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Chapter 1

Notation and Acronyms

Notation
Define with R the set of real numbers, with R+ the set of nonnegative real numbers and
with N the set of natural ones. Given n ∈ N, define Nn = {x ∈ N : 1 ≤ x ≤ n}.

Matrices and vectors: The subindex denotes, with slight abuse of notation, both the
i-th row of a matrix (or a vector) and the i-th element of a countable set of elements. When
ambiguity can raise the i-th row of matrix A is denoted A(i), A(i) is its i-th column and
M(i,j) its (i, j)-entry. MT is the transpose of A ∈ Rn×m and ∥A∥ is its induced 2-norm. For
x ∈ Rn, ∥x∥ is its Euclidean norm. For A ∈ Rn×m, ∥A∥ = σmax(A) is its induced 2-norm
(largest singular value) and σmin(A) is its smallest singular value. If A is symmetric then
σmax(A) is its maximum eigenvalue. Given a symmetric matrix A, notation A ≻ 0 (A ⪰ 0)
denote that A is positive (semi-)definite, analogously for negative (semi-)definiteness. The
symbols ≤, <, > and ≥ applied to matrices and vectors denoted element-wise ordering.
The symbol 0 denotes, besides the zero, also the matrices of appropriate dimensions whose
entries are zeros and the origin of a vectorial space, its meaning being determined by the
context. The symbol 1 denotes the vector of entries 1 and I the identity matrix, their
dimension is determined by the context. The set of Metzler matrices of dimension N , i.e.
matrices π ∈ RN×N whose elements are nonnegative and

∑N
j=1 πji = 1 for all i ∈ NN , is

denoted isMN . Denote with ek the k-th canonical base vector of the Euclidean space and
1 = [1 . . . 1]T .

Sets: Given D, E ⊆ Rn, α ∈ R and M ∈ Rm×n, define D + E = {z = x + y ∈ Rn : x ∈
D, y ∈ E}, the scalar multiple αD = {αx ∈ Rn : x ∈ D} and MD = {Mx ∈ Rm : x ∈ D}.
Given a set D ⊆ Rn, int(D) is its interior and ∂D its boundary, co(D) is its convex hull. The
unit ball in Rn is Bn and the unit box is Bn, the subscript n being dropped when clear from
the context, i.e. B = Bn = {x ∈ Rn : xT x ≤ 1} and B = Bn = {x ∈ Rn : ∥x∥1 ≤ 1}. Given
m ∈ N denote with 2Nm the set of all subsets of Nm. The set D is C∗-set if it is compact,
star-convex with respect to the origin and contains the origin in its interior; it is a C-set if
moreover it is convex. Given P ∈ Rn×n with P ≻ 0, define E(P ) =

{
x ∈ Rn : xT Px ⪯ 1

}
.

The simplex in Rn is denoted as ∇n, that is ∇n = {µ ∈ Rn : µ ≥ 0,
∑n

i=1 µi = 1}. The
sets {Γi}i∈Np

are a cover of Rn if
⋃

i∈Np
Γi = Rn. Denote as P(H, h) = {x ∈ Rn : Hx ≤ h}

with H ∈ Rnh×n and h ∈ Rnh , the H-representation of a polyhedron.

Functions: For any function f : R→ Rn we denote f(t−) = lim
τ 7→t,τ<t

f(τ) if the limit exists
and similarly for f(t+). The components of the saturation function sat(v) : Rm → Rm are
defined as sat(r)(v) = sign(v(r)) min{|v(r)|, 1}, r ∈ Nm.
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Modes and sequences: The q modes of the switched systems are denoted by I, that
is I = Nq; Ik =

∏k
j=1 I are all the possible sequences of modes of length k and I [M :N ] =⋃N

k=M Ik those of length from M to N . The number of elements i ∈ I [1:N ] are N̄ =∑N
k=1 qk, analogous definition holds for M̄ . Given i = (i1, . . . , ik) such that i ∈ I [1:N ] and

a set Ω, define Ai =
∏k

j=1 Aij
= Aik

· · ·Ai1 , Ωi = Ωi(Ω) = {x ∈ Rn : Aix ∈ Ω} and
Bi = {x ∈ Rn : xTAT

i Aix ≤ 1}; then Bi = Ωi(Bn). The dependence of Ωi on Ω is omitted
when clear from the context.

List of Acronyms
• LMI: Linear Matrix Inequality

• BMI: Bilinear Matrix Inequality

• RAO: Region of Attraction of the Origin

• MPC: Model Predictive Control

• SMPC: Stochastic Model Predictive Control

• LQR: Linear Quadratic Regulator

• ACD: Anode-Cathode Distance

• UIO: Unknown Input Observer

• SNS: Saturated and NonSaturated

• LP: Linear Programming
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2.1 Scientific research and collaborations

The main topics to which my research activity has been directed are set-theoretic methods
for control and systems analysis, from both the theoretical and the applicative points of
view. The attention has been devoted to discrete-time systems, in presence of uncertainty
as well as for the deterministic case, but also to nonlinear and hybrid systems.

In general, set-theoretic methods refer to those techniques concerning properties shared
by all the elements of sets of the state space. A particularly important example in the field
of dynamical systems and control design involving set-theoretic methods is represented by
invariance.

An invariant set, for a given dynamical system, is a region of the state space such that
the trajectory generated by the system remains confined in the set if the initial condition
lies within it, see [Blanchini and Miani, 2008]. The concept of invariance has become fun-
damental for the analysis and design of control systems. Although many research efforts
have been directed to related themes throughout the whole second half of the last cen-
tury, see [Gutman and Cwikel, 1986a, Gutman and Cwikel, 1987, Gilbert and Tan, 1991,
Blanchini, 1994, Blanchini, 1995] and [Kolmanovsky and Gilbert, 1998a, Blanchini, 1999],
the field became particularly active in the last years. The importance of invariant sets in
control is due to the implicit stability properties of these regions of the state space. Set-
theory and invariance have strong theoretical relations with the following classical topics in
the field of control and dynamical systems analysis: hard constraints satisfaction; stability
analysis; computation and estimation of domains of attraction; Lyapunov functions and
convergence; Model Predictive Control.

Moreover, a tight link exists with optimization, which makes set-theory methods par-
ticularly suitable to be applied to practical problems. These methods and techniques, well
established in the context of linear systems, are the basis for dealing with problem of con-
trol for more complex families of systems, such as nonlinear, hybrid, switched, stochastic,
distributed etc. This has been the idea underlining my recent research.

Invariance and Predictive control

Model Predictive Control (MPC) has been well-admitted, for the past 50 years, as a suit-
able solution to deal with multi-variable constrained control problems, [Mayne et al., 2000,
Bemporad and Morari, 1999, Camacho and Alba, 2013, Kouvaritakis and Cannon, 2016].
Concerning the problem of convergence of MPC strategies, those based on invariant sets
as terminal constraint are possibly the most popular. Indeed, the strategies based on in-
variant sets allow to guarantee convergence towards the origin by implicitly extending the
prediction horizon to the infinity without any substantial increasing of the on-line com-
putational cost. The computation of the invariant sets which are usually polytopes or
ellipsoids, is performed off-line [Gilbert and Tan, 1991, Kolmanovsky and Gilbert, 1998a,
Blanchini and Miani, 2008].

Considering time-varying constraints led to a research line, developed in collaboration
with G. Millerioux, T. Chambrion and T. Manrique, of CRAN, Nancy, yielding
to contributions on the computation of the invariant set in presence of time-varying con-
straints, appeared in [Manrique et al., 2013, Manrique et al., 2014, Manrique et al., 2015].
Moreover, the problem of efficient computing control invariant poyhedra led to the prubli-
cation of works [Fiacchini and Alamir, 2017a, Fiacchini and Alamir, 2018a], together with
M. Alamir, GIPSA-lab. Finally, on this topic, the characterization of probabilistic reach-
able sets and probabilistic invariant sets, key ingredient for stochastic MPC feasbility and
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convergence, has been published in [Chaouach et al., 2022, Fiacchini and Alamo, 2020], in
the framework of the collaboration with L. Chaouach, TU Delft, and T. Alamo, Uni-
versity of Seville.

Stabilizability of switched systems

Switched systems are characterized by dynamics that may change along the time among a
finite number of possible dynamical behaviors, see [Liberzon, 2003]. The problem of stabil-
ity or stabilizability, depending on the assumption on the switching law, of linear switched
system attracted many research efforts, see the overview [Lin and Antsaklis, 2009] and the
monograph [Sun and Ge, 2011]. The problem addressed in this research line, resulting from
a collaboration with M. Jungers and G. Millerioux of CRAN, Nancy with A. Gi-
rard, of L2S, Paris and S. Tarbouriech of LAAS, Toulouse, has been the problem of
stabilizability of switched linear systems, namely the condition under which a switching law
can be designed for the system to be asymptotically stable. This research line led to several
publications: [Fiacchini and Jungers, 2014, Fiacchini et al., 2016a, Fiacchini et al., 2016b,
Fiacchini et al., 2018, Fiacchini and Millérioux, 2017, Fiacchini and Tarbouriech, 2017] and
also [Fiacchini and Millérioux, 2018, Fiacchini, 2021].

Stability of systems under aperiodic sampling and saturation

This research line concerns the problem of stability of sampled-data controlled linear sys-
tems under aperiodic sampling and subject to input saturation. These phenomena are
tightly related to real systems, as almost ubiquitous when digital devices are involved, the
called cyber-physical systems. Motivated by the implementation of digital control loops
over networks (networked control) [Zhang et al., 2001], indeed, the study of sampled-data
control under aperiodic sampling has been the focus of new results in the field. More-
over, static nonlinearity like saturation [Tarbouriech et al., 2011] are often unavoidable in
practice.

Results have been obtained on this research line, shared with J.M. Gomes da Silva Jr.
from UFRGS, Brazil, that led to novel constructive approaches to test the stability and
stabilizability of sampled-data controlled linear systems under aperiodic sampling and sat-
urating input, [Fiacchini and Morărescu, 2014b, Fiacchini and Gomes da Silva Jr., 2018]
[Fiacchini et al., 2016a, Denardi Huff et al., 2022b, Denardi Huff et al., 2022a] and in pa-
pers [Denardi Huff et al., 2022, Denardi Huff et al., 2022]. The research has been devel-
oped in the thesis of Daniel Denardi Huff, co-funded by the the IDEX UGA and the
Brazilian COPES in the framework of an international cooperation project.

Saturated systems

In the last decades, the stability of linear system subject to actuator saturation attracted a
big interest. There are many researchers working on this topic currently, [Hu and Lin, 2002,
Alamo et al., 2005, Tarbouriech et al., 2011]. This research line, developed in collabora-
tion with S. Tarbouriech, LAAS, Toulouse and C. Prieur and R. Riah, GIPSA-
lab, Grenoble led to the characterization of computationally affordable conditions for
invariance of sets for discrete-time saturated systems, published in [Fiacchini et al., 2014a,
Riah and Fiacchini, 2015].
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Modeling and control-based therapy for cancer dynamics

Modeling the dynamics underlying the tumor growth and the related mechanisms such
as the tumor-induced vascular development, i.e. the angiogenesis, is a key step towards
rational optimization of cancer therapy. Several mathematical models representing the tu-
mor evolution and the induced angiogenesis appeared in the last decades. In particular, the
works [Hahnfeldt et al., 1999, Ergun et al., 2003, d’Onofrio et al., 2009] provide population
based models consisting in low-dimensional systems that permit to reproduce qualitatively
the evolution of the tumoral mass and its vascularization.

The application of dynamic systems and control for cancer modelling and therapy de-
sign, started in collaboration with M. Alamir, of GIPSA-lab and A. Stéphanou, of
TIMC-IMAG, Grenoble and developed in the framework of two PhD thesis, R. Riah,
and K. Moussa, led to several results published in [Alamir et al., 2015, Riah et al., 2015,
Riah et al., 2016, Riah, 2016, Moussa et al., 2019, Moussa et al., 2020]. In these works,
set-theory and optimization-based techniques have been applied to infer the domain of
attraction and then robust control for the uncertain models of cancer.

Anesthesia

This project started with the collaboration with S. Tarbouriech and I. Queinnec, of
LAAS-CNRS, Toulouse, and M. Alamir, of GIPSA-lab, as a result of the contact
with the anesthesiologist, M. Mazerolles of CHU Toulouse. In medical practice, anes-
thesia typically considers the administering of hypnotic and analgesic drugs monitored by
the anesthetist by examining reliable indicators, as in particular the bispectral index (BIS).
The problem consists in practice in designing a control-based drug deliverance protocol to
lead the patient to a desired sleep depth as soon as possible but avoiding dangerous drug con-
centrations. Several approaches have been proposed in the literature, from simple PI control
to more complex adaptive control strategies [Bailey and Haddad, 2005, Lemos et al., 2014,
Beck, 2015, Zabi et al., 2015, Ionescu et al., 2008] and some of them have been clinically
validated [van Heusden et al., 2014, Absalom and Kenny, 2003].

On this topic, we have been working to design a control based on set theory and in
particular on invariant sets, which allows ensuring that the evolution of a system can be
indefinitely maintained within a given set of the state space, see [Fiacchini et al., 2016c].
Moreover, a robust control strategy for guiding the anesthesia has been designed for the
specific problem by supposing that the system dynamics are poorly known and strongly
affected by parameter uncertainties, that is a realistic assumption. The results have been
published in [Alamir et al., 2018]. This research line is still very active, being the object of
the research project DAMon, started in 2021.

Modeling and control for aluminium production

Aluminum manufacturing is a challenging industrial area based on the Hall-Heroult process
[Grjotheim, 1982]. In this setting, model and control challenges arise from the limitations
in the process information continuously available, which can lead to inaccurate results
[Jakobsen et al., 2001]. We have been addressing the problem of modelling and controlling
the Hall-Heroult process, together with G. Besançon and F. Ferrante, of GIPSA-lab,
in a FUI project coordinated by RioTinto. The FUI project includes the funding for a the-
sis, provided to Lucas José da Silva Moreira, and a parallel three-years-lasting contract
between GIPSA and RioTinto to fund this research line. Results on this ongoing research
line have been published in [da Silva Moreira et al., 2020a, da Silva Moreira et al., 2020b,
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da Silva Moreira et al., 2020c, Moreira et al., 2021] and [da Silva Moreira et al., 2022]. This
research activity is currently directed to the study of anode affects, in the framework of a
project started in late 2022.

Machine learning for control and estimation

A research line on which I started recently working, but that I think will deserve several of
my attentions in the near future, concerns the application and exploitation of regression and
classification methods based on machine learning approaches in the context of control of
dynamical systems. In the paper [Gonzalez et al., 2018] we have been investigating on the
capability of estimating and predicting the slippage associated with individual wheels in off-
road mobile robots. Also in the work done in the framework of the industrial project with
CALOR ent., the methods based on machine learning have been one of the key approaches
to address and solve the observation and control problem. Machine learning and data-based
approaches are also currently employed for modelling and events detection in the framework
of the anesthesia monitoring project DAMon I am leading.

2.1.0.1 Unknown input observer design for uncertain systems

A side research line concerned the design of unknown input observer for uncertain systems.
This line has been developed in the framework of the collaboration with Iman Hosseini,
PhD student at the University of Shiraz, Iran, that has been visiting GIPSA-lab during
around one year, in 2018, under my direction. With Iman, we have been proposing a novel
kind of Unknown Input Observer (UIO) called Reset Unknown Input Observer (R-UIO) for
state estimation of linear and nonlinear systems in the presence of disturbance using Linear
Matrix Inequality (LMI) techniques, [Hosseini et al., 2019b, Hosseini et al., 2019a]

2.1.0.2 Decentralized systems

This research line concerns the decentralized control for multi-agent systems and con-
sensus problems. Several works on this topic have been oriented towards the connec-
tivity preservation of the interconnection graph of mobile networks [Bullo et al., 2009,
Zavlanos and Pappas, 2008]. To deal with the problem of graph preservation in multi-agent
systems, with C. Morarescu, of CRAN, Nancy, we presented conditions for network
topology preservation, see [Fiacchini and Morărescu, 2012, Fiacchini and Morărescu, 2014a,
Morărescu and Fiacchini, 2014, Morărescu and Fiacchini, 2016]. The main contribution of
this research line is the characterization of the control laws preserving a given graph by
using methods from set-theoretic and invariance techniques.
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2.2 PhD Thesis direction
Bob Auboin-Pairault 11/2021-10/2024 (50% with Thao Dang) on Data-based anesthe-
sia process modelling for online monitoring and prediction, funded by PERSYVAL-lab.

The objective of the PhD thesis of Bob is to apply analytical and data-based methods of
advanced control theory, machine learning and optimization to the problems of modelling,
monitoring and controlling the anesthetic process. Particular attention is devoted to the
unavoidable uncertain nature and variability of the dynamics involved in the process of the
anesthesia regulation. This PhD thesis is developed in the framework of an interdisciplinary
project that gathers researchers from different fields to contribute to a deeper understanding
of the dynamics involved in the anesthesia process and to design ad-hoc methods for analysis
and control synthesis, based on the available real anesthesia data.

Daniel Denardi Huff 03/2019-12/2022 (50% with J.M. Gomes da Silva Jr.) on the
Optimization-based Control of Aperiodically Sampled Saturated Systems, funded by IDEX
UGA and CAPES Brazilian scholarship.

The fundamental problem concerning the characterization of stability analysis and con-
trol design, based on set theory constructive conditions, for systems affected by aperiodic
sampling and saturated actuators has been considered in Daniel’s PhD. The analysis has
been also extended to the case of stochastic nature of the aperiodic sampling, modelled by
a Poisson process. In this context, more general stochastic processes and also the presence
of the saturation on the input value are being taken into account to estimate region of
attraction and characterize the mean exponential stability of the closed loop. Particular in-
terest has been devoted to the practical computational aspects, with the objective of imple-
menting the algorithms and the optimization-based controls stemming from the theoretical
results. Several publications have appeared, see [Fiacchini and Gomes da Silva Jr., 2018,
Denardi Huff et al., 2022b, Denardi Huff et al., 2022a, Denardi Huff et al., 2021] and
[Denardi Huff et al., 2022].

Lucas José da Silva Moreira 12/2018-02/2022 (33% with G. Besançon and F. Fer-
rante) on Modélisation et commande multivariables pour la production d’aluminium. FUI
funds.

Aluminum manufacturing is a challenging industrial area, mostly based on alumina
electrolysis, a process that is highly demanding in electrical power. In particular, alu-
mina electrolysis typically relies on a series of electrolytic cells. Such cells are composed
by a bath containing alumina in which a set of anodes is dipped. The base of each cell
plays the role of the cathodic electrode in the electrolysis process. In this process, en-
ergy consumption mostly depends on the anode-cathode relative distance. However, such
a distance cannot be measured. The main purpose of this PhD thesis was to study, de-
sign, and test multivariable feedback control laws to optimally regulate the anode-cathode
relative distance. The project was organized in three different stages: dynamical mod-
eling and identification, control and observer design, experimental validation and tun-
ing. Lucas’ work mostly took place at GIPSA-lab, in collaboration with Rio Tinto Al-
can (RTA). Experimental activities have been conducted at the RTA research center in
Saint-Jean de Maurienne. The thesis led to the publication in international conferences
[da Silva Moreira et al., 2020a, da Silva Moreira et al., 2020c, Moreira et al., 2021] and the
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international journal paper [da Silva Moreira et al., 2022].

Kaouther Moussa 10/2017-09/2020 (70% with M. Alamir) Domain of attraction es-
timation and optimization-based control: Application to tumor growth models. Doctoral
school EEATS.

The problem of characterizing the regions of stability and convergence, i.e. the domains
of attraction, underlies most of the results in control theory, as stability and convergence
are usually essential properties of a control law. The main objective of the PhD thesis was
to apply the methods based on non-convex optimization for computing the domain of at-
traction for nonlinear systems to validate or design a cancer therapy. As for many biological
models, cancer models are to be considered as affected by important uncertainties, since the
parameters of the models are often unknown and strongly patient-dependent and the system
state is usually not known exactly. The thesis aimed at proposing methods to verify the
effectiveness of a given therapeutic profile or to design an appropriate therapy, by explicitly
taking into account the uncertainties and the nonlinearities of the models. The thesis led to
the publications in international conferences [Moussa et al., 2019, Moussa et al., 2020] and
in international journals [Moussa et al., 2021, Moussa et al., 2022].

Rachid Riah 10/2013-11/2016 (50% with M. Alamir) Théorie des ensembles pour le con-
trôle robuste des systèmes non linéaires : Application à la chimiothérapie et les thérapies
anti-angiogéniques. Doctoral school EEATS

The thesis concerned the mathematical modeling of brain tumor dynamics and the
design of control-based chemo and immunotherapy. In terms of control, the aim was
to characterize the domains of attraction of any equilibrium, related to sane or insane
evolutions of the tumor, and the reachable sets from every particular initial condition as
functions of the control input. This permitted to characterize the set of tumor initial con-
ditions from which a healthy equilibrium can be reached as well as to design the therapy
which maximizes the effectiveness while minimizing the negative side-effects. The pres-
ence of model uncertainty and nonlinearities have been considered, since inherent to the
real problem affecting biological systems. The thesis [Riah, 2016] led also to the publica-
tions in international conferences and journal [Riah and Fiacchini, 2015, Riah et al., 2015,
Riah et al., 2016, Riah et al., 2019].

2.3 Scientific diffusion and management

Conferences and workshops
In the last years, I have been involved in the organization of the events listed below.

Scientific co-Chair of the of the 41st Int. Summer School of Automatic Control,
Grenoble, September 2021, titled Data and Learning or Control, on learning methods
and data-based tools for control applications.

Publication Chair of the 1st IFAC Workshop on Linear Parameter Varying Sys-
tems, 2015. I have been also in the organization committee of this workshop, held in
10/2015, and whose general and NOC chair was O. Sename, of GIPSA-lab.
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Co-organizer of the 1st edition of the “Journées de l’Automatique GDR MACS”,
organized to gather the members of the different GT du GDR MACS, that is a CNRS
structure for the scientific animation of the French communities of automatic control
and industrial automation. The event has been held in Grenoble, in 10/2015.

International Program Committee member for the European Control Conference
2015, the Conference on Decision Control 2022 and IFAC ROCOND 2022. My task
as IPC member was to provide my expertise in the field of set-theoretic based and
optimization based control to evaluate some of the submitted papers, the final decision
on which was still pending after a first round of revision.

Member of the IFAC Technical Committee 2.5 on Robust Control, since 2015.

Scientific co-Chair of the of the 35th Int. Summer School of Automatic Control,
Grenoble, September 2014, titled Modern Tools for Nonlinear Control, on novel non-
linear control tools developed in the last decades in the context of nonlinear observers
design, hybrid control systems and nonlinear optimization.

Local Organizer of the International Summer School of Automatic Control, Greno-
ble, since 2018. The Summer School of Grenoble is a classical event for the French
Automatic control community, with relevant international appeal. It reached its 43rd
edition in 2022.

Editorial activity

Since 2017 I am a member of the CEB of the IEEE Control Systems Society and Associate
editor for ECC since 2021. I also served as Technical Associate Editor (TAE) for the 21st
IFAC World Congress 2020. Moreover, while my duty as reviewer of international journals
and conferences was long lasting, I have also been involved in the expertise of ANR and
ERC projects.

Associate Editor in the Conference Editorial Board of the IEEE CSS, since 2017.

Associate Editor in for European Control Conference, since 2021.

Associate Editor for IFAC WC2020: I served as Technical Associate Editor
(TAE) for the 21st IFAC World Congress 2020.

Scientific expert for ANR Projects Proposals, 2016 and 2020.

Reviewer for several international journals (IEEE Transactions on Automatic Con-
trol, Automatica, IEEE Transactions on Control Systems Technology, International
Journal of Robust Nonlinear Control, Journal of Process Control, International Jour-
nal of Systems Science, Control Engineering Practice, Robotics and Autonomous Sys-
tems, etc) and several international conferences (CDC, ACC, ECC, IFAC-WC, etc).
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Projects direction

In 2021 the project DAMon (Data-based Anesthesia Monitoring) has been accepted to be
funded by LabEx PERSYVAL-Lab “équipe-actions” 2021-2024 (ANR-11-LABX-
0025-01) funded by the French program Investissement d’avenir. The project, of which I
am the coordinator, gathers teams from three laboratories in Grenoble area (GIPSA-lab,
VERIMAG, TIMC-IMAG) and other laboratories (LAAS and CHU Rangueil Toulouse,
University of Seville).

This research project aims at exploiting the potentialities of advanced control theory,
formal verification and machine learning techniques to design and implement optimization
and computation-oriented methods to assist the anesthesiologist during surgery. The main
challenges to be addressed are the high uncertainty affecting the system dynamics, its
variability in time and from patient to patient, the high risk sensitivity of the application,
the necessity of accurate validation and certification of the proposed solution and the often
partial information on the evolution of such a complex process. The access to real surgery
operation data will have a central role for developing, applying and validating the proposed
techniques, whose real-time embedded implementation is the ultimate objective.

From 2018 I have been participating to direct a collaborative industrial project with Rio
Tinto (Pechiney Group), on the modelling and control for the aluminum production
process. The industrial research and development study has been realized in the framework
of the PIANO (Pilotage Individuel des Anodes) project, that is a FUI fundeding program,
and, in parallel, with a collaborative project between GIPSA-lab and Rio Tinto. Following
the first project, active in the period 2018-2022, another project jointly funded by “Plan de
Relance CNRS” and Rio Tinto has been signed, to continue working on the improvement
of the electrochemical aluminum production process. The new industrial collaboration,
starting in 2022 and lasting two years, 2022-2024, focuses more specifically on the anode
effects prediction and prevention.

The main objective of both projects concerns the application of modelling and control
techniques for improving the electrochemical process involved in the aluminum production.
One main issue regards the identification of the partially unknown dynamics relating the
measurements, i.e. the pot voltage and current, with the quantities to be controlled, namely
the anode-cathode distance and the alumina concentration in the pot. The problem is par-
ticularly challenging since, besides the partial knowledge on the system parameters, no
direct measure of the system state is available, except some specific, punctual measurement
of the alumina concentration. The applied method consisting in an identification/estimation
approach, led to a model and then to its use for control that has been applied to the in-
dustrial pots owned and operated at the Rio Tinto facility. Regarding the second project,
it concerns the prediction and prevention of the anode effect, that is an highly undesir-
able and deleterious phenomenon that may occur when abnormally low values of alumina
concentration are locally present in the pot.

I have also been the GIPSA-lab responsible of the industrial collaboration contract with
CALOR ent. (SEB group), for the period 2018-2020.

The project, confidential in its details, concerned the application of methods from sys-
tems identification and state observation together with machine learning techniques for
improving the performances for small electrical appliances produced by SEB.

I have been the GIPSA-lab coordinator of the PERSYVAL exploratory projet (Set
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Theory and Algorithms for Dynamical Systems) funded by LabEx PERSYVAL-Lab (ANR-
11-LABX-0025-01). The project started in 01/03/2014 and lasted 18 months. It was funded
with 9500 euro and was in collaboration with LJK (A. Girard currently at L2S, Paris)
and VERIMAG (T. Dang), Grenoble.

The main objective of the proposed research project was twofold. On one hand, we
wanted to extend and apply the results proper of set theory for analysis and control to
wider classes of dynamical systems. On the other hand, we aimed at computation-oriented
results that might be exploitable in order to implement algorithm for computing the sets
(reachable, invariant, contractive, etc) which provide insight on the dynamical behavior of
the systems.

Responsabilities

I have been, from 11/2014 to 12/2019, the vice-head of the group SYSCO of GIPSA-
lab, to which I belong and that was composed by 14 permanent researcher/teachers.

I am currently, since 01/2020, the head of the group MODUS of GIPSA-lab, to
which I belong and that is composed by 9 permanent researcher/teachers.
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The topics to which my research activity has been directed are tightly related to set-theoretic
methods for control and systems analysis, from both the theoretical and the application points
of view. I have been interested to models affected by elements representing the complexities of
real world systems, as saturation and other static nonlinear elements, discontinuous behaviors,
aperiodic sampling, stochastic noises or bounded disturbances, and parameter uncertainties. In
general, set-theoretic methods refer to techniques concerning properties shared by all the elements
of sets of the state space. A particularly important example in the field of dynamical systems and
control design involving set-theoretic methods is represented by invariance.

An invariant set, for a given dynamical system, is a region of the state space such that
the trajectory generated by the system remains confined in the set if the initial condition lies
within it, see [Blanchini and Miani, 2008]. The concept of invariance has become fundamental
for the analysis and design of control systems. Although many research efforts have been di-
rected to related themes throughout the whole second half of the last century, see [Bertsekas, 1972,
Gutman and Cwikel, 1986a, Gutman and Cwikel, 1987, Gilbert and Tan, 1991, Blanchini, 1994],
[Blanchini, 1995, Kolmanovsky and Gilbert, 1998a, Blanchini, 1999], the field became particularly
active in the last years, [Korda et al., 2014b, Athanasopoulos et al., 2014, Henrion and Korda, 2014,
Tahir and Jaimoukha, 2015, Blanco et al., 2010, Jones and Peet, 2021a, Jones and Peet, 2021b].
The importance of invariant sets in control is due to the implicit stability and safety properties of
these regions of the state space. Set-theory and invariance have strong theoretical relations with
the following classical topics in the field of control and dynamical systems analysis:

• hard constraints satisfaction;

• stability and stabilizability analysis;

• computation and estimation of domains of attraction;

• Lyapunov functions and convergence;
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• Model Predictive Control.

Moreover, a tight link exists with optimization, which makes set-theory methods particularly
suitable to be applied to practical problems. These methods and techniques, well established in
the context of linear systems, are the basis for dealing with problems of control for more complex
families of systems, such that nonlinear, hybrid, switched, distributed etc. This has been the idea
underlining my research. Hereafter, some details are given on the research activity I have been
working on.

3.1 Research lines
Hereafter, my main scientific research lines are presented to offer on overview on my recent activity.
Some of them will be illustrated in more detail in the subsequent chapters.

3.1.1 Stabilizability of switched systems
Switched systems are characterized by dynamics that may change along the time among a fi-
nite number of possible dynamical behaviors, see [Liberzon, 2003]. Each behavior is determined
by a mode and the active one is selected by means of a function of time, referred to as switch-
ing law. The interest that such kind of systems rose in the last decades lies in their capability
of modeling complex real systems, as embedded or networked ones, and also for the theoret-
ical issues involved. The problem of stability or stabilizability, depending on the assumption
on the switching law nature, of switched linear system attracted many research efforts, see the
overview [Lin and Antsaklis, 2009] and the monograph [Sun and Ge, 2011]. Conditions for stabil-
ity, that is when the switching law is considered as an exogenous signal, have been proposed: for
instance, the joint spectral radius approach [Jungers, 2009a]; those based on polyhedral Lyapunov
functions [Molchanov and Pyatnitskiy, 1989, Blanchini, 1995] or on path-dependent switched Lya-
punov ones [Lee and Dullerud, 2007].

This research topic has been widely treated in my past research activity. In particular, I have
been working, together with my collaborators, to the problems of characterizing the conditions for
stabilizability [Fiacchini et al., 2012b, Fiacchini and Jungers, 2013, Fiacchini and Jungers, 2014],
[Fiacchini et al., 2016a, Fiacchini et al., 2016b, Fiacchini et al., 2018, Fiacchini, 2021]; on dead-
beat stabilizability of switched linear discrete-time systems [Fiacchini and Millérioux, 2017]; on
the simultaneous co-design of the control feedback and the switching law for switched systems
[Fiacchini and Tarbouriech, 2017].

• The first research line, result of a collaboration with M. Jungers, of CRAN, Nancy and
A. Girard, of LJK, Grenoble and then L2S, Paris, has been the problem of stabiliz-
ability of switched linear systems, namely the condition under which a switching law can be
designed for the system to be asymptotically stable. Concerning the problem of stabilizability
of switched system, it is known that convex Lyapunov functions lead to conservative results,
and nonconvex ones must be considered, see [Blanchini and Savorgnan, 2008]. Nonconvex
Lyapunov functions induced by the union of ellipsoids are used in [Daafouz et al., 2002,
Geromel and Colaneri, 2006b, Zhang et al., 2009, Heemels et al., 2016a], while more general
homogeneous functions have been considered in [Fiacchini and Jungers, 2014]. On this topic,
we proposed novel stabilizability conditions together with the characterization of the rela-
tion between different conditions from the literature, in particular those based on Lyapunov-
Metzler ones, in [Fiacchini et al., 2016a].

• Another contribution on this topic, developed with A. Girard, of LJK, Grenoble and
then L2S, Paris and M. Jungers, of CRAN, Nancy, is given in [Fiacchini et al., 2016b,
Jungers et al., 2016, Jungers et al., 2018, Fiacchini et al., 2018] and concerns the problem
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of stabilizability of switched linear systems subject to constraints on the switching law. In
many practical cases, indeed, the mode sequence might be required to satisfy some condi-
tions. Consider for instance the problems of safety specifications, the tasks scheduling, the
interaction between control and software implementation and the constraints on dwell-time
switching. Several kinds of these constraints may be modeled by a nondeterministic finite
automaton by imposing that the switching law belongs to the language generated by such
an automaton. The problem of determining stabilizing feedback control policies satisfying
language constraints has not been widely treated in literature. For this purpose, we con-
sidered nonconvex star-shaped sets and their gauge functions as Lyapunov candidates, as in
[Fiacchini and Jungers, 2014], to provide algorithms leading to constructive conditions for
stabilizability.

• A third research line, developed in collaboration with G. Millerioux, of CRAN, Nancy,
concerned the dead-beat stabilizability of discrete-time switched linear systems, namely the
problem of checking if a sequence of switches exists that drives the whole state space to the
origin. This problem is related to the property of mortality of a set of matrices. Indeed, a
set of matrices is mortal if the zero matrix can be expressed as the product of finite length of
matrices. In general, the problem of checking the mortality of a set of matrices is unsolvable.
On this topic we provided in [Fiacchini and Millérioux, 2017, Fiacchini and Millérioux, 2018]
a constructive method to check if a finite sequence of switches exists that gives the null
matrix and to compute it, if it exists. The benefit of the proposed method is illustrated
by comparison with the brute-force approach based on the exhaustive search over all the
possible sequences of bounded length. Moreover the method has been recently applied in
the field of cryptography [Boukerrou et al., 2022].

• Another research line related to switched linear systems concerns the practical problem of
applicability of the necessary and sufficient conditions for stabilizability to get construc-
tive methods for switching control design. Although necessary and sufficient conditions are
available, in fact, their complexity led to inspect alternative conditions, just sufficient but
more computationally affordable. No relevant results are available, though, on the practical
problem of computability for the necessary and sufficient conditions for stabilizability. The
notable exception [Jungers and Mason, 2017] proposes algorithms to test necessary and suf-
ficient conditions for stabilizability and to compute tight bounds on the convergence rate.
A contribution to this problem, presented in [Fiacchini, 2021], consisted in providing an al-
gorithmic method to test whether a necessary and sufficient condition for stabilizability is
satisfied for a switched linear system. The method is based on a novel necessary and sufficient
stabilizability condition, consisting in the existence of a conic cover of the space on whose
cones a convex condition holds. It has been proved to be applicable also for computing tight
bounds on the maximal convergence rate of the switching laws. The computational method
allowed to test the necessary and sufficient stabilizability condition for relatively high di-
mensional systems, in particular for a four dimensional switched system, for which the only
alternative numerical approach to the problem, namely the cited [Jungers and Mason, 2017],
is not applicable due to the prohibitive complexity required. The code and numerical results
of the application of the method presented in the paper [Fiacchini, 2021] have been made
available online.

• Finally we addressed, in collaboration with Sophie Tarbouriech from LAAS, the prob-
lem of the control feedback and switching law co-design. The problem of co-designing
both the switching law and the control feedback input, in fact, is even more involved
than the problem of stabilizability of autonomous switched systems. This kind of prob-
lem has been addressed in several works, based on approximating the LQR control, see
[Zhang et al., 2009, Zhang et al., 2012, Antunes and Heemels, 2016]. Our approach, pre-
sented in [Fiacchini and Tarbouriech, 2017], is based on the convex conditions for stabi-
lization of autonomous systems presented in [Fiacchini et al., 2016a], that are necessary and
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sufficient for periodic stabilizable systems. The problem is treated by providing an analogous
LMI constructive condition for stabilizability that is proved to be necessary and sufficient
for systems that are periodic stabilizable through co-design.

3.1.2 Systems with aperiodic sampling and saturation

This research line focuses on computation-oriented conditions for the stability and stabilizability
of systems presenting aperiodic sampling and being affected by input saturation. Motivated by the
growing use of embedded controllers in different applications, where a communication protocol is
responsible for the transmission of data between computer algorithms, actuators and sensors, and
by the diffused interactions between physical systems and digital devices, the analysis and control
design for cyber-physical systems have been addressed in many recent works. In cyber-physical
systems, in fact, many phenomena can affect the control loop, as imperfections in the communica-
tions, time-varying delay, sampling jitters, packets dropout, hard and software requirements and
actuators limitations.

In this context, aperiodic sampling can be seen as a modeling abstraction employed to repre-
sent, in a theoretical framework, the effect of imperfections in the communication channel such as
sampling jitters, fluctuations and, in some cases, packet dropouts. The survey [Hetel et al., 2017]
presents several existing methods to analyze the stability of aperiodic sampled-data systems when
the dynamics is assumed to be linear.

Figure 3.1: Cyber-physical systems

Moreover, due to physical limitations of actuators,
the input saturation is virtually unavoidable in real con-
trol problems. It is a source of performance degra-
dation and, in many cases, only local stability of the
closed-loop system can be ensured, even for linear
plants. In the periodic sampled-data case, as the sat-
uration nonlinearity affects only the input, the stabil-
ity analysis can be carried out by using a discrete-
time model (see [Tarbouriech et al., 2011] and references
therein) obtained by exact discretization. Neverthe-
less, for the aperiodic sampled-data case, the prob-
lem is more involved and requires a careful analysis of
the hybrid behavior of the system. On this subject,
works exist, [Seuret and Gomes da Silva Jr., 2012] and
[Fiacchini and Gomes da Silva Jr., 2018] for instance, which provide LMI-based techniques to com-
pute ellipsoidal estimates of the region of attraction of the origin (RAO) of the closed-loop system,
which can be seen as safe regions of operation.

This research line focusses on the determination of ellipsoidal and polyhedral estimates of the
RAO. The results proposed leverage the use of a discrete-time model that describes the behavior
of the system state between consecutive sampling instants. It can be proved, in fact, that if the
discrete-time trajectories converge to the origin then the continuous-time ones also do. Considering
the discrete-time model leads to a difference inclusion if the sampling instant is considered unknown
but bounded within a certain time interval. Resorting to methods for dealing with the saturation of
discrete-time linear systems, computation-oriented results are obtained for determining estimations
of the RAO and set-induced Lyapunov functions. Therefore, asymptotic convergence of systems
with aperiodic sampling and input saturation can be proved. In particular, convex conditions, in
form of LMI are provided in [Fiacchini and Gomes da Silva Jr., 2018, Denardi Huff et al., 2022b],
while the more computationally involved, but less conservative, approaches based on polyhedral
sets iterative computation are presented in [Denardi Huff et al., 2022a, Denardi Huff et al., 2022].
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Figure 3.2: Closed-loop system with saturation input and aperiodic sampling

This study has been carried out in collaboration with J.M. Gomes da Silva Jr., from
UFRGS, Brazil, with whom I was directing the thesis of Daniel Denardi Huff, co-funded
by the IDEX UGA and the Brazilian COPES in the framework of an international cooperation
project.

3.1.3 Model predictive control and invariance
Model Predictive Control is a control technique whose popularity mostly relies in its capability of
dealing with constraints and of ensuring performance optimization and in its suitability for practical
applications, by guaranteeing, at the same time, desirable stability properties [Mayne et al., 2000,
Camacho and Bordóns, 2004, Kouvaritakis and Cannon, 2016, Rawlings et al., 2017]. The inher-
ent MPC aim of real implementation of control led to focus on the effects of model uncertainties,
disturbances and noises on the control performances and stability, yielding to robust and stochastic
formulations of MPC, besides the deterministic one.

Concerning the problem of convergence of MPC strategies, those based on invariant sets as
terminal constraint are possibly the most popular. Indeed, the strategies based on invariant sets
allow to guarantee convergence towards the origin by implicitly extending the prediction horizon to
the infinity without any substantial increasing of the on-line computational cost. More generally,
invariance and contractivity of sets are central properties in modern control theory. Although the
first important results on invariance date back to the beginning of the seventies [Bertsekas, 1972],
this topic gained considerable interest in more recent years, see in particular the works by Blan-
chini and coauthors [Blanchini, 1994, Blanchini and Miani, 2008], mainly due to its relation with
constrained control and Model Predictive Control.

• My first research line on this topic, main subject of my PhD thesis [Fiacchini, 2010], con-
cerns the conception of methods for computing invariant sets. Different algorithms based on
the one-step operator exist for computing invariant and control invariant sets, mainly based
on recursion starting from the state constraint set, as in [Blanchini, 1994, Kerrigan, 2001],
or those converging to the maximal invariant set from the inside, see [Blanchini, 1992,
Blanchini and Miani, 2008]. Other works, see for instance [Gutman and Cwikel, 1986b],
[Keerthi and Gilbert, 1987, Mayne and Schroeder, 1997], are based on computing the null-
controllable sets that can be proved to converge to the maximal control invariant set.
Nonetheless, if for linear systems the methods are rather well assessed, in the more re-
cent years, many efforts have been devoted to extend them to the case of nonlinear ones.
During my PhD and the first years of the 2010s I have been working to this problem,
providing results on the iterative computation of invariant sets for discrete-time nonlin-
ear systems [Alamo et al., 2009a, Fiacchini et al., 2010a, Fiacchini et al., 2012a], and also
for continuous time ones [Fiacchini et al., 2015]. More recently, I have also been address-
ing the problem of computing control invariant sets for high dimensional linear systems, in
[Fiacchini and Alamir, 2017b, Fiacchini and Alamir, 2018b].
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Figure 3.3: Fitorobot and Shell Eco-marathon vehicle

• During the first years following my PhD thesis defence I have been working to the adapta-
tion and application of MPC strategies to mobile robots. In particular, I have been working,
together with my colleagues from the Univerisity of Almeria and Seville, in Spain, to
the problem of control and trajectory tracking for Fitorobot, a mobile robot employed in the
agricultural context, see Figure 3.3 left. Several different methods, based on convex optimiza-
tion, LMI conditions and tube-based MPC have been developed, implemented and tested on
the robot. The results have also appeared in several publications, among which some inter-
national journal papers [Gonzalez et al., 2010, Gonzalez et al., 2011, González et al., 2011].
This research line has also been developed in collaboration with G. Millerioux, T. Cham-
brion and T. Manrique, of CRAN, Nancy, providing contributions on the computation
of invariant sets in presence of time-varying constraints and applying the theoretical results
to a real-time model of electrical low consumption vehicle, see Figure 3.3 right. This further
collaboration led also to several publications [Manrique et al., 2013, Manrique et al., 2014,
Manrique et al., 2015].

• The more recent research line on this topic concerns stochastic MPC and probabilistic invari-
ance. If in the beginning many of the researchers efforts on MPC have been devoted to the
robust formulation under worst-case assumptions on the uncertainties, last years saw a shift
of the interest to stochastic MPC (SMPC),[Farina et al., 2016, Mesbah, 2016, Mayne, 2018].
SMPC, in fact, permits to take into account the stochastic nature of the uncertainties, ex-
ploiting the knowledge of their distribution, and to deal with probabilistic chance constraints,
reducing the conservatism inherent to robust MPC. Stochastic MPC found application in
building climate regulation, process control, power production and management, vehicle
power and steering control, robot path planning, etc, see [Farina et al., 2016] and references
therein.
Among the interesting properties of MPC there is its potentiality of ensuring important the-
oretical features, like recursive feasibility, cost decreasing and constraints satisfaction guar-
antees, that are the basis on which asymptotic stability and safety properties are proved.
The attempts of ensuring these critical features for stochastic MPC, though, did not satis-
factorily lead to extend the results proper of deterministic MPC. Moreover, in many of the
works concerning the stability analysis of SMPC and invariant set computation the stochas-
tic disturbance is modelled by an independent, identically distributed sequence of random
variables. This is the case, for instance, for the methods based on stochastic tube MPC,
[Cannon et al., 2011, Hewing and Zeilinger, 2018], SMPC for controlling the average num-
ber of constraints violation [Korda et al., 2014a] and probabilistic MPC [Farina et al., 2015].
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This research line, developed in collaboration with T. Alamo from the University
of Seville, Spain and L. Chaouach from TU Delft, the Netherlands, provides
contributions on the characterization of probabilistic invariant and reachable sets for lin-
ear systems in presence of potentially correlated, partially unknown additive noises, in
[Fiacchini and Alamo, 2021]. Moreover, the framework of correlated partially unknown
noises and the related probabilistic sets have been applied to SMPC to recover recursive feasi-
bility and convergence conditions for this real-world application related case, [Chaouach et al., 2022].

3.1.4 Modeling and control for cancer dynamics
Modeling the dynamics underlying the tumor growth and the related mechanisms such as the
tumor-induced vascular development, the angiogenesis, is a key step towards rational optimization
of cancer therapy. Several mathematical models representing the tumor evolution, the induced an-
giogenesis and immune systems interaction appeared in the last decades. In particular, the works
[Hahnfeldt et al., 1999, Ergun et al., 2003, d’Onofrio et al., 2009] provide population-based models
consisting of low-dimensional systems that permit to qualitatively reproduce the evolution of the
tumor mass and its vascularization. Such models are particularly suitable for control purposes, and
have been widely employed for control-based therapy synthesis, see [DePillis and Radunskaya, 2005,
Matveev and Savkin, 2002, DePillis et al., 2005, Ledzewicz et al., 2008, Ledzewicz et al., 2011] on
the application of optimal control, and [Chareyron and Alamir, 2009, Alamir, 2014] on feedback
control design. Other models have appeared [Stéphanou et al., 2006, Pons-Salort et al., 2012,
Gevertz, 2012, Lesart et al., 2012, Lesart, 2013] whose objective is to recreate the biological pro-
cesses involved in the tumor growth and in the angiogenesis, up to the cellular level.

This research line concerned the application of set-theoretic and
optimization-based methods for developing therapeutic strategies for
mathematical models of cancer. This topic has been the objec-
tive of the PhD thesis of R. Riah and K. Moussa, co-directed
with M. Alamir from GIPSA-lab, that led to several publi-
cations [Riah and Fiacchini, 2015, Riah et al., 2015, Riah et al., 2016,
Riah et al., 2019, Moussa et al., 2019, Moussa et al., 2020, Moussa et al., 2021,
Moussa et al., 2022]. Different models of the effects of chemotherapy
and anti-angiogenesis drugs on cancer have been considered, effects that
would be used as control actions in the control-based therapy. The ob-
jective was to minimize the tumoral size while satisfying constraints
related to the health of the patience. Particular attention has been
devoted to deal with parametric uncertainties, inherent problem when
treating biological systems. Set-theory, optimization-based techniques
and probabilistic certification have been applied to infer the domain
of attraction and then the robust control for the uncertain models of
cancer.

3.1.5 Anesthesia monitoring
This research line is developed in the framework of a Persyval-lab "équipes-action" project, that
gathers several members, namely GIPSA-lab, Verimag and TIMC-IMAG/CHUGA Greno-
ble; LAAS and CHU Rangueil, Toulouse; and the University of Seville. I am the principal
investigator of the project.

General anesthesia plays a fundamental role to provide surgeons with adequate conditions for
operation and avoid discomfort or pain for the patient while reducing the negative post-operation
effects of anesthesia. In medical practice, anesthesia typically considers the administering of hyp-
notic and analgesic drugs monitored by the anesthetist by examining reliable indicators, such as the
EEG-based spectral features; the bispectral index (BIS), related to the level of consciousness; the
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Figure 3.4: Anesthesia monitoring and control

mean arterial pressure (MAP) and heart rate (HR) to monitor the patients hemodynamics state;
and, more rarely, the pupillometry, to infer the patient’s analgesia level. Furthermore, the anes-
thesiologist is designated to monitor the hemodynamic evolution, besides to control the patient’s
level of consciousness and analgesia.

The main objective of anesthesia is then to maintain the desired level of hypnosis, areflexia and
analgesia to facilitate the surgeon’s tasks by avoiding both drug overdosing and underdosing. Dele-
terious effects of wrong drug dosing can go, in the short term, from longer post-operative recovery
to most severe effects, up to the respiratory and cardiovascular collapse, and in the long term from
post-traumatic stress disorder due to partial consciousness during surgical operations, to other long
term risks and sequelae on the patient. Although dosing guidelines are provided taking into ac-
count the inter-patient pharmacokinetic and pharmacodynamic variability, automated closed-loop
control (in particular of Propofol profusion) using the BIS has shown to be of great help not only
to increase the control efficiency, but also to preserve the vigilance of anesthetists for potential
critical events. The problem consists in practice in designing a control-based drug deliverance
protocol to lead the patient to a desired sleep depth as soon as possible but avoiding dangerous
drug concentrations. Several approaches have been proposed in the literature, from simple PI
control to more complex adaptive control strategies [Bailey and Haddad, 2005, Lemos et al., 2014,
Beck, 2015, Zabi et al., 2015, Ionescu et al., 2008] and some of them have been clinically validated
[Absalom and Kenny, 2003, van Heusden et al., 2014].

The main objective of this research line is to apply analytical and data-based methods from
advanced control theory, formal verification and machine learning to the problems of modelling,
monitoring and controlling the anesthetic process. Particular attention is devoted to the unavoid-
able uncertain nature and variability of the dynamics involved in the process of the anesthesia
regulation.

3.1.6 Modeling and control for aluminium production
Aluminium manufacturing is a challenging industrial area based on the Hall-Heroult process, see
[Grjotheim, 1982]. This electro-chemical process is carried out by dipping carbon anodes into a
cryolite bath solution that contains dissolved alumina (Al2O3). A high intensity electric current
is applied to the system and the chemical process produces liquid aluminium cumulating at the
bottom of the cell, and releases carbon dioxide. During the electrolysis reaction, which is the basis
of the process, the anode-cathode distance (ACD) is continuously affected by the liquid aluminium
production and the carbon consumption. In fact, the distance between the carbon anode and the
liquid metal, acting as cathode, is not constant during the operation due to the chemical reaction.
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Figure 3.5: Aluminium pot cells

The carbon anodes being constantly consumed, they
are cyclically replaced, while the liquid aluminium laying
at the bottom of the pot increases because of the produc-
tion. Furthermore, perturbations of the current and bath
composition can affect the ACD, whose value is critical
since a large distance reduces the pot cell efficiency and
a small value can cause short-circuits between the pro-
duced aluminium and the carbon anode. Unfortunately,
though, the hazardous conditions inside the pot impede
the use of sensors for continuously measuring the ACD.

Also the dissolved alumina concentration is an im-
portant quantity that is not continuously measured. Alumina in powder state is injected in the
bath by several feeders distributed along the pot. Low values of alumina concentration can gen-
erate deleterious phenomena leading to the production of greenhouse gases, while a large alumina
powder quantities can produce in the bath undesirable accumulations of undissolved alumina and
lead to cell damages [Biedler, 2003].

Figure 3.6: Aluminium pot scheme

Therefore, in the context of aluminium pro-
duction, the modelling, estimation and con-
trol challenges manly come from the unavail-
ability of continuous measurements of the pro-
cess state, which can lead to inaccurate re-
sults and then undesirable operational condi-
tions [Jakobsen et al., 2001]. In this process, in
fact, the energy consumption and the produc-
tion efficiency strongly depend on the ACD and
on the alumina concentration, but both quan-
tities cannot be continuously measured. On
this topic we have been involved, with G. Be-
sançon and F. Ferrante, of GIPSA-lab, in

a FUI project coordinated by RioTinto, to model the relevant dynamics involved in the electrolysis
process, namely the ACD and the alumina dynamics, to design an appropriate observer and finally
a multi-variable control to improve the process efficiency. The FUI project included the fund-
ing for a thesis, provided to Lucas José da Silva Moreira, and a parallel three-years-lasting
contract between GIPSA and Rio Tinto to fund this research line. The thesis led to the publi-
cation in international conferences [da Silva Moreira et al., 2020a, da Silva Moreira et al., 2020c,
Moreira et al., 2021] and in the journal [da Silva Moreira et al., 2022]. The prolific collaboration
with Rio Tinto on topics concerning the aluminium process production is going to continue, thanks
to a project co-funded by CNRS "Plan de relance" and Rio Tinto itself, that provides a two-years
post-doctoral researcher funding, starting from fall 2022.

3.1.7 Data and learning for control

A research line on which I have been working concerns the application and exploitation of modern
numerical tools, like machine learning and nonlinear optimization tools, for modelling and control
complex systems through real data handling. In particular, regression and classification methods
based on machine learning and nonconvex optimization solvers provide valuable tools to efficiently
address several problems of identification and control of real dynamical systems. Particular interest
is devoted to the use and handling of real data collected from the analysed process.
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Figure 3.7: MIT single-wheel
testbed for slippery estimation

This data-based and learning techniques application to real-
plant data concerns the exploitation of regression and classification
methods based on machine learning approaches in the context of
control of dynamical systems. In the paper [Gonzalez et al., 2018]
we have been investigating on the capability of estimating and pre-
dicting that slippage associated with individual wheels in off-road
mobile robots. In the work done in the framework of the indus-
trial project with CALOR ent. (whose details are confidential),
the methods based on machine learning have been one of the key
approaches to address and solve the observation and control prob-
lem. Particular interest has been devoted to the implementation
requirements, in terms of computation and real-time embedding requirements.

I have also been working on a model identification for fitting the available data at the very
beginning of the Covid-19 pandemic spread in France, in [Fiacchini and Alamir, 2021]. The time
series concerning the 13 regions of mainland France have been considered for fitting and validating
the model. An extremely simple, two-dimensional model with only two parameters demonstrated
to be able to reproduce the measured time series involved in Covid-19 spread in early spring 2020.
The identification process was based on the daily updated data and on the fitting of a model, highly
nonlinear in the systems parameters, by using efficient numerical tools for nonconvex optimization.
The obtained results suggest to carefully consider the potential issues of model overfitting, then
poor predictive capability, when modelling the pandemic evolution.

Finally, we are currently applying the methods proper of machine learning and non-convex
optimization tools in the context of anesthesia. Some databases are available online concerning the
evolution of the physiological parameters during surgical operations undergoing with anesthetized
patients. Our objectives, together with my colleague Thao Dang from Verimag, Grenoble
and the PhD student we are directing Bob Auboin-Pairault, is to infer and validate a novel
machine learning-based model, resorting on the available data, that would permit to better repro-
duce the patient state evolution, adequately taking into account the patient-dependent parameters
variability. Moreover, we are working to the application of learning techniques for early detection
of undesirable events during surgery based on the anesthesia-related physiological signals.

3.1.8 Functional observers for discrete-time LPV systems

Another research line, developped in collaboration with G. Millerioux, of CRAN, Nancy,
concerned functional observers for discrete-time Linear Parameter Varying (LPV) systems. Func-
tional observers aim at reconstructing a particular, often linear, function of the state, possibly of
the input as well. They have been widely addressed since the pioneering work [Luenberger, 1966].
A complete framework providing necessary and sufficient conditions for convergence and design
procedure and the state of the art in the field are presented in [Chen, 1984, Darouach, 2000,
Trinh and Fernando, 2012]. Functional observers have been investigated for some classes of non-
linear systems with unknown inputs. For continuous-time systems, local considerations are used
in [Messaoud et al., 2010], sliding mode techniques in [Nikraz, 2010] or LMI-based approaches in
[Trinh and Fernando, 2012] taking into account the Lipschitz nature of the nonlinearities. The
scarce consideration of nonlinear discrete-time systems with unknown inputs motivated our work.
In our papers [Fiacchini and Millerioux, 2012, Fiacchini and Millerioux, 2013], we proposed a dead-
beat delayed functional observer for discrete-time LPV systems with unknown inputs. The ap-
proach proposed for the design of dead-beat functional observers is based on results of set-theory
for control, in particular the concept of invariance spaces strongly related also with the properties
of controllability and observability, treated in [Basile and Marro, 1969, Basile and Marro, 1987,
Basile and Marro, 1992].
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3.1.9 Decentralized systems

This research line concerns decentralized control for multi-agent systems and consensus problems.
Multi-agent systems have been used in the last decades to model different dynamics occurring
in a large panel of applications going from biology and medicine to transportation, communi-
cation and sociology. Moreover, controlling interconnected systems in a decentralized manner
[Jadbabaie et al., 2003, Olfati-Saber and Murray, 2004, Ren and Beard, 2005] has advantages re-
lated to the computation and communication cost reduction. On the other hand the changes of
the network topology may hinder the global coordination goal. To avoid this, works have been
treating the problem of the connectivity preservation of the interconnection graph of mobile net-
works [Bullo et al., 2009, Zavlanos and Pappas, 2008]. Starting from this idea, with the co-author
involved in this research line, C. Morarescu, of CRAN, Nancy, we presented conditions for net-
work topology preservation, see [Fiacchini and Morărescu, 2012, Fiacchini and Morărescu, 2014a,
Morărescu and Fiacchini, 2014]. The main contribution of this research line is the characterization
of the control laws preserving a given graph. We considered a networked system with discrete-time
dynamics and a given interconnection topology. Our aim was to characterize the decentralized
control laws that ensure the satisfaction of the algebraic constraint, by using invariance-based
techniques to characterize the conditions assuring that the algebraic constraint holds. The result-
ing topology preservation conditions are given in form of convex constraints that may be posed in
LMI form, then computationally suitable.

3.1.10 Hybrid systems with saturation

Hybrid systems are systems with both continuous-time and discrete-time dynamics. Recently,
the interest on hybrid systems has been growing, see [Branicky et al., 1998, Goebel et al., 2004,
Prieur et al., 2007, Goebel et al., 2009, Goebel et al., 2012], due to the increasing application of
digital devices for the control of real systems, like chemical processes, communications and automo-
tive systems, and also for their flexibility, which allows to overcome some fundamental limitations of
classical control [Beker et al., 2004, Prieur et al., 2010, Fichera et al., 2012a, Fichera et al., 2012b,
Prieur et al., 2013].

In my work related in particular to the collaboration with S. Tarbouriech, LAAS, Toulouse,
and C. Prieur, GIPSA-lab, Grenoble, we considered the problem of characterizing both local
and global exponential stability for hybrid systems with nested saturations. The proposed methods
were based on set-theory and invariance and provided computation-oriented conditions for deter-
mining estimations of the domain of attraction for this class of nonlinear hybrid systems. The pecu-
liarity of this approach is that convex analysis and optimization techniques can be often employed to
compute the Lyapunov functions and the estimations of the domain of attraction. For instance, the
issue of estimating the domain of attraction for saturated systems, in continuous-time and discrete-
time, has been dealt with by considering ellipsoids, see [Gomes da Silva Jr. and Tarbouriech, 2001,
Hu and Lin, 2002, Hu et al., 2002, Alamo et al., 2005], and polytopes, in [Alamo et al., 2006].

The results of our research on this topic, see [Fiacchini et al., 2011, Fiacchini et al., 2012c,
Fiacchini et al., 2014b, Fiacchini et al., 2014a], were the geometrical characterization of saturated
functions which permitted to characterize contractivity of ellipsoids and to determine quadratic
Lyapunov functions candidates by means of convex constraints. Some results present in litera-
ture for continuous-time, as [Hu and Lin, 2002, Alamo et al., 2005], and discrete-time saturated
systems, see [Hu et al., 2002], were improved or recovered as particular cases of our approach,
see [Fiacchini et al., 2011]. The results have been applied also to obtain computationally suitable
conditions for local and global asymptotic stability for hybrid systems with simple and nested
saturations.
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3.1.11 Unknown input observer for uncertain systems
A side research line concerns the design of unknown input observer for uncertain systems. This
line has been developed in collaboration with Iman Hosseini, PhD student at the University of
Shiraz, Iran, which has been visiting GIPSA-lab during around one year, in 2018, under my di-
rection. With Iman, we have been proposing a novel kind of Unknown Input Observer (UIO) called
Reset Unknown Input Observer (R-UIO) for state estimation of linear and nonlinear systems in the
presence of disturbance using Linear Matrix Inequality (LMI) techniques. The observer stability
and the efficiency of the proposed method has been demonstrated by simulation. This research
line led to the publication of two journal papers [Hosseini et al., 2019b, Hosseini et al., 2019a].

3.2 Conclusions
This chapter provided an overview of my past and current research lines and gives a picture of
the scientific directions and interests. Three research lines will be detailed in the next chapters.
This overview might contribute, though, to give hints on my research activity, aimed at exploiting
control theory, with particular attention on set-theory, invariance and optimization methods, to
address fundamental issues rising when dealing with real-world dynamical system.
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Invariance and contractivity of sets are central properties in modern control theory. Al-
though the first important results on invariance date back to the beginning of the seventies
[Bertsekas, 1972], this topic gained considerable interest in more recent years, see in particular
the works by Blanchini and coauthors [Blanchini, 1994, Blanchini and Miani, 2008], mainly due to
its relation with constrained control and popular optimization-based control techniques as Model
Predictive Control, see [Mayne et al., 2000].

Iterative procedures are given for the computation of control invariant sets that permit their
practical implementation. Most of those procedures are substantially based on the one-step back-
ward operator that associates to any set the states that can be steered into by an admissible
input. Different algorithms based on the one-step operator exist for computing control invariants,
based on recursion starting from the state constraint set, as in [Blanchini, 1994, Kerrigan, 2001,
Rungger and Tabuada, 2017], or those converging to the maximal invariant set from the inside,
see [Blanchini, 1992, Blanchini and Miani, 2008]. Other works are [Gutman and Cwikel, 1986b,
Keerthi and Gilbert, 1987, Mayne and Schroeder, 1997, Darup and Mönnigmann, 2014], based on
computing the null-controllable sets that can be proved to converge to the maximal control invari-
ant set.

Although the underlining idea of iterative methods for computing control invariant sets ap-
plies also for nonlinear systems, see [Fiacchini et al., 2010a, Fiacchini et al., 2012a], and, more
recently, methods appeared based on polynomial optimization and SOS tools [Korda et al., 2014b,
Henrion and Korda, 2014, Jones and Peet, 2021a, Jones and Peet, 2021b], the computation of in-
variant sets is often prohibitively complex to be applied in high dimension, even in the linear con-
text. Some constructive approaches are based on Minkowski sum and projection procedure, as in
[Keerthi and Gilbert, 1987, Blanchini, 1992, Blanchini et al., 1995], which are hardly applicable in
high dimension due to their numerical complexity. Other methods are based on the vertices com-
putation, as [Gutman and Cwikel, 1986b, Lasserre, 1993, Mayne and Schroeder, 1997], but may
suffer the combinatorial growth of complexity, then hardly manageable in high dimension too.
The numerical complexity has also been addressed by considering linear feedback and ellipsoidal
control invariant sets, see the monograph [Boyd et al., 1994], or by fixing the polyhedral set com-
plexity [Blanco et al., 2010, Athanasopoulos et al., 2014, Tahir and Jaimoukha, 2015], at the price
of performance and precision degradation.
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Another practical issue concerns the recent interest in the characterization and computation
of probabilistic reachable sets and probabilistic invariant sets, mainly due to the growing popu-
larity of stochastic Model Predictive Control (SMPC), see [Mesbah, 2016]. Concerning the com-
putation of reachable and invariant sets for deterministic systems and for robust control, i.e. in
the worst-case disturbance context, several well-established results are present in the literature,
for linear [Blanchini and Miani, 2008, Kolmanovsky and Gilbert, 1998b] and nonlinear systems
[Fiacchini et al., 2010b]. In the recent years, some results have been appearing also on proba-
bilistic reachable and invariant sets. The work [Kofman et al., 2012] is completely devoted to
the problem of computing probabilistic invariant sets and ultimate bounds for linear systems af-
fected by additive stochastic disturbances. Also the paper [Hewing et al., 2018] presents a char-
acterization of probabilistic sets based on the invariance property in the robust context, whereas
[Hewing and Zeilinger, 2019] employs scenario-based methods to design them.

In this chapter, some results on the problem of computing control invariant sets for high di-
mensional systems are presented [Fiacchini and Alamir, 2017a, Fiacchini and Alamir, 2018a]. The
approach, resulting from a collaboration wit M. Alamir leads to an algorithm for determining
control invariant sets that is based on a set inclusion condition involving the N-step set of a poly-
hedron but does not require to explicitly compute the Minkowski sum nor to have the vertices
representation of the sets. Such condition is posed as an LP feasibility problem, hence solvable
even in high dimension. Examples that show the low conservatism and the high scalability of
the approach are provided. Moreover, recent results on probabilistic invariant sets computations
for stochastic linear systems, obtained in collaboration with T. Alamo from the University of
Seville, are recalled, see [Fiacchini and Alamo, 2021]. In particular, the objectives are probabilis-
tic reachable sets and probabilistic invariant ellipsoids for linear systems excited by disturbances
whose realizations are correlated in time. Only bounds on the mean and covariance matrices are
required to be known, even stationarity is not necessary. Based on these bounds, the called cor-
relation bound is defined and then employed to determine constructive conditions for computing
probabilistic reachable and invariant ellipsoidal sets. The method, resulting in convex optimiza-
tion problems, is then illustrated through a numerical example, for which the covariance matrices
cannot be computed, but bounds exist.

4.1 Control invariant sets in high dimension
The objective of this section is to provide a constructive method to compute a control invariant
set for controlled linear systems with constraints on the input and on the state. The purpose is to
obtain a polytopic invariant set that could be computed through convex optimization problems.
The main aim is to provide a method to obtain admissible control invariant sets for high-dimensional
systems, thus no complex computational operations are supposed to be allowed.

The system is given by
x(k + 1) = Ax(k) + Bu(k) (4.1)

where x(k) ∈ Rn is the state and u(k) ∈ Rm is the input at time k ∈ N, with constraints

x(k) ∈ X = {y ∈ Rn : F y ≤ f}, u(k) ∈ U = {v ∈ Rm : Gv ≤ g}. (4.2)

for all k ∈ N.

Assumption 4.1.1 The matrix A is non-singular.

Assumption 4.1.1, not necessary but imposed here to easy the presentation, is not very restric-
tive. Recall for instance that every discretized linear system with no delay satisfies it. The case of
nonsingular A is developed in [Fiacchini and Alamir, 2017b], though.
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Some basic properties and methods, well assessed in the literature, concerning control invariant
sets are recalled hereafter. The one-step backward operator is defined as

Q(Ω, U) = {x ∈ Rn : Ax + Bu ∈ Ω, u ∈ U}

and provides the set of points in the state space that can be mapped into Ω by an admissible input
with dynamics (4.1). One way to obtain a control invariant set is by iterating the one-step operator
starting from a given initial set Ω, compact, convex set containing the origin in its interior, and
then checking whether the union of the sets obtained at iteration k contains Ω. Thus the sketch
of the algorithm is:

Algorithm 1 Control invariant
Initialization: given A, B and sets Ω, U , define Ω0 ← Ω and k ← 0;

Iteration for k ≥ 0:
Ωk+1 = Q(Ωk, U)

Stop if Ω ⊆ co

k+1⋃
j=1

Ωj

; denote N = k + 1 and

Ω∞ = co
(

N⋃
k=1

Ωk

)

Thus, the algorithm computes the preimages of Ω until the stop inclusion condition holds.
Considering the set Ω containing the origin, i.e. 0 ∈ Ω, and Qk(Ω, U) defined as

Qk(Ω, U) = {x ∈ Rn : Akx +
k−1∑
i=0

Ak−1−iBuk−i ∈ Ω, ui ∈ U ∀i ∈ Nk}, (4.3)

the basic algorithm for obtaining a control invariant set consists in searching, given Ω, for the
minimal N such that

Ω ⊆ co

(
N⋃

k=1

Qk(Ω, U)

)
. (4.4)

Given the initial set Ω, a condition characterizing an invariant set, alternative to (4.4), is the
following

Ω ⊆ QN (Ω, U), (4.5)
which is equivalent to the fact that every state in QN (Ω, U) can be steered in Ω in exactly N steps.
Condition (4.5), which will be referred to as N-step condition in what follows, is just sufficient for
(4.4) to hold but it does not require the computation of the convex hull of several sets at every
iteration.

To obtain estimations of the maximal control invariant set contained in X, consider

Qx
k(Ω, U, X) = {x ∈ X : Akx +

∑k−1
i=0 Ak−1−iBuk−i ∈ Ω,

Ajx +
∑j−1

i=0 Aj−1−iBuj−i ∈ X ∀j ∈ Nk, ui ∈ U ∀i ∈ Nk},
(4.6)

that is the set of states x ∈ X for which an admissible sequence of input of length k exists driving
the state in Ω in k steps by maintaining the trajectory in X. The resulting control invariant set
would then be given by

Q̄x
N (Ω, U, X) = co

(
N⋃

k=1

Qx
k(Ω, U, X)

)
, (4.7)
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provided that condition
Ω ⊆ Qx

N (Ω, U, X) (4.8)

holds. Note that (4.8) is just sufficient but, in general, less complex to be checked than Ω ⊆
Q̄x

N (Ω, U, X).

The value of N for which invariance conditions (4.5) and (4.8) hold depends on the choice of Ω.
Clearly, if Ω is a control invariant set, then the conditions hold for all N ≥ 1. Moreover, for every
Ω there exists α > 0 and N ≥ 1 such that αΩ satisfies (4.5) or (4.8), under mild stabilizability
conditions.

The main issue which impedes the application of the algorithm in high dimension is the fact that
getting the preimage is equivalent to compute the Minkowski addition of sets, which is a complex
operation, being an NP-complete problem, see [Jones et al., 2004, Tiwary, 2008]. Moreover the
addition leads to sets whose representation complexity increases. Considering, in fact, two polytopic
sets Ω and ∆, their sum has in general more facets and vertices than Ω and ∆. Thus, the algorithm
given above requires the computation of the Minkowski sum, hardly manageable in high dimension,
and generates polytopes with an increasing number of facets and vertices. Another source of
complexity is the convex hull in (4.4) or (4.7), as the explicit computation of the convex hull is a non-
convex operation whose complexity grows exponentially with the dimension, see [Berg et al., 2000].

Furthermore, also the vertices representation of the sets is a potential limitation for high dimen-
sional systems, since the number of vertices may grow combinatorially with the dimension. Finally,
approaches are provided, for instance in [Keerthi and Gilbert, 1987, Blanchini et al., 1995], that
require the computation of the projection of polytopes, operation whose complexity is equivalent
to the one of Minkowski sum. As can be seen from the comparison, provided in [Jones et al., 2004],
between different projection algorithms, polytope projections are not suitable when projecting on
high dimensions. This can be also heuristically checked by computing the projection over an n-
dimensional subspace of a randomly generated 2n-dimensional polytope. Using the MPT toolbox
[Kvasnica et al., 2004], for instance, we needed more than 40 seconds to project a polytope from
R10 into a 5-dimensional subspace, more than 15 minutes to project from R12 to R6.

The main objective of this section is to design a method for testing conditions (4.5) and (4.8)
and for having a, potentially implicit, representation of sets (4.7) by means of convex optimization
problems, then applicable also to relatively high dimensional systems, to obtain control invariant
sets, avoiding the vertices representation of the sets and Minkowski sum or polytope projections
computation.

4.1.1 N-step condition for control invariance
As noticed above, a first main issue is related to checking whether the sum of several polytopes
contains a polytope, see the N -step stop condition (4.5) and (4.8).

Consider first the N-step condition (4.5), characterized by the Minkowski sum of several sets.
The explicit definition of the Minkowski sum of sets could be avoided by employing its implicit
representation. Indeed, given two polyhedral sets Γ = {x ∈ Rm : Hx ∈ h} and ∆ = {y ∈ Rp :
Gy ≤ g} and P ∈ Rn×m and T ∈ Rn×p we have that P Γ + T ∆ = {x ∈ Rn : x = P y + T z, Hy ≤
h, Gz ≤ g}. Thus, the explicit hyperplane or vertex representation of the sum can be replaced
by the implicit one, given by the projection of a polyhedron in higher dimension. On the other
hand, one might wonder if the stop condition Ω ⊆ QN (Ω, U) could be checked without the explicit
representation of QN (Ω, U).

The first hint to do is that the inclusion condition is testable through a set of LP problems
provided the vertices of Ω are available. Such an assumption is not very restrictive, since Ω is a
design parameter that could be determined such that both the hyperplane and vertices represen-



4.1. Control invariant sets in high dimension 39

tation should be available, a box for instance. Nevertheless, and since we are aiming at invariant
sets for high dimensional systems, the use of vertices should be avoided if possible. Consider for
instance, in fact, a system with n = 20. The unit box in R20 is characterized by 40 hyper-planes,
but it has 220 ≃ 106 vertices. Then checking if it is contained in a set could require to solve more
than a million of LP problems.

We consider then the possibility of testing whether a polyhedron is included in the sum of poly-
hedra by employing only their hyperplane representations and without the explicit representation
of the sum of sets. The following result, based on the Farkas lemma and widely used on set theory
and invariant methods for control, is useful for this purpose.

Lemma 4.1.1 Two polyhedral sets Γ = {x ∈ Rn : Hx ≤ h}, with H ∈ Rp×n, and ∆ = {x ∈ Rn :
Gx ≤ g}, with G ∈ Rq×n, satisfy Γ ⊆ ∆ if and only if there exists a non-negative matrix T ∈ Rq×p

such that T H = G and T h ≤ g.

Consider now the stop condition (4.5), which is suitable for applying the Lemma 4.1.1, as illustrated
below.

The main issue for applying Lemma 4.1.1 is the fact that obtaining the explicit hyperplane
representation of the set at right-hand side of (4.5) is numerically hardly affordable, mainly in
relatively high dimension. In fact, given two polyhedra Γ ⊆ Rm and ∆ ⊆ Rp, to determine L

and l such that P Γ + Q∆ = {x ∈ Rn : Lx ≤ l} is an NP-complete problem, see [Tiwary, 2008].
Nevertheless, a sufficient condition in form of LP feasibility problem is given below.

Theorem 4.1.1 Consider Ω = {x ∈ Rn : Hx ≤ h} and U as in (4.2), with H ∈ Rnh×n and
G ∈ Rng×m, and suppose that 0 ∈ Ω and 0 ∈ U . Then the set

Q̄N (Ω, U) = co

(
N⋃

k=1

Qk(Ω, U)

)
(4.9)

is a control invariant set if there exist T ∈ Rnḡ×nh and M ∈ Rn̄×n̄, with nḡ = nh + Nng and
n̄ = n + Nm, such that T H̄ = ḠM

T h ≤ ḡ[
I 0 0 . . . 0

]
=
[

I 0 0 . . . 0
]

M

(4.10)

hold with

Ḡ =


HAN HB HAB . . . HAN−1B

0 G 0 . . . 0
0 0 G . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . G

, ḡ =


h

g

g

. . .

g


H̄ =

[
H 0 0 . . . 0

]
(4.11)

where Ḡ ∈ Rnḡ×n̄, ḡ ∈ Rnḡ , and H̄ ∈ Rnh×n̄.

The result given above can be directly extended to the problem in presence of constraints on
the state.

Theorem 4.1.2 Consider Ω = {x ∈ Rn : Hx ≤ h} and X and U as in (4.2), with H ∈ Rnh×n,
F ∈ Rnf ×n G ∈ Rng×m, and suppose that 0 ∈ Ω, 0 ∈ X and 0 ∈ U . Then the set Q̄x

N (Ω, U, X) as
in (4.7) is a control invariant set contained in X if there exist T ∈ Rnḡ×nh and M ∈ Rn̄×n̄, with
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nḡ = nh + Nng + Nnf and n̄ = n + Nm, such that (4.10) holds with

Ḡ =



HAN HB HAB . . . HAN−1B

0 G 0 . . . 0
0 0 G . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . G

F AN F B F AB . . . F AN−1B

F AN−1 0 F B . . . F AN−2B

. . . . . . . . . . . . . . .

F A 0 0 . . . F B

F 0 0 . . . 0


, ḡ =



h

g

g

. . .

g

f

f

. . .

f

f


H̄ =

[
H 0 0 . . . 0

]

(4.12)

where Ḡ ∈ Rnḡ×n̄, ḡ ∈ Rnḡ , and H̄ ∈ Rnh×n̄.

Given the sets Ω, U and X, to obtain the greatest multiple of Ω such that (4.8) holds, that is
the greatest α ∈ R such that

αΩ ⊆ Qx
N (αΩ, U, X), (4.13)

is equivalent to compute the smallest nonnegative β, with β = α−1, such that

Ω ⊆ Qx
N (Ω, βU, βX).

This consists in replacing g with βg in (4.12) and leads to the following LP problem in T , M and
β

α−1 = β = min
β∈R+

γ

s.t. T H̄ = ḠM

T h ≤ γĝ + g̃[
I 0 0 . . . 0

]
=
[

I 0 0 . . . 0
]

M

(4.14)

with ĝ = (0, g, g, . . . , g, f, . . . , f, f) and g̃ = (h, 0, 0, . . . , 0). Clearly, if Ω is a control invariant
set, then the greatest α satisfying (4.13) is not smaller than 1.

Note that directly maximizing α would yield to replace h by αh in (4.10) and (4.12) and then
to a nonlinear optimization problem. Analogous computational considerations hold for the case of
absence of state constraints, as in Theorem 4.1.1, which is a particular case of Theorem 4.1.2 with
X = Rn.

4.1.2 State inclusion test
In the previous section, a condition for (4.8) to hold is given that does not require the computation
of the preimage sets Qx

N (Ω, U, X), then avoiding the computation of Minkowski addition, see
Theorem 4.1.2. Once αΩ is computed by solving (4.14), one possible choice to obtain a control
invariant set is given by

Ω̄x = co

(
N⋃

k=1

Ωx
k

)
with Ωx

k = Qx
k(αΩ, U, X). (4.15)

To have an explicit representation of Ω̄x requires to compute the convex hull of the union
of several sets, each one given by the Minkowski sum of sets, but the convex hull operation is
numerically demanding. Hereafter we provide a convex condition to check if a given x ∈ Rn

belongs to the invariant set Ω̄x without computing it explicitly.

The theorem below provides a representation of the control invariant Ω̄x in terms of linear
equalities and inequalities.
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Theorem 4.1.3 Let Assumption 4.1.1 hold. Consider Ω = {x ∈ Rn : Hx ≤ h} bounded, X and
U as in (4.2), with H ∈ Rnh×n, F ∈ Rnf ×n, G ∈ Rng×m, and suppose that 0 ∈ Ω, 0 ∈ X, 0 ∈ U

and U is bounded. Given α solution of (4.14) then the set Ω̄x defined by (4.15) can be written as
follows

Ω̄x = {x ∈ Rn : x =
∑N

k=1 zk;
HAkzk +

∑k−1
i=0 HAk−1−iBvk,k−i ≤ αλkh, ∀k ∈ NN ;

F Ajzk +
∑j−1

i=0 F Aj−1−iBvk,j−i ≤ λkf, ∀j ∈ Nk, ∀k ∈ NN ;
F zk ≤ λkf, ∀k ∈ NN ; Gvk,i ≤ λkg ∀i ∈ Nk, ∀k ∈ NN ;
λ ≥ 0,

∑N

k=1 λk = 1}.

(4.16)

Theorem 4.1.3 implies that checking if x ∈ Ω̄x resorts to solve an LP feasibility problem in
the variables x, zk, vk,i, λk for all i ∈ Nk and k ∈ NN , then in a space of dimension n + Nn +
0.5N(N +1)m+N . Such a representation is particularly suitable to be used in optimization-based
control, as model predictive control for instance, since it reduces to enforcing the linear constraints
characterizing Ω̄x.

4.1.3 Numerical examples

The different results presented in this section are illustrated through numerical examples. The
optimization problems are solved using YALMIP interface [Löfberg, 2004] and Mosek optimizer
[MOSEK ApS, 2015] on an Intel® Core™ i7-6600U CPU @ 2.60GHz × 4 processor laptop with
16GB of RAM.

4.1.3.1 Example

Here we compare the computational burden required to check the invariant condition (4.13) by
solving (4.12)-(4.14) with an alternative approach based on known properties of computational
geometry. First we describe this approach. Suppose that both the hyper-planes and the vertices
representation of Ω are available. This assumption, not needed for our method that only requires
the H-representation, could be reasonably posed since Ω can be arbitrary chosen, and then fixed
to be the unitary box, i.e. Ω = Bn. Then, the 2n vertices can be easily obtained, which is not the
case for general polytopes. Thus, the exact maximal α such that (4.13) is satisfied is given by

α∗ = max
α, ui,j

α

s.t. Ḡ · (αvj , u1,j , . . . , uN,j , ) ≤ αg̃ + ĝ, ∀j ∈ N2n

(4.17)

where vj is the j-th vertex, with j ∈ N2n , and Ḡ, g̃ and ĝ are defined in and below Theo-
rem 4.1.2. The constraints in the LP problem (4.17) impose that every vertex of αΩ is contained
in Qx

N (αΩ, U, X) and their number is equal to the number of vertices of Ω, hence exponentially
growing with the system dimension.

The exact maximal α∗ solution of (4.17) and the α obtained by solving (4.14) with (4.12) are
computed for randomly generated controllable systems with real eigenvalues with increasing n and
m = ⌈n/2⌉. The sets are Ω = Bn, U = 10Bm and X = 100Bn and N = 2. The computation times
are given in Figure 4.1 in function of the state dimension n.
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Figure 4.1: Computation times in seconds to solve (4.17), in dashed line, and to solve (4.14)
with (4.12), in solid line, in function of the state dimension n.

Note that the proposed method permits to check the invariance condition up to a 40 dimensional
system with 20 inputs in less than 12 seconds, while the alternative approach needs more than 160s

for n = 15.

In Figure 4.2 we report the values of α obtained by solving (4.14) for 1000 randomly generated
systems with n between 1 and 12 and also the normalized mismatch with respect to α∗ given by
(4.17), i.e. |α − α∗|/α∗, in logarithmic scale. It can be noticed that the approximation error is
several order of magnitude smaller than the values of α, in most of the cases included between
10−4 and 10−12, which might be due to the numerical precision rather than to real inaccuracy.

−14 −12 −10 −8 −6 −4 −2 0 20

50

100

150

200

log(|α− α∗|/α∗) log(α)
Figure 4.2: Histograms of the values of log(α), in light gray, and log(|α− α∗|/α∗), in dark
gray, over 1000 tests.

Finally, the Minkowski sum has been employed to compute Qx
N (αΩ, U, X) a posteriori, for

evaluating its computational cost, but we could not go further than n = 4.

4.1.3.2 Example

We apply now the proposed method to an high dimensional system, in particular with n = 30
and m = 15 with horizons N = 5, 10. To provide some hints on the conservatism of the control
invariant obtained with respect to the maximal control invariant set, we build a system for which
the latter can be computed. Indeed the classical algorithms for computing the maximal control
invariant set are too computationally demanding to be applied to high dimensional systems in
general. Then, a specific structure has to be imposed to the system dynamics for computing the
maximal control invariant set to be compared with our results. In particular, we consider system
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(4.1) with

A = P −1

 A1 0 . . . 0
0 A2 . . . 0

. . . . . . . . . . . .

0 0 . . . A15

P, B = P −1

 B1 0 . . . 0
0 B2 . . . 0

. . . . . . . . . . . .

0 0 . . . B15

 (4.18)

where Ai ∈ R2×2 and Bi ∈ R2, for i ∈ N15, are matrices whose entries are randomly generated such
that all Ai have unstable poles and the pairs (Ai, Bi) are controllable and the maximal control
invariant is obtained, as illustrated below, after 5 iterations at most. The latter requirement has
been introduced for sets convergence reasons. The matrix P ∈ R30×30 is a randomly generated non-
singular matrix. Figure 4.3 provides a graphical representation of A and B, for which the maximal
values (15.303 for A and 49.0516 for B) are depicted in white, the minimal ones (−13.4866 for A

and −60.4621 for B) are drawn in black, the other values are proportional degree of gray. The
matrices are not sparse, not a single null entry is present either in A or B, and are available under
request.

Figure 4.3: Graphical representation of matrices A and B.

Thus, the dynamics of system with state y = P x, is controllable and it is, in practice, composed
by 15 decoupled two-dimensional subsystems with one control input each. Hence, the maximal
control invariant set in the space for the overall system in y, denoted Σ, is given by the Cartesian
product of the maximal control invariant sets of the 15 subsystems. That is Σ =

∏15
i=1 Σi where

Σi are the maximal control invariant set in 10B2 for the i-th subsystem with input bound 10B2.
Hence Σ can be computed by computing Σi, being (Ai, Bi) a two-dimensional controllable system,
for all i ∈ N15. Therefore, P −1Σ ⊆ R30 is the maximal control invariant set for the system (4.1)
in x with (4.18). After computing P −1Σ, the linear problem (4.14) has been solved to obtain Ω̄x

with N = 5, 10 and sets Ω = P −1B30, U = 10B15 and X = 10P −1B30.

To quantify the difference between the maximal control invariant set P −1Σ and the set Ω̄x, 100
vectors v ∈ Rn are generated randomly. Then, (a lower approximation of) the maximal values of rΣ

and rΩ are computed such that rΣv ∈ P −1Σ and rΩv ∈ Ω̄x, through dichotomy method. In practice,
we search for (approximations of) the intersections between the ray vr = {rv ∈ Rn : r ≥ 0} and
the boundaries of the sets P −1Σ and Ω̄x. The ratio between rΩ/rΣ is an indicator of the mismatch
between the maximal control invariant set P −1Σ and Ω̄x, the closer to one, the closer are the
intersections between the ray vr and the two sets.

Figure 4.4 shows the histograms of the ratio rΩ/rΣ for N = 5, 10. As expected, the higher is
the horizon N , the closer are the sets Σ and Ω̄x.

4.2 Probabilistic invariance
The results presented in this section aim to characterize and compute, via convex optimization,
outer bounds of probabilistic reachable sets and probabilistic invariant ellipsoids for linear systems
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Figure 4.4: Histograms of the values rΩ/rΣ for N = 5, 10 for a systems with n = 30 and
m = 15.

excited by disturbances whose realizations are correlated in time. Only bounds on the mean and
covariance matrices are required to be known, even stationarity is not necessary. Based on these
bounds, the called correlation bound is defined and then employed to determine constructive con-
ditions for computing probabilistic reachable and invariant ellipsoidal sets. The method, resulting
in convex optimization problems, is then illustrated through a numerical example, for which the
covariance matrices cannot be computed, but bounds exist.

4.2.1 Correlation bound
Consider first the nonlinear system xk+1 = f(xk, dk), where xk ∈ Rn is the state and dk represents
time-varying uncertain parameters and disturbances. A common way of approximating the non-
linear dynamics is by means of a model of the form xk+1 = Axk + wk where wk is an additive term
accounting for the cumulative effects of the modelling errors and the past values of dk. In this
context it is unrealistic to assume that wk is not correlated with the previous values wj , with j ≤ k,
especially if j is close to k. Even an assumption on stationarity of wk is often hardly justifiable
since, due to the possibly nonlinear nature of f(·, ·), the statistical properties of wk depend also on
the current state xk and therefore might be time varying. To better deal with these issues, the case
of additive uncertainty wk that is correlated in time and not necessarily stationary is considered.

Consider the discrete-time system

xk+1 = Axk + wk, (4.19)

where xk ∈ Rn is the state and wk ∈ Rn an additive disturbance given by a sequence of random
variables that are supposed to be correlated in time.

Here, the only assumptions on the disturbance wk is that its time-dependent mean is bounded,
a bound on E{wkw⊤

k } exists, and the covariance between wi and wj exponentially vanishes with
|j − i|.
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Assumption 4.2.1 There exist m, b, γ ∈ R, with γ ∈ [0, 1), such that the sequence wk satisfies:

µ⊤
k µk ≤ m, ∀k ∈ N, (4.20)

∥cov(wi, wj)∥2
2 ≤ bγj−i, ∀i ≤ j, (4.21)

with E{wk} = µk and cov(wi, wj) = E{(wi − µi)(wj − µj)⊤}.

Note that no assumption on {wk}k∈N is posed other than the existence of bounds on the mean
and the covariance matrices. Neither weak stationarity is required, as both the mean and the
covariance matrices are allowed to be functions of time. This aspect might be crucial in practice,
as no exact knowledge of the matrices nor guarantee of stationarity are often available.

Proposition 4.2.1 If Assumption 4.2.1 is satisfied, then non-negative α, β, γ ∈ R and Γ̃ ∈ Sn

exist, with γ ∈ [0, 1) and Γ̃ ≻ 0, such that

Γk,k ⪯ Γ̃, ∀k ∈ N, (4.22)

Γi,jΓ̃−1Γ⊤
i,j ⪯ (α + βγj−i)Γ̃, ∀i ≤ j, (4.23)

hold, with Γi,j = E{wiw
⊤
j }, for all i, j ∈ N.

Note that, although the existence of bounds (4.20) and (4.21) on the mean and covariance
matrices is the only posed assumption, it is not necessary to know them. The results presented
here only require, in fact, the knowledge of bounds (4.22) and (4.23), that can be estimated from
data.

The following definition of correlation bound encloses the key concept that permits to character-
ize and compute probabilistic reachable and invariant sets for linear systems affected by correlated
disturbance.

Definition 4.2.1 (Correlation bound) The random sequence {wk}k∈Z is said to have a corre-
lation bound Γw for matrix A if the recursion zk+1 = Azk + wk with z0 = 0, satisfies

AE{zkw⊤
k }+ E{wkz⊤

k }A⊤ + E{wkw⊤
k } ⪯ Γw, (4.24)

or, equivalently
E{zk+1z⊤

k+1} ⪯ AE{zkz⊤
k }A⊤ + Γw, (4.25)

for all k ≥ 0.

It will be proved in the next section that, if the matrix A in (4.19) is Schur, i.e. ρ(A) < 1, and
Assumption 4.2.1 holds, then a correlation bound exists.

4.2.1.1 Computation of a correlation bound

As it will be shown in the subsequent sections, a correlation bound permits to determine sequences
of probabilistic reachable sets and probabilistic invariant sets. For this, it is necessary to provide
a condition and a method to obtain a correlation bound. Such a condition is presented in the
following proposition.

Proposition 4.2.2 Given the system (4.19) with ρ(A) < 1, let {wk}k∈Z ∈ Rn be a random se-
quence such that conditions (4.22) and (4.23) hold with Γ̃ ≻ 0, α ≥ 0, β ≥ 0 and γ ∈ (0, 1). Given
η ∈ [ρ(A)2, 1), consider φ ≥ 1 and S ∈ Sn satisfying

S ⪯ Γ̃ ⪯ φS, ASA⊤ ⪯ ηS. (4.26)

Then for every p ∈ (η, 1), the matrix

Γw =
(

αφ
η

p− η
+ βφ

γη

p− γη
+ p

1− p
+ 1
)

Γ̃ (4.27)

is a correlation bound for the sequence {wk}k∈Z and matrix A.
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Note that, as formally stated in the following corollary, Propositions 4.2.1 and 4.2.2 imply that,
if ρ(A) < 1, then Assumption 4.2.1 ensures the existence of a correlation bound.

Corollary 4.2.1 If Assumption 4.2.1 holds and matrix A in (4.19) is such that ρ(A) < 1, then
the random sequence {wk}k∈Z has a correlation bound for matrix A.

The result of Proposition 4.2.2 is used hereafter to design an optimization-based procedure to
compute the tightest correlation bound. To obtain the sharpest bound, the parameter multiplying
Γ̃ in (4.27) has to be minimized. Note first that such parameter is monotonically increasing with
φ and η, for φ ≥ 1 and η ∈ [ρ(A)2, 1). Nevertheless, the minimizing pair φ and η is not evident,
even for a given p, due to the constraint (4.26). One possibility is to grid the interval [ρ(A)2, 1) of
η and then obtain, for every value of η on the grid, the optimal φ and p. To do so, one should first
fix η and then solve the semidefinite programming problem

(φ∗, S∗) = min
φ,S

φ

s.t. S ⪯ Γ̃ ⪯ φS

ASA⊤ ⪯ ηS.

Note now that the parameter multiplying Γ̃ in (4.27) is a convex function of p. In fact, a/(p−a)
is zero if a = 0 and it is finite, convex and decreasing for p ∈ (a, +∞) if a > 0, whereas p/(1− p)
is finite, convex and increasing for p ∈ (−∞, 1). Then, the minimum of the function multiplying
Γ̃ exists and is unique in (η, 1). This means that, once φ and η are fixed, the value of p that
minimizes the parameter multiplying Γ̃ in (4.27) can be computed by solving the following convex
optimization problem in a scalar variable:

p∗(η, φ) = min
p

αφ
η

p− η
+ βφ

γη

p− γη
+ p

1− p

s.t. η < p < 1.

Finally, Γw can be computed by using in (4.27) the minimal value of the parameter multiplying
Γ̃ over the optimal ones obtained for the different η on the grid.

Remark 4.2.1 Note that γ could also be bigger than or equal to 1: this would lead to an (although
non realistic) increasingly correlated disturbance. The limit would exist provided that η is smaller
than the inverse of γ, for all p ∈ (γη, 1). The case of γ = 1 is realistic, for instance for the case of
constant disturbances, and can modelled by the constant term α.

The dependence of the bound (4.27) on the parameter φ can be removed by avoiding using the
bound S ⪯ φΓ̃. The corollary below, providing a potentially less conservative correlation bound,
follows straightforwardly.

Corollary 4.2.2 Under the hypothesis of Proposition 4.2.2, for every p ∈ (η, 1), the matrix

Γw =
(

αφη

p− η
+ βφγη

p− γη

)
S +

(
p

1− p
+ 1
)

Γ̃ (4.28)

is a correlation bound for matrix A.

Condition (4.28) provides a further degree of freedom, i.e. the matrix S, that can be used to
improve the bound.

4.2.2 Probabilistic reachable and invariant sets
Based on the correlation bound, conditions for computing probabilistic reachable and invariant
sets are presented. First, two properties are given that are functional to the purpose.
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Property 4.2.1 For every r > 0 and every Γ̃, Σ ∈ Sn such that Γ̃ ⪰ 0 and Σ ≻ 0, it holds

E(AΓ̃A⊤ + Σ, r) ⊆ AE(Γ̃, r) + E(Σ, r). (4.29)

The result in Property 4.2.1 is used in the following one to characterize bounds on the covariance
matrices and probabilities of the system trajectory.

Property 4.2.2 Suppose that the random sequence {wk}k∈N has a correlation bound Γw ≻ 0 for
matrix A with ρ(A) < 1. Given r > 0, consider the system zk+1 = Azk + wk with z0 = 0 and the
recursion

Γk+1 = AΓkA⊤ + Γw (4.30)

with Γ0 = 0 ∈ Rn×n. Then,
(i) E{zkz⊤

k } ⪯ Γk, ∀k ≥ 0,
(ii) Pr{zk ∈ E(Γk, r)} ≥ 1− n

r
, ∀k ≥ 1,

(iii) E(Γk, r) ⊆ E(Γk+1, r) ⊆ AE(Γk, r) + E(Γw, r), ∀k ≥ 1.

4.2.2.1 Probabilistic reachable sets

The simplest confidence regions are ellipsoids, that have been widely used in the context of MPC,
see, for example, [Cannon et al., 2011, Hewing and Zeilinger, 2018]. The definition of probabilistic
reachable sets is recalled.

Definition 4.2.2 (Probabilistic reachable set) It is said that Ωk ⊆ Rn with k ∈ N is a se-
quence of probabilistic reachable sets for system (4.19), with violation level ε ∈ [0, 1], if x0 ∈ Ω0

implies Pr{xk ∈ Ωk} ≥ 1− ε for all k ≥ 1.

A condition for a sequence of sets to be probabilistic reachable sets is presented, in terms of cor-
relation bound. Analogous results for correlated disturbance can be found in [Hewing et al., 2018].

Proposition 4.2.3 Suppose that the random sequence {wk}k∈N has a correlation bound Γw ≻ 0
for matrix A with ρ(A) < 1. Given r > 0, consider the system (4.19) and the recursion (4.30) with
x0 = 0 ∈ Rn, Γ0 = 0 ∈ Rn×n. Then the sets defined as

Rk+1 = ARk + E(Γw, r), (4.31)

for all k ∈ N, and R0 = {0} are probabilistic reachable sets with violation level n/r for every r > 0.

The sets E(Γk, r) are probabilistic reachable sets with violation level n/r, which are less con-
servative than Rk and simply determined by iteration (4.30). If, nonetheless, sets Rk and E(Γk, r)
require to be computed for every k ∈ N, a sequence of reachable sets determined by a unique
matrix is given below.

Proposition 4.2.4 Suppose that the random sequence {wk}k∈Z has a correlation bound Γw ≻ 0
for matrix A. If W ∈ Sn is such that W ≻ 0 and

AW A⊤ ⪯ λ2W, (4.32)

Γw ⪯ (1− λ)2W, (4.33)

with λ ∈ [0, 1), then Ωk = E(W, r(1−λk)2) is a sequence of probabilistic reachable sets with violation
probability n/r. If, moreover, wk is a Gaussian process with null mean, then E(W, r(1− λk)2) is a
reachable set with violation probability 1− χ2

n(r).

Notice that, for every λ ∈ [ρ(A), 1), the convex conditions (4.32) and (4.33) admit solutions
and, for any matrix W satisfying them, the sets E(W, r(1− λk)2) form a sequence of probabilistic
reachable sets with violation probability n/r or (1 − χ2

n(r)), in the Gaussian process case. Thus,
condition (4.32) and (4.33) can be used in a convex optimization problem aiming at maximizing
or minimizing a measure of the reachable sets, their volume for instance.
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4.2.2.2 Probabilistic invariant sets

The concept of probabilistic invariant sets, as defined in [Kofman et al., 2012, Hewing et al., 2018],
is recalled.

Definition 4.2.3 (Probabilistic invariant set) The set Ω ⊆ Rn is a probabilistic invariant set
for the system (4.19), with violation level ε ∈ [0, 1], if x0 ∈ Ω implies Pr{xk ∈ Ω} ≥ 1 − ε for all
k ≥ 1.

A first condition for a set to be probabilistic invariant, analogous to that used for uncorrelated
disturbances in [Hewing et al., 2018], is given.

Property 4.2.3 Suppose that the random sequence {wk}k∈N has a correlation bound Γw ≻ 0 for
matrix A. If W ∈ Sn and r > 0 are such that W ≻ 0 and

AE(W, 1) + E(Γw, r) ⊆ E(W, 1), (4.34)

then E(W, 1) is a probabilistic invariant set with violation probability n/r. If, moreover, wk is
a Gaussian process with null mean, then E(W, 1) is a probabilistic invariant set with violation
probability 1− χ2

n(r).

Property 4.2.3 implies that the existence of a correlation bound provides a condition for proba-
bilistic invariance that has the same structure as the one corresponding to robust invariance. In the
case of ellipsoidal invariant sets, (4.34) results in a bilinear condition, see [Boyd et al., 1994], that
can be solved, for instance, by gridding the space of the Lagrange multiplier and solving an LMI
for every value as illustrated below. Nevertheless, as shown afterward, gridding can be avoided by
choosing the multiplier in [ρ(A), 1).

Proposition 4.2.5 Suppose that the random sequence {wk}k∈Z has a correlation bound Γw ≻ 0
for matrix A. If W ∈ Sn is such that W ≻ 0 and[

A⊤W −1A− τW −1 A⊤W −1

W −1A W −1 − (1− τ)Γ−1
w /r

]
⪯ 0 (4.35)

with τ ∈ [0, 1), then E(W, 1) is a probabilistic invariant set with violation probability n/r. If,
moreover, wk is a Gaussian process with null mean, then E(W, 1) is a probabilistic invariant set
with violation probability 1− χ2

n(r).

Although (4.35) is a non-convex condition, that can be solved with respect to W −1 by gridding
τ in [0, 1), this can be avoided by choosing τ ∈ [ρ(A), 1), as proved below.

Property 4.2.4 Suppose that the random sequence {wk}k∈N has a correlation bound Γw ≻ 0 for
matrix A. Condition (4.35) admits a solution W for every τ ∈ [ρ(A), 1).

From Property 4 it follows that for every τ ∈ [ρ(A), 1), the set of matrices W satisfying condition
(4.35), convex in W −1, is non-empty. Moreover, any W in this set provides the probabilistic
invariant set E(W, 1) with violation level n/r or 1 − χ2

n(r), in the Gaussian process case. The
constraint τ ∈ [ρ(A), 1) restricts, though, the set of feasible solutions and then, if one aims at
obtaining the minimal probabilistic invariant ellipsoids, gridding τ in [0, 1) might be necessary.

4.2.3 Numerical examples
Consider the system (4.19) with

A =
[

0.25 0
0.1 0.3

]
.

To validate the presented results, it is necessary to generate a random sequence satisfying the
bounds (4.22) and (4.23). In particular, an example is given for which the value of the covariance
matrices cannot be computed, but bounds of the type (4.22) and (4.23) can be determined.
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Consider the i.i.d. random sequence vk with Gaussian distribution N (0, V ), for all k ∈ N, and
the switched system with m ∈ N modes

wk+1 = Hσk wk + F vk (4.36)

where σ : N → Nm is the mode selection signal, assumed arbitrary. Note that {wk}k∈N is a
Gaussian process, since every linear combination of its terms has Gaussian distribution, being a
linear combination of elements of vk, that are i.i.d. with Gaussian distribution. Moreover {wk}k∈N

has null mean since vk has null mean.

Denote with wk the state given by (4.36) with w0 = 0 and switching sequence σ (the dependence
of wk on σ is left implicit); with σ[i,j] the subsequence of modes given by the realization of σ from
instants i and j with i < j, and define Hσ[i,j] =

∏j

k=i
Hσk . Suppose there exist Γ ≻ 0 and γ ∈ [0, 1)

such that

HiΓH⊤
i + F V F ⊤ ⪯ Γ, ∀i ∈ Nm, (4.37)

HiΓH⊤
i ⪯ γΓ, ∀i ∈ Nm. (4.38)

It can be recursively proved that E{wkw⊤
k } ⪯ Γ. In fact, the condition holds for k = 0, from

w0 = 0. Suppose that E{wkw⊤
k } ⪯ Γ holds for a given k ∈ N and since E{vkw⊤

k } = 0, then

E{wk+1w⊤
k+1} = E{Hσk wkw⊤

k H⊤
σk+ Fvkw⊤

k H⊤
σk+ Hσk wkv⊤

k F⊤ + Fvkv⊤
k F⊤}

= Hσk E{wkw⊤
k }H⊤

σk + FE{vkv⊤
k }F⊤ ⪯ Hσk ΓH⊤

σk + FVF⊤
(4.37)
⪯ Γ,

for every σk ∈ Nm, which means that E{wk+1w⊤
k+1} ⪯ Γ. For every i, j ∈ N with i ̸= j, define

Γ(σ)
i,j = E{wiw⊤

j } and note that

Γ(σ)
k+1,k = E{wk+1w⊤

k } = E{(Hσk wk + Fvk)w⊤
k } = E{Hσk wkw⊤

k }+ E{Fvkw⊤
k } = Hσk E{wkw⊤

k }

for all k ∈ N, and then, from E{wkw⊤
k } ⪯ Γ, it follows

Γ(σ)
k+1,kΓ−1Γ(σ)⊤

k+1,k = Hσk E{wkw⊤
k }Γ−1E{wkw⊤

k }H⊤
σk ⪯ Hσk E{wkw⊤

k }H⊤
σk ⪯ Hσk ΓH⊤

σk

(4.38)
⪯ γΓ

for every σk ∈ Nm. Hence
Γ(σk)

k+1,kΓ−1Γ(σk)⊤
k+1,k ⪯ γΓ, ∀σk ∈ Nm.

Following analogous considerations it can be proved that

Γ(σ)
j,i Γ−1Γ(σ)⊤

j,i ⪯ Hσ[i,j] ΓH
⊤
σ[i,j] ⪯ γj−iΓ, ∀σ[i,j] ∈ Nj−i

m

for all i, j ∈ N such that i < j. Thus conditions (4.22) and (4.23) hold with Γ̃ = Γ and γ solution
of (4.37)-(4.38), Γj,i = Γ(σ)

j,i , α = 0 and β = 1. Note that these bounds hold for every possible
realization of the switching sequence σk.

An i.i.d. random sequence with distribution N (0, V ), with V = diag(1.5, 0.26), has been used
to feed system (4.36) with

H1 =
[

0.17 0.02
0.07 0.14

]
, H2 =

[
0.15 0.025
0.1 −0.25

]
, F =

[
0.25 0.025
0.1 −0.35

]
and σk unknown function of time with value in {1, 2}. The switched system generates a Gaussian
process wk with null mean satisfying the covariance matrix bounds (4.22) and (4.23) and the
correlation bound (4.25), with

Γ̃ =
[

0.0098 0.0018
0.0018 0.0343

]
, Γw =

[
0.0113 0.0020
0.0020 0.0397

]
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α = 0, β = 1 and γ = 0.0395, and Γw computed using (4.28).

Different values of violation probability pv have been tested, in particular pv = 0.1, 0.2, 0.3, 0.4, 0.5.
For every pv, the values of r such that χ2

2(r) = 1 − pv has been determined and the matrix W

solving (4.35) with minimal trace has been computed to obtain E(W, 1) probabilistic invariant.
Then, for every pv, N = 1000 initial states x0 have been uniformly generated on the boundary of
E(W, 1) and assumed independent on wk. For each x0, a sequence wk has been generated through
(4.36) and applied. For every k = 1, . . . , 100, the set of states xk and the number of violation dk

of the constraint xk ∈ E(W, 1) have been computed. The frequencies of violation dk/N , for every
pv and k = 1, . . . , 100, are depicted in Fig. 4.5, that shows that the bound is always satisfied.

0 10 20 30 40 50 60 70 80 90 1000

0.2

0.4

k

v k
/N

Figure 4.5: Frequency of violations dk/N of xk ∈ E(W, 1) for k = 1, . . . , 100, with α = 0
and β = 1, obtained for violation probability of: 50% in black; 40% in red; 30% in cyan;
20% in magenta; 10% in blue.

4.3 Conclusions
In this chapter some results are recalled concerning my research on invariant set computation for
high dimensional and stochastic linear systems. Invariance conditions for high dimensional systems
are given in form of LP optimization problems, instead of using Minkowski sum of polyhedra,
leading to convex conditions that do not require nonconvex problems solution as those related
to Minkowski set addition and projection. Therefore, the results can be applied also for high
dimensional systems, as illustrated by numerical examples of dimension bigger than 40. The results
precision, moreover, is shown by a 30 dimensional linear system, for which the exact maximal
control invariant set can be inferred and compared with the one obtained by employing the convex
condition-based approach proposed.

In the second part of the chapter, the characterization and computation of reachability and
invariance for stochastic linear systems is addressed. Methods are presented, based on convex
optimization, to compute probabilistic reachable and invariant sets for linear systems fed by a
stochastic disturbance correlated in time and partially unknown. From the knowledge of bounds
on the mean and the covariance matrices, the characterization of the correlation bound is given
and then employed for obtaining the reachable and invariant sets.
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Switched systems are characterized by a finite set of possible dynamics, among which the
system evolves [Liberzon, 2003, Sun and Ge, 2011]. In the last decades, this class of systems at-
tracted an increasing attention since it allows to model complex dynamics such as networked and
interconnected systems and the interaction between physical systems and digital devices. Classi-
cal issues in automatic control, such as stability analysis and control design, result to be rather
involved even for switched linear systems, though, yielding to the necessity of a tailored theory
[Lin and Antsaklis, 2009, Sun and Ge, 2011].

The problem of stability or stabilizability, depending on the assumption on the switching law, of
linear switched system attracted many research efforts, see the overview [Lin and Antsaklis, 2009]
and the monograph [Sun and Ge, 2011]. Conditions for stability, that is when the switching law
is considered as an exogenous signal, have been proposed: for instance, the joint spectral radius
approach [Jungers, 2009a]; the polyhedral Lyapunov functions [Molchanov and Pyatnitskiy, 1989,
Blanchini, 1995] and the path-dependent switched Lyapunov ones [Lee and Dullerud, 2007] or the
variational approach [Margaliot, 2006] and [Daafouz et al., 2002] on mode-dependent Lyapunov
functions.

Concerning the problem of stabilizability of switched linear systems, the necessity of using
nonconvex or time-varying functions have been recognized, see [Blanchini and Savorgnan, 2008],
and often employed to reduce the conservatism in constructive methods, for instance those based
on Lyapunov-Metzler conditions [Geromel and Colaneri, 2006b, Geromel and Colaneri, 2006a], on
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convex conditions [Sun and Ge, 2011, Fiacchini et al., 2016a], and on quadratic time-varying Lya-
punov functions [Deaecto and Geromel, 2018]. Also necessary and sufficient conditions for sta-
bilizability appeared, [Sun and Ge, 2011, Fiacchini and Jungers, 2014], highlighting the inherent
complexity of the problem of determining whether a switched linear systems is stabilizable. As a
matter of fact, testing whether a necessary and sufficient condition for stabilizability holds is equiv-
alent to check if the unit ball is contained in the interior of the union of a potentially arbitrarily
big number of ellipsoids, given by the ball preimages. The stabilizability problem has been proved,
indeed, to be undecidable in [Jungers and Mason, 2017], that addresses the problem in terms of
joint spectral subradius, see also [Jungers, 2009b].

A strictly weaker condition, referred to as uniform convergence [Stanford and Urbano, 1994],
consistent [Sun, 2004, Sun and Ge, 2011] or periodic [Fiacchini et al., 2016a] stabilizability, has
been also characterized and its relation with general stabilizability analysed. While the works
[Stanford and Urbano, 1994, Sun, 2004, Sun and Ge, 2011] already proved that periodic stabiliz-
ability is only sufficient for stabilizability, [Fiacchini et al., 2016a] provides a necessary and suf-
ficient convex condition for periodic stabilizability and its relation with Lyapunov-Metzler con-
ditions. A hint on the conservatism of conditions for periodic stabilizability has been given in
[Heemels et al., 2016b], expressing it in terms of S-procedure application. Thus, although necessary
and sufficient conditions are available, their complexity led to inspect alternative conditions, just
sufficient but more computationally affordable. The notable exception [Jungers and Mason, 2017]
proposes algorithms to test necessary and sufficient conditions for stabilizability and to compute
tight bounds on the convergence rate.

In this chapter, a summary of the main results on new necessary and sufficient conditions
for stabilizability and sufficient ones for discrete-time switched linear systems is provided. First,
the results on the geometric necessary and sufficient conditions are recalled together with the
characterization of nonconvex, homogeneous functions as a universal class of Lyapunov functions
for switched linear systems. The numerical aspects are highlighted and then addressed to pro-
vide alternative, only sufficient, conditions more computationally affordable. The relations be-
tween the different conditions are illustrated. Also the case of control co-design has been dealt
with, based on the results on stabilizability. The contributions recalled here are the results of
the collaboration with several researchers, namely Marc Jungers from CRAN, Nancy, An-
toine Girard from LSS, Paris and Sophie Tarbouriech from LAAS, Toulouse. More details
can be found in [Fiacchini et al., 2012b, Fiacchini and Jungers, 2013, Fiacchini and Jungers, 2014,
Fiacchini et al., 2016b, Fiacchini et al., 2016a, Fiacchini and Tarbouriech, 2017] and also in
[Fiacchini et al., 2018, Fiacchini, 2021].

5.1 Stabilizability of switched systems
Consider the discrete-time switched system

xk+1 = Aσ(k)xk, (5.1)

where xk ∈ Rn is the state at time k ∈ N and σ : N → I (where I = Nq is the set of q modes) is
the switching law that, at any instant, selects the transition matrix among the finite set {Ai}i∈I ,
with Ai ∈ Rn×n for all i ∈ I. Given the initial state x0 and a switching law σ(·), denote with
xσ

k(x0) the state of the system (5.1) at time k starting from x0 by applying the switching law σ(·).
In some cases σ can be a function of the state, for instance in the case of switching control law.

Assumption 5.1.1 The matrices Ai, with i ∈ I, are nonsingular.

Assumption 5.1.1 is not restrictive. In fact, the stable eigenvalues of the matrices Ai are
beneficial from the stability point of view of the switched systems and poles in zero are related to
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the most contractive dynamics. Moreover, the results presented in the following can be extended
to the general case with appropriate considerations.

Two main cases have to be discriminated depending on the assumptions on the switching
law. If σ(·) is supposed to be an arbitrary function of time, that is acting as a perturbation,
then the problem of asymptotic stability of the system under every possible switching law is
usually considered. For this case necessary and sufficient conditions for stability exist. When
σ(·) is considered as a manipulable signal, then the problem of asymptotic stabilizability (simply
denoted as stabilizability in what follows) is addressed, that consists in the existence and the
characterization of the switching laws that yield asymptotic stability if applied.

The system (5.1) is asymptotically stabilizable if there exists a switching law and a Lyapunov
function for the resulting time-varying system. The switching law will belong to the class of state-
dependent one, that is σ(k) = g(xk), where g : Rn → I. Define, with a slight abuse of notation, the
state-dependent switching law as σ(k) = σ(xk). More formally, the property of global exponential
stabilizability for this context is defined below, and it will be simply referred to as stabilizability.

Definition 5.1.1 The system (5.1) is globally exponentially stabilizable if there are c ≥ 0 and
λ ∈ [0, 1) and, for all x ∈ Rn, there exists a switching law σ : N→ I, such that

∥xσ
k(x)∥ ≤ cλk∥x∥, ∀k ∈ N. (5.2)

A concept widely employed in the context of set-theory and invariance is the C-set, see
[Blanchini, 1995, Blanchini and Miani, 2008]. A C-set is a compact, convex set with 0 ∈ int(Ω).
Define an analogous concept useful for the context considered here. For this, first recall that a
set Ω is a star-convex set if there exists x0 ∈ Ω such that every convex combination of x and x0

belongs to Ω for every x ∈ Ω.

Definition 5.1.2 A set Ω ⊆ Rn is a C∗-set if it is compact, star-convex with respect to the origin
and 0 ∈ int(Ω).

Define the analogous of the gauge function of a C∗-set as

ΨΩ(x) = min
α≥0
{α ∈ R : x ∈ αΩ}, (5.3)

for the C∗-set Ω ⊆ Rn. In what follows, it will be referred to ΨΩ(x) as the Minkowski function of Ω
at x, with a slight abuse since it is usually defined for C-sets (or symmetric C-sets),[Rockafellar, 1970,
Schneider, 1993, Blanchini and Miani, 2008]. Some properties of C∗-sets and their Minkowski func-
tions are listed below.

Property 5.1.1 Any C-set is a C∗-set. Given a C∗-set Ω ⊆ Rn, it holds that αΩ ⊆ Ω for all
α ∈ [0, 1], and the Minkowski function ΨΩ(·) is: homogeneous of degree one, i.e. ΨΩ(αx) = αΨΩ(x)
for all α ≥ 0 and x ∈ Rn; positive definite; defined on Rn and radially unbounded.

The Minkowski functions induced by C-sets have been used in literature as Lyapunov functions
candidates, see [Blanchini, 1994], and have been proved to be a universal class of Lyapunov func-
tions for linear parametric uncertain systems, [Molchanov and Pyatnitskiy, 1989, Blanchini, 1995],
and switched systems with arbitrary switching, [Lin and Antsaklis, 2009]. It is proved here that the
Minkowski functions induced by C∗-sets form a universal class of Lyapunov function for switched
systems with switching control law. For this, a definition of Lyapunov function is provided for the
particular context, in analogy with the definition given in [Blanchini, 1995] for linear parametric
uncertain systems.

Definition 5.1.3 A positive definite continuous function V : Rn → R is a global Lyapunov func-
tion for the system (5.1) if there exist a positive N ∈ N and a switching law σ(·), defined on
Rn, such that V is non-increasing along the trajectories xσ

k(x) and decreasing after N steps, i.e.
V (xσ

1 (x)) ≤ V (x) and V (xσ
N (x)) < V (x), for all x ∈ Rn.
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The Definition 5.1.3 is a standard definition of global Lyapunov function (or, better, global
control Lyapunov function) except for the N -steps decreasing requirement. On the other hand,
such a function implies the convergence of every subsequence in j ∈ N of the trajectory, i.e.
xσ

i+jN (x) for all i < N , then also the convergence of the trajectory itself. This, with the stability
assured by V (xσ

1 (x)) ≤ V (x), ensures global asymptotic stabilizability of the switched system.

Finally, given a Lyapunov function as defined in Definition 5.1.3, it is not complex to provide
an analogous function that is monotonically decreasing, by exploiting the decreasing rate. An
example is given in Proposition 5.3.3.

5.2 Necessary and sufficent condition
As recalled above, it is proved in [Molchanov and Pyatnitskiy, 1989] that for an autonomous linear
switched system, the origin is asymptotically stable if and only if there exists a polyhedral Lya-
punov function, see also [Blanchini, 1995, Lin and Antsaklis, 2009]. The main objective is to prove
that analogous results can be stated in the case that the switching sequence is a properly chosen
selection, that is considering it as a control law.

Recalling that Ωi(Ω) = {x ∈ Rn : Aix ∈ Ω} for i ∈ I, see Notation, consider the following
algorithm:

Algorithm 2 Computation of a contractive C∗-set for the system (5.1)

Initialization: given the C∗-set Ω ⊆ Rn, define Ω(0) = Ω and k = 0;

Iteration for k ≥ 0:
Ω(k+1) =

⋃
i∈I

Ωi(Ω(k)); (5.4)

Stop if Ω ⊆ int
( ⋃

j∈Nk+1

Ω(j)
)

; denote N = k + 1 and

Ω̄ =
⋃

j∈NN

Ω(j). (5.5)

From the geometrical point of view Ω(k+1) are the x ∈ Rn for which there exists a selection
i(x) ∈ I such that Ai(x)x ∈ Ω(k). Thus, Ω(k) is the set of x that can be driven in Ω in at most k

steps and hence Ω̄ the set of those which can reach Ω in N or less steps, by an adequate switching
law. It can be also easily proved that the sets Ω(k) for all k ≥ 0 are C∗-sets.

Algorithm 2 provides a C∗-set Ω̄ contractive in N steps, for every initial C∗-set Ω ∈ Rn, if and
only if the switched system (5.1) is stabilizable. Such a necessary and sufficient condition is stated
in the theorem below.

Theorem 5.2.1 There exists a Lyapunov function for the switched system (5.1) if and only if
Algorithm 2 ends with finite N .

The Algorithm 2 terminates after a finite number of iterations only if the switched system
is stabilizable, then there is no guarantee of finite termination in general (which means it is a
semi-algorithm, to be exact). Moreover, a sufficient condition for non-stabilizability is provided
below and could be used to exclude the existence of a Lyapunov function and then to terminate
the (semi-)algorithm.
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The finite termination of Algorithm 2 is, then, a necessary and sufficient condition for the
global asymptotic stabilizability of the switched system (5.1). An alternative formulation of such
a necessary and sufficient condition is presented below.

Theorem 5.2.2 There exists a Lyapunov function for the switched system (5.1) if and only if there
exists a C∗-set whose Minkowski function is a Lyapunov function for the system or, analogously,
if and only if for every C∗-set Ω there exists N ∈ N such that

Ω ⊆ int
( ⋃

i∈I[1:N]

Ωi(Ω)
)

. (5.6)

Theorem 5.2.2 states that the existence of a Lyapunov function induced by a C∗-set is a
necessary and sufficient condition for stabilizability of switched systems. Hence, such functions,
nonconvex and homogeneous of degree one, form a class of universal Lyapunov functions for the
switched systems. This result is in line with the fact that the existence of convex Lyapunov
functions is sufficient but not necessary for the stabilizability of a switched system, as proved in
[Blanchini and Savorgnan, 2008].

To have a geometrical meaning of (5.6), recall that Ωi is the preimage of Ω through Ai, that is
the set of states which reach Ω by applying the switching sequence i ∈ I [1:N ]. Thus, the switched
system (5.1) is stabilizable if and only if the union of all the preimages of Ω related to sequences of
length smaller than or equal to N covers Ω, with N finite. This means that after N steps at most,
all the points in the union of preimages are driven in Ω by an appropriate switching sequence.

Since the stabilizability property is not dependent on the choice of the initial C∗-set Ω, focusing
on the case Ω = Bn and ellipsoidal pre-images entails no loss of generality. Then condition (5.6)
can be replaced by

Bn ⊆ int
( ⋃

i∈I[1:N]

Bn
i

)
, (5.7)

for what concerns stabilizability, although the value N might depend on the choice of Ω. The
fact that condition (5.7) represents a necessary and sufficient condition for stabilizability was first
proved in [Sun and Ge, 2011].

The set inclusions (5.6) or (5.7) are the stopping conditions of the algorithm and then must be
numerically checked at every step. The main computational issue is that determining if a C∗-set Ω is
included into the interior of the union of some C∗-sets is very complex in general, also in the case of
ellipsoidal sets where it relates to quantifier elimination over real closed fields [Bochnak et al., 1998].
On the other hand, the condition given by Theorem 5.2.2 provides an exact characterization of the
complexity inherent to the problem of stabilizing a switched linear system.

Finally, it is worth to recall here that analogous results are given in [Fiacchini and Jungers, 2014]
concerning a sufficient condition for non-stabilizability. Indeed, the existence of a C∗-set Ω ⊆ Rn

such that ⋃
i∈I

Ωi(Ω) ⊆ Ω (5.8)

implies that there is not a stabilizing switching sequence. An algorithm is also provided in the
cited paper whose finite termination is related to the existence of such a set and then to the
non-stabilizability of the switched linear system.

5.2.1 Duality robustness-control of switched systems
Results from the literature on the stability of a switched linear system with arbitrary switching
law σ(·) are recalled here to highlight the evident analogies with the approach results concerning
stabilizability properties.
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Consider the linear switched system (5.1) and assume that the switching law is arbitrary. This
would mean that the switching law might be regarded as a parametric uncertainty and the results
in [Molchanov and Pyatnitskiy, 1989, Blanchini, 1994, Blanchini, 1995] on robust stability apply
with minor adaptations, see also [Lin and Antsaklis, 2009]. The following algorithm provides a
polytopic contractive set, and then an induced polyhedral Lyapunov function, for this class of
systems, see [Blanchini and Miani, 2008].

Algorithm 3 Computation of a λ-contractive C-set for (5.1) with arbitrary switching law

Initialization: given the C-set Γ ⊆ Rn and λ ∈ [0, 1), define Γ(0) = Γ and k = 0;

Iteration for k ≥ 0:
Γ(k+1) = Γ ∩

⋂
i∈Nq

λA−1
i Γ(k); (5.9)

Stop if Γk ⊆ Γk+1; denote N = k and Γ̄ = Γ(k).

The set Γ̄ is the maximal λ-contractive set in Γ for the switched system with arbitrary switching
law. Provided the Algorithm 3 terminates with finite N , it can be proved that the system is globally
exponentially stable, see [Blanchini, 1995].

Notice the analogies between the Algorithms 2 and 3: they share the same iterative structure
and they both generate contractive sets which induce Lyapunov functions provided they terminate
in a finite number of steps. The main substantial difference consists in the use of intersection/union
operators and in the family of sets generated, C∗-sets by Algorithm 2 and C-sets by Algorithm 3.
Interestingly enough, the C-sets are closed under the intersection operation whereas C∗-sets are
closed under the union. The C∗-sets have for switched systems with switching control law the role
that C-sets have for the case of arbitrary switching law.

Recall finally that, for linear parametric uncertain systems, the existence of a polyhedral Lya-
punov function is a necessary and sufficient condition for asymptotic stability.

Theorem 5.2.3 ([Molchanov and Pyatnitskiy, 1989, Blanchini, 1995]) There exists a Lya-
punov function for a linear parametric uncertain system if and only if there exists a polyhedral
Lyapunov function for the system.

The result in Theorem 5.2.3 holds for general parametric uncertainty and applies also for
switched systems with arbitrary switching law, as remarked in [Lin and Antsaklis, 2009]. As
for the duality of the Algorithms 2 and 3 highlighted above, evident conceptual analogies hold
between Theorem 5.2.2 and Theorem 5.2.3. Then the class of Lyapunov functions induced by
C∗-sets is universal for linear switched systems with switching control law, in analogy with the
class of polyhedral functions (i.e. induced by C-sets) for the case of arbitrary switching law,
[Blanchini, 1994, Blanchini, 1995].

5.2.2 Switching control law
Besides a Lyapunov function, Algorithm 2 provides a stabilizing switching control law or, better,
a family of stabilizing control laws for system (5.1), if it terminates in finite time.

Proposition 5.2.1 If Algorithm 2 ends with finite N then ΨΩ̄ : Rn → R is a Lyapunov function
for the switched system (5.1) and given the set valued map

Σ̄(x) = arg min
(i,k)
{ΨΩ(k)

i

(x) : i ∈ Nq, k ∈ NN} ⊆ Nq × NN , (5.10)
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where Ω(k)
i = Ωi(Ω(k−1)), any switching law defined as

(σ̄(x), k̄(x)) ∈ Σ̄(x), (5.11)

is a stabilizing switching law and such that

ΨΩ̄(xσ̄
k̄(x)(x)) ≤ λ̄ΨΩ̄(x),

ΨΩ̄(xσ̄
j (x)) ≤ ΨΩ̄(x), ∀j ∈ Nk̄(x),

with λ̄ = λ̄(Ω) = min
λ
{λ ≥ 0 : Ω ⊆ λΩ̄}.

To speed up the convergence of the trajectory of the system to origin, one could appropriately
select among the elements of Σ̄(x), those whose k is minimal. Moreover, a consequence of Propo-
sition 5.2.1 is that, if Algorithm 2 ends with finite N then the switching law defined by (5.10) and
(5.11) is such that

ΨΩ̄(xσ̄
pN (x)) ≤ λ̄pΨΩ̄(x),

for every p ∈ N and all x ∈ Rn.

As said above, if the system is asymptotically stabilizable, then the algorithm ends with finite
N for all initial C∗-set Ω. Clearly, the value of N and the complexity of the set Ω̄ depend on the
choice of Ω. In particular, if Ω is the Euclidean norm ball (or the union of ellipsoids), the sets Ω(k)

i

and Ω(k), with i ∈ Nq and k ∈ NN , are unions of ellipsoids, and so is Ω̄. Then, the switching law
computation reduces to check the minimal value among xT Pjx with j ∈ N̄ , where {Pj}j∈N̄ are
the N̄ positive definite matrices that define Ω̄, recalling that N̄ = q + · · ·+ qN . Moreover, if Ω is a
polytope (or a union of polytopes), also Ω(k)

i , Ωk, with i ∈ Nq and k ∈ NN , and Ω̄ are so. In this
case, the switching law is obtained by evaluating the linear inequalities defining those polytopes.

5.2.2.1 Example

Consider the system (5.1) with q = 4, n = 2 and

A1 =
[

1.5 0
0 −0.8

]
, A2 = 1.1 R( 2π

5 ), A3 = 1.05 R( 2π
5 − 1), A4 =

[
−1.2 0

1 1.3

]
,

where R(θ) is the rotation matrix:

R(θ) =
[

cos(θ) − sin(θ)
sin(θ) cos(θ)

]
. (5.12)

The matrices Ai, with i ∈ I with I = N4, are not Schur, which implies that the system (5.1)
is not stabilizable by any constant switching law. Algorithm 2 is applied with Ω = B2. The sets
Ω(k), k ∈ N are thus unions of ellipsoids. The result at the first step is depicted in Figure 5.1. Ω(1)

is the union the four ellipsoids A−1
j B

2, with j ∈ N4. It is clear that B2 does not belong to Ω(1).
The next step of the algorithm leads to a set

⋃
k∈N2

Ω(k) given by the union of the 4 + 42 = 20
ellipsoids at most, i.e. A−1

j B
2 with j ∈ N4 and A−1

j A−1
i B

2, for all (i, j) ∈ N4 × N4. Since B2 does
not belong to

⋃
k∈N2

Ω(k), see Figure 5.1 (top right), the termination condition is not satisfied.
The algorithm stops at the fifth iteration. Figure 5.1, bottom left, shows that B2 is included
in
⋃

k∈N5
Ω(k). A stabilizing switching law, satisfying (5.11) is given in Figure 5.1 for the initial

condition x0 = (−3, 3)T . The Lyapunov function converges to zero, see Figure 5.1.

5.2.2.2 Example

There are undecidable cases for which neither the conditions for stabilizability nor the one for
non-stabilizability are satisfied. Consider

A1 =
[

1.3 0
0 0.9

]
R(θ), A2 =

[
1.4 0
0 0.8

]
, (5.13)
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Figure 5.1: Top: Ball Ω = B2 in dashed and Ω(1) and
⋃

k∈N2
Ω(k) solid line. Bottom left:

ball Ω = B2 in dashed and
⋃

k∈N5
Ω(k) in solid line. Trajectory starting from x0 = (−3, 3)T

in dotted line. Right: Lyapunov function and switching control law in time.

with R(θ) as in (5.12) and θ = 0 for the moment. Matrices A1 and A2 are not Schur. Four
steps are applied for each algorithm. The results are drawn in Figure 5.2, left. Notice that
x = (1, 0)T is related to an unstable eigenvalue for both modes, then Algorithm 2 cannot be finite.
Moreover, since along the direction x = (0, 1)T the set

⋃
k∈Ni

Ω(k) is increasing with i, then the
non-stabilizability condition (5.8) cannot hold either.

Consider now the system given by (5.13) with θ = π
5 , which means that the first mode performs

now a rotation of π
5 . Algorithm 2 stops after seven steps implying the stabilizability of the system.

The result is given in Figure 5.2, right.

5.2.2.3 Example

An example, satisfying the condition for non-stabilizability (5.8), is proposed here. Consider

A1 = 2
[

0 −1.01
1 −1

]
, A2 = 2

[
0 −1.01
1 −0.5

]
.

Condition (5.8) is satisfied, as shown in Figure 5.3, then the system is not stabilizable.
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Figure 5.2: Ball Ω = B2 in dashed and
⋃

k∈Ni
Ω(k) in solid line for i ∈ N4 with θ = 0 on the

left and for i ∈ N7 with θ = π/5 on the right.
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Figure 5.3: Ball B2 in dashed and ∪k∈N1Ωk in solid line.

Figure 5.4: Ball Ω = B3 in dark and
⋃

k∈Nj
Ω(k), for j ∈ N2, in light gray.
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5.2.2.4 Example

Consider q = 2 and n = 3 with

A1 =

 1.2 0 0
−1 0.8 0
0 0 0.5

 , A2 =

 0.7 0 0
0 −0.6 −2
0 0 −1.2

 .

A1 and A2 are not Schur. The ball B3 is chosen as initial set. Algorithm 2 ends at the third step.
The Figures 5.4 and 5.5 depict the ball B3 and the sets

⋃
k∈Nj

Ω(k), with j ∈ N3.

Figure 5.5: Set
⋃

k∈Nj
Ω(k), for j = 3, in light gray.

5.3 Sufficient conditions and comparisons
Necessary and sufficient conditions for stabilizability, in algorithmic and geometric forms, have
been given in the previous section. Alternative conditions for stabilizability are also presented in
the sequel to give geometrical and numerical insights and analyze their conservatism by comparison
with the necessary and sufficient one given in Theorem 5.2.2.

5.3.1 Lyapunov-Metzler BMI conditions
Conditions for the stabilizability of switched system based on the Lyapunov-Metzler inequali-
ties are among the less conservative. Such conditions are given by nonlinear matrix inequali-
ties whose solution is often numerically intractable, though, see [Geromel and Colaneri, 2006b,
Geromel and Colaneri, 2006a]. In the continuous-time context, it has been proved that the exis-
tence of a stable convex combination of the matrices Ai, with i ∈ I, is a sufficient condition (and
also necessary for q = 2) for the Lyapunov-Metzler inequalities to hold. Such a condition on the
convex combinations of the modes is at the core of the stabilizing techniques in the literature,
see [Liberzon, 2003].

For discrete-time systems, though, this relation is less evident. It is worth to consider the
Lyapunov-Metzler condition to obtain an appropriate comparison, although its evaluation would
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require a computationally demanding approach. It has to be recalled, nevertheless, that Lyapunov-
Metzler conditions deal with nonconvex Lyapunov functions, namely homogeneous ones whose level
sets are union of ellipsoids.

The first condition considered is related to the classical Lyapunov-Metzler inequality: it is
sufficient and given by a set of BMI inequalities involving the Metzler matrices.

Theorem 5.3.1 ([Geromel and Colaneri, 2006b]) If there exist Pi ≻ 0, with i ∈ I, and π ∈
Mq such that

AT
i

(
q∑

j=1

πjiPj

)
Ai − Pi ≺ 0, ∀i ∈ I, (5.14)

holds, then the switched system (5.1) is stabilizable.

As proved in the paper [Geromel and Colaneri, 2006b], the satisfaction of condition (5.14) im-
plies that the homogeneous function induced by the set

⋃
i∈I E(Pi) is a control Lyapunov function

for the system. As proved in [Fiacchini et al., 2016a] the satisfaction of the Lyapunov-Metzler
inequalities (5.14) implies that the necessary and sufficient condition given by Theorem 5.2.2 holds
for the particular case of Ω =

⋃
i∈I AiE(Pi) and N = 1.

Theorem 5.3.2 If the Lyapunov-Metzler condition (5.14) holds then (5.6) holds with N = 1 and
Ω =

⋃
i∈I AiE(Pi).

Theorem 5.3.2 provides a geometrical meaning of the Lyapunov-Metzler condition and a first
relation with the necessary and sufficient condition for stabilizability given in Theorem 5.2.2.

5.3.1.1 Example

This example provides a hint on the conservatism of Lyapunov-Metzler condition with respect the
the general necessary and sufficient condition for stabilizability. Consider q = n = 2 and

A1 =
[

0 −1.01
1 −1

]
, A2 =

[
0 −1.01
1 −0.5

]
.

The Lyapunov-Metzler approach results in a set of linear matrix inequalities once two parame-
ters are fixed, both contained in [0, 1], see [Geromel and Colaneri, 2006b]. The LMI conditions have
been checked on a grid of these parameters, with step of 0.01. No admissible solution was found,
whereas the Algorithm 2 stops at the third step. Figure 5.6 shows that B2 = Ω ⊆ int(

⋃
k∈N3

Ω(k)).
The Lyapunov function and the switching law are given in Figure 5.6 right. Notice that the
Lyapunov function is not a decreasing function, but only a non-increasing one which is strictly
decreasing at least once every three (the number of steps of the algorithm) instants, as expected.

5.3.1.2 Generalized Lyapunov-Metzler conditions

As the previous example proves, Lyapunov-Metzler condition is just sufficient for stabilizability,
in general. Consider now a first direct generalization of the Lyapunov-Metzler condition, that can
be obtained by removing the unnecessary link between the number of ellipsoids (and matrices Pi)
and the system modes.

Proposition 5.3.1 If there exist M ∈ N and Pi ≻ 0, with i ∈ I [1:M ], and π ∈MM̄ such that

AT
i

( ∑
j∈I[1:M]

πjiPj

)
Ai − Pi ≺ 0, ∀i ∈ I [1:M ], (5.15)

holds, then the switched system (5.1) is stabilizable.
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Figure 5.6: Left: ball Ω = B2 in dashed and
⋃

k∈N3
Ω(k) in solid line. Trajectory starting

from x0 = (−3, 3)T in dotted line. Right: Lyapunov function and switching control law in
time.

Proposition 5.3.1 extends the Lyapunov-Metzler condition providing a more general one. Notice
in fact that Theorem 5.3.1 is recovered for M = 1. An interesting issue is the relation with the
necessary and sufficient condition for stabilizability, as well as with other ones.

The condition (5.15) can be interpreted in terms of the classical Lyapunov-Metzler condition
(5.14) by considering the switched system obtained by defining one fictitious mode for every matrix
Ai with i ∈ I [1:M ]. Thus, testing the generalized Lyapunov-Metzler condition is equivalent to check
the classical one for a system whose modes are related to every possible sequence of the original
system (5.1), of length M or less.

Another possible extension of the classical Lyapunov-Metzler condition consists in maintaining
the sequence length in 1 but increase the number of ellipsoids involved.

Proposition 5.3.2 If for every i ∈ I there exist a set of indices Ki = Nhi , with hi ∈ N; a set of
matrices P

(i)
k ≻ 0, with k ∈ Ki, and there are π

(p,i)
m,k ∈ [0, 1], satisfying∑

p∈I

∑
m∈Kp

π
(p,i)
m,k = 1, (5.16)

for all k ∈ Ki, such that

AT
i

∑
p∈I

∑
m∈Kp

π
(p,i)
m,k P (p)

m

Ai − P
(i)
k ≺ 0, ∀i ∈ I, ∀k ∈ Ki, (5.17)

holds, then the switched system (5.1) is stabilizable.

Geometrically, Proposition 5.3.2 provides a condition under which there exists a C∗-set com-
posed by a finite number of ellipsoids that is contractive. Namely, the condition is sufficient for the
existence of a set of ellipsoids, determined by P

(i)
k with k ∈ Ki, associated to every mode i, whose

image through Ai is mapped inside the C∗-set. Thus, the induced homogeneous function is a con-
trol Lyapunov function. Notice that the classical Lyapunov-Metzler condition, i.e. Theorem 5.3.1,
is a particular case of Proposition 5.3.2, with the restriction hi = 1 for all i ∈ I.
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5.3.2 LMI sufficient condition
The main drawback of the necessary and sufficient set-inclusion condition for stabilizability is, as
already stated, its inherent complexity. On the other hand, the Lyapunov-Metzler-based approach
leads to a more practical BMI sufficient condition. Nevertheless, the complexity could be still
computationally prohibitive, see [VanAntwerp and Braatz, 2000]. An alternative condition, only
sufficient though, that can be checked by convex optimization programs, is given hereafter.

Theorem 5.3.3 The switched system (5.1) is stabilizable if there exist N ∈ N and η ∈ RN̄ such
that η ≥ 0,

∑
i∈I[1:N] ηi = 1 and ∑

i∈I[1:N]

ηiAT
i Ai ≺ I. (5.18)

An interesting issue is whether the sufficient condition for stabilizability given in Theorem 5.3.3
is also necessary. One particular case in which the LMI condition is guaranteed to have a solution,
provided the switched system (5.1) is stabilizable, follows.

Corollary 5.3.1 If there exist N ∈ N and i, j ∈ I [1:N ] such that B ⊆ int(Bi ∪ Bj) then there is
η ∈ [0, 1] such that

ηAT
i Ai + (1− η)AT

j Aj ≺ I.

The condition presented in Theorem 5.3.3 is just sufficient unless there exists, among the Bi,
two ellipsoids containing B in their union, see Corollary 5.3.1. This is proved by the following
counter-example.

5.3.2.1 Example

The aim of this illustrative example is to show a case for which the inclusion condition (5.7) is
satisfied with N = 1, but there is not a finite value of N ∈ N for which condition (5.18) holds.
Consider the three modes given by the matrices

A1 = AR(0), A2 = AR
(2π

3

)
, A3 = AR

(−2π

3

)
, with A =

[
a 0
0 a−1

]
,

−2 −1 0 1 2
−2

−1

0

1

2

Figure 5.7: Sets Ω1, Ω2, Ω3 (solid)
and Ω = B2 (dashed).

with R(θ) as in (5.12) and a = 0.6. Set Ω = B2. By
geometric inspection of Figure 5.7, condition (5.7) holds
at the first step, i.e. for N = 1. On the other hand, Ai are
such that det(AT

i Ai) = a2a−2 = 1 and tr(AT
i Ai) = a2 +

a−2 = 3.1378 while for the identity matrix, defining B2,
the determinant and the trace are 1 and 2, respectively.
Notice that a2 + a−2 > 2 for every a different from 1 or
−1 and a2 + a−2 = 2 otherwise.

For every N and every Ωi with i ∈ I [1:N ], the related
Ai is such that det(AT

i Ai) = 1 and tr(AT
i Ai) ≥ 2. No-

tice that, for all the matrices Q ≻ 0 in R2×2 such that
det(Q) = 1, then tr(Q) ≥ 2 and tr(Q) = 2 if and only
if Q = I, since the determinant is the product of the
eigenvalues and the trace its sum. Thus, for every subset
of the ellipsoids Ωi, determined by a subset of indices
K ⊆ I [1:N ], it follows that∑

i∈K

ηiAT
i Ai ≺ I,
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cannot hold, since either tr(AT
i Ai) > 2 or AT

i Ai = I. Thus the LMI condition (5.18) is sufficient
but not necessary.

The LMI condition (5.18) can be interpreted in terms of control Lyapunov functions and can
be used to derive the controller synthesis techniques. Let us assume that (5.18) holds, then there
exists µ ∈ [0, 1) such that ∑

i∈I[1:N]

ηiAT
i Ai ≤ µ2I. (5.19)

Also, for all x ∈ Rn, it holds
min

i∈I[1:N]
(xTAT

i Aix) ≤ µ2xT x. (5.20)

A stabilizing control strategy can be directly determined. The controller does not necessarily
select at each time step k ∈ N which input should be applied. This is done only at given instant
{kp}p∈N with k0 = 0, and kp < kp+1 ≤ kp + N , for all p ∈ N. At time kp, the controller selects the
sequence of inputs to be applied up to step kp+1 − 1. The instant kp+1 is also determined by the
controller at time kp. More precisely, the controller acts as follows for all p ∈ N, let

ip = arg min
i∈I[1:N]

(xT
kp
AT

i Aixkp ). (5.21)

Then, the next instant kp+1 is given by

kp+1 = kp + l(ip), (5.22)

with l(ip) length of ip, and the controller applies the sequence of inputs

σkp+j−1 = ip,j , ∀j ∈ {1, . . . , l(ip)}. (5.23)

Theorem 5.3.4 Assume that (5.18) holds, and consider the control strategy given by (5.21),
(5.22), (5.23). Then, for all x0 ∈ Rn, for all k ∈ N,

∥xk∥ ≤ µk/N−1LN−1∥x0∥ (5.24)

holds, with L ≥ ∥Ai∥, for all i ∈ I and, hence, the controlled switched system is globally exponen-
tially stable.

From Theorem 5.3.4, the LMI condition (5.18) implies that the switched system with the
switching rule given by (5.21), (5.22), (5.23) is globally exponentially stable. Nevertheless, neither
the Euclidean norm of x nor the function min

i∈I[1:N]
(xTAT

i Aix) are monotonically decreasing along

the trajectories. On the other hand a positive definite homogeneous nonconvex function decreasing
at every step can be inferred for a different switching rule.

Proposition 5.3.3 Given the switched system (5.1), suppose there exist N ∈ N and η ∈ RN̄ such
that η ≥ 0,

∑
i∈I[1:N] ηi = 1 and (5.18) hold. Then there is λ ∈ [0, 1) such that the function

V (x) = min
i∈I[1:N]

(xT λ−niAT
i Aix), (5.25)

where ni is the length of i ∈ I [1:N ], satisfies V (Aσ(x)x) ≤ λV (x) for all x ∈ Rn, with

i∗(x) = arg min
i∈I[1:N]

(xT λ−niAT
i Aix), (5.26)

and σ(x) = i∗
1(x).
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If the LMI (5.18) has a solution, then there exists a scalar µ ∈ [0, 1), such that (5.19) is
verified. The value of µ induces straightforwardly the rate of convergence λ for the Lyapunov
function (5.25). Thus one might solve the optimization problem minµ2,η µ2 subject to (5.19), to
get higher convergence rate.

Notice that, although V (x) defined in (5.25) is not homogeneous of order one, its square root
is so, as for the set-induced Lyapunov functions given in [Fiacchini and Jungers, 2014].

5.3.2.2 LMI-condition and periodic stabilizability

Another interesting implication that follows from the Example 5.3.2.1 concerns the stabilizability
through periodic switching sequences, introduced here.

A periodic switching law is given by σ(k) = ip(k) and

p(k) = k −M ⌊k/M⌋+ 1,

with M ∈ N and i ∈ IM , which means that the sequence of modes given by i repeats cyclically
in time. One issue treated here concerns the stabilizability through periodic switching law, i.e.
conditions under which system (5.1) is stabilized by means of a periodic σ(·). This property,
formalized below, will be referred to as periodic stabilizability.

Definition 5.3.1 The system (5.1) is periodic stabilizable if there exist a periodic switching law
σ : N→ I, c ≥ 0 and λ ∈ [0, 1) such that (5.2) holds for all x ∈ Rn.

Notice that for stabilizability the switching function might be state-dependent, hence a state
feedback, whereas for having periodic stabilizability the switching law must be independent on the
state. Moreover it can be proved that the system (5.1) is periodic stabilizable if and only if there
exists M ∈ N and i ∈ IM such that Ai is Schur, see [Sun and Ge, 2011].

Proposition 5.3.4 The existence of a stabilizing periodic switching law is sufficient but not nec-
essary for the stabilizability of the system (5.1).

The proof, given in ([Fiacchini et al., 2016a]), is based on the fact that the existence of a
stabilizing periodic switching law implies the satisfaction of the LMI condition, one might wonder
if there exists an equivalence relation between periodic stabilizability and condition (5.18). The
answer is provided below.

Theorem 5.3.5 A stabilizing periodic switching law for the system (5.1) exists if and only if
condition (5.18) holds.

Notice that, although periodic stabilizability and condition (5.18) are equivalent from the stabi-
lizability point of view, the computational aspects and the resulting controls are different. Indeed,
the first consists of an eigenvalue test for a number of matrices exponential in M , while condition
(5.18) is an LMI that grows exponentially with N . Finally, notice that the periodic law is in open
loop whereas (5.18) leads to a state-dependent switching law.

5.3.3 Stabilizability conditions relations
A characterization of the relations between the different stabilizability conditions presented and
recalled so far is presented hereafter. First, a relation with the generalized Lyapunov-Metzler
condition (5.15) is provided. Recall that the Lyapunov-Metzler condition regards nonconvex sets
and sequences of length one (possibly of extended systems) whereas the LMI one concerns quadratic
Lyapunov functions and switching control sequences. It can be proved that the LMI sufficient
condition (5.18) holds if and only if the generalized Lyapunov-Metzler one can be satisfied.
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Theorem 5.3.6 There exist M ∈ N, Pi ≻ 0, with i ∈ I [1:M ], and π ∈MM̄ such that (5.15) holds
if and only if there exists N ∈ N and η ∈ RN̄ such that η ≥ 0,

∑
i∈I[1:N] ηi = 1 and (5.18) holds.

Note that, even though (5.15) and (5.18) are equivalent, they generally hold for different values
of M and N , with N ≥M , from the proof of Theorem 5.3.6 given in [Fiacchini et al., 2016a].

It is proved hereafter that the condition for stabilizability given by Theorem 5.3.3 and Proposi-
tion 5.3.2 are equivalent. It is, nevertheless, worth recalling that the former is in LMI form whereas
the latter involves BMIs.

Theorem 5.3.7 For every i ∈ I there exist: the indices Ki = Nhi , with hi ∈ N; the matrices
P

(i)
k ≻ 0, with k ∈ Ki; and π

(p,i)
m,k ∈ [0, 1], satisfying (5.16) for all k ∈ Ki, such that (5.17) holds if

and only if there exists N ∈ N and η ∈ RN̄ such that η ≥ 0,
∑

i∈I[1:N] ηi ≥ 1 and (5.18) holds.

Therefore, allowing to employ a set of ellipsoids P
(i)
k for every mode i ∈ I, leads to BMI

Lyapunov-Metzler-like conditions equivalent to the LMI one. Nevertheless, it has been proved
in [Fiacchini and Jungers, 2014] that such equivalence is lost for the classical Lyapunov-Metzler
condition, i.e. if one considers a single matrix Pi for each mode, as in (5.14). See the Example
5.3.1.1 which shows that the LMI condition (5.18) can hold for a system while the Lyapunov-Metzler
one does not.

The implications between the stabilizability conditions are summarized in the diagram in Figure
5.8. Remark that, compared to the classical Lyapunov-Metzler inequalities, the LMI condition
concerns a convex problem and it is less conservative. On the other hand, the dimension of the
LMI problem might be consistently higher than the BMI one.

LMI condition
Theorem 5.3.3

Geometric condition
     Theorem 5.2.2

Lyapunov-Metzler 
    generalized II 
   Proposition 5.3.2

Lyapunov-Metzler 
    Theorem 5.3.1

Lyapunov-Metzler 
    generalized I 
   Proposition 5.3.1

Stabilizability
   Periodic 
stabilizability

 

Figure 5.8: Implications diagram of stabilizability conditions.

Two numerical examples illustrating the relations between the different stabilizability conditions
are presented here in detail.

5.3.3.1 Example

Consider the system (5.1) with q = 2, n = 2, x0 = [−3, 3]T and the non-Schur matrices

A1 = 1.01 R
(

π
5

)
, A2 =

[
−0.6 −2

0 −1.2

]
.
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with R(θ) as in (5.12). Four different stabilizing switching laws are designed and compared
• the geometric condition given in Theorem 5.2.2, which proves the stabilizability of the sys-

tems;
• the min-switching strategy (5.21)-(5.23) related to a solution of the LMI condition (5.18);
• the switching control law given in Proposition 5.3.3;
• the periodic switching law, that exists from Theorem 5.3.5.
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Figure 5.9: Left: sets B (dashed) and
⋃

i∈I[1:N] Bi (solid). Right: State evolution and
switching control induced by the geometric condition (5.7).

As noticed in [Geromel and Colaneri, 2006b, Fiacchini and Jungers, 2014], for systems with
q = 2 the Lyapunov-Metzler inequalities become two linear matrix inequalities once two param-
eters, both contained in [0, 1], are fixed. Such LMIs have been checked for this example to be
infeasible on a grid of these two parameters, with step of 0.01. It is then reasonable to conclude
that the Lyapunov-Metzler inequalities are infeasible for this numerical example. Furthermore it is
evident that the computational complexity is unmanageable as q increases. Recall moreover that,
to circumvent the conservatism proper of the classical Lyapunov-Metzler inequalities with respect
to the LMI condition (5.18), one should increase the problem dimension, see Propositions 5.3.1
and 5.3.2. Therefore, employing Lyapunov-Metzler inequalities to prove stabilizability might often
be computationally intractable, also for systems with few modes.

An iterative procedure is applied to determine N ∈ N such that (5.7) is satisfied. The result is
that (5.7) holds with N = 5 and then the homogeneous function induced by the set represented in
Figure 5.9, left, is a control Lyapunov function and the related min-switching rule is a stabilizing
law. The state evolution and the switching law are depicted in Figure 5.9, right.
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Figure 5.10: State evolution and min-switching control (5.21)-(5.23), left; min-switching
control (5.26), center, and periodic switching control with M = 4, right.
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The LMI condition (5.18) is solved with N = 7 and the min-switching law (5.21)-(5.23) is
applied to the system at first. The control results in the concatenation of elements of I [1,7],
respectively of lengths {7, 6, 5, 7, 7, . . .}. The time-varying length of the switching subsequences is
a consequence of the state dependence of the min-switching strategy. The resulting behavior is
depicted in Figure 5.10, left. Then, the control law defined in Proposition 5.3.3, namely (5.26) with
λ = 0.9661, is applied and the result is shown in Figure 5.10, center. The value of λ is obtained
by solving the optimization problem described after Proposition 5.3.3.

Figure 5.11: Comparison between the evolution of the Euclidean norm of the state for the
different switching laws: induced by geometric condition (5.7) (star); min-switching law
(5.21)-(5.23) (cross); min-switching control (5.26) (circle) and periodic rule (square).

The periodic switching law of length M = 4 is then obtained, by searching the shorter sequence
of switching modes which yields a Schur matrix Ai. The resulting evolution is represented in
Figure 5.10, right.

A comparison between the different switching laws is provided in Figure 5.11, where the time-
evolution of the Euclidean distance of the state from the origin is depicted. Recall that, although
every switching rule entails the exponential decreasing of an homogeneous function, each law is
induced by different sets, potentially nonconvex. For this reason the Euclidean norm is chosen as
a common measure to compare the convergence performances.

Notice in Figure 5.11, that the higher convergence rate seems to be obtained for the geometric
approach, which is reasonable since it has been proved to be given by the less conservative sta-
bilizability condition. The lower convergence speed is provided for this example by the periodic
switching rule, which might reflect the fact that such switching rule does not employ the informa-
tion on the state but depends only on time. Finally, the min-switching rules induced by the LMI
condition (5.18) provide an average performance, due to their state-feedback nature on one side
and to the conservatism with respect to the geometric condition related law, on the other.
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5.3.3.2 Example

Consider the 3D numerical Example 5.2.2.4, with q = 2 and n = 3. Matrices A1 and A2 are not
Schur, but the product A1A2 is Schur and induces the existence of a 2-periodic stabilization law.

The geometric condition holds for N = 3. By applying Theorem 5.3.3, the LMI (5.18) is
infeasible for N = 1, 2, 3 but feasible for N = 4, then the dimension of η is given by N̄ = 4̄ = 30
(see η depicted in Figure 5.12).

It is noteworthy that the solution obtained by the LMI solver is not unique. Guided by the
three main values of the weighting vector η, another solution of LMI (5.18) is given by

0.3460AT
(1;1;2;1)A(1;1;2;1) + 0.1753AT

(1;1;2;2)A(1;1;2;2) + 0.4787AT
(1;2;1;2)A(1;2;1;2) ≺ I3,

implying that three sequences of modes of length 4 among the 30 are sufficient to stabilize the
system.

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

Figure 5.12: A vector η ∈ R30 solution of the LMI (5.18) for Example 5.3.3.2.

5.4 Computation-oriented condition
Consider the switched linear system (5.1), the objective is now to provide a constructive condition
for stabilizability, defined below for the case under analysis. The main issue affecting the necessary
and sufficient conditions (5.6) and (5.7) being the inherent computational complexity, in fact, the
objective of this section is to provide a computational method for obtaining a test for stabilizability
which is less conservative than the sufficient ones, in the line of [Jungers and Mason, 2017], and to
show its efficiency even in four dimensions.

A first novel necessary and sufficient condition for stabilizability is presented below. Based on
this condition, another one, more computation oriented, is given afterward, in which, recall, ∇n

denotes the simplex in Rn, see Notation section.

Theorem 5.4.1 The switched system (5.1) is stabilizable if and only if there exists N ∈ N and,
for every x ∈ Rn, there is η(x) ∈ RN̄ such that η(x) ∈ ∇N̄ and

xT

 ∑
i∈I[1:N]

ηi(x)AT
i Ai

x < xT x. (5.27)

Theorem 5.4.1 substantially claims that the existence of η(x) ∈ ∇N̄ such that (5.27) is satisfied,
for every x ∈ Rn, is necessary and sufficient for the stabilizability of the switched linear system. On
the other hand, the determination of such η(x) defined on the whole Rn might be computationally
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intractable. Note that the sufficient condition (5.18) can be seen as the particular case of (5.27)
with η = η(x) for all x ∈ Rn.

The alternative computation-oriented necessary and sufficient condition can now be given.

Theorem 5.4.2 The switched system (5.1) is stabilizable if and only if there exist: N ∈ N; a conic
cover {C(j)}j∈Np of Rn; and {µ(j)}j∈Np with µ(j) ∈ ∇N̄ such that

xT

 ∑
i∈I[1:N]

µ
(j)
i AT

i Ai

x < xT x, ∀x ∈ C(j). (5.28)

Theorem 5.4.2 means that the existence of a fine enough conic cover of the space such that
(5.28) holds is a necessary and sufficient condition for stabilizability. Moreover, condition (5.28)
boils down to a linear condition if the conic sets C(j) are defined as the negative sublevel sets of
quadratic forms, as will be illustrated below. More details on the computational implication will
be given in the following section.

Being the condition given in Theorem 5.4.2 necessary and sufficient for stabilizability, it is equiv-
alent to the other ones, [Sun and Ge, 2011, Fiacchini and Jungers, 2014], and strictly less conser-
vative than sufficient conditions, for instance those based on convex conditions [Sun and Ge, 2011,
Fiacchini et al., 2016a], on nonconvex Lyapunov-Mezler conditions [Geromel and Colaneri, 2006b,
Geromel and Colaneri, 2006a]. The relations between some of them, presented in Section 5.3, are
given in [Fiacchini et al., 2016a]. Moreover, the satisfaction of the condition in Theorem 5.4.2,
as for the equivalent ones, implies that the classical min-switch control strategies stabilize the
switched system.

5.4.1 Conic partition and nonnegative quadratic forms
The first issue is how to compute a set of quadratic forms determining a cover of the whole space,
on whose cones condition (5.28) has to be tested. That is, the design of a set of matrices {Mj}j∈Np

such that ⋃
j∈Np

{x ∈ Rn : xT Mjx ≥ 0} = Rn. (5.29)

Moreover, it might be necessary to iteratively generate finer covers of the state space.

The presented method is based on generating covers of the state space composed by the closed
convex cones determined by a basis matrix. Hence, for every cone, a quadratic form that is
nonnegative on the cone is defined. Finally a method to generate finer covers of the state space,
by replacing a cone with a conic cover of it, is given.

5.4.1.1 Initial conic partition generation

Any basis of the state space is the linear transformation of the standard basis of Rn, denoted
{ei}i∈Nn . Indeed, clearly, the elements of any given basis {bi}i∈Nn with bi ∈ Rn are Bei =
[b1 b2 . . . bn]ei = bi, for all i ∈ Nn. Moreover, given a nonsingular matrix B ∈ Rn×n the set

C(B) = {x ∈ Rn| ∃λ ∈ Rn : Bλ = x, λ ≥ 0} (5.30)

is a closed convex cone. Then given the basis {bi}i∈Rn of Rn, the closed convex cones C(BT (β))
defined for all β ∈ Jn, are such that

⋃
β∈In C(BT (β)) = Rn. Thus, every nonsingular matrix B

defines a conic partition of Rn, that will be used in the algorithm as initial partition.
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5.4.1.2 Nonnegative quadratic form

Given β ∈ Jn and the cone C(BT (β)), a quadratic form that is nonnegative on C(BT (β)) must
be defined. Given β ∈ Jn, denote V = BT (β) in this section, to ease to notation.

Lemma 5.4.1 Given {vi}i∈Nn basis of Rn and V = [v1 v2 . . . vn], if M(V ) ∈ Rn×n symmetric
satisfies

vT
i M(V )vj ≥ 0, ∀i, j ∈ Nn s.t. i ≤ j (5.31)

then xT M(V )x ≥ 0 for all x ∈ C(V ).

Lemma 5.4.1 can be used to determine a quadratic form that is nonnegative on the cone
generated by every {vi}i∈Nn basis of Rn. Recall that M(V ) might not be positive definite to
determine nontrivial cones.

Proposition 5.4.1 Given {vi}i∈Nn basis of Rn and V = [v1 v2 . . . vn] the following inclusion
holds

C(V ) ∪ C(−V ) ⊆ {x ∈ Rn : xT M(V )x ≥ 0} (5.32)
for all M(V ) satisfying (5.31).

From Proposition 5.4.1, some of the sets in the cover
⋃

β∈In C(BT (β)) could be disregarded
from the analysis, since redundant.

5.4.1.3 Finer partition generation

As it will be clearer from the following section, a method is necessary to split a closed convex cone
C(V ) in smaller cones whose union contains C(V ). In particular, given the nonsingular matrix V ,
a first method is provided for determining n nonsingular matrices Uj , with j ∈ Nn such that

C(V ) =
⋃

j∈Nn

C(Uj). (5.33)

The simpler approach proposed consists basically in using the barycenter vector v̄(V ) =
1/n

∑
j∈Nn

vj to split the cone:

Uj = [v1 . . . vj−1 v̄(V ) vj+1 . . . vn] ∀j ∈ Nn. (5.34)

As v̄(V ) belongs to the convex hull of {vi}i∈Nn and matrices Uj are nonsingular, for every
j ∈ Nn, then their columns are basis of Rn and satisfy (5.33). This means that, given a conic
partition of Rn, another partition of Rn is obtained by replacing the cone C(V ) with the cones
C(Uj) as in (5.34).

Alternatively, a cone can be splitted along the longer edge of the set co({vj}j∈Nn ). This consists
in defining

(i∗, j∗)(V ) ∈ arg max
(i,j)∈N2

n

∥vi − vj∥,

v∗(V ) = 0.5(vi∗ + vj∗ )
(5.35)

to split the cone in two

Ui∗ = [v1 . . . vi∗−1 v∗(V ) vi∗+1 . . . vn],
Uj∗ = [v1 . . . vj∗−1 v∗(V ) vj∗+1 . . . vn]. (5.36)

Also in this case matrices Ui∗ and Uj∗ are nonsingular and satisfy C(V ) = C(Ui∗ ) ∪ C(Uj∗ ).
Moreover, the maximal distances between the vectors vj determining a partition would converge
to zero by iterating the splitting procedure.
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5.4.2 Local contraction constraint and algorithm
Now that a conic partition is given and a quadratic form that is nonnegative on every cone can be
determined, the contraction conditions can be posed over every cone. Suppose that a set of basis
V = {V (j)}j∈Np determining the cover of Rn as

⋃
j∈Np

C(V (j)) has been obtained as illustrated
above, i.e. starting with an initial cover and then refining it if necessary. Also the following set of
cones ⋃

j∈Np

{x ∈ Rn : xT M(V (j))x ≥ 0}

is a cover of Rn, from Proposition 5.4.1.

Proposition 5.4.2 Given {vi}i∈Nn basis of Rn and V = [v1 v2 . . . vn], the condition (5.28) is
satisfied with C(j) = C(V ) ∪ C(−V ) and µ(j) = µ(V ) if∑

i∈I[1:N]

µi(V )AT
i Ai − I + M(V ) ≺ 0, (5.37)

holds with M(V ) satisfying (5.31).

The interest of this result lies in the fact that (5.37) is more suitable than (5.28) from the
computational point of view.

A sketch of algorithm is given for testing whether the condition in Theorem 5.4.2 is satisfied
and hence if the system (5.1) is stabilizable, see Algorithm 4. If Algorithm 4 terminates, then the
system is stabilizable.

Algorithm 4 Testing stabilizability condition in Theorem 5.4.2.
Input: Horizon N ∈ N, matrices {Ai}i∈I[1:N] , basis matrix B.V = {BT (β) : β ∈ Jn};

Initial conic partition
while V ̸= ∅ do:

extract V from V;
compute α(V ) such that:

α(V ) = min
α,µ(V ), M(V )

α

s.t.
∑

i∈I[1:N]

µi(V )AT
i Ai + M(V ) ⪯ αI

µ(V ) ≥ 0,
∑

i∈I[1:N]

µi(V ) = 1, M(V ) = M(V )T

vT
i M(V )vj ≥ 0, ∀i ≤ j,

if α(V ) ≥ 1 then:
add Ui∗ and Uj∗ to V; Partition refinement

endif
endwhile

The computation-oriented conditions presented above, as well as the Algorithm 4, can be
adapted to determine, besides the property of stabilizability, also bounds on the exponential con-
vergence rate λ, sometimes referred to as stabilization radius [Jungers and Mason, 2017]. It is
sufficient, indeed, to multiply all the matrices by 1/λ in the stabilizability conditions. If the condi-
tion holds, then the system has a convergence rate bounded above by λ, see Examples 5.4.2.1 and
5.4.2.2 below.
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A convex problem, in LMI form, has to be solved at every iteration. On the other hand,
there is no guarantee, in general, of finite termination of Algorithm 4, as the existence of a conic
partition cannot be ensured unless the system is stabilizable. This is reasonable since the problem
is undecidable by its nature. Moreover, the number of elements in an eventual conic partition
satisfying the necessary and sufficient condition could be arbitrarily big. Nonetheless, as illustrated
in the next section, the application of Algorithm 4 to examples from the literature and to a four
dimensional system shows the efficiency of the algorithm in testing stabilizability and computing
tight bounds on the exponential convergence rate.

Three examples will be considered to illustrate the results and the application of the algorithm.
The set of matrices M(V ), determining the conic cover, and the parameters α(V ) and µ(V ) re-
sulting from the application of Algorithm 4 for each example are available at [Fiacchini, M., ], in
form of matlab data files, together with simple scripts to verify the conic covering of the space and
the stabilizability condition (5.37) satisfaction.

5.4.2.1 Example

Consider Example 5.3.2.1, taken from in [Fiacchini et al., 2016a], employed to prove that condition
(5.18) is just sufficient for stabilizability. The system is given by three modes with matrices

A1 = AR(0), A2 = AR
(2π

3

)
, A3 = AR

(−2π

3

)
,
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Figure 5.13: Set B, black, el-
lipsoidal preimages B1,B2 and
B3, in red, and basis vectors of
{V (j)}j∈N8 , in thin lines.

where

A =
[

0.6 0
0 0.6−1

]
.

with R(θ) as in (5.12). The system is proved in
[Fiacchini et al., 2016a] to be stabilizable since the necessary
and sufficient condition (5.7) is satisfied with N = 1. Then,
the Euclidean norm decreases at every step, but (5.18) does
not hold, for any N ∈ N. This implies also that Lyapunov-
Metzler conditions cannot validate stabilizability either.

Algorithm 4 with N = 1 and the identity as initial basis
matrix, i.e. B = I, has been applied to this example, validat-
ing the stabilizability with a final cover of 8 cones {V (j)}j∈N8 ,
depicted in Figure 5.13. Figure 5.13 represents also the sets
B and its preimages B1,B2 and B3 that graphically validate
condition (5.7) with N = 1. Note that from Proposition 5.4.1,
it is sufficient to generate a cover of half of the space R2.

5.4.2.2 Example

The second switched system, with modes

A1 = R
(

π

4

)
, A2 =

[
2 0
0 1/2

]
(5.38)

is based on an example from [Stanford and Urbano, 1994] and used in [Jungers and Mason, 2017]
to illustrate methods for computing bounds of the stabilizability radius. These methods, based on
conditions evaluated on a grid of the unit circle in R2, hence on a one dimensional space, provides
two bound estimations, of 0.886 and 0.88.

To infer the value of the convergence rate λ, consider the system whose matrices are given by
Ā1 = λ−1A1 and Ā2 = λ−1A2. For N = 9 and λ = 0.8855 the set B and the preimages Bi for all
I [9], whose number is N̄ = 1022, are drawn, see Figure 5.14. From geometric inspection it can be
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Figure 5.14: Set B, black, ellipsoidal preimages Bi for i ∈ I [9], in red, and basis vectors of
{V (j)}j∈N23 , in black lines. Zoom on the right.

proved that B is contained in the union of ellipsoids and λ = 0.8855 seems a rather tight bound
for N = 9, see the Figure 5.14 right.

Algorithm 4 is then applied with B = I, validating the condition of stabilizability with con-
vergence rate of λ = 0.8855 by testing the convex condition over 23 cones covering the half space,
also depicted in Figure 5.14.

Comparing this result with those obtained in [Jungers and Mason, 2017] it is worth noting
that, besides providing a tighter bound with respect to one proposed, the method presented here
provides guarantee of stabilizability, that cannot be ensured in general when evaluating conditions
on a grid of points. Another benefit is the fact that, as the proposed method does not resort to
a grid of the space, it can be applied to higher dimensional systems, as illustrated in the next
example. For this, the algorithm has also been applied to this example with N = 5, leading to the
validation of a bound of λ = 0.96 with 10 cones.

5.4.2.3 Example

This example is specifically built such that a tight estimate of the convergence rate is known but
other methods for its sharp estimation, based on the space gridding, might be not applicable due
to the space dimension. To illustrate the possibility of applying the proposed method in higher
dimension, in fact, a system is considered that is composed by two subsystems equal to the one of
Example 5.4.2.2. Any method based on gridding the space is hardly applicable in R4. Moreover, an
accurate estimation of the convergence rate is known by construction, and then the precision of the
estimation obtained with Algorithm 4 can be objectively evaluated. Consider the four dimensional
system with 4 modes

Â1 =
[

λ−1A1 0
0 δI

]
, Â2 =

[
λ−1A2 0

0 δI

]
, Â3 =

[
δI 0
0 λ−1A1

]
, Â4 =

[
δI 0
0 λ−1A2

]
,

with λ the known estimation of the convergence rate, see below, and A1 and A2 as in (5.38).
Parameter δ is posed equal to 0.999, to guarantee a decreasing of the function xT x within the
horizon N of the four dimensional system. The objective is to check whether Algorithm 4 is able
to validate the convergence rate for the four dimensional system.

Since N = 9, with q = 4, leads to more than a half million of sequences, the smaller horizon
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of N = 5 has been employed. Note that N = 5 gives N̄ = 1364 switching elements in I [5]. Since
the bound of λ = 0.96 has been validated in the previous example for the single subsystem, it
must hold also for the four dimensional system. The objective is to test whether the tight bound
λ = 0.96 for N = 5 can be validated also in this case.

Indeed, the application of Algorithm 4, with a randomly generated non-singular matrix B,
provides a validation of the bound λ = 0.96 for the four dimensional system, the semidefinite
conditions (5.37) holding in each of the 1827 cones composing the generated cover of R4.

5.5 Control co-design
Consider here the discrete-time switched linear system with control input

xk+1 = Aσk xk + Bσk uk, (5.39)

where xk ∈ Rn and uk ∈ Rm are the state and the control input at time k ∈ N, respectively; σ :
N→ I is the switching law and {Ai}i∈I and {Bi}i∈I , with Ai ∈ Rn×n and Bi ∈ Rn×m for all i ∈ I.
A time-varying control policy ν : Rn ×N→ I ×Rm×n, is such that ν(x, k) =

(
σ(x, k), K(x, k)

)
∈

I × Rm×n, where K(x, k) is the state feedback gain, i.e. such that uk(xk) = K(xk, k)xk and then
the feedback law may change at every instant.

As proved in [Zhang et al., 2009], see Theorems 5 and 7 in particular, the attention can be
restricted without loss of generality to static control policies of the form

ν(x) =
(
σ(x), K(x)

)
∈ I × Rm×n, (5.40)

such that ν(ax) = ν(x) for all x ∈ Rn and a ∈ R, and to piecewise quadratic Lyapunov functions.
Moreover K(x) belongs to a finite set i.e. K(x) ∈ K = {κi}i∈NM , with M ∈ N.

The switched system in closed loop with (5.40) reads

xk+1 =
(
Aσ(xk) + Bσ(xk)K(xk)

)
xk, (5.41)

where σ(xk) = σk. Denote with xν
k(x0) ∈ Rn the state of the system (5.39) at time k starting from

x(0) = x0 by applying the control policy ν. Given σ ∈ ID denote with xσ
k(x0) the state of (5.41)

at time k ≤ D starting at x0 under the switching sequence σ. The dependence of xν
k and xσ

k on
the initial conditions will be dropped when clear from the context.

Definition 5.5.1 The system (5.39) is globally exponentially stabilizable if there are a control
policy ν(x) as in (5.40), c ≥ 0 and λ ∈ [0, 1) such that ∥xν

k(x0)∥ ≤ cλk∥x0∥, for all x0 ∈ Rn, with
xk state of (5.41).

Hereafter the focus is posed on a condition analogous to the LMI one (5.18) for the controlled
switched system (5.39). The aim is to provide an LMI problem whose solution determines a
stabilizing control policy (5.40) for periodic stabilizable systems.

5.5.1 Switching law and feedback control co-design
As noticed above, the problem of co-design is equivalent to determine a stabilizing static control
policy as in (5.40), with finite number of feedback gains, and a piecewise quadratic Lyapunov
function for the system (5.41). The first step is to apply the result in Theorem 5.3.5 for the co-
design. This would lead to a non-static stabilizing control policy, as the control would result in
sequences of modes and gains. Then a static control policy of the form (5.40) will be determined.
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Applying Theorem 5.3.5, the objective is to search for sequences of modes and feedback gains,
fulfilling the LMI condition (5.18) in the context of co-design. That is, given a sequence ϑ ∈ IJ ,
of length J , and a time instant j ∈ NJ , a gain among the finite set K can be applied, denoted as
Kϑ

j and whose value has to be designed. Then, with a slight abuse of notation, given J ∈ N and a
sequence ϑ ∈ IJ , denote

Fϑ =
J∏

j=1

Fϑj = FϑJ . . . Fϑ1=(AϑJ+ BϑJ Kϑ
J ) . . . (Aϑ1+ Bϑ1K

ϑ
1 ). (5.42)

Thus a set of NI =
∑N

k=1 qk matrices Fϑ, one for every ϑ ∈ I [1:N ], can be defined as in (5.42) that
are parameterized in the gains {Kϑ

j }j∈N|ϑ| .

Control policy for (5.39) of the form (5.40) are considered, with K(x) belongs to one of the
elements of a sequence associated to a mode in I [1:N ]. Then, K(x) is a gain among the

∑N

k=1 kqk

possible, i.e. K(x) ∈ K where

K = {κi}i∈NM = {Kϑ
j ∈ Rm×n : ϑ ∈ I [1:N ], j ∈ N|ϑ|}, (5.43)

with M =
∑N

k=1 kqk.

Given a switching law ϑ : N → I and a sequence of feedback gains Kϑ : N → Rm×n, denote
with xϑ

k(x) the state at time k starting at x if the control νk = (ϑk, Kϑ
k ) is applied at k for all

k ∈ N. Analogously to the case without control input, the concept of periodic ϑ-stabilizability can
be given for the system (5.39).

Definition 5.5.2 The system (5.39) is periodic ϑ-stabilizable if there exist: a periodic switching
law ϑ : N → I and a periodic sequence Kϑ : N → Rm×n, both of cycle length D ∈ N; c ≥ 0 and
λ ∈ [0, 1) such that ∥xϑ

k(x)∥ ≤ cλk∥x∥ holds for all x ∈ Rn and k ∈ N.

Clearly periodic ϑ-stabilizability is sufficient for exponential stabilizability of (5.39) as in Defi-
nition 5.5.1. From Definition 5.5.2 and Theorem 5.3.5, the LMI conditions∑

i∈I[1:N]

ηi = 1 (5.44)

and ∑
j∈I[1:N]

ηjFT
j Fj ≺ I. (5.45)

are necessary and sufficient for periodic ϑ-stabilizability of system (5.39). Thus, conditions (5.45)
provides the exact characterization of ϑ-stabilizability, together with (5.44).

A constructive necessary and sufficient LMI condition for the ϑ-stabilizability of switched sys-
tems (5.39) is given hereafter, together with the explicit form of the control law (5.40).

Theorem 5.5.1 The switched system (5.39) is periodically ϑ-stabilizable if and only if there exist
N ∈ N; η ∈ RNI such that η > 0 and (5.44) holds; and for every j ∈ I [1:N ] there are:

• |j| − 1 nonsingular matrices Gj,k ∈ Rn×n, with k ∈ N|j|−1;
• |j| matrices Zj,k ∈ Rm×n with k ∈ N|j|;
• a symmetric positive definite matrix Rj ∈ Rn×n;

such that 

ηjI Xj,|j| 0 . . . 0 0 0
XT

j,|j| Yj,|j|−1 Xj,|j|−1 . . . 0 0 0
0 XT

j,|j|−1 Yj,|j|−1 . . . 0 0 0
. . . . . . . . . . . . . . . . . .

0 0 0 . . . Yj,2 Xj,2 0
0 0 0 . . . XT

j,2 Yj,1 Xj,1

0 0 0 . . . 0 XT
j,1 Rj


≻ 0 (5.46)
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for every j ∈ I [1:N ] and ∑
j∈I[1:N]

Rj ≺ I. (5.47)

hold with
Xj,1 = ηjAj1 + Bj1 Zj,1,

Xj,k+1 = Ajk+1 Gj,k + Bjk+1 Zj,k+1, ∀k ∈ N|j|−1,

Yj,k = Gj,k + GT
j,k, ∀k ∈ N|j|−1,

(5.48)

and feedback gains
Kj

1 = η−1
j Zj,1,

Kj
k+1 = Zj,k+1G−1

j,k, ∀k ∈ N|j|−1,
(5.49)

for every j ∈ I [1:N ].

Any solution of the conditions of Theorem 5.5.1, besides proving ϑ-stabilizability, provides a
stabilizing control policy and a bound on the decreasing of the Euclidean norm every N steps at
most, as summarized in the following theorem.

Theorem 5.5.2 Suppose there exist α > 1 and N ∈ N; η ∈ RNI such that η > 0; matrices
Gj,k ∈ Rn×n with k ∈ N|j|−1, Zj,k ∈ Rm×n with k ∈ N|j| and Rj ∈ Rn×n as defined in Theorem
5.5.1 such that (5.46)-(5.47) and (5.48) hold and∑

i∈I[1:N]

ηi = α. (5.50)

Then system (5.39) is periodically ϑ-stabilizable and ∥Fϑ(x)x∥2 < λ∥x∥2 holds for all x ∈ Rn, with

ϑ = ϑ(x) = arg min
j∈I[1:N]

(xTFT
j Fjx), (5.51)

and λ = α−1/2. Given x(t) = x, the stabilizing control policy is defined from (5.49) within an
horizon of length |ϑ| as

ν(x, k) = (σ(x, k), K(x, k)) =
(
ϑk, Kϑ

k

)
(5.52)

to be applied at time t + k − 1, for all k ∈ N|ϑ|.

From Theorem 5.5.2, the value of α, is related to λ and then could serve for obtaining the
fastest decreasing rate, for a given N , by solving the following single LMI problem

α = sup
α,η,Gj,k,Zj,k,Rj

∑
j∈I[1:N]

ηj

s.t. (5.46)− (5.47)− (5.48),
(5.53)

with η, Gj,k, Zj,k, Rj as defined in Theorem 5.5.1.

A nonconvex control Lyapunov function V (x), decreasing at every step, and a state-dependent
control policy ν(x), as given in Proposition 5.3.3 for the case of stabilizability, see also (5.40), can
be defined as in [Fiacchini et al., 2016a] from the solution of the LMI problem:

V (x) = min
j∈YN

(
xT λ−|j| FT

j Fjx
)

, (5.54)

where YN is the set of all suffixes of the elements of I [1:N ], and the control policy is ν(x) =
(ĵ1(x), K

ĵ(x)
1 ) with

ĵ(x) = arg min
j∈YN

(
xT λ−|j| FT

j Fjx
)

. (5.55)
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5.5.2 Comparisons
In this section the presented co-design approach is compared with results from the literature, in
terms of conservatism and complexity.

5.5.2.1 Comparison with switched LQR method

As a term of comparison for the methods, consider the nice results presented in [Zhang et al., 2009,
Zhang et al., 2012] that are substantially based on the fact that a time-varying system is expo-
nentially stabilizable if and only if the infinite-horizon LQR problem leads to a value function
that is a control Lyapunov function. The method is based on a Riccati-like equation iteratively
applied to generate an increasing set of gains and positive definite matrices that eventually provide
the stabilizing LQR control and the related Lyapunov function. One main limitation is that the
number of matrices generated might grow exponentially with the iterations, despite the criterion
applied for reducing the redundancy is applied to limit the phenomenon. On the other hand,
such a redundancy test would entail additional computational burden to the algorithm, already
exponentially complex. Finally, a stop condition, in form of contraction test, must be checked at
every iteration. Since the general condition could be overly complex, an only sufficient alternative,
analogous to the one given in Theorem 5.3.5, is employed in the relaxed version of the algorithm.

Comparing the proposed result with the LQR-based ones, the most relevant feature is the fact
that in the presented approach the feedback gains are design variables and are effectively computed
by solving the LMI problem. That is, roughly speaking, while the set of gains in the LQR approach
is exponentially increased through the iterations until a stabilizing control policy is achieved, in
this method the sets of gains that maximizes the contraction, for a given horizon, are directly
obtained. The benefits of this co-design approach are evident in the example below, taken from
[Zhang et al., 2009, Zhang et al., 2012]. Moreover, also from the computational point of view, it
seems that the co-design method presents some benefits.

Indeed, in spite of solving an exponentially increasing number of Riccati equations and convex
optimization problems to reduce the redundancy, a single LMI problem has to be solved here.
Furthermore, the proposed approach does not require a numerical search in the parameter space
to obtain a solution. Finally, also from the point of view of the generality of the result, this
approach is at least as general as the one proposed in [Zhang et al., 2009, Zhang et al., 2012]. In
fact, the efficient algorithm stop condition is analogous to the LMI one given in Theorem 5.3.5, and
then affected by the same conservatism of this approach with respect to the general stabilizability
property. This means that every LQR-like solution can be recovered as a solution of the presented
LMI-based approach.

5.5.2.2 Comparison with Lyapunov-Metzler-like conditions

The methods based on Lyapunov-Metzler conditions, as those in [Geromel and Colaneri, 2006b,
Deaecto et al., 2011, Deaecto et al., 2015], seem to provide more conservative results, as the com-
plexity of the Lyapunov function and control policy are fixed in function of the modes number. The
conservatism is proved in the following example based on Example 27 in [Fiacchini et al., 2016a],
used to prove analogous results for autonomous switched systems.

5.5.2.3 Example

Given n = 3 and q = 2, define

A1 =

 1 0 0
0 0.5 0
0 0 a

, A2 =

 4 −4 0
4 4 0
0 0 a

, B1 = B2 =

 0
0
1

.
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Clearly the subsystem x3 is stabilized by u = Kx3 with |a+K| < 1. The subsystem (x1, x2) is sta-
bilizable through an appropriate switching sequence obtained by solving the LMI condition (5.18)
but does not admit any solution to the Lyapunov-Metzler condition, see [Fiacchini et al., 2016a].

From the computational point of view, if on one side the Lyapunov-Metzler conditions are
non-convex, in form of BMI, on the other one they involve a fixed number of matrices and then
do not incur in the combinatorial complexity growth that affects the method present here and in
[Zhang et al., 2009, Zhang et al., 2012].

5.5.2.4 Example

Consider Example 2 in [Zhang et al., 2009], that is the 4-dimensional system with 4 modes whose
matrices are

A1 =

 0.5 −1 2 3
0 −0.5 2 4
0 −1 2.5 2
0 0 0 1.5

, A2 =

 −0.5 −1 2 1
0 1.5 −2 0
0 0 0.5 0
−2 −1 2 2.5

 ,

A3 =

 1.5 0 0 0
1 1 0.5 −0.5
0 0.5 1 −0.5
1 0 0 0.5

, A4 =

 0.5 1 0 0
0 0.5 0 0
0 0 0.5 0
0 2 −2 0.5

 ,

B1 =

 1
2
3
4

, B2 =

 4
3
2
1

, B3 =

 4
3
2
1

, B4 =

 1
2
3
4

 .

The conditions of Theorem 5.5.2 are satisfied with horizon N = 3. Besides the inherent
computational benefit of having a stabilization condition in form of LMI with respect to the
algorithmic method presented in [Zhang et al., 2009], also the control obtained is substantially
simpler and more efficient. Actually, in [Zhang et al., 2009] stabilizability is proved by means of an
algorithm which inspects control horizons of length 7 resulting in a piecewise quadratic function
determined by 13 matrices.

With the proposed co-design approach, the solution of the LMI problem (5.53) gets α = 1145.2,
that implies λ = 0.0296. The values of ηj are consistently higher for two particular sequences with
respect to the others. Indeed, the control related to the sequence i = {4, 2, 2} with gains

K
{4,2,2}
1 = [0.0285 0.0333 −0.0715 −0.0333],

K
{4,2,2}
2 = [−0.8215 −0.4668 0.9070 0.8719],

K
{4,2,2}
3 = [0.1333 0.0167 −0.1667 −0.2167]

(5.56)

leads to a Schur matrix whose spectral radius is 0.0364. Thus, in this case the periodic sequence
cyclic in {4, 2, 2} guarantees exponential stability, resulting in a much simpler control. Nevertheless,
the state dependent control policies in (5.52) and by using (5.55) provide much better performances,
see Figure 5.15 where x0 = (1, 1, 0, −1).
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Figure 5.15: Evolutions of ∥x∥2 with control (5.52) and min-switching based on (5.55) in
solid, periodic control (5.56) in dashed.

Finally, as A4 is already Schur, with 4 eigenvalues in 0.5, define a new A4 multiplying it by
2.5. All the eigenvalues of A4 are now in 1.25. The evolutions of the Euclidean norm of the state,
for x0 = (1, 1, 0, −1), under the obtained controls are depicted in Figure 5.16.

0 1 2 3 4 5 6 7 8 90

2

4

6

8

k

Figure 5.16: Evolutions of ∥x∥2 with control (5.52) in solid, periodic control (5.56) in
dashed; min-switching based on (5.55) in dotted line.

5.6 Conclusions
This chapter presents several of the results on stability and stabilizability of discrete-time switched
linear systems I have been working on in the last years. The proposed methods resort on set-theory
and invariance concepts to address the problem of stabilizability, providing an original point of view
and leading to novel results. Starting from the geometric approach to stabilizability of switched
linear systems and the algorithmis procedure to check the condition, the characterization of the
inherent computational complexity of the problem is stated. To go beyond the often unmanageable
complexity, alternative novel constructive conditions are presented and other classical ones form
the literature recalled to give a complete picture of the different approaches and illustrate their
relations, in terms of conservatism and computational complexity.

The practical problem of efficiently testing the stabilizability condition for nontrivial cases has
been treated, leading to a method, based on iterative solutions of convex programming problems,
that is proved to combine precision with certain numerical advantages. Finally, the problem of
control co-design has been addressed, namely the design simultaneous determination of a switching
law and a state-feedback rule ensuring closed-loop exponential stability of controlled switched
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linear systems. Comparisons with alternative approaches from the literature are given, in terms of
performance and computational efficiency.

Finally, it is worth noting that other contributions on this research line have been published,
for instance addressing language constrained switched linear systems, that have not be recalled in
this manuscript.
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Motivated by the growing use of embedded controllers in different applications, where a commu-
nication protocol is responsible for the transmission of data between computer algorithms, actuators
and sensors, the analysis and control design for networked control systems have been addressed
in many recent works. In this context, aperiodic sampled-data systems are commonly employed
to model the effect of imperfections on the communication channel of networked control systems,
like sampling jitters, fluctuations and packet dropouts [Hespanha et al., 2007]. Several methods
have been developed to analyse the stability properties of systems subject to a time-varying sam-
pling interval. For instance, in [Fridman, 2010, Liu and Fridman, 2012], a time-delay systems
framework is considered and the resulting method is based on Lyapunov-Krasovskii functionals.
Similar ideas are considered in [Seuret and Gomes da Silva Jr., 2012], where the looped-functional
method is presented. In [Naghshtabrizi et al., 2008, Briat, 2013], the problem is tackled using a
hybrid system framework. Numerical tractable criteria can be obtained by using polytopic embed-
dings for the system transition matrix [Cloosterman et al., 2009, Lombardi et al., 2012], or norm-
bounded approximations as in [Fujioka, 2009, Fujioka and Oishi, 2011, Kao and Fujioka, 2013].
In [Fiacchini and Morărescu, 2016] it is shown that the exponential stability of the discrete-time
model is equivalent to the existence of a polyhedral Lyapunov function for the system. A survey
on the subject can be found in [Hetel et al., 2017].

Few works on aperiodic sampled systems, though, consider the concurrent effects of other
sources of complexity related to the interaction of control devices with real systems, as for cyber-
physical systems. For instance, due to physical limitations of actuators, the input saturation is
ubiquitous in real control problems. It is a source of performance degradation and, in many cases,
only local (or regional) stability of the closed-loop system can be ensured, even for linear plants.
In the periodic sampled-data case, as the saturation nonlinearity affects only the input, the stabil-
ity analysis can be carried out by using a discrete-time model (see [Tarbouriech et al., 2011] and
references therein) obtained by exact discretization. Nevertheless, for the aperiodic sampled-data
case, the problem is more involved and requires a careful analysis of the hybrid behaviour of the
system. On this subject, the stability of aperiodic sampled-data systems in the presence of con-
trol saturation is addressed [Seuret and Gomes da Silva Jr., 2012, Gomes da Silva Jr. et al., 2016]
by resorting on looped-functional approaches and [Fiacchini and Gomes da Silva Jr., 2018], which,
based on a set invariance approach, provides LMI-based techniques to compute ellipsoidal esti-
mates of the region of attraction of the origin (RAO) of the closed-loop system, which can be seen
as safe regions of operation.
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In this chapter, some results are recalled on the problem of providing constructive conditions
for local asymptotic stability for aperiodically sampled linear system subject to input saturation,
more details can be found in [Fiacchini and Gomes da Silva Jr., 2018, Denardi Huff et al., 2022b,
Denardi Huff et al., 2022a, Denardi Huff et al., 2021, Denardi Huff et al., 2022]. The presented
methods resort on invariant set properties and local Lyapunov function induced by them, to ob-
tain estimations of the region of attraction of the origin (RAO) besides proofs of local asymptotic
stability. As a particular interest is devoted to optimization-based methods and constructive con-
ditions, both ellipsoidal and poyhedral sets are considered, leading to testable LMI conditions and
iterative algorithms based on convex optimization. Most of the work presented here is the result of
the collaboration with professor João Gomes da Silva Jr. and Daniel Denardi Huff, whose
PhD has been directed on this topic by me and prof. Gomes Da Silva.

6.1 Saturated aperiodically sampled systems
Consider the continuous-time plant described by the following linear model:

ẋp(t) = Apxp(t) + Bpu(t) (6.1)

where xp ∈ Rnp and u ∈ Rm represent the state and the input of the plant, respectively. Matrices
Ap and Bp have appropriate dimensions and are supposed to be constant.

Assume that the control signal is constrained in magnitude, i.e.

u(t) ∈ U = {u ∈ Rm : ∥u∥∞ ≤ 1}.

Moreover, a sampled-data control policy is considered, i.e. the control signal is supposed to be
computed from the values of system variables at sampling instants t = tk, with k ∈ N, and kept
constant (by means of a zero-order-hold) for all t ∈ [tk, tk+1). The difference between two successive
sampling instants, given by δk = tk+1− tk, is considered to be lower and upper bounded as follows

0 < τm ≤ δk ≤ τM , ∀k ∈ N. (6.2)

The intersampling time δk can be variable, which allows to model an aperiodic sampling strat-
egy. The particular case of periodic sampling corresponds to δk = τm = τM for all k ∈ N. Thus,
given the interval ∆ = [τm, τM ] with 0 < τm ≤ τM and t0 = 0, the set of sequences of admissible
sampling instants is defined as follows:

Θ(∆) =
{
{tk}k∈N : tk+1 = tk + δk, δk ∈ ∆, ∀k ∈ N

}
.

From the considerations above, consider the control law given by:

u(t) = sat(Kpxp(t−
k ) + Kuu(t−

k )), ∀t ∈ [tk, tk+1), (6.3)

i.e. the control input to be applied in the interval [tk, tk+1) depends both on the sampled value of
the state and the value of the control signal applied in the previous sampling interval [tk−1, tk).
Further on this chapter, the particular case of Ku = 0 is considered, as done in the work
[Fiacchini and Gomes da Silva Jr., 2018].

Then, for every Θ ∈ Θ(∆), the system dynamics can be represented by the following impulsive
system: {

ẋp(t) = Apxp(t) + Bpu(t),
u̇(t) = 0,

∀t ∈ R+ \Θ,{
xp(t) = xp(t−) = xp(t+),
u(t) = u(t+) = sat(Kpxp(t−) + Kuu(t−)), ∀t ∈ Θ,

xp(0) = xp,0 ∈ Rnp , u(0) = sat(Kpxp,0 + Kuu(0−)) ∈ Rm,
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or, equivalently [Hetel et al., 2013], by ẋ(t) = Acx(t), ∀t ∈ R+ \Θ,

x(t) = x(t+) = Arx(t−) + Brsat(Kx(t−)), ∀t ∈ Θ,

x(0) = [xT
p,0, sat(Kpxp,0 + Kuu(0−))T ]T ∈ Rn,

(6.4)

where x = [xT
p , uT ]T ∈ Rn, with n = np + m, is the extended system state and Ac, Ar ∈ Rn×n,

Br ∈ Rn×m and K ∈ Rm×n are given as follows

Ac =
[

Ap Bp

0 0

]
, Ar =

[
I 0
0 0

]
, Br =

[
0
I

]
, K =

[
Kp Ku

]
. (6.5)

Note that, due to the saturation, the closed-loop system (6.4) is nonlinear and, hence, the
global stability of the origin cannot be a priori guaranteed. Moreover, if matrix Ap is not Hurwitz,
the global stabilization is actually impossible [Sussmann et al., 1994].

In this case, since the analytical characterization of the region of attraction of the origin is
in general not possible, the idea is to estimate it through well-defined Lyapunov domains. The
considered problem is the stability analysis and stabilization of the system (6.4) in a regional
context, i.e. with determination of estimates of the RAO. For this, the dynamics between two
consecutive sampling instant is considered.

For a given initial condition and Θ ∈ Θ(∆) the evolution of the state x between two successive
sampling instants, i.e. for t ∈ [tk, tk+1), is continuous. Thus, since the continuous-time dynamics
is linear, it follows that:

x(t) = eAc(t−tk)x(tk), ∀t ∈ [tk, tk+1). (6.6)

From (6.6) and since x(t−
k ) ̸= x(tk) (due to the impulsive control update, in fact, there is a

discontinuity between x(t−
k ) and x(tk), see (6.4)), the dynamics between two successive sampling

instants is given by the following discrete-time equation

x(t−
k+1) = eAc(tk+1−tk)x(tk) = eAc(tk+1−tk) (Arx(t−

k ) + Brsat(Kx(t−
k )
)

= eAcδk Arx(t−
k ) + eAcδk Brsat(Kx(t−

k ))

where δk = tk+1 − tk ∈ ∆. Thus, denoting A(δ) = eAcδAr, B(δ) = eAcδBr and xk = x(t−
k ),

the problem of stability and stabilization of the linear impulsive system (6.4) can be addressed by
considering the following discrete-time nonlinear parametric uncertain system

xk+1 ∈ {A(δ)xk + B(δ)sat(Kxk) : δ ∈ ∆} . (6.7)

The region of attraction of the origin is defined hereafter.

Definition 6.1.1 Given that the origin of a continuous- (discrete-) time system is asymptotically
stable, the region of attraction of the origin (RAO) is the set of all x ∈ Rn such that for x(0) = x

(x0 = x) it follows that limt→∞ x(t) = 0 (limk→∞ xk = 0).

The following bound between two sampling instants holds:

∥x(t)∥ ≤ ∥A(t− tk)∥∥x(tk)∥+ ∥B(t− tk)∥∥sat(Kx(tk))∥

≤
(
∥A(t− tk)∥+ ∥B(t− tk)∥∥K∥

)
∥x(tk)∥

≤ max
τ∈[0,τM ]

(
∥A(τ)∥+ ∥B(τ)∥∥K∥

)
∥x(tk)∥

= CA∥xk∥, ∀t ∈ [tk, tk+1], ∀k ∈ N
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Hence, the asymptotic stability of the origin of the discrete-time model (6.21) ensures the asymp-
totic stability of the continuous-time system (6.1)-(6.3). Then, to obtain estimates of the RAO of
the closed-loop system (6.1)-(6.3), it suffices to analyze the behavior of the discrete-time model
(6.21), since xk

k→∞→ 0 implies that x(t) t→∞→ 0.

6.2 Ellipsoidal sets and quadratic functions
Consider the partition of the interval [τm, τM ] in J ∈ N sub-intervals and define the set:

∆J = {dj = τm + (j − 1)τJ : j ∈ NJ}, τJ = τM − τm

J
. (6.8)

Since δk ∈ [τm, τM ] and from (6.8), we have that for every δk there exist dk ∈ ∆J and τk ∈ [0, τJ ]
such that δk = dk + τk and it follows that:

A(δk) = A(dk + τk) = eAc(dk+τk)Ar = eAcτk A(dk),
B(δk) = B(dk + τk) = eAc(dk+τk)Br = eAcτk B(dk).

Thus, from (6.7), and defining the following set-valued maps

Fj(z) = {A(dj)z + B(dj)sat(Kz) : dj ∈ ∆J} ⊆ Rn,

Gj(y) =
{

eAcτ y : τ ∈ [0, τJ ]
}
⊆ Rn,

(6.9)

for all y, z ∈ Rn, then for some yk ∈ Fj(xk) we have that xk+1 ∈ Gj(yk), i.e. the dynamics in (6.7)
is equivalently given by the difference inclusion

xk+1 ∈ Gj(Fj(xk)). (6.10)

The difference inclusion system (6.10) permits to analyze the stability of the system (6.1) in
closed loop with (6.3) under aperiodic sampling with inter-sampling time bounded by τm and τM .

6.2.1 Convex conditions for stability and control
In order to obtain testable conditions, in this section Theorem 1 in [Denardi Huff et al., 2022b] is
used. The theorem provides conditions for a positive definite function to be a Lyapunov function
for the discrete time system (6.10), then ensuring local asymptotic stability and providing an esti-
mation of the region of attraction for the aperiodically sampled saturated system. The underlying
idea is illustrated in Fig. 6.1, that gives a graphical interpretation of the reasoning implied by con-
ditions Theorem 1 in [Denardi Huff et al., 2022b] to guarantee that the function V (x) is decreasing
between two sampling instants.

Considering V (x) as a quadratic function allows to express conditions as linear matrix inequal-
ities (LMIs) and therefore to formulate convex optimization problems to determine estimates of
the RAO of the closed-loop system and also to design the control feedback gain that maximizes a
measure of such an estimation.

To deal with the saturation term, considering the generalized sector condition proposed in
[Gomes da Silva Jr. and Tarbouriech, 2005] and using Theorem 1 in [Denardi Huff et al., 2022b]
with a quadratic function V (x) = xT P x with P = P T ≻ 0, a constructive condition for stability
can be stated.

Theorem 6.2.1 If there exist a matrix W = W T ≻ 0, W ∈ Rn×n, matrices Rdj ∈ Rm×n

and diagonal positive definite matrices Sdj ∈ Rm×m ∀dj ∈ ∆J , and scalars λ ∈ (0, 1) and
α = −ln (λ) /τJ > max{2σmax(Ac), 0} satisfying the following LMIs λW RT

dj
W AT (dj) + W KT BT (dj)

⋆ 2Sdj Sdj BT (dj)
⋆ ⋆ W

⪰ 0, ∀j ∈ NJ (6.11)
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t

V (x(t))

tk tk + dj tk+1

eατJ V (yk)
λV (xk)

V (yk)

V (xk)

τ

V (x(t−
k ))

V (x(tk))

V (yk)

V (x(t−
k+1)) = V (xk+1)

Figure 6.1: Behavior of V (x(t)).

[
W W KT

(i) −RT
dj (i)

⋆ 1

]
⪰ 0, ∀j ∈ NJ , ∀i ∈ Nm (6.12)

W AT
c + AcW−αW < 0 (6.13)

then, for all x(0−) = x0 ∈ E(W −1, 1) = {x ∈ Rn ; xT W −1x ≤ 1}, it follows that the corresponding
trajectory of the sampled-data system (6.1)-(6.3), with δk satisfying (6.2), converges asymptotically
to the origin.

Clearly the periodic sampling case (i.e. when τm = τM ) is obtained as a particular case with the
set ∆J as ∆J = {τm} = {τM}. In this case condition (6.13) can be discarded and the LMIs (6.11)
and (6.12) turn out to be the classical LMIs used for linear discrete-time systems subject to input
saturations when the generalized sector condition is used to deal with the saturation term, see
[Tarbouriech et al., 2011, Section 3.6].

Given the bounds τm and τM on δk, the conditions of Theorem 6.2.1 can be used to compute
regions of guaranteed stability for the sampled-data closed-loop system, i.e. estimates of the
region of attraction of the origin. Actually, provided x0 ∈ E(P, 1) with P = W −1, conditions of
Theorem 6.2.1 guarantee that the corresponding trajectory converges asymptotically to the origin.

The region E(P, 1), though, is defined in the space of x = [xT
p uT ]T , the aim is to define

the estimate of the RAO in the xp-hyperplane, considering the initial value of u(0−) as a free
parameter to be determined. In fact, if the extended state x0 = [xT

p,0 u(0−)T ]T is in E(W −1, 1),
with W satisfying the LMI conditions given in Theorem 6.2.1, then xk ∈ E(W −1, 1) for all k ∈ N
and converges asymptotically to the origin. Thus, the set of states xp,0, for which an input u(0−)
can be defined such that the resulting x0 = [xT

p,0 u(0−)T ]T belongs to E(W −1, 1) is an estimate of
the RAO.

Defining the following partitions of P and W = P −1:

P =
[

P11 P12

P21 P22

]
, W =

[
W11 W12

W21 W22

]
(6.14)

where P11, W11 ∈ Rnp×np and P22, W22 ∈ Rm×m and

u(0−) = −P −1
22 P T

12xp,0 (6.15)
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the set E(P11 − P12P −1
22 P21, 1) ⊆ Rnp results to be an estimate of the RAO. In fact, if xp,0 ∈

E(P11 − P12P −1
22 P21, 1) and u(0−) is as in (6.15) then

xT
0 P x0 = xT

p,0P11xp,0 + 2xT
p,0P12u(0−) + u(0−)T P22u(0−)

= xT
p,0P11xp,0 − xT

p,0P12P −1
22 P T

12xp,0 ≤ 1

which means that x0 ∈ E(P, 1) = E(W −1, 1).

On the other hand, it can be checked that

P −1 = W =
[

Q−1 −Q−1P12P −1
22

⋆ P −1
22 + P −1

22 P21Q−1P12P −1
22

]
,

where
Q = P11 − P12P −1

22 P21

is the Schur complement of P22 with respect to P . That is, we have that E(P11−P12P −1
22 P21, 1) =

E(W −1
11 , 1).

Thus, the idea is to maximize this “safe” set of plant initial states given by E(W −1
11 , 1), con-

sidering some size criterion. For instance, the maximization of the minor axis of the set can be
considered through the following optimization problem:

max
W,Rd,Sd,ε

ε

subject to:
(6.11), (6.12), (6.13),
W11 − εI ≻ 0.

(6.16)

Other size criteria, such as the volume maximization or the maximization of the set in certain
directions can also be easily considered, see [Tarbouriech et al., 2011]. Note that problem (6.16)
is associated to a given partition of the interval [τm, τM ]. In order to find a suitable partition, an
algorithm can be found in [Denardi Huff et al., 2022b] is proposed, that ensures finite termination
and provides a solution if a quadratic Lyapunov function with exponential decreasing exists.

The LMI problem (6.16) can be easily adapted to design a feedback gain K that maximizes
the set E(W −1

11 , 1). It suffices to use the following change of variables:

Z = KW. (6.17)

As discussed in [Gomes da Silva Jr. and Tarbouriech, 2001] for the periodic sampling case, the
control law computed from (6.16), without any performance additional constraint, can lead to a
large region of stability, but will in general result in a very slow behaviour. Moreover, it is not
fair to demand the same performance level when the control is saturated, since the behaviour is in
open-loop in this case. Hence, an effective way of balancing performance and size of the region of
attraction is to force some performance constraint only when the system operates in the linearity
control region. For instance, we can add to (6.16) the following LMIs:[

γλW W AT (dj) + ZT BT (dj)
⋆ W

]
⪰ 0, ∀j ∈ NJ (6.18)

where 0 < γ < 1 is a parameter fixed a priori. Note that constraints (6.18) impose that V (xk+1) <

γV (xk) when the control is not saturated, i.e. it ensures an exponential decay convergence rate
for the operation of the system in the linearity region.
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Figure 6.2: Estimates of the region of attraction of the origin.

6.2.1.1 Example

Consider system (6.1)-(6.3) with the following matrices [Tarbouriech et al., 2011]:

Ap =
[

0 1
1 0

]
, Bp =

[
0
−5

]
, Kp =

[
2.6 1.4

]
, Ku =

[
0
]

,

with the interval of admissible intersampling times given by ∆ = [0.05, 0.1]. In this case, for
λ = 0.98 a feasible solution for the optimization problem (6.16) is obtained with a partition of ∆
in 30 sub-intervals (i.e. J = 30), leading to:

W −1 =

 0.2580 0.1012 −0.0204
0.1012 0.0868 −0.0019
−0.0204 −0.0019 0.0211

 , ε = 3.4785.

Considering now the stabilization problem described above with γ = 0.9 and the same values
for λ and J , we obtain

K =
[
1.13 0.94 0.008

]
. (6.19)

and the region of attraction estimate given by

W −1 =

 0.0612 0.0562 −0.0037
0.0562 0.0608 −0.0012
−0.0037 −0.0012 0.0127

 , ε = 8.60.

Figure 6.2 shows on the left the resulting estimates of the region of attraction of the origin.
The ellipsoid obtained with the designed K is indeed larger than the original one, as expected.
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For comparison purposes, the figure shows the estimate of the RAO obtained with the method
proposed in [Fiacchini and Gomes da Silva Jr., 2018] (denoted by [21] in the figure legend), which
corresponds to the sublevel set of a piecewise quadratic function, and with the looped-functional
approach proposed in [Seuret and Gomes da Silva Jr., 2012] (denoted by [9] in the figure legend),
which is an ellipsoidal domain. As it can be observed, the method proposed here resulted in a
larger domain for the same value of K.

6.3 Polyhedral sets
Consider now the continuous-time system (6.1) with aperiodic sampling and linear saturated sta-
bilizing state feedback at the time instants tk, with k ∈ N, given by

u(t) = sat(Kxp(tk)), ∀t ∈ [tk, tk+1), (6.20)

meaning that the feedback is function of the sampled state only, not of the previous value of the
input as for the method illustrated above.

Introducing, if necessary, the extended state x = [xT
p , uT ]T or simply x = xp, and denoting

xk = x(tk), it follows, from the analytical solution of (6.1) and considering (6.20), that the dynamics
between two successive sampling instants can be described by the following difference inclusion:

xk+1 ∈ {A(δ)xk + B(δ)sat(K(δ)xk) : δ ∈ ∆}
= {F(xk, δ) : δ ∈ ∆}
= F(xk, ∆) (6.21)

where ∆ = [τm, τM ] and the expression of A(δ), B(δ) and K(δ) would depend on the modelling
framework, as it will be illustrated afterward.

Given the general nonlinear difference inclusion (6.21), it can be defined the one-step set for
this system as follows.

Definition 6.3.1 Given Ω ⊆ Rn, the one-step set P (Ω) w.r.t. (6.21) is given by

P (Ω) = {x ∈ Rn : F(x, ∆) ⊆ Ω} .

Notice that P (Ω) is the set of all xk ∈ Rn such that xk+1 will belong to Ω for all possible
values of the intersampling time. The set Ω is an invariant set for (6.21) if and only if Ω ⊆ P (Ω)
[Blanchini and Miani, 2008]. Given an invariant C-set Ω0 for (6.21) that belongs to its RAO, the
increasing sequence of nested sets

Ωi+1 = P (Ωi), i ∈ N, (6.22)

gives approximations of increasing accuracy of the RAO of the discrete-time system (6.21), denoted
by Γd. Moreover, the one-step set can also be used to compute a decreasing sequence converging
to Γd from the outside.

The computation of such sets, though, is in general not possible in practice. In particular, P (Ω)
may be nonconvex even if Ω is a C-set because of the saturation function. The concepts of SNS (sat-
urated and nonsaturated) invariance and SNS RAO, originally presented in [Alamo et al., 2006],
are then used to obtain convex approximation of the one-step sets and thus inner estimation of the
RAO for the saturated aperiodically sampled system.
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6.3.0.1 SNS contractive sets

The SNS system that corresponds to (6.21) has, besides δ, an additional parameter S ∈ S =
2Nm which is related to the saturation function and indicates which components of this func-
tion are activated or not. Its interest lies in the fact that the SNS model is less conserva-
tive than classical polytopic embeddings of the saturation function [Alamo et al., 2006, Section
5],[Tarbouriech et al., 2011, Chapter 1].

Define satS : Rm → Rm as

satS(z) =
∑
i∈Sc

eiz(i) +
∑
i∈S

eisat(z(i)), (6.23)

where S ∈ S and Sc = Nm \ S. Define also

FSNS(xk, δ, S) = A(δ)xk + B(δ)satS(K(δ)xk)

The SNS system related to (6.21) is then given by

xk+1 ∈ FSNS(xk, ∆,S) = {FSNS(xk, δ, S) : δ ∈ ∆, S ∈ S}. (6.24)

Notice that the difference inclusion above takes into account all 2m possible combinations of satu-
rated/nonsaturated inputs given by S ∈ S = 2Nm simultaneously.

Definition 6.3.2 A SNS invariant (contractive) set for system (6.21) is an invariant (contractive)
set for (6.24). The SNS Region of Attraction of the Origin (SNS RAO) of system (6.21), denoted
by ΓSNS, is the RAO of (6.24).

The dynamics of (6.24) embeds the one of (6.21), i.e.

F(xk, ∆) ⊆ FSNS(xk, ∆,S),

therefore, ΓSNS ⊆ Γd. This fact will be exploited by the method presented here. Actually, to
obtain a numerical tractable procedure, the idea is to compute polyhedral estimates of Γd through
the computation of estimates of ΓSNS .

As in Definition 6.3.1, the one-step set related to (6.24) is given by

Q(Ω) = {x ∈ Rn : FSNS(x, ∆,S) ⊆ Ω} .

The relevant feature of the one-step set is that it is a convex inner approximation of the one-step
set for the original system (6.21) and then it can be used, analogously to (6.22), to design an
iterative procedure to compute SNS invariant approximations of the ROA:

Ωi+1 = Q(Ωi), i ∈ N. (6.25)

Starting for instance from an initial SNS invariant C-set, the sequence {Ωi}i∈N can be proved
to be an increasing sequence of nested convex SNS invariant sets converging to the SNS region of
attraction of the origin ΓSNS . Moreover, since ΓSNS ⊆ Γd, then the iteration provides a sequence
of inner approximations of the original saturated aperiodically sampled system.

Unfortunately, as discussed in [Fiacchini and Morărescu, 2016], even for the linear case un-
der aperiodic sampling, the one-step set Q(Ω) is in general not polyhedral even if Ω is a poly-
tope. This is due to the dependence of the discrete-time model (6.24) on an uncertain ma-
trix exponential term eAcδ, where the value of δ varies within an interval ∆. A common ap-
proach to deal with this term consists in obtaining convex embeddings for it, which can be
polytopic [Cloosterman et al., 2009, Lombardi et al., 2012] or norm-bounded ones [Fujioka, 2009,
Fujioka and Oishi, 2011, Kao and Fujioka, 2013].
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In order to obtain numerically tractable conditions for the stability analysis, it is convenient
to adopt a different strategy as in [Fiacchini and Morărescu, 2016, Denardi Huff et al., 2022b,
Denardi Huff et al., 2022a], which consists in considering the grid of the interval ∆ defined in
(6.8) and introducing

QJ (Ω) = {x ∈ Rn : FSNS(x, ∆J ,S) ⊆ Ω} (6.26)

for Ω ⊆ Rn and J ∈ N+. Notice that QJ (Ω) takes into account only the finite subset ∆J of
possible values for the intersampling time δk, leading to polytopic preimages for polytopic sets Ω.
So Q(Ω) ⊆ QJ (Ω) but these sets are different in general.

6.3.1 Outer approximations
Consider first the state x = xp leading to a discrete-time dynamics (6.21) with A(δ) = eApδ,
B(δ) =

∫ δ

0 eApsdsBp and K(δ) = K, as given in [Denardi Huff et al., 2022a]. Note that, differently
from the model used in the previous section, here the discrete-time system does not concern the
extended state formed by the plant state and the previous constant value of the input. Thus, no
discontinuity in the state occurs in this framework.

The proposed stability analysis method, leading to convex outer approximations of the SNS
ROA, convergent to it, can be divided in two steps. The first one consists in finding a contractive
polyhedral C-set Ω for the dynamics

xk+1 ∈ FSNS(xk, ∆J ,S) (6.27)

where ∆J as in (6.8) with J ∈ N. The map in (6.27) considers only a finite subset ∆J of the
interval ∆ and thus (6.27) is embedded by (6.24), i.e. FSNS(xk, ∆J ,S) ⊆ FSNS(xk, ∆,S).

The definition of one-step set for (6.27) is given below.

Definition 6.3.3 Given J ∈ N and Ω ⊆ Rn, the one-step set QJ (Ω) of Ω is

QJ (Ω) = {x ∈ Rn : FSNS(x, ∆J ,S) ⊆ Ω} . (6.28)

Then a C-set Ω is λ-contractive for (6.27) if Ω ⊆ QJ (λΩ). The following lemma, based on
results from [Alamo et al., 2006], provides a polyhedral characterization of QJ (Ω) when Ω is a
polyhedron.

Lemma 6.3.1 Let Ω be a polyhedron, where Ω = P(H, h) is its H-representation. Then

QJ (Ω) =
⋂

δ∈∆J

⋂
S∈S

{
x ∈ Rn : H

(
A(δ) +

∑
i∈Sc

B(i)(δ)K(i)

)
x−

∑
i∈S

|HB(i)(δ)| ≤ h
}

. (6.29)

The following theorem, inspired by [Blanchini, 1994, Theorem 3.1], introduces the recursion
used to find the maximal λ-contractive C-set for (6.27) in a given C-set Ω0. Unlike [Blanchini, 1994,
Theorem 3.1] though, valid only for linear systems, this result applies to the nonlinear case of SNS
systems.

Theorem 6.3.1 Given J ∈ N, consider the sequence of sets

Ωi+1 = QJ (λΩi) ∩ Ω0, ∀i ∈ N, (6.30)

where Ω0 is a polyhedral C-set and 0 < λ < 1. The following properties hold:
1. Ωi is a polyhedral C-set for all i ∈ N.
2. Ωi+1 ⊆ Ωi for all i ∈ N.
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3. If a λ-contractive C-set for (6.27) Ω′ ⊆ Ω0 exists, then

Ωλ,J =
⋂
i∈N

Ωi (6.31)

is the maximal λ-contractive C-set for (6.27) in Ω0.

In general, the set Ωλ,J might be not obtainable in a finite number of iterations by an algorithm
(and in general it is not polyhedral). In this case, though, it is proved in [Denardi Huff et al., 2022a]
that, under mild assumptions, for all λ∗ ∈ (λ, 1) there exists i∗ ∈ N such that the set Ω =
λ/λ∗Ωi∗ , obtained by iterating (6.30) a finite number i∗ of times, is a λ∗-contractive polyhedral
C-set for (6.27).

The second step of the method consists in verifying if the contractive set Ω found for (6.27) is
also contractive for the dynamics (6.24), which takes into account all possible values for δk ∈ ∆
and not only the finite set ∆J . If this is true, in fact, the set Ω is an estimate of the RAO of (6.21)
and, consequently, of the RAO of the closed-loop system (6.1)-(6.20).

Using the result [Denardi Huff et al., 2022a, Lemma 5], it follows that

FSNS(x, d + τ, S) =
[
A(d + τ) B(d + τ)

] [ x

satS(Kx)

]
=
([

A(d) B(d)
]

+ Φ(τ)eApd
[
Ap Bp

]) [ x

satS(Kx)

]
= FSNS(x, d, S) + Φ(τ) eApd

[
Ap Bp

]︸ ︷︷ ︸
=N(d)

[
x

satS(Kx)

]
. (6.32)

Defining the logarithmic norm of Ap associated with the 2-norm [Van Loan, 1977]: µ(Ap) =

σmax

(
Ap + AT

p

2

)
, that can be negative, the following theorem is posed.

Theorem 6.3.2 Consider J ∈ N and a λ∗-contractive polyhedral C-set Ω for the dynamics (6.27).
If the constant

c̄(Ω, J) = c1(J)c2c3(Ω)c4(Ω), (6.33)

where

c1(J) =

 eµ(Ap)τJ − 1
µ(Ap) if µ(Ap) ̸= 0

τJ if µ(Ap) = 0
(6.34)

c2 = max
(
eµ(Ap)τm , eµ(Ap)τM

)√
∥Ap∥2 + ∥Bp∥2 (6.35)

c3(Ω) = max
x∈Ω

∥∥∥∥[ I

K

]
x

∥∥∥∥ (6.36)

c4(Ω) = ΨΩ(B), B = {x ∈ Rn : ∥x∥ ≤ 1}, (6.37)

is such that
ν(Ω, J) = λ∗ + c̄(Ω, J) < 1, (6.38)

then Ω is ν(Ω, J)-contractive for the dynamics (6.24).

In practice, the theorem above provides a constructive condition for the polyhedron Ω contrac-
tive for (6.27) to be contractive also (6.24), although with different decreasing rate. An algorithm
is proposed in [Denardi Huff et al., 2022a] to obtain a ν(Ω, J)-contractive polyhedral C-set Ω for
(6.24), and can be therefore used as an estimate of the RAO of system (6.1) with control (6.20).
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6.3.2 Inner approximations
Consider now the extended state dynamics with feedback of the plant state only, that is the linear
saturated stabilizing state feedback, is

u(tk) = sat(Kpxp(t−
k )), ∀k ∈ N (6.39)

and the system, whose state is x = [xT
p , uT ]T , is given by given by (6.4) with (6.5) and Ku = 0.

Defining xk = x(t+
k ), the dynamics are given by (6.21) with A(δ) = AreAcδ, B(δ) = Br and

K(δ) = KeAcδ, in fact:

xk+1 ∈ {A(δ)xk + Brsat(K(δ)xk) : δ ∈ ∆} = {F(xk, δ) : δ ∈ ∆} = F(xk, ∆). (6.40)

Also in this framework, since ∥x(t)∥ ≤ maxδ∈[0,τM ] ∥eAcδ∥∥xk∥, for all t ∈ [tk, tk+1), then the
stability of the origin of the closed-loop system (6.4) is implied by the one of the discrete-time
system (6.40), see [Fiacchini and Gomes da Silva Jr., 2018]. Moreover, the RAO of (6.40) Γd,
coincides with the RAO of (6.4), denoted Γc, i.e. Γd = Γc.

To obtain estimates of the RAO of (6.40) through the computation of polyhedral estimates of
the SNS RAO, it is not possible, as explained before, to simply replace the operator Q(·) by QJ (·)
in the recursion (6.25) since QJ (·) does not take into account all possible values of δk. Suppose that
the number of partitions J of ∆ is high enough for QJ (·) to be a C-set (such technical conditions
are expressed in terms of J ≤ J∗ with J∗ given in [Denardi Huff et al., 2022]).

The objective is now to construct, in a numerically tractable way, an increasing sequence
{Ωi}i∈N of SNS λi-contractive polyhedral C-sets for (6.40) using an initial SNS λ0-contractive
polyhedral C-set Ω0. From the contractivity property, it follows that these sets are included in
ΓSNS ⊆ Γd = Γc, being therefore estimates of Γc.

In order to construct the sequence {Ωi}i∈N, the operator Q(Ω) in (6.25) will be replaced by
the set Q̂J (Ω) defined below in spite of by QJ (Ω), that would not ensure contractivity. The main
difference is that Q̂J (Ω) corresponds to an inner approximation of Q(Ω) while QJ (Ω) corresponds
to an outer approximation of Q(Ω). The set Q̂J (Ω) will be obtained by scaling down QJ (Ω).

Definition 6.3.4 Given the polyhedral C-set Ω ⊂ Rn, J ≥ J⋆ and the H-representation1 QJ (Ω) =
P(H, 1), H ∈ Rnh×n,

βJ (Ω) = inf
T,β

β s.t.


HAc = T H

T 1 ≤ β1
T(i,j) ⪰ 0, ∀i ̸= j

(6.41)

αJ (Ω) = max{1, eβJ (Ω)τJ } (6.42)

Q̂J (Ω) =QJ (Ω)/αJ (Ω) (6.43)

where T ∈ Rnh×nh , β ∈ R, Ac is defined in (6.5) and τJ in (6.8).

It can be proved, see [Denardi Huff et al., 2022], that the constraints in (6.41) are feasible for
some β ∈ R, possibly greater than one, if and only if the polyhedral C-set QJ (Ω) = P(H, 1) is
β-invariant for ẋ(t) = Acx(t), that means contractive for the linear continuous-time system with
contraction β possibly greater than 1. Then, βJ (Ω) is the smallest number β such that QJ (Ω) is
β-invariant for this system.

1QJ (Ω) is a polyhedral C-set under mild assumptions and it can be assumed without loss of generality

that h = 1 since 0 ∈ int
(

QJ (Ω)
)

.
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The theorem below, proved in [Denardi Huff et al., 2022], guarantees that the the inclusion

Q̂J (Ω) = QJ (Ω)/αJ (Ω) ⊆ Q(Ω)

holds. The motivation for choosing the scale factor αJ (Ω) is clear from the proof of this theorem,
see the paper cited above. The number αJ (Ω) is related to the possible expansion of the set Q̂J (Ω)
along the trajectories of continuous-time system in a time interval [0, τ ] ⊆ [0, τJ ].

Theorem 6.3.3 Given a polyhedral C-set Ω ⊂ Rn and J ≥ J⋆, it follows that

Q̂J (Ω) ⊆ Q(Ω) (6.44)

As recalled earlier, the conditions on the parameter J∗ ensuring the preimage to be polyhedral
are given in the paper.

The second result on which the iterative procedure is based, is the fact that for J big enough,
the preimage QJ (Ω) contains Ω in its interior, provided the set Ω is an SNS contractive set, see
[Denardi Huff et al., 2022].

Theorem 6.3.4 Given a SNS contractive polyhedral C-set Ω ⊂ Rn for (6.40), there exists J̄ ∈
N, J̄ ≥ J⋆, such that

Ω ⊂ int
(

Q̂J (Ω)
)

, ∀J ≥ J̄ (6.45)

Figure 6.3 presents a geometrical interpretation of Theorems 6.3.3 and 6.3.4. As the value of J

increases, the set Q̂J (Ω) converges to Q(Ω) from the inside, while QJ (Ω) converges to Q(Ω) from
the outside. Therefore, for J sufficiently large, Ω ⊂ int

(
Q̂J (Ω)

)
holds, that is the condition for

QJ (Ω) to be an SNS invariant provided Ω is it too, see Figure 6.3, right. The complexity of sets
QJ (Ω) and Q̂J (Ω), though, increases in principle as J grows, as reasonable.

Figure 6.3: Illustration of the relation between the sets Q̂J(Ω), QJ(Ω) and Q(Ω).

The properties above are used in Algorithm 5, which applies them recursively to provide an
increasing sequence of estimates of the (SNS) RAO of the saturated aperiodically sampled system.
The MPT toolbox [Herceg et al., 2013], which has functions to manipulate polyhedral sets, can
be used. The initial SNS contractive polyhedral C-set Ω0 ⊂ Rn for (6.40) can be obtained by
computing a contractive set for the linear aperiodic-sampled system using the method proposed
in [Fiacchini and Morărescu, 2016] and the region of linearity L = {x ∈ Rn : K(δ)x ∈ U , ∀δ ∈ ∆}
of (6.40).
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Algorithm 5 Increasing sequence of estimates of ΓSNS ⊆ Γc

Input: Initial SNS contractive polyhedral C-set Ω0 ⊂ Rn for (6.40), ī ∈ N, J0 ≥ J⋆

i← 0, J ← J0
while i < ī do

Compute Q̂J(Ωi) according to Definition 6.3.4
if

Ωi ⊂ int
(

Q̂J(Ωi)
)

(6.46)

then

Ωi+1 = Q̂J(Ωi), Ji+1 = J (6.47)

i← i + 1
Increment J

Output: Estimate of the RAO: Ωī

Algorithm 5, detailed in [Denardi Huff et al., 2022], generates a sequence {Ωi}ī
i=0 of polyhedral

C-sets and a corresponding strictly increasing sequence of integers {Ji}ī
i=1 that satisfy for all i:

Ωi+1 ⊆ Q(Ωi) (from (6.47) and Theorem 6.3.3)

Ωi ⊂ int
(

Ωi+1

)
(from (6.46) and (6.47))

Ωi+1 is SNS λi+1- contractive for (6.40) (from (6.46) and (6.47)) (6.48a)
Ωi+1 ⊆ ΓSNS ⊆ Γc (from (6.48a))

Ωi+1 = Q̂Ji+1 (Ωi) (from (6.47))

Theorem 6.3.4 guarantees that the test (6.46) will eventually be true since J is always in-
cremented, thus the algorithm has a finite execution time. Moreover, the estimate Ωī of the
RAO is related to x0 = [xp(0)T , u(0)T ]T but xp(0) and u(0) are actually coupled by the re-
lation u(0) = sat(Kpxp(0)). Hence, considering the H-representation Ωī = P(H, h) = {x ∈
Rn : Hx ≤ h}, the “safe” set of plant initial states corresponds to the union of 3m polytopes
[Gomes da Silva Jr. and Tarbouriech, 1999]:

Ωī,xp
=
{

xp ∈ Rnp : H

[
xp

sat(Kpxp)

]
≤ h

}
. (6.49)

Notice that the bigger ī is, the bigger will be the estimate Ωī,xp
of the RAO of the sys-

tem. However, the polytopes Ωi computed by Algorithm 5 tend to become more complex at
each iteration. Then, the execution time of the computer code also grows at each iteration and,
in practice, the maximum number of iterations ī cannot be arbitrarily large. The method of
[Denardi Huff et al., 2022a], providing outer estimates and illustrated in the previous section, has
a similar problem. The main difference between these two approaches is that the output approxi-
mation method, see details in [Denardi Huff et al., 2022a], will only provide a valid estimate of the
RAO upon termination of the algorithm, while the inner approximation method proposed here and
in [Denardi Huff et al., 2022] provides, at each iteration of Algorithm 5, a new valid contractive es-
timate Ωi,xp of the RAO which contains the preceding one Ωi−1,xp . The numerical examples given
below presents a case where the execution of the algorithm based on outer estimations becomes
prohibitively complex before its stopping criterion is reached, then failing to provide an estimate
of the RAO. On the other hand, the application of Algorithm 5 is successful, even if ī is relatively
small.

Finally, in [Denardi Huff et al., 2022] it is proved that, under mild assumptions on boundedness
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of ΓSNS , the sequence of inner estimations converges to the SNS RAO and, then, provides increasing
estmimation also of the RAO for the original system.

Figure 6.4: Estimates of the RAO of (6.1)-(6.20) given by the proposed approach (black-
continuous) and by the methods proposed in [Seuret and Gomes da Silva Jr., 2012]
(black-dotted), [Fiacchini and Gomes da Silva Jr., 2018] (red-dotted) and
[Denardi Huff et al., 2022b] (blue-dashed).

6.3.2.1 Example

Consider the system taken from [Fiacchini and Gomes da Silva Jr., 2018], where:

Ap =
[

0 1
1 0

]
, Bp =

[
0
−5

]
, K =

[
2.6 1.4

]
, ∆ = [0.05, 0.1].

The method based on outer approximations is applied. Choosing λ = 0.98 and λ∗ = 0.99
and considering as initial set Ω0 a square of size 20 centred at the origin, the algorithm gives, for
J = 140, the polytope Ω35 displayed in Figure 6.4, which is an estimate of the RAO of (6.1)-(6.20).
In this case, the contractivity factor of Ω35 is given by ν(Ω35, 140) ∼= 0.999 < 1. For comparison
purposes, the figure also shows the piecewise quadratic estimate obtained with the conditions pro-
posed in [Fiacchini and Gomes da Silva Jr., 2018] and the ellipsoidal estimates obtained through
the methods presented in [Seuret and Gomes da Silva Jr., 2012] and [Denardi Huff et al., 2022b].
The approach presented here results in an estimate of the RAO that includes the other ones.

6.3.2.2 Example

Consider the three-dimensional system (6.1)-(6.20) with:

Ap =

0.75 0.35 1.75
0.7 0 0.7
0.75 −1.1 1.75

, Bp =

0.7
0

0.7

,

K =
[
−24.82 − 22.85 11.13

]
, ∆ = [0.1, 0.2].

Choosing λ = 0.8 and λ∗ = 0.95 and considering as initial set Ω0 a square with side of size 20
centred at the origin, the outer approximations algorithm leads, for J = 100, to the polytope Ω12

displayed in Figure 6.5, where ν(Ω12, 100) ∼= 0.99 < 1.
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Figure 6.5: Estimate of the RAO of (6.1)-(6.20) given by the outer approximations ap-
proach.

6.3.2.3 Example

Consider the system taken from [Seuret and Gomes da Silva Jr., 2012], where ∆ = [0.5, 2] and

Ap =
[

1.1 −0.6
0.5 −1

]
, Bp =

[
1
1

]
, Kp = [−1.7491, 0.5417]. (6.50)

The inner approximation approach is applied. The initial set Ω0 required by Algorithm 5 was
obtained using the method in [Fiacchini and Morărescu, 2016] and, at each iteration, the value of
J is incremented using the rule J ← ⌈1.05J⌉, where ⌈c⌉ is the smallest integer greater than or
equal to c. Considering J0 = 20 and ī = 9, Figure 6.6 shows the increasing sequence {Ωi,xp}ī

i=0

of estimates of the RAO, computed from {Ωi}ī
i=0 according to (6.49). For ease of viewing we

performed in the plot the transformation of coordinates zp = T xp, where matrix T corresponds
to a contraction in the direction of [cos(72◦) sin(72◦)]T by a factor of 20. Notice that Ω6,xp is
considerably close to the last 3 sets of the sequence. However, its complexity is significantly smaller,
since the H-representation of Ω6 has 154 hyperplanes, while the one of Ω9 has 302 hyperplanes,
which shows the trade-off between number of iterations and complexity.

In Figure 6.7, the estimate Ωī,xp
of the RAO is compared to other ones from the literature. The

piecewise quadratic estimate obtained with the method in [Fiacchini and Gomes da Silva Jr., 2018]
and the ellipsoidal estimate obtained with the one from [Denardi Huff et al., 2022b] are depicted.
The inner approximation approach resulted in an estimate of the RAO that includes these other
two. On the other hand, it was not possible to obtain a valid estimate using the method in
[Seuret and Gomes da Silva Jr., 2012] since the corresponding matrix inequalities are not feasible
for this example. Moreover, the stop criterion of the algorithm given in [Denardi Huff et al., 2022a]
was not satisfied after nearly 3 days of execution on a computer with a Intel® CoreTM i7 pro-
cessor, i.e. it was not possible to obtain a valid estimate of the RAO using the method in
[Denardi Huff et al., 2022a] either.

An approximation of the RAO is shown in Figure 6.7 through black circles, where, for each
point of a grid of the state space, 2000 trajectories of the closed-loop system starting at it were
simulated, considering {δk}k∈N to be a sequence of independent, identically distributed (i.i.d.)
random variables with uniform distribution on the interval ∆. As it can be seen, the proposed
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Figure 6.6: Sequence {Ωi,xp
}9

i=0, where Ω5,xp
is in red.

approach provided a considerably accurate estimate of the RAO (specially if compared to the
methods of [Denardi Huff et al., 2022a, Fiacchini and Gomes da Silva Jr., 2018]).

Figure 6.7: Estimates of the RAO of (6.50) obtained with the proposed approach (filled
in green) and with the methods of [Denardi Huff et al., 2022b] (blue-dashed line) and
[Fiacchini and Gomes da Silva Jr., 2018] (red-dotted line). A numerically evaluated ap-
proximation of the RAO is depicted by black circles.

Figure 6.8 shows several continuous-time trajectories of system (6.50) with xp(0) ∈ ∂Ωī,xp
and

δk randomly chosen in the interval ∆. Notice that the set Ωī,xp
is not invariant for the continuous-



100 Chapter 6. Aperiodic sampled-data systems

time system. It is only invariant with respect to the discrete-time trajectory {xp(tk)}k∈N that
models the behavior of xp(t) at the sampling instants tk, represented in the figure by black circles.
Nevertheless, it is ensured that for all initial conditions in Ωī,xp

the corresponding continuous-time
trajectories converge to the origin. Figure 6.8 also shows the division of Ωī,xp

in 3m = 3 polytopes.
Notice that, even if Ωī is convex, Ωī,xp

is not convex in general.

Figure 6.8: Trajectories starting at the boundary of Ωī,xp
.

6.4 Conclusions
This chapter presented some results on stability analysis, control design and region of attraction
estimation for linear systems subject to aperiodic sampling and input saturation, two of the most
widely diffused phenomena affecting dynamical systems interacting with digital devices. Different
approaches have been employed that share, though, common tools, specifically convex optimiza-
tion and set-theoretic and invariance methods, and aiming at analogous results, concerning their
practical applicability.

Approaches based on quadratic Lyapunov functions and ellipsoidal invariant sets led to convex
conditions in form of LMI that can be employed for control design, besides stability analysis, but
at the price of some conservatism in the obtained estimations of the region of the attraction of the
origin. Less conservative, but computationally more involved approaches are also presented, high-
lighting the unavoidable trade-off between complexity on one side and precision and performance
on the other.
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The research activity I have been developing in the last few years presents a fundamental
continuity with my long-lasting research topics but also relevant novel directions, both on the
theoretical methods and on the application approaches. If on one hand several theoretical con-
tributions strongly resort on set theory, invariance and optimization-based methods for control,
that have been the main underlying topics of my research since my PhD, on the other I have been
interested on the essential problems of application and applicability of control techniques to real
world practical problems. Although of course the two research topics are by no means disjointed,
being in practice both present in most of my recent research production, two points of view on my
recent research can be highlighted.

• Regarding the first class of topics, set-theoretic methods refer to those techniques concerning
properties shared by all the elements of sets of the state space. A particularly important
example in the field of dynamical systems and control design involving set-theoretic methods
is represented by invariance. An invariant set, for a given dynamical system, is a region
of the state space such that the trajectory generated by the system remains confined in
the set if the initial condition lies within it, see [Blanchini and Miani, 2008]. The concept
of invariance has become fundamental for the analysis and design of control systems, in
particular in presence of constraints and for optimization-based control, like model predictive
strategies. Many of the theoretical results obtained, concerning for instance stability and
stabilizability of saturated, aperiodically sampled and switched systems, and also model
predictive control, strongly rely on set theory and invariance for dynamical systems, often
providing an alternative point of view on the treated problems.

• Concerning the second line, I have been recently focusing both on the theoretical aspects
and practical application issues of phenomena that might affect the real implementation of
control. I considered for instance the problems of aperiodic sampling and of saturation, the
often unavoidable presence of uncertainties and perturbations, but also the potential oppor-
tunities offered by the efficient numerical tools nowadays available to deal with real-world
control problems. On this line, I have been directing part of my research effort to solutions
resorting on data-based modelling approaches, in particular for industrial and biological
systems, and on machine learning and non-convex optimization tools for identification and
control. I have also been directing part of my research to the theoretical analysis of systems
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affected by stochastic uncertainties and perturbation, that is a modelling framework often
more adequate to represent the real systems variability.

The main lines of my future research follow, in one sense, the research direction of the new
GIPSA-lab research team MODUS, that has been created in January 2020 and I am directing.
In a context where the theory for modelling, estimating, analysing, and controlling dynamical
systems have reached a certain maturity for the cases of well-defined and deterministic models, it
is important to focus on the effects of partial lack of exact knowledge and of the uncertainties on this
theory. Uncertainties on the data, on the operation environments, or on the models themselves are
often unavoidable when dealing with real systems. These uncertainties must therefore be considered
to provide results that might conjugate the strong theoretical properties of control theory with the
practical applicability requirements necessary when dealing with the real world.

For this, my current and future research should aim at employing and developing novel control
and modelling methods, based for instance on optimal and predictive control; stochastic invariance
and MPC; data-based control; machine learning for classification and regression, to manage the
lack of knowledge and the uncertainties. This approach should permit to apply the theoretical
results on control to real systems and then maintain and even strengthen the tight collaborations
with the industrial and institutional partners on multidisciplinary projects.

7.1 Stochastic systems
Possible research lines, related to the effort for taking into account the effects of the unavoidable
uncertainties on the modelling and then control of dynamical systems, are concerned with the
stochastic nature of real world systems.

7.1.1 Stochastic invariance and MPC
Model Predictive Control is nowadays a mature control technique whose popularity mostly re-
lies on its capability for dealing with constraints and for ensuring performance optimization and
on its suitability for practical application, by guaranteeing, at the same time, desirable stability
properties. The inherent importance on the control implementation led to focus on the effects of
model uncertainties, disturbances and noises on the control performances and stability, yielding to
robust formulations of MPC. If in the beginning many of the researchers efforts have been devoted
to the robust formulation under worst-case assumptions on the uncertainties, last years witness a
shift of the interest to stochastic MPC (SMPC), [Farina et al., 2016, Mesbah, 2016, Mayne, 2018].
SMPC, in fact, permits to take into account the stochastic nature of the uncertainties, exploiting
the knowledge of their distribution, and to deal with probabilistic chance constraints, reducing
the conservatism inherent to robust MPC. Stochastic MPC found application in building climate
regulation, process control, power production and management, vehicle power and steering control,
robot path planning, etc, see [Farina et al., 2016] and references therein.

In many of the works concerning the stability analysis of SMPC, however, the stochastic distur-
bance is modelled by an independent, identically distributed sequence of random variables. This
is the case, for instance, for the methods based on stochastic tube MPC, [Cannon et al., 2011,
Hewing and Zeilinger, 2018], SMPC for controlling the average number of constraints violation
[Korda et al., 2014a] and probabilistic MPC [Farina et al., 2015]. The assumption of independence
in time, and thus uncorrelation, between disturbances, though, is in general unrealistic.

Moreover, different approaches have been appearing in the recent years to formulate adapted
definitions of recursive feasibility for the stochastic MPC framework, since the direct extension
of definitions and methods, proper of the deterministic and robust frameworks, seems to lead to
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novel conceptual problems. Indeed, the effects of potentially unbounded disturbances pose sub-
stantial issues on the fundamental underlying assumption on which recursive feasibility and MPC
convergence are based, that is the fact that an optimal solution defines a feasible solution at
future instants. This is no more the case, in general, when disturbances with unbounded sup-
port, with normal distribution for instance, are considered. Although different approaches are
present in the literature, for instance those based on boundedness assumption and robust ap-
proaches [Kouvaritakis et al., 2010, Kouvaritakis and Cannon, 2016] and those ensuring properties
conditioned to the initial measures [Rawlings et al., 2017, Farina et al., 2016, Farina et al., 2013,
Hewing and Zeilinger, 2018, Hewing et al., 2020], the formulation of an appropriate concept of re-
cursive feasibility and the determination of conditions for guaranteeing it are still open problems.

• A first research line should consider first stochastic systems excited by disturbances whose
realizations are correlated in time. Only bounds on the mean and the correlation matrices
should be required to be known, even stationarity might by not necessary. Based on re-
cent results on the probabilistic reachable and invariance sets for correlated disturbances,
see [Fiacchini and Alamo, 2020], a novel formulation of probabilistic recursive feasibility for
MPC, adequate to the stochastic framework, is aimed. Moreover, recent works are appear-
ing that witness the relevance of the problem, as those based on probabilistic validation
[Mammarella et al., 2020] and learning methods [Karg et al., 2021]. The formulation of con-
structive and computationally tractable conditions for ensuring it and for proving conver-
gence of the resulting SMPC is a first objective. Furthermore this line should lead to the
formulation and characterization of novel concepts of probabilistic recursive feasibility and
convergence in distribution for stochastic MPC that might overcome the inherent limitations
of the feasibility and convergence properties inherited from robust MPC and currently em-
ployed in the recent literature on the subject, often resorting on the conditional probabilities
with respect to the initial state.

• A second research subject related to SMPC concerns novel characterizations and computa-
tional methods of invariant sets for systems affected by stochastic uncertainties. Although
some work recently appear on this topic, for instance [Kofman et al., 2012, Hewing et al., 2018,
Hewing and Zeilinger, 2019] besides [Fiacchini and Alamo, 2020], the problem of providing
an efficient way of computing probabilistic invariant and reachable sets based on the mea-
sured data or under more realistic assumptions on the stochastic processes involved is still
open. Assumptions on the stochastic disturbance, indeed, are often supposed to hold to
obtain probabilistic guarantees, for instance on the process stationarity, on time uncorre-
lation or on, at least partial, knowledge on the process parameters. When dealing with
real systems, though, it is not always possible to asses those assumptions fulfilment. Data-
based methods for the design of invariant and reachable sets might deserve to be investi-
gated. On this topic, probabilistic validation approaches based on randomized algorithm
[Alamo et al., 2009b, Cal, 2011, Tempo et al., 2013, Alamo et al., 2015] and machine learn-
ing tools [Marsland, 2011, Géron, 2019] could be used to compute invariant sets estimates
and to obtain probabilistic guarantees of invariance of the computed sets.

7.1.2 Stochastic switched systems
Recently I have started working at the problem of analysis of switched systems affected by stochas-
tic additive uncertainties, in collaboration with T. Alamo from the University of Seville.
Related to the necessity of representing the natural complexity of the real world dynamics, in
fact, the presence of stochastic uncertainties on the model parameters and disturbances affect-
ing the systems has recently attracted the interest of the automatic control community, see
for instance [Chatterjee and Liberzon, 2006, Colaneri, 2009, Feng et al., 2011, Zamani et al., 2015,
Lavaei et al., 2020].
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The presence of additive uncertainties led, in the general case of linear systems, to the problem
of covariance control. Covariance control has been addressed in the literature since the 80s, see
[Collins and Skelton, 1987, Hsieh and Skelton, 1990], and regards the design of controllers such
that the covariance matrix of the state of linear systems affected by additive stochastic noises
are steered to the desired matricial value. Few works, though, concern the covariance control for
switched systems, a notable exception being [Klett et al., 2020], that considers systems driven by
arbitrary switching sequences, leading then to robust covariance bounds.
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Figure 7.1: Left: Sequences of covariance ellipsoids, of inner and outer ellipsoidal bounds
and sets of 500 random points. Right: limiting ellipsoids and sets of 500 random points
sampled.

This research line concerns the problem of covariance control for discrete-time switched sys-
tems under a stabilizing switching law. The practical interest of the problem lies on the ability of
modelling, for instance, the covariance control for multi-sensor systems, whose state estimation evo-
lution depends on the discrete selection of the sensors, see for instance [Kalandros, 2002]. The aim
is, then, to determine upper and lower bounds of the covariance matrices and the limiting covariance
matrix under a stabilizing switching sequence, to infer the stochastic evolution of the controlled
state. Preliminary results appear recently in [Fiacchini and Alamo, 2022], in which a given stabi-
lizing switched sequence is considered. Figure 7.1, taken from [Fiacchini and Alamo, 2022], shows,
on the left, the evolution of inner and outer bounds of ellipsoids generated by time-varying bounds
of the covariance matrices and the limiting ellipsoids given by the cyclic limit of the covariance,
with the evolution and limits of randomly generated points.

These preliminary results should be further developed to design switching control strategies
that allow to optimize measures of the evolution of the covariance of the states, and also to enforce
probabilistic guarantees of constraints satisfaction analogous to those present in the stochastic
MPC framework. Moreover, in terms of probability, convergence in distribution of the state might
be formally analysed and possibly used to provide probabilistic characterization of the controlled
state evolution.

7.1.3 Stochastic aperiodic sampling
The main issue this research line would be addressed to concerns the characterization of the theoret-
ical features as well as the practical aspects related to dynamical systems affected by aperiodicity
in the sampling and saturations on the actuators. This class of systems received a growing at-
tention in the last years, as a particular subclass of the called Cyber-Physical Systems (CPSs),
[Khaitan and McCalley, 2015]. My recent research on this topic aimed at providing constructive
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conditions to ensure the stability of the closed loop, to be eventually used to design appropri-
ate control laws for dealing with the presence of aperiodic sampling and saturations, under the
assumption of unknown but bounded sampling intervals.

Figure 7.2: Erlang distributions.

The same problem of aperiodic sampling of lin-
ear systems affected by saturated input has been
recently considered also under a different assump-
tion on the sampling interval. A common fea-
ture of the aforementioned references is that they
consider a non-stochastic framework, where hard
bounds are given for the time-varying sampling in-
terval. However, taking into account that this as-
sumption may not be realistic, some recent works
have addressed the stability analysis and stabiliza-
tion of linear sampled-data systems subject to a
random sampling interval, where the corresponding
distribution function has possibly unbounded sup-
port. The sampling interval sequence is often con-
sidered, in particular, as a Poisson process. On this
topic, we have proved that, by considering the in-
put as a feedback law of both the measured state
and also the previously applied input value, the stabilization condition of linear systems (with
no saturation) is equivalent to a convex condition expressible in LMI form. Thus, the LMI con-
dition is non-conservative and exactly characterizes the problem of designing a control feedback
that stabilizes a linear system under Poisson sampling process. These results are presented in
[Denardi Huff et al., 2022].

• The first objective of this research line is to consider more general classes of non-linearity in
the closed loop and more generic random sampling processes. It seems possible, in fact, that
the results holding for sampling period modelled by a Poisson process and presence of input
saturation can be extended, for instance for Erlang processes, see Figure 7.2, and generic
sector conditions-based nonlinearities. Furthermore, it seems possible to consider also the
presence of a probabilistic dropout phenomenon preventing the control update with a given
probability distribution. This research line has already been started in collaboration with
J.M. Gomes da Silva Jr. and D. Denardi Huff.

• Another scientific objective would concern recent results on stability of observers for linear
systems under sporadic measurements by F. Ferrante currently at University of Perugia, see
[Ferrante et al., 2016]. Those results, recently applied also in the context of output regula-
tion for linear systems under sporadic measurements [Basu et al., 2022], resort to properties
of aperiodic sampling in linear systems, as the observation error dynamics presents spo-
radic reset due to the measurements update. The underlining assumptions on the sporadic
measurements, though, implicitly consider the update interval to be unknown but bounded
within a known time interval, as for the framework treated so far in my research on this topic.
The more natural assumption of stochastic nature of the measurement intervals might be
considered and the stability analysis could be carried on in this framework, both for state
observer and output regulation in presence of sporadic measurements. This line, already
started together with F. Ferrante and H. Basu, a post-doctoral researcher currently at
GIPSA-lab under my direction, might be inspected to get results also for the stochastic case
and with the additional presence of further nonlinearity in the loop.



106 Chapter 7. Conclusions and Perspectives

7.2 Control and learning applications
Regarding the effort of applying analysis and control design for real systems, some projects are going
to be addressed, whose main challenges are listed hereafter. On these application-oriented research,
a central role will be played by the synergy between dynamical systems theory and machine learning
tools, that already proved its efficiency when dealing with data-based and uncertain models issued
from the real world.

7.2.1 Anesthesia monitoring
During general anesthesia, one of the anesthesiologist’s tasks is to continuously regulate intravenous
drug rates to set hypnotic and analgesic levels to desired values while maintaining hemodynamic and
respiratory variables stable. Since the development of fast-acting intravenous drugs like Propofol
and Remifentanil combined with reliable hypnotic indicators based on EEG signals like Bispectral
Index (BIS), many models have been proposed to predict the influence of the drugs on the patient’s
physiological state [Marsh et al., 1991, Schnider et al., 1999, Minto et al., 1997, Jaap et al., 2020,
Copot, 2020].

The development of such models is supported by the idea of helping the practitioner to better
dose the drugs with the final objective to improve patient recovery. Currently, the standard practice
of anesthesia includes the use of Target-Control-Input (TCI) pumps to inject hypnotic and analgesic
drugs [Struys et al., 2020]. With this device, the anesthesiologist selects the desired effect-site drug
concentration (Ce) for each drug, and the TCI sets, in an open-loop manner, a drug rate to reach
the terget value of Ce according to a given model. Then the loop is closed by the anesthesiologist to
obtain the desired levels of hypnosis and analgesia. While TCI has already improved the practice
of anesthesia, some researchers are interested in closing the control loop to fully automate the drug
dosage. Up to now, studies have shown the advantage of closed-loop control for anesthesia drugs
[Brogi et al., 2017, Pasin et al., 2017], but research is still active on the development of an optimal
and reliable control method [Loeb and Cannesson, 2017].

Several open problems deserve to be addressed to assist the anesthesiologist and improve the
anesthesia process safety.

• One of the main sources of complexity in these research fields is the uncertainty affecting
the models used to describe the influence of drugs on vital signals. In fact, the inter- and
intra-patient variability of the physiological effects along with the exogenous disturbances
coming from the surgeon’s actions make difficult the task of predicting drug influences. As
a consequence standard models may not always be capable to accurately reproduce the
measured data.
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Figure 7.3: Left: BIS prediction comparison of Eleveld model and SVR one. Right: BIS
surface response of a reference individual from SVR.

Drugs models are usually composed by two elements: Pharmacokinetic (PK) and Pharma-
codynamic (PD). PK models describe the dynamics of drug concentrations in the patient’s
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body, and are used by TCI devices. PD models describe the link between plasma drug
concentrations and a given physiological effect. In the most used models, PK is described
by a multi-compartments system while PD is represented as a Hill-curve function that can
take into account interactions between drugs. In practice, due to the lack of direct mea-
surements of drug concentrations, it might be impossible to identify at the same time the
parameters of both the dynamic model (PK) and the output function (PD). Several studies
have been conducted in order to link the patient personal data (age, height, weight, sex) to
the model parameters, the most popular being [Marsh et al., 1991, Schnider et al., 1999] for
Propofol and [Minto et al., 1997] for Remifentanil. More recently, two more studies appear
[Eleveld et al., 2018, Eleveld et al., 2017] based on wider databases, that can be considered
as the new state of the art on the subject.

Furthermore, an additional complexity of the modelling process is the interactions and syn-
ergies between the different drugs. It is in fact known by the practitioners that, for instance,
the analgesic drug Remifentanil has an effect on the hypnosis level, that is directly controlled
through the regulation of the hypnotic drug perfusion rate, Propofol in most cases. More-
over, there is a reciprocal interaction between the hemodynamics state and drugs and the
hypnosis evolution. For instance, the variation on the blood pressure and cardiac output
affect the diffusion rates between different compartments and the clearance rate and then
the effects and evolution of the Propofol drug concentration. On the other hand, a depressive
side-effect of Propofol on the hemodynamics parameters is observable.

Thus, from the dynamical systems point of view, although the compartmental structure
might be considered well-assessed, the models must unavoidably take into account the pa-
rameter uncertainty and the drugs and systems interactions. This inherent complexity due
to variability and dynamical systems interaction pose a non-trivial problem of identification,
whose complexity is increased by the almost total absence of available measurement of the
involved state, namely of the drugs concentrations in the different compartments. From
the modelling point of view, then, the problem would result to be analogous to the issue of
identifying the model and estimating the state simultaneously, based on an assessed model
structure. This is the reason why the most popular dynamical models, used also in the TCI
devices for inferring the drugs concentrations, might fail to properly reproduce the input-
output dynamical relation between the drugs perfusion rates and the observed evolution of
the patient physiological signals. On the other hand, rich databases are available providing
plenty of records of data series of those physiological signals, as the BIS, the Mean Arte-
rial Pressure (MAP), the Hearth Rate (HR), and others, as well as the drugs concentration
estimations computed and the drug perfusion rates generated by the TCI.

Therefore, the available data might be used to better fit models, potentially depending
on further parameters such as the hemodynamical signals, for instance, to implicitly take
into account the different physiological systems interactions. Moreover, this would allow
to design methods for online tuning them based on the measured signals. On this topic,
machine learning techniques are precious tools to infer the functional relation between the
several measured output signals, the drug infusion inputs and the estimated concentrations
to tune a structured data-based model, capable to better explain and predict the patient
state evolution and then be used to control the anesthesia levels. Preliminary promising
results have already been obtained, in the framework of DAMon project, and submitted to
international conferences. A hint on the results of the proposed data-based modelling is
given by Figure 7.3, where the prediction precision of a mixed dynamical/learning model
is compared to the established model, on the left, and the interaction surface of the joint
Propofol/Remifentanil effect on the BIS evolution is shown, on the right.

• Another important issue that deserves to be addressed regards the detection and, if possible,
the prediction and compensation of undesirable effects on the hypnosis due to exogenous
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Figure 7.4: Evolution: of the Propofol and Remifentanil infusion rates (top); of BIS signal
(middle); and MAP and hearth rate (bottom).

causes. If on one side, in fact, the PK/PD model allows to represent the dynamical relation
between the drug perfusion rates and the physiological effects on the patients, specifically
those involved in the hypnosis, other causes affect them. The actions of the surgeon, for in-
stance, or undesirable phenomena, as allergic reactions, bleeding and hypo-tension, generate
perturbations on the physiological signals such as the BIS and the MAP. A critical task of
the anesthesiologist is to detect those artifacts of the measurement signals to then identify
the potential cause and, if necessary, react to compensate the undesired consequences on the
patient state. For example, as illustrated in Figure 7.4 by real surgical data, the evolution
of the BIS and the MAP between the minutes 120 and 150 cannot be explained by the drug
infusion rates, they must be due to other external causes that should be identified. More-
over, other signals can be employed for detection purposes, like the end-tidal capnography
ETCO2 (that measures the concentration of carbon dioxide in the patient respiration) and
the oxygen saturation, often available in modern surgery.

Figure 7.5: Events detection and classification scheme.

Recently, works are appearing on detecting anomalies during surgery in order to preserve the
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vigilance of anesthetists on potential critical events [Jove et al., 2019, Maciąg et al., 2022],
witnessing the relevance of the problem. Also on our side, the anesthesiologists of CHUGA,
Grenoble, with whom we are collaborating, express the interest on the exogenous perturba-
tions detection and classification. The task could be addressed by resorting the data-based
model to obtain accurate estimation of the concentrations and thus of the expected output
values, to be compared with the measured signals. The difference between the model-based
estimations and the measurements can then be used as features to infer whether something
is occurring that is not explainable by the drug concentration dynamics and therefore clas-
sify the potential cause, see Figure 7.5. The final objective is to design a numerical alarm
generator able to discriminate the normal observed evolution from the effects of exogenous
causes and then classify them, to assist the anesthesiologist during the surgery operation,
see an example in Figure 7.6.

Figure 7.6: Events detection example.

7.2.2 Anode effect predictor for aluminium production
The electrochemical reaction of aluminium production, occurring in the pot cell, can be written in
a global way as [Thonstad et al., 2001]:

2Al2O3 + 3C→ 4Al + 3CO2.

The carbon is that of the anodes, which explains their consumption. Alumina, Al2O3 in the
stoichiometric formula, is the raw material dissolved in the bath and consumed by the reaction.
Obviously, for this reaction to take place, alumina must be present in sufficient quantity in the
cryolith bath which acts as the supporting electrolyte. When this is no longer the case, the anode
effect occurs, in which the process switches to another electrochemical mode, much more energy
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consuming:
4Al F3 + 3C→ 4Al + 3CF4 or 2Al F3 + 2C→ 2Al + C2F6

These two reactions consume Al F3 which is present in the electrolyte of the cell, the cryolite.
The formed gases CF4 and C2F6 strongly contribute to the greenhouse effect, 6000 to 9000 times
more than carbon dioxide.

In addition, these reactions significantly increase the pot voltage since they consume more
energy than the expected one and since, moreover, the produced gases tend to form bubbles that
stick under the anodes, highly increasing the resistance. The voltage could then pass from the
nominal value of around 4 volts to several tens. The transition from the nominal voltage to a high
voltage is sudden and therefore can be difficult to be predicted and then compensated in advance.
Furthermore, the energy excess generated during the anode effect can damage the pot cell if the
heat is not evacuated rapidly. In addition, any single anode effect, even if brief, can have negative
consequences on the Faraday efficiency of pot, and then on its productivity. The economic impact
of this phenomenon is therefore major.

An anode effect treatment algorithm is currently implemented in the control system of the
aluminium production pot cell, consisting in shaking the anodes to remove the gases bubbles and
in boosting the alumina injection to compensate its low concentration. Nonetheless, even if the
algorithm is very efficient, it is often triggered only when the anode effect is already spread to
the whole cell. Although some studies on the anode affect prevention have been appearing, the
problem has not been solved yet. The works realized on early detection of anode effect have not
led to satisfactory results, either because the resulting algorithms are unable to predict it more
than a few seconds in advance, or because the number of false positives is too high to consider
implementing it. Nevertheless, if early detection were possible, it would have a very significant
financial and environmental impact.

The first objective is to obtain on-line estimates of the local alumina concentration below each
anode, by using both the measured signals and the known relationships between the anode-cathode
distance (ACD), alumina concentration and anode resistance. The alumina concentration, in fact,
is not generally homogeneous in the cryolite bath, due to diffusion and convection phenomena and
to localized injections of alumina in powder form. Moreover, the local concentration also depends
on the production efficiency of each anode. Thus, estimators of the local concentration of alumina
must be designed and then used for predicting its low values, potential causes of anode effects.
Based on the results of the predictions, the local alumina dosage could then be preemptively
adjusted to minimize or eliminate the undesired consequences and the occurrences of anode effect.

Figure 7.7: Rio Tinto’s Laboratoire des Recherches de Fabrications (LRF), in Saint Jean
de Maurienne.

The main problem that prevents a direct application of classical identification and estimation
methods is the almost total absence of measurements of alumina concentration and ACD. In addi-
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tion, the relationship between resistance, ACD and alumina also depends, albeit weakly, on other
bath parameters, such as temperature and aluminium fluoride (Al F3) concentration, introducing
slow variations and small uncertainties in the function relating the estimated variables.

Efficient numerical tools for non-convex optimization [Andersson et al., 2018] and machine
learning [Smola and Vishwanathan, 2008, Marsland, 2011, Géron, 2019] can be used to obtain es-
timates of local values of alumina and ACD, as well as the parameters of their dynamical models,
by minimizing the differences between the measured signals and those obtained from the estimate
over an observation window. The methods could rely on a large amount of data from the APXe
pot cell at Rio Tinto’s Laboratoire des Recherches de Fabrications (LRF), which is located in Saint
Jean de Maurienne, see Figure 7.7, already used in the FUI project. Once a numerical tool will
be designed for the on-line estimation of local values of alumina concentration present below each
anode, the objective will be to infer the correlations between these values and the future possibility
of an anode effect occurrence. For this purpose, based on the available data, supervised machine
learning techniques, which are very efficient for classification and functional estimation, can be
applied to detect correlations between the evolution of alumina contents and possible future anode
effects.

7.2.3 Privacy preservation of mobility data
With the generalization of smart mobile devices, such as phones or smart watches, location data
are more than ever a goldmine. Geo-located services are flourishing, such as navigation, location
finders or dating apps [Google Play, 2022]. Share one’s mobility data to a third party presents
however threats to privacy, by exposing highly sensitive personal information. Extracting location
points of interest, attackers can discover users’ identity, social relationships, and even religious,
political or sexual orientations [Gambs et al., 2011].

Figure 7.8: Mobility trace: actual position (blue), and Geo-I obfuscated one (orange)

Protection mechanisms have been proposed to enhance one’s location privacy. Among the
vast literature [Primault et al., 2018, Jiang et al., 2021], some works tackle the scenario of an in-
dividual continuously sending his or her mobility data. Such protection mechanisms are mainly
based on obfuscation: the location data is disturbed with some spatial noise before being trans-
mitted to the service as in Geo-Indistinguishability [Andrés et al., 2013], inspired from the con-
cept of differential-privacy [Dwork, 2006]. Geo-I realizes blind obfuscation, as it applies constant
noise for all locations and at all times, see an example in Figure 7.8. More recently this first
limitation has been addressed with location-dependent privacy [Koufogiannis and Pappas, 2016,
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Chatzikokolakis et al., 2015], correlating the noise to the location population density. The adapta-
tion of the noise in time is still an open challenge, though. The work [Chatzikokolakis et al., 2014]
takes a step in this direction by taking into account the predictability of the user movement to
take a binary decision on whether to obfuscate or not the transmitted location.

Most of the obfuscation techniques relies on information-theoretic approaches to enhance pri-
vacy protection, resorting to determine the additive noise energy employed to obfuscate the real
user position. The problem of privacy preservation, though, consisting to maximizing the privacy
measure by ensuring a certain utility level, results to be an optimization problem with conflicting
objectives. Moreover, since the privacy is often defined as a function of the user positions trans-
mitted within a time window and depends on the user movements, the dynamical nature of the
privacy evolution should be considered to enhance the obfuscation algorithm results. Therefore,
methods based on optimization and control theory should be considered to address some of the
problems of privacy preservation on mobility data.

This research line, whose preliminary work is developed in collaboration with B. Robu from
GIPSA-lab and S. Cerf from INRIA Lille, should aim at applying optimal and predictive
control techniques to the problem of privacy preservation whose objective is to compute the opti-
mal obfuscation signal aiming at pursuing the conflicting objectives of increasing the privacy and
minimizing the utility loss. On this line, it will be important, on one hand, to design and use
mobility prediction to improve the optimal control-based obfuscation algorithm. On the other,
it will be necessary to design numerical methods to obtain sub-optimal solutions of the resulting
predictive control approach that take into account the computational limitation of mobile devices,
on which they might be implemented. On this line, machine learning techniques might provide
efficient tools for estimating the optimal obfuscation protocols through implementable functions.
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