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Résumeé

Cette these étudie, d’'un point du vue théorique, le transport dans des systemes plus petits que la longueur
de cohérence quantique, et plus spécifiquement & travers un contact ponctuel quantique (QPC). Un intérét
particulier est porté aux systémes corrélés, ici des supraconducteurs de type BCS ainsi que des échantillons
dans le régime de l'effet Hall quantique fractionnaire (FQHE). Les jonctions impliquant de tels systémes sont
étudiées en présence d’une tension dépendante du temps. Le cas d’un train de pulses de tension Lorentziens
constitue I'un des principaux outils de I’optique quantique électronique pour créer des excitations d’électrons
uniques. Un des objectifs de ce travail est d’étudier l'effet des corrélations d’arriére plan sur ces excitations
d’électrons uniques.

Il est standard d’étudier le transport grace au courant électrique moyen a travers le QPC ainsi que ses
fluctuations, appelées le bruit. A cette fin, des méthodes de théorie quantique statistique des champs, dans
le cadre de la matiere condensée, sont appliquées. Le systeme est décrit par un Hamiltonien, ceci permet
d’exprimer le courant et le bruit en termes de fonctions de Green et de self énergies, qui obéissent a la série
perturbative de Dyson. Dans des situations hors équilibre, comme a température finie ou en présence d’une
tension dépendante du temps, le formalisme de Keldysh est utilisé.

Gréace a ces outils, une description complete du courant et du bruit a l'interface entre un métal normal
et un métal supraconducteur de type BCS est atteinte. Celle-ci permet de mettre a jour les différents
mécanismes de transport a 'oeuvre dans cette jonction, ainsi que l'effet de leur coexistence. Un résultat
principal émerge, a condition que la fréquence de la tension soit faible devant le gap, les Lévitons demi-
entiers constituent les états d’excitation minimale de la jonction. Encouragé par ce résultat, un nouveau
dispositif est proposé, il s’agit d’une jonction entre un supraconducteur BCS et deux états de bords chiraux
dans 'effet Hall quantique de spin. Ce dispositif peut étre utilisé afin de générer, a la demande, un état a
deux électrons, intriqué en énergie et se propageant dans les deux branches de spin opposé de 'effet Hall
quantique de spin.

Le deuxieme type de systeme corrélé étudié est un QPC entre des états de bords Abéliens dans le FQHE.
Le couplage tunnel peut soit étre modulé en phase en appliquant une source de tension, soit en amplitude
en agissant avec une tension de grille. Dans le second cas (et pour un certain régime de parametres), il
est possible de montrer que la dimension d’échelle des quasiparticules (donc l'angle statistique) est égale
au décalage de phase de la deuxiéme harmonique du courant dépendant du temps. Ce résultat peut étre
considéré comme une proposition de mesure des propriétés des quasiparticules du FQHE. De plus, ce
dispositif a 'avantage de n’impliquer qu’une mesure du courant a la sortie d’'un seul QPC plutdt que de
recourir & une mesure du bruit dans un systéeme a plusieurs QPCs.

Toujours dans le FQHE, il est possible d’étudier la charge rétrodiffusée lorsque deux Lévitons décalés en
temps sont incidents sur le QPC. En général, cette charge n’est pas égale au double de celle induite par un
seul Léviton. Ce résultat peut étre interprété comme la conséquence d’une interaction effective entre les
Lévitons. Le cas, plus accessible expérimentalement, d’une série périodique de paires de Lévitons décalés
en temps est examiné en parallele. Dans les deux cas, il est possible, en jouant sur le décalage en temps, de
rendre l'interaction tour a tour attractive ou répulsive. Il s’agit de la seconde proposition, dans cette these,
de dispositif tirant parti des corrélations d’arriere plan pour donner de nouvelles perspectives a 'optique
quantique électronique.






Abstract

This thesis consists in a theoretical study of transport in systems smaller than the quantum coherence
length, in particular in quantum point contacts (QPC) connected to leads. Of particular interest are the
new phenomena that appear in correlated or interacting mesoscopic systems, such as BCS superconductors
or samples in the fractional quantum Hall regime. Junctions involving such systems are studied when a
periodic time-dependent voltage drive is applied. The case of Lorentzian voltage pulses constitutes one
of the tools used in electron quantum optics to generate single electron excitations. One of the constant
concerns throughout the thesis is to study the effects of the embedded correlations on these single electron
excitations.

Typically it is possible to characterize transport by computing the average electric current or its fluctua-
tions, the noise, through the QPC. To this end, field theoretical methods for quantum statistical physics in
the context of condensed matter are employed. Using a Hamiltonian formalism for the junction, the current
and noise can be expressed in terms of Green’s functions and self energies, obeying the Dyson’s perturbative
series. In out-of equilibrium situations, as is the case at finite temperature or under a time-dependent drive,
solving Dyson’s series will require the use of Keldysh method.

A full description of the current and noise at the junction between a normal metal and a BCS super-
conductor is derived in such a context. This allows to draw a general picture of transport at the junction,
including the interplay between Andreev reflection and quasiparticle transfer. One of the main finding is
that, as a consequence of Andreev reflection, half-integer Levitons can be minimal excitation states of the
junction (only when the gap is far greater than the frequency). Based on this result, a new type of device is
proposed, it consists in a junction between a BCS superconductor and two chiral edge channels of a quan-
tum spin Hall bar. It is shown that it can be operated so as to generate an on-demand energy-entangled
two-electron state at the output of the two opposite spin branches of the quantum spin Hall bar.

Next, a quantum point contact between Abelian edge states of the fractional quantum Hall effect is
studied with a time-dependent tunnel coupling. It is underlined that the same formalism applies to two
types of drives, either a modulation of the coupling phase by a voltage drive or a direct modulation of
its amplitude. The main finding is that, in the latter case and with a harmonic modulation (with specific
parameters), the scaling dimension of the quasiparticles (thus the statistical angle) coincides with the phase
shift of the second harmonics of the current. This result constitutes a proposal to measure properties
of the quasiparticles in the fractional quantum Hall effect other than their electric charge. Furthermore,
it is achieved via a current measurement at a single quantum point contact device, rather than a noise
measurement with several QPCs.

Still in the fractional quantum Hall effect, the backscattered charge when two time-shifted Levitons are
sent to a QPC is studied. It is shown that in general this charge does not correspond to twice that induced by
a single Leviton. This is interpreted as the result of an effective interaction between the two Levitons. The
more experimentally accessible case of a periodic train of two time-shifted Levitons is also studied in parallel.
It is shown that in both cases the interaction between the Levitons can be tuned from attractive to repulsive
by changing the time shift between the pulses. This constitutes the second proposition, in this thesis, of
device exploiting embedded correlations to provide electron quantum optics with new perspectives.






Résumé étendu

Cette theése est consacrée a la description du transport quantique dépendant du temps dans des systémes
électroniques mésoscopiques corrélés et en interaction. Une attention particuliere est accordée aux applica-
tions potentielles de 'optique quantique électronique, la manipulation d’électrons uniques permettant de
réaliser des expériences similaires a 1'optique quantique [1, 2.

Introduction

La physique mésoscopique [3] est un sous-domaine de la physique de la matiére condensée, qui s’intéresse
a des systémes allant de 1’échelle nanométrique & quelques micrometres ; sa description théorique repose
donc fortement sur la physique statistique quantique. Le transport quantique [4] dans de tels systémes peut
impliquer le spin, la charge, la masse, la température, etc. L’accent est mis ici sur le transport de charge,
c’est a dire le déplacement d’électrons dans les métaux. L’aspect quantique de ce domaine a été exploré par
Landauer [5] et ses collaborateurs dans les années 50. Ces travaux fondamentaux ont permis de clarifier le
processus de base du courant électrique dans les nanostructures, a savoir la diffusion des électrons (et leurs
statistiques). La diffusion peut se produire avec n’importe lequel des nombreux éléments présents dans un
métal, qui peuvent étre des phonons, des impuretés, des ions, d’autres électrons, etc. L’objet canonique de
I’étude du courant électrique dans le transport quantique est donc un diffuseur ponctuel unique, c’est-a-dire
un contact ponctuel quantique (QPC). 11 s’agit d’une jonction tunnel entre deux réservoirs traitée a tous les
ordres de la série de perturbations. Les électrons sont transportés d’un c6té a 'autre du QPC lorsqu’une
différence de tension est appliquée entre les électrodes, ce qui conduit a I’écoulement d’un courant électrique
stochastique. Ce courant est donc fluctuant et il s’est avéré, a partir des années 80, que ces fluctuations
contiennent des informations sur les processus en jeu dans le transport [6-14]. Par conséquent, la mesure
des fluctuations, également appelées bruit, est importante afin d’obtenir une meilleure compréhension du
courant électrique. Cette étape a été franchie au milieu des années 90 [15, 16], validant 20 ans de recherche
théorique. Enfin, Levitov et ses collaborateurs [13, 17] ont montré que le courant électrique obéit & une
statistique binomiale modifiée par des effets de température, ce qui donne une explication cohérente du
comportement du bruit et étend cette compréhension a tous les moments du courant électrique.
Parallelement, & partir des années 60, les expérimentateurs ont commencé a appliquer des tensions péri-
odiques dépendantes du temps & des jonctions tunnel impliquant des supraconducteurs [18, 19], principale-
ment afin d’étudier des régimes particuliers des courbes I — V. Le domaine des jonctions tunnel soumises
a une tension dépendante du temps n’a pas regu beaucoup d’attention et a été relativement négligé pen-
dant pres de 20 ans. Puis, dans les années 90, la meilleure compréhension du bruit de courant obtenue
quelques années auparavant a permis de faire des progres théoriques importants vers la compréhension et
I'utilisation du transport quantique dépendant du temps. En effet, Lesovik, Levitov et Lee ont montré dans
une série d’articles [20-22], par le biais de calculs de bruit, que le fait d’alimenter un conducteur avec un
train d’impulsions de tension Lorentziennes précisément adapté revient & injecter exactement un électron
par période dans le condcucteur. Ils ont montré que, dans cette situation, la mer de Fermi n’est pas per-
turbée par la tension dépendante du temps. En d’autres termes, la tension ne crée qu’une quasiparticule
de charge entiere (appelée plus tard Léviton) qui se propage au-dessus de la mer de Fermi & la maniére
d’un soliton. Des mesures de bruit ont été proposées pour vérifier 'absence de trous dans un tel état. En
particulier, le bruit créé par le transport du Léviton devrait étre équivalent & celui créé par une tension



continue équivalente. Cette mesure a en effet été réalisée par des expériences pionnieres au cours de la
derniére décennie [23].

Il existe une similitude frappante entre la manipulation de photons uniques et d’électrons uniques [24].
Dans le cas des photons, cela a motivé la proposition de dispositifs de calcul quantique basés sur des états
a un seul photon [25-32]. Assez rapidement, il a été réalisé que la manipulation d’excitations électron-
iques uniques dans les systemes de matiére condensée [1, 2, 33-36] a des applications potentielles dans les
protocoles d’information quantique [37-40] en codant I'information dans des électrons se propageant dans
des canaux balistiques. Cependant, le sujet principal de cette these n’est pas de fournir des détails sur de
telles applications. L’accent est plutot mis sur la maniére de créer de telles excitations électroniques sur
des canaux balistiques. Ceci peut étre réalisé dans le contexte de I'optique quantique électronique, ou les
expériences d’optique quantique sont adaptées aux électrons [41-43].

11 s’agit notamment des expériences de type Hanbury-Brown et Twiss [44-47] ou 'on observe les corréla-
tions d’intensité des photons cohérents a la sortie. Autrement, dans la configuration Hong-Ou-Mandel [48,
49], les photons entrent en collision & l’emplacement du miroir semi-réfléchissant et les corrélations sont
mesurées a la sortie. Un autre exemple célebre est celui de la preuve expérimentale de la violation de
I’égalité de Bell impliquant une paire de photons intriqués en impulsion [50]. Dans le contexte de la matiére
condensée, les guides d’ondes peuvent étre réalisés avec un gaz d’électrons bidimensionnel (2DEG), tandis
quun QPC joue le role du miroir semi-réfléchissant. La différence entre les électrons et les photons réside
tout d’abord dans le fait que les électrons possedent une statistique fermionique, ce qui signifie, qu’ils sont
toujours accompagnés d’une mer de Fermi. Deuxiémement, les électrons portent une charge, ils interagissent
donc avec leur environnement électromagnétique direct. Dans 'EQQO, la premiere difficulté est contournée
par le choix de la forme de 'impulsion de tension, tandis que la seconde est utilisée pour créer les Lévitons.

Cette image de base des Lévitons se propageant sans perturber la mer de Fermi doit étre revue lorsque
des systemes plus réalistes ou plus compliqués sont considérés. Il peut s’agir de systemes en interaction
et/ou corrélés, pour lesquels des concepts tels que la mer de Fermi doivent étre réexaminés. Typiquement,
dans les systemes ou les effets de décohérence [51] ou les corrélations intégrées (comme dans l'effet Hall
quantique fractionnaire [52]) opérent, une description précise du systéme nécessite un formalisme adapté et
de nouveaux effets tels que le fractionnement de la charge [53] ou la cristallisation de Levitons [54] peuvent
se produire.

Si, jusqu’a présent, la répulsion de Coulomb a été incluse dans ces scénarios [55-62], d’autres types de
corrélations méritent également d’étre pris en compte. En effet, par exemple, les guides d’ondes électroniques
peuvent étre connectés a des supraconducteurs BCS!, ouvrant la voie & des phénomeénes d’optique quantique
électronique jusqu’a présent peu explorés [64, 65]. En fait, ces systémes hébergent des paires de Cooper et
des quasiparticules de Bogolubov [66], et pour qu’un courant électrique circule, les électrons doivent étre
convertis en de telles entités [67]. Un autre exemple de systémes électroniques en interaction est 'effet Hall
quantique fractionnaire (FQHE) [68, 69], qui héberge des quasiparticules portant une charge fractionnaire?
et qui obéissent a une statistique fractionnaire. L’effet tunnel dans les jonctions composées de tels systemes
pourrait donc impliquer des effets non triviaux, comme le tressage [70], la cristallisation ou la conversion
de quasiparticules [71-75].

Etre capable de concevoir des jonctions avec de tels matériaux et de les manipuler dans des conditions
telles que ces événements remarquables se produisent un par un de maniere controlée permettrait d’avancer
sur plusieurs fronts. Tout d’abord, avec une caractérisation précise des observables de transport, les de-
scriptions théoriques pourraient étre comparées aux données expérimentales et les mécanismes ou modeles
sous-jacents & ces systémes pourraient étre mieux compris. En fait, dans I'effet Hall quantique fraction-
naire, cela pourrait permettre d’étudier plus précisément la validité de I’approche du liquide de Luttinger

!Comme ce fut le cas dans les travaux pionniers sur I’effet tunnel quantique dépendant du temps ([18, 63])
2Un phénomene habituellement réservé a la physique des hautes énergies, avec les quarks par exemple



chiral et de discriminer entre différentes combinaisons de quasiparticules a différents facteurs de remplis-
sage. Deuxiémement, ces phénomeénes peuvent avoir des applications directes, soit dans la conception de
nouvelles expériences fondamentales, soit a des fins technologiques. Par exemple, dans les supraconduc-
teurs, I’état fondamental est composé de paires de Cooper, qui sont des paires d’électrons intriqués. L’effet
tunnel de ces états de maniére cohérente permettrait de propager l'intrication dans différents canaux [14,
76-83]. L’isolation de ces états dans le temps permettrait par exemple de mettre en oeuvre une variété
de protocoles quantiques dans des dispositifs a I’état solide. Parmi ce derniers, les principaux exemples
sont la téléportation quantique [39], la distribution quantique de clés [37, 38, 40, 84], ou le codage dense
quantique [85].

Cette theése constitue ainsi une tentative de contribuer au processus d’extension des concepts de 'optique
quantique électronique a de tels systemes corrélés et en interaction.

Structure du manuscrit

Cette these est divisée en trois parties distinctes. La premiere présente des résultats déja connus mais
tente d’y apporter un éclairage nouveau afin que les résultats présentés par la suite puissent étre facilement
interprétés, la deuxieéme partie expose les nouveaux résultats liés a la supraconductivité BCS et la troisieme
s’intéresse a l'effet Hall quantique fractionnaire.

Partie I: Transport photo-assisted a travers un contact quantique ponctuel

Chapitre 1: Transport quantique Ce chapitre introduit I’étude du courant électrique dans le contexte du
transport quantique. Le contact ponctuel quantique (QPC) qui sera utilisé dans tous les autres chapitres
est introduit. Le chapitre continue en présentant rapidement le formalisme Hamiltonien utilisé pour décrire
le QPC. Ensuite, la théorie de Floquet est introduite, celle-ci suggere assez simplement une interpretation
du transport dans un conducteur soumis & une tension périodique de fréquence 2. L’état d’un systeme
quantique décrit par un Hamiltonien périodique correspondant & une certaine énergie w est la somme de
Fourier (indice n) des états correspondants a cette énergie plus ou moins la fréquence de I’harmonique de
Fourier, i.e., a I'énergie w + nf).

Chapitre 2: Formalisme pour le contact quantique ponctuel Ce chapitre introduit les principaux détails
techniques utilisés dans la suite du manuscrit. Tout d’abord, le lien entre les fonctions de Green et les
valeurs moyennes des observables est explicité. Le fait que la jonction soit considérée étre hors équilibre
implique que le théoreme de Wick ne peut pas étre utilisé tel quel. La méthode standard pour surmonter
ce probleme, la théorie de Keldysh, est présentée ensuite. Il parait judicieux d’écrire les valeurs moyennes
dans la représentation énergétique, en termes de fonctions de Green nues et de coefficients de Fourier du
couplage tunnel dépendant du temps, qui sont aussi introduits.

Bien qu’il s’agisse d’un chapitre technique, la plupart des complications sont explicitement mentionnées
et les équations sont écrites de maniere cohérente, pour deux raisons principales. Premiérement, pour
montrer a quel point ce formalisme est polyvalent, les effets dits "hors équilibre" (température finie ou
autres) étant automatiquement inclus. Deuxiémement, il sera mentionné que ces détails techniques ont une
signification physique. Par exemple les états de Floquet agissent comme des états du systeme d’origine,
ce qui est cohérent avec I'image dessinée au premier chapitre. A partir de ce formalisme, des calculs réels
d’observables physiques peuvent étre effectués dans de nombreuses situations.

Chapitre 3: Variables de transport dans un jonction entre des métaux normaux Ce chapitre applique
le formalisme et les idées physiques développés dans les précédents a la jonction la plus simple possible, la
jonction N — N soumise a une tension périodique. En particulier, le courant moyenné sur une période et



le bruit sont calculés analytiquement. Ceci permet de dessiner les contours du paradigme de la jonction
linéaire, dans laquelle le courant est proportionnel & la tension appliquée et a la transmission, qui peut étre
exprimée en termes de couplage tunnel. Le bruit présente des propriétés plus intéressantes, il s’agit en effet
d’une somme de bruits DC & travers les canaux dits de Floquet. Il sera souligné que cette interprétation
est tres proche de celle proposée par Tien et Gordon [19] ou de tels canaux ont été discutés. Ces derniers
correspondent aux harmoniques de Fourier du couplage tunnel, dont les poids peuvent étre calculés par
simple transformée de Fourier. Ceci permet une description simple des types de tension pouvant mener
uniquement a des canaux d’électrons (et pas de trous). Une telle tension est constitué de maniére générale
d’une combinaison quelconque d’impulsions Lorentziennes respectant un rapport de quantification entre
leur amplitude et leur largeur : ce sont les Levitons. Par conséquent, le transport induit par les Lévitons
n’implique que des électrons au-dessus de la mer de Fermi et il sera montré que le bruit fournit une mesure
de la précision de cette description. En particulier, Il est utile d’introduire le bruit d’exces, c’est a dire la
différence de bruit entre une jonction soumise a une tension dépendent du temps et celle soumise a une
tension constante équivalente. Il est ensuite possible de démontrer que le bruit d’exces ne contient que des
contributions provenant des canaux de trous, et donc qu’il disparait pour les Lévitons parfaits.

Le bruit en exces peut donc étre utilisé comme une mesure pour des expériences impliquant une manipula-
tion précise d’électrons individuels, par exemple pour implémenter des collisions, du transport d’informations,
des interférences, etc. En passant, on pourrait remarquer que cela est tres similaire & ce qui se fait en op-
tique quantique avec les photons. C’est pourquoi ce domaine est habituellement appelé optique quantique
électronique (EQO) et le présent chapitre peut étre considéré comme une introduction a 'EQO dans la
matiere non corrélée (régime du liquide de Fermi).

Les conditions dans lesquelles 'optique quantique électronique peut étre réalisée dans des jonctions N — N
sont les suivantes : limite de température nulle (bruit linéaire), tension injectant des Levitons (seulement
des excitations électroniques), relation de Tien-Gordon pour le bruit, c’est-a-dire canaux de Floquet in-
dépendants (absence de corrélations). Les prochains chapitres décriront comment ces conditions peuvent
étre assouplies ou adaptées lorsque 'on considere d’autres types de jonctions, impliquant de nouveaux
phénomeénes physiques, et comment 'EQO peut aider a caractériser ces phénomenes ou méme comment ces
derniers peuvent aider a concevoir de nouveaux schémas d’EQO.

Partie II: QPC entre des métaux normaux et des supraconducteurs de type BCS

Chapitre 4: Introduction a la supraconductivité BCS Dans ce chapitre, les principaux aspects de la
supraconductivité BCS sont résumés. L’image physique derriére une interaction attractive entre les électrons
est expliquée en termes d’échange de phonons. C’est I'occasion de calculer ’'Hamiltonien de cette interaction
au premier ordre dans le couplage des phonons. Il est démontré que cette interaction est effectivement
attractive si les deux électrons se trouvent d’un co6té opposé de la surface de Fermi. Il sera ensuite montré
que cette interaction crée des paires d’électrons avec une énergie nulle. Cette paire étant un singulet de
spin, elle conduit a 'instabilité de Cooper et donc a une reconstruction complete de la mer de Fermi.

Ensuite, 'approche standard pour écrire 1’état fondamental puis pour décrire les excitations est résumée.
Elle consiste a postuler un état fondamental qui "rend l’instabilité de Cooper stable', c’est-a-dire une
superposition de paires d’électrons singulets de spin d’énergie nulle. A partir de 13, PHamiltonien peut étre
diagonalisé, il est montré qu’il y a un gap en énergie et qu’au-dessus de ce gap, il peut y avoir des excitations
uniques, appelées quasiparticules de Bogolubov (ou juste quasiparticules). Ceci permet de trouver une
équation pour le gap et pour les facteurs de cohérence, qui sont le poids des trous et des électrons dans les
quasiparticules. En particulier, a haute énergie, ces excitations sont simplement des électrons.

Une autre approche de la supraconductivité est présentée, celle de Bogolubov. Elle permet d’inclure des
champs externes dans la description et repose sur une représentation dans I’espace réel du gap et des facteurs
de cohérence. Cette description permet de trouver les mémes résultats que BCS en ce qui concerne le spectre



d’excitation dans le cas ou le métal est parfaitement homogene et en ’absence de champs externes. Enfin,
leffet de proximité est brievement décrit, il s’agit de 'apparition de paires de Cooper dans un métal normal
a proximité d’un supraconducteur. Cet effet sera utilisé dans les chapitres suivants lorsque le transport
dans de telles jonctions sera abordé.

Chapitre 5: La jonction N — S junction under a constant bias Ce chapitre rappelle les résultats standard
du transport hors équilibre dans la jonction entre un métal normal et un supraconducteur BCS, la jonction
N — S. Tout d’abord, ’'Hamiltonien de la jonction est dérivé en présence d’une tension (qui peut dépendre
du temps) et le courant et le bruit sont exprimés en termes de fonctions de Green. Ceci permet d’utiliser
le formalisme développé dans les chapitres précédents pour trouver une formule pour le courant lorsque la
jonction est polarisée par une tension constante. Le courant est analysé en utilisant les travaux de Blonder,
Tinkham and Klapwijk [67], en particulier, les principaux concepts derriere la réflexion d’Andreev sont
rappelés et son implication sur le transport est expliquée. Enfin, le bruit créé par une tension constante
est décrit. L’analyse des différents régimes d’énergie est cohérente avec les principaux mécanismes d’effet
tunnel introduits pour le courant. Ceci permet d’introduire le facteur de Fano comme un bon outil de
diagnostic du régime Poissonnien ainsi que comme une mesure de la charge des particules impliquées dans
le transport (ceci est valable seulement dans le régime Poissonnien).

Ce chapitre permet de distinguer trois régimes de fonctionnement différents pour la jonction, dont deux, le
régime d’Andreev et le régime normal, sont dits linéaires, car le courant et le bruit sont linéaires en tension.
Pour cette raison et comme cela a été montré dans la Sec. 3.4, il parait raisonnable de supposer que dans
ces régimes, le courant et le bruit moyens sous une tension périodique suivent un comportement de Tien-
Gordon. Ces deux régimes seront traités ensemble dans le chapitre suivant. Il existe un troisieme régime de
tension ol ni le courant ni le bruit ne sont linéaires en tension, ce régime présente un comportement plus
riche et plus complexe et sera traité dans un autre chapitre.

Chapitre 6: La jonction N — S sous un tension alternative dans les régimes linéaires Dans ce chapitre,
I’accent est mis sur les régimes linéaires de la jonction N — S soumise & une tension dépendante du temps.
Cette situation a été examinée précédemment par Belzig et al. [65] grace a la “full counting statistics”
du courant électrique dans le contexte de la théorie des circuits [86]. Dans le régime de faible gap, il
a été constaté que le bruit en exces est supprimé pour les Levitons de charge entiére, conformément au
comportement attendu du continuum a haute énergie, c’est-a-dire celui d’une jonction N — N. Dans le
régime de grand gap, ou le transport est dominé par la réflexion d’Andreev, une suppression du bruit en
exces a également été constatée pour des Lévitons de charge demi-entiere. L’effet d’'une température finie
ou le sort de la jonction dans le régime intermédiaire entre ces deux cas limites restent largement inexplorés.

Dans ce chapitre, la jonction N — S dans les régimes linéaires est considérée dans une configuration
particuliere, lorsque les deux spins du métal normal sont soumis & une tension différente. Le chapitre suivant
essaiera de trouver une situation expérimentale ou cela est possible, cependant, cette tension séparée est
trés utile ici pour déméler les propriétés de la jonction. En particulier, les variables de transport comme le
courant ou le bruit sont calculées et une interprétation des résultats de Belzig et. al. [65] est fournie grace
a la théorie de Floquet et I'image de Tien-Gordon.

Tout d’abord, la jonction dans le régime de tensions bien plus élevées que le gap est rapidement décrite.
Comme seul le transfert d’électrons sous forme de quasiparticules dans le continuum du supraconducteur
ou la réflexion standard des électrons sont possibles, cette jonction correspond exactement a une jonction
N — N dégénérée en spin, qui est étudiée en détail dans le chapitre 3.

Le second cas est celui de tensions tres faibles devant le gap, ou seules la réflexion d’Andreev ou la
réfection standard sont possibles. Les calculs du courant et du bruit sont effectués analytiquement, ce qui
permet une analyse détaillée de leur comportement. Il est démontré que le bruit en exces disparait lorsque la



somme des entrainements sur les spins up et down est un Leviton quantifié. Ceci est expliqué de différentes
manieres, par leffet de proximité, ou par I'image dynamique de la réflexion d’Andreev. L’idée principale
peut étre résumée comme suit : les corrélations supraconductrices lient deux électrons de spins et d’énergie
opposés, ce qui fait de ces paires les seuls porteurs de charge responsables de 'effet tunnel. Par conséquent,
la tension qui compte est la somme des tensions appliquées sur chacun des spins.

Du point de vue de 'EQO, une fois optimisée, cette jonction peut étre utilisée pour manipuler des paires
de Cooper uniques dans un supraconducteur, ou inversement, pour diviser les paires de Cooper dans des
électrodes. Ce sera le sujet du chapitre suivant, ot un nouveau dispositif est proposé pour générer sur
demande et de maniére controlée dans le temps des paires uniques d’électrons intriqués.

Chapitre 7: Source d’électrons intriqués Ce chapitre propose une application des résultats du chapitre
précédent : un dispositif utilisant la réflexion d’Andreev pour implémenter une source de paires d’électrons
intriqués. L’élément clé réside dans le fait que, comme les paires de Cooper sont intriquées a la fois en
énergie et en spin, le fait de les séparer entre deux électrodes polarisées en spin laisse une paire intriquée
en énergie. C’est la méthode explorée ici, les électrodes polarisées en spin sont les états de bord de 'effet
Hall quantique de spin (QSH), en ’absence de corrélations/interactions entre ces états de bord. Le systéme
étudié consiste en un QPC entre le QSH et un supraconducteur BCS, une tension périodique est appliquée
sur les deux états de bord du QSH afin que le dispositif fonctionne dans le régime d’Andreev.

Tout d’abord, I’état créé par la réflexion d’Andreev sur les bords du QSH est calculé de maniére perturba-
tive dans le couplage tunnel. Pour une impulsion Lorentzienne de charge totale entiere (partagée entre les
deux spins), il est montré que, juste aprés I'impulsion, cet état consiste en une somme de paires d’électrons
de spin opposés intriqués en énergie. Le choix du QSH comme plateforme pour héberger ces états est crucial
car les deux électrons intriqués formant la paire ont un spin opposé, ils résident donc sur des états bord
différents et se propagent dans des directions opposées. A température finie, cette image ne tient plus car
I’état final présente également des paires de trous intriqués.

Une généralisation de ce résultat aux trains périodiques d’impulsions Lorentziennes est proposée sur la
base des résultats des chapitres précédents. Il est montré que le dispositif correspond formellement a la
jonction N — S du Chap. 6, et ’analyse du bruit en exces permettant de sonder la nature strictement
électronique de I’état de sortie est répétée. Un ensemble de parameétres expérimentalement réalistes est
étudié pour montrer que la jonction peut étre utilisée de maniere a générer des états électroniques intriqués
accompagnés de quelques trous intriqués a cause des effets de température finie, tout en transférant ex-
actement la charge d’'une paire de Cooper par période. Il est rappelé que cette description n’est valable
que pour des tensions/fréquences faibles par rapport au gap, la solidité de cette condition fera 1’objet du
chapitre suivant.

Chapitre 8: La jonction N — S soumise a une tension périodique dans le cas général Dans ce chapitre,
I’étude de la jonction N — S soumise & une tension périodique a été poussée jusqu’au régime intermédiaire
(gap comparable a la fréquence de la tension). D’une part, le courant moyen par période a été calculé
analytiquement & tous les ordres du couplage tunnel. D’autre part, le bruit n’a pu étre traité analytique-
ment qu’aux deuxieme et quatriéme ordres du couplage tunnel. Les régimes généraux de basses et hautes
fréquences ainsi que les couplages tunnel ont été étudiés numériquement afin de valider I’analyse développée
dans les chapitres précédents.

Lorsque le gap est comparable a la fréquence, le courant moyen par période peut étre exprimé analytique-
ment. Pour les faibles transparences, il présente de fortes discontinuités aux limites du gap correspondant
a chaque canal de Floquet. Ces discontinuités marquent le passage d’un courant induit par la réflexion
d’Andreev & un courant induit par le transfert de quasiparticules. Dans ce régime, le bruit issu d’une
tension périodique peut étre plus faible que le bruit dii a une tension constante et contient de nombreuses



discontinuités. Ceci montre que la correspondance habituelle entre le bruit d’exces et le nombre de paires
de trous créées par ’entralnement ne tient plus. En outre, le bruit ne peut plus étre exprimé sous une
forme simple, et il faut recourir & une expansion perturbative de la constante de couplage tunnel, ou a une
évaluation numérique & tous les ordres de A. Cette derniére prouve que les bords du canal de Floquet sont
responsables des structures (discontinuités et minimums) du bruit d’exces.

En examinant de plus prées les calculs analytiques, il est possible de montrer que le courant moyen par
période suit le comportement décrit par Tien-Gordon [19] dans tous les régimes. Il en va de méme pour
le bruit, qui suit également les relations de type Tien-Gordon, mais uniquement dans les régimes limites,
dominés par le transfert de quasiparticules ou la réflexion d’Andreev. Dans le cas général, le bruit suit
donc un comportement du type Tien-Gordon seulement au deuxiéme ordre en tunneling. Il est possible
d’interpréter ces résultats en termes de processus physiques principaux, en tenant compte également des
effets d’interférence attendus entre les différents canaux de Floquet.

En résumé, ce chapitre démontre que le régime de fréquences intermédiaires (comparables au gap) peut
étre compris et, en particulier, que le bruit d’exces peut étre négatif en raison du fait que la densité d’états
dans le supraconducteur n’est pas constante pres des bords du gap. En outre, les relations de Tien-Gordon
pour le bruit (établies dans la limite ou le gap est plus grand que la fréquence d’entrainement) ne tiennent
plus dans le régime intermédiaire en raison des interférences entre les différents canaux de Floquet.

Partie Il1l: QPC dans I'effet Hall quantique fractionnaire

Chapitre 9: Fondamentaux de l'effet Hall quantique Ce chapitre introduit les concepts pertinents de
leffet Hall quantique fractionnaire (FQHE) qui seront utiles dans les chapitres suivants. Tout d’abord, un
résumé de leffet Hall quantique lui-méme (entier et fractionnaire) est donné et les quantités pertinentes
sont introduites avec ’approche quantique la plus simple possible, qui comprend entre autres les niveaux
de Landau, le facteur de remplissage ou les orbites cyclotroniques. A des fins de culture générale, un bref
résumé de la découverte et des diverses explications théoriques de 'effet Hall entier est aussi proposé. Ceci
permet notamment de souligner la nature topologique de l'effet.

Dans la deuxieme partie du chapitre, 'FQHE est introduit en résumant briévement sa contrepartie
théorique, c’est-a-dire 'action effective de Chern-Simons. Cette approche a 'avantage d’expliciter les pro-
priétés topologiques du systeme ainsi que de justifier 'apparition d’états de bord & partir de I'invariance de
jauge aux bords de ’échantillon. Il est également expliqué que les états de bord les plus simples de 'effet
Hall quantique fractionnaire se comportent comme des liquides de Luttinger chiraux. Par conséquent, les
bases de la théorie des liquides de Luttinger chiraux sont rappelées dans le contexte de 'FQHE, y compris
la bosonisation et le calcul de la fonction de Green des quasiparticules.

Ensuite, une description du systeme lorsquun QPC relie les deux états de bord a été fournie, le com-
portement typique en loi de puissance du courant a été expliqué. L’extension de cette description a des
états de bord Abéliens plus compliqués a été rapidement résumée. Cela permet d’écrire les trois quantités
principales dans ces modeles, la charge des quasiparticules, leur dimension d’échelle et leur angle statistique.
Enfin, les principales stratégies expérimentales qui peuvent étre utilisées pour mesurer ces quantités sont
brievement rappelées.

Chapitre 10: QPC soumis a une modulation périodique

Ce chapitre décrit une proposition de montage pour mesurer la dimension d’échelle de I'opérateur des
quasiparticules. L’investissement théorique considérable pour la recherche de signatures de la statistique
des anyons de 'FQHE dans le contexte des configurations de transport quantique électronique a été mis
en évidence dans le chapitre précédent. Mais la plupart de ces configurations nécessitent des géométries ou
des types de mesures assez compliqués. Etant donné que Dangle statistique des quasiparticules anyoniques



est intimement lié a la dimension d’échelle de 'opérateur des quasiparticules, une question naive se pose
: cette dimension d’échelle peut-elle étre détectée par une mesure minutieuse du courant de rétrodiffusion
dépendant du temps dans le régime de rétrodiffusion faible ? Bien siir, la mesure de ’angle statistique est
d’un intérét fondamental, mais il convient de noter que la dimension d’échelle en elle-méme est également
une quantité importante a mesurer, car elle permettrait de discriminer entre les différents états de bord
possibles qui contribuent au courant.

A cette fin, ce chapitre commence par apporter un lumiére nouvelle sur la théorie du transport dépendant
du temps dans PFQHE. 11 est souligné que le transport peut étre induit de deux manieres distinctes. Soit
en modulant la tension de grille appliquée au QPC (cette situation ne semble pas avoir requ beaucoup
d’attention dans le contexte du transport dépendant du temps), soit en ajoutant une modulation dépendante
du temps sur la tension constante appliquées aux électrodes (comme cela a été proposé théoriquement dans
Refs. [52, 87]).

Un résultat important du Chap. 2 est rappelé, a savoir que les deux situations peuvent étre décrites avec
une approche unifiée : la seule différence entre elles réside dans les détails de la décomposition de Fourier
de 'amplitude tunnel qui les décrit. Le courant dépendant du temps peut alors étre calculé analytiquement
en termes de sommes sur ces coefficients de Fourier, impliquant en outre une fonction hypergéométrique de
Gauss, un résultat qui est assez abstrait par nature. Pour progresser, il est utile d’effectuer des expansions
a lordre supérieur dans le parameétre de coupure (au sens du groupe de renormalisation). Il est intéressant
de noter que ces expansions dépendent de fagon cruciale de la valeur de la dimension d’échelle vp et du
régime de rétrodiffusion du QPC (faible ou forte).

Dans le régime de rétrodiffusion faible, le courant dépendant du temps peut étre décrit comme un terme
constant accompagné de ses harmoniques a des multiples de la fréquence de modulation. C’est précisément
dans ces harmoniques qu’il pourrait étre possible d’isoler la dimension d’échelle de 'opérateur d’effet tunnel
des quasiparticules. En effet, en choisissant une simple modulation en cosinus du couplage tunnel, grace
a la tension de grille, il est possible de montrer que le déphasage de la deuxieme harmonique du courant
dépendant du temps est directement proportionnel a la dimension d’échelle a basse température, ce qui
constitue le message central de ce chapitre. Il est aussi souligné que cette connexion est robuste a tempéra-
ture finie, ce qui la rend accessible a 'observation expérimentale. Une expérience typique consisterait a
multiplier le signal de courant dépendant du temps par une tension harmonique appropriée a deux fois la
fréquence de modulation pour détecter ce déphasage.

Par souci d’exhaustivité, un traitement complet de ’expansion des fonctions hypergéométriques qui
apparaissent dans ’expression générale du courant dépendant du temps est réalisé. Ceci permet de trouver
le courant a la fois pour la limite du liquide de Fermi v = 1 et pour la limite de la rétrodiffusion forte. Dans
le premier cas, une généralisation de la formule de Landauer en fonction du temps est rapidement obtenue
dans la limite v = 1 du modele de Luttinger chiral. Dans le cas de la rétrodiffusion forte, le courant peut
étre écrit en termes de dérivée temporelle de la modulation. Une tension dépendante du temps favorise
donc un terme capacitif dans le courant moyen de rétrodiffusion forte, ce qui n’avait jamais été observé
auparavant.

Le résultat principal concernant le déphasage suggere qu’une mesure minutieuse du courant dépendant
du temps pour un dispositif contenant un contact ponctuel quantique pourrait donner un apergu de la
détection (bien qu’indirecte) des statistiques fractionnaires dans 'effet Hall quantique fractionnaire.

Chapitre 11: Lévitons en interaction Dans ce chapitre, 'effet des correlations sur la propagation d’états
a deux Lévitons est étudié dans le cas particulier de la séquence de Laughlin de 'FQHE. La largeur des
Lévitons ainsi que leur séparation temporelle sont considérés controlables. Il est rappelé que les Lévitons,
dans le régime tunnel, sont des états d’excitation minimale. En conséquence, ils se déplacent “au-dessus”
de la distribution d’équilibre a la maniere d’un soliton. En considérant un QPC, la charge rétrodiffusée est



calculée pour la limite de faible transparence. Des résultats analytiques sont dérivés dans le cas d’impulsions
isolées et d’une température nulle. Ensuite, la charge rétrodiffusée dans le cas d’un état a deux Lévitons,
a savoir ()2, est calculée et comparée a la charge rétrodiffusée en présence d’une seule impulsion, appelée
Q1. Un calcul explicite montre que Q2 > 2@ dans le régime fractionnaire, contrairement au résultat trivial
@2 = 2@ pour un systeme sans correlations. Il est intéressant de noter que dans la limite d’impulsions
simultanées (At < ), la charge rétrodiffusée acquiert une expression simple qui ne dépend que du facteur
de remplissage v. En recourant au formalisme du paquet d’ondes pour les Lévitons, les premiers résultats
sont expliqués par l'existence d’une interaction effective entre les deux Lévitons, causée par I'arriére-plan
fortement corrélé.

Le cas des impulsions uniques a température finie a ensuite été étudié numériquement. Ces simulations
montrent que, pour des températures suffisamment élevées et méme pour des impulsions simultanées, QY2 <
2Q)1. En se basant sur l'interprétation de l'interaction effective, cela signifie que la température, ainsi
que la séparation temporelle des impulsions, peuvent étre utilisées pour controler 'intensité et le signe de
Iinteraction.

Ensuite, afin d’établir un contact avec de potentielles situations expérimentales, le cas d’une température
finie et d’une période finie est considéré, il s’appuie sur des calculs numériques dans le formalisme photo-
assisté. Dans le cas périodique, on peut régler la charge rétrodiffusée )2, en fonction de At, pour qu’elle soit
inférieure, égale ou supérieure a 2()1. L’effet de ’arriere-plan corrélé est pris en compte dans la dépendance
de la charge rétrodiffusée par rapport au facteur de remplissage et a la température. Comme dans le cas
d’impulsions uniques, l'interaction effective peut devenir tour a tour positive ou attractive en modifiant la
largeur de I'impulsion, la période et la température. Les calculs numériques sont basés sur des estimations
réalistes des parametres qui peuvent étre obtenus avec les technologie actuelles.
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Introduction

This thesis is devoted to describing time-dependent quantum transport in correlated and interacting elec-
tronic mesoscopic systems. A particular attention is devoted to potential applications to electron quantum
optics, the manipulation of single electrons allowing to perform quantum optics-like experiments [1, 2].

Mesoscopic physics [3] is a subfield of condensed matter physics, concerned with systems ranging from the
nanoscale to a few micrometers, its theoretical description therefore relies heavily on quantum statistical
physics. Quantum transport [4] in such systems may involve spin, charge, mass, temperature etc. Here the
focus is set on charge transport, or displacement of electrons in metals. The quantum aspect of this field was
pioneered by Landauer [5] and co-workers starting in the 50’s. These foundations have clarified the basic
process behind electric current in nanostructure, the scattering of electrons (and their statistics). Scattering
can occur with any of the many possible things present in a metal, which can be phonons, impurities, ions,
other electrons etc. The canonical object of the study of electric current in quantum transport is therefore
a single, point-like, scatterer, i.e., a quantum point contact (QPC). Electrons are transported from one side
of the QPC to the other when a voltage difference is applied between the electrodes, leading to the flow of
a stochastic electric current. Such a current is therefore fluctuating and it turned out, starting from the
80’s, that these fluctuations contain a lot of information about the processes at play in transport [6-14].
As a result, the measurement of the fluctuations, also called the noise, is a crucial step towards a better
understanding of electric current. This milestone was achieved in the mid 90’s [15, 16], validating 20 years
of theoretical research. Finally, Levitov and co-workers [13, 17] showed that the electric current obeys a
binomial statistics modified by temperature effects, this gives a consistent explanation for the behavior of
the noise and extends this understanding to all the moments of the electric current.

In parallel, starting from the 60’s, experimentalists started to apply time-dependent periodic voltage
drives on tunnel junctions involving superconductors [18, 19], mainly in order to investigate particular
regimes of the I — V curves. The field of time-dependent driven tunnel junctions did not receive much
attention and it was relatively neglected for nearly 20 years. Then in the 90’s, the better understanding of
the current noise achieved just a few years earlier, allowed to make substantial theoretical progress towards
understanding and using time-dependent transport. Indeed, Lesovik, Levitov and Lee showed in a series
of papers [20-22], through noise calculations, that driving a conductor with a precisely tailored train of
Lorentzian pulses of voltage amounts to transferring exactly one electron per period through the junction.
They showed that, in this situation, the Fermi sea is unperturbed by the time-dependent drive. Said
differently, the drive only creates a quasiparticle of integer charge (later coined Leviton) propagating above
the Fermi sea in a soliton manner. Noise measurements were proposed as probes of the absence of holes in
such a state, in particular, the noise created by Leviton transport should be equivalent to that created by
an equivalent DC voltage drive. This measurement was indeed realized by pioneering experiments in the
last decade [23].

There is a striking similarity between the manipulation of single photons and single electrons [24]. In
the case of photons, it motivated the proposal of quantum computation schemes based on single-photon
states [25-32]. Following the same lines, it was quickly realized that the manipulation of single electronic
excitations in condensed matter systems [1, 2, 33-36] has potential applications in quantum information
protocols [37-40] by encoding information in electrons propagating in ballistic channels. However, the main
subject of this thesis is not to provide details on such applications. Rather, the focus is set on the way
to create such electron excitations on ballistic channels. This can be achieved in the context of electron
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quantum optics, were quantum optics experiments are adapted to electrons [41-43].

This includes Hanbury-Brown and Twiss like experiments [44-47] where the intensity correlations from
coherent photons at the output are observed. Alternatively, in the Hong-Ou-Mandel setup [48, 49], photons
collide at the location of the beam splitter and correlations are measured at the output. Another famous ex-
ample is that of the experimental evidence of the violation of Bell’s equality involving momentum-entangled
pair of photons [50]. The parallel with electronic excitations is quickly realised as follows, in condensed
matter settings, electron wave guides can be achieved with a two dimensional electron gas (2DEG), while a
quantum point contact (QPC) mimics the beam splitter. The difference between electrons and photons is
first that electrons bear fermionic statistics, this means, in particular, that they are always accompanied by
a Fermi sea. Second, electrons carry a charge so they interact with their direct electromagnetic environment.
In EQO, the first difficulty is circumvented by the precise tailoring of the voltage pulse while the second
one is in fact the very way to excite the Levitons.

This basic picture of Levitons propagating without perturbing the Fermi sea has to be revisited when
more realistic or complicated systems are considered. These can include interacting and/or correlated
systems where concepts such as the Fermi sea have to be revisited in such cases. Typically, in systems
where decoherence effects [51] or embedded correlations (as in the fractional quantum Hall effect [52])
operate, a precise description of the system requires an adapted formalism and new effects such as charge
fractionalization [53] or Leviton crystallization [54] can occur.

While so far mostly Coulomb repulsion has been effectively included in such scenarios [55-62], other types
of correlations also deserve consideration. Indeed, for example electron waveguides can be connected to
BCS superconducting leads®, opening the way to hitherto scarcely explored EQO phenomena [64, 65]. As a
matter of fact, such systems host Cooper pairs and Bogolubov excitations [66], thus for an electric current to
flow, electrons must be converted into such entities [67]. Anoter example of interacting electron systems is
the fractional quantum Hall effect (FQHE) [68, 69], which hosts quasiparticles carrying a fractional charge?
and which bear fractional statistics. Tunneling in junctions made up of such systems might therefore involve
non-trivial effects, like braiding [70], crystallization or conversion of quasiparticles [71-75].

Being capable to engineer junctions with such materials and to drive them in such a way that these
remarkable events occur one at a time in a controlled manner would allow to move forward on several
fronts. First with a precise characterization of transport observables, the theoretical descriptions could be
compared to experimental data and the underlying mechanisms or models behind these systems could be
better understood. In fact in the FQHE, this could permit more precise investigation of the validity of
the chiral Luttinger liquid approach and to discriminate between different combinations of quasiparticles
for different filling factors. Second, these phenomena can have direct applications, either in designing new
fundamental experiments or for technological purposes. For example, in superconductors, the ground state
is composed of Cooper pairs, which are pairs of entangled electrons. Tunneling of such states in a coherent
way would allow to propagate entanglement to different channels [14, 76-83]. Isolating these states in time
would allow for example to implement a variety of quantum protocols in solid-state devices. Among them,
major examples are quantum teleportation [39], quantum key distribution [37, 38, 40, 84], or quantum
dense coding [85].

This thesis constitutes an attempt to contribute to the process of extending the concepts of electron
quantum optics to correlated and interacting systems. An important note is that every equation is written
in units where the speed of light ¢ = 1, the Planck constant & = 1 and the Boltzmann constant kg = 1. A
summary of the main results obtained and the references to the original publications follow.

3As was the case in the pioneering works on time-dependent quantum tunneling ([18, 63])
4A phenomenon usually reserved for high energy physics, with quarks for example
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Summary of the new results The junction between a BCS superconductor and a normal metal was studied
in [88] with a microscopic model for the junction. Analytical results for the average current and noise to
all orders in the tunnel coupling were obtained in the regimes of low and high voltage limits (with respect
to the superconducting gap), called the linear regimes. This allowed to draw a physical picture of the
tunnel processes in a time-dependent setup, which can be described with the Tien-Gordon approach. This
approach was clarified by linking it with Floquet theory, which states that time-dependent transport can be
understood as the combination of time-independent processes, taking place in Floquet channels, which were
defined by the same occasion. In the regime of large gap, it was shown that half-Levitons actually cancel
the excess noise and create exactly one Cooper pair per period, effectively achieving the requirement for
EQO to be performed in this junction. This result was already known from [65], but not well understood as
it was not derived with a microscopic model and the finite temperature formula was never derived before.
In the regime of voltages comparable to the gap, which was so far unexplored, an analytical formula for
the average current was found, and it validates the Tien-Gordon picture of transport. Then, the noise was
computed to second and fourth order in tunneling, the main result was that the Tien-Gordon picture holds
for second order processes in tunneling, but breaks down for higher order terms. This was explained by
changing a little this physical picture, the amplitude of the Floquet channels should be considered instead
of their probabilities.This result allowed to describe consistently all regimes of tunneling, temperature and
voltage of the junction. Finally, to actually implement EQO in the junction, a device operating in accessible
regimes of experimental parameters was proposed as an on-demand source of Cooper pairs.

This work was extended in a pair of publications [89, 90], were the BCS superconductor is connected to
a quantum spin Hall bar, hosting two opposite spin-polarized chiral edge modes. When operated in the
regime of large gap over voltage ratio, it was shown that negative charge half Levitons sent from the edge
modes towards the junction are reflected as energy-entangled states shared on the two channels. In this
case, the superconductor acts as an “entangler”, and experimentally accessible parameters were explored
to find an optimized working regime. In particular, through a computation of the noise, similar to that
carried out in the first publication [88], it was shown that a finite temperature adds a few entangled hole
pairs, and that the entangled electron pair is “fractionalized”.

A following paper [91] was needed to explain the underlying mechanism behind the tunneling of a single
Cooper pair per period in these junctions and its derivatives. This was done by investigating the junction
in the large gap regime when both spins of the normal metal are driven independently, in amplitude and
time. Analytical results for the average current as a function of time were found and allowed to understand
that the superconducting correlations are responsible for an effective addition of the drives on both spins.
As a result, the tolerance of half Levitons to time shift or voltage imbalance between the spins was studied
in detail. In particular, it was shown that for integer Levitons, the single electron nature of the state is
robust under voltage imbalance or time shift, this is not the case for half Levitons which require perfectly
synchronised drives.

Concerning the fractional quantum Hall effect, the capabilities of time-dependent transport to hint for
fundamental properties of quasiparticles were investigated in another publication [92]. In particular, it was
shown that driving the tunnel contact itself instead of the leads amounts to a much simpler time dependence
of the average current. Through Luttinger liquid computations of the average current as a function of time
in the weak backscattering regime, it was shown that, in a reasonably large range of parameters, the
scaling dimension of anyons is equal to the phase shift of the second harmonics of the average current when
the tunnel coupling is a sinusoidal function of time. Therefore, a measurement of the time shift of the
harmonics of the average current directly yields the scaling dimension of the quasiparticles, providing a
new tool for discriminating between different theories at a given filling factor. Some new results about the
strong backscattering regime were also derived, were it was shown that the time-dependent drive gives rise
to a new type of tunnel process, which is capacitive, i.e., which involves the time derivative of the voltage
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instead of the voltage itself, and dominates the process leading to DC current.

Finally, still in the fractional quantum Hall effect, tunneling of pairs of Levitons at a QPC is investigated
in [93]. The charge transmitted through the QPC, as well as its fluctuations, are computed analytically for
different time separations of the pulses and in the tunnel limit. It was found that the charge transmitted
by two pulses, when they overlap, is not equal to twice that of single pulse. This was directly linked to
the effective interaction between the Levitons, induced by the strongly correlated background of the FQHE.
It was shown that this interaction can be monitored by the time shift between the pulses, ranging from
attractive to repulsive interaction. It was also recalled that interaction between Leviton states in the FQHE
is a key ingredient for two qubit gate systems for example.

Structure of the thesis

The thesis is divided in three distinct parts. The first one presents already known results but tries to shine
a new light on it so that the subsequently presented findings can be easily interpreted, the second part
exposes the results related to BCS superconductivity and the third one is concerned with the fractional
quantum Hall effect.

Part I: Photo-assisted transport through a quantum point contact

Chapter 1: Quantum transport Introduces the study of electric current in quantum transport. It describes
the quantum point contact (QPC) which will be used in all the other chapters. It continues by presenting
the Hamiltonian formalism used to describe the QPC and finishes by presenting Floquet theory and its
usefulness in understanding time-dependent transport in the present context.

Chapter 2: Formalism for the quantum point contact Consists in an exposition of the techniques used
throughout the thesis to compute transport quantities. The Keldysh Green’s function approach is explained,
the time dependence of the drive is included through Fourier series and the Dyson equations are summed
thanks to the Fourier decomposition.

Chapter 3: Transport quantities in normal metal junctions Applies the last two chapters to the canonical
junction, i.e., that between two metals in the normal state. It is shown that this junction has a linear I —V
characteristics. The noise is also computed and interpreted thanks to the Tien-Gordon picture helped by
Floquet theory, introduced here as well. The specificities of Levitons are introduced through the study of
different drive shapes and its link to the noise is clarified.

Part Il: QPC between normal leads and BCS superconductors

Chapter 4: Introduction to BCS superconductivity Summarizes the fundamentals of BCS superconduc-
tivity. In particular, the phonon origin of the attractive electron-electron interaction is derived. Then the
Cooper instability as a hint to the BCS ansatz is explained, this allows to write down the BCS ground state.
Finally, the quasiparticle excitations are described, their energy spectrum as well as the coherence factors
are derived.

Chapter 5: N-S junction under a constant bias Sums up the main standard results of non-equilibrium
transport in the junction between a normal metal and a BCS superconductor, the N — S junction. For
example Andreev reflection and quasiparticle transfer above the gap are described and their impact on
average current and noise are computed and discussed.



List of Figures

Chapter 6: The AC-driven N-S junction in the linear regimes Describes the N — S junction in the
regime where the superconducting gap is large with respect the voltage difference between the leads. In this
regime, it is easier to understand the results by separating the processes at play. This is done by considering
that the voltage drive applied on the up and down spins of the normal metal are different. It is shown why
half Levitons are minimal excitation states of the junction and how they minimize the noise.

Chapter 7: Source of entangled electrons Proposes a device based on the results of the previous chapter,
i.e., the use of half Levitons to generate minimal excitation states. More precisely, this device is a junction
between a BCS superconductor and the two chiral, spin-polarized, edge modes of a quantum spin Hall
bar. It is shown that this junction behaves as an on-demand source of energy entangled two-electron
states, devoid of hole excitations. Experimentally accessible parameters are investigated to explain how
this proposal could hold in realistic experiments.

Chapter 8: The AC-driven N-S junction in the general case Studies the behavior of the N — .S junction
in the general case of voltages comparable to the superconducting gap. It is shown how the Tien-Gordon
picture is modified, due to both correlations and non linearities of the density of state of the superconductor.
In particular, the latter, as a consequence of the former, is responsible for both a reduction of the noise
below the DC level when a periodic drive is applied and for interferences between the various channels
involved in transport.

Part 11l: QPC in a fractional quantum Hall bar

Chapter 9: Quantum Hall effect fundamentals Recalls the principal features of both the integer and
fractional quantum Hall effects. In the latter case, the chiral Luttinger liquid approach to describe the
fractional quantum Hall effect (FQHE) is developed together with the bosonization technique. The main
transport properties at a QPC in such systems are then stated.

Chapter 10: Periodically driven QPC Is an application of the so-called gate drive to the computation
of the harmonics of the average current in a QPC in the FQHE. More precisely, it is shown that, in the
weak backscattering regime (WB) of the QPC, the time shift of the second harmonics is proportional to
the scaling dimension of anyons. In the strong backscattering regime, the time-dependent drive favors a
capacitive term in the average current, which was never noted before.

Chapter 11: Interacting pulses Analyses the charge transmitted by one or two pulses in a QPC in the
FQHE. It is shown that the charge generated by two pulses is not twice that of the single pulse, this is
interpreted as due to an effective interaction between two Levitons. In particular it is shown that this
interaction can be monitored by the time shift and can be attractive or repulsive. This is generalised to
the periodic case, more accessible experimentally, by comparing trains of single pulses to trains of double
shifted pulses. As expected in this case, the results hold as long as the width of the pulses and the time
shift between them is low with respect to the period of the drive.

Appendices

Appendices containing analytical derivations are provided for the reader interested in understanding the
computations. The usage of these computations is scattered in the main text so precise references to the
relevant appendices are provided each time.
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1. Quantum transport

1.1. Introduction

This short chapter consists in a small introduction to the study of electric current in the context of quantum
transport. Then the basic quantum conductor studied in this thesis, the quantum point contact (QPC), is
described. The formalism chosen to treat such systems is Hamiltonian-based and described in the second
part of this chapter. The modification of the Hamiltonian description when a time-dependent voltage drive
is applied is also discussed. This is the occasion to introduce Floquet theory as the root of the interpretation
of transport developed in the remaining of the thesis.

1.2. General background

The problem of understanding the quantum mechanical processes behind the flow of electric current through
a conductor of mesoscopic scale is at the heart of quantum transport, see [4] for an account of the field.
Only systems smaller than the coherence length of electrons are studied, so that quantum effects operate.
In this framework, pioneered by Rolf Landauer in 1957 [5], the electric current is envisioned as the result
of scattering of electrons by all components of the system, usually a metallic device. A central result
summarizing these ideas is the Landauer formula for the conductance G' of a conductor in the absence of
decoherence over the size of the sample:

G=Go) 7, (1.1)

where Gy = €2/27 is the quantum of conductance (without taking the spins into account) and 7. is the
probability of transmission through the conductor of channel ¢, simply called the transmission. The current
in a mesoscopic conductor is a manifestation of transfer of electrons from one side to the other, which is
by essence a probabilistic process for two main reasons. First, transport happens by successive scatterings
of electrons, which define a probability for outgoing states, as a function of incoming states, energy levels,
angles and other variables depending on the system. Second, mesoscopic physics deals with systems contain-
ing thousands of electrons, therefore quantum statistical physics has to be employed, and it describes the
occupation of energy levels with a probability distribution, e.g., the Fermi-Dirac distribution. The electric
current therefore arises from a combination of random processes. The (quantum) average current (I) is the
first moment of this distribution, it is often the easiest to compute but not the most interesting. Impor-
tantly, in this thesis, the quantum average of the current will be called simply the current!. Usually, the
fluctuations of the current are not directly characterized by the second moment, rather by current-current
correlations, noted C(t,7) they read as

Ct,r)=I)I(t+7))y—L(@)I({t+T)), (1.2)

where I(t) is the current operator at time t an (.) is the quantum statistical average value. Historically,
current fluctuations were unwanted hindrances to clean experiments, as a result it is customary to call them

!This choice is justified by the presence of time averages of the quantum average current later, which will be called period-
averaged current.
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noise. More precisely, the correlator C'(¢,7) is a function of two times, which is complicated to understand
or to measure, it is therefore customary to compute its Fourier transform in both times and to set the
frequency associated with the time difference 7 to zero. This is what is usually called the current noise
power, or just noise,

Ts/2 00 .
S(w):;s / dt /_ dr (IO I(E+ 7)) — () (I(t + 7)) e~ (1.3)

~Ts/2

where Ty is any measurement time scale, typically, in this thesis, where the drive is periodic, this will
correspond to the period and experimentally, to many periods. Note that the letter .S is used as, by Wiener-
Kinchine theorem, the noise corresponds to the power spectral density of the current. In actual systems,
noise can emerge from various physical phenomena; at low frequencies the atoms of the metal are subject
to oscillations between various metastable positions, this gives a noise contribution proportional to the
inverse of the typical frequency of such oscillations [94]. In quantum transport, the noise considered is
typically a white noise, independent of the frequency, this occurs at higher frequencies, typically around
the megahertz where the atoms are considered at rest [95], thus the 1/f contribution is suppressed and
the noise is independent of the frequency. It is usually around this frequency range that occupation and
transmission effects rule the current noise, so that when one speaks of zero-frequency noise, it means
between the megahertz and the gigahertz, so that the 1/f noise can be ignored. The noise of electric
current has been studied for more than a century, Johnson and Nyquist [96] showed that the current white
noise in an undriven sample (coined thermal noise) was proportional to the electronic temperature and to
the conductance of the electrons, Sy, o< GT. On the other hand, when thermal effects are dominated by a
voltage drive, Schottky [97] showed that if the current arises from emission of discrete particles, electrons,
the noise is proportional to the charge e of the electrons times the current (see [95] for a proof). This
voltage-induced noise stems in the quantum nature of the sample and was named shot noise, Sg, o e (I).

Interest in the noise increased again in the late 80’s, when, using Landauer’s idea of scattering as the
main mechanism for the electric current, the proportionality coefficient between the shot noise and the
current was expressed in terms of the transmission 7 as [6-10, 12].

Sen o e(1 — 7) (1) . (1.4)

A simple reasoning can help understand this result, the temperature is set to zero and in a single point
scatterer, the variables are the direction of propagation and the lead in which the particle is. An incoming
electron can either cross the junction at the Fermi surface with probability 7, or be reflected without
changing energy, with probability 1 — 7, thus the current is a Bernoulli process, with probability of success
7. It is well known that Bernoulli processes follow a Binomial distribution, whose first moment is n7 and
second moment reads as n7(1 — 7), where n is the number of attempts. This corresponds with the results
for the current provided that the number of attempts is proportional to the voltage V(t). It was indeed
proven in [13, 17], when the temperature is low enough, i.e., for voltages eV > T, that the current follows
a binomial statistics. This allowed to find an expression for the number of attempts, which is proportional
to the voltage. Note that this corresponds to the simple image provided above, the current is proportional
to 7 and to the voltage, pn in the language of Bernoulli processes. In the other limit, i.e., that of large
temperature, transport is dominated by thermal processes which are not the main subject of this thesis.
It will be shown that the Landauer formula for the current and the shot noise formula of Schottky can
be retrieved in the Hamiltonian approach. This allows to obtain an expression of the transmission 7 as a
function of the tunnel coupling A and to check the consistency of the Bernoulli process picture.

10
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1.3. Quantum point contacts

A Quantum point contact (QPC) is a way of connecting two systems of electrons, which can have different
dispersion relations, temperatures, band structures, correlations, interactions etc. The two systems are
called electrodes or leads depending on the context. The physical distance separating the two leads is
typically comparable to, or smaller than the coherence length of electrons, so that coherence-preserving
tunneling from one side to the other can occur. For this reason, and in the context of this thesis, a QPC
in the regime of weak coupling will also be called a tunnel junction. A QPC can take many forms: a
constriction in an electronic wave-guide, a scanning tunneling microscope tip in proximity with the surface
of a conductor, a break junction etc. The two electrodes are typically labeled by side, left L or right R, or
by type, N for a metal in the normal state or S in the superconducting state, the corresponding junction
is called an N — N or an N — S junction. In the language of quantum transport, the conductor is the
tunnel region, i.e., a point scatterer with only one incoming direction and one outgoing direction. Thus
the method of quantum transport can be used to compute measurable quantities such as the current and
the noise at a QPC. Several theoretical descriptions have been used to study such systems, see [98] for a
quick review. The so-called Hamiltonian approach was found to be the most relevant for this thesis, so it
is explained before anything else, it constitutes the starting point of all calculations presented here.

1.3.1. Hamiltonian approach

This approach was introduced in 1961 for tunneling in an N — S junction [99-101], but it can be extended
to other junctions as it relies on simple principles. To summarize briefly the procedure, the aim is to write a
second-quantized Hamiltonian describing the junction, for which usual techniques of many-body quantum
field theory can be applied. Sketching the discussion from Prange [102], considering the junction as a whole,
the system could be described by finding appropriate wave-functions for the left and right leads. However,
this would depend on the type of metal involved and such a level of precision would be a hindrance at
this point. Writing a Hamiltonian for the whole junction, one can identify three terms, involving only left
operators, right ones, or a combination of both, this motivates the following writing

H:HR+HL—|—HT, (1.5)

where the tunnel Hamiltonian Hr takes the general form

Hy =3 (Thwe] o p+ ) (1.6)
ke k!

where H.c., stands for Hermitian conjugate and T} ;s is the overlap integral, and can take several forms
[99-102], but this is not the point of this discussion. A very important assumption for this approach to
be analytically interesting, see [103], is that the applied voltage is very small with respect to the Fermi
energy and that the Fermi surface is perfectly metallic, i.e., one can consider one band only enforce that
the density of states is constant. This has the direct implication that one can replace T} ;s by its average
value on the Fermi surface A which is called the tunnel coupling, this is equivalently called the wide band
limit. The tunnel Hamiltonian can therefore be written as

Hy =" [,y + Hee (1.7)
kk!

Following Cuevas [98], a site representation in real space (c; L(Rr) On site i) with a tight binding model can
be adopted. Assuming that tunneling involves only one site of each side cr, g and cg, the Hamiltonian is

11
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written as
Hr = Xéhep + He., (1.8)

where the zeros were immediately removed for notational convenience and A\ and ¢ were rescaled so that
0 <X < 1. When A is close to zero, the coupling is weak, this is the tunnel limit, on the other hand, when
A = 1, the coupling is perfect and the junction is in the transparent limit. It is important to raise the
problem of A = 1, where, according to Prange [102], Eq. (1.7) might not be valid anymore. Disregarding
this problem, Eq. (1.8) can be taken as a starting point for the description of any QPC as it simply describes
a system made of two electron species L and R coupled with strength A. The above discussion was merely
an attempt to link this Hamiltonian with actual physical parameters of a QPC. The total Hamiltonian
Eq. (1.5) is therefore used for every calculation performed in this thesis, all the following chapters consider
different situations for Hy, and Hg, voltage drive, energy distribution, correlations etc.

1.3.2. Voltage drive

As will be explained later, it can be interesting to apply an asymmetric drive to the system, in the case of
a voltage drive V(t), the convention is for it to be applied on the left, which has the effect to add a term
to the total Hamiltonian, that now reads as

H=Hy+Hg+Hr+Y eV(t)e] e, . (1.9)

[

Following Rickayzen [103], this can be included in a new set of operators on the left, ¢ 1,(¢), which respect

the following relation
d .
dthL( ) =1 [HL(V =0),¢ 1(t) —ieV(t)é r(t). (1.10)

A convenient choice for the voltage drive is to assume it was adiabatically switched on, more precisely that
V(t < 7) =0 for 7 a time long in the past (with respect to the other time scales of the system). The effect
of this drive on the left operators is therefore just to add a phase to the ¢ operators as follows:

& p(t) = e Y Deir. (1.11)

Defining the phase shift for electrons on the left as

o(t) :e/_t dt'v(t'), (1.12)

the tunnel Hamiltonian reads as
Hr = \é! ()chR—i—Hc (1.13)

As a matter of fact, the formalism that will be developed specifically to describe such a system (mainly
Fourier analysis, see Sec. 2.2) does not particularly depend on the “shape” or “type” of this time dependence.
Therefore, a time-dependent tunnel coupling A(¢) can be introduced, that encapsulates every type of time
dependence whether it comes from a voltage drive or an experimentally monitored junction width or gate
drive. As a result, the tunnel Hamiltonian is written as

Hr = A(t)che, + Hee., (1.14)

where A(t) = e~ @M for a voltage drive. In this general setting, Fig. 1.1 represents the sites in both sides
and the junction itself, with all relevant analytical quantities. Now that the Hamiltonian is clearly written

12
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Hp = /\*(t)c(T),LCQR + H.c.

Figure 1.1.: Simplified drawing of the junction considered. Colored circles correspond to real space electron
sites, the double sided arrows represent the kinetic energy coupling between the sites and the
single sided arrow materializes the time-dependent tunnel coupling.

a quick physical picture of how a periodic drive affects the system can be provided, this is the purpose of
the next section.

1.4. Floquet theory

This section provides a summary of the Floquet theory [104], which is used to characterize quantum sys-
tems described by a periodic Hamiltonian. The concepts introduced here are mainly useful as a tool for
interpretation, in particular, a link between with Floquet theory and the so-called Tien-Gordon picture of
time-dependent quantum transport will be made in Sec. 3.4. As it is independent of the formalism presented
in the next chapter and provides a general understanding of time-dependent transport, it was chosen to
present Floquet theory to conclude this chapter.

Floquet’s theorem states that any periodic linear differential equation can be written (in a different basis)
as a constant linear system?. This theorem applies to quantum systems with periodic Hamiltonians of
frequency 2, and the so-called Floquet theory was consequently developed in this context, see [104] for
details.

This approach stems from the fact that it is much easier to describe a time independent system than a
time-dependent one, Floquet theory makes a link between the former and the latter. The main results take
place in the Floquet basis, which is spanned by a Fourier expansion of each of the eigenstates of the original
Hamiltonian®. The Hamiltonian representing the energy of these sates is called the Floquet Hamiltonian and
is time-independent. It is therefore possible to write a simple evolution operator between the eigenstates of
this time-independent Hamiltonian. As it turns out, the evolution operator of the time-dependent system
is a Fourier series with the evolution operators of the Floquet system as Fourier coefficients. The first
consequence is that the evolution of the time-dependent eigenstates are the sum of all possible evolutions
between the time independent Floquet eigenstates. The second consequence comes from the structure of
the Floquet Hamiltonian, which contains a set of eigenvalues for each original eigenstate. This set is built
from a fundamental energy Ey together with all the harmonics Ey + nf2 with n € IN. As a result, each
evolution operator in the Floquet basis describes the gain or loss of an energy equal to an integer times the
frequency. In the context of a voltage drive applied to a system of electrons, these energy shifts in Floquet
space can be interpreted as a number of photons exchanged between the drive and the Fermi sea. The
energy range used to describe the system can therefore be reduced to [—€2/2 : /2], all other energies arise
from the absorption or emission of photons and are said to belong to another Floquet channel.

2This is fundamentally very close to Fourier theory but with the inclusion of the differential equation. Hence the ubiquity of
Fourier coefficients in this thesis.
31t is therefore a tensor product space, Harmonics times states of the time-dependent system
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As a small word of anticipation, a parallel with the Tien-Gordon picture of Sec. 3.4 will allow to identify
the amplitudes for the absorption of [ photons, p;, corresponding to a probability P;. The voltage biased
lead will then be better described as a Floquet state, a superposition of Fermi seas, which will be referred
to as “Floquet channels”, with shifted chemical potential p — p+ eVpc + €2 and an intensity given by the
corresponding Floquet weight P;.

1.5. Conclusion

This chapter was written to set the stage for the next ones. Indeed, the basics of transport in a QPC were
recalled, it will be useful to keep this in mind when diving in precise computations of the current and noise.
Then, a hand waving derivation of the Hamiltonian used to describe the system was provided. From this
simple Hamiltonian, the next chapters will explain in detail the techniques used to write quantum transport
operators and extract their expectation values. Finally, a quick reminder of Floquet theory as well as the
physical picture it suggests were proposed, it will prove very useful as a tool to interpret the results, first
in the simple N — N junction, but also in more complicated systems.

14



2. Formalism for the quantum point contact

A formalism suitable for the computation of transport properties in time-dependent, out of equilibrium
QPC is presented. It is based on techniques developped for quantum field theory such as Wick’s theorem,
Keldysh Green’s functions and Dyson’s equations. Time dependence is accounted for by presenting the
Fourier counterparts of these techniques.

The Green functions approach is presented from basic quantum mechanics principles in Sec. 2.1. Then,
in Sec. 2.2, the time periodicity is included by writing Fourier series of the quantities introduced above.
Finally, a way to perform the sum of the Dyson perturbation series in Keldysh space is shown in Sec. 2.3.

2.1. Green’s function approach

The Green function formalism is often used in quantum field theory as a way to compute average values
of quantum operators. As a simple reminder, some basics of the derivation of these techniques is recalled,
and, before performing the full computation of the current, it contours are drawn.

2.1.1. Technical introduction

The physical quantities in quantum mechanics are matrix elements or expectations values, they involve
the projection of operators on states, so there can be many choices as to the definition of the states and
operators as long as the matrix elements are the same.

First, the traditional one is the Schrodinger picture where the wave function (¢) obeys the time-
dependent Schrodinger so that

Ps(t) = e Mhapg(to) (2.1)

and the operators are constant in time. The opposite choice is the Heisenberg picture, where the wave
function is constant

Y = ¥s(to) (2.2)

and the operators read as ' '
F(t) = e FgemHt (2.3)

Average values of operators are the sum of the matrix elements over all the possible states, i.e.,
(O(t)) = Tr [p(t)O(2)] , (2.4)

where p is the density matrix. It is standard to define operators in the Heisenberg picture (mainly because
the density matrix becomes time independent in this picture). Thus, as a first step, the current operator
flowing through the left contact and defined as the time derivative of the charge operator, is written in the
Heisenberg picture. The latter reads as Qr,(t) = eN(t) so that the current can be written as follows,

I(t) = O = ie [HT, e (#)ew(t)

(2.5)
= —ie [N ()el (Der(t) = AWk Be (1)) |
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2. Formalism for the quantum point contact — 2.1. Green’s function approach

where only one spin species is considered, for simplicity (in the absence of spin flip process, the addition
of spin amounts to multiplying the current by two). A simple interpretation of Eq. (2.5) is to say that
cE(t)cR(t) describes the transfer of a particle from right to left, which contributes to the current with a
charge —e. The second term being the opposite process, it contribute with an opposite charge, hence with
an opposite sign'. The aim of this chapter is to describe a way to compute the matrix element of such an

operator or products of such operators on the ground state, i.e., average values of the type <CTL (t)eg(t )>
in the Heisenberg picture.

2.1.2. The Keldysh method

The standard procedure starts by expanding the exponential in Eq. (2.3) so that one is left with the average
value of an infinite sum of products of single electron operators. A very important tool to perform such
a computation is Wick’s theorem [105]. Stated simply, it does two things, first, it provides a recipe to
perform all the permutations required to extract normal ordered terms, i.e., terms where the annihilation
operators are on the right so that they disappear when applied on the ground state. Second, it allows to
write the average value of the initial product in terms of contractions of two operator products. These
contractions are the difference between the time ordered product and the normal product in the interaction
picture. Hence, when the contraction is not zero, it is proportional to the one-particle average values of
the operators in the non-interacting theory?. Wick’s theorem therefore allows to separate the average value
of the full product in a sum of products of two operators average values. This sum is usually hard to
compute and one often resorts to various techniques to perform the sum, such as Feynman diagrams, or
Dyson’s equations in the present case. Wick’s theorem is therefore at the heart of such a procedure. It
happens however that it is only valid for a single particle initial density matrix and for operators in the
non-interacting theory?. The problem one faces in non-equilibrium many-body theory is therefore twofold,
first the Heisenberg operators must be expressed in terms of operators in the non-interacting theory and
second the initial density of states has is a many particle one.

One starts by solving the first problem as some concepts which will be introduced are used in solving the
second one. To this end, the free Hamiltonian is written Hy and the interacting term Hyp as in Eq. (1.5),
this allows to introduce an intermediate representation, the interaction picture (or Dirac picture), where
the states contain the interacting part and the operator the non-interacting one. Namely, the states evolve
according to

Pr(t) = elpg(t) (2.6)

which means that they follow a Schrodinger equation defined by the Hamiltonian
Hr ((t) = e/ Hpe "ot (2.7)

in the interaction picture. As a result, every operator in the interaction picture evolves in the same way as
in the Heisenberg picture for a non-interacting system,

d .

SFi(t) = ilHo, Fr (1), (2.8)
which allows to use Wick’s theorem on operators in this representation. Now one is left with the problem
of writing Heisenberg operators of the interacting systems in terms of operators in the interaction picture.
This is done by writing down the states in the interaction picture first, integrating the Schrodinger equation

!The ¢ in front of the current will ensure that the average value of the current be real.
2The initial state is chosen so that these average values are known.
3This ensures that the contractions can be computed easily
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Figure 2.1.: The Keldysh time contour K, defined as the union of two oriented time axes 4 and y_. The +
branch goes forward in time whereas the — branch goes backwards. Time ordering is explained
by choosing two times ¢y and ¢;.

one is left with

t
Yi(t) = vr(to) — l/ dt1 Hr 1 (t1)yr(th) (2.9)
to
which can be written recursively as

Yr(t) = S(t to)vr(to) » (2.10)

where .
S(t,to) = T exp (—i dt'HT,[(t’)> , (2.11)

to

is the evolution operator and T the time ordering operator, which places operators at earlier times on the
right. As a result, a Heisenberg operator can be written as

Fr(t) = S(to, ) F1(£)S(t, to) - (2.12)

The previous equation can conveniently be thought of as an evolution from ¢y to ¢t and then back to ¢y3. This
corresponds to a straight evolution on a time contour ¢, with two branches, the “plus” branch where time
goes forward, and the “minus” branch where it goes backwards. Defining the ¢ time ordering operator 7,
which acts on operators at times defined by a branch index, the Heisenberg operators are written as

P(t) = T.Se(ty 1) Fi(t), (2.13)

where the integral in the new time evolution operator S, runs on the ¢ time contour. It is underlined that
the Heisenberg operators are now written fully in terms of operators in the interacting picture, i.e., which
evolve like operators of the non-interacting theory. This solves the first problem in order to use Wick’s
theorem, it is reminded that the second problem cannot be solved without specifying the properties of the
initial density matrix.

In Keldysh theory, it is traditionally argued that the interaction can be switched on adiabatically so that
the initial density matrix is pg. As a result, the possible initial correlations are removed by taking the
initial time to —oo and assuming that what happens long in the past will not affect the present state of the
system. This amounts to integrating over the Keldysh contour K, from —oo to +oo and then back to —oo,
which is represented in Fig. 2.1

Now that the essential assumptions allowing one to use Wick’s theorem are stated, the actual product to
compute can be analyzed.

In the case of products of operators found in the current operator, Eq. (2.5), the average value to compute
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2. Formalism for the quantum point contact — 2.1. Green’s function approach

can be written as

<cl-,H(t)c},H(t)> = <TKCi’[(t)c}L.J(t+)Z (—nz")" [H /K dthTJ(tn)D . (2.14)
’ 0

n=0 0

where the zero index on the average value means it is computed with the py density matrix. Wick’s theorem
can be applied on the products of operators inside the average value on the right hand side of Eq. (2.14), it
states that this product can be written as the sum of all possible contractions of two particle operators inside
the product, with the right permutation coefficient. One could wonder what is the use of such contractions,
in fact it is straightforward to show that the contraction of two single particle operators is equal to the
average value of their product. An application of Wick’s theorem can therefore be written as

(T(ABC'...Z)) = (T(AB)) (T(CD)).. (T(YZ)) £ (T(AC)) (T(BD)) .. (T(YZ)) £ ....  (2.15)

A fundamental tool of out of equilibrium quantum field theory is the Keldysh Green’s function

a1 = —i <TK [cin(t")c}’H(t"/)}> , (2.16)

where 1 are Keldysh time indices on the contour of Fig.2.1. With this definition, the correlator in Eq. (2.14)
is G,L»_jJr (t,t). One notices that the product in Eq. (2.14) involves all the possible combinations of Keldysh
and lead indices. A very important result, that was introduced in Keldysh’s paper and that is derived in
App. A.1, is that all these combinations can be written as a matrix product in Keldysh-lead space. In
Keldysh space, the Green’s functions read as

, GLrt) Gttt
Gij(tat ) = <Gz‘_j+(tvt,) Gi_(t, t,)) , (2.17)

and in lead space, they read as

. (GZ”L/(t,t:) G%@J’/)) | (2.18)
Grp(t,1)  GRrp(tt)

Thus the Green’s function is a tensor product of two 2 x 2 matrices, in Keldysh-lead space, which obeys a
matrix Dyson equation,

G(t,t') = g(t,¢)) + / dtydty g(t, 1) S (11, 1) Gt 1), (2.19)
RZ

where g(¢,t') is the bare Green’s function, computed without interactions, as opposed to G(¢,t'), the dressed
Green’s function. X(¢,t) is the self energy, found by computing exactly the first order in A of the correlator
Eq. (2.14), as was done in Sec. A.1:
’ 1] * ’ ’
S (1) = [z’;&] (t,8) = 6(t — )A(1) [02),,y and I (8,8) = SP (b)) =0, (2.20)
A quick note about notations, some confusion might appear about the space in which the Green’s function
is considered. It can in fact be deduced by the indices present, for example Gt~ (¢,#') is a 2 X 2 matrix in
lead space and Gpg(t,t') is a 2 x 2 matrix in Keldysh space. One therefore understands that Eq. (2.20)
describes matrices in Keldysh space. Later on, this notation will be extended to spin indices 1 or | and to
Fourier harmonics, with latin letters n, m, etc.
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2. Formalism for the quantum point contact — 2.2. Frequency representation

2.2. Frequency representation

This section explains how to switch to a description of the system in terms of energy rather than time.
This is done for two reasons, first in the case of Fermi liquids or BCS superconductors, the properties of
the system are traditionally easier to understand through an energy representation. Second, as periodic
systems are considered, Floquet theory will be used as a guide for interpretations, and it takes place in
energy space. The Green’s functions are functions of two times, periodic in both times, with the same
period T, and the following explains how to find their decomposition in Fourier series.

As shown in App. B, if F(¢,t') is T-periodic in both ¢ and #', then it can be written as

Q/2
t t Z/ / dW —i(wH+nQ)t z(ermQ) an(w)’ (221)
Q/Q 27T
where n,m € IN and
T/2 00 . S . - _ _
Fon(w) = / dt / dr @A )(+3) milwrmQ (=3 p( 4 7/2,F — 7/2).. (2.22)
2 T

Furthermore, the convolution product between two such functions is a matrix product in harmonics space.
This is very convenient in order to solve Dyson’s equations, indeed, Eq. (2.19) can immediately be written
as

Grm = 9nm + Ink 2k Gim (2'23)

where summation over repeated indices is assumed and the frequency w is not written for convenience.
The formulas to find g(w) and ¥ (w) are derived in App. A, their Floquet counter parts are derived in
App. B. For example, in the case of a normal metal

i (W) = —i [tanh (“’ Sk 6%)]') ¥ 1] S » (2.24)

9jjnm 20

where (Vp); is the DC voltage in lead j and 6 is the temperature, assumed to be the same in both leads.
The self energy can be written as

2I%L,n’m = )‘pn—m ’ (225)
where p; are the Floquet amplitudes, defined by

=) pe (2.26)
l

It is interesting to remark that the voltage drive and the gate drive are two different ways to drive the
tunnel coupling. In the case of a voltage drive, only the phase of A(t) is time-dependent, i.e., [A(£)]* = A2.
Driving the coupling with a voltage drive therefore further constrains the Floquet coefficients, namely
SiRtt) = (EEE)T (t,t") is unitary, which translates as

EJLEEJ}%Z - Ag]l or meflp:;fl - 5nm . (227)
l

Only in this case a simple calculation of the current and the noise to all orders in the tunnel coupling can
be performed*. From now on, unless specified by indices, the Green functions are written as a function of

40f course, a numerical computation is always possible, even for a gate driven junction.
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2. Formalism for the quantum point contact — 2.3. Summing Dyson’s equations

frequency, hence they are infinite matrices in harmonics space.

2.3. Summing Dyson’s equations
One might notice that a relation links the four Green’s functions of Eq. (2.16) in Keldysh space,
G (L +GTT ) =G T (tt)+ G (t,t). (2.28)

This fact is exploited in App. A to provide a simpler Dyson equation. In particular, an alternative basis
for Keldysh space, the RAK basis,

Gr=GT -Gt
G'=GTT -G+ (2.29)
GE=¢""+G6,

is introduced to reduce the number of Green’s functions to three (using one of the two relations mentioned
above). This basis is useful as Green’s function now obey Dyson’s equations at the matrix element level,
ie.,
G(l — ga +gazaGa
G =g " +¢"2"G" (2.30)
GK — gK +gr2rGK +gKEaGa +gr2KGa )
This allows to derive a few relations between the Green’s functions in the PM basis and the RAK basis, the
most important one can take two forms, Dyson I and Dyson II, respectively

Gﬁ::F — gﬁ::F o grzj::FGa +gr2rGj::F Jrgj:qzzaGa

" n n (2.31)
GT=1+¢Yg (1 +X2°G*) — G"E*TG".

This is enough to find a formula for the dressed Green’s functions, in lead space for a two lead junction, in

terms of the bare ones and the self energies only. This computation is performed in App. A and yields

Gl = (1= grr¥r191r51R) " | 9hr + g%RZ%ng—E(E%Lg%L)_l] (1 —S%197 15 rokR) Skt - (2.32)

A derivation of the bare Green’s functions is also provided in App. A. The advantage of frequency repre-
sentation is that all orders in A can be obtained by matrix inversion in the case of a voltage drive.

Floquet channels are represented by elements of the Green’s functions in Harmonics space and as can be
seen in Eq. (2.32), these elements are multiplied with each other between different channels. Therefore, the
“pre-Floquet“ states, which are encoded in the Green functions,
are now present between Floquet states. This means that, in correlated systems, there will be correlations
between Floquet states, and, in normal metals, Floquet channels are expected to behave independently of
one another.

interactions or correlations between the

2.4. Conclusion

This chapter introduced the main technical details used in this work. First the link between Green’s func-
tions and average values of observables. Then the complications due to non-equilibrium, which complicates
the use of Wick’s theorem, and the standard way to overcome them, Keldysh theory. Using the insights
from Floquet theory, it is chosen to write the average values in energy representation, in terms of bare
Green’s functions and Fourier coefficients of the time-dependent tunnel coupling.
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2. Formalism for the quantum point contact — 2.4. Conclusion

Despite the fact that it was a technical chapter, most of the complications were explicitly mentioned and
the equations were written consistently, for two main reasons. First to show how versatile this formalism is,
temperature and out of equilibrium effects are automatically included. And second, it was considered that
these technicalities bear physical meaning. For example, Dyson’s equation makes clear the fact that the full
behavior of the observables are the sum of all the most simple processes induced by the coupling term of the
Hamiltonian. Also, it was possible to see that Floquet states actually act as states of the original system.
Therefore on could guess that, in correlated systems, there might be correlations between Floquet states.
From this formalism, actual computations of physical observables can be performed in many situations.
This will be dealt with in the following chapters.
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3. Transport quantities in normal metal junctions

3.1. Introduction

In this chapter, all the formalism and physical ideas developed in the previous chapters are applied to
the simplest possible junction, the N — N junction driven by a periodic voltage drive. This allows to
draw the contours of the paradigm of the linear junction, in particular, how do the specificities of Leviton
physics, which will be introduced, manifest themselves in the noise. Here and there, the possible problems
encountered when generalizing these properties to non-linear junctions, typical of correlated systems, are
discussed.

A formula for the current is derived in Sec. 3.2, thus making the link with Landauer’s picture. Then, in
Sec. 3.3, the noise is computed, its structure encourages the next sections. Indeed, Sec. 3.4 explains the
link between transport and Floquet theory through the Tien-Gordon picture. Then the difference between
the different drive shapes is discussed in Sec. 3.5, in particular, the specificities of Lorentzian pulses are
explained, by introducing the so-called minimal excitation state.

3.2. The current

In this section, the tools presented above are used to derive a formula for the current as a function of time,
from Eq. (2.5) and Eq. (2.16), it reads as

(1) (t) = —ie [N() (Tcel, (7)o g (1)) = MO (Tieely y ()ep 1 (19))]

(3.1)
= e [N (t)GEL(tt) = A)GLR(t,1)] .
App. B presents a way to obtain the Fourier series representation:
) /2 quw
ID) (1) = eX ) eitk—m)at / — |PGL; — PGty 3.2
(IL) () =e %e .- PGz —PCIR|, (3.2)
were the trace is over harmonics and
R=AP. (3.3)
The first step is therefore to insert the Green’s functions in Eq. (2.32), 92//(3% = Fil, therefore,
Gl =iA1+X*PPhH)~! [ggg — Plgfp (P )—1} (1 +X*PPH)~tPl. (3.4)

On has to compute the matrix inverse (1+A2PP1)~! in order to make progress in an analytical computation.
As said earlier, this can be done independently of the drive shape only in the case of a voltage drive, in this

case
1

1
14+ A2

(14 X2pphH~t = (3.5)
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3. Transport quantities in normal metal junctions — 3.2. The current

Therefore \
Ghr = i7<1 VY [QEIEPT - PTQZL‘} ) (3.6)

which can be inserted in Eq. (3.2), yielding

iel? /2 g
(I} (1) = 2 30 [ b i o — B P8
1 + )\2 klmn Q/2 27T (37)

~Ph—191 L 1nPr—n T pk—zp,’i_zgﬁﬁ,nm] :

Inserting Eq. (2.24), one finds

eN? —i(k—m)Qt O dw |, w + nf) w~+m —elp
(Ip) (t) = W Z - — Dot Pr—m |tanh 20 — tanh —

knm
. w+nd—elp w + mf)
—Dk—nPirn [tanh ( 20 > — tanh ( %0 )} } .

(3.8)
It is useful to remark that the second line is the complex conjugate of the first one!. Before performing the
integration, one can rename indices m —n — m and k — n — k and integration variable w + nQ) — w, it
allows to isolate n in the integration boundaries, then the sum over n can be performed and one is left with

% ; dw w + mf — eV
— i(k—m)Qt * 0
() (t) = (1 )\2)22Re ,gm e / 5 P—kP_m [tanh (29) — tanh (20 >] ) (3.9)

This integration can easily be performed and yields

€ 2)‘2 —i(k—m *
km

Taking the derivative of e *(*) one can show that

Zmpme_imm = %VAc(t)e_i(f’(t) . (3.11)

As a result, the current can be written as

ez 22
(Ip) (t) = ;WV@) ) (3.12)

This is the reason why such a junction is called a linear junction, the current is directly proportional to the
voltage. One remarks that in the case of a DC voltage, Landauer’s formula, which holds for a spinful metal,
can be retrieved by multiplying by two. This allows to find a formula for the transmission

472

= (3.13)

'This can be realized by changing indices in the second line to 7 = m and 7 = n and k=n+m+k.
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3. Transport quantities in normal metal junctions — 3.3. The noise

One can also compute the charge transmitted per period as

T/2
Q1) = / At (I (1)) = eqr /2, (3.14)

~T/2
where ¢ = eV /Q) is the charge injected per period, indeed, when the transmission is perfect, no charge is

reflected and the charge transmitted is the same as the charge injected.

A comment can be raised about the transmission factor, the perturbative approach developed to find it
makes explicit the fact that it comes from the repeated transfer of electrons from one side to the other.
Indeed, a non-vanishing current involves an electron leaving the left electrode to end up on the right, this
can be achieved with an infinite number of different processes (all the terms of Dyson’s equations), from the

single transfer to any number of intermediate reflections. The amplitude of the sum of all such processes

looks like
A

A=+ = =
+ 1+ A27

(3.15)

so its probability is just 7.

3.3. The noise

The noise is defined in Eq. (1.3), when the drive is periodic, the integration over ¢ runs over one period
only. As a result, the average of the noise over one period of time corresponds to the zero frequency noise,

T/2

Si(w=0) = —62/

ot / Z dr {/\*(t)/\*(t +7) <c}(t)cR(t)cTL(t +7)ep(t + T)>

MO A+ 7) (] (Dep(t)ch(t + eyt + 7))

FABA+7) (e, (et + ey (t+7))

SMON () (e, (e + Tep(t+ 7)) 3.16)
SN (O (4 7) (] (Dep(®)) (et + et +7))

FX O+ 7) (e (Deg®)) (chit + eyt +7))

“AOAE+ ) (htep () (ki + eyt +7))

FAB)N (t+ 1) <c}%(t)cL(t)> <CTL(t +T)ep(t+ 7')> } :

Wick’s theorem can be used on the first four lines, one sees that only two combinations of operators are
available, one corresponds to the last four lines, which therefore cancel out, the remaining pairings yield

o0 T/2
Sup = ¢ / dr / AN (WG] (bt 4+ TN (6 + )G (¢4 71)
—0o0 -T/2

NGt + TNt +T)GhR(t+7,t) (3.17)
HAOGLE L+ TN+ T)GIR(E+7,1)
-\ -+

)
(DGRRLE+TIN (L +T)GTT L+ 70}
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3. Transport quantities in normal metal junctions — 3.3. The noise

Following the steps performed for the current, the noise is written in frequency space, the details as to how
to perform the Fourier transform are presented in App. B and yield

Q/2 d
Sy = —e2\2 / o & Tu{ PRI PG — PIGIE PG s + PIGLEPIGE, — PGREPIGE ) (3.18)

where Try is the trace in harmonics (or Fourier) space. From this result, the computation looks similar to
that of the current, but are a bit more tedious, hence it is presented in App. C, it yields

2
Srr = c (3.19)

2T

I+ el
2720 + (1 — 10 % coth | ———
04701 S0+ Vil ot (550 )

The noise is made up of two terms, first the Nyquist noise, or thermal noise, proportional to the temperature
and to the transmission squared. The second part of the noise is the shot noise, it can be rewritten in a
Tien-Gordon fashion, see Sec. 3.4,

StLshot = =——7(1 —17) Z Plsi}ftpc Vo +18/e), (3.20)

where P, = |pl]2, and the shot noise for a DC drive is

e? eVt
ScL.cshor(Vo) = 5-7(1 = 7)eVi coth < 2;) (3.21)
The low temperature limit of the shot noise, eVy > 0, reads as
o2
SLL,DC,shot(VO > 9) = %Tﬂ — T)’(iVO’ , (3.22)

agrees with the claims made in the introduction of this chapter that the current is a binomial process.
Indeed the second moment of a binomial distribution is equal to the rate of success, 7 time the failure rate
1 — 7 time the number of trials oc V.

The zero temperature AC noise can be written as
SLL—iT 1—7) Z|q—|—l|Pg, (3.23)

where ¢ = eV /(Q, is the injected charge. Considering only positive values of ¢ (the noise is symmetric
around zero voltage), the sum can be separated in two parts

e2Q

Spp=——1(1=7) | > (@+DP = > (g+DPA] . (3.24)

27
I>—q I<—q
Considering only cases where ¢ > 0 for simplicity, the first sum can be completed to correspond to the DC
noise, by adding the negative channels contributions, i.e.,

e2Q)
SLL:SLL7D0—2§T(1—T) Z(q—l—l)fjl (3.25)
I<—q
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3. Transport quantities in normal metal junctions — 3.3. The noise

This means that the AC noise differs from the DC one only because of the channels corresponding to
energies smaller than eV} (i.e. [ < —q), this is directly probed by the so-called excess noise

Sexe = SrL,Ac+DC — SLL,DC = Z PSrr,pc(Vo +12/e) . (3.26)
I<—q

Hence, the only contributions to the excess noise come from holes-like channels created by the drive. In
fact, it can be shown [106], that the noise is proportional to the average number of excitations created by
the drive, i.e., the average number of electrons plus the average number of holes. From its definition (3.26),
the excess noise is the sum of the noise contribution of the hole channels, one could therefore argue that
the excess noise is proportional to the number of holes created by the drive. Following this line of thought,
the possibility to minimize this number of excitations so as to create a “minimal excitation state“ was
also discussed in ref. [106]. The case V' = 0 is obviously the global minimal excitation states but it is not
interesting. From Eq. 3.26, one sees that the excess noise cannot be negative, hence it provides a good
signature of minimal excitation states. A minimal excitation state can only occur if P, = 0 for any | < —gq,
ie., if

= / At X (e ¥ =0 forany 1< —q. (3.27)
This is equivalent to saying that the function A*(t) is a complex function without poles in the lower half

plane. Furthermore, in the case of a voltage drive, the module of A*(¢) has to be unity. Such a function can
always be written as a products of such functions

t+ W
A(t) = ——— 3.28
=" (3.25)
with different W and possibly shifted ¢. This function can be written as the result of a phase
T = ¢ with ¢(t) = arctan W) (3.29)
and this phase corresponds to a particular voltage drive as
W / 1+ 152/I/V2 ’ (3:30)
i.e., to a Lorentzian pulse
VoT 1
V(t) = 3.31
®) W 1+ (t/W)2’ ( )

with quantized charge eVyT = 1, where T is any time scale. As a matter of fact, Levitov and Lee [22] first
derived the formula for ¢(t) from various considerations, and then they found that this corresponds to a
Lorentzian drive. From the structure of Eq. (3.28), any combination of Aj(¢) leads to a minimal excess
noise, i.e., any superposition and shift of quantized Lorentzian pulses creates a minimal excitation state.
Hence, in the context of Floquet theory, one can design a periodic drive by promoting the time scale T to

the period as
n
t) = .32
)= S (3.32)

where n = W/T the width to period ratio. This drive was subsequently called Levitons when eV, /Q € IN as
it only excites electrons above the Fermi sea. This interpretation can get some more footing in the context
of the Tien-Gordon picture, described in the next section.
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3.4. Tien-Gordon picture

As was already hinted in the previous section, there exists a strong connection between the transport
properties of the N — N junction biased simultaneously by DC and AC voltages, and that of the same
device in the absence of AC modulation. Such a connection was first unveiled by Tien and Gordon [19]
when studying the tunneling current in superconducting diodes biased by a sinusoidal drive of frequency 2.
In this context, they could show that

Q
Incspo (Vo) = > PPy <Vo +ze> , (3.33)
l

so that the current in the presence of a drive V(t) = Vp + Vi sin(2t) is a weighted sum of voltage-shifted
DC currents (with a shift quantized in the driving frequency), with coefficients which are directly related
to the AC power (it is recalled that P, is a function of the AC power).

This result can actually be readily understood within Floquet theory. Indeed, as argued in Sec. 1.4, the
voltage biased normal lead can be described as a set of Floquet channels, i.e., a superposition of Fermi
seas shifted in energy with a weight given by the probability of absorbing or emitting a certain number
of photons. As a result, from Eq. (3.33), it can be guessed that the fraction of occupied states at a given
energy in the metal is no longer given by the standard Fermi distribution but instead by the following

weighted sum:
oo

f(B)= > Pf(E—eVpe—19), (3.34)
l=—0
corresponding to the situation depicted in Fig. 3.1. Invoking scattering theory, one can then argue that the
current only involves a linear combination of the leads distribution function, so that in the presence of an
AC drive, the current reduces to the sum of the DC contributions arising from all Floquet channels n, with
the corresponding probability P,.
In the case of the N — N junction, the average DC current is linear, i.e., (I) o Vj, therefore, the

Tien-Gordon relation reads as
(IL) =Y PAVo+ ) IR, (3.35)
l l

and when the junction is driven by a voltage, |A(t)| = A, hence

 A=1 and > IP=0. (3.36)
l l

This implies that the Tien-Gordon relation is transparent, i.e., (I, ac+pc) = (IL.pc)-

For the noise however, see Eq. (3.26), the AC noise is not linear so no compensation between the positive
and negative channels is possible. In fact the noise is only impacted by the contribution of the negative
channels, which can make it a remarkable tool to investigate the detailed properties of transport at the
junction. Before going further in analyzing the excess noise, it is useful to investigate on the structure of
the different [p;|.

3.5. Different drive shapes
These Floquet weights are functions of the channel index as well as the injected charge ¢, but also functional

of the voltage shape. A great variety of drives were explored by Vanevic et al. [107] while here only three
of them are treated: the sinusoidal, square and Lorentzian ones as they display the three most different
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Figure 3.1.: Schematic representation of tunneling events at the N — N junction. Each channel, involving a
Fermi sea at level eV + nfQ, contributes with a weight P, in the current, and is represented by
a step in the figure. The arrows represent the direction of the electron current. The horizontal
axis represents f(F) which is defined in Eq. 3.34.

behaviors. The simplest possible drive shape is a sinusoidal one, in this case the voltage reads as
V(t) = Vo(1 — cos Q). (3.37)

and yields a Floquet channel amplitude
b= Jl(_Q) ) (338)

J; being the I** Bessel functions of the first kind. This has two main consequences, first the coefficients,
p; are real, which might have an impact on transport when it involves interferences between channels, and
second p; = p_;, which means that channels below and above the Fermi sea are symmetric. The sinusoidal
time-dependent drive excites electrons and holes in the same manner?.

The second type of drive considered is that the square drive of half-period width, the voltage is defined
as

V(t) = Vo[l + sgn (cosQt)] . (3.39)
And the associated coefficients are

2 q orm
One remarks that they are real and that p; = (—1)'p_; so the drive does not affect hole and electrons in the
same way, there is a {7 phase difference in the amplitude of odd channels. This will not affect transport in

the N — N junction as only the weights P, and not the amplitude p; appears?.

2Remember that there is always a constant voltage Vo so the Fermi sea is filled up to energy eVp.
3This is equivalent to saying that there is no interferences between different channels. As will be seen, it is not the case
anymore when there are interactions or correlations in the leads.
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P Py Py

Lorentzian, n = 0.15

Figure 3.2.: The logarithm of the Floquet weights of the first few channels, as a function of the injected
charge per period ¢, for the three different drives, cosine, square and Lorentzian train of pulses
(with n = 0.15). The index of the coefficient corresponding to each curve is written on the
graph. Note that P_; = P, for the cosine and square drives.

Finally, the most interesting drive, the train of Lorentzian pulses is defined by
1
V(t) =eW _. 3.41
(¥ 02;1+(tm)2 (3.41)
7

with n = W/T = WQ/2r the ratio between the width of the pulses and the period of the drive. This leads

to a Fourier coefficient [52]
1/2 . : . q
P = / du e2im(+q)u <sm[7r(z77+u)]> ’ (3.42)
o sinf(in — w)

There is no obvious link between p; and p_; which means that this drive treats electrons and holes differently.

To get more insights on the properties of these drives, the logarithms of the P, are represented in Fig. 3.2
for the first few values of the index [ and the various drives considered. First, for small values of g, only
the Floquet weights with the lowest |I| contribute as small ¢ means low eV} and a crude image is that the
electric field does not have a lot of energy to share as photons, thus one does not expect a high probability
to exchange a large number of photons. When ¢ is increased, the higher values of |I| start to have a
non-negligible contribution. For all the drives, one remarks that there are some parameters for which P,
vanishes. In the case of a cosine drive (left panel of Fig. 3.2), this corresponds to the zeros of the Bessel
functions of the first kind. For the square drive (middle panel of Fig. 3.2), the Floquet weights vanish for
l — g = 2n with n integer. Also, as mentioned above, electrons and holes are symmetrically excited only for
the square and cosine drives. As a matter of fact, for the Lorentzian pulses (right panel of Fig. 3.2), the
Floquet weights vanish for integer values of ¢ such that ¢ < —I, i.e., the drive only excites electrons with
energies above the Fermi sea.

The different properties of these drives have an impact on the shape of the noise. As was shown above,
the excess noise constitutes an interesting tool to measure the effect of the AC drive as it gives a measure
of the number of holes excited by the drive.

The excess noise is plotted for different types of drives, a cosine one, a square one and the Lorentzian
pulses in Fig. 3.3. The left plot corresponds to low temperature 8 = 0.01€2. One sees that as ¢ increases,
there are successive crossings of the zero energy singularity of the noise for values g + [ = 0, corresponding
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Figure 3.3.: The excess noise as a function of the injected charge for different drives. The green curves
correspond to a cosine drive, the green ones to a square drive and the red ones to the train of
Lorentzian pulses of width n = 0.15. Left panel for low temperature, # = 0.001. Right panel
for higher temperatures 6 = 0.05.

to the point where the I*" channel is at zero energy. This is the reason for the global arch-shapes common
to all types of voltages. The main feature of this figure is that the excess noise created by Lorentzian pulses
vanishes for integer values of ¢q. As explained above, this is due to the fact that for such a drive, called
Leviton, P, = 0 for [ < —¢, hence Eq. (3.26) vanishes, and the drive indeed creates a “minimal excitation
state“. The right plot of Fig. 3.3 represents the excess noise for higher temperature ® = 0.1€2, the main
difference is, as anticipated, a smoothing of the features of the low temperature noise. Another difference
is that the minima of excess noise do not correspond to integer values of ¢ (channels crossing zero energy),
but to higher, non integer values. The excess noise minimization due to Levitons was observed in [23] at
finite temperature. It is to be noted that a Hong-Ou-Mandel experiment, typical of quantum optics, was
realized with Levitons in the same paper.

3.6. Conclusion

In this chapter, the current and the noise in the AC-driven N — N junction were computed using the
techniques developed in the previous chapters. This allowed to interpret the results and make a link with
the general theory of quantum transport of Sec. 1.2 and with Floquet theory as presented in Sec. 1.4.

It was found that the current is proportional to the applied voltage and to the transmission, which was
written in terms of the tunnel coupling. On the other hand, the noise displays more interesting properties,
indeed it is a sum of equivalent DC noise through the so-called Floquet channels. It was pointed out
that this interpretation is very close to that proposed by Tien and Gordon [19] where such channels were
discussed. These channels correspond to the Fourier harmonics of the tunnel coupling, this fact allows for
a simple derivation of the possible drives leading to electric channels only. Such a drive is made of any
combination of quantized Lorentzian pulses called Levitons.®. As a result, transport should only involve
electrons above the Fermi sea and the excess noise provides a measure of the accuracy of this picture. In
particular it was shown that the excess noise only contains contributions from hole channels, it therefore
vanishes for perfect Levitons.

4This is because they are also seen as states levitating above the Fermi sea and were invented by Levitov.
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The excess noise can therefore be used as a probe for experiments involving precise manipulation of
single electrons, e.g., collisions, transport of information, interference etc. As a side note, one could remark
that this is very similar to what is done in quantum optics with photons, this field could therefore be
called quantum electronics. However, usage has preferred electron quantum optics (EQO)® and the current
chapter can be seen as an introduction to this field in non correlated matter (Fermi liquid regime).

As a quick perspective, the conditions under which electron quantum optics can be performed in N — N
junctions are, zero temperature limit (linear noise), Leviton-driven junction (only electronic excitations),
Tien-Gordon relation for the noise, i.e., independent Floquet channels (uncorrelated material). The next
chapters will describe how these conditions can be relaxed or adapted when considering other types of
junctions, involving new physical phenomena, and how can EQO help characterize these phenomena or
even how these phenomena can help in designing new EQO schemes.

5Tt would be interesting to propose to rename quantum optics into photon quantum electronics.
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4. Introduction to BCS superconductivity

4.1. Introduction

In this chapter, the basics of BCS superconductivity are recalled in order to make the text self-contained.

Sec. 4.2 starts with a derivation of the interacting Hamiltonian between electrons and phonons, which is
at the root of superconductivity. Then it will be shown that this leads to an effective attractive interaction
between electrons. In Sec. 4.3, a short description of Cooper’s instability as a result of any attractive
interaction is provided. This result gives hints towards the BCS ground state ansatz, which is quickly
formulated afterwards. Finally, in Sec. 4.4, the quasiparticle excitations are described as well as their
spectrum and the BCS coherence factors are derived.

4.2. Electron-electron interaction through phonons

The derivation proposed here is inspired from [108]. Phonons are vibrations of the lattice, i.e., displacements
of the basic ions, this amounts to the presence of a charge density that is not due to electrons, py(r). The
electrons interact with this charge density simply with a Hamiltonian

He_p,= —eQ/drdr’ pe(r)K (r —1")pp(r'), (4.1)

where K is an interaction kernel, Coulomb-like, i.e., proportional to the inverse square of the distance. As
in metals, the long range interaction between charges is typically screened, the most rough approximation
that can be made is that

K(r) =6(r)a2, (4.2)

where a is the lattice constant. As is known from electromagnetism, a local charge density can be understood
as the creation of a dipole, i.e., a displacement of two opposite charges. It is therefore characterized by a
displacement vector ¢(r) and a charge Ze. The charge density is equal to the charge times the divergence
of the displacement vector. The interaction Hamiltonian can therefore be written as

H. ,=—Zéc%a /dr pe(r)div [g(r)], (4.3)

this Hamiltonian can be quantized by choosing the displacement of the lattice points ¢;(r) as the generalized
coordinates and p;¢; as the generalized momentum, with p; the density of the lattice. They obey the following
commutation relation

prlgi(rt), qj(r,t)] = —id(r — r')dy; . (4.4)

As argued in [109], the metal can be considered as a box of volume V, thus, as the lattice is a periodic
structure, the generalized coordinates can be expanded as Fourier series,

1 k 4 ,
4 t = — J— Z(kxfwkt) T 7z(szwkt) 4
q (T7 ) % Ek |k3| <Qk€ + q.€ ) s ( 5)
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where it was enforced that only longitudinal phonons are of interest in the Hamiltonian. It can be shown
that the above commutation relation implies that

P> 2wy, [q};, qk} —— (4.6)
k

Thus, new boson fields
b = /2pwiar , (4.7)

that have no dimension and are real valued, can be introduced. The divergence of the displacement operator
can be computed, it reads as

. _ i M i(kr—wit) 3t —i(kr—wgt)
dlvq(r)—vsmzk:\/ 5 <bke b e )

7
r’t )
w7

where vs = wy/|k| is the sound velocity, and ¢(r,t) is the phonon field. This allows immediately to write
the interacting Hamiltonian as

(4.8)

Hep=g / dr () (r)p(r) (4.9)

2,2
where g = Zezio‘/pﬁ is the interaction strength. Now a very nice trick, found in [108] can be used. When
computing average values of electron operators, with the Green’s function technique, one will have to deal

with such expansions

<¢T(T7t)1/)(7"/at,)> ~ <1/)T(7"a t)p(r' ') exp <—i/dt19/d7“1 W(Tl,t1)¢(T1,t1)80(7“1,t1)>> : (4.10)

When expanding the exponential, only even order terms in the interaction strength will contribute as
(¢) = 0. Thus, from the point of view of electrons, the presence of phonons is strictly equivalent to an
effective electron-electron interaction (carried by phonons). To lowest order in g in the expansion, this
interacting Hamiltonian reads as

Hi(t) = / Avdrdtdr ot (Y VU (r — 1t — )T (D 1) (4.11)
where
U(r,t) = —ig” (T [o(r, )¢(0,0)]) (4.12)

is the phonons Green’s function evaluated on the phonon ground state. Performing the Fourier transform
of the interacting Hamiltonian and assuming momentum conservation yields

_ T T
Hl(t) - Z Uk1+p,k1 Cho—pChs Ck1+pChr (4'13)
k17k27p
where the interaction potential of Eq. (4.12), computed in App. A, reads as

2}2(,143 o k,/)2

Ek — Ek/)z — Ug(k — ]ﬁ,)Q '

Ui = ¢° ( (4.14)
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4. Introduction to BCS superconductivity — 4.3. Cooper problem and ground state

This Hamiltonian can simply be interpreted as coming from the following process: two electrons, with
momentum ki and k2 exchange a phonon with momentum p and carrying an energy ej, 1, — €, - As a first
approximation, Debye’s result on the number of phonons in a metal can be used to put limits on energy
or wave vector sums. It is standard to consider that phonons cannot have an energy above the Debye
frequency wp = mwvsn. where n, is the linear electron density. As a result, in the interaction strength
Eq. (4.14), €k — € < Wp.

An interesting situation might arise, if the two electrons k1 and ks are on opposite side of the Fermi energy,
within an energy shell of a size comparable to the Debye frequency wp, then the momentum transferred
by the phonon will be comparable to the Debye frequency while its energy will be negligible. According to
Eq. (4.14) this would lead to an attractive interaction between the two electrons. The influence of such an
interaction on the rest of the Debye shell around the Fermi sea is hinted by the so called Cooper instability.

4.3. Cooper problem and ground state

Cooper [109] had the idea to look at a single two-electron state subject to attractive interaction in the
presence of a Fermi sea. The detailed derivation is provided in [66] so only the sketch is given here. Writing
the wave function of the pair as

¢(r1,r2) = Zake"k(”_”) : (4.15)
k
the Schrodinger equation can simply be written as
(E — 251@)0% = Z Uk,k’ak’ . (4.16)
k>kp

Assuming that only the k inside the Debye shell around the Fermi surface contributes in the sum and
imposing the wide band limit, Uy ;- can be replaced by a constant U. Going from sums over k to integrals
over € and enforcing that the Debye frequency is the maximum of energy, the Schrodinger equation yields

2(5F+wD) - F 1
1 = 4.1
8 < 25F —F ) I/()U ’ ( 7)

where 1y is the density of state on the Fermi surface. This is easily solved for F and yields

2wp

E:2€F_7€1/VOU_]_7

(4.18)

And in the low interaction regime
E=2p—A, (4.19)

where A = 2wpe /70U ig positive. As a result there is an energy level for a two-electron state inside the

Fermi sea, the weaker the interaction and the lower the energy of this state, up to the boundary of the
Debye shell. This situation is usually coined Cooper’s instability as if it is favorable energetically for a pair
to form, then all electrons would pair and the Fermi sea would reorganized entirely.

This computation is nevertheless very useful as it provides hints on what couplings to consider or how to
build a trial ground state. For instance, the wave function has to be anti symmetric in spin and positions
of the constituent electrons, from Eq. (4.16) the wave function is invariant under k& — —k so the state is a
spin singlet and both electrons must have opposite spins'. One would therefore be tempted to look at the

'This would not the case if the interaction depends on k
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following Hamiltonian, called the BCS Hamiltonian,

Hpes(t) = Z @CLUC,W + Z Ule;TCT—zﬁ—mcma (4.20)
k,o=1,| kl

where the Fermi momentum is the zero of wave vectors, &, = % —ep and T =|. The ground state might
be written as a sum over all possible wave vectors k of the two particle states described above. Therefore,
the combination of all the possible pairs of electrons is written as

Upes) =] <uk + vkcLTcT_m) 0) . (4.21)
k

where uy and v are the coherence factors and are here to ensure the normalization of the state through
2 2
ug, +vp, = 1.

4.4. Quasiparticle excitations

Some constraints on the values of ui and vi can be found by minimizing the expectation value of the
Hamiltonian on the ground state, i.e., (Vpcs| Hpos |¥Ypeos). The details are skipped but, assuming that
the interaction is constant in the Debye shell around the Fermi sea, i.e.,

—|U for , <w
0 otherwise .
One can show that
Qukvk = ?
k (4.23)
uZ — vl = S
k k r )
where
A=U> upopd(|¢] — wp)
k (4.24)
E, =&+ A%,
which in turns means that -
i =1+ E—’“
- (4.25)
202 =1- "%
Ex
And in the weak coupling limit,
A ~ 2wpe/vlUT (4.26)

where 1 is the density of states in the normal state of the metal at the Fermi level.

4.4.1. Bogolubov-Valatin transformations

It is possible to find the creation and annihilation operators for the BCS ground state, this is done through
the Bogolubov-Valatin transformation. They introduce new fermions in the superconductor, see Eq. (2.47a)
of [110]:

Voo = “kCL,a + OVLC k5 (4.27)
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where sign(]) = — and sign(1) = +. As can be shown, the 7 fermions act on the BCS ground state as
standard fermions act on the void, they are the quasiparticle operators of the BCS Hamiltonian, i.e.,

Yio [¥BCS) =0
(4.28)

fyk’,o’ﬂyl];a ’\IIBCS> = 5k,k’5cr,o" ’\IJBCS> .

These transformations allow to describe in a few words the excitation spectrum of superconductors. The
ground state is made of pairs of electrons with opposite momentum and opposite spin? and zero net energy.
These pairs form a condensate at the Fermi level and behave like bosons. This ground states constitutes the
void of the quasiparticles excitations, which correspond to the addition of an electron of momentum k with
energy Ej, with weight ui and of a hole with opposite momentum with weight vy. These particles therefore
have a gapped spectrum, with gap A, the part of the spectrum above the gap is called the continuum and
the excitations are generically called the quasiparticles. As expected ui — 1 for high energy excitations,
hence, high energy quasiparticles are simply electrons.

4.4.2. Sketch of the Bogolubov method

The method presented above is only valid for the homogeneous gas of electrons with attractive interactions,
without impurities or external potential. There exists another method, developed in parallel of the BCS, by
Bogolubov [111], explained in detail in [66]. This method is much more versatile to explore the properties of
superconductors in real space, or in the presence of magnetic fields for example, like the Meissner effect, or
the presence of vertex when there is a magnetic field as well as the distance over which the gap disappears
at the boundary of the superconductor. The main feature of this method in the context of this thesis will
be to write a simpler Hamiltonian in real space, which will be useful for adapting the tight binding model
deployed to described QPCs in the previous sections. The method is based on the Hartree-Fock procedure,
i.e., starting from the Hamiltonian in real space

Hpcs = Z/dgrw (Uo - Tn(v - qA)2> Py (r)

(4.29)
305 [V (00, ).

where 1, (r) is the spin-o electron annihilation operator in real space and A is the vector potential for an
external magnetic field, which will not be considered here?.
The commutation relation of fermions can be inserted in Eq. (4.29) this Hamiltonian, yielding

Hpcs =) / d*rypl(r) (v - QLVQ) V(1)

1 (4.30)
23 [V = L 0 ()0 ().

where U = Uy + 2V (0). The matrix element of the non-interacting Hamiltonian in real space is now written
as Hop = U — ﬁ(v — qA)?. The next step is to approximate this quartic Hamiltonian with a quadratic
one which is easy to diagonalize, this will require two approximations. First, consistency with the BCS
model is found by considering a point-like interaction, i.e., that V(r — ') = Vo(r — /). Then, following

2The pairs are spin singlet, with zero total spin, hence the name s-wave superconductivity.
3The vector potential is written explicitly to recall that this method can take it into account.
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Bogolubov [111], the four fermion products will be replace by a two fermion product times an average value,
by a modified mean field method. A few choices have to be made on which combination is replaced by its

average, mainly to respect the antisymmetry of fermions?. Terms like <¢:r,(r)¢gz (r)> only contribute for

o = o’ when no magnetic impurities are present. On the other hand, terms in (¢, (7). (r)) only contribute
for o # o’. Thus, the only reasonable proposal for the quadratic effective Hamiltonian is

Hog = S [ @b (= 59 us) + SV [ @rvmudee,0)
4 o (431)

+ [ @rameule + [ @A),

where the pairing potential A(r) = —V (¢ (r)Y1(r)) and the Hartree potential U(r) = <@Z)¢Ty(r)¢g(r)>. The
fact that this Hamiltonian does not conserve the particle number because of the pairing potential is not
disturbing as the BCS ground state itself does not conserve the particle number. This method is called
self-consistent because, the values of the pairing potential and the Hartree potential affect the ground state,
and they are average values of operators on the same ground state, which can therefore be computed self
consistently.

Performing the Bogolubov transformation from space variable r to state indices n, the quasiparticle v,
are introduced as

Yo lr) =Y (un(r)yon — sign (0)v; () ynz) - (4.32)

n

Enforcing that these operators diagonalize the effective Hamiltonian, i.e.,

Hepr =By + > BNV pVom (4.33)

o,n

and computing the commutator [1),(r), Hess] in terms of Bogolubov operators 75, one gets the matrix
eigenvalue equation in spin space

O A e R

called the Bogolubov-de Gennes equation. This equation can be solved after writing the actual values for
the pairing potential A(r) and the Hartree potential U(r) in terms of Bogolubov excitations v5,. From
the fermionic nature of 7, , one knows that

<’Vl,n’yal,n/> = 05,0'0n,n f(En) , (4.35)

where f is the Fermi distribution and F,, is the energy of the Bogolubov excitations. One therefore imme-
diately finds that

AW) =V Y un(r)i(r) [1 = 2f ()]
" \ ) (4.36)
U(r) = =V > {lun()PF(Ba) + oal” [ = F(En)]} -

As u,(t) and v, (r) depend on both the Hartree and pairing potentials, these are called the self consistent
equations.

1t is recalled that this antisymmetry is responsible for the s-wave aspect of BCS superconductivity.
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Following De Gennes [66], the pairing potential is assumed to be homogeneous, i.e., A(r) = A. Thus,

(Zz> = wp(r) (ZS> , (4.37)

where wy,(r) is the wave function of the metal without interaction. As a result, the BAG equation yields

E, =+\/|A*+ €2, (4.38)

and, imposing normalization |un|2 + |vn|2 =1,

2 _ &n
=)

(4.39)
a2 = 2 (1= 5
D) E,) "
This can be inserted in the self-consistent equation for the pairing potential, Eq. 4.36, yielding
1 1—2f(A%2+ &2
I T Z |wn|2 [ f( gn)} . (4.40)
v VAZ+ &
Introducing the density of state at the Fermi surface as
vo =Y [wa|"6(&n), (4.41)
n
the self consistent equation becomes
[1—2f(A%+¢2
/ f( ¢ )] . (4.42)
I/QV §2

This equation allows to derive a value for the gap at zero temperature A, where f(z) = H(—xz) the Heaviside
distribution so that the Fermi function does not contribute and the self-consistent equation becomes

1 “D 1 .. _1{wp
[ dé———— =sinh™ ! <) , 4.43
1V /WD g,/Ag_f_gQ Ag ( )

In the weak coupling limit, the gap equation is the same as in the BCS approach, i.e.,
Ag = wpe YV (4.44)

Equivalently, this equation could be used to derive the transition temperature T¢, at which the gap vanish.
This approach allowed to derive the same results as the BCS approach, the difference being that in the
BCS approach, the external fields or the inhomogeneities cannot be taken into account.

Proximity effect: This paragraph provides a quick overview of the proximity effect, occurring at the
interface between a superconductor and a metal in the normal state or the vacuum. This effect manifests
itself by a decreasing superconducting gap close to the boundary of the superconductor, and the appearance
of a non vanishing gap at the edge of the normal metal. In the case of interest of the thesis, the traditional
approach [66] is not relevant as it consists in expanding the gap in powers of T, — T which is not small in
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the context of the thesis. The result is that indeed, there is a non vanishing superconducting gap in the
normal region, it decreases as the inverse distance to the edge, the typical width associated to the gap is
& ~ vp/A. This means that there are Cooper pairs at the boundary of the normal metal, this fact will
be very useful in understanding the properties of the electric current in the next sections. In the current
setup the gap function is assumed to be a step function at the boundary of the normal metal with the
superconductor.

4.5. Conclusion

In this chapter, the main aspects of standard superconductivity were summarized. The physical picture
behind an attractive interaction between electrons was explained in terms of phonon exchange. This was
the occasion to derive the Hamiltonian for this interaction to first order in the phonon coupling. It was
shown that this interaction is indeed attractive if the two electrons are on the opposite side of the Fermi
surface. Then it was shown that this interaction creates pairs of electrons with zero energy, and that this
pair is a spin singlet state leading to the Cooper instability and hence a reconstruction of the Fermi sea.

With this in mind the BCS approach was summarized, it consists in postulating a ground state that
“makes the Cooper instability stable”, i.e., a superposition of zero energy spin singlet pairs of electrons.
From there, the Hamiltonian can be diagonalized it was shown that it is gapped and that above the gap
there can be single excitations, called Bogolubov excitations. This allowed to derive an equation for the gap
and for the coherence factors, which are the weight of holed and electrons in the Bogolubov quasiparticles.
In particular, for high energy, these excitations are just electrons.

Another approach to superconductivity was presented, the one from Bogolubov. It allows to include
external fields in the description and relies on real space representation of the gap and coherence factors.
This description allows to derive the same results as BCS with regards to the excitation spectrum in the
case were the metal is perfectly homogeneous and in the absence of external fields. Finally, the proximity
effect was quickly described, as the apparition of Cooper pairs in a normal metal when in proximity with
a superconductor. This will be used in the following chapters when transport in such junctions will be
discussed.
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5. N-S junction under a constant bias

5.1. Introduction

This chapter introduces the theoretical framework used to describe transport in the N —.S junction, between
a normal metal and a BCS superconductor, and then extends it to a multi-lead setup. The detailed
computations are not carried out but are illustrated and discussed in detail. In particular, the current
and noise in the DC regime of the NV — S junction are computed and the main tunneling mechanisms are
described. This junction displays different limiting regime depending on the size of the gap with respect
to the voltage. This allows to draw a link between certain transport mechanisms and their counterparts
in the current and noise. In particular, a new transport observable, the Fano factor, will be defined, it
provides a way to identify the charge of the particles responsible for tunneling. All these concepts will be
used extensively in the next chapters where time-dependent transport is analyzed.

The Hamiltonian for the junction is introduced in Sec. 5.2, the formulas for the current and the noise in
terms of Green’s functions are provided. Then, the behavior of these observables is described in detail in
Sec. 5.3.

5.2. Multi-lead Hamiltonian and transport observables

This section is devoted to writing the tunnel Hamiltonian for devices with arbitrary number of junctions
between superconductors and normal metals. Then the current and noise will be written in terms of Green’s
functions similarly to what was done in the previous chapters for the N — N junction.

5.2.1. Hamiltonians

The superconducting Hamiltonian is written in the tight binding basis as

= oot
Hs = Z Hoos+A Z (Ci,s,ﬁz’,S,T + cz‘,S,ﬁz’,S,T) , (5.1)
o="1,1 i

where the kinetic Hamiltonian is written in the k basis as

Hoos =Y &rchsothso (5.2)
k,o

is the kinetic part of the Hamiltonian in the superconductor (with spin o), i labels the various sites, A is
the superconducting gap and the chemical potential is set to zero, Ciso 18 the annihilation operator for
electrons in the superconducting lead. The Hamiltonians in the normal metals contain no interacting terms,
they are therefore written as
Hy = Z Hyon - (5.3)
o="1,|
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5. N-S junction under a constant bias — 5.2. Multi-lead Hamiltonian and transport observables

The tunnel Hamiltonian is the sum of all Hamiltonians at every junction, i.e., considering only a voltage

drive,
2
= > Njyeir @ i e o THC, (5.4)
j=N,S o

J'=N,§
where h.c. stands for hermitian conjugate, A; j is the real tunneling amplitude from lead j" to lead j, ¢; o
is the lead j and spin o annihilation operator, and ¢; j(t) is the time-dependent phase difference between
the leads 7 and j’. As was seen in the previous section, it is convenient to use spinors to write Hamiltonian
containing BCS superconductivity. Considering that tunneling is only from a lead to another one (j # j'),
the Hamiltonian is recast into

Hy =Y iW, vy +hee., (5.5)
7'
with the Nambu spinor
o= (s ) (5.6)
and the tunneling matrix '
Wj]/ = )\jj/aze"zw(t)/?’ (57)

with o, the Pauli matrix. The current operator in lead j can be written as

5HT

I(t) = Zm* ) Wi (£)1hje(t) + H.c. . (5.8)

As was done in the previous sections, average values are computed with the help of Green’s functions. The
Keldysh Green’s function in Nambu space is introduced, it reads as

c;r., +(O)eir(t) (e 1 (H)ejr(t))

GTo(tt) =i
i (48 ¢l (B)eh (1) <Cj’,¢(t)'3},¢(t)>

(5.9)

The current is computed in App. D.1, it is very conveniently written as a trace over Nambu and Lead
space,
(I;(t)) = 2eRe Trny, [JZWjj/(t)G;?j_ (t, )] (5.10)

In the case of a two-terminal device, similarly to what was done for the N — N junction, the period-averaged
current is immediately written using Fourier transform as
Q/2
(IL) = 2eX / o dwRe Trnin [0. PG L (w)], (5.11)

where the following notation was used

S LRnm = AP = A (p’%—n _po_ ) . (5.12)

This formula is quite compact, however, the matrices involved in the computation of the current tensor
products of their Nambu structure times their Fourier ones.
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5. N-S junction under a constant bias — 5.3. DC behavior

In the multi-lead setup, the noise (correlations between current at lead j and [) is defined as

Syt = /dt/dt NI(E) — (1)) (L)) - (5.13)

It can, similarly to the current, be written in terms of Green’s function, see App. D.1. In terms of lead
matrix product this is

= —e /dt/dtTrN{
_.I_

[UZW(tG+tt)} (oW (t) (,)]
(G (t,t)o. Wt )]Gt (t t)az (t)}
=[G, )] oW ()G (1 wi®)],,
—[o=W(

WG T (t, o, Wit )], [ t’,t] }

(5.14)

In practice, it is very complicated to perform analytical computations of the noise in the multi-lead setup.
Therefore, is interesting to write this formula in the case of a 2-terminal device (denoted R and L) where
and WLL = WRR =0.

Spp = —e?\? o 4w [2Re (0. P1 G20 PTGt ) — 0PI G 0. PGt — 0 PG -0 PTG . (5.15
LL = —¢ a2 2m I"NH[ €\ 0z LRz LR ) 9z LL 92U RRr — 02U RR0O2 LL]'(- )

This formula is transportable to the N-N junction by replacing the Green’s function by those corresponding
to a normal metal, this will automatically make redundant the spin index due to BCS coupling.

5.3. DC behavior

5.3.1. Period-averaged current

In this section, the behavior of the current in the constant bias case is studied, it was studied in details
in [98] so the aim here is to describe the link between the current and the main processes responsible for
tunneling, described in the famous BTK paper [67]. The current is written in Eq. (5.11), and in the DC
case, P = 0., so that

Q/2

IL = 2e\ / dw Re TrnLu [GEZ} , (5.16)

Q/2
The computation of the current is carried out in detail in App. D in the AC case, the zero temperature DC
behavior can easily be extracted and reads as

-
eVo/A if |:L” > 1
W1 — -2
(I) = —A / da ™) 273-;1 T : (5.17)
—eWVo/A 2+ (TA _ 2)1,2 if |:IZ’ <1
where
4N\

is the so-called "Andreev transmission". The effect of finite temperature is, as usual, to smooth the I — V
curve, so it is not interesting in a quantitative description. The fact that the current formula involves two
distinct expressions reflects the fact that the physics is radically different above and below the gap.
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5. N-S junction under a constant bias — 5.3. DC behavior

Indeed, for an electron from the normal side incident on the junction, no state is available in the super-
conductor. However, it might be possible for another electron (with opposite energy with respect to the
Fermi sea and opposite spin) to combine in a Cooper pair and tunnel into the superconductor. This means
that the charge transferred is twice that of an electron. There are a few complementary ways to understand
such a process. The first one assumes that first the Cooper pair forms at the edge of the normal metal
because of the proximity effect and then it can tunnel into the zero energy states in the superconductor.
The other interpretation describes a single electron tunneling in the continuum of quasiparticles above the
gap, effectively gaining an energy =~ A, and then another electron, from inside the Fermi sea, forms a
Cooper pair with it and annihilates the virtual excited state, leaving a retro-propagating hole behind.

The first interpretation allows to see the physical distance over which such a process is possible, i.e., the
superconducting coherence length, ~ A~!'. This approach is interesting as it would link the magnitude
of the tunnel coupling to the size of the gap. It is indeed apparent that in Eq. (5.17), when x ~ 1, the
probability of Andreev reflection is independent of the tunnel coupling. This is of course caused by a
problem in the model, and it seems that the energy dependence of the tunnel coupling should be taken into
account to remedy it. In fact, as hinted before, the proximity effect should modify the tunnel coupling as,
when the gap is infinite, the superconducting coherence length goes to zero and no proximity effect would
be possible.

The second interpretation for Andreev reflection makes clear that this process is only possible over a
time shorter than ~ A™!, this will be useful when looking at time-dependent Andreev reflection in the next
chapters. Both interpretations require that two tunnelings of electrons occur, therefore the formula should
only involve A\* (instead of A\? for single electron tunneling). This is indeed what happens in the second
line of Eq. (5.17), where 74(A\) = 7(\?) is the so-called Andreev reflection. Furthermore, for a voltage very
low with respect to the gap and at zero temperature, the current mimics that of the N — N junction, with
doubled voltage and squared tunnel coupling. It should also be considered that incident electrons can be
reflected, only changing the sign of their wave vectors.

Looking at the other situation, for an electron with an energy above the gap, it is still possible to
undergo Andreev reflection as Cooper pair states are available and the Fermi sea is filled. However, it is
also possible for such an electron to be transmitted into the continuum of quasiparticles, above the gap, in
the superconductor. In the latter case, the charge transmitted is that of a single electron.

Fig. 5.1 shows the current as a function of the applied voltage for different values of the tunnel coupling
(color curves) and for low temperature (© = 0.01A). In order to understand the curves of the current, it
is recalled that the current is the sum of all possible tunneling events at all energies. Because of the Fermi
distributions, at low temperatures this sum over energies is usually from —eV} to eV{y, when the temperature
is higher, higher energies start to contribute and lower energies contribute less.

For high transmission (red and orange curves of of Fig. 5.1) and voltages below the gap the effect of
Andreev reflection is to double the current with respect to that of the N — N junction as there is a
probability one to transfer a Cooper pair. For higher voltages however, the behavior of the N — IV junction
is retrieved because quasi particle transfer behaves like electron tunneling at high energies. This leads to an
excess current due to the fact that Andreev reflection happens for electrons on energy levels —A < F < A.

In the tunnel regime (blue and green curves of Fig. 5.1) and low voltages, the current is very low as one
Andreev reflection requires two tunnelings, it is therefore proportional to 74 which is very low in the tunnel
regime. However, as the voltage gets closer to the gap, the current suddenly increases as quasiparticle
transfer becomes possible and it behaves as 7 rather than 74 like Andreev reflection.

One can therefore distinguish three regimes, two of them are called linear as they reproduce Ohm’s law,
the Andreev regime (or high gap regime), where A > eV}, the normal regimes (or low gap regime), where
A < eVp, and the non linear regime, where A ~ eV}, is called the intermediate regime.
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Figure 5.1.: The current in the N — .5 junction as a function of the applied voltage for different value of the
tunnel coupling and at two different temperatures.
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Figure 5.2.: The noise and the Fano factor at the N — S junction biased by a constant voltage drive. Different
colors represent different tunnel couplings. The temperature is ©@ = 1072A for the noise and
© = 10~*A for the Fano factor.

5.3.2. DC noise and Fano factor

In the case of the noise, the complete DC behavior was described in [112], where a general formula was
obtained at finite temperature. This formula is not reproduced here as it is too long to be of interest,
however, the numerical curves of the noise as a function of the applied voltage are displayed in the left
panel of Fig. 5.2, for very low temperatures © = 10 3A.

At high transparency (red curve) and for voltages under the gap, there is no noise. Indeed, there is
a probability one for Andreev reflection, as a result, the charge transfer is a deterministic process and
there are no fluctuations and no noise'. For voltages just above the gap, an electron can either undergo
quasiparticle transfer of Andreev reflection, so the noise increases with voltage. However, when the voltage
is increasing, the probability for above gap Andreev reflection is decreasing so the noise is asymptotically
reaching a constant value.

In the tunnel regime, i.e., the blue curve, for voltages below the gap, the only possible process is normal
reflection as Andreev reflection implies two tunnelings. Therefore, the noise behaves as =~ 74V which is
very low in units of 7 (which is the scale of the y-axis of Fig. 5.2) for low A. When the voltage reaches the
gap, quasiparticle transfer becomes possible and the current retrieves a probabilistic behavior, hence the
noise increases to behave asymptotically like the N — N one.

In the intermediate transparency regimes, displayed as yellow and green curves, the noise displays an
intermediate behavior which is an interplay between the two mechanisms described above. It is interesting
to remark that the noise undergoes a radical change of behavior around the gap, especially for high or low
transparencies.

An interesting quantity that can be computed is the ratio between the noise and the current, it is for
example especially useful to remove prefactors common to both and relevant in experimental situations.
Another use of this ratio rises in the tunnel limit, when the tunneling processes are known to be Poissonian,
in this case, Schottky showed that the shot noise would be twice the current times the charge of the particles
carrying the current. It is therefore natural to introduce the Fano factor as

(5.19)

'This is equivalent to a binomial process were the rate of success is one.
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5. N-S junction under a constant bias — 5.4. Conclusion

so that in the Poissonian regime it will count the charge of the single particles involved in tunneling.

The right panel of Fig. 5.2 shows the Fano factor for different tunnel couplings and for a very low
temperature © = 107A, to obtain sharp features. The most striking feature of the Fano factor appears in
the tunnel limit, i.e., the blue curve. In this case, the Fano factor is equal to two for voltages below the gap
and to one for voltage above the gap. This is a proof that below the gap, the current is a Poissonian process
involving particles with twice the electron charge, i.e., Cooper pairs. This doubling of the shot noise was
actually observed experimentally 20 years ago [113]. For voltages above the gap however, the current is
only driven by quasiparticle transfer, which, in the Poissonian regime displays a Fano factor of one, hence
the current is only carried by electrons.

5.4. Conclusion

In this chapter, the N — S junction was introduced. First, the Hamiltonian for the junction was derived
in the presence of a voltage bias (which can be time-dependent) and the current and noise were expressed
in terms of Green’s functions. This allowed to use the formalism developed in the previous chapters to
find a formula for the current when the junction is biased by a constant voltage drive. The current was
analyzed with the help of previous literature, in particular, the main concepts behind Andreev reflection
were recalled and its implication on transport explained. Finally the noise created by a constant voltage
drive was described, the analysis of the different regimes of energy is consistent with the main mechanisms
for tunneling. It allows to introduce the Fano factor as a good diagnostic of Poissonian regimes and a
measure of the charge of the particles involved in transport in such regimes.

This chapter allowed to separate three different operating regimes for the junction, two of them, the
Andreev regimes and the normal regime, are called linear, as the current and the noise are linear in voltage.
For this reason and as was shown in Sec. 3.4, one might expected that in these regimes, the AC current
and noise will follow a Tien-Gordon behavior. These two regimes will be treated together in the following
chapter. There exist a third regime of voltage where neither the current nor the noise are linear in voltage,
this regimes displays a richer and more intricate behavior and will be treated in another chapter.
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6. The AC-driven N-S junction in the linear regimes

6.1. Introduction

In this chapter, the focus is set on the linear regimes of the NV — S junctions, defined in Sec. 5.3, driven by
a time-dependent voltage. This situation was discussed earlier by Belzig et al. [65] through full counting
statistics of the electric current in the context of circuit theory [86]. In the low gap regime, they found that
the excess noise (XN) is suppressed for integer charge carrying Levitons, in accordance with the expected
behavior of the continuum at high energy, i.e.,that of an N — N junction. In the high gap regime, where
transport is dominated by Andreev reflection, they found excess noise suppression also for Levitons carrying
half-integer charge. The effect of a finite temperature or the fate of the junction in the intermediate regime
between these two limiting cases remained largely unexplored. The latter situation will be explored in a
later chapter, in particular, the question as to whether or not the excess noise can be suppressed will be
answered.

In this chapter, the work of Belzig et al. is extended in two ways. First, the Hamiltonian model, together
with Floquet theory and the Tien-Gordon picture, brings physical intuition behind the results. Second, the
drive is treated differently on each spin, the can be driven with a separate drive amplitude or be shifted in
time.

This chapter is structured as follows. The formalism for spin-dependent drive is described very shortly
in Sec. 6.2. In Sec. 6.3, it is shown that in the low gap regime, each spin tunnels independently as there
is no correlation between them. The behavior of a normal metal is retrieved, for example, excess noise
therefore vanishes for integer injected charge on each spin. In the other limit, that of large gap, described
in Sec. 6.4, Andreev reflection dominates and treating both spin separately allows to unveil the basic
mechanism responsible for the vanishing of excess noises for half integer Lorentzian pulses. As one might
guess, this is due to superconducting correlations, Sec. 6.5 describes a mapping between the junction in the
high gap regime and the N — N junction at the level of Dyson’s equations. This allows for an interpretation
in terms of “minimal excitation states* of Cooper pairs at the junction similar to that of the N — N junction.

6.2. Spin-dependent voltage drive
The Hamiltonian for the junction is recalled,
H = Hy + Hs + ¢\, Wis + hec., (6.1)

where the tunnel matrix from the normal lead to the superconducting lead reads as

i®1(t) 0

A, are the tunneling amplitudes for each spin species. The functions

bo(t) = € / A v, (1), (6.3)
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6. The AC-driven N-S junction in the linear regimes — 6.3. Small-gap regime, A < )

are the time-dependent phase differences between the leads accounting for the spin-dependent drives V()
applied on the metallic lead.

This situation could be realized by having a metallic lead actually corresponding to two different leads
made of spin-polarized half-metals or a quantum spin Hall effect bar, allowing us, thereby, to drive each spin
component independently. This will be discussed in another chapter in the context of an actual proposition
of device using superconducting correlations.

6.3. Small-gap regime, A < )

This regime corresponds to the case of a driving frequency much larger than the gap. One thus expects
that transport processes through the junction are largely dominated by QP-transfer. Indeed, the Andreev
reflection of an incoming electron of energy w (with respect to the chemical potential of the superconductor)
occurs with a probability [67, 98] A?/w? and is thus strongly suppressed in this limit, as explained in Sec. 5.3.
In order to perform a preliminary analytical computation, the extreme situation of a small superconduct-
ing gap with respect to the frequency is considered first. In this limit, the normal-metal and the BCS lead
Green functions are identical and read as
~T/a AT/a .5
Ipcs oo Iv = Fil, (6.4)
so the junction maps exactly to an N — N junction. Thus, the results of Sec. 3.2 and Sec. 3.3 can be used
and the period averaged current reads as

v e eT
) = Srevpe = g0 6.5
(M), = —TeVpe = —qQ, (6.5)

and the noise as
2
N_¢€ 2
= — 4770 + 27(1 — 0P, th )
S, o + 27( 7')5 (eVbc +nQ)P,(q) co ( (6.6)

n

GVDC + n2
20 '

Going beyond this strict zero-gap limit, while still considering A < €, it is possible to compute the
excess noise numerically. The results for the Lorentzian, cosine and square drives at low temperature are
summarized in Fig. 6.1. For any drive, there is a local minimum of XN at integer ¢ = n. As expected,
this is most pronounced for a train of Levitons for which the excess noise is still almost fully suppressed at
integer q. Conversely, the sinusoidal bias features a residual finite XN for a quantized drive and the square
drive bears local minima with even higher XN. These results are very much in agreement with Sec. 3.5,
signaling that the physics at play is well captured by considering only quasiparticle-transfer processes in
this small-gap regime.

6.4. Andreev regime, A > ()

In the Andreev regime, which is the opposite of the normal regime, the bare Green’s functions in the
superconductor simplify to
b :t7
ggim(w) = —A0yum and g5 (w) =0, (6.7)

Snm

such that the Keldysh dressed Green’s function Eq. (2.32) becomes formally

)\3
_ [%7» (T = 1) PToyP — 0404P (T — 11)} : (6.8)

- _
Gsn = (1+ )
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Figure 6.1.: Excess noise for the N — S junction driven by a cosine, a square and a periodic Lorentzian
drive (with relative width n = 0.1) as a function of the injected charge ¢ in the low gap regime,
0 = 10%A, at low temperature # = 1073Q. These plots are independent of the tunnel coupling
but for the figure, A = 0.5 was specified.

with the notations from of App. D, i.e., P is the tunnel matrix and T describe the thermal distribution of
the electrons in the normal lead. Note that, even if 0,0, = 1, it’s crucial to keep it in the second term as
both terms are divergent taken separately and only their difference is convergent. Thus any rearrangement
of the terms has to be made when the sum over harmonics is explicit. In practice, see Eq. (D.34), using the
identity 1 = PP, the useful form of the Green’s function reads, after simplification, as

+— A

G = i o, PTP o, P — axPPTaxPT} . (6.9)

One remarks that, as was the case in the N — N junction, in the large gap regime of the N — S junction,

there is no dependence in w other than in the Fermi distribution, this is typical of linear regimes.

6.4.1. Current

It is instructive to start by computing the current as a function of time over a single period. From Eq. (3.2),
it reads as

e +5 X
L) = =X [ doemma (22 0) + I5,0) (.10
with
Iy (w) = UZ [ENs,nk(w) ;&,km(w)]w , (6.11)
k

such that, in the Andreev regime, one obtains:

e )\4 + .
10 = o 2 |, e (@) + Q5a(e) (6.12)

Q
2

N
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Figure 6.2.: Current of spin up and spin down as a function of time for different drive frequencies €2 where
only the spin up are driven, i.e. V| = 0. The figure was obtained with the following parameters:
© =103 and ¢; = 1.

with
Q° (w) =0 [Po, PITPo,PT - PaxPTPJwPTT} . (6.13)
A detailed computation of the current is provided in App. D.4.1 leading to
2
e
(1) = (L) = 5-7a (V3(8) + V1(2)), (6.14)

where 74 is the Andreev transmission. As one can see, both currents are always equal and proportional
to the sum of the applied drives, recovering the fact that the N — S junction in the Andreev regime is a
linear junction. Furthermore, as the only allowed processes involve pairs of up and down spins the number
of transmitted electrons with different spins must always be equal and (I4+(t)) = (I;(t). This has to be
contrasted with the metallic regime, i.e. A =0, in which

(1o (1) =257V, ) (6.15)

where the (normal) transmission 7 = 42 /(1 + A?)2. As expected, each spin current is simply proportional
to its respective drive.

These properties are visible in Fig. 6.2, where the plots display I, (t) as a function of time for a vanishing
V) = 0 and V4(t) corresponding to a Leviton of charge ¢y = 1. In the Andreev regime Q@ < A (left plot),
one can see that both currents are equal and proportional to V;(t), in accordance with Eq. (6.14). In the
other limit, as expected, the spin up current I;(t) is proportional to V4 (t) and I|(t) is almost vanishing, of
the order of (A/Q)? smaller than I1(t).
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6.4.2. Excess noise

Along similar lines, one can compute the noise averaged over a period, see Sec. D.5 and in particular
Eq. (D.70), it reads as

2 i . Qs+ar+qp)
& =5 [QTA(l — 7)Y (st ar+ )Y (Ph PriPs—riPiny + c.c) coth <2@>
s nr (6.16)
—1—4731@] ,

This result is to be compared with Eq. (3.19) and it appears that the situation seems to be more complicated
than in the N — N case. There is some interaction between the Floquet channels and the amplitudes appear
instead of the probabilities. It can be shown that this is directly related to the presence of superconducting
correlations at the junction. Using the definition of the coefficients p;,, one can show that

Z Pr|Ps—rt =
r

which is therefore the Fourier component of e*®t(®) i.e.  of the AC part of the total drive Vacy(t)+Vacy (1)

1 rT/2 . A
T )i dt e ell1 0] = p,(2g), (6.17)

As a result, the formula above for (S) is the same as the one for zero-frequency noise averaged over a period
for a normal-normal junction,

2

(SN), = {47'2@ +27(1— 1) Z(eVDC + nQ)|pn|? coth < (6.18)

n

e eV + nQ2
T 20 > ]
driven by V(t) = V4(t) + V| (t), i.e., the total drive applied to the NS junction. This emphasize that, not
only for the current, but also for the noise, the behavior of the junction only depends on the total drive.
This has an important consequence for the excess noise: as long as the sum ¢(t) = ¢4(t)+ ¢, (t) corresponds
to the phase of a Leviton with an integer charge injected, the excess noise will vanish. This results was first
derived by Belzig et. al. at zero temperature when both drives are the same and each corresponding to a
half-Leviton, i.e., ¢4 = q;. The present computation shows that it extends to any situations where ¢4 + q
is an integer. This is illustrated in Fig. 6.3, displaying the excess noise in the (g, q;) plane, for periodic
Lorentzian pulses, ¢, corresponding to the injected charge for each spin component per period. As stated
by Eq. (6.16), in the Andreev limit Q@ <« A (left plot of Fig. 6.3), the excess noise vanishes along lines
corresponding to ¢+ + ¢, € Z. For > A, i.e., in the N — N-equivalent regime of the junction (right plot
of Fig. 6.3), the excess noise only vanishes when both ¢,’s are integer.

Conversely, even if each drive is a sequence of Lorentzian pulses such that the total injected charge per
period ¢ + ¢ is an integer, the excess noise does not necessarily vanishes. For instance, if both drives are
the same sequence of half Levitons with a charge g; = 1/2, but being shifted in time one with respect to
the other, ie., V|(t) = V;(t + 6t). However, for integer ¢,, each drive V, will result in a vanishing excess
noise independently of the time shift as the total drive is a sum of Levitons.

Fig. 6.4 makes clear the effects of a time shift on the excess noise. It represents the excess noise as a
function of the injected charge, which is the same on both spins, for different time shifts d¢/7" between the
drives on each spins. This situation is clearer when looking at the inset, corresponding to the orange curve
0t/T = 0.3, which represents the drives on both spins (blue and purple curves) and the spin-current (which
is the same for both spins in the Andreev regime) in orange. For half-integer charge, e.g., ¢ = 1/2, the
excess noise vanishes only when 6t = 0 (blue curve), and when the dephasing is perfect, 6t/7 = 0.5 (red
curve), the excess noise behaves as that of the N — N junction. On the other hand, for integer ¢, the excess
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Figure 6.3.: Excess noise at the junction driven by a Lorentzian drive (of width n = 0.1) as a function of
the injected charges ¢ and ¢ and for different frequencies. The temperature is chosen to be
6 =1073Q.

noise vanishes independently of the dephasing between the spins.

The two interpretations of Andreev reflection can be invoked once again to produce two interpretations
of time-dependent Andreev reflection. The proximity effect interpretation requires to modify a little the
Floquet point of view. The superconducting correlations imply that the normal metal hosts Cooper pairs
at its boundary, thus the drive does not exchange photons with electrons but with Cooper pairs. As they
are made up of both spins, the tunneling Cooper pairs “see” a drive equal to V4 4 V|. The Floquet channels
therefore do not correspond to shifted Fermi seas but to shifted “Andreev reflection channels®

The time-dependent, or dynamical approach, would say that, for half-integer drives, i.e. ¢, = 1/2 for
instance, the Andreev reflection of each spin component produces a “half-pair” in the superconductor; each
of these “half-pairs” must then be produced “at the same time” to allow for a whole pair to be transmitted
in the superconductor. This reasoning remains valid as long as ¢4 + ¢; = 1 and is well visible in Fig. 6.4.
On the other hand, for integer drives, the Andreev reflection of each spin component produces a whole pair,
independently of the Andreev reflection of the other spin component, allowing for a noiseless current in the
junction whatever the time shift.

Both points of views agree with the Tien-Gordon picture provided that the noise is written as

T 2 Vor + €eVo,, + nf
<SA)q:% 472@+2T(1—T)Z(eV()T—I—eV(u+nQ)|pn(q¢+q¢)]2co‘ch<e or 62(;& " >], (6.19)

n

Each Floquet channel is now associated to a Fermi sea at energy eVpy +eVj | and behaves as if the junction
were an N — N junction. This picture is represented in Fig. 6.5, with the notation PlA = P/(¢44y), in order
to stress the link to the N — N junction (see Fig. 3.1).

6.5. Mapping to an effective metal-metal junction

The fact that both the current and the noise only depend on the sum of the drives on the up and down
spins can be directly inferred from Dyson’s equation in the time domain, which is recalled here!

Gt,t")y =gt —1t)+ // dtydteg(t — t1)X(t1,t2)G(ta.t') , (6.20)

Tt is recalled that, when written without indices, the Green’s function represent all the possible spaces, Keldysh, lead and
Nambu (not Floquet because it is in the time domain).
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Figure 6.4.: Excess noise at the junction driven by a Lorentzian drive (of width n = 0.1) as a function of the
injected charge ¢ = ¢y = q for various time shifts 6¢. The frequency of the drive is 2 = 0.01
and the temperature is § = 1073A. The inset shows the current It = I and the drives V; and
V| as functions of time.
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Figure 6.5.: Schematic representation of tunneling events at the N — S junction in the Andreev regime.
Each channel, involving a Fermi sea at level e(Vp 4+ + Vo ;) + n§, contributes with a weight P,
in the current and the noise, and is represented by a step in the figure. The arrows represent
the direction of the Cooper pair current. The horizontal axis represents f(E) which is defined
in Eq. 3.34.
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6. The AC-driven N-S junction in the linear regimes — 6.5. Mapping to an effective metal-metal junction

where ¢ is the bare Green function. Every Green function in lead space has the following block structure

GNN GNS>
G = : 6.21
<GSN Gss (6:21)

where each Gj;; is a tensor product of two 2 x 2 matrices corresponding to Nambu times Keldysh spaces.
The self energy X reads as

S(ty, ta) = 6(t) — to) <ESN Eg“) : (6.22)

where X g is the same as in Eq. (2.20) except that A(¢) is replaced by the W (t) of Eq. (6.2), to account
for the difference between spins.
Iterating once the Dyson equation, one obtains the following 2 x 2 x 2 matrix product:

Gt,t) =gt —t)+ gt —t1)V(t1,t2)g(ta —t') + gt — 1)V (t1,t2)g(ta — t3)V (t3,t2)G(ts,t"),  (6.23)

where integration over the intermediate times is implied.
In the Andreev regime, the lead space matrix element of the superconducting bare Green function reads

as:

sty =o0) (3 0 ). (6.21)

Og

such that one obtains the following effective Dyson equation for the normal metal Green function in Keldysh-
Nambu space:

Gun(tt) = gun(t—t) + gun(t — 1) Sy (t)Gan (t, t) (6.25)
where
S _ (W) 0 or O Wi(t) 0
st == ("7 o) (5 ) ("0 o) (6.26)
_ <—W<t> 0 ) '
- 0 W)’
with (61()+6,(1))
~ ei t)+ t
W(t) = W(t)o, Wi(t) = A2 (61,(%(?)%(0) ! . ' ) , (6.27)

It is to be noted that an equivalent of Eq. (6.25) can be written for a N — N junction as well, indeed, it just
describes how an electron coming from N can end up in N. It can for example be interpreted as an equation
describing a QPC between the normal metal and itself, the only transfer method being the reflection on
the other side. In a normal metal, this ¥y y(¢) would lead to the second term of Eq. (3.15), and hence to
an electron being reflected without changing energy or spin.

In the Andreev regime of the N — S junction, this effective Dyson equation describes an N — N junction
where one metal is made of spin up and the other of spin down, the effective drive being the sum of the
original drives. More precisely, because of the Nambu description of the system, the up spins are electrons,
where the down spins correspond to holes, hence the minus sign Eq. (6.26).

From this point of view, the Floquet channels correspond to Fermi seas (of up spins) at energy eV} +
with amplitude p; tunnel-coupled Fermi seas (of down spins) at energy eV| + m&Q with amplitude py,. The
amplitude for tunneling between such channels being independent of energy (in the Andreev limit only),
they can be summed as shown in Eq. (6.17). Thus the Floquet channels can be depicted as Fermi seas
at energy e(V4 + V) + [Q with weight p;(¢y + ¢;), tunnel-coupled to Fermi seas at the Fermi energy, see
Fig. (6.5).
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6. The AC-driven N-S junction in the linear regimes — 6.6. Conclusion

As a result, the minimal excitation state picture valid in the NV — N junction can be employed here. In
the case of integer Levitons (in the sense of Fig. 6.4), the number of negative channels (reverse Andreev
reflection) is minimal, and the excess noise vanishes. As a result it can be inferred that, on average,
g+ + q € IN Cooper pairs are created per period. For non-quantized drives, the charge transferred is the
same but it is shared among Andreev reflection and reverse Andreev reflection, so that much more processes
take place, which is the reason for excess noise to appear.

6.6. Conclusion

In this chapter, the N — S junction in the linear regimes was considered in a particular setup, when both
spins of the normal metal are supposed to be driven separately. The next chapter will try to find an
experimental situation were it is possible, however, this separate driving is very useful here to disentangle
the properties of the junction. In particular, transport quantities were computed and an interpretation of
the results of Belzig et. al. [65] was provided with the use of Floquet theory in the Tien-Gordon picture.

First, the junction driven by voltages far higher than the gap was quickly described. As only electron
transfer as QP in the continuum of the superconductor or standard electron reflection are possible, this
junction maps exactly to a spin-degenerate N — N one, which was studied in detail in Chapter 3. The
second case is that of voltages far below the gap, were only Andreev reflection or standard refection are
possible. The computations of the current and noise were carried out analytically allowing for a detailed
analysis of their behavior. It was shown that the excess noise vanishes when the sum of the drives on the
up and down spins is a quantized Leviton. This was explained in a few different ways, by the proximity
effect, or by the dynamical picture of Andreev reflection. The main line can be summarized as follows,
the superconducting correlations link two electrons with opposite spins and energy, making these pairs the
only charge carrier responsible for tunneling. Therefore, the drive that matters is the sum of the drives
experienced by the two constituent particles.

From a quantum electronics point of view (or EQO), when optimized, this junction can be used in order
to manipulate single Cooper pairs in a superconductor, or reversely, to split Cooper pairs into metals leads,
one by one, in a time resolved way. This will be the subject of the next chapter, where a new device is
proposed as a way to generate single pairs of entangled electrons in a time resolved way.
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7. Source of entangled electrons

7.1. Introduction

In this chapter, the conclusions of the previous chapters are put in application to design a source of entangled
electrons. It might be seen as an extension to the rich history of electronic entanglement in mesoscopic
setups and nano-devices [77, 81, 114, 115] started two decades ago. The present idea stems from the fact
that BCS superconductors provide a natural source of energy-entangled states, as was already remarked
by the people behind the Cooper pair beam splitter [14, 76-83]. It is interesting to recall that energy-
entanglement has already been performed for photons by Rarity and Tapster more than 30 years ago [50].
The latter device is built from a hybrid junction between a BCS superconductor and two normal metal
leads, and was proposed as a DC source of electronic entangled states where the two constituent electrons
propagate in separate leads via a Crossed Andreev Reflection (CAR) process. A manifestation of this
entanglement could be found in the prediction of positive noise crossed correlations [14, 76, 77, 80, 116]
which were measured experimentally [117]. A definite theoretical proof of this electronic spin entanglement
was subsequently proposed through a Bell/Clauser Horne inequality violation test [83, 114]. The subject of
this chapter is therefore the time-dependent version of the Cooper pair beam splitter.

In Sec. 7.2, the setup and its modelization are described. In particular, the link with the previous chapters
is done through the Hamiltonian. A perturbative computation of the state of the system in the interacting
picture when one pulse of voltage is sent is performed in Sec. 7.3. This allows to visualize the entangled
state created. Finally, in Sec. 7.4 discusses a way to probe experimentally such a device, as usual through
quantum transport experiments.

7.2. Device and model

As the two constituent electrons of a Cooper pair have opposite spins, the superconductor is connected to
two leads with opposite spin polarization, see Fig. 7.1. This could be achieved by using two half metals,
whose separation needs to be smaller than the superconducting coherence length (see Ref. [118]). Here,
however it was chosen to connect the superconductor to a Quantum Spin Hall (QSH) bar. QSH bars are
two dimensional topological insulators which (thanks to spin-momentum locking) bear on their edges two
spin channels which propagate with opposite chiralities. Andreev reflection splits a Cooper pair in two spin
dependent excitations which are thus naturally delocalized

In order to illustrate the dual nature — spin v.s. energy — of entanglement originating from a BCS
superconductor, the +k component of the BCS wave function, see Eq. (4.21), is written as:

k) A t

’\IISBiCS> ~ UV (ca o=l (7.1)

Rt-kL TR fkT) 0
where uy, (vi) are BCS parameters [119]. Strictly speaking, in the device of Fig. 7.1, energy — rather than
momentum — entanglement can be preserved for electrons tunneling to spin polarized leads [77].

As was shown in the previous chapter, an N — S junction in the Andreev regime and driven by a train of
fine-tuned Lorentzian pulses can generate one Cooper pair per period. Conversely, applying a negative AC
Lorentzian voltage drive to the spin channels of Fig. 7.1, Cooper pairs are expelled from the superconductor
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7. Source of entangled electrons — 7.2. Device and model

Figure 7.1.: The setup: a superconductor (right) is tunnel coupled to a Quantum spin Hall bar with two
opposite edge spin channels via an adjustable QPC. Both channels are driven by the same
train of Lorentzian voltage pulses V' (¢). The shaded area covering the channels (downstream
from the injection point of the two electrons ejected from the superconductor) represent the
energy-entangled electrons which are generated on the normal side (left).

and their constituent electrons are transferred separately to the two opposite spin channels at the output
as energy entangled states (EES) at each period. The link between the N — S junction and the QSH — S
junction is easily identified by assuming that there are no correlations in the QSH edge modes. The latter
can therefore be formally considered as metals with a unique spin orientation in the normal state, as a
result, the Hamiltonians involved read as

Hqsu = Z Hyo,N
o="{

Hs =3 HOUS+AZ< csiclsr T Cisicisy)
o=T

(7.2)

where the notations of Sec. 5.2 are used, i.e., Ho ; is the kinetic part of the Hamiltonian of lead j (with
spin o), i labels the various sites of these leads, A is the superconducting gap and the chemical potential is
set to zero.

The tunnel Hamiltonian is defined as

Z Z)\lee 3,5 /21 /,jO’CE/]J U—i—H.C., (7.3)

j=N,S o
j’:N,S

where )\, ;s is the tunneling amplitude from lead j to lead j', ¢; jo 18 the annihilation operator for electrons
at site ¢ and with spin o on the lead j, e; ;» denotes the site of lead j from which tunneling to lead j" occurs,

and ¢;;(t) =e f dt' Vjy(t') is the time-dependent phase difference between the leads which accounts for
the dr1ve—1nduced voltage difference Vj;(t) between lead j’ and lead j.

A tunnel matrix in lead space can be written

Wiir oot = Ajjt o 0267 i ! ). (7.4)
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7. Source of entangled electrons — 7.3. Perturbative approach

However, for the device considered here, the QSH leads can be labeled by spin index and there is no tunneling
between them so Ay = 0. Furthermore, the tunnel coupling to the BCS superconductor is considered to be
the same for each edge mode, as a result Agy = Ag) = A. As a result, the tunnel Hamiltonian describing
Fig. 7.1 reads as

Hr = ¢\, Wips + hec., (7.5)

where the equivalent tunnel matrix is

ei®r(t) 0
W(t) = )\ ( 0 —e_i(ﬁi(t)) .

Thus the formalism is exactly that of the N —.S junction discussed in Chapter 6, only the physical meaning
of the different variables changes.

(7.6)

7.3. Perturbative approach

This section motivates the design proposed by a perturbative calculation in the Andreev regime of the final
quantum state propagating in the QSH channels when a single Lorentzian voltage pulse is applied on both of
the spin-polarized channels of the QSH lead. From Chapter 6, one knows that the device generates cleaner
states when the two pulses are assumed to be synchronized both in time and amplitude between these
channels. Furthermore, see Sec. 6.4.2, pulses carrying half integer charge ¢ = e¢/2 per spin lead on average
to a 2e charge transfer through the tunneling of one Cooper pair per period. Therefore, the following pulse

shape is chosen,
1 1

EVT(t) = evl(t) = _27TW 14+ t2/W2 :

(7.7)

with a width W > A~! in order to only excite electrons of energy lower than the gap, i.e., to operate in
the Andreev regime.

The final state is written as
|F) = S(+00, —00) | F}) ® |F|) ® [¥pes) (7.8)

where |F,) is the Fermi sea of spin channel o,
t

S(t, —00) = T exp [—i /

— 00

()] (79)

is the evolution operator and Hr(t) denotes the tunnel Hamiltonian in the interaction picture, i.e.,
Hrr(t) = €0t Hpe~iHot | (7.10)

where Hy is the Hamiltonian without interaction, Hy = Hy + Hpcg, and T is the time ordering operator.

As was said earlier, Cooper pair transfer is ruled by the A\? terms, they appear in the second order of the
perturbation theory of the evolution operator,

S(t, _OO)(Q) = —% /_too diy /_t; dtQT[HT](tl)HT[(tQ)] . (7.11)
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7. Source of entangled electrons — 7.4. Probing the state with excess noise

The detailed computations are given in Appendix E,

L3IN2VW

R
2212 o

where |F}) and |F)|) are the Fermi seas for the spin-polarized channels at equilibrium with the superconduc-
tor. Where

€
de Yp(2¢) / E dEe] . g +0hieepyy [F1) @ [F)) @ [Unes) | (7.12)

Yr(e) = V2We WeH (o), (7.13)

is the wave function of a single Leviton [47, 54, 106, 120], where H(e) is the Heaviside distribution. It
is important to stress that this state is energy-entangled, i.e., one cannot factorize it into a product of
two states acting separately on the Fermi seas of the leads. Moreover, this final state is purely electronic,
i.e., devoid of additional hole-like excitations. This can be achieved only by pulses with Lorentzian shape
carrying a half-integer charge (or an integer multiple of it). In the case of finite temperature, there are
allowed states for holes above the Fermi sea, thus, the full Eq. (E.22) should be used

L3)\2 e ; ;
) =g, s’ ZSlgn / de pr(2¢) / . dE [Ck(EUrs),oCk(st),E_ck(Eﬂ-:),crck(efE),E} (7.14)
X |Fy) @ |[F}) @ [¥ses)

where @7(g) is the Fourier transform of the exponential of the total phase. The state created by the drive
at finite temperature is therefore made of both Cooper pairs splitted on both spin-polarized channels and
anti-Cooper pairs, or energy entangled-holes on the same channels.

It seems reasonable to speculate that, in the Andreev regime, these results can be extended to the non-
perturbative regime by replacing A\ — \?/ (1 + )\4). This conjecture will be justified by the vanishing of
excess-noise for quantized Lorentzian pulse in the non-perturbative regime of tunneling.

7.4. Probing the state with excess noise

This section tries to find measurable transport quantities that reflect the absence of hole excitations the
state. This is done through excess noise and with realistic parameters.

7.4.1. Analytical reminders

As usual the current operators is written as

= D it} (1) Wi (0)2y (1) + Hee., (7.15)

Therefore, the current and the noise are the same as in the N — S junction, see Chap. 6. The total noise is
defined as

Sry= Y (Soor), (7.16)

oo'="1,

It corresponds to the noise in the N — S junction. As, in the high gap regime, only Andreev reflection can
transport charge, there is only one transport channel and (Sy) = (S4) = (Sy) = (S}y), see [77]. Therefore,
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Figure 7.2.: Excess noise for the device driven by a cosine, a periodic square and a periodic Lorentzian
drive (with relative width n = 0.15) as a function of the injected charge ¢ in the Andreev
regime Q = 1072A. a) experimentally realistic temperature (see below), § =5 x 1072 and b)
very low reduced temperature § = 10732, These plots are independent of the tunnel coupling
(for this figure A = 0.5).

in the pure Andreev regime ) < A, the total noise of the source has the analytical expression:

2
(ST)q = % (47310 +274(1 — 74)
(7.17)

« Zn:(zq + n)QP, (2q) coth [(Qq + n);é] ) ,

see Chap. 6. The analysis of the noise is repeated here as finite temperature effects are discussed and its
relevance for experiments is crucial.

Fig. 7.2 displays the excess noise and was obtained numerically with the full formula. This excess noise
is plotted both at finite (left) and zero (right) temperature, minimal noise is achieved for half-integer and
integer ¢ at zero temperature, and for slightly higher values of ¢ when the temperature 6 is finite. This
non-vanishing excess noise is a direct consequence of the fact that for finite temperatures, the drive does
not only excite pairs of electrons at the junction but also pairs of holes. The current is therefore not only
carried by electrons and the excess noise does not vanish, as explained in Sec. 3.3. However, periodic trains
of Levitons still lead to a lower level of noise than cosine, or square voltages.

7.4.2. Realistic parameters

The final step of this study to study experimentally realistic parameters and to find an optimal working
regime of the junction for the generation of entangles states. Borrowing from previous experiments on
Levitons in metals [23], a realistic electron temperature is § ~ 10 mK with a drive frequency f ~ 5 GHz
(this means applying voltages of the order Vpc ~ 10 uV to reach g = 0.5). For example, niobium (with a
gap Anp =~ 1.55 meV) corresponds to the Andreev regime, as % ~ 2000 and % ~ 100. For aluminum
(Aa1 &~ 0.17 meV), however, the situation is not as optimal, with % ~ 200 and % =~ 10.

To achieve a reliable, controlled source of EES, it is chosen that the average charge (Q) transmitted
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7. Source of entangled electrons — 7.4. Probing the state with excess noise

Figure 7.3.: The total excess noise of the source in units of the minimal noise Sy (green line, left axis)
and the adjusted value of the injected charge per period (blue line, right axis) as a function of
the tunnel parameter A in the Andreev regime, Q = 1072A, at temperature § = 5 x 107%A. A
covers the interval 74 € [0.5;1]. The dashed red line corresponds to a transparency 74 ~ 0.79
for which the excess noise is minimal.

through the junction per period should be quantized, corresponding to the Cooper pair charge.

(I)g

Q) = 2%7 = 4qeTa . (7.18)
The device would thus require to operate at near perfect transmission and tune the bias voltage such that
the injected charge g is half-integer. As expected, this turns out to be independent of the type of AC drive
considered. However, the second property of such an ideal source, the minimization of excess noise, can only
be achieved by a Leviton voltage drive. As shown and explained above, at zero temperature, this condition
is satisfied for ¢ half-integer. It thus follows that the ideal source of EES corresponds to a QS H — S junction
which operates in the Andreev regime driven by a periodic Lorentzian drive with half-integer injected charge
q, and operating at zero temperature with perfect transmission.

Unfortunately, none of these conditions can be realistically met in an actual experiment. What happens
when such constraints are relaxed? In fact, the average charge transferred per drive period is robust under
variations of the electron temperature (of the order of ~ 0/A?%). This linear behavior in 74 suggests,
however, that while working at finite temperature should hardly affect (@), departing from perfect trans-
mission has severe consequences, as the average transmitted charge is no longer perfectly quantized. One
can circumvent this issue by adjusting the injected charge to a new value ¢* in order to reach the optimal
value (Q) = 2e for the source of entangled Levitons.

In the Andreev regime, at 8 = 0, the excess noise is proportional to 74 (1 — 74), which is typical of shot
noise [95], however, it is sensitive to a nonzero temperature 6. Indeed, as shown in Fig. 7.2a and as explained
above, the excess noise gets modified as the temperature is increased, leading to a first arch which, instead
of vanishing exactly at ¢ = 0.5, now reaches a (nonzero) local minimum for a slightly higher value of ¢. The
value Spin of this local minimum, which, in the Andreev regime, only depends on the drive frequency and
temperature, constitutes a good reference point to optimize the quality of the produced entangled states.

In the following, the device is operated with a voltage source maintaining a quantized value of the average
transmitted charge (Q) = 2e, but the tunnel coupling A is varied. In Fig. 7.3, the ratio s = gc"c is shown

as a function of A for an injected charge ¢* = i and # = 5 x 107*A and Q = 1072A (Niobium is

chosen). Quite remarkably, there is a range of tunneling amplitudes (which are centered around A\ ~ 0.78,
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7. Source of entangled electrons — 7.5. Conclusion

ie.,, 74 ~ 0.79) for which the excess noise is close to the minimum allowed for this choice of temperature
and drive frequency. For ¢* ~ 0.65, the Lorentzian drive displays the minimal noise, as can be seen in
Fig. 7.2. When operated at this optimized transmission, the junction displays the minimal possible noise
(taking into account the temperature) while transferring a 2e charge per period distributed on both leads
on average.

To clarify the situation, and in particular to explain in which way this state is not only made of electrons,
a few explanations are required. The injected charge is not integer but the average transmitted charge
corresponds to that of a Cooper pair. In fact, the injected charge is distributed in Floquet channels with
positive and negative energies (leading to positive and negative charge transfers). Then, at the junction, this
distributed charge is “separated” in three processes, electron-like Andreev reflection (charge 2e), hole-like
Andreev reflection (charge—2e), or standard reflection (charge 0). The transmission rules the ratio between
the latter and the two former while the injected charge rules the ratio between the two former only. The
excess noise is minimized for a certain ratio between the two types of Andreev reflection(fixed ¢*), while
the transmitted charge is maintained quantized by changing A.

7.5. Conclusion

This chapter proposed an application of the results of the previous one, a device using Andreev reflection as
a source of entangled electron pairs. The key element resides in the fact that, as Cooper pairs are entangled
both in energy and spin, splitting them between two different spin-polarized leads projects the spin and
leaves one with energy entanglement. This was the method explored here, using edge modes of the quantum
spin hall (QSH) effect, in the absence of correlations/interactions between the modes. In effect, the system
studied consists in a QPC between the QSH and a BCS superconductor and a periodic voltage drive is
applied to both QSH edge modes such that the device operates in the Andreev regime.

First the state created by Andreev reflection on the QSH edges was computed perturbatively in the
tunnel coupling. For a Lorentzian pulse of integer total charge (shared by both spins), it was shown that
the state after the pulse displays energy entanglement of electron pairs shared between the edge modes.
The choice of the QSH as a platform to host these states is crucial as the two entangled electrons forming
the pair have opposite spin, hence they reside on different edge modes and are counter-propagating. At
finite temperature, this picture does not hold anymore as the final state also displays entangled hole pairs.

An generalization of this result to periodic trains of Lorentzian pulses was proposed, based on the findings
of the previous chapters. It was shown that the device corresponds formally to the N — S junction of Chap. 6,
and the excess noise analysis allowing to probe the strictly electronic nature of the output state was repeated.
An experimentally realistic set of parameters was studied to show that the junction can be operated so as
to generate entangled electron states accompanied by a few entangled holes because of finite temperature
effects, while transferring exactly the charge of a Cooper pair per period. It is reminded that this description
only holds for low voltages/frequencies with respect to the gap, relaxing this condition will be the subject
of the next chapter.
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8. The AC-driven N-S junction in the general case

8.1. Introduction

In this chapter, to conclude the study of the AC-driven N — S junction, the full intermediate regime is
studied. In this regime, the voltage is comparable to the superconducting gap so that the energy spectrum
of the superconductor is energy dependent and non-linear. It was anticipated in previous chapters that this
regime would display interference between Floquet channels, mixing of sub-gap and above-gap transport
process, that the Tien-Gordon picture might not apply etc. This will be disentangled with a complete
numerical study. It will also be shown through perturbation theory in tunnel coupling that the negative
excess noise first noticed by Belzig et. al. is a natural feature of non-linear systems. Furthermore, it will
be shown that the Floquet channels, obviously visible in the excess noise of linear junctions, also have a
dramatic impact on the period-averaged current for this non-linear junction, which is computed analytically.

The concept of effective gap that will be used extensively is introduced in Sec. 8.2. The period-averaged
current is computed and analyzed in Sec. 8.3. The noise in perturbatively computed analytically up to
fourth order in A in Sec. 8.4. These computations will give some hints on how to interpret the noise in all
regimes which is computed exactly numerically for various tunnel couplings, frequencies and drive shapes,
in Sec. 8.5.

8.2. Effective gaps

. The analysis carried out in the previous chapters showed that three regimes of voltage can be distinguished.
The normal regime, or small-gap regime, in the transport properties are dominated by quasiparticle transfer
outside the gap, as Andreev reflection above the gap has a vanishing contribution of high voltages. The
second one is the Andreev, or large-gap regime where Andreev reflection inside the gap are the main driving
mechanism. In each of these regimes, there is also the possibility for electrons to undergo standard reflection,
so that makes a total of four possible processes. In the third regime, the intermediate regime, where ) ~ A,
one expects transport to be impacted the four possible processes, quasiparticle transfers outside the gap,
Andreev reflection processes inside and outside the gap, standard reflection and interferences between the
four!.

However, as the junction is periodically driven, transport is described by the sum of the amplitudes of the
time-independent Floquet processes. Every Floquet channel is the equivalent of a Fermi sea with chemical
potential shifted by an integer times the frequency of the drive. As a result, they are all facing the same
gap but shifted in energy by an integer times the frequency. Stated differently, each Floquet channel (with
label n) corresponds to a Fermi sea shifted by eVpc +nf2, the gap for the channel n is spanned by an energy
in the range [—-A —nQ, +A —n ). Quite importantly, this means that for a given applied DC voltage, some
channels are mainly in the Andreev regime, while others are in the quasiparticle-dominated regime. The
current and noise then result from the scattering between all these channels.

To better understand the features observed, it is convenient to introduce an effective gap associated with

! Actually, for a given energy, never more than three processes are possible
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a given Floquet channel n as

- . A

Since this chapter mostly deals with the evolution of the transport properties as a function of ¢, which
represents the DC bias in units of the driving frequency, the above effective gap is also expressed as a range
in energy, given in units of 2. Within this frame, it corresponds to the range of the injected charge per
period ¢ for which the Floquet channel n sees the superconducting gap A.

Note that the width of the effective gap is 2A/Q, which naturally implies that the effective gaps of the
different channels are large and overlapping when Q < A, while they are small and well separated for
Q > A. The next sections will try to describe precisely the crossover behavior between the quasiparticle-
transfer-dominated regime (small-gap case, A < Q) and the Andreev regime (large-gap case, A > Q). In
this situation, analytical calculations are for the most part untractable as it becomes impossible to solve
the Dyson equation exactly. One has to resort either to expanding analytic expressions perturbatively in
A or to performing exact numerical calculations, i.e., including contributions to all orders in the tunneling
constant.

8.3. Current

8.3.1. Period-averaged current

A closed-form analytical expression for the current is not available in the general case. However, one can
still work out an intermediate form which turns out to be quite useful, after some lengthy derivation, see
App. D), one can find that

1, =22 Y Pa(g) / Z ;L‘:z(w) [tanh (‘”_(g;qm> — tanh <”+(ZG+Q)Q>] . (82)

where
2\
L+ M2 (1 - 95 ) +4xs;
I(w) = ( 1 ) (8.3)
if  |w|>A.

(1+X4) /1 - 27 y 252

In the presence of an AC drive, the current Eq. (8.2) is therefore the sum of independent contributions
coming from all Floquet channels. Interestingly, the behavior of the resulting integral is strongly impacted
by the behavior of |w + (n 4 ¢)€2| with respect to the superconducting gap A, signaling the importance of
the effective gap [7;, ;7,7 associated with each Floquet channel n. In particular, as explained in Sec. 5, the
integrand of Eq. (8.2) changes sharply for values of the DC voltage near 7", because in the tunneling regime,
there is a huge difference in magnitude between Andreev reflection and QP-transfer. As a result, one would
expect the current to undergo a sudden change of behavior close to these values. As a consequence, the
transition from a purely Andreev reflection-dominated behavior to a QP-transfer-dominated current should
then be visible for each channel in the total current.

if jw <A

This is illustrated in Fig. 8.1 where both the period-averaged current and the differential conductance
are plotted as a function of the injected charge ¢, for Q = 3A and different drives. To this transition more
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Figure 8.1.: The period-averaged current (full line) and its derivative with respect to ¢ (dashed line) as
the junction is driven by different drives (Lorentzian with n = 0.15, cosine voltage and square
voltage), at Q = 3A, 3Q = 103 and for a tunnel barrier A = 1072, as a function of g. The edges
of the effective gap for conducting channels n = 0,1 and 2 are shown by vertical dashed lines.

dramatic, it was chosen to focus on a low-transparency tunnel barrier, where Andreev processes are strongly
suppressed.

The period-averaged current looks smooth exhibiting only small kinks near the effective gaps edges and
an overall behavior which looks rather independent of the details of the drive. At low voltage, the current
is vanishingly small then suddenly increases near ¢ ~ fyar , as one goes from an almost no current regime
(Andreev reflection-dominated) to one that is dominated by QP-transfer. These signatures are much more
striking in the differential conductance as they manifest as sharp peaks located at the effective gap edges of
the different Floquet channels, which are only softened by the finite temperature. Within a given effective
gap or in-between gaps, the differential conductance remains continuous and featureless.

8.3.2. Time dependent current

This small section deviates from the main subject of the chapter as it considers that the spins are driven
separately, hence the reader should refer to Chap. 6 in order to ensure that it was well understood. Indeed,
the current as a function of time over an entire period is computed numerically as no analytical formula
was found. It was not treated in Chap. 6 as the intermediate regime was not understood yet.

The results are shown in Fig. 8.2 for a Lorentzian drive of width = 0.1 and intermediate frequencies.
Close to the Andreev regime @ = 0.1A (left plot), both I} and I; depart from their Andreev value, the
main effect is a time shift of the Lorentzian shape. This can be understood with the dynamical picture of
Andreev reflection, which takes a time §t ~ A™!, hence the delay between the drive and the current.

For frequencies close to the gap €2 = 0.3A (right plot), one can see the impact of the nonlinear behavior
of the junction: both I} and I} display a very different behavior as a function of time, with additional
oscillations compared to the drive Vj(t). One also remarks that the spin up current is increased with
respect with the spin down current, indeed, part of the up spins are in Floquet channel below the gap,
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Figure 8.2.: Spin degenerate current as a function of time over one period, for different drive frequencies
€2, where only the spin up is driven, i.e. V| = 0. The figure was obtained with the following
parameters: © = 1073 and qr = 1.

it therefore creates the spin down current. However, some higher Floquet channels corresponds to energy
above their effective gaps, hence they are involved in QP-transfer, leading to a current of the order of 7 and
therefore higher in magnitude.

8.4. Tunneling noise

The general analytical calculation of the noise turns out to be quite cumbersome and is not shown here.
Instead, one can rely on two rather complementary approaches. First, a perturbative expansion in the
tunneling constant will give insights on how to interpret the noise when it departs from the linear behavior.
Indeed, an expansion in powers of A\ (with only even powers contributing) can be performed and the first
few terms are accessible analytically. The general expression reads as

o0
S=>180," (3.4)
n=1
where §(2n) is the term of order O ()\2”). Here only the n = 1 term and the contribution due to in-gap
Andreev reflection of the n = 2 term are computed exactly . This helps better understand the full picture,
as in the low-transparency regime, this allows one to isolate the leading contribution from QP-transfer
[of order O (/\2)] and the main modifications arising from Andreev reflection [only present from order
0O ()\4) onward. The second approach consists in solving numerically the Dyson equation in order to obtain
the evolution of the excess noise as a function of the applied drive. This provides a complete panorama of
the different competing physical processes at play in the junction and will be done in Sec. 8.5.

8.4.1. Order )\? and negative excess noise

Since the expression for the noise, Eq. (5.15), already contains a prefactor of order A2,

. Q/2 d
S = -2\ /_ o) i: TrH{PG,ggPG;; — PG [ PG+ PG PG, - PG;U;PTGE} . (85)
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the computation of 3(2) is carried out by replacing all the dressed Green functions in Eq. 8.5 by their bare
equivalent. The second order component of the noise can then be immediately written as

=(2) 212 dw |w] w + eVpc + ni2 w
S = 922223 p, = |1—tanh tanh (=) | . 8.6
o Z /w>A o M—A?[ o ( 20 anh (55) (8.6)

It naturally arises from the calculation that this contribution only describes QP-transfer above the gap
as all the non-diagonal terms in Nambu space from the bare superconducting lead Green function do not
contribute in the end. As it turns out, the resulting expression bears some striking resemblance with the

corresponding A\? contribution from the DC noise 51(32()3(6‘/), as a result

—(2
<S>g = > PuSHe (Voo +ng) - (8.7)

Therefore, the Tien-Gordon picture applies to the noise to second order in tunneling, it is not surprising
as in Chap. 6 it was shown that QP-transfer bears a striking resemblance with electron tunneling and
Chap. 3 showed that electron tunneling is described by Tien-Gordon noise. However, it was said that a
non-linearity like the one observed in Eq. (8.6) would lead to interferences between Floquet channel, thus
destroying the Tien-Gordon behavior of the noise. The solution to this gordian knot is readily found by
saying that interference between Floquet channels involved in QP-transfer do occur when transport is non
linear but only to order A\* and above.

Eq. (8.6) is however very useful to better understand one of the surprising results obtained at low trans-
parency for intermediate frequency. This is illustrated in Fig. 8.3, where one readily sees that in such a
regime the excess noise can become negative, thus signaling that adding an AC component to a DC drive
can lead to a reduction of the noise for an appropriately chosen set of parameters. Indeed, while the cusps
near ¢ = 7,5 (visible in Fig. 8.3 for all types of drives) are reminiscent of what was observed for the current,
and can be understood in terms of a transition between Andreev reflection and QP dominated regimes, the
presence of negative excess noise for the Lorentzian and the cosine drives is more intriguing (a regime where
this was also true for the square drive was not found).

This can be understood with the help of Egs. (8.6) and (8.7) where one notices that if the contribution
of the different Floquet channels is non-linear in voltage, the noise is not necessarily equal to or larger than
its DC counterpart. In practice, this non-linearity occurs primarily near the edges of the gaps [y, ;7]
which precisely corresponds to the regions of negative excess noise in Fig. 8.3. Focusing on just a subset of
channels, considering only n = —1, 0 and 1, and noticing that the DC noise is a monotonically increasing
concave function of the voltage (for eVpc > A), see Fig. 5.2, it becomes quite easy to find a set of P,
satisfying both ) P, =1 and

P_1Spc (GVDC — Q) + P1Spc (BVDC + Q) < (1 - Po) Spc (eVDc) , (8.8)

which, in turn, leads to a negative value of the excess noise at this particular voltage. From this, it
follows that the negative excess noise arises from the convexity properties of the DC noise, which is itself
a consequence of the gap edge singularity in the spectrum of quasiparticles of the superconducting lead.
This reduction of the noise below the DC level should be experimentally detectable for cosine or Lorentzian
drives and might even be tuned so as to give relatively low total noise.

8.4.2. Excess Andreev noise to order \*

For voltages within the gap of a given Floquet channel, the PAN is only due to correlations between Andreev
and normal reflections. The lowest order for such correlations is A* and can be obtained analytically
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Figure 8.3.: Excess noise as a function of the injected charge ¢ for three different drives (Lorentzian with
n = 0.15, cosine voltage and square voltage), at frequency Q = 0.8A, BQ = 10 and at low
transparency (A = 1072).

after some lengthy but straightforward algebra (additional details are presented in App. D.5.2). Indeed,
for energies lying inside the effective gap of a particular channel, the retarded and advanced bare Green
functions of the superconducting electrode are equal so that the corresponding greater (g7~ ) and lesser
(97 ) Green functions vanish. However, since normal reflection also plays an important role in this regime
and transport is non-linear, the calculation no longer simplifies into an expression involving effective Floquet
weights, as it did in the Andreev limit of infinite gap, see Chap. 6. Instead, in this situation, the A\* noise
contribution involving Andreev reflection is a sum over three harmonics indices and reads as

_ o { I®
W g / 3 NANALDD e (A |6 O (A |+ )

Andreev
T
nsr=—o00

x{f (w - (eV];C +sQ)) [1 iy (w _;VDC>] (8.9)
g ()

where \2A,, = )\2\/ﬁ is the Andreev reflection amplitude of the Floquet channel n, and O(z) is

the Heaviside distribution.

—0o0

This term cannot be further reduced into a simpler form only involving Floquet weights, as obtained
in Eq. (8.7) for the O (A\?) contribution to the noise. This means that, in this intermediate regime, the
noise can no longer be interpreted as a sum of independent contributions coming from all Floquet channels.
Instead, the PAN now involves products of two types of terms, for example A\?>A,p,ps—,, which describes
the interference between two transport events, Andreev and normal reflections.
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Figure 8.4.: The excess noise at an N — .S junction for three different drives and different transparencies as

a function of the injected charge ¢ for low temperature: S = 103. Warning: the curves are
not all normalized in the same way. For Q@ = 0.1A, i.e., plots (a)-(c), they are all in units of
e2Q1a(1—714) /7, for 2 # 0.1A, the excess noise is in units of e2Q7(1 —7)/7 except for the case
A = 0.9 where the excess noise is in units of e2Qrat/T.
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8.5. Full numerical approach

. The noise can be probed through an excess noise analysis by performing a detailed quantitative investiga-
tion. The excess noise is numerically obtained in a wide range of parameters, from low to high transparency,
from frequencies smaller to larger than the gap and for three different drives (cosine, square, and Lorentzian).
The corresponding plots are displayed in Fig. 8.4.

As explained in the caption of Fig. 8.4, in order to display the curves on the same graph, the normalizations
of the excess noise were adjusted as follows. For © = 0.1A [Figs. 8.4(a)-8.4(c)] the normalization is
Ta(1 —74)Q2/7 because this constitutes the Andreev-dominated regime. For © # 0.1A [Figs. 8.4(d)-8.4(r)]
the excess noise is normalized by 7(1—7)Q/7 for low (A = 0.1) and intermediate (A = 0.5) transparencies in
order to characterise the transition to the normal-metal regime. Finally, for  # 0.1A and high transparency
(A = 0.9), i.e., the red curves in Figs. 8.4(d)-8.4(r), the excess noise is normalized by Q7a7/7 as it now
involves both Andreev reflection and QP-transfer.

Starting with some general observations, for drive frequencies much smaller than the superconducting
gap A [Figs. 8.4(a)-8.4(c)], all signals, at all transparencies, exhibit a minimum at ¢ = 1/2, depicted by
“arches” with a positive excess noise. For the Lorentzian drive, this first arch is characterized by a fully
suppressed excess noise at ¢ = 1/2, which constitutes the half-Leviton regime. These minima typically
persist for larger ¢ = n/2 (n integer), although they get less and less visible as the amplitude of the arches
quickly decreases. In the opposite limit of frequencies much larger than the gap [Figs. 8.4(p)-8.4(r)], the
minima still occur for all signals at all transparencies, only they are now located at integer g, mimicking
the excess noise of a normal-metal junction. These integer minima yield a zero excess noise only for the
Lorentzian drive.

Tunneling regime. Let us first focus on the tunneling regime, corresponding to all red curves in Fig. 8.4
(associated with A = 0.1).

In the low-frequency regime [Figs. 8.4(a)-8.4(c)] , the excess noise is characterized by arches with local
minima for half-integer values of ¢, on top of a monotonously increasing background contribution. For the
Lorentzian drive, and unlike the other two, the amplitude of these arches quickly vanishes making them
barely visible beyond ¢ = 1, while they look much more robust for cosine and square drives. As argued
in Chap. 6, in the Andreev regime, these signatures are typically associated with the preeminent role of
Andreev reflection processes.

Increasing the driving frequency to values comparable with the superconducting gap [ = 0.8A in
Figs. 8.4(d)-8.4(f), 2 = 1.5A in Figs. 8.4(g)—-8.4(i)], these half-integer arches get completely washed out and
the only remaining features in the excess noise are cusps located at the edges of the Floquet channel effective
gaps. This change of behavior is attributed to the onset of the contribution of QP-transfer. Indeed, for such
intermediate frequencies, QP-transfer becomes important, ultimately drowning out the contribution from
Andreev reflection processes which involve higher order terms in the tunneling constant. Negative excess
noise might be visible for the Lorentzian and cosine drives, as already explained in Sec. 8.4.1.

Increasing further the driving frequency [ = 5A in Figs. 8.4(j)-8.4(1), @ = 0A in Figs. 8.4(m)-8.4(0)]
leads to the resurgence of arches, only now extending beyond half-integer values of ¢ and all the way to the
edge of the effective gaps. For very large frequencies [Figs. 8.4(p)-8.4(r)], these gap edges tend to merge at
integer values of the injected charge. The resulting excess noise then fully corresponds to that of a normal
junction, recovering the results of Chap. 3 and identically matching the predictions of Ref. [23].

It is important to stress out that these integer arches observed at 2 > A are not a deformed version
of the half-integer ones obtained for {2} <« A, as the two sets rely on very different physical mechanisms,
namely QP-transfer and Andreev reflection, respectively. Tuning the driving frequency favors one process
over the other, leading to the corresponding set of local minima.
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Figure 8.5.: The Excess noise at the highly transparent junction (A = 0.9) driven by a square drive of
different frequencies (specified on the right of the curves), as a function of the injected charge
and at low temperature: § = 1073Q.

Intermediate transparency regime. This regime corresponds to the green curves in Fig. 8.4 (associated
with A = 0.5).

As in the low-transparency regime, arches with local minima for half-integer g can be observed at low
frequency [ = 0.1A, Figs. 8.4(a)-8.4(c)]. They disappear at higher frequency, giving way to marked
structures at the edges of the effective gaps of the Floquet channels, which then evolve into another set
of arches extending between v, ; and v, . At very high driving frequency [Figs. 8.4(p)-8.4(r)], these gap
edges satisfy v, ~ v, and ’yﬂfﬂ — 4F a1 and, for all drives, the arches with minima at integer q are
recoveres as expected from Chap. 3.

However, this regime also differs from the low-transparency case in two important ways. First of all,
one needs to go to much higher frequency in order to see the half-integer minima completely disappear, as
remnants of these arches can still be observed at frequencies as high as 1.5A [Figs. 8.4(g)-8.4(i)]. This can
be interpreted as being related to the higher value of the tunneling constant, which thus allows Andreev
reflection processes above the gap to remain quite important even at relatively high frequency. Secondly, it
appears that negative excess noise can be observed over much larger regions of the bias voltage, and for all
considered drives [Figs. 8.4(d)-8.4(n)]. Again, it is believed that this has to do with the larger tunneling
constant, as was argued previously, this reduction of the period-averaged noise compared to its DC level
counterpart was to be attributed to interference effects between Andreev reflection processes and standard
reflection across different Floquet channels, which become much stronger at intermediate transparency.

Quasi-transparent junction. This corresponds to the set of orange curves in Fig. 8.4 (associated with
A=0.9).

As in the previous two regimes analyzed, and in accordance with the results from Chap. 6, the excess
noise exhibits two different types of arch structures: one present at very low frequency [Figs. 8.4(a)-8.4(c)]
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with local minima located at half-integer ¢, and one at high frequency [Figs. 8.4(p)-8.4(r)] with minima
located at integer values of the injected charge.

In-between these limiting regimes, however, the excess noise is rather featureless, only showing slight
kinks near the edges of the effective gaps 7;¥. As it turns out, all the physics studied thus far, with the
interplay between Andreev reflection and QP-transfer, is strongly dominated by standard reflection up to
very high order, which tends to smooth all previously observed signatures.

The only notable feature of this regime lies in the very high frequency regime where, while arches clearly
appear with local minima located at integer values of the injected charge ¢, they typically seem to be
much more asymmetric than at lower transparency. This is made clearer in Fig. 8.5 where the excess
noise is displayed for increasingly higher frequency, from Q = 102A to Q = 10*A. Here the focused is
solely on the square drive for illustrative purposes. It seems that this asymmetry is somewhat related to
Andreev reflection processes as the steepest parts of the plots correspond to the effective gaps [y, ;7,!],
which ultimately shrink down to zero as the frequency increases further.

In the end, this may seem like the least interesting regime when looking at the characteristic signatures
of the excess noise. However, as argued in Chap. 7, it may also be the most relevant one when it comes to
practical applications.

8.6. Conclusion

In this chapter, the study of the N — S junction under a periodic drive was pushed to the intermediate
regime. On one hand, the period-averaged current was computed numerically to all orders in the tunnel
coupling. The noise on the other hand could only be tracted analytically to second and fourth order in
tunneling. The general regimes of low to high frequencies as well as tunnel couplings was studied numerically
in order to validate the analysis developped in previous sections.

When the gap is comparable to the frequency, the period-averaged current can be expressed analytically,
and for low transparencies it displays strong kinks at the boundaries of the gap of each Floquet channel,
surrounding integer values of the integer charge. These sharp discontinuities mark the switch from an
Andreev reflection-driven current to a QP-transfer-driven one. In this regime, the AC noise can be lower
than the DC one, showing that the usual correspondence between the excess noise and the number of holes
pairs created by the drive does not hold anymore. Furthermore, the noise can no longer be expressed in
a self-contained form, and one has to resort to a perturbative expansion in the tunneling constant was
perform, or to a numerical evaluation to all orders in A, proving that the Floquet channel gap edges are
responsible for the structures (cusps and minima) of the excess noise.

Inspecting more closely the analytic derivations, it was shown that the period-averaged current follows
a Tien-Gordon behavior [19], for the whole range of parameters. The same goes for the noise, which also
satisfies Tien-Gordon-type relations, but only in the limiting regimes, dominated by QP-transfer or Andreev
reflection and to second order in tunneling in all regimes. It was possible to provide an interpretation of these
results in terms of the leading physical processes also accounting for the interference effects expected between
different Floquet channels. To summarize, it was shown that the full crossover regime of intermediate
frequencies (comparable to the gap) can be understood and in particular, the negative excess noise can
be attributed to the fact that the density of states in the superconductor is not constant near the gap
edges. Furthermore, the Tien-Gordon relations for the noise (established in the limit where the gap is
larger than the drive frequency) break down in the intermediate regime because of interferences between
different Floquet channels. The present theoretical results could in principle be probed experimentally
in normal-metal /superconducting junctions where a microwave photon source irradiates the normal-metal
side, in the same spirit as in the pioneering work of Ref. [121] which dealt with diffusive metals and (only)
a sinusoidal drive.
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QPC in a fractional quantum Hall bar
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0. Quantum Hall effect fundamentals

0.1. Introduction

This chapter presents the basics of the quantum Hall effect (QHE) and more precisely the fractional quantum
Hall effect (FQHE), even though the integer quantum Hall effect (IQHE) is discussed to set the stage. The
setup is the following, a two-dimensional electron gas (2DEG) of width W (x axis) and length L (y-axis) is
driven by a DC voltage in the y direction V,,. The electric current therefore flows along the y direction and
the longitudinal resistance R,,, = I/V, is the typical observable measured. Then the sample is put inside a
normal magnetic field B (along the z-axis), a charge imbalance develops along the x direction due to the
Lorenz force, leading to the formation of a transverse voltage, called the Hall voltage V. Typically in this
case, the classical Hall conductivity

Ryy =Vu/I = B/nee, (9.1)

where n. is the surface electron density, is also measured. This is the classical Hall effect [122], where
typically the Hall resistance is plotted as a function of the magnetic field, with a linear relation allowing
to measure the electron density. When the magnetic field is increased quantum effects become important.
A quantum theory without interaction between electrons will be enough to understand experimental data
for certain values of the magnetic field, this is the integer quantum Hall effect (IQHE). For higher values
of the magnetic field, including interactions in higher mobility heterostructures, and in particular Coulomb
interaction, is unavoidable in order to construct a proper understanding of the system.

This chapter will start by a short summary of general quantities related to the quantum Hall effect in
Sec. 9.2. Then a summary of the history and explanation of the IQHE is provided in Sec. 9.3, very few
computations are performed but references to the relevant literature are given. Follows Sec. 9.4 which is
longer as it explains the basics of the FQHE, from its action which justifies the presence of edges states in
the form of chiral Luttinger liquid, to the techniques of bosonization used to derive transport properties of
the simplest edges states. Finally the generalization to all Abelian edge states is presented and the main
experimental approaches to probe them are recalled.

0.2. Generalities

The simplest quantum mechanical theory of electrons in a magnetic field yields a Harmonic oscillator
behavior, with the cyclotron frequency
we =eB/m (9.2)

as the energy scale between the so-called Landau levels

Ep = we (n + ;) . (9.3)

The wave functions for the electrons in this system can be found in any quantum mechanics textbook, they
are plane waves along y and are localized in the x direction because of the magnetic field in the Landau
gauge. As a result, there can be many different states with the same energy but localized on different places
of the sample. In particular they are centered around xo(q) = 27qu23 /W where ¢ is an integer quantum
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number and

I = (eB)™Y2, (9.4)

is the magnetic length in units where the speed of light ¢ = 1 and A = 1. Therefore, a sample of size W
along = can host a finite number of such states of the same energy, this is the maximal degeneracy of the
Landau levels

WL

9.5
27le2B ’ (9:5)

Ndeg, max —
One notices that the maximal degeneracy is also equal to the number of magnetic flux quantum ¢y = 27 /e,
hence the electrons arrange themselves spatially such that each one of them can grab exactly one flux
quantum. One therefore defines the so-called filling factor as the ratio between the total number of electrons
W Ln, and the maximal degeneracy of the Landau level, it reads as
2meB
v = , (9.6)

e

and grows linearly with the magnetic field. This description is lacking for many reasons, the main ones are
that the edges are not taken into account, no interactions are considered and collective behavior is absent as
this is first quantization. Therefore, it is time to separate the treatment in two sections, with and without
coulomb interactions.

9.3. Integer quantum Hall effect

The history of the basic theory behind the IQHE started 40 years ago and was stabilized 30 years ago,
there are mainly four stages. First, of course, its experimental discovery in 1980 by von Klitzing, Dorda
and Pepper [123] in 1980. The main finding is that the transverse resistivity displays plateaus as a func-
tion of the magnetic field and that this behavior is very robust to disorder and perturbations. A hand
waving model based on edge modes was introduced by Halperin [124] and Laughlin [125] based on gauge
invariance and allowing to derive a conductance matching the experimental results [126, 127]. Extending
these two approaches and giving them a solid footing, Buttiker [128] considered a realistic sample and used
the scattering approach to compute the conductivity. In particular, he showed that the edge states are
chiral because the magnetic fields tends to cancel backscattering, this also explained the robustness of the
conductivity when impurities are inserted. This is usually considered as a satisfactory explanation of the
IQHE.

However, another theory gave a deep mathematical founding to the robustness of the IQHE, in terms of
the topological properties of the band structure of the model. In particular, Thouless et. al. [129], in the
so-called TKNN paper, studied the band structure of the bulk IQHE, they computed the conductivity with
the Kubo formula and showed that it is equal to a certain prefactor times an integer which only depends on
the band structure. As shown by Simon [130], the state space defines a fiber bundle over the Brillouin zone,
this allows to use all the theorems regarding such mathematical constructions.The main finding of Simon
is that the integer found by TKNN is in fact the Chern number! associated to this fiber bundle. It is to
be noted that this line of thought is now used very often in the context of topology in condensed matter.
In the particular case of the IQHE, the quantization of the conductivity is therefore seen as a topological
property of the state space for a certain Brillouin zone, this explains the robustness of the conductivity
with respect to any perturbations® and not only disorder. The problem is that in this approach the current

!The Chern number is the integral of the Chern class, and this integral is the number of zeros of any continuous section of
the fiber bundle [131], thus it is always integer.
2As long as these perturbation do not change the said topological properties that is.
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is carried by the bulk and not the edges (as there are no edges in the TKNN model).

This picture is appealing, thus, people looked for a way to put topology in Buttiker’s result. For a few
years this was done by invoking the mysterious bulk-edge correspondence. It basically keeps the best of
both worlds, the current is carried by edge states, but it is robust because of the topological properties of
the bulk. Topology was actually brought to the edges by Hatsugai in a series of papers [132, 133] in which
a tight binding model with edges and boundary conditions was designed. It allowed, without a particular
choice of confining potential, to find that the presence of edges indeed creates gapless states whose wave
functions are exponentially suppressed in the bulk, whereas the bulk contains only gapped states. The
conductivity was indeed found to be linked to a topological property of the energy space and the Brillouin
zone, but not the Chern number this time, a quick overview is tried next. The energy spectrum can be
analytically continued to complex space, therefore, to a given state, there will correspond a curve in the
complex energy space. This space is found to be a Riemannian surface with genus equal to the number of
edge states, hence the topology of the energy space is linked to the number of edge states. The energies of
the bulk states were found to correspond to closed loops which do not circle around a hole of the surface
whereas the energies of the edge states do correspond to loops around such holes. Therefore, adding 27
to k, amounts to turning around a hole of the energy surface and the number of turns is defined as the
winding number of the edge state. The main result of Hatsugai is that the Hall conductivity is proportional
to the sum of the winding numbers of all the edge states present at a given energy. The generality of this
result is also important, it only requires two things: that there are gaps in the energy spectrum of bulk
states, whatever the size of these gaps and that in each gap there gapless edge states.

This picture holds for the integer quantum Hall effect as it explains the plateaus of the conductance for
integer values of the filling factor. However, in 1982 [68], Tsui and Stormer observed plateaus of the Hall
conductivity for fractional values of the filling factors. Thus the results of Buttiker and Hatsugai do not
hold and one has to consider another Hamiltonian, with Coulomb interaction this time.

9.4. The fractional quantum Hall effect

An absolutely general solution, from first principles, to the problem of electrons in a magnetic field under
Coulomb interaction with Hall geometry is still lacking. However, the standard field theoretic approach,
that was initiated in the late 80’s and that is summarized in Ref. [134], provides a very good description of
the effect, as will be showed below. Including interactions gives rise to a plethora of new correlated states
of matter which will differ depending on the value of the filling factors. Hence, only the minimal discussion
required to understand the transport theory developed later is provided. In particular, the bulk properties
will be discussed first and very shortly while the edge states will be discussed in more lengths.

9.4.1. Bulk behavior

This section is strongly inspired by Refs. [135, 136], where the fractional quantum Hall effect is understood as
a U(1) Chern-Simons effective theory. The Hamiltonian of the system, for N electrons, in first quantization
reads as

N
1
H = Z o (p(xi) — eA(2:))? + eAo(x;) + Z V(lzi — z4l) (9.7)
) 1<
where Ay is the scalar potential and A is the vector potential of the electromagnetic field associated with the
electrons. The standard derivation of the action is not performed in detail here as it requires to introduce too

much material. The action will typically contain A, the U(1) Maxwell gauge potential of Electrodynamics
and possibly other fields describing both the interactions between electrons and the background magnetic
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field. In the simplest picture, called the Laughlin series, only one additional gauge field is considered, it is
called a. This is an emergent field which describes the collective behavior of the interacting background of
electrons. The equations of motion are derived by writing down a conserved current, in the present situation,
the sample is made of electrons, thus the conserved current is the electron current, noted J = (p,j). It is
written in terms of the field a so as to be immediately conserved

2
J, = ;—ﬂ_e’“”\&,aA. (9.8)
The next step is to write down the action for the coupling between this matter field and the gauge potential.
The action contains all the possible terms which respect gauge invariance, however, skipping the details
(see [136, 137]) all the irrelevant terms in 241 dimensions are removed, those which disappear from rotational
invariance are removed, and only the global (non local) gauge invariant term is considered. Considering
only the lowest Landau level®, this action reads as

2
s=< /thdt (e“”)‘Au&,aA + @e“l’)‘au&,m> , (9.9)
27 2
one could say that the first term describes coupling between matter and gauge field and the second one is
the purely matter Chern Simons term, where m is its coupling constant.

All the known properties of the FQHE involving one emergent field only can be derived from this action.
For example, it is shown in Ref. [137] that in order to respect gauge invariance and to be consistent
with Schrodinger’s equation, the Chern-Simons coupling constant is quantized m € Z. Furthermore, after
integrating out the matter degree of freedom, a simple computation of the conductivity, as the variation of
the action when the matter current varies, yields

dScslA4] e
Ji = 0A; - _27rm6ijevj ' (910
which immediately means that
e
Oay = 5 (9.11)

Furthermore, the quasiparticle excitations can be characterized by adding a coupling between the emergent
field and its current,

Sere = / dtd*za,,j* . (9.12)
A standard exercise is to considering N excitations strongly localized in space
N ‘ N
30z, t) = Z 0(x — xp) and ji=e Z Opxnd(x — ), (9.13)
n=1 n=1

Following [136], it can be shown that each of these quasiparticles carry a flux ¢o9/m and a charge e/m.
Further, when one particle is circling around another, after a half circle, it has gained a phase 6 = 27 /m.
This corresponds with Wilczek’s result [138], who invented the term anyons in 1982 [139], that charge
particles circling around fractional magnetic fluxes behave as a flux-tube-particle composite and have neither
fermion nor boson behavior when exchanged but any behavior. This is the main result for the FQHE, its
excitations have fractional charge and fractional statistics. However, this is not the definite picture for the
problem at hand, indeed, as was the case in the IQHE, the bulk behavior is impacted by the presence of

3Which amounts to ignoring the Chern Simons action for the Maxwell gauge potential.
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edges.

9.4.2. Edge theory and Luttinger liquids

The derivation of the impact of the edge on the action by Wen in 1991 [140] is followed here. Starting
from the Chern-Simons action, he remarked that when the boundary is taken into account, the action is
not invariant under a U(1) transformation of the gauge potential A. In order to remedy this problem and
as usual in field theory with gauge anomalies, it is necessary to introduce another gauge field which, from
general grounds, can be shown to be a chiral edge mode. The action of such a mode is originally only here
to preserve gauge invariance in the bulk, but ends up ensuring the presence of edge modes. Only from these
general considerations, it can be seen that the edge modes are a global properties of the system, hence their
topological nature.

Wen proceeds as follows, first, he derives the main properties of the edge action, for example, in order
for it to restore gauge invariance and provided that it is local?, it should include gapless excitations. Then,
he focuses on the low energy behavior of these gapless excitations, in particular, when |kly| < 1 and only
one branch is present, the new chiral edge modes p obey

[H, pi] = vkpk

9.14
[pk;a Pk/] - ka5k+k’ . ( )

this is the celebrated Kac-Moody algebra, and the p fields can be rewritten in terms of bosons. An important
point to raise here is that Eq. (9.14) is the basic operator identity describing the Tomonaga model for chiral
Luttinger liquids. A very good historical review of how this theory came about (in the non chiral case) is
given in Ref. [141].

The following summarizes the essential results of chiral Luttinger liquids. Considering only energies close
to the Fermi level, there is only one branch in momentum space k£ and the energy reads as F, ~ vrk. Hence,
the fermionic Hamiltonian reads as

1
H= Z kvpaikak + o Z V(q)az_qaz,ﬂak,ak. (9.15)
k kK q

There are some constraints on the second term as electrons can only be scattered on the same branch, which
is called forward scattering (as opposed to backscattering). Further imposing that the total momentum
transfer is conserved the scattering of an electron can only occur by an exchange of momentum ¢ < kg,
with a weight g ~ V(0). Thus, writing the density operator as

ST 010
k
the Hamiltonian reads as 1
_ T i
H= Zkvpakak + 5T Z 9PgP—q - (9.17)
k gk

The second term is just the free Hamiltonian for chiral sound waves of electrons. Furthermore, it can be

shown that
=3 0,
[pqqu’] o 44

[Ho, pq] = qurpy

(9.18)

“In the sense that the associated current commute at different points in space or that the commutator in momentum space is
smooth around k£ = 0.
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which is exactly the commutation relations found for the chiral gauge field on the edge of the FQHE sample.
This is why they are often described as a chiral Luttinger liquid with interaction density g = wvp/v. Of
course, in the FQHE there are two chiral LL, one on each edge, with opposite chirality, i.e., with opposite
velocity. There exist a nice intuitive picture allowing to retrieve the Luttinger liquid behavior of one of
the edges and quantify the interaction strength. It is called the hydrodynamical approach to the fractional
quantum Hall effect and was invented by Wen in 1995 [134].

9.4.3. Hydrodynamical approach

The starting point is droplet of FQHE with a disc shape, focusing on the edge states, the Hamiltonian reads
as

H = ;/dxep(x)V(x), (9.19)

where V(z) is a potential that forces the droplet to keep its shape and z is along the radial direction
while y is tangent to the droplet surface. This potential can be expressed as a function of the electric field
responsible for the confinement, assuming that the displacement of the droplet around y is h(x), the electric
field reads as

(9.20)

Applying a magnetic field in the direction normal to the plane, some excitations will turn around the droplet
with a drift velocity v computed from

v==. (9.21)
As a result, the potential will be written as
V(z) = vBh(x). (9.22)

Then it is recalled that the flux density ny, = N,/S, where S is the surface, reads as B/¢g. The filling
factor links the electron density n, to the flux density thus one can write

ne = ng = vB/¢g. (9.23)

Finally, defining the edge state density as p(z) = nch(x), the Hamiltonian reads as

H = ;Z/dxp(x)2. (9.24)

Going to Fourier space (with period L), it transforms into

v

= — - 9.25

and the chiral Luttinger liquid with interaction density mv/v is retrieved. In the next section, the derivation
of the correlation function using the bosonization technique is quickly highlighted.
9.4.4. Bosonization

The aim of this section is to derive a formula for the Green’s functions of fermions at finite temperature, this
was done in the 60’s-70’s with various techniques, the one used here is that of bosonization. An extensive
review of this technique is provided in Ref. [142], so only the results specific to the FQHE are given here.
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As a starter, the Hamiltonian is typically written as

_ v
CArx

L
” / dz [Dy6()]? | (9.26)
0
where v is the drift/Fermi velocity along the edges and ¢(x) is a bosonic field which is related to the one
dimensional electron density p(x) = /v0y¢(x)/2n. Similarly to what was done for phonons in Chap. 4,
it is possible to write down the bosonic field ¢(x) in real space as a function of the bosonic fields by in

momentum space as
2im e~ ka/2

blz) = == ethep, — emthepl ) | (9.27)
N )

where a is a small distance that is used to regularize ultraviolet divergences. Due to their fermionic nature,
a relation between the electron creation operator Ui and the latter’s density p(z) can be established:

[p(x), \IIT(x')} =6(x—2)Ul(z). (9.28)

This means that the electron creation operator can be written as

1 P
Ul(z) = %eﬁ‘f’( ). (9.29)

Using the Kac-Moody commutation relation
[6(2), ¢(a)] = imsgn(z — a') (9-30)
and the Baker-Campbell-Hausdorff identity, it can be shown that:
U(z)0(2') = v @)y (2 )W (2) (9.31)

so electron operators obey anticommutation relations only if v = 1,1/3,1/5,1/7, ..., i.e., for Laughlin filling
factors. Note that other rational values of v are physically attainable and exhibit the FQHE, but the above
derivation needs to be generalized in order to include the presence of several bosonic fields [143]. In what
follows, the focus is on the simpler situation of the Laughlin series for clarity’s sake. The main results can
be readily obtained for the case of a general Abelian FQHE edge involving multiple bosonic modes, but
do not fundamentally differ from the Laughlin filling factors. The quasiparticle operator is a local vertex
operator® and it is required to commute with the electron operator, which justifies the choice:

Y(x) = \/;ﬁew(f’(m) . (9.32)

From Eq. (9.32), it is also possible to define the statistical angle ©. Indeed, focusing on a given time 7 = 0,
one readily obtains a nontrivial phase factor when exchanging two quasiparticles in real space, namely

P(a)p(a’) = ™ @y (o () (9.33)

which is a clear illustration of anyonic statistics, with a statistical angle specified by © = 7v.
Anticipating the question of transport quantities, the Green’s function as a function of time for the
quasiparticles is computed next. It is usual to compute first the bosonic Green’s function and link it with

°In the sense of Ref. [144].
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the quasiparticle Green’s function, this is done in App. F and yields, at the point x =0

< oV (a=0,7) e—z‘ﬁ¢(0,0)> — V9T (9.34)

where the bosonic Green’s function reads as

(9.35)

G(r) = — log [sinh (O (im0 — T))] |

sinh (107 79)

and 79 = a/vp is the short time cutoff of the Luttinger liquid theory. At zero temperature, the resulting
correlation function, follows a power-law decay in time as

<¢(0, o, 0)> o I—— (9.36)

This allows to define the scaling dimension vp of the quasiparticle operator ¢, which, in the case of Laughlin
filling factors, reduces to vp = v.

9.4.5. Quantum transport at a QPC

As usual, quantum transport at a QPC, through a measure of current and noise, provides a way to probe
the actual excitations of the system. In particular, in the FQHE, as was shown before, the systems carrying
the current are the edges. A QPC is defined by a region in which propagating states are scattered, in
the case of chiral edge state, in order to have to possible outputs, the two edges have to be close to each
other. One can therefore imagine two types of QPC, either two leads are put close to each other or a local
constriction is applied to a single bar so that tunneling occurs between the two edge channels. The former
case will later be called strong backscattering (SB), and the former weak backscattering (WB), they are
illustrated in Fig. 9.1. The current was first computed by Wen [146] in the tunnel limit, he found that the
I — V relation is non linear, more precisely that

(Dsp oo = Vel

o (9.37)
<I>WB,6:0 = vl

The remarkable fact that the strong backscattering regime can be obtained by setting v — 1/v was
explained by Kane and Fisher [147].They found a renormalization group flow to describe the transition
between the strong and weak backscattering regimes. Their findings may be summarized as stating that
the action in the weak backscattering case involves v whereas in the strong backscattering case v is replaced
by v L.

A few years later, the current noise at the QPC was also computed in the tunnel limit [147, 148] and
was shown to be Poissonian at zero temperature, i.e., it yields the same power law as the current. It is
important to keep in mind that the tunnel regime is often called the Poissonian regime even though the
current is only Poissonian at zero temperature.

9.4.5.1. Minimal excitation states at the QPC

Importantly, the behavior of Levitons in such a QPC was probed by an excess noise analysis in Ref. [52] in
the weak backscattering regime. It was shown that, to second order in A, the noise follows a Tien-Gordon

SThere exists an alternate definition in the literature, which only differs by an extra factor 1/2. It is mostly a matter of
convention and does not affect the main message and results.
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Figure 9.1.: Illustration of a fractional quantum Hall bar, in blue, pinched off by a quantum point contact,
the edges are depicted in red (taken from [145]). a) in the strong backscattering regime, the
gate drive is important and the bar is broken in two, only electron tunneling occurs at the QPC.
b) the gate drive is low enough so that tunneling of quasiparticles can occur between the two
edges.

behavior and that it is proportional to the average number of holes created by the drive. As a result, when
the injected charge ¢ is integer, no holes are created by the drive but, on average, an integer number of
electron charge is involved in tunneling. Thus, a way to excite single quasiparticles or anyons was not found,
this is in contrast to other QPC’s considered like between normal metals and BCS superconductors.

9.4.6. General model for Abelian fractional quantum Hall edge states

All that was said before is valid for the simplest edge state, that of the Laughlin sequence. This can be
extended to more complicated edge structure, these include both Abelian and non-Abelian states [134],
though the focus here is on Abelian states. The starting point to extend the previous results is the action
of the general Abelian FQHE edge

1 N
S =4 [ dodt Y- [~xddion - u @), (9.39)

m
=1

where ¢; are a set of bosonic modes (with [ =1, ..., N), with chirality x; = £1 and velocity v;. In the case
of a single mode (N = 1) this reduces to the standard description of the Laughlin series derived above.

These fields satisfy the commutation relation

[z, 1), o (2, 1)] = imxidursgn (z — &’ — xquit + xpopt’) (9.39)

and help defining the density operator as
1
= 5 x ) 4
P=q- Zl:(ﬂ@ ol (9.40)

where the set of coefficients ¢; encode the contribution of the I*® mode to charge transport. These coefficients
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are related to the filling factor in a nontrivial way as they satisfy the sum rule

> gt =v. (9.41)
l

In analogy with the Laughlin case, the edge supports quasiparticles, whose creation/annihilation operators
involve a linear combination of all bosonic modes, namely

N
Vg(z,t) o exp [iZgz¢z(m,t)] : (9.42)

=1

For a given vector g = {g1, ..., gn }, the corresponding quasiparticle ¢g is characterized by three important
physical quantities:

Qg =c¢ Z X19191 its effective charge (9.43)
l
dg = Z g7 its scaling dimension (9.44)
l
Og = leg? its statistical angle. (9.45)
!

Note that in all generality, the statistical angle is bounded by the scaling dimension, |©g| < 7dg, and even
reduces to |Og| = mdg in the special situation where all modes have the same chirality, x; = x, V.

9.4.7. Measurable quantities

The above treatment of FQHE highlight three main quantities describing the quasiparticles arising from
different models, the charge, the statistical angle and the scaling dimension.

The simplest of the three to measure is the charge, indeed, as explained in Chap. 5, the Fano factor
allows a direct measure of the charge of the particles carrying the current. This was indeed experimentally
measured [149, 150], showing that the Fano factor is equal to v = 1/3 for the first element of the Laughlin
sequence. The plot from the original publication is shown in Fig. 9.2 and displays a Fano factor of 1/3.
This was the first measure of tunneling of fractionally charged particles and constitutes a success of the
Luttinger Liquid theory as well. Other measurements of the charge of the quasiparticle were subsequently
performed through identification of the Josephson frequency w; = e*V/h which is accessed either through a
photo assisted transport noise measurement at zero frequency [87, 151], or through a direct finite frequency
noise measurement [152]. All the above experiments were performed in the weak backscattering regime of a
single quantum point contact (QPC), where the accepted paradigm is that quasiparticle exchange between
two opposite edge states constitute the dominant tunneling process.

The detection of fractional statistics has proved to represent an even greater challenge. On the theoretical
side, several proposals considered setups with several QPCs in a Hanbury Brown and Twiss geometry [44]
where noise crossed correlations were computed [153—-156]. Alternatively, more recently, proposals using
either Fabry Perot interferometry or Hong-Ou-Mandel collisions of quasiparticles were put forward [157—
159]. These proposals generated considerable attention from the experimental community as illustrated by
two recent pioneering experiments with a strong claim that the measurement of the statistical angle has
been achieved [160, 161]. Nevertheless, the detection of the statistical angle of anyons continues to generate
a lot of excitement as illustrated by recent theoretical works, some involving anyon braiding [162-164], or
thermal tunneling noise [165].
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Figure 9.2.: First experimental evidence of the fractional charge of the FQHE quasiparticles, taken
from [149]. The plot represents the noise versus the backscattering current with slope pro-
portional to the Fano factor. The two dimensional electron gas is in the v = 1/3 state of the
Laughlin series.
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As was shown above, the scaling dimension of the quasiparticle operator is intimately tied to the statistical
angle of anyons. For general Abelian states out of the Laughlin sequence, this scaling dimension turns out
to provide an upper bound for the statistical angle, the two being equal when all the modes of a given edge
have the same chirality (up to a factor 7). Naively speaking, one could argue that the scaling dimension of
anyons should be accessible via a DC transport measurement in the weak backscattering regime of a single
QPC, provided that one measures carefully the backscattering DC current-voltage characteristics. This
unfortunately does not seem so realistic due to the complicated analytics which describe the dependence
on both the temperature and the DC voltage of the backscattering current [95]. In practice, a quantitative
agreement between the backscattering current predicted by theory and experiments seems hard to achieve
[166] as it relies on identifying a power-law behavior, which not only requires varying the voltage over
several decades but is also easily blurred by non-universal effects.

9.5. Conclusion

This chapter introduced all the relevant concepts of the FQHE that will be useful in the next chapters. First,
a summary of the quantum Hall effect itself (integer and fractional) is given and the relevant quantities are
introduced with the simplest quantum mechanical picture possible, these include among others the Landau
levels, the filling factor or the cyclotron orbits. A short summary of the discovery and various theoretical
explanations of the integer effect was provided. This allowed to underline the topological nature of the
conductance.

In the second part of the chapter, the fractional quantum Hall effect is introduced by shortly summarizing
its field theoretical counterpart, i.e., the effective Chern-Simons action. This approach has the advantage to
explicit the topological properties of the system as well as to justify the appearance of edge states from gauge
invariance on the boundaries of the sample. It was also explained that the simplest fractional quantum Hall
effect edge states behave as a chiral Luttinger liquid. Therefore, the basics of the theory of chiral Luttinger
liquids was explained in the context of the FQHE, this included bosonization and a computation of the
Green’s function of the quasiparticle operator. Next a description of the system when a QPC links the two
edge states was provided, the typical power law behavior of the current was explained. The extension of
this description to more complicated Abelian edge states was quickly summarized, it allowed to write down
the three main quantities of such models, the charge of the quasiparticles, their scaling dimension and their
statistical angle. Finally the main experimental strategies that can be used to measure such quantities were
quickly recalled.
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10. Periodically driven QPC

10.1. Introduction

This chapter serves a different purpose than the previous ones as it is not directly related to electron
quantum optics even though it deals with time-dependent transport. Precisely, it focuses on the study of
time-dependent transport for the Abelian edge states of a two dimensional electron gas in the fractional
quantum Hall regime pinched by a single quantum point contact. The aim is to find a general expression of
the current as a function of time, both for an AC voltage drive and for periodically driven tunnel coupling
amplitude. Interestingly, in the FQHE, to the knowledge of the author, attention has mainly focused so
far on the time-dependent voltage scenario, while the periodic gate drive has been vastly unexplored so far.
Unfortunately, for both types of drives, the measurement of the period-averaged current does not provide
any striking dependence on the scaling dimension of quasiparticles (other than the power law, which is
hard to characterize). However, a complete description of the current requires the knowledge of all of
its harmonics at the drive frequency. In practice, this is precisely where the two types of drive lead to
significantly different results. It turns out that the gate drive is the most suited of the two to detect the
scaling dimension of FQHE quasiparticles. The central result of this chapter is indeed to show that for a
simple sinusoidal modulation of the tunneling amplitude the scaling dimension is directly accessible via the
measurement of the second harmonic of the current (conversely, for an AC voltage drive, a similar analysis
seems difficult to achieve). More precisely, the phase shift of the second harmonic of the current is directly
related to the scaling dimension of the quasiparticle operators describing the edge excitations. One can
thus find an appreciable range of parameters where the scaling dimension can be easily extracted from a
phase shift of the second harmonic of the current.

The formalism used to describe the QPC in the FQHE is exposed in Sec.10.2, this allows to define the
tunnel Hamiltonian as well as the current between the edges in the tunnel. In Sec. 10.3, a formula for the
current is obtained for any value of the filling factor. It is explained that the general formula has different
convergence properties in the weak or in the strong backscattering. The former case is studied in detail in
Sec. 10.4 and the harmonics of the current are studied in detail in Sec. 10.5. This allows to derive the main
result of the chapter, i.e., that the scaling dimension of the quasiparticles is proportional to the phase shift
of the second harmonics. Then the strong backscattering regime is studied in Sec. 10.6, it is shown that in
this regime, a voltage drive leads to a capacitive current where a time-dependent tunnel coupling leads to
a current proportional to the time derivative of the transmission of the junction.

10.2. Current through the QPC

The simplest quantum transport setup in the FQHE consists of a quantum Hall bar, along which edge
excitations propagate, denoted left- and right-movers, further equipped with a QPC (see Fig. 10.1). Voltage
sources can be connected to either edges in order to impose a potential bias difference between edge states,
and the QPC can be tuned at will, with a special emphasis on two specific regimes. First, in the weak
backscattering regime, the QPC is weakly pinched, the quantum Hall fluid spreads over the whole bar,
and the dominant charge transfer process between the top and bottom edge is provided by quasiparticle
excitations. In this situation, it is typically the backscattering current I which is computed /measured. This
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Figure 10.1.: Sketch of the setup, a fractional quantum Hall bar pinched off by a quantum point contact.
Left: AC gate drive setup where a DC voltage is applied between edge states and the tunnel
coupling is time-dependent. Right: AC voltage drive setup where a periodic voltage is applied
on top of the DC voltage and the tunnel coupling is constant.

regime is depicted in both panels of Fig. 10.1. Second, in the opposite limit, called the strong backscattering
regime, the QPC is strongly pinched and the quantum Hall fluid is split in two (not shown). Only electrons
can then tunnel between the left and right moving edges as they have to cross a vacuum region. The
measured current corresponds then to that flowing between the left and right sides of the split Hall fluid.

Assuming that a DC voltage Vpc is imposed on the right-moving edge (see Fig. 10.1), the usual tunnel,
or backscattering Hamiltonian reads (see Ref. [52]):

=2 (et 0)pn0)] (10.1)

where € = + leaves the expression unchanged, while ¢ = — specifies the Hermitian conjugate. A(t) is the
time-dependent tunnel coupling amplitude and wj = e*Vpc in the weak backscattering regime. Two distinct
setups for time-dependent transport are considered (left and right panels of Fig. 10.1).

With these conventions, the backscattered current reads:
In(t) =ie* Y e [A*(t)eiw?iw}%(o,t)sz(o,t) - (10.2)
e=+

In the weak backscattering regime, the fractional charge e* = ve appears both as a prefactor of the current,
and through the definition of the DC bias frequency wy.

The strong backscattering equivalent of the tunnel Hamiltonian and current operator are achieved with
the duality transformation e* — e, wg — eVpc, ¥ — V.

10.2.1. Reminders for the tunnel coupling

As explained in Chaps. 1 and 2, when the tunnel coupling is driven by a voltage drive, it only modifies
its phase. The other situation considered is that of a modulation of the amplitude of the tunnel coupling
directly (through a gate drive). This can be summarized by the following

Ao(1 4+ Ai(2)) gate drive,

A(t) = t
Ao exp (ie*/ dt’ Vac(t')) voltage drive,

—0o0

(10.3)
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Concerning the gate drive, without loss of generality one can choose it to be real valued. It then only makes
physical sense to choose |A;(¢)| < 1. The Fourier decomposition of the tunnel coupling is written as

A(t) =20 > pre ™. (10.4)
l

where the drive frequency is €, and p; will be used to denote the complex conjugate® of p;. Then, provided
that no assumptions are made on the p;, the computation can be carried out simultaneously for the voltage
drive or the gate drive. However, it is worth mentioning that the Fourier coefficients p; do not bear the
same physical meaning when describing the two different drives. For the gate drive, there is typically a
finite number of Fourier coefficients, which satisfy p; = p_; to represent a real valued modulation of the
tunnel amplitude. However, for a voltage drive, the p;’s are the Fourier coefficients of a complex number
of modulus one. As a consequence, there is an infinite set of coefficients p; in this case, which obey specific
sum rules [23, 88].

10.3. Current for arbitrary v

The aim of this section is to provide a general derivation of the backscattering current while making minimal
assumptions on the Fourier coefficients p; of either drive. Also, specifically for this section, it should be
kept in mind that at any moment, the duality transformation to the strong backscattering regime can be
operated. Furthermore, the scaling dimension is explicitly writen as vp, although in the Laughlin case, it
reduces to vp = v. It allows to track down the effects which are specific to the scaling dimension. This
choice is further reinforced by the general case detailed in App. F.3, where the degeneracy between scaling
dimension and filling factor is lifted.

The photo-assisted backscattering current can be computed to second order in the tunnel coupling A(t),
using the Keldysh formalism [167]. As shown in Sec. F.2, from Eq. (9.32) and Ref. [95], it reads

* 1 2 iew™ / * €y * —€ v (=t
<IT“>>‘62<2M> S e farei O e o) ()] 3 e, (10.5)
e=+ n,n’

where 7, 1 are Keldysh contour indices and g™ is the corresponding bosonic Keldysh Green’s function
defined in Sec. F.1. At this stage, it is important to stress out that this expression of the tunneling current
readily generalizes to any Abelian edge theory comprising multiple bosonic modes, where it then depends
on the effective charge and scaling dimension of the quasiparticle ¥g« involved in the leading tunneling
process at the QPC, as is shown in detail in Sec. F.3,

(IT(t)> — %Qg* Z € / dt/eing* Vpo(t—t) [Fg* (t)]e [Fg* (t/)] —€ Z n/€26g*gﬂn’(t7t/)7 (10.6)

nm’

where Qg+ and dg+ are respectively the effective charge and scaling dimension of the leading tunneling quasi-
particle 1g«, while I'g« is the corresponding tunneling amplitude. In particular, this expression underlines
the importance of the distinction between scaling dimension and filling factor (as the two only turn out to
be equal in the Laughlin case), and further emphasizes the major role played by the scaling dimension in
the present derivation.

The general calculation of the backscattering current at finite temperature and for arbitrary periodic
drives is quite cumbersome, and details of the derivation are provided in App. F.4. First, the summation

'The bar notation is adopted in this chapter as the star is already used for the fractional charge.
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over the Keldysh indices is performed explicitly using the symmetry properties of the chiral bosonic Green’s
function components. Next, the time integral is performed and written in terms of Gauss’ hypergeometric
function 9Fy. This results in an current

(Ip(1)) = e* (20m0) 72BN Y Pipme’ ™

Im
—in sin (%7’0) exp (in%m) m+q m+q T
X h{1,1—-—vp—1 i 14+vp —i———exp | 2in—=T
;77[ vp — i—rg:eq 2 < b 270 b 270 P < "75 0))

- (m7Q) - (_lv _Q) )

(10.7)
where 79 = a/v is the short time cutoff, 5 is the inverse temperature, § = (ﬂQ)_l is the reduced temperature
and ¢ = wj/Q. 2F) is the Gauss hypergeometric function and the shorthand notation f(a,b) — f(c,d) =
f(a,b) — (a,b) — (c,d) has been used. An important advantage of this expression is that it remains valid
for arbitrary values of the scaling dimension vp > 0, allowing us to also obtain the current in various
limiting cases, including in the strong backscattering limit using the duality transformation. However, the
convergence properties of the resulting hypergeometric function significantly depend on the value of the
scaling dimension. For this reason, all physically relevant cases corresponding to, the Laughlin fractions for
weak backscattering, the Fermi liquid case, or the Laughlin fractions for strong backscattering, have to be
discussed separately. Note that this subtlety does not occur in the standard computation of the current in
the presence of a DC voltage, it is specific to time-dependent transport at finite temperature.

10.4. Weak backscattering regime

Here, the focus is set on filling factors 0 < v < 1 in Eq. (10.7), corresponding solely to the weak backscat-
tering regime dominated by quasiparticle transfer through the quantum Hall fluid. One can perform an
expansion of the hypergeometric function oF}, which is specific to these filling factors, to leading order
in 79/8 (19 is the short time cutoff of the chiral Luttinger liquid theory). This is achieved in Sec. F.5.
Furthermore, without loss of generality (due to the choice of time origin), one can safely assume that the
Fourier coefficients p; are real. This leads to the general expression for the current in terms of cosine and
sine harmonics at the drive frequency:

2
m+ L (m+
cos(I2t) Z 'I‘ (VD 4 207Tq> ' (Pm—1Pm + PmPiem) sinh (20q>

(I (t)) = Lo —i—IZ

>0

2
: m+ +
+sin(IQ¢) tan(rvp) ) ‘T <VD +i% q> ‘ (PmPirm — Pm—1Pm) cosh <m29q>

207 '
(10.8)
with the prefactor:
e*Q (Ao (2707 4
7= — — _— 10.
S ) e (109)
where A = (Q79) 7! is the reduced high energy cutoff, and the zeroth harmonic is
2
_ m+q 2 m+q
Iy = I; 'F (VD +1 T >' pi, sinh <20> . (10.10)
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A few comments are in order at this stage. First, this formula for the fully time-dependent current is
valid for both a voltage drive and a gate drive. Second, the zeroth harmonic contribution introduced in
Eq. (10.10) corresponds naturally to the current averaged over one period of the drive and, in the voltage
drive case, satisfies a Tien-Gordon-like formula discussed in Chap. 1 as it corresponds to a weighted sum
of DC contributions with a shifted voltage e*Vpc — e*Vpc + mS) and probability p2,. Finally, while all
harmonics of the current depend on the scaling dimension in a nontrivial way, it turns out that the sine
harmonics, in sin(I€2t), all carry a prefactor tan(nvp), which constitutes a striking dependence on the scaling
dimension worth exploring further. Note that a similar-looking dephasing in the time-dependent current
has been obtained previously in some related cases [87, 168] but has remained unexploited. Indeed, it does
not seem obvious to easily isolate this factor from the backscattering current, as the latter involves many
contributions of the same order of magnitude.

To this end, the current can be rewritten as

(In(t)) =Y In(D), (10.11)
n=0

where
I 20(t) = ZC,, cos(nQt + ¢y) , (10.12)

and the formulas for ¢,, and C), are given in Appendix. F.5, see Eq. (F.41).
The analytical continuation of Eq. (10.8) for vp = 1 holds, allowing to retrieve the Fermi liquid behavior
discussed in Chap. 3.

10.5. Harmonics of the current

This section is devoted to the analysis of the current and its different harmonics in the weak backscattering
regime, as defined in Eq. (10.11). The cosine voltage drive is analyzed first, showing that there is no simple
way to extract the scaling dimension of the quasiparticles from the current or its harmonics in this setting.
On the other hand, for a cosine gate drive, is established, in a second subsection, a proportionality relation
between the phase shift of the second harmonic of the current and the scaling dimension of the quasiparticle
operator.

10.5.1. Voltage drive

When a voltage drive is applied, the tunnel coupling is modified according to Eq. (10.3). The drive is
defined as
V(t) = Vpc + Vac cos Qi , (10.13)

where the normalized modulation amplitude is o = e*V /2. The Fourier coefficients of the tunnel coupling,
are recalled from Chap. 3,
= Ji(-a), (10.14)

where J; are Bessel functions of the first kind. One can readily check that these coefficients are real so that
the expression for the time-dependent current, Eq. (10.8), can be used as is.

It follows from Eq. (10.14) that the Fourier coefficients p; are nonzero for any I. The harmonics I,
of the current are therefore written as infinite sums, involving all Fourier coefficients. This significantly
complicates the resulting expressions. As a result, in this voltage drive regime, a simple signature of the
scaling dimension of the quasiparticle operator has not been extracted from the harmonics of the current

97



10. Periodically driven QPC — 10.5. Harmonics of the current

q=02 — g¢g=04 — ¢=056 q=08 —

Figure 10.2.: Voltage drive case: current through the QPC in the weak backscattering regime under the
voltage drive V(t) = Vpc + Vac cos Qi and for various values of the average transmitted charge
q = €*Vpc/Q. The filling factor is v = 1/3, the AC normalized amplitude is o = 1, and the
temperature is 8 = 0.1. The top panel shows the AC part of the current as a function of
time, over one period. The lower left panel displays the first harmonic and the lower right the
second one.

yet. This situation is not specific of the present choice of a cosine drive, but instead arises from the time
dependence of the tunnel coupling, which appears as an exponential of a periodic function.

An illustration of the fully time-dependent current is proposed in Fig. 10.2. It shows the AC part of
the current and its first two harmonics as a function of time over a full period for various values of the
reduced DC voltage ¢ < 1. One remarks that the current displays a rich behavior, in particular, both the
amplitude and the phase of the two first harmonics of the current depend on ¢ in a nontrivial way. Indeed,
each harmonic involves a large number of Fourier components of the tunnel coupling, making it impractical
to extract any valuable information.

10.5.2. Gate drive

The tunnel coupling under a gate drive, as defined in Eq. (10.3), reads, for a cosine drive,

A(t) = Ao [1+ A cos(2)] . (10.15)
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Therefore, its Fourier coefficients are given by

Po = ]_, DP+1 = % y p\n|>1 =0. (1016)
These coefficients are real, allowing the use of the expression for the fully time-dependent current of
Eq. (10.8). More importantly, there is only a finite subset of coefficients that are nonzero (two in the
present case). This is a major difference between the gate drive and the voltage drive. While in the latter
case, the proliferation of nonzero coefficients did not allow to obtain a simple self-contained expression of
the current, in the present case of a gate drive, the internal summations over [ and m in Eq. (10.8) can be
readily performed. The resulting expression for the fully time-dependent current is still quite cumbersome.
However, working out explicitly the expression for the amplitudes C), and phases ¢y, [see Eq. (10.12)], one
can show that

2 2
‘F (I/D + z%) ‘ cosh (%) - ‘F (I/D + 1%) ‘ cosh (%)

tan g = tanTvp (10.17)
-q+1 2. h g+1 .q—1 2. h qg—1
‘F (VD + Zﬂ) ‘ sin (W) + ‘F (VD + Zﬁ) ‘ sin (2—)
which, in the low temperature regime (6 < 1), further reduces to
Y2 = VD (1018)

provided that the reduced DC voltage satisfies ¢ < 1. Quite astonishingly, the phase shift of the second
harmonic of the current induced by a cosine gate drive in the low temperature limit is exactly equal to the
scaling dimension of the quasiparticle operator.

The same representation of the current as that adopted for the voltage drive (see Fig. 10.2) is proposed
in Fig. 10.3, for a finite reduced temperature 6 = 0.1. In the lower right panel the phase shift of the second
harmonic is indeed equal to wvp for a large range of ¢ (the slight discrepancy for the highest ¢ = 0.8
disappears at lower temperature). Indeed, from Eq. (10.12), this phase shift can be recast as a shift in time
by an amount t/T = —ps/(47) = —vp/4 (taking into account that Cy > 0).

The robustness of this result for finite temperature is explored in Fig. 10.4. It displays the evolution of
2 as a function of ¢ for different values of vp and at two experimentally realistic reduced temperatures,
f# = 0.1 and € = 0.2. Note that in actual experimental realizations, a reduced temperature § = 0.1 would
correspond to an actual temperature of 50mK for a drive frequency of 10GHz. For this value of the reduced
temperature, the results of Fig. 10.4 show a good agreement between the phase shift ¢s and the scaling
dimension, over a large range of DC voltage. Increasing the temperature leads to a small departure between
the two, which further grows as one increases the reduced voltage ¢ (as already observed for ¢ = 0.8 in
Fig. 10.3).

It is relevant to stress that the identification of the phase shift, which gives direct access to the quasi-
particle operator scaling dimension requires the experimental measurement of the time-dependent current,
rather than the measurement of its average value over the period of the drive. Experimentally, it would
therefore be necessary to measure the harmonics of the current, for instance by multiplying the current
signal by a chosen, specific, periodic signal, and subsequently performing the average over the period of the
drive.

The present prediction for the phase shift as a signature of the scaling dimension of the quasiparticle
operator for a gate voltage modulation constitutes the central result of this chapter. Based on the generalized
derivation presented in App. F.3, and the assumptions underlying the above computations, it should hold
for a broad range of filling factors, the only requirement being that the scaling dimension of the quasiparticle
involved in the leading tunneling process satisfies 0 < vp < 1 with vp # 1/2.
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Figure 10.3.: Gate drive case: current through the QPC in the weak backscattering regime under the
gate drive Eq. (10.15) and for various values of q. The figure was obtained with the following
parameters: the filling factor is v = 1/3, the tunneling amplitude modulation is A\; = 1 and
the reduced temperature is § = 0.1. The top panel shows the AC part of the current as a
function of time, over one period. The lower left panel displays the first harmonic of the
current and the lower right panel the second harmonic of the current, where all curves depict
the same phase shift set by the scaling dimension vp.
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Figure 10.4.: Phase of the second harmonic [as defined in Egs. (F.41) and (10.17)] of the current through
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the QPC under the gate drive Eq. (10.15), in the weak backscattering regime, as a function
of g, for various filling factors v. Full lines are for reduced temperature # = 0.1 and dashed
lines for 0 = 0.2.
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10.5.3. Luttinger liquid approach at v =1

In this small subsection, the consistency of the approach developed in this chapter with the Fermi liquid
picture of Chap. 3 will be discussed. First, it is recalled that in the QPC in the FQHE at v = 1, i.e., without
correlations, the particles carrying the current are simply electrons, therefore, the current should behave in
the same way as a that in a normal metal junction.

As was mentioned in Chap. 3, in the Fermi liquid approach, which was based on the Wick-Keldysh-Dyson
method, the current was derived to all orders in A only when the tunnel coupling was modulated by a voltage
drive. In the case of a modulation of the tunnel coupling in amplitude itself, the self energy is not a unitary
matrix so the computation is more complicated. A perturbative treatment of the current to second order
in A is performed in App. F.7, in particular it is shown that

(I (t))

2 A1)V for a gate drive
e { ( ) DC g (10.19)

- 2mod AV (t) for a voltage drive

Which is the straightforward time-dependent generalization of the Landauer formula for photo-assisted
transport (PAT). The absence of a temperature dependence is a consequence of the wide band approximation.
It is interesting to mention the general result, i.e., if one could imagine a way to drive the tunnel coupling
periodically both in amplitude and phase, the current would read as

eQ)
4%@%

{In(t)) =

[Qq AP+ iigat AP (10.20)

The second part of the consistency check amounts to finding the current in the Fermi liquid limit of
the Luttinger theory. This can be done by setting vp = v = 1 in the general formula for the current,
Eq. (10.7). In this case, the expansion of Eq. (10.7) performed in Sec. F.5 does not hold as it requires
v < 1/2. However, as shown in Sec. F.6, for such values of v, a logarithmic expansion of the hypergeometric
series in powers of 79/ can be carried out. This expansion yields two sums, which can be called Fermi/DC
[Eq. (F.44)] and correlated-AC [Eq. (F.45)], for reasons that will become clear below. In the particular case
of vp = 1, the leading term is found in Sec. F.6.1. It corresponds to the first term of the Fermi/DC sum,
see Eq. (F.46), and the current is identical to that obtained from the Fermi liquid approach, Eq. (F.53).
The chiral Luttinger liquid approach is therefore consistent even in the Fermi liquid regime.

10.6. Strong backscattering regime

In this section the aim is to describe the behavior of the current in the strong backscattering regime, which
is obtained from a duality transformation. The latter only holds for filling factors in the Laughlin series, so
that, for clarity, a description in terms of the filling factor v is adopted. This regime is obtained by setting
v— vl e* = eand wl — eVpe/N in the expression for the current, Eq. (10.5). As v~ € N for Laughlin
fractions, one has to exploit the expansion of Eq. (10.7) to leading order in the cutoff, which is valid for all
integers v~! > 0, i.e., the logarithmic expansion, Eq. (F.43).

As already pointed out in Sec. 10.5.3, this expansion consists of two sums. In the case v = 1, the leading
term in 79/ belongs to the Fermi/DC sum. However, here, the expansion in orders of 74/ favors another
term, which belongs to the second sum, the correlated-AC sum, see Eq. (F.45). More precisely, the leading
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term is of first order in 79/8 and yields a current:

_ 20 ,
) = gy (o) 3 | e | (1021
Im

T
where (z),, is the Pochhammer symbol, defined in App. F.6. This expression can take a simpler form, since
following the steps used to obtain Eq. (10.20), one can write

e

(Ir(t)) = (21 —1)(2v—1 = 2)(2v~1 — 3) 7202QA

Im [A%e2V]§C + 26V (£)INE) — A(t)agm} .

(10.22)
Finally, computing explicitly the imaginary part, one can express the final result in a unified way for
both types of drives defined in Eq. (10.3) as

e 1
(It(t)) = (g — 1) (2 _ 2) (2 _ 3) m202QA

o (\*V) . (10.23)

This result is quite intriguing as it involves the time derivative of the AC Landauer formula, Eq. (10.19).
As in the Fermi liquid computation, there is no temperature dependence to this order in the cutoff, this
reflects the wide band limit of the Luttinger model.

In the case of a voltage drive, the junction in the strong backscattering regime behaves as a standard
capacitor, i.e.,
(r(t)) = e (10.24)

dt
with a capacitance
e? Y

(2-1)(2-2)(2-3) n202QA"

v v v

C =

(10.25)

2
which, after restoring the proper powers of i, can be further recast as C' = c(%_l)éi‘;)(%_g) <2—2> , where

c = ¢e%/(hv) is the quantum capacitance by unit length.
In the case of a gate drive the situation is different, defining the transmission of the junction as 7(t) =
4)\%(t), the current reads

CZVDC dT(t)
TG G-y meon @

(1) = ¢ (10.26)

As very different solutions arise from the same initial formula Eq. (F.38) at integer v, but in different
regimes, a reminder of the differences between these regimes might prove helpful. To summarize, the general
expansion of the hypergeometric function in 7/ for positive integer Vl_)l yields a current consisting of two
sums, see Eq. (F.43). There are three different situations. When the junction is driven by a DC drive only,
when the junction is driven by an AC drive and it is in the Fermi regime, v = 1, or when the junction is
driven by an AC drive but correlations are present, i.e., v~ > 1.

When the junction is in the Fermi liquid regime (v = 1) or solely driven by a DC drive, the leading terms
of the expansion belong to the same sum which can therefore be called the Fermi/DC sum, see Eq. (F.44).
In the DC case, this term yields the duality transformation of the already known weak backscattering DC
result, see [52]. In the Fermi liquid case it yields a straightforward extension of the Landauer formula which
can be called the AC Landauer formula.

When the junction is driven by both a DC and an AC drive (applied to either the edge or the gate) and
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correlations are present, i.e. v~! > 1, the leading contribution to the current comes from another term,
which can therefore be called the correlated-AC sum, Eq. (F.45). This term yields a current proportional
to the time derivative of the AC Landauer formula, Eq. (10.23).

10.7. Conclusion

This chapter describes a proposition of setup to measure the scaling dimension of the quasiparticle operator.
The considerable theoretical investment for the search of signatures of the statistics of anyons of the FQHE
in the context of electronic quantum transport setups was highlighted in the previous chapter. But most
of these setups require quite complicated geometries or types of measurements. Noting that the statistical
angle of anyonic quasiparticles is intimately tied to the scaling dimension of the quasiparticle operator
a naive question arises: can this scaling dimension be detected via a careful measurement of the time-
dependent backscattering current in the weak backscattering regime? Of course, measuring the statistical
angle is of fundamental interest but it is to be noted that the scaling dimension in itself is also an important
quantity to measure as it would allow to discriminate between the different possibilities of edge states
contributing to the current.

For this purpose, this chapter started with shining a new light on the theory of time-dependent transport
in the FQHE. I has been remarked that such transport can be achieved in two distinct ways. Either one
modulates the gate voltage applied to the QPC (this type of drive does not appear to have received much
attention in the context of time-dependent transport), or one adds an AC modulation on top of the DC
voltage drive (as was proposed theoretically in Refs. [52, 87]).

An important result of Chap. 2 was recalled, that both drives can be described with a unified approach:
the only difference between them resides in the details of the Fourier decomposition of the tunnel amplitude
describing them. The time-dependent current can then be computed analytically in terms of sums over
these Fourier coefficients, further involving a Gauss hypergeometric function, a result which is quite abstract
in nature. In order to make progress, expansions to leading order in the cutoff need to be subsequently
performed. Interestingly, these expansions depend crucially on the value of the scaling dimension vp and
whether the QPC is in the weak or strong backscattering regime.

For the weak backscattering regime, the time-dependent current can be characterized as a constant term
accompanied by its harmonics at multiples of the drive frequency. It is precisely in these harmonics that
it might be possible to isolate the scaling dimension of the quasiparticle tunneling operator. Indeed, by
choosing a simple cosine modulation for a gate drive, it was possible to show that the phase shift of the
second harmonic of the time-dependent current is directly proportional to the scaling dimension at low
temperature, which constitutes the central message of this chapter. It was stressed that this connection
is robust at finite temperature, rendering it accessible to experimental observation. A typical experiment
would require to multiply the time-dependent current signal by a proper harmonic drive at twice the drive
frequency to detect this phase shift.

For completeness, a full treatment of the expansion properties of hypergeometric functions which appear
in the general expression of the time-dependent current was provided, this allowed to derive results for both
the Fermi liquid limit ¥ = 1 and for the strong backscattering limit. In the former case, a time-dependent
generalization of the Landauer formula is quickly obtained in the v = 1 limit of the chiral Luttinger model.
In the case of strong backscattering, the current can be written in terms of time derivative of the drives.

The main result about the phase shift suggests that a careful measurement of the time-dependent current
for a device containing a single quantum point contact could provide an insight on the detection (albeit
indirect) of fractional statistics in the fractional quantum Hall effect.

103






11. Interacting pulses

11.1. Introduction

This chapter will deal with a new aspect of electron quantum optics in correlated systems, that of interaction
between Levitons, due to a correlated background. Following the same lines as Chap. 7, the idea is to propose
a setup that would have an experimental or technological application. In this case, the main application
of electron quantum optics in quantum computation schemes nowadays is through single flying qubit [1, 2,
33-36] propagating in ballistic channels (in a QPC-like setup). Even in the absence of interaction, the qubit
operations can be monitored by the length of the tunneling region and the voltage drive applied. In contrast,
the realization of two-qubit quantum gates requires an interaction between electron flying qubits[36]. The
Coulomb interaction in the FQHE introduces a quantum phase between the two states which is at the
origin of the entanglement required to implement a two-qubit gate. The aim of this chapter is therefore to
describe a system in which two Levitons interact with each other, so far, to the knowledge of the author,
no theoretical proposal or experimental evidence of such a system exist.

Due to the intrinsic property of Levitons in non correlated systems, ¢ different Levitons can be injected
in a single period and travel without interacting along ballistic channels. The many-body states that are
consequently formed are called multi-electron Levitons or, simply, ¢-Levitons [47, 54, 169]. It is interesting
to investigate if this result holds when considering correlations due to the fractional quantum Hall effect. It
seems relevant to focus on the Laughlin sequence as the absence of decoherence induced by other propagating
channels [55, 170, 171] might be a hindrance. A periodic drive will be applied so as to send two-Leviton states
in a single period with a time separation At. In the presence of a quantum point contact operating in the
weak-backscattering regime the usual tools to characterize the state are that provided by charge transport,
hence the aim is to compute the average backscattered charge (by means of the Keldysh technique). Stated
simply, the aim of this chapter is therefore to study precisely the transport counterparts of the interaction
between Levitons in the FQHE when sent to a QPC.

In the limit of an infinite period and zero temperature, it is shown that the backscattered charge for
a two-Leviton state is not equal to twice the backscattered charge for a single Leviton. This result can
be interpreted in terms of the wave-packet formalism for Levitons, by an effective interaction between
the two Levitons induced by the strongly-correlated background. Finally, numerical calculations, both at
finite temperature in the single pulse case and in the periodic case, are performed. It is shown that the
value of the backscattered charge for two-Leviton states is strongly dependent on the pulse separation, thus
opening scenarios where the effective interaction between Levitons can be monitored by a single experimental
parameter.

The chapter is organized as follows. Sec. 11.2 introduces the model of the quantum Hall bar with
quantum point contact and the source of Levitons. The backscattered charge at the quantum point contact
is computed in Sec. 11.3 for isolated pulses of Levitons and for a periodic drive, the interpretation in terms
of the wave-packet formalism for Levitons is also given here. The backscattered charge is studied thoroughly
in Sec. 11.4. This is done numerically by plotting it as a function of different system parameters.
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Figure 11.1.: Schematic view of the setup. A two-dimensional electron system is in the Laughlin series of
the FQHE, with a single edge state propagating on the boundary. The system is connected
to four terminals: a periodic voltage drive V' (¢) applied to the source terminal S is injecting
multiple Levitons in each period separated by a time delay At smaller than the period itself.
The opposite edges are connected by a QPC placed in x = 0. The charge backscattered at the
QPC, namely @, is measured in the drain D. The remaining terminals (in gray) are grounded
and they are not involved in any measurement.

11.2. Model

As in the previous chapters, the system considered is a four-terminal FQHE bar at filling factor v =
1/(2n + 1), with n € N, hence the bulk is insulating and charge transport occurs at the edges, depicted
as chiral Luttinger liquids. Furthermore, at this filling factor only one chiral edge mode emerges at each
boundary of the sample. These modes are connected by a QPC, operating in the weak-backscattering
regime, where tunneling is dominated by Laughlin quasi-particles with charge e* = ve. A time-dependent
voltage V' (t) is applied to terminal S, the charge backscattered at the QPC is measured in the drain D and
the two remaining terminals are assumed to be grounded. An illustration of the situation is provided in
Fig. 11.1. The total Hamiltonian that describes this system is given by H = Hy + Hp and consists of edge
states and tunneling terms respectively.

Z /dx Oupr(x, )% (11.1)

TRL

where ¢(x,t) are the bosonic fields defined in Chap. 9, their time dependence comes from the fact that
the voltage transports them along the edge. The voltage drive V (¢) is chosen to be a train of Lorentzian
pulses and the injected charge is defined as —ge = 6227” fOT dt V(t). The drive is said to be quantized when
q is any integer, thus creating g-Levitons. Furthermore, in order to study the effects of the background
correlations on ¢-Levitons it is important to account for the possibility of injecting multiple Levitons in one
period separated by a delay At. The corresponding time-dependent potential is

g—1 +o0

42
Z Z T2+ (t— kT — jAL)? (11.2)

7=0 k=—0
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™

with period T = %, amplitude Vj and width 2v. Later, the simpler case of an isolated pulse will be
considered.

Finally, as before, tunneling between the two edges which occurs at the QPC, i.e., at x = 0, hence only the
time dependence of the field is considered. Following the tradition of transport in the weak backscattering
regime [147, 149, 150], the tunneling of Laughlin quasiparticles between opposite edges is considered to
be the only relevant process. Annihilation fields for Laughlin quasiparticles carrying fractional charge —ve
(with e > 0) are defined through the standard procedure of bosonization [134]. Ignoring the Klein factors,
they read as

1 . i
Yr/o(t) = o () o~ vw /(@) (11.3)
where a is the short-distance regularization parameter and
1 .
‘IIR/L(t) = 7\/%62\/D¢R/L(t) , (114)

are the fermionic fields. The backscattering Hamiltonian therefore reads as

Hp =\ Y [ Oufun) . (11.5)
e=+,—
where € = — means Hermitian conjugate and ¢(t) is the phase difference between the two electrodes, defined
as
t
o(t)=¢* / dt'v(t). (11.6)

11.3. Charge backscattered at the QPC

As shown in Ref. [54], the transport properties before the QPC does not carry any information about the
effect of strong correlations of the propagation of ¢g-Levitons. Hence, it is only relevant here to investigate
the properties of the charge backscattered at the QPC. It is expected that, due to the non-linear nature
of the tunneling at the QPC, effects of interaction will be manifested in the backscattered charge. For a
periodic time-dependent voltage, the charge which is backscattered in one period 7T is given by

T/2
Q= [ arim). (1.7
~T/2
where the backscattering current reads as
=ie'A 3 el Opnt)tunt)] (11.8)
e=+,—

The restriction to the weak backscattering regime allows to compute the excess charge density perturbatively
in the tunneling Hamiltonian Hg. Thermal averages are thus performed over the initial equilibrium density
matrix in the absence of tunneling. In order to properly manage the out-of-equilibrium dynamics of the
system, calculations are carried out in the Keldysh formalism. To lowest order in the tunneling amplitude
A, the backscattered charge is defined as

. 6*)\2 oo QVQ(T) T/Q .
Q=is5> 3 dre dt sin[p(t) — p(t — 7)] , (11.9)

2 a2 —T/2
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where the connected bosonic Green’s function G, which was introduced in Chap. 9, is computed in App. F.1.

The expressions for the backscattered charge @ is valid for any arbitrary driving voltage V' (t) even though
this study will focus on the case of g-Levitons, specifically ¢ = 1 and ¢ = 2. In the latter case, the time
delay separating the two pulses is called At. Before performing a numerical evaluation of @) for a finite
period T, it is enlightening to consider the case of isolated pulses (v < 7). In this case, precise analytical
expressions are carried out at zero temperature for the backscattered charge in order to set the stage for
later discussions. These results are completed with finite temperature plots obtained numerically. For the
sake of completeness, the calculations for the charge fluctuations are also performed in the case of isolated
pulses at zero temperature.

11.3.1. Isolated pulses
11.3.1.1. Backscattered charge

In the case of isolated pulses the integral over ¢ in Eq. (11.7) can be extended from —oo to +oo and can be
solved analytically at zero temperature. This limit is well-defined only for voltage pulses that go to zero at
t = 400, which is the case for Lorentzian-shaped pulses. The expression for the charge becomes

*)\2 “+o0 d —+o00
Q=is / T / dt sin [p(t) — ot — 7)], (11.10)
2m2a? J_ oy v

where the zero-temperature limit of the bosonic Green’s function (defined in Eq. (9.35)),

G (r) = —log (1 + iT) : (11.11)
70
was used. The integral over ¢ can be performed analytically for integer values of q. For ¢ = 1, the

computation is carried out thanks to the residue theorem, one finds

i A 2 2,)/ 2—2v o 2v—1
a=c() (2) +ol(3) | 2

where only the leading order in 7y/7 is kept. In the case ¢ = 2, where the isolated pulses are separated by
a constant delay At, the integral over t gives a backscattered charge

11.13
7T2a2 TO ( )

>—2u T [(474 + At2)2 — 72 (3A? + 492) + 27’4}
(

e* Foo T
= 16my%i )\2/ dr (1+i— :
@2 = 10w oo ( o 2 (A7) 42) (AL =) 4 4P)

This integral can also be computed using the residue theorem and, to leading order in 79/7, it yields

2i7\ iAL\ "% 42 0\t
1+270) (1= = 2(1+ L 0 . 11.14
(+5) (-5) |2 (e ) o (5 ey

The backscattered charge for two pulses is therefore proportional to that generated by a single pulse. For
the integer filling factor v = 1, it yields the trivial result that Q2 = 2@Q);. Nevertheless, for fractional
filling factor, the constant of proportionality depends on At and v and Q2 # 2Q)1. As a result the charge
backscattered when two Levitons are impinging at the QPC does not amount in general to twice the
charge backscattered when a single Leviton is injected. This is an immediate consequence of the strong

Q2 = Q1{2Re
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Figure 11.2.: Backscattered charge for a two-Leviton state Qo, in units of that induced by a single Leviton
and as a function of At/~ at zero temperature. The black and red dotted lines represent
respectively the limits of simultaneous (At/y — 0) and well-separated pulses (At/y — 00).
The figure was obtained filling factor v = 1/3.

correlations that characterize Laughlin states (and which are also responsible for the non-linear current-to-
voltage characteristic in the presence of the tunneling of quasi-particles at the QPC).

Before concluding this part, it is instructive to analyze two extreme limits of the ratio At¢/v. The limit
of simultaneous pulses, which is obtained when At/y < 1 in Eq. (11.14), yields

li =920 (2 - 3v + 20%) . 11.15
At/lgn_)OQz Q1 ( v+ 2v°) ( )

In this limit the constant of proportionality acquires a simple expression, becoming independent of v and
being determined solely by the filling factor v. It is to be noted that, both when v = 1 and v = 1/2
this yields the non-interacting result Q2 = 2Q)1. In the opposite case of well-separated pulses, i.e., when
At/~ — oo in the expression for Qa,

lim Q2 =2Q;. (11.16)

At/y—00

Indeed, in this case, for any filling factor the charge backscattered for two Levitons is twice the one obtained
with a single Leviton. For well-separated injection time, the system has relaxed to equilibrium when the
second pulse comes in. As a result, the two Levitons behave as two independent single pulses. These results,
together with their finite temperature counterparts, are summarized in Fig. 11.2, where the black and red
dotted lines represents the two limits of simultaneous and well-separated pulses. It seems relevant to remark
that, at zero temperature (blue curve), the limit of well-separated pulses not reached exponentially but as
~ At~2 due to the long-tail feature of Lorentzian pulses.

At finite temperature, numerical computations of the backscattered charge can be preformed. The
results are also represented in Fig. 11.2, the backscattered charge when two pulses are sent simultaneously
is decreasing with temperature. For low enough temperatures, see the purple curve of Fig. 11.2, this charge
can be lower than twice that induced by a single pulse. Furthermore, the backscattered charge as a function
of the time shift shows a minimum which gets closer and closer to 0 as the temperature increases. The
time shift at which this minima is reached appears to be roughly proportional to the inverse temperature
Atin ~ 071 Finally, for time shift higher than At;,, the limit of well separated pulses seems to reach the
exponentially the limit of well-separated pulses.
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11.3.1.2. Charge fluctuations

In order to further characterize the transport properties of this system it is useful to consider the analytical
calculations of charge fluctuations. These fluctuations are defined as

Sg = /:O dt /:o dt' {Ip(t)Ip(t)) — Q*. (11.17)

Similarly to the backscattered charge fluctuations, the above integral can be computed at zero temperature
and for isolated quantized Lorentzian pulses, in order to provide the analytical expressions of charge fluctu-
ations for ¢ = 1 and ¢ = 2. An important new feature with respect to the charge is that their fluctuations
diverges at zero temperature: as discussed in Ref. [172], the integral should be regularized by subtracting
its value at equilibrium, i.e in the absence of voltage pulses. The regularized quantity reads as

S = <€*A>2 /+OO dr e29(7) /_Z dt {cos [p(t) — o(t — 7Y — 1} | (11.18)

Ta oo

where the notation S’Q for the regularized charge fluctuations was adopted. The calculation of the integrals
over t can be performed analytically for integer values of ¢ using the residue theorem, one finds

I~ 46*)\2’}/ Fo0 72
So1 = —¢* dr ——— 97 11.19
@1 ¢ TUATS /_oo Ty 4726 ( )
for ¢ = 1 and
< 2e*A\? [ 3294 + (A2 — 72)° 4 442 (3A¢2 — 72 2
So2 = —27r'y< ‘ ) / drr? T ) | ) <1+iT>
ma ) e AL 4 492) [(At+ 1)+ 492] (AL - 1) 4 47?] 70

(11.20)
for ¢ = 2. The residue theorem can be used once again to perform both integrals over 7 and the final
expressions for the charge fluctuations for ¢ = 1 and ¢ = 2 are

k 2 —2v
So1=2 (26 ’\7> (1 + 27) . (11.21)

VFTO

~ e* A\ 2 27 22 4?2 24y 2 N AN
Spo2 =2 — 2(14 — 2Re 1+ — 1—— 11.22
02 <UF> (TO> < +At2>+ e( +At> < 27) ’ ( )

to leading order in 79/ — 0. It is instructive to introduce a Fano factor for the charge as

and

— S~Q7172
Q1,2

Therefore as usual, Fp = 2e* for ¢ = 1 and also for ¢ = 2 independently of the separation between the
Levitons. However, the above Fano factor has been defined by employing the regularized charge fluctuations
in order to yield Fano relations similar to those existing between current and noise in other setups, see e.g.
Refs. [52] and [173]. Due to the proportionality between regularized charge fluctuations and backscattered
charge, the plot of Sg2/Sg,1 as a function of At/vy has the exact same behavior as the one depicted in
Fig. 11.2 and is not displayed here.

The natural prolongation of these results reside in the extension to periodic trains of such pairs of Levitons.

Fo (11.23)
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However, it makes more sense to first present a physical interpretation of the above results in terms of the
wave-packet formalism of Levitons.

11.3.2. Correlated two-Levitons state

In this part, the aim is to recast the expression for the backscattered charges Q1 and Q)2 at zero temperature
in terms of the wave-function of an isolated Leviton. The latter was derived in Ref. [174] is given by

x(t) = \/Zt—lm' (11.24)

For the following discussion, it is useful to introduce the excess charge AQ as

AQ = Q2 — 2Q1, (1125)

which represents the backscattered charge in excess compared to the trivial case at ¥ = 1. By using
Eq. (11.24), the charge Q; can be recast into

Q1 = “2/2 dt /_Z dr Re [y ()" (t — 7)] 7 <1+iT> s (11.26)

2m2q? To

The charge Q1 contains a product of Leviton wave-function x, as a result, it is determined directly by the
charge density of the state injected on the system ground state. Following the same lines, the excess charge
AQ can be written in terms of Leviton wave-functions as

€*A2 o]
AQ = fri /_ () (6 ADX(E+ A0 e (11.27)
where ~
gu(t, At) = / drx*(t — 7)x*(t — 7 + At)7>7%. (11.28)

In contrast with @)1, the excess charge is related to the product of four Leviton wave-functions, hence it is
related to a density-density interaction between Levitons. A possible interpretation of this result is that the
strongly-correlated background mediates an effective interaction between the two Levitons. In the above
expression 7y was set to zero since the integrated function is well-behaved around 7 = 0. Remarkably, for
v =1 (no interactions), this function vanishes

o0

gor (1, A) :/ dry*(t — 7)X*(t -7+ At) = 0, (11.29)
—0o0

which is the standard solitonic behavior of Levitons in non-correlated media. Tracing back this result, the
function g, is different from zero for fractional filling factors because of the propagator ¢2*9(7). The power
law decay for fractional filling factors is slower than 72, thus inducing long-time correlations between the
two Levitons. These correlations do not affect the charge only when the pulses are well separated (limit
of At very big). Otherwise, correlations induce an effective interaction between Levitons that effectively
enhance the value of the charge Q2 compared to the limit of two well-isolated pulses.

It is important to mention that the effect described above cannot be ascribed to braiding effects related
to the anyonic statistics of the excitations in the fractional regime. Indeed, as was shown in Ref. [74], one
should not expect any kind of braiding effects for pulses carrying an integer multiple of the electronic charge.
This is one of the reasons for considering only integer values of g rather than generic fractional values, where
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braiding effects may also affect the charge backscattered at the QPC.

11.3.3. Periodic train of Levitons

In order to discuss possible experimental realization of such interacting pairs of Levitons, it is essential
consider the periodic drive. Furthermore, not only do the previous results hold but also new phenomena
arise. In the case of a periodic signal, no close analytical expression can be derived for the backscattered
charges Q1 and Q2 and one has to resort to a numerical calculation. The latter is conveniently carried
on in the photo-assisted formalism, where the transport properties are expressed in terms of the Fourier
coefficients of the phase associated with the periodic signal [175]. In the following, only Lorentzian-shaped
pulses with ¢ = 1 and ¢ = 2 are considered. From the results of the previous chapter!, the photo-assisted
expressions for the backscattered charges Q1 and Q)9 are

2
Q1=9 Em Do [T (V+Z T > sinh <20 >, (11.30)

2

_ 2 m+2 . m 4+ 2
Q2 =09 gm o, |T (V+z T > sinh <29 ), (11.31)
where )
. 26* )\ 20—2 9

Q= T <U> (2mh1p) T2 (11.32)

and the reduced temperature § = 6/hw. The photo-assisted coefficients are computed ¢ = 2 in App. G.2 in
terms of the rescaled pulse width n = /7 and the pulse separation o = At/(27). For ¢ = 1 they read as

e~ 2mnm (1 — 6*47”7) m >0

Ppm = —e 2™ m=—1 (11.33)
0 m < —1.
and for ¢ = 2,

1—eima(m+1)] _o—dmn—ira[]_gima(m+3)
[ - (]1_eei7ra)ei7ran[1 - ]pm m 2 0

b= ez:ﬂ'a e—ima + 1) (1 _ 6—47”7) P_1 m=—1 ‘ (11'34)
emap? . m= —2
0 m < —2

The sums appearing in Egs. (11.30) and (11.31) can be evaluated numerically: their convergence is assured
by the negative exponential of coefficients p,, in Eq. (11.33). As for the case of isolated pulses, the excess
charge is defined as AQ = Q2 — 2Q); for the periodic drive. A meticulous numerical exploration of the
parameters can be found in the next sections.

It has been shown in Ref. [173] that a Fano relation exist between noise and backscattered current for
one-Leviton and multi-Leviton states regardless of the value of the time separation At. As a result, apart
from the fact that transport is Poissonian, the fluctuations do not give more information on the interaction
between the pulses than the current . The following study therefore focuses on the current and no discussion
about noise is provided. Moreover, it is instructive to point out that the regularized charge fluctuations
introduced for isolated pulse in Eq. (11.18) do correspond to the equivalent expression from the periodic
case in the limit n — 0.

'Indeed, the backscattered charge is the average value of the current over a full period times the period.
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Before concluding this section, an interesting situation is discussed, that of the injection of two excitations
with opposite charge, i.e., one Leviton and one anti-Leviton, separated by a time delay At in the same period.
The applied voltage is

+00 )
vV Z Z Vo ~y
T + (t — 11.
" s_isk:_oo V2 4 (t — kT + sAt/2)2’ (11.35)

It is therefore an even function of time, i.e V(t) = V(—t). The first consequence, as shown in App.G.1 is
that the backscattered charge induced by this voltage vanishes for any value of At. As a result, the current
is not Poissonian and the interaction between the Leviton and the anti-Leviton cannot be probed by a
measure of the backscattered charge. A computation of the charge fluctuations might therefore prove to be
useful. To this end, the equivalent of the calculation leading to Eq. (11.22) can be performed. The charge
fluctuations induced by a single couple of Leviton anti-Leviton, read as

27y 2
(%) +1
Where [ stands for Leviton and [ stands for anti-Leviton. This result bears a simple physical meaning, when
At/~y — 0, the Leviton is superposed with the anti-Leviton in the drive, resulting in no drive at all, and
when At/y — oo they are well separated and give twice the fluctuations of a single Leviton.

Finally, it is worth to point out that the case of Leviton and anti-Leviton is equivalent to an HOM
interferometer, where two Levitons with the same charge are injected from two opposite terminals, e.g.,
terminal S and the gray terminal of left moving particles in the setup of Fig. 11.1, separated by a controllable
time delay. Indeed, the charge fluctuations for the case of two excitations with opposite charge separated
by a time delay correspond to the well-known analytical expression for the charge noise computed in an
Hong-Ou-Mandel configuration, see for instance Ref. [52].

S 2 Sous (11.36)

QU —

11.4. Results

In the previous section, a connection was established between the excess charge AQ and the effect of
the strongly-correlated background on the two-Leviton state. Follows an analysis and a few plots of this
quantity as a function of different parameters.

11.4.1. Comparison with the isolated pulse case and effects of time separation

Before investigating the excess charge, a plot of the backscattered charge Q2 as a function of At/ in the
periodic case is presented in Fig. 11.3. The filling factor is v = 1/3, Q2 is normalized with respect to @1, and
different values of the parameter n = /7T correspond to different colors. In order to provide an estimation
for the experimentally realistic value of v, the width of the pulse is chosen to be that tailored for future
applications in the quantum information domain. The pulses should be as short as possible in order to
maximize the time over which the single-electron excitations stay the micrometric tunneling region. It has
been estimated that the required pulse width to perform a single-qubit rotation is roughly v ~ 10 ps, which
is at the limit of state-of-the-art technology [36]. Shorter pulses can be envisioned by resorting to schemes
based on optoelectronics generation [176]. Generally, the frequency is set to /27 = 5 GHz in experiments
involving Levitons, the resulting value for the dimensionless width is 7 = 5 x 1072, For theoretical purposes,
i.e., a comparison with purely isolated pulses, values of 7 far lower than this estimation are also considered,
see Fig. 11.3. Indeed, for n = 1074, 10~° the colored lines corresponding to the periodic case approach the
black dashed line, which correspond to the case of isolated pulses. The limit of isolated pulses therefore
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Figure 11.3.: Backscattered charge for a two-Leviton state (02 in units of that induced by a single Leviton,
as a function of At/ and at zero temperature. The black dashed line represents the limit of
a single pulse. Solid lines are computed for the periodic case with n = 1072,1073,1074,1075.
The black dotted line is a visual guide for Q2 = 2Q);. The figure was obtained at filling factor
v=1/3.

corresponds to infinitely large periods v < 7, as anticipated in the model section. For nn = 1074,107°
the ratio Q2/Q1 is always greater than or equal to 2: the effect of the correlated background is always to
enhance the backscattered charge compared to the case v = 1 as for the case of an isolated pulse. On the
other hand, for n = 1072,1073, the ratio Q2/Q can also be smaller than or equal to 2, which means that
the effect of the correlated background is strongly affected by the width of Lorentzian pulses in the periodic
case. In passing, this additional feature occurs for values of  which are closer to realistic estimation. For
this reason, it is interesting to explore further the dependence of the backscattered charge on the other
parameters: o = At/(27) and n = v/T. The excess charge, Eq. (11.25), gives a diagnosis on the type of
interaction, for AQ > 0 (AQ < 0), the backscattered charge is increased (reduced) by strong correlations
with respect to the trivial case at v = 1. In Fig. 11.4, the excess charge as a function of « is presented
for different values of 7. Generally, for a large range of 7, the sign of AQ can be monitored by tuning the
parameter a. Interestingly, there exist some values of o where the excess charge AQ vanishes. The effect
of strong correlations on two-Leviton states can therefore be tuned on and off by acting on the separation
time At. Above a certain value of 7, the sign of AQ is negative for any value of « at zero temperature and
v = 1/3. While the specific values of 1 depend on temperature and filling factor, the important result is
that there always exists a width of Lorentzian pulse above which the sign of AQ is strictly negative.

11.4.2. Effects of the pulse width

Similarly, in Fig. 11.5 the behavior of the excess charge is depicted as a function of 5. In particular,
for increasing values of n all the lines reach the asymptotic excess charge AQ = @1 (22” — 2), which
corresponds to the limit of a constant voltage Vpo = h2q/e. In the inset of this figure, these curves are
zoomed-in around the range 7 = 1073 — 1072, The black dotted is a visual guide for the limit 7 — oo:
in this case the periodic drive corresponds to a constant voltage with ¢ = 2 and one finds the analytical
value of AQ = @, (22” S 2). Again, for some values of « and 7 the excess charge AQ) vanishes and by
tuning these parameters its sign can be reversed. More precisely, one can see that AQ changes sign only
for « = 0.01 and o = 0.1.
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Figure 11.4.: Excess backscattered charge AQ in units of the backscattered charge Q1 due to a single Leviton,
as a function of o = At/2T at zero temperature. The black dotted line is a visual guide for
AQ = 0. Solid lines are computed for the periodic case with n = 1073, 5 - 1073,1072,2 - 1072
The figure was obtained at filling factor v = 1/3.

Figure 11.5.: Excess backscattered charge A in units of the backscattered charge Q1 due to a single Leviton,
as a function of n = v/7T and at zero temperature. Various values of o are represented with
different colors, a = 0.01,0.1,0.5,1. The figure was obtained at filling factor v = 1/3. (Inset)
Zoom of the same plot between n =0 and n =2 - 1072
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0.8

v=1/3 -= v=1/5 —_— v=1/7

AQ/CQ

0.0 0.5 1.0 1.5 2.0

Figure 11.6.: Excess backscattered charge A(Q in units of the backscattered charge ()1 for a single Leviton,
as a function of @ = At/27 and at zero temperature. The black dotted line is a visual guide
for AQ = 0 and corresponds to the case v = 1. Different filling factors are represented by
different colors for the following values v = 1/3,1/5,1/7. The figure was obtained at n = 1072,

11.4.3. Effects of the filling factor and the temperature

Finally, the dependence of AQ on the properties of the strongly-correlated background is explored. The
latter are encoded in the Green’s function which in turns depends on the filling factor v and the temperature
#. The dependence of A(Q on the filling factor and, therefore, on the strength of the interaction is presented
in Fig. 11.6 for v =1/3,1/5,1/7. In general, two behaviors emerge as the filling factor is reduced. First of
all, the values of a for which the excess charge vanishes increase, thus a stronger interaction requires larger
separation time At to compensate its effect on the two-Leviton state. Moreover, for stronger correlations,
the absolute value of the maximum (in a = 0) and the minimum (in a = 1) of AQ are also increasing.
The effect of temperature in Fig. 11.7 can be summarized as follows. A qualitatively different behavior of
the current as a function of « arise for different regimes of temperature. For low temperature, the excess
charge behaves as in the zero-temperature case (blue line), i.e., a single minimum appears at « = 1. As the
temperature is increased, a plateau develops for intermediate values of «. In the high temperature limit,
two minima appear for values of « different from o = 1 and which depend on the specific temperature.
Furthermore, in this regime, AQ reaches a local maximum in o = 1. Finally, the excess charge AQ is
changing sign as a function of «, except for the highest value of # = €: in this case A(Q is always negative.
In order to make contact with experiments it can be said that for 2 = 27 x 5 GHz, the temperature 6 = ()
corresponds to roughly 1.5 K.

11.5. Conclusion

In this chapter, the effect of a strongly-correlated system on the propagation of two-Leviton states were
studied in the particular case of a two-dimensional electron gas in the Laughlin sequence of the fractional
quantum Hall effect. These Levitons are injected by periodic trains of quantized Lorentzian-shaped pulses
with controllable width and time separation. It was recalled that Levitons, in the tunnel regime, are minimal
excitations states. Considering a quantum point contact, the backscattered charge was computed for the
low-transparency limit. Analytical results are derived in the case of isolated pulses (i.e., infinite period)
and zero temperature. Then, the charge backscattered for the two-Leviton state, namely @2, is computed
and compared with the backscattered charge in the presence of a single pulse, termed (1. By an explicit
calculation, it is shown that (2 > 2Q); in the fractional regime, in contrast to the trivial result Q2 = 2Q

116



11. Interacting pulses — 11.5. Conclusion

0.0 0.5 1.0 1.5 2.0

Figure 11.7.: Excess backscattered charge AQ), in units of the backscattered charge )1 for a single Leviton,
as a function of @ = At/27 and for different values of temperature. The black dotted line
is a visual guide for AQ = 0. The different curves were obtained at different temperatures
0 =0,0.49,0.7Q, Q2. For higher temperatures, two local minima appear at the left and at the
right of & = 1. The figure was obtained at v = 1/3 and n = 1072

at v = 1. Interestingly, in the limit of simultaneous pulses (At < +), the backscattered charge acquires
a simple expression depending only on the filling factor v. By resorting to the wave-packet formalism for
Levitons, the former results are explained by conjecturing the existence of an effective interaction between
the two Levitons, caused by the strongly-correlated background.

The case of single pulses at finite temperature was then studied numerically. These simulations show
that, for high enough temperatures and even for simultaneous pulses, Q2 < 2@Q1. Relying on the effective
interaction interpretation, this means that the temperature, together with the time separation of the pulses,
can be used to monitor the intensity and the sign of the interaction.

Then, in order to make contact with experimental situations, the case of both finite temperature and
finite period is considered, it relies on numerical calculations in the photo-assisted formalism. In the periodic
case, one can tune the backscattered charge ()2, as a function of At, to be smaller than, equal to or greater
than 2Q)1. The effect of the correlated background are considered in the dependence of the backscattered
charge on the filling factor and on temperature. As in the case of single pulses, the effective interaction can
be tuned from positive to attractive by monitoring the width of the pulse, the period and the temperature.
The numerical calculations are based on realistic estimations of the parameters that can be achieved with
state-of-the-art technology.

Interesting extension of the present work can be the calculation of the backscattered charge in the
presence of extended or multiple quantum point contacts, thus taking into account the effect of quantum
interference [177-179]. Indeed, the realization of quantum computing architecture with Levitons requires
the presence of multiple tunneling regions.
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Conclusion

Summary In this thesis, time-dependent quantum transport through a quantum point contact in correlated
systems was studied and proposals of applications to electron quantum optics were put forward. It started
by recalling the basics of quantum transport in quantum point contacts, as well as the formalism suitable
for computing observables, like the average electric current or the current noise, in out-of-equilibrium
situations (finite temperature and voltage-driven junction). The focus was directly set on periodic voltage
drives, the principal features of Floquet theory, describing quantum systems with periodic Hamiltonians,
were explained as a tool providing a physical interpretation for transport observables in such systems. An
application of this interpretation was proposed for the simplest non-correlated system, the N — N junction.
This allowed, using the Tien-Gordon picture, to show that the current noise created by the periodic drive
is equal to the DC equivalent when no holes are excited by the drive. From this, as was done by Levitov et.
al., it is possible to design a drive which only excites electrons above the Fermi sea without perturbing it.
Furthermore, measuring the noise in excess allows to actually ascertain that the Fermi sea is not perturbed.
This constitutes the paradigm of electron quantum optics with Levitons in non-correlated systems.

The second part of the thesis provided an extension to the concept of Levitons to systems with supercon-
ducting correlations. To this end, the basics of BCS superconductivity were recalled as well as transport in
the DC-driven N — §' junction. Studying this junction under a periodic drive, the first thing to show was
that in the regime where the drive frequency is far greater than the superconducting gap, the behavior of
the N — N junction is retrieved, i.e., integer Levitons are minimal excitation states of the junction. On the
other hand, it was found that, in the Andreev regime of the junction (frequency of the drive far lower than
the gap), when two equivalent half Levitons of opposite spin are sent at the N — S junction, they create
a minimal excitation state of the junction. Using the fact the BCS ground state is entangled both in spin
and energy, these so-called Andreev Levitons were used to design an on-demand, time-resolved source of
energy-entangled states in a junction involving a BCS superconductor and two spin-polarized edge states of
a quantum spin Hall bar. This might constitute the first proposition of an electron quantum optics device
generating on-demand energy-entangled state with Lorentzian pulses. For completeness the N — S junction
was studied in detail in every regime of the drive frequency, this allowed for example to explain, from the
simple Tien-Gordon picture, how a non-linear density of states (due to interactions) can lead to negative
excess noise. Further, thanks to the Floquet interpretation, it was possible to understand how does the
Tien-Gordon picture break down when taking into account both non-linear density of states and higher
order tunneling events.

Finally the third part of this thesis focused on time-dependent transport in the fractional quantum Hall
effect (FQHE). After recalling the basics of the FQHE and of the chiral Luttinger liquid theory used to
describe its the edge states, the standard results for tunneling at quantum point contact in the FQHE were
recalled. A robust way to measure the scaling dimension from the time-dependent current instead of the
noise was proposed. It relies on the fact that the QPC can be driven either by a superposition of DC
plus AC voltage drive or by an AC modulation of the amplitude. In the latter case and for a harmonic
modulation, it was shown that the second harmonic of the current is directly proportional to the scaling
dimension of the quasiparticles. Finally, when two Levitons per period are sent at a QPC, it was shown that
the backscattered charge is not twice that of a single Leviton, this is interpreted as the result of an effective
interaction between the two Levitons carried by the strongly correlated background. Performing a precise
study of this interaction, it was shown that it can be tuned from attractive to repulsive by the time shift
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between the two Levitons. This appears to be the first theoretical proposal for a platform implementing
two Levitons in interaction and where this interaction can be fully monitored by a time-shift in the drive.

Perspectives The theoretical work presented here has formal aspects, yet it was shown that it can have
applications in an experimental context. In particular, the results presented here were illustrated with
realistic experimental parameters.

In the first original part of this study, the focus was set on electron quantum optics in junctions between a
normal metal and conventional superconductors, described by BCS theory. Yet in the last decade or more, a
lot of excitement (on the theoretical and the experimental side) has been generated on unconventional super-
conductors. Among these are topological superconductors, which are expected to host Majorana fermions.
The toy model in this case is the Kitaev model, which relies on p-wave pairing in a one-dimensional system
of spinless electron on a lattice. For specific parameters of this model (chemical potential, nearest neighbor
hopping, p-wave pairing amplitude) this system bears Majorana fermions at its extremities (whose creation
and annihilation operators coincide). This toy model has potential applications to quantum computing, as
a delocalized fermion - built from these two Majorana fermions - can be built and its occupancy/parity
(zero or one) can be used as a qubit which is thus topologically protected. It is important to note that
physical realizations of the Kitaev model have been proposed by theorists and experimentalists. A possible
extension of the present work would therefore be to generalize the results to a spin polarized fermion system
composed of a normal metal branch and a topological superconductor (TS). In principle all the ingredients
to repeat the analysis in this case are already present, allowing to make predictions on the photo-assisted
current and noise. This extension goes well beyond the scope of this thesis, but constitutes a very solid
prolongation of the present formalism.

The contribution of this thesis on the on-demand source of energy-entangled states paves the way to the
study of quantum Hall systems coupled to a BCS superconductor. The case of a quantum spin Hall model
was studied specifically because of the opposite chirality of the two spin branches, which allow physical
separation of the outgoing states. First, a generalization to the (conventional) integer quantum Hall effect
at filling factor two (with two spin species) seems straightforward and could be addressed in future work. In
the long run, it would be also interesting to study the coupling between the fractional quantum Hall bar and
a BCS superconductor. The difficulty here would be to include spin flip processes at the junction so that
the constituent electrons of a Cooper pair can be converted in a superposition of Laughlin quasiparticles in
the Hall system.
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A. Keldysh’s method

This Appendix provides various results related to Keldysh’s formalism used in the main text.

A.1. From Keldysh through Wick to Dyson

In this section, it is shown that the following formula for the Green’s function

Gl (t, 1) = —i <TKCi’]<t771)C;J(tn2) Z (_nll)n [H/ dthT,I(tn)]> : (A1)
bk

n=0 0

obeys a Dyson equation in Keldysh-lead space. First the Hamiltonian in the interaction picture reads as
Hr,p = Mt)ch (t)ey () + He. | (A.2)

and the integral over the Keldysh can be written as

/dt:/ dt++/_ dt—. (A.3)
K —0o0 00

As a result, to first order in A, the Green’s function reads as

GI™(t,¢) = —i <TKciJ(tm)c;r.’I(t/”2)>o

[e.e]

+(—i)2<TK0i,1(tm)C;,1(t/m) [/ dtf {/\(ti_)c];%,l(t—li_)cL,I(tii—) + )\*(tf)CTL,J(tT)CL,I(tD}
—o0 (A.4)

+ [ atr (e ey ) + A*(t;)cz,,<t;>cR,I<t;>}] >

+0(\?).

The first term immediately corresponds to the bare Green’s function g?jlm (t,t'). It is important to remark

that grr = 0 as, without interaction, the leads are not linked in any way. Wick’s theorem can be used on
the second and third lines to separate the average values of four fermion operators into two fermion average
values. Developing all the terms, and writing them explicitly, one finds that

GH™ (t,1") = g™ (t,1) + gl (6 ) A(E) g™ (b1, ) + gl ™ (6 )X (0) g™ (1, )

B L B R (A.5)
— gl (6 t)A(t) g™ (b, 1) — gl (8 0 A (1) g™ (t1,1) + O(N?) .
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One immediately recognizes a convolution and a matrix product in the Keldysh-lead tensor product space’,
where the Green’s function is trivially defined, and the self energy

S (1) = [Z’VR"L’]* (8,8) = 6(t — )A(1) [02),,,  and P (4,8 = SPe(t,') =0, (A.6)

is introduced, note that o, is the third Pauli matrix in Keldysh space where the first line and row represent
the + contour. As a result, the Green’s function can be written in a compact way,

G(t,t) = g(t,t') + //RQ dtydtag(t, t1)S(t1, t2)g(ta, t') + O(N?). (A7)

This result can be extended to all order by writing the full Green’s function recursively, one can indeed
check that

G(t,t) =gt t)+ /}RQ dtydits g(t, t1)X(t1, t2)G(te, 1), (A.8)

A.2. Keldysh rotation

This section aims at deriving the equations commonly called Dyson I and Dyson II for the Green’s functions
in Keldysh space. They allows to design an algorithm to compute the dressed Green’s functions in terms of
the bare ones and the self energy. As these are Keldysh space equations the lead indices are not specified
(summation over these indices is assumed). Furthermore the Green’s functions are evaluated in frequency
representation, this has two advantages, first the convolution products become simple products. And second,
when there is a time-dependent drive, the harmonics can be encapsulated in a matrix representation so the
convolution products becomes a matrix product. First, the definition of the Green’s functions in the
standard Keldysh basis are given

G (t,¢) = —i <TKCH(tﬂ)cL(t’"’)> . (A.9)

One notices that this system is twice degenerate as there exists only two different correlators, <cH(t)cL(t’ 771)>

and <cH(t’”/)cL(t)>. This suggests that some relations can be found between the four Keldysh Green’s

functions, indeed, one can show that
GHH (7" ) + G (7' ) = =i (VOUT () = wT(W)e(0) ) = G (7’ ) + G (07, ) (AL10)

This motivates a change of basis from the matrix

o+t ot
G- <G_+ G__> , (A.11)

to a more useful one, where Eq. (A.10) is directly used to have a zero in the matrix representation.

An appropriate basis is found by using the rotation matrix L = %(]1 —ioy), where oy is the second Pauli

matrix. Using Eq. (A.10), it is straightforward to show that

0 Ge
t_
LGL = (G” GK> , (A.12)

!The matrix element are defined by two sets of indices, Keldysh indices and lead indices.
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where the retarded, advanced, and Keldysh Green’s functions where introduced, namely,

Gr=Gtt gt
G'=GtT -G+ (A.13)
Gk =Gt +Gc.

This is the so-called RAK basis.

Some constraints on the self energy in the RAK basis can also be found from the rotated Dyson equation:
LGL' = LGL' + LyL ' @ LY L' @ LGL'. (A.14)
writing the self energy in the new basis as

1 (z++ D YRR Y D s Y I 5 D 2) B <a B)

R
LELE = ) ) D SRS VD Dau R e ) L D YL v 6

> (A.15)

Eq. (A.14) reads as

0 G\ _ g*oG" g (vG? + 0GK) (A.16)
G GX 9" BG" + g%6G" g7 (aG® + BGK) + gF (G + 6GF) ) '

This immediately means that § = 0 which in turns [from Eq. (A.15)] implies that

YT+ YT+t 2t =0, (A.17)
and finally,
g st — Tty ot 4ot (A18)
S\ 4B 0 ’ '

which is used to define the advanced, retarded and Keldysh self energies. Writing the rotated version of
Dyson’s equations allow to understand the usefulness of the RAK basis as

G = ga +gaZaGa
G '=¢"4+4¢'YG (A.19)
GK — gK +QTZTGK +gKEaGa+gr2KGa'

The important result is that the retarded and advanced Green’s function directly obey the standard Dyson
equation.

This can be used to find some useful formulas for G*F which are the functions involved in the current
and the noise. The function G¥ is usually complicated so one usually writes it in terms the retarded and
advanced ones, this is the first step of this paragraph. As a first step, it is recalled that

G'=¢g"+¢YG =¢g"+GX"g". (A.20)
The first consequence is that
(1-¢"¥")G" =4g". (A.21)

which can be written as
(]1 _ grEr)—l — Gr(gr)—l

(A.22)
=1+G"¥",
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where Eq. (A.20) was used to get the second line. This is useful when writing the third line of Eq. (A.19)
as
(1—g"2"GE = g8 1+ 285G + g2EGe. (A.23)

Indeed, applying Eq. (A.22) gives
GE =1+ a6 g" 1 +2KGY) + (1 +GrEn)g"uiae, (A.24)
which is in itself an important result as some authors directly use this function to compute G*¥ through

G*F = %(iaa TG+ G, (A.25)

An independent way to compute G*T is through a direct replacement of Eq. (A.19) in Eq. (A.25), this gives

GFF — é (9" Fg" 4 oK 4 g EEG + B (GE £ GN)) + (£4° +gK)ZaGa) o
= % (207F + ¢g"[(—25FF £ X7 FIY)G* + 726G F GY)] + (£g" + 2¢7F)2G7) | |
Summing it up, one finds Dyson 1
G*F = g*F — ' S*FG* + ¢S G + g*TReGe. (A.27)
An alternative form can be found, factorizing G*T one finds
(1 — ¢"E")G*EF = ¢*F(1 4 2G?) — ¢"S*FG? (A.28)
applying Eq. (A.22) on the left yields Dyson II
G*F = (1 +G"E")g T (1 + 822G — G"Y*FFGe. (A.29)

In the case of a QPC system, the last term does not contribute.

A.3. Dressed Green’s function for a QPC based system

In this section, an expression of the dressed Green’s functions G*T are derived in terms of the bare ones and
the self energy matrices. It is assumed that the Green’s functions do not commute with each other or with
the self energy as they can be non-diagonal matrices. The only assumption is that the system is a QPC,
described by the Hamiltonian Eq. (1.8), which means for the bare Green’s function that grr = grr = 0.

To summarize the route of the calculation, the starting point is GJLE which is recast in terms of GEE and
bare Green’s functions using Dyson I. Then Dyson II is used to get a formula involving only G%Z p and
G%‘;%’s. The latter obey a Dyson equation involving the two former, allowing to write the current and the
noise in terms of G;;i r.r only, whose Dyson’s equation can be solved recursively.

As mentioned, one starts with Dyson I:

Grr = Grr¥ke9ir + Grr¥RL9LL - (A.30)
in which Dyson II for GEE, ie.,

Ghn =0+ GrYiR) k(L +X%.GR) + GrrERr9lr S rGER - (A.31)
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is plugged. After a few steps of simple algebra, this yields
Gl = (1 + Gre¥hr) |9hrThedis + (O + GrrShois Siaghn) (0 + ShGlp)Thogls] - (A32)
Next it is possible to show that
1+ GrYip = (1 — grrSrrgrSir) - (A.33)

and
1+35,Gip= (1 —2h98 15 rohR) - (A.34)
Using Eq. (A.34) and Eq. (A.33) in Eq. (A.32), one finds
Chi = (U~ GrnShe i Zhn) |9k + 9hnTheoir (Shuofe) A35)
X (1= %%p9t X8 rohr) ™ ThrotL -

This expression can directly be used in various case, for different types of drives or different bare green’s
functions.

A.4. Bare Green’s functions

In this section, the bare Green’s functions in different systems are derived, namely, a normal metal, a BCS
superconductor.

A.4.1. Normal metal

In the case of a normal metal, no interactions are present and the Green’s function can be computed by
going to the site basis. Enforcing the wide band limit and writing the Green’s in units of the density of
state at the Fermi surface, one gets

g (w) = Fi. (A.36)

A.4.2. BCS superconductor

It was shown in [180], by solving Keldysh Dyson’s equation for the electrons when electron-phonon interac-

tion is included, that the bare Green function of electrons in the superconductor can be written as
wl + Aoy,

A? — (w £16)?

Tpes(w) = (A.37)

A.4.3. Phonon Green’s function

Here a quick computation of the phonon Green’s function on its ground state is proposed, it is used in
the derivation of the effective attraction between electrons at the root of BCS theory of superconductivity.
Using Eq. (4.8), the phonon correlator in real space can be computed and reads as

D(r,t) = =i (T (¢x(r,t)¢1(0,0)))

Wk r—wt) —i(kr—wpt) (A38)
lzk: 5 ( i(k Kt +@( ) k kt) )
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Now switching to Fourier space, allows to write

3 3 —+00 0
Dil.e) = Vz'/ Bk [ dPr w |:6i(k—l)r/ dt e—ilr—o)t | 6—i(k+l)r/ a 6i(wk+s)t:|
0

27)3 7 2 —
(2r) * (A.39)
2
wi
Te2 w2
using the linear dispersion relation of phonons, lvs; = wy, this is finally written as
V212
D(l,e) = ——. A.40
(.:9) = 3o (4.40)
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B. Double Fourier transform

In this Appendix, the Fourier series of a general double periodic function is defined. Then its application
to the Green’s functions, bare and dressed, and the self energy is discussed.

B.1. Double Fourier transform

If F(t,t") is T-periodic in the first and second argument, one defines its harmonics as

T/2 di [~ ) _ ) -
1(w+nQ)(t+1) —z(w-i—mQ)(t—z) n Z ¥ _ I B
/T/z 1 /_oodTe e ’ F(t Z’t 2) ’ (B-1)

with QT = 27, the total time 2t = ¢ + ¢’ and the relative time 7 = ¢t — ¢/. This definition allows for an
alternative expression of F' in the time domain. Indeed,

Q/2
// diwe—i(w—i-nﬂ)tei(w"—mg)t/an(w)

/ / 2“ / / / j /—()()

nm

nm

; (B2)
)

xaww4£%mwwﬂapG+gi_,

2

T2 g8 [(t+t o=t -t
= = —t\F _

[ (5h5)

= F(t,t).

To summarize, the following development in harmonics was proven to hold

F(t,t) Z/

Q/2
% dw e~ i(wAnQ)t Ji(wtmQt @ Frm(w) . (B.3)

Q/2 27T
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B.2. Convolution product

One is interested in the convolution product of such functions, as this is what appears in the current, the
noise, or even Dyson’s equations. The calculation is explicitly performed here:

+o0
(FoG)(t,t) —/ dty F(t,t1)G(ty,t)

+o00 Q/Qd Q/?d
- ¥ / dty / dwy dwp

e Q/Q 27‘(’ _Q/Q 27’[’
—i(w1+n1§2)t i(w1+m1Q)t1F

) (B.4)
—i(wz+n2Q)t1 yi(wa+maQ)t’ Friymy (w2)

/2 dwl /2 dCL)Q w1 — W2
= o 2 0T ey
nyMINE M —Q/2 —Q/2

,z(w1+n1§2)t i(wa+ma2Q)t Fn1m1 (wl)FanQ (WQ) )

As the Fourier decomposition of the frequencies is unique, the Dirac distribution can be separated in two as
(w1 —w2)/2— (ng —my)) = 0(w1 —wz)d(n2 —myq). This can be seen by looking at the frequency interval

we} %2]
(FoG)(t,t) Z/

where the harmonic component of the convolution product is (£ 0 G)nm(w) = >, Fng(w)Ggm(w). The main
advantage of this formulation is therefore that a convolution product in real time is the matrix product of
the Fourier components.

Q/2
dw —i(w+nQ)t z(w—i—mQ)t (F o G)nm(w) , (B.5)
0/2 27 ¢

B.3. Fourier Dyson’s equations

Dyson’s equations involve convolution products between periodic functions, as was shown earlier, these can
be written as matrix products in harmonics space. One therefore needs to derive the expressions for the
Green’s functions and the self energies in harmonics space. At equilibrium, the bare Green’s function only
depends on the time difference g(¢,t') = g(7) with 7 = ¢ — ¢. The harmonics read

T/2 oo ) o, ] _
gnmw _/ dt/ dTez(w+nQ)(t+§)efz(w+mﬂ)(tf§)g(7_)

T2 T
0/2 T/2 o]
= / T
o 2 m T/ (B.6)
Q/2
-Q/2 o -0

The self energy reads as Xgr(t,t") = Wgp(t)d(t —t'), where Wrp () = A(t) in the case of a normal metal.
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Its harmonics components can be computed

/2 o
5t (@ / 3:5 / dr @) (45 g=i(wtme) (i)
/2

xWRL(%+—)5(E+g—%+%> (B.7)
T2 gt

z(w+nQ)t —z(w—i—mQ)tW

/T/2 T R(f)-

Using the Fourier transform of the tunnel coupling

Y Zple—iﬁlt ,

(B.8)
l
it is rewritten as

Srr / T2 at 7 aeilnmm iy,
,nm
72 T

(B.9)
= )\pnfm y
found that

in the case of a normal metal. For the NS junction, the Nambu structure is non-trivial, it is however easily

n—m 0
ERL,nm(W) = A < 0 _p:;m—n) 5

(B.10)
The coefficients p; will be computed for different drive shapes
B.4. Going to Fourier representation
B.4.1. The current
The current can generally be written as a sum of such terms
(I(t)) =~ Wt)G(t, 1), (B.11)
which, using the previous definition of the free energy, can be written in terms of a convolution

(I()) = / T A — HW G, 1)
= (X o G)(t,t)

(B.12)
. Q/2
_ 2 :el(km)ﬂt/ dw )
B.4.2. The noise

Once again, loosely speaking, the noise is the sum of typical terms

Soc/ dt/ —Wl (H)G1(t, YW (t)Ga (¥, 1) .
T/2

(B.13)
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B. Double Fourier transform — B.4. Going to Fourier representation

Defining A(t,t') = W1(t)G1(t,t') and B(t,t') = Wa(t')Ga (', t), one sees that this integral can be recast as

S = /m (Ao B)(t,t)

2 T

Q/2 w ,
_Z/ A (@) B (@) -

Q/2 27T

(B.14)

The next step is to specify the Fourier coefficients A, (w) in terms of those of the Green functions and the
self energies,

T/2 di [® ) _ ) _ 2 2 B
—i(w+mQ) (t+3 ) Ji(w+nQ) (- 7) T Ts_T
(WG)mn /T/gT/ dre e 2 W(t+2)G(t+2,t 2) . (B15)

The similarity between this equation and the convolution product encourages to write down the latter and
to compare them.

sz, )Gl (w / h / f2 / dr / dry
T/2 T T/2 T —o0 —o0

e ilwtm®)(T1+3) yilwHR) (11— F)

w e iwHQ) (f2— ) yilwtn) (f2+F)

(B.16)

- Tz 1 s T2 T2
xZ(t _ g —)G(t 23 —f>.
1= 5l + 2 2+ 91127 g
The first task is to perform the sum over [ which yields a Dirac distribution that, when computing the
integral over ¢y, gives

T/2 00 00 ) _ . ) oL
S Sl = [ G [ dn [ am et )t i)
I T/2 —o0 —o0

(B.17)
7 2 7 T2 - T
XE(tQ—E,t2+Tl—E)G(t2+ 752—5).
Using the definition of the self energy once again, one gets
T/2 5 o0 ) _ - )
Z Yot (W) G (w) = / dtz/ dry e~ i wtmD) (T2+3) gilw+n0) (2= F)
“1/2 1o (B.18)
N T2 — Ty — To
e )l G,
X 2+ 9 G(ta+ 525
One recognizes (B.15), allowing to write the final result for the noise as
Q/2 dw
S = Z / o Y1k (W) G im (W) 22, mn (W) G i (W)
klmn Q/2 g
(B.19)
Q/2 dw
= [ )G ) )Ga)]
Q/2 2w

which is again a trace on harmonic space.
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C. Computation of the noise in the

N — N junction

In this Appendix, the steps to obtain the noise in the N — N junction, Eq. (3.19) are presented. As shown

in the main text

Q/2
SLL = —62)\2/ dfwTI‘H
-Q/2 ™

{PertPcir - PlarPGin + PlaTEPiGE, - PagiPiGir b (C)

Eq. (3.6) can be used here but is not sufficient, its equivalents for different lead indices can be computed

and read as

GEF — i:FpT _ p’f +F
RL (14 22)2 [gRR gLL}
Gif = i—" 5 9T P~ PoiE]
(14 22) (C.2)
+F _ +F 2pt +F
=— + \*P P
RR (14 22)2 [QRR 9grL }
1
Gif = — < |gif + N¥PgiiPT|.
LL (14 22)2 [gLL 9RR }
The noise can therefore be written as
o2 Q/2 i
S = / dw Tra NP gpp Pt — Plgr | PlofrPt — Pyl
LL = 1+ 222 _qp H [QRR gLL} \9RR gLL]
+P! gzi + N2Pori Pt Plakz + NPT P s
2P P — Pt | P77 P - Paiiz]
+P [ggg + AP g;;ﬂ Pllgl + NPyl P! } } :
Grouping all the terms, on finds the following factorization
o2 Q/2
Spp=— T / dw Tru [N (gb i + 917 017
87 (1+ 222 J_q [ rrIRR Y910 9LL) ()
1 =222+ M (955 PTof P + gfnPlori P) | -
After a little bit of algebra, one is left with the following
2 Q/2 Q Q-
SLL:_MZ/ dw {7’<[tanh2 <w+n > —1} + [tanh2 <w—|—neV0> —1])
81— | _q) 20 20 s
Q Q — el .
=) S e [t (5 o (=) )
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C. Computation of the noise in the N — N junction —

As was done for the current, a change of variable w + n{) = x can be performed and, renaming [ =n —m
in the second line, the sum over n can be performed to change the integration boundaries. Then, the noise

reads as ) - -
__ 7 2 (%N _ 2 (€Yo
Srr = s | dzx {T <{tanh (20> 1] + [tanh < 50 > 1})

> C.6)
9 z x—1Q—eVy (
+(1—-7) El D1 [tanh (29) tanh (29 > 1} } :
Now the integrals are easily performed! and the noise reduces to
e? Q4 eWy
Spp=— 2720 +7(1 - 19+ eVo)|pi|* coth | ——— C.7
LL=— |27 +7( T);( +eVo)|pi|” co ( 59 ) (C.7)

'Indeed [ dz tanh(z/a + b/a)tanh(z/a) — 1 = acoth(b/a) {log[cosh(z/a)] — log[cosh(b/a + x/a)]}.
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D. Computations related to the N — S junction

This Appendix gathers all the computations, Green’s functions, current and noise, related to the NS junction.
First, a fomula for the current and the noise in terms of Green’s functions is derived. Then, a few functions
are introduced as they will be useful for later computations. Next, the dressed Green’s function is expressed
in terms of the bare ones and the tunnel matrices. Finally, the current and the noise are computed in different
situations.

D.1. Current and Wick's theorem for the noise

The Keldysh Green’s function in Nambu space is introduced, it reads as

el (Wejr(t)) (e (B)eip(t))

GHo(t,t) =1
i (o) SMOENG <Cj',¢(t)0},¢(t)>

(D.1)

This allows to identify the pairings present in the current (see Eq. (5.8)) and to write it as

(L) =iy (Wi ar)el s (8)ey 4 (t) = Wip 1 (e (D), | (1)

y/

J
W, TT(t)CTIT( Jei(t) + Wiy (e (D)l | (6))

—Z{ Gt (OGS (6 8) = Wi (DG (8, 1) (D.2)

TG () + W (OG5 (¢, )}
= Zo[ 100 (OG0 (68) = Wi 1o (DG, (8.1)]
noticing that Y _, 00,0 = (0:)se, One recognizes the components of a Pauli matrix and a trace in Nambu

space (denoted with a N index) in the previous expression of the current. This allows to write the current
as a Nambu trace:

= eZTrN o2 (W ()G (t,8) = Wi (DG (¢,1))] (D.3)
Furthermore,
+-\f — it b/t — +=
(GER) (1) =i (whOve®) = =i (WLOva(t)) = —Giz (¢ 1), (D4)
and W = = Wy ;, thus
o Wiy (t)GH7 (t,1) = — <Gj+j,—(t,t)wjfj(lt)az)T : (D.5)
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D. Computations related to the N — S junction — D.1. Current and Wick’s theorem for the noise

The tunnel matrix is diagonal in Nambu space and can therefore be written as a combination of ¢.’s and
09, which commutes with o,. Using the cyclic properties of the trace, the current can be written as

(I;(t)) = 2e Re Teny, [0 W ()G (¢, t)]jj : (D.6)

where the L index of trace means lead space. In the case of a two-terminal device, similarly to what was
done for the N — N junction, the period-averaged current is immediately written using Fourier transform
as

L Q/2
(Ir) = 28)\/9/2 dwRe Trnin [0. PG L (w)], (D.7)

where the following notation was used

S L tm = NP = A <p”6" _p2m> . (D.8)

Now the noise will be expressed in terms of Green’s functions and tunnel matrices, its definition is recalled

here:
Su= [t [ at (GE)ne - (L) o) (D.9)

The first term to compute is the irreducible correlator,

(L) == < [Wjj'm(t)C;T(t)Cj',T(t) — Wi (B)ej ()l | (2)

i
Wiy Ok (Desr () + Wy | Oy (0], (1)

(D.10)
><[Wufm( e (e 1 () = W 1y (e, (8)e) | (t)

Wil g ()l 1 (8 )erg () + Wiy (e (¢ >c§,¢<t’>}>.

There are four types of terms, which will be treated separately. Computing the mean value of a product
of four operators involves Wick’s theorem and results in three types of pairings. The first one is typically

of the form <cj/,¢(t)c;f.7¢(t)> <czr/’T(t’)clv¢(t’)> and is obviously contained in the second term of (D.9). The
second one describes spin switching of electrons or holes at the junction. These are typically of the form
(¢ (t)e(t) = <c}’i(t)cm(t)> = 0. The absence of magnetic impurities allows to remove them and to
simplify the product (D.9). Finally, the third type, involving transfer of electrons or Cooper pairs, typically
of the form (c; | (t)c;4(t)) or <c;7¢(t)cl’¢(t)>, is the only one of interest.

It is relevant to provide a list of all the Green’s functions definitions needed:

(e ar(t)) =iGHz 1) (4], (1)) = —iGGHEY)

(cialt)e] (#)) =iGli (4.1 (e Bt (t)) = —iGyk (4.1 -
(ein®)e (1)) = —iG4 1) (s (aut)) =G, |
(el (e t)) = —iG5T, (1) (el el (t)) = iGE7, 0.

The computation starts by writing all the terms of Eq. (D.10) involving W;; Wy (keeping the minus sign
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D. Computations related to the N — S junction — D.1. Current and Wick’s theorem for the noise

out of the sum in (D.9)). Once the first product and Wick’s theorem has been applied, these terms read as

Wiz () [War () (el 1 (D1 (#)) (500l 1 (#)) = War o (@) (] 1l (#)) (e s Dy (£)))]
s (®) Wi (@) (i e () (e Ol 1)) = Wi s (#) (g )l ,()) (el Dy (#))]
Gt () [War i ()G (0 DG (8 8) = War ()G (0G5 (1)
~ Wign() [Wlm( NG (G (68 = Wy ()G (0G5 (18]
—Zawﬂ oo (DG (180 Wit 100 (#) G ()
= TrN [0 Wiy ()G () o Wi ()G (t,1)] -
(D.12)

There is no need to perform a similar calculation for the term W VV”/ of Eq. (D.10) since it is exactly the
same as in Eq. (D.12) with j,1 changed to j',1’. Therefore, it reads as

Second term = Trx [0, W (t)G]l, (t, t")o Wy (t ')G;;,_ ', )] . (D.13)

An analogous computation can be carried out on the mixed terms, a sign changes and only one of the
index is changed; j,1,j,1" becomes 5,1, 7,1' for the term W3, Wy and 7,1,5", 1 becomes j',1,7,1 for the
term W;; Wy, Furthermore, W2, = (W) jj» which allows to erte all the terms of the noise as a matrix

products as
| = —e /dt/dtTrN )]
Yo W), [GH (t t)az 0],
t,t’)] oW ()G (¢ t]
—[o. W )G (t, o, Wit ], [ t’,t] }

oW (G (t,t)] [0 W ()G (F,
Gttt
—[GH(
(

+

— o o

(D.14)

In the case of a 2-terminal device (denoted R and L) where and Wy, = Wggr = 0, the noise becomes

)Grr (t',1)

et ) Wrr(t)GIR (', t)o.WrL(?) (D.15)
—aZWLR(t)G;;Ig(t o Wrr(tGEL (¢, 1)
_GLL( t/)U WLR( )GER(t> /) WRL(t]

Srr = —e /dt/dt Try UZWLR(t)G;i(t o, Wrr(t'

This result is in accordance with that of [98]. Using the same arguments as those allowing to obtain
Eq. (D.7), the first two terms of the noise can be recast into

Q)2
SpL = —€2\? / ;17 Trnn [2Re (0. PG R0 PIG L) - 0.PIGE 0. PGRf; - 0.PGpoPlGL]
Q)2
(D.16)
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D. Computations related to the N — S junction — D.2. Definitions

D.2. Definitions

The following definition are introduced, they will be relevant for all superconductor-related calculations

wt = wt nél AF = lim a
" 5%0 VA? — (w+nQ £i0)2 " 600 /A2 — (W + nQ £ id)2
1 w + nf?
+ _ +
= [tanh 1
Sn 14 M F 2iN 2w n [an ( 20 ):F }
— A-—AF ~ —w
42 4\
T = - T =
NT ez T a2
gztll%,nm = (ATzll:Um + wi:ﬂ) Onm gz’z,nm = Fildnm
gﬁ?{inm = (wn]l + ZnU:c) Cyf(snm git[:inm =—1 (T + ]l) 5nm
. w+n—eVy ¢
sra ) Pl 0 _ P T tanh <42® 0 ) 0 5
LR,nm 0 —Pm—n.| - nm nm — 0 tanh(w—l—nggev()’L) nm -
(D.17)
it is recalled that the period-averaged current and the noise are defined as
Q/2
? = / - Re TrNH [UZPG ] ) s (D'18)
—Q/2

and

Q/2 d
Spp = —e2\? / o & T [2Re (0. PG 0. PG ) ~0. PTG 0. PG Rt 0. PGpo. PTG ] . (D.19)

D.3. Computation of G 1, for an NS junction.

For the current there is only one Green function to compute, GjLER, see Eq. (A.35) and for the noise two
more are required. The calcuation can start by examining the following term,

(L~ 9RRERLITIELR) by = [(LF iNw) L F N A 03] Gam

(D.20)
= (]l - ERLgE([I,ELRgE%)nm ’

where the last lines comes from the fact that Xprg77 X r is proportional to the identity. The inverse of
Eq. (D.20) is that of a two by two matrix:

(1 - gpnSrrgysSor) . = EF[(1F iAW) £iX2A0,] . (D.21)
Now the second term of the product in Eq. A.35 is found to be which allows to write

[gﬁ%: +9rRYRLILL (ERLQ%L)_lLL =At o, Pl N T Prm + (GEA, F A 0w00m
AWt P T Pron + (CEwn F wif ) 1m -

(D.22)
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D. Computations related to the N — S junction — D.3. Computation of Gﬁ; for an NS junction.

Thus, one can write
—1 -1
(1 — 9RRERLILLELR) nk [gﬁ + 9rrEre9r] (SrrgiL) hm

- e ot 7]

0P TP [AF] 4+ 00 {CE [An — X2 (wi A — Afwn)] F A (D2
F1{GE [+ (Bof - )] T 002 () - (a1)]}].
A simplification can be performed by considering that,
AiAi — w wi=1
EATF _ oTT = _
i;if;; - w;LA?F ; zgn [A — (w+ nQ)] (D.24)
wiA, - AfG, =0,
for all w. Hence
(1 = 9rrERLILLELR) [gﬁz + 9RRERLYLT (ZRLQ%L)A] o
= & {0 Pl T Pen AT + PL TP (i + V) + 00 [GF B0 F AT ]bum (D.25)

+ 1 [GE [T+ 02 (BnAf = wif@n)] F (@if +iA%)] G |

One is left with only one term to compute in order to get the full Green’s function. It is easily obtained
from Eq. (D.21)

(£ = SreghrSorghn) ™ Sreghs| = ing [Pla(l+id%wr) —iNATe Pl ] . (D26)
Finally the Green’s function is the product of the latter two terms:

Gl = NGEE |00 PL TP Pl [AF + N A0 ] + 00 Pl TPy, Pl [~iN2AF AT
+ P TP Pl [wi + A2 + N et w; — Mwr ]
+ Pl T Preoy P, [—iN2A; W + >\4A ]
+ Pl ACE [@n + X1+ iXNwy) (BARAF — wi@wy,) +id2 (wy @, — A,A, )]
+ [ iINHIN(ATA, —whw,) —wi + M 21}

b0, Ph (G B+ MA (BuAL —wim)] 7 (A7 + X4} .

(D.27)
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D. Computations related to the N — S junction — D.4. The current

D.4. The current

D.4.1. High gap regime, as a function of time

The spin-resolved currents in the junction are defined as

(I,(t)) = e/ dt’ [o.Wxs(t)o(t — t')Gsn(t',t) — .G (t, ') Wns(£)d(t — t)]

=0 2

(D.28)
/Q dw e~ Hn—m)Qt [gzzNS,nk(w)Ggl\zkm(w) — O—ZGES_TLI{?( )X SN ke ( )}
n,k,m 2

oo

oo
Using the following relations

)

and  Xlg =Yg, (D.29)
the currents can be written as
L) = 5= 3 / de e {0 S k@) Gl @)] (o) = (men))"} . (D.30)
n,k,m

where the second term is the complex conjugate of the first one after taking m — n and n — m. Since the
terms in G177, .

see Eq. (D.27), that contains an odd number of o, do not contribute to the diagonal matrix
elements of 0,XG7 ™, one is left with

(I,(t) Z / dw e~

{z‘&j & 0Pl [okasTsPZr%Prm [—iX2AF AL

+ PrsTs Pl P [wif 4+ 407 + iX2wi wr — Xy ]

(D.31)
+ 85r8rim Prm <c,j [wk + iM% (wp @ — ApAL) + N (1 +iXNwy) (AA) — wifoy) }

[— I+ iIN(ATAL —wiwy) —wf + )\4ka + [(n,m) = (m,n)]* }

Working in the high gap regime amounts to setting
wri=w,=A,=0 and AF=1 thus & =1/(1+\), (D.32)
so the current, Eq. (D.31), becomes

(I,(t)) _e N > : dw § e7in= mmt[a Pl oy PrsTsPlo.P

o 27T(1+A4)2nmrks _(22 2 k9« ks sr9x/rm

— 0P} Ph TPl P (D-33)

oo

#lnm) = (mn)] }.
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D. Computations related to the N — S junction — D.4. The current

Formally, the second term , one could use that Enm s P;nPnSTsPLnPTm = Ops1s0sm, but that would make
the whole expression divergent for all k # m, i.e., for all terms but the currents averaged over a period.
Therefore, when expanding the sums, one must always pay attention to keep convergent series. Performing
a careful expansion, in the Andreev regime, of Eq. (D.27), one can show that the Keldysh dressed Green’s

function reads 5
Gy = g 7P (T~ D PoP 0P (- 1)) (D.34)

such that a properly converging expression of the current is

Q

€ A 2 —i(n—m)Qt 1 +
<IU(t)> = 571 L 42 Z / o dwie [UzpnkaxpksTsPsraxPrm

B Uzpjzkgxpksplrgxprme] (D35)

oo

() = ()]}

More precisely, the 2 x 2 matrices UZP:LkU;EPkSTSP;rTUxPrm — azPlkUmPkSPJTJmPTmT m are diagonal with
the following entries

. N w + s + eVpc, w4+ mf) — eVpc,
Pr—nPs—k, | Pr—s,|Pr—m, [tanh < 20 i) — tanh < 26 i
D.36
* * w+ 502 —eVpep w+mQ+eVpe,y ( )
—Pn—k,| Pk—stPy—stPm—r,| |tanh 26 — tanh 26 .

Thereby, one gets

(I (t)) _ € A Z /g d —i(n—m)Qt
= o 1+ 92 o 0V°

nm,rk,s” " 2

w+ s +eVpe, w+m —eVpc
k—ntPs * ) — : D.37
X {pk—n,Tps—k,ipr—s,ipr—m,T |:tanh ( 20 tanh 20 ( )

+ [(n,m) — (m,n)]" } )

Perform the following change of variables, z = w + (s + ¢ )Qand shift all the indices by s (except s itself),
one can perform the sum over s, which yields

e 2

* i(m—n)Qt, *x *
(I+(t)) = MESTE Z /OO da T D Pr—s Pr—mt

n,r,k,m (D38)

x [tanh (%) — tanh (x +mA2 ;@(QT + qi))] .

The integral can be performed and the preceding expression current becomes

2¢ M (m— " %
<IT(t)> = ?m Z el(m n)Qtpkfn,’]*pfk,‘](p*ﬁipr*mﬁ <qT + qi - m)’ (D39)

n,r.k,m
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D. Computations related to the N — S junction — D.4. The current

which using the definition of the p;, leads to

(1 (1) = = 5HVA (1) + V(1) (D.40)

and, similarly, (I, (t)) = %TA(VT(t) + Vi (t)).

D.4.2. General case, period-averaged current

This section focuses on the computation of the period-averaged current defined in Eq. (D.18), the Harmonics
trace is hereby developed as

Q/2
IL = 2ie)\? / Z (5lmReTrN{JZ771n§n &
—Q/2
x| 02 Pl TP Pl [AF + XA wr ] + 0Pl TiPao, P, [~iA2AF A7

+ Ph TPy P, [wi + i3 + X 2wt wr — M ] (D.41)

Pl TPl Pl, [N wf + MAT]

+ PLACE [@n + X1+ iN2wy) (DA — wi@n) + X2 (w0 — AnAL )]

+ [fi)\z +iXN(ATAL —whwr) —wl + )\4w;] }onr

+ 0Pl {6 (Bt M (8] —wrfn)] 3 (A7 +X187)} 6, |

It is important to remark that the Nambu trace will remove some terms. First, the ones containing only
one o, the first, fourth and last ones. Second, the one containing o,, i.e., the last but one. Thus
Q/2
(1) =2eA2Y / Y Reete Ty (UzPTkaPkn> [“X2(A7AY +wfwy) +iwf — A2 —ider] . (DA42)

kn —Q/2

The Nambu trace involved can be computed simply as

M wAkQ—eVp 1+
Py +Pn—k,t tanh (T) 0
(o-zPTTP) n T % w+kQ+6VO], 5 (D43)
nn 0 —Pf_p. Ph—n,| tanh (T)
plugging it in the current yields
Q/2
d
=l / wR G [FN(ATAT +wpwy) +iwy — A — ity ]
o (D.44)
w+ kQ — eV, ot B eV
X {lpn_mI? tanh <2®0T> — [Pk_n.,|? tanh (29N> } '
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D. Computations related to the N — S junction — D.4. The current

As was done in the N — N computation, a simple shift of indices can be performed, k = k — n, as well as a
new definition of w + n{2 = @. This allows to sum over the n index and yields

(I) =2eA* > / ‘;L: ReéT¢ [-XN2(AAT +whw™) +iwt — A —iXtw™]
koo

2 O+ EQ—eVyy 2 O+EQ eV,
% {‘p—ffﬁ) tanh (2@) a ‘pm) tanh (2@ ‘

The next step is to use the expressions of w and AX. Because of the square root in their denominator,
one has to separate the sub-gap and above-gap regimes. Also the tildes are dropped for convenience.

(D.45)

Above the gap, w > A : The denominator present in the Green function of the superconductor is

VA? — (w=+1id)?, and its real and imaginary parts will be studied separately. One uses the fact that
w+id = wet¥/¥ for § < w. As a result,

/A2~ (w+i6)2 = VA2 — (2et2i6/w — \/emeizié/w (w2 — A?) (D.46)

In order to compute the square root, one has to consider the branch cut in the definition of the logarithm,
indeed z1/2 = e2™(®) and In(z) = In(|z|) + iarg(z); therefore, one needs to glue the logarithms at some
angle. The choice made here is to define the logarithm for angles ¢ € [—m; 7] so if ¢ + 27n € [—m; 7], the
logarithm is defined as In(z) = In(|z|) + i(¢ — 27n). As result, the square root Veime+2i9/« can take two
values depending on the sign of w:

, eTT/2, /02 — A2 if w<0
V1 — wlet2id/w = , (D.47)
eTm/2 /w2 — A2 if 0<w.

As a result, the following holds
w

Vw2 — A2
A
Vw? — A2
(1+ M)Vw?2 — A2 4202w

Thus the frequency dependent term in the current reads as

wF = tisgn(w)

AF = tisgn(w)

£+ =

“N(ATAT fwTwT) diwT = A2 =M = w;l“‘AQ [2\%|w| + (1 + M) Vw? — A2] (D.49)

This immediately simplifies with the denominator of ¢+, leaving

@l

N2 — A2 2
(14X )\/Tw A? + 202 |w| (D.50)

NP [N (ATAT +wtw ) +iwT = A —iXtwT] = N?

@=DVI= B/ +7
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D. Computations related to the N — S junction — D.5. The noise

As a result, the above gap (AG) contribution to the current can be greatly simplified

Ur.ac) _262 / / 2-7) 1—T(A/w)2+7

(D.51)
Voo k2
X Z&gn )Pk, a] tanh <w—|—028@00]> ,
where k was transformed into —k in one of the terms, and sign (1) = 1 and sign (}) = —1.
Below the gap, w < A : In this case, the different functions to use are
Ao L
A2 — o2
£ w
W= A2 _ 2 (D52)
- A2 _ o2
(1 4+ M)VAZ — w2 F2i\%w
The frequency dependent term in the current can therefore be written
2A2A?
As a result, the sub-gap contribution to the current is
274 w ~+ oleVos + k]
(I -|” tanh ) D.54
(Irsa) Z/ A 2)(w/A)? ZSlgH )Ip.o|* tan < 50 (D.54)
where k was transformed to —k in one of the terms.
To summarize, the general formula is written here
r [V + k€
e . 2 w+oleVos +
() = o Z / dw Zs1gn (0)|pk.o|” tanh < 8 >
ko o
T it |l > A (D.55)
2—-7)v/1—-(AJw)2+T
9 .
A it |w| <A

24 (14 —2)(w/A)?

D.5. The noise

In this section, the noise is computed first in the high gap regime and then in the tunnel limit.
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D. Computations related to the N — S junction — D.5. The noise

D.5.1. Infinite gap regime

D.5.1.1. Preliminaries

It is recalled that the high gap regime is implemented by setting

ggaR,nm = _U$5nm ggznm = :FZ]lénm (D 56)
g;]:g,nm =0 gff,nm =—i(TF1)0nm-
In order to compute the noise, one has to find formulas for G;—;F and G]iﬁv One starts by G;%(}L%,nm,
-1
Giram = (1= 9 ERLILLELR) 1 IR Rrm
1 = (D.57)
The next one is obtained only by matrix multiplication
Grr = GRrRYRLYLY,
(D.58)

A .
= ilm (prnm + ’L)\Qan) .

This can be used to compute the next function
ra __T.a T,a
Glr =90 YLRGRR

- j:@'l _:‘)\4 [(pT)nm oy N2 (pT>nm} . (D.59)

This can be used to compute the dressed Green’s function in the =+ basis:

+
G%[:',:,nm = g:Ltl:Enm + GER,nqERLq?“gitI:l:,rszLR»StGCIEZL,tm + GER,anRLqungF,rm
T GELvanLR’qrggg,TSERLvStG%Lytm + g:Ltz:,anLquTG%L,rm (D.60)
1
=g | |[PloeP T N4 ) = i £ i1+ X 18 — i (Plo, PTPIo,P) |
(14 24) nm m

The next Green’s function reads

+F _ *F T +F a T +F
Grbnm = 9rrnm + GRRgERLarILL rs SLR,st G RR tm T GRL1gELR.ar IR rm

T +F a +F a
+ GRL,anLR,ngRR,rsERLystGLR,tm + gRR,nquLquGLR,rm

- —z’A—leM)Q{az (PTPT )nm gy — N2 [az, (PTPT )nm] (D.61)

e (PTPT)

nm

F(1+2Y) ]15nm}.
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D. Computations related to the N — S junction — D.5. The noise

D.5.1.2. The actual computation

The noise is defined as

Sr— e [ W R (oo Giro.SrG
= —e —Tr 2Re (o »O
LL /Q/2 o NH[ ( 22 RLG [ ROz2RL LR) (D.62)
~0.XrLG L[ 05 LRG R — 0:XLRGR0-SRLGL] ]
The three terms can be computed separately and read as
Tryu [QRG (O-ZERLGLRO-ZERLGLR)] 2 TI‘NH [(1 —TA)PTPTUZ»PTPTO'J; -1 —i—TATz} (D63)
and
—Trnu [0:5r1G 0:SLrG R, + 051G ER0-Sr1GL ] |
TA t t 9 (D.64)
= e [(1 — 74)PTPlo, PTPo, — 1 + 74T ] .
Thus the noise reads as
L Q/2 dw
S = —€%ra / 2—TrNH [(1 — 74)PTP'6,PTPo, — 1 + TAT2} . (D.65)
Q/2 «T
Writing
Pur TPl 0,P TPl 0,
_ a4 « . wi + eVpe ; ws — eVpe
= diag (Pg_p | Pk—r|Pr—stPp—s1 tanl 200 an 200) ’ (D.66)
. N wi — eVpe ws + eVpe
Pk APr—k tPs—r, | Ps—n b0 | —— o= | tan { ——g o=

and remarking that 1 = >
noise reads as

nkrs

PP} 0,P,sPlyoy so that T2 = Y

12 4z x+k+q rT+s—gq
Si = —Qe TAZ/l/Z QF{[tan( )tan <29>
nkrs
tan x+k—q an r+s+q
20

—T4 |tan x—l—k‘—l—q tan m—i—s—q — tan?® |

20
—TA [tan (x—i—k — q> tan (m—i—s—i—q) tan? <J:—|—27;+q
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nkrs

-1 pltfn,ipk*ﬁipT*S:Tp;fs,T

PP} 0, Py Plo, T2 and the total

Pr—ktPr—k tPs—r,| Ps—n,}
(D.67)

pZ—n¢pk—T¢pr—sﬁp2_sﬁ

pn—k,Tp;ﬁk,Tp:r,wa,i} :



D. Computations related to the N — S junction — D.5. The noise

which is rewritten as

Spr = —Qe’ry § (p}Z,n, \Pk—rA\Pr—s1Pr—s 4+ Pn—s1Pr—s 4Pk—r. wk-n,i)
nkrs
1/2 d k o
« / x{a ) [tan (*ﬂ) tan (H) - 1} (D.68)
1/2 271' 20 29

o (2574

This way, both terms are bounded and variables can safely be shifted. Changing indices as n = n — k,
r=r—k, §=s—kand x+ k=2 and removing the tildes for comfort, one gets

Spp = —Qe’1a Z( o P—rAPr—s1Pp—s 4+ Pn—s APy —s 4Py | D— n,¢)
nkrs
k+1/2 4 T +q r+s—q
1-— t — |t — ] =1 D.69
X/k—1/2 27{( TA)[an< 20 ) an( 20 ) ] ( )

+7A [tan2 (x +272_ q) — 1} },

where = was shifted to  + k. The sum over k£ can be performed and changes the integration boundaries.
Then, performing the integration and changing the sign of all the summation indices, one find

* 3 2q + S
(1—7a) Z(pn,wr,wsfmpwﬁ + c.c)(2q + s) coth ( 59 ) + 4740

nrs

(D.70)

— Qe?
Srr = A [

D.5.2. )\* noise

Here the A* contribution associated with photo-assisted noise, solely due to AR, is computed.

The first term of the noise. One starts by the first term of Eq. (D.62). It can be written, after performing
the trace over harmonics degrees of freedom, as

+—- —+
UZELR,”QGRL,qr O-ZZLRﬂ"m GRL,mn

= )\40’273 {O‘qurT A + ququ + qu[ 2C+wq] + oy qT[ (+A + Aﬂ } (D.71)
vaPrm{amenTnA§ + PrnTnwt + Pon [ —wh - z(mwm} + 02 Pmn [ i Ny — fn} } .

When looking at Andreev process in the gap only, both w® and AT are real so @ = A =0, w™ = w™ and
A~ = AT. The trace of this term therefore reduces to

TrN [UZELRJ“]GEZ,qTUZELRWmGI_%z,mn}
= Tox | = X (=P TPl Ay + Por T Plnsy + Sgmisy — damag)  (D.72)

X (U:vfpmnTn,quAm + ,PmnTn,P;rlqwm - 5mqwm - 5quzAm> :| .
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D. Computations related to the N — S junction — D.5. The noise

The noise is obtained by performing a Nambu trace so only the diagonal terms are kept, yielding
TrN [UZELR,TLQGJ}EE,quZZLR’TmG;%;mn]
= Ty |20 (=02 Py TP Pran TPy A + Poy TPy Prnn T Phgtomec + 1(A2, — ) |

The second and third terms. The rest of the terms of Eq. (D.62) are computed here. One starts by
computing (note that some permutations have been performed as one is only interested in the trace)

o, PGEFo, PIGEE
= No. (1 — NgrPgi P 'P(grT + N9 PlgrTPel ) PI(1 — NPyt Plgh) ' Po. Pl (D.74)
(L= NgpPar P~ g™ + NgrPei T Plgk) (1 — N*PgiPlgf) " .
Some simplifications can be performed, first ¢g;, commutes in Nambu and harmonics space with PT so
the second parentheses can be simplified. Furthermore, the inverse of (1 — )\QPg%PTg?%)_l is diagonal in
harmonic space, the same goes for gr. As a result, the frequencies at which this term is evaluated will be
that of g?F and therefore it vanishes when looking at in-gap AR. The next step is to keep only A* terms.

As
(1 = APGEAPT g%)rim0=(1 — GRAPGLAPT) ot = 02(646)200g = 020ng + 0(XY) (D.75)
the total term to evaluate becomes
[)\ngjFAPTUzg%)\Prgfi)\PT ggaz} D.76)
= = A Ppg(Ty F 1)Phos(wrl + Ay0y) Prs(Ts £ 1) Pl (wnl + Apog)o .

As the F and the =+ results are summed in the noise so only half of the terms will count and the sum yields

| — 0 APGI 0 AP GRE — 0 NP Gt PG
— o\'p,, [TqP;rraz (wrl + Ao )PrsTsPl (Wl + Anoy) (D.77)
_Pgraz(wr]l + Arax)PrsP;fn(wn]l + Anax)] 0.

The term contributing to the trace therefore reduces to

Trng /\2Uz77GfLEzEUZ77TG?RE} =2\* Z Try [anTqPqTrPTSTSPanan
n

(D.78)
+02PugTyPh 0 Prs TPl ARA, — 1(w2 + Ai)] .
Sum of the terms. Summing both terms yields
TN 244 92 dw X i T 2
(S), = —4e* /_ o2 21 ns;w Try [axanTqquameTSPmAnAr - Ann] , (D.79)

After performing the Nambu trace, redefining the indices and performing one harmonics sum one is left
with Eq. (8.9).
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E. Perturbation in the QSH — S junction

In this Appendix, the state of a QSH — S junction after a single, quantized, Lorentzian pulse is sent is
computed perturbatively. The final state will be written

|[F) = S(+00, —00) [F}) @ | F}) © [¥Bcs) (E.1)

where |F,) is the Fermi sea of spin channel o, and

t

S(t,—o0) = T exp [—1/ dt’HTI(t/)] : (E.2)

—0o0

is the evolution operator and Hrp;(t) denotes the tunnel Hamiltonian in the interaction picture, i.e.,
Hry(t) = ot Hpe ot (E.3)

where Hy is the Hamiltonian without interaction, Hy = Hy + Hpcg, and T is the time ordering operator.
Cooper pair transfer is ruled by the A? terms, they appear in the second order of the perturbation theory
of the evolution operator,

S(+OO, —oo)(Q) _ —% /_Z dty /_t; dty T [HT[(t]_)HT[(tQ)} . (E4)

The two edge modes of the QSH are considered to be normal metals.

E.1. Writing the state in terms of electron operators

The action of electron operators on the BCS ground state is complicated, therefore, they will be expressed
in terms of the free quasiparticles of the BCS Hamiltonian. The inverse Bogolubov-Valatin relations are
recalled,

cg,k,o = uk’ylﬁ:,o‘ + UkSign<J)7—k,E . (E5)

where 7, » are quasiparticle annihilation operators. The second order term in A in the evolution operator
expansion therefore reads as

1 400 t1
S(+oo,—oo)<“’>:—Z Z/ dtl/ dty

kv Ky
ks, Ky
01,02

€1€0==% (EG)
—ig(t1) I ; i “
790l (01) (ks o (1) + vrssign(@)r !y o (00))]

—ig(t2) .t ; i “
X [e Clira (t2) (ukS’kaS,O'Q (t2) + vk551gn(02)7_kg7?2(t2)>] ,
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E. Perturbation in the QSH — S junction — E.1. Writing the state in terms of electron operators

where ¢ = — means hermitian conjugate and ¢ = + does not change anything. Note that only the phase
factor ¢ is the same in the two terms.

As only the Andreev regime will be considered, it can be assumed that the BCS ground state is not
modified by the drive, this has the direct implication that only terms involving Vi, 017};2’ 9 0k1,k2 001,05 101
Eq. (E.6) are taken into account. This reduces the number of term, for each € combination, from four to
one.

There are no restriction on the Fermi sea other than fermionic rules, i.e., ¢; ¢, ., = 0 so one can start
K b
writing down these terms:

o €1 =+
o . . . 1 t
€2 = +, so that the only term is the one containing Chn ot Ckgv,aﬂks,oﬂ—kg@
o . . . f 1
€2 = —, so that the only term is the one containing Chn 1 Oy 02 hs,01 Wi 02

o : .. t 1
€2 = +, so that the only term is the one containing Chnson Oty o —ks 77 =kl 57

— €3 = —, so that the only term is the one containing Cn ot Ck&,aﬂ—ksﬁ%'sﬁﬁ

These terms are now written in the interaction picture, i.e.,

Cho (t) _ ijaefiEN(k)t

| E.7)
Vo () = Y pe” 5" (

Using Eq. (4.28) in Eq. (E.1) after writing explicitly the sum over €, k. and o9, changing variable to — ¢;
in the second time-ordered term yields

)\2 oo t1
Py =—7 Z/ dtl/ dty

ko Ky
kso
e~ 10(t1) GUEN (kN)—Es(ks)lt1 ,—id(t2) i [En (K )+Es (ks)]t2 sign (o) g Vg CLN 70023\] -
L emib(t1) id(t2) il En (kn) = Es (ks)Jt1 i~ En (ki) +Es (ks)]ta uis CZ:N,ack;V,a (E.8)
+€i¢(t1)e—iqf)(tz)ei[—EN(kN)—Es(—ks)]tl ei[EN(k%\/)'i'ES(_kS)]tQ,UQ t

ks CkN ,ackg, e

_|_€i¢>(t1)€i[*EN(kN)*Es(*ks)]tlei¢(t2)ei[—EN(k§v)+Es(—ks)]t2sign(a)uksvksck =
N,o kT

x |Fy) ® |F}) ® [¥Bcs)

It will be useful write the phase in terms of its Fourier transform as

e~ ) :/ dep(e)e™ . (E.9)

—00
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E. Perturbation in the QSH — S junction — E.2. Andreev reflection terms

Another intermediate result is necessary here, let I be the following integral

t1
I= lin%] dty exp [i(E — ia)ts]
@0 oo (E.10)
_Z'eZEtl
a0 E — i

I

These two results will be plugged separately in the four terms of Eq. (E.8).

E.2. Andreev reflection terms

This term is the main contribution at low frequency which involves Andreev processes, therefore it is denoted
with an index A. Using the fact that upvy, = +A/2Eg(k)

)\QA t1
|Fa) = Z/ dEl/ dEQ/ dtl/ dtg sign(o at2E5(ks)

kK’
k‘sa‘

[(p(el)ei[EN(k)—Es(kS)—61]t1@(62)ei[EN(k')-FES(kS)—@]QC};’UCLJ (E.11)

—@(El)ei[_E(k)_ES(_kS)"'al]tl @(62)ei[—E(k')-{-Es(—ks)-ﬁ-ez}tz

CkoCr 7
X |Fy) @ |F)) ® |¥pcs) -

Where « is a positive regularization parameter that will be taken to zero, ensuring that the contribution at
—oo vanishes. The integral over ¢y is performed with the help of Eq.(E.10),

| Fa) —ZZ/ del/ deg/ dty sign(o Es(ks)

kK
ksa
. , ]_
i|[En (k)+EN(K)—(e14e2)]t1 T T
!90(61)30(62)6 (k}/) + ES(kS) — €9 — i k‘ k’,? (ElQ)
. , ]_
_ i[—E(k)—En (K )+e1+ea]t
90(61)%0(62)6 *EN(IC/) + ES(k;S) +eg — ,L'ack,ack/p]

X |FT> (= ‘FJ,) & ‘\IJBCS> .

Now, provided that the exp(—i¢(t)) is a continuous function, one can show that its Fourier transform
respects

ole) < % /R at Jexp [~ig(0)] — exp [~ig) (¢4 T )]| (E.13)

It is useful to introduce a typical time scale in exp(i¢(t)), W, which describes the time over which the
function changes substantially. For a periodic function, this would be the period, for a unique pulse, it
would be the width of the pulse etc. The Fourier transform in Eq. (E.13) will give a vanishing contribution
as soon as € 3> W™lr. The Andreev regime is valid for A > 1/W, which in turns imply that, eo < A and
e1 < A in Eq. (E.12). This is basically saying that the exponential of the phase does not vary over times
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E. Perturbation in the QSH — S junction — E.2. Andreev reflection terms

shorter than the inverse gap.

Considering that creation operators vanish for negative energy states and annihilation operator for
positive energy states, and that Exn(k) o« k, the following constraint are enforced. For the first term,
En(k), En(K') > 0 for the first term and En(k), En(k’) < 0 for the second one. Furthermore, as
Eg(k) > A, the 2 and the ia can safely be removed of the fraction and the Fourier transform of the
phase can be reverted to get!

) . / 1
_ 0)E e~ 2i0(t1) il En (k) +En (K)]t1 foel
|Fa) z %/ dt sign(o)Eg(kg) ™ e Fn (i) T Eg(kg)ck"jck =
ksa
(E.14)
_2i6(tn) il - B(k)—~ By ()] 1 e e
—EN(k’) +ES(]€S) ko~ k'o
X |Fy) @ |F)) @ |¥Bes)
Going back to energies, and writing the Fourier transform of the total phase as pr(¢).
|Fa) = z— Z/ dtl/ design(o)Es(ks) ™"
kK
kga
()€t lEN )+ Ex (k) =]t 1 o
En(K) + Eg(kg) kove (E.15)
ok i|[—E(k)—En(K')+e]t1
ge C, Cpi =
e7(e) —Ex(K) + Eg(ks) koK &
X |Fy) @ |F)) ® [¥Bes)
the integral over ¢y is easily performed now and yields
AN S[En(k) + En(K) —€] 1+
= d Es(k '
|Fa) =1 ;;/ esign(o)Es(ks) ™t |7 (e) En (k) + Es (k) ChoChr
kso
E.16
. BE() — () + (10
_SOT(E) —En(k Ck‘,a'ckl,E
N (k') + Es(ks)

X |Fy) ® |F)) @ |¥gcs) -

In order for the delta function to be reduced, one has to translate k& sums to energy integrals in the
normal metals. It can be assumed that the range of valid £ are the same in the normal metal as in the
superconductor, so that the following analysis apply both to kx and kg. In the context of the BCS theory,
—ky, < k—kp <k,,, where wp < e is the Debye frequency. Therefore it is relevant to define 6k = k—kp
and go from sum over k to integral over dk as

I [Fwb)
d = / dék , (E.17)
A 2T 7k(wD)

Lgoing backwards, one can see that 2¢ is in fact ¢ + ¢
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where L is the typical size of the system. Then, for the normal metal only, writing the k dependence of
the energy as E(k) = 5 (k — kp)(k + kr) and enforcing that wp < e, the spectrum is linear. Therefore,
defining the Fermi velocity as vp = kp/m, one gets the following relation

Z = 27er/ 7 de, (E.18)

where & = % — €F, in the normal metal this corresponds to energy, so it is called E. This is not the case
in the superconductor where Eg(k) = 1/&(k)? + A2, so the notation £ is kept in this case. Therefore

L3)\2 wp o) A
Fa) = i— dE d de ————
[Fa) Z167T3vl‘r§1 ;Slgn / / /wD f/oo 8\/§2+A2
< | or(e) OE+E —¢ + i () O[-E—-E+e (E.19)
P e Az MEN e kBT T T T e A () o k().

X |F}) ® |F)) ® |¥pes) -

As said earlier, the E are positive in the first term, and negative in the second one, furthermore, ¢ is
far lower that A, and finally, the delta function enforces that ¢ = E + E’. Thus, for all terms, one has
|E|, |E'] < A. This means that, in the denominator, the E’ do not contribute and the integral over E’ can
be performed. It yields

L3)\2 wD WD oo A
|Fa) =1 sign(o / dE/ df/ de ——
167m3v 3 Z o . e 24 A2

(E.20)
X [SDT(E)CL(E),UCL(EE),U - 90:}(5)01{@), Ck(E,

| 1F) @ |F)) ® [¥pes) -

The integral over ¢ yields a factor m (as wp > A) and the final state reads as

Fa) dE [ d f f s _
| A 16 3 3 ZSlgn /wD /oo € [@T(E)ck(E),ack(s—E),a ('OT(E)Ck(E)vack(E—E)vU (E.Ql)
’FT> & ‘FO & |\IJBCS> .
€

This result can be symmetrized by defining £ = F — 5. The boundaries of the E integration are not

modified as the only non vanishing contributions of € are at ¢ < A <« wp. Then, for comfort, one defines
2¢ = ¢, the general result is

L3)\?
ol
[Fa) =133 g ZSlgn / d¢ SOT(QC)/ dE[ KE+O) 0 k(C—B) T k(B0 k(—B)o (E.22)

X |Fy) @ [F)) @ [WRes) -

E.2.1. Quantized Levitons

In the case of a drive such that ¢; + g is integer,

or(e) = 6(e) +2We "e0(e). (E.23)

151



E. Perturbation in the QSH — S junction — E.3. Quasiparticle transfer terms

This imposes that ¢ > 0, so that at zero temperature the second term disappears identically.

F L L3AN? °°d 5 CdE[T f o o ]]F ®|F)®|U E.24
Far=igmg | 4er®) | B (G0 1% T ke She-pya] FOIFLSBes) - (E.24)

E.3. Quasiparticle transfer terms

Here the second and third terms of Eq. (E.8) are computed. The state is denoted by an index @ as it
involves only quasiparticle transfer above the gap:

t1
|Fo) = Z/ dtl/ dty

kN,k’
ksal

« e—w(tl)ew(ta)ei[EN(kN)—Es(ks)]tlei[—EN(kgvHEs(ks)]tzu% e oC ¢ (E.25)

Jeid(t1) —id(t2) pi[-En (kn)—Es(=ks)]t1 ei[EN(kﬁv)‘*‘Es(—k‘s)]Q Ul?; ¢y CL
S N,O N’U

X |Fy) @ [F}) @ [Upes) -
The phases are replaced by their expression in Fourier space

t1
Fo) = Z As/ dkg/ dtl/ dtg/ dq/ dey o(e1)p(e2)

kN,k’

—ierty iegtgei[EN(kN)fES(k’s)]tlei[—EN(kﬁv)—‘rEs(ks)]tg 2 1

x |e e Uks Chin oKy 0 (E.26)

€1ty —ieata i[*EN(kN)fEs(fks)]tl iEN(k/ )—‘,—Es(—ks) to, 2 T
+e' e e eilEn by ] ks Chn o k0

x |Fy) ® |F}) ® [¥pcs)

Integration over t5 in both terms can be performed by introducing a convergence factor e®*? to take care of
the limit ¢t — —oo, thus

|Fo) = ==~ Z/ dtl/ del/ dez p(e1)p(e2)

kN,k’
kso

—i[el—eg—EN(kN)-‘rEN(k;V)]tluQ ei[el—ez—EN(kN)+EN(kl‘;\,)]tl,U2 (E27)
ks 1 ks T

En(kly) — Es(ks) — ez +ia o kyo ~ Ey(Eh) + Es(ks) — ez — i koo
X |Fy) @ |F)) ® |¥pcs) -

e

X 7

As was done before, arguing that En (k') is positive in the first term and negative in the second one, the
€9 + i can be removed from the denominator and the Fourier transform of the exponentiated phase can
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be reverted. This term looks like this
/ délcp(&l)e_ieltl/ dé‘g(p(sg)ek?tl — 6—i¢(t1)ei¢>(t1) — 17 (E.28)
R R

which is surprising as it means that the voltage drive is not involved.
The integral over t; is simple and gives a delta function, common to both terms,

2
|FqQ) = —Z)\Z > 6 [En(kn) — En(ky)]
Kok
kso

u2 v2
ks d e, - ks c e,
En(Ky) = Es(ks) ™7 *vo By (ky) + Bs(ks) 7 ko

X |F) @ |F)) @ [Vpcs) -
(E.29)
kn < k! can be exchanged in the second term provided that the fermionic operators or inverted. One
obtains

')\2 ’ U% UI%
= —71— 5 - . "

X CLNJCMV,U |F}) ® ’FO ® |Upcs) -
Repeating what was done before, the k sums are shifted to kinetic energy integrals, so that the integral
over E' can be performed. One is left with
2

. L3)\2 wp wp u£ — Uﬁ T
Fa) :ZW%%Z/—@ dE o dﬁw 1(E),0Ch(m)0 [ F1) @ [F) ©[¥Bcs) - (E.31)

The BCS coherence factors respect the following formula in terms of £

1
a2 1 ¢

S Wk (E.32)

The final state therefore reads as

L3N ¢
e B e v
V& + A? ( m) (E.33)
CL(E),J%(E),U ) @ [Fy) ® [¥pes) -

This is an odd function summed over a symmetric interval and therefore vanishes at zero temperature.
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F. Computations for the QPC in the FQHE

In this Appendix, various computations used in the different chapters involving the fractional quantum Hall
effect are presented.

F.1. Green’s function

The Green’s function of the quasiparticles is defined as

(1) (0,0)) = -

. <ei¢;¢¢a7>e—i¢a¢mxn> . (F.1)
Ta

A very useful relation can be used, namely, for bosons operators!,

<€iﬁ¢(ﬂw)e—iﬁ¢(070)> — o(#(@7)6(0,0)-6(0,0)?) (F.2)
One therefore introduces the bosonic Green’s function, as

G(z,) = (6 (1,2) 6 (0,0) ~ 9(0,0)%) , (F.3)

Hence ‘ ‘
<elﬁ¢($ﬁ)e—lﬁ¢(0,0)> — ¥9(7) 7 (F.4)

and the bosonic Green’s function can be computed from Eq. (9.27). The bosonic fields are written in &
space in the continuous limit (L — o0)

o) = [ [T () () () ()] e

where the boson average value is evaluated on the equilibrium density matrix, enforcing the linear spectrum,
it can be written directly in terms of k as

T _ ].

As a result the integral to compute is the following

3] e—ka _ o—kla—i(z—vpt)] e ka (efik[vapt] _ 1) (eik[vapt} _ 1)
g@o:A M{ . — e Cw)

Tt can be derived with Gaussian integration techniques after performing a variation of the partition function with auxiliary
fields in the path integral approach developed by Feynman [181].
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F. Computations for the QPC in the FQHE — F.1. Green’s function

The first term is tabulated [see Eq. (3.434.2) of Ref. [182]] and yields

oo —ka __ —kla—i(z—vpt)] _ t
/ kS ¢ = log (1 " ) . (F.8)
0 k a

The second term can be written as

0

k ekvr/0 — 1
(F.9)

1—e ¥

/oo duefu(lJraG/vF) [(eiu[xvpt]ﬁ/vp _ 1) (eiu[vapt]G/vF _ 1)] |
0 u

which is also tabulated [see Eq. (3.413.1) of Ref. [182]] and yields

U 1—eu

/oo due—u(l-l—aﬂ/vp) [(e—iu[x—th]G/vp _ 1) (eik[w—vpt]e/vp o 1)]
0
(F.10)
F2(1 + 7'09)
r (1 + 700 + ‘["”‘”Fﬂ‘)> T (1 406 — Z@) ’

¢ o v

= log

where 179 = a/vp is the short time cutoff. It is sometimes useful to actually consider that 7q is less than any
other time scale, in this case [see Eq. (8.332.3) of Ref. [182]] and at the QPC (x = 0), one has

1—e ¥

/oo duefu(1+a9/vp) [(eiu[xvpt]e/vp _ 1) (eik[mvat}G/UF _ 1)]
0 u

(F.11)
B iTo sinh [76 (itg — t)]
= 8 (i — ¢) sinh(nBinod) |
Thus, adding the two terms of Eq. (F.7), the total bosonic Green’s function can be written as
sinh (07 (itg — 7))
=—1 F.12
G() o8 [ sinh (i077)) ( )
Keldysh bosonic Green's functions. They are defined as
M (t—t') = ( Tic¢ (t,x = 0) ¢ (thy,x = 0)) , (F.13)

where Tk as usual denotes ordering along the Keldysh contour. The four different Keldysh Green’s functions
can be written in terms of the bosonic one

Grr(t) =G(|t)

G (t) =G(-=th)

G+ (1) = G(—1) (F.14)
G (t) =G(1),
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F. Computations for the QPC in the FQHE — F.2. Current for Laughlin states

F.2. Current for Laughlin states

Evaluating the current to lowest order in A yields

—+00

)= =5 > m [ dta (T Lty (1)

- (F.15)

=50 > me [ j dty e Ociews®) (1 Ll ty)] [vhtm)enta] " }) -

nmieel

One notices that terms e = ¢ contain the combinations 1} (tn)wl (t1,7,), which will vanish. After removing
these terms the current reads
e 2 i : i i
Ushe=5N 3" m [ dt (exp{ile() — o)} (T {w )t 0]t orltnm) } )
nm -
— exp {—i (1) — ()]} (Tie { ()0 (t)0rtr,00 )0 (E10) } ) )

(F.16)

Now one can use Wick’s theorem and, using the usual definition of the quasiparticle operators in terms of

bosonic fields, Eq. (9.32) one gets

* —+o00
. € .
)= i 50> m [ dtysinfo(t) — oltn) x
M -

y <TK [emmctn)e—im}z(n,m)}> <TK [e—z‘mL(tn)eW%(th)}> '

(F.17)
Using the formulas for the bosonic Green’s functions, the current can be recast as
U . 2wGMM (t—t1)
(Ig) = i dty sin [p(t) — o(t1)] Y _me v (F.18)
- M1
From Eq. (F.14), one can show that
Z e t=t) — o {621/9(7) _ 621/9(*7)] o(r), (F.19)
T]7771::|:
where 7 =t — ¢1. Thus
e [T 206(r) _ 2wG(~)
(Ug) = 55 /0 dr sin[p(t) — @t — 7)] (e v9(r) _ 2 T) . (F.20)

F.3. current for general Abelian edge states

In this appendix, the general model for Abelian fractional quantum Hall edge states introduced in Sec. 9.4.6
and it is shown that it leads to a tunneling current of the same form as the one obtained in Eq. (10.5).
The QPC is set in the weak backscattering regime and is thus modeled by a Hamiltonian describing the
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F. Computations for the QPC in the FQHE — F.3. current for general Abelian edge states

tunneling of quasiparticles between the two edges as

Hy = Zr 7 0)4 (0) + He. (F.21)

where (u)/(d) label the upper and lower edges (the standard R/L designation being ill-defined in the
presence of non-chiral modes). In all generality, one would need to account for all possible tunneling events,
i.e., the ones involving all possible quasiparticles. In practice, however, it makes sense to favor the one with
the lowest scaling dimension, as it is the most relevant perturbations in the renormalization group sense.
In what follows, this leading quasiparticle is labeled with the vector g*.

From the expression of the tunneling Hamiltonian, one readily obtains the tunneling current operator at
the location of the QPC, as

Ir(t) = iQge |Tge(t) 1Qg*VDct¢(“)T(0 e (0,¢) — He. |, (F.22)

where the QPC is driven by a DC voltage and has a time-dependent tunnel coupling.

Using the decomposition of the quasiparticle operators in terms of the bosonic fields ¢;, one can express
the thermal average of the tunneling current in terms of the bosonic Green’s function G'" (¢ — t') yielding

(12(6) = 506 Yo [ a [ (O (@10 Vo) — T <t'>eng*VD0(“')}
'

QI

(F.23)

At this stage, it is important to keep in mind that gl""' (t—1t') is a trivial generalization of the one presented
in Sec. F.1. In particular, its Keldysh components follow the same relations as the ones introduced in
Eq. (F.14), with the corresponding Green’s function G;(7) given by

sinh < (i1 — T))
sinh (i%n)

with 77 = a/v;. It follows from this that the term involving the bosonic Green’s function in Eq. (F.23) can
be further rewritten as
|: smh(zﬁrl)

H 291 2G(1) _ H 6 bmh % (im— T) ] H e
_ 2SO [ (2})291

l

Gi(1) = —log : (F.24)

blIl}l(iETo)
9108 |:§mh (iTofT)) :| + 91108 0

(F.25)

where the short time cutoff 7; in the denominator only serves as a regularization and can be replaced by
any infinitesimal. This allows to drop the | dependence in the bosonic Green’s function and to perform the
product over [, letting the scaling dimension appear naturally.
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F. Computations for the QPC in the FQHE — F.4. Computation steps for the current

The tunneling current can now be rewritten as
(Fr(1) = 5 Qe 2 [ e et g o) Zn’ oG (1.20)

where, for convenience and without loss of generality, the prefactor in 7;/79 was absorbed into the definition
of the tunneling amplitude. This expression perfectly mirrors the one obtained for the Laughlin case in
Eq. (10.5), where the effective charge e* and scaling dimension vp of the Laughlin quasiparticle are replaced
with the corresponding effective charge Qg+ and scaling dimension dg+ of the leading tunneling quasiparticle.

F.4. Computation steps for the current

In this section a general formula for the current Eq. (10.5) is derived without any assumptions on the value
of vp other than it being positive. In particular, Eq. (10.7) is obtained.

One starts by performing the sum over 7 in Eq. (10.5), using
$ o e2vp9™ (1) — [ezupgm _ e%g(—r)] o(r), (F.27)
nn'=%

where 7 =t — t/. Then the sum over € can be performed as

Z Geiﬁwa‘(t*t/) [)\* (t)]e [)\* (t/)] —€ _ )\(2) Zﬁpmei(lfm)ﬂt <€i(m+q)QT _ e*i(l‘i’q)QT) 7 (F28)
e==+ Im

where g = %8 Inserting Eq. (F.27) and (F.28) in Eq. (10.5) gives

1 2 . +o0 ) '
nle)) =¢ (m) A3 D Dipme! Y / dr (eitm 097 — miltranr)
Im

0 (F.29)

% [ezyDg(T) _ ezuDg(—T)} ‘

The next step is to simplify the expression of the Green’s function G(7), see Eq. (F.12), denoting n = +,

—2v
T\ 2D cosh (%T) K
e2vpG(nm) — (_Z‘n)Ql’D tanh (IBT0> g (F.30)
[tanh (%7’) —intan (%7'0>:|
Thus, the current reads as
2vp
T

(Ir(1)) = " (20m0) " 72 BA] szpme (b=m)sae Z 1)?"P tanh (5T0>

(F.31)

+oo m+q l+q cosh (z) 2P
X dz |exp (i 7 | —exp|—1t 7 x o
0 T T [tanh (x) — intan <%T0>]
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F. Computations for the QPC in the FQHE — F.5. Weak backscattering regime

where 6§ = (8Q) ! is the reduced temperature. Changing variables to y = tanh(z), one is left with

(IT(t)) = e* (2ur9) 23 B2 Zﬁpmei”_m)m Z .
lm n=+

1 —1 72VD
X / dy [(1 — y) P IERT (1 4 ) (1 + intan <gm> y> (F.32)
0
- (qu) — (_l7 _q):| .

Where the notation f(a,b) — f(c,d) = f(a,b) — (a,b) — (c,d) has been used. This integral can be expressed
in terms of the first Appell hypergeometric series Fj, see Eq. (3.312) of Ref. [182], as long as vp is positive.

The current therefore reads as
m—+q
B —g—1
<VD om0 >

—1
Iy (1, 1—vp =i 9 oy 14 up — z% —1; —intan <7TTO) ) (F.33)
T

(Ip(t) = ¢ (20m0) 2w BAT Y Pipme Y )
l,m n=+

210 B
—(m,q) — (-, —Q)] ,

where B(z,y) is Euler’s Beta function. Using the properties of Appell’s hypergeometric series Fi, see
Eq. (9.182.1) of Ref. [182], and the properties of Euler’s Beta function, see Eq. (8.384.1) of [182], one finds
that

—in sin (%To) exp (in%m)

(IT(t)) = e (2vm0) 27 3BAG Y Pipme NN Ty T
I,m n=-+ YD =%
X o (1,1 —Vp —i%;l+VD—in;T_}—9C];exp (2@'77;TO)> (F.34)

- (ma Q) - (_la _Q)] )

where o F7 is Gauss’ hypergeometric function. It is remarkable that this formula is valid to all orders in g
and for any vp > 0.

F.5. Weak backscattering regime

In this appendix, a formula for the current as a function of time s found in the regime where 0 < vp < 1,
with vp # 1/2. The weak backscattering regime for Laughlin fractions is a particular case of this regime of
parameters. Therefore, performing an expansion in 79/8 Eq. (10.11) is derived.

In this regime, as neither —vp, nor 2vp — 1 are integer, and as ‘1 — exp <2in%70)) < m, Eq. (2.10.1) of
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F. Computations for the QPC in the FQHE — F.5. Weak backscattering regime

Ref. [183] holds. Thus, to lowest order in 79/

I'(2up)Z (1—m .\
(rn(t)) = "R S - 5 2w
I,m n==x

I'(1 —2uvp)T (1 +vp — N;Tg) (F.35)

(vp =% T (1 —vp — i

X ) - (m’q) - (_l’ _Q) )

where I'(z) is the Gamma function, A = (Q79)~! and

e*Q Ao\ [2m0\*P72 ¢
— 20 o7 . F.
= <> <A> [(2vp) (£.36)

Note that for 1/2 < vp < 1, the expansion of the hypergeometric function gives a leading contribution of
order O(7y) which dominates over the one considered above, which is of order O(75"”). However, this leading
contribution simplifies when accounting for the second hypergeometric function obtained upon exchanging
(ma Q) - (_la _Q)'

Using the fact that in = exp (in}), Euler’s reflection formula for the Gamma function [see [182],
Eq. (8.384.1)] and the fact that I'(2*) = I'(2)* [which can be deduced from [182], Eq. (8.334.3)], the
current is reduced to

z ,
T _ § :— i(l—m)Qt
< T(t)> Z2COS(7’['VD) lmplpme

5 (F.37)
X UI‘ <VD — in;—;q> sin <7T1/D + imQ—g q) — (m,q) = (—I, —q)] :
Finally, after a change of indices, one is left with
(o) =23 |0 (vp + i1 2
T N b 270
Im (F.38)
x Tm < Prpm—i€™¥ |tan (1vp) cosh m+q + isinh m+q ,
20 26
where Im(z) denotes the imaginary part of . Assuming that p; € R, this reduces to
m—+q 2 m—+q
(IT(t)) = IZ cos(IQ2t) Z 'F (I/D +1 50n ) ‘ (Pm—1Pm + PmPi4-m) sinh (20>
>0 m
m—+q 2 m—+q
+ sin(I2t) tan(7vp) Em: ‘F (I/D +i 50 ) (PmPi+m — Pm—1Pm) cosh ( 55 ) (F.39)
2
m+q 9 . m+q
+I; ‘I’ <VD—|—’L 50r >‘ Dy, sinh <29> .
The current can finally be rewritten as
(Ir(t)) = Io+ > _ ICpcos(nQt + ¢y), (F.40)

n>0

161



F. Computations for the QPC in the FQHE — F.6. Strong backscattering regime

where

= arctan &
n = arcta A,

2
.M +q ) m+q
Az:Z’F <1/D+Z 20 )’ (Pm—1Pm +pl+mpm)s1nh< 50 >

2
m+q m+q
B, = tan 7rVD Z ) (VD +1 20 ) ' (pm—lpm - pl—l—mpm) cosh (29) (F'41)
~ cos(gn)

(uD +Zm+q>‘ pZ, sinh (mQ—gq> .

F.6. Strong backscattering regime

In this appendix, a formula for the current in the strong backscattering regime is derived. Applying the
duality transformation to Eq. (F.34) taken for the Laughlin series, one has for the current in this regime

—insin (%7'0) exp (in%m)
vl it

X o (1, 1—v " — in;T—;q; 14+v7! = iﬂ;TZq;exp (2@77270)) (F.42)

(It (t)) = e (2vm0) 272 BAF szp elllmm)t Z 77

- (m7Q) - (_l7 _Q)] )
where ¢ = wp /.

The next step is to perform an expansion in low 7/ for the Laughlin series (where v~! is an odd integer).
The technique used in the case 0 < vp < 1 (see App. F.5) cannot be used here as 1 — 2v~! is an integer,
thus, Eq. (2.10.1) of Ref. [183] does not hold. However, another route is possible which allows to show that
the leading contribution is of first order or less in 7.

Following Prudnikov et. al. [see Eq. (7.3.1.31) of Ref. [184]] a logarithmic expansion of the hypergeometric
function is performed and all the terms of order higher than three are removed. The current can then be
written as the sum of two terms:

(I1(t)) = (Irermi/pc(t)) + Leor-ac(t)) 5 (F.43)
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where the term containing the DC behavior as well as the Fermi limit is

)2k—s+41/_1—2

>

k,r=0 5=0

X (—1)k2k+2”_1*1(in)2k*8*2 {log <2;7'0> + ing —Yk+1)+¢ (Vl k- ZW;;;Q)]

oo 2w l-1+4k (k’ + v — 1)/6(2”71)/6 (Vil - z%)k (%7—0
rlsl(k+2v=1 —1—s)! (F.44)

- (ma Q) - (_la _q)} ’

while the term corresponding to the AC current when correlations are present reads as

, 1
(Ioor-ac(t)) ~ —ie (20r9) "2 n 3 BN %;plpme’(lm)m nzzisin <g7'0) T —

1 1 1 .miq x r+2k—s
( )k( v Y 5r0 )k 570

rlsl(k —s)!l(2 —2v- 1) (F.45)

k
Z (_1)k(in)r+2k—s2k

—(m,q) — (=1, —q)] ,

with (z), = [[}Zo(z + k) is the Pochhammer symbol.
One sees indeed that for v = 1 Eq. (F.45) vanishes and for v=1 > 1 all terms in Eq. (F.44) are sub-leading.
Therefore, the computation will be better understood if presented in two different sections.

F.6.1. Fermi liquid limit, v =1

The Fermi liquid limit is obtained by setting v~ = v = 1. The first sum over k in Eq. (F.45) vanishes

and only the terms of Eq. (F.44) contribute. Performing the sum over n removes all terms containing odd
powers of 7, i.e., to lowest order in 79/5 (s =1, k = r = 0) the current reads as

N iema
(Ir(t) = 25> Pipme (2 +1+m). (F.46)

4rv
F I,m

F.6.2. Filling factors, v~ > 1

The general case of integer v~ ! greater than one is obtained by remarking that the leading term in Eq. (F.44)
is a polynomial of order five or more in 79/3. Therefore, the main contribution to the current can be
extracted from Eq. (F.45) only. It can be shown that the term of order minus one in 79/ does not depend
on ¢ nor [ or m, thus it does not contribute in the current. The sum over n removes the zeroth order term
in 79//3 so one is left with the first order contributions. They arise when the indices respect r + 2k — s = 2,
i.e., there are four possibilities:

e r=0k=s5s=2;
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e r=0,k=1,5=0;

The last possibility gives rise to a term independent of ¢, I, m which thus vanishes. Selecting the three first
possibilities only and removing the Fermi/DC term in Eq. (F.43), the current ultimately reads as

”T(t”’“ﬂu_gyl)g(f) T Im Y pipme’ T (m o+ g)? | (F.47)

Im

F.7. Fermi liquid approach

This section describes a computation of the Fermi liquid behavior using standard Fermi liquid theory In this
picture, the Hamiltonian is written in analogy with Eq. (10.1), in terms of electron creation and annihilation
operators Wy, g at position x = 0 in the left or right leads. It reads

Hp = A(t)¥] Ug + Hee. (F.48)
Thus the current operator is
It = ie(t)¥] Uy + H.c. (F.49)

Keldysh Green’s functions for electron operators are defined as
G;ZZ =~ <TK\IIs(t77)\IIZ’(t;7’)> ’ (F50)

where Tx is the time ordering operator along the Keldysh contour, s and s’ can be either L or R and the
Keldysh contour indices  and 7’ can be 4+ or —. The current can be written with Keldysh Green’s function
for electron operators:

(It(t)) = —e [At)GRL (1) = X ()G (8,1)] (F.51)

Working in the wide band limit allows to simplify the Green’s functions, the current can therefore be
simplified into
e

(Ir(t)) = prn ZMPmei(l_m)gt/dw [f(w—pr) = fw+19Q2 = pr) — flw—pr) + f(w+mQ — pr)] .
Il,m

(F.52)
where f(x) is the usual Fermi distribution and pg/y, is the chemical potential of edge R/L. Performing the
integration yields

eQN2 (l—m
(I(t)) = 4m}20 Zﬁpme’(l %2 +1+m). (F.53)
F Im

Using Eq. (10.4) to write the derivative 0;A(t) = iQ2 >, Ip;e?¥, the current can be rewritten as

eQ)
47rv%

(I (t)) =

[2(1 IA®)]* + %at N2 . (F.54)

Finally, substituting the expression for the time-dependent tunnel coupling A(t) for the two types of drive,
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one has

(I (1))

2 A1)V, for a gate drive
e { ( ) DC g (F.55)

N 2mv3 )\gV(t) for a voltage drive.
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G. Computations for interacting pulses

In this Appendix, various results related to Chapter 11 are presented and derived.

G.1. Leviton and anti-Leviton case

As a first computation, the charge backscattered at the QPC is obtained when terminal 1 is driven by the
voltage

2
Z Z T2+ (t — kT + sAt/2)%’ (G-1)

s=t k=—
which corresponds to the injection of a Leviton and an anti-Leviton in the same period separated by a time
delay At. In this case, V() = V(—t) and the phase ¢(t) becomes

2

t
. g
olt)=e / ') s Z T2+ (' — kT + sAt)2)2

s=t k=—o0
t+A/2 +oo 2
:e*/+/ Vo i

(G.2)

dt’ — ;
-ap T (- kT)?

and, as a result, p(t) = ¢(—t). By using the latter property, it can be shown that the integral over t in
Eq. (11.10) vanishes. Indeed,

/OO dt sin [ (t) — p(t — 7)] = /Oo dt sin[p(—t + 7/2) — o(—t — 7/2)]. (G.3)

—00 —00

By using ¢(t) = —p(—t), one sees the integral vanishes.

G.2. Floquet weights for double pulses

A computation of Floquet coefficients for two pulses of charge ¢ = +1 and separated by a time shift ¢
is proposed. The first section focuses on a signal made of two Levitons while the second one relates to a
Leviton added to an anti-Leviton. In both cases, the coefficients are defined by the following relation

e—i(b(t) _ Zple—ilﬂt ’ (G4)
l

where ¢(t) = ¢1(t) + ¢p2(t + 6t). From Ref. [174] the coefficients for a single pulse read as

e—27‘rl77 (1 _ 6—47”7) l > 0
= —e 2 =1 (G.5)
0 l<—-1.
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G.2.1. Two-Levitons drive

In this case, ¢2(t) = ¢1(t), thus

o) — Zple—ilﬁt Z P~ M) (G.6)
l m
writing [ +m = [, one obtains
e—m(t) _ Zpl_mpme—ilﬁte—imfzét ] (G.?)
im

—imSot

Which is equivalent to defining the corresponding coefficients p; = >, pi—mpme . A formula can be

obtained for the p;. Defining o = Qdt, the | = —2 coefficient can be written as

P2=) Pompme ™. (G.8)

as pr = 0 for any k£ < —1, the only non-vanishing term is that corresponding to m = —1, it reads as

~ _ .2 i
b—2=p_q€

_ 67471'7]61'04 ) (Gg)
The second particular term to compute is the [ = —1 term, for the same reasons as before, the only
non-vanishing terms are the m = 0 and m = —1, thus
Pt =p-1po (e +1
) ( 4 ) ) (G.10)
= —e (1 —e 7”7) (ew‘ + 1) .
For other values of [, one can show than the sum is limited to —1 < m <[+ 1. Thus,
+1
ﬁl = Z plfmpmeizma . (Gll)
m=—1
It is useful to isolate the m = —1 and m = [+ 1 terms and write
!
ﬁl _ Z pl_mpme—zma + p_1pia <eza + e—l(l-‘rl)a) . (G12)
m=0
One can show that p, = e~ 2™*pq, thus
!
P = e—2l7r17p0 [pO Z e~ ima +p716—27m7 <eza + 6—Z(l+1)a}>
m=0 (G.13)

l
— ¢~ 2m (1 . 6—471'7]) [(1 o 6—47r77) Z e~ima _ j—dmn (eia + e—i(l-i—l)a)] ]

m=0
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The sum can be performed as it is just a geometric series, one is left with

1— e—i(l+1)a ) ]
B = e~ 2 (1 _ 6—47r77) (1 _ 6—4m7) I T am (eza i e—z(l—l—l)a)

1 _ —ix
¢ (G.14)
—2lm —4r
_ € ! (1 —¢ 77) [1 _ p—ill+Da _ —4mn <6icx _ e—i(l+2)a)] '
1—e@
G.3. Leviton and anti-Leviton drive
In this case ¢2(t) = —¢1(t)
é(t) Zplefilﬂt Zp:neimﬁ(t+5t) ) (G15)
l m
writing [ +m = [, one obtains
€—i¢(t) — Zpl+mpme—il9te+im95t ) (G16)

Ilm

Which is equivalent to defining corresponding coefficients p; =, PimPme Tt Tt is handy to separate
between the { =0, > 0 and | < 0 cases,

Case [ =0 In this case,

00
~ 2 _ima
E bp€

Po =
m=—1
3 (G.17)
_ —za + Z e —4rn+ia)m G.17
m=0
e~dme—io _ o—8mn 4 q

1 — e—4m+ia

Case [ > 0 One starts by remarking that the sum runs over m > —1 and separating the first term from
the rest of the sum, the following steps are straightforward computation steps.

Prso = p171p_167m —2mln Z em —4rn+ic)
2l —4 —i —2ml —4mn) 2 1 G.18
—e (L —e ) e e (1 e ) s (G-18)
. . g _ _47-‘-,,7
— 2isin (2) (1 6 )67217”771'% )
1 — e—4m+ia

Case [ < 0 In this case, the sum runs from m = —I — 1 up to infinity, thus a change of variables into

m = m + [ allows to write

o0
Pico= Y Pm-ipme "V (G.19)
m=—1
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writing —! = |I|, one recognize the formula for the [ > 0 case:

~ —ial ~
D<o =€ Py

_ 2isin(§) (1= e™™™) oy e
- 1 — e—4mn+ia :

Both cases can be summarized by

27 sin (%) (1 — 6_47”7)
1 — e—4mtia

1411
2
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