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Foreword

Dear reader,
for those of you unfamiliar with the French Habilitation à Diriger les Recherches,

it is the “last” academic diploma one can obtain at University in France. Common in
other (mainly European) countries, the aim of the exercise, as I understand it, is to
take some perspective on the work done since the PhD, show the work of supervised
PhD students, and draw a vision for future work. It comes with i) this manuscript,
submitted for review to a jury, ii) an oral defense in front of the same jury.

There are several schools in France on how to write this manuscript, ranging from
a 40-page copy/paste of a few papers to a whole 350-page book of new material with
a pedagogical introduction of one’s different research themes. I aimed somewhere in
the middle of this range. I started by copy/pasting parts of a few selected (published
and unpublished) works, and then concentrated on harmonizing, drawing links,
removing details, to provide a larger picture and reveal the underlying thread. From
time to time, in the flow of my writing, I obtained a few new results that I added
as well.

I am painfully aware that this manuscript is at times not very pedagogical:
it delves into very different concepts, from coresets to loop-erased graph random
walks, from multi-scale graph representations to accelerated sampling algorithms
for determinantal point processes. Properly introducing all these domains would
have taken me much more time and space, and is out-of-scope of this “habilitation”
document. I do hope that these chapters (that can be read independently) can still
be useful to some readers, interested in the general topics of (graph) signals, (graph)
structures, and (graph) sketching.

This document relates the work of a selection of ∼ 15 research papers published
since my PhD: I made my choice to allow for a sort of continuity and harmony in
the manuscript. A part of my work is thus not represented, a chunk of which I find
is truly missing (apart from two examples I briefly discuss in the introduction): my
work on applications. I have always had an applicative project. In fact, one of the
things I love about working on such versatile objects as graphs is that they can be
found in many areas of research. And I have had the great pleasure to work with
people of different fields in the past: neurosciences, physicists, art historians.

I now wish you a pleasant reading. And don’t hesitate to drop me an e-mail if
you have questions, comments, ideas, epiphanies that arise while reading!
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Chapter 1

Introduction

Two words. If two words could epitomize my academic work since even before
my PhD, it would be: graphs and sketching.

On the one hand are graphs and their ability to represent the complexity and
interconnectedness of systems. They can be as large as needed, as connected as
required by the system, with edges that can be weighted, directed, and/or multiple.
With node or edge features1 that augment the graph in its modeling capacity: from
spiking activity in neuronal networks in neuroscience, to the dynamics of an epidemic
on a human contact network, from chemical affinities on molecular networks to the
spread of fake news in social networks.

On the other hand is sketching (via sampling, projecting, coarsening, . . . ) and
its ability to simplify, to reduce, to detect invariants, to capture the essence of
the truly useful information. Understood here in a very broad sense, sketching is
the art of reducing the size of data in a way that keeps the information deemed
important. Sketching is used for mainly two purposes. The first one is for descrip-
tion/visualization purposes: the idea here is to reduce the data in order to be able
to represent it in a way that is understandable by a human. The second main pur-
pose is for computational purposes: the idea here is to summarize data either for
efficient storage/transmission or to run a costly processing algorithm on the reduced
data (an algorithm that would have been prohibitive to run on the whole data). In
this case, the summarized data –the sketch– does not necessarily need to be in a
human-friendly form, it can take any form as long as it keeps what is important.

These two concepts, graphs and sketching, sit at both ends of a simple-to-
complex spectrum and linking them together may appear to be doomed to failure.
There is indeed an underlying tension –that I think is visible throughout my work–
stemming from the unattainable goal to combine the best of two worlds: the fine-
grain details and modeling power of very large graphs, and the coarse-grain vision
and understanding enabled by sketches. This tension has nourished my creativity
for the last 15 years, and is an underlying thread of my academic work, a part of
which is presented in this manuscript.

A few graphs and graph-based questions. Let us start by showing a few ex-
amples of how graphs and graph-based questions arise in different scientific fields.

The neuronal network [Bassett & Sporns 2017, De Vico Fallani et al. 2014]. We
humans have around 1010 neurons in our brain and around 1015 inter-neuronal

1additional information associated to nodes and/or edges
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Figure 1.1: Example from neurosciences. Top: 27 images extracted from a
movie of calcium activitiy in the striatum of a mouse under stimulation (obtained
via two-photon fluorescence microscopy). The electric stimulation happens between
images 11 and 12, and induces a calcium activity that is visible by fluorescence.
Bottom left: one such image (400 × 400 µm) with neurons that have been de-
tected (in green). Bottom center: zoom of the previous figure’s red square. Bottom
right: nodes of the graph that models the underlying neuronal network. Each node
represents one neuron. Edges are not represented (but we worked here with nearest-
neighbor graphs). Different colors are used to represent different types of neurons.

connections. This huge network raises many questions, such as the link between
topology and function of brain regions. To illustrate such a type of neuronal data,
see Fig. 1.1 extracted from my work in [Becq et al. 2019, Badreddine et al. 2022,
Vertaure 2021]. This figure represents calcium imaging data of a slice of mouse
striatum (a part of the brain responsible for procedural memory). We see here a
(very) small portion of the mouse’s brain at the individual neuron scale. About
a hundred neurons are visible in the movie. Modeling this data as a graph: each
neuron is a node of the graph, edges are drawn between nearest neighbor neurons,
and the fluorescence of each neuron is seen as a time series associated to the cor-
responding node. The question that concentrated our attention is: when a mouse
learns a motor task, is a reorganization of the graph measurable? If so, how does it
reorganize itself?
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Figure 1.2: Another example from biology. Left: zoom on a typical 2D confocal
fluorescence image of dentin (porous tissue inside teeth). So-called tubules appear as
thick somewhat straight and elongated white structures, whereas so-called branches
are less intense, thinner and show more curvature. Middle: an entire image in which
tubules and branches are modeled as edges of a graph (and nodes are the intersection
of these edges). Right: zoom of the red square on the previous image. For conve-
nience, the data is shown here in “flattened-2D”, but it is in fact 3 dimensional.

Another biological network. Another biological network stemming from direct imag-
ing, and on which I currently work on, is the cellular porosity network in bone tissues
and in the dentin [Sigal et al. 1984, Vennat et al. 2017]. See Fig. 1.2 for some illus-
trations extracted from my work in [Chatelain et al. 2023]. The overall topology
and connectivity of these porous networks are believed to be key determinants of
the mechanosensing capacity of teeth. The graph-based questions that arise here
concentrate on connectivity questions such as: how is the graph connected? Is its
local connectivity stationary along the different spatial dimensions of the image?
What can we say about its robustness to random localized “attacks” (removal of
edges and nodes in a small region)?

Other networks. There exist many different other types of networks in the field of
biology, some of them from direct imaging techniques like the two presented above,
some of them coming from modeling (sub)systems, such as gene regulatory networks.
Now, networks also arise in many other fields of research other than biology, and we
give here some classical examples:

• The internet network [Pastor-Satorras & Vespignani 2004, Tu 2000] formed
by all computers and routers interconnected. On this type of network, security
questions are often raised: how does it react to different types of attacks? How
should it be wired to improve its resistance to random attacks? Where should
data be stored / processed to avoid saturation?

• The transportation network [Strano et al. 2012, Gallotti & Barthelemy 2015]
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of a city formed by the inter-twined bus, subway, bicycle route networks.
Where are the traffic bottlenecks and how to modify the network to avoid
them?

• The network of face-to-face interactions [Isella et al. 2011, Colosi et al. 2022]
in a social event. How fast does a disease (or any type of information) spread?
How can we most efficiently contain the spread?

• Other well-known examples: the electricity grid, online social networks, finan-
cial networks, . . . , all with their own sets of questions and challenges.

General methodology. All these networks share the common property that they
can be modeled with graphs, mathematical objects made of nodes representing,
depending on the application, neuronal regions, routeurs, bus stops, . . . , intercon-
nected with edges of varying intensity. This part of the modeling is necessarily done
by an expert of the application field. Then, once a graph has been extracted from
the network at hand, comes the question of extracting relevant information from it,
to answer the specific questions of the research field it came from.

Analyzing such networks via graphs requires specific methods and theoretical
tools that have been developed over the last ∼ 80 years in the fields of statistics,
statistical physics, probability, computer science, combinatorics, signal processing,
spectral graph theory, geometry, machine learning, . . . These fields of research, when
focused on graph analysis, are sometimes put under the umbrella term of network
science. Under this umbrella, my work has been driven by two main aspects: how
can we summarize graphs and/or signals defined over graphs? How can we do so
efficiently (in terms of computation cost), especially in the growing number of cases
where graphs have large number of nodes and edges? The next few paragraphs give
preliminary comments and context on these two questions.

The art of sketching. Let us discuss here a few examples of data sketching,
from different fields of research: sampling continuous signals, subsampling rows of
matrices, subsampling elements of a point cloud, community detection in graphs,
etc. Some of these examples are illustrated in Fig. 1.3.

Example 1: Sampling continuous signals for perfect reconstruction [Shannon 1949].
Consider a continuous time signal f(t) defined on an interval I ⊂ R, a cornerstone
theorem of signal processing states the following:

Theorem 1 (Nyquist-Shannon sampling theorem). If a signal f(t) does not contain
any frequency larger than B(> 0) hertz, then it can be perfectly recovered from regular
samples taken at intervals smaller than 1/2B seconds.

In other words, a sufficient sample rate for perfect reconstruction of f(t) is any-
thing larger than 2B samples per second. From a sketching point-of-view, this is
absolutely remarkable: the information of a continuous signal f(t) (that a priori
takes an infinite memory to store in a computer) can be perfectly (i.e., without any
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loss of information) encoded in a finite number of samples! In a sense, this is the
greatest sketching scenario of all: an extreme reduction of data size that keeps all the
information. Of course, all this works by supposing that the signal is B-bandlimited
(i.e., does not contain frequencies larger than B); which, in many instances, is either
false or unknown.

Example 2: sampling continuous signals for integral estimation [Davis & Rabinowitz 2007].
Another classical topic regarding sampling of continuous signals is numerical inte-
gration. How to numerically integrate functions defined on continuous spaces (that
by definition cannot be stored in a computer)? Sampling (may it be deterministic or
stochastic) is in general the only way to go in this scenario. In numerical integration,
perfect estimation of the integral is in general impossible and theorems usually find
a way to bound the error made by the sampling/estimation algorithm.

Example 3: sampling rows of a matrix for a fast estimation of its Singular Value
Decomposition (SVD) [Drineas & Mahoney 2016]. Computing the SVD of a tall
n ×m matrix costs O(nm2) number of elementary operations. When n and/or m
become tool large, this cost may be prohibitive with regard to the available com-
puting budget. In this example, the idea is to i/ sample a subset of rows of the
matrix, ii/ compute the SVD on this reduced matrix, and iii/ lift back the result in
the original dimension. This procedure can also be done via element-wise sampling,
and can also be preceded by a random-projection-type “preconditioning” operation,
in order to “spread out” or uniformize the information in the original matrix (mak-
ing it more amenable to uniform random sampling strategies). Given an admissible
error on the result obtained, one of the main objective is to find sampling procedures
that minimize the number of samples needed to reach that error.

Example 4: sampling points of a large point cloud for fast clustering. In the
context of clustering large point clouds in several (hopefully) well-separated clus-
ters, when the number of points and/or the dimension in which they are defined
are too large, it may become prohibitive to run off-the-shelf clustering algorithms
(such as k-means heuristics or hierarchical clustering algorithms). An elegant way of
accelerating these algorithms is to i/ sample a small proportion of the point cloud,
ii/ run the clustering algorithms on this small “sketch”, iii/ lift back the result to
all points of the original dataset. There are many ways to do so, by defining land-
marks [Vladymyrov & Carreira-Perpiñán 2017], by sampling coresets [Jubran et al. 2021],
etc.

Graph sketching. When it comes to data in the form of graphs, there are two
main ways to approach sketching.

Graph sparsifiers. The first one consists in reducing the number of edges while
keeping the same number of nodes; and leads to methods referred to as graph sparsifi-
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cation. This line of work is devoted to showing the existence and designing sampling
algorithms of sparse subgraphs of the original graph for the approximation of vari-
ous tasks: cut sparsifiers [Benczúr & Karger 1996, Karger 1999] approximate every
graph cut, spectral sparsifiers [Spielman & Teng 2011, Spielman & Srivastava 2011]
approximate the spectrum, spanners [Peleg & Schäffer 1989, Ahmed et al. 2020] ap-
proximate all pairwise distances between nodes, etc. A famous example of graph-
based numerical linear algebra task for which such sparsifiers have been found useful
is to approximate the pseudo-inversion x = L†b with L the Laplacian matrix of a
graph with n nodes. Whereas exact (pseudo-)inversion has a worst-case cost in
O(n3), spectral sparsifiers enable an approximate pseudo-inversion in nearly linear
time in the number of edges [Vishnoi 2013, Spielman & Teng 2014].

Graph coarsening. A different point-of-view on graph sketching is the coarsening
paradigm: rather than sampling some edges of a graph and discarding the others,
the graph is locally aggregated (coarsened) to provide a higher scale vision with
fewer nodes. To this end, nodes are either sampled or locally merged, and edges are
in general sampled or re-wired. Early influential ideas in this direction, originally
designed for solving large-scale systems of equations such as those formed by the dis-
cretization of partial differential equations, can be found in the algebraic multigrid
literature [Ruge & Stüben 1987, Xu & Zikatanov 2017]. The founding concept of it-
erating cycles of multilevel coarsening and lifting has been since generalized to graphs
in various forms and is nowadays a cornerstone of many modern graph analysis al-
gorithms, may they be for clustering [Dhillon et al. 2007, Loukas 2019], graph visu-
alization [Walshaw 2006], graph signal analysis [Gavish et al. 2010], or graph con-
volutional neural networks [Bronstein et al. 2017, Wu et al. 2021]. In some sense,
community detection [Fortunato 2010, Fortunato & Hric 2016] (where a community
is loosely defined as a connected subset of nodes that is more connected to itself than
with rest of the graph) can be understood as a –rather drastic– graph coarsening
operation.

Sketching algorithms. In this introduction, we have up until now only explicitly
mentioned one algorithm: the regular, periodic sampling algorithm of the Nyquist-
Shannon theorem. This is possibly the most straightforward sampling strategy one
can think of. It has however its limitations and, in many cases, one has to resolve to
other types of strategies, when periodic sampling is not appropriate for some reason
or when it is not well-defined (what does “periodic sampling” even mean on a graph,
or in a point cloud?). We now discuss several families of sampling strategies, as well
as the main challenges that come up when designing novel sketching algorithms.

Deterministic vs stochastic. A first major choice one needs to make when design-
ing sketching methods is whether to choose a deterministic or stochastic strategy.
Depending on the context, there are pros and cons in both worlds. In the deter-
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Figure 1.3: Illustrating different forms of the art of sketching. Left column:
original data. Middle column: illustration of a sketching strategy. Right column:
sketched data. Top line: periodic sampling of a continuous signal. 2nd line: uniform
sampling of a point cloud. 3rd line: projection on a smaller dimensional space: here,
an orthogonal projection of a point cloud onto a line. 4th line: a uniform spanning
tree (i.e., a uniform sampling from all possible spanning trees) of a graph. Bottom
line: coarsening of a graph. In all cases, the size of the sketched data is – sometimes
drastically– reduced, while some information from the original data is preserved.
The central question of the art of sketching asks: how exactly should one reduce
the data (and to what extent it is reducible) in order to preserve the information
necessary to the compression, visualization or computation task at hand?
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a. b. c.

d. e.

Figure 1.4: Illustration of the difference between iid and DPP sampling.
Top (on the 2D square): (a) iid sample, (b) DPP sample, (c) density of interpoint
distances. Bottom (on the graph associated with the Bunny mesh): (d) iid sample,
(e) DPP sample. On both examples, clusters of similar samples are much less
probable when using DPPs.

ministic paradigm, greedy algorithms [DeVore & Temlyakov 1996] are often used:
these algorithms, at each step, choose the next sample by maximizing a chosen cost
function. In the stochastic paradigm, the first go-to sampling strategy is iid (in-
dependent and identically distributed) sampling, as it can rely on powerful results
from decades of research in concentration theory [Sridharan 2002, Tropp 2015]. In-
dependent sampling has however some obvious drawbacks as it allows to sample
elements of the original data that are very similar to each other (each new sam-
ple potentially adding only incremental information on the original data). Ide-
ally, and to avoid such issues, one would need random sampling procedures that
incorporate some sort of repulsion in order to obtain sampling sets capable of ef-
ficiently capturing the diversity of the original data. Determinantal Point Pro-
cesses (DPPs) [Macchi 1975, Kulesza & Taskar 2012], that will be the main object
of interest of Chapter 3, are such an example of repulsive sampling. An illustration
comparing iid sampling and DPP sampling is shown in Figure 1.4.

With or without guarantees. Designing a sketching algorithm is usually easy:
there are so many ways of doing so! Designing such algorithms in a way that
guarantees its invariants (i.e., the information that is kept in the sketch) is a whole
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different story. Sketching theorems usually have three ingredients.
Firstly, they need to suppose something about the data. The Nyquist-Shannon

sampling theorem, for instance, supposes that the signal is B-bandlimited. Com-
munity reconstruction theorems need to suppose that the graph has some sort of
community structure to start with (a classical hypothesis is that the graph is drawn
from a Stochastic Block Model for instance). In matrix row-sampling examples, it
is usually assumed that the matrix is approximately low-rank. Secondly, a precise
sampling algorithm has to be defined, may it be deterministic or stochastic. Thirdly,
one or several properties of the data have to be identified and a suitable error on
those properties has to be considered. Sketching theorems are then of the form:
under such hypothesis, this algorithm reduces the size of the data while keeping this
and that property with a controlled error.

Of course, many algorithms do not come with guarantees; and some of them
don’t necessarily need guarantees: for instance, even though the majority of com-
munity detection algorithms do not have any guarantees, they are still largely used
to represent complex graph data in an easy-to-understand small sketch. Also, even
though it is nice to have guarantees, the hypothesis they require on the data are
often not verified in practice, which sometimes make the hard-earned guarantees
completely collapse. So, guarantees are nice, but they are not the only focus one
should have when designing sketching methods.

Complexity and computation costs. Let us give an example: say we want to
compute the SVD of a large n ×m matrix with n ≫ m ≫ 1. The exact compu-
tation takes O(nm2) and this is too much for our computation budget. We thus
resort to element-wise or row sampling strategies to approximate the result. An
obvious –yet sometimes overlooked– constraint is the computation cost of the sam-
pling itself! Often, unfortunately, the best sampling strategies –those that provide
the tightest guarantees with a minimal number of samples– are those that require
computations that are of the same order of magnitude (or even more costly) than
the original problem itself! When summarizing to accelerate a given computational
task, there is usually a very delicate line to follow between tight guarantees and
prohibitive sampling cost. When summarizing for other purposes (to find a useful
representation of the data for instance), then this problem does not exist. However,
in this case, the best representation is often defined as the optimal solution of a cost
function – which often turns out to be a NP problem. In this case, computational
complexity is also an issue and one has to come up with sketching strategies that
approximate the desired global optimum while being in practice computable.

Structure of the manuscript. This manuscript is structured in the following
way. Chapter 2 talks about graph signal processing and spectral clustering algo-
rithms, and concentrates on unveiling the intimate link between graph signals and
graph structure. Chapter 3 does not talk about graphs at all and concentrates on
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DPPs, with theoretical, algorithmical and applicative aspects. Both chapters are
completely independent. Chapter 4 proposes a selection of my work that bridges
the previous two chapters and focuses on particular DPPs defined over edges and
nodes of graphs (called Kirchoff Forests), and how they can be advantageously used
to estimate graph properties. All three chapters have the same structure: after
a short introduction, they first have a background section, before three contribu-
tion sections. At the end of each contribution section, a “What now?” subsection
discusses future directions stemming from the work discussed. Finally, Chapter 5
discusses other future directions of research and perspectives, with some ongoing
projects and other more long term visions. An (unusual) Appendix (Appendix A)
closes the manuscript: it details my Curriculum Vitae (as this manuscript is, after
all, my “habilitation” manuscript).
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This chapter delves into my work in Graph Signal Processing (GSP). This rela-
tively recent field of research (initiated in the late 2000’s) aims at developing tools
to process signals defined on the nodes (or edges) of graphs: loads on the Inter-
net network, atoms on a molecular network, preferences on digital social networks,
infections propagating on the human contact network, etc. The data of all these
examples can be modeled as a signal (possibly multi-variate) that “lives” on a spe-
cific structure defined by a graph (that models the underlying network). Initially,
the field focused on developing generalizations of classical signal processing tools,
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such as the Fourier transform, wavelets transforms, multi-scale filtering, sampling
methods, to arbitrary graph structures.

I would say that, after a decade of very active efforts in this direction, the main
legacy of GSP is a solid theoretical framework, that can be seen as a “spin-off’ of
the vast theory of signal processing, that allows for more intuition, and more under-
standing, of many graph-based processing approaches from different fields, an active
example of which is the field of Graph Neural Networks (GNNs).

As the properties of signals on graphs is non-dissociable from the specific graph
structure it is defined over, my work in GSP sits at the frontier between GSP and an
important subfield of graph structure analysis: community detection. Community
detection is the art of finding a partition of the nodes of a graph that separates
the nodes in so-called communities: groups of nodes that are more connected to
one another than with the rest of the graph. There exists many, many, commu-
nity detection methods and in this chapter we will mainly discuss spectral clustering
methods: methods that perform this partitioning based on the leading eigenvectors
of graph-representative matrices, such as the Laplacian matrix, the adjacency ma-
trix, or well-chosen variants of these matrices.

In this chapter, I will shed light on some of my work on this frontier between
GSP and community detection. It is separated in four sections:

• Section 2.1, a background section, in which I briefly set a few notations and
describe some notions of graph signal processing (graph Fourier transform,
graph filtering) and graph structure detection (spectral clustering)

• Section 2.2 describes how community detection tools inspired my work on
graph filterbanks and graph signal multiscale analysis.

• Section 2.3 describes how graph signal processing tools, initially created to
analyze signals on graphs, can be used to explore the structure of graphs.

• The last section, Section 2.4, describes my work on how to choose the best
representative matrix for spectral clustering, and how this can impact GSP.

2.1 Background

2.1.1 Notations and first definitions

Graphs Throughout this document, and unless otherwise specified, I will consider
undirected, weighted graphs, and denote them G = (V, E ,W) where V is the set of
|V| = n nodes, E is the set of |E| edges, and W ∈ Rn×n is the symmetric weighted
adjacency matrix. If (ij) does not belong to the set of edges E , Wij = Wji = 0.
Otherwise, if (ij) ∈ E , Wij = Wji > 0 is the weight of edge (ij). In cases where the
graph is unweighted (all weights are equal to 1), I will denote the adjacency matrix
by its more traditional notation: A.
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The degree of node i is denoted by di =
∑

j Wij , the vector of degrees by
d = (d1, d2, . . . , dn)

⊤ ∈ Rn, and the diagonal degree matrix by D = diag(d) ∈ Rn×n.
Note that in the unweighted case, di is simply the number of neighbors of node i.

L = D −W ∈ Rn×n denotes the usual (combinatorial) Laplacian matrix of the
graph.

Graph signals Univariate graph signals x ∈ Rn are signals defined over the set
of nodes V of a graph: xi = x(i) ∈ R is the signal’s value at node i. The vector
1 ∈ Rn refers to the constant signal equal to 1, and δi ∈ Rn to the Kronecker delta
verifying δi(j) = 1 if j = i, and 0 otherwise.

Graph Signal Processing (GSP) is the art of processing (decompose, filter, com-
press, denoise, interpolate, infer, etc.) such graph signals. Some applications require
to process graph signals that are defined on the edges of the graph (x(ij) represent-
ing, for instance, a flow on edge (ij)). One can come back to the previous case
by considering edge-based graph signals on G as node-based graph signals on the
so-called line graph1 of G. Other applications come with multivariate graph signals:
to each node is associated a vector of real values and not only a scalar. In the
following, we will, for simplicity, only consider univariate graph signals.

Section 2.1.2 will briefly recall a few notations and basic tools of GSP.

Graph structures Processing graph signals is obviously intimately linked to the
structure of the underlying graph that encodes in a sense the geometry on which the
signal lives. What I call graph structures include any marginal information of the
structure of the graph: degree distribution, shortest path matrix, different centrality
measures, and also its potential modular structure in communities. Where the
notion of community is loosely defined as a subset of nodes that are more connected
to themselves than to the rest of the graph.

Section 2.1.3 will briefly recall a few notations and basic tools of a cornerstone
of graph structure analysis: the spectral clustering framework.

2.1.2 Graph filters

A graph filter operates on graph signals in the same way that classical filters operate
on classical signals: by decomposing the signal in a Fourier space and multiplying its
spectral components by a filter function [Shuman et al. 2013, Sandryhaila & Moura 2013].
Many possible definitions of graph Fourier space exist and I will not enter here into
the details, pros and cons, of all the ways to properly construct them. For more
information on this topic, one may refer to my book chapter [Tremblay et al. 2018]
reviewing the variety of ways to define this fundamental building block of GSP. I
will simply outline the overall strategy common to all these constructions: i) define

1Let G be a undirected, unweighted graph. Its line graph is another graph in which each node
represents an edge of G and there exists a link between two nodes if the two corresponding edges
in G are connected to the same node in G.
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a representative matrix (let’s call it generically R) that encodes the graph’s struc-
ture by imposing R(i, j) ̸= 0 for all (i, j) ∈ E , and R(i, j) = 0 otherwise. ii) Denote
by U = (u1| . . . |un) ∈ Rn×n the matrix storing the normalized eigenvectors of R,
and define the graph Fourier transform of a graph signal x as its transformation
from the canonical “node” basis to its representation in the eigenvector basis of R:
FG x = U−1x. iii) To complement this transform and give sense to a notion of
filtering, find a clever way to associate to each eigenvector – i.e., each graph Fourier
mode – a notion of “frequency” (which, on a graph, is loosely defined as the level of
variability along paths on the graph).

The basis of GSP is thus laid down as we have access to a graph frequency
analysis: decompose the graph signal x on R’s eigenvector basis and obtain the
result versus the frequency. One can then filter the signal by a simple multiplication
in the graph Fourier space – similarly to classical signal processing.

A classical choice of representative matrix. A classical choice for R is the
Laplacian L. Note first that L is symmetric such that U−1 = U⊤. Also, L is Positive
Semi-Definite (PSD), as shown by Eq. (2.1): its eigenvalues can be ordered as
0 = λ1 ≤ λ2 ≤ . . . ≤ λn, where λi is the eigenvalue associated to eigenvector ui.
Denoting by Λ = diag(λ1, λ2, . . . , λn) the diagonal matrix of eigenvalues, L reads:

L = UΛU⊤.

An attractive property of this choice for R is that it comes with a natural definition
of graph frequency: the frequency of mode uℓ is simply defined as its associated
eigenvalue λℓ, as λℓ is directly linked to the variability of uℓ via the well-known
formula:

λℓ = u⊤
ℓ Luℓ =

1

2

∑
(i,j)∈E

Wij(uℓ(j)− uℓ(i))2. (2.1)

In other words, the more the graph Fourier mode uℓ oscillates, the larger its associ-
ated eigenvalue λℓ. For instance, plot a) of Fig. 2.1 represents a low-frequency graph
signal (here: u2, the eigenvector associated with the second lowest frequency); and
plot b) represents a high-frequency graph signal.

Example of graph filtering: Tikhonov denoising. Arguably the most straight-
forward example of graph signal filtering is low-pass filtering via Tikhonov regular-
ization. Given a noisy signal x measured on the nodes of the graph, the idea is to
find the solution to the regularized least square problem, where the Dirichlet form
z⊤Lz is used as a regularization promoting smoothness on the graph.

x̂ = argmin
z∈Rn

q ∥x− z∥2 + z⊤Lz

for q > 0 the regularization parameter. The larger q, the more we want to find a
solution that is close to x, and the smaller q, the more we want to put emphasis on
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Figure 2.1: Plots a) and b) represent respectively, a low-frequency and a high-frequency
graph signals on the binary Karate club graph [Zachary 1977].

the smoothness of the solution. The exact solution to this problem is

x̂ = q(qI+ L)−1x,

which can be “spectrally” re-written:

x̂ = Uh(Λ)U⊤x

with h(Λ) = diag(h(λ1), . . . , h(λn)) and h the function h(λ) = q
q+λ . The operation

Uh(Λ)U⊤x thus denotes a low-pass graph filtering operation: it is the succession of
the graph Fourier transform of x, U⊤x, a multiplication in the graph Fourier space
by a low-pass function h(λ) (attenuating in this case the components of x with high
frequencies), and finally an inverse Fourier transform via the left multiplication by
U. An illustration of this low-pass filtering is given in Fig. 2.2, for the choice q = 1.

Graph multiscale representations. To process and filter signals on graphs at
different scales, it is attractive to develop an equivalent of multiscale transforms such
as wavelets, i.e., ways to decompose a graph signal on components at different scales
and frequency ranges. The road to multiscale transforms on graphs has originally
been tackled in the vertex domain [Crovella & Kolaczyk 2003] to analyze data on
networks. Thereafter, a general design of multiscale transforms was based on the
diffusion of signals on the graph structure, leading to the powerful framework of Dif-
fusion Wavelets [Coifman & Maggioni 2006, Gavish et al. 2010]. These early works
were already based on a diffusion operators, usually a Laplacian or a random walk
operator, whose powers are decomposed in order to obtain a multiscale orthonormal
basis. The objective was to build a kind of equivalent of discrete wavelet transforms
for graph signals. Then, came developments of continuous wavelet transforms on
graphs such as the spectral graph wavelets [Hammond et al. 2011]. Finally, there are
approaches that combine filters on graphs with graph decompositions through deci-
mation (pioneered in [Narang & Ortega 2012] with decimation of bipartite graphs)
or aggregation of nodes; in a nutshell, these methods are very close to the filter banks
implementation of discrete wavelets [Strang & Nguyen 1996]. I will, in Section 2.2,
detail one of my contribution on such graph filterbanks.
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Figure 2.2: Illustration of a graph filter: a denoising toy experiment. The
input signal x is a noisy version (additive Gaussian noise) of the low-frequency
graph signal displayed in Fig. 2.1. We detail here the Tikhonov denoising process,
for q = 1: a graph Fourier transform, followed by a multiplication in the Fourier
space by the filter’s coefficients, and ended by an inverse Fourier transform.

2.1.3 Spectral clustering

Spectral clustering refers to a widespread family of unsupervised learning algorithms
that compute a spectral embedding of the nodes of a graph to cluster them in
communities (nodes closest to each other in the embedding space will end up in the
same cluster). The typical spectral clustering algorithm follows Alg. 1.

Much has been written about this elegant, simple algorithm in the last quarter
of century, the majority working on improving this algorithm on two main chal-
lenges: making it computationally efficient and obtaining theoretical guarantees on
the cluster reconstruction.

Algorithm 1 A typical spectral clustering algorithm on a graph G with k classes
1: Input : G, k
2: Choose the matrix R ∈ Rn×n, a representative matrix of the graph
3: Find the k largest (or smallest, depending on the choice of R) eigenvalues of

R and stack the associated eigenvectors {uℓ}ℓ=1,...,k in the columns of a matrix
X ∈ Rn×k

4: (Optional) Normalize the rows of X
5: Estimate community labels as the output of some small dimensional clustering

method (such as k-means or expectation maximization) performed on the points
in Rk defined by the rows of X

6: return Estimated label community vector ℓ.
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2.1.3.1 Accelerating spectral clustering.

Given a graph G consisting of n nodes and |E| edges, the first step is to compute the
spectral embedding X (line 2 of Alg. 1). Among several options, the Lanczos method
is usually favored: it approximates the first k eigenvectors in roughly O(|E|k+nk2)

time. This procedure is often numerically unstable resulting to a loss of orthogonal-
ity of the computed Krylov subspace basis. The most common way to circumvent
this problem is by implicit restart [Calvetti et al. 1994], whose computational com-
plexity is not easily derived. We refer the interested reader to [Bai et al. 2000] for an
in-depth perspective. The second step (line 5 of Alg. 1) entails solving the k-means
problem, typically by using the Lloyd-Max algorithm [Lloyd 1982]. Since there is
no guarantee that this heuristic will find a good local minimum, it is usually rerun
multiple times, starting in each case from randomly selected centroids. Overall, the
computational complexity of this step is O(trnk2), where t is a bound on the num-
ber of iterations required until convergence and r is the number of retries (typically
around 10).

Overall, spectral clustering thus runs in O(|E|k+ nk2), with multiplicative con-
stants that strongly depend on the particular spectrum of R (and especially eigen-
gaps2), and whether the embedding actually has well formed clusters.

Many works have been devoted to accelerate this computation time and one
may refer to my book chapter reviewing many different sampling methods to do
so [Tremblay & Loukas 2020], between very efficient methods that do not have
strong approximation guarantees and very accurate approximate methods that are
not much more efficient than the original spectral clustering algorithm. Later on
in this manuscript, in Section 2.3, I will detail one of my contributions to provably
accelerate spectral clustering – based on GSP tools.

2.1.3.2 A few theoretical guarantees on the performance of spectral clus-
tering.

A possible way of formalizing spectral clustering consists in defining the class la-
bels as the solution of an optimization problem such as MinCut, RatioCut, and
NormalizedCut. In fact, it has been shown that the spectral clustering algorithm
(using R equal to different types of Laplacian matrices) can be understood as a relax-
ation of these traditional NP-hard Cut problems [von Luxburg 2007]. Another clas-
sical theoretical result on spectral clustering is its consistency [Lei & Rinaldo 2015,
Von Luxburg et al. 2008]. In the following, we will discuss more in detail yet an-
other classical result of spectral clustering: when applied to graphs generated from
the Stochastic Block Model (a random graph model with planted community struc-
ture), spectral clustering can recover the planted communities all the way down to
the theoretical detectability threshold.

2for instance: the smaller is the eigengap λk+1 − λk, the longer will Lanczos take to compute X
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The Stochastic Block Model. A famous approach to community detection pro-
poses to consider it as a statistical inference problem. The graph G is seen as a real-
ization of a random graph model in which the class-label assignment is encoded by
some hidden parameters of the generative model that have to be inferred. One such
very common model is the Stochastic Block Model (SBM) [Karrer & Newman 2011]:
all edges are drawn independently according to a Bernoulli random variable verifying

P(Aij = 1|ℓi, ℓj) =
Cℓi,ℓj

n
1 ≤ i < j ≤ n (2.2)

in which ℓ = {1, · · · , k}n denotes the node-wise labelling vector (ℓi = p if node
i is in class p). We denote with C ∈ Rk×k the symmetric class-affinity matrix,
with entries independent of n. The term 1/n in Eq. (2.2) bounds the average de-
gree d̄ = 1

n1
T
nA1n = O(1) to an n-independent value, setting the problem in the

sparse regime. I in fact directly set the context in the sparse regime as this is
the regime where it is difficult to show that spectral clustering works. In denser
regimes, that is, in cases where the average degree is larger than O(log n), random
matrix theory tools show that spectral clustering works on the SBM under mild
conditions, and using many classical representative matrices R, such as A and L (see
for instance [Lei & Rinaldo 2015]). Note that, in this context, stating that “spectral
clustering works” means that the correlation between the true hidden labels and the
output of the algorithm is in expectation bounded away from zero, as n tends to
infinity.

Existence of a detectability threshold in the sparse regime A major advan-
tage of a well defined generative model is that it can come with statistically tractable
properties, like the existence in asymptotically large graphs (n → ∞) of a limiting
detectability threshold in the sparse regime. Specifically, one can in general identify
a parameter α, function of the entries of C and the number of classes k and their
size, and a threshold αc such that

• beyond the threshold (that is, when α > αc), partial label reconstruction can
be theoretically achieved

• whereas below the threshold (α < αc) no algorithm can perform better than
random guess.

In the very specific setting where k = 2 and both classes are of equal size (n/2), the
detectability threshold assumes a simple expression. Letting Cℓi,ℓj = cin if ℓi = ℓj
and cout otherwise, in the SBM, it was initially conjectured [Decelle et al. 2011] and
later proved [Mossel et al. 2017, Massoulié 2014] that the condition for non-trivial
clustering is given by

α =̂
cin − cout√

c
> 2 =̂ αc, (2.3)

where c = (cin + cout)/2.
For k > 2 classes, the situation is more involved: it is conjectured [Decelle et al. 2011]

that there exists an easy detection zone in which a non-trivial clustering can be
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Figure 2.3: For both plots: n = 5000, k = 2. Spectrum of the matrix R = D− 1
2AD− 1

2

in (A) the dense regime (cin/n = 0.06, cout/n = 0.02); B) the sparse regime (cin = 6,
cout = 2).

found in polynomial time, a hard detection zone in which non-trivial clustering can
be found but only in exponential time and an impossible detection zone in which no
algorithm can find a non-trivial partition.

Reaching the threshold with a well-chosen R matrix. Sparsity makes it dif-
ficult to theoretically predict the behavior and performance of Algorithm 1 and to
choose a proper matrix R to work with. From a linear algebra viewpoint, sparsity has
been shown to spread the eigenvalues of the Laplacian matrix, with the deleterious
effect to “swallow” the isolated (smallest or largest) informative eigenvalues within
the so-called “bulk” of uninformative eigenvalues: as a result, the corresponding in-
formative eigenvectors are no longer found to be associated with dominant (largest
or smallest) eigenvalues, as shown in Figure 2.3B, and as opposed to Figure 2.3A.
Besides, by losing the isolation of informative eigenvalues, the associated eigenvec-
tors tend to merge with the eigenvectors associated to close-by (non-informative)
eigenvalues.

One prominent line of research was devoted to defining spectral algorithms ca-
pable of retrieving communities as soon as theoretically possible (α > αc in Equa-
tion (2.3)) on sparse graphs generated from the SBM. The authors of [Krzakala et al. 2013]
proposed an algorithm based on the (non-symmetric) non-backtracking matrix

B(ij)(lm) = δjl(1− δim),

with B ∈ {0, 1}2|E|×2|E|. In [Massoulié 2014] it was indeed shown that the eigen-
vectors associated to the largest (in modulus) eigenvalues of B have a non-trivial
correlation with the actual underlying communities, as soon as α > αc. A closely
related algorithm is the one proposed in [Saade et al. 2014] which instead uses the
eigenvectors attached to the smallest eigenvalues of the Bethe-Hessian matrix

Hr = (r2 − 1)In + D− rA ∈ Rn×n, (2.4)
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for r =
√
ρ(B) (ρ(·) refers to the spectral radius). Very similar propositions have

been suggested in other works [Amini et al. 2013, Joseph & Yu 2016, Le et al. 2018,
Qin & Rohe 2013] where they argue that one should use regularized or so-called
“deformed” Laplacians (i.e., using Dτ = D+ τ In and Aτ = A+ τ1n1

T
n in place of D

and A) as a solution to maintain the location of the informative eigenvalues in their
dominant (smallest or largest) positions.

I will, in Section 2.4, detail a contribution of mine that extends these works
to a larger class of random graphs, the so-called Degree Corrected Stochatsic Block
Models (DCSBMs): models that are able to generate random community-structured
graphs (similarly to the SBM) but with arbitrary degree distributions. We will see
that the Bethe-Hessian and other regularized Laplacians perform well up to the
threshold provided that they are well-parametrized (parameter r for the Bethe-
Hessian, parameter τ for the regularized Laplacians).

2.1.4 The link between graph filters and spectral clustering

At first sight, graph filters and spectral clustering may seem to be very different
subjects and one may wonder why they end up in the same chapter of this document.
The reason is that properties of graph signals and graph structures are intimately
linked. In Fig. 2.4, one sees for instance how the graph Fourier transform of the same
signal can change as the underlying structure changes. This intimate link between
signal and structure has been driving my scientific curiosity since my PhD and is
at the heart of this chapter. In fact, the contributions I present here are precisely
investigating this link:

• in Section 2.2, I show how one can use detection of graph structures to define
multiscale graph transforms

• in Section 2.3, I show how one can use graph signal sampling and filtering to
detect graph structures

• finally, in Section 2.4, I show how one should ideally choose the representative
matrix R (via a sort of “graph structure regularization”) to have meaningful
low frequency modes (thus lending themselves naturally for spectral clustering)
when the graph becomes too sparse and its degree distribution too heteroge-
neous for the usual options to work well

2.2 Graph structure detection for graph signal process-
ing: a contribution to graph filterbanks

Section 2.2.1 provides a bit of context on graph filterbanks. For readers who have
never heard of classical filterbanks, the reading of the first few chapters of the book
by Strang and Nguyen [Strang & Nguyen 1996] is probably a pre-requisite. The
next section then details my contribution in this domain.
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Figure 2.4: Plot a) represents the same low-frequency graph signal as in Fig. 2.1-a), but
the underlying graph structure is altered by adding three edges with same weight ω (in
red). Plot b) represents the variation of its GFT with respect to the edges’ weight ω.

2.2.1 Preliminaries on graph filterbanks

A generic way of constructing multiscale transforms is via a succession, as depicted
in Fig. 2.5, of filtering and decimation operations (traditionally, for a time series for
instance, decimation consists in keeping only one every two values of the signal).
This scheme is usually cascaded as in Fig. 2.6, and each level of the cascade repre-
sents a scale of description of the input signal. Again, for an introduction to this
particular approach to multiscale transforms in classical signal processing, we refer
to [Strang & Nguyen 1996]. In the following, we directly consider the graph-based
context. Let us first settle notations:

• The decimation operator may be generally defined by partitioning the set of
nodes V into two sets V0 and V1. As this subdivision is a partition, we have V0∪
V1 = V and V0∩V1 = ∅. Moreover, let us define ↓Vi the downsampling operator
associated with Vi: given any graph signal x, yi =↓Vi x is the reduction of x
to Vi. We also define the upsampling operator ↑Vi= (↓Vi)

⊤: given yi a signal
defined on Vi, ↑Vi yi is the zero-padded version of yi on the whole graph.
The combination of both operators reads: ↑Vi↓Vi= diag(IVi), where IVi is the
indicator function of Vi. Moreover, we define

J = 2 ↑V0↓V0 − I = diag(IV0)− diag(IV1). (2.5)

• We define two analysis filters: a low-pass graph filter H0 and a high-pass
graph filter H1, as well as two synthesis graph filters G0 and G1. All filters
are associated with their frequency responses h0(λ), h1(λ), g0(λ) and g1(λ).

The signal y0 =↓V0 H0x is called the approximation of x, whereas y1 =↓V1 H1x is
generally understood as the necessary high-frequency details to recover x from its
approximation.

Given the scheme of Fig. 2.5, one writes the processed signal x̃ as:

x̃ = (G0 ↑V0↓V0 H0 +G1 ↑V1↓V1 H1)x (2.6)

=
1

2
(G0H0 +G1H1)x+

1

2
(G0JH0 −G1JH1)x. (2.7)
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Figure 2.5: A filterbank seen as a succession of filtering and decimating operators.

H0

H1

G0

G1

x x~

H'0

H'1

G'0

G'1

approx (2)

details (2)

details (1)

V0

V1

V0

V1

V '0

V '1

V '0

V '1

Figure 2.6: A cascaded filterbank (here two levels).

When designing such filterbanks, and in order to enable perfect reconstruction (∀x ∈
RN x̃ = x), one deals with two main equations linking all four filters and matrix J:

G0H0 +G1H1 = 2I (2.8)

G0JH0 −G1JH1 = 0 (2.9)

Left-multiplying by U⊤ and right-multiplying by U, one obtains equivalently:

g0(Λ)h0(Λ) + g1(Λ)h1(Λ) = 2I (2.10)

g0(Λ)U⊤JUh0(Λ)− g1(Λ)U⊤JUh1(Λ) = 0 (2.11)

Eq.(2.10) is purely spectral, and may be seen as a set of N equations:

∀λi g0(λi)h0(λi) + g1(λi)h1(λi) = 2. (2.12)

On the other hand, Eq. (2.11) is not so simple due to the decimation operation and
needs to be investigated in detail.

Filterbanks on the circle or the tore graph. In 1D (resp 2D) classical signal
processing, which is equivalent to the undirected circle graph (resp. tore graph),
the classical choice for the decimation operator is to sample one every two nodes.
Moreover, given x′ =↑2↓2 x, one classically has the following aliasing phenomenon
(Theorem 3.3 of [Strang & Nguyen 1996]), where F denotes the Fourier transform:

F[x′](ω) =
1

2
(F[x](ω) + F[x](ω + π)) . (2.13)

This means that the decimation operations may be explicitly described in the Fourier
space, which greatly simplifies calculations by enabling to write Eq. (2.11) as a purely
spectral equation as well. The hardest part is done and now one only needs to decide
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the forms of the filters g and h depending on the task at hand.

Filterbanks on bipartite graphs. Bipartite graphs are graphs where the nodes
are partitioned in two sets of nodes A and B such that all links of the graph connect
a node in A with a node in B. On bipartite graphs, the “one-every-two-node”
paradigm has a natural extension: decimation ensembles are set to V0 = A and
V1 = B. Leveraging the fact that bipartite graphs’ spectra are symmetrical3 around
the value 1, Narang and Ortega [Narang & Ortega 2012] show the bipartite graph
spectral folding phenomenon:

∀λ PrλJ = JPr2−λ, (2.14)

with Prλ the eigenspace associated to λ. This means that for any filter G =

Ug(Λ)U⊤ one has:

GJ = Ug(Λ)U⊤J = JUg(2I−Λ)U⊤. (2.15)

Eq. (2.11) therefore boils down to a second set of n purely spectral equations:

∀λi g0(2− λi)h0(λi)− g1(2− λi)h1(λi) = 0. (2.16)

Again, the hardest part is done: together, Eqs. (2.12) and (2.16) give us 2n equa-
tions linking the 4n parameters of the four filters to ensure perfect reconstruction.
The other 2n degrees of liberty are free to be used to adapt the filterbanks to the
specific task at hand.

Filterbanks on other regular graphs. Extending these ideas, several authors
have proposed similar approaches to define filterbanks on other regular structures
such asM -block cyclic graphs [Teke & Vaidyanathan 2017] or circulant graphs [Ekambaram et al. 2013,
Kotzagiannidis & Dragotti 2016]. In all these cases, the key is to be able to write
decimation operations exactly as graph filters, which requires regular graph struc-
tures inducing at least some regularity in the spectrum one may take advantage of.
Now, the central question that remains is how to mimic these filtering/decimation
approaches on arbitrary graphs that have no trivial regularities?

Filterbanks on arbitrary graphs. In order to extend the filterbanks approach
to arbitrary graphs, one needs to either generalize the decimation operator, or to
bypass decimation via aggregation operators. For that, the two key questions are:

• how to generalize the decimation operator on arbitrary graphs? Generalized
decimation operators of the literature either try to mimic the classical deci-
mation and attempt to sample “one every two nodes”, or aggregate nodes to
form supernodes according in general to some graph cut objective function.

3with the normalized Laplacian L = D− 1
2 LD− 1

2 : if λ is an eigenvalue of L, then so is 2− λ
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• how to build the new coarser-scale graph from the decimated nodes (or ag-
gregated supernodes)? In fact, after each decimation, if one wants to cascade
the filterbank, a new coarse-grain graph has to be built in order to define
the next level’s graph filters. The nodes (resp. supernodes) are set thanks to
decimation (resp. aggregation): but how do we link them together?

For a detailed account on how the literature deals with these questions, I refer
to my book chapter [Tremblay et al. 2018].

2.2.2 A Haar-like graph filterbank

The main idea I explore in this contribution lets go of the “one every two nodes”
decimation paradigm, and concentrates on graph coarsening: given a partition in
connected subgraphs of the initial graph, the approximation and detail(s) will be
obtained on each “supernode” that represent each connected subgraph.

Hence we will not attempt to define separately analogies of downsampling (↓)
and filtering H0 and H1. Instead, we mimick Haar’s filterbank that directly define
decimated sliding average (and difference) operators.

The central building block is thus a partition P of the nodes V in connected sub-
graphs. It turns out that to obtain a filterbank that can stay sufficiently sensitive to
high frequency details, one needs a partition in small subgraphs. The average size of
these subgraphs is in fact a parameter of the method, that I will denote by η. Typi-
cally, we use the first (or second) round of Louvain’s algorithm [Blondel et al. 2008]
to obtain such a partition4. Louvain’s algorithm is a greedy heuristic to optimize
modularity [Newman & Girvan 2004] and has a multi-scale implementation. By
looking at the result after its first round, we do not necessarily have a partition that
has a very good modularity score, but we have – in a very efficient linear computation
time – a partition in substructures that can be interpreted as small communities.
Note that in this case using spectral clustering would be completely counterproduc-
tive as it is only efficient for k ≪ n and not for a number of communities of the
order of n as is our case here!

Then, given this partition, the construction is straightforward –even though
cumbersome to write formally, which I will not do here–:

• Instead of 2 channels as depicted in Fig. 2.5, the analysis has a number of
channels equal to the maximum size of the detected communities

• The first channel –the approximation channel– outputs a graph signal defined
on a coarsened graph with: i) each “supernode” of this coarsened graph repre-
sents one community of P, ii) the weight of the link between two supernodes is
the sum of the weights of the links connecting the associated communities, iii)
the value of the approximation signal on a supernode of this coarsened graph
is simply the average of the original signal over the community it represents.

4Instead of Louvain, one should now use the more modern and strictly better version called
Leiden’s algorithm [Traag 2015]
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Figure 2.7: An example of multiresolution analyis of a graph signal. Left: original
smooth graph signal (sum of the five lowest Fourier modes normalized by its maxi-
mum absolute value) defined on the Minnesota traffic graph. The vertical colorbar
of this figure is valid for all graph signals represented on this figure. Top row: suc-
cessive approximations of the graph signal. The horizontal colorbar on the bottom
of each figure corresponds to the weights of the links of the corresponding coarsened
graph. Figures which do not have a bottom horizontal colorbar represent binary
graphs. Lower row: for each of the successive approximations, we represent the
upsampled reconstructed graph signal obtained from the corresponding approxima-
tions.

• All the other channels encode the various details needed for reconstruction via
the “local” graph Fourier transforms associated to each subgraph induced by
each community. All these detail signals also live on coarsened structures.

Illustrations. I show in Fig. 2.7 an example of multiresolution analysis of a graph
signal, via our proposed filterbank. In Fig. 2.8, we also show on a small toy graph
the graph wavelets indirectly encoded by this multiscale transform.

2.2.3 What now?

The two major assets of this work are that

• it defines a graph multiscale transform that is very cheap to compute. It
indeed costs only O(η2n log(n)) to compute it at all scales and O(nη) to apply
to a graph signal, where we recall that η is the hyper-parameter giving the
average size of subgraphs in partitions. This cost is to compare to the O(n3)
diagonalizing cost to obtain the graph Fourier modes and the O(n2) cost to
apply it to a graph signal. The proposed filterbanks can thus be deployed on
very large graphs. This low cost is truly enabled by the efficiency of Louvain-
like greedy algorithms to find relevant partitions in connected subgraphs.

• it is well-adapted to the multi-scale community structure of many networks.
In fact, improvement over other existing methods becomes truly apparent for
irregular graphs for which a community structure exists. Existence of commu-
nities is a very common, if not universal, property of real-world graphs; and
our filterbanks rely on this particular organization of complex networks. For
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Figure 2.8: The 14 analysis atoms (or wavelets) of the proposed filterbank on a toy
graph. From left to right, and top to bottom, are listed the 13 detail atoms, from
small to large scales. The bottom right atom is the approximation atom (computes
the average over the graph). A node’s color represents the atom’s value on that
node, as indicated by the colorbar. A black node corresponds to a strictly null
value: indeed, the obtained wavelets have compact-support.

such graphs, our proposition outperforms existing ones on non-linear approx-
imation experiments and equals state-of-the art on denoising experiments.

I think that this framework has been under-used in the GSP community. A
future direction I would like to pursue on this topic consists in investigating how
this transform fares when integrated in GNN architectures. It provides yet a dif-
ferent framework than the two main frameworks of today’s literature: the message
passing framework and the spectral framework (based on the Laplacian’s spectrum).
Also, instead of separately defining message-passing layers and pooling (downsam-
pling/coarsening) layers, we would define only one layer that would integrate both
operations. The coarsening scale, η, as well as the parameters of a sort of generalized
filter (yet to be defined properly) would then be the learnable parameters.

2.3 Graph signal processing for graph structure detec-
tion: a contribution to efficient spectral clustering

We have seen in the previous section how detecting graph structures can be useful to
design meaningful and efficient graph signal transforms. We will see in this section
how the converse is also true: how graph signal processing tools such as graph
sampling and graph filtering can be useful to efficiently detect graph structures.

2.3.1 Preliminaries: graph sampling of bandlimited signals

In classical signal processing, the Nyquist-Shannon sampling theorem (see Theo-
rem 1) famously states that a ω-bandlimited signal can be perfectly recovered from
periodic samples, provided that the sampling frequency is at least 2ω. In the GSP
literature, there has been a line of works investigating how this can be general-
ized to graph signals. Writing Uk = (u1| . . . |uk) ∈ Rn×k the matrix concatenating
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the eigenvectors of L associated with its k smallest eigenvalues, we have the formal
definition:

Definition 1 (k-bandlimited graph signals). A signal x ∈ Rn defined on the nodes
of a graph is k-bandlimited if x ∈ span(Uk), i.e., ∃ α ∈ Rk such that x = Ukα.

In words, a k-bandlimited signal is thus defined as a linear combination of the
k lowest frequency graph Fourier modes. As “periodic sampling” is ill-defined for
arbitrary graphs, the question of generalizing Shannon’s theorem is not straight-
forward and many different forms were proposed: see [di Lorenzo et al. 2018] for a
review of existing schemes. They all try to answer the following question: how should
one sample bandlimited graph signals in order to guarantee perfect reconstruction?

Let us formalize the problem and link it to the theory of optimal experimental
design. Suppose x is k-bandlimited, i.e., there exists α such that x = Ukα. Now,
to any sampling set X of size m we associate a sampling matrix M ∈ Rm×n: it is
designed to verify ∀z ∈ Rn,Mz = zX ∈ Rm, the reduction of z to its entries indexed
by X . It also verifies ∀A ∈ Rn×n,MAM⊤ = AX ∈ Rm×m, the reduction of matrix A

to rows and columns indexed by X . The measurement of x on X reads:

y = Mx+ n = MUkα+ n ∈ Rm, (2.17)

where n models any kind of measurement noise.
The problem thus consists in choosing X of size m such that the measured signal

y enables to perfectly (up to the noise level) recover α for all α. In fact, recovering
α is equivalent to recovering x. Of course, if m < k then there is no hope as there
are less measurements than degrees of freedom of x. So we suppose m ≥ k. One
of the most straight-forward (and agnostic) strategy to recover x from y is to solve
the least-square problem:

xrec = argmin
z∈span(Uk)

∥Mz − y∥2

= Uk (MUk)
† y

= Uk (MUk)
†MUkα+ Uk (MUk)

†n.

Now, all sets X such that the smallest singular value of MUk is strictly posi-
tive enable perfect reconstruction up to the noise level. In fact, in this case,
U⊤
k M

⊤MUk is invertible and the Moore-Penrose pseudo-inverse (MUk)
† has a closed

form (MUk)
† = (U⊤

k M
⊤MUk)

−1U⊤
k M

⊤ such that the least-square solution to recover
x from its measurements reads:

xrec = x+ Uk(U
⊤
k M

⊤MUk)
−1U⊤

k M
⊤n. (2.18)

A first line of research investigates the tight-budget scenario where m is set to
k. In this case, the constraint on the smallest singular value of MUk is just an
invertibility constraint on MUk and Eq. (2.18) simplifies to

xrec = x+ Uk (MUk)
−1n.
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The invertiblity constraint on MUk leaves in general much room to choose the
best sample set X and several strategies are possible to find the best X depending
on what criterion is preferred to deal with the distorted noise term Uk (MUk)

−1n.
A classical option, called A-optimal design, is to find the subset that minimizes

the mean square error (assuming E(nn⊤) is the identity) :

XA = argmin
X s.t. |X |=k

Tr
[(

MUkU
⊤
k M

⊤
)−1

]
(2.19)

where Tr is the trace operator. Another option, called D-optimal design, is to
find the following set –which stems from an analysis where one supposes the noise
Gaussian and looks for the set minimizing a differential entropy:

XD = argmax
X s.t. |X |=k

det
(
MUkU

⊤
k M

⊤
)
. (2.20)

The list continues with other types of designs (E-optimal design, T-optimal design,
etc.) depending on what one wishes to define as “optimal”.

Now, computationally, all these optimization problems are NP-complete (given
their combinatorial nature). A standard way of tackling them is via greedy ap-
proaches (see for instance the generic Alg. 1 in [Tremblay et al. 2017]). They typi-
cally run in time O(nk3) and provide a local extremum. Those are the strategies de-
veloped in, e.g., [Chen et al. 2015, Chamon & Ribeiro 2018, Tsitsvero et al. 2016].

2.3.2 GSP sampling tools to accelerate spectral clustering

Random iid sampling of bandlimited graph signals. A radically different
strategy to sample subsets X to recover bandlimited graph signals is via random
strategies. In the iid random sampling paradigm, m samples are drawn indepen-
dently with replacement to obtain a random subsetX. At each draw, the probability
to sample node i is denoted by pi. We have

∑
i pi = 1 and write P = diag(p). Under

this sampling scheme, we showed that the following Restricted Isometry Property
holds for the associated measurement matrix M [Puy et al. 2016].

Theorem 2 (Restricted Isometry Property). For any δ, ε ∈ (0, 1), with probability
at least 1− δ:

(1− ε)∥x∥22 ≤
1

m
∥MP−1/2x∥22 ≤ (1 + ε)∥x∥22 (2.21)

for all x ∈ span(Uk) provided that

m ≥ 3

ε2
(νkp )

2 log
2k

δ
(2.22)

where νkp is the so-called graph weighted coherence:

νkp = max
i

{
p
−1/2
i ∥U⊤

k δi∥2
}
. (2.23)



2.3. Graph signal processing for graph structure detection: a
contribution to efficient spectral clustering 29

This property is important as it says, in a nutshell, that any two bandlimited
signals will be identifiable post-sampling provided the number of samples is large
enough. The concept of large enough depends on (νkp )

2: a measure of the interplay
between the probability distribution and the norms of the lines of Uk. In the uniform
iid case where ∀i pi = 1/n, one has (νkp )

2 = nmaxi ∥U⊤
k δi∥22 which stays under

control only for very regular graph. The good news is that there exists an optimal
sampling distribution that adapts to the graph at hand:

∀i p∗i =
∥U⊤

k δi∥22
k

.

In fact, in this case, (νkp∗)2 matches its lower bound k and the necessary number of
samples to embed all bandlimited signals drops to the order of k log k. Note that p∗i
is called the leverage score of node i in the random numerical linear algebra litera-
ture [Drineas & Mahoney 2016].

Reconstruction of the sampled signal. Now, for reconstruction, we may use
the unbiased decoder:

xrec = argmin
z∈span(Uk)

∥P−1/2
X (Mz − y)∥2 (2.24)

where y = Mx + n is the noisy measurement of the signal x on X and P
−1/2
X =

MP−1/2M⊤. We have the following reconstruction result [Puy et al. 2016]:

Theorem 3. Let X be the i.i.d. nodes sampled with distribution p and M be its
associated sampling matrix. Let ε, δ ∈ (0, 1) and suppose that m satisfies Eq. (2.22).
With probability at least 1 − δ, the following holds for all signal x ∈ span(Uk) and
all noise n ∈ Rm. The solution xrec of Eq. (2.24) verifies:

∥xrec − x∥2 ≤
2√

m(1− ε)
∥P−1/2

X n∥2.

Remark 4. The theory is easier to write for iid sampling with replacement. In prac-
tice, we will perform iid sampling without resampling (there is no point in measuring
twice the same node!). In terms of sampling time, uniform sampling is obviously the
most efficient by far as it is independent of n. However, if one wishes to take advan-
tage of the superior performance of leverage score sampling, the cost of iid sampling
with p∗ is dominated by the computation of p∗ itself: O(|E|k + nk2) to compute Uk

(via Lanczos).

Circumventing the exact computation of Uk. Exact knowledge of Uk is needed
to compute the leverage score distribution p∗, and for the signal’s reconstruction
(Eq. (2.24)). In some cases however, the cost of computing Uk in the first place
may be too expensive and different authors have been designing methods bypassing
the exact computation of Uk (see, e.g., [Anis et al. 2016]). In such cases, and in our
context of iid random sampling, i) we have developed a method, based on random
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projections, to estimate the leverage scores in time O(|E| log n). ii) Instead of the
decoder of Eq. (2.24), we suggest to resort to graph signal interpolation reminiscent
to graph Tikhonov denoising:

xrec = argmin
z∈Rn

q ∥P−1/2
X (Mz − y)∥2 + z⊤Lz (2.25)

with q > 0 the regularization parameter. In order to penalize even more high-
frequencies while keeping the decoding step computationally fast, one can replace
the regularization term z⊤Lz by z⊤L2z or any low-order power of L.

Application to spectral clustering. So what’s the link between bandlimited
graph sampling and spectral clustering? Consider a graph with k disconnected com-
ponents, and il ∈ Rn the indicator vector of component l: il(j) = 1 if j is in compo-
nent l and 0 otherwise. It is a classical property of the Laplacian that {i1, . . . , ik}
form a set of orthogonal eigenvectors of L associated to eigenvalue 0 [Chung 1997]:
the set of indicator vectors il form a basis of span(Uk). Understanding arbitrary
graphs with block structure as a perturbation of the ideal disconnected component
case, we assume that the indicator vectors il of the blocks live close to span(Uk), i.e.:
the difference between any il and its orthogonal projection onto span(Uk) is small.
In other words: the information we are actually looking for in spectral clustering,
the il’s, are approximately bandlimited.

As a consequence, one can apply the previous results and only needs to: i) sample
X ⊂ V: m = O(k log k)) iid sampled nodes according to the approximate leverage
score distribution, ii) cluster these m nodes in k classes, iii) lift the result back on
the whole graph via the graph interpolation decoder of Eq. (2.25).

The last question that needs answering is how to perform step ii). There are
many ways of doing this, but to stay in the spectral clustering spirit, we decided
in this work to embed these m nodes in a r-dimensional space (let us denote by
fs ∈ Rr the embedding of node s ∈ X in that space) in which the distances between
any pair of nodes s and s′ is a good approximation of the distance between these
nodes in the original spectral clustering framework, that is:

∥fs − fs′∥2 ≈ ∥U⊤
k δs − U⊤

k δs′∥2.

In fact, the k-means step of spectral clustering works on a distance matrix: it does
not require Uk per se, but only the distance matrix of the lines in Uk. The trick is here
to approximate directly this distance matrix, thus circumventing the computation
of Uk. Now, how do we do we compute these embeddings f without computing Uk?
The answer lies in two key ideas: polynomial approximation of graph filters and
random projections. The full details of this approximation algorithm, along with
the theoretical guarantees obtained via the Johnson-Lindenstrauss lemma are fully
documented in our paper [Tremblay et al. 2016], and are out of the scope of this
document.

In the end, combining random graph sampling, approximate graph filtering of
random signals, and graph interpolation techniques, we obtain an algorithm –that
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Figure 2.9: Left: recovery performance of CSC on a SBM with n = 103, k = 20

for different choices of number of samples m (results are averaged over 20 graph
realisations); versus the difficulty parameter α discussed in Section 2.1.3.2. Right:
recovery performance on a SBM with n = 104 nodes and diffferent values of k; for
CSC (our approximation algorithm), PM (the Power Method approximation) and
SC (the exact spectral clustering algorithm).

n

n

n

n

n

n

n

n

n

Figure 2.10: Computation time of CSC (our algorithm), PM (Power Method) and
SC (spectral clustering) on a SBM with diffferent values of n and k. Log-log scale.

we call Compressive Spectral Clustering– that is a good approximation of spectral
clustering, and that runs in time

O
(
|E|(k + log n) + k2 log2 k

)
which makes a significant difference with the cost of spectral clustering –which we
recall is O(|E|k + nk2)– especially as k increases. Theoretically, we have some
guarantees for parts of the algorithm, but we are far from an end-to-end guarantee
that could certify how far we are in terms of approximation.

Empirically, the obtained performance is satisfying. In a nutshell: compared to
the state-of-the-art approximation technique based on the power method (PM) [Boutsidis et al. 2015],
our algorithm is in general a bit less accurate but much more efficient (by orders
of magnitude for large k). We show in Fig. 2.9 (left) how the number of samples
m affects the approximation on a SBM. On the right of the same figure, we show
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performance results compared with SC (spectral clustering) and the PM method.
Fig. 2.10 illustrates how our algorithm (CSC) is orders of magnitude faster than SC
or PM, as the number of classes increase.

2.3.3 What now?

An annoying thorn in the side of this method is that we spend a very long time
estimating the value of the k-th eigenvalue of the Laplacian matrix, λk (it is in fact
the only spectral information we need). We do this by dichotomy on the whole spec-
trum and via approximate eigencounting techniques. It is unreasonable to spend
so much time on this step. We however need it to properly parametrize low-pass
filtering approximations and thus by-pass the full computation of Uk. A connection
with Boutsidis’ power method approximation [Boutsidis et al. 2015] should be en-
visioned; or a specific work direction should focus on how to estimate as fast and
accurately as possible the k-th eigenvalue of a PSD matrix.

2.4 At the heart of graph signal processing and structure
detection: choosing the best graph representation
matrix

The work presented in this section is the work of Lorenzo Dall’Amico, my first PhD
student, that I co-advised (50%) with Romain Couillet (the other 50%). Lorenzo
defended his thesis in October 2021.

2.4.1 Motivation

My original motivation in this project was actually a GSP motivation: how should
one choose the representative matrix R to have the most meaningful graph Fourier
transform? This is a very broad and vague question and can be answered in various
ways.

One possible way of answering this question is via very simple questions on
statistical models. Let us consider again a SBM with two equal-size classes, and
consider its first two Fourier modes u1 and u2. First of all, it is evident that a good
matrix R should yield a constant (or at least a constant sign) signal for u1 in order
to have a proper sense of the average of the signal u⊤

1 x. Now, what should u2 look
like? In order to be coherent with a Fourier interpretation, u2 should show a very
slow oscillation along the graph. In fact, I argue that the sign of the entries of u2

should be constant within each community of the graph, and the two communities
should have opposite signs (as u⊤

1 u2 should be equal to zero). Although this fact
has been observed for the choice R = L as early as 1973 in [Fiedler 1973], and is
in fact one of the most classical heuristic argument justifying spectral clustering, it
has however been shown (as recalled in Section 2.1.3.2) that in sparse SBM graphs
the choice R = L fails to consistently provide a u2 that is correlated with the 2-class
structure.
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In other words, GSP based on R = L, at least on the SBM in the sparse regime
and in the context of weakly structured communities, fails to provide graph Fourier
modes that verify a basic “oscillatory” intuition.

The problem of course is that a vast majority of “natural graphs” (graphs mod-
eling networks such as transportation networks, brain neuron networks, social net-
works, etc.) on which GSP tools are deployed, are in fact sparse – and their are
very few safeguards out there to be certain that choosing classical options such as
R = L or R = A is in fact a good idea.

And this is unfortunately not the only problem. Heterogeneity in node degrees is
also another fundamental element blurring the first few eigenvectors of R. To study
the effect of degree heterogeneity on the first graph Fourier modes, one needs to go
beyond the SBM. In fact, SBM graphs have a very homogeneous degree distribution:
it is a mixture (with k modes) of multinomial distributions. There is no chance
with such graphs to model broad distribution such as power law distributions or
other heavy tailed distributions very often observed in real graphs. To enrich the
SBM framework, statisticians have come up with the following Degree Corrected
Stochatsic Block Model (DCSBM) [Karrer & Newman 2011]. Similarly to the SBM,
it is a model that draws each edge independently from a Bernoulli. It follows:

P(Aij = 1|ℓi, ℓj , θi, θj) = θiθj
Cℓi,ℓj

n
1 ≤ i < j ≤ n (2.26)

in which θ is the vector of intrinsic “sociability” (the larger θi, the larger its ex-
pected degree) which are used to produce an arbitrary degree distribution and are
independent of the label vector ℓ. The entries of θ are positive independent random
variables θi ∈ [θmin, θmax], with θmin > 0 and θmax suitably upper-bounded in order
for θiθjCℓi,ℓj/n to never exceed 1. The entries of θ have first moment E[θi] = 1 and
second moment E[θ2i ] = Φ. Setting θ = 1, one recovers the SBM.

When one chooses R = L, degree heterogeneity induces a severe negative effect
on the low frequency eigenvectors: it modifies the amplitude of the i-th entry (for
all 1 ≤ i ≤ n) of the low-frequency eigenvectors by a non-trivial function of the
degree of node i. In the case of k = 2 classes of equal size, we illustrate this effect
in Figure 2.11.

Objective Upon this observation that, in sparse heterogeneous graphs, classical
choices of R = L or R = A do not consistently yield low-frequency Fourier modes
that are correlated with the underlying community structure, the question is: how
should we choose R? Translating the question in terms of spectral clustering, how
should we choose R such that the correlation between the class structure and R’s
first k eigenvectors is the largest?

Results achieved, in a nutshell. We abandon the original spectral clustering
setup that computes the k most extremal eigenvalues of a unique matrix R. We
rather build the spectral embedding as a set of eigenvectors computed from k differ-
ent matrices (one eigenvector per matrix is computed). These matrices have all the
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Figure 2.11: For both plots: DCSBM graphs with n = 5000 and k = 2 classes of
equal size. First eigenvector u1 vs second eigenvector u2 of R = D− 1

2AD− 1
2 in the

dense regime for: (top) the homogeneous case θ = 1n; (bottom) the heterogeneous
case θi ∼ [U(3, 10)]3 where U(3, 10) is the uniform distribution between 3 and 10.
Colors represent ground truth classes.

same structure: they are Bethe-Hessian matrices Hr (see Eq. (2.4)), for k different
choices of parameter r. We show how should these parameters be chosen optimally in
the DCSBM context and end up with an algorithm that can be applied to arbitrary
graphs and that outperforms the state-of-the-art on numerous examples.

2.4.2 State-of-the-art

As we have already discussed in the background section 2.1.3.2, sparse SBMs have
a detectability threshold αc after which detection is possible, and before which it
is impossible. Also it has been shown that the first k eigenvectors of the Bethe-
Hessian matrix Hr = (r2 − 1)In + D− rA for r =

√
ρ(B) where ρ(B) is the spectral

radius of the non-backtracking matrix, achieve a non-trivial correlation with the
block structure down to the threshold [Saade 2016].

Since these results appeared more or less a decade ago, they have been general-
ized to DCSBMs. The detectability condition of Equation (2.3) was generalized in
[Gulikers et al. 2018] to DCSBMs, with an updated threshold αc = 2/

√
Φ (we recall

that Φ = E[θ2i ]). Later, in [Gulikers et al. 2016], the authors show that spectral
clustering on B also works down to this threshold.

These results are powerful as they propose algorithms capable of reaching the
information-theoretic threshold, but they also have inherent weaknesses as they only
guarantee a positive correlation of their output classification with the underlying
true structure: they do not try to maximize this correlation, which, in a nutshell, is
the goal of our contribution.
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2.4.3 An optimal parametrization of the Bethe-Hessian for sparse
heterogeneous graphs

A first look at our algorithm. Taking a pragmatic approach, let us start by
looking at the spectral clustering algorithm we end up with (Algorithm 2). Several
comments are in order:

• k, the number of classes, is no longer required as an input: we in fact come up
with an automatic way of performing this model selection. It simply consists
in counting the number of negative eigenvalues of H√

ρ(B)
. This is not novel per

se as H√
ρ(B)

is in fact the matrix that authors in [Saade et al. 2014] suggest
to use as a matrix R for spectral clustering.

• What is in fact very novel is our way to build the spectral embedding not
from one unique matrix, but from a collection of Bethe-Hessian matrices,
parametrized by the {ζp}p=2,...,k.

Now, there are many implementation subtleties in this algorithm that I will not
delve into here, even though I find them very interesting. I refer the readers to
Section 4 of [Dall’Amico et al. 2021] for details on –for instance– how to actually
compute the ζp’s (up to the machine’s precision error) in reasonable time.

Algorithm 2 Community Detection with optimal Bethe-Hessians
1: Input : adjacency matrix of undirected graph G
2: Estimate the number of classes k̂ as the number of negative eigenvalues of H√

ρ(B)

3: Compute the k̂ parameters (ζ1, . . . , ζk̂), where ζp is the smallest value of the
parameter r ≥ 1 verifying λp(Hr) = 0.

4: for 1 ≤ p ≤ k̂ do
5: X:,p ← up(Hζp) (i.e., set up(Hζp) as the p-th column of X)
6: end for
7: Estimate community labels ℓ̂ from the node embedding X = [X:,1, . . . ,X:,k̂].
8: return Estimated number k̂ of communities and label vector ℓ̂.

Why this parametrization? ζp has a –seemingly bizarre– definition: it is defined
as the smallest value of the parameter r ≥ 1 such that the p-th smallest eigenvalue
of Hr, λp(Hr), is null.

Empirically, on as many connected graphs as we could think of, we have ob-
served (and partly proven) that the function λp(Hr) for r ≥ 1 either never crosses
zero (in which case ζp does not exist), crosses zero exactly twice and is convex be-
tween these two crossings (in which case ζp is the lowest of the two values), or, in
very symmetric cases, touches zero exactly once without crossing it (in which case
ζp is that value). Also, we can prove, on a connected graph, that if ∃r s.t. Hr has k
negative eigenvalues, then ζp exists for p = 1 to k with ζ1 < ζ2 ≤ . . . ≤ ζk.
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Figure 2.12: Spectrum of the matrix B on the complex plane, for a DCSBM graph
with n = 5000 and k = 3. The green dots are the uninformative eigenvalues. The
blue diamonds are the real eigenvalues outside the bulk and the red squares are the
real eigenvalues inside the bulk (more precisely on the segment ]1,

√
ρ(B)]).

To briefly explain the reasons behind this parametrization, let us first recall the
links between the non-backtracking matrix and the Bethe-Hessian matrix:

• A consequence of the Ihara-Bass formula [Terras 2010] is the following: ∀γ ∈
R, γ is an eigenvalue of B if and only if Hγ has a zero eigenvalue.

• Moreover if v ∈ R2|E| is an eigenvector of B associated to γ, and defining
u ∈ Rn verifying ui =

∑
j v(ij), one has that u is eigenvector of Hγ associated

to its null eigenvalue [Krzakala et al. 2013].

• In other words, studying the eigenvectors in X that we build in our algorithm
boils down –in terms of information– to studying the eigenvectors associated
to the real eigenvalues of B that are on the (real) segment [1,

√
ρ(B)]. See

Figure 2.12 for an illustration.

The reason why we choose to work with the Bethe Hessian rather than directly
with B is twofold: first of all it is more convenient and computationally lighter to
work with matrices of size n rather than 2|E| but, most importantly, it is much
simpler to compute extremal eigenvalues than eigenvalues that are “hidden” in the
bulk’s semi-circle, as shown in Fig. 2.12. Note in passing that the choice r =

√
ρ(B)

for the estimation of the number of classes stems from this well-known observation
made by many authors that the spectrum of B, on many different graphs, concen-
trate around a circle of radius

√
ρ(B), again as we see in Fig. 2.12.

The fact that there are isolated real eigenvalues outside of the bulk (the blue
diamonds) as soon as we are above the detection threshold αc is a very well-known
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fact in the literature since more-or-less a decade for the SBM [Krzakala et al. 2013]
and since 2017 for the DCSBM [Gulikers et al. 2017]. In fact, the proofs show that
the eigenvectors associated to these isolated eigenvalues contain non-trivial commu-
nity information down to the threshold –thus proving the effectiveness of spectral
clustering on B. However, the fact that for each eigenvalue outside the bulk (apart
from ρ(B) whose associated eigenvector is not instructive anyways for community
reconstruction) there is a matched real eigenvalue inside the bulk, has never been
picked up by the literature. It is however the first central point of our contribu-
tion. The second central point is that the eigenvectors associated to these inner
eigenvalues also contain non-trivial community information down to the threshold.
The third central point is that these eigenvectors are also much less polluted by the
degree heterogeneity of the underlying graph – thus enabling a better community
recovery when the graph is heterogeneous.

These central contributions were intuited via a body of several arguments, in
which I will not delve into here, and that can be found in [Dall’Amico et al. 2019]
for k = 2 and in [Dall’Amico et al. 2021] for arbitrary k. Some come from statistical
physics and others from linear algebra considerations. To my knowledge, only the ex-
istence of “inside eigenvalues” has been formally proven to-date: in [Coste & Zhu 2021],
and only in the almost sparse regime where the average degree is in O(log(n)) in-
stead of O(1).

Performances. We compare the performance of our method versus the state-of-
the-art in terms of community recovery as a function of the difficulty α of the task,
for DCSBM graphs in Figure 2.13. We also have a table in Figure 2.14 that shows
performance comparisons on real-world graphs. As there is no ground truth in this
case, we use modularity as a performance measure. We are of course very satisfied
with these results.

On top of shear performance, the philosophy behind our algorithm is quite ele-
gant in the way it adapts automatically to the difficulty of the problem. In fact, in
easy regimes where the real eigenvalues inside the bulk of B tend to 1, the values
of ζp also tend to 1, and the eigenvectors we extract are in fact tending towards
the first k eigenvectors of the classical combinatorial Laplacian matrix! (recall that
Hr=1 = L) Now, in difficult regimes where we are close to the detectability thresh-
old, and the inner real eigenvalues of B tend to the bulk spread as a semi-circle
of radius

√
ρ(B), the ζs will all tend to

√
ρ(B), and the eigenvectors we extract

will tend to the first k eigenvectors of H√
ρ(B)

: which is the “pessimistic” scenario
of [Saade et al. 2014]. One can see that the ζs are a form of data-driven, structure
regularization that enables the eigenvectors to both stay i) in extremal positions of
the spectrum, ii) not be too polluted by degree heterogeneity.

Another way of seeing this structure regularization is by observing the following
facts:

• Let Dτ = D+ τ In for τ ∈ R+ be a regularized degree matrix.
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Figure 2.13: Performance vs competing methods on DCSBM synthetic graphs.
n = 5 · 104, c = 5. BP stands for belief propagation (optimal method but much
slower than spectral clustering). All other methods shown are spectral clustering
results on various choices of representative matrix R: H√

cΦ is the Bethe-Hessian
with parameter

√
cΦ as proposed by [Saade et al. 2014], B is the non-backtracking

matrix, Lrw is the random walk Laplacian, A the adjacency matrix and Lsym
τ is a

normalized and regularized Laplacian with τ set to be the average degree, as sug-
gested by [Qin & Rohe 2013]. Note that Lrw drastically fails in this case as the
eigenvectors show strong localization effects due to the degree heterogeneity.

• Define Lrwτ = I−D−1
τ A and Lnormτ = I−D−1/2

τ AD
−1/2
τ , respectively a regularized

random walk Laplacian and a regularized normalized Laplacian.

• One can show the following equivalence:

∀(r,x), Hrx =
[
(r2 − 1)In + D− rA

]
x = 0 ⇐⇒ Lrwr2−1x =

(
1− 1

r

)
x

As a consequence: looking into the spectrum of the Bethe-Hessian is equivalent to
looking into the spectrum of a regularized Laplacian, that is, the Laplacian of a
regularized structure. Remarking that Lrwτ and Lnormτ share the same spectrum, this
also shows a strong connection between the Bethe-Hessian and other community
detection works based on regularized Laplacians, such as [Qin & Rohe 2013]. As we
give strong arguments to optimally choose the parameters of the Bethe-Hessian, our
work also extends to the optimal parametrization of these deformed Laplacians –
a question that was not previously properly addressed in the literature (with very
heuristic arguments to choose τ).

Computation time. Our implementation runs in time O(|E|k2 + nk3) which is k
times longer than classical spectral clustering. This is intrinsically due to the fact
that we have to deal with the spectrum of k different matrices, not just one.

In practice, to give an order of magnitude of computation times5, running our
5on a laptop with 7.7Gb of RAM and Intel Core i7-6600U CPU @ 2.6GHz x 4
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Figure 2.14: Performance (as measured by modularity, as there is no ground truth)
comparison on real networks. When k is known, it appears as an underlined number.
If not known, it is estimated by our method.

Julia implementation CoDeBetHe.jl of our algorithm on a SBM with k = 4 classes
of equal size, n = 105 (resp. 106), cin = 26 on the diagonal elements of C and
cout = 5 for the off diagonal elements, takes approximately 15 (resp., 450) seconds
on a laptop. If k is known in advance, this times drop to approximately 6 (resp.,
100) seconds. Given the added precision of the clustering, this added computation
price seems reasonable.

2.4.4 What now?

A first theoretical direction is to try to prove parts of the conjectures, perhaps by
starting in the easier regime where the average degree is inO(log n). The existence of
inner real eigenvalues of B has already been proven in this case in [Coste & Zhu 2021].
However, the facts that the associated eigenvectors i) contain relevant community
information down to the threshold, ii) are less polluted by degree heterogeneity than
their counterparts outside the bulk, remain to be proven formally.

A second, more methodological direction, would be design a new GSP framework
where one does not define the whole graph spectral theory on one unique matrix
R like what has been done before (classically choosing R = A or L or normalized
versions of these two matrices), but by defining Fourier modes in an iterative and
data-driven manner, in a similar fashion than how Algorithm 2 builds the spectral
embedding for our improved spectral clustering method. In fact, eigenvectors that
perform better for spectral clustering should ideally be used as low-frequency graph
Fourier modes! There are however complications that will need to be addressed, one
of them being the added computation time needed to compute these new Fourier

https://github.com/lorenzodallamico/CoDeBetHe.jl
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modes, another that Fourier modes thus defined are not orthogonal anymore (in
fact, the eigenvectors concatenated in X in Alg. 2 are not necessarily orthogonal to
each other as they come from different Bethe-Hessian matrices).
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This chapter relates a selection of my work on Determinantal Point Processes
(DPPs), random processes that have the rare property of jointly being tractable
and repulsive. For the story, I came across these processes back in 2016, frustrated
by the iid framework of the random graph sampling strategy I had contributed
to (and recalled in Section 2.3.2): the independent property of our sampling was
admittedly very convenient for theoretical purposes as we could draw from powerful
concentration inequalities, but it seemed inefficient to allow sampling nodes that
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were close to each other in the graph. We indeed intuitively know that close-by nodes
in a graph hold similar information on bandlimited, slow-varying, graph signals;
and that some kind of repulsion in the sampling process would be a great asset. In
the extreme case, iid sampling with replacement allowed to sample the same node
several times – which is clearly a waste of our sampling budget. I needed random
processes that could produce some kind of repulsion in the samples to hope to sample
nodes holding information on the signal that was not too redundant. Unfortunately,
repulsion naturally induces dependence in the sampling process and the theory of
concentration largely collapses in dependent sampling contexts – making theoretical
analysis of repulsive processes a major scientific challenge in today’s field of statistics.

About at the same period, I came across DPPs by reading Avena and Gaudil-
lière’s paper [Avena & Gaudillière 2017] on random spanning forests, in which they
show that random forests’ roots were a DPP defined on the nodes of the graph: in
other words, the root process was in effect a sampling process over the nodes of the
graph that was both tractable and repulsive. The marginal sampling distribution
was however not exactly what I was needing for my purpose of bandlimited graph
sampling, but it sparked a long-lasting interest in DPPs in general, and DPPs over
graphs in particular.

Since then, I have been concentrating my efforts on these two fronts: DPPs
in general and DPPs over graphs. This chapter describes my work on DPPs in
general, as a fascinating sampling process in its own right –and we put aside for
now all notions of graph. In fact, this chapter can be read totally independently
from Chapter 2. My work on DPPs specifically defined over graphs, that brings to-
gether my joint interest in graphs and in DPPs, will be described in the next chapter.

Organization. This chapter is organized similarly to Chapter 2: it first contains a
background section (Section 3.1) where a few notations and necessary definitions and
intuitions are (hopefully sufficiently smoothly) introduced. The next three sections
are a selection of three of my works on DPPs. The first contribution, detailed in
Section 3.2, is algorithmical: it provides a new sampling algorithm for DPPs. The
second contribution, in Section 3.3, is theoretical in nature: it fills a gap in the
theory of DPPs. Finally, Section 3.4 details an applicative contribution: it studies
how DPPs can be used for sketching under the computer science framework known
as coresets.

3.1 Background

Determinantal point processes are by now perhaps one of the most famous ex-
ample of repulsive point processes. They first appear as a model for the posi-
tion of fermionic particles in an energy potential [Macchi 1975], but also occur
in random matrix theory and graph theory, for instance as the distribution of
edges in uniform spanning trees [Burton & Pemantle 1993]. DPPs can also be
used as tools designed for particular computational tasks: for instance, they have
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been advocated in machine learning as a way of providing samples with guaran-
teed diversity [Kulesza & Taskar 2012], as a way of performing Monte Carlo in-
tegration [Bardenet & Hardy 2020, Coeurjolly et al. 2021], or accelerating classi-
cal linear algebra tasks such as regression or low rank approximation of matri-
ces [Belhadji et al. 2020, Derezinski & Mahoney 2021].

We place ourselves in the discrete sampling setting. In that framework, one has
a set of n items Ω, and one desires to produce a subset X ⊂ Ω of size m (usually
verifying m≪ n) such that no two items in X are excessively similar. A key aspect
of DPPs is that “diversity” is defined relative to a notion of similarity represented
by a positive-definite kernel. For instance, if the items are vectors in Rd, similarity
may be defined via the squared-exponential (Gaussian) kernel:

κ(x,y) = exp
(
−∥x− y∥2

)
(3.1)

Here x and y are two items of Ω, and similarity is a decreasing function of distance.

The goal of DPPs is to sample subsets X that are diverse, that is, well spread-
out according to the chosen metric κ. In this sense they are an instance of repulsive
processes. In fact, DPPs sit at the edge between very repulsive processes for which
we hardly know anything analytically (such as the hard sphere process) and iid pro-
cesses that do not offer any repulsion but which have been theoretically thoroughly
developed for more than a century. To be more specific, DPPs are only mildly
repulsive (as we will discuss from an original viewpoint in Section 3.2.3), which is
both a blessing and a malediction. First, a blessing because they are “close enough”
to iid processes that they are tractable: the marginal distributions at any order
are known and even computable in polynomial time, concentration inequalities can
be obtained [Pemantle & Peres 2014], etc. Second, a malediction because they can
only offer a weak repulsion, and there are many cases where we would intuitively
need more negative correlation between the samples. But this is the price to pay
to work with correlated samples: one cannot, at this stage, have the best of both
worlds.

In the following, we briefly recall some definitions on DPPs along with fixed-
size DPPs, a useful variant (as well as L-ensembles and fixed-size L-ensembles).
For details we refer the reader to [Kulesza & Taskar 2011], [Tremblay et al. 2023]
or [Bardenet 2022]. All of the results below are classical.

Notations. Let A be a n × n matrix, and Y, Z be two subsets of indices. Then
AY,Z is the submatrix of A formed by retaining the rows in Y and the columns in
Z. Furthermore, A:,Y (resp. AY,:) is the matrix made of the full columns (resp.
rows) indexed by Y. Finally, we let AY = AY,Y . Also, for a matrix V, by span(V)
we denote its column span, and by orth(V) the orthogonal complement of span(V).
Finally, for a Positive Semi-Definite (PSD) matrix A, I mean by aI ⪯ A ⪯ bI that
A’s spectrum is included in the interval [a, b].
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3.1.1 DPPs

Let Ω = {x1, . . . ,xn} ⊂ Rd be a collection of vectors called the ground set. A finite
point process is a random subset X ⊆ Ω. Abusing notation, we sometimes use X
to designate the indices of the items, rather than the items themselves. Which one
we mean should be clear from context.

Definition 2 (Determinantal Point Process). Let K ∈ Rn×n be a symmetric Positive
Semi-Definite (PSD) matrix verifying 0 ⪯ K ⪯ I. X is a DPP with marginal kernel
K, denoted by X ∼ DPP(K), if

∀A ⊆ Ω P(A ⊆ X) = detKA, (3.2)

where by convention, detK∅ = 1.

This definition determines what we will refer to as the class of DPPs.

Remark 5. In all generality, K only needs to be PSD, not necessarily symmetric.
Even if there is some recent evidence that non-symmetric PSD kernels may be of
interest [Han et al. 2021] for some machine learning tasks, we decide in our work to
restrict ourselves to symmetric kernels as it is much simpler to deal with, and much
more intuitive. In the following, even if I don’t repeat it everywhere, the matrices K

and L are always supposed symmetric.

Now, manipulating inclusion probabilities as in Eq. (3.2) rather than the joint
probability distribution itself is often cumbersome (nor is it very intuitive at first
glance). This usually leads authors to consider a slightly less general class of DPPs:
L-ensembles [Borodin & Rains 2005].

Definition 3 (L-ensemble). Let L ∈ Rn×n designate a Positive Semi-Definite (PSD)
matrix. An L-ensemble based on L, , denoted by X ∼ Lens(L), is a point process X
defined as

∀X ∈ Ω P(X = X ) = det LX
Z

, (3.3)

where by convention, det L∅ = 1 (implying for instance that P(X = ∅) = 1/Z).

The normalisation constant Z =
∑

X⊆Ω det LX can be shown [Kulesza & Taskar 2012]
to equal det(I+ L).

Why are such processes repulsive? For instance, consider the L-ensemble based
on the n × n PSD matrix L = [κ(xi,xj)]i,j , with κ as in Eq. (3.1). If two or more
points in a set X are very similar (in the sense of the kernel function), then the
matrix LX has rows that are nearly collinear and its determinant is small. This in
turns makes it unlikely that such a set X will be selected by the L-ensemble.

Another way to gain intuition is to look at it from the marginal point-of-view
and consider the marginal probability of order 2:

P({i, j} ∈ X) = detK{i,j},{i,j}) = KiiKjj − K2
ij
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which is necessarily smaller than KiiKjj , that is, what one would have obtained by
independent sampling. Also, the more similar are items indexed by i and j, the
larger K2

ij , the less chance they have of ending up jointly in the DPP sample.

Note that all L-ensembles are DPPs:

Lemma 6. An L-ensemble is a DPP. Let X ∼ Lens(L) be an L-ensemble based on
the PSD matrix L. Then, X is a DPP with marginal kernel

K = L(I+ L)−1. (3.4)

The converse is not true: all DPPs are not L-ensembles.

Lemma 7. A DPP with marginal kernel K is an L-ensemble if and only if K verifies
0 ⪯ K ≺ I (note the ≺ sign, implying that no eigenvalue of K is allowed to be equal
to one). Let X ∼ DPP(K) be a DPP with such a marginal kernel. Then X is a
L-ensemble with a PSD kernel L verifying:

L = K(I− K)−1.

Remark 8. The class of DPPs can thus be separated in two: the L-ensembles (all
DPPs with marginal kernel verifying 0 ⪯ K ≺ I), and the rest (all DPPs with
marginal kernel whose spectrum contains at least one eigenvalue equal to one).

In DPPs, the size (cardinal) of X, denoted by |X|, is a random variable. Its
distribution is as follows [Hough et al. 2006]:

Lemma 9. Let 0 ⪯ K ⪯ I be a marginal kernel with eigenvalues µ1, . . . , µn. Let
X ∼ DPP(K). Then, |X| has the same distribution as

∑n
i=1Bi, where Bi is a

Bernoulli random variable with expectation E(Bi) = µi, and the Bi’s are distributed
independently. In particular, the expected size of the DPP, E(|X|), can be directly
deduced from the above to be

E(|X|) =
∑

µi = Tr(K) (3.5)

3.1.2 Fixed-size DPPs

The cardinal of a DPP is thus in general random. Such varying-sized samples are not
practical in many applications (one often desires a subset of size 50, not a subset
of size 50 on average but which may be of size 35 or 56); which led the authors
of [Kulesza & Taskar 2011] to define fixed-size DPPs1.

Definition 4 (Fixed-size Determinantal Point Process). A fixed size DPP of size
m is a DPP conditioned on |X| = m. It is denoted X ∼ |DPP|m(K).

1They are often called k-DPPs in the literature, but we prefer “fixed-size DPPs” in order not to
overload the symbol k too much.
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It is important to understand that, in general, fixed-size DPPs are not DPPs.
The only exception are projection DPPs, that we will define later as DPPs asso-
ciated to projection kernels. There are several ways to see why fixed-size DPPs
are not DPPs. For instance, whereas all DPPs have a marginal kernel, fixed-size
DPPs (again with the exception of projection DPPs) do not have marginal kernels:
there does not exist a matrix whose principal minors are the marginal probabilities.
For more information, the question of inclusion probabilities in fixed-size DPPs is
treated at length in our paper [Barthelmé et al. 2019].

A subclass of fixed-size DPPs is the class of fixed-size L-ensembles:

Definition 5 (Fixed-size L-ensemble). Let L be a PSD matrix. A fixed-size L-
ensemble, denoted by X ∼ |Lens|m(L), is a L-ensemble conditioned on |X| = m. It
thus verifies:

∀X ∈ Ω P(X = X ) = det LX
Zm

I(|X | = m). (3.6)

where Zm is the normalisation constant, and I(·) is the indicator function.

Similarly to the varying-size case, fixed-size L-ensembles are a strict subclass of
fixed-size DPPs:

Lemma 10. A fixed-size L-ensemble is a fixed-size DPP. The converse is not true:
there exist fixed-size DPPs that are not fixed-size L-ensembles.

The normalization constant Zm =
∑

X ,|X |=m det LX can be shown to be equal
to the m-th elementary symmetric polynomial of L, a quantity that depends only
on the spectrum of L. We will however not delve into this in this document.

3.1.3 Two useful special cases.

There are two special cases of (possibly fixed-size) DPPs that are useful to study on
their own, both from a practical and theoretical viewpoint. These are the DPPs with
diagonal kernels and those with projection kernels. As we will see in section 3.1.4,
these two examples are the key components for sampling any DPP using its mixture
representation.

3.1.3.1 Diagonal DPPs

Diagonal DPPs are in a way the most basic kind of DPPs (although the fixed-size
case is surprisingly intricate).

Lemma 11. Let D = diag(d1, . . . , dn) be a diagonal matrix with entries {di} between
0 and 1. X ∼ DPP(D) is a Bernoulli process: each event i ∈ X is independent and
occurs with probability πi = di.

Remark 12. For fixed-size DPPs this is no longer true: X ∼ |DPP|m(D) is not
a Bernoulli process, as the events are no longer independent but indeed negatively
associated. To see why, note that since the total size is fixed, conditional on i ∈ X
other points are less likely to be included.
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Using Lemma 6, one directly obtains the equivalent result for L-ensembles:

Lemma 13. Let Λ = diag(λ1, . . . , λn) be a diagonal matrix with ∀i, λi ≥ 0. X ∼
Lens(Λ) is a Bernoulli process: each event i ∈ X is independent and occurs with
probability πi = λi

1+λi
.

3.1.3.2 Projection DPPs

Projection DPPs have many unique features that make them a very central object
of the theory of DPPs. The definition of a projection DPP is as follows:

Definition 6 (Projection DPP). Let Q be an n × m matrix with Q⊤Q = Im. A
projection DPP is a DPP with marginal kernel K = QQ⊤.

The name “projection DPP” comes from the fact that QQ⊤ is a projection matrix
(its eigenvalues are 1, with multiplicity m, and 0 with multiplicity n−m). This has
several consequences:

• As by Lemma 9, the size of a projection DPP X ∼ DPP(QQ⊤) is constant
and equals to m. Thus, a projection DPP is trivially a fixed-size DPP. In
fact, as already briefly mentioned, the class of projection DPPs is the exact
intersection of the class of fixed-size DPPs and the class of DPPs.

• As by Lemma 7, and as K’s spectrum contains at least one eigenvalue equal
to 1: a projection DPP is not an L-ensemble.

However, one can show that projection DPPs are fixed-size L-ensembles:

Lemma 14 (See e.g., [Barthelmé et al. 2019]). Let Q ∈ Rn×m matrix verifying
Q⊤Q = Im. A projection DPP with marginal kernel QQ⊤ is a fixed-size L-ensemble
X ∼ |Lens|m(QQ⊤).

Remark 15. Moreover, the normalisation constant Zm as defined in Definition 5
is particularly simple in this case and equals 1. This means that the joint probability
distribution of a projection DPP simply verifies

∀X ∈ Ω P(X = X ) = det LX I(|X | = m).

Remark 16. Projection DPPs are thus DPPs, fixed-size DPPs and fixed-size L-
ensembles: given Q ∈ Rn×m verifying Q⊤Q = Im, notations X ∼ DPP(QQ⊤), X ∼
|DPP|m(QQ⊤) and X ∼ |Lens|m(QQ⊤) denote the exact same distribution.

3.1.4 Mixture representation

Determinantal point processes have a well-known representation as a mixture of
projection DPPs (also sometimes called “elementary DPPs” in the literature). This
mixture representation (due to [Hough et al. 2006]) is fundamental, both for theo-
retical and computational purposes, since it serves as the basis for exact sampling
of DPPs. There are two variants, one for DPPs and one for fixed-size DPPs. Both
can be proven using the Cauchy-Binet formula.
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Lemma 17 (Mixture representation of DPPs). Let K be a marginal kernel (thus
verifying 0 ⪯ K ⪯ I) and K = QDQ⊤ its eigendecomposition. Then, X ∼ DPP(K)

may be obtained from the following mixture process:

1. Sample indices Y ∼ DPP(D)

2. Form the projection matrix M = Q:,Y (Q:,Y )
⊤

3. Sample from the projection DPP X|Y ∼ |DPP||Y |(M)

The mixture representation can be understood as (a) first sample which eigen-
vectors to use and (b) sample a projection DPP with the selected eigenvectors.

The counterpart for fixed-size DPPs looks highly similar.

Lemma 18 (Mixture representation of fixed-size DPPs). Let K be a marginal kernel
and K = QDQ⊤ its eigendecomposition. Then, X ∼ |DPP|m(K) may be obtained from
the following mixture process:

1. Sample m indices Y ∼ |DPP|m(D)

2. Form the projection matrix M = Q:,Y (Q:,Y )
⊤

3. Sample from the projection DPP X|Y ∼ |DPP|m(M)

The only step that varies is the first one, where we sample from |DPP|m(D)

instead of DPP(D). Note that as L-ensembles are a subclass of DPPs, these mixture
representations naturally apply to L-ensembles as well.

3.1.5 Standard DPP sampling algorithm

Steps 1 above necessitate to sample diagonal DPPs. Note that although sampling
from a diagonal DPP is straightforward and costs O(n) as explained in Lemma 11,
sampling from a fixed-size diagonal DPP can be surprisingly tricky in practice.
It necessitates to either compute elementary polynomials and follow Algorithm 8
of [Kulesza & Taskar 2012] (but it is prone to numerical instabilities when n and/or
m are too large), or to use approximate techniques such as the ones we developed
in our paper [Barthelmé et al. 2019]. In both cases, this first step can be performed
in time O(nm).

Step 3 of the above mixture representation requires to sample from a projection
DPP. The standard algorithm to do so is described in Algorithm 3.

Computation cost of DPP sampling. For arbitrary kernels, the cost of DPP
sampling is dominated by the cost of the eigendecomposition and thus scales as
O(n3). A popular workaround to this prohibitive cost is to sample DPPs defined by
low-rank kernels. In fact, one often considers L-ensembles associated to kernels of
the form ΨΨ⊤ with Ψ ∈ Rn×p. Sampling from this kernel costs only O(np2+nm2).
The first term, O(np2), comes from a SVD-like step of Ψ and the second term,
O(nm2) is the cost of Algorithm 3 (as one needs to at least compute m times the
matrix-vector product of line 7).
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Algorithm 3 Standard sampling algorithm for a projection DPP X ∼ DPP(QQ⊤)

1: Inputs: Q ∈ Rn×m verifying Q⊤Q = Im.
2: Initialise π(x)←

∑m
j=1Q

2
x,j , X = ∅, Gram-Schmidt basis S = []

3: for t = 1 to m do
4: Sample x from π(x)

m−(t−1) , add to X
5: Compute residual zt = (I− SS⊤)(Qx,:)

⊤ ∈ Rm

6: Add column st =
zt

∥zt∥ to S

7: Compute v = Qst ∈ Rn

8: Update probabilities π(x)← π(x)− (vx)
2

9: end for
10: return X

3.2 A faster sampler for DPPs

We are now over with the background section. The contribution we discuss in this
section, published in [Barthelme et al. 2023a], is an algorithmical contribution: it
shows that the cost of sampling projection DPPs, O(nm2), can always be reduced
to O(nm+m3 logm) without loss on the sampling’s exactness. As projection DPPs
are a building block of both DPPs and fixed-size DPPs in their mixture representa-
tions, our contribution also accelerates the sampling time of any arbitrary (possibly
fixed-size) DPP. The extent of this acceleration depends on the rank of the DPP’s
kernel. Indeed, if the DPP’s kernel is of full rank, one still needs to perform the full
eigendecomposition, which is in any case overwhelmingly time-dominant compared
to the projection DPP step: in these cases, our acceleration is negligible. However,
for the common cases where the DPP is defined as an L-ensemble associated to a
low-rank kernel, that is L = ΨΨ⊤ with Ψ ∈ Rn×p, then, the closer is m to p the more
substantial becomes our acceleration. In this document, we will not delve further on
this link between rank and the extent of the acceleration enabled by our algorithm.

We will rather concentrate on the projection DPP building block and suppose
that our objective is simply to sample X ∼ DPP(QQ⊤) with Q ∈ Rn×m given and
verifying Q⊤Q = Im. Our contribution is to show a sampling algorithm for projection
DPPs that costs O(nm +m3 logm) rather than the O(nm2) cost of the standard
variant. In practice, we observe orders-of-magnitude speedups compared to the
classical algorithm as soon as n > 1000. Our algorithm described here is a close
variant of the standard algorithm for sampling continuous DPPs, and uses rejection
sampling. We also show that the term in O(nm) of our algorithm’s cost comes in
fact from a pre-processing step: a consequence is that any additional sample from
the same DPP can be drawn in time only O(m3 logm), instead of O(nm2) for the
standard algorithm.
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Algorithm 4 Sampling of a projection DPP X ∼ DPP(QQ⊤) via rejection sampling

1: Initialise π(x)←
∑m

j=1Q
2
x,j , X ← ∅, Gram-Schmidt basis S← []

2: Initialise alias table for Walker’s alias algorithm to sample from π.
3: for t ∈ 1 . . .m do
4: accept ← false
5: while not accept do
6: Draw x from π using the alias method
7: Compute acceptance ratio r = 1− 1

π(x)

∑t−1
j=1(Qx,:st)

2

8: if rand() < r then
9: accept ← true

10: end if
11: end while
12: Add x to X
13: Compute residual zt = (I− SS⊤)(Qx,:)

⊤

14: Add column st =
zt

∥zt∥ to S

15: end for
16: return X

3.2.1 A rejection sampling algorithm to accelerate projection DPP
sampling

The main idea behind our rejection sampling algorithm is that, instead of sampling
exactly from a probability distribution π(x) that is costly to update at every step
of the for loop of Alg. 3, we decide to sample everytime from π(x) =

∑m
j=1Q

2
x,j

and then use an adaptative rejection probability to correct the bias. This is a
standard rejection sampling framework (that is in fact used by necessity to sample
from continuous DPPs but has never really been precisely studied in the discrete
case). In the end, the algorithm we end up with is given as Alg. 4. To recapitulate
the different computational costs:

• Preprocessing cost: computing π for all entries comes at cost O(nm) (line 1)
and setting up Walker’s alias method at cost O(n) (line 2)

• The Gram-Schmidt process (computing zt then st) costs O(tm) at step t.
Summing this figure for t = 1 to m gives a cost of O(m3)

• We now need to compute the average cost of the while loop. At step t, it can
be shown that the rejection sampler has probability ρt =

m−t+1
m of succeed-

ing. The number of proposals Rt that are required until acceptance is thus a
random variable that follows a geometric distribution with success probability
ρt. Thus:

E(Rt) =
1

ρt
=

m

m− t+ 1
. (3.7)

Since computing the acceptance ratio r = 1− 1
π(x)

∑t−1
j=1(Qx,:st)

2 costs O(mt)
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Figure 3.1: Left panels: median time needed to sample a projection DPP, using the
standard approach (Alg. 3) vs. A/R (Alg. 4). For two values of m: a) m = 30, b)
m = 60. Note that here the time taken to compute an orthogonal basis is not taken
into account (see text). Right panels: simulation of a full workload that includes
feature generation and orthogonalisation (see text). c) time taken by each step in
the computation as a function of n. Solid lines are runtimes when sampling using
the classical method, dashed, when using A/R. The first two steps (labeled “kernel”
and “RRQR”, in red and green respectively) are identical (up to time measurement
noise). A/R sampling becomes beneficial at around n = 1, 000 and is orders of
magnitude faster at n = 100, 000. d) Sampling time related to total computation
time, as a function of n.

for each trial, the expected cost of the while loop at step t scales asO
(

m2t
m−t+1

)
.

Summing this over t:

m∑
t=1

m2t

m− t+ 1
≤ m3

m∑
t=1

1

m− t+ 1

yields a total expected cost scaling as2 O(m3 logm).

We obtain the following theorem.

Theorem 19. Alg. 4 samples a projection DPP, with an expected runtime scaling as
O(nm+m3 logm). Also, any additional sample from the same DPP can be obtained
in an extra O(m3 logm) expected runtime.
Moreover, these expected runtimes are representative. Indeed, ∀δ ∈

(
0, 12
)
, the total

number of proposals R =
∑m

t=1Rt satisfies, with probability greater than 1− δ:

R ≤ 2m logm+ 3m log
1

δ

3.2.2 Empirical validation

We compare the Accept/Reject algorithm (Alg. 4) to its classical counterpart (Alg. 3)
for different values of n and m. Both algorithms are implemented in the Julia lan-

2∑m
t=1

1
m−t+1

=
∑m

t=1
1
t

scales as O(logm): see, e.g., Chapter 6 of [Abramowitz & Stegun 1964]
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guage and are publicly available3. For each value of n, we sample a random projec-
tion matrix of size n×m (via QR decomposition of a matrix with Gaussian entries).
We then pre-compute π, and run each algorithm 100 times. Fig. 3.1 a) and b) show
the measured median runtimes.

For very small values of n, the classical algorithm is faster, which can be ex-
plained by the efficiency of BLAS calls. At each step the whole conditional distri-
bution is computed, the main cost being a matrix multiplication (i.e., a BLAS call),
which benefits from efficient multithreaded code. However, the different asymptotic
scalings (O(nm2) vs. O(m3 logm), as we have pre-computed π in this experiment)
soon makes the classical algorithm uncompetitive.

An experiment in a realistic data processing pipeline. Comparing compu-
tation times of projection DPPs for which Q is already computed, is not a realistic
scenario: one very often needs to compute Q in the first place! As we have seen in
the background section, sampling is only one of the steps in a processing pipeline
that involves feature computation, orthogonalisation, etc. So, we illustrate here to
what extent our algorithm accelerates sampling in a full data processing pipeline.
For instance, a natural idea to produce a diverse set X from Ω = (x1, . . . ,xn) n

points in Rd, is to draw X ∼ Lens(L) with L the Gaussian kernel of Eq. (3.1):
Lij = γ exp

(
− 1

σ2 ∥x− y∥2
)
, where γ is a tuning parameter that determines the

expected size. Producing an exact sample from this DPP requires the eigendecom-
position of L which is impractical (even computing L is prohibitive for large n!).

However, Gaussian kernel matrices have rapidly decaying spectra (see, e.g.,
[Wathen & Zhu 2015]) and this can be exploited. It implies in particular that L-
ensembles associated to Gaussian kernels are well approximated by projection DPPs
with kernels Pm where Pm projects onto the dominant eigenspace of L of order m.
Thus, all we need is a good basis for the dominant eigenspace. Methods from ran-
domised linear algebra offer good practical tools (“range finders”) to obtain a basis
for such a space [Martinsson & Tropp 2020]. For these simulations, we used the
following approximation:

1. Select (and compute) 5m columns uniformly from L. Call this matrix A. We
call this the “kernel step”.

2. Use Rank-Revealing QR (RRQR, [Chan 1987]) and random projections, as
implemented in the Julia package LowRankApprox.jl, to produce Q, an or-
thonormal matrix of size n ×m that approximates the image of A. We call
this the “RRQR step”.

3. Sample a DPP with projection kernel QQ⊤ using either the classical or the
A/R algorithm.

3we’ve added a folder in our Determinantal.jl repository containing the code necessary to re-
produce the figures, available here: https://github.com/dahtah/Determinantal.jl/tree/main/
misc/sampling_paper. In addition, the A/R sampler is available as part of the Determinantal.jl
software package, https://github.com/dahtah/Determinantal.jl.

https://github.com/dahtah/Determinantal.jl/tree/main/misc/sampling_paper
https://github.com/dahtah/Determinantal.jl/tree/main/misc/sampling_paper
https://github.com/dahtah/Determinantal.jl
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We set m = 100 and time each step. This results in a total runtime of around 1.2
sec. at n = 105 with the A/R sampler, which challenges the notion that DPPs are
very slow to sample from. With this procedure, the time spent sampling the actual
DPP goes up to 20% of total time for the classical algorithm at n = 105, but using
the A/R sampler sampling time becomes negligible. See Fig. 3.1 c) and d) to see
how these times vary with n.

3.2.3 What now?

On top of the improvement on the sampling time of DPPs, our results imply the
following intriguing by-product. Let X be a projection DPP of size m. A set of
O(m logm) points sampled iid from the inclusion probability distribution P(x ∈
X) = π(x)/m (also known as leverage scores) contains with high probability a
realisation from the DPP. The consequences of this fact are worth discussing. First,
let us state the result a bit more formally.

Definition 7. Let X be a DPP on Ω and Y ⊆ Ω. We call Φ(Y) a thinning algorithm
if it returns a subset of Y. Moreover, we say Φ(Y) is successful when it returns a
realisation from X.

Corollary 20. Let X be a projection DPP of size m, and Y be a set of iid points
sampled with replacement with probability proportional to the leverage scores: P(x ∈
X) = π(x)/m. Let δ ∈ (0, 1/2). A simple modification of Alg. 4 gives a thinning
algorithm Φ that verifies: Φ(Y ) is successful with probability greater than 1 − δ

provided that |Y | ≥ 2m logm+ 3m log
(
1
δ

)
.

Note that this is a substantial improvement over the work of [Derezinski et al. 2019],
which gives this result only for |Y | ≥ O(m2) iid points.

A natural question is to ask if this result is optimal: can we find a thinning
algorithm that succeeds with high probability for even smaller i.i.d sets? The an-
swer is no in general (proofs of Corrollary 20 and of the following proposition are
in [Barthelme et al. 2023a])

Proposition 21. Corollary 20 is optimal in the following sense. Let X and Y be
as previously. There does not exist a generic thinning algorithm able to succeed with
fixed non-null probability if |Y | = o(m logm).

This transition occuring at O(m logm) calls for discussion, and paves the way to
future interesting lines of research. First of all, Corollary 20 shows, from an original
angle, that the repulsiveness of DPPs is weak. Indeed, other repulsive processes such
as hard-core processes cannot verify such property in all generality. For instance, in
the high density limit of a hard-sphere model, the probability that the position of
m non-overlapping spheres can be found within a set of only O(m logm) iid points
drawn uniformly, tends to 0. In addition, these results ask the following question: in
what cases should one pay the extra cost of sampling m elements from a DPP, rather
than simply sampling O(m logm) elements iid from the leverage score distribution?
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Of course, when the objective is to sample a diverse set for visualization purposes,
such as in search engines, it is always worthwhile to sample the DPP. However, in
the case of integration [Bardenet & Hardy 2020, Coeurjolly et al. 2021]; or in the
case of coresets [Tremblay et al. 2019], when the objective is to reduce the size for
computational purposes, the answer is not so clear and requires further investigation.

3.3 Filling a gap in the theory: extended L-ensembles

We now move on to the second DPP contribution I would like to discuss in this chap-
ter: this contribution is theoretical in nature. From the background section 3.1, let
us recall the following, as this will help us precisely describe where this contribution
stands.

Concerning DPPs, we observe that i/ DPPs whose marginal kernel do not
contain any eigenvalue equal to 1 are L-ensembles and thus have an explicit joint
probability distribution (using Lemma 6 and Eq.(3.3)), ii/ projection DPPs, that is,
DPPs whose marginal kernel have eigenvalues equal to exactly 0 or 1, are fixed-size
L-ensembles, and thus also have an explicit joint probability distribution (using
Lemma 14 and Eq. (3.6)). The current state-of-the-art however does not pro-
vide4 easy-to-use explicit joint distributions for DPPs whose marginal kernels lie
in-between those two cases: DPPs whose marginal kernel have some eigenvalues
equal to 1 and others lying strictly between 0 and 1. In other words: the class of
DPPs that are not L-ensembles. According to Lemma 9, those are the cases where
the size of the DPP is the sum of a deterministic part (the number of eigenvalues
equal to 1) and a random part. As these DPPs did not even have a name prior
to our work, we named them partial-projection DPPs for reasons that will become
clear by the end of this section.

Concerning fixed-size DPPs, we observe that all fixed-size L-ensembles are
fixed-size DPPs but the contrary is false. In other words, the current state-of-the-art
does not provide explicit joint distributions for those fixed-size DPPs that are not
fixed-size L-ensembles. These are the partial-projection DPPs conditioned on size,
that we naturally call fixed-size partial-projection DPPs.

Our main contribution is to provide a unifying framework to write handy,
explicit joint distributions for all DPPs and fixed-size DPPs and thus to fill in the
holes of the current theory. To this end, we introduce extended L-ensembles, a
novel way of representing the class of DPPs. Before we give their formal definition
(Definition 10) we need a few preliminary results.

3.3.1 Conditionally positive (semi-)definite matrices

L-ensembles are naturally formed from positive semi-definite matrices, because L be-
ing positive semi-definite is a sufficient condition for det LX being non-negative. Ex-

4A formula due to [Macchi 1975] exists in this case but it is unwieldy. See also the discussion
around Corollary 1.D.3 in [Gautier 2020a].
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tended L-ensembles can accomodate a broader set of matrices called Conditionnally
Positive Semi-Definite (CPSD) matrices.

Definition 8. A matrix L ∈ Rn×n is called conditionally positive (semi) definite
with respect to a rank p ≥ 0 matrix V ∈ Rn×p if x⊤Lx > 0 (resp., x⊤Lx ≥ 0) for
all x verifying V⊤x = 0.

Remark 22. Note that we authorize p = 0 in the definition: in this case, the
definition simply boils down to that of positive semi-definite matrices.

The set of vectors such that V⊤x = 0 is the space orthogonal to the span of
V, which we denote be orth(V). The CPSD requirement may be read as a require-
ment for L to be PSD within orth(V). Positive-definite matrices are therefore also
conditionally positive-definite, but matrices with negative eigenvalues may also be
conditionally positive-definite.

Proposition 23. Let L be a CPSD matrix with respect to V ∈ Rn×p, where V has
full column rank. Let Q ∈ Rn×p designate an orthonormal basis for spanV, so that
I−QQ⊤ is the orthogonal projection on orthV. Let L̃ = (I−QQ⊤)L(I−QQ⊤). L̃ is
symmetric, thus diagonalisable in R. Moreover, all its eigenvalues are non-negative.

The following example of a CPSD matrix is classical (but surprising), and
is a special case of a class of conditionally positive definite kernels studied in
[Micchelli 1986].

Example 24 ([Micchelli 1986]). Let

D = [∥xi − xj∥]i,j

the distance matrix between n points in Rd. Then −D is conditionally positive defi-
nite with respect to V = 1n the all-ones vector.

Some extensions of this example can be found in our paper [Tremblay et al. 2023].

3.3.2 Nonnegative Pairs

The central object when defining extended L-ensembles is what we call a Non Neg-
ative Pair (NNP).

Definition 9. A Nonnegative Pair, denoted by
(
L;V

)
, is a pair L ∈ Rn×n, V ∈

Rn×p, 0 ≤ p ≤ n, such that L is symmetric and CPSD with respect to V, and V has
full column rank. Wherever a NNP

(
L;V

)
appears below, we consistently use the

following notation:

• Q ∈ Rn×p is an orthonormal basis of spanV, such that I−QQ⊤ is a projector
on orthV
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• L̃ = (I − QQ⊤)L(I − QQ⊤) ∈ Rn×n. From Proposition 23, we know that all
its eigenvalues are non-negative. We will denote by q the rank of L̃. Note that
q ≤ n− p as the p columns of Q are trivially eigenvectors of L̃ associated to 0.
We write

L̃ = ŨΛ̃Ũ⊤

its truncated spectral decomposition; where Λ̃ = diag(λ̃1, . . . , λ̃q) ∈ Rq×q is
the diagonal matrix of nonzero eigenvalues and Ũ ∈ Rn×q the corresponding
eigenvector matrix of L̃.

Remark 25. Again, note that we authorize p = 0 (V = ∅) in the definition: in this
case, L̃ boils down to L.

3.3.3 DPPs via extended L-ensembles

Definition 10 (Extended L-ensemble). Let
(
L;V

)
be a NNP. An extended L-

ensemble X based on
(
L;V

)
, denoted by X ∼ ExtLens

(
L;V

)
, is a point process

verifying:

∀X ⊆ Ω, P(X = X ) ∝ (−1)p det
(

LX VX ,:

(VX ,:)
⊤ 0p

)
. (3.8)

This indeed defines a valid distribution as the right-hand side of Eq. (3.8) can
be proven to always be non-negative.

Remark 26. We stress that an extended L-ensemble reduces to an L-ensemble only
in the case p = 0. If p ≥ 1, it can be shown that an extended L-ensemble is not an
L-ensemble.

Two of our main results are the following theorems showing the equivalence
between the class of DPPs and the class of extended L-ensembles.

Theorem 27. Let
(
L;V

)
be a NNP, and X ∼ ExtLens

(
L;V

)
. Then, X is a DPP

with marginal kernel
K = QQ⊤ + L̃(I+ L̃)−1. (3.9)

The converse is also true: any DPP is an extended L-ensemble:

Theorem 28. Let 0 ⪯ K ⪯ I be a marginal kernel and X ∼ DPP(K). Denote
by V ∈ Rn×p the matrix concatenating the p ≥ 0 orthonormal eigenvectors of K

associated to eigenvalue 1 and L = K (I− K)† with † representing the Moore-Penrose
pseudo-inverse. Then, X is an extended L-ensemble based on the NNP

(
L;V

)
.

The main argument to prove these theorems is a generalization of the Cauchy-
Binet formula (see Theorem 3.1 in [Tremblay et al. 2023] for more details).

As a consequence, we readily obtain the explicit joint distributions of all DPPs:
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Corollary 29. Let 0 ⪯ K ⪯ I be a marginal kernel and X ∼ DPP(K). Let
(
L;V

)
be

the NNP as defined in theorem 28. Then

∀X ⊆ Ω, P(X = X ) ∝ (−1)p det
(

LX VX ,:

(VX ,:)
⊤ 0p

)
. (3.10)

Recalling that, as per definition 4, a fixed-size DPP is simply a DPP conditioned
on size, we also obtain the following explicit expression of the probability mass
function of any fixed-size DPP:

Corollary 30. Let 0 ⪯ K ⪯ I be a marginal kernel and X ∼ |DPP|m(K). Let
(
L;V

)
be the NNP as defined in theorem 28. Then

∀X ⊆ Ω, P(X = X ) ∝ (−1)p det
(

LX VX ,:

(VX ,:)
⊤ 0p

)
I(|X | = m). (3.11)

Remark 31. The normalization constants in Eqs. (3.10) and (3.11) are tractable.
See our paper [Tremblay et al. 2023] for more details.

Extended L-ensembles and complements of DPPs. A known (see, e.g.,
[Kulesza & Taskar 2012], section 2.3) result about DPPs is that the complement
of a DPP in Ω is also a DPP:

Theorem 32. Let X ∼ DPP(K). Then the complement of X, denoted by Xc, is also
a DPP, and its marginal kernel is I− K.

Thanks to our framework, we can easily write the equivalent for L-ensembles:

Corollary 33. Let X ∼ Lens(L), with L a rank r matrix and r ≤ n. Then Xc ∼
ExtLens

(
L†;V

)
with V a basis for orth(L), where † stands for the Moore-Penrose

pseudo-inverse. In particular, if r = n (if L is full rank), we have Xc ∼ Lens(L−1).

This is not a novel result but is is a remarkably concise way of putting it. We
also have formulas to generalize this to fixed-size DPPs –that are novel up to our
knowledge– but they are bit more involved and left out of this document.

An example of partial projection DPP: roots of random spanning forests.
Recall that we call partial projection DPPs those DPPs that are not L-ensembles
(all extended L-ensembles verifying p ≥ 1). We give here an example of partial
projection DPP, that is very much linked to the objects of interest of the next
chapter (chapter 4): random spanning forests (that I call Kichhoff forests in the
next chapter). It is known (e.g., [Avena et al. 2017]) that the roots of the trees
in a Kirchhoff forest over a graph with n nodes and Laplacian5 L are distributed
according to a DPP with marginal kernel K = q(qI+ L)−1 for some real parameter
q > 0. Figure 3.2 illustrates what a spanning forest over a graph is. Let us denote

5The notation L is already taken in this chapter for the kernel matrix of L-ensembles, so I
exceptionally use the notation L to refer to the standard Laplacian matrix of a graph.
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Figure 3.2: Roots of uniform random forests over a graph are distributed according
to a partial projection DPP. Vertices or nodes are depicted in gray; edges as thin
lines. A random forest is depicted : its trees are surrounded by light gray zones;
edges of the trees are thicks black lines; roots are the black nodes. The forest is
spanning the graph as each node of the graph is spanned by the forest.

as λ1 ≤ . . . ≤ λn the eigenvalues of L, and {ui}i its associated set of orthonormal
eigenvectors. It is well known that λ1 = 0 for any graph [Chung 1997]: K has thus
at least one eigenvalue equal to 1 and, as such, the associated DPP is not an L-
ensemble: it is a partial-projection DPP. It can thus be described by an extended
L-ensemble:

Proposition 34. The set of roots in a uniform random spanning forest over a
connected graph with Laplacian L is distributed according to a partial projection
DPP with NNP (qL†;1).

Remark 35. This example also provides a nice illustration for the properties of
complements we have seen. Since L is a positive-definite matrix, we may define
Y ∼ Lens(1qL). According to Corollary 33, the complement of Y verifies Y c ∼
ExtLens

(
qL†;1

)
, which from the result above corresponds to the root process. Y

therefore samples every node except the roots of a random forest on the graph.

3.3.4 An application: perturbative limits of L-ensembles

Partial-projection DPPs arise as limits of certain L-ensembles, and this is in fact
one of the main reason we studied them in the first place. We exhibit here one
such limit: the L-ensemble based on the linear perturbation of a (low-rank) positive
semi-definite matrix; i.e., we consider L-ensembles based on matrices of the form:

Lε ≜ εA+ VV⊤ (3.12)
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where A ∈ Rn×n has full rank n, V ∈ Rn×p has full column rank p < n, and ε is the
parameter that will tend to 0.

Thus Lε defined in (3.12) is a regular matrix pencil. One should think about this
scenario as constructing a kernel as a sum of (a) a few important features contained
in VV⊤ and (b) a generic kernel in A.

Limit of fixed-size L-ensembles based on εA+VV⊤. We begin with the more
straightforward fixed-size case. We seek the limiting processX⋆ ofXε ∼ |Lens|m(Lε)

as ε→ 0. The following theorem establishes the limiting distribution:

Theorem 36. Let Xε ∼ |Lens|m(Lε) with Lε as Eq. (3.12). The limiting process is:

Xε → X⋆ ∼

|Lens|m(VV⊤), if m ≤ p
|ExtLens|m

(
A;V

)
, if m > p.

Limits of L-ensembles based on εA + VV⊤. The variable-size version of the
results requires a bit more care. In fixed-size L-ensembles, the law of X is invariant
to a rescaling of the positive semi-definite matrix it is based on: X ∼ |Lens|m(L)

is equivalent to X ∼ |Lens|m(αL) for any α > 0. For regular (variable-size) DPPs
this is not true. That feature both enriches and complicates a little the asymptotic
analysis.

Let us start with a straightforward limit, namely Xε ∼ Lens(Lε):

Proposition 37. Let Xε ∼ Lens(Lε). Then the limiting process X⋆ is X⋆ ∼
Lens(VV⊤).

The result is not very surprising. It has a noteworthy consequence, which is that
as ε→ 0, the expected sample size will be bounded by p from above.

If we wish to sample a larger number of points on average, then it appears that
we are out of luck. We may instead look at a more interesting limit: instead of
taking Lε, we will now take

L′ε = ε−1Lε = A+ ε−1VV⊤,

which carries the same intuition of giving more importance to VV⊤ than A.

Proposition 38. Let Xε ∼ Lens(A+ ε−1VV⊤). Then the limiting process is X⋆ ∼
ExtLens

(
A;V

)
.

Importantly, the expected sample size of this rescaled L-ensemble allows for
sample sizes larger than p.
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Example 39. We return to the distribution of roots in a random forest, and show
that it arises naturally as a limit. The “resistance distance” in a graph (see for
instance [Klein & Randić 1993]) between two nodes i and j is defined as:

Dij = L†ii + L
†
ii − 2L†ij

where L† is the pseudo-inverse of the Laplacian. The formula is analoguous to
∥xi − xj∥2 = x⊤x + y⊤y − 2x⊤y, and in that sense the resistance distance is
actually a squared distance. A graph kernel can be constructed from the resistance
distance as Lij = exp(−Dij), analoguously to the Gaussian kernel. If we parametrise
the kernel as Lε(i, j) = ε−1 exp(−εDij), then by taking a Taylor series in ε we have

Lε = ε−111⊤ − D+O(ε)

Let Xε ∼ Lens(Lε), a DPP on the nodes on the graph. Then using Proposition 38
we find that the limit of Xε is the roots process X⋆ ∼ DPP

(
L†;1

)
, as discussed in

and around Proposition 34.

The interested reader on the topic of such flat limits of DPPs is referred to [Barthelmé et al. 2023b],
in which we study flat limits of general DPPs (and not only flat limits of a matrix
pencil), making extensive use of the extended L-ensemble formalism.

3.3.5 What now?

This work does not necessarily call for future work per se, as the gap it was meant
to fill is now filled. However, the jungle of definitions existing around DPPs (DPPs,
L-ensembles, now partial-projection DPPs, as well as their fixed-size versions) has
become unfortunately difficult to navigate. This is due to historical reasons and
the step-by-step progression of this field. However, the result is that it has be-
come a non-inviting family of random processes for the beginner. I honestly think
that, on our way to provide a unified picture of DPPs and L-ensembles, our pa-
per [Tremblay et al. 2023] failed to give a clearer picture of these processes. I have
in mind to, one day, attempt to write a paper on DPPs that could be both pedagog-
ical and complete, with concrete and practical implementations. These processes
deserve it.

3.4 An application: DPPs for coresets

The last contribution I would like to present in this chapter is a practical application
of DPPs to sketching, in the computer science framework of coresets.

Given a learning task, if an algorithm is too slow on large datasets, one can either
speed up the algorithm or reduce the amount of data. The theory of “coresets” gives
theoretical guarantees on the latter option. A coreset is a weighted sub-sample of
the original data, with the guarantee that for any learning parameter, the task’s
cost function estimated on the coreset is equal to the cost computed on the entire
dataset up to a controlled relative error.
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An elegant consequence of such a property is that one may run learning algo-
rithms solely on the coreset, allowing for a significant decrease in the computational
cost while guaranteeing almost-equal performance. Of course, the difficulty lies in
sampling these coresets in the first place. There are many algorithms that produce
coresets, with some tailored for a specific task (such as k-means, k-medians, logis-
tic regression, etc.), and others more generic. Also, there exists coreset sampling
strategies both for the streaming setting and the offline setting: we choose here to
focus on the offline setting.

We refer the reader to the review [Munteanu & Schwiegelshohn 2017] for a good
introduction to the various types of coreset construction techniques that have been
developed in the past. Of the four families of construction techniques, our work is
part of the family of random sampling strategies, along with, for instance: [Chen 2009,
Langberg & Schulman 2010, Braverman et al. 2016, Bachem et al. 2017]. The state
of the art for many different tasks such as k-means or k-median is currently via iid
non-uniform sampling, recalled in Section 3.4.1.3. In this framework, and for opti-
mal performance, the probability to sample an element should be set proportional
to a quantity known as its sensitivity (introduced by [Langberg & Schulman 2010],
see Definition 12 for its formal definition).

Independent processes being ignorant of the past, and thus liable to sample sim-
ilar points repeatedly, an avenue for improvement is to produce samples that are
less redundant than what iid sampling produces. A natural idea is to consider neg-
atively correlated point processes, i.e., point processes for which sampling jointly
two similar datapoints is less probable than sampling two very different datapoints.
Unsurprisingly given the context of this chapter, we propose to use DPPs to create
coresets and to study their performance on generic tasks. To the best of our knowl-
edge, we provide the first general coreset guarantee using non-iid random sampling.

In this document, I will discuss only the two following results we obtained in our
work [Tremblay et al. 2019]:

• Theorem 41. If a fixed-size DPP is defined in such a way that its first order
inclusion probability is proportional to the sensitivity, then its coreset perfor-
mance is at least as good as in the iid case – regardless of the higher-order
marginals of the fixed-size DPP.

• Theorem 43. A projection DPP sample necessarily has a lower variance than
its iid sampling counterpart with same inclusion probabilities.

The other results we obtained are briefly summarized in Section 3.4.3.

3.4.1 Background

Let Ω = {x1, . . . ,xn} be a set of n datapoints in Rd. Let Θ be a parameter space
endowed with a metric dΘ. Let θ ∈ Θ. We consider cost functions of the form:

L(Ω, θ) =
∑
x∈Ω

f(x, θ), (3.13)
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where f is a non-negative γ-Lipschitz function (γ > 0) with respect to θ, i.e.:

∀x ∈ Ω ∀θ ∈ Θ f(x, θ) ≥ 0,

∀x ∈ Ω ∀(θ, θ′) ∈ Θ2 |f(x, θ)− f(x, θ′)| ≤ γ dΘ(θ, θ′).

Many classical machine learning cost functions fall under this model: k-means,
k-median, logistic or linear regression, support-vector machines, low-rank approxi-
mations of matrices, etc.

A standard learning task is to minimize the cost L over all θ ∈ Θ. We write:

θopt = argmin
θ∈Θ

L(Ω, θ), Lopt = L(Ω, θopt) and ⟨f⟩opt =
Lopt

n
. (3.14)

In some instances of this problem, e.g., if n is very large and/or if f is expensive
to evaluate and should be computed as rarely as possible, one may rely on sampling
strategies to accelerate this optimization task. This is where coresets come in.

3.4.1.1 Coresets

Let X be a subset of Ω (possibly with repetitions) of size m. To each element x ∈ X ,
associate a weight ω(x) ∈ R+. Define the following estimated cost associated to the
weighted subset X :

L̂(X , θ) =
∑
x∈X

ω(x)f(x, θ). (3.15)

Definition 11 (Coreset). Let ε ∈ (0, 1). The weighted subset X is a ε-coreset for L
if, for any parameter θ, the estimated cost is equal to the exact cost up to a relative
error, i.e.:

∀θ ∈ Θ

∣∣∣∣∣ L̂L − 1

∣∣∣∣∣ ≤ ε. (3.16)

This is the so-called “strong” coreset definition, as the ε-approximation is re-
quired for all θ ∈ Θ. A weaker version of this definition exists in the literature
where the ε-approximation is only required in a neighborhood of θopt. In the fol-
lowing, we focus on theorems guaranteeing the strong coreset property.

Let us write θ̂opt the optimal solution computed on the weighted subset X :
θ̂opt = argminθ∈Θ L̂(X , θ). An important consequence of the coreset property is:

(1− ε)L(Ω, θopt) ≤
(1)

(1− ε)L(Ω, θ̂opt) ≤
(2)
L̂(X , θ̂opt) ≤

(3)
L̂(X , θopt) ≤

(4)
(1 + ε)L(Ω, θopt),

where inequality (1) is because θopt is the argmin of L(Ω, θ), inequality (2) comes
from the coreset property, inequality (3) is because θ̂opt is the argmin of L̂(Ω, θ) and
inequality (4) also comes from the coreset property. As a consequence one thus has:

(1− ε)L(Ω, θopt) ≤ L̂(X , θ̂opt) ≤ (1 + ε)L(Ω, θopt).
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In words, this means that running an optimization algorithm on the weighted sample
X will result in a minimal learning cost that is a controlled ε-approximation of the
learning cost one would have obtained by running the same algorithm on the entire
data set Ω. Note that the guarantee is over costs only: the estimated optimal
parameters θ̂opt and θopt may be different. Nevertheless, if the cost function is well
suited to the problem: either there is one clear global minimum and the estimated
parameters will almost coincide; or there are multiple solutions for which the learning
cost is similar and selecting one over the other is not an issue.

In terms of computation cost, if the sampling scheme is efficient, n is very large
and/or f is expensive to compute for each datapoint, coresets thus hold the promise
of significant gains in computing time as the expensive optimization problem is now
on m (m≪ n) elements rather than n originally.

3.4.1.2 Sensitivity

To define appropriate sampling schemes for coresets, authors in [Langberg & Schulman 2010]
introduce the notion of sensitivity:

Definition 12 (Sensitivity). The sensitivity of a datapoint xi ∈ Ω with respect to
a fuction f : Ω,Θ→ R+ is:

σi = max
θ∈Θ

f(xi, θ)

L(Ω, θ)
∈ [0, 1]. (3.17)

Also, the total sensitivity is defined as S =
∑n

i=1 σi.

The sensitivity is related to the concept of statistical leverage score [Drineas & Mahoney 2018,
Drineas et al. 2012], which plays a crucial role in iid random sampling theorems in
the randomized numerical linear algebra literature [Mahoney 2011]. Both notions
are similar, but not equivalent. For instance, we show in Lemma 25 of our pa-
per [Tremblay et al. 2019] that sensitivities for the linear regression task are differ-
ent from the usual definition of leverage score in this context. Thus, in general,
leverage scores used in the randomized linear algebra literature are not sensitivities,
i.e., they do not necessarily verify Eq. (3.17).

In words, the sensitivity σi is the worse case contribution of datapoint xi in the
total cost. Informally, the larger it is, the larger its “outlierness” [Lucic et al. 2016].

3.4.1.3 iid importance sampling and state of the art results

Say the sample set X consists in m samples drawn iid with replacement from a
(discrete) probability distribution p ∈ Rn (with pi the probability of sampling xi at
each draw, and

∑
i pi = 1). Denote by εi the random variable counting the number

of occurences of xi in X. One may define L̂iid, the so-called importance sampling
estimator of L, as :

L̂iid(X, θ) =
∑
i

f(xi, θ)εi
mpi

. (3.18)
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One can show that E(εi) = mpi, such that L̂iid is an unbiased estimator of L:

E(L̂iid(X, θ)) = L(Ω, θ).

The concentration of L̂iid around its expected value is controlled by the following
state of the art theorem:

Theorem 40 (Coresets with iid random sampling). Let p ∈ [0, 1]n be a probability
distribution over all datapoints Ω with pi the probability of sampling xi and

∑
i pi =

1. Draw m iid samples with replacement according to p. Associate to each sample xi

a weight ω(xi) = 1/mpi. The weighted subset obtained is a ε-coreset with probability
1− δ provided that:

m ≥ m∗

with

m∗ = O

(
1

ε2

(
max

i

σi
pi

)2

(d′ + log (1/δ))

)
,

where d′ is the pseudo-dimension of Θ (a generalization of the Vapnik-Chervonenkis
dimension). The optimal probability distribution minimizing m∗ is pi = σi/S. In
this case, the weighted subset is a ε-coreset with probability 1− δ provided that:

m ≥ O
(
S2

ε2
(d′ + log (1/δ))

)
.

For instance, in the k-means setting6, d′ = dk log k and S = O(k) such that the
coreset property is guaranteed with probability 1− δ provided that:

m ≥ O
(
k2

ε2
(dk log k + log (1/δ))

)
.

This theorem is taken from [Bachem et al. 2017]. Its original form goes back
to [Langberg & Schulman 2010]. Note that sensitivities cannot be computed rapidly.
It is much worse than that in fact: prior to our work7, no analytical form was even
known for the sensitivity, for any choice of f . This theorem is thus unpractical.
Thankfully, bi-criteria approximation schemes (such as Alg. 2 of [Bachem et al. 2017],
or other propositions such as in [Feldman & Langberg 2011, Makarychev et al. 2016])
may be used to efficiently work around this problem via (computable) upper bounds
of the sensitivity.

6In the literature [Feldman & Langberg 2011, Balcan et al. 2013], d′ is often taken to be equal
to dk in the k-means setting. We nevertheless agree with [Bachem et al. 2017] and their discussion
in Section 2.6 regarding k-means’ pseudo-dimension and thus write d′ = dk log k

7We slighlty changed that state-of-the-art by obtaining an analytical expression of the sensitivity
in the 1-means and linear regression contexts.
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3.4.1.4 Correlated importance sampling

Eq. (3.18) is not suited to correlated sampling and, in the following, we will use a
slightly different importance sampling estimator, more adapted to this case. Con-
sider a point process defined on Ω that outputs a random sample X ⊂ Ω. For each
data point xi, denote by πi its inclusion (or marginal) probability:

πi = P (xi ∈ X) . (3.19)

Moreover, denote by εi the random Boolean variable such that εi = 1 if xi ∈ X, and
0 otherwise. In this paper, we focus on the following definition8 of the importance
sampling cost estimator L̂:

L̂(X, θ) =
∑
i

f(xi, θ)εi
πi

. (3.20)

By construction, E(εi) = πi, such that L̂ is an unbiased estimator of L:

E(L̂(X, θ)) = L(Ω, θ).

Studying the coreset property in this setting boils down to studying the concentra-
tion properties of L̂ around its expected value.

3.4.2 DPP-based coreset theorems

We now detail parts of our main theoretical contributions. In Section 3.4.2.1, we
present a coreset theorem for fixed-size DPPs providing sufficient conditions on the
marginal probabilities {πi}i to guarantee the coreset property. We will see that,
similar to the iid case (Theorem 40), the optimal marginal probability should be set
proportional to the sensitivity. This theorem is valid for any choice of higher order
inclusion probabilities (the conditions are only on the first-order inclusion probabil-
ities {πi}). We further discuss in Section 3.4.2.2 how one may take advantage of
these additional degrees of freedom encoding the negative correlations of DPPs to
improve the coreset performance over iid sampling.

3.4.2.1 Determinantal Point Processes for coresets

We write here the simplified version of our theorem, that requires to suppose that
the sensitivity is lower-bounded by 1/n. One can show that this is in fact verified
in the k-means case for instance. We could work with unconstrained σmin if needed,
but it requires much more cumbersome notations and with little effects on the main
messages we would like to convey.

8Note that in fact L̂iid and L̂ are the same objects if one defines εi to be the number of times
i is sampled (which will be in practice Boolean in the DPP case as the same sample can never
be sampled twice in this context) and write L̂(X, θ) =

∑
i
f(xi,θ)εi

E(εi)
. We prefer to introduce both

notations to avoid confusions.
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Theorem 41 (fixed-size DPP for coresets). Suppose nσmin ≥ 1. Let X ∼ Lens(L),
ε ∈ (0, 1), and η the minimal number of balls of radius ε⟨f⟩opt

6γ necessary to cover Θ,
with γ the Lipschitz parameter of f . X is a ε-coreset with probability larger than
1− δ provided that:

m ≥ m∗ =
32

ε2

(
max

i

σi
π̄i

)2

log
4η

δ
(3.21)

with ∀i, π̄i = πi/m.

Note that m∗ is not independent of m as π̄i = πi/m. While this formulation
may be surprising at first, this is due to the fact that in non-iid settings, separating
m from πi is not as straightforward as in the iid case (in Theorem 40, m and pi
are independent). Also, we give this particular formulation of the theorem to mimic
classical concentration results obtained with iid sampling.

Now, one would like to have the coreset guarantee for a minimal number of
samples, that is: to find the marginal probabilities πi minimizing m∗. A quick
glance at Eq. (3.21) tells us to set πi = mσi/S in order to minimize the bound m∗

while satisfying the constraint
∑

i πi = m. One obtains:

Corollary 42. If one sets the πi’s such that ∀i, πi = mσi/S, then X is a ε-coreset
with probability at least 1− δ provided that

m ≥ 32

ε2
S2 log

4η

δ
.

In practice, however, computing the sensitivities is often untractable and we
derived in [Tremblay et al. 2019] results that consider only a bounded knowledge of
the sensitivity. We will not delve into this here.

3.4.2.2 Links with the iid case and a variance argument

Let us first compare these results with Theorem 40 obtained in the iid setting. A
few remarks are in order:

1. we need to compare the minimal number of samples obtained in the fixed-size
DPP setting, 32S2

ε2
(log η + log 4

δ ), with O(S2

ε2
(d′ + log (1/δ))) of Theorem 40,

where d′ is the pseudo-dimension of Θ. η being the number of balls of ra-
dius ε⟨f⟩opt

6γ necessary to cover Θ, it will typically be ε⟨f⟩opt
6γ to the power

of the ambient dimension of Θ (analogous to d′). For instance, in the k-
means case, d′ = dk log k (see footnote 6), whereas, as we show in our pa-
per [Tremblay et al. 2019], log η = dk log

(
12ργ

ε⟨f⟩opt
+ 1
)

where ρ is the diam-
eter of the minimum enclosing ball of the data Ω. Up to the log term, d′

and log η are the same. The difference observed in the log term is due to the
fact that coreset theorems in the iid case [Bachem et al. 2017] take advantage
of powerful results from the Vapnik-Chervonenkis (VC) theory, as detailed
in [Li et al. 2001]. Unfortunately, these fundamental results are valid in the
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iid case only, and are not easily generalized to the correlated case. Possible
improvements to reduce this small gap could take advantage of chaining argu-
ments à la Talagrand such as in [Baraud 2010], in order to improve over the
repeated loose union bounds we have used in the proof.

2. The DPP coreset theorem that we obtain is in a sense disappointing: it does
not show that the concentration is tighter in the fixed-size DPP case than
in the iid case. Our proof is in fact limited by the current state-of-the-art in
concentration of strongly Rayleigh measures [Pemantle & Peres 2014]. On the
bright side, our results take only into account first-order inclusion probabilities:
the {πi}’s; meaning that these results are valid for any choice of higher-order
inclusion probabilities (encoding the correlation between samples). We will
now see how these extra degrees of freedom enable to provably decrease the
variance of the cost estimator, compared to the iid case.

A variance argument: improvement over the iid estimator. We now com-
pare the variance of the iid estimator with replacement L̂iid of Eq. (3.18) and the
variance of the DPP estimator L̂ of Eq. (3.20). To simplify, we consider a projection
DPP with a rank m marginal kernel K verifying ∀i πi = Kii the marginal proba-
bility of sampling element i. We compare the variance of L̂ with such a DPP and
the variance of L̂iid with m independent draws with replacement with pi = πi/m

(in order to have a fair comparison).
Before we state the result: K being positive-semi definite and of rank m, there

exists V = (v1|v2| . . . |vn) ∈ Rm×n a set of n vectors in dimension m such that
K = V⊤V. By construction, ∀i ∥vi∥2 = Kii = πi. For each vector v, consider its
diagram vector [Copenhaver et al. 2014, Definition 2.3], denoted by ṽ, defined as:

ṽ =
1√
r − 1



v(1)2 − v(2)2
...

v(r − 1)2 − v(r)2√
2r v(1)v(2)

...√
2r v(r − 1)v(r)


∈ Rm(m−1), (3.22)

where the difference of squares v(i)2− v(j)2 and the product v(i)v(j) occur exactly
once for i < j, i = 1, 2, · · · , r − 1.

Theorem 43. One has:

∀θ ∈ Θ Var(L̂) = Var(L̂iid)−
m− 1

m

∥∥∥∥∥∑
i

f(xi, θ)

πi
ṽi

∥∥∥∥∥
2

. (3.23)

The variance is thus necessarily improved when using a projective DPP com-
pared to its iid counterpart. This result is remarkable: the variance reduction is
independent of the sign of f (supposed positive in the coreset context). This opens
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interesting generalizing perspectives to a more general class of cost functions L.

To recap, we showed that a projective DPP sampling scheme has necessarily
a lower variance than its iid counterpart regardless of the choice of off-diagonal
elements of K, provided that K stays projective.

3.4.3 Other results not discussed here

I did not discuss the other theoretical results we obtained:

• We show that the previous results also hold in the DPP case, and not only
the fixed-size DPP case.

• We show that DPP samples from particular polynomial kernels based on the
Vandermonde matrix of the data asymptotically have a rebalancing property.
For instance in the k-means setting, this rebalancing property ensures that,
asymptotically, such a DPP produces samples in each cluster, even if some are
much smaller than others.

• Of independent interest, we provide for the first time analytical formulas for
the sensitivity, in two specific settings: the 1-means and the linear regression
cases.

I did not discuss neither our empirical contributions: I will only briefly summarize
them here. In the iid setting, for optimal performance, the probability of sampling
an element should be set proportional to its sensitivity. In general, the sensitivity is
not computable in polynomial time, thus out of reach in practice. For the specific
1-means and linear regression tasks, now that we have provided analytical formulas,
these quantities become computable in polynomial time but turn out to be heavier
to compute than solving the task on the whole data set –thus useless in practice.
However, this setting serves as a strong performance basis we can compare our DPP
algorithms to: it turns out that we outperform this performance basis in many
settings, meaning that we outperform all the existing iid methods that attempt to
circumvent the exact computation of the sensitivity (usually by computing bounds).

We apply our results to both the k-means and the linear regression problems
where the initial data consists in n points in Rd. Our theoretical analyses show that
the ideal choice of kernel L for DPP sampling is untractable in practice, and we
thus provide two efficient heuristics: one based on random Fourier features of the
Gaussian kernel, the other on polynomial features. These propositions are of course
computationally heavier than iid sampling, especially as m increases. We show
nonetheless extensive empirical evidence demonstrating that this additional cost
stays reasonable, given the enhanced performance it clearly provides –especially
in the small m regime. Finally, a Julia toolbox called DPP4Coresets is available
online9.

9The DPP4Coresets toolbox is also available at https://gricad-gitlab.
univ-grenoble-alpes.fr/tremblan/dpp4coresets.jl .

https://gricad-gitlab.univ-grenoble-alpes.fr/tremblan/dpp4coresets.jl
https://gricad-gitlab.univ-grenoble-alpes.fr/tremblan/dpp4coresets.jl
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3.4.4 What now?

The weakness of our results compared to their iid counterparts are remarkably frus-
trating, given the improvement we observe empirically. The road towards improve-
ment is either via tighter concentration results of DPPs or via a closer look at what
the ideal DPP kernel looks like.

A link with tight frames In order to design the ideal marginal kernel K, and
according to the previous discussion of the end of section 3.4.2.2, one wants K to
verify:

• Theorem 43 suggests that K should be a projective DPP, that is: K = V⊤V

with VV⊤ = Im.

• Theorem 41 suggests to set πi = Kii =
mσi
S .

Finding such a marginal kernel boils down to finding V = (v1| . . . |vn) a set of n
vectors in dimension m with specified norms ∥vi∥2 = πi, such that

∑
i πi = m and

VV⊤ = Im. This is exactly the problem of finding a tight frame of n vectors in
dimension m, with specified norms [Casazza & Kutyniok 2012]. Using the Schur-
Horn theorem, one can show that:

Lemma 44. Such a tight frame exists.

Also, a tight frame not only exists, but several solutions exist in general, and
efficient algorithms have been designed to build one [Tropp et al. 2004]. Out of all
these possibilities, the ideal would be to find the tight frame that minimizes the
variance of Eq.(3.23).

Up to our knowledge, this is an open and difficult question, rooted in frame
theory: a fascinating avenue for future research directions on this topic!
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This chapter details a selection of my work at the intersection between the topics
discussed in the two previous chapters, that is, at the intersection between graphs
and DPPs. I indeed relate here my work around DPPs defined over nodes and/or
edges of graphs.

The foundation on which this chapter is built upon is the Uniform Spanning
Tree (UST). A UST of an unweighted and undirected graph1 G = (V, E) is a
random tree uniformly drawn from the set of all spanning trees of G. The following
properties of USTs are widely known.

A UST, seen as a sampling process of edges, is a DPP defined over E , the edges
of the graph. See for instance [Pemantle 2004] for details. As we have seen in the
previous section, this implies that there exists a UST sampling algorithm running in

1there are variants for weighted and/or directed cases



72 Chapter 4. Kirchhoff forests

O(|E|3): the time to perform the eigendecomposition of the |E| × |E| kernel matrix
of the DPP. Now, the number of spanning trees in a graph growing very fast with
its number of edges (the worst-case scenario, the complete graph of size n, has
nn−2 spanning trees), a cubic sampling time in |E| seems already a very reasonable
time to uniformly sample from such a large set of trees! This is notwithstanding
the 90’s during which a few researchers designed very elegant –and very efficient–
sampling algorithms for USTs. In a beautiful paper that I invite anyone to read,
Wilson [Wilson 1996] proposed an algorithm, known today as Wilson’s algorithm,
to do so based on loop-erased random walks, that runs in time (roughly) linear in
the number of edges |E|.

In this chapter, I detail results we obtained on a generalization of USTs that we
call Kirchhoff Forests (KFs). KFs are a type of random spanning forests, where we
recall that a spanning forest of G is a union of disjoint trees that together span all
the nodes of G. Note that Kirchhoff forests is my own vocabulary. In fact, even
though these forests refer to a specific distribution over the set of spanning forests,
they are only very vaguely referred to under the generic term of random spanning
forests in the literature. For clarity’s sake, and to avoid confusions, my co-authors
and I thus decided to give these specific random forests a name.

The background Section 4.1 will provide the necessary definitions and known
facts about KFs. I will then discuss four of my recent lines of work on this subject.
First of all, in Section 4.2, we show how Kirchhoff forests can be used for graph signal
sampling, in the same k-bandlimited framework as my work previously described in
Section 2.3.2. Then, in Section 4.3, I show how KFs can be efficiently leveraged to
estimate the trace of the regularized inverse of diagonally dominant matrices (a sub-
class of which are graph Laplacians). In Section 4.4, I will show how KFs naturally
enable very original and efficient (in computation time and in memory footprint)
computation of i) the graph Tikhonov regularization of a signal (as introduced in
Section 2.1.2), ii) and the related problem of graph signal interpolation.

4.1 Background

4.1.1 Uniform spanning trees and Wilson’s algorithm

Spanning trees. Consider a connected, undirected, possibly weighted, graph2

G = (V, E). A tree is a subset of E that does not create any cycle in G. A spanning
tree, generically denoted by T , is a tree that spans all nodes in V. We denote by
T(G) the set of all spanning trees of G. An elementary property of a spanning tree
is for instance that it contains exactly n − 1 edges (more would necessarily create
cycles, less would fail to span all nodes).

2USTs –and Kirchhoff forests as well– also exist for directed graphs but we prefer here to stick
with undirected graphs, for simplicity. We do suppose that G is connected. If it is not, then a UST
on G is the union of USTs drawn on each of its connected components.
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Uniform Spanning Trees. A UST T is a randomly generated spanning tree from
the following distribution:

∀T ∈ T(G) P(T = T ) ∝
∏

(i,j)∈T

wi,j . (4.1)

It is called uniform because its distribution becomes uniform over the set of all
spanning trees whenever the graph is unweighted. That is, when ∀(i, j) ∈ E , wi,j = 1,
the UST distribution boils down to:

∀T ∈ T(G) P(T = T ) = 1

|T(G)|
. (4.2)

|T(G)|, the number of spanning trees in G is highly dependent on the structure
of G. If G is itself a tree, then |T(G)| = 1 of course. However, this number grows
very fast with the number of edges in the graph. In the extreme case, which is
the complete graph, Cayley’s formula counts nn−2 spanning trees. One can in fact
precisely count the number of trees in a graph via Kirchhoff’s famous matrix-tree
theorem:

Theorem 45 (Matrix-tree theorem). The normalization constant of the distribution
of Eq. (4.1) is:

Z =
∑

T ∈T(G)

∏
(i,j)∈T

w(i, j) =
1

n
Det(L) (4.3)

where L is the graph’s Laplacian and the notation Det(L) stands for the pseudo
determinant of L that consists in the product of all non-null eigenvalues of L. For
unweighted graphs, Z simply counts the number of spanning trees in G, i.e.: Z =

|T(G)| = 1
n Det(L).

Remark 46. This is one of my favorite theorem in the field!

Sampling USTs. Now, how to sample USTs? There has been a lot of research
efforts put into efficient sampling of USTs. In his celebrated work [Wilson 1996],
Wilson proposes a sampling strategy based on loop-erased random walks. The
algorithms proposed in his paper reduce to Alg. 5 for undirected graphs (which is
our case in this document). At termination, the size-n array Next contains all the
necessary information to build the UST. To be precise, Next encodes a directed
spanning tree where all edges are directed towards an arbitrary node r (chosen at
line 3 of the algorithm) and Next[u] is the unique outgoing neighbor of u in this
directed spanning tree. Forgetting the edges’ orientation, one obtains the UST.

In line 8 of Alg. 5, RandomSuccessor(u,G) is a function that outputs a random
neighbor ℓ of node u according to a probability proportional to w(u, ℓ): P(ℓ) =

w(u, ℓ)/du where du is the degree of node u. In simpler words, it is one step of the
“natural” random walk on G.

The proof that this Algorithm samples uniformly a spanning tree rooted in r

draws from properties of loop-erased random walks. One of the fundamental step of
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Algorithm 5 Wilson’s algorithm to sample a UST from an undirected graph.
1: Inputs:

A (possibly weighted) graph G.
2: Initialize:

# Initially, the tree is empty
∀i ∈ V, InTree[i]← false
∀i ∈ V, Next[i]← −1

3: Choose a node r arbitrarily and set InTree[r]← true
4: for i← 1 to |V| do
5: u← i

6: # Start a random walk to create a tree branch
7: while not InTree[u] do # Stop if u is in the tree
8: Next[u]← RandomSuccessor(u,G)
9: u← Next[u]

10: end while
11: u← i # Go back to the initial node
12: # Add the newly created branch to the tree
13: while not InTree[u] do
14: InTree[u]← true
15: u← Next[u]
16: end while
17: end for
18: return Next

the proof amounts to showing that the result is independent of the choice of node
r at line 3, and of the order with which we go through the set of nodes in the for
loop starting at line 4: the indexing of the nodes can be arbitrary.

In line 3, node r may be chosen arbitrarily: this means that any choice of r will
output a tree according to the UST distribution. However, the choice of r does have
an impact on the expected computation time of the algorithm. Intuitively, if r is only
very weakly connected with the rest of the graph, the first while loop might take ages
before stopping. However, if r is a well connected hub, this won’t be the case and
sampling will be faster. More formally, Marchal [Marchal & others 2000] showed
(Proposition 1) that the expected number of calls to RandomSuccessor verifies:

Tr

[(
I−
(
D−1W

)
V\{r}

)−1
]

(4.4)

One should in principle choose r accordingly (that is, minimizing this trace). How-
ever, choosing the best r amounts to solving an optimization problem that will, in
a vast majority of cases, cost much more than just sampling a UST with any arbi-
trary node. Such that one usually prefers to come up with heuristics such as the one
suggested by Wilson in his paper: sample an edge with a probability proportional
to its weight and pick one of its adjacent node for r.
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Figure 4.1: From left to right, a graph G, a spanning tree on G, a rooted spanning
forest on G and another rooted spanning forest on G (roots are colored in red).

4.1.2 Kirchhoff forests

Rooted spanning forests. A forest is simply a set of disjoint trees, and a spanning
forest is a forest spanning all nodes in V. Now, we will consider rooted spanning
forests: spanning forests that are made of rooted trees, which are trees from which
one node is singled out and called root. We will generically denote rooted spanning
forests by ϕ, and the set of all rooted spanning forests by F(G). Let ρ be the func-
tion that maps any rooted spanning forests to its set of roots. The number of roots
|ρ(ϕ)| is between 1 and n. See Fig. 4.1 for illustrations.

Kirchhoff Forests. Among the many possible distributions over F(G), we focus
on the following parametric distribution. For a fixed parameter q > 0, a Kirchhoff
forest is a random rooted spanning forest, denoted by Φq, and distributed according
to:

∀ϕ ∈ F(G), P(Φq = ϕ) ∝ q|ρ(ϕ)|
∏

(i,j)∈ϕ

wi,j . (4.5)

Link with USTs. KFs are a generalization of USTs, in the following sense. Con-
sider an extended graph Gext = (Vext, Eext), that we will often consider in this chap-
ter. It is built from G = (V, E) by simply adding an extra node, denoted by Γ,
connected to all other nodes: Vext = V ∪ Γ and ∀i ∈ V, (i,Γ) ∈ Eext with a weight
denoted by q > 0.

Definition 13. Let G be a graph and Gext its extended graph. We define the function:

f : F(G)→ T(Gext)
ϕ 7→ f(ϕ)

where f(ϕ) is the spanning tree over Gext obtained by connecting all ϕ’s roots to Γ

and erasing all root knowledge.

Lemma 47. f is trivially bijective. Moreover, given a spanning tree Text of Gext,
f−1(Text) is the rooted spanning forest of G obtained by cutting all Text’s edges con-
nected to Γ and setting all ex-neighbors of Γ to roots.

Lemma 48. The following two assertions are verified:

i) Let Φq be a KF of G. Then, f(Φq) is a UST of Gext.
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ii) Let Text be a UST of Gext. Then, f−1(Text) is a KF of G.

Sampling KFs. Given these equivalence results, an algorithm to sample KFs is

1. sample a UST Text on Gext with Alg. 5

2. return Φ = f−1(Text)

Now, in the following, as a choice of r in line 3 of Alg 5 for step 1 above, we will
choose r = Γ. As discussed earlier, even though this is a somewhat natural choice
for r in our context, it is not necessarily the best choice in terms of computation
time. In fact, we can readily know that this is not a smart choice for very small
values of q: as hinted earlier, the length of the first while loop tends to∞ as q tends
to 0 ! However, it makes for simplified notations and algorithms so we will make
that choice nonetheless.

Algorithm 6 Kirchhoff Forest sampling algorithm
1: Inputs:

G = (V, E , w)
q > 0

2: Initialize:
# Initially, the forest is empty
∀i ∈ V, InForest[i]← false
∀i ∈ V, Next[i]← −1
∀i ∈ V, d[i]←

∑
j∈N (i)w(i, j) # Degrees

3: for i← 1 to |V| do
4: u← i

5: # Start a random walk to create a forest branch
6: while not InForest[u] do # Stop if u is in the forest
7: if rand ≤ q

q+d[u] then #If true, u becomes a root
8: InForest[u]← true # Add u to the forest
9: Next[u]← −1 # Set next of u to null

10: else # If false, continue the random walk
11: Next[u]← RandomSuccessor(u,G)
12: u← Next[u]
13: end if
14: end while
15: u← i # Go back to the initial node
16: # Add the newly created branch to the forest
17: while not InForest[u] do
18: InForest[u]← true
19: u← Next[u]
20: end while
21: end for
22: return Next
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An implementation of this Alg. 5 with the choice r = Γ is detailed in Alg. 6.
Applying Eq. (4.4) with this choice of r, and replacing D and W in the formula by
the degree matrix and the adjacency matrix of the extended graph Gext, one can
show that the expected number of calls to RandomSuccessor in Alg. 6 is

Tr
[
(L+ qI)−1 (D+ qI)

]
,

a loose upper-bound3 of which is n + Vol(G)/q, where the volume of the graph is
defined as Vol(G) =

∑
i di. In unweighted graphs, this is linear in the number of

edges (Vol(G) = 2|E| in this case). Also, as expected, the time explodes as q → 0.

Varying q over nodes. The original graph can also be extended by setting ∀i ∈
V, w(i,Γ) ← qi > 0, that is, by connecting the added node Γ with links of unequal
weights. In fact, the qi’s do not all have to be strictly positive: some can be chosen
to be null so long as there is at least one non-null qi. In this case, the distribution
of the associated KFs becomes:

∀ϕ ∈ F(G) P(ΦQ = ϕ) ∝
∏

i∈ρ(ϕ)

qi
∏

(i,j)∈ϕ

w(i, j) (4.6)

where Q = {q1, q2, . . . , qn} is the collection of parameters. Algorithm 6 can easily
be adapted by replacing the scalar input q by Q = {q1, q2, . . . , qn}, and q

q+d[u] by
qu

qu+d[u] at line 7. In addition, the average run time in this case becomes

Tr
(
(L+ Q)−1(D+ Q)

)
,

with Q = diag(q1, . . . , qn). This varying q setting is richer than the fixed q setting
for only a small added complexity to the notations: from now on, unless otherwise
specified, we thus set ourselves in the varying q setting. To go back to the fixed q

setting, one needs only to set Q to qI. Also, from now on, we will –unless we really
need them– drop the notation q or Q and simply generically denote KFs by Φ. The
associated values of Q should be clear from context.

Random partitions. A partition of V, denoted by P, is a set of disjoint subsets
whose union equals V. To any KF Φ can be associated a random partition of V
by splitting it into |ρ(Φ)| disjoint subsets. Let π be the function that outputs the
partition for a given spanning forest. Enumerating Φ’s trees from 1 to |ρ(Φ)| and
denoting the vertex set of the k-th tree as Vk ⊂ V, one has: π(Φ) = (V1, . . . ,V|ρ(Φ)|).
Note that this function is a many-to-one mapping because different spanning forests
may correspond to the same partition (see Figure 4.2 for an illustration).

3To show this, we need to use Thm 49 stating that the root process of KFs, ρ(Φ), is a DPP of
kernel K = (L + qI)−1(qI). One has: Tr

[
(L+ qI)−1 (D+ qI)

]
= Tr [K (D/q + I)] =

∑
i Ki,i

di+q
q

=

EΦ

(∑
i∈ρ(Φ) 1 +

di
q

)
where the last equality comes from Ki,i = P(i ∈ ρ(Φ)). From there, we obtain

the upper-bound by writing ∀ϕ ∈ F(G),
∑

i∈ρ(Φ) 1 +
di
q

≤
∑

i∈V 1 + di
q

= n+ Vol(G)/q
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Φ : Φ′

π(Φ) = π(Φ′)

Figure 4.2: Two different rooted spanning forests (on the left) with the same corre-
sponding partition (on the right)

4.1.3 Useful properties of Kirchhoff forests

Recent studies in [Avena & Gaudillière 2017, Avena & Gaudillière 2013] have estab-
lished some theoretical properties of Φ that we reproduce here.

Theorem 49 (The root process, see Proposition 2.2 in [Avena & Gaudillière 2017]).
The root process of KFs, ρ(Φ), is a determinantal point process: ρ(Φ) ∼ DPP(K) with
marginal kernel:

K = (Q+ L)−1Q. (4.7)

Remark 50 (Cardinality of ρ(Φ).). As a consequence, in the fixed q setting where
Q = qI, the first two moments of |ρ(Φ)| verify, given the fact that it is a Bernoulli
process (see Lemma 9):

E[|ρ(Φ)|] = Tr(K) =
∑
i

q

q + λi
,

Var(|ρ(Φ)|) = Tr(K− K2) =
∑
i

λiq

(q + λi)2

(4.8)

where the λi’s are the eigenvalues of the graph’s Laplacian matrix L. In the varying
q setting, K is not co-diagonalizable with L anymore: the expected number of roots
E[|ρ(Φ)|] is not writable in terms of the λi’s. It is however still equal to Tr(K).

Definition 14. Let ϕ be a rooted spanning forest. The root function rϕ : V → ρ(ϕ),
takes as input any node i and outputs the root of the tree which i belongs to.

Theorem 51 (see [Avena & Gaudillière 2013, Avena & Gaudillière 2017]). Let Φ be
a KF. For any pair of nodes (i, j), the probability that i is rooted in j reads:

∀i, j ∈ V P(rΦ(i) = j) = Kij . (4.9)

with K as in Eq. (4.7).
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Definition 15. Let ϕ ∈ F(G). We define the function t : V → {1, 2, . . . , |ρ(Φ)|}
as a mapping between any node and its tree number in Φ. Example: t(i) = k if
i ∈ Vk ∈ π(Φ).

Theorem 52 (Conditioning on a partition, Proposition 2.3 in [Avena & Gaudillière 2017]).
In the fixed q setting, conditioning the root probability over a fixed partition P, one
obtains:

∀i, j ∈ V P(rΦ(i) = j|π(Φ) = P) =
I(j ∈ Vt(i))
|Vt(i)|

(4.10)

where I is the indicator function. In other words, given a fixed partition P, the root
probability within each subset Vk is uniform over the nodes in Vk. In the varying q
setting, this conditional probability in Eq. (4.10) becomes:

∀i, j ∈ V P(rΦ(i) = j|π(Φ) = P) =
qjI(j ∈ Vt(i))∑

k∈Vt(i)
qk

. (4.11)

4.2 KFs to sample bandlimited graph signals

In this first contributive section, I discuss the existent links between the problem of
sampling k-bandlimited graph signals detailed in Section 2.3.1 and Kirchhoff forests.

4.2.1 Recall the graph sampling context

Let us put ourselves back in the setting of Section 2.3.1: the main elements where
the following. Let Uk ∈ Rn×k be the concatenation of the first k eigenvectors of a
graph’s Laplacian matrix. Let x ∈ Rn be a k-bandlimited graph signal, i.e., there
exists α ∈ Rk such that x = Ukα. Given a sampling set X ⊆ V, we measure the
signal x on X to obtain the measurements

y = Mx+ n ∈ Rm, (4.12)

where M ∈ Rm×n is the sampling matrix associated to X and n models noise.
We recall that, in the tight budget setting (that is, m = k), the condition for

perfect reconstruction (up to the noise level) of x from y is that X should be chosen
such that MUk is invertible. Indeed, in this case, the solution to the least-square
recovery problem gives:

xrec = argmin
z∈span(Uk)

∥Mz − y∥2

= x+ Uk (MUk)
−1n.

Given that there are often many sets X for which MUk is invertible, the “best”
sample set X is a question of how we want to deal with the distorted noise. Many
possible best choice for X are possible: the A-optimal set, the E-optimal set, the
D-optimal set, etc.
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Finding any of these optimal sets is a NP-complete problem, given the combina-
torial nature of the problem (they are optimization problems defined on all sets of
size k). So one usually resorts to two general families of strategies: greedy strategies
and random strategies.

In the literature, many greedy strategies were suggested for any of the above
choices of optimality. Their naive cost is generally in O(nk4) with possible improve-
ments to O(nk3), if one supposes that Uk is pre-computed of course.

In section 2.3.2, I detailed our contribution using iid sampling with respect
to a well tailored distribution p∗. We show reconstruction guarantees (with high
probability) but only in the almost-tight budget where the number of samples is
allowed to be O(k log k). The good news however is that the cost of this sampling
is in O(nk): it is the cost of computing the norm of each line of Uk to obtain the
optimal sampling distribution p∗.

4.2.2 A projection DPP for graph sampling

We show in [Tremblay et al. 2017] that we can do strictly better than this iid frame-
work by using DPPs. How should we build this DPP? From our investigations in
DPPs for coresets (detailed in Section 3.4), we know that the inclusion probability
of order 1, P(i ∈ X), should be set according to the leverage scores p∗. We also
know that projection DPPs have in general a lower variance –or are at least easier
to control theoretically.

We obtain the following result:

Proposition 53. Let Kk = UkU
⊤
k be a projection kernel. Let X ∼ DPP(Kk). The

following two assertions are verified:

i) MUk is invertible such that perfect recovery of x (up to noise) is verified.

ii) The most probable set of the DPP is XD, the D-optimal set, as defined in
Eq. (2.20).

Proof. i) Let X ∼ DPP(Kk) with K=
k UkU

⊤
k . By definition, det(UkU

⊤
k )X > 0 (or else

X cannot be sampled). This is equivalent to det(MUkU
⊤
k M

⊤) > 0, itself equivalent
to det(MUk) ̸= 0, i.e., that MUk is invertible.
ii) By definition, the most probable set of this DPP is the set X that maximizes
det(MUkU

⊤
k M

⊤): it is thus XD, the D-optimal set.

Remark 54. Note that the inclusion probability of this DPP is indeed proportional
to the optimal iid sampling distribution p∗ we earlier described in Section 2.3.2:

P(i ∈ X) = Kk(i, i) =
∑
j

Uk(i, j)
2

In this sense, this DPP is a sort of “matched DPP” to our previous iid frame-
work. The DPP enables simply to have a tighter sampling: m = k instead of m =



4.2. KFs to sample bandlimited graph signals 81

O(k log k) –while keeping the reconstruction guarantee. Also, given our fast sam-
pling algorithm of Section 3.2, and given Uk, sampling the DPP is only marginally
longer (O(nk+k3 log k)) than the iid sampling framework (O(nk)), especially in the
usual setting where k ≪ n.

Remark 55. We are satisfied to obtain, via this projection DPP, a tight-budget
framework that enables perfect reconstruction up to the noise level, while being orders
of magnitude faster to sample than its greedy counterparts: O(nk + k3 log k) versus
O(nk3) for greedy algorithms.

How does it fare in the noisy case? Comparing sampling frameworks is not
only about perfect reconstruction in the noiseless case or about a strict number
of samples. It is also about the behavior of the distorted noise term xrec − x =

Uk (MUk)
−1n in Eq. (4.13).

Well, again, this depends on how we want to optimally deal with this noise. If
we look at the worst-case error, we can bound ∥xrec − x∥22 with:

∥xrec − x∥22 ≤ λmax

((
MUkU

⊤
k M
)−1

)
∥n∥22

of which I do not know the expected value over DPP samples X ∼ DPP(UkU
⊤
k ).

What we can upper-bound is EX

(
En

(
∥xrec − x∥22

))
in the case of a noise n

verifying En

(
nn⊤) = σ2I. One has, using the circularity of the trace:

EX

(
En

(
∥xrec − x∥22

))
= σ2 EX

(
Tr

((
MUkU

⊤
k M
)−1

))
(4.13)

≤ σ2 k(n− k + 1) (4.14)

where the equality is reached if all sets X have a non-null probability of occuring
as a result of the DPP sampling. To obtain the upper-bound in Eq. (4.14), we use
here a result from [Derezinski & Warmuth 2017].

Empirically, we observe (not shown here) that the robustness to noise of DPP
samples X ∼ DPP(UkU

⊤
k ) is comparable to its associated greedy strategy (in which

each new sample is chosen in order to maximize the determinant associated to the
current set). We however did not make extensive simulations and this should be
studied more in depth.

4.2.3 What to do without knowledge of Uk?

A common goal in the graph sampling literature is to find sampling strategies that
side-step the full knowledge of Uk. For instance, one can refer to [Anis et al. 2016,
Tsitsvero et al. 2016] for some examples. In our own iid framework, we came up
with an algorithm that estimates the ideal distribution p∗ and we then work with
that distribution.

One can think of many different heuristics to adapt this to our DPP context.
There is one original way that I would like to particularly discuss in the context of
this chapter: the use of Kirchhoff forests.
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In fact, Thm 49 states that the root process of KFs are a DPP with marginal
kernel (in the fixed-q case):

K = q(L+ qI)−1

which can be written as a graph filter as:

K = Uh(Λ)U⊤ (4.15)

with h(λ) = q
q+λ a low-pass filter, and where we recall that U and Λ stem from the

eigendecomposition of L = UΛU⊤. Let us recall that UkU
⊤
k can be seen as the ideal

low-pass graph filter:

UkU
⊤
k = Uh∗k(Λ)U

⊤ (4.16)

with hk(λ) = 0 if λ > λk and 1 otherwise.
In other words, while Proposition 53 requires us to sample from a DPP with

marginal kernel Kk = UkU
⊤
k but which is impractical in cases where matrix Uk is

unavailable, the roots of KFs provide us with a sample from a DPP with marginal
kernel K = Uh(Λ)U⊤ that can be seen as an approximation of Kk; and they do so
without any diagonalization (even partial). Roots of KFs appear thus as a possible
proxy to sample nodes in our context of bandlimited graph signal reconstruction.

What can we say about their performance? Well, first let us recall the mixture
representation of X ∼ DPP(K = Uh(Λ)U⊤) (see Section 3.1.4)

1. Sample Y ∼ DPP(h(Λ)). It is a Bernoulli process: ∀i, add i to Y with proba-
bility q

q+λi
. For instance, as λ1 = 0, i = 1 is always sampled.

2. Sample a fixed-size DPP of size |Y |: X ∼ |DPP||Y |

(
U:,Y (U:,Y )

⊤
)

Intuitively, in order to recover k-bandlimited signals, the first eigenvector selection
step of this mixture representation, needs to at least sample the k first eigenvectors.
We obtain the following result (unpublished):

Proposition 56. Let X ∼ DPP(K) be the root process of a KF, for a given parameter
q. Measuring the signal on X enables the recovery of all k-bandlimited signals with
probability larger than: ∏

1≤i≤k

q

q + λi

Proof. With probability larger than
∏

1≤i≤k
q

q+λi
, the sampled set of eigenvector

Y in step 1 of the above mixture representation, contains (at least) all elements
between 1 and k.

Suppose the event {1, . . . , k} ∈ Y occurs. This implies that span(Uk) ∈ span(U:,Y ).
As X is a projection DPP based on the marginal kernel U:,Y (U:,Y )

⊤, it can recover
any signal in span(U:,Y ) (see proof of Proposition 53). As span(Uk) ∈ span(U:,Y ), it
can thus recover any signal in span(Uk), that is: any k-bandlimited signal.
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One obtains the following corollary:

Corollary 57. Let X ∼ DPP(K) be the root process of KFs, for a given parameter
q. Let δ ∈ (0, 1). With probability larger than 1− δ, the following is verified: X can
recover any k-bandlimited signal provided that

q ≥ kλk
δ

(4.17)

Proof. We need to set set q sufficiently large to verify∏
1≤i≤k

q

q + λi
≤ 1− δ

Lower-bounding the lhs by (1 + λk/q)
−k, one obtains the following necessary con-

dition:

1 + λk/q ≤ (1− δ)−
1
k

Lower-bounding the rhs by 1+ δ/k, one obtains that if q ≥ kλk
δ then

∏
1≤i≤k

q
q+λi

≤
1− δ. Applying proposition 56 finishes the proof.

4.2.4 What now?

Corollary 57 is not a very strong result as in many cases the value of q suggested by
Eq. (4.17) is so large that the expected number of root it implies,

Tr(K) =
∑

1≤i≤n

q

q + λi
=
∑

1≤i≤n

1

1 + δλi
kλk

is exceedingly large (compared to k). We are admittedly able to recover all k-
bandlimited signals at very low sampling cost4, but in a regime very far from tight
sampling!

Still, Corollary 57 enables to intuitively see the conditions necessary for the roots
of KFs to be good proxies: they are good proxies if, for the proposed q = kλk

δ , the
expected number of roots Tr(K) is not too large compared to k. This is a condition
formulated on the spectrum of the Laplacian. One sees for instance that the larger
the spectral gap between λk and λk+1, the closer we are to the tight sampling
scenario. This means that this KF-based technique is much more adapted to graphs
with k well-separated communities (for which such a spectral gap is expected) than
on graphs that do not have a spectral graph, such as a 2d-grid or an ε-graph of
uniformly distributed points in the square.

One possible direction of research is to attempt to take advantage of the degrees
of freedom we in fact have to define Q. In the previous paragraphs, we have studied
the constant q case: Q = qI. We can however “play” with these extra degrees of
freedom to incorporate some extra information we might have computed by other

4although we still need to estimate λk in order to set q as in Eq. (4.17)
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means from the graph. We can even set qi to 0 or ∞ if we want to remove i from
the possibly sampled nodes or, in the contrary, make sure it is sampled. This comes
however with additional difficulty that we would need to address, a foreseeable one
is that with a heterogeneous Q we loose the alignment between the eigenvectors of
the DPP kernel K and the eigenvectors of L.

4.3 KFs for the regularized inverse trace of diagonally
dominant matrices

The work presented in the following two sections (Sections 4.3 and 4.4) is the work of
Yigit Pilavci, my second PhD student, that I co-advised (40%) with Simon Barthelmé
(40%) and Pierre-Olivier Amblard (the 20% left). Yigit defended his thesis in Oc-
tober 2022.

Randomized methods are often used to approximate the trace of matrices that
are not known explicitly, of the form

Tr (f(A))

where A ∈ Rn×n is typically a large matrix (e.g. n ≥ 106), f(A) is a matrix trans-
formation that we cannot compute explicitly due to memory or computation time
constraints. f(A) is typically a matrix that we can only access in reasonable time
via matrix-vector multiplications of the form f(A)x. These methods come into play
in various problems (see, for instance, [Fan et al. 2020]).

In this section, we describe how KFs can be leveraged for this approximation
problem narrowed down to the following setting:

• f(·) is the regularized inverse: f(A) = (A+ Q)−1Q where 0 ≺ Q is a diagonal
matrix of non-negative elements.

• matrices A are supposed to be Symmetric Diagonally Dominant (SDD) matri-
ces: they verify ∀i, |Ai,i| ≥

∑
j ̸=i |Ai,j |.

Note that graph Laplacian matrices are a subclass of SDD matrices. For the
sake of the following presentation, we will suppose that A is a graph Laplacian and
we will thus denote it by L. I will show at the end of this section how our solutions
can be easily generalized to the larger class of SDD matrices.

Now, a natural use case in which one needs to compute Tr(q(L + qI)−1) arises
in the graph Tikhonov regularization problem, as described in Section 2.1.2 that we
briefly recall here. Suppose we measure a noisy signal over n vertices of a graph:
y = [y1, y2, . . . , yn]

⊤. Our aim is to recover the true signal x by solving the following
denoising problem:

x̂ = argmin
z∈Rn

q||y − z||22 + z⊤Lz, q > 0 (4.18)
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where the hyper-parameter q > 0 controls the regularization. The explicit solution
x̂ reads Ky where K = q(L+ qI)−1. Notice that the recovery error, ||x− x̂||22, highly
depends on q and there are several methods to automatically choose the value of
q such that the solution x̂ is a good approximation of x. Many of them, such as
generalized cross-validation, Akaike or Bayesian information criteria, use Tr(K) as
a measure of the degrees of freedom of the linear smoother K [Hastie et al. 2005].

State-of-the-art. The standard estimator for Tr(K) is due to Hutchinson5 [Hutchinson 1989].
Given N random Bernoulli vectors {a(ℓ)}ℓ=1,...,N built via ∀ℓ,∀i, P

(
a
(ℓ)
i = ±1

)
=

1/2, Hutchinson’s estimator is defined as h := 1
N

∑N
ℓ=1 a

(ℓ)⊤Ka(ℓ). This estimator is
indeed unbiased due to the circularity of the trace:

E(h) = Ea

(
a⊤Ka

)
= Ea

(
Tr
(
Kaa⊤

))
= Tr

(
KEa

(
aa⊤

))
= Tr(K)

as Ea

(
aa⊤) = I by construction. Note in passing that this algorithm works with

random vectors a with elements distributed according to any distribution, so long
as its covariance matrix is the identity. The trick is to find the distribution for which
the estimator h will converge as fast as possible towards its expected value. The
Bernoulli vectors are often a good choice in practice.

Now, this is not the full story yet. In fact, computing Ka(ℓ) is still expensive
due the matrix inverse. Even by leveraging the possible sparsity of L by using a
sparse Cholesky decomposition, it has a time complexity of O(n3) in the worst
case. For large n, this cost is prohibitive. The state-of-the-art that avoids this cubic
cost consists of (possibly preconditioned) conjugate gradient [Shewchuk et al. 1994],
algebraic multigrid [Ruge & Stüben 1987] and polynomial approximations. These
methods compute Ka with very small error (often much less than the Monte Carlo
error induced by Hutchinson’s estimator) and their cost scales linearly with the
number of edges |E|.

Our contribution. In a series of works [Barthelmé et al. 2019, Pilavcı et al. 2022a,
Pilavci et al. 2022b], we propose a Kirchhoff forest-based method to estimate Tr(K).
Empirical evidence on various graphs shows that the proposed methods perform at
least as well as the state-of-the-art, while outperforming it in many settings.

In Section 4.3.1, I describe our KF-based estimator and illustrate with a few ex-
periments how it behaves with respect to the state-of-the-art. Then, in Section 4.3.2,
I will show how to generalize these results to SDD matrices.

4.3.1 A KF-based estimator

Given that we have already laid down the background on KFs, our estimator is
straightforward

Theorem 58. Let Φ be a KF. Then, |ρ(Φ)|, that is, the number of roots of Φ, is
an unbiased estimator of Tr(K).

5a close variant of which was proposed by Girard [Girard 1987]
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Proof. We know from Thm 49 that ρ(Φ) ∼ DPP(K). As such (see Remark 50), the
expected value6 of |ρ(Φ)| is Tr(K).

Estimating Tr(K) is thus a very simple endeavour:

1. sample N KFs

2. count their number of roots

3. compute the average

The performance of this very simple algorithm is actually very good already.
We showed in [Pilavci et al. 2022b, Pilavcı et al. 2022a] that its performance can
still increase by smartly adapting two well-known variance reduction techniques:
control variates and stratified sampling. We will not enter here into the details of
these implementations. We will just show the results we obtain on a few experiments.

Experiments. We empirically compare our proposed estimators to Hutchinson’s
estimator over various graphs. To do so in the fairest possible way, first notice that
all estimators here are Monte Carlo. Therefore, the asymptotic relation σN ≈ σ1

N1/2

between one-sample standard deviations σ1 and N -sample ones σN , is valid for
all estimators in our comparison. We leverage this fact to compare the effective
runtimes of all methods, i.e., the time needed to reach a fixed relative error ε > 0.
First, we run all methods with N = 100. This gives us the average runtime for
the computation per sample, τ and the sample variance σ̂2N . Then, we approximate
σ̂1 =

√
Nσ̂N for each method. Finally, we solve for k the equation

ε =
σ̂1

Tr(K)
√
k

which gives us the number of iterations k needed for reaching an ε error. The
effective runtime to attain an error ε is thus k times τ . In the following, we show
results for the choice ε = 2%.

In Hutchinson’s estimator, we compute Ka using either

• cg: Conjugate Gradient7. Note that CG methods benefit from block imple-
mentations [O’Leary 1980].

• amg: Algebraic Multigrid8,

• pcg: CG with AMG preconditioning

• direct: sparse Cholesky decomposition using CHOLMOD [Chen et al. 2008]

We compare these with our proposed estimators:
6In passing, we also know that the variance of this estimator verifies Tr(K− K2).
7https://docs.juliahub.com/KrylovMethods
8https://github.com/JuliaLinearAlgebra/AlgebraicMultigrid.jl

https://docs.juliahub.com/KrylovMethods
https://github.com/JuliaLinearAlgebra/AlgebraicMultigrid.jl
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kf

Figure 4.3: Effective Runtime vs Tr(K)/n, for different graphs. The four methods
‘kf’, ‘s̃’, ‘s̄’ and ‘sst’ are different variants of our KF-based methods. The other four
methods are state-of-the-art (see text).

• kf: the simple KF-based estimator of Thm 58

• ~s and s̄: two different version of controle variates used to reduce the variance
of the previous kf method

• sst: stratified sampling to reduce the variance of the previous kf method

The graphs that we use in these experiments are:

• Barabasi-Albert: A random graph generated by Barabasi-Albert model (k =

10) with n = 104 and m = 99900,

• K-random regular: A random regular graph with n = 104 and m = 105

(k = 20),

• Collab-CM: A collaboration network of n = 21363 authors in Arxiv on con-
dense matter physics with m = 91342 links,
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• Citation-HEP: A citation network of n = 34401 in Arxiv on high energy
physics with m = 420828 links.

• 3D Grid: 3-dimensional grid with n = 503 = 125000 nodes and m = 375000

edges.

• Amazon: A real-life network over n = 262111 products in Amazon with
m = 899792. A link between two products indicates that the same client
purchases these two products.9

We choose 8 logarithmically spaced values of q such that the ratio Tr(K)/n takes
values up to 65%. All experiments are implemented in Julia and run in a single
thread of a laptop.

Fig. 4.3 summarizes the results. For relatively small and sparse graphs, such
as Collab-CM, the direct method gives the best performance, closely followed by
the KF methods. However, the approximate ones beat the direct method when the
graphs become larger or denser. In these cases, the proposed methods give either
the best or a comparable performance with the other state-of-the-art methods.

We are very satisfied with these results, especially given the simplicity of our
algorithms compared to the heavy machinery of (preconditioned) conjugate gradient.

4.3.2 A trick to generalize to diagonally dominant matrices

This trick works at least when Q = qI. For varying q’s, one would need to check. We
borrow a trick from the rich literature on Laplacian solvers (see for instance [Gremban 1996,
Kelner et al. 2013, Hunter et al. 2014]). Let G be a SDD matrix, that we decompose
as G = D1 + D2 + Ap + An where:

• Ap contains the positive off-diagonal elements, An contains the negative ones

• D1 is diagonal, with D1(i, i) =
∑

j ̸=i |Gij | (sum of off-diagonal elements)

• D2 is also diagonal, with entries D2(i, i) = Gii −D1(i, i). Diagonal dominance
of G implies that ∀i,D2(i, i) ≥ 0.

Note that as G is SDD, Ap and An are symmetric. We now form the following two
graph Laplacians, both representing undirected weighted graphs, and of respective
size n and 2n:

L1 = D1 + An − Ap (4.19)

L2 =

(
D1 + D2/2 + An −D2/2− Ap

−D2/2− Ap D1 + D2/2 + An

)
. (4.20)

It can be easily verified that an eigenvector basis for L2 can be constructed as

follows: n eigenvectors of the form
(
u

u

)
, where u is an eigenvector of L1; and n

9The real-life data sets can be found in https://snap.stanford.edu/data/

https://snap.stanford.edu/data/
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other eigenvectors of the form
(

v

−v

)
, where v is an eigenvector of G. This implies

that λ(L2) = λ(L1) ∪ λ(G) and consequently that:

Tr
(
(G+ qI)−1 q

)
=

∑
λ∈λ(G)

q

q + λ
=

∑
λ∈λ(L2)

q

q + λ
−

∑
λ∈λ(L1)

q

q + λ

= Tr
(
(L2 + qI)−1 q

)
− Tr

(
(L1 + qI)−1 q

)
The extension to SDD matrices is thus straightforward: form the two Laplacians L1
and L2, run the algorithm on each graph, and subtract.

4.3.3 What now?

I would like to pursue further the theoretical side of this approach, by showing con-
centration rates of this “number of roots” estimator, to compare with concentration
rates of Hutchinson’s estimator. The tightest theorem to-date on the concentration
of Hutchinson’s estimator is the following (denoting by ŝHk Hutchinson’s estimator
of Tr(K) with k random vectors)

Theorem 59 ([Skorski 2021], improved version of a theorem in [Avron & Toledo 2011]).
Let ε ∈ (0, 3/8) and δ ∈ (0, 1). If

k ≥
2(1− 8

3ε)

ε2
log

1

δ
, (4.21)

then, with probability larger than 1− δ, we have a relative error control:∣∣∣∣ ŝHk − Tr(K)

Tr(K)

∣∣∣∣ ≤ ε. (4.22)

Using Bernstein inequalities, we can show that our naive estimator (that we
denote ŝKF

k here, obtained after sampling k forests) that simply counts the number
of roots of KFs concentrates faster:

Theorem 60. Let ε ∈ (0, 1) and δ ∈ (0, 1). If

k ≥ 4

ε2Tr(K)
log

2

δ
, (4.23)

then, with probability larger than 1− δ, we have a relative error control:∣∣∣∣ ŝKF
k − Tr(K)

Tr(K)

∣∣∣∣ ≤ ε. (4.24)

Thus, to reach a given multiplicative error ε, one needs less KFs than Hutchin-
son’s estimator needs random vectors. This is a step towards showing theoretically
the superiority of KFs on Hutchinson’s estimator in this very specific scenario of
estimating Tr(K), that I would like to pursue further in future work.
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4.4 KFs for graph Tikhonov regularization and graph
signal interpolation

We have just seen how we can use KFs to efficiently approximate the trace of a
regularized inverse Laplacian. We will now see how these same Kirchhoff forests can
also be used to approximate computations of the form:

Kx = (L+ Q)−1Qx

two examples of which are graph Tikhonov regularization and graph signal interpo-
lation.

We recall the context of these two problems in Section 4.4.1. We then propose, in
Section 4.4.2, several KF-based algorithms to approximate the above matrix-vector
multiplication.

4.4.1 Tikhonov regularization and graph signal interpolation

Graph Tikhonov regularization. Graph Tikhonov regularization has already
been discussed several times in this document, for instance in Section 2.1.2. We
just briefly recall the context here. Given a graph G and measurements y =

(y1, y2, . . . , yn)
⊤ on its n vertices, the Tikhonov regularization of y reads:

x̂ = argmin
z∈Rn

q||y − z||2 + z⊤Lz (4.25)

the exact solution of which is:

x̂ = Ky with K = (L+ qI)−1qI. (4.26)

In some cases, instead of (L + qI)−1qIy , the generalized solution (L + Q)−1Qy is
required where Q is an entry-wise non-negative diagonal matrix. For example, if we
write the Tikhonov regularization of Eq. (4.25) with a regularization term based on
another graph Laplacian such as the normalized Laplacian Ln = D−1/2LD−1/2, then
the solution reads

x̂ = (Ln + qI)−1qIy (4.27)

= D1/2 (L+ qD)−1 qD
(
D−1/2y

)
(4.28)

which requires a computation of the form (L + Q)−1Q z with Q = qD in this case.
Another example occurs when the noise variance is known to be non-constant over
vertices, i.e. heteroscedastic noise. In this case, as the confidence we have a priori
on the measurements is node-dependent, one should set a different value of q to each
node (the larger qi, the more confidence we have on the measurement of that node).

Graph interpolation. Given a connected graph G, a parameter µ ≥ 0, and ℓ ⊂ V
a set of nodes where a signal x is known, one way of defining the interpolated signal
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is [Pesenson 2009]:

x̂ = argmin
z∈Rn

z⊤(L+ µI)z

subject to ∀i ∈ ℓ, zi = xi.
(4.29)

Define u = V\ℓ the set of nodes for which x is not known and write L in block form:

L =

[
Lℓ|ℓ Lℓ|u
Lu|ℓ Lu|u

]
where Lℓ|u is the Laplacian reduced to its rows and columns indexed by ℓ and u,
respectively. The solution of Eq. (4.29) reads:

x̂i =

{
xi if i ∈ ℓ(
−(Lu|u + µI)−1 Lu|l xℓ

)
i

otherwise
(4.30)

where xℓ ∈ R|ℓ| is the signal x reduced to its entries in ℓ. This solution can almost
always10 be rewritten as:

x̂u = Ky with

{
K = (LG\ℓ + Q)−1Q

y = −Q−1Lu|ℓxℓ

(4.31)

where LG\ℓ is the Laplacian of the reduced graph obtained by removing the vertices
(and the incident edges) in ℓ, Q ∈ R|u|×|u| is a diagonal matrix with Qi,i = µ +∑

j∈ℓw(i, j).

4.4.2 KF-based estimator

We propose two novel Monte Carlo estimators to approximate x̂ = Ky with K =

(L+Q)−1Q. These estimators leverage the probability distribution of the root pro-
cess of KFs presented in Thm. 51.

The first estimator, denoted by x̃, is simply defined as follows:

∀i ∈ V x̃(i) = y(rΦQ
(i)). (4.32)

The strategy to obtain the approximation x̃ is thus:

1. Sample a KF Φ

2. In each tree t of Φ, set ∀i ∈ t, x̃(i) to the value of y measured at the root of t

One obtains a “piece-wise” constant signal x̃ (constant over each tree). See the
top-right illustration in Fig. 4.4.

10Q, as defined in the paragraph following Eq. (4.31), needs to be invertible for y to be well-
defined. This is always the case if µ > 0. When µ = 0, it may not be the case, but the problem
can be side-stepped (not discussed further here).
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Figure 4.4: An illustration for the estimators where q is constant over all nodes.
On the left, the graph signal is represented both via colors and by numbers. In the
middle, a realization of Φ, a forest, is illustrated. On this forest, the estimators x̃

and x̄ are illustrated in top-right and bottom right, respectively.

Proposition 61. x̃ is an unbiased estimator of x̂:

E [x̃] = x̂.

Moreover, the weighted expected error of x̃ is:

E
(
||x̂− x̃||2Q

)
=
∑
i∈V

qiVar(x̃(i)) = y⊤(Q− K⊤QK)y

where ||x||2Q = x⊤Qx.

The second estimator, denoted by x̄, is the expectation of x̃ conditioned on the
partition induced by Φ:

x̄(i) = E[x̃(i)|π(Φ) = P] =

∑
j∈Vt(i)

y(j)qj∑
j∈Vt(i)

qj
. (4.33)

Due to the law of iterated expectations, this estimator is also unbiased, moreover it
has a reduced variance compared to x̃(i) due to the law of total variance:

Var(x̃(i)) = E[Var(x̃(i)|π(Φ) = P)] + Var(x̄(i))

which implies Var(x̃(i)) ≥ Var(x̄(i)). This idea of improving an estimator is often
called Rao-Blackwellization [Blackwell 1947, Rao 1992].

The strategy to obtain the approximation x̄ is thus:
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1. Sample a KF Φ

2. In each tree t of Φ, set ∀i ∈ t, x̃(i) to the average (weighted by the q’s) of y
on t

See the bottom-right illustration in Fig. 4.4. Note that one still obtains a “piece-
wise” constant approximation x̄ (constant over each tree). However, this estimator
is always strictly better than the previous one.

Proposition 62. x̄ is an unbiased estimator of x̂:

E[x̄] = x̂

Moreover, the weighted expected error reads:

E
(
||x̂− x̄||2Q

)
=
∑
i∈V

qiVar(x̄(i)) = y⊤(QK− K⊤QK)y.

We applied these estimators to different types of problems including graph semi-
supervised learning problems in which a few known labels need to be propagated on
the graph. We refer the reader to our paper [Pilavci et al. 2021] for the full details
of our experiments. In a nutshell, our propositions work reasonably well but cannot
compete with the state-of-the-art (which is conjugate gradient). The reason is that
we have Monte-Carlo estimators, that have an inherently low variance decrease with
the number of samples, whereas conjugate gradient is a very fast iterative method.

In the previous section where our goal was to estimate Tr(K), we were able to
outperform the state-of-the-art because the state-of-the-art itself was limited by the
Monte-Carlo nature of Hutchinson’s estimator.

We still believe that these two estimators can find some use in some specific
cases. It is important to note that our algorithms are very different in nature than
CG or polynomial-based algorithms:

• they can be fully implemented in about 20 lines of code and they are very
lightweight in memory footprint. Also, there is no pre-processing needed.

• our algorithms can be used in scenarios where the operator does not have the
full knowledge of the graph. In fact, if we suppose that each node of a graph
can communicate with its neighbors, the operator, at a distance, can contact a
node, tell the node to start a KF sampling algorithm (Alg.6). All the following
steps can be done locally, until a node “dies” and contacts the operator, etc.
The operator does not need to know anything about the graph structure, and
it will still end up with a sampled KF (and thus will still be able to use our
estimators).

4.4.3 What now?

The questions that quite naturally arise from this work are how to generalize this
to other types of graph filters. We have designed estimators for the graph filtering
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operation of the form:
Ug(Λ)U⊤y

with g(λ) the filter verifying
g(λ) =

q

q + λ
.

A possible direction of research is to to investigate whether we can we use KFs to
estimate other graph filters. A first remark is that by using k independent, cascaded

KFs, we can trivially estimate graph filtering operations of the form
(

q
q+λi

)k
. Much

more difficult, do we have a chance of finding KF-based algorithms that estimate
filters of the form ≃ 1

q+λ2 ? Even more difficult, do we have a chance of using KFs
or similar distributions of forests to estimate the ideal low pass filtering operation?
This would be very valuable in many applications.

Preliminary investigations have explored the possibility to use graph duplica-
tion as a powerful tool to use KFs for generalized graph filtering (see section 4.3.2
of [Pilavci 2022]): the idea in a nutshell is to duplicate the graph, connect both
copies with parametrized edges and sample KFs on this duplicated graph. Forests
are of course more expensive to compute as the graph is larger, but it enables us
to compute other forms of graph filters. The family of filters we currently attain is
still very restricted and more work in this direction is needed.
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This last chapter briefly describes short term (Section 5.1), as well as longer
term (Section 5.2), research directions of mine. Together with the ideas for future
work depicted in the “What now?” sections of the previous chapters, they form a
broad picture of my research vision for the next few years.

5.1 Short term

5.1.1 Generalized KFs for magnetic Laplacians: application to graph
synchronization

This section is the PhD subject of my current student Hugo Jaquard, that I co-advise
with Simon Barthelmé and Pierre-Olivier Amblard (both at Gipsa-lab, in Grenoble),
and is already well under way.

Introduction to graph synchronization. Consider a connected graph G =

(V, E). We will discuss here only the unweighted case for simplicity, even though
everything is naturally generalizable to the weighted case. Suppose that on each
node i is defined an unknown angle ωi ∈ [0, 2π). Graph synchronization is the
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task of recovering these angles (up to a global phase shift) from noisy pairwise
measurements on each edge of the graph. That is, recover all {ωi}i∈V from the edge
measurements:

∀(i, j) ∈ E θi,j = ωi − ωj + εi,j

where εi,j represents the noise. Such problems arise in various applications, such as
ranking problems, or cryo-EM problems where one has access to noisy images of the
same molecule taken from unknown angles.

If the graph G is a tree, our best option is quite trivial: set an arbitrary node
to ω̂i = 0 (recall that we only look for the solution up to a global phase shift) and
propagate the solution to all other nodes via the branches of the trees.

Difficulties start to arise when the graph G is not a tree anymore. In this case,
consider the same strategy: set an arbitrary node to ωi = 0 and propagate that
information along paths of the graph. Now, as the graph is not a tree, there are
possibly several paths between any pair of node: which path should one choose to
propagate the information and recover the signal? In the noiseless case, any path
is equivalent. However, in the noisy case, choosing a path rather than another will
yield different solutions.

A common optimization strategy in this case (first introduced in [Stella 2009])
is to solve the following global problem:

ω̂ = argmin
ω∈[0,2π)n

∑
(i,j)∈E

1− cos(ωi − ωj − θi,j). (5.1)

Unfortunately, this problem is non-convex and can be NP-hard to solve in general
(see for instance [Boumal 2016]). On our way to a relaxation of this optimization
problem, one can first show that Equation 5.1 is equivalent to

ω̂ = argmin
ω∈[0,2π]n

∑
(i,j)∈E

∣∣∣eiωi − eiθi,jeiωj

∣∣∣2 (5.2)

In fact: ∣∣∣eiωi − eiθijeiωj

∣∣∣2 = (eiωi − eiθijeiωj

)(
e−iωi − e−iθije−iωj

)
= 2− ei(ωi−θij−ωj) − ei(θij+ωj−ωi)

= 2−
(
ei(ωi−ωj−θij) + e−i(ωi−ωj−θij)

)
= 2 (1− cos (ωi − ωj − θij))

Now, Equation (5.2) can be re-written in a quadratic form involving the so-called
magnetic Laplacian that we will now define.

Definition 16. Let G = (V, E) be an unweighted undirected graph. The magnetic
adjacency matrix, denoted by Aθ is a Hermitian matrix that has the same sparsity
pattern (same zeros) than the usual adjacency matrix A. The only difference is
that, where A(i, j) = A(j, i) = 1 in the classical case, one has Aθ(i, j) = eiθi,j and
Aθ(j, i) = e−iθi,j .
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Definition 17. Let D be the usual diagonal, real, degree matrix. The magnetic
Laplacian matrix of a graph, denoted by Lθ, is a Hermitian matrix defined as:

Lθ = D− Aθ

Proposition 63. The magnetic Laplacian is positive-semi-definite (via Gershgorin’s
theorem).

Proposition 64. The smallest eigenvalue of Lθ, λ1, is equal to zero if and only if
the graph, endowed with these pairwise measurements θij is coherent, that is, if the
sum of all θ’s along any cycle of the graph is null. Otherwise, λ1 > 0.

Remark 65. One recovers the classical Laplacian by setting all θ’s to 0. In this case,
the graph is trivially coherent, and we recover the fact that the smallest eigenvalue
of the usual Laplacian is always zero.

Now that we have defined the magnetic Laplacian, one can easily show that
Equation (5.2) can be re-written in the following quadratic form:

∀i ω̂(i) = arg
(
f̂(i)

)
with f̂ = argmin

f∈U(1)n
f∗Lθf , (5.3)

where U(1) is the unit complex circle, z∗ is the complex conjugate of z, and arg(z)
the argument of the complex number z.

For now, we have only re-written the synchronization problem of Equation (5.1)
and the problem is of course still NP-hard. However, this form calls for the following
spectral relaxation:

f̂ = argmin
∥f∥2=1

f∗Lθf , (5.4)

whose solution is classically given by the eigenvector of Lθ associated to its smallest
eigenvalue λ1.

There are many ways to numerically obtain the solution to this problem, one of
which is the (inverse) power method [Saad 2011], which performs iterative smoothing
of an original guess f0 ∈ Cn by computing the iterates

fk+1 = (Lθ + qI)−1 q · fk (5.5)

for some positive parameter q ∈ R∗
+, and where we of course recognize the regularized

inverse form we have been working a lot with in Chapter 4. The difference here is
that f is a complex vector and Lθ also has complex entries.

Preliminary results: Mixed Type Spanning Forests. Similarly to our work
in Chapter 4, iterations of the form 5.5 can be either estimated by state-of-the-art
methods such as (preconditioned) conjugate gradient, or can be estimated by graph-
based DPPs, if only we are capable of i/ understanding what is the underlying DPP,
ii /sampling from it efficiently.

Without entering too much into details, we have shown in Hugo’s PhD (some
results are published, others are submitted) that:
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• instead of KFs, the underlying random objects are so-called Mixed Type Span-
ning Forests (MTSFs): they are a spanning collection of disjoint rooted trees
(same as in Chapter 4) and unicycles. Unicycles are subgraphs that contain
only one cycle. These unicycles are not rooted.

• in a somewhat similar fashion than our estimators of Chapter 4 (see Sec-
tion 4.4), one can propagate the information from the roots to all trees of the
MTSFs to obtain an unbiased estimator (Lθ + qI)−1 q ·f . Each sampled MTSF
gives one unbiased estimate.

• variance reduction techniques are also available in this case.

• these MTSFs can be efficiently sampled via a variant of Wilson’s algorithm,
but only when the graph is not too incoherent. When the incoherence is
too strong, importance sampling tricks need to be applied to be able to take
advantage of very fast Wilson-like algorithms.

Moving further. We are currently investigating the following directions:

• Find a Wilson-like algorithm, or an algorithm as efficient, able to sample
MTSFs even in the very incoherent cases, without the need of importance
sampling workarounds.

• Connect with the computer graphics literature, in which the so-called Vector
Heat Method [Sharp et al. 2020] is a central method for parallel transport
on manifolds, a foundational brick of which is precisely the computation of
regularized inverses of magnetic Laplacians.

• Investigate the best choice of the parameter q in this context, perhaps with a
varying q as the iterations of the power method unfold.

5.1.2 Convergence of Graph Neural Networks on large random
graphs

This section is the PhD subject of my current student Matthieu Cordonnier, that I
co-advise with Nicolas Keriven (Rennes) and Samuel Vaiter (Nice), and is already
well under way.

One avenue of research regarding theoretical guarantees on GNNs is to inves-
tigate their properties on random graph models, in the limit when n, the number
of nodes, tends to infinity. The proper definition, and the properties, of the limit
operator that arises, can give us insights on the theoretical behavior of GNNs on
large graphs.

Previous work on this topic [Keriven et al. 2020] introduces the concept of cGNN
(“continuous GNN”) and proves the convergence, on some random graph models,
of GNNs towards their cGNN counterpart. However, they only consider so-called
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spectral Graph Neural Networks [Defferrard et al. 2016] (SGNNs), based on the
interpretation of the convolutional product as a product of frequencies in the Fourier
domain. In most of the recent literature, the more versatile Message Passing Neural
Networks (MPGNNs) [Gilmer et al. 2017, Kipf & Welling 2017] is usually preferred.
The message passing paradigm consists of iteratively updating each node via the
aggregation of messages from each of its neighbors. Its flexibility comes from the
fact that messages and aggregation functions are unconstrained as long as they stay
invariant to node reordering, i.e. as long as they match on isomorphic graphs.
Recently, authors in [Maskey et al. 2022] proved a convergence result for MPGNNs
but they only consider the case where the aggregation scheme is the local mean,
which is a very restrictive case.

Our goals, in this thesis, is i) to establish convergence theorems of generic
MPGNNs on random graph models, ii) study the resulting continuous operators
that arise.

Random graphs. Let X be a compact subset of Rd and P a probability measure
on X . A random graph model is a couple (W,P ) where W : X × X 7→ [0, 1] is a
kernel, i.e., a symmetric measurable function.

Random graphs are generated from a random graph model (W,P ) as follows.
Given a positive integer n, first draw n iid random variables from P , represented by
X1, . . . , Xn: they form the vertex set of the graph. The random graph obtained is
fully connected and its edge weights verify:

X1, . . . , Xn
iid∼ P, wi,j = wj,i =W (Xi, Xj).

We denote by Gn(W,P ) the distribution of these random graphs.

Message Passing Graph Neural Networks (MPGNNs). A multilayer MPGNN
iteratively propagates a signal over a graph. At each step, the current representation
of every node’s neighbors are gathered, transformed, and combined to update the
node’s representation. Broadly speaking, a MPGNN can be defined as a collection
of L applications (F (l))1≤l≤L that act as follows. Let G ∈ G(V ) be a graph with n

nodes, and Z = Z(0) ∈ Rn×d0 be a signal on it. At each layer, denoting Z(l) as the
current state of the signal, Z(l+1) is computed node-wise by:

z
(l+1)
i = F (l+1)

(
z
(l)
i ,
{{(

z
(l)
j , wi,j

)}}
vj∈N (vi)

)
∈ Rdl+1 . (5.6)

So Z(l+1) is a n × dl+1 tensor. In Equation (5.6), the F (l) take as arguments a
vector, which is the current node’s representation, and a multiset of pairs. Each pair
is composed of a node from the neighborhood of the aforementioned running node,
along with the corresponding weight. In the literature, the F (l) are often referred
to as aggregations [Jegelka 2022]. Their major property is to ignore the order in
which the neighborhood information is collected, which is handled by the use of a
multiset.
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The final output of the MPGNN is a signal over the graph denoted as:

ΘG(Z) = Z(L) ∈ Rn×dL (5.7)

A fundamental requirement for GNNs is to be consistent with graph isomor-
phism. More precisely, relabeling the nodes of the input graph signal must be the
same as relabeling the nodes of the output in the equivariant case, and must leave
the output unchanged in the invariant case.

Let us show four examples of MPGNNs, the first three of which are very popular
in the literature:

Example 66 (Convolutional Message Passing [Kipf & Welling 2017, Defferrard et al. 2016,
Wu et al. 2021]). . Each neighbor representation is multiplied by its corresponding
weight and we combine them with an arithmetic mean. Notice that this is equivalent
to a SGNN with polynomial filters of degree one.

z
(l+1)
i =

1

|N (vi)|
∑

vj∈N (vi)

wi,jψ
(l+1)

(
z
(l)
j

)
.

Example 67 (Degree normalized convolution). A weighted mean is performed [Maskey et al. 2022].

z
(l+1)
i =

∑
j∈N (vi)

wi,j∑
k∈N (vi)

wi,k
ψ(l+1)

(
z
(l)
j

)
.

Example 68 (Attention based Message Passing). The mean is weighted by the at-
tentional coefficients, that may depend on all the possible parameters and are learn-
able [Veličković et al. 2017].

z
(l+1)
i =

∑
j∈N (vi)

c(l+1)
(
z
(l)
i , z

(l)
j , wi,j

)
∑

k∈N (vi)
c(l+1)

(
z
(l)
i , z

(l)
k , wi,k

)ψ(l+1)
(
z
(l)
j

)
.

Example 69 (Max Convolutional Message Passing). The aggregation maximum is
often mentioned as a possibility in the literature but is rarely treated [Hamilton et al. 2017].
An element-wise maximum weighted by edge weights is used to combine everything:

z
(l+1)
i = max

vj∈N (vi)
wi,jψ

(l+1)
(
z
(l)
j

)
.

Continuous MPGNNs (cMPGNNs) on random graph models. We de-
fine the continuous counterpart of MPGNNs, that we call continuous MPGNNs
(cMPGNNs). Analogously to the discrete case, a cMPGNN is defined to be L op-
erators (F (l))1≤l≤L that propagate a function on X relatively to a random graph
model. Let (W,P ) be a random graph model and f = f (0) ∈ L∞

P (X ,Rd0), f (l+1) is
recursively computed by:

∀x ∈ X f (l+1)(x) = F (l+1)
P

(
f (l)(x),

(
f (l),W (x, ·)

))
∈ Rdl+1 . (5.8)
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Notice that F (l+1) depends on the measure P . Considering the functions f (l) as sig-
nals on the vertex set X , the update f (l+1)(x) of a node x ∈ X is calculated from the
knowledge of its current representation f (l)(x) and all its “weighted neighborhood”
(f (l),W (x, ·)). The latter being a short notation for the map y 7→ (f (l)(y),W (x, y))

at x fixed, which is the continuum equivalent of the multiset of pairs of weighted
neighbors {{(z(l)j , wi,j)}}vj∈N (vi) from (5.6). We denote ΘW,P (f) = f (L) the output.

ΘW,P (f) = f (L) ∈ L∞
P (X ,RdL). (5.9)

In the following are some examples of cMPGNN. The reader will of course see
the connection to the previous Examples 66, 67, 68 and 69.

Example 70 (Convolutional Message Passing, continuous counterpart of Exam-
ple 66). The arithmetic mean becomes an integral over the probability space:

f (l+1)(x) =

∫
y∈X

W (x, y)ψ(l+1)
(
f (l)(y)

)
dP (y)

Example 71 (Degree Normalized Convolutional Message Passing, continuous coun-
terpart of Example 67). The continuous counterpart is:

f (l+1)(x) =

∫
y∈X

W (x, y)∫
t∈X W (x, t)dP (t)

ψ(l+1)
(
f (l)(y)

)
dP (y).

Example 72 (Attention based Message Passing, continuous counterpart of Exam-
ple 68). The continuous counterpart is:

f (l+1)(x) =

∫
y∈X

c(l+1)
(
f (l)(x), f (l)(y),W (x, y)

)∫
t∈X c

(l+1)
(
f (l)(x), f (l)(t),W (x, t)

)
dP (t)

ψ
(
f (l)(y)

)
dP (y).

Example 73 (Max Convolutional Message Passing, continuous counterpart of Ex-
ample 69). The maximum becomes a component-wise essential supremum according
to the probability measure P :

f (l+1)(x) = ess sup
y∈X , P

W (x, y)ψ(l+1)
(
f (l)(y)

)
Preliminary results. Let (W,P ) be a random graph model, and (Gn)n≥1 be
a sequence of random graphs drawn from Gn(W,P ). Consider a L-layer MPGNN
(F (l))1≤l≤L, and its continuous counterpart (F (l))1≤l≤L. Without delving into the
numerous technical details, we have the following convergence result (submitted):

Theorem 74 (MPGNN convergence towards cMPGNN). Under a few technical as-
sumptions, the MPGNN (F (l))1≤l≤L converges to its continuous counterpart (F (l))1≤l≤L,
as n tends to infinity. The speed of convergence can be controlled and depends on
the particular MPGNN model. Notably, all four examples given above converge to
their continuous counterparts.



102 Chapter 5. Future directions of research and perspectives

Moving further. We are currently investigating the following research directions.

• The random graph model used here is a simplified version of the latent po-
sition model where there is no randomness in the edge appearance (graphs
are complete). Extending our analysis to improved version of this model is a
natural further way of research: for instance a random graph where each edge
is a Bernoulli random variable and exists only with probability proportional
to W (Xi, Xj). We could thus explore more realistic sparse random graph.

• Now that we have properly defined cMPGGNNs, we envision to take advantage
of this to study properties of these continuous objects. Most notably, we would
like to obtain possible results on universality. In fact, a major concern in the
field of GNNs is the one of expressive power, i.e., what class of functions can
GNNs approximate. This fundamental notion is related to the classical Uni-
versal Approximation Theorem [Kurt & Hornik 1991, Cybenko 1989] in deep
learning. We envision to investigate this via our new cMPGNN lens.

5.1.3 A DPP point-of-view on Kirchhoff forests: new proofs of
known results and new perspectives

One learns a lot by taking a resolute DPP point-of-view on Kirchhoff forests. As
said earlier, USTs are a well-known example of DPP over the edges of a graph. It
is however not as well known that KFs are a DPP as well. Exhibiting the marginal
kernel of KFs can then automatically provide new proofs of known results on KF
(on the root process’s DPP kernel, on the probability of node i to be rooted in node
j, etc.). This DPP point-of-view also enables to write marginals of KFs that have
not been studied until now, such as the leaf process of KFs. Because KFs have
mainly been studied from a probabilistic point-of-view in the past (and not from
the more algebraic point-of-view of DPPs), this direction of research promises new
results on KFs.

For the following, let us define another important matrix associated to a graph
G with n nodes and |E| edges: its edge-incidence matrix B ∈ Rn×|E|. It is built by:
i/ considering an arbitrary orientation of the edges, ii/ to the l-th (oriented) edge
el = (i, j) associating a vector bl ∈ Rn defined with bl(i) = −√ωl, bl(j) =

√
ωl,

where ωl > 0 is the weight of edge l, and zero everywhere else, iii/ creating B by
concatenating all such vectors: B = (b1|b2| . . . |b|E|). A well-known result states
that, independently of the choice of orientation, the Laplacian matrix of G verifies
L = BB⊤ [Chung 1997]. Similarly, all results involving B in the following are valid
regardless of the choice of orientation.

The following is a well-known result:

Proposition 75. A UST is a projective DPP with kernel K = B⊤L†B.

The bijection of Definition 13 between KFs on G and USTs on the extended graph
Gext is now useful to lift this result on the extended graph. In fact, Proposition 75
applied on the extended graph Gext gives:
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Proposition 76. Text, a UST of Gext, is a projective DPP with marginal kernel:

Kext =

[
B⊤
√
Q

]
(L+ Q)−1 [B √

Q
]
∈ R(|E|+n)×(|E|+n), (5.10)

where the first |E| lines and columns index the edges in E and the last n lines and
columns index the new edges connecting node Γ to V in the extended graph.

Now that we have established that KFs are DPPs over the set of edges and nodes
of a graph and shown its particular marginal kernel, we now can move on to showing
how this determinantal point-of-view enables to prove known results on KFs.

A first striking example is the root process: Theorem 49. This Theorem can
be proven in one line using Proposition 76 combined to the fact that DPPs are
stable under restriction, whereas it requires a long proof if observed from the lens
of (loop-erased) random walks.

Interestingly, this DPP point-of-view also enables to somewhat easily study
marginal probabilities of KFs that have never been studied before. We give here
an example where we concentrate on the marginal probability that a given node is
a leaf in a KF. A leaf in Φ is a node that has degree 1. If node i has degree one but
is also a root then we do not consider it to be a leaf.

Theorem 77. Let Φ be random spanning forest and denote by L ⊆ V its set of
leaves. The probability that node i is a leaf may be written:

P(i ∈ L) = di
det (LG¬i + Q¬i)

det (L+ Q)
, (5.11)

where di =
∑

j∈V ωij is the degree of node i, and LG¬i is the Laplacian associated to
the graph to which node i, along with all its edges, are removed.

An interesting avenue of research here would be to understand this leaf proba-
bility as a sort of centrality measure, and compare it without the many other types
of centrality that exist in the literature. In fact, intuitively, a node that has a high
probability of being a leaf is probably on the “edge” of the graph, whereas a node
with a low probability of being a leaf is more central to the graph.

Let us now recall the following result from Derezinski [Derezinski & Mahoney 2021]
(but known since at least Maurer [Maurer 1976]):

Theorem 78. Let X ∼ DPP(QQ⊤) be a projective DPP of size k, with Q ∈ Rn×k

and Q⊤Q = Ik (n ≥ k). Let x be any vector in dimension n. Then:

EX

(
(QX,:)

−1 xX

)
= Q⊤x (5.12)

where we recall that the notation xX ∈ Rk stands for the reduction of x on the
elements indexed by X.

Applying this theorem to KFs, one obtains:
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Corollary 79. Let Text be a UST on Gext, y any vector in dimension |E| and z any
vector in dimension n, then:

EText

([B⊤

In

]
Text,:

)−1 [
y

z

]
Text

 = (L+ Q)−1 (By + Q z) . (5.13)

This interesting corollary enables for instance to show in a few lines that the
probability that node i is rooted in node j, in a KF, is Kij (Theorem 51). It also
enables to obtain new formulas on KFs. I am currently pursuing this direction of
research by applying Corollary 79 to different choices of vectors y and z, yielding
new insights on properties of KFs that were until now unknown.

5.2 Longer term

5.2.1 What other graph property can we estimate via KFs?

The results we have obtained until now on KFs and what graph-property they are
able to estimate, do not take into account the random walks’ output in its entirety.
For instance, the estimation of Tr (K) only counts the number of roots of KFs, and
completely discards their structure in trees, the number of times a given node and/or
edge was visited, the number and position of leaves in the forest, etc.

The goal of this first direction of research is to i/ identify the different graph-
based Numerical Linear Algebra (NLA) tasks one can solve via Wilson’s algorithm,
ii/ design, study and implement the relevant KF-based algorithms for each task.

Novel results can surely be obtained in this direction. Of particular interest, I
will investigate to what extent can KFs i/ estimate effective resistances, ii/ more
generally, estimate parts of the spectrum of the Laplacian.

KFs for effective resistance estimation. The ideas in this paragraph are born
from discussions with my ex-PhD student Yigit Pilavci (now in Lille).

The effective resistance of edge (ij) is defined as Rij = L†ii + L†jj − 2L†ij , where L†

is the Moore-Penrose pseudo-inverse of L (in fact, any generalized inverse of L could
be used instead of L† [Ali et al. 2020]). Estimating effective resistances efficiently is
an important task for many graph-based tasks. For instance, a famous and beautiful
result from Spielman et al. [Spielman & Srivastava 2011] state that one can obtain
spectral sparsifiers of graphs1 by sampling iid with replacement O(n log n) edges
from a distribution proportional to effective resistances.

The state-of-the-art today to estimate effective resistances is via polynomial
approximation and random projections.

However, effective resistances have some strong connections to USTs, and there is
a chance that KFs can have an important role to play in the design of new estimation

1loosely speaking, a spectral sparsifier of a graph G is a sparsified version of G (of which only
some edges are sampled) that preserves some spectral properties of (the Laplacian of) G
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algorithms. It is indeed a well-known fact that wijRij is the probability that edge
(ij) is sampled in a UST, which yields a first natural Monte-Carlo estimator of Rij :
sample many USTs and count the proportion of trees that include (ij). This strategy
cannot be competitive with random projections, especially in cases where wijRij is
small. The question to address is how the versatility of KFs can help estimating Rij

more efficiently. Preliminary calculations show that by sampling KFs constrained
to having exactly two roots (i and j), one can obtain useful marginals (see Section
4.2 of [Pilavci 2022]). These however need to be largely improved to have a chance
to compete with the state-of-the-art.

KFs for spectrum estimation. The ideas in this paragraph have already been
discussed several times with my colleagues Simon Barthelmé (Grenoble), Luca Avena
(Netherlands), Matteo Quattropani (Rome), Alexandre Gaudillière, Clothilde Mélot
and Fabienne Castell (all three in Marseille).

A more long-term goal that will drive my future research is (partial) estima-
tion of the spectrum of L. Examples of questions could be the efficient estima-
tion of the k-th eigenvalue (with k potentially large) – a difficult NLA problem
nonetheless useful for machine learning applications such as in [Tremblay et al. 2016,
Martin et al. 2018], the efficient estimation of the number of eigenvalues in a given
interval [Napoli et al. 2016], the efficient estimation of the eigenvalues’ distribution
in order to adapt polynomial approximation techniques to the specific density at
hand [Fan et al. 2020], etc.

A starting point linking KFs and the spectrum of L is the expected number of
roots that we write here as a function of q: g(q) = E(|ρ(Φq)|) = Tr(K) =

∑
i

q
q+λi

=

1+
∑

i≥2
q

q+λi
(the smallest eigenvalue of a graph is necessarily 0). This function g is

a strictly increasing function defined on R+∗, tends to 1 as q tends to 0+, and to n as
q tends to +∞. Noting that all λi≥2 are strictly positive in a connected graph, and
as q > 0, one can make the following changes of variables: ∀i ≥ 2,∃ νi ∈ R | λi = eνi

and ∃η ∈ R | q = eη, yielding the following convolution formula:

g̃(η) = 1 +
∑
i≥2

1

1 + e−(η−νi)
= 1 + ℓ(η)⊛

∑
i≥2

δ(η − νi)

where ℓ(η) = 1/(1 + e−η) is the standard logistic function and
∑

i≥2 δ(η − νi) is
directly linked to the empirical eigenvalue distribution of L that we want to esti-
mate. An interesting aspect of random forests that we can now leverage (and that
we have not discussed yet in this manuscript) is that there exists a coupled for-
est algorithm [Avena & Gaudillière 2017] that can efficiently estimate g(q) on an
interval [qmin, qmax] in time O(m/qmin), thus transforming the eigenvalue density’s
estimation into a deconvolution problem. Given the very flat nature of the logistic
function, a straightforward deconvolution with standard signal processing tools will
provide spectrum estimates with very large errors. However, looking at other KF
observables than just the number of roots is possible and yields convolutions with
narrower functions, that I intend to use.



106 Chapter 5. Future directions of research and perspectives

5.2.2 Other DPPs overs graphs

The ideas in this section are born from discussions with my colleague Simon Barthelmé.

We know that KFs are a DPP with marginal kernel of the form[
B⊤
√
qI

]
(L+ qI)−1 [B √

qI
]
∈ R(m+n)×(m+n) (5.14)

where the first m lines and columns index the edges of the graph, and the last n
lines and columns index the nodes of the graph.

However, this random process is but a very specific example of DPP over the links
and/or the nodes of a graph. In fact, many other DPPs can be defined over graphs
and µI will aim at designing new marginal kernels that i/ are useful to estimate stan-
dard Laplacian-based linear algebra quantities, ii/ remain efficient to sample. Even
though finding sampling algorithms as fast as Wilson seems illusory in the generic
case, recent advances in both DPP sampling schemes [Gillenwater et al. 2019, Derezinski et al. 2019,
Gautier 2020b] and fast random walk samplers [Kelner & Madry 2009, Anari et al. 2020]
pave the way to find, if not fully random walk based algorithms, hybrid schemes
mixing fast random walks and partial standard linear algebra computations.

A starting point is to explore two directions generalizing the KF DPP. One of
them consists in generalizing the edge-based random walks to higher-order random
walks, that is, random walks on simplicial complexes [Kaufman & Oppenheim 2018,
Alev & Lau 2020]. Another direction is to generalize the first-order differential op-
erator B in Eq. (5.14) to higher order differential operators. Let us illustrate this
idea with a simple example. Consider the path graph of size n = 300 and the root
process associated with KFs. Denote by πi the marginal probability of sampling i
and define the following measure of repulsion: πij

πiπj
, where πij is the joint probability

of sampling i and j. Fixing j to be the central node of the path graph, Figure 5.1 (in
red) shows πij

πiπj
as a function of i: it is null for i = j, and increases symmetrically

as i is farther away from j. This increase is quite rapid and one would like, in order
to design better graph estimation algorithms, sampling schemes that are more re-
pulsive. The idea of using higher order differential operators in the definition of the
DPP kernel is a natural way of increasing such repulsion. For instance, by adding
L, the second order differential operator to the first (the edge-incidence matrix B)
and zero (the identity matrix I) order operators to the definition of the kernel of
Eq. (5.14), one can obtain2 a DPP with more repulsion (see the curve in blue in
Figure 5.1).

A trade-off is expected between the order of these generalizations (whether it be
the simplicial or the differential generalization) and computation time: the higher
the order, the more repulsion is added in the process (thus increasing the effective-
ness of the associated DPPs for RandNLA applications), the more expensive are the
associated algorithms.

2in practice here we show the result of sampling a DPP with kernel
(
L2 + L+ qI

)−1
qI instead

of the usual (L+ qI)−1 qI of the root process
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Figure 5.1: Illustration of the difference in repulsion between the root
DPP, and a generalized higher order version. The underlying graph is the
path graph of size 300. The index j is set to the middle node (index 150) and
the normalized joint probability of sampling both i and j, πij

πiπj
, is represented as a

function of i for (in red) the first-order graph DPP (the root process of KFs) and
(in blue) a second order DPP. As expected, the higher the order, the more repulsive
the associated process.

5.2.3 Graph Neural Networks: towards random pooling layers for
increased trustworthiness?

The ideas in this section are born from discussions with my colleagues Filippo Bianchi
and Benjamin Ricaud (both at UiT, Norway).

This is a very prospective section that turns around one simple idea: what if
we use random pooling layers in GNNs? Pooling layers are one of the building
blocks of many neural networks, including GNNs. In a nutshell, pooling layers gen-
erate local summaries of the data to (i) enable faster computations by reducing
the dimensionality; (ii) generate multiscale representations of the data by gradu-
ally extracting global properties. Existing pooling solutions in GNNs stem from a
trial-and-error approach often driven by two practical and somewhat short-sighted
objectives: computation efficiency and empirical predictive performance. It seems
that there is room here for more principled approaches.

My aim in this direction of research is to incorporate random methods (mainly
random sampling and random projections) into the design of pooling layers for
GNNs. Randomized approaches exhibit three desirable properties. (i) It is often
much easier to prove performance bounds of random methods compared to deter-
ministic ones, bringing reliability. (ii) Randomness provides a measurable sense of
uncertainty, bringing interpretability. (iii) Pooling based on random aggregation
methods is a key privacy-preserving tool that keeps the important structural infor-
mation while discarding the specific and sensitive data. Reliability, interpretability
and privacy are core elements of trustworthiness and it is worth investigating if
random pooling layers can help increase GNNs’ trustworthiness.

Research for trustworthy GNNs has been largely conducted in the past few years
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– the most recent review of which contains 247 references [Dai et al. 2022]. The
topics of robustness, privacy, fairness, and explainability are thoroughly discussed
and existing methods are categorized according to different possible definitions of
these four core concepts. However, even if randomness is used in a few cases (e.g.,
to create surrogate data to test for robustness), it is not used as a core principle and
never for pooling layers.

Requirements for an ideal pooling layer. When it comes to pooling, all the
methods in the GNN literature are driven by one or several of the nine following
desiderata. A pooling layer should: (i) be computationally efficient since pooling
must be done many times during training and in real-time during inference; (ii)
account for both the topology and the node features, which carry additional in-
formation and are transformed by the GNN according to the downstream task at
hand; (iii) be scalable and, possibly, distributable over mini-batches when the GNN
is applied on large graphs; (iv) be differentiable in order to adapt its behavior based
on the training objective; (v) generalize well to data not seen in training; (vi) be ex-
pressive, i.e., it should produce different outputs for non-isomorphic graphs, (vii) be
interpretable; (viii) respect privacy when needed; (ix) have provable invariants that
are well-adapted to the learning task at hand. An invariant is a characteristic (the
degree distribution, the distribution of the spectrum of the adjacency matrix, etc.)
of the data (G,X) that can be reliably recovered from the summarized data (Gp,Xp).

To date, all existing methods focus only on a subset of these desiderata. I want
to investigate if random pooling methods have a chance to jointly address all nine
points. In fact, all existing methods are deterministic, which are known to be difficult
to study theoretically. To overcome this limitation, I intend to add randomness in
the sampling design, inspired by statistical approaches. This will provide a strong
theoretical framework to provably address points (vii) to (ix) of the ideal pooling
layer. The main foreseeable challenge will be to adapt existing random methods
from the theoretical literature to the highly demanding engineering environment of
GNNs: verify points (i) to (vi) of the ideal layer while preserving the theoretical
guarantees these random methods come with.

5.3 A few last words

I cannot finish this manuscript without a more personal reflection on my work and
how I relate to it. I take a lot of pleasure in doing math. It is an activity I often see
as an art, in the way it asks for creativity and intuition. To the many non-scientific
people asking me “aren’t we done yet with research in math?” I like to answer that
there are as many theorems out there to discover than there are poems to write. I
also take a lot of pleasure in designing and implementing new algorithms, taking
time to find the subtle ways of an acceleration, or the perfect trick to correctly
represent the data. Algorithms are often treasures of ingenuity. Perhaps what I love
the most about my work is the social part: chalk, black board, coffee, and collective
brainstorming.
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To these very positive aspects are opposed many challenges. On top of challenges
I will not talk about here (the competition, the grant writing, the low SNR of the
current scientific publications –to which I am partly responsible of), one of them
stands out by its complexity and how much it affects me: ethical considerations.
Q1: What is the impact of my research on society? Q2: Are these impacts fully in
line with my own set of values?

A first reasonable answer to Q1 is, humbly, ε. However, this answer is an easy
way out of the ethical uneasiness I sit with. I am in fact fully aware that I am part
of a research system that is partly (if not solely) driven by economic considerations,
and that the many incentives I have from all parts to be “innovative” are more for
the possible economical growth it can lead to rather than for the sheer beauty of
the theorem’s proof.

As for Q2, the answer is clearly: no, the impacts of the research communities I
belong to are not fully in line with my set of values. Or rather, they are only partly in
line. When I go in an MRI scanner, I do feel proud to be part of the signal processing
community that largely helped to improve those medical imaging machines. When
I read or hear colleagues in mainstream media debunking conspiracy theories, or
answering point-by-point to wacky arguments from a politician or another, I am
proud to be part of an academic community that holds facts, reproducibility, critical
thinking as a compass. However, when I am confronted to the environmental impact
of research (the power consumption of large scale learning algorithms, the many
conferences on the other side of the world inducing so many travels by plane) and
the technologies that may result from it (Do we need 6G? Do we need high-resolution
streaming on our small screen smartphones? Do we need generative models?), I start
to stagger. When I am confronted to the worst possible applications of ML (say,
face or emotion recognition, not even to mention autonomous weapons), I usually
want to hide somewhere and stay there.

I have my own clear red lines I have never crossed, but those are easy to draw,
in a sense. It is much harder to accept that I belong to research communities
producing results that have (more or less indirectly) unethical applications. Should
I stop research for this reason? A part of me says no: that I can try, at my local
level, to steer research towards sobriety. On a personal, research level, find ways,
e.g., to efficiently estimate otherwise expensive calculations, find ways to improve
the guarantees we can have over neural networks’ results, etc. or otherwise work
as much as possible on theoretical aspects, hoping they will never be applicable to
anything and stay in the realm of Science for Science’s sake. On a more political level,
find ways to encourage collective organizations of research that are more sustainable
and respectful of our planet, and ourselves. However, another part of me is at times
afraid that this somewhat optimistic vision is nothing but an illusion and that I
should follow Grothendieck’s path to a much stricter sobriety, letting go of scientific
research altogether. It is a relief for me to know that my heated inner debates on
these subjects are taken seriously by many other researchers today: it is partly our
responsibility to identify, estimate and communicate the risks of the applications
stemming from our fundamental research.
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A.1 Academic positions and education

since 2016 chargé de Recherche CNRS, section 07, Gipsa-lab (Grenoble)

2015–2016 post-doc, INRIA (Rennes) and EPFL (Lausanne, Switzerland)

2014–2015 post-doc, ENS Lyon

2011–2014 PhD in signal processing, ENS Lyon

2006–2009 BsC and MsC in theoretical physics (minor in modelization of complex sys-
tems), ENS Lyon

A.2 Prizes and awards

I received the 2015 best PhD award from three French scientific societies (awarded
jointly by GRETSI, GdR ISIS and club EEA): gretsi.fr/prix-de-these2015/
resultats.php

A.3 Invited presentations

To access all my presentations, please visit my dedicated webpage: https://ntremblay.
cnrs.fr/index.php?page=talks.

A.3.1 Invited speaker to workshops and conferences

2022 I was invited to talk at the journées MAS 2022 (bi-annual French-speaking
conference on statistics and probability) in Rouen, France

2022 I was invited to talk at the DPP-fermions workshop held at ENS Lyon,
France

2018 I was invited to talk at the journées MAS 2018 (bi-annual French-speaking
conference on statistics and probability) in Dijon, France

2017 I was invited to talk at the journée Horizon Maths 2017 entitled Math-
ematics and networks and organized by the IHP (Institut Henri Poincaré),
Paris, France

2017 I was invited to talk at the EURANDOM workshop on community de-
tection and network reconstruction in Eindhoven, Netherlands

2016 I was invited to talk at a one-day conference on signal processing over
networks, Paris, France

2016 I was invited to talk at the Data-driven approach to networks and lan-
guage workshop in Lyon, France

gretsi.fr/prix-de-these2015/resultats.php
gretsi.fr/prix-de-these2015/resultats.php
https://ntremblay.cnrs.fr/index.php?page=talks
https://ntremblay.cnrs.fr/index.php?page=talks
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A.3.2 Ordinary research seminars

I gave around thirty invited ordinary research seminars since 2013 in diverse lab-
oratories on my subjects of research, e.g., at EPFL (Switzerland, Switzerland), at
The University of Tokyo (Japan), at UiT (Tromsø, Norway), at Leiden University
(Netherlands), at UCLouvain (Louvain-la-Neuve, Belgium), as well as at many labo-
ratories in France: IMT (Toulouse), CRISTAL (Lille), LIP6 (Paris), I2M (Marseille),
LJK (Grenoble), etc.

A.4 Institutional responsibilities

2021-2025 Elected member of the board of the CNRS’ 7th scientific section
(as a signal processing and statistical machine learning specialist). As such,
I contribute to the evaluation of research on those topics at a national level
in France and sit in the jury of the CNRS’ yearly very competitive entrance
exam. This responsibility, alone, takes 20% of my annual work time.

2020-2025 Elected member of the board of my laboratory (Gipsa-lab, Grenoble)

since 2017 Organizer of my department’s scientific seminar

A.5 Funding received

A.5.1 Projects as PI (Principal Investigator)

• European calls (total: ≃ 230 ke)

2025-2027 Rand4TrustPool: Random sampling for trustworthy pooling layers in
graph neural networks, MSCA (Marie-Curie), ≃ 230 ke for a two-year mobility
in Norway.

• National calls (total: ≃ 210 ke)

2021-2024 Determinantal point processes on graphs for randomized numerical
linear algebra, ANR JCJC, 199 ke for a PhD funding (the PhD of Hugo
Jaquard) + workshop organization

2019-2020 Extension of Random walks for graph spectrum estimation, CNRS
PEPS, 3.5 ke.

2018-2019 Random walks for graph spectrum estimation, CNRS PEPS, 6 ke.

• Local calls (total: ≃ 140 ke)

2021-2024 Graph Neural Networks on Large Random Gaphs, Labex Persyval,
115 ke for a PhD funding (the PhD of Matthieu Cordonnier). I am co-PI.
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2020-2021 Random Forests for Graph Spectral Estimation, Labex Persyval, 10
ke.

2018-2019 Procedural memory: neuronal substrate, pathophysiology, modelisation
and inference of involved networks, Grenoble Alpes Data Institute, 6 ke.

2017-2018 Determinantal processes for graph sampling, Labex Persyval, 9 ke.

A.5.2 Projects as participant

• National calls

2018-2022 Variational methods for graph signals, ANR JCJC. PI: Samuel Vaiter
(Nice, France). Contribution: I am leader of WP2.

• Local calls

since 2019 “LargeData” Chair at the MIAI institute. PI: Romain Couillet (Greno-
ble, France). Contribution: I am “core member” of the chair.

A.6 Organization of international conferences

2023 Member of the organizing committee of the week-long GRETSI conference
(Grenoble, France). This is the bi-annual French-speaking signal processing
conference (∼ 500 participants).

2022 Co-organizer of the week-long international workshop Machine Learning
and Signal Processing on Graphs. CIRM (Marseille, France). (∼ 70
participants)

2020 Co-organizer of the 3-day international workshop DPPs in the Alps in
Grenoble (France). Cancelled in the last minute (it was supposed to be in
April) due to COVID. (∼ 40 participants)

2019 Co-organizer of a conference day entitled Signal processing over graphs,
with a focus on neuroscience data, in Paris (France). (∼ 60 participants)

2019 Member of the scientific committee of the 3-day workshop Graph signals :
learning and optimization perspectives organized in Montpellier (France).
(∼ 70 participants)

2018 Member of the organizing committee of the 3-day Graph signal processing
workshop (EPFL, Lausanne, Switzerland). (∼ 200 participants)

2017 Co-organizer of a special session on graph signal processing at ASILO-
MAR conference (California)
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A.7 Supervising and mentoring

PhD students.

2021–2024 Director (thanks to a special authorization of the doctoral school) of Matthieu
Cordonnier’s PhD. Co-advisors: N. Keriven (IRISA, Rennes) and S. Vaiter
(Dieudonné, Nice). This PhD studies GNN properties on large random graphs,
and is funded on a grant of which I am co-PI. Participation to supervision:
33%.

2021–2024 Co-supervisor of Hugo Jaquard’s PhD, with S. Barthelmé and P.-O. Amblard
(both at Gipsa-lab, Grenoble), on KFs applied to graph synchronization. This
PhD is funded on a grant of which I am PI. Participation to supervision: 40%.

2019–2022 Co-supervisor of Yusuf Yigit Pilavci’s PhD, with S. Barthelmé and P.-O. Am-
blard, on Wilson’s algorithm and its applications to numerical linear algebra.
Participation to supervision: 40%. Yigit is now a post-doc in Lille, France.

2018–2021 Co-supervisor of Lorenzo Dall’Amico’s PhD, with R. Couillet (LJK, Grenoble),
on the Bethe-Hessian and its application to optimized spectral clustering in
sparse graphs. Participation to supervision: 50%. Lorenzo is now a post-doc
in Turin, Italy.

I participate or have participated in the supervision of two other PhDs (of which I
am not officially in the supervising team):

2022–2025 the thesis of Lucas Chatelain, who is supervised by A. Gourrier and D. Rousseau,
and who conducts his research in LiPhy (Grenoble). This is a biophysics thesis
on the network of porosities in the dentin.

2017–2020 the thesis of Nagham Badreddine,who was supervised by E. Fino and S.
Achard, and who conducted her research at the GIN (Grenoble Institute of
Neuroscience). She studied the effect of learning simple tasks in the areas of
the brain network responsible for procedural memory. She is now a post-doc
in Marseille, France.

Other students. Since 2016, I cosupervised 5 M2 internships for their Master’s
theses (J. Vertaure at 50%, H. Ghanem at 50%, Y. Pilavci at 45%, H. Jaquard at
45 % and L. Chatelain at 20%), 1 M1 internship (S. el Bouch at 100%), and 1 L3
internship (V. Srivastava at 100%).

A.8 Teaching activities

My CNRS position is a 100% research position. I nevertheless have given more than
300h of lectures on diverse subjects since the start of my PhD in 2011.

2018-2020 I gave, with Sophie Achard, a lecture entitled Graph theory and social
networks to Master’s students, 30h per year. At Grenoble University, France.
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2020 Co-organizer of an online reading group on graph multi-scale analysis, for PhD
students from Grenoble as well as other places in France (to help provide
scientific animation during COVID). I presented a mini introductory 4h lecture
to open this reading group.

2019 I gave, with Simon Barthelmé, a 3h tutorial on DPPs at EUSIPCO (Spain).

2018 I gave, with Michaël Defferrard, a 6h practical course at the summer school
GraphSIP.

2011-2014 During my PhD, I gave a total of 192 hours of lectures on various sub-
jects ranging from statistical physics, to mathematics for physics or scientific
English. At ENS Lyon, France.

A.9 Public outreach

2022 Seminar introducing the job of researcher, for Bachelor level students (Classes
Préparatoires). Paris, France.

2016 Member of the organisation committee of the Journée Sciences et Musique: a
day celebrating the links between Science and Music, for the general public
(more than 500 visitors). Rennes, France.

2012-2014 Participation to the Fête de la Science (French annual Science event
for the general public). Lyon, France.

2013 3 months of weekly interventions (2h/week) in a primary school on several
scientific subjects. Via the organisation la main à la pâte. Lyon, France.

A.10 Reviewing and Edition

Reviewing. I have a regular reviewing activity in signal processing journals such
as TSP, TSIPN, TIP, ACHA, OJSP, IMAJNA, SIIMS, TKDE, SP, SPL, JSPS,
and also Proba/Stats/Machine Learning journals such as JMLR, JASA, VMSTA,
Applied Probability, Bioinformatics, Constructive Approximation or PLOS One.
I also have a regular reviewing activity for signal processing conferences such as
ICASSP, GLOBALSIP, CAMSAP, EUSIPCO, GRETSI or other conferences from
other fields such as ISIT, ESA, Neurips ou ICLR.

Edition. I was co-editor, with my colleague Andreas Loukas, of a “special issue” of
the journal Algorithms entitled Efficient Graph Algorithms in Machine Learning.
This was before I was made aware of the predatory practices of MDPI. . .

Participation to jurys of PhD theses. I was examinator of two PhD theses:
M. Alexis GALLAND, ENS Paris (2020) and Mme. Yiye JIANG, IMB Bordeaux
(2022).
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A.11 Publication list

A.11.1 Some information on the ordering of the list of authors

• publications with a green code, such as [J14]: these are publications from
my students (are concerned PhD students: Cordonnier, Dall’Amico, Jaquard,
Pilavci and Badreddine; and a MsC student: Ghanem). In these cases, the
student is always first in the list and the advisors are in alphabetical order.
The participation to papers is proportional to the supervision participation
detailed in Section A.7. [J17] and [NC6] are exceptions to this rule: I only
participated to the data processing steps of these papers.

• publications with a red code, such as [J18]: there is no student in the list and
the ordering of authors reflects the effective participation to the paper.

A.11.2 International journals with review committee

[J20] Simon Barthelmé, Pierre-Olivier Amblard, Nicolas Tremblay, Konstantin Usevich.
Gaussian Process Regression in the Flat Limit. In Annals of Statistics, 2023.
[PDF]

[J19] Nicolas Tremblay, Simon Barthelmé, Konstantin Usevich, Pierre-Olivier Amblard.
Extended L-ensembles: a new representation for Determinantal Point Processes. In
Annals of Applied Probability, 2023. [PDF]

[J18] Simon Barthelmé, Nicolas Tremblay, Konstantin Usevich, Pierre-Olivier Amblard.
Determinantal Point Processes in the Flat Limit. In Bernoulli, 2023. [PDF]

[J17] Nagham Badreddine, Gisela Zalcman, Florence Appaix, Guillaume Becq, Nicolas
Tremblay, Frédéric Saudou, Sophie Achard and Elodie Fino. Spatiotemporal reorga-
nization of corticostriatal network dynamics encodes motor skill learning. In Cell
Reports, 2022. [PDF]

[J16] Lorenzo Dall’Amico, Romain Couillet, Nicolas Tremblay. Nishimori meets Bethe: a
spectral method for node classification in sparse weighted graphs. In Journal of
Statistical Mechanics: Theory and Experiment, 2021. [PDF] [Code]

[J15] Lorenzo Dall’Amico, Romain Couillet, Nicolas Tremblay. A unified framework for
spectral clustering in sparse graphs. In Journal in Machine Learning Research,
2021. [PDF] [Code]

[J14] Yusuf Y. Pilavci, Pierre-Olivier Amblard, Simon Barthelmé, Nicolas Tremblay. Graph
Tikhonov regularization and interpolation via random spanning forests. In Trans-
actions on Signal and Information Processing over Networks, 2021. [PDF]
[Code]

[J13] Nicolas Tremblay, Simon Barthelmé, Pierre-Olivier Amblard. Determinantal Point
Processes for Coresets. In Journal of Machine Learning Research, 2019. [PDF]
[Code]

[J12] Benjamin Ricaud, Pierre Borgnat, Nicolas Tremblay, Paulo Goncalves, Pierre Van-
dergheynst. Fourier could be a data scientist: From graph Fourier transform to
signal processing on graphs. In CRAS (Compte-Rendus de l’Académie des
Sciences), 2019. [PDF]

https://arxiv.org/pdf/2201.01074.pdf
https://projecteuclid.org/journals/annals-of-applied-probability/volume-33/issue-1/Extended-L-ensembles--A-new-representation-for-determinantal-point/10.1214/22-AAP1824.short
https://projecteuclid.org/journals/bernoulli/volume-29/issue-2/Determinantal-point-processes-in-the-flat-limit/10.3150/22-BEJ1486.short
https://www.sciencedirect.com/science/article/pii/S2211124722003710/pdfft?md5=05efdad06d6f8916bc6df7a85d0bc507&pid=1-s2.0-S2211124722003710-main.pdf
https://arxiv.org/pdf/2103.03561.pdf
https://github.com/lorenzodallamico/NishimoriBetheHessian
https://jmlr.org/papers/volume22/20-261/20-261.pdf
http://lorenzodallamico.github.io/codes/SC_sparse_2020.zip
https://hal.archives-ouvertes.fr/hal-03012192/document
https://y2p.github.io/files/codes/rsf_journal_codes.tar.xz
http://jmlr.org/papers/volume20/18-167/18-167.pdf
https://gricad-gitlab.univ-grenoble-alpes.fr/tremblan/dpp4coresets.jl
https://hal.inria.fr/hal-02304584/document
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[J11] Simon Barthelmé, Pierre-Olivier Amblard, Nicolas Tremblay. Asymptotic Equiva-
lence of Fixed-size and Varying-size Determinantal Point Processes. In Bernoulli,
2019. [PDF] [Code]

[J10] Nicolas Tremblay. Independent reanalysis of alleged mind-matter interaction in double-
slit experimental data. In PLOS One, 2019. [PDF] [Code]

[J9] Luc Le Magoarou, Rémi Gribonval, Nicolas Tremblay. Approximate Fast Graph
Fourier Transforms via multi-layer sparse approximations. In Transactions on
Signal and Information Processing over Networks, 2018. [PDF] [Code]

[J8] Gilles Puy, Nicolas Tremblay, Rémi Gribonval, Pierre Vandergheynst. Random sam-
pling of bandlimited signals on graphs. In Applied and Computational Har-
monic Analysis, 2018. [PDF] [Code]

[J7] Rasha Boulos, Nicolas Tremblay, Alain Arneodo, Pierre Borgnat, Benjamin Audit.
Multi-scale structural community organisation of the human genome. In Bioinfor-
matics, 2017. [PDF]

[J6] Nicolas Tremblay, Pierre Borgnat. Subgraph-based Filterbanks for Graph Signals. In
Transactions on Signal Processing, 2016. [PDF] [Code]

[J5] Patrice Abry, Stéphane G. Roux, Herwig Wendt, Paul Messier, Andrew G. Klein,
Nicolas Tremblay, Pierre Borgnat, Stéphane Jaffard, Béatrice Vedel, Jim Coddington,
and Lee Ann Daffner. Multiscale Anisotropic Texture Analysis and Classification of
Photographic Prints. In Signal Processing Magazine, 2015. [PDF]

[J4] Nicolas Tremblay, Pierre Borgnat. Graph Wavelets for Multiscale Community Min-
ing. In Transactions on Signal Processing, 2014. [PDF] [Code]

[J3] Nicolas Tremblay, Alain Barrat, Cary Forest, Mark Nornberg, Jean-François Pinton
and Pierre Borgnat. Bootstrapping under constraint for the assessment of group
behavior in human contact networks. In Phys. Rev. E, 2013. [PDF]

[J2] Kévin Tse-Ve-Koon, Nicolas Tremblay, Doru Constantin and Eric Freyssingeas. Struc-
ture, thermodynamics and dynamics of the isotropic phase of spherical non-ionic sur-
factant micelles. In Journal of Colloid and Interface Science, 2013. [PDF]

[J1] Nicolas Tremblay, Eric Larose and Vincent Rossetto. Probing slow dynamics of con-
solidated granular multicomposite materials by Diffuse Acoustic Wave Spectroscopy
(DAWS). In Journal of the Acoustical Society of America, 2010. [PDF]

A.11.3 Book chapters

[CH3] Nicolas Tremblay, Andreas Loukas. Approximating Spectral Clustering via Sampling:
a Review. In book Sampling Techniques for Supervised or Unsupervised
Tasks, 2020. [PDF]

[CH2] Nicolas Tremblay, Paulo Gonçalves, Pierre Borgnat. Design of graph filters and
filterbanks. In book Cooperative and Graph Signal Processing, 2018. [PDF]

[CH1] Pierre Borgnat, Céline Robardet, Patrice Abry, Patrick Flandrin, Jean-Baptiste
Rouquier, Nicolas Tremblay. A Dynamical Network View of Lyon’s Vélo’v Shared
Bicycle System. In book Dynamics On and Of Complex Networks, 2013. [PDF]

https://projecteuclid.org/journals/bernoulli/volume-25/issue-4B/Asymptotic-equivalence-of-fixed-size-and-varying-size-determinantal-point/10.3150/18-BEJ1102.full
https://gricad-gitlab.univ-grenoble-alpes.fr/barthesi/dpp.jl
https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0211511
https://osf.io/ywktp
https://hal.archives-ouvertes.fr/hal-01416110/document
https://faust.inria.fr/
http://arxiv.org/pdf/1511.05118v2.pdf
http://grsamplingbox.gforge.inria.fr/
https://bmcbioinformatics.biomedcentral.com/track/pdf/10.1186/s12859-017-1616-x?site=bmcbioinformatics.biomedcentral.com
http://arxiv.org/pdf/1509.05642v4.pdf
https://www.ntremblay.cnrs.fr/files/CoSubFB_toolbox.zip
https://www.ntremblay.cnrs.fr/papers/SPMAG2015.pdf
https://www.ntremblay.cnrs.fr/papers/TSP2014.pdf
https://www.ntremblay.cnrs.fr/files/MSCD_Wav_BETA.tar.gz
https://www.ntremblay.cnrs.fr/papers/PRE.pdf
https://www.ntremblay.cnrs.fr/papers/COLLOIDS2012.pdf
https://www.ntremblay.cnrs.fr/papers/JASA2010.pdf
https://arxiv.org/abs/1901.10204.pdf
https://arxiv.org/abs/1711.02046
https://www.ntremblay.cnrs.fr/papers/Velov_chapter
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A.11.4 International conferences with review committee

[IC24] Simon Barthelmé, Nicolas Tremblay, Pierre-Olivier Amblard. A Faster Sampler for
Discrete Determinantal Point Processes. In AISTATS, 2023. [PDF] [Code]

[IC23] Hugo Jaquard, Michaël Fanuel, Pierre-Olivier Amblard, Rémi Bardenet, Simon Barthelmé,
Nicolas Tremblay. Smoothing complex-valued signals on Graphs with Monte-Carlo.
In ICASSP, 2023. [PDF] [Code]

[IC22] Yusuf Y. Pilavci, Pierre-Olivier Amblard, Simon Barthelmé, Nicolas Tremblay. Vari-
ance Reduction in Stochastic Methods for Large-scale Regularised Least-square Prob-
lems. In EUSIPCO, 2022. [PDF] [Code]

[IC21] Hashem Ghanem, Nicolas Keriven, Nicolas Tremblay. Fast graph kernel with optical
random features. In ICASSP, 2021. [PDF] [Code]

[IC20] Lorenzo Dall’Amico, Romain Couillet, Nicolas Tremblay. Community detection in
sparse time-evolving graphs with a dynamical Bethe-Hessian. In Neurips, 2020.
[PDF] [Code]

[IC19] Yusuf Y. Pilavci, Pierre-Olivier Amblard, Simon Barthelmé, Nicolas Tremblay. Smooth-
ing graph signals via random spanning forests. In ICASSP, 2020. [PDF] [Code]

[IC18] Lorenzo Dall’Amico, Romain Couillet, Nicolas Tremblay. Optimal Laplacian Regu-
larization for Sparse Spectral Community Detection. In ICASSP, 2020. [PDF]

[IC17] Lorenzo Dall’Amico, Romain Couillet, Nicolas Tremblay. Revisiting the Bethe-
Hessian: Improved Community Detection in Sparse Heterogeneous Graphs. In
Neurips, 2019. [PDF] [Code]

[IC16] Pierre-Olivier Amblard, Simon Barthelmé, Nicolas Tremblay. Subsampling with k
determinantal point processes for estimating statistics in large data sets. In SSP,
2018.

[IC15] Luc Le Magoarou, Nicolas Tremblay, Rémi Gribonval. Analyzing the Approximation
Error of the Fast Graph Fourier Transform. In ASILOMAR, 2017. [PDF] [Code]

[IC14] Nicolas Tremblay, Pierre-Olivier Amblard, Simon Barthelmé. Graph Sampling with
Determinantal Processes. In EUSIPCO, 2017. [PDF]

[IC13] Nicolas Keriven, Nicolas Tremblay, Yann Traonmilin, Rémi Gribonval. Compressive
K-means. In ICASSP, 2017. [PDF] [Code]

[IC12] Nicolas Tremblay, Gilles Puy, Rémi Gribonval, Pierre Vandergheynst. Compressive
Spectral Clustering. In ICML, 2016. [PDF] [Code]

[IC11] Nicolas Tremblay, Gilles Puy, Pierre Borgnat, Rémi Gribonval, Pierre Vandergheynst.
Accelerated Spectral Clustering Using Graph Filtering of Random Signals. In ICASSP,
2016. [PDF]

[IC10] Nicolas Tremblay, Pierre Borgnat. Joint Filtering of Graph and Graph-Signals. In
ASILOMAR, 2015. [PDF]

[IC9] Pierre Borgnat, Paulo Gonçalves, Nicolas Tremblay, Nathanaël Willaime-Angonin.
Community Mining with Graph Filters for Correlation Matrices. In ASILOMAR,
2015. [PDF]

[IC8] Stéphane Roux, Nicolas Tremblay, Pierre Borgnat, Patrice Abry, Herwig Wendt, Paul
Messier. Multiscale Anisotropic Texture Unsupervised Clustering for Photographic
Paper. In WIFS, 2015. [PDF]

https://arxiv.org/pdf/2210.17358.pdf
https://github.com/dahtah/DPP.jl/tree/main/misc/sampling_paper
https://arxiv.org/pdf/2210.08014.pdf
https://gricad-gitlab.univ-grenoble-alpes.fr/tremblan/mtsf_for_graph_smoothing
https://arxiv.org/pdf/2110.07894.pdf
https://github.com/hashemghanem/OPU_Graph_Classifier
https://arxiv.org/pdf/2010.08270.pdf
https://github.com/hashemghanem/OPU_Graph_Classifier
https://proceedings.neurips.cc/paper/2020/file/54391c872fe1c8b4f98095c5d6ec7ec7-Paper.pdf
http://lorenzodallamico.github.io/codes/Neurips2020.zip
https://arxiv.org/abs/1910.07963
https://www.ntremblay.cnrs.fr/files/graph_smoothing_via_RSF.zip
https://www.ntremblay.cnrs.fr/papers/icassp2020.pdf
http://papers.nips.cc/paper/8658-revisiting-the-bethe-hessian-improved-community-detection-in-sparse-heterogeneous-graphs.pdf
http://lorenzodallamico.github.io/codes/Neurips2019.zip
https://arxiv.org/abs/1711.00386
https://faust.inria.fr/
https://arxiv.org/pdf/1703.01594.pdf
https://arxiv.org/pdf/1610.08738.pdf
http://sketchml.gforge.inria.fr/
http://arxiv.org/pdf/1602.02018v2.pdf
http://cscbox.gforge.inria.fr/
http://arxiv.org/pdf/1509.08863v1.pdf
https://www.ntremblay.cnrs.fr/papers/Asilomar15_filterbanks.pdf
https://www.ntremblay.cnrs.fr/papers/ASILOMAR2015_corr_mat.pdf
https://www.ntremblay.cnrs.fr/papers/WIFS2015.pdf
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[IC7] Nicolas Tremblay, Pierre Borgnat and Patrick Flandrin. Graph Empirical Mode
Decomposition. In EUSIPCO, 2014. [PDF]

[IC6] Nicolas Tremblay, Pierre Borgnat. Multiscale Community Mining in Networks Using
the Graph Wavelet Transform of Random Vectors. In GlobalSIP, 2013. [PDF]

[IC5] Nicolas Tremblay, Pierre Borgnat. Multiscale Detection of Stable Communities
Using Wavelets on Networks. In European Conference on Complex Systems,
2013. [PDF]

[IC4] Nicolas Tremblay, Pierre Borgnat. Multiscale Community Mining in Networks Using
Spectral Graph Wavelets. In EUSIPCO, 2013. [PDF]

[IC3] Romain Fontugne, Nicolas Tremblay, Pierre Borgnat, Patrick Flandrin et Hiroshi
Esaki. Mining anomalous electricity consumption using ensemble empirical mode
decomposition. In ICASSP, 2013. [PDF]

[IC2] Romain Fontugne, Jorge Ortiz, Nicolas Tremblay, Pierre Borgnat, Patrick Flandrin,
Kensuke Fukuda, David Culler and Hiroshi Esaki. Strip, Bind, and Search: A
Method for Identifying Abnormal Energy Consumption in Buildings. In IPSN,
2013. [PDF]

[IC1] Nicolas Tremblay, Alain Barrat, Cary Forest, Mark Nornberg, Jean-François Pinton
et Pierre Borgnat. European Conference on Complex Systems. In European
Conference on Complex Systems, 2012. [PDF]

A.11.5 National conferences with review committee

[NC10] Matthieu Cordonnier, Nicolas Keriven, Nicolas Tremblay, Samuel Vaiter. Conver-
gence of Graph Neural Networks with generic aggregation functions on random graphs.
In GRETSI, 2023. [PDF]

[NC9] Yusuf Y. Pilavci, Pierre-Olivier Amblard, Simon Barthelmé, Nicolas Tremblay. Vari-
ance Reduction for Inverse Trace Estimation via Random Spanning Forests. In
GRETSI, 2022. [PDF]

[NC8] Pierre-Olivier Amblard, Simon Barthelmé, Nicolas Tremblay, Konstantin Usevich.
Mesures d’indépendance dans des rkHs en limite plate. In GRETSI, 2022. [PDF]

[NC7] Simon Barthelmé, Nicolas Tremblay, Alexandre Gaudillière, Luca Avena, Pierre-
Olivier Amblard. Estimating the inverse trace using random forests on graphs. In
GRETSI, 2019. [PDF]

[NC6] Guillaume Becq, Nagham Badreddine, Nicolas Tremblay, Florence Appaix, Gisela
Zalcman, Elodie Fino, Sophie Achard. Classification de types de neurones à partir
de signaux calciques. In GRETSI, 2019. [PDF]

[NC5] Lorenzo Dall’Amico, Romain Couillet, Nicolas Tremblay. Classification spectrale par
la laplacienne déformée dans des graphes réalistes. In GRETSI, 2019. [PDF]

[NC4] Nicolas Tremblay, Simon Barthelmé, Pierre-Olivier Amblard. Échantillonnage de
signaux sur graphes via des processus déterminantaux. In GRETSI, 2017. [PDF]

[NC3] Nicolas Tremblay, Stéphane Roux, Pierre Borgnat, Patrice Abry, Herwig Wendt, Paul
Messier. Texture classification of photographic papers: improving spectral clustering
using filterbanks on graphs. In GRETSI, 2015. [PDF]

https://www.ntremblay.cnrs.fr/papers/EUSIPCO2014.pdf
https://ntremblay.cnrs.fr/papers/Globalsip.pdf
https://www.ntremblay.cnrs.fr/papers/ECCS2013.pdf
https://www.ntremblay.cnrs.fr/papers/EUSIPCO2013.pdf
https://www.ntremblay.cnrs.fr/papers/ICASSP2013.pdf
https://www.ntremblay.cnrs.fr/papers/IPSN2013.pdf
https://www.ntremblay.cnrs.fr/papers/ECCS2012.pdf
https://gretsi.fr/data/colloque/pdf/2023_cordonnier1218.pdf
https://arxiv.org/pdf/2206.07421.pdf
https://hal.archives-ouvertes.fr/hal-03702856/document
https://arxiv.org/abs/1905.02086
https://hal.archives-ouvertes.fr/hal-02528364/file/gretsi_2019.pdf
https://hal.archives-ouvertes.fr/hal-02153901/document
https://arxiv.org/pdf/1704.02239.pdf
https://www.ntremblay.cnrs.fr/papers/GRETSI2015_photo.pdf
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[NC2] Rasha Boulos, Nicolas Tremblay, Alain Arnéodo, Pierre Borgnat, Benjamin Audit.
Applications des ondelettes sur graphe en génomique. In GRETSI, 2015. [PDF]

[NC1] Nicolas Tremblay, Pierre Borgnat. Partitionnement multi-échelle d’un graphe en
communautés : détection des échelles pertinentes. In GRETSI, 2013. [PDF]

A.11.6 Codes

Many of my publications are associated to code libraries, that I put online for the
community, both on my website and on specialized websites. To access these codes,
the simplest is to click on the “[Code]” links when they appear in the above list of
publications, or visit my dedicated webpage on my website.

These codes enable in general to reproduce the figures presented in the papers
and are written in Matlab (2011-2017), Python (2017-2021), or in Julia (2020-now).

https://www.ntremblay.cnrs.fr/papers/GRETSI2015_udomains.pdf
https://www.ntremblay.cnrs.fr/papers/GRETSI2013.pdf
https://ntremblay.cnrs.fr/index.php?page=software
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