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General introduction

General context

The Vehicle Routing Problem (VRP) is one of the most studied type of problems in Operations Research
both for practical and theoretical reasons. Among the large variety of applications of VRPs, equity has
gained interest in the recent literature. Equity might be either service and client-oriented or provider-
oriented. In the former, equity is often the main concern while in the later, both equity and cost are
optimized simultaneously. In provider-oriented applications, equity consists in fairly dispatching work-
load among drivers. The main challenge is to find a fair distribution of workload minimizing the impact
on the routing costs. To measure equity, it is necessary to define the workload metric. Workload metrics
can be classified either as constant-sum, where the sum remains constant across all solutions (e.g., number
of customers served in the route), or variable-sum, where the sum depends on the specific solution (e.g.,
traveled distance).

Despite the growing interest of workload equity in the recent literature, the choices of models and
algorithms are not always well justified. Also, the current literature essentially concerns daily equity
while drivers can accept unbalanced days if equity is ensured on a longer horizon (e.g., one week, one
month). In addition, a recurring weakness of the current literature is the lack of evaluation of the impact
of equity on the routing costs. Hence, many research directions remain open.

This is where the thesis contributions lie: Proposing new models and algorithms to integrate equity
in solutions of routing problems and evaluate the impact of equity on cost. We propose solutions for both
constant-sum and variable-sum metrics and use non-emergency transportation of patients as a real-world
application. We solve most of routing problems to optimality implementing branch-and-price (and column
generation) algorithms.

The contributions of this thesis are (i) definition of a new routing problem motivated by the non-
emergency transportation of patients and a dedicated branch-and-price algorithm to solve it, (ii) consider
equity for the multi-period version of the initial routing problem with a constant-sum metric, (iii) extends
the daily routing problem involving equity on a variable-sum metric. In this manuscript, we propose and
evaluate new equity constraints and techniques to integrate them within a branch-and-price algorithm.
Solutions are evaluated through several performance indicators (KPIs).

Project FITS (ANR)

This thesis is part of project FITS - “Flexible and Intelligent Transportation Systems”, supported by the
French National Research Agency (ANR - Agence Nationale de la Recherche) under grant ANR-18-CE22-
0014. The project FITS aims at proposing novel mathematical models and solution approaches in order to
develop intelligent tools to help optimizing the delivery of services.
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In this context, service provider platforms manage the assignment of customers’ demands to human
resources. Generally, these platforms need intelligent tools to guarantee a smart assignment, especially
when the demand varies strongly or for large scale transportation services. The project FITS aims at
tackling the scientific challenges raised by the optimization of these service provider platforms.

A common non-desired consequence of the current platforms is that the assignment creates inequities
between drivers in terms of workload balancing. The objective of project FITS is to find efficient solutions
while improving workload balancing. This is in this context that this thesis lies.

Structure of the thesis

Chapter 1 provides definitions, problems and algorithms related to this thesis and reviews the main con-
tributions of the literature related to this thesis. It is divided into three parts. First, the Vehicle Routing
Problem (VRP) and its variants related to our work are briefly reviewed. Then, the principle of branch-
and-price and column generation algorithms are explained. Finally, the literature related to workload
equity in VRP is reviewed.

Chapter 2 presents a new routing problem motivated by the non-emergency transportation of patients.
Patients have appointments at the hospital and make transportation requests to be transported either from
home to the hospital (inbound request) or from the hospital to home (outbound request). There are two
types of requests and the problem can be modeled either as a pickup and delivery problem or a multi-
trip problem. The problem is called Multi-Trip Vehicle Routing Problem with Mixed Pickup and Delivery,
and Release and Due dates (MTMPD-RD). A Branch-and-Price algorithm (BP) is developed to solve this
problem. We show that the multi-trip formulation outperforms the pickup and delivery formulation. Both
the MTMPD-RD and the BP algorithm are used as basis for the definition of the problems and algorithms
of Chapters 3 and 4.

Chapter 3 presents the multi-period version of the MTMPD-RD integrating it within a horizon of
several days where equity between drivers is considered. The problem is dynamic in the sens that requests
are daily revealed. Each day, both a routing problem and a route-driver assignment problem are solved.
The goal is to achieve equity on the whole horizon rather than on every day. The workload to balance
fairly between drivers is the painfulness of requests, this metric is constant-sum (the total painfulness
of a solution is the same for any solution). Five frameworks are proposed to ensure equity lying on an
assignment strategy (potentially) coupled with daily equity constraints. The BP algorithm used to solve
the daily routing problems is adapted accordingly to the type of equity constraints. The frameworks are
extensively compared through numerical experiments where several KPIs are used to assess the solutions.

Chapter 4 extends the work of Chapters 2 and 3 by considering a variable-sum metric (the driving time
of drivers) for the MTMPD-RD. An equity constraint is added to the model to limit the excess of driving
time for each driver compared to the average driving time. An exact solution method and a heuristic both
based on the BP algorithm of Chapter 2 are proposed and compared through numerical experiments. In
the exact solution method, columns in the master problem are indexed by route and driver, which imposes
different pricing problems for drivers. In the heuristic, the branch-and-price algorithm is iteratively solved
with a fixed equity constraint and the structure of the solution guides the search for the next step. The
impact of equity on the routing cost is measured through numerical experiments.

Finally, Chapter 5 summarizes the main contributions of the thesis and provides promising perspec-
tives for future research.
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Thesis context and relevant literature

In this chapter, we present and review important works related to the content of this thesis. The goal is not
to provide an exhaustive review of the literature but rather to give important definitions and an overview
of problems and algorithms related to the thesis. First, we present the Vehicle Routing Problem (VRP) and
briefly review literature on the VRP and its variants related to our work, i.e. Pickup and Delivery Problem
(PDP), multiple trip VRP (MT-VRP) and Dial-a-Ride Problem (DARP). Then, we introduce the principle
of branch-and-price and column generation algorithms and present some important contributions that
improved the efficiency of these algorithms. Finally, we review the literature related to workload equity

in VRP, we synthesise the main contributions in the field and introduce some important definitions.
Contents
1.1 Vehicle Routing Problem and relevantvariants . . . . ... ............... 8
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(VRPTW) .« . e e e e 8
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1.3.2  Vehicle Routing Problem with Route Balancing (VRPRB) . . . . . ... ... .. ... 14
1.3.3  Modeling equity, relevant definitions and contributions . . . .. ... ... ... .. 15
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1.1 Vehicle Routing Problem and relevant variants

The Vehicle Routing Problem (VRP) was introduced by Dantzig and Ramser (1959) and consists basically
in planning vehicle routes to serve customer requests with a minimal total routing cost.

The most classic and studied VRP is the Capacited Vehicle Problem (CVRP) in which the fleet size is
fixed and vehicles have a homogeneous capacity that limits the total load served by a single vehicle (Ralphs
et al., 2003; Marinakis et al., 2018). A well-known extension of the CVRP is the Vehicle Routing Problem
with Time Windows (VRPTW). In the VRPTW, a time window |[a;, b;] is associated with each customer
request i: customer ¢ must be served after time a; and before time b; (Cordeau et al.,, 2000; Desaulniers
et al., 2014).

1.1.1 Definition and formulation of the Vehicle Routing Problem with Time Windows
(VRPTW)

Formally, the VRPTW is defined on a complete directed graph G = (V, A), where V = {vg,...,v,}.
Node vg corresponds to the depot where vehicles are located while nodes v; # vg correspond to customer
locations. Travel times ¢;; and travel costs ¢;; are defined for every arc (v;, v;) € A. With every customer
v; € V\{vo}, is associated a positive demand d;, a time window |[a;, b;] and a positive service time s;. A
homogeneous fleet of K vehicles of capacity () is available for serving the customers. All customers must
be served by exactly one vehicle route and all routes must be valid. To be valid a route must respect the
following constraints: the vehicle must begin and end its route at the depot within a time horizon [ag, by|;
the vehicle load must not exceed its capacity (); the service of a customer has to start within its time
window (and service time s; must be counted). The vehicle is allowed to arrive at customer v; before time
a; but has to wait this time to start servicing. Conventionally we set dy = 0 and s¢9 = 0. The objective of
the VRPTW is to find a minimum cost set of at most K routes visiting exactly once each customer with
respect to the previous constraints. The VRPTW can be formulated as a Mixed-Integer Linear Program
(MILP) as follows:

min Z Z CijZL‘fj (1‘1)

(vi0;)EA 1<k<K
subject to

I‘fj >1 Vo, € V\{vo} (1.2)

1<k<K v;€V st (vi,v;)€A

> g <1

v; €V s.t (vo,v;)EA

§ : k _ § : k

v €V st (v5,v5)€EA v €V st (vj,v;)€EA

1<k<K (13)

Vo e VI<kE<K  (14)

> diaf; < Q 1<k<K (15
(vivj)eA
T]]-“ er—&—si+tij—M(1—xfj) V(vi,v5) € Ajvj # 09,1 <k <K (1.6)
bo > 7F + 5; 4+ tig — M(1 — zk) Y(vi,v0) € 4,1 <k<K  (17)
a; < 1F < b Vo, e V,1<k<K (1.8)
), € {0,1} V(vi,vj) EALI<kE<K (19
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where xfj and 7F are the decision variables. Variable xfj equals 1 if route k uses arc (v;, v;), 0 other-

wise. If customer v; is served by route k then, variable 7¥ corresponds to the starting time of the service
of customer i by route k, otherwise 7F is meaningless. Value M must be large enough to ensure validity
of constraints (1.6) and (1.7).

The objective function (1.1) minimizes the total travel cost. Constraints (1.2) ensure that every cus-
tomer is visited exactly once. Constraints (1.3) and (1.4) are the flow conservation constraints. Constraints
(1.5) are the capacity constraints while Constraints (1.6)-(1.8) compute the times of service of customers
and check the time windows constraints. Finally (1.9) define the arc flow variables. In the literature many
other model are proposed for the VRPTW (Irnich et al., 2014; Marinakis et al., 2018; Feillet, 2010). Note
that a model for the CVRP can be obtained from (1.1)-(1.9) by removing variables Tl-k and time constraints

(1.6)-(1.8).

1.1.2 Other VRP variants relevant to this thesis

Despite the academic interest of the CVRP and the VRPTW, real life applications of VRP require the
definition of more specific problems. Hence, many variants of the VRP have raised in the literature and
VRPs have become one of the most studied class of problems in Operations Research (Toth and Vigo, 2014;
Laporte, 2009).

Variants of VRPs can be classified according to many characteristics such as the type of requests, the
fleet composition and location, the optimization objective or the network structure as explained by Irnich
et al. (2014). Usually a variant is characterized by specific constraints that enrich/modify the simple model
(1.1)-(1.9). Many survey on variants of the VRP exists in the literature. Among others, Marinakis et al.
(2018); Irnich et al. (2014) present the most important variants with mathematical formulations for some
of them while the recent review from Vidal et al. (2020) classify the existing and emerging variants.

In this thesis, the studied problem of Chapter 2 (that is reused in Chapters 3 and 4) can be modeled
either as Pickup and Delivery Problem (PDP) or as a Multi-trip VRP (MT-VRP).

Basically, a PDP is a VRP where each request is characterized by two nodes, a pickup node where the
customer commodity is loaded in the vehicle and a corresponding delivery node where it is dropped off
(Desaulniers et al., 2002). Behind this generic definition, the PDP can be classified into three families as
surveyed in Berbeglia et al. (2007):

e Many-to-many problems (M-M): commodities may have multiple origins and destinations and a
location may be the origin or destination of multiple commodities.

e One-to-many-to-one (1-M-1): some commodities are delivered from the depot to customers and
other commodities are picked up at the customers’ locations and returned back to the depot.

e One-to-one problems (1-1): a commodity has a single origin and a single destination.

Readers are referred to Battarra et al. (2014) for a recent survey on PDP. The studied problem in Chapter
2 is classified within the 1-M-1 family and will be reviewed in Section 2.2.

In some applications, demands are high, vehicle capacity limited and travel times are short. So, with
a limited number of vehicles available, they need to be reused and perform multiple trips. This class of
problems is called Multi-trip VRP (MT-VRP) and was introduced by Fleischmann (1990). Cattaruzza et al.
(2016) surveys the MT-VRP.

This thesis is applied to the context of non-emergency transportation of patients: patients need to go
to hospital for appointment and come back home but they cannot travel by their own. In this context,
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transportation companies ensure the service. This type of problem can be classified as a Dial-A-Ride
Problem (DARP). Cordeau and Laporte (2003) states that the DARP is a special pickup and delivery problem
with time windows for transportation of people and with extra client convenience constraints: i) the ride
time of a user must not exceed a maximal duration L and routes must respect a maximum route duration.
Cordeau and Laporte (2007) provides mathematical formulations of the DARP. Literature on the DARP has
been largely enriched with variants for each specific applications, Molenbruch et al. (2017) and Doerner
and Salazar-Gonzalez (2014) provide comprehensive classifications of the variants and solution methods
used in the DARP literature.

PDP, MT-VRP and DARP will be reviewed in more details in Chapter 2 (Section 2.2).

1.2 Branch-and-Price and Column Generation for VRP

For solving a vehicle routing problem, we distinguish two types of solution methods, exact methods and
(metha)heuristics (Toth and Vigo, 2014). The former ensure to find an optimal solution while the latter
do not. (Metha)heuristics are to be preferred when finding a good solution within a short amount of time
is required, typically for solving real-world applications. In this thesis, we rather prefer to ensure finding
optimal solutions when possible. Hence, we choose to develop an exact solution method to solve the initial
daily routing problem, the MTMPD-RD (see Chapter 2). This algorithm is then adapted to suit all studied
variants of the MTMPD-RD involving equity constraints (see Chapters 3 and 4).

1.2.1 Exact solution methods and limits of the compact formulation

VRPs are known to be NP-hard problems. Solving to optimality a VRP using a classic branch-and-bound
algorithm is usually not efficient (Laporte and Nobert, 1983; Fischetti et al., 1994; Toth and Vigo, 2002).
Formulation (1.1)-(1.9) is called a compact formulation. This formulation and all its variants have a weak
linear relaxation. So, when solving a VRP with a branch-and-bound algorithm based on this type of
formulation, the tree search requires to explore a huge number of nodes (Feillet, 2010).

To get a stronger bound, other models obtained using Dantzig-Wolfe decomposition have been in-
vestigated. These models are called extended formulations and have the structure of set partitioning
formulations.

1.2.2 Set partitioning formulation

In the set partitioning formulation, we have a single type of decision variables corresponding to feasible
routes. Let {2 be the set of feasible routes. These routes satisfy capacity and time constraints. Customer
locations are visited at most once. Let a] = 1 if route 7 € ) serves request i € V \ {vg}, 0 otherwise. Let
viy0;)EA bi;cij for all v € €2). We introduce
a non-negative integer decision variable 6, equals to the number of times route r € €2 is selected in the
solution. The set partitioning formulation (SP) is defined as follows:

b;"j = 1 if route r uses arc (v;,v;) € A, 0 otherwise (¢, = Z(

min Z c0, (1.10)

ref)
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subject to
> ajb, =1 VieV\ {v} (1.11)
reQ)
Zgr <K (1.12)
reQ
0, € N Vr € (1.13)

The objective function (1.10) minimizes the total cost. Constraints (1.11) are the set partitioning con-
straints, they ensure that each customer is served exactly once. Constraint (1.12) imposes to build at most
K routes.

The linear relaxation of (1.10)-(1.13) defines the master problem. In practice, the master problem (MP)
provides a strong lower bound but it cannot be solved directly due to the huge amount of variables (one
per feasible route). This is in this context that Desrosiers et al. (1984) use column generation to solve the
linear relaxation.

1.2.3 Column Generation

As the master problem contains too many variables, they cannot be explicitly enumerated. The column
generation algorithm tackles a restricted master problem that it iteratively enriches until an optimality
criterion is met. Given an iteration ¢ and a subset 2, C , we call M P(€2;), the master problem restricted
to the subset €; of routes. M P(2;) can be solved (by the simplex algorithm), which also provides a
feasible solution to the (unrestricted) master problem. The condition for this solution to be optimal is that
the master problem does not contain any variable with a negative reduced cost. Having a negative reduced
cost can occur for variables associated with routes in  \ €, as they were not considered in the solution
of the restricted master problem. Finding such variables relies on the solution of a pricing problem (see
next paragraph). If some are found, they are added to the restricted master problem and a new iteration is
started. The process ends when no variable with negative reduced cost is found. Figure 1.1 describes the
principle of the column generation algorithm.

1.2.4 Pricing problem

From the master problem (1.10)-(1.13), we deduce the reduced cost of a route. Let \; be the unsigned
dual variables associated with Constraints (1.11), one variable per customer v; € V\{vp}, and Ao be the
nonpositive dual variable associated with Constraint (1.12). The reduced cost of a route r € (2 is:

G=c— > adi-X= > bilc;—X\)

UiEV\{’Uo} (Uiﬂ}j)E.A

In the column generation algorithm, looking for routes with a negative reduced cost is called the sub-
problem or pricing problem. Generally, the pricing problem is modeled either as a Shortest Path Problem
with Resource Constraints (SPPRC) (Desrochers et al., 1992) or an Elementary Shortest Path Problem with
Resource Constraints (ESPPRC) (Feillet et al., 2004). In both models, the principle is to find paths from the
depot to the depot, satisfying capacity and time constraints with a negative cost, where costs on arcs are
set to ¢;; — A;. The difference is that in the SPPRC, routes are not necessarily elementary so, a customer
can be visited several times in a single route. The advantage of the SPPRC is to be only weakly NP-hard
contrary to the ESPPRC. However, solving the pricing problem as an SPPRC decreases the quality of the
linear relaxation of the master problem.

11
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Initialize Q; (¢t =1)

S, A < Solve MP(%) tet+1

R « Solve pricing(\)

yes
T <0? > — QUR

no

S is optimal for M P(Q)

Figure 1.1: Column generation principle

In practice, dynamic programming algorithms are efficient to solve the pricing problem. Also, they
allow finding in the same iteration many routes with a negative reduced cost. These algorithms are based
on labels that correspond to partial paths starting from the depot. A label is characterized by its level of
resource consumption, basically: the last node visited, the cumulative load, the time of last service and the
cost of the current path, in the context of the VRPTW. Labels are extended checking resource constraints
until the best feasible paths are obtained. Dominance rules are used to discard dominated labels and
accelerate the algorithm. Given two labels L' and L? corresponding to two partial paths arriving at the
same node, L' dominates L? if all resources are less or equally consumed in L' compared to L?.

1.2.5 Branch-and-price algorithm

A branch-and-price algorithm (BP) consists in solving a branch-and-bound algorithm (BB) where the lin-
ear relaxation is solved involving column generation (CG). The branching rules have to be compatible
with the column generation algorithm. The classic branching rule for VRPs consists in: first computing
flows on arcs, fij = > _,.cq bj;0, for any (v;,v;) € A; then, selecting an arc (v;, v;) € A with a fractional
flow (0 < f;; < 1) and deriving two branches:

e one branch where arc (v;, vj) is forbidden in the solution.
e one branch where arc (v;, v;) is enforced in the solution.

The advantage of this scheme is that these branching rules can be handled without introducing new
constraints and dual variable in the master problem.

Readers are refereed to Feillet (2010) for a more complete tutorial on Branch-and-Price algorithms.
Since the seminal paper of Desrosiers et al. (1984), many papers contributed improving Branch-and-Price
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driver 1

2 4 driver 1

driver 2

(a) Efficient solution (b) Equitable solution

Figure 1.2: Example with two solutions: an efficient and an equitable

and Column Generation algorithms. A classic technique consists in adding valid cuts to strengthen the
bound of the relaxation. Among others, Kohl et al. (1999) and Jepsen et al. (2008) introduce the k-path
cuts and the subset-row inequalities respectively. With cut generation, the algorithms are usually called
branch-and-cut-and-price. Baldacci et al. (2012) reviews exact methods for solving the CVRP and the
VRPTW. A more recent paper from Costa et al. (2019) surveys the main contributions to exact methods
for VRPs, whether they are generic or specific to a VRP variant.

1.3 Workload equity in VRP

The goal of this section is not to do a complete review of equity for VRPs. The recent survey by Matl
et al. (2018) does it extensively. We rather try to synthesize the main contributions in the field and give
definitions, properties and tools required to read the rest of this manuscript and particularly chapters 3
and 4. Readers are referred to Matl et al. (2018) for more details.

We start illustrating equity in VRP through a simple example and enumerate important questions
arising from equity in VRPs (Section 1.3.1). Then, we present the VRP with Route Balancing (VRPRB)
which is the most studied related problem in the literature (Section 1.3.2) and show the weaknesses of
this model. Then, we introduce important definitions, models and properties as well as the main equity
metrics and equity functions from the literature (Section 1.3.3).

1.3.1 Illustrative example and relevant questions

When solving a routing problem minimizing routing costs, we get an optimal solution that can suffer
from inequity, that is, workload might be distributed unfairly between drivers. Yet, there might exist
more equitable solutions with a small additional total travel cost. Figure 1.2 illustrates this through a
simple example on a small instance composed of two drivers, a single depot and 5 customers. The square
corresponds to the depot, circles correspond to customers.

Figure 1.2 shows two solutions for this instance: on the left, the efficient solution and on the right, the
equitable solution. In the efficient solution, the total routing cost is 15, driver 1 serves 1 customer and their
route cost is 6 while driver 2 serves 4 customers and their route cost is 9. In the equitable solution, the total
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routing cost is 16, driver 1 serves 2 customers and their route cost is 8 while driver 2 serves 3 customers
and their route cost is 8. So, the routing cost of the efficient solution is slightly better (15 against 16) but it
is clearly less equitable both in terms of number of customers served and routing cost. In a context where
equity is a crucial criterion, which is often true in practice, the equitable solution should be preferred.
Even though the conclusions are obvious on the simple example of Figure 1.2, several questions need to
be answered:

e Which workload resource has to be balanced fairly?

How to measure equity (or inequity) on the selected workload resource?

In which application workload is equity relevant?

What is the impact of equity on the properties, structure and cost of solutions?

Is it necessary to have equity every day on a planning horizon of several days?

How to integrate equity in mathematical models and solution methods?

What if drivers have different perceptions of equity?

Some of these questions have largely been answered in the literature (see Section 1.3.3). Others remain
at least partially unanswered. The goal of this thesis is to study some of them.

1.3.2 Vehicle Routing Problem with Route Balancing (VRPRB)

In the literature on equity for VRPs, the VRP with Route Balancing (VRPRB) is probably the most studied
problem. The VRPRB is the bi-objective version of the CVRP where the second objective is to minimize the
range of route length (difference between the cost of the longest and the shortest route of the solution). The
problem was introduced by Jozefowiez et al. (2002) and has been largely studied for almost two decades
(Jozefowiez et al., 2007; Borgulya, 2008; Lacomme et al., 2015). Oyola and Leokketangen (2014) provides a
formal definition and a mathematical formulation of the VRPRB.

By extension, the VRPRB with time windows is the bi-objective version of the VRPTW and has also
been investigated in the literature (Bafios et al., 2013). Basically, the range equity objective can be inte-
grated to model (1.1)-(1.9) by adding two new non negative variables L and S corresponding to the cost
of the longest and shortest route of the solution respectively, set with constraints

S< Y el <L 1<k<K (1.14)
(Uiv’Uj)EA

and adding the secondary objective min L — S.

Jozefowiez et al. (2002) point out that for Pareto optimal solutions, some routes can be artificially
worsen to improve the workload balance. This undesirable property actually occurs in many VRPs with
equity and reveals some modelling issues. These issues are discussed in Section 1.3.3. The VRPRB has been
studied with other relevant equity functions: the min-max in Bertazzi et al. (2015) or the lexicographic
min-max in Lehuédé et al. (2020).
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1.3.3 Modeling equity, relevant definitions and contributions

When considering equity in a routing problem, one needs to decide which workload resource must be
balanced fairly. Following Matl et al. (2018), we call it the equity metric. The most studied metrics are
the routing cost (either distance or time), the number of customers served, the total customer load served
or the service time at customer location. The choice of the equity metric should be taken appropriately
according to the application, for example the number of stops is probably the most relevant metric for
last mile delivery applications while the service time is more relevant in home maintenance applications.
Equity metrics can be classified within two families:

e Constant-sum metric: for any feasible solution, the sum of workload assigned to drivers remains
constant (e.g., number of customers served, total customer load served, service time).

e Variable-sum metric: the sum of workload assigned to drivers differs between solutions (e.g., routing
cost/distance/time).

Generally, constant-sum metrics are expressed with values associated with the nodes of the network while
variable-sum metrics are expressed with values associated with the edges/arcs (Matl et al., 2019).

When introducing equity, the VRP formally becomes a biobjective problem (Jozefowiez et al., 2008;
Zajac and Huber, 2021). The first objective is the classic cost minimization and the second is the equity
objective (also nammed equity function or equity measure), which can take different forms. The two
objectives can however be considered in different ways:

e Bi-objective model: two explicit objectives and generation of the Pareto front.

e Weighted-sum: the two objectives are combined within a single objective function with weights
o % obj; + B x obj,. Usually, o + 3 = 1.

e Constraint-based: cost minimization is the single objective and equity is handled with constraints.
e Primary objective: the equity objective is the single objective.

The choice of an equity function is not trivial. Some papers in the literature focus their study on a
specific equity function (like Golden et al. (1997) and Bertazzi et al. (2015) with the min-max objective
and Lehuédé et al. (2020) with the the lexicographic min-max), others compare several equity objectives
within a bi-objective model (like Halvorsen-Weare and Savelsbergh (2016) and Matl et al. (2018)).

Halvorsen-Weare and Savelsbergh (2016) studied the bi-objective version of the Mixed Capacitated
General Routing Problem (MC-GRP) (Pandi and Muralidharan, 1995) where the classic min-cost objective
is combined with an equity objective. They studied the route length as metric and selected four equity
functions and compare the generated Pareto fronts. Authors show that the choice of the equity objective
has a significant impact on the Pareto front and suggest that the range function is a robust choice.

More recently, the work of Matl et al. (2018) largely contributed to the literature on workload equity
for VRPs: i) they review the literature, ii) they conduct a theoretical analysis of the most relevant equity
functions, iii) they conduct numerical experiments on small instances generating the Pareto fronts for
each equity function and compare them. This paper is up to now the reference paper about equity for
routing problems. We present in the following paragraphs the main definitions, properties and results of
this paper.

Their review summarizes for VRP with workload equity papers, the important modelling choices: the
type of equity function (range, min-max or other), the equity metric (route length or demand served), the
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optimization model (multi-objective, weighted-sum, constraint-based or primary objective) and the type
of method (exact or heuristic).

In their theoretical analysis, the authors provide a list of eight desirable properties (axioms) for equity
functions. After that, the authors list six commonly used functions and determine which axioms are
respected by which functions. The studied equity functions are the min-max, the lexicographic min-max,
the range, the mean absolute deviation, the standard deviation and the Gini coefficient.

Before presenting the main results, let us introduce some notations. Given a routing problem and an
instance with n customers and K vehicles, a feasible solution S is a set {r1,r2,...,7x} of K feasible
routes that cover the customers; we denote C(S) the routing cost of the solution. With regards to a given
equity metric, each route/driver k has a workload wy. We call W = {wj,ws,..., wk}, the workload
allocation of the solution. We denote (/) the equity function to be minimized.

Among the studied equity functions in the literature, the range and the min-max are probably the
most recurrent. Let us define them:

e range: minimization of the difference between the maximal and the minimal workload

min [(W) = maxge(1,. )Wk — Mingeqy, . K} Wk

e min-max: minimization of the maximal workload

min I (W) = maxgeqy,. g} Wk

Among the eight axioms presented by Matl et al. (2018), two are particularly important: monotonicity
and the Pigou-Dalton Transfer Principle:

e Monotonicity: given two solutions S and S” with workload allocation W and W', and introducing
0 = wj, — wy, for all kin {1,..., K}. An equity function satisfies monotonicity if and only if:
0 > 0 for all k implies I(w’) > I(w). Informally, it states that if one or more outcomes are strictly
worsened while leaving all others unchanged, then inequity should increase (strong monotonicity)
or at least not be reduced (weak monotonicity).

e Pigou-Dalton Transfer Principle: given two solutions S and S’ with workload allocation W and W’
being formed as follows: w; = w; — d, wj = w; + ¢ and wy, = wy forall k ¢ {i,j}. An equity
function satisfies the Pigou-Dalton Transfer Principle if and only if: § > 0 and w; > w; implies
I(w") > I(w). Informally, it states that taking from the poorer and giving to the richer should lead
to a numerical increase in inequality (strong version), or at least not reduce it (weak version).

Authors point out some important definitions and properties:

e The monotonicity axiom is relevant only when the metric is variable-sum while Pigou-Dalton Trans-
fer Principle is relevant only when the metric is constant-sum. Table 1.1 sums-up these properties.

e The monotonicity axiom is respected only for the min-max and the lexicographic min-max objec-
tives, these measures are said monotonic, the others non-monotonic.

e For any combination of a variable-sum metric with a non-monotonic equity function, an optimal
solution can contain non-TSP optimal routes (e.g., range).

e A solution S of workload allocation W is said workload inconsistent if there exists another solution

S’ of workload allocation W’ such that C(S) > C(S’) and wy, > wy, for all k but I(W) < I(W’).
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metric ‘ Monotonicity — Transfert Principle
constant-sum irrelevant useful
variable-sum critical marginal

Table 1.1: Satisfaction of the monotonicity axiom and the Pigou-Dalton transfer principle according to
the type of equity metric

e For any combination of a variable-sum metric with a non-monotonic equity function, to avoid non-
TSP optimal tours, one needs to impose TSP-optimal routes. This does not guarantee workload
consistency anyway.

Important conclusions of Matl et al. (2018) are that none of the inequity measure respect all axioms
hence, there exists no "perfect” inequity measure. In contradiction with Halvorsen-Weare and Savelsbergh
(2016), they claim that the choice of the range measure combined with a variable-sum metric is not ap-
propriate because it causes non-TSP routes and workload inconsistency. These conclusions are consistent
with the remark of Jozefowiez et al. (2002) that noted that solutions of the VRPRB artificially deteriorate
the solution cost to improve the equity measure.

Matl et al. (2018) enrich their paper with numerical experiments where they generate the optimal
Pareto front on small instances (at most 14 customers) with all equity functions and the route cost as
equity metric. Numerical results reinforce their conclusions.

Another paper from the same authors (Matl et al., 2019) generalizes their work to different equity
metrics. They solve larger instances (up to 200 customers) with a heuristic and evaluate both variable-
sum and constant-sum equity metrics. Their study reveals that the equity metric has more impact on
the solutions than the equity function. All these definitions and properties must be used carefully when
modeling equity in VRP.
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A branch-and-price algorithm for a routing
problem with inbound and outbound requests

In this chapter, we present a new problem arising in the context of non-emergency transportation of pa-
tients. We consider a hospital (the depot) and a set of patients with a medical appointment. Patients require
either to go from home to hospital (inbound request) or from hospital to home (outbound request). The
problem can be addressed as a Pickup and Delivery Problem, but the fact that all transportation requests
are connected to the depot also allows tackling it as a special Multi-Trip Vehicle Routing Problem. We
adopt the second standpoint and call it the Multi-Trip Vehicle Routing Problem with Mixed Pickup and
Delivery, and Release and Due dates. We propose a specialized branch-and-price algorithm and demon-
strate computationally that our approach outperforms a classical branch-and-price algorithm based on the
Pickup and Delivery Problem modeling. We also show how our algorithm can be adapted to the solution
of the Vehicle Routing Problem with Simultaneous Pickup and Delivery and Time Windows, and obtain
new optimal solutions on benchmark instances.
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A branch-and-price algorithm for a routing problem with inbound and outbound requests

2.1 Introduction

Since the seminal paper of Dantzig and Ramser (1959) that introduced the Vehicle Routing Problem (VRP),
thousands of research papers dealing with different variants of the VRP have been published. A wide
range of formulations and solution approaches have been proposed and allow to tackle many types of
real-world applications for the transportation of goods or people. Readers are referred to the book by
Toth and Vigo (2014) for a relatively recent overview of the field.

In this chapter, we are interested in the problem of transporting patients to hospitals for medical ap-
pointments, and back home after their appointments. Vehicle routing problems in the context of medical
transportation have been widely studied, especially in the context of emergency services. Works dealing
with non-emergency transportation, like ours, are scarcer. We consider a hospital and a set of patients
with a medical appointment, that have either to be picked up at home and transported to the hospital or
the other way around. Appointments define time constraints that we call release dates (time at which
patients are available for transportation) and due dates (time at which they must be arrived at their desti-
nation). Vehicles are available at the hospital to achieve these tasks and for more efficiency, patients can
be regrouped in the same vehicle, as long as time constraints and the vehicle capacity are satisfied.

Clearly, the studied problem is a special Pickup and Delivery Problem (PDP), with every patient being
moved from a pickup point to a delivery point. As transportation requests concern persons, it is also a
special Dial-A-Ride Problem (DARP). However, the fact that all transportation requests start or end at the
hospital makes this PDP very specific. Actually, the problem can also be viewed as a special multi-trip VRP
(MTVRP), with vehicles performing multiple trips from the depot (the hospital). We adopt this standpoint
and demonstrate that it helps solving the problem more efficiently.

Seen as a multi-trip VRP, the problem, however, raises some important issues. First, trips combine
two types of requests: inbound requests, for patients that will be picked-up at their home location and
transported to the hospital, and outbound requests, for patients that are initially at the hospital and need
to be transported back home. It implies a complex management of the vehicle capacity, similar to that
encountered in PDPs. Second, operations at home locations are not only constrained in time by the release
date (resp., due date) at this node, but also by the due date (resp., release date) at the hospital, which implies
a complex time management. Given the existing literature, our problem can be identified as a Multi-Trip
Vehicle Routing Problem with Mixed Pickup and Delivery, and Release and Due dates. In the following,
we coin it MTMPD-RD.

The main contributions of this paper are threefold. First, we introduce a new variant of the VRP,
the MTMPD-RD, which is motivated by the non-emergency patient transportation. Second, we present a
branch-and-price algorithm specifically designed for this problem and we evaluate it through an extensive
computational campaign; in particular we show the benefits of our approach against an off-the-shelf PDP
branch-and-price algorithm and against a two-phase approach in which mono-trip routes are generated
first and a trip-to-vehicle assignment procedure is applied second. Third, we show how our algorithm can
be used to solve the Vehicle Routing Problem with Simultaneous Pickup and Delivery and Time Windows,
and we close some benchmark instances for this problem.

The paper is organized as follows: Section 2.2 reviews the literature related to the MTMPD-RD. Section
2.3 describes the problem and provides a mathematical formulation. Section 2.4 describes the proposed
solution method, a branch-and-price algorithm with a column generation to solve the linear relaxation.
Section 2.5 describes the pricing problem used in the column generation algorithm. Section 2.6 details
the used instances and the experiments and discusses obtained results. Finally, Section 2.7 concludes this
paper, summarizing our findings and suggesting possible extensions to this work.
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2.2 Literature review

In this section, we position the MTMPD-RD in the literature. As briefly introduced in Section 2.1, the
MTMPD-RD is a variant of the PDP, and of the MTVRP. Also, it concerns the non-emergency transporta-
tion of patients and can be assimilated to a DARP. In the following, we respectively position our problem
regarding the PDP, the MTVRP, the DARP and the non-emergency transportation literature.

Positioning regarding the PDP literature

PDP have met a considerable interest in the literature. For complete states of the art, interested readers
are referred to Berbeglia et al. (2007) and Battarra et al. (2014).

Berbeglia et al. (2007) propose a classification of the different variants of the PDP. PDPs are classified
according to the route structure to be considered and the type of demand. Each variant can further be
divided into two variants, a single vehicle and a multiple-vehicle variant. The three main classes classified
according to the route structure are the many-to-many problems (M-M), the one-to-many-to-one problems
(1-M-1), and the one-to-one problems (1-1). In M-M problems, a commodity may have multiple origins
and destinations and a location may be the origin or destination of multiple commodities. This class is
the least studied in the literature as it is the one with the least concrete applications. In 1-M-1 problems,
some commodities are delivered from the depot to customers and other commodities are picked up at the
customers’ locations and returned back to the depot. The 1-M-1 has several applications. For example,
in the beverage industry, full bottles are delivered to customers while empty ones are returned to the
depot (Privé et al., 2006). In 1-1 problems, a commodity has a single origin and a single destination. This
problem arises in the context of urban carrier operations and maritime shipping, among others, and also
in the context of passenger transportation, where it is defined as a DARP (Cordeau and Laporte, 2003;
Cordeau, 2006). A recent review (Molenbruch et al., 2017) provides a comprehensive classification of the
DARP literature.

Clearly, the MTMPD-RD is classified within the 1-M-1 class, since commodities are transported ei-
ther from the depot to customers or from customers to the depot. The 1-M-1 problems can be classified
according to the demand type. If customers ask for a simultaneous service, i.e, a combined service of
pickup and delivery with at least one customer asking for both a pickup and a delivery, the problem is
called the Vehicle Routing Problem with Simultaneous Pickup and Delivery (VRPSPD). The VRPSPD is
the most generic and studied variant of 1-M-1 problems. Interested readers are referred to Kog et al. (2020)
for a complete literature review. If every customer requires either a pickup or a delivery, but not both, the
problem is said single demand. The MTMPD-RD is a single-demand problem.

In the 1-M-1 with single demand, two classes can be derived depending on the way commodities
are handled. When all deliveries must be served first followed by all pickups, the problem is said with
backhaul. When pickups and deliveries can be mixed, the problem is said mixed (e.g., Vehicle Routing
Problem with Mixed Pickup and Delivery (VRPMPD), see for example Mosheiov (1998)). The VRPMPD
is actually a special case of the VRPSPD in which no customer makes a combined demand. So a valid
solution method for the VRPSPD is also valid for the VRPMPD.

Very few exact solution methods have been developed for the VRPSPD and the VRPMPD. Subramanian
et al. (2013) propose a branch-and-cut-and-price algorithm to solve the VRPSPD. Instances with up to 100
customers are solved optimally. To the best of our knowledge, it is currently the best exact solution for
the VRPSPD, as well as for the VRPMPD. The MTMPD-RD is a VRPMPD in which we add release and due
dates and the possibility of performing multiple trips.
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In the literature, the VRP with Simultaneous Pickup and Delivery and Time Windows (VRPSPDTW)
is the closest problem to the MTMPD-RD. However, the VRPSPDTW does not allow multiple trips. To the
best of our knowledge, Angelelli and Mansini (2002) were the first authors to propose a method to solve
the VRPSPDTW and until now, they are the only ones who proposed an exact method. They developed a
branch-and-price algorithm to solve the VRPSPDTW minimizing the total cost. They tested their method
on modified Solomon’s instances (from Solomon (1987), initially designed for the Vehicle Routing Problem
with Time Windows (VRPTW)) with up to 20 customers.

Since then, several authors have proposed heuristics to solve the VRPSPDTW. In these heuristics,
the VRPSPDTW is usually defined as a hierarchical bi-objective problem: a primary objective minimizes
the number of vehicles used and a secondary objective minimizes the total distance. Wang and Chen
(2012) introduce new instances from Solomon’s instances with up to 100 customers and presents a genetic
algorithm to solve the problem. Several other heuristics have been proposed and evaluated on the same
instances: a parallel simulated annealing algorithm in Wang et al. (2015), a Tabu Search algorithm in Shi
et al. (2018), an Adaptive Large Neighborhood Search with Path Relinking in Hof and Schneider (2019),
and a lexicographic-based two-stage algorithm in Shi et al. (2020).

Positioning regarding the MTVRP literature

The multi-trip Vehicle Routing Problem (MTVRP) was introduced in Fleischmann (1990), which argues on
the necessity for vehicles to perform multiple trips when demands are high compared to vehicle capacities
and travel times are short. As explained in the survey on multi-trip vehicle routing problems by Cattaruzza
et al. (2016), the interest for these problems in the literature grew in the last years, essentially due to the
development of new city logistic distribution systems and the usage of small eco-friendly vehicles.

In the literature, different naming have been used to refer to the use of multiple trips. In this chapter,
we use the terms trip and route. A trip is a sequence of customer location visits starting and ending at
the depot and without any intermediate stop at the depot. A route is a succession of one or several trips
processed by a single vehicle.

Despite the gain of interest for the use of multiple trips, publications on exact methods remain limited.
Koc and Karaoglan (2011) propose a branch-and-cut algorithm, while Mingozzi et al. (2013) describe an ex-
act algorithm for the MTVRP based on two set-partitioning formulations and column-and-cut generation
procedures for the linear relaxation. Hernandez et al. developed two branch-and-price algorithms: for the
MTVRP with time windows (Hernandez et al., 2016) and for the MTVRP with time windows and limited
trip duration (Hernandez et al., 2014). Hernandez et al. (2016) also compare route-based and trip-based
formulations i.e., formulations where columns define complete routes or single trips. Clearly, the latter
limits the size of the search space in the pricing problem because the search is limited to trips instead of
sequence of trips; but conversely, it complicates the master problem in which the selected trips have to be
able to combine into a feasible set of routes. Computational experiments show a slight advantage for the
trip-based formulation on some instances, at the price of a much more complex implementation. In this
work, we adopt the route-based model. More recently, Paradiso et al. (2020) report a seven-step solution
framework that allows solving efficiently different variants of the MTVRP. The framework relies on the
combination of many ideas: the concept of structure (roughly speaking, a structure is a trip whose depar-
ture time is free), the generation of a relevant set of structure thanks to column generation and thanks to
different relaxations, a branch-and-cut algorithm to optimally combine structures, ng-routes, subset-row
inequalities, among others.
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Positioning regarding the DARP and the non-emergency transportation literature

The literature on non-emergency transport of patients is relatively poor, the emergency case having at-
tracted more attention. Fogue et al. (2016) studie a problem that shares many similarities with ours. The
study focuses on the inconveniences of patients with wheelchairs or on stretchers. It deals with several
health facilities and the goal is to minimize both the average waiting time of patients and the ambulance
usage. The authors proposed a two-phase heuristic: first, a genetic algorithm assigns requests to drivers,
and second, a scheduling algorithm builds driver routes. The authors tested the algorithm on different
scenarios obtained from a real ambulance company. The experiments show that the solution provided by
the proposed algorithm outperforms human experts, reducing the average waiting time of patients and
increasing the ambulance usage.

Lim et al. (2017) studie a non-emergency ambulance service met by Hong Kong public hospitals. The
objective is threefold and hierarchical: first, maximizing the number of requests served; second, minimiz-
ing the total cost and third, balancing the workload for the staff. The authors proposed a local search
metaheuristic using a variable neighborhood descent procedure. They applied their algorithm to real-
world instances. The results show that the algorithm outperforms the human experts, improving the
number of requests served.

As previously stated, non-emergency transportation of patients can be defined as a DARP. Indeed,
a DARP is a pickup and delivery problem with time windows for transportation of people with extra
client convenience constraints. The standard definition of the DARP (Cordeau and Laporte, 2003) states
that, the ride time of a user must not exceed a maximal duration L and routes must respect a maximum
route duration. The MTMPD-RD distinguishes from this definition in three points. First, we propose a
formulation with a release date at the pickup node and a due date at the delivery node instead of classic
time windows and a constraint to limit ride time of a user. Second, in the MTMPD-RD route duration is
not limited. Finally, the main specificity of the MTMPD-RD is that all requests are linked with the depot,
either the pickup or the delivery node is the depot and multi-trip is allowed. Several variants of the DARP,
however, show some similarities with our problem.

Parragh et al. (2012) include staff/accompanying persons which have restrictions on availability and
working time. This enforces to come back regularly at the depot where are located the staff members.
Other constraints can enforce to come back regularly at the depot, like lunch breaks or vehicles disinfection
(Zhang et al., 2015; Liu et al., 2015). In these cases, multi-trip is allowed but requests are still characterized
by a pickup and a delivery node.

Liu et al. (2015) point out that in real-world applications, several requests might have the depot as the
pickup or delivery location. They adapted their model by allowing the pickup or drop-off operations on
these requests with large time windows to be grouped together which reduces the size of the graph and,
the service time at the new node is equal to the sum of the concerned clients’ service time.

Qu and Bard (2013) present a problem motivated by the route planning for Program of All-Inclusive
Care for the Elderly (PACE) organisation. It consists in transporting elderly people between their home
and activity centers for socializing, or to go to a medical appointment. The main specificity of the problem
is that patients have different mobility type, so they might require a simple seat, or more space for a
walker or a wheelchair. Hence PACE owns different types of vehicles whose interior can be modified. The
problem is defined as a heterogeneous Pickup and Delivery Problem with configurable vehicle capacity.
The paper presents a Mixed Integer Linear Program (MILP) formulation of the problem and an Adaptive
Large Neighborhood Search algorithm. The same authors extended their work in Qu and Bard (2015)
providing a branch-and-price-and-cut algorithm. The algorithm is tested on real instances and randomly
generated instances and can solve instances with up to 50 customers to optimality. Other DARP variant
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problems are solved with exact methods (Cordeau, 2006; Luo et al., 2019).

2.3 Problem description and mathematical formulation

2.3.1 Problem description

The goal of the problem is to optimize the way customers are transported to or from a central depot on a
time horizon [0, T},q,]- This depot is denoted vy and customer locations v; to v,. When a customer needs
to be transported from their location to the depot, we call it an inbound request. Otherwise, when the
customer is transported from the depot to their location, it is called an outbound request. We denote by
N the set of inbound requests and by N/~ the set of outbound requests. N = N'* UN ™ is the union of
these two sets. We also equivalently denote N' = {1, ..., n}, where the customer location of request 7 is
v;. In what follows, terms request, patient and customer will be used indifferently.

With each request i € N is associated a demand ¢; > 0, a release date r;, a due date d; and a service
time s;. The demand indicates the number of people involved in the request. The release date is the time
at which these people are available at the pickup node. The due date is the latest allowed arrival time
at the delivery node. The service time is the time needed at the customer location for pickup (inbound
request) or drop off (outbound request). A time might also be spent at the depot, for pickups and drop-offs
as explained below.

The transportation network can be represented by a complete graph G = (V, A), where V = {vg, vy, . ..

and A = {(v;,vj)|vi,v; € V,i # j}. A travel time ¢;; and a travel cost ¢;; are defined on each arc
(vi,v;) € A. A homogeneous fleet M = {my,...,mg} of K vehicles of capacity () is available to sat-
isfy transportation requests. Vehicle routes consist of one or several successive trips, starting and coming
back to the depot. Each trip is allowed to mix inbound and outbound requests. When leaving the depot
(starting a new trip), a vehicle can either be empty (the trip will not fulfill any outbound request) or not.
In the second case, a constant pickup time 7'p is counted, before the vehicle can leave and after all release
dates associated with the outbound requests served in the trip are passed. When returning to the depot
(ending a trip), a vehicle can again either be empty (the trip did not fulfill any inbound request) or not. In
the second case, a constant time 7p is counted for drop-off.

Figure 2.1 illustrates on a simple example the time constraints that have to be satisfied. Signs + and
— respectively indicate inbound and outbound requests. The route is made of three trips. In Trip 1, the
vehicle has to serve two outbound requests for patients 3 and 6. The vehicle thus leaves the depot not
before time max(rs, r¢) + 7'p, when the two patients are ready and picked-up. It first goes to the location
of inbound patient 1. If it arrives earlier than r1, it waits until the patient is ready (time 7). Then, a time s;
is spent for pickup. The vehicle then successively goes to locations v3 and vg for drop-offs. These locations
respectively need to be reached before due dates ds and dg. Once these locations reached, drop-offs times
s3 and sg are respectively spent. At worst, the trip continues from vg at time dg + s¢. Then, patient 4 is
picked-up (not before r4, with service time s4) and the vehicle returns to the depot with patients 1 and 4
inside. Due dates for these patients impose that the depot is reached before time min(dy, ds). When the
depot is reached, the two patients leave the vehicle, for a drop-off time Tp. The vehicle is now empty and
ready for a second trip. Trip 2 serves only one outbound request (patient 2), so the vehicle might have to
wait for time 79 4+ Tp before starting. After having dropped-off patient 2 (before dy, with service time s3),
the vehicle returns to the depot empty. The arrival time is only constrained by 7}, and no drop-off time
is incurred. Furthermore, as Trip 3 only contains an inbound request (patient 5), the vehicle can restart
immediately. Patient 5 is picked-up (not before 75, with service time ss), the vehicle returns to the depot
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Figure 2.1: Route timing example

before ds, a drop-off time T'p is added and the vehicle route is finished, at worst at time 7},,45.

A solution is feasible if it contains at most K routes, serves all requests and is such that all routes are
valid, where a route r is valid if:

e 7 starts and ends at the depot (with one or several trips),
e the vehicle capacity is never exceeded in the route,

e the timing of the route is consistent with release dates, due dates, service times and the time horizon,
as illustrated with Figure 2.1.

The objective is to minimize the total travelling cost. Table 2.1 reports the notation introduced in the
definition of the MTMPD-RD.

In the following, we assume that instances are not trivially unfeasible. In particular, vy + s +txo < di
holds for all inbound customers and r; + Tp + tor, < dj holds for all outbound customers. Furthermore,
for inbound customers, we assume that dy < T},4, — Tp to leave time for drop-off before the end of the
time horizon. Finally, we assume that the triangle inequality holds for the travel time and the travel cost
matrices.

2.3.2 Mathematical formulation

We now propose a mathematical formulation for the MTMPD-RD. Usually in the literature, 1-M-1 pickup
and delivery problems are formulated either using a commodity flow model or a vehicle flow model (Ko¢
et al.,, 2020). Instead of using these formulations, we adapt the vehicle flow formulation presented in
Cattaruzza et al. (2016) for the MTVRP.

In order to represent the trips, we introduce set # = {0,...,n — 1} to number trips within a vehicle

route. In the worst case, a vehicle can use up to n trips. The decision variables are reported in Table 2.2.
kt

Note that for time variables Tikt and for load variables 7", we introduce a duplicate of the depot, v;, 11, to
differentiate between the start and the end of the trip.
Using parameters and variables described in Tables 2.1 and 2.2, we propose the following mathematical

formulation to model the MTMPD-RD.

min Z Cij Z Z:vff (2.1)

(viv;)EA  mpeEMtEH
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Table 2.1: Notation

Sets

N={1,...,n} set of requests

V = {vo,v1,...,0n} vertices of the graph

A = {(vs,vj)|vi,v; € V,i # j}  setof arcs

Gg=WV,A transportation network
M={my,...,mg} fleet of vehicles

N+ set of inbound requests

N~ set of outbound requests
Parameters

n number of requests

K number of vehicles

Q vehicle capacity

Qi demand of customer %

T release date of customer ¢

d; due date of customer &

tij travel time between nodes v; and v;
Cij travel cost between nodes v; and v;
S; service time at location v; of customer %
Tp pickup service time at the depot
Tp delivery service time at the depot
Taz ending time of the horizon

Table 2.2: Decision variables

Variables

mff €{0,1} 1iftript € H of vehicle my € M uses arc (v;,v;) € A, 0 otherwise

y* € {0,1} 1iftrip t € H of vehicle my € M serves request i € N, 0 otherwise

i** € {0,1}  1if at least one inbound request is served in trip t € H of vehicle m;, € M, 0 otherwise
of* € {0,1} 1 if at least one outbound request is served in trip ¢ € H of vehicle m;, € M, 0 otherwise
>0 time at which trip ¢ € H of vehicle my € M starts service at node v; € V U {vy,4+1}

uft >0 load of vehicle my, € M on trip t € H leaving node v; € V U {vy41}
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The objective function (2.1) minimizes the total cost. Constraints (2.2) ensure that each request is as-
signed to exactly one vehicle and one trip. Constraints (2.3) and (2.4) are the flow conservation constraints.
Constraints (2.5) and (2.6) ensure that trips start and end at the depot. Constraints (2.7) (resp., constraints
(2.8)) ensure i** (resp., 0**) equals to 1 when at least one inbound (resp., outbound) request is served in
the trip, and equals to 0 otherwise. Constraints (2.9) to (2.13) are flow capacity constraints, where con-
straints (2.9) ensure that the load of a vehicle starting a trip is equal to the sum of loads of the outbound
requests served in the trip, constraints (2.10) and (2.11) ensure vehicle load flow conservation when vis-
iting an inbound (resp., outbound) customer, constraints (2.12) ensure that the load of a vehicle ending a
trip is equal to the sum of loads of the inbound requests served in the trip, and constraints (2.13) check
that vehicle capacity is never exceeded. Time precedence relations are ensured with constraints (2.14) to
(2.19). Constraints (2.14) ensure that the pickup service time 7'p is added when leaving the depot if the
trip contains at least one outbound request. Constraints (2.15) model travel and service times between two
customers while constraints (2.16) model the return to the depot. Constraints (2.17) ensure that the ending
time of a trip is later than its starting time. Constraints (2.18) are used to add the delivery service time T
when returning to the depot if the trip contained at least one inbound request. Constraints (2.19) ensure
that the service of a route ends before the end of the time horizon. Release and due date constraints are
respected with constraints (2.20) to (2.23). Constraints (2.20) and (2.21) respectively check that an inbound
customer is picked up at home after their release date and dropped off at the depot before their due date,
while constraints (2.22) and (2.23) check that an outbound customer is picked up at the depot after their
release date and dropped off at home before their due date. Finally, constraints (2.24) to (2.29) define the
variables.

2.4 Solution method

Solving the compact formulation (2.1)-(2.29) using a standard branch-and-cut solver is not efficient be-
cause of the weakness of the lower bound provided by the linear relaxation. In this section, we propose
an extended formulation based on a set partitioning formulation (SP) which provides a much stronger
lower bound. This formulation is characterized by a large number of decision variables. To cope with this
drawback, we use a column generation approach to solve the linear relaxation. This linear relaxation of
the extended formulation is called the master problem (MP). The master problem limited to the available
set of columns is called the restricted master problem (RMP). After solving the RMP, a subproblem (called
pricing problem) is solved in order to find new columns to add to the RMP. These columns correspond to
routes with negative reduced costs. In our case, the pricing problem is a multi-trip elementary shortest
path problem with resource constraints. It is solved using a specific label correcting algorithm (Feillet
et al., 2004). The column generation algorithm ends when the pricing problem does not find any column
with a negative reduced cost. Column generation is embedded into a branch-and-price algorithm. Due
to the multi-trip aspect of the problem formulation, and because we later compare it with another imple-
mentation of branch-and-price, we call the algorithm the multi-trip branch-and-price algorithm (MT-BP).

2.4.1 Master problem

Let € be the set of feasible routes, as defined in Section 2.3.1. These routes satisfy capacity and time
constraints. Customer locations are visited at most once. Let a} = 1 if route r € Q) serves request i € N,
0 otherwise. Let b;; = 1 if route r uses arc (v, v;) € A, 0 otherwise. We denote by ¢, = Z(vi,vj)eA bi;cij
the cost of route 7 € (). We introduce a non-negative integer decision variable 0, equal to the number of

29



Maxime Agius

times route 7 € (2 is selected in the solution. The problem is described with the following set partitioning
formulation (SP):

min Z cr0, (2.30)
reQ
subject to
> ajf. =1 Vie N (2.31)
reQ
0, <K (2.32)
reQ)
0, € N Vr e Q (2.33)

The objective function (2.30) minimizes the total cost. Constraints (2.31) are the set partitioning con-
straints, they ensure that each request is served. Constraint (2.32) imposes to build at most K routes.
The linear relaxation of (2.30)-(2.33) defines the master problem. We call M P(£2;), the master problem,
restricted to the subset of routes £2; C €.

2.4.2 Column generation

Column generation consists in finding columns with negative reduced cost and adding them to the re-
stricted master problem using dual variables of the current solution of the restricted master problem. Let
Vu; € V\{vo}, \; unsigned be the dual variables associated with constraints (2.31) and Ay < 0 the dual
variable associated with constraint (2.32). The algorithm starts with an initial set of feasible columns {2
to solve the restricted master problem M P(£g). Then, the pricing problem searches for columns with
negative reduced costs and add them to the restricted master problem M P(£2;). This process is repeated
until no column with a negative reduced cost is found. The reduced cost of route r is defined as follows:

& =cr— <Z a’[&) —do= > Wileg=A)+ | DY boco | =X (234)
(vi’vj)

ieEN cAv;#vg (vi,v0)EA

Note that dual variable Ay should not be subtracted every time the depot is visited.

Algorithm 2.1 describes the column generation scheme. MP(£2;) corresponds to solving the master
problem restricted to {2; and is used to determine the solution S and the dual variable vector A. Pricing(\)
corresponds to the call to the algorithm that solves the pricing problem with dual variables A. It returns
a set of routes with negative reduced costs. The pricing problem as well as an associated exact solution
approach are described in detail in Section 2.5.

2.4.3 Branching rules

Before describing the branching strategy, let us introduce some definitions. Given a solution S of M P(£2;),
we call flow on arc (v;, v;) € A, the sum of variables using this arc in S, we denoteitas fj; = > . bi;0r-
A well-known branching strategy for VRPs consists in looking for an arc with a fractional flow and branch
on it. When all arcs have an integer flow, the solution is feasible for the integer problem. In our problem,
due to the use of multiple trips, it may happen that a solution is non-feasible for the integer problem but,
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Algorithm 2.1 Column generation()
1«0

1

2: (o < initial set of routes
3: repeat

4 S, A MP(§)

5: R < Pricing(\)

6 Qt+1 — Qt UR

7: t+—t+1

8: until R = @

9: return S

has integer flows for all arcs. To deal with this issue, we introduce the notion of triplet. We call a triplet the
succession of three vertices with v as second vertex, ie., (v, Vo, v;) is a triplet with 1 <4, j < n. Triplet
(vi, v0,v;j) can be seen as the succession of arcs (v;, vg) and (vo, v;); actually, it represents the transition
between the ending part of a trip and the starting of the next trip in a route. Similarly to the definition
of arc flow, the flow on a triplet (v;, vo, v;) is defined as the sum of variables using this triplet in .S, we

denote it as f;o; = Zreﬂ ;Ojﬁr, where b;’oj = 1 if subsequence (v;, vo, v;) exists in route 7, 0 otherwise.

We show that any solution with integer flows both on arcs and on triplets is integer. We then explain
how we use triplets for branching. But first, let us emphasize that a solution might have integer arc flows
on all arcs and some fractional flows on triplets. We illustrate that with an example. Let us consider a
solution of the master problem defined as a set of 4 routes covering 5 requests: 7 = (vg v1 Vg v2 Vo)
with 61 = 0.5, rp = (Uo V1 Vg V3 Vg V4 Us ’Uo) with 65 = 0.5, r3 = (Uo V4 Us ’UQ) with 63 = 0.5, and
rs = (vo v2 vy v3 Vo) with 64 = 0.5. In this solution, f;; € {0,1} on all arcs (v;,v;) € A, but triplet
(v1, vg, v2), for example, has a fractional flow f1p2 = 0.5 (supplied by route r7).

Proposition 1. Let S be an optimal solution of M P. S is integer if and only if flows on all arcs and triplets
are integer.

Proof. The fact that all flows on arcs and triplets are integer when a solution is integer is trivial because
flows are sums of variables 8,. We show that having integer flows on arcs and triplets ensures that the
solution is integer.

We consider a solution S that is not integer. We show that there exists at least one arc or one triplet
for which the flow is fractional. We proceed by contradiction, assuming that the flow is integer for all arcs
and triplets. Let r; be a route such that 0 < #,,, < 1 and let (vg, v,,) be the first arc of this route. Let 79
be another route in the solution (i.e., 6, > 0) that also traverses arc (vg, v, ). Route 72 exists because the
flow on arc (vg, vy,) is integer and 0 < 6,, < 1.

We first assume that route ry does not start with (v, v,,) and call (v, vg) the arc that precedes (v, vy,)
in ro. We know that fio, = > .cq bjp,0r > 07, > 0 and also that fiq, is integer. Then, fio, + 0, > 1,
while fioy +0r; <> cq 00u0r < cq ayby = 1, which makes a contradiction.

We now consider the case when ry starts with the same arc as r; (vg, vy,). Let then call v; the first
node after which r and ry diverge. Node v; exists because the two routes start with the same arc and are
different. We consider two cases:

e v; € V\ {vp}. We denote v, the node that follows v; in route 71 and vj, the node that follows v; in
route ro. We know that: 3° _ai0, = 1,5 cqaib, > > o0 +0. )0, = fij + fij, fiji >0

1 2
and f;;j, > 0. It follows 0 < f;;; < 1and 0 < f;;, < 1, which contradicts the initial assumption.
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e v; = vg. We know, by definition, that v; is not the first vertex of the two routes. We also know
that it is not the last for at least one route, say route ro, because the two routes are different. So, v;
corresponds to an intermediate stop at the depot for route ry. We call v; the customer before v; in the
two routes and v, the customer after v; in route 2. We known that fjo, = > cq 0,0r > 07, >0
and also that fjo,, is integer. Then, fio, +0,, > 1, while figy,4+0r, <> o bj0r <> cqajbr =1,
which makes a contradiction.

O]

Based on Proposition 1, we propose the following branching scheme. If S is not integer and there
exists at least one arc (v;, vj) with a fractional flow f;;, then we derive two branches: in the first branch,
arc (v;, v;) is forbidden in the solution (f;; = 0); in the second branch, arc (v;, v;) is enforced (f;; = 1).
To forbid the use of (v;, v;), variables using this arc are removed from the master problem and the arc is
removed in the pricing problem. To enforce the use of (v;, v;), variables using arcs (v;, v;) with v; # v;
and (v, v;) with v} # v; are removed from the master problem and these arcs are removed in the pricing
problem.

If a solution S is not integer but all arcs have an integer flow, then there exists a fractional flow on
a triplet (Proposition 1). Let (v;, vo,v;) be such a triplet. We derive two branches: in the first branch,
the triplet (v;, v, v;) is forbidden in the solution ( fio; = 0); in the second branch, the triplet (v;, vo, v;)
is enforced (fio; = 1). To forbid the use of (v;, vy, v;), variables using it are removed from the master
problem. In the pricing problem (see Section 2.5), a label that finishes with (v;, vg) is never extended to v;.
This constraint has some consequences on the dominance rule as explained in Section 2.5.4. To enforce the
use of (v;, vy, v;), variables using arcs (v;, v;) with v; # v and (v;, v;) with v; # vg are removed from the
master problem. Also, variables using arc (v;, vg) not followed by (vg, v;) and variables using arc (vo, v;)
not preceded by (v;, vg) are removed from the master problem. In the pricing problem, arcs (v;, v;) with
v # vo and (v, vj) with v; # v are removed. Also, during the execution of the labeling algorithm, all
triplets (v;, vo, v;) with v; # v; and (v}, vo, vj) with v; # v; are forbidden. To forbid a triplet, a label that
finishes with the first arc of the triplet cannot be extended using the second arc. Again, it impacts the
dominance rule as explained in Section 2.5.4.

2.4.4 Management of infeasible linear programs

At each node of the branch-and-price tree, it may happen that the current set of columns does not allow
finding a feasible solution in the RMP. To deal with that issue, we introduce a non-negative decision
variable z with a coefficient 1 in the left-hand side of Constraints (2.31). This variable is penalized in the
objective function with a large coefficient M. With this variable a feasible solution always exists. When a
LP is solved, variable z might then be equal to 0 or be positive. If z = 0, the algorithm continues normally.
If z > 0, it is probable that the RMP does not admit any feasible solution (in the sense of the formulation
without z). However, we cannot be sure: it might happen that a solution with z = 0 exists but that this
solution is not as good as the solution with z > 0. We propose to deal with that as follows.

At the root node, M, is set to a large initial value M?. When the column generation at a given node
N terminates with z > 0, the node is pruned, but a duplicate node N’ is inserted in the pending-nodes
queue, with exactly the same characteristics except that M = «, M., with a; > 1. With this mechanism,
the LP bound will progressively increase when nodes are duplicated, until z = 0 or a large-enough value
is reached proving that the instance is not feasible. For each instance we compute a feasibility bound F'B,
if no feasible solution is found and the pending nodes all have a lower bound greater than F'B, it proves
that the instance is unfeasible.
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2.5 Multi-Trip Shortest Path Problem with Resource Constraints

The pricing problem for vehicle routing problems is classically reduced to an Elementary Shortest Path
Problem with Resource Constraints (ESPPRC), with ad hoc resource definitions. The ESPPRC is then
solved using a labeling algorithm (see for example Feillet et al. (2004)). A labeling algorithm consists in
using labels to represent partial routes. Partial routes are obtained by extending initial labels from a source
node (the depot) in order to reach a final node (the depot). The labels are obtained using an extension
function from one node to its neighbors. The goal is to find feasible routes with negative reduced costs.
A dominance rule is used in order to eliminate partial routes that cannot create an optimal route.

Different resource definitions have been proposed in the context of pickup and delivery problems, but
these definitions are always supported by a graph in which two nodes are introduced for each request:
a pickup node and a drop-off node. When one of these nodes is traversed, a specific discrete resource is
updated, to indicate that the associated request is either started or finished. In the MT-BP, we propose a
completely different approach. In the graph, we only introduce a node for customer home locations, in ad-
dition to the depot. It drastically reduces the size of the graph but induces a complex resource management
because we cannot identify easily in a label which requests are ongoing.

The main issues can be summarized as follows. When a label reaches a customer location v;, it means
that the associated request is added to the trip. If the request is inbound, it doesn’t raise any special
difficulty: the new patient is loaded into the vehicle, the time is updated to take account of the release
date and a new deadline is defined to make sure that the due date will be satisfied. Outbound requests are
much more difficult to manage. If v; is the drop-off point of an outbound request, it reveals that the patient
is in the vehicle from the beginning of the trip. We introduce a dedicated resource ¢ to manage that issue
and efficiently check that adding this patient complies with the vehicle capacity. Furthermore, the starting
time of the trip is potentially delayed because of the release date r; (at which the patient was ready at the
depot). In order to manage that second difficulty, we anticipate delays: without deciding which outbound
requests will be added to the trip, we generate labels that leave the depot with delayed departures. Then,
further delays are not allowed when extending labels: if the starting time of the trip is too early for an
outbound request, this request can’t be added to the trip. The information on trip starting times is not kept
with a new resource: the vector of reachable requests (classically introduced to avoid that the same request
is satisfied several times in a route) allows keeping the information on acceptable outbound requests. This
vector is, however, somehow difficult to manage because a request could be unreachable in the current
trip but could become reachable in the next trip.

In the following we introduce the main components of the labeling algorithm: label definition, label
initialization, extension rules and dominance rules.

2.5.1 Label definition

Alabel L represents a path P starting at depot vg in graph G. It is defined by avector L = (v, ¢, t,1,q,4, R =
{R1,...,R,}) of size n + 6, with:

e v: the last node visited in P.
e c: the current reduced cost of P.
e {: the time at which node v is left (service time at node v included).

e [: the latest time allowed to be back to the depot in the current trip.
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e ¢: the load induced by inbound requests in the current trip (including node v).
e (: the maximal load reached up to node v (included) in the current trip.
e R: the reachability vector.

Resource [ is introduced to limit the arrival time at the depot and ensure satisfaction of the due date for
inbound requests served in the trip. Resources g and g allow managing the capacity constraint in presence
of inbound and outbound requests. Resource ¢ is actually enough to check the capacity constraint, but
q is needed to update §. Resource vector R is defined with three possible states for each request. Given
arequest i € N: (i) R; = C if v; is reachable in the current trip (ii) R; = N if v; is unreachable in the
current trip because of resource constraints but is reachable in the next trip (iii) R; = U if node v; cannot
be reached anymore in the route because it has already been reached or because resource constraints make
it unreachable. Other fields in L are standard.

2.5.2 Label initialization

Usually, labeling algorithms are initialized with a single label that corresponds to the path P = (vy), ready
for extension at time 0. In the MT-BP, we propose to initialize the algorithms with [N~ |+1 labels:

o o= (UO, —20,0, Trn4z,0,0, R) with:

o Vk € NT:if max(rg,t + tox) + sk + tgo < dy, Ry = C; Ry = U otherwise
oVkeN™, R, =N

) LZ = (’1)07 —A07T'Z‘ + TP7Tmax707 O, R) fOI‘i € N_ Wlth

o Vk € Nt:if max(ry,t + tog) + sk + tro < di, Rp = C; Ry, = U otherwise

o VEe N :ifry <rjandt+tor <dp, Rp = C;ifry >rjandt+tor, < dp, Ry = N; R, =U
otherwise

Label Lg represents a vehicle that would start empty from the depot at time 0. Pickup time 7'p is not
consumed before departure. Therefore, this vehicle can only serve inbound requests in this trip. Other
labels correspond to later departures from the depot. We create one label for each time instant r;+7p (label
L;), with ¢ € N~. These labels simulate vehicles that would start at time 7; + Tp. Patients of outbound
requests with a release date not larger than r; are apt to be in the vehicle, but none is necessarily in. No
other labels are needed because there is no interest to start a route at any other time instant.

Resource R indicates which customers might be reached in the trip or in next trips. This condition
depends on the deadline dj, for outbound customers. For inbound customers, Ry = U if the deadline
cannot be met, otherwise Ry, = C or Ry = N depending on condition r;, < r;.

2.5.3 Extension rules

In this section, we describe resource extension functions when a label is extended to a customer and
when it is extended to the depot. These functions differ between inbound and outbound requests for

some resources.
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Extension to a customer

Alabel L' = (vi el ¢t 1t ¢, ¢ty RY) attached to a node v! = v; € V is extended to a node v; €
V\ {vo} if and only if v; is reachable in the current trip, i.e., le- = (. The new label L? is given by
L? = (v?,c%, 12,12, 4%, 3%, R?) such that:
° U2 <—vj,02 (—Cl-f—Cij—)\j
o ifj e NT:
o t? max(rj,tl + tij) + 55
o [? + min(I', d;)
° ¢*+q' +gj
o ¢* + max(q",¢%)
The service cannot start before the release date (resource t). The deadline is updated if needed

(resource l). The load induced by inbound requests is increased (resource q). Resource ¢ is increased
if the load ¢ at node v is larger than the highest load up to that node.

o ifje N™:
ot tl+t;+ sy
o 12+ 1!
o ¢* +q'
° GG +gj
Resource t is simply updated. Neither the deadline (resource [) nor resource g are modified. Resource

g is increased by ¢; because visiting v; reveals that the patient was in the vehicle from the beginning
of the trip.

° R? —U
o VEe Nt \ {j}:
o if Ri = C and max(rg,t* + t;i) + sk + tko < min(l?,dy), then R? <+ C
o elseif R} € {C, N}, ¢*> = 0 and max(ry, t* + tjo + tox) + Sk + tko < di, then R: < N
o elseif Ry € {C,N}, ¢* > 0and max(rg, t* +tjo + Tp + tor) + Sk + tko < di, then RZ «+— N

o else Rz +~U

These conditions straightforwardly take account of the waiting times implied by release dates and
the deadlines derived from due dates. Time T at the depot is introduced or not depending on the
presence of inbound customers in the trip.

o VEe N\ {j}:

o IfR,lC :C'andtQ—i—tjk < d andt2—|—tjk—i—sk—|—tk0 < l%thenRi «—C
o else ifR,lg € {C, N} and ¢% = 0 and max(ry, t* + tio) + Tp + tor, < di, then R% +~ N
o elseif R,lC € {C,N} and ¢* > 0 and max(r, t> + tio+Tp) +Tp + tor < dy, then Ri «~ N
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o else Rz +~U

Computationally, the feasibility of label L? is checked before computing vector R2. The only condition
to check is ¢ < (). Time constraints are necessarily satisfied because the extension was conditioned by

1_
R‘]_C-

Extension to the depot

Note that contrary to classical implementations of the ESPPRC for vehicle routing problems, labels that
have been extended to the depot are still eligible for future extensions. Furthermore, as for the label
initialization, several new labels are created, with different starting times. These labels represent the
different times at which the vehicle might start its new trip.

Alabel L' = (vt ettt 11, ¢, G, R!) attached to a node v' = v; € V'\ {vg} can always be extended
to the depot. Indeed, deadlines are checked in L; thanks to resources [ and R; (the label could not have
reached v; if a direct return to the depot was not possible). Such an extension means that the current trip
is finished and that a new trip can start. We generate one label L2 for which the new trip will start as
early as possible, with the vehicle empty, and one label LJQ- for each departure time r; + 7}, obtained from
requests j € N~ such that R} € {C, N}.

Label L% = (vo, c* + ¢cio, at, Tnaz, 0, 0, R?) where:

e a; indicates when the vehicle is ready: a; = th+tio+Tpifqg* > 0(a drop-off time is needed for
inbound requests), a; = t! + t;o otherwise

o Vke NT:

o if R}, € {C, N} and max(ry, a; + tog) + sk + tko < di, then RZ + C

o elseR,%%U
e Vke N ™:

o if Rj € {C,N}, then R} + N

o else Rz «U
Label LJZ = (vo, c* + cio, t* = max(rj, at) + Tp, Trnaz, 0,0, R?) where:
e a; indicates when the vehicle is ready and is defined as above
o Vke NT:

o if R € {C, N} and max(r, t2 4 tor) + Sk + tro < dy, then Ri «—C

o elseR%(—U
o Vk e N~

o if Ry € {C,N}, and t* + toy < dj, and r, < max(rj,a;), then R: < C
o elseif R} € {C, N}, and r > max(rj,a;), then RZ + N

o else R% — U
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2.5.4 Dominance rule

We introduce the following dominance rule in order to improve the efficiency of the algorithm. By defi-
nition, given two labels L' and L? attached to the same node, L' dominates L2 if, (1) L' has a better cost
and (ii) any feasible extension of L? is also feasible for L' (i.e., each resource is less consumed by L' than
L? and, each node is in a better (or equivalent) reachability state in L' than in L?). In the following, the
label identifier is added as a superscript to the parameters of the labels. Formally speaking, L' dominates
L? if:

o vl — v2, ol < Cz’ 1 < t2, i1 > l2,q1 < qz, @1 < qz,
e foreveryi € N:if R? = C, then R} = C and if R? = N, then R} € {C, N}

Note that the dominance rule is not applied in a very specific situation, due to the fact that branching
constraints on triplets are non-robust with regard to the pricing problem. Let us consider that a constraint
on a triplet (v;, vo, vj) is active at the current branch-and-price node. Let also consider two labels L; and
Lo, both attached to the depot and such that L originates from v;. Then, L, is subject to a constraint that
does not apply to Ly and is thus more restricted in its extensions: L cannot dominate Lo.

2.6 Computational experiments

In this section, we describe the benchmarks of instances used for our experiments and we analyze the
computational results.

As mentioned in Section 2.2, the MTMPD-RD was not addressed in the literature. However, the
MTMPD-RD has several similarities with the VRP with Simultaneous Pickup and Delivery and Time
Windows (VRPSPDTW) for which benchmark instances are available (Wang and Chen, 2012). To allow
a comparison on the basis of these instances, we adapted our branch-and-price algorithm to solve the
VRPSPDTW.

We also generated a set of instances for the MTMPD-RD. In order to show the effectiveness of our
algorithm (MT-BP), we developed a standard branch-and-price algorithm to solve the classical pickup and
delivery problem. In the following we coin this algorithm PD-BP. In order to allow a comparison between
MT-BP and PD-BP, the generated instances were slightly simplified.

All algorithms are implemented in the C++ programming language and Linear Programs are solved
using the commercial solver IBM CPLEX 12.9. Experiments are executed on a computer with a 3.6 GHz
CPU and 32 GB of RAM running on Windows 10. All computational times are given in seconds. Unless
explicitly indicated, the computational time is limited to 7,200 seconds.

This section is organized in six parts. First, we explain the adaptation of our algorithm (MT-BP) to
solve the VRPSPDTW and we evaluate it on the existing benchmark instances. Second, we explain how
we generated benchmark instances for the MTMPD-RD. Third, we briefly describe the PD-BP algorithm
and compare it to MT-BP on a slightly simplified version of the new benchmark instances. Fourth, we
deeply analyze the behavior of MT-BP. Fifth, we study the impact of the size of the fleet of vehicles on the
solution cost and on the computing time. Finally, we conduct other sensitivity analyses on challenging
instances characterized by a larger interval between release and due dates and/or a larger time horizon.

2.6.1 Comparison with the VRPSPDTW literature

As mentioned previously, the VRPSPDTW has several similarities with the MTMPD-RD except for the
few following points. In the VRPSPDTW, all customers require both a delivery (outbound) and a pickup
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(inbound) request. When visiting a customer location, a vehicle has to serve both requests, starting with
the delivery request. Customer visits are subject to time windows at the customer location, instead of
release dates and due dates for the MTMPD-RD. A service time is only considered at customer locations
and includes both the time for delivery and for pickup. Finally, multiple trips are not allowed.

In the literature, the VRPSPDTW is usually defined as a lexicographic bi-objective problem. The first
objective minimizes the number of vehicles, while the second objective minimizes the total traveling cost.
Readers are referred to Wang and Chen (2012) for a formal definition of the VRPSPDTW.

In order to solve the VRPSPDTW, we adapted the MT-BP algorithm as follows:

e In the pricing problem, we do not allow extending labels that have reached the depot. It prevents
generating routes with multiple trips. When initializing labels and applying extension rules, all
values N (reachable in next trip) of the reachability vector are marked as unreachable U in the
reachability vector.

e The VRPSPDTW introduces a strict precedence between the inbound and outbound requests asso-
ciated with the same customer. Recall that these two requests are considered independently in our
model, i.e, two nodes are introduced in V even if they correspond to the same physical location.
To deal with the strict precedence between inbound and outbound requests, we define the inbound
node of the customer location as the unique successor of the outbound node, and inversely, the
outbound node as the unique predecessor of the inbound node. The distance and the travel time
between these two nodes are fixed to zero.

e Time windows at the customer locations are converted into release and due dates as follows. Given
a customer v; in a VRPSPDTW instance with a time window [a;, b;] and a service time s;, we denote
i~ (resp.,iT) the associated outbound (resp., inbound) request and we set ;- = 0, d;— = b;, s,- = 0,
ri+ = @, di+ = Tnge and s;+ = 8;. Tinaq 1S set to the closing time by of the time window associated
with the depot. Tp and T'p are set to 0.

For the sake of comparison, we set for each tested instances the number of vehicles equals to the
number of vehicles obtained in the best known solution in the literature and our single objective is to
minimize the total traveling distance.

To evaluate our algorithm, we use the benchmark instances of Wang and Chen (2012). They consist
of three 10-customers instances, three 25-customers instances, three 50-customers instances and fifty-six
100-customers instances. Optimal solutions are only known for the three instances with 10 customers,
for one instance with 25 customers and for one instance with 50 customers. These solutions were found
by Wang and Chen using a commercial solver. Since 2012, several papers have addressed these instances
with different heuristic solution methods. Shi et al. (2020) reports best-known solutions.

Table 2.3 shows our results on the nine small instances (10, 25 and 50 customers). Column “Instance”
states the instance name; “#customers” the number of customers; “#vehicles” the number of vehicles used
in the best known solution from the literature; “BKS” the value of the best known solution; “opt” the
optimality status in the literature; “MT-BP” the value of the solution obtained by MT-BP, and “CPU time”
the computing time in seconds of MT-BP.

Table 2.3 shows that, except for instance RCdp5004, we could solve all instances very quickly. Instance
RCdp5004 could only be solved to optimality after more than 27 hours. We also conducted complementary

'A value of 725.59 was mistakenly reported in Wang and Chen (2012): the detail of the solution, provided by the authors,
permitted to see that this solution is not feasible
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Table 2.3: Comparison with the best-known solutions of the small-size instances for the VRPSPDTW

Instance  #customers #vehicles BKS opt MT-BP CPU time

RCdp1001 10 3 348.98 yes  348.98 0.01
RCdp1004 10 2 216.69 yes  216.69 0.01
RCdp1007 10 2 310.81 yes 310.81 0.02
RCdp2501 25 5 551.05 yes 551.05 0.09
RCdp2504 25 4 473.46 473.46 0.25
RCdp2507 25 5 540.87 540.87 0.28
RCdp5001 50 9 994.18 yes  994.18 4.41
RCdp5004 50 6 733.211 733.21 99234.80
RCdp5007 50 7 809.72 809.72 76.83

experiments by imposing to use one less vehicle. We proved that the problem becomes infeasible in all
cases (including instance RCdp5004). We thus closed the benchmark for small instances.

For instances with 100 customers, MT-BP was able to solve to optimality six instances out of the 56.
Table 2.4 presents the results for these six instances. For these six instances, we found the same value as
the best-known solution in the literature; we also proved for four of them infeasibility when using one less
vehicle. Thus we proved the optimality of four best-known solutions. When using one less vehicle, we
were unable to solve Rdp106 and Cdp106 or to prove their infeasibility. For the fifty remaining instances,
no feasible solution was found within two hours of computing time.

Table 2.4: Comparison with the best-known solutions of the 100-customers instances for the VRPSPDTW

Instance #vehicles BKS MT-BP CPU time

Rdp101 19 1650.80 1650.80 11.34
Rdp102 17 1486.12  1486.12 76.59
Rdp105 14 1377.11 1377.11 598.54
Rdp106 12 1252.03 1252.03 7117.61
Cdp105 10 1053.12 1053.12 257.114
Cdp106 10 963.45  963.45 4932.52

The benchmark instances of Wang and Chen (2012) are derived from the instances of Solomon (1987).
Instances are classified according to two factors:

e Customer distribution: with clustered customers (C), with customer locations generated uniformly
randomly over a square (R), with a combination of randomly placed and clustered customers (RC).

e Time window type and vehicle capacity: 1 for narrow time windows and small vehicle capacity, 2
for large time windows and large vehicle capacity.

Small-size instances of Wang and Chen (2012) are all of type RC1, which means a combination of randomly
placed and clustered customers and, with narrow time windows and small vehicle capacity. 100-customers
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instances contain instances of any type (C1, R1, RC1, C2, R2, RC2) but MT-BP was able to solve only
instances of type 1.

Even though we closed the benchmark for some instances, we can conclude that the MT-BP is not
very suitable to address VRPSPDTW instances with 100 customers, as it did not find any feasible solution
for most of such instances within the considered time limit. In particular, instances involving large time
windows were harder to solve, as none of them could be solved. This behaviour is often encountered when
using column generation to solve vehicle routing problems. In fact, enlarging time windows increases the
number of feasible solutions in the dynamic programming process when solving the subproblems, which
is a key element in the effectiveness of the solution method. We also notice that MT-BP is able to solve
instances of different types of customer distribution (randomly located (R) and clustered customers (C)).

2.6.2 Generation of instances for the MTMPD-RD

In this section, we describe how we generated a set of realistic instances for the MTMPD-RD. The instances
were generated using real data from the city of Aix-en-Provence, France. The depot is the Public Hospital
of the city and the demands are unitary: they correspond to the transportation of single patients from
or to this hospital. The road network of the city is extracted from OpenStreetMap and represented by
a graph denoted G¢. The travel times are expressed in minutes and rounded up to integer values. The
speeds considered are half of the maximal speeds indicated on each road segment in OpenStreetMap, in
order to match with the urban context.

To create an instance with n requests, we randomly select n nodes from G¢. From these n nodes plus
the depot node, we compute the travel time matrix with the Dijkstra’s shortest path algorithm minimizing
traveling time and we construct the complete graph G and the input data ¢;;. We set ¢;; = t;;. The time
horizon is set to [0 min., 240 min.] corresponding to a working period of 4 hours. Pickup and drop-off
times at the depot (Tp and Tp) are fixed to 3 minutes, as well as service times at customer locations.

To generate release and due dates, we suppose that an acceptable ride time for a customer is the time
needed for a direct ride between pickup and drop-off locations plus 20 minutes. To ensure feasibility for
each request ¢, we randomly generate 7; and d; as follows:

o ifi € N1 thenr; > to;, di < Thnaw — T, and d; — r; = s; + ti0 + 20.

o ifi c N7, thenr; > 0,d; < Tipaz — 8i — tio, and d; — r; = Tp + to; + 20.

Four series of instances are generated with 50 or 100 customers and two types of vehicles: sedan
(Q = 2) and minivan () = 4). Series of instances are named .S,,;; where, n is the number of requests (50
or 100) and ¢ is the vehicle type (s for sedan or m for minivan). The fleet size differs from an instance to
another and is determined in a way that guarantees both feasibility and a high utilization rate of vehicles
(see details below).

Givenn andt, series S,, /; is composed of 3 subsets of instances corresponding to different distributions
of inbound and outbound requests. The probability that a request is inbound is fixed to: 25%, 50% or 75%.
Each subset is composed of 5 instances identified from 1 to 5. We then obtain a total of 15 instances per
series. Instances are named I, /1 /,,/i(r)» With n the number of customers, ¢ the vehicle type, p the probability
that a request is inbound, ¢ the instance id, and k the number of vehicles.

We first generated the set of instances S5 This set of instances is used to generate S5y, by setting
(Q to 4. In both sets we determine for each instance I, the minimum number of needed vehicles to ensure
feasibility. So, the size of the fleet of vehicles K can differ from one instance to another.
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Figure 2.2: Customers distribution of instance I10q/s/25/5(15)

100-customers instances are generated by combining 50-customers instances. Given a vehicle type
¢ and a probability p that a request is inbound, an instance Iyg/¢/p/i(r) is @ combination of instances
I50/t/p /i (k) @0 501 /p /is (ky) Where @ = iy, dg = i1 (mod 5) + 1 and k = k; + kg to ensure feasibility.

So, we generate 4 series of instances characterized by the number of requests and the type of vehicles:
S50/s> S50/m> S100/s and S1go/ With 15 instances each.

Even though patient locations are selected randomly and uniformly among the graph G, their dis-
tribution is not uniform in space. The graph G¢ represents a real road network and the denser an area
is, the more nodes it contains. Consequently, nodes are more likely to be selected in urban areas than in
the countryside. As an illustration, Figure 2.2 shows the customer distribution of instance I1oq/s/25/5(15)
(and of instance I10g/m/25/5(15) as only the vehicle capacity and fleet size change). The green flag cor-
responds to the Public Hospital of Aix-en-Provence, while the small blue points are customer locations.
We can see that the distribution mixes clusters and random nodes. The biggest cluster is in the city of
Aix-en-Provence, other smaller clusters exist in smallest cities like Gardanne or Bouc-Bel-Air, but also
some nodes are more isolated.

2.6.3 Comparison against a pickup and delivery branch-and-price algorithm

As mentioned previously, the MTMPD-RD problem is formulated as a multi-trip vehicle routing problem
but it can also be seen as a Pickup and Delivery Problem, with the pickup (resp., delivery) node as the
depot of outbound (resp., inbound) requests. In order to transform the MTMPD-RD into a pickup and
delivery problem, we duplicate the depot for each request, giving rise to a graph with 2n + 1 nodes. In
order to convert the MTMPD-RD problem into a Pickup and Delivery Problem, we need to simplify the
MTMPD-RD by removing the service time at the depot location (i.e., Tp = Tp = 0). Indeed, the service
time is associated with the depot and cannot be duplicated for each equivalent node when moving to the
Pickup and Delivery formulation. With this representation, the MTMPD-RD problem can be solved using
a standard branch-and-price for pickup and delivery problems.
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To solve the problem, we implemented a branch-and-price algorithm based on Garaix et al. (2010).
This algorithm is denoted PD-BP for Pickup and Delivery Branch-and-Price. For a fair comparison, the
symmetries induced by the n + 1 copies of the depot is broken by removing arcs (v;, vj) with ¢ > j where
v; and v; correspond to the depot.

Tables 2.5 and 2.6 provide experimental results on the generated instances with respectively 50 cus-
tomers and 100 customers (recall that in the experiments of this section the service time at the depot
location is ignored). They show for both solution approaches, the value of the lower bound at the root
node (“RLB”), the computing time at the root node (“Time*“Z”) in seconds, the objective value of the best
integer solution found at the end of the branch-and-price algorithm (“UB”) and the total computing time
(“Time”) in seconds. For “RLB” and “UB”, the symbol “-” means that no solution has been found within
the allocated computing time. For the computing time, the symbol “-” means that the time limit of two
hours was reached. Upper bounds are given in bold when optimality is proven.

The two tables show that MT-BP significantly outperforms PD-BP. Both algorithms found the root
lower bound for all instances but, the running time is most of the time better for the MT-BP (for 59 in-
stances out of 60). One might note that this difference grows significantly for the 100-customers instances.
This shows that the column generation of MT-BP is much more efficient than the one of PD-BP. PD-BP
found a feasible solution for all 50-customers instances and proved optimality for 26 of them, while MT-BP
proved optimality for all instances. For the 100-customers instances, PD-BP found a feasible solution for
13 out of 30 instances and proved optimality for 4 of them, while MT-BP found a feasible solution for 22
out of 30 instances and proved optimality for 16 of them. Those figures highlight the efficiency of MT-BP
against PD-BP.

2.6.4 Detailed analysis of MT-BP

In this section, we conduct a deep analysis on the behaviour of MT-BP. Tables 2.7 and 2.8 provide results of
the MT-BP algorithm on the benchmark instances that we generated. Note that contrary to the instances
used in Section 2.6.3, service times Tp and Tp are not ignored. These tables show for each instance, the

RLB>) in seconds to reach

value of the lower bound (“RLB”) at the root node, the computing time (“Time
“RLB”, the objective function value of the best integer solution found (“UB”) and the total computing time
("Time”) in seconds of MT-BP. The symbol "-" for “Time®/B” and “Time” means that the process did not

"

finish within the time limit of two hours. For the other parameters, the symbol "-" means that no value
was found within the time limit of two hours. Value “UB” is highlighted in bold if optimality is proven. We
also provide the gap at the root node (“root gap”) between RLB and the optimal solution and, the final gap
(“final gap”) when MT-BP terminates with a non-proven optimum. The value “root gap” is only provided
if optimality is proven. Columns “#trips”, “min”, and “max” respectively provide the total number of trips,
the minimum number of trips per vehicle, and the maximum number of trips per vehicle in the obtained
solution.

From the two tables, we can notice that the root lower bound is found for all instances and the gap at
the root node is very small ; it rarely exceeds 2% and never exceeds 3% (except for instance Iy, /25,/4(7)
with a gap of 5.09%) which denotes the high quality of the lower bound provided by the set partitioning
formulation and the efficiency of the column generation algorithm. When a feasible solution is found but
optimality not proven, the final gap is lower than 1% which also shows the high quality of the solutions
found within two hours of computing time.

All 50-customers instances are solved optimally and, mostly with a computing time of less than 10
seconds. For 100-customers instances, 21 feasible solutions are found and optimality is proven for 18 of
these instances. These figures show that MT-BP is still efficient on instances with up to 100 customers.
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Table 2.5: Comparison of the PD-BP and the MT-BP on 50-customers instances

PD-BP MT-BP

Instance RLB  Timef®# UB Time | RLB Time®®*® UB Time
I50/s/25/1(8) | 1079.50 1.6 1092 4.9 | 1079.50 1.8 1092 8.3
Iso/s/25/2(7) | 933.19 4.6 934 5.0 | 933.19 2.4 934 35
I50/s25/3(7) | 957.00 3.9 959  12.1 | 957.00 2.7 959 115
I50/s/25/4(8) | 903.00 3.0 911 155.4 | 903.00 2.3 911 84
Iso/s25/5(7) | 859.50 3.1 865 9.7 | 859.50 2.7 865 9.4
Iso/s/50/1(7) | 882.33 2.5 886 - 882.33 1.2 886 6.1
Iso/s/50/2(8) | 769.79 4.2 771 45 | 769.79 0.9 771 13
Iso/s/50/3(9) | 996.50 1.4 997 1.6 | 996.50 1.0 997 13
Is0/s/50/4(7) | 917.50 2.1 928 3.9 | 917.50 1.7 928 3.2
Is0/s/50/5(7) | 849.50 2.7 855 3.5 | 849.50 1.7 855 3.4
Io/s/ms)i(ry | 94225 1.7 948 2.7 | 942.25 1.1 948 25
Iso/s/75/2(7) | 878.00 2.8 878 2.8 | 878.00 1.0 878 1.0
Iso/s/75/3(7) | 903.00 1.6 913  10.3 | 903.00 1.2 913 119
Iso/s/m5/4(7) | 922.00 1.6 933 85 | 922.00 0.7 933 48
Iso/s/75/5(8) | 995.00 4.0 999 - 995.00 0.6 999 15
I50/m/25/1(s) | 1021.50 1.8 1031 3.9 | 1021.50 1.6 1031 34
Iso/my25/2(7) | 824.27 5.9 829 100 | 824.27 2.7 829 97
I50/m/25/3(7) | 906.50 7.2 914 479 | 906.50 2.8 914 87
I50/my25/4(7) | 874.50 4.7 886 257 | 874.50 3.3 886 820
I50/m/25/5(7) | 811.00 4.5 811 45 | 811.00 2.8 811 33
I50/m/50/1(7) | 868.50 3.1 875 12.8 | 868.50 1.2 875 7.9
I50/m/50/2(7) | 736.50 11.9 742 418 | 736.50 1.6 742 45
I50/m/50/3(9) | 969.00 3.1 974 44 | 969.00 1.0 974 1.9
I50/m/50/a(7) | 902.54 2.9 913 45 | 902.54 1.9 913 3.1
I50/m/50/5(7) | 774.00 3.7 779 5.1 | 774.00 1.9 779 3.3
I50/m/75/1(6) | 888.40 14.0 897 326 | 888.40 1.7 897 3.0
I50/m/75/2(7) | 840.00 5.2 842 196.5 | 840.00 0.9 842 14
I50/m/75/3(7) | 862.50 4.0 867 - 862.50 1.2 867 2.9
I50/m/75/4(7) | 863.00 3.5 871 3429 | 863.00 0.7 871 44
50 /my75/5(7) | 931.83 15.3 951 - 931.83 0.7 949 29
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Table 2.6: Comparison of the PD-BP and the MT-BP on 100-customers instances

PD-BP MT-BP

Instance RLB  Timel# UB Time | RLB  Timef*# UB  Time
Too/s/25/1(15) | 1823.50 94.7 - - | 1823.50 63.0 - -
Lioo/s2s/214) | 171075 258.8 - - | 171075 1331 1721 -
Lioo/s/25/3(15) | 1643.00 1766 1655 - | 1643.00  107.6 - -
Lioo/s/25/a15) | 1557.25 1420 1559  151.0 | 1557.25 97.5 1559  152.0
Li0o/s/25/5(15) | 1710.00 88.5 1734 - | 1710.00 67.1 1736 -
Lioo/s/50/1(15) | 140050 139.8 - - | 1400.50 32.2 - -
Li0o/s/50/2(17) | 1546.00 39.7 1564 - | 1546.00 34.3 1566 -
Lioo/s/50/3(16) | 1687.83 64.2 1692 - | 1687.83 44.6 1692 1822.4
Li00/s/50/4(14) | 1552.83 95.1 - - | 1552.83 53.6 1575 -
Lioo/s/50/5(14) | 1510.53 89.4 - - | 1510.53 39.8 1519  535.1
Lioo/s/75/1(14) | 1673.00 74.0 1675 77.7 | 1673.00 26.0 1675 354
Liooss/ms/2(14) | 158133 156.3 - - | 1581.33 32.2 1589 919.7
Looys/75/3(14) | 1632.00  108.4 - - | 1632.00 245 - -
Lioo/s/75/4(15) | 175050 72.5 1759 356.1 | 1750.50 16.1 1759  58.1
Liooss/7s/5(15) | 1756.50 89.5 - - | 1756.50 23.2 - .
L100/m/25/1(15) | 1560.00  302.6 - - | 1560.00 60.8 1573  651.3
Li00/m/25/2(14) | 1471.97 4195 - - | 147197 98.1 1480 -
Lioo/m/25/3(14) | 1481.92 3877 1491 - | 148192 1023 1490 17584
Lioom/25/a14) | 1422.67 2322 1426 2639 | 1422.67 1021 1426 2443
Lioo/m/25/5(15) | 152543 319.0 - - | 1525.43 55.7 - -
Ligomys0/1(14) | 129175 5459 1309 - | 1291.75 445 1306 -
IlOO/m/SO/Q(lG) 1401.46 312.3 - - 1401.46 39.8 - -
Li00/m/50/3(16) | 1559.43  402.2 - - | 1559.43 39.0 1575 1612.5
Ligo/mys0/4(14) | 1445.94  168.1 1456 - | 1445.94 52.9 1456  216.6
Ligojmyso/s1ay | 141943 3004 1425 - | 1419.43 45.3 1425  79.9
Li00/m/75/1(13) | 1483.50 4816 - - | 148350 24.4 1497  502.0
Li00/m/75/2(14) | 1458.20  548.3 - - | 1458.20 29.4 1471 5155
Ligo/m/75/314) | 1486.50 2119 1491 - | 1486.50 26.2 1491  53.2
Li00/m/75/4(14) | 1547.33  625.0 - - | 1547.33 18.0 1554  117.9
Li00/m/75/5(13) | 1477.00  590.9 - - | 1477.00 24.6 - -
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One might notice that the algorithm is more efficient with minivans (13 feasible solutions with 11 optimal
solutions) than sedans (8 feasible solutions with 7 optimal solutions). As we can notice from the last three
columns of Table 2.8, using sedan vehicles requires more trips than using minivans because of the smaller
vehicle capacity. It may explain why the algorithm is more efficient with minivans. From these instances,
the impact of the distribution of inbound and outbound requests does not seem to have an impact on the
computing time or the quality of obtained solutions.

Table 2.9 summarizes computational results of MT-BP for the four series of instances S,,/; with n €
{50,100} and t € {s,m} (15 instances per set). The reported statistics are: the number of feasible
solutions (“#Feas”), the number of optimal solutions (“#Opt.”), the average number of trips per vehicle
(“#trips/veh), the average number of requests per trip (“#req/trip”), and the average number of requests
per vehicle (“#req/veh.”). Note that “#trips/veh”, “#req/trip” and “#req/veh.” are computed only if a feasible
solution is obtained.

Table 2.9 highlights the efficiency of MT-BP both on 50-customers instances and 100-customers in-
stances. Note that theoretically, the maximum number of requests served in a trip can reach twice the
vehicle capacity @) (@) outbound requests and () inbound requests). For sedans () = 2), we can notice
that the average filling rate of vehicles is not far from the maximal theoretical capacity. However, this
average filling rate is relatively low for minivans () = 4). This behaviour can be explained by the value
of the time horizon (4 hours) that makes the number of requests per hour relatively small. This is also due
to the ride time that limits the detours to pickup or drop off of other patients. We can also notice that the
number of trips per vehicle varies between 2 and 3. Note finally that the average number of requests per
vehicle #req/veh is equal to #trips/veh x #req/trip.

2.6.5 Impact of the fleet size

In this section, we study the impact of the fleet size on the total cost and on the computing time. One
objective is also to evaluate the opportunity to address this problem by first considering an infinite fleet of
vehicles and second assigning the obtained trips to vehicles. This approach should simplify the solution
process. Indeed, when the fleet is infinite, the set of feasible routes €2 can equivalently be reduced to the
set of mono-trip routes: a multi-trip route can be considered as several mono-trip routes performed by
several vehicles. To deal with the case of an infinite fleet, we thus implemented a mono-trip variant of
MT-BP (following what is already explained in Section 2.6.1).

In order to perform this study, we selected four instances, one from each series of instances and run
MT-BP with different fleet sizes. The selected instances are I5q/,/25/3(7)> 150/m/25/4(7) 1100/5/25/4(15) and,
I100/m/25/5(15)- Note that for each instance and each fleet size MT-BP is able to prove either optimality or
infeasibility. Obtained results are summarized in Tables 2.10, 2.11, 2.12 and, 2.13.

Tables 2.10, 2.11, 2.12 and, 2.13 contain one row per fleet size. Columns show for each fleet size:
the solution cost ("cost”), the running time in seconds (*Time”), the total number of trips in the solution
("#trips”), the average number of trips per vehicle (“#trips/veh), the average number of requests per
trip (“#req/trip”), and the average number of requests per vehicle (“#req/veh”). The tables report the
results with an unlimited number of vehicles and a single trip per vehicle (denoted c0), then all fleet sizes
K € {Kj,..., K>} where K] is the minimum fleet size required to obtain the minimal cost equivalent to
an infinite size fleet, and K> is the maximum fleet size which enforces unfeasibility.

Table 2.10 shows that the best cost is 995 and is achievable with 10 vehicles. Then, reducing the fleet
size first slightly increases the cost (from 995 to 1002 between 10 and 8 vehicles), then highly increases
to 1054 with 7 vehicles. The instance is infeasible for K < 6. We notice that reducing the fleet size also
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Table 2.7: Results of the MT-BP algorithm on 50-customers instances

RLB UB Gaps (%) Trips
Instance RLB  Time®*# UB  Time | rootgap final gap | nbtrips min max
Iso/s/o5/1(8) | 1129.53 1.2 1146 6.6 1.44 0.00 23 2 4
Isosj2s/a(r) | 976.17 2.5 988 7.3 1.20 0.00 21 2 5
Iso/s/2s/3(7) | 1027.78 2.8 1054 21.6 | 2.49 0.00 23 3 4
Iso/s/os/a(s) | 949.75 2.0 956 9.4 0.65 0.00 24 2 4
Tso/s/o5/5(7) | 889.83 2.7 902  16.1 1.35 0.00 23 2 5
Iso/s/50/1() | 903.50 1.4 910 103 | 0.71 0.00 21 2 4
Iso/s/50/2() | 771.00 0.9 771 0.9 0.00 0.00 18 1 4
Iso/s/50/3(9) | 1036.00 1.0 1047 2.6 1.05 0.00 22 1 4
Iso/s/50/a(r) | 964.00 1.5 976 5.6 1.23 0.00 20 2 4
Iso/s/s0/5(1) | 881.50 1.8 884 27 0.28 0.00 21 2 4
Isoss/7s/1(r) | 948.00 1.1 952 2.0 0.42 0.00 23 2 4
Iso/s/75/2(7) | 879.00 1.1 879 1.2 0.00 0.00 19 2 4
Iso/s/75/3(7) | 905.50 14 915 9.3 1.04 0.00 23 2 5
Isoss/7s/a(n) | 943.71 0.8 967 212 | 241 0.00 22 2 5
Iso/s/75/5(3) | 1026.63 0.8 1040 116 | 1.29 0.00 24 2 4
I50/my25/1(8) | 1065.00 1.5 1069 2.2 0.37 0.00 19 2 4
Iso/myasja(r) | 892.50 2.1 908 217 | 171 0.00 18 2 4
Iso/my2s/3(7) | 968.38 2.7 993 454 | 248 0.00 21 2 4
Iso/myasja(ry | 962.43 3.0 1014 45 5.09 0.00 23 2 4
Iso/myas)s(r) | 857.02 2.6 864 6.0 0.81 0.00 19 2 3
I5o/mys0/1(7) | 874.00 1.2 877 18 0.34 0.00 20 2 4
Iso/ms0/2(7y | 743.33 1.4 745 2.8 0.22 0.00 16 13
I50/mys0/3(9) | 1015.00 0.8 1026 1.7 1.07 0.00 19 2 3
I50/mys0/4(7) | 949.00 1.6 962 6.1 1.35 0.00 19 2 4
Iso/mys0/5(7) | 809.00 1.6 809 16 0.00 0.00 18 2 3
Iso/my7s)1(6) | 924.75 1.7 935 45 1.10 0.00 23 3 5
Iso/my7sja(ry | 851.25 1.1 857 2.1 0.67 0.00 18 2 4
Iso/my7s3(7) | 863.00 1.3 867 2.8 0.46 0.00 20 2 4
Iso/my7s/a(7) | 869.00 0.9 879 2.0 1.14 0.00 19 1 4
Iso/my7ss(r) | 971.50 1.0 995 7.7 2.36 0.00 22 3 4
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Table 2.8: Results of the MT-BP algorithm on 100-customers instances

RLB UB Gaps (%) Trips
Instance RLB  Time®*# UB  Time | rootgap finalgap | nbtrips min max
1100/5/25/1(15) 1868.24 48.1 - - - - - - -
1100/5/25/2(14) 1746.50 86.2 - - - - - - _
1100/5/25/3(15) 1712.00 75.5 1718 289.2 0.35 0.00 41 1 4
1100/5/25/4(15) 1584.67 68.7 1591 1429 0.40 0.00 39 1 5
1100/5/25/5(15) 1753.50 47.3 1757  95.1 0.20 0.00 38 2 4
1100/5/50/1(15) 1413.75 26.3 - - - - - - -
1100/5/50/2(17) 1575.22 24.8 - - - - - - -
1100/5/50/3(16) 1726.90 30.6 1751 - - 0.70 35 1 3
1100/5/50/4(14) 1588.67 36.5 - - - - - - -
1100/5/50/5(14) 1537.50 29.4 1547 205.2 0.61 0.00 34 1 3
1100/5/75/1(14) 1688.83 22.6 1693 507.5 0.25 0.00 40 2 4
1100/5/75/2(14) 1595.88 33.8 1606 898.4 0.63 0.00 40 1 4
1100/5/75/3(14) 1637.50 21.3 - - - - - - _
1100/5/75/4(15) 1755.00 14.9 1766 4780.3 0.62 0.00 42 1 6
Lioo/s/75 5(15) | 1762.75 22.2 - - - - - - -
IlOO/m/25/1(15) 1646.29 50.2 1658 1104.0 0.71 0.00 34 1 3
IlOO/m/25/2(14) 1582.06 72.0 - - - - - - -
IlOO/m/25/3(14) 1569.31 77.4 1582 1526.5 0.80 0.00 35 1 3
IlOO/m/25/4(14) 1486.92 79.2 1497 971.6 0.67 0.00 34 1 4
IlOO/m/25/5(15) 1599.61 50.9 1612 1077.3 0.77 0.00 34 1 4
IlOO/m/5O/1(14) 1307.82 33.9 1327 - - 0.59 28 1 3
IlOO/m/SO/Q(lG) 1451.83 32.3 1472 - - 0.20 28 1 3
IlOO/m/E)O/S(lG) 1605.81 30.1 1614 117.5 0.51 0.00 30 1 3
IlOO/m/5O/4(14) 1495.67 35.9 1505 117.1 0.62 0.00 29 1 3
IlOO/m/50/5(14) 1481.67 32.3 1484 484 0.16 0.00 31 1 4
IlOO/m/75/1(13) 1494.17 22.2 1506 123.3 0.79 0.00 32 1 4
IlOO/m/75/2(14) 1470.99 27.7 1485 377.3 0.94 0.00 35 1 4
IlOO/m/75/3(14) 1490.00 26.2 1500 786.3 0.67 0.00 30 1 4
IlOO/m/75/4(14) 1549.28 16.1 1561 264.8 0.75 0.00 32 1 3
IlOO/m/75/5(13) 1490.27 21.5 - - - - - -

Table 2.9: Summary of obtained solutions with MT-BP

Instance set | #feas. #opt. | #trips/veh. #req/trip #req/veh.
S50/ 15 15 2.95 2.29 6.76
S5O/m 15 15 2.74 2.55 7.00
S100/s 8 7 2.62 2.59 6.78

5100 /m 13 11 2.20 3.16 6.95
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Table 2.10: Impact of fleet size for instance /55 /25,3

Fleet size (K) | cost Time | #trips #trips/veh. #req/trip #req/veh.
00 995 0.1 22 1.00 2.27 2.27

10 995 1.7 22 2.20 2.27 5.00

9 996 2.1 22 2.44 2.27 5.56

8 | 1002 4.2 22 2.75 2.27 6.25

7| 1054  30.7 23 3.29 2.17 7.14

6 16} 4.3 - - - -

Table 2.11: Impact of fleet size for instance I50 /254

Fleet size (K) | cost Time | #trips #trips/veh. #req/trip #req/veh.
00 920 0.4 22 1.00 2.27 2.27

10 920 4.2 22 2.20 2.27 5.00

9 922 9.6 22 2.44 2.27 5.56

8 932 66.9 22 2.75 2.27 6.25

711014 7 23 3.29 2.17 7.14

6 1%} 4.2 - - - -

Table 2.12: Impact of fleet size for instance /100/5/25/4

Fleet size (K) | cost Time | #trips #trips/veh. #req/trip #req/veh.
oo | 1591 7.7 39 1.00 2.56 2.56
15 | 1591 1427 39 2.60 2.56 6.67
14 | 1595 218.7 39 2.79 2.56 7.14
13 | 1607 418.1 39 3.00 2.56 7.69
12 | 1642 4734 42 3.25 2.38 8.33
11 @ 1515 - - - -
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Table 2.13: Impact of fleet size for instance 1100/ /25,5

Fleet size (K) | cost Time | #trips #trips/veh. #req/trip #req/veh.
oo | 1606 16.8 33 1.00 3.03 3.03
17 | 1606 156.8 33 1.94 3.03 5.88
16 | 1607 238.1 33 2.06 3.03 6.25
15 | 1612 1075.5 34 2.27 2.94 6.67
14 | 1617 844.2 34 2.43 2.94 7.14
13 | 1631 401.8 34 2.62 2.94 7.69
12 | 1728 1779.1 38 3.17 2.63 8.33
11 16} 82.0 - - - -

impacts the computing time. An interesting remark is that the number of trips is not drastically impacted
by the fleet size.

Results on tables 2.11, 2.12 and, 2.13 are similar. They show a slight impact on the cost when the fleet
size is near K and a high impact when the fleet size is close to Ky, especially for instance I10g/.,/25/5
where the cost increases from 1631 to 1728 when passing from 13 to 12 vehicles.

As expected, the computing time is significantly lower when the fleet is infinite and that the mono-trip
variant of MT-BP is used. This approach, combined with a post-assignment of trips to vehicles, is clearly
to be preferred when the fleet is large enough. However, the tables show its limits. Indeed, it would never
give a solution with less than K vehicles. Our results suggest that reducing the fleet size by a few vehicles
by allowing multiple trips does not have a high impact on transportation costs. Furthermore, if the number
of available vehicles is a critical resource for the company providing the transportation service, the use of
multiple trips can be necessary to satisfy all requests. It is also important to note that K and K3 are not
known in advance and depend on the instance characteristics. Hence, it is difficult to be sure in advance
that the solution provided by the mono-trip variant would comply with the fleet size.

2.6.6 Other sensitivity analyses

In this section, we present other sensitivity analyses. We generated new challenging instances for the
MTMPD-RD based on instances presented in Section 2.6.2 with modified parameters to assess the limits
of the MT-BP algorithm.

Let us recall that, for all instances presented in Section 2.6.2, the time horizon is [0 min., 240 min.]
which corresponds to a working period of 4 hours, and a ride is considered acceptable for a customer if
its duration is the time needed for a direct ride between the pickup and drop-off locations plus 20 minutes
(i.e., 20 minutes corresponds to the maximal acceptable detour).

In this section we consider a larger time horizon and a larger acceptable ride time to evaluate how the
MT-BP algorithm scales up. We propose three new sets of instances:

e Larger acceptable ride time: allowing detours of 40 minutes and keeping a time horizon of 240
minutes.

e Larger time horizon: [0 min., 480 min.] (8 hours) and keeping acceptable detours of 20 minutes.

e Both a larger time horizon [0 min., 480 min.] and larger acceptable detours (40 minutes).
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Let Ey be the initial set of instances presented in Section 2.6.2. Fy is composed of 60 instances: 30
instances with 50 requests and 30 instances with 100 requests. The three new sets are derived from FEj,
especially customers remain the same, and are defined as follows:

e [ : instances of F with modified release and due dates to extend the maximal detour from 20 to
40 minutes: r; < r; — 10 and d; < d; 4+ 10; however, if the new values are not consistent with the
conditions defined in Section 2.6.2, we rather set r; < r; and d; < d; + 20, or r; < r; — 20 and
d; < d;, when the new release date is too small or the new due date too large, respectively.

e F) : instances of Fy with the time horizon enlarged from [0 min., 240 min.] to [0 min., 480 min.]
and the release and due dates regenerated.

e Fj5 :instances of Fy with release and due dates modified similarly to instance set £.

Fleet sizes are determined the same way as they were for instances of set Fy. We run the MT-BP
algorithm on all these new instances. Similarly to Table 2.9 for instances of set Ly, tables 2.14, 2.15 and
2.16 summarize computational results for instances of sets £, Fy and, Fs.

Table 2.14: Summary of obtained solutions with MT-BP for the F; instances

Instance set | #feas. #opt. | #trips/veh. #req/trip #req/veh.
550/3 15 13 3.16 2.58 8.15
S50/m 15 14 2.64 3.64 9.62
S100/s 0 0 - - -
S100/m 5 2 2.13 4.50 9.62

Table 2.15: Summary of obtained solutions with MT-BP for the E instances

Instance set | #feas. #opt. | #trips/veh. #req/trip #req/veh.
S50/ 15 15 5.29 2.15 11.36
S5O/m 15 15 4.69 2.25 10.56
S100/s 10 5 4.44 2.53 11.24
S100/m 13 10 3.77 2.80 10.57

Table 2.16: Summary of obtained solutions with MT-BP for the F5 instances

Instance set | #feas. #opt. | #trips/veh. #req/trip #req/veh.
550/3 15 14 5.45 2.50 13.64
S50/m 15 13 3.96 3.32 13.16
S100/s 2 1 4.77 3.23 15.38
S100/m 2 1 3.19 3.92 12.50
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Tables 2.14 and 2.16 show the limits of MT-BP to solve instances with large maximal detour allowed.
Both for E; and Fj3, optimality could not be proven for three 50-customers instances. For 100-customers
instances, MT-BP found feasible solutions for 5 and 4 for instances respectively in £ and F3, and was
able to prove optimality for 2 instances in both sets. Similarly to the issue of large time windows for
the VRPSPDTW, enlarging the maximal detour in instances of the MTMPD-RD increases the number of
feasible solutions in the dynamic programming process when solving the subproblems and drastically
impacts the effectiveness of the solution method. Table 2.15 shows results for E» comparable to those of
Ey (see Table 2.9) with all 50-customers instances solved to optimality and 23 feasible solutions found (of
which 15 are proven optimal) for 100-customers instances. These results highlight that the time horizon
doesn’t seem to have an important impact on efficiency of the MT-BP algorithm. However, increasing the

maximal detour highly deteriorates its efficiency. Appendix A provides detailed results on instances of
sets F/1, Fy and Ejs.

2.7 Conclusion

In this chapter, we introduced a new problem arising from the context of non-emergency transportation
of patients. The main originality of the studied problem is that there are two types of requests, a patient
is either picked-up at home and transported to the hospital or the other way around. Requests are thus
always connected to the hospital, and routes combine both types of requests. In addition, the quality of
service is preserved with riding time constraints that enforce the vehicles to regularly come back to the
hospital. Consequently, the problem can be addressed either as a special Pickup and Delivery Problem
or as a special multi-trip VRP. We call it the Multi-Trip Vehicle Routing Problem with Mixed Pickup and
Delivery, and Release and Due dates (MTMPD-RD).

The main goal of the chapter was then to evaluate if tackling the problem as a multi-trip VRP should be
preferred. We proposed a branch-and-price algorithm (MT-BP). The complex time and capacity constraints
of the problem make the definition and the management of resources complex in the pricing problem. Also,
they implied some difficulties in the branching scheme.

As the MTMPD-RD is a new problem, we generated a new set of realistic instances. We also imple-
mented a branch-and-price algorithm based on the pickup and delivery formulation (PD-BP). Experiments
showed that the MT-BP outperforms the PD-BP and prove the efficiency of a multi-trip model for this
problem. MT-BP proved its efficiency by solving to optimally instances involving up to 100 requests.

To further validate the MT-BP, we adapted it for the solution of the VRPSPDTW. Our experiments on
benchmark instances closed the benchmark for small instances and closed four 100-customers instances.
We also detected that an infeasible solution was published in the literature. In addition, we evaluated the
opportunity to tackle the problem as a mono-trip vehicle routing problem followed by a trip-to-vehicle
assignment. Experiments show the computational interest but also the limits of this standpoint. Finally,
we conducted other sensitivity analyses generating new challenging instances with a larger time horizon
and/or a larger acceptable ride time. Results show that the computational time of the MT-BP algorithm
is strongly impacted when the maximal detour is increased, but remains relatively stable for larger time
horizons.

A first perspective for this work would be to improve the solution method, by adding valid cuts or
using a bidirectional approach for the pricing problem. Also, one might propose heuristics to solve the
MTMPD-RD to be able to solve larger instances in a short amount of time, which would be appreciated
in real-life applications. An important real-life constraint is also missing in this study. Results show a
strong imbalance in the duration of routes. It is inappropriate in our context because the transportation
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is subcontracted to independent paramedics that should be considered equitably. In addition, the easiness
of patient management may vary depending on their pathology or their lodging accessibility, which also
potentially generates inequity among drivers. An interesting perspective would thus be to integrate equity
into the problem with both regards.
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In chapter 2, we introduced the Multi-Trip Vehicle Routing Problem with Mixed Pickup and Delivery, and
Release and Due dates (MTMPD-RD), a routing problem motivated by the non-emergency transportation
of patients. In this chapter, we study the multi-period version of the problem. We consider a longer
horizon (several days) for which every day, the MTMPD-RD is solved and routes are assigned to drivers.
The contribution of this chapter is to propose techniques to integrate equity between drivers over the time
horizon.

In the vehicle routing literature, equity for drivers is mostly considered on a daily basis. In this chapter,
we extend the literature by addressing equity on a longer term. We consider a time horizon of a few weeks
and a test-bed routing problem motivated by healthcare logistics, with customer demand progressively
revealed. Having unbalanced routes at some periods (days) is accepted, but some degree of equity is
imposed on the complete horizon. We propose five solution frameworks with different levels of control on
equity. A dedicated branch-and-price algorithm is used to solve the daily routing problem and is adapted
for the different solution frameworks. Numerical experiments are conducted on a benchmark of realistic
instances to evaluate how addressing equity this way impacts the routing cost, equity and feasibility.
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3.1 Introduction

Starting from the Truck Dispatching Problem introduced by Dantzig and Ramser (1959) more than 50 years
ago, the vehicle routing problem literature has grown considerably with two main objectives: developing
methods that can efficiently solve these complex optimization problems (and ultimately problems of sim-
ilar nature) and close the gap between academic contributions and actual practitioner needs. Following
the latter trend, equity has gained a lot of interest in the last two decades, as acknowledged by the recent
survey of Matl et al. (2018). Workload equity is indeed especially relevant in many practical situations,
where drivers should be assigned distribution routes with comparable workloads.

The most common way of addressing equity in the routing context is to introduce an equity metric,
and to balance vehicle routes according to this metric when computing the routing plan. This approach
is, however, somehow myopic because, most often, routing plans are computed on a daily basis while the
perception that drivers may have of inequity is on a longer term: In practice, a driver may indeed accept
unbalanced routes at some periods (days), as long as equity is preserved on a longer range. The purpose
of this paper is to answer two important related research questions. To the best of our knowledge, these
questions have almost never been investigated yet:

1. Limits of the “myopic” approach? The approach found in the literature is susceptible to be overly
restrictive and costly because it imposes balanced routes at every time period (day). Based on a
test-bed problem selected in the field of healthcare logistics and a time horizon of a few weeks,
we conduct computational experiments that evaluate the impact of this “myopic” approach against
approaches considering equity with a more global perspective.

2. Alternative approaches? Considering equity with a global perspective, we introduce and compare
five solution frameworks that aim at providing equitable routing plans in the medium-term with
limited cost increases.

Several important modeling decisions need to be taken to allow addressing these two questions. A
first decision is to define how customer demand is revealed. As far as we know, most authors that have
considered equity in a multi-period setting assume that customer demand is known for the whole horizon
at the beginning of the planning period (see Section 3.2). While considering equity in a static multi-period
context makes sense for sure, we rather consider that customer demand is progressively revealed. Then,
the routing plan computed at any period is computed without any information on what will happen on
the next periods. This assumption fits better to our application case and, also, to important applications
of vehicle routing like last-mile delivery.

A second important decision is to define how to integrate equity. By nature, a vehicle routing in which
equity is introduced becomes multi-objective. When dealing with a dynamic vehicle routing problem, the
solution cannot be to compute a set of efficient solutions. Instead, it is simply at the end of the time horizon
that we evaluate the proposed solution schemes according to relevant KPIs (Key Performance Indicators).
The way equity is introduced (or not) when computing each daily routing plan is specific to the methods.

A third, and last, decision is to define which type of equity is desired. In the literature, one can distin-
guish two types of equity metrics (Matl et al., 2018): constant-sum metrics, in which the sum is constant
over all solutions (e.g., number of customers served in the route), and variable-sum metrics, whose sum
depends on the solution (e.g., traveled distance). The type of metric can have important theoretical im-
plications but also directly impacts solution schemes. In this chapter, we consider a constant-sum metric.
The generalization to variable-sum metrics is left to future research.
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The test-bed problem that supports this study concerns non-emergency healthcare logistics. We con-
sider a hospital and patients with a medical appointment, that have either to be picked up at home and
transported to the hospital or the other way around. This problem is addressed on a time horizon that
consists of a few weeks, with an equity metric related to the painfulness of transportation requests. In
Agius et al. (2022), we studied the mono-period version of the problem without considering equity. We
developed a dedicated branch-and-price algorithm. The solution frameworks proposed in this chapter
sequentially solve daily routing problems and are built upon this branch-and-price algorithm.

The contributions of this paper are threefold. First, we introduce a new dynamic multi-period routing
problem involving equity for drivers motivated by the non-emergency transportation of patients. Second,
we propose different solution frameworks to ensure equity globally on the time horizon and adapt the
branch-and-price algorithm developed in Agius et al. (2022) to these frameworks. Third, we conduct
extensive numerical experiments on a benchmark of realistic instances to evaluate how addressing equity
with this medium-term perspective allows limiting its impact on routing costs. With these contributions,
we believe that we provide important insights to the two aforementioned research questions.

The paper is organized as follows. Section 3.2 reviews the related literature. Section 3.3 details the
test-bed problem. Section 3.4 describes the different solution frameworks that we developed to take care
of equity with a medium-term perspective. Section 3.5 briefly recalls the branch-and-price algorithm
developed in Agius et al. (2022) and explains how it can be adapted to the solution of the daily routing
problems encountered in the different frameworks. Section 3.6 reports and analyzes computational results.
Finally, Section 3.7 concludes the paper, summarizing our findings and suggesting possible extensions to
this work.

3.2 Literature review

In this section, we position our work in the literature. Firstly, we briefly review equity in the Vehicle
Routing Problem (VRP) literature. Second, we focus on routing problems involving multiple periods and
show the novelty of addressing equity with a medium-term perspective. Finally, we quickly survey how
equity has been considered so far in the medical transportation literature.

Equity in vehicle routing

The interest raised by equity in an optimization process is far from being limited to vehicle routing. Among
others, Karsu and Morton (2015) point out this interest and survey the associated literature in operations
research. More recently, Matl et al. (2018) reviewed this literature with a focus on vehicle routing. They
show an abundant number of recent papers, that they review and categorize. They also analyze the prop-
erties of different equity measures, completing this analysis by a numerical study on small instances solved
optimally.

Matl et al. (2018) formalize some important concepts that we will reuse in this work. The equity metric
is the workload resource that has to be balanced fairly between drivers. A metric is said constant-sum
if for any feasible solution, the sum of workload assigned to drivers remains constant (e.g., number of
customers served, total customer load served, total service time). Otherwise, a metric is said variable-sum
if the sum of workload assigned to drivers differs between solutions (e.g., routing cost/time). When equity
is considered, the problem is bi-objective. The first objective is the classical routing cost minimization and
the second objective is the equity objective, usually defined as an explicit objective using an equity func-
tion (ex: min-max, range). The bi-objective problem can then be addressed as a multi-objective problem,
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thus seeking a Pareto front, or simplified to a mono-objective problem, using a weighted sum of the two
objectives or limiting inequity with a constraint.

Halvorsen-Weare and Savelsbergh (2016) also studied in-depth the effects of different equity functions
in a bi-objective VRP. They conclude that the equity function has significant effects on the Pareto front
and suggest that the range function (difference between the drivers with the least and the most workload)
is a robust choice. Matl et al. (2018) agree on the former but contradict the latter. Indeed, when opti-
mizing equity with the range function on a variable-sum metric, two undesirable consequences occur. A
Pareto-optimal solution can contain non TSP-optimal routes or a Pareto-optimal solution can be work-
load inconsistent, that is, can contain routes whose workloads are all equal or greater than those of other
Pareto-optimal solutions.

Matl et al. (2019) extend the work of Matl et al. (2018) studying the impact of the equity metric on the
solution. Numerical experiments underline that the trade-off structure of a solution depends primarily on
the workload resource, and less on the equity function.

A clear conclusion that can be drawn from these works is that the literature mainly focuses on single
period routing problems. The possibility that the unbalances generated during a period are compensated
in previous or future periods is not considered. This fact suffers from a few exceptions that are surveyed
in the next paragraph.

Equity in multi-period vehicle routing

To the best of our knowledge Ribeiro and Ramalhinho Dias Lourenco (2001) were the first to consider
equity in a multi-period routing problem. In the context of commercial distribution, they proposed a
Periodic Vehicle Routing Problem (PVRP) with three objectives, minimizing the total cost, balancing the
workload fairly among drivers and minimizing inconsistency to improve customer service. The equity
objective is non-linear and the authors were able to solve (exactly) a single instance with 3 periods, 2
drivers and at most 5 customers per period. Blakeley et al. (2003) are also interested in equity for a PVRP,
in the context of maintenance operation planning. The objective function is a weighted sum including
routing cost, overtime and equity. The equity objective aims at minimizing the difference between the
shortest and the longest routes (range on the route duration). Similarly, Gulczynski et al. (2011) define
a new variant of the PVRP, that they call PVRP with balance constraints (PVRP-BC), in which an equity
objective is introduced to minimize the difference between the minimal and the maximal numbers of
customers served within routes (range on the number of customers served). This objective is combined
with the routing cost objective into a weighted sum.

More recently, Nekooghadirli et al. (2022) have explicitly questioned the fact that equity is generally
defined at the scale of a single period. They introduce a multi-period Capacited Vehicle Routing Problem
(CVRP) that they solve with a two-phase approach. First, the routing problem is solved independently
at each period with the VRPSolver framework from Pessoa et al. (2020). Second, routes are assigned to
drivers. The objective of the assignment problem is to minimize the maximum workload (routing cost)
accumulated on the horizon over all drivers. From their model, the authors determine a lower bound
which permits to evaluate how far a solution is from the best possible workload equity. Experiments
show that when the number of days is larger than or equal to 5, their approach often reaches the “perfect”
workload equity, i.e., the obtained workload balance matches the theoretical lower bound, otherwise the
gap is below 1%.

All the above approaches consider equity in a multi-period but static context: All customer demands
are known in advance. Basically, they introduce equity in a more difficult problem, a PVRP instead of a
single-period VRP, but the paradigm remains the same: A static vehicle routing problem is solved with
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an equity objective. In our study, on the opposite, we are interested in the solution of multi-period vehi-
cle routing problems in which the data for new periods is progressively revealed. We thus move to the
paradigm of dynamic VRPs. Readers are referred to Pillac et al. (2013) and Bektas et al. (2014) for literature
reviews on these problems. We are only aware of three papers considering equity within this paradigm.

Wen et al. (2010) address a dynamic multi-period vehicle routing problem where customer orders are
revealed over the time horizon. Customer orders must be fulfilled within a set of consecutive periods
which can start as early as the period after the order is placed. The objective is to minimize a weighted
sum function that considers total travel costs, customers waiting and the daily workload balance. The
daily workload is the total travel time. In their work, the daily workload balance is defined by the abso-
lute value of the difference between that day’s workload and the estimated average daily workload. The
authors propose a three phase heuristic to solve the problem. The daily problem is solved using a Variable
Neighborhood Search heuristic. Although this work deals with a dynamic multi-period vehicle routing
problem, it is very different from our work. First, workload balance is based on variable-sum metric while
in our work we deal with a constant-sum metric. Second, only one solution approach is proposed and
is based on a Variable Neighborhood Search heuristic for each daily routing problem. In our paper, we
propose several approaches based on an exact solution approach for each daily routing problem.

Khorsi et al. (2020) study a problem arising in humanitarian relief logistics in post-disaster situations.
They consider realistic aspects such as multiple depots, split delivery and multiple trips. Their problem
is dynamic as information is revealed gradually over a time horizon of several periods. A rolling hori-
zon approach is used to manage the dynamics of the problem. Three objectives are taken into account,
minimization of the total amount of unsatisfied demands, minimization of the total traveling time and the
equity objective. Equity is considered between the demand points to ensure a fair distribution of goods
and avoid unfair allocation policies. The equity objective is measured as the minimization of the sum of
the absolute deviation of a fraction of unsatisfied demands between the demand points on the rolling hori-
zon. The authors propose an epsilon constraint approach in order to deal with the multi-objective nature
of their problem. The proposed approach is based on a commercial solver to solve small size instances (9
locations). Contrary to our paper, this study is very specific to humanitarian relief logistics and deals with
a multi-objective problem. In addition, the small size daily problems are solved using a standard solver.

Wang et al. (2022) study a multi-period workload balancing problem arising from the last-mile ur-
ban delivery. The problem is defined as dynamic and stochastic and is formulated as a Markov Decision
Process. This work is the one that comes closest to our study. They considered two types of workload:
Incentive workload, that is, the delivery quantity which affects a courier’s income, and effort workload,
that is, the delivery time which affects a courier’s health. Incentive workload is balanced over the whole
time horizon (e.g., a week or a month) whereas effort workload is balanced every day. They propose
five dispatching policies, namely, balanced penalty policy, VRP policy with rebalancing, myopic policy with
rebalancing, fixed territory policy, and fixed territory with rotation policy. The balanced penalty policy pe-
nalizes the cumulative incentive imbalance at each decision period. The authors propose a hybrid simu-
lation optimization algorithm to find the best policy parameter values. In the VRP policy with rebalancing,
they first solve a VRP then they rebalance the cumulative incentive workload incentive when assigning
routes to drivers. In the myopic policy with rebalancing, they first solve a myopic problem to minimize
the single-period effort imbalance then they rebalance the cumulative incentive workload when assigning
routes to drivers. In the fixed territory policy, each driver is assigned to a region. The fixed territory policy
with rotation is similar to the fixed territory policy except that the assignment of drivers to regions can be
modified every payroll cycle. They showed that the balanced penalty policy and the myopic policy with
rebalancing perform very well compared to other policies. In this chapter, the authors address a stochas-
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tic problem and propose a heuristic approach at each step of the proposed approaches. In our study, we
study a deterministic and dynamic vehicle routing problem where requests are known only at the start of
the associated period. At each step of the proposed methods, we develop an exact approach to solve the
associated combinatorial optimization problem. Our study is complementary to this paper and may open
several research perspectives for the stochastic version of our problem.

Equity in medical transportation

To the best of our knowledge, no paper in the literature tackles a dynamic multi-period vehicle routing
problem with equity in the context of healthcare logistics as we do. However, a few papers are interested
in equity in the context of home healthcare logistics.

Liu et al. (2013) define a weekly home healthcare logistics problem in which equity is the primary ob-
jective and consists in minimizing the longest route (min-max) in the week to ensure reasonable working
hours.

Triki et al. (2014) define a problem in which equity concerns the total daily working time and not
drivers. Each day a target working time is defined and the equity objective is to minimize the gap between
the actual working time and the target working time for each day. This objective is combined with the
routing cost in a weighted sum.

Cappanera and Scutella (2015) study the home care services problem, a problem with scheduling,
assignment and routing decisions. They propose several extensions and particularly study two equity
objectives: i) maxmin, which maximizes the minimum operator utilization factor, and ii) minmax, which
minimizes the maximum operator utilization factor. Results on computational experiments show that the
maxmin criterion finds more balanced solutions (the difference between the maximum and the minimum
operator utilization factors is smaller) but the minmax criterion has less impact on the operating costs (it
finds solutions with smaller total traveled time).

Liu et al. (2021) consider routing cost, satisfaction of patients and satisfaction of caregivers. The latter
is measured as the range of the accumulated working time (routing and service time) assigned to care-
givers. Also, daily constraints limit the daily working time of caregivers. A sensitivity analysis shows that
choosing an objective function involving only one sub-objective causes a high level of dissatisfaction for
caregivers or patients.

3.3 Problem description

Ulmer et al. (2020) point out the leak of consistency in modeling stochastic dynamic vehicle routing prob-
lems in the literature and present a modeling framework which is a generalization of conventional Markov
decision processes (MDPs). They call it route-based MDP. Despite the dynamic nature of our problem, this
framework is not useful in our case, because routing decisions do not involve any dynamics. We itera-
tively solve static daily routing problems. When new information is revealed it concerns the next period
and does not infer with any ongoing optimization process.

We describe our problem in four successive blocks. At first, we describe the dynamic of the problem:
how data is revealed and what is the decision process. Then, we describe the daily routing problem that
has to be solved at each step of the process. The third block concerns the assignment of routes to drivers.
Indeed, contrary to what is usually found in vehicle routing, deciding which driver will execute which
route is important once the routing plan is computed. Finally, we precise the equity metric and function.
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Figure 3.1: Data discovery and decision process

3.3.1 Data discovery and decision process

Our problem is defined on a planning horizon 7 = {1,...,T} of T periods. A set M = {my,...,mg}
of K drivers is available. We assume that drivers work at every period with identical vehicles of capacity
Q. In what follows, terms request, patient and customer will be used indifferently, and the same for the
terms period and day.

The problem is dynamic in the sense that requests are revealed day by day. The requests of the follow-
ing days are unknown. However, each daily routing problem is static as requests of a day ¢ are all known
before starting the day. Each day, two decisions have to be made, routing and assignment of routes to
drivers. They can be treated separately because vehicles are identical and drivers work every day. Figure
3.1 describes the data discovery and decision process. Iteratively for each day, the demand is revealed, the
vehicle routes are computed and the routes are assigned to drivers, until the last period is done.

The problem is bi-objective. The first objective is to minimize the total travel cost over all vehicles and
all periods. The second objective concerns equity and is detailed in Section 3.3.4. However, the dynamic
of the decision process imposes that a single solution is returned, providing all routing and assignments
decisions for all periods. The quality of this solution should then be evaluated according to these two
objectives.

In the next two subsections, we describe under which constraints are taken the two types of decisions
at each period: routing and assignment. We do not detail the objective functions that guide these decisions.
Indeed, this is part of the solution process and is explained in Section 3.4. Also, the way equity is considered
may imply limiting the search space. Again, it is related to the solution process and is detailed in Section
3.4.

3.3.2 Daily routing problem

In this section, we describe the problem that needs to be addressed to compute daily routes. Note that to
be rigorous, each data, set and variable related to customers should be indexed by the period. However to
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lighten the notation and as daily problems are solved separately, we remove the period index.

The problem consists in transporting patients between their home and hospital for appointments. We
consider a single hospital and a single depot located at the hospital (vg). We distinguish two types of
requests: inbound and outbound requests. Inbound requests consist in transporting patients from their
home to the hospital, while outbound requests consist in transporting patients from the hospital to their
home. We denote by '™ (resp., N ") the set of inbound (resp., outbound) requests and N' = N'+* UN .
We also equivalently denote N' = {1,...,n}, where the customer location of request i is v;. The trans-
portation network can then be represented by a complete graph G = (V, A), where V = {vp,v1,...,0,}
and A = {(v;,vj) | vi,v; € V, i # j}. A travel time ¢;; and a travel cost ¢;; are defined on each arc
(vi,vj) € A. In what follows, we set ¢;; = t;;.

With each request ¢ € N is associated a demand ¢; > 0, a release date r;, a due date d; and a service
time s;. The demand corresponds to the number of people involved in the request. The release and due
dates correspond respectively, to the time at which these people are available at the pickup node and,
the latest allowed arrival time at the delivery node. The service time is the time needed at the customer
location for pickup (inbound request) or drop off (outbound request).

Due to release and due date constraints and vehicle capacity, vehicles are enforced to come back
regularly to the depot; hence multiple trips are allowed. Each trip is allowed to mix inbound and outbound
requests. When leaving the depot (starting a new trip), a vehicle can either be empty (the trip will not
fulfill any outbound request) or not. If the vehicle is not empty, a constant pickup time Tp is counted,
before the vehicle can leave and after all release dates associated with the outbound requests served in
the trip are passed. When returning to the depot (ending a trip), a vehicle can again either be empty (the
trip did not fulfill any inbound request) or not. If the vehicle is not empty, a constant time 7p is counted
for drop-off. The daily time horizon is [0, T,42]. Vehicle routes consist of one or several successive trips,
starting and coming back to the depot.

The K routes computed when solving the daily routing problem at a given period should comply with
these constraints and serve all customers. With the objective of minimizing the total traveling time and
without considering equity, the problem has been introduced in Chapter 2 and called the Multi-Trip Vehicle
Routing Problem with Mixed Pickup and Delivery, and Release and Due dates (MTMPD-RD). Section 2.3
provides the mathematical formulation for the MTMPD-RD.

3.3.3 Assignment problem

Given a period ¢, once a set RE = {r’i, o ,rﬁ(} of routes is available, these routes have to be assigned
to drivers. As drivers are supposed identical, routes can indifferently be assigned to any driver without
impacting the routing cost. Each driver should be assigned to a route, and each route be assigned to a
driver. It can easily be described with a simple mathematical formulation.

Let us introduce decision variable '77'; , = lifroute r € R is assigned to driver my, € M, 0 otherwise.
The assignment problem on period ¢ can be defined with the following constraints:

d Atbp=1 Ymy, € M (3.1)
reRt

Z V=1 Vr e R (3.2)
miEM
Y5, € {0,1} Vte T,VreR! (3.3)
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Constraints (3.1) ensure that exactly one route from the routing solution of period ¢ is assigned to each
driver, while constraints (3.2) ensure that exactly one driver is assigned to each route. Constraints (3.3)
define the variables.

3.3.4 Equity metric and function

As mentioned in Section 3.2, the literature distinguishes two types of equity metrics (Matl et al., 2018). A
metric is said constant-sum if for any feasible solution, the sum of workload assigned to drivers remains
constant (e.g., number of customers served, total customer load served, total service time). Otherwise,
a metric is said variable-sum if the sum of workload assigned to drivers differs between solutions (e.g.,
routing cost/time).

The most studied metric in the literature is the routing cost which aims to propose equitable routes
in terms of cost or time for drivers. In this chapter, we rather consider a constant-sum metric. This is
less general, but easier. The case of variable-sum metrics is left for perspectives. Our metric concerns the
difficulties that might be encountered by drivers at patient homes when they help patients moving to the
vehicle or moving back home. We call it painfulness and denote it 7{. For a request i and a period ¢, 7!
is assumed to be defined based on factors, like the patient ages, their number, their mobility and the type
of residential building where they live. The more painful request i, the higher 7!. Discussing how these
values are set goes beyond this study. Note that this metric is a generalization of the number of customers
served.

The equity function that we use in our equity objective is the range, defined as the difference of
painfulness between the drivers with the maximal and the minimal cumulative painfulness over the T’
periods. This function evaluates equity on the complete time horizon. The possible unbalanced that may
be observed at some periods are not considered. However, in our experiments, we will also analyze how
the different methods behave with this regards (Section 3.6).

The range function is known to have some undesirable side-effects when combined with a variable-
sum metric (Matl et al., 2018). In our context, with a constant-sum metric, these effects are avoided.

3.4 Solution frameworks

An important feature to deal with in the solution frameworks is the bi-objective nature of our problem.
Indeed, the main purpose of these frameworks is to achieve the best possible compromise between routing
costs and equity. In all our approaches, we follow the same principle. While optimizing daily routes, the
objective is always to minimize travel cost. Inequity might be limited or not with a constraint, with
techniques depending on the approach (see Section 3.4.2). When assigning routes to drivers, travel costs
are known. The objective is always to minimize inequity. Remember that the problem being dynamic,
with the decisions made at a period implemented before the next period is started, it is not possible to
maintain a Pareto set along the decision process. Instead, at the end of each period, a routing plan and a
driver assignment are definitely adopted. So, at the end of the horizon, the solution is a unique sequence
of routing and assignment decisions.

In the first part of this section (Section 3.4.1), we present the strategy that we use to assign routes
to drivers after each daily routing problem solution. This strategy is shown to be optimal as long as the
objective of the assignment is to minimize unbalance. We call it BEA for Best Equity Assignment. Then,
in Section 3.4.2, we describe the different frameworks that we introduced to deal with equity in the daily
routing optimization. Finally, in Section 3.4.3, we complete the section with a solution scheme assuming
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perfect information of customer demand since the beginning of the first period. This scheme is introduced
to serve as a baseline.

Before describing the methods, we need to introduce new notation. The total painfulness of period ¢
is denoted IT* = 37, 7!. The total cumulative painfulness up to period ¢ is denoted '~ = "%, | TI¥.
The painfulness assigned to a driver my, on a past period ¢ is IT}. The cumulative painfulness assigned to

driver my up to period ¢ is denoted H,lf_” = Z§':1 Hg.

3.4.1 Best Equity Assignment strategy

The Best Equity Assignment strategy (BEA) is applied once vehicle routes are known at any period ¢.
We call R! these routes. As drivers are supposed identical and work every day, routes can indifferently
be assigned to any driver. We assign the most painful route to the driver with the smallest cumulative
painfulness up to period ¢ — 1, the second most painful route to the driver with second smallest cumulative
painfulness, and so on, to balance the cumulative painfulness up to period 7T'. Algorithm 3.1 describes this
strategy. Note that this assignment strategy was used in some of the benchmark policies proposed by
Wang et al. (2022).

Algorithm 3.1 BEA strategy

1: order routes in R by decreasing order of painfulness

2: order drivers in M by increasing order of cumulative painfulness H}CHF1
3. for k =1to K do

4 assign the k" route of R? to the k" driver of M

Proposition 2. The BEA strategy finds an assignment that is optimal with regards to the cumulative painful-
ness up to period t (included), given the cumulative painfulness up to periodt — 1 and the set of routes R'.

Proof. Without loss of generality, we assume that sets M and R are sorted according to the orders defined
in the BEA algorithm: increasing value of cumulative painfulness for M, decreasing value for R’. The
assignment of a driver d to a route r is denoted (d, ). The new cumulative painfulness of the driver after
this assignment is denoted I1(d, 7).

We consider an optimal assignment A. We assume that the first driver, driver m, is not assigned to
the first route, route R!. Then, driver m; is assigned to a route R’ with r > 1 and route R} is assigned to
a driver my with d > 1. We show that a new optimal assignment can be obtained by reassigning driver
my to route RY and driver m, to route RY. We call this new assignment A,

First, it is trivial that A’ is a valid assignment: All routes are assigned to a driver and all drivers to
a route. We show that transforming A in A’ does not increase the range. Because of the ordering of
sets M and R, we know that I1(1,1) > II(1,r) and II(d,r) > II(1,r). Also, II(1,1) < II(d,1) and
II(d,r) <1I(d,1).

We denote M and m the maximal and minimal driver painfulness after assignment .A. We denote M ~
and m~ these values when drivers mj and mg are removed from the driver set. We denote M’ and m’
these value after assignment A’.

We have M’ = max(M~,TI(1,1),1I(d,r)) < max(M—,II(d,1)) < M. Similarly, we know that
m’ = min(m~,11(1,1),1I(d,r)) > min(m~,II(1,7) > m. Then, m < m’ < M’ < M, which shows
that M —m/ < M — m.

A this stage, we known that there exists an optimal assignment with driver m; assigned to route Rf.
Considering this assignment and starting from driver mg, we can assume that driver my is not assigned to
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route R? (nor route R} that is linked to driver m;) and repeat the proof mechanism to obtain an optimal
assignment with driver m; assigned to route R}, and driver mq assigned to route R%. Progressively,
we obtain an optimal assignment with all drivers assigned to the route of same index, which exactly
corresponds to the assignment constructed using the BEA strategy. O

3.4.2 Solution frameworks

We propose 5 solution frameworks. Remember that the objective function in the daily routing problem
is always to minimize routing costs, and that the BEA strategy is always employed for the assignment of
routes to drivers. So, the frameworks only differ in the way equity is considered when solving the daily
routing problems. Below, we denote p, the decision variable expressing the painfulness allocated to route
k when solving the daily routing problem at period ¢.

Routing-First Equity-Second (RFES)

Vehicle routes are optimized without introducing any constraint on equity in the daily routing problem.
The rationale behind this framework is that the BEA strategy might be enough to ensure a balanced share
of painfulness at the end of the time horizon. This framework guarantees optimal routing costs.

Single-Period Constant Equity (SPCE)

When solving the daily routing problem at a period ¢, the average painfulness at that period is computed
and routes are only allowed a limited upper deviation from this value. The limit is the same for all routes.
The constraints imposed on variables p!, are:
Ht
ph < ax N VYmy, € M (3.4)

where %t is the average painfulness and « a parameter that controls the deviation (o > 1). The larger «,
the larger the allowed deviation. Note that, while the frameworks guarantees a limited upper deviation
at the end of the time horizon, it does not give any guarantee on the range. However, it is quite clear that
limiting the upper deviation also helps minimizing the range.

This framework is equivalent to what is very often used in the literature with “myopic” approaches.
Facing the double objective of minimizing routing costs and balancing the workload, a limited deviation
to the average workload is imposed. We call this framework the literature baseline.

Multi-Period Constant Equity (MPCE)

This framework extends SPCE by taking account of the painfulness assigned to the drivers at the previous
periods. At period ¢, the constraints imposed on variables p!, are:

H1—>t

ph < ax | P Vmy, € M (3.5)

_ . . . . 1ot .
H,lﬁ_” L. p}, represents the cumulative painfulness received by the driver, HT% is the average cumulative

painfulness. Again, this framework relies on a parameter «, with o > 1.
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Multi-Period Adaptive Equity (MPAE)

This framework generalizes MPCE. It allows changing the deviation limit at the different periods:

1=t
p}; < ay X - H}C%t*l VYmy € M (3.6)
with (a1, ..., ar) a sequence of parameters. It allows being more flexible on the first periods, relying on
the next periods to recover equity.
In our implementation of MPAE, sequence (a1, . .., ar) is defined thanks to two parameters: s and

Q. oy then decreases uniformly from ay at period 1 to «, at period T":

os —«Q
at:as—(t—l)Xﬁ (37)
Last-Period Adaptive Equity (LPAE)
This framework is a variant of MPAE with a different setting for sequence (o, . . ., ar). Here, parameters

o1 to ar_ are set to large values, so that the routes are not constrained. Then, a single parameter « is
used for the last period: a7 = a:

(a1,...,a7) = (+00,...,+00, ) (3.8)

In other words, framework RFES is applied for all periods except the last period, where the framework
MPCE is applied. As a consequence, the framework guarantees that optimal routing costs are found for
all periods except the last one.

3.4.3 Route planning and driver assignment with perfect information

For the purpose of evaluation, we propose another approach that we call Routing First Equity Second with
Perfect Information (RFESPI). It consists in solving all daily routing problems first without considering
equity, and then assigning routes to drivers for all periods minimizing the range.

In this approach, we assume that all requests of all days are known in advance, which is not compatible
with our decision process. So, it is not an acceptable solution framework. However, it can serve as a good
baseline for comparison. Indeed, the approach necessarily provides the minimal routing cost and, even if
it does not mathematically guarantee a lower bound on the range, it should give a good approximation
on the best range that could be achieved. In the Pareto front, it should thus provide a point that is not far
from the ideal point.

Given the solutions of all daily routing problems (R!, ..., RT), the assignment phase of the RFESPI
approach can be modeled and solved using a Mixed Integer Linear Program (MILP). The decision variables
are reported in Table 3.1.

The assignment MILP is defined as follows:

minimize 1L, — Inin (3.9
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Table 3.1: RFESPI assignment decision variables

Variables

’y;k € {0,1} equals 1 if route r € R is assigned to driver m; € M at period ¢, 0 otherwise

ILnin >0 equals to the minimal cumulative painfulness among the drivers
L0z >0 equals to the maximal cumulative painfulness among the drivers
subject to
d Alp=1 Vte T, Vm, € M (3.10)
reR?t
Z Ye=1 Vte T, VreR (3.11)
mpEM
SN e x Al = oin Vmy, € M (3.12)
teT reRr?
SN e xAhg < Minaa Vmy € M (3.13)
teT reR?
Yp, € {0,1} Vte T, Ymp € M, Vr € R (3.14)
Hmin >0 (3'15)
gz = 0 (3.16)

with 7, the painfulness of route r.

The objective function (3.9) minimizes the range. Constraints (3.10) and (3.11) ensure that for each
period, a driver is assigned to exactly one route and a route is assigned to exactly one driver. Constraints
(3.12) and (3.13) guarantee that the total cumulative painfulness assigned to a driver is bounded by the
minimal and maximal amount of painfulness assigned to drivers. Constraints (3.14) to (3.16) define the
variables.

3.5 Solution of the daily routing problem

As seen in Section 3.4, the daily routing problem can be solved with or without equity constraints. When
solved without equity constraints, the problem is a MTMPD-RD and is solved using the branch-and-price
algorithm provided by Agius et al. (2022). When adding equity constraints, the algorithm needs some
adjustments. With the constraints introduced in our solution frameworks, we face two cases: equity
constraints in which the equity upper bound (right-hand side of the constraint) is driver-independent and
equity constraints in which it is driver-dependent. SPCE belongs to the first category, other frameworks
(MPCE, MPAE and LPAE) to the second.

In Section 3.5.1, we briefly describe the branch-and-price algorithm without equity constraints. The
purpose is not to give a complete description of the algorithm, readers are referred to Agius et al. (2022)
for that. Instead, we briefly present the main components of the algorithm, that are the master problem,
the labels defined in the pricing problem and the dominance rule. We do not detail the branching scheme,
which is not impacted by equity constraints. Then, in Section 3.5.2 (resp., Section 3.5.3) we explain how the
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algorithm is adapted to driver-independent equity constraints (resp., driver-dependent equity constraints).
In the section, index ¢ is omitted for the sake of a better readability.

3.5.1 Branch-and-price algorithm for the MTMPD-RD

The MTMPD-RD is formulated as a set partitioning problem (Agius et al., 2022) where {2 denotes the set
of feasible routes, ¢, is the cost of a route and a is a binary indicator of requests served in routes:

min Z cr Oy (3.17)
re)
subject to
> ajf, =1 Vie N (3.18)
reQd
Z@T <K (3.19)
reQ)
0, €N Vr e Q (3.20)

Decision variable 6, indicates if a route is selected or not in the solution.

Column generation is used to solve the linear relaxation of this formulation and is embedded into a
branch-and-price algorithm. The master problem is obtained from (3.17)-(3.20) by relaxing constraints
(3.20). Let \; be the unsigned dual variable associated with Constraint (3.18) for i € N and Ay < 0 be the
dual variable associated with Constraint (3.19). The aim of the pricing problem is to find new routes with
negative reduced costs. The reduced cost of a route r € €} is:

Cr = Cp — (Z CL:)\Z> — Xy = Z bgj (Cij — )\j) + Z b;’OCio — X (3.21)
(vivvj)

ieN €Aw;F#vo (viyvo)EA

with b; = 1 if arc (v;, v;) is traversed in route 7.

The pricing problem is solved with a dynamic programming labeling algorithm. In the algorithm, a
label L represents a path P starting at depot vy and combining several pickup and delivery trips. It is
defined by a vector L = (v, ¢,t,1,q,4, R ={R1,...,R,}) of size n + 6.

The first three resources are classic, v is the last node visited, ¢ is the current reduced cost of P, and ¢
is the time at which node v is left. Next resources are specific to the MTMPD-RD. Resource ! is the latest
time allowed to be back to the depot to satisfy due dates of inbound requests served in the current trip.
Resources ¢ and ¢ allow managing the capacity constraint in presence of inbound and outbound requests.
The reachability vector R is defined with three possible states for each request: (i) R; = C if v; is reachable
in the current trip (ii) R; = N if v; is unreachable in the current trip because of resource constraints but
is reachable in the next trip (iii) R; = U if node v; cannot be reached anymore in the route.

The labelling algorithm consists in extending labels starting from the depot. When a label is back to
the depot, it corresponds to a complete route. Such a route can be added to the master problem (if its
reduced cost is negative) or extended again as multi-trip is allowed. Label initialization and extension
rules are not described here. We simply remind the dominance rule. Given two labels L' and L?, L!
dominates L? if:

el =2 <A <2 E>2 <G <
e foreveryi € N:if R? = C, then R} = C and if R? = N, then R} € {C, N}
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3.5.2 Adaptation of the branch-and-price algorithm for driver-independent equity con-
straints

In the driver-independent case, solving the routing problem for a period ¢ requires to solve a MTMPD-RD
with route painfulness limited to a given threshold 7,,4.

The only impact in the master problem is that set €2 is more restricted. Routes with a painfulness
larger than 7,,,,, are not eligible anymore. This limitation has to be managed by the pricing problem to
avoid generating routes with an excessive painfulness. It is simply achieved with an additional resource.

We call this resource 7. It stores the total painfulness of home pickups or deliveries that have been
performed in the trajectory of the label. When creating a new label, resource 7 is initialized to 0. When
a label is extended to a customer node v;, the resource is updated: @ < 7 + ﬂf; otherwise it is not. If
exceeds T qz, the label is discarded. Finally, the dominance rule is modified. A label L' can only dominate
alabel L2 if 7! < 72, in addition to the conditions of the initial dominance rule.

3.5.3 Adaptation of the branch-and-price algorithm for driver-dependent equity con-
straints

With driver-dependent constraints, the limit of painfulness varies between drivers within a same period.
Hence, a route can be valid for a driver but not for another driver. Limiting set 2 is not enough. The
intuitive way to tackle this difficulty would be to introduce a subset 2;; C €2 of eligible routes for each
driver, which would result in the new master problem:

min Z Z O (3.22)

mpeEMreQy
subject to
Z Z al O =1 Vie N (3.23)
mEEMreQy
Z Orr =1 VYm € M (3.24)
reQg
Orr >0 VYmy € M,Vr € Qy (3.25)

Then, a pricing problem should be defined individually for each driver and solved exactly as explained
in Section 3.5.2, with Ao being replaced by the appropriate dual variable from constraints (3.24) and the
painfulness limit being set to the appropriate value. In order to avoid having to solve K pricing problems
at each iteration of the column generation algorithm and to limit symmetries in the master problem, we
propose an alternative formulation.

For that formulation, we first need to partition drivers into groups having equivalent cumulative
painfulness. Hence, drivers are split into L groups, denoted g;, with K drivers of equivalent painfulness
limit 7!
order of painfulness limits. Hence, drivers of group ¢; are the more restrictive and only accept routes

in group g;. Without loss of generality, we assume that groups are indexed in the increasing

with small painfulness, while drivers of group g7, can be assigned the more painful routes, as long as this
painfulness does not go beyond 7% . Then, the master problem can be written:

min Z cr0, (3.26)

ref)
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subject to
> ajf, =1 Vie N (3.27)
reQd
Z@r <K (3.28)
req)

L
Y 6<) K Vi€ {2,... L} (3.29)

TEQ:Trr>7r£,:a1w U=l
0, >0 Vr e Q (3.30)
Constraint (3.29) can easily be explained for [ = L. Only the drivers of group g;, are allowed to have a
route with workload larger than the limit of group gz _1. So, at most K, routes exceeding m%~1 can be
selected:
> 6 <KL (3.31)
reum >
Similarly, at most K1 + K, routes exceeding 7%~2 can be selected:
Z 0, < K;_1+ K, (3.32)
rEQ:ﬂ’r>7r7[;l£3
The generalization to any [ € {2,..., L} follows. Other constraints are not changed. Set (2 is restricted

L

to routes with a painfulness not larger than 7 ..

Because constraints (3.27) and (3.28) remain unchanged, there is still one unsigned dual variable \;
per patient and one non-positive dual variable Ay for the limit on the fleet size. The new set of constraints
(3.29) implies L — 1 new non-positive dual variables, A} for [ € {2,..., L}.

The reduced cost of a route 7 becomes:

G =cr — (Z a;AZ) — o — > AL (3.33)

iEN 1e42,...,Lyimhas <mr

Equivalently,

Cr = S bl =MD b | — > AL = Ao (3.34)

(vi,v5)€Aw;Fvo (vi,v0)EA 1e{2,....L}y:mbd <,

Finding new routes with negative reduced cost can still be achieved solving the pricing problem as
defined in Section 3.5.1 with an additional resource 7 for painfulness. The way 7 is managed in the
dynamic programming algorithm is however a little bit more tricky than in Section 3.5.2.

When creating a new label, resource 7 is initialized to 0. When a label is extended to a customer node
v;, the resource is updated: 7 < 7 + 7. Furthermore, if this update implies that 7 crosses threshold

-1

-1 for a given [, the dual variable \) is subtracted from resource c (the resource that computes the

i
reduced cost). Note that this dual variable being non-positive, it remains desirable to have a small value
for resource 7 and the dominance rule remains valid. A label is discarded if 7 exceeds 7% ...

When a new route with negative reduced cost is found, it is only added to Constraints (3.29) for values

of | allowed by its painfulness: 7, > 7~
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3.6 Computational experiments

In this section, we describe our computational experiments and discuss the results. This section is orga-
nized in three parts. First, we describe the 30 benchmark instances that we introduced. Second, we report
the computational results and compare the different frameworks through several measures: (i) feasibility,
(ii) trade off between equity and cost, (iii) daily equity and evolution of equity along the time horizon, (iv)
computing times. Finally, we summarize the main findings.

All algorithms are implemented in the C++ programming language, and linear programs are solved
using the commercial solver IBM CPLEX 12.9. Experiments are executed on a computer with a 3.6 GHz
CPU and 32 GB of RAM computing on Windows 10. All computational times are given in seconds. Unless
explicitly indicated, the computational time is limited to 600 seconds for each daily routing problem and
for the RFESPI assignment MILP. However, if neither a feasible solution is found nor infeasibility is proven
within 600 seconds, the algorithms keep computing until one of those occurs. For all instances, we apply
the 6 solution frameworks presented in Section 3.4 with the following parameter values:

e RFESPI: no parameter

e RFES: no parameter

SPCE: o € {1.1,1.08,1.06,1.04,1.02,1.01}

MPCE: o € {1.1,1.08,1.06,1.04,1.02,1.01}

o MPAE: a; = 1.1 and . € {1.08,1.06,1.04,1.02,1.01}

LPAE: o € {1.1,1.08,1.06,1.04,1.02,1.01}

This gives us a total of 25 runs per instance, that is, a total of 750 runs. As for MPAE, coeflicient a4
is set to 1.1 for all runs, from now we use indifferently terms a, and « to simplify the notation. Also,
from now we call a pair p = (A, «), the combination of an approach A with a parameter value «. For
RFESPI and RFES that do not require a parameter «, we denote p = (RFESPI,—) and p = (RFES, —)
respectively.

3.6.1 Generation of instances

Experiments were conducted on a benchmark of realistic instances extracted from the city of Aix-en-
Provence, France. The road network of the city is extracted from OpenStreetMap. We first generated 10
instances. Each instance is composed of 20 periods of 50 requests and corresponds to a time horizon of
a month (assuming that drivers work 5 days a week). Generating these instances implied generating 200
MTMPD-RD instances. We actually generated 200 sets of customer requests. All other parameters are the
same in all daily routing problems of all instances, except the fleet size, which was set as explained below.

Given any instance and any period ¢, the depot is the Public Hospital of the city. Customer locations
are selected randomly and uniformly. However, they are more likely to be selected in urban areas than in
the countryside as we use a real road network and the denser an area is, the more nodes it contains. The
probability that a request is inbound is fixed to 50%. The demands are unitary: they correspond to the
transportation of single patients from or to the hospital. The daily time horizon is set to [0 min., 240 min.]
corresponding to a working period of 4 hours. Pick-up and drop-off times at the depot (Ip and Tp) are
fixed to 3 minutes, as well as service times at customer locations. Vehicles are minivans of capacity
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4. Release and due dates are generated to ensure an acceptable ride time for customers that is, the time
needed for a direct ride between pickup and drop-off locations plus 20 minutes. For a complete description
of the generation of MTMPD-RD instances readers are referred to Agius et al. (2022).

The painfulness of a request 7! is a value selected uniformly in set {0, 1,2, 4, 8}. Value 0 corresponds
to an easy request and 8 to a hard one. A logarithmic scale is used to better differentiate requests.

To determine the fleet size K of an instance, we first compute the minimum number of vehicles K*
needed at each period t. To do so, we repeatedly solve each daily routing problem with the branch-and-
price algorithm, without equity constraints and with decreasing limits on the number of vehicles, as long
as the daily routing problem is feasible. It gives K. Then, the fleet size is set to K = maxe(y,.. 1y K fIt
guarantees that the daily vehicle routing problems are all feasible, without overestimating too much the
number of available vehicles.

From those 10 instances, we deduced 10 instances of 10 days (two working weeks) and 10 instances
of 5 days (one working week) by selecting the 10 (resp., 5) first days of the 20-days instances. Fleet sizes
are set to the maximal value of K* on the appropriate subset of periods.

It finally gives us 3 sets of instances and a total of 30 instances. Instance sets are named St and
instances I7/; where, T' € {5,10,20} corresponds to the number of periods in the instance and i €
{1,...,10} corresponds to the instance ID.

3.6.2 Feasibility

Enforcing the equity too strictly with equity constraints sometimes prevent from finding a feasible solution
(in at least one period of the horizon). Tables 3.2, 3.3 and 3.4 show the number of feasible solutions found
for each set of instances by RFESPI and RFES, SPCE and MPCE, MPAE and LPAE, respectively.

Table 3.2: Feasibility of RFESPI and RFES frameworks

Approach RFESPI | RFES
#feas inst for T =5 10 10
#feas inst for T" = 10 10 10
#feas inst for T = 20 10 10
#feas inst total 30 30

Table 3.3: Feasibility of SPCE and MPCE frameworks

Approach SPCE MPCE
« 1.1 108 1.06 1.04 1.02 101 |11 1.08 106 1.04 1.02 1.01
#feasinstforT'=5 | 10 10 10 5 0 0 10 10 10 8 1 0

#feas inst for T =10 | 10 10 9 2 0 0 10 10 10 8 0 0
#feasinstfor 7'=20 | 10 10 8 1 0 0 10 10 10 8 0 0
#feas inst total 30 30 27 8 0 0 30 30 30 24 1 0
95/180 115/180
Table 3.4: Feasibility of MPAE and LPAE frameworks
Approach MPAE LPAE
afae 1.08 1.06 1.04 1.02 101 | 1.1 1.08 106 1.04 1.02 1.01

#feas inst for 7' = 5 10 10 10 10 9 10 10 10 10 10 9
#feas inst for T = 10 10 10 10 10 10 10 10 10 10 9 9
#feas inst for 7' =20 | 10 10 10 10 10 [ 10 10 10 10 10 10

#feas inst total 30 30 30 30 29 30 30 30 30 29 28
149/150 177/180
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Instances were generated in a way that ensures feasibility when equity is ignored. Table 3.2 confirms
that solutions are found for all instances for frameworks RFESPI and RFES, in which the daily routing
problem is not constrained by equity.

Table 3.3 shows that feasibility with SPCE and MPCE frameworks is widely impacted by «. SPCE is
driver-independent that is, for a given period all drivers have the same equity constraint. Results show
that when « is small, the constraint can be too restrictive and makes the problem infeasible. Indeed, only
8 out of 30 feasible solutions are found when o = 1.04, and 0 when o < 1.02. Without surprise, the
larger the number of periods, the larger the risk that a period does not admit a feasible solution. MPCE is
driver-dependent, hence equity constraints are adjusted everyday and for every driver. This approach is
more flexible: at a given period, solutions with only a few maximally-constrained routes could be feasible.
Indeed, routes that are more painful can be assigned to drivers that received less than the average of
painfulness in previous periods. When o = 1.04, feasible solutions are found for 24 instances. MPCE
however still fails for most instances when o < 1.02.

Table 3.4 shows the effectiveness of MPAE and LPAE frameworks to ensure feasibility. For MPAE
even when a is set to a very constraining value (e.g. 1.02 or 1.01), daily routing problems are not very
constrained for most periods, and solutions are found for most instances: only one instance out of 30 has
no feasible solution when a, = 1.01, 0 for larger values of .. Note that with « = 1.01, MPAE finds
solutions for 9 instances out of 10 when 7" = 5, against 10 when 7" = 10 and 7" = 20. This results might
look counter intuitive because with more periods, instances look more likely to contain an infeasible
period. The fact is that the risk only applies to a few periods; so, for MPAE, the chance to get a feasible
solution does not necessarily depend on the number of periods. As MPAF, LPAE allows finding feasible
solutions for most instances (177 out of 180). Furthermore, the larger the number of periods, the larger the
absolute gap allowed for a given value of o, because the total painfulness increases. In LPAE, unfeasibility
can only occur at the last period. Results show that the risk of unfeasibility is slightly increased compared
to MPAE. Probably, drivers reach the last periods with more contrasted levels of painfulness and it is
harder to reach a very tight balance.

3.6.3 Trade-off between equity and cost

Figures 3.2, 3.3 and 3.4 show the trade-off between equity and cost using the different frameworks, for
instances with 5, 10 and 20 periods respectively. Each point corresponds to a pair (A, o) and is located as
explained below.

The x-axis corresponds to the average increase (in %) of travel cost against the optimal cost without
equity (obtained by RFES and RFESPI). Precisely, let C'(1, A, «) denote the total travel cost obtained with

framework (A, ) on instance I. The cost increase is C([’Aé‘?}}%ggljfs’_) x 100. The abscissa for frame-

work (A, a) is set to the average cost increase on the instances for which a feasible solution is found (out
of the 10 instances) using this framework.
The y-axis corresponds to the average value of the range (in %) against the average total painfulness.

Precisely, let R(I, A, ) be the range obtained with (A, «) on instance I, and K (I) be the fleet size. The
R(I,A,x)
T—=T/K(I)
Note that these figures hide the fact that some frameworks hardly find feasible solutions. This issue

was discussed in the previous section. The figures are also somehow biased because points are not always

ordinate is the average value of x 100 on the instances for which a feasible solution is found.

averaged on the same subset of instances. Many interesting comments can however be made from these
figures. Below, we review the frameworks one by one.

The RFES framework preserves optimal routing costs. However, results show that applying the BEA
strategy for route assignment is not enough to guarantee equity. A range of 14% on average can be
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observed for 5-days instances. It is however interesting to see that this value quickly decreases when the

R(I,AQ)

Indeed, R(I, A, ) should not really be impacted by the size of the horizon, K (I) should only be slightly
increased when the horizon increases, while IT' 77 is typically proportional to the size of the horizon.

horizon length increases. It can easily be explained when looking at the ordinate value

RFESPI shows on the contrary very small ranges, not far from 0. And, similarly to RFES, it guarantees
optimal travel costs. It proves that it is theoretically possible to obtain very well-balanced driver’s plan-
nings at no cost. The gap in equity between RFES and RFESPI justifies the search for other frameworks,
both efficient on cost and equity (recall that RFESPI is not applicable in practice).

The literature baseline SPCE is not completely satisfactory with this regards. It allows reaching ex-
cellent values for the range, not far from zero nor RFESPIL, but with a clear impact on travel costs. Before
entering into details, the figures need some clarifications. For this framework, only four points can be
found on each figure. They correspond to the four values of « that allow finding solutions (see Section
3.6.3): 10%, 8%, 6%, 4%. The smaller «, the larger the cost increase, i.e., the further to the right on the
figure. The figures show that small values « result in important cost increases, in addition to the risks of
infeasibility already observed. However, a very interesting finding is that relatively large values (« set to
10% or 8%) still allow reaching very good ranges (less than 1% on average for the longer horizon), while
with these values the cost increases are limited (around 1 to 2 %). It shows that the SPCE framework set
with an overestimated limit « enables finding feasible, cost-efficient and well-balanced solutions.

MPCE has the same feasibility issues as SPCE, and, so, points are also missing on the figures for
small values co. MPCE shows an excellent behavior with regards to travel costs, which are very slightly
increased. However, it is not very successful regarding equity. Range are much larger that those obtained
with SPCE, and not clearly improved against RFES. This discredits the use of this framework.
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With MPAE, the feasibility issue is fixed and points are reported on the figure even for very small
values of « (a« = 1%). Whatever the value of «, travel costs are very close to the optimal reference value.
Regarding equity, the behavior is relatively similar to that of MPCE. However, the fact that very small
values can be chosen for a allows achieving very small ranges, i.e., ranges that are almost as good as those
obtained with the literature baseline SPCE.

LPAE exhibits a behavior that is very close to MPAE, with a cost increase that is even more limited.
Both frameworks are excellent when « is small. This observation might look surprising, seeing that LPAE
is basically the same as RFES, except at the last period. It is another very interesting finding of this work
that the BEA assignment strategy is not enough to achieve equitable routes, but it suffices to set a strong
equity constraint at the last period to reach this goal.

3.6.4 Daily equity and evolution along the time horizon

Results reported in Section 3.6.3 analyze how the different frameworks behave with regards to the range
along the whole horizon. Though considering equity with a medium-term perspective is the key topic
of this work, it is still relevant to check how they preserve equity on the short term. In this section, we
analyze daily equity and the evolution of equity along the time horizon, for the different frameworks. For
the sake of conciseness, we limit this study to the 5-days instances.

Daily equity is measured as the range on a given day, i.e., the difference between the most painful and
the least painful routes. The evolution of equity along the horizon is measured seeing how the range of
accumulated painfulness evolves as periods go. This measure, up to a given period, is called accumulated
range. Given a framework (A, @), an instance [ and a day ¢, we denote R(/,t, A, ) the daily range and

R(I,1 —t, A, o) the accumulated range up to day t. The reported daily range (resp., accumulated range)
R(I1,t,A,a) R(I,1—-t,A,a)
1t/ K (1) =t /K (1)

for which a feasible solution is found.

is then the average value of x 100 (resp., the average value of % 100) on the instances

Figure 3.5 shows the average daily equity measure on every days of the 5-days horizon. A single value
of parameter « is kept for each framework. We arbitrarily choose the smallest value of « for which at
least 5 out of 10 instances are feasible. Hence, the selected frameworks are (RFES, —), (SPCE,1.04),
(MPCE,1.04), (MPAE,1.01) and (LPAFE,1.01). Figure 3.6 shows the evolution of the accumulated
equity period per period, on the same instances and with the same frameworks. Note that the equity
measures reported on the first periods (resp., last periods) of Figure 3.6 exactly correspond to the equity
measures reported on Figure 3.5 (resp., Figure 3.2).

The figures show that frameworks RFES and LPAE induce very unbalanced routes at each period. The
range is consistently larger than the average painfulness, and goes up to 150% of this value. This strong
inequity can be detrimental to framework LPAE, even though this framework allows an excellent equity
among drivers at the end of the horizon.

Imbalances can also be observed for framework MPAE, but at a much lower level. The graph reported
in Figure 3.5 shows a behavior that might look unexpected at first sight, but that can actually be explained.
The graph is the result of two opposite effects. First, the daily range is limited according to the accumulated
painfulness. At a given period, the accumulated painfulness is approximately the period number multi-
plied by the average painfulness per period. So the daily range is less and less constrained. Consequently,
the graph is prone to increase period by period. This effect also exists and can very clearly be observed
for framework MPCE. Second, the value of parameter o decreases period per period, which compensates
the previous effect. The combination of these two effects make the daily equity first increasing and then
decreasing.
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As expected, the literature baseline, SPEC, is the most efficient framework to preserve equity at each
period. Very limited inequities are observed on every period. It gives a clear advantage to this framework
if limited daily unbalances are preferred.

3.6.5 Computing time

Frameworks SPCE, MPCE, MPAE and LPAE (at the last period) imply managing a resource constraint
in the daily routing problem. It results in a new resource in the pricing problem, which is known to
weaken dominance rules and could thus increase the combinatorial explosion. Furthermore, frameworks
MPCE, MPAE and LPAE (last period) embed a more complex master problem, required to deal with driver-
dependent inequity thresholds. In this section, we measure the impact of these changes on computing
times. Tables 3.5, 3.6 and 3.7 show the average computing time for each set of instances for frameworks
RFESPI and RFES, SPCE and MPCE, MPAE and LPAE respectively. Times are expressed in seconds and
only take into account feasible instances.

Table 3.5: Computing times for RFESPI and RFES frameworks

Approach RFESPI | RFES
avg computing time for 7' = 5 185.6 18.6
avg computing time for 7' =10 | 403.0 | 40.7
avg computing time for 7’ = 20 | 449.0 | 118.4

Table 3.6: Computing times for SPCE and MPCE frameworks

Approach SPCE MPCE
« 1.1 1.08 1.06 1.04 102 1.01 1.1 1.08 1.06 1.04 1.02 101
avg computing time for 7' =5 | 185.8 221.7 220.6 179.1 - - 99.8 102.1 609 884 1763
avg computing time for 7= 10 | 395.0 4353 411.7 361.9 - - 140.3 136.2 1004 131.4
avg computing time for 7" = 20 | 837.9 923.1 11535 917.0 - - 269.3 2595 2184 2954

Table 3.7: Computing times for MPAE and LPAE frameworks

Approach MPAE LPAE
ajae 1.08 1.06 1.04 102 1.01 1.1 1.08  1.06 1.04 1.02 1.01
avg computing time for 7'=5 | 101.1 102.0 101.8 146.7 187.2 | 21.6 217 221 225 293 935
avg computing time for 7' =10 | 135.7 1393 1364 1439 159.8 | 44.8 444 457 454 48,6 679
avg computing time for T =20 | 268.9 261.5 266.7 2663 294.1 | 121.0 1209 121.1 121.0 1208 1225

From Table 3.5, one can see that the RFESPI approach requires much more time than RFES, although
they solve the same routing problems everyday. The additional time is due to the solution of the assign-
ment MILP. This formulation permits to find fast feasible solution but proving optimality is hard, hence
the solving often reaches the 6 minutes of time limit.

As expected, Tables 3.6 and 3.7 show that the constrained frameworks (SPCE, MPCE and MPAE) re-
quire much more computing time than RFES. However, the average computing time with SPCE is roughly
4 times bigger than with the driver-dependant approaches, for the largest instances (1" = 20). This can
be explained by the fact that bounds are more constraining in SPCE. For LPAE, the computing time is less
impacted as only the last period involves equity constraints.

Note that the value of o does not seem to have a clear impact on computing times. One can find a few
discrepancies in the tables, but only for cases where few instances are solved (e.g., MPCE with oo = 1.02).
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3.6.6 Synthesis: main findings

Table 3.8 summarizes the pros and cons of the five solution frameworks proposed in this chapter. The
quality of these frameworks is assessed with regards to the six KPIs (Key Performance Indicators) studied
in our experiments:

e Feasibility: Is the framework always successful in returning a solution?
e Travel cost: Does the framework finds solutions with minimal travel costs?

e Medium-term equity: Does the framework return solutions with a strong equity among drivers in
the medium-term?

e Daily equity: Does the framework return solutions with a strong equity among drivers on each day?
e Computing times: Does the framework cause a computing times increase?

e Coding burden: Which additional components need to be introduced in the daily routing optimiza-
tion?

Table 3.8 reports qualitative information for the six KPIs. The terms used in the table are somehow arbi-
trary but aim at reflecting the conclusions drawn through the experiments and developed in the previous

sections.
Table 3.8: Pros and cons of the different frameworks
Framework | Feasibility Travel cost Medium-term eq. Daily eq. Computing time Coding burden
RFES always feasible optimal weak weak not increased no impact
SPCE good for large @« good for large @ excellent for all a excellent large increase equity constraint
MPCE good for large @« good for large @ weak medium moderate increase  driver-dependent equity constraint
MPAE excellent excellent excellent for small @ medium moderate increase  driver-dependent equity constraint
LPAE excellent excellent excellent for small @ weak small increase driver-dependent equity constraint

The first clear conclusion with this synthesis is that applying the BEA strategy is not enough to achieve
equity among drivers (RFES framework). Also, framework MPCE does not show any clear advantage
against other frameworks. On the contrary, frameworks SPCE, MPAE and LPAE all have strengths and
weaknesses, and could be considered as the best framework depending on the context.

3.7 Conclusion

Equity in vehicle routing has shown a growing interest in the last two decades. While the majority of
existing studies consider equity on a daily basis, in this chapter we deal with workload equity in vehicle
routing over a planning horizon of several periods. The studied problem is dynamic, in the sense that
requests are revealed period per period. The equity metric used in our paper is said constant-sum which
means that for any feasible solution, the sum of workload assigned to drivers remains constant. The
studied routing problem is motivated by healthcare logistics.

In order to balance equity between drivers over the whole planning horizon while minimizing the
total travel cost, we propose five frameworks. Namely, Routing-First Equity-Second (RFES), Single-Period
Constant Equity (SPCE), Multi-Period Constant Equity (MPCE), Multi-Period Adaptive Equity (MPAE),
and Last-Period Adaptive Equity (LPAE). These frameworks are compared to a reference framework, called
Routing First Equity Second with Perfect Information (RFESPI). It tries to ensure a perfect equity over the
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whole time horizon where all requests of all days are supposed to be known in advance. A dedicated
branch-and-price algorithm is used to solve the daily routing problem and is adapted for the different
solution frameworks.

From our experiments, we can derive several conclusions. We show that the RFES framework does
not necessarily allow to balance the workload over the time horizon. The unbalance reduces when the
time horizon is longer. We show that frameworks SPCE, MPAE and LPAE have different strengths and
weaknesses. The MPCE framework does not show any clear advantage against other frameworks. Table
3.8 summarizes the advantages and the drawbacks of the different frameworks.

This chapter is one of the first works investigating equity in vehicle routing over a time horizon of
several periods. We believe it opens up different research directions. The first straightforward perspective
is to consider that the workload depends on the driver. In fact, in some applications, the painfulness of a
request can depend on the driver skills, characteristics or preferences. This will have an important impact
on the characteristics of the metric and the solution approach of the daily problem. A second perspective
would be to address the studied problem with a variable-sum metric (such as route cost or duration). This
will have an important impact on the way the work balance is calculated and the way the daily problem
is solved. A last perspective of this work would be to address the stochastic version of this problem by
considering a stochastic demand. It falls within the continuity of the work of Wang et al. (2022). This
problem is very challenging. One of the main challenges is to adapt the proposed frameworks and to
develop efficient exact solution methods for the daily routing problem.
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Workload equity for a routing problem with a
variable-sum equity metric

Chapter 2 introduces the Multi-Trip Vehicle Routing Problem with Mixed Pickup and Delivery, and Re-
lease and Due dates (MTMPD-RD), a routing problem motivated by the non-emergency transportation of
patients and solved by branch-and-price solution method. Chapter 3 provides the multi-period version of
the problem in which we consider equity for drivers regarding the painfulness of work, a constant-sum
metric. In this chapter, we study the MTMPD-RD with equity constraints on the routing cost, which is a
variable-sum metric. This study is relevant because a variable-sum metric covers several classical objec-
tive functions related to the route design (travel time, working time, fuel consumption...). Moreover, the
variable-sum metrics are challenging objectives as their modeling requires non-linear formulations.

Equity is ensured with constraints limiting the deviation of each route cost from the average route
cost. This constraint is the variable-sum version of the equity constraint considered in the daily routing
problem of SPCE approach of Chapter 3. We show that the straightforward set partitioning formulation
can not be solved efficiently by the standard branch-and-price approach. Instead, we propose two solution
methods.

First, we propose a heuristic algorithm based on a dichotomic search where at each step, a simplified
version of the problem is solved and the structure of the solution guides the search for the next step. Our
algorithm is heuristic, since the wrong search space alternative may be selected in some cases. If such
cases are not met, our approach can prove optimality.

Our second approach is exact. It is a branch-and-price algorithm based on a new model where the
variables (columns) are indexed by a route and a driver.

Both the heuristic and the branch-and-price algorithm are tested on instances derived from Chapter
2 involving 10 and 25 customers, also the heuristic is tested on the 50-customers instances. The cost
of equity is evaluated. The branch-and-price algorithm shows on small instances that there exist equi-
table solutions with a very low impact on the cost. The heuristic provides very good solutions; in many
instances, it proves the optimality of the solutions.
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4.1 Introduction

The vehicle routing literature is rich, and many variants are derived from real-life applications. Among
the most emerging variants, equity has gained interest in the last two decades (Vidal et al., 2020). Efficient
solutions are usually not equitable. Hence, the challenge is to dispatch fairly workload among drivers
limiting the impact on the total cost.

Considering equity in a routing problem requires making some important modeling choices. First,
one needs to decide on the workload to balance fairly. We call it the equity metric and we distinguish
two families. An equity metric is said constant-sum if, for any feasible solution, the sum of workload
assigned to drivers remains constant (e.g., number of customers served, total customer load served, service
time). Otherwise, a metric is said variable-sum if the sum of workload assigned to drivers differs between
solutions (e.g., routing cost/distance/time). In this chapter, we study the routing cost.

The second important modeling choice is the way equity is measured. In the literature, equity is
usually measured with an inequality function to minimize (called equity function or equity measure) and
is combined with the min-cost objective. Equity can also be handled with constraints while minimizing
only the routing cost. This approach has rarely been investigated in the literature despite its relevance.
Hence, we opt for constraint-based modeling.

The proposed equity constraints consist in limiting the deviation of each route cost from the average
route cost. This constraint is the variable-sum version of the equity constraint considered in the daily
routing problem of SPCE approach of Chapter 3. These constraints are more difficult to manage in the
variable-sum version as the average route cost is unknown and depends directly on the solution (it is
not mean-preserving). We use a test-bed problem selected in the field of healthcare logistics, the Multi-
Trip Vehicle Routing Problem with Mixed Pickup and Delivery, and Release and Due dates (MTMPD-RD)
presented in Chapter 2 (and in Agius et al. (2022)). We call the derived problem, the MTMPD-RD with
workload equity and denote it as MTMPD-RD-WE.

We propose two solution methods to solve the MTMPD-RD-WE, a heuristic algorithm and an exact
solution. The former is based on a dichotomic search where at each step, a simplified version of the
problem is solved; the structure of the solution guides the search for the next step. Although heuristic,
the algorithm proves optimality in some specific cases. The latter is a branch-and-price algorithm. The
particularity of the method is that columns in the column generation are indexed by route and driver
which require adaptations at each level of the algorithm: the master problem, the column generation, the
pricing problem and the branching rules.

The contributions of this chapter are threefold. First, we model workload equity with a constraint-
based approach that is original regarding the literature. Second, we propose two original solution methods
to manage the equity constraints, a dichotomy-based heuristic and an exact method. Computational ex-
periments on realistic instances are conducted to evaluate the impact of the proposed approach to deal
with equity on routing costs.

The chapter is organized as follows. Section 4.2 reviews the related literature. Section 4.3 describes
the problem, first it provides a reminder of the MTMPD-RD, second it describes how equity is measured.
Section 4.4 describes the proposed solution methods. First, it shows that the straightforward set parti-
tioning formulation cannot be solved efficiently by the standard branch-and-price approach. Then, the
two solution methods are explained. Section 4.5 details the experiments and discusses obtained results,
particularly we study the impact of equity on the routing costs. Finally, Section 4.6 concludes this chapter,
summarizing our findings and suggesting possible extensions to this work.
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4.2 Literature review

In this section, we review the relevant literature in three parts. First, we review the main contributions
to workload equity in VRP. Then, we review constraint-based approaches for workload equity in VRP,
particularly we focus on the solution methods. Finally, as our test-bed problem, the MTMPD-RD-WE arises
from the context of medical transportation, we review the literature on equity for medical transportation
literature.

4.2.1 Equity in VRP

In their review of equity in the operations research, field Karsu and Morton (2015) point out the growth
of interest in equity for routing problems.

The recent paper of Matl et al. (2018) reviews the literature on workload equity in routing problems.
Also, they formalize some important definitions and provide an axiomatic analysis of the main equity
functions to determine which desirable properties are respected. They also determine properties guiding
the choice of equity functions. The authors present some important properties and validate them with
computational experiments on small instances. We review and use Matl et al. (2018) more in detail in
Section 4.3.2. The same authors extend their work Matl et al. (2019) studying different equity metrics and
conclude that the metric has more impact on the solutions than the equity function.

The most studied variant of the routing problem with equity is the bi-objective version of the Capacited
Vehicle Routing Problem (CVRP) where the min-cost objective is combined with the range equity function,
computed as the difference between the longest and the shortest route. This problem is called CVRP with
Route Balancing (CVRPRB) and was introduced by Jozefowiez et al. (2002). It has been largely studied
(Jozefowiez et al., 2007; Borgulya, 2008; Oyola and Lekketangen, 2014; Lacomme et al., 2015). A weakness
of this formulation is that some routes can be artificially worsened to improve the workload balance
(Jozefowiez et al., 2002). This issue actually occurs for any combination of a variable-sum metric with a
non-monotonic equity function (any equity function different from the min-max or lexicographic min-
max objectives (Matl et al., 2018)).

4.2.2 Constraint-based approaches for workload equity

Blakeley et al. (2003) conducted research to optimize periodic maintenance operations for elevators, con-
sidering workload equity. They included an equity objective to minimize the difference between the
longest and shortest routes, alongside objectives for cost and overtime minimization. They also estab-
lished lower and upper bounds on the workload of each route to ensure workload distribution within
acceptable limits.

In the context of the delivery operations of the San Fransisco Public Library, balancing the utilization
of trucks is essential. Hence, Apte and Mason (2006) proposed equity constraints to bound the number of
stops and the load of vehicles. The problem is solved with a Modified Generalized Assignment heuristic.

Kim et al. (2006) study a waste collection vehicle routing problem with time windows. While the
primary objective is to minimize total costs, equity concerns related to route compactness and workload
balance are indirectly addressed within a cluster-based solution procedure. This solution method is com-
pared with a classical insertion procedure. Experiments highlight the outperforming of the cluster-based
solution procedure to generate better-balanced routes.

Goodson (2014) investigates the election day routing of rapid response attorneys to poll observers
in the United States, emphasizing the importance of ensuring a fair allocation of workload. The study
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explores two alternative models: one model incorporates equity by considering the number of assigned
polling stations per attorney, while the other model focuses on route duration as a measure of equity.
Both models incorporate constraints to manage equity, specifically by enforcing a maximum bound on
the range between the highest and lowest workload routes.

Within the existing literature, several papers have introduced exact solution methods for routing prob-
lems involving equity. However, in these papers, equity is commonly addressed by incorporating an
explicit objective, either within a single-objective (Valle et al., 2011) or a bi-objective model (Halvorsen-
Weare and Savelsbergh, 2016). Notably, all papers that address equity through constraints utilize heuristic
methods. A key contribution of our work is the introduction of an exact solution method, setting it apart
from previous approaches in the field.

4.2.3 Equity in medical transportation

Liu et al. (2013) study a weekly home health care logistics problem where the objective is to minimize the
longest route (min-max) in the week to ensure reasonable working hours.

Triki et al. (2014) define a periodic home health care planning problem in which both the total cost and
equity are considered and combined within a weighted-sum. In this work, the concern on equity is not
for drivers but on the daily planning, the goal is to plan well-balanced days. Each day a target working
time is defined and the equity objective is to minimize the gap between the actual working time and the
target working time for each day.

Liu et al. (2021) consider the satisfaction of caregivers both on a daily basis and in the long term. Some
constraints limit the daily working time of caregivers and on the whole horizon, the range of the accumu-
lated working time assigned to caregivers is minimized. This objective is combined within a weighted-
sum objective involving routing cost minimization and satisfaction of patients measured by penalizing
reassignment to multiple caregivers. A sensitivity analysis shows that choosing an objective function
involving only one sub-objective causes a high level of dissatisfaction for caregivers or patients.

Cappanera and Scutella (2015) study several extensions of a home care services problem. Particularly
they study two equity objectives max-min and min-max. The former maximizes the minimum opera-
tor utilization factor while the latter minimizes the maximum operator utilization factor. The results on
computational experiments highlight the pros and cons of each objective. The authors conclude that the
max-min is preferable when the focus is on equity and the min-max should be preferred when the focus
is on cost.

4.3 Problem description

The studied problem, the MTMPD-RD-WE is an extension of the MTMPD-RD. Hence, we first remind
the definition of the MTMPD-RD and provide a Mixed Integer Linear Programming (MILP) formulation
(Subsection 4.3.1). Then, we justify and explain how equity is measured and show the adaptations of the
model of the MTMPD-RD to integrate equity (Subsection 4.3.2).

4.3.1 The MTMPD-RD: a reminder

Description

The Multi-Trip Vehicle Routing Problem with Mixed Pickup and Delivery, and Release and Due dates
(MTMPD-RD) is a routing problem motivated by the non-emergency transportation of patients. It con-
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sists in transporting patients between their home and hospital for appointments. We consider a single
hospital and a single depot located at the hospital (vg). We distinguish two types of requests: inbound
and outbound requests. Inbound requests consist in transporting patients from their home to the hospital,
while outbound requests consist in transporting patients from the hospital to their home. We denote by
N the set of inbound requests and by N/~ the set of outbound requests. N’ = N'* U N~ is the union
of these two sets. We also equivalently denote N = {1,...,n}, where the customer location of request
i is v;. The transportation network can then be represented by a complete graph G = (V, A), where
V = {vg,v1,...,vp} and A = {(vs,v;) | vi,v; € V, 7 # j}. A travel time ¢;; and a travel cost ¢;; are
defined on each arc (v;,vj) € A. In what follows, we set ¢;; = t;;. Aset M = {my,...,mg} of K
drivers is available to ensure the service. Driver vehicles are identical with capacity Q).

With each request, i € N is associated with a demand ¢; > 0, a release date r;, a due date d;, and
a service time s;. The demand indicates the number of people involved in the request. The release date
is the time at which these people are available at the pickup node. The due date is the latest allowed
arrival time at the delivery node. The service time is the time needed at the customer location for pickup
(inbound request) or drop off (outbound request).

Due to release and due date constraints and vehicle capacity, vehicles are enforced to come back
regularly to the depot; hence multiple trips are allowed. Each trip is allowed to mix inbound and outbound
requests. When leaving the depot (starting a new trip), a vehicle can either be empty (the trip will not
fulfill any outbound request) or not. In the second case, a constant pickup time T'p is counted, before the
vehicle can leave and after all release dates associated with the outbound requests served in the trip are
passed. When returning to the depot (ending a trip), a vehicle can again either be empty (the trip did
not fulfill any inbound request) or not. In the second case, a constant time 7 is counted for drop-off.
The daily time horizon is [0, T},,4,]- Vehicle routes consist of one or several successive trips, starting and
coming back to the depot. The objective of the MTMPD-RD is to minimize the routing cost while servicing
all requests with K routes. The reader are referred to Chapter 2 (Section 2.3.1) or Agius et al. (2022) for a
more detailed description of the problem.

MILP formulation

In order to represent the trips, we introduce the set H = {0, ...,n — 1} to number trips within a vehicle
route. In the worst case, a vehicle can use up to n trips. The decision variables are reported in Table 4.1.

t

Note that for time variables Tikt and for load variables uf , we introduce a duplicate of the depot, v, 11, to

differentiate between the start and the end of the trip.

Table 4.1: Decision variables

Variables

:L“ff €{0,1} 1iftript € H of vehicle my € M uses arc (v;,v;) € A, 0 otherwise

y* € {0,1} 1iftrip t € H of vehicle my € M serves request i € N, 0 otherwise

i** € {0,1}  1if at least one inbound request is served in trip t € H of vehicle m;, € M, 0 otherwise
of* € {0,1} 1 if at least one outbound request is served in trip ¢ € H of vehicle m;, € M, 0 otherwise
>0 time at which trip ¢ € H of vehicle my, € M starts service at node v; € V U {vy, 11}

uft >0 load of vehicle my, € M on trip t € H leaving node v; € V U {vy11}

Using variables of Table 4.1, the MTMPD-RD is formulated as a Mixed Integer Linear Program (MILP)
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as follows:
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(Ui,vj)G.A mrEMtEH

Vie N (4.2)

Vie N,Vmy € MVt € H (4.3)
Vie N,VYmy € MVt € H (4.4)
Ymyp € M, Vt € H (4.5)

Vmg € M, Vt € H (4.6)

Ymp € M, Vt e H (4.7)

Vmg € M, YVt € H (4.8)

Vmy, € M, VteH (4.9)

V(vi,v;) €A, j ENT, Vmy € M, Vt € H (4.10)
V(vi,vj) € A, j e N, Ymy, € M, Yt € H (4.11)
Ymy € M, Vt € H (4.12)

Vo, € VU{vp41}, Vmg € M, Vt € H
V(vo,v5) € A, Ymy € M, Vt € H

V(vi,v;) € A, 1 # 0,5 #0, Vmy, e M, Vt € H
V(vi,v) € A, Vmy, € M, YVt € H

Vmg € M, Vt € H (4.17)

Vmy € M, Vt € H\{n — 1} (4.18)

(4.13)

(4.

(4.

(4.

(4.

(4.
Vmy € M (4.19)

(

(

(

(

(

(

14)
15)
16)

Vi e NT, ¥my, € M, ¥t € H (4.20)
Vi e NT, Vmy, € M, Vt € H (4.21)
Vie N7, Vmyp € M, Vt € H (4.22)
Vie N7, Vmy € M, Vt € H (4.23)

V(vi,v5) € A, Vmy € M, Vt € H (4.24)
Vie N, Vmy € M, YVt € H (4.25)
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i** e {0,1} Vmi, € M, YVt € H (4.26)
o € {0,1} Vmyg € M, Vt € H (4.27)
0 <7 < Thaw Vv, € VU {41}, Vmg € M, Vt € H (4.28)
ubt >0 Yo € VU {vpg1}, Vmy € M, Yt € H (4.29)

The objective function (4.1) minimizes the total cost. Constraints (4.2) ensure that each request is as-
signed to exactly one vehicle and one trip. Constraints (4.3) and (4.4) are the flow conservation constraints.
Constraints (4.5) and (4.6) ensure that trips start and end at the depot. Constraints (4.7) (resp., constraints
(4.8)) ensure i** (resp., 0**) equals to 1 when at least one inbound (resp., outbound) request is served in
the trip ¢ of driver my, and equals to 0 otherwise. Constraints (4.9) to (4.13) are flow capacity constraints,
where constraints (4.9) ensure that the load of a vehicle starting a trip is equal to the sum of loads of the
outbound requests served in the trip, constraints (4.10) and (4.11) ensure vehicle load flow conservation
when visiting an inbound (resp., outbound) customer, constraints (4.12) ensure that the load of a vehicle
ending a trip is equal to the sum of loads of the inbound requests served in the trip, and constraints (4.13)
check that vehicle capacity is never exceeded. Time precedence relations are ensured with constraints
(4.14) to (4.19). Constraints (4.14) ensure that the pickup service time 7'p is added when leaving the de-
pot if the trip contains at least one outbound request. Constraints (4.15) model travel and service times
between two customers while constraints (4.16) model the return to the depot. Constraints (4.17) ensure
that the ending time of a trip is later than its starting time. Constraints (4.18) are used to add the delivery
service time Tp when returning to the depot if the trip contained at least one inbound request. Con-
straints (4.19) ensure that the service of a route ends before the end of the time horizon. Release and due
date constraints are respected with constraints (4.20) to (4.23). Constraints (4.20) and (4.21) respectively
check that an inbound customer is picked up at home after their release date and dropped off at the depot
before their due date, while constraints (4.22) and (4.23) check that an outbound customer is picked up at
the depot after their release date and dropped off at home before their due date. Finally, constraints (4.24)
to (4.29) define the variables.

4.3.2 Measure of equity

To integrate equity within a routing problem, one needs first to determine the equity metric that is the
workload to balance fairly between drivers. The commonly used equity metrics can be classified as either
constant-sum or variable-sum. Examples of constant-sum equity metrics include the number of customers
served, the total customer load served, and the service time. On the other hand, variable-sum metrics focus
on the routing cost, which can be measured in terms of travel distance or time. The existing literature
primarily emphasizes the consideration of routing cost as the equity metric.

As shown in Matl et al. (2018), to integrate equity within a routing problem, several modeling choices
are possible: i) a bi-objective model where two explicit objectives (min-cost and an equity objective) are
simultaneously optimized and the Pareto front is generated. ii) weighted-sum: the two objectives are
combined within a single objective function with weights o x obj; + 3 X objs. iii) constraint-based: cost
minimization is the single objective and equity is handled with constraints. iv) primary objective: the
equity objective is the single objective and cost efficiency is not considered.

Equity is rarely considered as the primary objective because it provides very costly solutions and it
mainly concerns service and client-oriented logistics applications where equity is more important than
cost. For example, in applications to disaster relief, minimizing the latest arrival of aid (min-max objective)
as the single objective is relevant to provide the best possible service (Golden et al., 2014).
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In contrast, in provider-oriented logistics applications, both equity and cost are important and must
be considered. Generating the complete Pareto front is not trivial and among all Pareto optimal solutions,
only a restricted subset of solutions is relevant because as for most of the solutions, one of the objectives
is very deteriorated. A weighted-sum model provides solutions with both an attractive cost and equity
when coefficients are well chosen but the choice is not trivial and varies depending on the instance.

A common weakness of all these approaches is that the choice of the equity objective is not trivial and
there exist no "perfect” equity measures. Indeed, as studied in some recent papers (Halvorsen-Weare and
Savelsbergh, 2016; Matl et al., 2018, 2019), each equity function has pros and cons and none satisfies every
desirable property for equity.

We believe that the constraint-based model is relevant because minimizing the routing cost remains
the main objective of a provider-oriented application and this approach guarantees a good control of
equity with constraints.

We recall that ¢;; = t;; i.e, the routing cost is the driving time (service times are not counted). Let
c* be the routing cost of driver my, and C' the routing cost of the solution (C' = Y mpeM c*). To impose
equitable routes, we propose to control for each route the gap between its cost and the average routing
cost of the solution. Hence, we impose for each driver a limit deviation above the average routing cost as

follows:

F<=xC Vmy, € M (4.30)

o
K

To add these constraints to the model (4.1)-(4.29), we introduce one new variable and one new con-
straint per driver. For any driver my, the non-negative variable w* represents the workload of the route
of mi.

wh = Z ZCU X :vff VYmy € M (4.31)
(vi,v;)EALEH

E_ @ K
wh < o= X > ow Vmy € M (4.32)
mkIGM

wh >0 Vmy, € M (4.33)

Constraints (4.31) compute the workload for each driver route while Constraints (4.32) are the equity
constraints and Constraints (4.33) define positive variables.

A constraint-based approach is a specific case of the bi-objective model so, the same undesirable con-
sequence can occur: a solution can artificially worsen the cost to satisfy the equity measures (Jozefowiez
et al.,, 2002). A key question about our modeling is to measure the impact of equity constraints on the total
cost.

4.4 Solution methods

As seen in Chapter 2, solving a straightforward formulation of a vehicle routing problem to optimally use
on-the-shelf MILP solvers is inefficient. The main issue is the weakness of the dual bound provided by
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linear relaxation. Hence, we proposed in Chapter 2 a branch-and-price algorithm to solve the MTMPD-RD.
In Section 4.4.1, we briefly describe this branch-and-price algorithm (for the MTMPD-RD without equity
constraints). The purpose is not to give a complete description of the algorithm, readers are referred to
Agius et al. (2022) or Chapter 2 (Section 2.4) for that. Instead, we briefly present the main components of
the algorithm, which are the master problem, the labels defined in the pricing problem, the dominance
rule, and the branching rules.

This algorithm is based on a set partitioning formulation. Intuitively, one might think that it could be
sufficient to integrate the equity constraints (4.30) into the model and solve the new problem with a slight
adaptation of the algorithm but it is not. We show in Section 4.4.2 that with this formulation the pricing
problem cannot be solved efficiently. Then, in Section 4.4.3, we propose a heuristic that relies on solving
successfully a simplified version of the problem by calibrating a parameter. This solution method is based
on a dichotomy search principle. Finally, in Section 4.4.4 we propose a new formulation and an adapted
branch-and-price algorithm. In this model, columns are indexed both by the route and by the driver.

4.4.1 Branch-and-price algorithm for the MTMPD-RD: a reminder

The MTMPD-RD is formulated as a set partitioning problem (Agius et al., 2022) where {2 denotes the set
of feasible routes, ¢, is the cost of a route and a is a binary indicator of requests served in routes:

minC' = > c.0, (4.34)
reQ
subject to:
> ajf, =1 Vie N (4.35)
red
d 6, <K (4.36)
ref)
6, € {0,1} Vr e Q (4.37)

Set 2 denotes the set of feasible routes. The objective function (4.34) minimizes the total cost. Con-
straints (4.35) are the set partitioning constraints, they ensure that each request is served. Constraint (4.36)
imposes to build at most K routes.

Column generation is used to solve the linear relaxation of this formulation. The master problem
is obtained from (4.34)-(4.37) by relaxing constraints (4.37). We denote \; the unsigned dual variable
associated with Constraint (4.35) for i € A and \g < 0 be the dual variable associated with Constraint
(4.36). The reduced cost of a route r € € is:

Cr = Cp — (Z a:)\l> — )\0 = Z bgj (Cij — )\j) + Z bfocio — )\0 (4.38)
(vivvj)

1EN eAw;#uvg (vi,vo)EA

with b}; = 1if arc (v;, v;) is traversed in route .

The pricing problem finds new routes with negative reduced costs and is solved with a dynamic pro-
gramming labeling algorithm, where a label L represents a path P starting at depot vy and combining
several pickup and delivery trips. It is defined by a vector L = (v, ¢,t,l,q,G, R = {R1,...,R,}) of size
n + 6.

The first three resources are classic, v is the last node visited, ¢ is the current reduced cost of P, and
t is the time at which node v is left. The next resources are specific to the MTMPD-RD. Resource [ is the
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latest time allowed to be back to the depot to satisfy the due dates of inbound requests served in the last
trip. Resources ¢ and § manage the capacity constraint in the presence of inbound and outbound requests.
Finally, resource R is the reachability vector and is defined with three possible states for each request: (i)
R; = C if v; is reachable in the current trip (ii) R; = N if v; is unreachable in the current trip because of
resource constraints but is reachable in the next trip (iii) R; = U if node v; cannot be reached anymore
in the route.

The labeling algorithm consists in extending labels starting from the depot. When a label is back to the
depot, it corresponds to a complete route. Such a route can be added to the master problem (if its reduced
cost is negative) or extended again as multi-trip is allowed. Label initialization and extension rules are not
described here (see Section 2.5). We simply remind the dominance rule. Given two labels L! and L2, L'
dominates L? if:

e vt =0t <A < >R ¢ <G <
e foreveryi € N:if R? = C, then R} = C and if R? = N, then R} € {C, N}

The dominance rule does not apply on labels L' and L? if they are attached to the depot vg such that
the previously visited customer is v; and a branching constraint on a triplet (v;, vo, v;) holds. Column
generation is embedded into a branch-and-price algorithm to solve the MTMPD-RD. Branching rules lie
in the definition of flows. Given a solution S of M P(£);), we call flow on arc (v;,vj) € A, the sum

‘s

of variables using this arc in S, we denote it as fj; = Y . b;;0,. Similarily, we call flow on triplet

J
(vi,v0,v;), the sum of variables using this triplet in S, we denote it as fio; = > cq 10 0r-

Then, an optimal solution .S of M P is integer if and only if flows on all arcs and triplets are integers.
This property is used for branching: if S is not integer then, we branch on an arc or triplet with a fractional

flow.

4.4.2 Weakness of the initial model for the MTMPD-RD-WE

Let R denote the initial routing problem without equity concerns (MTMPD-RD) and P the problem that
considers equity constraints (MTMPD-RD-WE). As explained in Chapter 3, R can easily be extended to
the case of a constant-sum equity constraint by restricting the set of feasible routes €2, in formulation
(4.34)-(4.37), to routes that respect the limit defined on the workload. For a variable-sum equity constraint
however, the feasibility of a route depends on the routes that are selected in the solution: 2 cannot be
restricted the same way. A natural approach would then be to explicitly introduce in P a constraint
limiting route workload:

P :minC(©) = 267-97« (4.39)
reQ
subject to:
> ajf, =1 Vie N (4.40)
reQ
> 0, <K (4.41)
reQ)
(6%
ety < 5 X > el Vr e Q (4.42)
r’'e)
6, € {0,1} VreQ (4.43)
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Let \; unsigned, A\g < 0 and A, > 0 be the dual variables associated respectively with Constraints
(4.40), (4.41) and (4.42). The reduced cost of a route r is defined as:

Cr =Cp — Z ai\i — o — % Z Cr A 4 Cr Ay (4.44)
1EN r'eQ
= Y - Y. A—(o+— Z cod) D cijh (4.45)
(vi,v]-)er v; €ET,5#£0 7" req) (vivj)er

At a given step ¢ of the column generation, when the restricted master problem has been solved, dual
variables A\g, A\; and A, for r € €); are known. Thanks to the complementary slackness theorem, dual
variables \, for r € Q \ €, are also implicitly equal to 0. As a consequence, the reduced cost of a route in
0\  is equal to:

Z Cij — Z A — ()\0 + % Z C,J)\r/) (4.46)

(vivj)er v; €r,i7#0 r'ef)

with term Ao + % >,/ ¢ A known and independent of route 7. As this reduced cost is cumulative on
arcs and vertices, it can be used as the objective function of the pricing problem to generate new routes.
Resources and resource extension functions would be the same as those presented in Section 4.4.1.

However, equation (4.46) is wrong for routes r € () as it does not take account of term Z( viyoy)er Ci A
Hence, some routes in {2; may wrongly be considered as having a negative reduced cost. These routes may
dominate targeted routes and therefore prevent the column generation method to converge. Removing
the dominance procedure from the label setting algorithm that solves the pricing problem is possible but
would make it very slow. The only alternative approach we are aware of is using efficient completion
bounds, which does not seem easy in our setting. As we did not find any other way to overcome this
problem, we did not investigate further this formulation.

4.4.3 A Dichotomy-based Heuristic

As explained in Section 4.4.2, the difficulty of solving the model (4.39)-(4.43) lies on the equity constraints
(4.42) because the total cost of the solution is unknown while solving the problem. In this section, we
propose a simplified version of the problem where the total cost is fixed in equity constraints. Hence,
equity constraints can be written as follows:

S X Z Ymyg € M (4.47)

N\@

with Z a parametric fixed cost. We call the original problem with this new constraint Q(Z). In the
following, we present some properties linking problems P and Q(Z). Then, based on these properties
we propose a heuristic algorithm. The algorithm is a kind of dichotomic search algorithm, at each step,
we solve Q(Z) with a fixed value Z, then, according to the results and using the following properties, we
guide the search for the next step.

First, let us present the formulation of problem Q(Z). This formulation is derived from the model
(4.39)-(4.43) of P with equity constraints (4.42) replaced by their fixed-cost version (4.47):
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Q(Z) :minC(0) = ZCTGT (4.48)
reQ
subject to:
> ajb, =1 Vie N (4.49)
reQ)
> 0, <K (4.50)
reQ)
«

b, < e X Z Vr e Q (4.51)
0, € {0,1} Vr e (4.52)

where () is the set of all feasible routes for the MTMPD-RD (without equity constraints). Constraints
(4.51) can be decomposed by the routes and therefore, integrated into the pricing problem. We denote
Q(Z) C Q, the set of routes 7 for which constraint (4.51) is respected. Thus, Q(Z) can be reformulated
as follows:

Q(Z) :minC(©) = Y &b, (4.53)
reQ(2)
subject to:

> aj. =1 Vie N (4.54)

reQ(2)
> 6. <K (4.55)

reQ(2)
0, € {0,1} vr e Q(2) (4.56)

Note that the obtained model (4.53)-(4.56) is more suitable for a branch-and-price approach. Given
a value Z, solving problem (Q(Z) provides some properties on the feasibility and on optimal solutions
of P. In the following, we present some properties that will help us derive an efficient dichotomy-based
heuristic.

Properties of Q(Z)

Before presenting the needed properties, let us introduce some important notations that will be used in
the following:

e Given a problem X, we denote respectively by F(X) and O(X) the set of feasible solutions and
optimal solutions of X.

e The cost of a solution © = {r € Q: 0, = 1} isdenoted C(©) = > g ¢ = D, cq Crbr.
e The cost of the longest route of a solution O is denoted ¢(0) = max,co ¢, = max,cq ¢,0,.

e We denote by ©* with a cost C* = C(©*) an optimal solution of P and by © 7 with a cost C'(Z) =
C(©z) an optimal solution of Q(Z).
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o 7(0%) = % X ¢(©%).

Figure 4.1 shows an example of curve C'(Z) associated with a problem P. The x-axis corresponds
to the parameter value Z and the y-axis corresponds to C'(Z), the optimal cost of Q(Z). The curve is
non-increasing and it can be proven for any problem P. For any Z; < Zj, equity constraints (4.51) are
stronger in Q(Z1) than in Q(Z2) so, C(Z1) > C(Z>). In Figure 4.1, the orange zone (for Z < Z;,¢)
represents the space for which Q(Z) is infeasible while the green zone (for Z > Z, ) represents the
space for which equity constraints are irrelevant because Z is large enough to have C(Z) = C(+400)
(when equity constraints are relaxed).

co T
Y(Z)=2Z

W(+00)

Figure 4.1: Example of curve C'(Z)

From the definition of Q(Z), we can deduce some properties linking solutions of P and Q(Z). First,
it is important to clarify that if P is feasible then, there does not necessarily exist a Z such that an optimal
solution of P is optimal for Q)(Z). In other words, the optimal cost of P is not necessarily a point of the
curve of C(Z).

Indeed, let ©* € O(P) then, by definition ©* € F(Q(C*)) and for any O¢c+ € O(Q(C*)) of cost
C(C*) we have: C(C*) < C*. Then, two cases can occur either C(C*) = C* or C(C*) < C*.

e Case 1: if C(C*) = C* then, O ¢~ is optimal for both Q(Z) and P. In this case, the optimal cost of
P is a point of the curve of C(Z) and is found in Z = C*.

e Case 2: if C(C*) < C* then, O¢~ is not feasible for P and the optimal cost of P might not be a
point of the curve of C'(Z), at least not found for Z = C*.

If P is feasible then, we can state:

C*>Z(0") = K x ¢(0") vO* € O(P) (4.57)

Q
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When solving Q(Z), one might distinguish two cases, either Q)(Z) is feasible or is unfeasible. In the
following, we distinguish all cases.

1. If Q(Z) is unfeasible then:
&(0%) > % x 7, VO* € O(P) (4.58)

Combining (4.58) with (4.57) gives
Cc*>Z (4.59)

Note that Z = +00 means P is unfeasible and allows to conclude. Otherwise, all the values lower
than Z can be discarded because for any Z’' < Z if Q(Z) is unfeasible then, Q(Z’) is necessarily
unfeasible.

2. f Q(Z) is feasible with © 7 € O(Q(Z)) then, either O is feasible or not for P.

(a) If Oz € F(P) then, we can state:
i0y) < % x min(Z; C(Z)) (4.60)

and we distinguish two cases according to values Z and C'(Z):
i fC(Z) < Z then:
A C*>C(Z).
Proof by contradiction: Assume C* < C(Z) = (4.61) where the first inequality comes
from the absurd hypothesis.

«

30" € O(P) : % xZ <O < = x0O) <= xC(Z) (46

|2

This contradicts C'(Z) < Z. 0O
B. Also since Oz € F(P),C* < C(Z).
C. From A and B we deduce that C* = C(Z) and we can state that ©, € O(P)
ii. If C(Z) > Z then:
A Z<C*<C2)
proof: First, assume C* < Z then, Vr € 0%, ¢, < % x C* < % x Z. Then, O* is

feasible for Q(Z) and C* < Z < C(Z), this contradicts Z < C* < C(Z).
Second, since Z < C(Z), we have Vr € ©'(Z), ¢, < X2 < g xC(Z).So, 0'(2)
is feasible for Q(C(Z)) and consequently for P. Hence, C* < C(Z). O

B. Since ©z € F(P) and C(Z) is not increasing then, for any Z' < Z, either Q(Z’) is
unfeasible or C(Z’) > C(Z). Therefore, all the values lower than Z can be discarded.

(b) If ©z ¢ F(P), we can state that:

% x C(2Z) < e(Z) <

i. This implies that C'(Z) < Z.
ii. C* > C(Z). Similar proof as case 2.a.1.A.

iii. We distinguish two cases:

x Z (4.62)

=l e
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Solve Q(Z)
Case 1: Q(Z) is not feasible Q(2) is feasible with
. Pis not feasible orC* > Z Oz € 0(Q(2)) of cost C(Z)

. Values lower than Z are discarded

Case3:0; ¢ ‘F(P)
C(z)y<Zz
. C(Z) <C*
. Novalue Z" # Z can be discarded

Case 2:07 € ‘F(P)

Case2.1:C(Z) < Z Case 2.2:C(Z) > Z
= . O(Z) € O(P) = . Z<C" <C2)
. Values lower than Z are discarded

Figure 4.2: (Z): Decision tree

A. For Z' < £ x 8(©y), we have:

K /

% X — % c(©z) =¢(Oz) > % X Z (4.63)
hence, Oy is excluded from Q(Z’) so possibly, a ©* € O(P) such that ¢(0*) <
&(© ) might be feasible for Q(Z).

B. For Z' > % X ¢(Oz), all optimal solutions may be such that ¢(©*) > ¢(Oz), or
O(P) may be empty. Another problem than @) has to be defined, in order to discard
Oz.

iv. In this case, we cannot discard any value Z’ # Z.

Figure 4.2 depicts a decision tree summarizing the properties between P and Q(Z).

Branch-and-price for Q(Z2)

Let us recall that the problem without equity constraints (MTMPD-RD) can be solved using the branch-
and-price algorithm described in Chapter 2, Section 2.4 (see 4.4.1 for a brief reminder). In the following,
we present the adaptation required to solve problem (Q(Z), that is the MTMPD-RD integrating equity
constraints with a fixed cost Z (4.47). Model (4.53)-(4.56) is solved for the master problem instead of the
model (4.34)-(4.37). The single difference is that the set of feasible routes €2 is reduced to (7).

Neither the branching rules nor the column generation scheme are impacted, only the pricing problem
requires a slight adaptation. To be feasible, a route cannot exceed the limit cost cax = % X Z. To manage
this constraint, we add a new resource w to the label definition corresponding to the workload of the route
in terms of route cost. Resource w is different from resource ¢, the former corresponds to the real route
cost while the latter corresponds to the reduced cost of the route.

Given a label L, resource w is initialized to O as initially, the route is empty. Then, when L is extended
from a node v; to a node v;, resource w is updated: w < w + ¢;;. To ensure the feasibility of a route, one
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needs to check that returning to the depot directly from the current node does not exceed the cost limit:
w + cjo < % x Z. Finally, one condition must be added to the dominance rules: a label L! dominates a
label L? only if w! < w?.

Heuristic algorithm

Our heuristic relies on solving successively )(Z) with different values for Z. We start with an initial value
Z, solve Q(Z) and according to the obtained result, we determine a new value Z " to evaluate. We use the
monotonicity of Q(Z) (non-increasing function of ) and the properties linking )(Z) and P to guide the
search. The approach is based on a dichotomy search, a search space for Z is bounded in [Lz, Uz] and
updated at each iteration by updating either L7 or Uz. Two simplifications are made to derive a heuristic
algorithm:

e Only optimal solutions of Q)(Z) are explored. We remind the reader that these solutions are not
necessarily feasible for P.

e A single interval [Lz, U] is considered.

The decision tree of Q(Z) (Figure 4.2) is used to guide the search. Given a value Z, we solve Q(Z)
and follow the following rules. These rules are based on the previously announced properties.

e Case 1: Q(Z) is unfeasible then, [Lz, Uz] < [Z, U]
e Case 2: Q(Z) is feasible and the optimal solution found ©; € F(P)

o Case 2.1: If C(Z) < Z then, O3 is optimal for P
o Case2.2: IfC(Z) > Z then, [Lz,Uz] + [Z,Uyz]

e Case 3: Q(Z) is feasible and the optimal solution found © ¢ F(P) then, [Lz,Uz] < [Lz, Z]

In case 1, if Q(Z) is unfeasible, then it is useless to explore Z’ < Z since Q(Z') is necessary unfeasible;
hence Ly + Z.

In case 2.1, the optimal solution © 7 of Q(Z) is also optimal for P which concludes the algorithm.

In case 2.2, the solution O is feasible for P, and exploring Z’' < Z provides necessary solutions with
a higher cost because of the monotonicity of C(Z); hence Ly «+ Z.

Finally, in case 3, the optimal solution found © is infeasible for P and C(Z) < Z so, looking for
a Z' > Z provides a solution © 4 such that C(Z') < C(Z) < Z < Z'. Larger values than Z cannot
provide feasible solutions for P; hence Uz + Z.

These rules guide the search. We keep solving Q(Z) until we reach a stopping criterion. The possible
stopping criterion are i) we prove that an optimal solution O 7 for Q(Z) is optimal for P (C* = C(0yz))
and ii) we close the space search of Z, i.e., Ly > Uy.

[Lz,Uyz] is initialized to [0, F'g] with Fp a feasibility bound. A simple feasible bound is Fip = K X
T'naz corresponding to each driver driving the whole horizon. The interval is updated after each solving
of Q(Z). Also, we keep the best current feasible solution of P found into B. Initially, B <— +00 meaning
that no feasible solution is known. At each step a new Z value is selected following the simple rule to
be the middle of the interval [Lz,Uz]: Z <« # The algorithm ends when a stopping criterion is
reached: i) we are in case 2.1 which proves optimality or ii) the search space is closed (Uz — Lz < ¢€). If
the algorithm ends without finding any feasible solution for P, it does not guarantee that P is infeasible
as only optimal solutions of Q(Z) are explored. Algorithm 4.1 describes the algorithm.
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Algorithm 4.1 Heuristic

1: [Lz,Uz] — [O,FB}

2: B+ +00

3: opt < false

4: repeat

5: 7 %

6 ©z « solve Q(Z)

7 if Q(Z) is not feasible then

8: case 1

9 [Lz,Uz]%[Z,Uz]

10: else

11: if O € F(P) then

12: if C(Gz) < Z then

13: case 2.1

14: ©'(Z) is optimal for P
15: B+ C(@Z)

16: opt < true

17: else

18: case 2.2 (C(Oz) > Z)
19: B+ min(B,C(0y))
20: [Lz,Uz] — [Z, Uz]
21: else

22: case 3 (©z ¢ F(P))

23: [Lz,Uz] — [Lz,Z]

24: until opt =trueor Uy — Lz < €

25: if opt = true then

26: optimal of P found (C* = B)

27: else if B # +o0o then

28: feasible solution of P found of cost B > C*
29: else

30: no feasible solution found for P
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4.4.4 A branch-and-price approach based on a driver-indexed model

In the following, we present an exact solution method based on a branch-and-price approach. In this
solution method, the problem’s initial formulation is updated with new constraints and variables. Columns
are indexed by route ID and driver ID. We distinguish the sets of routes between drivers and denote €2,
the set of feasible routes of driver my. So, given a driver mj, and a route r € Q(mk), the decision variable
0% equals 1 if the route is selected for this driver, 0 otherwise. The equity is managed in the master
problem by adding Constraint (4.67) for each driver. So, the pricing problem looks for feasible routes for
the MTMPD-RD (i.e., without regard to the equity constraint). This solution method requires adaptations
at each level of the branch-and-price algorithm: i) the master problem with new constraints and variables,
ii) the column generation algorithm with different pricing problems solved for drivers iii) the pricing
problem with a new reduced cost formula and iv) new branching rules. These adaptations are presented
in the following.

Master problem

The integer master problem is defined as follows:

min Z Z Qﬁf (4.64)

mkGM TGQ(mk)

subject to

) aeb=1 Vie N (4.65)
miEM TEQ(mk>

> o< Vmy, € M (4.66)
TGQ(mk)

ko @ !

> oebr < = Y Y bl Vmi € M (4.67)
T€Q<mk) m]EM TEQ(ml)
oF € {0,1} Vmy, € M, V1 € Qe (4.68)

In this model, Constraints (4.65) are similar to (4.40) and ensure that each customer is served exactly
once. Constraints (4.66) replace (4.41) and ensure that at most one route is assigned to each driver. Con-
straints (4.67) are the new equity constraints.

The master problem (MP) is obtained by the continuous relaxation of (4.64)-(4.68).

Column generation

In formulation (4.64)-(4.68), let \;, Vi € N the unsigned dual variables associated with constraints (4.65),
uk <0, Vmy € M the dual variables associated with Constraints (4.66) and 'yk <0, Vmy € M the dual
variables associated with Constraints (4.67).

Because of the dual variables associated with the equity constraints (4.67) a route can have different
reduced costs according to the associated driver. Hence columns are indexed by routes and drivers. A
consequence is that reduced costs must be computed differently between drivers and at each iteration of
the column generation, one subproblem per driver is run. The routes computed for driver my, are added
as new variables in the restricted master problem (6¥) and are effective only for the associated driver.
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Pricing problem

In order to support the writing of the dual of MP, we rewrite Constraints (4.67) into Constraints (4.69)

(6% (6%
L= x D abi—mx Y Y <0 Vmp e M (469)
TE€Q(m,) mEM\{my} 7€Q(m,)

The dual of MP is expressed as follows:

max Z Ai + Z ,uk (4.70)

ieN myEM
subject to
Z athi +pF 4+ (1 - %)cr’yk — %cr Z V< en Vmy € M,Vr € Q) (4.71)
ieEN mieM\{my}
\; unsigned Vie N (4.72)
wF <0 Vmy, € M (4.73)
¥ <0 VYmy, € M (4.74)

From (4.70)-(4.74) we deduce the reduced cost of a route r € {2, for each driver my € M:

mk)

= ry. k(& k@ l
k=c — Zam pE— (= e+ e Yy (4.75)
ieN mieM\{my}
_ ry. _ k . R T 1
== g rall-(0-pntre > ] (4.76)
ieEN mieM\{my}
We denote
(6% «Q
F=1-(1-—-)+= L 4.
( K)’Y + % oo (4.77)
mieM\{my}

The binary indicator bj; is set to one if the arc (vi, vj) is traversed by the route , and to zero otherwise.
The reduced cost is spread over arcs as follows:

k== "ajki -y + 6" (4.78)
ieEN
=i+ D Bt =)+ D blgeind” (4.79)
(vi,vj)GA,vj;évo (Ui,vo)GA

When solving the pricing problem of driver my, the reduced cost of a route r, % is initialized to —puF.
Then, while extending a label through arc (v;, v;) with vj # v, value ¢;; ok — A; is added to the reduced
cost and through arc (v;, vg), value ;o6 is added.

100



Workload equity for a routing problem with a variable-sum equity metric

Branching rules

For the initial problem without equity constraints, the MTMPD-RD, branching rules of the branch-and-
price algorithm are presented in Section 2.4.3. Proposition 1 states that an optimal solution .S of the master
problem is integer if and only if flows on all arcs and triplets are integer. For the MTMPD-RD-WE, this
proposition is necessary but not sufficient because drivers are different and any arc, triplet, or node cannot
be shared by several drivers.

To deal with this issue, we propose to compute flows separately for each driver and update the branch-
ing rules. Thus, we denote by fZ’; = rkeQ(my) bf]k 0% the flow on arc (v;, v;) for driver my,. Similarly, we
denote by fi%j =D rkeQ(my) ggjﬂf the flow on triplet (v;, vg, v;) for driver my,.

Based on these new definitions, the Proposition 1 on branching rules becomes: an optimal solution .S
of M P is integer if and only if flows on all arcs and triplets are integer for all drivers.

Based on this property, we propose a new branching scheme. If a solution .S is not integer and there
exists at least one arc (v;, v;) and one driver my, with a fractional flow fllj then, we derive two branches: in
the first branch, arc (v;, v;) is forbidden for driver my, in the solution (i.e., Z-]; = 0) and allowed for other
drivers; in the second branch, arc (v;, vj) is enforced for driver my, (i.e., i’;- = 1) while servicing both v;
and v; is forbidden for other drivers (i.e, fi = ff. = ﬁ = fﬁ = 0 for all m;, # my, and all vy; € V). Note
that any route that covers v; and v; through any arc has to be forbidden for any driver; except (v;, v;)
for my, of course. Otherwise, Constraints (4.65) in MP for ¢ and j could be satisfied without using (v;, v;)
with my.

If S is not integer but all arcs have an integer flow then, there exists a fractional flow on a triplet for
a driver. Let (v;, vo, v;) be such a triplet for driver m;. We derive two branches: in the first branch, the
z%j = 0) and allowed for other drivers; in the
second branch, the triplet (v;, vo, v;) is enforced for my, (ie., fl%j = 1) while servicing both v; and v; is
forbidden for other drivers (i.e., 5 = fﬁ = J% = fl’; = 0 for all m;, # my, and all v; € V). Again, in this
case, it is not sufficient to forbid only the use of triplet (v;, vg, v;) for drivers m,, # ny.

triplet (v;, vo, v;) is forbidden for my, in the solution (i.e.,

Let’s enumerate the different cases and the implications they have both on the master problem and
the pricing problem:

1. To forbid the use of an arc (v;, v;) for a driver my:
(a) In the master problem: routes r of driver my, using arc (v;, v;) are removed from the master
problem (i.e., 97’? = 0).
(b) In the pricing problem of driver my: arc (v;, v;) is removed from the graph.
2. To enforce the use of arc (v;, v;) for driver my, and therefore forbid the service of v; and v; for other
drivers:
(a) Enforce the use of (v;, v;) for driver my;:

i. In the master problem: routes 7 of driver my, not using arc (v;, v;) (either they serve v;,
v;, both or none of them) are removed from the master problem (i.e., 0k = 0).
ii. In the pricing problem of driver my: arcs (v;, v;) with v; # v; and (v, v;) with v, # v;
are removed from the graph.
(b) Forbid the service of v; (iff © # 0) and v; (iff j # 0) for any driver m,, # my;:

i. In the master problem: for all drivers m, # my, routes r servicing either v; (if « # 0) or
v; (if j # 0) are removed from the master problem (67 = 0).
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ii. In the pricing problem of driver my: arcs (v;,v;), (v, v;) (if @ # 0); (vj,v), (v, v5) (if
j # 0); for any v; € V are removed from the graph.

3. To forbid the use of triplet (v;, v, v;) for driver my;:

(a) In the master problem: routes r of driver my, using this triplet are removed from the master
problem (6% = 0).

(b) In the pricing problem of driver my: a label that finishes with (v;, vg) is never extended to v;.
This constraint has some consequences on the dominance as explained bellow.

4. To enforce the use of triplet (v;, vo, v;) for driver my, and forbid the service of v; and v; for other
drivers:

(a) Enforce the use of (v;, vg, v;) for driver my;:

i. Inthe master problem: routes r of driver my, not using triplet (v;, vo, v;) (either they serve
v;, v, both or none of them) are removed from the master problem (6?7’? = 0).

ii. In the pricing problem of driver my: arcs (v;, v;) with v; # v and (v, v;) with v; # vg
are removed. Also, during the execution of the labeling algorithm, all triplets (v;, v, v;)
with v; # v; and (v, vg, v;) with v; # v; are forbidden. To forbid a triplet, a label that
finishes with the first arc of the triplet cannot be extended using the second arc. Again, it
impacts the dominance rule. Also, a route finishing with arc (v;, vg) cannot be added to
the master problem even if it has a negative reduced cost, the corresponding label must
be extended to v; to enforce using the triplet.

(b) Forbid the service of v; and v; for any driver m,, # my:

i. In the master problem: for all drivers m, # my, routes r serving either v; or v; are
removed from the master problem (6% = 0).

ii. In the pricing problem of driver my,: arcs (v;, v;), (vj, vi), (vj,vp), (v, v;) for any vy are
removed from the graph.

Enforcing the service of v; and v; either through arc (v;, v;) or triplet (v;, vg, v;) for a given driver my,
weakens the dominance rules in the pricing problem of driver my. Let us illustrate this through a simple
example. Assume a branching rule enforcing the use arc (v;, v;) with driver my and let L' and L? be two
labels attached to the same node v; such that L' does not use (v;, v;) yet while L? does. Then, assume
that L' dominates L? in the sense defined in the MTMPD-RD (see section 2.5.4). In this case, it is not
sufficient to conclude that L' dominates L? because L? already served the required arc (v;, v;) while L
did not.

To handle this issue, we add a new resource 7 to the label definition that corresponds to the set of
vertices that must be serviced in the route. Note that if either arc (v;, v;) or triplet (v;, vg, v;) must be
served then, only vertex v; needs to be added to 7" as the branching constraint ensures that v; (resp. vp and
v;) will be visited directly after v;. Resource 7" is initialized with all v; of a branching constraint (either
on (vj,v;) or (vs, vg,v;)) enforcing to use it for driver my,. Then, when a vertex v; € T is visited, T is
updated: T' < T\{v;}. To be valid, a route must be associated with a label located at the depot with
T = (). To dominate L?, L' must serve all imposed vertices in 7" that are already served by L2. Hence,
the dominance rules are updated as follows. L' dominates L? if:

el =2 <2 <2 >2 ¢ <2 § <P
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e foreveryi € N:if R? = C, then R} = C and if R? = N then, R} € {C, N}
o Tl CT?

The dominance rule is not applied in a very specific situation, because branching constraints on triplets
are non-robust about the pricing problem. Let us consider that a constraint on a triplet (v;, vg, v;) is active
at the current branch-and-price node. Let us also consider two labels L' and L?, both attached to the depot
and such that L' originates from v;. Then, L' is subject to a constraint that does not apply to L? and is
thus more restricted in its extensions: L! cannot dominate L.

4.5 Computational experiments

In this section, we describe the conducted computational experiments to evaluate our solution methods.
Section 4.5.1 describes the benchmark of instances used for the experiments while Section 4.5.2 presents
and discusses the obtained results.

All algorithms are implemented in the C++ programming language and Linear Programs are solved
using the commercial solver IBM CPLEX 12.9. Experiments are executed on a computer with a 3.6 GHz
CPU and 32 GB of RAM running on Windows 10. All computational times are given in seconds. From now,
let’s call Dicho-Heu the heuristic algorithm and DI-BP the driver-indexed branch-and-price algorithm.

4.5.1 Benchmark instances

As the MTMPD-RD-WE is an extension of the MTMPD-RD (adding equity constraints), benchmark in-
stances of the MTMPD-RD are used to evaluate the MTMPD-RD-WE. In Chapter 2, we built a set of
instances for the MTMPD-RD. These instances are reused in this chapter. The following briefly recalls
how the instances were generated for the MTMPD-RD (see Section 2.6.2 for a more detailed description).
Then, we explain which instances were kept and how new instances are derived from these instances
(reducing their size).

Instances for the MTMPD-RD: a reminder

Benchmark instances for the MTMPD-RD were generated using actual data from the city of Aix-en-
Provence, France. The depot is the Public Hospital of the city and the demands are unitary: they cor-
respond to the transportation of single patients from or to this hospital. The road network of the city is
extracted from OpenStreetMap and represented by a graph. The travel times are expressed in minutes and
rounded up to integer values.

To generate an instance of n customers, n nodes are selected randomly in the road network graph.
The time horizon is set to [0min., 240min.] corresponding to a working period of 4 hours. Tp = Tp = 3
minutes. The release and due dates of customer ¢ (r; and d;) are generated within the time horizon ensuring
feasibility and such that the maximal ride time allowed is the time of a direct ride between pickup and
delivery locations plus a detour of 20 minutes.

An instance is characterized by five values: n, ¢, p, ¢, and K which correspond respectively to the
number of customers, the type of vehicle (s for sedan vehicles of capacity 2 or m for minivans of capacity
4), the probability that a request is inbound (in percentage), the instance ID and the number of vehicles.
So, an instance is named Iy, /1 /;,/i(rc)-

First, we generated 15 instances of n = 50 customers: 5 with p = 25%, 5 with p = 50% and 5 with
p = 75%. These instances are duplicated for sedan vehicles and minivans and for both, the fleet size K is
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fixed to the minimum number of needed vehicles to ensure feasibility. This gives us a total of 30 instances
with 50 customers. Then, 50-customers instances are combined to build 30 instances with 100 customers.

Instances and experiment design for the MTMPD-RD-WE

To evaluate the MTMPD-RD-WE, both algorithms are not efficient on 100-customers instances so, we only
keep 50-customers instances. Also, the BP algorithm showed its limits. Hence, we create new instances
composed of 10 and 25 customers.

The 10 (resp. 25) -customers instances are obtained from the 50-customers instances by keeping
only the 10 (resp. 25) first customers. As for the 50-customers instances, the fleet size K is fixed to
the minimum number of needed vehicles to ensure feasibility (without equity constraints) for the 25-
customers instances. For the 10-customers, one vehicle is added to this setting otherwise most instances
become infeasible when adding equity constraints.

For the 10- and 25-customers instances, we only keep instances with p = 50% with the sedan version.
This gives a total of 5 instances with 10 customers and 5 instances with 25 customers. For the 50-customers
instances, we only keep instances with p = 50% (both the sedan and minivan versions).

To sum-up, we have a total of 20 instances divided into 3 sets:

e Sio: b instances of 10 customers with sedan vehicles and a probability of 50% for requests to be
inbound.

e So5: b instances of 25 customers with sedan vehicles and a probability of 50% for requests to be
inbound.

e S50: 10 instances of 50 customers divided into 2 subsets:

o S50/s: 5 instances of sedan vehicles and a probability of 50% for requests to be inbound.

o S50/m: 5 instances of minivans and a probability of 50% for requests to be inbound.

The i instance (composed of K vehicles) of subset S,, for vehicle type ¢ and probability p of inbound
requests is named I, 4,/ k). So, the instances tested are named:

e Instances of set S10: [10/s/50/i(k;) fori € {1,...,5}

e Instances of set So5: Io5/4/50/i(k,) fori € {1,...,5}

e Instances of set Sxq/s: I50/s/50/i(k;) fori € {1,...,5}
e Instances of set S50 /m: I50/m/50/i(k,) fori € {1,...,5}

For all 10- and 25-customers instances, both Dicho-Heu and DI-BP are run with the following param-
eter values: o € {1.1,1.08,1.06,1.04,1.02,1.01}. For the 50-customers instances, only Dicho-Heu is run
using the same parameter values. Also, each instance is solved without equity constraints (MTMPD-RD)
and is used as a reference for comparison.

The DI-BP algorithm is an exact solution method so if it is proven that an instance is infeasible for a
given « then, this instance is necessarily infeasible and not tested for o/ < a. The Dicho-Heu algorithm
being heuristic, might not find a feasible solution for a given « but it does not guarantee that the instance
is infeasible. Thus, the tests with Dicho-Heu are conducted for all « values.

For the DI-BP algorithm, the total running time is limited to 7200 seconds. For the Dicho-Heu al-
gorithm, neither the total running time nor the number of steps is limited but at each step solving the
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parameterized problem is limited to 7200 seconds and if solving this problem reaches the time limit then,
the algorithm is stopped to avoid too long computing time.

4.5.2 Results and analysis
Results on the 10- and 25-customers instances

Tables 4.2 and 4.3 provide the results on the small-size instances (10 and 25 customers). Column “Instance”
states the instance name; in column“No equity”, sub-columns “cost” and “time” state respectively, the
solution cost, and the running time to solve optimally the instance without equity constraints; “a” states
the value of the parameter « in the equity constraints; in column “Dicho-Heu”, sub-columns “status”,
“cost”, “cost incr” and “time” state respectively, the solution status, the solution cost, the cost increase
compared to the cost of the non-constrained problem (in subcolumn “cost” of column “No equity”), and
the running time to solve the instance with Dicho-Heu; similarly, in column “DI-BP”, sub-columns “status”,
“cost”, “cost incr” and “time” states respectively, the solution status, the solution cost, the cost increase
compared to the cost of the non-constrained problem, and the running time to solve the instance with
Dicho-Heu. Cost increases are expressed in percentage and running times in seconds. Possible statuses
are “opt” when optimality is proven, “feas.” when a feasible solution is found without proof of optimality,
“not found” when no feasible solution is found, and “infes.” when infeasibility is proven. To simplify the
lecture, we call instance, the combination of an instance with a parameter value a.

On the 10-customers instances (Table 4.2), the Dicho-Heu finds feasible solutions for only 6 instances
out of 30 and proves optimality for 5 of them, no feasible solution is found for the remaining 24 instances.
The running times are very short (less than a second). The DI-BP closes all instances: optimal solutions
are found for 20 instances and infeasibility is proven for the remaining 10 instances. The running times
don’t exceed a few hundred seconds. The cost increases can be very important, up to 32.4% for instance
L1o/s/50/2(5) With o = 1.04, even for a large « (e.g., 14.97% for I1¢/,/50/1(4) With o = 1.1 or 21.60% for
110/5/50/2(5) with a = 1.1).

On the 25-customers instances (Table 4.3), the Dicho-Heu finds feasible solutions for 23 instances out
of 30, and proves optimality for 16 of them, no feasible solution is found for the remaining 7 instances.
The running times on these instances remain low (a few seconds). The DI-BP finds 21 feasible solutions
and 8 of them are proven to be optimal. The algorithm cannot conclude on the feasibility of the remaining
9 instances within two hours of running time. Also, we can see that for a given instance, the tighter
the , the longer the running time. This highlights the performance limits of DI-BP to solve middle-sized
instances of the MTMPD-RD-WE. For instances with a feasible solution, we can see that the cost increases
are low, always under 5.00% with the best feasible solution found.

Results on the 50-customers instances

Tables 4.4 and 4.5 provide results of the Dicho-Heu algorithm on the 50-customers instances.
Column “Instance” states the instance name; in column“No equity”, sub-columns “cost” and “time”
state respectively, the solution cost, and the running time to solve the instance to optimality without

]

equity constraints; “«” states the value of parameter « for equity constraints; in column “Dicho-Heu”,
sub-columns “status”, “cost”, “cost incr”, “time” and “#steps” state respectively, the solution status, the
solution cost, the cost increase compared to the cost of the non-constrained problem, the running time
and the number of steps (number of parameterized problems Q(Z) solved) to solve the instance with

Dicho-Heu.
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Table 4.2: Instances of set Sig

Instance | No equity o} Dicho-Heu DI-BP

cost time status cost costincr. time | status cost costincr. time

Lioys/s0/1(4) | 250 <0.1| 1.1 | not found - - 02| opt. 294 1497 295
1.08 | not found - - 01 opt. 294 14.97 227

1.06 | not found - - 01 opt. 302 17.22 221

1.04 | not found - - 01 opt. 308 18.83  22.0

1.02 | not found - - 01 opt. 315 20.63 344

1.01 | not found - - 01 opt. 321 22.12 533

Loss/s0/25) | 225 <0.1| 1.1 | not found - - 01| opt. 287 21.60 835
1.08 | not found - - 01 opt. 288 21.88 694

1.06 | not found - - 01 opt. 297 24.24 106.1

1.04 | not found - - 0.1 opt. 335 32.84 361.2

1.02 | not found - - 0.1 | infeas. - - 3405

1.01 | not found - - 0.1 | infeas. - - -

Liojs/so0/3a) | 245 <01 [ 1.1 opt. 245 000 01| opt. 245 0.00 0.1
1.08 opt. 245 0.00 0.1 opt. 245 0.00 0.1

1.06 opt. 245 0.00 0.1 opt. 245 0.00 0.1

1.04 | not found - - 0.2 opt. 254 3.54 3.1

1.02 | not found - - 02 opt. 254 3.54 2.6

1.01 | not found - - 0.2 opt. 254 3.54 2.5

Lioys/s0/a(a) | 309 <01 1.1 feas. 314 159 02| opt. 314 159 49
1.08 opt. 314 1.59 <0.1 opt. 314 1.59 4.2

1.06 opt. 314 1.59 <0.1 opt. 314 1.59 4.0

1.04 | not found - - <0.1 | infeas. - - 1438

1.02 | not found - - <0.1 | infeas. - - -

1.01 | not found - - <0.1 | infeas. - - -

Lo/s/s0/5(5) | 320 <0.1| 1.1 | not found - - <01 opt. 355 9.86  26.2
1.08 | not found - - <0.1 | infeas. - - 106.5

1.06 | not found - - <0.1 | infeas. - - -

1.04 | not found - - <0.1 | infeas. - - -

1.02 | not found - - <0.1 | infeas. - - -

1.01 | not found - - <0.1 | infeas. - - -
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Table 4.3: Instances of set Sos

Instance | No equity o} Dicho-Heu DI-BP

cost time status cost costincr. time status cost cost incr. time

Insjsys0/1(5) | 553 <01 1.1 opt. 557 072 0.9 opt. 557 072  87.3
1.08 opt. 560 1.25 0.5 feas. 560 1.25 -

1.06 opt. 560 1.25 0.5 feas. 560 1.25 -

1.04 opt. 566 2.30 0.9 feas. 566 2.30 -

1.02 opt. 566 2.30 0.8 feas. 566 2.30 -

1.01 opt. 566 2.30 1.0 feas. 566 2.30 -

Ins/sis0/2(5) | 511 <01 1.1 opt. 511 0.00 0.1 opt. 511 000 385
1.08 feas. 523 2.29 1.8 opt. 514 0.58 315.5

1.06 opt. 523 2.29 1.4 feas. 523 2.29 -

1.04 opt. 527 3.04 1.3 feas. 558 8.42 -

1.02 | not found - - 3.0 | not found - - -

1.01 | not found - - 2.5 | not found - - -

Ins/sis0/3(s) | 531 0.1 L1 opt. 531 0.00 0.2 opt. 531 0.00 185.2
1.08 opt. 531 0.00 1.6 opt. 531 0.00 107.6

1.06 feas. 543 2.21 3.1 opt. 536 093 27029

1.04 opt. 543 2.21 2.5 feas. 543 2.21 -

1.02 | not found - - 3.8 | not found - - -

1.01 | not found - - 3.5 | not found - - -

Iyss/s0/a3) | 623 <01 1.1 feas. 649 401 21 opt. 636 2.04 1305.1
1.08 feas. 649 4.01 1.9 opt. 644 3.26 4673.2

1.06 feas. 652 4.45 2.3 feas. 652 4.45 -

1.04 opt. 652 4.45 0.7 feas. 652 4.45 -

1.02 | not found - - 2.3 feas. 706 4.45 -

1.01 | not found - - 2.1 | not found - - -

Ins/sis0/5(5) | 527 <01 1.1 opt. 534 131 1.0 feas. 534 1.31 -
1.08 opt. 534 1.31 1.1 feas. 534 1.31 -

1.06 feas. 541 2.58 2.5 | not found - - -

1.04 feas. 549 4.01 2.7 | not found - - -

1.02 opt. 549 4.01 1.1 | not found - - -

1.01 | not found - - 2.5 | not found - - -
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For the sedan instances (Table 4.4), optimality is proven for 16 instances out of 30, and 20 feasible
solutions are found. Hence, no feasible solution was found for the remaining 10 instances. When feasible
solutions are found, we can see that the impact on cost is low (between 0.00% and 3.75%). However, the
running time is drastically increased: all instances are solved within a few seconds without equity against
hundreds or thousands of seconds with equity. This is due to the fact that solving an instance with Dicho-
Heu relies on solving several branch-and-price (BP) and at each BP, a new resource is managed which
weakens the dominance in the pricing problem. In some instances, there might be a step that is not solved
to optimality within two hours. This also explains the long running time of some instances (for which the
algorithm is stopped before the end).

Table 4.5 shows similar results for the minivan instances, optimality is proven for 16 instances out of
30 and 20 feasible solutions are found. Hence, no feasible solution was found for 10 instances. Again, the
costs are not drastically deteriorated (between 0.00% and 2.93%).

Discussion of the results

Results of Tables 4.2, 4.3, 4.4 and 4.5 highlight the proc and cons of each solution method:

e Dicho-Heu: very fast to solve small instances (10 customers) but doesn’t find feasible solutions for
most of the instances. This method is efficient on 25-customers instances finding a feasible solution
for most instances within a short computing time. It is also efficient on the 50-customers instances
finding a feasible solution for most instances. However, the running times are largely impacted
which shows the limits of the algorithm.

e DI-BP: is fast to solve the 10-customers instances and allows to conclude on feasibility for any
instance. It is drastically impacted in terms of running time to solve the 25-customers instances and
unable to solve the 50-customers instances. The efficiency is also largely impacted by the parameter
«. Indeed, given an instance whatever the value of o, the root lower bound remains usually the same
because equity constraints are relaxed. However, the optimal cost is increased when « increases
which increases the gap between the root lower bound and the optimal cost.

The obtained results allow us to conclude on the quality of the solutions. We can notice that the impact
of equity on the cost directly depends on the size of the instance. On small instances (10 customers)
cost is drastically increased to ensure the satisfaction of equity constraints (up to 32.84% on instance
L10/s/50/2(5))- However, on the 25 (resp., 50)-customers instances, the cost increase never exceeds 5%

(resp., 4%).

4.6 Conclusion

Interest in equity in the routing literature has been recently growing considerably. Most studies consider
bi-objective models with two explicit objectives, one for cost minimization and one for equity. In this
chapter, we rather prefer to keep minimizing the cost as the single objective and manage equity with
constraints. These constraints aim at limiting the deviation of route costs from the average route cost.
The equity metric is the route cost, a variable-sum metric. We use the MTMPD-RD (the non-emergency
transportation problem studied in chapter 2) as a case study problem. We call MTMPD-RD with workload
equity (MTMPD-RD-WE) this extension.

We show that the problem cannot be solved efficiently by the standard branch-and-price approach
with the straightforward set partitioning formulation and propose two original solution methods: i) a
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Table 4.4: Instances of set S5/

Instance | No equity o] Dicho-Heu
cost time status cost cost incr. time #steps
150/5/50/1(7) 910 103 1.1 opt. 911 0.11 242.6 8
1.08 opt. 911 0.11 141.8 8
1.06 feas. 912 0.22 318.2 15
1.04 opt. 913 0.33 652.1 10
1.02 opt. 924 1.52 1326.5 8
1.01 | not found - - 49446 15
Iso/s/s0/28) | 771 09 [ 11 feas. 786 191 1697 15
1.08 opt. 786 1.91 88.3 8
1.06 opt. 791 2.53 343.2 7
1.04 feas. 801 3.75 1647.4 15
1.02 opt. 801 3.75 319.1 6
1.01 | not found - - 8722 15
Iso/s/s0/39) | 1047 26 | 11 opt. 1061 132 545 7
1.08 opt. 1062 1.41 67.3
1.06 feas. 1072 2.33 223.5 15
1.04 | not found - - 7200.7 1
1.02 | not found - - 72549 7
1.01 | not found - - 72455 6
150/5/50/4(7) 976 5.6 1.1 opt. 976 0.00 119.5 7
1.08 | not found - - 72379 4
1.06 opt. 982 0.61 1771 10
1.04 | not found - - 5399 15
1.02 | not found - - 72523 5
1.01 | not found - - 72957 7
Isoss/s0/5(y | 884 27| 11 opt. 884 0.00 885 10
1.08 opt. 884 0.00 84.3 8
1.06 opt. 884 0.00 86.2 8
1.04 opt. 884 0.00 111.6 8
1.02 opt. 898 1.56 200.4 11
1.01 | not found - - 3151 15
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Table 4.5: Instances of set S/,

Instance | No equity « Dicho-Heu

cost time status cost cost incr. time #steps
IBO/m/BO/l(?) 877 1.8 1.1 opt. 878 0.11 98.0 12
1.08 opt. 878 0.11 69.1 7
1.06 opt. 879 0.23 65.7 7
1.04 opt. 885 0.90 89.0 8
1.02 opt. 888 1.24 117.7 9
1.01 | not found - - 2351 15
Iso/m/so/2r) | 745 2.8 | L1 opt. 762 223 417.0 10
1.08 | not found - - 72237 4
1.06 feas. 767 2.87 12338 15
1.04 | not found - - 7316.4 6
1.02 | not found - - 7506.6 8
1.01 | not found - - 72559 5
Iso/m/s0/30) | 1026 17 | 11 opt. 1028 019 217 6
1.08 opt. 1037 1.06 28.5 8
1.06 opt. 1037 1.06 26.2 6
1.04 | not found - - 90.8 15
1.02 | not found - - 109.7 15
1.01 | not found - - 105.9 15
I50/m/50/4(7) 962 6.1 1.1 opt. 966 0.41 121.4 6
1.08 opt. 966 0.41 95.0 5

1.06 opt. 966 0.41 137.7
1.04 feas. 991 2.93 409.5 15
1.02 feas. 991 2.93 404.8 15
1.01 | not found - - 485.8 15
Iso/m/s0/5() | 809 16| L1 opt. 809 0.00  44.1 6
1.08 opt. 809 0.00 43.8 6
1.06 feas. 819 1.22 143.4 15
1.04 opt. 820 1.34 70.0 8
1.02 opt. 821 1.46 96.6 10
1.01 | not found - - 160.7 15
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heuristic based on a dichotomic search where at each step, a simplified version of the problem is solved
and ii) a branch-and-price algorithm where variables (columns) are indexed by the route and the driver.

Solution methods are evaluated on instances of 10 and 25 customers, plus instances with 50 cus-
tomers for the heuristic. Results show that the heuristic is able to solve optimally in most instances. Its
main weakness is that when an instance is unfeasible, the heuristic cannot prove it and consequently,
the feasibility of many instances is not proved (or disproved). The branch-and-price algorithm permits to
prove unfeasibility and is efficient to solve small instances but it shows its limits on mid-sized instances.
Results show that the cost of equity on small instances (10 customers) is high but small on larger instances
(25 and 50 customers).

A first interesting perspective to this work would be to improve the exact method in order to evaluate
larger instances especially to evaluate feasibility when the parameter « is small. To limit the number of
variables and pricing problems to solve, we could propose a model where equity is managed with con-
straints on customers which would add n new constraints into the master problem. It would considerably
reduce the number of variables and a single pricing problem would be sufficient. Another perspective is to
study the emergency version of the problem, where requests can be revealed during the execution of the
routes. This problem is dynamic and new solution methods need to be proposed. Also, the stochastic ver-
sion of the problem would require new solution methods. A last perspective for which some research has
already been investigated is to consider several transportation companies and consider equity in terms of
benefits between them. Collaborations exchanging requests between companies can improve the equity
and benefits of companies.
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Conclusion and perspectives

5.1 Conclusion

In this thesis, we have introduced novel models and solution methods to incorporate equity into routing
problems. As a benchmark problem, we have utilized non-emergency transportation of patients and de-
fined a fundamental problem called Multi-Trip Vehicle Routing Problem with Mixed Pickup and Delivery,
and Release and Due dates (MTMPD-RD) in Chapter 2. To address this problem, we have developed a
branch-and-price algorithm based on a multi-trip model. Experiments show that this model outperforms
a standard pickup-and-delivery model. Chapters 3 and 4 define extensions of the MTMPD-RD integrat-
ing workload equity, and the different solution methods proposed are all based on or adapted from the
branch-and-price algorithm proposed to solve the MTMPD-RD.

In Chapter 3, we investigate a multi-period variant of the MTMPD-RD with workload equity, where
requests are dynamically revealed on a daily basis making the problem dynamic. This unique aspect dis-
tinguishes it from the majority of existing literature, which usually focuses on extensions of the Periodic
VRP (PVRP). In this chapter, equity is measured on painfulness of requests, using a constant-sum metric.
To address this novel problem, we propose five distinct solution frameworks aimed at effectively man-
aging equity. These frameworks are rigorously evaluated through extensive computational experiments,
involving a wide range of Key Performance Indicators for comprehensive comparison and analysis. Results
highlight the strengths and weaknesses of each proposed framework. Specifically, the findings indicate
that an extended time horizon leads to a reduction in both workload imbalances and cost increases. Over-
all, the introduced frameworks demonstrate their effectiveness in achieving high-quality solutions with
regards to both cost optimization and equity considerations.

Chapter 4 extends the MTMPD-RD by introducing workload equity considerations aimed at achieving
balanced route costs. It presents a distinctive approach that sets it apart from the prevailing literature.
Instead of defining two explicit objectives, namely cost minimization and equity, the focus here is on a
single objective: cost minimization. Equity is ensured through the implementation of constraints that
restrict route costs. Two solution methods, a heuristic and an exact approach, are proposed to address
the problem. Computational experiments highlight the limitations of these algorithms in solving large
instances, particularly the exact method. However, the experiments also demonstrate that a high level of
equity can be achieved with only a minor impact on the overall solution cost.

In conclusion, this thesis has made contributions to the field of workload equity in routing problems.
It has introduced innovative algorithms based on branch-and-price for handling equity considerations and
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analyzed the impact of equity on routing solutions. These contributions have enhanced our understanding
of the complex relationship between equity and routing optimization, providing valuable insights for
future research in this area.

5.2 Perspectives

Workload equity is an emerging topic in the literature of Vehicle Routing Problem, and there are vari-
ous perspectives to explore. Some of these perspectives are direct extensions of the work presented in
this thesis. Specifically, a direct extension of Chapter 3 is to consider a varying perception of painfulness
depending on individual drivers. This can provide further insights into incorporating individual factors
in workload equity analysis. Another direct perspective for Chapter 4 is to propose a new exact solu-
tion method to solve larger instances. This would address the limitations observed in the computational
experiments.

Another relevant perspective involves applying our solution methods to other problem domains to
assess their effectiveness. This would allow for a broader understanding of the applicability and general-
izability of the proposed approaches. Additionally, it is important to investigate the emergency version
of the MTMPD-RD, wherein requests can emerge during the execution of routes. This dynamic problem
necessitates the development of new solution methods capable to real time changes. Moreover, address-
ing the stochastic variant of the problem would require the introduction of novel solution approaches that
can effectively handle uncertainty. Lastly, considering multiple transportation companies and examining
equity in terms of benefits between them presents an additional avenue for exploration. Collaborative
efforts, involving the exchange of requests between companies, have the potential to enhance equity and
the overall benefits accrued by these companies. In the following sections, we detail these perspectives.

5.2.1 Different perception of painfulness or preferences

In Chapter 3, each request ¢ is assigned an integer value 7;, representing its level of painfulness. Painful-
ness is determined based on various factors, such as the age of the patients, the number of patients, their
mobility, and the type of residential building they reside in. The higher the value of 7;, the more painful
the request is considered to be. A relevant extension is to consider different perception of painfulness for
drivers. For instance, a driver m may find a particular request ¢ more painful than another driver ms does.
In such cases, painfulness values must be indexed by drivers, denoted as 71} > 72. As a result, painfulness
is no longer a constant-sum metric, necessitating the adaptation of solution methods. Another related
aspect to explore is assigning preferences to drivers to achieve a balance. In this scenario, equity depends
on individual preferences, and the assumption of anonymity, which is typically made in the literature, no
longer holds.

5.2.2 New exact solution method for the MTMPD-RD-WE

In Chapter 4, the proposed branch-and-price algorithm for the MTMPD-RD-WE showed its limits to solve
large instances. This is primarily due to the fact that routes are generated separately between drivers,
resulting in a large number of variables and the need to solve distinct pricing problems for each driver.
In addition, when « is small, the relaxation becomes weaker, further impacting the algorithm efficiency.
To improve efficiency of the algorithm and solve larger instances, a potential approach could involve
proposing a new model where equity constraints are based on nodes instead of drivers. This means that
previous equity constraints:
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These constraints ensure that each customer is visited by a route with a routing time respecting the
imposed limit for equity. By using these equity constraints, routes can be generated for all drivers which
reduces the number of variables and a single pricing problem is sufficient for all drivers. This consolidation
of pricing problems may contribute to the overall efficiency of the algorithm. This will help allowing for
improved computational performance to handle larger instances.

5.2.3 Application of the solution methods to other problems

To validate the proposed solution methods of Chapters 3 and 4 it would be relevant to apply them to
other problems both theoretical and practical. From a theoretical point of view, it is valuable to test
these methods on well-known generic problems and compare the obtained solutions with those already
published in the literature. For example, instead of using the MTMPD-RD as the underlying routing
problem, we can use the Capacitated Vehicle Routing Problem (CVRP) and compare our solutions with
solutions of the literature for the VRPRB (bi-objective extension of the CVRP with the range as a second
objective). From a practical perspective, it is beneficial to apply our algorithms to real-world applications
such as last-mile delivery or home-to-work transportation scenarios. This would allow us to assess the
effectiveness of the proposed algorithms in addressing the challenges and complexities of these specific
problems. By conducting such validation on both theoretical and practical fronts, we can establish the
robustness and applicability of our solution methods beyond their initial contexts.

5.2.4 Dynamic version/emergency

This thesis focuses on the MTMPD-RD as basic routing problem, specifically addressing the non-emergency
transportation of patients problem. It would be interesting to consider the emergency version of this prob-
lem. In the emergency version, the problem becomes dynamic, where requests are revealed during the
route execution, necessitating real time (online) updates to the routes. Consequently, novel solution ap-
proaches are required for the MTMPD-RD and its related problems, while incorporating equity constraints.
Furthermore, for enhanced realism, it is pertinent to integrate stochastic demands. By considering uncer-
tain and varying demands, the proposed models and solution approaches can be further adapted in order
to handle the stochastic nature of real-world routing problems.

5.2.5 Equity in collaborative vehicle routing

Another promising avenue to explore is the integration of equity considerations in collaborative vehi-
cle routing. In the real world, multiple transportation companies compete to offer their services. The
primary goal is to maximize their profits while simultaneously ensuring a fair distribution of requests
among them. Collaboration among transportation companies can be achieved through the exchange of

115



Maxime Agius

requests. By sharing requests, companies can collectively optimize their operations while maintaining
equity. Although there is existing research in the literature on this subject, there are still open questions
and opportunities for further exploration. Dealing with the integration of equity in collaborative vehi-
cle routing can contribute to a deeper understanding of how equity and efficiency can be balanced in a
competitive environment. This research direction could lead to the development of innovative models,
solution approaches and strategies.
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Appendix

This appendix presents the detailed results of the MT-BP algorithm on instances of sets £y, Fo and E3
studied in Section 2.6.6 of Chapter 2. Similarly to Tables 2.7 and 2.8 which present the results on instances
of set Fp with 50 and 100 customers, Tables A.1 and A.2 present the results on instances of set £} with 50
and 100 customers and the same for Tables A.3 and A.4 on instances of set F/» and for Tables A.5 and A.6
on instances of set F3. These tables show for each instance, the value of the lower bound (“RLB”) at the
root node, the computing time (“Time**#”) in seconds to reach “RLB”, the objective function value of the

best integer solution found (“UB”) and the total computing time ("Time”) in seconds of MT-BP. The symbol
RLB»

"on

for “Time and “Time” means that the process did not finish within the time limit of two hours. For

"o

the other parameters, the symbo means that no value was found within the time limit of two hours.
Value “UB” is highlighted in bold if optimality is proven. We also provide the gap at the root node (“root
gap”) between RLB and the optimal solution and, the final gap (“final gap”) when MT-BP terminates with
a non-proven optimum. The value “root gap” is only provided if optimality is proven. Columns “#trips”,
“min”, and “max” respectively provide the total number of trips, the minimum number of trips per vehicle,

and the maximum number of trips per vehicle in the obtained solution.
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Table A.1: Results of the MT-BP algorithm on the 50-customers instances of set F;

RLB UB Gaps (%) Trips
Instance RLB  Time”*# UB  Time | rootgap final gap | nbtrips min max
Iso/s/25/1(7) | 1003.60 6.0 1008 222 0.44 0.00 20 2 4
150/5/25/2(6) 898.36 14.8 899 20.3 0.07 0.00 21 2 6
Iso/s/25/36) | 90320 22.0 916 4638 | 140 0.00 20 2 5
Iso/s/25/a(6) | 83930 16.1 847 22569 | 0.91 0.00 19 2 4
150/5/25/5(6) 775.59 15.2 784 326.8 1.07 0.00 20 2 5
Iso/s/50/1(6) | 75850 7.1 775 11334 | 2.13 0.00 17 2 4
Iso/s/50/2(6) | 68213 13.5 689  423.6 1.00 0.00 16 2 3
150/5/50/3(7) 898.46 6.9 903 22.6 0.50 0.00 19 2 4
150/5/50/4(6) 834.89 10.3 848 257.3 1.55 0.00 17 2 3
Iso/s/505(6) | 74350 10.4 746  18.1 0.34 0.00 19 2 4
Isoss/75/1(6) | 861.78 7.9 873  202.7 1.28 0.00 21 3 4
150/5/75/2(6) 800.67 7.5 809 35.9 1.03 0.00 19 2 4
150/5/75/3(6) 809.00 12.5 815 54.5 0.74 0.00 20 2 5
150/5/75/4(6) 847.21 4.9 862 - - 0.23 19 2 4
Iso/s/75/506) | 94831 6.5 993 - - 2.95 24 3 6
ISO/m/25/1(6) 799.13 7.9 801 11.7 0.23 0.00 12 1 3
Iso/myasa(s) | 705.84 19.3 719 1543 | 1.83 0.00 13 2 3
IBO/m/QS/S(G) 750.35 14.9 751 23.7 0.09 0.00 14 1 3
Is0/mya5)4(5) | 692.00 25.2 692 253 0.00 0.00 14 2 3
Iso/myas)5(5) | 708.40 18.5 724 8819 | 2.15 0.00 14 2 4
I50/mys0/1(5) | 680.00 12.3 681 135 0.15 0.00 15 2 4
Iso/m/50/2(5) | 619.00 21.1 623 455 0.64 0.00 12 2 3
Iso/mys0/3(6) | 806.65 7.5 833 5977 | 3.16 0.00 15 2 4
Iso/mys04(5) | 749:20 12.6 781 36017 | 4.07 0.00 14 2 4
Iso/m/s0/5(5) | 675.70 12.0 678 446 0.34 0.00 13 2 3
Iso/my7s/1(5) | 650.26 9.9 662 543 1.77 0.00 15 2 4
Iso/my7sa(s) | 693.09 9.9 708 1358 | 2.11 0.00 14 2 4
Iso/my7s)3(s) | 723.95 14.1 734 - - 0.56 13 2 3
I50/m/75/4(5) 703.80 7.0 716  970.6 1.70 0.00 13 2 3
Iso/my7s)s(s) | 75949 8.8 769  64.7 1.24 0.00 15 2 4
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Table A.2: Results of the MT-BP algorithm on the 100-customers instances of set F

RLB UB Gaps (%) Trips
Instance RLB  Time®*# UB  Time | rootgap finalgap | nbtrips min max
1100/5/25/1(13) 1751.20 530.2 - - - - - - -
1100/5/25/2(12) 1633.59 983.5 - - - - - - -
1100/5/25/3(12) 1555.06 961.5 - - - - - - _
1100/5/25/4(12) 1413.25 922.5 - - - - - - -
1100/5/25/5(13) 1587.33 536.4 - - - - - - -
1100/5/50/1(12) 1268.13 392.5 - - - - - - -
1100/5/50/2(13) 1366.79 436.1 - - - - - - _
1100/5/50/3(13) 1517.63 342.0 - - - - - - -
1100/5/50/4(12) 1386.84 454.8 - - - - - - -
1100/5/50/5(12) 1323.56 350.8 - - - - - - -
1100/5/75/1(12) 1533.37 315.9 - - - - - - _
1100/5/75/2(12) 1451.83 423.7 - - - - - - -
1100/5/75/3(12) 1479.75 293.7 - - - - - - -
1100/5/75/4(12) 1618.16 216.7 - - - - - - -
1100/5/75/5(12) 1618.26 320.9 - - - - - - -
IlOO/m/25/1(11) 1247.53 370.4 - - - - - - -
IlOO/m/25/2(11) 1191.23 417.5 - - - - - - -
Ligojmy2s/3011) | 1177.67 5254 1192 - - 0.34 23 13
IlOO/m/25/4(lO) 1127.86 655.3 1140 - - 0.49 25 2 3
IlOO/m/25/5(11) 1204.74 356.8 - - - - - -
IlOO/m/5O/1(10) 1047.94 474.9 - - - - - - -
IlOO/m/5O/2(11) 1137.18 353.5 - - - - - - -
Iloo/m/50/3(11) 1220.10 332.7 1227 4031.1 0.56 0.00 21 1 2
IlOO/m/5O/4(10) 1133.05 370.2 - - - - - - -
IlOO/m/5O/5(10) 1131.16 309.7 1153 - - 0.93 20 1 3
Il()()/m/75/1(10) 1118.44 288.3 1120 569.5 0.14 0.00 22 2 3
IlOO/m/75/2(1O) 1157.95 344.9 - - - - - -
IlOO/m/75/3(10) 1148.98 216.1 - - - - - - -
IlOO/m/75/4(lO) 1163.09 223.4 - - - - - - _
IlOO/m/75/5(1O) 1139.19 228.0 - - - - - - _
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Table A.3: Results of the MT-BP algorithm on the 50-customers instances of set F

RLB UB Gaps (%) Trips
Instance RLB  Time®*# UB  Time | rootgap final gap | nbtrips min max
150/5/25/1(4) 1283.50 14.0 1298 594 1.12 0.00 24 5 7
Isos/as/2(s) | 106200  13.6 1068 375 | 0.56 0.00 26 4 6
Iso/s253(3) | 111150 114 1112 152 0.04 0.00 24 3 7
Iso/s/o5/a(5) | 1040.00  16.1 1040 349 | 0.00 0.00 27 4 7
Iso/s/os/s(a) | 100950 135 1026 293 | 161 0.00 24 5 7
Iso/s/50/1(5) | 1017.00 4.9 1017 7.2 0.00 0.00 22 3 8
Iso/s/50/2(4) | 878.00 8.0 884 208 | 0.8 0.00 19 3 6
Iso/s/s0/34) | 111500 103 1118 151 | 0.27 0.00 22 5 7
Iso/s/s0/a(a) | 110000 169 1100 169 | 0.00 0.00 23 5 7
Iso/s/50/5(5) | 1005.50 7.2 1006 9.0 0.05 0.00 22 4 5
Isoss/75/1(5) | 987.00 2.8 991 113 | 0.40 0.00 22 3 5
Iso/s/75/202) | 95150 9.1 959 132 | 0.78 0.00 21 5 6
Iso/s/75/34) | 1028.50 4.2 1039 214 | 1.01 0.00 24 5 7
Iso/s/75/4(4) | 1101.00 6.7 1101 6.7 0.00 0.00 24 5 7
Iso/s/75/504) | 1074.00 4.6 1074 121 |  0.00 0.00 25 47
Iso/mya5/1(5) | 1254.00 6.2 1269 149.2 | 1.18 0.00 24 3 6
Iso/myasja(ay | 1103.00 217 1103 245 | 0.00 0.00 28 5 9
Iso/myas/3(5) | 1096.42 8.4 1101 167 | 042 0.00 22 4 5
I50/my25/4(5) | 1006.00 9.1 1014 358 | 0.79 0.00 25 3 7
I50/myas)5(5) | 980.00 6.9 980 6.9 0.00 0.00 21 3 6
I50/mys0/1(4) | 996.00 7.9 996 7.9 0.00 0.00 21 3 6
Iso/m/50/2(6) | 884.00 1.4 884 14 0.00 0.00 20 2 5
Iso/mysoj3(ay | 107200 134 1072 139 |  0.00 0.00 22 4 7
I50/my50/4(4) | 1003.00 6.6 1003 6.6 0.00 0.00 19 3 6
Iso/mys0/5(5) | 956.00 9.6 956 112 | 0.00 0.00 20 2 6
Iso/my7s/1(4) | 968.33 8.4 979 334 1.09 0.00 24 4 7
Iso/my7sa(s) | 927.50 2.9 960 27.6 | 3.39 0.00 20 3 5
Iso/my7s3(5) | 932.00 3.6 933 77 0.11 0.00 23 3 6
Iso/m/75/4(5) | 1024.50 1.7 1025 35 0.05 0.00 21 4 5
Iso/my7s)5(5) | 1052.00 1.9 1052 3.2 0.00 0.00 23 3 6
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Table A.4: Results of the MT-BP algorithm on the 100-customers instances of set E»

RLB UB Gaps (%) Trips
Instance RLB  Time®*# UB  Time | rootgap finalgap | nbtrips min max
1100/3/25/1(9) 2076.00 1350.8 - - - - - - -
1100/5/25/2(10) 1863.50 815.6 1871 - - 0.27 43 3 6
1100/5/25/3(10) 1868.88 1243.4 1883 - - 0.48 44 2 8
1100/3/25/4(9) 1739.50 955.3 - - - - - - -
1100/3/25/5(8) 1899.25 802.0 1929 - - 0.23 39 3 7
1100/5/50/1(9) 1621.00 144.9 1629 - - 0.06 36 3 6
1100/5/50/2(8) 1716.31 243.3 1731 - - 0.29 34 3 5
1100/3/50/3(8) 1845.50 770.6 - - - - - - -
1100/5/50/4(9) 1698.00 1105.0 1717 3426.3 1.11 0.00 38 2 6
1100/5/50/5(10) 1635.25 228.9 1641 496.6 0.35 0.00 35 2 5
1100/3/75/1(9) 1710.75 289.8 - - - - - - -
1100/3/75/2(8) 1688.50 264.9 1695 5851.1 0.38 0.00 40 3 6
1100/5/75/3(8) 1724.50 111.8 - - - - - - -
1100/5/75/4(8) 2006.17 131.9 2011 1460.2 0.24 0.00 43 5 7
1100/3/75/5(9) 1879.50 111.4 1899 2791.9 1.03 0.00 43 4 7
IlOO/m/25/1(9) 1948.83 1186.5 - - - - - - _
IlOO/m/25/2(9) 1773.50 1063.6 1776 2438.7 0.14 0.00 37 3 6
IlOO/m/QS/S(lO) 1769.25 939.6 1785 2044.9 0.88 0.00 38 3 5
IlOO/m/25/4(lO) 1674.67 870.2 1686 3751.2 0.67 0.00 38 2 5
IlOO/m/25/5(1O) 1878.75 468.2 1891 - - 0.32 39 3 5
IlOO/m/5O/1(10) 1516.54 101.0 - - - - - - -
IlOO/m/5O/2(1O) 1647.50 227.2 1656 3896.5 0.51 0.00 33 2 4
IlOO/m/5O/3(8) 1710.00 314.1 1738 6386.8 1.61 0.00 33 2 6
IlOO/m/5O/4(9) 1704.83 546.8 1719 4247.2 0.82 0.00 32 3 5
IlOO/m/50/5(9) 1538.50 245.3 1540 393.6 0.10 0.00 31 3 4
IlOO/m/75/1(9) 1624.29 161.6 1651 - - 1.09 37 2 6
IlOO/m/75/2(1O) 1603.00 109.6 1613 156.0 0.62 0.00 33 2 4
IlOO/m/75/3(10) 1582.83 75.9 1600 4432.7 1.07 0.00 34 2 6
IlOO/m/75/4(1O) 1738.92 48.6 1754 - - 0.26 38 2 6
IlUO/m/75/5(9) 1777.00 188.6 1788 588.9 0.62 0.00 41 4 6
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Table A.5: Results of the MT-BP algorithm on the 50-customers instances of set F5

RLB UB Gaps (%) Trips
Instance RLB  Time”*# UB  Time | rootgap final gap | nbtrips min max
150/5/25/1(4) 1079.00 27.5 1086 2126.9 0.64 0.00 18 3 6
150/5/25/2(4) 940.88 48.6 943 2151 0.23 0.00 22 5 6
Iso/s/as/34) | 951.14 33.9 954  135.1 0.30 0.00 21 5 6
Iso/s/os/aqa) | 910.75 45.9 913 1437 | 025 0.00 22 5 6
Iso/s/25/5(4) | 883.00 28.5 885  60.1 0.23 0.00 19 3 8
150/5/50/1(4) 893.69 22.8 894 39.2 0.03 0.00 18 2 6
Iso/s/s0/2(3) | 789.61 36.2 792 448.1 0.30 0.00 18 5 7
Tso/s/s0/3(3) | 93442 487 942 1816 | 0.81 0.00 18 5 7
150/5/50/4(4) 913.00 26.7 923 771.7 1.08 0.00 19 3 7
Iso/s/50/5(3) | 954.00 63.0 954 633 0.00 0.00 21 6 8
Isoss/75/104) | 907.50 12.8 911 3325 | 0.38 0.00 22 4 8
Iso/s/75/2(3) | 882.00 37.6 908 - - 0.88 19 4 8
150/5/75/3(3) 874.29 31.6 884 542.1 1.10 0.00 20 6 7
Iso/s/7s/a(a) | 92850 18.7 935 13343 | 0.70 0.00 21 5 6
Iso/s/75/504) | 97450 11.5 980  38.0 0.56 0.00 22 4 8
I50/myas/1(a) | 934.33 26.9 948  99.7 1.44 0.00 16 2 5
Iso/myas/2(3) | 903.29 69.1 905 1106 | 0.19 0.00 19 6 7
Iso/myos/3(ay | 841.25 41.7 845 883 0.44 0.00 15 3 5
I50/m/25/4(1) | 800.00 413 826 - - 2.06 16 3 5
I50/myas)5(4) | 803.60 25.6 810  45.7 0.79 0.00 14 2 5
I5o/mys0/1(4) | 788.00 14.0 788  14.0 0.00 0.00 14 3 4
Iso/my50/2(4) | 759.50 11.0 763  39.8 0.46 0.00 15 35
Iso/mys0/3(3) | 881.50 38.2 888 1139 | 0.73 0.00 17 5 7
I50/m/50/4(3) 851.79 34.9 871 1899.2 2.21 0.00 14 4 5
Iso/m/50/5(4) | 808.00 39.8 808  39.9 0.00 0.00 15 2 5
Iso/my7s/1(4) | 763.75 19.9 783 - - 0.26 14 2 5
Iso/my7sjaa) | 775.00 14.3 778 403 0.39 0.00 14 3 4
Iso/my7s/3(4) | 748.00 17.8 756 15893 | 1.06 0.00 14 2 5
Iso/m7s/a(a) | 795.50 6.5 797  10.0 0.19 0.00 15 2 6
Iso/my7s/5(4) | 830.33 10.2 836  126.1 0.68 0.00 14 2 5
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Table A.6: Results of the MT-BP algorithm on the 100-customers instances of set F3

RLB UB Gaps (%) Trips
Instance RLB  Time*# UB  Time | rootgap final gap | nbtrips min max
1100/3/25/1(8) 1856.70 3897.5 - - - - - - -
1100/5/25/2(8) 1713.50 6841.0 - - - - - - -
T100/5/25/3(8) - - - - - B} _ i )
1100/3/25/4(8) 1564.83 6114.4 - - - - - - _
1100/3/25/5(8) 1719.00 2861.6 - - - - - - -
1100/5/50/1(7) 1401.31 1022.8 - - - - - - -
1100/5/50/2(6) 1473.75 1794.3 1486 - - 0.32 30 4 6
1100/3/50/3(7) 1618.71 2463.9 - - - - - - -
1100/5/50/4(7) 1492.00 3060.2 - - - - - - -
1100/3/50/5(7) 1454.44 2681.5 1461 6365.7 0.45 0.00 32 4 6
1100/3/75/1(7) 1606.92 3125.0 - - - - - - _
1100/3/75/2(6) 1521.61 2131.3 - - - - - - -
1100/5/75/3(7) 1583.21 994.0 - - - - - - -
1100/5/75/4(8) 1783.20 1495.5 - - - - - - -
1100/3/75/5(8) 1750.50 1794.6 - - - - - - -
IlOO/m/25/1(7) 1483.58 2937.5 - - - - - - -
IlOO/m/25/2(7) 1399.01 2273.5 - - - - - - -
IlOO/m/25/3(8) 1393.37 1895.7 - - - - - - _
IlOO/m/25/4(8) 1350.13 2644.9 1357 - - 0.33 26 2 4
IlOO/m/25/5(8) 1477.33 1517.9 - - - - - - -
IlOO/m/50/1(8) 1238.17 557.9 - - - - - - -
IlOO/m/50/2(7) 1360.22 1490.5 - - - - - - -
IlOO/m/50/3(6) 1415.34 1397.8 - - - - - - -
IlOO/m/50/4(7) 1385.97 1480.3 - - - - - - -
IlOO/m/50/5(8) 1294.15 924.3 - - - - - - -
IlOO/m/75/1(8) 1276.12 1034.2 - - - - - - -
IlOO/m/75/2(8) 1280.50 460.8 - - - - - - -
IlOO/m/75/3(8) 1263.92 269.7 - - - - - - -
IlOO/m/75/4(8) 1340.50 248.9 1345 1886.5 0.33 0.00 25 2 4
IlUO/m/75/5(8) 1386.32 460.0 - - - - - - -
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Introduction

Le probléme de tournées de véhicules (VRP) est I'un des types de problémes les plus étudiés en
Recherche Opérationnelle, a la fois pour des raisons pratiques et théoriques. Parmi la grande var-
iété d’applications du VRP, I’équité a gagné en intérét dans la littérature récente. L’équité peut
concener soit le service et le client, soit le fournisseur. Dans le premier cas, I’équité est souvent la
principale préoccupation, tandis que dans le second, I’équité et le colit sont optimisés simultané-
ment. Dans les applications concernant le fournisseur, I’équité consiste a répartir équitablement
la charge de travail entre les conducteurs. Le principal défi consiste a trouver une répartition
équitable de la charge de travail en minimisant I'impact sur les cotits des tournées. Pour mesurer
I’équité, il est nécessaire de définir la mesure de la charge de travail. Les mesures de la charge de
travail peuvent étre classées comme étant a somme constante, ou la somme reste constante pour
toutes les solutions (ex : le nombre de clients desservis sur la route), ou a somme variable, ou la
somme dépend de la solution spécifique (ex : distance parcourue).

Malgré I'intérét croissant pour 1’équité dans la littérature récente, les choix de modeles et
d’algorithmes ne sont pas toujours bien justifiés. En outre, la littérature actuelle concerne essen-
tiellement I’équité journaliére alors que les conducteurs peuvent accepter des journées déséquili-
brées si I’équité est assurée sur un horizon plus long (par exemple, une semaine ou un mois). En
outre, une faiblesse récurrente de la littérature actuelle est I’absence d’évaluation de I'impact de
I’équité sur les colits des tournées. De nombreuses pistes de recherche restent donc ouvertes.

C’est la que se situent les contributions de la these : Proposer de nouveaux modeles et algo-
rithmes pour intégrer ’équité dans les solutions des problemes de tournées et évaluer 'impact
de I’équité sur le cotit. Nous proposons des solutions pour les métriques a somme constante et
a somme variable et utilisons le transport sanitaire comme application réelle. Nous résolvons la
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plupart des problémes de tournées a 'optimalité en mettant en ceuvre des algorithmes de type
"branch-and-price" (et de génération de colonnes).

Les contributions de cette thése sont (i) la définition d’un nouveau probléme de tournées
motivé par le transport sanitaire et un algorithme de branch-and-price dédié pour le résoudre, (ii)
la prise en compte de I’équité pour la version multi-période du probléme de tournées initial avec
une métrique a somme constante, (iii) 'extension du probléme de tournées journalier impliquant
I'équité sur une métrique a somme variable. Dans ce manuscrit, nous proposons et évaluons de
nouvelles contraintes d’équité et des techniques pour les intégrer dans un algorithme de branch-
and-price. Les solutions sont évaluées a ’aide de plusieurs indicateurs de performance (KPI).

Projet FITS (ANR)

Cette these fait partie du projet FITS - "Systemes de Transport Intelligents et Flexibles", soutenu
par ’Agence Nationale de la Recherche (ANR) sous la subvention ANR-18-CE22-0014. Le projet
FITS vise a proposer de nouveaux modeles mathématiques et des approches de solutions afin de
développer des outils intelligents pour aider a optimiser les services de livraison.

Dans ce contexte, les plateformes de prestataires de services gerent I’affectation des demandes
des clients aux ressources humaines. En général, ces plateformes ont besoin d’outils intelligents
pour garantir une affectation intelligente, en particulier lorsque la demande varie fortement ou
pour les services de transport a grande échelle. Le projet FITS vise a relever les défis scientifiques
posés par 'optimisation de ces plateformes de prestataires de services.

Une conséquence non désirée des plateformes actuelles est que I’affectation crée des inégalités
entre les conducteurs en termes de charge de travail. L’objectif du projet FITS est de trouver des
solutions efficaces tout en améliorant I’équilibre de la charge de travail. C’est dans ce contexte
que s’inscrit cette these.

Structure de la thése

Cette these est divisé en cinq chapitres. Le Chapitre 1 fait état de ’art de la littérature liée a cette
theése. Les Chapitres 2, 3 et 4 correspond aux contributions de cette these. Enfin, le Chapitre 5
conclue cette thése et présente les perspectives.

Le Chapitre 1 fournit des définitions, des problémes et des algorithmes liés a cette these et
passe en revue les principales contributions de la littérature liée a cette these. Il est divisé en trois
parties. Tout d’abord, le probléme de tournées de véhicules (VRP) et ses variantes liées a notre
travail sont brievement passés en revue. Ensuite, le principe des algorithmes de génération de
colonnes et de branch-and-price est expliqué. Enfin, la littérature relative a I'équité de la charge
de travail dans le VRP est passée en revue.

Le Chapitre 2 présente un nouveau probleme de tournées motivé par le transport sanitaire.
Les patients ont des rendez-vous a I’hopital et demandent a étre transportés soit de leur domicile
a ’hopital (demande entrante), soit de ’hépital a leur domicile (demande sortante). Il existe donc
deux types de demandes et le probléme peut étre modélisé soit comme un probléme de pickup
and delivery, soit comme un probleme multi-tours. Le probleme est appelé Multi-Trip Vehicle
Routing Problem with Mixed Pickup and Delivery, and Release and Due dates (MTMPD-RD).
Un algorithme Branch-and-Price (BP) est développé pour résoudre ce probleme. Nous montrons
que la formulation multi-tours est plus performante que la formulation pickup and delivery.
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Le probléeme MTMPD-RD et l'algorithme BP sont utilisés comme base pour la définition des
problemes et des algorithmes des Chapitres 3 et 4.

Le Chapitre 3 présente une version a moyen terme du probleme MTMPD-RD en 'intégrant
dans un horizon de plusieurs jours ou 1’équité entre les conducteurs est prise en compte. Le
probléme est dynamique dans la mesure ou les demandes sont révélées quotidiennement. Chaque
jour, un probléme de tournées et un probleme d’affectation route-conducteur sont résolus. L’objectif
est d’atteindre I’équité sur 'ensemble de I'horizon plutdt que sur chaque jour. La charge de travail
a équilibrer équitablement entre les conducteurs est la pénibilité des demandes, cette métrique
est a somme constante (la pénibilité totale est la méme pour toute solution). Cing approches
sont proposées pour garantir ’équité en s’appuyant sur une stratégie d’affectation (potentielle-
ment) couplée a des contraintes d’équité quotidiennes. L’algorithme BP utilisé pour résoudre
les problémes de tournées quotidiens est adapté en fonction du type de contraintes d’équité.
Les approches sont comparées de maniere approfondie par le biais d’expériences numériques ou
plusieurs indicateurs clés de performance sont utilisés pour évaluer les solutions.

Le Chapitre 4 étend les travaux des Chapitres 2 et 3 en considérant une métrique a somme
variable (le temps de conduite des conducteurs) pour le MTMPD-RD. Une contrainte d’équité est
ajoutée au modele pour limiter ’exceés de temps de conduite de chaque conducteur par rapport
au temps de conduite moyen. Une méthode exacte et une heuristique toutes deux basées sur
I’algorithme BP du Chapitre 2 sont proposées et comparées a ’aide d’expériences numériques.
Dans la méthode exacte, les colonnes du probléme principal sont indexées par route et par con-
ducteur, ce qui impose des sous problemes différents pour les conducteurs. Dans la méthode
heuristique, I’algorithme branch-and-price est résolu itérativement avec une contrainte d’équité
fixe et la structure de la solution guide la recherche pour I’étape suivante. L’'impact de I’équité
sur le cout des tournées est mesuré par des expériences numériques.

Enfin, le Chapitre 5 résume les principales contributions de la thése et offre des perspectives
prometteuses pour de futures recherches.

Résumés détaillés des Chapitres 2, 3 et 4

Résumé du Chapitre 2

Dans ce chapitre, nous avons introduit un nouveau probléme issu du contexte du transport san-
itaire. La principale originalité du probleme étudié est qu’il existe deux types de demandes : un
patient est soit pris en charge a son domicile et transporté a I’hopital, soit I'inverse. Les deman-
des sont donc toujours reliées a I’hopital, et les routes combinent les deux types de demandes.
En outre, la qualité du service est préservée grace a des contraintes de temps de parcours qui
obligent les véhicules a revenir réguliérement a I’hopital. Par conséquent, le probléme peut étre
traité soit comme un probléme spécial de pickup and delivery, soit comme un VRP spécial a
tours multiples. Nous I'appelons le Multi-Trip Vehicle Routing Problem with Mixed Pickup and
Delivery, and Release and Due dates (MTMPD-RD).

L’objectif principal de ce chapitre était alors d’évaluer s’il était préférable d’aborder le prob-
léeme sous la forme d’'un VRP a tours multiples. Nous avons proposé un algorithme de type
"branch-and-price" (MT-BP). Les contraintes complexes de temps et de capacité du probléme ren-
dent la définition et la gestion des ressources complexes dans le sous probleme. Elles impliquent
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également certaines difficultés dans les régles de branchement.

Le probleme MTMPD-RD étant nouveau, nous avons généré un nouvel ensemble d’instances
réalistes. Nous avons également mis en ceuvre un algorithme de branch-and-price basé sur la
formulation en pickup and delivery (PD-BP). Les expériences ont montré que le MT-BP est plus
performant que le PD-BP et prouvent l'efficacité d’'un modéle multi-tours pour ce probleme. Le
MT-BP a prouvé son efficacité en résolvant de maniére optimale des instances impliquant jusqu’a
100 demandes.

Pour valider davantage le MT-BP, nous I’avons adapté a la résolution d’un probleme sim-
ilaire de la littérature, le VRPSPDTW. Nos expériences sur les instances de référence ont per-
mis de cloturer le benchmark pour les petites instances et de cloturer quatre instances a 100
clients. Nous avons également détecté qu’une solution irréalisable avait été publiée dans la lit-
térature. En outre, nous avons évalué la possibilité d’aborder le probléme comme un probléme
d’acheminement de véhicules mono-tour suivi d'une affectation tour-véhicule. Les expériences
montrent 'intérét numérique mais aussi les limites de ce point de vue. Enfin, nous avons effectué
d’autres analyses de sensibilité en générant de nouvelles instances difficiles avec un horizon tem-
porel plus large et/ou un temps de trajet acceptable plus important. Les résultats montrent que
le temps d’exécution de I’algorithme MT-BP est fortement impacté lorsque le détour maximal est
augmenté, mais reste relativement stable pour des horizons temporels plus larges.

Résumé du Chapitre 3

L’équité dans les tournées de véhicules a fait 'objet d’un intérét croissant au cours des deux
derniéres décennies. Alors que la majorité des études existantes considerent I’équité sur une base
journaliere, nous traitons dans ce chapitre de ’équité de la charge de travail dans les tournées
de véhicules sur un horizon de planification de plusieurs périodes. Le probléme étudié est dy-
namique, dans le sens ou les demandes sont révélées période par période. La métrique d’équité
utilisée dans ce chapitre est dite 2 somme constante, ce qui signifie que pour toute solution réalis-
able, la somme total de la charge de travail affectée aux conducteurs reste constante. Le probleme
de tournées étudié est motivé par la logistique des soins de santé.

Afin d’équilibrer I’équité entre les conducteurs sur 'ensemble de '’horizon de planification
tout en minimisant le cott total des déplacements, nous proposons cinq approches. Il s’agit des
approches suivants : Routage d’abord, Equité ensuite (RFES), Equité constante a une période
(SPCE), Equité constante a plusieurs périodes (MPCE), Equité adaptative a plusieurs périodes
(MPAE) et Equité adaptative a la derniére période (LPAE). Ces approches sont comparés a une
approche de référence, appelé Routage d’abord, Equité ensuite avec Information Parfaite (RFE-
SPI) qui tente de garantir une équité parfaite sur ’ensemble de I’horizon temporel ou toutes les
demandes de tous les jours sont censées étre connues a I’avance. L’algorithme de type branch-
and-price du Chapitre 2 est utilisé pour résoudre le probleme de tournées quotidien et est adapté
aux différentes approches.

Nous pouvons tirer plusieurs conclusions de nos expériences. Nous montrons que I’approche
RFES ne permet pas nécessairement d’équilibrer la charge de travail sur ’horizon temporel. Le
déséquilibre diminue lorsque ’horizon temporel est plus long. Nous montrons que les approches
SPCE, MPAE et LPAE ont des forces et des faiblesses différentes. L’approche MPCE ne présente
pas d’avantage clair par rapport aux autres approches. Le tableau 3.8 résume les avantages et
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les inconvénients des différentes approches. Ce chapitre est 'un des premiers a étudier I’équité
dans les tournées de véhicules sur un horizon de plusieurs périodes. Nous pensons qu’il ouvre
différentes perspectives de recherche.

Résumé du Chapitre 4

L’intérét pour I’équité dans la littérature sur les tournées de véhicules s’est récemment consid-
érablement accru. La plupart des études considérent des modeles bi-objectifs avec deux objectifs
explicites, 'un pour la minimisation des cotts et 'autre pour 1’équité. Dans ce chapitre, nous
préférons garder la minimisation du coit comme objectif unique et gérer 1’équité avec des con-
traintes. Ces contraintes visent a limiter I’écart entre les cotts des routes et le colit moyen d’une
route. La métrique d’équité est le cotit de la route, une métrique a somme variable, ce qui signifie
que la somme total de la charge de travail affectée aux conducteurs varie d’'une solution a une
autre. Nous utilisons le MTMPD-RD (le probléeme étudié au Chapitre 2) comme cas d’étude. Nous
appelons cette extension MTMPD-RD avec équité de la charge de travail (MTMPD-RD-WE).

Nous montrons que le probléme ne peut pas étre résolu efficacement par un algorithme stan-
dard de branch-and-price avec la formulation simple de partitionnement de I’ensemble et pro-
posons deux méthodes de résolution originales : i) une heuristique basée sur une recherche di-
chotomique ou a chaque étape, une version simplifiée du probleme est résolue; bien qu’heuristique,
elle prouve 'optimalité dans certains cas et ii) un algorithme de branch-and-price ou les variables
(colonnes) sont indexées par la route et le conducteur.

Les méthodes sont évaluées sur des instances de 10 et 25 clients, plus des instances de 50
clients pour I’heuristique. Les résultats montrent que ’heuristique est capable de résoudre de
maniere optimale la plupart des instances. L’algorithme de branch-and-price permet de prouver
I'infaisabilité et est efficace pour résoudre les petites instances, mais il montre ses limites pour
les instances de taille moyenne. Les résultats montrent que le cott de I’'équité est élevé pour les
petites instances (10 clients) mais faible pour les instances plus grandes (25 et 50 clients).

Conclusion

Dans cette these, nous avons introduit de nouveaux modeles et méthodes de résolution pour in-
corporer I’équité dans les problémes de tournées de véhicules. Nous avons utilisé le transport
sanitaire comme application et avons défini dans le Chapitre 2 un probleme de référence ap-
pelé le Multi-Trip Vehicle Routing Problem with Mixed Pickup and Delivery, and Release and
Due dates (MTMPD-RD). Pour résoudre ce probléme, nous avons développé un algorithme de
branch-and-price basé sur un modéle multi-tours. Les expériences montrent que ce modele est
plus performant qu'un modeéle standard de pickup and delivery. Les Chapitres 3 et 4 définis-
sent des extensions du MTMPD-RD en intégrant I’équité de la charge de travail, et les différentes
méthodes proposées sont toutes basées sur ou adaptées de I’algorithme de branch-and-price pro-
posé pour résoudre le MTMPD-RD.

Cette thése a apporté des contributions au domaine de ’équité de la charge de travail dans
les problémes de tournées de véhicules. Elle a introduit des algorithmes novateurs basés sur
la méthode de branch-and-price pour traiter les considérations d’équité et a analysé 'impact
de I’équité sur les colits des solutions. Ces contributions ont amélioré notre compréhension de
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la relation complexe entre ’équité et 'optimisation des tournées, fournissant des indications
précieuses pour de futures recherches dans ce domaine.

Perspectives

L’équité de la charge de travail est un sujet émergent dans la littérature du probléme de tournées
de véhicules, et il y a plusieurs perspectives a explorer. Certaines de ces perspectives sont des
extensions directes du travail présenté dans cette thése. En particulier, une extension directe du
Chapitre 3 consiste a prendre en compte une perception variable de la pénibilité en fonction des
conducteurs. Cela peut permettre de mieux comprendre I'intégration des facteurs individuels
dans I'analyse de 1’équité de la charge de travail. Une perspective directe pour le Chapitre 4
est de proposer une nouvelle méthode exacte pour résoudre des instances plus importantes. Une
méthode se basant sur un modele ou les contraintes d’équité seraient exprimées sur les noeuds au
lieu des conducteurs est une perspective prometteuse. Cela permettrait de remédier aux limites
observées dans les expériences numériques.

Une autre perspective pertinente consiste a appliquer nos méthodes a d’autres problématiques
afin d’évaluer leur efficacité. Cela permettrait de mieux comprendre I’applicabilité et la général-
isation des approches proposées. Il serait également pertinent d’étudier la version dynamique
du MTMPD-RD, dans lequel des demandes (urgences) peuvent émerger pendant ’exécution des
routes. Ce probléme dynamique nécessite le développement de nouvelles méthodes capables de
s’adapter aux changements en temps réel. De plus, la prise en compte de la variante stochas-
tique du probléme nécessiterait I'introduction de nouvelles approches capables de gérer efficace-
ment l'incertitude. Enfin, la prise en compte de plusieurs entreprises de transport et ’analyse de
I’équité en termes de bénéfices entre elles constituent une voie d’exploration supplémentaire. Les
efforts de collaboration, impliquant I’échange de demandes entre les entreprises, ont le potentiel
d’améliorer I’équité et les bénéfices globaux accumulés par ces entreprises.
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Résumé

Le Probléme de Tournées de Véhicules est un probleme largement étudié dans le
domaine de la Recherche Opérationnelle. Il englobe un large éventail d'applications du
monde réel. Récemment, il y a eu un intérét croissant dans la littérature pour le concept
d'équité, qui concerne la répartition équitable de la charge de travail entre les
conducteurs. Le défi consiste a trouver une allocation équitable de la charge de travail
tout en minimisant I'impact global sur les colits. Dans ce contexte, nous nous concentrons
spécifiquement sur l'application du transport sanitaire. Les contributions de cette these
résident dans la proposition de modeles et d'algorithmes novateurs qui intégrent des
considérations d'équité. De plus, nous visons a évaluer lI'impact de 1'équité sur les cofts,
approfondissant ainsi notre compréhension de cet aspect critique.

Cette these est structurée en trois parties principales. La premiere partie introduit un
nouveau probleme de tournées qui découle du contexte du transport sanitaire. Pour
résoudre ce probléme, un algorithme de type "branch-and-price" est développé et évalué
sur des instances basées sur le monde réel. Dans la deuxiéme partie, nous étudions la
variante multi-période du probléme de tournées initial et nous nous concentrons sur
I'intégration de considérations d'équité basées sur la pénibilité du travail. Nous
proposons plusieurs méthodes de résolution pour intégrer 1'équité et évaluons leur
efficacité a l'aide de plusieurs indicateurs de performance. Enfin, dans la troisieme partie,
nous étendons le probleme de tournées initial en introduisant des contraintes d'équité
visant a atteindre une répartition équitable des colits de tournées. Pour relever ce défi,
nous proposons et évaluons deux méthodes originales qui integrent efficacement les
contraintes d'équité dans le probleme de tournées. En divisant cette these en ces trois
parties, nous contribuons au domaine de la recherche opérationnelle en abordant des
défis spécifiques liés au transport sanitaire, en proposant des algorithmes novateurs pour
gérer |'équité et en examinant l'impact de 1'équité sur les tournées des solutions.

Mots clés : recherche opérationnelle, probleme de tournées de véhicules, équité de la
charge de travail, branch-and-price, génération de colonnes



Abstract

The Vehicle Routing Problem is an extensively researched problem within the field of
Operations Research. It encompasses a wide range of real-world applications. Recently,
there has been a growing interest in the literature on the concept of workload equity,
which concerns the equitable distribution of workload among drivers. The challenge is to
find a fair allocation of workload while minimizing the overall cost impact. In this context,
we specifically focus on the real-world application of non-emergency transportation of
patients. The contributions of this thesis lie in proposing innovative models and
algorithms that incorporate equity considerations. Additionally, we aim to evaluate the
impact of equity on costs, further enhancing our understanding of this critical aspect.

This thesis is structured into three main parts. The first part introduces a novel routing
problem that arises from the context of non-emergency transportation of patients. To
address this problem, a branch-and-price algorithm is developed and evaluated on real-
world based instances. In the second part, we investigate the multi-period variant of the
initial routing problem and focus on integrating equity considerations based on the
painfulness of work. We propose multiple solution frameworks to incorporate equity and
evaluate their effectiveness with several performance indicators. Finally, in the third part,
we extend the initial routing problem by introducing equity constraints that aim to
achieve fair balancing of routing costs. To tackle this challenge, we propose and evaluate
two original solution methods that effectively integrate equity constraints into the routing
problem. By dividing the thesis into these three parts, we contribute to the field of
operations research by addressing specific challenges of non-emergency transportation
of patients, proposing novel algorithms to handle equity and examining the impact of
equity on routing solutions.

Keywords: operations research, vehicle routing problem, workload equity, branch-
and-price, column generation
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