiB ~ 1 (B)L® =~ ' (B)".

++

iy We deduce that,

Hence using w € B

1 1 1 1
pa(E) <max|w(E)»+® w'(B)"+® , w(E)-® w'(B) - ® )

1

(w(E) ) T ( w(E))ﬁ)ua(B)

1 1
P+ B) )

P+ (B
<max|[w] L, [w] )y
B, By

) max||—-— —
w(B) w(B)

5l )(w(E))m

+4 ++
By B,o) \w(B)

< max | [w] Ha(B)

<max|[w] %, [w]?; )(”’(E))’“ fa(B).

+ ++ TN
Bpoy Bpey) \w(B)

Therefore,

Ha(B) <(w(E))%+
Ha® ~\wB))

s log + _ p++
Proposition 5.12. Let p(-) € @i (B). Then Bp(.) = Bp(_).

Proof. For the inclusion B;(.) c B;(‘f), apply Proposition 5.10. For the reverse inclusion,
apply Lemma 5.13 and Lemma 5.10. O

Remark 5.7. From Proposition 5.10, Remark 5.5 and Lemma 5.10, we have the inclusion
1
B}, < By, for p() € 2, 8(B).

Now we prove the reverse inclusion. In this direction, we first state the following
result.

Lemmab5.14. Let p(-) € @iog([EB) and w € By,(. Then there exists a constant C > 1

1 _
1 p-(B)—ps (B)
C = ”XB“p(-),w < C

forall B e 3.

Proof. By the Holder inequality, we have

pa(B) < 20 xBll pe),wl X8l prey,w

and as w € By, from Lemma 5.5 and according to the estimate || ygll (), <00 given
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by Remark 5.3, we have

p-(B)—p+(B) p-(B)—p.(B) p+(B)-p-(B)
Ixsllow 7 S Ha(B) “PNBl

(B)—p-(B)
= xell

<
< max(1, el " ).

On the other hand, according to the estimate || ygll »(),w < oo given by Remark 5.3,

we have

p+(B)—p-(B)

1B, w < max(l, ||X[B||p() w

From Lemma 5.6 and Lemma 5.14, we deduce the following corollary.

Corollary 5.3. Let p(-) € ?/’iog([EB), and w € By(y. Then

IxBllpe),w = w(B) P w(B)P ~ w(B) 5.
forall Be 2,

We next state the following theorem.

log
Theorem 5.4. Let p(-) € 22,° (B). Then By = B B;(+)

Proof. From Remark 5.7, we have B;(_) < Bp(y. Let w € By(y. By Proposition 5.5, w' €
By (y. It follows from Corollary 5.3 that

PB

gmax(l,[w]p+ )

w(B) (w'(B)
Bp(y

pp-1
Ua(B) Ha(B)) ~( a(B)”XB”p()w”XB”p()w)
O

To end this section, we record with the same proof the following analogous theorem
for the variable Muckenhoupt weight classes.

Theorem 5.5. Let w be a weight and let p(-) € @iog(B). The following three assertions
are equivalent.

1. we Ap(.),'
2. sup m lwxslill w‘le I /) < oo, where thesup is taken over all pseudo-balls
B §70)
of B;

w'(B ))”B‘l

3. s%p — ( 12 (B) < 0o, where the sup is taken over all pseudo-balls of B.
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5.6. Proof of the necessary condition in
Theorem 5.2

The aim of this section is to prove the following result.

Proposition 5.13. Let w be a weight and let p(-) € @Jl_rog([B). If the Bergman projector is
well defined and bounded on LPY) (wd ), then w € By(y.

++

Proof. According to Theorem 5.4, it suffices to prove that w € B Pt

estimate holds

i.e. the following

/ pp—1
w(B) (M) < 0. (5.21)

sup
Bea Ba(B) \ e (B)

1 ’
From Proposition 5.8, we have that w™ 79 € L V) (du,) and from Proposition 5.9 we

have w? € [PV (dug). In particular, w(B) < co and w'(B) < co. Thus we just have to
show the estimate (5.21) for the pseudo-balls of radius smaller than a positive constant
Ry, because if the radius of B is larger, then B can be identified with B. We shall use
the following lemma.

Lemma 5.15. [2] There exist three positive numbers Ry, c and Cy such that the following
holds. For every pseudo-ball B' € 28 of radius R < Ry, there exists a pseudo-ball B> € 9
of same radius such that d(B', B?) = cR, that satisfies the following property: for every
non-negative measurable function f supported in B! and for two distinct superscripts
i,j€{1,2}, we have

Paf]> Caxpitia(B)™) fB fdpa. (5.22)

Thus, by taking f = yp: in (5.22) we obtain :

1Pty (21> (I Cabta B | yidita =t 2

Using the growth of the norm | - | (,,, we obtain

1

1
”anBi”p(-),w = wp(')PaXBi ”p(-) Z ”XB]' wrt ”p(-)
So using the fact that P, is bounded on LP) (wdu,), we obtain:

1
1xi wPO llpey S WPalll X pillpe,w

We then deduce that

1 1

||)(Bl wPro ”p(-) = ”XBZ wro ”p(-)' (5.23)
In the rest of the proof, we shall take f = w'y z1. We have f € L") (wdu,) since

Ppe,w(f) = f[B w(@) PPy p (@D w@dua(2) = o (w_%XBl) <00
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by Proposition 5.8. However, py),w(f) = f31 wdu, = w '(BY). Also, from (5.22) and
the previous equality, we have

x5 (@ w' (B < C' pa(BHIPa f(2)].

Moving to the norm | - || 5(,w, We obtain

1

lw?O ygell poyw' (BY < Co' e BHI P fll poy,w

Then using the boundedness of P, on LPY (wdp,), the previous inequality implies

L

lw? y g2l poy w' (B < C3 ' tta BYI PNl p), w0

and combining with (5.23), we obtain the following lemma.

Lemma 5.16 (Main Lemma). Suppose that P, is bounded on L") (wdug). Then

L

lw?O x5l pyw'(B) < CCZ' o BYI Pallll W'y py, (5.24)

for every pseudo-ball B € % of radius smaller than Ry. The absolute constants Ry, C and
Cq were respectively defined in Lemma 5.15, (5.23) and (5.22).

1 . .
At this level, we need to calculate [|w?® yg| »() and || w' xsl p(),w- This calculation is
not as obvious as in the case where p(:) is constant.

Lemma 5.17. Let p(-) € ZB). If P, is bounded on L") (w), then P, is bounded on
Ll’/(')(w’).

Proof. We first recall that the weighted Bergman projector Py, is the orthogonal projec-
tor from the (Hilbert-) Lebesgue space L?(d ) to its closed subspace L (d )N Hol(B)
(the standard weighted Bergman space). We call 6. (B) the space of continuous func-
tions with compact support in B. By Proposition 5.2, 6.(B) is a dense subspace of
LP9(w) and LP'O (w'). From Proposition 5.4 and the boundedness of P, on LPY (w),
for all f € €.(B), we have

1P fll pr o, = sup fPaf(()@dua(C)‘
8ECB):NIgl pe), B
= sup ff(C)Pag(Od/Ja(()‘
8EC(B): IIgIIp
<2 sup 1Ay, w 1 Pagllpey,w

8EC®):lIglp(),w=1
LS21Palllf ey, -

We have used the elementary fact that €, (B) is contained in L?(dug). For the last but
one inequality, we used the Holder inequality. O
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Lemma5.18. Let p(-) € 22(B) and let w be a weight. If P, is bounded on LPY(w), then
forallt>0,
lExyp, 158l pe,w < 1Pl ll fllpe), w-

Proof. It suffices to remark that for all £ >0, txp, f1>1 < |Pa fl. O
Lemma 5.19. Let p(-) € inog([EB) and w be a weight. If P, is bounded on LP") (w), then
1 1
lxBllpe),w=w(B)r+® = w(B)r-®

for all pseudo balls B of B.

_(B)-p+(B
Proof. Tt Iyl pe,w > 1, then [ xal| b e <lixsllh b <lixslh b 7% <1.80
p-(B)-p+(B) _

Otherwise, if | xgllp(,w < 1, then by the Holder inequality, we have
Ha(B) < 28l po),wll X8l pe),w
L2xslpe,wlxsllpe),w (5.26)

Hence from (5.26) and Lemma 5.5, we have

p-(B)—p+(B) pi—p- p_(B)-p+(B) p+(B)—p-(B)
sl P < 2P+ P g (B) Plxslh

(5.27)

<
S max(1, sl ).

We point out that || ¥gll (), < oo according to Proposition 5.8, since P, is well defined
on LPY (w). On the other hand, using the boundedness of P, on LP" (w), we have the
estimate || ygll »(),w < oo according to Proposition 5.9. Then

B B
s < max(1, sl b, 5 ) < oo (5.28)

Thus, from (5.25), (5.27) and (5.28), we deduce that

p+(B) _ p_(B)
sl = sl (5.29)

for all pseudo-balls of B. Applying Lemma 5.6 gives
—1_ 1
2Bl pey,w = w(B)P+® = w(B)r-®.

O

End of the proof of Proposition 5.13. We go back to the Main Lemma (Lemma 5.16).
On the one hand, since P, is bounded on L") (w), it follows from Lemma 5.17 that P,
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is also bounded on LP'®) (w'). So from Lemma 5.19 with p’(-) in the place of p(-) and
w' in the place of w, we have
1

sl ey, = w'(B) T = ! (B) T,

1 1
This implies the estimate w'(B)?-® = w'(B)r+® . It then follows from Lemma 5.16
that

L
lw' xBll pey,w = w'(B)Ps.

a1
On the other hand, [ w?Y x gl p¢) = | xBll p(),w = w(B) P8 by Lemma 5.19. The inequality
(5.24) of the Main Lemma takes the following form

w(B)?5 w'(B) < a(B)w'(B)7.

Equivalently,

w(B) (w’(B))pB_l
sup —— | —— <00
Bea Ma(B) \ Uy (B)

We have shown the estimate (5.21). This finishes the proof of Proposition 5.13. O

5.7. Boundedness on L (w) of the maximal
function m,

In this section, we prove the boundedness of the maximal function n2, on LP® (w)
when w € B,,. As in [2], we will use the regularisation operator that we recall here
with some of its properties.

Definition 5.11. Forall k € (0,1), we define the regularisation operator R}’ of order k by

Rl f(2) = fw)dpe(w),

Ua (B (2)) JBk(2)
where BX(z) = {{ e B: d(z,0) < k(1 —|z|)}.

Proposition 5.14. For all k € (0,1), there exists a constant Cy > 1 such that for every
non-negative locally integrable function f, the following two estimates hold.

1) myf < CkmaR;:f;
2) Ci'mag < RYmqag < Crmag.

Lemma5.20. Letk € (0,2). Ifz' € B¥(2) then z € BX (') where k' = 1%, and y g, (2) <
XB¥ () (z). Moreover there exists a constant Cy. > 1 such that

Ci' 1o (B¥(2)) < pa (B (2) < Crpta(B¥ (2)).
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Lemma 5.21. Let k € (0,%) and p(-) € @iog(B). For w € By, there exists a constant
Cy > 1 such that for all z, z' € B such that z' € B*(z) we have:

C;lw(B*(2) < w(B¥ (2) < Crw(B¥(2))

Proof. We have B¥(z) c B2 (z') and B¥ (z') c B%(2). From Theorem 5.4 and Remark
5.5, we have w € A. Apply Remark 5.6 to conclude. O

Lemma 5.22. Let k € (0, %). There exists a positive constant Cy such that for all non-
negative locally integrable f, g, we have

f[Bf(()ng(C)dua(()<Ckf[Bg(Z)ka(Z)dua(Z).

We also recall the following elementary lemma.

Lemma 5.23. Let zg € B and r > 1 —|zy|. For z € B(zg, 1) and { € B¥(z), we have { €
B(zg,ar) witha=22k+1)r.

In the rest of this section, to simplify the notation, we write o = R’ w. The following
result is a generalisation to the variable exponent of the analogous result in [2, Lemma
10].

Proposition 5.15. Let p(:) € .@iog([EB), ke (0, %) and w € By(. Then R w € Ap() with
(R Wy, S (Wlsy,-

Proof. From Theorem 5.5, it suffices to show that

< [w]

O.(B) OJ(B) p(zp)—1
( ) By

Ha(B) \ o (B)

for every pseudo-ball B of B.
We write a = 2k + 1. Let B = B(zy, r) be a pseudo-ball in B. We set B’ = B(zg, ar). We
distinguish two cases: 1. B € 8; 2. B is not a member of .

1. Suppose first that B € 8. We claim that there exists a positive absolute constant
Cy such that
oB) _ . wB)

< . 5.30
taB)  F e B) (530
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Indeed, from the Fubini-Tonelli theorem and Lemma 5.20 we have

o(B) = fBU(Z)dHa(Z)

1
A Ao dus
fB(ua(Bk(z))ka(z) wQdp (()) Ha'2)
_f( )(Bk(z)(()XB(Z)
- B B

pa (B (2))
<f fXBk’(()(Z)XB’(C)
~Je\/B
= w(B).

dua(z)) WO dpa Q)

ta (B¥ ()

dua(Z)) w()dpe()

For the latter inequality, we used Lemma 5.23. Moreover, since B < B’ and
e (B) = s (B'), we obtain that

oB) .o (B))

ta(B) ~ pa (B

Furthermore, from the Holder inequality and Lemma 5.10 we have

Ha(B*(2))
w(B*(2))
2 1 L
< m” wro XBk(2) IIp(.) lw PO X Btz ”p,(.)
= ;w(Bk(Z))ﬁ w’(Bk(z))ﬁ
w(B*(2))
“wEkey ]

G

Hence

o'(2) = (U_l)pl(z)_l (2) <

~

(w’(Bk(z)))ﬁ
w(Bk(2)) '
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From the Holder inequality and Lemma 5.10, we have

o'(B) = fB 0'(2)dpq(2)

1

1 Rk @ 1
Sf (Mw(z))p w(z)_mdua(z)
B

w(B(2))
<ol W B\

pt 'O ————w(. .
<L2|lw XB”p()”(w(Bk(.)) w()) x8lpe

1

L (WBR)) PO
< w'(B)r ) (— ) . 5.31
S wi(B)P«e| w(BFL) w@l|  xslpe (5.31)

1 1
Since w' € A, from Lemma 5.10 we have f:= || w'?0 x8'llpey = w'(B)?% . Thus
as Bc B/, from Lemma 5.20 and Lemma 5.21 we have

1 ( w'(B*()) w)ﬁ
PP\ wF) ) 1
[ 1 w(B )
B B PP w(B*(z)) w(2)xp(2)da(2)
- f 1 w'(B*2)
~ Js w'(B") w(Bk(2)

w(z)xp(z)duqe(2)

_ 1
=w'(B) 1X‘/[B(mfﬁw/(()XBk(z)(()XB(Z)w(Z)d,Ua(C)) dpg(z)
1

Tyt P O ' )

< Cw' (B! xf(
B

= Cp.

For the latter inequality, we used Lemma 5.23. Hence we obtain

1

(w'(Bk(.)) )W
TN B

1
w < Crw'(B') P,
w(B¥(.))

p)

Consequently, we deduce from (5.31) that
1 _1
o' (B) < Crw'(B) =0 w' (B Pz < Crw'(B')

because B c B'. Moreover, as (iq(B) = 114(B’), we have

o' (B) w'(B"
< Ck
Ha(B) Ha(B)
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and hence
OJ(.B) p(zp)—1 wl(BI) p(zo)—1
( ) <C ( ) . (5.32)
Lo (B) *\pe(B)
Combining (5.30) and (5.32) gives
g(B) (o'B)\"* _ w(B) (w'B))"*
110 B) \ 112 (B) <7k#a(3,) ,ua(B’)) < Yelwls,, (5.33)

by Theorem 5.4.

2. Suppose next that the pseudo-ball B is not a member of 48, i.e. r <1 —|zp|. In
the case where k(1 —|zp]) <r <1-|zl, we have B < B(zy,1 —|zp|) and py(B) =
(1—120)™*%* = ug (B(zg,1 - |20])). The pseudo-ball B(zy, 1 —|zy|) is a member of
9B; so we can apply to it the computations of the first case. We obtain:

a(B)(a’(B))'”“‘”‘1 o 0Bz 1-120D) (0'(B(zo,1~1z0) \P

Mo (B) \ g (B) ™ wa(B(z0,1—20]) \ e (B(20,1 —120l))
< [W]Bp(.)'

~Y

Next, if 0 < r < k(1 —|zp]), then for z€ Bwe have (1 —k)(1 —|zp]) <1-|z| <
(14 k)(1 —|zl). This shows that uq (B*(z29)) = pa (B (2)).
We also claim that w(B* (z9)) = w(B k(z)). Indeed, it is easy to show the inclusions
Bk(zo) < B(z,4k(1 - |z|)) and B¥(z) B(zy,2k(2 + k)(1 —|zpl)). The claim then
follows an application of Remark 5.6. Combining with the estimate uq (B*(z0)) =
ta(B*(2)) gives
0(z) =0(zp) (5.34)

for every z € B. Now, by Remark 5.2, p'(:) is a member of @iog (B). Then by
Lemma 5.10 and Corollary 5.1, we have

U(Zo)l_p,(ZO) ~ O-(Z)l—PI(ZO) ~ O.(Z)I—P,(Z).
Combining with (5.34) gives

O.(B) (OJ(B) )p(zo)—l

Ha(B) \ g (B)

The conclusion of the lemma follows a combination of (5.33) and (5.35) with
Theorem 5.4.

O
Lemma5.24. Let p(-) € 2, 8®), k€ (0,1) and w € B, Then

(R¥g(2)P® S R (gP(2) +1

for all non-negative functions g such that || gl p(),w =1 and all z € B.
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Proof. As [Igll),w = 1, from the Holder inequality (assertion 1 of Proposition 5.3), we
have

1
2||X3k(z) ”p’(-),w’

f 20 dta) <185t lpow = 1.
Bk(2)

Therefore from the usual Hoélder inequality and Lemma 5.5, we obtain

1
2”XBk(z)||p'('),w'

p(2)
(REg(2)P? = ( fB . g(c)dua(c)) HaB (@) P27 g 100

1 p-(B)

<2”(Z)( f ©)dpal )) (B @) PP g5,

2||XBk(Z)||p/(,),w/ Bk(z)g ( l’ta ( l'l/a XBk(Z) p()'w
& f Odia®] " HalBE@P-O P g 1722
> aBF@) Jor i B0 Ha X8+,

k; \\p-(B)—p(2) p(2)—p-(B) 1 p_(B)
S Ha(B7(2) Weralyow L Br ) Joy 8O W

1
S——tm 1P Pdpa () +1

1a(BE(2) Jpr(o SYE7! Ha
SRV (2) +1.
For the last but one inequality, we also used the following inequality
p(2)-p-(B) pi—p-
Xk ey <max(l, |xsl} 0.
O

Lemma 5.25. Let p(-) € @iog(B), k€ (0, %) and w € By(). Then

€ 1
||R1?g' wrt ”p(~) S, llg- (Rg w)prv) ||p(.)
for all non-negative functions g belonging to LP") (R wdug).

Proof. From Proposition 5.15, we have 0 = R w € Ap() < By() because w € Bp,).
Without loss of generality, we assume that [ g|l »(),» = 1. Thus from Lemma 5.24 and
Lemma 5.22 we have

Py (REg - WD) = fB (R2 ()" w(2)dpia(2)
< f RY (8" (@ w(2)dpa(2) + w(B)
B

SfBg(Z)”(Z)U(Z)dua(Z)+ w(B)

S 1+ w(®).

For the last inequality, apply Lemma 5.6. O
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We still use the notation o = R,‘i‘ w, with k € (0, %).

Lemma 5.26. Let k € (0, %), p() e ?}’}_rog([ﬂé) and w € By(). Then there exists a positive
constant C([w'] By,) depending on [w'] By, such that for every non-negative function

ge L7 (0", we have
IRE &l ) < C([w,]Bp/(,)) 18l pre),0

for all non-negative functions g € LP'O(a").

Proof. Without loss of generality, we assume that [|gll () = 1. From Proposition
5.6 and Proposition 5.15, we have o’ € A,() € By because w € By(,. Thus since
lgllp(,0r =1, using Lemma 5.24 and Lemma 5.22 we have

Pp),w (REQ) = fB (RIg(2)P @ w' (2)dpta(2)
S fB R,Z‘(g”'('))(z) w' (2)d e (2) + w'(B)
< fB g(P D ROW (2)dpuq(2) + w' (B)
= f[B g(2)" 9o’ (2)0' (2 R W' (2)dpia(2) + W' (B)
<wlg,, fB g(2)" 90 (2)dpa(2) + W' (B)

< (Wlp,,, + W @).

Y

Indeed, the last inequality follows from Lemma 5.6; for the last but one inequality,
using Theorem 5.4 and Lemma 5.10 for w’ in the place of w, we get

Pz
plz

)
o' (@' R{w'(2) = (R{w(2)) 7@ R{w'(2) S [w'lp

because B (z) is 'almost’ a member of 9, as it is a subset of the member B(z,1—|z|)
of 9, ,ua(Bk(z)) =~ l1q(B(z,1—|z|)) and w' € By (). So by Lemma 5.6, we get

IR gl < CAg, ).

O
Lemma 5.27. Let p(-) € 2 8(B), f non-negative in LP9 (w), k € (0, 1) and w € Byy,.
Then

1

IR f(RE w) PO || ey < C([w']Bp,(,))IIfIIp(-),w-

Proof. We still write 0 = R;’w. By duality (Proposition 5.4), there exists a non-negative
function g satistying |||l y/(),.- = 1 and such that

IR fllpero < Zf[Bg(Z)R,i‘f(z)dpa(z),
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Next, from Lemma 5.22, the H6lder inequality and Lemma 5.26, we obtain

IRE Fllpeyo S f[B f(2)REg(2)dpg(2)

< 2||f||p(-).w”R;:g”p’('),w’
< ZC([W/]BP/[,)) ”f”p(-),w”g”p/(-),a’

!
=2C([w ]Bp/(,))||f||p(~),w-
Hence we have the result. O

Theorem 5.6. Let p(-) € ?}’iog([B). If w € By, there exists a non-negative function C
defined on (0,00) such that for all f € LP") (w) we have

|m(xf||p()w C([w] Bp())”f”p()w

Proof. By Proposition 5.5, we have the equality (w]p,, = (w'] By So from Lemma 5.27,
we have
IRY f- (R w)? 70 Ipey < CUAwlB, I fllpe),w- (5.36)

Hence R} f € LP (o). Next, since o € Ap() by Proposition 5.15, Corollary 5.2 gives

L
pC)

Ime (R f) - (R w)? )”p() SIHRE ) - (REW)P (5.37)

Hence from (5.36) and (5.37), we have mq (R? f) € LPU (R¥ wdp,). Now, Lemma 5.25
gives
”Ra(ma(R f))wp ) ”p() S ”ma(Raf) (Raw) ) ”p()

Next, by Proposition 5.14, there exists a positive constant C such that
mq f < CRi (Mo (R; f)).

This implies that
1Mo fllpe),w S Ima(RE f) - (RE w) PO )”p()

Finally, applying (5.37) and (5.36) successively, we have the result. O

5.8. A weighted extrapolation Theorem and the
proof of the sufficient condition in Theorem 5.2

We are now ready to prove the sufficient condition in Theorem 5.2, we will adapt
the strategy used in [16].
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5.8.1. Preliminary results

We recall the B; class of weights. A weight w belongs to Bj if

mow(2z)

[w]p, := esssup (5.38)

B W(2)
In R”, the analogous of the following factorisation theorem was proved for the Muck-
enhoupt classes Ay, 1 < p < oo, by Jones [26].

Theorem 5.7. For a constant exponent p such that 1 < p < oo, the following two
assertions are equivalent.

1) we Bp;

2) there exist w; € By and w, € B; such that w = w, wé_p.
Proof. We first show the implication 2) = 1). Suppose that w = w; w; P with wy, ws €
B;.Forall Be %8 and z € B, we have

w;dl, < [w;ilg w;i(z), i=1,2. (5.39)
IJa(B)fB iadlq ilB, Wi

!/ 1-p' l—p l—p, l_p’
Thusas (1-p')(1-p)=1,we have w 7 = (w1 w, ) =w, " wy. So from (5.39)

we have

1B Js ) ) Ji Ha
(ua(B)walwz Hall ey Jp 101 1241
S OB 2], HalB) Js 2@fa) L) Jp e

1 -1
dila
(ua(B) ) (ua(B)fB”“ “)

[W1]Bl[w2]

Hence w € By,.
We next show the converse implication 2) = 1). Suppose that w € B,,. Set g = pp’
and define the operator S; on the space .# by

$1£(2) = w(@)7 (ma (7w p)(z))%

By the Minkowski inequality, S is sublinear. Moreover, from the constant exponent
version of Theorem 5.6 [2, Proposition 3], we have

f S1f(2)dpia(z) = f (ma(f”'w‘%)(z)) w(2)dpa(2) S C((wl, f Fl@dug(2).
B B
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Q=

In other words, 151114 < (C(1wls,))".

Similarly, denote again w’ = wi P € By, and define the operator S, on the space .4 by

1

_1 »

S2f(2) = w'(2)7 (ma (f”w, P’) (Z)),,

By the Minkowski inequality, S is also sublinear. Moreover,

fszf(z)qdua(z)<c([w )ff"(z)dua(z)

S

Lemma 5.28. Set S = S; + Sy and define the operator Z on 4 by

Q=

In other words, [|Sz2l4 S C (([w’]gp,))
We use the following lemma.

x Skp(z)

Rh(z) =)

k=0 2k SNl

with S°h = |h|. Then
a) |hl < Zh;
b) 1Zhllq <2llhlg;
c) S(Zh) <2|Sl4Z%h.
Proof of Lemma 5.28. By the definition of Zh we have h < Zh. Moreover

IS* Rl x 1
1Zhly < ), ———= <Al — =2|hll4.
! Zozkusnk q;)Zk !
Next, the sublinearity of S gives S(Zh) < 2| S|4 Zh. O

Applying assertion c) of Lemma 5.28, we obtain

\IH

w(2)1 (me (RN wP) ()" = 51(Zh)(2) < SGRM) (@) <215y Rh(D).  (5.40)

|
Now set w, = (Zh)P w 7. By (5.40), we have w, € B.
Similarly, we have

1

1 P
w’(z)% (ma (@h)P w7V (Z)) "= S2(Zh)(z) < S(Zh) <2|Sll4Zh(z). (5.41)
Now set w; = (%h)pw P . By (5.41), we have w; € B;. Moreover w, w2 P-we By,
This finishes the proof of Theorem 5.7. O
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Lemma5.29. Let p(-) € @iog(B) and let w € By(,. We define the operator R on LPO (w)
by
k
& h
Rh(x) = Z m“—(x)

k
k=0 2k ” ma ”Lp(.) (w)

where for k > 1, m§ =MqOMgO-+-°MNg and mgh = |h|. Then R satisfies the following

k—t/?r;es
properties:

a) |h| < Rh;
b) R is bounded on LPY (w) and |Rh| p(),w < 21 Rl pey, w5
¢) Rhe By and [Rh]p, <2|lmqgllppo(y)-
Proof. The proof of assertions a) and b) are the same as for assertions a) and b) of

Lemma 5.28. Here, we use the sublinearity of m,,.
Finally, by the definition of Rh, we have

o) k+1
Mg (Rh)(x) < Z m“—h(x)

k
Eo2kImall, o,

[e’s) mk+lh(x)
< 2lmellppo ) 2 =
X allLrO (w)

k=0 25+ | mg | <3

LPO (w)
<2[myg ||Lp(.)(w)Rh(x).

Thus Rh € Bl and [I{h]B1 g 2” ma ”Lp[.)(w). D

Lemma 5.30. Let p(-) € @}_rog([EB) and w € By,. Define the operator H on Lr'o by

Hh :%’(hwﬁ) w0

where o L
gt = D
o2k Imal,,
Then
a) |hl < Hh;

b) H is bounded on LP'©) and IHR ey <20 Rlp s
1 1
¢) Hh-w?Y € By and [Hh- wr9]p, < 2||ma||Lp/(.)(w,).
Proof. The proof is the same as for Lemma 5.29. We replace p(-) by p'(-) and w € B,
by w' € B,y (. The property p'(-) € 27.8(B) comes from Remark 5.2. O

5.8.2. A weighted extrapolation theorem

We denote by & a family of couples of non-negative measurable functions. We are
now ready to state and prove the following weighted variable extrapolation theorem.
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5. Weighted norm inequalities in the variable Lebesgue spaces for the Bergman
projector on the unit ball of C" - 5.8. A weighted extrapolation Theorem and the
proof of the sufficient condition in Theorem 5.2

Theorem 5.8. Suppose that for some constant exponent py > 1, there exists a function
C:(0,00) — (0,00) such that for all v € By, and (F, G) € &, we have

fBF(x)”OV(x)dua(x) < C([V]B,,O)fBG(x)”"v(X)dua(X). (5.42)

Then given p(:) € @iog(B) and w € By, we have

1

_1 o
IFllpo,0 < 16477 (C(1018,0)) ™ Gl ey, (5.43)

forall (F,G) € & and F € LPO (w)

Proof. We use the technique of Cruz-Uribe and Wang in [16, Theorem 2.6]. Let (F,G) €
F . It Fllp(),w = 0 we have the result. Otherwise, || F|l (), >0 and hence |G| y(),w > 0,
becauseif |G|l (), = 0, then G = 0 a.e. and by (5.42) we will have F = 0 a.e. Henceforth,
we assume 0 < [[Flp(,w <ooand 0 < |G|l p(),w < co. Define

F G
= —+ ,
”F”p(-),w ”G”p(-),w

h

then [|71 ]l p(),w < 2and so h € LPO (w).

Since F € LPY (w), by duality (Proposition 5.4), there exists hy € LP'©) such that
||h2 ”p’(-) =1and

1 1
1E N pey,w < 2 f Fw? hydpg <2 f F(Hhy) w0 dig (5.44)
B B
where the latter inequality comes from assertion a) of Lemma 5.30.
Sety = i. By the usual Hélder inequality, we have
0

f F(Hhp) w0 djtg = f F(Rhy)™Y (Rhy)Y (Hhy) w0 dpig
B B

=) ~|"‘

p

1
<I°L°, (5.45)

where

I = f FPO(RI) PO (Hhy) w0 dpig
B

and 1
Iz = f (Rl’ll)(I‘Ihg)LUm d,ua.
B

In addition, from Lemma 5.29 and Lemma 5.30 respectively, R is bounded on LP") (w)
and H is bounded on L”' ). Thus by the Holder inequality, assertions b) of Lemma 5.29
and Lemma 5.30, we have

L <2IIRh | pey,wll Hhzll oy < 8l pey,wll Azl prey < 16.

243



5. Weighted norm inequalities in the variable Lebesgue spaces for the Bergman
projector on the unit ball of C" - 5.8. A weighted extrapolation Theorem and the
proof of the sufficient condition in Theorem 5.2

By the definition of /; and assertion a) of Lemma 5.29, we have

P

lepll Shi <R
pO),w

for ¢ € {F, G}. Next, by the Holder inequality and assertion b) of Lemma 5.30, we have

FQ 1P u
Ilépr"(() (—) HQh(QwrOdpg ()
B 1 Fll pey,w

= IFI5, f FQOHQ Qw0 dig ()

1
<20FIE N F oo, ll HRall
<alFI®,
< o0.

1

Since Rh; € By and (Hhy) w?Y € B; by Lemma 5.29 and Lemma 5.30 respectively, it

follows from Theorem 5.7 that v := (Rhy)}~Po (thwp()) € By,. Hence by (5.42) and
the same argument as above, we have

L prO(Rhl)l PO(HhZ)w+

1

< C((v]B,,) f GP*(Rhy)' ™70 (Hhg) w0
1

» G 1-po ,
<y, [ 67 (=2—) " it
R A VT B

_ 1
= Cln G, [ Gt widpg
<20, G 1G ol Hhs L

p(),w
<4C([vlB,)IGIN -

Thus from (5.44) and (5.45), we have the result. O

244



Bibliography

[1]

(2]

3]

(4]

[5]

6]

[7]

(8]

(9]

(10]

(11]

(12]

Alexandru Aleman, Sandra Pott, and Maria Carmen Reguera. “Characteriza-
tions of a limiting class B, of Békolle-Bonami weights”. In: Revista Matematica
Iberoamericana 35.6 (2019), pp. 1677-1692 (cit. on p. 222).

David Békolle. “Inégalités a poids pour le projecteur de Bergman dans la boule
unité de C{n}”. In: Studia Mathematica71.3 (1982), pp. 305-323 (cit. on pp. 203,
205, 209, 212, 213, 229, 232, 233, 240).

David Békolle and Aline Bonami. “Inégalités a poids pour le noyau de Bergman”.
In: CR Acad. Sci. Paris Sér. AB 286.18 (1978), A775-A778 (cit. on p. 203).

David Békolle, Adriel R Keumo, Edgar L Tchoundja, and Brett D Wick. “Weighted
estimates for operators associated to the Bergman-Besov kernels”. In: arXiv
preprint arXiv:2107.07180 (2021) (cit. on p. 204).

David Békolle, Edgar-Landry Tchoundja, and Arsene-Brice Zotsa-Ngoufack.
“Weighted norm inequalities in the variable Lebesgue spaces for the Bergman
projector on the unit ball of C"”. In: arXiv preprint arXiv:2303.07553 (2023)
(cit. on p. 208).

Haim Brezis and Haim Brézis. Functional analysis, Sobolev spaces and partial
differential equations. Vol. 2. 3. Springer, 2011 (cit. on p. 220).

Alberto Calderdn. “Inequalities for the maximal function relative to a metric”.
In: Studia Mathematica 57.3 (1976), pp. 297-306 (cit. on p. 219).

Alberto P Calder6n and Antoni Zygmund. “On the existence of certain singular
integrals”. In: Selected Papers of Antoni Zygmund. Springer, 1952, pp. 19-73
(cit. on p. 199).

Gerardo R Chacon and Humberto Rafeiro. “Variable exponent Bergman spaces”.
In: Nonlinear Analysis: Theory, Methods & Applications 105 (2014), pp. 41-49
(cit. on pp. 204, 209).

Ronald Coifman and Charles Fefferman. “Weighted norm inequalities for
maximal functions and singular integrals”. In: Studia Mathematica 51 (1974),
pp- 241-250 (cit. on pp. 201, 203).

Ronald R Coifman and Guido Weiss. Analyse harmonique non-commutative sur
certains espaces homogenes: étude de certaines intégrales singulieres. Vol. 242.
Springer, 1971 (cit. on p. 199).

David Cruz-Uribe and Jeremy Cummings. “Weighted norm inequalities for the
maximal operator on L”") over spaces of homogeneous type”. In: Ann. Fennici
Mathematici 1 (2022), pp. 457-488 (cit. on pp. 208, 212-214, 219).

245



(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

Bibliography

David Cruz-Uribe, Lars Diening, and Peter Hastd. “The maximal operator
on weighted variable Lebesgue spaces”. In: Fractional Calculus and Applied
Analysis 14 (2011), pp. 361-374 (cit. on pp. 208, 212, 213).

David Cruz-Uribe and Peter Histo. “Extrapolation and interpolation in gener-
alized Orlicz spaces”. In: Transactions of the American Mathematical Society
370.6 (2018), pp. 4323-4349 (cit. on p. 208).

David V Cruz-Uribe and Alberto Fiorenza. Variable Lebesgue spaces: Founda-
tions and harmonic analysis. Springer Science & Business Media, 2013 (cit. on
pp. 204, 205, 210, 214, 215, 217, 220).

SFO David Cruz-Uribe and Li-An Wang. “Extrapolation and weighted norm
inequalities in the variable Lebesgue spaces”. In: Transactions of the American
Mathematical Society 369.2 (2017), pp. 1205-1235 (cit. on pp. 208, 239, 243).

Lars Diening, Petteri Harjulehto, Peter Hdsto, and Michael Ruzicka. Lebesgue
and Sobolev spaces with variable exponents. Springer, 2011 (cit. on pp. 204, 210,
214, 217, 221).

Lars Diening and Peter Hast6. “Muckenhoupt weights in variable exponent
spaces”. In: preprint (2008) (cit. on pp. 208, 212, 213, 218).

Lars Diening and M Ruicka. “Calderén-Zygmund operators on generalized
Lebesgue spaces Lp () and problems related to fluid dynamics”. In: (2003)
(cit. on p. 205).

Charles Fefferman and Elias M Stein. “Some maximal inequalities”. In: Ameri-
can Journal of Mathematics 93.1 (1971), pp. 107-115 (cit. on p. 200).

Frank Forelli and Walter Rudin. “Projections on spaces of holomorphic func-
tions in balls”. In: Indiana University Mathematics Journal 24.6 (1974), pp. 593—
602 (cit. on p. 202).

Loukas Grafakos et al. Classical fourier analysis. Vol. 2. Springer, 2008 (cit. on
pp- 199, 201).

Godfrey Harold Hardy and John Edensor Littlewood. “A maximal theorem with
function-theoretic applications”. In: Acta Mathematica 54.1 (1930), pp. 81-116
(cit. on p. 200).

Hakan Hedenmalm, Boris Korenblum, and Kehe Zhu. Theory of Bergman
spaces. Vol. 199. Springer Science & Business Media, 2012 (cit. on p. 202).

Richard Hunt, Benjamin Muckenhoupt, and Richard Wheeden. “Weighted
norm inequalities for the conjugate function and Hilbert transform”. In: Trans-
actions of the American Mathematical Society 176 (1973), pp. 227-251 (cit. on
p. 200).

P. W. Jones. “Factorization of A, weights”. In: Annals of Math 111.3 (1980),
pp- 511-530 (cit. on p. 240).

246



(27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

Bibliography

A Karapetyants and S Samko. “On boundedness of Bergman projection op-
erators in Banach spaces of holomorphic functions in half-plane and har-
monic functions in half-space”. In: Journal of Mathematical Sciences 226 (2017),
pp- 344-354 (cit. on p. 205).

Ondrej Kovacik and Jifi Rdkosnik. “On spaces Lip(x)} and Wik, p(x)}”. In:
Czechoslovak mathematical journal 41.4 (1991), pp. 592-618 (cit. on p. 204).

Benjamin Muckenhoupt. “Weighted norm inequalities for the Hardy maximal
function”. In: Transactions of the American Mathematical Society 165 (1972),
pp- 207-226 (cit. on pp. 200, 219).

Wiadystaw Orlicz. “Uber konjugierte exponentenfolgen”. In: Studia Mathemat-
ica3.1(1931), pp. 200-211 (cit. on p. 204).

José Angel Peldez and Jouni Ritty4. “Bergman projection induced by radial
weight”. In: Advances in Mathematics 391 (2021), p. 107950 (cit. on p. 204).

Sandra Pott and Maria Carmen Reguera. “Sharp Békollé estimates for the
Bergman projection”. In: Journal of Functional Analysis 265.12 (2013), pp. 3233-
3244 (cit. on p. 204).

Rob Rahm, Edgar Tchoundja, and Brett D Wick. “Weighted estimates for the
Berezin transform and Bergman projection on the unit ball”. In: Mathematische
Zeitschrift 286.3 (2017), pp. 1465-1478 (cit. on p. 204).

Elias M Stein. Singular integrals and differentiability properties of functions.
Princeton university press, 1970 (cit. on pp. 199, 202).

Elias M Stein and Guido Weiss. Introduction to Fourier analysis on Euclidean
spaces. Vol. 1. Princeton university press, 1971 (cit. on p. 199).

Arsene-Brice Zotsa-Ngoufack. “Espace de Bergman a exposant variable dans
le disque unité de C”. MA thesis. Université de Yaoundé 1, 2019 (cit. on pp. 209,
214).

247


https://www.academia.edu/40603645/
https://www.academia.edu/40603645/

	Page de titre
	Affidavit
	Liste de publications et participation aux conférences
	Résumé et mots clés
	Abstract and keywords
	Remerciements
	Dédicace
	Table des matières
	Stochastic epidemic models with varying infectivity and waning immunity
	Introduction
	Modèles déterministes
	Modèle de Kermack-McKendrick
	Comportement en temps long

	Modèles Stochastiques
	Modèles Markoviens (SIR et SIRS)
	Modèles structurés en âge
	Modèles non-Markoviens

	Résultats de la thèse
	Organisation du document

	Law of large numbers for stochastic epidemic models with varying infectivity and waning immunity
	Introduction
	Model description
	Definition of the model
	Numbers of infected and uninfected individuals

	Functional law of large numbers
	The endemic equilibrium
	Relating to the Kermack and McKendrick PDEs for the SIRS model
	The FLLN limits with a special set of susceptibility/infectivity functions and initial conditions
	Connection with the Kermack and McKendrick PDE model

	Proofs for the FLLN
	Proofs for the endemic equilibrium
	Proof of Theorem 1.3
	Proofs in the case R0E[1*]


	Functional central limit theorems for epidemic models with varying infectivity and waning immunity
	Introduction
	Model and Results
	Model description
	Main Results
	Relaxing Assumption 2.1

	Proof of Theorem 2.1
	Decomposition of the fluctuations (to.N1,N1)to.
	Two continuous integral mappings
	Proof of Theorem 2.1
	Alternative expressions of (N2,N2) and their limits

	Some preliminary results
	Tightness criterion
	A property of stochastic integrals with respect to Poisson random measures
	Moment Inequalities
	Quarantine model
	Useful inequalities for  and 

	Characterization of the limit of converging subsequences of (N,1,0N)
	Approximation of the limit
	Proof of Lemma 2.11
	Proofs of Lemmas 2.20-2.22

	Proof of Tightness
	Proof of Lemma 2.26
	Proof of Lemma 2.27
	Proof of Lemma 2.28
	Proof of Lemma 2.29


	Stochastic epidemic model with memory of previous infections and waning immunity
	Introduction
	The stochastic parametric model with memory
	Main results
	Functional law of Large Numbers
	The deterministic limit
	Propagation of chaos

	Long time behavior
	Existence of a stationary measure
	Local stability of endemic equilibria
	Special cases of local stability of endemicity

	Application to a model with a vaccination policy
	Renewal process of vaccination
	One shot of vaccination after an infection


	Bibliography

	Bergman Operator on the unit Ball of Cn
	Introduction
	Intégrales singulières de Calderón-Zygmund
	Inégalités Lp à poids de Muckenhoupt
	Intégrales singulières sur les espaces homogènes: le cas de la boule unité de Cn
	Inégalités Lp à poids pour le projecteur de Bergman la boule unité de Cn
	Résultats de la thèse
	Organisation du document

	Weighted norm inequalities in the variable Lebesgue spaces for the Bergman projector on the unit ball of Cn
	Introduction
	Preliminaries
	The unit ball is a space of homogeneous type
	Variable exponent Lebesgue spaces

	Weighted variable Lebesgue spaces, variable Békollè-Bonami and Muckenhoupt classes of weights
	Weighted variable Lebesgue spaces
	Variable Békollè-Bonami classes of weights
	Variable Muckenhoupt classes of weights

	Necessity of the conditions w1p()Lp()(d) and w-1p()Lp'()(d) in Theorem 5.2
	The weight classes B+p() and B++p()
	Proof of the necessary condition in Theorem 5.2
	Boundedness on Lp() (w) of the maximal function m
	A weighted extrapolation Theorem and the proof of the sufficient condition in Theorem 5.2
	Preliminary results
	A weighted extrapolation theorem


	Bibliography


