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Abstract

We present three works on Interacting Particle Systems where some form of non-linearity arises.

In the context of the description of Non-Equilibrium Steady States (NESS), we formulate a Matrix
Product Ansatz in order to describe the NESS of a process defined on the lattice Ay = {1,..., N},
evolving as the SSEP in {2,...,N -1} and coupled with two-site reaction-diffusion processes at the
boundaries, acting on the pairs of sites {1,2} and {IN -1, N}. These pairs of sites can take four different
states each, leading to 12 possible transitions between them. We derive a set of constraints where
the underlying quadratic algebra is consistent, which are related with the correlation of the reservoirs,
present the representation of the objects in the formulation, and provide examples of rates satisfying
these constraints.

In the second work, our focus is in generalizing the Porous Media Model (PMM), associated with the
hydrodynamic equation d;p = 92p™ for m € N, , into a universal exclusion family parametrized by m € R,
and, in particular, representing the transition from the slow diffusion regime (m > 1) to the fast diffusion
regime (m < 1). We successfully treat the case m € (0,2), encompassing the phase transition m = 1, in
this manner deriving the Porous Media Equation in the range m € (1,2), and the Fast Diffusion Equation
for m > 0.

Next, we generalize the PMM in another direction: constructing the diffusion coefficient D(p) = p"(1-
p)* with n, k € N,. The generalized PMM that we introduce is a gradient model that inherits theoretical
properties from PMM, as, for instance, the presence of mobile clusters and blocked configurations. The
construction of the model is indirect and delicate, in order to maintain the gradient property. We then
generalize this into a long-range dynamics inheriting the gradient property. The long-range generalization

of the dynamics is simple and can be applied to any exclusion process.

Keywords

Matrix Ansatz, Hydrodynamic Limit, Non-linear Diffusion, Gradient Models, Porous Media Model






Resumo

Apresentamos trés trabalhos em Sistemas de Particulas em Interacdo com natureza nao-linear.

No contexto da descricdo de estados estaveis fora do equilibrio, reformulamos um Matrix Product
Ansatz de modo a descrever um processo definido no reticulado Ay = {1,..., N}, evoluindo como o
SSEP em {2,...,N} e acoplado com processos de reagiao-difusdo que atuam em dois pares de sitios na
fronteira, {1,2} e {N - 1,N}. Esses pares de sitios podem estar em quatro estados cada, num total
de 12 possiveis transigoes entre eles. Derivamos um conjunto de restrigcoes onde a algebra subjacente é
consistente, que estao relacionadas com a correlagdo dos reservatorios, apresentamos a representacao dos
objetos na formulacdo, e damos exemplos de taxas que satisfazem essas restri¢oes.

No segundo trabalho o nosso foco é em generalizar o Modelo em Meios Porosos (MMP), associado
4 equagdo hidrodindmica d;p = 92p™ com m € N,, para uma familia de processos de exclusdo universal,
parametrizada por m € R, e, em particular, representar a transi¢ao entre o regime de difusao lenta (m > 1)
e o de difusdo rdpida (m < 1). Fomos bem sucedidos para m € (0,2), incluindo assim a mudanca de fase
m =1, e desta forma derivando a Equacdo em Meios Porosos, para m € (1,2), e a Equagdo de Difusdo
Répida para m > 0.

Posteriormente, generalizamos o MMP noutra diregdo, construindo o coeficiente de difusdo D(p) =
p"(1 - p)* com n,k € N,. O MMP generalizado que introduzimos é um modelo gradiente que herda
propriedades tedricas do MMP, como a presenga de ”"mobile clusters" e configuracées bloqueadas. A
construgdo do modelo é indireta e delicada, de modo a manter a propriedade gradiente. Generalizamos
entdo esse modelo para uma dindmica de saltos longos herdando a propriedade gradiente. A generalizacdo

para saltos longos é simples e pode ser aplicada a qualquer processo de exclusao.

Palavras Chave
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1.1 Motivation

This thesis is a collection of three works in the context of Interacting Particle Systems, where technical
difficulties arise due to various forms of non-linearity. In order to present our results, serving also as a
brief introduction, it is convenient to introduce a seminal model, the Symmetric Simple Exclusion Process
(often shortened as SSEP), that is related either directly, or indirectly, to all the models that will be
introduced in the following chapters.

Let N, be the set of positive natural numbers and fix a natural number N > 1. We denote by Ty
the one dimensional discrete torus, that is, Ty = {1,..., N} with the identification 0 = N. Each element
x € Ty is called a site, and each unordered pair {z,y} c Ty is called a bond. For a configuration 1 and
a site x, we denote by n(z) the occupation at site x. For the SSEP and the models that will be studied
throughout this thesis, n(z) € {0,1} and we interpret n(z) = 1 as the site z being occupied by a particle,
while () = 0 as the site x being empty. The property that at each site the occupation is at most one is
called in the literature as the exclusion constraint.

The SSEP, as well as all forthcoming models, are Markov Processes. In simple terms, they are
stochastic processes that model a ”goldfish memory" — where the probability of observing a future state
depends solely on the present state. Formally, to each bond comprised by two neighboring sites, say
{z,z + 1}, a Poisson process is associated to it with parameter n(z)(1 -n(x + 1)) +n(z + 1)(1 - n(zx)),
where for each bond the Poisson processes are independent. These independent Poisson processes are
named Poisson Clocks, and the probability of two clocks ringing at the same time, with respect to the
Lebesgue measure, is zero due to the continuity of the exponential random variable and independence
of the clocks. These Poisson processes dictate the stochastic evolution in the following way. Writing 7,
for the configuration at time ¢ > 0, if a clock at {z,z + 1} rings at time ¢ and n;(z) + n:(x + 1) = 1, the
occupations at the sites x and x + 1 exchange (n:4(2) = ne(z + 1), mes (x + 1) = ne(x)); otherwise, which
is the case when both sites  and x + 1 are either occupied or empty, nothing happens. In this way, this
simple process is symmetric (there is no bias in the direction of the jump — left or right) and satisfies the

exclusion constraint. This dynamics is illustrated in Figure[1.1

1 1 1 1 1 1
1 i f 1 f 1 \@T
1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8

Figure 1.1: SSEP transition rates.

This process was first introduced in [35] as a mathematical model in the field of statistical mechanics, in
the 70s, by Spitzer, as a particular case of a more general family of interacting particle systems. Concrete
applications of the previously described (and other models) can be easily found in the literature. We
refer the reader to [33] for the presentation of the SSEP as a model for the motion of a polymer chain,
and applications of its asymmetric version and other lattice gas models.

Since the introduction of the SSEP there has been a large variety of works on this model, and many



other related processes, each exhibiting particular features of interest. The spectrum of models is re-
markably diverse, being present in the literature dynamics that span from short to long-range interaction
[7, 25], the occupation number may be discrete unbounded (as in the classical Zero Range model intro-
duced in [35] and reviewed, for instance, in [26]), bounded (as in the SSEP(«), where the dynamics is
similar to the SSEP but the occupation is constrained to be no larger than a fixed « € N,) continuous
[15, [I8], 37], and one can consider creation and annihilation of particles through Glauber processes or
varied types of boundary dynamics [II, B, [, [I7, 29]. The fundamental question of interest is how critical
phenomena arise from the collective behaviour of a large number of interacting agents. A few classical
books on the subject related to the work in this manuscript are |26} [36]. The former is focused on an
analytical approach based on the differential entropy which describes, besides many other methodologies,
the entropy method (introduced in [23]) that we are going to apply in Chapters [3| and [4] of this thesis.
The book [36] focuses on the phenomenology of the models and is very physics oriented. We highlight
that the work presented in Chapter [4] of this thesis is reminiscent of the exposition in the brief subsection
on the gradient condition, [36, Subsection 2.4]. We shall now discuss briefly the scientific context of the
results in this thesis. A more formal and detailed presentation will be given as an introduction to each

of the subsequent chapters.

1.2 Scientific context and contributions

The work in Chapter [2| lives in the context of describing Non-Equilibrium Steady States (NESS),
which are states of a system far from equilibrium but where a stable state is maintained through a
constant flow of information. We investigate the applicability of the Matrix Product Ansatz (MPA) on
the description of the open boundary SSEP coupled with generalized reservoirs. The MPA was first
introduced in the context of Interacting Particle Systems in [I1], where the authors provide exact results
regarding the steady state of the open boundary, one dimensional Totally Asymmetric Exclusion Process,
discuss generalizations for the ASEP (see [4, Section 3] for a complete study) and the case of second-class
particles (see also [4, Section 7]). Beyond the previously referenced review article, we also direct the
reader to [33] Chapter 1] for an introduction to exactly solvable models.

Avoiding a rigorous mathematical introduction on the subject, the formulation corresponds to a
natural generalization of a product measure — the probability of observing any specific configuration in
the stationary regime is formulated involving an ordered product of matrices, each corresponding to the
occupation at a specific site. Precisely, writing 37 for the stationary measure, the starting point is that

there exists a column and a line vector, |V} and (W/|, respectively, and matrices D;, F; for i € Ay, such

that
N
pn(n) = Z5' (W|Ijl[Di77(i)+Ei(1_77(i))] V), (1.1)

where Zy is a normalization constant. These matrices, that can be of infinite dimension, belong to
an algebra induced by the dynamics. In [28] the authors prove that in one dimension, under nearest-
neighbour interactions in the bulk, and reservoirs acting only on the first and the last site this formulation

is not an ansatz and the stationary state can always be written in that way. For different dynamics, one



must justify that the objects, satisfying the corresponding algebra, do exist. The goal is to study quantities
of interest of the system (as the current, correlation functions, etc ... ), however, a representation of the
matrices may not be straightforwardly obtainable, or might be too complex to compute any quantity in
a simple way. None of these issues hold for the description of the SSEP defined on the lattice Ay :=
{1,..., N} coupled with reservoirs at the boundary (sites 1 and N) that create and annihilate particles.
A study is presented in [I0, Section 6], and it turns out that the underlying algebra is simple enough to
compute physical quantities without resorting to a specific representation (we will be more concrete about
this in Chapter [2)). These reservoirs are, in some sense, a natural continuation of the bulk dynamics.
When the reservoirs act on more than one site at each boundary the picture changes non-trivially. We
consider reservoirs acting on two sites at each boundary. At the those sites, reaction-diffusion processes

dictate the dynamics, leading to 12 positive transition rates, presented in Figure|l.1

Left-boundary Process Rate Right-boundary Process Rate
Diffusion 1 — 2 [10 > |01 | aos Diffusion N - N -1 | 01| - 10| | bos
Diffusion 2 - 1 [01 - ]10 | a3 Diffusion N-1—- N | 10| - 01| | b32
Pair annihilation | |11 - (00 | a4 Pair annihilation 11| - 00| | b14
Pair creation [00 > |11 | a4z Pair creation 00] = 11] | b4y
Fusion on 1 [11 - |10 | as4 Fusion on N 11| > 01| | b34
Fusion on 2 [11 =101 | aoq4 Fusion on N -1 11| = 10| | b2y
Branching to 1 01 > |11 | a42 Branching to N 10| - 11| | bao
Branching to 2 [10 > 11 | a3 Branching to N -1 | 01| = 11| | b3
Death on 1 [10 - |00 | aq3 Death on N 01| - 00] | b3
Death on 2 [01 > |00 | a1 Death on N -1 10 - 00| | b2
Birth on 1 [00 - |10 | as; Birth on N 00] = 01] | b3
Birth on 2 [00 = |01 | a9 Birth on N -1 00| = 10| | bo1

Figure 1.1: Two-site reaction-diffusion on the bods {1,2} and {N — 1, N} and their respective rates.

In the previous figure, the second column of each table represents the transition between two local
configurations at a specific boundary: the ”|--” (resp ”--|”) represents the left-boundary (resp. right-
boundary), and the subsequent binary numbers represent the occupation value of the sites 1 and 2 (resp.
N -1 and N). For example, |11 — |10 corresponds to a fusion into the site 1, that occurs with expected
rate azq > 0.

The presence of these two-site reaction-diffusion processes only at the boundary is a novelty — in [34]
the author introduced and studied in detail the dynamics comprised by these processes acting on the
whole lattice. Motivated by the same aforementioned work, we classify the boundary dynamics as linear
and non-linear, depending on whether the rates satisfy specific equations or not (see Definition and
the discussion just before it). To be concrete, we say that the left-boundary is linear if the rates satisfy

the equations
a13 +ag3 +az1 +aq1 = aiq +azqa +agz + aq2,
21 + a3z + a41 +A12 = Q14 + @23 + A34 + 43,

and we refer to it as non-linear otherwise. These conditions arise in the equation for the stationary
density, and lead to the cancellation of the non-linear terms, thus closing the equation. It turns out that

this notion of linearity is related to the representation of the model, as we shall explain shortly. We also



note that a matrix approach for models where the reservoirs act on a pair of sites (as the bulk dynamics) is
a novelty. In [27] the authors provided examples for the ”opposite" case, when the local nearest neighbour
dynamics depends on the occupation value of one site more than the boundary dynamics.

The formulation for the 1-site boundary case (corresponding to the homogeneous choice D; = D and
FE; = E for any i as in ) case does not encapsulate enough information of the dynamics in order to be
applicable to our 2-site case. The reason for this is that it indirectly assumes that the expected current
either in a node in the bulk or at the boundary is the same. We consider specific matrices associated
with the sites 1 and N and obtain a system of non-linear equations characterizing the consistency of the
underlying algebra. We analyse this set of constraints, and relate them with the correlation-function of
the boundary reservoirs. Our emphasis lies in investigating if the underlying algebra is well-defined, and
understanding the resulting constraints. No information about the representation, beyond the invertibility
of a specific infinite matrix throughout some parts of our analysis, is assumed. The entries of the
aforementioned inverse matrix are provided in terms of a system of recurrence relations, that we could
not solve explicitly.

The works in Chapter [3] and [ are intertwined, although not in an obvious way. We focus now
on Chapter A typical question in the field of statistical mechanics is related to the derivation of
the macroscopic evolution equations from the stochastic dynamical interaction of microscopic particles.
Coincidentally, this is at the heart of the aforementioned "description of the collective behaviour of a large
number of agents". There has been a remarkable progress in the derivation of these equations, which
are partial differential equations (PDEs), governing the space-time evolution of the conserved quantities
of the microscopic system. These equations are referred to as Hydrodynamic Equations, obtained as
Hydrodynamic Limits, i.e., scaling limits in which the system of particles behave as a continuous "fluid"
— thus justifying the terminology.

An equation which has received a lot of attention in the last years in the PDE’s community is the
following equation, that we pose for every (¢,u) € Ry x T where T is the one-dimensional torus [0,1) with

0= 1: it is given, for m € R\{0}, by
op=02(p™),  (t,u)eR, xT. (1.2)

This is a parabolic equation, with diffusion coefficient given by D(p) = mp™ 1. For m > 1, (1.2)) is the
porous medium equation, referred to as PME; for m = 1 it is the heat equation (HE), while for m < 1 it
belongs to the class of fast diffusion equations, and in this case we will refer to it as FDE. The rigorous
analysis of has attracted a lot of interest in the past decades, we refer the reader to [38] for a review
on this subject.

From the particle systems’ point of view, the rigorous derivation of has been successfully achieved
for particular values of m, in several different ways. The HE has been obtained as the hydrodynamic limit
of the local empirical average of particles evolving according to the SSEP (see, for example, [26], Chapter
4]). In [21], the authors derived the PME, for any integer value of m > 2, by considering an exclusion
process with degenerate rates. More precisely, particles evolve on the discrete torus Ty according to

the exclusion rule, but the jump rate depends on the number of particles in the vicinity of the edge



where the jump occurs. To be concrete, if, for example, m = 2, then the jump rate from a site x to
the site  + 1 is given by n(z)(1 - n(z +1))(n(x - 1) + n(x + 2)) and the rate from x + 1 to x is given
by n(z +1)(1 -n(z))(n(x-1) + n(x +2)). This means that for a jump from x to = + 1 to happen, one
imposes to have at least one particle in the vicinity {z — 1,z + 2}, as in Figure We note that this
requirement does not characterize completely the rate — as the rate can be positive but taking different
values depending on the local configuration. In fact, these particular rates were constructed in a way

that makes the process being of gradient type, which is something we will explore in detail in Chapter [

1 2 1 0 0 0
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Figure 1.2: PMM transition rates for m = 2.

It is simple to compute the microscopic instantaneous current of the system, i.e. the difference between
the jump rate from x to z+1 and the jump rate from x+1 to z, which is equal to (n(z)-n(z+1))(n(z-1)+
n(x +2)). This microscopic current can be rewritten as a discrete gradient of some function h(n), which
in general is referred to in the literature [36, Subsection 2.4] as the gradient property. In fact, the choice
for those specific rates was made in order to have this property, so that classical methods can be explored
without too many complications, see |26, Chapters 5 and 6]. Since particles only swap positions on the
torus, the number of particles is conserved by the dynamics. The PME (1.2) with m = 2 has then been
obtained as the hydrodynamic limit of the empirical density of particles. This rationale was extended
to any integer m > 2, and the resulting microscopic system is now called the porous medium model, that
we denote by PMM(m — 1). Later in [5], the same PME for any integer m > 2 has been obtained on
the interval [0, 1], with different types of boundary conditions (Dirichlet, Robin and Neumann), again
as the hydrodynamic limit of the same constrained exclusion process, but in contact with stochastic
reservoirs, which inject and destroy particles at the two extremities with some rate which is regulated by
a parameter, giving rise to the aforementioned boundary conditions.

Another approach had previously been developed in [I5] [I8, 87]. The porous medium equation, when
m = 2 was derived in [I5] 37] from a model in which the occupation number is a continuous variable
(therefore belonging to another class of models). More precisely, the model consists of configurations of
"sticks" or "energies"; the configurations evolve randomly through exchanges of stick portions between
nearest-neighbours through a zero-range pressure mechanism, and the conservation law is the total stick-
length. Later in [I8] the authors extended the derivation of the hydrodynamic limit from the previous
model, and obtained the PME for all range m > 1.

Concerning the fast diffusion case, few results are available in the literature. In [24] the FDE, with
m = -1, has been derived as the hydrodynamic limit of a zero-range process (the number of particles per
site can be any non-negative integer) evolving on the discrete torus, with a jump rate function adjusted to
observe frequently a large number of particles, with a specific "weight" associated with each particle. The

formalization of the hydrodynamic limit was achieved by using Yau’s relative entropy method (introduced



in [39] but also presented in [26]) with some adaptations including spectral gap estimates. The derivation
of the FDE for general m < 1 was left there as an open problem, that we partially solve for m € (0,1) in
the exclusion context.

Here, we address two questions: first, how can we generalize the family of PMMs, namely exclusion
processes, to m not being an integer? Second, due to the different nature of the interacting particle
systems constructed to derive under the slow-diffusion regime and the fast-diffusion regime, is there
a single family parameterized by m that interpolates between the slow and the fast diffusion? The first
question regards the construction of a non-integer power starting from a finite, discrete scheme; while
the second allow illustrating a phase transition between the fast and slow diffusion regimes. We give
some answers in the direction of the first question, and a positive answer regarding the second. To be
precise, the construction of our model is an application of the Generalized Binomial Theorem. As a
consequence, the resulting family of models interpolates continuously in m between the SSEP and the
PMM (for m = 2), while also going further into the fast-diffusion regime in the so-called good exponent
range [38], that is m € (0,1), coinciding with the range where the potential p™ is finite at all times.

We now explain the contents of Chapter[d In this chapter we focus only on the construction of models,
and our goal is again twofold. First, we want to have a better understanding on how to construct gradient
models systematically; next, we want to understand how to generalize a nearest-neighbour dynamics into
a long-jumps dynamics, while maintaining the gradient property of the model. Regarding the first goal,
we aimed at generalizing the PMM into a family of two-parameter, gradient models. Concretely, for each
n,k € N, we will construct a model referred to as PMM(n, k), that generalizes the PMM(n) in the sense
that PMM(n,0)=PMM(n), while also maintaining relevant properties of the one-parameter PMM family.

In particular, the corresponding hydrodynamic equation for the density is

01p = 0u( D r(p)up) with Dy i (p) = p"(1-p)*.

The choice of the PMM family as a starting point was not made without deliberate consideration: as
already mentioned, in Chapter [3] we extend the PMM into a continuous family for the parameter in the
range (0,2), but an extension for (2, +00) requires the definition of a model associated with the diffusion
coefficient D,, 1 (p); moreover, we want to understand "how far one can go with gradient models", or to
be precise, our main goal is to construct a family of constraints analogue to the Bernstein polynomial
basis, which would allow deriving the differential equation d;p = 92H(p) for a large class of functions
H : T - R. With this in mind, we introduce in the literature a simple toy model for non-linear, not
monotonic diffusion, and with relevant theoretical properties. We conclude the presentation of the model
with a discussion of the proof of the hydrodynamic limit for the empirical measure.

Regarding the second goal, long-jumps dynamics have been used as a basis for deriving fractional
operators [3, [7, 25]. However, it is not clear how one can start from a nearest-neighbour (n.n) dynamics
and generalize it into a long-range (1.r.) in a "robust" way. To our knowledge the long-range porous media
model introduced in [7] is one of the few examples of a L.r. exclusion dynamics in the IPS literature where
the rate depends on a local configuration around the bond where an exchange is to be performed, and

such that the L.r. dynamics is related to the n.n. one. There are two technical issues with the procedure



used in [7], when applied to other models: (1) it does not necessarily inherits the gradient property from
its n.n. counterpart; (2) the Lr. rates, when restricted to jumps of length one, do not always coincide with
the original n.n. rates. The first one evidences a gap in the literature regarding a "robust" extension of a
n.n. dynamics; while the second is more of "philosophical' nature, as we want to generalize the dynamics.
We note that (2) was already discussed in [7], being the case for the l.r. version of the PMM(1) but not
the case for any other PMM(n) with 2 <n € N,. Regarding (1), it is indeed the case when extending the
PMM(n, k).

In this manner, we present in Section [{.3]a very simple map to generalize any symmetric, exclusion n.n.
dynamics where the l.r. version inherits the gradient property from the n.n. one, while also interpolating
the n.n. dynamics in the sense previously explained. This map is a consequence of the simple realization
that the gradient property should be lattice-invariant, and for that reason a l.r. dynamics can be seen as
a n.n. dynamics in a stretched lattice. To conclude, we define the fractional Laplacian on the torus and
analyze the correct scaling of its microscopic "version", which elucidates the discontinuity of the time-scale
with respect to v already known in the literature. We do not present the proof of the hydrodynamic
limit, and focus only on the construction of models.

In Chapter [5] we gather the conclusions from the previously presented works, and discuss both future

projects and those currently in development.
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2.1 Introduction
2.1.1 Statement of the results and general strategy

We formulate a matrix-product state representation of the stationary probability vector of the open-
boundary SSEP, coupled with reservoirs that act on two sites at each boundary. Fixed N € N,, we
consider the discrete lattice Ay = {1,..., N} and the state space Qy = {0,1}*¥. A configuration of
particles in the system will be denoted by 1 € Qx, and n(x) € {0,1} will denote the occupation of the
site x € Ay. We consider a Markov process, that we write as {n;}+0, evolving according to the SSEP
in the bulk {2,..., N —1}, and evolving at the boundary sites {1,2} and {N - 1, N} with no constraints
beyond the exclusion, in the sense that to each local configuration at {1,2} (resp. {N —1, N}) there is a
positive rate associated with the transition from one local configuration to any other local configuration
at the same boundary. This dynamics was illustrated in Figure and explained in the discussion just

after it, in Chapter [I] yet we recall it for convenience in the next figure.

Left-boundary Process Rate Right-boundary Process Rate
Diffusion 1 - 2 [10 > |01 | aqs Diffusion N - N -1 | 01| - 10| | b3
Diffusion 2 — 1 [01 - ]10 | a3 Diffusion N-1—- N | 10| - 01| | b32
Pair annihilation | |11 - (00 | a4 Pair annihilation 11| > 00| | b14
Pair creation [00 > |11 | a4z Pair creation 00] = 11] | b4y
Fusion on 1 [11 - |10 | as4 Fusion on N 11| > 01 | b3q
Fusion on 2 [11 - 1[01 | agq4 Fusion on N -1 11| > 10| | b2y
Branching to 1 01 - |11 | a42 Branching to N 10| - 11| | bao
Branching to 2 [10 - 11 | a3 Branching to N -1 | 01| - 11| | b3
Death on 1 |10 - |00 | aq3 Death on N 01| - 00] | b3
Death on 2 [01 - |00 | a2 Death on N -1 10 - 00| | b2
Birth on 1 |00 - |10 | as; Birth on N 00| = 01] | b3
Birth on 2 [00 - |01 | a9 Birth on N -1 00| - 10| | b2y
Figure 2.1: Left-boundary dynamics. Figure 2.2: Right-boundary dynamics

Figure 2.3: Two-site reaction-diffusion on the pairs of sites {1,2} and {N — 1, N} and their rates.

” |ll

Above, the notation

77| n

represents a particular configuration at the left-boundary, while
represents a particular configuration at the right-boundary. The third column on each of the two tables
above corresponds to the transition rate between two specific local configurations.

We show that the standard approach imposes heavy constraints in the boundary parameters, that

can be relaxed with the following formulation of the stationary measure, that we write as u3;,

p () = % (W(D™n(1) + E~(1-n(1))) x

N-1
X Il [Dn(x) + E(1-n(x))]x
x(D'n(N) + E*(1=-n(N)) V), (2.1)

and where D, E, D* E* are matrices and (W/|,|V) vectors. The original approach [I1] can be recovered
by assuming that D* = D and E* = E. These matrices belong to a particular algebra encoding the
dynamics. The reason for considering specific boundary matrices is that the expected current flowing in

{1,2} or {N -1, N} is different than the one flowing in a node {z,x+1} c {2,..., N -1}, in the bulk. This
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is not encapsulated into the algebra induced by the process with Glauber dynamics acting only on the
sites 1 and N, as in [II]. The relations involving D, E, D* and E* arise from the strategy to guarantee
that the measure p% is stationary. More concretely, under some assumptions on the rates, that we write

for future reference as

Ho = (Ho) v (H: (Ho)

and that can be found just after (2.17), where (Hg|) (resp. (Hg)) corresponds to left-boundary (resp.
right-boundary) constraints on the boundary parameters, we show that one obtains the bulk relation

[D,E] =D+ E, the left-boundary algebra

(W|D=C = (W|d;C~C+dyC™ +d3 D7, (Ry)
(W|C™D=(W|q;CC+q;C™ +q3D7, (R3)
(W|D™D=(W|ffCC+f;C +f;D, (R12)

and the right-boundary algebra

CD*|V)=diCC* —diC* - diD*|V),
DC*|V) =qiCC" - ¢3C" - ¢z D" |V),
DD V)= f{CC* - f3C* - fyD* [V},

where C = D + E and C* = D* + E*. The coefficients above, df,qF, f* with ¢ = 1,2,3, depend in a
non-linear way on the boundary rates and can be found in Appendix [A71] For the reader to have a more
concrete picture in mind, the assumption leads to the possibility of expressing the expectation value
of products of occupation variables in terms of the bulk-current of the system defined on smaller latices,
that is, {(j(n)):}iza,... v, With j(n) being the current and (-); the expectation with respect to p;°. For
more details, see and Appendix specifically .

It is not clear if this boundary algebra is well-defined. Precisely, let us focus on the left-boundary
algebra, that we write as A™ = {(Ry)), (R3), (R5)}. Introducing the vectors (Wy| = (W|E~ and (W] =
(W] D~ we see that, fixing a representation for the matrices D and F satisfying the bulk relation, one
obtains three left-boundary relations to be solved for two vectors, and identical for the right-boundary.
We show that there exists a manifold for the rates where the algebra is free from "contradictions", that
is, when computing any probability weight by applying any sequence of identities always leads to the
same result. We refer to this "contradiction free" property of the algebra as the algebra being consistent.
Determining this set is the cornerstone of this work.

We are interested in the out-of-equilibrium behavior, and for that reason one needs to introduce an

additional set of technical constraints,
T: {H07 QI * q;}v

corresponding to the manifold where the parameters satisfy the aforementioned hypothesis (Hy|) and

also such that the coefficients ¢; and ¢7 are not equal. The latter corresponds to the density of the
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reservoirs at the sites 2 and N - 1 not being equal, and guarantees that the system is out-of-equilibrium
(see Appendix [A.2). In this thesis we investigate only the cases where T is satisfied.
Regarding the consistency of the algebra, we focus again on the left-boundary only. We show in

Proposition that it is possible to derive the identity

<W|D7DC: <W| [Cic280+07051 +07$2+D783] (23)
+(W|D"Dd;
from the identities (R7)),(R5)) and (Rg) — that is, without invoking (R7,)) — and where the coefficients s;,

for i = 0,1,2,3, are quite long and are presented in (2.20). With this information, we show in Lemma
2.3.3] that if the set of constraints

Ji =diag,
fo +di fs = ¢ (dy +dydz) +dy (g + dy g3), D

(a1ds +q3 +diqz — f3)(dy + dyd3) = —d3,

qs(d3 +dyds) = —ds
or
fr =diar,

fo +difs =di (g +digs), (C2)

0=d; +djd;

are satisfied, then satisfies the identity . This leads to the content of Proposition that
can be summarized as follows: under (Cy)), the subalgebra A™\{(Ry,)} generates A~; and under (C1)), if
C-1d5 is right-invertible, one can "drop" the identity , or, in other words, one can derive from
the (enlarged) algebra composed by (Rj]),(R3)) and the bulk relation with C - 1d3 right-invertible.
Analogous results hold for the right-boundary, but where one should now ask for C + 1d} to be left-
invertible. This result allow one to "exchange" a boundary relation, per boundary, by the invertibility of
the aforementioned objects, in this way leading to two boundary relations per boundary. While we do
not present an explicit representation, this is discussed in Appendix [AZ5]

The analysis just presented does not directly imply that the formulation is valid, as one should
prove that, in general, Zy # 0. In this vein, we show that the normalization constant is defined by the

system of recurrence relations

(1 -¢f) 00 Zn N-3-(¢z+¢3) 43 —G3 ZN-1
=dy 10|l (n())¥ |= dy ds 0 (m(M)x-1 |-
-di 0 1) \(n(N)¥ ~ds 0 -di)\(n(N-1))%_,

where (n(3))} = Zx(n(i))x, for each k € N,. This leads to the need of fixing the initial conditions of
the recurrence relations in the previous display. These initial conditions involve the inner product of the
boundary vectors, and these issues are solved in Subsection [2.3.5]

Next, we aim for a better understanding of the consistency conditions and , as they are
expressed in a very complex way involving the boundary rates. It turns out that the set of models

satisfying them can be split into families with very particular properties (see Definition [2.4.2)). The
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models can be linear (family £); non-linear (family 91); the stationary measure factorizes at the boundary
(family §); or the choice D* = D and E* = E, the original MPA formulation, is sufficient (family
$). In Proposition we also perform a link between these constraints and the behaviour of the
correlation of the boundary reservoirs. Precisely, short-writing pn(1,2) = (n(1)n(2))n — (n(1))n{n(2)} N

and j2(n) = n(2) —n(3), we show that for linear models the constraints are equivalent to

en(1,2) = (n(1) —dy)n(j2(n))n +o(1/N?) = O(Y/N?),
while for non-linear models they are equivalent to the previous two equalities plus

(ia(m)n
N-+oo (n(2) - ¢7)n
As a final note, we use our formulation to compute the macroscopic density, which turns out to be a

discontinuous function if dy # ¢5:

dy, u=0,
p(u) =1q (1 -u) +qfu, ue(0,1),
1, u=1.

We present a non-exhaustive set of models satisfying (Ci)) and (C3)) in Appendix [A.4]

2.1.2 Outline of the chapter

The present work is organized as follows. Section [2.2] is devoted to introducing the SSEP with
generalized boundary (that we refer to as SSEP(2,2)) and presenting the classical MPA approach to
compute the stationary probability vector for the particular case of the classical 1-site boundary open
SSEP [I1] (that we refer to as SSEP(1,1)); particularly, in Subsection we split the boundary rates
of the SSEP(2,2) into two classes — one where the corresponding models are termed linear, and another
one where they are termed non-linear; in Section we adapt the MPA approach to the SSEP(2,2) and
investigate under what conditions this yields a well-posed problem. The latter requires several steps: in
Subsection [2:3.2] we manipulate conveniently the algebra induced by the MPA by performing a specific
change of basis that allow deriving, in a simple manner, in Subsection [2.3.3] the maximal set of constraints
acting on the boundary rates under which the representation problem has a solution. Some technical
aspects arise, and in Subsection 2.3.4] we derive a system of recurrence relations involving the boundary
density, correlation and normalizing factor; and in Subsection we compute the initial conditions of
the aforementioned system of recurrence relations for both linear or non-linear models.

Next, we completely characterize the set of constraints and discuss a matrix representation for the
algebra: in Section [2.4] we split further the set of constraints into four classes, which we term: non-linear
M), linear (£), factorizable (F) and homogenous ($). Each of the last three classes are the object
of study in Subsections 2.4.1} [2.4.2] and 2.4.3] respectively, where we see that for non-linear models a

representation is not guaranteed from the existence of representations for the SSEP(1,1). In Appendix
[A75] we then provide a tridiagonal matrix representation of the objects D and E satisfying the relation
[D,E] = D + E, present the entries of the resulting boundary vectors and discuss the invertibility of
C+ds.
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We conclude the chapter with an alternative characterization of the set of constraints. Section [2.5|is
devoted to computing the correlation between the two left-boundary reservoirs using the induced algebra
and then using solely the stationary equations. Naturally, it is not possible to completely compute the
correlation function directly from the stationary equations, but rewriting these equations conveniently
and comparing with the expressions derived from the algebra allow us to characterize the set of constraints
in terms of the behaviour of the correlation between the left-boundary reservoirs.

In the appendix is where we present the coefficients of the boundary algebra (Appendix [A.1)), con-
centrate long but straightforward computations (Appendix , present the equilibrium case, where the
stationary probability vector follows a (product) Bernoulli distribution (Appendix and, in Appendix

[A74] a non-exhaustive set of models satisfying the aforementioned constraints.

2.2 Model

We consider the open SSEP defined on {2,..., N-1} coupled with two-site reaction-diffusion processes
acting on the pairs of sites 1,2 and N — 1, N. There is a total of 12 rates per boundary, each associated
with a particular configuration at the corresponding boundary. In order to present a precise definition we
need to introduce some notation. Let Ay = {1,..., N} be the extended lattice, denote by Qy = {0,1}*~
the state space of the aforementioned process. We shall recurrently denote a configuration by the greek
letters &,m € Qn and the sites by the latin letters z,y,2z € Ay. Furthermore, let n(xz) € {0,1} be the

occupation of a site x € Ay.

Definition 2.2.1 (Exchange of occupation variables). For any x,y,z € Ay let us consider the exchange

of occupation variables n — 0¥ given by
n"Y(2) = Loey n(x) + Loeg 0(Y) + Lavay 0(2),
and for any set A € Ay the flip n+— n* given by
(@) = Loea(1=n(2)) + Loean(z).
We can now introduce the model that we are going to study in this chapter.

Definition 2.2.2 (SSEP with extended boundary). Introduce the infinitesimal generator
L=L_+Lo+ Ly, (2.4)

where L corresponds to the bulk dynamics and £_ , £, corresponds to the left and right boundary

dynamics, respectively. Specifically,
£_=£1+£1,2+£27 and £+:£N—1 +£N—1,N+£N>

with the subscripts in the right-hand side corresponding to the sites where the operator "acts". We can

express each generator, acting on functions f:Qy — R, as
N-2 e
(Lof)(0) = 3 wawar () (F(™Y) = f(0)),
=2
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(‘C:Ef)(n) = w;(n) (f(n{w}) - f(n))7 for ze {1?2aN_ 1>N}a
(Lo £)n) =wh, () (FI) = F(m), for  (z,y) €{(1,2),(N -1,N)},

where, given some configuration 7, the occupation at site = flips with rate w.,(n); the occupation of both
sites x, y flip with rate w, ,(); and the hopping in the bulk occurs with rate w; ;+1(n). These rates are

further expressed as

(1-n(1))(1-n(2))

wi (1) 31 G42 13 G24 1-n(1 9
wy(n) | =| a2 a12 as3 aza ((1)7(71(_))25)3 ) a;; 20,
wis(n) Q41 a32 (23 Q14 g 77(1)77(772)
for the right boundary
’ 1-n(N-1))(1-n(N
wiy (1) bs1 baz b1z bas ( 77]\(]_ ))E n(N))
, _ PO (V- 1)1 - g(V)) )
wiy_1(n) | =]b21 bi2 bas bs (1-n(N-1))n(N) | ij 20,
Wi_o n_1(1) by1 b3z baz b1y (N = 1) (N)
and for the bulk,
a1 (1) = (1= n(@))n(z +1) + (@) (1 - n(z +1)), ve{2,N-2}.

Example 2.2.3 (SSEP(1,1)). The 1-site reservoir case corresponds to the particular choice of rates

as1 Q42 a13 A24 asiy a31 ai3 ais b31 baz bi3 bog bs1 b31 b1z bis
az1 ai2 ag3 az4|=|1 0 O 0O O ) ba1 big baz b3a =1 0O O 0 O
(41 a32 23 Q14 0 1 1 0 by b3a ba3 b1y 0 1 1 0

In other words, for the left-boundary, if the site 1 is empty, creation occurs at rate az; independently
of the occupation at site 2; if the site 1 is full, annihilation occurs at rate a3 also independently of the
occupation of the site 2; the hopping dynamics takes place on any pair {z,z+1} with z € {1, N-1}. For
the right-boundary the dynamics is analogous, with a;; replaced by b;; and the site 1 replaced by the site
N. Regarding the description of the stationary states of the SSEP with 1-reservoir per boundary, it is

straightforward to check that if both reservoirs are fixed at the same density, that is, if

a31 b31
_ _ , 2.5
a1z +azr  biz +ba; (2:5)

then the Bernoulli product measure parameterized by this density

N
v () =TT lem(z) + (1-p)(1-n(x))] (2.6)
x=1
is invariant. In general, the stationary weights have the following factorization in one dimension

1
(WI(D+E)N|V

N
i (n) = )(Wl [T[Dn(z) + E(L-n(2)]V), (2.7)

z=1
with the objects D, E being specific matrices satisfying some algebraic relations, not necessarily finite
nor commuting, (W| and |V) vectors and transposed vectors, respectively, and (W|(D + E)N |V} = Zy
a normalizing factor. The approach to see this can be succinctly summarized with the tensor product
formalism, now very present in the literature. Under an appropriate basis, the vector of stationary

probabilities equals
ON-2
|P):L (W|E ® E ® E|V)
Zn \(W|D D D|V) "
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The stationary condition can be written in vector form, H |P) = 0, where H corresponds to the generator
written in matrix form. To be precise, H = H_ + Hy + H, where
N
H =B ® 1®N—1, Hy = Z 1®m—1 SM® 1®L—(m+1)7 H, = 1®N—1 ® By,
z=1

and the intensity matrices are, with respect to the one and two sites ordered basis { F, D} and { EE, ED, DE, DD},

equal to
00 00O
—-az1 a13 |0-1 10 _[~b31 b3
B _(a:n —a13)’ M= 01 -10}) BN_(b:n =biz )’
00 0O

Moreover, 1 is the identity matrix, with the convention a®® = 1. The stationary condition can be recast

[ (WEN- R
So(ls) e ()G (1)

(E) e[ (5M)]

and the algebraic relations for the matrices D, F arise by assuming the existence of auxiliary matrices

as

X1, X5 leading to the telescopic relations
E E\ (E X1\ (X1 E
()2 (5)-(0) = (2)- ()= (2) e
B ((WIE)_ (W)X,
(WID) \(W]X;
s (EV))__(EIV)
M\ Do) DV)
which guarantee stationarity. For X; + Xo = 0 with X, = k1 and & € R, this leads to the quadratic algebra
(D, E] = k(D +E),
(Wl(az1 £~ a13D) = (W1,
(bs1 E =b13D)|V) = -£1|V).
It can be checked that the choice k = 0 corresponds to the equilibrium constraint (2.5)) in order for this
algebra to be consistent. This allows for a constant choice p~ = D = 1 - E, which leads to (2.7) being

identified with the Bernoulli product measure. If x # 0 then it follows that one needs to prove that

matrices and vectors satisfying these relations exist.

Remark 2.2.4 (about the values of k). Note that one can fix, without loss of generalization, x = 1, by

considering the parameterized matrices D, = D/x and E, = F/x which then satisfy [D,, Ex] = Dy, + E.

Using the quadratic algebra, it is possible to express any probability weight as a combination of the
current over systems of equal of smaller size, {J;}i—o,... n, where

ZN-1

JN = .
N 7
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The current can be computed exactly. To that end, it is convenient to introduce the matrix C = D + F,

allowing to rewrite the algebra as

a31 1 bs1 1
WD:W( C- ) D.C|=C, DV:( ;
(Wl (W] a3 + as; a13 + asi [ ] v b1z + b3y b3 + b31

) V). (2.9)

The boundary densities can then be read from the algebra

asy 1 b31 b31
Iy, N))y = -
N (V) bz +b31 b1z +b31

(77(1)>N = Jn.

a3 + asi - a3+ asy
The bulk relation implies
DC" =C"D +nC,

which can be used to compute the normalization

a3y b31 1 1
ZN( - ):ZN, (N—].+ + )
a1z +asr  biz+ba; ' a1z +asr bz +ba;

Since the normalization follows a first order recurrence relation one can fix without loss of generalization,
the inner product (W|V) = 1.

The existence of bulk matrices D, E satisfying the bulk relation [D, E] = D + E is well known [II].
Fixing a representation, the boundary relations allows one to solve system of linear recurrence relations for
the entries of the boundary vectors (W] and |V). It is worth mentioning that only infinite representations

for these objects are known.

2.2.1 SSEP with generalized boundary

It turns out that the process given in is in equilibrium when the densities of the reservoirs at
site 2 and N —1 are equal plus some minor constraints on the rates (see Appendix specifically
for more details). In this case, the Bernoulli product measure parametrized by this density is invariant.
Contrarily to the SSEP(1, 1), the stationary density cannot be computed directly from taking expectations

with respect to the stationary measure. We focus on the left-boundary. To see this introduce
Ay = a3 +ay
By = azz + agz — (a31 + aqr)
C1=a13 +azz +az +aq

Dy =C1~as2—a42 —a14 — az

(2.10)
Az = a1 +an
By = ag3 + as3 - (a21 + 041)
Co = a1z +azz +az +ag
Dy =C5 —ag3 — as3 — a14 — azq4.
One finds that
A; +Bin(2) - 1)+ Din(1)n(2 =1
E(’I](SL‘)) _ Al + 17’( ) 0177( )+ 177( )77( )7 x ] ) (211)
2+ Ban(1) = Con(2) + Dan(1)n(2) + (n(3) -n(2)), z=2.
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Definition 2.2.5 (Linearity). We call the models left-linear if D1 = Dy = 0, that is,

a13 +ag3 +az1 +aq1 = aiqa +aza +agzz + ag2
Q21 ta32 taq1 + @12 = A14 +a23 +a34 + Q43

and right-linear if the equalities above hold with a;; replaced by b;;. If both the left and right boundaries

are linear, we call the model linear.

Only for linear models the system {(Ln(x))n = 0}4-1,n is sufficient to compute (n(z))y. For non-
linear models, computing the action of the generator on the correlation term 7(1)n(2) provides some
insight on the macroscopic behaviour of the interacting reservoirs. Introduce

Bs =a42 —aq,
C3 = aq1 — aus,

D3 =ay4 - (a14 tag4 +azq + a2 + a43).

It follows that

Ln(1)n(2)) = n(1)n(2) D3 —n(1)Cs +n(2) Bs + as1 —1(1)j2(n)

where we defined ja(n) = n(2) = n(3). For z,y = {1,..., N} with « # y consider the 2—-point correlation

function

on(2,y) = (n(@)n(y)) v — (n(x)) N (n(y))§

and for f: Ay x Ay = R introduce the forward difference operator acting on the second variable,

(Vi) (w,y) = f(z,y+1) = f(z,9).

We compute the correlation between the left-boundary reservoirs in Appendix (and perform an
analysis in Section [2.5)), where we see that this quantity can be rewritten as

en(1,2) = (f1 —diq) (2.12)
+ (2~ (f2 +difs —qi (dy +dids) —di (g5 +diq3))

. 2 0 o[ fs —ads —digs
i) + i) (BB gy )

(g5(dy +did3) +d5(q3 +diq3))
1

ios o+ dids
VN T Gty
G (di03 (& +dids) s

1= d; (Ga(m))n (fs —ards —dig3)

- (e BRI, (5 4y + )+ i 65 + i)
C(V3en)(L2) G () A - o ( d3q; )
(-dzlatmm)e 2 " B2\ T, e
(T3om)(1.20)
(L= ds (o () 2 20
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where the coefficients are defined through

dI d5 dg C, -By -D; ! A; 00
a1 4z g3 |=|-B2 C2 -Ds Ay -10 (2.13)
I 15 f5 C3 -B3 -D3 ay; 0 1

assuming invertibility of the first matrix on the right-hand side of the previous display. Analyzing each
term above, we see that different models may be characterized by boundary correlations of different order.
For example, if fi = dy1q1, then it can be shown that limy_ e N¢(1,2) < co. The equation fi = diq1
defines a particular class of models, as for arbitrary rates we can have f; # dyq;. We elaborate on this in

Section

2.3 Well-posedness of the problem

2.3.1 Matrix Product formulation

Approaching the description of the stationary measure through the Matrix Product Ansatz introduces
a series of technicalities that require an adjustment of the initial formulation (2.7)). Following the same

procedure as in Subsection [2:2.3] it can be checked that the equality
(WI|[D,E]=(W[(D+E)

is valid only under heavy constraints on the boundary rates (this is further investigated in Subsection
2.4.3]). The reason for this is that the current inside the reservoirs can be different from the bulk current.
To circumvent this problem, opposed to (2.7]), we consider matrices D*, E* specific to the boundaries

and make the ansatz
N-1
pN(n) = Zy (W(D™n(1) + E~(1-n(1))) Il [Dn(i) + E(1=n(i))] (D*n(N) + E*(1-n(N))) V),

now leading to the normalization Zy = (W|C~CN2C*|V), and where C* := D* + E* # C. With this

formulation, the probability vector is given by

N-2
|P)—i (WIE™) o (E ’ o2 IV)
" Zy \(W|D7) T \D D*|V)
and stationary condition can be cast in vector form as
N-2
(B ®18N 21 S 187l g M @ 18L (D) 19N 2 g B*) |P) =0,
=2
where the bulk intensity matrix M is as in (2.8), while the boundary intensity matrices B_ and B, are

expressed as

—(az1 +as +as1) @12 a3 Q14
B - az1 —(a12 + azz + as2) az3 a24
as asz —(a13 + a3 + as3) a3q ’
41 42 43 —(Cl14 +ag + a34)
—(b31 +bay +ba1) b13 b12 bi4
Bt bs1 —(b13 + ba3 + bas) b3z bsa
bo1 ba3 —(512 +b3o + b42) boy ’
bs1 bs3 bs2 —(b1a + bag + b34)

with respect to the basis:
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o left-boundary (B~): {E"E,E~-D,D”E,D™ D},
o right-boundary (B*): {EE*,ED*,DE*,DD*};
e bulk (M): {EE,ED,DE,DD}.
The telescopic relations, which guarantee stationarity, become
E E\ (FE X1\ (X1 E
()2 (5)-(0) o (2)- ()= (5)
_((W|E~ E\ ((W|E- X,
B ((W|D ®\p)=\(wip)®\x,)
| FE ET V)Y _ (X1 E*|V)
B (D) ® (D+|V) "\ x)®\p vy )
Because the bulk dynamics is still the SSEP, we fix X; + X5 = k1 and let k = 1, which guarantees that

(jo(n))n = O(1/N) and allow us to compute, in principle, any quantity using only the algebra. We end

up with the following boundary relations.

(W|EE
—(ag1 + az1 + asr) a2 a3 a4 L 0\|[(W|E~D
a1 —(a12 + azz + as2) ass a2 -1 0 |[{(W|DE|_ 0
as asz —(a13 + ags + as3) azq 0 1[|{(W|D"D
a41 a42 a43 —(a14 +azg +azg) 0 -1/ (W|E~
(W|D~
(2.14)
EE*|V)
—(bgl + b21 + b41) blg blg b14 1 0 ED* |V>
b31 —(b13 + b23 + b43) b32 b34 0 1 DE* |V> -0
ba1 bas —(b12 + b3z + ba2) b2 -1 0 || DD*|V) '
bay bas baz ~(b1a +b2g +b34) 0 -1/| -E*|V)
-D*|V)

These boundary relations impose another difficulty. We first realize that since the sum of each column
vanishes, one line must be linearly dependent of the remaining, thus we have three boundary rules per

boundary. Introduce the boundary vectors

(Wol:=(WIE™,  [Vo):=E"|V), (2.15)

(W|=(W|D",  [W):=D"V).

Fixing a representation for D, E satisfying the bulk relation [D,E] = D + E, one still needs to fix the
boundary vectors. Since there are two vectors and three equations per boundary, it is not clear if
the representation problem is well-posed. On the following sections we show that there exists a set of
constraints where the algebra "makes sense', and further characterize this set both microscopically and

through the macroscopic behaviour of the reservoirs.

Remark 2.3.1. Note that we did not index the right-boundary parameters according to their matrix
entries in BT, as opposed to the left-boundary. Instead, we associated the left-boundary dynamics with
the right-boundary dynamics. For example, ajo corresponds to the annihilation of a particle in the second
site with respect to the left-boundary (site 2), when the first site (site 1) is empty (| ED —| EE); while
b1 corresponds to the annihilation at the second site with respect to the right-boundary (site N - 1),

when the first site (site N) is empty (DFE |~ EE |).
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This will be convenient in order to work with only the left-boundary, then deduce the results to the

right-boundary by simply replacing a;; by b;; and x by —«.

2.3.2 Change of basis

We rewrite the boundary algebra analogously to (2.9). This allow us identify the density of each
reservoir and their correlation in terms of the current. This facilitates substantially the study of the
consistency of the boundary algebra. Recall (2.14)), and denote the left-boundary matrix of coefficients

there with its fourth line removed by B~, that is,

—(ag1 + as1 + aar) a2 a3 a4 1 0
B~ = a1 —(a12+a32+a42) ao3 a4 -10].
asy asz —(a13+ags+as3) asa 0 1
It holds that
EFE cC 1-21 100
E~-D D C 01 -1-100
pe|l . |ibE| . o1 0-100
po|™V | oo | Y™ VYV =loo0 100
E~ Cc- 00 0 O01-1
D~ D~ 00 O O0O01

where we defined [D, E]™ := D™FE — E~ D; and rewriting

(w|c-cC
(W|D-C . -
} (W|D-C (w|c-c
BV~ (?VJ/H%_%] =0 A ((W| [D,E]‘l) =A; ( (w|c~- ) : (2.16)
e (W| DD (W| D~
(W|D~

with

a2 + a3+ 2(C121 t+as; + a41) —Q12 — Q21 —A31 — Q41 —A12 —A13 + A14 — Q21 — A31 — A41
Al =| —a12 —2a91 + a3 — 32 — a2 Q12 + G21 +A32 + Qa2 Q12 + 21 — (23 + A24 + 32 + g2 | (2.17)

—a13 — a3 — 2a31 + 32 — a43 a31 — asz @13+ ag3 +a31 — a3z +a34 +a43
—ag1 —az1 —ag; 1 -1
A =- a21 -1 11,
asy 0 1

Assuming that the rates are such that
det(A7) £ 0 (Hy)

then A7 can be inverted. In particular, under (Ho|) we introduce
dy dy d3
A= (AT A =t 6y 8
i fs fs
where the entries of A~ are presented in Appendix and coincide with the coefficients in (2.13]). One

then arrives at the following three boundary relations

(W|D~C=(W|diC C+dy;C™ +d3D" (2.18)

(W|[D,E]" = (W|t;C~C +1;C~ +t3D"
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(W|D"D=(W|ffCC+f;C +f;D.

Note that we can extract the "density at the second site' from the equality CD~ = D~C - [D, E]".
Introducing for ¢ € {1,2,3} the coefficient

g =di - 17 (2.19)

we fix once and for all our left boundary algebra under the assumption (H;|) as

(W|D=C = (W|d;C~C+d;C” +d3 D~ (R7)
(W|C™D = (W|g;C"C+q;C + ;D (R3)
(W|D™D=(W|ffCC+f3C + f3D. (Rp»)

Moreover, we refer to the bulk relation by ,

[Dv C] = Oa (RO)
and refer to the algebra composed by the left-boundary and bulk relations as

A ={(B). (B). (B} v {(Bd)}-

Analogous computations for the right-boundary yield

CD*|V)=diCC" —d;C* —diD*|V) (RY)
DC*|V)=qiCC™ - ¢;C" - g3 D7 |V) (R3)
DD*|V)=ffCC" - f;C" - f{D"|V) (Ri2)

under the hypothesis
det(A7) %0, (HY)

where for i = 1,2,3 the coefficients d, ¢, f;" are obtained by replacing {a;; }1<i j<a,izj by {bij}1<ij<a, i+
in d;,q;, fi, respectively; and A obtained from A7 by the same substitution. We refer to the algebra
composed by the right-boundary and bulk relations as A* = {(R7)), (R3)), (R7,) JU{(Ro) }, and the complete

algebra as
A=A"UA".
2.3.3 Consistency conditions

The idea underlying idea to obtain the set of constraints for the rates is that the expectation

(n(1)n(2))n may take formally two values: by either computing (n(1)n(2))n using the rules (R7]),(R5)
and , or using (R7),(R3),(R:,) and (Rol). Since these values must match we extract, under (Hg)),

the two following set of constraints for x # 0:
fr =diar,
fa +di fs = qy(dy +dyds) +dy (g5 +dyg3),
(ards +qy +diqz — f3)(dy + dydy) = —ds,

g3 (dy +dydy) = —dy
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or

Ji=diqy,
fo +difs =di(g5 +digs), (Cy)
0=d; +djd;

where we recall again that the coefficients d~,¢~, f~ can be found in Appendix If k =0 we obtain
simply

fi =dig
which, as it can be seen in Appendix [A-2] corresponds to the equilibrium condition
0 =i (H1)

Although these constraints are quite complex, they can be interpreted in a simpler manner from the
macroscopic scale (Section [2.5)). We remark that the non-linearity of the models can be identified from
these constraints. Focus on the fourth condition in (Cif). Note that ¢35 = 0 = d3 = 0. From the

expressions of the coeflicients g3, d5 it can be checked that
G3=d3=0< D1 =Dy=0

in this way characterizing the left-linear class of models, as in Definition [2.2.5

The goal now is to obtain a set of constraints where the algebra is well-defined. To do so, we compare
A~ with A™\{(Ry)}-
Lemma 2.3.2. The identities (R7)),(R5) and (Ro|) imply the identity
(W|D™DC = (W|[C~C?s9+ C™Csy + Cs2+ D™ s3] (R1,)
+{(W|D™Ddjs,
with coefficients
so=dyqy
s1=di (g +digz) +dyqy
(2.20)
s2 = pdy +d3(digs + ¢z)
s3 = q3 (dy +dydg) +pdy.
Proof. Using (Ry|) we compute

(W|D™DC = (W|D (CD +C) (2.21)

(W|d;C~CD+d;C D +d;D"D+d;C~C+d;C™ +d3 D™
=(W|diC CD+C C+(dyqy +di) +C™ (dy +d5q3) + D™ (dyq3 +d3)
+{(W|d3D™D.
Computing

(W|C~CD=(W|C™ (DC-C)
=(W|C™C%q; +C™C(gy +digz ~1) + Cdaqs + D™dsq3

and replacing this into (2.21]) we obtain the identity appearing in the statement of the lemma. O
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Lemma 2.3.3. Identity satisfies if, and only if, or are satisfied.
Proof. Replace on both sides of to obtain
(W|ffCC?*+ f5CC+ f5DC = (W|C C?sg+ C~Csy +C 59+ D s3
+(W|ds f{C C+d3f3C +d3f3D".
This can be rearranged into
f3 (WIDC = (W|C™C*(s0 - f7)

(2.22)

+

(
+(W]C™C(s1+dsfy — f3)
(W|C™ (52 +d3 fy)
+{(W|D™(s3 + ds f3).

Recalling (R7)), if one imposes that

fIZSOa
f3di =s1+dsf] - f5,
fzdy =s2+dsfs,

0283,

then (2.22)) is reduced to (R7]). These four conditions can be reduced to (Ci)). Otherwise, replacing the
right-hand side of (R7)) into the left-hand side of (2.22)) we see that the equality

(W f5d;C~C + f3d;C™ + f5d5 D™ = (W|[C™C?(so - 1) + C~C(s1+dz fi - f3) +C (s2+d5f5)]
+(W|D" (s3 +d3f3)

must hold. The previous equality can be rearranged into
0=(W|C™C*[fi - s0]
+(WIC™Cfsdy = (s1+d3 fi - f5)]
(
(

(2.23)
+

WIC™ [fsdy = (s2+ds f3)]
+{(W|D™ [-s3].
We show that this is true if, and only if, the requirements of are met. Suppose that s3 = 0. This

implies that the normalization satisfies
0=(f1 =s0) Zn +[fsdy - (s1+dsfy = f2)] Zn-1+[f3dy = (52 + d3f3)] Zn-.

The normalization satisfies the recurrence relation that will be presented in (2.27)), therefore not satisfying
the above unless the remaining coefficients all equal to zero, leading to (C1)).
Let then s3 # 0 and introduce the coefficients
uo = (fy —s0) /33,
ur = (fsdy = (s1+dsfy - f3)) /s,
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up = (f3dy = (s2+ds f3)) /3.
Equation ([2.23) becomes

(W|D™ = (W|ugC~C? + u1C~C + upC~. (2.24)

Replacing (2.24) on both sides of (R7]) leads to
0= (WI|[CC?ug + C~C*(u1 - dgug) + C~C(us — di — dsuy) — C~(d3 + dzus)],

inducing a normalization which must be compatible with (2.27)). Since this is not the case, there is the

need to impose
0 = o,
0 = uy - dsuy,
0=wug—-d| —dsuy,
0 =dy +d5us,

and this is the same as (C5)). O

As mentioned in the introduction, the main difficulty in finding a matrix representation for the algebra
A is that it has three boundary relations for two boundary vectors, per boundary. With this in mind, let

us focus on the identity . Assuming that C' - 1d3 is right-invertible, then is equivalent to
(W|D™D = (W[(C C?sy+C Csy +C sy + D 53)(C —1d3) ™"
We want to argue that the right-hand side above coincides with the right-hand side of , that is,
(W|(ffCC+ f3C + f3D7) = (W|(C~C?sg+ C~Csy +C 59+ D s3)(C - 1d3)".

We cannot do this by means of "derivations" since we do not have any identity involving (C - 1d5)™!,
therefore we multiply by (C'-1d5) through the right on both sides of the equation in the previous display
and reorganize the resulting equation, yielding 0 = 0 by invoking the constraints on the parameters (we
shall perform this computation carefully in the proof of the next proposition). For (C - 1d3) right-

invertible, this means that one must have (under the aforementioned constraints) that

(W|D™D = (W|(C C?sg+C Csy +C sy + D 53)(C —1d3)™" (2.25)
=(W[(fiCC+[f,C + f3D7).

In this manner, we cannot derive the relation from the subalgebra A‘\{}, yet it is true that
if we enlarge the algebra A™\{(R)} with the object A such that (C' - 1d;)A =1 then is satisfied
(under the constraints on the rates). This can be thought of as "exchanging" the relation by the
invertibility of the aforementioned matrix. In this way, we are considering an alternative algebra with a
larger set of objects, but one that still leads to the same stationary probability vector and, importantly,
one that might be easier to argue that a matrix representation exists.

All of this could be avoided if one could compute any probability using two out of the three boundary

relations, per boundary. As a consequence, no invertibility of any object would be required and it would
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be enough to consider then a boundary subalgebra with those two identities, which has to generate the
same probability vector. Moreover, finding a matrix representation for this subalgebra could also be,
in principle, a simpler problem than for the original algebra A, since one would have two identities per
boundary. It turns out that to do so one needs to compute (W|D~D---DD* |V} and for that having either
or its analogous right-boundary counterpart is essential. In this vein, there are the following
possible subalgebras that have an identity involving either (W| D™D or DD |V') but not both:

So:= A{(BD(RE)},  Si=A{(BDRE)}  S2=A{(BL)(RI}, S5 = A\{(BL) (B}

It is important now to be specific regarding what "computing" a probability is meant to be understood.
In the next section we are going to derive a recurrence relation characterizing the normalization Zy,
which can be solved in terms the initial conditions (W|D~CD*|V), (W|D~DD*|V), (W|C~DC*|V),
(W|C~DD*|V), (W|D~DC*|V), and (W|C~C*|V). Since any sequence of D, E (resp. D*, E*) can
be expressed as combination of C,D (resp. C#*, D*) matrices, in order to obtain the exact value of
some probability it is enough to express the probability weights in terms of C, D, D* C*, then use the
identities we can in order to have C,C* matrices only and the aforementioned initial conditions. One
then should be able to fix the aforementioned "initial conditions", obtaining then the exact value of the
probability, with no unknown quantities. The problem with this subalgebra approach is that for each S;,
with ¢ =0,1,2,3, there is a single weight that simply cannot be expressed in terms of the initial conditions

or the normalization.
e Sp: cannot compute (W|D~C---CC* |V);
o Sy: cannot express Zy in terms of the initial conditions (see subsection ;
e Sy: cannot compute (W|C~C---CD*|V);
e S3: cannot express Zy in terms of the initial conditions.

This means that no relation can be removed from the original algebra A while being able to compute,
without resorting to a specific representation, any probability weight. From this analysis we can extract
the following possibilities for guaranteeing the representation of an algebra that generates the same

probability vector:
1. Enlarge A with the right-inverse (resp. left-inverse) of C' - d3 (resp. C - d3);

2. Fix a representation for A with C —d3 (resp. C' —d}) not right-invertible (resp. left-invertible) and
then check if the representation satisfies (R7,) and (R7,).

Note that the approach 1. guarantees that a representation must satisfy 7 because the sec-
ond equality in holds, which is the case due to the left/right invertibility of the aforementioned
objects. If the left-boundary is left-linear (resp. right-linear) then d3 =0 (resp. df = 0), reducing to the
invertibility of C. We stress that, although no representation for A was found, Lemma [2.3.3] together
with the computations in Subsection show that A is free from contradictions, that is, computing

any probability weight by applying any sequence of identities always leads to the same result.
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Proposition 2.3.4. Depending on whether the rates satisfy (C1) or the following holds:

1. Under (C3)), the subalgebra A"\{(Ri)} generates A~.

2. Under with C — 1d3 right-invertible it holds that
(W|D™D = (W|(C C?sg+C Csy +C s+ D 53)(C —1d3)™"
=(WI(f1C"C+ f,C + f3D7);
Proof. We start with the case 1. Under the identity is reduced to
(W| D C=uy(W|C™C
and the equalities in imply that us = d;. One can check that it is sufficient to consider the identity
(W| D™ =dy (W|C~ (2.26)

instead of (R7)) by computing (W|DD using (2.26)), then comparing with (R7,) using the constraints.
We now focus on 2., that is A~ under (C1)). Recall that in Lemma we derived

(W|D™DC = (W|C~C?sy+C Csy +C sy + D s3+ D Dds
from A\(R75). Assuming the right-invertibility of C' - 1d3, to show that this identity is equivalent to
(R75), that is, that
<W| D™ D= <W| (0_0280 + C_C'sl + C_SQ + D_33)(C - 1d§)_1
=(W[(f1C"C+ f,C + fs D7),
we verify
(W|(C~C?sg+C~Csy+C 59+ D7 s3) = (W|(ffC C+ f;C™ + f; D7) (C - 1d3),
which can be rearranged into
0=(W[C™C*(s0 - f1)
(WIC™C(s1 = (f2 +di f3 —dz f1))
+(W[C™ (s2 = (dy f1 —d3f3))
+ (W|D_83.

+

Specifically under this reads 0 = 0. 0O

2.3.4 Normalization

At this point it is still not clear that Zy # 0. Checking this from the representation becomes quickly
intractable, while studying from the algebra point of view is much simpler. We first derive a system of
recurrence relations for Z, which shows the need of investigating the specific value of the inner products

of the boundary vectors. Consider the weights
(M = 2Znmn)N-
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Analogously to the particular case of the SSEP(1,1), (2.9)), the bulk relation leads to

n2)x = (N -1y - (N -3)Zn-1.

From the boundary algebra it holds that

)N =@ 2N + a2 281+ a3 (n(1))

(N - = Zn -5 Zn-1 - @5 (n(N - 1)) %y

and we obtain the system

((ql—qI) 0 0)( Zy ) (N—3—(q2+Q§) —a3 —%T)( Zn-1 )
—dy  10[| (n(D)y |= dy dy 0 (n(W)y-1 |- (2.27)
0 1/ \{n(\N))x —d; 0 —dz) \(n(N-1))x_4
This can be equivalently expressed in terms of the boundary densities and current, however, this
leads to the same following problem. Define the vector Zy = (Zn, (7(1))%, (n(N))%)T. Under
with d3 = ¢§ = 0 or under we see that Zy follows a first order recurrence relation and there are no
initial conditions on to be fixed. On the remaining cases, we need to fix the initial condition Z,.
More precisely, if Z5 =0 then Zn = 0. We will show that Z5 # 0 and that the inner products can be fixed
without invoking a particular representation. Our approach will be to exploit the freedom we have to
compute quantities in different ways, using either the left or right-boundary relations.
We stress that (n(1))y/Z2,(n(2))y/Z2 should not be understood as the density at sites 1,2 for a

system with length N = 2, since our dynamics is only defined for N > 4.

2.3.5 Fixing the inner products

A straightforward way to fix Z5 is to try and solve the discrete equation (Lf(n))n = 0 for specific
functions f and N small. Unfortunately, this is not possible for non-linear models. To better present our

argument we introduce some notation.

Notation 2.3.5. We denote by (W|X (resp. X |V)) if we use a left (resp. right) boundary relation to

compute the local configuration X.

To have a well-defined algebra we must have

0=(W|D CD*|V)- (W|D CD*|V)

) -
0 )

W|D~DD*|V) - (W|D~DD*|V)

0

—(W|C~DC* V)

0

(W|D"C

(W|D"D

(W|CDC* |V

(W|C™DD*|V) - (W|C™DD*|V)
0=(W|D"D ) -

W|D™DC*|V)-(W|D~DC*|V)

Computing the right-hand sides above will lead to a linear system involving Z5.
1. (W|D=CD*|V)-(W|D~CD*|V) =

(W|D~CD*|V) =d; (W|C~CD*|V) +d3 (W|C~D* |V) +d; (W| D" D" |V/)
= d; (W|C~CD*|V) +d; (W|C™D* |V) +d; (W| D D" |V)
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=d; (W[|C~CCT|V)di —(W|C™CT|V)d; - (W[C™D"|V)d3)
+dy (W|C™D* V) +d3 (W|D~D*|V)
= (W|C~CC* V) dyd:

+

(
(wicmcr|v), (-dyds)
+(W|D™D*|V)d;
+(W|D~C*|V)0
+(W[C™D"|V) (=dyd3 +d3)
and

(W|D~CD*"|V)=(W|DCC*|V)d] - (W|D C"|V)dy —(W|D"D"|V)d3

(WD CC* [V)d} - (W| D C*|V)d§ - (W| D D* |V dj

d; (] (W|C~CC* |V + d; (W|C~C* V) + d3 (W] D~C* |V))
—(W|DC*|VYd} -~ (W|D D*|V)d}

=(W|C-CC*|Vydyd:

+

+(W|D™D*|V)(-d3)

+

(
(
(Wlc=cr|v) (didy)
(
(
(

)
WID-C* V) (did; - d5)
+{(W|C~D*|V)0.
We conclude that
0= (W[C™CT|V) (dydy +dsdy)

+(W|D™D* V) (=d3 - d)

+(W|DC" V) (dgd] - d3)

(W[C™D™ V) (d3dy - dy).
Remark 2.3.6. Note that we are assuming that computing (W|C~CD* |V) and (W|D-CC*|V)

on different ways lead to the same value. This is not a problem and we will see why shortly.
2. (W|D-DD*|V)-(W|D"DD*|V}=0

(WID"DD* |V} = fi (W[|CTCD™|[V) + f3 (W|C™D* V) + f3 (W| D" D" |[V)
= fr((WleTecT|Vydi - (W|C™CT V) d; - (W|C™ D™ |[V) d3)
+ [ (WIC™DT V) + f5 (W] D™D"[V)
=(WjcTcer W) frdi
+(W[CTCT V) (=ds f1)
+{(W|D~D*|V) f5
+(W|D~C"|V)0
+(WICDT V) (=frdz + f5),
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30

and
(WID™DD" |V) =(W|D"CC*|V) f{ —=(W|D C"|V) f5 = (W|D"D*|V) f3
[ ((w|C et |Vydy + (W|C™CT|V)dy + (WD C* [V} dy)

~(W[D"C* V) f3 = (W|D"D"|V) f5
= (W|C=CCH|V) fidy

+

+(W|D D"V 1)

) (= f
+(W[D~C*|V) (fids - f3)
)0,

(

(

(Wlc=Cc V) (dy f)
(

(

+(W|C D |V

and we need

0= (WlC™CCT V) (di fi —difi)

(

+(W]Cc=Cr V) (d5f1+ +d; f7)
+(WID" D" V) (=f5 - f3)
+(W[D™C™ V) (=f3 +ds )
+(WICDT V) (=f3 +d3f7).

3. (W|C™DC*|V)—(W|C~DC*|V) =

(W|C~DC*|V) = g; (W|C~CCy+ g5 (W|C~C* V) + g5 (W| D~C* V), (2.28)
while
(W|C™DC* V) =(W|CCC" V) qi —(W[CCC™ V) g3 - (W|C™D"|V) g,
which implies
0=(W|C"CC™|V)(¢1 —qi) (2.:29)
+{(W[C™CT V) (g3 +43)
+(W[D"C* V) (g5)
+(W[C™D* V) (g3) .-

4. (W|C~DD*|V)-(W|C~DD*|V) =

(WIC™DD" V) = q; (W|CTCD" V) + g5 (W|C™D" |V} + g5 (W| D™D |[V)
=q (W|C™(diCCT V) - d;CT|V) = dz D" |V'))
+ g (W[C™D™ V) + g5 (W] D" D" V)
=(wjcrcer\V)dig
(Wl CT V) (=d5q1)
+(W[D™D" V) g5
+(W[CD" V) (~d3q; +¢3),



while
(WIC™DD™|V) = fH (W|C™CCT V) = f3 (W]|C™CT V) = fy (W[CT D" V)
leading to
0=(W[C™CCT V) (fi —diqr)
+(WC™CT V) (- f3 +d3q1)
+(WID"D" V) (-g5)

+(W[C™DY V) (=f5 +d3q; —q3)

5. (W|D~DC*|V)-(W|D DC*|V)=0:

(WID"DC™ V) = fy (W|C=CCT V) + fo (W]C™CT V) + f5 (W[ D™CT V)

and
(WID™DC™ V) = qi (W|D"CC™|V) - g3 (W[ D" C"|V) - g5 (W] D" D" |[V)

= qi (dy (W|C™C +dy (W[C™ +dz (W] DT)C™ V)
-3 (W|D"C* V) - g5 (W| D" D" V)
= (Wl CcCT|V) (digr)
+(W[CC" V) (dyqr)
+(W|D"D* V) (-g3)
+(W|D™C" V) (dsqi - q3),

and so

0

(wlc-ccr vy (fy —digp)
+(W[CCT V) (f5 - daar)
+(W[D"D* V) g3

+(W[DCH|V) (f5 —dsqi +q3).

Regarding Remark the only other way to compute (for example) (W|D~CC™*|V) is to "send" the
D~ matrix from one boundary to the other. For that, we note that (W|D~C = (W|C-D + (W|[D,C]",
where [D,C]™ = D"C-C"D (see (2.16)), and since [D,C]™ = [D, E]” we may look directly at the algebra
where is replaced by

(W|[D,C] =(W|t;C"C +t;C™ +t5D".
This leads to

(W|D-CC* |V} = (W|C~DC* [V) + [D,CL.C* V)
= (W|C~DC* V) + ] (W|C~CC* |V + t5 (W|C-C* [V} + t5 (W| D™ D* |V) ,

and so (W|D~CC*|V) =(W|D~CC™*|V) is equivalent to
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Ay (W|C~CC* |V + d3 (W] C-C* V) + d5 (W| D~ C* V)

=(W|CDCH VY +t] (W|C~CCH|V)+t3 (W|C~C*|V)+t3 (W|D™D*|V)
that is,
(W|C™DC™ V) = (dy —t1) (W|C™CCy + (dy —15) (W|C™CT V) + (d3 — t5) (W[ D™C" V).

Recalling from (2.19) that ¢; = d; —¢; for i € {1,2,3}, the equation above is the same as (2.28)). The
same procedure for (W|C~CD* |V') leads to

(WIC™DC™ V) = (di - 17) (W|CTCCT V) = (dy = t3) (W] C™CT V) = (dg - t3) (W|D"C™ V).

Equating the last two expressions yields again ([2.29)).
We find that this is equivalent to the kernel problem

0 dyd; +didy —dy—d;  dzdf—db didy - dy A
dUP%Uf@H+@h—h fs —fy+dsff —fa +difT Zs
a - q -0 -0 -q3 -q3 (n(1)n(2))y | =0. (2.30)
ff-dis ~fi+diqi  -gq3 0 ~f5 +djqr — g3 (n(1))3
digi = fi  ~fa+dyqy  -q¢3  ~f3+d3qi - g5 0 (n(2))s

Denote the matrix on the left-hand side above by Z. For Z to have a non-trivial kernel we need
det(Z) =0
Example 2.3.7 (Linear models). If d} = ¢5 =0 and d3 # 0, then set of constraints simplifies to

fi=diqr, fy=-di+dyqr, fy=1+q,

and the system (2.30) has the unique solution
Zy a4 -aqr
Zs g3 +q3

- -4
n(1))2=dy +dy———,
()2 =i + L,

q
n(2 2—d++d+7
( )> q2+q2+1

e dbGat ) | diaf - ar) d3 (a1 —a7)
1 9 :dd+—d o\d1 — 41 2\41 1 d+—# .
(n(1)n(2))2 = didy 1q2—+q§-+1+q§+q;+1 qy +q5 +2

We note that

(D)2 = (1(1))a(n(2))s + — 2L ( i —qf ).

g; +q5+2\q;+q3 +1

Example 2.3.8 (Non-linear models). For (C1)) with ¢5 # 0 it is convenient to perform the substitutions

fl - 1 17
fi= - di(1+diq3),
f3 =aids +2diq3 + g5 + 1
di
dg‘:———d*di
a3
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It can be checked that this yields the unique solution
ZQ 1 _ _ 2 - — — —
7. =% (a - q1)" (=digz —diqz +d3(q7 —a41) — 45 — a5 — 2)
3 20
1 o _ o _ ~
t (¢r —q7) (digz +digs + g3 +q5 +2) (=dygs —digs +d3(q1 —q1) ¢z — ¢ — 1),
1T _ o _ _
(n(M)n(2))2 = —gdlqs (digz +digz +a5 + a5 +2) [dig3(digz +digs +q5 +q5 +1) = d3(digz + 1) (g7 —q7)]
1T B _ o _
+ ZTzdS (digz +1) (g1 - QT) [d;(di’q;{ +1)(q; - QI) - d_{qg(dl(h + qug +qy + q; +2)],
T _ o N
(n(1))2 = —;ldlqs (digs +digs +q5 + a5 +2) [digs +diqs +d3(q7 —q7) + 43 + a5 +1]
1 _ o _ _
+ Zd3(d1Q3 +1)(q1 —aq7) [~digs —digz +d3(q7 —q1) -5 — ¢5 = 2],
1 o _ o o _
(n(2))2 = —szfqg (digs +diqs +qy +qs +2)[digs +diqs +d3(qy —q7) +qa +q5 +1]
1 e _ L
+;2d§( 103 +1) (¢ —q7) [-digs —digs +d3(qf —a1) —az — a5 — 2],
where
20=~d3 (q7 —q1) (digz +digs + a3 +q5 +2) [~diqz —diqs +d3(q; —a7) — q3 — g5 — 1]
—(digz +digz +q3 +q5 +2) (digz +digs +q5 +q5 + 1) [~digz —digs +d3(q1 —q1) —az — 45 ]
212 =d3q3q3 (q1 —q1) [=digz —digz +d3(q7 —47) — ¢z — @5 — 2]
+q3q3 (digz +digs +q5 +q5 +2)[~digs —digz +d3(qy ~q1) —a2 — ¢ — 1],
z1=d3q3 (¢ —q1) [=diq3 —diqs +d3(qy —q7) — g5 —q5 — 2]
+q3 (digs +digs +q5 +q3 +2) [~digs —diqs +d3(q7 —q7) —az — a5 — 1],
zp=dzqs (g7 —q1) [-digz —digz +d3(qy —41) — 2 — @5 — 2]
+q3 (digs +diqs +q3 +q3 +2) [~digs —diq3 +d3(q7 —q7) —az — a3 —1].
We do not prove that the denominators z., in the two previous examples, are not zero in general.

However, it can be checked that for the examples that we provide in Appendix [A-4] this is, indeed, the

case.

2.4 Characterization of the consistency relations

The goal of this section is to have some better understanding of the constraints imposed by the

algebra. To simplify the presentation we introduce some notation.

Definition 2.4.1. Denote by a and b the collection of the left and right boundary parameters, respec-

tively:

a={aij}ij=1,..a and b= {by}ij=1,. ..
i%j i
Denote also the set of parameters such that is satisfied for the left-boundary (resp. right-boundary)
by C7 (resp. C7) and the set of parameters satisfying by C; (resp. C3). With this notation, we say
that a fixed choice of boundary rates a satisfies by writing a € C7. For the other set of constraints

and boundary we write analogously.
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For each boundary the full set of constraints C;7 uUCs can be split into three families. Again, we focus
on the left-boundary. For the right-boundary one needs only to replace the superscript — by +.

Recall the conditions and under . It is straightforward to check that {d3,d5; =0} nC; c
Ca, while {d3,d3 =0}°nC;y ¢ C2 and so €] and C; have a non-empty intersection only if d; = d3 = 0. This

also trivially splits the set C; into two non-intersecting sets
C1 = (€1 n{dz,d5 =0}) u (Cy n {d, d5 = 0}°).
Let us now focus on the last equation in . Note that
d3=0 = (d3=0vg3=0) and ¢3=0 = d3=0,
and so we can perform the decomposition
C1 0 {dz,d5 =0} = (C1 n {d; = 0}) u (€1 n {d5 = 0})
= [(c1n{dz #0, d5 =0}) u(Cin {dz,d5 #0}) U (Ci n {d5, 45 # 0})

(
(€1 {d; 0, d3,q5 = 0}) U (Cr 0 {dz, s, g5 # 0} ) U (Cr 0 {d5, 05 # 0})
= (Crn{dz #0, dg,q5 =0} )U(C1 n {ds, g5 #0}).

This motivates the introduction of the following families.
Definition 2.4.2. Define for the left-boundary

o Family §7: models a € C5;

o Family £7: models a € C7 n{d; # 0, d3,q5 =0};

o Family 91": models a € C] n{d5,q5 #0};

Subfamlly H": models a € (Cl_ n {tl = O, to = 1, t3 = O}) @] (CQ_ N {tl = O7 to + d1t3 = 1})

where we recall from (2.19)) that ¢; := d; —¢;. For the right-boundary we introduce analogous families by
simply replacing the superscript — by + and a by b. We introduce also the models with both boundaries

in the same family:
S5ZS_XS+7 E::E_x£+7 ‘ﬁ::m_me" ﬁ::ﬁ_xff’.
We highlight that from the expression for the coefficients on Appendix [A-T] we see that

— _ Q24 + Q14 = Q13 + A23
d;=0,d; =0« ’
42 +Qa32 = a31 + Q41.-

_ _ a13 +ag3 taz1 +aq1 =aiq +aga +agz + aq2,
d3 = O7 q3 = O <~
Q21 + a3z t+aq1 +a12 = a1q +a23 +az4 + a43.

It turns out that for each of the previous families the stationary measure has a different structure.
e For the family §~ the stationary measure factorizes at site 1 and the reservoirs are uncorrelated;

e For the family £~ the models are left-linear but the measure does not factorize at the left-boundary;
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e The family 91~ corresponds to non-linear models where the measure also does not factorize at the

left-boundary;

e The subfamily $~ corresponds to models where the boundary matrices can be taken as being the
same as the bulk ones (see Subsection [2.4.3). The corresponding models can be of linear or non-

linear nature, and the stationary measure can be factorized at the boundary or not.

For both § and £ a representation for the algebra can be guaranteed from the representation of the
SSEP(1,1). We note that there are models in § whose left-boundary is also non-linear in the sense
of the Definition (see Appendix [A.4). Studying these families in detail is the content of the next

subsections. Some examples of models are given in Appendix [A.4] although they are far from exhaustive.
2.4.1 Family £
Recall from the boundary vectors
(Wol = (WIE™,  [Vo) = ET|V), (Wi|:=(W|D", [Vi):=D"|V) (2.31)
and introduce
(Al:= (Wol + (W4, [B) =[Vo) +[V1).

With this notation the boundary algebra, assuming the right-invertibility (resp. left) of C'—1d5 (resp.
C - 1d}) and therefore without (R)), can be rewritten as

(W] C = (Al (di C + dy), DIVi) = d;C - d3 |B), (2.32)
(AID = {A|(¢;C - (<;)1), DIB) = ¢;C + (~q3)1|B).

Note that the last line is the boundary algebra for the open SSEP with boundary vectors (A| and |B):

Q 1 B8 1
- 1 DIBY=C——+ ——1|B
a+y a+y’ 1B) ﬁ+5+,8+5 1B)

(A|D = (A|C

. . . " 1-q7
under the identification o = % , Y = 7qq1
2

L and similar for the right-boundary. From the representation for
2
the SSEP(1, 1) it is guaranteed the existence of vectors (A|, |B) and matrices D, E satisfying [D, E] = D+F
and the boundary relations in the second line of (2.32)). These objects can then be plugged into the rest

of the boundary algebra to construct the vectors (Wi| and |V4).

2.4.2 Family §

We already saw in Proposition and in (2.26) that it is enough to consider the following subalgebra
for the left-boundary

(W|D™ = (W|d,C",
(W|C™D =(W|¢;C C+¢3C +q3D".
It will be convenient to simplify this algebra. Recalling the boundary vectors (2.31)), we rewrite

(WI(D™ =dC7) =0« (1-dy) (W] =dy (Wol.
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For dj = 0, we have (W] = 0, and the relation (R5])) becomes
(Wo| D = (Wo|(Cyqy +1g3),
while for d; # 0 we have
((Wol + (W) D = ((Wo| + (WA[)(Cyqy + 1g3) + g5 (W]
< dy ((Wol + (Wi]) D = dy ((Wo| + (Wh])(Cay +1g3) + dygz (Wi,
< (WD = (W1|Cqy + (digs +q3)1.

This way, if both the left and right boundaries are in this family, (a,b) € §, the complete boundary

algebra reduces to
(Woldy = (Wh|(1-dy)
(Wi D = (Wilq C + (dygz +g2)1, dy #0,

(Wo| D = (Wo|Cqy +q31, dy =0

di [Vo) = (1-d7)|V1),
DV1)=q;C~(dyqz +¢3)1|V1), dy #0,
DVo)=Cqi —q51|V), 1=0.

Proposition 2.4.3. For models in § the stationary measure pu3; factorizes at the boundary in the fol-

lowing sense:
13 (0) = vl (M) (1(2), ... (N = 1))k (n(N)), (2.34)
where we recall from that for x € A and p € [0,1] one has
vp(n(z)) = p" ) (1= p)' 71,

and pp s the stationary measure of the open SSEP defined in {2, ..., N -1} with injection (resp. removal)
rate o (resp. ) at the site 2, and injection (resp. removal) rate 5 (resp. 0) at the site N — 1, with the

identification

a:% ﬁ:% , + + % +
e and g with  k* = -(diq3 +q3) # 0.

As a consequence, the boundary matrices can be taken as multiples of the identity satisfying the relations
0=diE*-(1-d7)D*.
The reciprocal is also true: if Ip* € [0,1] such that the stationary measure is factorized as
v () = vp-(n(1)) e (n(2), - .., n(N = 1))vp+ (n(N))

where y, is the stationary measure of the open SSEP with with injection (resp. removal) rate o (resp. )

at the first site, and injection (resp. removal) rate 3 (resp. &) at the last site, then

T T I o4 193 7 42
Y= K- T kgt

and also p* =di with (a,b) € 3.
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Proof. We show the result for di # 0 only since for the remaining cases the procedure is analogous. From

the boundary algebra

(Win(1)D™ + (1 -n(1))E" = (dyn(1) + (1 -dy)(1-n(1))) di, (Wl

Similarly, since

_ _ 1-d7 1
(W|D™+FE 5(W1+W0|:( 1 +1)(W1|:_(W1|,
dl dl
we can introduce
In = (W C-CN2CH VY = (0| OV 1) = = - Zy e
dy di —dy T Tdy

Analogous computations for the right boundary then ends the proof for the factorization. Defining xk*
as in the statement of the current proposition, the identification with the SSEP algebra comes from the

identities
(Wh|D = (Wi]q;C-~"1, DIVi)=q;C+r"1|V1), [D,C]=pC.

Since the stationary measure factorizes into a Bernoulli measure at the boundaries, it is clear that we
can take the boundary matrices to be multiples of the identity. More precisely, letting them be as such,

we have
dy (Wo| = (1-dy) (Wh| < [d{E” = (1-dy)D"[{(W[1=0

and we need only to impose d{E~ - (1-d7)D™ =0.

Now we prove the converse. The measure py, is completely described (see [I1]) by the quadratic algebra
(W|aE-~vD=(W|, [D,E]=D+E, BE-6D|V)=-|V)

and in particular
1 N-1
pn(n) = i) (W] }—[2 [Dn(x) + E(1-n(x))]|V).
Checking the stationary condition for p3; the operators acting on p;, will lead to the telescopic relations
and what remains can be identified with the algebra A where D*, E* are multiples of the identity. The

requirement for this algebra, with such choices of boundary matrices, to be well-defined is that (a,b) € §.

O

2.4.3 Family $

We characterize the models where the boundary matrices can be the same as in the bulk, D* = D
and E* = E. For these models the algebra for 1-site boundary is completely enough to characterize the
stationary measure.

Recall from (2.18) that we can express the three left-boundary relation as

(W|D-C dy dy dz\ ((W|C~C
(W|[D,E]" | =]t t3 t3 || (W|C™ |, [D,E]" =D E-E D.
(W|D™D fr fs f3)\ (WD~
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If D~ =D and F~ = E then
(W|C = (W|[D,E] = (W|[D,E] =(W|t;CC +t;C™ +t3D™ = (W|t;C? +t;C + t3D.
This motivates the following.

Proposition 2.4.4. The boundary specific matrices D™, E~ can be fired as D™, E~ = D, E if and only if
ae(Cin{t1=0,t2=1,t3=0})u(C3n{t1 =0, ta+dit3=1}). (2.35)
Proof. Suppose that D™ = D and E~ = E. Then we must have
(W|C = (W|[D,E] = (W|t;C? +t;C + t3D.

The constraints ¢3 = 0,¢] = 0,¢; = 1 are enough to guarantee that [D, E] = C' at the boundary, that is,
(W|C = (W|[D, E]. In particular, we have ¢35 = d3 because t~ = d~ — ¢~ and we can have d3,q5 # 0;
moreover d, + djds also does not need to be zero. This way, the corresponding models can be on either
or (C3).

If t5 # 0 we can write

t7 1-t5
(W|D=(W|--LC*+ —2C
t3 t3
and compare with ,
121 1-t5 t] 1-t5
(W|-2LC3+ —2C? = (W|d{C* +dyC + d3 | -2 C? + —2C|. (2.36)
t3 t3 t3 t3
That is,

0= (W|03t%+02 (dl— 1__t2 —d3t1)+c(d31__t2 +d2).
t3 t3 tS t3

From the same argument for the normalization, on Lemma we see that we need to set the coefficients

to zero, which can be expressed as
0=t], 1=t;+dit;, O0=dy+did;, 0=#t3. (2.37)

Since d; + d;d3 =0, the full set of constraints is a subset of C5. Moreover, we end up with the single
boundary relation

S
W D=(w|-2c? s 20 wiac0
t3 t3

because both and can be derived from the identity in the previous display plus .

For t3 = 0 it follows that C3 N {t1 =0, to =1, t3=0} cC5 n{t1 =0, t2 +dit3 = 1}, and we end up with
the two constraints on .

Reciprocally, suppose the constraints (2.35) are satisfied. If ¢7 =0, ¢5 =1, t3 =0 then

(W|D"E-E"D=(W|C".

Otherwise, we need
1-t; t]
= to--1Lcc. (2.38)

(W|C™ =(W|[t;CC +t;C” +t3D” <= (W|D™ = (W| ;
3 3
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We compare the previous relation with (R7]). Multiplying both sides of the previous display by C through

the right and reorganizing the terms yields

(W|D~C = (W|

! __t2 cC - t%c—o?, (2.39)
t3 t3

which should be equivalent to (R7]). In particular, replacing (2.38) and (2.39)) into , that we recall
to be

(W|D™C =(W|d;C~C +d;C™ +d3D,

and reorganizing the terms yields

1-15 t] 1-1t5 t]
(W|—=2CC-2LCcC?=(W||d]C* +dyC™ +dz | —2C~ - Lo )],
t3 t3 t3 t3
analogously to (2.36]). The previous normalization argument imposes (2.37]). O

2.5 Density and reservoirs correlation

We focus on the left-boundary, specifically on models satisfying constraints , that is, in either of
the families £~ or 917. Regarding family §~ (see Subsection , the stationary measure has the fac-
torization given in , therefore the boundary reservoirs are uncorrelated and the correlation function
for particles in the bulk behaves as in the SSEP(1,1).

We will compute the density and correlation between the left-boundary reservoirs using the algebra,
then compare this with the expression for ¢n(1,2) obtained in from the stationary equations
(Lf(n))n =0. From the boundary algebra,

(n(1) —dy)n = (da +dydg) Iy + dz(n(1) —di)n-1 N

and by iteration

N-3 n N-3
(n(1) = di)n = In(dy + dids) + (dy + didy) 3 (ds)" Qn_i +(d5)N A (n(1) - dy))s 1‘% iy

which can be replaced into the right-hand side of
(n(2) —ar)n = (a2 +digz)In + a5 In{n(1) = dy)n-1,

(m(Wn2))n = fi + (1 +difz)In + f5 In(n(1) —di)n-1.

At this point we should compute the current. From (2.27) we have that

IN(N=3-q-a5 ~a5(n(N =1))n-1 —a5(n(1))n-1) = ¢1 — i,
where Jy = Zn-1/Zn, and therefore

1 ¢ -qf

I = N1+0(n)

With this, we can show that
(n(D))n =dy + In(dy +dyds) + InIN-1d3(dy +dyds) + O (YN?),
n2)n =aq1 +In(g2 +dig3) + ININ-1q5(dy + did3) + O (/N?), (2.40)
(n(Wn@2))n = fi +In(fe +di f3) + InIn-1f5 (dy +dids) + O (YN°).
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The bulk relation implies that for any z € {2,..., N — 1} it holds that

(n(@))n = (n2)n - (z-2)J,

which leads to

dy + Jn(d3 +did3) + O(1/n?), x
(n(@))n =1a1 + In(gz +digz - (£ -2)) +O(1/n?), 2<z<N -1,
di - Iy (d5 +didy) + O(1/n?), x
Performing the limit N — +o0 we write u := imy_ 40 N 12 and p(u) := imy_ 00 (n(z))n, obtaining the

linear profile

dy, u=0,
p(u)=4q¢i(1—u) +qfu, we(0,1),
dy, u=1.

We highlight that for d} # g7, that is, t7 # 0, the density is not continuous at the boundary. In the case

di = ¢7 the boundary derivatives are well defined. Concretely,
2up(0) = Jim_ N((n(1))x ~ (n(2))x) = (d5 +did; - (g5 +dig)) Jim N
Dup(1) = Jim N({n(N = D))x ~(n(N))w) = (~df did} +5 +dig}) lim Ny,

where imy 400 NJn =7 — g7 =d7 - d7.

For the correlation function, similarly,

on(1,2) = f{ —diqy
+Jn (fy +di f3 —dy (g5 +dig3) — gy (dy + dydy))
— (JIn)*(dy +dids) (g5 +diqs)

+ ININ-1(dy + did3)(f3 —digs —dzqr) + OC/N?).

The algebra constraints (C1]) and (Cs)) imply that the first two lines on the right-hand side equal zero,

hence
Jim N2y (1,2) = (g1 = 1) (dz +dydy) (fs - digs - dygy = (a5 +dig3))
For d; + djd3 # 0 we can see that
f5 —digz —dsqy = (g5 +digs) = 1. (2.41)
To prove this, note that
(dy +dyds)(fs —digs —dzqy = (g2 +digs)) = —(qrd3 + g5 +digz — f3)(d3 + dydy)
- dyq3(dy + dyd3)
= dy —dyqs(dy +dydy)
=dy +d;d3
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with the second equality in the previous display being a consequence of the fourth condition in (Cy)). As

such, we conclude that
Jim N2y (1,2) = (g1 - 47)*(d; +dydy). (2.42)

This is in contrast with ¢x(2,3), which should be scaled by a factor N: we can approximate this

quantity with the same reasoning.

(n(2)n(3))n = ¢ (n(3))n + a2 (n(2))N-1JIN + g5 (n(1)n(2)) n-1] N,
n3))v=n2))n - JIn

and so

on(2,3) = qr (n(3))v + @2 (1(2))v-1In + g5 (n()n(2))v-1In = (n(2))n (1(2))v = In)
==n2Nn ()~ =) + In (N(2))v - a1 + ¢z (1(2))v-1 + a5 (n(1)1(2))v-1)
= (a1 +O(/N)) ((¢z +digz)In + O(Y/N (N -1)))
+JIn (1 +O(/N) = a1 + g2 (g7 + O(Y/N -1)) + g5 (fy + O(Y/N -1)))

=q1 (g2 +digz)In + In(d1gz + fraz) + O(/Nv - 1)
Since f; =d;q; this can be rearranged into

(pN(2,3) = 2q1_(q£ + d1Q3)JN + O(l/N(N— 1)).

N—+o00

Notation 2.5.1. Hereafter we are going to use the following notation g = o(f(N)) < g/f(IN) —— 0.

Proposition 2.5.2. If the boundary parameters are such that (Hy|) and (H1|) are satisfied, then for

left-linear models (a € £ ) the constraints (C1)) are equivalent to

en(1,2) = ((n(1) = dy))n (G2(m)n +o(M/N?) = O(Y/N*),
while for left-non-linear models (a € N~ ) they are equivalent to the previous two equalities plus

: (2min
NIEPoo () - g )n 1. (2.43)

Proof. We compute in Appendix[A.3] solely from the equations (£n(1))x = (£Ln(2))n = (Ln(1)n(2))n =0,

the correlation

e (1,2) = (fy —digy) + Ga(m)n (f2 +dif3 - a1 (da + didy) - di(gz +dig3))

e (s mards—dig
+<.72(77))N(d2+d1d3)( 1= d5 (o (1)) Q2 d1Q3)

(g3 (dy +didy) +d5(qz +diq3))
1

s dy+dids
{2 (m)v d3(j2(n) N

+ G (Ddids (& + i) e o

T d (2w (f5 —ards —dig3)

_ (Vsen)(1,2) (G2 ()
1—d3(j2(n))n

(g5(dy +did3) +d3(qs +diq3))
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i} (v(gf—N ;jj;j;f;;@“ (d + iy )2 (1 e dfjﬁmm)
(W5e2)(1.2)°
(= d; (o () )2 0%

where we recall that (V3on)(1,2) = on(1,3) —pn(1,2). The right-hand side of previous display is very

general, with no constraints except (H;|) and with no algebra involved. The key quantity to focus on is

the forward difference

(Vion)(1,2) = T (N930)(1,2).

We can either have limpy_ 400 (NV3¢)(1,2) finite or infinite. We suppose the former. This being fi-
nite means that there exists the partial derivative at the boundary, since NV should converge to
the partial derivative operator acting on the second variable (which we write as d2). In other words,
limy 100 o (1,2) should be right-continuous at the macroscopic point (u,v) = (0,0). In this case, we

have
Nen(1,2) = N(fy —digqy) + N(2(m)n (fs +di fs — a1 (dy + dydy) — dy (g3 +dyg3)) + O(Y/N).
This means that we can consider the cases

0#fi —diqy = »n(1,2)=0(1),

0=f; —diq; # fy +dif5 —qi(dy +did3) —di (g3 +dig35) = »n(1,2) =O0(}/n),
and
0=f; —dyqy = fo +di f3 —qi(dy +did3) —di (g +dig3). (2.44)

We focus on the last case above, and highlight that the first two constraints in (C1)) correspond to the

two constraints in (2.44).
Let us further suppose that (V3en)(1,2) < O(1/n?). Then
lim Ny (1,2) = J*(dy +didy) (f5 = a1d; —digs = a5 —digs),  J = lim N(ja(n))n.

N—+o0

Imposing also, one obtains the same as in , from the MPA. Since
((n(1) =dy)j2(m)w = ((n(1) = d))n (G2 (m)n = (V3on)(1,2),
from the constraint can be encapsulated into
i N2y (1,2) = J2(dy + didy) = Jim N*((n(1) = di))w (Ga(n))w = Jim N*((n(1) = dy)sa(m)w-
We highlight that from the MPA we can compute
on(1,3) =on(1,2) + (dy +dydz) In(In = In-1) + O(Y/NY),

and so (V3on)(1,2) = O(1/n*) assuming (C1)), since we already saw that the consistency of the algebra
implies that ¢y (1,2) = O(1/n?).
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To see that the last constraint, gs(ds + d1d3) = —ds, can be encapsulated into (2.43)), from (A.5) and
(A7) it holds that

- (VE@N)(LQ)l—dg(;Q(n))N

(2.45)

(1) = i = (d ) o)) o + 5 (5 + i) oV g
3\J2

hence

o=t D=y ds (1) = di)y = (e i) oy () =dD)

N=veo (j2()) N g (n(2) —ar)n — (a2 + digs) (Ga(m))n — N=veo (9(2) —q7)n
Since d3 + djds # 0 by hypothesis, from (2.45) and again (A.5) we obtain (2.43]). O
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3.1 Introduction
3.1.1 Main result and strategy

We construct a family of exclusion processes parametrized by m € (0,2] and evolving on the one-

dimensional (discrete) torus T and we prove that their hydrodynamic limit is given by
atp:aZ(pm)v (t,u) e Ry xT.

The motivation for the definition of our models comes from the analysis of the diffusion coefficient
D(p) = mp™ ! and the generalized binomial theorem (Proposition below). As a consequence, the
resulting family of models interpolates continuously in m between the SSEP and the so-called PMM(1).
For the reader to have a better picture of the processes that will interplay in this chapter present the
constraints for the occupation exchange in the node {0,1} of the relevant processes. The SSEP and the
PMM(k), for any k € N,, are defined, for each 7 € Qp, through the rates

k+1 J

a(n) =n(0)(L-n(1)) + (1-n(0))n(1) and r®(m)=am) ), [] n),

J=1i=—(k+1)+j
i%0,1

respectively. In particular, the rate of the PMM(1) is given by r(*) = (n(=1)+7(2))a(n). The rates acting
in a generic node {x,z + 1} are obtained by a translation of the maps just introduced. For the moment,
let us refer to the rate of the interpolating model simply by rgvm_l), for m € (0,2) and N >1 a fixed
natural number. The interpolating family is presented in below and, more detailed, in Definition
the PMM is presented in Definition and the interpolating property presented in Proposition
0.2. 12

)m—l

The starting point is to represent the diffusion coefficient D(p) = m(1 - (1 - p) in terms of the

series

()= 3 () )R- o), (31)

k>1

where (7;) is the generalized binomial coefficient (see for the definition). The diffusion coefficient
kp*~! is associated with the PMM(k), and for this reason the family {PMM(k)}zs0 can be seen as a
“polynomial basis”. To be precise, to generate a discrete version of we consider as basis the family
of processes PMM, corresponding to the PMM constraints with holes and particles exchanged; and since
the lattice is finite, the series is truncated at a step £y < N with £y N2, oo

The porous medium models {PMM(k)}xeny (first considered in [2I]) are of gradient type, and the
Bernoulli product measures with constant parameter are invariant for each PMM(k). In this way, the
interpolating model keeps both properties, and moreover it becomes irreducible, in the sense that every
particle configuration can be changed into any other configuration with the same number of particles
through successive jumps that happen with positive probability. We note that this irreducibility property
was not verified for the original PMM(k), and in our case is consequence of the interpolating process
being "closer" to the SSEP than the PMM(1) is.

We denote by {n;}0 the Markov process on the lattice Qx = {0,1}"~ which is univocally defined

through its infinitesimal generator, denoted below by £%~!, which is an operator acting on functions
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defined on Q. In order to give a precise definition, we first need to introduce the infinitesimal gener-
ators related to the basis mentioned above: let EIID\,WVI(IC) be the generator of a process defined as the
PMM(k), but with the constraints acting on empty sites, instead of particles, as previously mentioned.
The infinitesimal generator of the interpolating model, which is a linear combination of the latter, is
defined for any m € (0,2] by

ZN ViV 3
ﬁgvm—l) _ ];1 (7:)(_1)1@-1521\41\4@—1)7 where 2</{y ——— +oo. (3.2)

The treatment of a linear combination of nearest neighbour models with /5 — +00 as N — +o0 is one of the
novelties of this work. It is also worth pointing out that although only has local interactions, it is not
required that £ = o(IN), and it can be of any order, as long as N > £y — +oo. In fact, several difficulties
arise from maintaining ¢ with no order restrictions. To achieve this, some new ideas and properties of
the family {PMM(k)}xso are explored. The interpolating property invoked above is a consequence of the
definition of the generalized binomial coefficients. Concretely, for any fixed configuration n and fixed N

it holds that

lm el () =a(m) = lm V() and L §70 () = 2O ().

To better visualize how these rates can deform the SSEP into a slow or fast diffusion model we refer the
reader to Figure 3.5 and to the discussion just before it.

We remark that the sign of the generalized binomial coefficients (’:) changes according to the values
of m and k. This oscillating nature is the reason why one may find rates for which is not well-defined
for m > 2. For m € (0,2), the sign of these coeflicients lead to an interpretation of the resulting models as
the SSEP with either a penalization or reinforcement given by porous medium models (with constraints
on the empty sites), as explained in , and this also explains why the interpolating model becomes
irreducible. This is presented in more details in Proposition [3.2.10)

Proving a hydrodynamic limit is, in plain terms, a law of large numbers for a specific quantity of the
system — in our case the density of particles, which is also a conserved quantity since we will work in the
torus. Concretely, the (time accelerated) empirical measure associated with the particle density at time

t > 0 is defined for any 7 € Qy, as follows

1

ﬂ—ilv(nvdu): N Z nN2t(x)5x/N(du)~
xeT N

In other words 7Y (7, du) is a random measure on the continuous torus T and performs the link between
the microscopic and macroscopic space scales, via the space scaling x + N1z and the so-called diffusive
time scaling t = N?t. Our main result states that starting from a local equilibrium distribution (see
Deﬁnition, this random empirical measure converges in probability as N — +oo, to a deterministic
measure p;(u)du, where p,(u) is the unique weak solution of the hydrodynamic equation for m €
(0,2).

Our proof follows the entropy method introduced by [23], which highly relies on the fact that the
microscopic model of particles is gradient and has the irreducibility property. The overall strategy can

be split into three steps: (i) prove tightness of the sequence of measures induced by the density empirical
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measure; (ii) obtain an energy estimate which gives information on the regularity of the density profile,
which is crucial for the proof of uniqueness of weak solutions; (iii) characterize uniquely the limiting
points. Different technical problems arise for both slow (m > 1) and fast (m < 1) regimes. In plain terms,
a particularly delicate and crucial step is showing that the occupation variables can be approximated
by local (empirical) averages, which is done in several steps. The main difficulty, in our case, lies in
that we have a large product of occupation variables, which is where the "nonlinearity" of the dynamics
arises. This approximation scheme is known in the literature as the replacement lemmas. In particular,
the replacement lemmas are specific to each regime (see Lemmas for the slow regime and
Lemmas for the fast regime). Fundamental to the proof of those lemmas is the energy
lower bound (Proposition which compares the Dirichlet form of our process with the “Carré-du-
Champ" operator, and the results of Subsection [3.2.1] where we derive some new properties of the family
{PMM(k)}ks0- In the fast regime, it is surprising that the tightness step requires the replacement Lemma
[B:1.6] due to the supremum of the rates being unbounded as N — +oo. The characterization of the limit
points is the most technical part, and also uses several replacement lemmas.

The application of those replacement lemmas involves some novelties due to the summation with

(m=1) " The replacement lemmas link the microscopic and

binomial coefficients in the definition of £
macroscopic scales by approximating the product of k occupation variables by k empirical averages
over independent boxes — first by microscopic boxes (“one-block estimate”), then by approximating the
microscopic boxes by mesoscopic boxes (“two-blocks estimate”). Here, it is important to adjust the size
of these boxes dynamically with k& for the series of errors to vanish in the limit NV — +o00. However, this
dynamical argument alone would require to impose assumptions on the explosion of /. To avoid this, it
is fundamental to first slow down the explosion by replacing £x by (£5)™ with 0 <n < 1. This argument
depends on the order of the tail of the series ) ;¢ |(7;§)| The treatment of this series also requires a sharp
non-asymptotic estimate on the binomial coefficients which, surprisingly, was absent in the literature (see
Lemma and can be of independent interest.

There were also some technical issues regarding the energy estimate, precisely when showing that the
(weak) solution of (Definition [3.2.22) belongs to the target Sobolev space. The weak differentiability
of specific functions of p is needed to prove uniqueness, giving us that the whole sequence of measures
converges thanks to tightness. Specifically, if p”™ belongs to the target Sobolev space (which is the case
for m € (1,2)), uniqueness follows by simple energy arguments (see Lemma , while if p only belongs
to the target Sobolev space (which is the case when m € (0,1)), then the proof is more involved (see

Lemma [B.2.5)), and it is an adaptation of the argument for very weak solutions in [3§].

3.1.2 Outline of the chapter

The present chapter is organized as follows: Section [3.2]is devoted to introducing the family of porous
medium models which will be the building blocks to construct our new models and used to prove some
of the important properties of the latter; particularly, in Subsection [3:2.I] we construct the interpolating
models, prove that they are well-defined, and in Subsection we study some of their monotonicity

properties and present our main result. Then we prove the convergence towards the hydrodynamic limit
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in Section [3.3] In Section we obtain the energy estimates for the different regimes.

Appendix [B-1]is devoted to the statement and proof of the so-called replacement Lemmas, which are
in the heart of the proof of the hydrodynamic limit. We concentrate the PDE’s results in Appendix
B.2l uniqueness and regularity of the weak solution of the hydrodynamic equations. In Appendix
we prove the auxiliary results regarding the generalized binomial coeflicients and a quantity arising from

the gradient condition.

3.2 Microscopic models and Main Result

The microscopic dynamics at the core of this subsection is a system of particles which evolves according
to a Markov process, satisfying the exclusion rule and situated on the discrete torus Ty. A particle
configuration 7 is an element of Qx = {0,1}T~, namely n(z) € {0,1} for any = € Ty. Particles can
jump to nearest-neighbour sites only, providing the latter are not already occupied. Before defining the
generator of the dynamics, let us introduce some operators and recall others from the beginning of the

previous chapter.

Definition 3.2.1 (Exchange of occupation variables). For any x,y,z € T let us consider the exchange

of occupation variables n — 1Y given by

n"Y(z) = loiay ﬂ(z) +1, ﬁ(y) +1.y n(z).

We define the operator V., associated with the occupation exchange, given on any f:Qy — R by

Vayf(n) = f™) = f(n).

Finally, for any x € Ty, define the translation 7,n(y) = n(z + y) for y € Ty, and extend it to functions

[:Qn = Rby 7. f(n) = f(72n).
Let us now introduce rigorously the known models which will come into play.

Definition 3.2.2 (Symmetric Simple Exclusion Process). We denote by SSEP on Ty the Markov process

with state space Q2 generated by the following operator E?VSEP, which acts on f: Qn — R, for any n € Qp,

as:

LFEHM) = Y aww1 (1) (Vawr1 (1),

zeT N

where ag 1(n) =1(0)(1-n(1))+n(1)(1-n(0)) and a; z+1(1) = az+1,2(N) = Twa0,1(n). Due to the symmetry

of the rates we will short-write a :=ag; = aj 0.

Definition 3.2.3 (Porous Medium Model for any integer k > 1, [2I]). For any k € N, let us denote by
PMM(k) the porous medium model on T with parameter k, as the Markov process with state space Q

generated by the following operator EEMM(’C), which acts on f:Qyn — R, for any n € Qy, as:

LMO )y = 3 2P e () (Vo /) () with ) () =¢®) (Dagen(n) (3.3)

xeT N
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and where cgzﬂ(n) = T,;C(()]fl)(’r]) with

k+1 7
=3 and sPmy= [T n@). (3.4)
' j=1 i=—(k+1)+j
1#0,1

(k)

T,x+1

The quantity c (n) is the constraint to be satisfied for the jump to happen. Again due to the
symmetry of the rate and constraint, we short-write ¢(*)(n) = c(()]fl)(n) and r*) () = rélfl) (n). As it can be
seen from and Figure[3.1] a jump crossing the bond {z,z+1} is allowed only if at least k consecutive
particles out of the edge {z,z + 1} are situated in the box [z — k,z + (k + 1)]\{z,z + 1}, where for any

a,b € N such that a < b we short-write {a,...,b} = [a,b].

-3 -2 -1 0 1 2 3 4

Figure 3.1: PMM(2) valid local configurations for which a particle swaps positions in the edge {0,1}.

An illustration of the dynamics for k£ = 1 is also provided in Figure We remark that the observable
value of the constraint just described equals the number of fully occupied "windows" of the collection
{[z—(k+1)+j, x+j]\{x,2+1}} o1, k+1, with 2 € Ty fixed. This constraint was delicately constructed so
that the dynamics satisfies the gradient property (that we will explore and further reference throughout
this chapter and its subsequent). Limiting the consideration to the indicator function of having at least
one fully occupied window, without reinforcement dependent on the specific number of occupied windows,

results in a non-gradient model with very few results in the existing literature [30] .

Remark 3.2.4 (k =0). Note that for k =0, c(©)(5) = 1 and therefore r(?) (1) = a(n), which corresponds
to the exchange rate in SSEP. It will be useful to interpret PMM(0) = SSEP.

Definition 3.2.5 (Flipped configuration). For any 1 € Qy, let  — 77 be the map that flips holes with
particles, namely: for any « € Ty, 77(z) =1 -n(z).

We are now ready to introduce the flipped porous medium model.

Definition 3.2.6. For any k € N, let us denote by PMM(k) the flipped porous medium model with

parameter k£ with dynamical constraints on the vacant sites, as the Markov process on Q5 generated by

the following operator EiMM(k), which acts on functions f:Quy — R, for any n € Qy, as
PMM (k k)~
(™R M) = % e Maea ()(Tama f)(0). (3.5)
zeT N

Note that the process above can be interpreted as the empty sites following the same constraint as in
PMM(k): a jump crossing the bond {z,z+1} is allowed only if at least k “consecutive" empty sites out of

the edge {z,z+1} are situated in the box [z —k,z + (k+1)]. An illustration of the dynamics is provided
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in Figure We also highlight that the parameter &k in the PMM(k) corresponds to the exponent of the
diffusion coefficient, D(p) = (k +1)p*, hence to the equation (1.2) with m =k + 1.

1 2 1 0 0 0 1 0 1 2 2 2
T T T T T T T T T T T T T T T T T T
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8

Figure 3.2: PMM(1) transition rates. Figure 3.3: PMM(1) transition rates.

3.2.1 The interpolating model

Recall Remark where we made the observation that SSEP=PMM(0). The construction of
the interpolating model will be based on two main ingredients: the generalized binomial theorem and
the fact that the family {PMM(k)}x>0 can be seen as a "polynomial basis" for the diffusion coefficient
D(p) =mp™ 1. We base our analysis in the next identity: for any p € (0,1)

_ _ m-—1 m _ _
mp = (1= (= p)" =m 3 ("D -t = 2 () DR 3)
o\ k i1 \k
where the generalized binomial coefficient is given by the formula

() et g o)

k) K k!

m-1

A )= (k+1)( le). This is a particular case of the generalized

and therefore we have the identity m(

binomial expansion for real coefficients:

Proposition 3.2.7 (Generalized Binomial Theorem). For any z,y,c € R such that |z| > |y| we have that

() =3 (1)

k=0
where (z) has been defined in (3.7)).

Proof. The proof is standard and as such we only outline the main steps. Without loss of generalization
let 2 # 0. Writing z = y/x we have (z +y)° = 2°(1+2)° Let f(z) = (1+ 2)° be defined for |z| < 1. Then,
by induction we see that Zi—f(z) = (&)r(1+2)°7F for any k > 1 integer. To conclude we recall the Taylor

expansion of f and apply Lemma stated below, which guarantees the convergence. O

Proposition implies the convergence of the series appearing in for any p € (0,1). For
pe{0,1} and me (1,2) or p=1and m € (0,1) one can also easily guarantee the convergence by replacing
p by 1 or 0 in each term of the series as written in . For m € (0,1) and p = 0 the series is divergent.
This will not be a problem, since due to the gradient property of the model we shall see that the object

of study will be p™ and not p™ 1.

Definition 3.2.8 (Interpolating model). Let m € [0,2], N € N, and £y € N, with £y > 2. We define the

generator

m— N m 1 APMM (k-
£ = 3 ()eeey (38)
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where ERMM(IC) has been defined in (3.5)). More precisely, this generator acts on functions f: Qy - R as
L:(m—l) _ (m-1)
( N () Z CN (Tw)aa:,m(ﬂ)(Vz,z+1f)(77)a
xeT N

where

IN m
cgvmfl)(n) _ z ( )(—l)k_lc(k_l)(ﬁ) (3.9)

k=1 k

and we shorten the rate r(m_l)(n) (m~—1

N =Cy )(77) a(n). We call non integer porous medium model (resp. fast
diffusion model), and we denote it by PMM(m — 1) (resp. by FDM(m - 1)), the Markov process whose
infinitesimal generator is given by (3.8) with m € (1,2) (resp. m € (0,1)).

Remark 3.2.9 (About the restrictions on £y). Although there is no particular assumption on the order
at which £y — +oo, note that if £y > N then for N < k < £5 we have that r*)(n) # 0 if, and only if, every
site is occupied except one at the node {0,1}. Due to the mass conservation, this would be achievable only
by starting from a configuration with one empty site only, and we would see no macroscopic evolution of
the local density. This is a particular technical consequence of working on the torus, therefore we assume
throughout this work that £ < N.

The goal now is to show that the model is well-defined. In other words, we are going to prove that
(m-1)

the map 7 = ¢y’ /(7)) is non-negative. The key argument is the following remark about the sign of
(-1)*(""). By definition,

o if me(0,1), then (-1)¥71("") > 0 for any k > 1,

e if me (1,2), then

(—1)’“‘1(7:)>0 ifk=1, and (—1)’“—1(7:)<0 if k> 2.

Therefore we can rewrite

LN —
£ = mLSPER —sign(m-1) 3 LRMMEED e (0,2)\{1). (3.10)
k=2

()
k
We also need non-asymptotic bounds for the generalized binomial coefficients: from Lemma [B.3.1] one

(m—l) 1
< < —.
(k+1)m k fem

The notation f(k) S g(k) shortens that there exists C' > 0, such that for all k € N, |f(k)| < Clg(k)|.

can extract that for me R and k > 2

1

(3.11)

Now we state and prove the main technical result of this section, which contains two estimates: the
lower bounds show that the generators are well-defined and permit to prove an energy bound (given in
Proposition [3.4.2]), which is essential to the proof of the forthcoming replacement lemmas; the upper

bounds reflect the boundedness of the rates as N — +oo.

Proposition 3.2.10. If {y > 1, then for any n e Qy,

LN m
k, € (0,1),
(m-1) m 1'(0)(77)7 me (Ov 1)7 (m-1) k=1 ( k )‘ " ( )
ry ()2 © my (1) and Ty~ (n) <
mén v (n) + () rM(n), me(1,2), mr® (),  me(1,2),
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where (Un +1)" ™D <on = Fispn |(m_1)| S (Un)" "V Moreover, when m € (0,1),

k

N m
k = ma; (m-1) —> +00.
| = D) v

Proof. We start with the case m € (1,2). From (3.10)), we rewrite

LRI 3013 [ 4 (3 et

where for the last inequality we used the fact that, by definition, ¢(*~) (%) < k, and we bounded from
below all but the first term of the second summation in k by zero. Then, since the alternating sum of

the binomial coefficients vanishes, we obtain, for any £ € N, that

o (o ) O (1 G R

and therefore we get that r](vm_l) > 0. To conclude, we note that 2 — ¢ (7) = ¢ () and we set

i tiim -1 -1
y=1o Y (m )‘_ > (m )‘>0.
k=1 k k>fn k

Recalling (3.11]), we are reduced to estimate the tail of the m—series:

c < z L < C
(m-D)(n+1)m " iy k7 (m=1) ()™t

with ¢, C' > 0 being constants independent of N. Putting the inequalities together, the proof of the lower
bound follows. To prove the upper bound, we only keep the first term in the definition of Tgvm_l),
since the other ones are negative.

The case m € (0,1) is straightforward from . To conclude, we see that the maximum is obtained
when r*1(7) = k, that is, when the window [~£y +1,¢x5]\{0,1} is completely empty and 5(0) +n(1) = 1.
The lower bound for the binomial coefficients in then shows that this maximum tends to infinity

as N — +oo. ]

Remark 3.2.11 (On the sharpness of the bounds in Proposition [3.2.10)). The estimates of Proposition
3.2.10| are not sharp. Instead, the goal of the lower bound for m € (1,2) is to relate our process with the

simpler process induced by the generator

méNL:]P:IMM(O) " m('r;—l)E]F\'IMM(l)’

which is very close to the one studied in [21], where the porous medium model is perturbed by a "small"
SSEP dynamics.

The lower bound for m € (0,1) is here to emphasize that the transition rates will always be greater
than those of the SSEP (modulo a multiplicative constant), as expected, since under this regime the
macroscopic diffusion is faster than the one of the heat equation (m = 1). This will be useful, in particular,
for the proof of the replacement Lemma

Finally, let us highlight that the divergence maxyeq, rgvm_l)(n) — +00 as N — +oo gives us an extra
difficulty in the proof of tightness (see in particular ) and makes it impossible to argue, as for
m € (1,2), that p™ is weak differentiable (see the last step in the proof of Proposition .
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3.2.2 Characterization of the interpolating family

In this subsection we present further properties of the interpolating model. We start by explaining

how this model interpolates between the SSEP and the PMM(1).

Proposition 3.2.12 (Interpolation property). Form e (1,2), N €N and {y > 2 fized, the process E%n_l)

PMM(0) - LRMM(l)

interpolates between L ; in the following sense: for all n € Qy,

T ™D ) = PO@) = B ) and i D () = e ),

Proof. The limit to SSEP as m — 1 from either above or below is a direct consequence of the interpolation
property of the binomial coefficients, while the limit to PMM(1) is both consequence of this, but also of

some rearrangement in the summation which defines the rates, and which implies 2 — ¢ (77) = ¢! (1),

see also ([3.18)) below. O

From [21], or a simple computation, the grand-canonical invariant measures for the PMM(k) (and

N

o of parameter p € [0, 1], namely, their

therefore for the PMM(k)) are the Bernoulli product measures v
marginal is given on = € Ty by
V;V(UGQNZ n(z)=1)=p. (3.13)

The next lemma gives information on the invariant measures of our models.

Lemma 3.2.13 (Invariant measures and irreducibility). Let m € (0,2). For any p € [0,1], the Bernoulli
product measure Vév defined in (3.13)) is invariant for the Markov process generated by L'g\?%l). Moreover,
for any k €{0,..., N}, the hyperplane

’HN,k:{neQN Py r](x):k;}

zeTn

1s irreducible under the Markov process generated by Eg\r,n_l).

Proof. The irreducibility of the process on the above hyperplanes is consequence of the fact that cgvmfl) (n) >
0 for any 7 € Qu, as shown in Proposition [3.2.10] and so the exclusion rule is the only constraint. We

already know from [2I] that the product measure v/

. is invariant for PMM(k), for any k € N,, hence also

for PMM(k). In particular, it is also invariant for linear combinations of such models. O

For a good understanding of the interpolating model it is important to describe some properties of the
integer family {PMM (%) }ken, which is what we do in the following Lemma [3.2.16{and Proposition [3.2.18
Moreover we explain how to identify the macroscopic diffusion coefficient (due to VZ,V being invariant for

0 < p<1). More precisely, let us introduce the following operator:

Definition 3.2.14 (Translation operators). Let 1 be the identity function on Qy, and consider the

operators V* associated with the translation operator given by V* =7, —1 and V™ =1 - 7_1, that is, for

any function f: Qny — R, we define (V" f)(n) = f(min) - f(n), (V" f)(n) = f(n) - f(7-1m), and for any
x € Ty consider (V5 f)(n) = (V*f) (7).
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It is straightforward to check that, for any x € Ty,

£y ™M (n()) = v (W (ren) V(). (3.14)

Therefore, the microscopic density current for PMM(k) between sites x and x + 1, is equal to

_C(k)(T W)V 77(7") = -]{x ;c+1}(n)

It turns out that this quantity is itself a discrete gradient, namely

k
‘]iz)ml}(n) = _v+h(k) (77)7

where h(®) is given in Lemma [3.2.15l We highlight that although this gradient property was already
known (see [9] for instance), the expression (3.15) for h(®) is new (we give the original expression of h(*)
in the appendix, see (B.11))). Then, note that the expectation of c®) (7,m) under the invariant measure

v, is
[ P v () = e+ 1p* = D(p)

which is the diffusion coefficient of the PME(k) (1.2)), i.e., for m = k+1 € N,. Similarly, since n(1) -
n(0) = =(77(1) - 7(0)), the gradient property is also true for PMM(k). One can readily check that the

expected diffusion equation associated with the microscopic dynamics of PMM(k) has diffusion coefficient

D(p) = (k+1)(1-p)".
Let us now state more precisely the aforementioned gradient property, which will be proved in Ap-

pendix H We recall the definition of s§k) in (3.4).
Lemma 3.2.15 (Gradient property). For any k € N, PMM(k) is a gradient model. Precisely, for any
n € Qn we have that ¢¥ (n)v+n(0) = v h¥ (n), where

k k k-—j
b () = [In(0)- 2 3 Z Vi) (s (rn). (3.15)

Now, for the interpolating model generated by Egvm_l), similarly to (3.14)), a straightforward compu-

tation gives for all z € Ty

LD (@) = (o T (@),

and we can easily deduce from the previous lemma that

N I .
SV mvra0) = v (), where hﬁvm”<n>=,§(k)<—1>’fh<k-1>(n>. (3.16)

3.2.3 Properties on the rates

We start by stating and proving two important properties of the basis family {PMM(k)}xen. The first
one (Lemma will be used later in Propositions and Lemma while the second
one (Proposition will provide some interesting monotonicity property of the rates for both the
integer and non-integer families, see Propositions [3.2.18] and [3.2.19] at the end of this section. Recall the
definition of r® from .
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Q.90 00 0

—(k+1)+p

Figure 3.4: Configuration with a(Tnn)sg.k)(Tnn) = a(Tn+1n)s§If)1(Tn+177) =1 and p fixed.
Lemma 3.2.16 (Bound on the rates). For all £,k € N, such that £ > k and any n € Qx we have that

f r®) (1.n) <200 + k).

n=1
Proof. Note that
4 i 4 k) l+k+1 0 k+1 ) l+k+1
Z rl )(Tnn) = Z (Tn1) Z S, (Tam) = Z Z Z a(Tnﬂ)S (Tnn)1{7+n pt < Z 2=2(L+k).
n=1 n=1 p=2 n=1j=1

The inequality can be justified as follows. Fixed p, the quantity s§k) (7,m) depends on the occupation of

the sites
[-(k+1)+j+n,j+n\{n,n+1} =[-(k+1) +p,p]\{n,n +1}.

Because 1 < j < k+1, then {n,n+1} € [-(k+1)+p,p] for sure. There are a number of pairs (j,n) such that
j +mn=p, but for all of those pairs the box [-(k + 1) + p,p] is the same. Thus, for each p fixed, there are
at most two pairs (n,j),(n,j') such that p=n+j=n'+j and a(Tnn)s§k)(Tnn) = a(ann)SE{C)(Tnfn) =1.
Specifically, if (n,j) is as previously, then (n',j")=(n+1,5-1) or (n',5")=(n-1,7+1). O

Now we state a monotonicity property. The following proposition is used right after in Proposition
3.2.19| to prove an analogous property for the interpolating model.

Proposition 3.2.17. For any n € Qy, the sequence {%c(’“’l)(n)}k>1 s non-increasing.

Proof. In order to prove the result, it is enough to show that
k+1
ui(n) = =D () =P () >0, (3.17)

for any n € Qn. It turns out that this expression can we rewritten in terms of the products s§k) defined
in (3.4), after flipping some of the configuration values n(x). Let us be more precise.
To simplify the presentation let us introduce some notation: for any A € Ty define the flip n — 7 as

74 (x) = 7(2)1pen + () 1gea. Straightforward computations show that

“k(”)zli{k_(i_l)sg‘k)( ey 2L L5 {j})}. (3.18)

Indeed, this is a consequence of the fact that

o for any j € [1,%] it holds
577 (D) = 3= ( 1) + )85 () = 550 () - 557 ()
o and for any j € [2,k + 1] we have

s (n171) = sV (7G) = 58TV () - s ().
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Two changes of variables in the two terms of the summation in (3.18]) then lead to the desired result:

k _(i_ ks
0 - 2 U (00 50 w) + 3 (59700 -5 )

Sl - 3 (UEDwg) §‘i1(n>).

From another change of variables, the summation term above equals

‘- J ST k=g J
Z 0+ 5 1w =0+ s+ LB (7 + 1) =P

O

Due to the analytical nature of the generalized binomial coefficients, a combinatorial interpretation
of the whole model is not appropriate, as opposed to the integer case. Additionally, the problem of
quantifying how, fixed some configuration, the rates change by varying m is not easy since the rates
depend in a complex manner on m and the behaviour of the rate (with respect to m) is different for
distinct configurations. Instead of doing an extensive study of the form of the rates, we gather information
about some simple monotonicity aspects of the model. We show that the reinforcement/penalization of
the SSEP given in is non-increasing in k; then we derive a property of the interpolating family
analogous to Proposition [3.2.17} and finally we plot in Figure [3.5] the rates in some equivalence classes of
configurations which cover the values of cgvm_l)(n). This is, to our mind, a satisfying solution to observe

the continuous deformation of the SSEP into a slow or fast diffusion model.

Proposition 3.2.18. Fized any n € Qy and m € [0,2] the sequence {\( )|c(k V(@) }rso is decreasing up
to the smallest k such that c*1(77) = 0.

Proof. Recall that we proved in Proposition [3.2.17| that for any n € Qx the sequence {%c(k’l)(n)}]C>1 is

non-increasing. From the definition of the binomial coefficients, for m € (0,2) the sequence {k|(7g)|}k>2

(N R 19

and whenever k > 2 and m € (0,2) we have |/m - k| =k-m < k. O

is decreasing, since

Before stating the monotonicity property, note that we have the following limit

N1 (k) (=
lim (m 1)( ) — C (77) .
mNO0 m i k+1

Proposition 3.2.19. For any n€Qy the sequence {- L (m 1)(7])}me[0’2] is mon-increasing.

Proof. From Proposition we can extract that %cgvmfl) >¢c(® for m e (0,1), and ¢(® > %c%ﬂfl) for
m € (1,2). It remains to see the monotonicity of the sequence in the statement according to the values
of m € [0,2]\{1}. Assuming that the aforementioned sequence is non-increasing, since the binomial
coefficients are continuous functions of m the interpolation property allows us to take the limit m — 2

and as such we only need to focus on m € [0,2)\{1}. Rewrite

L non) S|P @) o[ [
ECN (7]) l{me(o 1)} Z ( k ) k+1 +1{m€(1,2)} 1_ k:z=:1 ( k ) k-l,-]_ ’
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For any k > 2 we compute

k
= Dl = lm = Dalfe(m) wherefum) = 32 S
This means that
Lm0 - 22O @) 4 signim-1) 3 (m_l)‘f (m) S D) (3.19)
dm\mN NPT TS N N '

If m € [0,1) then fx(m) > 0 which concludes the proof. For m € (1,2) we need some extra work. We

claim that differentiating with respect to m both sides of

+00 -1 iy -1
0=1-)%" (m )‘ one obtains that 1= )" (m )‘fk(m)
= k k=2 k

For m € [%72) we have fi(m) >0 for all k > 2 since fo(m) >0 and fr(m) is increasing in k. If m € (17%

then for each m there must be some kg > 2 such that f; > 0 for all £ > kg so that the second summation
on the previous display is equal to one. Let 5 be large enough so that kg < £ (otherwise the result is
obvious). Then we can bound (3.19) from above by taking the limit £y — +oc0. Since the sequence of

1 k . . . . .
maps {mc( )}kzo is non-increasing, for any j < ko < ¢ we have

LENO SR S (D I

)
1+1 T ko+1 T+l

Then we can bound

(o) s (7 a2 | e TP
— | = < —Z
dm(mCN (77))— 5€ (77)+kz=:2 e )|fECm) ot 1 +k§0 e )| feCm) kot 1
_ V@ M@
2 k0+1 -

To conclude the proof, it is enough to show that the sequence (ay, )n>2 given by 0 < a,, == 37 _o |(mk_1)|f;~c (m)

is uniformly bounded. Since fi(m) <0, we first bound fx(m) by the corresponding integral for k > 2:
fe(m) $log(k—m) —log(2 —m).
Recall the inequality logx < %xs for any z,s € R,. From this and (3.11)) it holds

: ")

Setting 0 < s such that m — s > 1, observing that the quantity on the right-hand side of the previous

n

(" s 35 s ~tost2-m) 33

k=2

display is increasing in n and taking n — +co we end the proof. O

(n) with respect to m (for a fixed configuration n). To that aim,

We now plot the evolution of cg\rfnfl)

let us start with the following remark: for any k > 1 the value of c(k)(ﬁ) is uniquely determined by the
positions of the first particle to the left of 0 and the first particle to the right of 1. More precisely, for

any g, € Ty consider the set

Q= {77 eQn : n(-x0) =n(z1) =1, n(x) =0, forall ze[-zo+1,21 - 1]\{0, 1}}
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—Zo -1 0 1 2 3 r1

. . . 2,4
Figure 3.5: Configuration belonging to Q%".

It is simple to see that if no,m1 € Q30" then r®)(7,) = r¥)(7;) for all k > 1. Therefore we obtain
cg\,m_l)(no) = c%n_l)(m), and for every 1 e Q3" one can plot cgf,n)(n) as a function of m, as in Figure

To that end, for each m, ¢y, zo and z; fixed and & € Q3" we introduce éy (zg, 1, m) = cgvm_l)(f) .
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vt 1

m=1.75 m=2
Figure 3.5: Evolution of én(zo,x1,m) for £x =40

We stress that the previous figure presents the value of the constraint cgvm_l)(n) (equivalently, the

rate rgvm_l)(n) when 7(0) +7(1) = 1) fixed zo, 21 and a representative n € Q3"*, that is, a configuration
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with the first particle to the left of the site 0 located at the site —zg, and the first particle to the right
of the site 1 located at the site z;. Note the symmetry of the plots with respect to x¢ = x1, which
is consequence of the symmetry of the jumps. Fixed m and ¢y, varying x¢ and x; allow us to see all
the possible values of the constraints. For example, for m = 1 the rate is equal to 1 independently of
o, Z1, hence the sub-figure, in this case, has the same colour for all xg,xz; < 40. For m = 2 the rate
is non-zero if and only if there is at least one particle located at the site —1 or at the site 2. In other
words, ¢ (n) = n(-1)+n(2). Therefore, we obtain in the respective sub-figure the horizontal and vertical
orange lines, where ¢(!)(n) = 1 for any 7 € Q}\’,xl U Qf\?’2 with 2o > 2 and 27 > 3 and ¢! = 0 otherwise;
while at zo = 1 and x; = 2 the constraint attains its largest value, i.e., c()(n) = 2 for all 7 € Q}\}z. In the

fast-diffusion regime, we see a "continuous' increase of the rates as xg,x; increase, while the opposite in

the slow-diffusion regime. This is a clear consequence of the penalization/reinforcement terms, as seen

in (E10)
3.2.4 Main result

To expose our main result about the hydrodynamic limit of the interpolating model we first introduce
some definitions. Let us fix a finite time horizon [0,7T], let un be a probability measure on Qy, and let

{nn2t}s0 be the Markov process generated by Nzﬁgvm_l) for m € (0,2)\{1}, given in (3.8).
Definition 3.2.20 (Empirical measure). For any 7 € Qy define the empirical measure 7 (17, du) on the
continuous torus T by

P )= 5 @)y (@)

where 0,y is the Dirac measure at the macroscopic point 2/N. Moreover, we define its time evolution in
the diffusive time scale by 7Y (,du) = 7™ (2, du). For any function G : T — R, we define the integral
of G with respect to the empirical measure as

(7,60 = [ G )=+ ¥ G(E (o). (320)

ze']I‘N

Let M, be the space of positive measures on [0, 1] with total mass no larger than 1 and endowed with
the weak topology. Let D([0,T],€Qn) be the Skorokhod space of trajectories induced by {nnz2¢}tefo,7]
with initial measure py. Denote by IP,, the induced probability measure on the space of trajectories
D([0,7],Qn) and by Qn =P, o(7")"! the probability measure on D([0, 7], M) induced by {7} }1e[o,7]

and py.

Now we introduce the notion of weak solutions to equation for m € (0,2). For that purpose, for
neN;uU{oo} let C"(T) be the set of n times continuously differentiable, real-valued functions defined on
T; and let C™P([0,T] x T) be the set of all real-valued functions defined on [0,T] x T that are n times
differentiable on the first variable and p times differentiable on the second variable and with continuous
derivatives. Finally, for two functions f,g € L?(T), (f,g) denotes their standard euclidean product in
L*(T) and | - |[r2(my is the associated norm. We remark that we use the notation (,-) twice, for the

inner-product just introduced, and also in (3.20)), although their difference will be clear from the context.

60



Definition 3.2.21 (Sobolev space). The semi inner-product (-,-); on the set C*°(T) is given on G, H ¢
C>®(T) by (G,H)1 = (0.G,0,H) = [;3,G(u)d, H(u)du, and the associated semi-norm is denoted by
I-I,- Let H'(T) be the Sobolev space on T, defined as the completion of C*(T) for the norm H~H§_[1(T) =
||Hi2 + H||f7 and let L2([0,T];H'(T)) be the set of measurable functions f : [0,7] - H*(T) such that
Jo' Ml gryds < oo.

Definition 3.2.22 (Weak solutions to ) Let p™ : T — [0,1] be a measurable function. We say that
p:[0,T] xTw [0,1] is a weak solution of the FDE (resp. PME) with m € (0,1) (resp. m € (1,2)) if

1. (a) For me (0,1) it holds p e L3([0,T]; H'(T)),
(b) For m e (1,2) it holds p™ € L?([0,T]; H'(T)).

2. For any t € [0,7] and G € C**([0,T] x T) it holds that
. . t
F(pml,p,G,t) . (Pt,Gt>—<le,Go>—fO {(ps,asGs>+<(ps)m7812LG5)}dSEO' (321)

In the appendix, Lemmas [B:2.5] and [B:2:3] we will show that the weak solution given by last definition
is unique, for m € (0,1) and m € (1,2), respectively.

One can also extract from the weak differentiability of p and p™ that the solution p is %—Hélder
continuous, for m € (0,1), and i—Hélder continuous, for m € (1,2). This is proved in Proposition
and Corollary [B:2.2] respectively. Although we were able to avoid needing these regularity results, we
found them interesting by themselves as an additional characterization of the solution; and as seen in
[5] there is the need to show some regularity of the solution in order to study the system with open

boundaries, in this way also preparing future work.

Definition 3.2.23 (Local equilibrium distribution). Let {un}ns1 be a sequence of probability measures
on Qu, and let f: T — [0,1] be a measurable function. If for any continuous function G : T - R and

every 6 > 0 it holds
Nhf?oo“N (neQn: (7", G) - (f,G)|>d) =0,
we say that the sequence {un}n>1 18 a local equilibrium measure associated with the profile f.

Example 3.2.24. An example of a measure satisfying Definition [3.2.23]is the product Bernoulli measure,

given on x € T by

Vi) (n€Qn s n(x) = 1) = p™ (%),
where p™ : T — [0,1] is a measurable Lipschitz profile. Then I/[])\ifn;(.) is a local equilibrium measure
associated with p'™.

We are now ready to state the main result of this paper:

Theorem 3.2.25 (Hydrodynamic limit). Let p™ : T — [0,1] be a measurable function and let {un}ns1
be a local equilibrium measure associated with it. Then, for any t € [0,T], § >0 and N> ¢ — oo such

that 2 <{€x < N, it holds
Jim P, ((Y,G) - (o1, G)| > 8) =0,

where p is the unique weak solution of (1.2)) in the sense of Definition with initial condition p™.
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3.3 Proof of Theorem [3.2.25

We first outline the proof. As previously mentioned, to prove the hydrodynamic limit we use the
classical entropy method introduced in [23]. The general scheme is the following: we prove that the
sequence of empirical measures is tight (as proved in Subsection , which implies the existence of
weakly convergent subsequences; and then we prove that the limiting measure is concentrated on paths of
absolutely continuous measures with respect to the Lebesgue measure, whose density is a weak solution
to the hydrodynamic equation (proved in Section [3.3.2). To do so we shall need an energy estimate
(Appendix , which gives us some regularity of the solution to the PDE, and replacement lemmas
(Section whose role is to close the equations for the limiting profile at the microscopic level. Proving
uniqueness of weak solutions (see Appendix , we see that the limit of the sequence of measures is
then unique and we can conclude that the whole sequence converges to that limit.

We introduce some discrete operators that will be important in what follows. Let us extend Definition
[B:2.14) to functions defined on T, instead of . Without loss of generality, we adopt the same notation.
Namely, if f: Ty — R then its gradients are V*f = (71 - 1)f and V™ f = (1 - 7_1) f, where 1 is now the
identity function defined on Ty . Finally, for any N € N,, we also define the rescaled gradients on Ty as

v*N = Nv*, and the rescaled Laplacian as AN = vt N oy N =y N oy,

3.3.1 Tightness

Let us start by exploiting the gradient property of our model. Recall that we consider the evolution
in the diffusive time scale tN2, that is, given by the generator £ := N QEE\T_U. From Dynkin’s formula

[26, Appendix 1, Lemma 5.1], we know that for any G € C12([0,7] x T)
t
MN(G) = (=, Go) = (m Go) = [ (9. + L)Y GL)ds (3.22)

is a martingale with respect to the natural filtration of the process. From Lemma [3.2.15] and two sum-

mations by parts we see that

t
MY (G) = (rl G} = (m)) Go) = [ (xD,0.G.)ds

- fw 3 e B (Dot m

xeT N

(3.23)

where we defined for any k € N and any s € [0,¢] the time evolution hgk_l)(n) =h* D (np,).

Proposition 3.3.1 (Tightness). The sequence of probability measures (Qn)nen s tight with respect to
the Skorokhod topology of D ([0,T], M,).

Proof. To prove tightness we resort to Aldous’ conditions (see, for instance, [22, proof of Proposition 4.1]
or, equivalently, [5, Proposition 3.3] for more details). Since the occupation variable is bounded by 1, it

is enough to show that for all e >0

a—0 N-o+oo [t—s|<a

limsup limsup P, , ( sup |(7rtN,G) - (ﬂéV,G)’ > e),

62



where G is a time-independent function belonging to a dense subset of C([0,1]) with respect to the
uniform topology (for the details regarding the reduction of the space of test functions see, for instance,
[6]). From the fact that M} (G) is a martingale (with respect to the natural filtration of the process), the
previous condition can be reduced to the study of the quadratic variation of and the boundedness

of the generator, i.e., it is enough to prove that

fstﬁ(wﬁv,G)ds‘ > ;)} - 0. (3.24)

We apply the triangular, Jensen and Doob’s inequalities in the first term above, and Proposition [B.1.2]

lim limsup< P, sup |M]‘N(G)—MSN(G)|>E +P, | sup
a=0 N e |t—s|<a 2

[t—s|<a

in the second term, reducing to the treatment of

1
limsupE,, [(M;JF\T(G))z]2 =0 and limlimsupE,, [

N—+oo a=0 N oo

t
[ L(rN G)ds

] ~ 0, (3.25)

where |t - s| < a in the second expectation, that we omit further references in the next computations.
Recalling from [26, Appendix A, Lemma 5.1] the expression for the quadratic variation of the martingale,

we have that the first expectation in (3.25) equals
T N N 2 (m-1);, N 2 N (m-1), N
E,, /O EN(G)ds|, where FN(G)=N? (£ (a6 - 2= )Ly D (nY.G)).

Since our transition rates are symmetric, we get

1

T D D o) (e 1) = s (@) (VNG

xeT N
1 2 5 m
S alouCliee 3| (7)

where we used Lemma [3:2.16] for the last inequality. This concludes the proof of the first condition in
(3:25). For the second, we split the proof in two cases m € (0,1) and m € (1,2).

e Assume first that m € (1,2). From (or more obviously (B.11))) we have that "D (n)| < k.
Therefore, using the inequality , the integrand in the second limit in can be bounded from

(@) =

— 1 2
Z r(k 1)(7'9;77N23)S N“auGHL“(T)’

:EETN

above by

| m 1
2| (P51l + 5

which implies the second requirement in (3.25)). This finishes the proof in the case m € (1,2).

RN VOLNED

zeT n

e For m € (0,1) we need some extra work. Recalling that in the fast diffusion case the generator can

be rewritten as in (3.10]), we see that the second expectation in (3.25]) equals
t]1 N |(m

E f LS ANG(E ( )
|| 5 aveo 5

xeT N
It will be fundamental to identify h*=1) as a function of the constraints ¢(*=1) as in (3.15). From the

h D (7,2 )ds

]. (3.26)

triangular inequality we bound the expectation ([3.26) from above by

JEHN[ [ 5% 2 S |(7) ';fI:nst(mj)ds]

t IN
[x
k=1

k-1k-1-j (k-1)
Tx Z Z (v+ﬁN23)(n)sj (TnﬁN2s) ds
7j=1 n=0

+% 3 |ANG(J”\“',)|IEHN[ ] (3.27)

IETN

(3]
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where, by convention, Y., = 0. Since m € (0,1) and the process is of exclusion type, we have

and due to the regularity of the test function the first expectation in (3.27) can be bounded as:

t 1 A IN [ fm)\ | k=L ) 1
il =z Tino . <l 1Y)
]E“N[ fs ngr:N NG(N)kZ::1 (k‘) E)UN s(x+])d5:|~|t 5|(”auGHL1('Jl‘)+ N)

The treatment of the second expectation in is more demanding. Concretely, since m € (0,1) the
tail of the series Y j.q |(7g)| is too heavy to either argue directly via Lemma or slow down the speed
of explosion of ¢ (as we shall do in a different context shortly), while maintaining ¢ with no particular
order of explosion. One then needs to invoke the forthcoming replacement Lemma instead, which
takes advantage of the particular expression of h(*1) in (3.15). In this way, applying Lemma for

each term of the summation over x € Ty we obtain the final upper bound

1-m
l + O—BM.
B N

Recalling that 5 < N and 1-m € (0,1), taking the limit N - +oc0 and then B — +oo0 we finish the proof.
O

3.3.2 Characterization of limit points

The goal of this subsection is to show that the limiting points of (Qx)ney, Which we know to exist
as a consequence of the results of the previous section, are concentrated on trajectories of absolutely
continuous measures with respect to the Lebesgue measure, whose density is a weak solution to either
the FDE or the PME, depending on the value of m. Showing the aforementioned absolute continuity is
simple since we deal with an exclusion process, and its proof can be found (modulo small adaptations) for
instance in [26] page 57]. From this and the previous proposition, we know (without loss of generality)
that for any ¢ € [0, 7], the sequence (7Y (1, du)) yen converges weakly with respect to Qn to an absolutely

continuous measure 7.(du) = p.(u)du. In the next result we obtain information about the profile p.

Proposition 3.3.2. Let a(m) = 1,e0,1) + Mlpe(1,2)- For any limit point Q of (Qn)nen it holds
(@(77 e D([0,T],M,) : Vte[0,T], m(du) = ps(u)du, where p»™ e L2([0,T]; H(T)),
and for allG € CH2([0,T] x T), F(p™, p,G,t) = 0) =1,
where F(p™, p,G,t) is given in (3.21).

Before showing Proposition we introduce some definitions and technical results.

Definition 3.3.3. For any x € Ty and ¢ € N consider the following microscopic box of size ¢, and the

empirical average over it, given by

1
Afg = [[x7x+€— 1ﬂ7 and né(x) = Z Z n(y).
yeAl

Moreover, for € >0 and w,v € T, let t*(v) = élve[uﬂ“e).
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The starting rationale for the law of large numbers for the empirical measure is that one expects
the solution p to be "close" to a local average a.e.. Formally, one expects that ps(u) ~ %fu““ ps(u)dv
for a.e. (s,u) € [0,7] x T with € > 0 arbitrarily small. Since p4(-) is integrable with respect to the
Lebesgue measure (recall that p is a density defined on T), the previous approximation is justified from
Lebesgue’s differentiation theorem. In our case, we have two additional technical problems: e for k£ > 2
the PME(k) describes non-linear diffusion, as opposed to k = 1; e for m € (0,1) the series ;s |(7;§)|k
is divergent. Those two technical "features' ramify into the methodology, and a more detailed study
than what is present in the literature must be performed in order to guarantee the aforementioned local
approximation, and also so that the errors due to the forthcoming replacement lemmas vanish in the

limit. With that in mind, next lemma solves the first issue.

Lemma 3.3.4. Let m € (0,2)\{1} and € > 0 be fized, and consider some sequence 0 < (e )g>1 where for

any k it holds that €, > 0 as € > 0. Then, for any ke N, a.e. weT and s €[0,T] it holds that

5 (1) a-p) - 3 (7)) | <o

k>2 k>2 7=0

lim sup
e—0

Proof. Fixed A €N, because for any ueT, s € [0,7] it holds ps(u) < 1. Then from Lemma [B.3.1]

5 (M)DH )= 3 () g 004

k>2 k=2

For any ag, by, a1,b; one can rewrite apa; = ag(ay — b1) + (ag — bo)by + boby. With this rationale,

k-1 _ o1 ‘
(1= po(u))* = TT (1= (met29%)) + (), with  Grs(u) € 3 |po(u) = (o 2575
J=0 i=0

U+i€g
€k

since also (g, ¢ ) < 1. Without invoking any type of regularity of the density p it is not obvious that

Lebesgue’s differentiation theorem implies that |ps(u) — (7, Lgk”ek)| — 0 as € = 0. To see this one can

estimate as follows.

wtic 1 u+(i+1)e
[ps(w) = (me ) = Jpw) - = [ pu(w)do

€ Ju+ie

1 u+(i+1)e
o)~ e | ps(v)dv

<

+

1 u+(i+1)e 1 u+(i+1)e
m/u ps(v)dv—g/ _ ps(v)do

u+€e

Now focus on the second term on the right-hand side, which equals

1 u+(i+1)e i+1 u+(i+1)e 7 u+ie
L Ly N
1 u+(i+1)e 1 u+ie
i L e [

1 u+(i+1)e 1 u+ie
polw) - —— [ pe(0)dv| +ilps(w) == [ po(@)dv
(i+1)e Ju ie Ju

=1

<1 +1

For i fixed, since ie — 0 as € - 0, Lebesgue’s differentiation theorem concludes that F;(e, s, u) - 0 for

any s, u, 1, fixed as e > 0. However, in our case 4 is not fixed and so we need some extra care. Introducing

1 u+ie
Fi(e,s,u) = Ps(u)—;j; ps(v)dv

)
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from the previous computations we can compare

A (m k-1 _
3 ()t {(1 - pa()* =TT (1- <ws,bzz:f€k>)}

k=2 §=0

k-1
Z {(t+ 1) Fip1(er, s,u) +iF;(eg, s,u)}
=0

(1)l
(i)

S sup Fi(ék,S,U)-
A™ o<ica

k* sup Fj(ex,s,u)
0<i<A

Although A?/A™ — +o0 as A — +o0, we first take the limit ¢ — 0 and then A — +oo to conclude the

proof. O

The largest issue now is how to handle the products of occupation variables in the martingale de-
composition . The final goal is to close the equation, relating the correlation terms with the power
terms in the weak formulation . The idea behind the forthcoming approach is to replace a product
of p's by a product of empirical averages with respect to different, non-intersecting boxes. This last
requirement avoids the correlations between the occupation variables on these microscopic boxes.

In order to prove the Proposition [3:3:2] we will make use of several replacement lemmas, whose
statements and proofs will be given in Section [BI] The fact that the limiting measure Q concentrates
on absolute continuous trajectories of measures that have a density in the right Sobolev space is also
provided by Proposition [3.:4.8] proved in Section [3.4]

In what follows, consider the sequence (e )gs>1 introduced in Lemma to be defined, for each k,

as

1 1
€k = (ﬁlme(oﬂ) + *1me(1,2)) ¢ and O<n<o "1, <1 (3.28)

1,, +
k m €(0,1) 3

The role of the two elements just introduced is intertwined. The sequence (e )r»1 is chosen such that
the series of errors from the discrete approximations vanish. This introduces constraints on the rate
of explosion of £p, which are then corrected through n as above. To be concrete, because the series
Yks1 |(ZL)| has a very light tail, we can reduce the study of the next summations over 0 < k < £y to
0<k<({y)". In this way, modulo some technicalities, one can impose explosion constraints on (¢x)"

which can then be encapsulated into n.

Proof of Proposition[3.3.2 From Proposition we know that if m € (0,1) then p € L2([0,T]; H'(T)),
while if m € (1,2) then p™ € L*([0,T];H"(T)). Recalling that a(m) = L,,¢(0,1) + MLye1,), if Qis a
limit point of (Qn)nen then

Q(for any t € [0,T], m¢(du) = pi(u)du, where pm) ¢ LQ([O,T];’HI(T))) =1.

In the weak formulation (3.21]), let us replace p™ by its binomial expansion as in (3.6]). Since we are on
the torus we have (092G, 1) = 0, and therefore the binomial series starts from the second term. Otherwise,

this would lead to boundary conditions. In this way, it is enough to show that for any § > 0 it holds

>6)=0.

(Guop) - (Goop™) = [ (pe0Gadas— [{ok6 3 () -1 p)tas)

k>1

of s

te[0,T]
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Last probability is bounded from above by

Q| sup [(Gi,p:) - (G p)—ft(p 3G)ds+mft(82G 1-ps)ds
ty Pt 05 F0 o sy UsU g o AT s

te[0,T]

2 +jsk d
fo kZQ( )( (a2 GS,H(I 719 )ds >22) (3.29)
(tesg;; ﬂ k>2( )( 1) (aQGS,(l ps)k - ]ﬁ:(l 7Tg,L€+]Ek)>dS >g) (3.30)
+@(I<Go,po -p™)| > ;%) (3.31)

with (ex)k>0 as in Observe that the third probability (3.31)) is equal to zero since the initial

ni

probability measure py is a local equilibrium measure associated with the profile p™. From Markov’s

inequality and Lemma the second probability vanishes as € — 0, reducing us to treat the first
probability .

We now want to apply Portmanteau’s Theorem, and relate the micro and macro scales. For that
purpose we need to argue that the whole function of our trajectories is continuous with respect to the
Skorokhod topology, thus preserving the open sets. Although this is not the case due to the cutoff
functions ¢, it is standard in the literature to approximate these functions by continuous functions.
Additionally, one has to relate the weak formulation with the martingale , which involves a finite
sum. We first treat the truncation problem, then the continuity. Let us fix 1 < ¢y, —5 o Since for

any bounded sequence (ag)r»1 we have

2(7{”‘)(1>€z(’;j)<1> 57 Eli)m

we truncate the sum in some £y, step. To approximate the required functions by continuous functions
it is important to analyze the case m € (0,1) because in this case the series ;515 |(7§)|k diverges. We
consider the following approximation of the indicator function, from [6, Proposition 4.3.3]. For each € >0

and u e T let ¢* € C(T) be defined as

v/e?, veu+[0,€],
1, veu+ (e2,e-e?],

1/e-v/e?, veu+ (e-€ €],

¢ (v)

0, otherwise.

It is simple to see that ||1[g —CBHl €2, therefore by translation ||u¥ - %Cﬁ”l = ¢ for any u € T. In

particular,

1

4 1
oo = 2¢77)

L'*Jék _ 7<:r35k-

S €
k €k k

= €L (332)

and one can replace L:];j ¢k by its continuous approximation with total error of the order of
% ((+)
1\ E

thanks to (3.28). From [19, Proposition A.3] it is enough to show the continuity, with respect to the

ker Se

Skorokhod weak topology, of the map

Zl/e i 9 k-1 1 )
T+ Ssup f ( ) -1)"0:Gs, 1—mg, —¢. %) )ds
g | 2 ()¢ ) T )

)
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which can be done using the definition of the Skorokhod metric and is also consequence of our definition
of the sequence (€g)r»>1. It is now possible to apply Portmanteau’s Theorem and then replace back the

approximated functions with a vanishing error, as € - 0. We are then reduced to treat

t t
limianN( sup (in,Gt)—(Go,po)—fo (wiv,asGs)derm/O (65G5,1—7r£v)d3

N—+o00 tE[O,T]

(3.33)

0
> 55 |-

f Z1/e( )( 1) <82G5;H N j,}ﬂjjek))ds

We stress that, although for small € >0 we can have £y, > N, for N fixed, the sum

k=2

el/e k
m k N L i,
> () T -m2 =g
j=0 k
is indeed well-defined for any u € T and one obtains, for k£ large enough, repeated terms in the product
above. Now we can replace back (7} ,61 JHek) by (w0 t9%) with the previous rationale. Fixed N,

since the martingale (3.23)) involves a sum up to ¢y, we compare again

2(2)(—1)]6%—2( )( D ap| s |(6r7e)™™ = ()™ (3.34)

Summing and subtracting the appropriate terms, and recalling (3.23)), the first probability (3.29)), after

the aforementioned replacements, is no larger than the sum of terms of order e, (¢1/)™™, ({x )™, plus

ljlvm}rnf Qn ( sup |MN(G) + ( )( 1)* f ANGs(%)hgk_l)(Txﬁ)ds
e te[0,T7] xe’]l‘N
N 1m ) 5
* Z (k)(— f (026, H r7%))ds| > 26)
; 1)
2 N +jEk
< IPILN (tes[lglf}] ( ) 1) f 6 -A GS, H T 7Lgk >>d5 > 73 » 26)
P, | sup ( )( % f T ANG,(2) ﬁ( N PR CpD (o ds| > 2
N\ tefo,1 |1 mETN <0 5k s * 3 x 26

)
+P sup |MN(@)|> .
a (te[o%}' C (@) 3X26)

Note that the linear term (92G,1-7Y) in was absorbed into the martingale M}N (G), and so the
challenge is to treat the non-linear terms. The first probability on the right-hand side above vanishes
as N — +oo since G € C?(T) for all s € [0,t]; the second probability is treated using the replacement
lemmas with a scheme that we present shortly; the third with Doob’s inequality and the proof of the
first condition in . Let us give more details for the second one. Recall the expression of h(®) as in

Lemma We split the second probability on the right-hand side of last display into

( )( 1)k f S ANG,(2)x (3.35)

Py ( sup
we’]I‘
. 4]
3x 27

te[0,T] |k

k-1k-1-j
_ k— —
{z > (V*Tinz2e) (n)s) 1)(Tn77N2s)}d5
j=1 n=0
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( )( )f T AVGL(2) lj N ey HﬂN? (x+z)]ds

EETN =0

+Puy| sup
te[0,T] |k

>5
3x27|°

Focus on the first probability in the previous display. We apply Proposition[B.1.2]and triangle’s inequality
and then pass the summation over x to outside the expectation. For m € (0,1), since the summation
starts at k = 2, the resulting quantity is treated using both Lemma and Lemma (to introduce
the term corresponding to k = 1) for each term of the summation over z, estimating it by

E +TB (ZNK; - ,
for any B > 0, which will be taken to infinity after N — +oo.

For m € (1,2) we could either prove an analogue of Lemmafor the slow regime, or take advantage
of the tail of the sum of the binomial coefficients being just light enough, in this regime, to slow down
the explosion of £y, avoiding further restrictions. We present the second alternative, and in this way let
n be as in .

Since |h(" (n)| < k for any configuration 7, from Lemma and the fact that n(0)--n(k) <1 we
see that

<k

k-1k-1-
% z ()8 (all)

and we can estimate

& m k1 N S (k=1),_ —
> ()evty B AYGERE Y (T i) (mixe.)

k=(Ln)"+1 zeTn j=1 n=0
1 Iy, m
<L T ANG () ( )‘k
N gN’ N ‘k:UZN),,, k
1 N o 1 1
3 5 80l G - e

which vanishes by taking the limit N — +oo. This means that we can replace the summation up to £y

by a summation up to (¢x)™. In this way, from Proposition the previous truncation at (£5)" and
triangle’s inequalities, we are then reduced to treating
k-1k-1-j 1

(Dl 2 w25 |

Applying the replacement Lemma, to each term of the sum over j with ¢(s,n) = ANG( ~ )s§k_1) (Tn+eT)

(n)"

2

k=2

[ Y@ (7 e ) s )} ds

we obtain an upper bound of the order of

“n)" m—-1
2 (m)k2 R R GOk §
k2 I\K By, N

Let By = kB > 0. Then last display is bounded from above by some constant times

“n)" m—1+n(3-m)

1 2 |
1 rpv) Ly L) ’
o km N & k2B N

and the right-hand side converges to zero as N — +o0o and B — +00 since by the definition of n in (3.28)

we have m—1+n(3-m) < 1.
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Now the main goal is to estimate for m € (0,2)\{1} the quantity

SN || £ 5 £ aveo( T (- ed™) - el a0

where, again, we applied Proposition[B.1.2] It will be important to slow down the explosion ¢y — +oo for
m € (0,1) too before applying repeatedly the replacement lemmas. Consider the sequence (ay)g>1 with
ay = ag(t,G,n) defined by

k-1

t 1 ANG N k-1 . N Eiie B g
fo N > s(N)(]l—%( e A >)_H)77N28(x+2)) s

zeTn

ar =

From the triangle inequality and the fact that G € C?(T) it is simple to see that the sequence (ay )y is
uniformly bounded by fot N7 ery AN G (£)|ds which tends to ]

(= 2 1| = 25, [C)

In this way, the treatment of (3.36]) gives place to the treatment of

en)" m\| 1 |:
— E
Z (k )‘ N z;}\, KN

k=2

To treat (3.37) we now split into the slow and fast diffusion cases. In what follows, for each k > 1 let

|85G||L1([O,T]><’]l‘) <ooas N —» oo. In

particular,

(en)"

ak— Y,

k=2

ZN ZN

>

k=2

ag| = ar S (In)"" = (Un)™ ~o.o0

—+00

k-1

t s k-1
A ANGs(K;)(H(1—(7T£V,L6Nk+m))—HUN23($+i))d8
=0

J=0

] . (3.37)

Ly = %(&v)p with  p= nTH@ -m), me(1,2). (3.38)

As we argued that ps(u) is approximated locally by an average (Lemma, we continued further into
the discrete scale by approximating the local average by its correspondent in the mesoscopic scale, with
the average over "small macroscopic" boxes. Now we proceed similarly into the microscopic scale, with
the average over "large microscopic" boxes, which is then shown to be close to the occupation variable,
akin to a discrete version of Lebesgue’s differentiation theorem. The sequence (Ly)k»1 is precisely the

length of the microscopic boxes for the replacements associated with a power k of the density.

e SLOW-DIFFUSION, m € (1,2): We follow a simplified version of the scheme in [5, Subsection 5.2].

The forthcoming lemmas will be applied to each term of the summation over x € Ty.

1. Rearrangements: rewrite
k-1 k-1 k-1 "
[17GLe) - [170) = X, (n(iLi) =n(i)) ;" (n) (3.39)
3=0 3=0 i=1

where for each ¢ € {1,...,k -1} we defined @El)(n) = Hj-;%) 7(7) H?;}H 7(jLg). The random variable
wgl)(s,n) = ANGS(%)Lﬁz(-l)(Twﬁ) is independent of the occupation variables at sites [¢,iL;] and, fixed =
and applying the triangle inequality we treat each term of the summation over 7 in (3.39) with Lemma

[B:1.3] For any B >0 we obtain an upper bound of the order of

(ZN)H k-1 m—1 (EN)H m—1
(m) > {1 crBin, " } <y L {1 O i TBka}
k=2 k i=1 B N k=2 k B N (340)
m—1+p
B N

Since m —1+p <1< n <1 which is indeed satisfied, one can take the limit N — +oco and then B — +o0

in the previous display;
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2. One-block estimates: rewrite

H 7he (L) - 1‘[ (i Ly) = z (" (iLy) - n(iLy)) 3 (n) (3.41)

i=0

where for every i € {1,...,k— 1} we defined @Z(. )(77) = I'[j;%) e (L) H?;;H 7(jLk). The random variable
2)(5 n) = ANG (% )@(2)(7'957]) is independent of the occupation variables at sites [iLy, (i + 1)Ly — 1]

and, fixed z and applying the triangle inequality we treat each term of the summation over i in

with Corollary We obtain an upper bound of the order of

en)™ k-1 m-1
D (m) 1L rpr )L
2 WK/ |\ B N

This quantity is no larger than the quantity on the left-hand side of ([3.40)), therefore the same rationale

used there guarantees that these errors vanish by taking the limits;
3. Two-block estimates: rewrite
_ k=1 _
n e l(j|Nex]) - TT 7" (G Lw) = z (N GLNer]) = 0™ (iLx)) 217 () (3.42)

j=0 1=0
where for every i € {1,k — 1} we defined gé(g)(n) = 1= 167" (]Lk)l_[] L Vsl (j| Neg]). The random
variable ¢; ) (s,m) = ANG, (% )(pfg)(un) is independent of the occupation variables at sites contained in
[iL, (i + 1) Neg| - 1] U [iLy,iLy, + | New| - 1]

provided |Neg| > Ly, that is, | Ne| > L, which is true for N large enough from (3.38). Fixed x and
applying the triangle inequality we treat each term of the summation over i in (3.42)) with Lemma

leading to an upper bound of the order of

“n)" k-1 m—1 .
(S ool o (2 )
k=2 =0 k

(en)" (n)" m-1 (En)"™ n)™
S 1 +T ) L +T(€N) BLk+T > B_l (&+ek)
iz DE™ = Lik™ N = kT = FmTEAN
n(2-m) m-1r L
S = ) srpy) +TB= + TBe.
B L N N

Since L = ({n)P with n(2-m)-p<0, m—-1+p<1and p<1 the right-hand side above vanishes taking

the appropriate limits;

4. Conclusion: rewrite

1= ") - T (-0 GIVe)
k-1 i—1
=%{[,.11‘”W€”<M%J>]WN“”“W%D Y| T -t Lz:k>]}’ (349

and since | (7Y LE J) - nN2 (x) |< | Ne]™, previous display is no larger than k| Ne|™ . This way, we need

to bound from above

en)™ (n)™ n(2-m)
e e
e I\E |Ne| (= k™ | Ne]
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Since by the definition of n in (3.28)) it holds that n < 1, to conclude the proof it is enough to recall that
N < N, and then take the limit N — +o00 and € — 0 and then B — +oo.

e FAST-DIFFUSION, m € (0,1): Recall that the goal is to treat (3.37). The strategy now is similar but
simpler than for the slow diffusion case. The specific maps ¢ : 2 — R in the statement of the replacement
lemmas in Subsection can be introduced analogously to the slow-diffusion case, therefore we omit

their definition.

1. Rearrangements: rewrite

Hn(y Newl) - Hn(a)— z[ﬁ ] (i Ne) - n(i ))[ m n(jLNekD]

i=1 j=i+l

and apply Lemma to each term of the summation in i. Recalling that in this regime ¢, = ¢/k3, as
in ((3.28)), one obtains an error of the order of

)" k-1 . _ en)" 3
Z () {1+TB,J([N6’€J ”}s > {Blk v ek P }s1+TBe,
k=2 k

i=1 Bk N k=2 kl+m B
where we fixed By = Bk >0 with B > 0, guaranteeing the convergence of the series as N — +oo.

2. One-block and two-blocks estimates: rewrite

- k-1
U ekl (5| Ney)) - Hn(a Neg))

HM|

% | T live | o1 e -acilve )| TT atlve) |

j=i+1

and apply Lemma to each term of the summation in i, leading to an upper bound of the order of
(%)
k

where we chose By, = Bk >0 with B >0 in order to guarantee the convergence as N — +oo.

(en)™

=y 1 | Ney,| - )" 1
Z{ +T By Z MEM}S Z il (i+TBek:2 ) —+TB€
By (Newl o N & k' \ Bk B

i|Ney |

k=2

3. Conclusion: rewrite

k-1 _
[g(l—(wN,Lzek) H(l—nLNEkJ(ﬂNskm

?g-'K)
>—l©

Z[h1"7[N€’“J(J'LN%J)](WLNG’“J(ilNekJ) Y| T -]

J=i+1

and proceed as in (3.43)), leading to an upper bound of the order of

(?)‘[Nikf[]\lze 532 iSNl (v ).

It is then enough to fix 0 <n < 1 such that n(4 -m) < 1. To conclude one takes the corresponding limits

(en)™

k=2

as previously. O
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3.4 Energy Estimate

Before studying the differentiability of quantities related to the solution we need to introduce some

objects that will play an important role both in the present section and in the proof of the replacement

lemmas in Appendix

Definition 3.4.1 (Dirichlet Form and Carré du Champ). For a probability measure p on Qy and
f:Qn — R density with respect to u, we define the Dirichlet form for any m € (0,2] as

eV o) =1 (= £ ) =

Q

RO» (=D (o)) (Vo wir £) (1) (i)

zeTn

and the non-negative quadratic form

PO = [ S D () (Ve f) ()] (),

QN zeT N

where we recall the introduction of the rate rj(vm_l) in Definition

We remark that rewriting —a(b-a) = (a - b)?/2 + (a® - v*)/2, one obtains the identity

1 m—1 m—1 1 m—1
SN W =7V + (L5701, (3.44)
The key observation in order to proceed similarly to [5] is the following proposition.

Proposition 3.4.2 (Energy lower bound). Let v be the Bernoulli product measure on Qn where o :
[0,1] - (0,1) is either a Lipschitz function or constant, and let f be a density with respect to v . For

any m € (0,2)\{1} and any N € N, such that {x > 2 it holds
m— m m-1
VGV 2 l{me(”)}i(5NF§\(’))(\/?’V‘§V)+TF§\})(\/?’ vl )

. . (3.45)
0 oY
+ l{me(O,l)}ZFEV)(\/—a/J') “IN

where ¢, >0 if a is Lipschitz non-constant, or c, =0 if o is constant.

Remark 3.4.3. We highlight that throughout the rest of this chapter we will fix v/, with a(-) = a € (0, 1)
a constant function as reference measure. We chose to present the previous result with a(+) also not being

constant since it is necessary in order to extend the present model to the open boundary setting.

We recall some classical results that we will invoke throughout this section. Let H be a Hilbert space

with corresponding norm |[|-[,, and f : # — R a linear functional. The (dual) norm of the linear functional

f is defined as

A= sup|f(2)l.

], <1,eH
We know that (see for instance [31], Proposition A.1.1.]) if there exists Ky > 0 and a positive real number

k such that sup,4 {f(x) - IiHQZH?H} < Ky, then f is bounded. Let us now introduce:

Definition 3.4.4. Let L?([0,7] x T) be the (Hilbert) space of measurable functions G : [0,T] x T - R
such that

T 2
| 1GuIEayds < oo,
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endowed with the scalar product (G, H)) defined by

T
(G )= ["(GoH)as.
For any r € R, fixed, define the linear functional /(") on C%' ([0,T] x T) by ZﬁT)(G) = {(0,G,p").
An important result is the following:

Lemma 3.4.5. [J1, Lemma A.1.9]. If & € L?([0,T] x T) is such that there exists a function O €
L2([0,T] x T) satisfying for all G € C%1([0,T] x T) the identity

<<auG7£>> = _<<G7a£>>7
then ¢ € L*([0,T]; H'(T)).
Definition 3.4.6. For G € C*([0,T] x T), r,x € R, define Sé’f{) :D([0,T], M;) - Ru{co} by

(NG - k|G, if TeD([0,T], M),

+00, otherwise,

EGu(m) = {
and the energy functional £ : D([0,7], M, ) -~ RU {0} by

5,£T)(7r) = sup Egl(ﬂ').
GeCO1([0,T]xT)

Remark 3.4.7. Note that 8,@(77) > 0. To see this it is enough to take G = 0.

Recall that the measure Q is the weak limit of a subsequence of Qx as N — +oo, where Qp is the
measure induced by the empirical measure in the Skorokhod space of trajectories D([0,7],Qx). Recall
also the definition of the target Sobolev space (Definition [3.2.21). The main goal of this section is to

prove the next proposition.

Proposition 3.4.8. The measure Q is concentrated on trajectories of absolutely continuous measures
with respect to the Lebesgue measure, w.(du) = p.(u)du, such that p™ € L*([0,T]; H'(T)), for m e (1,2),
and p e L*([0,T], H'(T)), for m € (0,1).

This will be shown to be a consequence of existing positive real numbers xg, k1, Ko and K7 such that:
for m € (0,1) holds Eg [Séi)(w)] < Ky, and for m € (1,2) holds Eg [S,ﬁ’f)(w)] < K3, where Eg denotes the
expectation with respect to Q. This will be proved in Proposition [3.4.10] and [3.4.9] respectively. Recall
(3.16). For the slow diffusion case, the argument is analogous to [5, Section 6] but we make evident that
this argument works due to the fact that the rates are uniformly bounded by a constant independent
of N and the fact that the model is gradient. In particular, the argument is suited to show that the
"macroscopic" quantity

p = Jim R () (dn)

N—+o00

lives in the target Sobolev space, where p(-) € (0,1) is a constant function. As in [5], the argument does

not allow us to show that p has a weak derivative, the reason being that p™ < p.
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For m € (0,1) we have the opposite problem. Without imposing any restriction on the initial profile,

we cannot show that p™ e L?([0,T],H'(T)), the reason being that (see Remark [3.2.11)

lim sup (b 1) = +oo.
N—>+oo,,7€QN N ( )

This is the discrete analogous to p™ ! — +oo as p — 0. Yet, we can show that p € L*([0,T]; H'(T))
because the transition rates, in this case, are larger than the ones for the SSEP (analogous to p < p™ in

this case), which is again a gradient model.

Proof of Proposition[3.4.8 Recall that up to this point we have proved that the measure Q is a Dirac
measure, namely Q = ¢, with 7. the trajectory of absolutely continuous measures 7.(du) = p.(u)du, where

p is integrable and its time evolution is described by the equation (3.21)), that is,

(.G = (pini,GO)+[Ot{(ps,asGs)Jr((ps)m,ﬁiGs)}ds

with G € C12([0,T] x T) a test function. For m € (1,2), from Proposition the functional £(™) is
bounded Q-a.s. Since C%1([0,7]xT) is dense in L*([0,T]xT), we can extend (™) o0 a Q-a.s. bounded
functional in L?([0,7] x T). One can thus invoke Riesz’s representation Theorem and conclude that for

any m € (1,2) there exists a function 9p™ € L?([0,T] x T) such that
(m(@) = (G, 0p™).

To finish the proof, since p™ € L*([0,T] x T), one invokes Lemma m
For m € (0,1) the same argument leads to p € L2([0,7],H'(T)) but now one should invoke instead
Proposition [3.4.10] which states that the functional ¢(*) is bounded. O

Proposition 3.4.9. For any m € (1,2) there are finite constants x, K >0 independent of N such that

o[£ (m)] < K.
Proof. Recall that from the binomial theorem we can expand

m m
=3 () evra- ot
k>0
and since we are on the torus we can treat
m k k 2
gl o S (Tt nta -mic)]
GeCo1([0,T]xTx) | k1

For the open boundary case it is enough to focus on showing the (weak) differentiability of the quantity
p™ -1, that implies the differentiability of p™. Recalling that C%! ([0,7] x T) is separable with respect
to the norm || ;1 ), consider a countable dense subset, {G)}pen, in C%([0,T] x T). An application of
the monotone convergence theorem then reduces the problem to that of treating

lim EQ[I%EZX {S(;p (71')} :|

£—+o00

p<l
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Fixed G, Lemma allow us to replace (1 - p)* by [T (1 —(m, L+]€’“>), with the sequence (e)r»0
depending on the regime of m, leaving us with

Bo| w7} | SE@[ngx{Z (D) I - miz.o6 >>—m|cp|§}]~

p<l gpe k=1

Note that we need to take the limsup,_, outside of the expectation, since otherwise we get from the
reverse of Fatou’s lemma that Eglimsup > limsup Eg. And so, we further reduce the problem to the

study of

k-1
m
lim limsup Eg| max{ > ( )(—l)k«n (1= (m,7*)), 0,G >> - mHGpHg :
fotoo 0 G izt \F 3=0
p<t

To make the link between the microscopic system and the macroscopic PDE we want to express Q as the
limit of a subsequence of (Qn)ns0, thus replacing 7 by 7% and then recovering the occupation variables
from the application of replacement lemmas. To do this, as previously, one wants to argue that the map

wmﬂ(w):ng;ax{z(Z)(—l)k(@(u (%)), 0,6 >>—F»1|G|§}

P k>1
p<l -

is continuous with respect to the Skorokhod topology, hence lower semicontinuous and therefore ¥ () <
liminf x40 U(7?). Although this is not the case, one can first truncate the series at an ¢1)c step, then
replace L:;j ¢ by a continuous approximation as in , and then argue by lower semicontinuity. Next,
we replace the sum up to £y by a sum up to £y, as in , and finally we replace back (7%, % :;Cje’f)

. .
by (x, 1), In this way, we have to treat

lim limsup Eg, hmlnfmax{ZZ( )( 1) <<lf[:(1—<7r , ;Jfk» 0uG >>—/<&1|Gp||;}:|,

foroo 50 [ *eo ;ipe k=1
where we recall again that Q is a Dirac measure. Now we apply Fatou’s lemma to exchange the expectation
and the liminf. Hence, it is enough to show that there exists some constant K7 independent of {G)}p<e
for any ¢ € N such that

EILN[HE;&X{EZN:( )( 1) <</hl(1 (x4 0,G >>—m|Gp||§}]gK1.

P =
pet k=1 7=0

Because 9,,G, is bounded in L' and the products involving the empirical measure are bounded by 1, we
can replace £y by (£n)" with n as in (3.28). Now we are able to proceed backwards in the replacement
lemmas’ scheme (from (3.39) to (3.43)), approximating the space integral by the Riemann sum along the

way. At this point we have to estimate

T(1 n)" m k1 . N )
E[r%x{ L(EZ 2 (e gnmsuw)auap(aN)—m|Gp<s,->|2)ds}],

p<h
where we recall that (¢x)™ can be replaced back by ¢x since the terms involving 7 are bounded and

0,G)p is bounded in L'. We are able to introduce

gl

HM\

Z V+n)(n)8§k1)(mn)}
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inside the summations over & and k (see the treatment of the first probability in (3.35) and Definition
for the expression for sgkfl)). This is important because now we have

E#N[r%ax{foT (]17 > WD (v ) 0u Gy (s, £)- /<;1|Gp(s,~)|§)ds}]

P
pet xeT N

which will be used to exploit the gradient property of the model. Analogously to the replacement lemmas,

and with the same choice of a constant profile «(-) € (0,1) we obtain the upper bound

T 1 o _ . —
[0 sgp{(N > T (oG (s, E), F) - malGo(s, )5 - NEGV (/v }ds<s.46>

zeT N vl
where ¢, > 0 is a constant. Let us now focus on the inner product above, specifically on

LS 0G5 2) 3 WD () Y ().

N zeTn neQdn
One can replace the space derivative by its discrete version with a cost

1

N 2 10NV Gyl ) 3 D (S (v (1) < 10 = NV) Gy, sup By ().

xe'H‘N T]EQN 776

< L and, since h®) < k, we have that

This vanishes on the limit N — +oo since (0, -~ NV) G(s,-)| . S %

hﬁvm 1)(77) $ 1 (recall that m e (1,2)).

nSrt

At this point the discrete derivative can be passed to ) by performing a summation by parts,

which puts us in place to use the gradient property of the model:

S VG5, 2) S ATV frl () = - Y Gu(s,52) S V@) v rate) fn)vd ().

zeT N neQn zeTn neQn
From Lemma [B.I.1]
m-1 — 1 m—1 —
> e V@) () = =5 3 N IV (@) Ve aa f ()0 ().
neQn neQn

and we are left with

LS G ml) S O ) V(@) Ve S )Y ()

2 zeTn neQn
1

Sﬂ Z Z (m- 1)(7-9577) (G (S z+l )2 (\/7(77)-1-\/?(779”’”"'1))21/5(77)

zeT N NeQn

AT T I @) (@) (Teaa VDO V)

zeT N neQn

l Sup {C(m 1)(,,])} Z (G ( z+1 )2+§F§\7[n—1)(\/?71/27 .

A neQdn xeT N

Recalling that sup,.q {c%nfl)(n)} < m, fixing A = N and replacing all this into (3.46)), then taking the

corresponding limits we finish the proof. O

Proposition 3.4.10. For any m € (0,1) there are finite constants k, K >0 such that

Eg[eM(m)] < K
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Proof. The proof is almost identical to the one for the SSEP (see for example [I7, Proposition B.1]).
Besides the fact that there the authors have a boundary term, the differences lie in that we apply the
replacement lemmas in the present text, and that in the final step we need to invoke Proposition [3.4.2]
We outline the main steps. The treatment of the expectation in the statement can be reduced to the
treatment of

sx}p{(}v TV @0.Gy (5 %) = ralGasn )l f) - NETI W/l } (3.47)

Above, the sup is taken over the set of densities with respect to v/Y, and {G)}yen is a countable dense
subset in C%1([0,T] x T). Exchanging the continuous derivative by a discrete one, then performing a

summation by parts we end up having to treat

sup{(— > VN (@)Gy(s, ) — ko |Gp<s,~>|§,f) -Ney (Vv >}.
f zeTn V(Iy\/
Then again, from Lemma we have that

an VN (@) ol (dn) = —— > /QN (n(z+i+1)=nz+i)) (f(n) = FO= 1)) vl (dn).

2eN ieASY

Taking our function G, back into consideration and recalling that the process is of exclusion type we

have that
“‘;N ol %)Z%N zg;zv o, (1@ i+ 1) =ne+d)) (F0n) = fO ) ) (dn)
: +i,zrirly |2 A

Since f is a density and « is constant, last display is no larger than
1 a2, Ao
oa 2 (Gols, )+ TR V),

.’EETN

Plugging this into the first term inside the sup in (3.47)), we obtain

sup{;l > (Gl ) = wlGy (s, + ST (VT ) - NEP D (T }

f fE&TN

Applying the lower bound for S](Vm_l)(\/f, v from Proposition and hence setting A = 4N and

k =1/8, to conclude it is enough to perform the limit N — +oo. O
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4.1 Introduction
4.1.1 Main result and strategy

This chapter is split into three parts. In the first part, we construct a family of exclusion processes
parameterized by (n, k) € NxN; evolving in the same setting as in the previous chapter, in order to model

the equation

Oip = 0u( D i(p)Oup) with Dy i(p) = p"(1-p)~. (4.1)

Before advancing with specific details, we make some observations regarding the diffusion coeflicient
Dy, 1(p). For (n,k) =(1,0) or (n,k) = (0,1) the function D, j is linear; if n >2,k =0 (resp. n=0,k > 2)
then it is non-linear but monotonic increasing (resp. decreasing), and its maximum is attained at the
boundary, at p =1 (resp. p =0); while for n > 2,k >1 (resp. n > 1,k >2), the function D,, j is non-linear
and not monotonic. Concretely, it attains its maximum in the interval (0, 1), and it can be checked that

max Dmk(p):(ni)n(l— r )k.

pe[0,1] +k n+k

Note that for any n,k > 1 there is no diffusion when p = 0 or p = 1, and as n, k increases so does the

multiplicity of the roots of the polynomial D, ,(p). All of this is represented in Figure

1 (n,k) = (1,0 .
(n, k) =(2,0)

08— (n,k)=(2,1) i
—(n,k) =(2,2)

E 0.6 |- =

S .

0.2 |

0 [ |

Figure 4.1: Plot of D, x(p) for different values of n,k € N..

The differential equation (4.1)) can be alternatively recast as

Orp = (aiHn,k)(P)» with (@%Hn,k)(f’) = au(Dn,k(P)auP)v

where we note that H,, ; can be identified as a primitive of D,, ;. We will often refer to both the map
H, i and its discrete version (to be introduced shortly) as a potential. Precisely, from (4.1)) one derives
the continuity equation J(p) + D, ,(p)0yp = 0, with

J=-0,H, (4.2)

the current, and as such the current is a potential gradient, associated with the potential H, ;. The

quantity H, x(p) has no "simple" expression in terms of elementary functions, and can be computed

80



invoking the Binomial Theorem,

1
n+f+1

Hon(p) = ;’:g(_l)z(lz) n+0+1
As explained previously, the gradient property can be seen as being satisfied at a discrete level.

Our discrete set-up will also be the same as in the previous chapter: consider the one-dimensional
torus, Ty := R/NZ, where 1 < N € N is a fixed number; the state-space is the set Qx = {0,1}T~ and we
recurrently denote the configurations by the Greek letters n and &.

The problem of defining a microscopic model for p"(1 — p)* turns out to be a very delicate task if
one aims to maintain the gradient property. Our approach is to characterize the gradient condition in
terms of a linear system, which is performed in Subsection [£:2.1] The underlying idea is that products of
occupation variables over specific sites can be seen as functions on the state space applied to a set. This
translates the verification of the gradient property to a series of simple combinatorial problems: given
some kinetic constraint ¢, we identify sets that are going to be associated with c¢(n)n(1) as translations of
sets associated with c(7)n(0). Because translations are "gradient invariant”, in the sense that 1 = -v*+7;
(see more details throughout this chapter), the identification of the aforementioned sets will induce a linear
system. In this way, each (exclusion) gradient model is related to a particular solution of an underlying
linear system that characterizes the gradient condition.

Our starting point is to consider the PMM mechanism, already discussed in the previous chapter,
where for an exchange of occupations between the sites 0 and 1 to happen at least one of the "windows"
{[-k-1+7,51\0,1}};21,.. k41, for k e N, fixed, must be completely occupied (recall the discussion just
before Figure . The extension of this model is realized by associating, to each local configuration with

exactly n particles in the window
W; = [-j,—j+n+k+1]\{0,1},

for each 0 < j <n +k, a non-negative weight, as in Definition [£:2.4] The normalized weights can be seen
as the probability distribution of the position of the n particles with respect to each window W;. One can
then show that the corresponding model will satisfy the gradient condition if these weights are solution
to a linear system. This is the content of Proposition with the linear system as in . As a
consequence (see Corollary [£.2.12)), we discover, for each 0 < £ <k, a family of gradient models associated
with the diffusion coefficient (n + ¢ + 1)Dy100(p). This family is associated with the aforementioned
weights being a solution of a reduced linear system (presented in ), which the PMM is a particular
solution to.

The linear system is expressed in terms of different maps, and its solution seems to be not
unique for general n,k € N,. In Appendix we present the linear system for the particular case of
n,k = 2. In the general case, we study throughout this chapter a particular (uniform) solution, presented
in Proposition [£:2.13] that permits to solve some problems which arise in the following section through
combinatoric arguments. This solution corresponds to the following very simple kinetic constraint for

the exchange of the occupations between the sites 0 and 1: the number of windows {W;}o<;<r such

n+k

N )71. Formally, writing

that the density of particles in it is n/(n + k), then normalized by a factor (
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(ma= ﬁ > .ean(z) for any A € Ty, we define the constraint

) - 3 1l - )

() e
which is related to the diffusion coefficient (n + k + 1)p™(1 - p)*. The constraint in the previous display

is valid for any n, k € N,, and the generality of n and k£ will indeed be our focus. The model induced by

the constraint ¢(™*) will be named PMM(n, k) (see Definition [4.2.14)).

Figure 4.2: PMM(2,2) transition rates.

In the previous figure, the windows W;, for 0 < j < 4, are represented as the rectangles containing
segments of the configuration of particles, in light gray. The family {PMM(n, &)}, ken, enjoys of several

properties:

o If n € Qn is such that there are less than n particles on each of the windows {W}}o<j<k, then

c(™k) (1) = 0, in this way PMM(n, k) is a kinetically constrained model;

o It can be checked that max, c(™*) () = (n+k+1)/("zk) In other words, there is a local configuration

such that (n)w. = -2 for each 0 < j <n+ k. An example of such configuration is given in the next
J n+k

figure:

Figure 4.3: Configuration corresponding to the maximum rate, for the PMM(2,1).
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e The minimum number of particles required on the whole window W = U;’?:OW]- that guarantees a

positive rate is 2(n - 1) + 1;

o Fixed L € N, such that L < N, there is a sequence of normalizing factors Zy, , > 0 such that

[SSEP _ ZL: 1
SSEP _ S -

L(n,L—n)
n=0 ZL,” N

where E%L’L_n) is the infinitesimal generator of the process we are just describing, the PMM(n, L-n),
as is introduced in Definition |4.2.14] In other words, the rescaled constraints {#c("’b")}ogng L
forms a partition of the unity in Qn (Proposition [4.2.15);

e There are blocked configurations depending on the number of particles in the system. A simple

example is the configuration where each particle is at a distance larger than n + k£ from each other;

o There exists mobile clusters. Specifically, if (n)w, = ~2% for some 0 < j <k, then the local configu-

ration 7|y, (that is, the configuration 7 restricted to the window W;) is a mobile cluster.

In the second part of this chapter, Section[£.3] we extend the previous model to a long-range dynamics.
This extension is performed, again, on the discrete torus, although it is straightforward to adapt it to
some other lattices. The main result of this section is the introduction of an operator acting on any
nearest neighbour (that we short-write n.n.) constraints that defines a jump of arbitrary length r € N,
and such that the corresponding long-range (that we short-write l.r.) constraint satisfies the gradient
condition. The operator is introduced in Definition [£:3:3] and the proof of the gradient property is given
in Proposition[4:3.4] The idea behind the definition is quite simple and can be explained with the diagram

in Figure [£.4]

Nearest-neighbour (T ) LN Nearest-neighbour (rTy)

\ lembedding

Long-range (Ty)

Figure 4.4: Long-range extension.

In other words, given some n.n. constraint ¢ defined on Ty, we can define a n.n. constraint on the
lattice 7Ty, for any r € N, fixed, which we can write as c,. This, in turn, defines a jump of length r
on the original lattice Ty. Because c, satisfies the gradient condition on rTy, it will also satisfy this
condition in Tpy. We then introduce the long-range version of the PMM(n, k) for each jump of range r

in Definition [4.3.5) which we refer to as PMM,.(n, k). From its definition, it holds naturally that
PMM; (n, k) = PMM(n, k).

We then use the family {PMM,.(n, k) }1<r<| n/2] as a basis to introduce what we call Fractional Porous
Media Model, in Definition [4.3.14] and refer to as PMM”(n, k), where v > 0 is a parameter that will be

associated with the fractional Laplacian AY/2, if 4 € (0,2), and the classical Laplacian if v > 2.
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4.1.2 Outline of the chapter

Now we explain the content of the next sections in a more technical level. We found appropriate to
present an example in order to motivate our subsequent proofs, and in this manner the present subsection
deviates, in length and amount of detail, from the corresponding subsection of the previous chapters.

Section[4.2)is devoted to deriving the aforementioned linear system (Subsection [4.2.1)), and expressing
the potential associated with the microscopic current in a convenient manner (Subsection. We focus
now on the content of Subsection The main result is Proposition with the linear system as
in . The approach to obtain the linear system can be succinctly presented in the following example

for the case n,k = 1, although it does not reveal all the technical difficulties.

Example 4.1.1. For each (j,7) € {0,1,2} x {1,2} let a = {ai; } (j,i)e{0,1,2}x{1,2} e a family of non-negative
constants and introduce the following (symmetric) constraint for the occupation exchange of the sites 0

and 1
c(n) = a107(2)1(3) + az0n(2)7(3)
+ann(=1)n(2) + az1n(-1)7(2) (4.3)
+ a7 (=2)n(-1) + azz2n(-2)7(-1).

Distributing the products and multiplying by (V*n)(0) yields

c(m)(V'1)(0) = a1on(1)n(3) + (azo + a11)n(1)n(2) + (az1 + a12)n(=1)n(1) + azen(-2)n(1)  (4.4)
= a101(0)n(3) = (azo + a11)n(0)n(2) = (az1 + a12)n(=1)n(0) - azen(-2)n(0)

- (a®n(2)n(3) + a'n(-1)n(2) + a®n(-2)n(-1)) (v n)(0)

where we shortened a’ = ayj + ag; for j =0,1,2. It is simple to show that the third line in the previous
display is the gradient of some function if a’' = a?? for any ji,j2 € {0,1,2}. Considering the normalized
weights a’ = 1 for every j as previously, the aforementioned quantity equals (V*h(z))(n), with h(® as in
(13.15). We now focus on the first two lines of the previous display. The first one can be expressed as
(@10 + az1 +a12)n(0)n(2) + (azo + a11)n(0)n(1) + az2n(0)n(3)
+a10(71 = 1)n(0)n(2) + (azo + a11) (71 = 1)n(0)n(1) (4.5)
+ (@21 +a12) (721 = 1)n(0)n(2) + azz (72 — 1)n(0)n(3).
It is clear that the quantities in the last two lines of the previous display are (discrete) gradients of some

quantity. Repeating the same procedure for the quantity in the second line of (4.4) leads to

=a10n(0)n(3) = (azo + ar1 + az22)n(0)n(2) = (az1 + a12)n(0)n(1)
plus the discrete gradient of some function of the configurations. Comparing the terms in the first line of
(4.5) with the ones in the previous display, we see that ¢(n)(V*n)(0) satisfies the gradient condition if
0 =7(0)n(1) [azo + a11 — a1 — ai2] + n(0)n(3) [a22 — aio]

(4.6)
+n(0)n(2) [(az1 + a12 — azp — a11) + (@10 — az2)].
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One must then solve the system asg + a1 —as1 —a12 = ase —aqg = 0, and a’ =1, with 7=0,1,2 (recall (4.4)

and the discussion just after it). This system is equivalent to

aio
_ 1000-1 0 0
a0 = G22,
~ 0100 0 —1]]%0 0
420 = 2, 00100 of[*]=[12 (4.7)
a11 = azn =1/2, 0001 0 o]|®] |12
aio+as = 1. 11000 0 222 1
12

and it does not have a unique solution.

Note that, in the previous example, the particular choice (a19,a20) = (0,1) , (a11,a21) = (1/2,1/2)
and (a12,a22) = (1,0) corresponds to the quantity ug(n) in with k& = 2. Indeed, our motivation
for considering as starting point was the next rearrangement. Fixed k € N, and defining, for each
7 € ), the constraint

E+1 ko (k—-j AN ;
k1D () = — cF D (@) - P (5 Z{ gli)l( {- k+y})+ks§’i)1(n{g+1})}, (4.8)

we expect that to the model induced by c("*~1) corresponds the diffusion coefficient (k +1)Dy_1.1(p).

For k = 2 we observe an empirical average

BV () = n(=2)m(-1) + n(=1n(2) ;ﬁ(—l)n(2) +7(2)n(3),

while for k = 3 a weighted sum:

c(2,1) (ﬁ) _ n(_s)ﬁ(_2)ﬁ(_1) 4 ﬁ(_Q)ﬁ(?)_l)n(2) i 2”(_2)6(_1)ﬁ(2)

3
ICDINE) DTN 500556530 4),

in this way successfully generalizing the integer porous medium model in a specific direction. While it
is not clear for us the reason why the quantity in the right-hand side of the previous display follows a
"combinatoric" reasoning, this is encapsulated in the forthcoming linear system (as it is encapsulated into
for the case n =1 and k = 1). The reason why can be taken as constraints (c(*~11) > 0) can be
shown to be "independent" of the rearrangement and consequence of the sequence {ﬁc(k)(n)}kzo
being non-increasing, for every n € Qu, to which the aforementioned rearrangement is a consequence
thereof. It turns out that the rationale to define ¢(*~11) in does not generalize in the most natural

(k=1,2) = 1 (k-1,1) _ 1
T k+1

way: defining c —20(’“’1), in analogy with the binomial expansion of p*~1(1-p)? as a

polynomial in p, leads to possible negative rates because the sequence {ﬁc(k”_l’l)}m\; is not monotone.

One can identify in Example three main steps:
1. Distribution of the products of flipped occupation variables, as in (4.4));
2. Translation of each product to start at zero, as in (4.5));

3. The terms translated to zero associated with a multiplication by n(1) are compared with the terms

translated to zero associated with a multiplication by 7(0), as in (4.6]).
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Those are also the main steps in the proof of Proposition However, performing these computa-
tions for general n and k and proving that the resulting linear system admits a solution is much more
demanding, and needs to be done in an organized way. With this in mind, one needs to keep track of
the sets of sites that need to be flipped and the indexes of the weights associated with them, when the
translations of these sets are going to be performed. In order to do so, we work with equivalence classes
over sets and their indexes (see Definitions and [1.2.6). The aforementioned step (1) is encapsulated
into Lemma step (2) is performed in two sub-steps: first we shift each window W, with 0 < j <k, to
the origin, identifying a first gradient quantity, and then we shift each product of occupation variables to
the origin. This allows us to identify a quantity which is also present in the potential associated with the
PMM (namely, h(()"’k;u), as in ), and which vanishes in the limit N — +oo. Step (3) is encapsulated
into Lemma and its Corollary

After the proof of Proposition we focus on a particular solution of the system , the
uniform solution presented in Proposition , where all the weights equal ("Zk)_l, and prove some
properties of the resulting model, namely, the partition of the unity, in Proposition [£.2.15] We also
provide a very precise upper-bound for the sum of the rates over a discrete interval, in Lemma
The latter, as seen in the previous chapter (Lemma , is an important ingredient for considering
linear combinations of models in the same family. Only when referring to the case where the uniform
solution is chosen, the superscript (n,k;a) will be replaced by (n,k). The potential arising from the
gradient property, h(™*® is in general the sum of two quantities (h("®) = h(()"’k;a) + hg"*k;a))7 as in
(4.14). The quantity hg”’k;a) is the one that "survives" in the limit N — +oo, however, it is not presented
in the most convenient way, as it depends notably on the particular choice of labels of the sets that
dictate the flips, the equivalence classes of those sets and of their indexes. Subsection is devoted to
its simplification for the case of the uniform solution and for the case of a particular subclass of solutions

of (4.13). For that purpose, one needs a complete characterization of the above mentioned equivalence
classes, which is the content of the series of Lemmas [£.2.17] [£.2.19] [£.2.20] and [£.2.21] We then perform

n+k

-1
N ) , in which case we drop the dependence

several simplifications of h("™*%) for the uniform choice a = (

on a from the notation. Concretely, it holds that

h(™%) = HOWR) () 4 v g(mk) o g (k) (),

with g(™*) as in , £Omk) = h,g”’k) + H(()"’k) with the terms as in and .

In Proposition we also show that if an extended linear system is satisfied, then it holds the
"invariance principle’ h{"** = n{"* This concludes the content of Subsection m

As explained in the introduction, the main result of Section is Proposition , where we show
that the long-range extension is a gradient model. In Definition we introduce a (time re-scaled)
linear combination of long-range versions of the PMM(n, k) that can be used in order to obtain the
fractional Laplacian (-A)Y/2, for v € (0,2). We direct the reader to the two detailed PhD thesis [6] [32]
on long-range dynamics and the papers [2, [7] for a proof of the hydrodynamic limit for the empirical
measure, as we derive solely the correct time-scale and prove the convergence and interpolation of the

relevant operators. We also prove in appendix [C.2] a regularity result of independent importance, which

86



is also crucial for studying the open-boundary case.

4.2 Microscopic Models and Linear System
4.2.1 Generalized Porous Media Model

Our first goal is to define a specific constraint such that the diffusion coefficient of the corresponding
hydrodynamic equation of the process induced by it is given by D,, x(p) = p"(1 - p)*, for n,k e N,; and,
importantly, such that the induced model has the gradient property. The models that we are going to

introduce are derived from two main mechanisms. To present them we need to introduce some notation.
Notation 4.2.1.
o For A=Ty we write n(A) = [T;ean(i). If A= it is defined by convention that [Ty = 1;

o For Ac Ty we write n as the configuration where for any 2 € Ty it holds n*(z) = (1 -n(z))1{z €
A} +n(x)1{x ¢ A};

e Given two sets A, B c Ty such that An B =@ we denote by A u B their disjoint union;
o Forany z € Ty we write x+ A={x+a: acA};
o Forany reN, and Ac Ty we write rA={ra: ae A}.

The first mechanism is the symmetry that makes the PMM a family of gradient models. We recall
its introduction in Definition Fixed k € N, one can think of the PMM(k) as a model generated by
translations of sets around the node {0,1}. With the previous notation, one can express the constraint

C(k) as
k
™ (n) = ;(T—jﬁ)([[ﬂ, k+10\{j, 5 +1}).

The second mechanism regards on how to obtain "mixed powers", of the form p"(1-p)* for any n, k € N,.
The constraint of Example (4.8]), for n, k = 1, can be recast as

k .
agn P (=5 + [0,k + 1\ {4, 5 + 1}),

2
£ -1

7=01¢

where for each j € [0, k] we have

1 =1 =1
aij =1k . and P = 03, .
Lo i=2 {k+1}, i=2.

Tk
This suggests that there might be different "P-sets", hence weights a = {a;; }o<j<k i=1,2, such that the
resulting constraint still satisfies the gradient condition. In this way, we start with the "prototype" model

in Definition [4.2.4] and we introduce some more definitions and notation.

Definition 4.2.2. Let k€ N and A ¢ Ty be a set of size k. We denote the family of subsets of A with
size £ < k by

Pe(A)={A": A'c A, |A|=1}.
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We now introduce some notation that will simplify the presentation of the next results.

Definition 4.2.3. Hereafter we fix 1 <« N € N and n, k € N, such that n+ k< N. Foreach0<j<n+k

and 0 < ¢ < k fixed we consider the set of indexes Iy x J where

n+k
Ig:{l,...,(k_g)} and J={0,..., n+k}.

If ¢ =0 we write I = I.
Let us introduce the following auxiliary sets, that will provide the basis for the construction of the

family of constraints and their respective study:

o M=[0,n+k+1];

M; = M\{j,j+1}, for each j € J;

Pg*e, for 0 < ¢ <k and (4,5) € Iy x J: which are such that P,.¢(M;) = {P{;*l}ide;

o Py, for each (4,7) € I x J: fixed some label for the elements of Py (M;) we write Py (M;) = {P;j }ier;

Qf;qr with (i,5) e IxJ, 0< <k, 1<q<(5): fixed (4,5) € I x J, we write Py(Py;) = {ijq}lgqg(ﬁ).
Note that if n+£ = k we can have P[j”e = P;; with an appropriate choice of indexes. Finally, fixed 0 < ¢ <k,

we shorten for each (i,7) € I; x J and x =0, 1,
pff = min{PZJ’»”Z u{j+z}}>0 and AZ.M@ = —pfj’.”” + (PZ.’;.*Z u{j+z}).

Although all the previously defined sets depend on n and k, we do not make that dependence always
explicit in order to simplify the presentation. The reader should have in mind, however, that n,k € N,
are fixed. We remark that, for each ¢ and j as previously, the set I, corresponds to the indexes of the

elements of P,.¢(M;), and the set J corresponds to the indexes of the window M;.

We are going to associate, for each j € J and every element of Py(M;) = {P;j}icr a non-negative

weight.

Definition 4.2.4. Fix a family of non-negative constants a = {a;;}(; j)erxs where for each j € J there

exists at least one i € I such that a;; >0, and define the maps s§n’k;a), c(mke) . Qn - R, u{0} through

n+k
n,k; NH ks —j+Pij(_ .
c(mkia) = Z;) s§” 9 where Syb a)(77) = Z;am P (=j + Mj).
J= 1€

a)

We define the Markov process induced by the infinitesimal generator E%’k; acting on functions

f:Qn >Ras

(,C%L’k;a)f)(n) - Z c<””““)(Twn)(VLmlf)(??)-

IETN

In the next two figures we present the sets of interest in the previous definition, for the particular case

of n, k=2.
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—j + Pij
i/j 0 1 2 3 4

i -3+ M; 1 {2,3} | {-1,2} | {-2,-1} | {-3,-2} | {-4,-3}

0 {2,3,4,5} 2 {2,4} | {-1,3} | {-2,2} | {-3,-1} | {-4,-2}

1 {-1,2,3,4} 3 {2,5} | {-1,4} | {-2,3} {-3,2} {-4,-1}

2 {-2,-1,2,3} 4 | {3,4} | {2,3} {-1,2} | {-2,-1} | {-3,-2}

3| {-3,-2,-1,2} 5 {3,5} {2,4} {-1,3} {-2,2} {-3,-1}

4] {-4,-3,-2,-1} 6 {4,5} | {3,4} {2,3} {-1,2} | {-2,-1}
Figure 4.1: Windows where Figure 4.2: Sets corresponding to the sites with flipped
the constraints are imposed. occupation (n_j+Pif).

Before characterizing the weights a such that c(™*® satisfies the gradient property we need to present
several technical results regarding the sets introduced in Definition [1:2:3] The next lemma will be used at
the start of the proof of Proposition in order to group the common terms as in , arising from
an application of the distributive rule to the products of flipped occupation variables (related to 7=/ +Fi
in the previous definition); and in Proposition providing the existence of a particular solution to

the aforementioned linear system characterizing the gradient condition.

Lemma 4.2.5. For each j € J and 0 < £ < k there is a non-injective but surjective map ;¢ : I x[1, (’z)ﬂ -

Iy such that for each (i,q) € I x {1, e (lz)} there exists i’ € Iy such that

[M;\P;;] 0 QL. =Pt where VYie(i,g) =i’

ijq i'j

Moreover, for any (i, 7) € Ip x J it holds that |(;,)~*(i")| = (”y).

Proof. Let 0 < £ < k be fixed and introduce the set M’ = [0,n + k - 1]. We write Pr(M") = {P;};er and
Pe(P;) = {qu}1<q<(k)' For each j € J, introduce also the map ®; through
=1=\¢

Pj(A)={acA:a<jiu{a+2: acA, a>j}, where  AcTy. (4.9)

Note that |®;(A)| = |A| and that M; = ®;(M"), P;; = ®;(P), Qf;, = ®;(Qf,) and P+ = ®;(P/*"), for
any 0<l<k, (i,7) €l xJ.
It is clear that

Pn+f(M,) € {[M,\Pl] U qu}(i,q)e[x{l,...,(’;)}

where, for £ # k, since [Py1¢(M;)| < (¥)]1] the right-hand-side above must have "repeated terms". Let then
¢ be the map such that [M’\Pi]l_leq = Pt < 4y(i, q) = i’ for some i’ € I;. Then to compute |(¢) (i)
for any particular ¢’ € I; one needs to count the number of pairs (P, Q) such that P € Pr(M'),Q € Py(P)

and
(M\P)uQ =Py

In order to do so, we can pick any £ elements of P+ and construct @, existing some set A € M’ such
that P'\Q = A. In particular, there exists a unique P € Py(M') such that A = M'\P, that is, P = M'\ A.
To see that @ € P it is enough to note that M'\P = P'\Q and so Q ¢ M'\P, hence Q ¢ P. Since there

are ("ZZ) ways to choose £ elements of P7*¢, we conclude that |(¢g)_1(i')| = ("zé).
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In particular, it also holds that (®;(M')/®;(P))u®;(Q) = Pi,;e and one can define 1; ¢ = 1), where
now ;. ¢(i,q) = i < (®;(M')/®;(P;)) u®;(Qf,) = P+, Since ®;(M) = M; and there is exactly one
i € I such that ®;(P) = P;; and ®;(Qf,) = Q%;,, and ®;(M'\P;) = ®;(M")\®;(P;), it is simple to see that

ijq’

[M]\PZJ] u ijq = Pi’r’l;é = [M,\Pl] u qu = Pi”'H—é

which concludes the proof. O
The arguments for the main result of this section revolve around translating appropriate sets in

Definition [£.2.3] organizing them in a specific manner. But to do so, we need to keep track of their

respective indexes or, to be precise, of particular equivalence classes of indexes.

Definition 4.2.6. Define over the set composed by all the non-empty subsets of Ty the equivalence

relation = through
A=B<w3JdacZ: A=a+B, A,BcTy.
For each 0 </ < k and = =0, 1, define the equivalence relation % over T, ¢ x J as
(i,5) & (') & Py 0 {j+a} = Pl u{j + a).
We shorten Cy , = 1o x J/Z’,Vx.

The next lemma provides the essential ingredient for constructing a gradient model, starting from the

PMM mechanism. It will be invoked in the proof of the main result of this section, Proposition

Lemma 4.2.7. For each 0< <k and (i,7) € Iy x J there exists (i',j") € Iy x J such that
n+L . — pn+l -/
P u{j+1} =PI ud{j'}

Similarly, the converse also holds: for each 0 < € <k and (i,5) € Iy x J there exists (i’,7") € Iy x J such
that

Prtu{jy = Ppifu{y +1}.

Proof. 1t is convenient to see the "P-sets" as binary strings. For each A ¢ Ty, let us consider the
configuration &4 € Qn where £4(y) = 1{y € A}.

Let us start by fixing ¢ = k and j € J. Note that in this case |I;| = 1 and P{;” = M\{j,7 + 1}, where
we recall from Definition that M = [0, n+k +1]. Then

T—1§P{fjl’«+zu{n+z}a J=0,

fPln);Eu{jﬂ} = {fpmz o, i%0.

1,5-1
For ¢ < k -1 the rationale is analogous. Fixed (i,5) € Ip x J, if {pn+e consists of n + ¢ consecutive
ij
particles inside the box M with £pnse(n+k+1) =1, that is, Epnee ([k+1-€,n+k+1]) =1, and j+1=k-¢,
(%) ¥
then

Epret, uik-ey = T-18pnee.

1 +1|_I{’rL+k:+1}

k
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where P}t | corresponds to fpgtfmﬂ([[k‘ -{n+k-1])=1. If j+1# k—{ or if we do not have n + /¢
consecutive particles, then there exists a local configuration of the form (1,0) in the window M. Let us

then say that we have (1,0) at {j/,j/ + 1} for some j' € [0, n +k]. Since {P:"*} Pre(M;) for all

:L:] i€lp =

(i,7) € I x J, there is also some i’ € I, such that
9j’,j+1£P.’}_*£ = fpflelz.
ij ilj

For any x,y € T, let 0, , be the operator acting on {2 that exchanges the occupations at z,y and let
F» be the operator that flips the occupation at z. In this case, specifically, holds that Fj.1 = Fj 0 .1,
that is,

Eppetugieny = Finalppee = Fjrlyjaalpnee = Epnrengyoy-

This rationale is represented in the following commutative diagram.

oo+ i+l iyt i

>,
>

F. j’§ Piv;]f,’f
fjJrlgP{;_Jrl
i+t AN
The converse is analogous. O

The previous lemma has the following simple, but important corollary, which can be seen as the

analogue of the previous lemma in terms of the indexes.

Corollary 4.2.8. For each 0 < £ < k there exists a permutation ¢y on the set of indexes (i,7) € Iy x J

such that

it PR G+ 1y = —pt + PR UG where (i g) = (7). (4.10)

In particular, it holds that for each c€Cy

lef = |¢e(c)- (4.11)

Proof. The equality (4.10) is a consequence of shifting the equivalent sets (with respect to the equivalence
relation =) to the origin; while the equality (4.11)) holds because from Lemma each set of the form
R-TJL‘+Z|_|{j+1}, with (i,7) € I;xJ, can be seen as a translation of some set Pﬁ;gu{j’}, for some (4',5") € IyxJ
(and, naturally, vice-versa). As such, the respective classes of those sets (therefore the classes of their

indexes) must be of equal size. O

Notation 4.2.9. Fixed z € {0,1} and 0 < ¢ < k, given any ¢ € Cy, we shall write as A, one set

representative of the class ¢, that is, such that A, = A?é’m for every (i,7) € c.
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Remark 4.2.10. We remark that, from Corollary for any ¢, € Cy,1 there is a corresponding ¢g € Cyo
such that co = ¢¢(c1), and the converse is also true since ¢, is a bijection. In this way, Cro = ¢¢(Cr,1),

and in particular Ac, = Ag,(c,)-

We are now ready to present the main result of this section. Recall Definition [4.2.4] The next
proposition gives us necessary conditions over a such that the Markov process induced by the constraint
c(™F:9) gatisfies the gradient property. As we shall see in the proof below (and as we saw in Example,
the idea is that the distributive property allows us to develop the products in s; := {s§"’k;a)(n)n(1)}jeJ,
generating a linear combination of products of occupation variables, where each product can be associated
with a set that is equivalent, with respect to =, to the sets "generated" by s := {sg.""k;a)n(O)}jeJ. Since
translations can be seen as "gradient preserving operations', in the sense that 1+7; = 71 - V*, identifying
correctly the terms generated by s; with the terms generated by sy induces a linear system for the weights
a characterizing a dynamics of gradient type. We provide in Appendix a detailed example for the
case n,k = 2, that we encourage the reader to follow through the next proof. Although this particular
case is still quite involved in terms of computations, it is the simplest case that exhibits all the novelties,
with respect to the PMM, and difficulties that we are going to face while studying the general case (as
in the next proposition), and also gives some intuition regarding the results for the present and next

sections. In what follows recall Definition [4.2.3]

Proposition 4.2.11. For each (i,7) € Iy x J with 0 < ¢ <k fized, consider the quantity

bfj = Z Q. (412)
(@",@)e(;,0)7" (4)

If the family a is such that the linear system

{ > b=y by

(3,5)ec (4,5)€de(c) }()Sggk-chCl:l

A {Z aij = 1} (4.13)
iel jeJ
has a solution, then the generator Eg\?’k;a) induces a gradient model. Specifically, in this case, it holds

that c(F9) () (v n)(0) = (VTh(WED) () with the potential h(™*2) = h(()"’k’a) + hg”’k’a) where

B0 =5 S ) (s ()
0 Ly L -y J)8; -y
=0 y=

(4.14)

(ki) _ & ¢ 14 s ‘ o™

n,k;

h; = Z(_l) Z Z bi; Z (rym)(Ae) - bd)g(i,j) Z (rym)(Ae) ¢ -
£=0 ceCy 1 (4,5)ec y=0 y=0

Proof. As a first step, we use the distributive property to expand the constraints into a linear combination

of "pure occupation variables", with no flips. Recall from Definition that for each (i,5) € I x J we
write {ijq}xqg(’;) =Py(P;;). We develop

k-1 (%)
)= Y ay () (My\Py)7—5 { (-1 n(Py) + 3 Y (-1 n(Q%,)

(2,5)eIxJ ¢=0 q=1

k-1 ;)
= (DN (M) Yai+ Y Y ai o (1) (ym) ([M;\P1u Qf). (415)

jeJ i€l £=0 (4,5)elxJ q=1
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We are going to multiply the quantity above by (V*1)(0), but before that note the following. If Y,y a;; =
Yier aije for every 7,7 € J, then the term associated with the first summation in the second line of the
previous display is identified with a multiple of the PMM(n + k) constraint, ¢("**) (), and in this case
(-1)F Yies (1) (M;) Xiey aij = (-1)% ¥ier ai; VAR (). In this way, we consider without loss of
generalization the normalized weights
Zaij =1, V] eJ. (416)
i€l
Fixed ¢ in (4.15), there are repeated elements in {[M;\P;;] u ijq}(i,j)de71£q§(,z). We want to
group the coefficients associated with these repeated sets. Recalling Lemma [£:2.5] and Definition [4.2.6]
introducing, for each (i,5) € I x J and 0 < £ < k, the new weights

¢
bij = Z Qi
(3",9)e(y,0) 71 (3)

we can rewrite (4.15)) as

k
CHD WA CIC D)

(4,5)elopxJ

We will now focus on the quantity ¢ ()(v*1)(0), that is,

k
> (—1)””'1;;(—1)é > by () (P U +a)).

z=0,1 (i,5)elexJ
We want to remove the translations 7_;, having then to work only with subsets of M; = M\{j,j + 1}, for
each jeJ. Since1-7_;=V*o Zizl T_y, summing and subtracting the appropriate terms in the quantity
in the previous display we obtain

(n,k;a) 1< ¢ ¢ ?

n,k; — .

(V"™ (m)+ 2 ()" YD Y (P u{j+a}) (4.17)
z=0,1 £=0 (4,5)elexJ

with

k (£) 4
b ) = 3 COTIY D Y ag Y () (IM\Py 10 QL u i+ ).

2=0,1 =0 (i,5)eIxJ q=1y=1
QN . B, ,
= > a2 V() (G) (o) (M\Piy) > (-1) (7-yn)(Qij)
(i,5)eIxJ q=1y=1 £=0
J
= 2 ay ), VT () (1™ ) (M),
(ij)elxd  y=1
where in the last equality we applied the distributive rule.
At this point, for each z fixed in the second term in (4.17) we want to translate every set to the
origin, in this way facilitating the comparison between the terms associated with z = 0 with the terms

associated with z = 1. Recall then from Definition that for every (i,j) € IyxJ ,0<f<kand 2 =0,1

we short-write

pt =min{ Py u{j+x}} 20 and ALYT = -plt 4+ (PR L{j+a}).
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Naturally, for all the indexes i, j, ¢, x it holds that pff >0and 0 € Ag’&w. With this, we can rewrite the

second term in (4.17)) as

k
(VR )+ T DT (DY bn(AnT) (4.18)
z=0,1 £=0 (4,5)eloxJ

where, recalling Notation [:2.9]

2,1 2,0
k pi; ~1 Pig !
b5V =31 Y ¥ o Y ) - Y Y b Y (mm)(Ae)  (419)
£=0 c1€Cy,1 (i,5)€ect y=0 <0<Ce,0 (4,7)€co y=0

and where we used that 7, -1 =V" o Z’;;é 7y for any p € N. We stress that 3, := 0 and in the previous
display one has pfjm >0 for all 4, 7,4, x, as we only translate the sets that do not start at the origin. Due
to the shifting of the sets P[;*Z u{j+} for all the indexes i,j, for each z and ¢ fixed the collection
{A?;Z’JC}UJ)E 1,xJ may have repeated elements. Grouping the repeated sets we can rewrite the second

term in (4.18)) as

k
Z(—l)“”‘l;)(—l)‘Z > n(Ae,) X b (4.20)

2=0,1 [ (4,5)€ca

where A., is the set representative of the class ¢, that is, such that A., = AZM’I for all (i,7) € c, with
x=0and xz =1.
The final step consists in invoking Lemma [£.2.7] which provides, through its Corollary £:2.8 the

existence, for each ¢, of a permutation, ¢, over the set of indexes, (i,j) € I x J, such that
. g o ¢, y . 2,0 'l :
¢0(4,1) = (5',i")  where —pit+ (PE u{j+1}) = —piit, + (P 0 {j'}).

With this, it is clear that a sufficient condition for the model to have the gradient property is

{Z bij= 2 bfj} ;
Deer Goeler) ) ocper, cyecen

since it leads to the quantity (4.20) being equal to zero. Note that for ¢ = k we simply have (4.16]).
The map ¢, allows us to rewrite (4.19) as

k Py -1 Popi !
n,k; 4
R =31 Y X (b X m(Ad -ty D, (A,
£=0 ceCr 1 (3,5)ec y=0 y=0
as a consequence of the following. For (i,5) € I;xJ it holds that Azfz’l = AZZ(Zilj) = A. where (4,5) eceCp1;

and since ¢y is a permutation over the indexes induced by a bijection between the classes, for each ¢ € Cy o
there exists one ¢; € Cy,1 such that co = ¢4(c1). Therefore, one can replace the summation over Cy o by a

summation over Cp; and apply the map ¢, to the indexes:

2,0 £,0 _
iy 1 Pyt

YO WS U= Y Y ey Y (m(da):

c0€Cy,0 (i,5)€co y=0 c1€Ce 1 (i,5)ect y=0
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As a corollary we see that for each fixed 0 < £ < k the linear system

{Z bij= ) bfj} (4.21)
ceCop 1

(4,5)ec (4,5)€pe(c)

is associated with a gradient model, in the following sense.

Corollary 4.2.12. For each 0 < ¢ <k introduce the constraint

n+k (

k—£
ED () = 3 N b () (PR
j=0 =1

with bt = b¢.(a) as in Proposition|4.2.11 Then, if the linear system (&.21)) is satisfied, ("9 satisfies
i ¥

the gradient condition.

We recall from the proof of the previous proposition that the linear system above reduces, for ¢ = k,
to ey aij = 1 and ¢(™**5%) is identified with the PMM(n + k) constraint. It is also simple to see that for
each 0 < £ < k there is a solution to the system (4.21)) such that c(*+*%%) = ¢("*) given by bfj = 1{Pg+é =
[0,n+¢+1]\{j,7 +1}}. Moreover, for each 0 < ¢ < k, following the techniques in the previous chapter, or

arguing with the relative entropy method as in [2I] we expect that the renormalized constraint

1

n+k+1
ka(f)

. k
(™69 with Zn,g(£) = (g) n+l+1

leads to the diffusion coefficient (n + ¢+ 1)Dy,i00(p) = (n+ £+ 1)p™**. In this manner, we can see the
integer Porous Media Model as a particular example of the large class of models corresponding to each
solution of , with adjusted constraints as in the previous display. We recall that the linear systems
when n,k =2 and 0 </ <2 can be found in Appendix specifically, in .

For general n, k € N, the uniform choice of the weights corresponds to a solution of . This choice
leads to a series of technical challenges in the study of the potential h("™*%) but the resulting model
is simple enough to argue via combinatoric arguments. In the present subsection we are going to prove
some properties of the dynamics induced by the uniform choice; simplify the expression for h("*®) in

(4.14) and characterize each of its constituents in order to provide a solid basis for future works.

-1
Proposition 4.2.13. For any fized n,k € N, the uniform weights a;; = ﬁ = (”Zk) for (i,j) eI xJ is
a solution of the system (4.13)).

Proof. From Lemma we know that for every (i, ) € Iy x J the quantity |(7,/)j7g)_1(7;)| depends only on
k and ¢. This, coupled with the existence of a particular permutation on (4,j) € Iy x J, for each 0 < ¢ < k,

as in Corollary allow us to readily extract as a solution the uniform choice:

1 n+ky! .
aijzmz( i ) ) V(i,j)elxJ.

O

The uniform choice for the weights has the particularity that for each 0 < j < m + k the process
only looks at the density of particles in the window W; = —j + M; (recall Definition [4.2.3)); while for
a non-uniform solution of (4.13) the constraints depend also on the distribution of vacant sites in the
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aforementioned window. For the latter case, this leads further to, for each j as previously, the weights
{aij }ier being interpreted as a probability distribution of the vacant sites inside the window W;, since
the weights can be normalized (3 ;.7 ai; = 1 for any j € J). To be precise, let us introduce for each A ¢ T

the map n+— (n)a = |—}” > .ean(z). Then, for the uniform choice, we can express

e () = 1k):§1{<n>wj— b

("k T n+k

while in general

n+k n (nI:k)
™ () = ZE) 1{(n)wj = n+k} Z; 1{n(Fyj) = 1}ai;.

Note that for £ = 0 one obtains the PMM(n) constraint, which can be recast as ¥.7_o 1{(n)w; = 1}, where
we remind the reader that W; also depends on n and k.

We fix once and for all the weights, extending the {PMM (n)}nen, family to a 2—parameter family.

Definition 4.2.14 (Generalized PMM). For each n,k €N fixed, let a = {ai;} ¢ jyerxs with a;; = (”Zk)_l.

We short-write ¢(*) = ¢(mkia) s§.n’k) = sﬁ.n’k;a) and Eg\?’k) = E%"k;a), with the previous quantities as in
Definition m We refer to the Markov process defined through the infinitesimal generator E%”k) as

PMM(n, k).

We stress that if any other solution of (4.13) exists, it should lead to the same continuous diffusion
coefficient — yet with a different discrete dynamics.

The first property of the previously defined family that we are going to show is a link with the SSEP,

which is a microscopic version of the identity 1 = Zﬁ:o (ﬁ)p”(l - p)t" for any LeN,.

Proposition 4.2.15. Fized L € N, such that L < N, the family of rescaled constraints {ic("*L’")}OSHSL,

with Zp, = (L + 1)/(5), is a partition of the unity in Qn. In other words,

L
1 n,L-n
L38EP _ D £§v )
n=0 ZL,?L

and in this way the SSEP can be seen as a superposition of porous media models.
Proof. Simply note that for any 7 € Qy fixed it holds that

L1 1
C(n,L—n)( ):

nz:%)a n L+1§(;1{(ﬂ>wj=2}):l.

The second equality is justified with the simple observation that for any fixed  and 0 < j < L (hence,

fixed a window W;), there is exactly one density p; € {0,1/L,2/L,...,1} such that (W;) = p;. In this

way, for each j, the summation over n in the previous display equals one. O

As an observation, note that the extended PMM family has the following discrete interpolation
property, relating the PMM and the PMM families, with the latter defined through the constraints
{c™ o Fr\ }n ken, , as in Definition

PMM(0,0)=SSEP, PMM(n,0)=PMM(n) and PMM(0, k)= PMM(k).
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Lemma 4.2.16. Let ¢(™*) be the constraint produced by the uniform choice of weights a. For any

n,k, 0 €N such that {,n+k+1<N, it holds that

£ 1+2k
Z c("’k)(Txn)a(Tmn) < %(6 +n+k+1).

z=0 (nk: )
Proof. Fix n ey and consider the set B, = {x € [0, £] :n(x) +n(z+1) =1}. One can then express
n+k

£ n
Z Z Z 1{<n)M;,\{x,z+1} = m}l{x =j+p}, (4.22)

(":F) p=—Grany 170 2B,

4
> " (rama(ran) =
=0

where M, = [p,n+k+1+p]. Fixed -n—k < p < ¢, there are a number of pairs (z,j) € [0, £] x [0, n+k+1]
such that p = x — j, but we are interested only on the pairs such that x € B,. In this manner, we can

bound

j=

n n+k
1 Nomaly = Hao=j+pt<2(1+k
zgn {(77>Mp\{ 1) n+k} > {z=j+p}<2(1+k)

with the following reasoning. Suppose (1) My\{z,w+1} = for some p and z. Thus, there exists exactly

nAE
k empty sites in the window MZ’] Note also that, trivially, fixed = and p, there exists a unique j such that
x = j +p. The upper bound in the previous display is then obtained by maximizing the number of local
configurations (1,0) and (0,1) in the window M taking into account that one has exactly & holes, that

is, where each empty site is followed by a particle and vice-versa. Plugging the previous upper bound in

the right-hand side of (4.22)) finishes the proof. O

Note that for k£ = 0 the upper bound in the previous lemma corresponds to the upper bound in Lemma

0.2. 10l

4.2.2 Simplification of h("*),

The present subsection is devoted to the simplification of the expression for the potential introduced
in for the particular case of the uniform solution (the map h(”’k)), as in Proposition The
aforementioned map is composed by two parts, h(()"’k) and hg"’k). The term h(()n’k) can be shown to vanish
in the limit N — +o0 in probability, while the second is expected to converge to a primitive of the diffusion
coefficient (n + &+ 1)p"(1 - p)*. For the uniform solution one can "remove", in hgn’k), the dependence
over the particular choice of the labels of the elements of {Px(—j + M)};jes. Note that this dependence
is made implicit through the objects d)g,pfﬁg € Cp,1. Instead, we have the expression in , which is
much simpler than the one in . This expression is itself the sum of two terms, V*g(™*) and H(™F),
Both of them do not depend on the labelling of the aforementioned sets, and are linear combinations of
{(n({0} U A)} aep,,.,(M\{0,n+k+1}), With coefficients involving a quantity sps(A) that expresses how much
"space" the set A occupies in M (see Definition [4.2.22)). This is all proved in Proposition which
invokes all the lemmas of the present section. We also show that if the weights a are mot uniform but
satisfy both the linear system and some extra equations, then hén’k;a) = h(()n’k) — this is part of
the content of Proposition [£.2.23] In Appendix [C.1.2] we present a particular, non-uniform, solution of
the linear system extended with these extra equations, for the particular case of n,k = 2. We chose to

present the simplest solution we could find, as the system has many solutions. We remark again that we
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did not prove that for general n and k a non-uniform solution to the system exists, but only for
the particular case n = k = 2, and in this manner the content of Proposition [£:2.23| regarding the extended
system is in fact currently verified only for n =k = 2.

The forthcoming Lemma [£.2.17 will be invoked in Lemmas[4.2.19|and [£.2.20] as it allows us to identify

all the sets equal to either P[J”Z u{j+1} or P[j”z u{j}, for any fixed 0 < ¢ < k and (4,5) € Ip x J, by

analysing their particular structure. This identification, in turn, facilitates the study of the numbers
{pf}ﬂadkh”, 2=0,1 (see Lemma [4.2.20) and a better understanding of the classes in C;,, for x = 0,1,
which will be important to express the potential as in Proposition

Lemma 4.2.17. Fized 0 < £ < k and (i,7) € I; x J, for each integer 0 < w < n+ k such that w ¢
P U{j+ 1} 3w +1 there exists i’ € I such that Pyt u{w+1} = PIH u{j+1}.

Analogously, for each integer 0 < w < n+k such that w+1 ¢ P[]L-*e u{j+1}>w there exists i’ € I; such
that it holds Ppi‘ u{w} = PI u{j}.
Proof. Let 0 <w < n+k be such that w ¢ Pg*f u{j+1}s3w+1. It is enough to note that because

PEu(i+ 1y =[(P o+ IO\ {w+ 1} ]ufw+ 1}
and since (PZT@ u{j+1})\{w+1} € Ppye(M,y), there is a unique 4’ € Iy such that
(P u{j+ 1)\ {w+1} = Pt

To see the second assertion in the statement the proof is analogous. O

The goal now is to characterize the sets associated with a fixed equivalence class of the indexes.

Definition 4.2.18. For each j € J, 0 < £ < k fixed and = = 0,1 introduce the families of sets P*% =
[P} jes, where PU% i {{j + 2} U A 1 A € Poue(M\(G,j +11)).

Note that if P € Pf’m for some 7,4,z as in the previous definition, then there exists i € I such that
P-= P{;*Z u{j +x}. Moreover, note that {0,...,n+£} ¢ P and {k+1-¢,...,n+k+1} ¢ PO,

We are going to show that fixed some ¢ and given some set Pl-’j“é with index (i, ) € ¢z € Cyp with
z=0o0rz=1,if P]}*z u{j+az} #{0,...,n+ £} then all the sets corresponding to translations of
Pg*f u{j+1} inside M are of the form P[fjfe u{j" +x} where the index (i’, ') is in the same class ¢y;
while if PZ}*Z u{j+x}={0,...,n+¢} then one has all the translations except a particular one for z = 0

and another one for z = 1. This will be important for the proof of Lemmas [£.2.20] and [£.2.21]

Lemma 4.2.19. Let 0< (< k and x € {0,1} be fired, and consider some class cy € Cy .
1. If P{;*é u{j+x}={0,...,n+ L} then for each z € Z\{0} such that

—min(P), x=1,

+(PP U+ M d z+
z (z] {j+a})c and z {n+k+1—max(P)7 220,

there exists (i',7") € ¢y such that z + P[J”e = Pﬁ;ﬁz.

2. If P{;*Z u{j+az}£{0,....,n+L} then for each z € Z\{0} such that z + (P[j“é u{j+x})c M, there

exists (i',j") € ¢y such that z + P{;”’ = Pﬂ;e.
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Proof. The proof is split in several cases. Let z = 1 and take some set P € P%!. Assume first that P is
not a translation of {0,...,n + ¢}. There is some j € J such that P € 73; ={j+ 1} uPpie(M\{j}). Let
z be as in the statement and note that z+ P € {z + j + 1} U Pyie(z + M\{j}). Then there is some set
Q' € Ppio(z+M\{j}) with the property that {z+j+1}uQ! ¢ M. Therefore, we want to show that there
exists some j' € J such that QL = {z+j+1}uQ' ¢ Pf,’l. From Lemma such j' exists as long as
there is some g > 0 such that ¢ ¢ Q! 5 ¢+1 <n+k+1, and in that case it is then enough to fix j' = ¢. Since
PePland P#£{0,...,n+{}, there exists 0 <p ¢ P>p+1# min(P) and as such we can fix ¢ =z +p = j'.

If P is a translation of {0,...,n + ¢}, then the previous argument holds for all z such that z+ P c M
except for z = —min(P), since —min(P) + P ={0,...,n+ £} ¢ P51

For x = 0 the argument is identical and as such we provide only the main steps. If P is not a translation
of {k+1-¢,...,n+k+1}, letting z be as in the statement, one needs to argue that there is some j' € J
such that Q% := {z+j}uQ’ ¢ ’Pf,’o, where Q° € P, ¢(z+ M\{j +1}). It is then enough to show that there
is some ¢+ 1¢ QY5 q with ¢+ 1 <n+k+1#max(P), which is done as previously, and invoking Lemma
If P is a translation of {k+1-/¢,...,n+k}, then the previous argument holds for all z in the
statement except for z = n+k+1-max(P), since (n+k+1-max(P))+P={k+1-(,...,n+k} ¢P*°. O

In order to simplify the quantities arising from the gradient property it will be important to char-
acterize the set {pf}x}(i,j)e IoxJ, =01 Which will, in turn, allows us to fix the map ¢, conveniently, with

respect to each class. We note that for any 14,7, ¢, x as previously, pff €e{0,....n+k+1- max(Aff)},
. L,z . oy

with Al-j as in Definition

Lemma 4.2.20. Let 0<{ <k and c€Cy; be fized. If max(A;) #n+k+1 then:

)

(1) For any p#0, n+k+1-max(A.) it holds that ‘{(’L,j) eg:pfj.l :p}‘ = |{(z,]) € dp(c) :pf]’.0 =p}

(2) |{G.3) e c:pt =0} = (i) € dule) s by = 0}| - 1;
(3) |{(2,]) Egtpfj’.l =n+k+1 —maX(Ag)}‘ = ‘{(Z,j) € ¢e(c) :pfj’.O =n+k+1 —maX(AQ)}‘ +1.

Proof. In order to show (1) we will follow a "diagonal" argument. Let ¢ be a fixed class as in the statement

of the current lemma. We start by showing that for each (i, j) € ¢ such that pf}l > 1 there is some (i, ") €

0,1

@¢(c) such that Py —1= pf,’?,; and its converse. Next, we show that for any 1 <p<n+k+1-max(A;)-1

it holds that
. 2, .. L,
{(i,g)ec:py =py={(i,4) ecipyy =p+1}. (4.23)
This directly implies the property (1). In particular, it also implies that

|(Gd) e coplyt =0} = [{(G ) € dul) : 9L =n+ ki + 1 - max(4,)}

)

which will then be used to show (2) and (3).
In this way, recall Definition[4.2.18 prf}l-rAZM’l = Pi75+£u{j+1} € P}, then P’ := (pf}l—l)-kAZf’é’l e PY
since one can take j' = max(P’) and in this way n+k+1> 3 +1¢ P’ 53 >0 and from Lemma |4.2.17

there is some i’ € Iy such that P’ = pf,’?, + AZ;T,E’O (note that (i’,j") € ¢¢(c)). The argument to show the
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converse: that for each (i,7) € ¢¢(c) there is one (i, j') € ¢ such that pfj’.o +1= pf,’;, is identical and so we
omit it.

We now aim to show , which is consequence of Lemma Fix1<p< n+k+1—max(Ag+l*1 )-1.
If pfj’-l = p then p+ AZ-M’I € 77]1 and from the aforementioned lemma, (p+ 1) + AZM’l € 73]17 because
p+l<n+k+1- maX(A’g”é’l). Likewise, if pfj’.l =p+1 then (p+1)+ A?;Z’l € 77]1 and p + A?;e’l € 73}
because p > 1. This concludes the proof of .

As previously explained, this reduces the proof of (2) to that of

() € gel) s pi = n+ b+ 1= max(A)}| = [{() € ge(e) : piy = 0}| - 1.

This is also consequence of Lemma Suppose that pfj’-o =n+k+1-max(A.) where (i,7) € ¢o(c)
and c is such that A?jé’l ={0,...,n+/}. Since pf}o + AZ’;L]’O e PY and all the translations of pf}o + A?j%o
inside M correspond to sets whose index is in the same class ¢¢(c), for each (i,5) € ¢¢(c) such that
pff =n+k+1-max(A.) there is one (i’,5") € ¢¢(c) such that pf,’?, = 0. The only set without this

correspondence is the set (n+k+1-(n+£))+{0,...,n+£}. To see (3) the argument is also analogous. [

Now we are going to characterize the sets associated with each element of Cy ;.

Lemma 4.2.21. It holds that

{Acteec,, ={{0F U P = P ePpye(M\{0})} . (4.24)

Proof. Clearly the collection on the left-hand side is contained on the collection in the right-hand side.
To see the converse, it is enough to note that any particular set of the collection on the right-hand
side of that can be translated (non-trivially) inside M corresponds to a set in P%! (introduced
in Definition [4.2.18)), since for any particular P € Pp,.(M\{0}) with max(P) # n+k +1 it holds that
z-1¢ 2+ ({0} uP) >z for z € N, and such that z + ({0} u P) € M. In this way, each {0} u P that
can be translated inside M can be seen as a shift to the origin of some set in P%!, and as such for each
P e Ppo(M\{0}) with max(P) #n+k + 1 there is some class ¢ € Cs; such that {0} u P = AZM“.

To conclude the proof, we see that if P’ € {{0}uP : P e Pne(M\{0}), max(P) =n+k+ 1} then
P" e {A_}cec,, also, since 3z € M such that z ¢ {0} UP > 2z +1 (recall that 0 < ¢ < k), and as such the
proof is done by invoking Lemma [£.2.17] O

We now introduce a key map that quantifies how "spread" are the elements of any given subset of M.

Definition 4.2.22. For each A< M =[0,n +k + 1] introduce s(A) = max(A) - min(A) and the quantity

s(A
spm(A)=1- %

With the previous results and definitions we are finally able to remove the dependence of any particular
choice of labels for the elements of {Py(M;)}jes, in the expression for hgn’k)(n) (for the uniform case),
and in the expression for hg”’k;a) (n), if a is solution to an additional linear system. The latter is proved
in Proposition [C.I.1} Note that for the uniform case the labels of the aforementioned sets do not appear
in the expression for the quantity h(()n’k)(n) (in (£.14)), since for any j € J the quantity s§.n’k)(n) depends

only on the density at the window —j + M;.
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Proposition 4.2.23. It holds that

R() = grgh) vk (4.25)
with
; b e ()
g () = (nrk+1) 3 (-1) 08
£=0 ( k )
n+k-max(A) y
x > > (SM({O} uA)- m) (Ty-1m) ({0} L A), (4.26)
AePy o (M\{0,n+k+1}) y=1
(n+l)
VR () = (n+k+1)2( D' > sy ({0} 0 A)n({0} 1 A).
( k )AePn+z(M\{0,n+k+l})
Proof. For the uniform choice the expression for hgn’k;a)(n) in (4.14) simplifies to
Z 1_q pt0 -1
ok 1 k n+/t $0(i:3)
L2 (P IR YR D WCTDIC RS W CTIER
( k )Z:O ceCy 1 (4,5)ec = y=0

Fixed ¢ and c € C; 1, from the property (1) in Lemma [4.2.20| the summation over (7,7) € ¢ in the previous

display can be expressed as

n+k+1l-max(A.)-1

Z (Tyn)(Ag)X

y=0
x { > l{pff =n+k+1-max(A;)#0} - ) l{pg?(i’j) =n+k+1-max(A.) # O}} .
(4.4)ec (4.5)ec
We stress that we can apply Lemma @ since for any c € C,; in the summations above it holds that
max(A.) # n+k+1, since otherwise pf}l =0 for any (4,7) € ¢, and these elements are not present in those
summations, as explained just after . Now we apply Lemma again, concretely, property (3),
obtaining that

. k (n+€) n+k-max(A.)
R =YD H5 Y Y (o), (4.27)
=0 ( k )gngyl y=0
and from Lemma [£.2.2]
(n.k) k . ("2'[) n+k-max(A)
hy"" () = Y (1) Y. (mym)({0}uA). (4.28)
£=0 ( k )AsPn+g(M\{0,n+k+1}) y=0

Above, we have the set M\{0,n +k + 1} instead of M\{0} as in Lemma [4.2.21| because in (4.27) are only
5 1,pU # 0; or, equivalently, if max(A.) =n+k+1 in (4.27) then the

present the indexes such that p; y

summation over y in the previous display is empty.

Using the fact that for any w € N, it holds that

ZTy (w+1)1+v* oZ(w+1 Y)Ty-1
y=1

and n+k-max(A) = (n+k+1)sy({0}0A)~1, with A as in {.2§), we can recast h{""" () = (v g™ (n)+
V(”’k)(n) with g and V™*) as in the statement of the current lemma. O
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In the previous chapter (specifically, in the proof of tightness, Proposition it was shown that
a requirement for studying the model defined by the superposition of Porous Media Model is a precise
upper bound on the potential arising from the gradient condition. The next proposition has the goal
of both paving the way for such study, while also elucidating the difficulties one might encounter. In
particular, it relates V("*) with a surprisingly difficult combinatorial problem, with the Taylor expansion

of the exponential function, and also the Harmonic series.

Proposition 4.2.24. Fizedn,k e N, andn € Qn, if (n)ar < 77557 orn(0) =0 then Vk) = 0. Otherwise,
let 0 < £* < k be the largest integer such that there is some A* € Py (M\{0,n+k+1}) where n(A*) =1.
Then

ik o+ 0 Vhd n+l

( : ) (n’k) ~ (—]_) 1 4(n+f) 1
k) y = 0juA - -1 i
n+k+1 () AeP%%A*)SN[({ o )e;) 14 n+k:+1ez=;>( ) ¢ i=;—1i

Before proceeding with the proof we make some comments. It is simple to see that the summation
Zg;o(—l)e("zl) Y L takes positive values for £* even, negative values for £* odd, and is divergent
in the limit ¢* - +oo when restricted to either £* even or odd. In this way, for 0 < ¢* < k, it attains
its minimum when ¢* = k£ with k& even. Moreover, the alternating sum Zﬁ;o(—l)e("ze) has no simple
closed-form expression, and is the "alternating version" of the well-known Hockey-Stick Identity, that can
be expressed as

i(n%) B (n+€* +1)

o\ ¢ )
Proof of Proposition [f.2.2 The cases where V("*) (1)) = 0 as mentioned in the statement are very simple
to see and so we omit the proof. For the remaining, we start by deriving a recurrence relation for the
sequence (c¢(n))o<e<er, Where

ce(n) = Z n({0}uA)spy ({O,n+k+1}uA).
APy (M\{0})

Fixed some 7 € Q 5, which leads to some £* and A*, the former set generates a simple hierarchy that will
be exploited bellow, by noticing that V.S ¢ A* it holds that n(S) = 1.

We then have that cg (1) = sp7 ({0} u A*), while for £* — 1> 0 we have
max{A*} -1

coam= % sa({0)u A0} uA) = (n+ £ - Dsar({0}u AT (1= T

AP, on 1 (A%)

).

The number n + £* — 1 is associated with each set resulting of removing one element of A* that is not

max{A*}, while 1 - %‘T is associated with removing max{A*}. Therefore,

1
w1 =(n+0)cp + ———.
ce1=(n e n+k+1

In particular, solving the recurrence relation above yields, for any 0 < ¢ < ¢*, the formula
n! 1 n+t 1

c — - .
O(t+n)! n+k+1,574,1

Cyp =

To conclude, we replace this into (4.26) and simplify the resulting expression.
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The expression for V™*) in ([£.26) is to us very satisfying: independent of the labels of the sets in
the definition of the model; involving a quantification of the "space" a subset of M occupies (through the
map sys); making evident the constant (n+k+1) that will appear multiplied in the macroscopic diffusion

coefficient D(p) = (n+k+1)p"(1 - p)¥; suggesting the multiplication of the polynomial p™(1 - p)* by the

n+k

" ) as in the Bernstein Polynomial Basis; and its value involves an approximation

4
(_21!) ~e™1), the truncated Harmonic series (3

binomial coefficient (

nt 1); and an alternating

of an irrational number (Zﬁ;o
version of a known identity related to Pascal’s triangle (Hockey-Stick Identity). While this is enough to
prove the hydrodynamic limit for the PMM(n, k), it will be very useful to make evident the identification
of V(™k) with a primitive of D(p), which is the content of the next and last proposition.

Lemma 4.2.25. For any n,k €N, and 0< ¢ <k fized it holds that

sar({0} LU A) = #(n%) (4.29)
AePpro(M\{0,n+k+1}) n+l+1\n+/{
and, in particular, V(F) = H(()n’k) +HOR  where
k F\n+k+1

HOM () = S (-1 e( ) ., 4.30
(n) e;)( ) €n+€+177([[’n+]]) (4.30)

nk n+k+1 & n+/ n+l

B0 =" S0 (M ) Y s uA) Y () - 1)) ¢ al):
( k ) £=0 AePrre(M\{0,n+k+1}) y=1

A={a1,....,an4e}
a1 <+<Qnig

and with
’ y-1 n+t
doat = TTa0]| T ot
i=1 jey+1
Proof. From the definition of the rates it holds that E,, [(h*) ()] = (n+k+1)p"(1-p)*, for p a constant
profile, while for p e C1(T),

(1= p)yl = (Zk:(—l)f(k)lp"””)’,

prd £/n+l+1

leading directly to

1 (n+€) Z SM({O,n+k+1}uA):(k) 1

(”Zk) C ) pep,.cCn\(0}) £ln+l+1

which can be reorganized into (4.29)).
Now let A € Pppo(M\{0,n +k +1}) and write its elements as {a1,...,an+e}, with a; < a;41 for any

1<i<n+/¢-1. We can rewrite

n+l [y-1 n+t
n(A) =n([L,n+)+ [H n(i)] (n(ay) —n(y))[ [1 n(aj)]-

y=1Li=1 J=y+1

Replacing the above and ([#.29) into V(™) yields (4.30).

With all of this, introducing £(™*) := h(()n’k) + H(()n’k), we conclude that

h(mk) — H("’k)(n) +ytgmh) 4 f(n,k)(n), (4.31)
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where we recall the definition of g(™*) in (4.26). The reason for the distinction between all of the terms
of h(™*) s that one can show that both £("*) and v*g("*) vanish in the limit N — +oco — the former by
arguing via replacement lemmas, the latter through an appropriate summation by parts and continuity

argument — while H™*) approximates a primitive of the diffusion coefficient.

4.2.3 Comments on the Hydrodynamic Limit

Regarding a proof of the hydrodynamic limit for the empirical measure (recall its introduction in
Definition [3.2.20)), one can study the macroscopic behaviour of the empirical measure induced by the
perturbed PMM(n, k), defined through the generator £ = N?Ly, where

Ly =NLEPP 4+ £ and ae(0,1), (4.32)

by following the very same scheme presented in detail in Chapter []] We now explain the technical
differences arising in the entropy method. The proof in Chapter [3 involving a superposition of Porous
Media Models is, in fact, more evolved than the proof for a single, perturbed, PMM, which is technically
very similar to the perturbed PMM(n, k). We recall that the difficulties in Chapter [3| were, in a large
part, a consequence of considering a linear combination of models up to £y, with £y Koo, +00, that led
to difficulties in the proof of the replacement lemmas and in the convergence of the errors introduced by
these lemmas. Since for £ there is no linear combination of models (beyond the perturbation in (4.32)), all
these issues are absent. For the PMM(n, k), one should follow the proof in the previous chapter, regarding
the slow-diffusion regime. In this regime, the rates are bounded above by a constant independent of IV,
and for this reason no replacement lemmas are required to prove the tightness step (Subsection .
Regarding the characterization of the limit points, Lemma simplifies substantially: there is no need
of fixing a sequence (e )r»1 since the "series" presented there now only has one term. In fact, technical
differences should only arise in the application and proof of the replacement lemmas. In the previous
chapter, we invoked recurrently Proposition in the proof of the replacement lemmas. We recall that
this proposition compares the Dirichlet form of the PMM(m - 1), for m € (1,2), with that of the process
1) NEJSVSEP + m?‘lﬁg\}), which was required for treating the linear combination of models. This is not needed
for the perturbed PMM(n, k) and, except for the two-blocks estimate, one should be able to prove the
replacements in the same fashion. Regarding the two-blocks estimate, the difference lies in the "path
argument" in Lemma Precisely, for the PMM(n, k), the mobile clusters have a different structure
than the mobile clusters of the PMM(1) — yet the main argument is analogous: instead of conditioning
that there are at least 3 particles in the specific boxes of length L presented there (see )7 in order
to construct a mobile cluster and perform the transportation of mass in the system, for the PMM(n, k)
one needs n particles and k holes to construct a mobile cluster, and in this manner one should condition
to the presence of n + 1 particles and k holes, and then repeat the argument presented there. The role of
the SSEP perturbation is to mix the configuration in order to construct a mobile cluster. Naturally, the
length L of the boxes needs to be adjusted accordingly.

Regarding the uniqueness of weak solutions (see Lemma , the attentive reader can see that

the expression for the potential in the previous chapter (that we recall to be p™) plays no particular
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role in the proof, and one only needs for it to be regular enough, which in that case meant that p™ €
L2([0,T];H'(T)). Indeed, it can be shown through an adaptation of the proof of Proposition
in Section that for the (perturbed) PMM(n, k) it holds that H, x(p) € L*([0,T]; H*(T)), which is
enough to prove the uniqueness of solutions. We recall that the properties of the model used in the
proof of Proposition [3.4.9 were the gradient property and the fact that the rates are bounded above

independently of N. The weak formulation of the hydrodynamic equation is as follows.

Definition 4.2.26. Let p™ : T — [0,1] be a measurable function and v > 0 be fixed. We say that

p:[0,T]x T — [0,1] is a weak solution of the differential equation
Oupe(u) = O Hy i (pe(w)), (t,u)€[0,T]xT,
po(u) = p™ (u), ue,
if
L. Hy k(p) € L*([0, T]; H'(T));

2. For any t € [0,7] and G € C**([0,T] x T) it holds that
- - t
F,Y(plm, P G,t) = <Pt7 Gt) - (pml, GO) - A {(ps, asGs) + (H(p5)783G5>d3} =0.

The main novelty, and largest difficulty, is in fact the further characterization of the regularity of
the solution p, that is required for both an open-boundary study [8] and a slow-barrier [6]. We showed
in Corollary of Proposition that the macroscopic density associated with the PMM(m - 1)
is i—HE)lder continuous, for m € (1,2), through an adaptation of the proof in [5 Lemma 6.2]. For the
PMM(n, k), the argument presented in Proposition seems too challenging to apply, since it was
based on the explicit expression of the potential p™, which for the PMM(n, k) is H,, x(p) and much more
difficult to treat algebrically:

_1
n+l+1

k
k

H,u(0) = 3 (-D'(;) e

£=0 ¢
For this reason, we present in Appendix [C:2] a generalization of the argument that can be adapted to
other functions (see Lemma and the discussion just before it), which can be of independent interest.
In particular, we prove in Corollary that for the PMM(n, k) it holds that p, as in Definition {4.2.26
—-Holder continuous.

: 1
18 2(n+k+1)

4.3 Long-range dynamics
4.3.1 Long-range basis

The goal of this section is to extend the PMM(n, k) into a long-jumps dynamics. Our approach
will be different than the one in [7], used for generalizing the PMM(n) for any n € N,, and for that
reason we review briefly how it was there constructed. One starts, for example, with the PMM(1),
where ¢ (7,n) = n(z - 1) + n(z +2). This defines the rate for the exchange of occupations between
the sites x,z + 1. Noticing that x + 2 = (z + 1) + 1, one can define an exchange between x and y as

cg;(n) =n(x-1) +n(y +1). Note, however, that rglz), # r‘qslg)g Therefore, in order to maintain the
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symmetry of the jumps, one can define the constraint rS; = c§,}; + c?(f; This reasoning is then extended

to any PMM(n), yielding for each n € N, a well-defined long-jumps version of the PMM(n). As it can be
seen there, for each n as previously the model does satisfy the gradient condition. There is a technical
subtlety regarding its relationship with its nearest-neighbour version, as explained in [7], which is that

) (1)

oo # ¢ or,, and it turns out that the model induced by ry

is irreducible. Precisely,

v () =n(z - 1)+ (n(x) +n(z +1)) +n(z +2).

The previous approach for extending the PMM to a long-range dynamics, in our case, does not lead
necessarily to a gradient model. In fact, repeating the arguments of the previous section, one obtains
a different linear system characterizing the gradient condition and all the combinatoric arguments need
to be adapted, since the sets arising after the application of the distributive rule, in the first step of the
proof of Proposition will have a different structure than the ones studied here.

In order to extend this nearest neighbour dynamics to a long-jumps dynamics we shall focus instead
on the "distance of the jump", and not on the particular positions of the sites where the exchange of
occupations will be performed. For the occupations of the sites x,y € T to exchange, we are going to
define a map c,., where r is the length of the shortest path between x,y. This map defines an occupation
exchange of distance r, between the sites 0 and r, which is then translated into a reference point, either

x or y, and the exchange is performed.

Definition 4.3.1. Define the distance d on the torus as, for each z,y € Ty
d(z,y) =min{ly - z|, N -z vy +z Ay}.

Moreover, define the map (z,y) — xAy as

- AY, -z| < |[N/2],
O LI T Ok .l/J
xVvy, otherwise.

In this way, for each z,y € T we want to construct a non-negative map ¢, , : Qn - R, U{0} that must
be symmetric, in the sense that ¢, , = ¢, », and such that c; ;41 = co7,. Parametrizing the constraint

by d(-,-), one has no option but to consider

Coy = CJ(x,y) © TzAy»

where for each 7 € N, the map ¢, : - R, u {0} is to be defined. The necessity of introducing A is
motivated by reducing the problem to that of defining an exchange of "range" d. Concretely, it holds
that J(N —-1,1) = 2, therefore, we want to apply an exchange with range 2: we fix N -1, and perform an
exchange with two sites "next" to it: N -1 <«— N —1+2=1. In this way, there is no fixed orientation on
the torus, and a "jump" from N —1 to 1 does not have length IV —2. Exchanges with a range larger then
half the length of the torus do not formally occur, since there is a shorter path, with length no larger
than | N/2], between the two sites. As such, there is no ambiguity between the direction of the jump.
We now explain our construction of c,. Consider the pair (¢, Ty ), corresponding to the nearest

neighbour constraint, and the corresponding lattice where it is defined. Then one can define a nearest
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neighbour constraint in rTpy, considering the pair (c¢,,7Ty), where ¢, is simply ¢; but defined in the
lattice Ty, that we define as rTy = {rz: z € Ty}. Algebrically, the constraint in the new lattice
corresponds to a constraint in the original lattice T with the transformation n(xz) — n(rz) applied to

each occupation variable. This rationale is represented in following diagram.

Nearest-neighbour (T ) LN Nearest-neighbour (rTy)

\ lembedding

Long-range (Ty)

Figure 4.5: From nearest-neighbour to long-range.

Because each occupation variable is applied to a multiple r of the original site, each set involved in
the constraint has the same structure — with its elements a multiple r of the original. In this way the
gradient condition is naturally preserved (see Proposition .

This approach has the subtlety that if x € T then rx € Ty also. Note that this is also preserved in
the lattice Z. It is not the case, for example, for the lattice 3 = [1, N]. In this case, one can define jumps
"out of X" (see [32]), necessarily introducing artificial reservoirs.

One can formalize all this in the following way.

For any X € P(Ty) let ex : Qny — {0,1} be the dual map defined through

ex(n) =n(X).

It is simple to see that the collection {ex } xep(r,) forms a basis for the space of functions from Qy to

R, and in this manner there are real constants {ax } xep(ry) such that

C= Z axex.
XeP(Tw)

Notation 4.3.2. For each r € N, we write V& = +(7., — 1) and V, o VS = A,.. If r = 1 we omit
the subscript. We also perform an abuse of notation and write, for any w,v € T and G : T - T,

A,G(u) = G(u+v) - 2G(u) + G(u —v), analogously to the discrete case.
Note that the operators V¥ can be seen as the operators V* defined on 7T, then embedded into T .

Definition 4.3.3. For each r € N, define the linear operator v" € L(Qx;R) through its action on the

basis {ex } xep(Ty) a8
T
v ex =eéerx,
and define the map c, := v"c, where

v'e = Z axerx.
XGP(TN)

Proposition 4.3.4. If there exists h: Qn = R such that c¢(n)(V*™n)(0) = (VTh)(n) then for every r e N,
it holds that

cr(m)(V7n)(0) = (V7o h)(n).
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Proof. To make the presentation more succinct, let us fix some label for the elements of P(T ) and define
the vector |e), whose i—th entry is given by ex for some specific X € P(Tx) which can be identified from
the choice of the labels. Define also the vector [v"(e)) := v |e), which corresponds to the application of
v" to each element of |e).

It holds that
c-(m)(n(r) -n(0)) = Z aX(eTXU{r} - erXu{O})' (4.33)
XeP(Tn)
Likewise, because 1 + X € P(Ty ), there are constants {hx } xep(ry) and {g%}XGp(TN) such that
Vth= > hx(enx-ex)= Y gkex=G"|e)
XeP(Tn) XeP(Ty)

and because X u{z} e P(Ty), for any « € N, one can also construct a matrix B such that

Ble)= > ax(exu)—exuy)= ., bxex.

XeP(Ty) XeP(Tx)

Note that there is a correspondence with bx and a linear combination of ax coefficients induced by
the identification of X u {0}, X u {1} with elements of P(Ty). In other words, there exists a non-
necessarly invertible matrix L such that LA = B. This is akin to the "b—coeflicients" being related to the
"a—coefficients", in Proposition In particular,

LA=G".

Having in mind that there is a one-to-one correspondence between X and rX given by the scalar

multiplication r, one can express

(Viv'h) ()= Y. hx(e;ixy—ex)= D, gkerx =G"[v"(e)).
XeP(Tn) XeP(Twn)
As such,

G"[v"(e)) =LA (e))= Y ax(e(xu{1)) —€r(xuio}))
XeP(Ty)

which equals (4.33).
O

We have now all the ingredients to define the long-jump version of a nearest neighbour dynamics, in

such a way that it inherits the gradient property.
Definition 4.3.5 (Long-Range PMM(n, k)). For n,k € N, fixed, define, for all z,y € N, the constraint

k) — @) (k)

Ty © Tahy-

For each 1 <r < |N/2| define the Markov generator E%L’k):r, as acting on functions f: Qy — R through

LGPy = Y 1{J(w,y)=r}%Cg@}k)(’?)(vw»yf)(77)' (4:34)

z,yeT N

For each r as previously we refer to this process as PMM of range r, or PMM,.(n, k).
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Note, in the previous definition, the factor 1/2. This is due to each exchange being counted twice:
for example, a jump from 0 - r and from r — 0. It is also very convenient to recast (4.34)) in a different

form. Introduce the jump "backwards" of length r, that is,
U—rc(n,k) - UTC(n’k) 0T 9

k .
(k) — (k) Then one can write

and from now on short-write ¢

(£§?’k)”f)(n):% > c£¢v’“>(m>(vz,m,rf)<n>+§ > " () (Vawer £ ().

xe'H‘N xGTN

O O
O O

1 O O
1 1 1 1 1 1 1 1 1 T T 1 1 1
-4 -3 -2 -1 0 1 2 3 4 5 6 7 8

Figure 4.6: PMM2(2,1) rate.

In the previous figure, the rectangles correspond to the windows 2 x W, for j = 0,1, 2.

4.3.2 The fractional process

The "long-jumps version" of a nearest-neighbour exclusion process can be seen as a basis for fractional
operators, in the sense that we explain shortly. Given that we presented in the previous section an
general extension of a symmetric, exclusion nearest-neighbour dynamics into a long range dynamics,
we take the opportunity to explain how one can consider linear combinations or long-range symmetric
exclusion processes in the torus in order to derive a fractional partial differential equation. We first
introduce a fractional Sobolev space and Laplacian on T, in the same spirit of [14] (where it was defined
in R), and understand the scaling limit of the family of Markov chains associated to it. We start with
some motivation. If £" is the Markov generator induced by a symmetric long-range constraint c, that

defines a jump of length r and satisfies the gradient condition, as in Definition [£:3.3] then one finds that

(L£™1)(0) = (A;h)(n) + (A-h)(n)
with A, as in Notation We now introduce a key operator.

Definition 4.3.6. Let v >0 and introduce the operator L, y acting on functions G': T — R defined as

N2

T

Lin= ) —1m
i TN
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Considering the process given by the (rescaled) superposition of long-range dynamics

el
7; 7,,17_'_,\/ N>

from the gradient property one finds that

N(TY (1), G) = (Ly nG, (),

with h the potential associated with the nearest-neighbour dynamics, arising as consequence of the

gradient property. In this way, identifying the correct time-scale ©,(NN) and the correct space of test

functions, for |h|_, < ¢ with ¢ > 0 a constant independent of N one should be able to argue that
N —>+o00

©,(N)L, n —— L, in a sense that we will explain shortly, and where L, is an operator acting on

functions in T.

Definition 4.3.7. We extend the distance d on Ty, in Definition to the continuous torus T. We
will use the same notation and differentiate between them whenever it is not clear from the context.

Concretely, for any u,v € T let
d(u,v) =min{|u-v|, 1-uvov+urv}.
If v = 0 we write simply |uly = d(u,0).

Definition 4.3.8 (Fractional Sobolev space H/2(T)). Fixed 0 < < 2 define the Hilbert space

G(w) - G()*

= dudv < oo ¢,
d(u,v)+

H/2(T) = {G ¢ L(T): fT

endowed with the norm |-, defined as
22 2 G(u) - G(v)[*
|G12e = |GI2+[G))y where [G)), = ff ooy dudv
The space H/? can be extended to v > 2, in that case coinciding with functions in H!?/?! whose
|v/2]|-th order distributional derivative belongs to HO/27 1072 Other properties of this space, as Sobolev
embeddings and dense subspaces can be found in [I4] Section 2]. Its definition is closely related to a

fractional Laplacian operator, as in the next definition.

Definition 4.3.9. For each v € (0,2) define the fractional Laplacian operator L., := —(-A)"? acting on
functions G: T - R as

1 G(u+v)-2G(u) + G(u-v) NY &
L,G(u) .—E/T |v|11r+7 dv where ¢y, =2 131100 e Zi

whenever |L,G|_ < o

Modulo the space where it is defined and the multiplicative constant c,, the fractional Laplacian in
the previous definition can be shown to be equivalent to the one in [I4] Section 3] through the equality
lim f GO =Gy, LML A Gwyde

=0 J(B.()e d(v,u)+ 2 Jr v |T
which can be proved through an adaptation of the proof of [14, Lemma 3.2]. The constant ¢, was
chosen so that the interpolation property in Proposition is satisfied. This has consequences in the

particular scaling limit of the Markov chains that we are going to define next.
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Definition 4.3.10. For each 7 > 0 introduce the scaling ©, = ©,(N) given by
1 1
0,(N) =2 ———N?
’Y( ) 2 Zfil p=(v-1)

Proposition 4.3.11. Let G: T - R and © € Ty be arbitrary. It holds that
(1) TN ro0 |4 (N)Ly NG(£) =L G(£)| =0 for 0 <y <2 and G € C*(T) such that |L,G| < oo;
(2) impy oo |@7(N)IL%NG(%) - G”(%)‘oo =0, for v>2 and G € C*(T).

The proof of the previous proposition can be found in Appendix As a corollary, one can show

the next continuity result.

Corollary 4.3.12. For any G: T - R such that G € C*(T) and |L,G|, < oo, for any ueT it holds that
711%1517 IL,G(u) - G"(u)] = 0.
Proof. 1t is enough to estimate
L, Gu) - G ()| € Iy G(u) ~ 0, Ly xG(u)| + [0, Ly v G (1) = OsLa x G(u)| + [O2La x G (u) - G"(w)].

The first term in the right-hand side is estimated as in the case 0 < v < 2 in the previous proposition,
then one takes the limit v - 27 and N — +oo. For the second one, since N is fixed it is enough to take

the limit v — 27. The third one is consequence of the previous proposition. O

Remark 4.3.13 (On the scaling). The results available in the literature (see for example [2] [7, [25]
and references therein) present the scaling N71gcy<a + %lyzg + N? 1.2, which shows a discontinuity
in v = 2. As seen in the proof of the previous proposition, our scaling ©, is equivalent to the one just
presented, in the sense that ©,(N) = O(N7)1gcy<2+O(N?/log(N))1,-2+O(N?)1,52. The reason for this
subtle difference originates from the definition of L., — specifically, with the multiplicative constant 1/c,.
We believe that the scaling ©. is the most natural one that guarantees the interpolation property relating
L, and 02, while providing a clear explanation of the time-scale commonly provided in the literature.
We find also worth noting that the multiplicative factor 2 in the constant c, (see Definition is
consequence of our imposition that the jumps can have (formally) length up to | N/2], microscopically,

or 1/2, macroscopically. Indeed, it is simple to see that

fwdv:zf | AG
T Tn[0

ol 2l '

It is also interesting to note that if one considers the summation over r up to some £ such that £x = o(N),
then

| 1 &0 1 1 (in\*

Z 7ALG(£) = G,/(i)i Z I + O( (7) )7

e N MINE S T AN

N |T|—(’Y—1

<1 ) should be the correct scale in order to derive the

and for this reason the time-scale N?/ ¥

classical Laplacian, for any ~ > 0.
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We conclude this chapter with a last definition. As explained previously, in order to "construct'
the operator L, y starting from the collection {PMM.,.(n,k)}, one should consider the process defined

through the next generator.

Definition 4.3.14. We call fractional porous media model the process defined through the generator

N/2
[Z/:J 1 E(n,k):r
= rl+y N :

We expect this process to lead, under the ©.(N)-time scale, to the hydrodynamic equation

Op=LyHyk(p), 0<vy<2,
Oip = OfHni(p), 722
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Conclusions and Future Work
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The works presented in this thesis open a few questions, some of which are currently in development.
Regarding Chapter 2| it is not clear if when the assumption is not satisfied it is still possible to
construct a matrix representation, or even if in this case the resulting models are interesting in some
sense. We recall that arises in two different settings, yet related to the same goal: (1) In the matrix
formulation, so that we can express the relations in terms of (W|D~C , (W|C~D and (W|D™D, in this
way obtaining indirectly equations involving the density in the first and second sites and the correlation
between the reservoirs. As we saw, this facilitates the study of the consistency of the algebra in an
intuitive way; (2) and in the stationary equations, so that we can express those very same quantities in
terms of the current, obtaining, in particular, an equation for the correlation that allows us to better
understand the consistency constraints. Very recently, we were able to consider a general change of basis
that allows for introducing more parameters into the formulation, with a particular choice corresponding
to the one presented in this thesis. We are currently trying to understand if this approach relaxes the
constraints. With this same goal of reducing the constraints, it is natural to ask if considering different
matrices at more sites would lead to better results. We expect that not to be true since the expected
(stationary) current in the bulk is node-independent, and for that reason any relation involving bulk
matrices must also hold at all the bulk sites. This suggests that one should look for a different bulk
algebra. For the moment, it is not clear if the identity [D,FE] = D + E is the unique "solution" to
the telescopic relations, or if a different cancellation mechanism (in order to guarantee the stationarity
condition) should be formulated.

Regarding direct applications of our formulation, one can follow a similar path as that for the open
SSEP with the classical reservoirs [12], [13], and study the effect of the reaction-diffusion processes on the
stationary density large deviations’ when coupled with slow/fast reservoirs. By slow/fast reservoirs we
mean that the boundary rates are scaled by a factor 1/N? with 6 € R — in this way being slow when 6 > 0
and fast when 6 < 0. In our case, however, this scaling must be made with some care due to the non-
linearity of the constraints and . To be precise, multiplying all the rates by the aforementioned
factor leads to the constraints being dependent of IV, and for that reason one should consider instead
a particular factor 1/N% associated with each rate a;j, and then find the values for 6;; so that the
constraints becomes independent of N. We note that no aspect of our formulation needs to be adapted
in this case.

We focus now on Chapter 3] As already mentioned throughout this manuscript, the extension of the
model to m > 2 requires the modelling of the diffusion coefficient in Chapter [l To finally be concrete
with respect to this extension, the starting point is the binomial expansion

prt= Y (m § lmJ)(—l)kp“”’”(l -p)",

k>0 k

and for this reason there is the need to model the diffusion coefficient D), x(p) = pl™ (1= p)¥. Indeed,
the nearest-neighbour model introduced in Chapter 4| will allow us to model D|,,,| (p) and to derive the
PME for any m > 2, with the proof being very similar to the case m € (1,2). It is important to note
that the resulting model will interpolate between the PMM(|m|) and PMM([m]), consequently being not

irreducible and a perturbation must be added in order to follow the entropy method — or, alternatively,
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one can impose that the initial data p™ does not equal 0 or 1 anywhere, and since a L' contraction
principle holds for the PME with m > 2, one can follow the relative entropy method as in [2I]. Regarding
future works related Chapter [3] in a collaboration with Pedro Cardoso we are currently in the final stages
of adapting the ideas of that chapter to the long-range setting in the lattice Z, with a slow barrier at the
origin (in the same spirit as in [6]), but considering instead a linear combination of Porous Media Models
with general coefficients that can differ from the generalized binomials presented here.

An open problem is that of deriving the complete fast diffusion regime m < 0. A well-defined model
can be constructed using both the geometric series and the generalized binomial expansion, but because
in this case the diffusion coefficient can be infinite and the solution of the hydrodynamic equation blows-
up in finite time, several problems arise in the entropy method, which cannot be resolved by specifying
the order of the explosion ¢. We believe that in this case the relative entropy method might be more
appropriate, specifically adapting the approach in [24] to the exclusion setting, but for the moment we
are not sure and more work needs to be done.

Regarding the work in Chapter [} there is a technical subtlety in the definition of the model that
suggests that the uniform solution does not lead to the "true" generalization of the PMM to m > 2,
which is that the resulting model will lose the monotonicity property stated in Proposition due

to the sequence { c(”’k)}kzl not being monotone decreasing for n > 1. We find this property to be

+k+1

important to have, since it corresponds to the microscopic version of {p"(1-p)*} 451 being decreasing (for
p #0,1). In order to maintain this monotonicity, one should look for a specific non-uniform solution of
the linear system . Ideally, this solution should be general in some form, with the weights following
some specific recurrence relation involving n and k, but the model might not be algebrically as simple
as the one presented in this thesis. Our starting point is to look for non-uniform solutions in the class
presented in Proposition [£:2.:23] where even though the solution is non-uniform, the potential is expressed
as in the uniform case. This work is currently in development.

Another, already mentioned, application of the work in Chapter is the construction of a (microscopic)

analogue of the Bernstein polynomial basis:

Z Bn(éN)L(” ) (5.1)

€N+1n0

where {f,,}ns0 are the Bézier coefficients. The constraints resulting from the generator (l;j )EE\?’ZN )

satisfy some interesting properties of the Bernstein basis, such as symmetry and partition of the unit
(which was already proved in Proposition [4.2.15), but it does not satisfy its characteristic recurrence

relation. The reason for this is that the normalized constraints p(™*) := ﬁc("’k) do not satisfy

p(n,k+1) i p(n+1,k:) - p(n,k)

We are confident that the proper generalization of the PMM that maintains the aforementioned mono-
tonicity property should satisfy the recurrence above, which serves as a motivation for our guess that the
desired particular non-uniform solution of should follow some general recurrence relation. Never-
theless, even without the satisfaction of this recurrence relation, a proof of the hydrodynamic limit for

the empirical measure induced by (j5.1)) is very challenging, with most of the difficulties arising due to the
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complexity of the potential h("*)  as expressed in (4.31)):
(k) — H(”’k)(n) n V+g(n’k) i f(n,k)(n).

Above, the dominating term is H("*) and the remaining terms converge to zero in probability, in the limit
N — +o0o0. Considering linear combinations of the potential, as in , adds another layer of difficulty
compared to the work in Chapter |3 because both g(™*) and £("*) are expressed as an alternating sum
that is not absolutely convergent, hence the approximation errors (as in the replacement lemmas) do
not converge either. Because the expressions of those quantities are too complex to be studied through
combinatorial means, this requires not only very sharp estimates but possibly new tools.

The works in Chapter [d]and [3] were developed on the one dimensional torus, hence the total number of
particles is a conserved quantity of the system. It is possible to extend our results to the open boundary
setting, with appropriate boundary dynamics. In fact, the work in Chapter [3| was developed with this in
mind, as we provided all the necessary ingredients with respect to the bulk dynamics for such an extension
to be performed. Following [5 [I7], it is possible to derive Robin, Dirichlet and Neumann boundary
conditions in the slow-diffusion range m € (1,2), while Robin and Neumann in the fast-diffusion range
m € (0,1). In the fast diffusion regime, since the rates can blow-up as N — +oo, the standard procedure in
the literature does not allow us to derive Dirichlet boundary conditions. This turns out to be, in nature,
a problem very similar to the derivation of Dirichlet boundary conditions for the case of K > 2 in [I7].
There, the authors couple the SSEP with boundary dynamics inspired by [29], and where a particle is
created in the first empty site and removed from the first occupied site, in a window of length K at the
boundary. For K > 2 the choice of a Lipschitz reference profile is not enough to argue that the occupation
at the boundary is approximately constant, and the analysis of some correlation terms are required. This
led to the work developed in [I6], where the authors use very different tools, involving the study of the
2—-point correlation field and duality arguments to treat solely the non-linear case K = 2. However, our
model is too different in nature to argue as in [16] and a simple dual process is not available, and for that
reason a different approach must be taken.

Unfortunately, we had to leave this and many other interesting problems for future works, as there is

a lot to do but time, existing, seems to run quite fast.
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Matrix Product Ansatz for the SSEP

with extended boundary.
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A.1 Coefficients in the boundary algebra

We consider the left-boundary coefficients only. For the right-boundary one needs to replace the

superscript ~ by * and a;; by b;;. Let i =1,2,3. Recall that ¢; =d; —t;. We have

d; = d; t: = {; T = L
C T det(A7)) T det(Ay)” Tt det(A7)’

with A7 is as in (2.16)):

a12 + a3 + 2(ag1 + az1 + CL41) —Q12 — Q21 —A31 — Q41 —A12 — Q13 tA14 — Q21 — A31 — Q41
-Al =| —a12 —2a21 + a3 —asz —a4g2 a1z + a2 +a32 +a42 Q12 +A21 — A23 + A4 + A32 + Qg2
—a13 — a23 — 2a31 + azz — a43 a31 — asz @13+ ag3 +a31 —a32 +a34 +aq3

The numerators are given by
Cif = (a13 +tagg tazst+ a43)a32a41 + (a14 +agz3 +ags+ CL43)0L316l42
+ (a14 +tag4 +azs+ a43)(a31(a12 + a32) + a21a32) + (a13 + a3 +az4 + a43)(a41(a12 + a42) + a21a42),
ci; = (—a13 + @14 — Qg3 + a24)(a42 - a41) + (a31 —a32 + a4y — CL42)(CL14 tag4 +azqt a43),

Jg = (—013 +a14 — Q23 t+ a24)(a12 +az +asz + (141) - (6131 —az2 t+aq — a42)(a14 + a3 + az4 + (143),

EI =aiq {a31(012 —agz3 tagz+ CL42) - a21(a13 +az3 —agz + a43)}
+agq{az1(a12 + ai3) - (ag1 +az1 +as1)(ai3 + agz — azs +asz)}
+azs {(az1 +az1 + aq1)(a12 — azs + asz + as2) — a1 (a2 +a3)},
ty = (@14 + agq + azq + as1) (a1 + ags + 2a31 — asz + ag3) — (asy — asa) (2041 — a2 — as3),
t3 = (@14 + agy + az1 + as1)(a12 — 2a14 — ags + asz — 2a34 — ays)

- (al4 +ag +azs+ a41)(a13 = 2a14 + a23 — 2a24 — a3 — 042),

ff = a12(a41(a13 + a23) + a43(a31 + a41)) + a13(a42(a21 + a41) + a32a41)
+ (ag1 + a3y + aq1)(az3a42 + aygz(azz + asz)),
fo = (a41 - 042)(013 + a3 +azz + 043) - (6131 - a32)(a42 - a43),
f3 = (ai2 + a3 + asy + as3)(—as1 + asp — ag1 + ag2) — (a12 + a1 + asz + agr)(a13 + a3 + asz + as2).

Regarding the denominator, one finds that

det( A1) = dj + (a12 + ag1 + asg + a1 )a13aq + (@12 + ag1 + a3 + 42)a14023
+ (@12 + az1 +azy + aq1) (a3 (a4 + azq) + az4a43)
+(a12 +az1 +azz + as2)(a13(a1a + azs) + a14a43).
It can also be checked by substitution that the coefficients associated with the reservoirs’ correlation,
fi,f5 and f3, can be recast as linear combinations of the remaining coefficients of the algebra
frao=di(a43 —aq1) + ¢y (a42 — a41) + aay,
fo o =dy(aas — aar) + g5 (aa2 — aar), (A.1)

fyao =ds(aas —aa1) + gz (aae —aa1) — 1,
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where
QQ = Q14 tA24 +A34 + Qg2 + Q43 — A41.

Additionally, the remaining coefficients can be expressed in terms of the coefficients A;, B;, C;, D; with

i=1,2 as in (2.10]). Specifically, for linear models (as introduced in Definition [2.4.2)), one sees that

A By _ By _
d1:é+éq1 and dgzé

where we recall that in this case g3, d5 = 0; while for non-linear models (also as in Definition [2.4.2)),

_ A Ay _ _ 1 _ _ _
dloq:(D—l—D—Q)Jrqlag, d2a1=(D—2)+q2a2 and djoq =gz00
where
Cl BQ CQ Bl
a1 = —+— and ag=—+—.
Dy D, Dy, Dy

A.2 Product Measures

It is expected that letting = = 0, the MPA formulation expresses the equilibrium state. This is indeed
the case: for z = 0 the bulk relation is [D, E] = 0, and it can be checked that the constraints (C1]) and

both reduce to

fi=dig. (A.2)
Moreover, [D, E] = 0 leads to (7(2))% = (n(N - 1)), that is,
G =q-

The probability of observing a fixed configuration can be computed. Fix the length of the system,

N >4, and let n be any configuration with n > 0 particles in the bulk. Since D and E commute,

pn (n) = % (WH(D™n(1) + E~(1=1(1))) D"EY>7" (D*(N) + E*(1-n(N))) V)

1 NE(L-2-n ,
:7 Z ( . )(_1)jx
N  j=0 J

< (W[(D™(1) + E~(1=n(1))) D" CN2I (D*(N) + E* (1= n(N))) V).
From the boundary relations, that for x = 0 reduce to

(W|D"C = (W|d;C~C, (W|C™D=(W|giC"C, (W|D"D=(W|fiCC
and

CD*|V)=diCC"|V), DC"|V)=¢fCC"|V), DD*|V)=fICC"|V),

we see that
N2 N -2-p o
i =@ 3 (1) @ @O - n(1)( =) (1 di)

+(L=n(1)n(N)(1 = dy)di + (L =n(1))(1=n(N))(1-dy)(1-d))
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= ()P (1 =) O (g7 (1 ) V2 )T (1)),
In other words,
uy = l/éi ® l/é\ll_Q ® 1/5{.
A.3 Computing ¢x(1,2) from the stationary equations

Recall that j2(n) = n(2) —n(3). We compute
L(n(1)n(2)) = n(1)n(2)(as1 = (a14 + aga + a4 + @z + a43))

(A.3)
+1(1)(ass — aa1) +n(2)(as2 — aar) + as —n(1)j52(n).

Introduce the coefficients
B3 = a4 — as1,
C3= —(a43 - 041),

D3 = a4 ~ (014 + a4 +a34 + Qg2 + a43).

Taking the expectation with respect to the stationary measure on (A.3)), together with (2.11)) we obtain

the system

Di{n(1)n(2))n = —A1 = Bi(n(2))n + C1(n(1))~,
Da(n(1)n(2))n = -A2 = Ba(n(1))n + C2(n(2))n + (j2) N,

D3(n(1)n(2))n = —aa1 = B3(n(2))n + C3{n(1))n + (n(1)j2)n,

with A;, B; and D;, for i = 1,2, as in (2.10]). Equivalently,
Ol —Bl —D1 (7](1))1\/ A1 0 0 1
-By Cy -Ds n2)n =42 -10 (jo)n |
Cs =Bz =D3) \(n(1)n(2))n) \aar 0 1/\(n(1)je)n

~ Ci1 -By -D; ~ A1 00
Ai1=|-By Cy -Dy|, Ay=|A4s -10

C3 -Bs -Ds a7 0 1

Introducing

one can check that det(.A;) = det(A;) with A; given in (2.17). Moreover,
~ B dy dy dg
(A) o= |ar @ ¢
fr 2 fs
with the coefficients d~, ¢, f~ as previously. In this way, under (Hg|) we have that
D)\ (di d5 d\( 1
2~ |=la @ e || (2 (A4)
(mWn2)~/) \fr f2 5] \(n(V)j2)n
in complete analogy to the boundary algebra {(R7]), (R5)), (R1o)}. We short-write, for any x € Ay,

en(L,z) = (n()n(x))y = (n(1))n{n(z)) N
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and rewrite the first two equations in as
(n(1) —dy)n = (dy +dydg)(j2) N +d3{(n(1) = dy)j2) N, (A5)
(n(2) = qi)n = (a2 +digz)(G2)n + a3 ((n(1) = dy)j2) N
Consequently,
(n(1) = di)n(n(2) - a1)n = (G2) i (dz +dyd3)
+(J2)n((n(1) = dy)j2)n (g5 (dy + did3) +ds5 (g5 + diqs))

+((n(1) = dy)j2) kd3 g3,

and since
(n(W))n{n(2))n =digy +(n(1) —di)n(n(2) —a1)n
+{J2)w (a1 (dy + didg) + di (g +digs))
+((n(1) = dy)j2)n (g1 ds + digs),
we find that

en(1,2) = f1 —diqy

+ (Go)v (f2 +dif3 —qi(dy +didg) - di (g3 + dig3))

~ (j2) v (da + dydg) (g5 + dyaz)
(A.6)
+{(n(1) —dy)j2)n(f3 —a1ds - diq3)
+{(n(1) —dy)j2)n (2w (g3 (da + dids) +d3 (g3 +dig3))
+((n(1) = dy)j2) X d3 5.
Some computations yield
((n(1) = dy)jahn = (n(1) = dy)n (i) = (V3N )(1,2)
= (dy +dydz)(ja)x +d3((n(1) = d1)j2)n (2} = (V30n)(1,2).
By successive iterations it follows that
(1) = b = (d + i) 3 () "y
()" (100 = )iy - (T3ew)(1.2) 32 (s el
Since (j2)n = O(1/L), taking the limit n - +o00 and using the geometric series one obtains
N N 1 + 1
{((n(1) = dy)j2)n = (dy + dﬂs)(h)?vm - (V290N)(172)1_d§m' (A7)

Note that this is valid also for d3 = 0. Replacing this into (A.6) and rearranging the terms leads to (2.12)).

A.4 Models

In order to facilitate solving the constraints in terms of the rates with the assistance of a computer,
it turns out to be convenient to consider the following factorization of the boundary rates

1

Qi = Aij and bij = E

1
— bij, p* > 0. (A.8)
p
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Doing so, it is straightforward to see that the last two constraints in take the form of
(q1dz +q5 +digz = f3)(da +dydz) = —dy /p,
3 (dy +didz) = —dz/p,
while the factor p~ does not appear in nor in the remaining constraints of . We note that for
p~ =p*t equal to some p > 0, one can interpret p as the hopping rate in the bulk, instead of a factor of the
boundary rates as in . In what follows, we present admissible left-boundary rates only. Specifically,
we present particular solutions of the constraints in terms of the rates, and present the algebra coefficients
d;,q; fori=1,2,3. The coeflicients f;” with ¢ =1,2,3 can be deduced from , and the right-boundary

rates with the same dynamics as the left-boundary ones can be obtained by replacing directly a;; by bs;

and p~ by p*.
A.4.1 Family N

As seen in Section this family is defined as 9N := Cf n {d%,¢5 + 0} and corresponds to non-linear
models (in the sense of Definition [2.2.5) such that the stationary measure does not factorize at the
boundary. The subfamily M n {¢t =0, t3 = 1/p*, t5 = 0} ¢ H corresponds to non-linear models where the

stationary measure can be described by the homogenous choice of matrices D* = D and E* = E.

In what follows recall (A.8g).
A.4.1.A Full dynamics

The following model is the simplest one we could find where no rate is zero.

azy = a3z,

azz +agy
2

a34 = a12 + a13 — a4,

o azz(a12 +2a13) + ar3(as2 — 2a24)
» a2 + a3 ’

aiz + 3a
= — 2" (arz(ais +as) + arz(ass + 2a32 — azq)),
a13(a24 - a32)

= a43 = Q42 = A41 = Q14 = A13,

and the algebra coefficients equal to

1
dy ==,
179
dqy =0,
& - (a4 —asz)/2
3~ )
(a12 + (113)((113 + a32) + a13(a32 - @24)
_ 2a13
[ B —
aio + 3&13
- -1
¢ _a12 + 3&13 ’
_ —2a13(a24 — as2)
E!

B (a12 +3ai13)(a12 + a13)(a13 + asz) + a13(asz — az) .
The model is well-defined when all the rates are non-negative. It is simple to obtain a sufficient

condition for this. From (ass+as21)/2 = a13 we need 2a13—ase > 0 and from azy we need a3 +a13—a14 > 0.
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The expression for p~ can be rewritten as

p~ = (3+aiz/ai3) ( (1+a1p/a13)(1 + asz/a1a) _ 1)

(24 — A32
and to obtain p > 0 it is enough to impose 0 < agq — ag; < 1. Similarly, from asz it is enough to let

ass — 2a94 > 0. We conclude that a sufficient condition for the model to be well-defined is
2031 < 2a94 < ago <2a13 A asg <1+ag1 A aig <ays +ais.

If we consider the right-boundary with the same dynamics, then the nonequilibrium condition ¢7 # ¢

translates to

2a13 2b13
aig + 3(113 b12 + 3b13 '

Moreover, it can be checked that

- (12— a13
te 2a19 + 6ai3’
a?y(ais + asp) + aroas(ass — asa) — a1z (afs — a1saos + 2a13a32 + 204 — 2a32)
2(a12 +3ai3)(a12(a13 + aszz) + a13(a13 — a4 + 2a32))
- (ai2 +7a13)(az - asz)
2(a12 + 3a13) (a12(a13 + asz) + ar3(ais — ags +2a3z))’

ty=1/p" =

)

It is straightforward to see that imposing t] = 0 (that is, a12 = a3), for the remaining homogeneity
conditions to be satisfied one needs also to impose as4 = azz, which is not possible due to the expression

for p. This means that the homogeneity conditions cannot be imposed on the dynamics
A.4.1.B No annihilation
We provide the two models with the simplest expressions for the rates that we could find.

e No annihilation I:

a3 = agq = a14 = a13 = a12 = 0,

g1 = az1(asz — aq = (az1 - as2)) + (aa1 — asz)(azs — (az1 - azz) - (aa - (142))7
az1 —azz + 41 — @42

as3(as1 — azz) + (a3 + ay3) (@41 — asn)

023(61326141 - a3la42)

p = (a23a42 + a43(a32 + Cl42))

3

and the algebra coefficients reduce to

dy =1,
ds = 31 — G32 + G441 — Q42
2 = 9
a23a42 + 043(6132 + 042)
Q23 +ag1 —agz +a41 — G42

d:_ =
3 23042 + a43(a32 + a42) ’

q =1,

@ = (as1 — a2 + ag1 — as2)(aa2(azs + azy + as3) + az2(asz — as1))
2=

(a23a42 +agz(ase + a42))(a23(a41 - a42) + a43(a31 —az2taq — a42)) ’
_ (a31a40 — az2a41)(a23 + a31 — a3z + a41 — a42)
3 = ..
(a23a42 + a43(a32 + a42))(a23(a41 - a42) + a43(a31 —a3z2 t+aq1 — &42))
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It is straightforward to see that a sufficient condition for the model to be well-defined is
0<az —aszp <asz—as A 0<ag —agg A (as1 —as2) + (az1 —asz) < azg A 0<azgasr - aziage.

There are two particular cases of interest. We have that

t; =0,
to— 1/p— _ a23a31(a’41 + a42) + CL23CL41(—20,32 +a41 — a42) + (a31 —a32 +aq1 — a42)(a31(a42 + a43) —as32a41 + a41a43)
? (a23a42 + asz(azz + as2)) (a3 (a1 — as2) + asz(az — asz + as1 - asz))
= (a23 +az1 — azg + as1 — aq)(ag3(aqr — as2) + az1a42 + az1043 — aza (@41 + a43) + G41043 — G42043)
3 -~ )

(a23a42 + a43(a32 + a42))(a23(a41 - a42) +aaz(as1 — aze + a1 — a42))

and further imposing the constraints

agz + a42 as2(-2a31 — aq1 + as2) + a3z (a1 + as2)
a9y = ——— and y3 =

2 2(as1 — az2 + aa1 — as2)

)

the resulting model belongs to $ and the SSEP(1,1) algebra can describe the stationary measure.
Another particular case is to impose a42 = a23 + a31 — a3z + a41, that results in a linear model, where

as1 and p~ take the form of

Q21 = Q23 — A32 — Q41 + A43,

b= (@23 + az1 — ass + as3) (a%;; +agz(asy — azy + aq1 + ay3) + agz(as; + a41))

a23a31 + (a31 - a32)(a31 + a41)

e No annihilation II:
The choice of rates

a34 = az4 = a4 = a3z =ajz =0,
(41 = 42,

azy1 = a3z,
_ (Cl21 +aszz + a42)(a23a42 + a43(a32 + &42))
az1(asz + asz) + a42(—a23 + Qa2 — Q43) + a?),g + 032(26142 - a43) ’

leads to the algebra coefficients

d; =1,
dy =0,
_ az3
ds = - ,
3042 + as3(asz + asz)
q =1,
_ 1
s = — )
Q21 + a3z + G4q2
~az1 (az2 + ) + aaz(az ~ sz + a43) — a3y + azn(as; ~ 2a1)
g = a21(A32 + A42) + A42(A23 — Q42 + 443 ) — G35 + @320 A43 aq2
3 =

(a21 t+asz + a42)(a23a42 + a43(a32 + (l42))

The model is well-defined, for example, for

42 2 A23 + Q43.
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It can be checked that there is no particular choice of rates that leads to a linear model. Regarding

the homogeneous choice of matrices,

t7 =0,

5 -1/p = _ag1(ag + an) + aso(=2a93 + ass — 2a43) + a3, + 2a32 (a2 — as3) 7
(a1 + azz + as2)(a23a42 + asz(ase + asz))
t5 = az1(—ag3 + azz + a42) — azz(aze + 2a42) + (@32 + as2)(asz + as2 — a43)
(a21 + asz + as2)(az3a42 + ags3(asz + as2)) 7

and fixing also

asz + a42 Q21 + a3z
3= ———— and ay3=——>
2 2

leads to a model in $.

A.4.1.C No Creation

The complementary dynamics to the previous two models also satisfies the consistency conditions.

Precisely, exchanging
(agl,agl,a41,a42,a43,a23) by (a34,a24,a14,a13,a12,a32)

in the models "No annihilation [" and "No annihilation II" gives, respectively, the complementary "No

creation I" and "No creation II" below, suggesting a particle-hole symmetry.

¢ No creation I

The choice
(21 = 31 = G41 = Q42 = A43 = 0,
Qg = aga(ai2 — arq = (@24 — az3)) + (@14 — a13)(asz — (ag4 — azs) - (a14 - as3))
34 =
Q24 — Q23 + A14 — Q13 ’
P~ = (aspa13 + a12(ags + a13))au(a24 azs) + (az2 + 12) (014 alg),

a32 (a23a14 - Cl24a13)

leads to well-defined rates when, for example,
0<agy—azs<arz—ais A 0<arg—aiz A (@14 —aiz) + (as —azs) < azp A 0<agzaiy — azqa3.
The algebra coefficients reduce to
diy =0,

a32

- 9
a12(a13 + a23) +a13a32
—@a13 t Q14 — Q23 t Q24 + a32

dy =

d; =
ai2(ai3 + ag3) + aizass
q =0
- a13 + a3
qo = — )
ai2(a13 + az3) + a1zazz
@ = (a14a23 — a13a24)(—a13 + a14 — a3 + Az + aza)
3

o (a1z(a13 + CL23) + a13a32)(a12(a13 — Q14 + Q23 — CL24) + a32(a13 - a14))'
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In particular,

t; =0,
f-1/p = a12(a13 + a3 — a32)(a13 — 14 + az3 — az4) + aszo (Gfg —ai3(ais — a3 + agy +asz) + a14a32)
? (a12(a13 + azs) + aizazz)(a12(a13 — @14 + az3 — az) + azz(aiz — ais)) ’
= (a13 — @14 + a23 — a24 — az)(a12(—a13 + a14 — azs + azy) + a13(asy — az2) + a14(asz — ass))
3~ ’

(a12(a13 + a23) + a13a32)(a12(a13 —a14 +a23 — 6124) + a32(a13 - 6114))

and imposing additionally
a3 + a3 _ azz(a13 +a14) — a13(aq + asy)

azg = —————— and a1 =
2 a14 + Aoq — 2a32

leads to a model in $; while the choice
a13 = a32 + A14 + Q24 — Q23
leads to a model in £.
e No creation II
G21 = a31 = G41 = Q42 = 43 = 0,
A14 = 13,

24 = Q23,
_ (a34 + agz + a13)(aszai3 + ara(ass + aiz))
azq(azs + ai3) + arz(—asz + arz —az) + a§3 +a23(2a13 - a12)

The model is well-defined when, for example,
a13 2 azz + ai2.

The algebra coefficients are equal to

d; =0,
_ a32
d2 = - 9
a12(a13 + a23) + a13a32
_ asz2
ds = ,
a12(a13 + Cl23) + a13a32
¢ =0,
- a13 + a23
4z =

- )
012(6113 + 023) + a13a32

0 = —6112((113 + 1123) + a%;} + a13(2a23 —asz + a34) + a23(a23 + a34)
8 (a13 +ag3 + a34)(a12(a13 + a23) + a13a32) ’

and the particular choice

@13 +a23

d az4 +ag3
azg = T an a1pg = ————

2

leads to a model in §, while there is no particular choice in £.

A.4.2 Family £

The linear family is defined as £ := C¥ n {d5 # 0, d%,¢5 = 0} and every model satisfies the linear
condition , while the stationary measure still does not factorize at the boundary (condition di #
0). Models of this family can also be described by the SSEP(1,1) algebra whenever it is also satisfied
t3 =0, t5 =1/p* and t = 0.
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A.4.2. A Model I

The choice

a3z = a3y = az4,

a14 = a1 = ag1 =0,
_ (2a34 — a12)(ass + a12)
aig + 2a34

a13

)

2 2
_ a1z ajy t4az,
(43 = —— ———,
dazq a2 +2a34
(2a34 — a12)(azs + a12)
42 =
4(134
_arz (2a34 +a12)(2a34 — a12) + 4aizaz,
4@34 aig + 2a34

9

)

1
a4 = Z(a12 +2a34),

- _ 8&%4(&12 + CL34)
(2a34 — a12)(2a34 + a12)’

leads to the algebra coefficients

1
dl :iav
_ a1z —2as
d2 :87277
A3y
ds =0,
_ a12
q

_2(a12 + a34) 7
0 = (a12 —4azy) (a1 +2a34)
2 8a§4(a12 + a34)

b
q3 =0.
Non-negativity of the rates is achieved if and only if

2@34 — a1 > 0.

Note that dj # g7 and we cannot choose a4 = 0 (see, for example, the expression for as2), meaning that
the model above cannot be represented by the homogeneous choice of matrices D*, E* = D, E. Moreover,
one cannot have d; = 0 due to the expression for p~, and as such there is no particular choice of rates
where the model belongs to § either.

The conditions a4; = 0 and ags = a4 = ag; can be relaxed. However, the resulting expressions for the

rates are much longer and the study of their non-negativity becomes much more involved.
A.4.2.B Model 11
Fixing

a13 = (42,
@43 = A24 +a34 — 42,

az1 = 34,
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a41 = Q14,
a3 = @32,
agl = @24,

a12 = Q24 + Q34 — Q42,
p = (Cl24 + &34) (a14(a24 +2a3z + a34) + a24(a24 +azz +azq — a42) + a34(a32 + a42))

(24042 — (14032

3

the rates are well-defined if, for example,

(14032 < Q24042 and a4 < Agq + asa + as4.

The algebra coefficients are equal to

1
dy = 5)
ds = 14 + Q24 — G32 — G42
2~ 9 2 2 )
(a14(ags +2a32 + azy) + a5y + 024(6132 +a34 — a42) + azs(asz2 + as2))
ds =0,
_ 1
Q1 =7
2
@ = Q14 + G24 + G32 + Q42
2 77 2 )
2 (a14(a24 + 2a32 + azq) + a3, + aza(ass + asq — as2) + aga(ass + as2))
q3 =0,

and we have that

t; =0,
- - a14(agq + azz + azq) + azq(ags + azq — ag2)
t2 - 1/p - 2 )
(a24 + 034) (a14(a24 +2a32 + a34) +ag, + a24(a32 +as3q4 — a42) + a34(a32 + a42))
t; =0.

The particular choice
Q42 = Q34 + Q24 and aiqg = 0
leads to a model in $, while
az2 + @42 = Q14 + A24

leads to a model in §.

A.5 Representation

We present in Lemma a system of recurrence relations characterizing the entries of the left-
boundary row vectors (Wy| = (W|E and (W;| = (W| D, provided that the matrices D and E satisfying the
relation [ D, E] = D+E are tridiagonal and infinite. In Propositionwe consider a particular family of
representations where the right-inverse of C'—1d3 is lower triangular. For the right-boundary the results

can be deduced by analogous arguments. This proves the expression of the stationary probabilities as in

D).
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In what follows, for each k € N, we refer to the entries of the infinite row vectors (Wy| and (W;] as
w) = (Wolk) and wj = (Wik), respectively, where (|k)); = 6y, for i > 1, and 6y ; equals one if k =4, and

zero otherwise. Consider, additionally, the sequence of column vectors (|Ux))ks1, where |Uy) := [w]), wy ).

Lemma A.5.1. Let D and E be infinite tridiagonal matrices with entries (D);; = di;(0i-1,j +0; j +0is1,5)
and (E)ij = €i;(0i-1,j + 0; j + 0i+1,5), fori,j > 1, and such that [D,E] =D + E. In matriz form,

dip dig 0 0 - eir ez 00
doy day doz 0 - €21 €22 €23 0
D= 0 d32 d33 d34 and FE = 0 €39 €33 €34 °*

0 0 d43 d474 0 0 €43 €4.4

The row vectors (Wy| and (W1| satisfy the boundary equations (R7|) and (R3|) if the following recurrence

relation is satisfied:

02Ak|Uk+1>+Bk|Uk)-i—C'k|kaf1>7 k>2, (A9)
0=A1|U2>+Bl|U1>, k‘=1, ’
with coefficient matrices
dic (di = 1)crsik
A, = ~ 1Ck+1k \ 1 + , A10
g (Q1 Chr1k — i1k 1 Chr1k — dir1k (A.10)

)

By = dickk +d3 (di = Degy +d3
¢1 Ckk — Ak + Q3 q1Ckk — dikk + 43 + g3

Ch = dycr-1k (di = 1)cp-1x
P \ar -d T -d ’
41 Ch—1k — A1k G1 Ch-1k — di-1k

where ¢;j = d;j +e;5 fori, j>1.

Proof. The recurrence relation (A.9)) is obtained by replacing the specific tridiagonal representations of

D and C = D + F in the boundary relations, then reorganizing the terms. O

Note that if D" and E’ are matrices such that [D’, E'] = D" + E’, then the matrices parameterized by

A e R, that we write as Dy and E) and which are given by
Dy=(1+XN)D"+XE" and E,=(1-A)E -\D’

also satisfy [Dy, Ex] = Dy + E).
With this observation in mind, let (ug)r»o by any real sequence with ug # 0 for any k > 0. The

bidiagonal matrices D’ and E’ given by

,—2+d
Dli‘:(s,"i—1+d +5i+1-iui_1 and E,i'=5i_1,‘u+5i‘i—1+€,
J J J J J J
Uj—2
or, in matrix form
d w 0 0 ... e 0 0 0
S0 1+d 2 0 L | W lte O 0
D=0 o0 2+d 3u, .. | and E'=| 0 & 2:+¢c 0 :
0 0 0 3+d ' 0 0 2tdte 3, o

U2

satisfy the commuting relation [D’, E'] = D'+ E’. In particular, for any A € R the parameterized matrices

Dy and FE) are tridiagonal and satisfy the same relation.
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Proposition A.5.2. Let \,d,e € R be fized such that A\ # q7, and such that for each k € N it holds
d+e+k-1+0. A particular representation of the algebra {(R7)), (R3), (Ro)} is given by D = Dy, E = E),

and row vectors (Wy| and (W1|, defined through a sequence (|Ux))ks1, where |Uy) = ‘wg,wi), satisfying

the following second-order recurrence relation:
Urs1) = —Ay' Be|Uy) = Ay Cr [Up—y), - for k22,

with initial conditions

Uz} = -A7'B1|Uy),
|U1) * 0,

and with coefficients, for each k € Ny, given by

Ak:d+e+k—1(dz dz—l)

Uk-1 G -Aq —A)

Bk:Z(k—l)( o dy di-1 ) ( Cdi(d+e)+d;  (di-1)(d+e)+dy _)
(g7 =A)-1/2 (¢ -N)-1/2 (g1 =N (d+e)-d+q; (g7 -AN)(d+e)-d+q; +q3)’

d; di -1
Ok = (k= Ly (q1 —(1+X) ¢ —(1+A))'

In particular, there exists a right-inverse of C — 1d3, that we write as A, which is an infinite lower-
triangular matriz with entries equal to zero at the diagonal. Concretely, the entries of A, that we write

as a;j = (A)ij fori,j > 1, satisfy the second-order, non-homogeneous recurrence relation

i —2+d+
ai+17jz'ui_1 +ai7j(2(i—1)+d+e—d§)+ai_1,j¥ :(51‘71', fO’f’ i,j > 1, (All)
-2
with boundary conditions
ao,j = 07 ]2 1a
ay ;= 0, ] > 1.

Proof. The recurrence relation defining the sequence (|Uy))gs1, in the statement of the current propo-
sition, is obtained through by imposing that Ay is invertible for every k. From the particular
representation of the matrices D and F, that we recall to be both parameterized by A, this condition
is verified for (d+e+k—1)(¢g; = A) # 0. The particular coefficients Ay, By, C}, are obtained by direct
substitution of the entries of the matrices D and E in the expressions for the coefficients in .
Regarding the existence of a matrix A such that (C-1d3)A =1, let C' := C'-1d5 and denote its entries

/

by ¢; ;, for 7,5 > 1. Because (' is a tridiagonal matrix, the equality C'A = 1 is translated, entry-wise, to

/ / _ . . / .. / . . = )
{Cl,lam +c1 0001 =1, Qi-1,i + Cj Qi + Cj i1 Giv1s =1, 1 # 1,

!
-
and bt
! ! _ - A . ) A L. A X - - . -
€015+ C0a2;=0, j#1, {ci,i—lal—ld +C i+ G @iv1j =0, 1#FL j#E

which can be succinctly presented as in (A.11). We now iterate the recurrence for the initial values of

1 € N;. Precisely, fixed j > 1, for i = 1,2, 3, respectively,

A . A L X
€1,101,5 * C1 202,5 = 051,

/ ’ ’ _ 5.
Cp,101,j + Cg 9A2,5 + C3 303, = 0j 2,

’ ’ ’ _ 5.
C3002,j + €53 303, + C5 404,57 = 0} 3.
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Therefore,

!
c
1,1
az,j = =015+ —0j1,
1,2 1,2
! ! ! !
Ca2C11  Caq 1 ¢ 1
as,j =ai;j / T - ’ 5j71 T 5j»2’
C3C2 Cao3 C12C3 €3
! ! ! ! ! A A ! ! ! !
u a C31C33 C22C11C33 N C1,1C3,2 1 [C33C2 C3 1 ¢33 N 1
4,5 = Alj5 A A ’ / T Y Y527, 337
Co3C34 C23C2C34 C12C34 C34 \C12C3 €12 €31 C23 C3.4

and so on. Fixing each entry of the first line of A as equal to zero (aq,; = 0 for all j > 1) makes A a

lower-triangular matrix with entries equal to zero at the diagonal. O
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B.1 Replacement Lemmas

Proof of Proposition|3.4.4 Recalling the identity -, let us focus on the rightmost term there. Note
that b—a = \/5(\/5—\/5) +Vb(/b-+/a), thus

LIS I YU [OE T

zeTn 77
+$EZH;N ‘/WGQN E\im 1) Tmn)\/?(nﬂ?,wrl)(v@,amlﬁ) (U)Vév(dn).

z,x+1

Performing the change of variables n — n on the second term above and using the symmetry of the

rates, rj(vm_l)(Txn“*””l) = rj(\,m_l)(TIn), we obtain
N (, x,x+1
m-1 m—1 Va (77 ’ )
(£ f) = 2 2 @V (Vewa V) <n>(1 - N)vif ().
« zeT N NeQn Vo (77)
Note that the previous quantity equals zero if a(-) is constant. Otherwise, applying Young’s inequality
with A >0,
N(nx,erl a: :L’+1) 2

v, 1
\/?(77) (Vm,erl\/?) (n)(l—w)ﬁm‘(vm,muﬁ)( +*f( )‘ W

and therefore

z, r+1)

(m-1) (m-1) é (m-1) _ N(n
LY r NI 1- el 2
( f) 2A ( ’ Va + 2 Z Z ( In)

zeT N neQn Vo (77)

where |1 —Vév(n‘"”’“l)/z/g(nﬂz < ¢ N2 with ¢, > 0 for a(+) a Lipschitz function. From Lemma [3.2.16| we

Fmvd (),

can bound

In

m— m _
= e 3|1 £ e
zeT N k=1 zeT n

iv (Z)‘(NHc—l)SN.

In this way, recalling that f is a density with respect to v}, we obtain the upper bound

— T (me Aca
(£41) 0 2 TG T+ A%

Plugging this upper bound into identity (3.44)) with the choice A =1 we obtain
g F(m D(SFop) - S
To finish the proof, we see that the lower bounds in Proposition m imply that

T VF1) 2 e, 2)m[5NT( ")+ = 1“(1)(\/_ u)] # Loeo )TV (V1)

O

The next two technical results are standard but will be invoked in the proof of the replacement lemmas

and in their applications.

Lemma B.1.1. Consider z,y € T and let ¢ : [0,T] x Qn — R be invariant for the map n — n™v
Moreover, consider the measure v with a(-) € (0,1) a constant function and let f : Qn — R. For all

€ [0,T7] it holds that

[, elm@ =) £l @n =5 [ elsm ) ~n@) ) - ) )
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Proof. Summing and subtracting the appropriate term we have

fQN e(s,m)(n(z) = n(y)) fn)vl (dn) = % an e(s,m) (@) =n)(f(n) - fF(n™¥))vE (dn)

[ m @) a0 + o) ).

To see that the second term in the right-hand side equals zero, simply note that performing the change

of variables 7 = ¥ and using that o(s,7%Y) = ¢(s,n) and v (n™¥) = v¥ (n) we obtain

fQN o(s,m)(n(x) - n(y) f("¥)vy (dn) = - fQN o(s,m)(n(x) = n(y)) f (vl (dn).

The next proposition is applied in the second term in (3.24]) and in (3.35))

Proposition B.1.2. [0, Lemma 4.8.2]. Assume there exists a family F of functions Fn. : [0,T] x
D([0,T],92) - R satisfying

sup |FN.6(3,77‘)|§M<00.
€e(0,1),N>1 '
€[0,T],m.€D([0,T],22)

Above, the interval for (0,1) for € is arbitrary. We also assume that for all t € [0,T],

J-o.
)0

Lemma B.1.3. Consider z,y € Ty. Let ¢: [0,T] x Qn - R be such that o] 1w (o, r1xay) < Cp < 00 and

t
[ FN,6(37778)d8
0

limsuplimsupE,, [
e->0t N-o+oo

Then we have for all 6 >0,

t
limsuplimsupP,, | sup ‘f Fn.c(s,ms)ds
€50t  No+oo te[0,T] 10 i

B.1.1 Replacement Lemmas for m € (1,2)

invariant for the map n— 1>t with z € [x,y - 1]. Then for all B >0 and for all t € [0,T]

(In)™! .

[ e e ) ~ e () K

1
| |5 7oty

Proof. From the entropy inequality (see [26, Appendix 1, Chapter 8]) with v/) as reference measure and

Feynman Kac’s formula (see [1l page 14] for instance), we bound the previous expectation from above by

%+ OTm}p{|<<p(8,77)(77(30)—77(y)),f)ygy|—ZEI(V’”1>(\/_,z/(;v }ds, (B.1)

where the supremum is over densities with respect to v¥. Rewriting n(x) - n(y) = £Y2t n(z2) - n(z + 1),

from Lemma the first term inside the supremum in (B.1)) can be rewritten as

L[S e m () -+ D)) - = ) ().

N z=zx

From Young’s inequality we bound this from above by ¢, times

ﬁ fQN 2 (V=) + \/?(77))2 v (dn) + 2 fQN y;t (vz,z+1\/f(n))2 v (dn)

4
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y=2l Ao
R AR
where we performed a change of variables on the first term. Summarizing, applying Proposition [3.4:2] on

(B.1) we bound (B.1)) from above by
o 1
(S0 (a- Rov) - 1),

Fixing A = 4N0x/c,B and recalling from Proposition [3.2.10 that 0 < dx = Y50, |(mk_1)| S (L)~ (m=1),
the proof is concluded. O

Corollary B.1.4. Fized N, for any i€ N, and L € N, such that L < N, let ¢ :[0,T] x Qn = R be such
that ]| e (o, 77xy) < € < 0 and invariant for the map 1~ n*** Y with z € [iL, (i + 1)L - 2]. Then, for
all B> 0 and for all t € [0,T] it holds

(L+1)(¢n)™"

B [| [ 6 mv0) (avss L) - i, D)) s (

Proof. Observing that n(0)-n"(0) = + year (n(0) =n(y)), from Lemma we can bound from above

1
]5—+TB
B

the expectation in the statement of the corollary by a constant times

m-1 m—1
L% B N °B N

Let us now state the two-blocks estimate:

Lemma B.1.5. Fize>0 and N € N. ForieN and L <eN fized, let ¢ : [0,T] x Qn — R, be such that
Iell s ([0, 71x) < € < 00 and invariant for the map 1~ n®**t with z € [iL,iL + | Ne| - 1]. Then for all

B >0 and for all t € [0,T] it holds that

E#N [

Before proving this lemma, let us comment on the proof: we will follow closely the path argument in [5],

[ ot.mn.) (BEGLN D - e, (1)) ds - Y

]s1+T[1+B(L(£N)m1+iL+e(i+l))].
B N

although with some warm up before its application and some minor adjustments. Although for m € (1,2)
the state-space is irreducible, the exclusion rates are not fast enough to travel along | Ne|-distances for
every configuration, which would avoid the use of the path argument below (as it is the case for m € (0, 1)).
A simple way to see this quantitatively is to take |y — z| = eN in Lemma The main reason for the
resulting blow up is that the rate decreases as inf{k € [1,¢y] : r*)(77) = 0} increases, and so for certain
configurations the jumping rate can be as small as oy $ (£x5) "1 (see Proposition .

In order not to use the path argument we would need to replace the lower bound by /<;F§\(,)) T, vy
for some constant x > 0 independent of N, which cannot be done because there is no such constant such
that inf,eq, Cgv )(77) > k. Then again, we cannot relate the function inside the expectation in the
statement of the two-blocks estimate solely with FEV), since this would require an initial shuffling of the
configuration in order to move the particles with the PMM(1), hence there is the need to compare it with
a SSEP term as well. In this way, we are restricted to finding some useful lower bound, such as ([3.45)).

This introduces a second issue: in [5], the replacement scheme relies on the treatment of

B [| [ e 1) (15500 - e, (0)) s
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analogously to . There, the authors start by conditioning on the number of particles in 77]%,2 S(=L),
which allows them to introduce the PMM(1) rates via Young’s inequality. In our case however, we have
ﬁjf(,zs(O), meaning that we must condition on the number of holes instead. Controlling the holes does not
allow us to introduce the PMM(1) rates, but the PMM(1) rates instead, which are incompatible with the
lower bound . To avoid this, one could distribute the products of empirical averages in , but
doing so would necessarily lead to restrictions on the explosion rate of ). The simple workaround is to
replace directly 77%\22](0) by 771%25(0) with the conditioning happening inside either the | Ne| or L-boxes
and not outside, and at the final step of the proof invoke Proposition

Let us now go into the proof.

Proof of Lemma[B.1.5 Analogously to the previous replacement lemmas, the expectation in the state-
ment of the lemma can be estimated by some constant times

t

st (N IGLNED - GL)). 5) o

%5](\,"1_1)(\/?, 1/2’ }ds7 (B.2)

oy
B
where the supremum is over densities with respect to )Y and a(-) € (0,1) is a constant function. Now

we break the box AE ¢l into K smaller L-sized boxes:

[[0,[Nej—1}]z[[0,KL—1]]:Q[[(j—l)L,jL—lﬂ, K=

leading to
K

NG| Ne]) - (L) = = Z(n (i|Ne| + (j - 1)L) - n*(iL)) .

Note that we can do this only if | Ne| > L, which is the case given that L/N < e. Moreover, K might not

be an integer. Nevertheless, since for any bounded function ¢ : Qy — R we have

R I RSN S PR L. A ety
7 2 9~ g Z s g+ (1- g ) =0

we proceed as if K € N,.

For each j € {1,..., K} consider the event
Ly, 3 Ly- . 3
X;=4neQn:n (ZL)ZZ UineQn:n (z[NeJ+(j—1)L)ZE , (B.3)
meaning that there are at least 3 particles in at least one of the boxes
A =L, (i+1)L=1] or Afngsoay = [iINe]+ (i =1)L,i| Ne| + jL -1].

The integral, over (X;)¢, of the first term in the variational formula (B.2)) is of order L™!, therefore we
can bound from above the first term in the aforementioned variational formula by a term of order L~}

plus

HMN

5%

S e Oz #iLNe]+ (= 1)) =0z +i) (0 = Fr N T ODE ) )

(B.4)
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where we used Lemma To estimate the quantity in the previous display, we use a path argument

in the same spirit as in [5, Lemma 5.8], we claim that we can decompose

flq) = fo NG0Bty o (fT ) ™))+ Y (F0TTY) - f(n™))B.5)

neJPMM(0) neJPMM(1)

where

o 77(0) =, n(n+1) = (n(n))w(n),w(n)ﬂ;

* (2(n))no0,. N(zy) IS @ sequence of moves (following the procedure to be described shortly) taking

values in the set {z1,...,2+i|Ne|+(j-1)L}, with N(z1) the number of nodes we have to exchange;

o JPMM(O) JPMM() 416 the sets of indexes that count the nodes used with the PMM(0) and PMM(1)

dynamics, respectively, and are such that
JPMMO < JoL and  [JTMMD)| < Jy(iL + 5L+ | Nel)
for some finite constants Jy, J; > 0;
o for each n e JPMM) we have c(l)(Tw(n_l)n(”_l)) > 0.
Assuming all this, for ¢ € {0,1} and j € {1,..., K} we have that

[ 1) = p )l ()

ne JPMM(4) J
PN VA RV VO VAL CRD A
neJPMM(i J
= J N e T
=5 s X; m(n—l)n n n « n

S : VF@) T )| 02 (an)

24, negPMM() Y X r(i)(Tz(n—l)??(nq))

for any A; > 0. The inequality requires some justification. Fix some n € JEMMO) y jPMMI) 41 let us

write & = n(""D. Then

FOTD) = 1) = Lgers naomsy nunnyer =13 (6) (F(€) = F(7D70))
=10 (720008 (£(8) - (€7D,

If n e JPMMO) we are done. Otherwise, since n € JPMMM) e have Ex(n-1)-1 + Ex(n-1)+2 > 0. Consider

the set Q) = {n e Qn : ¢ (7,n) > 0}. Then f(¢) = f(§)1{9(2) }(5)7 and since the constraints are
x(n-1)

independent of the occupation at the sites z(n—1),z(n—1)+1 we also have that £#(*~D-2(n=1)+1 ¢ o

z(n-1)"
As such,

F ) = £ = 2O (7,0-1)€) (f(f)lgg(gﬂ) () - f(fm(”‘l)’x("‘l)”)195;()”71) (5”("‘1)’””("‘1)”)) :

)

And since the change of variables £ > £#(n=1)z(n-1)+1 ¢ Qil(zl_ n-1)?

is a bijection of Q;l( we conclude that

1)

F" ) = f(n™) = 193&_1)(£)r(°)(%(n_1)£) (f(&) - f(ernDie(n-D+1y)
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and the rates for the PMM(1) can be introduced by using Young’s inequality.
We treat the integral on the first term on the right-hand side of (B.6). Recall that ¢ = n("1). For
1€{0,1} and je{1,..., K},

> 0 (1 OVFE) ~ VFE DD N )

neX;

< Y O (r 0 VIE) - VE DN 6,

nEQN

Since n € Ay < & = n(" D € Q, rearranging the first summation in the previous display and relabelling
the terms yields

> 2O (V) - VDN ).

nEQN

Consequently, the first term on the right-hand side of can be bounded from above by AJ‘%) T, vY),

while the second can be bounded from above by

: 2 2 )
_ (n—l) (TL) N d [ JPMM(z) )
Ai neJPMM(i) /S;N (f(n ) + f(77 )) Vy ( 7]) Al| |

In this way, (B.4) is no larger than

1 1 L iL+i|Ne| KL
5‘401—‘5\?)(\/_71/5)+§A1F§;)(\/_7Viv)+JOA— +Jl(LJ )
0

A, A,

Recalling Proposition the quantity (B.2]) is overestimated by

C—Q+Tsu
B

{ c L iL+ (i+1)|Ne|
f

322+ Jo—+ J
L0, T A,

L) N ( Nm ) 1) N ( N m—l)}

T Ap- 25 )4 cT A -2z

3 A CVARZ 0T BNt VA7 1" 572 ;
where we recall that KL = | Ne|. Setting

Nm Nm-1
AO :(SNEE and Al = ET

we obtain an upper bound of the order of

1+T[1+B(L(€N)m_1+iL+e(i+1))].
B L N N

Now we prove our claim with the path argument. The goal is to exchange the occupation variables of

the sites
Zier =2z+i|Ne|+(j-1)L and =z p:=z+iL, ze[0,L-1].

Recall that there are at least three particles either in AX or in AiL[ NeJ+(j-1yr- We outline the argument
only for the case of at least three particles in A since the other one is analogous and leads to an
equivalent estimate. It is sufficient to consider configurations in such that n(z;er) +n(zip) = 1.
The decomposition illustrates a path on the state-space starting from the configuration 7 and ending
at n*>L:%.L_ Note that we can consider without loss of generalization that n(z; ) =1, since if n(z; ) =0

then we construct an analogous path starting from n*-<Z*-L and ending at 7.
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Recall that a mobile cluster with respect to the PMM(1) is a local configuration which can be trans-
lated on the lattice by a sequence of jumps dictated by the PMM(1). For example, the smallest mobile
cluster for the PMM(1) corresponds to a local configuration where n(z) +n(z +1) +n(x +2) = 2, for some
zeTy.

Since n(z+iL) = 1, there are at least two other particles in A% . Pick the two closest to the site z +iL
and label them as P and P. Let us also denote the particle at site z; 1 by P, ;. We use the SSEP

dynamics to move P; and P, to the vicinity of P,, ,, forming a "mobile cluster". This can be done with

i, L)

a number of steps of order L. We arrive at one of the following three local configurations.

Note that we still need an empty site in the vicinity of these three particles to construct a mobile
cluster. Nevertheless, if this is not the case we can assume that they are part of a larger mobile cluster.
Moreover, we can relabel the particles and use the SSEP dynamics to have the local configuration (for
example) as in the first case of the previous figure. Now we move this mobile cluster to the left of the

(empty) site z; . 1, with the PMM(1) dynamics.

O, - OOLE
S00C0RNOSOC

The number of steps can be crudely bounded above by a term of order L + (i|Ne| + (5 - 1)L). By
hypothesis, 7(z;.,.) = 0 and so we leave P,, , at site z; 1, using either the SSEP or the PMM(1) dynamics,
and transport the hole to the site z; 1, with the PMM(1) dynamics.

zzeL zzeL

If the site to the left of P is either empty or occupied, we can perform the following transport with

either the PMM(1) or a relabelling in the last step.

e |- @O0 -

Zie,L Zie,L Zie,L

If the aforementioned site was occupied, we can exchange the hole and the particle at site z +4| Ne| +

(7-1)L-4 with the PMM(1) dynamics, otherwise there is nothing to do and we relabel the hole, obtaining
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OONe

T
Zi,e,L

This procedure is repeated at most an order of L+ (i| Ne|+ (j—1)L) steps, moving the mobile cluster
to the vicinity of the site z; . The SSEP dynamics is then used to shuffle the configuration restricted to
the box AfL, moving P; and P» to their original sites with a cost of at most an order of L steps.

O

B.1.2 Replacement Lemmas for m € (0,1)

Lemma B.1.6. For all B>0 and T <[0,T] it holds that

In m k-1k-1-j5 1-m
o (78] 5 iR TR | R R

Proof. Proceeding as previously, we have to estimate

o O (| AR (k-1),  — N (m-1) N
L Tl;p{z(k)<z 3 (TR ) Ay | - HENV W) s (BT

Note that we have the following inequality

HM\

—-1- k=1k-1 k-1
Z (TS ) < 2 2 (vl () < X x (i),

Since sg.k_l)(Tnﬁ) is invariant for the map 7 ~ n™"*! from Lemma Young’s inequality and the

inequality in the previous display we can bound from above the summation over j in (B.7)) by:

5 e D ) (VG 4T v ()

ON p=1
A SO ) (T Fn)) v (.

QN p=1

Taking the binomial coefficients into consideration, we bound from above

/;2 ( ) Z (= 1)(7'"77) (Vn n+1\/_ ) Vév(d??)SF%n_l)(\/?,VéV .
N k=1

We have the following upper bounds

> b (’Z) 31D ) (VG 4T v ()

ol (4

N k=1
(m) —
k n=1

>
=t (7:)‘}“ fQN Fr (dn) <c(ly)™™

E=D () (F™™ ) + f(n)) vh (dn)

®=1) (7,7) f ()l (dn)

QNk1

where ¢ > 0 is some constant independent of N. The previous inequalities follow, respectively, from

Young’s inequality, the fact that the profile « is constant, Lemma [3.2.16] the fact of f being a density
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and then Lemma and an integral comparison. With all this, we obtain the following estimate for

B2
c (ZN) (m-1) N ( 1 N)
+T ~A-—1].
71§ T (4
Fixing A = 4N/B concludes the proof. O

Lemma B.1.7. Consider z,y ¢ Ty. Let ¢ : [0, T]xQn = R such that || (0, 77xqy) < % and invariant
for the map n = n** with z € [x,y - 1]. Then, for all B >0 and for all t € [0,T] it holds

ly — |

[ ) e ) = e ()1 N

1
JEHN[ ]s§+TB

Proof. Repeating the computations in the proof of Lemma [B.1.3] there exist constants co, ¢1, ¢z > 0 such

that we can overestimate the expectation by

CB°+Tsup{clAF§3)(\/—,véV)+ 2|y 7l _ g(m IV }
f

Recalling the lower bound for the Dirichlet form in Proposition we can choose A =mN/c;B. O

B.2 PDE results
B.2.1 Slow diffusion

The following result extends [5, Lemma 6.2] to the case m € (1,2).

Proposition B.2.1. Let f,g€[0,1] with f #g. If m € (1,2) then, for all A >0 we have

=@, 2

|f - gl < VO (fg)+A " m(m-1)
where
0<V™(fg9)=3 (Z)(—l)k“vk(l ~fl-g) <o
k>1
and

k-2 ,
Vp(fr9) = Lp=1 + 12 (f +9) + Liss (fk_1 +g" 1+ > ngk_l_l) .
i=1
Proof. We start with f,g¢€ (0,1).

=@ =3 (F)EnH(a-nt-a-9").

k>1

One can rewrite, for any ke N,

a* =% = (a-0b) [lk 1+ 1ka(a+0)+ Lpss (a o Zbl kol z):|:(a—b)vk(a,b). (B.8)
i=1
In this way,

=@ == % (1 )V - £1-9) = (F-9V ™ (f9)

k>1
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We show that V(™) (f, g) >0. Assume f, g€ (0,1) with f > g. Then, f™ - g™ > 0 implies V™) (£, g) > 0.
Similarly, if f < g then f™ - g™ <0 = V{™)(f,g) > 0. With this in mind, we can rewrite

(D" =" f-g
VO (fg)+ AV (fg) - A

O =@ =(f-9) (V™ (f.9)xA) = f-g= for any A > 0.

Now we will treat the second term on the right-hand side of last display. Note that

(m) _ m—1 _ RV (1= f,1-9g)
R ) O

Since m € (1,2) and v1(1 - f,1-g) =1, then

(mI; 1) Uk+1(1k—+f171 _9)) =my.

Vg9 <m(1-

k>1

(),

k>1

where we note that

-

k>1

(" )=

< 1, and so let us introduce

()

i Vg1 (1-f,1-9)
Since f,g € (0,1) we also have 0 < 2= —n""9)

W(m)(f7g) =m Z

k>2

In this way, we can write

| _w(-f1-9)

VO f.9) = mm -1 /

) + W (f,9) = mmT_l(f +9)+ W (f.g).

Now back to our main problem,

|f - gl ~ |f -4 2 |f-d 2
VOO (fg)+ A L (e ) s WO (fg) 1 A 1) frg < m(m 1)

If f=1 we can write 1 - (g)™ =(1-9¢)V(1,g), while if f =0, we use instead that 0=, (?)(—l)k.
For either f € {0,1}, the rest of the proof is analogous.
To check that V("™ is bounded is enough to bound from above vy, < k and use the estimate for the

binomial coefficients from Lemma [B.3.1] O
Corollary B.2.2 ({-Hblder continuity). If p™ € L*([0,T]; #'(T)), withm € (1,2), then for anyt € [0,T]
o) = pe)] < o —ult 2+ [0 ()] ae upeT
Pt Pt = m(m_ 1) u\ Pt L2(T) €. U, .

Proof. Since p™ is in the target Sobolev space, we have a weak derivative of p and can write a.e., from

the previous proposition

17 0w (pi)dw 24 1 /” 2A
— < u < — Ow 7)d .
L ) E T T Rl A R T (T
We now apply Cauchy-Schwarz’s inequality and set A = |v — u|i. O

Lemma B.2.3 (Uniqueness of weak solutions). For p™ : T — [0,1] a measurable initial profile the weak

solution of (L.2)), in the sense of Definition is unique.
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Proof. The proof relies on the same choice of test function as in [24) Lemma 6.3], there for solutions
of the FDE with m = —1. Note that for m € (1,2) holds p™ e L*([0,T]; H'(T)). A solution p of (1.2
satisfies then the formulation (3.21)) or, equivalently,

L. t t
O:(ptht>_<plva0>_/0 (PsaasGS>ds+A (8u(p5)maauGS>d5

for any G ¢ CY2([0,T] x T). In particular, one can consider the alternative formulation where the
regularity of G above is reduced to G € L*([0,T]; H'(T)) and 0;G € L*([0,T]; L*[0,1]) (satisfying the
equality on the previous display), and then show the equivalence of formulations by approximating G by
a sequence of functions in C*2([0,T] x T). Assume that p(), p) are two solutions starting from the

same profile p™ and write w = p() - p(3). Then w satisfies the equality
t t
(wenGe) = [ (we(w),0.Gads = [0 ()" = (pP)"),0,G)ds.
With the choice of test function
t
Go(w) = [ (@)™ - (o (w))"dr,

we obtain

(1,G) = 0= [ s ()7 = (O))as = 5| [ o (607 = (o)) ar

2

It is simple to see that ws(u) (p1*(s,u) — p5*(s,u)) >0 for a.e. u e T, implying w = 0 almost everywhere.

O

B.2.2 Fast diffusion

Proposition B.2.4 (3-Hélder continuity). If p € L*([0,T]; #'(T)) then for any t € [0,T] it holds that
1pe(w) = pe(0)] < Ju 0|2 |9pil oy aue.u,ve T

Proof. This is a simple consequence of Cauchy-Schwarz’s inequality. O

Lemma B.2.5 (Uniqueness of weak solutions). For p™ : T - [0,1] a measurable initial profile the weak

solution of (L.2]) in the sense of Definition is unique.

Proof. For m € (0,1) our weak formulation can be shown to be equivalent to

(pt, Gt) = <piniaGO) = [Ot {(pSaﬁsGs) + ((ps)maauuGs>}d57 Vte (0,17,

where G € C12([0,T] x T). Recall also that we already showed, in Proposition that there exists
a solution p € L2([0,T]; H'(T)). Let p™, p® be two solutions starting from the same initial data and

write w = p() = p) . Then we have the following equation

(we, Gy) = [Ot {(wmaSGs} + ((Pgl))m - (pg))m,auuGs)}ds =0.

We will write (p()™ - (p)™ as a function of w. To do so, we consider the binomial expansion of these

powers. Since m € (0,1) we have

()™ = (=3

k>1

(V)@= ==y,
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It is important to truncate now the series at some step ¢ which will be taken to infinity later on. Let

{eN,. Then
m
=0W™).
() -eem

2

k>0+1

(f)‘((1—p<2>>k—<1—p‘1>>k)s 2

k>0+1

As such, from (B.8)
¢ im ¢
S|P -p®) - - pM)) sw y
=1 I\E o

G

_ p(Q)’ 1- p(l)) = wi?

where we shorten V¥ (u) = Ve(pgl)(u),pg)(u)) and vg(s,u) = vi(1 - psl)(u) 1- p52)(u)) Note that for
each ¢ fixed we have the crude upper bound

P 4
Vi (u) <

(-0t

This truncation allows us to obtain

t t
Iym _ ¢ 2\m £
fo (D)™ = (p2) ,8uuGs)dssfo (V00 Go)ds + - f f|auuG (w)|duds.

Because for each fixed ¢ we have V* € LP([0,t] x T), for any 1 < p < oo, one can approximate V* by a
sequence of functions in C*([0,t]; L*(T)), with ¢ € [0,T], and with respect to the L?([0,¢] x T) norm.

Let ¢ be some positive mollifier and define . = ¢ *p(e™! -) for € > 0. Define
V5 (u) = VE(u) * e

Note that V%< e LP([0,T]xT) for any 1 < p < oo because V* is uniformly bounded in both time and space.
Denote by f the Fourier transformation of a function f defined on [0,t]. From Parseval-Plancherel’s

identity we have the isometry

V20 = VA0 oy = [V = T o = | ) [P @[ 1 - e

L£2([0,t])
Because the mollifier is normalized and positive,
1-g@ls [ eea-ela

where B.(0) is the open ball in T centred in zero and with radius € > 0. Since e™ > 1 -z we can see that

sup [(1—e™%)|< sup |ivg] <€lg].
veB(0) veB:(0)

With this we obtain the estimate

V5 (u) - V( u)||L2 (0.4]) S [[Ot|‘7.é(7)(§)‘2|€|2d€r <te [fot‘m(f)rdfr :t€||Vé(“)”L2([o,t])

and the right-hand side of the previous display is no larger than a constant times t3ef1™. In particular,

from Cauchy-Schwarz’s inequality

t t
/ (ws‘/f,auuGs)dSSf <wSVvs&€76uuGs>d3
0 0
¢ 4 Le 2 % t 2 %
+fT[f |V (u) = Vi (w)] ds] [f 10uuGs (u)] ds] du.
0 0
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From the previous computations and again from the Cauchy-Schwarz’s inequality, the second line in last

display is bounded above by t%eﬁl‘mH@uuGHLQ([O,t]@). We just showed that

t 1
(wy, Gy) S [0 fqrws(u){asgs(u) + VE ()0 G (u) }duds + 207 (1 + €t6) 00 G 2 (0 11m)-

We want to fix G as a solution to the backwards problem

{(%f +A0uuf =0, (s,u)e[0,t)xT, (B.9)

f(t’u) = ¢(u)a ueT,

with ¢ to be chosen suitably later on. This is a well-posed problem and has a solution f € C12([0,¢] x T)
given some conditions on ¢ and A: under the new time 7 =t — s a solution to this problem is equivalently

a solution to

079 = Aouug, (7—7 u) € (O,t] x T,
9(0,u) = ¢(u), ueT.

According to [20, Thm. 4.5, Ch. 6, Sec. 4], for A positive and bounded uniformly in [0,¢] x T, continuous
with respect to time (uniformly in T) and a—Hoélder continuous with respect to the space variable; and
¢ a continuous function, there exists a solution to this Cauchy problem in C*2([0,¢] x T). Note that
we have already checked that V¢ satisfies all the requirements for A above (for ¢ fixed) except the
Holder continuity condition. Noting that p(*), p(?) is %—Hélder so is V. To see this we sum and subtract

appropriate terms and use the triangle inequality to estimate
k-1 s
ok (s,2) = o (5,9)| < [p{ (y) = p§ (@) 3 wi (1= p8P (), 1= p{V () (1 = p82) (2))* 7
i=0
2 2 g 2 2 1 i 7.2 1
+ 102 () = 082 (@) X vka-i (1= p (@), 1= 02 (1)) (1= p{ (2))" 5 K|z -y
i=0
In this way,

k) = ok 0) = 2l = [ el =) () e <Kt [ (s - ryar.

Recalling that the integral on the right-hand side equals one, we see that
(%)
k

In this way, fixing our test function as G = f with A\ = V¢ we see that

14 1
Vic(@) -Vl < 3 ok () = vk (- y) * pe(s)] § |z —y[2 27,

k=1

(we, ) St2L7™ (1 + €tl) ||8UUGHL2([O,t]x’]I‘)

and we need to estimate the integral on the right-hand side above.

Let us multiply both sides of by 0..G and integrate once in space and time, obtaining

t t
0= f f 0,GOyuGduds + f f V| 9hu G2 duds.
0 T 0 T

An integration by parts on the first integral on the right-hand side above yields

—/Othau(asG)aquuds:—%/()thas (8,G)* duds
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-1 [{(0uGi())* - (uGo(w))*} du,
2JT

Using the terminal condition and bounding from below (9,Go(u))? >0 and V¥ > m we conclude that

¢ 2 1 2
fo /T\auuG| duds < %H(b,HL?(T)'

With this, and fixing € = 1/¢ we obtain

(we, d) S 2™ L+ )¢ oy (B.10)

Denoting by w* the positive/negative part of w, we want to fix ¢(-) = Liyer: w, (u)0} (£, ), obtaining that
pM < p ae., and analogously take ¢(-) = 1fueT: w, (u)<0} (¢, ), obtaining instead pM > p?) and leading
to pM = p@) ae. To do so we need to consider in a sequence (¢n), ¢ C(T) converging to ¢ at
least in L? and such that | Ol p2(ry < oo for all n > 0. Regarding the convergence, since ¢ ¢ L?(T) and
C(T) is dense in LP(T) for all 1 < p < oo, there is a sequence of continuous functions (¢, ), approximating
¢ in L%(T). This sequence of continuous functions can be approximated (in L?) by a sequence of smooth
functions (¢, )k vie mollification. We fix one of these smooth representatives as the terminal condition
on the problem (B.9). Taking the limit £ - +o0 in and then the limits on n and k, and recalling
that ¢ € [0,T] is arbitrary concludes the proof.

O

B.3 Auxiliary results

Lemma B.3.1. For any m e R, and any k € N, such that k > 2, it holds

HmmmW%—mm<Km—ﬁ%}ﬁﬂ@dﬂkﬂMN<1

m(k+1)m k (k- m)™ ¥ pm

where the T'—function is defined, for any z € C such that Re(z) >0, as

+oo
I(z) = f e du.
0
Proof. The binomial coefficients have the following classical representation in terms of the I'-function

(mk_ 1) T T(k +1;)(1731(371 N

From the reflection formula

™

P(m-k)T(k+1-m)= ma

we can rewrite

(m - 1) _ sin(w(m-k)) D(m)I'(k+1-m)
k ™ I'(k+1)

Recall now the B—function, defined on z,w € C: Re(z),Re(w) >0, as

1 +o00 Sw—l
B(z,w) = f v (1 -v) e = f ———ds,
0 0

(s+1)w+?
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where the equality of the representations above can be checked by performing the change of variables
v =s/(s+1) on the first integral. From the definition of I', one can show the following classical relationship
between the I" and B functions, for all z,w € C: Re(z),Re(w) > 0:

_ T (w)

B(zw) = I'(z+w)

In this way, we can rewrite

(mkj 1) = 7sin(7r(:1 — k))B(m, kE+1-m).

Recall that for k& > 2 holds (m — 1), = (=1)¥""]|(m - 1),|. Noticing that B(m,k +1-m) > 0, we then
have that sin(7(m - k)) = (=1)*l"|sin(7(m - k))| and we need only to find an upper and lower bound
for the B—function. From the inequality e® > 1 + z, valid for = € R, the rescaling v = u/(w - 1) with w > 1

on
+o0 +00
I'(z) = f we T du = (w - 1)* f v e DV s (w-1)7B(z,w),
0 0
and from the rescaling v = u/(z + w)?,
+00 +oo
I'(z) = f w* e du = (2 + w)? [ v ey < (2 + w)*B(z,w).
0 0

We conclude that

I'(m)

_tm) _L(m)
(k+1)m

B 1- .
<B(m,k+ m)<(k—m)m

We now prove Lemma [3.2.15

Proof. From [9] we have the following expression

i k+1  j-1 3 j
Wy =% TT »@)-> II @) (B.11)
J=1i=j(k+1) J=li=—(k+1)+j
i#0
Expression (3.15]) is a consequence of a rearrangement which turns out to be fundamental for maintaining

{ with no restrictions. Indeed, we can rewrite

k+1 g-1 k J k Kk j-1
n@)->  II 2@ =TIn@+ @O)-nG)) I @)
§=1i=j—(k+1) G=1i=—(k+1)+j i=0 j=1 i=—(k+1)+j
i#0 i#0
Note that
. ‘7_1 . ]_1 . j .
) -nG)) II =@= TI =26G)- I 2.
i=—(k+1)+j i=—(k+1)+j i=—(k+1)+j
i#0 1#0

Now we reorganize the products on the second term above. For n e [-(k+ 1) + 4,7 — 1] we have

J J J
[T #@)=m®)-nn+1)) JI a6+ I «26)
i=—(k+1)+j i=—(k+1)+j i=—(k+1)+j
i#n+1 i#n,n+1 1#n
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Observing that a change of variables yields

: : = , (k)
[T »@= I  a@+n)=s(mn),
i=—(k+1)+j i=—(k+1)+j-n
i#=n,n+1 i#0,1

by iteration we see that

i i i-1
[T n()= TI #26)-X06)-n(i+1)s)(mm).
i=—(k+1)+j i=—(k+1)+j 1=0

%0 i)

Exchanging the summations and performing a change of variables,

k
2
j=1

j-1 k-1 k—1i
L (0(0) (i + 1)) (7im) = ICORICEINDY s (7,

i=

which ends the proof.
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C.1 Casen,k=2

Here we exemplify, for the case n = 2 and k = 2, the approach to derive the linear system characterizing
the gradient condition, . For the convenience of the reader, we recall from that our kinetic
constraints take, in general, the form of

n+k
D () = 3 S ag I (4 M), (1)

j=0 iel

and that for the particular case of n, k = 2 the sets in the previous display are given by

-+ Py
i/j 0 1 2 3 4

J -J+ M; 1 {2,3} | {-1,2} | {-2,-1} | {-3,-2} | {-4,-3}

0 {2,3,4,5} 2 {2,4} | {-1,3} {-2,2} {-3,-1} | {-4,-2}

1 {-1,2,3,4} 3 1 {2,5} | {-1,4} | {-2,3} {-3,2} | {-4,-1}

2 {-2,-1,2,3} 4 {3,4} {2,3} {-1,2} {-2,-1} | {-3,-2}

3 {-3,-2,-1,2} 5 | {3,5} | {2,4} {-1,3} {-2,2} | {-3,-1}

4| {-4,-3,-2,-1} 6 {4,5} {3,4} {2,3} {-1,2} {-2,-1}
Figure C.1: Windows where Figure C.2: Sets corresponding to the sites with flipped
the constraints are imposed. occupation (n7j+Pi-7).

We also find worth recalling Definition [£.2.3]and Lemmal[4.2.5] With the aid of the two previous tables
we can see, for example, that for (i,7) = (1,0) we have nT0 (=0 + My) = (1 - n(2))(1 - n(3))n(4)n(5).

The starting point is to distribute the products of functions of the occupation variables in . This
leads, in general, to

k
£

Z Z Z(_I)Z(T—]n)([MJ\Pl]] qujq)a

£=0 (i,5)eIxJ g=1

() =
(")

with the sets of the form ijq as in Definition m We will focus on each term of the summation

¢

ijq
Pr+e(M;). In order to do so, recalling the introduction of the map ® in (4.9), it is enough to consider
the sets M = ®;'(M;), P; = ®;'(P;;) and Qi = ®;'(Qijq) and to identify [M\P;]u qu as an element

of Ppwe(M). This will induce a map 1 defined through v (i,q) = i’ <> [M\P;]uQf, = Pi* € Ppoo(M).

(2

over ¢ separately. The first goal is to identify each set of the form [M;\P;;]u Qj,, as an element of

The rationale is the following
P, — Qi e Po(P;) » Pp*t = [M\P,]uQf, € Prso(M) — ¥y (i,q) =14’ (C.2)

One can then "introduce' the j—th window by an application of the map ®;. Concretely, by observing
that
[M\P;]u qu = P e Pse(M) [M;\Pi;] v ijq = Pi’r’?—g € Prve(M;),

where Pﬁ;z = <I>j(PZ-"+£), and as such one can extend the map 1, by defining v; ,(¢,q) = 1e(4,q) =7’

e Term ¢ =0:
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Because £ = 0 we have that Py(P;) = {@} and as consequence every "Q-set" is identified with &, hence
M\P; is simply the complement of P; in M. One then needs only to fix some index for the elements of

Pr+e(M). The rationale in (C.2) is presented in the next figure.

PIY0 = 0,3} H o (4,1) =3

Figure C.1: ¢ =0: Construction of the map ).

Identifying the map ;¢ leads to the sets in the next figure.

_j + Pi?+0
0 1 2 3 4
{273} {_172} {_2’_15} {_37_2’} {
{274} {_173} {_272} {_37_17} {
{275} {_174} {_253} {_3’2} {
{3,4} | {2,3} {-1,2} | {-2,-1,} i—
{

{3,5} | {2,4} {-1,3} {-2,2}
{4,5} | {3,4} {2,3} {-1,2}

Figure C.3: ¢ =0: Sets generated by {-j + [M,;\P;;]u ijq}(i’j)dzu’lgqg(?).

A multiplication of the rates by (1) —n(0) leads then to the sets in the next two figures.

[+ PrTo{0} = 5 + (P )

i\j 0 1 2 3 4

1 {0,2,3} | {-1,0,2} | {-2,-1,0} | {-3,-2,0} | {-4,-3,0}
2 {03274} {_17033} {_27032} {_37_130} {_43_270}
3 1{0,2,5} | {-1,0,4} | {-2,0,3} {-3,0,2} | {-4,-1,0}
4 {0a3a4} {0a273} {_170a2} {_27_130} {_Sa_QaO}
5 | {0,3,5} | {0,2,4} {-1,0,3} {-2,0,2} | {-3,-1,0}
6 | {0,4,5} | {0,3,4} {0,2,3} {-1,0,2} | {-2,-1,0}

Figure C.4: ¢ =0: Sets resulting from the multiplication with 1(0).

[-j+PrTu{l}

i\j 0 1 2 3 1

1 [ {1,2,3) | {-1,1,2} | {-2,-1,1} | {-3,-2,1} | {-4,-3,1}
2 | {1,2,4} | {-1,1,3} | {-2,1,2} | {-3,-1,1} | {-4,-2,1}
3 [ {1,2,5) | {-1,1,4} | {-2,1,3} | {-3,1,2} | {-4,-1,1}
4 [ {1,3,4y | {1,2,3} | {-1,1,2} | {-2,-1,1} | {-3,-2,1}
5 [ {1,3,5} | {1,2,4} | {-1,1,3} | {-2,1,2} | {-3,-1,1}
6 | {1,4,5} | {1,3,4} | {1,2,3} | {-1,1,2} | {-2,-1,1}

Figure C.5: ¢ =0: Sets resulting from the multiplication with n(1).

The first layer of translations corresponds to translating each window (with its respective constraints)
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to the origin. With this, one obtains the sets in the next two figures.

PO u{j+1}

0 1 2 3 4
{1,2,3} | {0,2,3} | {0,1,3} | {0,1,4} | {0,1,5}
{1,2,4} | {0,2,4} | {0,3,4} | {0,2,4} | {0,2,5}
{1,2,5} | {0,2,5} | {0,3,5} | 10,4,5} | {0,3,5
{1,3,4} | {2,3,4} | {1,3,4} | {1,2,4} | {1,2,5}
(1,3,5) | {2.3,5) | {1.3,5} | {1,4,5} | {1,3,5}
{1,4,5} | {2,4,5} | {3,4,5} | {2,4,5} | {2,3,5}

-
@@%WMHQ.

Figure C.6: ¢ = 0: Sets resulting from the removal of the first layer of translations, each associated with
multiplying by n(1).

P u iy}
0 1 2 3 4

{0,2,3} | {0,1,3] | {0,1,2} | {0,1,3} | {0,1,4}
{0,2,4} | {0,1,4} | {0,2,4} | {0,2,3} | {0,2,4}
{0,2,5} | {0,1,5} | {0,2,5} | {0,3,5} | {0,3,4}
{0,3,4} | {1,3,4} | {1,2,4} | {1,2,3} | {1,2,4}
{0,3,5} | {1,3,5) | {1,2,5} | {1,3,5} | {1,3,4}
{0,4,5} | {1,4,5) | {2.4,5} | {2,3,5} | {2,3,4)

=
GJUY»&OJI\DHQ‘

Figure C.7: ¢ = 0: Sets resulting from the removal of the first layer of translations, each associated with
multiplying by 1(0).

The second layer of translations corresponds to translating to the origin each set in the previous two

figures. This leads to the sets in the next two figures.

A:;AJ,U
0 1 2 3 4
{0,2,3} | {0,1,3} | {0,1,2} | {0,1,3} | {0,1,4}
{0,2,4} | {0,1,4} | {0,2,4} | {0,2,3} | {0,2,4}
{0,2,5} | {0,1,5} | {0,2,5} | {0,3,5} | {0,3,4}
{0,3,4} | {0,2,3} | {0,1,3} | {0,1,2} | {0,1,3}
{0,3,5} | {0,2,4} | {0,1,4} | {0,2,4} | {0,2,3}
{0,4,5} | {0,3,4} | {0,2,3} | {0,1,3} | {0,1,2}

-
@Cﬂ»&@l\)bﬁh.

Figure C.8: ¢ =0: Sets associated with the multiplication by 7(0) translated to the origin.

A;Ljﬂ),l
0 1 2 3 4
{0,1,2} | {0,2,3} | {0,1,3} | {0,1,4} | {0,1,5}
{0,1,3} | {0,2,4} | {0,3,4} | {0,2,4} | {0,2,5}
{0,1,4} | {0,2,5} | {0,3,5} | {0,4,5} | {0,3,5}
{0,2,3} | {0,1,2} | {0,2,3} | {0,1,3} | {0,1,4}
{0,2,4} | {0,1,3} | {0,2,4} | {0,3,4} | {0,2,4}
{0,3,4} [ {0,2,3} [ {0,1,2} | {0,2,3} | {0,1,3}

.

=
GbUY»kal\Db—lk)‘

Figure C.9: ¢ =0: Sets associated with the multiplication by n(1) translated to the origin.

In the next table, the first column corresponds to all the unique sets in Figures and the
second (resp. third) column corresponds to the indexes (i,7) € Iy x J of the sets in Figure (resp.
Figure [C.9) associated with the set in the first column. A concrete example is the following. Consider
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z =0, (,7) = (3,0) and the set A?;O’w = A;BO’O ={0,2,5}, presented in Figure For x = 0 still, we
also have that (4,7) = (3,2) corresponds to AQEO’O ={0,2,5} and so the indexes (i,7) € {(3,0),(3,2)} all
correspond to the set {0,2,5}, for = 0, and in this way they belong to the same class in the quotient
space Cy 9. For z = 1 we have that (4,7) € {(3,1),(2,4)} is also associated with the set {0,2,5} (see Figure

C.9).

AP Coo Cen
{0,2,3} | {(1,0),(4,1),(6,2),(2,3),(5,4)} | {(4,0),(1,1),(6,1),(4,2),(6,3)}
{0,2,4} | {(2,0),(5,1),(2,2),(5,3),(2,4)} | {(5,0),(2,1),(5,2),(2,3),(5,4)}
{0,2,5} 1(3,0),(3,2)} {(3,1),(2,4)}
{0,3,4} {(4,0),(6,1),(3,4)} {(6,0),(2,2),(5,3)}
{0,3,5} {(5,0),(3,3)} {(3,2),(3,4)}
{0,4,5} {(6,0)} {(3,3)}
{0,1,3} | {(1,1),(4,2),(1,3),(6,3), (4,4} | {(2,0),(5,1),(1,2),(4,3),(6,4)}
{0,1,4} {(2,1),(5,2),(1,4)} {(3,0),(1,3), (4,4)}
{0,1,5} {3, 1)} {(1,4)}
{0,1,2} {(1,2),(4,3),(6,4)} {(1,0),(4,1),(6,2)}

Figure C.10: ¢ =0: Equivalence classes of indexes and the corresponding "A-set".

In conclusion, in the second (resp. third) column above we have the equivalence classes of the indexes
that originate from multiplying the constraints by 7(0) (resp. 7(1)); in the first column the unique sets
that are obtained by translating every element of P,.o(M;), for each 0 < j < n+k =4, to the origin;
and the correspondence between the second and third columns provides a bijection between Cy ¢ and C 1,

which can be extended into a permutation ¢, over I, x J.
e Term ¢ =1:

Following the same procedure, the rationale in (C.2)) provides the map v, which, in turn, provides 1; .
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[#1(.1). (5. 1. (6, D) = (1}

[v1d2 1D, @D, (6.2 = (2}

[v1({(1L. D, (4.2), (5, )1 = {3}

[v1((1.2). 2.9, 6. 9D = (4}

Figure C.2: ¢ =1: Construction of the map 1.

The sets appearing in the product ¢(™*® (n)(n(1) —1(0)) are presented in the next two figures.

[+ P ]u{o}
i\j 0 1 2 3 4
1 1|{0,2,3,4} | {-1,0,2,3} | {-2,-1,0,2} | {-3,-2,-1,0} | {-4,-3,-2,0}
2 1{0,2,3,5} | {-1,0,2,4} | {-2,-1,0,3} | {-3,-2,0,2} | {-4,-3,-1,0}
3 |1{0,2,4,5} | {-1,0,3,4} | {-2,0,2,3} {-3,-1,0,2} | {-4,-2,-1,0}
4 140,3,4,5} | {0,2,3,4} {-1,0,2,3} {-2,-1,0,2} | {-3,-2,-1,0}
Figure C.11: ¢ =1: Sets resulting from the multiplication with 7(0).
[+ P u {1}
i\j 0 1 2 3 4
11 {1,2,3,4} | {-1,1,2,3} | {-2,-1,1,2} | {-3,-2,-1,1} | {-4,-3,-2,1}
2 | {1,2,3,5} | {-1,1,2,4} | {-2,-1,1,3} | {-3,-2,1,2} | {-4,-3,-1,1}
3 1 {1,2,4,5} | {-1,1,3,4} | {-2,1,2,3} {-3,-1,1,2} | {-4,-2,-1,1}
4 1 {1,3,4,5} | {1,2,3,4} {-1,1,2,3} {-2,-1,1,2} | {-3,-2,-1,1}

Figure C.12: £ =1: Sets resulting from the multiplication with n(1).

The first layer of translations leads to the following.
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n+1 -
Pif u{j}
2

W\j 0 1 3 1

1 |{0,2,3,4} | {0,1,3,4} | {0,1,2,4} | {0,1,2,3} | {0,1,2,4}
2 1 {0,2,3,5} | {0,1,3,5} | {0,1,2,5} | {0,1,3,5} | {0,1,3,4}
3 1{0,2,4,5} | {0,1,4,5} | {0,2,4,5} | {0,2,3,5} | {0,2,3,4}
4 1{0,3,4,5} | {1,3,4,5} | {1,2,4,5} | {1,2,3,5} | {1,2,3,4}

Figure C.13: ¢ = 1: Sets resulting from the removal of the first layer of translations, each associated with

multiplying by 1(0).

Pt u{j+1}

i\j 0 1 2 3 1

1 [{1,2,3,4} | {0,2,3,4} | {0,1,3,4} | {0,1,2,4} | {0,1,2,5}
2 | {1,2,3,5} | {0,2,3,5} | {0,1,3,5} | {0,1,4,5} | {0,1,3,5}
3 | {1,2,4,5} | {0,2,4,5} | {0,3,4,5} | {0,2,4,5} | {0,2,3,5}
4 | {1,3,4,5 | {2,3,4,5} | {1,3,4,5} | {1,2,4,5} | {1,2,3,5}

Figure C.14: ¢ = 1: Sets resulting from the removal of the first layer of translations, each associated with

multiplying by 7n(1).

The "A-sets" corresponding to the second layer of translations are presented in the next two figures.

AZJrl,U
i\j 0 1 2 3 4
1 {0727374} {0717374} {0717274} {07172)3} {071?274}
2 [40,2,3,5) | {0,1,3,5} | {0,1,2,5} | {0,1,3,5} | {0,1,3,4}
3 {0727475} {0717475} {0727455} {07 27355} {07 27374}
4 110,3,4,5} | {0,2,3,4} [ {0,1,3,4} | {0,1,2,4} | {0,1,2,3}

Figure C.15: /= 1: Sets associated with the multiplication by 7(0) translated to the origin.

A;?Ll
i\j 0 1 2 3 4
1 {0717273} {0727374} {0717374} {07172)4} {071?275}
2 [{0,1,2,4} [ {0,2,3,5} | {0,1,3,5} | {0,1,4,5} | {0,1,3,5}
3 {0717374} {0727475} {07 37455} {07 274)5} {07 2?375}
4 110,2,3,4} | {0,1,2,3Y [ {0,2,3,4} | {0,1,3,4} | {0,1,2,4}

Figure C.16: /= 1: Sets associated with the multiplication by (1) translated to the origin.

Comparing the previous two figures leads to the identification of the equivalence classes of the indexes.

Figure C.17: ¢ =1: Equivalence classes of indexes and the corresponding "A-set".

Ac Ceo0 Cea
{0,1,2,3} {(1,3),(4,4)} {(1,0),(4,1)}
{0,1,2,4} | {(1,2),(1,4),(4,3)} | {(2,0),(1,3),(4,4)}
{0,1,2,5} {(2,2)} {(1,4)}
{0,1,3,4} | {(1,1),(2,4),(4,2)} | {(1,2),(3,0),(4,3)}
{0,1,3,5} {(2,1),(2,3)} {(2,2),(2,4)}
{0,1,4,5} {3, 1)} {(2,3)}
{0,2,3,4} | {(1,0),(4,1),3,4)} | {(1,1),(4,0),(4,2)}
{0,2,3,5} {(2,0),(3,3)} {(2,1),(3,4)}
{0,2,4,5} {(3,0),(3,2)} {(3,1),(3,3)}
{0,3,4,5} {(4,0)} {3,2)}




C.1.1 Linear system characterizing the gradient property.

The correspondence between the equivalence classes in Figure [C.10] and [C.17] provide a linear system
for the "b—coefficients" (as in ) From the map v;¢, for each j € J, 0 < £ < n +k, the original
"a—coefficients" (as in Definition can be recovered, yielding the following linear system, where we
remark that the last line corresponds to the equations for the case ¢ = 2, which in turn corresponds simply

to the PMM(4), as explained just before (4.16]).

ai2+azygt+azitassz+aso=ai,1tayztazoptaszatae;
a1 tazs3+asotasa+tas4=0a20+az2+a24+asi1+as3
aq0taq2=0a41+054
a1 +aszp+ta44=0a10+0az3+as2
a2,0tA43 =042 t0A44
a1,0 =043
a13+taza+azastaes1 tae3=0a1,4+az1+as33+asop+ae2
22 t+as1 +064 =034 +t0aq0+ 06,3
aq,1 = Q6,4
a14+az3z+ag2 =012 +as31+0ago
aj1taiatazyt+tazpotaszltasst+asotasataso=ai0tai2+azo+az2tazot+az+azztasi+ae
ayj3tazotago+as3+tasz+ago=a14+a21+0a41+taq44+as54+0ae1
ajotaiztagot+agetasotasz=ai1+a13+a41+aq43+asi+as3
a10tazptaszo=a12+aq2+as2
a12+taza2+taz4+as1+azz2+aqgq+asi+ae1t+ae4=0a10+a13+az3+azz+a33+aqp+aso+as2+ag?2

az1tazztag; +a43+ae1+a3=0a22+t024+a12+ta44+0a62+ 064

ay1tagntasy =az23+a43+0a63

ay3taz3+tazz+a33+azqatas2+as4+a62+ta64=0a14+a20+0a24+0a33+a34+a40+0a53+0ag0+0a6,3
Q22+t aq2+062 =034 1t0a54 + 06,4
a14tazqg+tazst+taszqgtassztasgsz=ai1+azit+azo+asit+taso+aeo

Zaijzl, VjEJ

iel
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Above, the first 10 equations correspond to ¢ = 0; the equations Y;.; a;; = 1 for all j € J correspond to
£ = 2; while the rest to £ = 1. The previous system can then be reduced to

aj,o+tazsz=ap1+ai2
a1,0+a20+0as2+a24=2a11+a13+az
2a12+az1=a1,1+a13+a1,4
ayjot+tai2+azot+taz2+azopt+aszz= 20,171 + 2041’4 + 20,2’1
aszataqao=0a12taz2
a4,3 = 01,0
Q4,2 +Aq44=01,0+0a20
ayot+ 2(11,2 tago0+az2+taszo+azszt+taso= 3a171 + 20,173 ta14+az21tasq
(C.3)
a12+taq2+as2=0a10+azo+aso
ai2+agsz+as1+as1+ass3=2a1,1 +a13+0ai4+a2,1
azatag1tass=a12+a22+a42
ai1+ai3+ago=2a12+0as3
a41tasit+tag1=ai1+ai2+ay3
ag2 = G1,2

a12+0ae3 =041 +051

ae,4 = Q4,1
C.1.2 Linear system characterizing the potential’s invariance.

In this subsection we: prove Proposition where we derive an additional set of conditions on
the weights a so that the potential h(™*%) is related with the potential corresponding to the uniform
choice, h(™*): and show that the linear system characterizing the gradient condition (see , when
extended with the aforementioned conditions, has a non-uniform solution for the particular case n, k = 2.
We developed a Mathematica routine in order to obtain and help us solve these linear systems for any
value of n and k, and we were able to obtain multiple non-uniform solutions for varied values of n and k.
However, we were not able to prove this rigorously. For that reason, Proposition [C.1.1]is not empty for
n,k = 2 only, as we provide an example, yet we are confident that non-uniform solutions exist for every

value of n and k.

Proposition C.1.1. If, for each 0 < ¢ < k and c € Cp1 such that max(A.) # n+k+ 1, the following

equations are satisfied, for 1 <p<n+k—-max(A.),

0,1 ¢ ¢,0 _ 4
Z 1{]91']' —p}bz‘j_ Z 1{p¢e(i,j)_p}b¢z(i71)

(4,5)ec (i,5)ec
(n+€) (04)
> ”pf}l =n+k+1- max(Ag)}bfj = (nfk) + l{pi?(i,j) =n+k+1- max(Ag)}bfj,
(i,5)ec k (i,4)ec

then h{™"® = h{™F) " yith WM a5 in [@25).
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Proof. Recalling the expression for h{"**® () from ([@.14),

£,1 2,0
; k Py 1 Pyt
W"E0 ) = DY T Y (A -, Y () (Al (C.5)
£=0 ceCe,1 (4,5)€c y=0 y=0

fixed ¢ and ¢ € Cy,1, from the property (1) in Lemma [4.2.20| the summation over (i,7) € ¢ in hg"’k;a)(n)

can be expressed as

n+k-max(A.) p-1
Z Z(Tyn)(Ag)
p=1 y=0

n+k+l-max(A.)-1

+ Z (rym) (Ae) x

y=0

IANE ¢ 2,0 _ 14
Z 1{P¢j =p}bi; — Z 1{p¢g(i,j)_p}b¢e(i;j)}

(#:5)ec (4,5)ec

x { Z l{pfj’.1 =n+k+1-max(A.) # O}bfj - Z 1{pf;?(i’j) =n+k+1-max(A.) # O}bfb@(i,j)} .
(4,5)ec (i,§)ec

If the weights a are such that (C.4)) is satisfied, one obtains that (C.5) equals (4.27)), which concludes the
proof. O

We now present the additional linear system in Proposition for the case n,k = 2. We omit the
case £ =2 as it is associated with the PMM(4). The equations in the first line of (C.4) are, in this case,

a4 tazi1=azp+asz2
az2+tazq4=0a33+asp0
a1,4+az3z=as1+0as0 (06)

Q14 tazstazas=azot+asotaso,

with the first 3 equations corresponding to £ = 0 and the last to £ = 1. The equations in the second line
in (C.4)) are

1/6 +tai2=0a11+a13
1/6 tag1+a23=020+t0a22+ 024
1/6 +tai1=a1,0+a23
1/6 +ta13=0a1,4+021
]./6 +ta22 =034+ Q4,0
(C.7)
1/6 =a1,2
1/2 tai1t+az;+asi1=ay0+tai2tazogt+tazz+asotas2
1/2 tai2+az2tazz=a10+ai13tazs3+azsztaso+aso
1/2 ta13+a23+ta33=014+0a20t0a24+0a34 1040+ 06,0

1/2 =ai1t+a21+tas;

and the first 6 equations correspond to ¢ = 0. The extended system composed by the equations in

(IC.3),(C.6) and (C.7)) can be reduced to
az 1 =0a14

a4.3 = Q1,0
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ag,0 = 43,3
ag 4 = 041
Q42 tAq44=0a10ta20
ap2 = 1/6
ae2 = 1/6
a1,0tass= 1/6 +ai1
az4taqo = 1/6 +ag22
a41 tas1 = ]./6 + 06,3
ai,o + a0 + aso = ]./6 + a4.2 + as.2
aszqatagytasqs= 1/6 taz2+a42
1,1 + a1z = 1/3
1,1 + 1.4 + a1 = 1/2
a4,1 +tas1 t0ag1 = 1/2
asz 3 + a4,1 + as,1 + as5.3 = 2/3
ayo+ aj 4 tag20t+a22taz24 = 5/6
ajotazotazz+azo+aszs= 5/6

a10tagptazztazopotazszt+taso= 5/6 +as4.

A particular solution is

(227

0 1 2 3 4

0 0 1/6 | 1/3 0

0 |1/2] 0 |1/6|5/6
16 0 [2/3] 010
16 0] 01 010
2/311/2] 0 [1/6 | 1/6

0] 0 [1/6]1/3] 0

~
CDU‘»-BCJJL\D»—*§~

Figure C.18: n, k = 2: Particular solution of the extended system.

C.2 Regularity of the solution

Let H € C?([0,1]) be an increasing non-negative function (in particular, H’ is non-negative). Our
goal is to deduce the regularity of p from the regularity of H(p). Consider the map V defined for any
x,y € [0, 1] through

H(z) - H(y)
-y '

V(z,y) = (C.8)

Note that V(x,x) is well-defined because H is differentiable. Later on, the points z,y will represent

p(u), p(v), respectively, with w,v € T. In this way, in order to obtain an upper bound for |x - y| it is
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enough to obtain a lower bound for V(x,y). The main argument seems to be in the same spirit as in
[8, Lemma 7.0.2.], where H(x) = 2™ and m € N, with m > 3. For m < 2 the proof is much simpler than
for m > 3, and we recall that our proof of Proposition [B.2.1] was based on it. In both of the previously
mentioned manuscripts, the expression for V is simple enough for the authors to be able to bound it
from below algebricaly. In our case, as presented in , the expression is quite complex and obtaining
a lower bound algebricaly seems intractable. We will first study some general properties of , then
particularize to our case and proceed with monotony arguments.

Because H is differentiable, V' coincides with H' at the diagonal. Precisely, for any x € [0,1] it holds
that

0. V(z,z)=H(z).

One finds that the map V enjoys the following properties, for any x,y € [0, 1] arbitrary:
1. Symmetry: V(z,y) = V(y,x);

2. Non-negativity: V(x,y) > 0 for any = + y;

3. Zeroes: V(z,y) =0« (z,y) € {(r,r) : H'(r) =0}.

Regarding the monotonicity of V' in any direction, the partial derivatives provide important infor-
mation. Since V is symmetric and equals H' at the diagonal, let us consider only the region below the

diagonal,

{(z.y) € [0,1]* : >y}
Fixed y € [0,1] it holds that

/ _ " _
-y -y

0V (z,y) =

(C.9)
In this way, we see that

4. The critical points of V'(-,y) are the points where V (-, y) intersects the graph of H’;

5. V(-,y) is increasing if and only if V (-, y) is below the graph of H';

6. Let = = p be a critical point.

(a) If H"(p) >0 then V(p,y) is a minimum;
(b) If H"(p) <0 then V(p,y) is a maximum;
(c) If H"(p) = 0 then H'(p) = H'(y). This is consequence of 9,V (p,y) = 0 and property (7) that
we will state shortly.
Regarding the y—axis direction, fixed x € [0,1] it holds that
_ 20,V (z,y) - H"(y)

V@ =HW) 62V (ay) - ’
r—-y vy

6@!‘/(:177 y) =
which provide us directly with the following information.
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7. The critical points of V(x,-) are the points where V (x,-) intersects the graph of H';
8. V(x,-) is increasing if and only if V(z,-) is above the graph of H';
9. Let y = p be a critical point.

(a) If H"(p) >0 then V(p,y) is a maximum;
(b) If H"(p) <0 then V(p,y) is a minimum;
(c) If H"(p) =0 then H'(p) = H'(z). This is consequence of 9,V (x,p) =0 and property (4).

The previous properties gives us a full picture of the surface V' on any fixed direction. We will now

particularize to our specific case of H = H,,  where

H, i(z) = f u"(1-u)fdu and V(z,y) :le: ( )n+£+ Z iy (nt=0) (C.10)

The expression for the map V is consequence of the equality 2% —y® = (x-y) Zl "o w1 for any a € N,.
Let us fix V as in the previous display and write p = n/(n+k). We represent the behaviour of V(z,vy),

that we are now going to prove, in Figure [C.3]in the z—axis, and in Figure[C.4]in the y—axis direction.
Let us fix y € [0,1) and focus on the region {0 <y <z <1}. As z N\ y then V(z,y) = V(y,y) because

V(-,y) is continuous. Note that y = x is a critical point and from we should consider two cases:

y<pory2p.

Lemma C.2.1. Consider the region {(x,y) € [0,1]* : >y} and fiz y € [0,1).

o If y < p then there exists a unique critical point © = xo > p, V(-,y) is increasing in (y,zo) and

V(-,y) is decreasing in (xq,1];
o Ify>p then V(,,y) is decreasing in (y,1].
Fized x € (0,1], it holds the following.
o Ifx<p then V(x,-) is increasing in (0,x);

o If x > p then there exists a unique critical point y = yo < p, V(x,-) is increasing in [0,yo) and

decreasing in (yo,x).
Proof. We start with the following case.

o y<pregion {0<y<r<p<liu{0<y<p<a<l}
In this case, V(-,y) is concave up at = = y, hence V (y, ) is a local minimum. In particular V(z,y) is
increasing for values of x close to y, and V(z,y) is below the graph of H', that is, V(x,y) < H'(x).
The graph of H' is an "arc", with H'(0) = H'(1) = 0 and H'(w) increasing for w € [0, p), where
H'(p) = max,e[o,1) H'(x), and decreasing for w € (p, 1]. For this reason, since V(-,y) is increasing
there must be some xg such that V(xg,y) = H'(z¢). Note that zg > p, because if y < xg < p then
V(-,y) is also concave up at x = g, just as in x = y, which is not possible. Since x # y, it must
be the case that o > p: if 29 = p then from property 6(c) it holds that H'(y) = H'(p) which is
equivalent to y = p. Thus, V (-, y) must be decreasing in (z¢,1]. There are no more critical points

because z > p.
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e y>p, region {p<y<xz<1}.

As z Ny then V(z,y) - V(y,y) and z = y is a critical point larger than p, so V(-,y) is concave
down at x =y, hence V(-,y) is decreasing. Arguing as previously, since y > p, there is no xg such

that V(xo,y) = H' (x0).

—V(z,y) —V(z,y)
— H'(z) — H'(z)
i i i L x
0 P Zo 1 0 Y P Zo 1
y=0 y=p/2
—V(z,y) —V(z,y)
— H'(2) — H'(z)
i v i i z
0 P 1 0 P Y 1
y=p y=p+(1-p)/2

Figure C.3: Plot of V(-,y) with y fixed and n =2,k = 3.

Now we fix = and consider {0 <y <z <1}. Asy ~ x then V(z,y) > V(y,y) and y = x is a critical point.
Again, we split into two cases. The arguments will be identical to the case of x varying, and for that

reason we explain the main steps only.
o < p,region {0<y<z<p}.
Since x < p then V(z,-) concave down at V(z,z), hence V(z,-) is increasing in 0 <y < x < p. Note
that there can be no yo < = such that V(x,y0) = H'(yo).
o x>p,region {0<y<p<z<liu{0<p<y<a<1y.

We focus on {0 < p <y < ax <1}, with y decreasing up to entering the region {0 <y < p <z < 1}.
In this way, we see that V(z,-) is concave up at y =  since x > p. Then as y decreases, V(x,y)
increases. It must also be the case that there is some yg such that V(z,y0) = H' (y0), and we can
show that 0 < yg < p for x # 0, and yo = p for x = p. For y € [0,y0), because V(z,-) is decreasing if

and only if is below the graph of H’, we see that V(z,-) must be increasing,.
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— V(z,y) — V(z,y)
— H'(y) — H'(y)
| | y | y
0 T I 1 0 P 1
z =p/2 z=p
— V(z,y) — V(z,y)
— H'(y) — H'(y)
. | y | | y
0 Yo 14 z 1 0 Yo P 1
z=p+(1-p)/2 z=1

Figure C.4: Plot of V(z,-) with z fixed and n =2,k = 3.

With the previous analysis we can show the following key result.
Lemma C.2.2. For any x,y € [0,1] and any € > 0 it holds that

1 —(n
-yl <de+ ————e MNH,, 1 (2) - Hy o(y)].
n+k

+1

Proof. Note that if = y the inequality is trivially true. Due to the symmetry of V, it is enough to

consider again only the region below the diagonal. Let then z >y and split

v-y=(r-y)(Hy<z<pl+Yy<p<a}+Yp<y<a}).
Consider the following regions
« Ag={y<a<pinf{zy<el={y<z<e<pl
o Ay ={y<z<pin{zy<el®={y<e<z<pl;
e Bo={p<y<z}n{l-z,l1-y<e}={p<l-e<y<az<l};
e Bi={p<y<a}n{l-z,1-y<e}*={p<y<l-e<x<l}.

It is clear that (z —y)(1a, + 15,) < 4. Now we study V when restricted to A;. Fixed y < p, the map
V(-,y) is increasing in [¢, p) and V(¢,-) is increasing in [0, €) since € < p. In this way,

1
n+k+1

n+k

1 re 1 re
V(z,y)la, >V(e,y)>V(e,0)=- f u"(1-u)fdu> = f u"Fdu =
e Jo e Jo
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where we used that u < € implies 1 —u > € > u.
Restricted to By, the map V(-,y) is decreasing in (1 —¢,1] and V(1,-) is decreasing in (p,1 —€]. In
this way,

1

6n+k
n+k+1

1 1-€ 1 1
V(z,y)1p, >V (1,y)>V(1l,1-¢) = - fl u™ (1 —w)*du > - (1-u)"du =

Now it remains to study the region {y < p < x}. In this case, V(-,y) is increasing in (p,zo] but

decreasing in (xg, 1] and so

V(z,y)H{y <p <z} >min{V(1,y),V(p,y)}1{y < p<x}.

The map V (1,-) is increasing in [0, yo ) and decreasing in (yo, p], thus in this case V/(1,y) > min{V(1,0),V (1, p)}.
Similarly, V' (p,-) is increasing in [0, p) and V(p,y) > V(p,0). We conclude that

V(z,y)1{y < p<z}>min{V(1,p),V(1,0),V(p,0)} ==V > 0.

Note that since V is a fixed positive constant independent of ¢, then V > €"**/(n + k + 1) for € > 0 small

enough. To conclude, one gathers the lower bounds in the previous analysis. O
As consequence of the previous lemma we obtain the regularity of p from that of H, \.

Corollary C.2.3. If H,,.(p) e H'(T) , then p is —Holder continuous. Precisely,

1
2(n+k+1)

1 1
06) = p()] < (4 ()l gy ) ol T

+k+

Proof. From Lemma the regularity of H and Cauchy-Schwarz’ inequality, for any u,v € T it holds
that

1 |u—v|é
n+k+1 etk

lp(u) - p(v)] < 4e + | Hns ()| p2my-

1
Fixing € = |u — v|2*57D leads to the upper bound in the statement. O

As a final remark, our case is in fact the basis for proving the previous result for any H € C2([0,1])
monotonic with H' > 0: the essential ingredient is the description of V', in some fixed direction, restricted
to where the graph of H' is an "arc". In our case, H'(0) = H'(1) and there is a global maximum at p,
but for general H' one can split the domain [0,1] = U;[2;,z;41) where x;, 2,41 are two consecutive local
minimizers. Then, the description of V' (z,-) or V (-, y) restricted to [x;,2;.1) will be identical to the case
in Lemma Regarding Lemma one should focus on the sets where x; and/or x;,; are zeroes
of H'. The argument is analogous: for each zero of H’, one fixes two points very close to it and analyse
V when at least one of those points are farther away from the zero. As in our case, when at least one
point is far from the zero, V(z,y) must be larger than when the two are close to the zero. In our case,
this argument lead to some technical issues — one must split the domain into intervals containing only
one zero of H' so that when we focus on one zero of H' the minimum value of V' does not "escape" to
another one which provides the trivial lower bound V > 0. This is the same difficulty for general H and

is solved with the same approach, where instead of considering values of x or y larger or smaller than
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p, one replaces p by the local maximizer, between the two local minimizers x;,x;+1. This provides the
following lower bound
1 T 1 r+e
V(z,y)> min {f / H'(u)du , - [ H'(u)du},
r H'(r)=0 L € Jr—e € Jr
which can be studied, for example, with residue techniques. In order to present the arguments in a clear
way and directly related to the work in this chapter we chose to consider H = H,, j,, but the general case

will be presented by necessity in a forthcoming work.

C.3 Convergence of the fractional operators

Proof of Proposition [{.3.11]

(1) 0<y<2:

Because N7 -5 <7 er]‘v/f % Dote, ¢4 it is enough to study

N1 AL G(F)

T |v|’111‘+’y 1+’y

r=1

(C.11)

One can write

AG ZLALG L AG(Z
7( = Z ( dv + [N 7(N)dv
TRk A I

with the second integral on the right-hand side vanishing in the limit N — +oco uniformly:
2

1 1 1
v AG(% N N 1 o=t
fN 71(N)dv S NY dv:valf'de: [0277] NS .
0 vl o w7y 0 27~ v=0 "~ N2-v

In this way, the treatment of (C.11)) is reduced to the treatment of

X T& AGE) AEEE)
Z Ty 1 dvl.
BY =
=1 vl %l
Introducing ¢(v) = |v|{r(1+7)AUG(%), we see that

, A G(i) AG(5) 1

|<‘O (U)| = 1+~ 2+ 1+~
vl (LNl [oly

and from the Mean-Value Theorem,

AG(E) ArG(¥)

-]

1+ 1+vy I+ °

[l " ol

%l

In this way, (C.11]) is no larger than a positive constant times

Tzl /_r+1

Considering the scaling ©, and taking the limit N — +oco concludes the proof.

Z /r+1 % . EN—l 1 < i
S “~ L |N|1+'y N = |r|1+7 ~ N

(2) v=2:
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We want to analyse the cases when r = o(N) or not, and for that we split the summation over r into

Ir| < eN and |r| > eN for € >0 and N > 1. For r < eN, from the fact that G € C*(T) it holds that

& I%F
2

: 4 -
WL~ ArG G g
AR m £ (Nﬁ;llrl)

&l

eN 3 2
1 Z |r| _0 log(eN) and 1 Z ﬂ:O e 7
N2 N? Nt N?

|r|=1

where

and in particular

w1 it I:F _0( e )
= erl . | |2 log(eN)

For |r| > eN, one obtains

D N S PO P N
A r G <4|lG < .
e [P N e r]? T (eN)?

Considering the scaling ©,, then taking the limit N — +oo and then € - 0 concludes the proof.

(3) v>2:

In the same vein as in the previous case, for |r| < eN

oy ey LSS 7] e
ArG(§)=G"(F)xz 2 i O\

N [r|=1

where now the series )., r~(=1) is convergent since 7 > 2.

For |r| > eN one obtains

D LA NETPS Ile [y S S
——A r G <4|G oo < —
F=eN+1 |7“|1+W e |77 T (eN)Y

and as such one multiplies by ©.,, and take the appropriate limits.
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