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Abstract



Résumé Cette these de doctorat porte sur des problemes de controle
dans lesquels les systemes sous-jacents sont gouvernés par des équations aux
dérivées partielles (EDP) hyperboliques qui modélisent des phénomenes de
type onde. De tels problemes proviennent souvent de problemes inverses et
d’assimilation de données. D’un point de vue numérique, ces problemes sont
difficiles a résoudre. L’objectif du projet ANR AlloWAPP est de développer
et d’analyser des méthodes de décomposition de domaines espace/temps pour
les résoudre.

Dans ce travail de these nous considérons le controle optimal en volume
de I’équation d’onde, et nous avons congu deux algorithmes de décomposition
de domaine en temps : le premier est appelé inherited dans le sens ot il utilise
des conditions de transmission héritées de la fonction de cotit. Le second est
une nouvelle version de I’algorithme de Dirichlet-Neumann, congu pour les
équations elliptiques par Bjorstad et Widlund en 1984. Pour les deux, nous
prouvons que l'algorithme est bien défini, et étudions la convergence. Nous
comparons les résultats théoriques aux résultats numériques par ’application
d’un schéma aux volumes finis de Gander/Halpern/Nataf en dimension 1.

Abstract This PhD thesis deals with control problems in which the un-
derlying systems are governed by hyperbolic partial differential equations
(PDEs) that model wave-type phenomena. Such problems often arise from
inverse problems and data assimilation. From a numerical point of view,
those problems are challenging to solve. The objective of the ANR project
AlloWAPP is to develop and analyse domain decomposition methods in space
and time to solve them.

In the PhD work we consider the optimal control of the wave equation,
and we designed two algorithms for domain decomposition in time: the first
one is called inherited in the sense that it uses transmission conditions in-
herited from the cost function. The second one is a version of the Dirichlet-
Neumann algorithm designed for elliptic equations by Bjorstad and Widlund
in 1986. For both we prove well-posedness and we study the convergence.
We compare the theoretical results to numerical experiments, with a finite
volume scheme developed in Gander/Halpern/Nataf.



Contents

1 Introduction 6

2 Presentation of problem, minimisation, existence and unique-

ness 15
2.1 Definition and well-posedness . . . . . . . ... .. ... ... 16
2.2 Discretization of the optimality system in one dimension . . . 19
2.2.1 Discretization of the Problem from [36] . . . . . .. .. 19
2.2.2  Discretization of the optimality system . . . . . .. .. 27
3 Inherited parallel in time algorithm 30
3.1 Definition of the inherited algorithm . . . . .. ... ... .. 31
3.1.1 Statement of the algorithm . . . . . .. ... ... ... 31
3.1.2 Important properties . . . . . . . .. ... ... ... 33
3.1.3  Well-posedness of the algorithm . . . .. .. ... ... 34
3.2 Convergence analysis: computation of the iteration matrix . . 37
3.2.1 Some algebra on matrices . . .. ... ... ... ... 38
3.2.2 The infinite domain case . . . . . . . .. ... ... .. 41
3.2.3 The finite time domain case . . . . ... ... .. ... 48
3.3 Study of the toy model . . . . . . .. ... ... ... ... 54
3.3.1 Analysis of the eigenvalues . . . . . .. ... ... ... 57
3.3.2  Numerical illustrations of the theoretical convergence
factor . ... 59
3.3.3 Theoretical convergence results . . . . . .. ... ... 61
3.3.4 Numerical comparison . . . ... ... .. ... .. .. 64
4 Variants of algorithm 71
4.1 Description . . . . ..o 72
4.2 Relaxed Inherited algorithm . . . . . ... ... .. ... ... 72



4.3 The Dirichlet-Neumann algorithm . . . . . ... ... ... .. 78

4.3.1 The Poisson equation . . . . . . . .. ... ... ... 78
4.3.2  Dirichlet Neumann algorithm for the control problem . 81
4.3.3 Infinite domains in time . . . . . .. ... ... L. 84
4.3.4 Finite domains in time . . . . . ... .. ... 86
4.3.5 Numerical comparison . . . . ... ... ... .. ... 94
5 Bibliography 96



Chapter 1

Introduction



This PhD thesis deal with control problems in which the underlying sys-
tems are governed by hyperbolic partial differential equations (PDEs) that
model wave-type phenomena. Such problems often arise from inverse prob-
lems and data assimilation (in that field, a physical system is modeled ap-
proximately with unknown parameters and initial conditions, the objective is
to use observations taken over the course of time to adjust or refine the model,
so that model predictions match better with actual observations). One clas-
sic example of an inverse problem is seismic inversion [13, 77, 78] where the
observed data are the seismic waves reflected by the different subsurface rock
formations, and the goal is to deduce and refine the rock parameters that
make the observed data possible. Another concrete example is the optimal
placement of hydraulic generators [3], where a continuous stream of wave
height observations are available at several near-shore locations, and the goal
is to refine the wave model along the shoreline, which in turn allows differ-
ent placements of hydraulic generators to be simulated in order to maximize
energy production.

From a numerical point of view, those problems are challenging to solve:
indeed, first, a large amount of data must be processed. Then, intensive com-
putations are required to simulate hyperbolic phenomena to a high resolu-
tion. Finally, the optimization procedure (for instance by a gradient method)
requires either to solve at each iteration in turn forward and backward equa-
tions or to solve a huge direct non triangular linear system. In order to
tackle problems with such extreme computational requirements, it is essen-
tial to design scalable, highly efficient methods that can perform as many
of the subtasks as possible in parallel using the large number of processors
available on modern computing clusters. The objective of this work is to
develop and analyse domain decomposition methods in time to solve them.

Parallel in space for PDE Let us start by giving a few references on
the parallelization by domain decomposition methods in space for PDE. The
most famous one might be the Schwarz method, whose were first invented by
Hermann Amandus Schwarz in 1869 as an analytical tool to rigorously prove
results obtained by Riemann through a minimization principle (see [88] and
[33]). The pioneer work about the use of Schwarz algorithms as a numerical
tool is presented in series of papers [68, 70, 71, 69] by Pierre Louis Lions.
In particular, in the elliptic case, a convergent algorithm based on non over-
lapping subdomains is proposed: its consists in exchanging Robin traces (of



the type 0,u + au) instead of the classical Dirichlet ones. Because there are
infinitely many choices of « providing a convergent the algorithm, a natural
question is to develop so-called optimized Schwarz methods, where the 'best’
choice of transmission data is made in order to optimize the convergence rate
of the method (see e.g. [54] for the first numerical experiments, [79, 61] for an
extended analysis of the optimal transmission conditions, and [61, 30, 8, 55]
for their extensions to different PDE and more sophisticated transmission
conditions. Besides, discrete versions of the methods has been developed
such as additive Schwarz (AS), multiplicative Schwarz (MS) and restrictive
additive Schwarz (RAS)(see [26, 84, 23]). The method appears also powerful
to construct preconditioners [10]: to be more specific, iterative Schwarz meth-
ods corresponds to solve an interface problem (instead of a volumic problems)
by a Jacobi algorithm. It turns out that the interface problem usually have
a better conditioning than its volumic counterpart. Then, the current proce-
dure consists in solving the interface problems with fast iterative solvers such
that conjugate gradient or GMRES. The strategy can also be applied to non
linear equations, see [22]. For multi-subdomains, the standard algorithms
are generally not as performant as in the two domains case, since several
iterations are required to 'transport’ the information between distant subdo-
mains. The problems are known to be non-scalable ( [12]). To overcome this
difficulty coarse corrections are proposed: see [38, 27, 25, 24, 12]. For the
time dependent problems (and, in particular wave equation), Schwarz wave-
form relaxations algorithms has been developed in [36], where a space-time
interface condition is used (see also [10, 63]). Besides Schwarz method, the
Schur complement methods (or substructured solvers) [23] such as Dirichlet-
Neumann and Neumann/Neumann algorithms have been widely used. In
that case Dirichlet or Neumann data are in turn exchanged through the
interfaces of the subdomains (see [89]). They required a relaxation param-
eter to converge. Such method can be used also for time dependent prob-
lems [40, 76, 83, 87| or for fourth order equations [47, 48]. We point out that
wave-form algorithms can be additionally parallelized by using the pipeline-
strategy introduced in [63, 82]. The main idea is to compute simultaneously
Schwarz waveform iterations, introducing then a natural time parallelization.
It also has been applied to Neumann-Neumann algorithm, for parabolic and
hyperbolic equations [41, 83].



Parallel in space methods for optimal control problems Naturally,
the previous domain decomposition methods has been applied to the solve
optimal control problems. In a nutshell, the goal of such control problems is
to minimize a cost functional J(u,y(u)) (often quadratic in u and y) where
u is a an admissible control which acts on y(u) the solution to a partial dif-
ferential equation (elliptic, parabolic or hyperbolic). in [6], [5], a Schwarz
algorithm for the optimal control of an elliptic PDE is proposed. The work
is extended to parabolic and hyperbolic equations in [7]. In those references,
the Schwarz method is applied to the optimality system (Euler equations
associated with the optimization problem). This problem is made of a sys-
tem equations. transmission conditions exchanged between the subdomains
coupled primal and dual variable. Convergence property of the algorithm
is proven in general by energy estimation. In the elliptic case, Neumann-
Neumann algorithms and Dirichlet Neumann algorithms are proposed (and
analysed) in [58, 42] while an analysis of optimized Schwarz is given in [20].
In [57], a non overlapping Schwarz algorithm is proposed for the optimal con-
trol of parabolic problems. Each iteration requires to solve optimal controls
problems in each subdomains. A proof of convergence for the parabolic case
(boundary control) may be seen in [72] and in [14] for the periodic (in time)
case. As for the optimal control of the dissipative wave equation, a non over-
lapping Schwarz method is given and analysed in [64][Chapter 6]. Recently,
non linear elliptic control problems are tackled in [15] and 'economic’ control
problem (with mixed constraint) may be found in [16].

Parallel in time methods for time dependent PDE With the contin-
uing increase of core counts in modern clusters, we have reached the spatial
saturation point, where the subproblems in space become so small that com-
munication and iteration costs start to dominate, and no more speedup can
be obtained. Thus, the sequentiality of the simulation in time becomes the
bottleneck, and it has become more and more urgent to develop and analyze
methods that also allow parallelization in the time direction, particularly for
computationally intensive applications such as data assimilation. Parallel-
in-time methods have received much interest in the past decade in the high
performance computing community, see the workshop series on parallel-in-
time methods on parallel-in-time.org. We point out that the sequential na-
ture of time dependent problems make their parallelization less natural. In
particular the performance of the method are often sensitive to the nature



the equation (parabolic or hyperbolic) An overview of such methods can be
found in [32]. Let us mention a few of them. A first common technique is
based on shooting methods: the time interval of simulation [0, 7] is split into
N smaller intervals [T}, T;11], 7 € [1, N], and the continuity continuity condi-
tions of the solution of the PDE at each interface T; are iteratively enforced.
For instance, the famous parareal algorithm [75] solves the interface equation
(ensuring the continuity at each 7;) using a ’approximate’ Newton method
(see [35]). This algorithm is known to be very powerful for parabolic PDE
but leads to slow convergence for hyperbolic equations ([31, 86], see also [1§]
and [81] for possible cures). Then, multigrid methods have also been widely
studied [53, 74, 29, 50, 59]. Broadly speaking, those methods use several
grids of different size, the algorithms then alternating between ’smoothing’
steps (made on a fine grids) and a residual correction (on a coarser grid).
We note that the parareal algorithm can also be interpreted as a multigrid
method in time, with aggressive coarsening and slightly special smoother
[51, 29, 45]. In that class, we also mention the algorithm PFASST (parallel
full approximation scheme in space and time), introduced by [28], which is
based on a deferred correction method performed on different grids. Beside,
a collection of methods appears specially interesting for the parallelization of
hyperbolic equations: Paraezp [34] (Exact computation of matrix exponen-
tial), diagonalization techniques [46, 19, 37]. A recent unified analysis of the
different strategies to parallelize in time might be found in [49].

Parallel in time methods for optimal control problems We end this
bibliographical part by given a few references on parallel in time algorithms
for control problems. In the well-known paper of J.E.Lagnese and G. Leuger-
ing in 2002 [65], the authors consider an optimal control problem of the wave
equation. The solution w of the homogeneous wave equation is driven by a
control v imposed through the dissipative boundary condition

O + adyw = v.
The authors minimize the quadratic cost function

1 k 0

s0) =3 [ wpaz H(wm, 200(T) ~ (. 2)

H

As in [6], the exchange data between the subdomains in times are linear
combinations of the primal and the dual variables. They prove the conver-
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gence of the algorithm for a relaxed algorithm. In 2003, Matthias Heinken-
schloss [56] proposes to solve in parallel (using Gauss-Seidel and Jacobi
methods) the interface in time problem obtained by decomposing the Eu-
ler system associated with an abstract internal optimal control problem. In
[62], F. Kwok and M. Gander introduce an overlapping Schwarz in time al-
gorithm to solve an optimal control governed by a system of O.D.E. They
provide explicit expression of the corresponding convergence factor. The ex-
tension to non-overlapping optimized Schwarz methods can be found in [39],
wherein a convergence proof is given (under appropriate assumptions) as well
as an optimization of the convergence factor. This approach has also been
studied for the parabolic control problem discretized in space by Galerkin
method [92]. Besides Schwarz-like in time algorithms, other parallelization
approaches have been investigated. Without being exhaustive, let us mention
a few of them. In [90], S.Ulbrich proposes a new SQP (sequential quadratic
programming) convergent approach for solving the interface in time problem.
Its method uses parareal algorithms to solve backward and forward equation
at each iteration. This method is extended to the construction of precondi-
tionersin [91]. In [21], a new parallel in time gradient method is introduced:
during the optimisation process, the computation of the gradient of the func-
tional, which requires to solve a forward and a backward equation, is made
in parallel. Space-and time parallel gradient method, based on the use of
PFASST is given in [52]. Then, [4] introduce an additive Schwarz precondi-
tioner for solving the Euler system. Indirect shooting methods applied to non
linear control of parabolic equation can be found in [11]. Finally, an exten-
sion of the parareal algorithm to optimal control problems, named ParaOpt
is proposed in [44]. The convergence is proved for parabolic problems.

Summary of the PhD thesis The aim of this thesis is to study do-
main decomposition in time algorithm to solve a particular optimal control
problem. Let us first consider the functional

1 R —~
J(o,y) = & / (s 6) — Gla, £)Pdrdt + 1 / ly(e, T) — 3(z)Pda
2 Jaxjom 2 Jg

(07

+—/ lv(x,t)|2dzdt, (1.0.1)
2 Jaxjo1]

where v > 0 and o > 0 are parameters and, § € L*(Q2x (0,7)) and z € L*(Q)
are target functions.
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We shall minimize the functional

J(v) = J(v,y(v)),

over all the controls v € L*(Q x (0,7)). The function y(v) is the solution of
the following wave problem:

Oy — Ay = v (x,t) € Q x [0,T],
y(x,t) =0, x € 00t e|0,T],
y(w,0) = y (), ys(,0) = y'(z), =€,

and (y(x),y"(x)) € Hy(Q) x L*(Q).

Remark 1. We emphasize that in this PhD thesis, we only consider the opti-
mal control of the wave equation. This choice is motivated by the fact that the
exact control problem of the wave equation (wherein we impose y(T,x) = Z)
is numerically difficult to solve [93]: because the high frequencies are not uni-
formly controllable with respect to the discretization parameter, the discrete
control diverges and blows up when refining the mesh. Fortunately, there
are some cure methods to eliminate the oscillation of discrete control such
as Tychonoff reqularization, mixed finite elements, two-grid scheme in time
or Fourier filtering. The research about those methods has became active,
see e.g. [2, 60, 606, 80, 73, 1, 17].

Let us now summarize the content of the manuscript. In Chapter 2, we prove
that the minimization problem is well-posed (using standard tools of convex
optimization) and we write its associated Euler system. Then, we explain
how to discretize it using a finite volume method. In particular, we show
that the discretized problem is also well-posed.

Chapter 3 is dedicated to the construction and analysis of the so-called ’In-
herited algorithm’, a time domain domain decomposition method based on
an optimized Schwarz algorithm. Using Fourier series in space and trigono-
metric matrices, we write the corresponding iteration matrix. We analyse
it first in the overlapping case with infinite subdomains in time. Then on
finite time domains, in the non overlapping case, choosing v = 0 and o = 1.
We prove that the inherited algorithm converges if T is sufficiently small and
diverged for large T'. We conclude this part by presenting numerical results

12



that illustrate our theoretical study.

Finally, Chapter 4 presents two alternative algorithms for the time paral-
lelization. The first one is the relaxed variant of the inherited algorithm. We
prove that there always exists a relaxation parameter for which the relaxed
algorithm converges, regardless of the value of T. Then, we optimized the
relaxation parameter in order to minimize the convergence factor. The sec-
ond algorithm is a Dirichlet Neumann in time algorithm. Here again, we
construct the corresponding iteration matrix. In particular, we prove that in
the case T' = 400, the algorithm converges into two iterations.

13






Chapter 2

Presentation of problem,
minimisation, existence and

uniqueness
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2.1 Definition and well-posedness
Let Q be a bounded domain in R, T" > 0. The cost function is defined by

Jv,y) = = / (. )~ (. £) Pdwdt+ ] / ly(a, T)—3 () Pdat 2 / ol ) Pdedt,
Qx(0,T) 2 Ja 2 Jax(o,1)

2
(2.1.1)

Y, 7 are target, a and 7 are the coefficients. Define y = Y(v;y@, y(V) the
linear function of v and the initial data, given by

Ouy — Ay =v in Q x (0,7),
y=0 in 90 x (0,7), (2.1.2)
y(-,0) =y, y(-,0) =yM, inQ.

The initial data are ¥ € H}(Q) and y) € L?(Q2). From [67] follows that
for any v € L?(0,T, L*(f2)), the problem (2.1.2) has a unique solution. The

mapping
dy

O Oy oy Y
(v; "™, yY) (y,dt)

is a linear continuous map of L?(0, T, L*(Q))x Hy (Q)x L*(Q) to L*(0, T, H3(2)) x
L*(0,T, L*(%2)).

The minimization problem is to find a global minimum in L?(Q x (0,7))
of the function

~

J(v) = J(v,Y(;y?, yM)). (2.1.3)

Theorem 2.1.1. The function J has a unique global minimumu € L2(0, T, L2(5)),
characterized by the Euler equation J'(u) =0 .

Proof. The function Jis a quadratic function of v, twice differentiable, its
first derivative is calculated easily by

7(0) - w = lim J(v + hw) — J(v)
h—0 h

+7/Q(y(:r,T) —/Z\(w))zj(x,T)dx—f—a/QX(O’T)U(x,t)w(x,t)dxdt, (2.1.4)

- /Q (0,7) (y(z,t) = yla, 1)y(z, t)ddt

16



where § = Y(w;0,0) is the solution of

3ttg]—A3]:w, in  x (O,T),
y =0, in 9Q x (0,7), (2.1.5)
9(-,0) = y(-,0) =0, in Q.
The second derivative is given by
:]\//(U) - Wi - we = lim J/(U + hw2) Cwy — J/(U> %!
h—0 h

= / 71(x, t)ga(z, t)dxdt—l—v/ 71(x, T)ys(x, T)dx+oz/ wy (z, t)ws(x, t)dzdt,
QX(O,T) (9] QX(O,T)
(2.1.6)

where g; = Y(w;;0,0) is the solution of

&tgjj — Ag] = Wj, in Q x (O, T),

j; = 0, in 9Q x (0,7), (2.1.7)

i (-,0) = 9g;(-,0) = 0, in €.
From (2.1.6), we infer that for any (v, w), j”(v) “wew > anH%%QX(QT)), and

therefore J is a—convex. Standard theorems in convex analysis in [85] apply
to conclude that there exists a unique minimum point, u, characterized by
the Euler equation J'(u) = 0. O

The next theorem identifies J'(u) and sets a system, called the optimality
system, defining u.

Theorem 2.1.2. The global minimizer u of J satisfies the following system
of partial differential equations, which is therefore well-posed.

() :=au—A=0inQx (0,T), with (2.1.8a)
(Opy — Ay = u in Q% (0,7),

y=20 on 9Q x (0,T), (2.1.8b)
Ly, 0) =4, dy(-,0) =y in Q.

(O ) — AN +y—7=0 in Q% (0,T),
§A=0 on 00 x (0,T), (2.1.8¢)
(ACT) =0, A, T) —~v(y(,T)—=2)=0 inQ.

17



Remark 2. The direct problem (2.1.8b) for the state y has initial data
(y(o),y(l)) which are giwen by the problem, and a source term u which s
the goal of the problem. The backward problem (2.1.8¢) for the adjoint \ has
a source term and final data (which are of mized type) involving the state
y. It is well-posed for similar reasons as the direct problem. The relation
(2.1.8a) is the Euler equation of the minimization of J.

Proof. In order to identify .J’ (v), we use the expression (2.1.4), rewritten in
a more compact way

J'(v)-w = (y=7,7)r2x0r) + YW T) = 2,9, T)) 2(0) + (v, w) L2 (0,1)) -

(2.1.9)
where y is the solution of (2.1.8b) with u replaced by v, and 7 is the solution
of (2.1.5). Choose now A solution of (2.1.8¢c). Multiply the volume equation
by gy, and integrate twice by parts in time and space. Compute the terms

separately,
T T
/ /(Ag],)\) dtdx:/ /(A)\,g) dtdx,
0 Jo 0o Ja

since both ¢ and A vanish on 0€2. As for the time derivative,

/OT@ttﬂa A2 dt = /OT(att)\aZ?)LQ(Q) dt+0 g, T), A T)) 2= (G 1) OA (- T)) 22 (9,
since y and 0,y vanish for t = 0. Grouping, we obtain
(O A=AN, 7) = (0ug—AG, \) = (0 (-, T), A, T)) L2y + (G (-, T), O A, T)) 202y
Replace in the equation to obtain
(G =v,9) = (W, A) = (g (-, T), AC T)) ez + (9 T), OACG T)) 220
Plug it into (2.1.9) to obtain

T@)-w = —(w,Nxaxom) + 0d(-T),A
2 « U>w)L2(Q><(O,T))
= (Oé’U - >\7 w)L2 Qx(0,7)) + (V(y(7T) - Z) - 825)\('5 T)7 g(7T))L2(Q)

= (o — A\ w)r2x (o), due to the conditions on A at t =T,

which shows that J'(v) = av — A. Now the unique minimum point of the

quadratic function J is characterized by the Euler equation J (u) = 0, which
shows that (2.1.8) is well-posed and defines w. O

18



2.2 Discretization of the optimality system in
one dimension

Here 2 = (a,b). We replace u by i/\ in the equation for y. We use the finite
volumes in time and space developed for the direct problem in [36]. We recall
here the definitions. There are J 4 2 points in space numbered from 0 up to
J+1and Az = (b—a)/(J+ 1) and K + 1 grid points in time with At =
T /K numbered from 0 up to K. We denote the numerical approximation to
y(a+ jAx, kAt) on ) at iteration step k by Y (j, k). Similarly the numerical
approximation to A(a + jAz, kAt) on ) at iteration step k is denoted by
A(7, k). Most of this section is integrally taken in [36] for clarity. Adaptation
to the optimality problem (discretization on the final line) is original.

2.2.1 Discretization of the Problem from [36]

Interior Points

Denoting by D the volume around a grid point (z = a + jAz,t = kAt) in
the interior of subdomain © x (0,7"), we obtain the finite volume scheme
by integration of the equation over the volume D and application of the
divergence theorem, see Figure 2.1, on the left

)

At —

[ o]
RES (1.0} 765

Figure 2.1: Control volume of an interior grid point and on the initial line

e+Az/2  pt+AL/2 8%y
o = [ Gen - Sk aras
o—Az/2 Atz LOt
+Ax/2 a z+Az/2 ay
= / (ft—l—At/Q d¢ — / ft—At/Q)

—Az/2 Az/2

t+At/2 8 t+At/2 9
Y Y
— :B+A9327d7+/ x—Ax/2, T

/tAt/2 3:16( /2.7) At/2 8$( /2 m)dr

(2.2.1)
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Now we approximate the remaining derivatives by finite differences on the
grid,

DE(Y)(G.k) = TEGE I & QUG+ AY2), | pe oy e

Dy (Y)(ji k) = —YE?’ )u%f(@(-k)) ~ GHE = At/2), oo

DE(Y)(j. k) = ZEEg— N a_z($+A$/2 oy A<ty At
(V)G k) = YR o, A =TS

(2.2.2)
We thus obtain from (2.2.1) the discrete quantity

Ax(Dy = Dy )(Y)(j. k) — AUD; = D) (Y)(j, k) = AtAzU(j, k).

which yields on using the identities AtD," D, = D} — D; and AxD} D, =
D} — D, the well known finite difference scheme, for 1 <j < J, 1 <k < K.

(Df Dy = DyD;) (Y)(j, k) = U(j, k) = éA(]} k), 1<j<J (223)

for points in the interior of the domain .Similarly

Points on the Initial Line

Remember that t = 0 has initial data for y, while it is the final time for .
Suppose (x = a + jAz,0) is a grid point on the interior of the initial line of
Q2 x (0,7). We have half a volume D to integrate over, see Figure 2.1, on the
right. Integrating as before for y we obtain

z+Azx/2 B z+Ax/2 O
/D w(e,r)dedr = / N (e 0)de

z—Ax/2 a_ z—Ax/2
At/2 At/2
—/ % (2 + Awj2, 7)dr + / % (2 — Awj2,7)dr
0 a 0 ax

Now the remaining derivatives on the right hand side can be approximated by
finite differences (2.2.2), except “(£,0). But this derivative is given explicitly
by the initial condition, and approx1mated on one grid cell by AzY M (5) :=
AzyW(a+ jAz). We thus obtain

At AtAx

S(DF = DOG0) = =

Az(Df(Y)(4,0) — YD (4)) — U(j,0).
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and the scheme

(D+ ~Spip; ) ¥)6.0) - YOG) = S0 (2.2.5)

Points on the Final Line

Suppose (x = a + jAz,0) is a grid point on the interior of the final line of
2 x (0,7). We have half a volume D to integrate over, see Figure 2.2.

REI (€¥) 2ebX

Q=

TAE

Figure 2.2: Control volume of a grid point on the final line

Integrating as before for A we obtain

. B z+Ax/2 O\ z+Ax/2 O\
- [ Wi — [ L e [ e T — vy

T T

O\ O\

— $+A:U2Td7+/ x— Ax/2,T)dT.
/T At/2 855( /27) T—At/2 895( /2m)d

Now the remaining derivatives on the right hand side can be approximated

by finite differences (2.2.2), except 2:(¢,T). But this derivative is given

explicitly by the final condition and can be replaced by

z+Az/2 O\ r+Az/2
T T)— 2 .

[, Fene=1[ e -

Which gives the scheme
R AL AAT, o
vAx(Y (5, K)=Z(5))=AaDy () (j, K) == (D7 =Dz )(A)(j, K)+—— (Y -Y)(j, K) = 0,
defining AzZ(j) = [ ”HAA x/; 2(€)d¢. Dividing by Az, we obtain
AL A |

V(Y (5, K)=2(7)=Di (M) (G, )= (DE D7) (M) (G, K)+— (Y =Y)(j, K) = 0.

(2.2.6)
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So the discretized optimality condition are, with Y(©(j) := ¢°(z;) and
Y (5) := yD(xy)

U(j,k:):éA(j,k),Ogjg J+1, 0<k<K. (2.2.7a)
((Df Dy — D D;) (V) (4, k) = U(4, k) 1<j<J1<k<K.
Y(0,k)=Y(J+1,k)=0 0<k<K,
Y(4,0) = YO(j) 1<j<J
(D = &EDiD;) (Y)(5,0) =YW (5) = §U(5,0). 1<j<J
(2.2.7Db)
((Df Dy — D D;) (M), k) + Y (j, k) — Y(j, k) = 0. 1<j<J1<k<K.
AOk)=A(J+1,k)=0 0<k<K,
A(j,K) =0 1<j<J
(D + SEDID) (M), K) = (Y (5, K) — Z(5)) = 5HY = Y)(j, K) = 0( 1 g)j <J
2.2.7c

Equations (2.2.7b,2.2.7¢) are separately well defined by the analysis in
[36]. Note that the initial condition of the backward problem for A is a bit
different, but the analysis by energy estimates extends.

Though discretization of the optimality conditions, there is no proof so
far that this system is well-posed. The unknowns of the system are the
(Y(4,k),A(4,k)) for 1 < 5 < J, 0 < k < K, which are 2(J x K + 1)
unknowns. The system is squared. Introduce the discrete functional obtained
by the trapezoidal rule from the cost function J. Define the discrete scalar
product on RE+! by

(VW) = At (%V(O)W(O) " ; V)W (k) + %V(K)W(K)) |

Since all functions vanish at endpoints in x, the discrete scalar product in x
is

(V,W); = Az ZVU)W(])-

The norms are defined accordingly. Then the discrete cost function is easily
defined by
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1 ~ ¥ ~ o
TVY) = LY = P+ LYK = 25+ S0 (2289
and the discrete targets are obtained by }A/(j7 k) = y(z;,t;) and 2(]) = 2(x;).
Define now Y(V, YY) to be the unique solution of (2.2.7b), see [36], and
Ja(V) = Ja(V. Y (v, YO, Y (1)) (2.2.9)

Theorem 2.2.1. The discrete functional Jy is twice differentiable, strictly
convex and therefore has a unique global minimum, defined by the Euler equa-
tion J(U) = 0. Its gradient is defined by

J(V)y=aV — A, withY =Y(V,YO YD) and A defined by (2.2.10a)

(D Dy — DDy ) (A)(j, k) + Y (j, k) — Y (j, k) = 0. 1<j<J1<k<K.
A0, k) =A(J+1,k) =0 0<k<K,
A(j,K) =0 1<j<J
(D; + DD (MG, K) =y (Y (5, K) — 2(7)) = LY = Y)(j,K) =0. 1<j<J
(2.2.10D)

Thus Ji(u) = 0 is equivalent to the optimality conditions (2.2.7), which are
therefore well-posed.

Remark 3. In short, this proves that the optimality conditions of the discrete
functional are the discretized optimality conditions.

Proof. Parallel to the continuous case,

where Y = Y(W;0,0) is the solution of

(DD = DiD;) (Y)(j,k) =W(j,k) 1<j<J 1<k<K.

Y(0,k)=Y 1,k) = <k<K
7(0,k) =Y(J+1,k) =0 Osks Kk, (2.2.12)
Y(j,0)=0 1<j<J
DY (5,0) = &tW(4,0). 1<j<.J

The second derivative is

@/(V)'Wl'WQ = (?1,?2)11(4-7(371(', K),Ys(-, K))j+a(Wi, Ws) k. (2.2.13)
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and therefore R
Ji(V)-W-W > oWk

Therefore jd is o convex, has a unique global minimum, characterized by
J}(U) = 0. To further understand that, define A from Y by

(D Dy = DID;) (M) k) +Y (i, k) =Y (i k) =0 1<j<J1<k<K
A0, k) =A(J+1,k)=0 0<k<K,
A(j, K) =0 1<j<J
(2.2.14)
Compute the first term in (2.2.11)

~ ~ At
(Y_Yv )J,K - 7

~

Replace for 1 < k < K — 1, Y(j,k) — Y (j, k) using the first equation in
(2.2.14).

At At

(Y_?ay)J,K = 9 (Y(vK)_?(7K>7?(7K))J+7(Y(70)_?( 70)7}7('70))J
-3 (D7 - DEDHWC K. T(B)

Due to the boundary conditions in space, for each k,

(DEDZ ()KL (,K)) = (D5 D7 (V) k), ACR))

Consider now the derivatives in time, and write a discrete integration by
parts formula. For sake of readability, since the space does not intervene
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here, the index j in space is omitted all through.

K—1 ~ 1 K-1 -
AtY " DDy (M)(k)Y (k) = x7 D (ME+1) = 2A(k) + Ak = 1)Y (k)
k=l 1 k:KIfl K-1 K-1
= 5 < (A(k+1)Y (k) =2 AR)Y (k) + > Ak - 1)Y(k:))
. s Jra K )
= N (Z(A(k:)Y(k: —1) =2 ARY (k) + > AR)Y (k+ 1))
KETQ k=1 k=0
= Ait AR)Y (k—1)=2Y (k) + Y (k + 1))
k=1
P (AR (K~ 1) = AGK ~ DY (K)) + 3, (AT (1) ~ A1)¥(0))

Consider the boundary terms in the previous sum. First use

Y (0) =0, Aitffu) = DY (0) = %W(O).

On the other endpoint, A(K) = 0, and
—AK = 1Y (K) = (AK) — A(K —1))Y(K) = At D A(K)Y (K).

Grouping all together gives the partial integration by parts formula

K-1 K-1

At DDy (A)(k)Y (k) = At> DDy (YV)(k)A(k) + Dy AK)Y (K) + S MOW(0).
k=1 k=1
Plugging into the formula for (Y — V.Y )Jx, gives
K-1
(V=Y V) = =&t ((DF D7 = DEDL)(T (k) ACR))
k=1
At ~ ~ _ ~ At

+7 Y( aK) _Y( aK) Y( K))J - (Dt A(,K),Y( aK))J - 7/\( O)W( 0)
K—-1

=AY R ACR), + (Y CK) = P K) = DA ). V(LK)
k=1

S om0
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Add now
(YA_ YY)k +1(Y(K) = Z,Y (-, K)); =
(—tm-,m SV E) 4 AV (LK) — Z)— Dy AG )Y (- K))

2 J
A (WKL AG B, — SAC 0, 0)
Add now
aAt iy a\t
CY(VY, W)J,K = T(V(’ 0)7 W(v 0))J+@At Z(V(’ k)? W(v k))J+T(V(7 K)v W(’ K))J
to obtain

VR WKy + A (W), aV(K) ~ AC, k), + S (@V(,0)A(,0), (-, 0));
k=1
Add the final condition on A,
V(LK) = V(K)o (- K) = 2) = DyAG K) =0
Then the derivative is
~ alAt =
J(Ii(v> W= T(‘/(v K)? W(a K))J + At Z (W(7 k)a aV(~, k) - A<7 k))]
k=1
FE @V (,0)  AC0,W(,0)
And since A(+, K) =0,
V)W = SV K) — A K) WG K))
K-1
FALY (W K),aV (k) = AG R, + 5@V (,0) — A0, W(,0)),

k=1
= (OZV - A> W)J,K-

This proves the form of the derivative. The end of the proof is similar as in
the continuous case. [
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2.2.2 Discretization of the optimality system

In order to use them with time domain decomposition, we write a monolithic
code. Define the vector

Y(k)=(Y(1Lk—1),....Y(Jk—1)),

and similarly for A. From (2.2.7), we have the vector recursion

( (At)Q
vkt 1) = CEAw) £ AY () Y1), 2< k< K
Alk = 1) = (AT (K) = Y.(K)) + AA(k) = A(k +1), 2 <k < K
At 2 (At)?
Y(2)=|-—C+I)Y(1)+ (A)YD + = A(1
v(@) = (5e0+ 1) )+ @ove + 255 )
At (At)? ~ =
AK) = (oo 1) A+ 1)+ BE @ 4 1) -y 1) (a0 +1) - 2),
\
(2.2.15)
with the initial and final conditions
Y(1) = YO, A(K +1) =0,
where the matrix A and C have the form (r = £L)
( 201 —72) 2 0 0 0
r? 2(1 —r?) r? 0 0
0 r? 2(1 —r?) r? 0 0
A=
0 r? 2(1 —r?) r? 0
0 0 r? 2(1 —1r?) r?
0 0 0 r? 2(1 —1r?)
—r Z 0 0 0
tor 0 0
U T T
0 5 —r 5 0
0 0 5 —-r 3
\ 0 0 0 —r
(2.2.16)
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We implement the scheme on MatLab. In the casea =1,y =0,a=0,b=1
and using the manufactured exact solution

y(z,t) = sin(rx)(t = T) Ma,t) = 7*sin(nz)(t — T),

we display on Figure 2.3 the associated approximate solution in the case
At = Axr =

1
N-1°

SRS
SO 5 SIS
5 A ‘\\x‘\“«‘o\w.o:‘
Gty T e
SRR TR

value

—
S
e
RRssetiaas
SRR

S

X
5
SRR
PSRN
\‘\\\\\\o\\%\\’v‘»‘\‘»‘s

0 2-
ARG

value

Figure 2.3: Ilustration of discrete and exact solution

Then, we make varying N (the number of mesh point in space). We compute
the error between the discrete approximate solution and the exact solution for
y and \. We use the weighted discrete [2 norm defined, for any v € R/*(K+2)
by

J K+1

loll = > > AwAt (),

j=1 k=0

and the [, norm. We observe that the errors are of order 2 (as expected
but not proved theoretically), i.e. denoting ya, and Aa, the approximate
solution, we obtain

[ yaz = yll < CAL?,
[ [yae =yl < CAL?,
[Pas = Al < CA2?,
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Figure 2.4: Convergence order of coupled wave scheme with respect to Ax =
At
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Chapter 3

Inherited parallel in time

algorithm
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3.1 Definition of the inherited algorithm

Let § > 0, and let us divide (0,7") into two possibly overlapping intervals
01 = (0,71 + ¢0) and Oy = (T1,T). Imitating a Schwarz algorithm, but with
a decomposition in time, our iterative algorithm solves the optimality con-
ditions (2.1.8b-2.1.8¢) in turn in ; = Qx O and 2y = QX O,, see Figure 3.1.

T +6

X

Figure 3.1: Schematic representation of the domains €2; and €

3.1.1 Statement of the algorithm

The iteration is as follows: we first solve a system of coupled wave equations
in domain 1 before solving a similar problem on domain 2 but with initial
data coming from domain 1. The solution in 2; at iteration n is denoted by

(Y, AT).

PROBLEM FOR SUBDOMAIN O,

STATE EQUATION

1
eyt — Ayt — aA;‘“ =0, in Q x O,

(3.1.1a)
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with boundary condition

yptt =0,

with initial data

y?+1('a0)

— (0
Ayt (-, 0)

y,
=y,

ADJOINT EQUATION

8“)\?“ — A)\?+1 + y?+1 = @\,

with boundary condition

Attt =0

)

with the transmission final conditions

)‘711+1('7T1 + 5) = /\g('aTl + 5),

NI (T +6) =yt (T +6) = OIS (-, Ty +6) —

PROBLEM FOR SUBDOMAIN O,

STATE EQUATION
n+1 n+1 1 n+1
8tty2 - Ay2 - a/\z =0,
with boundary condition

yatt =0,

with initial transmission conditions

ys PN, T) = ot L Th),
atyg+1('a Tl) = aty?Jrl("Tl)a

32

in 90 x 01,
(3.1.1b)

in Q,
(3.1.1¢)

in Q x 01,
(3.1.1d)

in 90 x 01,
(3.1.1e)

(3.1.1f)
Yys (-, Ty + 6), in Q.
(3.1.1g)

in Q x Oy, (3.1.2a)

in 90 x Oy, (3.1.2b)

in €,
in Q. (3.1.2¢)



ADJOINT EQUATION

O Ay — ANDTL it = ) in Q x O, (3.1.2d)
with boundary condition

At =0, in 0Q x Os. (3.1.2¢)
with the final conditions

>‘3+1('7T) =0,

ONTET) =y (ys ™ (-, T) — 2), in Q (3.1.2f)
For n = 0, the algorithm is initialized by the transmission final conditions

3.1.2 Important properties

On the domain §2;, we use the natural initial data of y to initialize y; at
T = 0 (see (3.1.1c)), and we impose final condition on A; at the final ¢ =
T1 46 (see (3.1.1g)). We point out that those conditions are similar the final
condition (2.1.8¢) imposed in A for the full problem. In the same way, on the
domain €25, we know the final data of A\y. Hence, we impose the transmission
condition y, at the point t = T7 with the same form of initial data of y at the
point t = 0. In that sense, the algorithm is inherited, because the nature
of the subproblems in domain 1 and 2 is the same as the initial one. This
property will be very helpful to prove the well-posedness of our algorithm.
Our proposed inherited algorithm differs from a classical Schwarz algorithm.
Indeed, if the sequence (y}', A\ )icq1,2) converges toward (y;, A} )icq1,2}, then it
satisfies the following four different transmission conditions:

yi(Th) =y (L Th), Owi(,Th) = 0w (-, Th),
A (T4 6) = X5(-, Ty + 6),

As a result, for any 6 > 0, (y7,A}) = (Yo, A\o,) and (y3,A3) = (Yjaqs Aja,)s
namely, if the algorithm converges, it converges toward the solution of the
initial problem, which is not the case for a classical non overlapping Schwarz
algorithm. In that sense the previous algorithm resembles an optimized
Schwarz algorithm.
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3.1.3 Well-posedness of the algorithm

We shall see that the subproblems in €2; and €25 correspond to Euler equa-
tions associated with adapted quadratic cost functions. As a result, they are
well-posed.

Define for given (g, 1) in L*(),

1
T = & / (2, 1) — Gla, ) Pdedt
2 Jax(o,m+9)

«

+ z/ ly1(z, Ty + 6) Pdx + / vy (@, t) P dxdt
2 Jo 2 Qx(0,71496)

_ /Qﬁo(x)é?tyl(a:, Ty + 6)dx + /Qﬁl(f)yl(l“,Tl + 0)dz,
(3.1.3)

The first two lines contain the quadratic part, the third line is the affine part.
Define

j1(v1) = Jl(vbyl(vl))a (3-1-4)

where v; € Ll(Ql) is the control and y; is the solution of system

Outh — Ay1 = vy in 2 x Oy,
yi =0 in 90 x O, (3.1.5)
yl(" O) = y(0)7 atyl(" O) = y(l) in €).

Lemma 1. For any B3y, 51 in L*(Q), J, has a unique global minimum. The
minimum point is the only solution of the Euler equation Ji(ui) = 0. The
derivative is equal to J{(v1) = avy — A, where X is defined by

att>\1—A)\1+y1 :g inQXOl,
A =0 in 082 x O,
Al('aTl—’—(S) :BO in Qa ‘

6t)\1(.,T1+5)—7y1(.,T1+(5) :Bl wmn €.
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Proof. Similarly to the first chapter, rewrite

1 =N v Q
Ji(v1,y1) = 5||y1_y||%2(ﬂ><(0,T1+6))+§||y1<'7T1+5)||%2(Q)+§||U1||%2(Q><(0,T1+6))

— (Bo, O (-, T+ 9)) 200y + (B, ya (4 T 4 9)) 120
(3.1.6)

Compute the derivative of jl

Ti(v1) - wi = (y1 — i, U1)r2xom+6) + Y (T 4+ 0), 51 (5 Th +6)) 120
+ a(v1, w1) L2(ax0,1146)) — (Bo, O (. 11 +6)) 2y + (B1, 91 (-, Ty +6)) 12(0)-
(3.1.7)

where ¢, is solution of
Outh — Ay = wy in  x Oy,
91 =0 in 0 x 01,
71(+,0) =0, On(-,0) =0, in Q.

For the second derivative,

Ji (1) (wy, wy) = ||g1||%2(QX(O’T1+6))+/Y||:&1(‘7T1+5)||%2(Q)+a||w1||%2(Q><(07T1+6))
Z a||w1||%2(QX(O7T1+§))' (318)

Hence jl is a—convex and therefore admits a unique minimizer u;, charac-
terized by the Euler equation Ji(u1). Choose now A; solution of

8tt>\1—A)\1+y1:§ ianOl,
)\1 =0 in 00) x 01,
)\1(',T1+(5) =0 in Q.

Then, as in chapter 2,

~

Ji(v1) -wr = (avr — A, wi) x4 + (Yyi( T+ 0) — O (-, Ty +6),9(, Ty + 9)) 22 (o)

—(Bo, O (-, 11 + 6)) 2y + (B, G (- Th +9)) 120
F(0 1 (-, T +6), A, Ty 4 9)) 12 (0)-

Write the terms at ¢t =T + ¢ as
(YY1 — Op A1 + Br, 72) + (M1 — Bo, Oethr)
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to obtain that if
A\ — YY1 = B, A= Do,
then J!(v1) = avy — Ay. O

In the domain €2, we consider the cost function

1 - vy - «Q
Ja (v, y2) = §||y2_y||iQ(Q><(T1,T))+§||y2('7 T)_Z||iQ(Q)+§HUQH%Q(QX(Tl,T))v

(3.1.9)
Ta(v2) = Ja(va, y2(v2)), (3.1.10)
where vy € L?(€)y) is the control and s is the solution of system
Onypp — Ay = vy in Q0 x Oy,
y2 =0 in 9 x 0, (3.1.11)

y2(.7T1> = Oy, atyQ('le) = in Q

Lemma 2. For any g, oy in L*(2), jQ has a unique global minimum. The
minimum point is the only solution of the Euler equation Ji(usy) = 0. The
derivative is equal to J5(vy) = ave — Ao, where Ay is defined by

Oura —AXa+ 1o =4 in 1 X Oy,
Az =10 in 08 x O, (3.1.12)
X (,T)=0 in Q,

O (., T) —v(y2(,, T)—2) =0 in Q.

Proof. Compute the derivative of jg

-~

J3(v2)-wa = (Yo—V2, J2) r2(2x02) FY (W2 (-, T) =2, G2 (-, T) ) r2(02) +(V2, W2) 12 (2 0) -
(3.113)

where 7, is solution of

Yo — Aya = wy, in  x Oy,
?jz(le) =0, atg2('aT1) =0, in (.
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For the second derivative,

3 (v2) (wa, ws) = G2l Z20x00) Y1920 T) 220y Hellwall72@xoy) = @llwslZ2@xo,)-
(3.1.14)

Hence J3(vy) is alpha-convex and therefore admits a unique minimizer us,

characterized by the Euler equation jé(uQ) Choose now Ag solution of
(3.1.12). Then, as in chapter 2,

jé(UQ) cwy = (w2 — A2, Wa)r2(0%0,) + (7(92( T)=2) = 0:X(T), 520 T)) 20
—(Bo, Dea -, T)) 2 + (B1, T)) 2@ + (02 (- T), A2 (5, 1)) 120,
= (avy — )\27w2)L2(Q><02)

thanks to the final conditions. O

Theorem 3.1.1. For any initial guess (\?,4?) , the sequence of iterates
defined in (3.1.1,3.1.2) is well-defined.

Proof. 1t relies on the two previous lemma, with
Bo =X T1 +6), B =0A(,T1+0d)— vy (-, Ty + ),

and
Qo = y?—H("TI)a a1 = aty?—i—l(‘, Tl).

O

3.2 Convergence analysis: computation of the
iteration matrix

In order to investigate the convergence of the algorithm, we study the error
(¥7 —y, A} — A), which is solution of the homogeneous equations associated
0 (3.1.1 3.1.2),ie. (3.1.1 ,3.1.2 ) with y© =y =0, § =0, 2 = 0. For
the sake on simplicity, we translate the time interval into (=77, T5), where T}
and Ty are positive and T; +T, = T. The (classical) idea is to use separation
of variables and to expand the functions of x and ¢ over the eigenmodes of
the Laplacian in space, and to work on the so-obtained differential equations
in time.
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We start with the system of wave equations
1
Oy — Ay — =A=0, Oyl —AX+y=0, (3-2-1>
!

that we rewrite as a system by introducing Y = (y, \)

1
oY — AY + (O _5) Y =0. (3.2.2)
1 0

Then, we expand (y,A) on the countable eigenmodes of —A in Q. In one
dimension, €2 = (a,b), and the eigenvalues and eigenmodes of the Laplacian
are given by

E(k) = ), = sin(¢(k)z), k> 1.

Writing
Y(x,t) = SV (kB0

k>1

we obtain the matrix wave equation

9 1
OV (1) + M(R)Y (k, £) = 0, M (k) = (5 (k) —= ) . (3.2.3)
L &(k)

3.2.1 Some algebra on matrices

The second order vectorial differential equation (3.2.3) can be solved explic-
itly, using trigonometric functions, as in the scalar wave equation. A general
formula is a variation of

Y(kz, t) = cos(N (k)t)Yo(k) + N(k:)_1 sin(N(k)t)Yy(k), (3.2.4)
where N = /M.

Let us indicate now how to define properly N, cos(N(k)t) and sin(N(k)t),
and let us show how to compute them in a rigorous way. We define the

matrix
0 —-L
J = Va
Ja 0 )
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which is such that J? = —I. J plays the role of i = v/—1 and will be very
useful in the work, to develop an algebra parallel to that in the complex
numbers. We will see that all the matrices encountered in the analysis below

are combinations of the identity matrix I and J, starting from
1
M(k) =& (k) +—=.
(8 = €0+ 7=

For each k, the matrix M (k) is diagonalizable, with conjugate eigenvalues

w(k) and (k) where
i) = 1)+ 1

The corresponding eigenmatrix is given by

7 —1
P=|a Ja
1 1
and is independent of k. Therefore, the square root of M is defined by
_ . k) 0
N =+vM = PVDP™! w1thD:< o . )
0 (k)
Let
V= /it =11 +ivy,
where 11 and 1, real positive. Let us collect useful notations for the sequel

u—€2+}, v=\/0=uv+iv
—V2 2, 2y =

Lyfe+Je+l f\/ &+ fer+

All these quantities are functions of k, or similarly of £. A direct computation
shows that N

§|~

(3.2.5)

il —uvd

N:V1[+I/2J, Nﬁlz
v[?

=Rev ' +Imv ' J. (3.2.6)

Indeed,
(I + 1) = (Vi — i) + vy = Repl +ImpuJ = M,
(i + ) (] — voJ) = |v|*1.
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Trigonometric matrices Let us start with generalities. The cosine and
sine of a matrix A must be understood as the sum of the Taylor series. If A
and B commute, then the usual trigonometric properties on sine and cosine
of A+ B are valid. In our case, since one of the matrices is a multiple of
identity, it is always true. In particular the addition formulas are valid, 7.e.

cos(A + B) = cos Acos B —sin Asin B, etc.

Furthermore cos(v!) = cos(v)I and sin(v/) = sin(v)I. Compute now

B 00 p(VJ)2p B 00 ]/2p B
cos(vJ) = pgzo(—l) ol pgzo (2p)!I = cosh(v)I.
. B 00 p(l/J)2p+1 B o) V2p+1 -
Sln(VJ) = pgzo(—1> m = pgzo WJ = smh(u)J.

From this, by the addition formulas, we deduce the elegant formulas

C(t) := cos(Nt) = cos(vitl + vatJ) = cos vt cosh vat] — sin vyt sinh ot J,
S(t) := sin(Nt) = sin(v1tl + votJ) = sin vyt cosh vetl + cos vyt sinh ot J,

(3.2.7)
which are parallel to the formulas
c(t) := cosvt = cos vyt cosh vot — i sin vt sinh vt (3.2.8)
s(t) := sinvt = sin vyt cosh vat + i cos vyt sinh vt -
We will use, according to our need, the formulas
cos(Nt) = Recosvtl + ImcosvtJ, (3.2.9)
sin(Nt) = Resinvtl + ImsinvtJ. o
C(t) = Rec(t)] + Ime(t)J, (3.2.10)

S(t) = s( )] + Ims(t)J,

Rec(t)  —Imec(t)/va
C(t) = (\/_Imc() Rec(t) ) (3.2.11)

and similarly for S(¢) and so on. Using again Taylor series, it can be shown
that the derivatives of sine and cosine are calculated as in the scalar case

L cos(Nt) = —Nsin(Nt), L sin(Nt) = N cos(Nt),

C'(t) = —NS(t), S'(t) = NC(t).

and also

(3.2.12)

40



This validates formula (3.2.4).

Furthermore, we compute N sin(Nt) and N~'sin(Nt) using the algebra de-
fined above. For example

Nsin(Nt) = (nnl+ wJ)(Resinvt] + ImsinvtJ),
= (v Resinvt — vy Imsinvt)l + (v Imsin vt 4+ v, Resinvt)J,
= Revsinvt] +Imvsinvtl.

So we have the useful formulas

(sin(Nt) = Resinvt] + Imsin vtJ,
cos(Nt) = Recos vt + Im cos vt J,
Nsin(Nt) = Revsinvtl + Imvsin vt J,

(3.2.13)
N cos(Nt) = Revcosvt] + Imwvcosvt,
N~'sin(Nt) = Rev'sinvtl + Imv~!sinvtJ,
( Nt cos(Nt) = Revtcosvtl + Imvtcos vt
Collect all necessary formulas for the functions of ¢
(C'=Recl +Imecl,
S =Resl +1ImsJ,
NS = Re(vs)I + Im(vs)J, (3.2.14)

NC = Re(ve)l + Im(ve)J,
NS =Re(r~'s)I + Im(r~'s)J,
(N7IC =Re(vte)l + Im(v~1e)J.

3.2.2 The infinite domain case

We consider here T} = T5 = +00.

Computation of the convergence matrix

Start with the problem in subdomain 1, whose solution we call Y7 = (y1, A1).
By separation of variables, we write it as

Vi(a,t) = Yi(k,t) (),

k>1

41



and implement first the boundary condition at infinity,

lim Yi(-,t) = 0.

t——o0
We use a simpler variation of (3.2.4).
Yi(k,t) = cos(Nt)G(k) + sin(Nt)G (k). (3.2.15)

We write first the behavior at infinity of the real hyperbolic sine and cosine
functions:

1 1
cosh VQt ~ §e_l/2t S X7 sinh Vgt ~ —ée_yzt = —-X.

X is the large parameter. This implies by (3.2.8)
Recosvt ~ X cosiqt, Imcosvt ~ X sinwvit,

= cos(Nt) ~ X(cosvytl +sinvt]).
Resinvt ~ X sinvgt, Imsinvt ~ —X cosut,
— sin(NVt) ~ X (sinvytl — cosvit]).
Insert into (3.2.15),

Y, ~ X [(cos vitl + sin I/ﬂfJ)é + (sin vyt — cos VltJ)é] )
Reorder in cosine and sine
Vi~ X [cos nt(G — JG) + sint(JG + @)] :
Use that J? = —1,
Vi~ X [cos nt(G — JG) +sintJ (G — Jé)} ~ X (cos vitI+sinvitJ)(G—JGQ).
The matrix cos v4tl +sinv;tJ is a rotation matrix, has no limit at 1nﬁn1ty If

Y has to tend to 0 at —oo, we must have G — JG = 0. Therefore G = —JG
and since J and N commute, we have

Y, = (cos(Nt) — Jsin(Nt))G. (3.2.16)
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Write the same formula in (0, 4+00)

Yy = cos(Nt)H + sin(Nt)H.

(3.2.17)
Enforce the condition at infinity Y(

o0) = 0.

1 vat : 1 vat
cosh ot ~ —e"" 1= X, sinhwyt ~ - = X.
X is the new large parameter. First by (3.2.7)

cos(Nt) ~ X (cosvitl — sinvtJ), sin(Nt)

~ X (sinvitl + cosvt).
Insert into (3.2.17),

Yo ~ X |(cosvit] —sin yltJ) + (sin vyt + cos ylt(])f]}

~ X |(cosuit] —sinytJ)H + (—sinvitJ + cos yltI)Jﬁl]
~ X(cosuvtl —sinuvgtJ) []:I+ J]:I] .
Consequently

H+ JH =0, or equivalently H = JH.
Hence

Yy(k,t) = (cos(Nt)I + sin(Nt).J)H, (3.2.18)
renaming H by H. We will need to express separately y and A\ in these

formulas, in order to be able to enforce the transmission conditions. For this
we use again formulas (3.2.9) or in the concise form (3.2.10)

cos(Nt)I —sin(Nt)J = Rec(t)] + Ime(t)J

— (Res(t)I +Ims(t).J)J,
= (Rec(t) + Ims(t))] + (Imc(t) — Res(t))J,
Vi(k,t) = (Ree(t) + Im s(t))G + (Im ¢(t) — Re s(2))JG
Use now

(@)= (e

to write y and A\ separately:

i = (Rec(t) +Ims(t))G
M = (Rec(t) 4+ Ims(t))Gs
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It is very easy to differentiate in time, from (3.2.12),

%Yl(k t) = —Nsin(Nt)G(k) — JN cos(Nt)G(k), (3.2.20)

and by the formulas (3.2.14), it suffices to replace in (3.2.19) c(t) by —vs(t)
and s(t) by ve(t), to obtain

9 = (=Revs(t) +Imve(t))Gy — o= (= Imws(t) — Reve(t))Ga,

N = (=Rews(t) + Imve(t)Ga + va(—Imws(t) — Reve(t))Gy.

(3.2.21)
For Y5 just change t in —t, that is s into —s:
92 = (Rec(t) —Ims(t))Hy — J=(Imc(t) + Res(t)) Ha, (32.22)
Ay = (Rec(t) —Ims(t))Hs + /a(Ime(t) + Re s(t))H. o
%f@(k:, t) = —Nsin(Nt)H (k) + N cos(Nt)H (k), (3.2.23)

N, = (=Rews(t) — Imve(t))Hy + /(= Imvs(t) + Reve(t)) H.
(3.2.24)

{ Gy = (=Rews(t) — Imve(t)Hy — Jo(~Imvs(t) + Reve(t) Ha,
a

It is easy now to address the transmission conditions
5\711+1(_’5> = 5‘;(75) —
(Rec(6) + Im 5(8))Go 4+ Va(Im ¢(8) — Re s(8))Grtt =
(Rec(8) — Im s(8))HY + a(Im ¢(6) + Re s(6))HP,
and
(DA =3 (.0) = (0] = 185)(,0) =
(—Rews(8) + Imve(0)) G + Va(—Imvs(8) — Reve(8))GHH!

— v((Rec(8) 4+ Im s(8)) G+t — %(Im ¢(8) — Re s(6))Got) =

— (Revs(0) + Imve(d))HY — va(Imvs(8) — Reve(6)) H!

— ((Ree(8) — Tm s(8)) HT — %(Imc(é) + Re s(8)) HD).
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We rewrite this as a system, defining two matrices,

va(Ime(t) — Res(t)) Rec(t) 4+ Im s( t)
Sit) = | [—va(Imwvs(t) + Re Vc(tﬁ [ Tm ve( t — Revs T
(0) 4 Im o))+

—y(Rec(t) + Im s(t +-=(Imc(t) — Re s(t
(3.2.25)
Va(Ime(t) + Res(t)) Re ( ) — Ims t)
Si(t) = | [Va(—Imws(t) + Revc(t)) [— (Imve(t) + Re VS
—v(Rec(t) — Im s(t) %(Imc + Res(t
(3.2.26)
and 3 R )
S1(6)G™ = S (§)H™, or
G = M A", My = S71(6)S1(9).
Rewrite S; more explicitly.
Re s — Im ¢ = sin vy t(sinh 1ot + cosh vat) = sin vy te?!,
Rec+ Im s = cos vy t(sinh vyt + cosh vat) = cos vite”?t,
We need now to express Imvs(t) + Reve(t) and Imve(t) — Revs(t)
Revc+Imvs = 1ryRec—1nIme+ v Ims+ vy Res,
= 1v1(Rec+Ims) + 1n(Res —Ime),
= (vpcosvit + v sinvyt)e?t.
Similarly,
Imve(t) — Revs(t) = vyIme+wmnRec— (v Res —1plms),
= —1(Res —Imec) + mn(Rec+ Ims),
= (—uysinut + v cosvt)e?t.
We obtain
~ Vot —y/asinvt cosvit
Si(t) =e —(vavy +v) cosvit — Jave sinint  —(vg + %) sinv1t + vy cos vyt
(3.2.27)

We easily compute the determinant of S (t):

det Sy (t) = (Vaw, + )2t > 0.

Do the same on S;:

Re s+ Im ¢ = sin vy te "2,
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Rec — Im s = cos v te "2,

Reve —Imvs = vyRec—wplme— (v Ims+ 1pRes),
vi1(Rec —Ims) — vp(Res + Imc),
= (v cosvit — vy sinut)e "2t

Similarly,

Imve(t) + Revs(t) = viImce+wmmRec+ 14 Res —vplms,

= 1(Res+Imc) 4+ n(Rec —Ims),

= (v sinugt + vy cosvpt)e 2t

Vasinvt cos vyt )

__—vat
Si(t) =e ( (Vavy — ) cosvt — yJavssinvt  (—uvq + %) sin vt — vy cos vt
Compute now the iteration matrix M; = Sy %(t)S;(t). First

§-1(t e~ et ( ( —(n + \/ia) sin vt + v, cos vyt — cos vyt )

)= Vavy + 7 Vavy + ) cosvt + Javysinigt —y/asin vt
A long calculation shows

u o—2vat ( —vavy + ycos(2v1t) + vay/asin(2v4t) 2 cos Vlt(—% sin v1t + v5 cos vy t) )
1= )

Vvavy + 7 2\/asinvt(ycosvit + J/avasinvgt)  y/avy + v cos(2vit) + voy/asin(2u1t)
Now the transmission conditions
g5 H(0) = 97FH0), g5 TH(0) = Dy tH(0),
are easy to treat. They give
il Andl
H{”A =Gt A ) A
—vpHy T — LT = G LG

In matrix form

S = 5,Gn

Consequently,

= MG = Gyt = YO
1



We couple now
én-l—l == Ml.Hn, M1 = 51_1(5)51(6), I:In == Mgén, M2 = 512_152,
to obtain the iterate

Gt = MG, M = M, M.

Compute now the matrix M, or rather what we need from matrix M: the
determinant and the trace. It is easy to find that

det M — det 51(6) detSy — detSi(d) 6_4%”_—\/@1
det 51(6) det S, det Sy () Y an

M = (

=

D11(Ma2)11 + (M1)12(Ma)ar 4+ (Mi)a1(Ma)12 + (M1)22(Ma) 22,
—%(Mﬁn + 2u5(Mi)12 + \%(Ml)m) )

\%((Ml)zz — (Mi)11) + 2v5(M;y 12) )

_V_“;;’l’i: (\;—1&(2;/1\/5) + 4y cos v1d(— & sin v + v, cos 1/1(5)> ,

o \/a 6721/25

v Vavi+y
. \/& e—2u25

v1 yavi+y

\
ERER

v+ 22 cos’ 116 — 21/2\%a sin 110 cos 1/15> ,

|v[? + v cos 2116 — vp = sin 2V16) :
using that
2cos?f =1+ cos 26, 2sinf cosf = sin 26.
The characteristic polynomial is A> — Tr M\ + det M. The reduced discrim-

mant is

2
_6—4,/25’7 —Van

7+\/5V1'

(|V\2 + V3 cos 2110 — 1/2i sin 2y15)

Ja

Analysis of the case 7 =10

The general analysis of the convergence matrix is not easy. However, in the
case v = 0, we can show a divergence result:

Theorem 3.2.1. Assume that v = 0. For any a > 0, there exists, o9 > 0,
such that, for any 6 < do,the algorithm is divergent.
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Proof. In that case, we see that the discriminant is positive, the trace is

negative:

6—41/26

A =

— ((Jv]* + 3 cos 2116)* + 1) .
"

—2u90

TrM=—2 (|v]* + v3 cos 2110) ,

2
41

and the determinant, equal to det M = —e~%2%  is negative.

Therefore there are two opposite sign eigenvalues and the spectral radius of

the matrix M is equal to
6—21/25

p(&) = —; (|y|2 + V2 cos 21,6 + \/(|V|2 + v cos 2110)? + l/f) .
"

For large &, 1v1(§) ~ & is large and 15(§) ~ 1/(2£y/a) is small. The spectral
radius p(&) is considered as

p(&) ~ e &V (1 4 1/2) > 1.

With this asymptotics computation, we can conclude that there exists large
¢ where the convergence factor with respect to £ is larger than 1 when 0 is
small and therefore the algorithm is divergent. O

So it seems that the algorithm is not suitable for infinite time domains.
We now turn to finite time domains, and see if we can forge a converging
algorithm.

3.2.3 The finite time domain case
The aim of this section is to prove the following result:

Theorem 3.2.2. The convergence of the algorithm is defined by the iter-
ation matriv M = M;M,, with M, = S1(6 +T1)7181(6 — Ty) and My =
Sy 1 (—=T)So (1), with

~ Rec(t) Revts(t)

Si(t) = (— Revs(t) + J=Ime(t) Rec(t) + =Im u‘ls(t)) . (3:2.28)
Su(t) = Vvalmc(t) +’yf2{e v1s(t) Valmv=ls(t)

N —Valmws(t) + \V/—EImy_ls(t) Valme(t) —yRevts(t) )’
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~ Rec(t) — =Imv's(t) Rev's(t)
Sa(t) = (- Res(t) - ZIme(t)  Rec(t) ) ) (3.2.30)
1 [(—TImec(t) —Imvts(t)
Sa(t) = Ja (Im vs(t)  —Imec(t) ) ' (3.2.31)

In each subinterval in time, we have the matrix wave equations (3.2.2) and
hence (3.2.3). The solutions are in vector form Y;* defined on (—T3,d) and
3:/2" defined on (0,73). Rewrite the boundary conditions on the coefficients
Yyn(k’ t) = (ﬂ?(k’a t)> /\;L(k:7 t)):

ﬂ?(k; —T1> = 81&17711(]“‘57 —T1) =0,

NI (k, 8) = A3 (k, 6),

DN (K, 8) — v (K, 0) = N5 (e, 6) — 73 (K, 8), (3.2.32)
{5\5‘(143, T2) = 8t;\§(ka Tz) - 7?3721(]57 T2) =0,

Gt (k, 0) = g7t (k, 0), 0t (, 0) = 8,5 (K, 0).

We now write the iterates in the convenient form

Y7k, t) = C(t + Ty)Y? + N71S(t + Th)Y7Y, (3.2.33)

Y3 (k,t) = C(t = T5)Ys" + N7'S(t = Ty)Y35. o
and we will use formulas (3.2.12) for the derivatives:

Y7 (k,t) = —NS(t + T)Y + C(t + T)YT, (3.2.34)

0 Y5 (k,t) = =NS(t — )Y+ C(t — T2)Y5. o

From the condition g7 (k, —T1) = 0 we get
(Y =0.
From the condition 0,47 (k, —T1) = 0 we get
YP)h =0
It remains only two parameters,
Y'=afes, Y7 =fe,

with e; = (1,0)7, e = (0,1)7 and Y;" takes the form
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Vi (k,t) = o"C(t + T1 ey + BIN IS (t + T )es (3.2.35)
We will also use
QYT (k,t) = —a"NS(t + Ty)ey + BIC(t + T ey (3.2.36)
For the domain (0,73), from the condition AZ(k,Ty) = 0 we get
(Y3')2 = 0.
From the condition 9,7 (k, Tp) — v95(k, Ty) = 0 we get
(Y5)s — (Y51 = 0.

Define ~
= (Y5, By =(Y5h

Then (Y5)s = ya4, and we can write
Yy =afer, Y3 =Bjer +yajes.

Y7 (k,t) = a3C(t—Ty)er 4+ SEN LS (t—Th)ey +yab N~LS(t— Ty ey, (3.2.37)

We will also use

Y (k,t) = —abNS(t — Ty)ey + BEC(t — Ty)ey +valC(t — Th)es. (3.2.38)
From formulas (3.2.10),
Y (k,t) = o/ (Re c(t+T1 ) I+Im c(t+T} ) J)ea+ B (Re v s (t+T1 ) [+Im v~ s (1414 ) J)es

Since Jeg = —\%61 and Je; = y/aey, we can rewrite

- 1 1
Y (k,t) = o (Re c(t+T1)ea———= Im c(t+Ty ey )+ (Rev ' s(t+Ty )ea——=Imv~'s

va va

Separate now the components:

i (k,t) = "%Imc(t%—Tl) JeBr Imy!s(t + 1),

- 3.2.39
Ak, t) = af Rec(t +T1) + B Revts(t + Ty). ( )
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For 0,Y; we replace ¢ by —vs and v~1s by c.

0 (k, 1) = o g5 Imws(t + Th) — g B Tme(t + 1), (3240
O (k,t) = —af Revs(t + T1) + B} Rec(t + T1).

In subdomain 2,

Y7 (k,t) = o (Re c(t—To) I+Im c(t—Ty)J)e1+ 85 (Re vt s(t—Ty) [+Im v~ L s(t—T5) J)ey
+yay(Rev ts(t — To) I+ Imv ts(t — Ty)J)es).

which is rewritten as
Y7 (k,t) = o (Re c(t—Th)ey+v/a Im c(t—Ty)ey)+ 52 (Re vt s(t—Ty ) er++/a Im v~ s(t—Th)ey)

1
+yah(Rev 's(t — Ty)eq — 7o Imv~'s(t — Th)ep).

{ 95 (k,t) = aB(Rec(t — Ty) — J= Imv~'s(t — Ty)) + B Rev~Ls(t — 1),

(3.2.41)

For the time derivative replace ¢ by —vs, and v~!s by c.

{ 05 (k,t) = 0 (— Revs(t — Ty) — J=Tme(t — Ty)) + B3 Rec(t — T)

2
NIk, t) = o (—y/aImvs(t — Ty) + yRec(t — 1)) + f2y/aIme(t — Ty)
(3.2.42)

Now impose the conditions at t = ¢,

Mk, 6) = A (k, 0),
DN (I, 8) — i (, 6) = A3 (k, 6) — i3 (K, 6),

Write

0N (ks t) =97 (k. t) = af (— Rews(t + Ty) + v Ime(t + T1) /)
+ B(Rec(t +T1) +yImvts(t +T1) /Va).

0Ny (k) — viiy (k. t) = o (—V/aImws(t — Tp) +7* Imv's(t — Tp) /@)
+ By(vValme(t — Ty) — yRev 's(t — Ty)).
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So the transmission conditions at t = § give

i Rec(6+Th) + B Rev's(6 + Th)
=af(vValme(d —Ty) +yRev 's(6 — Tp)) + VapyImv ts(§ — Ty),
(= Re vs(04+T1) 4y Im ¢(0+T1) /v a)+B87 T H (Re c(6+T1 ) +y Im vt s(5+T1) /+/ )
= o (—vaImvs(0—T)+7*/vValm v s(6—Ts))+By(vValmc(6—Ty)—yRe v ts(6—T3)).

(3.2.43)
Then we have the recursion
~ a”+1 ol
S1(6 4+ T1) < 711+1) =516 = T») ( %) : (3.2.44)
1 53
Lemma 3. For any t # 0, the determinant of Si(t) is equal to
2 2 2 2
= v cosh”(vat) 4 v5 cos® (v t) vy s
det Sy (t) = BEE ~ Imv = s(t)e(t).  (3.2.45)
If it is different from O fort =T + 0, the system (3.2.44) can be solved into
apt! -1 g
nel =S (0+T1)51(6 —Ty) 8p (3.2.46)
Proof.

det S;(t) = (Rec(t))*+Revs(t) Re uls(t)—i—%(Re c(t)Imv ts(t)—Imc(t) Rev's(t)).

Use
v1 Res(t) + vo Im s(t)

Revs(t) = 11 Res(t) — 1o Ims(t), Rev 's(t) = DE
v

to obtain

Res(t))? — vi(Ims(t))?

det Sy (t) = (Rec(t))? + i T m v ls(t)e(t).

PE ~Va
Expand the first term into
|%«Rec@)f + (Res(t)?) + |%«Rec@»? — (Ims(t))%),

and from (3.2.8),
(Rec(t))? + (Res(t))? = cosh?(vat), (Rec(t))* — (Res(t))? = cos?(vit),
which gives formula (3.2.45). O
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We turn now to the second transmission condition, which is
g;’b-l—l(k,’ O) - y?—i_l(k‘a O)a 8tgg+1(k:7 0) = atg?—‘rl(ka O)
We write it

o ' Rec(—Ty) + By Rev 's(—Ty) — %agﬂ Imv's(—Th)
= —ay M Ime(Ty) /Va — B Imvts(Th) /e,

— oy Revs(—=Ty) + Byt Rec(—Ty) — lag“ Im c(—T5)

\/a
= oM Imus(Th)/vVa — B Ime(Ty) /v e

Then we have the recursion
~ an+1 an+1
2 1
Lemma 4. For any t # 0,

~ v? cosh?(vyt) + 12 cos? (vt P pp—
det Sy(t) = L (v2 |>V|2 pcos’(d) % Imv's(t)e(t).  (3.2.48)
For any Ty, a, 8 and v = 0, det Sy(=13) is different from 0 and the system
(3.2.47) can be written as

a;ﬂrl - 0/11+1
( n+1) =5, (—T2)S2(T1)( ?H) (3.2.49)

2

Proof.

det S5(t) = (Rec(t))*+Revs(t) Re V_ls(t)—%(Re c(t) Imvts(t)—Imc(t) Rev's(t)).

We proceed in the same way as lemma (3) to obtain

viRes(t)” —vi(ms®)? 7 11y,

v[? Va

det So(t) = (Rec(t))? +

From the proof of lemma (3), we get

P (Ree(t)? + (Re s(1)?) + 25 (Ree(t))? — (Im (1)),

v ]?



and
(Rec(t))? + (Res(t))? = cosh?(vyt), (Rec(t))? — (Res(t))? = cos?(vit),
which gives formula (3.2.48). O

For the moment we have no hint as when the determinants are different from
0, except when v = 0. We finally have the recursion equation.

n+1 n
B B2

n+1 n+1
%) = M, a1 .
B2 B

with My = S1(6 + T1)7151(6 — Ty) and My = Sy 1 (—T3)S5(Ty). Define

(3.2.50)

M = My My, (3.2.51)

then the recursion relation becomes

a n+1 a n
1 1

=M .
G) =)
If the matrices 5'1 and 5'2 are invertible, then we can iterate and the conver-
gence depends of the spectral radius of M. Even though the general existence
theorem for the subproblems implies that those matrices are invertible, we
have no hint up to now on how to deal with . Therefore we study now
the case v = 0, where the matrices are much simpler. If furthermore § = 0:

no overlap, and the two windows are equal, the matrices simplify greatly,
depending only of one parameter T} = T,. We call

A; = S1(Th), Ay = Si(=T1), By = Sa(=T1), By = Sy(Th).

3.3 Study of the toy model

The toy model is as described above v =0, 6 = 0, T} = T5, and also o = 1.
We are aware that this problem is only academic. Indeed, in practice the
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parameter « is often a regularization term, that could be very small, see
Remark 1. In this case, the formulas (3.2.5) for p and v simplify into
km

k21 &) =3—, u(k) = k) +i, v(k) = Vpuk) = +in,

vi — vy =E(k), 2up =1,

1
- E\/gz(zg) VAR 1L

(3.3.1)
In particular v; is an increasing function of k, and v, a decreasing function
of k. Furthermore the matrices defining convergence are now

[ Rec(Ty) Rev's(Ty) [ Ime(Ty) —Imvts(Th)
A= (— Revs(Ty)  Rec(Th) ) o A2 = (Imys(Tl) Im ¢(Th) ’

(3.3.2)
~ (Rec(Ty) —Rev's(Ty)  (—Imc(Th) —Imvts(Th)
B = (Re vs(Ty) Rec(Th) ) » Be = (Im vs(Ty) —Im c(Tl)(g?3 3)

We note M; = A1_1A2 and M, = Bl_le. From lemmas 3 and 4, the matrices
A; and B; have the same determinant equal to

v? cosh? (v, 1)) + v3 cos? (v, 1))
V2

Note A = d(Tl)Ml and B = d(Tl)MQ Then

d(Ty) = (3.3.4)

B < Rec(Ty) —Re Vls(T1)> " (Imc(TI) —Imyls(T1)>
~ \Rews(Th) Rec(T}) Imvs(Th) Im ¢(Th) ’
which gives

. Rec(Ty)Ime(Ty) — Rev=ts(Ty) Imvs(Ty) —Ree(Ty)Imv=1s(Ty) — Imce(Ty) Rev—1s(Ty)
o ( Revs(Th) Ime(Ty) + Ree(Ty) Imvs(Th) —Revs(Ty) Imv—1s(Ty) + Ree(Th) Im ¢(Ty) )

7= (et ) > i) )

which gives

B (— Rec(Ty) Ime(Ty) + Rev—ts(Ty) Imvs(Ty) —Ree(Ty) Imv—1s(Ty) — Imc(Ty) Re y_ls(Tl))
n Revs(Th) Ime(Ty) + Ree(Ty) Imvs(Th) Revs(T1)Imv~ts(Ty) — Rec(Ty) Im e(Th) ’
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Finally, we have

1
M = mAB (3.3.5)

where, defining the coefficients of A to be a;;,
A= aip a2 . B= —a11 412 :
a91  a99 a1 —Q22

R:=AB = ( ) @iz anfan - &22)> . (3.3.6)

2
—agi (a1 — age) —asy + a12a9;

therefore

The coeflicients are

( in(2v,17) sinh (20,7}
- _sm( 141 1);111 ( %) 1) ;’1;/’22 (COS(leTl) _ cosh(2V2T1)),
—vy cos(2u1 1) sinh (20,71 ) + v cosh(2v, 17 ) sin(21417)
a2 = )
2[v[?
141 COS(2V1T1) Sinh(?l/ng) + 9 COSh(?I/QTl) Sin(2V1T1)
g1 — )
2
in(21117) sinh (21,7}
s — _ sin(21y 1);11(1 (2v,T7) + T;T; (cosh(2u,TY) — cos(2v1T1)),
\
(3.3.7)
and since 2v4v9 = 1,
( in(21117) sinh (25T} 1
o — _sin(2u 1);111 (2vTh) 4|y|2(COSh<2V2T1> — cos(2v1 1)),
a —1U1 COS(2V1T1) SiIlh(2V2T1) —+ Uy COSh<2V2T1) sin(?lel)
12 — )
2[v[?

v cos(2v,Ty) sinh (29T ) + v cosh (2917 ) sin(27,17)
ag) = )

2
sin(?lel) Sil’lh(ZVQTl) 1 1
9o — —
[ 2 e

(cosh(2u,T1) — cos(2v,11)).
(3.3.8)
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3.3.1 Analysis of the eigenvalues

Theorem 3.3.1. The eigenvalues of M (see (3.2.51) and (3.3.5)) are real
negative, given by

1 1
A= 7] Ve =+ 4|v|? (cosh(21,T7) — COS(ZVlTl))]Q’

0= W (v} sinh? (20, T1) — V2 sin®(2011)] (3.3.9)
v? cosh? (1,11 4 v3 cos? (1, T1)
v[?

d:

Consequently, the spectral radius of the matriz M is

VP + 4‘i‘2 (cosh(21Ty) — cos(2nTh)) _,
o T1) = | - | (3.3.10)

Proof. Since M = 4 R, we concentrate on R, using the coefficients in (3.3.6).
Expand the characteristic polynomial of R

P(A) = A2 — DA +TI,
Y=TrR= 2(1,12(121 - (a%l + CL%Q), (3311)
II:=DetR = (a12a21 - CL116L22>2.

We see that the extradiagonal terms intervene only by their product, we call
C = A12027.

PO = (A= (O 5(ah +a&)) =@, ® = (C— (e +a3)~ (C—anan)

(3.3.12)
Lemma 5. For all k and Ty, ® is positive.
Expand ® using a® — * = (a — b)(a + b),
b = C — %(a%l + CL%Q) + C— anCLQQ] [C — %(a%l + a%z) — (C — CLHCLQQ)},

2C — %(a%l +a3,) — a11a22} [ - %(a% +azy) + a11a22)},
= [20 — %(CLH + 022)2} [_ %(all - a22)2]

1 1
® = —5(an — a2)*(2C = S (an + ax)’).
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1
Z(an + ag)? — C. (3.3.13)

Insert now the formulas for the a;; into ¢, using for shortening.
Cl = 21/1T1, CQ = 21/2T1.
ai; + age = — SiH(Cl) Sinh(gg),

(v2 cosh((a) sin(¢y) — v cos((1) sinh((2))

d = (Cl11 - CL22)2907 Y =

1
C = = —_—
12021 AP

o = %siﬁ(gl)smh?(@)— (5 cosh?(G) sin®(G1) — 17 cos®(¢1) sinh®(y))

1
Alv|?

= L [P sin?() sinh?(G) — (12 cosh®(Gy) sin®(Gy) — 2 cos((1) sink(C))]

4]
1

— i DA~ sG]

vivs {Sm}ﬂ(@) _ SiHQ(Cl)]

AP v vi
ATt [sinhZ(@) B sin2(C1)}
Afv? G ¢t
Tt {sinh2(§2) sin®(G1)
- > 0. 3.3.14
wEl e o a N

The term in the bracket is positive since the first term is larger than 1 and
the second is smaller than 1. It is zero only if 7T} or k is zero, which is not
in the range of values. Therefore we have proved that the eigenvalues are
always real. Their product is IT defined in 3.3.11 which is positive. Therefore
they are either both positive, or both negative. Let’s find the sign of their
sum X = 2C — (a?, + a3,).

Y = ‘ [VQ coshQ(Cg)sm (¢1) — v cos?(¢r) sinh?((o)]
i (ML) | (o) - con(6)))
= 3 ;2 [v3 cosh?((y) sin?((1) — v cos?(¢y) sinh?((y) — |v|?sin(¢y) sinhQ(Cg)}

1 2
i (€oshle) - con(C1)

= gpsin®(G) — 1§ sinh?(¢,))) —

(cosh((z) — cos(61))?,

1
8|v[4
(cosh(¢e) — cos(¢1))? < 0.

1
= 20—
e
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Therefore the sum of the eigenvalues is negative, and there are both negative,
given by

3 = —p— gr(eosh(@) = cos((1)? £ V.
= —p- W(Cosh(@) —cos((1))? £ |an — axl\/@.
But
a1 — agn| = W(COSh(@) — cos(C1)),
and

= —p— — 1 (cosh(Ga) — cos((1))?

IR (cosh(C2) — cos(Ci))v/¢p-

2Jv|?

1
a = \/E? b= 4|l/|2 (COSh(Cg) - COS(Cl))7
M= —a? - >+ 2ab = —(aF )2
a and b are positive, therefore
maz(|]2\F|) = (a + b)*.

[]

3.3.2 Numerical illustrations of the theoretical conver-
gence factor

On figure 3.2, we have plotted the convergence factor p(M) as a functions

of the two variables £ and T;. On Figure 3.3, we have plotted p(M) as a

function of ¢ for different values of 77 (the right part being a zoom the figure
is a zoom of the left one).
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3

— .1

—1

— 0

40

0.1 02 03 04 05 06 07 08 09 1

Figure 3.3: p(M) as a function of £ for different values of T: 0.1, 1, 2, 20,
40.

1. For a given T, the function £ — p(M) seems decreasing. As a result,
the convergence factor corresponds to p(M) computed at the smallest
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value of §, namely §; = ;™ associated with £ = 1. We have not been
able to prove that. We use it as an empirical theorem. Because & is
proportional to the inverse of (b — a), the smaller the space interval,
the better the convergence is.

2. For a given &, the function 7"+ p(M) seems increasing but, here again,
we have not been able to prove it. However, we prove in Theorem 3.3.2
and Theorem 3.3.3 that the convergence factor is smaller than one for
small T and larger than one for T large.

3. For a given T, p(M) tends to 0 as & goes to infinity. Indeed,

5&2100 Ve = 5113100 W(cosh@ygﬂ) —cos(21Th)) =0
and
lim d=1.
£—+o0

As a result, the inherited algorithm acts as a smoother and is in the-
ory very efficient for high frequencies. As a consequence, the conver-
gence factor will a priori not deteriorate as the discretization step (in
space and time) decreases. Indeed, a smaller space and time step leads
to consider higher frequencies, that are efficiently treated by the al-
gorithm. This result has to be temperated by numerical results (see
Section 3.3.4) that show that in practice, the numerical convergence
rate for high frequencies is different from the theoretical one (although
the worst convergence rate is still obtained at the small frequency).

3.3.3 Theoretical convergence results

Theorem 3.3.2. There exists Ty > 0 such that, for any T < Ty, the algo-
rithm converges.
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Proof. We first prove that d(77) > 1:

V2
AT v? cosh? (v, 1)) + v3 cos? (v, 1)) cosh? (v, Th) + s cos” (11 Th)
1 pr— prm—

= L
1
cosh®(Ty) + 4vs cos* (' Th)  cosh®(wTy) + 4vs — 4vs sin® (14 T)
B 1+ 44 B 1+ 4v3
S cosh? (1Y) + 414 — 4viV?T? S cosh? (1Y) + 4v4 — v2T?
- 1+ 4vy - 1+ 4v}
S 1+V22T12—|—#+4V2 — V2T}
- 1+ 4v;
1+ 20 4 g
= > 1.
1 —|— 4v3

Then, it is easily seen (see formula (3.3.9), reminding that ¢ is positive (3.3.14))
that

1
v < 1 sinh?(2,T1),
and
1 1
4|v|? ~ A4v)?
Therefore, we can somehow ’brutally’ bound the convergence factor as fol-
lows:

(cosh(2v,TY) — cos(214Th)) < (cosh(21,TY) + 1).

p(k,Th) < %smh(Zyng) 4‘1 E (cosh(2v,TY) + 1)
< + Wll)\z (cosh(2v5(1)T7) +1). (3.3.15)

Here, we use the fact that k +— (k) and k —

e are both decaying. The
function f : R — R defined by

v (k)

f(1h) = %sinh(ng(l)Tl) + (cosh(215(1)T7) + 1),

1
Alv(1)?
is strictly increasing and continuous. Since |v(1)] > 1,

1

<1.
2v(1)?

f(0) =

<

N —
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Moreover

Ty —+o0

and by the intermediate values Theorem, there exists T, > 0 such that, for
any 11 < Ty (T = 2T1), the algorithm converges. O

We notice that our upper-bound is not very sharp. On Figure 3.4, we plot
V/p and its upper bound f with respect to T in the case a = 0 and b = 1.
We remark that for large 71, f is much bigger than /p.

2 ]

15+ ! i

0.5 . 1

5 10 15 20
Figure 3.4: Evolution of |/p (plain) and f (dashed) with respect to T}

Theorem 3.3.3. For fixed k, as T} tends to infinity,

p(M) ~ (M 4 ) > 1. (3.3.16)

v 203

Therefore there exists a time T such that the algorithm diverges for T > T.

voTh

Proof. If Ty tends to infinity, cosh(1,T}) ~ sinh(vT}) ~ ze

cosh(20,Ty) ~ 12Tt ~ 2 cosh?(1,T1) . Replace in (3.3.9):

1 . .
3 Similarly
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v? cosh?(1,TY)

d ~
v 7
2
0~ 0 |2 sinh?(2,T1),
1 1
Ai = —ﬁ [\/6 + W(COSh(QVQTl) — COS(QVITI))}Z'
Therefore
1

At~ = [m sinh(2u,T7) + 1w |2 COSh(2V2T1))j| )

sinh(2v,77) 2 1 2
( ) 3t )
sinh(21,T7) |V|2 Q[Vl + ! }2
1) 1/1 cosh®(,Ty) /) ‘2lv|  4y? 7
| 1 2
~ + ,
g vi 2|V| 4|V|2}
= — 1.
+ 21/1 >

3.3.4 Numerical comparison

We finish this chapter by discussing the practical efficiency of the inherited
algorithm. The discretization of the subproblems in domains 1 and 2 is based
on the finite volume approach described in Section 2.2 (we remind that the
subproblem have by construction the same structure as the initial one, see
Section 3.1.2).

On Figure 3.5, we plot the theoretical and numerical convergence factor with
respect to the frequency k. For the experiment, we choose T'=1, b = 1 and
a=0. We use N = 51 discretization points in space (Az = 1/50) and At =
Ax. For each frequency, the theoretical convergence factor is computed using
Theorem 3.3.1. For the numerical one, we solve the homogeneous problem
(without source, computing the zero solution) and we initialize the domain
decomposition algorithm by the following mono-frequency initial guess:

km

l’j)a at)\g(xj, T1> =0 T; = jAZE

)\g(.fj, T1> = Sin(b
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- = =numerics

convergence factor

0 20 40 60
Kk

Figure 3.5: Numerical and theoretical convergence factor for N = 51

The convergence factor is then computed by making the quotient of the L?
norm of the approximate solution between two consecutive iterations:

1y &2 220y x 0.1
(k) = =25 - _ (3.3.17)
1Az 2@y % (0,))

Note that y(Ajg)C = (ygi,l,ygig) stands for the approximate solution on the

whole domain (a, b) x (0,7") at iteration j obtained by concatenating the so-
lutions on domain 1 and 2. For the computation, we have chosen empirically
Jj=05.

We first remark that numerical and theoretical convergence rates coincide for
small frequencies but not for high frequencies. Reproducing the experiment
for finer meshes on Figure 3.6 leads to the same observation. We point out
that the coincidence of theoretical and numerical rates holds for about 10
frequencies for N = 51, 20 frequencies for N = 101 and 40 frequencies for
N = 201. Therefore, for each k the numerical convergence rate tends punc-
tually toward the theoretical one as Ax goes to 0, the convergence being
not uniform with respect to k. Besides, we also remark that the numeri-
cal convergence rate is almost symmetric with respect the middle frequency
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W, although we are not able to explain this phenomenon (a precise

theoretical study of the discrete convergence rate is then required).

— theory ," — theory
= - --numerics | = - --numerics |
=] ) '
8} Q ]
g R ;
@ @ !
(] o
c c
o < 5
2 - 210
210 ST 2 i
c c | I
I} S
(8] (&)
0 50 100 0 50 100 150 200
k k
(a) N =101 (b) N =201

Figure 3.6: Numerical and theoretical convergence factor

On figure 3.7, in the case N = 50, we plot the error with respect of

the number of iterations for three different values of k. For k£ = 1, we
obtain a straight line while for the two other frequencies, there is an inflection
point after about 8 iterations: we see successively two different convergence
rates. We point out that after the inflection point, the three curves look
parallel, meaning that, after a few iterations, the convergence rate for the
three frequencies is approximately the same. The situation is similar when
refining the mesh. We also notice that the convergence curve starting with
a random initial guess seems to be similar to the case k = 1. .
To visualize the phenomenon, we plot the approximate solutions ygi and
/\gi for k € {1,20,40} at different iterations (j € {2,5,7,20}). For k =
1 (Fig. 3.8), the shape of the solution remains globally the same at each
iteration. This is not the case for k = 20 and k = 37 (Fig. 3.9,3.10) wherein
the solution, initialized with a high frequency initial guess seems to become
smoother after a few iterations.

We also investigate the convergence of the algorithm with respect to T}
in Figure 3.11. In that experiment, we compute the numerical convergence
factor by using (3.3.17) for j = 5 and taking the maximum over all the
frequencies k. As in the continuous case, the numerical convergence factor
seems to be an increasing function of 7" and there is a number 777, such that
the algorithm converges it T' < T};, while diverges for ' > T» . We remark
that T  almost coincides with the theoretical parameter T, although it is

num
always smaller than the theoretical one.
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Figure 3.7: Error with respect to the number of iterations for different values
of k

0.2 0

O, ")

Figure 3.8: Solution y(Ajg)C and )\gi for k=1
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Figure 3.9: Solution ygi and )\Xi for k= 20
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Figure 3.10: Solution y(Ajg)c and )\gi for k =37
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Figure 3.11: Convergence factor with respect to T
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Finally, we consider the case of several subdomains, using the parallel
inherited algorithm: to be more specific, we fixed T', At and Az. It means
that when using more subdomains, the subproblems to solve have a smaller
size. We plot the error with respect to the number of iterations starting
from a random initial guess. We see that the convergence rate deteriorates
as the the number of subdomains increases, meaning that our algorithm is
not scalable. This is not surprising since this is a classical feature of domain
decomposition methods that can be overcome by the addition of a coarse
grid solver (see [38, 27, 25, 24, 12]).

100

I2 error

10-10

60 80 100 120 140 160 180
iteration

Figure 3.12: Convergence with respect to the number of iterations for 2, 4,
8 and 16 subdomains in time
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Chapter 4

Variants of algorithm
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4.1 Description

In the chapter, we continue to work on the 'toy problem’; that is in one
dimension, with v = 0, no overlap 6 = 0, and a = 1, Ty = T'/2. We have
defined the inherited algorithm that converges for T' < Tj but diverges for T’
large.

The aims of this chapter is to study two different algorithms: the first
one is the inherited algorithm with relaxation, while the second one, which
contains relaxation inherently, is a Dirichlet-Neumann type algorithm.

4.2 Relaxed Inherited algorithm

Let us first describe the relaxed Inherited algorithm. It iterates on \™, \""
as follows:

- Step 1, domain 1: Final transmission conditions in (0,7}):
NTHT) = A" o () = A
- Step 2, domain 2: Initial transmission conditions in (77,7):

?JSH(TQ = y?—i_l(Tl)a atng(Tl) = aty?+1(T1>7

- Step 3, relaxation step:

)\n+1 )\n+1 )\n
<>_\/n+1> =0 <at>2\721+1> + (]- - 9) (}T/n)

The iteration matrix is
My=(1-6)I+0M, (4.2.1)

where M is defined in (3.2.51) in the general case, and is given by (3.3.5) for
the toy model. The eigenvalue of My are given by

Ae(0) = (1—0) + OAs,

where \* (depending on T', a, b and k) are real negative and given by (3.3.9).

We first prove that we are always able to find a parameter 6 such that the
relaxed inherited algorithm converges:
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Theorem 4.2.1. Let T > 0, (a,b) € R? such that b > a and let

2
(1—|—k max  |[A_])

€ [kmina max

0 =

For any 6 € (0,0%), the relaxed inherited algorithm converges. In particular,
if the inherited algorithm converges without relaxation, the relaxed inherited
converges for any 6 € (0, 1].

Proof. The algorithm converges if and only if, for any k € [kmnin, kmax),
—1<AL(0) <1,
that is to say
—1<1-01-dy)<le -2<—-0(1-X)<0.

Because \i are always negative (see (3.3.9)), (1 — A*) > 0, and the second
inequality is always fulfilled for # > 0. Then, the first equality becomes

2
0 < —" Yk € [kmins Fmaxl- 429

Reminding that A_(k) < Ay (k) < 0 for any k € [kmin, Kmax), We have
I<l=Ap<1l—=A.

Therefore, the condition (4.2.2) is equivalent to

2
0 < — VEk € [kmin, Fmax]-
Noticing that
) 2 2 o
min == =
k€lkminkmax] (1 —A_)  (14+  max |A_]) ’

ke [kmin,kmax}

then, for any 0 € (0,60*), the algorithm converges.

If the inherited algorithm (without relaxation) converges, then

max |[A_| <1
ke[kminykmax}

so that 6* > 1. Consequently, the relaxed inherited algorithm converges for
any 6 € (0,1). [
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Remark 4.

- Because it seems numerically that maxye
Section 3.3.2), presumably,

HATT= A (Kin) | (see

min akmax

2
(14 (A= (Famin)[)°

*

- For 8 =0, and 0 = 6%, the associated convergence factor is equal to 1.

Let us define

relax 0) = Ao (6)].
Prelax(0) e max [ A4 (0)|

The next natural question is to know if we can choose 6 that minimizes the
convergence factor preax, namely if we can solve

N Prelax(0)- 4.2.3
S0, Pl (0) (4.2.3)

Theorem 4.2.2. In the case kya.x < +00, this problem has a solution.
Proof. the function prepy is continuous. Indeed, the function Ay (6) are con-
tinuous functions on [kmin, kmax] % [0,60%]. Therefore, maxyei, . k] | A+ (0)]

are continuous with respect to 6, and consequently pre.x. Because [0, 0] is
compact, the function preax reaches a minimum. O

It seems not trivial to obtain a closed formula for the optimal #. However,
the case k. = +00 appears easy to solve.

Theorem 4.2.3. Assume that k., = +00 and that the function k — \_(k)
is increasing. The minimum of prea: 1S Teached in

2

Qopt — m < min(g*, 1) (424)
The corresponding convergence factor is equal to 1 — 0.
Proof. Let
0. — 1
T = A ()

We remark that 6, < 6. < min(6*,1). Indeed,
0 <0 < A(kmn) <0 and 2—A_(knin) > 1 — A_(knin)-

Let us consider separately the intervals [0, 6,] and [6;, 6*].

74



- For 6 € [0, 6], the quantities
(1—-0)+ 0t
are both positive for any k € [kpin, +00). Indeed,
(1=0)+0A (k) > (1—=0)+0A_(k)>(1—=0)~+0X_(knin) > 0.
As a result,

Peeinn(8) = (1 — 0) + O, (k).
Besides, reminding that Ay (k) < 0 and limg_, o A (k) =0

(1—0)+0A (k)< (1—0) and lim (1—0)+0A.(k) = (1—0).

k—4o00

Therefore
prelax(e) =1-0.

- For 0 € [0y, 0%], we still have

(1—0)+ 00 (k) < (1—6), lim (1—0)+0\(k)=(1—0).

k——+o0

and (1 —0) 4+ 0A_(k) < (1 —0)+ 60X, (k). The only difference is that
(1 —0) 4+ 0)_(k) take negative values (for small k). As a result, using
again the monotony of A_(k), (see Fig. 4.1)

praax(8) = max{ (1 = 8), — (1 = 0) + OA_ (ki) }.

Note that
(1—-0)=(0—-1)—0X_(kun)

if and only if § = O,. Therefore, for 6 € [0, 0ypt], the maximum is
1 — 6 while for 6 € [Opt, 0*], the maximum is (6 — 1) — OA_ (kmin)-

To summarize,

19 0 < 0,
prelax(e) = . *
(0= 1) — 0A_(kwin) if 0 € [Bope, 0°].

Since 6 +— 1 — 0 is decreasing and 6 — 0(1 — A\_(kyin)) — 1 is increasing, the
minimum of prelax 1S reached in Oy O
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(1= ) + O (ki)

Figure 4.1: Schematic representation of (1 — 6) + 0\, (k) for 6 € [60,,07].

The previous theorems are illustrated on Figure 4.2 for two different values
of T (T'=1and T = 10). We have chosen a = 0, b = 1 and kp.x = 100.
The red cross corresponds to the value 6%, namely the largest value of k
that makes the relaxed algorithm converging. The circle corresponds to the
optimal parameter 6, computed using the formula (4.2.4). We notice that
it provides a good estimation even for k., is finite. This is probably due to
the fact that AL goes very fast to 0 as ky.x goes to infinity.

Figure 4.2:

Remark 5. If the case

(b) T = 40

Convergence factor with respect to 6

kmax large were similar to the case kyp.x = —+00

(this is not proved), then the previous lemma is an encouraging result if we
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think of solving the corresponding interface problem using GMRES (seeing
the inherited algorithm as a preconditioner). Indeed, the GMRES algorithm
15 usually better than the relaxation one.

We made some numerical tests on the discretized problem using the finite
volume method described in Chapter 2. In Figure 4.3, we evaluate the theo-
retical and numerical convergence factor as a function of 7" and 6. We remark
that theoretical and numerical convergence factor coincide. Then, we plot on
Figure 4.4, the error with respect to the number of iterations for 7' =1 and
T = 40 for two values of #: § = 1 (no relaxation) and 6 = 6, (computed
using formula 4.2.4). In the first case, the inherited algorithm already con-
verges but the convergence rate is improved using a relaxed parameter. In
the second case T' = 40, the inherited algorithm diverges without relaxation
but adding the relaxation parameter permits to recover the convergence.

[ theory
[ Jrho=1

Convergence factor

Convergence factor

Figure 4.3: theoretical and numerical convergence factors with respect to T}
and 6
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Figure 4.4: Error with respect to the number of iterations with and without
relaxation

4.3 The Dirichlet-Neumann algorithm

4.3.1 The Poisson equation

The Dirichlet-Neumann algorithm was invented by Bjorstad and Widlund in
1986 [9] for elliptic problems. We first recall the definition and properties for
the Poisson problem on a rectangle divided into two sub rectangles, without
overlap. The domain in z is (0, L) and in y it is (—ay, ag). The goal is to
solve —Awu = f in €, with Dirichlet boundary condition u = 0 all around.

Q is divided into Q; = (0, L) x (—ay,0) and Qy = (0, L) x (0,az). One
step of the algorithm is defined as follows. Given g"(z) define the iterate n
in Q; by

—Au} = fin Qy,
up = 01in 00 N0, (4.3.1)
up = g™ in 09y \ 9.
—Auf = f in o,
ul = 0 in 9 N O, (4.3.2)
Oyuly = Oyut in 08y \ 0.
g =0ul + (1 - 0)g", (4.3.3)

with 6 € (0,1). The error is solution of the same algorithm with zero data.
It is computed by series in x as in previous chapter. Write

g" =) " (k)sin&a,

k>1
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with & = kn/L. Then
uj = Z@?(fk,y) sin &,
with the transmission conditions
@y (&, 0) = g"(k),  Oyti3 (&, 0) = 9yay (&, 0).

We separate 3 cases
Case 1 a; = a, = +00. Then

~N n ~N n —
uf (&, y) = of (k’)egkya iy = ay(k)e Sy,
Use the transmission conditions
n __ an n __ n
ap =g, Qy=—ap.

Therefore
gt = (1-20)g".

The convergence factor is 1 — 260. For 0 = % the algorithm converges in one
iteration. For 6 € (0, 1),

lg™ M =11 = 261l1g"I.

and by Parseval identity, the sequence g" converges geometrically.
Case 2 a; = ay :=a < +00
Then

sinh(&x(y + a))
sinh(&a)

(6, y) = §"(F) iy = (k) sinh(&(y — ).

Use the transmission conditions for %
. nsrcosh(&pa)
ay cosh(§ra) = g (k)m

Therefore of = L and

gn
sinh(¢xa

g = (1-20)".
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Case 3 a; # ay; = 400 The same analysis gives

tanh(&az) ] ‘

" =g" |1 -0(1
g g (1+ tanh(&ay)

Then the convergence factor is p(§) = 1 — (1 + %) The algorithm

converges if for all k, its absolute value is smaller than 1. It diverges if there
exists a k for which it is larger than 1 (see [43])

_ a _a tanh(&az)
afp o 0 cosh? (§a2)2tanh(§a1) sinh?(€a1) :|
o as cosh(€ay) o a1 sinh(€a2)
o cosh?(€az) sinh(€ay) cosh(€az) sinh?(€aq)

0(a2 cosh(€aq) sinh(€a1)—aisinh(€as) cosh(€az))
cosh? (az2) sinh? (€a1)
0(az sinh(2€a1)—a1sinh(2€a2))
2 cosh?(£az) sinh? (£a1)

_ aza1&0 (sinh(2§a1) __ sinh(2&az) )
2 cosh?(£az) sinh?(£a) 2¢a1 28asz
_ asa1&0 (sinh(2§a2) . sinh(2§a1)>
2 cosh? (€a2) sinh?(€ay) 2¢az 2€ay

The function & — sinh(z)/x is increasing, furthermore

limp() =1-60(1+ %)

£—0 aq
lim p(§) =1-20 € (-1,1),
&—+o00

e If a1 > ay, p is decreasing in £. Furthermore p(0) € (—1,1), we have
for all values of 6, for all values of £, |p(§)| < 1, and the algorithm
converges. Can we find an optimal . There are three cases, depending
on 6:

— p(0) > p(400) > 0, which is equivalent to 1 -2 > 0 <= 6§ < 1.

Then
a2

mas lp(€)] = p(0) =1~ 001 + 2).
— > p(0) > 0 > p(+00), or equivalently 5 < 6 < 1/(1+ 9), then

max |p(&)] = max(p(0), —p(+00)) = max(20 — 1,1 — (1 + Z—j)).

— 0> p(0) > p(400), or equivalently ﬁ < 60 < 1, then
ay

max |p(k)| = —p(+00) =20 — 1
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Therefore the optimal € is when 20 — 1 =1 —0(1 + Z—f) that is

o If a1 < ag, p is increasing in £. There are three cases, depending on 6:

— 0 < p(0) < p(+00), which is equivalent to 0 < 1—6(1+2) < 1-26

or  <1/(1+ %2). Then
max [p(§)]| = p(+o0) =1 —26.

— p(0) < 0 < p(+00), or equivalently 1/(1 + 92) < § < 3, then
ma [p(€)] = max(—p(0), p(+00) = max(1 28, -1+ 6(1 + 2))
1

— 0 < p(0) < p(400) < 0, or equivalently § > %, then

a
max |p(€)| = —p(0) = =1+ 6(1 + =)
13 aq
We have two conclusions
p— _2a
1+ﬁ’

1. The algorithm diverges for 6 > 6;;,,

2. The maximum of |p| is minimal for
2

Oppt = .
SR
For all values of 6 € (0, 6,,), the algorithm converges.

4.3.2 Dirichlet Neumann algorithm for the control prob-
In

lem
This question of symmetry does not arise in the previous algorithm.

order to take this phenomenon into account we change a little bit the defi-
nition of the intervals in time. The time interval for the control problem is
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(—=T1,T5), and will be divided into (—77,0) and (0,7%). Motivated by the
paper by Gander and Yongxiang Liu [48], we create a new algorithm which
is called Dirichlet Neumann algorithm. We solve the optimality system 2.1.8
by changing the transmission conditions in (3.1.1,3.1.2). Let G° a function
of z, define recursively an algorithm on G™ by

IN SUBDOMAIN O; = (—11,0),
STATE EQUATION

Opyt ™t — Ayt — é)\?“ =0, in Q x O, (4.3.4a)
with boundary condition

Yyttt =0 in 0Q x Oy, (4.3.4b)

with initial data

y{H—l(., 7T1) = y(O)a 3
Ay (=T =y, in Q, (4.3.4¢)

ADJOINT EQUATION

O NPT — AN gt — 3 in Q x Oy, (4.3.4d)
with boundary condition

Nt =0 in 9Q x Oy, (4.3.4e)
with the transmission final conditions

(AT (4, 0) = G-, 0). (4.3.4f)
IN SUBDOMAIN Oy = (0, T3),

STATE EQUATION

1
attyé‘“ - Ay?“ - E)‘gﬂ =0, in Q x Os, (4.3.5a)
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with boundary condition
Yt =0

with initial transmission conditions

Oy (-,0) = 9y (-, 0),
AT+, 0) = OATT(-,0),

ADJOINT EQUATION

att)\721+1 _ A)\ngl + ngrl — @\’
with boundary condition

Mt =0

with the final conditions

)\g-i-l(.’ TQ) =0,

ONTH(,T) = y(ya ™ (- T) — 2),

Relaxation

G =00y AT (L, 0) + (1= 0)G™.

in 09 x 02,

in €,
in Q.

inQXOQ,

in 99 x 02.

in €

(4.3.5b)

(4.3.5¢)

(4.3.5d)

(4.3.5e)

(4.3.5¢)

(4.3.5g)

The lines in red, (4.3.4f, 4.3.5¢,4.3.5g) are the new transmission condi-

tions.

In the Schwarz algorithm, the well-posedness of the subproblems was
given by the fact that they were the optimality systems of convex functions.
It does not seem to be the case here, so we must manage differently. We use
the sine decomposition defined in chapter 3, for the well-posedness and for
the convergence too. We start with the infinite domain (in time) case which
it is a good warming. For simplicity we assume that § = 0.
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4.3.3 Infinite domains in time

We use the notations of chapter 3.Start with the problem in subdomain 1,
whose solution we call Y} = (y, A). By the equation we write it as

Yi($,t) = Z}A/l(k7t)(bk(x)a

k>1
and use the boundary conditions
Yi(-,—00) =0, Yi(;,0)=G.
They are very easy to implement into the series as follows.
Y; = cos(Nt)G + sin(Nt)G. (4.3.6)

G has now to be determined such as to enforce the condition at infinity.
To that end, use formulas (3.2.9), and determine the behaviour at —oo of
the sine and cosine terms, using formulas (3.2.9,3.2.7), and the behavior at
infinity of the real hyperbolic sine and cosine functions.

1 1
cosh st ~ Ee”’?t =X, sinhwt ~ _56

7l/2t.
X is the large parameter. For cos Nt use

Recosvt ~ X cosirqit, Imcosvt ~ X sinwvit,

—  cos(Nt) ~ X(cosvytl + sinvtJ).

For sin Nt write
Resinvt ~ X sinvgt, Imsinvt ~ —X cosuit,

= sin(NVt) ~ X (sinvytl — cosvit]).
Insert into (4.3.6),

Y, ~ X [(cos vitl + sin Vltj)é + (sinwytl — cos VltJ)é] )
Reorder in cosine and sine
Vi~ X [cos nt(G — JG) +sinut(JG + é)] .
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Use that J? = —1,
Vi~ X [cos nt(G — JG) +sintJ(G — Jé)] ~ X (cos vitI+sinvitJ)(G—JG).

The matrix cos v4tl +sinv;tJ is a rotation matrix, has no limit at 1nﬁn1ty If
Y has to tend to 0 at —oo, we must have G — JG = 0. Therefore G = —JG
and since J and N commute, we have

Y1 = (cos(Nt) — Jsin(Nt))G. (4.3.7)
For each k, the problem has therefore a unique solution, and
Y1 (kD) = IG(R)]-

By Parseval, this shows that the problem is well-posed. The problem in 2
has the the boundary condition.

&gYQ(,O) - H

0= Valk, ), (x)

k>1

Write

and use the boundary condition to write

~

Y, = cos(Nt)H 4+ N~ sin(Nt)H. (4.3.8)
Enforce now the condition at infinity Y'(-, +00) = 0.
cosh ot ~ %e”ﬁ =X, sinhwt ~ éem.
X is the large parameter. First by (3.2.7),
cos(Nt) ~ X (cosuvitl —sinvtJ), sin(INt) ~ X (sinvytl + cosvitJ).
Insert into (4.3.8),

Yy ~ X (cosvitl — sin Vltj)ﬁ + (sinwytl + cos VltJ)N*IPAI] .
~ X [(coswnt] —sinvytJ)H + (—sinvitJ + cos Vlt])JNflljl}
~ X(cosvitl —sinvtJ) [PN[ + JN_II:I]
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Consequently ) )
H+JN'H =0,

and

cos(Nt)H + N~ ' sin(Nt)H = — cos(Nt)JN ' + N~ sin(Nt)H,

Yy(k,t) = N~ (sin(Nt)I — cos(Nt).J)H. (4.3.9)

This problem is thus well-posed (see the analysis for domain 1).
Write now the recursion

YV (k, t) = (cos(Nt) — Jsin(Nt))G(k),
VI (ke t) = N~ (sin(Nt)T — cos(Nt)J)d, Y (k, 0).

Compute 9, (k,0) = —JNG"(k), which gives
Y7k, t) = —N~Ysin(Nt)I — cos(Nt)J)JNG"(k),
hence, since all the matrices involved commute,
Y (k,0) = =G (k).
Therefore
GMHY(E) == 0Y (K, 0) 4+ (1 — 0)G™(k) = (1 — 20)G™ (k).

The convergence matrix is independent of k£ and equal to (1 — 20)I as in
the elliptic case. Therefore the algorithm converges for any 0 < § < 1. For
0= %, it converges in two iterations.

4.3.4 Finite domains in time

Again in order to prove well-posedness, we decomposed in series in space,
and compute explicitly for each frequency the solution of of the transform
problem.

Then we use the formulas to compute the convergence factor of the algo-
rithm.
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Well-posedness of the subproblems

Domain O; The boundary conditions in time at 7" = 0 are the same as
before, so the formula (4.3.6) is still valid, but now G is such that y(-, =77) =
y© and 9y (-, —T1) = yV. We proceed as in (?7).

j(k, —T1) = (cos(NT1)G — sin(NT1)G)y = 92, o)
dyG(k, —Ty) = (N sin(NT1)G + N cos(NT1)G), = ¢V, 3.

Use the formulas (?7) to develop the four terms on the left. Start with those
concerning G.

cos(NT1)G = Re(cos vT})G + Im(cos vT}) JG.

N sin(NT})G = Re(vsinvTy)G + Im(vsinvT} ) JG.
Note that (I@)l = (4, (Jé)l = —@Gs, and rewrite

(cos(NT1)G)1 = Re(cos vT1)Gy — Im(cos vT})Ga

- R 4.3.11
(Nsin(NT)G); = Re(vsinvTi)Gy — Im(vsinvTy)Gs. ( )
Define the matrix

_ ( Re(cosvTy) —Im(cosviy)

Si(v,Th) = (Re(u sinvTy) —Im(vsinvTy) (4.3.12)
then (cos( @)
cos(NT A

((Nsin(NTl)G)l) = S (v, T))G. (4.3.13)

Proceed with the terms containing G.

sin(NTy)G = Re(sin vT1)G + Im(sin vT}) JG.

Ncos(NTy) = (RevIi+ImvJ)(Re(cos vy ) [+Im(cos vT1)J) = Re(v cos vTy) [+Im(v cos vTy)J

N cos(NT})G = Re(v cos vT})G + Im(v cos vT}) JG
Which gives

— (sin( )C:J) = — Re(sinvT1)Gy + Im(sin vT1) G,y
G

NR)G)s - . (4.3.14)
(N cos(NT1)G); = Re(vcosvTy)G1 — Im(v cos vT)Go. o
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or

—(sin(NT})G), = ~
~ = T 4.3.1
<(N cos(NT1)G), i, )G, (4:3.15)
with ( ) ( )
~ [ —Re(sinvT} Im(sin T}
Si(v,Th) = (Re(u cosvTy) —Im(vcos VT1)> (4.3.16)
then the system (4.3.10) can be rewritten as
. - . e ~o
Sl(V, Tl)G + Sl (V, Tl)G = i&(1) = Y . (4317)
The determinant of Sy (v, T}) is
~ 1
det 51<V7 T1> = §(V2 sin 21/1T1 — U sinh 21/2T1). (4318)

It can also be rewritten for further analysis

~ Ty sinh(21,T7)  sin(2v, 1Y)
det Sl (V’ Tl) - 7< 21/2T1 B 2V1T1

For all z, % > 1 and Smﬂjﬂ € (—1,1). Therefore the determinant is
positive. Furthermore it can vanish only if 1 = v = 0 which is impossible.

Therefore it is strictly positive for all values of £k > 1. When k tends to

infinity v tends to infinity and v tends to 0. Therefore det 51 tends to %

and is bounded from below in dependence of {; = ;*- and T;. The matrix
gl(y, T1) is uniformly invertible, and

STy = ~ 1 (— Im(vcosvTy) — Im(s%n I/Tl))
det Sy (v, T1) \— Re(vcosvTy) —Re(sinvTy)

Replace now G in (4.3.6)
Vi(k,t) = cos(Nt)G +sin(Nt)S; (v, T1) (Y — S1(v, T1)G),  (4.3.19)

which defines uniquely Y.
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Domain O, = (0,7;) We use here formula (4.3.8) where H and H must
be relates to enforce the boundary condition A(:,7%) = O A(+, T2) = 0, which

is
(cos(NTy)H + N~ sin(NTy)H)y = 0,
(=N sin(NTy)H + cos(NTy)H)s = 0.

Use formula (3.2.14) to obtain, since (JH )y = Hy, we obtain

(4.3.20)

(N~'sin(NTy)H)y = [Re(l/_1 sin vTy) Hy + Im (v~ ' sin VTQ)PL]
(c S(NTQ)ﬁ)Q = Re(cos VTQ).EIQ + Im(cos VTQ)]Ell
(c S(NTQ)H)Q = Re(cos 1) Hs + Im(cos vTy) Hy
(=Nsin(NTy)H)y = —Re(vsinvTy)Hy — Im(vsin vT) H,

Define the matrices

010 = (Mt Rty ) (4920
S2(v T) = (-Ilnr;((cuosnyf%z) ff{?(?iﬂf%g)) (4.3.22)
And the final condition (4.3.20) takes the form
So(v, To) H + So(v, To)H = 0.
The determinant of 52 is
det Sy (v, Ty) = %(ul sinh(20,Th) + vy sin(20,Ty)). (4.3.23)

The same argument as in the other subdomain shows that it is uniformly
bounded from below. Therefore S, is invertible, and we can replace H in
(4.3.8)

Va(k,t) = [— cos(Nt)S5 (v, Ty) Sy (v, Ty) + N sin(Nt)] H,  (4.3.24)

which defines uniquely s from H.
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Convergence of the algorithm

Collect the informations from the previous section, and apply it to the errors,
that is Y = 0. Y;"™! is the solution of the subproblem in (—77},0) withe data
G" at t =0, thus

Yo+t = [cos(Nt)] — sin(N) ST (v, T)) S, (v, Tl)} el
Compute now
oY+t = [—N sin(Nt)I — N cos(Nt) ST (v, T) S (v, TI)] ed
therefore
H™ = 9,7 (k,0) = —NST (v, T1) Sy (v, T G™.
Now Y;7"*! is the solution of the subproblem in (0,73) with data H™:
Vot (k1) = [— cos(N1) 35 (v, T) Sa (v, Ty) + N~ Lsin(Nt)| A7+,
and the value at ¢t = 0 is
Yot (k,0) = =S5 (v, To) S (v, To) H™ ' = Sy (1, T5) So (v, To) NST (v, T1) Si (v, Ty ) G™
defining the convergence matrix by

M = 571 (v, T5) Sy (v, To)N ST (v, TV) Sy (v, Tv ), Mpy (k. 0, T1, Ty) = (1—0)I+6M,
(4.3.25)
we find for the iteration
G = MpyG™.

The convergence properties

A long computation shows that

Lemma 6.
G1g _ 1 —vycos gt vy sinh® vt
1 P1= = 2 )
det S; \—vicosh” vt vysin® vyt
N&-1g _ 1 1/11/2(cosh2 Vot — cos? vyt) vi sinh? vyt — v2sin® vt
U™ et S, —(v? cosh? it + v2 cos? 1it)  vivs(cosh? pt — cos? v t)
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1, = 1 ] (y1y2(cosh2 Vot —2C082 vit) —(v2 cosh? it + 12 cos? Vlt)) |
|l/|2 det SQ

v sinh? vyt — v2sin? vt vy VQ(COSh2 Vot — cos? vyt)

with

. 1 ~ 1
det S;(t) = §<V2 sin 2vyt—vq sinh 2v5t), det Sy(t) = §(y2 sin 2vyt+wq sinh 2uv4t).

Symmetric case, 77 =15

Theorem 4.3.1. The iteration matrix without relaxation M has two negative
eigenvalues, given by

u = v1vy(cosh? 1Ty — cos® 1 Th),
v = 12 cosh® 1T + 2 cos® v T, (4.3.26)
w = 1/12 sinh? v, T} — V22 sin® 1y Ty

’U2 w2 vTw
A + 5 Py fu? o+ (5)°)

A =
|v|2(v3 sin? 2v, T} — v? sinh® 20, T1)

(4.3.27)

Proof.

~ 1 — ~ 1
Sy 8,(T) = ——— (“ “) , NSTIS(TY) = ———— ( Y w)
V]2 det So(Ty) \w u det Sy(Ty) \—v wu

Therefore

- - 1 2 2 _
(3518, N3718,)(Ty) = _ R R= ( wtou(w “2))
V|2 det So(Ty) det S (T) uww—v) u'+w

The matrix R is symmetric, its invariants are
Tr R = 2u® +v* + w® > 0, det R = (u* + vw)? > 0.

The reduced discriminant of the characteristic equation is

v+w

(Tr R/2)* —det R = (v — w)?(u® + ( 5 )?) > 0.

Therefore R has two positive eigenvalues,

v? 4+ w?
2

v+ w

s+ (20

u? +
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Now ]
det Sy det Sy = 4—1(1/22 sin? 2uit — v sinh® 2u5t) < 0,

which gives formula (4.3.27).
[

These formulas are very useful to study the convergence of the algorithm.
Lemma 7. For fized k (defined by a discretization) the asymptotic in Ty is

M =1+ L] cosh™(1,T}) + o(cosh 2 (1, T1)). (4.3.28)

151

For fixred Ty (defined by the problem) the asymptotics in vy (which is equiva-
lent to k) is

AT = —4—V12 + o( 2) AT = ——12 + o( 72) (4.3.29)
= o(v = o(v; 7). 0.
112 1 4y12 1

Proof. To obtain the expansion in T}, just use the same arguments as in
chapter 3. The expansion in v is more tricky since the two eigenvalues don’t
have the same order of magnitude. Just expand the determinant and the
trace of M at first order in v, to get the sum and product of the eigenvalues

2
AT+ A~ =44, ATAT ~ 1
T
i
From this we can finish the proof. n
These asymptotics give us informations on the convergence behavior.

Theorem 4.3.2 (Convergence behavior of the Dirichlet Neumann algo-
rithm).

e For any T, there is a ko, for any k > ko, p(M) > 1. Consequently,
there is no 6 such that the continuous algorithm converges.

e For the discrete algorithm associated to kpyqy, suppose p(M) is reached
for =Xy (kmaz). Then there exists a 0y, for 0 < 6 < 6y, the algorithm
converges.
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Proof. 1. The first item only follow from Theorem 7, using the fact that

lim p(M) = +o0.

k—+o0

2. The second proof is entirely similar to the proof of Theorem 4.2.1,
yielding
2

O = ——
71— A (Kymas)

]

The previous theorems are illustrated on Figure 4.5. On Figure 4.5a, we
have plotted the convergence factor without relaxation. As demonstrated,
the convergence factor blows up as k goes to infinity. Then, we present on
Figure 4.5b the convergence factor of the relaxed algorithm for 7" = 100
and kpn.x = 20. The parameter 6 has to be chosen very small to make the
algorithm converge: indeed, 6y goes to 0 as k. increases. The experience is
reproduced for T' = 500 and 7" = 1000 on Figure 4.6. Note that the optimum
is reached for # around 0.5, which corresponds to the best parameter for
Ty = oo. As also predicted, the optimal convergence rate is approaching 0
as T' increases.

10°
6 L
4|
10 5
10%¢ 4
3 L
10%F
-—— 27
A U
10 I -
100 =" ‘ ‘ 0 ‘ ‘ ‘ ‘
5 10 15 20 0 0.2 0.4 0.6 0.8 1
(a) Convergence factor w.r.t k (b) Convergence factor w.r.t. 6

Figure 4.5: Illustrations of the convergence of the D.N. algorithm with and
without relaxation from Theorem 4.3.2
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(a) T = 500 (b) T = 1000

Figure 4.6: Convergence factor w.r.t. 6

Remark 6. The behavior of the Dirichlet-Neumann algorithm is opposite to
that of the inherited algorithm: it is better converging for low frequency, while
the inherited algorithm converges better for low frequencies.

4.3.5 Numerical comparison

We finally evaluate the performances of the Dirichlet Neumann algorithm
for the discrete finite volume scheme described in Chapter 2. Figure 4.7
displays the numerical and convergence factor without relaxation for N = 50
and N = 100. As for the inherited algorithm, theoretical and numerical
convergence factors coincide for low frequencies but not for large ones. Here
again, it probably means that the numerical convergence factor tends to
the theoretical one but non uniformly in frequency. Besides, the surprising
behaviour of the numerical convergence factor for the largest frequency is not
understood.
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