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Chapitre 1
Activités de recherche

Mes thématiques de recherche concernent à la fois les aspects théoriques des proba-
bilités, la statistique mathématique et computationelle incluant la modélisation en vue
d’application à des données réelles. Les outils théoriques concernés sont les Chaînes de
Markov, les lois à queues lourdes et processus stables, processus spatiaux, les équations
différentielles stochastiques avec des approches d’existence de solutions, d’approxima-
tion et estimation paramétrique ou non paramérique ainsi que la statistique des valeurs
extrêmes. Je m’intéresse aux conditions de mélange, à l’inférence statistique, l’approxi-
mation numérique, à l’interpolation spatiale et à l’apprentissage automatique (Machine
Learning). En termes d’applications, je m’intéresse aux données en santé-environnement
(données de capture de vecteur d’arboviroses, de maladies infectieuses), épidémiologie
(Covid-19, Dengue, Fièvre thyphoîde, etc.), économétrie, finance quantitative (variation
de prix).

1. Analyse de Processus et Equations Differentielles stochastiques
Equations différentielles, solutions périodiques et ses extensions, Equations

différentielles stochastiques. Approximation numérique. Lois à queues lourdes,
Chaînes de Markov, Processus de Lévy et processus α-stables.

2. Estimation statistique : statistique computationnelle, statistique des
processus, statistique des extrêmes

Estimation de densités, Estimation paramétrique et non paramétrique pour
des modèles stochastiques (EDS et Processus de Markov). Estimation des para-
mètres de lois à queues lourdes par la théorie des valeurs extrêmes.

3. Modélisation spatiale et Apprentissage automatique (Machine Lear-
ning)

Modélisation par des processus spatiaux en vue d’application en santé,
environnement et finance.

Modélisation et apprentissage automatique en santé, écologie, environne-
ment, économie, finance, etc.

Compétences informatiques
1. R studio, Python, Latex, Scilab, Rshiny
2. Analyse et visualisation de données avec R et Python
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8 Chapitre 1 : Activités de recherche

3. Statistique spatiale avec R et Python
4. Simulation avec R et Python
5. Cloud computing.

1.1 Production scientifique et communications
Je présente ici mes articles publiés, acceptés (à paraître), en révision et les articles

soumis dans des revues à comité de lecture ; un chapitre d’ouvrage, un ouvrage collectif,
des actes de conférences, articles (bulletins) de vulgarisation grand public.

Articles méthodologiques parus ou acceptés dans des revues in-
ternationales avec comité de lecture

[1] Paul A. L. Faye, Elodie Brunel, Thomas Claverie, Solym M.Manou-Abi and Sophie
Dabo-Niang. Automatic geomorphology mapping using statistical learning algorithms
(2024). Earth Science Informatics, 1-18 (Springer).
[2] Omar Hajjaji, Solym M. Manou-Abi and Yousri Slaoui. Parameter estimation for
stable distributions and their mixture (2024). Journal of Applied Statistics 1–34 (Taylor
& Francis).
[3] Modou Kebe, El-Hadji Deme, Yousri Slaoui and Solym M. Manou-Abi. Robust esti-
mator of the Ruin Probability in infinite time for heavy-tailed distributions. Statistics,
58(6), 1401-1422 (Taylor & Francis)
[4] Solym M. Manou-Abi. Parameter estimation for a class of stable driven stochastic
differential equation (2024). Journal of the Indian Society for Probability and Statistics
(Springer). To appear
[5] Mamadou Aliou Barry, E.H. Deme, Aba Diop and Solym M. Manou-Abi (2023).
Improved Estimators of Tail Index and Extreme Quantiles under Dependence Serials.
Mathematical Methods of Statistics (Springer) Vol. 32, 133–153.
[6] Mamadou M. Mbaye and Solym M. Manou-Abi (2023). Existence of almost automor-
phic solution in distribution for a class of stochastic integro-differential equation driven
by Lévy noise. Journal of Analysis (Springer) Vol. 31, 2139–2162.
[7] Solym M. Manou-Abi and William Dimbour (2019). Asymptotically periodic solution
of a stochastic differential equation. Bull. Malays. Math. Sci. Soc (Springer), 1-29.
[8] Diouf M. B., Deme E. H., Manou-Abi M. S, Slaoui Y. (2024). Box-Cox transformation
on the estimation of the extreme value index(EVI) and high quantiles for heavy-tailed
distributions under dependance serials. Revised. ALEA Lat. Am. J. Probab. Math. Stat.
[9] Mame Birame Diouf, Hadji Deme, Solym M Manou-Abi, Yousri Slaoui (2023) Kernel
estimator of extreme value index (EVI) and high quantiles for heavy-tailed distributions
under dependence serials using the Box-Cox transformation. Afr. Stat. 18(4) : 3651-3695.
[10] William Dimbour and Solym M. Manou-Abi (2018). Asymptotically periodic func-
tions in the stepanov sense and its application for an advanced differential equation with
piecewise constant argument in a Banach space. Mediterr. J. Math. 15 : 25 (Springer).
[11] William Dimbour and Solym M. Manou-Abi (2018). S-asymptotically periodic so-
lution for a nonlinear differential equation with piecewise constant argument via S-
Asymptotically periodic functions in the Stepanov sense. Journal of Nonlinear Systems
and Applications. Vol 7 (1), 14-20.
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[12] A. Joulin and S.M. Manou-Abi (2015). A note on convex ordering for stable stochas-
tic integrals. Stochastics (Taylor & Francis), 87(4) : 1-12, 2015.
[13] P. Cattiaux and S. M. Manou-Abi (2014). Limits theorems for some functionals with
heavy tails of a discrete time Markov chain. ESAIM Probability and Statistics (EDP
Sciences), 18 : 468-482.

Ouvrage collectif, chapitre d’ouvrage

[1] Solym M. Manou-Abi, Sophie Dabo-Niang and Jean-Jacques Salone. (Eds.) (2020)
Mathematical Modeling of Random and Deterministic Phenomena. Wiley.
[2] Solym M. Manou-Abi, William Dimbour and M. Moustapha Mbaye (2020). Asymp-
totically periodic solution for a stochastic fractional integro-differential equation. Mathe-
matical Modeling of Random and Deterministic Phenomena. Wiley, 113-138.
[3] Solym M. Manou-Abi, Sophie Dabo, Lema Logamou Seknewna,Julien Balicchi, Ambdoul-
Bar Idaroussi. Spatio-temporal modeling and machiche learning of mosquito abundance
on the island of Mayotte. Preprint (2024). Under Revision.

Articles en révision dans des revues internationales avec comité
de lecture

[1] Solym M. Manou-Abi. Approximate solution for a class of stochastic differential equa-
tion driven by stable processes. Under revision.
[2] Solym M. Manou-Abi, Emmanuel Gnandi, Said Said Hachim, Sophie Dabo-Niang,
Jean-Berky Nguala. Comparative clustering methods : KL divergence, Rao distance,
Bregman divergence with application to the Fani Maoré marine volcano earthquake data.
Preprint 2024 Under revision.

Articles interdisciplinaires ou autre discipline parus dans des re-
vues internationales avec comité de lecture
[1] William Dimbour and Solym M. Manou-Abi (2017). Asymptotically periodic solution
for an evolution differential equation via periodic limit functions. Int. J. Pure Appl. Math.
Vol. 113. 59-71.
[2] Solym M. Manou-Abi, Yousri Slaoui, and Julien Balicchi (2022). Estimation of some
epidemiological parameters with the Covid-19 data of Mayotte. Frontiers in Applied Ma-
thematics and Statistics. Vol. 8(67).
[3] Modou Kebe, El Hadji Deme, Abozou K. Tchilabalo, Solym M. Manou-Abi and Ebrima
Sisawo (2023). Kernel estimation of the Quintile Share Ratio index of inequality for
heavy-tailed income distributions. European Journal of Pure and Applied Mathematics
Vol. 16(4), 2509–2543.



10 Chapitre 1 : Activités de recherche

Proceedings
[1] Solym Manou-Abi. P66-Estimation of some epidemiological parameters using the
COVID-19 data of Mayotte. Revue d’Épidémiologie et de Santé Publique (Elsevier).
Vol. 72, 2024
[2] Ibrahim Bouzalmat, Benoîte de Saporta and Solym Manou-Abi(2023). Modélisation
et estimation des paramètres d’un modèle multi-chaîne cachée de la fièvre typhoïde à
Mayotte. 54es Journées de Statistique de la SFDS, la Société Française de Statistique
(SFdS), Jul 2023, Bruxelles, Belgique.
[3] Ibrahim Bouzalmat, Benoîte de Saporta and Solym Manou-Abi (2022). Estimation
de paramètres pour un modèle de propagation de la fièvre typhoïde à Mayotte. 53èmes
Journées de Statistique.
[4] Tsilefa, S. F, Manou-Abi, S.M. and Raherinirina (2022). Numerical convergence of
some stochastic compartmental models in epidemiology. Proceedings of African Sympo-
sium on Research in Computer Science and Applied Mathematics (CARI).
[5] Solym Manou-Abi and William Dimbour (2017). S-asymptotically periodic solutions
in the p-th mean for a Stochastic Evolution Equation driven by Q-Brownian motion.
Proceedings of the International Conference on Applied Mathematics (ICAM2017), Taza,
Morocco.

Bulletins de vulgarisation du CNRS

[1] Jean-Berky Nguala, Solym M. Manou-Abi, Angelo Raherinirina and Yousri Slaoui
(2023). Jeux et arts traditionnels, supports d’apprentissage des mathématiques. Micros-
coop, Octobre 2023
[2] Solym M. Manou-Abi, Yousri Slaoui and Julien Balicchi (2022). A Mayotte, une ap-
proche mathématique de la pandémie. Microscoop, Mars 2022

Preprints ou Articles soumis dans des revues internationales à
comité de lecture

Les articles sont soumis dans des revues internationales bien connues avec comité de
lecture affiliées à des éditeurs de renom.

[1] Ibrahim Bouzalmat, Benoîte de Saporta and Solym Manou-Abi. Parameter estimation
for a hidden linear birth and death process with immigration modeling disease propaga-
tion. Preprint (2023) Soumis.

[2] Fridolin Melon, Solym M. Manou-Abi and Mahouton N. Hounkonnou. Parameter es-
timation for the R(p, q)-trinomial probability distribution : properties and applications.
Preprint (2024). Soumis

[3] Solym M. Manou-Abi, Lema Logamou Seknewna, Sophie Dabo-Niang, Julien Balicchi,
Ambdoul-Bar Idaroussi. Spatio-temporal modeling of mosquito abundance on the island
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of Mayotte. Preprint (2023) Soumis

[4] Solym M. Manou-Abi, Essoham Ali, Yousri Slaoui and Julien Balicchi. Estimating so-
cial contact matrices from a Zero inflated Bell model through Density Power Divergence
estimation : application to a sample survey data from the island of Mayotte. Preprint
(2024)

[15] Guilherme Hilário Monteiro, Solym M. Manou-Abi, Bedreddine Ainseba and Ste-
fanella Boatto. Modeling Weather-Driven Dynamics of Dengue Mosquitoes with Sparse
Capture Data in Mayotte. Preprint (2024)

Liste des communications

Voici une sélection de quelques conférences internationales, nationales et séminaires.

Conférences internationales

• Conférence du RT MATRISK du 18 au 20 Juin 2024 au Mans (France). Stable
driven stochastic models with applications in financial risk and epidemiology mo-
nitoring.

• Conférence internationale du 06 au 09 mars 2024. Statistiques et science des don-
nées, Université de Sfax, Tunisie. Estimation des paramètres pour des distributions
stables à l’aide de statistiques de valeurs extrêmes.

• Conférence internationale du 13-17 décembre 2021 (conférencier invité). "Mathe-
matical Modeling and Statistical Analysis of Infectious Disease Outbreaks", Dakar,
Sénégal. Titre de l’exposé : Modélisation de l’épidémie du Covid-19 à Mayotte par
un modèle structuré en âge.

• Conférence Internationale 14-16 décembre 2019. "12th International Conference
of the ERCIM WG on Computational and Methodological Statistics, University
of London", London, United Kingdom. Titre de l’exposé : rate of convergence to
α-stable laws in the generalized central limit theorem under the Zolotarev distance.

• Conférence internationale 15-16 novembre 2018 "Colloque International sur la mo-
délisation mathématique à Mayotte", Dembéni, Mayotte, France. Titre de l’exposé :
Solutions asymptotiquement périodiques d’equations différentielles stochastiques.

Conférences nationales

• Conférence nationale, CORFEM du 9 juin 2023 (avec Jean-Berky Nguala) "XXIX
èmes Journées de la Commission de Recherche sur la Formation des Enseignants
de Mathématiques". Université de Nantes.Atelier de recherche sur les jeux tradi-
tionnels Africains et leur portée mathématique.

• Conférence nationale du 22 juin 2023 "Conférence ASIA 2023 Apprentissage Sta-
tistiques et intelligence artificielle". Université de Poitiers. Titre : Modeling spatial
dynamics of the Fani Maoré marine volcano earthquake data.
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• Conférence nationale du 27 Mai 2021 (en ligne). "Les pesticides et leur devenir dans
l’eau, l’air et le sol (Congrès Franççais de recherche sur les Pesticides)" : Titre :
Analyse statistique et cartographique des déterminants pédologiques influençant la
déchloration de la chlordécone en Martinique.

• Conférence nationale du 11 décembre 2020. MASMSA 2020. Quatrième Rencontres
Poitiers-Bordeaux : Algorithmes Stochastiques, Modélisation Statistiques et Ap-
plications", Poitiers, France. Modélisation de l’épidémie du Covid-19 à Mayotte
par un modèle structuré en âge.

• Conférence du 19 Octobre 2018 au CUFR de Mayotte. Modélisation mathéma-
tiques : quels sont les objectifs et défis pour Mayotte ?

Séminaires
• Mercredi 11 octobre 2023 "Séminaire en ligne de Probabilités et statistiques du

réseau AFRIMath", sur Zoom en visio-conférence. Titre de l’exposé : Approximate
solution for stable driven SDE.

• Séminaire du 07 septembre 2022 "Séminaire en ligne de probabilités et statistiques
du réseau AFRIMath", sur Zoom en visio-conférence. Titre de l’exposé : Parameter
estimation in a hidden birth and death process with immigration.

• Séminaire du 15 Novembre 2022. Journées scientifiques de l’Institut de Recherche
pour l’Enseignement des Mathématiques et des Sciences. Titre de l’exposé : Modé-
lisation du niveau et temps d’apprentissage des mathématiques à partir de variables
socio-culturelles. Centre Universitaire de Formation et de Recherche, Mayotte.

• Séminaire du 30 janvier 2020. Laboratoire de Mathématiques et Informatique,
Université de La Réunion, Sainte-Marie, France. Titre de l’exposé : Lp-bounded
and stochastically continuous solutions of a class of semilinear stochastic evolutions
equations driven by Lévy-stable processes.

• Séminaire du 21 novembre 2019. Séminaire dynamique des populations, Institut
de Mathématiques de Bordeaux, Bordeaux, France. Titre de l’exposé : Intégrales
et Equations Différentielles Stochastiques, presque automorphie et ordre convexe.

• Séminaire du 15 Mai 2017. Séminaire de probabilités et statistiques, IMAG-Montpellier,
Montpellier, France. Titre de l’exposé : Autour des processus stables : théorèmes
limites, ordres stochastiques et périodicité asymptotique.

1.2 Vie scientifique, Rayonnement et Responsabili-
tés scientifiques

Délégations

2023-2024 | Délégation CNRS d’une année à mi-temps au Laboratoire de Mathé-
matiques et Applications. (LMA), Poitiers
2021-2022 | Délégation CNRS de 6 mois au Laboratoire de Mathématiques et Appli-
cations. (LMA), Poitiers
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Séjours à l’étranger et collaborations

Mai 2021 Université Cheikh Anta Diop (Dakar) et Gaston Berger (Saint-Louis). In-
vitations pour collaborations de recherche avec Mamadou Moustapha Mbaye et El Hadji
Deme, Enseignants-Chercheurs. (Senegal)
Mai 2019 Université de Fianaransoa. Invitation à l’École Normale Supérieure de Fia-
narantsoa dans le cadre de collaborations pour recherche avec Angelo Raherinirina,
Enseignant-Chercheur. (Madagascar)
Décembre 2019 Invité une semaine à l’Université d’Alabama in Huntsville (UAH) Col-
laboration pour recherche avec Toka Diagana, Professeur à l’UAH. (USA)
Novembre 2017 Invité deux semaines (18 au 30 novembre) à l’Université de Lomé
(UL). Collaboration pour recherche avec Kossi Essona Gneyou, Professeur à l’UL. (Togo)

Expertise éditoriale

Pour des revues avec comité de lecture internationales en mathématiques
et interdisciplinarité : évaluation et rapporteur d’articles de recherche.

• Fractional Calculus and Applied Analysis (Springer), Afrika Mathematika (Sprin-
ger), Plos One, Journal of Statistical Computation and Simulation (Taylor Fran-
cis).

Pour des conférences avec actes :

• Deux conférences CIMOM’2018 (Mayotte, Wiley) et ICAM’2017 (Maroc).

Représentation scientifique

Novembre 2023-présent | Responsable scientifique au Centre International de
Mathématiques Pures et Appliquées. (CIMPA)

Octobre 2020-présent | Membre de l’IRN AFRIMath Réseau international de re-
cherche du CNRS regroupant des mathématicien·ne·s localisé·e·s, principalement en
Afrique subsaharienne et en France.

2016-2020 | Membre élu de la Commission de Recherche au CUFR de Mayotte.
évaluation et avis sur les projets de recherche soumis par les pairs.

Membre de comités de thèses
2020 | Rapporteur de la thèse d’ Hamidou Ouedraogo. Université Nazi Boni, Burkina

Titre : Modélisation mathématique et simulation numérique de systèmes dynamiques
ordinaires et diffusifs en milieux marins.
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Jury de concours de Recrutement

• 2023 : Président du Jury de recrutement des Educateurs Spécialisés. Rectorat de
Mayotte, Juin 2023.

• 2023 : Membre du Comité de Sélection du poste PRAG-Mathématiques du Centre
Universitaire de Mayotte, Mai 2023.

• 2020 : Membre du Comité de Sélection du poste MCF-26 Mathématiques et
sciences du vivant du Centre Universitaire de Mayotte, Avril-Juin 2020.

• 2017 : Membre du Comité de Sélection du poste MCF 4212 de l’Université de la
Réunion, site de Mayotte, Juin 2017.

• 2017 : Membre du Comité de Selection du poste PRAG-Mathématiques du Centre
Universitaire de Mayotte, Juin 2017.

• 2017 : Membre du Comité de Sélection du poste PRAG-Informatique du Centre
Universitaire de Mayotte, Novembre 2017.

• 2017-2019 : Présidence de jury au BAC à Mayotte.

Diffusion de la culture scientifique

Octobre 2023 | Animation stand. Fête de la Science, Poitiers (avec J-B. Nguala,
MCF, Didactique des mathématiques). Laboratoire de Mathématiques et Applications.
Juin 2023 | Animation stand (avec Jean-Berky Nguala) d’un Atelier Sciences, Maths
et Jeux traditionnels. Journées CORFEM à l’Université de Nantes.
2023-présent | Membre du comité de rédaction et de diffusion (grand public) du Pa-
norama Santé. ARS de Mayotte.
Novembre 2022 | Animation stand lors de la Fête de la Science, Dembéni. CUFR et
IREMIS de Mayotte.
2018-2019 | Journées Portes Ouvertes : présentation des offres de formation du CUFR
au Forum des métiers. (Mayotte)
2017-2020 | Animation stand. Semaines de l’enseignement supérieur, Mayotte.

Organisation école de recherche, conférences, séminaires et im-
plications

• 2024. Co-organisateur de l’école de recherche "Stochastic Modeling and Machine
Learning" du 24 au 28 juin 2024 à l’Université Gaston Berger, Saint-Louis, Sénégal.

• 2023. Co-organisateur de la conférence ASIA 2023 "Apprentissage Statistiques et
Intelligence Artificielle" du 20 au 23 juin 2023 au LMA, Université de Poitiers.

• 2021-2022. Co-organisateur, Responsable scientifique et administratif de l’Ecole
de recherche CIMPA 2021 à Fianarantsoa, Madagascar (Novembre 2021 et Février
2022).

• 2021. Co-organisateur principal de deux journées Colloquium JMOD’21 : Pre-
mières Journées de Modélisation dans l’Océan Indien à Mayotte les 8 et 18 no-
vembre 2021.
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• 2021. Membre du comité scientifique et Conférencier invité à la conférence MAS-
SE’21 : Méthodes Aléatoires pour les Sciences de la Santé, 11 au 15 décembre 2021
à l’Université Cheikh Anta Diop, Dakar, Sénégal.

• 2021-présent. Co-organisateur des séminaires en ligne de probabilités et statis-
tiques et modélisation du réseau international IRN AFRIMath.

• 2019. Co-organisateur de l’école chercheur MIA (Mathématiques, Informatique et
Applications) à l’Université de Fianarantsoa, Madagascar du 12 au 20 mai 2019.

• 2018. Organisateur principal du CIMOM’18 : Colloque International sur la Modé-
lisation Mathématique à Mayotte du 15 au 17 Novembre 2018.

• 2018-présent. Organisateur des Séminaires de Mathématiques et Applications (SEMA)
du Centre Universitaire de Mayotte.

1.3 Responsabilités et participation dans des projets
de recherche

• 2021-présent : Participant de MODCOV 19 plateforme de Modélisation et Covid-
19 mis en place par l’INSMI et le CNRS https ://modcov19.math.cnrs.fr/pr

• 2020-présent : Participant au réseau international de recherche du CNRS AFRI-
Math (https ://www.afrimath.math.cnrs.fr/) et réseau regroupant des mathéma-
ticien·ne·s localisé·e·s, principalement en Afrique subsaharienne et en France.

• 2020 : Co-porteur d’un projet de recherche intitulé Modélisation probabiliste
et nommé MODPROBA. Montant : 49.000 euros, financé par la Commission de
recherche du Centre Universitaire de Mayotte (45.000) et l’Agence Régionale de
Santé de Mayotte (4000 euros). Ce projet a permis de co-financer un stage et la
thèse de Ibrahim Bouzalmat. Thèse soutenue le 15 novembre 2023.

• 2021 : Porteur d’un projet de recherche MODARS et STATFIR (Analyse et
Modélisation de données). Montant : 33.500 euros. Financé par l’Agence Régionale
de Santé de Mayotte. Ce projet a engagé le recrutement de 4 stagiaires de Master2
et des chercheurs invités de l’Université de Poitiers, Lille et Montpellier.

• 2022 : Porteur d’un projet de recherche MODSTAT (Modélisation statistique).
Montant : 50. 000 euros. Financé par l’Agence Régionale de Santé de Mayotte.
Ce projet a engagé le recrutement d’un post-doctorant (Léma Logamou) et financé
un CDD pour Omar Hajjaji.

• 2024 : Porteur d’un projet de recherche intitulé MODRISQ (Modélisation et ca-
ractérisation des risques sanitaires). Montant : 60. 000 euros. Financé par l’Agence
Régionale de Santé de Mayotte. Ce projet est en cours de montage et d’étude.

• 2024 : Membre du projet de recherche portant sur L’Etude de l’impact de la
pluviométrie sur la propagation de la fièvre typhoïde à Mayotte. Projet
porté par Benoîte De Saporta (Université de Montpellier) et financé par l’Agence
Régionale de Santé de Mayotte. Montant : 50. 000 euros.

Financement de la Recherche
J’ai participé au montage et à la coordination de projets de recherche pour lesquels

des financements ont été obtenus auprès d’organismes institutionnels ou de recherche
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comme : ARS de Mayotte , CIMPA, Union mathématique internationale (IMU), Conseil
Départemental (CD) et Commission scientifique du CUFR de Mayotte (CS-CUFR).

Année Organisme contractant Montant (euros) Nature du projet Rôle
2019 ARS de Mayotte 4.000 Financement de stage Porteur
2020 CS-CUFR 45.000 Co-financement-thèse Porteur
2020 NUMEV-Montpellier 45.000 Co-financement-thèse Associé
2020 CIMPA 12.000 Ecole de recherche Porteur
2021 IMU 3.000 Ecole de recherche Porteur
2021 CS-CUFR 3.500 Ecole de recherche Porteur
2021 CD de Mayotte 3.500 Financement de stage Porteur
2021-2024 ARS 35.500 Contrat MODARS Porteur
2022-2024 ARS 50.000 Contrat MODSTAT Porteur
2024-2027 ARS 60.000 Contrat MODRISQ Porteur
2024-2027 ARS 50.000 Financement Associé

1.4 Encadrement
Je présente ici les thèses que je co-encadre, suivi de post-doctorant effectué et une

sélection de mémoires de stage encadrés.

Encadrement de thèses et postdoc
• 2022 − 2023 : Léma Logamou Seknewna. Contrat post-doctoral dans le cadre

du projet de recherche MODSTAT du 15 septembre 2022 au 31 Août 2023. Sujet :
Analyse et modélisation des données de santé à Mayotte. Collaborateurs : Jean-
Noël Bacro et Sophie Dabo.

• 2020−2023 : Ibrahim Bouzalmat. Thèse de doctorat co-financé par le projet de
recherche MODPROBA et le Labex NUMEV de Montpellier. Thèse soute-
nue le 15 novembre 2023. Sujet : Modélisation probabiliste de la dynamique
de transmission de la fièvre typhoide à Mayotte avec étude de risques épidémiques.
Directrice de thèse : Benoîte De Saporta (Université de Montpellier). Colla-
borateurs : Julien Balicchi, ARS et CHU de Mayotte.

• 2020-présent : Paul Aimé Faye. Thèse de doctorat financé dans le cadre d’un
contrat doctoral. Paul Aimé Faye est ATER à Lille pour l’année 2023-2024. Sujet :
Méthodologie automatique de production de cartes géomorphologiques à l’aide
d’algorithmes d’apprentissage statistique. Directrice de thèse : Elodie Brunel-
Piccini. Autres Co-encadrants : Thomas Claverie (CUFR de Mayotte) et Sophie
Dabo (Université de Lille).

• 2024-présent : Stefana Tabera Tsilefa. Thèse de doctorat à l’Université de Fiana-
rantsoa. Sujet : Approximate almost periodic solutions in distributions and statis-
tical estimation for stochastic models driven by stable processes in infinite space.
Co-encadrant : Angelo Raherinirina (Université de Fianaranstoa) et William
Dimbour (Université de Guyane).
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• A partir de Septembre 2024 : Gilles-Christ Dansou. Lauréat d’une bourse de
thèse Excellence France-Benin, prévue en cotutelle. Sujet : Recursive estimation
of the drift and diffusion’s terms for some stable-driven stochastic differential equa-
tions.

Encadrement : Post graduate student
Janvier-Juillet 2022. | Guilherme Hilario Monteiro (Université de Rio de Janeiro)

Stage de recherche à Bordeaux. Sujet : Physiologically-Structured Population Dynamics
for Dengue Mosquitoes in the island of Mayotte. En co-encadrement avec Bedreddine
Ainseba (Bordeaux), Stefanella Boatto (Brésil) et Julien Balicchi (ARS-Mayotte)

Encadrement de stages de Master
J’ai encadré de nombreux étudiants en Master. Je présente ici quelques sélections.

• 2024 : Sarah Ibrahim, Stage de Master 2 du 02 février au 31 juillet. Université de
Montpellier et Aix marseille. Sujet : Étude de l’impact de la pluviométrie sur la
propagation de la fièvre typhoïde à Mayotte. Co-encadrant : Benoîte De Saporta
(Professeure, Université de Montpellier).

• 2023 : Abla Agbavito, Stage de Master 2 de mars à août 2023 au CUFR de
Mayotte. Sujet : Inférence statistique des paramètres des équations différentielles
stochastiques.

• 2023 : Gilles-Christ Dansou, Stage de Master 2 de mai à juillet 2023 à l’IMAG
de Montpellier. Sujet : Estimation non-paramétrique du terme drift dans des EDS
dirigées par des processus α-stables.

• 2022 : Omar Hajjaji, Stage de Master 2 de mars à août 2022 au Laboratoire de
Mathématiques et Applications, Poitiers. Sujet : Etude des modèles de mélange
et lois stables. Co-encadrant : Yousri Slaoui (Université de Poitiers).

• 2022 : Jeannot Thea, Stage de Master 2 de mars à août 2022. Université de
Lille. Sujet : Données spatiales, apprentissage statistique non paramétrique et
applications. Co-encadrants : Sophie Dabo et Baba Thiam (Université de Lille).

• 2022 : Abdallah Maghous, Stage de Master 1, Université de Poitiers et CUFR
de Mayotte. Sujet : Estimation statistique des paramètres des lois stables.
Co-encadrant : Yousri Slaoui (Université de Poitiers).

• 2022 : Floryan Renuy, Stage de Master 2, Université de Lille et CUFR de
Mayotte. Sujet : Analyse spatiale des données et cartographie des risques sa-
nitaires à Mayotte.Co-encadrants : Sophie Dabo et Julien Balicchi.

• 2021 : Kelly Moimba, Stage de Master 1, Université de aLa Réunion. Sujet :
Théorie de la ruine et processus de saut : modélisation, simulation et applications.

• 2020 : Ibrahim Bouzalmat, Stage de Master 2 de mars à août 2020 au CUFR de
Mayotte et IMAG Montpellier. Sujet : Modélisation probabiliste de la dynamique
de transmission des maladies hydriques. Co-encadrants : Benoîte De Saporta,
Julien Balicchi (ARS de Mayotte).
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• 2020 : Paul Aimé Faye, Stage de Master 2 de mars à août 2020 au CUFR de
Mayotte. Sujet : Modélisation de la géomorphologie à l’aide d’algorithmes statis-
tiques. Co-encadrants : Sophie Dabo et Thomas Claverie (Mayotte).



Chapitre 2
Introduction générale

Ce document présente une synthèse de mes travaux de recherche menés depuis ma
these de doctorat au sein de l’Institut de Mathematiques de Toulouse et soutenue en Juin
2015. Mes travaux de recherche durant ma thèse tournaient autour des Chaînes de Markov
et les propriétés de mélange en lien avec les lois et processus stables, ainsi que les inégalités
de concentration convexe pour des intégrales stochastiques permettant de comparer des
prix d’options. J’ai établi dans [77] des résultats de convergence de fonctionnelles marko-
viennes à queues lourdes sous des conditions d’indépendance asymptotique (conditions de
mélange : fort mélange, rho-mélange et beta-mélange) vers des lois et processus à queues
lourdes, notamment les lois et processus α-stables avec α ∈ (1, 2). Dans un second temps,
dans [76], j’ai étudié les intégrales stochastiques dirigées par des processus α-stables.
J’ai proposé des inégalités de comparaison convexe en adaptant un calcul stochastique
forward-backward. Ensuite viennent de nouvelles orientations de mes travaux de recherche
autour des données motivées par des problématiques en santé-environnement, épidémio-
logie et finance, etc, en terme de statistique des processus et statistique computationelle,
modélisation spatiale et la statistique des valeurs extrêmes pour des lois à queues lourdes.
Ainsi mes travaux de recherche tournent autour des processus stochastiques, la statistique
des processus et statistique computationelle, la statistique des valeurs extrêmes et la mo-
délisation. Ils contribuent à apporter d’autres résultats scientifiques dans le domaine des
équations différentielles stochastiques, des chaînes de Markov, de l’estimation statistique,
de la statistique des valeurs extremes et de la modélisation spatiale avec des applications
sur données réelles. Ces travaux sont décrits dans ce document sous la forme de quatre
chapitres.
Le chapitre 3, concerne l’existence et l’approximation numérique des solutions de mo-
dèles differentielles stochastiques incluant les processus stables. L’étude des solutions
périodiques et ses extensions (asymptotiquement périodique, presque périodiques, auto-
morphes, Bloch périodiques, etc) pour des classes d’équation d’évolution stochastiques
en dimension infinie. Je me suis intéressé à diverses conditions d’existence et d’unicité
de solutions presque automorphes, asymptotiquement périodiques et ses variantes dans
le cadre de certaines familles d’équations (intégro) différentielles (stochastiques) dirigées
par une famille large de processus stochastiques (de Wiener et Lévy).Par exemple, nous
avons étudié dans [68] l’existence des solutions presque automorphes en loi pour des classes
d’équations différentielles stochastiques dirigées par des processus de Lévy dans un espace
de Hilbert. Ensuite dans [72] l’existence de solutions asymptotiquement périodiques pour
des classes d’équations différentielles stochastiques dirigées par un mouvement dans un
espace de Hilbert. Bien avant cela nous avons aussi établi dans [73, 74, 75] l’existence de
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solutions asymptotiquement périodiques via les fonctions limites périodiques et asymp-
totiquement périodiques au sens de Stépanov pour une classe d’équations différentielles
à argument constant par morceaux dans dans un espace de Banach. Deux projets de re-
cherche sont actuellement en cours et concerne d’une part l’existence et l’approximation
numérique de solutions d’une classe d’équations intégro-différentielles stochastiques dans
un espace de Hilbert [100] et l’étude des solutions Bloch périodiques approximatives [101].
Les équations différentielles stochastiques correspondent souvent à des modèles mathéma-
tiques décrivant des phénomènes réels. Dans beaucoup de cas, on ne sait pas calculer une
solution explicite et on doit utiliser des techniques de résolution approchée. On s’intéresse
alors à la discrétisation et à la résolution numérique de l’équation. Des travaux de re-
cherche ont été poursuivis dans le cadre de l’existence de solutions approximatives pour
une classe d’équations différentielles stochastiques dirigées par des processus α-stables
avec α ∈ (1, 2). Ainsi dans [86], j’étudie l’existence des solutions approximatives et fortes
du schéma numérique d’Euler-Maruyama ainsi que les vitesses de convergence associées
sous des conditions de type Lipchitz pour le terme de dérive et de type Holder pour le
terme de diffusion. La méthode que nous proposons est basée sur une méthode de tronca-
ture en séparant les sauts du processus α-stable via la décomposition de Lévy-Itô. Nous
donnons quelques simulations numériques de modèles stochastiques qui correspondent à
nos résultats, à savoir les processus d’Ornstein-Uhlenbeck, de Cox-Ingersoll-Ross et de
Lotka-Volterra pertubés par des processus α-stables.
Le chapitre 4 traite essentiellement de statistique de processus en vue d’applications
sur données réelles en lien avec les processus stochastiques Markoviens et les solutions
d’EDS dirrigées par des processus stables. Concernant la partie d’estimation statistique
et de modélisation markovienne, nous avons étudié le formalisme des processus de Mar-
kov pour la construction de modèles d’épidémie liées aux maladies hydriques notamment,
la fièvre typhoide. Nous avons proposé dans [93], un modèle de processus de naissance
et de mort avec immigration pour modéliser la propagation la fièvre typhoide et esti-
mer les paramètres du processus lorsque la contamination provient à la fois du contact
entre personnes et de l’environnement dans un cadre d’observations manquantes. D’autres
travaux de modélisation markovienne ont été aussi menés également dans un cadre de
collaboration avec la région océan indien de Mayotte notamment avec Madagascar. Ainsi
que nous proposons dans [80] des modèles semi-markoviens pour la compréhension de
la dynamique du Covid-19 à Madagascar basés sur des données réelles et simulées. Cet
travail met en évidence un modèle semi-markovien prenant en compte les dimensions
spatiales de la dynamique du Covid-19 dans les 22 régions de Madagascar. Concernant
l’estimation statistique des solutions d’équations différentielles stochastiques dirigées par
des processus stables (axes de recherche, j’ai développé dans [87], des méthodes d’esti-
mation jointe des paramètres pour des solutions d’équations différentielles stochastiques
dirigées par des processus α-stables (α ∈ (1, 2)) et observées à des instants discrets à
partir de l’estimateur de Nadaraya–Watson. En terme d’applications, nous considérons le
problème de l’estimation conjointe des coefficients de dérive et de diffusion pour les pro-
cessus de Cox-Ingersoll-Ross et d’Ornstein-Uhlenbeck dirigés par des processus α-stables
avec α ∈ (1, 2).
Le chapitre 5 concerne l’inférence statistique de lois à densité, de lois stables et d’estima-
tion statistique par la théorie statistique des valeurs extrêmes en vue d’applications aux
données réelles. Dans un cadre de modélisation statistique de l’épidémie du Covid-19, un
article de vulgarisation a été publié dans Microscoop [79] (revue de vulgarisation scien-
tifique du CNRS, délegation de Poitou Charentes) . D’autres travaux ont été poursuivis
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dans l’article [71] où nous avons proposé des méthodes d’estimation statistique par la mé-
thode de mélange du taux de reproduction effectif par une formulation non paramétrique
existante. J’ai poursuivi cette activité de recherche par la prise en compte de la présence
d’évènements avec probabilité faible (par exemple interval sériel négatif) en introduisant
les lois α-stables dans [90] avec α ∈ (0, 2). Une perspective de recherche de ces travaux
est actuellement en cours [97] en utilisant les méthodes d’estimation par la théorie des
valeurs extrêmes. Dans la continuité des travaux d’estimation statistique par la thèorie
des valeurs extrêmes pour des lois de distributions à queues lourdes, nous avons traité
le problème de l’estimation de l’indice des valeurs extrêmes basé sur la méthodologie du
Jackknife généralisé dans [69]. Nous avons aussi proposé dans [70] des classes d’estima-
teurs semi-paramétriques de l’indice QSR (quintile Share Ratio) pour des distributions
de revenus à queues lourdes. Nous nous sommes aussi intéressés aux probabilités de ruine
d’une compagnie d’assurance pour des pertes d’assurance provenant de distributions à
queues lourdes dans [85].
Le chapitre 6 traite de modélisation spatiale appliquée. Dans un cadre de modélisation
spatiale en biologie marine, on s’intérresse à la mise en place de méthodes spatiales dans
la production des cartes géomorphologiques marines, utiles pour la gestion des ressources
ou de la planification de la conservation. Bien que les techniques de construction de ces
cartes soient de plus en plus sophistiquées, les techniques manuelles sont encore large-
ment utilisées. Des approches automatisées d’apprentissage statistique sont nécessaires
pour obtenir des cartes reproductibles en un temps raisonnable. Un article [92] a été éla-
boré dans ce sens. Dans le cadre de la modélisation spatiale en santé-environnement, des
projets de recherche ont été menés en collaboration avec l’Agence Régionale de Santé de
Mayotte. Par exemple dans le cadre de la surveillance des arboviroses comme la dengue,
nous avons introduit des ratios d’abondance de risque spatio-temporel dans [88] dans le
but de fournir des probabilités d’abondance et les zones géographiques où les services de
santé pourraient appliquer des mesures de surveillance et de contrôle des vecteurs. Ce
travail fournit une modélisation statistique spatio-temporelle pour les données de comp-
tage des moustiques Aedes en phase Oeuf et Adulte prenant en compte les conditions
environnementales dans le contexte de l’épidémiologie des moustiques. Toujours dans un
cadre de modélisation spatiale, j’ai également mené un travail de modélisation des don-
nées sismiques issues de la crise sismo-volcanique dans l’est de Mayotte de 2018 à 2021.
Nous avons mis en évidence dans [84] des modèles basés sur les processus spatiaux et
spatio-temporels ainsi que les séries temporelles. L’objectif étant de comprendre la dyna-
mique de l’évolution spatiale de l’activité sismique à Mayotte.
Dans la suite de ce manuscript, je propose une analyse d’une partie des travaux scien-
tifiques mentionnés. J’ai fait le choix de présenter des travaux de recherche incluant au
moins un axe des trois grandes thématiques de recherche mentionnées. Pour finir, je
présente une partie de mon projet de recherche.
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Chapitre 3
Equations différentielles stochastiques :
existence et approximation

Je présente dans cette section les travaux menés sur les équations différentielles, équa-
tions différentielles stochastiques dirigées par des processus de Lévy y compris le mouve-
ment Brownien (dans des espaces de Banach et Hilbert) et les processus α-stables. Les
publications relativent à ces travaux se retrouvent dans [68, 72, 73, 74, 75, 81, 82]. Dans
un premier temps, il s’agira de conditions d’existence de solutions asymptotiquement
périodiques, presque automorphe en loi qui sont des variantes de la périodicité. J’ajou-
terai des résultats sur l’approximation numérique des solutions d’équations différentielles
stochastiques dans le cadre où elles sont dirigées par des processus α-stables.

3.1 Existence de solutions
Les équations différentielles stochastiques (EDS) sont une généralisation des équations

différentielles prenant en compte un terme de bruit blanc. Le concept de périodicité
et de ses variants (presque-périodicité, périodicité asymptotique, etc) a été développé
en relation avec des problèmes liés aux équations différentielles. Les fonctions presque
périodiques formalisent des oscillations dont les fréquences ne peuvent se réduire à une
seule fréquence de base. Les définitions des fonctions presques périodiques f : R → X avec
X un espace de Banach, font intervenir une norme ||.|| choisie sur l’espace des fonctions
f et trois notions.

• Les presque-périodes : pour tout ϵ > 0 il existe l > 0 tel que pour tout a ∈ R, il
existe un τ ∈ [a, a+ l[ de sorte que ||f(.+ τ) − f(.)|| ≤ ϵ.

• La propriété de Bochner : de toute suite de translatées (f(. + sn))n , on peut
extraire une sous-suite convergente pour la norme ||.||.

• La propriété d’approximation : les fonctions presque-périodiques au sens de Bohr
sont les limites uniformes sur toute la droite réelle de polynômes trigonométriques
de la forme Pn(t) = ∑n

k=−n ake
iλkt où l’ensemble des fréquences {λk; k ∈ Z} est

une suite numérique quelconque.
Par exemple la fonction numérique f définie par f(t) = cos(t) + cos(2πt) est presque-
périodique sans être périodique (les périodes 2π et 1 sont en rapport irrationnel). A partir
de 1928, Jean Favard établit des résultats sur les solutions presque-périodiques au sens de
Bohr d’équations différentielles ordinaires linéaires [23]. L’extension de certains résultats
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classiques aux équations différentielles stochastiques dans des espaces de Hilbert a suscité
un intérêt croissant. Nous considérons deux généralisations des fonctions périodiques :
les fonctions S-asymptotiquement périodiques et les fonctions presque automorphes. Le
modèle de Leslie est un modèle discret pour tenter de prédire l’évolution d’un nombre
d’individus. Si Xn est la taille de la population à l’instant n, le modèle de Leslie s’écrit
sous la forme suivante : Xn+1 = LXn où L est une matrice appelée la matrice de Leslie
et peut être également un opérateur linéaire non borné A dans un espace de Banach
X. Dans ce dernier cas, A peut être considéré comme un générateur infinitésimal d’un
semi-groupe. Notre première contribution [73] a été de fournir une condition suffisante
d’existence et d’unicité de solution S-asymptotiquement ω-périodique au sens des semi
groupes de l’équation différentielle suivante de type non linéaire à argument constant par
morceaux dans X :

d

dt
Xt = LXt +

N∑

j=0
Aj(t)X[t+j] + f(t,X[t]), X0 = φ,

où φ ∈ X, f est une fonction continue définie sur R+ × X et A(t) un semi-group dépen-
dant du temps exponentiellement stable dans X. L’étude des équations différentielles à
argument constant par morceaux (EPCA) est un sujet important car ces équations ont
la structure de systèmes dynamiques continus dans des intervalles de longueur unitaire.
Elles combinent donc les propriétés des équations différentielles et des équations aux dif-
férences. De nombreux articles ont étudié les EPCA, voir par exemple [13], [14], [15], [16],
[17] et les références qui s’y rapportent. L’étude de l’existence de solutions asymptoti-
quement ω-périodiques est l’un des sujets les plus attrayants de la théorie qualitative en
raison de ses applications en biologie mathématique, en théorie du contrôle et en phy-
sique. Soit BC(R+,X) l’espace de Banach des fonctions continues bornées de R+ vers
X ; Pω(R+,X) le sous espace des fonctions ω-périodiques et C0(R+,X) celui des fonctions
nulles à l’infini.
Définition 1 ([96]). Une fonction f ∈ BC(R+, ) est dite S asymptotiquement ω-périodique
si elle peut s’exprimer sous la forme f = g + h, avec g ∈ Pω(R+,X) and h ∈ C0(R+,X).
L’ensemble de ces fonctions sera désignée par APω(R+,X).

Le concept de solutions S-asymptotiquement ω-periodiques a été proposé par la suite
dans [72] pour une équation dérivée partielle stochastique semi linéaire de la forme sui-
vante : {

dXt = AXtdt+ f(t,Xt)dt+ g(t,Xt)dBt,
X0 = η,

(3.1)

où η ∈ L2(P,H) et A est un générateur infinitésimal qui génère un C0-semigroupe noté
(T (t))t≥0. De plus

f : R × L2(P,H) → L2(P,H) et g : R × L2(P,H) → L2(P,H)
sont continues bornées et B = (Bt)t≥0 est un mouvement brownien standard bilaté-
ral, défini sur l’espace de probabilité complet filtré (Ω,F ,Ft,P). On considère dans
la suite des opérateurs A générant un C0-semigroupe T (t) exponentiellement stable
||T (t)|| ≤ Me−at, a > 0. Ces équations sont particulièrement importantes par exemple,
dans le cadre des équations de la chaleur stochastique avec des conditions limites de type
Dirichlet :




dX(t, η) = ∆X(t, η)dt+ f(X(t, η))dt+ f(X(t, η))dB(t, η), t > 0
X(0, η) = h(η), η ∈ D
X(t, η) = 0, η ∈ ∂D,
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dans un domaine borné D et h(η) ∈ H ; ∆ étant l’opérateur Laplacien.

Théorème 3.1 (Manou-Abi S.M. et Dimbour W. (2019) [72]). Soit f et g des fonctions
limites périodiques en temps t > 0 et uniformément bornées sur les sous ensembles de
L2(P,H). Supposons de plus qu’il existe des constantes Lf > 0 et Lg > 0 telles que
∀t ≥ 0, ∀X, Y ∈ L2(P,H) :

E||f(t,X) − f(t, Y )||2 ≤ Lf E||X − Y ||2 E||g(t,X) − g(t, Y )||2 ≤ Lg E||X − Y ||2.

Si
2M2

(
Lf

1
a2 + Lg

1
a

)
< 1

alors il existe une unique solution S-asymptotiquement ω-périodique au sens des semi
groupes pour l’EDS (3.1).

Ce dernier résultat a nécessité l’introduction de la notion de processus dit limite
ω-périodique et l’étude de ses propriétés. Et généralise le concept de fonction limite
périodique dans le cas déterministe introduit par Xie et Zhang [21].

Définition 2 (Manou-Abi S.M and Dimbour W. (2019) [72]). Un processus stochastique
continu borné X : R+ → L2(P,H) est dite limite ω-périodique s’il existe ω > 0 tel que
limn→+∞ E||Xt+nω − X̃t||2 = 0 pour tout t ≥ 0 et pour tout n ∈ N pour un certain
processus stochastique X̃ : R+ → L2(P,H).

Nous appliquons ensuite les propriétés de tels processus pour établir l’existence et
l’unicité de solutions S asymptotiquement ω-périodiques de l’équation (3.1). Une ex-
tension de ce résultat afin de généraliser les travaux de [19] au cas d’équations integro-
differentielles fractionaires stochastiques dirigées par un mouvement brownien a été établi
dans [82] :

dXt =
∫ t

0

(t− s)η−2

Γ(η − 1) AXsds dt+ g(t,Xt)dBt, X0 = c0 (3.2)

avec η ∈ (1, 2) et Γ(.) désignant la fonction Gamma. L’intégrale convoluée dans (3.2)
est connue sous le nom d’intégrale fractionnaire de Riemann-Liouville. Dans le cadre des
équations intégro-différentielles stochastiques dirigées par des processus de Lévy à valeurs
dans un espace de Hilbert H, nous avons étudié dans [68], l’existence de solutions presque
automorphe en loi et en moyenne quadratique sous certaines hypothèses appropriées de
la classe suivante :

dXt = (AXt + g(t,Xt))dt+
∫ t

−∞
B1(t− s)f(s,Xs)ds (3.3)

+
∫ t

−∞
B2(t− s)h(s,Xs)dWs

+
∫ t

−∞
B2(t− s)

∫

|y|V <1
F (s,Xs−, y)Ñ(ds, dy)

+
∫ t

−∞
B2(t− s)

∫

|y|V ≥1
G(s,Xs−, y)N(ds, dy)

où A : D(A) ⊂ H est le générateur infinitésimal d’un C0-semigroupe (T (t))t≥0, B1 et
B2 sont des noyaux de convolution dans L1(0,∞) et L2(0,∞) respectivement. f, g :
R×L2(P,H) → L2(P,H) ; h : R×L2(P,H) → L(V,L2(P,H)), F,G : R×L2(P,H) ×V →
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L2(P,H) ; W et N sont les composantes (pour le Brownien et Poisson) de la décomposi-
tion de Lévy-Itô du processus de Lévy bilatéral L avec (H, ∥·∥) and (V, | · |) des espaces de
Hilbert séparables. Soit SBC(R, L2(P,H)) l’espace des processus stochastiquement conti-
nus et bornés (espace de Banach) muni de la norme ∥X∥ = supt∈R(E∥Xt∥2) 1

2 . Sur la base
du théorème du point fixe de Schauder, l’existence d’une solution presque automorphe
en loi et en moyenne quadratique a été établie en utilisant des conditions plus faibles que
les conditions de Lipschitz.

3.2 Approximation des solutions et processus stables
Dans le cadre des méthodes d’approximation numérique, la simulation des solutions

est bien connue dans la littérature pour de nombreux processus de Lévy. L’analyse numé-
rique de ces EDS se concentre essentiellement sur les schémas d’approximation en temps
discret, l’approximation des trajectoires ou l’approximation des espérances de la solu-
tion, etc. Elle est développée depuis de nombreuses années. Le schéma d’Euler-Maruyama
est une méthode bien connue pour l’approximation numérique des solutions lorsqu’elles
existent. Dans [86], nous avons étudié le problème des approximations numériques afin
de contribuer à enrichir la litérature existante et récente à ce sujet dans le cadre des
équations différentielles stochastiques dirigées par des processus de Lévy α-stables :

{
dXt = f(Xt)dt+ ϕ(Xt−)dZt, t ∈ [0, T ]
X0 = x0 ∈ R, (3.4)

où x0 est une valeur réelle initiale, T > 0 un horizon de temps, et les fonctions f, ϕ vérifiant
certaines conditions de croissance linéaire. Le processus Z est un processus stable défini
comme suit.

Définition 3 ([103]). Un processus stochastique (Zt)t∈[0,T ] défini sur un espace de pro-
babilité filtré et complet (Ω,F , (Ft)t∈[0,T ],P) est un processus α-stable de caracteristiques
(b, c+, c−), s’il est un processus de Lévy de fonction caractéristique donnée par :

φZt(u) = exp t
(
iub+

∫ +∞

−∞
(eiuy − 1 − iuyI|y|≤1)ν(dy)

)
, t ∈ [0, T ],

où b représente le paramètre de dérive de Z et ν la mesure de Lévy définie sur R \ {0}
par

ν(dx) := dx

|x|α+1

(
c+ 1{x>0} + c− 1{x<0}

)
.

Les paramètres c+, c− ci-dessus sont non négatifs avec c+ + c− > 0 et c+ = c− lorsque
α = 1. Le processus est dit symétrique si c+ = c− := c. Il est dit strictement α-stable
si b = 0. On peut également définir ces processus à partir d’un processus de Lévy et
des lois α-stables. Il faut noter qu’il existe plusieurs caractérisations des lois α-stables et
que chacune d’entre elles présente des avantages et inconvénients en fonction de l’objectif
poursuivi.

Définition 4 ([108]). Une variable aléatoire X suit une distribution α-stable avec α ∈
(0, 2] et on note X ∼ Sα(γ, β, ζ; 1) si elle est déterminée de manière unique par sa fonction
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caractéristique :

Ψ(t) = E(exp(itX)) =
{

exp
(
−γα|t|α

[
1 − iβ(tan(πα

2 ))sgn(t)
]

+ iζt
)

if α ̸= 1.
exp(−γ|t|[1 + iβ 2

π
sgn(t) log(|t|)] + iζt) if α = 1

avec α ∈ (0, 2], β ∈ [−1, 1], γ > 0, ζ ∈ R et sgn(t) étant la fonction signe.

La définition ci-dessus correspond à la paramétrisation 1. La définition suivante est
la paramétrisation 0 et est utile pour les aspects numériques. La caractérisation des lois
stables fait ressortir quatre types de paramètres.

— L’indice de stabilité α ∈ (0, 2] : il s’agit d’un coefficient d’aplatissement qui carac-
térise la queue de distribution.

— Le paramètre d’échelle γ > 0, un paramètre de dispersion : plus il est important,
plus les courbes sont volatiles. Pour γ = 1 on dit que X est de loi standard α-stable.

— Le paramètre β ∈ [−1, 1] est le paramètre d’asymétrie. Lorsqu’il est nul, la dis-
tribution est symétrique par rapport au paramètre de position ζ. Pour α ̸= 1 et
ζ = 0 on dit que X est de loi strictement α-stable. Si de plus β = 0 alors on dit
que X est symétrique.

Définition 5 ([34]). Une variable aléatoire X suit une distribution α-stable avec α ∈ (0, 2]
et on note X ∼ Sα(γ, β, ζ; 0) si elle est déterminée de manière unique par sa fonction
caractéristique :

ϕ(t) =
{

exp
(
−γα|t|α

[
1 + iβ(tan(πα

2 ))sgn(t)(|γt|1−α − 1)
]

+ iζt
)

if α ̸= 1.
exp(−γ|t|[1 + iβ 2

π
sgn(t) log(γ|t|)] + iζt) if α = 1.

Ces différents paramétrisations ont souvent donné lieu à des confusions dans la litté-
rature. Nolan discute également de la paramétrisation à choisir dans [34]. La première
paramétrisation proposée par [108] n’assure pas la continuité de la fonction de densité
lorsque α = 1 et β = 0 (à cause du terme tan(πα/2)), Elle ne fournit pas non plus
une famille de localisation d’échelle lorsque α = 1 (à cause du terme γ log(γ)), alors
que la seconde paramétrisation est continue par rapport à tous les paramètres. Les deux
formulations ci-dessus sont liées par l’équation clé suivante

ζ =
{
µ+ βγ tan(πα

2 ) if α ̸= 1
µ+ β 2

π
γ log(γ) if α = 1.

Il convient de noter que les distributions α-stables ont une variance infinie pour tout
α < 2, et de moyenne infinie (indéfinie) pour α ∈ (0, 1], ce qui rend l’estimation des
paramètres difficile. Notons que la moyenne, si elle existe (α > 1), est la mesure naturelle
de la localisation, mais elle ne peut pas être estimée aussi précisément que ζ.

Définition 6 ([103]). Un processus stochastique Ft-adapté Z = {Zt}t≥0 est un processus
α-stable process si

1. Z0 = 0, p.s. ;
2. Z a des incréments stationnaires de loi α-stable : Zt − Zs ∼ Zt−s ∼ Sα((t −

s)1/ασ, β, ω; 1) ouSα((t− s)1/ασ, β, ω; 0), t > s ≥ 0 ;
3. Pour tout instant 0 ≤ s0 < . . . < sm < ∞, les variables aléatoires Zs0 , Zs1 −

Zs0 , . . . , Zsm − Zsm−1 sont indépendants.
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L’algorithme suivant issu de [51] permet de simuler des processus strictement α-
stables. Des transformations algébriques permettent de l’étendre au cas général.

Algorithm 1 Simulation des trajectoires d’un processus strictement stable
1: Soit Z = (Zt)t∈[0,T ] un processus strictement α-stable.
2: Etape 1 :
3: Simuler n variables aléatoires indépendantes et uniformément distribuées Φ sur

[−π/2, π/2] et n variables aléatoires indépendantes et identiquement distribuées W
de loi exponentielle de paramètre 1.

4: Etape 2 : Calculer ∆Zi pour tout i = 1, ...n comme suit.
1. Si α ̸= 1

∆Zi = σ
(
T

n

)1/α sin(α(Φ − ϕ0))
cos(Φ)1/α

(
cos(Φ − α(Φ − ϕ0))

W

) 1−α
α

.

2. Si α = 1

∆Zi = σ
(
T

n

)1/α 2
π

((π
2 + βΦ

)
tan(Φ) − β log

( 1
2πW cos(Φ)

1
2π + βΦ

))

avec
ϕ0 = −βπ

2
1 − |1 − α|

α
.

5: Etape 3 : La trajectoire discrétisée de Z est donnée par

Z(ti) =
i∑

k=1
∆Zk.

D’un point de vue pratique, nous considérons la version linéaire interpolée entre les
instants de discrétisation. On rappelle que le processus Ornstein-Uhlenbeck dirigé par un
processus α-stable (Zt)t≥0 est définit par

dXt = −θXtdt+ ρdZt, X0 = x0 ∈ R. (3.5)

et admet la représentation intégrale

Xt(ω) = e−θt
(
x0 + ρ

∫ t

0
eθsdZs(ω)

)
, for t ∈ [0, T ].

Un processus de type Cox–Ingersoll–Ross process dirigé par un processus α-stable (Zt)t≥0
peut être défini comme suit :

dXt = (λ− θXt)dt+ ρ|Xt|qdZt, X0 ≥ 0, (3.6)

avec q ∈ [0, 1), λ, ρ et θ des constantes. On peut aussi considérer les modèles de type Lotka
et de Volterra utilisés en dynamique des populations. Un processus de type Lotka–Volterra
dirigé par un processus α-stable (Zt)t≥0 peut être défini comme suit :

dXt = Xt(λ− θXt)dt+ ρ|Xt|qdZt, X0 ≥ 0,
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avec q ∈ (0, 1], λ, ρ et θ des constantes. Une solution approximative d’Euler-Maruyama
de l’équation (3.4) est donnée comme suit :

X̃n
t = x0 +

∫ t

0
f(X̃n

πn
s
)ds+

∫ t

0
ϕ(X̃n

πn
s
)dZs, (3.7)

avec
πn

t = k

n
si t ∈

[
k

n
,
(k + 1)
n

[
, k = 0, . . . , n− 1.

Quelques exemples de trajectoires simulées de processus stables et d’EDS sont présentées
aux Figures (5.1) et (5.2). J’ai étudié dans [86] cette classe ci-dessus d’équations différen-
tielles stochastiques dirigées par des processus α-stables sous les conditions particulières
suivantes pour tout p > 0, x ∈ R :

(C1) |ϕ(x)|p ≤ Lϕ(1 + |x|p) (C2) |f(x)|p ≤ L(1 + |x|p) Lϕ, L > 0.

Rappelons un résultat d’existence faible de [105].

Lemme 3.1 ([105]). Soit Z un processus α-stable avec α ∈ (0, 2) and α ̸= 1. Soit f et ϕ
des fonctions continues vérifiant (C1) et (C2). Il existe une solution faible pour l’EDS
(3.4) telle que pour tout p ∈ (0, α), on ait

sup
t∈[0,T ]

E|Xt|p < ∞.

Des exemples particuliers des conditions (C1) et (C2) sont les fonctions continues
Lipschitz et Hölder.

L’existence de solutions approximative du schéma d’Euler-Maruyama est prouvée sous
certaines conditions. Par exemple, lorsque f est continue bornée et Hölérienne, ϕ continue
et Lipshitzienne, il a été établi dans [104] des résultats d’approximation lorsque Z est un
processus α-stable symmétrique dans Rd.

Nous proposons dans [86] un nouveau résultat d’approximation dans le cas où Z est
un processus α-stable réel et pas nécessairement symmétrique basé sur une approche
différente. La méthodologie est nouvelle et le résultat également nouveau. La technique
consiste à déployer convenablement une méthode de troncature en séparant les sauts du
processus stable via la décomposition de Lévy-Itô de Z :

Zt = bR t+
∫ t

0

∫

|x|≤R
x (µ− σ)(ds, dx) +

∫ t

0

∫

|x|>R
xµ(ds, dx), t ∈ [0, T ],

où R est un niveau de troncature positif arbitraire (classiquement choisi à 1) et µ est la
mesure aléatoire de Poisson gouvernant les sauts du processus sur [0, T ]×R avec intensité
σ(dt, dx) = dt⊗ ν(dx) ; et bR étant le paramètre de dérive donné par

bR := b+
∫

1<|x|≤R
x ν(dx).

Pour établir la convergence de X̃n vers X, nous partons de l’expression explicite
suivante

X̃n
t −Xt =

∫ t

0

[
f(X̃n

πn
s
) − f(Xs)

]
ds+

∫ t

0

[
ϕ(X̃n

πn
s
) − ϕ(Xπn

s
)
]
dZs+

∫ t

0

[
ϕ(Xπn

s
) − ϕ(Xs)

]
dZs,

en considérant la décomposition de Lévy-Itô de Z, un choix de troncature adéquat, des
techniques de calcul stochastique et le Lemme de Gronwall.
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(a) (b)

(c) (d)

Figure 3.1 – Trajectoires d’un processus standard strictement 1.7-stable avec différentes
asymétries (a), d’un processus 0.7-stable avec différentes échelles et asymétries (b), du
processus symétrique et standard avec différents indices de stabilité α (c) et le cas d’un
processus standard de Cauchy 1-stable (d).

Théorème 3.2 (Manou-Abi S.M. [86] En révision). Soit Z un processus α-stable avec
α ∈ (1, 2) et (Xt)t∈[0,T ] une solution de l’EDS (3.4) tel que X0 = x0 presque sûrement.Sous
les conditions (C1), (C2) et 1 ≤ 2p < α, il existe une constante positive C dépendant
des paramètres L, p, α, Lϕ, b, c+, c− telle que

E sup
t∈[0,T ]

|X̃n
t −Xt|2p) ≤ Cn−p2/2.
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(a) (b)

(c) (d)

Figure 3.2 – Trajectoires approximatives d’un processus OU standard strictement stable
avec n = 1000, ρ = 1, θ = 1.2, α = 1.7 et β = 0 (a) ; d’un processus CIR standard
strictement stable avec n = 1000, ρ = 1, θ = 1.2, α = 1.7, β = 0, λ = 0.2 et q = α−1 (b) ;
d’un processus CIR standard strictement stable avec n = 1000, ρ = 1, θ = 1.2, α = 1.7,
β = 0, λ = 0.2 et q = 1 − α−1 (c) et le cas d’un processus de Lotka-Volterra standard
strictement stable avec λ = 0.2, θ = 1.2 α = 1.7, β = 0, ρ = 1, q = 1/2 et n = 1000 (d).
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Chapitre 4
Statistique des processus stochastiques

Je considère ici le problème d’estimation des paramètres de processus stochastiques
issus de modèles markoviens et des solutions d’équations différentielles stochastiques di-
rigées par des processus α-stables. Les publications relativent à ces travaux se retrouvent
dans [87] et [93].

4.1 Un modèle markovien pour étudier la dynamique
de transmission de la fièvre typhoide

Un modèle probabiliste a été étudié dans [93] pour essayer de capturer la dynamique
de transmission de la fièvre typhoide à Mayotte en utilisant une approche markovienne.
La fièvre thyphoide fait partie des maladies hydriques (transmission passant par la conta-
mination de l’eau) causées par un contact direct ou indirect avec un individu infecté ou
avec l’environnement (nourriture, contamination de l’eau). On peut décrire la dynamique
de manière simplifiée comme suit. Chaque individu en contamine un nouveau avec un
taux d’infection (de naissance) constant λ, indépendamment des autres individus. Les
individus infectés se rétablissent indépendamment les uns des autres à un taux de gué-
rison (décès) constant µ. Les nouveaux cas exogènes arrivent à un taux (d’immigration)
constant ν, également indépendamment des autres contaminations et guérisons. Nous dé-
crivons le modèle stochastique de dénombrement des personnes infectées comme suit. Soit
Xt le nombre d’individus infectés au temps t ≥ 0. Le processus de comptage X = (Xt)t≥0
est alors un processus linéaire de naissance et de mort avec immigration (processus LBDI).
Il appartient à la classe des processus de saut de Markov. La distribution de X est ca-
ractérisée par son générateur infinitésimal, la matrice Q à entrées non nulles donnée par

Q(i, i+ 1) = λi+ ν pour i ≥ 0,
Q(i, i− 1) = µi pour i ≥ 1,

Q(i, i) = −(λ+ µ)i− ν pour i ≥ 0.

Le semi-groupe de transition est défini par
(
P (t) = (pi,j(t), i, j ∈ N)

)
t≥0

, où pi,j(t) =
P(Xt = j|X0 = i), i, j ∈ N, t ≥ 0. Les trajectoires de X = (Xt)t≥0 sont à pas constants
et ponctuées de sauts d’amplitude +1 ou −1. Le processus X est connu sous l’appelation
processus de naissance et de mort linéaire avec immigration (LBDI en anglais). La simula-
tion de ce processus permet de capturer trois régimes possibles : croissance exponentielle

33
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(régime transcient) si λ > µ, tous les états sont visités une infinité de fois avec un temps
de retour moyen infini (régime récurrent nul) si λ = µ, et tous les états sont visités une
infinité de fois avec un temps de retour moyen fini (régime récurrent positif) si λ < µ.
Dans ce dernier cas il existe une unique mesure invariante π = (πi, i ∈ N) donnée par

πi =
(
r + i− 1

i

)(
λ

µ

)i (
1 − λ

µ

)r

, (4.1)

avec r = ν/λ. L’objectif visé est l’estimation des paramètres (λ, µ, ν) dans un régime
récurrent positif. De plus, la principale originalité et difficulté de cetté étude vient du
cadre d’observation. En effet, les effectifs de la population infectée sont cachés. Les seules
données disponibles sont les cas cumulés (en jour ou semaine) des nouveaux infectés.
Ceci rend difficile l’estimation des paramètres. Nous dérivons d’abord une expression
analytique des paramètres inconnus en tant que fonctions de probabilités des transitions
à temps discrets suffisamment observés. Par exemple, en considérant les transitions du
type p0,0, p0,1, p1,0, nous obtenons :

Théorème 4.1 (Bouzalmat I., De Saporta B. et Manou-Abi S.M. [93]). Les paramètres
λ, µ et ν sont donnés par la relation suivante : (λ, µ, ν) = g(p0,0, p0,1, p1,0) avec

λ = g1(p0,0, p0,1, p1,0) =
ln
(

u
q

)
(q − 1)

∆t (q − u)

µ = g2(p0,0, p0,1, p1,0) =
ln
(

u
q

)
(u− 1)

∆t (q − u)

ν = g3(p0,0, p0,1, p1,0) = ln(p0,0)
ln(q)

ln
(

u
q

)
(q − 1)

∆t (q − u) ,

où

q = p0,1

p0,0 ln(p0,0)
W



p

(
p0,0
p0,1

+1
)

0,0 ln(p0,0)
p0,1


 ,

u = 1 − p1,0

p0,0
: et W désignant ici la fonction de Lambert [57].

On obtient ainsi des estimateurs consistents et asymptotiquement de lois gaussiennes
dès lors qu’on dispose d’estimateurs consistents des probabilités de transition dans un
régime récurrent positif.

Théorème 4.2 (Bouzalmat I., De Saporta B. et Manou-Abi S.M. [93]). Soit p̂n
0,0, p̂n

0,1 et
p̂n

1,0 des estimateurs consistents de p0,0, p0,1 et p1,0, asymptotiquement de loi normale de
matrice de variance-covariance Σ′ au sens suivant :

√
n



p̂n

0,0 − p0,0
p̂n

0,1 − p0,1
p̂n

1,0 − p1,0


 L−→ N3(0,Σ′).
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avec

Σ′ =




p0,0 (1 − p0,0)
π0

−p0,0p0,1

π0
0

−p0,0p0,1

π0

p0,1 (1 − p0,1)
π0

0

0 0 p1,0 (1 − p1,0)
π1



, (4.2)

et π étant la loi invariante mentionnée dans (4.1). Alors les estimateurs (λ̂n, µ̂n, ν̂n) =
g(p̂n

0,0, p̂
n
0,1, p̂

n
1,0) issus du Théorème 4.1 sont aussi consistent et asymptotiquement de loi

normal de matrice de variance-covariance Σ = DgΣ′DgT , où Dg est la matrice Jaco-
bienne issue de l’application g et DgT sa transposée.

Considérons le cas où l’on observe complètement les transitions et soit p̂n
i,j l’estima-

teur du maximum de vraisemblance de pi,j sur des observations (Xk∆t, 0 ≤ k ≤ n) et
des transitions du type (i, j) ∈ {(0, 0), (0, 1), (1, 0)}. Ces estimateurs correspondent au
rapport du nombre de transitions observées de i à j sur le nombre total de transitions
observées partant de i dans la séquence (Xk∆t, 0 ≤ k ≤ n) :

p̂n
i,j =

∑n−1
k=0 1{Xk=i,Xk+1=j}∑n−1

k=0 1{Xk=i}
.

Nous illustrons la performance de ces estimateurs en simulant le modèle ci-dessus avec
X0 = 0, λ = 0.03, µ = 0.1 et ν = 0.01. Les valeurs estimées de ces paramètres sont
données comme suit dans le tableau 4.1, y compris l’erreur asymptotique (divisée par√
n) dans le tableau 4.2.

Le tableau 4.1 montre que la propriété de convergence est satisfaite, bien qu’un
nombre élevé d’observations soit nécessaire pour capturer le bon ordre de grandeur. Cela
confirme que même dans un cadre d’observation complet, la récupération des paramètres
à partir d’observations discrètes du processus est exigeante. Le tableau 4.2 montre que la
variance asymptotique des estimateurs dépend fortement du pas de temps et augmente à
mesure que ce dernier diminue ; l’impact étant plus fort sur le paramètre taux d’immigra-
tion µ. Cependant, dans le cadre des données réelles que nous manipulons, la séquence
(Xk∆t, 0 ≤ k ≤ n) contient des valeurs cachées. Nous considérons donc que Xt n’est pas
complètement observé. Seuls les nouveaux cas cumulés d’isolés sur des laps de temps
donnés sont disponibles. Bien que cette formulation soit très courante dans les données
de santé publique, elle est mathématiquement originale et difficile. Par conséquent, il
conviendrait d’utiliser d’autres approches d’estimation des probabilités de transition p0,0,
p0,1 et p1,0 à partir des outils de la théorie des chaînes de Markov cachées. Soit ∆t un pas
de temps fixé (peut être un jour ou une semaine). Soit Y(a,b] le cumul des nouveaux cas
isolés correspondant au processus X sur l’intervalle de temps (a, b].

Le processus discret joint (Xn∆t, Y(n∆t,(n+1)∆t])n∈N est une chaîne de Markov cachée
(HMM en anglais). La propriété de Markov nous permet d’obtenir les probabilités d’émis-
sion de (Y(n∆t,(n+1)∆t])n∈N conditionnellement à (Xn∆t, 0 ≤ k ≤ n). Soit Zn = (Xn−1, Xn)
la chaîne de Markov cachée bi-dimensionnelle à valeurs dans l’espace d’état N2. On montre
tout d’abord que (Zn, Yn) est une chaîne de Markov cachée possédant les caractéristiques
suivantes. Le processus (Zn, Yn)n∈N∗ est une chaîne de Markov cachée dont les caracté-
ristiques sont données par le triplet M = (Q,ψ, ρ), où
• la matrice de transition Q de la chaîne de Markov cachée (Zn) est

Q(i,j),(i′,j′) = P(Zn+1 = (i′, j′)|Zn = (i, j)) = pi′,j′δi′=j,
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Table 4.1 – Valeurs estimées et erreur standard lorsque les nombres d’infectés sont
observés avec une période ∆t et un horizon de temps H.

H = 1000
Pas de temps ∆t 1 7 30

Nombre d’observations n 1001 143 34
λ̂n 0.027 (0.100) 0.081 (0.053) 0.049 (0.065)
µ̂n 0.084 (0.035) 0.105 (0.046) 0.070 (0.128)
ν̂n 0.012 (0.484) 0.007 (0.106) 0.007 (0.076)

H = 5000
Pas de temps ∆t 1 7 30

Nombre d’observations n 5001 715 167
λ̂n 0.041 (0.045) 0.052 (0.024) 0.064 (0.029)
µ̂n 0.088 (0.016) 0.132 (0.020) 0.117 (0.058)
ν̂n 0.009 (0.216) 0.012 (0.047) 0.009 (0.034)

H = 50000
Pas de temps ∆t 1 7 30

Nombre d’observations n 50001 7143 1667
λ̂n 0.030 (0.014) 0.023 (0.007) 0.020 (0.009)
µ̂n 0.098 (0.004) 0.097 (0.006) 0.102 (0.018)
ν̂n 0.010 (0.068) 0.010 (0.014) 0.010 (0.011)

Table 4.2 – Variance asymptotique des estimateurs

Pas de temps ∆t 1 7 30
Σ1/2

11 (λ) 3.190 0.632 0.377
Σ1/2

22 (µ) 1.112 0.552 0.749
Σ1/2

33 (ν) 15.309 1.264 0.443
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pour tout (i, j), (i′, j′) ∈ N2 ;
• la probabilité d’émission ψ du processus Y sachant le processus Z est

ψ(i,j)(y) = P(Yn = y|Zn = (i, j)) = pi,(j,y)

pi,j

,

pour i, j, y ∈ N, avec pi,(j,y) = pi,(j,y)(∆t) donnée par l’éauation précédente (??) ;
• la loi initiale ρ du processus des états Z est

ρi,j = P(Z1 = (i, j)) = pi,jπi,

pour i, j ∈ N, avec π la loi stationnaire de X donnée à l’équation (4.1). L’algorithme
standard pour estimer les paramètres les plus probables M = (Q,ψ, ρ) compte tenu
des observations est l’algorithme forward-backward ou de Baum-Welch, qui est un cas
particulier de l’algorithme EM (Expectation-Maximization). Le principal atout de l’al-
gorithme de Baum-Welch est que la vraisemblance peut être maximisée explicitement.
Malheureusement, l’exécution de la procédure standard du package HMM sur (Zn, Yn)
produit une instabilité numérique et des erreurs dues aux nombreuses entrées nulles dans
la matrice de transition Q de Z. Nous avons donc re-écrit la procédure, afin d’obtenir
des estimateurs explicites. Ceci nous permet donc d’adapter l’algorithme de Baum-Welch
afin d’estimer ces probabilités de transition en temps discret.

Théorème 4.3 (Bouzalmat I., De Saporta B. et Manou-Abi S.M. [93]). Étant donné
les paramètres Mn = (Qn, ψn, ρn), les estimations du maximum de vraisemblance de
Mn+1 = (Qn+1, ψn+1, ρn+1) conditionné aux observations (y1, . . . , yT ) sont données, pour
i, j, y dans N, par

Qn+1
(i,j),(i′,j′) =

∑T
t=1 ξ

n
(i,j),(i′,j′)(t)∑T

t=1 γ
n
(i,j)(t)

δi′=j,

ψn+1
(i,j)(y) =

∑T
t=1 1yt=yγ

n
(i,j)(t)∑T

t=1 γ
n
(i,j)(t)

,

ρn+1
i,j = γn

(i,j)(1),

pn+1
i,j =

∑
i′∈NQ

n+1
(i′,i),(i,j)∑

i′∈N 1Qn+1
(i′,i),(i,j) ̸=0

,

avec

γn
(i,j)(t) =

αn
(i,j)(t)βn

(i,j)(t)∑
i,j∈N α

n
(i,j)(t)βn

(i,j)(t)
,

ξn
(i,j),(i′,j′)(t+ 1) =

αn
(i,j)(t)pn

(i′,j′)ψ
n
(i′,j′)(yt+1)βn

(i′,j′)(t+ 1)
∑

i,j∈N α
n
(i,j)(t)βn

(i,j)(t)
δi′=j,

pn
i,j =

∑
i′∈NQ

n
(i′,i),(i,j)∑

i′∈N 1Qn
(i′,i),(i,j) ̸=0

,

et les suites progressives et rétrogrades αn et βn sont définies pour i, j dans N et 2 ≤ t ≤ T
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Figure 4.1 – Nombre de nouveaux cas confirmés déclarés cumulés hebdomadaires de
fièvre typhoïde à Mayotte entre 2018 et 2022.

Table 4.3 – Proportions des transitions quotidiennes observées dans les cas déclarés de
fièvre typhoïde à Mayotte entre 2018 et 2022.

transition 0 → 0 0 → 1 1 → 0 1 → 1 1 → 2 other
proportion 79.62% 7.05% 7.60% 1.15% 0.33% 4.25%

par la procédure récursive suivante :



αn

(i,j)(1) = ρn
i ψ

n
(i,j) (y1) ,

αn
(i,j)(t) = ψn

(i,j) (yt) pn
i,j

∑
i′∈N α

n
(i′,i)(t− 1),




βn

(i,j)(T ) = 1,
βn

(i,j)(t− 1) = ∑
j′∈N p

n
j,j′ψ

n
(j,j′) (yt) βn

(j,j′)(t).

Après par exemple n itérations, nous obtenons les paramètres optimaux du modèle et
les estimations λ̂, µ̂, ν̂ sont données par

(λ̂, µ̂, ν̂) = g(pn
0,0, p

n
0,1, p

n
1,0).

Il faut noter concernant l’algorithme EM que le résultat dépend fortement de la condition
initiale, et il faut également régler le nombre d’itérations et trouver une manière appro-
priée de tronquer les sommes infinies. Tous ces points sont discutés ainsi que les détails
sur l’estimation dans l’article [93]. La Figure 4.1 montre le nombre hebdomadaire de nou-
veaux cas isolés de fièvre typhoïde entre 2018 et 2022 à Mayotte. Le choix des transitions
entre 0 à 1 est motivé par l’observation à la Table 4.3. Quelques exemples de simulation
du processus X et Y sont donnés aux Figures 4.2 et 4.3. En terme de perspective, il est
prévu l’étude de l’impact de la pluviométrie sur la dynamique de transmission compte
tenu des corrélations observées sur des périodes de forte contamination.
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Figure 4.2 – Simulation des trajectoires du processus X(t) our un laps de temps ∆t = 1
jusqu’à un horizon de temps H = 5000.
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Figure 4.3 – Simulation des nouveaux cas infectés Yn correspondant au processus X
our un laps de temps ∆t = 1 jusqu’à un horizon de temps H = 5000.
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4.2 Estimation des paramètres d’une solution d’EDS
dirigée par un processus stable

En raison de l’augmentation de la puissance de calcul des méthodes statistiques, l’es-
timation des paramètres pour des équations différentielles stochastiques (EDS) a suscité
un grand intérêt au sein de la communautée scientifique. Les méthodes d’estimation clas-
siques et la construction de procédures algorithmiques efficaces et optimales permettent
d’entreprendre de nombreuses applications comme la variation des prix en finance à tra-
vers les modèles de Cox-Ingersoll-Ross (CIR) et d’Ornstein-Uhlenbeck (OU), ou encore
l’étude des dynamiques de population comme les modèles de Lotka Voltera ou des pro-
cessus de branchement à temps continu. Nous considérons ici un processus stochastique
X solution (forte) de l’équation différentielle stochastique suivante :

dXt = b(t,Xt)dt+ σ(t,Xt−)dZt; X0 = η (4.3)

où Z = {Zt, t ≥ 0} est un processus de Lévy α-stable (0 < α < 2), η est une variable
aléatoire indépendante de Z, la fonction b est appelée la dérive et la fonction σ est appelée
le coefficient de diffusion. Supposons que ce procesus stochastique X est observé à des
instants discrets :

Xti+1 −Xti
=
∫ ti+1

ti

b(Xs−)ds+
∫ ti+1

ti

σ(Xs−)dZs.

Nous étudions le problème d’estimation des coefficients. Par exemple, dans le cadre de
l’estimation de la fonction de dérive on peut remarquer que :

E [Xi+1 −Xi|Xi = x] = E
[∫ ti+1

ti

b(Xs−)ds
∣∣∣∣∣Xi = x

]

+E
[∫ ti+1

ti

σ(Xs−)dZs

∣∣∣∣∣Xi = x

]
.

Et en considérant les processus strictement α-stables d’indice α ∈ (1, 2), l’intégrale sto-
chastique

∫ ti+1
ti

σ(Xs−)dZs est une martingale et on a

E[Xi+1 −Xi|Xi = x] = E
[∫ ti+1

ti

b(Xs−)ds
∣∣∣∣∣Xi = x

]
.

Puisque supn |ti+1 − ti| → 0 quand n → ∞, alors pour de petites variations la fonction
de dérive b est supposée constante sur l’intervalle [ti, ti+1], n → ∞. Par conséquent

E[Xi+1 −Xi|Xi = x] ≈ b(x)∆

ou encore
b(x) ≈ 1

∆E[Xi+1 −Xi|Xi = x]. (4.4)

On peut également exprimer la fonction de dérive par polynômes locaux sous des condi-
tions de régularités de la fonction de dérive b. En effet, au voisinage d’une valeur x0
donnée on a [48] :

b(x) = b(x0) + b′(x0)(x− x0) + b′′(x0)
2 (x− x0)2 + · · · + b(p)(x0)

p! (x− x0)p

=
p∑

j=0

b(j)(x0)
j! (x− x0)j =

p∑

j=0
βj(x− x0)j
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avec βj = b(j)(x0)
j! pour tout j. L’estimation pondéré par polynômes locaux consiste à

minimiser sur l’espace des paramètres β0, β1, · · · , βp la fonction de coût suivante :

n−1∑

i=0


Yi −

p∑

j=0
βj(Xi − x)j




2

Kh(Xi − x).

En particulier pour p = 1, la solution est donnée par [48] :

b̂(x) =

n−1∑

i=0
Yi

{
Sn,2

h2 −
(
Xi − x

h

)
Sn,1

h

}
Kh(Xi − x)

∆
n−1∑

i=0

{
Sn,2

h2 −
(
Xi − x

h

)
Sn,1

h

}
Kh(Xi − x)

,

avec Sn,k =
n−1∑

i=0
Kh(Xi − x)(Xi − x)k, k = 1, 2.

On peut également exprimer la fonction de dérive par des méthodes de régression non-
paramétriques. Par exemple, l’estimateur non-paramétrique de Nadaraya-Watson proposé
par Nadaraya [46] et Watson [47] s’écrit comme suit :

b̂n(x) =
∑n−1

i=0 YiKh (Xi − x)
∆∑n−1

i=0 Kh (Xi − x) , où Yi = Xi+1 −Xi

∆ ,

où Kh(·) = K(·/h)/h et K est un noyau de moyenne nulle et de variance finie. Le para-
mètre h représente la fenêtre du noyau. Les propriétés de ces estimateurs de la fonction
de dérive ont été étudiées dans la littérature. Notre objectif dans cette section est de pro-
poser des estimateurs des paramètres de la partie diffusion en utilisant ces estimateurs
non paramétriques de la fonction de dérive. Par exemple, considérons l’EDS dirigée par
un processus standard strictement α-stable (Zt)t≥0 défini sur l’espace de probabilité filtré
(Ω,F ,Ft,P) sous la forme :

{
dXt = f(Xt)dt+ ρ g(Xt−)dZt, t ∈ [0, T ]
X0 = x0,

(4.5)

où x0 est un point de départ du processus, T > 0 un horizon de temps donné et la
fonction g : R → R est supposée connue explicitement. Nous supposons que la fonction
f : R → R, le paramètre ρ > 0 et le processus stable (Zt)tdans[0,T ] de paramètres α et β
(qui est considéré comme un paramètre de nuisance) sont inconnus. Le noyau K(·) qui
est une densité de probabilité symétrique vérifie

sup(1 ∨ |u|)K(u) < M0 < +∞ et
∫ +∞

−∞
u2K(u)du < +∞,

∫ +∞

−∞
K2(u)du < +∞.

Nous faisons les hypothèses suivantes.

(A1). On suppose que la densité f de la loi invariante π est continue.
(A2). Pour n → ∞ : h → 0, ∆n → 0,

n∆n → ∞, et n∆nh

(log(n∆n))2 → +∞.

Nous obtenons le résultat suivant.
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Théorème 4.4 (Manou-Abi S.M. [87]). Soit X = (Xt)t∈[0,1] un processus stationnaire
réel et fortement mélangeant solution de l’EDS (4.5) et admettant une loi invariante.
Nous supposons que le processus X est observé sur des temps discrets ti avec un pas ∆n

de taille n tel que g(Xti
) ̸= 0. On suppose que les conditions (A1) et (A2) sont vérifiées.

Soit (f̂n(Xti
))n

i=1 la suite des valeurs estimées de la fonction de dérive par la méthode de
Nadaraya-Watson. On définit la fonction caractéristique empirique suivante

φ̂n(uk) = 1
n

n−1∑

i=0
exp


juk

(∆Xti
− f̂n(Xti

)∆n

g(Xti
)

)
 (4.6)

pour tout k ∈ [[1,m]], m > 0, et j2 = −1. Posons




α̂m =

m∑

k=1
WkVk − 1

m

m∑

k=1
Vk

m∑

k=1
Wk

∑m

k=1 W 2
k
− 1

m

( m∑

k=1
Wk

)2
,

λ̂m = 1
m

m∑

k=1
Vk − α̂m

m

m∑

k=1
Wk

ρ̂m = ∆−
1

α̂m
n exp λ̂m

α̂m

β̂m =

m∑

k=1
ukSk

m∑

k=1
ukBk

,

(4.7)

où
Sk = arg(φ̂n(uk)), Bk = tan(πα̂2 )sign(ui)

(
uk − uα̂m

k

)
∆1/α̂m

n ,

Vk = log(− log|φ̂n(uk)|) et Wk = log(|uk|).
Alors α̂m, ρ̂m et β̂m sont des estimateurs des moindres carrés de α, ρ et β.

En fonction de la normalité des distributions observées des estimées de φ̂n(uk), ces
estimateurs peuvent être consistents et robustes. La valeur optimale de m est discutée
dans [? ], préconisant la sélection de points uk dans l’intervalle [0.1, 1]. Il faut noter qu’il
existe des transformations de normalisation des données. Le Min-Max Scaling peut être
appliqué quand les données varient dans des échelles différentes et permet de réduire
l’effet des outliers. Les conditions de mélange sont liées aux propriétés d’ergodicité de
l’EDS 4.5 et sont détaillées dans l’article [87] pour évaluer la performance des estimateurs
sur données simulées. Ce résultat est nouveau, eu égard à la littérature existante sur les
estimateurs des solutions d’EDS dirigées par des processus α-stables. Notre méthodologie
est basée sur la méthode d’estimation par la fonction caractéristique décrite ci-dessus et
la méthode des moindres carrés (linéaire ou pondérée). Nous discutons de la validité et
de l’efficacité de l’implémentation numérique des estimateurs sur des données générées à
partir d’une solution vérifiant les hypothèses du Théorème dans les tableaux 4.4 et 4.5.
Dans le résultat qui suit, nous discutons de l’estimation paramétrique des coefficients de
dérive θ et λ des modèles CIR et OU.

Théorème 4.5 (Manou-Abi S.M. [87]). Soit X = (Xt)t∈[0,1] un processus stationnaire
réel et fortement mélangeant solution de l’EDS (3.5) ou (3.6). Nous supposons que le
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processus X est observé sur des temps discrets ti avec un pas ∆ fixé. On suppose que les
conditions (A2) et (A3) sont vérifiées. Soit (f̂n(Xti

))n
i=1 la suite des valeurs estimées de

la fonction de dérive par la méthode de Nadaraya-Watson. Posons




ân =

∑n−1
i=0 Xti

f̂n(Xti+1) − 1
n

n−1∑

i=0
Xti

n∑

i=1
f̂n(Xti+1)

1
n

( n−1∑

i=0
Xti

)2 −
n−1∑

i=0
X2

ti

,

λ̂n = 1
n

n−1∑

i=0
f̂n(Xti+1) − ân

1
n

n−1∑

i=0
Xti

,

θ̂n = − 1
∆W (−ân∆),

(4.8)

où W est la fonction Lambert, voir [57].
— Nous supposons de plus que q = α−1 avec α ∈ (

√
2, 2) et le processus α-stable est

de saut positifs dans (3.6).
Pour n suffisamment grand, θ̂n et λ̂n sont des estimateurs consistants et sans biais de θ
et λ.

Des applications à des données réelles de variation des prix d’achat sont également
fournies dans [87]. En terme de perspective, je vais non seulement étudier la loi asymp-
totique et l’erreur mais aussi mettre en place un package R pour ce type de problème
d’estimation.

Table 4.4 – Performance des estimateurs des paramètres (α̂, β̂, ρ̂) dans le cadre d’un
modèle d’OU dirigé par un processus standard 1.6-stable symétrique

n et T Vrais paramètres Paramètres estimés RMSE
500 et T=1 α = 1.6, β = 0, ρ = 1 α̂n = 1.70, β̂n = 0.08, ρ̂n = 0.80 1.55
500 et T=10 α = 1.6, β = 0, ρ = 1 α̂n = 1.69, β̂n = 0.015, ρ̂n = 3.38 8.34
1000 et T=1 α = 1.6, β = 0, ρ = 1 α̂n = 1.55, β̂n = 0.11, ρ̂n = 1.2 1.10
1000 et T=10 α = 1.6, β = 0, ρ = 1 α̂n = 1.56, β̂n = 0.13, ρ̂n = 4.87 8.43
2000 et T=1 α = 1.6, β = 0, ρ = 1 α̂n = 1.6346, β̂n = 0.1146, ρ̂n = 0.9335 0.77
2000 et T=10 α = 1.6, β = 0, ρ = 1 α̂n = 1.6029, β̂n = 0.064, ρ̂n = 4.33 6.91

Table 4.5 – Performance des estimateurs des paramètres (α̂, β̂, ρ̂) dans le cadre d’un
modèle CIR dirigé par un processus standard symétrique 1.6-stable

n et T Vrais paramètres Paramètrs estimés RMSE
500 et T=1 α = 1.6, β = 0, ρ = 1 α̂n = 1.66, β̂n = 0.13, ρ̂n = 0.88 1.17
500 et T=10 α = 1.6, β = 0, ρ = 1 α̂n = 1.51, β̂n = 0.08, ρ̂n = 5.95 8.24
1000 et T=1 α = 1.6, β = 0, ρ = 1 α̂n = 1.63, β̂n = 0.217, ρ̂n = 0.98 3.72
1000 et T=10 α = 1.6, β = 0, ρ = 1 α̂n = 1.53, β̂n = 0.35, ρ̂n = 6.32 15.36
2000 et T=1 α = 1.6, β = 0, ρ = 1 α̂n = 1.61, β̂n = 0.07, ρ̂n = 1.03 2.07
2000 et T=10 α = 1.6, β = 0, ρ = 1 α̂n = 1.64, β̂n = 0.04, ρ̂n = 4 11.13
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Chapitre 5
Statistique computationnelle, statistique des
extrêmes

L’objectif de ce chapitre est de présenter ma contribution relative d’une part à l’esti-
mation des paramètres des densités de probabilités de certaines familles de lois, y compris
les lois α-stables, et d’autre part à l’estimation de l’indice de queue des lois à queues
lourdes, par la théorie des valeurs extrêmes. Les publications relativent à ces travaux se
retrouvent dans [69, 70, 71, 85] et [94].

5.1 Lois stables et estimation non paramétrique du
taux de reproduction effectif

Je m’intéresse dans cette partie à l’estimation statistique du taux de reproduction ef-
fectif dans la transmission de l’infection liée au Covid-19 par l’approche non-paramétrique
suivante :

R0(t) = Γ(t)
∑

τ≤t d(τ)Γ(t− τ) ,

où Γ(t) est le nombre de nouveaux infectés au temps t et d la densité de distribution de
l’intervalle sériel mesurant l’intervalle de temps entre l’apparition des symptômes d’un in-
fecteur donné et l’apparition des symptômes chez l’infecté. Ce dernier est essentiellement
influencé par la période d’incubation de l’infecté (temps passé entre le moment où l’infecté
est infecté par son infecteur et le moment où il pourrait dévelloper des symptômes et être
contagieux) et les différents profils d’infectiosité (l’intervalle de temps depuis l’apparition
des symptômes d’un infecté à la contamination à une autre personne). Dans un premier
temps, je me suis intéressé à l’estimation de l’intervalle sériel via une base de données
collectée chez des patients suivis et confirmés en laboratoire [67] par des méthodes d’esti-
mation de la log-vraisemblance par mélange de lois. L’estimation par mélange est un outil
flexible pour modéliser une fonction de densité de probabilité comme une somme pondé-
rée de fonctions de densité dans des observations indépendantes et provenant de sources
multivariées. Le taux de reproduction est un indicateur pour évaluer le nombre moyen de
nouveaux cas d’infection, engendré par un individu au court d’une période d’infectiosité.
Il dépend principalement des facteurs précédemment évoqués : durée de la contagiosité
après infection, probabilité d’obtenir une infection après un contact entre une personne
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infectée et une personne susceptible et aussi de la fréquence des contacts humains. En
considérant des intervalles sériels (IS) positifs, et des modèles de mélange basés sur des
distributions de la famille des lois d’extrêmes généralisées (Gumbel, Fréchet, Weibull),
nous obtenons les résultats suivants [71] avec les données Covid-19 de l’île de Mayotte
(Figure 5.1). Ces résultats viennent améliorer les méthodes existantes d’estimation du
taux de reproduction effectif disponible dans la littérature. Considérons maintenant le
modèle mathématique donné par le système d’équations différentielles suivant :





dS(t) = −βpS
(Is+Ia)

N
dt+ ωRdt

dE(t) = βpS
(Is+Ia)

N
dt− λEdt

dIs(t) = (1 − q)λEdt− (γ1 + α)Isdt
dIa(t) = qλEdt− γ2Iadt
dR(t) = γ1Isdt+ γ2Iadt− ωRdt
dD(t) = αIsdt

avec N = S+E+ Is + Ia +R+D la taille (fixée) de la population totale et la population
répartie suivant les compartiments de Susceptibles S, Exposés E (infecté mais pas encore
infectieux) dans une période homogène de latence λ−1 ; Infectés symptomatiques Is avec
une période infectieuse γ−1

1 ; Infectés asymptomatiques Ia dans une période infectieuse
γ−1

2 ; Guéris R , et cas de morts D. Nous supposons qu’une fraction ω des individus
guéris redeviennent susceptibles (perte d’immunité et réinfection). La méthode basée sur
la matrice dite "Next-generation" de Dieckmann permet d’obtenir

R0 = qβp

γ2
+ (1 − q)βp

γ1 + α
et βp ∼ R0γ1

r + 1 − q
, r := γ1

γ2
,

en négligeant le taux de mortalité. On obtient des estimations du paramétre de trans-
mission β dans la Figure 5.2. Une extension de ce travail a été faite pour prendre en
compte les distributions négatives de l’intervalle sériel en introduisant les lois α-stables.
Les lois α-stables non-gaussiennes sont un sous-ensemble de lois à queue régulière. Mal-
heureusement, il n’existe pas d’expression simple de la densité de probabilité à l’exception
des distributions gaussiennes, de Lévy α = 1/2 et de Cauchy α = 1. Seuls les moments
d’ordre p < α existent et dans le cas α ∈ (0, 1] les espérances explosent. L’estimation
des paramètres est un problème encore ouvert et riche en littérature. Ainsi dans [90],
nous avons considéré l’estimation de la distribution de l’intervalle sériel en prenant en
compte des mélanges de distributions α-stables univariées et l’estimation des paramètres
associés. Nous avons proposé et adapté plusieurs méthodes basées sur les fonctions carac-
téristiques, les estimateurs à noyau gaussien des distribution de densité, l’algorithme EM
et une méthode d’estimation bayésienne. La performance des méthodes qui sont ensuite
appliquées à l’estimation du taux de reproduction effectif, semblent meilleures avec les
distributions α-stables comparé aux travaux précédents. Quelques résumés des méthodes
considérées.

5.1.1 Estimation de paramètres de lois stables par fonctions
caractéristique et score

Supposons que la loi de distribution de l’intervalle sériel suit une loi stable X ∼
S(α, β, γ, ζ; 0) et soit X1, . . . , Xn un échantillon observé de taille n de X, de fonction
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Figure 5.1 – Estimation du taux de reproduction à Mayotte du 13 mars 2020 au 11
janvier 2022, avec le meilleur modèle de mélange de lois ajusté pour l’IS positif.

Figure 5.2 – Estimations du taux de transmission en fonction d’une plage de périodes
infectieuses γ−1

1 dans(3, 10).
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caractéristique empirique donnée par

ϕ̂n(t) =
∫

R
exp(jtx)dFn(x) = 1

n

n∑

k=1
exp(jtXk).

Nous introduisons un estimateur alternatif de la fonction caractéristique en utilisant le
noyau gaussien K(x) = 1√

2π
exp

(
−x2

2

)
pour tout x ∈ R avec

∫
R K(z)dz = 1. On obtient

ainsi l’estimateur suivant de la fonction caractéristique :

ϕ̂n(t) = 1
nhn

∫

R
exp(itx)

n∑

j=1
K
(
x−Xj

hn

)
dx,

où la fenêtre hn → 0. Pour des raisons pratiques et dans le cas α > 1, un choix optimal
de hn peut se faire en considérant la méthode proposée par Sheather et Jones [52] ou de
manière générale la méthode d’intégration de deuxième génération proposée par Slaoui
dans [53]. En prenant le logarithme de ϕ̂n on obtient les relations linéaires suivantes :
yk = +α log |uk| + log(γα) et zk = βBk + ζuk, avec





yk = log(− log(|ϕ̂n(tk)|)),
zk = arg(ϕ̂n(tk)),
Bk = γ̂α̂η(γ̂tk|α̂; 0).

On obtient alors les estimateurs suivants par la méthode des moindres carrés linéaire [90].

α̂m =
(

m∑

k=1
Wk log(|tk|)yk −

∑m
k=1 Wkyk∑m

k=1 Wk

×
m∑

k=1
Wk log(|tk|)

)

×
(

m∑

k=1
Wk log(|tk|)2 −

∑m
k=1 Wk log(|tk|)
∑m

k=1 Wk

×
10∑

k=1
Wk log(|tk|)

)−1

,

âm =
∑m

k=1 Wjyk − α̂m
∑m

k=1 Wk log(|tk|)
∑m

k=1 Wk

,

γ̂m = exp
(
âm

α̂m

)
.

et

ζ̂m =
(

m∑

k=1
WkBkzk −

∑m
k=1 Wktkzk∑m
k=1 WktkBk

×
m∑

k=1
WkB

2
k

)

×
(

m∑

k=1
WkBktk −

∑m
k=1 Wkt

2
k∑m

k=1 WktkBk

×
m∑

k=1
WkB

2
k

)−1

,

β̂m =
∑m

k=1 Wktkzk − ζ̂
∑m

k=1 Wkt
2
k∑m

k=1 WktkBk

.

où W = (Wk)k désigne une suite de poids donnée aux observations. Le choix optimal de
m et des points tk a été discuté dans la littérature [54]. Ces estimateurs peuvent être non
biaisés et consistents en fonction de la normalité derrière la distribution des valeurs de yk

générées. Il faut noter toutefois qu’il existe de nombreuses transformations pour ramener
une série de données à des distributions normales.
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Maintenant, dans le cadre de méthodes d’approximation numérique basées sur des
fonctions scores (dérivée partielle de la log-vraisemblance par rapport au paramètre in-
connu), posons pour d > 1 et η(r, α; 1) = − tan(πα

2 r
α) :

gd(x|α, β) =
∫ ∞

0
cos(xr + βη(r, α; 1))rd−1 exp(−rα)dr,

g̃d(x|α, β) =
∫ ∞

0
sin(xr + βη(r, α; 1))rd−1 exp(−rα)dr,

hd(x|α, β) =
∫ ∞

0
cos(xr + βη(r, α; 1)) log(r)rd−1 exp(−rα)dr

h̃d(x|α, β) =
∫ ∞

0
sin(xr + βη(r, α; 1)) log(r)rd−1 exp(−rα)dr.

Le résultat suivant contenu dans [34] permet d’évaluer les fonctions scores correspondant
aux paramètres de la loi α-stable.

Théorème 5.1 (Fonction score [34]). Soit α ̸= 1. Les fonctions de score sur chaque
paramètres de la loi stable sont données par :

∂f

∂α
(x|α, β, γ, ζ; 1) = 1

πγ

[
πβ

2 cos(πα
2 )2 g̃1+α

(
x− ζ

γ
|α, β

)

+β tan(πα2 )h̃1+α

(
x− ζ

γ
|α, β

)
− h1+α

(
x− ζ

γ
|α, β

)]
,

∂f

∂β
(x|α, β, γ, ζ; 1) =

tan(πα
2 )

πγ
g̃1+α

(
x− ζ

γ
|α, β

)
,

∂f

∂γ
(x|α, β, γ, ζ; 1) = − 1

πγ2 g1

(
x− ζ

γ
|α, β

)
+ x− ζ

πγ3 g̃2

(
x− ζ

γ
|α, β

)
,

∂f

∂ζ
(x|α, β, γ, ζ; 1) = 1

πγ2 g̃2

(
x− ζ

γ
|α, β

)
.

Nous voyons ainsi qu’on peut faire appel aux algorithmes d’implémentation numérique
des zéros d’une fonction pour estimer les paramètres concernés au travers de dérivées des
fonctions de log-vraisemblance (scores).

5.1.2 Estimation de paramètres de lois stables par les algo-
rithmes stochastiques

Comme évoqué plus haut les méthodes d’estimation par mélange de distributions
sont des outils pratiques et efficaces. Deux méthodes d’approximation stochastiques cou-
rantes d’inférence des paramètres dans les modèles de mélange sont : l’algorithme EM
et l’approche bayésienne [55, 56]. L’algorithme EM est une méthode utilisée pour esti-
mer les paramètres des modèles statistiques avec des variables latentes ou manquantes.
Cet algorithme est particulièrement utile dans les cas où les données sont incomplètes
ou partiellement observées. L’estimation bayésienne est un cadre pour la formulation de
problèmes d’inférence statistique. Dans la prédiction ou l’estimation d’une variable aléa-
toire la méthode bayésienne est basée sur la connaissance préalable de la distribution de
probabilité de la variable aléatoire. La méthode d’estimation bayésienne utilise des don-
nées préalables pour estimer la valeur des paramètres inconnus. Cela réduit la différence
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entre l’estimateur et la valeur réelle de ce paramètre. Dans la modélisation bayésienne,
la sélection des lois à priori joue donc un rôle crucial dans l’inférence à posteriori. Nous
présentons ici une version adaptée de l’algorithme EM en incluant aussi l’estimation par
la méthode de la fonction caractéristique (ECF). On désigne toujours par n le nombre
d’observations et zi les observations latentes pour i = 1, ..., n.

Algorithm 2 Algorithme EM pour un mélange de lois α-stable (Hajjaji O., Manou-Abi
S.M. et Slaoui Y. [90])

1: Initialisation des paramètres et choix du seuil d’erreur ϵ.
2: repeat
3: Etape-E :
4: Evaluation de la probabilité a posteriori
5: for i = 1, . . . , n do
6: for j = 1, 2 do
7: L’observation i appartient à la composante j (zi = j) avec probabilité

p
(t)
i,j = λ(t)fj(xi|α(t)

1 , β
(t)
1 , γ

(t)
1 , ζ

(t)
1 ; 0)

λ(t)f1(xi|α(t)
1 , β

(t)
1 , γ

(t)
1 , ζ

(t)
1 ; 0) + (1 − λ(t))f2(xi|α(t)

2 , β
(t)
2 , γ

(t)
2 , ζ

(t)
2 ; 0)

8: end for
9: end for

10: Etape-M :
11: for j = 1, 2 do
12: λ

(t+1)
j = 1

n
{#zi = j}.

13: Ensuite, nous utilisons la méthode d’estimation par log-vraisemblance appro-
chée ou fonction caractéristique pour obtenir Θ(t+1)

j =
(
α

(t+1)
j , β

(t+1)
j , γ

(t+1)
j , ζ

(t+1)
j

)

14: Nous calculons la log-vraisemblance à l’itération t+ 1, notée Q(t+1).
15: end for
16: until |Q(t+1) −Q(t)| < ϵ.

Concernant l’approche bayésienne, un point important est la connaissance préalable
de la distribution dont les paramètres sont issus. Ces connaissances préalables proviennent
généralement de l’expérience ou d’expériences antérieures. Ainsi on suppose par exemple
que les prioris des paramètres α et β sont de lois uniformes, un prior conjugué Inverse
Gamma (IG) pour le paramètre d’échelle γ et un prior de loi normale pour le paramètre
de position ζ. De plus nous supposons que les poids sont distribués suivant une loi de Di-
richlet symétrique et de manière indépendante des autres distributions. Il faut noter que
le calcul de la distribution postérieure conjointe des paramètres susmentionnés est sou-
vent difficile à analyser pour les densités α-stables compte tenu de l’absence de formules
explicites et analytiques. Pour surmonter ce problème, on peut utiliser des méthodes de
Monte Carlo par chaîne de Markov (MCMC), plus les algorithmes d’échantillonnage de
Gibbs ou de Metropolis-Hastings, comme illustré dans les étapes suivantes.

Loi de distribution à priori des poids
La loi de Dirichlet (D) est une loi bien connue et utile pour les données de proportion.
Nous supposons que la distribution a priori du poids λ = (λ1, λ2) suit une loi de Diri-
chlet (ici Beta) symétrique de paramètres ξ = (1, 1). Puisque P(zi = j) est égal à λj

pour j = 1, 2 et i = 1, . . . , N , où N est le nombre d’observations ; alors la distribution
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conditionnelle complète pour λ suit également une loi de Dirichlet (ici Beta), avec des
paramètres ξj + nj, où nj est la fréquence d’observations affectées à la composante j.
Ainsi, la distribution pour les poids est λ|Θ ∼ D(ξ1 + n1, ξ2 + n2).

Mise à jour des paramètres par MCMC
Nous considérons la méthode d’échantillonnage de Metropolis-Hastings. Nous générons
un paramètre candidat Θnew

j = (αnew
j , βnew

j , γnew
j , ζnew

j ), à partir d’une distribution de loi
q(.|.) acceptée avec probabilité AΘnew

j
, définie par : AΘnew

j
=

min

1,

N∏

i=1,zi=j

f(xi|αnew
j , βnew

j , γnew
j , ζnew

j ; 0)
f(xi|αold

j , βold
j , γold

j , ζold
j ; 0) × p(Θnew

j )q(Θold
j |Θnew

j )
p(Θold

j )q(Θnew
j |Θold

j )


 .

Etant donné que les lois à priori sont supposées indépendantes, alors on obtient :

p(Θ) = p(α)p(β)p(γ)p(ζ).

En choisissant une loi normale pour q(.|.), on obtient par symétrie :

q
(
Θnew

j |Θold
j

)
= q

(
Θold

j |Θnew
j

)
.

Ainsi AΘnew
j

devient

min

1,

N∏

i=1,zi=j

f(xi|αnew
j , βnew

j , γnew
j , ζnew

j ; 0)
f(xi|αold

j , βold
j , γold

j , ζold
j ; 0) × IG(γnew

j |α0, β0)N(ωnew
j |ϵ, k)

IG(γold
j |α0, β0)N(ζold

j |ϵ, k)


 . (5.1)

On génère une loi uniforme u dans [0, 1] de sorte que si AΘnew
j

> u, on accepte les nouvelles
valeurs, sinon on conserve celles de l’itération précédente. Le fait que nous considérions
une seule zone de rejet associée au paramètre vectoriel Θ est possible puisque les lois
à priori sont supposées indépendantes. Ainsi, la chaîne de Markov Θ̃n = (α̃n, β̃n, γ̃n, ζ̃n)
est stationnaire (où n est l’indice d’itération). Cette façon de faire semble être numéri-
quement plus précise que de considérer différentes zones de rejet pour chaque paramètre
séparément, contrairement à [56] où les auteurs considèrent une multi chaîne de Markov
pour chaque paramètre sans tirer profit de l’indépendance.

Mis à jour des poids
Il est nécessaire, à chaque itération, de déterminer à quelle sous-population j appartient
chaque observation prédicte. Pour cela nous évaluons la probabilité que l’observation xi

appartienne à la composante j :

P(zi = j|Θ) = λjfj(xi|αj, βj, γj, ζj; 0)
λ1f1(xi|α1, β1, γ1, ζ1; 0) + λ2f2(xi|α2, β2, γ2, ζ2; 0) . (5.2)

Nous présentons sur les lignes suivantes une version adaptée de l’algorithme par cette
approche bayésienne.
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Algorithm 3 Approche bayésienne pour un mélange de distributions α-stables (Hajjaji
O., Manou-Abi S.M. et Slaoui Y. [90])
Input: Initialisation des paramètres Θ = (α, β, γ, ζ)
Input: Considérons un nombre d’itérations N .

1: for t = 1, . . . , N do
2: Générer des poids λ = (λ1, λ2) suivant une loi de Dirichlet (Beta car deux com-

posantes) symétrique λ ∼ D(ξ1 + n1, ξ2 + n2) avec n1 la fréquence d’observations de
la première composante et n2 celle de la seconde composante.

3: Implémenter la loi q(.|.) = N(.|θ, σ), où θ désigne les valeurs précédentes du
paramètre Θ et σ un écart type donné assez petit.

4: Générer les nouvelles valeurs Θnew
j = (αnew

j , βnew
j , γnew

j , ζnew
j ) à partir de la loi

q(.|.) = N(.|θ, γ) pour chaque composante.
5: Acceptez Θnew

j suivant l’équation (5.1) et posez Θt
j = Θnew

j , sinon prendre Θt
j =

Θt−1
j .

6: for chaque observation xi do
7: Obtenir la variable de position zi à l’aide de l’équation (5.2).
8: end for
9: end for

10: Calculer les paramètres moyens jusqu’à une période donnée M notée burn-in : Θj =
1

N−M

∑N
k=M Θ(k)

j .

Des exemples numériques illustrant la performance des méthodes de la fonction ca-
ractéristique (ECF-Kernel), du Maximum de vraisamblance par fonction de score (ML-
method), de l’algorithme EM et de la méthode bayésienne sont présentées dans les Ta-
bleaux 5.1 et 5.2. Une application aux données d’intervalles sériels et Covid-19 à l’île de
Mayotte mentionnées plus haut concernant la variation du taux de reproduction observé
est donné à la Figure 5.3.

Table 5.1 – Comparaison EM-Configuration 1

Paramètre Vrai valeur n ECF-Kernel ML-method
α 1.6 500 1.6356 1.6023

750 1.6191 1.5484
1000 1.6075 1.5519

β -0.8 500 0.7541 -0.7566
750 -0.8375 -0.7668
1000 -0.7696 -0.7337

γ 5 500 5.0124 4.8583
750 5.2009 4.9608
1000 5.1666 4.9888

ζ 12 500 11.8914 11.9563
750 12.2187 12.2930
1000 12.1193 12.1905
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Table 5.2 – Comparaison EM-Configuration 1

Paramètre Vrai valeur n ECF-Kernel ML-method
α 1.4 500 1.3848 1.3243

750 1.3973 1.3613
1000 1.3329 1.2985

β 0.5 500 0.4304 0.4464
750 0.5173 0.5651
1000 0.5381 0.5542

γ 2 500 1.9819 1.8854
750 2.1368 2.0573
1000 2.0910 2.0162

ζ -10 500 -9.9746 -10.0041
750 -9.9876 -10.0300
1000 -10.0807 -10.1048
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5.2 Estimation de lois à queues lourdes par la théorie
des valeurs extrêmes

La théorie des valeurs extrêmes (Extreme Value Theory, EVT en anglais), est une
branche importante de la théorie des probabilités et de la statistique qui permet de mo-
déliser le comportement des évènements rares et/ou extrêmes. La distribution limite des
valeurs extrêmes est indexée par un paramètre appelé l’indice de queue. La connaissance
de cet indice est important pour la modélisation. Soit (Xn)n≥1 une suite de copies indé-
pendantes d’une variable aléatoire X de fonction de répartition F (x) = P(X ≤ x). On
note X1,n ≤ . . . ≤ Xn,n l’échantillon ordonné, pour tout i = 1, . . . , n la variable aléatoire
Xi,n s’appelle la ième statistique d’ordre n de l’échantillon. La théorie des valeurs ex-
trêmes se focalise sur l’étude statistique de la tendance de Mn = max (X1, ..., Xn). Plus
précisément, on étudie le comportement limite de la quantité Mn−bn

an
où an > 0 et bn ∈ R

sont des constantes de normalisation pour tout n ≥ 1. Le Théorème de Fisher-Tippet-
Gnedenko (un des fondements de la théorie des valeurs extrêmes) considère que s’il existe
de telles constantes de normalisation pour lesquelles la suite (Mn−bn

an
)n≥1 converge en loi

vers une distribution G non dégénérée, alors G appartient à la famille des lois de valeurs



54 Chapitre 5 : Statistique computationnelle, statistique des extrêmes

(A) (B)

0

2

4

0 200 400 600
Time

E
ffe

ct
iv

e 
re

pr
od

uc
tio

n 
nu

m
be

r

0

2

4

0 200 400 600
Time

E
ffe

ct
iv

e 
re

pr
od

uc
tio

n 
nu

m
be

r

Figure 5.3 – Variation du taux de reproduction à Mayotte du 13 mars 2020 au 11 janvier
2022 avec un mélange de lois α-stable sur l’intervalle sériel par l’appoche Bayésienne (A),
et l’approche EM incluant la méthode ECF à noyaux (B).

extrêmes généralisée (Generalized Extreme Value) notée GEV.

Les notations des paramètres dans cette section ne doivent pas être confondues avec
celles des sections précédentes.

Définition 7 ([91]). La densité de probabilité d’une distribution GEV de paramètre de
localisation µ ∈ R, d’échelle ou de dispersion σ > 0 et de forme γ ∈ R est

f(z/µ, σ, ε) =





exp
(

−
(

1 + γ
(

z−µ
σ

))−1/γ
)

si γ ̸= 0,

exp
(

−
(

z−µ
σ

)−1/γ
)

si γ = 0

pour tout z telle que 1 + γ
(

z−µ
σ

)
> 0.

Le paramètre γ est appelé également l’indice des valeurs extrêmes. Selon le signe de
ce paramètre, on distingue trois familles de lois appelées domaines d’attraction. Le cas
γ > 0 correspond au domaine d’attraction de Fréchet de paramètre 1/γ appelée aussi loi
à queue lourde. On y trouve les lois de Pareto, de Cauchy, de Student, etc. Le cas γ < 0
corresponds au domaine d’attraction de Weibull et le cas γ = 0 au domaine d’attrac-
tion de Gumbel. Cependant la loi limite évoquée ci-dessus ne donne pas d’information
sur les autres valeurs extrêmes de l’échantillon du maximum. La Figure 5.4 illustre le
comportement de différentes densités de la distribution GEV pour certaines valeurs de γ.
Nous présentons dans le Tableau 5.5 une liste de distributions appartenant aux domaines
d’attraction de lois GEV. Une deuxième approche a été introduite par Pickands basée
sur la distribution limite des valeurs qui dépassent un certain seuil fixé u. On définit un
excès par la variable Y = (X−u)IX>u. Lorsque F satisfait le Théorème de Fisher-Tippet-
Gnedenko, alors pour u suffisamment grand, la distribution de la variable aléatoire Y est
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approximativement
H(y) = 1 −

(
1 + γy

σ + γ(u− µ)

)

définit sur l’ensemble {y : y > 0 et 1+ γy
σ+γ(u−µ) > 0}. La famille de cette loi limite est ap-

pelée famille de Pareto généralisée. Quelques estimateurs de l’indice des valeurs extrêmes
(IVE) γ existent dans la littérature essentiellement dans le cas i.i.d. La maximisation de
la log-vraisemblance de la variable de loi GEV ne conduit pas en général à des solutions
analytiques mais pour un ensemble de données la maximisation peut être obtenue à l’aide
de méthodes numériques. Des familles d’estimateurs de l’indice de queue de distribution
ont été explorées. L’IVE contrôle le comportement des queues de distribution. Son esti-
mation a été largement étudiée dans la litterature.
L’estimateur le plus populaire dans le cas i.i.d et valable pour des distributions appar-

Figure 5.4 – Densités de la distribution des valeurs extrêmes pour différentes valeurs
de l’indice de queue γ.

tiennant au domaine de Fréchet est celui de Hill [2], basé sur les différences entre les
logarithmes des plus grandes statistiques d’ordre :

γ̂H
n = 1

k

k∑

j=1

(
logXn+1−i,n − logXn−k,n

)
, (5.3)

où Xk,n est la k-ième statistique d’ordre et k = k(n) vérifie : k → +∞, k/n → 0, n →
+∞. L’équation (5.3) est une extension de la méthode du maximum de vraisemblance
appliquée à la queue de la distribution F . Pour γ > 0, on vérifie la condition suivante :
1−F (x)
1−F (u) = (x

u
)−1/γ ∀x ≥ u. Il est alors raisonnable d’utiliser les statistiques d’ordre qui

dépassent le seuil u : Xn−kn+1,n....Xn,n avec une fonction de log-vraisemblance donnée par

l(Xn−kn+1,n, ..., Xn,n, γ) = −kn log(γu) + log(1 − F (u))

− 1 + γ

γ

kn∑

j=1

(
logXn−j+1,n − log(u)

)
.

En remplançant le seuil u par la statistique d’ordre Xn−kn,n on obtient l’estimateur de Hill.
Il existe des estimateurs alternatifs dans le cas indépendant (estimateurs de Pickands,
revisité par Dekkers et de Haan,[59],[61]). Peu de travaux ont été developpés dans le
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Figure 5.5 – Une liste de distributions appartenant aux domaines d’attraction de lois
GEV.

cas dépendant (cas de variables aléatoires mélangeantes). Notons que la consistence (en
probabilité ou presque) de l’estimateur γ̂H

n ne dépend que du comportement de k, alors
que sa normalité asymptotique requiert des conditions supplémentaires sur la fonction de
distribution F et donc sur la fonction quantile de la queue de distribution U . Ainsi, une
condition dite de second ordre est généralement imposée (Variation régulière du second
ordre) :

Condition de second ordre (CSO). Supposons qu’il existe une fonction positive ou
négative A vérifiant lim

t→∞
A(t) = 0 et ρ < 0 telle que

lim
t→∞

1
A(t)

(
U(tx)
U(t) − xγ

)
= xγ x

ρ − 1
ρ

, ∀x > 0,

avec U = 1
1−F← et F← désignant la pseudo-inverse de F . Le paramètre ρ (appelé para-

mètre de second ordre) contrôle la vitesse de convergence. La vitesse de convergence de la
fonction A vers 0 est importante car permet d’illustrer le terme de biais des estimateurs
de l’indice de queue, sous l’hypothèse que

√
knA(n/kn) → λ ∈ R, lorsque n → ∞ et en

supposant les conditions de régularité suivantes sur les coefficients β-mélange :
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Condition de régularité (CR). Il existe ϵ > 0, une fonction bi-variée r et une suite
ℓn telle que, pour n → ∞,

(a) β(ℓn)
ℓn

n+ ℓn
log2 kn√

kn

−→ 0 ;
(b)

n

ℓnkn

Cov




ℓn∑

i=1
I{Xi>F←(1−knx/n)},

ℓn∑

i=1
I{Xi>F←(1−kny/n)}


 −→ r(x, y);

avec 0 ⩽ x, y ⩽ 1 + ϵ.

(c) . n

ℓnkn

E







ℓn∑

i=1
I{F←(1−kny/n)<Xi⩽F←(1−knx/n)}




4

 ⩽ C(y − x),

avec 0 ⩽ x < y ⩽ 1 + ϵ; n ∈ N où C est une constante donnée. On a le résultat suivant
de [60] concernant la normalité asymptotique de γ̂(H)

kn
.

Théorème 5.2. La normalité asymptotique de γ̂(H)
kn

[60]] est donnée comme suit :

√
k(γ̂(H)

kn
− γ) d−→ N

(
λ

1 − ρ
, σ2

H(γ)
)
, (5.4)

où σ2
H(γ) = γ2r(1, 1) et r la structure de la covariance, avec une expression simple dans

le cas i.i.d., où σ2
H(γ) = γ2.

En pratique, le terme de biais de γ̂(H)
kn

dépend du fait que ρ est proche de zéro ou
non, puisque sous la condition du second ordre (CSO), la fonction |A| varie régulièrement
à l’infini avec l’indice ρ. Cela explique toute la littérature consacrée à la correction des
biais dans le contexte des données expérimentales par exemple [65], [62] et [63] parmi
d’autres. Toutefois, dans le cas des séries de valeurs β-mélangeantes, seuls les articles
récents de [59] et [64] traitent de ce problème et proposent un estimateur corrigé du biais
pour γ. En outre, ils ont établi les propriétés asymptotiques de γ sous les conditions de
régularité et les hypothèses du second ordre et introduit deux classes d’estimateurs de
l’indice de queue, qui généralisent dans le cas i.i.d l’estimateur de Hill. En utilisant une
méthodologie Jackknife sur deux de leurs estimateurs, ils ont construit des estimateurs
asymptotiquement non biaisés pour l’indice de queue γ. Dans [69], nous adaptons cette
méthodologie dans le cas dépendant à savoir le cas β mélangeant pour estimer l’indice
de valeur extrême ou un quantile extrême. Nous considérons les statistiques introduites
dans [61] et définies par :

M
(α)
kn

:= 1
kn

kn∑

i=1
(logXn−i+1,n − logXn−kn,n)α , α > 0.

Ceci peut être réécrit comme une fonction de
(
Qn(t) := Xn−[knt],n

)
t∈[0,1]

, et le processus
quantile de queue comme suit

M
(α)
kn

=
∫ 1

0

(
log Qn(t)

Qn(1)

)α

dt.
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Proposition 5.1. Supposons que (X1, X2, · · · ) est une série temporelle stationnaire β
mélangeante avec une fonction de distribution marginale commune continue F et suppo-
sons que les conditions (CSO) et (CR) sont vérifiées. Soit kn une suite telle que kn → ∞,
kn/n → 0 et k1/2

n A(n/kn) = O(1), avec n → ∞. Alors, pour α, δ > 0, il existe une
fonction Ã ∼ A, et un processus gaussien centré (W (t))t dans[0,1] avec une fonction de
covariance r(.,.) définie dans des conditions de régularité (CR), tel que, pour n → ∞ :

sup
t∈(0,1]

t1/2+δ

∣∣∣∣∣
√
k

(
log Qn(t)

Qn(1)

)α

− γα(− log t)α − αγα(− log t)α−1
(
t−1W (t) −W (1)

)

−
√
kÃ(n/k)αγα−1(− log t)α−1 t

−ρ − 1
ρ

∣∣∣∣∣ −→ 0 p.s.

Le théorème suivant donne les développements asymptotiques des estimateurs γ̃(α)
kn

et
γ̂

(α)
kn

en termes de processus gaussien P (α) où

P (α) =
∫ 1

0
(− log t)α−1

(
t−1W (t) −W (1)

)
dt

est une variable aléatoire normalement distribuée de moyenne nulle et de covariance
Cov(P (), P ()) = c, définie comme suit,

cα,β =
∫ 1

0

∫ 1

0
(− log s)α−1(− log t)β−1 ×

(
r(s, t)
st

− r(s, 1)
s

− r(1, t)
t

+ r(1, 1)
)
dsdt,

avec la structure de covariance r définie comme dans la condition de régularité (CR).

Théorème 5.3. Supposons que les conditions de la proposition 5.1 soient remplies. On
a alors, comme n → ∞ :

γ̃
(α)
kn

d= γ + γP (α)

k
1/2
n Γ(α + 1)

+ Ã(n/kn)1 − (1 − ρ)α

αρ(1 − ρ)α
+ oP(k−1/2

n ) for α > 0 (5.5)

et pour α ≥ 1

γ̂
(α)
kn

d= γ + γαP (α)

k
1/2
n Γ(α + 1)

− γ(α− 1)P
(1)

k
1/2
n

+ Ã(n/kn)
{

1 − (1 − ρ)α

ρ(1 − ρ)α
− α− 1

1 − ρ

}
+ oP(k−1/2

n ).

(5.6)

Maintenant, nous présentons notre classe d’estimateurs à biais réduit en utilisant l’ap-
proche Jackknife. Les estimateurs de l’indice de queue qui en résultent sont les suivants :

γ̂
(H)
kn

= γ̃
(1)
kn

= γ̂
(1)
kn

= M
(1)
kn
, γ̃

(2)
kn

=

√√√√M
(2)
kn

2 . (5.7)

À partir de n’importe quelle paire de ces statistiques, nous construisons les estimateurs
adaptatifs suivants de l’indice de queue à biais réduit dans le sens de la méthodologie
Jackknife généralisée :

γ̂
(Ub1)
kn,ρ̂

:= 1
ρ̂



√

2M (2)
kn

− (2 − ρ̂) M
(2)
kn

2M (1)
kn


 ,
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γ̂
(Ub2)
kn,ρ̂

:= 1
ρ̂

(
(2 − ρ̂)M (1)

kn
− (1 − ρ̂)

√
2M (2)

kn

)

et

γ̂
(dH)
kn,ρ̂

:= 1
ρ̂


M (1)

kn
− (1 − ρ̂) M

(2)
kn

2M (1)
kn


 ,

où ρ̂ est soit une valeur négative canonique ρ̂ := ρ = ρ0 soit un estimateur consistent
ρ̂ := ρ̂kρ de ρ, avec kρ := kρ,n une suite intermédiaire d’entiers supérieurs à kn, satisfaisant
kρ → ∞ et kρ/n → 0, avec n → ∞. Notons que l’estimateur γ̂(dH)

kn,ρ̂kρ
peut être écrit comme

suit :

γ̂
(dH)
kn,ρ̂kρ

= M
(1)
kn

−
M

(2)
kn

− 2
(
M

(1)
kn

)2

2M (1)
kn
ρ̂kρ

(
1 − ρ̂kρ

)−1 .

Théorème 5.4. Soit (X1, X2, . . . ) une série temporelle stationnaire β-mélangeante avec
une fonction de distribution marginale commune continue F et supposons que (CSO)
et (CR) sont véri. Soit kn une suite intermédiaire telle que kn → ∞, kn/n → 0 et√
kA(n/kn) → λ ∈ R, avec n → ∞. Si ρ̂ est soit une valeur négative canonique ρ̂ := ρ =

ρ0 ou un estimateur ρ̂ := ρ̂kρ de ρ, consistent avec kρ := kρ,n une autre suite intermédiaire
d’entiers supérieurs à kn et satisfaisant kρ∞ et kρ/n0, avec n → ∞. Alors on a :

√
kn

(
γ̂

(Ub1)
kn,ρ̂

− γ
)

d−→ N
(
0, σ2(γ, ρ)

)
,

√
kn

(
γ̂

(Ub2)
kn,ρ̂

− γ
)

d−→ N
(
0, σ2(γ, ρ)

)

et √
kn

(
γ̂

(dH)
kn,ρ̂

− γ
)

d−→ N
(
0, σ2(γ, ρ)

)
,

avec
σ2(γ, ρ) = γ2

ρ

(
(2 − ρ)2c1,1 + (1 − ρ)2c2,2 + 2(2 − ρ)(ρ− 1)c1,2

)
.

Nous illustrons les performances de notre procédure de réduction des biais à travers
une étude de cas réel portant sur les données financières de l’indice S&P500. Pour cela,
nous appliquons l’indice extrême et les quantiles extrêmes pour évaluer l’indice S&P500 :
(It, t = 1, ..., n). Les données de la figure 5.6 montrent les retours journaliers négatifs
quotidiens Xt = log(It/It−1), (Loss) pour n = 1000 valeurs de Index S&P500 du avril 23
th, 2018 à April 8th, 2022. Dans une perspective de gestion des risques, la valeur à risque
(VaR) est une quantité courante inscrite dans le cadre réglementaire international appelé
Accords de Bâle. L’Accord de Bâle exige que les plus grandes banques internationales
détiennent des fonds propres réglementaires pour leur portefeuille de négociation sur la
base d’une VaR de 99% sur une période de détention de 1 ou 10 jours. Le calcul du
capital-risque basé sur la VaR a été étudié au cours des deux dernières décennies, voir
[69] pour plus de détails.

Par ailleurs dans [85], nous proposons des etimateurs à biais réduit pour des distribu-
tions de pertes à queues lourdes Xi (coûts des sinistres) d’un modèle d’assurance appelé
"probabilité de ruine à temps infini". Le risque de ruine est un concept clé dans le do-
maine de l’assurance. Il désigne la probabilité que la réserve financière d’une compagnie
d’assurance, calculée comme la différence entre les primes collectées et les montants payés
pour les réclamations, devienne négative à un moment donné. Pour etablir la probabilité
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Figure 5.6 – Données d’index S&P500 : résultats de journal négatifs quotidiens du 23
avril 2018 au 8 April 2022.

0 100 200 300 400

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

k

γ̂

γ̂k

(H)

γ̂k

(dH)(ρ̂kρ
)

γ̂k

(Ub1)(ρ̂kρ
)

γ̂k

(Ub2)(ρ̂kρ
)

0 100 200 300 400

0.
00

0.
05

0.
10

0.
15

k

99
%

−
V

aR

x̂p

(H)

x̂p

(dH)(ρ̂kρ
)

x̂p

(Ub1)(ρ̂kρ
)

x̂p

(Ub2)(ρ̂kρ
)

0 100 200 300 400

0.
0

0.
1

0.
2

0.
3

0.
4

k

99
.9

%
−

V
aR

x̂p

(H)

x̂p

(dH)(ρ̂kρ
)

x̂p

(Ub1)(ρ̂kρ
)

x̂p

(Ub2)(ρ̂kρ
)

Figure 5.7 – Données de l’indice S&P500 : valeurs estimées de γ (panel de gauche),
99%-VaR (panel du milieu) et 99, 9%-VaR (panel de droite). panel) en fonction de kn.

de ruine en temps infini, on suppose d’abord que les variables aléatoires Xi sont indépen-
dantes de Mt (Le nombre de sinistres sur la période ]0, t]) et que l’assureur collecte une
prime à un taux constant c par unité de temps, en satisfaisant la condition de profit net.
Le processus de risque classique (Rt)t>0 est donné par :

Rt := u+ ct−
Mt∑

i=1
Xi, t > 0; u = R0 > 0 (la réserve initiale).

Le processus correspondant de surplus de réclamation est défini par :

St := u−Rt = ct−
Mt∑

i=1
Xi.

Tout d’abord, nous nous intéressons à la probabilité que St dépasse une réserve ini-
tiale u à un moment t avant ou à un horizon T . Explicitement, cette probabilité peut
s’écrire comme suit : ΨT (u) := P

{
sup0≤t≤T St > u

}
et la probabilité de ruine à temps
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infini ϕ(u) = limT→∞ΨT (u). En sciences actuarielles, les coûts élevés liés à de grosses
pertes nécessitent une modélisation des événements ayant une faible probabilité de se
produire (événements extrêmes). L’analyse de ces événements extrêmes peut être réalisée
en utilisant la méthodologie des valeurs extrêmes. Ces sujets d’étude ont attiré beaucoup
d’attention dans la littérature. Cependant, les estimations disponibles souffrent fortement
de sous-estimation ou ont un problème de robustesse, en particulier lorsque les pertes sont
perturbées par de grandes variations (valeurs aberrantes). Ainsi dans l’article [85], nous
introduisons un estimateur robuste de la probabilité de ruine en temps infini pour de telles
distributions. Notre méthodologie est basée sur les estimateurs dits de t-Hill (t-score ou
score moment estimation) pour l’indice de toute queue de distribution. Nous établissons
leur normalité asymptotique et, par le biais d’une étude de simulation, nous illustrons leur
comportement en termes de biais absolu et d’erreur quadratique moyenne. Les résultats
de la simulation montrent clairement que nos estimateurs sont performants et qu’ils sont
assez robustes aux valeurs aberrantes. D’autre part dans [70], on s’intéresse à la queue de
distribution des revenus dans de nombreux pays en étudiant le ratio de la part des quin-
tiles (QSR), une mesure d’inégalité des revenus récemment introduite dans la littérature
scientifique, faisant également partie des indicateurs européens de Laeken et qui couvre
quatre dimensions importantes de l’inclusion sociale (la santé, l’éducation, l’emploi et la
pauvreté financière). Une estimation non paramétrique a été développée sur l’indice QSR
pour les distributions de revenus du capital à queue lourde. Cependant, cette méthode
d’estimation ne donne pas de performances statistiques satisfaisantes. Nous avons dével-
loppé des estimateurs de type semi-paramétrique de l’indice QSR pour les distributions
de revenus à queue lourde. Notre méthodologie est basée sur la théorie des valeurs ex-
trêmes. Nous établissons leur distribution asymptotique et, par le biais d’une étude de
simulation, nous illustrons leur comportement en termes de biais absolu et d’erreur qua-
dratique médiane. Les résultats de simulation montrent clairement que nos estimateurs
fonctionnent bien. D’autres travaux ont été menés [89] et des perspectives de recherche
en lien avec l’estimation des paramètres des lois α-stables qui sont asymptotiquement du
domaine d’attraction de Pareto [97].
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Chapitre 6
Modélisation spatiale appliquée et
apprentissage automatique

Cette partie de ma présentation s’intéresse aux modèles spatiaux et spatio-temporels
appliqués aux données environnementales et de santé publique à Mayotte. Le territoire
de Mayotte et la situation environnementale et sanitaire observée en relation avec les
interactions avec le milieu constituent un terrain favorable particulièrement exposé aux
risques sanitaires et sismiques. Par ailleurs, l’île de Mayotte est entourée par l’un des plus
grand lagon au monde et par une barrière récifale s’étendant jusqu’à 15 km de large et 70
km de fond formant ainsi l’une des plus grandes et variées formations récifales de l’océan
Indien.

6.1 Modélisation spatiale de vecteurs d’arboviroses
Dans le cadre de la modélisation spatiale en santé-environnement, un travail a été

mené en collaboration avec la service de lutte anti-vectorielle de l’Agence Régionale de
Santé de Mayotte. Il s’agit d’un projet de modélisation pour la surveillance des arbovi-
roses vecteurs de nombreux agents pathogènes, notamment les populations de moustiques
vecteurs de la dengue, chikungunya et zika. L’humanité subit des nuisances importantes
et des maladies transmises par des moustiques. Les conditions climatiques et environne-
mentales sont connues pour être des déterminants de leur abondance et leur capacité à
transmettre ces agents pathogènes. Des données temporelles et spatialisées concernant le
cycle de vie du vecteur Aedes albopictus aux stades oeufs, larves et adultes sont collec-
tées par le service de lutte anti-vectorielles. Le moyen le plus efficace pour surveiller ces
arboviroses est de comprendre et lutter contre leur développement.

Analyse de données réelles
Les données de cette étude concerne les comptages des oeufs et adultes de 2018 à 2021

collectées sur des sites géographiques par jour ou par semaine sur l’île de Mayotte par le
service de lutte anti-vectorielle de l’ARS.

Pour chaque stade (oeuf, adulte) une analyse et nettoyage des données ont été faites
ainsi que des fusions avec les données environnementales (température, précipitations et
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2019 2020 2021

Figure 6.1 – Répartition spatiale globale des sites de collecte des oeufs de
moustiques de 2019 à 2021.

2021 2022

2018 2019 2020

Figure 6.2 – Répartition spatiale globale des sites de collecte de moustiques
adultes de 2019 à début 2022.

les déchets artificiels comme logements insalubres, des dépôts d’eaux usées, des déchets
de pneus, des débris) par secteur géographique et en fonction du jour et de la semaine.

De telles données covariables sont des facteurs bien connus dans la prolifération des
populations de moustiques. Une grille 100 × 100 de la carte de Mayotte a été réalisée
pour imputer ces co-variables et les données de capture dans chaque commune ou vil-
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Figure 6.3 – Carte des stations météorologiques de Mayotte et données manquantes
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Figure 6.4 – Distribution annuelle des déchets artificiels à Mayotte

lage à partir des observations voisines en utilisant la méthode des k plus proches voisins
(imputation spatiale) et les méthodes de quantiles et de regression. La qualité de ces
méthodes d’imputation est discutée.

Nous avons proposé une modélisation spatio-temporelle pour la surveillance de l’abon-
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dance du nombre d’oeufs et de moustiques adultes, en tenant compte des données envi-
ronnementales (y compris l’introduction de retard) dans le contexte de l’épidémiologie
des moustiques et les données de reproduction artificielle. Après une analyse préliminaire
de l’ensemble des données, nous avonc jugé nécessaire la mise en place de méthodes de
régression type Lasso pour éliminer la multicolinéarité potentielle entre nos multiples
variables explicatives. Des études préliminaires de modélisation statistique ont confirmé
le choix d’un Modèle Additif Généralisé (GAM) dans un cadre spatio-temporel qui peut
expliquer l’abondance des moustiques adultes et oeufs. Il met en évidence les facteurs
pertinents pour prendre en compte les interactions non linéaires et les effets de la surdis-
persion. Nous évaluons le résultats des prédictions spatio-temporelles, par l’introduction
d’un ratio d’abondance spatio-temporel R(s, t) au point spatial s sur une grille spa-
tiale s ∈ {s1, . . . , sm} de taille m et au temps t mesuré sur une échelle hebdomadaire
t ∈ {t1, . . . , T}, défini comme suit [88] :

R(s, t) = Ŷ (s, t) − mins,t(Ŷ (s, t))
maxs,t(Ŷ (s, t)) − mins,t(Ŷ (s, t))

(6.1)

où Ŷ (s, t) est l’abondance en temps et espace du moustique (au stade oeuf ou adulte).
La quantité R(s, t) fournit des probabilités d’abondance des moustiques et permet de
mettre en évidence les zones spatio-temporelles potentiellement à risque d’abondance
où les services de santé pourraient appliquer des mesures de surveillance et de contrôle
des vecteurs de moustiques. Une variété de modèles d’apprentissage des données et de
prédiction y sont déployés : la régression Lasso pour la stratégie de sélection des variables
(étant donné que nous sommes en présence d’un grand nombre de variables explicatives),
un modèle additif généralisé (Gam) et un modèle à noyau spatio-temporel. Les deux
premiers modèles sont des classiques de la littérature scientifique et statistique. Nous
décrivons le troisième modèle comme suit. Un prédicteur spatio-temporel à noyaux d’une
population de moustiques Ŷ au point spatial non observé s0 et au temps t0, est donné
comme suit :

Ŷ (s0; t0) =
T∑

j=1

m∑

i=1
Kij(s0; t0)Y (si, tj) avec Kij(s0; t0) = K̃ij(s0; t0)∑T

k=1
∑m

l=1 K̃lk(s0; t0)
,

où
K̃ij(s0, t0) = 1

d(si; tj), (s0; t0))θ
(6.2)

avec d une distance entre les points spatio-temporels (si; tj) et (s0, t0). Le noyau de transi-
tion K dépend d’un paramètre de lissage θ qui a une fonction de redistribution des poids
du processus observé. Ce modèle est basé sur une méthode de pondération par l’inverse
de la distance (IDW) donnant plus de poids aux positions les plus proches. Un autre
exemple de noyaux est le noyau Gaussien :

K̃ij(s0, t0) = exp
(

− 1
θ
d((si; tj), (s0; t0))2

)

où θ est par exemple proportionnel à la variance. D’autres types de noyaux existent
dans la littérature mais nous avons choisis pour des raisons d’ordre pratique de nous
concentrer sur les deux noyaux précédents. L’objectif visé est d’améliorer la structure de
ce modèle spatio-temporel ci-dessus en incluant des variables importantes sélectionnées
par des méthodes de régression statistiques adéquats (Lasso, Gam, etc) dans le calcul de
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la distance d. Dans ce sens, supposons qu’aux emplacements des points spatiaux {si :
i = 1, . . . ,m} nous relevons k valeurs de caractéristiques associées c(1:k)

ij = (c(1)
ij , ..., c

(k)
ij )

au temps tj correspondant à des mesures de variables explicatives importantes pouvant
expliquer l’abondance de la population de moustiques. Plus précisément, on peut écrire
par exemple

K̃1((si; tj), (s0; t0)) = 1
d((si, c

(1:k)
ij ; tj), (s0; c(1:k)

0 , t0))θ
. (6.3)

Ce modèle modifié peut être considéré comme une moyenne pondérée des points de
données, donnant aux emplacements et valeurs de variables explicatives les plus proches
des poids importants tandis que les observations distantes dans l’espace ou dans les carac-
téristiques auront des poids relativement faibles. Les propriétés théoriques de ce modèle
modifié fait l’objetc d’un travail en cours. Cependant notons dans le cas du noyau dans
(6.2) que les données peuvent conduire à de très petites valeurs proches de zéro de la dis-
tance, ce qui pose des problèmes d’explosion dans l’équation ci-dessus. De plus il faudrait
également un choix pertinent de cette distance de manière à prendre en compte les effets
des caractéristiques dans le temps et dans l’espace. Nous considérons dans ce travail la
distance min-max et une transformation des données (incluant les co-variables) sous la
même échelle et permettant de traiter le cas des valeurs nulles. Les données disponibles,
collectées par l’ARS de Mayotte, présentent beaucoup de données manquantes à la fois en
temps et en espace. La Figure 6.6 montre un exemple de prédiction de risque d’abondance
spatio-temporel (par semaine) des oeufs de moustiques à l’île de Mayotte.

En terme de travaux de recherche théorique et appliqué incluant l’estimation de pa-
ramètres, un travail est en cours en collaboration avec Guilherme Hilario Monteiro, Be-
dreddine Ainseba (Bordeaux) et Stefanella Boatto (Brésil). Il s’agit d’un modèle spatio-
temporel issu d’un modèle différentiel structué en âge (modèle méchaniste type EDP)
pour la simulation d’une population de moustiques. Nous envisageons sur le plan pra-
tique le déploiement d’une application R Shiny dénommée May’Aedes qui permettra de
mettre en place un outil flexible et efficace pour étudier le risque d’abondance spatio-
temporel des populations de moustiques prédictes à l’île de Mayotte.

6.2 Modélisation spatiale de données envionnemen-
tales

Toujours dans un cadre de modélisation spatiale, j’ai mené un travail de modélisa-
tion des données sismiques issues de la crise sismo-volcanique de 2018 à 2021 dans l’est
de Mayotte, voir Figure 6.5. Nous avons mis en évidence dans [84] des modèles basés
sur les processus spatiaux et spatio-temporels et les séries temporelles. L’objectif étant
de comprendre la dynamique de l’évolution spatiale de l’activité sismique à Mayotte.
Nous mettons en évidence certains modèles permettant d’illustrer la dynamique spatiale
comme les méthodes de clustering non supervisées, l’estimation des densités spatiales des
processus spatiaux ponctuels et la modélisation spatio-temporelle avec l’approche décrite
ci-dessus par un prédicteur spatio-temporel à noyau. Leurs performances ont été efficaces
pour rechercher et comprendre la variation spatiale et temporelle de ces données spatiales
principalement générées par le volcan sous-marin détecté autour de Mayotte appelé Fani
Maoré.
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Figure 6.5 – La variation spatiale globale observée des données sismiques de 2018 à
2021. (Manou-Abi S.M et al. [84])

Décrivons en quelques lignes une approche spatiale basée sur l’utilisation d’un pro-
cessus ponctuel marqué et inhomogène en espace [58]. Soit

Y = {(x1,m1), ..., (xn,mn)}, xi ∈ W, mi ∈ M

un processus ponctuel et inhomogène marqué de motif de points marqués où W ⊂ R2 dé-
signe la zone d’étude et M l’ensemble des valeurs marquées (par exemples les valeurs des
magnitudes). La fonction K de Ripley, pour un modèle spatial de points {x1, ..., xn} ob-
servé dans une fenêtre plane W ⊂ R2 est un outil exploratoire qui peut être utilisé pour
évaluer la dépendance entre des emplacements à plusieurs distances. Il est définit par
K(s) = λ−1E (nombre d’événements futurs à une distance s d’un événement arbitraire)
où λ est la fonction d’intensité du processus ponctuel spatial. Pour déterminer si les va-
leurs d’une fonction K sont relativement grandes ou petites, on compare la fonction K
pour le schéma spatial observé avec la fonction K d’un processus de Poisson homogène
(CSR) qui est donné par K(s) = πs2. Des tests statistiques (par exemple de ξ2 sur la
base d’un comptage par quadrat) existent également pour évaluer la nature de la distri-
bution spatiale observée (Régulière, groupée ou aléatoire). Dans le cas d’une répartition
inhomogène, désignons par λ(x,m) définit sur R2 × M l’intensité jointe pour les points
spatiaux x ∈ R2 de marque m ∈ M . La densité de probabilité f du processus ponctuel
marqué de Poisson inhomogène Y d’intensité jointe λ(x,m) est donnée par :

f(y) = exp
( ∑

m∈M

∫

W
(1 − λ(xi,m))dx

) nm(y)∏

i=1
λ(xi,m)

où nm(y) est le nombre de points y ∈ W ayant une valeur de marque m. La fonction de
densité définit la probabilité d’observer un événement à un endroit y ∈ W et s’intègre
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à l’échelle de la zone d’étude. Les méthodes d’estimation par maximum de vraisem-
blance s’appliquent. L’estimateur à noyau de Nadaraya-Watson des tendances spatiales
des marques lissées à l’emplacement u ∈ R2 est donné par

m̂(u) =
∑

i miK(u− xi)∑
i K(u− xi)

où K désigne un noyau et mi valeur marquée au point spatial xi. Les densités spatiales
prédites par ce modèle spatial sont données par les Figures 6.7 à 6.8.

Figure 6.6 – Un exemple de prédiction d’abondance spatio-temporel des oeufs de mous-
tiques en 2020 (Manou-Abi S.M et al. [88])

L’article [84] discute également des performance des modèles de Holt-Winters pour
illustrer les tendances et saisonnalités ainsi que de nouvelles perspectives de recherche à
venir en terme de modélisation mathématique.

Dans un cadre de modélisation spatiale en biologie marine au sein de l’axe [E], on s’in-
téresse à la production de cartes géomorphologiques marines du banc du Geyser situé entre
Mayotte (125 km) et Madagascar (200 km), constituant une ressource patrimoniale dans
l’océan indien. Ces dernières sont utiles pour comprendre la structure de ce fond marin et
la gestion des ressources ou de la planification de la conservation. Bien que les techniques
de construction de ces cartes soient de plus en plus sophistiquées, les techniques ma-
nuelles sont encore largement utilisées. Des approches automatisées sont nécessaires pour



70 Chapitre 6 : Modélisation spatiale appliquée et apprentissage automatique

Figure 6.7 – Ajustement de la densité spatiale par un processus de Poisson inhomogène
marqué au cours de l’année 2020 (Manou-Abi S.M et al. [84])

Figure 6.8 – Ajustement de la densité spatiale par un processus de Poisson inhomogène
marqué au cours de l’année 2021 (Manou-Abi S.M et al. [84])

obtenir des cartes reproductibles en un temps raisonnable. Ainsi dans [92], nous avons dé-
veloppé des approches d’apprentissage statistique de type Machine Learning (algorithmes
d’échantillonnage, les forêts aléatoire, interpolation spatiale, méthodes supervisées et non
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supervisées, etc) pour construire automatiquement des cartes géomorphologiques. Les ré-
sultats ont montré que le cadre proposé permettait de construire efficacement des cartes
géomorphologiques pertinentes des fonds marins. Le meilleur modèle (basé sur l’échan-
tillonnage et les forêts aléatoires) a permis d’obtenir une carte correspondant à 90% à la
carte de référence dite carte experte.

A Geomorphology typology

Intermediate lagoon 15–30 m
Shallow lagoon 5−15 m
Deep lagoon
Pass
Outer slope
Inner slope
Emerged reef flat
Subtidal reef flat
Drowned subtidal reef flat
Deep subtidal reef flat
Subtidal reef flat / Transverse alignments
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Criteria A’ B’

#Miss. Typo. 0 0
B. Accuracy 0.75 0.69
Match 0.93 0.89

B. Match 0.77 0.69

B’

Figure 6.9 – A) Carte prédicte avec une résolution de 50m sur milles 1000 emplacements
échantillonnés. B) Carte prédicte avec une résolution de 100 m sur 200 emplacements
échantillonnés. Cartes de correspondance/inadéquation correspondantes (A’ et B’) par
rapport à celle des experts. C) Critères de performance mesurés (Faye P. et al. [92]))
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Chapitre 7
Projets de recherche en cours

Mon projet de recherche s’intitule Modélisation, estimation et application aux
données réelles : lois et processus stables, modèles stochastiques, spatiaux et
apprentissage machine.Ce projet est structuré en trois grands axes principaux.

Le premier axe, intitulé Modéles stochastiques : Estimation, Approximation et Ap-
prentissage automatique (Deep Learning), présenté en Section 7.1, est en parfaite cohé-
sion avec mes travaux sur les modèles d’équations différentielles stochastiques dirigées par
des processus de Lévy, incluant les processus α-stables, ainsi que sur les modèles basés
sur des extensions de chaînes de Markov. Les aspects d’estimation non paramétrique et
d’approximation numérique ainsi que les approches de Machine Learning seront explorés,
de même que les propriétés d’ergodicité et de mélange, en utilisant des approches de
couplage en distances de Wasserstein et variation totale. Ce projet sera déployé à moyen
et long terme, incluant le développement de packages R ou Python pour l’estimation des
coefficients de dérive et de diffusion.

Le second axe, intitulé Estimation des paramètres des lois stables à l’aide de la théorie
des valeurs extrêmes, présenté en Section 7.2, s’inscrit dans la continuité de mes travaux
sur l’estimation statistique associée aux lois à queues lourdes et à la théorie des valeurs
extrêmes. Ce projet, actuellement en cours de réalisation, se déroulera à court terme.

Le dernier axe, intitulé Estimation statistique, modèles spatiaux et apprentissage au-
tomatique, s’inscrit dans la continuité des travaux de modélisation en statistique spatiale,
en lien avec des données réelles, notamment celles fortement liées au territoire de Mayotte.
Présenté dans la dernière section, ce projet est prévu pour s’étaler sur le moyen et long
terme.

7.1 Modéles stochastiques : Estimation, Approxima-
tion et Apprentissage automatique

Ce premier axe se positionne dans le prolongement de mes derniers travaux de re-
cherche. Certains modèles probabilistes comme les équations différentielles stochastiques
et les modèles (non) markoviens sont souvent utilisés en épidémiologie. La théorie de l’es-
timation des paramètres de ces modèles est encore ouverte à de nombreuses questions de
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recherche. Le cas des équations différentielles stochastiques dirigées par des mouvements
browniens ou des processus de Lévy généraux avec des moments d’ordre deux finis a été
bien développée. Cependant dans le cadre des processus stables, la méthode classique du
maximum de vraisemblance ne s’applique pas dans ce contexte car le rapport de vrai-
semblance n’existe pas. Une approche intéressante pour contourner ce problème est la
méthode d’ajustement de trajectoire combinée à la technique des moindres carrés pondé-
rés dans le cadre des processus d’Ornstein-Uhlenbeck pilotés par des processus stables.
D’autres approches sont également considérées comme l’estimation non paramétrique.
L’estimation statistique pour des modèles (non) markoviens, extension des Chaînes de
Markov, est un sujet de recherche d’actualité et permet là aussi une analyse plus complète
dans certains schémas d’observation de phénomènes réels. Ces aspects viennent prolonger
une partie de mon intérêt scientifique pour les chaînes de Markov et les processus stables
depuis ma thèse de Doctorat.

On considère l’équation différentielle stochastique (EDS) dirigée par un processus α-
stable :

dXt = b(Xt)dt+ σ(Xt−)dZt, X0 = η,

où la fonction b : R → R (appelée dérive), est une fonction mesurable inconnue, et
σ : R → R+ est une autre fonction (inconnue) (qui est considérée comme le terme
de nuisance). Le processus de Lévy Z = {Zt, t ≥ 0} est un processus α-stable défini
sur un espace de probabilité filtré et η peut être une variable aléatoire indépendante
de Z ou une constante réelle. On suppose que le processus est observé en temps dis-
crets {ti = i∆n, i = 0, 1, 2, · · · , n}, où ∆n est la fréquence de temps sur laquelle les
observations sont faites. Des travaux préliminaires ont été entamés dans [87] consacré
à l’exploration de nouvelles méthodes d’estimation statistique via l’approximation des
solutions d’EDS dirigées par les processus α stables [86]. Une idée actuelle en guise de
perspective est l’étude des estimateurs récursifs et l’étude du choix de la fenêtre dans le
cadre non paramétrique par l’approche basée sur les moments infinitésimaux en exploi-
tant les moments d’ordre p dans le cas α-stable via les techniques de troncature sur les
processus α stables.
L’existence de solutions positives et la mise en place de nouvelles propriétés d’ergodicité
des solutions d’EDS dirigées par des processus α-stables serait un atout en vue d’appli-
cation aux données réelles. Par ailleurs, le fait de s’intéresser à des estimateurs récursifs
vient de l’application motivant ces travaux, à savoir l’estimation au fil du temps, des
indicateurs associés à l’estimation des paramètres. L’avantage des estimateurs récursifs
sur leur version non récursive est que leur mise à jour, d’un échantillon de taille n à
un échantillon de taille n + 1, nécessite beaucoup moins de calculs. Cette propriété est
particulièrement importante dans le cadre de l’estimation de la densité, étant donné que
le nombre de points auxquels la fonction est estimée est généralement très grand. La
première version récursive de l’estimateur de densité à noyau de Rosenblatt, et la plus
célèbre, a été introduite dans la littérature et a été largement étudiée. Par exemple,
l’estimateur récursif (proposé par [53]) de Nadaraya-Watson est donné par :

rn(x) =
∑n

i=1 K
(

x−Xi

h

)
Yi

∑n
i=1 K

(
x−Xi

h

) = mn(x)
fn(x) , (7.1)
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avec

mn(x) = (1 − γn)mn−1(x) + γn

hd
n

K
(
x−Xn

hn

)
Yn,

et

fn(x) = (1 − γn)fn−1(x) + γn

hd
n

K
(
x−Xn

hn

)
.

Soit (wn)n une suite de réels positifs telle que ∑n≥wn = ∞. Lorsque le pas de temps est

égal à wn

(∑n
i=1 wk

)−1
, l’estimateur rn peut être réécrit comme suit :

rn(x) =




1 − wn
n∑

i=1
wk



rn−1(x)fn−1(x)(x) + wn

hd
n

n∑

i=1
wk

K
(

x−Xn

hn

)
Yn




1 − wn
n∑

i=1
wk



fn−1(x) + wn

hd
n

n∑

i=1
wk

K
(

x−Xn

hn

)

.

L’objectif donc de ce projet de recherche est d’étendre cette classe d’estimateurs dans le
cas des données fortement mélangeant issues des observations d’un processus X solution
de l’EDS précédente. Cette propriété peut être généralisée si on suppose que l’on a deux
bases de données dont la première est de cardinale n1 ≤ n− 1 et la seconde de cardinale
n− n1. On peut vérifier que :

mn(x) =
n∏

j=n1+1
(1 − γj)mn1(x) +

n−1∑

k=n1+1




n∏

j=k+1
(1 − γj)


 γk

hd
k

K
(
x−Xk

hk

)
Yk

+ γn

hd
n

K
(
x−Xn

hn

)
Yn

= α1mn1(x) +
n−1∑

k=n1+1
βk
γk

hd
k

K
(
x−Xk

hk

)
Yk + γn

hd
n

K
(
x−Xn

hn

)
Yn,

avec α1 = ∏n
j=n1+1(1 − γj) et βk = ∏n−1

j=k+1(1 − γj), ∀k = n1 + 1, · · · , n− 1.

Se placer dans les contextes sus-mentionnés présentent un certain nombre de difficul-
tés. Ainsi dans cet axe du projet, nous traiterons des estimateurs à noyau récursifs pour
lesquels récursif signifie que l’estimateur peut être considéré comme une combinaison li-
néaire de deux estimateurs, le premier étant basé sur le premier échantillon de taille n1
et le second basé sur le second échantillon de taille n−n1. Nous établirons également des
critères pour l’étude du choix de la fenêtre dans le cadre non paramétrique par l’approche
basée sur les moments infinitésimaux en exploitant les moments d’ordre p des solutions
dans un premier temps dans le cadre des processus α-stables à saut positifs qui offrent
des avantages simplifiés d’approximation des intégrales stochastiques liées. Les aspects
d’apprentissage machine seront aussi explorés.
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Par ailleurs, concernant les propriétés de mélange, une première approche d’étude est
en cours afin d’établir de nouvelles propriétés d’ergodicité (de mélange) en passant par
un couplage quantitatif en distances de Wasserstein et/ou variation totale des solutions
(de Markov) d’équations différentielles stochastiques dirigées par des processus stables.

7.2 Estimation des paramètres des lois stables par
des statistiques des extrêmes

Ce projet de recherche est dans la continuité de mes travaux actuels basés sur l’infé-
rence statistique et l’estimation par la théorie des valeurs extrêmes. Un constat général est
que, les modèles Gaussiens souvent utilisés dans de nombreuses applications ne couvrent
pas de nombreuses situations de modélisation. Par exemple, il est possible que les don-
nées ne soient pas symétriques, présentent une décroissance rapide au niveau de la queue
de la distribution. La famille des lois stables généralisent ces considérations évoquées et
ont des applications dans de nombreux domaines d’études, notamment en santé et envi-
ronnement, car ils intègrent à la fois l’asymétrie et les queues lourdes. Il existe plusieurs
moyens d’estimer les distributions stables comme la méthode des quantiles proposée par
McCulloch, ou la méthode par régression linéaire de Koutrouvelis. Dans le cas unimodal,
il est possible d’effectuer une estimation par maximum de vraisemblance dans certains
cas. Mais en général, l’absence d’une formule explicite des densités de probabilité rend
difficile l’estimation directe par maximum de vraisemblance. Cependant dans le cadre
des données où la distribution est multimodale, il est possible d’estimer les paramètres
d’une loi stable par la méthode de mélange. L’estimation des mélanges de lois en utilisant
l’algorithme EM est une démarche statistique bien connue à partir des lois multinormales
et étendue à d’autres familles de lois. Cet algorithme simplifie beaucoup les calculs, car
il permet d’estimer les paramètres de chaque groupe séparément, permettant ainsi de
modéliser plus facilement la covariance des observations à travers le temps. Par exemple
si on se place dans la perspective de multiples sources de données de suivi des temps
d’apparition de symptômes de la maladie à coronavirus 2019 (Covid-19), l’estimation de
la distribution de probabilité de cette variable épidémiologique est un objectif important,
encore plus important lorsqu’on est en présence d’évèments (rares, extrêmes) de faibles
probabilités. Modéliser cette distribution de temps d’apparition comme un mélange de
lois de probabilités incluant les lois classiques, lois à queues lourdes y compris les lois
α-stable et les lois d’extrémum généralisées est possible tout en incluant les données
présentant des queues lourdes type α-stable, basées sur les algorithmes EM et ses va-
riantes stochastiques. Une perspective de recherche actuelle, va consister à chercher des
estimateurs non paramétriques à noyaux en adaptant la sélection de la fenêtre dans le
cas stable par l’analyse de l’erreur du moment d’ordre p, avec p < α. Ou encore obtenir
des approximations du maximum de vraisemblance des lois α-stables, en passant par par
des lois de Pareto. Cela permettrait de considérer des mélanges de lois α-stables avec
d’autres familles de lois des distributions extrêmes (en effet, des familles d’estimateurs de
l’indice de queue de distribution ont été explorées dans des travaux avec El Hadji Deme
et mentionnés plus haut). Cette dernière perpective de recherche d’estimation incluant
les distibutions extrêmes peut être présenté brièvement comme suit. L’un des résultats
fondamentaux de la théorie des valeurs extrêmes, concerne la distribution limite de la
variable du maximum : la loi des valeurs extrêmes généralisées (GEV) caractérisé par un
indice des valeurs extrêmes (IVE) γ > 0. L’IVE contrôle le comportement des queues de
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distribution. Son estimation a été largement étudiée dans la litterature. L’estimateur le
plus populaire dans le cas i.i.d est celui de Hill basé sur les différences entre les logarithmes
des statistiques d’ordre :

γ̂H
n = 1

k

k∑

j=1
logX[n+1−i,n] − logX[n−k,n]

où X[k,n] est la k-ième statistique d’ordre et k = k(n) vérifie : k → +∞, k/n → 0, n →
+∞. Considérons une segmentation des données centrées d’un échantillon d’une loi α-
stable X = (X1, ..., Xn) de longueur n en L segments qui ne se chevauchent pas, chacun de
longueur K(n = LK). Posons Ȳl = log

(
max{Xi}

)
avec i ∈ 1, . . . , K. On peut décrire des

estimateurs des exposants α et β des lois stables en se basant sur ces dernières quantités,
voir par exemple [107]. Rapellons que les lois stables S(α, β, σ, ω) sont asymptotiquement
de type Pareto :

lim
x→+∞

xαP
(
X > x

)
= Cα

(1 + β)
2 σα,

où
Cα =

(
2
∫ +∞

0
x−α sin(x)dx

)−1
= 1
π

Γ(α) sin(πα2 ) ou 1 − α

Γ(2 − α) cos(πα2 ).

Posons X̄ = max{Xi avec i ∈ 1, . . . , K}. Notons que X̄ représente le maximum d’un
grand nombre K d’échantillons indépendants. Pour étudier la vitesse à laquelle X̄ tend
vers l’infini lorsque K → ∞ nous considérons la variable Z = K−1/αX̄ qui est asymptoti-
quement donnée par la distribution de Fréchet. Et en calculant la fonction de répartition
de Y = log(X̄), on montre que

P(Y ≤ y) = P(Z ≤ ey.e−
1
α

log(K)) ∼ exp
(

−e
−α

(
y− 1

α
log
(

KCα
1+β

2 σα

)))
= exp(−e−α(y−λK)),

avec λK = 1
α

log
(
KCα

1+β
2 σα

)
. Ce qui fait que Y est asymptotiquement décrite par la

distribution de Gumbel avec ces paramètres dépendant de K. La moyenne et la variance
sont données par

E(Y ) = λK − ce

α
, (Y ) = π2

6α2 ,

où ce désigne la constante d’Euler. De la même manière en partant de la relation

lim
x→+∞

xαP
(
X < −x

)
= Cα

(1 − β)
2 σα,

et en posant Y ′ égal à log(X) avec X = max{−Xi avec i ∈ 1, . . . , K}. On montre que la
loi de Y ′ est asymptotiquement décrite par la distribution de Gumbel dont la moyenne
et la variance sont aussi données par

E(Y ′) = λ′K − ce

α
, V ar(Y ′) = π2

6α2 = (Y ), avec λ′K = 1
α

log
(
KCα

1 − β

2 σα
)
.

Un résultat particulièrement simple est obtenu pour la différence des moyennes des
deux queues comme suit :

E(Y − Y ′) = 1
α

log(1 + β

1 − β
) β ̸= 1,−1 and α = π

2
√

3

( 1
V ar(Y ) + V ar(Y ′)

)
,
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et on trouve
β = 1 − 2

1 + eα(E(Y−Y ′) .

Il est donc possible d’obtenir des estimateurs par la méthode des moments pondérés en
prenant en compte l’analyse de la différence des moyennes des queues de disrtibution
des logarithmes des échantillons maximum et minimum apparaîssant dans l’estimateur
de Hill. Concernant le paramètre σ, on peut aussi travailler directement sur X̄ et X en
utilisant l’expression de la loi GEV évoquée précédemment. Des familles d’estimateurs
consistents et robustes de l’indice de queue de distribution ont été étudiées dans la lit-
térature pour des lois GPD. Soit F dans le domaine d’attraction de GEVξ0,µ0,σ0 . On a
donc :

lim
n→∞n(1 − F (bnx+ an)) =

[
1 − ξ0

x− µ0

σ0

]−1/ξ0

On sait aussi que les dépassements d’un seuil u suffisamment élevé peuvent être modélisés
par une loi de Pareto généralisée GPDξ,σ. Comme F ∈ D(GEVξ0,µ0,σ0), on a :

limn→∞ P
(

X−an

bn
> u+ y | X−an

bn
> u

)
= limn→∞

nF̄ (bn(u+y)+an)
nF̄ (bnu+an)

=
1+ξ0

u+y−µ0
σ0

1+ξ0
u−µ0

σ0

=
{

1 +
ξ0

y
σ0

1+ξ0
u−µ0

σ0

}−1/ξ0

Utilisant l’approche Pareto généralisée pour modéliser les dépassements de u par une loi
GPDξ,σ, on a :

1 − limn→∞ P
(

X−an

bn
> u+ y | X−an

bn
> u

)
= 1 − limn→∞ P

(
X−an

bn
≤ u+ y | X−an

bn
> u

)

= 1 −
[
1 −

(
1 + ξ y

σ

)−1/ξ
]

=
(
1 + ξ y

σ

)−1/ξ

On en déduit : {
ξ = ξ0
σ = σ0 + ξ0(u− µ0)

On peut donc exprimer les paramètres de la GEV en fonction de ceux de la GPD, ce qui
conduira à résoudre le système suivant de trois équations à trois inconnues :





ξ = ξ0
σ = σ0 + ξ0(u− µ0)
λu = 1 − exp

{
− 1

N

[
1 + ξ0(u−µ0

σ0
)
]−1/ξ

}

Le principal défi de ce projet de recherche est d’identifier les techniques de calcul les plus
appropriées pour concevoir des méthodes d’estimation capables de s’adapter à la taille
et à la complexité des problèmes réels. Il s’agit d’incorporer des notions de quantiles, des
algorithmes stochastiques adéquats et des méthodes de Monte Carlo, tout en maintenant
une haute qualité d’estimation.
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7.3 Estimation statistique, modèles spatiaux et Ap-
prentissage Automatique avec des données réelles

Les modèles mécanistes en dynamique des populations, basés sur les réponses physio-
logiques au niveau individuel aux variables motrices de l’environnement, ont été proposés
depuis les années 1970. Pour expliquer et identifier les oscillations d’abondance d’une
population, des approches diverses et complémentaires existent : d’une part les données
d’observation i.e. les suivis de terrain (capture-marquage-recapture, comptage), les ex-
périmentations et des expertises et d’autre part, les méthodes/outils d’analyse, i.e. les
études statistiques, les modèles mathématiques et de simulation et finalement les sys-
tèmes d’information géographique (SIG). Les modèles dynamiques permettent de prédire
l’évolution dans le temps et l’espace des effectifs d’une population sous différents scénarios
(caractéristiques de la population, de la zone géographique, de la gestion de la population,
etc.) choisis et maîtrisés. Le cadre de modélisation présenté ici est une particularisation,
pour un choix simplifié de fonctions biodémographiques, du cadre mathématique per-
mettant d’obtenir la distribution des individus dans une population structurée en âge
(physiologique) et en temps.

Le modèle de McKendrick-Von Foerster
Soit un temps t et un âge chronologique a donnés. Soit u(t, x) la population de mous-

tique au temps t et avec un âge dans (x, x + dx) de sorte que la population totale pour
un age compris entre x0 et x1 est :

N(t, x0, x1) =
∫ x1

x0
u(t, x)ds.

À un temps fixé t, considérons la fraction de cette population composée d’individus d’âge
x. Nous supposons que, passé un temps suffisamment petit h, ces individus meurent selon
un pourcentage µ(t, x)h avec l’équation suivante :

u(t+ h, x+ h) = (1 − µ(t, x)h)u(t, x),
et une fois divisé par h et en faisant tendre h vers 0, cela donne :

∂tu(t, x) + ∂xu(t, x) = −µ(t, x)u(t, x).
C’est ce qu’on appelle le modèle de McKendrick-Von Foerster. En supposant que la mor-
talité est nulle, ses termes peuvent être facilement interprétés : le flux (entrant) sortant
d’individus vers la part de la population d’âge x à l’instant t est le même que le flux
(sortant) entrant de cette part d’individus pour tout x et tout t. Une autre approche
concerne l’étude des développements en fonction des sources d’influence environnemen-
tales, par le biais du concept d’âge physiologique. Ce développement peut être suivi au
moyen d’un biomarqueur tel que la taille ou le stade, et peut être particulièrement inté-
ressant lorsque nous travaillons avec des vecteurs dont le cycle de vie comprend plusieurs
sous étapes distinctes et que nous voulions les suivre séparément. Soit v(t, x) la vitesse
de développement, que nous pouvons considérer comme la dérivée de x par rapport au
temps t. Nous avons donc l’équation suivante :

dN(t, x, x+ h)
dt

= v(t, x)u(t, x) − v(t, x+ h)u(t, x+ h) −
∫ x+h

x
µ(t, a)u(t, a)da.
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Le terme v(t, x)u(t, x) représente le flux entrant d’individus à la part de la population
d’âges x et x + h et le terme v(t, x + h)u(t, x + h) le flux sortant. L’équation ci-dessus
conduit à la version suivante de l’équation de Von Foerster en prenant en compte cette
notion d’âge physiologique :

∂tu(t, x) + ∂x(v(t, x)u(t, x)) = −µ(t, x)u(t, x).

En ce qui concerne les conditions aux limites, Von Foerster a proposé que le flux entrant
soit représenté par

v(t, 0)u(t, 0) =
∫ +∞

0
β(t, a)u(t, a)da, u(0, x) = u0(x)

où β représente le terme de fécondité. Considérons le problème simplifié de l’estimation
des paramètres v et µ dans le cas constant : ∂tu(t, x) + ∂x(vu(t, x)) = −µu(t, x). On
procède dans un premier temps par une méthode des différences finies afin de proposer
un moyen de calculer une approximation numérique des valeurs :

un+1
j = un

j

[
1

1 + µ∆t

(
1 − ∆t

∆xv
)]

+ 1
1 + µ∆t

∆t
∆xvu

n
j−1; j ∈ [[1;Na]] et n ∈ [[0;N−1]].

Si on introduit une source d’erreurs de lois gaussiennes (hypothèse) centrées εn+1
j dans

l’approximation numérique on obtient :

un+1 = un

[
1

1 + µ∆t

(
1 − ∆t

∆av
)]

+ un
J

(
1

1 + µ∆t
∆t
∆av

)
+ εn+1,

avec
un+1 =

Na∑

j=0
un+1

j ; un =
Na∑

j=0
un

j ; un
J =

Na∑

j=1
un

j−1.

Ainsi par la méthode des moindres carrés ordinaires qui consiste à minimiser la quantité :
N∑

n=0
(εn+1)2 =

N∑

n=0

[
un+1 − un

[
1

1 + µ∆t

(
1 − ∆t

∆av
)]

− un
J

(
1

1 + µ∆t
∆t
∆av

)]2

,

on obtient les estimateurs (de vraisemblance) suivants :




µ̂ = 1
∆t




N∑

n=0
(un)2




N∑

n=0
un+1un −

N∑

n=0
(un − un

J)un+1
N∑

n=0
(un − un

J)un

N∑

n=0
(un − un

J)2
+

(
N∑

n=0
(un − un

J)un

)2

N∑

n=0
(un − un

J)2




− 1




v̂ =

N∑

n=0

∆t
∆a(1 + µ̂∆t)(un − un

J)
(

un

1 + µ̂∆t − un+1
)

N∑

n=0

∆2t

∆2a(1 + µ̂∆t)2 (un − un
J)2

.
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De plus par discrétisation simple de u(0, t) =
∫Na

0 β(x)u(t, x)dx, on trouve : un+1
0 =

∆a
Na∑

j=0
ωjβju

n
j , où les ωj désignent des poids. L’idée de cette partie de mon projet de

recherche est de contribuer à la mise en place de méthodes d’estimation en passant par la
technique des moindres carrés non linéaires et d’établir ensuite des propriétés de consis-
tence des estimateurs dans un cadre statistique. Les nouvelles approches en Apprentissage
Automatique (Machine Learning) notamment l’approximation numérique par la méthode
Physics Informed Neural Networks seront aussi explorées.

Modèles spatiaux, estimation de paramètres et apprentissage au-
tomatique

Les modèles statistiques spatio-temporels sont de plus en plus utilisés dans une grande
variété de disciplines scientifiques pour décrire et prédire des processus spatialement ex-
plicites qui évoluent dans le temps. La prise en compte de la dépendance spatio-temporelle
s’avère réaliste et nécessaire dans certaines situations. L’estimation statistique des para-
mètres dans de tels modèles est important pour la prédiction basée sur des données réelles.
Soit {Y (s, t) : s ∈ Ds, t ∈ [[0, T ]]} un processus aléatoire spatio-temporel. Par exemple,
Y (s, t) peut être le nombre de moustiques capturés dans l’environnement à une coordon-
née géographique s (lattitude, longitude, profondeur) et à un instant donné t. Dans un
contexte général d’un espace continu, on peut considérer un processus spatio-temporel
du premier ordre donné par l’équation linéaire intégro-différentielle suivante (IDE) :

Y (s, t) =
∫

Ds
W θ(s, u)Y (u, t− ∆)du+ η(s, t),

où W (s, u) est un noyau de transition qui peut dépendre d’un paramètre θ qui spécifie la
"redistribution des poids" pour le processus à un temps précédent t − ∆ sur le domaine
spatial Ds, et η(., t) est un processus spatial continu à moyenne nulle (pouvant varier
dans le temps et statistiquement dépendant dans l’espace) de type gaussien de matrice
de covariance Q et indépendant de Yt−∆. En d’autres termes La valeur du processus
qui nous intéresse Y en un lieu spatial donné s et à un instant donné t résulte de trois
éléments : la valeur prise par ce que l’on appellera le noyau du modèle W θ, la valeur
du processus à l’instant précédent t − ∆ et une erreur dite de capture modélisé par un
bruit sous la forme d’un processus indépendant des valeurs prises. En particulier dans le
cas d’un ensemble fini d’emplacements spatiaux de prédiction Ds = {s1, ..., sn} le modèle
s’écrit sous la forme (∆ = 1)

Yt(si) =
n∑

j=1
W θ

ijYt−1(sj) + η(si, t),

pour t = 1, 2, ..., T avec des poids de transition W θ
ij dépendant à nouveau d’un paramètre

θ qui spécifie la "redistribution des poids". En considérant le vecteur de valeurs Yt =
(Yt(s1), ..., Yt(sn))′ , l’équation ci-dessus peut être écrite sous forme de matrice vectorielle
comme une autorégression linéaire du premier ordre :

Yt = MYt−1 + ηt,

où la matrice de transitions n×n est donnée par M et le processus d’erreur spatiale additif
ηt = (ηt(s1), ..., ηt(sn))′ est indépendant de Yt−1 et est spécifié comme étant de moyenne
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nulle et gaussien avec la matrice de covariance spatiale Q. Les dynamiques sont donc
controlées par la matrice de propagation M et la covariance Q. Supposons que la suite du
terme d’erreur η sont des erreurs de mesure iid de moyenne nulle qui sont indépendantes
de Y . L’exigence d’une prévision non biaisée conduit à choisir θ de telle sorte que

n∑

j=1
W θ(s0, sj)Ŷsj ,t−∆ − Y (s0; t) ∼ 0.

De même

V ar
(
Ŷ (s0, t) − Y (s0; t)

)
= V ar

( n∑

i=1
W θ(s0, si)Ŷ (si, t− ∆) +

n∑

i=1
W θ(s0, si)η(si, t− ∆)

−
n∑

j=1
W θ(s0, si)Y (si, t− ∆) + η(s0, t)

)

= V ar
( n∑

i=1
W θ(s0, si)

(
Ŷ (si, t− ∆) − Y (si, t− ∆)

)

+ V ar
( n∑

i=1
W θ(s0, si)η(si, t− ∆) − η(s0, t)

)

= E
( n∑

i=1
W θ(s0, si)η(si, t− ∆) − η(s0, t)

)2
.

Posons

λi = W θ(s0, si) δ(si; t− ∆) = η(si, t− ∆) δ(s0; t) = η(s0, t).

On a

V ar
(
Ŷ (s0, t) − Y (s0; t)

)
= −

n∑

i=1

n∑

j=1
λiλj

1
2V ar

(
δ(si; t− ∆) − δ(s0; t)

)

+ 2
n∑

i=1
λi

1
2V ar

(
δ(s0; t) − δ(si; t− ∆) −

n∑

i=1

n∑

j=1
λiλj

1
2γ(si, sj; t− ∆, t)

+ 2
n∑

i=1
λiγ(s0, si; t− ∆, t) = −λT Σλ+ 2λT Σ0,

où Σ est la matrice dont les éléments i et j sont les semi-variogrammes entre les points
spatiaux si et sj au temps t−∆. Le i-ième élément du vecteur Σ0 est le semi-variogramme
entre les points spatiaux si et s0 au temps t − ∆ et t : γ(si, s0; t − ∆, t). L’estimation
statistique associée à ces modèles spatio-temporels, y compris leurs versions non linéaires,
est envisagée sur le long terme. L’objectif est de développer un cadre méthodologique, à la
fois théorique et appliqué, qui pourrait convenir aux schémas d’observation des données
temporelles et spatialisées disponibles, par exemple, sur les populations de moustiques.
Des approches d’apprentissage automatique seront également explorées.
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ABSTRACT
In this paper, we consider estimating the parameters of univariate
α-stable distributions and their mixtures. First, using a Gaussian ker-
nel density distribution estimator, we propose an estimationmethod
based on the characteristic function. The optimal bandwidth param-
eter was selected using a plug-in method. We highlight another
estimation procedure for theMaximum Likelihood framework based
on the False position algorithm to find a numerical root of the log-
likelihood through the score functions. For mixtures of α-stable dis-
tributions, the EM algorithm and the Bayesian estimation method
have been modified to propose an efficient and valuable tool for
parameter estimation. The proposed methods can be generalised to
multiple mixtures, although we have limited the mixture study to
two components. A simulation study is carried out to evaluate the
performance of our methods, which are then applied to real data.
Our results appear to accurately estimate mixtures of α-stable dis-
tributions. Applications concern the estimation of the number of
replicates in the Mayotte COVID-19 dataset and the distribution of
the N-acetyltransferase activity of the Bechtel et al. data for a urinary
caffeine metabolite implicated in carcinogens. We compare the pro-
posed methods, together with a detailed discussion. We conclude
with the limitations of this study, together with other forthcoming
work anda future implementationof anRpackageorPython library
for the proposed methods in data modelling.
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1. Introduction

In recent decades, many researchers have shown an interest in studying α-stable distri-
butions because of their ability to generalise widely used laws such as Gaussian, Lévy
and Cauchy to handle impulsive and skewed data, which is particularly important in
the financial field. In 1925, Lévy discovered that α-stable distributions arise as the limit
of normalised sums of independent and identically distributed random variables. The
family of α-stable distributions has skewness and tail thickness. Unfortunately, there is
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no closed-form expression for the cumulative distribution function and the probability
density function, except in a few cases such as the Gaussian, Lévy and Cauchy distri-
butions. Let X be a α-stable random variable and φ(t) = E(exp(itX)) the characteristic
function. Note that this family of laws has multiple parameterisations. We follow the pre-
sentation in [11,28,37,51] and consider two types of representations. A random variable
X ∼ S(α,β , γ , ζ ; 0) if φ(t) is expressed as follows

φ(t) =

⎧
⎪⎨
⎪⎩

exp
(
−γ α|t|α

[
1 + iβ

(
tan
(πα

2

))
sign (t)(|γ t|1−α − 1)

]
+ iζ t

)
if α �= 1.

exp
(

−γ |t|
[
1 + iβ

2
π
sign (t) log(γ |t|)

]
+ iζ t

)
if α = 1.

(1)

where α ∈ (0, 2] is the index of stability that governs the heaviness of the tail, β ∈ [−1, 1]
the skewness parameter γ > 0 the scale parameter, ζ ∈ R the location or shift parameter
and the sign function defined by:

sign (t) =

⎧
⎪⎪⎨
⎪⎪⎩

1 if x > 0

0 if x = 0

−1 if x < 0.

A random variable X is S(α,β , γ ,μ; 1), [37] if,

φ(t) =
{
exp
(−γ α|t|α [1 − iβ

(
tan
(

πα
2
))

sign (t)
]+ iμt

)
if α �= 1.

exp
(−γ |t| [1 + iβ 2

π sign (t) log(|t|)]+ iμt
)

if α = 1.
(2)

These parameterisations are therefore usually characterised by four parameters: α ∈ [0, 2],
β ∈ [−1, 1], γ > 0 and ζ or μ. If β = 0 we have a symmetric stable distribution and the
two parameterisations above are identical. If γ = 1 and μ = 0 (or ζ = 0), we say that X
is a standard α-stable random variable. The different parameterisations have repeatedly
led to misunderstandings. The parameterisation (2) proposed by Samorodnitsky et al. [37]
does not provide continuity of the density function at points α = 1 and β = 0 (because of
the tan(πα/2) term), nor does it provide a scale-location family at α = 1 (because of the
γ log(γ ) term), while the parameterisation (1) is continuous with respect to all parameters.
The above two formulations are connected by the key equation

ζ =

⎧
⎪⎨
⎪⎩

μ + βγ tan
(πα

2

)
if α �= 1

μ + β
2
π

γ log(γ ) if α = 1.

It is worth noting that α-stable distributions have infinite variance for any α < 2, and the
mean is infinite for α ∈ (0, 1], which makes estimating the parameters difficult. Note that
the mean, if it exists (α > 1), is the natural measure of the location, but it cannot be esti-
mated as precisely as ζ . In the case of α = 2, we get the Gaussian distribution, when α = 1
and β = 0, it becomes the Cauchy distribution, and Lévy for α = 1

2 and β = 1. It is rec-
ommended to use the 0 parameterisation for numerical work and statistical inference. The
standard mean-focus 1 parameterisation is suitable for studying algebraic properties, we
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refer the reader to the work of Nolan [27]. Simulation methods are available for α-stable
distributions, for example Kanter [15] was the first to generate α-stable random variables
with α ∈ (0, 1). Later, Chambers, Mallows and Stuck [7] extended the method to the gen-
eral case. It is important to note that when α is close to 1 or 0 with β �= 0, the computations
are typically much more numerically demanding and the results may not be very accurate,
see Matlab [28] and R [50]. Since it is not known when exactly the numerical difficul-
ties occur, we only warn the reader to pay great attention in their programs and practical
purposes. In thestabledist package [50], the authors highlight and discuss suchwarn-
ings. These warnings are not yet the subject of explicit studies, and in the future we plan to
investigate the explicit numerical behaviour in the vicinity of these boundary points. The
simulation of α-stable multivariate distributions has been the subject of research in [45].
The performance of our simulations is carried out with values of α that are not close to 1.
In the context of real applications, our applications concern the case α ∈ (1, 2). For β = 1,
the distributions are maximally skewed to the right, and the FMStable package [34]
provides distribution functions that are faster and more accurate than the stabledist
package.

There are several methods in the scientific literature to estimate the parameters of α-
stable distributions, for example the Fractional Lower Order Moments (FLOM) method
[19]; the quantile method improved by McCulloch [23], the Empirical Characteristic
Function (ECF) and Maximum Likelihood (ML) method [28], although the lack of a
closed-form expression for the probability density is a theoretical disadvantage. Finite
mixture models are becoming increasingly popular and play a crucial role in density esti-
mation, and the mixture of α-stable distributions is a popular tool for modelling skewed
and impulsive data, making it applicable in various fields. Two well-known methods of
mixture estimation are the Expectation–Maximisation (EM) algorithm and the Bayesian
approach. The EM algorithm is particularly useful in cases where the data are incomplete
or partially observed. Bayesian estimation uses prior knowledge of the probability distri-
bution of the parameters to estimate the value of the unknown parameters. Much work has
been done in this direction, including the papers cited by [6] and references therein. Let us
mention the work of [44], which presents a stochastic EM algorithm for skewed α-stable
distributions.

The main contributions of this paper to the literature are as follows. First, we introduce
new estimators for parameters of the α-stable distribution, which mainly modify the well-
known characteristic function estimator of this family by replacing the density function by
a Gaussian kernel within the integral representation of the characteristic function. We also
handle the estimation of the bandwidth parameter using the plug-in method proposed by
[38] (for α > 1) and [40,41] (for α < 1). Second, the ML estimator is computed numeri-
cally using score functions and the False position algorithm. Furthermore, this allows to
improve the EM algorithm of [6]. The Bayesian approach of [35] is improved by combin-
ing Gibbs sampling and the Metropolis–Hastings algorithm.We consider two-component
models motivated by applications, but it can be generalised to finite-component univari-
ate α-stable mixture models. The performance of the proposed estimators is compared
with other candidates through a small-scale simulation study. All these methods have been
used to estimate the reproduction number during the COVID-19 outbreak data in May-
otte. We also give application of a dataset related to the distribution of N-acetyltransferase
activity data in the blood of 245 unrelated individuals for a caffeine urinary metabolites
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involved in carcinogenic substances, which is available in [2] for two sub-populations
study.

The paper is organised as follows. In Section 2, we first recall some related works such
as the quantile-based methods originally developed by McCulloch [23] and introduce the
kernel estimation method of the characteristic function and the estimation procedure for
α-stable distributions. We also consider a new framework for the ML estimation of α-
stable distributions based on the score function and the False position algorithm. Then, in
Section 3, we outline an adapted Bayesian and EM algorithm approaches to estimate the
parameters of a mixture of two α-stable distributions, which can be generalised tomultiple
mixtures. The performance of the above proposed estimators for estimating the parame-
ters of α-stable distributions is given in Section 4. In Section 5, we apply the proposed
methods with the above mentioned COVID-19 outbreak data in Mayotte together with
the distribution of the above already mentioned N-acetyltransferase activity data for two
sub-populations studies. We conclude with a section on the limitations of this paper and
future theoretical and practical developments, in particular new stochastic approximation
methods and algorithms.

2. Parameter estimation for single α-stable distributions

There are many approaches to estimate the parameters of single α-stable distributions.

2.1. Related works

Among the various approaches, includingmoment-basedmethods, the Empirical Charac-
teristic Function (ECF), and the Maximum Likelihood (ML) method, we begin by briefly
discussing a particular moment-based approach, namely the Fractional Lower Order
Moments (FLOM)method, as described in [19], along with the improved quantile method
proposed by McCulloch [23]. This method considers the lower-order fractional moments
of the data to estimate the parameters of the distribution. It is also less sensitive to out-
liers and does not require any iterative optimisation procedures. However, a limitation
of the FLOM method is that it assumes that the data are independently and identically
distributed, which may not be the case in some real-world applications. Furthermore, as
shown in [19], it does not guarantee a good estimate of the skewness parameter β . Another
related approach is the quantile method, improved by McCulloch [23], which is based on
the relationship between the qth quantile and the distribution parameters for any distri-
bution. In the case of the α-stable distribution, the qth quantile depends on the scale and
location parameters of the distribution as well as the α and β parameters, it is also robust
to outliers and can handle missing data, but it may not work well for distributions with
slowly varying tails or non-smooth density functions. In the same context, a new estimation
algorithm for the tail indexwas proposed in [31] by considering a quantile conditional vari-
ance ratio. Based on the explicit formula (1) of the characteristic function, one can establish
an estimation method using regression (ECF) [28]. Although the lack of a closed-form
expression for the probability density is a theoretical disadvantage, note that in practice
they are computed numerically using an integral transformation. It is in this way thatmany
authors perform the ML method for parameter estimation [28]. The aim of this section is
to present the relevant methods that we consider in order to improve our main results.
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First, we recall the quantile method originally developed byMcCulloch, as described in
[23], provided by the libstable4u package [8]. We will use such a method to initialise
our algorithms but with the constraint α ≥ 0.6 [12,23]. The method has been simplified in
recent years, and the version we use is based on the work presented in [28], which can be
described as follows. Let xp be the pth quantile of the distribution X ∼ S(α,β , γ , ζ ; 0) and
define the following quantities:

vα(α,β , γ , ζ ) = x0.95 − x0.05
x0.75 − x0.25

, vβ(α,β , γ , ζ ) = x0.05 + x0.95 − 2x0.5
x0.95 − x0.05

,

vγ (α,β , γ , ζ ) = x0.75 − x0.25, vζ (α,β , γ , ζ ) = −x0.5.

In [23], McCulloch provides tables from which the values of the above parameters can
be derived, considering a standard α-stable distribution Z ∼ S(α,β , 1, 0; 0). This is not
restrictive, since the scaling property, as outlined in [37], allows to have xp = γ zp + ζ ,
where zp is the pth quantile of Z. The value of the above parameters could then be deduced
from these quantities using the following relationships [28]:

vα(α,β , γ , ζ ) = vα(α,β , 1, 0), vβ(α,β , γ , ζ ) = vβ(α,β , 1, 0),

vγ (α,β , γ , ζ ) = γ vγ (α,β , 1, 0), vζ (α,β , γ , ζ ) = γ vζ (α,β , 1, 0) − ζ .

As we can see, vα and vβ are independent of the scale and location parameters, and the
above relationships allow one to obtain a reliable estimate of the four parameters when the
sample set is large, see [28]. In the following, the vector parameter �0 = (α0,β0, γ0, ζ0)
will refer to the initial vector value parameter according to McCulloch’s method.

We now proceed to introduce the methods proposed in this work.

2.2. Characteristic function-based estimationmethod

LetX ∼ S(α,β , γ , ζ ; 0) and letX1, . . . ,Xn be a sample of size n ofX and Fn be the empirical
cumulative distribution function:

φ̂(1)
n (t) =

∫

R
exp(itx) dFn(x) = 1

n

n∑

j=1
exp(itXj).

Note that, given t ∈ R, φ̂(1)
n (t) is a consistent estimator of φ(t) for large values of n (by a

simple application of the law of large numbers). We introduce an alternative estimation of
the characteristic function using the kernel method. We are concerned with the Gaussian
kernel for the case when α > 1, expressed as K(x) = 1√

2π
exp
(

−x2
2

)
for all x ∈ R and

satisfying
∫
R K(z) dz = 1. This alternative estimate of the characteristic function is defined

as follows:

φ̂(2)
n (t) = 1

nhn

∫

R
exp(itx)

n∑

j=1
K
(
x − Xj

hn

)
dx,

where the bandwidth satisfies limn→∞ hn = 0 in order to have the consistency. For practi-
cal purposes, and in the case of α > 1, we choose the optimal bandwidth hn by considering
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the plug-in method proposed by Sheather and Jones [38], since it is based on the mean
square error. On the other hand (specifically forα < 1), we consider the second-generation
plug-in method proposed by Slaoui in [40] (see also [41]). Set

η(γ t | α; 0) = 2
π
t log(γ |t|)I{α=1} + tan

(πα

2

)
sign (t)|γ |1−α

(|t| − |t|α) I{α �=1}. (3)

We now define the following sample functions gn(t) and hn(t) to compute the estimated
characteristic function at sample size n:

{
gn(t) = 	(φ̂n(t)),

hn(t) = 
(φ̂n(t)),

where φ̂n(t) could be φ̂
(1)
n (t) or φ̂

(2)
n (t). We have:

⎧
⎪⎨
⎪⎩

√
gn(t)2 + hn(t)2 = |φ̂n(t)| = exp(−γ α|t|α),

arctan
(
hn(t)
gn(t)

)
= arg(φ̂n(t)) = −γ αβη(γ t | α; 0) + ζ t.

We also define the following quantities:
⎧
⎪⎨
⎪⎩

y(t) = log(− log(|φ(t)|)) = log(γ α) + α log(|t|),
zk = arg(φ̂n(tk)),
Bk = γ̂ α̂η(γ̂ tk | α̂; 0).

The relationship between y(t) and log(|t|) can be modelled linearly with a slope of α and
an intercept of a = log(γ α). Set

yk = log(− log(|φ̂n(tk)|)) = log
(

− log
(√

gn(tk)2 + hn(tk)2
))

,

where tk is chosen on a grid of equally spaced points t1, . . . , tm using the sample data. We
use the following weighted least squares method to minimise

S(a,α) =
m∑

k=1

Wk
(
yk − a − α log(|tk|)

)2

(â, α̂) = argmin
(a,α)

S(a,α),

where the weights Wk = 1
σ 2
k
and σ 2

k denotes the variance of the kth observation. We get
the following estimators:

α̂m =
( m∑

k=1

Wk log(|tk|)yk −
∑m

k=1Wkyk∑m
k=1Wk

×
m∑

k=1

Wk log(|tk|)
)

×
( m∑

k=1

Wk log(|tk|)2 −
∑m

k=1Wk log(|tk|)∑m
k=1Wk

×
m∑

k=1

Wk log(|tk|)
)−1

,
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âm =
∑m

k=1Wjyk − α̂m
∑m

k=1Wk log(|tk|)∑m
k=1Wj

,

γ̂m = δ0 exp
(
âm
α̂m

)
.

Then from the following formula

zk = βBk + ζ tk,

again using the method of weighted least squares as described above, we obtain

ζ̂m = γ0

( m∑

k=1

WkBkzk −
∑m

k=1Wktkzk∑m
k=1WktkBk

×
m∑

k=1

WkB2k

)

×
( m∑

k=1

WkBktk −
∑m

k=1Wkt2k∑m
k=1WktkBk

×
m∑

k=1

WkB2k

)−1

+ ζ0,

β̂m =
∑m

k=1Wktkzk − ζ̂
∑m

k=1Wkt2k∑m
k=1WktkBk

.

Since φ̂n is consistent, the consistency of the estimated parameters α̂m, β̂m, γ̂m could be
obtained using the classical regression estimation method. A simulation study is carried
out to evaluate the performance of the proposed estimation. The choice of m was taken
from [16], which suggests choosing points tk in the interval [0.1, 1]. We set the parameters
γ0 and ζ0 using the McCulloch method mentioned above [23].

2.3. Maximum likelihood approximationmethod

In the following lines, we present a method for estimating α-stable distributions within
the framework of ML. Since the probability density function does not have a closed-form
expression, the classical ML method is computationally difficult in this context, because
the likelihood ratio does not exist explicitly. For this reason, we first use a numerical
approximation of the density function of α-stable distributions, which provides accurate
estimates.We introduce the followingmethod based on score functions and the False posi-
tion algorithm, which is an intuitive way to estimate the underline parameters of α-stable
distributions. Suppose we are in parameterisation 1 and α > 1. Set

gd(x | α,β)

=
∫ ∞

0
cos(xr + βη(r,α; 1))rd−1 exp(−rα) drI{0<d<∞}

+
∫ ∞

0
[cos(xr + βη(r,α; 1)) − 1]rd−1 exp(−rα) drI{−2min(1,α)<d≤0}, g̃d(x | α,β)

=
∫ ∞

0
sin(xr + βη(r,α; 1))rd−1 exp(−rα) drI{−min(1,α)<d<∞}
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+
∫ ∞

0
[sin(xr + βη(r,α; 1)) − xr]rd−1 exp(−rα) drI{α>1,−α<d≤−1}, hd(x | α,β)

=
∫ ∞

0
cos(xr + βη(r,α; 1)) log(r)rd−1 exp(−rα) dr, h̃d(x | α,β)

=
∫ ∞

0
sin(xr + βη(r,α; 1)) log(r)rd−1 exp(−rα) dr,

for x ∈ R and d ∈ N. Note that η(r,α; 1) = − tan
(

πα
2 rα

)
should not be confused with the

previous one in (3) from parameterisation 0. Recall the following theorem from [28].

Theorem 2.1 (Stable score function): Let α �= 1. The univariate α-stable density in the
1-parameterisation is given by

f (x | α,β , γ , ζ ; 1) = 1
πγ

g1
(
x − ζ

γ
| α,β

)
.

Then the score functions are given by

∂f
∂α

(x | α,β , γ , ζ ; 1) = 1
πγ

[
πβ

2 cos
(

πα
2
)2 g̃1+α

(
x − ζ

γ
| α,β

)

+β tan
(πα

2

)
h̃1+α

(
x − ζ

γ
| α,β

)
− h1+α

(
x − ζ

γ
| α,β

)]
,

∂f
∂β

(x | α,β , γ , ζ ; 1) = tan
(

πα
2
)

πγ
g̃1+α

(
x − ζ

γ
| α,β

)
,

∂f
∂γ

(x | α,β , γ , ζ ; 1) = − 1
πγ 2 g1

(
x − ζ

γ
| α,β

)
+ x − ζ

πγ 3 g̃2
(
x − ζ

γ
| α,β

)
,

∂f
∂ζ

(x|α,β , γ , ζ ; 1) = − 1
πγ 2 g̃2

(
x − ζ

γ
| α,β

)
.

Many equations, including most of the more complicated ones, can only be solved by
iterative numerical approximation. There are many root-finding algorithms that can be
used to obtain approximations to such a given root. One of the most common is Newton’s
method or the secant method, but it may fail to find a root under certain circumstances,
and it can be computationally expensive since it requires a computation of the derivatives of
the function. Other methods are needed and a general class of methods are the two-point
bracket methods. The False position or Bisection algorithm is one of these. The conver-
gence rate of the bisectionmethod could possibly be improved by using a different solution
estimate. The False position algorithm runs as the first iteration of the bisection algorithm
and, essentially, the root is approximated by replacing the actual function by a line segment
on the bracketing interval and then using the classic double False position formula on that
line segment, see [47].

Obviously, this method requires a good range for each parameter. For this reason we
consider the initial intervals with a given margin to the initial values �0 = (α0,β0, γ0, ζ0)
based on the quantile method. The same procedure is used for the other three parameters.
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In the following we will refer to this method as ML-Second. At this stage, however, one
may be disappointed that there is no theoretical study of the existence of the root solutions
of the above score functions under the False position method. This will be addressed as a
perspective, but we will only look at the convergence numerically. Note that one can also
use the optim command in R to directly maximise the log-likelihood function and obtain
the estimated parameters. This is referred to asML-first. The performance and consistency
of the estimation is illustrated in a simulation study.

3. Parameter estimation for mixtures of α-stable distributions

Finite mixture models are becoming increasingly popular and play a crucial role in density
estimation, and themixture ofα-stable distributions is a popular tool formodelling skewed
and impulsive data, making it applicable in various fields. A well-known method for mix-
ture estimation is the EM algorithm.We will consider the ECF (2.2) andML (2.3) methods
for estimating the four parameters of these distributions, in order to select the most effi-
cient of them for use in the EM algorithm. This algorithm is particularly useful in cases
where the data are incomplete or partially observed. Much work has been done in this
direction, including the papers cited by Castillo-Barnes et al. [6] and references therein.
We should also mention the work of Teimouri et al. [44,46], which presents a method-
ology for a stochastic EM algorithm applied to α-stable distributions. In [43] the author
established a formula that includes symmetrical and asymmetricalα-stable distributions to
estimate parameters using the EM algorithm, but the paper is still unpublished andwe note
that their algorithm does not converge for non-symmetric α-stable distributions. Since the
Bayesian approach is also a useful and efficient tool for parameter estimation in mixture
models, we have proposed a modified framework that involves updating the posterior dis-
tribution until it converges to the stationary distribution by combining Gibbs sampling
and the Metropolis–Hastings algorithm, as described in [35]. The novelty of this latest
approach, compared to [35], is essentially the choice of the rejection zones in theMetropo-
lis–Hastings algorithm, which, in addition to updating the parameters, can significantly
affect the estimates. Mixture models in general could be used to understand the develop-
ment of an epidemic by estimating the generation time and the number of reproductions;
see for example the work in [21], where the authors consider mixtures of Weibull, log-
normal and other distributions to estimate the effective reproduction number during the
COVID-19 outbreak on the island of Mayotte, France. Recall that the mixture of α-stable
distributions requires careful initialisation and proper selection of its components. The K-
means clustering [39] allows a better estimation of the components. Two commonmethods
to infer parameters in mixture models are: the EM algorithm and the Bayesian approach,
[6,35]. Bayesian estimation is a framework for formulating statistical inference problems.
When predicting or estimating a random variable or process, the Bayesian philosophy is
based on combining the evidence contained in the random variable with prior knowledge
of the probability distribution of the random variable. The Bayesian estimation method
uses prior data to estimate the value of the unknown parameters. This reduces the differ-
ence between the estimate and the true value of that parameter. In Bayesian modelling, the
choice of priors then plays a crucial role in determining the posterior inference. The EM
algorithm is a widely used computational method for estimating the parameters of statis-
tical models with latent or missing variables. This algorithm is particularly useful in cases
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where the data are incomplete or partially observed. The EMalgorithmworks by iteratively
alternating between the E-step, where we estimate the expected value of the unobserved
or latent variables given the current parameter estimates, and the M-step, where we max-
imise the likelihood of the observed data based on the expected values obtained in the
E-step. This alternating process continues until convergence is achieved, resulting in the
optimal parameter estimates for the model. Let n be the number of observations and zi the
latent observations with i = 1, . . . , n. Denote by λ1 = P(i ∈ {1, . . . , n}, zi = 1) the weight
for the first component j = 1 and λ2 = 1 − λ1. In this paper we assume that we are in a
two-component mixture. Of course, this can be generalised tomore than two components.

3.1. The proposed Expectation–Maximisation algorithm

In this paper, we present an adapted Expectation–Maximisation algorithm by incorporat-
ing the above parameter estimation tools, namely the ML estimation method (by means
of score functions and the False Position Algorithm) and the estimation by means of the
Empirical or Kernel (ECF) function, both for the vector parameter� and for updating the
E-step in the EM algorithm. Such adjustments are important when selecting the appro-
priate parameter estimation method in the EM algorithm. For simplicity, we consider two
subpopulations, say 1 and 2, and compute the values of the latent vector z as follows. A
sample value xi is assigned to population 1 with probability (the probability that zi = 1,
conditional on the observed value of xi), given by the key equation

pi = P(zi = 1 | �)

= λ1f (xi | α1,β1, γ1, ζ1; 0)
λ1f (xi | α1,β1, γ1, ζ1; 0) + (1 − λ1)f (xi | α2,β2, γ2, ζ2; 0)

. (4)

These are the actual weights assigned to observation i when calculating the expected log
likelihood in the EM algorithm. Our proposed EM algorithm is given as follows. The sub-
script ‘t’ indicates the tth iteration of the EM algorithm to obtain the increment at each
‘iteration’.We initialised λ

(0)
1 using the R software sample function noted sample() to draw

a sample with attach specific probability to assign elements to subpopulation 1 or 2 accord-
ing to the previous value in Equation (4). We refer also to Remark 1 for other initialisation
options.

Note that, for a mixture model of two α-stable distributions, it is identified in most
cases by specifying ζ1 < ζ2. The EM algorithm thus fixes on one of the modes depending
on its initialisation. In the Bayesian approach, one could simply include this in the priors
for the two location parameters. The E-step is used to estimate and update the allocation
parameter λ1 based on the values of the previous iteration, and once this is done, we can
apply the usual estimation methods such as ML or ECF to the observations of each of
the two components. In the M-step, we also maximise the conditional expectation for the
well-chosen specific tolerance ε until convergence. Incorporating the ECF method into
the above EM algorithm has been shown to be a valid approach for mixtures of α-stable
distributions with suitable initialisation and specific tolerance ε. Explicit and analytical
studies for convergence by the ECF approach in the EM algorithm will be addressed as a
perspective work. Let us now turn to another interesting method known for its flexibility,
namely the Bayesian estimation method.
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Algorithm 1 EM algorithm for mixtures of α-stable distributions
1: Initialisation of the model, with selection of a specific tolerance ε.
2: repeat
3: E-step:We compute the n values of the vector z.
4: for i = 1, . . . , n do
5: A sample value xi is assigned to the population 1 (and so we set zi = 1) with

probability

p(t)
i = λ

(t)
1 f (xi | α(t)

1 ,β(t)
1 , γ (t)

1 , ζ (t)
1 ; 0)

λ(t)f (xi | α(t)
1 ,β(t)

1 , γ (t)
1 , ζ (t)

1 ; 0) + (1 − λ
(t)
1 )f (xi | α(t)

2 ,β(t)
2 , γ (t)

2 , ζ (t)
2 ; 0)

6: end for
7: λ

(t+1)
1 = 1

n{#zi = 1}. So we use the expected log likelihood or ECF to get the new
parameters for instance from component 1: �(t+1)

1 = (α
(t+1)
1 ,β(t+1)

1 , γ (t+1)
1 , ζ (t+1)

1 )

8: M-step: We then independently maximise the new parameters for each case, for
instance from the component 1 in the expected log-likelihood, which is denoted by
Q(t+1) =∑n

i=1 log(f (xi | α(t+1)
1 ,β(t+1)

1 , γ (t+1)
1 , ζ (t+1)

1 )), and the total log likelihood is
the mean of the two cases.

9: until convergence has been achieved : |Q(t+1) − Q(t)| < ε.

Remark 3.1: As an initialisation of our proposed algorithm, we could implement our
algorithmwith a sufficient number of iterations and then cheek the convergence by plotting
the values of the estimated parameters obtained at each iteration versus the iterations. A
more rigorous option, consisted in using the initialisation which maximise the likelihood.

3.2. The proposed Bayesian algorithm

As mentioned above, the Bayesian inference framework allows us to build a hierarchical
model in which the unknown quantities are estimated via additional information (objec-
tive or not very informative prior or non-informative) or available data (informative priors)
using Bayes’ rule. The Bayesian inference has the advantage of providing credible intervals
on the behaviour of the likelihood function, taking into account any given information
on the parameters. The priors chosen for this model are as follows. We consider non-
informative uniformpriors for the exponent parameterα and the skewness parameterβ on
their supports as in [4,20]. Such choices are also discussed as being appropriate. An inverse
gamma distribution with initial parameters (1, 1) is chosen for the dispersion γ , and a nor-
mal prior with parameters (0, 5) is chosen for the location parameter ζ , and these priors
are conjugate priors in Bayesian inference for the mean and variance [33]. Furthermore, in
line with other work in the literature on mixing problems [24], the Beta distribution (the
familiar 2-way special case of the Dirichlet distribution) is used as a prior for binomial
proportions in Bayesian analysis [29]. We will consider the beta distribution Beta(1, 1) as a
conjugate prior for theweights. Although it could be useful to use the informationwe know
about the properties of the parameters of α-stable distributions (e.g. they are bounded and
as α tends towards 2, β has less influence on asymmetry), the priors for α,β , γ , ζ were
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chosen inspired by Salas-Gonzalez et al. [35] and assumed to be independent of each other
to ensure that our model remains free of any unwanted biases. Speaking generally about
other choices of priors, we hope to develop future research work over time by considering
different choices of priors, such as Jeffrey’s priors (well defined for the parameters of mix-
tures of distributions), which are a challenging task for α-stable distributions since they
are not available in closed form, especially when investigating the behaviour of the Fisher
information matrix [11,22,25].

Note that computing the joint posterior distribution of the above parameters, given the
data and priors, is often analytically intractable due to the lack of a closed-form expres-
sion for α-stable densities. To overcome this problem, we will use Markov Chain Monte
Carlo (MCMC) methods, more precisely a combination of Gibbs sampling and Metropo-
lis–Hastings algorithms (see [35]), as illustrated in the following steps. The novelty of
this latest approach, compared to [35], is essentially the choice of rejection zones in the
Metropolis–Hastings algorithm, which can significantly affect the estimates in addition
to the updating of the parameters. The standard deviation σ of the normal distribution
used to select candidates in the Metropolis–Hastings procedure is 0.1. Any given choice
of hyper-parameters for the priors will be updated in the Metropolis–Hastings acceptance
zone so that they are not significant for the speed of convergence with this approach.

3.2.1. The weight distribution
We assume that the prior distribution of the weights follows a Beta(ξ) distribution with
initial parameters ξ = (1, 1). Since P(zi = 1) is equal to λ1 for i = 1, . . . ,N, where N is
the number of observations, the full conditional distribution for λ = (λ1, λ2) is also a beta
distribution, with updated parameters ξ1 + n1 and ξ2 + n2, where for example ni is the
frequency of observations assigned to component i = 1, 2. Thus, the updated distribution
for the weights is Beta(λ1 + n1, λ2 + n2).

3.2.2. Updating the vector parameter� usingMCMC
In this step we consider the Metropolis–Hastings sampling method. We generate a can-
didate parameter �new

j = (αnew
j ,βnew

j , γ new
j , ζ new

j ), for example j = 1, from a proposal
distribution q(· | ·), and it is accepted with probability A�new

j
, defined by:

A�new
j

= min

⎛
⎝1,

N∏

i=1,zi=j

f (xi | αnew
j ,βnew

j , γ new
j , ζ new

j ; 0)

f (xi | αold
j ,βold

j , γ old
j , ζ old

j ; 0)
×

p(�new
j )q(�old

j | �new
j )

p(�old
j )q(�new

j | �old
j )

⎞
⎠ .

We also assume that the priors are independent. Then we get

p(�j) = p(αj)p(βj)p(γj)p(ζj).

In this paper we choose a normal distribution for q(· | ·). By symmetry we conclude that

q
(
�new

j | �old
j

)
= q

(
�old

j | �new
j

)
.
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Then A�new
j

become:

min

⎛
⎝1,

N∏

i=1,zi=j

f (xi | αnew
j ,βnew

j , δnewj ,ωnew
j ; 0)

f (xi | αold
j ,βold

j , δoldj ,ωold
j ; 0)

×
IG(δnewj | α0,β0)N(ωnew

j | ε, k)
IG(δoldj | α0,β0)N(ωold

j | ε, k)

⎞
⎠ .

(5)
Now we sample a uniform variable u in [0, 1]. If A�new

j
> u, we accept the new candidate

variables, otherwise we keep those from the previous iteration. The fact that we consider a
single rejection zone associated with the vector parameter � is possible because the priors
are assumed to be independent. Thus, the Markov chain �̃n = (αn,βn, γn, ζn), where n is
the iteration index, is stationary, unlike [35], where the authors consider amultipleMarkov
chain for each parameter without taking advantage of independence.

3.2.3. Updating the allocation parameter
At each iteration, it is necessary to predict which subpopulation each observation belongs
to. We do this by computing the conditional probability, for example for j = 1 as in (4),
which is the probability that the observation xi belongs to the component j = 1. Note that
this method requires ordered steps to converge to the correct distribution, similar to the
approach described in [35], where reversibleMarkov chainMonte Carlo was used to deter-
mine the number of components in the mixture model. However, unlike the approach in
[35], we consider Equation (5) as the rejection zone in theMetropolis–Hastings step for all
parameters, which seems to be numerically more accurate (considering the bias generated)
than considering rejection zones for each parameter separately. We therefore summarise
our adapted method in the following algorithm:

Algorithm 2 Bayesian algorithm for mixtures of α-stable distributions
Require: Initialisation of weight parameters.
Require: Number of iterations N and burn-inM.
1: for t = 1, . . . ,N do
2: Obtain weights λ = (λ1, λ2) by drawing samples from a symmetric beta distribu-

tion λ ∼ Beta(ξ1 + n1, ξ2 + n2) where n1 is the frequency of observations assigned to
the first component and n2 to the second.

3: Update the parameters of the proposal distribution q(· | ·) = N(· | θ , σ), setting θ

to the value of the previous iteration and choosing a small value for σ (the standard
deviation).

4: Sample new candidates�new
j = (αnew

j ,βnew
j , γ new

j , ζ new
j ) from the proposal distri-

bution q(· | ·) = N(· | θ , σ) for each component.
5: Accept �new

j according to Equation (5) and set �t
j = �new

j , otherwise set �t
j =

�t−1
j .

6: for each observation xi do
7: Obtain the allocation variable zi using Equation (4).
8: end for
9: end for
10: Compute the mean parameters: �j = 1

N−M
∑N

k=M �
(k)
j .
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In the Bayesian algorithm above, we compute the mean of the posterior rather than its
median and confidence intervals. In fact, the parameter vector of the mixture of α-stable
distributions in the Bayesian method is a convergent Markov chain. Taking the median as
an approximation for the parameter vector leads to numerical problems and there is no
guarantee that the chain will converge. To numerically overcome such problems, we used
Monte Carlo methods to estimate the parameter vector, which proved its effectiveness in
the simulation part with well-selected burn-in periodM.

Now that we have established the main methodology of interest in this paper, the next
section will focus on assessing the effectiveness of the approaches using simulated data and
then applying it to real data.

4. Simulations

Our primary objective in this section is to evaluate the effectiveness of these approaches
proposed in Sections 2, 3.1 and 3.2 by using simulated data. We first discuss the perfor-
mance of our proposed estimator based on the ECF and ML methods for estimating the
parameters of single α-stable distributions. Secondly, we consider the case of mixture of
α-stable distributions with different parameters. Bold values indicate the closest estimates
to the true value in their respective rows when acessing the simulation performance. To
assess the precision of the simulations’ performance, we calculate the Mean Square Error
(MSE) over the entire set of vector parameters �:

MSE = 1
dim (�)

dim (�)∑

i=1

(
�̂i − �i

)2
.

4.1. The case of single α-stable distributions

We evaluate the performance through a simulation study of these methods and assess the
effect of the observation size n with varying parameter values. We consider the Gaussian
kernel in the ECF method (denoted by ECF-Kernel) and the ECF method with empirical
function is denoted by ECF-Empirical, as presented above. In addition, we used the ML
method (First and Second). It is worth noting that when using the ML-Second method,
one observes that numerical convergence holds for the case α > 1 as mentioned in the
methodology. For the case α ≤ 1, we have not been able to show efficient results because
we had problems with the convergence of the special functions gd, hd, g̃d and h̃d. This will
be evaluated in more detail in further work.

The results of these simulations are presented through Tables 1–8. We find that the
estimation methods demonstrated satisfactory performance.

4.2. The case ofmixture of α-stable distributions

We consider here, the framework of mixture estimation of two α-stable distributions with
different parameters. The aim is to evaluate the accuracy and efficiency of the methods
described above, namely our adapted EM algorithm (including the use of ML-First, ML-
Second, ECF-Kernel, ECF-Empirical) to update the parameters in the M-step, and the



JOURNAL OF APPLIED STATISTICS 15

Table 1. Comparison of parameter estimation methods – configuration 1.

Parameter True value n ECF-Kernel ECF-Empirical ML-First ML-Second

α 1.6 500 1.6356 1.6023 1.6078 1.6151
750 1.6191 1.5484 1.5697 1.7641
1000 1.6075 1.5519 1.5443 1.6894

β −0.8 500 −0.7541 −0.7566 −0.6692 −0.3714
750 −0.8375 −0.7668 −0.7389 −0.8081
1000 −0.7696 −0.7337 −0.7781 −0.7756

γ 5 500 5.0124 4.8583 4.8791 5.0498
750 5.2009 4.9608 4.9314 5.4934
1000 5.1666 4.9888 4.9418 5.2904

ζ 12 500 11.8914 11.9563 11.8727 12.8558
750 12.2187 12.2930 12.2241 12.8333
1000 12.1193 12.1905 12.2968 12.5753

Note: Bold values indicate the closest estimates to the true value in their respective rows.

Table 2. Mean square error – configuration 1.

n ECF-Kernel ECF-Empirical ML-First ML-Second

500 0.0038 0.0059 0.0119 0.2296
750 0.0224 0.0227 0.0148 0.2412
1000 0.0107 0.0108 0.0237 0.1059

Note: Bold values indicate the closest estimates to the true value in their respective
rows.

Table 3. Comparison of parameter estimation methods – configuration 2.

Parameter True value n ECF-Kernel ECF-Empirical ML-First ML-Second

α 1.4 500 1.3848 1.3243 1.3588 1.3605
750 1.3973 1.3613 1.3649 1.4420
1000 1.3329 1.2985 1.3210 1.3924

β 0.5 500 0.4304 0.4464 0.5150 0.5800
750 0.5173 0.5651 0.5523 0.6135
1000 0.5381 0.5542 0.5280 0.6106

γ 2 500 1.9819 1.8854 1.9495 1.9278
750 2.1368 2.0573 2.0668 2.2048
1000 2.0910 2.0162 2.0397 2.2395

ζ −10 500 −9.9746 −10.0041 −10.0032 −8.4292
750 −9.9876 −10.0300 −10.0021 −9.2277
1000 −10.0807 −10.1048 −10.0705 −10.8141

Table 4. Mean square error – configuration 2.

n ECF-Kernel ECF-Empirical ML-First ML-Second

500 0.0015 0.0054 0.0011 0.6201
750 0.0047 0.0024 0.0021 0.1632
1000 0.0051 0.0061 0.0033 0.1831

Bayesian method. Let �1 = (α1,β1, γ1, ζ1) and �2 = (α2,β2, γ2, ζ2); the density of the
mixture model is given by: f (x,�; 0) = λ1 × f (x,�1; 0) + (1 − λ1) × f (x,�2; 0).

After applying the last four methods, we again find that, all the estimation meth-
ods show satisfactory performance when α ∈ (1, 2), see Tables 9–14. The corresponding
graphs to visualise the plots are presented in Figures 1–12. However, we have a limita-
tion of the numerical performance for the case where α1 or α2 ∈ (0, 1). In this scenario
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Table 5. Mean square error – configuration 3.

n ECF-Kernel ECF-Empirical ML-First

500 0.0799 0.0495 0.0026
750 0.0156 0.0114 0.0032
1000 0.0102 0.0070 0.0109

Table 6. Comparison of parameter estimation methods – configuration 3.

Parameter True value n ECF-Kernel ECF-Empirical ML-First

α 0.8 500 0.9831 0.8523 0.7717
750 0.8601 0.7891 0.7730
1000 0.8614 0.7502 0.7510

β 0.8 500 0.7755 0.7249 0.8436
750 0.8903 0.9398 0.8166
1000 0.6330 0.7373 0.8056

γ 3 500 3.3389 3.1960 3.0887
750 3.2231 3.0899 3.0994
1000 3.0905 2.8824 2.9579

ζ −12 500 −11.5866 −11.6107 −11.9937
750 −12.0331 −12.1348 −12.0439
1000 −11.9651 −12.0894 −12.1991

Table 7. Comparison of parameter estimation methods – configuration 4.

Parameter True value n ECF-Kernel ECF-Empirical ML-First

α 0.6 500 0.7295 0.6118 0.5932
750 0.7136 0.5949 0.5852
1000 0.6826 0.6447 0.5801

β −0.5 500 −0.3862 −0.5280 −0.5449
750 −0.3669 −0.4413 −0.4831
1000 −0.4074 −0.4941 −0.4436

γ 4 500 4.7518 4.0385 4.0950
750 4.3565 3.7984 3.8458
1000 4.4246 4.2515 3.7425

ζ 5 500 4.1715 4.4790 4.8560
750 4.5660 4.7277 5.1534
1000 4.7741 4.9808 5.1215

Table 8. Mean square error – configuration 4.

n ECF-Kernel ECF-Empirical ML-First

500 0.3203 0.0684 0.0079
750 0.0865 0.0295 0.0119
1000 0.0616 0.0164 0.0211

there are computational problems for the component assignment (instability) during the
initialisation problem, which again confirms the importance of better initialisation and
convergence. This point will be addressed in the future to solve this problem. Recall that
our ML-approximation method requires α > 1.

The above simulation performance shows numerically accurate parameter estimation
for the mixture of α-stable distributions with a given two components, which can be
extended to more than two components.
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Table 9. Comparison of methods for estimating mixture model-configuration 0.

Parameter True value Bayesian EM-ECF-Kernel EM-ECF-Empirical EM-ML

α1 1.2 1.2032 1.2099 1.2886 1.1689
β1 0.5 0.5015 0.2977 0.4095 0.4906
γ1 1 0.9988 1.0338 1.0253 0.9638
ζ1 −4.25 −4.1939 −4.1146 −4.1474 −4.1906
λ1 0.6 0.6037 0.622 0.599 0.601
α2 1.2 1.1812 1.4926 1.1579 1.1434
β2 −0.5 −0.6354 −0.6280 −0.3839 −0.5497
γ2 0.5 0.5062 0.5155 0.5103 0.4887
ζ2 0.3 0.3043 0.2694 0.2808 0.3157

Note: Bold values indicate the closest estimates to the true value in their respective rows.

Table 10. Comparison of methods for estimating mixture model-configuration 1.

Parameter True value Bayesian EM-ECF-Kernel EM-ECF-Empirical EM-ML

α1 1.2 1.1206 1.1897 1.1804 1.1170
β1 0.5 0.4741 0.3107 0.4041 0.5095
γ1 1 0.9805 0.9959 1.0263 1.0309
ζ1 −2.5 −2.4334 −2.3928 −2.3867 −2.4098
λ1 0.6 0.6166 0.602 0.617 0.632
α2 1.7 1.6958 1.7426 1.7412 1.7488
β2 0.5 0.4871 0.9308 0.8949 0.9999
γ2 0.8 0.7604 0.8348 0.7400 0.7011
ζ2 3 2.9495 2.9409 2.9855 2.9730

Note: Bold values indicate the closest estimates to the true value in their respective rows.

Table 11. Comparison of methods for estimating mixture model-configuration 2.

Parameter True value Bayesian EM-ECF-Kernel EM-ECF-Empirical EM-ML

α1 1.4 1.4115 1.4655 1.4116 1.4969
β1 −0.5 −0.5134 −0.5944 −0.6479 −0.9999
γ1 0.8 0.8259 0.8302 0.7766 0.7787
ζ1 1.5 1.5957 1.6116 1.5991 1.6686
λ1 0.5 0.6072 0.6190 0.6080 0.6060
α2 1.8 1.7398 1.8292 1.8203 1.6979
β2 0.5 0.3467 1 1 0.9999
γ2 1.2 1.2296 1.1782 1.1437 1.0805
ζ2 5.3 5.4898 5.4519 5.3541 5.4004

Note: Bold values indicate the closest estimates to the true value in their respective rows.

Table 12. Mean square error for estimating mixture model-configuration 0.

Bayesian EM-ECF-Kernel EM-ECF-Empirical EM-ML

0.0024 0.0410 0.0182 0.0047

5. Applications

Let us now propose an application of the methods described above to real data.

5.1. Data sets

Let us recall the concept of serial interval (SI) in epidemiology. The serial interval refers
to the time between the onset of symptoms in a primary case (the infector) and the onset
of symptoms in a secondary case (the infectee). It plays a crucial role in understanding the
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Table 13. Mean square error for estimating mixture model-configuration 1.

Bayesian EM-ECF-Kernel EM-ECF-Empirical EM-ML

0.0018 0.0266 0.0205 0.0310

Table 14. Mean square error for estimating mixture model-configuration 2.

Bayesian EM-ECF-Kernel EM-ECF-Empirical EM-ML

0.0095 0.0350 0.0333 0.0648

Figure 1. EM-ML-configuration 0.

dynamics of infectious disease transmission, as it helps estimate the potential speed and
pattern of spread within a population. The generation time interval is then derived as the
time interval from the infection of the infector to infection of the infectee. Thus, it is the
time lag between infection in a primary case and a secondary case; and should be obtained
from the time lag between all infectee/infector pairs [42]. As it cannot be observed directly,
it is often replaced by the SI. Estimating the SI generation time and effective reproductive
number [21] is an important task in understanding the development of an epidemic. In
the previous paper [21] we only consider non-negative SI from the serial interval dataset of
[14].However, this dataset also contains negative serial intervals, because a suspected infec-
tor may show symptoms (infection) only after the infected person does. We also consider
a data set related to the distribution of caffeine as a probe drug to determine the genetic
status of two subpopulations of fast and slow acetylators. Acetylator status was determined
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Figure 2. Bayesian-configuration 0.

Figure 3. EM-ECF-Kernel-configuration 0.
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Figure 4. EM-ECF-Empirical-configuration 0.

Figure 5. EM-ML-configuration 1.
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Figure 6. Bayesian-configuration 1.

Figure 7. EM-ECF-Kernel-configuration 1.
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Figure 8. EM-ECF-Empirical-configuration 1.

Figure 9. EM-ML-configuration 2.
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Figure 10. Bayesian-configuration 2.

Figure 11. EM-ECF-Kernel-configuration 2.
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Figure 12. EM-ECF-Empirical-configuration 2.

from the urinary metabolic ratio for an enzymatic activity in the blood involved in the
metabolism of carcinogenic substances, available in [2] for 245 unrelated individuals.

Mixture models have been applied to the distribution of the above Acetylator status
dataset as it contains two subpopulations of slow and fast metabolisers within the popula-
tion. In the case of the above SI dataset, although the histogram in Figure A2 shows amode
in the last bin around 18, the K-means method confirms the choice of a two-component
mixture.

We perform a goodness-of-fit test to determine whether or not our sample data fits a
normal distribution. As not all points lie approximately on the reference line in Figure A3,
we can assume that the distribution of our data sets is not normally distributed (see also
Table A1 for the Shapiro–Wilk, Anderson–Darling and Kolmorogov–Smirnov tests). In
addition, we use skewness and kurtosis, which are two important measures in statistics;
skewness refers to the lack of symmetry and kurtosis is a measure of whether or not a dis-
tribution is heavy-tailed. To calculate the skewness and kurtosis of our data sets, we use the
skewness() and kurtosis() functions from the moments library in R software [17].
This allows us to see that our dataset distributions are skewed and not symmetric (see
Table A2). Using the Kurtosis, we see that the distribution is leptokurtic showing heavy
tails. We notice that the distributions of our data sets are skewed, not symmetric, and
have heavy tails. Therefore, we propose to fit the above real data sets with α-stable (mix-
ture) distributions. Note, however, that some statistical goodness-of-fit tests designed for
α-stable distributions are available in the literature and require large sample sizes [1,5,18].
In particular, the recent work of [32] proposes a novel goodness-of-fit method based on
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quantile (trimmed) conditional variances. Tables and comparisons of AIC and BIC criteria
are provided to enhance understanding of the estimated parameters.

5.2. The serial interval and effective reproduction number in the context of
Mayotte

The COVID-19 pandemic has caused considerable damage worldwide, disrupting produc-
tivity and causing widespread panic. In the French region of Mayotte, the regional health
authority has made significant efforts to collect and monitor the spread of COVID-19, as
documented in [21], by estimating the time-varying reproduction number, which is a non-
pharmaceutical monitoring tool. The reported temporal daily cases of COVID-19 from 13
March 2020 to 11 January 2022 are shown in Figure A1.

By applying ourmethodology to the above serial interval data set, we found that the EM-
MLmethod performed well in our analysis due to the small size of the data set, the peaked
distribution and, the fact that the assignment vector changes at each iteration, which can
affect the estimation of model parameters. This is also consistent with the work of [6]. To
validate our decision, we calculated the AIC and BIC criteria for all four methods that led
to this optimal choice. Although the AIC and BIC values were relatively close, we visually
confirmed this choice in Figure 5. The tables associated with these methods are presented
in Tables 15 and 16.

The estimated curves obtained by combining eachmethod are shown in Figure 13. It can
be seen that the mixture of two α-stable distributions using the EM-ML method provides
the best fit of the serial interval.

The basic reproduction number R0 at the start of an epidemic and the time varying
(effective) reproduction numbers during an outbreak are important tools. Historically, it
has been defined as the average number of new infections generated by an individual dur-
ing a period of infectivity (see [10]). There are several methods to calculate this parameter.
We consider a non-parametric approach [49] based on the generation time function asso-
ciated with the serial interval distribution (see [3,30]). In the previous paper [21] we have
only considered non-negative SI subset data from the [14] dataset and looked for SI estima-
tion models such as Gamma, Lognormal andWeibull. Here we consider the entire dataset,
including negative SI values, and deal with theα-stablemixturemodelling framework. This
is not a new dataset, but an original dataset from [14].

Let p be the probability distribution of the transmissibility of an infectious individual
at age of infection τ , assuming that the entire population is susceptible. Let �(t) be the
number of new infections during the time interval ]t; t + dt[. For discrete time t �= 0, we
have the following non-parametric formula for the effective reproduction number:

R0(t) = �(t)∑
τ≤t p(τ )�(t − τ)

. (6)

Other improvedmethods of estimating the effective reproductive number exist in the liter-
ature, see [9,48] and references therein. In this work, using the epidemic incidence curve in
Mayotte (between 13 March 2020 and 11 January 2022), we derive a generation time dis-
tribution to estimate the effective reproduction number R0(t) using the non-parametric
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Figure 13. Mixture estimation of the serial interval distribution.

Table 15. Estimated parameters for the serial interval distribution.

Parameter Bayesian EM-ECF-Kernel EM-ECF-Empirical EM-ML

α1 1.7140 2 2 1.9614
β1 0.4010 1 1 −0.8793
γ1 1.6734 1.7524 1.3736 2.0038
ζ1 3.6323 3.8096 3.4368 4.2990
μ1 3.9558 3.8096 3.4368 4.2990
λ 0.7111 0.5974 0.5064 0.8311
μ = λμ1 + (1 − λ)μ2 5.7253 5.9183 5.7112 5.8660
α2 1.7625 2 2 2
β2 −0.6113 −1 −1 0
γ2 3.2759 4.7511 3.8474 2.2267
ζ2 10.8648 9.0474 8.0447 13.5769
μ2 10.08101 9.0474 8.0447 13.5769

Table 16. Comparison table between the selection criteria for the serial
interval distribution.

Methods EM-ML EM-ECF-Kernel EM-ECF-Empirical Bayesian

AIC 455.2616 457.9891 455.935 456.9538
BIC 476.3558 479.0833 477.0293 478.048

formula in Equation (6) and the best fit of the SI in a α-stable mixture modelling frame-
work. The following plots in Figure 14 show the evolution of the time-varying reproduction
number R0(t); we smooth the curve using estimated values.
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Figure 14. Evolution of the effective reproductive number inMayotte from13March 2020 to 11 January
2022with amixture ofα-stable distributionswith a serial interval estimated by EM-ML (A) and estimated
by EM-ECF-Empirical (B).
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Table 17. Table of estimated parameters for the above distribution of N-acetyltransferase activity data.

Parameter Bayesian EM-ECF-Kernel EM-ECF-Empirical EM-ML

α1 1.5936 1.9857 2 1.6939
β1 0.8501 1 1 0.9999
γ1 0.0549 0.0565 0.0499 0.0525
ζ1 0.1756 0.1726 0.1741 0.1752
μ1 0.2102 0.1738 0.1741 0.2025
λ 0.6188 0.5918 0.5755 0.6244
μ = λμ1 + (1 − λ)μ2 0.6273 0.5939 0.6059 0.6801
α2 1.7175 1.8921 1.8864 1.3883
β2 0.6134 1 1 0.9964
γ2 0.2885 0.3409 0.3458 0.2273
ζ2 1.2204 1.1447 1.1292 1.1502
μ2 1.3045 1.2030 1.1915 1.4742

Table 18. Table comparing the selection criteria for the above distribu-
tion of N-acetyltransferase activity data.

Methods EM-ML EM-ECF-Kernel EM-ECF-Empirical Bayesian

AIC 109.2265 129.2364 129.3528 116.7802
BIC 140.7378 160.7478 160.8641 148.2916

If we look at the graphs of Figure 14, we see a complete similarity between them, and for
both we can see that the effective reproduction number starts at a value of around 2.5, indi-
cating that each infected individual infects, on average, 2–3 other people. Over time, we see
a sharp increase in the reproduction number, peaking at around 4.5, indicating that the dis-
ease is spreading rapidly. This could be due to a number of factors, such as increased travel,
relaxed social distancing measures, or a new variant of the disease that is more transmissi-
ble. After the peak, we see a decline in the number of reproductive cases, indicating that the
disease is spreading more slowly. This could be due to interventions such as increased vac-
cination rates, stricter social distancing measures, or natural immunity acquired by those
who have recovered from the disease. The reproduction number will eventually fall below
1, indicating that the disease is no longer spreading and can be considered to be under
control. Eventually, however, the reproduction number will suddenly increase due to the
effect of the new omicron variant.

5.3. The distribution of N-acetyltransferase activity data

Here we consider a dataset relating to the distribution of N-acetyltransferase activity in the
blood of n = 245 unrelated individuals for a caffeine urine metabolite test for an enzyme
involved in the metabolism of carcinogens available in Bethtel et al. [2]. This data set has
been used in the past to test mixture models as it contains two subpopulations of slow and
fast metabolisers within the population.

We observe that almost all the estimated parameters are similar, except for the stability
index α, see Table 17. The EM-ML model is the most effective, as shown in Table 18, with
the lowest AIC and BIC values. In addition, the corresponding figure for the four methods
is shown in Figure 15.

The EM-ML method provides a better fit to the distribution of N-acetyltransferase
activity in the blood data than the other approaches. This is because the other methods,
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Figure 15. Mixturemethods applied to the distribution of N-acetyltransferase activity data in the blood
of 245 unrelated individuals in Bethtel et al. [2].

particularly EM-ECF, are sensitive to changes in the assignment vector at each iteration.
Furthermore, the Bayesian approach still has the advantage of using any prior information
on the parameters, which explains its efficiency on simulated data. However, it also requires
certain conditions, such as the length of the observations, to ensure accurate results.

6. Conclusion and perspectives

In this paper, we consider the parameter estimation of univariateα-stable distributions and
theirmixture.We introduce some new techniques, such as theGaussian kernel estimator in
the characteristic function for the caseα > 1, which has shownmore efficient performance
than the empirical characteristic function in the simulation study.We also perform another
estimation procedure in the ML framework based on the False position algorithmmethod
to find the root of the log-likelihood through the score functions established in [28].

In the case of estimating the mixture of α-stable distributions, although we have lim-
ited our analysis to two components, the proposed methods can be generalised to multiple
components.

The EM algorithm was adapted to estimate the parameters of each subpopulation to
convergence by combining the ECF and ML methods in the M-step. Integrating the ECF
into the M stage has proved to be a valuable practical approach.

The Bayesian method, which is more flexible but requires many steps to perform the
estimation, has also been adapted to the parameter estimation of a given mixture model
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of α-stable distributions. Note that there is a limitation to the initialisation of the above
algorithms.

Finally, we consider two types of applications of our estimation methods on real data,
namely the estimation of the reproduction number of the COVID-19 in Mayotte and the
Acetylator status dataset.

In terms of future research, an immediate practical study is to address the question of
the initialisation, followed by the implementation of an R package or Python library to
further extend the use of such useful tools in data modeling for parameter estimation of
a mixture of α-stable distributions as well as a focus on statistical goodness-of-fit tests
designed for mixtures of α-stable distributions.We also plan to implement a more efficient
approach to overcome the long burn-in period in the MCMC method using importance
sampling [13]. Again, a future research direction would be to extend our study to the case
of non symmetric α-stable distributions using Gibbs sampling [36].

We also aim to study some identity representations for α-stable distributions that incor-
porate a Weibull location scale mixture model, as stated in [43] in the symmetric case. In
this way, our goal is to develop a stochastic algorithm that can account for the additional
computational complexity [26] of the Weibull distribution.

Supplementary information

Additional supporting information on the original papers presented in the study and the R codes
including datasets are available from the corresponding author on reasonable request.
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Appendix. Additional tables and figures

We illustrate the data sets involved and perform a goodness-of-fit test that determines whether or
not the sample data has skewness and kurtosis, to highlight that the distributions of our data sets are
skewed, not symmetric, and have heavy tails.

Table A1. Goodness-of-fit test (p-value) of the Shapiro Wilk, Jarque–Bera, Kolmogorov–Smirnov and
Anderson–Darling normality tests.

Dataset Shapiro Wilk Jarque–Bera Kolmogorov–Smirnov Anderson–Darling

SI data 0.0005387 0.006 < 2.2e−16 9.297e−5

N-acetyltransferase data < 2.2e−16 2.776e−14 < 2.776e−16 < 2.776e−16

Table A2. Skewness and Kurtosis measures.

Dataset Skewness Kurtosis

SI dataset 0.8401043 3.57987
N-acetyltransferase data 1.197951 3.612564

Figure A1. Daily reported cases from 13 March 2020 to 11 January 2022.
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Figure A2. Serial interval data distribution from 77 infector-infectee transmission pairs [14].

Figure A3. QQ-Plot of the SI data set distribution (A) and the distribution of the N-acetyltransferase
activity data set (B).
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Abstract
Marine geomorphological maps are useful to understand seafloor structure for example in the context of ecological studies,
resources management or conservation planning. Although techniques to build such maps are increasingly sophisticated,
manual techniques are still largely used. Automated approaches are needed to get reproducible maps in a reasonable time.
This work provides statistical learning approaches based framework to build automatically geomorphological maps. We
used bathymetric data to build Digital Bathymetric Model (DBM) and compute terrain attributes characteristic of seafloor
geomorphology. Then, we used clustering based algorithms to select automatically ground truth locations from a reference
geomorphological map manually made. Finally a supervised classification model random forest based was used to build
predictive models for seafloor geomorphology typologies. Subsequently we studied the effect of DBM resolution, sample size
and samplingmethod of the ground truth locations, in the quality ofmap production via a series of simulations. Results showed
that the proposed framework allowed to build efficiently relevant seafloor geomorphological maps. The best compromise
between the sampling effort and the quality of the resulting maps was obtained with 100 m DBM resolution, 200 data points
sample size and using a complexity-dependent sampling method and led to a map matching at 90% the reference one.

Keywords Geomorphological map · Spatial modeling · Random forest classification · Digital bathymetric model ·
Terrain attributes · Lidar data

Introduction

Geomorphological maps are georeferenced delineation of
morphological structure and surface composition of a stud-
ied land and/or seafloor (Otto and Smith 2013; Dramis
et al. 2011; Pavlopoulos et al. 2009). Marine geomorpholog-
ical maps are particularly crucial for resource management,
conservation efforts, hazard assessment, protected area man-
agement, effective marine research campaign planning and
various marine-related industrial works (Kienholz 1978;
Bishop et al. 2012; Fukunaga et al. 2019; Browne et al.
2010). Such maps provide valuable information on the com-
position and structure of the seabed which, among other
usage, is needed to generate habitat maps through the
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identification and delineation of different benthic ecosystems
like coral reefs, seagrass beds or various deep-sea communi-
ties (Pandian et al. 2009; Dramis et al. 2011; Wabnitz et al.
2008).

To produce geomorphological maps, different approaches
are used (Siart et al. 2009; Hugenholtz et al. 2013). Widely
used imagery techniques involve studying the patterns, tex-
tures, shapes, and color variations present in the imagery.
This can be done manually by digitizing or tracing the
features on the imagery or through automated or semi-
automated image segmentation and classification techniques
in Geographical Information System (GIS) using available
image analysis tools. While imagery can be a valuable
tool, it has a limited use for mapping deeply submerged
geomorphological features due to water opacity. In such con-
ditions, only acoustic approaches can provide usable data
which are generally completed by punctual carefully located
ground truthing observations using for example scuba-divers
or submarine-divers observation, Remote Operated Vehi-
cle (ROV) or Automatic Underwater Vehicle (AUV) picture
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or videos, drop cameras or seabed sampling (Wynn et al.
2014; Locker et al. 2010). Subsequent treatments, required
to generate maps with such data, will be to first propose
a geomorphologic category for each ground truthing point
(ie. Typology), then delineate surfaces of homogeneous
typologies. Depending on whether ground truthing points
are defined as categories or as quantitative data, interpola-
tion methodologies within the surface to be mapped might
take different forms.

Many semi-automated or automated approaches have
been also proposed in recent decades to achieve objective,
automated and repeatable approach to extract meaning-
ful information using vast quantities of data (Summers
et al. 2021). Object-Based Image Analysis (OBIA) which
use bathymetric derivatives or a combination of bathymet-
ric derivatives and backscatter to automatically segment
the seafloor (Masetti et al. 2018; Argyropoulou et al.
2016; Lacharite et al. 2018; Koop et al. 2021; Dekavalla
and Argialas 2017) are widely used. Bathymorphon /
geomorphon-based classification (Jasiewicz and Stepinski
2013; Sowers et al. 2020; Ahn et al. 2023; Novaczek et al.
2019) and fuzzy logic scheme (Schmidt and Hewitt 2004;
Lucieer and Lucieer 2009; Janowski et al. 2021) have
been also investigated. The past 10 years, machine learn-
ing (Maschmeyer et al. 2019; Misiuk et al. 2021; Janowski
et al. 2022; Sklar et al. 2024) and deep learning models
(Behrens et al. 2018; Azarafza et al. 2023; Arhant et al. 2023)
has increasingly been used for geomorphological mapping.
Furtherthemore, the performance of these statistical learning
methods has also been investigated in comparison with man-
ually ones (Van der Meij et al. 2022; Diesing et al. 2014). In
recent years, although thesemethods have proven their effec-
tiveness, they are often combined with underwater imagery
which superseded expert manual interpretation and are par-
ticularly costly for large scale mapping (Van der Meij et al.
2022; Cui et al. 2021; Galvez et al. 2022; Misiuk and Brown
2023; Breyer et al. 2023). As alternative, this work provides
a clustering based algorithm for an optimal ground truth
sampling and a learning-based approach for automatic geo-
morphological mapping. It focuses on the classical situation
where experts use morphological map to define surfaces and
ground truthmeasure to define typologies. But to that respect,
further considerations need to be addressed: (i) the quality of
bathymetric data required, (ii) the typology definition, and
(iii) the methodology to use for creating geomorphological
maps with such data.

(i) Bathymetry is recognized as essential when mapping
geomorphology (Wilson et al. 2007; Lecours et al. 2016;
Fukunaga et al. 2019). It is particularly useful for iden-
tifying and delineating submerged landforms that are not
visible in aerial images. Modern bathymetric systems can

provide high-resolution data, capturing fine-scale details of
the seafloormorphology. Their accuracy is often higher com-
pared to aerial images, as it directly measures the water
depth and seafloor elevation. However, the selection of the
appropriate technology is crucial to ensure the acquisition
of accurate and reliable data suited for an optimal geomor-
phological map production. More precisely equipment and
material setup will depend on factors such as the scale and
coverage needed, water depth, desired resolution, sampling
effort and budgetary considerations. Compromise between
the sampling effort and the quality of the data have to be
made but little tools are available to choose the most optimal
setup. Indeed very high-resolution data may be necessary for
detailed local studies, while coarser resolution data might
suffice for larger-scale regional or global analyses. In the
present research, some examples to help on such decisions
are proposed.

(ii) A typology is a description of one geomorphologi-
cal category of seabed (in our case). However, to make a
geomorphological map usable, comparable and understand-
able by a large international community, categories definition
of typologies need to form a consensus. Our study is based
on the Millennium Coral Reef Mapping Project (MCRMP)
typologies. Initiated by the Institute forMarineRemote Sens-
ing - University of South Florida (IMaRS/USF) in 2001
and continued since 2003 by reasearchers of the Institut
de Recherche pour le Développement (IRD), the MCRMP
has proposed amulti-level hierarchical structure (Andrefouet
et al. 2004). MCRMP typologies were widely used as they
enable several sites around theworld to be compared on a the-
matically rich, homogeneous basis (Andrefouet and Dirberg
2006). These typologies provide a description of coral reef
geomorphology distinguishing reef units such as slopes, flats,
passes, terraces, lagoons, channels, etc.

(iii) Several approaches canbe chosen to generate geomor-
phological maps from previously described data. The most
classical approach is to manually draw typologies envelopes
using GIS softwares (Minar and Evans 2008; Otto et al.
2018). However, it is tedious and poorly replicable if tem-
poral changes need to be monitored. Automated approaches
are of several kind. This work focuses on statistical learning
based approaches for their ability to efficiently process and
analyze large volumes of spatial data, to learn complex rela-
tionships present in the data leading to improved accuracy in
produced maps (Stepinski et al. 2007; Siqueira et al. 2022;
Van der Meij et al. 2022). More precisely four steps are fol-
lowed : 1) generate aDigitalBathymetricModel (DBM) from
bathymetric data, 2) compute terrain attributes fromDBMon
the entire surface studied, 3) train random forest based clas-
sification algorithm to match terrain attributes with ground
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Fig. 1 Geyser is an atoll in the Western Indian ocean, specifically
located in the northern Mozambique channel between Mayotte and the
Gloriosos Islands and covering approximately 268 km2. A Bathymetry
data (in meters) collected by LIDAR technology and provided by

Hydrography and Oceanography Service of the Navy (SHOM). BGeo-
morphologic structure identified for the Geyser atoll, as a part of the
EPICURE project (Roos et al. 2017)

truthing typologies and 4) predict typologies from the entire
surface studied using the classification model generated.

The chosen methodology to generate geomorphological
map was tested on a classical tropical reef feature: an atoll
mapping from South Western Indian Ocean. Our approach
is to propose a sensitivity analysis based on a comparison
with an existing expert map while degrading DBM defi-
nition as proxy of data acquisition setup and varying the
number of ground truth points as well as the methodology
to select their locations as proxy of field effort. The ulti-
mate goal is to supply tools to plan mapping field campaign
using coverage sampling algorithms, codes to semi-automate
geomorphological mapping procedure using random forest
algorithm and propose metrics to evaluate the quality of the
map generated across different resolutions. Recommenda-
tions to choose the DBM resolution, ground truth size and
sites selection are also provided.

Materials andmethods

Data

For this work, bathymetric data (depth measurements) col-
lected between 2009 and 2010 on Geyser atoll with a surface
area of approximately 268 km2 are used (Fig. 1A). A set
of 48.106 data points were collected by LIDAR 1 m res-
olution calibrated. The depth range captured by this tool
often reaches down to -30 m but due to exceptional very
goodwater clarity conditions, bathymetric records onGeyser
range between -50 and 4 meters (see their distribution in
Fig. S1). This data is available on the Hydrography and
Oceanography Service of the Navy website.1

1 https://data.shom.fr/donnees

123

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Earth Science Informatics

Anexpert geomorphologicalmapof theGeyser atoll avail-
able here2 is also used. This scale-free map was produced by
manual contouring, resulting from expert interpretation of
hyperspectral images. 11 geomorphological typologies have
been identified on Geyser (Roos et al. 2017).

General methodology

Here an automated scheme using bathymetry and some field
typologies verifications also called ground truth to generate
reproducible geomorphological maps is used (see Fig. S2
in the supplemental materials). The methodology is the fol-
lowing: 1) Using bathymetric data, a Digital Bathymetric
Model (DBM) is created at a given resolution. 2) From the
DBM, terrain attributes corresponding to raster layers which
have the potential to influence seafloor geomorphology are
computed. 3) Using a given coordinate sampling method, a
given number of ground truth locations is drawn. By overlay-
ing these locations with the expert map, geomorphological
typologies are attributed to each ground truth points. 4)Using
the training set of coupled terrain attributes and ground truth
typologies, a recursive feature elimination algorithm based
on a random forest classifier is used to select most rele-
vant covariates. The latter are then used to train a random
forest based predictive model for geomorphological typolo-
gies. This model is finally used to predict geomorphological
typologies on the whole study site. 5) The quality of the map
production was then evaluated using two types of perfor-
mance criteria: the model performance (Balanced accuracy)
and the matching between the generated map and the expert
map (Match and Balanced match).

The robustness of our approach is also evaluated using
a sentivity analysis through simulation by varying bathy-
metric data definition, numbers of ground truth points and
methodology to select their locations. This involved in exam-
ining five DBM resolutions (5 m, 25 m, 50 m, 100 m and
500 m), six sample sizes (50, 100, 200, 500, 700, 1000)
and three sampling methods (two spatial coverage sampling
methods denoted SCS-KMEANS and SCS-CLARA, and a
complexity-dependent sampling method denoted CDS). For
each of these combinations (5× 6× 3), 30 replicates of geo-
morphological maps are generated by replicating the steps
3-5 described above.

Digital bathymetric model creation

The raw bathymetric dataset contains approximately 48.106

data points giving latitude, longitude and depth values. To
avoid numerical issues due to redundant observations, this
dataset was spatially sub-sampled and data points are kept as

2 https://sextant.ifremer.fr/geonetwork/srv/api/records/21232c12-
e409-4136-a24a-78c346518cfa

homogeneous as possible using the bu f f er .points function
in the supplemental materials (Roberts 2015). The sub-
sampled data are such that each retained data point is at least
at a distance of 5 m from one another. Following this pro-
cedure, the new dataset of approximately 8.106 data points
obtained is used to generate the DBM which consists in the
creation of a square grid of T 2 cells or rasters. The cell size
define the DBM resolution. Different resolutions (5 m, 25 m,
50 m, 100 m, 500 m)3 are created using the dbm function
proposed in the supplemental materials. The bathymetry or
depth value of each cell is calculated by taking the average
of all the depths inside the same cell.

Furthermore, some deep areas are poorly sampled, due to
the lack of signal return on the LIDAR sensor (seewhite zone
in the middle of Fig. 1A). To get a depth measure for each
ground truth location selected using one of the automatic
sampling methodology presented further, depth measure on
each raster of the study area were required. Thus for each
DBMresolution,missing depth of empty cells in this zone are
interpolated using an ordinary kriging model via the ok.dbm
function provided in the supplemental materials. The krig-
ing method is not decribed in details since the problem of
missing data is out of the scope of the paper (Cressie 1988).
In contrast, empirical results provided in the supplemental
materials show that it performs better than five others spatial
interpolation methods for our data Table S1. This imputation
method allows to complete bathymetric data on these cells.

Terrain attributes calculation

It consists in quantifying predictors for seafloor geomor-
phology. For each DBM resolution, terrain attributes were
calculated using a moving routine from the DBM. More
precisely, let us denote the depth Di, j of a given cell with
(i, j) ∈ [[1, T ]]× [[1, T ]] and consider the depth Di+k, j+l of
the neighboring cells with (k, l) ∈ D3 = [[−1, 1]]×[[−1, 1]].
These cells are defining the 3 × 3 window on which the
terrain attributes are defined. Note that it is possible to gen-
eralize the study to square window with size greater than 3.
Selected terrain attributes can be organised into three groups:
Slope (Slope) and orientation (Aspect) measures, terrain
variability measures such as Roughness (Roughness), Ter-
rain ruggedness index (T RI ) andVector ruggednessmeasure
(V RM) and curvature and relative position measures such as
Profile convexity (prof c), Planform convexity (planc) and
Bathymetric position index (BP I ).

3 The 5 m resolution is the one used by biologists during field verifica-
tion campaigns. We then looked for a very high resolution at which the
geomorphologicalmaps producedwere degraded because theywere too
pixelated. 500 m seemed to be a good choice. Between these two reso-
lutions, we empirically searched for intermediate resolutions enabling
us to obtain “significantly” different maps. Hence the 25 m, 50 m and
100 m resolutions were retained.
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Slope has been widely recognized as an important factor
for determining benthic habitat and colonization andhas been
used inmanymarine studies (Copeland et al. 2013; Fukunaga
et al. 2019; Sterne et al. 2020). Like the magnitude of the
steepest drop in depth, Slope (in degrees) is derived from
rates of change in x (longitude) and y (latitude) directions
and is calculated as follows, for each cell (i, j) ∈ [[1, T ]] ×
[[1, T ]],

Slopei, j = 180

π
arctan

⎛
⎝

√(
∂Di, j

∂x

)2

+
(

∂Di, j

∂ y

)2
⎞
⎠ . (1)

where
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂Di, j
∂x = [

(Di+1, j+1 + 2Di+1, j + Di+1, j−1)− (Di−1, j+1

+2Di−1, j + Di−1, j−1)
]
/8�.

∂Di, j
∂ y = [

(Di+1, j+1 + 2Di, j+1 + Di−1, j+1)− (Di+1, j−1

+2Di, j−1 + Di−1, j−1)
]
/8�.

where the real number � stands for the cell size of the grid.
The orientation measure (Aspect) gives the exposure of

a given area to such water waves and is often used in the
calculation of others parameters that directly influence habi-
tat (Wilson et al. 2007). Aspect (in degrees) is the compass
direction of the steepest drop in depth and is calculated as
follows, for each cell (i, j) ∈ [[1, T ]] × [[1, T ]],

Aspecti, j = 180 + 180

π
arctan

(
∂Di, j

∂x
+ ∂Di, j

∂ y

)
. (2)

The roughness measure (Roughness) is a critical factor
affecting ecological and physical processes on the reef (Leon
et al. 2015; Dartnell 2000). It corresponds to the differ-
ence between the maximum and minimum depth values
over a 3 × 3 window and is defined for each cell (i, j) ∈
[[1, T ]] × [[1, T ]] as follows:

Roughnessi, j = max
k,l ∈ D3

(Di+k, j+l) − min
k,l ∈ D3

(Di+k, j+l).

(3)

The Terrain Ruggedness Index (T RI ), is a terrestrial rugged-
ness measure (Riley et al. 1999) that was adapted to
bathymetry data to highlight morphological heterogeneity
(Valentine et al. 2004; Rozycka et al. 2017). It is defined as
the mean of the absolute differences between the depth value
of a cell and the one of its neighboring cells, for each cell
(i, j) ∈ [[1, T ]] × [[1, T ]] as follows:

T RIi, j =

∑
k,l ∈ D3

|Di+k, j+l − Di, j |

(32 − 1)
. (4)

The Vector Ruggedness Measure (V RM) quantifies ter-
rain ruggedness : slope and aspect are decomposed into
3-dimensional vector components using standard vector
analysis in a user-specified moving 3 × 3 window. The vec-
tor ruggedness measure is dimensionless because it involves
sine and cosine of the slope and aspect measures and its val-
ues range from 0 to 1 corresponding to flat regions to rugged
ones. Its mathematical definition is omitted to avoid techni-
calities and details can be found in Sappington et al. (2007).

The Curvature position may also be linked to the nature
of the seabed. It helps to delimit regions of distinct habi-
tat by identifying boundaries in the character of the terrain
(Wilson et al. 2007). Bathymetric Position Index (BP I ), the
marine version of the topographic position index, quantifies
where a location on a bathymetric surface is relative to the
overall seascape (Mata et al. 2021). It provides an indica-
tion of whether any particular pixel forms part of a positive
(e.g., crest) or negative (e.g., trough) feature of the sur-
rounding terrain (Lundblad et al. 2006; Wilson et al. 2007).
It is calculated using the following formula, for each cell
(i, j) ∈ [[1, T ]] × [[1, T ]]:

BP Ii, j = Di, j −

∑
k,l ∈ D3

|Di+k, j+l − Di, j |

(32 − 1)
. (5)

According to Evans (1980), Profile convexity (Prof c) is the
rate of change of Slope andPlan convexity (Planc) is the rate
of change of Aspect . Negative values in the Prof c indicate
the surface is upwardly convex whereas, positive values indi-
cate that the surface is upwardly concave. Positive values in
the Plancmeans the surface is laterally convex and negative
values indicate that the surface is laterally concave. Several
methods exist for numerical approximations of thesemetrics,
based on a quadratic form representation f of the surface
(Florinsky 1998; Horn 1981; Evans 1980; Zevenbergen and
Thorne 1987). Numerical implementation of Zevenbergen
and Thorne (1987) method’s is used in this study ; details
can be found in Florinsky (1998).

All the computed terrain attributes, depth and geographic
coordinates (longitude, latitude) are then stacked to form a
multilayer grid of predictors called features or covariates in
the sequel Table 1.

Sampling

To build predictive models for geomorphological typologies
using a statistical learning approach, a training dataset is
required. This one must contain a finite number of ground
truth locations and a set of predictive covariates for geomor-
phological typologies at these locations. In this section, three
alternative clustering based sampling methods are proposed
to draw automatically these locations inside a given study

123

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Earth Science Informatics

Table 1 Terrain attributes
computed from the DBM and
functions used to do such
calculations in R software

Terrain attributes Reference Function / R Package

Slope and Aspect

Slope (Horn 1981) terrain / raster

Aspect (Horn 1981) terrain / raster

Terrain Variability

Roughness (Dartnell 2000) terrain / raster

Terrain Ruggedness Index (T RI ) (Wilson et al. 2007) terrain / raster

Vector Ruggedness Measure (V RM) (Ilich et al. 2023) VRM / MultiscaleDTM

Curvature and relative position

Profile Curvature (Prof c) (Zevenbergen and Thorne 1987) Curvature / spatialEco

Planform Curvature (Planc) (Zevenbergen and Thorne 1987) Curvature / spatialEco

Bathymetric Position Index (BP I ) (Ilich et al. 2023) BPI / MultiscaleDTM

area. All these methods use cell’s centers of a regular grid
and choose among the covariates earlier mentioned depend-
ing on the choosen algorithm.

Spatial Coverage Sampling using k-means clustering
algorithm (SCS-KMEANS)

The basic idea of Spatial Coverage Sampling (SCS) is to
draw uniformly sampling locations over the study area. It
has been shown that SCS on a study area can be achieved
by k-means clustering algorithm (Hartigan 1975). This con-
sists in grouping cell’s centers of a regular grid on this area
using their spatial coordinates as covariates. Note that this
regular grid can be the DBM one as long as it does not lead
to computional deadlock, otherwise it can be replaced by a
raster grid with lower resolution. The final solution of this
partition gives the sampling locations and is determined by
minimizing a geometric criterion, the mean squared shortest
distance between the clusters centroids and the grid cell’s
centers (Royle and Nychka 1998; Brus et al. 2006). For the
implementation, a k-means algorithm for equal area parti-
tioning is used (Brus 2019). The scsKM function provided
in the supplemental materials can be used to achieve this.

Spatial Coverage Sampling using CLARA algorithm
(SCS-CLARA)

K-means clustering approach is time and storage con-
suming, especially for high DBM resolution. In such case,
CLARA algorithm approach could be an alternative. The
CLARA algorithm is an extension of the PartitioningAround
Medoids (PAM) methods (Kaufman and Rousseeuw 1975)
to deal with data containing a large number of objects (more
than several thousand observations) in order to reduce com-
puting time and storage problem.Medoids (Mi )

k
i=1 in aPAM,

k being the desired number of clusters Ci , are cells that min-
imize their distance to other cell’s centers of the cluster. The
CLARA algorithm generates j ∈ N∗ random samples of size
n (n < T 2) on individuals, applies a PAM on these samples
one after the other, then evaluates the partition quality on

each of them by calculating the average global dissimilarity
on the complete dataset as follows:

k∑
i=1

∑
xc∈Ci

d(xc, Mi )

T 2 (6)

If this dissimilarity is lower than the previous found one,
it considers this solution and its k medoids as the best cur-
rent solution. The scsCL ARA function in the supplemental
materials can be used to choose ground truth locations.

Complexity-Dependent Sampling using CLARA algo-
rithm (CDS)

Terrain morphology can sometime be marked by acci-
dented region where many typologies are observed closed
to each other. This is particularly true with coral reef
region where for example sand flat, reef slope, reef flat, etc
typologies can be close to each other. In such situations,
homogeneous sampling would lead to miss many typologies
unless a lot of points are requested leading to other problems
such as important unbalanced typologies distribution among
locations (Brus 2019). To account for such typologies distri-
bution, ground truth locations are agglomerated around zone
of higher ground complexity (i.e. complex terrain). Thus the
CDSmethod is introduced in order to take advantage of these
covariates available for each DBM resolution. CDS aims to
distribute sampling locations around most heterogeneous or
complex areas. It uses DBM’s cells as individuals and unlike
the SCS which uses the spatial coordinates, CDS’s covari-
ates are chosen among terrain attributes and depth. Depth
and Roughness measures are considered in this study. CDS
cannot be computed using the k-means clustering algorithm
for high DBM resolutions because DBM cells are mandatory
to get covariates. This is why the CLARA algorithm is only
used. The cdCL ARA function in the supplemental materials
can be used to this end (Fig. 2).

123

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Earth Science Informatics

A B C

Fig. 2 Example of 100 ground truth locations drawn with the different
methods:A Spatial Coverage Sampling using K-means clustering algo-
rithm (SCS-KMEANS), B Spatial Coverage Sampling using CLARA

algorithm (SCS-CLARA)C andComplexity-dependant sampling using
a CLARA algorithm (CDS). Roughness and Depth are used to guide
the complexity-dependant sampling

Geomorphology mapping using Random Forest algorithm

To map geomorphological typologies over a whole study
area, a supervised classification approach is considered. This
work was divided in two steps: a first step to train algorithm
and a second step to predict typologies based on trained algo-
rithm. For the training part, each location is generated by one
of the previously described samplingmethods and typologies
were attributed using the expert map Fig. 1B. These located
typologies were the target variable, locations coordinates and
the corresponding depth and terrain attributes were used as
covariates and both formed the training dataset. In this pro-
cess, a feature selection scheme random forest based is used
to subset themost relevant covariates of the training set. Then
a final model is fitted using the selected covariates. After this
first step completed, the second step consisted in using the
fitted model to predict the most suitable typology over the
whole study area.

The generic principle of Random Forest
The tree based Random Forest (RF) algorithm can be used

for a classification task (Breiman 2001; Biau and Scornet
2016). Using the Bootstrap AGGregatING (bagging) prin-
ciple, RF increases the diversity of the trees by making
them grow from different randomly drawn (with replace-
ment) training datasets from the original dataset (Breiman
1996). At each node of each tree, Rf selects a random subset
of features and search for the best split for the node. To clas-
sify a new case once the forest is completed, the typology
having the most votes over all the trees is retained.

Model training Using a cross-validation scheme with 3
repeats, the training samples are split into 3 folds. To train a
RF model, three hyperparameters were tuned: the number of
trees (Ntrees) of the forest, the number of features used at
each node (Mtry) and the minimum number of data points

at the terminal node of each tree (nodesi ze). Indeed, the
Ntrees hyperparameter is not tunable in the classical sense
but should be set sufficiently high (Diaz-Uriarte and Alvarez
de Andres 2006; Oshiro et al. 2012; Probst et al. 2019). The
default value of 500 trees is used. The nodesi ze hyperpa-
rameter has been set to 1 for classification task because it
generally provides good results (Diaz-Uriarte andAlvarez de
Andres 2006). The Mtry hyperparameter was tuned among
fifteen values of hyperparameters chosen automatically by
the function tuneLength. A random search optimization
strategywhich defines a search space as a bounded domain of
parameter values and randomly sample points in that domain
were used to find the optimalMtry considering the the result-
ing Accuracy (Grandini et al. 2020). Models are fitted by
repeatedly leaving out one of the folds and performance are
determined by predicting on the fold left out. The train func-
tion of tthe caret R package were used to this end.

Terrain attributes selection
By selecting the most relevant terrain attributes as covari-

ates, the risk of over fitting can be reduced and the model’s
generalization ability improved. Variable or feature impor-
tance measures are usually used to rank or select variables.
Mean Decrease Impurity (MDI) and Mean Decrease Accu-
racy (MDA) are two well-known random forest variable
importance measures (Guyon and Elisseeff 2020; Breiman
2001; Biau and Scornet 2016). In this study, the MDA
measure also called permutation importance in Breiman’s
original random forest is chosen since it seems to exhibit less
bias thanMDI in presence of correlated features (Strobl et al.
2008; Breiman 2001). Roughly speaking, the MDAmeasure
consists in shuffling values of a given covariate j in the test
data or out-of-bag data (that is data excluded from the boost-
rap sample used to construct the tree) and then computes the
difference between the error on the permuted test set and the
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original test set. More precisely, for each tree t among the
ntree trees of the RF, MDA uses the out-of-bag data to com-
pute a prediction error OOBt . Then, permuting the values
of the j th feature in the out-of-bag data, a prediction error
OOB j

t is computed by using the permuted out-of-bag data.
The permutation importance of the feature j is thus defined
by MDA j = 1

ntree

∑ntree
t=1 (OOBt − OOB j

t ).
To achieve feature selection via the MDA measure, the

backward Recursive Feature Elimination (RFE) algorithm
(Guyon et al. 2002) implemented in the r f e4 function of the
caret Rpackage is used. This algorithm is based on assessing
MDA’s importance. MDA is computed by iteratively per-
muting the values of each input covariate and measuring
the resulting drop in prediction accuracy. The feature with
the minimum MDA value, representing the least important
feature, is systematically removed from the input set. Subse-
quently, a new RF model is trained using this reduced set of
features. This process is continued until the minimal set of
input features that yielded optimal Accuracy (Grandini et al.
2020) is obtained. To improve the performance of feature
selection with RFE, a repeated 3-fold cross-validation with
3 repeats is used. The createFolds function of the caret
package allowed to split data into training and test sets. This
function carries a random sampling within geomorpholog-
ical typologies in order to balance the classes distributions
within the split.

Once the model is trained, typologies can be predicted
across the entire study area. Typologies predictions are made
using the predict .train function of the caret R package
(Kuhn 2019).

Performance criteria

To assess model’s performance, a Balanced Accuracy
(BA) metric were calculated using the confusion matrix
obtained from each model (Grandini et al. 2020). It con-
sists for each typology (class) k, to calculate a Recall score
measuring the ability of a model to find all the positive units
for this class as follows:

Recallk = T Pk
T Pk + FNk

(7)

True Positives (TP) are observations predicted to belong to
the reference class when they really do, and False Negatives
(FN) are observations predicted to not belong to the reference
class when they really do. BA gives an average measure of
this concept using the arithmetic mean of Recall across all
classes :

BA =
∑K

k=1 Recallk
K

(8)

4 https://topepo.github.io/caret/recursive-feature-elimination.html

where K is the total number of class k.
The number of unsampled typologies is used as an indi-

cator of the efficiency of the sampling method to visit all
geomorphologic typologies present in the study area.

To assess the consistency of predictions, themap produced
at the different DBM resolution are compared to Expert map.
For this purpose, the expert map is first dicretized into “pix-
els” size of 5 m resolution (ie. the smallest resolution used
in this study). Then the predicted map grid is disaggregated
to match the expert map resolution using disagRast function
in the supplemental materials. To compare two maps, two
metrics are calculated using the confusion matrix between
the two: Match and Balanced Match.

The Match metric is a simple comparison between the
two maps. The Match metric corresponding to the propor-
tion of cells identically labelled is calculated as follows:

Match = N+
N+ + N−

(9)

Where N+ is the total number of cells where typologies
match between the two maps, and N− is the total num-
ber of cells that do not match. The matchRast function is
proposed for the calculation of this metric. However such
comparison might hide prediction problems on some small
surface typologies, totally dominated by high surface cov-
erage of some typologies. To take account of such fact, the
Balance Match is a sort of ponderatedMatch removing the
surface dominant effect that some typologies might have on
others. A second metric denoted Balanced Match (BM)
inspired by the BA defined in Eq. 8 and using the confu-
sion matrix between a predicted map and the expert map is
also calculated. Note that after disaggregating a predicted
map, some cells centers around the study site borders may
be located outside. These border effects are handled by pro-
portioning BA to the proportion of cells L labelled after the
disaggregation of a predicted map. BM is calculated as fol-
lows:

BM = L ·
∑K

k=1 Recallk
K

(10)

The balmatchRast function provided in the supplemental
materials is used for the BM calculation.

Results

Effect of ground truth samplingmethodologies
on typologies sampled

Ourfirstmethodological assessmentwas to evaluate the num-
ber of missed typologies on the expert map depending on
ground truth sampling techniques. Unsurprisingly, the more
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data points sampled, the greater the chance of sampling all
typologies present in the study site, regardless of the sampling
method and the resolution of the DBM (Fig. 3).Whatever the
sampling method and the DBM resolution, small sample size
(50 and 100 data points) do not allow to sample all typolo-
gies. For these sample sizes, between 1 and 4 typologies are
never sampled. It can also be noticed that for 500 data points
sampled and more, all typologies are sampled no matter the
sampling method and the resolution of the DBM.

Assessment of model performance based on input
data

The Balanced Accuracy criteria helps assessingmodel per-
formance. The larger the sample size, the more precise these
measures (ie. smaller standard errors; Fig. 4). For small sam-
ple sizes (50 and 100 data points), sampling methods give
comparable results or even slighty better results for SCS-
KMEANS than others sampling methods. In constrast, from
200 points upwards, complexity-dependent sampling tends
to give better results than SCS-CLARA and SCS-KMEANS
which give comparable results. This result is confirmed as the
sample size increases, with a widening gap among sampling

methodology means and decreasing standard errors (see
Fig. S3 and Table S3 for further details).

Assessment of selected terrain attributes

A set of features is selected during the feature selection step
of the modeling process and general outputs are summa-
rized. Only results for 100, 200, 500 data points sample sizes
generated at 100 m DBM resolution using SCS-CLARA
method and CDS method are shown her because they are
representative of all results (Fig. 5). Geographic coordinates
(Lati tude and Longitude) and Depth are almost always
selected regardless the DBM resolution and the sampling
method. Terrain variability attributes groups (Roughness,
V RM and T RI ) that are selected a little more than half of
the time.

Evaluation of the quality of producedmaps

The Match criteria evaluates the consistency of predictions
according to the expert map. As previously seen with the
Balanced Accuracy standard errors values, Match errors
are non negligible for small sample sizes and decrease when
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Fig. 3 Boxplot representing the Number of missing typologies
metric (y-axis) for different sample size (x-axis), different sampling
methods (CDS, SCS-CLARAand SCS-KMEANS) and different bathy-

metric model resolutions (5 m, 25 m, 50 m, 100 m, 500 m). Each
sampling conditions were replicated 30 times and represented as default
R boxplot settings

123

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Earth Science Informatics

0.40

0.50

0.60

0.70

0.80

5m 25m 50m 100m500m

CDS
SCS−CLARA
SCS−KMEANS

Sample Size: 50

0.40

0.50

0.60

0.70

0.80

5m 25m 50m 100m500m

Sample Size: 100

0.40

0.50

0.60

0.70

0.80

5m 25m 50m 100m500m

Sample Size: 200

0.40

0.50

0.60

0.70

0.80

5m 25m 50m 100m500m

Sample Size: 500

0.40

0.50

0.60

0.70

0.80

5m 25m 50m 100m500m

Sample Size: 700

0.40

0.50

0.60

0.70

0.80

5m 25m 50m 100m500m

Sample Size: 1000

Fig. 4 Mean (+/- standard error) over 30 draws of the Balanced Accuracy metric (y-axis) at different DBM resolutions (x-axis) for different
sample size and different sampling methods (CDS, SCS-CLARA and SCS-KMEANS)

DBM resolutions increase (Fig. 6; Fig. S3 and Table S4 for
further details). In addition, lowerMatch values are recorded
at 5 m and 500mDBM resolutions and higher Match values
were seen for intermediate DBM resolutions (25 m, 50 m,
100 m) regardless the sample size.

When the sample size and the DBM resolution increase,
Balanced Match values becomemore accurate as shown by
a decrease of standard errors (Fig. 7; Fig. S3 and Table S5 for
further details). CDS method gives better results than others
spatial coverage sampling methods for any sample size and
anyDBMresolution. SCS-CLARAand SCS-KMEANSgive
comparable results according this criteria. Comparing results
among DBM resolutions, best results are achieved with 50
m and 100 m DBM resolutions.

In Fig. 8 two maps generated with data points sampled
using CDSmethodology are restituted: (A) 50 m DBM reso-
lution using 1000 data points and (B) 100 mDBM resolution
using 200 data points. All typologies are sampled and pre-
dicted in both cases. Results show that performance criteria
measured are better for the (A’) case than the (B’) case (see
(C)). Indeed, some small surface typologies like Drowned
subtidal reef flat and inner slope are better predicted and pre-
dictions errors on typologies transition areas less important
for (A) than for (B).

Discussion

This methodology enabled us to sucessfully reconstruct an
expert geomorphologicalmap.According to the Number of
missing typologies metric, 200 data points are enough
to sample almost all the typologies. These locations can
be choosen using CDS which performs slightly better than
spatial coverage sampling methods (SCS-KMEANS and
SCS-CLARA). Results between the different DBM resolu-
tions are comparable for small sample sizes considering the
Balanced Accuracy metric. But, for 200 data points and
more, 100mDBM resolution gives clearly better results than
others resolutions. The Match metric supports this finding
where 50 m and 100 m DBM resolutions gives much better
results than others DBM resolutions whatever the number
of data points. Considering the Balanced Match criteria
which was introduced to contrast the Match criteria taking
into account typologies surface imbalances, 50mDBM reso-
lution gives a slight better performance than the 100 mDBM
resolution, but considering the sampling effort, it would be
preferable to use the 100mDBM. Indeed,while the sampling
effort is multiplied by 5 from (B) to (A), the performance
recorded is just a little bit better. We have also seen that the
precision of the maps produced is sensitive to the resolution
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Fig. 5 Ordered occurence over 30 draws of the selected terrain
attributes by the RFE algorithm. Here an example with 100, 200, 500
data points sample sizes (from left to right) generated at 100 m DBM

resolution using SCS-CLARAmethod (top) andCDSmethod (bottom).
The average number of attributes selected is noted above each graph (cf.
Terrain attribute section for their definition)

of the DBM, the number and locations of the ground truth
selection. Thus, reproductible methodologies with associ-
ated codes to evaluate their qualities are proposed. In this
section, choices on data sampling to generate such maps
are discussed. Then strong and weak points of the modeling
approach and alternative to enhance suchwork are addressed.

Optimal data acquisition parameters

Creation of a submarine geomorphological map appears,
among other consideration, to be constrained between quan-
tity and quality of initial data and cost to acquire and process
them. In the present work two kind of data fall in such
compromise: the bathymetric data and the ground truth data
points.

For the bathymetric data acquisition, high resolution
data require advanced technologies, longer survey durations,
important storage and sophisticated tools for manipulation
which all contribute to higher costs. The results of this study
show that a lower DBM resolution do not necessarily lead
to the best geomorphological map. The 100 m DBM res-
olution considered in this study appears to strike a good

balance between detailed geomorphological maps obtained
(Figs. 4, 6, and 7) with low DBM resolutions (5 and 25
m) and large scale geomorphological maps considering (500
m DBM resolution). Indeed, maps at 5 m, 25 m and 50
m DBM resolutions provide a reasonably detailed view of
the seafloor and allow the identification of important fea-
tures but contain a significant amount of noise or small-scale
variability that may not be relevant in constructing a geomor-
phological map. On the other hand, maps of 500m resolution
provide very generalized view of the seafloor representing a
significantly coarser scale focusing on major landforms and
regional-scale geomorphological patterns butmissing impor-
tant features requiered to build such maps (eg. reef patches,
pass or canyons ...). The100mresolutionwas also considered
suitable in previous studies for various applications, such as
regional planning, environmental assessments, and natural
hazard evaluations (Curie et al 2007; Dong et al. 2019).

Ground truth data acquisition is often acquired by spe-
cialists through scubadiving or snorkling (shallow) or using
submarine, ROV or drop camera systems allowing to view
and characterise seafloor typologies on specific location. In
that respect, the number of location is directly correlated to
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Fig. 6 Mean (+/- standard error) over 30 draws of the Match metric (y-axis) at different DBM resolutions (x-axis) for different sample size and
different sampling methods (CDS, SCS-CLARA and SCS-KMEANS)

cost of data gathering and therefore need to be balanced.
Furthermore, if the number of data point is directly linked
to survey cost, the location of sampling on an heteroge-
neous seafloor structure could be related to data quality (ie.
enhanced typology sampling diversity above oversampling
of common typologies). To test such compromises, effects
number of data points and methodologies to locate them
(SCS vs CDS approach) on overall map quality production
are studied. The choice between homogeneous distribution
vs seafloor complexity dependent approach came from the
fact that various typologies might agglomerate around loca-
tion of complex structures (e.g. barrier reef, patch reef, ...).
Figure 2 illustrates this point and show that CDS method
amplify sampling in area of important typologies diversity.
This explains why Number of missing typologies crite-
ria results obtained with CDS are better than homogeneous
sampling methods (Fig. 3). However, such approach has
the inconvenient that a bathymetric dataset is required prior
planning ground truth sampling campaign. Another point of
attention is that attributes used as covariates for CDS algo-
rithms should be carefully selected. This study according to
the context of used data (coral reef habitats) focuses on met-
rics promoted in literature (Adey 1966; Adey and Macintyre
1973; Battistini 1975; Minnery et al. 1985) and on empirical

results from this work in the supplemental materials with
a supervised classification of geomorphologic typologies
based on the terrain attributes presented in Table 1. Seafloor
depth and roughness were retained as the most relevant.

Evaluating effect of bathymetric data points density and
number and location of ground truth points was done by
comparing produced map to an existing expert manually
made map. The Match criteria were introduced to see how
realistic are predictions, regardless the number of sampled
typologies. Thus the large geomorphologic units like lagoons
(deep, intermediate and shallow), subtidal and deep subti-
dal reef flats are generally better predicted than the small
surface typologies like Pass, Inner slope, Outer slope and
Drowned subtidal reef flat typologies. Indeed, such typolo-
gies are under-represented in the study area and represent
together no more than 10% of the surface. Even evaluating
the predictability of such typologies was difficult using the
Match metric, hence the use of Balanced Match metric
pondering typologies by their surface. Using both these met-
rics, optimal map construction was obtained for 200 ground
truth data points obtained using CDS methodology and 100
m DBM resolution (Fig. 8).

However, some limitation of the methodology used is
to be noted. SCS-CLARA and CDS sampling methods are
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Fig. 7 Mean (+/- standard error) over 30 draws of the Balanced Match metric (y-axis) at different DBM resolutions (x-axis) for different sample
size and different sampling methods (CDS, SCS-CLARA and SCS-KMEANS)

particularly useful for high dimensional data. The CLARA
clustering algorithmcan be used on largeDBMgrid cells data
to generate ground truth locations. However, SCS-KMEANS
although suitable for spatial coverage sampling, lead to com-
putational deadlock for high DBM resolutions. Furthermore,
it can not be used when there is missing data areas in the
studied surface. Bathymetric imputation of poorly sampled
zones was done using ordinary kriging method that per-
formedmuch better than others spatial interpolationmethods
(cf. Table S1, an example on the supplemental materials).

Modeling choices

Traditional approaches to build geomorphologic maps are
often time-consuming, labor-intensive and has a limited
coverage and scale. Remote Sensing techniques although
allowing wide coverage and high-resolution, require exper-
tise in image interpretation (Gao 2009; Gilvear and Bryant
2016). GIS approaches allow for the integration and analysis
of diverse data types support data visualization and complex
spatial analysis. But they also require specialized software
and expertise (Guzzetti et al. 1999; Napieralski and Li
2007). In addition, interpretation and analysis heavily rely on

data quality. Besides these techniques, semi-automated and
automated approaches through machine learning and deep
learning are increasingly used to identify complex patterns
and features for landform classification, feature detection, or
segmentation. Deep learning models require large amounts
of labeled training data (e.g., images, point clouds) to effec-
tively learn complex patterns and relationships. Training such
models involves adjusting millions of parameters through
backpropagation and optimization algorithms (e.g., stochas-
tic gradient descent) and their tuning involves finding the
right network architecture and hyperparameters. They are
often considered black boxes due to their complex archi-
tectures, making it challenging to interpret the features that
influence predictions (Li et al. 2020). The statistical learning
approach used in this study can handle large volumes of data,
automate analysis processes and discover complex patterns
and relationships in the data. Interpretability of used models
may also be a challenge but less than deep learning ones. In
addition, it can work effectively with smaller datasets which
was crucial in our objectives.

RF model for geomorphologic units clustering is chosen
because RF exhibits complex and non-linear relationships
between the features and the dependent variable but also on
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Fig. 8 A Predicted map with a 50 m DBM and 1000 sampled locations using CDS methodology. B Predicted map with a 100 m DBM and 200
sampled locations using CDS methodology. Corresponding match / mismatch maps (A’ and B’) in comparison to the expert one. C Performance
criteria measured

features among themselves, handling effectively these rela-
tionships by using an ensemble of decision trees. It also
provide valuable information as feature importance mea-
sure helping identify the most informative feature which
made it preferable to others clustering techniques in many
cases. RF was used for supervised classification problems
in many recent studies, compared different algorithms has
shown effectiveness of RF based algorithms (Zeraatpisheh
et al. 2017; Giaccone et al. 2022). It has shown its robust-
ness specifically when data contain uncertainties and handles
high-dimensional data efficiently avoiding overfitting and
reducing computational complexity.

The variable selection step in the modeling procedure is
crucial in the proposedmethodology. Terrain attributes calcu-
lation is not specifically time-consuming but the relevance of
each of them depends on the data and the geomorphological
features that are mapped. This study demonstrated that the
terrain attributes, although literature based choosen intially,
have not all, a great explanatory power on geomorphologic
feature. For each generated sample, the number of features
selected is also counted and 6 terrain attributes are generally
retained.

Conclusion

A statistical learning based approach is proposed to auto-
matically map the geomorphology of a study site using
bathymetric data and some ground truth data points. On
the one hand, tools to help geomorphologists to plan field
campaigns in advance through an optimal DBM resolution
and an automated sampling methodology to achieve field
verifications are provided. On the other hand, a flexibility
in the proposed methodology allowing the usage of terrain
attributes as much as desired since the feature selection will
help to keep only the most relevant ones is preferred. In
addition, statistical and computational tools to compare geo-
morphological maps produced at different resolutions are
provided. The methodology reproducibility is made possi-
ble by a set of reusable R scripts.

In the future, an application of themethodology using oth-
ers data available in others sites is planned. An investigation
on others sampling methodology for e.g. which would take
into account the presence of non sampling sites inside a study
area is also being considered.

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.1007/s12145-024-01347-
x.
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ABSTRACT
The probability of ruin of an insurance company is one of the main
risk measures considered in risk theory, and the problems of its
calculation and approximation have attracted much attention. Sta-
tistical estimations have been developed on the ruin probability in
infinite time for insurance loses fromheavy-taileddistributions. How-
ever, these estimation suffer heavily from under-coverage or have
a robustness problem. We therefore need another method for esti-
mating the probability of ruin in infinite time for heavy-tailed losses.
In this paper, we introduce a robust estimator of the infinite-time
probability of ruin for such distributions. Our methodology is based
on extreme value theory, which offers adequate statistical results for
such distributions. Our approach is based on a sensitive distribution
known as the t-Hill estimator (t-score or score moment estimation)
for the index of any tail distribution and introduced in Fabiáan and
Stehlík. We establish their asymptotic normality, and through a sim-
ulation study, illustrate their behaviour in terms of absolute bias and
mean squared error. The simulation results show that our estimators
perform well and that they are fairly robust to outliers.
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1. Introduction

The effect of insurance operations is the total or partial transfer of the financial conse-
quences of the risk incurred by the insured to an insurance company. The expenses covered
by the companymay correspond either to indemnities to be paid to third parties in respect
of the insured’s liability (civil, professional or other), or to compensation for damage suf-
fered by the insured. Butwhat happens to these insurance companieswhen they themselves
are exposed to risk? One approach to this problem is based on the use of ruin theory
(see, e.g., [1]).

In the field of insurance, risk is defined as the probability that an insurance company’s
reserve, i.e., the difference between the premium amount and the insurance amount, will
be reduced of an insurance company, which is the difference between the total premiums
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received and the total amount of claims paid, becomes negative at some point. At that
point, ruin is said to occur, due to a miscalculation of the policyholders’ contribution rate,
or claims that are too large to cover. Indeed, the probability of such an event is seen as
a means of controlling risk behaviour. It is also a useful way of controlling the insurer’s
funds in long-term planning. Let’s recall the definition of a standard mathematical model
for insurance risk (see, for example, [2], p. 345).

The insurance company’s initial capital is denoted u. The number of claims over the
period (0, t], denoted Mt , is described by a Poisson process with a fixed intensity (rate)
λ > 0. We also define a sequence of non-negative random variables {Xj}∞j=1 independent
and identically distributed (i.i.d.) with a loss distribution function (df) F1(x) := P(Xj ≤ x)
representing loss severity, with unknown finite mean μ1 := E(X1) = ∫∞

0 (1 − F1(x)) dx.
The finiteness of themean of the losesXj, j = 1, . . . , n ensures that its corresponding excess
of losses Xi − u, Xj > u, j = 1; · · · , n has also a finite mean. In addition, reinsurance com-
panies have to calculate premiums to cover these excess claims, which are generally very
high and lead to infinite second moments of the loss variables

The known of this mean value has been of great interest to insurance companies, since
it is one of the most commonly used premium calculation principles, known as the net
premium, and corresponds to the expected amount of claims for a given insurance period.

Let’s then assume that Xj’s are independent of Mt and that the insurer collects a pre-
mium at a constant rate c per unit time and that the net profit condition is met, i.e.,
c/λ > μ1. The classical risk process {Rt}t>0 is given by:

Rt := u + ct −
Mt∑

j=1
Xj, t > 0.

The corresponding claim surplus process is defined by

St := u − Rt = ct −
Mt∑

j=1
Xj, t > 0.

First of all, we’re interested in the probability that St exceeds an initial reserve u at a time t
before or at a horizon T. Explicitly, this probability can be written as follows:

ψT (u) := P

{
sup

0<t≤T
St > u

}
.

The ruin probability in infinite time is defined by,

φ (u) := lim
T→∞ψT (u) . (1)

In the actuarial field, the costs of large claims require the modelling of rare events, i.e.,
events with a low probability of occurrence, but with large claims amounts and disas-
trous effects. The analysis of these extreme events can be carried out using the extreme
valuemethodology, whose distribution functions F1 are heavy-tailed andmainly character-
ized by their index, which indicates the size and frequency of certain extreme phenomena
within a given probability distribution (see for example [3]).
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The heavy-tailed nature of claims requires particular attention to the analysis of tail
distributions. Extreme value theory (EVT) therefore offers suitable statistical tools for
modelling these distribution tails, see for example [3–9], among many others.

The concern of reinsurance companies is to be interested in premium calculations to
cover these excess losses, which are generally very high values. The extreme value theory
has become one of the leading theories in the development of statistical models for such
reinsurance losses.

Now, suppose that F1 is heavy-tailed, that is:

lim
x→∞ exp (δx) (1 − F1) = ∞, for all δ > 0. (2)

The class of regularly varying functions provides good examples of heavy-tailed models.
We can cite the following models: Pareto, Burr, Student, Lévy-stable and log-gamma (see,
for example, [10]). In the remainder of this paper, we restrict ourselves to this class of dis-
tributions. In other words, we assume that the survival function 1 − F1 is regularly varying
at infinity with index −1/γ < 0, that

lim
z→∞

1 − F1 (xz)
1 − F1 (z)

= x−1/γ , for any x > 0. (3)

The parameter γ is the tail index and governs tail behaviour, with higher values indicating
heavier tails. For more details on these models, we can refer to [9,11,12]. It has been shown
that for large initial reserve u, the ruin probability φ(u) can be approximated, under the
assumption, by:

φ (u) ∼
( c
λ

− μ1

)−1
∫ ∞

u
(1 − F1 (x)) dx, (4)

(see, e.g., [13]). A change of variables yields to
∫∞
u (1 − F1(x)) dx = ∫∞

0 (1 − F1(z + u))dz.
Now, let F2 be the distribution function of the stop-loss variables Yi := max(Xj − u)+ =
max(Xj − u, 0), j = 1; · · · , n, we have F2(z) = F1(z + u), for z>0 and F2(z) = 0, other-
wise. Since the mean of loss variable Y1 is given by μ2 := E(Y1) = ∫∞

0 (1 − F2(z))dz and
is finite under the finiteness ofμ1, then denoted byω := c/λ, the approximation in (4) can
be rewritten as:

φ (u) ∼
μ2

ω − μ1
. (5)

Also, for a fixed initial reserve u and for all z>0 and for any x>0:

1 − F2 (xz)
1 − F2 (z)

= 1 − F1 (xz + u)
1 − F1 (z + u)

. (6)

Since the function z �→ z + u is regularly varying at infinity with index β = 1, and by
remarking that z + u → ∞, as t → ∞, then under the assumption (3), we have from the
properties of regularly wearying functions in the 2nd assertion of Proposition B.1.9, p. 366
in [14], 1 − F(· + u) is regularly varying at infinity with index −β/γ = −1/γ and

lim
z→∞

1 − F2 (xz)
1 − F2 (z)

= lim
z→∞

1 − F1 (xz + u)
1 − F1 (z + u)

= x−1/γ for any x > 0. (7)

This means that the survival function 1 − F2 of the stop loss variable Y is regularly varying
at infinity with index −1/γ , as 1 − F1 is.
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Now, let Qi, i ∈ {1, 2} be the generalized inverse functions (or quantile functions)
related to df Fi, i ∈ {1, 2} and defined as follows for all s ∈ (0, 1]:

Qi (s) := inf {x > 0 : Fi (x) ≥ s} .
From Corollary 1.2.10 (p. 23) in [14], we have for any x>0

lim
s↓0

Qi (1 − sx)
Qi (1 − s)

= x−γ , i ∈ {1, 2} . (8)

By a change of variable, the expected values μi = ∫∞
0 (1 − Fi(x)) dx, i ∈ {1, 2} can be

approximated in terms of quantile function Qi as follows: μi = ∫ 10 Qi(s) ds, i ∈ {1, 2}.
Thus, the probability of ruin in infinite time is equal to:

φ (u) ∼
∫ 1
0 Q2(s) ds

ω − ∫ 10 Q1(s) ds
. (9)

Next, we note that:

• When γ > 1, the first momentsμ1 = ∫ 10 Q1(s) ds andμ2 = ∫ 10 Q2(s) ds of loses are not
defined. Thus, their associated ruin probability φ(u) is also not defined and it is not
possible to do its statistical estimation.

• When 0 < γ ≤ 1/2 (the lower half of the unit interval), then E[X2+ε
1 ] < ∞ and

E[Y2+ε
1 ] < ∞ for some ε > 0, and so a nonparametric estimator for the ruin probabil-

ity φ(u) can be obtain by the ratio of two empirical means and from [15], this estimator
is asymptotically normal.

• When 1/2 < γ < 1 (the upper half of the unit interval), then the second moment is
infinite, and so the asymptotic normality of the nonparametric estimator of φ(u). is
violated.

The last situation motivate the need of a specific estimator of the ruin probability for
heavy-tailed loss distributions with infinite second moments, that is with index in he
upper half of the unit interval (1/2 < γ < 1). The class of heavy-tailed distributions (the
so-called Pareto-type distributions) includes distributions such as Pareto, Burr, Student,
Lévy-stable, and log-gamma which are known to be appropriate models in Extreme Value
Theory for fitting large insurance claims, large fluctuations of prices, log-returns, (see,
e.g., [4,5,9,16,17]).

Statistical estimation has been developed by Rassoul [18] on the ruin probability in infi-
nite time for insurance loses from heavy-tailed distributions with index in the upper half of
the unit interval. In its framework, the author used a classical extreme value index estimator
introduced by Hill [19].

Unfortunately, the Hill’s estimator suffers heavily of robustness particularly when losses
are contaminated by large variations in the arrival of claims and large values. This makes
that estimator of the ruin probability at infinite time sensitive and constitutes a serious
problem. The same problem has been observed by Brahim and Kenioua [20] and Bouali
et al. [21], who have been introduced Robust estimators of actuarial risk measures for
heavy-tailed loses.
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In their frameworks, these authors have been solved the aforementioned problem of the
classical Hill estimator, by substituting it in the estimation of risk premiums with a robust
estimator (the so-called t-Hill estimator) of the extreme value index introduced in [22].
Also, Jordanova et al. [23] noted that the t-Hill estimator is better than the Hill estimator
in case when the expectation does not exist, and consider not only the case of independent
identically distributed observations, but also the case when the data come from moving
average time series.

In this work, we introduce a robust estimator of the infinite-time probability of ruin for
heavy-tailed distributions with infinite second moments. Our consideration is based on a
sensitive distribution known as the t-Hill estimator (t-score or score moment estimation)
for the extreme value index, which solve the robustness of the estimator proposed in [18].

The rest of the paper is organized as follows. In Section 2, we present some preliminaries
on classical estimators of the probability of ruinφ(u). As these estimates suffer greatly from
under-coverage or have a robustness problem, especially when losses are contaminated by
large variations in the arrival of claims, we introduce, in Subsection 3.1, a robust infinite-
time estimator of the probability of ruin for heavy-tailed insured losses. Using extreme
value methodology, we establish its asymptotic distribution in Subsection 3.2. In Subsec-
tion 4.1, we perform a simulation study to illustrate the behaviour of our robust estimator
compared to the classical estimator in terms of absolute bias and mean squared error. In
Subsection 4.2, we present a contamination study in which the robustness of the estimator
is evaluated. All proofs are reported in Section 5.

2. Estimating the ruin probability φ(u)

First, we set a large initial reserve u. Let (X1, . . . ,Xn) and (Y1, . . . ,Yn) be two independent
samples of risks X and Y respectively. The non-parametric estimators of the distribution
functions F1 and F2 are respectively defined as follows F1,n(x) = n−1∑n

j=1 I{Xj≤x} and
F2,n(y) = n−1∑n

j=1 I{Yj≤y}. Thus, their corresponding empirical quantile functions are
expressed byQi,n(s) = inf{x; Fi,n(x) ≥ s}, i ∈ {1, 2}where IS is the indicator function of the
set S. Let’s denote by X1,n ≤ . . . ≤ Xn,n and Y1,n ≤ . . . ≤ Yn,n the order statistics associ-
ated respectively with the samples (X1, . . . ,Xn) and (Y1, . . . ,Yn). Therefore,Q1,n(t) = Xj,n
and Q2,n(t) = Yj,n for all t ∈ ((j − 1)/n, j/n], and for all j = 1, . . . , n.

To this end, a natural candidate for the empirical estimator ofφ(u) is obtained by replac-
ing in (9) the real quantiles Q1(·) and Q2(·) by their respective sample quantiles Q1,n(·)
and Q2,n(·). The ‘traditional’ non-parametric estimator of the probability of ruin, can be
approximated as follows:

φn (u) ∼
Y

ω − X
. (10)

where X := 1
n
∑n

j=1 Xj and Y := 1
n
∑n

j=1 Yj are the sample estimators the mean of μ1 and
μ2 respectively.

Note that for γ ≥ 1, the theorical mean of X (respectively Y) does not exist. Conse-
quently, we will focus exclusively on distributions whose tail indices lie in the unit interval
0 < γ < 1.
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Next, the random variable
√
n(φn(u)− φ(u)) is asymptotically equivalent to :

1(
ω − X

)
(ω − μ1)

√
n
((
Y − μ1

)
(ω − μ1)+ (X − μ1

)
μ2
)
.

According to the law of large numbers (LLN), the random variable (ω − X) converges
in probability to (ω − μ1). Using asymptotic theory for L-statistics (e.g., Shorack and
Wellner [24]), and the underlying distributions with a with a sufficient number of finite
moments, we obtain from [15] the following asymptotic normality result:

√
n
(
φn (u)− φ (u)

) D→ N
(
0, σ 2

φ

)
, as n → ∞, (11)

where

σ 2
φ = 1

(ω − μ1)
4
(
(ω − μ1)

2 σ 2
2 + μ2

2σ
2
1 + μ2(ω − μ1) σ1,2

)
< ∞,

with σ 2
1 and σ 2

2 represent respectively the variances of X and Y and

σ1,2 =
∫ 1

0

∫ 1

0
(min(s, t)− st) dQ1(1 − s) dQ2(1 − t).

Note that in the case where the tail index γ is in the lower half of the unit interval, i.e.,
0 < γ < 1

2 , the second-order moments for the two random variables X and Y are finite.
Consequently, the asymptotic normality of φn(u) in (11) holds. This result is not respected
when the loss distribution is heavy-tailed with an index γ located in the upper half of the
unit interval, i.e., 1/2 < γ < 1, since the asymptotic variance σ 2

φ is infinite, which is due in
this case to the inevitability of the second-order moments of the loss X. In this case, φ(u)
must be estimated using another approach that would guarantee asymptotic normality.

To remedy this situation, Rassoul [18] used extreme value theory taking into account
Hill’s estimator [19] estimator of the tail index γ and introduced a semi-parametric esti-
mator for the probability of ruin φ(u) for heavy-tailed losses with infinite second-order
moments.

The estimation of γ has been extensively studied in the literature, and γ is a positive-tail
index. Hill’s estimator is the most popular estimator of the positive-tail index γ in extreme
value theory, and is defined as follows:

γ̂1,n,k := k−1
k∑

j=1
j
(
logXn−j+1,n − logXn−j,n

)
,

for an intermediate sequence k = k(n), i.e., are sequences such that k → ∞ and k/n → 0,
as n → ∞. On the other hand, the Hill estimator associated with the stop loss sample
(Y1, . . . ,Yn) is given as follows:

γ̂2,n,� := �−1
�∑

j=1
j
(
logYn−j+1,n − logYn−j,n

)
,

where � = �(n) is another intermediate sequences satisfying � → ∞ and �/n → 0, as n →
∞. In extreme value theory, Hill’s estimator has been extensively studied, improved and
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even generalized to any real parameter γ (see e.g., [16,25,26]). Its weak consistency was
established under the condition of regular variation by Mason [27] assuming only that the
underlying distribution varies regularly at infinity. Deheuvels et al. [28] proved the strong
consistency of Hill’s estimator.

However, the asymptotic normality of Hill’s estimator has been studied, under various
conditions relating to the tail of the distribution, bymany researchers, including [25,29,30].

Since the intermediate sequences k and � are such that k → ∞ and � → ∞, k/n → 0
and �/n → 0, as n → ∞; one can decompose respectively themeansμ1 andμ2 as follows:

μ1 =
∫ 1

0
Q1 (s) ds =

∫ 1−k/n

0
Q1 (s) ds +

∫ 1

1−k/n
Q1 (s) ds (12)

and

μ2 =
∫ 1

0
Q2 (s) ds =

∫ 1−�/n

0
Q2 (s) ds +

∫ 1

1−�/n
Q2 (s) ds. (13)

Let us define respectively the following estimators for Q1(s) and Q2(s), s ∈ [0, 1):

Q̂1,n,k(s) =
{
Q1,n(s) for 0 ≤ s ≤ 1 − k/n,
QW
1,n,k(s) for 1 − k/n < s < 1,

and

Q̂2,n,�(s) =
{
Q2,n(s) for 0 ≤ s ≤ 1 − �/n,
QW
2,n,�(s) for 1 − �/n < s < 1,

where Q1,n(·) and Q2,n(·) are respectively the empirical quantile estimators of Q1(·)
and Q2(·) and defined by Q1,n(s) = Xj,n and Q2,n(s) = Yj,n for all s ∈ ((j − 1)/n, j/n],
and for all j = 1, . . . , n, QW

1,n,k(s) = ((1 − s)n/k)−γ̂
H
1,n,kXn−k,n and QW

2,n,�(s) = ((1 −
s)n/�)−γ̂

H
1,n,�Yn−�,n are respectively the Weissman’s estimators [31] of high quantiles Q1(s)

and Q2(s) for s → 1.
By replacing in (12), Q1(s) (resp. in (13), Q2(s)) by Q̂1,n,k(s) (resp. by Q̂2,n,�(s)) and by

integrating we arrive respectively at the following alternative estimators for the means m1
and μ2 when losses are heavy tailed with tail index γ in the upper half of unit interval
(1/2 < γ < 1):

μ̂1,n,k = n−1
n−k∑

j=1
Xj,n + k

n
Xn−k,n

(1 − γ̂1,n,k)
,

and

μ̂2,n,� = n−1
n−�∑

j=1
Yj,n + �

n
Yn−�,n

(1 − γ̂2,n,�)
.

These estimators of means were first studied by Peng [32] and also generalized in [4–6,8]
to assess financial and actuarial risk measures.
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As in (10), substituting μ̂1,n and μ̂2,n with μ1 and μ2, respectively, on the right-hand
side of the Equation (5), Rassoul [18] introduced the following alternative estimator for
the ruin probability φ(u):

φ̃n,k,� (u) ∼ μ̂2,n,�

ω − μ̂1,n,k
for 1/2 < γ < 1. (14)

Rassoul [18] established the asymptotic normality of the estimator φ̃n,k,�(u) under certain
restrictive assumptions. Finally, an asymptotic normal of φ(u), for 0 < γ < 1 takes the
following form:

φ̂n(u) :=
{
φn(u), for 0 < γ ≤ 1/2,
φ̃n,k,� (u) , for 1/2 < γ < 1.

Note that the alternative ruin probability estimator φ̃n,k,�(u) is associated to the the Hill
estimators γ̂1,n,� and γ̂2,n,�.

It is well known that these Hill estimators are both pseudo-maximum likelihood esti-
mators based on the exponential approximation of normalized log-spacings, i.e., V1,j :=
j(logXn−j+1,n − logXn−j,n), for j = 1, . . . , k and V2,j := j(logYn−j+1,n − logYn−j,n), for
j = 1, . . . , �, see, e.g., [16,33]. Clearly, these Hill estimators depend respectively on the
choice of sample fractions k, � and their influence functions are slowly increasing but not
bounded. Consequently, these estimators are not very robust to large values of V•,j, which
makes the estimator of the probability of ruin φ̃n,k,�(u) sensitive. This constitutes a seri-
ous problem in terms of bias and mean square error (MSE). To overcome this problem, we
introduce in the next section a robust estimator of the probability of ruin φ(u) for heavy-
tailed distributions whose index lies in the upper half of the unit interval, and establish its
asymptotic properties.

3. Robust estimator andmain results

3.1. Robust estimator for the ruin probability φ(u)

To solve the aforementioned problem of the classical Hill’s estimator, Fabián and
Stehlík [22] proposed a sensible distribution known as the t-Hill estimator (t-score or score
moment estimate) for the tail index of any distribution that varies the tail regularly. In
addition, Jordanova and Pancheva [34] discovered the limiting distribution of the t-Hill
estimator in the casewhere the rank S = k, � of the higher-order statistic is o(n) and proved
its asymptotic normality.

This estimator of the score moment has been studied in [35,36]. According to these
authors, this estimator is more robust than the classic Hill estimator. Recently, several stud-
ies on t-Hill have been published, see [37,38]. In order to improve the quality of the averages
μ1 andμ2 given respectively in (12) and (13), which allows us to improve the quality of the
infinite-time ruin probability for a heavy-tailed distribution, instead of implementing the
Hill’s estimator, we propose to estimate the tail index γ by the so-called t-score moment
procedure, in order to obtain a robust result.



STATISTICS 9

The formula of the t-Hill estimators of γ are given by:

γ̂ tH
1,n,k =:

⎛
⎝1
k

k∑

j=1

Xn−k,n

Xn−j+1,n

⎞
⎠

−1

− 1 (15)

and

γ̂ tH
2,n,� =:

⎛
⎝1
�

�∑

j=1

Yn−�,n
Yn−j+1,n

⎞
⎠

−1

− 1. (16)

For other robust estimators of the tail index γ , we may refer the reader to [39–42].
From a Pareto distribution and under mild conditions, Brahim and Kenioua [20]

showed in Proposition 1, page 877, that

√
k
(
γ̂ tH
i,n,m − γ

) d= γ (γ + 1)2
∫ 1

0
sγ−1Bn (s) ds + oP(1), i ∈ {1, 2} andm ∈ {k, �}

where Bn(s), 0 ≤ s ≤ 1. is a sequence of Brownian Bridges. This leads to the following
asymptotic normal distribution:

√
k
(
γ̂ tH
i,n,m − γ

) d→ N
(
0, σ 2

γ

)
,

where σ 2
γ = γ 2(γ + 1)2/(2γ + 1).

As already mentioned, the φ̂n,k,�(u) estimator given in (5) is not robust. To this end, we
provide a solution using the t-Hill estimator of γ to derive a robust estimator of the infinite-
time probability of ruin for heavy-tailed φ(u) distributions. We follow the same method
and steps as [18] to write this new estimator, but instead of the simple tail index estimators
γ̂ tH
1,n,k and γ̂

tH
2,n,� defining respectively in (15) and (16).andwe introduce the following robust

estimators of the ruin probability φ(u):

φ̂tHn,k,� (u) ∼ μ̂tH
2,n,�

ω − μ̂tH
1,n,k

, for 1/2 < γ < 1, (17)

where

μ̂tH
1,n,k := n−1

n−k∑

j=1
Xj,n + k

n
Xn−k,n

(1 − γ̂ tH
1,n,k)

and

μ̂tH
2,n,� := n−1

n−�∑

j=1
Yj,n + �

n
Yn−�,n

(1 − γ̂ tH
2,n,�)

.

In the next subsection, we establish the asymptotic properties of our proposed estimator
of the probability of ruin.
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3.2. Asymptotic results of the estimator φ̂tH
n,k,�(u)

As usual in the extreme value framework, to prove asymptotic normality results, we need
a second-order condition on the function Ui(x) = Qi(1 − 1/x), x > 1, i ∈ {1, 2}, such as
the following:

Condition (RUi). There exist a function Ai(x) −→ 0 as x −→ ∞ of constant sign for
large values of x and a second-order parameter ρi < 0 such that, for every x>0

lim
t→∞

logUi (tx)− logUi (t)− γ log (x)
Ai (t)

= xρi − 1
ρi

, i ∈ {1, 2} .

Note that condition (RUi) implies that |Ai| is regularly varying with index ρi (see,
e.g., [14,43]). It is satisfied formost of the classical distribution functions such as the Pareto,
Burr, and Fréchet ones.

Theorem 3.1: Assume that Fi satisfies (RUi) with γ ∈ (1/2, 1). Let k = k(n) and � = �(n)
be two intermediate sequences satisfying k → ∞, k/n → 0,

√
kA1(n/k) → 0, � → ∞,

�/n → 0,
√
�A2(n/�) → 0 and �/k → θ < ∞ as n → ∞. Then on an appropriate proba-

bility space, and under a Skorohod construction, there exist a sequence of Brownian bridges
Bn(s), 0 ≤ s ≤ 1, such that:

√
n
(
φ̂tHn,k,� (u)− φ (u)

)

(k/n)1/2 Xn−k,n
D = κ1

3∑

i=1
Wn,i + θ(1/2−γ ) κ2

3∑

i=1
Wn,i + oP(1), (18)

where
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Wn,1 = −
√
n
k

∫ 1− k
n

0

Bn (s)

Q1

(
1 − k

n

)dQ1 (s),

Wn,2 = − γ

(1 − γ )

√
n
k
Bn

(
1 − k

n

)
, Wn,3 = γ (γ + 1)2

(1 − γ )2

∫ 1

0
sγ−1Bn (s) ds,

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Wn,1 = −
√
n
�

∫ 1− �
n

0

Bn (s)
Q2
(
1 − �

n
)dQ2 (s),

Wn,2 = − γ

(1 − γ )

√
n
�
Bn

(
1 − �

n

)
,

Wn,3 = γ (γ + 1)2

(1 − γ )2

∫ 1

0
sγ−1Bn (s) ds,

with κ1 = μ2/(ω − μ1)
2, κ2 = (ω − μ1)

−1 and the construction of the sequence of Brow-
nian Bridges Bn(s), 0 ≤ s ≤ 1 is given in Section 5; statement (21).

Now, by computing the asymptotic variances of the different processes appearing in
Theorem 3.1, we deduce the following corollary:
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Corollary 3.1: Under the assumptions of Theorem 3.1, we have

√
n
(
φ̂tHn,k,� (u)− φ (u)

)

(k/n)1/2 Xn−k,n

D−→ N (
0, σ 2(γ , θ)

)

where

σ 2(γ , θ) = γ 2

(1 − γ )2(2γ − 1)

(
κ21 + κ22 θ

(1−2γ ) + 2 κ1κ2
)

+ γ 2(γ + 1)2

(2γ + 1)(1 − γ )4

(
κ1 + κ2 θ

(1/2−γ )
)2

.

Remark 3.1: In the case where k ∼ �, as n → ∞, we have θ ∼ 1, one can reduce asymp-
totic variance σ 2(γ , θ) to 4γ 5(κ1 + κ2)

2/(1 − γ )4(4γ 2 − 1).

From Corollary 3.1 3.1, the asymptotic variance σ 2(γ , θ)) of the ruin probability esti-
mator φ̂tHn,k,�(u) depends on unknown parameters γ and θ . To estimate this asymptotic
variance, we recommended to use a block bootstrappingmethod, which gives the standard
deviation and the (1 − α)× 100% confidence interval for the estimated value.

By repeating such bootstrapping procedure T times, one can obtain T bootstrapped
estimates for the ruin probability estimates. The sample standard deviation across the T
estimates gives an estimate of the standard deviation and the of the underlying ruin prob-
ability estimators at optimal points of sample fractions k, � ∈ {1, . . . n − 1}. The choice of
the sample fraction is a serious challenge. Note in this regard that the tail index estimators
have large variance when its associated sample fraction is small and large bias when it is
large.

To balance between the bias and variance of problem of tail index estimators, several
adaptive procedures have been proposed; in our simulations we use that of [9].

One can also estimate the asymptotic variance σ 2(γ , θ) by using its plug in estimator
σ 2(γ̂ , θ), where γ̂ is a consistent estimator of the tail index γ . But, this estimationmay take
on negative values when the tail index γ takes on values smaller than 1/2. This happens
quite often when the sample size n is not sufficiently large and the population tail-index γ
is only slightly larger than 1/2.

To overcome this problem, We recommend also the following procedure for estimat-
ing the asymptotic variance. As we shall show in the proof, the Brownian bridges. As we
shall show in the proof, the Brownian bridges in Theorem 1 stem from a Skorokhod-type
approximation of the uniform empirical process:

βn(t) = √
n
(
F1,n(Q1(t))− t

)
, t ∈ (0, 1]

where F1,n is the empirical component of F1,n.
Substituting the Brownian bridges Bn(. . . ) by the uniform empirical process en en on

the right-hand side of Equation (18), we get:

√
n
(
φ̂tHn,k,� (u)− φ (u)

)

(k/n)1/2Xn−k,n

D= 1√
n

n∑

j=1

(
κ1 hF1(Xj, γ )+ θ1/2−γ κ2 hF2(Yj, γ

)
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when n → ∞, with

hF1(Xj, γ ) = −
√
n
k

∫ 1− k
n

0

I
(
Xj ≥ Q1(s)

)− s

Q1

(
1 − k

n

) dQ1 (s)

− γ

(1 − γ )

√
n
k
(
I
(
Xj ≥ Q1(1 − k/n)

)− (1 − k/n)
)

+ γ (γ + 1)2

(1 − γ )2

∫ 1

0
sγ−1 (I

(
Xj ≥ Q1(s)

)− s
)
ds,

and

hF2(Yj, γ ) = −
√
n
�

∫ 1− �
n

0

I
(
Yj ≥ Q2(s)

)− s
Q2
(
1 − �

n
) dQ2 (s)

− γ

(1 − γ )

√
n
�

(
I
(
Yj ≥ Q2(1 − �/n)

)− (1 − �/n)
)

+ γ (γ + 1)2

(1 − γ )2

∫ 1

0
sγ−1 (I

(
Yj ≥ Q2(s)

)− s
)
ds,

where the estimated values values are given by hF1,n(Xj, γ̂ ) and hF2,n(Yj, γ̂ ) and are obtained
by substituting respectively Q1 and Q2 with their empirical components and γ with its
consistent estimator as the t-Hill one. So that, the corresponding non-negative estimator
of the variance σ 2(γ , θ) is given for θ ∼ �/k by:

σ̂ 2
n,k,� = 1

n

n∑

j=1

(
κ1 hF1,n(Xj, γ̂ )+ θ1/2−γ κ2 hF2,n(Yj, γ̂ )

)2 .

4. Simulation study

4.1. Performance and comparative study

In this simulation study, we examine the performance of the new estimator φ̂tHn,k,�(u)
given in (17) with the classical estimator φ̂n,k,�(u) proposed by Rassoul [18] and defined
in (5). Thus, we generate N = 1000 samples (X1, . . . ,Xn) with the sample size n =
1000, 1500, 2000 from aPareto distribution function defined as: F1(x) = 1 − x−1/γ , x ≥ 1
with extreme value indexγ ∈ {2/3, 3/4}. For a given initial large reserveu = 1.5, we derive
for each sample its corresponding excess of loss (Y1, . . . ,Yn), where Yj = max(Xj − u, 0).

The ruin probability estimators φ̂tHn,k,�(u) and φ̂n,k,�(u) are computed with the parameter
ω = c/λ = 18 (in order to ensure that μ2 < ω − μ1) and with respectively the tail index
estimators γ H

i,n,S and γ
tH

i,n,S, (i, S) ∈ {(1, k), (2, �)}, for different sample fractional numbers
of top order statistics k = 1, . . . , n − 1 and � = 1, . . . ,mn − 1, where mn is the number
of positive values of Yj �= 0, j = 1, . . . , n. Employing the algorithm of [9], Page 137, the
optimal values k∗ and �∗ of the number of top extremes of k and � to compute the ruin
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probability estimators are respectively values k∗ and �∗ defined as:

k∗ = argmin
k

1
k

k∑

j=1
jδ
∣∣∣γ̂ •

1,n,j − median
(
γ̂ •
1,n,1, . . . , γ̂

•
1,n,k
)∣∣∣ , 1 ≤ k ≤ n − 1, (19)

and

�∗ = argmin
�

1
�

�∑

j=1
jδ
∣∣∣γ̂ •

2,n,j − median
(
γ̂ •
2,n,1, . . . , γ̂

•
2,n,�
)∣∣∣ , 1 ≤ � ≤ mn − 1, (20)

where 0 ≤ δ < 1/2 and γ̂ •
1,n,k (respectively γ̂

•
2,n,�, is either theHill’s or the t-Hill’s estimator

of the tail index γ computedwith the sample (X1, . . . Xn), respectively with the excess sam-
ple (Y1, . . . ,Yn). By the way, choosing δ = 1/4, we compute the optimal values k∗ and �∗
as in (19) and (20) for each tail index estimator used in the computation of their associated
ruin probability estimators.

• Next, we compare the performance of the above-mentioned ruin probability estima-
tors by computing the absolute value of the mean as well as the mean square errors (MSE)
based on the N = 500 simulated samples, and defined as follows:

ABias
(
φ•
n,k∗,�∗(u)

)
:=
∣∣∣∣∣∣
1
N

N∑

j=1

φ
•,j
n,k∗,�∗(u)
φ(u)

− 1

∣∣∣∣∣∣

and

MSE
(
φ•
n,k∗,�∗(u)

)
:= 1

N

N∑

j=1

(
φ

•,j
n,k∗,�∗(u)
φ(u)

− 1

)2

,

where φ(u) is the true value of the ruin probability and φ•,j
n,k∗,�∗(u) is the jth value (j =

1, . . . ,N) of any ruin probability estimator φ•
n,k∗,�∗(u) of φ(u), evaluated at their optimal

numbers of higher-order statistics.
The point estimates of the probability of ruin at their optimal k∗ values as well as their

Abias and MSE are summarized in the following Table 1.
Examination of the table leads to two conclusions, whatever the situation. Firstly, we

note that the absolute bias of both probability of ruin estimators decrease to zero when
the sample size n becomes large. Secondly, we find that the MSEs of the φ̂tHn,k,�(u) estimator
converge faster to zero as n increases, compared with theMSEs of φ̂n,k,�(u). In this context,
these numerical results show that the estimator φ̂tHn,k,�(u) is the best.

4.2. Comparative robustness study

One way of increasing robustness is to create a contamination model, which is considered
to replace some of the variables of the dataX with outliers. Thus, to assess the robustness of
our estimator, a simulation was performed with contaminated data for each estimator. The
main points here are to consider a ε− contamination model, which consists in consider-
ing a Pareto distribution F1(x) = 1 − x−1/γ polluted by variables extracted from the other
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Table 1. Estimation results of φ̂k∗�∗ ,n(u) and φ̂tHk∗ ,�∗ ,n(u) estimators of the ruin probability φ(u) = 0.1
for u = 1.5 and ω = c/λ = 18, computed with optimal numbers of top statistics k∗ and �∗, based
on N = 1000 samples of size n = 1000; 1500; 2000, from the distribution F1(x) = 1 − x−1/γ , γ =
2/3; 3/4.

γ = 2/3, φ(u) = 0.1 γ = 3/4, φ(u) = 0.1576

n = 1000
φ̂ k∗ ,�∗ ,n(u) 0.0893 φ̂tHk∗ ,�∗ ,n(u) 0.0943 φ̂ k∗ ,�∗ ,n(u) 0.1504 φ̂tHk∗ ,�∗ ,n(u) 0.1638
ABais 0.1069 ABais 0.0648 ABais 0.0615 ABais 0.0585
MSE 0.0114 MSE 0.0042 MSE 0.0037 MSE 0.0034

n = 1500
φ̂ k∗ ,�∗ ,n(u) 0.0905 φ̂tHk∗ ,�∗ ,n(u) 0.0953 φ̂ k∗ ,�∗ ,n(u) 0.1638 φ̂tHk∗ ,�∗ ,n(u) 0.1523
ABais 0.0946 ABais 0.0545 ABais 0.0526 ABais 0.0520
MSE 0.0089 MSE 0.0029 MSE 0.0027 MSE 0.0023

n = 2000
φ̂ k∗ ,�∗ ,n(u) 0.0925 φ̂tHk∗ ,�∗ ,n(u) 0.0995 φ̂ k∗ ,�∗ ,n(u) 0.1649 φ̂tHk∗ ,�∗ ,n(u) 0.1546
ABais 0.0751 ABais 0.0354 ABais 0.0502 ABais 0.0358
MSE 0.0056 MSE 0.0013 MSE 0.0025 MSE 0.0012

Table 2. Estimation results of φ̂k∗�∗ ,n(u) and φ̂tHk∗ ,�∗ ,n(u) estimators of the ruin probabilityφ at the point
u, computed with optimal numbers of top statistics k∗ and �∗, based on N = 1000 samples of size n =
1000; 1500; 2000, from the distribution Fc1(x) = 1 − (1 − ε)x−1/γ + ε( xa )

−1/γ , γ = 2 − 3, 3/4.

γ = 2/3, φ(u) = 0.1 γ = 3/4, φ(u) = 0.1576008

n = 1000
φ̂ k∗ ,�∗ ,n(u) 0.0886 φ̂t.Hk∗ ,�∗ ,n(u) 0.0995 φ̂ k∗ ,�∗ ,n(u) 0.1424 φ̂t.Hk∗ ,�∗ ,n(u) 0.1597
ABais 0.1145 ABais 0.0492 ABais 0.0985 ABais 0.0542
MSE 0.0131 MSE 0.0024 MSE 0.0097 MSE 0.0029

n = 1500
φ̂ k∗ ,�∗ ,n(u) 0.0905 φ̂t.Hk∗ ,�∗ ,n(u) 0.1012 φ̂ k∗ ,�∗ ,n(u) 0.1724 φ̂t.Hk∗ ,�∗ ,n(u) 0.1568
ABais 0.0981 ABais 0.0418 ABais 0.0974 ABais 0.0476
MSE 0.0096 MSE 0.0017 MSE 0.00948 MSE 0.0022

n = 2000
φ̂ k∗ ,�∗ ,n(u) 0.0901 φ̂t.Hk∗ ,�∗ ,n(u) 0.1008 φ̂ k∗ ,�∗ ,n(u) 0.1422 φ̂t.Hk∗ ,�∗ ,n(u) 0.1567
ABais 0.0947 ABais 0.0305 ABais 0.0939 ABais 0.0348
MSE 0.0089 MSE 0.0012 MSE 0.0088 MSE 0.0013

Pareto distribution F1,a(x) = 1 − ( xa )
−1/γ and to use the following mixing distribution:

Fc1(x) = (1 − ε)× F1(x)+ ε × F1,a(x) = 1 − (1 − ε)x−1/γ + ε
(x
a

)−1/γ
,

where ε ∈ (0, 1) is the contamination rate. Now, for a given ε = 10% and a = 3, we gen-
erate also N = 1000 samples of size n = 1000, 1500, 2000 from the contaminated Pareto
distribution Fc1(x). This kind of ε-contaminated model is used in [20–22] to evaluate
insured.

Next, as in Subsection 4.1, we compare the new estimator φ̂tHn,k,�(u) with the classical
estimator φ̂n,k,�(u) of the ruin probability φ(u), by calculating the Absolute bias and the
MSE. The results are shown in Table 2. It turned out that the effect of contamination gets
immediately apparent.
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5. Proofs

Let E1, . . . ,En be independent and identically distributed random variables from the unit
Pareto distribution G, defined as G(t) = 1 − t−1, t ≥ 1. For each n ≥ 1, let E1,n ≤ · · · ≤
En,n be the order statistics pertaining to E1, . . . ,En. Clearly Xj,n

d= U1(Ej,n) and Yj,n
d=

U2(Ej,n) j = 1, . . . , n. In order to be able to applied the results from [44], a probability
space (�,A,P) is constructed carrying a sequence ξ1, ξ2, . . . of independent random vari-
ables uniformly distributed on (0, 1) and a sequence of Brownian bridges Bn(s), 0 ≤ s ≤
1, n = 1, 2 . . . such that for all 0 ≤ ν < 1/2 and λ > 0

sup
λ/n≤ s≤1−λ/n

|βn(s)− Bn(s)|
(s(1 − s))1/2−ν

= OP(n−ν), (21)

where βn is following the uniform quantile process

βn (t) = √
n (t − Vn (t))

with Vn denoting the empirical uniform quantile function defined to be Vn(t) =
ξj,n,

j−1
n < t ≤ j

n , j = 1, . . . , n and Vn(0) = 0.

Proof of Theorem 3.1: Recall that:

φ̂tHn,k,� (u)− φ (u) ∼ μ̂tH
2,n,�

ω − μ̂ tH
1,n,k

− μ2

ω − μ1
,

where

μ̂tH
1,n,k :=

∫ 1−k/n

0
Q1,n(s) ds + k

n
Xn−k,n

1 − γ̂ tH
1,n,k

,

and

μ̂tH
2,n,� :=

∫ 1−�/n

0
Q2,n(s) ds + �

n
Yn−�,n

1 − γ̂ tH
2,n,�

.

Then, one may be rewrite the random variable φ̂ tH
n,k,�(u)− φ(u) as follows:

φ̂ tH
n,k,� (u)− φ (u) ∼ μ2(

ω − μ̂tH
1,n,k

)
(ω − μ1)

(
μ̂tH
1,n,k − μ1

)+ 1
ω − μ̂tH

1,n,k

(
μ̂tH
2,n,� − μ2

)
.

Under the assumption (7), the application of Theorem 2.4.1 in [14], ensures that,
Xn−k,n = Q1(1 − k/n){1 + oP(1)}, as n → ∞. Since the relation (7) is equivalent to
Q1(1 − s) = s−γ �Q1(s), s ∈ (0, 1), where �Q1 is a slowly varying function, more precisely
�Q1(sx)/�Q1(s) → 1, as s → 0, then (k/n)Q1(1 − k/n) = (k/n)1−γ �Q1(k/n). Thus, for a
given γ ∈ (1/2, 1), we have from Proposition 1.3.6 in [11], (k/n)1−γ �Q1(k/n) → 0, as
n → ∞. Therefore, using the weak consistency of the estimator γ̂ tH

1,n,k to γ (see, Jordanova

et al. [38]), we obtain (k/n)Xn−k,n/(1 − γ̂ tH
1,n,k)

P→ 0, as n → ∞.
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Also, under assumption we have from [32],
√
n
∫ 1−k/n
0 (Q1,n(s)− Q1(s)) ds
(k/n)1/2Xn−k,n

d= −
∫ 1−k/n
0 Bn(s) dQ1(s)
(k/n)1/2Q1(1 − k/n)

+ oP(1). (22)

Since the right term in (22) is bounded in probability, it comes for all large values of n,
∫ 1−k/n

0
Q1,n(s) ds =

∫ 1−k/n

0
Q1(s) ds + oP(1).

Remarking that k/n → 0, as n → ∞, we have
∫ 1−k/n
0 Q1(s) ds = ∫ 10 Q1(s) ds{1 + oP(1)},

as n → ∞. Which leads to the convergence in probability of μ̂tH
1,n,k to the mean μ1. Next,

let’s denote by κ1 = μ2/(ω − μ1)
2 and κ2 = 1/(ω − μ1). Then, for all n large enough, the

random variable φ̂ tH
n,k,�(u)− φ(u) can be also represented as follows

φ̂tHn,k,� (u)− φ (u) d= κ1
(
μ̂tH
1,n,k − μ1

)+ κ2
(
μ̂tH
2,n,� − μ2

)
.

Consequently,
√
n
(
φ̂tHn,k,� (u)− φ (u)

)

(k/n)1/2 Xn−k,n

d= κ1
n1/2

(
μ̂tH
1,n,k − μ1

)

(k/n)1/2 Q1(1 − k/n)

+ κ2
√
�/k
(
Q2(1 − �/n)
Q1(1 − k/n))

) n1/2
(
μ̂tH
2,n,� − μ2

)

(�/n)1/2 Q2(1 − �/n)
,

:= A1,n + A2,n.

Now, let We first compute the A1,n term. By substituting μ̂tH
1,n,k and μ1 with their expres-

sions, we have

A1,n = κ1

√
n
∫ 1−k/n
0 (Q1,n(s)− Q1(s)) ds
(k/n)1/2Q1(1 − k/n)

+ κ1

n1/2
(
(k/n)Xn−k,n
1−γ̂ tH1,n,k

− ∫ 11−k/n Q1(s) ds
)

(k/n)1/2 Q1(1 − k/n)

:= A(1)1,n + A(2)1,n.

From the statement in (22), we have

A(1)1,n
d= −κ1Wn,1 + oP(1), (23)

where

Wn,1 :=
∫ 1−k/n
0 Bn(s) dQ1(s)
(k/n)1/2Q1(1 − k/n)

.

Next, remarking that U1(n/k) = Q1(1 − k/n) and Xn−k,n
d= U1(En−k,n), we have

A(2)1,n
d=

4∑

i=1
Tn,i,
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where

Tn,1 = κ1

1 − γ̂ tH
1,n,k

√
k

[
U1
(
En−k,n

)

U1 (n/k)
−
(
k
n
En−k,n

)γ]
,

Tn,2 = κ1

1 − γ̂ tH
1,n,k

√
k
((

k
n
En−k,n

)γ
− 1
)
,

Tn,3 = κ1

(1 − γ )
(
1 − γ̂ tH

1,n,k

)
√
k
(
γ̂ tH
1,n,k − γ

)
,

Tn,4 = κ1
√
k

[
1

1 − γ
−
∫ +∞
1 s−2U1 (ns/k) ds

U1 (n/k)

]
.

We study each term separately.
Term Tn,1. According to [14], Theorem 2.3.9), for any δ > 0, we have

√
k

(
U1
(
En−k,n

)

U1(n/k)
−
(
k
n
En−k,n

)γ)

=
√
k A1

(n
k

)
⎧
⎪⎨
⎪⎩

(
k
n
En−k,n

)γ
(
k
nEn−k,n

)ρ − 1

ρ
+ oP(1)

(
k
n
En−k,n

)γ+ρ±δ
⎫
⎪⎬
⎪⎭
.

Thus, since kEn−k,n/n → 1,
√
k A1(n/k) → 0 and γ̂ tH

1,n,k
P→ γ , as n → ∞ (see, Jordanova

et al. [38]), it readily follows that

Tn,1 = oP(1). (24)

Term Tn,2. The equality En−k,n
d= (1 − ξn−k,n)

−1 yields:

√
k
[(

k
n
En−k,n

)γ
− 1
]

d=
√
k
((n

k
(1 − ξn−k,n)

)−γ − 1
)

= −γ
√
k
(n
k
(1 − ξn−k,n)− 1

)
(1 + oP(1)) by a Taylor expansion

= −γ
√
n
k
βn

(
1 − k

n

)
(1 + oP(1))

= −γ
√
n
k

(
Bn

(
1 − k

n

)
+ OP(n−ν)

(
k
n

)1/2−ν)
(1 + oP(1)),
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for 0 ≤ ν < 1/2, by Csörgő et al. [44]. Thus, using again the weak consistency of γ̂ tH
1,n,k to

γ , it follows that:

Tn,2
d= κ1Wn,2(1 + oP(1)), (25)

where

Wn,2 = − γ

(1 − γ )

√
n
k
Bn

(
1 − k

n

)
.

Term Tn,3. From the Proposition 1 in [20], page 877, we have

√
k
(
γ̂ tH
1,n,k − γ

) d= γ (γ + 1)2
∫ 1

0
sγ−1Bn (s) ds + oP(1).

And by using again the consistency in probability of γ̂ tH
1,n,k to γ , we get for all n large enough:

Tn,3 = κ1
γ (γ + 1)2

(1 − γ )2

∫ 1

0
sγ−1Bn (s) ds + oP(1) = κ1Wn,3 + oP(1). (26)

Term Tn,4. A change of variables and an integration by parts yield

Tn,4 = κ1
√
k
{

1
1 − γ

−
∫ ∞

1
x−2U1(nx/k)

U1(n/k)
dx
}

= −κ1
√
k
∫ ∞

1
x−2

(
U1(nx/k)
U1(n/k)

− xγ
)
dx.

Theorem 2.3.9 in [14] entails that, for γ ∈ (1/2, 1),

Tn,4 = −κ1
√
kA1

(n
k

) ∫ ∞

1
xγ−2 x

ρ − 1
ρ

dx (1 + oP(1))

= κ1
√
kA1

(n
k

) 1
(1 − γ )(γ + ρ − 1)

(1 + oP(1)),

= oP(1), by
√
k A1(n/k) → 0. (27)

Combining (23), (24), (25), (26) and (27), we get

An,1
d= κ1

(
Wn,1 + Wn,2 + Wn,3

)+ oP(1). (28)

Notice that for fixed u, we have respectively, from (3) and (7), 1 − F1(x) = x−1/γ (1 + o(1))
and 1 − F2(x) = x−1/γ (1 + o(1)), as x → ∞. This leads to

1 − F1 (x) ∼ 1 − F2 (x) as x → ∞,

and therefore

Q1 (1 − s) ∼ Q2 (1 − s) as s ↓ 0.

Now let’s compute theA2,n term.We first have:Q2(1 − �
n ) ∼ Q1(1 − �

n ) = Q1(1 − �
k
k
n ) ∼

( �k )
−γQ1(1 − k

n ), as n → ∞. Since by assumption �/k → θ > 0, then Q2(1 − �
n ) ∼
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θ−γQ1(1 − k
n ), as n → ∞. This leads for large values of n to

A2,n
d= θ(1/2−γ ) κ2

n1/2
(
μ̂tH
2,n,� − μ2

)

(�/n)1/2 Q2(1 − �/n)
.

Further, Substituting μ̂tH
2,n,� and μ2 with their expressions and using similar arguments as

those developed to show the expression A1,n in (28) together with Yn−�,n
d= U2(En−�,n), it

comes:

An,2
d= θ(1/2−γ ) κ2

(
Wn,1 + Wn,2 + Wn,3

)
+ oP(1), (29)

where

Wn,1 := −
∫ 1−�/n
0 Bn(s) dQ2(s)
(�/n)1/2Q2(1 − �/n)

,

Wn,2 := − γ

1 − γ

√
n
�
Bn

(
1 − �

n

)
,

Wn,3 := γ (γ + 1)2

(1 − γ )2

∫ 1

0
sγ−1Bn (s) ds.

Finally, for all n large enough, the Theorem 3.1 holds with

√
n
(
φ̂tHn,k,� (u)− φ (u)

)

(k/n)1/2 Xn−k,n

d= κ1

3∑

i=1
Wn,i + θ(1/2−γ ) κ2

3∑

i=1
Wn,i + oP(1).

�

Proof of Corollary 3.1: In this part, we use the same approach as in [5]. Since Wn;i and
Wn;i, i = 1, 2, 3 are centred Gaussian process, then from Theorem 3.1, we just need to
compute the asymptotic variance σ 2(γ , θ) of the limiting process. More precisely, have

σ 2(γ , θ) = lim
n→∞

(
(κ1)

2 {E
(
W2

n,1
)+ E

(
W2

n,2
)+ E

(
W2

n,3
)}

+ (κ2)
2 θ(1−2γ )

{
E(W2

n,1)+ E(W2
n,2)+ E(W2

n,3)
}

+ 2 (κ1)2
{
E(Wn,1Wn,2)+ E(Wn,1Wn,3)+ E(Wn,2Wn,3)

}

+ 2 (κ2)2 θ(1−2γ )
{
E(Wn,1Wn,2)+ E(Wn,1Wn,3)+ E(Wn,2Wn,3)

}

+ 2 κ1κ2 θ(1/2−γ )
{
E(Wn,1Wn,1)+ E(Wn,1Wn,2)+ E(Wn,1Wn,3)

}

+ 2 κ1κ2 θ(1/2−γ )
{
E(Wn,2Wn,1)+ E(Wn,2Wn,2)+ E(Wn,2Wn,3)

}

+2 κ1κ2 θ(1/2−γ )
{
E(Wn,3Wn,1)+ E(Wn,3Wn,2)+ E(Wn,3Wn,3)

})
.

Using the Lemma6 in [4] and following the proof ofCorollary 1 (p. 118–119) in [5]with the
fact that �/k → ∞, as n → ∞,Q1(1 − su)/Q1(1 − u) → s−γ ,Q2(1 − su)/Q2(1 − u) →
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s−γ and Q1(1 − u) ∼ Q2(1 − u) as u → 0, we get, as n → ∞:

E
(
W2

n,1
) −→ 2γ

2γ − 1
, E

(
W2

n,2
) −→ γ 2

(1 − γ )2
,

E
(
W2

n,3
) = γ 2 (γ + 1)2

(2γ + 1) (γ − 1)4
, E

(
Wn,1Wn,2

) −→ γ

1 − γ
,

E
(
Wn,1Wn,3

) = 0 + o(1), E
(
Wn,2Wn,3

) = 0 + o(1),

E
(
W2

n,1

)
−→ 2γ

2γ − 1
, E

(
W2

n,2

)
−→ γ 2

(1 − γ )2
,

E
(
W2

n,3

)
= γ 2 (γ + 1)2

(2γ + 1) (γ − 1)4
, E

(
Wn,1Wn,2

)
−→ γ

1 − γ
,

E
(
Wn,1Wn,3

)
= 0 + o(1), E

(
Wn,2Wn,3

)
= 0 + o(1),

E
(
Wn,1Wn,1

)
−→ γ

1 − γ

(
1

2γ − 1
− θ(1−γ )

)
θ(γ−1/2),

E
(
Wn,1Wn,2

)
−→ γ

1 − γ
θ1/2,

E
(
Wn,1Wn,3

)
= 0 + o(1),E

(
Wn,2Wn,1

)
−→ γ (1 − γ θ(1−γ ))

(1 − γ )2
θ(γ−1/2),

E
(
Wn,2Wn,2

)
−→ γ 2

(1 − γ )2
θ1/2, E

(
Wn,2Wn,3

)
= 0 + o(1),

E
(
Wn,3Wn,1

)
= 0 + o(1), E

(
Wn,3Wn,2

)
= 0 + o(1), E

(
Wn,3Wn,3

)

= γ 2(1 + γ )2

(1 + 2γ )(1 − γ )4
.

�
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Abstract
In this paper, we consider the problem of parameter estimation for a real stochastic 
model observed at some discrete times, that is a solution of a stochastic differential 
equation driven by �-stable processes, � ∈ (1, 2) . After recalling the non-parametric 
estimation framework of the drift function namely the Nadaraya-Watson estimation, 
we provide explicit estimators for the diffusion parameters (the scaling and the driv-
ing stable process parameters) based on the Euler-Maruyama scheme. We apply the 
estimation results to stable driven Ornstein-Uhlenbeck (OU), Cox-Ingersoll-Ross 
(CIR) and Lotka-Volterra processes. We also consider the estimation of the drift 
coefficients in the linear case namely, the stable driven OU and CIR processes. The 
novelty of this paper which is our baseline is the combination of a characteristic 
sample function method, the least squares or linear statistical regression methods 
and the Itô formula. We also established under certain conditions, the consistency 
of their drift coefficient estimators of the stable driven OU and CIR processes. We 
efficiently discuss our result with numerical simulations using synthetic data. A real 
data in finance, such as exchange rates is used to fit the parameters of a justified 
model among the above stable driven processes. As a forthcoming work, we intend 
to study the rate of convergence of the estimators and to create a package on R soft-
ware to handle this kind of estimation problem. We are also currently interested in 
ergodicity properties for a class of stochastic differential equations driven by stable 
processes.

Keywords  Nadaraya-Watson estimation · Stable process · Stochastic differential 
equation · Characteristic function · Regression method · CIR · OU and Lotka-
Volterra processes
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1  Introduction

Due to an increase of powerful computation of statistical methods, there has been 
a great interest in parameter estimation for Stochastic Differential Equation (SDE). 
Such models which are mathematical tools for modelling the time evolution of sev-
eral natural phenomena in many fields like epidemiology, biology and finance. For 
instance, the Cox-Ingersoll-Ross (CIR) and the Ornstein-Uhlenbeck (OU) stochastic 
models (Cox et  al. 2005; Maller et  al. 2009), have been broadly used in finance. 
Furthermore, it is worth noting that select stochastic differential equation (SDE) 
models derived from continuous-time branching processes have been demonstrated 
to serve as valuable tools for the analysis of population dynamics (Allen 2015; Par-
doux 2016). Specifically, in the context of epidemic dynamics, when the infectious 
population is of small magnitude relative to the overall population size, it becomes 
feasible to approximate the continuous-time dynamics using a nonlinear Stochastic 
Differential Equation (SDE) model, such as a stochastic logistic model that incor-
porates variations arising from birth and death processes (Allen 2015). In the realm 
of classical estimation methods, the challenges of devising procedures that strike a 
balance between computational efficiency and achieving optimal statistical perfor-
mance have reached a well-established level of understanding.

Let us consider the parameter estimation problem of the following SDE driven by 
a standard strictly stable process (Zt)t≥0 defined in a given filtered probability space 
(Ω,F,Ft,ℙ):

where x0 is a starting point, T > 0 stands for time horizon. Notably, in our inves-
tigation, we assume the knowledge of the function g ∶ ℝ → ℝ . The function 
f ∶ ℝ → ℝ , constant 𝜌 > 0 and the stable process (Zt)t∈[0,T] (which is considered 
as a nuisance parameter) are unknown. The random variable Z1 which is a stand-
ard strictly stable distribution with parameters � ∈ (1, 2) (the index of stability) and 
� ∈ [−1, 1] (the skewness parameter) will be defined in the sequel. The existence 
and uniqueness of solutions to the SDE (1) under Lipschitz conditions are standard 
results in stochastic calculus (Applebaum 2009). Nevertheless, we recall some find-
ings. For f = 0 and g is Hölder continuous with exponent 1

�

 ; if Z is a symmetric sta-
ble process then it is proved in Bass et al. (2004) that there exists a strong solution 
for � ∈ (1, 2) . If f and g are continuous and have at most linear growth, then there 
is weak existence in Lp for any p ∈ (0, �) , see Proposition 2 in Fournier (2013) for 
� ∈ (0, 2) and � ≠ 1 . Moreover for � ∈ (1, 2) the pathwise uniqueness property holds 
whenever the function g is Hölder continuous with exponent lying in [1 − 1

�

,
1

�

] . 
When the drift term f is Hölder continuous of order lying in (2 − �, 1) and g is Lip-
shitz continuous and bounded, then existence and uniqueness of a strong solution is 
derived in Mikulevičius and Xu (2018) and Pamen and Taguchi (2017).

The case study of the parameter estimation theory for SDE by Brownian motions 
are well known in the literature. Nevertheless, one can mention some traditional 

(1)
{

dXt = f (Xt)dt + � g(Xt−)dZt, t ∈ [0, T],

X0 = x0,
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methods such as the maximum likelihood estimator (MLE), the least squares esti-
mator (LSE) techniques (Lipcer et  al. 2001; Dorogovcev 1976; Le  Breton 2009; 
Craigmile et al. 2023); the consistency and the asymptotic distribution (Dorogovcev 
1976; Le  Breton 2009; Kasonga 1988; Rao 1983; Aït-Sahalia 2002). For further 
recent investigation, we refer to Kutoyants (2004) and the references therein. Sig-
nificant advancements have been achieved in the realm of parameter estimation 
for Stochastic Differential Equations (SDEs) driven by Lévy processes with finite 
moments. The investigation conducted in Masuda (2005) centered on the consist-
ency and asymptotic normality when the driving process manifests as a zero-mean 
adapted Lévy process with finite moments. The study of the asymptotic normality 
of the Least Squares Estimator (LSE) and Maximum Likelihood Estimator (MLE) 
for the pure jump case is extensively explored in Shimizu (2006); Shimizu and 
Yoshida (2006). It is noteworthy that research has been undertaken in instances 
where the driving process Z takes the form of a stable Lévy process, characterized 
by its distinctive infinite variance property. However, in this scenario, the MLE 
loses its validity as the explicit density function is not universally available, and 
the Girsanov measure transformation encounters challenges for �-stable processes 
with � ∈ (1, 2) . Key contributions in this domain are highlighted in the following 
well-established results. In Hu and Long (2007), Hu and Long (2009), authors use 
the trajectory fitting method in conjunction with the weighted least squares tech-
nique for the drift coefficient of an �-stable driven Ornstein-Uhlenbeck (OU) pro-
cess, where � ∈ (1, 2) . This approach is applicable when the process is observed at 
discrete time instants, encompassing both ergodic and non-ergodic cases. The work 
also delves into the consistency and asymptotic distribution of the estimator, show-
casing a higher order of convergence compared to the classical Gaussian case. The 
investigation conducted in Li and Ma (2015), Wei (2020) revolves around the drift 
parameter estimation of a stable driven Cox-Ingersoll-Ross (CIR) model, a special 
subcritical continuous-state branching process with immigration. The authors derive 
the consistency and central limit theorems of the conditional least squares estimators 
and the weighted conditional least squares estimators of the drift parameters based 
on low-frequency observations. Results in Dexheimer and Strauch (2022) explores 
Lasso and Slope drift estimators for Lévy-driven Ornstein-Uhlenbeck processes. 
Furthermore, Yang (2017) focuses on a maximum likelihood-type estimation of the 
drift and volatility constant coefficient parameters in a stable-driven CIR model. In 
a recent contribution (Bayraktar and Clément 2023), the author addresses the joint 
parameter estimation of the drift parameters, scaling parameter for the diffusion 
coefficient, and the stability index � for the jump activity parameter. This estima-
tion is conducted from high-frequency observations of the stable CIR process over a 
fixed time period. The methodology employed is grounded in the approximation of 
the conditional distribution. Now, we shift our focus to non-parametric estimation, a 
pivotal domain in statistics that involves the estimation of an unknown function from 
a data sample without predefining a formula. Numerous authors have delved into the 
non-parametric estimation of the drift function, denoted as f, within the framework 
of diffusions driven by Brownian motions, considering various conditions. The fun-
damental statistical properties, including the consistency and rate of convergence, 
have been extensively investigated for non-parametric methods, particularly the 
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Nadaraya-Watson (N-W) estimators (Nadaraya 1964; Watson 1964). These investi-
gations span scenarios under both independence with identically distributed data and 
weak dependence conditions, such as mixing conditions. A comprehensive overview 
of non-parametric methods for diffusion processes can be found in the survey paper 
authored by Iacus et al. (2008). In the stable and non-parametric context, additional 
insights are explored in Wu (2003), Long and Qian (2013), as well as Rao (2021), 
Zhang et al. (2019), Lin et al. (2014). However, tackling the estimation of the diffu-
sion part ( �, g and Z parameters) proves to be considerably more challenging (Long 
and Qian 2013).

In this paper, we operate under the assumption that the function g is known and 
provided. We consider real stochastic processes X observed at some discrete times, 
that is a solution of the SDE (1) driven by �-stable processes, � ∈ (1, 2) . We assume 
that, the process X is observed at discrete time points {ti = iΔn, i = 0, 1, 2,… , n − 1} 
with Δn a time frequency of the observation and n is the sample size. If the solu-
tion of the Stochastic Differential Equation (SDE) represented by (1) is stationary, 
and the stationary distribution possesses a continuous density and is strongly mix-
ing, the authors in Long and Qian (2013) establish a non-parametric estimation of 
the drift function utilizing the Nadaraya-Watson (N-W) estimator. The statistical 
properties, such as consistency and the rate of convergence of the N-W estimators, 
under dependence conditions like mixing, are systematically developed in Long and 
Qian (2013). In instances where the drift function is linear, the estimation for both 
discrete and continuous observations has been extensively investigated in previous 
works, including (Hu and Long 2009, 2007; Li and Mytnik 2011; Bayraktar and Clé-
ment 2023; Yang 2017), encompassing stable-driven Cox-Ingersoll-Ross (CIR) and 
Ornstein-Uhlenbeck (OU) model types. All methods developed and applied within 
the framework of stable-driven CIR and OU models are conditionally dependent on 
the observation of the noise Z = (Zt)t∈[0,T] parameter. Their performance is strongly 
influenced by the time frequency Δn and the time horizon T. While parameter esti-
mation for stable-driven Stochastic Differential Equations (SDE’s) has seen signifi-
cant development in recent years, few works, such as Bayraktar and Clément (2023) 
in the CIR case, delve into joint parameter estimation for the drift coefficient, scaling 
parameter for the diffusion coefficient and, the jump activity diffusion parameters. 
These parameters include the stability index � and the scaling diffusion parameter �.

In this article, our primary objective is to address the estimation of diffusion 
parameters for discretely observed stable driven stochastic differential equations (1), 
assuming that only the function g is known. Our framework presupposes that the 
solution X is stationary and strongly mixing, with a connection emphasized with 
ergodic conditions. The proposed estimation procedure introduces a novel method-
ology that utilizes the N-W estimator for the drift function. Specifically, using the 
Euler-Maruyama scheme, we derive estimators for the parameters associated with 
the diffusion part (scaling parameter � and the stable noise parameters � and � ) from 
a given sample characteristic function and employing linear (or weighted) regres-
sion techniques. Secondly, in cases where the drift function is linear, such as in sta-
ble-driven Cox-Ingersoll-Ross (CIR) and Ornstein-Uhlenbeck (OU) processes, we 
establish estimators for the drift coefficients using Itô formula and employing again 
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linear regression techniques, we derived unbiased and consistent estimators of their 
drift coefficients.

The organizational structure of this paper is delineated as follows. In Sect. 2, we 
revisit fundamental facts about stable processes and relevant assumptions for the 
classical N-W estimation framework for the drift function of the SDE (1). After that, 
we present our main theorems which, articulate explicit formulas for the estimators 
of the diffusion parameters (scaling parameter � and the stable noise parameters � 
and � ). Additionally, we provide estimators for the drift coefficients in cases where 
the drift is linear, specifically for stable-driven CIR and OU processes. Section  3 
is dedicated to presenting the proofs of our main results and Sect. 4 delves into the 
numerical performance evaluation of the estimators using synthetic data generated 
from mixing processes as well as the connection between ergodicity and mixing 
conditions for Markov processes that are solutions of SDE (1). We apply the best 
performance results to real financial data, such as the exchange rate of the Canadian 
dollar against the US dollar over a fixed period of time. Finally, in the Appendix sec-
tion, we outline all material such as tables and figures.

2 � Methodology and main results

In this section, our primary objectives are twofold. Firstly, we aim to introduce pre-
liminaries tools in order to provide the reader with a comprehensive reading of the 
main results. We give a brief description of stable laws and processes, emphasizing 
key assumptions concerning concerning a non-parametric estimation method of the 
drift function of the SDE (1) through of the the N-W estimator. Secondly, we pro-
vide the statements for our main results that involves the simultaneous estimation 
of the scaling parameter � and the parameters � and � characterizing the standard 
strictly stable process in the diffusion component of the SDE (1). We also focus on 
the estimation of common drift coefficients for some well-known stochastic models.

2.1 � Preliminaries tools

Throughout this paper we assume that there is a filtered probability space 
(Ω,F, (Ft)t≥0,ℙ) satisfying the usual conditions, i.e., 

(1)	 (Ω,Ft,ℙ) is complete for all t ∈ ℝ+ , F0 contains all the P-null sets in F  for all 
t ∈ ℝ+.

(2)	 Ft = Ft+ where Ft+ = ∩s>tFs , for all t ≥ 0 , i.e. the filtration is right-continuous.

Stable laws, introduced by Paul Lévy in 1925, emerge as the limit of normalized 
sums. The definitions and properties provided below are drawn from sources such 
as Samorodnitsky et al. (1996) and Nolan (2020). It’s important to note that there 
exist multiple characterizations of stable distributions, each with distinct advantages 
depending on the intended applications. The following parameterization, denoted as 
parameterization 0, proves to be particularly useful for computer processing.
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Definition 2.1  A random variable X ∼ S
�
(� , �, �) if,

where � ∈ (0, 2] is the index of stability, � ∈ [−1, 1] the skewness parameter; 
𝛾 > 0 the scale parameter and � ∈ ℝ the location or shift parameter and the sign 
function defined by:

For a more in-depth exploration of stable distributions, please refer to Nolan (2020). 
When � = 1 , we designate X as a standard �-stable random variable. For � = 1 and 
� = 0 , X is called a strictly � stable random variable, and in this case it is known that 
�(X) = 0 whenever � ∈ (1, 2) . In addition, if � = 0 , it is characterised as symmetric. 
In general �(|X|p) < ∞ for any p < 𝛼 and �(|X|p) = +∞ for any p ≥ � , so the vari-
ance is infinite and in the case � ∈ (0, 1) the mean is infinite. Let’s now introduce �
-stable processes, which can be regarded as a special class of Lévy processes. For 
further insight, one can consult established literature such as Ken-Iti (1999).

Definition 2.2  An Ft-adapted stochastic process Z = {Zt}t≥0 is called an �-stable 
process if 

(1)	 Z0 = 0 , a.s.;
(2)	 Z  h a s  � - s t a b l e  s t a t i o n a r y  i n c r e m e n t s  d i s t r i b u t i o n s 

Zt − Zs ∼ Zt−s ∼ S
𝛼
(𝛾(t − s)1∕𝛼 , 𝛽, 𝜁), t > s ≥ 0.

(3)	 For any time points 0 ≤ s0 < … < sm < ∞ ,  the random variables 
Zs0 , Zs1 − Zs0 ,… , Zsm − Zsm−1 are independent.

For insights into the case of standard �-stable processes, Long and Qian (2013) 
is a recommended reference. Set ΔZt = Zt − Zt− . The jumps part of the stochastic 
process Z can be described by its Poisson random measure (jump measure of Z on 
interval [0,  t]) defined as N(t,A) =

∑
0≤s≤t 𝕀A(ΔZs), A ∈ B(ℝ∗), the number of 

jumps of Z on the interval [0, t] whose size lies in the set A bounded below, that 
is, A admits a lower bound (in ℝ) . For such A, the process N(·, A) is a Poisson 
process and the Lévy measure �(A) ∶= �(N(1,A)) defined on ℝ∗ has the following 
explicit form: 𝜈(dx) ∶= dx

|x|𝛼+1
(
c+ 1{x>0} + c− 1{x<0}

)
. In the sequel, we’ll denote by 

Ñ(t,A) the compensated Poisson measure. Note that in the case � ∈ (1, 2) , the 
characteristic function of a strictly �-stable process is reduced into the form:

Ψ(t) =

{
exp

(
−��|t|�

[
1 + i�(tan(

��

2
))sign(t)(|�t|1−� − 1)

]
+ i� t

)
if � ≠ 1.

exp(−�|t|[1 + i�
2

�

sign(t) log(�|t|)] + i� t) if � = 1,

sign(t) =

⎧
⎪⎨⎪⎩

1 if x > 0

0 if x = 0

−1 if x < 0.

ΨZt
(u) = exp t

(
�

+∞

−∞

(eiuy − 1 − iuy)�(dy)

)
, t ≥ 0.
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The parameters c+ , c− mentioned above are non-negative, with the additional condi-
tion that c+ + c− > 0 . There exists a connection between jump measurement coeffi-
cients c+ , c− and the skewness parameter, for instance, � =

c+−c−

c++c−
 . If 𝛽 > 0 , we will 

say that Z admits a positive jump activity. For numerical application, we use a ran-
dom walk approximation method based on the work of Chambers et al. (1976), Jan-
icki et al. (1997), proves useful to simulate such a stable process. Naturally, other 
methods are also available, such as the series approximation of Lévy processes, see 
Janicki et al. (1997) for more details.

In this paper, we first consider the non-parametric estimation framework for 
the drift function of the above class of stable driven SDE equations:

where Z is a �-stable process with � ∈ (1, 2) , not necessarily symmetric. We con-
sider several standard sufficient conditions on f and g that implies the existence 
of a unique strong solution. As far as applications are concerned, we will look at 
examples for which strong existence is well known. Recall that, under linear growth 
assumptions, there is a weak solution, see Fournier (2013), Proposition 2. In par-
ticular, weak solution conditions covers the case where f and g are continuous Lip-
chitz or Hölder functions. The author establishes weak existence through the Pic-
ard approximation. In some cases the weak solution is adapted and unique, see for 
example Priola (2012) and Mikulevičius and Xu (2018) as already mentioned. Sup-
pose that g is non-decreasing and Hölder continuous with index 1 − 1

�

 and f is the 
sum of a Lipschitz continuous function and a non-increasing function. It is shown 
in Li and Mytnik (2011), Fu and Li (2010) that both the strong existence and path 
uniqueness hold if � ∈ (1, 2) and Z has only positive jumps. The Nadaraya-Watson 
(N-W) estimator is a classical method for estimating the drift function f. The mixing 
property of the solution is thus essential in the framework of the N-W estimation. 
Let us recall some conventional mixing coefficients.

Definition 2.3  (Mixing conditions, see Manou-Abi 2015) Let Fs (resp.Gs) be respec-
tively the backward (or the past) and the forward (or the future) �-fields generated by 
Xu for 0 ≤ u ≤ s (resp. u ≤ s ). 

1.	 The strong mixing coefficient �mix(t) is defined as: 

 If limt→∞ �mix(t) = 0 , the process is strongly mixing.
2.	 The �-mixing coefficient �(t) is defined as: 

Xt = x0 + ∫
t

0

f (Xs)ds + �∫
t

0

g(Xs−)dZs, t ∈ [0, T],

�mix(t) = sup
s

sup
A∈A∈s , B∈s+t

|ℙ(A ∪ B) − ℙ(A)ℙ(B)|

= 1
4
sup
s

{

sup
F,G

Cov(F,G) , F s(resp.G t+s) measurable and bounded by 1.
}
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 If limt→∞ �mix(t) = 0 , the process is �-mixing or uniformly mixing.
3.	 The �-mixing coefficient �mix(t) is defined as the maximal correlation coefficient, 

i.e. 

 If limt→∞ �mix(t) = 0 the process is �-mixing.

Please, note that if X is a stationary process (i.e. the law of Xt+s is the same 
as the one of Xs ), the supremum on s is irrelevant. The process X is geometri-
cally (or exponentially) strong mixing if �mix(t) ≤ c0a

t with a ∈ (0, 1) and t ≥ 0 . 
In a non-parametric estimation, we are concerned with a kernel function K(⋅) , 
which is a symmetric and non-negative probability density function satisfying 
sup(1 ∨ |u|)K(u) < M0 < +∞ and

In the sequel, we make the following assumptions following (Long and Qian 2013). 
Similar assumptions are also presented in Lin et al. (2014) where authors study the 
local polynomial estimation under regular conditions. 

(A1)	� Suppose that the unique strong solution Xt is stationary and admits a unique 
invariant distribution � and is geometrically strongly mixing.

(A2)	� Suppose that the density function p(x) of the stationary distribution � is 
continuous.

(A3).	� As n → ∞ ∶ h → 0, Δn → 0 , 

As already mentioned, the process X is observed at some discrete times 
{tk = kΔn, k = 0, 1, 2,… , n − 1} with Δn a time frequency of the observation and 
n is the sample size. The Euler-Maruyuma scheme of the above SDE is written as 
follows.

where ΔZk = Zn
tk+1

− Zn
tk
 . Let us first state some well known results about the consist-

ency (efficacy) of the Euler-Maruyuma scheme which is a well-known method for 

�mix(t) = sup
s

{
sup
A,B

(ℙ(B|A) − ℙ(B)) , A ∈ Fs , B ∈ Gs+t

}
.

�mix(t) = sup
s

{
sup
F,G

Corr(F,G) , F ∈ L2(Fs) , G ∈ L2(Gt+s)

}
.

∫
+∞

−∞

u2K(u)du < +∞, ∫
+∞

−∞

K2(u)du < +∞.

nΔn → ∞, and
nΔnh

(log(nΔn))
2
→ +∞.

Xn
tk+1

= Xn
tk
+ f (Xtk

)Δn + �g(Xtk
)ΔZk, Xn

0
= x ∈ ℝ,
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approximating any solution as well as Picard iteration. Let’s recall some findings 
results on the existence of a strong approximate solution. In Pamen and Taguchi 
(2017), when g = 1 and the drift function f is a bounded �-Hölder continuous in 
space with � ∈ (0, 1) , a strong approximate solution is proved and the rate of conver-
gence for the Euler-Maruyama approximation is given. Similarly, the authors in 
Mikulevičius and Xu (2018) find a strong approximate solution and a rate of conver-
gence of order n−p�∕� when p ∈ (0, �∕�) in the case where Z is a symmetric stable 
process of index � ∈ [1, 2] , f is a �-Hölder continuous function with 𝛽 > 1 −

𝛼

2
 and g 

is a bounded Lipshitz continuous function. Note that, under the above linear growth 
conditions (C1) and (C2), a recent result on approximate solutions of the above SDE 
has been established in Manou-Abi (2023) for the above SDE. Set Yk = Xn

tk+1
− Xn

tk
. 

The main idea of N-W estimator is to minimize the following object func-
tion:

∑n−1

k=0
Wn,k(x)(Yk − bΔn)

2, over the parameter space of b with certain weights 
functions Wn,k(x) given by:

for all x ∈ ℝ , where Kh(x) = (K(x∕h))∕h with K the Kernel and h the bandwidth 
parameter. Thus the N-W estimator of the drift function f is given by the following 
expression:

so that f̂n(x) =
∑n

i=1

Kh(
Xti

−x

h
)(Xti

− Xti−1
)

n−1
�n

i=1
Kh

�
Xti

− x

h

� for all x ∈ ℝ. In this study, we inves-

tigate several kernel functions; however, we specifically adopt the Gaussian kernel 
function for simulation purposes: K(u) = 1√

2�
e−u

2∕2.

2.2 � Main results

Using the N-W estimator as a foundation, and the Euler-Maruyama scheme, the pri-
mary goal in this section is twofold. Firstly, it involves the simultaneous estimation 
of the scaling parameter � and the parameters � and � characterizing the standard 
strictly stable process in the diffusion component of the SDE (1). Secondly, we focus 
on the estimation of common drift coefficients � and � for the Stable driven CIR and 
OU processes in Eqs. (4) or (6). In the following, by a solution we mean a unique, 
strong solution.

Wn,k(x) =
Kh(

Xtk
−x

h
)

∑n−1

k=0
Kh(

Xtk
− x

h
)

,

f̂n(x) =

n−1∑
k=0

Wn,k(x)Yk, ∀x ∈ ℝ,
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Theorem 2.1  Let X = (Xt)t∈[0,1] be a real valued stationary and strongly mixing pro-
cess with unique invariant distribution which is solution of the SDE (1). We assume 
that X is observed on a sample of discrete time points ti with step Δn of size n such 
g(Xti

) ≠ 0 . Assume that assumptions (A2) and (A3) holds. Let (f̂n(Xti
))n
i=1

 be the 
sequence of the N-W estimate of the drift coefficient of the SDE (1). We define the 
following sample characteristic function

for all k ∈ [[1,m]], m > 0, and j2 = −1 . Set

where for all n large enough

and

For n large enough and good choice of m values of z ; 𝛼̂m , 𝜌̂m and 𝛽m are least squares 
estimators of � , � and �.

If we consider some weights pk , for instance pk =
1

�
2
k

 the inverse of the variance of 
the k-th observation, a weighted least squares method lead to the following estimators:

(2)𝜑̂n(zk) =
1

n

n−1∑
i=0

exp

(
jzk

(
ΔXti

− f̂n(Xti
)Δn

g(Xti
)

))
,

(3)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝛼̂m =

�m

k=1
WkVk −

1

m

�m

k=1
Vk

�m

k=1
Wk�∑m

k=1
W2

k

�
−

1

m

��m

k=1
Wk

�2 ,

𝜆̂m =
1

m

�m

k=1
Vk −

𝛼̂m

m

�m

k=1
Wk,

𝜌̂m = Δ
−

1

𝛼̂m

n exp
𝜆̂m

𝛼̂m

,

𝛽m =

�m

k=1
zkSk�m

k=1
zkBk

,

Sk ∼ arg(𝜑̂n(zk)), Bk ∼ tan(
𝜋𝛼̂

2
)sign(zk)

(
zk − z

𝛼̂m

k

)
Δ1∕𝛼̂m

n
,

Vk ∼ log(− log |𝜑̂n(zk)|) and Wk = log(|zk|).

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝛼̂m =

�m

k=1
pkWkVk −

1∑m

k=1
pk

�m

k=1
Vk

�m

k=1
Wk

�∑m

k=1
pkW

2
k

�
−

1

m

�∑m

k=1
pk

���m

k=1
Wk

�2 ,

Set 𝜆̂m =
1∑m

k=1
pk

�m

k=1
pkVk −

𝛼̂m∑m

k=1
pk

�m

k=1
pkWk,

𝛽m =

�m

k=1
pkzkSk�m

k=1
pkzkBk

.
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Let’s discuss about some formulations in order to check some consistency properties 
of these linear least squares estimators through a linear statistical regression model. 
Since (Vk) is a random sequence and |𝜑̂n(zk)| ∈ [0, 1] one may say that V = (Vk)

m
k=1

 
for m well-chosen values of zk can be obtained from a truncated uniform random 
variable U so that − log(U) follows a truncated exponential random variable T where 
occurrences is limited to finite positive values [0, A] with A > 0 . Hence V is a trun-
cated distribution of log(T) such that �(log(T)�[0,A]) and Var(log(T)�[0,A]) are finite. 
When the number of observations m is sufficiently large, a Gaussian distribution can 
be assumed for the error �k = Vk − � log(|zk|) − log(�� Δn) that can be considered to 
be uncorrelated with the (deterministic) regressors log(|zk|) . Hence the above esti-
mators become Maximum Likelihood Estimators. When the normality assumption is 
no longer valid, we can try to reduce the data to Gaussian distributions by means of 
data transformations, the symmetrization and standardization (since �(log(T)�[0,A]) 
and Var(log(T)�[0,A]) are finite) offers an advantage. The Min-Max Scaling can be 
applied since the data may vary in different scales, reducing the effect of outliers.

The optimal value of m is suggested in Kogon and Williams (1998), advocat-
ing the selection of points zk within the interval [0.1, 1].

Theorem  2.1 applies particularly to the following �-stable-driven Ornstein 
Uhlenbeck (OU), Cox-Ingersoll-Ross (CIR) and Lotka-Volterra processes. Such 
models are popular in stochastic modelling for description of interest rates in 
finance and population dynamics. Assume that Z is a standard strictly stable pro-
cess with parameters � ∈ (1, 2) and � ∈ [−1, 1] . A generalized Ornstein-Uhlen-
beck (OU) process driven by a strictly standard �-stable process (Zt)t≥0 is defined 
to be the solution to the following linear stochastic differential equation

Definition 2.4  (Stable OU process)

where � and � are constants.

We can apply Theorem 2.1 to this model to estimate parameters � , � and �.

Definition 2.5  (Stable CIR process) A stable driven Cox-Ingersoll-Ross (Stable CIR 
Yang 2017) is defined by:

where q > 0 𝜃 > 0 , 𝜌 > 0 , and � ∈ ℝ are constants and Z is for example a strictly 
standard �-stable process with positive jump activity.

Note that if Z is symmetric with � ∈ (1, 2) and since x → |x|1∕q is Hölder con-
tinuous for q ≥ 1 , there exists a solution according to Bass et al. (2004). For q = 2 
the Stable CIR is studied in Wei (2020) for symmetric stable process. According 
to Li and Mytnik (2011), there is a pathwise unique positive strong solution for 

(4)dXt = �(� − Xt)dt + �dZt, X0 = x ∈ ℝ,

(5)dXt = �(� − Xt)dt + �|Xt|1∕qdZt, X0 ≥ 0,
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the above Stable CIR as q−1 + �−1 ≥ 1 when � is small whenever the process Z 
have only positive jumps. We can apply Theorem 2.1 to this model to estimate 
parameters � , � and � when the parameter q is known.

For q = � ∈ (1, 2) and in the case where Z is a pure-jump �-stable Lévy pro-
cess Z with positive jumps the following stable driven CIR is introduced in the 
literature (see Bayraktar and Clément 2023 or Li and Ma 2015) as a particu-
lar form of the continuous-state branching processes with immigration, which 
emerge as scaling limits of Galton-Watson branching processes with immigra-
tion (CBI-processes, Li et al. 2022; Li and Ma 2015 and Pardoux 2016).

Definition 2.6  (SCIR process) The SCIR process is defined by:

where 𝜃 > 0 , 𝜌 > 0 , and � ∈ ℝ are constants and Z is a standard and positive strictly 
�-stable process.

It is shown whenever that the solution is positive that is ℙ
(
Xt > 0

)
= 1, when-

ever 𝜇 > 0 , 𝜃 > 0 , 𝜌 > 0 and x0 > 0 . Unfortunately, we cannot estimate � with this 
model, as q is a function of � . Only the parameters � and � must be unknown to 
apply Theorem 2.1.

The following stable driven Lotka and Volterra extension was studied in Zhang 
et al. (2017) for q = 1:

Definition 2.7  (A Stable driven Lotka-Volterra process) A Stable driven Lotka-Volt-
erra process can be defined as follows

where � , � , � are real constants.

The author proved in Zhang et  al. (2017) for q = 1 , the existence of a unique 
global positive solution of the above stable driven Lotka-Volterra process, if Z is 
a spectrally positive strictly �-stable process for any � ∈ (0, 2) . Here again, we can 
apply Theorem 2.1 to this model to estimate parameters � , � and � when the param-
eter q is known.

In what follows, we discuss the parameter estimation of the drift coefficients � 
and � of the above stable driven OU and the SCIR processes.

Theorem  2.2  Let X = (Xt)t∈[0,T] be a real valued stationary and strongly mixing 
(ergodic) process satisfying (4) or (6). We assume that X is observed on an n-sample 
of discrete time points ti with fixed time frequency Δ . Assume that assumptions (A2) 
and (A3) holds. Let (f̂n(Xti

))n
i=1

 be the sequence of the N-W estimate of the linear drift 
function in (4) or (6). Set

(6)dXt = �(� − Xt)dt + �|Xt|1∕�dZt, X0 ≥ 0,

(7)dXt = Xt(� − �Xt)dt + �|Xt|1∕qdZt, X0 ≥ 0,
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where W is the Lambert function, see (Corless et al. 1996).

•	 We assume moreover that � ∈ (
√
2, 2) for the driving process Z in the SCIR pro-

cess (6).

For n large enough, 𝜃̂n and 𝜇̂n are unbiased and consistent estimators of � and �.

3 � Proofs of the main theorems

In this section, we provide the proofs for our main results.

3.1 � Proof of theorem 2.1

Proof  We begin by revisiting the Euler approximation of the SDE (1):

where Yn
i
= �ΔZn

i
= �(Zn

i+1
− Zn

i
) , i = 0,… , n − 1 , are identically sequence distrib-

uted as ZΔn
∼ S

�

(
Δ

1∕�
n �, �, 0

)
.  We have

We can define a sample characteristic function as in (2):

which  is an asymptotic approximation of the characteristic function �ZΔn
(u) of 

ZΔn
 for n large enough Now, using Definition 2.1 or 2.2 and, utilizing the following 

formula:

(8)

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

ân =

∑n−1

i=0
Xti

f̂n(Xti+1
) −

1

n

�n−1

i=0
Xti

�n

i=1
f̂n(Xti+1

)

1

n

��n−1

i=0
Xti

�2
−
�n−1

i=0
X2
ti

,

𝜇̂n =
1

n

�n−1

i=0
f̂n(Xti+1

) − ân
1

n

�n−1

i=0
Xti

,

𝜃̂n = −
1

Δ
W(−ânΔ),

Xn
ti+1

= Xn
ti
+ f (Xn

ti
)Δn + g(Xn

ti
)Yn

i
,

Yn
i
=

ΔXti
− f̂n(Xti

)Δn

g(Xti
)

, ∀i = 0,… , n − 1.

𝜑̂n(u) =
1

n

∑n−1

i=0
exp{ju

(ΔXti
− f̂n(Xti

)Δn

g(Xti
)

)
}, ∀u ∈ ℝ,

log(− log |�ZΔn
(u)|) = log(�� Δn) + � log(|u|),
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we can establish an ordinary least squares regression method to estimate � and � . To 
achieve this, it is desired to find the vector parameter (�, �) such that the underlined 
linear function fits best the given data in the least squares sense, that is, the follow-
ing sum of squares is minimized:

where

The minimum value of G(�, �) occurs when the gradient is zero. Since the model 
contains two parameters, there are two gradient equations:

and these gradient equations have a closed solution given by:

To estimate � , we use Definition 2.2 and the following formula:

where

Note that we set � = 0 since we consider in this work strictly �-stable process Z. We 
employ once again the aforementioned least squares method to minimize the follow-
ing sum of squares:

From the gradient equations:

we have the following closed solution when � = 0:

G(𝜆, 𝛼) =
∑m

k=1

(
Vk − 𝜆 − 𝛼Wk

)2
,

(𝜆̂, 𝛼̂) = argmin
(𝜆,𝛼)

G(𝜆, 𝛼),

Vk ∼ log(− log |𝜑̂n(zk)|), Wk = log(|zk|), 𝜆 ∼ log(𝜌𝛼 Δn).

{
�G(�,�)

��

= −2
∑m

k=1
Wk(Vk − � − �Wk),

�G(�,�)

��

= −2
∑m

k=1
(Vk − � − �Wk),

�
𝜕G(𝜆,𝛼)

𝜕𝛼

= 0
𝜕G(𝜆,𝛼)

𝜕𝜆

= 0
⟹

⎧
⎪⎪⎨⎪⎪⎩

𝛼̂m =

�m

k=1
WkVk −

1

m

�m

k=1
Vk

�m

k=1
Wk

∑m

k=1
W2

k
−

1

m

��m

k=1
Wk

�2 ,

𝜆̂m =
1

m

�m

k=1
Vk −

𝛼̂m

m

�m

k=1
Wk.

Sk = �Bk + �uk here we have, � = 0,

Sk ∼ arg(𝜑̂n(uk)), Bk ∼ tan(
𝜋𝛼̂

2
)sign(ui)

(
uk − u𝛼̂

k

)
Δ1∕𝛼̂

n
.

T(�, �) =
∑m

k=1

(
Sk − �Bk − �uk

)2
.

{
�T(�,� )

��

= −2
∑m

k=1
Bk(Sk − �uk − �Bk),

�T(�,� )

��

= −2
∑m

k=1
uk(Sk − �uk − �Bk),



1 3

Journal of the Indian Society for Probability and Statistics	

	�  ◻

3.2 � Proof of theorem 2.2

Proof  We have

If X satisfy (4) we have the following integral representation:

so that for any t ≥ r ≥ 0:

We refer to Ken-Iti (1999), Chapter 3 for the case when � = 0 and to Hu and Long 
(2007) for the case � ≠ 0 . If X satisfy (6), note that for � ∈ (1, 2) it is well known 
that the positive stable process Z admits the following representation:

and applying Itô’s formula for Jump processes (Privault 2016), we have the follow-
ing integral representation (see also Li and Ma 2015):

We have

where

𝛽m =

∑m

k=1
ukSk∑m

k=1
ukBk

.

f̂ (Xti+1
) = 𝜃(𝜇 − Xti+1

).

Xt = e−�tX0 + �� �
t

0

e−�(t−s)ds + ��
t

0

e−�(t−s)dZs, t ≥ 0.

Xt = e−�(t−r)Xr + �� �
t

r

e−�(t−s)ds + ��
t

r

e−�(t−s)dZs, t ≥ 0.

Zt = �
t

0 �
+∞

0

z Ñ(ds, dz), t ≥ 0.

Xt = e−�(t−r)Xr + �� �
t

r

e−�(t−s)ds + ��
t

r

e−�(t−s)|Xs−|1∕�dZs, t ≥ 0.

Xti
= e−�(ti−ti−1)Xti−1

+ �� ∫
ti

ti−1

e−�(ti−s)ds + �i,

�i =

{
� ∫ ti

ti−1
e−�(ti−s)|Xs−|1∕�dZs if X is the stable CIR process in (6)

� ∫ ti
ti−1

e−�(ti−s)dZs if X is the stable OU process in (4).
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Note that if X is the stable OU process in (4), by basic properties of �-stable sto-
chastic integrals for deterministic integrands (Taqqu 1994; Rosinski and Woy-
czynski 1986), the sequence (�i) is a �-stable random variable with distribution 

S
�

(
��

1∕�
n , �, 0

)
with �n =

1−e−��Δn

��

 so that it is centered random sequence (also 

martingales difference). In the case where X is SCIR process in (6), according to the 
martingale property of a compensated Poisson stochastic integral it is a martingale 
differences if �|Xs|2∕� is finite; which is the case whenever 2

𝛼

< 𝛼 i.e. � ∈ (
√
2, 2) . 

Therefore,

where (�i) is a centered random sequence (martingale differences). Finally,

where (�i)i≥0 is again a centered random sequence (martingale differences). We can 
set up a Linear Least Square Method which consists in minimizing the following 
objective function:

Using, the gradient equations:

it is straightforward to obtain the above already mentioned least square estimators:

where W is the Lambert function. Now, let us prove the consistency of these estima-
tors. Set Ui = f̂n(Xti+1

) and note that since we assume that the process X is ergodic 

and � ∈ (1, 2) then X̄ =
1

n

n−1∑
i=0

Xti
 converge to � and Ū =

1

n

n−1∑
i=0

Ui also converge. We 

have

Xti
= e−�ΔXti−1

+ �

(
1 − e−�Δ

)
+ �i,

f̂ (Xti+1
) = 𝜃(𝜇 − Xti+1

) = a𝜇 − aXti
+ 𝜂i, a = 𝜃e−𝜃Δ, i ≥ 0,

�(a,𝜇) =
∑n−1

i=0

(
f̂ (Xti+1

) − a𝜇 + aXti+1

)2
.

⎧⎪⎨⎪⎩

𝜕�(a,𝜇)

𝜕a
= 2(−𝜇 + Xti

)
�n−1

i=0

�
f̂ (Xti+1

) − a𝜇 + aXti

�
,

𝜕�(a,𝜇)

𝜕𝜇

= −2a
�n−1

i=0

�
f̂ (Xti+1

) − a𝜇 + aXti

�
,

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ân =

∑n−1

i=0
Xti

f̂n(Xti+1
) −

1

n

�n−1

i=0
Xti

�n

i=1
f̂n(Xti+1

)

1

n

��n−1

i=0
Xti

�2
−
�n−1

i=0
X2
ti

,

𝜇̂n = â−1
n

1

n

�n−1

i=0
f̂n(Xti+1

) +
1

n

�n−1

i=0
Xti

,

𝜃̂n = −
1

Δ
W(−ânΔ),



1 3

Journal of the Indian Society for Probability and Statistics	

so that

From the relation

where (�i) is again a centered random sequence, we have

since the process X = {Xt, t ≥ 0} is ergodic, stationary and have infinite square vari-
ation. We deduce the consistency of 𝜃̂n and 𝜇̂n by the use of continuous mapping 
theorem. 	�  ◻

4 � Examples of mixing processes and numerical application

In this section, we present firstly, the link between ergodicity and mixing conditions for 
Markov processes that are solutions of SDE driven by Lévy stable processes. Secondly 
we discuss mixing conditions of the above mentioned stochastic models. We end by the 
numerical performance of our estimation procedure on synthetic data and an application 
to real data. Let (Xt, t ≥ 0) be an ergodic Markov process with unique invariant meas-
ure � , solution of a SDE driven by Lévy processes. Consider the Markov semigroup 
(Pt)t≥0 associated to (Xt, t ≥ 0) and defined by Pt�(x) = �

(
�(Xt)∕X0 = x

)
 for all � in 

Lp(�) or measurable and positive functions � . Recall that P is a bounded operator in all 
Lp(�) , p ≥ 1 with operator norm equal to 1 (i.e. a contraction). The adjoint operator P∗ 
is defined by ∫ �Ptf d� = ∫ f P∗

t
� d�. for functions � and f that are square integrable 

with respect to � , this operator is once more a contraction. The subsequent definition 
introduces a method for regulating the ergodic decay to equilibrium.

Definition 4.1  (Ergodic rates of convergence Cattiaux and Manou-Abi 2014) For 
any r ≥ p ≥ 1 and t ≥ 0 we define the following ergodic rates

ân =

∑n

i=1
Xti

Ui −
1

n

∑n

i=1
Ui

∑n

i=1
Xti

1

n

∑n

i=1
Xti

∑n

i=1
Xti

−
∑n

i=1
X2
ti

=

∑n

i=1
Xti

(
Ui − Ū

)

∑n

i=1
Xti

(
X̄ − Xti

) ,

where Ū =
1

n

∑n

i=1
Ui and X̄ =

1

n

∑n

i=1
Xti

,

=

∑n

i=1

(

Xti − X̄
)(

Ū − Ui

)

∑n

i=1

(

Xti − X̄
)2 since

∑n

i=1
X̄(Ui − Ū) = 0 and

∑n

i=1
X̄(Xti − X̄) = 0.

Ui − U = a(X̄ − Xti
) + 𝜀i,

ân =

∑n

i=1

(
Xti

− X̄
)(

a(Xti
− X̄) − 𝜀i

)

∑n

i=1

(
X̄ − Xti

)2
= a +

∑n

i=1

(
Xti

− X̄
)
𝜀i

∑n

i=1

(
X̄t − Xti

)2
⟶
n→+∞

0,
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The process X is said to be uniformly ergodic if limt→+∞ �2,∞(t) = 0.

The following definitions can be found in Zhang et al. (2017).

Definition 4.2  (Exponentially or strongly ergodic process) Assume that 
X = (Xt, t ≥ 0) is an ergodic Markov process with unique invariant measure � and 
X0 = x . 

1.	 The process X with is called exponentially ergodic if there exist a constant k > 0 
and a positive measurable function c(x) such that for all t > 0 we have 

2.	 The process X with is called strongly ergodic if there exist two constants k,C > 0 
such that for all t > 0 we have 

where ||.||var denotes the total variation norm on the space of signed probability 
measures defined by

From this definition, one can state that the process X is said to be strongly or 
exponentially ergodic if limt→+∞ �1,∞(t) = 0 , where �1,∞ is termed the strong or 
exponential ergodic decay rate. The following lemma, as contained in Cattiaux and 
Manou-Abi (2014), enables a connection between ergodicity and mixing conditions.

Lemma 4.1  For all t ≥ 0 , we have 

(1)	 �
2
∞,2

(t) ∨ (�∗)2
∞,2

(t) ≤ �mix(t) ≤ �∞,2([t∕2]) �
∗
∞,2

(t∕2).
(2)	    Either �2,2(t) = 1 for all t or �2,2(t) ≤ c e−� t for some 𝜆 > 0 . In the second case 

(3)	    �mix(t) ≤ �
2
1,∞

(t∕2).

From the above Lemma one easily derive the following result.

Theorem 4.1  Assume that X = (Xt, t ≥ 0) is an ergodic Markov process with unique 
invariant measure � . 

�p,r(t) = sup
|�||Lr (�) ∫ �d�=0

||Pt�||Lp(�).

||Pt(x, .) − �||var ≤ c(x)e−kt.

||Pt(x, .) − �||var ≤ Ce−kt,

||Pt(x, .) − �||Var = sup
A∈F

|Pt(x,A) − �(A)|
= sup

||�||∞≤1 and Law(Y)=�
|��(Xt) − ��(Y)|.

�
2
2,2
(t) = (�∗)2

2,2
(t) ≤ �mix(t) ≤ c �2,2(t) .
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a)	 If X is strongly or exponentially ergodic then it is �-mixing.
b)	 If X is uniformly ergodic, then it is strongly mixing.
c)	 Any kind of exponential ergodic decay rate in L2 imply the �-mixing.

Now we discuss ergodicity for the above examples of SDE (1) to derive mix-
ing conditions. The exponential ergodicity of a Lévy driven OU process is estab-
lished in Wang (2012). The result implies that if 𝜃 > 0 then the �-Stable OU pro-
cess (4) has a unique invariant measure � and is strongly ergodic (mixing). More 
generally, let’s consider the case where the drift function f and diffusion function g 
satisfy sufficient conditions for the solution of (1) to exist and be unique (Bass et al. 
2004; Fournier 2013). According to Kulik (2009), if f (⋅) is locally Lipschitz, and 
lim sup|x|→+∞

f (x)

x
< 0, then, for any � ∈ (1, 2) and bounded function g, the solution 

of (1) is exponentially ergodic, and its invariant distribution exists and is unique. 
This result applies to the case of the stable OU model (4) under the condition 𝜃 > 0.

In the case of stable driven CIR-models, some ergodicity conditions are well 
known when the driving process has only positive jumps. For 𝜃 > 0 and � ≥ 0 , this 
model can be seen as a subcritical CBI process with an immigration rate � . Thus, 
using the result of Li and Ma (2015), we conclude that the SCIR process is exponen-
tially ergodic and hence strongly mixing.The exponential ergodicity is proved in 
Zhang et al. (2017). More precisely, it has been proven that if � ∈ (0, 2) and �

2c
�

2−�
 , the 

SDE (7) with q = 1 is exponentially ergodic and hence strongly mixing. Recall that 

c
�
=

�2�−1Γ(
�+1

2
)

Γ(1
�

2
)

, where Γ(.) is the classical gamma function. For a more general SDE 

in the form (1), it was shown in Zhang and Zhang (2023), that the exponential ergo-
dicity holds under some dissipative and non-degenerate assumptions on the drift f 
and diffusion function g. In terms of forthcoming study, we are currently interested 
in ergodicity properties for SDE in the form (1) under more different conditions as 
well as well as functional inequalities.

4.1 � Numerical examples

We now scrutinize the numerical performance of our estimation procedure on syn-
thetic data. Subsequently, we apply these procedures to real-world data. All the 
implemented codes were developed using the R software. For practical applica-
tions, we determine the optimal bandwidth h = (hn) using the method proposed by 
Sheather (2004). The R function h.amize facilitates this process. It is worth not-
ing that, in many instances, people commonly opt for h = hn = n−1∕5 . A simulation 
study is conducted to evaluate the performance of the proposed estimation from data 
generated by ergodic (mixing) stationary processes.

4.1.1 � A simulation studies

We simulate and approximate the solution X = (Xt)t≥0 by using the Euler scheme on 
the interval [0, T] with sample size n = 500, 1000 , 2000 within a period T = 1 . We 
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employ the exponential ergodicity results when choosing the model parameters. We 
consider the following parameters:

Thus, Assumption (A1) is verified for model (4) for general strictly driving �-stable 
process Z. For model (6), we consider positive jump driving stable process Z so that 
Assumption (A1) is once again verified for 𝛽 > 0 . We choose q = 2 for model (5). 
For model (7) and according to Zhang et  al. (2017), we choose (in order to have 
strongly mixing solution)

We generate data from models (4), (5) or (6) and (7) based on the previous configu-
ration. To numerically validate the regularity condition on the density function of 
the stationary distribution � , assumed to be continuous in Assumption (��) , we plot 
the kernel density estimate of a realization of X alongside the histogram. Choosing a 
suitable time frequency (e.g., Δn =

1√
n
 ), ensures that the models satisfy all the nec-

essary conditions.
We assess the performance of the N-W estimator for the drift function and 

the estimated parameters of the diffusion part ( � , � , � ) in the context of the 
stable driven CIR, OU and Lotka-Volterra models on simulated data. Fig-
ures  4,  5 and 6 present the graphical performance of the N-W estimator con-
cerning the true drift functions. The comparisons are made across three sample 
sizes n = 500, n = 1000 and n = 2000 with time interval T = 1 or T = 10 . It is 
observed that varying T for a fixed n does not significantly improve the estimates 
of the drift function in the SCIR model. This confirms that the drift function 
cannot be precisely identified within a fixed time interval using the N-W esti-
mator, regardless of how frequently the observations are sampled. Additionally, 
for a fixed length of the observation interval T, as the sample size increases, the 
N-W estimator does not exhibit better performance, aligning with the asymptotic 
theory of the N-W estimator for stochastic processes driven by Lévy motions. 
Figures 1 and 2 visually confirm the regularity condition on the density function 
of the stationary distribution. The performance of the estimation in Fig. 6 seems 
to imply that the model in (6) for q = 2 is ergodic. We have not found any refer-
ences proving this. A current forthcoming work is the study of the erogidicity 
of SDE (1) under various conditions. To assess the performance, we employ not 
only visual illustrations through figures but also quantitative measures such as 
the Square Root of Average Square Errors, defined by:

where f (xi) and f̂n(xi) are transformed (Min-Max scaling) to cover the range of sam-
ple paths of X in a common scale, reducing the effect of outliers.

x0 = 1, � = 0.3, � = 1.2 � = 1.6 � = 0 or 0.1 and � = 1.

x0 = 1, � = 0.5, � = 0.5 � = 1.5 � = 0.1 and � = 0.5.

RMSE =
1

n

∑n

i=1

(
f̂n(xi) − f (xi)

)2

,
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We summarized the performance in Tables 1, 4 and 5, which reports the results 
on the diffusion parameters ( � , � , � ) as well as the RMSE on n replicates with three 
sample sizes n = 500, n = 1000 and n = 2000 , respectively for time interval T = 1 
and T = 10 . We can see that varying T for a fixed n slightly changes the estimates of 
the stable process parameters �, � , except for the scaling parameter �.

4.1.2 � Real dataset

In this section, we shift our focus to the estimation using real data. We analyze 
financial data, specifically indexes or exchanges of the Canadian dollar against the 
US dollar, spanning a fixed period from May 2018 to June 2022. The analysis is 
conducted with a sample size of n = 1000 and Δn = Δ = 1.

Figures 3a–c present the time series variations of the exchange rates. To assess 
the stationarity of the time series, we examine the autocorrelation function (ACF) 
diagram (Alvarez and Olivares 2005). A rapidly decreasing ACF indicates stationar-
ity, and the Dickey Fuller test confirms this with a p-value of 0.01. The ACF dia-
gram demonstrates a quick decline, indicating weak dependence and implying the 
data’s mixing properties, specifically �-mixing, which implies strong mixing. The 
density estimation of the stationary distribution is given also in Fig. 3a’,  b’ and  c’ 
so that the regularity condition is satisfied.

In Figs. 7, we present the graphical N-W estimation of the observed drift func-
tion. To summarize the parameter estimation of the diffusion part, Tables 3 and 6 
provide detailed results. Regarding the drift part, Tables 2 summarize the estimated 
drift coefficients based on real data. Additionally, in Fig. 8, we compare the predic-
tion results with the stable OU model since the N-W estimator of the drift function 
seems to be linear and match better than the Stable CIR process.

Appendix: Tables and Figures

See Tables 1, 2, 3, 4, 5, 6 and Figs. 1, 2, 3, 4, 5, 6, 7, 8.
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Table 1   Performance of the estimated diffusion and scaling parameters (𝛼̂, 𝛽, 𝜌̂) with a standard symmet-
ric 1.6-stable driven OU process

n and T True parameters Estimate parameters RMSE

500 and T=1 � = 1.6, � = 0, � = 1 𝛼̂
n
= 1.70, 𝛽

n
= 0.08, 𝜌̂

n
= 0.80 1.55

500 and T=10 � = 1.6, � = 0, � = 1 𝛼̂
n
= 1.69, 𝛽

n
= 0.015, 𝜌̂

n
= 3.38 8.34

1000 and T=1 � = 1.6, � = 0, � = 1 𝛼̂
n
= 1.55, 𝛽

n
= 0.11, 𝜌̂

n
= 1.2 1.10

1000 and T=10 � = 1.6, � = 0, � = 1 𝛼̂
n
= 1.56, 𝛽

n
= 0.13, 𝜌̂

n
= 4.87 8.43

2000 and T=1 � = 1.6, � = 0, � = 1 𝛼̂
n
= 1.6346, 𝛽

n
= 0.1146, 𝜌̂

n
= 0.9335 0.77

2000 and T=10 � = 1.6, � = 0, � = 1 𝛼̂
n
= 1.6029, 𝛽

n
= 0.064, 𝜌̂

n
= 4.33 6.91

Table 2   Estimated drift 
coefficients (𝜃̂, 𝜇̂) with the 
exchange rates data

n Estimate parameters

1000 𝜃̂
n
= 1.08, 𝜇̂

n
= 0.93

500 𝜃̂
n
= 1.06, 𝜇̂

n
= 0.95

200 𝜃̂
n
= 1.028493, 𝜇̂

n
= 0.9674548

Table 3   Estimated diffusion and 
scaling parameters (𝛼̂, 𝛽, 𝜌̂) with 
the exchange rates data using an 
unknown strictly standard stable 
driven OU process

n Estimated diffusion and scaling parameters

1000 𝛼̂
n
= 1.98, 𝛽

n
= 1, 𝜌̂

n
= 13.21

500 𝛼̂
n
= 1.99, 𝛽

n
= 1, 𝜌̂

n
= 10.11

200 𝛼̂
n
= 1.99, 𝛽

n
= 1, 𝜌̂

n
= 6.17

Table 4   Performance of the estimated diffusion and scaling parameters (𝛼̂, 𝛽, 𝜌̂) with a standard strictly 
1.5-stable Lotka Volterra process with positive jump activity 𝛽 > 0 and q = 1

n and T True parameters Estimate parameters RMSE

500 and T=1 � = 1.5, � = 0.1, � = 0.5 𝛼̂
n
= 1.51, 𝛽

n
= 0.38, 𝜌̂

n
= 0.51 0.9699

1000 and T=1 � = 1.5, � = 0.1, � = 0.5 𝛼̂
n
= 1.59, 𝛽

n
= 0.12, 𝜌̂

n
= 0.43 0.8033

2000 and T=1 � = 1.5, � = 0.1, � = 0.5 𝛼̂
n
= 1.54, 𝛽

n
= 0.11, 𝜌̂

n
= 0.45 0.7980
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Table 5   Performance of the estimated diffusion and scaling parameters (𝛼̂, 𝛽, 𝜌̂) with a standard strictly 
1.6-stable CIR process with positive jump activity 𝛽 > 0 and q = 2

n and T True parameters Estimate parameters RMSE

500 and T=1 � = 1.6, � = 0.1, � = 1 𝛼̂
n
= 1.66, 𝛽

n
= 0.13, 𝜌̂

n
= 0.88 1.17

500 and T=10 � = 1.6, � = 0.1, � = 1 𝛼̂
n
= 1.51, 𝛽

n
= 0.08, 𝜌̂

n
= 5.95 8.24

1000 and T=1 � = 1.6, � = 0.1, � = 1 𝛼̂
n
= 1.63, 𝛽

n
= 0.217, 𝜌̂

n
= 0.98 3.72

1000 and T=10 � = 1.6, � = 0.1, � = 1 𝛼̂
n
= 1.53, 𝛽

n
= 0.135, 𝜌̂

n
= 6.32 15.36

2000 and T=1 � = 1.6, � = 0.1, � = 1 𝛼̂
n
= 1.61, 𝛽

n
= 0.07, 𝜌̂

n
= 1.03 2.07

2000 and T=10 � = 1.6, � = 0.1, � = 1 𝛼̂
n
= 1.64, 𝛽

n
= 0.04, 𝜌̂

n
= 4 11.13

Table 6   Estimated diffusion and 
scaling parameters (𝛼̂, 𝛽, 𝜌̂) with 
the exchange rates data using an 
unknown strictly standard SCIR 
process with given parameter q 

n q Estimate parameters

1000 q=2 𝛼̂
n
= 1.80, 𝛽

n
= −0.33, 𝜌̂

n
= 67.89

1000 q=1.99 𝛼̂
n
= 1.78, 𝛽

n
= −0.31, 𝜌̂

n
= 70.57

1000 q=1.95 𝛼̂
n
= 1.78, 𝛽

n
= −0.33, 𝜌̂

n
= 71.59

1000 q=1.9 𝛼̂
n
= 1.77, 𝛽

n
= −0.35, 𝜌̂

n
= 75.83

1000 q=1.8 𝛼̂
n
= 1.72, 𝛽

n
= −0.37, 𝜌̂

n
= 8736

1000 q=1.6 𝛼̂
n
= 1.59, 𝛽

n
= −0.28, 𝜌̂

n
= 130.70

1000 q=1.5 𝛼̂
n
= 1.53, 𝛽

n
= −0.20, 𝜌̂

n
= 163.02

500 q=2 𝛼̂
n
= 1.79, 𝛽

n
= −0.12, 𝜌̂

n
= 39.61

500 q=1.99 𝛼̂
n
= 1.78, 𝛽

n
= −0.12, 𝜌̂

n
= 39.99

500 q=1.95 𝛼̂
n
= 1.77, 𝛽

n
= −0.093, 𝜌̂

n
= 41.56

500 q=1.9 𝛼̂
n
= 1.75, 𝛽

n
= −0.06, 𝜌̂

n
= 43.74

500 q=1.8 𝛼̂
n
= 1.72, 𝛽

n
= −0.009, 𝜌̂

n
= 48.98

500 q=1.6 𝛼̂
n
= 1.59, 𝛽

n
= 0.08, 𝜌̂

n
= 70.13

500 q=1.5 𝛼̂
n
= 1.53, 𝛽

n
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Fig. 1   Kernel density estimation of a standard symmetric 1.6-stable driven OU process with sample size 
n = 500 and t = 1 in (a), sample size n = 500 and t = 10 in (a’), sample size n = 1000 and t = 1 in (b), 
sample size n = 1000 and t = 10 in (b’), sample size n = 2000 and t = 1 in (c) and sample size n = 2000 
and t = 10 in (c’)
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Fig. 2   Kernel density estimation of a standard strictly 1.6-stable CIR process with positive jump activity 
and sample size n = 500 and t = 1 in (a), sample size n = 500 and t = 10 in (a’), sample size n = 1000 
and t = 1 in (b), sample size n = 1000 and t = 10 in (b’), sample size n = 2000 and t = 1 in (c) and sam-
ple size n = 2000 and t = 10 in (c’)
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Fig. 3   The exchange rates of the Canadian dollar against the US dollar global variation and density esti-
mation with sample size n = 1000 (a); local sample size n = 500 (b) and sample size n = 200 (c)
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Fig. 4   Performance of the Nadaraya-Watson kernel estimator with respect to the true drift in the case of 
a standard symmetric 1.6-stable driven OU process with sample size n = 500 and t = 1 in (a), sample 
size n = 500 and t = 10 in (a’), sample size n = 1000 and t = 1 in (b), sample size n = 1000 and t = 10 in 
(b’), sample size n = 2000 and t = 1 in (c) and sample size n = 2000 and t = 10 in (c’)
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Fig. 5   Performance of the Nadaraya-Watson kernel estimator with respect to the true drift in the case of a 
standard strictly 1.6-stable CIR process with positive jump activity and sample size n = 500 and t = 1 in 
(a), sample size n = 500 and t = 10 in (a’), sample size n = 1000 and t = 1 in (b), sample size n = 1000 
and t = 10 in (b’), sample size n = 2000 and t = 1 in (c) and sample size n = 2000 and t = 10 in (c’)
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Fig. 6   Performance of the Nadaraya-Watson kernel estimator with respect to the true drift in the case of a 
standard and positive strictly 1.5-stable driven Lotka-Volterra process with sample size n = 500 and t = 1 
in (a), sample size n = 1000 and t = 1 in (b), sample size n = 2000 and t = 1 in (c)

Fig. 7   Nadaraya-Watson kernel estimator of the drift function with the exchange rates of the Canadian 
dollar against the US dollar variation with the global sample size n = 1000 (a); local sample size n = 500 
(b) and sample size n = 200 (c)
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Abstract—In this paper, we deal with the estimation problem for the extreme value parameters
in the case of stationary β-mixing serials with heavy-tailed distributions. We first introduce two
families of estimators generalizing the Hill’s estimator. And from those families, three asymptotically
unbiased estimators of the extreme value index are established. Our reflection is based on the
generalized Jackknife methodology which consists of taking any pair of three special cases of our
family of estimators to cancel the bias term. The resulting estimators are also used to deduce three
asymptotically unbiased estimators of the extreme quantiles. In a simulation survey, the performance
of our proposed methods are compared to alternative estimators recently introduced in the literature.
Finally, our methods are applied to high financial losses data in order to estimate the Value-at-Risk
of the daily stock returns on the S&P500 index.

DOI: 10.3103/S1066530723020011

Keywords: Estimation, Tail index, Extreme quantiles, Heavy-tailed, Bias reduction, Dependent
serials

1. INTRODUCTION

Severe damage and losses often occur when unusual and intense events happen. For instance,
extremely high water levels may cause a dike to smash and also large negative stocks return can produce
a high financial losses or bankruptcy. Therefore, it is important to model these potential losses or their
corresponding return periods in order to analyze and evaluate them. The Extreme Value Theory (EVT)
helps to depict such events by estimating the parameter of rare events, i.e, tail risk.

The independence and identically distributed (i.i.d.) assumption is fundamental to classical EVT
models. With such models, our main interest is on the estimation of the tail index parameter which is
the basic parameter in extreme value theory. Several approaches for estimating this parameter have been
proposed, including the famous Hill’s estimator [14]. And its generalization has been investigated in this
context [17].

However, some data such as financial or environmental data expose serial dependence , which can
lead to biased estimates. To address this issue, some authors such as [4, 8], and [8] have proposed
adapting existing estimators to the dependence case.

For instance, [4] proposed a method to adapt extreme value statistics to financial time series with
serial dependence, by including additional conditions specifically to this type of data. In their work, they
assumed that the time series is a β-mixing type, which allows them to take into account the dependence
structure of the data. They showed that their method provides more accurate estimates of tail risk on

*E-mail: elhadji.deme@ugb.edu.sn
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financial data compared to traditional estimators. We build upon the work of [4] by applying their method
to estimate the tail parameter of a financial time series in the presence of serial dependence.

More precisely, in [4] Section 3, it is assumed that (X1,X2, ...) is a β-mixing time series, that is, a
series such that

β(m) := sup
p≥1

E

{
sup

C∈B∞
p+m+1

|P(C|Bp
1) − P(C)|

}
→ 0,

as m → ∞, where Bj
i denotes the σ-algebra generated by (Xi, ...,Xj). Without loss of generality, β(m)

measures the total variation distance between the unconditional distribution of the future of the time
series and the conditional distribution of the future given the past of the time series when both are
detached by m time points. Similarly to [4], Section 2, let F be the common marginal distribution
function of Xi, i ∈ N, assuming to be heavy-tailed (belonging to the the Fréchet domain of attraction),
that is, there exist a positive number γ and the tail quantile function U := (1/1 − F )← where ← denotes
the left-continuous inverse function, such that

lim
t→∞

U(tx)

U(t)
= xγ , ∀ x > 0. (1.1)

From the relation in (1.1), U is said to be a regularly varying function at infinity with index γ. The
parameter γ is called tail index or extreme value index and controls the behavior of the tail distribution
function. Its estimation has mostly been studied in the case of i.i.d. random variables, although only
few papers consider that for the case of time series with serial dependence features. We can cite among
others, [7, 8] and [15] and very recently [4] and [3]. Furthermore, in the context of i.i.d. assumption, the
simplest estimator for γ > 0 is the Hill’s estimator [14] defined by

γ̂
(H)
kn

:=
1

kn

kn∑

i=1

log Xn−i+1,n − log Xn−kn,n,

where X1,n,� · · · � Xn,n stands for the order statistics and kn represents an intermediate sequence,
that is, a sequence such that kn → ∞ and kn/n → 0, as n → ∞. To prove the asymptotic normality of
the tail index estimators such as the Hill’s one, we need a second order condition which specifies the rate
of convergence for the left-hand side in (1.1) to its limit. This condition can be formulated in different
ways as shown below. We will use the formulation later-on.

Second order condition (CSO). Suppose that there exists a positive or negative function A with
lim
t→∞

A(t) = 0 and a real number ρ < 0 such that

lim
t→∞

1

A(t)

(
U(tx)

U(t)
− xγ

)
= xγ xρ − 1

ρ
, ∀x > 0. (1.2)

Note that in the case where ρ = 0, the right term in (1.2) equals to xγ log x. The rate of the convergence
for the function A to 0 is essential since it helps to exhibit the bias term of the tail index estimators. From

the assumption that the intermediate sequence kn is such that k
1/2
n A(n/kn) → λ ∈ R, as n → ∞ and

assuming the following regularity conditions on the β-mixing coefficients (similar in [4], Section 3):
Regularity conditions (CR). There exist ε > 0, a bivariate function r and a sequence �n such that,

as n → ∞,

(a) β(�n)
�n

n + �n
log2 kn√

kn
−→ 0;

(b) n
�nkn

Cov
(∑�n

i=1 I{Xi>F ←(1−knx/n)},
∑�n

i=1 I{Xi>F ←(1−kny/n)}
)

−→ r(x, y), ∀ 0 � x, y � 1 + ε;

(c) For some constant C : n
�nkn

E
[(∑�n

i=1 I{F ←(1−kny/n)<Xi�F ←(1−knx/n)}
)4
]
� C(y − x), ∀ 0 �

x < y � 1 + ε and n ∈ N,

[8] established the asymptotic normality of γ̂
(H)
kn

as follows

√
k(γ̂

(H)
kn

− γ)
d−→ N

(
λ

1 − ρ
, σ2

H(γ)

)
, (1.3)
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where σ2
H(γ) = γ2r(1, 1), with r the covariance structure, but has a simple expression in the i.i.d.

context, where it is equal to γ2. In practice, the bias term of γ̂
(H)
kn

depends on whether ρ is close to
zero or not, since under the second order condition (CSO), the function |A| is regularly varying at infinity
with index ρ. This explains all the literature spread on bias correction in the i.i.d. context, see, e.g.,
[2, 10] and [16], etc. However, in the case of β-mixing time series, only two recent papers, [4] and [3],
published in 2016 and 2018, respectively, deal with this problem and proposed a bias corrected estimator
for γ. Moreover, they established their asymptotic properties under the regularity conditions (CR) and
the second order assumptions (CSO).

This paper is organised as follows. In Section 3, we introduce the estimation and the asymptotic
properties of three adaptive unbiased tail index estimators and their corresponding high quantiles. We
recall that these estimators come from two families of estimators which are presented in [13] and
generalize the Hill’s estimator. And in Section 4, we consider examples of β-mixing series which
are analogous to those in Section 5 of [4]. Then in Section 5, we match our theoretical results with
a simulation assessment and real data analysis in order to highlight the salients of our methods. Finally,
Section 6 is devoted to the proofs of our main results.

2. METHODOLOGY AND MAIN RESULTS

In [13], two families of tail index estimators are introduced in the case of i.i.d. of extreme values.
These estimators are parameterized by a positive real α and they also generalize the Hill’s estimator.
Using a Jackknife approach on these estimators, meaning asymptotically unbiased estimators for γ, the
tail index have been constructed. In this work, we fit in our methodology with the case of β-mixing
sequences to estimate a tail parameter such as the extreme value index or an extreme quantile.

2.1. Adaptive Generalized Tail Index Estimators

We consider the statistics introduced in [5] and defined by:

M
(α)
kn

:=
1

kn

kn∑

i=1

(log Xn−i+1,n − log Xn−kn,n)α , α > 0.

This can be rewritten as a functional of
(
Qn(t) := Xn−[knt],n

)
t∈[0,1]

, and the tail quantile process as

follows (see [4], Appendix):

M
(α)
kn

=

1∫

0

(
log

Qn(t)

Qn(1)

)α

dt.

Now, to derive the asymptotic properties of this estimator, we first establish those of the quantile process

and the moments M
(α)
kn

. We show that the tail quantile process can be approximated by a Gaussian
process as in the following results.

Proposition 2.1. Suppose that (X1,X2, · · · ) is a stationary β-mixing time series with continu-
ous common marginal distribution function F and assume that (CSO) and (CR) hold. Let kn be an

intermediate sequence satisfying kn → ∞, kn/n → 0 and k
1/2
n A(n/kn) = O(1), as n → ∞. Then,

for given α, δ > 0, under a Skorohod construction, there exist a function Ã ∼ A, and a centered
Gaussian process (W (t))t∈[0,1] with covariance function r(., .) defined in regularity conditions
(CR), such that, as n → ∞:

sup
t∈(0,1]

t1/2+δ

∣∣∣∣
√

k

(
log

Qn(t)

Qn(1)

)α

− γα(− log t)α − αγα(− log t)α−1
(
t−1W (t) − W (1)

)

−
√

kÃ(n/k)αγα−1(− log t)α−1 t−ρ − 1

ρ

∣∣∣∣ −→ 0 a.s.
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Note that the Proposition 2.1 holds when ρ = 0, in this case (t−ρ − 1)/ρ can be replaced by − log x.
But overall the the following, we focus on the case ρ < 0 because the case ρ = 0 necessitates a similar
approach with different computation.

The aim of the following corollary is to provide the asymptotic properties of the moments M
(α)
kn

by
applying the Proposition 2.1.

Corollary 2.1. Assume that the conditions in the Proposition 2.1 hold. Then under the same
Skorohod construction as in Proposition 2.1, as n → ∞,

√
kn

(
M

(α)
kn

− γαΓ(α + 1)
)

− αγαP (α)

−
√

knÃ(n/kn)γα−1 Γ(α + 1)

ρ

(
1

(1 − ρ)α
− 1

)
−→ 0 a.s.,

where the process term

P (α) =

1∫

0

(− log t)α−1
(
t−1W (t) − W (1)

)
dt

is a normally distributed random variable with mean zero and covariance function Cov
(
P (α), P (β)

)
=

cα,β defined as,

cα,β =

1∫

0

1∫

0

(− log s)α−1(− log t)β−1 ×
(

r(s, t)

st
− r(s, 1)

s
− r(1, t)

t
+ r(1, 1)

)
dsdt,

with the covariance structure r defined as in the regularity condition (CR).

The case α = 1 is special since its corresponding tail index estimator M
(1)
kn

is the Hill’s estimator.
For this reason, the asymptotic variance σ2

H(γ) is equal to γ2c1,1, with c1,1 = r(1, 1) (see, eg. [8]).
Following the idea in the Corollary 2.1 and the methodology in [13], we can define two families of tail
index estimators which generalize the Hill’s estimator. They are also parameterized by a positive real α.
The first one is defined by:

γ̃
(α)
kn

=

(
M

(α)
kn

Γ(α + 1)

)1/α

, α > 0 (2.4)

and the second one by:

γ̂
(α)
kn

=
M

(α)
kn

Γ(α + 1)
(
M

(1)
kn

)α−1 , α ≥ 1. (2.5)

It is clear that the Hill’s estimator γ̂
(H)
kn

corresponds to M
(1)
kn

= γ̃
(1)
kn

= γ̂
(1)
kn

. The following theorem gives

the asymptotic expansions of the estimators γ̃
(α)
kn

and γ̂
(α)
kn

in terms of Gaussian process P (α).

Theorem 2.1. Assume that the conditions in the Proposition 2.1 hold. Then we have, as n → ∞:

γ̃
(α)
kn

d
= γ +

γP (α)

k
1/2
n Γ(α + 1)

+ Ã(n/kn)
1 − (1 − ρ)α

αρ(1 − ρ)α
+ oP(k

−1/2
n ), for α > 0 (2.6)

and for α ≥ 1

γ̂
(α)
kn

d
= γ +

γαP (α)

k
1/2
n Γ(α + 1)

− γ(α − 1)
P (1)

k
1/2
n

+ Ã(n/kn)

{
1 − (1 − ρ)α

ρ(1 − ρ)α
− α − 1

1 − ρ

}
+ oP(k

−1/2
n ). (2.7)

The following corollary establishes the asymptotic normality of the generalized tail index estimators

γ̃
(α)
kn

and γ̂
(α)
kn

.
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Corollary 2.2. Assume that the conditions in the Proposition 2.1 hold. Suppose that kn is an
intermediate sequence satisfying kn → ∞, kn/n → 0 and

√
knA(n/kn) → λ ∈ R, as n → ∞. Then

we have, as n → ∞:
√

kn(γ̃
(α)
kn

− γ)
d−→ N

(
λ

1 − (1 − ρ)α

αρ(1 − ρ)α
,

γ2cα,α

Γ2(α + 1)

)

and √
kn(γ̂

(α)
kn

− γ)

d−→ N
(

λ

{
1 − (1 − ρ)α

ρ(1 − ρ)α
− α − 1

1 − ρ

}
, γ2

{
(α − 1)2c1,1 +

cα,α

Γ2(α + 1)
− 2

(α − 1)c1,α

Γ(α + 1)

})
,

where c1,1, c1,α and cα,α are as defined in the Corollary 2.1.
Remark 2.1. From the Theorem 2.11, the results show that the bias terms in the i.i.d. case

[13] remain unchanged in the case of β-mixing. This can be explained by the fact that the
stationary β-mixing data satisfying the regularity condition (CR) depend on the covariance
function r which impact the variance terms of the families of estimators and not their bias terms.
In addition, the analysis of [13] shows that the bias terms are minimal for some suitable values
of (ρ, α).

2.2. Asymptotically Unbiased Estimators of the Tail Index

From the Corollary 2.2, it is clear that the second order parameter ρ is important for the reduction of
the bias of the tail index estimators. In the case of i.i.d. random variables, the bias reduction problem
have received much attention from many authors such as [1, 6, 11, 12, 22], and [27]. Nevertheless, only
few authors considered the serial dependence topic. We can mention [7, 8] and [15], and more recently
[4] and [3] as references.

The purpose in this section is to introduce a class of reduced bias estimators by using a jackknife
approach. Following the idea of [12] and from the Remark 2.1, let’s choose the values 1 and 2 for α . The
resulting tail index estimators are:

γ̂
(H)
kn

= γ̃
(1)
kn

= γ̂
(1)
kn

= M
(1)
kn

, γ̂
(2)
kn

=
M

(2)
kn

2M
(1)
kn

and γ̃
(2)
kn

=

√
M

(2)
kn

2
. (2.8)

From any pair of these above mentioned statistics, we construct the following adaptive reduced bias tail
index estimators in the generalized Jackknife methodology sense (See eg, [12]):

γ̂
(Ub1)
kn,ρ̂ :=

1

ρ̂

(√
2M

(2)
kn

− (2 − ρ̂)
M

(2)
kn

2M
(1)
kn

)
,

γ̂
(Ub2)
kn,ρ̂ :=

1

ρ̂

(
(2 − ρ̂)M

(1)
kn

− (1 − ρ̂)

√
2M

(2)
kn

)

and

γ̂
(dH)
kn,ρ̂ :=

1

ρ̂

(
M

(1)
kn

− (1 − ρ̂)
M

(2)
kn

2M
(1)
kn

)
,

where ρ̂ is either a canonical negative value ρ̂ := ρ = ρ0 or a consistent estimator ρ̂ := ρ̂kρ of ρ, with
kρ := kρ,n an intermediate sequence of integers greater than kn, satisfying kρ → ∞ and kρ/n → 0, as

n → ∞. Note that the estimator γ̂
(dH)
kn,ρ̂kρ

can be written as in Eq. (4.2) of [4]

γ̂
(dH)
kn,ρ̂kρ

= M
(1)
kn

−
M

(2)
kn

− 2
(
M

(1)
kn

)2

2M
(1)
kn

ρ̂kρ

(
1 − ρ̂kρ

)−1
.
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Clearly, this estimator is seen as a corrected bias version of the Hill’s estimator γ̂
(H)
kn

. It has been studied

in the i.i.d. case by [22]. [18] showed that for the canonical choice ρ0 = −1, the estimator γ̂
(dH)
kn,ρ0

is
the t-Hill log-gamma (t-lgHill) estimator of the tail index γ. They established its weak consistency for

the moving average process. Recently, [4] adapted the estimator γ̂
(dH)
kn,ρ̂kρ

in the β-mixing serials case

and established its asymptotic normality related to the β-mixing regularity conditions and a third order
assumption.

The purpose of the following theorem is to establish only the asymptotic normality of the estimators

γ̂
(Ub1)
kn,ρ̂ , γ̂

(Ub2)
kn,ρ̂ and γ̂

(dH)
kn,ρ̂ under the β-mixing regularity conditions and the second order assumption

which is less strong than the third order condition (see (2.6) in [4]).
Theorem 2.2. Let (X1,X2, . . . ) be a stationary β-mixing time series with a continuous

common marginal distribution function F and assume that (CSO) and (CR) hold. Let kn be
an intermediate sequence satisfying kn → ∞, kn/n → 0 and

√
kA(n/kn) → λ ∈ R, as n → ∞.

If ρ̂ is either a canonical negative value ρ̂ := ρ = ρ0 or an estimator ρ̂ := ρ̂kρ of ρ, consistent
in probability, with kρ := kρ,n another intermediate sequence of integers greater than kn and
satisfying kρ → ∞ and kρ/n → 0, as n → ∞ , then we have:

√
kn

(
γ̂

(Ub1)
kn,ρ̂ − γ

)
d−→ N

(
0, σ2(γ, ρ)

)
,

√
kn

(
γ̂

(Ub2)
kn,ρ̂ − γ

)
d−→ N

(
0, σ2(γ, ρ)

)

and
√

kn

(
γ̂

(dH)
kn,ρ̂ − γ

)
d−→ N

(
0, σ2(γ, ρ)

)
,

where

σ2(γ, ρ) =
γ2

ρ

(
(2 − ρ)2c1,1 + (1 − ρ)2c2,2 + 2(2 − ρ)(ρ − 1)c1,2

)
.

Remark 2.2. Theorem 4.1 in [4] states a similar result for the estimator γ̂
(dH)
kn

(ρ̂kρ). Comparing their
theorem to the assumptions of our Theorem 2.2, we see that their conditions are less restrictive. In
particular, we do not need a third order condition and only

√
kρA(n/kρ) → ∞, as n → ∞ is needed on

the intermediate sequence kρ. This is because we only require consistency for the estimator ρ̂kρ , not its
asymptotic normality. However, our rate of convergence

√
kn is smaller than the one obtained in [4] since

the assumption
√

knA(n/kn) → ∞, as n → ∞, was used instead of our condition,
√

knA(n/kn) → λ ∈
R, as n → ∞. Moreover, while their rate of convergence has the form

√
kn, their intermediate sequence

is larger than ours. This occurs when |A|, the rate function, varies regularly at infinity with index ρ.
Remark 2.3. As shown in Theorem 2.2, the three estimators are asymptotically equivalent. This is

advantageous because it provides flexibility in choosing which estimator to use in practice, while still
obtaining similar results. This can be particularly useful in situations where one estimator may be better
suited for a particular purpose or when computational efficiency is a concern.

However, it is important to note that although the estimators may be asymptotically equivalent, they
may still differ in terms of their finite-sample properties, such as bias or efficiency. Therefore, it is always
a good idea to consider these factors when choosing an estimator in practice, and to ensure that the
estimator is appropriate for the specific problem at hand.

A possible choice for ρ̂kρ is the most performed estimator among those studied in the i.i.d. case (see,
e.g, [6, 12]) and used in the β-mixing case by [3, 4]:

ρ̂
(∗)
kρ

=
6S

(2)
kρ

− 4 +
√

3S
(2)
kρ

− 2

4S
(2)
kρ

− 3
, provided S

(2)
kρ

∈
(

2

3
,
3

4

)
, (2.9)
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where

S
(2)
kρ

=
3

4

[
M

(4)
kρ

− 24
(
M

(1)
kρ

)4
] [

M
(2)
kρ

− 2
(
M

(1)
kρ

)2
]

[
M

(3)
kρ

− 6
(
M

(1)
kρ

)3
]2 .

The asymptotic properties of ρ̂
(∗)
kρ

have been established in [4] in the case of β-mixing serials.

Since the mentioned jackknife estimators have similar asymptotic variances, they can be denoted by

γ̂
(•)
kn,ρ̂. From the previous remark, follow the direct consequences in the corollary:

Corollary 2.3. Let (X1,X2, . . . ) be a stationary β-mixing time series with a continuous
common marginal distribution function F and assume that (CSO) and (CR) hold. Let kn be
an intermediate sequence satisfying kn → ∞, kn/n → 0 and

√
kA(n/kn) → λ ∈ R, as n → ∞. If

ρ̂
(∗)
kρ

is the estimator of ρ defined in (2,9), where the intermediate sequence kρ := kρ,n is greater

than kn and satisfies kρ → ∞, kρ/n → 0 and
√

kρA(n/kρ) → ∞, as n → ∞ , then we have:
√

kn(γ̂
(•)

kn,ρ̂
(∗)
kρ

− γ)
d−→ N (0, σ2(γ, ρ)),

where σ2(γ, ρ) is given in Theorem 2.2.

2.3. Estimation of Extreme Quantiles

The quantile, at probability level (1 − t) ∈ (0, 1) with respect to F denoted by x(t), is defined as:

x(t) := U(1/t). (2.10)

Therefore x(t), the quantile is estimated by x̂(t) := Xn−[nt];n. Consider some positive sequence t = tn
which tends to 0, as n → ∞. Then it is possible to establish the consistency of x̂(tn), the non parametric
estimator when tn → 0 slowly enough. However, in some fields of life such as insurance, finance,
hydrology and reliability, a major requirement is to find values, large enough so that the chances of
exceeding them are very small. This leads to removing the restriction on the rate of convergence of tn to
0. Moreover, the interest is to estimate x(p), an extreme quantile, where p, the tail probability, depends
on the observed sample size n (i.e p := pn) and pn is smaller than 1/n. Hence, it is not possible to have
a non parametric estimate of such a quantile.

The goal of this section is to tackle this estimation problem in a β-mixing serials framework in
order to estimate x(p) = U(1/p), the extreme quantile with np < 1. Following [4, 20], we propose, in a
biased reduction method, to estimate x(p), the extreme quantile. The construction of our bias reduction
procedure is based on our second-order condition (CSO) which states

U(tx)

U(t)
≈ xγ

{
1 − ρ−1A(t)[1 − xρ]

}
, t → ∞.

Let tx = 1/p and t = n/kn → ∞, as n → ∞. We obtain the following approximation:

x(p) = U(1/p) ≈ U(n/kn)

(
kn

np

)γ {
1 − ρ−1A(n/kn)

[
1 −
(

kn

np

)ρ]}
, (2.11)

where γ, ρ and A(n/kn) are unknown. The first part U(n/kn) (kn/(np))γ in the right side of (2.11) is

exactly estimated by the Weissman’s estimator [26] x̂
(W )
kn

(p) and defined as:

x̂
(W )
kn

(p) = Xn−kn,n

(
kn

np

)γ̂
(H)
kn

,

where Xn−kn,n is the empirical estimator of U(n/kn) and γ̂
(H)
kn

is the Hill’s estimator of γ. Obviously,

x̂
(W )
kn

(p), the Weissman’s estimator, exhibits a potential bias because it depends on the Hill’s estimator
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Table 1. Estimated values of the Value at Risk with 95% confidence intervals at the optimal point of the S&P500
negative log-return series. These values are computed with ρ̂kρ = −1.468 which corresponds to the value of
kρ = 442

Tail index Value at Risk

γ̂
(•)
kn

k∗
n γ̂

(•)
k∗

n
x̂

(•)
k∗

n
(p) p = 0.01 95%-Conf. Int Cover p = 0.001 95%-Conf. Int Cover

γ̂
(H)
kn

68 0.4665 x̂
(W )
k∗

n
(p) 0.0597 (0.0575, 0.1418) 0.0843 0.1752 (0.1602, 0.5949) 0.4347

γ̂
(Ub1)
kn,ρ̂kρ

104 0.4005 x̂
(Ub1)
k∗

n,ρ̂kρ
(p) 0.0552 (0.0545, 0.1017) 0.0472 0.1393 (0.1322; 0.5487) 0.4165

γ̂
(Ub2)
kn,ρ̂kρ

126 0.3919 x̂
(Ub2)
k∗

n,ρ̂kρ
(p) 0.0511 (0.0129, 0.0594) 0.0465 0.1264 (0.0476, 0.1879) 0.1403

γ̂
(dH)
kn,ρ̂kρ

116 0.4006 x̂
(dH)
k∗

n,ρ̂kρ
(p) 0.0543 (0.0538, 0.0710) 0.0172 0.1369 ( 0.1302, 0.4352) 0.3050

γ̂
(H)
kn

which has a similar problem. The expression 1 − ρ−1A(n/kn)[1 − (kn/(np))ρ] can be viewed as a
correcting term since A(n/kn) tends to 0. And this leads to the need to estimate A(n/kn) and ρ.

Using the tail index estimators in (2.8) and their expansions in Theorem 2.1, we obtain

M
(2)
kn

2M
(1)
kn

− M
(1)
kn

A(n/kn)

P−→ ρ

(1 − ρ)2
. As n → ∞ (2.12)

From equation (2.12), by substituting ρ with ρ̂, we estimate A(n/kn) as

Â(n/kn) =
(1 − ρ̂)2

ρ̂

(
M

(2)
kn

2M
(1)
kn

− M
(1)
kn

)
.

Finally, the use of the estimators and the approximation in Section 2.2 and (2.11) respectively lead to the
following class of reduced bias estimators of x(p), the extreme quantile:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x̂
(Ub1)
kn,ρ̂ (p)

x̂
(Ub2)
kn,ρ̂ (p)

x̂
(dH)
kn,ρ̂ (p)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= Xn−kn,n ×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
k
np

)γ̂
(Ub1)
kn,ρ̂

(
k
np

)γ̂
(Ub2)
kn,ρ̂

(
k
np

)γ̂
(dH)
kn,ρ̂

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

×

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 −

M
(2)
kn

2M
(1)
kn

− M
(1)
kn

ρ̂2 (1 − ρ̂)−2

[
1 −
(

k

np

)ρ̂kρ

]
⎫
⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

. (2.13)

The asymptotic normality of extreme quantile estimators is established in the following theorem.

Theorem 2.3. Let (X1,X2, . . . ) be a stationary β-mixing time series with a continuous common
marginal distribution function F and assume that (CSO) and (CR) hold. Let ρ̂ be either a
canonical negative value ρ̂ := ρ = ρ0 or an estimator ρ̂ := ρ̂kρ of ρ, consistent in probability
such that kρ := kρ,n is an intermediate sequence of integers satisfying kρ → ∞ and kρ/n → 0,
as n → ∞. Consider another intermediate sequence kn smaller than kρ,n, such that kn → ∞,

k
1/2
n A(n/kn) → λ ∈ R, npn/kn → 0 and log(npn)/

√
kn → 0. Then

√
kn

log(npn)

⎛
⎝ x̂

(•)
kn,ρ̂(p)

x(p)
− 1

⎞
⎠ −→ N (0, σ2(γ, ρ)),

where σ2(γ, ρ) is defined in Theorem 2.2.
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3. EXAMPLES OF β-MIXING SERIES

In this section, we present the examples dealing with classical stationary models satisfying the
regularity (CR) assumptions (see [4], Section 5).

Example 3.1 (Autoregressive (AR) model). Consider the stationary solution of AR(1) equation:

Xi = θXi−1 + εi, (3.14)

for some θ ∈ (0, 1) and i.i.d. random variables εi. The distribution function of the innovations is denoted
by Fε. Assume that Fε admits a positive Lebesgue density which is L1-Lipschiz-continuous; see [7]
Eq. (42). Suppose that as x → ∞,

1 − Fε(x) ∼ px−1/γ l(x) and Fε(−x) ∼ qx−1/γ l(x), for some slowly varying function l and p =
1 − q ∈ (0, 1). Then from Sect. 3.2 of [7], we obtain 1 − F (x) ∼ dθ(1 − F (x)) as x −→ ∞, where
dθ = (1 − θ1/γ)−1. Furthermore, the regularity conditions hold with,

r(x, y) = x ∧ y +

∞∑

m=1

(cm(x, y) + cm(y, x)) ;

where cm(x, y) = x ∧ yθm/γ .
Example 3.2 (Moving average (MA) model). Consider the stationary solution of MA(1) equation:

Xi = θεi−1 + εi, (3.15)

where the innovation ε satisпмБes the same conditions as in the AR(1) model (Example 3.1). And from
Sect. 3.2 of [7], we obtain 1 − F (x) ∼ dθ(1 − Fε(x)) as x → ∞, where dθ = 1 + θ1/γ . One can also
compute r(x, y) = x ∧ y + (1 + θ1/γ)−1(x ∧ yθ1/γ + y ∧ xθ1/γ).

Example 3.3 (Genralized autoregressive conditional heteroskedasticity (GARCH) model). Consider
the stationary solution to the recursive system of equations:

{
Xt = σtεt,

σ2
t = λ0 + λ1X

2
t−1 + λ2σ

2
t−1,

(3.16)

where the process of innovations ε are i.i.d. with zero mean and unit variance. The stationary solution
Xt of this GARCH(1,1) model follows a heavy-tailed distribution, even if the innovations εt are normally
distributed, see [19] and [9].

This GARCH(1,1) model satisfies the regularity conditions (CR) (see [24] and [8]), but without an
explicit covariance function r(., .).

4. SIMULATION STUDY

In this section, we proceed by generating the data for the four models (similarly in [4], Section 6). This
involves an independent model and the three models mentioned above, Examples 3.1–3.3. We define ε
such that:

Fε(u) =

{
(1 − q)(1 − F̃ (−u)) if u < 0,

1 − q + qF̃ (u) if u > 0,

where F̃ stands for the unit Fréchet distribution function and for q = 0.75. Fε belongs to the max-
domain of attraction with extreme index γ = 1. We generate N = 1000 time series of size n = 1000
based on i.i.d. observations from Fε.This concerns all four models. The theoretical value of γ = 1
concerns the first three models. For the fourth model γ = 0.258:

• Model 1. Independence model with Xt = εt (as a particular case of AR(1) or MA(1) with θ = 0
). The theoretical value of x(0.001) is 749.80.

• Model 2. AR(1) model (3.14) with θ = 0.3. The theoretical value of x(0.001) is 1072.26.

• Model 3. MA(1) model (3.15) with θ = 0.3. The theoretical value of x(0.001) is 972.85.
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• Model 4. GARCH(1, 1) model (5.17) with standardized Student t innovations with 5.64 degrees
of freedom and λ0 = 8.26 × 10−07, λ1 = 0.052, λ2 = 0.941. The theoretical value of x(0.001) is
0.0592.

Note that the theoretical values were computed by the Monte Carlo method based on 500 samples of
size 106, as in pg 334 of [4]. In our simulation study, we generate N = 1000 samples of size n = 1000.
Firstly, we focus on the extreme value index γ. We apply the four tail index estimators: γ̂

(H)
kn

, γ̂
(Ub1)
kn,kρ

,

γ̂
(Ub2)
kn,kρ

and γ̂
(dH)
kn,kρ

, with their associated extreme quantile estimators x̂
(W )
kn

(p), x̂
(Ub1)
kn,ρ̂kρ

(p), x̂
(Ub2)
kn,ρ̂kρ

(p)

and x̂
(dH)
kn,ρ̂kρ

(p), with p = 0.001, on each model in order to compare them. But for the estimator ρ̂kρ , we

use ρ̂kρ = ρ̂
(∗)
kρ

defined in (2,9),where the sequence kρ is selected as follows (similarly to [4], Section 6.2):

kρ := sup

{
k : k � min

(
m − 1,

2m

log log m

)
and ρ̂k exists

}
,

where m is the number of positive observations in the sample.
Secondly, on the one hand we compare the performance of the tail index estimators in each model.

And on the other, we do the same for the extreme quantiles estimators. For this reason, we compute
the absolute value of the mean of the bias (ABias) together with the root mean squared errors (RMSE)
based on the N samples, and defined as

ABias(η, kn) :=

∣∣∣∣∣
1

N

N∑

i=1

η̂(i)

η
− 1

∣∣∣∣∣ and RMSE(η, k) :=

√√√√ 1

N

N∑

i=1

(
η̂(i)

η
− 1

)2

,

where η is either γ or x(p), and η̂(i) is the i-th value (i = 1, ..., N) of an estimator of γ or x(p) evaluated
at kn (see [4], Section 6.2).

In Figure 1, resp. Figure 2, we plot the results against the corresponding kn values of the tail index
estimators , resp. the extreme quantile estimators, for each of the models by row, and by column, the

ABias (left) and RMSE (right). We have four curves in each graph. The full line corresponds to γ̂
(H)
kn

(resp. x̂
(W )
kn

(p)) estimator, the dashed line to γ̂
(dH)
kn,ρ̂kρ

(resp. x̂
(dH)
kn,ρ̂kρ

(p)) estimator, the dotdashed line to

γ̂
(Ub1)
kn,ρ̂kρ

(resp. x̂
(Ub1)
kn,ρ̂kρ

(p)) estimator and the longdashed line to γ̂
(Ub2)
kn,ρ̂kρ

(resp. x̂
(Ub2)
kn,ρ̂kρ

(p)) estimator.

By these simulations, we observe that:

1. The Figure 1 shows that our tail index estimators (γ̂(Ub1)
kn,ρ̂kρ

and γ̂
(Ub2)
kn,ρ̂kρ

) look the same as the γ̂
(dH)
kn,ρ̂kρ

estimator given in [4], in term of ABias and RMSE for the different Models. In Models 1, 2 and
3 especially, we observe a longer stability of the three asymptotically unbiased estimators as a

function of kn, which is not the case for the Hill’s estimator γ̂
(H)
kn

. Our first estimator γ̂
(Ub1)
kn,ρ̂kρ

sticks at a lower level for that. However, the HillвАЩs estimator shows better performance for
small values of kn. Now, regarding the GARCH(1, 1) model, the Hill’s estimator performs very

poorly, whereas our two unbiased estimators γ̂
(Ub1)
kn,ρ̂kρ

and γ̂
(Ub2)
kn,ρ̂kρ

are at least as good as γ̂
(dH)
kn,ρ̂kρ

estimator with the best performance for γ̂
(Ub2)
kn,ρ̂kρ

estimator.

2. In Figure 2, our extreme quantile estimators (x̂(Ub1)
kn,ρ̂kρ

(p) and x̂
(Ub2)
kn,ρ̂kρ

(p)) follow the same profile as

x̂
(dH)
kn,ρ̂kρ

(p) (introduced in [4]), in term of ABias and RMSE for the different Models with a longer

stability as a function of kn, better than the Weissman’s estimator (x̂(W )
kn

(p)). In Models 1, 2

and 3, we observe that our unbiased estimator x̂
(Ub1)
kn,ρ̂kρ

(p) remains at a lower level. However, the

Weissman’s estimator shows better performance for small values of kn. In Model 4, our unbiased

estimator x̂
(Ub2)
kn,ρ̂kρ

(p) turns out best compared to the others.
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In summary, this simulation study points out that the Generalized Jackknife methodology which
consists of removing the bias, the extreme value index and extreme quantile estimators remain stable for
a broad range of kn values even if the dataset exhibits serial dependence. Therefore, the bias reduction
procedure related to the serial dependence case enables to overcome the problem of the choice of the
intermediate sequence kn used in the application of extreme value statistics to financial time series.

5. APPLICATION TO FINANCIAL MARKET INDEX
In this section, we illustrate the performance of our bias reduction procedure using a real-world

case study of the S&P500 index financial data. We estimate the tail index and extreme quantiles
estimators to evaluate the S&P500 index ( It, t = 1, . . . , n). Figure 3 shows the daily negative log-
returns Rt = log(It/It−1) for negative values (Loss), for n = 1000 values of S&P500 index from April
23th, 2018 to April 8th, 2022. In terms of risk management, Value-at-Risk (VaR) is a commonly used
quantity in the international regulatory framework, known as the Basel Accords (see [25], for a historical
review of the Basel International Settlement). The Basel Accord requires the largest international banks
to hold regulatory capital for the trading book based on a 99%-VaR over a 1-day or 10-day holding
period. The VaR-based risk capital calculation has attracted significant attention over the last two
decades (see [21], Chapter 1). The α-VaR for the horizon h = 1 day is the quantile x(p) = U(1/p)such
that p = 1 − α of the distribution for the index daily log-returns.

From Figure 3, we observe that although the loss return series can be regarded as stationary, there
is evidence of serial dependence such as cluster of volatility. To model this kind of phenomenon, the
following GARCH(1, 1) model (5.17) is appropriate :{

Xt = σtεt,

σ2
t = λ̂0 + λ̂1X

2
t−1 + λ̂2σ

2
t−1,

(5.17)

Furthermore, we fit the GARCH(1, 1) model to our dataset, where the innovations εt are in-
dependent and identically Student-t distributed with λ̂0 = 2.3 × 10−05(2.657 × 10−05), λ̂1 = 7.574 ×
10−01(8.665 × 10−01), λ̂2 = 7.037 × 10−01(6.539 × 10−02) and the parameter of the Student-t is ν̂ =
2.189 (2.453 × 10−01), where the value in parentheses is the standard deviation. Our aim is to estimate
the Value-at-Risk of the return series at the 99.9% level, which corresponds to a extreme quantile with
tail probability 0.1%, i.e., x(0.001).

Following the estimation procedure, we firstly estimate the second order parameter ρ̂kρ = −1.468

which corresponds to the value of kρ = 442. Secondly, we use the four estimators which are γ̂
(H)
kn

,

γ̂
(dH)
kn,ρ̂kρ

, γ̂
(Ub1)
kn,ρ̂kρ

and γ̂
(Ub2)
kn,ρ̂kρ

to estimate the tail index of the loss return series. We see that our γ̂
(Ub2)
kn,ρ̂kρ

estimator seems to be more stable while the others increase with kn. Finally, we use x̂
(W )
kn

(p), x̂
(dH)
kn,ρ̂kρ

(p),

x̂
(Ub1)
kn,ρ̂kρ

(p), and x̂
(Ub2)
kn,ρ̂kρ

(p) to estimate the VaR at 99% and 99.9% levels. It is clear that the x̂
(Ub2)
kn,ρ̂kρ

(p)

quantile estimator is more stable than the others regarding the middle and right hand side Figure 4. That
means it is the best estimator which can be used for high quantile estimation.

To illustrate that, we proceed by evaluating the optimal value of kn that we denote by k∗
n. In the figure,

this is the point around which a tail index estimator γ̂
(•)
kn

is stable. It is essential to decide a value of kn

which will be used to get the high quantile estimator. The selection of k∗
n is equivalent to the choice of

the threshold in the EVT peaks-over-threshold method. An alternative method is the algorithm of [23],
p. 137, which allows to get an automatic choice of the number of top extremes kn for a given tail index

estimator γ̂
(•)
kn

. According to these authors, an automatic choice of k∗
n is the kn value which minimizes

1

kn

kn∑

j=1

jτ
∣∣∣γ̂(•)

j − med
(
γ̂

(•)
1 , . . . , γ̂

(•)
kn

)∣∣∣ , 1 � kn ≤ N,

where 0 ≤ τ < 1/2 and med
(
γ̂

(•)
1 , . . . , γ̂

(•)
kn

)
denotes the median of

(
γ̂

(•)
1 , . . . , γ̂

(•)
kn

)
and N is the size of

the negative log-return series.
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Fig. 1. Simulation of the tail index: By row, Models 1, 2, 3, 4. By column, ABias (left) and RMSE (right) as functions
of kn.

By the way, chosing τ = 1/4, we compute the optimal values k∗
n associated to the estimated values

γ̂
(•)
kn

∈
{

γ̂
(H)
kn

, γ̂
(Ub1)
kn,ρ̂kρ

, γ̂
(Ub1)
kn,ρ̂kρ

, γ̂
(dH)
kn,ρ̂kρ

}
. In Table 1 below, we present the results of the estimated values

γ̂
(•)
k∗

n
with their associated extreme quantile estimators. Since we do not employ a parametric model for
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Fig. 2. Simulation of the extreme quantiles: By row, Models 1, 2, 3, 4. By column, ABias (left) and RMSE (right) as
functions of kn.

the time series, there is no explicit formula for calculating the asymptotic variance of the two estimators.
Therefore, we opt to use a block bootstrapping method to construct the conпмБdence interval for
extreme quantiles estimators. The block bootstrapping follows the routine boot in the package boot
in R software. By repeating such a bootstrapping procedure K = 1000 times, we obtain K bootstrapped
estimates for each estimator. The sample standard deviation across the K estimates gives an estimate
of the standard deviation of the underlying estimator for given kn ∈ {1, ..., N}. We construct the 95%
conпмБdence interval using the point estimate and the estimated standard deviation. This procedure is
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Fig. 3. S&P500 index data: daily negative log-returns from April 23th, 2018 to April 8th, 2022.
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Fig. 4. S&P500 index data: estimated values of γ (left panel), 99%-VaR (middle panel) and 99.9%-VaR (right panel)
as function of kn using the four estimators.

applied to all values of kn of each estimator. The point estimates of the 99% and 99.9% Value at Risk as
well as the lower and upper bounds of the conпмБdence intervals are given in Table 1.

From Table 1, we remark that for moderate quantiles (p = 0.01), our x̂
(Ub2)
k∗

n,ρ̂kρ
(p) estimator is not very

competitive regarding the cover values. In contrast, for high quantiles (p = 0.001), our estimator is

the best compared to that x̂
(dH)
k∗

n,ρ̂kρ
(p). That illustrates well our conclusions drawn from the graphical

analysis.

6. CONCLUSION

In this paper, we have presented three improved estimators of the tail index and extreme quantiles for
stationary β-mixing data. The proposed estimators are based on the generalized Jackknife methodology
and rely on taking any pair of three special cases of our family of estimators to cancel the bias term.
We have shown that our proposed estimators show good performance compared to existing methods
in terms of accuracy and stability over k. We have also conducted a thorough simulation study
to demonstrate the effectiveness of our proposed method in practice. Our results have important
implications for risk management and decision-making in various industries where accurate estimation
of extreme events is crucial. Overall, our work contributes to the ongoing efforts in developing reliable
and efficient methods for extreme value analysis of dependent data.
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7. PROOFS OF THE MAIN RESULTS

Proof of Proposition 2.1 It is similar to that of Colorally A.2 in [4] where we limit ourselves only to
the second order conditions.

Assume that the assumptions in Proposition 2.1 hold. With respect to the same Skorohod construc-
tion as in Proposition 1 in [3], it results that, for given α, δ > 0, there exist a function Ã ∼ A, and a
centered Gaussian process (W (t))t∈[0,1] with covariance function r, such that, as n → ∞:

sup
t∈(0,1]

t1/2+δ

∣∣∣∣
√

kn

(
log

Qn(t)

Qn(1)
− γ(− log t)

)
− γ
(
t−1W (t) − W (1)

)
−
√

knÃ(n/kn)
t−ρ − 1

ρ

∣∣∣∣

−→ 0 a.s.

This means for all t ∈ (0, 1]
(

log
Qn(t)

Qn(1)

)α

= γα(− log t)α

[
1 +

(− log t)−1

√
kn

(
t−1W (t) − W (1)

)

+ γ−1(− log t)−1Ã(n/kn)
t−ρ − 1

ρ
+ o(k−1/2

n )t−1/2−δ

]α

.

And from the relation (1 + x)α = 1 + αx + α(α−1)
2 x2 + o(x2), o(x2) −→ 0 when x → 0, we obtain

sup
t∈(0,1]

t1/2+δ

∣∣∣∣
√

kn

(
log

Qn(t)

Qn(1)

)α

− γα(− log t)α − αγα(− log t)α−1
(
t−1W (t) − W (1)

)

−
√

knÃ(n/kn)αγα−1(− log t)α−1 t−ρ − 1

ρ

∣∣∣∣ −→ 0 a.s.

Without losing generality, some terms tend to 0, as n → ∞. In fact, we have supt∈(0,1] t
1/2+εt−1|W (t)| =

O(1) a.s. and Ã(n/kn) → 0 as n → ∞.
Proof of Corollary 2.1 Obviously, we have

M
(α)
k =

1∫

0

(
log

Qn(t)

Qn(1)

)α

dt (7.19)

By using δ < 1/2 from the Proposition 2.1, we can take the integral of
(
log Qn(t)

Qn(1)

)α
on (0, 1] and use the

fact that
∫ 1
0 (− log t)a−1t−bdt = Γ(a)

(1−b)a for b < 1 to obtain the result in the Corollary. The random term
is obtained by taking

P (α) =

1∫

0

(− log t)α−1
(
t−1W (t) − W (1)

)
dt.

and is normally distributed with mean zero and covariance Cov
(
P (α), P (β)

)
= cα,β defined as,

cα,β =

1∫

0

1∫

0

(− log s)α−1(− log t)β−1 ×
(

r(s, t)

st
− r(s, 1)

s
− r(1, t)

t
+ r(1, 1)

)
dsdt,

with the covariance structure r defined as in the regularity condition (CR).
Proof of Theorem 2.1. In accordance with the assumptions outlined in Corollary 2.1, get the

following representation:

M
(α)
kn

d
= γαΓ(α + 1) +

αγαP (α)

√
kn

+ Ã(n/kn)γα−1 Γ(α + 1)

ρ

(
1

(1 − ρ)α
− 1

)
+ oP(k

−/2
n ) (7.20)
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It follows

M
(α)
kn

Γ(α + 1)

d
= γα

(
1 +

αP (α)

√
knΓ(α + 1)

+ Ã(n/kn)
γ−1

ρ

(
1

(1 − ρ)α
− 1

)
+ oP(k

−/2
n )

)
. (7.21)

Therefore

γ̃
(α)
kn

:=

(
M

(α)
kn

Γ(α + 1)

) 1
α

d
= γ

(
1 +

αP (α)

√
knΓ(α + 1)

+ Ã(n/kn)
γ−1

ρ

(
1

(1 − ρ)α
− 1

)
+ oP(k

−/2
n )

) 1
α

.

Using a Taylor expansion, we get as n → ∞,

γ̃
(α)
kn

d
= γ

(
1 +

1

α

[
αP (α)

√
knΓ(α + 1)

+ Ã(n/kn)
γ−1

ρ

(
1

(1 − ρ)α
− 1

)]
+ oP(k

−/2
n )

)

d
= γ +

γP (α)

√
knΓ(α + 1)

+
Ã(n/kn)

αρ

(
1

(1 − ρ)α
− 1

)
+ oP(k

−/2
n ).

The expression (2.5) of γ̂
(α)
kn

can be written as:

‘γ̂
(α)
kn

=
M

(α)
kn

Γ(α + 1)

(
M

(1)
kn

)1−α
, α > 1.

From (7.20), it follows:

M
(1)
kn

d
= γ +

γP (1)

√
kn

+
Ã(n/kn)

1 − ρ
+ oP(k

−/2
n )

d
= γ

[
1 +

P (1)

√
kn

+ Ã(n/kn)
γ−1

1 − ρ
+ oP(k

−/2
n )

]
.

(
M

(1)
kn

)1−α d
= γ1−α

(
1 +

P (1)

√
kn

+ Ã(n/kn)
γ−1

1 − ρ
+ oP(k

−/2
n )

)1−α

d
= γ1−α

(
1 +

(1 − α)P (1)

√
kn

+ Ã(n/kn)γ−1 1 − α

1 − ρ
+ oP(k

−/2
n )

)
.

We recall that

M
(α)
kn

Γ(α + 1)

d
= γα

(
1 +

αP (α)

√
knΓ(α + 1)

+ Ã(n/kn)
γ−1

ρ

(
1

(1 − ρ)α
− 1

)
+ oP(k

−/2
n )

)
.

Hence

γ̂
(α)
kn

d
= γ +

γ√
kn

P̂ (α) + Ã(n/kn)

{
1 − (1 − ρ)α

ρ(1 − ρ)α
− α − 1

1 − ρ

}
+ oP(k

1/2
n ).

Where P̂ (α) = αP (α)

Γ(α+1) − (α − 1)P (1), which ends the proof of the Theorem 2.1.

Proof of Corollary 2.2. The results in Corollary 2.2 quite direct by computing the variance of the
centered Gaussian term P (α) given in Corollary 2.1.

Proof of Theorem 2.2. Note That:

γ̂
(H)
kn

= γ̃
(1)
kn

= γ̂
(1)
kn

= M
(1)
kn

, γ̂
(2)
kn

=
M

(2)
kn

2M
(1)
kn

and γ̃
(2)
kn

=

√
M

(2)
kn

2
. (7.22)
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We recall that:

γ̂
(Ub1)
kn,ρ̂ :=

1

ρ̂

(√
2M

(2)
kn

− (2 − ρ̂)
M

(2)
kn

2M
(1)
kn

)
,

γ̂
(Ub2)
kn,ρ̂ :=

1

ρ̂

(
(2 − ρ̂)M

(1)
kn

− (1 − ρ̂)

√
2M

(2)
kn

)

and

γ̂
(dH)
kn,ρ̂ :=

1

ρ̂

(
M

(1)
kn

− (1 − ρ̂)
M

(2)
kn

2M
(1)
kn

)
,

where ρ̂ is either a canonical negative value ρ̂ := ρ = ρ0 or a consistent estimator ρ̂ := ρ̂kρ of ρ, with
kρ := kρ,n an intermediate sequence of integers greater than kn, satisfying kρ → ∞ and kρ/n → 0, as
n → ∞.

From Theorem 2.1, we have:

M
(1)
kn

d
= γ +

γP (1)

k
1/2
n

+
Ã(n/kn)

1 − ρ
+ oP(k

−1/2
n ), (7.23)

√
2M

(2)
kn

:= 2

√
M

(2)
kn

2

d
= 2γ +

γP (2)

k
1/2
n

+ Ã(n/kn)
2 − ρ

(1 − ρ)2
+ oP(k

−1/2
n ), (7.24)

and

M
(2)
kn

2M
(1)
kn

d
= γ +

γP (2)

k
1/2
n

− γP (1)

k
1/2
n

+ Ã(n/kn)
1

(1 − ρ)2
+ oP(k

−1/2
n ). (7.25)

Using the Jackknife methodology, this leads to:

γ̂
(•)
kn,ρ̂

d
= γ +

γ(2 − ρ̂)P (1) − γ(1 − ρ̂)P (2)

ρ̂
√

kn
+ Ã(n/k)

ρ̂ − ρ

ρ̂(1 − ρ)2
+ oP(k

−1/2
n ).

For a given canonical negative value ρ̂ := ρ = ρ0 or a consistent estimator ρ̂ := ρ̂kρ of ρ, we get as
n → ∞

k1/2
n

(
γ̂

(•)
kn,ρ̂ − γ

)
d→ γ

ρ

(
(2 − ρ)P (1) − (1 − ρ)P (2)

)
.

Computing the the variance term of γ
ρ

(
(2 − ρ)P (1) − γ(1 − ρ)P (2)

)
. with respect to the covariance

structure, the Theorem 2.2 holds.
Proof of Corollary 2.2. According to [4], under (CSO) and (CR) assumptions, if kρ := kρ,n satisfies

kρ → ∞, kρ/n → 0 and
√

kρA(n/kρ) → ∞, as n → ∞, then ρ̂
(∗)
kρ

P→ ρ. The Corollary 2.3 follows by
applying the Theorem 2.2.

Proof of Theorem 2.3. For simplify, let’s denote by dn = kn
np and

Tn =

(
M

(2)
kn

− 2(M
(1)
kn

)2
)

(1 − ρ̂)2

2M
(1)
kn

ρ̂2

(
1 − dρ̂

n

)
.

We consider the expression:

En =

√
kn

log dn

⎛
⎝ x̂

(•)
kn,ρ̂(p)

x(p)
− 1

⎞
⎠ with x̂

(•)
kn,ρ̂(p) = Xn−kn,nd

γ̂
(•)
kn,ρ̂

n (1 − Tn)
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. Let x(p) = U(1/p). It follows

En =

√
kn

log dn

⎛
⎝Xn−kn,nd

γ̂
(•)
kn,ρ̂

n (1 − Tn)

xp
− 1

⎞
⎠

=

√
kn

log dn

⎡
⎣
⎛
⎝Xn−kn,nd

γ̂
(•)
kn,ρ̂

n

x(p)
− 1 + 1

⎞
⎠ (1 − Tn) − 1

⎤
⎦

=

√
kn

log dn

[(
Xn−kn,ndγ̂(•)

n

x(p)
− 1

)
(1 − Tn) + (1 − Tn) − 1

]

=

√
kn

log dn

⎛
⎝Xn−kn,nd

γ̂
(•)
kn,ρ̂

n

x(p)
− 1

⎞
⎠ (1 − Tn) −

√
kn

log dn
Tn

=

√
kn

log dn

Xn−kn,nd
γ̂
(•)
kn,ρ̂

n

x(p)
(1 − Tn) −

√
kn

log dn
(1 − Tn) −

√
kn

log dn
Tn

=

√
kn

log dn

Xn−kn,nd
γ̂
(•)
kn,ρ̂−γ+γ

n U(n/kn)

x(p)U(n/kn)
(1 − Tn) −

√
kn

log dn
(1 − Tn) −

√
kn

log dn
Tn

=
dγ

nU(n/kn)

U(1/pn)

√
kn

log dn

Xn−kn,n

U(n/kn)
d

γ̂
(•)
kn,ρ̂−γ

n (1 − Tn) −
√

kn

log dn
(1 − Tn) −

√
kn

log dn
Tn

=
dγ

nU(n/kn)

U(1/pn)

[ √
kn

log dn

(
Xn−kn,n

U(n/kn)
− 1

)
d

γ̂
(•)
kn,ρ̂−γ

n +

√
kn

log dn
dγ̂(•)−γ

n

]
(1 − Tn)

−
√

kn

log dn
(1 − Tn) −

√
kn

log dn
Tn

=
dγ

nU(n/kn)

U(1/pn)

[ √
kn

log dn

(
Xn−kn,n

U(n/kn)
− 1

)
d

γ̂
(•)
kn,ρ̂−γ

n +

√
kn

log dn

(
d

γ̂
(•)
kn,ρ̂γ

n − 1

)]
(1 − Tn)

+
dγ

nU(n/kn)

U(1/pn)

√
kn

log dn
(1 − Tn) −

√
kn

log dn
.

We have as n → ∞,
dγ

nU(n/kn)

U(1/pn)
−→ 1, because

U(1/pn)d−γ
n

U(n/kn)
−→ 1, by the regularly varying condition

of the tail quantile U .
From Proposition 1. in [3], we have as n → ∞,

√
k

(
Xn−kn,n

U(n/kn)
− 1

)
d→ γW (1). (7.26)

Next, we also

d
γ̂
(•)
kn,ρ̂

−γ
n = exp

[(
γ̂

(•)
kn,ρ̂ − γ

)
log dn

]
.

From Theorem 2.2, we get for all large values of n;

γ̂
(•)
kn,ρ̂ − γ

d
= k−1/2

n Γ + oP(k
−1/2)

as n → ∞ where Γ is a centred Gaussian distribution with variance by assumption σ2(γ, ρ). Since

log dn/k
1/2
n → 0, as n → ∞, this implies that for all n large enough,

(
γ̂

(•)
kn,ρ̂ − γ

)
log dn = oP(1). (7.27)
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Further, by using the inequality,
∣∣∣ exp(x)−1

x − 1
∣∣∣ ≤ exp(|x|) − 1, in the neighborhood of zero, we get

d
γ̂
(•)
kn,ρ̂

−γ
n

d
= 1 +

(
γ̂

(•)
kn,ρ̂ − γ

)
log dn + OP(Rn), (7.28)

as n → ∞, with

Rn =
∣∣∣
(
γ̂

(•)
kn,ρ̂ − γ

)
log dn

∣∣∣×
[

exp
{ ∣∣∣
(
γ̂

(•)
kn,ρ̂ − γ

)
log dn

∣∣∣
}

− 1

]
.

Since npn/kn → 0, as n → ∞, we have dn = kn/(npn) → ∞. Therefore, from (7.26), (7.27) and (7.28),
we get as n → ∞:

√
kn

log dn

(
Xn−kn,n

U(n/kn)
− 1

)
d

γ̂
(•)
kn,ρ̂−γ

n = oP(1).

And in the other hand, we get as n → ∞:
√

kn

log dn

(
d

γ̂
(•)
kn,ρ̂−γ

n − 1

)
d
=
√

kn

(
γ̂

(•)
kn,ρ̂ − γ

)
+ oP(1).

This leads to √
kn

log dn

(
d

γ̂
(•)
kn,ρ̂−γ

n − 1

)
d→ Γ,

as n → ∞. Next, from (7.20), M
(1)
kn

P→ γ and M
(2)
kn

P→ 2γ2, as n → ∞. For a given canonical negative

value ρ̂ := ρ = ρ0 or a consistent estimator ρ̂ := ρ̂kρ of ρ, we get Tn
P→ 0, as n → ∞.

For the last term, we have:

Fn =
dγ

nU(n/kn)

U(1/pn)

√
kn

log dn
(1 − Tn) −

√
kn

log dn

=

√
kn

log dn

dγ
nU(n/kn)

U(1/pn)
(1 − Tn) −

√
kn

log dn

=

√
kn

log dn

[
dγ

nU(n/kn)

U(1/pn)
− 1

]
(1 − Tn) +

√
kn

log dn
(1 − Tn) −

√
kn

log dn

=

√
kn

log dn

[
dγ

nU(n/kn)

U(1/pn)
− 1

]
(1 − Tn) +

√
kn

log dn
Tn

= Fn,1 + Fn,2.

By expanding Fn,1 we get:

Fn,1 =

√
k

log dn

dγ
nU(n/kn)

U(1/pn)

[
1 − d−γ

n U(1/pn)

U(n/k)

]
(1 − Tn)

=
1

log dn

−dγ
nU(n/k)

U(1/pn)

√
kA(n/k)

⎡
⎣

d−γ
n U(1/pn)
U(n/k) − 1

A(n/k)

⎤
⎦ (1 − Tn) .

Since −dγ
nU(n/k)

U(1/pn) −→ 1,
√

kA(n/k) −→ λ, log dn −→ ∞,
d
−γ
n U(1/pn)

U(n/k)
−1

A(n/k) −→ −1
ρ , and Tn

P→ 0, we

get Fn,1
P→ 0, as n → ∞.

Now, for Fn,2, we obtain:

Fn,2 =

√
kn

log dn

(
Tn − Ã(n/kn)

ρ

(
1 − dρ̂

n

))
+

√
kn

log dn

Ã(n/kn)

ρ

(
1 − dρ̂

n

)
.
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For a given canonical negative value ρ̂ := ρ = ρ0 or a consistent estimator ρ̂ := ρ̂kρ of ρ, we get dρ̂
n → 0,

as n → ∞. Since
√

kA(n/k) −→ λ, log dn −→ ∞, we have, as n → ∞:
√

kn

log dn

Ã(n/kn)

ρ

(
1 − dρ̂

n

)
→ 0.

On the other hand
√

kn

log dn

(
Tn − Ã(n/kn)

ρ

(
1 − dρ̂

n

))
=

√
kn

log dn

⎛
⎝

(
M

(2)
kn

− 2(M
(1)
kn

)2
)

(1 − ρ̂)2

2M
(1)
kn

ρ̂2
− Ã(n/kn)

ρ

⎞
⎠
(
1 − dρ̂

n

)
.

From (7.23) and (7.25), we have:

√
kn

(
M

(2)
kn

− 2(M
(1)
kn

)2

2ρ̂M
(1)
kn

− Ã(n/kn)

ρ

)
d→ (1 − ρ)2

ρ2

(
P (2) − 2P (1)

)
.

This implies that
√

kn

log dn

(
Tn − Ã(n/kn)

ρ

)
P→ 0.

Finally, we get, as n → ∞,
√

kn

log dn

⎛
⎝ x̂

(•)
kn,ρ̂(p)

x(p)
− 1

⎞
⎠ d→ Γ.

This ends the proof of Theorem 2.3.
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Abstract
We investigate a class of stochastic integro-differential equations driven by Lévy
noise. Under some appropriate assumptions, we establish the existence of a square-
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1 Introduction

The aim of this work is to study the existence of a square-mean almost automorphic
mild solutions in distribution to the following class of nonlinear stochastic integro-
differential equations driven by Lévy noise in a separable Hilbert space H

x0ðtÞ ¼ AxðtÞ þ gðt; xðtÞÞ þ
Z t

�1
B1ðt � sÞf ðs; xðsÞÞds

þ
Z t

�1
B2ðt � sÞhðs; xðsÞÞdW ðsÞ

þ
Z t

�1
B2ðt � sÞ

Z
jyjV\1

Fðs; xððs�Þ; yÞ ~Nðds; dyÞ

þ
Z t

�1
B2ðt � sÞ

Z
jyjV � 1

Gðs; xðs�; yÞNðds; dyÞ for all t 2 R;

ð1:1Þ

where A : DðAÞ � H is the infinitesimal generator of a C0-semigroup ðTðtÞÞt� 0, B1

and B2 are convolution-type kernels in L1ð0;1Þ and L2ð0;1Þ respectively. g; f :

R� L2ðP;HÞ ! L2ðP;HÞ h : R� L2ðP;HÞ ! LðV ; L2ðP;HÞÞ
F;G : R� L2ðP;HÞ � V ! L2ðP;HÞ; W and N are the Lévy-Itô decomposition
components of the two-sided Lévy process L (with assumptions stated in Sect. 2.).

Throughout this work, we assume ðH; k � kÞ and ðV ; j � jÞ are real separable Hilbert
spaces. We denote by LðV ;HÞ the family of bounded linear operators from V to H

and L2ðP;HÞ is the space of all H-valued random variables x such that

Ekxk2 ¼
Z
X
kxk2dP\þ1:

The concept of almost automorphic is a natural generalization of the almost peri-
odicity that was introduced by Bochner [6]. The basic aspects of the theory of almost
automorphic functions can be found for instance into the book [23].

In recent years, the study of almost periodic or almost automorphic solutions to
some stochastic differential equations have been considerably investigated in several
publications [2–5, 7–11, 13, 26] because of its significance and applications in
physics, mechanics and mathematical biology. The concept of square-mean almost
automorphic stochastic processes was introduced by Fu and Liu [14]. As indicated in
[15, 17], it appears that almost periodicity or automorphy in distribution sense is a
more appropriate concept relatively to solutions of stochastic differential equations.
Recently, the concept of Poisson square-mean almost automorphy was introduced by
Liu and Sun [18] to deal with some stochastic evolution equations driven by Lévy
noise. For the almost automorphy in distribution, its various extensions in
distribution sense and the applications in stochastic differential equations, one can
see [12, 16, 20, 28] for more details.

One should point out that other slightly different versions of Eq. (1.1) have been
considered in the literature. In particular, under the Lipschitz conditions on g, f and h,
Bezandry [3], Xia [27] and Mbaye [19] investigated the existence and uniqueness of
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the solution of Eq. (1.1) in the case when F ¼ G ¼ 0 based on Banach fixed point
theorem. In this work, based on Schauder’s fixed point theorem, we establish that the
Eq. (1.1) has at least one almost automorphic in distribution mild solution, under
some conditions, notably the conditions (H.1), (H.2) and (H.4) (see Sect. 3) but with
weaker than Lipschitz conditions.

The rest of this work is organized as follows. In Sect. 2, we make a recalling on
Lévy process. In Sect. 3, we review some concepts and basic properties on almost
automorphic and Poisson almost automorphic processes. In Sect. 4, by Schauder’s
fixed point theorem, we prove the existence of an square-mean almost automorphic
mild solution in distribution of Eq. (1.1). In Sect. 5, we provide an example to
illustrate our results.

2 Lévy process

Definition 2.1 [18] A V-valued stochastic process L ¼ ðLðtÞ; t� 0Þ is called Lévy
process if:

(1) Lð0Þ ¼ 0 almost surely;
(2) L has independent and stationary increments;
(3) L is stochastically continuous, i.e. for all �[ 0 and for all s[ 0

lim
t!s

PðjLðtÞ � LðsÞj[ �Þ ¼ 0:

For a given Lévy process L, the associated jump process 4L ¼ ð4LðtÞ t� 0Þ is
given by 4LðtÞ ¼ LðtÞ � Lðt�Þ for each t� 0. For any Borel set B in V � f0g,
define the random counting measure

Nðt;BÞðxÞ :¼ ]

�
0� s� t : 4LðsÞðxÞ 2 B

�
:¼

X
0� s� t

vBð4LðsÞðxÞÞ

with Lðt�Þ ¼ limt%s LðsÞ and vB being the indicator function for any Borel set B in
V � f0g. We define mð�Þ ¼ EðNð1; �ÞÞ and call it the intensity measure associated
with L. We say that a Borel B in V � f0g is bounded below if 0 62 B, where B is the
closure of B. If B is bounded below, then Nðt;BÞ\1 almost surely for all t� 0 and
ðNðt;BÞ; t� 0Þ is called Poisson random measure with intensity mðBÞ. So N is called
Poisson random measure. For each t� 0 and B bounded below, we define the
compensated Poisson random measure by

eN ðt;BÞ ¼ Nðt;BÞ � tmðBÞ:

Proposition 2.1 [1, 24] Let L be the V-valued Lévy process. Then there exist a 2 V,
V-valued Wiener process W with covariance operator Q, and an independent Poisson
random measure on Rþ � ðV � f0gÞ such that for each t� 0

LðtÞ ¼ at þW ðtÞ þ
Z
jxj\1

xeN ðt; dxÞ þ
Z
jxj � 1

xNðt; dxÞ;
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where the Poisson random measure N has the intensity measure m satisfyingZ
V
ðjxj2 ^ 1ÞmðdxÞ\1 ð2:1Þ

and eN is the compensated Poisson random measure of N.

Remark 2.1 By (2.1), it follows that
R
jxj � 1 mðdxÞ\1. For convenience, we denote

b :¼
Z
jxj � 1

mðdxÞ:

In the sequel, Wiener processes we consider are Q�Wiener processes, for
simplicity, we assume that the covariance operator Q of W is of trace class, i.e.
TrQ\1, see [25] for more details. For our purpose, we need to consider a two-sided
L Lévy processes defined on ðX;F ;P; ðF tÞt2RÞ. It is worth mentioning that L can be
obtained as follows: Let L1ðtÞ and L2ðtÞ, t� 0 be two independent and identically
distributed Lévy processes. Let

LðtÞ ¼ L1ðtÞ for t� 0;

�L2ð�tÞ for t\0:

�
Then L is a two-sided Lévy process defined on the filtered probability space

ðX;F ;P; ðF tÞt2RÞ. The stochastic process eL ¼ ðeLðtÞ; t 2 RÞ given by eLðtÞ :¼
Lðt þ sÞ � LðsÞ for some s 2 R is also a two-sided Lévy process which shares the
same law as L. For more details about the Lévy process, we refer to [1, 18, 24].

3 Square-mean almost automorphic process

In this section, we recall the concepts of square-mean almost automorphic process
and there basic properties.

Definition 3.1 Let x : R ! L2ðP;HÞ be a stochastic process.

(1) x is said to be stochastically bounded if there exists M [ 0 such that

EkxðtÞk2 �M for all t 2 R:

(2) x is said to be stochastically continuous if

lim
t!s

EkxðtÞ � xðsÞk2 ¼ 0 for all s 2 R:

Denote by SBCðR; L2ðP;HÞÞ the space of all the stochastically bounded and
continuous processes. Clearly, the space SBCðR; L2ðP;HÞÞ is a Banach space
equipped with the following norm
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kxk1 ¼ sup
t2R

ðEkxðtÞk2Þ12:

Definition 3.2 [18] Let J : R� V ! L2ðP;HÞ be a stochastic process.

(1) J is said to be Poisson stochastically bounded if there exists M [ 0 such thatZ
V
EkJðt; xÞk2mðdxÞ�M for all t 2 R:

(2) J is said to be Poisson stochastically continuous if

lim
t!s

Z
V
EkJðt; xÞ � Jðs; xÞk2mðdxÞ ¼ 0 for all s 2 R:

Denote by PSBCðR� V ; L2ðP;HÞÞ the space of all stochastically bounded
and continuous processes.

Definition 3.3 [14] Let x : R ! L2ðP;HÞ be a continuous stochastic process. x is
said be square-mean almost automorphic process if for every sequence of real
numbers ðt0nÞn we can extract a subsequence ðtnÞn such that, for some stochastic
process y : R ! L2ðP;HÞ, we have

lim
n!þ1 Ekxðt þ tnÞ � yðtÞk2 ¼ 0 for all t 2 R

and

lim
n!þ1Ekyðt � tnÞ � xðtÞk2 ¼ 0 for all t 2 R:

We denote the space off all such stochastic processes by SAAðR; L2ðP;HÞÞ.
Theorem 3.1 [14] SAAðR; L2ðP;HÞÞ equipped with the norm k � k1 is a Banach
space.

Definition 3.4 [18] Let D : R� V ! L2ðP;HÞ be stochastic process. D is said to be
Poisson square-mean almost automorphic process in t 2 R if D is Poisson continuous
and for every sequence of real numbers ðt0nÞn we can extract a subsequence ðtnÞn such
that, for some stochastic process ~D : R� V ! L2ðP;HÞ withR
V Ek ~Dðt; xÞk2mðdxÞ\1 such that

lim
n!þ1

Z
V
EkDðt þ tn; xÞ � ~Dðt; xÞk2mðdxÞ ¼ 0 for all t 2 R

and

lim
n!þ1

Z
V
Ek ~Dðt � tn; xÞ � Dðt; xÞk2mðdxÞ ¼ 0 for all t 2 R:

We denote the space off all such stochastic processes by PSAAðR� V ; L2ðP;HÞÞ.
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Definition 3.5 [18] Let F : R� L2ðP;HÞ � V ! L2ðP;HÞ be stochastic process. F
is said be Poisson square-mean almost automorphic process in t 2 R for each Y 2
L2ðP;HÞ if F is Poisson continuous and for every sequence of real numbers ðt0nÞn we
can extract a subsequence ðtnÞn such that, for some stochastic process ~F : R�
L2ðP;HÞ � V ! L2ðP;HÞ with RV Ek ~Fðt; Y ; xÞk2mðdxÞ\1 such that

lim
n!þ1

Z
V
EkFðt þ tn; Y ; xÞ � ~Fðt; Y ; xÞk2mðdxÞ ¼ 0 for all t 2 R

and

lim
n!þ1

Z
V
Ek ~Fðt � tn; Y ; xÞ � Fðt; Y ; xÞk2mðdxÞ ¼ 0 for all t 2 R:

We denote the space off all such stochastic processes by
PSAAðR� L2ðP;HÞ � V ; L2ðP;HÞÞ.

Let ðY; dÞ be a separable, complete metric space and PðYÞ be the space of Borel
probability measures on Y. For l1; l2 2 PðYÞ, we define

dBLðl1; l2Þ ¼ sup
kgkBL � 1

Z
Y

g dðl1 � l2Þ
���� ����; ð3:1Þ

where g are Lipschitz continuous functions on Y with the norm

kgkL ¼ sup
jgðkÞ � gðlÞj

dðk; lÞ ; k; l 2 Y; k 6¼ l

� �
kgkBL ¼ maxfkgk1; kgkLg; kgk1 :¼ sup

k2Y
jgðkÞj\1:

It is known that dBL is a complete metric on PðYÞ which generates the weak
topology [21].

Definition 3.6 [18] An H-valued stochastic process Y(t) is said to be almost
automorphic in distribution if its law lðtÞ is a PðHÞ-valued almost automorphic
mapping, i.e. for every sequence of real numbers ðs0nÞn, there exist a subsequence
ðsnÞn and a PðHÞ-valued mapping ~lðtÞ such that

lim
n!1 dBLðlðt þ snÞ; ~lðtÞÞ ¼ 0 and lim

n!1 dBLð~lðt � snÞ; lðtÞÞ ¼ 0

hold for each t 2 R.

Remark 3.1 A square-mean almost automorphic stochastic process is necessarily an
almost automorphic in distribution one; but the converse is not true. One can see [16]
for more details.

To study the existence of mild solutions to the stochastic evolution equations
(1.1). we will need the following assumptions,
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(H:1) The semigroup T(t) is compact for t[ 0 and is exponentially stable, i.e.,
there exists constants K;x[ 0 such that

kTðtÞk�Ke�xt for all t� 0: ð3:2Þ

(H:2) The processes f, g and h are uniformly continuous on any bounded subset
D � L2ðP;HÞ for each t 2 R. F, G are uniformly continuous on any bounded
subset D � L2ðP;HÞ for each t 2 R and x 2 V . For each bounded subset
D � L2ðP;HÞ, gðR;DÞ, f ðR;DÞ, hðR;DÞ are bounded and FðR;D;V Þ and
GðR;D;V Þ are Poisson stochastically bounded. Moreover we suppose that
there exists r[ 0 such that

Dr � x2r

20hK2
ð3:3Þ

where

Dr ¼ max

(
sup

t2R; kukL2 � r

���f ðt; uÞ���
L2
; sup
t2R; kukL2 � r

���gðt; uÞ���
L2
; sup
t2R; kukL2 � r

���hðt; uÞ���
L2
;

sup
t2R; kukL2 � r

Z
jyjV\1

���Fðt; u; xÞ���
L2
mðdxÞ;

sup
t2R; kukL2 � r

Z
jyjV � 1

���Gðt; u; xÞ���
L2
mðdxÞ

)

and

h ¼ max

�
1; kB1k2L1ð0;1Þ; 4kB2k2L2ð0;1Þ; 2bkB2k2L1ð0;1Þ

�
:

(H:3) we suppose that there exist measurable functions mg , mf mh, mF , mG : R �
! ½0;1Þ such that

E k gðt;Y Þ � gðt; ZÞ k2 �mgðtÞ � E k Y � Z k2; ð3:4Þ

E k f ðt; Y Þ � f ðt; ZÞ k2 �mf ðtÞ � E k Y � Z k2; ð3:5Þ

E k ðhðt; Y Þ � hðt; ZÞÞQ1
2 k2LðV ;L2ðP;HÞÞ �mhðtÞ � E k Y � Z k2; ð3:6ÞZ

jxjV\1
EkFðt; Y ; xÞ � Fðt; Z; xÞk2mðdxÞ�mFðtÞ � EkY � Zk2; ð3:7Þ

Z
jxjV � 1

EkGðt; Y ; xÞ � Gðt; Z; xÞk2mðdxÞ�mGðtÞ � EkY � Zk2; ð3:8Þ

for all t 2 R and for any Y ; Z 2 L2ðP;HÞ.
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(H:4) If ðunÞn2N � SBCðR; L2ðP;HÞÞ is uniformly bounded and uniformly
convergent upon every compact subset of R, then gð�; unð�ÞÞ, f ð�; unð�ÞÞ,
hð�; unð�ÞÞ, and Fð�; unð�Þ; �Þ, Gð�; unð�Þ; �Þ are relatively compact in
SBCðR; L2ðP;HÞÞ, PSBCðR� V ; L2ðP;HÞÞ, respectively.

Definition 3.7 An F t-progressively measurable process fxðtÞgt2R is called a mild
solution on R of Eq. (1.1) if it satisfies the corresponding stochastic integral equation

xðtÞ ¼ Tðt � aÞxðaÞ þ
Z t

a
Tðt � sÞgðs; xðsÞÞds

þ
Z t

a
Tðt � rÞ

Z r

a
B1ðr� sÞf ðs; xðsÞÞdsdr

þ
Z t

a
Tðt � rÞ

Z r

a
B2ðr� sÞhðs; xðsÞÞdW ðsÞdr

þ
Z t

a
Tðt � rÞ

Z r

a
B2ðr� sÞ

Z
jyjV\1

Fðs; xðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t

a
Tðt � rÞ

Z r

a
B2ðr� sÞ

Z
jyjV � 1

Gðs; xðs�Þ; yÞNðds; dyÞdr

ð3:9Þ

for all t� a.

Remark 3.2 If we let a ! �1 in the stochastic integral equation (3.9), by the
exponential dissipation condition of ðTðtÞÞt� 0, then we obtain the stochastic process

x : R ! L2ðX;HÞ is a mild solution of the Eq. (3.9) if and only if x satisfies the
stochastic integral equation

xðtÞ ¼
Z t

�1
Tðt � sÞgðs; xðsÞÞdsþ

Z t

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞf ðs; xðsÞÞdsdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞhðs; xðsÞÞdW ðsÞdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; xðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

Gðs; xðs�Þ; yÞNðds; dyÞdr:

ð3:10Þ

4 Square-mean almost automorphic solutions

This section is devoted to the existence of the square-mean almost automorphic mild
solution in distribution on R of Eq. (1.1).

Define the following integral operator,
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ðKxÞðtÞ ¼
Z t

�1
Tðt � sÞgðs; xðsÞÞdsþ

Z t

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞf ðs; xðsÞÞdsdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞhðs; xðsÞÞdW ðsÞdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; xðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

Gðs; xðs�Þ; yÞNðds; dyÞdr:

We have

Lemma 4.1 Suppose that the processes f,g and h are uniformly continuous on any
bounded subset D � L2ðP;HÞ for each t 2 R. F,G are uniformly continuous on any
bounded subset D � L2ðP;HÞ for each t 2 R and x 2 V. For each bounded subset
D � L2ðP;HÞ, gðR;DÞ, f ðR;DÞ, hðR;DÞ are bounded and FðR;D;V Þ and
GðR;D;V Þ are Poisson stochastically bounded. If the semigroup T(t) verifies (3.2)
in assumption (H.1) then the mapping K : SBCðR; L2ðP;HÞÞ ! SBCðR; L2ðP;HÞÞ
is well-defined and continuous.

Proof It is easy to see that S is well-defined. To complete the proof it remains to see
that K is continuous. Consider an arbitrary sequence of functions un 2
SBCðR; L2ðP;HÞÞ that converges uniformly to some u 2 SBCðR; L2ðP;HÞÞ, that
is,
��un � u

��
1 ! 0 as n ! 1: There exists a bounded subset D of L2ðP;HÞ

such that unðtÞ; uðtÞ 2 D for each t 2 R and n ¼ 1; 2; . . .. By assumptions, given

�[ 0, there exist d[ 0 and N [ 0 such that EkunðtÞ � uðtÞk2\d imply that

E k gðt; unðtÞÞ � gðt; uðtÞÞ k2 \ x2�

25K2
;

E k f ðt; unðtÞÞ � f ðt; uðtÞÞ k2 \ x2�

25K2ðkB1k2L1ð0;1Þ þ 1Þ ;

E k hðt; unðtÞÞ � hðt; uðtÞÞQ1
2 k2 \ x2�

25K2ðkB2k2L2ð0;1Þ þ 1Þ ;Z
jxjV\1

EkFðt; unðtÞ; xÞ � Fðt; uðtÞ; xÞk2mðdxÞ\ x2�

25K2ðkB2k2L2ð0;1Þ þ 1Þ ;

and

Z
jxjV\1

EkGðt; unðtÞ; xÞ � Gðt; uðtÞ; xÞk2mðdxÞ\ x2�

50K2ðkB2k2L2ð0;1Þ þ bkB2k2L1ð0;1Þ þ 1Þ

for all t 2 R and n�N . Hence
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EkðKunÞðtÞ � ðKuÞðtÞk2 ¼ E

����Z t

�1
Tðt � sÞ

�
gðs; unðsÞÞ � gðs; uðsÞÞ

�
ds

þ
Z t

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞ

�
f ðs; unðsÞÞ � f ðs; uðsÞÞ

�
dsdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

�
hðs; unðsÞÞ � hðs; uðsÞÞ

�
dW ðsÞdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1�

Fðs; unðs�Þ; yÞ � Fðs; uðs�Þ; yÞÞ
�
~Nðds; dyÞdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1�

Gðs; unðs�Þ; yÞ � Gðs; uðs�Þ; yÞÞ
�
Nðds; dyÞdr

����2
� 5E

����Z t

�1
Tðt � sÞ

�
gðs; unðsÞÞ � gðs; uðsÞÞ

�
ds

����2
þ 5E

���� Z t

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞ

�
f ðs; unðsÞÞ � f ðs; uðsÞÞ

�
dsdr

����2
þ 5E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

�
hðs; unðsÞÞ � hðs; uðsÞÞ

�
dW ðsÞdr

����2
þ 5E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

�
Fðs; unðs�Þ; yÞ � Fðs; uðs�Þ; yÞÞ

�
~Nðds; dyÞdr

����2
þ 5E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Gðs; unðs�Þ; yÞ � Gðs; uðs�Þ; yÞÞ

�
Nðds; dyÞdr

����2
� 5ðI1 þ I2 þ I3 þ I4 þ I5Þ:

Using Cauchy–Schwartz’s inequality, we get

I1\
�

25
I2\

�

25
:

For I3, using Cauchy-Schwartz’s inequality and Ito’s isometry property, we obtain
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I3 � K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
E

����B2ðr� sÞ
�
hðs; unðsÞÞ � hðs; uðsÞÞ

�
Q

1
2

����2dsdr\ �

25
:

As to I4 and I5, by Cauchy–Schwartz’s inequality and the properties of the integral
for the Poisson random measure, we have

I4 ¼ E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

�
Fðs; unðs�Þ; yÞ � Fðs; uðs�Þ; yÞÞ

�
~Nðds; dyÞdr

����2
� K2

x

Z t

�1
e�xðt�rÞE

���� Z r

�1
B2ðr� sÞ

Z
jyjV\1

�
Fðs; unðs�Þ; yÞ � Fðs; uðs�Þ; yÞÞ

�
~Nðds; dyÞ

����2dr
� K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2

Z
jyjV\1

E

����Fðs; unðs�Þ; yÞ � Fðs; uðs�Þ; yÞÞ
����2mðdyÞdr

\
�

25
:

And

I5 ¼ E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Fðs; unðs�Þ; yÞ � Fðs; uðs�Þ; yÞÞ

�
Nðds; dyÞdr

����2
� 2E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Fðs; unðs�Þ; yÞ � Fðs; uðs�Þ; yÞÞ

�
~Nðds; dyÞdr

����2
þ 2E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Fðs; unðs�Þ; yÞ � Fðs; uðs�Þ; yÞÞ

�
mðdyÞdr

����2
� 2K2

x2
kB2k2L2ð0;1Þ

 
x2�

50K2ðkB2k2L2ð0;1Þ þ bkB2k2L1ð0;1Þ þ 1Þ

!

þ 2
K2

x

Z t

�1
e�xðt�rÞE

���� Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Fðs; unðs�Þ; yÞ � Fðs; uðs�Þ; yÞÞ

�
mðdyÞds

����2dr
� 2K2

x2
kB2k2L2ð0;1Þ

 
x2�

50K2ðkB2k2L2ð0;1Þ þ bkB2k2L1ð0;1Þ þ 1Þ

!

þ 2
K2

x

Z t

�1
e�xðt�rÞ

�Z r

�1

����B2ðr� sÞ
����ds ZjyjV � 1

mðdyÞ

�
Z r

�1

����B2ðr� sÞ
���� ZjyjV � 1

E

����Fðs; unðs�Þ; yÞ � Fðs; uðs�Þ; yÞ
����2mðdyÞds�dr

� 2K2

x2
kB2k2L2ð0;1Þ

 
x2�

50K2ðkB2k2L2ð0;1Þ þ bkB2k2L1ð0;1Þ þ 1Þ

!

þ 2b
K2

x
kB2k2L1ð0;1Þ

 
x2�

50K2ðkB2k2L2ð0;1Þ þ bkB2k2L1ð0;1Þ þ 1Þ

!
\

�

25
:

Thus, by combining I1 � I5, it follows that for each t 2 R and n�N
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EkðKunÞðtÞ � ðKuÞðtÞk2\�:

This implies that K is continuous. The proof is complete. h

Theorem 4.1 Assume that assumptions (H.1)–(H.4) hold and

(1) g; f 2 SAAðR� L2ðP;HÞ; L2ðP;HÞÞ,
(2) h 2 SAAðR� L2ðP;HÞ; LðV ; L2ðP;HÞÞÞ,
(3) F 2 PSAAðR� L2ðP;HÞ � V ; L2ðP;HÞÞ
(4) G 2 PSAAðR� L2ðP;HÞ � V ; L2ðP;HÞÞ.

then Eq. (1.1) has at least one almost automorphic in distribution mild solution on R

provided that

Lg ¼ sup
t2R

Z t

�1
e�xðt�sÞmgðsÞds\1; Lf ¼ sup

t2R

Z t

�1
kB1ðt � sÞkmf ðsÞds\1;

Lh ¼ sup
t2R

Z t

�1
kB2ðt � sÞk2mhðsÞds\1; LF ¼ sup

t2R

Z t

�1
kB2ðt � sÞk2mFðsÞds\1;

LG ¼ sup
t2R

Z t

�1
kB2ðt � sÞk2mGðsÞds\1

and

# :¼ 10
K2

x2

�
xLg þ Lf kB1kL1ð0;1Þ þ Lh þ LF þ 2

�
1þ bkB2kL1ð0;1Þ

�
LG

	
\1:

ð4:1Þ

Proof Let B ¼ fu 2 SBCðR; L2ðP;HÞÞ : kuk21 � rg. By Lemma 4.1 and (3.3), it
follows that B is a convex and closed set satisfying KB � B. To complete the proof,
we have to prove the following statements:

(a) That V ¼ fKuðtÞ : u 2 Bg is a relatively compact subset of L2ðP;HÞ for each
t 2 R;

(b) That U ¼ fKu : u 2 Bg � SBCðR; L2ðP;HÞ is equi-continuous.
(c) The mild solution is almost automorphic in distribution.

To prove (a), fix t 2 R and consider an arbitrary e[ 0. Then
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ðK�xÞðtÞ ¼
Z t��

�1
Tðt � sÞgðs; xðsÞÞdsþ

Z t��

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞf ðs; xðsÞÞdsdr

þ
Z t��

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞhðs; xðsÞÞdW ðsÞdr

þ
Z t��

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; xðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t��

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

Gðs; xðs�Þ; yÞNðds; dyÞdr

¼ Tð�Þ
Z t��

�1
Tðt � �� sÞgðs; xðsÞÞdsþ

Z t��

�1
Tðt � �� rÞ

Z r

�1
B1ðr� sÞf ðs; xðsÞÞdsdr

þ
Z t��

�1
Tðt � �� rÞ

Z r

�1
B2ðr� sÞhðs; xðsÞÞdW ðsÞdr

þ
Z t��

�1
Tðt � �� rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; xðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t��

�1
Tðt � �� rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

Gðs; xðs�Þ; yÞNðds; dyÞdr

¼ Tð�ÞðKxÞðt � �Þ:

and hence Ve :¼ fðKeÞxðtÞ : x 2 Bg is relatively compact in L2ðP;HÞ as the semi-
group family TðeÞ is compact by assumption.

Now

EkðKuÞðtÞ � ðK�uÞðtÞk2 ¼ E

���� Z t

t��

Tðt � sÞgðs; uðsÞÞds

þ
Z t

t��

Tðt � rÞ
Z r

�1
B1ðr� sÞf ðs; uðsÞÞdsdr

þ
Z t

t��

Tðt � rÞ
Z r

�1
B2ðr� sÞhðs; uðsÞÞdW ðsÞdr

þ
Z t

t��

Tðt � rÞ
Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; uðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t

t��

Tðt � rÞ
Z r

�1
B2ðr� sÞ

Z
jyjV � 1

Gðs; uðs�Þ; yÞNðds; dyÞdr:
����2

� 5E

���� Z t

t��

Tðt � sÞgðs; uðsÞÞds
����2 þ 5E

���� Z t

t��

Tðt � rÞ
Z r

�1
B1ðr� sÞf ðs; uðsÞÞdsdr

����2
þ 5E

���� Z t

t��

Tðt � rÞ
Z r

�1
B2ðr� sÞhðs; uðsÞÞdW ðsÞdr

����2
þ 5E

���� Z t

t��

Tðt � rÞ
Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; uðs�Þ; yÞ ~Nðds; dyÞdr
����2

þ 5E

���� Z t

t��

Tðt � rÞ
Z r

�1
B2ðr� sÞ

Z
jyjV � 1

Gðs; uðs�Þ; yÞNðds; dyÞdr
����2

� 5

�
DrK

2

�Z t

t��

e�xðt�rÞdr
�2

þ DrK
2kB1k2L1ð0;1Þ

�Z t

t��

e�xðt�rÞdr
�2
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þDrK
2kB2k2L2ð0;1Þ

�Z t

t��

e�xðt�rÞdr
�2

þ DrK
2kB2k2L2ð0;1Þ

�Z t

t��

e�xðt�rÞdr
�2

þ
�
2DrK

2kB2k2L2ð0;1Þ þ 2bDrK
2kB2k2L1ð0;1Þ

��Z t

t��

e�xðt�rÞdr
�2	

� 5DrK
2

�
1þ kB1k2L1ð0;1Þ þ 4kB2k2L2ð0;1Þ þ 2bkB2k2L1ð0;1Þ

	
�2

from which it follows that V ¼ fKuðtÞ : u 2 Bg is a relatively compact subset of
L2ðP;HÞ for each t 2 R.

We now show that (b) holds. Let u 2 B and t1; t2 2 R such that t1\t2. Similar
computation as that in Lemma 4.1, we have

EkðKuÞðt1Þ � ðKuÞðt2Þk2 ¼ E

���� Z t2

�1
Tðt2 � sÞgðs; xðsÞÞds

þ
Z t2

�1
Tðt2 � rÞ

Z r

�1
B1ðr� sÞf ðs; xðsÞÞdsdr

þ
Z t2

�1
Tðt2 � rÞ

Z r

�1
B2ðr� sÞhðs; xðsÞÞdW ðsÞdr

þ
Z t2

�1
Tðt2 � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; xðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t2

�1
Tðt2 � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

Gðs; xðs�Þ; yÞNðds; dyÞdr

�
�Z t1

�1
Tðt1 � sÞgðs; xðsÞÞdsþ

Z t1

�1
Tðt1 � rÞ

Z r

�1
B1ðr� sÞf ðs; xðsÞÞdsdr

þ
Z t1

�1
Tðt1 � rÞ

Z r

�1
B2ðr� sÞhðs; xðsÞÞdW ðsÞdr

þ
Z t1

�1
Tðt1 � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; xðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t1

�1
Tðt1 � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

Gðs; xðs�Þ; yÞNðds; dyÞdr
�����2

¼ E

�����Tðt2 � t1Þ � I

��Z t1

�1
Tðt1 � sÞgðs; xðsÞÞdsþ

Z t1

�1
Tðt1 � rÞ

Z r

�1
B1ðr� sÞf ðs; xðsÞÞdsdr

þ
Z t1

�1
Tðt1 � rÞ

Z r

�1
B2ðr� sÞhðs; xðsÞÞdW ðsÞdr

þ
Z t1

�1
Tðt1 � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; xðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t1

�1
Tðt1 � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

Gðs; xðs�Þ; yÞNðds; dyÞdr
	

þ
Z t2

t1

Tðt2 � sÞgðs; xðsÞÞdsþ
Z t2

t1

Tðt2 � rÞ
Z r

�1
B1ðr� sÞf ðs; xðsÞÞdsdr
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þ
Z t2

t1

Tðt2 � rÞ
Z r

�1
B2ðr� sÞhðs; xðsÞÞdW ðsÞdr

þ
Z t2

t1

Tðt2 � rÞ
Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; xðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t2

t1

Tð2� rÞ
Z r

�1
B2ðr

� sÞ
Z
jyjV � 1

Gðs; xðs�Þ; yÞNðds; dyÞdr
����2 � 6 sup

y2V
E

�����Tðt2 � t1Þ � I

�
y

����2
þ 6E

����Z t2

t1

Tðt2 � sÞgðs; xðsÞÞds
����2

þ 6E

����Z t2

t1

Tðt2 � rÞ
Z r

�1
B1ðr� sÞf ðs; xðsÞÞdsdr

����2
þ 6E

����Z t2

t1

Tðt2 � rÞ
Z r

�1
B2ðr� sÞhðs; xðsÞÞdW ðsÞdr

����2
þ 6E

����Z t2

t1

Tðt2 � rÞ
Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðs; xðs�Þ; yÞ ~Nðds; dyÞdr
����2

þ6E

����Z t2

t1

Tð2� rÞ
Z r

�1
B2ðr

� sÞ
Z
jyjV � 1

Gðs; xðs�Þ; yÞNðds; dyÞdr
����2 � 6 sup

y2V
E

�����Tðt2 � t1Þ � I

�
y

����2
þ 6

�
DrK

2

�Z t2

t1

e�xðt2�rÞdr
�2

þ DrK
2kB1k2L1ð0;1Þ

�Z t

t��

e�xðt�rÞdr
�2

þ DrK
2kB2k2L2ð0;1Þ

�Z t

t��

e�xðt�rÞdr
�2

þ DrK
2kB2k2L2ð0;1Þ

�Z t

t��

e�xðt�rÞdr
�2

þ
�
2DrK

2kB2k2L2ð0;1Þ

þ 2bDrK
2kB2k2L1ð0;1Þ

��Z t

t��

e�xðt�rÞdr
�2	

� 6 sup
y2V

E

�����Tðt2 � t1Þ � I

�
y

����2
þ 6DrK

2

�
1þ kB1k2L1ð0;1Þ þ 4kB2k2L2ð0;1Þ þ 2bkB2k2L1ð0;1Þ

	�Z t2

t1

e�xðt2�rÞdr
�2

:

The right-hand side tends to 0 independently to u 2 B as t2 ! t1 which implies that
U is right equi-continuous at t. Similarly, we can show that U is left equi-continuous
at t.

Denote the closed convex hull of KB by coKB. Since coKB � B and B is a closed
convex, it follows that

KðcoKBÞ � KB � co KB:
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Further, it is not hard to see that

�
xðtÞ : x 2 coKB

�
is relatively compact in

L2ðP;HÞ for each t 2 R and coKB � SBCðR; L2ðP;HÞÞ is uniformly bounded and
equi-continuous. Using Arzelà-Ascoli theorem, we deduce that the restriction of
coKB to any compact subset I of R is relatively compact in CðI ; L2ðP;HÞÞ. Thus
condition (H.4) implies that K : coKB7!coKB is a compact operator. In summary,
K : coKB7!coKB is continuous and compact. Using the Schauder fixed point the-
orem, it follows that K has a fixed-point.

To end the proof, we have to check this the fixed-point is almost automorphic in
distribution. Since g, f, h are almost automorphic and F, G are Poisson almost
automorphic, then for every sequence of real numbers ðt0nÞn we can extract a sub-

sequence ðtnÞn such that, for some stochastic processes eg , ef , eh, eF , eG
lim

n!þ1 Ekgðsþ tn;X Þ � egðsÞk2 ¼ 0; lim
n!þ1Ekegðs� tn;X Þ � gðs;X Þk2 ¼ 0;

ð4:2Þ

lim
n!þ1Ekf ðsþ tn;X Þ � ef ðs;X Þk2 ¼ 0; lim

n!þ1 Ekef ðs� tn;X Þ � f ðs;X Þk2 ¼ 0;

ð4:3Þ

lim
n!þ1 Ek

�
hðsþ tn;X Þ � ehðs;X Þ�Q1

2k2LðV ;L2ðP;HÞÞ ¼ 0;

lim
n!þ1 Ek

�ehðs� tn;X Þ � hðs;X Þ
�
Q

1
2k2LðV ;L2ðP;HÞÞ ¼ 0;

ð4:4Þ

lim
n!þ1

Z
jyjV\1

EkFðsþ tn;X ; yÞ � eF ðs;X ; yÞk2mðdyÞ ¼ 0;

lim
n!þ1

Z
jyjV\1

EkeF ðs� tn;X ; yÞ � Fðs;X ; yÞk2mðdyÞ ¼ 0
ð4:5Þ

and

lim
n!þ1

Z
jyjV � 1

EkGðsþ tn;X ; yÞ � eGðs;X ; yÞk2mðdyÞ ¼ 0;

lim
n!þ1

Z
jyjV � 1

EkeGðs� tn;X ; yÞ � Gðs;X ; yÞk2mðdyÞ ¼ 0
ð4:6Þ

hold for each s 2 R and X 2 L2ðP;HÞ.
For t 2 R, we define
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eX ðtÞ ¼
Z t

�1
Tðt � sÞegðs; eX ðsÞÞdsþ

Z t

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞef ðs; eX ðsÞÞdsdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞehðs; eX ðsÞÞdW ðsÞdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

eF ðs; eX ðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

eGðs; eX ðs�Þ; yÞNðds; dyÞdr:

Let WnðsÞ ¼ W ðsþ tnÞ �W ðtnÞ, Nnðs; yÞ ¼ Nðsþ tn; yÞ � Nðtn; xÞ and ~Nnðs; yÞ ¼
Nðsþ tn; yÞ � Nðtn; xÞ for each s 2 R. Then Wn is also a Q-Wiener process having
the same distribution as W and Nn have the same distribution as N with compensated
Poisson random measure ~Nn.

Consider the process define as follows

XnðtÞ ¼
Z t

�1
Tðt � sÞgðsþ tn;XnðsÞÞdsþ

Z t

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞf ðsþ tn;XnðsÞÞdsdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞhðsþ tn;XnðsÞÞdW ðsÞdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

Fðsþ tn;Xnðs�Þ; yÞ ~Nðds; dyÞdr

þ
Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

Gðsþ tn;Xnðs�Þ; yÞNðds; dyÞdr:

Note that X ðt þ tnÞ and Xn have the same law and since the convergence in L2

implies convergence in distribution, then we have

EkXnðtÞ�eX ðtÞk2

� 5E

����Z t

�1
Tðt � sÞ

�
gðsþ tn;XnðsÞÞ � egðs; eX ðsÞÞ

�
ds

����2
þ 5E

����Z t

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞ

�
f ðsþ tn;XnðsÞÞ � ef ðs; eX ðsÞÞ

�
dsdr

����2
þ 5E

����Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

�
hðsþ tn;XnðsÞÞ � ehðs; eX ðsÞÞ

�
dW ðsÞdr

����2
þ 5E

����Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1�

Fðsþ tn;Xnðs�Þ; yÞ � eF ðs; eX ðs�Þ; yÞÞ
�
~Nðds; dyÞdr

����2
þ 5E

����Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

ðGðsþ tn;Xnðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞÞ
�
Nðds; dyÞdr

����2
� 5ðJ1 þ J2 þ J3 þ J4 þ J5Þ:
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For J1, we have

J1 ¼ E

���� Z t

�1
Tðt � sÞ

�
gðsþ tn;XnðsÞÞ � egðs; eX ðsÞÞ

�
ds

����2
� 2E

���� Z t

�1
Tðt � sÞ

�
gðsþ tn;XnðsÞÞ � gðsþ tn; eX ðsÞÞ

�
ds

����2
þ 2E

���� Z t

�1
Tðt � sÞ

�
gðsþ tn; eX ðsÞÞ � egðs; eX ðsÞÞ

�
ds

����2
� 2K2

x

Z t

�1
e�xðt�sÞmgðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2ds

þ 2K2

x

Z t

�1
e�xðt�sÞE

����gðsþ tn; eX ðsÞÞ � egðs; eX ðsÞÞ
����2ds

� 2K2

x

Z t

�1
e�xðt�sÞmgðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsþ fn1;

where fn1 :¼ 2K2

x2 sups2R E

����gðsþ tn; eX ðsÞÞ � egðs; eX ðsÞÞ
����2ds. Since eX ð�Þ is bounded

in L2ðP;HÞ, it follows by (4.2), that fn1 ! 0 as n ! 1.
For J2, we have

J2 ¼ E

���� Z t

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞ

�
f ðsþ tn;XnðsÞÞ � ef ðs; eX ðsÞÞ

�
dsdr

����2
� 2E

���� Z t

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞ

�
f ðsþ tn;XnðsÞÞ � f ðsþ tn; eX ðsÞÞ

�
dsdr

����2
þ 2E

���� Z t

�1
Tðt � rÞ

Z r

�1
B1ðr� sÞ

�
f ðsþ tn; eX ðsÞÞ � ef ðs; eX ðsÞÞ

�
dsdr

����2
� 2K2

x
kB1kL1ð0;1Þ

Z t

�1
e�xðt�rÞ

Z r

�1
kB1ðr� sÞkmf ðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdr

þ 2K2

x
kB1kL1ð0;1Þ

Z t

�1
e�xðt�rÞ

Z r

�1
kB1ðr� sÞkEkf ðsþ tn; eX ðsÞÞ � ef ðs; eX ðsÞÞk2dsdr

� 2K2

x
kB1kL1ð0;1Þ

Z t

�1
e�xðt�rÞ

Z r

�1
kB1ðr� sÞkmf ðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdrþ fn2;

where fn2 :¼ 2K2

x2 kB1k2L1ð0;1Þ sups2R Ekf ðsþ tn; eX ðsÞÞ � ef ðs; eX ðsÞÞk2. For the same

reason as for fn1, f
n
2 ! 0 as n ! 1.

For J3, using Cauchy–Schwartz’s inequality and the Ito’s isometry, we have

123

M. M. Mbaye, S. M. Manou-Abi



J3 ¼ E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

�
hðsþ tn;XnðsÞÞ � ehðs; eX ðsÞÞ

�
dW ðsÞdr

����2
� 2E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

�
hðsþ tn;XnðsÞÞ � hðsþ tn; eX ðsÞÞ

�
dW ðsÞdr

����2
þ 2E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

�
hðsþ tn; eX ðsÞÞ � ehðs; eX ðsÞÞ

�
dW ðsÞdr

����2
� 2K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2mhðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdr

þ 2K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2E

�����hðsþ tn; eX ðsÞÞ � ehðs; eX ðsÞÞ
�
Q

1
2

����2
LðV ;L2ðP;HÞÞ

dsdr

� 2K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2mhðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdrþ fn3;

where

fn3 :¼ 2K2

x2 kB2k2L2ð0;1Þ sups2R E

�����hðsþ tn; eX ðsÞÞ � ehðs; eX ðsÞÞ
�
Q

1
2

����2
LðV ;L2ðP;HÞÞ

. By

(4.4), it follows that fn3 ! 0 as n ! 1, like fn1.
For J4, using Cauchy-Schwartz’s inequality and the properties of the integral for

the Poisson random measure, we have

J4 ¼ E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

�
Fðsþ tn;Xnðs�Þ; yÞ � eF ðs; eX ðs�Þ; yÞÞ

�
~Nðds; dyÞdr

����2
� 2E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

�
Fðsþ tn;Xnðs�Þ; yÞ � Fðsþ tn; eX ðs�Þ; yÞÞ

�
~Nðds; dyÞdr

����2
þ 2E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV\1

�
Fðsþ tn; eX ðs�Þ; yÞ � eF ðs; eX ðs�Þ; yÞÞ

�
~Nðds; dyÞdr

����2
� 2K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2mFðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdr

þ 2K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2

Z
jyjV\1

E

����Fðsþ tn; eX ðs�Þ; yÞ � eF ðs; eX ðs�Þ; yÞ
����2mðdyÞdsdr

� 2K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2mFðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdrþ fn4;

where fn4 :¼ 2K2

x2 kB2k2L2ð0;1Þ sups2R ðRjyjV\1 E

����Fðsþ tn; eX ðs�Þ; yÞ � eF ðs; eX ðs�Þ;

yÞ
����2mðdyÞ�. Using (4.5), it follows that fn4 ! 0 as n ! 1, like fn1.

For J5, using Cauchy-Schwartz’s inequality and the properties of the integral for
the Poisson random measure, we have
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J5 ¼ E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Gðsþ tn;Xnðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞ

�
Nðds; dyÞdr

����2
� 2E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Gðsþ tn;Xnðs�Þ; yÞ � Gðsþ tn; eX ðs�Þ; yÞ

�
Nðds; dyÞdr

����2
þ 2E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Gðsþ tn; eX ðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞ

�
Nðds; dyÞdr

����2
� 4E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Gðsþ tn;Xnðs�Þ; yÞ � Gðsþ tn; eX ðs�Þ; yÞ

�
~Nðds; dyÞdr

����2
þ 4E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Gðsþ tn;Xnðs�Þ; yÞ � Gðsþ tn; eX ðs�Þ; yÞ

�
mðdyÞdsdr

����2
þ 4E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Gðsþ tn; eX ðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞ

�
~Nðds; dyÞdr

����2
þ 4E

���� Z t

�1
Tðt � rÞ

Z r

�1
B2ðr� sÞ

Z
jyjV � 1

�
Gðsþ tn; eX ðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞmðdyÞdsdr

����2
� 4K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2mGðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdr

þ 4K2

x

Z t

�1
e�xðt�rÞ

�Z r

�1
kB2ðr� sÞk

Z
jyjV � 1

mðdyÞds

�
Z r

�1
kB2ðr� sÞk

Z
jyjV � 1

E

����Gðsþ tn;Xnðs�Þ; yÞ � Gðsþ tn; eX ðs�Þ; yÞ
����2mðdyÞds�dr

þ 2K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2

Z
jyjV � 1

E

����Gðsþ tn; eX ðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞ
����2mðdyÞdsdr

þ 4K2

x

Z t

�1
e�xðt�rÞ

�Z r

�1
kB2ðr� sÞk

Z
jyjV � 1

mðdyÞds

�
Z r

�1
kB2ðr� sÞk

Z
jyjV � 1

E

����Gðsþ tn; eX ðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞ
����2mðdyÞds�dr

� 4K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2mGðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdr

þ 4bK2

x
kB2kL1ð0;1Þ

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞkmGðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdr

þ 2K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2

Z
jyjV � 1

E

����Gðsþ tn; eX ðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞ
����2mðdyÞdsdr

þ 4bK2

x
kB2kL2ð0;1Þ

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk

Z
jyjV � 1

E

����Gðsþ tn; eX ðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞ
����2mðdyÞdsdr

� 4K2

x

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞk2mGðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdr

þ 4bK2

x
kB2kL1ð0;1Þ

Z t

�1
e�xðt�rÞ

Z r

�1
kB2ðr� sÞkmGðsþ tnÞE

����XnðsÞ � eX ðsÞ
����2dsdrþ fn5ðtÞ

where

fn5 ¼
2K2

x2
kB2k2L2ð0;1Þ sup

s2R

�Z
jyjV � 1

E

����Gðsþ tn; eX ðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞ
����2mðdyÞ�

þ 4bK2

x2
kB2k2L1ð0;1Þ sup

s2R

�Z
jyjV � 1

E

����Gðsþ tn; eX ðs�Þ; yÞ � eGðs; eX ðs�Þ; yÞ
����2mðdyÞ�:

Using (4.6), it follows that fn5 ! 0 as n ! 1, like fn1. By combining the estimations
J1 � J5, we get for all t 2 R
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E

����XnðtÞ � eX ðtÞ
����2 � fn þ # sup

s2R
E

����XnðsÞ � eX ðsÞ
����2

where fn ¼ R5
i¼1f

n
i . It follows that

E

����XnðtÞ � eX ðtÞ
����2 � fn

1� #
:

Since #\1 and fn ! 0 as n ! 1 for all t 2 R then one has

E

����XnðtÞ � eX ðtÞ
����2 ! 0 as n ! 0 for each t 2 R:

Hence we deduce that X ðt þ tnÞ converge to eX ðtÞ in distribution. Similarly, one can

get that eX ðt � tnÞ converge to X(t) in distribution too. Therefore this fixed-point
solution of the Eq. (1.1) is square-mean almost automorphic in distribution. which
completes the proof. h

5 Example

Consider the following stochastic integro-differential equations

ouðt; xÞ
ot

¼ o2

ox2
uðt; xÞ þ gðt; uðt; xÞÞ þ

Z t

�1
e�xðt�sÞf ðs; uðs; xÞÞdsþ

Z t

�1
e�xðt�sÞhðs; uðs; xÞÞdW ðsÞ

þ R t�1 e�xðt�sÞhðs; uðs; xÞÞZðdsÞ; ðt; xÞ 2 R� ð0; 1Þ;
uðt; 0Þ ¼ uðt; 1Þ ¼ 0; t 2 R

uð0; xÞ ¼ u0ðxÞ ¼ 0; x 2 ð0; 1Þ

8>>>>>><>>>>>>:
ð5:1Þ

where W is a Q-Wiener process on L2ð0; 1Þ with Tr Q\1 and Z is a Lévy pure jump
process on L2ð0; 1Þ which is independent of W and x[ 0. The forcing terms are
follows:

gðt; uÞ ¼ d sin uðsin t þ sin
ffiffiffi
2

p
tÞ; f ðt; uÞ ¼ d sin uðsin t þ sin

ffiffiffi
3

p
tÞ;

hðt; uÞ ¼ d sin uðsin t þ sin
ffiffiffi
5

p
tÞ; hðt; uÞ ¼ d sin uðsin t þ sin ptÞ

with d[ 0. Denote H ¼ V ¼ L2ð0; 1Þ. In order to write the system (5.1) on the
abstract form (1.1), we consider the linear operator A : DðAÞ � L2ð0; 1Þ ! L2ð0; 1Þ,
given by

DðAÞ ¼ H2ð0; 1Þ \ H1
0 ð0; 1Þ;

AxðnÞ ¼ x}ðnÞ for n 2 ð0; 1Þ and x 2 DðAÞ:
It is well-known that A generates a C0-semigroup ðTðtÞÞt� 0 on L2ð0; 1Þ defined by
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ðTðtÞxÞðrÞ ¼
X1
n¼1

e�n2p2thx; eniL2enðrÞ;

where enðrÞ ¼
ffiffiffi
2

p
sinðnprÞ for n ¼ 1; 2; . . .; and kTðtÞk� e�p2t for all t� 0.

Then the system (5.1) takes the following abstract form

u0ðtÞ ¼ AuðtÞ þ gðt; uðtÞÞ þ
Z t

�1
B1ðt � sÞf ðs; uðsÞÞds

þ
Z t

�1
B2ðt � sÞhðs; uðsÞÞdW ðsÞ

þ
Z t

�1
B2ðt � sÞ

Z
jyjV\1

Fðs; uððs�Þ; yÞ ~Nðds; dyÞ

þ
Z t

�1
B2ðt � sÞ

Z
jyjV � 1

Gðs; uðs�; yÞNðds; dyÞ for all t 2 R;

where uðtÞ ¼ uðt; �Þ, B1ðtÞ ¼ B2ðtÞ ¼ ext for t� 0 and

hðt; uÞZðdtÞ ¼
Z
jyjV\1

Fðt; uðt�Þ; yÞ ~Nðdt; dyÞ þ
Z
jyjV � 1

Gðt; uðt�Þ; yÞNðdt; dyÞ

with

ZðtÞ ¼
Z
jyjV\1

y ~Nðt; dyÞ þ
Z
jyjV � 1

yNðt; dyÞ;

Fðt; u; yÞ ¼ hðt; uÞy � 1fjyjV\1g and Gðt; u; yÞ ¼ hðt; uÞy � 1fjyjV � 1g:

Here, we assume that the Lévy pure jump process Z on L2ð0; 1Þ is decomposed as
above by the Lévy-It decomposition theorem.

Clearly, f ; h are almost automorphic, and F, G Poisson almost automorphic and
satisfying H1–H3. Moreover, it is easy to see that the conditions (3.4)–(3.8) are
satisfied with

mgðtÞ ¼d2
�
sin t þ sin

ffiffiffi
2

p
t

�2

; mf ðtÞ ¼ d2
�
sin t þ sin

ffiffiffi
3

p
t

�2

mhðtÞ ¼d2kQkLðV ;V Þ
�
sin t þ sin

ffiffiffi
5

p
t

�2

; mFðtÞ ¼ d2mðB1ð0ÞÞ
�
sin t þ sin

ffiffiffi
3

p
t

�2

mGðtÞ ¼d2b

�
sin t þ sin pt

�2

;

where B1ð0Þ is the ball in V centered at the origin with radius 1.
Obviously,
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Lg ¼ sup
t2R

Z t

�1
e�xðt�sÞmgðsÞds ¼ d2 sup

t2R

Z t

�1
e�xðt�sÞmgðsÞds

�
sin sþ sin

ffiffiffi
2

p
s

�2

\1;

Lf ¼ sup
t2R

Z t

�1
kB1ðt � sÞkmf ðsÞds ¼ d2 sup

t2R

Z t

�1
kB1ðt � sÞk

�
sin sþ sin

ffiffiffi
3

p
s

�2

ds\1;

Lh ¼ sup
t2R

Z t

�1
kB2ðt � sÞkmhðsÞds ¼ d2kQkLðV ;V Þ sup

t2R

Z t

�1
kB2ðt � sÞ

�
sin sþ sin

ffiffiffi
5

p
s

�2

ds\1;

LF ¼ sup
t2R

Z t

�1
kB2ðt � sÞk2mFðsÞds ¼ d2mðB1ð0ÞÞ sup

t2R

Z t

�1
kB2ðt � sÞk2

�
sin sþ sin ps

�2

ds\1;

LG ¼ sup
t2R

Z t

�1
kB2ðt � sÞk2mGðsÞds ¼ d2b sup

t2R

Z t

�1
kB2ðt � sÞk2

�
sin sþ sin ps

�2

ds\1:

Therefore, by Theorem 4.1, the Eq. (5.1) has a square-mean almost automorphic in
distribution mild solution on R whenever d is small enough.
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Abstract
In this paper, we first introduce the concept and properties of ω-periodic limit process.
Then, we apply specific criteria obtained to investigate asymptoticallyω-periodic mild
solutions of a Stochastic differential equation driven by a Brownian motion. Finally,
we give an example to show usefulness of the theoretical results that we obtained in
the paper.
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1 Introduction

The recurrence of dynamics for stochastic and deterministic processes produced by
many different kinds of stochastic and deterministic equations is one of the most
important topics in the qualitative theory of stochastic processes and functions, due
to both its mathematical interest and its applications in many scientific fields, such as
mathematical biology, celestial mechanics, non linear vibration, control theory. The
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concept of periodicity was studied for dynamics of stochastic processes and functions.
However, the dynamics observed in some phenomena in the realworld are not periodic,
but almost approximately or asymptotically periodic; see, for instance, [1–3] for almost
periodic observations.

In the past several decades, many authors suggested and developed several exten-
sions of the concept of periodicity, in the deterministic and stochastic case, such as the
almost automorphy, pseudo almost periodicity, asymptotically periodicity. (see [4–17]
and references therein)

Recently, the concept of periodic limit function has been introduced by Xie and
Zhang [18] to generalize the notion of asymptotic periodicity. The authors investigate
some properties of periodic limit functions in order to study the existence and unique-
ness of asymptotically periodic solutions of some differential equations. However, to
the best of our knowledge, there is no work or applicable results for stochastic dif-
ferential equations. Therefore, in this paper, we will introduce the notion of square
mean periodic limit process. Then we will investigate their qualitative properties in
order to study the existence of square mean asymptotically periodic mild solution to
the following stochastic differential equation (SDE) driven by Brownian motion :

{
dX(t) = AX(t)dt + f (t, X(t))dt + g(t, X(t))dB(t), t ≥ 0
X(0) = c0,

where c0 ∈ L2(P,H) and A is an infinitesimal generator which generates a C0 semi-
group, denoted by (T (t))t≥0. In addition,

f : R × L2(P,H) → L2(P,H),

g : R × L2(P,H) → L2(P,H)

are Lipschitz continuous and bounded, and B(t) is a two-sided standard one-
dimensional Brownian motion, which is defined on the filtered complete probability
space (�,F ,Ft ,P) with values in the separable Hilbert space H. Here, Ft =
σ {B(u) − B(v)/u, v ≤ t}.

The paper is organized as follows: In Sect. 2, we preliminarily introduce the space
of square mean ω-periodic limit process and study properties of such processes. It
also includes some results, not only on the completeness of the space that consists
of the square mean ω-periodic limit processes, but also on the composition of such
processes. Based on the results in Sect. 2 and given some suitable conditions, we prove
in Sect. 3 the existence as well as the uniqueness of the square mean asymptotically
ω-periodic solution for the above SDE. Finally, an illustrative example is provided to
show the feasibility of the theoretical results developed in the paper.

2 SquareMean Omega-Periodic Limit Process

This section is concerned with some notations, definitions, lemmas and preliminary
facts that may be used in what follows. Throughout this paper, we consider a real
separable Hilbert space (H, ||.||) and a probability space (�,F ,P) equipped with
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a filtration (Ft )t . Denote by L2(P,H) the space of all strongly measurable square
integrable H-valued random variables such that

E||X ||2 =
∫

�

||X(ω)||2dP(ω) < ∞.

For X ∈ L2(P,H), let ||X ||2 = (E||X ||2)1/2. Then, it is routine to check thatL2(P,H)

is a Hilbert space equipped with the norm ||.||2.
Definition 2.1 A stochastic process X : R+ → L2(P,H) is said to be continuous
whenever

lim
t→s

E||X(t) − X(s)||2 = 0.

Definition 2.2 A stochastic process X : R+ → L2(P,H) is said to be bounded if there
exists a constant K > 0 such that

E||X(t)||2 ≤ K ∀t ≥ 0

By CUB
(
R+,L2(P,H)

)
, we denote the collection of all continuous and uniformly

bounded stochastic processes from R+ → L2(P,H).

Definition 2.3 A continuous and bounded stochastic process X : R+ → L2(P,H) is
said to be square mean ω-periodic limit if there exists ω > 0 such that

lim
n→+∞E||X(t + nω) − X̃(t)||2 = 0

is well defined for each t ≥ 0 when n ∈ N for some stochastic process X̃ : R+ →
L2(P,H).

Remark 2.1 For all t ≥ 0, X̃(t) is the limit of X(t + nω) in L2(P,H) when n →
+∞, when it exists. The collection of such ω-periodic limit processes is denoted
by PωL

(
R+,L2(P,H)

)
. Note also that the process X̃ in the previous definition is

measurable but not necessarily continuous.

In the following Proposition, we list some properties of square mean ω-periodic limit
process.

Proposition 2.1 Let X be square mean ω-periodic limit process such that

lim
n→+∞E||X(t + nω) − X̃(t)||2 = 0

is well defined for each t ≥ 0 when n ∈ N for some stochastic process X̃ : R+ →
L2(P,H).
If X , X1, X2 are square mean ω-periodic limit processes, then the following are true
:
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(a) X1 + X2 is a square mean ω-periodic limit process.
(b) cX is a square mean ω-periodic limit process for every scalar c.
(c) We have

E||X̃(t + ω) − X̃(t)||2 = 0.

(d) X̃ is bounded on R+ and ||X̃ ||∞ ≤ ||X ||∞ ≤ K.
(e) Xa(t) = X(t + a) is a square mean ω-periodic limit process for

each fixed a ∈ R+.

Proof The proof is straightforward, but we will only prove the statement in (c).
To this end, note that for each n ≥ 1, we have

0 ≤ E
∣∣∣∣∣∣X̃(t + ω) − X̃(t)

∣∣∣∣∣∣2 ≤ 2E
∣∣∣∣∣∣X̃(t + ω) − X(t + (n + 1)ω)

∣∣∣∣∣∣2

+ 2E
∣∣∣
∣∣∣X(t + (n + 1)ω) − X̃(t)

∣∣∣
∣∣∣2 ,

Let ε > 0, for N sufficiently large, if n ≥ N , then

E
∣∣∣∣∣∣X̃(t + ω) − X(t + (n + 1)ω)

∣∣∣∣∣∣2 ≤ ε/2

and

E
∣∣∣∣∣∣X(t + (n + 1)ω) − X̃(t)

∣∣∣∣∣∣2 ≤ ε/2.

so that E
∣∣∣∣∣∣X̃(t + ω) − X̃(t)

∣∣∣∣∣∣2 ≤ ε. Thus E
∣∣∣∣∣∣X̃(t + ω) − X̃(t)

∣∣∣∣∣∣2 = 0. �	

Because of the above Proposition, we give name of ω-periodic limit process in
Definition 2.3.

Remark 2.2 Note that if

E||X̃(t + ω) − X̃(t)||2 = 0

then

E||X̃(t + pω) − X̃(t)||2 = 0 for all p ≥ 1.

Theorem 2.1 The space PωL
(
R+,L2(P,H)

)
is a Banach space equipped with the

norm ||X ||∞ = supt≥0
(
E||X(t)||2)1/2 = supt≥0 ||X(t)||2.

Proof By Proposition 2.1, PωL
(
R+,L2(P,H)

)
is a vector space, and then, it is easy

to verify that ||.||∞ is a norm on PωL
(
R+,L2(P,H)

)
. We only need to show that

PωL
(
R+,L2(P,H)

)
is complete with respect to the norm ||.||∞. To this end, assume
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that (Xn)n≥0 ∈ PωL
(
R+,L2(P,H)

)
is a Cauchy sequence with respect to ||.||∞ and

that X is the pointwise limit of Xn with respect to ||.||2 ; i.e.,

lim
n→+∞E||Xn(t) − X(t)||2 = 0 (1)

for each t ≥ 0. Note that this limit X always exists by the completeness ofL2(P,H)

with respect to ||.||2.
Since (Xn)n≥0 is Cauchy with respect to ||.||∞, the convergence in (1) is uniform
for t ≥ 0. We need to show that X ∈ PωL

(
R+,L2(P,H)

)
. First note that X is

stochastically continuous from the uniform convergence of Xn to X with respect to
||.||2 and the stochastic continuity of Xn . Next, we prove that X is a square mean
ω-periodic limit process. By the definition of (Xn)n≥0 ∈ PωL

(
R+,L2(P,H)

)
, we

have for all i ≥ 0, :

lim
n→+∞E||Xi (t + nω) − X̃i (t)||2 = 0, (2)

for some stochastic process X̃i : R+ → L2(P,H)
)
. Let us point out that for each

t ≥ 0, the sequence (X̃i (t))i≥0 is a Cauchy sequence in L2(P,H)
)
. Indeed, we have

E
∣∣∣∣∣∣X̃i (t) − X̃k(t)

∣∣∣∣∣∣2 ≤ 3E
∣∣∣∣∣∣X̃i (t) − Xi (t + nω)

∣∣∣∣∣∣2
+ 3E ||Xi (t + nω) − Xk(t + nω)||2

+ 3E
∣∣∣∣∣∣Xk(t + nω) − X̃k(t)

∣∣∣∣∣∣2 .

By (2) and the fact that the sequence (Xn)n≥0 is Cauchy, we get that the sequence
(X̃i (t))i≥0 is Cauchy.

Using the completeness of the spaceL2(P,H)
)
, we denote by X̃ the pointwise limit

of (X̃i (t))i≥0 such that

lim
i→+∞E||X̃i (t) − X̃(t)||2 = 0. (3)

Let us prove now that

lim
n→+∞E||X(t + nω) − X̃(t)||2 = 0,

for each t ≥ 0. Indeed for each i ≥ 0, we have
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E
∣∣∣∣∣∣X(t + nω) − X̃(t)

∣∣∣∣∣∣2 ≤ 3E ||X(t + nω) − Xi (t + nω)||2

+ 3E
∣∣∣
∣∣∣Xi (t + nω) − X̃i (t)

∣∣∣
∣∣∣2

+ 3E
∣∣∣∣∣∣X̃i (t) − X̃(t)

∣∣∣∣∣∣2 .

By (1) , (2) and (3), we get

lim
n→+∞E||X(t + nω) − X̃(t)||2 = 0.

The proof is completed. �	
Definition 2.4 A continuous and bounded process X : R+ → L2(P,H) is said to be
square mean asymptotically ω-periodic if X = Y + Z where Y and Z are continuous
bounded processes such that

E||Y (t + ω) − Y (t)||2 = 0 and lim
t→∞E||Z(t)||2 = 0.

We write Y ∈ Pω

(
R+,L2(P,H)

)
, Z ∈ C0

(
R+,L2(P,H)

)
, and we denote the space

of all square mean asymptotically ω-periodic stochastic process X : R+ → L2(P,H)

by APω

(
R+,L2(P,H)

)
.

Lemma 2.2 The space APω

(
R+,L2(P,H)

)
is a closed subspace of PωL

(
R+,L2

(P,H)
)

Proof Note that

APω

(
R+,L2(P,H)

)
⊆ PωL

(
R+,L2(P,H)

)
.

Indeed, if X ∈ APω

(
R+,L2(P,H)

)
, then we have for all n ≥ 1, t ≥ 0,

E ||X(t + nω) − Y (t)||2
≤ 2E ||X(t + nω) − Y (t + nω)||2 + 2E ||Y (t + nω) − Y (t)||2
≤ 2E ||Z(t + nω)||2 + 2E ||Y (t + nω) − Y (t)||2
= 2E ||Z(t + nω)||2

so that

lim
n→∞E ||X(t + nω) − Y (t)||2 = 0

for all t ≥ 0.
Now let us show that APω

(
R+,L2(P,H)

)
is a closed space.
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Let X ∈ APω

(
R+,L2(P,H)

)
; there exists Xn ∈ APω

(
R+,L2(P,H)

)
such that

limn→∞ Xn = X . Since Xn ∈ APω

(
R+,L2(P,H)

)
, we have Xn = Yn + Zn where

Yn ∈ Pω

(
R+,L2(P,H)

)
and Zn ∈ C0

(
R+,L2(P,H)

)
.

If Yn or Zn does not converge, then Xn will not converge. Thus, there exist Y and Z
such that limn→∞ Yn = Y and limn→∞ Zn = Z . We have X = Y + Z .
In the sequel, we will show that Y ∈ Pω

(
R+,L2(P,H)

)
and Z ∈ C0

(
R+,L2(P,H)

)
.

Firstly, we have

E||Y (t + ω) − Y (t)||2
≤ 3E||Y (t + ω) − Yn(t + ω)||2 + 3E||Yn(t + ω) − Yn(t)||2

+ 3E||Yn(t) − Y (t)||2
= 3E||Y (t + ω) − Yn(t + ω)||2 + 3E||Yn(t) − Y (t)||2

For N sufficiently large, if n ≥ N , then

E||Y (t + ω) − Yn(t + ω)||2 ≤ ε/6

E||Yn(t) − Y (t)||2 ≤ ε/6.

Therefore, for n > N ,

E ||Y (t + ω) − Y (t)||2 ≤ ε.

Thus

E ||Y (t + ω) − Y (t)||2 = 0,

so that Y ∈ Pω

(
R+,L2(P,H)

)
.

On the other hand,

E||Z(t)||2 ≤ 2E||Z(t) − Zn(t)||2 + 2E||Zn(t)||2.

For all ε > 0, ∃Tε > 0, t > Tε ⇒

E||Zn(t)||2 ≤ ε/4.

There exists N ∈ N, n > N ⇒

E ||Z(t) − Zn(t)||2 ≤ ε/4.

Therefore, for all n > N and t > Tε , we have

E||Z(t)||2 ≤ ε/2 + ε/2 = ε,

so that Z ∈ C0
(
R+,L2(P,H)

)
. �	
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From the above Lemma, we have the following conclusion by the fundamental
knowledge of functional analysis.

Theorem 2.3 The space APω

(
R+,L2(P,H)

)
is a Banach space equipped with the

norm ||.||∞.

The following result provides some interesting properties.

Theorem 2.4 Let X be a continuous and bounded stochastic process andω > 0. Then,
the following statements are equivalent

(i) X ∈ APω

(
R+,L2(P,H)

)
(ii) We have

lim
n→∞E ||X(t + nω) − Y (t)||2 = 0

uniformly on t ∈ R+ for some stochastic process Y : R+ → L2(P,H).
(iii) We have

lim
n→∞E ||X(t + nω) − Y (t)||2 = 0

uniformly on compact subsets of R+ for some stochastic process Y : R+ →
L2(P,H).

(iv) We also have

lim
n→∞E ||X(t + nω) − Y (t)||2 = 0

uniformly on [0, ω] for some stochastic process Y : R+ → L2(P,H).

Proof Clearly, Statement (ii) implies (iii) and (iii) implies (iv). Suppose that (i) holds
and let X = Y + Z where Y ∈ Pω

(
R+,L2(P,H)

)
and Z ∈ C0

(
R+,L2(P,H)

)
. Now

for n ∈ N,
X(t + nω) = Y (t + nω) + Z(t + nω) (�). (4)

Let ε > 0. Since Z ∈ C0
(
R+,L2(P,H)

)
, there exists N1 such that E||Z(t +

nω)||2 < ε/2 whenever n ≥ N1 for every t ∈ R+. Then, using (4), we obtain

E||X(t + nω) − Y (t)||2 ≤ 2E||X(t + nω) − Y (t + nω)||2
+ 2E||Y (t + nω) − Y (t)||2

= 2E||Z(t + nω)||2
≤ ε,

whenever n ≥ N1 for every t ∈ R+. This shows that

lim
n→∞E ||X(t + nω) − Y (t)||2 = 0
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uniformly on t ≥ 0 for some stochastic process Y : R+ → L2(P,H).
Hence, (i) implies (ii).

Finally, suppose that (iv) holds. It is clear that Y is bounded on R+ and

E ||Y (t + ω) − Y (t)||2 = 0

for each t ≥ 0 like in Proposition 2.1 , part (c).
Thus, to show the continuity of Y onR+, we only need to prove that Y is continuous

on [0, ω]. Now, take any fixed t0 ∈ [0, ω] and let t ∈ [0, ω]. For each n ∈ N, we have

E ||Y (t) − Y (t0)||2 ≤ 3E ||Y (t) − X(t + nω)||2 (5)

+ 3E ||X(t + nω) − X(t0 + nω)||2 (6)

+ 3E ||X(t0 + nω) − Y (t0)||2 (7)

Let ε > 0. By Assumption in (iv), we conclude that there exists a positive integer
N2 such that

E ||Y (t) − X(t + nω)||2 < ε/9 (8)

for t ∈ [0, ω] and n ≥ N2.
On the other hand, since X(t + N2ω) is in Cb

(
R+,L2(P,H)

)
, then there exists δ > 0

such that
E ||X(t + N2ω) − X(t0 + N2ω)||2 < ε/9 (9)

for |t − t0| < δ.
Using (5)–(9), we conclude that

E ||Y (t) − Y (t0)||2 < ε when |t − t0| < δ,

which show that Y is continuous on [0, ω]. Hence, Y ∈ Pω

(
R+,L2(P,H)

)
.

Next, we will show that X −Y ∈ C0
(
R+,L2(P,H)

)
. Suppose that ε > 0 and there

exists a positive integer N3 such that

E ||X(t + nω) − Y (t)||2 < ε

when n ≥ N3 uniformly for t ∈ [0, ω] by Assumption in (iv) again.
Thus, for n = N3 + k, k = 0, 1, 2, . . . ,, we conclude that

E ||X(t + (N3 + k)ω) − Y (t)||2 < ε

uniformly for t ∈ [0, ω].Moreover, ifwe denote t ′ = t+kω, where t ′ ∈ |kω, (k+1)ω],
t ∈ [0, ω] and k = 0, 1, 2, . . . , then we obtain
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E
∣∣∣∣X(t ′ + N3ω) − Y (t ′ + N3ω)

∣∣∣∣2
= E ||X(t + (N3 + k)ω) − Y (t + (N3 + k)ω)||2
= E ||X(t + (N3 + k)ω) − Y (t)||2 < ε

for t ′ ∈ [kω, (k + 1)ω], k = 0, 1, 2, . . ..
That is

E ||X(t) − Y (t)||2 < ε (t ≥ N3ω)

which show that X − Y ∈ C0
(
R+,L2(P,H)

)
. Hence, X ∈∈ APω

(
R+,L2(P,H)

)
and (iv) implies (i). �	
The following generalizes the Definition 2.3.

Definition 2.5 A continuous bounded process f : R+ × L2(P,H) → L2(P,H) is
called square mean ω periodic limit in t ∈ R+ uniformly for X in bounded sets of
L2(P,H) if for every bounded subsets K of L2(P,H), { f (t, X) : t ∈ R+; X ∈ K } is
bounded and

lim
n→+∞E

∣∣∣
∣∣∣ f (t + nω, X) − f̃ (t, X)

∣∣∣
∣∣∣2 = 0

is well definedwhen n ∈ N for each t ≥ 0 and for some process f̃ : R+×L2(P,H) →
L2(P,H) .

We have the following composition result:

Theorem 2.5 Assume that f : R+ × L2(P,H) → L2(P,H) is a square mean ω-
periodic limit process uniformly for Y ∈ L2(P,H) in bounded sets of L2(P,H) and
satisfies the Lipschitz condition, that is, there exists constant L > 0 such that

E|| f (t,Y ) − f (t, Z)||2 ≤ L E||Y − Z ||2 ∀t ≥ 0, ∀Y , Z ∈ L2(P,H).

Let X : R+ → L2(P,H) be a square meanω-periodic limit process. Then, the process
F(t) = ( f (t, X(t)))t≥0 is a square mean ω-periodic limit process.

Proof Since X is a square mean ω-periodic limit process, we have

lim
n→+∞E

∣∣∣∣∣∣X(t + nω) − X̃(t)
∣∣∣∣∣∣2 = 0 (10)

for some stochastic process X̃ : R+ → L2(P,H).
By using Proposition 2.1 (4), we can choose a bounded subset K of L2(P,H) such

that X(t), X̃(t) ∈ K for all t ≥ 0. Then, F(t) is bounded.
On the other hand, we have

lim
n→+∞E

∣∣∣
∣∣∣ f (t + nω, X) − f̃ (t, X)

∣∣∣
∣∣∣2 = 0, (11)
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for each t ≥ 0 and each X ∈ K .
Let us consider the process F̃ : R+ → L2(P,H) defined by F̃(t) = f̃ (t, X̃(t)). Note
that

E
∣∣∣
∣∣∣F(t + nω) − F̃(t)

∣∣∣
∣∣∣2 = E

∣∣∣
∣∣∣ f (t + nω, X̃(t + nω)) − f̃ (t, X̃(t))

∣∣∣
∣∣∣2

≤ 2E
∣∣∣∣∣∣ f (t + nω, X(t + nω)) − f (t + nω, X̃(t))

∣∣∣∣∣∣2

+ 2E
∣∣∣
∣∣∣ f (t + nω, X̃(t)) − f̃ (t, X̃(t))

∣∣∣
∣∣∣2

≤ 2L E
∣∣∣∣∣∣X(t + nω) − X̃(t)

∣∣∣∣∣∣2

+ 2E
∣∣∣
∣∣∣ f (t + nω, X̃(t)) − f̃ (t, X̃(t))

∣∣∣
∣∣∣2

We deduce from (10) and (11 ) that

lim
n→+∞E

∣∣∣∣∣∣F(t + nω) − F̃(t)
∣∣∣∣∣∣2 = 0

is well defined for F̃(t) = f̃ (t, X̃(t)). �	

Now, let us end this section with the following property of a Brownian motion.

Proposition 2.2 (WeakMarkov Property).Let B = (B(s))s≥0 be a two-sided standard
one-dimensional Brownian motion and set for h ∈ R,

B̃h(u) = B(u + h) − B(h), u ∈ R.

Then, the process B̃h is a two-sided Brownian motion independent of {B(s) : s ≤ h}.
In others words, B(u + h) has the same law as B̃h(u) + B(h).

3 A Stochastic Differential Equation

In this section, we investigate the existence of the square mean asymptotically ω-
periodic solution to the following SDE :

{
dX(t) = AX(t)dt + f (t, X(t))dt + g(t, X(t))dB(t), t ≥ 0
X(0) = c0,

(12)

where A is a closed linear operator and

f : R+ × L2(P,H) → L2(P,H),

g : R+ × L2(P,H) → L2(P,H)
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are Lipschitz continuous and bounded, (B(t))t is a two-sided standard one-
dimensional Brownian motion with values in H and Ft -adapted and c0 ∈ L2(P,H).
Recall that Ft = σ {B(u) − B(v)/u, v ≤ t}.

In order to establish our main result, we impose the following conditions.
(H1): A generates an exponentially stable semigroup (T (t))t≥0 in L2(P,H), that

is, a linear operator, such that :

1. T (0) = I where I is the identity operator.
2. T (t)T (r) = T (t + r) for all t, r ≥ 0.
3. The map t �→ T (t)x is continuous for every fixed x ∈ L2(P,H).
4. There exist M > 0 and a > 0 such that ||T (t)|| ≤ Me−at for t ≥ 0.

Definition 3.1 The Ft -progressively measurable process {X(t), t ≥ 0} is said to be a
mild solution of (12) if it satisfies the following stochastic integral equation:

X(t) = T (t)c0 +
∫ t

0
T (t − s) f (s, X(s))ds +

∫ t

0
T (t − s)g(s, X(s))dB(s).

Now, we will establish some technical results.

Lemma 3.1 Let F be a square mean ω-periodic limit process in L2(P,H). Under
Assumption (H1), the sequence of stochastic processes (Xn(t))n≥1, t ≥ 0, defined by

Xn(t) =
∫ nω

0
T (t + s)F(nω − s)ds

is a Cauchy sequence in L2(P,H) for all t ≥ 0.

We shall denote byU = (U (t))t≥0 the limit process of (Xn(t))n≥1, t ≥ 0, inL2(P,H).

Proof We have

E||Xn+p(t) − Xn(t)||2

= E

∣∣∣∣∣
∣∣∣∣∣
∫ (n+p)ω

0
T (t + s)F((n + p)ω − s)ds −

∫ nω

0
T (t + s)F(nω − s)ds

∣∣∣∣∣
∣∣∣∣∣
2

≤ 2E

∣∣∣∣∣
∣∣∣∣∣
∫ (n+p)ω

nω

T (t + s)F((n + p)ω − s)ds

∣∣∣∣∣
∣∣∣∣∣
2

+ 2E
∣∣∣∣
∣∣∣∣
∫ nω

0
T (t + s) (F((n + p)ω − s) − F(nω − s)) ds

∣∣∣∣
∣∣∣∣
2

= I1(t, n, p) + I2(t, n, p)
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where

I1(t, n, p) = 2E

∣∣∣∣∣
∣∣∣∣∣
∫ (n+p)ω

nω

T (t + s)F((n + p)ω − s)ds

∣∣∣∣∣
∣∣∣∣∣
2

I2(t, n, p) = 2E
∣∣∣∣
∣∣∣∣
∫ nω

0
T (t + s) (F((n + p)ω − s) − F(nω − s)) ds

∣∣∣∣
∣∣∣∣
2

.

We have

I1(t, n, p) = 2E

∣∣∣∣∣
∣∣∣∣∣
∫ (n+p)ω

nω

T (t + s)F((n + p)ω − s)ds

∣∣∣∣∣
∣∣∣∣∣
2

≤ 2E

(∫ (n+p)ω

nω

||T (t + s)F((n + p)ω − s)|| ds
)2

≤ 2E

(∫ (n+p)ω

nω

||T (t + s)|| ||F((n + p)ω − s)||ds
)2

≤ 2E

(∫ (n+p)ω

nω

Me−a(t+s)||F((n + p)ω − s)||ds
)2

≤ 2
∫ (n+p)ω

nω

M2e−2a(t+s)ds
∫ (n+p)ω

nω

E||F((n + p)ω − s)||2ds

≤ 2M2 pωK
∫ +∞

nω

e−2asds

≤ 2M2 pωK

2a
e−2anω.

Now, we consider the integers N1 and N2 such that

M2 pωK

a
e−2anω ≤ ε ∀n ≥ N1

8M2K

a2
e−2anω < ε ∀n ≥ N2

and set N = max (N1, N2). For n ≥ N , we have :

I2(t, n, p) = 2E
∣∣∣∣
∣∣∣∣
∫ nω

0
T (t + s) (F((n + p)ω − s) − F(nω − s)) ds

∣∣∣∣
∣∣∣∣
2

≤ 2E
(∫ nω

0
||T (t + s)|| ||F((n + p)ω − s) − F(nω − s)||ds

)2

≤ 4E
(∫ Nω

0
||T (t + s)|| ||F((n + p)ω − s) − F(nω − s)||ds

)2
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+ 4E
(∫ nω

Nω

||T (t + s)|| ||F((n + p)ω − s) − F(nω − s)||ds
)2

≤ I3(t, n, p) + I4(t, n, p)

where

I3(t, n, p) = 4E
(∫ Nω

0
||T (t + s)|| ||F((n + p)ω − s) − F(nω − s)||ds

)2

I4(t, n, p) = 4E
(∫ nω

Nω

||T (t + s)|| ||F((n + p)ω − s) − F(nω − s)||ds
)2

.

From F ∈ PωL
(
R+,L2(P,H)

)
, there exists a stochastic process F̃ : R+ →

L2(P,H) such that

lim
k→+∞E||F(t + kω) − F̃(t)||2 = 0

is well defined for each t ≥ 0 when k ∈ N.
Now, we have :

I3(t, n, p)

≤ 8E
(∫ Nω

0
Me−a(t−s+Nω) ||F((n − N + p)ω + s) − F̃(s)||ds

)2

+ 8E
(∫ Nω

0
Me−a(t−s+Nω) ||F((n − N )ω + s) − F̃(s)||ds

)2

,

and by Cauchy Schwarz inequality, we obtain

I3(t, n, p)

≤ 8
∫ Nω

0
M2e−2a(t−s+Nω)ds

∫ Nω

0
E||F((n − N + p)ω + s) − F̃(s)||2ds

+ 8
∫ Nω

0
M2e−2a(t−s+Nω)ds

∫ Nω

0
E||F((n − N )ω + s) − F̃(s)||2ds

≤ 8M2
∫ Nω

0
e−2a(−s+Nω)ds

∫ Nω

0
E||F((n − N + p)ω + s) − F̃(s)||2ds

+ 8M2
∫ Nω

0
e−2a(−s+Nω)ds

) ∫ Nω

0
E||F((n − N )ω + s) − F̃(s)||2ds

≤ 8M2

2a

∫ Nω

0
E||F((n − N + p)ω + s) − F̃(s)||2ds

+ 8M2

2a

∫ Nω

0
E||F((n − N )ω + s) − F̃(s)||2ds
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Using the fact that

max{E||F((n − N + p)ω + s) − F̃(s)||2,E||F((n − N )ω + s) − F̃(s)||2} ≤ 2K ,

it follows that

lim
n→∞ I3(t, n, p) = 0 for all t ≥ 0,

by Lebesgue’s dominated convergence theorem.
Similarly,

I4(t, n, p) = 4E
∣∣∣∣
∣∣∣∣
∫ nω

Nω

T (t + s) (F((n + p)ω − s) − F(nω − s)) ds

∣∣∣∣
∣∣∣∣
2

≤ 4E
(∫ nω

Nω

||T (t + s)|| ||F((n + p)ω − s) − F(nω − s)||ds
)2

≤ 4E
(∫ nω

Nω

Me−a(t+s) ||F((n + p)ω − s) − F(nω − s)||ds
)2

= 4E
(∫ nω

Nω

Me
−a
2 (t+s) e

−a
2 (t+s) ||F((n + p)ω − s) − F(nω − s)||ds

)2

.

Again, using Cauchy Schwarz inequality, it follows that

I4 ≤ 4
∫ nω

Nω

M2e−a(t+s)ds
∫ nω

Nω

e−a(t+s)E||F((n + p)ω − s) − F(nω − s)||2ds

≤ 4
∫ +∞

Nω

M2e−asds
∫ +∞

Nω

e−asE||F((n + p)ω − s) − F(nω − s)||2ds.

Since E||F((n + p)ω − s) − F(nω − s)||2 ≤ 2K , we obtain

I4 ≤ 8M2K

a2
e−2aNω

and hence I4 ≤ ε.
This shows that (Xn(t))n≥1, t ≥ 0, is a Cauchy sequence in L2(P,H). �	
Lemma 3.2 Let F be a square mean ω-periodic limit process in L2(P,H) such that

lim
n→+∞E||F(t + nω) − F̃(t)||2 = 0

for all t ≥ 0. Define V (t) = ∫ t
0 T (t − s)F(s)ds. Under Assumption (H1), we have

lim
n→+∞E||V (t + nω) − V ∗(t)||2 = 0
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uniformly on t ≥ 0, where

V ∗(t) = U (t) +
∫ t

0
T (t − s)F̃(s)ds.

Proof Let us rewrite

V (t + nω) =
∫ t+nω

0
T (t + nω − s)F(s)ds

=
∫ t

−nω

T (t − s)F(s + nω)ds

=
∫ 0

−nω

T (t − s)F(s + nω)ds +
∫ t

0
T (t − s)F(s + nω)ds

=
∫ nω

0
T (t + s)F(s + nω)ds +

∫ t

0
T (t − s)F(s + nω)ds

= Xn(t, n) + I (t, n).

We have

E||V (t + nω) − V ∗(t)||2 = E
∣∣∣∣
∣∣∣∣Xn(t) + I (t, n) −U (t) −

∫ t

0
T (t − s)F̃(s)ds

∣∣∣∣
∣∣∣∣
2

≤ 2E ||Xn(t) −U (t)||2

+ 2E
∣∣∣∣
∣∣∣∣I (t, n) −

∫ t

0
T (t − s)F̃(s)ds

∣∣∣∣
∣∣∣∣
2

.

Using Lemma 3.1, it follows that

E ||Xn(t) −U (t)||2 → 0

for all t ≥ 0.
Note that for mω ≤ t < (m + 1)ω; m ∈ N, one has

E
∣∣∣∣∣∣I (t, n) −

∫ t

0
T (t − s)F̃(s)ds

∣∣∣∣∣∣2

= E
∣∣∣
∣∣∣
∫ t

0
T (t − s)

(
F(s + nω) − F̃(s)

)
ds

∣∣∣
∣∣∣2

≤ E
(∫ t

0
||T (t − s)|| ||F(s + nω) − F̃(s)||ds

)2

≤ E
(∫ t

0
Me−a(t−s) ||F(s + nω) − F̃(s)||ds

)2

≤ 2E
(∫ mω

0
Me−a(t−s) ||F(s + nω) − F̃(s)||ds

)2
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+ 2E
(∫ t

mω

Me−a(t−s) ||F(s + nω) − F̃(s)||ds
)2

.

But firstly,

2E
(∫ mω

0
Me−a(t−s) ||F(s + nω) − F̃(s)||ds

)2

≤ 2M2E

(
m−1∑
k=0

∫ (k+1)ω

kω
e−a(t−(k+1)ω) ||F(s + nω) − F̃(s)||ds

)2

= 2M2E

(
m−1∑
k=0

∫ ω

0
e−a(t−(k+1)ω) ||F(s + (n + k)ω) − F̃(s + kω)||ds

)2

≤ 2M2
∫ ω

0

(
m−1∑
k=0

e−a(t−(k+1)ω)

)2

ds
∫ ω

0
E||F(s + (n + k)ω) − F̃(s + kω)||2ds.

Since

lim
n→+∞E||F(s + (n + k)ω) − F̃(s + kω)||2 = 0

for s ∈ [0, ω] and the fact that

E||F(s + (n + k)ω) − F̃(s + kω)||2 ≤ 2K ,

it follows by Lebesgue’s dominated convergence theorem that :

lim
n→+∞

∫ ω

0
E||F(s + (n + k)ω) − F̃(s + kω)||2 = 0.

Note that

m−1∑
k=0

e−a(t−(k+1)ω) ≤ 1

1 − e−aω
unifmorly in t,

therefore

2E
(∫ mω

0
Me−a(t−s) ||F(s + nω) − F̃(s)||ds

)2

≤ 2M2ω

(1 − e−aω)2
ε.

On the other hand,

2E
(∫ t

mω

Me−a(t−s) ||F(s + nω) − F̃(s)||ds
)2
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≤ 2M2E

(∫ (m+1)ω

mω

||F(s + nω) − F̃(s)||ds
)2

= 2M2E
(∫ ω

0
||F(s + (n + m)ω) − F̃(s + mω)||ds

)2

≤ 2M2ω

∫ ω

0
E||F(s + (n + m)ω) − F̃(s + mω)||2ds.

But,

E||F(s + (n + m)ω) − F̃(s + mω)||2 ≤ 2E||F(s + (n + m)ω) − F̃(s)||2
+ 2E||F̃(s + mω) − F̃(s)||2

so that

lim
n→+∞E||F(s + (n + m)ω) − F̃(s + mω)||2 = 0.

Again, using the Lebesgue’s dominated convergence theorem, we have

lim
n→+∞

∫ ω

0
E||F(s + (n + m)ω) − F̃(s + mω)||2ds = 0,

and hence

lim
n→+∞ 2E

(∫ t

mω

Me−a(t−s) ||F(s + nω) − F̃(s)||ds
)2

= 0.

Thus,

lim
n→+∞E

∣∣∣∣∣∣I (t, n) −
∫ t

0
T (t − s)F̃(s)ds

∣∣∣∣∣∣2 = 0

for all t ≥ 0.
Therefore,

lim
n→+∞E||V (t + nω) − V ∗(t)||2 = 0

uniformly on t ≥ 0 for some stochastic process V ∗(t) : R+ → L2(P,H). �	
Lemma 3.3 Let G be a square mean ω-periodic limit process in L2(P,H) and B(t) a
two-sided standard one-dimensional Brownian motion.
Under Assumption (H1), the sequence of stochastic process (Yn(t))n≥1, t ≥ 0 defined
by

Yn(t) =
∫ 0

−nω

T (t − s)G(s + nω)dB(s)
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is a Cauchy sequence in L2(P,H) for all t ≥ 0.

We will denote by U∗ = (U∗(t))t≥0 the limit process of (Yn(t))n≥1, t ≥ 0, in
L2(P,H).

Proof We have

E||Yn+p(t) − Yn(t)||2 = E
∣∣∣∣
∣∣∣∣
∫ 0

−(n+p)ω
T (t − s)G((n + p)ω + s)dB(s)

−
∫ 0

−nω

T (t − s)G(nω + s)dB(s)

∣∣∣∣
∣∣∣∣
2

≤ 2E
∣∣∣∣
∣∣∣∣
∫ −nω

−(n+p)ω
T (t − s)G((n + p)ω + s)dB(s)

∣∣∣∣
∣∣∣∣
2

+ 2E
∣∣∣∣
∣∣∣∣
∫ 0

−nω

T (t − s) (G((n + p)ω + s) − G(nω + s)) dB(s)

∣∣∣∣
∣∣∣∣
2

≤ 2E
(∫ −nω

−(n+p)ω
||T (t − s)|| ||G((n + p)ω + s)||dB(s)

)2

+ 2E
(∫ 0

−nω

||T (t − s)|| ||G((n + p)ω + s) − G(nω + s)||dB(s)

)2

≤ 2E
∫ −nω

−(n+p)ω
||T (t − s)||2 ||G((n + p)ω + s)||2ds

+ 2E
∫ 0

−nω

||T (t − s)||2||G((n + p)ω + s) − G(nω + s)||2ds

≤ 2E
∫ (n+p)ω

nω

||T (t + s)||2 ||G((n + p)ω − s)||2ds

+ 2E
∫ nω

0
||T (t + s)||2 ||G((n + p)ω − s) − G(nω − s)||2ds

≤ J1(t, n, p) + J2(t, n, p)

where

J1(t, n, p) = 2E
∫ (n+p)ω

nω

||T (t + s)||2 ||G((n + p)ω − s)||2ds

J2(t, n, p) = 2E
∫ nω

0
||T (t + s)||2 ||G((n + p)ω − s) − G(nω − s)||2ds.

Estimates of J1(t, n, p).

J1(t, n, p) = 2E
∫ (n+p)ω

nω

||T (t + s)||2 ||G((n + p)ω − s)||2ds.

≤ 2E
∫ (n+p)ω

nω

||T (t + s)||2 ||G((n + p)ω − s)||2ds
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≤ 2
∫ (n+p)ω

nω

M2e−2a(t+s)E||G((n + p)ω − s)||2ds

≤ 2M2K
∫ (n+p)ω

nω

e−2asds

≤ 2M2K
∫ +∞

nω

e−2asds

≤ 2M2K

2a
e−2anω

Now, we consider the integers N1 and N2 such that

M2K

a
e−2anω ≤ ε ∀n ≥ N1

4M2K

a
e−2anω ≤ ε ∀n ≥ N2

and set N = max (N1, N2). For n ≥ N , we have :

J2(t, n, p) = 2E
∫ nω

0
||T (t + s)||2 ||G((n + p)ω − s) − G(nω − s)||2ds

≤ 2
∫ nω

0
M2e−2a(t+s) E||G((n + p)ω − s) − G(nω − s)||2ds

≤ 2
∫ Nω

0
M2e−2a(t+s) E||G((n + p)ω − s) − G(nω − s)||2ds

+ 2
∫ nω

Nω

M2e−2a(t+s) E||G((n + p)ω − s) − G(nω − s)||2ds
≤ J3(t, n, p) + J4(t, n, p)

where

J3(t, n, p) = 2
∫ Nω

0
M2e−2a(t+s) E||G((n + p)ω − s) − G(nω − s)||2ds

J4(t, n, p) = 2
∫ nω

Nω

M2e−2a(t+s) E||G((n + p)ω − s) − G(nω − s)||2ds.

Since G is a square mean ω periodic limit process, then

lim
k→+∞E||G(t + kω) − G̃(t)||2 = 0, ∀t ≥ 0

is well defined for each t ≥ 0 when k ∈ N for some stochastic process G̃ : R+ →
L2(P,H).
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Now,

J3(t, n, p) = 2
∫ Nω

0
M2e−2a(t+s) E||G((n + p)ω − s) − G(nω − s)||2ds

= 2
∫ Nω

0
M2e−2a(t−s+Nω) E||G((n − N + p)ω + s) − G((n − N )ω + s)||2ds

≤ 4
∫ Nω

0
M2e−2a(t−s+Nω) E||G((n − N + p)ω + s) − G̃(s)||2ds

+ 4
∫ Nω

0
M2e−2a(t−s+Nω) E||G((n − N )ω + s) − G̃(s)||2ds

Since

lim
n→∞ E||G((n − N + p)ω + s) − G̃(s)||2 = 0

lim
n→∞ E||G((n − N )ω + s) − G̃(s)||2 = 0

and using the fact that max{E||G((n − N + p)ω + s) − G̃(s)||2,E||G((n − N )ω +
s) − G̃(s)||2} ≤ 2K , it follows by Lebesgue’s dominated convergence theorem that

lim
n→∞ J3(t, n, p) = 0

for all t ≥ 0.
On the other hand,

J4(t, n, p) = 2
∫ nω

Nω

M2e−2a(t+s) E||G((n + p)ω − s) − G(nω − s)||2ds.

Since E||G((n + p)ω − s) − G(nω − s)||2 ≤ 2K , we get

J4(t, n, p) ≤ 4M2K
∫ +∞

Nω

M2e−2asds

≤ 4M2K

a
e−2aNω

≤ 4M2K

a
e−2aN2ω

so that

J4(t, n, p) ≤ ε.

This shows that (Yn(t))n≥1, t ≥ 0, is a Cauchy sequence in L2(P,H) �	
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Lemma 3.4 Let G be square mean ω-periodic limit in L2(P,H) such that

lim
n→+∞E||G(t + nω) − G̃(t)||2 = 0

for all t ≥ 0. Define

H(t) =
∫ t

0
T (t − s)G(s)dB(s)

Under Assumption (H1), we have

lim
n→+∞E||H(t + nω) − H∗(t)||2 = 0

uniformly on t ≥ 0 where

H∗(t) = U∗(t) +
∫ t

0
T (t − s)G̃(s)dB(s).

Proof Let us rewrite,

H(t + nω) =
∫ t+nω

0
T (t + nω − s)G(s)dB(s)

=
∫ t

−nω

T (t − s)G(s + nω)dB(s + nω).

Let B̃(s) = B(s + nω) − B(nω) for each s ∈ R. By the weak Markov property B̃
is also a two sided Brownian motion and has the same distribution as B. Moreover,
{B̃(s), s ∈ R} is a two-sided Brownian motion independent of B(nω). Thus,

H(t + nω) =
∫ t

−nω

T (t − s)G(s + nω)d B̃(s)

=
∫ 0

−nω

T (t − s)G(s + nω)d B̃(s) +
∫ t

0
T (t − s)G(s + nω)d B̃(s)

= Yn(t) + J (t, n)

where

J (t, n) =
∫ t

0
T (t − s)G(s + nω)d B̃(s) =

∫ t

0
T (t − s)G(s + nω)dB(s).
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We have

E||H(t + nω) − H∗(t)||2

= E
∣∣∣∣
∣∣∣∣Yn(t) + J (t, n) −U∗(t) −

∫ t

0
T (t − s)G̃(s)ds

∣∣∣∣
∣∣∣∣
2

≤ E
∣∣∣∣Yn(t) −U∗(t)

∣∣∣∣2

+ E
∣∣∣∣
∣∣∣∣J (t, n) −

∫ t

0
T (t − s)G̃(s)ds

∣∣∣∣
∣∣∣∣
2

Using Lemma 3.3, it follows that

E
∣∣∣∣Yn(t) −U∗(t)

∣∣∣∣2 → 0

for all t ≥ 0, when n → +∞.
For mω ≤ t < (m + 1)ω; m ∈ N, one has

E
∣∣∣∣∣∣J (t, n) −

∫ t

0
T (t − s)G̃(s)dB(s)

∣∣∣∣∣∣2

= E
∣∣∣
∣∣∣
∫ t

0
T (t − s)

(
G(s + nω) − G̃(s)

)
dB(s)

∣∣∣
∣∣∣2

≤ E
(∫ t

0
||T (t − s)|| ||G(s + nω) − G̃(s)||dB(s)

)2

≤ E
(∫ t

0
Me−a(t−s) ||G(s + nω) − G̃(s)||dB(s)

)2

=
∫ t

0
M2e−2a(t−s) E||G(s + nω) − G̃(s)||2ds

≤
∫ mω

0
M2e−2a(t−s) E||G(s + nω) − G̃(s)||2ds

+
∫ t

mω

M2e−2a(t−s) E||G(s + nω) − G̃(s)||2ds.

Now,

∫ mω

0
M2e−2a(t−s) E||G(s + nω) − G̃(s)||2ds

≤ M2
m−1∑
k=0

∫ (k+1)ω

kω
e−2a(t−(k+1)ω) E||G(s + nω) − G̃(s)||2ds

= M2
∫ ω

0

m−1∑
k=0

e−2a(t−(k+1)ω) E||G(s + (n + k)ω) − G̃(s + kω)||2ds
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≤ 2M2
∫ ω

0

m−1∑
k=0

e−2a(t−(k+1)ω) E||G(s + (n + k)ω) − G̃(s)||2ds

+ 2M2
∫ ω

0

m−1∑
k=0

e−2a(t−(k+1)ω) E||G̃(s + kω) − G̃(s)||2ds

= 2M2
∫ ω

0

m−1∑
k=0

e−2a(t−(k+1)ω) E||G(s + (n + k)ω) − G̃(s)||2ds

because

E||G̃(s + kω) − G̃(s)||2 = 0 ∀k ≥ 0.

Since

lim
n→+∞E||G(s + (n + k)ω) − G̃(s)||2 = 0,

for s ∈ [0, ω], k ≥ 0 with E||G(s + (n + k)ω) − G̃(s)||2 ≤ 2K and using the fact
that

m−1∑
k=0

e−2a(t−(k+1)ω) ≤ 1

1 − e−2aω
∀t ≥ 0,

it follows by Lebesgue’s dominated convergence theorem that :

lim
n→+∞

∫ ω

0

m−1∑
k=0

e−2a(t−(k+1)ω) E||G(s + (n + k)ω) − G̃(s)||2ds = 0

uniformly on t ≥ 0.
On the other hand,

∫ t

mω

M2e−2a(t−s) E||G(s + nω) − G̃(s)||2ds

≤
∫ (m+1)ω

mω

M2e−2a(t−s) E||G(s + nω) − G̃(s)||2ds

=
∫ ω

0
M2e−2a(t−s−mω) E||G(s + (n + m)ω) − G̃(s + mω)||2ds

≤ M2
∫ ω

0
E||G(s + (n + m)ω) − G̃(s + mω)||2ds

≤ 2M2
∫ ω

0
E||G(s + (n + m)ω) − G̃(s)||2ds

+ 2M2
∫ ω

0
E||G̃(s + mω) − G̃(s)||2ds
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= 2M2
∫ ω

0
E||G(s + (n + m)ω) − G̃(s)||2ds

because

E||G̃(s + mω) − G̃(s)||2 = 0 ∀m ≥ 0.

Since

lim
n→+∞E||G(s + (n + m)ω) − G̃(s)||2 = 0,

for s ∈ [0, ω], m ≥ 0 and

E||G(s + (n + m)ω) − G̃(s)||2 ≤ 2K ,

again by the Lebesgue dominated convergence theorem, we have :

lim
n→+∞ 2M2

∫ ω

0
E||G(s + (n + m)ω) − G̃(s)||2ds = 0

so that

∫ t

mω

M2e−2a(t−s) E||G(s + nω) − G̃(s)||2ds.

In view of the above, it follows that

lim
n→+∞E

∣∣∣
∣∣∣J (t, n) −

∫ t

0
T (t − s)G̃(s)dB(s)

∣∣∣
∣∣∣2 = 0

uniformly on t ≥ 0.
Therefore,

lim
n→+∞E||H(t + nω) − H∗(t)||2 = 0

uniformly in t ≥ 0 for the stochastic process H∗(t) : R+ → L2(P,H) defined as
above. �	

Now, we can establish the main result of this section.

Theorem 3.5 Let f , g : R+ × L2(P,H) → L2(P,H) be square mean ω periodic
limit processes in t ≥ 0 uniformly in X for bounded subsets of L2(P,H). Assume that
f , g satisfies a Lipschitz condition, uniformly in t ≥ 0 : that is, there exist constants
L f > 0 and Lg > 0 such that

E|| f (t, X) − f (t,Y )||2 ≤ L f E||X − Y ||2 ∀t ≥ 0, ∀X ,Y ∈ L2(P,H)

E||g(t, X) − g(t,Y )||2 ≤ Lg E||X − Y ||2 ∀t ≥ 0, ∀X ,Y ∈ L2(P,H).
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If

2M2
(
L f

1

a2
+ Lg

1

a

)
< 1

then there is a unique square mean asymptoticallyω-periodic mild solution of problem
(12).

Proof We define the continuous operator � on the Banach space APω(R+,L2(P,H))

by

(�X)(t) = T (t)c0 +
∫ t

0
T (t − s) f (s, X(s))ds +

∫ t

0
T (t − s)g(s, X(s))dB(s).

Note that T (t)c0 is in C0(R+,L2(P,H)) ⊆ APω(R+,L2(P,H))

Now, we denote F(s) = f (s, X(s)), G(s) = g(s, X(s))
In viewofTheorem2.5 if X ∈ APω(R+,L2(P,H)), then F,G ∈ PωL(R+,L2(P,H)).
Applying Lemma 3.2, Lemma 3.4 and Theorem 2.4, it follows that

∫ t

0
T (t − s) f (s, X(s))ds ∈ APω(R+,L2(P,H))

and

∫ t

0
T (t − s)g(s, X(s))dB(s) ∈ APω(R+,L2(P,H)).

Hence, the operator � maps the space APω(R+,L2(P,H)) into itself.
Finally, for any X ,Y ∈ APω(R+,L2(P,H)) we have

E||�X(t) − �Y (t)||2

≤ 2M2
(∫ t

0
e−a(t−s)ds

)
E

∫ t

0
e−a(t−s)|| f (s, X(s)) − f (s,Y (s))||2ds

+ 2M2E
∫ t

0
e−2a(t−s) ||g(s, X(s)) − g(s,Y (s))||2ds

≤ 2M2L f sup
s≥0

E||X(s) − Y (s)||2
(∫ t

0
e−a(t−s)ds

)2

+ 2M2Lg sup
s≥0

E||X(s) − Y (s)||2
∫ t

0
e−2a(t−s)ds

≤ 2M2
(
L f

1

a2
+ Lg

1

a

)
sup
s≥0

E||X(s) − Y (s)||2.

123

Author's personal copy



Asymptotically Periodic Solution of a Stochastic…

This implies that

||�X − �Y ||2∞ ≤ 2M2
(
L f

1

a2
+ Lg

1

a

)
||X − Y ||2∞.

Consequently, if 2M2
(
L f

1
a2

+ Lg
1
a

)
< 1, then � is a contraction mapping.

The proof is completed by using the well-known Banach fixed-point theorem. �	

4 An Illustrative Example

In order to illustrate usefulness of the theoretical results established in the preceding
section, we consider the following one-dimensional stochastic heat equation with
Dirichlet boundary conditions :

⎧⎨
⎩
du(t, x) = ∂2u(t,x)

∂x2
dt + f (t, u(t, x))dt + g(t, u(t, x))dB(t)

u(t, 0) = u(t, 1) = 0, t ∈ R+,

u(0, x) = h(x), x ∈ [0, 1].
(13)

where B(t) is a two-sided standard one-dimensional Brownian motion defined on the
filtered probability space (�,F ,Ft ,P), h ∈ L2[0, 1] and the functions f and g are
defined as

f (t, u(t, x)) = u(t, x)ψ(t) and g(t, u(t, x)) = u(t, x)φ(t),

where ψ and φ are ω-periodic limit (function) deterministic processes. Clearly, both
the f and g satisfy the Lipschitz conditions with L f = ||ψ ||∞ and Lg = ||φ||∞. For
instance, ψ(t) and φ(t) can be chosen to be equal to the following 2-periodic limit
(function) deterministic process (see [18]) given by

a{kn}(t) =
⎧⎨
⎩
1, t = 2n − 1, n ∈ N
0, t ∈ {0, 2} ∪ {2n + 1 − kn} ∪ {2n + 1 + kn}
linear, in between.

(14)

where {kn} ⊂]0, 1[ such that kn > kn+1, kn → 0 as n → +∞.
Note that if we define b : R+ → R by

b(t) =
{
1, t = 2n − 1, n ∈ N
0, otherwise.

(15)

then we have b(t) = limm→+∞ a{kn}(t + 2m) so a{kn} is a 2-periodic limit (function)
deterministic process.
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Define

D(A) = {v continuous/v′(r) absolutely continuous on [0, 1], v′′(r) ∈ L2[0, 1]
and v(0) = v(1) = 0}
Av = v′′ f or all v ∈ D(A).

Let φn(t) = √
2 sin(nπ t) for all n ∈ N. φn are eigenfunctions of the operator

(A,D(A)) with eigenvalues λn = −n2. Then, A generates a C0 semigroup (T (t))
of the form

T (t)φ =
∞∑
n=1

e−n2π2t 〈φ, φn〉φn, ∀φ ∈ L2[0, 1]

and

||T (t)|| ≤ e−π2t , f or all t ≥ 0

Thus, M = 1 and a = π2.
Equation (12) is of the form

{
dy(t) = Ay(t)dt + f (t, y(t))dt + g(t, y(t))dB(t),
y(0) = c0.

By using Theorem 3.5, we claim that

Theorem 4.1 If ||ψ ||∞+||φ||∞π2 < π4/2, then equation (13) admits a unique square
mean asymptotically ω-periodic mild solution.
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