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CHAPTER 1

Introduction

This manuscript presents an overview of the work I have conducted and (co-)directed since com-
pleting my PhD in September 2015 and my arrival at LadHyX as a CNRS Researcher in October
2018. This research focuses on the collective effects, instabilities and transport phenomena that
occur between immersed objects at the microscopic scale. To this end, I use a combination of
mathematical modeling, numerical simulations, theoretical analysis and collaborate closely with
experimentalists.

Regarding the modeling part, my approach is to develop mathematical and numerical meth-
ods to simulate the dynamics of suspensions, out-of-equilibrium systems, and more generally,
interactions between immersed objects at low Reynolds numbers. My methodological objective
is to produce tools that are sufficiently efficient to reach the macroscopic scale of a suspension,
while maintaining a detailed description of the couplings (hydrodynamic, elastic, chemical, etc.)
at the particle scale, whatever its shape, activity or mechanical properties (see Fig. 1.1).

I have employed these tools to investigate a range of phenomena including instabilities,
wave propagation, and self-assembly in driven suspensions; locomotion in biological systems;
the dynamics and sorting of elastic fibers in structured media; the motion of self-diffusiophoretic
particles; or the rheology of Brownian suspensions. My work is driven by close collaborations
with experimentalists and theoreticians. It lies at the interface between applied mathematics,
fluid dynamics and soft matter. It is nourished by interactions with researchers in these different
fields, with the constant aim of optimizing the resulting numerical methods and extending their
fields of application to solve fundamental physical questions and application-oriented problems.

This document is structured around two principal axes. The first concerns the development
of numerical methods for modeling complex suspensions, which is the focus of Part I. The second
examines the physical phenomena that emerge in these systems and their potential applications,
as described in Part II. Part I contains two chapters and Part II is divided into three chapters.
The last section of each chapter is dedicated to some open questions that are either the focus of
my ongoing research or that I would like to develop in the future.

The first chapter of Part I, Chapter 1, introduces the equations that govern the motion of
complex suspensions at low Reynolds numbers and describes the associated modeling challenges.
Complexity is introduced at multiple levels: in the shape of the particles, in the fluid through
thermal fluctuations, in the motion of the particles with kinematic constraints or with additional
couplings such as chemical interactions.

Chapter 2 outlines the methods I have co-developed to model such systems and to account
for these complexities in large-scale simulations. The majority of these methods are based on the
rigid multiblob framework which I (co-)developed during my stay at the Courant Institute. The
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Figure 1.1: Graphical abstract of this HDR thesis. The macroscopic properties (stability, collective
motion, transport properties, rheology,...) of complex suspensions are contingent upon fluid-structure
interactions occurring at the scale of the constituents and dependent on their nature. Sources: iNaturalist
(2017) (diatom), Rojas-Pérez et al. (2021) (reactive particle), Bourrianne et al. (2022) (colloid), Bielinski
et al. (2024) (fibers), Driscoll et al. (2016) (magnetic particles).
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work presented in this Chapter results from collaborations with applied mathematicians: Eric
Keaveny (Maths Dept., Imperial College), Aleks Donev! (Courant Institute, NYU), Florencio
Balboa-Usabiaga (Basque Center for Applied Mathematics) and Sébastien Michelin (LadHyX),
with whom I co-supervised a PhD student (Francisco Rojas-Perez). The resulting codes are
open source, publicly available and user-friendly with the aim of reaching a large community of
developers and users.

The second part of the manuscript, referred to as Part II, focuses on collective effects and
transport properties in systems where fluid-structure interactions play a major role. The three
chapters it contains each represent a different project and are listed in order of completion.

The first system, described in Chapter 3, consists of colloidal torque-driven particles, called
microrollers. In this system, strong hydrodynamic coupling between the particles gives rise to
the formation of fast-moving layers, transverse instabilities and the self-assembly of stable motile
structures. These phenomena are of fundamental interest to physicists and mathematicians, as
well as having considerable potential for microfluidic and biomedical applications. This work
was initiated during my post-doctoral stay at NYU from 2015 to 2018. It was conducted in
collaboration with Aleks Donev on the modeling aspect and with Michelle Driscoll (Assist. Prof.
Northwestern University) and Paul Chaikin (Professor, NYU) on the experimental aspect. To
further investigate the potential of microrollers, Michelle Driscoll and I co-authored and secured

! A beloved friend who sadly passed away in 2023.



an NSF grant entitled "Magnetic microrollers as a platform for active transport" (Grant PMP-
1706562), for which we were co-Pls from 2017 to 2021. I was personally responsible for the
theoretical and modeling aspects of the project. Following the conclusion of the project, I have
continued my collaboration with Michelle Driscoll to work on the trapping of microroller by
obstacles. I have also investigated their collective dynamics near fluid-fluid interfaces separately.

Chapter 4 focuses on the motion of flexible fibers immersed in a viscous medium structured
with obstacles. Despite the broad range of potential applications that it represents in biological,
industrial and environmental processes, the transport of elastic fibers in structured media has
received very little attention thus far. In this Chapter, we combine numerical simulations and
laboratory experiments in order to identify the important mechanisms of fiber migration and
trapping in structured environments. The goal is to use this fundamental knowledge to design
efficient fiber sorting strategies that could be used for filtration, environmental assessments or
biological diagnostics. In order to achieve these objectives, two different fields driving the fiber
motion are considered: gravity in a quiescent fluid and pressure-driven flows in microfluidic chips.
The sorting strategies based on sedimentation has recently been patented. The experimental
part of the sedimentation project was conducted at LadHyX in collaboration with Camille
Duprat (Professor, Ecole Polytechnique), and the pressure-driven experiments are carried out
at PMMH by Zhibo Li (PhD student) in collaboration with Anke Lindner (Professor U. Paris)
and Olivia du Roure (Directrice de Recherche CNRS, PMMH). Numerical simulations were
conducted by Ursy Makanga, a PhD student that I co-supervised with C. Duprat, Clément
Bielinski, a post-doc working with me, and myself. This research is funded by my early-career
grant (ANR-Jeune Chercheur) entitled "TransClog: Fiber Transport and Clogging in Structured
Media" (ANR-20-CE30-0006) from 2020 to 2024.

Finally, Chapter 5 is an exploratory, and preliminary, study on the intriguing movement of
Bacillaria Pazillifer, a diatom that can be found in freshwater and marine environments. This
species in particular forms colonies of stacked rectangular cells that slide along each other while
remaining parallel. The sliding motion between the cells appears to be somehow coordinated,
allowing the structure to expand or contract in many different ways. This intriguing coordinated
motion leads to beautiful and nontrivial conformations and trajectories at the scale of the colony.
The variety of deformation sequences, their purpose, their mechanical origin, and the underly-
ing fluid mechanics are not yet understood. Using numerical simulations, Chapter 5 proposes
to address these questions with a simple toy model and through preliminary comparisons with
experimental data. This work has been started in collaboration with Gabriel Amselem (Assist.
Prof. Ecole Polytechnique), who is in charge of the experimental part, and will be continued
with Julien Le Dreff, who is finishing his Master internship and will start his PhD with me in
October 2024.

For the sake of brevity and coherence?, I have omitted other works completed during the
2015-2024 period. One study combines experiments, simulations and theory to investigate the
collective sedimentation of a monolayer of colloidal particles above an incline (Sprinkle et al.,
2021). We found that collective sedimentation leads to the creation of a universal "triangular”
inhomogeneous density profile, with a traveling density shock at the leading front moving in the

In my view, the concept of "coherence" in research is more a stylistic exercise than a reflection of reality :-)
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downhill direction. our theory shows that a simple Burgers equation reproduces this density
profile without fitting parameters. The other work addresses the deformation of flexible fibers
in sustained homogeneous isotropic turbulence (Sulaiman et al., 2019). Through numerical
simulations, we analyzed the deformation statistics of the fiber and identified two regimes based
on the ratio of fiber length to persistence length, which represents the ratio of turbulent forcing
to flexibility. The numerical results align with existing experimental data (Brouzet et al., 2014).
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Numerical modeling of complex
suspensions






CHAPTER 2
(Governing equations and modeling
challenges

Contents
2.1 Governing equations for the hydrodynamic problem ... .. ...... 7
2.1.1 The mobility problem . . . . .. ... ... L oo 9
2.2  Accounting for thermal fluctuations ... ... ... ............ 9
2.3 (Partially) constrained kinematics . ... ... ... ... ... 0. 11
2.4 Governing equations for chemical interactions . . ... ... ... .... 13

This Chapter introduces the equations that govern the motion of compler suspensions in
viscous flows. Complezity is introduced at multiple levels of the system: in the shape of the
particles, in the fluid through thermal fluctuations, in the motion of the particles with kinematic
constraints or with additional couplings such as chemical interactions. We first introduce the
governing equations of the hydrodynamic problem and then extend them to include thermal fluc-
tuations. We then explain how the equations of motion are modified in the presence of kinematic
constraints. Finally, we derive the governing equations for the chemical, phoretic, couplings be-
tween the suspended particles. At each step, we briefly discuss the main modeling challenges that
will be addressed in the next Chapter.

2.1 Governing equations for the hydrodynamic problem

Let {B, 110\4:1 be a set of M bodies immersed in a Stokes flow. The configuration of each body
p is described by the location of a tracking point, g, and its orientation represented by the
unit quaternion @), or in compact notation x, = {q,,0,}. The linear and angular velocities
of the tracking point are u, and w,. The external force and torque applied to a rigid body
are f, and 7,. We will use the concise notation U, = {uy,w,} and F}, = {f,,7,} as well,
while unscripted vectors will refer to the composite vector formed by the variables of all the
bodies, e.g. U = {Up}éwzl. These bodies can have an active surface velocity us, also called
swimming gait, due to surface activity or prescribed deformations, such as phoresis (Anderson,
1989; Golestanian et al., 2007) or ciliary motion (Blake, 1971a). The velocity and pressure, v
and p, of the fluid with viscosity n are governed by the Stokes equations (Kim & Karrila, 1991)

—Vp+nV3v =0, (2.1)
2)

2.
V.v=0, (2.
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while at the bodies surface the fluid obeys the boundary condition
v(r) = (KU,)(7) + us(r) = up + wp X (r — q,) +us(r) for » € 9B, (2.3)

where we have introduced the geometric operator K that transforms rigid body velocities to
surface velocities. Boundary conditions also apply at the bounding surface of the domain con-
sidered.

Since inertia does not play a role in Stokes flows the conservation of linear and angular
momentum reduces to the balance of force and torque. For every body p the balance between
hydrodynamic and external stresses is given by

/ A(r)dS, = f,, (2.4)
B,

/ (1 —gq,) X A(r)dS, = ), (2.5)
B,

where —A(r) = o - n is the hydrodynamic traction exerted on the bodies by the fluid and
o = —pI + 2n(Vv + VoT) is the fluid stress tensor. The adjoint of the geometric operator K
can be used to write the balance of force and torques for all bodies as

K'A=F. (2.6)

In order to compute the trajectories of the immersed bodies, the equations of motion must
be integrated in time. Some care is necessary to integrate the quaternion equations, therefore
we discuss briefly some of their main properties (Delong et al., 2015; Westwood et al., 2022). A
unit quaternion, @ = [s,p] with s € R and p € R?, represents a rotation around a fixed axis:
the finite rotation given by the vector « has the associated unit quaternion

6 = [cos(v/2), sin(v/2)v/], (2.7)
where v = ||7y||2. Unit quaternions can be combined by the quaternion multiplication
O3 =020, = [s251 — py - P1, S2P1 + 1Py + Py X Py (2.8)

Therefore, 83 represents the rotation obtained by the combination of a rotation ¢ followed by
a rotation @5. This product rule allows to write the kinematic equations of motion as

dg
ditp =Up, (29>
de 1
ditp =3 [0,wp,] 0, =¥ w,. (2.10)
¥, is a 4 x 3 matrix
1 —pT
Ep17:2|:81'_p><]7 (2'11)

where p*y = p x y for any vector y'.
Finally, the rotation matrix associated to the unit quaternion 8 = (s, p) is
1
R=2 {ppT+st+ <82—2> I] ) (2.12)

'In the following of the thesis we will omit the matrix ¥ in the equations of motion to simplify the notation.
A detailed and rigorous version of these equations including ¥ can be found in (Delong et al., 2015)
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2.1.1 The mobility problem

Given the nonhydrodynamic forces and torques acting on the rigid bodies, F', and the active
motion on their surface us, the equations (2.1)-(2.5) can be solved for the bodies velocities U
and the tractions A. Since the Stokes equations are linear we can write the velocity of M rigid
bodies as

U= NF — Nu,, (2.13)

where N = N () is the 6 M x 6 M body mobility matriz that couple the forces and torques acting
on the rigid bodies with their velocities, and N is a linear operator (N . L2(S,R3) — RO6M)2,
where S is the particle surface, which we will call "slip mobility operator”, mapping the surface
motion to the particle velocities. As shown in A(/Swan et al., 2011), which generalizes the work

of Stone and Samuel (Stone & Samuel, 1996), N can be obtained for a single particle using the
Lorentz reciprocal theorem.

Modelling challenges:

Since, in Stokes flows, hydrodynamic interactions among particles decay slowly like the in-
verse of the distance, it is crucial to develop methods that can capture long-ranged hydro-
dynamic effects, while accounting for nontrivial boundary conditions on the particles’ sur-
face and still scale to tens or hundreds of thousands of particles. The Stokesian Dynamics
(Brady & Bossis, 1988) and Boundary Element Methods (Pozrikidis, 1992) have been widely
used to solve the many-body mobility problem in particle suspensions. These methods rely
on Green’s functions for steady Stokes flow to capture the effect of the fluid.

While the Stokesian dynamics framework works well for spherical particles, it has several no-
table technical difficulties: achieving near-linear scaling for many particle systems is techni-
cally challenging, handling nontrivial boundary conditions (bounded systems) is complicated
and has to be done on a case-by-case basis and generalizations to complex particle shapes is
difficult.

On the other hand, the Boundary Element Method suffers from convergence issues at small
interparticle distances, requires special, and highly expensive, techniques to deal with the
singularities distributed on the particle surfaces and is therefore limited to very few particles

in dynamic simulations.

2.2  Accounting for thermal fluctuations

If the suspended particles are small enough, they will also move randomly due to thermal
fluctuations in the surrounding fluid. In the overdamped limit, the effects of Brownian motion
are captured through the inclusion of random velocities, turning the equations of motion into a

2L2(S,R?) is the space of vector-valued functions in R, i.e. u, defined on the manifold S (the particle surface)
whose euclidean norm is square integrable on S, i.e. fs |lus]|3dS < oo. T think this function space is a safe choice
for ws, but it might not be the most appropriate...
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system of stochastic differential equations given by the fluctuating Stokes equations

~Vp+nViu=V.Z, (2.14)
V-v =0, (2.15)

where the right hand side includes the divergence of a stochastic stress tensor Z responsible for
the thermal fluctuations or Brownian motion (Landau & Lifshitz, 1959; Fabritiis et al., 2007).
The stochastic stress tensor is delta correlated in space and time

(Zij(z,1)) =0,
(Zij(a, 1) Zra(a', 1)) = 20kpT (Sixdj1 + 640;x) 6(m — a')3(t — 1), (2.17)

and the correlations magnitude depends on the thermal energy kpT. The operator (-) is an
ensemble average.

The mobility problem formed by (2.14)-(2.15) together with the boundary conditions (2.3)
and force-torque balance (2.4)-(2.5) leads to the (It6) overdamped Langevin equations for the
particle positions and orientations (Hinch, 1975; Noetinger, 1990; Roux, 1992)

U=NF - Nu,+2kgTNY?Z + kgTd, - N, (2.18)

where two additional terms appear on the right hand side.

The first is the random particle velocity increments due thermal agitation given by Uy, =
V2kgTN'Y2Z, with N'/? being the square root of the mobility matrix, and Z is a vector
of independent white noise processes. The dependence on the mobility matrix ensures that the
fluctuation-dissipation theorem is satisfied, a necessary condition for the Boltzmann distribution
to be recovered at equilibrium.

Along with the random velocities, the overdamped equations of motion require the inclusion
of the thermal drift term, kgT 0, - IN, which is the divergence of the mobility matrix with re-
spect to the particle positions and orientations (Ermak & McCammon, 1978). This ensures that
the stochastic differential equation with an Itd interpretation of the stochastic integral yields
dynamics consistent with those of Smoluchowski’s equation for the corresponding probability
distribution. Neglecting this term in Brownian Dynamics simulations, which is sometimes the
case in the literature, leads to erroneous equilibrium particle distributions (Delong et al., 2014;
Delmotte & Keaveny, 2015) and biases the dynamics of out-of-equilibrium systems (Sprinkle
et al., 2017; Leishangthem & Xu, 2024).
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Modelling challenges:

Computing the square root of the mobility matrix N 1/2 with classical linear algebra, such
as Cholesky decomposition, is costly as it scales badly with the particle number O(M?).
Though several methods have been introduced to accelerate the matrix square root compu-
tation (Fixman, 1986; Ando et al., 2012, 2013; Chow & Saad, 2014), the inclusion of Brow-
nian motion has often limited simulations to having very small particle numbers or ignoring
completely hydrodynamic interactions between the particles.

The additional drift term kT 0, - IN requires computing the divergence of the mobility ma-
trix with respect to all the particle positions and orientations, which incurs a high computa-
tional cost and cannot be done analytically for complex particle shapes. This is done most
efficiently using a well-designed time integration scheme that automatically accounts for

the Brownian drift, yielding a numerical solution whose moments converge to the their true
values as the time step size goes to zero. Fixman provides an early example of a midpoint
scheme which, to leading order in the time step size, emits the Brownian drift term as part
of its error expansion (Fixman, 1978; Grassia et al., 1995). This scheme, however, relies on
a resistance formulation, where the dense, long-ranged mobility matrix must be inverted, in-
troducing costly additional linear systems.

In the past decade, significant advances have been made to compute these terms at a nearly
linear computational cost (O(M)) in suspensions of spherical particle (Ando et al., 2012,
2013; Delong et al., 2014; Keaveny, 2014; Delmotte & Keaveny, 2015), but their general-
ization to nonspherical shapes has been lacking, and traditional methods for more complex
shapes, such as the Boundary Element Method (Pozrikidis, 1992) or the Method of Regular-
ized Stokeslet (Cortez, 2001), cannot handle thermal fluctuations.

2.3 (Partially) constrained kinematics

In a variety of scenarios, the movement of certain bodies is either wholly or partially constrained,
while others are free to move. This phenomenon can be observed in systems comprising freely-
flowing particles and immobile obstacles, such as suspensions flowing through porous media or
in microfluidic chips structured by pillar arrays (see Sections 4.6, 5.2 and 5.3). In other cases,
which encompass a diverse array of microscopic systems, small objects are locked by geometric
constraints or connected by rigid bonds with exceedingly short relaxation timescales. Stiff bonds
can be found in polymer chains, freely-jointed molecules (Sacanna et al., 2010; McMullen et al.,
2018) or in molecules with bond angles. They can also be found in the hinges of multilink afticial
microswimmers (Dreyfus et al., 2005; Jang et al., 2015; Liao et al., 2019), in the hook connecting
the flagellum to the cell body of bacteria (Berg & Anderson, 1973; Trachtenberg & Hammel,
1992), or in the form of adhesive forces between sliding cells in diatom colonies (Miiller, 1782;
Kapinga & Gordon, 1992; Gordon, 2016) (see Chapter 6). The use of kinematic constraints
allows for the elimination of these fast degrees of freedom, thereby enabling larger time steps in
numerical simulations.

In the majority of cases, the kinematic constraints mentioned above are holonomic, meaning
that they depend only on the particle positions, orientations (and time ¢) and can be written in
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the form
g(x,t) =0 (2.19)

where x = {qg, 0} is a vector that collects all the particle positions and orientations. Examples
of holonomic, scalar or vectorial, constraints are

e Prescribed position q,(t) of a single body p:
g(z,t) = q, —qy(t) =0, (2.20)
e Prescribed orientation 0y (t) of a single body p:

g(x,t) =6, —0y(t) =0, (2.21)
e Prescribed distance d(t) between body p and body ¢:
1
o(e.t) = L la, — g, — d(1)* =0, (222)

e Prescribed distance d(t) between body p and body ¢ along one specified direction e in the
frame of body p:

g(xz,t) = (qp — qq) -R(0)) - e(t) —d(t) =0, (2.23)
where R(6),) is the rotation matrix to the frame attached to body p, given in Eq. (2.12).

e Ball-and-socket joint between body p and body g¢:
gn(x) = q, + R(ep)Alnp(t) — 44— R(aq)Alnq(t) =0, (2.24)

where Al,,,(t) is the vector from the body p to the hinge n in the body frame of reference.
This vector is then rotated to the laboratory frame of reference by the rotation matrix
R(6,). A constant vector Al,, = c represents a passive link, while Al,, = Al,,(t)
represents an active link. Section 3.2 and Chapter 6 provide examples of particles and
microorganisms modeled with such constraints.

Following the classical framework of Lagrangian mechanics, a Lagrange multiplier is associ-
ated to each kinematic constraint in the equations of motion. In the context of immersed bodies
at low Reynolds number, the inclusion of Lagrange multipliers results in the introduction of
constraint forces F© in the mobility problem (2.13)

U=N(F+F°) - Nu,. (2.25)

In order to model suspensions with kinematic constraints, one has to solve the augmented
mobility problem (2.25) together with the equations of motion (2.9)-(2.10) subject to a diversity
of kinematic constraints (e.g. (2.20)-(2.24)) acting on a portion, or the totality, of the degrees
of freedom in the system. Due to the nonlinearity of the kinematic constraints, this yields a
nonlinear system of equations for the positions, orientations, as well as the constraint forces
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associated with each constraint.

Modelling challenges:

Nonlinearities pose a challenge to integrate the equations of motion (2.9)-(2.10) for large
suspensions (Featherstone, 1987; Schoeller et al., 2021). They require using nonlinear
solvers, usually relying on Newton’s method, where one needs to compute a large and com-
plex inverse Jacobian matrix at each iteration. Until now, this challenging task has limited
numerical studies to small numbers of particles (Shum et al., 2010; Shum & Yeomans, 2017;
Walker et al., 2019) or led to methods restricted to a specific type of constraint (Schoeller
et al., 2021).

2.4 Governing equations for chemical interactions

The individual and collective dynamics of self-propelled phoretic particles have attracted sig-
nificant attention in recent decades (Moran & Posner, 2017; Stark, 2018; Illien et al., 2017;
Dominguez & Popescu, 2022; Zottl & Stark, 2023).

Chemically-active phoretic colloids catalyze surface reactions to modify the concentration
of chemical solutes surrounding them in order to self-propel, a phenomenon known as self-
diffusiophoresis (Fig. 2.1). In doing so, they generate long-ranged hydrodynamic flows and
chemical gradients that modify the trajectories of other particles. As a result, the dynamics of
reactive suspensions is fundamentally governed by hydro-chemical interactions.

Owing to the small particle size (O(1um)) and the magnitude of the phoretic flows on their
surface, the Péclet number characterizing the motion of the solute particles is small enough to
neglect advection and consider only the diffusive part.

Thus, in the fluid domain the concentration of solute ¢ = ¢(r) diffuses according to the
Laplace equation

DV?%c =0, (2.26)

with diffusion coefficient D.

The immersed colloids activate chemical reactions on their surfaces to produce or consume
solute. They are introduced as boundary conditions of the Laplace equation. The boundary
conditions are imposed on the concentration fluxes, i.e. Robin boundary conditions, and to
simplify the mathematical problem we only consider linear boundary conditions. In particular,
we consider sinks that consume solute at a rate proportional to the local concentration, sources
that produce solute at a constant flux or a linear combination of both (Golestanian et al., 2007;
Lu, 1998; Michelin & Lauga, 2014)

dc
D% =Dn-Vc=kc—a on 0B, (2.27)
where n = n(r) is the surface normal on the colloids, kK = k() > 0 the surface reaction rate
and o = a(r) > 0 the surface production flux, both of which can vary over the colloidal surface.
The minus sign in front of the production flux is included for convenience so positive values of «
indicate production of solute. Since the reaction flux is proportional to the local concentration
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Figure 2.1: Self-diffusiophoresis a reactive particle. Left: close-up view of a spherical Janus particle
(Theurkauff et al., 2012). Right: close-up view of the particle surface. A particle with nonuniform
surface chemical activity generates gradients of solute concentration Vc (small red particles). The
interaction force —VU, here attractive, between the solute and the particle surface creates a tangential
pressure gradient Vp which induces a flow in the opposite direction. This flow can be modeled as a
surface slip velocity u, above a diffuse layer of thickness § that is usually much smaller than the particle
size 6 < a. The coeficient of proportionality between the concentration gradient V¢ and slip velocity
us in (2.28) is called the mobility coefficient p. It depends on the interaction potential, fluid viscosity,
temperature, and position on the particle surface : p = f(U, kT, n, 7).

while the concentration diffuses with a finite diffusion coefficient D, this boundary condition
allows to model either diffusive-limited or reaction-limited systems. The balance between diffu-
sion and reaction is characterized by the the Damkohler number, Da = kR/D, which represents
the ratio between the diffusive time over one colloidal radius, R?/D, and the reaction time scale
R/k. Thus, the Damkohler number is large for diffusive-limited systems and small for reaction
limited systems (Bhalla et al., 2013). Additional boundary conditions at the domain boundary,
such as vanishing concentration at infinity, or zero flux at the domain walls, must be included
to close the system.

Due to diffusiophoresis (see Fig. 2.1), the concentration gradients near the colloid surface
lead to a slip velocity (Anderson, 1989; Marbach & Bocquet, 2019)

us =pVic=pu(I —nn") Ve on 0B, (2.28)

where the coefficient of proportionality u = u(r) is the surface mobility and V| the surface
gradient, i.e. the gradient projected to the surface tangent plane.

Modeling reactive suspensions requires solving first the Laplace problem (2.26), with Robin
boundary conditions on the particle surfaces (2.27), in order to determine the concentration
gradients on the particle surfaces Ve, which are then used to compute the active slip (2.28)
which is then added in the boundary conditions of the (fluctuating) Stokes mobility problem
(2.18).
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Modeling challenges:

The Laplace problem bear some similarities with the Stokes problem: interactions are long-
ranged and boundary conditions are non-trivial on the particles’ surface. Solving for the
surface concentration gradients in large collections of (colloidal) reactive particles with ar-
bitrary shapes and non-uniform catalytic surface properties is therefore challenging. Sim-
ilarly to the Stokes problem, the preferred method for such systems is the Boundary Ele-
ment, which does not handle thermal fluctuations and is restricted to very few particles in
dynamic simulations.
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As explained in the previous Chapter the particle shape, hydrodynamic interactions, thermal
fluctuations, constrained kinematics and chemical couplings pose multiple challenges to the mod-
eling of complex particle suspensions. In this Chapter I present the methods I have co-developed
with the aim to overcome these methodological barriers.

First, I present the framework of the rigid multiblob method (RMB), a versatile and efficient
approach that I co-developed to model suspensions of rigid particles with arbitrary shapes. I then
describe my contributions to account for hydrodynamic interactions, thermal fluctuations and
phoretic effects in the RMB, as well as recent efforts to improve the accuracy and scalability of the
method. I also introduce a new approach to handle kinematic constraints in complex suspensions,
and its implementation in the RMB framework. Finally, I briefly present an alternative method
based on reqularized multipolar expansions for modelling hydrochemical couplings in suspensions
of spherical particles.

At the end of each subsection, the main contributions and their relevance to the modeling
challenges outlined in the Chapter 2 are briefly summarized.
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3.1 The rigid multiblob method: hydrodynamic and chemical
interactions between colloidal particles with arbitrary shapes

Collaborators: Florencio Balboa Usabiaga (Basque Center for Applied Mathematics (BCAM)),
Aleksandar Donev (Courant Institute, NYU), Eric Keaveny (Imperial College)

In this section I present my contributions to the development of a unified, yet versatile, and
scalable framework, based on the rigid multiblob model, for modeling hydrodynamic and phoretic
interactions in large suspensions of arbitrarily shaped passive and active particles, taking into
account thermal fluctuations and kinematic constraints. The whole framework is implemented,
and continuously enriched by a large group of collaborators, in a GitHub repository (https:
//github.com/stochasticHydroTools/RigidMultiblobsWall) which is open source, publicly
available and user-friendly. It has been actively used in the community, in combination with
experiments and theory, to study a variety of systems involving (micro-)swimmers (Dombrowski
et al., 2019; Dombrowski & Klotsa, 2020; Westwood et al., 2021; Gidituri et al., 2023, 2024),
active and passive colloids (Sprinkle et al., 2020, 2021; Brosseau et al., 2019, 2021; van der Wee
et al., 2023; Delmotte & Usabiaga, 2024), diffusing molecules (Dtugosz et al., 2022, 2023), viruses
(Moreno et al., 2022), functionalized nanoparticles (Moreno-Chaparro et al., 2023), Mé&bius
strips (Moreno et al., 2024), branched particles (Westwood et al., 2022; Balboa Usabiaga &
Ellero, 2024), fibers in structured environments (Makanga et al., 2023, 2024b), coated drops
(Gao et al., 2023), magnetic spheres (Bililign et al., 2022), chains (Yang et al., 2020) or sheets
(Wang et al., 2023).

3.1.1 Rigid multiblob model for the Stokes problem

Related publication: Usabiaga et al. (2016)

In the rigid multiblob method (RMB), rigid bodies are discretized using a collection of
minimally resolved spherical nodes of hydrodynamic radius a, also called “blobs”, which are
constrained to move as a rigid body. Figure 3.1 shows examples of various geometries discretized
with the RMB.

Each blob is subject to a force, A;, that enforces the rigid motion of the body. Thus, the
integrals in the balance of force and torque (2.4)-(2.5) become sums over the blobs

S Ai=F, (3.1)
i€B,
> (ri—aqy) x X =Ty, (3.2)

i€By

where r; is the position of blob i belonging to body p (B,). The boundary condition on the
particle surfaces (2.3), as in collocation methods (Pozrikidis, 1992), is evaluated at each blob

v(r;) = ZMU}V =y +wy X (r; — q,) +us(r;) forallie B, (3.3)
J
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a)

Figure 3.1: Examples of particles of various shapes discretized with the RMB model. (a) Sphere. (b)
Smooth rod. (c) Branched particle. (d) Boomerang (Delong et al., 2015). (e) Mdobius strip (Moreno
et al., 2024). (f) HIV (Moreno et al., 2022). (e) Bacterium in a pipe (Gidituri et al., 2024).

where v(r;) is the fluid velocity at the position of blob ¢, M is the 3N, x 3N}, mobility matrix
that mediates the hydrodynamic interactions between blobs, and N, is the total number of
blobs in the system. The term M ;; couples the force acting on the blob j to the velocity of blob
i. Depending on the geometry of the domain under consideration, this matrix can be written
explicitly if the Green’s function of the problem is known, or its action can be computed with
matrix-free methods relying on grid-based Stokes solvers, such as Immersed Boundary Methods
(Peskin, 2002) or the Force Coupling Method (Maxey & Patel, 2001) (see Section 3.1.3.2).
A well-known example of regularized Green’s function is the Rotne-Prager-Yamakawa (RPY)
approximation (Rotne & Prager, 1969; Wajnryb et al., 2013), where the regularization is done by
a double convolution of the Stokes Green’s function, G(r, '), with Dirac delta functions defined
on the surface of a sphere of radius a:

My = M(ri,r;) = m / 5(Ir' — i — )G, #S(r" — 7] — )PP, (3.4)

The well-known RPY mobility matrix was originally developed to provide a symmetric posi-
tive definite, pairwise approximation of the mobility matrix for a collection of spherical particles
of equal radii in an unbounded domain (Wajnryb et al., 2013). Extensions of the RPY matrix for
particles of different radii (Zuk et al., 2014), in a background shear flow (Wajnryb et al., 2013),
above a fluid-fluid interface (Delmotte, 2023) or a no-slip boundary (Swan & Brady, 2007) with
arbitrary periodicities (Yan & Shelley, 2018; Yan & Blackwell, 2021), or in a spherical cavity
(Aponte-Rivera & Zia, 2016) are available in the literature. Section 3.1.3.1 shows fast methods
to compute the action of RPY tensor.
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The whole linear system to solve the mobility problem is found by combining (3.1)-(3.3),

M -K A Ug
e o Lol 6
In the linear system the matrix K is a discretization of the operator IC introduced in Section
2.1: it transforms the rigid body velocities to blob velocities. The solution of (3.5) is

U=NF-NK'M lu, (3.6)

where N = (KTM'K) ™" and N = NK”M ™" are the 6M x 6M body mobility matrix and
6M x 3N slip mobility operator given by the rigid multiblob model. The matrix N maps the
slip velocities to the forces applied on the surface nodes, through the blob resistance matrix
M, then computes their resultant on each rigid body, through the operator K7, and multiply
the resulting forces and torques by the body mobility matrix IN to obtain the slip-induced body
velocities in the suspension.

Key contributions:

The RMB allows to simulate suspensions of rigid bodies of arbitrary shape with active slip,
without dealing with singularities, in a robust, simple and versatile framework. The RMB
naturally interfaces with any fast method, either grid-based or relying on Green’s functions,
for computing hydrodynamic interactions between blobs (see Section 3.1.3). The linear sys-
tem (3.5) can be solved efficiently with preconditioned iterative methods (see Section 3.1.3).

3.1.2 Including thermal fluctuations

Related publication: Westwood et al. (2022)

As explained in Section 2.2, two new terms appear in the equations of motion when thermal
fluctuations are included: the random body velocities Uy, = /2kgTIN 1727 and the spurious
drift term kT 0y - N. Both of these terms are challenging to account for with non-spherical
particles and are computationally expensive. Below I present the formalism I have co-developed
to handle these terms correctly and efficiently.

3.1.2.1 Stochastic particle velocities: Uy, = V2kgTN'Y2Zz

We found that the computation of the stochastic particle velocities can be readily incorporated
into the system by including a random velocity at the blob level, wuy, in the no-slip boundary
conditions (3.3) (Sprinkle et al., 2017; Westwood et al., 2022). Specifically, we consider the

fluctuating mobility problem
M —K| | A|  |us—uy
e o] [ 6

wg, = /2kgTM'?Z, (3.8)

with the random blob velocity,
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T
where M'/? is the square root of the blob mobility matrix, i.e. M*/? <M1/2> =M, and Z

is a 3N, x 1 white noise vector acting on the blobs, with covariance (Z(t)ZT(t')) = I5(t —t').
This form of the noise term is equivalent to including a stochastic stress directly into the Stokes
equation as in (2.14). Since with the RPY approximation and grid-based approaches the mobility
M is positive definite, the stochastic velocity (3.8) is well defined. The covariance of the resulting
rigid body velocities generated by the stochastic blob velocities, setting F' = 0 and us = 0, is

(UUu") = (NK'M 'ugpuf, MK N)
_ (NKTM—l)@M1/2<ZZT>M1/2@(NKTM—1)T
= 2%k TNK'M MM KNt —1t)
= 2kpgTN(KM'KT)N §(t —t')
=2kpTN §(t —t). (3.9)

Eq. (3.9) shows that the thermal noise is balanced by the viscous dissipation as required by
the fluctuation dissipation balance. Thus the stochastic velocity we impose at the blob level
(3.8) generates Brownian body velocities consistent with the Stokes equation. Equivalently,
the square root of the body mobility matrix N'/2 = NKTM~'/? gsatisfies the fluctuation
dissipation balance with N'/2(N1/2)T = N.

3.1.2.2 Drift term: kgT0, - N

The second aspect of the computation is to account for Brownian drift when advancing the
particle positions.

It has been shown (Delong et al., 2014; Sprinkle et al., 2017, 2019) that the drift can be incorpo-
rated using random finite differences (RFD), which a randomized version of the standard finite
differences: given a Gaussian random vector, W, such that <WWT) = I, the divergence of the
mobility matrix can be approximated as follows

N (z +6W) — N ()
5

kpTdy - N = k:BT< - W> + 0(6?), (3.10)
where 0 a small number. This involves applying the mobility matrix IN, and thus solving the
mobility problem (3.5), evaluated at randomly displaced positions/orientations 6W to a ran-
dom force/torque vector kgTW. RFD therefore requires at least one additional mobility solve
of (3.5) per time-step compared to the deterministic setting.

Together with Eric Keaveny and his post-doc Tim Westwood, we developed a new midpoint
scheme, called the “generalized Drifter-Corrector” (gDC), which does not require additional mo-
bility solves compared to the deterministic case. The main idea behind the scheme is to advance
to the mid-step using particle velocities obtained by orthogonally projecting the fluctuating ve-
locities onto the space of rigid body motions. At the midstep, the full mobility problem (3.7) is
solved and important factors based on the divergence of the projected fluctuating velocity are
incorporated into the update. The gDC has the nice property that many of the additional com-
putations needed to capture Brownian drift occur at the level of individual particles, and hence
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Figure 3.2: (a) Snapshot from a rod simulation with channel width L, = L/2. Each rod has a randomly-
selected greyscale coloring and the semi-transparent grey boundaries depict the locations of the bound-
aries. (b) The equilibrium distribution of rod positions between the channel walls. (c) Snapshot of
the sheared branched particles in a periodic domain. Colors are chosen randomly. (d) Effective, shear-
thinning, viscosity of both hydrophobic and hydrophilic suspensions with a particle volume fraction of
20% for different dimensionless shear rates.

naturally lend themselves to parallel computation and larger-scale simulation. As a result, the
gDC scheme requires a single mobility solve per time step. The resulting scheme is weakly first-
order accurate and, in practice, provides errors similar in magnitude to other schemes based on
RFD (Sprinkle et al., 2017), which are three-times more expensive. This significantly accelerates
time integration for schemes built around grid-based solvers that can take advantage of the flows
generated by a fluctuating stress. The gDC may also be used for matrix-based computations at
a cost comparable to the existing state-of-the-art.

3.1.2.3 Large scale simulations

We have demonstrated the applicability of the scheme for larger-scale simulation by considering
confined suspensions of rod-like particles, as well as the rheology of branched-particle suspen-
sions. The second case is inspired by the experimental work of (Bourrianne et al., 2022) on
the rheology of highly textured silica particles (see Fig. 1.1). The discretization of a branched
particle is shown in Fig. 3.1c. Figure 3.2a-b show a snapshot and the equilibrium distribution
of rod-like particles in between two planes. Figure 3.2c-d show a suspension of branched parti-
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cles in a shear flow together with the shear-thinning rheology of the suspension for two type of
inter-particle potentials (hydrophobic and hydrophilic).

Key contributions:

Introducing the noise at the blob level allows to generate the correct Brownian velocity in-
crements at the level of the bodies with arbitrary shapes. The random blob velocities can
be computed with any fast method, either grid-based or Green’s function-based (see Section
3.1.3). With our new scheme, the GDC, the drift term is computed with only one solve of
the mobility problem (3.7) per time-step, which is three times less than other schemes with

a similar accuracy.

3.1.3 How to scale big and compute fast ?

Related publications: Usabiaga et al. (2016); Westwood et al. (2022)

The linear system (3.7) needs to be solved efficiently to carry out dynamic simulations with
large numbers of particles. To do so, two ingredients are crucial:

1. The size and condition number of the linear system (3.7) grows with the number of blobs
Ny, it is therefore essential to use an iterative solver with a convergence rate that de-
pends weakly on the number of particles. For that purpose we developed a block diagonal
preconditioner applied to the iterative GMRES method. The resulting solver exhibits a
convergence within a few iterations that is independent of the particle number M.

2. Hydrodynamic interactions between bodies are obtained directly from the matrix M.
The action of M on a vector is required to compute the deterministic velocities U =
NF — .TV/uS, while the product M 127 is necessary to obtain the Brownian velocities Uyy,.
It is therefore essential to use and develop efficient methods to compute the action of M
and its square root. In the following, I describe the approaches I have co-developed for
the fast evaluation of M using Green’s function and grid-based methods.

3.1.3.1 Fast hydrodynamics with Green’s functions:

The computational cost of a mobility-vector products M A scales quadratically with the number
of blobs (O(N2)). In order to reduce this cost, we parallelize the RPY matrix-vector products
on the shared memory of GPU’s, which yields a linear scaling up to N; ~ 10* —10°. We also use
more sophisticated methods, such as the fast multipole methods (FMM) (Liang et al., 2013) to
achieve a linear scaling. For periodic domains, we use the positively split Ewald method (Fiore
et al., 2017; Fiore & Swan, 2018) or periodic FMM (Yan & Shelley, 2018; Yan & Blackwell,
2021) to compute the action of M on a vector.

To compute the action of M 1/2 61 the random vector Z we use the Lanczos algorithm (Ando
et al., 2012; Chow & Saad, 2014), This method iteratively approximates M'?Z with a set of
basis vectors of a vectorial space K that are linear combinations of the powers of the mobil-
ity matrix times the random vector: K = span {Z, MZ,M?Z, } The cost of the method
therefore depends on the number of basis vectors, and thus mobility-vector products, required
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to reach a given tolerance €. Using our block-diagonal preconditioner, the convergence rate is
independent of the number of blobs and a small number of iterations is required to reach a
reasonable tolerance (typically 5 mobility-vector products for e = 1075).

3.1.3.2 Fast hydrodynamics with matrix-free methods:

When there is no explicit expression for the Green’s function of the system, we use matrix-free
methods that rely on grid-based, parallelized, Stokes solvers such as the Force Coupling Method
(FCM) with fluctuating hydrodynamics (Landau & Lifshitz, 1959; Keaveny, 2014; Delmotte &
Keaveny, 2015).

With fluctuating FCM, the coupling between the blobs and the fluid is achieved through a
forcin