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Abstract /Résumé

Abstract- This thesis is concerned with trajectory tracking in Linear Complemen-
tarity Systems (LCSs). LCS is a subclass of Non-Smooth Dynamical Systems (NSDS)
defined by the combination of differential equations and non-smooth constraints known
as complementarity conditions. These conditions are represented by a Linear Comple-
mentarity Problem LCP, which has the form of 0 < w 1 A > 0, where both variables
w = MM+ q and X\ are called complementarity variables. It is important to note that
the difficulty in studying LCS stems from the non-smooth constraints represented by
the complementarity problem, which can also induce state jumps. The main analytical
tools for stability analysis and control design are passivity which is an input/output
property, and the maximal monotonicity of the non-smooth part. The notion of passiv-
ity is studied before applying complementarity constraints between w, as the output of
the system, and A, considered as a virtual input. Matrix inequalities which arise from
passivity play a crucial role in the control design process; thus, solving linear matrix
inequalities (LMIs) is an important objective of this thesis.

The contributions of this work are theoretical results on the stability analysis of the
error dynamics, where the error represents the difference between the trajectories of the
real system and the desired system (i.e., the system to be tracked). First, the nominal
case without state jumps is tackled. Then, the study focuses on cases with state jumps,
analyzing stability for both jumps at initial time and further state jumps. In this case,
preserving passivity during the state jump is crucial for stability analysis. Furthermore,
the analysis is extended to the case when parametric time-varying uncertainties are
added to the dynamical system to be controlled, resulting in the boundedness of the
error under strong passivity conditions, which can be relaxed under certain conditions.
In addition, this thesis illustrates various numerical applications, with a particular
focus on electrical circuits with ideal diodes. It also presents applications on networks
with unilateral interactions and mechanical systems with unilateral springs.

Building on the theoretical contributions presented, this work is extended to address
the challenges of trajectory tracking in frictional oscillators. Frictional oscillators with
set-valued friction are studied due to their dynamics which are suitable for modeling
within the LCS framework. Relaxing strong passivity conditions is essential for the
analysis of trajectory tracking in the presence of uncertainties. Moreover, the set-
valued friction model is enhanced by including the Stribeck effect which enables us to
design a new control strategy based on passifying the friction model. The dynamics of
the frictional oscillator introduce a complex control problem when incorporating pulley-
belt dynamics into the analysis. This leads to a new contribution which is the design

i



of a controller based on backstepping strategy, since the previous theoretical results
on trajectory tracking in the nominal case could not be applied when considering the
entire dynamical system.
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Résumé- Cette these se concentre sur la poursuite de trajectoires dans les Systemes
de Complémentarité Linéaire (LCS). Les LCS sont une classe de systémes dynamiques
non lisses (NSDS) définis par la combinaison d’équations différentielles et de contraintes
non lisses aussi connues sous le nom de conditions de complémentarité. Ces conditions
sont représentées par un probléme de complémentarité linéaire (LCP), de la forme
0 <w L X >0, oules deux variables w = M\ + q et A sont appelées variables de
complémentarité. Il est important de noter que la difficulté de 1’étude des LCS vient
du caractere non-régulier des contraintes, qui peuvent également engendrer des sauts
d’état. Le principal outil analytique pour 'analyse de la stabilité et la conception des
commandes est la passivité, qui est une propriété entrée/sortie, ainsi que la mono-
tonie maximale de la partie non-réguliere. La notion de passivité est étudiée avant
d’appliquer des contraintes de complémentarité entre w, la sortie du systeme, et A,
Ientrée virtuelle. Les inégalités matricielles qui découlent de la passivité jouent un
role crucial dans le processus de conception des commandes; ainsi, la résolution des
inégalités matricielles linéaires (LMIs) est un objectif important de cette these.

Les contributions de ce travail donnent des résultats théoriques sur I’analyse de stabilité
de la dynamique d’erreur, ou l'erreur représente la différence entre les trajectoires du
systeme réel et celles du systeme désiré. Tout d’abord, le cas nominal sans sauts d’état
est abordé. Ensuite, I’étude se concentre sur les cas avec sauts d’état, en analysant
la stabilité pour des sauts au moment initial et des sauts d’état suivants. Dans ce
cas, la préservation de la passivité pendant le saut d’état est cruciale pour I'analyse
de stabilité. En outre, I’analyse est étendue au cas ou des incertitudes paramétriques
variant dans le temps sont ajoutées au modele du systeme dynamique a commander,
ce qui se traduit par une erreur bornée garantie par la passivité forte, que 'on peut
relaxer sous certaines conditions. De plus, cette these illustre diverses applications
numériques, avec un accent particulier sur les circuits électriques avec diodes idéales.
Elle présente également des applications sur des réseaux a interactions unilatérales et
des systémes mécaniques a ressort unilatéral.

En s’appuyant sur les contributions théoriques présentées, ce travail est étendu pour
relever les défis de la poursui de trajetoires dans les oscillateurs a frottement. Les
oscillateurs a frottement, dont le frottement est supposé multi-valué lorsque la vitesse
de glissement est nulle, sont étudiés en raison de leur dynamique, adaptée a la modéli-
sation dans le cadre LCS. La relaxation des conditions de passivité forte est essentielle
pour 'analyse du suivi de trajectoire en présence d’incertitudes. De plus, le modele
de frottement a valeurs multi-valué est amélioré en incluant 'effet Stribeck qui nous
permet de concevoir une nouvelle stratégie de commande basée sur la passification du
modele de frottement. Les dynamiques de l'oscillateur a frottement posent un prob-
leme de commande complexe lors de I'incorporation des dynamiques de poulie-courroie
dans I'analyse. Cela conduit a une nouvelle contribution, qui est la conception d’une
commande basée sur une stratégie appelée backstepping, car les résultats théoriques
précédents sur la poursuite de trajectoires dans le cas nominal ne peuvent pas étre
appliquées lorsque 1’on considre I’ensemble du systéme dynamique.
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Chapter 1

Introduction and Preliminaries

1.1 Introduction

Complementarity dynamical systems are a class of nonsmooth nonlinear systems, that
has received attention in the Automatic Control and Applied Mathematics literature
because of their applications in many fields like electrical circuits with nonsmooth com-
ponents, mechanical systems with unilateral contact, networks with unilateral inter-
actions, economics with projected dynamical systems, genetics, traffic flow and neural
networks, ete, see [37, 23, 81]. A Linear Complementarity System (LCS) with inputs
is a nonsmooth dynamical system defined as:

(a) @(t) = Ax(t) + BA(t) + Fu(t) (almost everywhere) (1.1)
(b) 0<A(t) L w(t)=Cx(t) + DA(t) + Fu(t) >0 '

where z € IR", A € IR™ and w € IR™, A, B, C, D, E and F are constant matrices of
appropriate dimensions, u : IR, — IR? is an exogenous signal or a control input. The
constraint in (1.1) (b) is the short form of the following three conditions: i) A(t) € IR,
ii) w(t) = Cx(t) + DA(t) + Fu(t) € RY, and 4ii) (A(t),w(t)) = 0. Such constraints
describe a linear complementarity problem (LCP), denoted LCP(D,Cz + Fu). The
LCP (1.1) (b) states that fori = 1,..., k, either \; = 0 or w; = 0. The set of constraints
corresponding to the indices where w; = 0 is the set of active constraints and it varies as
the system evolves over time. Thus, the LCS in (1.1) can transition from one operation
mode to another.

The Lyapunov-based stability of linear complementarity systems (LCS) is studied in
[46, 43, 30, 29, 74, 130, 11], and the output regulation is analyzed in [145]. Linear
Passive Complementarity system (LPCS) are investigated in [43] with some insights
provided on their stability. The trajectory tracking problem is given a solution in
[115, 114, 116, 71, 70, 33, 32, 21, 118, 117, 98, 78, 131, 132] for different systems and
using various strategies. The tracking control for mechanical systems with unilateral
constraints and/or impacts is tackled in [117, 32, 33, 78, 116]. The tracking of cyclic
trajectories which undergo constrained /unconstrained /impacting phases of motion, in-
cluding multiple constraints and multiple impacts phenomena, is studied in [33, 32,
21, 118, 117] for n-degree-of-freedom (dof) systems. Basically, in these studies, the
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Chapter 1. Introduction and Preliminaries

controllers are extended passivity-based algorithms which switch between three sub-
controllers (persistent contact with constant number of activated constraints, mode
obtained from the deactivation of one or several constraints, and impacting transition
phase between two persistent contact modes when the number of activated constraints
increases). The authors introduce the notion of weak stability, which extends Lya-
punov stability by disregarding the Lyapunov function variation during the transition
phases (nonmonotonic Lyapunov functions are used). Trajectory tracking in planar
billiards is studied in [115, 114, 116, 71, 70]. The objective is to control a two-dof
particle inside a closed compact domain when trajectories collide with the domain’s
boundary and never undergo persistent contact with it (a kind of vibro-impact systems
[26, section 1.3.2]). Tracking control for a class of hybrid systems with state jumps is
studied in [68, 20, 132], where in [68] the state feedback controller is designed with the
property that the plant’s jump times coincide with those of the reference trajectory,
while [20] proposes a novel tracking error definition that deals with the non-coinciding
jump times. It is noteworthy that in most of these articles, the desired trajectory is
suitably modified in the neighborhood of state jumps (impacts), and/or the tracking
error dynamics ’stability is tailored to the problem.

Trajectory tracking in fully-actuated complementarity Lagrangian systems has been
tackled in [115, 114, 71, 70, 33, 32, 21, 118, 117, 78, 131]. This thesis, however, is ded-
icated to trajectory tracking in LCS, which represent a class of complementarity sys-
tems different from the Lagrangian complementarity systems studied in the references
mentioned before. The main differences between Lagrangian systems with unilateral
constraints and impacts, and LCS as presented in this manuscript, are that impacts in
mechanical systems are state-dependent, see (3.39), and passivity does not hold when
the complementarity variables (i.e., the contact force multiplier and the gap function,
which is usually a nonlinear function of the position) are used as the input and output
variables to define the supply rate (see Remark 3.6.1). In passive LCS, state jumps are
essentially exogenous (i.e., they are triggered by the signal Fu(t) in the variable w in
(1.1) above), and passivity holds between the complementarity variables. Moreover the
complementarity variables are not of the same form in mechanical systems and in LCS.
In the latter they take the form of a linear function of the state, the multiplier and
an exogenous signal (see definition of LCS in (1.1)), while unilateral constraints in La-
grangian systems always have D = 0 and F' = 0 (hence excluding the strong passivity
of the closed-loop system), and usually are a nonlinear function of one part of the state
only, 7.e., positions. However, even linear unilaterally constrained Lagrangian systems
do not fit within the class of LCS studied in this thesis, because of the different nature
of state jumps as explained above. One major consequence is that state jumps can be
triggered instantaneously by the exogenous signal, which is not possible in mechanical
systems where exogenous signals (external forces and torques) do not act directly in
the complementarity constraints. The way the desired trajectories are designed in the
above works and in this manuscript, are quite different as well. When the unilateral
constraints are replaced by unilateral springs, things differ significantly as illustrated
in section 3.6.

Certainly, the frameworks that are the closest to what is presented in the sequel, are in
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[145] and [98] (though the class of studied systems is not the same, and the robustness
analysis is not led in [98]). The output regulation problem tackled in [145] differs from
the problem tackled in this work. First, the desired systems are different: The desired
system to be tracked is defined by the dynamics of the quadruple (A,,G,, H,, J,) as
mentioned in [145] which is different from the real system defined. It is noticeable
that the controller w in [145] is introduced only in the ordinary differential equation
(ODE) of the real system, but not in the variational inequality (VI). Besides, there
is no presence of a desired controller uy in the desired system, which is autonomous.
Second, the objectives are different: In the presence of uncertainties, the real and the
desired systems have different dynamics. Hence, in this case, the aim of the regulation
problem in [145] is to design a controller using internal model principle that achieves a

zero steady-state regulation error: e S [Iz, for some matrix II. But, the aim of the
tracking problem tackled in this work, in the presence of uncertainties, is to ultimately

bound the tracking error: e 20— x4, where x4(+) is generated by desired dynamics.
Third, the controller in [145] is state feedback, while state and multiplier feedback are
considered in this thesis.

The authors in [98] study tracking for Measure Differential Inclusions (MDIs), which
differ from LCS investigated in this work. They give sufficient conditions for the uni-
form convergence of MDIs with maximal monotonicity properties. In the tracking
control of MDIs, the authors considered a desired trajectory x4 of locally bounded
variation, and control inputs with an impulsive part (which we avoid, see section 2.1.3
and condition (C1)). In our approach, the desired trajectory z4 is designed indepen-
dently by a LCS as shown in (2.1). Another difference with [98] is that the authors
are interested in designing a controller such that the MDI of the closed-loop system is
uniformly convergent with zero tracking error, while this thesis is primarily concerned
with studying the stability of the error dynamics without explicitly considering the
convergence of the closed-loop system.

The second part of the thesis focuses on frictional oscillators, which are low-dimension
mechanical systems where friction plays a prominent role due to its nonlinear and non-
smooth effect. Frictional oscillators have gained significant attention in the Nonlinear
Dynamics scientific community due to their applications in mechanical engineering.
The friction in these oscillators is modeled by a set-valued signum function, specifically
representing planar Coulomb’s friction with constant normal contact force. The set-
valued signum function is quite amenable for complementarity [42, 26], which allows the
study of frictional oscillators within the complementarity framework. This connection
with complementarity systems motivates us to apply some of the theoretical results
derived in the first part and introduce original extensions to address some challenges.

One-degree-of-freedom oscillator have been widely studied in the Applied Mathematics
and in the Bifurcation and Chaos scientific communities, see, e.g., [91, Chapter 9] [99,
96, 95, 63, 65, 139, 16, 97]. It may also be linked to a simplified Burridge-Knopoff
model in seismology (see [66]). Many authors studied the behaviour of the stick-slip
oscillators with various frictional laws see, e.g., [99, 96, 95, 7, 84, 104, 108, 129, 147,
148]. The construction and stability analysis of periodic solutions for periodically ex-
cited frictional oscillator was first presented by [65, 139], with further results on the

3



Chapter 1. Introduction and Preliminaries

existence and stability of periodic solutions presented in [129, 107, 90, 108, 63]. Exter-
nally excited frictional oscillators, as studied in [147, 148, 7, 84], may exhibit chaotic
behaviour and they usually undergo rich bifurcation behaviour, see, e.g., [125, 62, 96,
95, 72, 113, 84, 107, 90, 100]. Stick-slip vibrations, which are self-sustained oscillations
induced by dry friction are described in [148, 129]. Several control techniques have
been proposed for the stability analysis of frictional oscillators, such as active feedback
control to superimpose frictional force in [79], and control strategies based on delayed
time feedback in [64, 101].

Contributions

The main contributions of this thesis are presented in two main parts:
o Part 1: Trajectory Tracking in Linear Complementarity Systems
o Part 2: Trajectory Tracking in Frictional Oscillators

In the first part, which is covered in Chapters 2 and 3, a solution for the trajectory
tracking in LCS is proposed. The study addresses case when all parameters are known,
and when parameter uncertainties are taken into account. In the case when all param-
eters are known, both absolutely continuous solutions and solutions with state jumps
are treated. Passivity and maximal monotonicity of suitable operators are crucial tools
used to design stable closed-loop systems. Solving matrix inequalities, which are de-
rived from passivity is central for the controller design. The theoretical developments
are illustrated by numerical examples on nonsmooth circuits, networks with unilateral
interactions, and mechanics with unilateral springs. A significant focus is given to
electrical circuits with ideal diodes, where the passivity of electrical circuits with ideal
diodes is investigated, strongly passive circuits are presented, and different approaches
are explained for building passive circuits.

The second part of this thesis is represented by Chapters 4 and 5. It contributes to
solve the tracking control problem in frictional oscillators. First, the strong passivity
assumption is relaxed to assume strict state passivity for robustness analysis in the
presence of uncertainties. Then, an extended controller with a compensation term is
designed to handle the Stribeck effect in the friction model. Another contribution ad-
dresses the tracking control problem when incorporating pulley-belt dynamics, propos-
ing a backstepping strategy for the controller design. This approach ensures stability
of the tracking error and boundedness of the pulley’s angle dynamics, supported by
numerical simulations for nominal and uncertain cases to guarantee some robustness
for the controller. Furthermore, the controller is studied in discrete time when using
the Backward-Euler (implicit) method. Stability results are proved.

Outline

This manuscript is divided into five chapters. The first chapter is dedicated to the
general introduction of the thesis, along with useful preliminaries and definition for the

4



1.2. Preliminaries

analysis in the following chapters. Chapters 2 and 3 represent the first part of the thesis.
In Chapter 2, the problem of trajectory tracking control in LCS is given a solution for
cases with and without state jumps, and with and without uncertainties. Also, a simple
example is given to illustrate the case of state jumps. In Chapter 3, various numerical
applications are provided to explain the theoretical results developed in Chapter 2
which are supported by numerical simulations. Most of Chapter 3 is concerned with the
study of electrical circuits with ideal diodes, where different approaches are explained
to enhance the passivity of electrical circuits and achieve strictly and strongly passive
circuits. Other applications are introduced like networks with unilateral interactions
and mechanical systems with unilateral springs.

Chapters 4 and 5 cover the second part of the thesis. In Chapter 4, the problem of
trajectory tracking control in frictional oscillators is considered. The stability is an-
alyzed for cases with and without uncertainties. Then, the friction model is refined
by including Stribeck effect, and a new approach is tackled to design the controller,
followed by stability analysis for the tracking error. Chapter 5 focuses on backstepping
tracking control in frictional oscillators with pulley-belt dynamics. In this chapter,
the controller is designed based on backstepping strategy and the stability analysis is
performed in continuous time and discrete time domains. In addition, numerical simu-
lations is carried out for the nominal case and the case when parametric uncertainties
are presented.
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Chapter 1. Introduction and Preliminaries

Matrices. The elements of a matrix M € R™™ are denoted M,;. M, is its jth
column, and M;, is its ith row. A matrix M € IR"™™", possibly nonsymmetric, is said
to be positive definite, M = 0 (resp. positive semi-definite, M 3= 0) if 2T Mz > 0 for all
x#0¢€ R" (resp. ' Mx > 0). M is a P-matrix if all its principal minors are positive;
a positive definite matrix is a P-matrix. The minimum and the maximum eigenvalues
of M are denoted Apin(M) and Apax(M). The maximum singular value of M € R™™
is denoted oyax (M), Im(M) is its image, Ker(M) is its null space. The singular values
are ordered as opax(M) = 01(M) > 0o(M) > ... > 0,(M) > 0, where r = rank(M).
Let M = M its eigenvalues are real and ordered as Apa (M) = A\ (M) > (M) >
oo > A(M) = Apin(M). MT denotes the Moore-Penrose pseudo-inverse of M.

Functions. Let 1 < p < 400, a Lebesgue integrable function f : I C IR" — IR
belongs to £} .(I; IR) if (J; ||f(t)||pdt)% < 400 for any open set I (extended spaces).
If I = R" then f € LP(IR"; IR). Also f € L*(IR"; IR) if f(-) is Lebesgue integrable
and || f(x)|| < +o0 almost everywhere on R". We denote || f||1, 2/, ||f(t)||pdt)% for
1 <p < +oo, and ||f||1.00 2 esssup,e;||f(¢)]| (when I is obvious from the context it
may be avoided). The range of the function f(-) is Im(f), its domain is dom(f) =
{z | f(x) < +00}. Right and left limits of the function f(-) at ¢ are denoted f(¢*) and
f(t7). AC is for absolute continuity, DI for differential inclusion, BV is for bounded
variation, LBV is locally BV, and RCLBV is for right-continuous LBV.

Sets. Let S be a nonempty set, rint(.S) is its relative interior [134]. Let S and S’ be
closed sets, dy(S,S") denotes the Hausdorff distance between S and S’. Let S C R™

be a closed convex set containing 0. Its polar cone S° = {z € R™ | 2'v < 0, Vv €
S} = —S5* where S* is the dual cone.

Let us recall some useful definitions [37, 134, 135, 61, 39].

Definition 1 (Normal Cone). Let S C IR" be a closed, non-empty and convez set.
The normal cone to S at a point x € S is given by

Ns(z) = {g ER"|g'(z—2)<0, Vz€ S}. (1.2)

For x ¢ S one usually sets Ng(x) = 0. The tangent cone Ts(-) is the polar to the
normal cone.

The domain of a set-valued mapping 7' : IR" = R" is Dom(T) = {x € R" | T(x) # 0}.

Definition 2 (Monotonicity). A multivalued mapping T : Dom(T) C R" = IR" is
monotone if for all uy,us € Dom(T), for all vi € T(uy), ve € T(uz)

<U1 — U2,V1 — ’U2> 2 0.
It is hypomonotone if there exists a real k > 0 such that: (u3 — ug,v; — vg) >

—k|luy — up||?. It is maxzimal monotone if its graph cannot be enlarged without de-
stroying monotonicity.
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The normal cone to a convex closed nonempty set defines a maximal monotone set-
valued mapping. More generally, let ¢ : IR" — IR U {400} be a proper, convex and
lower semicontinuous function. Its subdifferential at = is defined as the set dp(x) =
{ge R"| ¢o(v) —p(z) > g" (v —z), Vv € IR"}, and it defines a maximal monotone
mapping. The normal cone in (1.2) is the subdifferential of the indicator function
defined as VUg(z) = 0if z € 5, ¥g(z) = +o0 if ¢ S. Another function plays an
important role: the support function of the set S, defined as og(y) = sup,cgv'y. It is
related to the indicator function as: n € Ng(v) = 0¥gs(v) & v € dos(n) = N5'(n) (the
indicator and the support functions are conjugate functions, and their subdifferentials
are inverse mappings). The set-valued signum function sgn(x) is:

+1, ifz >0
sgn(x) = —1, ifz <0 (1.3)
[—1,+1], fx=0

Definition 3 (Generalized Equation). A Generalized Equation (GE) is a nonlinear
problem characterized by set-valued mapping denoted as:

0€ F(x) (1.4)

where dom(F) C IR™ = IRP. One common form is: 0 € f(x)+ Nk(x), where f : R" —
IR? is a single-valued function and Nk (x) is the normal cone to the closed convex set
K at x.

Definition 4 (LCCS). A linear cone complementarity system (LCCS) is a particular
class of a nonsmooth dynamical system given by:

{a‘:(t) = Ax(t) + BA(t) + Eu(t) (1.5)

K3 \t) Lw(t)=Cz(t) + DA(t) + Fu(t) € K*

where K C IR™ is a nonempty closed convex cone, K* = {z € R™ | z'w >0, Vw €
K} is its dual cone.

It is noteworthy that most of the results in this thesis apply to linear cone complemen-
tarity systems (LCCS).

Definition 5 (DI). A differential inclusion (DI) describes the time evolution of a state
variable x and has the form:

@(t) € F(t,x(t)), ae tel0,T]
{L‘(O) = X € IR"
where F : [0,00) X IR" = IR" is a multi-valued mapping.

Using tools from convex analysis it is possible to rewrite equivalently the LCS in (1.1)
as the differential inclusion (DI) [37]:

A

&(t) € Ax(t) + Eu(t) — B(D +N,;é)‘1(0x(t) + Fu(t)) = —H(t, z(t)), (1.6)

7
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where A\(t) € —(D + /\/},}%)*I(C’x(t) + Fu(t)). We shall see later that the DI may

sometimes be written in a slightly different way when the input is given a specific
form, see (2.8) below. A state z* is an equilibrium point of (1.1) if and only if there
exist A* and w* € R” such that the mixed LCP (MLCP)

0= Azx*+ BX\*
O0< N 1lw=Cx*+DX\ >0

holds.

Passivity plays an important role in the sequel of this work.

Definition 6 (Passivity). A quadruple (A, B, C, D) is said to be passive, or dissipative
with respect to the supply rate u'y, if there exists a non-negative function V : IR™ —
R, called a storage function, such that for all ty < ti and all time functions (u, z, y)
€ Lo([to, t1]; R™ x IR™ x IR™) such that @(t) = Az(t) + Bu(t), y(t) = Cx(t) + Du(t),
the following inequality holds:

Viatto) + [ T (0y(t) dt > Va(t)) (1.7)

to

The inequality (1.7) is called the dissipation inequality. Equivalently, the following LMI

T - T
(A P+ PA PB C><o

B'"P-C —-D-DT (1.8)

has a solution P = P = 0. Then V(z) = %xTPx. The quadruple (A, B,C, D) is said
strictly state passive if the LMI (1.8) holds with P = PT =0 and AP+ PA+¢P <0
for some € > 0. It is said strongly passive if the LMI (1.8) holds with strict inequality
and P=P" = 0.

When LCS are considered, then the multiplier A is chosen as the input u while w is
chosen as the output y for the passivity property. Passivity is then to be seen as a
structural property related to internal variables of the LCS, and motivated by the fact
that it corresponds to a physical property in some applications like circuits.

Definition 7 (VIs). [67, Definition 1.1.1] Given a subset K of the Eucledian n-
dimensional space IR" and a mapping F : K — IR", the variational inequality, denoted
VI(K, F) is to find a vector x € K such that:

(y —x) F(x) >0, Vy € K & —F(z) € Ng(x) (1.9)

where N (x) is the normal cone to K at a point . The set of solutions to this problem
is denoted SOL(K, F). In addition, if K is a polyhedral set, the variational inequality
is called “affine’ and denoted AVI(K, F).

Definition 8 (Transfer Functions). [39, Definitions 2.34, 2.58, 2.78] The transfer
function H(s) = C(sI — A)"'B+ D € €™™ is positive real (PR) if: H(s) has no pole
in Rels] > 0, H(s) is real for all positive real s, H(s) + H*(s) = 0 for all Re[s] > 0.
The transfer function H(s) € C™™ is strictly positive real (SPR) if H(s — €) is PR
for some € > 0 [39, Definition 2.58] and it is strong SPR (SSPR) if H(s) is analytic
in Rels] > 0 and Re[H(jw)] > 6 > 0, for all w € [—o0,00] and some 6 € IR [39,
Definition 2.78].
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Strict state passivity is related to SPR tranfer functions, while strong passivity is
related to SSPR transfer functions [39, 109]. Using the Schur complement theorem (see
e.g., [39, Theorem A.65]), strong passivity implies that D = 0 and —ATP — PA = 0.

1.2.2 Well-posedness of Linear Complementarity Systems

LCS as in (1.1) are nonlinear nonsmooth dynamical systems with external inputs,
whose well-posedness (existence, uniqueness, and continuous dependence of solutions)
has been investigated. Let us provide a short summary of well-posedness results in [43,
46, 45, 44, 38, 40, 30, 145]. Most of them apply to larger classes of nonsmooth systems
than LCS. Let us remind that a right-continuous function f : I C IR — IR of locally
bounded variation (RCLBV), has a countable set of discontinuities on I (allowing for
left accumulations of jump instants), and possesses a differential measure df, see [112].
The conditions associated with the results recalled below, are sufficient. However they
are well fitted with the conditions imposed in this article for stability purposes, i.e.,
passivity.

1. (Well-posedness based on reduction to an ODE)

e Assume that D is a P-matrix. Then from the fundamental theorem of Com-
plementarity Theory [61], it follows that A is a piecewise continuous, Lipschitz
single-valued function of « and u. Hence the LCS in (1.1) is the ODE:

&(t) = Az(t) + BAN(x(t),u(t)) + Eu(t).

Provided u(-) satisfies Lebesgue integrability conditions, an AC solution exists
on IR, for any bounded initial condition, with uniqueness and continuous depen-
dence on initial data [52, 50].

e Assume that D > 0 (not necessarily symmetric), then using the formalism in
(1.6), the result can be extended to systems with operators (D + M;)~!(-) where
M;(+) is a maximal monotone operator for each fixed ¢. Using [30, Proposition
1] or [5], the mapping (D + M;)~!(-) is then single-valued, defined everywhere,
and Lipschitz continuous with constant mfor each fixed ¢t. Therefore the
mapping H (t,z) in (1.6) is single-valued Lipschitz continuous in z and classical
results on ODE’s well-posedness apply.

2. (Well-posedness based on passivity and relaxations of passivity) Let us summarize
the results presented in [43, 145, 45, 47, 30, 44], which deal with the case with
external inputs.

(a) [43, Theorem 7.5] Assume that:

e i) (B",D+ D")T has full column rank,
o ii) (A, B,C, D) is passive with P = PT > 0, and minimal,
e iii) u(-) is piecewise continuous with rational Laplace transform.

Then for any z(0) = zg, there exists a unique global solution to (1.1) such
that (\, z,w) € L3(IR,; IR™""™), the space of Schwartz’ distributions, with

9
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regular parts in £, C £},., and atomic part with isolated atoms (instants of

state jumps) that is represented by sums of Dirac measures (higher degree
distributions do not occur).

(b) [45, Theorems 7, 8, 9] Assume that:
« i) (A, B,C, D) is passive with P = PT = 0,
o ii) Fu(t) € Q5 +1Im(C) for all t > [0,T"), T > 0 (see paragraph of State
Jumps below for the definition of )p and of its dual cone),
e iii) u(-) is a Bohl function (i.e., u(t) = M exp(Nt)R for some constant
matrices M, N, R).

Then z(0%) is calculated as in (1.11), there exists a unique AC solution
z: (0,7) — IR", and \(-) is locally Lebesgue integrable. The solution is
a forward solution, i.e., it is the concatenation of Bohl functions defined
between state jumps. Left accumulations of state jumps are allowed.

(c) [145, Corollary 2] [37, Corollary 5.9] Assume that:
e i) D=0, Ker(D+ D") C Ker(PB —CT") for some P = P" = 0,
o i) rint(RY — Fu(t)) C rint(Im(9omrp - ru) + D)),
. iii) DIRT C Im(C),
o iv) Im(C) — R} = R™,
o v) for each x € IR" and each t > 0, if the set A = {A € R} | v =

Cx + DX+ Fu(t) > 0, ATv = 0} has a nonzero element, and A N
Im(D+ D7) #0.

Then if Fu(-) is AC (resp. RCLBV), there exists a unique AC (resp.
RCLBV) solution to (1.1) for any z(0) such that Cz(0) € Im(do Ry - pu(o) +
D).
(d) [44, Theorems 11, 26] Let:
« i) (A, B,C, D) be passive,
o ii) Im(C) Nrint(Im(D + Npgm) — Fu(t)) # 0,
e iii) Fu(-) be AC.
Then there exists a unique AC solution for any z(0) = z¢ € Dom(H (0, -)).

(e) [30, Theorem 1, Corollaries 2, 3] Assume that:

° 1) D= <8 £2> € ]Rm2><m2’ mo S m

. i) F =0,

o iii) u(-) is continuous with w € £}, (IR ; IR?),

o iv) there exists a full-tank R = R € IR™" such that R’B; = O],
B= (B By), C=(C{ C))T,

e V) there exists wy € IR™ at which the operator w +— OV g (C1R'w)
is continuous,

« vi) the operator w +— RBy(Dsy + O\PRTQ)*I(—Cnglw) is well-defined,
single-valued and Lipschitz continuous.

10
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Then there exists a unique continuous right-differentiable solution for any
z(0) € Dom(@lllmin (CiR™Y) = {w € R" | C;R*w > 0}, with & €
L®(Ry; R™). The result holds if my = 0 and i-v) are verified, or if my =m
and vi) is verified (then item 1 applies). Condition vi) holds if D, is a
P-matrix [30, Proposition 1, Corollary 1].

(f) [93, Theorems 5.3, 5.4] and [92, Theorems 1, 2] deal with DIs of the form:
i(t) € g(t,x(t) — B(D + F, /)" (Cx(1)),

where F, : IR™ = IR™ is maximal monotone for each (¢,x). For briefness
we focus on F ;(-) = Ng@)(+) [92]. Assume that:

« i) D = 0, Im(D) C Im(C), Ker(D + D") C Ker(PB — C") for some
P=P" >0,

o ii) K(t,x) has closed convex values, K(t,z) NIm(C) # 0, dg (K (t,z) N
Im(C), K(s,y) NIm(C)) < k|t — s| + ls||z — yl|| for all ¢, s, z,y, [; >0,
0<l < ”’\TQH, X2 the smallest positive eigenvalue of CC'T,

o iil) (Nip + D) (Cx) £ 0= Im(D+ D7) N (Ngfy,y + D) (C) # 0,

e iv) Im(C) N rint(Im( I}(lt’x) + D)) # 0,

e v) g(+,-) is continuous in ¢t and Lipschitz continuous in z.

Then existence and uniqueness of Lipschitz continuous solutions is guaran-

teed for each initial condition such that (N, I}(lo’xo) + D)7} (Cxg) # 0. More-
over, ||z(t)]| < a+ 5||z(0)| for some o > 0 and § > 0.

3. (Well-posedness by transformation to a sweeping process [38, 37, 22]) Assume
that D = 0, and that:

e i) PB=CT for some P=P" =0,

* 11) u € Elloc(B-l-; Rp)7

o iii) Im(C) — R} = IR™.
Then the LCS in (1.1) can be rewritten equivalently as a FOSwP (see (2.32)
in section 2.3, and [38, 37] for details on the transformation, and [112, 37] for
details on FOSwP). The basic condition i) is implied by, but does not imply, the
passivity of (A4, B, C,0). Depending on the signal u(-) being AC (resp. RCLBV),
the solution is shown to be AC (resp. RCLBV), defined on IR, , and uniqueness
holds. For AC to hold it is needed that x(0) € S(0) (no initial jump).

The various assumptions made in items 2 and 3 (which may be thought as constraint
qualifications in many instances, a concept which is familiar in Optimization) have
different meanings:

» property of the plant’s model: item 2 (a) ii), (b) i), (c¢) i), (d) i), (e) i) ii) iv),
item 3 i),

« constraints qualifications: item 2 (a) i), (b) ii), (c¢) ii), iii), iv), v), (e) v), (f) ii),
iii), iv), item 3 iii),

11
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« exogenous signals properties: item 2 (a) iii), (b) iii), conclusion of item 2 (c),
item 2 (e) iii), (f) v), conclusion of item 3.

The condition in item 2 (b) ii) stems from a fundamental result in Complementarity
Theory [61, Theorem 3.8.6, Corollary 3.8.10], which guarantees the existence of solu-
tions to the LCP in (1.1). This assumption thus secures that there exists a bounded
multiplier A(#) which solves the LCP (notice that at the end time 7', there may be a
state jump if this assumption does not hold). This is an assumption quite similar to
item 2 (c) ii), and item 2 (d) ii). Roughly speaking, they all guarantee that the various
operators have nonempty domains so that the problem makes sense. They stem from
[135, Theorem 12.43] to guarantee maximal monotonicity (see [30, section 3.2.1]). Such
CQ may not be easy to check and may require some developments [28]. Condition in
item 2 (c) iii) and (f) i) (Im(D) C Im(C)) are used to compute Vladimirov’s pseudo
distance (see [150] for the definition, which is beyond the scope of this article) between
time-varying and/or state-dependent sets.

Multipliers boundedness (AC solutions)

Well-posedness analyses usually focus solely on the state. However, the boundedness
of the multiplier is an important feature, since it may be used for feedback in this
article. The condition in item 2 (b) ii) guarantees the existence of a solution to the
LCP in (1.1). If the conditions in item 3 are verified, then explicit upper-bounds
|lz(t)|] < v(t) + a(t)||z(t)]| can be obtained for some integrable a(-) and AC wv(-)
[146, Theorem 4.3] [112, section 5.2, Theorem 2.1]. In our case, these upper-bounds
depend on the properties of the set-valued map ¢ — S(t) (which in turn depend on
Fu(-) being AC, or Lipschitz continuous, or LBV [38, Proposition 3.2]). Following the
developments in [145] (see item 2. (c) in section 1.2.2), A = A™(¢,z) + A\ where
r — AN%(t,z) € Im(D + D7) is Lipschitz continuous, while \** € Ker(D + DT).
Moreover, X'™ is the least norm element in the (possibly) set-valued right-hand side
of the DI, see [145, Equ. (15), Lemma 3]. It is inferred that in case the existence of
AC solutions is proved, then BA(-) is a bounded selection of the (possibly set-valued)
right-hand side in (1.1). The part of A inside Ker(B) does not play any role in z(-),
but we may need the whole multiplier vector for feedback purpose. It is therefore
reasonable to assume that the minimum norm element is available and that it satisfies
a linear growth condition in ||z||. Finally, it is worth recalling that even if z(-) is
AC, the multiplier A\(-) may have discontinuities at junction times when w(-) reaches
the boundary (i.e., w = 0), when D is not a P-matrix. In the case of item 1, the
multipliers are AC when Fu(t) is AC since they are a Lipschitz continuous function of
AC functions.

From a more practical point of view, multipliers in LCS can be calculated by con-
structing the contact LCP [37, section 2.4.1]. Thus, they appear to be a nonsmooth
function of both state and input. The uniqueness of A can be deduced from the condi-
tions in item 2 (a) and (b), where passivity is the main property, plus some constraints
qualification.

12
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State jumps

Let the solution z(-) of (1.1) be RCLBV. Then z(-) may undergo discontinuities and
the LCS has to be interpreted in the Measure Differential Inclusion (MDI) formalism
[112, 69, 37]. In other words, the DI (1.6) has to be embedded into an MDI: dz €
(Az(t) + Eu(t))dt — B(D + ngi@)’l(Cx(t*) + Fu(t))dv, where dz is the differential
measure associated with the RCLBV function x(-) [112], dt is the Lebesgue measure,
and dv is a specific Radon measure, see [145, Definition 4] for a rigorous introduction.
The dissipation inequality extends to MDI, see [26, section 5.4.4.5] [39, section 7.2.4.1].
Let the set of time instants at which the state undergoes a jump, be denoted as 7,
and the set of time instants at which Fu(-) is discontinuous be denoted as Jg,. Then
if conditions of item 2 (a) hold, J, C {0} U Jp, [43, 38]. In other words, the state
can jump only initially, or at times of discontinuity in Fu(-) (or in the set S(¢) in the
FOSwP formalism). This means that state jumps can be chosen and dwell times can
be imposed (contrarily to complementarity mechanical systems), by suitably choosing
Fu(t).

In the case of BV solutions, and under the conditions stated above, the term B\ is a
Dirac measure at times of state jumps, and we may denote A = A\ + X" The input
in (2.2) below, may be defined with the complete A ("impulsive" input), or just with its
function part A"9. In both cases, the stability analysis has to incorporate the jumps.
At an instant of jump ¢, using (1.6) and [145, section 3.4], we have:

2(t") — 2(t7) € —B(D + dose)) H(Cx(th)), (1.10)

with S(t*) = R — Fu(t"). State jump rules formulations are given in [37, Lemma 2.3],
compiling results in [43, 38, 45, 75]. They are based on a maximum dissipation principle
(a kind of plastic impact, inspired from [124]). Let us introduce such rules briefly. If
(A, B,C, D) is passive with P = PT = 0 and if 0 € K a {z€ R" | Cz+Fu(t") € Q%}}
(notice that the set K # () by the condition in item 2 (b) ii)), @p ={z € R" |0 <z L
Dz > 0}, then the jumps dissipate "energy", i.e., V(z(t")) < V(z(¢t7)) [75, Lemma 3],
and the state jump rule is given by:

z(th) = argminwe,c;(x —z(t™)) Pz — 2(t7)). (1.11)

Notice that @ p is a polyhedral set, and so is its dual cone [135, Lemma 6.45, Theorem
3.52]. If D = 0 then Qp = {0}, Q5 = R™, K = R" and using (1.11), z(t*) = z(¢t7).
If D=0then Qp = R} =Qp, K={z€ R"| Cz+ Fu(t") > 0}, hence 0 € K if and
only if Fu(t) > 0. Thus, strongly passive systems have continuous-time solutions, but
strictly state passive systems may have state jumps. Notice that : z(t7) —z(t~) = Bo,
with A = ¢§;, and 0 < o0 L Do > 0. As shown in [43, 37, 75] the state jump does
not depend on a particular choice of the storage function matrix P. The meaning of
the complementarity conditions at discontinuity times is explained in [43, Theorems
6.1, 9.1], see also [37, Lemma 2.3].

Zeno behavior

LCS undergo two classes of events, i.e., switching between modes of the LCP (1.1) (b)
(AC solutions), and state discontinuities (BV solutions). Zenoness with AC solutions is
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tackled in [141, 46, 140] when Fu(-) = 0. It states that if BSOL(D, C'z) is a singleton,
then the LCS (1.1) is Zeno-free. This holds if D is a P-matrix. Thus junction and
detachment times are separated (dwell time). The conditions stated in [45, Theorem 7]
also prevent Zeno behaviour in LCS with external inputs and state jumps, by imposing
condition ii) in item 2 (b) between jumps.

Time-varying LCS (TVLCS)
We may also encounter TVLCS of the form:

{(a) i(t) = A(t)z(t) + B{t)A(t) + E(t)u(t) (almost everywhere) (1.12)

w(t) = C(t)x(t) + D(E)A(t) + F(t)u(t) > 0

—
=
o
IN
>
=
~
—

when we deal with uncertainties which may be time-varying. The TVLCS is rewritten
equivalently as:

(t) € A(t)z(t) + E(t)u(t) — Bt)(D(t) + Ngp)H(C(H)2(t) + F(t)u(t))

= A(t) ( ) ( ) ( ) (t)( ( )+N_T— F) u(t) 1(O(t)]}<t)) (1.13)

Clearly, some of the results described above can be used to analyse (1.13), in particular
cases [38, 44]. One such case is as follows. Assume that A = A(t), £ = E(t), F' = F(t),
D = 0, C and B are constant. Assume that there exists P = P’ > 0 such that
PB = C". Then, (1.13) is rewritten equivalently as:

#(t) € A)a(t) + E(t)u(t) — BNy - oy (C() (1.14)

After the classical state change z = Rz, R* = P, R=R" = 0 [37], (1.14) is rewritten
equivalently as:

(1) € RA(YR " 2(t) + RE()u(t) — Ngp - poun (2(1),

which is a FOSwP with affine perturbation. Hence, the material in item 3 section 1.2.2
can be used to analyse the well-posedness with both AC and RCLBV solutions. The
general problem of well-posedness of (1.13) is not tackled in this work.
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Chapter 2

Trajectory Tracking in Linear
Complementarity Systems

This chapter is dedicated to trajectory tracking in linear complementarity systems
(LCS). It focuses mainly on the control design based on passivity and the stability
analysis of the error dynamics. Several cases are addressed in the following sections of
the chapter, including systems with and without state jumps in the known parameter
case, and then the results are extended to the case when parametric uncertainties
are considered. A simple example is provided to illustrate the trajectory tracking
results in the case of state jumps. Furthermore, trajectory tracking in First-order
Sweeping Process (FOSwP), which is equivalent to LCS with matrix D = 0 under
some conditions, is investigated.

2.1 Trajectory Tracking in the Nominal Case

In this section, it is assumed that the plant model and parameters have no uncertainties.
That is, the matrices A, B, C, D, E, F' in (1.1) are known.

2.1.1 Controller Design

Let us consider the LCS with external input in (1.1). Let us define the system which
generates the desired trajectory to be tracked, as follows:

0 < Aa(t) L wa(t) = Cxa(t) + DAa(t) + Fua(t) =2 0 21)

{ iq(t) = Aza(t) + BAa(t) + Eug(t)
where u,4(+) is the desired input. Following the LCS of the desired system in (2.1), the
designer has to perform a preliminary analysis of the desired dynamics to determine a
suitable trajectory for tracking. This analysis may involve numerical methods or the
approaches presented in [138, 80]. The aim is to design a feedback controller such that
the error dynamics with state vector e 20— x4 possesses some stability property, to
be defined later. Let us state the following assumptions which will be used later:

15



Chapter 2. Trajectory Tracking in Linear Complementarity Systems

Assumption 2.1.1. The solution xq : IRy — IR" of the LCS (2.1) is AC and uniformly
bounded, and the multiplier vector \g(uq, Tq) is a bounded function of time.

Conditions such that this holds can be obtained from the results stated in section 1.2.2.

Assumption 2.1.2. The state x(-) and the multiplier \(-) are available for measure-
ment.

In practice, the multiplier may be a physical quantity (like voltages and currents in
circuits, contact force in mechanics), and Assumption 2.1.2 is reasonable (and studying
state observers in the loop is outside the scope of this thesis). Thus, the feedback
controller in the plant (1.1) is chosen generically as:

u(x, A\, t) = Kz — z4(t)] + GIA — Aa(t)] + ua(t). (2.2)

where the example in Remark 2.1.3 plays the role of a motivating example for intro-
ducing a feedback from A in the controller (2.2).

Remark 2.1.3. To motivate the addition of a feedback from X in the controller (2.2),
consider the LCS in (1.1) with the following matrices:

A= 5) 2= (0) e=(0 1) p=(o0) m=0 F=(3)

Let w = K(x — x4) 4 uq, then the closed-loop system’s quadruple (A, B,C + FK, D) is
1.12 —0.006
—0.006 2.012
the BMI in (4.10) after transforming it to LMI according to Appendiz A.1. How-
ever, the LMI for strong passivity in (2.7) does not have a solution for the closed-loop
quadruple (A, B,C + FK, D).
Let us introduce feedback from the complementarity variable A, resulting in the extended
controller in (2.2): u= K(x —x4) + G(A— A\g) +uq. In order to check if the closed-loop
quadruple (A, B,C + FK, D + FG) with the extended controller is strongly passive, let
us check if the BMI in (2.7) has a solution. It appears that the transformed BMI in
(2.7) for strong passivity has a solution given by:

strictly state passive with K = (1.12, —1), P = < given by solving

K=(113 —099), G =059, p:< 1.17 —0'014>

—-0.014  2.16

Strong passivity of the closed-loop system is a fundamental assumption in robustness
analysis in section 2.4 in order to quarantee the boundedness of the tracking error e.
Therefore, there is a need to introduce a feedback from X in the controller u to enhance
the passivity of the closed-loop system in certain applications.

Inserting (2.2) into (1.1) for some feedback gains K € IRP*" and G € IRP*™ gives rise
to the closed-loop LCS:

#(t) = (A + EK)x(t) + (B + EG)A(t) — EKz4(t) — EG\(t) + Bua(t) (ae.)
0 < A(t) Lw(t) = (C+ FK)x(t) + (D + FG)A(t) — FKaa(t) — FG\a(t)
+ Fud(t) Z 0
(2.3)
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2.1. Trajectory Tracking in the Nominal Case

It is important to note that, in general, both A\4(-) and wu,(+) in (2.1) may be discon-
tinuous time-functions, hence (2.3) is in general an LCS as (1.1) with a potentially
discontinuous term —FKx4(t) — FGAg(t) + Fug(t) inside the complementarity con-
straints. As a consequence, jumps in z(-) may occur unless some conditions hold (see
the end of section 2.1.2). We shall come back to state jumps in section 2.1.3. Rewriting
(2.1) equivalently as

{ {i‘d(t) = (A + EK)(L’d<t> + (B + EG)/\d(t) + Eud(t) — EK[Ed(t) - EG/\d(t)

0< Ag(t) L wg(t) = (C + FE)aa(t) + DAg(t) + Fug(t) — FKzg(t) >0 23

gives rise to the error dynamics:

é(t) = (A+ EK)e(t) + (B+ EG)(A(t) — \a(1))

w(t)\ ([ C+FK D+ FG —FG\ [ A(t)
0= <wd(t)> = (—C—FK) e(t) + ( 0o D > (Ad(t) (2:5)
0 C x(t) Fuy(t) A(t)
+ <C+ FK —FK) <xd(t)> + (Fud(t) L) =0

Clearly, the LCS in (2.5) is well-posed if both (2.1) and (2.3) are. However, the LCS
in (2.5) cannot be used for well-posedness directly, because z() acts as an exogenous
signal in the complementarity constraints, whose properties have to be proved. The
closed-loop’s well-posedness has to be tackled with (2.3) and (2.4) (or (2.1)). In view

of the structure of the closed-loop LCS in (2.3), let us state the following assumptions,
which will be used in the sequel for both well-posedness and stability purposes.

Assumption 2.1.4. There exist matrices K and G such that the plant’s closed-loop
quadruple (A+ EK, B+ EG,C + FK, D + FQ) is strictly state passive.

From Assumption 2.1.4, there exist gain matrices K and G such that the following
nonlinear matrix inequality with unknowns P, K and G:

A (A+ EK)'P+ P(A+ EK) P(B+EG)— (C+FK)T —eP 0
"\ (B+EG)'P-(C+FK) —(D+FG)—(D+FG)") >\ 0 0}’
(2.6)
has a solution P = P = 0. This may be replaced by the more stringent assumption:

Assumption 2.1.5. There exist matrices K and G such that the plant’s closed-loop
quadruple (A+ EK, B+ EG,C + FK, D + FQG) is strongly passive.

From Assumption 2.1.5, there exist gain matrices K and G such that the nonlinear
matrix inequality:

M =<0 (2.7)

has a solution P = P' > 0. For numerical purposes, it is important to note that the
BMIs in (4.10) and (2.7) are transformed into LMIs, as detailed in Appendix A.1.

Using Convex Analysis, the closed-loop system (2.3) is rewritten equivalently as the
DI:
i(t) € (A+ EK)xz(t)— (B+ EG)(D + FG) + dog4) '((C'+ FK)x(t))
(2.8)
—EK:L‘d(t) — EG)\d(t) + Eud(t)
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where S(t) = {v € R | v+ FKxz4(t) + FGA\g(t) — Fugy(t) > 0} is closed nonempty
convex for each ¢, and og)(+) is the support function of S(¢). The DI in (2.8) has the
form

(t) € —M(t,x(t)) + f(1), (2.9)
with f(t) = —EKuxy4(t) — EGA\i(t) + Eug(t) and M(,-) is a set-valued operator. In
view of (2.1) and Assumption 2.1.1, depending on the system’s parameters, the mul-
tiplier A\4(-) may be discontinuous at some instants, hence the set S(¢) may also be
discontinuous at those instants (D > 0 prevents such jumps). The LCS in (2.1) is also
equivalently rewritten as the DI:

.I"d(t) € A[L’d(t) — B(D + 805d(t))_1(0xd(t)), (210)

with Sy(t) = {v € R™ | v — Fuy(t) > 0}, and the set Sy(t) is continuous as long as
uq(t) is. Therefore, the DI in (2.10) also fits with (2.9). Let us now examine (2.5).
Using that x(t) = e(t) + x4(t), the error dynamics may be rewritten as:

é(t) € Ae(t) — B(D +N§(;e(t»)_1(c~'e(t)) (2.11)
with S(t,e) = {z € R*™ | 2+ Ee + F(t) > 0}, E = <C+0FK :

o= (G D) 2= (7410 ) 0= ()

B=(B+EG —B-EG), A=A+ EK.

The DI in (2.11) has a state and time-dependent polyhedral set S (+,+) which renders
its study more complex. For each ¢ and e, the normal cone NS(t,e) defines a maximal
monotone mapping, which may allow to recast (2.11) in the framework of item 2 (f)
in section 1.2.2, and deduce conditions such that (2.11) has a Lipschitz solution. A
second equivalent way to write the LCS (2.5) is:

e(t) + BA(t)
L Ce(t)+DXt)+ F(t)>0
(2.12)

I/\ N’
>" Il

é(t) € Ae(t) ~ BD + Nz1) ! (Celt)) { et ’;‘

(t
with A=A, B=DB,C =

= [Cxq(t) + Fug(t) . .. .
F(t) = < Cralt) + Fug(t))” It is noteworthy that some conditions have to be imposed

O+0FK>,D:D, 5(t) = {z € B* | = + F(t) € B>,

so that the construction of the DIs in (2.11) and (2.12) is possible, see section 2.1.3
for more details. Now, we have at our disposal several (equivalent) formalisms for the
closed-loop plant dynamics (2.3) and (2.8), the desired trajectory generator (2.1) and
(2.10), and the error dynamics (2.5), (2.11) and (2.12). This is useful for the well-
posedness analyses relying on the various results recalled in section 1.2.2. A difficulty

is to determine under which conditions the passivity in Assumptions 2.1.4 or 2.1.5,
implies the passivity of the quadruples (A, B,C, D), or (A, B,C, D), see (2.18).

Remark 2.1.6 (Closed-loop system’s well-posedness). In the framework of this thesis,
the well-posedness of the plant dynamics is not a fundamental issue, since it is only
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2.1. Trajectory Tracking in the Nominal Case

the closed-loop system which is used in the analysis. In a similar way as feedback can
be used to make an unstable system stable in closed-loop, it may be used to render an
ill-posed plant’s model well-posed in closed loop. The well-posedness of the closed-loop
plant LCS (2.3) (equivalently the DI in (2.8)) can be inferred from [38, 44, 145, 93,
30], assuming that the desired signals x4(-), Ma(-) and uq(-) are AC or L3 .(C LL.),
and that some basic constraint qualification conditions hold. Clearly, in this setting,
Assumption 2.1.1 is important. When D + FG = 0 (this is the case if Assumption
2.1.5 holds), then the results reported in item 1 in section 1.2.2 apply. If D+ FG =0
(which may be the case if Assumption 2.1.4 holds), then the results in item 3 in section
1.2.2 apply. When D + FG = 0 but not null, then the various results in item 2 in
section 1.2.2 can be used. This requires to check the constraint qualifications listed in
item 2 (a) through (f). This is not tackled in this thesis whose primary goal is tracking
control.

Remark 2.1.7. The trajectory tracking problem as tackled in this work, can be inter-
preted as a synchronization problem between the master system (2.1), and the plant

(1.1).

2.1.2 Error Dynamics Stability Analysis (no state jumps)

This section is dedicated to the stability analysis of the error dynamics (2.5), and it is
assumed that all trajectories are at least absolutely continuous. The arguments used
for the proof of Proposition 2.1.8 are similar to those employed in [31, 6, 30], and are
given for completeness.

Proposition 2.1.8. Suppose that Assumptions 2.1.1, 2.1.2 and 2.1.4 hold, and that
the solution x(-) of the closed-loop LCS (2.3) is AC on IRy. Then, the error dynamics
in (2.5) has a globally exponentially stable equilibrium point e* = 0.

Proof. Let AM(t) 2 A(t) — Aa(t) and Aw(t) 2 w(t) — wa(t) = (C + FK)e(t) + (D +
FG)AM(t). Consider the Lyapunov function candidate V (e) = e" Pe, where P = PT =
0 satisfies (4.10). From the assumptions, e(-) is absolutely continuous and thus it has
a derivative almost everywhere. Along the error dynamics trajectories (2.5), it holds
that:

V(t)=e [(A+ EK)'P+ P(A+ EK)|e+2¢" P(B + EG)A(?)

From the complementarity conditions in (2.3) and (2.4), we obtain equivalently:
A(t) € —Nsi(C+ FK)z(t) + (D + FG)A(t))

and
Aa(t) € —Ns(t)((C + FK)zy(t) + (D 4+ FG)Ay(1))

with S(t) defined after (2.8). It follows from the monotonicity of the normal cone
mapping that:

[w(t) — wa(®)]T[AE) — Aa(t)] = Aw(t)TANE) < 0. (2.13)
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In matrix form (the time argument is dropped on the right-hand side):
Vi) = e TM e, (e ' 0 (C+ FK)T e
— \AX AN AN C+FK D+FG+(D+FG)")\AX

T T
[ e e T e e
) (i) v () w (1) <o
(2.14)

where (C' + FK)e = Aw — (D + FG)AM. So, for all e and AX and using the strict

state passivity, it is inferred:
V(t) < —ee(t) Pe(t) = —e V().

Classical arguments yield V (t) < V(0) exp(—et). Using the inequality: Apin(P)|le|* <
e' Pe, the following is obtained

e < 0o VO

<P = () exp(—et)

Therefore, the equilibrium point of the error dynamics is globally exponentially stable.
m

Notice that using (2.5) it follows that A(t) — A4(f) converges exponentially fast to
Ker(B — EG).

Comments on passivity Following on from the proof of Proposition 2.1.8, the
supply rate in (2.13) indicates that the passivity, in this case, is studied between the
input A — Ay and the output w — wy. The variation of the storage function in (2.14)
is written as V() < 2AXTAw. This shows the incremental passivity [127, 39] of the
LCS defined in (2.3).

Continuity of the solutions A sufficient condition for no state-jump is that both
matrices D and D + FG are P-matrices, and wu,4(-) is continuous. Then (2.1) has
continuously differentiable solutions z4(-) with uniqueness for any initial data, and
Ag(+) is time-continuous (being a Lipschitz continuous function of z4 and ug). Thus,
the trajectories of the closed-loop system (2.3) (or (2.8)) are also state-jump free. Let
now G = 0in (2.2). Then A4(+) does not appear in (2.3). Thus, provided both z4(-) and
ugq(+) are continuous, no state jump occurs, except possibly at the initial time. These
results follow by applying, e.g., items 1 or 2 (a) in section 1.2.2. When D = 0 and/or
D + FG = 0 (which cannot be excluded by Assumption 2.1.4), item 3 in section 1.2.2
can be used. We may also rely on item 2 (f) to analyse (2.11) and guarantee that it has
Lipschitz continuous solutions for the admissible initial state. Let us check conditions
i) of item 2 (f) 1.2.2 under Assumption 2.1.4 (= D + FG = 0) and D = 0 (most of
the conditions assuring Assumption 2.1.1 imply it):
(a) D=0« D+ DT 3= 0. Using Lemma A.3.1, equivalently we have:

1. Im(GTFT")CIm(D+ D7),
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2. D+ FG+ (D+ FG)" = FG(D+ D")GTFT. A sufficient condition for this
to hold is D + FG = 0, and 0pu(FG(D + DT)IGTFT) < 0pax(D + FG +
(D+ FG)") = Apax(D + FG + (D + FG)T). From [17, Corollary 9.6.5], we
have: 0 (FG(D + D)GTFT) <02, (FG)omax((D+ D). If D+ DT =0,
the matrix inequality is satisfied. If D + DT # 0 and rank(D + D) = d, then
Omax (D+D)) =0, (D+DT) [17, Fact 6.3.28], and oq(D+DT) = \y(D+DT)
since D + D' 3= 0 is symmetric. Thus, a sufficient condition is 02, (FG) <
M(D + D" Amax (D + FG + (D + FG) ). Another sufficient condition, following
similar steps, is D+ DT = 0, Opax (FG) < M\g(D+FG+(D+FG) ") Apax (D+DT).
We see that in both cases we allow for D+ D' of D + FG + (D + FG)" to be
low rank, which hampers D > 0. Finally, we may use Lemmas A.3.1, A.3.2, as
well as the matrix decompositions described after Lemma A.3.2, to get necessary

and sufficient conditions.

(b) Im(D) C Im(C): & Im(D + FG) + Im(FG) C Im(C 4+ FK) and Im(D) C
Im(C + FK).

(c) Ker(D + D7) C Ker(PB — C7) for some R™™ 3 P =P = 0: & {(z,y) €
R™™ | (D+ FG)+ (D+ FG)" — FGy = 0,-G"F'z + (D + D"y = 0} C
{(z,y) € R™™ | 2—y € Ker(P(B+EG)—(C+FK)")}. This is verified if FG = 0 and
Assumption 2.1.4 holds, since in this case Ker(D+D") C Ker(P(B+EG)—(C+FK)")
[45] [39, section 3.8]. If D and D + FG are P-matrices, and if FG(D+ DT)"1GTFT #
D + FG + (D + FG)7, then Ker(D + DT) = {0}, hence the inclusion holds. If
FG(D+D"'GTFT = D+ FG+(D+FG)", then Ker(D+ DT) = IR™ x IR™, hence
the inclusion holds only if P(B + EG) = (C + FK)'.

The various conditions stated in section 1.2.2 are sufficient only, so it may be that
some of them are unnecessary in some cases (e.g., condition b)) above is needed for
continuity arguments using the Vladimirov’s pseudo-distance defined in [150] as done
in [145, 93, 92], but it is not necessary at all [37, section 5.3] [44]). Condition b) is not
necessary for the well-posedness of (2.5) when both D and D + FG are P-matrices.
The point is also that the error system (2.5) or (2.11) is a specific interconnection of
both subsystems, which does not necessarily inherits good properties of the subsystems
(e.g., D %= 0 and D + FG 3 0 may not imply D = 0). Conditions in a) and c) are
necessary for the passivity of (A, B, C, D) [45] [39, section 3.8].

The stability proof shows that under the proposition’s assumptions (like the continuity
of the solutions) the generalized equation 0 € Ae* — B(D + Nz 1)7'(Ce*) has the

5(t)
unique solution e* = 0 for all £ > 0.

2.1.3 Error Dynamics Stability Analysis including State Jumps

An important question is whether or not the tracking control framework developed
above is suitable for trajectories with discontinuities. Let us study how to relax As-
sumption 2.1.1 and the continuity of the closed-loop state z(-). State jumps are known
to add difficulty to the trajectory tracking problem, especially when the jump times
are unknown. The so-called peaking phenomenon, due to non-synchronized jumps in
the plant and the desired trajectories, has long been known to be one of the obstacles.
The jumps in z(-) and x4(-) may arise from different reasons:
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1. Let the conditions in section 1.2.2 item 2 (a) or item 3 hold for (A, B,C, D).
Jumps at ¢ in x4(-) occur only if Fuy is discontinuous at ¢ and rank(D) < m.

2. Let the conditions in section 1.2.2 item 2 (a) or item 3 hold for (A + EK, B +
EG,C+FK,D+FG). Jumps at t in the closed-loop state occur only if rank(D+
FG) <m and —FKzy — FGAg + Fug is discontinuous at t.

The following is deduced, where Ty denotes the set of discontinuity times of the function

fE):

Lemma 2.1.9. Let FGAy(-) and uq(-) be bounded functions of time. (a) T, C {to} U
Tru, and (b) T € {to} U Tru, U Tran, -

Proof. (a)is obvious. (b): T, C {to}UT_rkz,—rerg+ruy < {to U T2, U Trar,UTru, C
{tO} U %GAd U %ud since %K:{;d g %ud- ]

Lemma 2.1.9 indicates that when F'G ), is continuous, then either z,4(-) jumps while z(-)
is continuous, or the inverse, or they jump simultaneously. This will be illustrated on
examples. Notice that when x4(-) jumps, then \; is a Dirac measure, and the meaning
of the feedback in (2.2) has to be carefully studied, as well as the mere meaning of the
complementarity constraints in (2.3) which contain the term F'G)\y4. Also, depending
on F'G, the sum of two Dirac measures, one stemming from \; (due to a jump in ug(t))
and one stemming from A (due to a jump in —FKxz; — FGA\; + Fug) could occur in
the differential part of the closed-loop dynamics (see section 2.2): we may call this a
forbidden situation (this is not to be confused with the case of Measure Differential
Inclusions, or with passive LCS with state jumps [37, 38, 43]). It is inferred that:

(C1) If z4(-) jumps, we impose FG = 0. A sufficient condition to prevent forbidden
situations, is that FG = 0 if ug(:) is discontinuous. In other words, only continuous
uq(+) is allowed if FG # 0.

In view of condition (C1), we can refine item 2: Jumps in the closed-loop state can
occur at t if:

1. FG =0 and —F Kz, + Fuy is discontinuous at ¢,

2. or FG # 0, x4 is continuous at ¢ and Ay jumps at ¢ (which can occur if ug is
continuous at t at a junction time with the constraint boundary (Czgy + DAy +
Fug); = 0 for some 1 <i <m).

Conditions in item 2 are not straightforward, because we want that F'G # 0, but FG
also multiplies A, see (2.3), and passivity implies D + FG = 0. The scalar case m = 1
is analysed in section 2.2.

The first step is to characterize the jumps in (2.5), then to study the variation
AV (e(t)) = V(e(t")) = V(e(t™)) = (e(t*) —e(t7)) "P(e(t) —e(t7)).
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Case G=0and D=0

In this case Ay does not enter (2.3), and D = 0. Let Assumptions 2.1.1 and 2.1.4
hold, and let us study the case when xz(-) jumps while z4(-) is continuous. Then,
(A + EK,B,C + FK,0) is strictly state passive and PB = (C + FK)" for some
P = PT = 0. The closed-loop system in (2.8) becomes:

() € (A+ EK)x(t) — BNsw((C + FK)a(t)) — EKz4(t) + Bug(t).  (2.15)

where S(t) = {v € R} | v — FKxq(t) + Fuqg(t) > 0}. This DI can be rewritten
equivalently as a FOSwP, see item 3 in section 1.2.2, [37, 38, 22|, and section B.2 as:

((t) € R(A+ EK)R((t) + RE(—=Kwza(t) + ua(t)) — Naw (1)) (2.16)

where R? = P, R = R" = 0, ( = Rz, ®(t) = {Rz | (C + FK)z — FKx4(t) +
Fugy(t) € S(t)}. We see that ®(t) # () for each ¢ if and only if there exists  such that
(C+ FK)x — FKx4(t) + Fug(t) > 0. This is guaranteed if a condition as in item 3 iii)
holds, i.e., Im(C' + FK) — IR" = IR™ (which is a constraint qualification). Assume in
addition that u4(-) is continuous on IR . Suppose that Cz4(0)+Fuy(0) > 0, hence x,4(+)
is continuous at t = 0. Then, a jump in z(-) (thus in e(-)) can occur only at the initial
time and V(07) =V (07) = e(07) T Pe(0") —e(07) T Pe(07) = (e(07)+e(07)) T P(e(0F) —
e(07)) = (2(07)+2(07)=224(0)) " P(x(0%)—x(07)) = $(0+)TP$(0+)—x(U_)TPfC(O_)—
224(0)) " P(x(0%) — 2(07)). Now, using the passivity of (A + EK, B,C + FK,0), w
have (see the paragraph State Jumps at the end of section 1.2.2): (O*)TPx( ) -
z(07)TPz(07) < 0, provided that 0 € {z € R" | (C+FK)z—FKz4(0)+ Fua(0) > 0},
equivalently 0 € ®(0), equivalently —F Kx4(0) + Fug(0) > 0. In this case, V(0") —
V(07) < —224(0))"P(z(0F) — 2(07)). We have P(z(07) — 2(07)) € N;C( (01))
[37, Lemma 2.3]. Thus, it is necessary and sufficient that z4(0) € (Ni(z(01)))° =
Tic(x(07)) to guarantee that the right-hand side is nonpositive. Therefore, the following
has been proved:

Lemma 2.1.10. Assume that ug(-) is time-continuous, G = 0, D = 0, —FKxz4(0) +
Fug(0) >0, and x4(0) € Tc(projp[fC; z(ty)]). Then, at an initial state jump, we have
V(0T) = V(07) <0, where P = P" = 0 is a solution of the passivity LMI associated
with the triple (A+ EK,B,C + FK) and V(t) = V(e(t)).

The condition on z4(0) is certainly not easy to check in general (but z4(0) = 0 is
always suitable). The interest of Lemma 2.1.10 is that it allows for a jump in x(0)
while x4(0) does not jump. But applying it at any time of state jump ¢; > 0 implies to
impose a suitable desired state, which may not be possible in our framework where x, is
generated by (2.1). Under the same conditions, assume that Fu,(-) has a discontinuity
at time t.. From (2.1) and (2.3), both z(-) and z4(-) may jump at t., so A and \; are
Dirac measures at t.. From (2.3), the discontinuity may act in both terms F'Kx, and
Fugy. Using (2.8) and (2.10), this implies that the jumps’ magnitudes in the sets S(¢)
and S4(t), may not be equal. The post-jump states are computed using (1.11), where
K={ze€ R"|(C+ FK)z— FKux4t) + Fuq(t) > 0} for the closed-loop plant, and
Ki={z€ R"| Cz+ Fuy(t) > 0} for the desired system.
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Extension for further jumps at ¢ > 0

Let us now place ourselves in another perspective. Until now we have assumed that
z4(+) is time-continuous. First notice that condition (C1) can be relaxed, if we admit
that the state x4(-) of the dynamics in (2.1) can be arbitrarily reset to some value
at arbitrary times, without considering \; as a Dirac measure. This has important
consequences because as we shall see, this means that the desired dynamics is no
longer autonomous (the desired state has to be modified online, a common feature in
trajectory tracking for systems undergoing state jumps [118, 117, 131]). Consider (2.3),
with Assumption 2.1.4.

Proposition 2.1.11. Let V(e) = e¢' Pe, with P a solution of the closed-loop passivity
LMI, andlet {0} e K={z € R" | (C+FK)z—FKxq—FGX\(t")+Fuq(t) € Qp e}
Assume that x4(t7) € Ti(projp[K;z(t7)]) and z4(t™) " Px(t™) > xq(t™) " Pa(t™), then
AV (e(t)) < (za(t™) = @a(t™)) " Plaa(t) + zalt™)).

Proof. At a state jump time:

AV(e(t)) = (a(t™) —a(t)) T Pla(t?) +a(t7)) — (2(t*) —2(t7)) " P(za(t™) + za(t™))

—(za(t*) —za(t™)) T P(a(t?) + 2(t7)) + (wa(th) — wa(t™)) " Pza(t") + za(t7))
< —(a(th) —2(t7))  Plea(t’) + wa(t™)) — (wa(t™) —2a(t™)) " P(a(th) + (t7))
+H@a(th) —2a(t7)) T Plwa(t?) + za(t7))

= —(zq(tT) + 24(t7)) " P(x(tT) — z(t7)) — (wa(th) — za(t7)) T Pla(th) — z(t7))
—2(zq(tt) — 2a(t7)) TPx(t™) + (za(tt) — 2q(t7)) T P(zalth) + za(t7))

= —224(t") T P(a(t?) — x(t7)) — 2(za(t™) — z4(t7)) T P(t”)
H@a(th) — 2a(t™)) T P(za(t?) + za(t™))

(2.17)
The first term in the first equality in (2.17) is nonpositive from the passivity. It is
noteworthy that we cannot infer the same conclusions about the last term in (2.17)
from (2.4) because these dynamics are equivalent to that in (2.1). Let us consider the
last equality in (2.17). We know that P(z(tT) — z(t7)) € —Ni(z(t7)) [37, Lemma
2.3]. Thus, the nonpositivity of the first term is equivalent to z4(t*) € (Ni(z(t1)))° =
Tic(x(tT)). Using (1.11), the first condition follows. The second condition is obvious.
[l

Thus, under the conditions of Proposition 2.1.11, AV (e(t)) < 0 if and only if
ZL’d(t+)TPId(t+) S xd(t_)Tde(t_),

which means that the desired state jump is dissipative with respect to the closed-loop
storage function (in general there is no reason that it should satisfy this property).
This makes a set of constraints that the reset desired state z4(¢t*) has to satisfy. Note
that the conditions of Proposition 2.1.11 are sufficient only. Examples show that they
may not be satisfied, while AV (e(t)) < 0, see section 2.2.4. Also, we note that the
reset mechanism is not needed when G = 0 (then condition C1) holds true), while the
characterization of AV (e(t)) as in (2.17) remains valid.
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Using the DI (2.12)

The formalism in (2.11) is not convenient for the state jumps analysis, because it
involves a state-dependent set. Let us recall the error dynamics in (2.12) to analyze
the state discontinuities.

é(t) € Ae(t) — BD + Nz1) ! (Celt)) & { é(t_)

withA:A,B:B,é:(

= . Cﬁd(t ) . . . .
F(t) = (de(t ud(t)>' At a state jump time ¢, the DI in (2.12) may be written
as:

)

e(t™) —e(t”) € —B(D —|—./\/57(1+))_1(C'e(t+)).

which has a solution (possibly with jumps) if the quadruple (A, B,C, D) is passive
with positive definite storage function. Then, (1.11) holds. Thus, it is inferred that
AV (e(t)) < 0 provided that 0 € K = {e € IR" | Ce + F'(t) € Q% }, and:

—P(A+ EK)—-(A+ EK)'"P —P(B+ EG)+ (C+ FK)" P(B+ EG)
—(B+EG)'P+C+FK D+FG+(D+FG)T FG =0,
(B+EG)'P (FG)" D+D"

(2.18)
where P = P = 0 is a solution to —M = 0 with M in (2.7). Notice that (2.18) holds
only if M =< 0, hence only if P is also a solution of the plant’s closed-loop LMI. Thus,
the solution P of (2.18) must be the solution of BMI in (2.7). From Assumption 2.1.4,
we have —M = 0. Using Lemma A.3.1, we infer that (2.18) holds if and only if:

1. D+ DT = 0 (see item a) at the end of section 2.1.2 for sufficient conditions),

_ T
5 1m< (B+EG)"P+C+FK

(B+EG)TP ) C Im(D + D7),

3.

~M = (~P(B+ EG) + (C+FK)" P(B+EG)) (D+D")f <—(B+EG)TP+C+ FK)

(B+EG)TP
(2.19)

Some comments arise:

« A sufficient condition for (2.19) toholdis D = —D' <= D+FG = —(D+FG)T,
D = —D', FG = 0. This is allowed by strict state passivity in Assumption
2.1.4. However, item 2 then implies that —(B + EG)'P + C + FK = 0 and
(B+ EG)"P =0, hence C + FK = 0 and B + EG = 0 since P is full-rank.
Thus, in (2.3) the ODE part and the complementarity part are decoupled.

o Assume that D = 131 8 , Dy = 0. Item 1 implies that FG = (F(?)l 8 )
_ _ N N1 _ _ ™ T J[
Then, D + DT = (DI—EDI 8), and (D + D)l = ((Dl ‘BDI) 8>, with
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Dy + (FG), + D, + (FG)] 0 —(FG)
D, + D] = 0 0 0 . Similar calculations
—(FG){ 0 Dy+Df
can be done for M in (2.7), and also for the ranges inclusion in item 2. Pursuing
the calculations and matrices partitions allows to simplify (2.19).

o Assume that (A, B,C, D) is passive. A jump in e(-) occurs at ¢ only if F'(-) jumps
at t. In turn, F(-) jumps at ¢ if and only if Czg+Fug jumps at ¢, while z4(-) jumps
only if ug(-) does. Hence, e(-) jumps at ¢ only if u,4(-) does. How is this related to
the jumps in z(+) in (2.3) and in z4(-) in (2.1) 7 As we saw above, if 4(-) jumps
at t. then \y is a Dirac measure at t. and the complementarity constraints in (2.3)
are meaningless at t.. This means that applying an impulsive feedback control
to an LCS (1.1) with FGu # 0, has to be avoided as pointed out in condition
(C1). In fact, the DIs in (2.11), (2.12), (2.8), and (2.9) are constructed with
the underlying assumption that the complementarity conditions can be rewritten
equivalently as inclusion into a normal cone (see, e.g., [37, Equ. (B.1)] [134,
Corollary 23.5.4]). For instance, f(t) in (2.9) is a Dirac measure if EG )\, is. This
might let one think that in this case, z(:) jumps at t.. We set that this is true if
F = 0 only, in which case z4(-) can jump only initially, see (2.1). Obviously, if
Ag is a Dirac measure, both formalisms (complementarity and inclusion) require
further analysis for their understanding if F'G # 0.

e The conditions in this paragraph are different from those of the foregoing para-
graph, because now we consider both the desired system and the closed-loop
plant simultaneously, instead of looking at (2.15) only. However, jumps in both
z(+) and z4(-) are permitted under some conditions as stated above. A quick
examination of the LMI in (2.18) shows that the occurrence of state jumps is
quite restricted in this context. Indeed, if D + D' = 0, then (2.18) implies that
B+ EG =0 and FG = 0. In fact, the LMI in (2.18) shows that studying state
jumps from the passivity error dynamics in (2.12) is almost impossible.

o The controller may be impulsive if G # 0 and a jump occurs in z(:). Condition
(C1) still applies.

Analysis of jump sets K and K,

These sets are crucial in the state jump characterization and computation, see (1.10).
We have:

K={2€ R"|Cz+ Fuq(t") + FK(z — 24(t")) € Q). rc} (2.20)

and
Ki={z€ R"|Cz+ Fuy(t") € Qp} (2.21)

In general, both sets are different. However, if F'G = 0 then they differ only by the
term FK(z — x4(t1)). Since z(t") belongs to K, both sets are almost equal if the
tracking error z(t7) — x4(t7) and FK are very small. So, if in addition both storage
functions matrices P (calculated from the closed-loop system LMI) and P; (computed
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from the desired dynamics LMI when this dynamics is passive) are closed one to each
other, both state jumps are almost the same as well. On the other hand, the state
jump as computed in (1.10) is independent of P (or Py, respectively), provided it is a
solution of the passivity LMI. Thus, if EG = 0, which implies that the "input" matrix
of the closed-loop system is equal to the input matrix of the desired system, the forms
of K and K4 in (2.20) and (2.21) will imply that both jumps in x and x, are close one
to each other.

The jump-mismatch (peaking) phenomenon

This is a well-known phenomenon in trajectory tracking when state jumps are present,
as recalled in the introduction. The problem that is faced in this study is twofold: 1)
is the discontinuity mismatch issue present? If it is, how can it be coped with? In the
scalar case treated in section 2.2, it will be shown that if both states jump then they
jump at the same time. However, it is also possible that x jumps while x; does not,
and vice versa. Lemma 2.1.9 shows that when F'G ), is continuous, then if both states
jump they jump simultaneously.

2.2 Simple Scalar Example with State Jumps

This section is dedicated to analyse and mainly to present numerical simulations of
the theoretical development on state jumps presented in section 2.1.3. The numerical
simulations are done with the INRIA software package sicoNos' [3], and the LMIs are
solved with MOSEK 9.3.14 solver [9].

2.2.1 Dynamics and Closed-loop System
Consider the scalar LCS with d = 0:

{x(t) az(t) + bA(t) + uy (t) (2.22)
0 < A(t) L w(t) = ca(t) +us(t) >0

where a, b, and ¢ € IR, u = (u1,us) ", uy = Fu, uy = Fu with E = (1,0) and F = (0, 1).
The desired system is represented by an LCS as follows:

{l‘d(t) = axd(t) + b)\d(t) + uld(t)

0 < Ag(t) L wg(t) = cag(t) + uga(t) >0 (2.23)

If a > 0, then the real system in (2.22) and the desired system (2.23) are unstable (i.e,
the quadruple (a,b,c,0) has a real positive pole). But, in the context of trajectory
tracking, the stability of the error dynamics is the main concern and not the stability
of the plant and desired dynamics. Let

up = ki(x — 24) + g1(A = Ag) + u1g

2.24
ug = ko(z — xq) + g2(A — Ag) + uag ( )

https://nonsmooth. gricad-pages.univ-grenoble-alpes.fr/siconos/index.html
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so that K = (ki,k2)" and G = (g1, 92)". By substituting the expressions of v and v in
(2.22), the closed-loop system is written in the form of (2.3) as follows:

{x’(t) = (a+k)z(t) + 0+ g)AE) — kiza(t) — giAa(t) + wra(t) (2.25)

0 < A(t) Lw(t) = (c+ k2)x(t) + gaA(t) — kozg(t) — gara(t) + uog(t) > 0.

Remark 2.2.1. Consider G = 0. Recall the conditions of well-posedness given in
section 1.2.2, item 3 for the case when d = 0. Assume that there exists p > 0 such that
the quadruple (a,b,c,0) is passive (i.e., the LMI in (1.8) has a solution). Then the
condition pb = ¢ holds. In addition, if the closed-loop system in (2.25) is well-posed,
then the condition pb = ¢ + ko holds. Therefore, knowing that p > 0, the variables b,
c and ¢ + ko should have the same sign. Notice also that the contact LCPs have the
matriz cb, hence cb < 0 implies no or several solutions for some u14(t) and ugq(t):
passivity avoids this.

2.2.2 State-jumps Analysis

State-jumps in z(-) and z4(-) can occur for different reasons discussed in section 2.1.3.
The purpose of this section is to analyze state jumps in the desired and closed-loop
systems in different cases which illustrate the general developments.

If the controller gain G =0

Notice that the dynamics (2.25) may not be well-posed due to the possible presence of
Dirac measures that stem from both the complementarity conditions in (2.25) which
create an impulsive multiplier A and from the complementarity in (2.23) which implies
an impulsive multiplier \;. Therefore, we shall consider G = 0 (which means that
(C1) in section 2.1.3 is satisfied). In order to analyze state jumps, the following sets
are calculated as follows (see section 1.2.2). For the desired system in (2.23):

Qip ={MeER|0< N LdN\g>0}={NER|0< N, LO>0}
:{AdER’)\dEB+}

2.26
ap =iwd € R | (wa,Ag) > 0} = {wq € R|wq € Ry} ( )

K = {ZL’d € R | CTq + U2d<t+) € Q?I,D} = {CL’d c R | CTy > _UQd(t+)}

A jump can occur in the desired state x4 at time ¢t = t., t. € [0, +00), if and only if
cxq(t;) < —ugq(tl). For the closed-loop system in (2.25):

Qp={AeR|0<ALd\>0}={\e R|\€ R,}
s={weR|{w\>0}={weR|we R}
(2.27)
K= {JJ e R | (c+k2)x—k2xd(t+)+u2d(t+) - QQ,D}
={z € R | (c+ k) > kowg(tT) —ugq(t™)}
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The state x of the closed-loop system in (2.25) jumps at any ¢t = t., t. € [0, +00), if
and only if cx(t)) + ko[z(t.) — xq(t])] < —ugq(t}). Thus, when G = 0, the jumps at
t > 01in z(-) and x4(-) occur only if uy, is discontinuous at ¢, as expected.

If the controller gain G # 0 and z, is continuous

In this case, a state jump in z (if any) is caused by the discontinuity in A\;, which
can arise when the complementarity problem switches mode (i.e., w(t) = cx(t) + us(t)
vanishes). The desired system’s state is considered continuous to avoid a Dirac measure
Ag in complementarity conditions in (2.25). For the closed-loop system represented by
(a+k1,b4 g1, c+ ks, g2) to be strictly passive, one must have go > 0 given that d = 0.
But, go multiplies A as shown in (2.25). The LCP of the closed-loop system (2.25) is

0 S >\(t) L w(t) = (C + k?g)l’(t) + 92)\(t) - k‘gl’d<t> — gg/\d(t) + Uzd(t) Z 0

has a unique piecewise continuous solution A. Hence, the LCS in (2.25) is an ODE
with an AC solution on IR, provided that w;(t) and uy(t) are continuous (see section
1.2.2, item 1). Thus, the closed-loop system’s state is jump-free in the scalar case with
G # 0 and the desired system’s state x4 is continuous. Therefore, the error dynamics
e(t) is continuous in this case. The explanation of this result can be further understood
by analyzing the following sets of the closed-loop system:

Qp ={we R|(w,A) >0} = {IR}

K={re€ R| (c+ko)ax(t) + g2A(t) — koxq(t) — gora(t) +u2(t) € Qf p} = {IR}

Using the optimization problem in (1.11), z(¢7) = x(¢7). Thus, the closed-loop sys-
tem’s state () is continuous even if \; is discontinuous. Therefore, the error dynamics
e(t) is continuous.

2.2.3 Stability Analysis of Error Dynamics

This section is dedicated to the stability analysis of the error dynamics in (2.28) when
state jumps occur. Consider that G = 0, then the error dynamics e(t) = x(t) — x4(t)
is written in the form of (2.5) as:

é(t) = (a+ky)e(t) +b(A(t) — (1))

o= (1) () - ()0 (2 ) () (20 =0
2.28

Let us now try the passivity criterion introduced in (2.18) to cope with state jumps
directly from the error dynamics passivity. Let a = a + k1, b = (b —b) and ¢ =

(C —Bk2> The passivity of the error dynamics represented by the quadruple (a, b, ¢, 0)
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is determined by checking analytically if the BMI in (2.18) has a solution for the system
(2.28). Consider

—2p(a+ k1) —pb+c+ky pb
Mmé —bp+c+ ks 0 0] >=0.
bp 0 0

From Lemma A.3.1, it follows that M,,; = only if —pb+ c+ ky = pb = 0. Therefore, it
is inferred that this approach (imposing the passivity of the error dynamics with the
LMI in (2.18)) is not fruitful in this case.

The following Lemma states the stability result.

Lemma 2.2.2. Consider the dynamical systems in (2.25) and in (2.23). Suppose that
Assumptions 2.1.2 and 2.1.4 hold. Assume that the states x(-) and x4(-) have jumps
fort >0 (which is possible since d = 0 in the complementarity constraint). Then, the
error dynamics in (2.28) has a globally asymptotically stable equilibrium point e* = 0.

Proof. Consider the Lyapunov candidate function V(e(t)) = e(t)" Pe(t). Recall from
section 2.1.2, Proposition 2.1.8, that the error dynamics in (2.28) has a globally ex-
ponentially stable equilibrium point e* = 0 when both the states x(-) and z4(-) are

continuous. This result is proved by showing the variation of the storage function of
the error dynamics V'(e(t)) < 0 for all e # 0.

In view of the desired dynamics (2.23), the closed-loop dynamics (2.25) and the con-
trollers (2.24), let tx where k& > 0 be the set of time instants at which wugg(+) is discon-
tinuous. The states 2 and x4 undergoes a jump at ¢ € {0} U {tx}. The goal is to study
the sign of AV (e(t)) at the jump time which is written as follows in scalar case:

AV(e(t)) =V(e(t™)) —V(e(t))
= (2(t*) — za(t")) " p (a(tF) — za(t?)) — (@(t7) — za(t7)) " (z(t7) — za(t"))
= p (a(tt) —zat)? = p(a(t™) — za(t™))?
(2.29)

There are three cases to consider when analyzing the sign of AV(e(t)). To lighten
notations we denote f* = f(t*) and f~ = f(t7).

First case In this case, both z and x4 jump at the same time ¢t. The values of the
state jump for the desired and the closed-loop system are given by z} = lu;d and

xt = kot ci = g respectlvely by referring to Appendix B.1. If we substitute the value of
+

zy in ", then 2 = —Equ. The variation of the storage function at the jump time is:

AV(e(t)) =p(a(t?) = za(t*)? = p (@(t™) — za(t"))’
=p (—Lugy + Lufy) — pa(t) —aa(t))’
= —p(x(t™) — z4(t7))* <0

Thus, when both z and z; jump, the variation of the storage function of the error

dynamics AV (e) < 0 for all e # 0.
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Second case In this case, the closed-loop system’s state x jumps and the desired

system’s state x4 is continuous such that =) = z; = z4. The value of the closed-loop
kgxd—u;rd
c+ka

system’s state jump is given by 2T = (see Appendix B.1). If these values are

substituted in AV (e(t)) in (2.29), then

+ +

2 2
koxg—u _ —Ccrg—u _
ave) = (25 - o) = oo - = (F255) - @ o)
7cxd7u;d _ fcxdfu;rd —
p c+ka — T+ Ty ctko +T -2y

. —(c—l—kz)x’—&-kga:d—u;d (c+k2):c’—(20+k2)xd—u;rd
- p c+ko c+ka

= e (et k) + kawa — udy) (e + ko)™ — (2 + ka)wa — udy ) )

Let h(zx) 2 —(c+ ko)x™ + kywg — ud,; and r(x) 2 (c+ ky)x™ — (2¢ + ko)xg — ugy. Let
us study the signs of h(x) and r(z).

Knowing that x~ ¢ KC, the following inequality holds:
(c+ ko)™ — kozg+usy <0< —(c+ ko)z™ + kowq — ugy > 0 & h(z) >0
Now, let us check the sign of r(z). If we add and subtract uj,, then

r(z) Lugy = (c+ ke)x™ — kowg + ugy — 2cy — 2ug,

—h(z) — 2cxg — 2ug,

> e

Provided that —h(x) < 0 and cxg + ugy > 0 (i.e., 24 € Ky) & —2cxg — 2ud; < 0. So,
r(z) < 0.

Thus, h(z) > 0 and r(z) < 0. Therefore, AV (e(t)) 2 _» (h(z)r(z)) < 0.

(c+k2)2

Third case In this case, the desired system’s state x5 jumps and the closed-loop

system’s state x is continuous such that ™ = 2= = z(t). The value of the desired
system’s state jump is 7} = —%u;d (see Appendix B.1). If these values are substituted

in AV (e(t)) in (2.29), then

2
AVie(t)) =p (x + u%) —plz—z;)*=p ((:p + % +x— :L‘E) (ugd + x;))
A ul — A ul — .
Let h(z) =2+ -2 + 2 — 2, and r(z) = -2 + x;. Let us study the signs of h(z) and
r(z). Knowing that x; ¢ K4, then

+
u
cxg+u;d<0@xg+%<0@r(a:)<0

Now, let us check the sign of h(x) by adding and subtracting ug,;. Then,
h(z) £ u3, 2 2(cx +udy) — cxy — ugy 2 2(cr +udy) —r(z)
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The following holds:

reK & (c+ko)r— ko) +ug; >0
S (c+ ko)z + B2udy +ugy >0
& @(cx%—u%) > 0.

According to Remark 2.2.1, %2 > 0. So, cx+uj, > 0 & 2cz+2uj, > 0 and —r(z) > 0,

and h(z) > 0. Thus, h(z) > 0 and r(z) < 0 and AV(e(t)) 2 p (h(z)r(z)) < 0.
Therefore, the storage function is strictly decreasing (i.e., V' < 0 when ¢t # t; and
AV < 0 when t = t;, for all e # 0 where t;, are the time instants of jumps) on R,. [

The next lemma states the existence of finite-time tracking.

Corollary 2.2.3. Following on from Lemma 2.2.2, assume that us(+) is discontinuous
at time instants ty, with k = {1,2,...,n} where n € IN*. For any tly, if there exists
ugq(tf) < min{—cx(t,;), —ca:d(t,;)}, then both x and x4 jump to the value zq4(tf) =
z(th) = —%qu(tﬁ). Therefore, there is perfect tracking for all t > ty (i.e., finite-time
tracking is achieved).

Proof. Let the time instants at which us,(+) is discontinuous be denoted by t;, with k =
{1,2,...,n}. The goal is to show that if the input us(t)) < min{—cxz(t;,), —czq(t; )},
then both z and z4 jump to the same value at ¢ = t;. According to the set K4 in (2.26),
the state x4 performs a jump at t = t; if and only if x4(t; ) ¢ K4, which is written as
follows:

xq(ty) & Kg & cag(ty) + u(td) <06 ugg(t]) < —caq(ty)

Also, the state x in (2.25) performs a jump at t = ¢, if and only if z(¢;) ¢ K in (2.27).
Let us write the following:

x(t;) ¢ K< (c+ ko)x(ty) — kowa(ty) + uoa(ti) < 0 (2.30)

Given that z4 jumps at ¢ = #;, let us substitute zq(t}) = —Iuga(t}) (see (B.1) in
Appendix B.1) in (2.30). Then,

(c+ ka)a(ty) + Euga(ty) + uaa(tf) < 0 <2 (ca(ty) + uzalty)) <0
Let ¢ and ¢+ ky have the same sign (see Remark 2.2.1). It is inferred that equivalently
ugq(ty) < —cz(ty).

According to the solution of the optimization problem (1.11) presented in Appendix

) _ o (4
B.1, the closed-loop system’s state x jumps at t; such that x(t)) = kazalty) —uzalty) _

c+ko
—2ugq(t)) where zq(tf) = —2ugq(t)). Therefore, both z and x4 jump at ¢ to the
same value zq(t) = z(t]) = —Luga(t]) (see Appendix B.1) if and only if usq(t;) < p,
where p is given by g = min {—cxd(t,;), —cx(t,;)}. O
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2.2.4 Numerical Applications

Let us consider that the open-loop system with u; = uy = 0 is not strictly passive
but there exist ki, ko, and p such that the closed-loop quadruple (a + ki, b, c + ks, 0) is
strictly state passive, equivalently the bilinear matrix inequality in (4.10) has a solution
p > 0 with € > 0. According to Appendix A.1, the following LMI is obtained with
“=0 2 2N b N.

—<4qa — 1—€q —b+qc+ N

( —b+cq+ Ny 0 ) =0 (2:31)

where ¢ = p~!, Ny = k1q and Ny = kyq. The LMI in (2.31) has a solution such that:
ki =—1.198, ko =0.96 and p = 1.9607

for a = 0.5, b = 1 and ¢ = 1. For the sake of numerical simulation, take a = 0.5 (so
that the solutions of systems in (2.23) and (2.22) diverge slowly).

Example 1. Let us take b = 1, and ¢ = 1. The numerical simulation below for
the closed-loop system and the desired system is implemented with a discontinuous
controller ugq(t) at ty with k = {1,2,3,4}. Take x(0) = 3, 24(0) = —3, uyq = Hsin 3t
and usq = 4 for t < 1s with the time step h = 0.01. Given that z4(17) = —0.7 and
x(17) = 2.28, and following Corollary 2.2.3, let us choose ugq(17) such that ugg(11) =
min{—z4(17) — 9§, —x(17) — 6} < min{—a4(17), —2z(17)} with § = 0.5. Based on the
value of &, uge(1T) = min{0.2, —2.78} = —2.78.
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6ol I I . ) —
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Figure 2.1: Numerical simulation of LCS where both = and z4 jump

Both x and x4 jumps at t = 1 to the same value of —usy(t]) = 2.87. Notice that
the storage function’s variation AV is non-positive at the time of the state jump (i.e.,
V(e(1T)) — V(e(17)) < 0). After the first jump of both states x and x4 at the same
time t = 1 and following Corollary 2.2.3, the controller usg can take any value at the
time of discontinuities such that usq(t;,,) € IR and perfect tracking is preserved (i.e.,

e=0).

Example 2. Let us illustrate the case when x4 jumps but x does not jump. Take
z(0) = 3, 24(0) = —3. Knowing that x4(17) = —0.7 and z(17) = 2.28 from the
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Chapter 2. Trajectory Tracking in Linear Complementarity Systems

simulation in Figure 2.1, let us choose ugq(17) such that x4(17) ¢ K4 in (2.26) and
z(1) € K in (2.27). Thus,

2g(17) € Ky & cxg(17) +ugq(1T) <0 = ugq(11) < 0.7
and
z(l) e K & (c+ k2)x(l) — kawg(1T) + ugq(17) > 0 = uge(17) > —2.28

with ¢ =1 and ko = 0.96 (the solution of LMI in (2.31)). Take ugq(11) = —1.
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Figure 2.2: Numerical simulation of LCS when only x4 jumps

It is noticed from Figure 2.2 that the variation of the storage function V = pe? is
negative when xgq jumps at t = 1s even though the closed-loop system’s state x does
not jump at t = 1s. Let us create another jump in x4 in the transient regime of
the error dynamics (i.e., before e = 0 at t = 1.5s). Knowing that x4(1.27) = 1
and x(1.27) = 2.057, choose —2.057 < ugq(1.27) < —1 so that 24(1.27) ¢ K4 and
z(1.2) € K. Take uyq(1.2%) = —1.5.
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Figure 2.3: Numerical simulation of LCS where only x4 jumps
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In Figure 2.3, the desired state x4 jumps att = 1.2s such that x4(1.27) = —ug,(1.27) =
1.5. The value of the error e(1.2%) = 0.557 < e(17) = 1.057, so the variation of the
storage function V', computed in (2.29), is negative at the jump time t = 1.2. It is
observed in Figure 2.3 that the error has an asymptotically stable equilibrium point
e* = 0 which is consistent with the result in Lemma 2.2.2. It is important to state that,
in the case of Figures 2.2 and 2.3, the necessary and sufficient conditions to have a
Jump in the closed-loop state x (i.e., usg(11) < —2.28) generate a jump as well in the
desired state x4 at the same time, illustrating Corollary 2.2.35.

Example 3. The above conditions that quarantee a negative Lyapunov function jump,
may not match with the sufficient conditions of Proposition 2.1.11. The goal is to find
an example such that the sufficient conditions of Proposition 2.1.11 are satisfied, as an
illustration. Recall that a =0.5, b=1, c=1, p=1.96 and ks = 0.96.

Let x(0) = —15, 24(0) = 1, ui4(t) = 5sindt and ugg is a discontinuous function
as shown in Figure 2.4. Let us create a jump at t = 1s such that the conditions in
Proposition 2.1.11 are satisfied. At t = 17, the values of the states are x(17) = —2.06
and xq4(17) = 5.89. Let us consider the case when x4 is continuous at t = 1s (i.e.,
zg(11) = 24(17) = 24(1)) and x is discontinuous at t =1 (i.e., z(17) =
Appendiz B.1). Assume that at t = 1s:

k”: _“;d

. from

Nek& _kad<1+> + u2d(1+) >0 u2d(1+) > 5.65
and
ra(1M)pz(17) > 24(17)pz(17) & z4(1)pz(17) = z4(1)pz(17)

and
4(t") € Tee(projplK; x(t7)]) & za(t™) € Trc(a(t)) © wa(t™) € (N (2(t7)))°.
Knowing that —p(x(17) — 2(17)) € Ni(x(17)), then the last condition is written as

za(17) € Wic(2(17)))* = —za(17)p(x(17) —2(17)) <0

+

e
= zg(1)p (’“% - x(l)) <0

= up(1T) > 15

Let ugq(17) > 5.56 such that the above conditions (i.e., the conditions of Proposition
2.1.11) are satisfied and =5 < wugq(17) < 9.6 (i.e., x4(1) € Ky and z(17) ¢ K at
t = 1s), thus choose ugq(17) = 6. The numerical simulation is shown in the Figure 2./
with a time step h = 0.01s.
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Figure 2.4: Numerical simulation of LCS where only x jumps

As shown in Figure 2.4, at the jump time t = 1s, the variation of the storage function
AV (e(1)) =V(e(1T)) =V (e(17)) < 0 which agrees with the result stated in Proposition
2.1.11.

2.2.5 Recapitulation

The occurrence of "peaking phenomenon', which occurs when the jump times of two
trajectories do not coincide, is not observed in our case. This is due to the fact that
the desired system in (2.23) is derived from the dynamics of the real system in (2.22)
and that both systems are passive.

The challenge in our work results from the different situations leading to state jumps
(i.e., discontinuities in vg(t) or in A\g(t)). It is noteworthy that, in the scalar case, the
Jjumps only occur due to discontinuities in usy(t) as discussed in section 2.2.2. The
closed-loop system’s state x(t) in (2.25) jumps when either xq(t) or ugy(t) jumps, and
since the desired system’s state x4(t) only jumps when ugy(t) jumps, it follows that both
states jump at the same time (i.e., no jump mismatch occur).

The electrical circuits with ideal diodes, presented as examples in Chapter 3, section
3.3.2 provide a more advanced analysis for state jumps and show the stability of the
error dynamics in the presence of state jumps through numerical simulations.

2.3 Tracking Control for First-order Sweeping Pro-
cess

The first order sweeping process (FOSwP) is a differential inclusion of the form:
@(t) € =Nsq(x(t)) + f(t,z) (2.32)
where Ng)(z(t)) is the normal cone to the closed convex non-empty set S(t) C IR" at

x(t), defined in Definition 1, and f(¢, z) is a single-valued map such that f : R x R" —
IR™. This type of differential inclusion is first introduced by J.J. Moreau in [123, 122,
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2.3. Tracking Control for First-order Sweeping Process

120] and motivated by the problems of elastoplasticity. Indeed, the control of FOSwP
has recently received much attention, especially its optimal control [56, 10, 48, 49, 54].
Many papers focused on deriving necessary and optimal conditions for different types
of sweeping processes (i.e., perturbed, unperturbed, etc.) using the method of discrete
approximations [49, 55, 57, 58, 76, 77, 119]. Optimal control problems governed by
sweeping process have been addressed with various applications, such as marine surface
vehicles [49], robotics and pedestrian traffic [54], and crowd motions with obstacles [48].
Additionally, the existence of periodic solutions for FOSwP is discussed in [86], with
further studies performed on the stability of these solutions in [151, 53]. Thus, it is of
interest to investigate the trajectory tracking issue for such DIs.

Under some conditions (see, e.g., section B.2), LCS can be equivalently rewritten as a
First-order Sweeping Process (FOSwP). Here we are interested to see how the material
in section 2.2 is generalized to trajectory tracking in FOSwP, considering the analysis
of state jumps discussed in section 2.1.3.

2.3.1 Dynamics under FOSwP

Let us first rewrite both the closed-loop plant and the desired dynamics under the
perturbed FOSwP format, when D = 0 in (2.1) and D + FG = 0 in (2.3). The
LCS of the desired system in (2.1) can be represented equivalently as a FOSwP when
D = 0 if the conditions in section 1.2.2, item 3 are satisfied. These conditions require
the system represented by the quadruple (A, B,C,0) to be passive which implies the
condition PB = C'" where P = PT = 0 is the solution of the matrix inequality of strict
passivity in (4.10), the controller v € £,.(IR; : IR") and the constraint qualification
Im(C) — R} = IR™ holds. The desired FOSwP is represented as follows (see section
B.2):

Calt) € RaARTGult) = Nyt (Ga(1)) (2.33)

where R2 = Py, Ry = R}, (4 = Rgrg and ¢y4(t) = {Rgrq | Cxq € Sq(t)} with
Sa(t) = {v € R™ | v+ Fug(t) > 0}. Given that x4(t) = R;'Cy(t), then ¢4(t) = {(4 €
Recall that the closed-loop system in (2.16) when D+ F'G = 0 is the following FOSwP:

((t) € R(A+ EK)R((t) + RE(~KR;"Ca(t) + ua(t)) — Naw (((1)) (2.34)

where ¢(t) = {Rx | (C + FK)x € S(t)} with S(t) = {v € R™ | v — FKx4(t") +
Fuy(t) > 0} and ((t) = Rx(t). It is noteworthy that the set ¢(¢) depends on the
post-jump of the desired state 7. This means that it can be characterized only once
the desired state’s jump has been calculated. Thus, ¢(t) = {( € R" | (C+FK)R™'(—
FKR;'Cy(t") + Fuy(t) > 0}. Note that x € K if and only if ¢ € ¢(t) and z4 € K4 if
and only if (4 € ¢4(t).

2.3.2 Conditions for Post-Jump Equality: 7 =z}

Recall that f(t1) = limsﬁtt f(s) and f(t7) = limsﬁf f(s). Taking advantage of the
s> s<

FOSwP formalism, the aim in the following is to show under which conditions z} = z™
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holds. As a first step, let us check if z} € OK. It is required to show that ] € K (the
set K is defined for (2.3)). Given that x} € Ky, then

Cxy+Fug>0s (C+ FK)z) — FKz} + Fug >0 (2.35)

This means that = satisfies the condition of the set K. Hence, x} € K.
In addition, given that x; € Ky, it follows that

[C$I+Fuﬂk =0« [(C—l-FK):Ez{ —FKx;f#—Fu:{]k =0 for some ke {l,...,m}
(2.36)
Thus, the following is proved:

Lemma 2.3.1. The post-jump desired state satisfies: x; € K NOK,. So, a necessary
condition to have x* = x} is that ™ € OK, which is equivalent to x~ & Int(K).

If it is assumed that P(z~ — z}) € Ni(z}), equivalently x} = Projp[K;27] = 2™ (the
last equality holds from (1.11)). The question that arises is: what are the conditions
such that the first inclusion holds?

Let us present the given information in the following. The optimization problem in
(1.11) for the desired system leads to the following:

v} = Projp, [Kaiag] & Paley — xf) € Nigy(af) (2.37)

Similarly, according to the optimization problem in (1.11) for the closed-loop system,
the following is derived:

Plx™ —at) € Ni(ah) (2.38)

Using the definition of the normal cone in (1.2), the equations in (2.37) and (2.38) are
written as follows, for the desired and closed-loop systems, respectively:

(x7 — ) Py(wg—2}) <0 Vage Ky

(7 —a2")'Plz—2") <0 Vzek

And the third inclusion for ) = ™ is equivalent to the variational inequality VI (see
Definition 7):
(7 —2) P(x—2]) <0 Vzek

Note that 2} € OK if and only if Rz} € d¢(t) & RR;'CS € 06(t), where (4 = Ryzq
and ¢ = Rx. Hence, the state RR;'C; becomes relevant and the set RR;¢,(t) is
considered in the following since RR;'¢; € RR; ¢4(t). Let ¢, = RR;'¢; = Rxq and
¢, (t) = RR;'¢4(t) = RK4 which is defined as:

¢a(t) = {¢y € R* | CR™'(¢) + Fug > 0} (2.39)

The desired system in (2.33) is written, in the terms of the new variable ¢}, = RR;'(y,
as follows: ‘
¢y € RAR™'C) — RP; RNy () (2.40)
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Similarly, t € 0K if and only if (T € 0¢((t). Hence, equivalently the three VIs are
obtained:

(€ =G —¢ ) <0V ed) (2.41)
(=T —-¢h) <0 V(o) (2.42)
(C=¢HTC-¢) <0V ¢ed) (2.43)

The optimization problem in (2.38) for the closed-loop FOSwP in (2.34) is written as
follows:

(" =Projlp(t), ] & ¢ — (" € Ny (¢T) (2.44)
Then, it is required to prove under which conditions (~ — ¢} € N¢(t)<C£l+) (which is
the VI (2.43)) holds, equivalently ¢, = ¢* (i.e., R7'¢t = R;'(¢T < 2 = x1). Let us
study this on a particular example.

Example 4. Consider the desired FOSwP in (2.33). Take A= —I, B=1, and C =1

T T
where I is the 2 x 2 identity matriz. Let £ = (1 0) and F = <2 1) . The LMI

of strict passivity in (4.10), related to the desired system’s quadruple (A, B,C,0), has
a solution Py = P} = I = 0. Thus, the desired system is strictly state passive. Given
that R2 = Py, then Ry = 1.

Let us check if there exist K and P such that the closed-loop system’s quadruple (A +
EK,B,C + FK,O0) is strictly passive. This means that it is required to check if the
matriz inequality in (4.10) has a solution. In order to solve the BMI in (4.10), it is
transformed into an LMI (see Appendix A.1) and the solution is given by the software
MOSEK 9.3.14 [9]:

1.14 0.07
K = (007 0.035) and P = (0.07 1.035)
1.07 0.034
. 2 o o . .
Given that R* = P, then R = 0.034 1.017) Thus, the FOSwP associated with the

closed-loop system in (2.34) is written as follows:

¢ —0.93 0.034\ (¢ 0.14 0.07 + 1.07
(CD < (0.034 ~1 > (g;) - <o.07 0.034) ( ;{j) + <0,034> uq — Ny (€) (2.45)
where Ny (() ={v € R* | v"(( —n) <0 V€ ¢t)} and the set ¢(t) is given by:

o(t) ={¢ € R*|(C+ FE)R™'¢ — FKR'¢4(t") + Fua(t) > 0}

1065 0.034) (¢ _ (0.120 0.065) (Giy) (2}, o (0
0.034 1.016) \&) ~ \0.064 0.032) \¢5;) " 1) "= \o

(2.46)

:{gele

The desired FOSwP in (2.40) is written as follows:
¢ ’ 114 0.07
(éﬁ) © (22) - (0.07 1.035) Ny (6a) (2.47)
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where Ny )(Cp) = {v € R?* | v (¢}, —ng) <0 Vg € ¢4(t)} and the desired set ¢/y(t)
is given by:

oy(t) ={Ce R*| CR™'¢}+ Fuq > 0}

0.936  —0.031) (Cig\ , (2ua) - (0 (2.48)
—0.031 0984 ) \¢ch) T \ua ) = N0

Let us define the set of active constraints for the desired system in (2.47) as:

_ {g;eJRQ

Aa(@y(t)) = {i € {12} [ (CR™)iaCy + Fioua(t) =0 and ¢j € (1)} (2.49)

and we define

Ca S 0936 0031 . (2u) L
de—{d c R (_0'031 0.984 ) q T u i.—O and ¢, € ¢l(t) ¢,

forie{1,2}.
Let us draw the set ¢);(t) in (2.48) as shown in Figure 2.5 below

G2
O

Gkt

Ud | G

2uy

Qo

Figure 2.5: Plot of set ¢/,(¢t)in(2.48)

It is noticeable that the set ¢(t) in (2.46) depends on the value of the state ¢; . This
implies that there exists a unique set ¢(t) associated with each ;" which is the solution
to the optimization problem in (2.37) with a specific set of active constraints applied.

Let us consider the following cases based on the different values of g‘gj, each resulting
in a different set of ¢(t).
Case 1: the state g;,* € Vg N Ny

In this case, both constraints Quq and Qaq in (2.49) for the desired system are considered
active. According to the set of active constraints Aq(¢)(t)) in (2.49) and given that
the matriz CR™! is invertible in this example, it follows that the state variable C(’; 18
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expressed as C{; = —RC 1 Fuy € Q19N Qoq. By substituting the value of C(’; in the set
o(t) in (2.46), it gives the following expression of ¢(t):

o(t) = {C € B? | (C + FK)R™V)C + (FKC ' Fyug(t) + Fug(t) >0} (2.50)

Figure 2.0 below shows both sets ¢(t) and ¢q(t).
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111

Figure 2.6: Plots of sets ¢(¢) in (2.50) and ¢/,(t)

By observing the plots in Figure 2.6, it is noticeable that the state C(’; is located at the
corner of the set ¢,(t) (i.e., ¢} € QgN oy defined in (2.49)). This corner represented

by ¢} is shared by both sets ¢/y(t) and ¢(t) such that ¢} € dp(t)NOY,(t). Let us define
the active constraints for the closed-loop system in (2.45) as follows:

Ad) ={i € {12} | (C+ FE)R™Y); o + (FKCT'F); qua(t) + Fyaua(t) = 0, for (* € ¢(t)}
(2.51)

and we define

1.065 0.034\ . (2.35ug) .
(0.034 1.016>“C +<1.75ud> =0 for¢ Eacb(t)},

Q; 2 {g+ezR2

forie{1,2}.

o If(™ € Region I (i.e., (- ¢ ¢(t)) and the active constraint is 0y defined in (2.51),
then the post-jump state (T € Qy and is defined as (T = Proj[Qy; (7).

o If (™ € Region II (i.e., (- € int¢(t)), then ¢t =(~ € int ¢(t).

o If (™ € Region III (i.e., (- & ¢(t)) and the active constraint is Q5 as defined in
(2.51), then (™ € Qs.

o If (- € Region IV (ie., (- — ('1+ € N¢(t)(g’i+)) and both constraints 2 and
are active as defined in (2.51), then ¢t = ¢

Thus, regardless of the active constraint, ¢t = ¢4 if and only if (~ — ¢ € ./\f¢(t)(C(’;).
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Case 2: the state ¢, € Qyq

In this case, only one of the constraints for the desired system is considered active which
is Qg as defined in (2.49). Let ¢ = (—2.104 ug,ug) " € Qiq and let us substitute the

value of ¢} in the set ¢(t) in (2.46), then:

9 1.065 0.034\ [y 0.129 0.065)\ [ —2.1036uq 2ugq
— — >
o(t) {C € IR’ | (0.034 1.016 ) \ & 0.064 0.032 g Tl ) 20
(252)
and it is represented graphically in Figure 2.7 below
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(0) |

AT N
Palt)

Ud 9y,

Figure 2.7: Plots of sets ¢(t) in (2.52) and ¢/(¢)

By observing Figure 2.7, the state C(’; is shared between the active constraint of the
desired system 14 and the set ¢(t). It can be noticed that the set ¢(t) in Figure 2.7
is different from that in Figure 2.5 due to the new selection of cg*. Let us define the
active constraints for the closed-loop system in (2.45) as follows:

Alo(t) = {i € {12 [ (C+ FE)R )il + (FKR™)a(y (1)
+Fua(t) = 0, for ¢t € 6(t)) (253)

and we define

Q= {g* € IR?

A (1065 0034\ . (2206ug) N
= <0.034 1.016)2,.C +<0.815ud>i._0 for¢m € o)
forie{1,2}.

The same reasoning as before is applicable in this case. It is worth noting that the
equality ¢t = ¢ holds if and only if ¢~ is selected such that (- — ¢ € /\/¢(t)(§(’;).
Otherwise, the resulting feasible solution (* # Qj but it belongs to the boundary of the
set ¢(t). That is, (T € Op(t), which can be any of the three possible domains: €y, Qa,
or Q1 N Qs as defined in (2.53).
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2.3. Tracking Control for First-order Sweeping Process

Case 3: the state ¢, € Qyq

In this case, only one of the constraints for the desired system is considered active
which is Qoq defined in (2.49). Let ¢ = (4 ug, —0.89 uyg) " € Qoq and let us substitute
the value of ¢} in the set ¢(t) in (2.46), then:

1065 0.084) (G} (0129 0.065) ([ dus ), (2ud)
0.034 1.016) \Gz) ~ \0.064 0.032) \ —0.89uy wg ) =
(2.54)

o(t) = {c e I

which is represented in Figure 2.8

G2
0]

Ud + 29d | Cl

/'*'I 9]
d | 2

N (¢)

Figure 2.8: Plots of sets ¢(¢) in (2.54) and ¢}(t)

The state ¢} is shared by both sets ¢(t) and pq(t), as shown in Figure 2.8. More

precisely, Cc’;r € Qoqg N @(t). Let us define the active constraints for the closed-loop
system in (2.45) as follows:

A1) = {i € (L2} (C+ FEOR ™)t + (FER™)iaCy (1) + Foualt) = 0 for ¢* € 6(1)}

1.065 0.034 .,  [1542u,\ N
<0.o34 1.016>i.C +<O.773ud> =0 for( E¢(t)},for

ie

and let Q; 2 {C* c R?
ie{1,2}.

The same result as in the previous cases is determined: (* = C(/; if and only z'f(’—(c’; €

Now ().

In this section, an equivalence between LCS and FOSwP under certain conditions
is demonstrated. Significantly, Lemma 2.3.1 gives a necessary condition to ensure
that the equality ™ = 2} holds. Example 4 illustrates the conditions under which
the post-jump states of the desired and the closed-loop systems are equal. However,
further investigation is required on trajectory tracking in FOSwP, particularly on the
conditions that guarantee that the assumption P(z~ — x}) € Ni(z]) is satisfied.
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Chapter 2. Trajectory Tracking in Linear Complementarity Systems

2.4 Robustness Analysis: Tracking with Paramet-
ric Uncertainties

It is of interest to analyse the tracking problem when the plant’s dynamics have uncer-
tainties. In this case, the desired dynamics’ matrices in (2.1), and the plant’s model
matrices, differ. The desired dynamics (2.1) has to be designed using a nominal plant
model.

2.4.1 Controller Design

The controller u(t) = Kol[z(t) — xa(t)] + Go[A(t) — Na(t)] + ua(t) is designed from
the plant’s nominal quadruple (A, By, Cy, Dy), along the same procedure as in the

foregoing section. Therefore the desired system (2.1) is represented by the following

LCS:
{:icd(t) = Aoza(t) + BoAa(t) + Eoua(t) (2.55)

0< )\d(t) 1 wd(t) = Oo$d(t) + Do)\d(t) + Foud(t) > 0.

If strong passivity is used (Assumption 2.1.5) instead of strict state passivity as in
the foregoing section (Assumption 2.1.4), the controller gains are computed assuming
there exist matrices Ky and Gy such that the inequality (2.7) is satisfied for the nominal
plant, i.e.,

M é (A() + E()Ko)TP() + P()(Ao + E()Ko) P()(BQ + E()G()) — (Co + be(())T 0
0 (Bo + EoGo) " Py — (Co + oK) —Dy — FyGo — (Do + FyGo) T
(2.56)
has a solution Py = P, = 0. The plant dynamics is represented as follows

#(t) = (Ao + AA)x(t) + (By + AB)A(E) + (Eo + AE)u(t)
0 < A(t) Lw(t) = (Co+ AC)z(t) + (Do + AD)A(L) + (Fy + AF)u(t) > 0

where AA, AB, AC, AD, AE and AF represent additive uncertainties. Sufficient
conditions on the uncertainties upperbounds are calculated in the next section, so that
some stability is guaranteed. The closed-loop system is given by:

z(t) = (Ao + AA+ (Ey + AE)Kp)xz(t) + (Bo + AB + (Eg + AE)Go)\(t)
—(Eo + AE)(Koza(t) + GoAa(t) — ua(t))
0<\t) Lw(t)=(Co+ AC + (Fo + AF)Ky)x(t) + (Do + AD + (Fy + AF)Go)A(t)
—(Fo + AF)(KofEd(t) + Go)\d(t) - ud(t)) >0
(2.57)
It is noteworthy that the well-posedness of (2.57) may not be guaranteed for any un-
certainties. Some of the results in section 1.2.2 can be used. The following assumption
is supposed to hold in this section:

Assumption 2.4.1. The closed-loop system (2.57) is well-posed, i.e., it has unique AC
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2.4. Robustness Analysis: Tracking with Parametric Uncertainties

solutions for any initial condition z(ty) = x¢ satisfying w(ty,xo) > 0, equivalently:

ro € Dom ((Do +AD + (Fy + AF)Gy + 805(0)_1)

=1Im ((DQ +AD + (FO + AF)GO + 805(t))) ,
with S(t) ={v € R™ | v+ (Fo + AF)(Koxq + GoAg — ug) > 0}.

Remark 2.4.2. [t is clear that time-varying uncertainties give rise to a time-varying
LCS in (2.57). As pointed out in section 1.2.2, it is only in few particular cases that the
well-posedness of time-varying LCS has been studied. In this section, stability relies on
the fact that the closed-loop nominal system is strongly passive, and that the closed-loop
plant feedthrough matriz (Do + AD + (Fo +AF)Gg) > 0. Thus, item 1 in 1.2.2 applies
if this matrixz is constant.

2.4.2 Error Dynamics Stability Analysis

The error dynamics is given by:

é(t) = (Ao + EoKo)e(t) + (Bo + EoGo) AX(t) + AAx(t) + ABX(t) + AEKe(t)
FAEGoA() + ABugl(t)
Aw(t) = w(t) —wq(t) = (Co + FoKo)e(t) + (Do + FoGo)AXN(t) + ACx(t)
+ADA(t) + AFKpe(t) + AFGoAX(t) + AFuq(t)
0<w(t) LA(t) >0 and 0 <wg(t) L Ag(t) >0.
(2.58)
with AX(t) = A(t) — \g(t). Let:

p(z,t,)) 2 AAz(t) + ABA(t) + AEKoe(t) + AEGoAA(t) + AEuy(t)
and

g(z,t,A) £ ACz(t) + ADA(t) + AFKpe(t) + AFGoAA(t) + AFug(t).
Let us now state the stability result.

Proposition 2.4.3. Let Assumptions 2.1.1, 2.1.2, 2.1.5 hold for the nominal system,
and Assumption 2.4.1 hold for the closed-loop system. Let the inequalities
AATAVTAA X T, ABTAZ'AB <1, ACTAZACK I,
ADTAR'AD < I,, AETAF'AE X1,, AFAFAFT <1,
hold for any Ay = A} =0, k € {A, B,C, D, E, F}, and assume there exist Py, Ky and
Go such that the matriz inequality

(2.59)

—(Mo)yyy, —(M)w| Py Py, K I, 0 0 0

—(Mo)12 _(M0)22 0 0 0 0 G(—l)— I, I,

F 0 A;7Y0 0 0 0 0 0

P, 0 0 Ao 0o 0 0 0

Ko 0 0 0 AZ 0 0 0 0 =0 (2.60)
I, 0 o 0 0 i, o o0 o0

0 Go 0 0 0 0 Azt o 0

0 I 0O 0 0 0 0 A7 o0

0 I o 0 0 0 0 0 A
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and P() = POT - O, with ]\F é Ip—I—AF, /~\1 é AA+2AE+AB, /~\2 é A0+AD+4]m, holds.
Then, the solution of the error dynamics in (2.58) is globally uniformly ultimately
bounded. Note that (My);; denotes the element of the matrix My in (2.56) located at
the ith row and jth column where i,j € {1,2}.

Proof. The derivative of the Lyapunov function candidate V(t) = e’ Pye along the
closed-loop trajectories is calculated as follows:

V=cl [(AO + EoKo) " Py 4 Py( A + EOKO)} e+2e" Py(By+ EoGo)AN+2¢" Pyp(z,t, \)
In matrix form

.
vin= [ E (Ao + EoKo)" Py + Po(Ao + EoKo) Po(Bo+ EoGo)) [ e
A (BO + EoGo)TP() 0 A

+2¢" Pop(x, t, )
+ e ’ 0 (Co + F[)Kv())T e
A\ Co+ FoKy Do+ FyGo + (D(] + FoGo)T AN

The purpose of the + term is to obtain the matrix in (2.56) and

e ’ 0 (Co+ F()K())T e\
A Co+ FoKog Dy + FyGo + (DO + FoGo)T AN]
2ANT [(Co + FQK())G + (DQ + F()GQ)A)\] = QA)\T(A’UJ - q(x, t, )\))
Then,
-
V)= S ) Mo S ) +2eT Pop(a,t, A) + 2A0T (Aw — g(, \))
A\ 0 A\ 0 s Uy ) .
Let us substitute the values of p and ¢ and write explicitly the following
2¢ Pop(x,t,\) — 2AXTq(z,\) = 2" Po[AAx + ABX + AEKqe + AEGoAN + AFuy

—2AN[ACz + ADX + AFKpe + AFGoAX
+AFug+ ACzy + AD}\d]

Hence,
2e" Pop(x,t,\) — 2ANTq(x, \) =

e \' ((AA+ AEKy)) TPy + Py(AA+ AEK)) Py(AB+ AEG) — (AC+AFK)T [ e
AN (AB+ AEG,) Py — (AC + AFK,)  —AD— AFGo— (AD+AFGo)" ) \AX

+26TP0(AA£Cd + ABM\g + AEud) — 2A>\T(A0$d + ADMN; + AFuy)

Let

0=

—(AB+ AEGo) TPy + (AC + AFKy) AD + AFGy + (AD + AFGy) "
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2.4. Robustness Analysis: Tracking with Parametric Uncertainties

Thus,

e

T

—2ANT(ACzq + ADAg + AFuy)

Let a(t) 2 AAzy + ABN; + AFEu,; and b(t) 2 ACzxq + ADN; + AFuy. For any
Al = Ay = 0and Ay = Ay = 0, it holds that:

‘QGTPUG(t)‘ <e' PyMPoe +a' (H)AT al(t)

2AMTh(1)| < ANTALAN +bT(£)A;b(t)
So,

z4+a (AT a(t) + b7 (H)A; b(t)

1% < —z7 l—MO + AMy — <POA1PO 0 >

0 Ay

PPy O _ _
< i [—MOMMO— ( M A)] 212+ Aah (A0 la(®) P + Ak (A b(O)?

where z(t) 4 < €>\>. Let us prove that if the conditions, (2.59) and (2.60) hold, then
the matrix —My + AMy — Pojt)lpo 18 is positive definite. For this purpose, the
2

upper-bounding of AM; can be done term by term as:
T
<§A> AM, <A€A> = —2¢T Py(AA + AEK)e — 2¢T Py(AB + AEGy)AX
+2eT(AC + AFKo)TAX + 2AMT(AD + AFGy) A

Thus, for any Ay = A} =0, k € {A, B,C, D, E, F}, the following hold

e 2¢" Py(AA+AEKy)e > —e' [PO(A A+ Ag)Po+ AATAAA + K AETA;AEKO} e

. QA)\T(AB + AEG())TPOe > —el [Po(AB + AE)P()] e

~AAT [ABTAZ'AB + Gy AET AL AEGy| Ax
« 20AT(AC + AFKo)e > —=ANT [Ac + AFAL'AFT] A
—eT [ACTAGIAC + K ArKo| e
o 2ANT(AD+AFG)AN > —ANT [Ap + ADTAG'AD + GJ ArGo + AFAGIAFT] A
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Chapter 2. Trajectory Tracking in Linear Complementarity Systems

Assume that the constraints on uncertainties in (2.59) stated in Proposition 2.4.3 are
satisfied, then:

e TAM els_ (¢ i P01~X1P0+KOTAFK0+21n 3 0~ e
AN olax) = (A 0 Ay + GJArGoy ) \ AN

Thus:

2T —My+ AMy — PoAiBy 0 z >
0 Ao

T (=Mp)11 — PoyAy Py — PoA Py — K ApKy — 21, —(Mo)12 i .
_(MO)IQ —(Mo)gg — A2 — A2 — GE)FAFGO

(2.61)

Applying the Schur complement Theorem for positive definiteness [39, Theorem

A.65], it is inferred that the matrix obtained in (2.61) is positive definite if and only

if the matrix inequality (2.60) in Proposition 2.4.3 holds. The inequality obtained in

(2.60) is a bilinear matrix inequality BMI due to the upper-left sub-matrix M. Then,

in order to solve this inequality, it must be transformed into LMI (see A.1). It follows
that

M. A (—QOAJ — QAo — Ny EJ — EgNy  —By — EoGo + QuCy + Ny Fyf )
Oin =7\ =BJ —GJEq +CoQo+ FoNy Do+ FyGo+ (Do + FoGo)T
(2.62)
with Qo = Py ' and Ny = K¢Qo. So, the BMI in (2.60) is written as:
—(Mo,,)n —(Mo, e | In In Ny Q 0 0 0
—(Mo,, )o1 —(Mg, )22 |0 0 0 0 GJ L, In
I, 0 AY/T0O 0 0 0 0 0
I, 0 0O A0 0 0 0 0
No 0 o0 0 A0 0 0 0 =0 (2.63)
Qo 0 o 0 0 i, O 0 0
0 Go o 0 0 0 A7 o0 o0
0 I, 0o 0 0 0 0 A O
0 I o 0 0 0 0 0 A

where (M, );; denotes the element of the matrix My, in (2.62) located at the ith row
and jth column with 4, j € {1,2}. The LMI in (2.63) can be solved, under some con-
ditions, in the new variables Qo = @ = 0, Ny and Gy. Thus, it is possible to say that

the inequality: z' [—Mo + AMy — (POAlPO 0 ) z » 0 holds. As a consequence of

0 Ay
the result obtained about positive definiteness of the matrix obtained in (2.61) and due
to symmetry, there exists p > 0 such that —Ap;, [MO + A — M, — PO/FPO /8 )] =
2

—u < 0. According to Assumption 2.1.1 where uy, 4 and \; are bounded, the terms
la(t)]|* and ||b(¢)||* are bounded such that [la(¢)||* < B; and ||b(t)]|* < B for some
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2.4. Robustness Analysis: Tracking with Parametric Uncertainties

51,B2 > 0. Then, it is inferred that:
Vo< —pllzl? + A (A1) 51+ Al (A2) B

< —pllell® = B AN + Ain (A1) B + Ain (A2) 52

< —pllell® + Amin (A1) B1 4 At (A2) Ba.

m
the solution of (2.58) is GUUB [87, 60]. According to Theorem A.2.1, the ultimate

bound with a;(||e]]) = Amin(Po)|lel|? and as(|le]]) = Amax(Po)||e]|? is given by

A P)T® J Ao (Po) k(A1) By + At (A2)52)

lell < a7 (as(r)) = Amin(Po) Amin (Po)

It shows that V < 0 outside the ball B,(0) C R", with r 2 \/’\'_“il“(Al)mH*_“il“(AQ)B?. Then,

]

Notice that under the conditions of the proposition, then Mo+ AMj = 0. This implies
that the closed-loop system’s quadruple in (2.57) is strongly passive (in other words the
uncertainties do not destroy the strong passivity of the nominal closed-loop system).
In particular this implies that Do+AD+ (Fy+AF)Gy > 0. Consequently, Assumption
2.1.1 and item 1 in section 1.2.2 guarantee that the solutions of (2.57) are AC as long
as uncertainties are constant matrices. Time-varying uncertainties yield a closed-loop
system which can be analyzed along the lines of section 1.2.2.

2.4.3 Relaxing Strong Passivity to Strict State Passivity

It is of interest to relax the strong passivity condition (Assumption 2.1.5) of Proposition
2.4.3, with strict state passivity (Assumption 2.1.4). The strict state passivity BMI in

(2.56) modified to My < _BP 0 8

may have Dy 4+ FyGy = 0, hence My < 0. Therefore we have to find conditions which

guarantee
. . E/P(] 0 . PoAlpo 0
My + AM, < 0 O) < 0 Ay =0 (2.64)

for some 0 < € < €, where M; corresponds to the strict state passivity LMI. To this
end, we may rely on Lemma A.3.1 in Appendix A.3.

. This means that the nominal closed-loop system

Proposition 2.4.4. Let Assumptions 2.1.1, 2.1.2, 2.1.4 hold for the nominal system,
and Assumption 2.4.1 holds for the closed-loop system. Then the matriz inequality in
(2.64) holds if and only if:

1. R (Do + FoGo) + (Do + FyGo)T + (AD + AFGy) + (AD + AFGy) T — Ay 3= 0,
2.Q 2 —(A+ EoKo + 51,) By — Po(Ag + EoKo + S1,,) — (AA + AEK) TPy —

Po(AA+AEKQ) - P0A1P0 = O, with _(AO +E0K0)TPQ - Po(AO +EOKQ) = EP(),
e>¢e >0,
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3. Im(S7) C Im(R), with S £ —Py(Bo+ EyGo) + (Co+ FoIKo) T — Po(AB+AEG) +
(AC + AFK,)T,

4. Q= SR'ST.
Proof. Notice that ) and R are symmetric by construction. The proof follows from
Lemma A.3.1. O
The tracking error ultimate boundedness can be shown as follows.

Proposition 2.4.5. Assume that Proposition 2./4.4 holds, then the tracking error e is
globally ultimately bounded as:

)\max(PO)/r’T
/\2 (P())EI

min

llel] < (2.65)

where n,. is the upper bound on the positive term r(t), which is defined by the parametric
uncertainties as detailed in the proof.

Proof. Under the proposition’s assumptions, the rate of change of the Lyapunov func-
tion V(e) = e’ Pye where Py = Qp' is the solution of the strict state passivity LMI

M, < <—€0Q0 8) where My, is defined in (2.62) is:

V

IN

T
PyA P,
_ (:}\) l—MO + AMy — ( 0 01 0 fQ)] (5)\) —|—aT(t)A1_1a(t) +bT(t)A2_1b(t)
r(t)
< —¢ e Pye+r(t)

where ¢ > 0 and r(t) is a positive bounded term determined by the parametric
uncertainties AA, AB, AC, AD, AE, and AF such that ||r(t)|| < n,. So,

V< =€ Ain(P)lel* + nr

Hence, the rate of change of the storage function V' < 0 outside the ball B,(0) C IR",
with r 2 \ /#:(Po)' Therefore, the tracking error is GUUB [87, 60] and the expression
of the ultimate bound is in (2.65). O

The difference between the case with strong passivity and the case with strict state
passivity, is mainly that there is no —||AM||? that helps to accelerate the convergence
in the second case (see (2.4.2)). Moreover, the strong passivity allows us to dispense
with strict conditions on the structure of the uncertainties. In a sense, strict state
passivity allows us to obtain a more fragile robustness.

It is of interest to analyze under which conditions on the plant’s nominal model and
on the uncertainties, the conditions in items 1-4 in Proposition 2.4.4 hold. For item
1, assume that AD = 0, AF = 0, AC = 0 (the complementarity constraint has no
uncertainty) then we may take Ay = 0 (since b(t) = 0), so that R > 0 by closed-
loop strict-state passivity. For item 2, using the fact that Qg > 0, Corollary A.3.4
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2.4. Robustness Analysis: Tracking with Parametric Uncertainties

can be used to derive sufficient condition such that @ > 0: opax(Qo) > €Amax(FPo) >
20 max (Po) (Omax (AA) + Omax (AEK)) + 02, (Po)Omax (A1), where we used [17, Fact

9.14.15, Corollary 9.6.5]. Let us focus on items 3 and 4. We have — M, = @o SO)

ST Ro)

PoMPy 0 [ Qo+AQ S+ AS
0 A2>_ S +AST Ry+AR)’

from (2.56) and items 1, 2 and 3 in Proposition 2.4.4. Using Lemmas A.3.1 and A.3.2,
the strict-state passivity LMI for the nominal system implies that Qo = Qg — €Fy =
SoR}ST, and Im(S,RS]) € Im(Qo — ePy) (we also have Im(SyR}S] ) € Im(Q,) = R"
since strict state passivity implies that Qo > 0), and Im(S] ) C Im(R,) = Im(R}) [18,
Proposition 8.1.7]. Assume that Im(AST) C Im(Sy ), then Im(S") = Im(S] +AST) C
Im(S, ). Thus, item 3 is satisfied if Im(R) = Im(Ry) (which holds if AD = 0, AF =0,
AC = 0, since in this case AR = 0). We can therefore state the following:

and —My+AMy— where the matrices stem

Lemma 2.4.6. Let Assumption 2.1.4 hold for the nominal system. Assume that
Im(AST) C Im(Sy ), and that Im(R) = Im(Ry), then Im(ST) C Im(R).

Notice that item 4 is Qo + AQ = (So + AS)(Ry + AR)'(S; + AST). In the next
proposition, we derive conditions on the uncertainty matrices that guarantee that the
inequality in item 4 holds true when the nominal system is strictly state passive.

Proposition 2.4.7. Let Assumption 2.1.4 hold for the quadruple (Ao, By, Co, Dy).
Assume that: (i) R = 0, (i) Im(AR) C Im(Ry), (i) rank(Ry) = r, Ry # 0,
Omax(AR) < 0,(Ro), (1) 0max(OT) + Oumax (O((RSAR)?)) 4 Omax (AQ) < edmax(Fo),
where OT is in (2.66). Then, Q = SRTST.

Proof. Since AR = AR, using [18, Fact 8.4.3] and [18, Fact 8.4.38] and (ii), we have
(Ry + AR)' = (I, + RIAR)T (R} + RIARR})(I,, + ARR))f

Using Corollary A.3.4, [18, Fact 8.3.33], [18, Corollary 11.6.5], it follows from (iii) that
I, + RIAR = 0. Thus,

(In + RIAR)" = (I, + RIAR)™ = Y (~RIAR)* = I,, — RIAR + O((R}AR)?)
k=0

[18, Proposition 11.3.10]. Therefore,
(Ry + AR)" = (I, — RyAR)(R) + RIARR)) (I, — ARR)) + O((RIAR)?)
— R} — RIARR) + O((RIAR)?)
Consequently,
(So + AS)(Ro + AR)T(SJ + AST) = (S + AS)(R) — RIARR) + O((RJAR)?))(Sy + AST)
= SoR}S] +OT + O((RIAR)?)
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where OT stands for other terms defined as:

OT = SyRIAST — SyRLARRLS] — SoRIARRIAST + ASRLS] + ASRIAST
—~ASRIARR}ST — ASRIARR{AST.
(2.66)
The result follows from Qo — SoR}ST = €Py, (iv), Corollary A.3.4 and [18, Fact
11.16.18], which guarantee that ePy = OT — AQ + O((R(T)ARY), so that Qo + AQ »
(So + AS)(Ry + AR)T(S] + AST). O

Item (iv) in Proposition 2.4.7 means that a class of nonzero, sufficiently small uncer-
tainties are allowed. The matrix A; which appears in AQ can be chosen small if AA,
AB, AFE are small. As said above, AR can be made small if the uncertainties inside
the complementarity constraints are small. In some cases, there are no uncertainties
in the complementarity constraints, see Chapter 4 section 4.5.

Conclusion

This chapter focuses on the trajectory tracking of linear complementarity systems. Pas-
sification by feedback and maximal monotonicity are central tools for stability analysis.
Systems with and without state jumps, as well as systems with and without paramet-
ric uncertainties, are analyzed. To illustrate stability analysis in the presence of state
jumps, a simple example is provided. In addition, trajectory tracking in First-order
Sweeping Process (FOSwP) is introduced, where LCS with matrix D = 0 is represented
by a FOSwP under certain conditions.
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Chapter 3

Numerical Applications and
Simulations

This chapter is dedicated to study various numerical applications based on the the-
oretical results presented in Chapter 2. The main focus is on electrical circuits with
ideal diodes (note that hydraulic circuits share same components where ideal diodes
are replaced by check valves [88], hence all what applies to electrical circuits can be
transposed to hydraulic circuits). These examples differ by the structure of the matrix
D as well as the position and the type of the controller, affecting the passivity of the
circuit and leading to possible state jumps. A detailed derivation of the dynamics of
the electrical circuits is provided in Appendix D. In addition to the electrical circuits,
the chapter also presents examples about networks with unilateral interactions and
mechanical system with unilateral spring.

Each example includes numerical simulations which is performed using the INRIA soft-
ware package SICONOS'[3]. The algorithm begins with defining the the nominal system
to optimize the controller gains by solving the BMI in (4.10) after being transformed
into an LMI, according to Appendix A.1 using MOSEK 9.3.14 solver [9]. Then, these
control gains are used to define the closed-loop system within SICONOS, more details
about modeling and simulating the systems in SICONOS are provided in Appendix C.1.

3.1 Electrical Circuit with Parametric Uncertain-
ties

Consider the circuit in Figure 3.1 with the states z1: the charge on the capacitor C
and zo: the current passing through the inductor L. The dynamics of the electrical
circuit in Figure 3.1 is given by the system in (3.1):

https://nonsmooth. gricad-pages.univ-grenoble-alpes.fr/siconos/index.html
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Figure 3.1: RLCD circuit with one ideal diode and voltage sources

do(t) = 2 4 ult) (3.1)
0<A®) Lwt) =20 L RA(t) >0

withL=1H, C=0.025F, R =10 Q.

3.1.1 Open-loop Passivity

2
The energy stored in the circuit of Figure 3.1 with u = 0 is V(z) = 1C (%1) + s+ La3.

The rate of change in stored energy is given by V(x) =C (%1) (%1) + Laxo2y. If the

first two lines of (3.1) are substituted in the equation of V', then
. T T 1A
=Lyo— + —(— - =7

Knowing that ;1 = CVg = C(—Vr — Vp) where Vg and Vp are the voltages across
the resistor and the diode respectively, the rate of change of the storage function is
represented as follows:

. A R
V(r) = Z(—RX —w)) = —=\?
(1) = G(-RA—w) = — &
where wA = 0 due to orthogonality. So, V(x) < 0 (i.e., the rate of change in stored
energy is less than the power supplied to the system). Thus, the dynamical system in

(3.1) with u = 0 is passive.

Let us check the passivity of (3.1) by proving that its open loop transfer function (i.e.,
TF with v = 0) which is given by Hy(s) = C(sI — A)™'B + D is positive real (see
Definition 8 for the relation between positive realness and passivity). Then,

w(s) RLCs*+Ls+R

As) LCs2+1

The transfer function Hy is Hurwitz and Re(Hy(jw)) = R > 0. Then, the transfer

function Hy is strictly positive real [39, Theorem 2.45]. Therefore, the open loop system
in (3.1) is strictly passive.

H()(S) =
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3.1. Electrical Circuit with Parametric Uncertainties

3.1.2 Passivity of the Closed-loop System without Uncertain-
ties

Let u = K(x — x4) + G(A — \g) + ug with K = (k:l kg) and G = ¢;. In the case of

which the system (3.1) has no uncertainties, the control gains are calculated by solving

the BMI in (2.7) after being transformed into LMI according to Appendix A.1; the
solution is obtained as follows:

40.121 —3.143

K = (493.079 —42.075), G =40.650 and P = (_3‘143 0593 )

If the BMI in (2.7) is solved with the minimum value of the control gain G, then the
solution is given by the following:

K =(75.028 —5259), G=-39x107" and P = (26'063 _0'992> (3.2)

—0.992  0.257

It is observed that the control gain GG has a negligible value and this indicates that the
additional feedback from the complementarity variable A is useless in this example. So,
in the following, the value of G is neglected.

In order to decrease the magnitude of the control gain K, the steps below are followed
knowing that K = NQ '

o solve the LMI derived from the BMI in (2.7) (see Appendix A.1 for transforma-
tion) with G = 0 for the minimum Euclidean norm of the matrix N with fixed
Q=P 'in (3.2).

o Now, fix the value of N obtained from the previous step and solve the LMI in
(2.7) again for the maximum trace of the matrix Q.

o repeat the first two steps until there is no change in the values of N and @
obtained.

This methodology gives the following solution when followed:

10.911 —0.269

K = (38894 —2.146), P:<_0269 0126

) and N:(3.32 —9.946)

The plots in Figures 3.2 and 3.3 show the numerical simulation for the desired and
closed loop system with two different forms of controllers. The initial state vectors are
z(0) = (1,0)" and 24(0) = (—=1.5,1)7, the time step h = 1073 and the desired input is
uq(t) = 30sin 5¢.
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ol [—=0 —u0]| 100 [—w — w0 ]
/7 \ N\ J \ \ \
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Figure 3.2: Numerical simulation showing the closed-loop system’s trajectory x, the desired system’s
trajectory 4 and the error dynamics e = 2 — x4 of the LCS in (3.1), without uncertainties. The
simulation also presents the controller v with G = 0 and the complementarity variables A and w.

‘ : : ‘ : :
i [— ) =4 || 100l [— wa(t) ||
1w o~ ) A ol 2
\ | | oL
T T :
201 — aa(t) T24(t)
\ | 1]
07 d ‘\\\~\ \ B
\ \ \ \ 1=
207 I ] ] ] 81(t) 1 5007
101 2O f ol
oL ™~ \ . . \
0 1 2 3 4 )
t[s]

Figure 3.3: Numerical simulation showing the closed-loop system’s trajectory x, the desired system’s
trajectory x4 and the error dynamics e = x — x4 of the LCS in (3.1), without uncertainties. The
simulation also presents the controller u with G = 40.65 and the complementarity variables A and w.

In Figures 3.2 and 3.3, Ly and L., norms of the error between real and desired trajecto-
ries are observed at steady state. In Figure 3.2, ||e1||j2,3),.. = 0.04 and |[|ez]|[2,3,.. = 0.23
and both values decreases to zero as shown in Figure 3.3. This decrease shows that the
transient response takes a shorter time when the controller has an additional feedback
from the complementarity variable A\ as observed in Figure 3.3 even if it is shown that
this additional feedback is useless in the sense of tracking.

3.1.3 Passivity of the Closed-loop System in the Presence of
Uncertainties

The uncertainties are introduced to the passive elements R, L and C. The plots below
show the numerical simulation for the desired and closed-loop systems. It shows the
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3.1. Electrical Circuit with Parametric Uncertainties

trajectories of the systems, the complementarity variables A and w, and the controller
u with different values of bounded uncertainties.
In Figure 3.4, the matrix D is perturbed by AD due to disturbance in the resistor R.

The perturbation is selected such that AD is bounded according to the value of Ap
defined in (2.59), with AD = AR. For this purpose, the following LMI

(Molm)u (MOlm>12 0 0

M, M, I, I

(() O )2 gmo“")” |0 (3.3)
0 I, 0 Ay

which is a special case of the LMI in (2.63) is solved with A;! < 0.25 and A;! > 10;
the solution is given as follows:

26.648 —0.891

Ko = (71729 —4.626), Py = (_0‘891 0957

) , AT =13.36, Ayt =0.15

The numerical simulations shown in Figures 3.4 and 3.5 with the initial vectors z(0) =
(1,0)" and 24(0) = (=1.5,1)7, the time step h = 1072 and the desired input ug(t) =
30 sin 5¢.

— Al
101 101 Aa(t) [
0 5 A /\ /\ il
~10 ok FAVAN | [\
I I I I
— w(t)
100} 100l wal®) |
50| A , ‘
o 50| A 7\
—50} ok ‘\ . / ‘\\ J L / |
0 i 2 3 1 5
tls]

Figure 3.4: Numerical simulation showing the error dynamics e = x — 24 of the LCS in (3.1), with the
uncertainty AD = AR = sin 5¢. The simulation also presents the controller v and the complementarity
variables A\ and w.

Then AD is selected such that |[AD| < 2.38 as in Figure 3.4. It is observed that
H61H[475]’2 = 0.27 and ”62”[4’5},2 = 3.64. AISO, H€1H[475L00 = 0054, H€2H[475]700 = 0.75 and
|lja5),.. = 31.74. In order to increase the upper bound of AD, the constraint on

A" is modified such that A;' < 0.12. The solutions of the LMI in (3.3) with a new
constraint on A;' are given as follows:

30.25 —0.87

Ko=(839—-451), Ry = <_0,87 0.26

) C AT =134, A7t =0.09.
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e1(t) — )
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Figure 3.5: Numerical simulation showing the error dynamics e =  — x4 of the LCS in (3.1), with
increasing value of uncertainty such that AD = AR = 3sin5f. The simulation also presents the
controller v and the complementarity variables A and w.

Then, it is possible to choose AD such that |AD| < 3.17. It is noticeable that a higher
control gain K| is obtained when the bound of the uncertainty is increased. As the
value of AD increases, it is noticed in Figure 3.5 that Ly and L., norms of the error
function increase such that |le;||s, = 0.67, |lea|lus,. = 10, |le1]ls),.. = 0.13 and
H€2H[475Loo = 2.08 with HUH[2,3],0<> = 34.2.

Let us introduce disturbances in the resistor, the inductor, and the capacitor as AR,
AL, and AC respectively. Thus, the uncertainties are present in the matrices A =
Ag+AA C=Co+AC, D =Dy+ AD and F = Ey+ AE. The controller is designed
by calculating Ky and Gy such that the quadruple (Ag + EoKo, By + EoGo, Co, Dy) is
strongly passive where the control gains are given by the solution of the LMI in (2.63):

58.187 —4.671\ - 18 0.195
Ko = (34.88 —10.52), Go = 2.686 , Fy = (—4.671 1.374 ) AT = (0.195 7.74)

- (15.635 0.16

Ayt =0101, Ayt = (e 72) and Ay' =15.54

and the bounds of the uncertainties are calculated according to the values of A7 and
At

10} ea(t) || 10 Aa(t) [
R I S N N W 51 /\ / ,\ \
—10 | | | | | (1]= /\\ \ 1 \ 1 \
100k I I I I I I I I — w(t)
50[ 100 wa(t) M
of 50 \ \ N
— ok \\\ //\\ / \ ! / \ | / |
0 1 2 3 1 5
t[s]

Figure 3.6: Numerical simulation showing the error dynamics e =  — x4 of the LCS in (3.1), with
the parametric uncertainties AR = 2sin5¢, AL = 0.02, and AC = 0.01 cos 5¢. The simulation also
presents the controller v and the complementarity variables A and w.
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3.2. Enhancing Electrical Circuit Passivity through Current Source Integration

The plot in Figure 3.6 shows the numerical simulation of the error e(t) = z(t) — x4(t),
and the complementarity variables. The initial state vectors are z(0) = (1,0)" and
24(0) = (=2,1)T, the time step h = 107® and the desired input is ug(t) = 30sin 5t.
The values of Ly norm of the error function are ||e1||js,5, = 1.65 and ||es||j5, = 10.7
and that of L, norm are [|e;/s5),.. = 0.34 and ||ez]|j5),.. = 1.6.

In this section, strong passivity, which is a crucial property to prove stability in the
presence of uncertainties, is achieved without the need of additional feedback from A
(i.e., G = 0). The results presented confirm that of Proposition 2.4.3. It is notice-
able that adding uncertainties in more matrices complicates the LMI to be solved and
that the bound of the error increases with larger values of uncertainties or when it is
presented in more matrices.

3.2 Enhancing Electrical Circuit Passivity through
Current Source Integration

In this section, we explore how changing the type of the controller in electrical circuits
(current source or voltage source) can affect the passivity of the circuit, with detailed
examination for each approach.

3.2.1 Passivity Analysis with Voltage Sources: Motivation

Consider the circuit depicted in Figure 3.7, with the states x; which is the charge on
capacitor C and x, is the current passing through the inductor L.

C
| | )
| | i
+ __+
") A
_@ R W A -
R e
> L
+
U | N\
; L _
L 2228

Figure 3.7: RLCD circuit with one ideal diode and voltage sources

() =~ ) + A0 — (1)
() = =20 £ LA — Lua(t) — Lus() (3.4)
0 < AM) L w(t) =~ 4 ay(t) + EA(E) — fur(t) >0
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Chapter 3. Numerical Applications and Simulations

Take L = 1H, C = 0.025F and R = 10€). Let us begin with studying the passiv-
ity of the open loop system. So, it is required to check passivity of the quadruple
(A, B,C, D) with u; = us = 0 by checking the positive realness of the transfer function
(see Definition 8 for the relation between positive realness and passivity):

R
_w(s) _ §° + TS
1 R

where H(s) = C(sI —A)~'B+ D. The Nyquist plot of H(s) lies in the closed right-half
plane (see Figure 3.8), which is consistent with positive-real systems theory.

0.2 4

0.1+

Imaginary Axis

T T T T T T
0.00 0.05 0.10 0.15 0.20 0.25
Real Axis

Figure 3.8: Nyquist Diagram

Then, from minimality and the KYP Lemma [39], the quadruple (A, B, C, D) is passive.
The storage function of the circuit of Figure 3.7 with u = 0 is: V() = 1C (%)2+%Lm%.
It follows that:

2
Ty — 1 21
V(z) = RC? + A (332 + RC)

Due to complementarity conditions between A and w, we have:

o IfA=0, then V(z) = —Rxgz <0.

o If A>0, then w =0 and A = & — Rx,. Hence, V(r) = —Ra? <0.

Thus, the storage function of the circuit of Figure 3.7 with v = 0 is nonincreasing.
Take u = u; and uy = 0, then the transfer function of the closed-loop system is:
Hy(s) = [C+ FK]|[s] — (A+ EK)|'[B+ EG| + D + FG. Knowing that v = K[z —
zq] + GIA — Ag] + ug with K = (kl k:Q) and G = g, the following is obtained:

w(s) _(1—g) LCs* + RCs
As) © YRLCs2+ (L + kLC + kRC)s + & RC + R

Hi(s) = (3.5)

Let us consider u; = 0 and u = uy. The transfer function of the systems is represented
as follows:

w(s) LCs? + (k2C + RC — gRC)s

A(s)  RLCs?2 + (kbRC + L)s + ks + ki RC+ R

Hy(s) = (3.6)
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3.2. Enhancing Electrical Circuit Passivity through Current Source Integration

If u = (uy,u) " with K = zl 22> and G = <§1>, then the transfer function of the
3 Ky 2
system is represented as follows:
Hy(s) = w(s) _ (1 - g1)(LCs? + [(ka + k4)C — g2(RC + k2C)]s)
3 )\(S) RLCS2+ [RC(k’z +k4) +L+k1LC]S+RC(k1 +k3) +C(k1k4+k2k3) +R+k4

(3.7)
We can see from (3.5), (3.6) and (3.7) that the transfer functions of the closed loop
system cannot be made strictly positive real, thus the circuit shown in Figure 3.7 cannot
be made strictly passive with u; and usg of the general form u = K[z —x4)+G[A—Ag]+ugq.
In terms of zero dynamics of the closed-loop system, when w = 0, there is always one
zero at zero (i.e & = 0).

3.2.2 Passivity Analysis with Current Source

The problem that appeared in section 3.2.1, which states that the system in (3.4)
cannot be made strictly state passive even with u = (uy,us)" motivates us to change
the type and the connection of the controller for the circuit of Figure 3.7. If the
controller is implemented as a current source connected in parallel with the capacitor,
then the following is obtained:

)Y
N

C
I
|

iR
R .
ir L
e

Figure 3.9: RLCD circuit with current source

Let i(t) 2 u(t) and iq4(t) 2 ug4(t) be the controller and the desired controller respectively.
The dynamics are represented as follows:

1 (t) = RC +:c (t) + g A(E) + u(t)
do(t) = £A(t) (3.8)
0<A() L ( ) =—2U 4 ay(t) + M) >0

If u(t) = Klx — 4] + ua(t), then the transfer function of the closed loop system is:
Hy(s) = C[s] — (A+ EK)|™'B + D and represented as follows:

LCs? + (RC — k;LC)s — k;RC
RLCs? + (L — i, RLC)s + R + kuR

Hy(s) = (3.9)
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It is noticeable that the zeros of the transfer function are replaced by the feedback
controller designed and implemented in the RLCD circuit as shown in Figure 3.9. This
is observed through the zero dynamics of the system presented in (3.8). If w = 0,
then #; = w which means that the zero dynamics is set in the desired place using the
feedback controller.

Proposition 3.2.1. The transfer function in (3.9) is strongly strictly positive real
(SSPR) if and only if there exists K = (kl k:2) such that

e k1 <0

« ks |-1, ki(LC— % —2RC) +2\/~kiRLC* + 3LC— k,R*C — kR

Proof. In order to check the strong strict positive realness of the transfer function
H,(s), it is required to present the transfer function in its frequency domain as Hy(jw) =
Re[H,(jw)] + Im[H4(jw)] such that:

RL?*C?*w* 4 (—kRLC + k?RL*C? — k;L*C)w? — kyR*C(1 + k)

Re[H,(jw)] =
e[Hy(jw)] (“RLCw? + R + ksR)? + (L — iy RLC)2w?

(3.10)

[, (jw)) = (L*C — R’LC?)w® + (R*C + k,R*C — B2R*LC? — kkyRLC)w
W= (—RLCw? + R + kR)? + (L — k;RLC)22

(3.11)
The transfer function Hy(s) is strongly strictly positive real if and only if the following
conditions are satisfied [39, Definition 2.78]:

o Hy(s) is Hurwitz,
e Re[Hy(jw)] > 6 >0 forall w € [—o00,00] and some 6 € R.

The transfer function Hy(s) is Hurwitz if the poles of H, have real part in the open
left half-plane (LHP). The quadratic function: RLCs?*+ (L — k;RLC)s+ R+ kR has
roots with negative real part if and only if k; and ko satisfy:

. 1+]{32>0
e L -k RLC >0

The function Re[Hy(jw)] > § > 0 if and only if the function g(w) 2 RL2C%W* +
(—=ksRLC + k?RL*C? — k, L?C)w? — k;R?*C(1 + k3) has a global minimum at w = wy
such that g(wp) > 0. Knowing that 1+ kg > 0, it is necessary to have:

kR C(1+ky) >0 = k <0 (3.12)
so that the function g(0) > 0. The minimum of g(w) is studied as follows:

gg(w) = 4RL*C?w® + 2(—kRLC + F’RL*C? — k; L?C)w
w

At this step, there are two cases:
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3.2. Enhancing Electrical Circuit Passivity through Current Source Integration

First case: If
L
~RLC + KRL’C* — kL’C >0 & k< kg (RC - 1)
then the function g(w) is convex and has a global minimum at w = 0 where 22(0) = 0.
The function g(w) > 0 Vw € [—o0, +0o0] if and only if the following holds:

g(0) = —kiR*C(1+ ky) >0 & Kk <0

Second case: If

L
—kRLC + KIRL?’C? — K L°C <0 & ky > My (k;;RC — 1) (3.13)

—ksRLC+E?RL2C? -k, L2C
- IRL2C? . The

then the roots of g—g(w) are: w; = 0 and wy3 = :I:\/
second derivative of g(w) is:
Py
Ow?
The value of %(Wg,g) = —4(—kRLC + E’RL?C? — K, L°C) > 0. So, the function

_ —kaRLC+k}RL?C?*—k L°C
2RL?C?

(w) = 12RL*C*0* 4 2(—k,RLC + E’RL*C? — k,L°C)

g(w) has global minima at w = + . The value of g(ws3) must

be positive. It follows that:
—(=kRLC + E?RL*C? — k,L2C)? + 4RL*C*(—k,R*C(1 + ky))

= >0
g(w273) 4RLQCQ
(3.14)
Then,
R RLC L RL*C? L*C L?
—Zkg + ks (k;f — kg - k1R2C> — K} T+ k2 B k;fﬁ — kKR*C >0
(3.15)

The function g(ws3) in (3.15) is a concave function in ke with the discriminant:
A = 16R*C(—KRLC + kL + K¥R*C — k;R) > 0 since k; <0

The roots of the quadratic function h(ks) are:

L
ks, = KLC = k(5 +2RC) + 2/~ kRLC? + k?LC — k;R2C — kR

or

L
ks, = KLC — ki (5 + 2RC) — 2/—K}RLC? + K?LC — k;R2C — kR

So, the function h(ky) is positive if and only if ko, < ko < ko,. Hence, the function g(w),
in this case, is positive, if and only if the conditions (3.12),(3.13) and (3.14) are satisfied.

It is noteworthy that if ko = klﬁ (kiRC — 1), then:

L
RL*C*w* — k;R?*C (1 + kLC — k1R> >0 VYw € [—00, +0]
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If the transfer function in (3.9) is SSPR for k; and ks satisfying Proposition 3.2.1, then
the BMI in (2.7) always has a solution. Thus, the system is strongly passive.

Let us check strong passivity by solving the LMI derived from the BMI in (2.7) (see
Appendix A.1). Take L =1 H, C = 0.025 F, and R = 10 Q. The solution is shown
below:

K = (~11.7802 0.5488) and P = (27-6522 —0-2693>

—0.2693  0.9959

Using the given values of L, R, C and K parameters, the plot of Re[H,(jw)] in (3.10)
is depicted in the following figure:

0.5 1

0.4 1

Re(H(jw))

0.3 1

0.2 1

0.1 1

T T T T T
—40 —20 0 20 40
Frequency (w)

Figure 3.10: Graphical representation of (3.10) with given parameters

which shows that Re[H,(jw)] > 6 > 0 with 6 = Re[Hy(joo)] = & = 0.1. After
designing the controller, the simulation of the system is performed with the desired

=
current source ug = 30sin 5t and the initial state vectors are x(0) = (—5 1) and

-
zq(0) = (—3 —1) with the time step h = 1072

. [ [ [ -]
4 er(®) | 20 — w(t)
ol e2(t) 10 wa(®) H
1

‘ ‘ ‘ N | — A | 501
Xa(t) 251

—25

o
T
ol
\
7
o

Figure 3.11: Numerical simulation showing the error dynamics e = 2 — x4 of the LCS in (3.8). The
simulation also presents the controller v and the complementarity variables A\ and w.

It is shown in Figure 3.11 that the error converges to zero quickly. Consequently, the
controller u = K(x — x4) + ug converges to the sinusoidal function uy(t). Additionally,
the error between the real and the desired complementarity variables converges to zero
as well.
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In this section, simply having more controllers (i.e., two voltage sources) as in the
circuit of Figure 3.7 didn’t ensure the strict state passivity of the system. However, by
changing the type of the controller (i.e., one current source) as in the circuit of Figure
3.9, strict state passivity is achieved.

3.3 Electrical Circuits with Possible State Jumps

In this section, some electrical circuits that may possess state jumps (D = 0 or D > 0)
are introduced. The main property in order to be able to analyse state jumps is strict
state passivity which is studied for each circuit introduced.

3.3.1 Building Strictly State Passive Circuit

The circuits of the foregoing section have the matrix D = DT > 0 which gives the
possibility of having state jumps according to section 2.1.3. Let x1, zo, x3 and x4 be
the voltages across the capacitors Cq, Cy, C3 and Cy respectively. Take C; = Cy =
C;3=C4,=Cand C =0.025 F, R = 10 Q. Consider the circuit of Figure 3.12 with
its dynamics in (3.16)

i R in R
—— 1 ]
I vi4 _")\2
u@ ) wy \ / Gy
J— _|—__
L] || 2 || 3
TN = | |
wy 4 C,

Figure 3.12: RC circuit with two ideal diodes
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i (t) 0 0 0 0 x1(t) s 0
i) | _ |0 e —me —me||®0], [0 0 (Al(t))
() (3.16)
A (t) wi®) (10 0 1) |2a(t) R 0\ [A\(D)
0= ()\2(25)) + (wg(t)> - (0 0 1 o) z5(t) * (0 0) ()\2(15))
éC’ ZL‘4(t) éD

Motivation

In order to study the trajectory tracking in the presence of state jumps, it is required
to have strict state passivity of the closed-loop LCS according to section 2.1.3. Note
that there exists P > 0 such that the open-loop system’s quadruple (A, B,C, D) of
(3.16) is passive (i.e the LMI in (1.8) has a solution).

In order to check the strict state passivity of the closed-loop system’s quadruple
(A, B,C + FK, D) with the controller u = K(z — x4) + ug4, let us observe the strict
positive realness (SPR) of the transfer function matrix (see Definition 8 for the relation

between positive realness and passivity). Given that K = (/{;1 ko ks k4), then

2
R2Cs*+5%(5R—k1 R—kaR)+ & (=3ki+ko+k3—2ka+5)  k3RCs3+52(ka42ks+ks—1)

RCs%43s3 RC2s443Cs3
G(s) = (3.17)
2 R53+£
=5 C
RC2s44+3Cs3 RCs%+3s3

A (Guls) Gua(s)) a (% %
where G(s) = <G21<S) G22(8)> = <w2 w2>

YD

In view of the matrix of the transfer functions in (3.17), it is noticeable that the
transfer function is not Hurwitz, hence not strictly positive real due to the pole at
zero of multiplicity 3. This pole at zero persists even if the controller is extended by
considering another feedback from A such that v = K(x — x4) + G(A — A\g) + ug where

G=(0 9)

Remark 3.3.1. According to [39, Definition 2.70], all the principal sub-matrices of the
transfer function matriz Gi1, Gas and |Gy * Gog — Ga1 * Ga| are of index =1 (i.e all
the principal sub-matrices are proper). So, the transfer matriz G(s) is totally index 1.
As well, according to [39, Proposition 2.71], the transfer matriz G(s) (3.17) is totally
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3.3. Electrical Circuits with Possible State Jumps

of indezx 1 knowing that (A, B,C, D) is passive, (A, B) is controllable and the matrix

B
(D N DT> has full column rank.

Thus, the electrical circuit of Figure 3.12 is not strictly state passive (SSP) under the
control input u(t) and we cannot analyze the stability of the error dynamics e = x — 4
in the presence of state jumps. This result motivates us to build a strictly state passive
electrical circuit from that in Figure 3.12 using two different approaches as discussed
in the following sections.

First approach: adding resistors for passivity

In the case of state jumps, strict state passivity is sufficient condition for stability
analysis. The aim is to find a strictly state passive circuit with a matrix D > 0. One
approach would be adding proper resistors, (i.e., adding dissipativity into the circuit)
to ensure that the circuit of Figure 3.12 becomes strictly state passive. Consider the
circuit in Figure 3.13 where three resistor are connected in parallel with the capacitors
C1, Gy and C4 to enhance passivity. This connection allows each capacitor to dissipate
its stored energy through the resistor, rather than being returned to the circuit when
it discharges.

i i in It
——f 1
)\2
+ _
U @ R — O AN/ — Cs
o

- Cl ) CQ )
L] | | 2 || '3

+ N — | |

w1
R R

Figure 3.13: Strictly state passive RC circuit with two ideal diodes

Recall that the states x1, zo, x3 and x4 are the voltages across the capacitors Cq, Cs,
C; and Cy respectively and that C; = Cy = C3 = C4, = C. The dynamical system is
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given by:
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Remark 3.3.2. The connection of a resistor across the capacitor Cs cancels the prop-
erty of positive semi-definiteness (PSD) for the matriz D which is a necessary condi-
tion for the existence of state jumps. The matriz D becomes positive definite such that

D:Gj g)

Let us define H(s) as the matrix of the transfer function of the closed-loop system of

the LCS in (3.18) with u = K(x — 24) + ug and K = (k1 ks ks ka). Then,

H(s) & (1;11 Lﬁ) A (Hll(é‘) H12(8)>

% % H21(8) HQQ(S)

where

Hi(s) _ RA*C3(k1+k2+2)s3+R3C2(5k1 —ko—k3+4ks+9)s2+R2C(5k1 —ka —2k3 +4kys+9)s
1 - RTCTs4+6R3C%s3+10R2C2s2+6RCs+ 1

+ R(kl—k3+k4+2) + R
R*C*s1+6R%°C?s3+10R%2C?s24+-6RCs+1

Hia(s) RAC3k3s® + R3C?(—ko + 5k3 — ka — 1)s% + R2C(—2ka + 4ks — 2kg — 2)s + R(—ka + 3k3 — k4 — 1)
12(8) =

RYC%*s* + 6R3C3s3 + 10R?C?s2 + 6RCs + 1
B -R’C?s? - 2R°Cs - R
- RYC*st + 6R?C%s3 + 10R’C?s2 + 6RCs + 1
B R'C?s® + 5R°C?s? + 4R°Cs + 3R
~ R*CYst + 6R%°C?s3 + 10R?C?%s2 + 6RCs + 1

H21(S)

H22 (S)

The poles are the roots of the characteristic equation:
R'C's* + 6R’C?s® + 10R*C?s* + 6RCs + 1
and they are represented as follows:

« 5= — double root),

1
e (
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3.3. Electrical Circuits with Possible State Jumps

_ 2 3
* s=—gc t V™ and

- _ 2 _ ]/ 3
* = "RrRc ~ VR

Hence, the problem of the pole at zero with multiplicity 3 which appears in the LCS
represented by the circuit in Figure 3.12 is solved in the LCS represented by the circuit
in Figure 3.13 since all the poles have a negative real part.

In order to check if there exist K and P such that the quadruple (A, B,C + FK, D) of

the closed loop system of the LCS in (3.18) is strictly state passive, the BMI in (4.10)
is transformed to LMI as shown in Appendix A.1 and it is solved. The solution is:

0.0032 0 0 0
0 0005 0  0.002
K:(—0.304 —0.658 0 —0.962 ) and P=| 0 00025 0

0 0.002 0 0.005

with € = 0.1. The variable € is chosen arbitrarily by the user such that the system is
strictly state passive with a desired degree of strict passivity (as € increases, the degree
of strict passitvity increases). The value of € can be increased until it reaches a critical
value, at which the LMI becomes infeasible again. If F' = 0, then the open loop system
of (3.18) is strictly passive as well. So, in our case, the open loop system is strictly
passive and the role of € is to increase the degree of strict passivity by pushing the
eigenvalues of the matrix A + FK to be more negative. But, £ = 0 in this system,
thus varying the value of € does not have an interesting effect on the control gain. It
is noteworthy that the critical value of € (the last value at which the system is strictly
passive) is € = 2 in the closed-loop system of the LCS represented by (3.18).

Remark 3.3.3. It is necessary to connect three resistors in parallel across Cy, Cs,,
and C3 to get strict state passivity. If one of the resistor is removed, then a pole at
zero appears when evaluating the transfer function.

Second approach: adding controllers for passivity

Let us now add controllers (current sources) to the circuit in Figure 3.12 in order to
study strict state passivity of the closed-loop system.

L e
e
\ 4 >\2
P ico -
Ug @ ) w2 \ / G
_|_
- Cl ) 02 )
L1 | | 2 || '3
+ N = | | | |
Wi g, (.

Figure 3.14: Strictly state passive RC circuit with current and voltage sources
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The dynamics are given by the following LCS:

0 0 0 0 & 0 0 -& 0 0
) 0 —=L. L __1 0 0 o o =L o
#(t) = RC "RC "RC | () 4 S+ C u(t)
0 “Rc¢ ~RG ~RG 0 © 60 0 0
1 1 1 1 1
0 “R¢ ~Rc ~RC c O 0 0 0 -g
1001 R 0 -10 0 0
0<At) Lw(t) = z(t) + Alt) + u(t) >0
< AW) ®) (0010)” <0 O> ®) (0 000>()_
(3.19)

where u = (ug, ic1,4c2,%c3) . If E = 0 and F = 0, then the BMI in (4.10) has no

solution and the open loop system (A, B,C, D) for the circuit in Figure 3.14 is not
strictly passive. In order to avoid Dirac measure in the presence of state jumps, let
us take G = 0 in the following study (so that (C1) is satisfied). The BMI in (4.10)
for strict state passivity has a solution when solved after being transformed to LMI
(see Appendix A.1) for the closed loop system (A + EK,B,C + FK, D) represented
by (3.19). The solution is:

0.52 —0.01 0 0.504 0.012 0 0 0
x_ | 0014 —ooo0or 0 o -0.0006| ,_| 0 0012 0 0.00025
0 —0.088 —0.302 —0.025 |’ 0 0 002 0
—0.0006  0.18  0.302  0.09 0 000025 0 0012
(3.20)

with € = 0.1. Thus, the closed-loop system with controller v = (ug,ic1,c2,73)"
is strictly state passive and stability of the error dynamics can be analyzed in the
presence of state jumps.

Let us decrease the number of controllers (current sources) as shown in Figure 3.15
below.

+N - ] | | .
wq Cl Cg

Figure 3.15: RC circuit with a voltage source and two current sources
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The dynamics are given by the following LCS:

0 0 0 0 0 0 - O

. 0o —L L __1 0 0 o 0o =1
i(t) = 0 RC RO RO a(t) + 0 1 A(t) + 0 0 OC u(t)

“RC T RC RO [¢]
1 1 1 1 1 1
0 —Re ~Re ~®e c 0 0 -G —¢C
1 001 R O -1 0 0
0< A(t) Lw(t)= z(l) + A(t) + u(t) >0
< (1) L w() (0010)0 (O 0)() (O Oo)m_

(3.21)
where u = (ug, ic1, %) . In order to check if the closed-loop system’s quadruple (A +
EK,B,FK,D), is strictly passive, let us check if there exist matrices P and K such
that the BMI in (4.10) has a solution. This is done by transforming the BMI into an
LMI and solve it using MOSEK 9.3.14 solver. The result indicates that the problem
is infeasible, thus, the closed-loop system with u = (ug,i.1,ie)' is not strictly state
passive.

3.3.2 Analysis of State Jumps

This section analyzes the state jumps of the desired system, the closed-loop system
and the error e = x — z4. It explains that the state jumps can occur at the initial time
if the states are initialized such that the complementarity constraints are not satisfied,
and at ¢ = t. if there is a discontinuous controller uy4 at t = ¢, (see section 2.1.3). The
following analysis is followed by numerical simulation for each case. Recall that the
simulation is performed with the INRIA software package SIcoNOS?, and the LMIs are
solved with MOSEK 9.3.14 solver.

At the initial time ¢t =0
Let us consider the circuit of Figure 3.14 with the dynamics in (3.19). The state jumps

are analysed for the desired system and the closed-loop system. The desired system
g = (14, Tad, T34, x4d)T is defined by the following LCS:

0 0 0 0 & 0 0 -& 0 0
0 Lo L 0 0 0 0 —-& o
i‘d(f) = RlC RlC RlC .%‘d(t) + 1 )\d<t) + C ud(t)
A - 0o o
0 “Rc ~“RC ~RC c 0 0 0 0 -g
1001 R 0 ~1.0 0 0
0 < Ag(t) L wg(t) = t) + Aa(t) + >0
< Aa(t) L wa(t) (0 0 1 O)xd() (0 0) a(t) <0 0 0 0>Ud()_
(3.22)

with ug(t) = (Uod, ierd, ie2d; Gesq) - In order to study the state jumps in the desired
system represented by the LCS in (3.22), let us define the corresponding sets which are

2https://nonsmooth. gricad-pages.univ-grenoble-alpes.fr/siconos/index.html
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defined and explained in paragraph State Jumps in section 1.2.2 and in section 2.1.3:
Qip={MEMR|0< N LD\ >0} ={N\g€R*| M\g=0 and oy € R, }
The dual cone of Qg p is given by:
Qyp={ws € IR? | {(wg, A\g) > 0} = {wg € R* | wiy € R and wyy € IR}
and
Kg={xq€ R | Cxq+ Fuy(t™) € Qup}={zq € R | 214, T2, 249 € R and x34 > 0}

Notice that the post-jump z; € K4. According to the conditions stated in the set
K4, a state jump exists only at the initial time in the desired system trajectory wsq.
This jumps occurs if and only if 234(07) < 0. Notably, by solving the minimization
problem in (1.11), if £34(07) < 0, then x34(07) = 0. Otherwise, if 234(07) > 0, then
xgd(OJr) = Igd(()i).
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.
The closed loop system with u = (uo Tel %2 icg)

K(x — x4) + uq where

ki1 ki kig Fia
ko1 koo kog koa | .
K= is represented as follows:
kst ksz Kz ks P
kai kao kag Eas
,](6121 % —kog % é 0
—k: 1 1 1
() = <t —clgtks2) —clgthks) —clgt+hs) () + 0 0 A(t)
0 S _ 1 1 0o L
RC RC RC C
b Lk kae) —E(k k) —&(& +kaa) ¢ 0
ot ot ) (0 -b 0 o
e e 2 e 3 P CRL R
- zq(t) + ug(t
0 o o o |TOF|y o o o |%W®
T 00 0 -4
1-k% —k —k 1-% R 0
0 < w(t) = 11 12 13 14 (1) + ()
0 0 1 0 0 O
_kll —k12 —k13 —k14 -1 0 0 O
— xq(t) + uq(t) L X(t) >0
(0 0 0 O>d() (0000>d() (t)

For the closed-loop system (3.23), the state jumps
following sets:

Qp={ e R*|0<ALDX>0}={\e R’
with a dual cone:
Q},:{wEIRH(w,)\)EO}:{wERZIw

and the set:

(3.23)
are analysed by considering the

|)\1:0 and )\QER+}

1 € R and we € R, }

K={rcR'|(C+FK)r — FKxq+ Fuy(t) € Q}}
={r € R*|253>0 and z, 2o and 24 € IR}

In the closed-loop system, it is observed from the set K and the state jump rule in
(1.11) that a state jump occurs in the state z3 only at ¢ = 0, and it occurs if and only

if 23(07) < 0 so that 23(07) = 0.
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The error dynamics e = x — x4 is written in the form of (2.5) as follows:

—ka1 —kao —kas —kaa

c C c 0
— 1,1 1,1 1,1
(=] © —c(r - ks2) —clr N kss) —c(g jk“) ety + | ° ? At~ At
0 RC RC RC 0 G ) \N2—Au
i —hhhe) -ahthe) —dGthw)  \ 0
w1 (t) 1-— kll —]{712 —k13 1-— k14 R 0 0 0 Al(t)
1
N 0N I 0 0 Lo 0 0 0f X0
wld(t) k?11 -1 k12 k‘13 k14 -1 0 0 R O Ald(t)
waalt 0 0 -1 0 00 0 0/ \Dau(t)
T
1)
0 0 0 0 1 0 0 1 T3 —Ugd
0 0 0 0 0 0 1 0 Ty 0
+ +
1—kiy —kio —kiz 1=k ki ko kiz ki 214 —Ugq
0 0 1 0 0 0 0 0 Tog 0
Z3d
T4d
A1(t)
1 Aa(t) >0
Aa(t)
A2a(t)
(3.24)
The sets for the state jumps in the error dynamics in (3.24) are:
A1 R 0O 0 O A1
Ao 0O 0 0 O Ao
={NeR' |0< 1 >0
Qe’D | - )\1d 0 0RO /\ld -
Aad 0O 0 0 O Aag

={AeR" |\ =0, Ma=0, \yand Ay € IR, }
with the dual cone given by:

;D:{wEZR4|(w,)\> >0} ={we R | w € Riwy € Ry, wig € R and woq € R, }

and the set

- 4 C+ FK 0 C x Fuy N
Re= {e €| (—C—FK) o <C+FK —FK) (:pd) * <Fud> © QevD}

={ec R |ey, €3, e4 € R, e5+x34(07) >0 and — e3 + 23(07) > 0}
={ecR"|ey, e, 4 € IR and e3 € {—xgd(Oﬂ, :1:;:,(0*)}}

Knowing that the minimization problem in (1.11) is the same at initial time for the
states x3 and x34, the jump in ez vanishes when x3(07) = x34(07). A jump occurs at
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t =0, in the error dynamics in ej if and only if e3(07) < —x34(07) or e3(07) > z3(07).
If x34 and x3 have state jumps at t = 0 and if x3(07) # x34(07) , then e3 jumps.

Consider the following numerical simulation with the initial state z(07) = (-1, 1, —2, 2)
and z4(07) = (1, 0, 1, —2) and with a time step h = 0.001. Take ugg = 5sin 10¢,
lelg = SIN DL, ie9qg = 3sin dHt and i.3g = 2 sin 3t.

20 ‘ ‘ ‘ - ‘ /1 ‘
A~ | w (t) wida(t) | |
VA VAVAAE | ——
O ‘ z1(t) z14(t) ’» 208 \
\ \ \ I \ ] m— ‘ ! > -
T T T - T T T
[— @) w24(t) | [— w0 wra(®) |
(U N // yah 7N g 20 / 7N\ |
ol N | \_ / ‘ i oL ’_/ | | /| i
T T T T T T T T
,, [—=0, 1 ‘ %
201 / ﬁ{:\\\ ! , \ ) | 051 \\ Aa(t) ||
o r/ | | y | . i L \ r -
T T T T T T :
‘ z4(t) a4 (t) ‘ A2 (t)
anl - 4
30 p \\ A2a(t)
o ———_ N N ]
| T~ | [ | ) 1] = = : - : A
T T T T T
Al 0.2l — Vi(e(®)) ||
ol i e1(t) e2(t) | | 0.1 L B
| | | es® «® op [ [ I I I
0 1 2 3 4 5 0 1 2 3 4 5
t[s] t[s]

Figure 3.16: Numerical Simulation of desired, closed-loop and error dynamics of LCS in (3.19). The
numerical simulation show the complementarity variables A and w, as well as the storage function of
the error system V(e(t)).

It is observed from the numerical simulation in Figure 3.16 that the state z3 of the
closed-loop system performs a state jump from z3(07) = —2 to 23(0") = 0. This
numerical result confirms the jump rule given by the minimization problem in (1.11).

In the plots of the complementarity variables A and w, a synchronization is noticed

between the desired and the real systems. The reason of this result is the fact that the
term A — Az in (3.24) converges to Ker(B + EG) which is zero in this example.

It is also observable in Figure 3.16 that the storage function of the error V = e’ Pe
jumps at initial time such that V(0%) — V(07) < 0. By applying Lemma 2.1.10, it
is given in our example that uq(0) is time continuous, z4 is continuous at ¢ = 0 and
FKz4(0) — Fug(0) >0&0€ {z € R'| (C+ FK)x + FKx4(0) — Fuy(0) > 0}, then
at an initial state jump we have V(07) —V(07) < 0 where P = P = 0 given in (3.20).

Further jump at t =t. >0

In this section, the goal is to create a jump at ¢t = ¢t. > 0 when w4 is discontinuous at
time t.. For this purpose, let us move the voltage controller ug in the circuit of Figure
3.14 and connect it in series with the capacitor Cs as shown in the figure below:
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R : R

’il iR
: _ C
ic |
—__C Wa
e
Cy ) Cy ' Uo
T | | 2 || BT
TN N
w1 Z.C1 ZCQ
Figure 3.17: RC circuit with two ideal diodes
The dynamics are given by the following LCS:
0 0 0 & 0 0o -& 0 0
S N B _L 1 1
iy=|" "RE "RC “Re R DO R B < = I
. e B B
0 “Re “RG ~®’c c 0 re 0 0 -g
1 0 0 1 R 0 0 0 0O
0<At) Lw(t) = t) + Alt) + t)>0
S M) Lwt) = (001 0>() 0 0>() (1 000)“()—

(3.25)
Where u = (Uo, iclp i627 icg)T.
The open loop quadruple (A, B,C, D) (i.e., E =0 and F = 0) of the circuit in Figure
3.17 is not strictly passive. But, while checking if there exist matrices K and P such
that the closed loop quadruple (A + EK, B,C + FK, D) is strictly passive, the BMI
which is transformed to LMI according to Appendix A.1 in (4.10) has a solution such
that:

—0.238 0.625 0.298  0.389 0.029 0.001 —0.006 —0.004
K— 0.009 0.006 0.009 0.003 p_ 0.001 0.033 0.016  0.001
0.042 -0.22 -0.25 -0.109|"’ —0.006 0.016 0.032 0.01
0.045 —-0.31 —-0.303 —0.17 —0.004 0.001 0.01 0.0304
(3.26)
with e = 0.01.

The desired dynamics of (3.25) is given as follows:

0 0 0 0 & 0 0o -& 0 0
. 0 —Re —Re —Te 00 "o 0 & O
xd(t> = 1 1 1 'Td(t> + 1 )\d(t) + 1 Ud(t>
0 “rReé ~“Rc ~®C 0 “r¢ 0 0 0
0 ~Re ~Rc ~Rec c 0 rRe 0 0 ¢
Aia(t) 1001 R 0 0000
0< Lwa(t) = t) + Aa(t) + t)=0
_<)‘2d(t) walll =g o 1 of ™0 g o MOT\y o o o) "=
(3.27)
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In order to study the state jumps in the desired system represented by the LCS in
(3.27), let us define the corresponding sets:

Qip={MEMR|0< A\ LDN>0}={)\gER*| N\g=0 and oy € IR, }
The dual cone of Q4 p is
Qip = {wa € R* | (wg, A\a) > 0} = {wg € R* | wiqg € R and wyy € R}
and the set
Kq ={xq4€ R"| Cay+ Fuy(th) € Qip}

= {ZL’d € R4 ’ T1d, T2d, T4d < R and T3d + uld(t+) Z O}

Thus, the desired state x3q jumps at ¢ = t. > 0 if and only if z34(t7) < —ua(th).
ki ki kg ki
ko1 koo kog  koy

) . N T .

Let u = (u1 Tel G2 103) = K(z — z4) + uqg with K = . The
kSl k;32 k33 k34
k41 k42 k43 k44

closed-loop system is represented as follows:

—koy —kao —kas —koa
—k k 1 k 1 © k 1 k
sty = | ®E ~ ¢ Tmellthie) =g —rell+ki) =g —gell+h) =& |
~RG ~ro(L+h2) ~ro(L+ ki) ~ro(L+ ki)
_ ki Eka _ 1 _ kip _ kay _ 1 _ kizg _ kag _ 1 kia _ kaa
RC ~ C RC _RC ~ C RC _ RC ~ C RC _ RC ~ C
R ka1 _ koo _ ka3 k24
C C C C C
0 0 Re - wmE-E RE-E R
+ 0o L )\(t) o —k11 —ki2 —kis —ki4 xd(t)
C RC RC RC RC
1 9 —k11 ka1 —kio ka2 —kis kaz  —kia k4a
C RC C RC RC C RC C
1
0 -& 0 o0
1 1
~L 0 -1 o
+ Rlc C ud(t)
2= 0 0 0
1 1
re O 0 -g
1 0 0 1 R 0 0 0 0 0
0<w(t)= x(t) + At) — xq(t)
ki1 ki 1+4+kiz ki 0 0 kit k12 ki3 ks
00 0 O
+ ug(t) LA(t) >0
(1 - O) at) LA 2
(3.28)

For the closed-loop system whose dynamics is in (3.28), the sets are calculated as :
Qp={ANER*|0<ALDA>0}={ € R*| )\ =0 and )\ € R,}

with a dual cone:

QB:{U)GR2’<w7A>ZO}:{wER2|W1€R and w2€R+}
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and the set:

K={zecR|(C+FK)x— FKzq+ Fuy(t) € Q)
= {37 € R4 | r1 + x4 € IR and kn(xl — Qild) + k'lg(ﬂfg — LCQd) + /{713(133 — .T}3d)
+ kya(z4 — T4a) + 23 + urq(t™) > 0}

Let t. be the time of discontinuity of the controller ui4(+). Given that the states z~
and z,; are known, it is possible to determine which state jumps at ¢.. However,
this is not trivial in the closed-loop system during the transient response due to the
coupled conditions in the set IC. In the interval [t*, 00| where e = 0 for all ¢ > ¢*
(i.e., the steady state response), the set K simplifies to K = {2 € R* 2, + 14 €
R and w3+ u14(tT) > 0}. If the controller is discontinuous at time ¢, € [t*, 00] and
the states x3(t. ) = x3q4(t.) < —u1a(t)), then the states x3; and z3 jump simultaneously
at t. to the same value —u14(t}). In this example, a numerical simulation is performed
to show which state in the closed-loop system jumps when w4 is discontinuous.

The error dynamics is written in the form of the dynamics in (2.12) as follows:

—éfn —kao —kag —koy
o) kg B L (14k) - B (T4 ki) — B Z (14 k) — B (t)
— b a1+ ki2) (1 +ki3) — (1 + ki4)
_ku _ ka 1 Kz kaz _ 1 Fiz _ kaz S S i VI 77}
RC C RC RC C RC RC C RC RC C
g 0 -F o A(t)
00 0 0 Ao(t)
+ 1 1
0 & 0o =& ra
¢ 0 =& 0/ \Dau)
0< ’LUQ(t) _ kll k12 1 + k13 k14 eg(t) + 0 0 0 0 )\z(t)
= | wialt) 0 0 0 0 | |estt) 00 R 0|
waq(t) 0 0 0 0/ \es®) 00 0 0/ \Da(t)
(Eld(t) + $4d(t) )\1(75)
T (E3d(t) + uld(t) L )\2 (t) 2 0
x14(t) + 244(t) Aa(t)
z34(t) + w1a(t) Az2a(1)
(3.29)

Consider the following numerical simulation with the initial state z(0~) = (1, 3, =3, 1)
and z4(07) = (1, 1, =3, 0) and with a time step h = 0.01. The value of the control
gain K is given in (3.26). Take i.14(t) = sin 5t, i.oq = 0.5sin 5t, i.34(t) = 0.2sin 3t and
wra(t) = 1 %f t<1

b —10 if t>1
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Figure 3.18: Numerical Simulation of the desired, the closed-loop and the error dynamics of LCS in
(3.19). The numerical simulation show the complementarity variables A and w, as well as the storage
function of the error system V(e(t)).

The numerical simulation in Figure 3.18 shows two state jumps at t = 0 and ¢t = 1s.
At the initial time, the states x3 and x34 jump, but not to the same value, according to
the conditions stated in sets IC and Ky at t = 0, respectively. Another jump is observed
in x3 and 34 at ¢ = 1s due to the discontinuity in the controller u; at the same time
t = 1s.

In the plot of the storage function of the error V(e(t)), it is noticeable that the variation
of the storage function is negative during these jumps where V(0") — V(07) < 0 and
V(1T) = V(17) < 0. In addition, the complementarity variables Ay and Agq exhibit a
Dirac measure at the times of the jumps (i.e., at t = 0 and t = 1s).

3.4 Diode Bridge Example

Consider the diode bridge rectifier circuit in Figure 3.19. Let x; be the current passing
through the inductor L, zs be the voltage across the capacitor C;, and x3 be the
voltage across the capacitor C,. The dynamics are written as a linear complementarity

1
system LCS and are given in (3.30), where A(t) 2 (iDFl, iDR1, —UDF2, iDm) and

A . T
w(t) = <_UDFlu —UpR1, 'DF2, —UDRz) :
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(O
"Z.C:[
Figure 3.19: Diode Bridge with one controller
0 L 0 0 0 0 0
t)=]-& 0 0 |z@)+|-g& 0 0 & |\
0 -1 1 00 -1 0 -1
0 0 1 00 -1 0 0
0<At) Lw(t) = x(t) + A(t) + u(t) >0
S R BN IO RS B PYORS e PO
0 1 0 00 1 O 1

(3.30)
Clearly PB = C" with P = CI3 when C; = C, = C, and D + D" =0 (d.e., D is a
skew-symmetric matrix). Numerical analysis shows that the BMI in (4.10) transformed
to LMI for the closed-loop system’s quadruple (A, B, C+F K, D) has no solution. Thus,
the closed-loop system with u = K(x — x4) + ug4 is not strictly state passive, and the
results from section 2.1 cannot be applied.

Let us add another controller (i.e., voltage source) as shown in the circuit in Figure
3.20

+

Cy — —

\ 4 ZCl

Figure 3.20: Diode Bridge with two controllers
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3.4. Diode Bridge Example

The dynamics are given by the following LCS:

0 £ O 0 0 0 0 £ 0
it)=|-¢ 0 0 [z(t)+]|-g 0 0 & [AXO+[0 0]u)
0 0 —ge; & & 000 0 0
0 -1 1 0 0 -1 -1 -1
0 0 1 0 0 —1 0 0
0<A(t) Lw(t) = z(t) + A(t) + u(t) >0
SPYORRTOESS B FIORS NS PYORS Il K10
0 1 0 0 0 1 0 1 1
(3.31)
The closed-loop system of the LCS with the external input u = (uj,us)" = K(x —
ki ki kis) . .
24) + ug where K = 1 712 713 ) g given by:
ko1 Koz ko3
bopek b 0 000 G
&= |-a 0 0 s+ -& 0 0 & |xH-| 0 0 0 [zt
0 0 o Ten & & 0 0 0 0 0
£ O
+10 0] wua?)
0 0
—ki1 — ko1 —1—kia— koo 1—kiz— ko3
0 0 1
0<A(t) Lw(t) = t
< A(t) Lw(t) 0 0 0 (1)
ki1 +kor 1+ k1o + ka2 k13 + ko3
00 —1 0 —k11 — ka1 —ki2 — ka2 —kiz — ka3
00 -1 0 0 0 0
A(t) — t
i PR 0 0 0 za(?)
0 0 0 ki1 + ko1 k12 + koo ki3 + ko3
-1 -1
0 0
t) >0
1o o u(t) >
1 1
(3.32)

The BMI of the closed-loop system’s quadruple (A+FEK, B,C+FK, D) is transformed
into an LMI according to Appendix A.1 and solved using MOSEK. Take L = 0.5 H,
C; =0.25F, R =1 ohms, and Cy = 0.025 F, the solution is given by:

0.0008 —0.0001 0
P =1-0.0001 0.0008 0 and K = (
0 0 0.024

—-0.54 1.07 —0.003
0.54 —2.068 0.003) (3.33)

with € = 0.1 and where PB = (C + FK)' holds. Thus, the closed-loop system in
(3.32) with u = (u1,us)" is strictly state passive.
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Consider the following numerical simulation with the initial states z(0) = (3, , —1,-5)"
and 24(0) = (=2, ,2,-3)" and with a time step h = 0.01. Take the desired external
inputs as u14(t) = 5sin 3t and ugy(t) = sin 2¢.

z1(t) wi(t)
101 z1a(t) | | 50 . wia(t) |
ol \ /'\ /-\ //_\\\ Ve ,\\\7 /\ 7\ =~ 7\
\ \//\‘/ =~ il \r/ N oL | | |
o0 T T T T o | T T T T )
101 z2q(t) | 5 . waq(t) [
L N ™0 N VAR A ™\ AN /\ /M / \
’ \\'/ | \/ | ~ | NS | " ok r _/ | \ S\ /
T T T T T T T T ‘
51 I \ —~ b ! (t)
0 | / \ y y \ 5 | . /\ld (t) |
| ’ x3(t) @3a(t) ‘ ok “ ”\ c ’\ \/ kk 8
T ‘ ‘ T T T T ‘
- | e1(t) ea(t) es(t) } Aa(t)
\//’\\/ 51 A2a() |
=5 | | | | ] o] - A
T T T T ‘ T ‘
w3 (t) 1U4(t)
101 p / 7\ ,de(t) | o ™\ 2\ 7\ ~ w~4d (t) |
oL ] | | \ ‘ ‘ oL\ | \ | / /
T T T T W T T T T ()
57 Fa q >\3d(t) B 57 7™\ ~ A4d(t) N
0= 3 1 6 8 10 %% 3 1 6 8 10
t[s] t[s]

Figure 3.21: Numerical Simulation of the desired, the closed-loop and the error dynamics of LCS in
(3.31). The numerical simulation show the complementarity variables A and w.

The numerical simulation in Figure 3.21 shows that the error e = x —x,4 converges to
zero, confirming the result stated in Proposition 2.1.8 for a strictly state passive system
without uncertainties. The plot of the state x3 (i.e., the voltage across the capacitor
() represents the output of the diode bridge and displays a full-wave rectified voltage.

An interesting observation from the plot is that both states x3 and x34 jumps at t = 0,
resulting in a jump in the error e3 = xr3 — w34 at t = 0, which converges promptly to
zero. This jump occurs due to the initial values assigned to the states x3 and x34 such
that the complementarity constraints are not satisfied at the initial time. As a result of
the coupling between the states and the complementarity variables in the LCS (3.31),
it is noticeable that some of the complementarity variables such as ws, A; exhibit a
Dirac measure at ¢ = 0 (the jump time of x3).

3.5 Networks with Unilateral Interactions

This example focuses on the study of trajectory tracking for a system of networks
with unilateral interactions with inputs. Let us present an example of a network with
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3.5. Networks with Unilateral Interactions

unilateral interactions [110]. These systems can be treated as LCS [37], and by adding
exogenous signals, they can be formulated as LCS with external inputs as in (1.1).
They find applications in various fields such as sensor network, robotics, and game
theory. Let us consider the following dynamics:

$1(t> = maX(O, 1'3('[5) — [L’l(t) — Ul( )) + Ug(t)
To(t) = x1(t) — wo(t) + min(0, x3(t) — xo(t) + us(t)) + ug(t) (3.34)
t3(t) = max (0, z1(t) — x3(t) — us(t)) + ug(t)

which is written in the form of the LCS in (1.1) with [37, Equation (3.16)]:

0 0 0 1 0 0 1 0 -1 100
A=|1 -1 o, B=|0o -1 0|, c=|0 -1 1|, b=|0 1 o],
0 0 0 0 0 1 -1 0 1 00 1
010000 100000
E=[000100| and F=[0 0100 0
000001 0000710

(3.35)
The desired system is defined by the LCS in (2.1) with the same plant matrices in
(3.35).

Remark 3.5.1. In this analysis, the most general form of inputs is chosen (they appear
in both the linear and the nonsmooth parts of the dynamics). It is out of the scope of
this analysis to justify the feasibility of such inputs. The well-posedness of this LCS
easily follows from section 1.2.2 item 1.

First case: Complete controller

Let v = (u1 Uy Us Uy Us UG)T. The closed-loop system with u(t) = K[z(t) —
ki ko ks ka kst kel

zq(t)] +ug(t) where K = | k12 koo kso ks kso kea | is written in the form of the
kis kos ks kuz ks3 kg3

LCS in (2.3) with

ka1 ka2 ka3 10 0 ka1 koo ko3 u2q(t)
)= |14+ky —1+ksp kaz|z@)+ [0 =1 0| AE) = | kar kao kaz | za(t) + | uaa(t)
ke1 ke2 ke3 0 0 1 ke1 ke2 ke3 ugq(t)
1+ ki1 k12 —1+ ki3 1 0 0
0<At) Lw(t) = k31 —1+kgy 1+kss |2z(t)+ |0 1 A(t)
-1+ k51 k5o 1+ ks 0
ki1 k12 ks u14(t)
— | ka1 ksz kas | wa(t) + [ usa(t) | =0
ksi ks1 ks3 usq(t)
(3.36)
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The solution of the BMI in (4.10) which is transformed to LMI (see Appendix A.1)
with € = 0.001 for the closed-loop system in (3.36)

—0.43 —0.003 0.996
—-0.497 —0.017 0.0029

0.57  —0.003 —0.003
o= | 0V03 0431 0996 p_ [ 00032 057 —0.003

-0.97 0.5 —0.003
0.996 —0.003 —0.43 —0.003 —0.003  0.57

0.002  0.009 —0.497

Hence, the closed-loop system’s quadruple (A + FK, B,C + FK, D) is strictly state
passive. Take z(0) = (—1,1,0)7, 24(0) = (1,2,—-1)" and

T
Ug = (sint cost sin2t cos2t sindt cos St) . The numerical simulation is shown
below with time step h = 0.01s (see Figure 3.22).

A e(t) | | 21 — wa(t) |
ea(t) waq(t)
2r es() | ] 1f i
07
-2k 1 1 1 = U= I T I  — =
T T T T T T T T
21 A(t) | 21 — X3(t) |
A1a(t) Aza(t)
17 -
07 [ T T I | 07 I I I T
T T T T T T T T
21 wi(t) | 21 — w3(t) |+
wia(t) w3q(t)
17 -
07 I I [ T T 07 [ T T | I |
- . . . . 0 1 2 3 4
2} () | t[s]
A24(t)
(Vs i I T T T

Figure 3.22: Numerical simulation showing the tracking error e = x — x4 of the Network dynamics
in (3.34) controlled by the complete controller w. The simulation also shows the behaviour of the
complementarity variables A and w.

In this case, the closed-loop quadruple (A+ EK, B,C + FK, D) is strongly passive.
Thus, the system can be studied within the framework of section 2.4 which allows the
consideration of uncertainties.

-
Second case: u = (u2 Uy u6)

The solution is:
-

0 -087 0 —-016 0 0.26 0.99 —-0.085 —-0.26
K=1|0 -042 0 0327 0 0.233 and P=|—-0.085 0.72 -0.2
0 018 0 -0.0001 0 -1.27 -0.26 -0.2 1.18

Hence, the closed-loop system (A+ EK, B, C, D) is strictly state passive. Take z(0) =
-

(—2,1,1)7, 24(0) = (2, —5,—1)" and uy = (Sint cost sin2t cos2t sin3t cos 3t>

The numerical simulation is shown below with time step A = 0.01s (see Figure 3.23).
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Figure 3.23: Numerical simulation showing the tracking error e = x — x4 of the Network dynamics
in (3.34) with the active controller u = (ug,u4,ug) " included in the linear part of the LCS in (3.34).
The simulation also shows the behaviour of the complementarity variables A and w.

It is important to note that, in this case, the closed-loop quadruple (A+EK, B,C, D)
is strongly passive. This property allows us to analyse the problem of trajectory track-
ing in the presence of uncertainties (see section 2.4). However, whether or not consid-
ering such uncertainties in networks with unilateral interactions makes sense, is out of
the scope of this thesis.

Third case: u = <u1 us U5)T

The BMI in (4.10) has no solution. Hence, the quadruple of the closed-loop system
(A, B,C' + FK, D) cannot be made strictly state passive with such a set of inputs and
the chosen feedback, and the framework developed in the foregoing sections does not
apply. It is noteworthy that the conclusions are still valid even if we consider G # 0.

3.6 Nonsmooth Mechanical Systems with
Unilateral Springs

It is known that unilateral spring/dashpot contact/impact models, can be written
in a complementarity framework [26, 37, 27, 11]. This class of contact/impact models
significantly differs from unilateral constraints which yield complementarity constraints
and impact models as in Remark 3.6.1
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Figure 3.24: Mechanical system with unilateral spring.

Consider the mechanical system in Figure 3.24 which possesses the following dynamics:

{mq-(t) u(t) + At

0 < AM) L () (3.37)

)
A(t) + k(q(t) — 1) > 0

where ¢ — [ is the deformation of the spring, £ > 0 is the stiffness of the spring.
The complementarity constraint is written between the contact force and the signed
distance between the spring and the mass. Clearly the dynamics (3.37) fits with our
general framework. Let x = (21, 22)" = (¢ —1,4)", (3.37) is rewritten equivalently as

the LCS:

i(t) = (8 é) x(t) + ((1)> A(t) + ((1)> u(t) (3.38)

m

0 < A(t) L w(t) = A() + kay(£) > 0

Here A = (8 é), B=F= (?), C = (k,0), D=1, F =0, and the system has AC

solutions with uniqueness, see section 1.2.2 item 1. The quadruple (A, B, C, D) can be
made strongly passive with state feedback v = Kz = kyx; + koxo. This means that
there exists a control gain K = (ki, k2) such that the quadruple (A + EFK, B,C, D) of
the closed-loop system is strongly passive. Equivalently, the BMI in (2.7) has a solution
after being transformed into an LMI, as detailed in Appendix A.1 and the solution is
given by:

p_ (7.863 0.538

0.538 0.337> and K = (~21.38 —2.148)

with m = 1kg and k = 5N/m. Thus, the results in section 2.4.2 apply to this example.
As the stiffness of the spring k increases, the control gain gives very large numerical
values like k; = —1.2x 107 for k = 100N/m. This is explained analytically by explicitly
writing the matrix inequality in (2.7) and verifying the positive definiteness conditions.
Following the matrix M in (4.10), the matrix inequality is written as:

_ 2pisk1 p12k2 p22k1 P12
U —Pu T T T T T +Fk
_ P12 2 pa2ki o _ 2pasks _ Dp22
P11 — - S 2p1p — =22 e =0
1912 +k __ D22 92
m m

P12 P22

_ 2p12ky _ p12k2 p22k1 _ 2p12 2
2% pizk p22k1 b = 2p22k2 - ( m + k> 0 >0
—pu— S T T, —2p12 — 0 0

with P = (p n P 12) > 0. One of the necessary conditions to be satisfied is:
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3.6. Nonsmooth Mechanical Systems with Unilateral Springs

Given that —% > 0 which is a necessary condition for positive definiteness, thus
for strong passivity of the quadruple (A + FK, B,C, D), it is required to prove that:

2
—% — (—2%2 + k:) > (0. This condition implies that if ¥ — +o00, then k& — +o0.
This conclusion is similar to the result in [26, section 7.6] [34] which deals with quadratic
stabilization of the same system. It demonstrates the limitation of the stabilization

approach which certainly provides conservative sufficient conditions.

It is seen that, in a certain sense, this class of mechanical systems (with D > 0 and
F = 0) lies in-between the unilaterally constrained mechanical systems (with always
D =0 and F =0), and LCS (with possibly both D and F' nonzero).

Remark 3.6.1 (Linear Complementarity Lagrangian Systems). Linear Lagrangian
systems with unilateral constraints have the nonlinear nonsmooth dynamics:

M(t) + Rq(t) + Sq(t) = u(t) + C] A(t)
0 < A(t) L w(t) =Cuq(t)+ F, >0 (3.39)
Cyg(tT) = —enCy(t) if Cyq(t) = 0 and Cyq(t™) <0,

where q(t) € IR", M = M" = 0, the restitution coefficient e, € [0,1], R = 0 is a
Rayleigh dissipation matriz [39, Definition 6.12], S = 0 is a stiffness matriz, and it
is assumed that ¢ has left and right limits. For simplicity, we also assume that there
is a unique unilateral constraint, i.e., Cy € R™™ X € R and F, € IR is a constant
(the system’s admissible domain in the configuration space, is a convex polyhedral set,
assumed to be nonempty). Denoting x = (¢",¢")", 11 = q, 2o = ¢, we obtain:

o0 = (aas _arag) =@+ (pr) 0+ (3 57 ) 20
0 < A(t) L w(t) = Ca(t) + Fy = (Cp0)x() + E, >0
Ci(th) = —e,Ca(t™) if Cx(t) = 0 and Ci(t~) < 0.

0 I, B 0 B 0 B B
Therefore, A = (—M‘lS —M‘1R>’ B = (MlC(ZT)’ E = (M‘1>’ F=0C=

(Cy,0), D = 0. Since D = 0 and no control acts in the complementarity constraint,
passivity implies that PB = C'T whatever the controller u(z) = Kx. It can be checked
that this is not possible with P > 0. Adding a multiplier feedback u(z,\) = Kz + G\
does not change the conclusion. Fundamentally, systems as (3.40) have a relative
degree 2 when X is seen as the input and w is seen as the output [26] (hence hampering
passivity [39]), while systems as in (3.38) have a relative degree 0 between the same
input/output variables.

(3.40)

Conclusion

This chapter studies various numerical applications on electrical circuits, networks with
unilateral interactions and mechanical systems with unilateral springs, which illustrate
the theoretical developments in Chapter 2. The controller gains are computed using
MOSEK 9.3.14 solver, and numerical simulations are performed using the software
package SICONOS. The analysis of electrical circuits in this chapter shows how the
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structure of the circuit affects its passivity properties. So, different approaches are
proposed, such as changing the type of the controller to enhance the passivity of the
circuit.
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Chapter 4

Trajectory Tracking in Frictional
Oscillators

This chapter addresses the problem of trajectory tracking control in frictional oscilla-
tors. First, the dynamics of frictional oscillators are represented within the framework
of complementarity systems, which is followed by analysis of the stick/slip behaviour
of the desired system. Then, the stability analysis of the error dynamics in nominal
case is investigated based on theoretical results derived in Chapter 2. These results
are extended to tackle the case with parametric uncertainties. In this case, strong
passivity assumption is relaxed to strict state passivity for the stability analysis of the
error dynamics in the presence of uncertainties. In addition, this chapter introduces
a new approach for the control design, based on passifying the friction model when
Stribeck effect is considered, along with analyzing the stability of the error dynamics.
Theoretical findings in this chapter are supported by numerical simulations made with
SICONOS.

4.1 Friction Modeling

There is a plethora of friction models, and the analysis and the control of systems with
friction has witnessed a huge number of articles in the past thirty years both in the
Automatic Control and in the Nonlinear Dynamics scientific communities. Roughly
speaking, friction models of interest for Control may be classified as follows: static
models (which may be set-valued or single-valued, with constant or with varying friction
coefficient), and dynamic models which aim at incorporating pre-sliding effects, bristle
effects, hysteretic behaviours, etc. Static models comprise Coulomb’s friction with
constant coefficient or varying coefficient (e.g., Stribeck [12, 105], Dieterich-Ruina [41,
Equation (21)]), which are set-valued at zero relative tangential velocity, as well as
regularized models (mainly applied to planar friction where the signum function is
replaced by a saturation, or a sigmoid function). Set-valuedness at zero tangential
velocity allows to correctly handle sticking modes (contrarily to regularized models)
and is thus essential in multibody applications. Dynamic models with internal state
are numerous (LuGre, Leuven, Bliman-Sorine, Dahl, elastoplastic etc [105]). Dynamic
models are better for modeling micro stick-slip effects, though Coulomb with Stribeck
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coefficient of friction also provides good results in this respect [105]. However, dynamic
models also present severe drawbacks [133, 137]. Coulomb friction (with constant
coefficient) has limitations [41], but it can also provide quite good results in many
instances, see, e.g., [111, 102, 59]. It is sometimes not easy task to choose between
a regularized (around zero tangential velocity) model and the set-valued model, see,
e.g., [149]. Tt is inferred that conducting preliminary research work using the set-
valued Coulomb’s model (with constant coefficient of friction) is a reasonable path
for trajectory traking, keeping in mind that Stribeck effects, which render the system
nonlinear, can be included in the analysis: this will be done in this work, within a
robustness analysis. Finally see [15] for a survey on friction models.

4.2 Controlled Frictional Oscillators

q

a J—g k —q

EE i
o ORNO NG

() (b)

Figure 4.1: Simple frictional oscillators with Coulomb’s friction

Consider the simple frictional oscillator system depicted in Figure 4.1a. The objective
is to perform trajectory tracking for the mass m. Two main steps will be tackled: first,
we assume that the pulleys can be given arbitrary angular velocity in this Chapter,
second, the pulley-belt system dynamics is taken into account in Chapter 5. Assuming
that the belt can be given arbitrary velocity, its dynamics are given by:

i) € nt) — g sen(d(t) — wa(?)) (4.1

with u = (u1,u2)", us = rw is considered as a control input, > 0 is the friction
coefficient, w rad/s is the pulleys’ angular velocity, r is their radius, g is the gravity
acceleration, m in kg is the mass weight. Notice that the dynamics (4.1) can be
rewritten as G(t) = Luy(t) — pgh(t), with A(¢) € sgn(g(t) — ua(t)). If uy = 0 or if
uy = u1(q, q,t), then the dynamics (4.1) fit within the robot-object class of systems
[25] where the robot’s dynamics (the pulley-belt system) is neglected: the mass m
is the object which can be controlled only through the contact force multiplier A\(+).
Neglecting the friction effects on the belt dynamics so that the pulleys-belt’s velocity
can be considered not influenced by the friction with the mass, is a common assumption
in the Nonlinear Dynamics literature [99, 96, 95, 63, 65, 139, 103], see also references
therein. The system in Figure 4.1a represents a one-degree-of-freedom oscillator. In
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4.2. Controlled Frictional Oscillators

this setting we may link the mass to a rigid wall with a linear spring-dashpot model
as shown in Figure 4.1b, yielding the dynamics:

. 1 k I :

i(0) € —unlt) = ~(g(t) ~ 1)~ (1) — pg sen(d(r) —we(r) (42
where k& > 0 is the stiffness, f > 0 is the viscous friction coefficient, and [ is the natural
length of the spring. Under these conditions, the analysis made in the sequel shows
that u; can be chosen as a feedforward controller that depends only on exogenous
signals. It is also noteworthy that u; could be chosen as the displacement imposed to
one tip of the spring, changing k(¢ — 1) to k(¢ + uy —[) in (4.2). Provided that k is
known, this does not modify the analysis made in the next sections.

Remark 4.2.1. The system in (4.1) is fully actuated (if we consider both uy and us,
then it is even overactuated with two independent inputs and one degree of freedom q).
The system in (4.2) is fully actuated. As we shall see next, the passivity-based control
strategy that is chosen uses the monotonicity of the set-valued part.

4.2.1 The Complementarity System Framework

The dynamics (4.1) are equivalently rewritten in a complementarity systems framework
as:

. 0 1 0 0 0 0 0
(t) = (0 O) x(t) + (;L O) u(t) + (MQ) + (—2ug 0) A(t)
2 a éE’ 2 (4 3)
0 < A(t) Lw(t) = <8 é) u(t) + (g’) + (_01 é) At + (8 01> 2(t) > 0,
=53 2p 2c

with 2 = (¢,4)", A = (A1, X\2)", u = (u1,us)". The complementarity conditions in
(4.3) stem from the representation of the set-valued signum function [42]. It is verified

0
that the quadruple (A, B, C, D) is passive with storage matrix P = (p(1)1 1 ) There
29

are two peculiarities to system (4.3): a) D 3= 0 and D+ DT = 0, b) there are constant

terms <(1)> ¢ Im(F) and E' = (-?Lg) € Im(F), hence it does not fit with (1.1).

Solutions to (4.3) are AC under some conditions on the control input, as discussed
below. The first step is the computation of fixed points of (1.1) in the closed-loop, in
order to determine whether or not a feedback controller of the form:

u(z, N\, t) = Kz — zq(t)] + G — Aa(t)] + ua(t). (4.4)

with feedback gains K € IR**? and G € IR**?, is able to modify the set of equilibria.
Notice that A\ = % where pumg)\; is the tangent interaction force between the mass
and the belt, i.e., A, € sgn(¢ — us). However, the multiplier Ay is a slack variable

that has no clear mechanical meaning and may be assumed as non-measurable. It is
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inferred that only A, is available for feedback. Moreover, we avoid the use of A; in
uy, for otherwise the tangential force could be compensated for directly: this is not a
desirable control strategy. Most importantly, our analysis applies to the case when the
mass 1s attached to a rigid wall by a linear spring-dashpot system as in Figure 4.10,
while uy is to be interpreted as a feedforward controller, that depends only on x4(t) and
uq(t). In such a setting, the tracking control problem is that of a mass+spring-dashpot
system, with feedforward control and feedback control through the tangential contact

force. These observations constrain the input matrix G to satisfy G = <gO 8) It
21

is also noticed that a feedback using A, is useless as it is unable to modify the matrix
D, to get strong passivity (= D, > 0) instead of strict state passivity, because of the
structure of the matrix F. In general, it is even better to assume G = 0. However, the
subsequent analysis in section 4.5 shows that go; > 0 allows to regularize the set-valued
friction and to get robustness that is otherwise impossible to obtain. Thus, it is worth
presenting it even if its implementation may remain questionable. Inserting (4.4) to
(4.3), with the above restrictions on G, gives the closed-loop system dynamics:

‘ 0 1 0 0 00 0
(a) z(t) = (,;111 kﬁf) z(t) + (—2M9 O) A(t) — (k;;; ’%2) zalt) + (MQ)

=Aq =B
+ E 8 uq(t)
éCel =D
(5 0< A®) L () = (k;1 -1 —(l)— ka2 (t) + (9_21 (1)) (t) — (%1 k82) a(t)

Remark 4.2.2. No physical parameters appear in the complementarity conditions in
(4.8) or (4.5), because the complementarity merely represents the set-valued signum
function. This will have consequences on the robustness analysis (see section 4.5). It
is noteworthy that even a feedback from Ay cannot guarantee strong passivity of the
closed-loop, because at best Dy = 0. One question which arises is how much go1 # 0
can improve the robustness with respect to uncertainties in f.

The desired system is:

Falt) = (0 1) ralt) + (3 0) walt) + <0> 4 (_0 0) Aal®)
- (v o) - ) ig@ 3)2ij<t>0+ (5 )t =0
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where x4 = (qq,Gq) " = (214, 724) . This is equivalent to its differential inclusion form:

) € unalt) — pghal), Meal?) € sem(dat) — uaal?)) (1.7)

The closed-loop error dynamics e = x — x4 is:

(t) = ((g é) + (? 8) K) e(t) + <<_20W 8) + (? 8) G) () — (1))

(4.8)
which is equivalent to:
A By
—~ —~
0= (b o) e+ (g o) A0 = Al0)
om “2ng 0O

0 0
g1 0
Remark 4.2.3. It is important to note that rank(B) = rank(By) = 1. So, the passi-

fication conditions on the rank of the input matriz [39, Theorem 3.61] are not met in
this context.

with G = < ) The closed-loop LCP matrix is D,.

4.2.2 Well-posedness issues

The well-posedness of (4.5) and (4.6) has to be guaranteed as a prerequisite to stability
analysis. Similarly to Assumption 2.1.4, we are led to assume the following;:

Assumption 4.2.4. The quadruple (Ay, Be, Cy, Do) in (4.5) is strictly state passive.

This means that there exist gain matrices K and G such that the following nonlinear
matrix inequality with unknowns P, K and G:

oA ((A+EK)TP+P(A+EK) P(B+ EG) — (G+FK)T> —eP 0
"\ (B+EG)'"P-(C+FK) —(D+FG) —(D+F&")>\ 0 0)°
(4.10)
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Chapter 4. Trajectory Tracking in Frictional Oscillators

has a solution P = PT = 0. This implies that g»; > 0. As examples will show, strict
state passivity can hold with go; = 0 in certain cases, which may be interesting in
practice. Let us examine the well-posedness of the closed-loop system in (4.5) and
of the desired dynamics in (4.6). First, let us verify that no state jump can occur

in the closed-loop system. Indeed, let us consider (1.11), we obtain: Qp, = < ng ),
Jr

Qp, = (5 ,and Ky = IR®. Thus, z(t*) = x(¢t7) and there is no state jump in (4.5),
+

even at times where \y(-) may be discontinuous. Therefore, solutions to (4.5), if they

exist, must be continuous. Let us deal with the well-posedness of (4.6), equivalently of

(4.7). Assume that ug(-) is AC, then posing z = ¢g — usq it follows that 2 = §g — tag

where 19,4 is the almost-everywhere derivative of usy. This gives the DI:

U1d<t)

2(t) € —loq(t) + — ng sgn(z(t)). (4.11)
Using for instance [13], it is deduced that the DI in (4.11) has a unique Lipschitz
continuous solution on [0,7) for any 7' > 0, for any z(0) = 2y € IR and any u,(-)
with 14(+) and 1igq(+) bounded in the extended (or local) £o norm. Thus, ¢4(-) is AC
(Lipschitzness implies AC), G4(-) is defined almost everywhere, and ¢4(t) = ¢a(0) +
J3 Ga(s)ds is continuously differentiable. However, the multiplier \4(-) can undergo
jumps at some junction times. Therefore, the closed-loop plant (4.5) is an LCS with
exogenous signal Fy(t) 2 — (%1 ]{82) xq(t) — (981 8) Aa(t) + (qul(t)> entering the
complementarity constraints, where no state jump can occur.

Remark 4.2.5. Let us consider the DI in (4.1). There is in principle no problem
in introducing a kind of contact force feedback inside the signum set-valued function.
Let Ug = u2(Q7Q7 )‘t)f then )‘t € Sgn(q - u2(q7Q7 At)) - q - u?(Qaq‘) At) € M—Ll](At);
where the inversion of maximal monotone set-valued mapping is used. This is a gen-
eralized equation with unknown A, whose well-posedness can be characterized. Indeed,
uz(q, ¢, \ie) = k21(q — qa) + k22(q — da) + go1 (M1 — Aia) + uag, with A\i(q,q) = %-
This yields when go1 > 0:

—4 + ko1(q — qa) + ka2(d — da) + g21 (2L — M) + uoa € —N_11)(N\r)
(4.12)

At(Q; (J) — proj ([_17 1]; 24—k21(q—Qd)—km(Q;jld)-i-gm)\m—9221—U2d> :
see Fact A.3.5. Therefore, the force feedback regularizes the set-valued signum function,
as is known in other contexts [26, Remark 2.8] [89]. It is also possible to prove that
the LCP in (4.5) (b) has a unique solution A(t) for any Caz(t) + Fy(t) and g1 > 0.
In spite of the fact that Dy %= 0, the result holds due to the special structure of the
LCP (especially the second line) and rank(Dy) = 2. Also, the result concerns only
A = %, not \y. It is noteworthy that the multiplier N, in (4.12) depends only on
known control parameters, mass state, and desired signals. This is expected since the
LCP in (4.5) does not involve mechanical parameters. Taking g1 > 0 means that the

multiplier \y, solution to the LCP in (4.5) (b), can be explicitly calculated. So there is
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4.2. Controlled Frictional Oscillators

no need for a contact force measurement in this case, measurement of x is sufficient
to solve the LCP in (4.5) (b). Note that Ay does not depend on p nor on the normal
contact force.

Let us continue the well-posedness study. When g1 = 0, it follows from [44, Theorems
11 and 26] that the closed-loop system (4.5) has unique AC solutions. This can be
shown using passivity of the quadruple (Ay, By, Co, D) in Assumption 4.2.4, the fact
that Im(D +J\/}R2+) — Fy(t)) = Im(Dy) + IR* — Fy(t) = IR* (here a result from [128]
is used with the fact that NIRi(') = Ny (+). This together with the fact that Fy(-) is
AC allows us to guarantee that [44, Theorem 26 (ii)] holds true. When go; > 0 (which
will be imposed in some cases), then it follows from (4.12) that A\;(-) (which is the only
component of A(+) that intervenes in (4.5) (a)) is a Lipschitz continuous function of the
state and exogenous terms. Therefore (4.5) (a) boils down to an ordinary differential
equation with Lipschitz continuous right-hand side, existence and uniqueness of locally
AC solutions follows from general results [143, Proposition C. 3.8].

The conclusion of this section is that imposing mild conditions on uy(-) together with
passivity as in Assumption 4.2.4, guarantees the well-posedness of the closed-loop,
the desired, and the error dynamics, with AC states z(-) and x4(-) (hence the error
dynamics (4.9) is well-posed also).

4.2.3 Equilibrium Points of the Error System

Let us assume that the closed-loop system in (4.5) is strictly state-passive (i.e., As-
sumption 2.1.4 holds ). Recall that from passivity of (A, Be, Cu, Do), it follows that
g21 > 0. The equilibria of the LCS (4.8) are characterized as follows:

Proposition 4.2.6. Consider the error dynamics in (4.8) or (4.9). Assume that the
quadruple (Ay, BqCy, Do) is strictly state passive. Then, the unique equilibrium point
is e* = (0,0).

Proof. In order to find the equilibrium points of the error dynamics, the LCS in (4.8)
is written as follows:

0= ) Lwatt) = | ;) walt) (f)+ N PYOR ‘01) zalt) > 0
0 < N () L w(t) = kgl ’“220_ 1) SO é NOR s 8) ()

0 1
-+ (0 0) ug(t) > 0
(4.13)

The problem in (4.13) is a mixed LCP with unknown e}, €5, A}, A\5. The equilibrium
point of the error dynamics is given by ej(t) = 221—1’1‘9()\{(15) — A14(t)). It is dependent
on the complementarity variables A;; and A}. In the above analysis, the LCP of the
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desired system is solved which gives the values of Ay and z,;. Now, it is required to
solve the LCP of the closed-loop system (i.e., 0 < A* L w* > 0) in order to find A\*
and then calculate the equilibrium point e]. Let us substitute e* in terms of A* and A4,
then the LCP to be solved is:

o= (i) () (L ) (40 )

—2mpgE — gor 0\ (Aa(t)
1 >
+ ( 0 0) aa(t)) =Y

(4.14)
It is important to note that the system can be at equilibrium, while the multipliers are
time-varying. We can observe the new term Qm/zg% + g21 that appears in the matrix
of the multiplier A\*(¢) in (4.14). This term plays a significant role in the subsequent
analysis of the equilibrium point, so let us study the sign of this term. Let Assumption
4.2.4 holds for the closed-loop system in (4.8), then it is necessary to ensure that the

following holds:

~AJP—PA,;—€P =0 (4.15)
where P = PT = (in 512) > 0 and € > 0. Then, the matrix inequality in (4.15) is
12 P22
written as:
2]{:11 k‘ll k?12
T P12 —D11 — P22 — P12 P11 P12
m m m —€ =0 4.16
<—p11 - %1]?22 - %pm —2p12 — %ﬁpm ) <p12 p22> o ( )

According to the equality implied by passivity, PBy = C. since Dy + D/, = 0, we have
—2p1otg = ko1 and —2pgopg = koo — 1. Let us substitute the value of pio in (4.16),

then ok v e
—Jplz —ep1 2> 0& et
m mug

Given that py; > 0, then ’“71”1—5;1 must be positive. This means that k1; and k9; have

—ep11 >0

same signs. So, the term 2mugt2 and according to Assumption 4.2.4 that imposes
g M9, g
strict passivity on the closed-loop system is nonnegative (i.e., QmMg% > 0). Hence,

the term Qmug% + go1 which is multiplied by A%(t) is non-negative. In order to study

the well-posedness of the closed-loop system’s LCP in (4.14), let us consider different
cases as above:

case 1: A\ €]0,1[ In this case, w} = (QmMQ% + g21) (AT — Ag) = 0. Hence, A7 = A4
A= (A1g,0)"

The solutions are given by:
shven oy {w* — (0,1 \ia)"

case 2: \} =0 In this case, wi = —(Qm,ug% + 921)A1q + Uoqg — T24 > 0 which holds
only if ugg — xeq > 0. If ugqy — x94 > 0, then the solution of the desired LCP in (4.13)

is: {)\d 00T

wg = (Ugg — Taa, 1) T
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If ugq — x9¢ = 0, then the solution is Ay = 0. Thus, in this case, A} = A\jq = 0. The
A= (0,0)"

*

unique solution is given by: B T
w* = (uzq — Tad, 1)

case 3: \] =1 In this case, w} = (2m,ug% + g21)(1 — Aig) + A5 + tog — 299 = 0 =
Ay = —(2m,ug% + go1)(1 — Aig) + T2g — ugq > 0 which holds only if z9q — ugq > 0. If

Tog — ugq > 0, then the solution of the desired system’s LCP in (4.13) is:

Ad = (1,332d - Uzd)T
Wq = (07 O)T

If x99 — usy = 0, then the inequality —(2mug% + go1)(1 — A1g) > 0 holds if and

only if \iy = 0. So, A} = Ay = 1. The solution is unique and it is given by:

A= (1, Tod — u2d)T
w* = (0,0)"

Therefore, in all the possible cases of A7, it is observed that A} = A\14. It is noteworthy
that in all cases, we have A\* = \; and w* = w,. Given that e] = 2;”1‘1‘9 (AT(t) — Ma(t))
and \*(t) = \g(t), then e* = (ef,e5)" = (0,0)T. This is in accordance with the fact
that Proposition 4.4.2 guarantees global exponential stability (hence uniqueness of the

origin of the error dynamics). 0

4.3 Analysis of the Desired Trajectories

This section focuses on the analysis of the desired trajectories of the LCS in (4.6) by
studying the stick/slip behaviour. Furthermore, it shows the impact of external forces
u14(t) and wugq(t) on the behaviour of the system through numerical simulation.

4.3.1 Properties of the Desired Trajectories

The desired dynamics are given in our work in the form of a dynamical system that
produces some trajectories. In practice it is certainly interesting to understand which
desired trajectories can be designed. To that aim it is of interest to understand the
properties of the desired trajectory represented by (4.6) to be tracked. In the study of
harmonically forced dry frictional oscillators, there are results on the construction of
periodic solutions of such systems. The physical system considered in [65, 139, 63] is a
simple mass-spring dashpot system with dry friction which is different from the system
considered in Figure 4.1a. When addressing the non-sticking behaviour, the solution
relies on solving a second-order differential equation which represents the equation of
motion.

Denhartog [65] provided an exact symmetric and periodic solution for non-sticking
motion with 4 = 1. His approach starts by assuming that the external force exerted
has the form of F,,; = Pcos(wt+ ¢) and that the solution is symmetric (i.e., the period
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Chapter 4. Trajectory Tracking in Frictional Oscillators

T is divided into two equal half cycles each of length m/w). The boundary conditions
of the steady-state solution were established as follows:

t=0, 2(0) =z, #(0)=
{t =T (%)= —m, #(5)=0 (4.17)

Shaw [139] extended this work to the case where p # 1. He followed the same boundary
conditions in (4.17) for non-sticking motion, then analyzed the stability of the periodic
motion. By following the same approach as before (i.e., two turnarounds per cycle and
boundary conditions in (4.17)), the authors in [63] prove mathematically that the 27-
periodic solutions, where w is the excitation frequency, are symmetric. This property
was previously assumed but not proven yet.

Following up from the system studied in [139, 65, 63] where there is no moving belt
(i.e., ugq = 0), let us analyse, in the following, the stick/slip behaviour of these tra-
jectories based on the desired input wuy4(t), which represents the external force applied
on the mass m and wugy(t) = 0. According to the complementarity problem in (4.6),
the multiplier A;4 € [0,1]. Let us determine the value of w4 for each behavior by
considering the following analysis of the desired system in (4.6):

o If \iy €]0,1[= x99 = 0 = Z9g = 0 = uyy €] — mug, mug[. The system is in
sticking mode as shown in Figure 4.2a.

o If \jg = 0 = x99 < 0. When ujqg = —mpug, then x54 = 0 and the system is in
sticking mode as shown in Figure 4.2b. But, when uy4(t) < —mpug V¢, then the
solution 94 < 0 (i.e., sliding mode) and it diverges.

o If \jy =1 = 299 = Aoy > 0. When u;; = mug, then zo4 = 0 and the system
behaves in sticking mode. When u4 is chosen such that ui4(t) > mug Vt, then
the solution x5y > 0, it behaves in sliding mode and it is unbounded.

It is noteworthy that, in the cases when Ajg = 1 or A\jy = 0 (i.e., u1qg = mpug or
ug = —mypuyg respectively), and the initial velocity of the mass z44(0) is chosen
such that it is in the direction of the external force uyq (i.e., urg < 0 and x94(0) <
0). Then the trajectory x4 diverges and it is sliding mode at a constant velocity
as illustrated in Figure 4.2c.

If uq4(t) is chosen as a periodic, time-varying, and bounded signal in the form of
u1g = Acos(wt) where |A| > mpug, then the system will behave in both sticking
and sliding modes as shown in Figure 4.2d or non-sticking mode depending on
the amplitude A.

The following numerical simulation is carried out at m = 1kg, p = 0.5, and
h = 0.01 using SICONOS.

98



4.3. Analysis of the Desired Trajectories

1.5 ! ‘ ‘ ‘
1.2 B
/ /
1.0 I I I 1.0 | | | | | ]
T T T T
il \ =0l Ty
ok ok
T

w1q(t) 1 ! wia(t) ||
1+ A1a(t) A1a(t)
1= (1]= —
pI= waq (t) ol ‘ waa(t) | |

A24(t) A2a(t)
oL _r\_/\/ | J |

0 3 3 ) 0=—35 T 2 3 1
t[s] t[s]
(a) urg = —0.5mpugsin 3t and x94(0) = 2 (b) u1g = —mpg and z24(0) = 2
07 I I I
il z14(t) ol
I I I I =
— [~ T T T
—9l ol o
—2.1¢ -2 I i -
2F T T T T

wia(t) wia(t)

Ara(t) 2 Malt) /\ |
0= o —— — ]
1F I T T

waa(t) ‘ waq(t) A2a(t) ‘

A2a(t) 20 |
1] = ; : : : ok | ANA—— t l—o— t —

1 2 3 4 5 0 1 2 3 4
t[s] t[s]

(¢) urg = —mpg and w24(0) = —2 (d) uig = 2mpgsin 3t and x24(0) = 0

Figure 4.2: Numerical simulation of (4.6) with usg = 0 for different values of u14(¢)

In the above numerical simulation, a periodic solution with a periodic external input
u14(t) is depicted in Figure 4.2d. It represents a periodic and bounded solution x(t)
and it has the same period 7" as the input u14(¢). The existence of periodic solution
confirms the results presented in [65, 99, 63].

However, note that not every bounded periodic input leads to a bounded periodic
solution. In order to achieve both periodicity and boundedness, it is important to
follow the general conditions in (4.17). Let us consider the case when ugq # 0 which is
studied in [99, 96, 95, 7] when wug, is constant and [108] when wgq(t) is time-varying.
The stick-slip mechanical system considered in [99, 96, 95] is a simple mass-spring
system on a moving belt with constant speed. But, our system presented in Figure
4.1a differs because it includes an external force u14(t) acting on the mass and allows
for time-varying belt speed wugq(t). In [99], the authors introduce the shooting method
as a periodic solution finder to address the computational challenges of solving stiff

99



Chapter 4. Trajectory Tracking in Frictional Oscillators

differential equations. To tackle this issue, the authors present the switch model as
an alternate friction model to simulate stick-slip vibrations by solving a set of non-
stiff differential equations. Furthermore, a time-dependent friction model is studied.
The authors in [95] study bifurcations of periodic solutions in mechanical systems with
dry friction and discuss the existence of infinitely unstable periodic solutions through
repulsion sliding mode in stick/slip mechanical systems.

The paper [82] proposes two numerical methods for the computation of periodic solu-
tion in maximal monotone dynamical systems, including linear complementarity sys-
tems and systems with dry friction. It provides formal justifications to ensure the
consistency of the proposed numerical schemes. The results of [82] could be applied
to our frictional oscillator system, which is represented as an LCS in (4.6) and, equiv-
alently, as a differential inclusion with maximal monotonicity properties in (4.7). A
recent paper [94] introduces a new method for computing periodic solutions of systems
with frictional occurrences. The approach formulates all equations, including friction,
as equalities and allows for an exact Coulomb’s friction law without regularizing the
friction force. This equality-based approach is implemented through a highly compact
weighted residual formulation and it represents accurately multiple sticking and sliding
phases that converges to the solution in few iterations. Given that the Coulomb fric-
tion in our system is represented within the the complementarity framework in (4.3)
and without any approximation of the friction force, the method developed in [94] is
applicable to design periodic desired trajectories.

4.3.2 Numerical Simulation of the Desired Trajectories

In this section, a numerical simulation of the desired trajectory represented by the LCS
in (4.6) is performed. This simulation involves implementing a suitable desired input
ug and observe the resulting desired trajectory. The simulation is done with the INRIA
software package SICONOS'[3].

The following Figures 4.3-4.6 show the numerical simulations of the desired system in
(4.6) with different values of uy4(t) and ugy(t) leading to different interesting results.
For some Figures, the phase portrait of the desired system in (4.6) is presented as a
3-dimensional plot, depicting the two states x4 and x94 and the time axis t as the
system is non-autonomous.

In order to design a periodic desired trajectory x4, the frictional oscillator is excited by
periodic desired input ug = (u14, u2q) ' Where u1y and uyy have the same period T but
different amplitudes, as shown in Figure 4.3. Take z4(0) = (1,0)" and the time step
h = 0.01s.

https://nonsmooth.gricad-pages.univ-grenoble-alpes.fr/siconos/index.html
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Figure 4.3: Numerical simulation of (4.6) with u;4 = 0.8mug cos 2t, usq = 0.5mpug cos 2t

The simulation depicted in Figure 4.3 shows a periodic desired trajectory with
period T = %”s which is the same period as that of the desired input ug. Also, it can
be observed that the frictional oscillator exhibits both sticking and slipping behaviours,
as depicted in the plot of the relative velocity V,. = x9q — uag.

Let us consider the desired inputs w14 and usg with different periods.
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Figure 4.4: Numerical simulation of (4.6) with w4 = 0.5mug cos 2t, usq = 0.5mpug cos 3t

In Figure 4.4, the external inputs are chosen to be periodic with the same amplitude
but with different periods T,,,, = %'s and T,,, = %s. It is noticeable that the desired
trajectories doesn’t exhibit a perlodlc behaviour. This can be further illustrated by the

phase portrait given by Figure 4.5:
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time(s)

Figure 4.5: Phase portrait of simulated system in Figure 4.4

The novelty of the simulation in Figure 4.6 is the selection of the desired inputs, which
impacts the solution of the desired system (4.6). The inputs u;4 and ug, are periodic
with non-rational periods T;,,, = % and T,,,, = % while having the same amplitude.
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Figure 4.6: Numerical simulation of (4.6) with uyq = 0.5mug cos /2, usq = 0.5mpug cos /5

The desired trajectories depicted in Figure 4.6 are not periodic. It is interesting
to observe from the plot of V, = 2y — ugg in Figure 4.6 that the mass has a larger
sticking period which shows a different stick/slip behaviour from the previous Figures.
Consider the phase portrait of this system in Figure 4.7.
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time(s)

Figure 4.7: Phase portrait ofnthe system simulated in Figure 4.6

The behaviour of the system shown in the phase portrait in Figure 4.7 is obviously
not periodic. However, it is out of the scope of this thesis to determine whether this
system is chaotic.

The purpose of this section is to highlight the possibility to generate various desired
trajectories to be tracked later, particularly periodic ones. As it is possible to track any
desired trajectory generated by the LCS in (4.6), even in the cases where the behavior
depicted appears unusual as in Figure 4.6.

Comments on passivity: By considering incremental passivity, let us recall the
dynamics of the desired system in (4.7) as follows:

miq(t) = —mgpud; + ug(t) (4.18)
)\t S sgn(x'ld(t) — u2d(t))
o TN mass .
= | (710 714) |

At

sgn(f1g — Ugg) k—

Figure 4.8: Feedback interconnection of an incrementally passive system and a maximal monotone
mapping.

This approach is valid when wyy is constant, in order to keep the property of maxi-
mal monotonicity of the signum multifunction (for otherwise it would be monotone for

each t > 0 only). The system as represented in Figure 4.8 is an interconnection of the
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Chapter 4. Trajectory Tracking in Frictional Oscillators

plant (i.e., integrator), which is passive between the input v, 2 —ugAs + u1q and the
output 4. The storage function corresponding to the output is given by V = %m:t%d.
Then, the feedback nonlinearity is maximal monotone if we are considering A\; and the
relative velocity @4 — g4, ensuring the incremental passivity of the system (4.18) [127]
(the fact that the graph of the mapping in the feedback does not contain in general
the point (0,0) because of constant but nonzero us,, prevents the interconnection to
be passive). The papers [142] and [8, Proposition 4.4] present a result about the ex-
istence of T-periodic solution for incrementally stable system forced with T-periodic
input. However, it is important to note that this result is established in the context of
smooth systems, and extending this result to a non-smooth system requires technical
work and is out of the scope of this study. In [80], the authors focus on the numeri-
cal computation of periodic solutions for a class of set-valued dynamical systems with
maximal monotonicity properties when subjected to periodic excitation. They intro-
duce two numerical time-stepping methods: the Asymptotic Simulation (AS) and the
Two-Point Boundary Value (2PBV) as it highlights their theoretical guarantee such as
convergence properties.

4.4 Trajectory Tracking of Frictional Oscillator in
Nominal Case

In this section, the trajectory tracking of the frictional oscillator is solved without un-
certainties. The stability analysis of the error dynamics is shown using two approaches:
one using LCS formulation and the other one based on the maximal monotonicity of
the signum function.

4.4.1 Passivity-based Control Framework

In the subsequent analysis, consider that go; = 0. Then, the closed-loop plant is the
DI:

G(t) € 5 (ku(g(t) — 21a(t)) + k12(q(t) — w2a(t)) + wra(t))
(4.19)

—pg 580 (4(t) =k (q(t) = 21a(t)) = kaa(4(t) = 22a(t)) — uga(t)) -

Remark 4.4.1. [t is noteworthy that due to the matriz F' structure, it is impossible to
get strong passivity of the closed-loop system quadruple (Aq, Be, Cu, Dey), because even
a feedback with nonzero G in (4.3) cannot make D full rank in (4.5) (b).
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Using (4.7) and (4.19) , the error dynamics are equal to:
q(t) € pg sgn(qa(t) — uaa(t)) + 5 (k1(q(t) — 21a(t)) + k12(4(t) — w2a(t)) + wra(t))

—p1g sgn (§(t) — ka1 (q(t) — 21a(t)) — k2o (q(t) — w2a(t)) — u2a(t)) — 1 ura(t)
=1 (knq(t) + k’wé(t)) + pg[sgn(ga(t) — u2a(t))
—sgn ((t) = knd(t) = kad(t) + da(t) — uaa(t))]

=1 (k11q~<t) + k‘lﬁ@)) + pg[Aea(t) — Ae(t)]-

(4.20)
which is equivalent, when go; = 0, to its complementarity system counterpart (4.8) and
(4.9), with e = (¢,q)". Finally, recalling that \; = %, we can rewrite equivalently
(4.20) as

é(t) € Age(t) + </?g> sgn( (t) gd(t ( > sgn(—(Cu)1e€(t) + qa(t) — u2q(t))

= Acle(t) — B

(4.21)
where Ai4(t) € sgn(qa(t) — u2a(t)), M(t) € sgn(—(Ceu)ree(t) + qa(t) — u24(t)). Notice
that since Dy = —D/ (when gy = 0), it follows that the strict state passivity of

(Ae, Ba, Cy, Dy) is equivalent to the strict state passivity of (Ay, By, Cy, 0).

4.4.2 Closed-loop Error Stability Analysis

The stability analysis from section 2.1.2 based on the LCS formulations is repeated in
this section. Furthermore, an alternative analysis method is presented (see Remark
4.4.3). Assume that all the trajectories are AC.

Proposition 4.4.2. Consider the error dynamics (4.21) with bounded initial condi-
tions, and assume that (Aq, Be, Ca, D) is strictly state passive with constant € > 0.
Then, (i): e(-) converges globally exponentially fast to zero; (éi): when gon > 0, the
multiplier error (A — \1q)(+) converges globally exponentially fast to zero.

Proof. (i): Consider the Lyapunov candidate function V(e(t)) = e Pe, with P =
PT = 0 the solution of the closed-loop passivity matrix inequality. Then, along the
closed-loop error dynamics trajectories:

V(e(t) = eT(ALP + PAq)e(t) + 2e(t) PBa(A() — Aalt))
Starting from (4.3) and (4.6) the following is obtained:

w(t) = Cua(t) + DuA(t) + Cra(t) + Fualt) + (2) — Cra(t)

wd(t) = Ccll’d(t) + Dcl)\d(t> + de(t) + Fud(t) + <(1]> - Ccll’d<t).
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Therefore, it is inferred that:

{ A(t) € Nswy(Cax(t) + Dg(t))
(4.22)
)\d(t) € /\/’S(t)(Cdxd(t) + DCZAd(t)),

with S(t) £ {¢€ € R™ | € + Czg(t) + Fug(t) + — Cuzq(t) > 0}. From the

0
1
monotonicity of the normal cone, it follows that:

(w(t) = wa(t)TA(E) = Ma(t)) < 0

Given that w(t) — wq(t) = Cue(t) + Da(A(t) — Aa(t)), V(e(t)) is written in the matrix
form as:

0 =(5) (5] (5) (e o det T rer) (5)
~ () () remraws () v() < et e

where M is the matrix defined in (4.10) and satisfying the strict state passivity LMI.
Hence, e* = 0 is globally exponentially stable.

(ii): follows from the projection form of A; in (4.12) which can be represented as:

At(q, ) = proj ([—1, 1]; o ((q — qa) — k21(q — qa) — k22(4 — Ga) + 921 M4 — % + 4q — qu)>

Similarly, A; 4 is written as follows

) 2 . . 2
Atd € sgn(g—usq) = sgn <g (da — qu)> & Mg = proj ([—1, 1]; . (Ga — u2q) + At,d>
21 21

Recall that z 2 (q,9)" and 4 2 (qa,da)". Given that Ay = 2\ — 1 and M\ g = 2X\; 4—1,
then:

1
[Ad1 — Aig| = §|/\t — At dl

1 . 2 . 2
proj | [=1,1]; — (—=[Cei]1,e€ + A,g + T2a — u2q) | — proj | [—1,1]; — (At,a + @2q — u24)
2 g21 g21

1
< — ||Cuell,
g21

where we have used the Lipschitz continuity property of the projection operator ([14,
Proposition 4.8]) to obtain the last inequality.
Hence, limy;_,o0 [ A1 (t) — Ma(?)] < 2 limy_o ||Cue(t)]] = 0. O

- g21

Remark 4.4.3. The stability analysis of part (i) of Proposition 4.4.2 can be established
directly through the maximal monotonicity of the signum function when g1 = 0 without
relying on the LCS interpretation (i.e., the normal cone approach as in (4.22)). This
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will be useful later when we deal with Stribeck effects. Let us consider again the closed-
loop error dynamics in (4.21) as:

é@)eA¢@y+QZ>WM%@f—WJﬂ%—<O>WMﬁﬂ—Uﬂﬂ)

Hg
By taking V (e) = e" Pe, with P = P" = 0 as before, then:

V(e(t) =T (ALP + Pa)e + 267P (1)) ntia(t) — ual0) = sgnt) — o0

Take P = (P11 P12 , then: P X — (P2M9) na PB, = ~2pi2pg 0 . Hence,
P12 P22 K9 DP22/4g —2paaptg O
0

P g = —%(PBCl).J = —%(CCTZ).J. From the fact that (Cy)1ee(t) = ua(t) — ¢(t) —

uoa(t) + qa(t) (see (4.5)), and that the mapping x — sgn(x) is mazimal monotone, the
rate of change of the storage function is calculated as:

V(e(t)) =e (ALP + PAg)e— e (PBy)ei [sgn(da(t) — ua(t)) — sgn(d(t) — ua(t))]
= e (AP + PAg)e — e (Cg)en [sgn(da(t) — uga(t)) — sgn(g(t) — ua(t))]
= [q(t) — u2(t) — 4a(t) +u2a(t)] " [sgn(da(t) — uza(t)) — sgn(d(t) — ua(t))]

+e (AL P+ PAy)e

= —[d(t) — u2(t) = (da(t) — uza(t)] " [sgn(g(t) — ua(t)) — sgn(da(t) — uza(1))]
+e (AP + PAy)e

<e(ALP+ PAy)e < —ce(t)" Pe(t)
(4.23)
Thus, e(-) converges globally exponentially to zero.

Remark 4.4.4. Proposition 4.4.2 shows that a linear feedback uyi(q,q,t) is sufficient to
guarantee exponential stability. Another approach is to design a sliding-mode controller
to compensate for the friction force as if it was a disturbance. This is however a quite
different approach which does not use us as an input. The goal here is to investigate
how the combination of u; and uy allows to achieve tracking.

4.4.3 Numerical Simulation

Take m = 1 kg, g = 9.8m/s? and u = 0.5. Let us check if there exist matrices K, G and
P such that the closed-loop system’s quadruple (A, = A+ FK,By, = B+ EG,C, =
C + FK,D., = D + FQ) is strictly state passive. This means that the BMI in (4.10)
has a solution which is given by the following:

~149 118 0 0 1.3367  0.56
k= (—5.463 —12.09)’ “= <0.5 0) and 1= ( 0.56 1.3361) 0
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with € = 0.01. Let us take G = 0 and check if there exist K and P such that the
closed-loop system’s quadruple (A, = A+ EK,By, = B,Cy = C + FK,D, = D) is
strictly state passive which means that the BMI in (4.10) has a solution given by:

~149 —1.17 1.34  0.557
K_<—5.46 —12.1> and P—<0.557 1.34)

with € = 0.01. Notice that when G = 0 the passivity LMI implies that PB, = C}
since D 4+ DT = 0, which yields —2pjaptg = ko1 and —2pgoug = koy — 1 < 0.

The plots in Figures 4.9 and 4.10 show the numerical simulation of the desired system
in (4.6), the closed-loop system in (4.5), and the error dynamics in (4.9) with external
input u = (uy,us)" = K (2 — 24) + ug. The desired system which is subject to tracking
is analyzed in section 4.3. Take z(0) = (0,—1)", 24(0) = (1,0)" and the time step
h =0.01.
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ol \ //’ AN ]
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24 (t) 2 (t) wa (t) wag (t)
‘\\\ 2 i ; \z ’» e — ’ : 2- ‘ 2d ‘
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Figure 4.9: Numerical simulation of the desired, closed-loop and error systems of the LCS in (4.3)
showing the controller u(t) with w14 = usq = 0.5mpg cos2t and G = 0. The simulation also presents
the complementarity variables A and w.
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Figure 4.10: Numerical simulation of the desired, closed-loop and error systems of the LCS in (4.3)

with u1q = 0.5mpugcos V2, usg = 0.5mug cos V5t and G # 0. The simulation also presents the
complementarity variables A and w.

The numerical simulation depicted in Figure 4.9 shows that tracking of the desired
trajectory x4 is achieved without the requirement of an additional feedback from A
(i.e., G = 0) which aligns with the result presented in Remark 4.4.3. An additional
feedback from A results in faster convergence for the system simulated in Figure 4.10
with different external desired inputs. Furthermore, it is interesting to observe that
the complementarity variables of the closed-loop system (A and w) converge to the
complementarity variables of the desired system (Aq and wy) in both Figures 4.9 and
4.10. The plots of the controller u in the two figures exhibit a periodic behaviour in
the steady state response (i.e., e = x — x4y = 0), where u converges to the periodic
desired input ug.

4.5 Parametric Robustness Analysis

This section is dedicated to analyse the robustness of the above scheme (which is de-
signed assuming the strict state passivity of the closed-loop system, not its strong
passivity) when uncertainties Ay are present in the friction coefficient, which is sup-
posed to be known only with a nominal value pg > 0. Then, it is crucial that a kind
of contact force feedback is made (using the multiplier A\; and the gain g¢;), for other-
wise the robustness is lost. Propositions 2.4.4, 2.4.7 and Lemma 2.4.6 are used in this
setting.
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4.5.1 Robustness Analysis with Bounded and Time-varying
Uncertainties Ap(de;)

Let us recall that with ¢, = ¢ — us. Here, we consider that the nominal friction
coefficient pig (used in the desired dynamics and the nominal model of the plant) and
the "real" plant’s friction coefficient p, are not the same. It could even be that pyg is
chosen constant while p = pu(t, ¢), then Ap(grer) = p(Grer) — pto- It is noteworthy from
(4.3) that uncertainties satisfy:

0 0 (0
AA=0,AC=0,AD=0,AE =0,AF =0,AB = <_29AM 0>AE - <9AM>'

According to Remark 4.4.1, the closed-loop system in (4.5) cannot be made strongly
passive. Thus, it is not possible to apply directly the results from section 2.4.2. Instead,
let us try to relax the conditions of strong passivity by referring to the material in
section 2.4.3. Recall the dynamics of the desired system in (4.6) as:

iq(t) = (8 (1)) zq(t) + (—2(/)109 8) Aa(t) + (? 8) ug(t) + (,u(;g)

Ao Bg Eq E}
0 —1 0 1 01 0
0 < M(t) L t) = t) + Aa(t) + t) + >0
> d( ) wd( ) (O 0 ) 33d( ) (_1 0) d( ) (0 0) Ud( ) (1) =
N————’ N———’ N—— N——
Co Dy Fo F!

0

The dynamics of the closed-loop system in (4.5) with parametric uncertainties is written
as:

t(t) = (Ao + EoKo)x(t) + (By + AB)A(t) — EoKoza(t) + Eoua(t) + Ej + AE'
0 < A(t) Lw(t) = (Co+ FoKo)z(t) + (Do + FoGo)A(t) — FoKoxa(t) — FoGoa(t)
+Fouq(t) + F; >0
(4.24)
The closed-loop error dynamics e = x — x4 is:

é(t) = Aae(t) + BaAXt) + ABA(t) + AE'
Aw(t) = Cae(t) + DaAA(t) (4.25)
0<At) Lw(t)>0 and 0 < N\g(t) L wg(t) >0

where A)\(t) = )\(t) — )\d(t) and Acl = AO + EOKO;BCI = Bo,Ccl = CO + FOKO and
D, = Dy + FyGy. The stability result is stated as follows.

Proposition 4.5.1. Consider the error dynamics in (4.25). Assume that:

00
AETATIAE X I, given the matrices Ay, = A] = 0 where k € {1, B}.

o (i) The uncertainties are bounded such that ABT/A\E;IAB < (1 0) and
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o (ii) There exists a matriz Py = Py = 0 such that the quadruple (A, Bo, Cu, D),
corresponding to the nominal closed-loop system in (4.5) with pu = pg, is strictly
state passive with € > 0.

o (1ii) The control gain G = <gO 8) s chosen such that go; > %
21

o (iv) The following inequality holds:
Omax (_PO(Al + A/A\B)PO> + Omax ((_POBO + Cc—lr) (_B(;rPO + Ccl)) S 6)\max(})())
for Py =Py >0 and € > 0.

Then, the solution of the error dynamics in (4.25) is globally uniformly ultimately
bounded (GUUB), satisfying: |le| < \/Am"(PO)’\f;iln(Al)p, where p = U88) defines the

Anin (P0)€ Apyy
bound on AFE.

For the sake of notation simplicity, the matrices My and AM, are not explicitly stated
in the theorem. These matrices are defined in the following proof.

Proof. The proof is divided into two main parts. In the first part, a suitable storage
is derived for the error dynamics in (4.25) to serve as a Lyapunov function. Then,
the second part presents explicitly the conditions to prove that the Lyapunov function
decreases over time.

Construction of Lyapunov function. The storage function V(t) = e Pye where
Py is the solution of the strict passivity BMI transformed into LMI (see Appendix A.1)

given by: My < <_BPO 8) where M, is defined as:

o, & (A;po + PAa PoBa = C ) (4.26)

BlP,—C, —Dg-D}

cl

Let us define p(t, \) 2 ABA(t) + AE’. The rate of change of the storage function is:
V =e (AP + PyAy)e + 2¢" PyByAX + 2e" Pop(t, \) + 2ANT Aw

The added and subtracted term is to recover the matrix My in (4.26). In matrix form,
it is represented as:

§
T G 0 o} e
AN Aw = (AA) ((Jd D+ DJ) (A

Then,

.
V= (Ae)\> M, (z}\) +2e Pop(t, ) + 2AXT Aw (4.27)
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Let us substitute the expression of p(t, A) in (4.27), then:

e i e e T 0 P,AB e
o 0 T / T
V= (AA) M, (A/\> + (A/\> (ABTPO 0 ) (AA) +2e' BoAE +2AN Aw

By considering monotonicity of the mapping —\ — w (or —Ag — wy) in (4.25), the
following inequality is obtained:

e

.
. e /
V< - (AA> (—Moy + AMy) (AA> +2¢' RAE

with AM, 2 ( AgTP _P((J)AB>. For any AT = A; = 0, the following holds:
- 0
12¢" By AE'| < €' PyAyPye + AE'TATIAE
Thus,
e\’ PAPy 0)) [ ¢
e _ _ [ foMto ITA—1A
V< (A/\> ( My + AM, ( 0 O)) <A)\>+AE ATAE (4.28)

-
The expression < Ae A) A M, ( Ae )\> is equivalently written as: —2e' P, ABAN. Assume

that ABTAZ'AB < I,,, for AL = Ag > 0, then:

2ANTABT Pye > —¢' PyAgPye — ANTABTAZ'ABAX

Let » 2 ( ¢ >,thus:

A
T — My + AM, — PoAPy O > T _(Mo)ll—Po(A1+AB)P0 —(Mo)lg
’ [ ’ ’ 0 0)]=7 —(Mo)21 ~(Mo)s2 —Im) ~
(4.29)
A o
It is impossible to prove that the matrix inequality —My+AMy— POAlP% €T 8) =

0 holds because, according to the conditions for positive semi-definiteness in Lemma

. . 201 —1 O
A.3.1, the bottom-right diagonal term: —(Mg)ao—1I,,, = Dg+D)—1,, = ( 9210 _1>

is not positive semidefinite.

This result motivates us to change the assumption ABT/A\;AB < [I,, which is similar
to the assumptions in (2.59) stated in Proposition 2.4.3. Now, let us take Ap =

(Cel ;) > 0 for some d, e, f € IR. Assume that:

N 1 4¢°Au*d 0 1 0
TA-1 g ap
AB Ay AB = 7 — e < 0 O) < (0 0) (4.30)
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According to the new assumption in (4.30), the inequality in (4.29) is written as:

PoA1 Py 0)] > . T (-(Mo)n — Py(A1 + Ap)Py —(Mp)12 )

T =My + AM, — -
[ ’ ’ 0 0 —(Mo)21 —(Mo)a2 — 1

where T £ L0 . Let us define
00
7 é_ _ POAIPO 0 _ €,P0 0
L = —My+ AM, ( 0 0 0 0

(4.31)
é —A;PO—PoAcl—Po(A1+AB)PO—E/PQ _POBCZ+CCTZ >_0
——13;5156 + Cy D, + l);; 1)

The term € Py is introduced for bounding the error as will be shown later. For stability
analysis, it is required to prove that V' < 0 holds in a certain domain to be defined.
This means that it is necessary to show that the matrix inequality L % 0 holds for
¢ > 0, as detailed below.

Conditions for L = 0 in (4.31) to hold true. The goal is to prove that the matrix
inequality L =0 holds. The conditions presented below are derived from proving
positive semi-definite matrix and relaxing strong passivity into strict state passivity
which is explained in section 2.4.3.
TakeQ— —ATPO—P()ACZ—EPO—F( P0</A\1—|—[\B>P0), S’é—PO cl+Cl and
| T —
QO AQ SO
R 2 Dy+ D)+ (—I) where P, = (pu p12> such that Py = Py > 0, which is the
—_— —~— D12 P22
Ry AR

solution of My < <_€P0 0

0 0

Z i) >~ 0 for some a, b, c € IR. The matrices A, B, Cy and D

are defined in (4.5). Let us explicitly write the matrices Q=00+ AQ, R=Ry+ AR
and S = SO:
kig ki1

A —2p12°H b epyy —p11 — P12 — "lpoy — €'p1o
QO - P11 — k12 ki1 Y ) . 2 12 - 5
11 m P12 m P22 — €P12 P12 “m P22 — € "pa2

) with M defined in (4.26).

Consider that AI = <

—AQ =
ph(a+d) +piylc+ f) + 2pupia(b+e) (P35 + p11p22) (b + €) + pripia(a + d) + prapaa(c + f)
(pT2 + P11p22) (b + €) + pupra(a + d) + prapaa(c + f) pla(a+d) +piy(c+ f) + 2p1apaa(b +e)

& & | 2pepg+kar O 5o [2921 0 ~ (-1 0
S =5)= <2p22ug ke 0) Ry = 0 o) and AR = 0 0
By considering the conditions for positive semi- definiteness in Appendix A.3, and fol-

Qo+ AQ So ) »= 0 if and only if:

lowing Lemma A.3.1, the matrix L2 ( SOT Bt AR
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Chapter 4. Trajectory Tracking in Frictional Oscillators

2g.1—1 0

1.R#O<:>< 0 0

) »= 0 which is satisfied for all go; such that go; > %

2. Im(ST) C Im(R) and this condition holds as a consequence of the following:

Im(S7 ) = Im(5T)
_ {w I |we— ((2#9}912 + ko) + (2ugpaz — 1+ ka2)y 0) for some &, y € JR}

C Im(R) = {w cER*|w= <(29210_ 1)t> for some t € IR}

3. Q = SRTST. Let us follow the conditions presented in Proposition 2.4.7 in order
to check the validity of this item (i.e., @ = SR'ST), then:
(i) R = 0 for ga1 > 3,

(ii) Im(AR) = {w ER|w= <_Oy> for some y € ]R}

0
(iii) rank(Rp) = 1, Omax(AR) =1 < 01(Ro) = 2g21 which holds for g» > 1,

C Im(Ry) = {w eR|w= (2921$> for some x € JR},

(iv) omax(OT) + aran(AQ) < €Amax(FPo) where OT is defined in (2.66) and in
this case, where AS = 0, it is written as:

OT = —SyRIARRL S,

1
A =— 0
with Rt = ( 25621 0)' After performing calculations, the matrix OT is explicitly

written as:
or = -1 (2p121g + k21)? (2p1211g + k21)(2p22p1g — 1 + k22)
1951 \ (2pazp1g — 1+ k22) (21219 + k1) (2p2aprg — 1 + koo)?
_ 1 & &7

According to [17, Fact 5.11.5] and given that OT is positive semi-definite,
0;(0OT) = X\, (OT) for i € 1,2. Then,
O'maX(OT) = é ((2}?12/,69 -+ k21)2 —+ (2p22/JJg -1+ k22)2) > 0. Given that PO =

PJ = 0, then Amax(Py) > 0. Note that the matrices AQ and —(A; + Ap)
are congruent, so they have the same number and signs of eigenvalues [85,
Theroem 4.5.8]. This means that A\(AQ) < 0 for i € {1,2}. Assume that
Ay = aly and Ag = BL,, o > 0, > 0, then AQ = —(a + $)P2 which is
symmetric (i.e., AQ = AQT). As Py = P » 0, it follows that o;(Py) =
Xi(Py). Thus, omax(AQ) = (o + BN, (Py). Hence, item (iv) is written as:

max

(@ + B)Amax(Po)? — eAmax (Po) + Omae(OT) < 0. In order to find the conditions
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4.5. Parametric Robustness Analysis

such that item (iv) in Proposition 2.4.7 is satisfied, let us solve the inequality
with the variable 6 as follows:

(a4 B)0? — €0 + 0max (OT) < 0 (4.32)

The roots are

b= s (¢~ Plos(OT)

Oy = m (e + \/62 —4(a + 5)0maX(OT))

Based on the solution of the quadratic inequality (4.32), and following the con-
dition of item (iv) in Proposition 2.4.7, Apax(Fo) must satisfy the condition

él < )\maX(Po) < éQ (433)

where the roots 0; and 0y are real and positive if the discriminant: €2 — Ao +
B)0max(OT) > 0, given that o + 5 > 0. It is possible to find Apax(Po) satisfying
(4.33) by properly constraining « and [, consequently constraining the uncer-
tainty Au. Additionally, € can be chosen to determine the control gain Ky, which
determines o, (OT).

Thus, this item (i.e., Q = SRTST) is satisfied such that all the conditions in
Proposition 2.4.7 holds as explained above.

Therefore, the matrix inequality L 3 0 in (4.31) holds. Given that % < 1 derived

from the bound on AB in (4.30) where Ap = <C€l ;) = 0, let us assume that [|AE'||* <
p where p = df;ﬁ. Thus, the inequality in (4.28) is written as:
e\’ PAPy 0)) (e
) _ _ _ [foA1lo T A1 /
Vo< (AA> ( My + AM, ( ; o)) (A)\>+AE AT'AE

< —deT Pye+ ETATIAE (4.34)

< —Amin(Po) €] ? + A (A1) || AE|?
< —min(Po) €] |? + A (A1) p

So, V < 0 in (4.34) outside the ball B,(0) C IR", with r 2 %ﬁ;;ﬁ. Thus, the solu-

tion of (4.25) is GUUB [87] by relaxing strong passivity and, according to Proposition
2.4.5, the ultimate bound is given by:

)‘maX(PO))‘r:liln(Al)P
< .
lef| < J N2, (Po)e! (4.35)
]
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Chapter 4. Trajectory Tracking in Frictional Oscillators

Remark 4.5.2. [t is important to note that taking g1 = 0 within the framework
of bounded uncertainties in this section is not feasible. This is due to the necessary
condition in item 1 (R %= 0) to ensure that the matriz inequality L = 0 in (4.31)
holds. Furthermore, it is necessary to select go; > % as imposed by item ] in the above
analysis. It is also worth noting that nowhere is used the fact that the set-valued part
in right-hand side of (4.1) or (4.2) (equivalently, the multiplier A1) is bounded.

4.5.2 Robustness Analysis with Constant Bounded Uncertain-
ties Ap = pu — po

In this setting, it is possible to incorporate AB directly as an unknown of the matrix
inequality, the techniques used in Proposition 2.4.3 have to be used. Let us recall the
inequality of the storage function V' (e) in (4.28):

T ~
V<o <A€>\> (—Mo—i—AMO— (PO/BIPO 0)) (A)\> +AE/TA N

where M is defined in (4.26), AM, 2 ( AgTP _P%AB>7 and A] = A, > 0.
- 0
A /
It is required to prove that —My + AMy — (POJE;PO 8) = EéDO 8 for € > 0. Let

us explicitly represent the matrix to be proven positive semi-definite as follows:

é_ . P(]/A\lpo 0 . €/P0 0
L =—-My+ AM, < 0 0 0 0

(4.36)
_ AP()—P()ACZ—P()AP()—EPO —P()(BCZ—FAB)—{—C;;
—(Ba+AB)"Py+ Cy Dy + D},

Take Q 2 —AlPy— PyAy — € Py+ (—PoA\Py), S £ —PyBy + C) + (—PAB) and

Qo AQ So AS
R2 Dy + DCTZ as defined in section 2.4.3 where Py = P P12 ich that Py=P) -
—_—— P12 D22
Ro
0.
A b .
Recall that A; = Z > 0 for some a, b, c € IR and the matrices B, C,; and D, are
defined in (4.5). Let us write explicitly the matrices @, S and R.
Qo = —22912@ —€'pn —P11 — L,}fpn - kﬁpm —€'pio
—P11 — k12p12 - mpm —€'pra —2p12 — 2%]922 — €'par ’
piia + pioc + 2p1ipiob Pisb 4 P11p12a + Pr1pazb + Prapaac
AQ =, 11 12 12 D , 7
P12 + P11p12a + p11P22b + prapasc D120 + P2 + 2p12pazb

2p1apg +kar 0 2p12Apg 0 2921 0
= AS = R=Ry=
<2p22ﬂg -1+ ]{?22 0/’ QPQQAM g 0/’ 0 0 0

116



4.5. Parametric Robustness Analysis

By considering the conditions for positive semi-definiteness in Appendix A.3 and by

Qo+ 40 S+ AS) = 0 if and only if:

. ] A
following Lemma A.3.1, the matrix L = <SOT L AST R,

1. Ry = 0 which is satisfied by the assumption of strict passivity of the closed-loop
system in (4.5).

2. Im(SOT + AST) C Im(Rp) and this condition is satisfied according to Lemma
2.4.6 because the following conditions hold:

(i) Im(AST) = {w €R*|w= (29A,u(p120w +p22y)> for some x,y € IR} C

Im(S] ) = {w € IR*| ((Z,ugplg Rt + E)Zugpzz - kQQ)Z) for some ¢,z € IR},

(ii) Im(R) = Im(Rp) since R = Ry in the system (4.25) studied in this section.

3. Q> SR'ST. Let us follow the conditions presented in Proposition 2.4.7 in order
to check the validity of this item (i.e., Q@ = SRTST), then:
(i) R= Ry = 0,

(ii) Im(AR) =0 C Im(Ry) = {w ER|w= <2g21x> for some z € ]R},

(ili) rank(Rp) = 1, omax(AR) = 0 < 01(Ry) = 2g21 where go; > 0 from the
strict passivity of the quadruple (A, Be, Cy, Do),

(i) Omax(OT) + Omax(AQ) < €Amax(Fy) where OT is defined in (2.66) and in
this case, where AR = 0, it is written as:

OT = SyRTAST + ASR'S; + ASRTAST

1
= 0
with Rf = (25621 O)' After performing calculations, the matrix OT is explicitly

written as:

OT — 292AM2 ( p%2 p12p22>
p

2
g21 12P22  Pao

Note that 29;%"2 > 0, then the matrix OT is positive semi-definite (i.e., OT %= 0)
since pi, > 0,p3, > 0 and p?,p3y — (p12p22)(Pr2p22) = 0. According to [17, Fact
5.11.19], given that OT is positive semi-definite, 0;(OT) = \;(OT) for i € {1,2}.
2
Also, by referring to [17, Definition 5.6.1], 0;,(OT) = 2082 5 (P12 p1221922
g21 P12P22 Do
for i € {1,2}. Thus, omu(OT) = 2222 (52 4 p2)) > 0. Knowing that Py > 0,

921
then Apax(FPo) > 0 such that Apax(FPo) = % (pn + pag + \/(pn + p22)? — 4p%2> It
is noteworthy that AQ) and —A; are congruent matrices, so the two matrices have
the same number and signs of eigenvalues [85, Theroem 4.5.8]. This means that
Ni(AQ) < 0fori € {1,2}. Let us assume that A; = aly, then AQ = —aP§ which
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Chapter 4. Trajectory Tracking in Frictional Oscillators

is symmetric (i.e., AQ = AQ"). As Py = P, = 0, it follows that o;(Py) = \i(Py).
Thus, omax(AQ) = aX2, (Fy). Hence, item (iv) is written as follows:

max
29 Ay

g21

(Pa + P32) + 0N (P0) — EAmax(Fo) < 0 (4.37)

In order to determine the conditions on Ap.x(FPy) that satisfy item (iv) in Propo-
sition 2.4.7, let us solve the following quadratic inequality for the variable 6:

29 A
921

ab? — e +

(pls + p3s) <O

Then, the solution is:

g, — 1 | o 8ag?Au*(pl,+p3,)
1 2 € € )
[e% 921

_ 1 o 8ag?Au?(p?,4p3,)
b2 = 5 <e+\/e Tor

where ¢; > 0 and 6, > 0. For the inequality in (4.37) to be valid (i.e., item (iv)
in Proposition 2.4.7 holds), the following condition must be satisfied:

_ Bag®ApA(pts + pla)
g21

_J 2 Bag’Au?(piy + p)

< 20 A max (Po) — € < JEQ
921

(4.38)
Given the flexibility to choose or constrain the parameter a, consequently con-
straining Ay and the parameter e, it is possible to choose these parameters within
the bounds in (4.38). Then, item (iv) in Proposition 2.4.7 is satisfied. In other
words, by analyzing the inequality (4.37), choosing a sufficiently large e guaran-
tees the validity of item (iv) (i.e., inequality (4.37)).

Therefore, the matrix L in (4.36) is positive semi-definite (i.e., L > 0) and the inequal-
ity in (4.28) is written as follows:

T ~
Vo o<-— (&) (—MO L AM, — (PO%IPO 8)) <A€A> L AETATIAR

< —de" Pye+ AE'TATAE

< —in(Po) el + A (A)|IAE]?

min

Thus, the solution of the error dynamics in (4.25) is GUUB [87, 60]. According to
Proposition 2.4.5, the global ultimate bound is given by

Amasx(Po) Ami (A1) [ AEY| |2
llel| < 5 ,
A (Po)E

min
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4.5. Parametric Robustness Analysis

Remark 4.5.3. It is clear from (4.38) that it is necessary to have ga; > 0. What
happens when go1 = 0, which means that there is no multiplier \y feedback? In that
case, that R = 0, thus RT = 0. So, L = 0 if and only if Sy + AS = 0, which implies
AB = 0 which implies Apy = 0. It is inferred that the above analysis of robustness
against uncertainties in the friction coefficient (which is sufficient only) implies go1 # 0.
This is in agreement with Proposition 2.4.7 item (iv).

4.5.3 Numerical simulations

In the presence of uncertainties, it is useful to enhance the dissipativity of the closed-
loop system in (4.5). This involves increasing the parameter € of the strict passivity
that appears in (2.56). However, the limitations of this method is the potential for
high overshoot and extremely large control gains. Let us check if there exists Fy, K
and G such that the BMI:

0 0

holds where M, is defined in (4.26). For numerical purposes the BMI in (4.39) is
transformed into an LMI (see Appendix A.1). Take g = 0.5,m =1 and g = 9.8. For
e = 10, the solution is:

K, — <—70.79 —11.95)) G0:< 0 0) and Py — (31.8 3.05) (4.40)

M, < (‘6130 0) , (4.39)

—29.89 —4.22 0.67 0 3.05 0.53

In order to find the admi§sible AA,u, let us solve the LMI of uncertainties L 3= 0 in
(4.31) with the unknowns A; and Ap given the values of Ky, Py and Gy from the strict
passivity of the nominal system (Ag + Eo Ko, By, Co + Fo Ko, Do+ FoGp) . The solution

1S:
i (016 0 . (014 0
A= ( 0 9.2) and Ap = ( 0 0.567)

with the constraint tr(f\l) < 10 and without constraining A g. The admissible value
of the upperbound on the uncertainty is Ap < 0.038. It is possible to increase the
admissible Ay for the same € by increasing the values of Ay or Ap (i.e., increasing the
trace of the matrices A; and AB), maintaining the BMI L = 0. Let us increase the
value of Ap consequently Ay such that tr(f\ B) = 20, the numerical solution is:

. (0032 0 . (0023 0
A1:< 0 0.86) and AB:( 0 19.9)

The admissible value of the uncertainty is bounded such that Ay < 0.22. The fol-
lowing figures illustrate the robustness of the closed-loop error system (4.9) through
simulations, considering perturbation on the parameter o by constant, and bounded
time-varying uncertainties Au. The system depicted in Figure 4.6 is the desired system
used in the numerical simulations for trajectory tracking in the presence of constant
uncertainties in Figures 4.11 and 4.12. Take z4(0) = (1,0)", x(0) = (0,—1)", and the
time step h = 0.01s.
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T : T T T
61(t)
2.5* | [ —_— w1(t> ||
ez(t) 20 w1d(t>
0, B I S |
/ | | | | | | | 07» — L~ [ -
‘ /\ld wagq (t
il \ / \/ \ / \/ I
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Figure 4.11: Numerical simulation of the closed-loop error system with control gains from (4.40) and
the uncertainty value Ay = 0.1

In Figure 4.11, it is observed that the error e(t) = z(t) — x4(t), in the presence
of uncertainties on the coeflicient of friction in the closed-loop system in (4.25) (i.e.,
Ap), has the following Lo, norms: |[le1/5,15,. = 0.07 and ||es||;5,15),.. = 0.202. It is
noteworthy that these norms increase as the value of Ay increases (see Figure 4.12).

T : T T
61(t> —_w
2.5¢ o [1 20 wl:((tt)) i
0l S = S R S S N
[—— \ \ \ \ \ \ \ ol _ o~ — —_—
| Avalt ‘ | wagq (t
1 1+
AVAVAVAVAN /\/\/ w\/
(1]= I|=5
| )\2 u1 uz
2r /\ A2a(t ) 1 40 1
oble /\ \ D U \'\\’/\\\\//\\\”\/\"ri
12 14 0 2 4 6 8 10 12 14
L‘[S] t[s]

Figure 4.12: Numerical simulation of the closed-loop error system with control gains from (4.40) and
the uncertainty value Ay = 0.2sin v/3t.

In Figure 4.12, the value of the uncertainty Ay is bounded such that Ap < 0.22.
The numerical simulation observed shows that the L., norms of the error e = z — 24
are ||e1]|[s,15)... = 0.08 and ||ez]|;5,15 .. = 0.26. It is also noticeable that in both Figures
4.11 and 4.12, the synchronization between the complementarity variables A and A4,
as well as between w and wy is lost in the presence of uncertainties.
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4.6. Controller Design and Stability Analysis with Stribeck Effect

4.6 Controller Design and Stability Analysis with
Stribeck Effect

As usual in control theory, it is interesting to analyse whether or not refining the
model yields better results than designing a robust feedback controller. The foregoing
study guarantees some robustness w.r.t. time-varying bounded uncertainties in the
friction coefficient. Now let us assume that the Coulomb’s model is enhanced to include
Stribeck effects. The reason of this assumption is that on one hand, Stribeck effects
often represent in an acceptable way the frictional effects, on the other hand it will allow
us to propose different control approach, using its hypomonotonicity (actually, any
other modification of Coulomb’s set-valued model which satisfies a hypomonotonicity
constraint, would fit with the control framework in this section). This new approach
consists of passifying (or "monotonifying") a hypomonotone friction model. As noted
in the introduction of this chapter, Stribeck effects often play a major role in practice.

4.6.1 The Stribeck Model and its Properties

One example of a physical model that may be considered as a bounded uncertainty,
is the Stribeck model of sliding friction [12], which states that pu = u(qre), where

Grel = 4 — us is the relative tangential velocity, which can be expressed as [23, Equation

(17)):

Pralinal0) = = Fuls = ) (0 (= P40 ) = 1) () ~ P40,

> Fsy (‘jrel (t))

Fdiff(d'rel)

(4.41)
where ps > p. > 0, vg are parameters, F, = mg > 0 is the constant normal contact
force. The total force is therefore the sum of a continuously differentiable, Lipschitz
continuous, hypomonotone decreasing term Fy; (), and a set-valued maximal mono-
tone term Fy, ().

Figure 4.13 shows the graphical representations of different frictional forces, including
Coulomb friction as Fj, and Stribeck friction Fg, in (4.41) with respect to relative
velocity gre;. The behaviour of the function Fy; s is depicted with variations in its
parameter vs. Take F,, = mg = 9.8, us = 0.5 and p. = 0.4.
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(c) Stribeck without viscous friction
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Figure 4.13: Different frictional forces as a function of relative velocity ¢,

The plot in Figure 4.13a shows the Coulomb friction force with respect to the relative
velocity ¢, and it varies inside an interval such that Fy, € [—F,us, Fpts]. In Figure
4.13b, the function Fy ;s shows a smoother non-linearity when a smaller value of the
parameter v, is observed and Fy;rr € [—F,(ps — pte), Fn(pts — pic)]. The plot in Figure
4.13c displays the friction force Fy;, without viscous friction represented in (4.41) for
two different values of the parameter v, which causes faster decay towards the value
F, (s — pie) as it increases.

Let us analyze the behaviour of the function Fy;¢f(d,e) by finding its derivative. Denote
drer as x for simplicity, then the function Fy,rr(x) is expressed as follows:

Fass(e(0) = Fulis = ) (o0 (=77 ) = 1) a0

S

The derivative of Fyp(x) with respect to z is given for = # 0 by:

d 2x x?
%Fdiff(x) - Fn(lvbs - ,uc) <_U2 exXp <_U2>> sgn(x)

For z > 0 : %Fdiff(ﬂ?) = —F,(us —,uc)z—%”exp (—%) For z < O : %Fdiff(x) =
Fo(ps — Mc)% exp (—%) Then, lim, - = Fyipp(x) = lim, o+ = Fypp(z) = 0.

Thus, the function £ Fy;4(+) is continuous at 0, and the function Fy;s(-) is continu-
ously differentiable everywhere, with bounded derivatives (bounded in absolute value).
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4.6. Controller Design and Stability Analysis with Stribeck Effect

It follows that it is a hypomonotone single-valued mapping. Let us write the dynamics
in (4.1) with Stribeck friction presented in (4.41), then:

G(t) € 7711“1(75) — 119 580 (Grer(t)) — Faigs(drer(t)) £ agre(t) (4.42)

where the linear term g, is added and subtracted for compensation. Thus, the
dynamics in (4.42) is written as follows:

q(t) € T;Uﬁ (t) — pg sgn(dre(t)) — (Fairs + ala)(Grer(t)) (4.43)

where u; = u} — maq,¢. It is required to find the suitable gain o > 0 such that the
mapping Gre; — (Fuirs + ala)(grer) is monotone (it is automatically maximal since it
is single-valued). For this purpose, it is required to find the maximum slope of the
function Fy;rs(.). The second derivative of Fy;rr(x) is

j;Fdiff(x) = ;Fn(us — fte) <(2x — v7) exp (f)) sgn(x)

S S

Let mupax be the maximum slope of Fy;¢r(z) which is the absolute value of 4 = Faips()
at r = % and it is given by:

2 1
max — 7Fn s — HMe -5 4.44
M = = Fulpe = ) exp () (4.44)

Thus, the monotonicity of the mapping ¢.e — (Fuirr + ala)(¢rer) is guaranteed by
choosing the gain « such that a > myp,.,. Take

= ﬂexp(;)mmax = 3Fn(ﬂs — fhe) (4.45)

s

in the following.

Remark 4.6.1. If the viscous friction is included in the force of friction given in (4.41),
then the dynamics in (4.43) is rewritten as:

g(t) € 7711“/1 (t) — 1g sgnGrei(t)) — (Faigy + kv + ala)(dre(t))

where k, is the coefficient of viscous friction. Given that k, > 0, the term k,qre
increases the overall damping by k,, thus enhancing the dissipativity of the system
which is crucial for our analysis. The main effect of adding viscous friction is that the
value of the compensating term « changes such that o > \[F (s — fie) €XP (—7) +ky.
Therefore, it is important to note that the following cmalytzcal approach applies to the
Stribeck effect in (4.41) with viscous friction.
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4.6.2 Controller Calculation

Let a suitable o be calculated. The next step consists of applying the foregoing

passivity-based (or monotonicity-based) technique to calculate u = (u}, us)" = K(x —

xq) + ug with x 2 (¢,4)" as independent input, then we have u; = u} — ma(§ — uy).

Let us write the dynamics in (4.43) according to the expression of Fy;ss in (4.41) as:
() — o (1))2 .

Wi (8) = oM (1o + (s — pie) (exp (L5200 — 1)) — a(q(t) — ua(t))

uy (t) — gpshe — Faigga(d — u2),

where \; € sgn(¢ — ug) and

Fuispalira() 2 (Fugp +ola)(Gra(t)
Fu(ps — pte) ((exp (F%525) = 1) + 2) (dra(®)

is maximal monotone given that ¢..;(t) = G(t) — uz(t) and « is given in (4.45).

Let us keep the plant dynamics as in (4.43) and write the desired dynamics in (4.7)
with Stribeck friction in (4.41) as:

Ga(t) € Luia(t) — psgsgn(drera(t)) — Faigs(drera(t)) £ adrea
(4.46)
€ ot g(t) — pregsgn(Grera(t)) — (Fairy + ola)(Grera(t))

. . A . . .
where u1g = u)y — ma(grera) and Fuiffa(drena(t)) = (Fairr + ala)(Grera(t)) is maximal
monotone.

Therefore, the Stribeck model is incorporated into the desired dynamics. In view of the
philosophy followed in this work, this is a logical step.

4.6.3 Error Dynamics Stability Analysis

Using (4.46) and (4.43), the error ¢ = § — (g is written as:
qt) € o (ur(t) — ua(t)) — psgsen(dre(t)) + 1159580 (drer,a(t)) £ Faigraldre(t))
+Fuifpaldrea(t))
€ . (Wi (t) = ma(dra(t) = drera(t)) — uig(t)) — psg(sgn(drer(t)) — sgn(dreta(t)))
—(Fairpaldra(t)) = Fairg.algre.a(t)))
€ o (ku(a(t) = qa(t)) + k12(d(t) — da())) — sg(sgn(drer(t)) — sgn(drera(t)))
—a (¢(t) = k21(q(t) — qalt)) — k22(q(t) — 4a(t)) — Ga(t))

—(Faiffoldrat)) = Fairoldrea(t)))
(4.47)
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4.6. Controller Design and Stability Analysis with Stribeck Effect

with § = ¢ — g4 and e = (¢,q)". The error dynamics in (4.47) is equivalently written
as:

) € (Aat (1) Cone ) e () tsentinat®) = ssntiaatt)

SAa (4.48)

- : )
Faig.aldre(t)) = Fuigfaldreia(t))
where A14(t) € sgn(ga(t) — u2a(t)), M(t) € sgn(—(Cy)1ee(t) + Ga(t) — uga(t)).

Proposition 4.6.2. Consider the error dynamics in (4.48) with bounded initial con-
ditions, and assume that the quadruple (Ad,Bd,Cd,Dcl) of the closed loop system is
strictly state passive with € > 0. Then, the equilibrium point e* = 0 is globally expo-
nentially stable.

Proof. Consider the error dynamics in (4.48). Let us define

N 0 0 L
Ag = A+ <a> (Ca)re = (k +aky M2 a(-1+ km))

Assume that the new closed-loop quadruple (flcl, By, Cy, Dy) is strictly state passive.
This means that the following matrix inequality:

A;Ep—f— P/icl chl - C;lr —Ep 0
BIP-Cy, —-Dy-D}5) 0 0

has a solution with P = PT »= 0. Note that this BMI is transformed into a LMI
(see Appendix A.1) to be solved numerically. Consider the storage function V(e(t)) =
e' (t)Pe(t). The rate of change of the storage function is:

Vie(t)) =e (AP + PAy)e+2eTP (MO

s

) BEnlas(t) s ()

. 0
—2e'P . :
(Fdiff,a (Gret,a) — Fdiff,a(Qrel))

Take P = (g“ 212) Given that PB,, = C.; holds and that (Ca)1ee(t) = ug(t) —
21 D22
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Chapter 4. Trajectory Tracking in Frictional Oscillators

G(t) —u2q(t) 4+ Ga(t), then the rate of change of the storage function is written as follows:

Vie) =eT(ALP+ PAy)e— e (PBy)ey [s20(Greta(t)) — sgn(drer(t))]
—LeT(ﬁ’Bd).g [Fuitt.a(dreta) — Faiff.a(dre))

Hsg

= " (AL P + PAug)e + e (Cf)as [s0(draa(t)) — sgn(drera(t))]

e (Cg e [Fuisgaldrer) — Fuigpaldreta)]
= eT(ALP + PAg)e = [dra(t) = drera(®)] " [sg0(drar(t)) — sgn(dresa(t))]
- [(jrel (t) - erel,d(t)]—r [Fdiff,a(q.rel) - Fdiff,a(Qrel,d)]
< eT(ALP + PAy)e < —ee(t)T Pe(t)
(4.49)
Therefore, the equilibrium point pf the error dynamics in (4.48), e* = 0, is globally
exponentially stable due to the fact: ||e(t)|* < )\L?)p) exp(—et). O

4.6.4 Numerical simulation

Recall that z 2 (q,4), xa 2 (qa, Ga), and e 2 (4,d). The desired dynamics in (4.46), the
closed-loop dynamics in (4.43) and the error dynamics in (4.48) can be equivalently
expressed in the form of LCS as explained in section 4.2.1. The following numerical
simulation is obtained using the LCS time-stepping scheme available in SICONOS [3,
1]. Take m = 1kg, F, = mg = 9.8m/s* vy = 0.2, u; = 0.5 and u. = 0.4. Let us
check if there exists a control gain K such that the closed-loop system’s quadruple
(A+ EK,B,C + FK, D) is strictly state passive. The LMI derived from the BMI of
strict state passivity in (4.10) has a solution which is given by:

~70.79 —11.95 31.8 3.05
k= (—23.91 —3.18> and = (3.05 0.53>

Consider the value of the linear term « in (4.45), and the controller u; = k(27 —
T14) + k12(x2 — Xoq) + wrg — ma(xa — ug) and ug = ko1 (1 — 214) + koo (22 — T2q) + Usg.
The initial conditions are x4(0) = (—=1,—2)" and x(0) = (1,3)", with desired inputs
urg = 0.7mpug cos bt and uyy = 0.5mpugsin 3t, and a time step h = 0.01s.
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4.6. Controller Design and Stability Analysis with Stribeck Effect

[ [ [
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Figure 4.14: The desired, closed-loop and error systems of the LCS in (4.43), complementarity vari-
ables (A, w) and input u = (uy,uz)".

The numerical simulation in Figure 4.14 is performed using a different methodology
from the previous simulations, which enables addressing the nonlinear Stribeck effect
(more details are available in Appendix C.1). It is observed that the the error con-
verges exponentially to zero when the friction model is improved by including Stribeck
effect, as stated in Proposition 4.6.2. Moreover, it can be observed that the plant’s
complementarity variables (A, w) converge to the desired complementarity variables

(>\d> wd).

Conclusion

This chapter gives a solution for the trajectory tracking problem in frictional oscilla-
tors for several cases. In the nominal case, the passivity-based controller is designed
to achieve exponential stability of the error dynamics. Then, the case with paramet-
ric uncertainties is investigated under a relaxed assumption of passivity, showing that
the tracking error remains bounded. Moreover, the model of friction is refined to in-
clude Stribeck effect. In this case, the controller is designed based on the approach of
passifying the friction model, which ensures that the tracking error converges exponen-
tially to zero. Numerical simulations are presented to illustrate the theoretical results
developed.
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Chapter 5

Backstepping Tracking Control of
Frictional Oscillators with
Pulley-Belt Dynamics

Tracking control of frictional oscillators poses a complex control problem when incor-
porating pulley-belt dynamics. To address this problem, a backstepping strategy is
proposed in this chapter for the controller design. This strategy requires stabilizing
the pulley-belt dynamics by considering A; as a fictitious input. This chapter begins
with introducing the framework of the controller design based on the backstepping
strategy. Then, the stability of the error dynamics is analyzed and the convergence
of the pulley’s error dynamics is investigated. Numerical simulations are presented for
the nominal case and for the case when parametric uncertainties are added, in order to
ensure some robustness for the proposed approach. The last part of the chapter focuses
on studying the controller design in discrete time using the Backward-Euler method,
ensuring well-posedness and stability analysis in discrete time.

5.1 Frictional Oscillator with Pulley-Belt Dynam-
ics

Recall the frictional oscillator depicted in Figure 4.1a.
q
2 |-

Uy

FONNO

Figure 5.1: Simple Frictional Oscillator
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5.2. First Control Approach: Motivation for Backstepping Strategy

If the pulley-belt dynamics are not neglected, meaning that the assumption “74¢ <1
does not hold, then the following dynamical system is obtained:

(@) mg(t) = ui(t) — pmg(t)
(c) Ai(t) € sgn(q(t) —ro(t))

where 7 is the control torque applied on one of the pulleys I is the inertia momentum
of each pulley, § = w. Once again we wee that the system in (5.1) possesses the
robot-object structure when u; = 0 or if u; = uy(q, §).

The link between the two dynamics (5.1) (a) and (b) is made through the potential
function in (c) (recall that sgn(¢ — ré) = 9|¢ — 76|, where the subdifferential is with
respect to the whole argument (i.e., d|x| = sgn(z) for all reals x). Hence, the inter-
connection is made with a superpotential in Moreau’s terminology [121], so that the
system has the triangular structure that is suitable for backstepping control (origi-
nally backstepping has been applied to flexible-joint manipulators where the potential
term derives from the joint elastic potential energy [106, 35] and is a quadratic smooth
function of the state).

Remark 5.1.1. The passage from (5.1) to the simpler system in (4.1) is achieved
by assuming that "7 < 1, keeping in mind that |N,| < 1. In other words, the belt
dynamics is unaffected by the contact force, and the biggest assumption is that 0 can
be given arbitrary values.

Remark 5.1.2. The system in (5.1) has two degrees of freedom and (considering that
uy has been fized as ui(q,q,t)) it has one input 7(-): it is underactuated with underac-
tuation degree one.

5.2 First Control Approach: Motivation for Back-
stepping Strategy

This section proposes an approach to control the system in (5.1), which aims at con-
sidering the mass-belt-pulley dynamics as a whole. In this approach, the theoretical
results developed in Chapter 4 can be directly applied to the system with pulley-belt
dynamics.

Let us denote z = (q,4,0,0)7, then (5.1) is rewritten equivalently as the relay system
[42]:
2(t) € Az(t) + Eu(t) — B sgn(Cz(t)),

0100 0 0 0
. 10 0 0 0 | ong _ =0 - T
with A = 00 10 , B = 0 ,C=1(0,1,0,—r), E = i yu = (u1, 7).
0000 —Tumg 0 1
It is observed that PB = C'" with P = diag (1, i, 1, ﬁ) This relation can be seen as

a consequence of the principle of virtual work, or of the coordinate invariance principle
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Chapter 5. Backstepping Tracking Control of Frictional Oscillator

[26, Section 5.8]. Let us use the state space change introduced in [22] (see also [37,
section 3.4]). Let ( = Rz, R* = P, to obtain:

((t) € RARTY((t) + REu(t) — R™'C" sgn(CR™¢(t)), (5.2)

By applying the chain rule of Convex Analysis, let us define f 2 || o CR™'. Then,
(5.2) is rewritten equivalently as:

¢(t) € RAR™'((t) + REu(t) — f(¢(1)),

where 0f(-) is the subdifferential of the convex proper continuous function f(-). The
difference with respect to foregoing sections is that no controller acts inside the set-
valued term (i.e., F' = 0). The desired dynamics are:

Cat) € RAR™'¢i(t) + REuq(t) — 0 (Ca(t)),

Let ¢ = ¢ — (4. The error dynamics are given by:

¢(t) € RART'((t) + RE(u(t) — ua(t)) — 0f(C(t)) + O (Ca(1))-

It is required to check if there exists a matrix K such that the controller u = K({ —
Cq) +uq makes the triple (RAR™ '+ REK, I, I) strictly state passive, which is equivalent
to RAR™'+ REK + (RAR™' + _REK)T < —el for some € > 0. Then, the exponential
stability of the error dynamics ((t) € (RAR™ + REK)((t) — 0f(C(t)) + 0f(Ca(t)) is
analysed with the storage function V({) = 3¢'¢.

Let us check the inequality: RAR™'+REK +(RAR'+REK)T < —el for some € > 0
analytically. For this purpose, assume that the matrices P, R, and K are defined as:

1 0 0 O 1 0 0 0
1 1
K — ki kg kg ki p— 0 g 0 0 R:P%: 0 N 0 0
k’Ql k’gg ]{323 k24 ’ 0 0 1 O ’ O O 1 0
1 1
0 0 O g 0O 0 O g

Then, the expression: RAR™! + REK + (RAR™! + REK)" is given by the following
matrix:

k k:
0 \/@ + m&}Tg 0 I,/;i;ng
k11 2k12 k13 k14 ko2
VIS + G g myig  myig T Iy
(5.3)

0 k13 ) kag

g T/
k21 k14 + ko2 ko3 2koyg

I/pmg my/ug  I/wmg - 1\/pmg 1\/pmg
According to the structure of the matrix in (5.3), it is infeasible to find a control gain
K such that RAR'+ REK + (RAR™'+ REK)" < —el. This limitation is due to the
zero value in the first diagonal element and the positive value of 2 in the third diagonal
element, which makes it impossible to have a strictly state passive closed-loop system
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5.3. Backstepping-Based Control Approach

even with a full controller when P = diag(1, i, 1, ﬁ) However, it is important to

note that the matrix P is not unique. So, let us consider a more general matrix P that
satisfies the passivity condition PB = C'T given that D = 0.
P11 P12 P13 Pi4
Take P = [P12 P22 P23 P2t g qych that PB = O This implies that:
P13 P23 P33 P34
14 P24 P34 P44

P12 = p14%

paapg = 1+ pa e
P23 = Paa' T

P2 = pa 7 +r

It is quite cumbersome to check analytically if RAR™! + REK + (RAR™'+ REK)" <
—el. Thus, our approach focuses on finding numerically R and K such that (RAR™! +
REK,I,1) is strictly state passive. This is equivalent to check if there exist K and P
such that the BMI of strict state passivity in (4.10) for the closed-loop system (A +
EK,B,(C), after being transformed into an LMI (see Appendix A.1), has a solution.
This numerical verification is performed using MOSEK 9.3.14 solver for various sets of
parameters such as m = 1,3,10 kg, r = 0.02,0.2,0.7 m, I = 0.01,0.001, 0.1 kgm?, and
1 =0.5,0.3,0.06. However, the solver fails to find a solution.

Thus, this approach fails to verify that the closed-loop system is strictly state passive
for all the parameters, which is a critical property for the stability analysis of the
error. Additionally, this approach requires tracking both the mass (¢, ¢) and the pulley
(0, 9), however our primary focus is on tracking the mass only. This motivates us us
to consider a second approach outlined in the following section.

5.3 Backstepping-Based Control Approach

The dynamical system presented in (5.1) is of the robot-object type when u; =
u1(q, 4, 94, Ga, w14, t). The goal of this section is to design a controller for (5.1) based
on a backstepping strategy, as advocated in [25] for the class of robot-object systems.
The stability of the error dynamics e = (¢ — qq, ¢ — qq) is analyzed, and the conver-
gence of the pulley’s error dynamics is studied. The results are followed by numerical
simulations to validate the proposed control approach.

5.3.1 Controller Design and Stability Analysis

The goal is to control (5.1) (a), not (5.1) (b). Given that the dynamics in (5.1) is of
the robot-object type, then it can be controlled only through the action of A;. The
signum set-valued function can be seen as the derivative of a Moreau’s superpotential
(i.e., as the subdifferential of a nonsmooth, convex function [121]). Hence, provided
that u; has been assigned a value (see (5.5) below), the system can be considered as
the cascade of two subsystems: the first one with state (g,¢) in (5.1) (a), the second
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Chapter 5. Backstepping Tracking Control of Frictional Oscillator

one with state (6,60) in (5.1) (b). Both are related through the superpotential contact
force A\¢ in (5.1) (c).

Roughly speaking, the first step consists of stabilizing the object dynamics (5.1) (a)
using \; as a "fictitious" input. Thus, the results concerning the control of (4.1) with
input wuy(+) are important. The second step is to propagate the fictitious controller to
the robot dynamics in order to get 7(+).

From this point of view, once u; = uy(q,q,t) is designed, the system in (5.1) has
the triangular structure, which is suitable for the backstepping method. The friction
superpotential plays the same role as the role played by the elasticity potential in
flexible-joint manipulators [144]. Backstepping was introduced in [106, 35] for solving
trajectory tracking control in flexible-joint manipulators. Thus, this approach extends
backstepping from the quadratic elastic potential function %(ql — @) K —q), K =
KT = 0, to the set-valued superpotential |G — 7“9\.

In the following, two main cases are considered: ¢g,; = 0 and ¢go; > 0. However,
it will become evident that backstepping does not accommodate the feedback of the
multiplier A\; because it is not guaranteed to be differentiable. Below, the last two steps
of the backstepping strategy are described, with the first step being the design of the
controller us(+) as done in sections 4.2.1-4.4.

Case g1 =0

Consider the mass dynamics in (5.1)(a). Let us define ug 2 k21(q—qa)+kao(d—da) +usq,
then (5.1) (a) is equivalently rewritten as:

(75} (t)

G(t) — pg sgn(q(t) — up(t) — (1)) (5.4)
with @ 2 16 — ud. Here, ud plays the role of uy in (4.1) and should not be confused
with usg, which is a purely exogenous, time-varying signal. Let us write the closed-loop
dynamics of the mass (g, ) with u;(t) = k11(¢ — qa) + k12(¢ — da) + w14, then (5.4) is
written as:

i) € B(g(t) — qat)) + H2((t) — Gu(t)) + "2

5 608 — o a() — 9) — () — G9) — a8 — Ta8)
Recall the desired dynamics in (4.7):
dalt) € 49 gsan(dut) — wault)
Using the dynamics in (4.7) and (5.5), the error dynamics § = ¢ — qq is
(t) € Bq(e) + B2d(t) — pgsgn(d(t) — kand(t) — kaadi(t) — waalt) — (1)
+igsgn(dult) — waa(t)) (5.6)

= o (kng(t) + k1aq(t) + prg Mg — Me(t)]
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5.3. Backstepping-Based Control Approach

where A\, 4(t) € sgn(qa(t) — u2q(t)) and Ay () € sgn(g(t) — ud(t) — wa(t)).
The objective is to design the controller 7(-) such that @, — 0. Thus iy = 70 —ud, 7.e.:

. r r2mg . J _ . . . . .

up(t) € 77(t) + ——sgn(q(t) — ua(t) — a2(t)) — k21(4(t) — da(t)) — k22(G(t) — Ga(t)) —2a(?),
(5.7)

where ug,(+) is assumed to be differentiable almost everywhere. Inserting (5.5) into

(5.7) yields:

do(t) € 5r(t) + TEMIsen(q(t) — ud(t) — Aa(t)) — ka1 (d(t) — Ga(t)) — taa(t)

oz (B22(0(0) = qu(®) + 52 (0(0) ~ da(®) + "0 — g sgn(d(t) — ud(t) — 72(t)) ~ da(t))
8

(5-8)

Consequently, it is possible to rewrite (5.8) as:

a(t) € 57(8) + (B 4 kaopug) sen(d(t) — ug(t) — ia(t))

(5.9)
—9(q(t),d(t), qa(t), qa(t), u1a(t), uaa(t), t2a4(t)),
where
g(Q: (L qd, Qda t) = k21 (q(t) - Qd<t)) + k22 u;(lt) - kQZQd(t) + uZd(t)a (510)

with u; = k11(q — qq) + k12(¢ — Ga) + v14-

The next step is to design an input 7(+) such that uy converges to zero, at least asymp-
totically. For this purpose, let us choose 7(t) such that:

gf(t) = 9(a(t), 4(1), 214(t), 22a(t), wra(t), ua(t), G2a(t)) + 75(1), (5.11)

with
Ts € _kslsgn(f@)’ (512)

and kg > ug| TQIm + koo|. The closed-loop dynamics for i, is the differential inclusion:

2
fin(t) € —ky sen(in(t)) + pg (;’” " k) N(t), A(t) € sen(d(t) — ul(t) — in(t)).
(5.13)
Thus, in this context of sliding mode control, A; which is a selection of the set-
valued signum function, is considered as a bounded disturbance. Under the stated
assumptions, there exists t* < 400 such that us(t) = 0 for all ¢t > ¢*. Therefore,
G(t) € 8 _ g sen(g(t) — ud(t)) on [t*,+00), and we are back to the analysis made

t
in sections 4.2.1 to 4.4.

Remark 5.3.1. The two-stage backstepping strateqy allows us to define the desired
dynamics as in (4.7), specifically for the "object” part in (5.1) (a). Consequently, it is
the extension of the material in sections 4.2.1 to 4.4 to the case when the belt-pulleys
dynamics are no longer neglected, which is significant in practice.
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The following stability result is stated.

Proposition 5.3.2. Consider the dynamics in (5.1) with bounded initial data and
bounded time-varying functions qq(+), 4a(+), da(+), u1a(+), u2q4(+), t2q4(+), and let go; = 0.
The controller defined in (5.11)-(5.12) with ui(q, ¢,t) = k11(q — qa) + k12(¢ — ¢a) + w14,
where K is given such that (Ae, Be, Ca, Do) is strictly state passive. Therefore, the
error e = (4, q), where § = q—qq and § = ¢— {q, is bounded and converges exponentially
fast to zero. Moreover, the variables 6 and 6 remain bounded.

The proof uses material from section 5.3.2 on the pulley’s angle error dynamics.

Proof. The proof is performed in three steps. First, the focus is on demonstrating the
finite time convergence of @y in (5.13) to zero (i.e., proving that (5.13) has finite time
stable equilibrium point @ = 0). Then, the stability of (5.6) is analysed when @y = 0.
The third step demonstrates the boundedness of the variables.

First step: Consider the dynamics of iy(t) in (5.13). The objective is to show that
iy = 0 for all t > t* where t* < oo, under the sliding mode control 7, = —kgsgn(as)
in (5.12), with the sliding surface iy = 0. The input 7(¢) in (5.8) is recovered using
(5.11). Let us take the Lyapunov function V (as(t)) = 1@3(¢), then the rate of change
of the storage function is:

V. =gty

= Uy (TS - (72"% + 74722#9) /\t)

= —]{Jslag sgn(ﬂg) + fLQ (T2HImg + k?zg,ug> /\t
Given that ), is bounded such that \; € [—1, 1] and that desgn(as) = |Gy, hence:

Vo= —kg|ta| + g (TZMImg + k22ﬁb9) At

< —kg|tg] + |t2|

7’2 m
B4 kmug‘

< |ﬂ2‘(

ﬁylﬂ + k22ﬂg‘ - ksl)

Considering that kg > ‘% + k,‘ggug‘, let us define —a 2 % + koopg| — kg < 0
with @ > 0. Then, the rate of change of the storage function is:

V < —aliis] < —av2V2

Thus, according to [19, Theorem 4.2], the equilibrium point @5 = 0 of the dynamics
in (5.13) is globally finite-time-stable. Let ¢t* to be the finite time required for sy to
reach zero (i.e., the solution us(t) of (5.13) is defined on [0, *] and limy_,;us(t) = 0).
In order to calculate the time t*, let us write the following:

dV(a 1, V(az(t*)) dV (a *
500 < ay/aVE(,(0) e ) HE0 < 0yd

&2 (Va(ip(t) = Vi(ia(0)) < —av/2t*
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5.3. Backstepping-Based Control Approach

Given that V(ug(t*)) = 0 (i.e., us(t*) = 0), the finite time t* is chosen such that
1
= 2200)  Thig result aligns with the function of the settling-time given by

av2
[19, Theorem 4.2], which could be directly applied to compute ¢*. It is important to
note that the duration of the transient period [0, t*] decreases as the value of kg and,
consequently, as the value of a increases.

The expression of the controller 7(¢) such that the dynamics in (5.8) converges to zero
as t — t* is given by:

7(t) =L (7a(t) + i + kaopg sen(d(t) — us(t) — @a(t)))
= L (—kasen(@a(t)) + 2250 (q(t) — qu(t) + (ka1 + 222 (4(t) — qu(1)))  (5:14)

+ L (koopght,a + t2a(t))

which confirms the expression given in (5.11).

Second step: In this step, the stability of (5.6) is analysed for all ¢ € [t*, c0) when
Uy(t) = 0. The closed-loop system in (5.5) is reduced to the following on the interval
[t*, 00):

i) € B (q(t) — qa(t)) + B2(G(t) — da(t)) + 2
(5.15)

— g sgn (Q(t) - k21(Q(t) —qa(t)) — k’22(@(t) - Qd(t)) - qu(t))

The reduced dynamics in (5.15) are equivalent to those in (4.19). Consequently, the
error dynamics § = ¢ — g4 in (5.6) is reduced on the interval [t*, 00) and is written as:

L (knd(t) + kasg(6)) + 1 Poea() — M(8)] (5.16)

q(t) = -

where A\ 4(t) € sgn(qa(t) — ugq(t)) and A (t) € sgn(G(t) — ud(t)). Given that ug(t) =
ka1(q(t) — qa(t)) + kaa(q(t) — Ga(t)) + uoa(t), the error dynamics in (5.16) are equivalent
to the error dynamics in (4.20). Hence, the same analysis in section 4.4 is applied in
this step. Recall the LCS of the error dynamics in (4.21) with e = (¢, §):

€ Aaett) + 1)) sentiat) —waat) -

ug> sgn(—(Cer)1e€(t) + Ga(t) — uaq(t))
= Aue(t) — By (Ald(t) — A1 (t>>

Aog(t) — Aa(t)

where \; = 22 € [0, 1].

Third step: This step is dedicated to show the boundedness of the variables. Let us
analyze the dynamics in (5.1) (b). According to the analysis in section 4.4 and given
that @y = 0 for t > t*, it follows that the variables ¢(-), ¢(-) are bounded on [t*, +00).
Assuming that tia,(-), da(-) and Gag(-) are bounded, then ¢(-) is also bounded. Therefore,
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on [t*, +00), and given that r6 = ko (¢ — q) + ka2(G — Ga) + tiag, it follows that 6(-) and

consequently 7(-) are bounded. Similarly, 6(-) is bounded on [t*, +00).
Since rd(t) = ud(t) on [t*, +00), it follows that

t

0t) = 0(t") + i/t*(kzl((ﬂs) — qa(s)) + k22(d(s) — da(s)) + u2a(s))ds (5.17)
A necessary and sufficient condition for the boundedness of pulley’s angle is that the
integrand in (5.17) be bounded. However, it is important to note that since 6 is defined
modulo 27, its boundedness is a secondary issue. The boundedness of all variables on
[0,t*) is ensured from the fact that there does not exist any finite escape in the closed-
loop system, since all the right-hand sides are sums of linear single-valued terms and
bounded set-valued terms. O

Case go1 >0

This is the case when a force feedback is applied. Recall that ud 2 ko1(q — qa) +
k2o(4 — Ga) + g21(A1 — A1) + uaq. Using (4.12), the robot-object dynamics (5.1) (a) (b)
is equivalently rewritten as:

G(t) = u(t) (1 PTOj ([_1’ 1); 2d(t)—km(Q(t)—qd(t))—kzz(d(t)—dd(t))+921/\1d(t)—2921—u2d(t)—ﬂ2(t))

m g21

9(25) — T(It) + THmg proj ([_1 1]. 2Q(t)—km(Q(t)—Qd(t))—k’22(Q(t)—Qd(t))+921/\1d(t)_2921—u2d(t)—ﬂ2(t)

T P g21
(5.18)
with @y = rf — ug. However, the rest of the control input cannot be designed similarly
as for the case when ¢go; = 0 in (5.11) and (5.12). This is because the multipliers A\
and A4 are not differentiable (and could even be discontinuous), making it impossible
to differentiate ud(q, ¢, A1, t) in order to get (5.7).

Remark 5.3.3. It is known that backstepping strategy can be adapted to yield different
controllers, which do not necessarily all behave identically [35]. Thus, the controller
designed above may be modified.

5.3.2 Analysis of Pulley’s Angle Error Dynamics

This section is dedicated to discussing the possibility of designing desired pulley’s angle
dynamics and then analyzing the corresponding error dynamics. This discussion is
useful for proving the boundedness of these dynamics. The closed-loop robot dynamics
in (5.1) (b) is given by:
00) € ~gla(t),d(0),1) — K sn(rd(e) — ula(t), a(6), 1) + 72 sgn(a(e) — ré(0)
(5.19)
Let us interpret (5.19) in terms of the desired trajectory for the pulley’s angle. One
approach is to define 7(6,6,t) = 184 — k(6 — 84) — k,(0 — 6,), and then find a suitable
function 64(-) such that the object dynamics (5.1) (a) is suitably controlled. Let us
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5.3. Backstepping-Based Control Approach

consider the framework of (4.1), where I6(t) = 7(t). Let 2 9 — 6, then ]5(25) +
koO(t) + ky0(t) = 0, so that 4, 6 and 6 converge exponentially fast to zero.

The next step is to define éd(t) such that (4.1) is controlled as in section 4.2.1, assuming
that r@nz rf,. Specifically, 0,(t) = %uQ(q,q',t) = %(km(q — qq) + ko2(G — qa) + u2q)-
Then, 0; = %g(q, q,t) — %kzg/,bg)\t, where the contact force is necessary to define the

desired pulley’s angle acceleration. Therefore, this control approach is not directly
implementable. However, the above backstepping strategy allows us to avoid this issue

by correctly interpreting the desired angle acceleration. Let us define éé £ % 9(q,q,1t)
and 0 2§ — 0',, it follows from (5.19) that:

F(1) € ~hasen(r(0) —ua(t).6(0).0) + " sgn(a(e) —rd(0).  (5:20)
Using the expressions of g(gq, ¢,t) in (5.10), of ud(-), and (5.1) (a), it is possible to show
that g(q, ¢,t) = 14 + koougAs. Therefore,

(1) — ud(a(0). (1), 1) = r00) — [ g(a, .0t + [ oo\ (0)dt = ri(e) = [ a0y

Assuming the initial conditions are correct, it follows from (5.19):

o(t) € H(t) - %9(% q,t) + %kmﬂg)\t € %kmﬂg)\t - %ksl sgn(?"é(t) - Téd(t)) + %/\t

IS —%/{:sl sgn(r(t)) + (% + %kggug) i,

(5.21)
with A, (t) € sgn(¢(t)—r(t)). Thus, it is possible to reinterpret the above backstepping
control strategy with a suitable definition of the desired angle trajectory. Although 6,
is not realizable because it involves A (t) in its definition, the closed-loop error system
yields the differential inclusion (5.21). Note that the condition on kg allows us to

deduce that § converges to zero in a finite time. By referring to (5.20), it is inferred
that:

0(0) € —hasgn (010) + kang [ Nde) + PT0@) (522

In summary, the error system resulting from the backstepping strategy is defined by
(5.21), (5.13), and (5.4). Considering the asymptotic tracking for the state of the mass
(i.e., q(t) — qa(t) and ¢(t) — ¢a(t) as t — +00), it is inferred that,

g(q, q-7 t) _ k21(q o qd) + kzz kll(Q—fId)—i-k;f(d—Qd)—&-um _ k22qd 4 u2d
— goo(t) é k22 ’U‘l’rdn(t) — ng(jd(f) + qu(t), as t — oo

Therefore,

Corollary 5.3.4. The pulley’s angular velocity is bounded and it satisfies Q(t) —
: (% Jo wra(t)dt — kaada(t) + U2d(t)) — J§ kaapgAi(t)dt.
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Chapter 5. Backstepping Tracking Control of Frictional Oscillator

5.3.3 Numerical Simulations

This section is dedicated for the numerical simulations of the dynamical system in (5.1)
after implementing the controller designed in (5.14). The simulations are performed
for the nominal case and the case with parametric uncertainties to test the robustness
of the controller. The sliding-mode controller guarantees some robustness with respect
to uncertainties in p. According to (5.13) and (5.21), it is sufficient to know an upper-
bound on the friction coefficient. However, a complete robustness analysis mimicking
section 4.5 does not hold since go; = 0 as noted above. Therefore, in this section,
a numerical analysis of the controller’s robustness is provided when the coefficient of
friction is both under-estimated and over-estimated.

In the Nominal Case (known friction coefficient)

Since the controller in (5.14) possesses a set-valued part (the signum, or relay, multi-
valued function), it is important to perform the simulations with a suitable numerical
integrator. Hence the platform SICONOS is used again. According to the methodology
followed to simulate LCS, as explained in Appendix C.1, it is required first to write
the closed-loop system of (5.1) in the form of an LCS. This is equivalent to write the

LCS of the closed-loop system’s dynamics in (5.5) for ¢ and (5.19) for 6 by considering
g in (5.13) as an intermediate variable. Let us define the state = = (g, 4,0, Q)T, the
desired state to be tracked zq = (q4,qq) ", and the slack variable Ay € sgn(r — ug).
Recall that @iy = rf — ud, the controllers u; = ki1(z1 — 21q) + kio(22 — Tag) + Uig,
ud = koy (21 — 214) + koo (12 — T9g) + Usg, and 7 = 7’“17}5122 (1 —x19) + (Lfffz + %) (xg —
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5.3. Backstepping-Based Control Approach

Togq) + 2kay HGA1.a — k22 1y + tog — %/\k. The closed-loop LCS is written as:

T s

24, 2B,
0 1 0 0 0 0O 0 0 0 0
i b 0 0 —2pg 0 0 0 L0
z(t) = m m x(t) + A)+ | ™ ug(t
®) 0 0 o 1|*W o o o ol 0 ofv®
bk kg b 0 g 0 ~2ka 0 s o0
2g
0 0 0 0
k k
w e 0 0 g
— m m xaq(t) + Ad(t) +
0 0 a(t) 0 0 a(t) 0
ek #pug 0 —H g — Fmpg + Jisa + 5
0 -1 0 r 0 1 0 0 0 0
0 0 0 0 -1 0 0 0 0 0
0<At) Lw(t)= x(t) + At) — xq(t)
k’Ql k22 O T O 0 O 1 kgl kgg
0 0 0 0 0 0 -1 0 0 0
éC& éDl
0
1
+ >0
U2d
1
(5.23)

2
transformation of the signum function into LCP formalism is demonstrated in section

4.2.1, as explained in [42].

where A 2 (A1, Ao, A, A)T, A = 552 and Ay = 2% Tt is noteworthy that the

Take kg = 2ug ””2Im + k22’. The closed-loop LCS in (5.23) is strictly state passive since
the BMI in (4.10) after being transformed into an LMI has a solution given by:

—3.06 —2.29 2.35 1.099
K= (—10.77 —11.08) and P = <1.099 1.23)

with € = 1. Take u = 0.5, » = 0.5, I = 1kg.m? and mg = 9.8. The numerical
simulation is performed with the initial values z(0) = (1,0,0,2)" and x4(0) = (3, —4) .
The desired inputs w1y = usg = 0.5mpug cos 2t and the time step h = 0.01s.
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Figure 5.2: Backstepping control of the pulley-belt-mass system.

It is observed in Figure 5.2 that the error of the mass e = ¢ — ¢4 converges exponen-
tially to zero and that the dynamics of the pulley’s angle, as depicted by the plots x3, 24
are bounded. These observations confirm the results stated in Proposition 5.3.2. In
the steady state response (i.e., e = 0), there is a synchronization noticed between the
desired and closed-loop complementarity variables Aigq, Aog, w14, Wog and A, Ao, w1, W,
respectively. Moreover, the controller u = (u1,u)" converges to the desired periodic
behaviour ug = (u14, qu)T. In order to analyze the stick/slip behaviour of the desired
and the closed-loop system, as shown by the plot V,, = ¢ — u4, let us observe Figure

5.3:

0.4} {;%~ez(t)  Va(®) },

0.2 i

(=]
-3
ool
Ne)

10

Figure 5.3: Relative velocity in the steady state response
Figure 5.3 shows a part of the plot V,. in Figure 5.2, and it corresponds to the
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5.3. Backstepping-Based Control Approach

steady state responses of the desired system V¢4 = ¢q — u2q and the closed-loop
system V, = ¢ — ud. The relative velocity of the closed-loop system converges to that
of the desired system, and it is observed that the mass exhibits a stick/slip behavior
with a small amplitude of the relative velocity, V,..; = 0.2m/s, during the slip phase.

Let us simulate the intermediate variable @5 in two different ways to verify the consis-
tency of our analysis. The first simulation in Figure 5.4a shows the plot of iy where
iy = rf — ug. The second simulation in Figure 5.4b is that of the dynamics of i, in
(5.13).

201 - 201 I ]

0 2 4 6 8 10 0 2 4 6 8 10

(a) Numerical simulation of @i = r6 — u§ (b) Numerical simulation of i in (5.13)

Figure 5.4: Numerical simulation of @y using two integration approaches.

It can be observed from Figure 5.4 that the variable i, shows a finite time conver-
gence to zero (i.e., iy = 0 for all ¢ > 0.13s), as predicted theoretically. Also, there
is consistency between Figures 5.4a and 5.4b, which show that deriving i, from the
simulation given in Figure 5.2 as @y = 0 — ud gives the same result as simulating
directly s from its dynamics in (5.13). It is noteworthy that if kg is decreased such

that kg = 1.4ug ‘T2m + k22‘7 the transient response will increase slightly (i.e., 1y = 0

T
for all ¢ > 0.21s). Additionally, if kg is decreased to kg = 1.1ug ’"2[’” + koso|, then the

transient response will increase to 0.34s.

In the Presence of Parametric Uncertainties (uncertain friction coefficient)

Let us test the robustness with respect to additive parametric uncertainties Ay in the
plant model. The controller is designed from the nominal (known) friction coefficient
to- Let u = po+ Ap be the coefficient of friction of the real plant model. The nominal
system of the frictional oscillator with pulley-belt dynamics in (5.1) is written as:

uld(t)

Ga(t) € — ptomyg sgn(qa(t) — uaa(t))

The plant’s model with uncertainties is:

§(t) € " — (o + Ap)myg sgn(q(t) — r0(t))

0t) € = + epesgn (g 1) — ro/(1)

where the controller uy = kq1(q(t) — qa(t)) + k12(4(t) — ¢a(t)) + u1q and 7(t) is defined
in (5.14). Recall that 7(¢) is given as follows:

k12k22

r _ ky1kao

jT(t)

(a®) — ault) + (

- + k21> (4(t) — qa(t)) + pomgAea + toa — kaAi
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Chapter 5. Backstepping Tracking Control of Frictional Oscillator

where Ay.q(t) € sgn(ga(t) —700(t)), A € sgn(rO(t) —ud(t)), kg > (po+Apu)g

2
TIm+k,22"

We have ud(t) = ka1 (q(t) — qa(t)) + kaa(G — G(t)) + uga(t). Let us recall that the state

z & (q, q, 0, Q)T and the desired state x4 = (g4, Gq)', then the closed-loop system
with uncertainties is given by the following LCS:

0 0
L bz 0 0
&(t) = A1x(t) + (B1 + AB1)A(t) — 78 TS xq(t) + 0 0 Aa(t)
b ) B o
0 0
L0
+ ™ uq(t) + Ef + AE]
0 O
L
0 0 0
0 0 1
0 < A(t) L w(t) = Cra(t) + DIA(E) — zalt) + >0
ko1 ka2 (Y
0 0 1
(5.24)
where Ay, By, Cy, Dy, and Ej are defined in (5.23).
By taking kg = 2(o + Ap)g |2 + kao|, then
0 0 0 0 0
—2A 0 0 0 A
AB; = O,UQ 0 0 0 and AE{ = /59
%%A 0 74A‘LL g T2Im + kgg‘ 0 7%A/L + 2AILL T2Im -+ kgg’

In the following figures, the coefficient of friction is varied to cover two approaches:
overestimated and underestimated friction, in order to observe the behavior of the
system and the analyze the robustness of the controller. Recall that = 0.5, r = 0.5,
I = 1kg.m?, and mg = 9.8. The numerical simulation is performed with the initial
values z(0) = (1,0,0,2)" and z4(0) = (3,—4)". The desired inputs ujg = ugq =
0.5mpug cos 2t and the time step h = 0.01s.
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Figure 5.5: Backstepping control of the pulley-belt-mass system with Ay = —0.1

In Figure 5.5, the coefficient of friction is overestimated (i.e., po > po + Ap). The
numerical simulation shows that there is a significant error e between the closed-loop
and the desired trajectories such that ||e1||j510,.. = 0.162 and ||es||510),.. = 0.349. It

is important to show that the pulley’s angle dynamics x3 2 9 and x4 2 0 are still
bounded in the presence of uncertainties in the friction coefficient.

By observing the plot of the relative velocity V¢ = §—r0, the mass presents a stick /slip
behavior with respect to the belt. This behavior can be explained by examining the
plot of A;. From the complementarity problem in (5.24), we have w; = —xs + 124 + Ao
and wy = —A; + 1. Given that V,,, = ¢ — r) 2 To — Xy, then wy = — V. + Ao, At this
step, it is possible to solve the complementarity problem 0 < (wy,wy)" L (A, Xo)" >0
for different values of A;, where A\; € [0,1]. Solving this problem as in section 4.3 will
illustrate the relation between A\; and V,.: if Ay = 1, then V., = Xy > 0; if \; = 0,
then Vo = —w; < 0; and if Ay €]0, 1], then V,, = 0.

The plot of the controller u shows that the ug has the same behavior as x4 after s
converges to zero in finite time (0.13s).

Let us now examine the behavior of the system when the friction is underestimated for
Ap = 0.1, by observing the numerical simulations in Figure 5.6.
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Figure 5.6: Backstepping control of the pulley-belt-mass system with Ay = 0.1

It is interesting to notice that the result of tracking in Figure 5.6, where the friction
is underestimated, is better than that in Figure 5.5, with smaller values of error such
that [|e1]|[5,10),.. = 0.005 and |[|ez]|(5,10),.. = 0.013. As well, the pulley’s angle dynamics

e r3 and = 4 show boundedness.

In Figure 5.6, the mass exhibits only sticking mode to the belt (i.e., Vo = ¢ — rh = 0)
in the steady state response. This behaviour is further illustrated by the evolution of
the complementarity variable A, where \; €]0, 1] in the steady state response as shown
in Figure 5.6.

From the above numerical simulations in Figures 5.5 and 5.6, it is observed that for tra-
jectory tracking in frictional oscillators with pulley-belt dynamics using our approach
(i.e., backstepping strategy), it is better to underestimate friction to achieve smaller
tracking error. However, in the case of underestimating friction (i.e.,ug < po + Ap),
the mass never slides. This result is different from the case of overestimating friction
(i.e., po > o + Ap), where the tracking error is larger and the mass shows sliding
phases.

To further check the observations from Figures 5.5 and 5.6, let us add the following
figures with a larger uncertainty Ay = +0.2.
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Figure 5.7: Backstepping control of the pulley-belt-mass system with Ay = —0.2

The friction in the numerical simulation in Figure 5.7 is overestimated (i.e., pg >
po+Ap) with Ay = —0.2. The tracking error e = (¢—qq, §—qq) " increases significantly
from that in Figure 5.5 where Ay = —0.1, such that ||e; ||[5,10),.. = 0.39 and ||e2]|[5,10,
0.76. It can be observed that the pulley s angle dynamics remain bounded as Shown

in the plots of x5 = 2 9 and Ty 24

The stick/slip behaviour of the mass is still observable as in Figure 5.5 for the case
of overestimated friction, as shown by the plot of V,,, = ¢ — r6 and \;. The relation
between V. and A; can be deduced from the complementarity problem in (5.24), which
is explained in the comment for Figure 5.5. Moreover, the amplitude of the relative
velocity shows a large increase as the overestimation of friction increases, for Ay = —0.2
in Figure 5.7 compared to that for Ay = —0.1 in Figure 5.5. The numerical simulation
in Figure 5.7 also presents the plots of the controllers u = (uy,u$)" and 7(¢).

Let us underestimate the friction with Ay = 0.2, and observe the behaviour of the
system depicted in Figure 5.8.

145



Chapter 5. Backstepping Tracking Control of Frictional Oscillator

15

—15

z1(t)
z1a(t) | |

w1 (t)
wig(t)

waq(t) ‘

[ N N N

Ma(®) |

N NN

)\Q(t)

82<t> 5 )\Qd(t> 1
U, ——
— ‘ ok i _
I I I . T T I
1 ws (1) @ || 20 wi® | |
Aa(t)
07\ T T T T 07
I I I I I .
51+ B ol 77—~ =
0 ‘ ‘ ‘ ‘ —151- | | | | ]
0 2 4 6 8 10
100 t[s]

Figure 5.8: Backstepping control of the pulley-belt-mass system with Ay = 0.2

In the numerical simulation of Figure 5.8, the friction is underestimated (i.e., pg <
po + Ap) with Ap = 0.2. It is interesting to observe in Figure 5.8 that the tracking
result is represented by a small tracking tracking error e = (¢—qq,¢—qq) ", as in Figure
5.6 with a slight increase, such that ||e||;510],.. = 0.006 and ||es||5,10),.. = 0.014. The

pulley’s angle dynamics x3 £ ¢ and x4 £ ¢ remain bounded.

Additionally, the mass exhibits sticking behaviour only in the steady steady state
system for the case of underestimating friction in Figure 5.8 with Ap = 0.2, which is
similar to the behaviour shown in Figure 5.6 with Ay = 0.1. The sticking mode is
explained by the plot of A;, where A; €]0, 1] in the steady state response, which implies
that V,, = 0 according to the complementarity problem in (5.24). Note that the
controller 7 displays a completely different behaviour in Figure 5.8 (when the friction
is underestimated) from that in Figure 5.6 (when the friction is overestimated).

To further analyze the robustness of the controller with respect to the uncertainties
in the friction coefficient and to demonstrate our observations regarding friction es-
timation, let us consider a different set of initial values for the states x and x,.
Consider the following figures with the new initial conditions x4(0) = (1,0)" and
2(0) = (3,—4,1,—2)". Recall that pg = 0.5, r = 0.5, [ = 1 kg.m?, and mg = 9.8. The
desired inputs w1y = ugq = 0.5mpugcos2t and the time step A = 0.01.
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Figure 5.9: Backstepping control of the pulley-belt-mass system with Ay = —0.1 and new initial
conditions
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Figure 5.10: Backstepping control of the pulley-belt-mass system with Ay = 0.1 and new initial
conditions
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5.4. The Backward-Euler Discrete-time Implementation of the Backstepping
Controller

From Figures 5.9 and 5.10, it is observed that underestimating friction (1.E., Ap = 0.1)
gives better result for the tracking error, where e = z — z,; converges to zero, even
with different initial conditions. The same observations were noticed for other initial
conditions, but their figures are not presented here for brevity.

5.4 The Backward-Euler Discrete-time Implemen-
tation of the Backstepping Controller

The foregoing section presents numerical simulations of the closed-loop dynamics using
specific time-stepping schemes available in the SICONOS platform, which is similar to
the simulations presented in Chapter 3 for the nonsmooth set-valued electrical circuits
(see Appendix C.1). Set-valued sliding-mode controllers have to be implemented in
discrete-time using implicit Euler algorithms in order to avoid numerical chattering
[36]. Thus, it is crucial to analyze the discrete-time implementation of the controller.
The objective of this section is to analyze the discrete-time backstepping controller
without feedback from ), as described in section 5.3. To begin this analysis, let us
start with a backward (implicit) Euler discretization of the dynamics in (5.1):

Uy k

(@) Gre1 =G +h=F — hughi i

(0) Gk+1— qx = hd

(¢) 10k11 = 16y + h7i + hrpmgA k4 (5.25)
(d) Opy1 =0y + hoy .

(€) Ag+1 € sgn(dryr — 70k s1)

with & > 0 the timestep. The scheme in (5.25) is called implicit because it deals with
the set-valued frictional terms implicitly. This approach avoids chattering at sticking
modes [1], and ensures the convergence of piecewise constant discrete solutions to the
solutions of the continuous-time plant. In other words, implicit (backward Euler)
schemes gives an accurate approximation of the contact force, while explicit (forward
Euler) schemes do not. Therefore, the time-discretization in (5.25) is considered an
appropriate approach for the system’s dynamics. Let us define the implicit controller
to be applied on (tg, tr41]:

I ) I .
Tk 9(qk, G, te) — ;ksz)\s,kﬂ, A3 j+1 € SN (Uz kr1), (5.26)

r

with gy = ), — ug,k. Recall that 24 = (214, 724)" = (g4, ¢a)", then ugyk = ko1 (qr —
Trak) + Koo (dx — Taa k) + u2q k. After some manipulations it is obtained:

Ug k41 —U2 k ~ r’m Tid,k+1~%1d,k
R € kg sgn(Tg k1) + g (kzz + =5 ) A1 — ko1 —=H—=

_ U2d,k+1—U2dk Koo T2d,k+1—T2d,k

. ) . (5.27)
W 5 + kooZoq + Uoak + korT1ak-

5.4.1 Well-posedness

In this section, the well-posedness of the dynamical system in (5.25), the controller 7
in (5.26), and the intermediate variable @, in (5.27) is discussed, ensuring the existence
and uniqueness of solutions.
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Chapter 5. Backstepping Tracking Control of Frictional Oscillator

Study of (5.25) (5.26)

The inclusion in (5.25)(e) is equivalently written as: qxi1 — rOpi1 € Nz (A1)
Using (5.25)(a) (c) and (5.26), then:

T2

qr + h% — hug <1 + ]> Met1 — 06 — hg(q, Qi tr) + hkgAs e € Nic11)(Aekt1)

. (5.28)
Given that g1 = 70k — ug,,, and using (5.25) (a) (c), the inclusion A1 €
sgn (g k+1) in (5.26) is equivalently written as:

70 4 hg(q, dr, tr) — hkgXs e + hug (kzz + TQTm) Mgt — ko1 (@ + hde — T1dk+1)

—kaa (G + P22 — Toq 1) — Uad 1 € Ni—1,1)(Ag 1)
(5.20)
By combining (5.28) and (5.29), the following generalized equation (GE) with the
unknowns (A g4+1, Az k1) is obtained:

. A A
H(qr drstr) — My [ 09 ) € Mg | (99 (5.30)
A3 k41 A3kt 1
with
_ . Qk+hlfn7’k—?”9'k—hg(q;mdk7tk)
70k + hg(qr, Gr, te) — k21(qr + hgr — 21ap+1) — k22(Gr + =% — Toakt1) — Yadkr1
14+ 7m)
and M, =h | "7 fﬁ?n ).
—pg (ka2 + = ) kg

The generalized equation in (5.30) can be written as an affine variational inequality
AVI(K, H, My,) [67) where K = [—1,1]? is a bounded polyhedral set. The GE in (5.30)
has a solution according to [67, Corollary 2.2.5|, with a result on the uniqueness of
solution provided in [67, Theorem 4.3.2]. In order to show the uniqueness of the solution
to (5.30), it is required to prove that the matrix M}, is P-matrix [4, Theorem 3]. Given
that kg > TQ"Img + kgg,&g‘ > 0 and pug (1 + 7"2]”) > 0, let us check if kgug (1 + TQIm) —

r2m

kg ig (krgg + 5 ) is positive. The principal minor kgug(l — ko) > 0 for all key < 1.
Thus, the matrix M) is a P-matrix if ks < 1. A stronger condition requires that
M), = 0. Consequently, the GE in (5.30) is rewritten as:

ver ().
A3 o1

where F'(-) is strongly monotone. Therefore, according to [14, Theorem 23.44], the
solution is unique.

The existence and uniqueness of the multipliers prove that the difference inclusion in
(5.25) (5.26) is well-posed, i.e., there exists a unique solution qxi1, Gr+1, Ok+1, Ori1-
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5.4. The Discrete-time Implementation of the Backstepping Controller

In order to compute the solution it is convenient to rewrite the GE as an LCS. Let

5\k+1 2 (it””l) and let us define C as the set of j\kﬂ such that S\kﬂ € [~1,1]?, then:
3,k+1

1 0

-1 0

0 1

0 -1

C= 5\k+1 € IR? | j\k‘-i-l +

1
1
1k 0 (5.31)
1

Let us define the normal cone to C at j\kﬂ as follows:

NC(E\k—i-l) = {Z € BQ | 21 =" +’72 and 2= =73 +747 Yi Z 0fori e {1a27374}}

:{26R2|z:—RT7,0§7J_R;\k+1+7‘ZO}

1 0 1
. . -1 0 1
where v = (71,72,73,71)  is a slack variable, R = 0 1 and r = Nk Then,
0 -1 1
the GE in (5.30) is equivalently written as the MLCP:
MyAgsr — H(qe, dr, te) = RTy
0<~yLR\Np1+72>0
Given that M, is P-matrix, the following LCP is derived:
0<~yLRM*R"y+ RM, " H(q,dx,tx) +7 >0 (5.32)

By solving (5.32), the variables ;441 and 3,1 are obtained. The matrix RM; 'RT
is not a P-matrix, since it has low-rank 2 provided that kos < 1. However, it is note-
worthy that the 4 constraints defining C in (5.31) cannot be activated simultaneously.
Therefore, an enumeration procedure can be used to compute the solutions.

Study of (5.27)

The input in (5.26) corresponds to (5.11)-(5.12), and (5.27) corresponds to (5.13). The
last six terms in (5.27) depend only on the desired system states and inputs, and they
vanish as h — 0. However, the lower bound on £y can be modified compared to the
continuous-time case to cope with these terms. The following is stated:

Lemma 5.4.1. The generalized equation (5.27) has always a unique solution s j1.
Moreover, for kg large enough, the sequence {lay}r>0 converges to zero in a finite
number of steps.

The proof is identical to the proofs provided in [2, 36] and it is omitted here.

Let us denote gk é _k21 Ild,k«r}L_wld,k o u2d,k+;_u2d,k o k22$2d,k+2—$2d,k + k22j32d,k + u2d,kz +
korT1ak + pg (k22 + Tsz) Atk+1, then (5.27) is rewritten equivalently as:

Ug i + h&j € Ug i1 + hkg sgn(ls k1), (5.33)
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Chapter 5. Backstepping Tracking Control of Frictional Oscillator

equivalently
U i1 = Jog! (Ta, + hég), (5.34)
where J2si(-) = (14 hkg sgn)~'(-) is the resolvent of index hky of the signum multi-

function, known as a single-valued nonexpansive mapping [14]. By induction, it follows
that s ;41 is a single-valued function of @y and &.

Let us study the well-posedness of the closed-loop system in (5.25). This means that it
is required to check whether ¢, and ), can be computed in a unique way for k& > 1, as
a consequence of Lemma 5.4.1. The first controller to be applied on (¢, tx41] is given
by:

g = k11 (e — T1ak) + k12(de — T2ak) + Widk-

Using (5.25) (a), this gives rise to:
k41 — Tad g1 = (1 + %/ﬁz) (dk — 2ak) + %ku(% — Z1dk) + Toak — Tod ki1

+%U1d,k — hpgAs ky1
(5.35)
Assume that @, = 0 for all £ > k* (from Lemma 5.4.1, such a k* < +o00 exists), then

rf), = ug, and thus:
dk+1 — T2dkt1 € (1 + %km) (dk — T2a.x) + Zk11 (g — Trak) + Todk — T2akt1 + Luig

—hpg sgn(drr1 — k21 (@1 — Trd k+1) — k22(dkt1 — T2d k1) — U2d k41)
(5.36)

This difference inclusion is the discrete-time counterpart of (4.19). Let ¢ 2 %kn(qk —

. A .
Tiak) + Taap — Tadkt1 + Luiqy, and using (5.25) (b), By = —kai(qk + hde — T1gp+1) —
Ugd k1 + T2d k41, then (5.36) is rewritten equivalently as:

. h . .
Gk+1 — T2dkt1 € (1 + mku) (Gk — x2a) + G — hprg sgn((1 — ko2) (Grt1 — Todk+1) + Br)-
(5.37)

To simplify, let us denote gy, 2 Gk — Taaq. Then, (5.37) is equivalently rewritten as:

@it € (14 Lkia) G + Ce — hig sgn((1 — ka2)drtr + Br)
(1 — k22) Gt + Br € B+ (1 — kaa) (1 + Lk12) G + k) — (1 — ka2)hpg sgn((1 — ka2)Gr+1 + Br)

(1 — kao)Giyr + Br = Jgn 72209 ((1 = ko) (14 LZk12) G + (1 — k22)Ce + Br)

)

Qh+1 = 1755 (Js(glszz)h“g (1= ka2) (14 Lkio) G + (1 — ko2)C + Bi) — 5k)
(5.38)
where we assumed that 1 — koo > 0, which is consistent with the analytical computa-
tions in section 4.4.3 when G = 0. As above, Js(é; k22)hig () is the resolvent of the set-
valued signum function with index (1 — kg)hpg. The developments in (5.38) show that
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5.4. The Discrete-time Implementation of the Backstepping Controller

dr+1 in (5.25) (a) with the controllers w; ; and 74 as above, can be computed uniquely
at each timestep for all £ > k*. This uniqueness stems from the one-step-nonsmooth-
problem [1], which is uniquely solvable. For 1 < k < k*, we have 76, = ug, — g,
where the sequence {ag  }x>0 is known (see (5.33) or (5.34)). Therefore, the above rea-
soning can be applied again by introducing s in (5.36). Specifically, in the expression
sgn(Grr1 — ko1 (qr1 — $1d,kz+1) — koo (Gry1 — xzd,k+1) — Usg k11 + Uzk11) and adjusting B
accordingly. Hence, it is inferred that ¢, exists uniquely for all £ > 1. Consequently,
from (5.25) (a) (b), it follows that A1 exists uniquely as well.

Consider now (5.25) (c). Following from the foregoing analysis, A 41 exists uniquely
for all & > 0, thus it can be treated as an exogenous variable for (5.25) (c¢). The same
applies to ug ;.. Inserting (5.26) into (5.25) (c) yields:

. . . . 2
T0k1 € 10k + hg(qr, Gr, ti) — hkg Sgn(—uikﬂ + 70p41) + W=

rbi1 — U i1 € r6), — ug o+ uf . — ug gy + hg(ar, gk, t) — kg sgn(—ug . + rOy 1)
2
+hTEIN

0

. d . d ; d
T9k+1 — Uy gt S T‘ek — U27k + Y — hksl sgn(r@k_,_l - u2,k—|—1)

- ug7k+1 = (1 + hkgsgn) ' (ré), — ugyk + ) = Jokst (ré, — uik + V&),

with v, 2 ug = ug iy +hg(qe, G te) + hTQ“Img Aii1- It is inferred that 76, — ug ji1s
hence . is uniquely defined for all & > 0. Similarly, from (5.25) (d), x4 is also
uniquely defined. Therefore, the following is proved:

Proposition 5.4.2. Consider the difference inclusion in (5.25) (5.26), with bounded
initial data qo, Go, 0o, Oy and desired signals. Then, the system (5.25) (5.26) is well-
posed.

5.4.2 Stability Analysis

In this section, the stability analysis of (5.36) is studied based on the material presented
in section 4.4. The discretization of (4.7) is given by:

dak+1 = qax + %Uld,kz — hpgA a1
Qdk+1 = Qak + "dak (5.39)
Adet1 € SEN(dd k1 — Uz k)

Using (5.25) (a) the discrete-time error dynamics are given by:

a) Qer1 = Qr + hig A1 — Apgern) + Ly — Luggy,
b) uy = ki1 + k’12Qk + U1d i
¢) M+t € S8N(Ga k1 — Udk)

‘ (5.40)

) )\t g1 € 8gn(qry1 — 7"9k+1) = sgn(Gry1 — Uop — ugk)
e) ug, = ko1Ge + kool + tzak
) Ge+1 = Gr + hgp.

A/\/\/—\AA

153



Chapter 5. Backstepping Tracking Control of Frictional Oscillator

It is important to note that @y vanishes after a finite number of steps k* < 400 (see
Lemma 5.4.1) and that all variables exist uniquely for all £ > 1. Hence, it is sufficient
to study the difference inclusion (5.40) for & > k*, where (5.40) (d) simplifies to:

Mgt € 5gn(drrr — ko1Gr — kooQr — Ugar)-
Consequently, for £ > k* the discrete error dynamics are given by:

(@) Qo1 = Qe + Lki1Gr + Lk2gs + hug(Aedp+1 — Argr1)
(b) Aig+1 € sgn(Grr1 — korGr — Koo — U2a i)
. (5.41)
(€) Mdrt1 € SgH(Qd,k+1 — U k)
(d) Ge1 = Gk + i,

which is the discrete counterpart of (4.20). Recall that A\, = 2)\; — 1, it follows from
(5.41) that:

ert1 = (Io + hAg)er + hBa(Aks1 — Adjp41)

which represents the discrete counterpart of (4.21). In the complementarity framework,
the discrete-time systems read as follows:

ept1 = (Lo + hAq)er + hBa(Aes1 — Aa 1)

0 1 1 -1
0 < Aajpt1 L waps1 = (O 0) Ugk + ( ) (_1 O) Adj+1 + <0 0 ) Taks+1 = 0

k koo — 1
0§)\k+1lwk+1=<81 220 >€k+1+<>+< )Akﬂ

Ccl

0 —1 01
+<0 0)~Td,k+1+<0 0> Ud,k20

The reasoning in section 4.4.2—(4.22) can be repeated to prove that

(5.42)

(Wr1 — Wapr1) Aer1 — Aaprr) < 0.

where wiy1 — Wagt1 = Cueri1 + Da(Met1 — Aagt1). The KYP Lemma conditions
for passivity in discrete-time systems differ from those in continuous-time systems [39,
section 3.15]. Passivity preservation, with same supply rate, storage function, and for
all h > 0, after discretization with a (6, ~)-method holds under restrictive conditions
[75]. Let us consider the Lyapunov candidate function Vj, = e] Pey, where P is the
solution of the continuous-time matrix inequality for strict state passivity in (4.10).
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Then,

Vit1 — Vi = (eng1 —ex) " P(ext1 + ex)
= hef AL P(er+1+ex) + P(Akt1 — A1) B Plext1 + ex)

= %6;—( ;;P + PACl)ek + he;A;P6k+1 + h()\kJrl — Ad7k+1)TCcl(€k+1 + ek)

>

6Z(A;P + PAg)er + heZA;P(IQ + hAq)er + hQBEALPBCl()\k_H — Adk+1)
+h(Akt1 — A1) T Ca(entr + ex)

= he] (AP + PAy)ey + h%e] A, PAqer + h%ef ALCH(Aki1 — Aakt1)

+h(Akt1 — Adg+1) T Ceaer + h(Agr1 — Aa k1) (W1 — Wa g1 — Der(Mkt1 — Adgt1))
= he] (AP + PAy)ey + h%e] A, PAqer + h%ef ALCH(Aki1 — Aakt1)

+h(Met1 — Adkt1) " Ceaer + h(Aks1 — Aa k1) | (W1 — Wa k1)

< —he egpek + hQEZAZPAdek + hzezAZCCTl()\k_,_l — Adk+1)

+h(Mes1 — Adk+1) ! Cuer

Recall that both multipliers A\ = # and A\gp = # belong to [0, 1] by con-
ka1 A1k

struction. Moreover, C'J \, =
ok ((km — DAk

> . Therefore,

ko1

Vi1 — Vi < —he e;Pek + hQGIIA;;PAclek + h262A;rl (
koo — 1

) (M k+1 — Mdk+1)

k
+hey, <k2221 1) (AL k1 — Mdk+1)
2

< —he] (eP —hA,PAy)er, + %2 + %2()\1,k+1 — Mdkt1)?

k21 e
koo —1) F

< —hef (eP —hAJPAq — §AL (K3 + (koo — 1)*)Ac — 5(k3y + (k22 — 1)) I2) ey,

le
<k22 - 1) Ace
2

+5 + B\ k1 — Mdgps)?

+2h2 + 2h.
(5.43)
It is inferred from (5.43) that for sufficiently small h > 0 and sufficiently large € > 0,
there exists a ball IB,;)(0) centered at the origin e = 0, with a radius proportional to
h such that V41 — Vi < 0 outside B, ,)(0). Hence, all trajectories of (5.42) converge
to this ball and remain inside it. Moreover, all the solutions are bounded for bounded
initial data. Thus, the following is proved:

Proposition 5.4.3. Consider the difference inclusion in (5.41), with bounded initial
data. Assume that h > 0, €(k11,k12) > 0, and K are such that

h 1
eP —hA,PA, — §A2(k§1 + (koo — 1)%) Ay — 5(1@31 + (ko — 1))y = 0,
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then all trajectories {ek}de of the error dynamics in (5.42) are uniformly bounded
and converge asymptotically to a ball IB,(0) with r(h) — 0 as h — 0.

For all k& > k*, according to Lemma 5.4.1, @iy, = 0, 50 76 = gy (s Ge, tr). Hence,
{Gk} k>k+ 1S @ bounded sequence. Additionally, for 0 < k < k*, Proposition 5.4.2 ensures
that the sequence is also bounded. Thus, we have proved:

Corollary 5.4.4. Consider the difference inclusion in (5.25) (c) (d) (e), with bounded
initial data. Then, the sequence {0y }x>o is uniformly bounded.

Conclusion

In this chapter, frictional oscillators with pulley-belt dynamics are considered, which
present challenges in the trajectory tracking problem. Hence, a new approach based
on the backstepping strategy is proposed for the controller design. The stability anal-
ysis shows that the tracking error is exponentially stable and that the pulley’s angle
dynamics remain bounded. Then, numerical simulations are presented to analyze the
robustness of the proposed approach in the cases of underestimated and overestimated
friction. In addition, the controller design and the stability analysis are studied in
discrete time when using Backward-Euler method for discretization.
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Chapter 6

Conclusions and Perspectives

The purpose of this chapter is to provide a summary of the work presented in this
thesis and to introduce some research perspectives to be tackled in the future.

6.1 Summary of Contributions

This thesis makes contributions by developing theoretical results to solve the trajec-
tory tracking control problem in linear complementarity systems (LCS) and frictional
oscillators. The roles of passivity and maximal monotonicity are crucial in the con-
troller design and stability analysis. The thesis initially focuses on the control design
and the stability analysis of the error dynamics in LCS for several cases, including the
nominal case without state jumps and the case with initial and further state jumps.
These results are extended to address the case with parametric uncertainties, where the
boundedness of the tracking error is proved under the assumption of strong passivity.
This conservative assumption is relaxed under some conditions to strict state passivity,
which is particularly useful for robustness analysis in frictional oscillators.

Numerical applications such as electrical circuits with ideal diodes, mechanical sys-
tems with unilateral springs, and networks with unilateral interactions are provided
with their numerical simulations to illustrate the theoretical developments. There is a
specific focus in this work on electrical circuits with ideal diodes by analyzing their pas-
sivity based on different circuit designs. The numerical simulations are implemented
using SICONOS platform, which is dedicated to a class of nonsmooth dynamical sys-
tems encompassing those studied in this thesis (namely, complementarity dynamical
systems).

The work in this thesis progresses to deal with the challenges posed by the trajectory
tracking problem in frictional oscillators. The set-valued friction model is refined by
including the Stribeck effect in the model. In this case, a new approach to design the
control is considered, which involves passifying the friction model. This approach allows
us to ensure exponential stability of the tracking error. Then, the backstepping strategy
is implemented to design the controller when the pulley-belt dynamics are included
in frictional oscillators. This strategy guarantees that the tracking error converges
exponentially to zero, where the stability analysis is performed in continuous time and
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discrete time domains.

6.2 Research Perspectives

The results developed in this thesis provide some insights for future research work.
This section explores possible research perspectives for the trajectory tracking problem
in linear complementarity systems and frictional oscillators.

6.2.1 Perspectives in LCS

In the context of LCS, there are several interesting problems that require investigations
and are presented as follows:

o Electrical circuits with ideal diodes are studied as numerical applications in this
thesis. For future work, the diode model could be enhanced to Shockley’s law
model which is more realistic. This model poses new challenges for the trajec-
tory tracking problem, including the robustness analysis of the controller in the
presence of the refined diode model.

e The main focus in this work is on trajectory tracking in LCS, where a desired
state x4 is defined to be tracked. A possible extension is to solve the output
tracking problem in LCS, which involves tracking the output (i.e., one of the
complementarity variables) wy = Hxq + JAq + Lug. This problem could be
tackled through implementing a state feedback u = Kx + uq (see e.g., [126]).

 In this thesis, a critical assumption for the controller design is the availability of
the state x for measurement. Relaxing this assumption opens a possible future
direction, which includes implementing state observers for LCS in the closed-loop
[83, 31].

6.2.2 Perspectives in frictional oscillators

This section provides further extensions to the work developed in this thesis on trajec-
tory tracking control in frictional oscillators, as follows:

o This perspective focuses on extending the strategies developed in our work to
study the trajectory tracking control in frictional oscillators with two-mass sys-
tem. A concise discussion is given below on our preliminary work, including the
dynamics of the system and main observations.

If two masses m; and ms are sliding on a belt, connected one to the other with a
linear spring-dashpot, with stiffness k£ > 0 and viscous friction coefficient f > 0,
then the dynamics is given by the following, where each mass is acted upon by a
force control input u;, i = 1, 2.

(@) Gu(t) € O — -k (gy(t) — ga(t)) — ;L (@1 (t) — da(t)) — prg sen(da(t) — us(t)

(b) Ga2(t) € 29—k (gy(t) — qu(t)) — 2L (G2(t) — d1(8)) — p2g sen(da(t) — us(t)),
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with us3 = rw. The pulley-belt dynamics can be considered similarly as in
Chapter 5. The objective is to control the gravity center of masses, while keeping
the states of the masses (¢q1, ¢1) and (g2, §2) bounded. The dynamics are as follows:

(m1 +m2)de(t) € ur(t) + ua(t) — prmag sgn(da(t) — us(t)) — pamag sgn(qga(t) — U:z(t)))

6.1
Knowing that the sum of two maximal monotone operators is maximal mono-
tone (see [14, Corollary 24.4]), a set-valued term is defined such that F;(—us) 2
pimag sgn(ga(t) — ug) + pomag sgn(ga(t) — uz). Thus, an analogy is established
between the dynamics of the gravity center of mass in (6.1) and the dynamics
of frictional oscillator with one mass presented in Chapter 4. Building on this
analogy, the basic idea is to mimic the control strategy developed for the nominal
case in Chapter 4 in order to achieve trajectory tracking for (6.1).

After addressing the trajectory tracking problem in the two-mass systems, an
interesting future research involves extending the results obtained to frictional
oscillators with n-masses (n-mass systems). This may be related to the control
of the Burridge-Knopoff contact model [66].

Oscillators with rocking blocks and stacked blocks as shown in Figure 6.1 present
a natural extension of frictional oscillators. It is interesting to study trajectory
tracking control in these systems due to their significant applications in seismol-
ogy and mechanical engineering [152, 73].

Q O

() (b)

Figure 6.1: Frictional oscillators with (a) rocking block, (b) stacked blocks.
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Appendix A

Useful Mathematical Results

A.1 Transformation of BMI to an LMI

The inequalities in (2.7) and (2.56) are bilinear matrix inequalities(BMIs). In order to
solve these inequalities, the BMI must be reformulated to an LMI (following a classical
technique, e.g., [136, Example 5.5 p.136]). First, the left-hand and the right-hand sides

of (2.7) are multiplied by (%2 ?) where Q 2 P!, and let N 2 KQ. Tt follows that

(A.1)

QAT+ AQ+NTET+EN+e¢QQ B+EG—-QCT —NTFT -0
BT +G'ET -CQ—~FN -D—-FG—-(D+FG)" )"

This LMI is a feasible problem and it is solved in the new variables Q = Q7 = 0, G,
and N where K = NQ .

A.2 Uniform and Ultimate Boundedness

The following Lyapunov-like theorem is for showing uniform boundedness and ultimate
boundedness.

Theorem A.2.1. [87, Theorem 4.18] Let D C IR" be a domain that contains the origin
and V :]0,00) X D — IR be a continuously differentiable function such that

ar([lz]]) < V(z) < ax(llz])
ov. oV ox
AT g >
A S < Wiw), Vel 2 > 0
for allt > 0, for all x € D, where oy and oy are class K functions and W5(-) is a
continuous positive definite function. Take r > 0 such that B, C D and suppose that,

p< ay(on(r))

Then, there exists a class KL function  and for every initial state x(to), satisfying
|z(to)]| < a3'(ayi(r)), there exists T > 0 (dependent on x(to) and p) such that the
solution satisfies

lz@®)] < a7 (az(r), Vt=to+T (A.2)
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Chapter A. Useful Mathematical Results

Moreover, if D = IR™ and ay belongs to class K, then (A.2) holds for any initial state
x(to), with no restrictions on how large p is.

A.3 Conditions for Positive (Semi) Definiteness

Lemma A.3.1. [17, Proposition 8.2.4] Consider the matriz M = <5§2T g) Assume

that Q = Q" and R = R". Then M 3= 0 if and only if:
1. R>0,
2. SRRR=S5 < Im(ST) C Im(R),
8. Q= SRST.

The equivalence in item 2 follows from [17, Remark after Fact 6.4.5]. The next lemma
provides some necessary conditions for item 3 to hold.

Lemma A.3.2. Assume that Q = QT =0 and R=R" = 0. Then Q = SR'S":
1. = Im(Q) 2D Im(SR'ST) «= Im(Q) D Im(S).

2. = N(Q) > N(SRIST) for all i € {1,...,n}, and tr(Q) > tr(SR'ST) and
det(Q) > det(SRIST) > 0.

Proof. 1. From [18, Fact 7.17.24], there exists matrices L such that Q = LL" and
N such that SRTST = NN, since R is symmetric [17, Proposition 6.1.6]. From
[18, Theorem 10.6.1] it follows that LL" %= NNT = Im(N) C Im(L). Using [17,
Theorem 2.4.3] we have that Im(N) = Im(NN") and Im(L) = Im(LL"). The
first implication is proved. Using [17, Lemma 2.4.1] we have Im(SRTST) C Im(S).
The second implication is proved.

2. From [18, Theorem 10.4.9, Corollary 10.4.10].
O

Notice that A\;(SRTST) = N\;(NNT) = 02(N) (because R' 3= 0), and similarly );(Q) =
0?(L). The matrix inequality in Lemma A.3.1 item 3 can therefore be transformed into
a singular values inequality, provided the matrices N and L are computed (Cholesky de-
composition [18, Fact 10.10.42], or the Gram matrix decomposition [18, Fact 10.10.41]
can be chosen).

An interesting result follows from [18, Theorem 10.6.2] and the same reasoning as in
the proof of Lemma A.3.2 item 1: there exists a > 0 such that aQ = SR'ST <=
Im(Q) 2 Im(SR'ST). A first step may be to check the ranges inclusion, then to
calculate an o > 0, following the reasoning in the proof of [18, Theorem 10.6.2):
compute the matrices N and L, compute the matrix T such that N = LT, and compute
@ = Amax(TTT). If « < 1 then Lemma A.3.1 item 3 holds true. Following the proof of

[18, Theorem 10.6.2], T" can be calculated.
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A.3. Conditions for Positive (Semi) Definiteness

Let us provide an excerpt of [51, Theorem 2.11|, and a corollary of it. Let us recall
that for a given M € IR™*", || M||22 is the induced matricial norm such that |[M][22 =
Omax(M) (the largest singular value) [17, Proposition 9.4.9], it is a submultiplicative
norm [17, Corollary 9.4.12].

Theorem A.3.3. [51] Let M € IR™™" be a positive definite matriz. Then every matriz

Ae{Aec R H(W)_l

[|M — Alf22 < 1}
2,2

1s positive definite.

Corollary A.3.4. [2/] Let D = P + N, where D, P and N are n X n real matrices,
and P = 0, not necessarily symmetric. If

1

| (2207
D) 2,2

[[N]|22 <

then D = 0.

Fact A.3.5. [67] Let R™™ > M = M" =0, x € R™, ¢ € R™ and K C R™ be a
closed nonempty convex set. Then:

M(x —q) € —Nxk(z) & x = proj[K;q| & r = argmin ;(z — q)TM(z —q), (A.3)
zeK

where proj,; is the orthogonal projection in the metric defined by M. Moreover such a
T 18 unique.
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Appendix B

Supplementary Mathematical
Developments

B.1 Optimization problem in (1.11) for the example
in section 2.2
In this section, the optimization problem in (1.11) is solved using KKT conditions. In

this case, KKT conditions are necessary and sufficient conditions for the optimal value
because the following optimization problem

z(th) = argminxe,c;(x —z(t7)) Pz — x(t7)).

is convex knowing that P = PT = 0, z(t) and x(t~) € IR. The optimization problem
is solved for the two systems.

B.1.1 Desired system in (2.23)
It is required to find x4(¢") which is the optimal value to minimize the following

fa(xg) = min %(xd —xy)?
s.t. g € Ky

where P=1and Ky = {z4 € R | crg+uga(t™) >0} = {xg € R| — cxqg—ug; <0} .
Let us write the Lagrangian function of the minimization problem

£war ) = Glwa =7 = p(—cwa — ul)
where p is the lagrangian multiplier. Let us state KK'T conditions to be satisfied:
%zﬂ@xd—x;qLcu:O(:)md:mg—cM

p(—cxa —uzq) = 0 & p(cp — crg —uzy) =0

p<0

—crg—ugy; <0& Au—cry —uzy <0

164



B.1. Optimization problem in (1.11) for the example in section 2.2

KKT conditions are written in the form of a LCP:
0< —pl —cu+cry +ujy>0
The LCP(c?, cz; + ug;) has a unique solution defined by:

0 if cxy +ugy >0
_M —
—1z7 — Suj, if cxy +ugy; <0
Let us substitute the values of the solution in the KKT condition g—fd = 0 to calculate
4 as follows:
i if cxy +ugy >0
—Lug, if ey +u3; <0

B.1.2 Closed-loop system in (2.25)

It is required to find the optimal value z(¢1) in order to minimize the following

f(z) =min 3 (z — z7)?

st. r €K

where K = {z € R | (¢ + k3)x — kszq(tt) + uga(t™) > 0} ={z € R | — (c+ k3)z +
ksxq(tT) — ugq(t™) < 0}. Let us write the Lagrangian function

1
Lz, p) = 5(gz: —z7) —pu (—(c + ks)x + ks — u;d)

The necessary and sufficient conditions to be satisfied are the following:

YL —0or—a +pulct+ky) =0a=a —p(c+k;)

U (—(c + k3)z + ksx) — ugd) =0&p (—(c + k3)a™ + p(c+ k3)? + kax) — u2+d> =0

n<0

—(c+k3)r+ ksx) —udy; <0 —(c+ks)a™ + plc+k3)? + kszj —ugy =0
KKT conditions are written in the form of a LCP as:

0< —pu L —(c+ks)’u+(c+ks)x™ —ksw] +ujy>0
The LCP((C + k3)?, (c+ k3)x™ — ksz) + u;rd) has a unique solution defined by:

0 it (c+k3)z™ — ksz) +ujy >0
H _mx‘ + (cf,%)ﬂZ{ - (C+}€3)2u2+d if (c+ ks)o™ — ksw) +ud; <0
Let us substitute the values of the solution in the KKT condition % = 0 to calculate
x as follows:
x~ if (c+ks)x™ — kszj +ugy >0
v kaz T —ul .
— e if (c+ks)x™ — ksxy +ugy <0

165



Chapter B. Supplementary Mathematical Developments

B.2 Proof of the DI in (2.16)

Let us remind the transformation of an LCP into a differential inclusion of the first-
order sweeping process (FOSwP) with perturbation type, as proposed in [37, 22, 38].
It is assumed that the constraint qualification stated after (2.16) holds true. Recall the
closed-loop system in (2.3) with D = 0 and G = 0 as follows:

{ i(t) = (A4 EK)x(t) + BA(t) — EKx4(t) + FBug(t)

0 < A(t) L w(t) = (C + FK)a(t) — FKza(t) + Fua(t) > 0 (B.2)

As a result of convex analysis, the linear complementarity problem (LCP) is written
in the form of a differential inclusion DI as follows:

OﬁwL)\zO(:)wE—NRT(A)@)\G—NRT@U)
By applying this property to the LCP in (B.2), then

A(t) € —=Nm (C+ FE)a(t) = FKg(t) + Fug(t)) < M) € =N ((C + FK)a(t))

where S(t) = {v € R | v— FKux4(t) + Fug(t) € JRT} Given that the quadruple of

the closed-loop system (A+EK, B, C+FK,0) is strictly passive, then PB = (C+FK)"
for some P = P = 0. The closed-loop system in (B.2) is written as DI:

&€ (A+ EK)z(t) — BNgw (C+ FK)xz(t)) — EKxzq(t) + Eug(t) (B.3)

Let R? = P such that R = R" = 0 and ¢ = Rz, then the DI in (B.3) is written as:

((t) = Ri(t) € R(A+EK)R™'((t)— RBNy ((O + FK)R‘lg'(t))—REde(t)JrREud(t)
(B.4)
But
RB=R'PB=R'C+FK)"

By using the following property from the convex analysis (the chain rule):
M Ny (Mz) = Ny (@)
where ¢(t) = {z | Mz € S(t)}. Then,
R™(C+ FE) Wi ((C+ FE)RTC(E)) = Ny (C(1))

where ¢(t) = {Rz | (C+ FK)z(t) € S(t)}. Thus, the differential inclusion DI in (B.4)
is written as follows:

¢ € R(A+ EK)R™'C(1) + R(~EKa(t) + Eua(t) — Ny (1)
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Appendix C

Numerical Simulations and
Computations

C.1 Numerical Simulations with SICONOS

SICONOS is an open-source software that aims to provide objects and functions for
modeling and simulating Non-smooth Dynamical Systems (NSDS). Dynamical sys-
tems with non-smooth time evolution are called NSDS and they have a large field of
applications such as mechanical systems, electrical circuits, and robotics. The user
can build simulations with SICONOS using C, , programs or Python scripts. The two
main points of any SICONOS simulation is to build the Model that describes the NSDS
and then to define the simulation strategy to be used in order to simulate it during
a given period of time. Thus, a good understanding of the structure of SICONOS is
necessary to build and simulate a non-smooth problem. In the following, a concise
description is provided about the main steps required to model and simulate LCS in
(1.1), as performed in this thesis.

C.1.1 Modelling

Consider the LCS in (1.1), then the first step is to define the Model. Our system is
defined by a class inherited from the DynamicalSystem class, represented as follows:

FirstOrderLinearTIDS. This class describes the first order linear time-invariant
dynamical system as:

Mi(t) = Ax(t) +b+r

with M is n x n for n—dimensional system, b is the exogeneous input and r is the input
due to the non-smooth behaviour. The matrix M is considered an identity matrix by
default.

The simulations of the electrical circuits, the unilateral network, and the mechanical
frictional oscillator with Coulomb friction fit in this formalism in Chapter 3 and sections
4.4.3 and 4.5.3 in Chapter 4. The corresponding part of the code:
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Chapter C. Numerical Simulations and Computations

class my_dynamics(sk.FirstOrderLinearTIDS ):

ndof = # number of states

x0 = np.zeros (ndof) #the initial state

A = np.zeros ((ndof, ndof)) #initialize the matriz A
b0 = np.zeros(ndof) #initialize the vector b0

def __init  (self):

super ().__init__ (self.x0, self.A, self.b0)
# A is empty and will be updated at each time step with a call to computeA.
def computeA (self, time):

# Define the matriz A here

def computeb(self, time):
# Define b éEud in this function

It is important to note that the vector r defines the non-smooth relation in the dynam-
ical system which corresponds to B in our LCS and is defined later in the relation.

The numerical simulation implemented for the Stribeck effect in section 4.6 uses a
different class for modeling which is defined as:

FirstOrderNonLinearDS. This class describes the nonlinear first order dynamical
system as:

Mi(t) = f(t,x(t),z) +r

where f(t,x,z) is the smooth vector field and z € IR’ is a set of discrete states, and
it is taken to be zero in our work. To simulate this type of system, the Jacobian
V. f(t,z,z) must be provided explicitly in the code. More information is given in the
documentation ' about modeling NSDS under the class DynamicalSystem in SICONOS.

The second part for modeling in SICONOS is the interaction. The object Interaction
describes the link between dynamical systems and it is composed of the Relation and
the NonSmoothLaw which will be illustrated below. The class Relation is introduced
to define the mapping between these local variables. In this thesis, we mainly used the
following class:

FirstOrderLinearR. First order linear and time invariant relations:

y=C(t,z)x + D(t, 2)\ + e(t)
r= B(t, z)\

where C, D and B represent the same matrices as in the LCS (1.1). The vector e is
considered as the exogeneous input to the signal F'ug.

1https ://nonsmooth.gricad-pages.univ-grenoble-alpes.fr/siconos/users_guide/dynamical_systems.html
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class my_relation(sk.FirstOrderLinearR):
# There is a function defined called compute KO0GO()
#that solves the LMI and returns
#the wvalues of the control gains K _0 and G_0
def __init  (self, K 0, G 0):
# Initialize operators
= np.zeros ((, )) # Define dimensions for C

np.zeros ((, )) # Define dimensions for D

C
D
B = np.zeros((, )) # Define dimensions for B

e np.zeros (()) # Define dimensions for e

# Initialize relation with operators
super (my_relation, self).__init__ (C, B)

# Set pointers for D and e
self .setDPtr (D)
self.setePtr(e)

def computeC(self, time, z, C):
# Define matriz C here

def computeB(self, time, z, B):
# Define matriz B here

def computeD (self, time, z, D):
# Define matriz D here

def computee(self, time, z, e):
# Define Fugq here

#Define the output y due to the non—smooth behaviour
def computeh(self, time, x, 11, z, y):
self .computeC (time, z, self.C())
np.matmul(self.C(), x, y)
self .computeD (time, z, self.D())
self .computee (time, z, self.e())
11

y[...] += np.matmul(self .D(), ) + self.e()

#Define the input r due to the mon—smooth behaviour
def computeg(self, time, 11, z, r):
self .computeB (time, z, self.B())

r[...] += np.matmul(self .B(), 11

)

For the simulation of frictional oscillator in the presence on Stribeck effect in section
4.6, another relation is used:

FirstOrderNonLinearR. This is the standard first order nonlinear relation:

y=h(tz, A\ z2)
/r. - g(t’ A?'x’ Z)

In this case, the functions h and g and their jacobians according to x and A (i.e.,
V.h, Vih, V.g and V,g are explicitly defined with some plug-in functions. More
information about the class Relations is given in the documentation ? for SICONOS.

In the final step of modeling, it is required to define your non-smooth law which
describes the mapping between y and A. In our simulation, the non-smooth law is
defined by the complementarity problem in (1.1)(b). In SICONOS, it is defined by the
class:

2https ://nonsmooth.gricad-pages.univ-grenoble-alpes.fr/siconos/users_guide/relations.html
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ComplementarityConditionNSL. It is a class which models the following comple-
mentarity conditions:
0<yLA>0

The corresponding code is given by

# Create interactions
relation = ex.my_relation(K_0, G_0)

# Declare a nonsmooth law.

# Its size must match the size of the system,

# defining the constraints

# i.e., the length of y and lambda vectors of the relation.
nslaw sk . ComplementarityConditionNSL (2)

inter sk.Interaction (nslaw, relation)

C.1.2 Integration of the Dynamics

In this section, the Moreau-Jean’s time stepping scheme used to integrate the dynamics
over a time-step is presented. This method involves the time-discretization of the entire
system including the dynamics, the relations, and the non-smooth law. The integration
of the ODE of the first order nonlinear system over the interval [ty t;y1] results in:

tet1 tet1 tet1
/ Tdt = / f(t,x, 2)dt + rdt

ti tg ty

The left-hand side is equivalent to z;.1 — x; and the terms in the right-hand side are
approximated using #-method, specifically implicit Euler method, as follows:

ftt,f+1 f(t,z,z)dt =~ hOf(titr, Tos1, 2) + (1 — 0) f(ty, xx, 2)
~ hO fr1 + (1 —0) fi

where 0 € [0, 1], and the other approximation is

te+1
/ rdt = hryq

ti

This discretization scheme is applied directly to the ODE presented in the LCS in (1.1)
and gives the following:

Ty — o = hOAxp + hA(1 — )z + hBXNg1 + hEOug 1 + hE(1 — 0)uy
Assume that W £ (1 — hA#) which is invertible, then
Tpp1 = T + WW T Az + AW By + hEW ! (Qugyy + (1 — 0)uy)
The non-smooth law is discretized as follows:
0<Yrt1 L A1 =20

which is equivalent to
0 S M)\k—i-l + dk+1 1 )‘k+l > 0 (Cl)
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C.2. Numerical computation of state-jump times

The LCP in (1.1)(b) approximated according to this time-stepping scheme as:
0 < Cxpy1+ DApy1 + Fuger L Ay >0
which fits with the LCP given by (C.1) after substituting xj; obtained before with

M =hCW™B+ D
qr+1 = CW71(1 -+ hA)l‘k + hEW—1C (0uk+1 + (1 — Q)Uk) + FukH

C.2 Numerical computation of state-jump times in
(3.25)

Let us check numerically that the state jumps and the state-jump times are independent
of the matrix solution of the passivity LMI, as predicted by theoretical arguments [43,
37, 75]. It is also shown in [75] that the event-capturing time-stepping Moreau-Jean
scheme that is implemented in the SICONOS software package, does approximate this
state-jump rule. Hence the numerical results obtained from SICONOS can be taken as
the correct state-jump times when the chosen time-step is small enough.

For the desired system:

Knowing that at the time of discontinuity ¢ = 1, the values of the desired state from
simulation in Figure 3.18 at t = 1~ is given by the numerical solver SICONOS as follows:

3.4615397
—1.832126
0.238885
2.91881

[L‘d(l_) =

In order to calculate the values of the states at ¢ = 17, the optimization problem in
(1.11) is solved using MOSEK solver with P = P, which is the solution of the LMI for
the passivity of the desired system in (1.8). We solved the optimization problem for
different values of the solution Py, (i.e., the solution P, is not unique). The results is
obtained below:
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Values of Py

Values of z4(17)

3.4615397
—1.832121
Py = 10
1.2165869 1.1915869 0 —1.1915867 2.91881
1.1915869 1.2165866 0 —1.191587 ’
0 0 0.02499 0
—1.1915867 —1.191587 0 1.2165868
3.4615397
—1.832126
Py = 10
0.9388826  0.9138827 0 —0.9138835 2.91881
0.9138827  0.9388826 0 —0.9138835 ’
0 0 0.024999 0
0.9138835 —0.9138835

0 0.9388818

0.016668
—0.008336
Py3 = 0

0.008332

—0.008336 0 0.008332
0.016673 0 0.008336
0 0.025 0
0.008336 0 0.016668

3.4615397
—1.832126
10

2.91881

It is noteworthy that the different values P;;, Py and Pj3 comes from solving the
BMI in (1.8), after being transformed into LMI as in Appendix A.1, using MOSEK,
CVXOPT and SCs solvers respectively. The numerical solver SICONOS computes the

jump automatically and gives x4(17)

as well as x4(17) =

3.499868

—1.798264
10
2.932387
3.466
—1.834

2.92

For the closed-loop system:

when the time step A = 0.001

10 when the time step h = 0.00001.

At the time of discontinuity ¢ = 1, the value of the closed-loop state is given by:

3.391813
—2.0267
0.723447
3.42975

z(17) =

The value of the state jump is the solution of the optimization problem in (1.11). The
table below shows the values of (1) for different value of the storage function matrix

P being the solution of BMI in (4.10) for strict passivity.
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Values of P Values of z(17)
0.029 0.001 —0.006 —0.004 3.397125
b ( 0.001 0033 0016  0.001 ) (2.0267)
—0.006 0.016 0032  0.01 9.9417
~0.004 0001 001  0.0304 3.431
3.3952
—2.0269
P2 = ( 9.9415 )
0.04589  0.006245  —0.005963 —0.006264 '
0.006245  0.03969  0.015618  —0.001698 3.431
~0.005963 0.015618  0.032439  0.009719
—0.006264 —0.001698  0.009719  0.034227
0.03844  0.00339 —0.00596 —0.00489 3.3958
Py ( 0.00399  0.03742  0.01562 0 ) (—2.0268)
—0.005963 0.015618  0.032439  0.009719 9.9415
—0.00489 0 0.009719  0.03262 3.431

The numerical solver SICONOS computes the jump automatically and gives z(17) =

3.4299 3.3986
9.9262 when the time step h = 0.001 as well as z(11) = 9.03 when the time
3.4462 3.4233

step h = 0.00001.

According to the results shown above, the value of the jump in the desired state and
closed-loop state x4 and x respectively given by SICONOS converges to the value of
the jump which is the solution of the optimization problem in (1.11) as the time step
h — 0 [75, Definition 8].
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Appendix D

Electrical Circuits’ Dynamics

Let us recall some useful mathematical relations between the voltage V' and the current
i of the electrical components R, C and L as follows:

o For the resistor, let us recall Ohm’s Law: Vg = Rig where R is the resistance of
the resistor.

« For the capacitor, we have the relations: Q¢ = CVc where C is the capacitance
and Q¢ is the charge on the capacitor and Q¢ = ic

o For the inductor, the relation is Vg, = L‘% where L is the inductance of the
inductor.

Circuit in Figure 3.1

Recall that the state x; is the charge on the capacitor and the state x5 is the current
passing through the inductor. By applying KVL (Kirchhoff’s Voltage Law) we can
write the following equations:

T _ ) 1 U
—u+VC—VL:O<:>—u+61—L$220@”52:%551_5

—VC—VR+w:0<:>—%—R)\+w:0<:>w:%JrR)\

Let us apply KCL (Kirchhoff’s Current Law) at the point of connection between the
capacitor C and the voltage source u, then:

lctHip=IRES L1+ Ta=AES 1= —29+ A

The equations derived, along with the complementarity relation (i.e., 0 < A L w > 0),
are consistent with the LCS in (3.1).
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Circuit in Figure 3.7

Recall that the state xy is the charge on the capacitor and the state x5 is the current
passing through the inductor. By applying KVL for the lower loop of the circuit, then:

VR = VL + U9
Now, let us apply KVL for the upper loop of the circuit, then:

U+ Ve A+Ve=0 sy +Ve—2A+VL,+uy =0

(:)L:tgz—%+)\—u1—u2
By applying KCL at any node, then:
i = ip + i1, & d SAR S
ic=1 { T =-S5~ +Ta+ = — =
T RTIL A RC "R R

Given from the circuit that ¢ = w, then we can have the equation of the complemen-
taity variable. Thus, the dynamics of the LCS in (3.7) are recovered.

Circuit in Figure 3.12

Recall that the states x1, xo, x3 and x4 are the voltages across the capacitors Cq, Cs,
C; and Cy4 respectively, and that C; = C, = C3 = C, = C.
The current passing through C; is Ci; where Ci; = i3 = A\;. Let us apply KCL on

the node connection the two resistors R and Cy, then:
. W
11 :l4+ZR<:>/\1 :C$4+§R

Given that: Vg = x; + a2 + x3 by applying KVL on the second (i.e., right-handed)
loop, hence:

Now, let us apply KCL on the node that connects between C;, C,, and Cy, then:
i4:i1+ig<=>05t4:)\1+0i2
By substituting the dynamics of x4, the dynamics of x5 is written as:

—Xy — X3 — T4

Ciy = R

Let us apply KCL again on the node connecting C,, Cj3, and the second diode, the
dynamics of x3 are obtained as follows:

—Ty — T3 — T4

R

i2+/\2:i3<=>05t3: +/\2
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For the LCP, the capacitor Cjs is connected in parallel with the second diode, hence
We = T3
By applying KVL on the first (i.e., left-handed) loop, thus:
VR—u—w+Ve, + Ve, =05 w =R\ —u+21+ 24

The dynamics derived, along with the complementarity equations which satisfy 0 <
AL w >0, allows us to write the LCS in (3.16).

Circuit in Figure 3.19

Recall that z; is the current passing through the inductor L, x5 is the voltage across the

capacitor Cy, x3 is the voltage across the capacitor Cy, A(t) 2 (ipri, iDR1, —VDF2, iDR2)

A .
and w(t) = (—vpr1, —VpR1, iDF2, —VUDR2)

By applying KVL in the LC loop, we have: Ve, = Vi, then x93 = Lz;. Given that
IR = ‘%’“ = &, let us apply KCL at the node connecting Dr,, Dg, and the output load,

then: )
. . . ) . 3
iDp, T iDp, =R tic, © Cots3 =AM + Xy — R

Another KCL is applied at the node connecting Dp,, Dg, with the output load, hence:

iDR2+iDF2 :iR+iCQ<:)w3—|—)\4:)\1—|—)\2

In order to derive the dynamics of x9, let us apply KCL at the node connecting Dp,,
Dpg, and the input load, then:

iDRl = Z‘DF2 + 1, + icl = Cli’g = —x; — w3+ )\2 = Cl.l"g = - — )\1 + )\4

If we apply KVL in the loop of Dp,, D, and Csy, then: wy = x3 — A3. Another KVL
in the loop of Cyq, u, Dp,, and Dp,, the following is derived:

Vo,+w —we+u=0&w =—23+23— A3 —u

For the equation of wy, let us apply KVL in the loop of Dp,, Dg,, and Cs, then:
Wy = )\3 + 29 + u.

From the dynamics derived above, and the equations of the complementarity variables
that satisfy 0 < A L w > 0, the LCS in (3.30) is obtained.
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