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Estimations du spectre discret des opérateurs définis par des matrices in-
finies non-bornées et le modéle quantique de Rabi

Résumé

Le modéle quantique de Rabi, décrivant les interactions entre un systéme & deux
niveaux et un mode du champ quantique, est considéré comme un modéle fondamental dans
l'optique quantique, I’électrodynamique de circuits, ’étude de qubits supraconducteurs
etc. L’objectif de cette thése est une étude des valeurs propres des opérateurs auto adjoints
définis par le modéle quantique de Rabi.

Une partie de la thése est consacrée & I’étude asymptotique des grandes valeurs propres
pour le modéle quantique de Rabi avec un paramétre supplémentaire €, appelé le biais du
modéle. On décrit le comportement asymptotique de la n-iéme valeur propre avec 'erreur
O(n~'21nn) lorsque n tend vers Pinfini. Il s’avére que certaines valeurs de € présentent
une difficulté supplémentaire due au fait que ’on doit considérer une perturbation de
valeurs propres doubles et dans ce cas la formule asymptotique comporte un terme oscillant
d’ordre n=1/4. Ces résultats sont nouveaux dans le cas € # 0. On obtient aussi des résultats
analogues pour le modéle de Rabi & deux photons. L’estimation d’erreur O(n~! Inn) pour
ce modéle est nouveau méme dans le cas € = 0 et la formule asymptotique a trois termes
peut étre considérée comme une généralisation de ’approximation de ’onde tournant pour
le modéle de Rabi & deux photons.

Une autre partie de la thése est consacrée a la théorie des perturbations pour une
classe des opérateurs définis dans 1’espace de Hilbert des suites de carré sommable par
des matrices tridiagonales non bornées. Afin d’étudier la qualité de ’approximation du
modéle de Rabi par le modéle de Jaynes-Cummings (’approximation de I’onde tournant)
on s’intéresse au comportement des valeurs propres en fonction du paramétre de couplage
dans le cas de la perturbation des valeurs propres doubles. Grace & un développement de la
théorie de perturbations quasi-dégénérées de Schrieffer-Wolff, on obtient des estimations
explicites du rayon de convergence de la série perturbative et des estimations d’erreur.

Mots clés : spectre discret, valeurs propres, asymptotiques, matrices infinies, opérateur
auto-adjoint, modéle de Rabi



Estimates of discrete spectrum of operators defined by unbounded infinite
matrices and the quantum Rabi model

Abstract

The quantum Rabi model, which describes the interactions between a two-level system
and a single-mode quantum field, is considered as a fundamental model in quantum optics,
circuits quantum dynamics, analysis of superconducting qubits etc. The aim of this thesis
is to study eigenvalues of self-adjoint operators defined by the quantum Rabi model.

The first part of the thesis is devoted to the asymptotic analysis of large eigenvalues of
the quantum Rabi model with an additional parameter ¢, called the bias of the model. We
give the asymptotic behavior of the n-th eigenvalue with error of the form O(n="/2Inn)
as n tends to infinity. It appears that some values of € present an additional difficulty due
to the fact that one must consider the perturbations of double eigenvalues and, in this
case, the asymptotic formula contains an oscillating term of order n='/4. These results
are new in the case € # 0. We also obtain analogue results for the two-photon quantum
Rabi model. The error estimate O(n~!Inn) for this model is new even in the case € = 0
and the three-term asymptotic formula can be considered as a generalized rotating wave
approximation for the two-photon quantum Rabi model.

Another part of the thesis is devoted to the perturbation theory for operators defined
in the Hilbert space of square summable sequences by means of tridiagonal unbounded
matrices. In order to study the quality of the approximation of the quantum Rabi model
by the JaynesCummings model (the rotating wave approximation), we are interested in
the dependence of the eigenvalues on the coupling constant in the case of perturbations
of double eigenvalues. Thanks to a development of the Schrieffer-Wolff theory of quasi-
degenerate perturbations, we obtain explicit estimates of the convergence radius of the
perturbation series and explicit error estimates.

Keywords : discrete spectrum, eigenvalues, asymptotics, infinite matrices, self-adjoint
operator, Rabi model
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CHAPITRE 1 : Introduction

1.1 L’étude asymptotique des opérateurs tridigonaux non
bornés

Considérons la matrice tridiagonale infinie de la forme

di by 0 0
al d2 bQ 0
J=10 ax d3 by --- (1)

0 0 as d4

ot (di)72q, (ak)?2, et (bg)72, sont des suites complexes données. Alors par définition, la
matrice J définit une application linéaire CN° — CN" par la formule
{(jl‘)l = d1$1 + blxg, (2)

(Jx)k = ag_12k—1 + dxTk + bpTpy1.

Les matrices tridiagonales infinies sont trés utiles dans de nombreux problémes de ma-
thématiques et d’applications. Des recherches liées & ces matrices sont ménées dans les
domaines tels que la théorie des équations différentielles, ’analyse numérique et la théorie
des polynomes orthogonaux (voir par exemple [9], [21], [122], [128]). En particulier, on peut
mentionner les connexions avec les polynémes orthogonaux formels sur le plan complexe,
I’équation et les fonctions de Mathieu, ’équation d’Hill, ’équation d’Ince et les fonctions
de Bessel : voir |7, 8, 10, 37, 63, 118, 129] et [136].

Elles jouent également un roéle trés important dans certains problémes de physique
mathématiques, notamment en physique du solide et en optique quantique. Dans la suite,
nous allons donner des exemples des problémes de la physique ot les matrices Jacobi non
aléatoires apparaissent.

1.1.1 Analyse spectrale d’un opérateur défini par une matrice tridia-
gonale

Dans la suite, nous nous limitons au cas ou la matrice (1) définit un opérateur linéaire
J agissant dans I’espace des suites carrées sommables £2, c’est-a-dire .J : Dom(J) — £2 est
défini comme la restriction de J a

Dom(J) := {(x)5%, € 2 : (Jz)32, € 2}

et 'objet de notre étude est le spectre de J.

Plusieurs auteurs ont étudié le cas de la matrice hermitienne (c’est-a-dire d € R
et by = aj pour tout k& € N*) et en particulier le cas ou les coefficients sont réels.
L’opérateur J est alors souvent appelé 'opérateur de Jacobi (voir [122]). Dans le contexte
non aléatoire, les propriétés spectrales des opérateurs de Jacobi ont été étudiées entre
autres par J. Dombrowski ([40], [41], [39]), J. Janas et S. Naboko ([78], [70], [71], [72], [67],
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[73], [74], [99], [76], [101], [24], [77], [101],[102], [26], [100]). Les propriétés spectrales des
matrices tridagonales non symétriques ont été étudiées par Beckermann et Kaliaguine
(|7, 8]), Djakov et Mityagin ([37, 38]), Egorova et Golinskii (|45, 44]) et d’autres (voir, par
exemple (94, 10, 56, 63, 69, 118, 129]). Cependant, la recherche des propriétés spectrales
des opérateurs tridiagonaux non auto-adjoints est dure parce que la structure des suites
complexes peut étre plus compliquée que la structure des suites réelles. En outre le
théoréme spectral et ses conséquences échouent dans ce cas, et par conséquent les méthodes
de recherche efficaces pour les opérateurs non auto-adjoints utilisent les projections de
Riez au lieu du Théoréme spectral (voir [38, 75]).

En particulier (voir [67], [22]), si la matrice de J est hermitienne et la partie hors
diagonale est majorée par la diagonale dans le sens de la condition suivante :

d2
lim inf k

—— s > 2. 3
k—o0 |ak|2 + |ak_1|2 ( )

alors 'opérateur J est auto-adjoint. La condition (3) assure que J est une perturbation de
diag(dy )32, avec borne relative strictement inférieur & 1. Si en plus on suppose que

dk — 00, (4)
k—o0

alors I'opérateur diagonal diag(dy)72 ; est un opérateur a résolvente compacte et le spectre
de J est discret (c’est-a-dire le spectre se compose de valeurs propres isolées de multiplicité
finie) et inférieurement borné. Ainsi les valeurs propres de J pouvant étre ordonnées dans
I'ordre croissant et suivant la convention usuelle on désigne par (A, (J))s2; la suite des
valeurs propres de J disposées dans ’ordre croissant et répétées selon leur multiplicité. Il
est bien connu qu’il est parfois possible de calculer des formules exactes pour les valeurs
propres des matrices de Jacobi (voir, par exemple, [68, 43, 97]), mais ce n’est pas possible
en général et il est naturel de poser la question d’une approximation des valeurs propres
de J. De nombreuses méthodes ont été utilisées pour traiter le probléme du comportement
asymptotique de valeurs propres de J, en essayant de trouver des résultats optimaux.
Dans ce qui suit, on suppose que la matrice (1) est hermitienne, les conditions (3) et (4)
sont satisfaites et on mentionne quelques résultats obtenus par des différentes méthodes
d’aborder le probléme en question.

Pour commencer la présentation de recherches sur le comportement asymptotique de
An(J) quand n tend vers Uinfini, on cite le travail fondamental de J. Janas et S. Naboko [75]
dans lequel les auteurs ont développé une approche appelée la méthode de diagonalisations
successives. Cette méthode est basée sur la construction d’une suite des transformations
qui permettent d’obtenir des opérateurs semblables a 'opérateur J et de plus en plus
proches d’un opérateur diagonal. A chaque étape suivante de la construction on obtient
un opérateur similaire au précédent et dont la partie diagonale permet de déterminer le
comportement asymptotiques des grandes valeurs propres de maniére plus précises que
précédemment.

Cette méthode a été appliquée dans [27] par Boutet de Monvel, Naboko et Silva pour
trouver I’asymptotique des valeurs propres du modéle de Jaynes-Cummings modifié, et par

3
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Janas et Malejki dans [68] et Malejki dans [91], pour trouver ’asymptotique des valeurs
propres d’une classe spéciale de matrice de Jacobi.

Dans larticle [75] les auteurs ont également expliqué pourquoi cette thématique de
recherches est trés importante pour la physique quantique et ils donnent un exemple
pratique d’un modeéle d’une molécule dans un champ électrique constant (voir Section
1.1.2).

L’idée de construire un opérateur semblable proche d’un opérateur diagonal avait été
déja utilisée pour étudier le comportement asymptotique de grandes valeurs propres du
probléme de Sturm-Liouville, mais c¢’est le travail remarquable de G. V. Rozenblum [111]
qui fait apparaitre I’idée d’approximations successives comme un outil fondamental pour
étudier 'asymptotique de grandes valeurs propres.

L’idée de controéler 'erreur asymptotique en construisant un opérateur semblable a
aussi été utilisée pour étudier les opérateurs issus de I'optique quantique (voir [124], [135],
[30], [31], [34], [33]).

Pour étudiér des différents types de problémes dans des espaces infinis, on utilise
souvent des stratégies d’approximation par des opérateurs agissant en dimension finie, en
raison du fait que de nombreux logiciels mathématiques fournissent des fonctionnalités
pour la solution des équations matricielles (voir par exemple [23, 84, 96]). Ainsi, il est
naturel de poser la question d’une approximation du spectre d’un opérateur par les valeurs
propres d’une certaine matrice finie correctement sélectionnée. Les méthodes projectives,
qui utilisent des sous-matrices finies pour étudier les propriétés spectrales des opérateurs
données par les matrices Jacobi infinies, ont été appliquées avec succés par Arveson
([3, 4]), Ifantis, Kokologiannaki et Petropoulou ([62]), Volkmer (|128]), Boutet de Monvel
et Zielinski (|98]), Malejki (93, 95]), P. Shivakumar, J. Williams et N.Rudraiah [119] et
d’autres.

Dans [30, 31], les auteurs ont utilisé une nouvelle méthode de ’approche du probléme
en considérant une simplification du probléme initiale par une troncature des lignes hors
diagonales avec le but de remplacer le probléme formulé dans ¢?(N) par le probléme
formulé dans ¢?(Z). L’avantage de 1'espace (*(Z) réside dans la possibilité d’utiliser les
séries de Fourier pour résoudre le probléme analogue. Ensuite, ils ont déduit le résultat
souhaité sur £2(N) grace & une comparaison de sous matrices du probléme formulé dans
(%(Z) avec celui dans £2(N) en utilisant le résultat de 'article [98].

La méthode de comparaison des valeurs propres des opérateurs de Jacobi agissant dans
¢%(Z) avec des valeurs propres de certains opérateurs différentiels ou pseudo-différentiels
sur le cercle unité, est une méthode permettant de controler ’erreur d’une formule asymp-
totique de maniére efficace dans certains cas. Cette méthode a été appliquée avec succeés
par Edward [43] dans les cas particuliers d’opérateurs agissant dans £(Z) et ensuite par
A. Boutet de Monvel et L. Zielinski dans ’étude de I'asymptotique des valeurs propres
pour des matrices de Jacobi agissant dans ¢?(N) dont 'origine est le modéle de Rabi &
deux photons. En utilisant le principe de min-max pour les opérateurs auto-adjoints, ils
ont réussi & réduire le probléme & 1’étude d’un opérateur agissant dans ¢?(7Z) qui peut
étre approché par un opérateur différentiel sur le cercle unité avec le contréle de ’erreur
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d’asymptotique basé sur le Lemme de Van der Corput (voir [120]).

Le probléme de I'asymptotique des grandes valeurs propres peut étre posé également
pour certaines classes des matrices tridiagonales définies par blocs. Dans ce cadre général,
des résultats ont été obtenus par Malejki (|93]), Braeutigam, Polyakov [16], Baskakov,
Garkavenko, Glazkova, Uskova et Zgolich ([6]).

Pour compléter cette présentation des résultats sur le théme du comportement asymp-
totique des valeurs propres des opérateurs de Jacobi, nous citons le travail de Masson,
Repka [97] sur un cas particulier d’opérateur agissant dans ¢?(Z) et les travaux sur la
densité des valeurs propres des matrices rationnelles [114, 35, 80].

1.1.2 Exemples de problémes liés aux opérateurs tridiagonaux dont le
spectre est discret

L’équation de Mathieu. Nous considérons le probléme de trouver A de telle sorte que
I’équation

w”(t) + (A — 2h% cos(2t))w(t) = 0
ait une solution impaire de période 7. En munissant L?(0,7/2) de la base orthonormale
(en)se; de la forme

en(t) = —— sin(2nt),

N3
le probléme initial est réduit au probléme de trouver une valeur propre A de 'opérateur de

Jacobi dont les coefficients sont
di, = 4k?,
a, = h?

()

L’équation des ondes sphéroidales. Le probléme de trouver une valeur propre A de I’équation
d’onde sphéroidale réduit & la recherche de \ tel que I’équation

(1=t (t) + (A +~4%(1 — %) m* ) w(t) =0, te][0,1],

ait une solution paire et bornée sur I'intervalle (—1,1) (72 est un paramétre réel donné et
m € N). En munissant L2(0, 1) de la base orthonormée (e,,)%; de la forme

| @n+1)(n—-m)! .,
en(t) —\/ R (t)

ot P est un polynome de Legendre, on réduit le probléme initial au probléme de trouver
les valeurs propres de 'opérateur de Jacobi J,,, dont les coefficients sont
(2k +m —2)(2k+m —1) — 1+ m?
(4k +2m — 5)(4k + 2m — 1) ’
V(2k — 1)2k+\/(2k + 2m — 1)(2k + 2m)
(4k + 2m — 3)\/(4k + 2m — 3)(4k + 2m + 1)

dp = (2k +m — 2)(2k +m — 1) — 2+>

5
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Le probléme de la recherche des valeurs propres de I’équation de Mathieu et de
I’équation des ondes sphéroidale est étudié dans l'article de Volkmer [128|. Gréace au
développement de la méthode de Rayliegh-Ritz, Volkmer a donné des estimations de
Pécart entre A\, (J) et la n-iéme valeur propre des matrices finies obtenues en tronquant la
matrice de 'opérateur J. L’estimation de I’erreur est obtenue en supposant que I’indice
n est fixe et elle n’est pas applicable a I’étude du comportement asymptotique de Ay, (J)
quand n — oo.

Les matrices de Whittaker—Hill. (Voir [89], chapitre 7 et voir [37]). Grace a la méthode de
Fourier ou la transformation de la jauge, le probléme se traduit de 'opérateur différentiel

y" + (acos 2z + beos 4x)y
a la matrice (1) avec les coefficients
dp =k ou(2k+1)?, bpy=t—k, etap=t+k,t>0fixe,
voir [126, 64, 89] pour plus de détails.

L’hamiltonien d’une molécule dans le champ électrique homogene. Dans le cas de modéles
de la physique quantique, ’hamiltonien du modéle physique est I’opérateur auto-adjoint
dont les valeurs propres correspondent aux niveaux d’énergie de systéme qui peuvent
étre mesurés expérimentalement. En comparant les propriétés théoriques des valeurs
propres de 'hamiltonien avec les données mesurées expérimentalement, la validité du
modéle en question peut étre testée. Dans le cas général, un modéle dépend d’un certains
nombres de paramétres physiques qui apparaissent dans le comportement asymptotique de
grandes valeurs propres. La connaissance du spectre de I’hamiltonien, grace aux données
expérimentales peut nous permettre d’obtenir des renseignements sur les valeurs des
paramétres physiques du modéle considéré.

Janas et Naboko dans 'article |75] donnent un exemple du modéle d’une molécule dans
un champ électrique constant. L’hamiltonien de ce modéle s’écrit sous la forme

L? 1 1
H= "4 (- —|L?- 6
o <2[3 21) : 9% (6)

ot L est I'opérateur du moment cinétique, L, sa projection sur 'axe de z, I, I3 sont

les moments d’inertie correspondants. En utilisant les fonctions sphériques généralisées
=0,1,... . <1y

(qb%, j)"ln% jim<n O peut exprimer les valeurs propres de H a ’aide des valeurs propres des

opérateurs de Jacobi J,, ; dont les coefficients sont donnés par

h? R /1 1 gmj
A= k(k—1)+ (=2 ) 2o 9
k= 5k )+2(13 I)J k(k — 1)

a = p VI — mA) - )

ou h est la constante de Planck.
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La méthode des diagonalisations successives utilisée dans Darticle [75] permet de
donner I'expression pour A, (Jp, ) avec précision O(n~3) quand n — oo.

Le modéle quantique de Rabi. L’hamiltonien quantique de Rabi décrit le plus simple modéle
d’interactions entre un champ de radiation monomode & fréquence w et un atome & deux
niveaux d’énergie. Le probéme du comportement asymptotique des valeurs propres de
I’hamiltonien de Rabi se réduit a I’étude des valeurs propres de matrice de Jacobi. Dans la
section 1.2, on donne plus des détails sur ce probléme.

1.1.3 L’historique des résultats sur ’asymptotique des grandes valeurs
propres

Dans cette section, nous présentons des résultats généraux trés importants dans le
probléme du comportement asymptotique des valeurs propres des opérateurs a spectre
discret, décrits et démontrés en détails dans les articles [75], [135] et [94].

Dans [75], J. Janas et S. Naboko ont montré un lemme fondamental concernant le
comportement asymptotique du spectre pour une perturbation compacte d’un opérateur
discret diagonal dont les éléments diagonaux sont distincts :

Lemme 1.1.1. (Lemme 2.1, Janas et Naboko [75]). Soit H un espace de Hilbert muni
d’une base orthonormale {e;}32, et soit D un opérateur diagonal auto-adjoint de la
forme Dep, = vrep ot les valeurs propres v sont simples et la suite vy — oo quand
k — co. Supposons de plus que |v; — v;| > €9 > 0 si j # i. Si R est un opérateur compact
(pas nécessairement auto-adjoint) sur H, alors le spectre de l'opérateur T = D + R
est discret et constitué des valeurs propres complexes \p,(T) qui vérifient ’estimation
M (T) = vy, + O(||R*en||) quand n — oo.

Ce lemme est essentiel pour les méthodes de diagonalisation. Les auteurs dans [75]
donnent le comportement asymptotique des valeurs propres pour une classe spéciale de
matrice de Jacobi dont les coefficients ont la forme

{ dr = k*> +c1k +cok™ + 3k 2+ O(k™2) @®

ar =g+ kTt + kT2 + O(k™?)

en utilisant la méthode de diagonalisations successives et le lemme 1.1.1.

En 2013, Yanovich dans [135] a utilisé le lemme 1.1.1 de Janas et Naboko dans sa
démonstration du théoréme 1.1.1 qui présente un nouveau résultat pour le probléme du
comportement asymptotique du spectre pour une perturbation non compacte et bornée
d’un opérateur discret diagonal.

Théoréme 1.1.1 (Théoréme 2.1, Yanovich [135]). Soit {e,, : n > 1} une base orthonormée
dans l'espace de Hilbert H et D ['opérateur auto-adjoint vérifiant De,, = ne, pour tout
n € N. Si R est un opérateur auto-adjoint borné et sa matrice Ry, j, dans la base {ey, : n > 1}
satisfait a la condition

lim R, ,+p =0 Vp € Z,

n—oo

7
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alors le spectre de lopérateur T = D + R est discret et la suite de ses valeurs propres
vérifie l’estimation suivante :

A(T) = pin + Ryn + O(sn) 9)

ou

|Rkn|2
sn= | D WAV
iz (n—k)

En 2014, Malejki (|94]) a généralisé le lemme 1.1.1 du Janas et Naboko a une classe
des matrices complexes dont les éléments diagonaux ne sont pas nécessairement distincts.
Pour définir ces classes des matrices on introduit la condition suivante

(CT') Soit 'y, n > 1 une suite de courbes fermées sur C et supposons qu’il existe une
suite (py,) non négative telle que

{zeC:|z| <p,} Cintl, n>1,

et
| : _
lim — =0, lim p, =+o0,

n—oco p% n—oo

ou intl",, désigne I’ensemble entouré de I, et |T';,| dénote la longueur de T'),.

Théoréme 1.1.2 (Théoréme 4.1, Malejki [94]). Soit {e,, : n > 1} une base orthonormée
dans Uespace de Hilbert H et D 'opérateur auto-adjoint vérifiant De,, = d,e, pour tout
n € N. Supposons que la suite compleze (d,,)?2, satisfaite auzx conditions suivantes :

1. |dy, — dg| > €0 > 0 pour d,, # di;

2. I eziste une suite de courbes de Jordan fermées {I'y, }n>1, vérifiant (CL), telle que

dist(Ty,,dy) > eo/4  pour k,n>1

[ D =NTEd <0 nz
r

n

ot g9, C' > 0 sont indépendants de n.

Soit K un opérateur compact dans H et T = D + K. Alors le spectre de T est discret
et constitué des valeurs propres complexes A\, (T'), n > 1, qui peuvent étre arrangées de
fagon a ce que ’on ait la formule asymptotique

M(T) = d, + O(||K*P,||) quand n — oo,

ot P, désigne la projection orthogonale sur l’espace de dimension finie engendré par

{ek : dn = dk}
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Dans [94], Pauteur a donné quelques exemples dans lesquels la suite complexe (d,)02
vérifie les hypothéses du théoréme 1.1.2,

ldn+1]+|dn|

o
1. |dp+1| > |dn| pour n > ng, lim, o0 |d,| = +o0 et ((Idn+1\—|dn|)2)n—1 est bornée;

3.d, = €, ([%HD (1—1—0(%)), len| = € pour n > 1, avec @ > 1 et (e,) est une
suite périodique dont la période est égale a T, €, # e, pour n # k, et k,n=1,...,T, et
[*] =max{k € N: k <z} pour z € R.

1.2 Probléme du comportement asymptotique des valeurs
propres du QRM

1.2.1 Modéle de Rabi

Le modéle quantique de Rabi a été introduit a la fin des années 30 par Isidor Rabi
([105], [106]) pour étudier le comportement d’un spin nucléaire dans un champ magnétique
tournant lors d’expériences de résonance magnétique nucléaire (RMN). Rabi a construit
son modéle semi-classique de la matiére, la matiére traitée quantiquement et le champ
classiquement. Dans une expérience de RMN, le spin nucléaire est d’abord plongé dans
un champ magnétique homogéne et constant pour lever la dégénérescence des niveaux
"spin down" et "spin up", par effet Zeeman. Un champ magnétique tournant est ensuite
ajouté, ce qui induit des transitions entre les états de spin. C’est le couplage avec ce
second champ que le modéle de Rabi décrit. Une version totalement quantique peut étre
obtenue en quantifiant également le champ électromagnétique et sa version la plus simple
suppose en outre qu’il est monomode. Il s’agit de la facon la plus simple de coupler un
systéme & deux niveaux & un seul mode du rayonnement. C’est pour cette raison que ce
modéle est considéré comme le modéle le plus fondamental, populaire et réussi pour étudier
Iinteraction entre la matiére et le rayonnement électromagnétique. Par conséquent le QRM
occupe une place cruciale dans différents domaines de la physique, notamment en optique
quantique [52]. 11 est utilisé pour décrire I'interaction entre le champ électrique d’une
cavité électromagnétique et deux niveaux électroniques d’un atome [107, 132] ou encore
I'interaction entre un circuit supraconducteur et un résonateur électronique [90, 13, 18].
Il peut par ailleurs étre réalisé dans de nombreux systémes physiques, y compris les ions
piégés [85], les points quantiques [48] et les systémes quantiques hybrides [130, 5, 66].

Dans les années 60, Jaynes et Cummings ont proposé un modeéle simplifié [79] qui
revient a négliger le terme counter-rotating (CRT), sous I'approximation dite "’onde
tournante" (Rotating Wave Approximation- RWA). Le QRM est parfois appelé modéle de
Jaynes-Cummings sans RWA. L’approximation de ’onde tournante n’est valable que dans
I’hypotheése ou la constante de couplage est faible par rapport aux autres fréquences du
systéme, c’est le cas dans les expériences d’atomes en cavité dans les domaines optique et
micro-onde. Dans les années 80, avec ’avénement, dans des expériences des circuits supra-
conducteurs caractérisés par des couplages intenses, I’approximation de ’onde tournante
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RWA a été mise a défaut [103]. Dans ce cas, le CRT ne peut étre négligé. Par conséquence,
de nombreux effets intéressants induits par le CRT apparaissent. En conclusion, les déve-
loppements technologiques ont ravivé 'intérét pour le modéle Rabi et ses termes CRT, qui
peuvent jouer un role trés important dans les circuits supraconducteurs.

La connaissance de valeurs propres de I’hamiltonien de QRM, qui définissent les
niveaux d’énergie du systéme, est cruciale. D’une part, pour tester la validité du modéle
de maniére expérimentale et d’autre part, & déterminer les valeurs de paramétres du
modeéle testé dans une expérience donnée. Il est bien connu que parfois, il est possible
de calculer les formules exactes des valeurs propres mais ce n’est pas possible en général.
Ainsi, des approches asymptotiques doivent étre appliquées. L’étude du comportement
asymptotique des grandes valeurs propres de différents modéles de Rabi a été mentionné
dans de nombreuses recherches physiques (voir par exemple [50], [86], [109], [134]), mais
l’analyse mathématique de cette question a été initiée par E. A. Yanovich dans [123], [124],
[135], et A. Boutet de Monvel, S. Naboko, L. O. Silva dans [27], [28] et a été poursuivie par
A. Boutet de Monvel et Zielinski dans [31], [34], [30], [33] et elle fait I'objet de cette thése.

1.2.2 Structure de I’hamiltonien de Rabi

Tout systéme quantique est caractérisé par son hamiltonien, qui est 'opérateur associé
a I’énergie totale du systéme. Le modéle de Rabi quantique décrit 'interaction entre un
systéme a deux niveaux et un champ. Alors 'hamiltonien du modéle de Rabi sera composé
de trois termes : un terme qui se référe au systéme a deux niveaux, un terme qui décrit le
mode quantique de champ et un dernier terme qui donne le couplage entre eux. Il existe
une multitude de généralisations du modéle de Rabi, selon les expériences et les réalisation.
On présente dans cette section les différentes formes du modéle de Rabi étudiés dans cette
thése.

L’hamiltonien du modéle de Rabi quantique & deux photons est décrit dans la définition
1.2.1-(c). C’est une extension évidente de I’hamiltonien du modéle de Rabi original donné
dans la définition 1.2.1-(a), ot les transitions atomiques sont induites par I’absorption et
I’émission de deux photons plutét qu’un seul. Ces processus optiques non linéaires ont
suscité un intérét considérables [116, 131], avec des applications telles que les lasers a
deux photons et la bistabilité & deux photons [109]. On peut les réaliser pour des atomes
de Rydberg dans des cavités supraconductrices hyperfréquences [12, 17| et des boites
quantiques [121, 36].

Un modéle plus général est décrit dans la définition 1.2.1-(d). On Pappelle le QRM avec
un biais statique fini ou le modéle de Rabi quantique asymétrique (AQRM). Ce modéle
attire I’attention en relation avec des expériences récentes de couplage ultra-fort par des
circuits supraconducteurs [133, 82]. En fait, les expériences avec un faisceau laser dans la
cavité concerne le QRM avec un force de couplage g ~ 1079, tandis que des expériences
avec des circuits qubits peuvent atteindre la valeur g ~ 107! et le biais statique € apparait
en raison de l'effet tunnel entre les deux états courants [61]. Dans I’absence de biais e,
I’AQRM se réduit au modeéle quantique de Rabi. Ce modéle a été étudié dans plusieurs
travaux (voir par exemple [14], [20], [88] et [133]).

10
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Un QRM généralisé, a un et deux photons, dans la définition 1.2.1-(f), a été pris en
compte dans les réalisations expérimentales du circuit quantique électrodynamique (QED)
par exemple [11] et [49]. Plus récemment, Pedernales et al. ont suggéré qu’un arriére-plan
d’un trou noir & (1 + 1)-dimension nécessite un QRM avec termes a un et deux photons qui
peuvent étre implémentés dans un ion piégé pour la simulation quantique des particules
de Dirac dans ’espace-temps courbe [104]. Ainsi, le QRM avec des couplages & un et deux
photons n’est pas seulement un modéle générique dans le circuit QED, mais a également
de larges applications dans le domaine de la recherche interdisciplinaire.

L’hamiltonien du Rayonnement monomode

L’état quantique accessible au mode de rayonnement est représenté par un vecteur
appartient a I’espace de Hilbert £2(N), de dimension infinie, dont la base canonique est
donnée par {e, }>,. Deux opérateurs a et a! décrivent respectivement ’annihilation et la
création d’un photon dans le mode. Ils sont définis sur #2(N) selon les formules

de, =+nen_1, dTen:\/n—i—lenH, n=0,1,2,...,

avec e_1 := 0.

L’hamiltonien du rayonnement monomode de fréquence w > 0 est défini dans £2(N) comme
un opérateur auto-adjoint donné par

© = hwila = hoN (10)
ou h est la constante de Planck et N = afa est I'opérateur du nombre vérifiant Ne,, = ne,
pour tout n € N.

L’hamiltonien du systéme & deux niveaux

On identifie les deux états propres du systéme avec la base canonique de C? et on
considére les opérateurs linéaires dans I’espace euclidien C? définis par

0 1 0 —i 1 0
UXZ:<1 0), ay::<i O)’ O‘Z::<O _1>, (11)

L’hamiltonien du systéme & deux niveaux, défini dans C? au moyen de la matrice 2 x 2,
s’écrit ]
Hiys = (A0 + €oz), (12)

ou A et € sont des paramétres réels.

L’hamiltonien d’interaction

L’hamiltonien d’interaction du modéle de Rabi & un photon est défini dans ’espace de
Hilbert C? ® ¢?(N) par
hgio, @ (a+ ab),

11
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otll g est la constante de couplage. En termes d’opérateurs d’élevation et d’abaissement,
o4 1= %(Uz + ioy), le terme d’interaction & un photon peut étre écrit comme la somme de
quatre termes :

hgios @ (a+a') = hgi(o- @ al + o @a) + hgi(oy @ 4" +0_ @ a) (13)

Les deux premiers, o_ ® a', o, ® @, sont dit résonants. o4 ® @ exprime ’excitation de
I’atome et la perte d’un photon, tandis que o_ ® a' représente le phénomeéne inverse. Les
termes 0, ® a' et 0_ ® @ sont dits non-résonants et représentent I’excitation de ’atome
et la création d’un photon pour le premier et la désexcitation de ’atome accompagné de
la destruction d’un photon du mode pour le second. Jaynes-Cummings [79] ont proposé
la RWA o1l les termes non-résonantes sont négligés. Le modéle simplifié résultant est
I’hamiltonien

Hyo = HSyq+ HY s + hgi(o- @ al + oy @ a), (14)

ot H¥ ; est donné par (10) et HY; ¢ est donné par (12) avec € = 0.

L’hamiltonien d’interaction du modéle de Rabi a un et deux photons est défini dans
I'espace de Hilbert C? ® ¢2(N) par

HI9? = hgio, ® (a+ ab) + hgoo, ® (a2 + (a1)?), (15)

oll g1 et go sont les constantes de couplage.

L’hamiltonien du modéle de Rabi

L’hamiltonien du modéle de Rabi qui nous intéresse dans cette thése est 'opérateur
auto-adjoint défini dans C? ® ¢2(N) de la forme

Ic> ® Hypg + Hipg @ Ipyy + H” (16)

avec H ; donné par (10), H%; g donné par (12) et H9* donné par (15).

a int
Définition 1.2.1. (a) L’hamiltonien du modéle de Rabi quantique (QRM) est défini par
la formule (16) avec g1 # 0,92 =0 et € = 0.
(b) L’hamiltonien de Jaynes-Cummings est donné par (14).

(¢) L’hamiltonien du modeéle de Rabi quantique & deux photons est défini par la formule
(16) avec g1 = 0,92 # 0 et € = 0.

(d) L’hamiltonien du modéle de Rabi quantique asymétrique (AQRM) ou c’est ce qu’on
appelle le QRM avec un biais statique fini, est 'opérateur défini par (16) avec g1 # 0,92 = 0
et e e R.

(e) L’hamiltonien du modéle de Rabi quantique asymétrique a deux photons est 1'opérateur
défini par (16) avec g1 = 0,92 # 0 et € € R.

(f) L’hamiltonien de QRM a un et deux photons est défini par la formule (16) avec g; # 0
et go # 0.

12
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1.2.3 Quelques systémes décrits par le modéle de Rabi

Dans cette section, nous décrivons briévement certaines réalisations expérimentales du
modéle quantique de Rabi dans des systémes physiques différents.

Atome unique dans une cavité

L’interaction entre un atome et un mode du champ électromagnétique peut étre décrite
par le modéle de Rabi. En supposant que seul une transition atomique soit couplée au
mode du champ, rendant ’atome modélisable par un systéme a deux niveaux, le niveau
fondamentale eg et le niveau excité e avec les énergies F, et E; respectivement. La cavité
est construite & I’aide de niobium supraconducteur miroirs marqués par C sur la figure 1.1,
et soutient un champ de rayonnement monomode de fréquence w. Dans I’approximation
dipolaire, I'interaction de ’atome et de la cavité peut étre décrite par I’hamiltonien défini
dans la définition (1.2.1)-(a) avec

E.—FE
A= Tg, g1 = dy/hw/2e0V

ot d est I’élément de matrice dipolaire pour la transition entre les deux niveaux et V est le
volume de la cavité.

FIGURE 1.1 — Le montage expérimental pour un seul atome dans une cavité. Des atomes de
Rydberg sont préparés dans un état particulier dans la boite B. Ces atomes passent dans
une cavité de Ramsey R1 avant de traverser la cavité principale C. Puis ils traversent la
cavité R2 alimentée comme R1 par une source micro-onde classique S. En D, un détecteur
a ionisation sélectif permet d’identifier 'état de sortie des atomes. Figure tirée de [55].

Circuits supraconducteurs

Le modéle quantique de Rabi est également réalisé dans les circuits supraconducteurs.
En particulier, dans des expériences récentes ot un qubit du flux est couplé & un résonateur
LC, le régime d’un couplage ultrafort a été atteint (voir [51]). Le qubit du flux se compose
de quatre jonctions de Josephson interrompant une boucle supraconductrice, qui est
parcourue par une polarisation du flux externe ¢. Dans certaines conditions, le paysage
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potentiel des qubits est de la forme d’un potentiel double puits, ou les deux minima
correspondent a des états avec des courants persistants sens horaire et anti-horaire +1,,.
Le qubit se comporte donc effectivement comme un bit d’un systéme & deux niveaux dans
la base des deux états persistants, avec hamiltonien effectif donné par (12) avec

€ =8I,(¢o/2 — ¢)

ol ¢p est le flux quantique et A/h est l'effet tunnel du couplage entre les deux états
persistants. Le résonateur est constitué de deux condensateurs et peut étre décrit comme
loscillateur harmonique par ’hamiltonien donné par (10) ot w est la fréquence de réso-

nance donnée par
1

VLG 2

L’interaction entre le qubit et le résonateur est décrite par (15) avec go = 0 et g1 =
I Ly ms Ly /b avec Pinductance cinétique Ly = 0, 14hR,, /KT, et la fluctuation de courant
au point zéro Ip,s = y/hw/2L,. Pour des valeurs de paramétres typiques dans cette
expérience, le rapport g1 /w ~ 0.1.

w =

1.2.4 L’historique des travaux mathématiques sur ’asymptotique des
grandes valeurs propres de QRM

Le premier résultat concernant le comportement asymptotique des valeurs propres
de QRM a été obtenu par E. A. Yanovich dans [123], [124] et [135]. Dans [135], Yanovich
a étudié ce probléme pour 'hamiltonien de QRM & un photon donné dans la définition
1.2.1-(a), c’est-a-dire I'opérateur auto-adjoint défini dans C? ® ¢?(N) :

1
Hp = Ic2 ® hwi'a + 580 ® Iy + hgow ® (a+ ah, (17)

Il s’avere (voir [123], [32]) que I'hamiltonien de QRM & un photon est unitairement
équivalent a la somme directe de deux opérateurs auto-adjoints Hy,

Hi=—hw+ hwJs

ot opérateur J (resp. J_) est défini dans une base appropriée par la matrice de Jacobi
(1) dont les coefficients sont donnés par

{ di = k£ 52 (-1)F,

Ny (18)

Il s’avére que dans le cas particulier A = 0, 'opérateur J peut étre diagonalisé a
I’aide de la transformation de Bogoliubov. Plus précisément, dans le cas ou

dp =k
{%:gﬂ% (19)
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on trouve que la n-iéme valeur propre est égale n — 5—22 (voir [32]).
Dans le cas A # 0, 'estimation d’erreur obtenue par Yanovich dans [135] pour le

modéle général est O(n_l/ 16) 'i.e. on obtient la formule asymptotique
h
An(Hy) = hwn — 592 + O(n~/1%) quand n — oo (20)

La preuve de Yanovich est basée sur le lemme 2.1 de Darticle [75] de Janas et Naboko.
La formule asymptotique pour A, (H1) a été améliorée par Boutet de Monvel et Zielinski
dans [31], [34]. L’article [34] donne la formule asymptotique a trois termes

A cos(4 =
An(Hy) = hwn — EQZ + cos(dgvn/w = 3)
w 2y/27g/w

oul € > 0 est un nombre arbitraire. Cette formule fait apparaitre les trois parameétres du
modéle (w, g, A) et d’aprés [32], on peut I'utiliser pour déterminer les valeurs des para-
métres w, g, A, a partir du spectre de ’hamiltonien de Rabi. Les mémes approximations
des valeurs propres ont été proposées par Feranchuk, Komarov et Ulyanenkov dans [50] et
par Irish [65] sous le nom de GRWA (generalized rotating wave approximation). Il existe
de nombreux articles consacrés a des problémes similaires [38], [1], [75], [28], [68], [91], [92],
[93], [125].

nTT 4 O(n_%"’a) quand n — oo (21)

Dans [33], Boutet de Monvel et Zielinski ont étudié le comportement asymptotique de
I'opérateur de I’hamiltonien du QRM & deux photons défini dans C? ® ¢2(N) :

Hp = Iz ® ata + %Uz Qlpmn +90:® (&2 + (&T)Z) ) (22)

Ils ont supposé —% < g< % afin d’assurer que 'opérateur H A soit un opérateur auto-
adjoint, borné inférieurement avec spectre discret (voir Sahbani [113]). Il s’avére que dans
le cas ou A =0, Hy est unitairement équivalent a la somme directe de deux opérateurs
auto-adjoints Hy : D — (2(N), onl
D= {z e *(N): Z E*|z(k)|? < oo}
keN
et
Hy =adla+g(a®+ @ah)?).

Les valeurs propres exactes de ces opérateurs sont bien connues (voir [47], [33]),
An(Hz) = (n+ 3)y/1—4¢% — L,

Il s’avére que dans le cas A # 0, 'hamiltonien de QRM & deux photons H z est unitairement
équivalent a la somme directe de quatre opérateurs de Jacobi J1g® J_10® J11® J-11
définis sur /2(N) par

dy,(0)  b,(0) 0 0
0u(0)  duu(1)  bu(l) 0
Jop = 0 bu(1)  dyu(2)  bu(2) (23)
0 0 bu(2) :
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ol
dypu(n) =2n+p+v(-1)" %, (24)

et

bu(n) = g7/ (20 + 1+ p)(2n + 2 + o). (25)

Le comportement asymptotique de grandes valeurs propres de J, ,, a été obtenu dans [33]
avec ’estimation d’erreur O(n_1/3),

An(Jop) = @n4+p+3)/1—4g2 — 5 + O(n~?) quand n — oo

Ainsi le spectre du QRM & deux photons H se compose de deux suites de valeurs propres

Erjf = (n—i—%)\/l—{q?— %+O(n_1/3) quand n — oo (26)

En ce qui concerne ce résultat, nous remarquons ce qui suit :

— puisque les valeurs propres de Hy (respectivement de ﬁo) sont explicitement connues,
Iestimation (20) (respectivement (26)) fournit une estimation asymptotique des valeurs
propres de Hp (respectivement de Hp ) avec une erreur O(n~%) ot a > 0, c’est-a-dire

M (HA) — M (Ho) = O(n™%) quand n — o0 (27)
et
An(HA) — A (Hp) = O(n™%) quand n — oo (28)

— les estimations (27) et (28) montrent un phénomeéne étrange qui consiste a disparaitre
influence de la perturbation Hx — Hy et HA — Hy malgré le fait que cette perturbation
n’est pas un opérateur compact. En particulier, la différence analogue des n-iémes valeurs
propres ne converge pas vers 0 quand n — oo dans le cas des modéles considérés par
Boutet de Monvel, Naboko, Silva [27] et [28].

1.3 Contribution de recherches menées dans cette thése

Dans cette section, nous donnons une bréve description des contributions de notre
travail dans cette thése.

1.3.1 Comportement asymptotique des grandes valeurs propres du
modéle de Rabi asymeétrique 4 un photon.

Dans le travail en collaboration avec mes directeurs de thése Ahmad Fino et Lech
Zielinski, nous avons étudié le comportement asymptotique de la n-iéme valeur propre du
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modeéle de Rabi asymétrique & un photon, c’est-a-dire pour 'hamiltonien défini dans la
définition (1.2.1)-(d) en supposant, sans perte de généralité, que h = 1 et w = 1,

Icz @ ala+ 3(Ao, + €0x) @ Ipyy + gox ® (@ + al), (29)

ou A, € et g sont des paramétres réels. Dans la suite on suppose g > 0.

Comme nous ’avons mentionné dans la section 1.2.4, ce probléme a été étudié dans le
cas olt € = 0 par E. A. Yanovich (Tur) dans [135] (voir aussi [124]) ou l'estimation d’erreur
obtenue est O(nfi) et plus tard ce résultat a été amélioré dans [34] qui donne la formule
asymptotique a trois termes pour les grandes valeurs propres (21).

Dans le Chapitre 2 de la thése, on montre que le spectre de 'opérateur (29) se compose
de deux suites (E,, )men, (B )men, qui vérifient la formule asymptotique

Ef=m-g’+ e+ O(m™*) quand m — oo (30)

Notre résultat est nouveau pour le modéle de Rabi asymétrique & un photon c’est-a-dire
pour le cas ot € € R\ {0}. Compte tenu de la formule (21), on voit que 'exposant — ne
peut pas étre amélioré dans le cas e = 0.

Le cas général de ’AQRM & un photon avec w > 0 et h > 0 peut étre facilement réduit
au cas w = h = 1, en utilisant la multiplication de 'opérateur par une constante. Plus
précisément, pour 'opérateur

Ic2 ® hwa'a + 5(Ao, + €oy) @ Ipp(w) + hgox ® (@ +al),

la formule asymptotique (30) devient
h
Ef =hwm— —¢g>+ se+ O(m™*) quand m — oo
w

Dans notre preuve de (30), on utilise plusieurs idées du travail décrit dans la section 1.3.2,
Page 18, par exemple la méthode pour surmonter la difficulté des valeurs propres doubles
de lopérateur (29) avec A = 0. Cependant, dans le travail décrit dans la section 1.3.2, on
utilise une approximation de I’hamiltonien & deux photons avec A = 0 par un opérateur
similaire & un opérateur différentiel du premier ordre sur le cercle afin que ses vecteurs
propres puissent étre exprimés explicitement. Dans le cas de 'hamiltonien & un photon
donné par (29) avec A = 0, une idée pareille donne un opérateur pseudo-différentiel
d’ordre 1/2 et il faut construire une approximation de ses vecteurs propres.

L’estimation (30) est un résultat crucial que nous utilisons pour améliorer I'estimation
(30). Plus précisément : dans le Chapitre 3, on prouve que ’hypothése € ¢ Z implique la
formule asymptotique

Ef=m—-g*+ %e—i-O(m_l/anm) quand m — o0

et dans le Chapitre 4, on prouve que dans le cas [y := € € N on a la formule asymptotique
a trois termes
g, =0t o —g* — || + O~ Y21n4) quand i — oo (31)
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Ef =i+ ily—g” +|u|+ O(i Y2 Ini) quand i — oo (32)
avec A
. s—1/4 ; s s
v =iV N (49Vi— 5~ 103). (33)

1.3.2 Comportement asymptotique des grandes valeurs propres du
modéle de Rabi asymétrique & deux photons.

Dans la suite on se pose la question du comportement asymptotique de la n-
iéme valeur propre du modéle de Rabi asymétrique a deux photons, c’est-a-dire pour
I’hamiltonien défini dans la définition (1.2.1)-(e) en supposant, sans perte de généralité,
queh=1letw=1,

Icz @ ala + 3(Ao, + €0x) @ Ipyy + gox @ (% + (a7)?), (34)

ou A, € et g sont des paramétres réels. Dans la suite on suppose g > 0.

Comme nous ’avons mentionné dans la section 1.2.4, ce probléme a été étudié dans le
cas oft € = 0 dans [33], ott 'estimation de I’erreur obtenue est O(n~/3).

Le Chapitre 5 contient un travail en collaboration avec Anne Boutet de Monvel et mon
directeur de thése Lech Zielinski [25], ot 'estimation de l’erreur obtenue pour ce modéle
est O(nil/ 2). De plus on prouve que I’estimation analogue est toujours valable pour le
QRM asymétrique & deux photons.

En supposant que 0 < g < %, on montre que lopérateur (34) est auto-adjoint dans

C? ® %(N), son spectre est discret et se compose de deux suites des valeurs propres
(E-1,m)menN, (E1,m)men qui vérifient la formule asymptotique

E,m=Bm+ 8, + O(m_1/2), v = +1 quand m — oo (35)

ou
ﬂ = 1- 4927 (36)
By = 3(8—1)+vs pour v = £1. (37)

Le cas général de 'TAQRM & deux photons avec w > 0 et h > 0 peut étre facilement réduit
au cas w = h = 1, en utilisant la multiplication de I'opérateur par une constante. Plus
précisément, I'estimation asymptotique (35) reste valable pour 'opérateur introduit dans
la définition (1.2.1)-(e), c’est-a-dire pour

Iz ® hwa'a + L (Ao, + eoy) ® Iy + hgox ® (a* + (ah)?),

sous I’hypothése 0 < g < w/2, la formule asymptotique (35) reste valable avec § =
hy/w? —4g? et B, = Lh(y/w? — 4g% —w) + V5.

Comme dans article [33], notre preuve s’inspire de la transformation de similarité utilisée
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dans 'article de J. Janas, S. Naboko [75]. Cependant nous rencontrons une différence
majeure par rapport a [33] : dans le cas ot € est un multiple de § on doit surmonter une
difficulté supplémentaire due au fait que dans le cas on A = 0 Popérateur (34) a des
valeurs propres doubles qui ne peuvent pas étre découplées lorsque € # 0.

On observe qu’en utilisant Uy /4 = % (% *11), la matrice de rotation d’angle 7 /4 qui
vérifie
U7r/40'zU7r_/14 = Ox, Uw/40x 7:/14 = —0g
Popérateur (34) devient similaire a opérateur

H = Aoy — e0,) ® Iy + Iz ® a'a — go, ® (6° + (a1)?). (38)

et le probléme est réduit a ’existence d’une base orthonormée {uy,m}(yym)e{,lyl}xN dans
C? ® ¢? qui vérifie
Hu,,, = E,muy,m pour m € N, v = +£1, (39)
ot la suite (E,,,)men vérifie 'estimation asymptotique (35). Il est bien connu que dans le
cas particulier A = 0, il existe une base orthonormée {ug7m}(u7m)e{_171}xN dans C? ® (2
telle que
Houg’m = (Bfm + ﬁu)ugm pour m € N, v = =1, (40)

ou
Hy := _%EUZ @ Ipmy + 12 @ i'a — go, ® (az + (aT)Q)' (41)

Ainsi le probléme initial est réduit au probléme de la preuve de 1’estimation asymptotique
An(H) — A\, (Hp) = O(n™Y?) quand n — oo (42)

ot (A, (H))22, (respectivement (A, (Hop))22,) est la suite croissante des valeurs propres
de H (respectivement Hy), en comptant les multiplicités.

On a choisi de travailler dans 1’espace £?(Z) au lieu de £2(N) parce que le controle de
Perreur dans la formule asymptotique est plus facile quand on peut utiliser la transformée
de Fourier.

On observe d’abord que 'opérateur Hy peut s’écrire comme la somme directe H_1® Hq,
ott H_1 et Hj sont des opérateurs auto-adjoints dans ¢2(N),

H, = ala+vg(a® + (a)2) + Lve, avec v = +1 (43)

dont les valeurs propres sont explicitement connues. Notre prochain objectif est d’approxi-
mer les opérateurs Hy; agissant dans ¢?(N) par les opérateurs Jy; agissant dans £2(Z).
On remarque que la définition de Hy contient le terme b(m) = /(m + 1)(m + 2) et il est
possible de simplifier le probléme en utilisant I’estimation

\/(m+1)(m—|—2):m+g+0(m_1)quandm—>oo

Ainsi on remplace le terme b(m) par m + % dans la définition des opérateurs auto-adjoints
J+1 qui agissent dans £2(Z). Ces opérateurs peuvent étre considérés comme les opérateurs
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de Jacobi étudiés par Edwards [43]. On utilise ensuite la transformée de Fourier pour
changer 'opérateur J41 en opérateur elliptique différentiel linéaire du premier ordre L4
auto-adjoint dans L?(T) (ott T = R/27). On peut alors exprimer explicitement toutes
les valeurs propres et tous les vecteurs propres de Ji1. Les opérateurs Ji; ne sont pas
semi-bornés, mais on trouve qu’on peut choisir une suite de valeurs propres (A\j(J+1));ez
telle que

)\j(Jﬂ:l) = /\j(H:I:I) quand j € N.

Ensuite on introduit 'opérateur Jo = J_1 @ J1 avec le but d’approcher les grandes valeurs
propres de
H=H+ ;A0x ® Iz (44)

par les grandes valeurs propres de
J :J0+ %AO—X®I€2(Z)' (45)

Afin de comparer les grandes valeurs propres de J et Jg, nous utilisons la méthode de
similarité et un résultat crucial qui assure le fait que les vecteurs propres de J_; et Jy
sont "asymptotiquement orthogonaux". On montre que 'opérateur J est semblable & un
certain opérateur D + R, ou D = diag(d;);ez est I'opérateur diagonal dont les valeurs
propres sont celles de Jg et R est un opérateur compact et vérifiant

|R*e;]] < C(1+ |j])/2 pour tous j € Z. (46)
Nous pouvons alors utiliser I’estimation
Aj(d) = Aj(D + R) = dj + O(||[R*Fj||) quand j — oo, (47)

ot Pj est la projection orthogonale sur le sous-espace linéaire engendré par {ej : d, = d;}.
FEn effet :

- si €/f ¢ Z alors chaque valeur propre de D est simple et 1’estimation (47) peut étre
obtenue soit par une adaptation de la preuve du résultat de J. Janas, S. Naboko [75]
énoncé dans le Lemme 1.1.1 ou en utilisant le résultat de M. Malejki [94] énoncé dans le
Théoréme 1.1.2

- si €/f € Z alors chaque valeur propre de D est double et on obtient (47) utilisant le
résultat de M. Malejki [94] énoncé dans le Théoréme 1.1.2

Enfin, en utilisant le principe de min-max, on montre que les grandes valeurs propres
de H et J sont proches et on en déduit (35).

Aprés avoir prouvé (35), on a amélioré le comportement asymptotique des valeurs
propres de I’hamiltonien de AQRM a deux photons obtenu dans le cas ou €/ € Z
en donnant les trois premiers termes de ’asymptotique avec une estimation d’erreur
O(n~!1nn) et on a montré que cette estimation d’erreur est toujours valable dans le cas
ou €/ ¢ 7. Notre amélioration est basée sur l’estimation (35) et elle est obtenue par une
approche qui est une adaptation de la théorie des perturbations de Schrieffer-Wolff [57]
(voir aussi [83], [87], [127], [57]).
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Dans le Chapitre 6, en supposant que 0 < g < % et €/ ¢ Z , on prouve que les valeurs
propres (E_1 m)meN, (E1,m)men de I'opérateur (34), vérifient la formule asymptotique

Eym = Bm+ B, +O0(m ' Inm), v=+1quand m — oo

avec 3, = By + ve/2.

Dans le Chapitre 7, en supposant que 0 < g < % et lp = ¢/ € N, on montre
que (A, (H))S2,, la suite des valeurs propres de l'opérateur (34) disposées dans 1'ordre
croissant et répétées selon leurs multiplicité, peut étre exprimée comme la réunion des
suites (E;, )men et (E)men, définies de maniére suivante

E; =X\,(H) forn=0,...,lp,

n
Ei——&-lo
Ef = )‘2i+1+l0 (H) for i € N.

7

= )\2i+l0 (H) fori e N,

De plus on a les formules asymptotiques suivantes

B, =Bi+Bo+ Te— vl + O(i'1n4) quand i — oo (48)
Ef = Bi+ Bo+ e+ vl + O(i"'1ni) quand i — oo (49)
avec
B:: \/1_4925 60 = %(ﬁ_l))
t; := 0 si [y est impair 0
voi=i /2 %1/7% cos ((2a = §) (i +lo) + (1 — lp)e) si lg est pair (50)
ou
1-2
a = arctan J. (51)
1+ 2¢g

Dans le cas du QRM a deux photons avec le biais [g = € = 0 on obtient les formules
asymptotiques

EE = Bm+ Bo =+ |tm| + O(m ™ Inm) quand m — oo (52)

qui peuvent étre considérées comme la généralisation de I’approximation de I’onde tour-
nant (GRWA) pour ce modéle. Compte tenu du fait que t,, est un terme oscillant dont
lamplitude est d’ordre m =2, on voit que I’exposant —% dans Pestimation (35) est opti-
mal.
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1.3.3 Série des perturbations pour les matrices de Jacobi et le modéle
quantique de Rabi

Dans le travail en collaboration avec mon directeur de thése Lech Zielinski, décrit
en Chapitre 8, on a étudié le probléme des perturbations des valeurs propres pour une
classe de matrices tridiagonales infinies qui définissent des opérateurs auto-adjoints non
bornés a spectre discret. La motivation principale de ce travail est le modéle quantique de
Rabi (QRM). Il s’avére (voir (18) avec h = 1) que I'hamiltonien QRM est unitairement
équivalent a la somme directe JX (g) ® J*,(9), ot A, w et g sont des paramétres réels et
J¥(g) est I'opérateur auto-adjoint défini dans ¢£2(N*) par la matrice

s g/1 0 0 0
gVl w+5 gV2 0 0
Tg)=] 0 gv2 w-35 gv3 0 - (53)

0 0 gV3 Bw+35 gVi -

En pratique, la valeur de la constante de couplage g est petite et il est naturel d’étudier
une valeur propre au moyen de la série de Taylor par rapport & g. On observe que toutes
les entrées diagonales de la matrice (53) sont distinctes si s n’est pas un multiple de w.
Donc les phénomeénes les plus intéressants apparaissent lorsque s est un multiple de w.
Pour simplifier notre travail, on considére la situation s = w et notre analyse portera sur
les problémes suivants :

(i) prouver que les valeurs propres sont des fonctions analytiques de g et donner une borne
explicite du rayon de convergence,

(ii) donner des estimations explicites de l’erreur due & une coupure de la série de Taylor,

(iii) donner une méthode de calcul des coefficients et exprimer les corrections d’ordre
inférieur.

Concernant le point (i), il faut controler le spectre par rapport a g pour éviter le
croisement des valeurs propres. Les résultats pour le point (ii) sont obtenus de maniére
standard : la formule intégrale de Cauchy donne les bornes des coefficients et il est clair
que les estimations deviennent meilleures lorsque le rayon de convergence est plus grand.

Le cas de la matrice (53) avec s = w a été intensivement étudié dans la littérature
physique en raison de 'approximation de 1’onde tournante introduite dans le célébre
article de Jaynes et Cummings [79]. La raison de cette popularité a été double : le modéle
de Jaynes-Cummings est explicitement résoluble et les résultats expérimentaux avaient
confirmé une haute qualité de cette approximation. Pourtant, des expériences plus récentes
ont permis d’agrandir la valeur de la constante de couplage et ont montré la limite de cette
approximation.

Notre intérét pour ce probléme vient de Particle [60], ou les auteurs étudient la qualité
de 'approximation de Jaynes-Cummings et proposent les corrections des valeurs propres de
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(53). Les auteurs de [60] évoquent les difficultés a étudier une matrice infinie et proposent
de regarder un petit bloc avec ’espoir d’obtenir des approximations correctes. Dans notre
travail, on propose une méthode simple pour réduire le probléme initial & un probléme
analogue pour un bloc fini et on montre comment calculer les coefficients. De plus, on
explique quelle est la taille minimale du bloc pour récupérer un coefficient donné de la
série de Taylor. Il s’avére que les coefficients proposés dans [60] ne sont pas corrects, car le
bloc est trop petit.

Le but de notre travail est d’étudier ces questions pour une classe plus générale des
opérateurs auto-adjoints dans ¢£2(N) de la forme .J(g) = D + gB ou D est diagonal et B
est tridiagonal. Ainsi, nos résultats peuvent également étre appliqués a d’autres modéles,
par exemple aux deux photons version du QRM (voir [61]).

Soient (d;)2,, (b;)52,, (b})32, des suites a valeurs réelles et g € R. On note J(g) la
fermeture de I'opérateur symétrique linéaire défini par la matrice

di + gb’l gb1 0 0
gbr  da+gby  gho 0
0 gba  ds+gby  gbs - (54)

0 0 gbs  dy+ gl

c’est-a-dire J(g) = D + ¢gB avec D et B donnés par
Dei = diei, (55)

Be; = bie; + bieip1 + bi—1ei_1, (56)

ol par convention b;_1e;_1 =0sii=1.
On fait les hypothéses suivantes
2

i

b2+ b2’

K3 1—

(H1) il existe pg > 0 tel que 2p3 < liminf
1—00
(H2) la suite (b;)$°, est bornée,
(H3) di — OQ,
1—00

afin que l'opérateur J(g) définisse un opérateur auto-adjoint, borné inférieurement et dont
le spectre est discret pour tout g € [—po, pol-

Premier résultat

Notre premier résultat concerne les perturbations d’une valeur propre simple de D.
Pour cela, on fixe kK € N* et suppose que

dy # d; pour i € N*\ {k}. (57)
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Puisque o(J(g) — (d+ gb)I) = o(J(g)) — (d + gb), notre analyse de J(g) peut étre réduite
a une analyse de J(g) — (d + gb)I et en particulier, on peut utiliser d = d, b = b).. Ainsi,
sans aucune perte de la généralité, on peut supposer que dy, = bj. = 0. De plus, on note

Bi = |bi—1| + |bi] + |b7] (58)

et on introduit i
0<p<inf—— . 59
P i#k Bi + B (59)

On suppose également que (H1)-(H3) sont vérifiées et p < pp. On montre les résultats
suivants :

(i) Si —p < g < p alors l'intervalle [—Skp, Srp] contient exactement une valeur propre de

J(9),
[=Brkp; Brpl N a(J(g)) = { e(J(9))}- (60)

(i) La valeur Ag(J(g)) est simple et g — Ax(J(g)) est analytique réelle, c’est-a-dire

Me(J(9)) =D crpg”si —p<g<p. (61)

v=1

(iii) Les coefficients dans (61) satisfont aux estimations |cg .| < Bep' ™ et on a

N+1
< : Brlgl

e st — p<g<p. (62)
p—lghpN-1

’M(J(g))— > cpg”

1<v<N

(iv) Si b;» = 0 pour tout j € N*, alors ¢, = 0 lorsque v est impair et (61) est vérifié avec

b by

Cpg = ——h — k=L 63
2 dp+1 di—1 (63)
bh by | BRbRL BRDRL BRbR bRabE, (64)

Cha = _ _ .

ol di+1 di—l dz—ldkﬂ d%+1dk—l d%+1dk+2 dl%—ldk—Q

(v) Dans le cas général, on a

M(J(9)) = car(9) & + can(g) g* +O(d°), (65)

ou ¢2.5(g) et cq x(g) sont donnés en utilisant d; + gb; au lieu de d; dans (63)-(64).

Deuxiéme résultat

Notre deuxiéme résultat concerne les perturbations d’une valeur propre double de D.
Pour cela, on fixe k € N* et suppose que

di+1 = di # dj pour j € N*\ {k,k + 1}. (66)
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Sans perte de la généralité, on remplace J(g) par J(g) — (d + gb)I avec d = di, b =
(b}, + bj41)/2 et on suppose que

dk:—i—l = dk =0et b?c-i—l = —b%. (67)

On introduit les quantités

pi = (b3 + V7 )1/2, (68)
Br—1 = |br—2| + [bf_11, (69)
Brsa = byl + [bpal, (70)
Vi == 3max{|bg_1], |bp41|} + 2max{s, By_1, Bria}s (71)
b1 |bk+1
= —, |— 72
et
Bl = |bioa| + |bi| + V)] sii ¢ [k—1,k+2). (73)
On suppose que (H1)-(H3) sont vérifiées et 0 < p < pg satisfait aux conditions
: |di
< inf @ —) 74
P> ity 28] + ) )
dppp, < inf |dil, 75
Ptk = i¢{ilcl,1k+1} il (75)
PV €k < (76)
OU Lty Yis V4o B; sont donnés par (68)-(73). On montre les résultats suivants :
(i) Si —p<g<pet g #0, alors
[=2pp, 2p11p) N 0 (J(9)) = {Ak(J(9)), Art1(J(9))} (77)
ot les valeurs propres \i(J(g)), Ak+1(J(g)) sont simples et vérifient
{Ak(J(g)) <0< My1(J(g) if g >0, 78)
Ae+1(J(9)) <0 < A(J(g)) if g <O
(ii) Sij =0, 1 et pgr1 := —pg, alors on a
Netj (J(9) = =tk + Y Chijwg” st — p<g<p. (79)
v=2

(iii) Les coefficients dans (79) satisfont aux estimations |cj4j,| < pgp? ™ pour j =0, 1 et

N+1
S(Mk|g| si —p<g<p.  (80)

p—lg))pN-1

‘Ak+j(=](g))+#k+j9— > Crrjwg”
2<U<N
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Ensuite, on désigne

d?(g) := d; + gbl pour i € N¥, (81)
1 by
bp(9) :=bp +g > , (82)
* FT N (g) - d)_i(9)
1 bt
biet1(9) == by + 9 ; (83)
s e d2+1(g) - d2+2(9)
212 212
~ g°by_4 9 b1
bi(g) == by (1 - - (84)
g 2(dp(g) — d_1(9))*  2(d},,(9) — d} 5(9))?
et on introduit la matrice
bi(g)  Bi(9)
Byi(g) = (Ak F : (85)
: bi(9) Djs1(9)
Pour j = 0, 1, on désigne par /\,IC_H- (g9) la valeur propre de B} (g) qui vérifie
1 _ )
Akt (9) 50 Mk
On montre que
(iv) Pour 5 =0, 1,on a
Mot (J(9) = 9 Nt (9) + O(g?). (86)
(v) Sibj, = 0, alors estimation (86) implique
a( bia biei1 3
Mot = iy — - 87
e (9) = —issg = 9 (307 + 555) +06”) (87)

Oﬁ] = 07 17 et i1 = — k-
Dans le Chapitre 9, on donne la formule détaillée de A\,1;(J(g)) avec 'estimation
d’erreur O(g"%).

L’approximation de Jaynes-Cummings

Dans [79], Jaynes et Cummings ont proposé d’approcher 'opérateur (53) par

-5 0 0 0 0
0 w+i gv2 0 0
i R (53)
0 0 0 3Bw+i gVv4
0 0 0 gV4i  dw— 3
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sous I’hypothése que s & w et g est petit. Puisque j;J(g) est la somme directe

S sy 2mw + (s —w) gV2m
3 + J5'(g) = (0) @mg* < g\/% Ymw ) ) (89)

on peut trouver explicitement toutes ses valeurs propres. On peut donner des explications
physiques de cette approximation pour le modéle semi-classique. Dans le modéle entié-
rement quantifié des explications physiques sont généralement données au moyen de la
théorie des perturbations dépendante du temps. L’approche indépendante du temps a été
proposée dans [60].

Suivant [60], on considére le cas w = s. Dans ce cas, les valeurs propres de (88) sont

(2m— FwEgV2m, m=0,1,2,...

D’autre part, on peut utiliser notre résultat décrit dans la section (1.3.3) sans I'hypothése
dr = diy1 = 0. Le décalage diagonal dans (53) donne les expressions

2 b2 b2
g k—1 k+1 3
di £+ glbg| — =
b 910 2 <dk—1 —dy * dg12 _dk> +0lg")

pour le couple A\g(J(g)), As1(J(g)). Dans le cas du QRM avec s = w, on a by = Vk,

dom — dom—1 = doms2 — domy1 = 2w et le couple des valeurs propres correspondant
{Aam(J¥(9)), Aam+1(J8(g))}, vérifie

2
(2m — Dw + gv2m — 2% +0(g%).

On observe que ces valeurs propres coincident avec les valeurs propres du modéle de
Jaynes-Cumming modulo O(g?). On peut aussi utiliser (86) avec b}, # 0 pour couvrir une
situation ou la différence s — w = cg. Il est également possible de considérer le cas des
entrées b;, b, qui sont des fonctions analytiques de g, mais nous n’avons pas utilisé ce cadre
afin de simplifier les expressions du rayon de convergence.
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Behaviour of Large Eigenvalues for
the Asymmetric Quantum Rabi Model

Mirna Charif', Ahmad Fino? and Lech Zielisnki®

Abstract. We prove that the spectrum of the asymmetric quantum Rabi model consists of two

o0

eigenvalue sequences (E;})%°_

(E,,)%°_y and we describe their asymptotic behaviour with an
error estimate of the form O(m~'/*) when m tends to infinity.

Keywords : unbounded self-adjoint operators, asymptotics of eigenvalues, discrete spectrum,
quantum Rabi model

Mathematics Subject Classification : 47A75, 47B02, 47B25, 47B36, 81Q10, 81Q15.

1 General presentation
1.1 Introduction

The quantum Rabi model describes the simplest physical example of interactions
between radiation and matter. It has its origin in the semi-classical model of interactions
between a Two Level System (TLS) and light, due to I. I. Rabi (see [105], [106]). A fully
quantized version, known as the Rotating Wave Approximation (RWA), was introduced
in the famous paper of Jaynes and Cummings [79]. The Hamiltonian of the quantum
Rabi model (QRM) is given in Definition 1.2(d). It is also known under the name of the
Jaynes-Cummings model without RWA and depends on two real parameters : g and A
(the coupling constant and the level separation energy in the TLS). The Hamiltonian of
the asymmetric quantum Rabi model (AQRM) is given in Definition 1.2(c). It is usually
referred to as the QRM with a bias and contains an additional parameter ¢, called the
bias of the model. The AQRM is a fundamental model in the quantum electrodynamics
of superconducting circuits (see [133], [82]). The additional term appears due to the
tunnelling between two current states (see [61]). We refer to [15] concerning the historical
aspects and to [133] for a list of recent research works and experimental realizations of
QRM and AQRM.

Let Hpap; denote the AQRM Hamiltonian from Definition 1.2(c). Its spectrum is
discrete and only in the case A = 0, the spectrum of the corresponding Hamiltonian
Hj Rabi, is explicitly known (see Theorem 1.3). Our purpose is to investigate the large n
estimate

)\n(HRabi) - )\n(HO,Rabi) = O(n—p)’ (11)

where p > 0 and (A, (HRabi))52o (respectively (An(Ho Rabi))neg) is the non-decreasing
sequence of eigenvalues of Hapi (respectively Ho rabi), counting the multiplicities. Since
An(Ho Rabi) is explicitly known, the estimate (1.1) gives the asymptotic behaviour of
An(HRabi) with error O(n™").

The main result of this paper is Theorem 1.4, which states that the estimate (1.1)
holds with p = i and this result is new in the case € # 0. Indeed, the asymptotic behaviour
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of A\, (HRrapi) was investigated in the case € = 0 only (see Section 1.2 for a presentation of

known results). It appears that the exponent p = % is optimal in the case € = 0.

1.2 Overview of earlier results

The problem of the asymptotic behaviour of large eigenvalues of Rabi type models was
mentioned e.g. in papers Feranchuk, Komarov, Ulyanenkov [50] and Tur [123]|. However,
concerning the Hamiltonian Hg,y,; given by (1.10), mathematical results have been obtai-
ned only in the case ¢ = 0. In this case, Hgap; is unitarily equivalent to the direct sum
JIas2(9) © J_as2(g), where Js(g) is the self-adjoint operator defined in £2(N) by the Jacobi
matrix

s gVv1 0 0 0
gVl 1—s gv2 0 0
J(g)=] 0 gv2 2+s ¢gv/3 0 .- (1.2)
0 0 gv3 3—s gV4 .-

The analysis of large eigenvalues of Jacobi matrices was initiated by J. Janas and S.
Naboko in the paper [75], which contains fundamental ideas of the method of approximative
diagonalization and asymptotic estimates (see Theorem 5.7). These ideas were developed
by M. Malejki in papers [91], [94], but they do not work for the matrix (1.2). In fact, the
perturbation J5(g) — Jo(g) = diag(s(—1)")22, is not compact and it is not clear whether
large eigenvalues of J4(g) and Jy(g) are close. For this reason, the results obtained by
A. Boutet de Monvel, S. Naboko and L. O. Silva in [27], [28], concern a simpler class of
operators, called "modified Jaynes-Cummings models". For this class of operators, the
oscillations s(—1)"™ do appear in the asymptotic formula for large eigenvalues.

The first proof of the estimate (1.1) was obtained by E. A. Yanovich (Tur) with p = 1—16
in [135] (see also [124]). The estimate (1.1) with p = 1 was proved in [34] (see also [31]).
The paper [34] gives the three-term asymptotic formula for large eigenvalues of the matrix
(1.2), which shows that the exponent p = i cannot be improved. Moreover, this three-term
asymptotic formula allows one to recover the values of parameters A, g, from the spectrum
of the QRM (see [32]) and it appears that the corresponding approximation is the same as
the famous GRWA (generalized rotating wave approximation) introduced by Irish in [65]
(and considered earlier in [50]).

We also mention the paper [25], where the asymptotic behaviour of large eigenvalues is
investigated for the two-photon asymmetric quantum Rabi model. Our proof of Theorem
1.4 uses several ideas from [25], e.g. a method to overcome the difficulty of the case when
Hj Rrani has double eigenvalues. However, the paper [25] uses an approximation of the
two-photon Hamiltonian with A = 0 by an operator similar to a first order operator on
the circle so that its eigenvectors can be expressed explicitly. In the case of Hg rapi given
by (1.12), a similar idea gives a pseudo-differential operator of order 1/2 and one needs
to construct an approximation of its eigenvectors. A construction of this approximation
consists the main part of this paper (see Section 3 and 4).
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1.3 Basic definitions
Notation 1.1. (a) We denote by Z the set of integers and N := {j € Z: j > 0}.

(b) If J C Z, then £2(J) denotes the complex Hilbert space of square-summable sequences
z : J — C equipped with the scalar product

@,y e = D =()y() (1.3)
JjeT
and the norm [|z||,2(7) = (z, @%fj). We write (-, -2y = () and || - ||z = || - || in
the case J = N.
(¢) By = {en}nen denotes the canonical basis of £2(N) (i.e. e, (m) = §pm)-

(d) The annihilation and creation operators, G and ', are defined as closed linear operators
in /2(N) satisfying

dTen:\/n+len+1 forn e N (1.4)
deg=0 and ae, =+ne, 1 forn e N\ {0}. (1.5)

(e) Using (1,0) € C? and (0, 1) € C? as the canonical basis of the Euclidean space C2, we
denote by oy, 05, I>, the linear operators in C? defined by the matrices

01 1 0 1 0
Oy 1= (1 0), 0, = (0 _1>, I = (0 1) (1.6)

Definition 1.2. (a) The Hamiltonian of the single-mode radiation, H,,q, is the self-adjoint
operator in £2(N) defined on

HN) = {z e A(N): D> (14 52)]z(5)> < oo} (1.7)
jeN
by the formula
Hyaqen = e, = ne,. (1.8)

(b) The Two Level System (TLS) Hamiltonian is the linear operator in C? defined by the
matrix

A
Hris = 3 (e —€A> = 5(A0, + eoy) (1.9)

where A and € are real parameters.

(c) We define the AQRM Hamiltonian as the linear mapping Hgapi : C? ® (>}(N) —
C? ® £*(N) given by

HRabi = Io ® Hraa + Hros ® I + gox @ (@ + @), (1.10)
where g > 0. We can also write

Hgabi = Horabi + 340, @ Ip2 (1.11)
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with
Ho Rabi = T2 ® Hrad + 0x ® (g(a+a') + S el ). (1.12)

(d) The QRM Hamiltonian is given by (1.11)-(1.12) with e = 0.

1.4 Statement of the result
We first state the following, well known result (see [61])

Theorem 1.3. Let Hg rani be as in Definition 1.2. Then there is an orthonormal basis in
C? @ 2(N) of the form {ug,, }men U {uar’m}meN, such that

Ho Rabilly,, = (m — g° + 3e)ug,, (1.13)
holds for every m € N.
The main result of this paper is the following

Theorem 1.4. Let Hgapi be as in Definition 1.2. Then there is an orthonormal basis in
C? ® £2(N) of the form {u;, }pen U {u;l }nen such that

Hy.piui = Fful (1.14)

holds for every m € N and the eigenvalue sequences (E;,)_, (E5L)_, satisfy the large
m asymptotic formula

EX =m—g*+letrO(m 4. (1.15)

The paper is organized as follows. In Section 2 we give the proof of Theorem 1.3 and
the outline of the proof of Theorem 1.4. Our analysis is based on Proposition 2.6, which
gives an approximation for the eigenvectors of Hg rapi. In Section 3 we introduce useful
notations and prove auxiliary results. In Section 4 we prove Proposition 2.6 and in Section
5 we complete the proof of Theorem 1.4. In Section 6 we describe useful estimates of
oscillatory integrals.

1.5 General notations and conventions

If V is a Banach space, then B()) denotes the algebra of bounded operators V — V
and || - HB(V) denotes its norm.

If L : D — H is a linear mapping defined on a dense subspace of the complex
Hilbert space H, then o(L) denotes the spectrum of L. If L has compact resolvent (i.e.
there exists A\g € C\ o(L) such that (L — \g)~! is compact) and A € (L), then X is
an isolated eigenvalue and has finite algebraic multiplicity mult(\) := rank Py (L), where
P, (L) denotes the associated Riesz projector (see Section IIL5 in [81]).

We write T := R/27 and define L?(T) as the Hilbert space of Lebesgue square inte-
grable functions | — 7, 7] — C equipped with the scalar product

g = [ T@00) 5. (110
34
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The Fourier transform Fr : L%(T) — ¢?(Z) is defined by the formula

T dd
(Feh)) = [ s@re . (117)

For s € R we write (s) := (1 + s2)1/2 and for > 0 we define
() = {x € 12(Z) : ||| 2n(z) < o0} (1.18)

with

o2 \2

l2llenz = ( 3 G*eG)?) (1.19)
jEZ

We denote by S(Z) the set of fast decaying sequences Z — C. By definition

S(z) = () *(2). (1.20)

>0
For x € (?(Z) we denote suppz := {j € Z: x(j) # 0} and we define
% (Z) := {x € (*(Z) : supp z is finite}. (1.21)
If J C Z then we identify
() = {x € *(Z) : suppz C J}. (1.22)

In the sequel {e; };cz denotes the canonical basis of £2(Z) (i.e. e;(j) = &; ; for i,5 € Z). We
remark that {e;};cn is a basis of {z € ¢*(Z) : suppz C N} = (2(N), i.e. we can identify
{e;}ien with By, the canonical basis of £2(N) introduced in Notation 1.1(c).

If /21(N) is defined by (1.7), then ¢%1(N) = ¢21(Z) N ¢?(N) is a Banach space with the
norm induced by the norm of || - |[,2.1(z)-

We also define S(N) := S(Z) N £2(N), the set of fast decaying sequences x : N — C.

2 Preliminaries
2.1 Operators Hy and H

Our starting point consists in defining operators Hy and H, which are unitarily similar
to Ho rabi and Hyapi respectively.

Notation 2.1. We define the linear mappings C? ® ¢>!(N)— C? ® ¢?(N) by

Ho = IQ®€LT&—UZ® (g(&—i—&T) +%€IZQ(N)) s (21)
V = %AO’X ® I€2(N) (22)

and
H:=H,+ V. (2.3)
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Lemma 2.2. Hy and H are unitarily similar to Ho rani and Hgapi respectively.

Proof. Let Uy )y = % (1 7') be the matrix of rotation by the angle m/4. Then

U, /4axU;/14 = —0o,, U, /4JZU;/14 = oy.

We observe that the right hand side of (1.12) becomes the right hand side of (2.1) if oy
is replaced by —o,. If moreover o, is replaced by oy, then the right hand side of (1.11)
becomes the right hand side of (2.3). O

We remark that {(1,0) ® e; : j € N}U{(0,1) ® ¢; : j € N} is the canonical basis of
C? ® £2(N) and we can identify C? ® ¢2(N) with £2(N) x £2(N) writing

(1,0) ® ¢j = (e;,0) € £2(N)x £*(N), (0,1) ® ej = (0,¢5) € £*(N)x (*(N).
This identification allows us to consider H as the linear mapping /%! (N)x ¢%1(N) —
?2(N) x £2(N) of the form
H., 2Ip
H = 2°4M) 2.4
(?IZZ’(N) L 24
where H,, : (>1(N) — (?(N) is defined for v = £1 by
H,:=a'a+vg(a+al) + ve (2.5)
We can also write

1 Op2 Ip2
V=1A (Iez o) (2.6)

where 0y2 denotes the null mapping in £2(N) and

Hy=H_|1 % H;.

2.2 Proof of Theorem 1.3

Lemma 2.3. Let {e, }nen be the canonical basis of ¢2(N) and let Q1 denote the closure of
the symmetric operatori(al — a)|lsay- Then

(a) the operator Q. is self-adjoint in (*(N)
(b) if v = £1 and {vyp tnen is the orthonormal basis given by

Uy 1= ei”9Q+en, (2.7)
then Hyvy, = (n— g + %Ve)v,m holds for every n € N.

Proof. The result is well known, but we indicate the details of its proof below.
(a) See Lemma 3.4 in [58].

(b) Due to Corollary 3.7 in [58], S(N) is an invariant subspace of e*@+ for every t € R and
t — el’@+ 1 is a smooth function R — (>1(N) if » € S(N).
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We claim that for every ¢ € R one has

e @+ (g + 1) 9+ = g, e @+ (af 4 1) &l@+ = af. (2.8)
Indeed, if G(t) := e #@+ (t + a) €@+ and x € S(N), then
d . .

aG(t)x = e @ ([ — [iQy,a]) ' @rz =0 (2.9)

follows from [iQ,,a] = —[af,a] = I. It is clear that (2.9) implies G(t) = G(0) = @ and the

second equality (2.8) follows similarly. Using (2.8) with ¢t = vg, we get
ata = e_i"~‘7Q+(€LJr +vg)(a+vg) eVI9+ — e_i”9Q+(Hl, + g% — %VE) e9Q+

hence (H, + g% — %1/5) Vyp = el?99+4tg e, = Y99+ ne,, = Ny . O

Proof of Theorem 1.3. Denote v, := (v-1,,0) and var’m := (0,v1,m). Then

(H.y @ Hl)v({m =(m—-g*+ %e)v(jfm (2.10)
holds for every m € N and it is clear that the assertion of Theorem 1.3 follows from the
fact that H_q @ H; is unitarily similar to Ho Rab;-
2.3 Explicit expression of the n-th eigenvalue of Hy

Let (A, (Hp))52y denote the non-decreasing sequence of eigenvalues of Hy, counting
the multiplicities. The explicit expression for A\, (Hp) is given in

Lemma 2.4. Assume that € > 0. Denote ly := max{i € N: i < €} and define

V) = (v_11,0) forn =0,...,1o, (2.11)
V?OJF% = (v-1,94i,0) fori e N, (2.12)
Vi t149i = (0,v1,) fori € N. (2.13)
Then {v%},en is an orthonormal basis such that Hov® = d,,v% holds with
dn:nfg2f%eforn:0,...,lo, (2.14)
digr2i = lo +i—g* — 2e fori € N, (2.15)
dig+142i =1 — g2 + %e forieN. (2.16)

Moreover (d,)5%, is non-decreasing, i.e. one has d, = A\p,(Ho) for alln € N.

Proof. We observe that {v) : n € N} = {von 1 n € N} U {V(J)in : n € N} holds with
Voim as in (2.10) and (2.10) ensures Hov? = d,,v) with (d,,)S%, given by (2.14)-(2.16). It
remains to check that the sequence (d,,);2 is non-decreasing. It is obvious that (dy,)o<n<iq
(dig+2i)ien and (dj;+142:)ien are non-decreasing. Moreover,

dig4142i — dig42; = € — 1o > 0,
dig+142i — djg+24+2i =€ — (lo+1) <0
hold by the choice of . O
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2.4 QOutline of the proof of Theorem 1.4

Using the assertion of Theorem 1.3 and the fact that Hrapni — Ho Rrabi is bounded, we
can conclude (see [81]) that Hyapi is a self-adjoint, bounded from below operator with
compact resolvent. Due to the spectral theorem, there is an orthonormal basis {uy, }nen
such that Hrapiu, = A\ (HRapi)uy, and it remains to prove that (1.1) holds with p = i.

In the sequel we assume that € > 0. Then, due to Lemma 2.2 and 2.4, it remains to
prove the large n estimate

M(H) = d, + O(n~ V%), (2.17)
where (d,)nen is given by (2.14)-(2.16). The case of € < 0 can be treated similarly by
exchanging the roles of H_; and Hj.

Notation 2.5. We define the self-adjoint operators in £?(N) by
H=UHU!, (2.18)

where U : £2(N) x £2(N) — (2(N) is the isometric isomorphism satisfying Uv? = e, for
every n € N. Then we can write

H=D+YV, (2.19)
where V := UVU~! and D is the diagonal operator satisfying
De,, = d, e, for n € N. (2.20)

Using this notation we rewrite (2.17) in the form
(D +V) =d, +0(n* (2.21)

and in Section 6 we give the proof of (2.21) by showing that H is similar to a certain
operator H = D + R, where R is compact and satisfies

|R*en|| = O(n~ 4. (2.22)

We deduce (2.21) using (2.22) and \,,(H) = A\,,(H’) in Theorem 5.7.
The key estimate (2.22) follows from the analysis of the matrix
(<€j7 Vek>)j7keN = (<V?7VV2>€2(N)XZ2(N))j7keN (2'23)
based on the approximation of v41, given in
Proposition 2.6. Fort,0 € R, k € Z, we define
—2tkY2sin@ + t2sinf cos 6 if k > 1
ot 0, ) = sin # + t* sin 6 cos . ifk > (2.24)
0 ifk <0

Then the following large n estimate

0210 — un(£g; )| = O(n~1/?) (2.25)

holds with u,(t; -) € £2(N) given by the formula
un(t; j) == /_ ) elelts Om)Fi(n—=7)6 g. (2.26)
Proof. See Section 4. O
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3 Auxiliary operators acting in (*(7Z)
3.1 Matrices of Fourier type operators

The proof of Proposition 2.6 is based on the Fourier transform. For this reason, before
starting the proof of Proposition 2.6, we move from ¢?(N) to ¢?(Z). At the beginning we

introduce a class of matrices (op(p)(J, k))j yez» Which define Fourier type operators acting

in ((Z). We recall the notation (s) := (1 + s2)1/2,

Notation 3.1. (a) We write T := R/27 and define C*°(T) as the set of all smooth 27-
periodic functions R — C. We say that { f;};e7 is bounded in C>°(T) if f, € C>*(T) for
every 7 € T and for every o € N one has

dO{
sup sup ‘@fT(G)‘ < 00
TET #eR

(b) If p(j, -, k) € C°°(T) for every (j, k) € Z?, then we define the matrix (op(p)(j, k))

J,kEZ
by the formula

‘ T ey 0
op(p)(j: k) :=/ p(3, 0, k)e =27 . (3.1)

3.2 Non-stationary phase estimates

Lemma 3.2. Assume that {b(j, -, k)}jrez and {¢(-, k)}rez are bounded in C(T). As-

sume moreover that ¢ is real valued and denote

Cy:= sup [9po(0, k)|, (32)
(0,k)ERXZ
Zy:={(j,k) € Z%: |k —j| > 2C, (k)/?}. (3.3)
If
P(j, 0, k) = b(j, 0, kel @R R, (3.4)

then for every N € N there is Cy > 0 such that the estimate
lop(p) (, k)| < O (5) N (k)™ (3.5)
holds for (j, k) € Zy.

Proof. For (j,k) € Z, we can write

op(p) (k) = [ DG g, ) & (3.6
o T
where 12
) . k
UG0.8) = 00,01 L (3.7)
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However {¢(j,, k) }(jr)ez, is bounded in C*°(T) and
(. k) € Zy = 1009(5,0,k)| < 5 = 0p (¥(4,0,k) +60) > 5.

Thus the non-stationary phase estimates (see Lemma 6.1(b)) yield existence of Cy > 0
such that

lop(p) (j. k)| < On{k — 5) > (3.8)
holds for (j, k) € Z4. Using (k — 5) =N < 2N(j) =N (k)" and

(ja k) S Z¢ = (k _ '>—4N < 2_4N0¢_4N<k>_2N’
we can estimate the right hand side of (3.8) by CN2*3NC’(;4N ()~ N(E)=N. O

Corollary 3.3. If p satisfies the assumptions of Lemma 3.2, then one can define a linear
operator op(p) : (2 (Z) — S(Z) by the formula

(op(p)ex)(j) = (ej,op(p)ex) = op(p)(J, k), (3.9)

where op(p) (4, k) is given by (3.1).

Proof. 1t suffices to observe that op(p)(-, k) € S(Z) holds for every k € Z. Indeed, if k € Z
is fixed, then (3.5) holds for j > k 4+ 2C4(k)'/? and for j < k — 2C,(k)!/2. O

3.3 Localization of u,(t)

Notation 3.4. (a) For ¢, 0 € R and j, k € Z we denote
G(t; 4,0, k) == o(t; 0,k), (3.10)

where ¢(t; 0, k) is given by (2.24).
(b) We define u,,(t) € S(Z) by the formula

U (t) := op(e?D)e,,. (3.11)
It is clear that (3.11) defines an extension of u, (t; -) introduced in (2.26).

Corollary 3.5. Letty > 0 be fized.
(a) Assume that CN'tO > 0 is large enough and for n € N* denote

Zn:={j€Z: |j—n|<Cyn)?}. (3.12)

Let 11z, be the orthogonal projection on span{ey}rez, . Then for every N € N we can find
Cn,to > 0 such that

sup ||(I =z, )un(t)||enz) < Cngo(n) . (3.13)
—to<t<to
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(b) For every N, n € N, the function t — uy,(t) is differentiable [—to, to] — (>N (Z),
L (t) = op(i0p(t)e? ey, (3.14)
and we can find CN'N,tO such that

sup [[(I —z,) Gun()llenz) < Cn (). (3.15)
~to<t<to

Proof. (a) We fix ty > 0. Reasoning as in the proof of Lemma 3.2, for every N € N we can
find the constant Cp 4, such that

JELNZn = sup ()™ (op(ePD)en) ()] < Crvaom) ()7 (3.16)

(b) We fix ty > 0, n € N and denote
wi(t, s) = (un(t + 8) — un(t))/s, wn(t) := op(i0:p(t)e?M)e,,.
We claim that the dominated convergence theorem implies

lwn(t, ) = wnl oz = S0 fwnlt 51 ) —walts HE —>0.  (317)
JEL

Indeed, lin%wn(t,s; Jj) = %un(t; J) = wy(t; j) for every j € N and
S—

JELNZ, = sup |wu(t,s; )< sup  |wal(t; §)| < Onato ()N Hn) ™Y,
—t0<s,t<to —2to<t<2to

where we get the last estimate similarly as in the proof of Lemma 3.2. O

3.4 An auxiliary result

Notation 3.6. For u € R we define S{'(T x R) as the set of smooth functions q : R? — C
satisfying q(6 + 27, k) = q(6, k) for all (0, k) € R? and such that for every a1, as € N,

105" 952 q(0, k)| < Clayan (R)"2 (3.18)

holds with a certain constant Cy, o, independent of (6, k) € R2. In the sequel we use the
following elementary properties of symbols :

g e S (T xR) = 95'9,%q € Si" (T x R)

@ €S(TxR), qeS(TxR) = qg € ST2(T x R).

In Section 4.5 we will use the following
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Lemma 3.7. Assume that q € 81/2(T x R) and define
ot 0.k) = tq(0, k) + S120,q(6, k)9pa(6, k) (3.19)
fort, 0, ke R. If
ro(t; 0,k) = q(0,k + Ogp(t; 0,k)) — Orp(t; 6,k), (3.20)
then there is C > 0 such that for all 0, k € R and t € [—tg, to] one has
Iro(t; 0, k)| < C(k)~1/2, (3.21)
Proof. Step 1. Let us write 07" 05%q(0, k) := 0" 0,*q(0, k) and denote
ri(t; 0,k) = q(0,k + Opp(t; 0,k)) — (0, k) — 02q(0, k)dpip(t; 0, k). (3.22)
We claim that there is a constant C; > 0 such that the estimate
Ir(t; 0,k)| < CL{k)~Y/? (3.23)
holds for all 0, k € R and t € [—tg, t]. Indeed, since Taylor expansion of order 2, gives
ri(t; 0,k) = (Qosp(t: ev,k;))?/o1 O3q(0, k + 5 pip(t; 6,)) (1 — 5)ds, (3.24)
we deduce (3.23) from (3.24) due to (9pp(t))? € SH(T x R) and 93q € 81_3/2(’]1‘ X R).
Step 2. Using (3.19) in (3.20) we get the expression
ro(t; 0,k) = q(0,k + Opp(t; 0,k)) —q(0, k) — tdaq(0, k)01q(0, k), (3.25)
and combining (3.25) with (3.22) we get
ro(t) —r1(t) = 02q 9p((t) — tq). (3.26)

Since Ooq € Sl_l/z(T x R) and 9y (ip(t) — tq) = Op(5t202q D1q) is bounded due to Jag D1q €
SY(T x R), we can find Cy > 0 such that for all 8, k € R, ¢t € [—tg, to], one has

Iro(t) — r1(t)] < Colk)™Y/2. (3.27)
Combining (3.23) and (3.27), we complete the proof of (3.21). O
4 Proof of Proposition 2.6
4.1 Step1
We move to (2(Z) = (*(Z \ N) @ ¢*(N) by introducing the operator
Q = O2(z\1v) © Q- (4.1)
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where Op2(7\v) is the null mapping on ?2(Z\ N). Then Q is self-adjoint in £2(Z) and
eitQ = IEQ(Z\N) %) eitQ+.

If o € B(/%(Z)) denotes the orthogonal projection on ¢*(N) and wu,(t) is given by
Notation 3.4(b), then the assertion of Proposition 2.6 says that the large n estimate

Mo (i (£) — €*ep) | o ) = O(n~1/2) (1.2)

Iz

holds for t = £g. In this section we will prove that for every ¢y > 0 one can find Cy, > 0
such that

sup |un(t;-) — eithnHe?(z) < Cyn™/? (4.3)
—to<t<tp

holds for all n € N*.

Notation 4.1. (a) In the sequel A : #21(Z) — (2(Z) is the self-adjoint operator in ¢2(7Z)
satisfying Ae; = je; for j € Z. Moreover, we denote (A) := (1 4+ A%)!/2.

(b) If h : Z — C then h(A) = diag(h(j));ez is defined by the functional calculus, i.e. h(A)
is the closed linear operator satisfying

h(A)e; = h(j)e; for j € Z. (4.4)
(c) We define S € B(¢?(Z)) as the shift satisfying Se; := e;4+1 for j € Z.
Using these notations we can express the operator () in the form
Q =i(AY%S — 571AY?), (4.5)

where A2 = h(A) with h(j) = j1/*.

4.2 Step 2

We fix ¢y > 0 and consider all estimates uniformly with respect to t € [—tp, to]. If
u € R, then we write
wn(t) = O(n_“) fort € [—to,to]

if and only if there is Cy, > 0 such that for all n € N* one has

sup  |[wn(t)|le2z) < éton“- (4.6)
—to<t<to

At the beginning we observe that Corollary 3.5 allows us to write

. t .
Un(t) — €%, = / i(el(t_s)Qun(s)) ds = —i/
o ds

t d
i(t-5)Q i
; e (Q—|—1d8>un(s) ds,
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hence it suffices to prove the estimate

d
(@+ i&)un(t) = O(n~Y?) for t € [—to, to). (4.7)
We claim that (4.7) follows from the estimate
5~ .d —1/2
(@+ 1&)%@) = O(nY2) for t € [—to, to] (4.8)
where _
Q :=in?(5 - 5. (4.9)

To prove this claim, it suffices to show the estimate
(Q — Q)un(t) = O(n~Y2) for t € [—tg, to). (4.10)

We first observe that (Q — Q)(A)Y/2 € B(¢3(Z)). Indeed, using h(j) := ji/Q and hy(j) ==
h(j — 1) we get S~ h(A) — h(A)S~! = S=Y(A(A) — h(SAS™!)) = S~ (h — hy)(A) and
(h — h1)(A)(A)'/2 € B(£(2)) follows from (h — h1)(j) = O((j)/?).

Due to (Q — Q)(A)/2 € B({3(Z)), (4.10) holds if we know the estimate

(MY 20, (t) = O(n~Y?) for t € [—to, to). (4.11)

However, if Iz, is as in Corollary 3.5, then (I — Iz, )u,(t) = O(n=%) for every N € N
and (4.11) follows from (A)~Y2II; = O(n~/2).

4.3 Step 3

We claim that instead of (4.8), it suffices to prove the estimate
Iz, (@ + lé)un(t) = O(n~Y?) for t € [—to, to] (4.12)
where I, is as in Corollary 3.5 and Q is given by (4.9).
Indeed, due to (3.15), it suffices to show that
(I — Tz, )Qun(t) = O(n~"?) for t € [—t, to] (4.13)
By definition ((S — S~Hz)(j) = x(j — 1) — 2(j + 1) and
2(j) = e = (S - S7a)() = i(e” — e )a(j) = (~2sin0) a(j),
hence
i(S — S™Hun(t) = op(p(t)) e, with p(t; 4,0, k) := (—2sin §) e'#t 30:k) (4.14)

Therefore Quy(t) = 1/ 2 op(p(t))en and it remains to observe that reasoning as in the
proof of Corollary 3.5 We find that for every N € N one has

(A)2(I —Tz,)op(p(t))en = O(n™N) for t € [—to, t] (4.15)
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4.4 Step 4

Notation 4.2. (a) We define g € S}/Q(’]I' x R) by the formula
q(0, k) = —2xo(k)[k[/? sin,

(4.16)

where xo € C*°(R) is a fixed function such that xo(k) = 0if £ <0, xo(k) =1if k£ > 1 and

0 < xo(k) <1lfork € [0,1].
(b) We define ¢ : R x R? — R by

o(t; 0,k) :=tq(0, k) + 5 1% Opq(6, k)Dpq(0, k)
with ¢ given by (4.16). By direct calculation we check that for £ > 1 one has
o(t; 0, k) = —2tk'/?sin @ + ¢ sin 0 cos 6

and p(t; 0,k) =0if k <0, i.e. p satisfies (2.24) for k € Z.
(c) We define ¢ : R x R? — R by

o(t; 7,0, k) == p(t; 0,k)
with ¢ given by (4.17). Obviously u, (t) = op(e'?())e,, still holds.

Assume that rg is given by (3.20) with ¢ as in (4.17). Let
fn(t; ) :=1ro(t; H,n)ei‘p(t; O.n)+ind
Then Frf,(t) = op(7o(t)e'?®)e, holds with
Fo(t; 5,0, k) := ro(t; 0, k)
and
llop(Fo(1)e*enllez) = IFrfa(®)le2(zy = 1 fa()ll2m = O(™?),

where the last estimates result from (3.21).
We observe that using (3.14) and (4.14), we obtain the expression

(@ +15 Yun(t) = op(B(1)e e,

with .

hence the estimate (4.12) can be written in the form
Iz, op(b(t)e?®)e, = O(n~Y?) for t € [—tg, to).
We introduce b(t) := b(t) — 7o (t) and observe that due to (4.21), the estimate
Iz, op(b(t)e'?)e, = O(n~'/?) for t € [—to, to]
is equivalent to (4.12). Moreover, using (4.23) and (3.20), we find
b(t; 4,0,k) = (b—Fo)(t; 5,0, k) = q(0, ) — q(0,0p(t; 0,k) + k).
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4.5 End of the proof of Proposition 2.6

In remains to prove (4.25) with b given by (4.26). Using Taylor’s expansion of order 2
we can express

—b=10b1 + by (4.27)
with
bi(t; 4,0, k) := 92q(0,5)(Op(t; 0,k) +k — j) (4.28)
where .
QQ(t; j: 07 k) = / 8%Q(973 + s(Gggo(t; ka 9) + k— J)) (1 - 8) ds. (430)
0
In order to prove B
op(b1(t)e?®)e,, = O(n™1/2) for t € [—to, to] (4.31)
we denote
q(t; 4,0, k) := 92q(0, ) (4.32)
Y(t; 4,0, k) = o(t; 0,k) + (k—5)0. (4.33)

Using (4.32)-(4.33), we can write (4.28) in the form b; = ¢109p1, hence

op(b1()e) 5, 0) = [ (w5 5,0.8) 5

3 o (4.34)

Writing 9gtp e = —i0p(e!?) in the right hand side of (4.34), we can integrate by parts and
express (4.34) in the form

7 @) 655,60 5 = (Fef) () (4.35)

- %
with fi,(t; 0) := 10102q(8, k)e'#(t OR)+ik0 anq
llop (b1 (1)) enl|2z) = | Frfa®)lle2zy = | fo(®)llL2(ry = O(n?), (4.36)

where the last estimate follows from 0102q € Sl_l/ 2 (T x R).
It remains to prove B
I, op(ba(t)e?®)e, = O(n™1/2). (4.37)

For this purpose we first observe that by = g2(9p1)? and

/ " ()2 e = i /_ " 4o Ot O () = i / " O9(g209) €, (4.38)

where the last equality follows from the integration by parts. However, (4.38) ensures

op (ba(t)e?™) = op (i0p(q2001)(t) €91, (4.39)
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Using ¢(t;-) € Si/z(']l“ x R) and 03¢ € 8;3/2('}1’ x R) in the expression of g2 we obtain

sup |(9(q2000)(t; 5,0,n)| = O(n™1). (4.40)
J€Zn

To complete the proof we observe that (4.37) follows from (4.39) and

[Tz, 0p (90(g200) () *)enlliazy < 3 1(Ba(@2009)(t: 4,0,m)] = O(n~ V%),
J€Zn

where the last estimate is due to (4.40) and card Z,, = O(n'/?).

5 Proof of Theorem 1.4

5.1 Asymptotic orthogonality between eigenvectors of H_; and H;

Lemma 5.1. Let {vi1;}jen be as in Lemma 2.5. If ¢ > 0 is fized small enough, then
|k — 4| < (i + K%)= [(voikv1)] < Co()~ (5.1)
holds with a certain constant Cy, independent of k,j € N.

Proof. Due to Proposition 2.6,
(V-1 015) = (€7 9%, €99%;) 22y = Y4 + O(k™H2 +571/2) (5.2)
holds with v ; := (ug(—9),u;(9))e2(z)- Let
fni(g) — e:FQignl/Qsine+ig2 sin 6 cos 0-+ind_ (5.3)

Then u,(+g) = Frfi and

_ _ T i(i1/24p1/2 . dé
g = Fuf s Frf Py = s £ ey = [ o7 He/vGon 2
holds with (k- )6
. L . )
U(j,0,k) :=2gsinf + AT
Denote Zj := [—57/6, —7 /6] U [7/6, 57 /6]. Then

0 €Ty = [079(),0,k)| = [2gsin 6] > g >0
and van der Corput Lemma (see Section 6) ensures

/ efi(j1/2+k1/2)\11(j,0,k);70 _ O((j1/2 +k:1/2)’1/2).
To ™

Denote 7; 1, := (k — 5)/(j/? + k'/2) and assume that |7; | < g/2. Then
0 €[-m7]\Zo = [0p¥(4,0,k) = |29 cos O] — || > g/2> 0
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and the non-stationary phase estimate (see Lemma 6.1(a)) ensures

/ efi(j1/2+kl/2)\1’(j,9,k)d79 — O((j1/2 + k1/2)*1).
[_7'(771-]\10 2

O]

Corollary 5.2. For j, k € N we denote V(j, k) := (ej,Vey). If ¢ > 0 is small enough,
then there exists C > 0 such that

Im —n| < en'’? = |V(m,n)| < Cn)~4 (5.4)
Proof. By definition of V, if 7, 7 € N then
V(lo + 26, 1o + 25) = 5 {(0-1,16+i,0), (0, v_11915)) 2y xe2ryy = 0 (5.5)
V(o +2i+1,lo+2j + 1) = £((0,v14), (v1,5,0)) 2y xez(yy) = 0 (5.6)
V(o + 2,10+ 2 + 1) = (1,044 0), (1.5, 02y xe2 () = 5 (V-1,09i>015)- (5.7)

To complete the proof we fix jo € N large enough and consider k = Iy + i, m = lg + 2i,
n =1y + 25 + 1 with j > jo. Then one has

Im —n| < en'’? = |5 — k| < (Y2 + kV/?),

hence |V (m,n)| = |$75,| < Co|§| ()74 < Cln) Y4 if > I + 2o + 1. O

5.2 The auxiliary operator K
Notation 5.3. In the sequel K € B(¢*(N)) is the operator defined by
V(i k)

<€j’K6k>f2 :K(]>k): dﬂidk
0 ifd;=dy

if d; # dj

where V (5, k) := (e, Vey) for j, k € N.

Lemma 5.4. The operator K is compact and anti-Hermitian in (*(N). Moreover, there is
C > 0 such that
|Ken|| < C(n)~Y4 for alln € N. (5.9)

Proof. Step 1. We first observe that K (k, j) = —K(j, k), i.e. the matrix (K(j, k));rez is
anti-Hermitian and (5.4) ensures

n>c?k)? = |Vn+kn)| <Cn V4 (5.10)
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Let cp > 0 be fixed small enough. Then d; # dy, = |d; — dj| > co(j — k) and

KGO A0 = 4 #d > [KG| < D (5.11)

We also observe that Parseval’s equality ensures

YIVEERP = 1V VWemxem? = IVVRlIEmxem) < Co- (5.12)
JEN JEN

Step 2. For N € N we define Ky € B(/?(N)) by

K k) it — k| < N

o (5.13)
0 if|j—k|>N

Kn(j, k) = (ej, Knew)ea) = {

Since Ky is a finite band matrix and each diagonal Kx(k + n,n) — 0 when n — oo due
to (5.10), the operator Ky is compact. If Ky (m,n) := K(m,n) — Kx(m,n), then

SEvGE <t Y YU (5.14)

jeN ensiimkzny U k)

and using Cauchy-Schwarz inequality we can estimate the right-hand side of (5.14) by
05103/2611\,/2, where we have denoted dy = 23,,- 5 (m) ™2 and Cy is as in (5.12). Thus
the Schur boundedness test ensures K — Ky € B(¢*(Z)) and

IK — Ky|| < cgtcp/?s)/? ——0. (5.15)

Since K = K — Ko € B(/%(N)) and Ky are compact, (5.15) implies that K is compact.
Step 3. We can estimate

[ Kenll? = D 1K (G, )] < (M + M),

JEN
where )
Vij,n _ . _
M, = Z ‘ .(.7 )|2 < <cn1/2> 2 Z ]V(],n)\Q < Cyn 1
lj—n|>cnt/? {—n) jeN
due to (5.12) and
AT
M = Z ‘V(Jvn)L < O2p1/2 Z (m — n)*Z < C’{nil/Q
li—n|<cnl/2 <‘] - n> meN
due to (5.4). O
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5.3 Similarity transformation

Notation 5.5. In the sequel W denotes the operator defined in B(¢?(N)) by
<6j, W6k> = W(], ]C) = (dj - dk)K(j, k) - V(], k) (5.16)

Lemma 5.6. (a) Ife ¢ N then W = 0. If e € N then W is compact, self-adjoint and there
is C' > 0 such that
[Wen|| < Cn~Y* forn e N*. (5.17)

(b) The operator I + K is invertible and (>*(N) is an invariant subspace of I + K.
(c) The operator R := (KV — W)(I + K)~! is compact and one has

H=(I+K) " (D+R)(I+K). (5.18)
Proof. (a) We first observe that V'(j, ) = 0 implies W(4,j) = 0 and
d; # dy = W(j,k) = 0. (5.19)

If € ¢ N then j # k implies d; # di and W(j,k) = 0 follows. If € € N then W (j,k) # 0
implies d; = dj, and |j — k| = 1, hence all non zero entries of the matrix (W (j,k)); rez
have the form W(j,j+1) = W(j + 1,j) = =V (j + 1,7) and W is compact because
V(j+1,7) = 0 when j — oo.

(b) Since the operator iK is self-adjoint, the operator i + iK = i({ + K) is invertible and

dj(Kex)(j) = (dj — di)(Kex)(j) + (KDex)(j) = (W +V + KD)er)(j)  (5.20)

implies that d;(Kz)(j) = (W +V + KD)z)(j) holds when = € ¢*!(N). Since d; ~ 3 as
j — 00, we can conclude that x € />!(N) = DKz € (*(N) = Kz € (>!(N) and

DK =W 4V + KD on (*}(N). (5.21)
(c) Due to (5.21) we can write V + KD = DK — W on ¢?>!(N) and
(I+KH=D+V+KD+KV=D+DK-W+KV =

=D+ K)-W+KV = (D+ R)(I +K).

Applying (I + K)~! from the left, we obtain (5.18). Moreover R is compact because K
and W are compact. O

5.4 End of the proof of (1.15)
Let K and R be as in Lemma 5.6. We denote

H' :=D+R. (5.22)
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We claim that o(H') = o(H ) and the corresponding eigenvalues have the same multiplicity.
Indeed, (5.18) ensures
H—-z=I+K)""(H - 2)(I+K)forzeC (5.23)
and taking zop € C\ (¢(H) U o(H')) we find that
I+ K)|pam) = (H —20)"' (I + K)(H — 2)

is invertible in B(¢*!(N)). Thus H — z is invertible £ (N) — ¢2(N) if and only if H' — z is
invertible ¢*!(N) — ¢2(N), i.e. o(H') = o(H) and

(H-—2)'=U+K)\(H -2 '(I+K) for e C\ o(H). (5.24)
Finally, the equality rank Py(H) = rank Py(H') follows from the fact that (5.24) implies

P\(H) = (I + K)"'Py\(H)(I + K).

Let (A (H))nen = (M (H'))nen be the non-decreasing sequence of eigenvalues of H (and
of H'), counting the multiplicities. We need to prove the large n estimate

A (H) = M\ (H') = dp + O(n~ V4. (5.25)

For this purpose we first observe that there exist constants C', C’ such that
R enl| < C(||K enl| + [|[Wen|[) < C'n~ /4 (5.26)

holds for all n € N*. It is easy to see that we obtain (5.25) using (5.26) and

Theorem 5.7. Let (dy)nen be given by (2.14)-(2.16) and let II,, denote the orthogonal
projection on the linear subspace generated by {ey, : dy, = dy}. If R is as in Lemma 5.6
and H' = D + R, then one has the large n estimate

An(H') = dy + O(||R* L | (2 (y))- (5.27)

Proof. If € ¢ N then ||R*IL,|| = ||R*en|| and the estimate (5.27) was proved in Lemma 2.1
of the paper Janas and Naboko [75]. If € € N then the eigenvalues are double for n > [
and the estimate (5.27) can be easily deduced from the result of Malejki [94] similarly as
in section 4.4 of Chapter 5. O

6 Estimates of oscillatory integrals

Lemma 6.1. We us fix co > 0 and 0y, 61 € R satisfying 0y < 01. Let T be an arbitrary

set of parameters. For every 7 € T we consider smooth functions hy : [0y,01] — C,
U, : [6p,01] — R and for A € R we denote

M.(\) = / "N O, (9 o, (6.1)
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We assume that the derivative satisfies |W..(6)| > ¢y for every 6 € [0y, 01] and T € T.
(a) If {h;}re1 is bounded in C'([0p,01]) and {V,},e7 is bounded in C?([0y,61]), then
there is a constant Cy such that the estimate

ML (V)] < ColA™? (6.2
holds for all 7 € T and A € R\ {0}.
(b) If 100, 01] = [—7, 7], {h:}rer is bounded in C®(T), {V.},e7 is bounded in C(T)
and V(1) — U, (—m) € 2nZ holds for every T € T, then for every N € N one can find a

constant C'y > 0 such that
| M (m)| < Cym ™ (6.3)

holds for all T € T and m € N*.
Proof. (a) The integration by parts gives

O wny B o
i/\MT()\):/ (P77 —:/ ML (h) +

o, fr %
et — 6.4
0o \I/;- 0o ] ( )

w7 lo,

where £, is the differential operator defined by L. (f) := —(f/¥/)’". To complete the proof
of (6.2), it suffices to observe that the right hand side of (6.4) is bounded uniformly with
respect to 7 € 7 and A € R*.

(b) If [0y, 01] = [, 7] and A = m € N, then the last term in the right hand side of (6.4)
disappears due to the assumptions of 2w-periodicity and we obtain
(im)V M, (A) = / oW £N () (6.5)

after N integrations by parts. To complete the proof of (6.3), we observe that the right-
hand side of (6.5) is bounded uniformly with respect to 7 € 7 and m € N*. O

Lemma 6.2. (J. van der Corput) Assume that co > 0. If ¥: [0y, 01] — R is smooth
and its second derivative satisfies |U”| > cq, then there is a constant Cy depending only on
co, such that for all A € R* one has

o
‘/ L) a9 | < ColA 72 (6.6)
0o
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Improved Estimates of Large Eigenvalues for
the Quantum Rabi Model with a non-resonant bias

Abstract. We consider the asymmetric quantum Rabi model with a bias € ¢ Z. The spectrum
of this model consists of two eigenvalues sequences (E;})5°_, (E;.)%_, and we describe their

asymptotic behaviour with an error estimate of the form O(m~'/2 Inm) when m tends to infinity.

1 Statement of the result

In this Chapter we use notations introduced in Section 1 of Chapter 2. In particular,
¢%(N) denotes the Hilbert space of square-summable sequences  : N — C and
62’1(N) ={x € €2(N) |21 vy < 00} (1.1)
with
1/2

2l = (3 A +2G)?)

jeN

(1.2)

The Pauli matrices are denoted oy, oy, 0,, and we define al and & (the creation and
annihilation operator) as closed linear operators in ¢?(N) satisfying

dTen:\/rH—lenH forn e N (1.3)
aep=0 and ae, =+ne,_1 forne N\ {0}, (1.4)

where {e,, }nen is the canonical basis of £2(N).
The operator Ho gap, is defined as the linear mapping C? ® ¢21(N) — C? @ ¢%(N) given
by
€
Ho gabi := 2 ® a'd + 0y ® (9(@+&T) + 2I£2> ; (1.5)
and the operator Hg,p, is defined as the linear mapping C? ® ¢21(N) — C2? @ £2(N) given
by
Hgapi = HO,Rabi + %A 0, @ Ip2. (16)
where g > 0 is fixed.

In Chapter 2 we proved that there is an orthonormal basis in C? ® ¢?(N) of the form
{u,, }nen U {u,! },en such that

Hpapitty, = B up, (1.7)

holds for every m € N and the eigenvalue sequences (E,,)%_, (E;F)2_, satisfy the large
m asymptotic formula

EE :m—QQ:t%e—l—O(m_l/4). (1.8)
The purpose of this Chapter is to prove

Theorem 1.1. Ife ¢ Z, then the eigenvalue sequences (E;)5_, (EH)_,, satisfy the
large m asymptotic formula

EE :m—gQi%e—i—O(m*l/zlnm). (1.9)
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2 Main ideas of the proof

If L : D(L) — V is a linear mapping defined on a dense subspace of the complex
Banach space V, then o(L) denotes the spectrum of L. The algebra of bounded operators
on V is denoted B()V) and the norm of B(¢?(N)) is denoted || - ||. If T € B(¢*(N)), then we
denote

T(j,k) = (ej,Tey) for j, k € N. (2.1)

Due to Lemma 2.2 in Chapter 2, the operator Hg rabi is similar to the diagonal operator
D = diag(d;)52, in £2(N), i.e.

De; = djej for j € N, (2.2)

where (d;);en is the non-decreasing sequence of eigenvalues of Hg rabi, counting multipli-
cities. The operator Hg,p,; is similar to

H=D+V. (2.3)
Then the result of Chapter 2 says that one has the large n estimate
M(H) = dy, +O(n~ 14 (2.4)
and the assertion of Theorem 1.1 says that the large n asymptotic formula
A (H) = dy +O(n"?1nn) (2.5)
holds if € ¢ Z. However, the assumption € ¢ Z insures the fact that

= inf — 2.
1 rlzrelN(dnH dp) >0 (2.6)

and using (2.4) we know that there is n; € N such that for n > n; one has
{Mn(H)} =o(H)N]dy — 2er,dp + 3. (2.7)

In Section 4 we define a sequence of self-adjoint, bounded operators (Qr, )2, and in Section

5 we introduce
H/ = e 1@ fel@n

Then for n > n; we still have
{M(H)} = o(H,)N]dn — 2c1,dy + Se1] (2.8)
and in Section 5 we deduce (2.5) from (2.8), combining the structure of H,, with

Theorem 2.1. (Kato-Temple) Assume that the operator L is self-adjoint in the Hilbert
space H and has exactly one eigenvalue X in the interval |d',d"|. If x is an element of the
domain of L such that n := (x, Lz)4 belongs to |d',d"|, then

(L = n)z|? (L —n)z|?

e o

p— (2.9)

95
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Proof. See [59]. O

To investigate H] , we apply the Taylor’s expansion formula as follows. Assume that B
and @ € B(/?(N)) and denote

Fig(B) :=e¢ " B for t € R. (2.10)
We use the notation adi(B) := [B,iQ)] and adi"é;l(B) := [adigy(B),iQ] for m € N*. Then

dm

T Fio(B) = e adiy(B) 'Y = Fo(adiy(B)) (2.11)

and the Taylor formula gives

N
tm
Fio(B) =B+ ) —adij(B) + R q(B) (2.12)
m=1 """
with
tN—‘rl N+1 N
Ru.io(B / Fio(ad(B)) (1 - 5)™ ds. (2.13)

If B is a self-adjoint unbounded operator D(B) — ¢?(N) such that D(B) is an invariant
subspace of e*@ for every t € R and t — Be*@z is locally bounded R — ¢?(N) for every
x € D(B), then

d . . . . . .
3 (€"w, Be'@y) = (Be'x,iQe"Cy) + (iQe"Yx, BQe"Yy)

holds for every x, y € D(B). If moreover the form (z,y) — (Bz,iQy) + (iQx, By) can be
extended from D(B) x D(B) to a bounded form on £?(N) x £2(N), then we can introduce
[B,iQ] € B(¢*(N)) defined by this form and (2.12)-(2.13) still hold.

3 Basic notations and results from Chapter 2

Similarly as in Section 2 of Chapter 2 we introduce the linear mapping ¢>! (N)x¢?! (N)—

2(N) x £2(N) by
H., 2Ip
H = 27 M) 3.1
(%fﬂ(m Hy 3

where Hyq : £21(N) — (2(N) are defined by

Hy=adlatga+al) £ e (3.2)
We can also write
V=1A Oem Iew) (3.3)
Igz(N) OKQ(N)

where 02y denotes the null mapping in /2(N) and

Hy=H_, % H;.

o6
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Due to Lemma 2.2 in Chapter 2, H is similar to Hgrapi and Hg similar to Ho Rab;-

Further on we assume for simplicity that € > 0, we introduce
lo:=]e)] =max{n e N:n <€}

and define (d,,)22, setting

dp =n — 2—%ef0rn:0,...,lo, (3.4)
dig+2i = lo +1i— g* — sefori € N, (3.5)
djg+142i =1 — g + 2efori e N. (3.6)

Then Lemma 2.4 in Chapter 2 ensures that (dy,)52, = (A (Ho))oZ is the non-decreasing
sequence of eigenvalues of Hy, counting multiplicities. It is clear that € ¢ Z implies (2.6)
and moreover there is ¢y > 0 such that

|dj — dy| > colj — k), (3.7)

where (s) := (1 + s2)1/2.
Let {v?},en be an orthonormal basis of eigenvectors of Hy and define H as the
self-adjoint operators in ¢?(N) given by

H=UHU!, (3.8)

where U : (?(N) x £2(N) — ¢2(N) is the isometric isomorphism satisfying Uv) = e, for
every n € Z. Then H = D + V holds with D = diag(d;);2, and

V=UVU L (3.9)

Due to Corollary 5.2 in Chapter 2, there exist C' and ¢ > 0 such that

=k < ck'? = [V, k)| < C(k) (3.10)
and
V(j,j) =0 (3.11)
holds for every j € N due (5.5)-(5.6) in Chapter 2 . Moreover
Y IVGRIP =D Kej Ver)? = [[Verl? < [[VI]*. (3.12)
JjEN jeN

4 Operators R, and @),

In the sequel we consider the orthogonal decomposition
(N) = H, & Hy, (4.1)

where

H,, = Cep, H,, = ((Cen)J‘. (4.2)

o7
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Let II,, € B(£2(N)) denote the orthogonal projection on Ce,, and II,, := I — II,,.
We introduce R L
R, =11, VII, + I, VI, (4.3)

and observe that R, (j, k) # 0 = (either j =n # k or k =n # j). Moreover, V(n,n) =0
ensures 11, VII,, = 0 and (4.3) can be written in the form

R, =V —I,VIL,. (4.4)

Since Ry, (j, k) # 0= j # k = d; # dj, we can define

Ra(ik)
Ouiik) = 4y —dy TR0 (4.5)
0  ifRu(j,k)=0

Lemma 4.1. (a) There is Q,, € B((*(N)) satisfying (e;, Qner) = Qn(j, k) for all j,k € N
and

1Qnll = O(n™'%). (4.6)
(b) ¢>*(N) is an invariant subspace of Q,, and one has

(c) (21 (N) is an invariant subspace of @ and t — "9z is of class C°(R; (> (N)) if
x € #Y(N).

Proof. (a) We observe that Q,(n,j) = Qn(j,n) and using
Qn = Qnﬁn + Qnﬁn = ﬁnQnﬁn + ﬁnQnﬁn7
we can estimate

1Qull < 1QuILl| + ITaQull = 2/ QuTln]l = 2/|Quenll-

Due to (3.7),
AN
HQnenH2 = Z ’Qn(]v n)‘Q < 662 Z M < CO_Z(MTL + Mé)’
jeN jen W n)
where
V(j,n)|? -1 - . -1,—
M, = > |('(in;’2§c Y V3G )P =T VP

{itli=nlzent/2y ¥ JeN

and . 2
M, = 3 M <CTVEN (m—n) P < Oyt
{j:lj—nl|<en!/2} U=n) mel

o8
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due to (3.10).
(b) We observe that

d;j(Qner)(J) = (dj — di)(Qner) () + (@nDex)(j) = ((1Rn + QnD)er)(5) (4.8)

implies that d;(Qnz)(j) = ((iRn + @, D)z)(j) holds when x € ¢21(N). Since d; ~ 1j as
j — 00, we can conclude that z € (*}(N) = DQ,z € *(N) = Q,x € (*(N) and (4.7)
holds.

(¢) Let us fix \yg > 1 — dy and denote D' := D + A\g. Then D’ > I and we introduce
Qni :=1iR, D1 + Q,, € B({*(N)). We observe that Q,,1 = D'Q,D'~! and

()" 1y — g 3~ " m1gm i
Qn y—Ngnoon; - Quy = D' leOnay
(4.9)
holds for every y € (2(N). If z € (*!(N), then using y = D’z in (4.9) we find that
t — elt@ny = D'=Let@n1y is C°(R; £2(N)). It remains to observe that 2 — || D'~ 1z|| is a
norm equivalent to || - |[42.1(y)- O

N
itQ =1 _ 1
e’ D = lim
4 N~>c>omzi:O m

5 Proof of Theorem 1.1

In the sequel @, and R,, are as in Lemma 4.1. We write T,, = T, + O(n,,) if and only
if we can find C' > 0, ng € N, such that ||T,, — T),|| < Cny, holds for all n > ng. If z,,
x!, € 12(N), then we write x,, = z}, + O(n,,) if and only if we can find C > 0, ng € N, such
that ||z, — 2},|| < Cny holds for all n > ny.

Step 1. We denote H/, := ¢~ [el?n and claim that
H,=D+V — R, + [V — iR,,,iQ,] + O(]|Qn|?). (5.1)
Indeed, using (2.12)-(2.13) with N = 1 and @, V, instead of @, B, we obtain

e Ve = V 4 [V,iQ,] + O(||adZ,, (V)]]) (5.2)

and Had?Qn (V)| < C||Qn][?. Similarly, using (2.12)-(2.13) with N = 2 and Q,,, D, instead
of @, B, we obtain

e D% = D+ [D,iQu] + 3D,iQu),iQul + Ollladly (D). (53)

and [D,iQ,] = —R,, ensures adf’Qn (D) = ad?Qn(—Rn) = 0(||Qx]|?). Summation of (5.2)
and (5.3) gives

e @ Hel% = D+ V +[D,iQu] + Wy 4+ O(||Qnl ) (5.4)

with
Wy = [Va lQn] + %[[DJQnLiQn] = [Vv lQn] - %[RnaiQn]- (5-5)

29
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We obtain (5.1) using [D,iQ,] = —R, in (5.4) and (5.5) .
Step 2. If W, is given by (5.5), then
Wy(n,n) = O(n"?1nn). (5.6)
Denote V! := V — $R,,. Then W,, = [V?,iQ,,] and
V(4, k)| < |V (4, k)| for all j,k €N (5.7)

Due to (5.7) and (3.7) we can estimate

nm2
VOQu) () < 3 Vimm@uimn)| < S VM o a4y (59)

meN meN\{n} |dm - dn| B
with
vV 2
M, = Z M < c_ln_1/2 Z |V(],’I’L)|2 — C_ln_1/2|‘V||2
{m:|m—n|>cnt/2} <m - n> JEN
(see (3.12)) and
2
M1/1 = Z M < Canl/Q Z (m _ n>71 < Cinfl/Q Inn

(m —n)

{m: jm—n|<enl/2} {m: |m—n|<enl/2}

where we used (3.10) and the fact that

Y memi<i+2 Y L=o0(un)

(3
{m: |m—n|<enl/2} 1<i<cent/?

Step 3. We claim that
(en, H! e) = dp + O(n~ 2 1nn) (5.9)

and
(H!, — (e, H e,))en = O(n~4). (5.10)

Indeed, using ||Qn|| = O(n~Y/4) and V — R,, = I1,,VII,, in (5.1), we find
Hle, = (D + I, V1L, + Wh)en + O(n*1/2) =dpen + When + O(nil/Q), (5.11)

hence
(en, H' en) = dp + (en, Wnen) + O(n~1/?)

and (5.9) follows from (5.6). Moreover, (5.9) implies

(Hl, — (en, Hyen))en = (Hl, — du)en + O(n™*Inn) (5.12)

60
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and (5.11) ensures
(H!, — dp)en = Wyen + O(n~4?). (5.13)

Thus (5.10) follows from (5.12), (5.13) and ||[W,|| < (2]|V|| + [|Rn|)]|@n|] = O(n=1/4).

End of the proof of Theorem 1.1. Let n; be such that (2.8) holds for n > n;. Due to
(5.9) there is ng € N such that for n > ng one has

(en, H)en) € |dp — %cl, dp + %cl[.

If n > max{ng,n1}, then H, satisfies the assumptions of Theorem 2.1 with L = H],
z = e, and |d',d"[=]d, — 3c1,dy, + 5c1[. Therefore (2.9) gives

An(H,,) = (ens Hyen)| < dey'[|(Hy, = (e, Hyyen)Jeal P = O(n™/2). (5.14)

Combining (5.14) with (5.9) we get A\, (H!) = d,, + O(n~?Inn).
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Three-term asymptotic formula for eigenvalues
of the quantum Rabi model with a resonant bias

Abstract. We obtain the three-term asymptotic formula for large eigenvalues of the asymmetric
quantum Rabi model with a bias € € Z.

1 Statement of the result

In this Chapter we use notations introduced in Section 1 of Chapter 2, page 31. The
operator Ho rabi is defined as the linear mapping C? ® ¢21(N) — C? ® ¢*(N) given by

€
Ho Rabi := Lo @ d'a+ 0y @ (9(@ +al) + 2122> ; (1.1)

and the operator Hg,p, is defined as the linear mapping C? ® ¢21(N) — C? @ ¢?(N) given
by
HRabi = Ho gavi + 340, @ Lpo. (1.2)

where g > 0 is fixed.
In Chapter 2 we proved that there is an orthonormal basis in C? @ £?(N) of the form
{u;, }nen U {u;rn}neN such that

Hgabiuy, = Enuf (1.3)

m

holds for every m € N and the eigenvalue sequences (E;,)%_, (E;H)2_, satisfy the large

m=0>
m asymptotic formula
E* :m—gzi%e+0(m_1/4). (1.4)

The purpose of this Chapter is to prove

Theorem 1.1. Assume that € = ly € N. Then the eigenvalue sequences (E,)men and
(Ef)men satisfy the asymptotic estimates

E =i+ 3lo— g% —[ul+ 03 ?ni), (1.5)

Ef =i+l — ¢ + [v:| + O~ /?ni), (1.6)
where A

v = i—1/42\/% cos (4gVi — § — o). (1.7)
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2 Main ingredients of the proof

We keep notations introduced in Chapter 2. In particular, o(L) denotes the spectrum
of L, || - || denotes the norm of £2(N) or the norm of the algebra of bounded operators
B(¢%(N)). Assume that L, L, are linear mappings defined on a dense subspace of £2(N).
If L,, — L], can be extended to a bounded operator £2(N), then we still use the notation
[|Ly, — L,,|| to denote the norm of this extension and the notation L,, = L], + O(n,) means
that choosing ng € N and C > 0 large enough, we ensure ||T,, — T} || < Cn, for all n > ny.

If T € B(¢*(N)), then we denote

T(j,k) = (ej,Tey) for j, k € N, (2.1)

where {e,, }men is the canonical basis and (-, -) is the scalar product of £?(N).
Further on we assume that € = [y € N and we define (d,, )32, setting

dn:n—gz—%lofornzo,...,lo, (2.2)

d2i+l0 = d1+2i+lo =7 — g2 =+ %l() fOI‘ 7 S N (23)

Due to Lemma 2.2, Lemma 2.4 and Corollary 5.2 in Chapter 2, the operator Hg rapi is
similar to the diagonal operator D = diag(d;)2, in 2(N), i.e.

De; = djej for j € N, (2.4)
and the operator Hg,p,; is similar to
H=D+YV, (2.5)
where V is a bounded self-adjoint operator in £2(N) satisfying
V(j,j) =0forevery j € N (2.6)

and R
=kl < &k'? = [V(j, k)| <Ck™* (2.7)

where é, ¢ > 0 are certain constants independent of j, £k € N. In Chapter 2 we used
(2.6)-(2.7) to prove the large n estimate

M(H) = dy +O(n~ 14 (2.8)

where (A, (H))5% is the non-decreasing sequence of eigenvalues of H, counting multiplici-
ties.
We will use the assumption € = [y € N to prove the large 7 estimates

Noisty (H) = daipty — |V (2i + 1o, 1 + 2i + 1o)| + OG ™2 In i), (2.9)
Myaivio(H) = doiviy + [V(2i + 1o, 1+ 2i + lp)| + O~ ). (2.10)

It is clear that the assertion of Theorem 1.1 follows from (2.3), (2.9), (2.10) and
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Proposition 2.1. One has the large i estimate
V(26 + 1o, 1+ 20 + 1o)| = || + OG~Y?), (2.11)
where v; is given by (1.7).
Proof. See Section 5.3. ]
In order to prove the estimates (2.9)-(2.10) we write
n=1ly+2i (2.12)
(where i € N) and consider the orthogonal decomposition
(N) = Hp ® Hn, (2.13)

where R ~ ~
Hy, = span{en,ent1} and H, := ’H# (2.14)

In the sequel II,, € B(¢£2(N)) denotes the orthogonal projection on #, and II,, := I — II,,.
We use the decomposition (2.13) to express V in the matrix form

V= (XZ %) (2.15)
where R R R
Vo =1L,V € B(Hy), (2.16)
Vo i=1LV|5 € B(Hy), (2.17)
Ry, =T0L,V|; € B(Hn, Ha), (2.18)
Ry =T,V € B(Hn, Hy). (2.19)

Moreover, we can identify V,, with its matrix in the basis {e;, e,+1}, i.e. we can write

5 0 V(n,n+1)
v, = (V(n L . ) . (2.20)

We will prove

Proposition 2.2. There exists a sequence of unitary operators (Uy)nen such that the
large n estimate L
U HU, =D+ V, @V, +0(n ?Inn) (2.21)

holds if n — ly € 2N, V,, is given by (2.20) and
V! =V, +0n % (2.22)
holds with V,, given by (2.17).

65



CHAPITRE 4 : QRM avec un biais résonant

Proof. The estimate (2.21) is proved in Section 5.2 with
U, = elne@n (2.23)

where Q,, and @/, are bounded self-adjoint operators defined in Section 3 and 4 respectively.
O

Corollary 2.3. The estimates (2.9)-(2.10) follow from the assertion of Proposition 2.2.
Proof. To begin we observe that the assumption n — [y € 2N implies
dp1+1=d, =dpy1 =dpya—1 (2.24)
and (2.8) ensures the fact that there is n; € N such that for n > n; one has
M1 (H) < dp—3 <dp— L < X(H) < M1 (H) < dp+ L < dpy+ 3 < Ao (H). (2.25)

Moreover, (2.21) ensures

H=H, +0(n Y?nn) (2.26)
holds with
H, :=Un(D+V, & VU, (2.27)
and due to the min-max principle, there exists C' > 0 such that for every n € N* one has
2u§ INe(H) — Ap(Hp)| < Cn~ Y2 nm, (2.28)
€

where (Ax(Hp))ren denotes the non-decreasing sequence of eigenvalues of H,,, counting
the multiplicities. However, combining (2.28) with (2.25), we can find n; € N such that
for n > nj one has

An—1(Hp) < dp — 3 < Mo(Hp) < A1 (Hp) < dp + 5 < Apso(H). (2.29)
Denote D,, := D|5; and D, = D\ . Then

D+ Vi = <V(nc-i:1,n) V(n’deL D)
and (D, + V) = {An, Ans1} holds with
A i=dp — [V(n,n+1)| and Ay :=dp + |V(n,n+1)|. (2.30)
Moreover, due to (2.7), there is na € N such that for n > ng one has
dy — L <Xy < Mj1 <dp + 4 (2.31)
However, 0(H,) = oc((Dyp + V,,) & (D, + V) = 0(Dy, + V,,) U (Dy, + V) implies
{An, Ans1} C o(Hy). (2.32)

Combining (2.32) with (2.29), (2.31), we get Ap = An(Hp), Ms1 = Ans1(Hy) and using
these equalities in (2.28), we deduce

A (H) =Xy +O0(n~Y?1Inn) and Ayy1(H) = Apg1 + O(n"?1nn), (2.33)
i.e. (2.9)-(2.10) hold. O
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3 Operators related to the first similarity transformation

Notation 3.1. (a) In the sequel &, C' are as in (2.7) and n — Iy € 2N, i.e. (2.24) holds and
it is easy to check that
dj # dp = |dj —di| > 3G = k). (3.1)

(b) We introduce Z,,, Z,7 C N? defined as follows

Z, = (N\{n,n+1}) x {n,n +1} (3.2)
ZTJ[ ={n,n+1} x (N\{n,n+1}). (3.3)
‘We observe that
(j, k) S Z,; = dj 7& dp = dg, (3.4)
(j. k) € Z} = dj = dy # dy. (3.5)

(c) In the sequel we fix ¢ such that 0 < ¢ < ¢ and we introduce the matrices (Q;, (4, k) (jk)enzs
(@ (4, %)) jyenz by

V. k) ... n . 1
i -2 if (4,k) € ZF and |j — k| < en!/?
Qn (G k) =14 dj—dy G:k) 7 = H (3.6)

0 otherwise

(d) We define the matrix (Qn(j, k))(j kyenz by

, imif(j,k)ezgruz;
Qn(j, k) =4 dj —dy (3.7)
0 otherwise
Lemma 3.2. If (Q (5, k))(jkyenz is defined as in Notation 3.1(c), then
(a) there is C > 0 such that for all j, k € N one has the estimate
4Cn~1/4
Qi k) < ——+ 3.8
QG H < s (3.
(b) there is QF € B(3(N)) satisfying (ej, QFex) = QE(4,k) for all j,k € N and
1Qx1l = O(n~1/*%). (3.9)

Proof. (a) Due to ¢ < ¢, (3.8) follows from (2.7) and (3.1).
(b) If k € N\ {n,n + 1}, then @,,ex, = 0. If k € {n,n + 1}, then

(4C«n—1/4)2

IQuerl® =3 1@ G RIP < X2 G e

jeN {jeN: |j—k|<enl/2}
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<16C2n V23 (i — k)2 < On Y2,

JjEN
hence Q;, € B(f*(N)) and ||Q;,|| = O(n~'/%). Since (j,k) € Zt < (k,j) € Z; and
Qi (j; k) = Qu (k, j), one has Qf = (Q5)" € B(*(N)) and [|Q]f || = [|Q; 0

Lemma 3.3. If (Qn(j, k))(jx)enz is defined as in Notation 3.1(d), then
(a) there is Q, € B((*(N)) satisfying (e;, Qunex) = Qn(j, k) for all j,k € N and

Q7 + Qu — Qull = O(n™'12). (3.10)
(b) £*>Y(N) is an invariant subspace of Q, and one has
—[D,iQ,] = I, VI, + I, VIL,. (3.11)

(c) 2Y(N) is an invariant subspace of €9 and t — e@rx is of class C°(R; £>1(N)) if
x € (#Y(N).

Proof. (a)If k € N\ {n,n + 1}, then (QuII, — Q; )er, = 0. If k € {n,n + 1}, then

1(QnIL, — Q) )ex|* = > Qn (4, k)

{jeN: [j—k|>cn1/2}
16|V (5, k)| )2 = 16][Ver|[* _
< > ok S ZW T— ’
{jEN: [j—k|>en1/2}

n
hence Q,IL,, = Q;; + O(n~1/2). Using the adjoint formula I1,Q,, = Q;" + O(n~'/2), we
obtain R R

Qully +11,Qn = @ + @ +0(n™ Y1), (3.12)

However, using ﬁnQnﬁn =0and ﬁnQnﬁn = 0, we obtain

and we complete the proof of (a) combining (3.12) and (3.13). We obtain assertions (b)
and (c) reasoning as in the proof of Lemma 4.1 in Chapter 3. O

Lemma 3.4. Let QF be as in Notation 3.1(c) and
Q) =Qr +Q,. (3.14)

If
VY= 1V + (1, VI, + 11,VIL,), (3.15)

then one has the following large n estimate

IL,VQM, = O(n~?Inn). (3.16)
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Proof. To begin we observe that we still have the large k estimate

sup V23, k)| < Cr™Y (3.17)
(JEN: [j—k|<ek1/2}

Next we observe that
LV < >0 [(V2Q9)(, k)]
n<j,k<n+1

and

(V2 Qn) (. k) = > Vi) (7, m) @ (m, k).

{meN: |m—Fk|<cnl/2}

Assume that j,k € {n,n+ 1}. Then

Im—k| <en? = |j—m| < |j—k|+|k—m| < 1+en'/? < en'/? = |VO(j,m)| < Cn~ /4

(3.18)
holds for every n > ¢ 2. Therefore, using (3.18) and (3.8), we can estimate
4020 -1/2
ViQNGRIs  Y Ee=00 ), (319)
(m — k)
{meN: |m—k|<cenl/2}
. . 1
where the last estimate is due to Z - =0O(lnn). O

1
1<i<cnl/2

4 Operators related to the second similarity transformation

Notation 4.1. Assume that QI is given by Notation 3.1(c) and V) by (3.15). We
introduce the matrices (Q}," (4, k))(j x)enz and (Q, (4, k))(j kyenz defined by
(VaQu) U, k) . _
, ISR e ey € Z- Uzt
= d-a Y
0 otherwise

(4.1)

Lemma 4.2. Let (Q) (j,k))(jxenz be as in Notation 4.1. Then there is Q; € B({*(N))
satisfying (e;, Qner) = Qi (4, k) for all j,k € N and

1@ Il = O(n~ 2 1un). (4.2)

Proof. Due to the Schur boundedness test, it suffices to show that there is C' > 0 such
that for every j, k € N, n € N*, the inequalities

Qu(k) <Cn™Y2Inn and QX(j) < Cn~'?Inn (4.3)
hold with
Qu(k) =Y |Qy (4, k)], (4.4)
jEN
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Q;, (k) := > 1QiF (k. ) (4.5)

jEN

Let us decompose Q,, = Q), + Q! with

(k) = > Q" (G, K, (4.6)
{JEN: |j—k|2en!/2}
(k) = > Q" (G, k) (4.7)

{jEN: |j—k|<cnl/2}

Using (3.1) and the Cauchy-Schwarz inequality, we can estimate

(V@) (. k
Q,, (k) < > I <._)k<§7 ) < AM (B)Y2M ()2 (4.8)
{FEN: [j—k|Zen1/2} J
with
Mo (k) = Z (j— k>727
{jEN: [j—k|>cnt/2}
My (k) =1V (G k).
jEN
However,
1 ©© ds 2 _1/2
(k) <2 ~ <2 = < / 4.9
M= i>§;1/2 - /cn1/2—1 s2  enl/2-17 Gin (4.9)
and using (3.9), we find
M, (k) = V0@ exl > < VR IP|Q 1> < Con™ /2, (4.10)

Combining (4.8) with (4.9)-(4.10), we get @', (k) < Cn~1/2, R
In order to estimate (4.7), we assume |j — k| < en'/2. Since Q;F = I1,Q;", one has

(VoQm)G.k) = > VI(,mQsk(m k). (4.11)

n<m<n+1
and using |j — k| < en'/?, we obtain
QF(m,k) #0= |k—m| <en'? = |j —m|<|j — k| + |k — m| < 2en*/?
= [ViG,m)| < Cn™ = V2, m)Qi (m. k)| < 4C%n 72,
Therefore, the first inequality (4.3) follows from
1

Q' (k) < 32C%n~1/2 > — = O(n~2nn), (4.12)
{jeN: |j—k|<ent/2} <] N >
1
where the last estimate is due to >~ = O(Inn).

2
1<i<enl/?
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We can also decompose QF = Q" + Q" with

(k) = > Q" (k. 5); (4.13)
{JEN: |j—k|Zenl/2)
Q" (k) = > Q2 (%, 5)1. (4.14)

{jEN: |j—k|<cnl/2}

Then |Q (k)| < 4M,,(k)Y/2 M2 (k)'/? with M, (k) as before and

MR = (V2R (k)2 = [1(V2Q) ) exl? < On Y2
jJEN

similarly as before. If [j — k| < en'/2, then
Qr(m.j) #0= |j —m| < cen'/? = [k —m| <[k —j|+|j —m| < 2en'/
= [V2(k,m)| < Cn= % = [V (k,m)Q;r (m, j)| < 4C%n~1/2
and Q"*(k) = O(n~1/21nn) follows similarly as before. O

Lemma 4.3. Let (Q, (j, k))(jxyenz be as in Notation 4.1. Then there is Q) € B(£*(N))
satisfying (ej, Q ex) = QL (4, k) for all j,k € N and

1Q5 Il = O(n~1un). (4.15)

Proof. Ttk € N\ {m,n + 1}, then @y (7, k) = 0. Thus ||| < [1Q4 enll + 1@ ensall
Assume now that k € {n,n + 1}. Then

1@ exl” < M (k) + M, (k) (4.16)
holds with |(V0 \( k)\Q
16](V, @) U5
Mo (k) = > k)
{jEN: |j—k|>cnl/2}
16/(V2Q:) (4, k)|?
{jEN: |j—k|<cnl/2} J
We first observe that
< 16 (VOQ, )? = 10 00=e, 12 = O 4.17
N
Our next claim is the estimate
sup ((V0Q:) (G, k)| = O(n~*Inn). (4.18)

{jEN: |j—k|<cnl/2}
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Since Q;, (m, k) = 0 if |m — k| > en'/?, one has

(VYR k) = > V2(j,m)Qy (m, k).

{meN: |m—k|<cenl/2}

However, |j — k| < en'/? and |m — k| < en'/? imply |j —m| < |j — k| + |k — m| < 2en'/?,
hence |V,2(j,m)| < Cn~Y* and

sup (V2R k)| < 4C%n ™12 > L = O mn),
{jEN: |j—Fk|<enl/2} {meN: |m—k|<cnl/2} <m - >
i.e. (4.18) holds. However, due to (4.18), we can estimate
M, (k) < 16 sup (V2Qu)G.K)I? D (G — k)2 =0 (Inn)?)  (4.19)

{j€eN: |j—k|<ent/2} jEN

and combining (4.16) with (4.17) and (4.19), we get ||Q;ex|| = O(n~Y21nn) for k €
{n,n + 1}, completing the proof. O

Lemma 4.4. Assume that V.0 is given by (3.15), Q= are as in Notation 5.1(c) and

Qh = QF +Qn. (4.20)
Assume that Q'F are as in Lemma 4.3 and /.2,
Qn=Qy +@Q, +(Q, +@Q, ) (4.21)
and
R, = I, [V, iQOIL, + IL, [V, iQO]IL,,. (4.22)
Then

a 52’1 N) s an invariant subspace 0] Ql and
( ) n

(b) €>Y(N) is an invariant subspace of e'@n and t — '@z is of class C®(R; £>Y(N)) if
x € #1(N).

Proof. Denote R'F := ﬁniV,?Q%ﬁn + ﬁniV,ngﬁn. Then we find
(D — QrD)er) () = i(dj — dr) Q5 (4, k) = —(Rpex) (4): (4.24)

and reasoning as in the proof of Lemma 4.1 in Chapter 3, we find that ¢*!(N) is an
invariant subspace of Q/:f and
D,iQi] = —RE. (4.25)

Similarly, using
(D@ = Q) D)ey = [D,iQ ex = —(Ry ) ex, (4.26)
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we find that ¢21(N) is an invariant subspace of (Q’F)* and

~[DAQE)] = (REY (4.27)

Combining (4.25)-(4.27), we get
—[D,iQ,] = R, + R," + (R, + R,})* = R,,. (4.28)
We obtain the assertion (b) reasoning as in the proof of Lemma 4.1 in Chapter 3. O

5 Proof of Theorem 1.1
5.1 First similarity transformation

Lemma 5.1. Let @, be as in Notation (3.1)(d) and

H! = e 10n el (5.1)
Then one has the large n estimate
H, :=D+V,®V +R,+0nY?nn), (5.2)

where R!, is given by (4.22), V,, is given by (2.16) and
Vi =Vo+0(n % (5.3)
holds with V,, given by (2.17).
Proof. We first observe that the estimate (5.1) from Section 5, Chapter 3 gives
H),=D+V — Ry +[V—1R,,iQ.) + O(n~'?) (5.4)
with R, = —[D,iQ,] = II,VIL, + I, VI, (see (3.11)). We observe that
V — R, = I,VIL, + I, VIL, (5.5)

and V — 1R, =V, is given by (3.15). Moreover, (3.10) allows us to replace Q, by @ in
the right hand side of (5.5), i.e.

H! = D +11,VIL, +IL, VI, + [V,?,iQ%] + O(n~'/?). (5.6)
Due to (3.16) we obtain
[V9iQ%] = T0,,[V)2,iQ0]ML,, + R, + O(n~"?Inn), (5.7)
where R/, is given by (4.22). Introducing
Vi i= Vo + V2107, (58)
we have ||V, — Va|| < C||QY| = O(n=/*) and
IL,VIL, + IL, VI, + IL, [V, iQ0 ]I, = V,, & V. (5.9)
To complete the proof of (5.2), it remains to combine (5.6), (5.7) and (5.9). O
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5.2 Proof of Proposition 2.2
Using the Taylor formula given in (2.12)-(2.13) of Chapter 3 with N = 1 we get
~9n Deln = D +[D,iQ] + O(|lady (D)) (5.10)

Since [D,iQ),] = —R), and adiQ,n (D) = —[R,,,iQ.] = O(||@.,1]), (5.10) implies

¢ @ Del = D — R+ O(n""/?1nn) (5.11)
due to ||@, || = O(n~?1Inn) (see (4.2) and (4.15)). We also have
1V, ® V! + R =V, o V! + R, + O(n"?1nn). (5.12)
Let us denote H” := ¢71%n H! ¢/@n. Then (5.2) ensures
H' = e (D +V, @ V! + R,)e% + O(n~?1nn) (5.13)

To complete the proof, it remains to observe that (5.11) and (5.12) allow one to write the
right hand side of (5.13) in the form D 4+ V,, @ V! + O(n~'/?1nn).

5.3 Proof of Proposition 2.1
Similarly as in Section 5.1, Chapter 2 we denote T := R/27 and introduce
Mg = (s Fi L2 (o) (5.14)
where f € L%(T) are given by (5.3), page 47, Chapter 2, i.c.

ff (9) — e$2ignl/2 sin §+ig? sin 0 cos 6’+in9. (5 15)

Combining (5.5) with (5.2) from Chapter 2, we obtain

V(204 lo, 1+ 2i + o) = 2yis1ei + OG2). (5.16)
However, the direct calculation gives
T o1, 40
Toptg = [ et 2 (5.17)
- 27
with
i = 2g((i + lo)/? + i'/?). (5.18)

Since the phase function # — sin # has non-degenerated critical points 7/2 and —m/2, one
has the large i asymptotic formula

i i ,u,,b—7r/4 —lﬁﬂlo/z_i_o 5.19
= 7 B v o

However, using p; = 4gi*/? + O(i~Y/2) we get

1
Yi+lo,i = — /—/—
\/2mgit/?

The proof is complete due to (5.16) and (5.20).

cos (4gi'/? = 7 — Zly) + O(2). (5.20)
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Behaviour of Large Eigenvalues for
the Two-photon Asymmetric Quantum Rabi Model

Anne Boutet de Monvel', Mirna Charif? and Lech Zielisnki?

Abstract. We investigate the asymptotic behavior of large eigenvalues for the two-photon quantum

Rabi model with a finite bias. We prove that the spectrum of this Hamiltonian model consists of

o0

& s (E)22, and we describe their asymptotic behaviour with an

two eigenvalues sequences (E;")
error estimate of the form O(n~'/2) when n tends to infinity. Our principal tool is the method of
near-similarity of operators introduced by G. V. Rozenbljum and developed in works of J. Janas, S.

Naboko and E. A. Yanovich (Tur).

Keywords : unbounded self-adjoint operators, asymptotics of eigenvalues, discrete spectrum,
Quantum Rabi Model.

Mathematics Subject Classification : 47A75, 47B02, 47B25, 47B36, 81Q10, 81Q15.

1 General presentation of the paper
1.1 Introduction

The first model of interactions between a quantum TLS (Two Level System) and a
light field was described in [105], [106]. The author of these papers, 1. I. Rabi, was awarded
the Nobel Prize in Physics in 1944 and (see [15]) the name QRM ( Quantum Rabi Model)
is usually used for the model of interaction between a TLS and a single mode radiation.
The QRM is considered as a particularly important model in quantum optics : see [133]
for numerous references to theoretical and experimental results in the cavity QED. We
also mention a famous paper of Jaynes and Cummings |79] describing a simplification of
the QRM known under the name of RWA (Rotating Wave Approximation) and the fact
that the QRM is sometimes referred to as the Jaynes-Cummings Model without RWA.

The QRM Hamiltonian (see Definition 1.2(d)) is a self-adjoint operator Hy,p; with
discrete spectrum depending on three parameters : the level separation energy A, the
frequency of the one-mode electromagnetic field w and the coupling constant g. Its eigenva-
lues are only known explicitly in the case of the QRM Hamiltonian Hg rapi corresponding
to A = 0. The question of the behavior of large eigenvalues of Hg,p; was posed by A.
Boutet de Monvel, S. Naboko and L. O. Silva in [27] (see also [28]). Due to the difficulty
of the problem, the authors give a solution for a simpler class of operators ("modified
Jaynes-Cummings models"). The first result concerning the asymptotic behaviour of
the QRM eigenvalues was obtained by E. A. Yanovich. In the paper [135] he proved the
estimate

An(HRrabi) — An(Ho Rabi) = O(n™%) as n — oo (1.1)

with the exponent oo = %. Here (A, (HRrabi))oz and (A, (Ho Rabi))peo denote the nonde-
creasing sequences of eigenvalues of Hrapi and Ho Rapi), counting multiplicities (see also
[124]). About this result, we notice the following :
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— Since the eigenvalues of Hy rabi are explicitly known, the estimate (1.1) provides the
asymptotic estimate of eigenvalues of Hg,p,; with error term O(n~%).

— The proof of Yanovich [135] is based on the fundamental Lemma 2.1 from the paper J.
Janas, S. Naboko [75] (see Theorem 1.4 below).

— Estimate (1.1) shows shows that the influence on the eigenvalues of the perturbation
HRani — Ho Rrabi vanishes in the large energy limit although this perturbation does not
vanish. On the contrary, in the case of models considered in [27], [28], [29], An(HRabi) —
An(Ho Rabi) does not converge to 0 as n — oo.

— In fact the estimate (1.1) is valid with the exponent o = § and this value is optimal (see
[34], [32]).

It is natural to ask if similar results hold for other types of Rabi models. The paper
[33] gives a proof of the estimate (1.1) with o = % for the Two-photon QRM Hamiltonian
described in Definition 1.2(e). This model describes interactions of a TLS with squeezed

light (see [54]). We refer to [42] for an overview of works and experimental realizations of
the Two-photon QRM (see also [47]).

In the following we consider the “asymmetric quantum Rabi model” (AQRM), which is
also referred to as the “QRM with a finite static bias” (see Definitions 1.2(f) and 1.2(g)
for the one-photon and two-photon AQRMs). This model attracts attention in relation
with recent experiments of the ultra-strong coupling by means of superconducting circuits
(see [133], [82]). In fact, the experiments with a laser beam in the cavity concern the QRM
with coupling strength g ~ 1076, while the experiments with qubit circuits can achieve
the values g ~ 10~! and the static bias appears due to the tunnelling between two current
states (see [61]).

This paper is devoted to the “two-photon AQRM?” (see Definition 1.2(g)). We prove
that estimate (1.1) holds for this model with a = £. As in the paper [33] on the two-photon
QRM, our proof is inspired by the similarity transformation used in the paper of J. Janas,
S. Naboko [75|. Here are the main differences compared to [33] :

- When ¢ is a multiple of \/1 — 4g% we must overcome an additional difficulty due to the
fact that Ho rabi has double eigenvalues which cannot be decoupled when € # 0.

- The estimate we get has an error term with exponent a = % Note that in the case e = 0
the value o = 3 has been conjectured to be optimal in [33].

Our approach is based on an approximation of Hy rapi by an operator unitarily similar
to a first order differential operator on the circle (see Section 3) so that the corresponding
eigenvalues and eigenvectors can be expressed explicitly in a simple way. The one-photon
QRM was considered in [31] and [34] using a similar idea, but the one-photon AQRM leads
to pseudo-differential operators of order 1/2 which are more difficult to analyze.

78



CHAPITRE 5 : Comportement des grandes valeurs propres pour le 2pAQRM

1.2 Quantum Rabi Hamiltonians

Notation 1.1. (a) If 7 C Z then ¢*(J) denotes the complex Hilbert space of square-
summable sequences x : J — C equipped with the scalar product

(@, 9)eg) = D w(k)y(k) (1.2)

keJ

and the norm |[z|p2(7) := (:L‘,x)%(gj).
If 7 =N:={k €Z: k >0} then we write £ instead of £?(N).

(b) The photon annihilation and creation operators @ and &' are defined as closed linear
operators acting in #? according to the formulas

Qem = vVmem_1, a em=vVm+leny, m=0,1,2 .., (1.3)

where {e,, }men is the canonical basis in £2 and /m e, 1 := 0 if m = 0.

¢) We consider linear operators in the Euclidean space C2 defined b
p 1% y

01 1 0 10
Oy 1= (1 O)’ 0, = (0 _1>, I = (0 1). (1.4)

Definition 1.2. (a) The Hamiltonian of the single-mode radiation of frequency w > 0 is
the self-adjoint operator in ¢? given by

HY = wala. (1.5)

It is easy to check that HY e, = wme,, holds for all m € N.
(b) The TLS Hamiltonian is defined in C? by means of the 2 x 2 matrix C? of the form

A e
_1 _ 1
Hris =5 <€ —A) = i(AO'Z + eax) (1.6)
where A and € are real parameters.
(c) the interaction term of the one photon Rabi model has the form
Hin = gox ® (@ +a'), (1.7)

where g € R is a coupling constant.
(d) The QRM Hamiltonian is a self-adjoint operator in C? ® ¢2 of the form

HRapi = Hrrs ® Iz 4+ 1o @ Hip g + Hiyg, (1.8)

with HY ; given by (1.5), Hiy given by (1.7), Hrrs given by (1.6) with e = 0.

a

(e) The Two-photon QRM Hamiltonian is defined by the formula (1.8) with H ; given by
(1.5), Hrrs given by (1.6) with e = 0 and
Hiyt := gox ® (a? + (aT)2)a (19)
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where g € R is a coupling constant.
(f) The (One-photon) AQRM Hamiltonian is defined by the formula (1.8) with HY ,
by (1.5), Hiy given by (1.7), Hrrg given by (1.6) with € # 0.

(g) The Two-photon AQRM Hamiltonian is defined by the formula (1.8) with HY ; given
by (1.5), Hjy given by (1.9), Hyppg given by (1.6) with e # 0.

given

1.3 Statement of the result

The main result of this paper is given in Theorem 1.3. It gives the asymptotic behaviour
of eigenvalues of the Two-photon AQRM Hamiltonian described in the Definition 1.2(g) in
the case w = 1, i.e. we consider the eigenvalues of the operator defined in C? ® £2 by the
formula

L(Ao, +eoy) @ Ipp + I @ ala + gox @ (0 + (a1)?), (1.10)

where A, €, g are real parameters.

Theorem 1.3 (two-photon asymmetric Rabi model). Assume that 0 < g < % Then the
operator (1.10) is self-adjoint in C* ® ¢ and its spectrum is discrete. Moreover there is
an orthonormal basis {Wu,m}(u,m)e{—l,l}xN of eigenvectors such that the corresponding
eigenvalue sequences (E1m)men and (E_1 m)men satisfy the large m asymptotic estimate

Eym = Bm+ B, +0(m™?), v =41 (1.11)

with
Bi=1/1—4g2, (1.12)
By=3%B-1)+vs, v==L (1.13)

The rest of the paper is devoted to proving this theorem.

Remark 1. We assume |g| < 1/2 to insure that the spectrum of Hy; is discrete. In-
deed, if |g| > 1/2 then this spectrum is the whole real line R. If |g| = 1/2 then the essential
spectrum of H; is a half-line. These statements are proved in [113].

Remark 2. It is well known (see e.g. [61]) that in the case A = 0, the assertion of
Theorem 1.3 holds with E,,, , = Bm + (3, and 3, 5, given by (1.12)-(1.13).

Remark 3. The general case of the Two-Photon AQRM with w > 0 can be easily
reduced to the case w = 1, using the multiplication of the operator by a constant. In
this case, Theorem 1.3 remains true under assumption 0 < g < w/2 and the asymptotic

formula (1.11) remains valid with § = \/w? —4¢? and 8, = (8 — w)/2 + ve/2.
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1.4 Method of proof

Denote by Uy /4 = % (1 7') the rotation of 7/4 in the plane C2. Then

U, /4azU;/14 =0, and U, /4a$U;/14 = —0,
and it is clear that the operator (1.10) is similar to the operator
H:=1(Aox —€0,) @ Ipp + L ®a'a — go, ® (a* + (a1)?). (1.14)

Thus we obtain the assertion of Theorem 1.3 if we prove that there exists an orthonormal
basis {uym }y=+1,men in C? ® 2 such that

Hu,,, = E,mu,, form € N, v = %1, (1.15)

where the sequence (E, ,)y=+1, men satisfies the large m asymptotic estimate (1.11). For
this purpose we consider the operator (1.14) of parameter A = 0, that is,

Hy = —ieo, @ Ipp + L ®a'a — go, ® (& + (@7)?). (1.16)

and we first prove the existence of an orthonormal basis {u, ., }(,,m)e{-1,1}xn in C? ® £2
such that
Hougm = (pm+ Bl,)ug’m forme N, v ==+1, (1.17)

We then deduce from (1.17) the assertion of Theorem 1.3 by proving the asymptotic
estimate

An(H) = A (Ho) = O(n™/?), (1.18)

where (A, (H))22, (respectively (A, (Hp))n2 ) is the non-decreasing sequence of eigenva-
lues of H (respectively Hy), counting the multiplicities.

1.5 Organization of the paper

In Section 2 we first observe that the operator Hy can be written as the direct sum
H_1 ® H, of two self-adjoint operators in £2 whose eigenvalues are explicitly known. Then
we move from ¢2 to ¢?(Z), replacing Hy by Jo == J_; & J; where J_; and .J; are two
appropriate self-adjoint operators in ¢?(Z).

In Section 3, we move from ¢?(Z) to L*(T). By Fourier transform we change the
operators Ji into first order linear differential elliptic operators Ly in L?(T) and we
express explicitly all eigenvalues and eigenvectors of Ji;. The operators Ji; are not
semi-bounded, but one can choose two sequences of eigenvalues {\;(J+1)};ez such that
Aj(Jx1) = Aj(H+1) when j € N. Our hope is that large eigenvalues of

H=H+ ;A0 ® Iz (1.19)
are well approximated by large eigenvalues of

J=Jo+ 500x ® Ip2(z). (1.20)
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In Section 4 we prove Proposition 4.1, which is the key result of the paper. In order to
compare large eigenvalues of J and Jg, we use a similarity method and the crucial result of
Lemma 3.4, which ensures the fact that eigenvectors of J_; and J; are "asymptotically
orthogonal".

In Section 5 we show that large eigenvalues of H and J are close and we deduce
Theorem 1.3 from Proposition 4.1.

1.6 Main tools

Throughout the paper we are dealing with the discrete spectrum of various operators
and we use the following vocabulary. Let L be an operator acting in the complex Hilbert
space H. Then we denote by o (L) its spectrum and we say that L has discrete spectrum if
and only if every point A € o(L) is an isolated eigenvalue of finite multiplicity.

Assume that L has discrete spectrum and 7 is a countable set. We say that {\;(L)};c7s
is a complete eigenvalue sequence of L if and only if any A € o(L) is some A;(L) and if
my = card{j € J : A\j(L) = A} is the algebraic multiplicity of J, i.e., the rank of the
corresponding Riesz projection(see Section II1.5 in [81]) . If o(L) C R and J = N or Z,
then a complete eigenvalue sequence of L is called ordered if and only if A\;j(L) < X\j11(L)
holds for every j € 7.

If L has a discrete real spectrum and J = N, then \,,(L) — oo as n — oo and there
exists a unique complete ordered eigenvalue sequence (A, (L))nen. If L has a discrete
real spectrum and (X\;(L));cz is a complete ordered sequence of L, then \j(L) — oo
as j — Foo and any complete ordered sequence of L has the form (Aj;.(L))jez with a
certain k € Z. If L is self-adjoint and (\j(L));c7 is its complete eigenvalue sequence, then
there is an orthonormal basis ( f;) e such that Lf; = A;(L)f; holds for all j € J.

Further on B(H) denotes the algebra of linear bounded operators on the Hilbert space
‘H and || - || denotes the corresponding operator norm.

At the end of this section we cite basic results which are principal tools allowing one to
compare large eigenvalues of operators.

Theorem 1.4. (J. Janas, S. Naboko) Assume that Lg is a self-adjoint operator in the
Hilbert space H and there exists an orthonormal basis {ey }nen such that Loe, = dye,.
Assume moreover that |dy,| < |dn+1| and there exists co > 0 such that |d,, — dp| > co if
n # m. If R is a compact operator in H, then the operator L = Ly + R has a complete
eigenvalue sequence (A (L))nen satisfying the asymptotic formula

M (L) =dp, + O(||R en]|) as n — oc.
Proof. See Lemma 2.1 in [75]. O

Theorem 1.5. (G. V. Rozenbljum) Let A and B be unbounded self-adjoint operators
with discrete spectrum in the separable Hilbert space H. Assume that 0 ¢ o(A) U o(B) and
there exists o € | — 00, 1[ such that

(A—B)|A|™™ € B(H) and (A— B)|B|™ € B(H). (1.21)
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(a) If A and B are bounded from below and (A, (A))nen, (An(B))nen are complete ordered
etgenvalue sequences, then

An(A) = An(B) = O(Ma(A)) asn — 0o (1.22)

(b) If A and B are not semi bounded, then we can choose complete ordered eigenvalue
sequences (A\j(A))jez and (N;j(B))jecz so that

Aj(A) = Aj(B) = O(|X(A)[%) as [j] — oo (1.23)
Proof. See [111]. O

Lemma 1.6. Let A and B be unbounded self-adjoint operators with discrete spectrum
in the separable Hilbert space H. If (1.21) holds with o < 0 and A — B € B(H), then the
assertions of Theorem 1.5 (a) and (b) hold without the hypothesis 0 ¢ o(A) U o(B).

Proof. See Section 6.1. O

2 Preliminaries
2.1 Outline of Section 2

In Section 2.2 we state Lemma 2.2 describing basic properties of auxiliary operators
H_; and H; acting in £2. These operators are well known in the literature (cf. [42], [46],
[47]) and are used in Section 2.3 to express H as a matrix operator acting in £2 x ¢? and to
describe basic properties of H.

In Section 2.4 we introduce auxiliary operators J_1 and J; acting in ¢?(Z). These
operators can be viewed as Jacobi operators investigated by Edwards [43] (see also Masson,
Repka [97]) and we will describe their diagonalization in Section 3.

In Section 2.5 we use the operators J+1 to define the operator J acting in £2(Z) x £?(Z).

From Lemma 2.2 at the very beginning, then throughout the text we make the following

Assumption. We always assume —% <g< %

2.2 Operators Hyj

Notation 2.1. (a) Further on A := afa is the self-adjoint operator in £2 defined on

DAy =f{ze®: 3 Ka(k)] < oo} (2.1)
keN

by the formula A ye,, = me,, for m € N where {e,, }men is the canonical basis of £2.

b) For v = 41 we denote by H,, the linear mapping D(A,) — ¢? given by
Jr

Hy, = Ay +vg(a® + (ah)?) + Lve. (2.2)
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The direct computation gives the expression
Hyem = (m+ %Ve)em +vgb(m)emia +vgb(m — 2)e,_o form € N, (2.3)

where

b(m) := \/(m +1)(m+2) formeN (2.4)
and by convention b(m — 2)e,,—2 = 0 when m € {0,1}.
Lemma 2.2. Assume thatv = £1 and —% <g< % Then
H,(Inp+ Ayt € B(£?), (2.5)
H, is self-adjoint in €* and there is an orthonormal basis (Upn)nen such that
Hyuy, = (Bn+ Bu)uyy forn €N, (2.6)
where B, B, are given by (1.12)-(1.13).

Proof. The result is well known (see e.g. [47], [33]). O

2.3 Basic properties of Hy and H

The orthonormal basis of the Hilbert space Ho := C2®¢? has the form By := B, UB]
where B = {™ ® ¢, : m € N} for v = 1 and (= := (1,0), e := (0,1) are the
vectors of the canonical basis of C2. Moreover we identify Hq with £2 x £2 writing

e @ey, = (em,0) € 02 e e, = (0,em) € 2 x 02

This identification allows us to write H : D(A, ) xD(A;) — £2x£? in the matrix form

H., 2Ip
H= 2 . 2.7
(%Igz Hy > 27)
For simplicity we assume that € > 0. The case of ¢ < 0 can be treated similarly by

exchanging the roles of H_; and Hj.

Corollary 2.3. (a) there is an orthonormal basis {ugvm}(y,m)e{,l,l}xN such that (1.17)
holds.

(b) Assume e > 0. Ifly := [¢/B8] = max{n € N:n < ¢/B} and (\))nen is defined by
)\2:571—1—5_1]‘07’71:0,...,[0,

Ayyoi = B(lo + 1) + -1 fori €N,
Ays142i = Bi+ By fori €N,

then (A\))nen is the complete ordered eigenvalue sequence of Hy.

84



CHAPITRE 5 : Comportement des grandes valeurs propres pour le 2pAQRM

Proof. (a) Since Hy = H_; @ H;, the assertion follows from Lemma 2.2.

(b) We observe that (A\)),cy is a permutation of the sequence (8m + Bu) (wm)ef—1,1}xN>
which is a complete eigenvalue sequence of Hy due to Lemma 2.2. Thus it remains to
check that the sequence (\2),,cn is increasing. It is obvious that (A\2)o<n<iys (>\100+2¢)i6N
and ()\?0+1+2i)ieN are increasing. Then, using 51 — 8_1 = €, we get

€
)‘?0+1+2i - /\?0+2z‘ =B —p-1—Plo= 5(B - lo) >0,

€
ADi142i — Mpgogoi =P — Bo1 = Blo+1) = 5(3 —lp— 1) <0

by the choice of [j. O

Lemma 2.4. Let H be the operator in Hy defined by (1.14). Assume that —3 < g < 1.
Then H s self-adjoint and bounded from below. It has discrete spectrum and its complete
ordered eigenvalue sequence (A, (H))nen satisfies

38n+ O(1) asn — oco. (2.8)
where [ is defined in (1.12).

Proof. Since H — Hy is bounded and (H — Hy)(i + Hp) ! is compact, H has no essential
spectrum. Indeed, gess(H) = 0ess(Hp) = ) due to Weyl’s criterion (see Theorem 5.35, Ch.
IV in [81]). Thus the spectrum of H is discrete, bounded from below and the min-max
principle ensures

[An (H) — An (Ho)| < [|[H — Ho||, (2.9)
We deduce (2.8) from (2.9) and from the fact that

A (Hp) = $8n+ O(1) as n — oo, (2.10)

which follows from the explicit expressions of A, (Hg) = A2 given in Corollary 2.3. O

2.4 Operators Ji;

Notation 2.5. We denote by {e; };cz the canonical basis of (2(Z) (i.e. e;(j) = &;; for
i,j € Z). If J C Z then £?(J) is identified with the closed subspace of £2(Z) generated by
{ej}jeq,ie with {z € (2(Z) : x(k) = 0 for k € Z\ J}. Thus we can write

A7) = *(Z\N) & (2. (2.11)

Our next aim is to approximate the operators Hy, acting in £2 by operators J+; acting
in #2(Z). For this purpose we will use the fact that H1e,, is expressed, by (2.3), as a sum
which contains the term b(m) = /(m + 1)(m + 2) and one has the following asymptotic
estimate :

Vim+ 1) (m+2) =m+ 3+ 0(m™") asm — o (2.12)
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Notation 2.6. (a) We denote by A the self-adjoint operator in £2(Z) defined on

D) = {z € 22): Y K|a(k)[® < o0} (2.13)
keZ

by the formula Ae; = je; for j € Z.
(b) For v = 41 we define the linear mapping J,, : D(A) — ¢*(Z) by

Jue; = (j+ sve)ej +vg (j+ 2)ejpa +vg (j — 3)ej—o for j € Z. (2.14)
Lemma 2.7. Assume that v = £1 and —% <g< % Then
Jo(Lpz(zy + A~ € B(¥*(Z)), (2.15)
Jy is self-adjoint in €*(Z) and there is an orthonormal basis (v, ;) ez such that
Jyvy ;= (Bi+ Bu)vyj forj €7 (2.16)
where 3, B, are given by (1.12)-(1.13).
Proof. See Section 3. O

2.5 Operators J and Jg

Notation 2.8. (a) In the sequel we denote H := ¢*(Z) x (*(Z) and define J as the linear
mapping D(A) x D(A) — H given by

J_1  Slpg
J:= 2 102(Z) 2.17
(%%Z) J1 &.17)

(b) We denote Jy := J_1 @ J; and observe that we can express

J=Jo+Vwithvi= & (02 le)) (2.18)

where Oy2(z) is the null mapping on (7).
(c) Let (V?) jez be the orthonormal basis of H defined by

Vgi - (U—l,ia 0): Vgi—i—l - (07@1,1'*10) (’L € Z)’ (2'19)
where [y := [¢/f] and v41; are as in Lemma 2.7. Then Jov? = aljvgJ holds with
dg; = Bi + f-1, doiv1 = B(i —lo) + B1. (2.20)

Moreover, similarly as in the proof of Corollary 2.3, the indicated choice of [y ensures
the fact that the sequence (d;);ez is increasing, i.e. it is a complete ordered eigenvalue
sequence for Jo. If j > [ then it can be checked that d; ;) = )\? are eigenvalues of Hy
introduced in Corollary 2.3.
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In the case ¢/8 ¢ N each eigenvalue of Jg is simple, while in the case ¢/8 € N each
eigenvalue of Jg is double (dg; = d2;+1). Finally we observe that

Vv, = V(v_1,;,0) = £(0,0_1,) (2.21)

Vvhiq = V(0,01 4,) = %(Ul,i—loa0)~ (2.22)

Corollary 2.9. Assume that —% <g< % Then

(a) Jis a self-adjoint operator in H with discrete spectrum and
I (I + Al @A)~ € B(H). (2.23)
(b) if (\j(J))jez is a complete ordered eigenvalue sequence, then
Ai(J) =585+ 0(1) as |j| — oo (2.24)

Proof. (a) Similarly as in the proof of Corollary 2.4 we observe that V. = J — J satisfies
|[V]| = 3|A] and V(i+J) ! is compact, hence J is self-adjoint and has discrete spectrum.
In order to show (2.23) we first observe that (2.15) implies

Jo(I+ Al @ |A)! € B(H). (2.25)
Using J2 = J2 + JoV + VJo + V2 and (2.25) we obtain
12+ (Al @ [A)THINP = [1( + A @ [A)THI2(L + Al @ [A]) 7] < oo

(b) Since the complete ordered eigenvalue sequence of Jy is given by (2.20), it is clear that
=187+ O(1) as |j| — oo and we deduce (2.24) using Lemma 1.6 with A = Jo, B =J
and o = 0. O

3 Diagonalization of J.,

3.1 Outline

As before we assume that —5 < g < % Recall that the operators J; and J_; are

defined in Notation 2.6(b). Followmg Edwards [43], instead of .J,, we consider
L, = Fy ' J, Fr, (3.1)

where .F’]I‘ : L2 (T) — 62 (Z) is the Fourier transform
.F']I‘ f ? 1]9 do 2
( 27( / (3 )

and L2(T) is the Hilbert space of Lebesgue square integrable functions | — 7, 7] — C
equipped with the scalar product

(fs@re(m */ 7(0). (3.3)
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Then L, is self-adjoint in L?(T) and its domain D(L,) is the Sobolev space HY(T) =
Fr 1 (D(A)). Moreover, it appears that L, is a first order elliptic operator on T with
coefficients belonging to C>°(T), where f € C*°(T) means that f :] — 7, 7] — C has the
2m-periodic extension belonging to C*°(RR). The asymptotic behaviour of the eigenvalues
of L, can be analysed by using the similarity approach of Rozenbljum [111]. In Section 3.2
we modify the approach of Rozenbljum [111] : we introduce the operators Ug, which are
unitary in L?(T) and such that the operator

L) = p"'Us L, Us, (3.4)
has the form LY = D + ¢, = —id/df + q,, i.e.
d
(L2)(0) = 155 0) + 0,(0)1(0), (35

where ¢, € C*(T) is given by (3.26). Following [43] we can introduce the orthonormal
basis (fz(,),j)jez of the form

0 _ i50—i( g (0)—(qv)0
0.(6) = ¢ (@ (6)—(a)6) (3.6)
where g, is a primitive of ¢, and
L () — ()
) = — v(0)do = : :
() =5 | ) 5 (3.7)
Then it is easy to see that f,f]’j € C*°(T) and for every j € Z one has
(D + %/)fz?,j =+ <q1/>)fl(/),j7 (3.8)
i.e. (j + (q))jez is a complete eigenvalue sequence of D + g,,. Thus (3.4) ensures
Lufug =BG+ (@) fry with f,; = Us, f,);, (3.9)

ie. (B(j+ (qv)))jez is a complete eigenvalue sequence of L, and J,,. Moreover (2.16) holds
with 8, = f(q,) and v,; = Frf, ;. The special form of f,; will allow us to deduce a
property of asymptotic orthogonality between the basis (v_1 ;) ez and (v1 ;);jez in Lemma
3.4.

3.2 A change of variable

Notation 3.1. (a) In the sequel D denotes the self-adjoint operator of differentiation
acting H!(T) — L?(T) according to the formula

(Df)(0) = —-if'(6), (3.10)

where f/(0) = %(9).
(b) Assume that p,pg € C°(T). If pg is real valued, then

L = (p(0) Dy + he) + po(6) (3.11)
denotes the symmetric operator acting H!(T) — L?(T) according to the formula
(LF)(0) = =i (p(0)f'(0) + (B f)'(0)) + po(0) £ (0). (3.12)

88



CHAPITRE 5 : Comportement des grandes valeurs propres pour le 2pAQRM

Lemma 3.2. Assume that ® :| — m, 71| =] — 7, 7] is a bijection such that the derivative
@’ € C(T) and there is a constant cg > 0 such that ® > ¢o. We denote by Ug the unitary
operator in L2(T) given by the formula

(Us f)(§) = [(D(£)) \/P'(§) (3.13)
and define the operator

Then C®(T) is invariant for Ug' and one has
Ug'LeUs = D. (3.15)
Proof. Assume that f € C*°(T) and denote f = fo®. Then it is clear that
Df = ((Df)o®)d' (3.16)

belongs to C®(T) as well as U f = V& f. Moreover

2L¢U¢f—— (Wf)+D(\/af) (3.17)

Due to & D(vV®') + D(\/%') = 0, the right hand side of (3.17) takes the form
—fo+—Df (3.18)

Vo \ﬁ
and due to (3.16), the right hand side of (3.18) takes the form
2

S ((Df) 0 @)@ =2UsDf. (3.19)
i.e. 2LeUpf = 2UgpDf for f € C®(T). Since the closure of D is defined on H!(T), the
equality (3.15) still holds on functions belonging to H!(T). O

3.3 Diagonalization of L,
Let J, be given by (2.14). Then

Jy=A+vg(SPA+3)+ (A+3)S7%) + dve, (3.20)

where S € B(¢?(Z)) is the shift operator defined by S’e] = ej41 for j € Z. Since Fp 'AFy =
D and Fj LS Fr is the operator of multiplication by el we get

L,=Dy+vg (6219 (Do + 3) + hc) + Sve. (3.21)
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We observe that

Dy +vg (GQieDg + hc) = ((% +vg cos(29)> Dy + hc) — 2gv cos(26) (3.22)
and
B7'L, = (py(0)Dy + he) + 8" (vg cos(20) + Sve) (3.23)
holds with
pu(0) =5t (% +vg cos(29)> . (3.24)
Introducing
T 0 340’
o, = = 2
(6) 0o 2p,(0) /0 1+ 2vgcos(26') (3:25)

we find that ®,(—0) = —®,(f) and calculating the integral we find that ®,(7) = 7 holds if
B = +/1—4g?. Tt is clear that ®, satisfies the hypotheses of Lemma 3.2 and ®], = 1/(2p, ).
Thus p, = 1/(2®),) and due to (3.23), (3.15), we find that (3.4) holds with

qv(n) = gt (l/g cos(2<I>;1(n)) + %1/6) ) (3.26)

As indicated in Section 3.1, the complete eigenvalue sequence of D + g, is (j + (qv)) jez,
hence the complete eigenvalue sequence of L, is (5(j + (qv)))jez. We claim that

B(j + (av)) = Bj + B, with B, = Jve + (8 —1). (3.27)

Indeed, using (3.26) to compute (3.7), we get
™

Bla) = bve+ o [ vgcos(22; () dn (3.25)

and the change of variable allows us to write the last term of (3.28) in the form

LT g cos(20) () do = / Brg cos(20)
27 J_x 21 J_z 14 2vg cos(20)
1 (71 3 1
E— — (8- df = -(B—-1).
2 )= 2 (B 1+ 2vg cos(20)) 2(6 )
We conclude that (3.9) takes the form
Ll/fl/7j - (5] + 5u)fy,j (329)
with 8, given by (1.13) and f,; = /®!, ( B’j o ®,) has the form
f05(0) = \/®,(6) o7 v (0)+ieu (0) (3.30)
where
¢l/(9) = <Q1/>(I)V(0) - au(q)u(0>) (3'31)

and g, is a primitive of ¢,,.
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3.4 Asymptotic orthogonality between (v_; j);cz and (v1j)jez

Notation 3.3. For j € Z we consider v, ; = Fr f,,; with f, ; given by (3.30)-(3.31). Then
(vu,j)jez is an orthogonal basis of eigenvectors of J,, and we define

Yk = (V=15 V1 k) 2(z) = (f-15> fFLe)re()- (3.32)

Lemma 3.4. If ¢ > 0 is small enough and g > 0, then there exists C > 0 such that

sup. k| < Cl4) 2. (3.33)

e .
Ikl <cljl

Proof. Using (3.30)-(3.31) we can express

et Frgenie = % [ 7; I Op(9)d0 (3.34)
with
b= el®1=0-0) (3, 3/ )"/2, (3.35)
v, = e _a . (3.36)
Denote ¥ := &1 — ®_1. Then
Ui (0) b b =0 & cos(20) =0, (3.37)

T 1+ 2gcos(20) 1 — 2gcos(26)
e Wy(0) #0if 6 € [—m, 7]\ {01,0_1,02,0_2}, where 61 = £7 and 015 = i?jf. However,

" 4g03 498 .
Yol0) = ((1 T 2gcos(20)2 T (1—2g cos(20))2> sin(26) (3:38)

and U((0) =0 = cos(20) =0 = Y((0) = £8¢03, i.e. the critical points {6; };=+1 +o are
not degenerated. Therefore there exists ¢y > 0 such that |¥{j(0)| > co holds for every
6 € [0; —co,0;+co). However ¥, ,, = ¥+ ?@1 and denoting Cy = sup |P/| we can estimate

k
W0)] = [96) - Co |
and
‘k‘<00:>\\y'.’ 0)] > < tor 6 € [0 — o, 6: + co] (3.39)
j > 200 gk =79 7 0, Vi 0]- .

For i € [-2,2] N Z let x; € C*°(R) be partition of unity such that x;(6) = 0 holds for
0 € [—m, 7|\ [0; — co,0; + co] when i = +1,£2 and x¢(0) = 0 for every € in a certain
neighbourhood of {0;,0_1,02,0_5}. It remains to estimate

Yijiki i= / Vi) (by;)(0)d0 (i = 0,+1,+2) (3.40)
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Using (3.39) we can find a constant C' such that

k
H <D ypekal <OV for i = 1, 2, (3.41)
JI = 20

due to the van der Corput lemma (see Section 6.2).
In order to estimate v; ;1,0 We observe that

c1 = inf{|¥((0)] : 0 € [—m, 7] Nsupp xo} > 0.

However denoting C; = sup |®/| we can estimate

|W5.(0)] = [%5(0)] — C

;

and
k‘ C1 C1
'j’ < 20, = |\If;’k(¢9)| > 5 for € [—m, 7] N supp xo. (3.42)

To complete the proof it remains to check that there is a constant C” such that

-1
< 56 = hugweol < U1 (3.43)

il=ae
J

Indeed, if ’%‘ < 25711 then integrating by parts, we find that

"o 4 bxo .
_ iU, & _ N
[w MY’ (1\1;31) df = J ;54,0 (3.44)
can be estimated by a constant C’ due to (3.42). -

4 Asymptotic behaviour of eigenvalues of J
4.1 Outline of Section 4

In this section we assume 0 < g < 1/2 and prove
Proposition 4.1. There is a complete ordered eigenvalue sequence for J such that
Aj(J) = dj + O(|5|7/?) as || — oo, (4.1)
where (d;)jez is defined in Notations 2.8(c).
Proof. See Section 4.4. O

In order to simplify our further analysis we replace operators acting in ¢2(Z) x £%(Z) by
operators acting in £?(Z). For this purpose we introduce
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Notation 4.2. Let (V?)jeZ denote the orthonormal basis of £?(Z) x ¢?(Z) introduced in
Notation 2.8(c) and U : £2(Z) x £*(Z) — (*(Z) is the isometric isomorphism satisfying
UvY = ej for every j € Z (where {e;}jcz is the canonical basis of £*(Z)). We define .J and
Jo as the self-adjoint operators in £2(Z) given by

J:=UJU, Jy:=UJU L. (4.2)
Since Jy = diag(d;);ez (i.e. Joe; = dje; for every j € Z) and

J=Jo+VwithV :=UVU™! (4.3)
we deduce D(J) = D(Jo) = D(A) from the fact that d; ~ 137 as |j| — occ.

Due to (4.2) it remains to investigate the asymptotic behaviour of eigenvalues of .J.
Our analysis uses a compact anti-Hermitian operator K defined in Section 4.2. In Section
4.3 we prove that

J=T+K)" (Jo+R)(I+K) (4.4)

holds with a certain compact operator R and in Section 4.4 we give the asymptotic
formula for eigenvalues of Jy + R. Due to (4.4) the eigenvalues of Jy + R coincide with the
eigenvalues of J and J.

4.2 The auxiliary operator K
Notation 4.3. In the sequel K € B(¢?*(Z)) is the operator defined by
V(i k)

(ej, Keg)pzy = K(j,k) =  dj — dy
0 ifd;=d;

if dj # di, (4.5)
where V (j, k) = (ej, Ver)pz) = <V?,VV2>7.[.

Lemma 4.4. The operator K is compact and anti-Hermitian in (2(Z) (i.e. K* = —K ).
Moreover there is C > 0 such that

1K ej]le2(z) < CQ+|))7Y2 for all j € Z. (4.6)
Proof. Step 1. We claim that for every k € Z we can find Cy > 0 such that
K (3,5 + k)l < Cu(1+j]) "% for all j € Z. (4.7)

We first observe that K(k,j) = —K(j, k), i.e. the matrix (K (j, k)); ez is anti-Hermitian.
Combining (2.19) with (2.21) and (2.22) we get

V(2i,25) = §{(v-1;,0), (0,v_1,;))% =0
V(2i+ 1,25 + 1) = 5((0,v1,i-15)s (V1,155 0)) = 0
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V(2i,2) +1) = 5((v-1,,0), (v1,j19, 0)) 2 = 3 Vij—to
where ~; ; are given by (3.32). However (3.33) ensures

i > k| = |V(2i+ 2k +1,2)| < O(1+]i])~/? (4.8)
and (4.8) implies (4.7) if j = 2i. Reasoning similarly we get (4.7) if j = 2i 4 1.
Step 2. Let N € N. We claim that a compact operator Ky can be defined in £2(Z) by
K(j, k) if|j — k| < 2N

s (4.9)
0 if|j—kl>2N

Kn(j, k) = (e, Knek)p(z) = {

Indeed, since By := (I + |A|)Y2Ky € B(¢?(Z)) follows from (4.7), the operator Ky =
(I +|A])~'/2By is compact.

Step 3. We observe that Parseval’s equality ensures

Y Pairk-io? = D il = D o101 e @l = llo-1ille gy = 1. (4.10)
kEZ JEL JEL
Step 4. Let ¢y > 0 be small enough. Then d; # dj, = |d;j — di| > co(1 + |7 — k|) and
. . 1 V(5. k)|
K(j, k) #40= |K(j,k)| < 1|7 4.11
Gh) 0= KGR < o' T2 @.11)
Let us denote Ky (j, k) := K(j,k) — Kn(j, k). Then
|A’ "7@1+k lo
S KN (26,20 + 2k + 1 > (4.12)
kEZ 260 |k|>N 1+‘k|

Using Cauchy-Schwarz inequality and (4.10), we can estimate the right hand side of
(4.12) by 061|A\6]1\,/2 with oy == 3 g > (1 + |k])~2. Since a similar estimate holds when
(24,2i + 2k + 1) is replaced by (2i + 1, 2i + 2k), we obtain

sup S |Kn(j, k)| < e |AI5N. (4.13)
JEL Rez,

Due to (4.13), the Schur boundedness test ensures K — Ky € B(¢%(Z)) and
1K — Kn|| < c5t|Al6N? —— 0. (4.14)
—00

Since K = K — Ko € B({%(Z)) and K are compact, (4.14) implies that K is compact.
Step 5. We observe that

| Keillfazy = Y 1K (20,20 + 2k + 1)[* < ¢g 2A%(M; + M)

keZ
holds with
’%‘ i+k—1 !2 h’i i+k—1 !2
M; = LEL LA L M! = LELILRE . R
' (L+ k)%’ ’ (14 [K])?

[k—1lo|<clil

We observe that M; < C1(1 + |i|)~! follows from (3.33) and > 4c5 (1 + |k]) 72 < oco.
Moreover M! < Cy(1 + i?)~! follows from (4.10). Thus the proof of (4.6) is complete if
J = 2i and similarly we obtain (4.6) if j = 2i + 1. O

k—lo|=clil
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4.3 Similarity transformation

Notation 4.5. In the sequel W denotes the operator defined in B(¢%(Z)) by
(ej, Wep)ep(zy = W, k) = (dj — de) K(j, k) = V(j, k) (4.15)

Lemma 4.6. (a) Ife/8 ¢ N then W = 0. If /8 € N then W is compact, self-adjoint and
there is C' > 0 such that

[We|| < C(1+[j])"V/? for j € Z. (4.16)
(b) The operator I + K is invertible and we can define a compact operator
R:=(KV -W)I +K)™ . (4.17)
(¢) The equality (4.4) holds.
Proof. (a) We first observe that V'(j,j) = 0 implies W (j, j) = 0. Moreover,
dj # d, = W(j,k)=0. (4.18)

If €/8 ¢ N then j # k implies d; # dj, and W (j, k) = 0 follows.
If ¢/ € N then W (j, k) # 0 implies d; = dj, and j — k = 1, hence all non zero coefficients
of the matrix (W (j, k)); rez must have the form

W (23,20 +1) = W(2i +1,2i) = V(20 + 1,20) = —57i,4,, i € Z. (4.19)

Reasoning similarly as in the proof of Lemma 4.4 we find that W is compact and (4.16)
follows from (4.19) and (3.33).

(b) Since the operator iK is self-adjoint, the operator i + iK = i(I 4+ K) is invertible.
Moreover R is compact because K and W are compact.

(c) We first observe that the equality
dj(Key)(j) = (dj — di)(Kex)(j) + (KJoek)(j) = (W +V + KJo)e)(5)  (4.20)

implies (dj(Kek)(j))jez € (%(Z),i.e. Kej, € D(Jp) for every k € Z and (4.20) means that
the equality
JK=W+V +KJy (4.21)

holds on the subspace of finite linear combinations of {e;};cz. Since
I+K)JJ=I+K)(Jo+V)=Jo+KJg+V + KV, (4.22)
(4.21) allows us to modify the right hand side of (4.22) writing (I + K).J in the form
I+K)J=Jy+ JyK-W+KV =Jy(I+K)-W+KV. (4.23)
Applying (I + K)~! to both sides of (4.23) we obtain (4.4) with R given by (4.17). O
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4.4 Proof of Proposition 4.1
Let R be as in Lemma 4.6. Then

1R el < ColllK"esl| + IWesl) < C(L+ ) V2 forall je 2 (4.24)
and due to (4.4) we get a complete eigenvalues sequence for J and J writing
Ai(J) =X(J) = Ai(Jo+ R). (4.25)
We deduce (4.1) combining (4.25), (4.24) with

Proposition 4.7. Let P; denote the orthogonal projection on the linear subspace generated
by {ex : d = d;}. Then there is a complete ordered eigenvalue sequence (A\j(Jo + R))jez
satisfying

Ni(Jo+ R) =d; + O(||R*Pjl|) as j — . (4.26)

If ¢/8 ¢ N then the inequality d;11 — dj > ¢ holds with a certain ¢y > 0 and
|R*Pj|| = || R*ej||. In this case the estimate (4.26) can be obtained by a suitable adaptation
of the proof of a result of J. Janas and S. Naboko [75] (see Theorem 1.4).

But, if ¢/ € N our proof of (4.26) requires a result of M. Malejki [94] (see Theorem
4.8), a result which can also be used in the first case.

~

Theorem 4.8. (M Malejki) Let us fir Co and g > 0. Let (dn)nen be a complex sequence
satisfying |d, — di| > €0 > 0 when d,, # dj and assume that {I'y, }nen is a sequence of
closed Jordan curves in C satisfying

dist(Ty, dj,) > €0/4 for k,n € N (4.27)

/ (D — \)"YPdA| < Co forn € N, (4.28)
T

n

where D = diag(c?n)neN denotes the closed diagonal operator in ¢?. We also assume that
there exists an increasing non-negative sequence (pn)nen Such that

{z€C:|z| <pn} Cintl'y, n € N, (4.29)
lim Tl _ 0 lim p, = o (4.30)
n=oo p2 =% e Pn T 00 )

where intl,, denotes the set surrounded by Iy, and |T'y,| means the length of T'y,.
If K is compact in €2, then the spectrum of T = D + K is discrete and there is a complete
eigenvalue sequence (A (T))nen satisfying

M(T) = dy + O(||K* P, ||) as n — oo,
where Py, is the orthogonal projection on the linear subspace generated by {ey, : Jk = c?n}

Proof. See [94]. O
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Proof of Proposition 4.7 in the case ¢/3 € N. The operator Jy — _; is unitarily
equivalent with D = diag(dn)neny = (0,0,—8,—8,8,8,...), i.e. dy = dapi1 = kf,
J4k+2 = C/Z\4k+3 = —(k+1)p for k € N. We consider I';, composed of four segments parallel
to the real or imaginary axe, forming a square centred in 0,

Ty i= [2n, Zn) U [Zn, —2n) U [—2n, —2n]) U [— 25, 25]

with z, := (1 —i)(n + 1)B. Since I', N R = {—(n + 3)B, (n + 3)B}, it is clear that the
conditions (4.27), (4.29), (4.30) hold with 9 = 5 and p,, = fn. In order to apply Theorem
4.8 and to complete the proof, it remains to check (4.28). For this purpose we first observe
that

[2n,Zn) ={ € C: ReA=1p), |Im)\| <p)}

holds with p/, := (n + 3)3. Then for A € [z, z,] one has

~ 1 1
(D= X)7? = sup =———— = sup —
meN |dm — )\|2 meN (dm —p;L)Q + (Im )\)2
and using |dp, — pl,| > &0 we find

/

~ 1112 Pn ]_
[ @-nEa < [0 s <o
[2n,2n) —pl, 766 + 52

where C is independent of n. If A € [—2n, —Zn], then Re A = —p/, and a similar estimate
holds due to |d,, + p),| > 1. Finally

[Zn,—2n] ={N€C: ImA=1p), |Re) <p}

and £ € [Z,, —2n] = |[(D — N) 71| < 1/[Im A| < 1/p),, hence
Lo D=0 Pl < 27,

Proof of Proposition 4.7 in the case €/ ¢ N. Similarly as before we apply Theorem 4.8
with (Cin)%ozl satisfying o = infn7gm ’gn — Cim| > 0 and 82k+3 < JZkJrl <0< Jgk < (/i\zk-+2
for every k € N. Then we can use I', composed of four segments which form a square,
each segment being parallel to the real or imaginary axe, the square being symmetric with
respect to the real axe and intersecting the real axe in the middle of [Jgk, JQkH] and in the
middle of [cigk+3, C/Z\Qkﬂ}. Then the conditions (4.27)-(4.30) hold similarly as before.

5 End of the proof of Theorem 1.3
5.1 Outline of Section 5

In this section we write Hp instead of H given by (2.7), Ja instead of J given by
(2.17) and VA = Ja — Jo. In Lemma 5.1 we prove that large eigenvalues of Ha are well
approximated by eigenvalues of Jao modulo a shift xK(A) € Z. In Section 5.3 we complete
the proof of Theorem 1.3.
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5.2 Relation between eigenvalues of J and H

Lemma 5.1. Let (A,(HA))nen be the complete ordered eigenvalue sequence of Ha and
let (A\;j(Ja))jez be the complete ordered eigenvalue sequence of Ja such that (4.1) holds.
Then there exists k(A) € Z such that

Aj(Ja) = Ajiw(a)(Ha) + O 1) as j — oc. (5.1)

Proof. Step 1. Let II, € B(¢?(Z)) denote the orthogonal projection on ¢2. Then the
operator II_ := Ij2(zy — II; is the orthogonal projection on ¢*(Z \ N). We introduce

Jy =1_J I +1I,H,II, (5.2)
for v = £1 and claim that
(Jo — Ju) T2z + |A]) € B(*(Z)). (5.3)

Indeed, it suffices to observe that

(J, — J)e; =0if j < =2 (5.4)
(Ju = Ju)ej = vgb(j)ej 2 + vgb(j — 2)e; o if j > 2 (5.5)

holds with ~
b(j) =+ 1) +2)—j—3 (5.6)

and it is easy to check that b(j) = O(j~!) as j — oc.
We also observe that the decomposition £2(Z) = £2(Z \ N) @ £2 allows us to express

J,=H; & H,, (5.7)
where H; :=II_J,|;2(z\y) is self-adjoint in £2(Z \ N) and there is Cy € R such that
o(H,’) C ] = o0,Col. (5.8)
Step 2. We introduce the operator
Ja=J1@Ji+Va (5.9)
and using (5.4)-(5.5) with b(j) = O( 1), we get
(Ja =TT+ |A| @ |A]) € B(H). (5.10)

Since Jp — J A is compact, J A is a self-adjoint operator with discrete spectrum and further
on (A\j(Ja))jez is a complete ordered eigenvalue sequence.
We claim that there exists [n € N and x(A) € Z such that

A (Hp) = An+N(A)(jA) ifn >IA. (5.11)
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Indeed, we first observe that we can express

H—-, Op2 %IZQ(Z\N) Op2

3 Of2(Z\N) H_1 062(Z\N) éIKZ —
JA = o 2 =H, ®Hap,
27 | Slp@w Op  Hi Op ama

Opmwyy 3le Opzyy Hi

H~ A,
T S gleaw
4 (?fﬁ(Z\N) H,

with

and combining (5.8) with the min-max principle we get
o(HL) C ] —00,Co + |A].
Since o(Jp) = o(HL)Uo(Ha), taking Ca := 1+ Cp + |A| we obtain
o(Ja) N[Ca, 00 = 0(Ha) N [Ca, o],

which completes the proof of (5.11).

Step 3. Due to (5.11) it remains to prove
Aj(Ja) = A(Ja) =0 as j — oo. (5.12)
We deduce (5.12) from (1.23) with o = —1 and it suffices to check
Tal(Fa —Ta) € B(H), Tal(@a—Ta) € BH). (5.13)

However combining (5.10) and (2.23) we obtain the first statement of (5.13). The second
statement of (5.13) follows from (5.10) and (I + |[A| @ |A|)~!|Ja| € B(H), which can be
proved similarly as (2.23). O

5.3 End of the proof of Theorem 1.3

Due to Lemma 5.1 one has
Am(HA) = Ap—w(ay(Ja) + O(m™') as m — oo, (5.14)
and combining (5.14) with (4.1) we get the estimate
[Am(HA) = din—w(a)l < Cam ™2, (5.15)
If A’ € R then one also has
Am(Har) = dppan] < Carm ™2 (5.16)
and the min-max principle ensures

A (Ha) = A (Ha)| < |[Ha — Ha|| = 2]A - A, (5.17)
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Combining (5.15), (5.16) and (5.17), we get the inequality

\dy—n() = din—n(an]| < (Ca + Carym ™2 + LA — A7), (5.18)
hence
limsup ’dm—n(A) - dm—m(A’)‘ < %‘A — A/’. (5.19)
m—o0

If k(A) # K(A), then (5.19) ensures 3|A — A’| > ¢y with

¢o := limsup |dp+1 — dp| > 0.
n—o0

Thus |A — A’| < ¢p implies k(A) = k(A'), i.e. the function A — k(A) is locally constant.
We can conclude that x(A) = k(0) for every A € R and (5.15) takes the form

[Am(Ha) — dm—n(0)| < CAm_l/Q- (5.20)
Combining (5.20) with
A (Ho) = dy— (o) < Com™*/? (5.21)
we obtain
A (Ha) = A (Ho)| < (Ca + Co)m ™2, (5.22)

6 Appendix
6.1 Proof of Lemma 1.6

Let 4 € R\ (¢(A)Ua(B)). Then (I + |A|=)" A —pu|~*and (I +|B|~*)7" !B —pu|~@
are bounded. Since (A — B)(I + |A|7%) and (A — B)({ + |B|™%) are bounded, we get

(A= B)|A— |~ € B(H) and (A— B)|B— |~ € B(H). (6.1)

Therefore we can use Theorem 1.5 with A — p instead of A and B — p instead of B, i.e. in
the case (b) we obtain

Aj(A =) = Aj(B = p) = O(|X (A — p)[) as |j] — oc. (6.2)

Since we obtain complete ordered eigenvalue sequences for A and B writing \;(A) =
Nj(A—p)+ pand A\j(B) = X\;(B — u) + p, we deduce

Aj(A) = A5(B) = O(|Xj(A) = p|*) as [j] — o0 (6.3)
and using |A\;j(A)| — oo as [j| = oo we get [A;(A) — pu|* ~ [X;(A)]* as |j] — oo. This

completes the proof of (1.23) and reasoning similarly we obtain (1.22) in the case of
operators bounded from below.
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6.2 Van der Corput Lemma

Lemma 6.1. (J. van der Corput) Let ¢ > 0 and assume that V: [t1,t2] — R is smooth
and its second derivative satisfies |U"(0)| > co fort; < 6 < to. Then there is a constant
Cy depending only on cqg such that the estimate

/: T Op(g) d@’ < \/Cl%l (!b(tl)y + /: ¥(6)] dg) (6.4)

holds for all ;1 € R* and b € C'([t1,ts]).
Proof. See [120]. O
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Improved Estimates of Large Eigenvalues for the two-photon Rabi
Model with a non-resonant bias

Abstract. We consider the asymmetric quantum Rabi model under the assumption that the
coupling constant ¢ satisfies 0 < g < 1/2 and the static bias € is not a multiple of /1 — 4¢2. The

spectrum of this model consists of two eigenvalues sequences (E;F)°_ (E;-)%°_, and we describe

their asymptotic behaviour with an error estimate of the form O(m™!Inm) when m tends to
infinity.

1 Statement of the result

In this Chapter we use notations introduced in Section 1 of Chapter 5. In particular,
¢%(N) denotes the Hilbert space of square-summable sequences = : N — C and

2Y(N) == {z € /*(N) : @[ g2.1 vy < 00} (1.1)

with 12
2lleag = (X A+2G)?) (12)
jeN
The Pauli matrices are denoted oy, oy, 0,, and we define a' and @ (the creation and
annihilation operator) as closed linear operators in ¢?(N) satisfying

alen =vVn+1lepy forneN (1.3)
aep=0 and ae, =+/ne,_1 forne N\ {0}, (1.4)

where {e, }nen is the canonical basis of £2(N).
The operator Ho gab, is defined as the linear mapping C? ® ¢1(N) — C? ® ¢*(N) given
by

€
Ho rabi = [ © ' + 0x ® (g(&2 +(a")?) + 2152) : (1.5)

where 0 < g < 1/2 is fixed and the operator Hp,p; is defined as the linear mapping
C? ® £>1(N) — C? ® £?(N) given by

HRabi = Ho Rabi + 54 0, © L2, (1.6)

In Chapter 5 we proved that there is an orthonormal basis in C? @ ¢2 (N) of the form
{u;, }nen U {u;! },en such that

Hp.pius, = EXul (1.7)

holds for every m € N and the eigenvalue sequences (E,,)%°_, (E;H)%_, satisfy the large
m asymptotic formula

EX=pm+LB-1)+5+0m 13, (1.8)
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where
B:=14/1—4g2. (1.9)

The purpose of this chapter is to prove

Theorem 1.1. If e ¢ BZ, then the eigenvalue sequences (E;,)5_., (EL)°_, satisfy the
large m asymptotic formula

B2 =Bm+ 18— 1)+ 5+O0m lnm), (1.10)
where B is given by (1.9).

We recall that the result of Chapter 5 (i.e. the estimate (1.8)) is equivalent to the large
n estimate

An(HRabi) — A (Ho Rabi) = O(n™1/?), (1.11)

where (A, (HRabi))peq (respectively (A, (Ho Rrabi))peo) is the non-decreasing sequence of
eigenvalues of Hgap; (respectively Hg rani), counting the multiplicities, while the assertion
of Theorem 1.1 is equivalent to the fact that the estimate

An(HRabi) — An(Ho rabi) = O(n~ ' Inn) (1.12)
holds if € ¢ BZ.
2 Basic notations and results from Chapter 5
Notation 2.1. (a) In the sequel we assume 0 < g < 1/2, ¢ > 0 and denote
lo =max{i € N: i <¢/S}. (2.1)

(b) We introduce the linear mapping ¢! (N)x ¢21(N)— ¢2(N) x £2(N) by

H_i Slpny
H= 2 102(N) 2.2
(?MN) H, 22)

where Hyq : /21(N) — ¢2(N) are defined by
Hyqi=ala+ g6 + (ah)?) £ Le (2.3)

Proposition 2.2. (a) Hgapi is similar to H and Ho rabi ts similar to Hy = H_y & H;.
(b) Let (d,,)5% be the sequence defined as follows

d,g:%(6—1)+Bn—%fornzo,...,lo, (2.4)
i) 10i = 5(B—1)+B(lo+i) = § fori €N, (2.5)
Then (d%)2°, is the non-decreasing sequence of eigenvalues of Hy, counting multiplicities.
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Proof. See Section 1.4 and 2.3 of Chapter 5. O

Notation 2.3. a) We denote by ¢?(Z) the complex Hilbert space of square-summable
sequences x : Z — C equipped with the scalar product

(e =Y x()y() (2.7)

JET

and the norm |[z||p2(z) == (z, x)ég/?z). We identify ¢?(N) with the subspace

{x € *(Z): x(j) =0 for j € Z\ N}

and denote by {e;};ez the canonical basis of *(Z) (i.e. e;(j) = &; ; for i,j € Z).
(b) We denote by A the self-adjoint operator in £2(Z) defined on

Y Z) = {z € () : ZjQ\x(j)\Q < o0} (2.8)
JEZ

by the formula Ae; = je; for j € Z.
(c) We define S € B(¢?(Z)) as the shift given by the formula Se; := e; 4 for j € Z.
(d) We introduce the linear mapping 21 (Z)x (21 (Z)— (?(Z) x *(Z) by

J_l é_[42 7
J= 27(2) 2.9
(%Im) Ji (29)

where Jyi : (*1(Z) — (?(Z) are defined by

3 3 1
_ 2 - - 2 -
Jy=A+vg(S (A+2)+(A+2>S>+2ue. (2.10)
We can also write
v=ia(l@ lea) 2.11)

where 0y2(z) denotes the null mapping in (?(Z) and
Jo=J18 Ji.
Proposition 2.4. (a) There is an orthonormal basis (v?)jez such that
Jov] = d;v), (2.12)
where the eigenvalue sequence (d;)jez satisfies
JB-1)+8i—, (2.13)

dgiy1 = 5(B—1)+ (i —lo) + 5. (2.14)

do;
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(b) There exist C, & > 0 and ng € N such that
i =kl < én = |(v], VW) e@)we@| < Cn'? (2.15)
holds if n > ng and for every k € Z one has
(Vi VW) 22y ez (z) = 0. (2.16)
Proof. (a) See Section 2.5 in Chapter 5.
(b) As in the proof of Lemma 4.4 in Chapter 5 we denote
V(i k) == (v5, VW) ey )

for ¢,j € Z and we get
V(k,k)=0for k € Z,

V(2i,2j +1) = £, for i, j € Z,

where 7, 1, is defined in Notation 3.3, Chapter 5. It is easy to check that (2.15) follows from
the assertion of Lemma 3.4, Chapter 5. O

Proposition 2.5. (a) We can find (A\;(J)) ez, a non-decreasing eigenvalue sequence of J,
counting the multiplicities, such that one has the large j asymptotic estimate

Ai(d) =d; + 032, (2.17)

(b) If (N;(J))jez is as in (a) and (N, (H))pen is the non-decreasing eigenvalue sequence of
H, counting the multiplicities, then one has the large n asymptotic estimate

Aa(H) = Ayio(3) + O(n ). (2.18)

Proof. (a) See Proposition 4.1 in Chapter 5.

(b) Due to Lemma 5.1 in Chapter 5, there exists k € Z such that one has the large n
estimate

A(H) = Xin(J) +O(n7h) (2.19)

and in Section 5.3 in Chapter 5, we prove that one has also

An(Ho) = Anis(Jo) + O(n 7). (2-20)
However, it is easy to check that d% = d,,, holds if n > I and (2.20) gives

dpiiy = d° = dpyrn +O(n7h). (2.21)
It remains to observe that (2.21) implies k = ly. Indeed, if k # [y, then

limsup |dy 41y — dptr]| >0

n—00

is a contradiction with (2.21). O
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Corollary 2.6. Instead of (1.12), it suffices to prove that the large n estimate
M(T) = X\(Jo) + O(ntnn) (2.22)
holds under the assumption e ¢ BZ.
proof. Combining (2.18) with (2.12), we get
An(H) — X\ (Hp) = O(n™ ' Inn),

which is equivalent to (1.12). O

3 Main ideas of the proof

If L : D(L) — V is a linear mapping defined on a dense subspace of the complex
Banach space V, then o (L) denotes the spectrum of L. The algebra of bounded operators
on V is denoted B(V). If L,,, L), are linear mappings defined on a dense subspace of VV and
Ly, — Ly, can be extended to a bounded operator V, then ||L,, — L;, ||y denotes the norm
of this extension and the notation L,, = L], + O(n,) means that choosing ny € N and
C > 0 large enough, we ensure ||T;, — T}, |[g(v) < Cny, for all n > ng.

If z,, 2, € V, then we write z,, = y, + O(n,,) if and only if we can find C' > 0, ng € N,
such that ||z, — 2} ||y < Cn, holds for all n > ny.

If T € B(¢*(Z)), then we denote

T(j,k) = (ej, Tex)p(z) for j, k € Z. (3.1)

Let {v)}jez be as in Proposition 2.4 and define J as the self-adjoint operators in £%(Z)
given by
J=UJU1, (3.2)

where U : (*(Z) x (*(Z) — (*(Z) is the isometric isomorphism satisfying UvY = e; for
every j € Z. Then J = D + V holds with D = diag(d;);ez, i.e.

De; = dje; for j € Z, (3.3)

and
V=UVU L (3.4)

In the sequel we denote
V(i k) = (ej, Ver)p(zy = (v, V) (z)xe2(z) (3.5)
we fix C, ¢ > 0 such that (2.15) holds, i.e.
Gkl <elkl = [V(j.k)| < Clk|7'/? (3.6)
and (\j(J)) ez is the eigenvalue sequence satisfying the large j estimate
Aj(J) = dj +0(7?) (3.7)
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(i.e. Aj(J) = Aj(J) where (\j(J));ez is as in Proposition 2.5(a)).
We observe that the assumption € ¢ Z insures the fact that

c1 = inf(dj+1 — dj) >0 (3.8)
JEL

and using (3.7) we know that there is n; € N such that for n > n; one has
(D)} =0o(J)N]dp — 3c1,dn + 3. (3.9)

In Section 4 we define a sequence of self-adjoint, bounded operators (@), and in Section
5 we introduce
J) = e 1@n Jelln,

Then for n > n; we still have
(N} = a(Jy)N]dy = 5e1,dy + 51 (3.10)

and in Section 5 we deduce (2.22) from (3.10), combining the structure of .J/, with the
Kato-Temple estimate (see Theorem 2.1 in Chapter 3).

4 Operators R, and @,

In the sequel we consider the orthogonal decomposition
3(Z) = Hy @ Hy, (4.1)

where

~

Hy = Cen,  Hy = (Cepn)t. (4.2)

Let I, € B(¢2(Z)) denote the orthogonal projection on Ce,, and II,, := I — IL,,.
We introduce o o
R, := M, VI, + [0, VII,. (4.3)

and observe that Ry, (j, k) # 0 = (either j =n # k or k = n # j). Moreover, V(n,n) = 0
ensures 11, VII,, = 0 and (4.3) can be written in the form

R, =V —I,VIL,. (4.4)

Since Ry, (j, k) # 0= j # k = d; # d, we can define
Rn .7k . .
Fnld:k) e Gk £0

Quj, k) =1 i(d; — dy) (4.5)
0 ifR,(j,k)=0

Lemma 4.1. (a) There is Q,, € B({*(Z)) satisfying (ej; Qner)zzy = Qn(d, k) for all
1.k €Z and
1Qull5(2(z) = O(n~'3). (4.6)
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(b) £21(Z) is an invariant subspace of Q,, and one has

[DviQn] = —Ry. (47)

(c) (>Y(Z) is an invariant subspace of '@ and t — e@ng is of class C®°(R; (*>1(Z)) if
x € 1>Y(Z).

Proof. (a) We observe that Q,(n,5) = Qn(j,n) and using
Qn = QuIl, + Q,T1, = TL,Q,T1,, + I1,Q, 11,
we can estimate
1Qnll522) < N1@nIlnll52(2) + 1T @nllB(e2(2)) = 2| QuIlnllB(2z)) = 2l|Qnenllez)
It is clear that the assumption € ¢ S7Z allows us to find ¢y > 0 such that
J#k = ldj—di| > co(j — k), (4.8)

where (s) := (1 4 s%)'/2 and

_ V(j,n _
IQuenllBy = 2 1Qutin)? < 5 32 TP < 20+ M)
JEZ JEZ j
holds with
M, = Z 7“/,(]’ )2 < C%n~ Z 2 <Ot
{j€Z:|j—n|<én} <‘7 N TL> meZ

due to (2.15) and

VEn)* _ o - : ara _
M) = > M < e 2 > V(j,n)|? =¢>n ZHVeanz(Z) < Cyn™2
{j€z:|j—n|=én} JEZ

We obtain the assertions (b) and (c), reasoning similarly as in the proof of Lemma 4.1 in
Chapter 3.
O

5 Proof of Theorem 1.1

In the sequel @, and R,, are as in Lemma 4.1.

Step 1. We denote J), := = e71@n Jel@n Then, reasoning as in Section 5, Chapter 3, we
obtain

Jp =D +V — Ry + Wy, + O(||Qullf2(z)) (5.1)

with
Wy = [Va lQn] + %[[DJQnLiQn] = [Vv lQn] - %[RnaiQn]- (5-2)
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Step 2. Let W,, be given by (5.2). We claim that one has the large n estimate
Wy (n,n) = O(n tlnn). (5.3)

Indeed, W,, = [V;,iQ,] holds with V;? := V — L R,, and
Vi (G, k)| < |V (G, k)| for all j, k € Z, (5.4)

hence using (5.4) and (4.8), we can estimate

0 —1 |V(man)|2 -1 /
(V2Qn)(n,n)| < D [V(n,m)Qn(m,n)] < gt Y - < g (My + M) (5.5)
meZ mEZ {m —n)
with
2
M,, = Z M < C?n1 Z (m — n>_1/2 <Cin‘'lnn
{m€Z: |m—n|<én} {m —n) {meZ: |m—n|<én}
due to (2.15) and
|V (n,m)[?

M) =

{m€Z: |m—n|>én}

A1, -1 SN2 a1, -1 2 -1
<m_n> <c¢n Z|V(]7n)’ =cmn HvenHﬁ(Z) §C2n :
JEZ
Step 3. We claim that one has the large n estimates

(en, Jnen)e2z) = dn + O(n"t1nn) (5.6)

and

(T, = {en, Jhen)2z))en = O(n™13). (5.7)
Indeed, using ||Qnl|p(2(z)) = O(n~'/2)and V — R,, = II,VII,, in (5.1), we find
Jhen = (D + ﬁnVﬁn + When + O(n_l) =dpe, + When + O(n_l), (5.8)

hence
(en, Jéen>£2(z) = dp + (en, Wnen)ﬁ(z) + O(nil)

and (5.6) follows from (5.3). Moreover, (5.6) implies
(J! — (en, Jy/Len>€2(Z))en = (J, —dp)en + O(n_1 Inn) (5.9)

and (5.8) ensures
(J) = dp)en = Whe, +O(n™1). (5.10)

Thus (5.7) follows from (5.9), (5.10) and

Wallsez@y < @IV Isee@) + 1 Ballse@)|@ulls@ea) = 0n™?).
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End of the proof of Theorem 1.1. Let n; be such that (3.10) holds for n > ny. Due to
(5.6) there is ng € N such that for n > ng one has

(€n, J;Len>£2(z) € ld, — icl,dn + %cl[.
If n > max{ng,n1}, then J), satisfies the assumptions of Kato-Temple estimate (see
Theorem 2.1 in Chapter 3) with L = J),, z = e, and |d’, d"[=]d,, — 1c1, dn + 2 ¢1[. Therefore
(2.9) in Chapter 3 gives
An(J3) = en, Tnen)ez@y] < 4er (g, = lens Jnen)e@))enl [ = O™, (5.11)

Combining (5.11) with (5.6) we get A\, (J),) = d, + O(n"t1nn).
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Three-term Asymptotic Formula for Eigenvalues
of the two-photon quantum Rabi model with a resonant bias

Abstract. We consider the asymmetric quantum Rabi model under the assumption that the
coupling constant g satisfies 0 < g < 1/2 and the static bias € is a multiple of /1 — 4¢g2. The

spectrum of this model consists of two eigenvalues sequences (E;})2°

0 (E)5%°_, and we obtain

the three-term asymptotic formula with an error estimate of the form O(m~=!Inm) when m tends
to infinity.

1 Statement of the result

In this Chapter we use notations introduced in Section 1 of Chapter 5, i.e. Hy Rabi is
defined as the linear mapping C? ® ¢21(N) — C? ® £?(N) given by

Ho rabi 1= [ © a1 + 0y © (g(&2 +(a")?) + ;1@) : (1.1)
where 0 < g < 1/2 is fixed and the operator Hg,p,; is defined as the linear mapping
C? ® >Y(N) — C? ® £%(N) given by

Hyapi = Horabi + 380, ® L2 (1.2)

In Chapter 5 we proved that there is an orthonormal basis in C? ® ¢?(N) of the form
{u,, }nen U {u,! } e such that

Hiabity, = Epuy, (1.3)

00
m=0>

holds for every m € N and the eigenvalue sequences (E,,)%°_., (E;}) satisfy the large

m asymptotic formula
EZ = Bm+ o+ e + O(m™1/?), (1.4)

Bi=y/1-4¢2,  By:=1(B-1). (1.5)

The purpose of this Chapter is to prove

where

Theorem 1.1. Assume that ly := €/5 € N. Then the eigenvalue sequences (E, )men and
(B )men satisfy the asymptotic estimates

Ery = Bi+ o+ e — [ + 061 Ind), (1.6)
Ef = Bi+ By + s+ |t + O3 Ini), (1.7)
where (3, By are given by (1.5) and
v =0 Zfl() s odd
=i 1/2 %‘/% cos ((2a — %) (i +1o) + (1 —lo)e) if lg is even
with
1—2g
1+2g°

o = arctan
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2 Main ingredients of the proof

In the sequel we assume 0 < g < 1/2, we denote ly :=€¢/8 € N (where 8 := /1 — 4¢?)
and we keep notations introduced in Chapter 5. In particular,

(a) we define J4q : £21(Z) — ¢%(N) by

J, :A—i-ug(SQ(A—I—;) + (A+§)S‘2) —i—%l/e, (2.1)

where S € B(¢?(Z)) is the shift defined by Se; := e;4+1 for j € Z,
(b) we define J : £21(Z)x 21 (Z)— (2(Z) x (*(Z) by

J=J191+V (2.2)
where
— 1A 0@(2) Iﬁ(Z) (2.3)

(c) we introduce sequence the (d;);cz given by
doi = doip1 = Bo + Bi — 3¢ = Bo + B(i — ly) + 3e. (2.4)

Then one has

Proposition 2.1. It suffices to prove that there exists (A\j(J)) ez, a non-decreasing eigen-
value sequence of J, counting the multiplicities, such that one has the large i asymptotic
estimates

)\QZ(J) = dy; — |ti—lo‘ + O(’i_l In i), (25)

)\2i+1(J) = do; + |ti—lo| + O(i_l In Z) (26)

Proof. The estimates (2.5)-(2.6) imply the estimate (2.17) in Proposition 2.5(a), Chapter
6 and Proposition 2.5(b), Chapter 6 implies the large n estimate

)\n(H) = )‘n—O—lo (J) + O(nil)v (27)

where (A, (H))nen is the non-decreasing eigenvalue sequence of H, counting multiplicities.
The sequence (A\,(H))nen can be expressed as the union of sequences (E,,)men and
(Ef)men, defined as follows

E; =X\,(H) forn=0,...,l,

n

E-

i+l — )‘2i+lo (H) fori ¢ N,

EZ' = )\2i+1+l0 (H) for i € N.
Then (2.7) implies
Ei L, = A1) (I) + O ),
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Ef = X111 (3) + O3 ™)

2

and (2.5)-(2.6) ensure

o = (i) — [l + O3 Inid),
B = do(itie) + [vil + O(i~n3i),
i.e. we get (1.6)-(1.7). .

Let {v?}jez be as in Notation 2.8, Chapter 5 and let J be the self-adjoint operators in
¢%(Z) given by

J=UJU"!, (2.8)
where U : (2(Z) x (*(Z) — (*(Z) is the isometric isomorphism satisfying Uvg-) = e; for
every j € Z. Then

J=D+YV, (2.9)
holds with D = diag(d;) ez, i.e.

Dej = djej for j € Z, (2.10)
and

V=UVU L (2.11)
In the sequel we denote

V(i k) = (ej, Ver) ez = (V] VV) 2z xe2(z) (2.12)
we fix C, ¢ > 0 such that the inequality (3.6) in Chapter 6 holds, i.e.
Gkl <elkl = [V(j.k)| < Clk|7'/? (2.13)
and (Aj(J)) ez is the eigenvalue sequence satisfying the large j estimate
A(T) = dj +0G7?) (2.14)
(i.e. Aj(J) = Aj(J) where (\j(J));ez is as in Proposition 4.1, Chapter 5.
We will use the assumption € = [y € N to prove the large 7 estimates
Aoi(J) = do; — |V(24,2i + 1)| + O(i L n i), (2.15)
Aoig1(J) = doi + |V (2i,2i + 1)| + OG L 1ni). (2.16)
It is clear that the estimates (2.5)-(2.6) follow from (2.15)-(2.16) and
Proposition 2.2. One has the large © estimate
V(21,20 +1)| = [vjqy| + OG1), (2.17)

where t; is given by (1.8).
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Proof. See Section 5.3. O
In order to prove the estimates (2.15)-(2.16) we consider the orthogonal decomposition
(Z) = Hyp & Hn (2.18)

where n € 2Z and N
Hy, := span{ey, ent1}, Hy = HE (2.19)

In the sequel II,, € B(¢2(Z)) denotes the orthogonal projection on #,, and II,, := I — II,.
We use the decomposition (2.18) to express V in the matrix form

V= (g’; %) (2.20)
where R R R
Vo i=TL,V|; € B(H,), (2.21)
Vo i=1LV|5 € B(Hy), (2.22)
Ry :=TL,V|5; € B(Hn, Hn), (2.23)
Ry =T,V € B(Hn, Hy). (2.24)

Moreover, we can identify V;, with its matrix in the basis {e,, e,11}, i.e. we can write

5 0 V(n,n+1)
Vi = (V(n +1,n) 0 ) ' (2.25)

We will prove

Proposition 2.3. There exists a sequence of unitary operators (Uy)nen such that the
large n estimate R N
U, 'JU, =D+ V,®V,+0(n 'an) (2.26)

holds if n € 2N, V,, is given by (2.25) and
Vi =Vo+0(n? (2.27)
holds with V,, given by (2.22).
Proof. The estimate (2.26) is proved in Section 5.2 with
Uy, = e@nel@n, (2.28)

where @, and @/, are bounded self-adjoint operators defined in Section 3 and 4 respectively.
O

Corollary 2.4. The estimates (2.15)-(2.16) follow from the assertion of Proposition 2.5.
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Proof. To begin we observe that the assumption n € 2N implies
dn-1+ B =dy, =dnt1 =dnio—p (2.29)
and (2.14) ensures the fact that there is n; € N such that for n > n; one has

A-1(J) <dp =38 <dp— 38 < A(J) € Apy1(J) < dn + 18 < dn + 28 < Ay (J).

(2.30)
Moreover, (2.26) ensures the fact that
J=J,+0(n tnn) (2.31)
holds with L
Jp i =Un(D+V, @ VU (2.32)

and we claim that there exists (A\j(Jy)) ez, a non-decreasing eigenvalue sequence of .Jj,,
counting multiplicities, such that choosing ng € N and C' > 0 large enough, one has

A (J) = A\j(Jn)| < Cn~tnn for every j > ng. (2.33)
Moreover, combining (2.33) with (2.30), we can find ny € N such that for n > ny one has
A1 (Jn) < dp — 38 < Aa(Jn) < A1 (Jn) < dn + 28 < Ay (J). (2.34)

Denote D, := D|7-Atn and D,, := D|ﬁn' Then

f)n+ffn2< dn V(”’“Jrl))

V(n+1,n) dp,
and o(Dy, + V) = {An, Ang1} holds with
A i=dp —|V(n,n+1)] and A\yi1 :=dp + |V(n,n+1)]. (2.35)
Moreover, due to (2.13), there is ny € N such that for n > ny one has
dn — 38 < Ap < Xpp1 < dn + 38 (2.36)
However, o(J,) = 0((Dp + Vi) ® (Dy + V) = 0(Dy, + V) U o(D,, + V) implies
{An, Ans1} C o). (2.37)

Combining (2.37) with (2.34), (2.36), we get Ay = An(Jn), Ant1 = Ant1(Jp) and using
these equalities in (2.33), we deduce

M) = A+ 0 nn) and Aup1(J) = Ang1 + O(n "' Inn), (2.38)

i.e. (2.15)-(2.16) hold. O

117



CHAPITRE 7 : 2PQRM avec un biais résonant

3 Operators related to the first similarity transformation

Notation 3.1. (a) In the sequel ¢, C are as in (2.13) and n € 2N, i.e. (2.29) holds and it
is easy to check that
dj # dy = |dj —di| > 5 — k). (3.1)

(b) We introduce Z,,, Z,;7 C Z? defined as follows

Z, =(Z\{n,n+1}) x {n,n+ 1} (3.2)
Zr={n,n+1} x (Z\ {n,n +1}). (3.3)
We observe that
(4, k) € Z, = dj # d,, = dy, (3.4)
(j. k) € Z} = dj = d,, # di. (3.5)

(c) In.the sequel we fix ¢ such that 0 < ¢ < 1&and we introduce the matrices (Q;, (4, k))(ikezs
(Qr (4, k) (j.kyez2 by
V(5. k)

i—22 if (j,k) € ZF and |j — k| < cn

0 otherwise

(d) We define the matrix (Qn(j, k))(j x)ez2 by

, imif(j,k)ezgruz;
Qn(d k) == i —dw (3.7)
0  otherwise
Lemma 3.2. If (QX(j, k))(jk)ezz is defined as in Notation 3.1(c), then
(a) there is C > 0 such that for all j, k € Z one has the estimate
4Cn~1/?
Qr(i k) < Z-— 3.8
@GR < 5 (3.9

(b) there is Q € B(3(Z)) satisfying {(e;, Qfek)ga(z) = QF(5,k) for all j,k € Z and

Q5 152z = O(n~'?). (3.9)
Proof. (a) Due to ¢ < ¢, (3.8) follows from (2.13) and (3.1).
(b)If k € Z\ {n,n+ 1}, then @, e =0.If k € {n,n + 1}, then
~ o 4O —1/2)2
@il = DleaG o< > S

2/4 2
jez {(EZ: |j—k|<en} B2 — k)
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<16C*n 7187y (j— k)P < Cnh,
JEZ
hence Q,, € B((*(Z)) and ||Q;, |lp2(z)) = O(n~12). Since (j,k) € Z} < (k,j) €

Z, and Q}(j,k) = Qn(k,j), one has Q;F = (Q;,)* € B({*(Z)) and ||Q;||p@2(z)) =
11Qn B2 (z)) O

Lemma 3.3. If (Qn(j, k))(jx)ezz is defined as in Notation 3.1(d), then
(a) there is Q, € B((*(Z)) satisfying (ej, Qner) ez = Qn(j, k) for all j,k € Z and
1Q + @ — Qullp2@z) = O0(n™). (3.10)
(b) (21(Z) is an invariant subspace of Q,, and one has
—[D,iQ,] = I, VI, + I, VIL,. (3.11)

(c) 2X(Z) is an invariant subspace of '@ and t — e®@ny is of class C°(R; (>1(Z)) if
x € (>Y(Z).

Proof. (a) If k € Z\ {n,n + 1}, then (Q,I0, — Q;; )ex = 0. If k € {n,n + 1}, then

1@nTln = Q)eklloiy = >, Q0 k)

{4€Z: |j—k|=cn}

D 16|V (4, k)| <16 S VG k)P = 16]|Verl[72 (2 e
B — k) = Ben? LR T T g Sy

{j€Z:j—k|zen}
hence Q,II, = Q;; +O(n™1). Using the adjoint formula IL,Q,, = Q + O(n~1), we obtain
Qully +11,Qn = Q + Q@ + 0(n ™), (3.12)

However, ﬁnQnﬁn =0and ﬁnQnﬁn = 0 imply
Qn = I, Qnll, + I1,Qu1L, = QuIl, + I1,Qy (3.13)

and we complete the proof of (a) combining (3.12) and (3.13). We obtain assertions (b)
and (c) reasoning as in the proof of Lemma 4.1 in Chapter 3. O

Lemma 3.4. Let QF be as in Notation 3.1(c) and
Q) =QF +Q,. (3.14)

If
V)= 3V + (11, VII, + 11, V1IL,), (3.15)

then one has the following large n estimate
IL,VQOIL, = O(n ' Inn). (3.16)
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Proof. To begin we observe that we still have the large k estimate

sup V(G k)| < Ck2 (3.17)
{jEZ: |j—k|<ek}

Next we observe that

Ve ey < D, 1(V2Q%)(4, k)]

n<j,k<n+1

and

(Vo @u) (i, k) = > Viy (4, m)Qp (m, k).

{m€Z: |m—k|<cn}

Assume that j,k € {n,n + 1}. Then
Im—kl <en=lj—m|<|j—k|+|k—m| <1l4+cn <én=|V(j,m) < Cn/? (3.18)

holds for every n > ¢~!. Therefore, using (3.18) and (3.8), we can estimate

8C2n 1
|(V79Q91)(j7 k)| < 7nk = O(Tf1 Inn), (3.19)
{m€Z: |m—k|<en} 'B<m o >
. : 1
where the last estimate is due to Z - =0(Inn). O

1<i<en t

4 Operators related to the second similarity transformation

Notation 4.1. Assume that Q7 is given by Notation 3.1(c) and V,? by (3.15). We
introduce the matrices (Qr1 (5, %)) (jrezz and (@), (4, k) (j k)ez2 defined by

(V2. ) .

QrE(, k) = dy, — d;
0 otherwise

k)€ Z-UZT
(J, k) €z, UZ, (4.1)

Lemma 4.2. Let (Q)5(j, k))(jkyezz be as in Notation 4.1. Then there is Q) € B((*(Z))
satisfying (ej, Qufer)e2(zy = Q" (4, k) for all j,k € Z and

1@ 22y = O(n~ ' Inn). (4.2)

Proof. Due to the Schur boundedness test, it suffices to show that there is C > 0 such
that for every j, k € Z, n € N*, the inequalities

Qn(k) <Cn'lnn and Qf(k) <Cn 'lnn (4.3)
hold with
Qu(k) =) _ Q. (4, k), (4.4)
JEZ
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Q;, (k) := > 1Qu (k. ). (4.5)

JET

Let us decompose Q,, = Q, + Q! with

Q (k) = > Q' (4, k), (4.6)
{J€Z:|j—k[>cn}
Q, (k) = > Q' (4, k). (4.7)

{j€Z: |j—k|<cn}

Using (3.1) and the Cauchy-Schwarz inequality, we can estimate

D S L VHC LD VAL
{j€z: |j—k|>ck} B — k)

with
Mn(k) = Z <] - k>_27
{J€L:|j—k|>en}
My (k) =D [(VIQ) (. k).
JEL
However,
1 > ds 2 1
<23 S <2 = < 4.
Mnlk) = Lo /cnﬂ 2 en—17 Cin (4.9)

and using (3.9), we find

M (k) = [V QrrenllZzy < VB2 @) 1@ ez < Can™' (4.10)

Combining (4.8) with (4.9)-(4.10), we get Q/, (k) < Cn~L. ~
In order to estimate (4.7), we assume |j — k| < cn. Since Q;} = I1,Q;", one has

(V2@m)G.k) = > V(G m)Qy (m,k) (4.11)

n<m<n+1
and using |j — k| < cn, we obtain
Qf(mk) #0=|k—m|<en=1|j—m|<|j—k|+|k—m| < 2cn
= [V (G m)| < Cn™ 2 = [V, m)Qy (m, k)| < 4571 Cn 7"
Therefore, the first inequality (4.3) follows from

Q' (k) <8101 Z L _ O(n 'lnn), (4.12)

{jE€Z: |j—k|<cn} <‘7 o k>

1
where the last estimate is due to Z - =0(Inn).
1<i<en '
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We can also decompose QF = Q" + Q" with

Q. (k) := > Q% (k. 7)l, (4.13)
{jE€Z: |j—k|>cn}
Q' (k) = > Q5 (k, 7)) (4.14)

{jE€Z: |j—k|<en}

Then |Q* (k)| < 437 M., (k)2 M (k)Y/? with M, (k) as before and

M(k) = D IVRQND R P = (V) erllazy < Cn!

JEL
similarly as before. If |j — k| < cn, then
Qn(m,j) #0=[j—m| <en=|k—m| < |k—j|+|j —m|<2en
= [V (k,m)| < Cn='2 = |V (k,m)Q;f (m, j)| < 4571 C%n !
and Q7*(k) = O(n~!Inn) follows similarly as before. O

Lemma 4.3. Let (Q); (j, k))(jk)ezz be as in Notation 4.1. Then there is Q" € B((*(Z))
satisfying (ej, Qy ex)e2(zy = Qy (4, k) for all j,k € Z and

Qi l2(zy) = O(n~'1nn). (4.15)
Proof. It k € Z\ {n,n + 1}, then Q,, (j, k) = 0. Thus
1Qn |IBe2(z)) < 1Q% enlle@) + Q% entille(z)- (4.16)

Assume now that k € {n,n + 1}. Then

1Q erllf2(zy < M (k) + M, (k) (4.17)
holds with ( OQ \( k)|2
16](V, @) U,
Malh) = 2 52— k)
{J€L: |j—k|>cn}
16|(V2Q:) (4, k)|?
M) = (Bgl(Q”_)](ﬁ‘;’z )=
{j€Z: |j—k|<cn} J
‘We first observe that
16 _ _
Mn(k) < 52 e L IVIQ) Gk = o IVe@uerllig = 0™, (418)
JEZ
Our next claim is the estimate
sup |(V)Q;) (. k)| = O(n~ ' 1nn). (4.19)

{jE€Z: |j—k|<en}
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Since @, (m, k) = 0 if |m — k| > ¢n, one has

(V@) k) = > Ve (4, m)Qy, (m, k).

{m€Z: |m—k|<cn}

However, |j — k| < cn and |m — k| < e¢n imply |j — m| < |7 — k| + |k — m| < 2¢cn and
V2(j,m)| < Cn~1/2, hence
1

sup ((VQy) (G, k)| < 4C%n~! —————=0(n""lnn),
{j€Z: |j—k|<en} (mez: |mz—k‘<cn} B{m — k)

i.e. (4.19) holds. However, due to (4.19), we can estimate

M(k) <16 sup [(V/Q)GK)IP DB — k)72 = O(n™*(Inn)?)  (4.20)
{j€Z: |j—k|<cn} jez

and combining (4.17) with (4.18) and (4.20), we get ||Q;, ex|[i2(zy = O(n" ' Inn) for k €
{n,n + 1}, completing the proof. O

Lemma 4.4. Assume that V. is given by (3.15), Q are as in Notation 3.1 and

Qh=Qf + Q. (4.21)
Assume that Q;Li are as in Notation 4.1,
Qni=Qn +Q +(Qn + Q) (4.22)
and _ R R N
R, :=T1,[V2,iQOTL,, + I, [V, iQO]1T,,. (4.23)
Then

(a) (*Y(Z) is an invariant subspace of Q!, and
D,iQ)] = R, (4.24)

(b) (>Y(Z) is an invariant subspace of €'9n and t — e*@rx is of class C°(R; (>1(Z)) if
x € 1>Y(Z).

Proof. We obtain these assertions reasoning as in the proof of Lemma 4.4 in Chapter
4. O

5 Proof of Theorem 1.1
5.1 First similarity transformation

Lemma 5.1. Let Q),, be as in Notation (3.1)(d) and
J! = e 10n Jei@n (5.1)
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Then one has the large n estimate

J =D+ V, &V + R +0(n 'nn), (5.2)
where R., is given by (4.23), V,, is given by (2.21) and
V! =V, +0(n"? (5.3)

holds with V,, given by (2.22).
Proof. We first observe that (5.1) from Section 5, Chapter 3 gives

J=D+V —R,+[V—1R,,iQ, +O(n™") (5.4)
with R, = —[D,iQ,] = II,VII, + I, VIL, (see (3.11)). We observe that
V — R, =1L, VI, + [, VI, (5.5)

and V — 1R, =V, is given by (3.15). Moreover, (3.10) allows us to replace Q, by @ in
the right hand side of (5.5), i.e.

J! = D+ 1L, VI, + IL,VII, + [V2,iQ%] + O(n™Y). (5.6)
Due to (3.16) we obtain
V9,iQ0% = T0,,[V)?,iQ%]M,, + R, + O(n"t1nn), (5.7)
where R}, is given by (4.23). Introducing
Vi i= Vo + [V, 107, (58)
we have ||V, — Valls2zy) < CllIQY 502 (z)) = O(n~Y/?) and
IL,VIL, + IL, VL, + IL, [V, iQ°], = V,, & V. (5.9)
To complete the proof of (5.2), it remains to combine (5.6), (5.7) and (5.9). O

5.2 Proof of Proposition 2.3

Using the Taylor formula (2.12) in Chapter 3 (see page 56), with N = 1 we get

&9 D% = D 1 [D,iQ}] + Oy, (D) e (5.10)
Since [D,iQ}] = —Rj, and adfy, (D) = —[R},,iQ;,] = O(|@Q}[15(2(z))), (5:10) implies
e 19 Del® = D — R, 4+ O(n"'Inn) (5.11)
due to ||Q},||5(2(z)) = O(n~ ' Inn) (see (4.2) and (4.15)). We also have
e OV, & V) + R,)e% =V, ® V! + R, + O(n""nn). (5.12)
Let us denote J” := e1@n ]’ @ Then (5.2) ensures
Jl = e D+ V, & V) + R,)e + O(n~ Inn) (5.13)

To complete the proof, it remains to observe that (5.11) and (5.12) allow one to write the
right hand side of (5.13) in the form D +V,, @ V! + O(n~!Inn).
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5.3 Proof of Proposition 2.2

Notation 5.2. (a) We denote L2(T) the Hilbert space of Lebesgue square integrable
functions | — m, 7] — C equipped with the scalar product

(fs 912 : */ 7). (5.14)

(b) For f € L*(T) we write (f) := 5= ["_ f(6)d0
(c) For v = £1, we define ®,, € C*°(T) by

ot g de’
(6) := /0 1+ 2vg cos(26) (5.15)

(d) For v = £1, we define ¢, € C>(T) by
q0) =571 (Vg cos(2®,1(0)) + %1/6) . (5.16)

(e) For v = £1, we denote

fo5(0) = \/®,(6) eij<1>u(9)+i¢u(9)’ (5.17)
where
(Z)l/(e) = <QV>CI)V(0) - @Z(‘%@)) (5'18)
and g, is a primitive of ¢, and
Bo
L) = — + =y 5.19
@) = 55+ (519
Similarly as in Section 4.2 and Section 3.4, Chapter 5 We have
Ca A
V(24,2j +1) = 5 Vii~lo’ (5.20)
where {
Vij—to = (=14, [1j—10)12(T) = g/_ "o n(9)do (5.21)
with ' .
hi= e l0®rei1=6-1) (¢ @' )2, (5.22)
and
\I’O = ‘1>1 - ‘1>,1. (523)
Then
p p

v (0) = =0 < cos(20) =0, (5.24)

1+ 2gcos(20) 1 — 2gcos(26)
ie. U)(0) £ 0if0 € [—m, 7]\ {01,0_1,02,0_2}, where 011 = £7 and 049 = £37. However,

vean 495 4g/3
ol0) = <(1 T 29co5(20))2 (1 - 2gcos(26))?

> sin(26) (5.25)
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and U((0) =0 = cos(20) =0 = Y{(0) = £8¢p, i.e. the critical points {6;}i—+1 +o are

not degenerated such that
Wi (m/4) = Uy(—3m/4) = 8gB and V((—m/4) = V(3w /4) = —8¢p3,
Then the stationary phase formula gives the large j asymptotic formula
Yjj—to = G1+G-1+0 (j_l) ;

where for v = +1

1 y om
G, = h(6 ijWo(0) WZ’
Z, 5ey WVTIGP ) ‘
ee{l/ﬂ' l/ s
Step 1. We claim that
2g sin 260
Uy () = — arctan — 5

Indeed, we can write

20 cos 0’
=2 — _d¢
gﬁ/ — 4g2 cos? 0’ o

and we have

cos 0’ cos 6 1 2gsin g
/ 1 —4g2 1—4g2cos2 ¢/ (1—4g2) + 4¢%sin2 0/ 998 arctan 5

Step 2. We have ®,(£7) = £m and ®,(£5) = 5. We claim that

arctan (o tan 6) if -3 <0<3,
®(0) = { ™ — arctan (o tan(m — 0)) if § <0<m
—m + arctan (o tan(m + 6)) if —m<0<-3,
where ag := ng Indeed, if =5 < 6 < §, we have

0 I} o U9
Ry Ry i s Rp—
1) /0 1 4 2g cos 26" o 1+ U%(0) arctan U (0),

with U(0) = agtan(f). If § < 6 <, then

— T _m\_T —1 _r
@1(9)—<I>1<2>+<I>_1(0 2> 2+arctan<a0 tan(@ 2))

=7 — arctan (ap tan(m — 6)) .
If —m <6< -5, then

®1(0) = —P1(—0) = —7 + arctan (ag tan(r +6)) .
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Step 3. We claim that

ve—1

2p

w@,(0) = 5+ (5 2.00)

Indeed, since q is an odd function then g, (®,(0)) = ¢, (0) = 0 and we can write

. (0) L (0)
G, (D,(0)) = /0 o g, (6)d0 = %@V(QH% ; ' cos(2®;(6))do

However using the change of variable £ = ®;1(#) we can express

v
/(1) K cos(2®,,1(0))dd = /9 cos(2€)®),(£)d¢ = B ®,(0)
0 0

Then combining (5.37) with (5.38) we get (5.36).
Step 4. We claim that

VB (1) ity )15 o/ b/ i
G, = e~ o 1(7T/4)612\110(7T/4)elj1/‘1/0(7r/4)ell/4
4\/m3g

Indeed, we observe that

(£m/4) = (@)@ )3 (£37/4) =

N|=

(®1D" )
and using (5.36) we find
1 1
= (B D)=~
$1— P 2( 1 1) 5 Yo

and using (5.28) and (5.31) we obtain

—v3T VT T

v (<) = () = (3)
() oo () o ()
1 1 =vm —vP 1 =vm+ vdy 1

Therefore we deduce

and

h(_y3ﬂ_/4)eij\11()(—u37r/4) — h(yﬂ_/4)eij\110(l/7r/4)eil/l07r
Moreover, we can write the right side of (5.44) as

5(_l)loe—il/lo@l(ﬂ'/4)ei%qfo(ﬂ'/4)eijlj‘llo(ﬂ'/4)
thus we get (5.39).
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Step 5. We deduce that we can express

VB4 (=1))

Gi+G_1 = : cos j§ +0 . 5.46
1 2\/@ ( g g ) ( )
where N -
Oy := Wo(m/4) = —arctan(2g/8) = —5 + 2a, (5.47)
with
a = arctan «ap, (5.48)
and -
A O, m
Og.c = o> + 1 lo®i(m/4) = (1 —p) a. (5.49)

Then combining (5.20), (5.26) with (5.46) we get (2.17).
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Perturbation series for Jacobi matrices
and the Quantum Rabi Model

Mirna Charif! and Lech Zielisnki2

Abstract. We investigate eigenvalue perturbations for a class of infinite tridiagonal matrices which
define unbounded self-adjoint operators with discrete spectrum. In particular we obtain explicit
estimates for the convergence radius of the perturbation series and error estimates for the Quantum
Rabi Model including the resonance case. We also give expressions for coefficients near resonance
in order to evaluate the quality of the rotating wave approximation due to Jaynes and Cummings.

Keywords : Jacobi matrix, unbounded self-adjoint operators, quasi-degenerate eigenvalue pertur-
bation, perturbation series, Quantum Rabi Model, rotating wave approximation

1 General presentation
1.1 Introduction

The main motivation of this paper is the Quantum Rabi Model (QRM) which is the
simplest physical example of interactions between radiation and matter. We refer to [115]
for physical explanations (see also [15]) and to [133] for a list of recent research works in
relation with the QRM. It appears (see [123], [32]) that the QRM Hamiltonian is unitarily
equivalent to the direct sum J% (g) ® JY2(g), where A, w and g are real parameters (see
Section 1.5) and J¥(g) is the self-adjoint operator defined in ¢ by the matrix

5 gvV1 0 0 0
gVl w+35 gV2 0 0
T = 0 o2 2w-35 g/3 0 - (1.1)

0 0  gV/3 Bw+s gVi -

The QRM has become a subject of numerous experimental works in the domain of the
Cavity Quantum Optics. In practice the value of the coupling constant g is small and it is
natural to investigate an eigenvalue by means of the Taylor series with respect to g. Let
us notice that all diagonal entries of the matrix (1.1) are distinct if s is not a multiple of
w. Thus the most interesting phenomena appear when s is a multiple of w. For simplicity,
in this paper, we consider the situation s = w and our analysis will concern the following
problems :

(i) to prove that the eigenvalue branches are analytic functions of g and to give an explicit
bound for the convergence radius,

(ii) to give explicit estimates of the error due to a cut-off of the Taylor’s series,

(iii) to give a method of computing the coefficients and to express corrections of low order.
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The results concerning points (i) and (ii) are given in Theorem 1.3. Concerning the
point (i), we must control the spectrum with respect to g in order to avoid eigenvalue
crossing. The result concerning the point (ii) is obtained in a standard way : the Cauchy’s
integral formula (see Section 2.3) gives the bounds on the coefficients and clearly the
estimates become better when the convergence radius is greater. Theorem 1.3 is preceded
by Theorem 1.2 which describes results on perturbations of a simple eigenvalue.

The expressions for coefficients are given in Theorem 1.4 for perturbations of a simple
eigenvalue and in Theorem 1.5 for perturbations of a double eigenvalue. The case of the
matrix (1.1) with s = w has been intensively studied in physics literature because of the
rotating wave approximation introduced in the famous paper of Jaynes and Cummings [79].
The reason of this popularity has been double : the Jaynes-Cummings model is explicitly
solvable (see Section 1.5) and the experimental results had confirmed a high quality of this
approximation. However more recent experiments have allowed to enlarge the values of
the coupling constant g and have shown limits of this approximation.

Our interest in this problem comes from the paper [60], where the authors investigate
the quality of the Jaynes-Cummings approximation and propose the corrections for the
eigenvalues of (1.1). The authors of [60] evoke the difficulties to control an infinite matrix
and propose to look at a small block with a hope to obtain correct approximations. In this
paper we propose a simple method of reducing the initial problem to an analogical problem
for a finite block (see Section 6). In Section 7 we show how to compute the coefficients and
in Section 1.5 we comment on the Jaynes-Cummings approximation. Moreover in Section
5 we explain what is the minimal size of the block in order to recover a given coefficient of
the Taylor’s series. It appears that the coefficients proposed in [60] are not correct because
the block is too small.

The purpose of this paper is to study these questions for a more general class of
self-adjoint operators in ¢ of the form J(g) = D + ¢gB where D is diagonal and B is
tridiagonal (see Section 1.2). Thus our results can be also applied to other models, e.g. to
the two-photon version of the QRM (see [61]).

1.2 Definition of J(g)

We denote by ¢2 the Hilbert space of square summable complex valued sequences with
the norm ||(x;)jen+|| = (2521 |2;]?)!/2 and the scalar product (z,y) = 2521 75y;- The
canonical basis of £2 is denoted {e; }ien+ (i.. €; = (0;,;)jen+) and £3, denotes the subspace
of finite linear combinations of vectors from {e; };cn+. We denote by (L) the spectrum of
a linear operator L.

Let (d;)$24, (b)24, (b))22, be real valued sequences and g € R. We denote by J(g) the
closure of the linear symmetric operator defined on Z%n by the matrix

dy + gb} gby 0 0
gb1 do + gb’2 gba 0
0 gbo dz + gbs b3 e (1.2)

0 0 gbs dy + gbl
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i.e. J(g) = D + gB with D and B satisfying
Dei = diei, (13)

Be; = bie; + bieiy1 + bi—1€i_1, (14)

where by convention b;_1e;_1 = 0if ¢ = 1.
We make the following assumptions

2
(H1) there exists pg > 0 such that 2p3 < liirgci)glf 1712—1-726,2_1

(H2) the sequence (b;)$°; is bounded
11— 00

Lemma 1.1. If (H1)-(H3) hold, then the operator J(g) is self-adjoint, bounded from below
and has discrete spectrum for all g € [—po, po)-

Proof. See [22] or [75]. O

1.3 Convergence radius and error estimates

Further on (d;)$24, (b;)524, (b})$2, are real sequences satisfying (H1)-(H3) and J(g) is
the corresponding self-adjoint operator defined for g € [—po, po]. Our first result concerns
perturbations of a simple eigenvalue of D. For this purpose we fix k € N* and make the
assumption

dy # d; for i € N*\ {k}. (1.5)

Since o(J(g) — (d+ gb)I) = o(J(g)) — (d + gb), our analysis of J(g) can be reduced to an
analysis of J(g) — (d + gb)I and in particular we can use d = dj, b = bj,. Thus without any
loss of generality we can assume dj, = b}, = 0. Moreover we denote

Bi = |bi—1| + [bi] + |b]. (1.6)
Theorem 1.2. We fiz k € N* and assume d, = b, = 0. Let p > 0 be such that
o |dil
< inf ,
P i#k Bi + B
where [B; are given by (1.6). We also assume that (H1)-(H3) hold and p < po.
(i) If —p< g <p then the interval [—Bip, Prp] contains exactly one eigenvalue of J(g),

[=Bkp, Brrl o (J(9)) = {Ar(J(9))}- (1.8)

(ii) The eigenvalue A\ (J(g)) is simple and g — A\, (J(g)) is real analytic, i.e.

(1.7)

M) = 3 ckad” if — p<g<p. (19)

v=1
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iii) The coefficients in (1.9) satisfy the estimates |cx.,| < Bep'™" and one has
(iti) Y : p

BelgM
g( 9 T if —p<g<p. (1.10)

’)\k(J(g))_ > kg’ (p— lgl)pN—1

1<v<N

Proof. See Section 6. Il

Our second result concerns perturbations of a double eigenvalue of D. For this purpose
we fix k € N* and make the assumption

diyr1 = dg #dj for j EN*\{k,k-l-l}. (1.11)

Without loss of generality we can replace J(g) by J(g) — (d + gb)I with d = di, b =
(b}, + byy1)/2 and further on we assume

dk+1 = dk =0 and b;c—i-l = —b;. (1.12)

We introduce the quantities

= (b + V)2 (1.13)
Br—1 = |br—2| + [bf_11, (1.14)
Brra = |brgol + [Dhyal, (1.15)
Vi := 3max{|bg_1|, [brg1|} + 2max{pr, B{_y, B2}, (1.16)

br—1| |brs1
L= —, | — 1.17
o = max {22 | i } (1.17)

and

Bi = |bica| + [bs] + [b7] if i & [k — 1,k + 2] (1.18)

Theorem 1.3. Assume that (H1)-(H3) hold and k € N* is fized. Assume moreover that
(1.11)-(1.12) hold and 0 < p < pg satisfies the conditions

|d;|

< inf 1.19
P= igtbkin 2(8! + 1) (1.19)
dppp < inf |dil 1.20
Pﬂk_i¢{11£€+l}| | (1.20)
VRV €k < iy, (1.21)

where pik, i, Vi, B are given by (1.13)-(1.18).
(i) If —p<g<p and g # 0, then

[—=2pkp, 2pp) N (J(9)) = {Ak(J(9)), Me1(J(9)) } (1.22)

where the eigenvalues A\i(J(g)), Met+1(J(g)) are simple and satisfy

{Ak(J(g)) <0< Ay1(J(9) g >0,

. (1.23)
Mer1(J(g)) <0< A(J(g)) ifg <O
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(i) If = 0, 1 and pgy1 = —pg, then one has
(o]

Meri(J(9) = —prri9+ D ckrjwd” if —p<g<p. (1.24)

v=2

< wp" for j =0, 1 and

(111) The coefficients in (1.24) satisfy the estimates |[cpyj,

’N+1

B9 .
g( | T i —p<g<p (1.25)

Mot (J(9)) + tkyjg — Chjud’ | < w1
’ +J( ( )) +7 Z +7J p—|g|)pN_

2<v<N

Proof. See Section 6. Il

1.4 Coefficients of the perturbation series

Theorem 1.4. Let J(g) be as in Theorem 1.2.
(i) If b; = 0 holds for all j € N*, then ¢y, = 0 when v is odd and (1.9) holds with

b7 bi_y
R S S 1.26
k.2 dgv1 dg— ( )
ooy M by BRbE L BRBE BEbR Biabio (1.27)

=3 3 2 2 2 2 .
dk+1 dp_q  dp_qdpsa dk+1dk—1 dk+1dk+2 di_qdp—2

(ii) In the general case one has

Me(J(9)) = e2:(9) 9° + canl9) g" +O(¢°), (1.28)
where ¢z ;(g) and cq(g) are given by using d; + gb}; instead of d; in (1.26)-(1.27).

Proof. The assertions of Theorem 1.4 can be deduced from general formulas given e.g. in
Reed-Simon [108]. However we give an independent proof in Section 7.3. O

Next we assume that J(g) is as in Theorem 1.3. We denote

d?(g) := d; + gbl fori € N*, (1.29)
1 bi 1
bp(9) == b +g — , (1.30)
g PP (g) — dY_ 1 (9)
bpi1(9) =bi1+g Vi (1.31)
i " d2+1(9) - d2+2<9) ’
21,2 212
n 9°b_4 9°bjiq
bi(g) := by (1 — - (1.32)
g 2(d)(9) —d)_1(9))?  2(d},,(9) — d)5(9))?
and introduce the matrix R
bi(g)  bp(9)
Bj(g) := (Jf k : (1.33)
: bL(9) bhiy(9)
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Theorem 1.5. Let J(g) be as in Theorem 1.3, uy, = (b7 + V2 )2 and ppi1 := —pp.
(z')l Let Bé(g). be glz’ven by (1.33) and for j = 0, 1, let )\,1€+j(g) denote the eigenvalue of
By.(g) satisfying )\kﬂ-(g) gTO> —p+j- Then

Mot (1(9)) = 9 Akt (9) + O(g"). (1.34)

(1t) If b, = 0, then the estimate (1.34) implies

2., b f
M+ (J(9)) = —hssg — 92(2§k,11 + 2§:+12) +0(g”) (1.35)

(111) At the end of Section 7.2 we give expressions for Ay (J(g)),7 =0, 1, with the error
0(¢°).
Proof. See Section 7.2. O

1.5 Jaynes-Cummings approximation

The simplest interaction between a two-level atom and a classical light field is described
by the Rabi model [105], [106]. The quantized version can be reduced to JX(g) ® J¥A(9),
where A is the separation energy between two atomic levels and w is the frequency of
the quantized one-mode electromagnetic field. In [79], Jaynes and Cummings proposed to
approximate J¢(g) by

-5 0 0 0 0
0 w+i gv2 0 0
B |0 0P e 00 (1.36)
0 0 0 3w+ s gV4
0 0 0 gV4  Adw— %

under the assumption that s &~ w and g is small. Since J¥(g) is the direct sum

5 s,y 2mw + (s —w) gv2m
5 +J5(9)=(0) @m@* < o - ) : (1.37)

we can find explicitly all its eigenvalues. Physical reasons for this approximation in semi-
classical and fully quantized version were usually given by means of the time dependent
perturbation theory (see [117], [2], [53]). The time independent approach was prosed in
[60].

Following [60] let us consider the case w = s. In this case, the eigenvalues of (1.36) are

2m—HwEtgv2m, m=0,1,2,...
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On the other hand we can use Theorem 1.5 without the hypothesis dy = di11 = 0. The
corresponding shift of the diagonal entries in (1.1) gives the expressions

92 bi 1 b2+1 3
d;. + glb.| — = — O
x £ glbi 2(dk_l_dk+dk+2_dk)+ (¢°)

for the couple A,(J(9)), At1(J(g)). In the case of the QRM with s = w, one has by = V/k,
dom — dom—1 = dom+2 — dam+1 = w and the corresponding eigenvalue couple { A2, (J¥(g)),
Aom+1(J9(g))}, satisfies
2
(2m — 3w £ gvV2m — 2‘% + O(g?).

We observe that these eigenvalues coincide with the eigenvalues of the Jaynes-Cummings
model modulo O(g?). We can also use Theorem 1.5 with b), # 0 in order to cover a situation
when the difference s — w = cg. Reasoning similarly as in Section 2.4 it is also possible to
consider the case of entries b;, b, which are analytic functions of g. We have not used this
framework in order to simplify the expressions for the convergence radius.

2 Preliminaries
2.1 Introduction

Sections 2-5 present a finite dimensional perturbation theory. In these sections we
denote by L£(V') the set of all linear operators defined on a finite dimensional linear space
V' and {e;};~; denotes the canonical basis of C".

We assume that J : C — £(C™) has the form

J(g) = D+ gB(g), (2.1)

where D = diag(d;)},, i.e. De; = dje; for i = 1,...,n. Sections 2.2 and 2.2 contain two

elementary lemmas which are basic ingredients of our further analysis and in Section 2.4
we prove a finite dimensional version of Theorem 1.2. We will use the following

Notation 2.1. (a) For A\eC and p>0 we denote D(), p) := {N eC: [N — \| < p}.
If p > 0 then D(\, p) :={N€C: [N =\ < p} and ID(\, p) :={NeC: [N =\ = p}.
(b) We denote by (-, -) the scalar product of C" and write B(g) = (bi;j(9))} ;= with

bij(9) = (ei, B(g)e;)-
(c) Forp>0andi=1,...,n, wedenote [;(p):= sup Z b, (9)]-

9€D(0,p) 1<j<n

2.2 An auxiliary result
Lemma 2.2. We fix k € {1,...,n}. Let p > 0 be such that Bi(p) > 0 and denote
min i, — di .
ik pBr(p) + pBi(p)
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If ox.(p) > 1 and |g| < p, then

OD(dk, pBr(p)) Na(J(g)) = 0. (2.3)

Proof. The Gershgorin’s theorem (see Th. 3.11 in [112]) ensures o(J(g)) C Dy U+ UD,,
where

D; :=D(di + gbii(9). Y lgbis(9)])-
JFi

Since D; C D(d;, |g] Bi(|g])), it remains to show that for every i one has
9] < p = OD(dx, pBi(p)) ND(ds, lg] Bi(p)) = . (24)

Since |g| < p = D(dy, |g| Bx(p)) C D(d, p Br(p)), it is clear that (2.4) holds if i = k.
Assume now that i # k. Since by definition, ®4(p) > 1 implies

|dx — di| > pBr(p) + pBi(p), (2.5)

we deduce (2.4) from the fact that (2.5) ensures D(dg, pBk(p)) N D(d;, pBi(p)) = 0. O

2.3 Use of the Cauchy’s formula

Lemma 2.3. We fiz 3> 0 and p > 0. If n: D(0, p) — D(0, Bp) is holomorphic, then
(0)] < Bp' 0! (2.6)

holds for every v € N. Moreover for every N € N and g € D(0, p) one has

(v) 0 N+1

< . (2.7)
0<v<N v! (p - |g|)pN !

Proof. Denote ¢, = 7")(0)/v! and take p’ < p. Then the Cauchy’s formula

1 j{ —1—v
€y = o n(g) g~ "dg
2 Jigl=p

allows us to estimate |c,| < Spp’~ and taking the limit p’ — p we obtain
leu| < Bp'7. (2.8)

Using (2.8) we can estimate the left hand side of (2.7) by

‘N+1

> lesl= X Gollallol = ot

1 bl
v>N+1 v>N+1 (1- Igl/p)

completing the proof of Lemma 2.3. O
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2.4 Finite dimensional version of Theorem 1.2

Let us fix pg > 0 and assume that B is holomorphic D(0, pg) — L(C"), i.e. g — b; j(9)
are holomorphic on (0, pg). We fix k € {1,...,n} and assume that

dy =0+ d; if i # k. (2.9)

Assume moreover that 0 < p < pg is such that Si(p) > 0 and ¢r(p) > 1. Due to (2.9),
dr, = 0 is a simple eigenvalue of J(0) = D and (2.3) allows us to define

BU@ =5 f, =@y (2.10)

2mi

for ¢ € D(0, p). Following Kato [81] we observe that g — Py(J(g)) is a holomorphic
family of eigenprojectors of J(g) satisfying rank Py(J(g)) = rank Px(J(0)) = 1 and
Me(J(9)) = tr (J(g)Pr(J(g))) is an eigenvalue of J(g) satisfying

a(J(g)) ND(0, pBr(p)) = {M(J(9))}-

Since g — Ai(g) is holomorphic D(0, p) — D(0, pSk(p)), the estimates (2.6)-(2.7) hold
with A\;(g) and S (p) instead of n(g) and B.

3 Quasi-degenerate case in finite dimension

3.1 Introduction

In this section J(g) = D + ¢gB(g) is holomorphic D(0,p9) — L(C™) and D =

diag(d;)?_;. Moreover we fix n € {1,...,n — 1} and we make the assumption
i<n<j = d;i #dj. (3.1)
We write C* = V & V with R
V :=span{e;}, ;< (32)
V := span {ejhiimzj<n (3.3)

and consider the corresponding decomposition

D=D&D= diag(d; )] | ® diag(d;)" (3.4)

j= 1+n’

where D € L(V) and D € L(V) are the restrictions of D to V and V respectively. Then
the assumption (3.1) means that D and D have no common eigenvalue.

Analyticity results for degenerate eigenvalues were given in [110], but in this paper we
will develop an approach of Schrieffer-Wolff [57] (see also [83], [87], [127], [57]) in order to
prove

Proposition 3.1. Assume that (3.1) holds and g9 > 0 is small enough. If |g| < g9 _then
J(g) is similar to Joo(g) @ Jao(g) where Ju is holomorphic D(0,e0) — L(V) and Jo is
holomorphic D(0, o) — L(V).
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Proof. See Sections 3.2-3.4. O
Using Proposition 3.1 in the case n = 2 we get

Corollary 3.2. Assume that (3.1) holds with n = 2 and dy = d2 = 0. Assume moreover
that B(0) is self-adjoint and by 2(0) # 0. If 0 < p < min{|d;| : j > 3}, then there exists
e > 0 such that for g € D(0,¢) one has

D(0,p) Na(J(g)) = {M(J(9)), A2(J(9))}, (3.5)
where g — X\;(J(g)) are holomorphic onID(0,¢) for j =1, 2 and
2i(J(9)) = pig + O(g%), (3.6)

where w1, o are eigenvalues of B(0).

Proof. Let € > 0 be small enough. Then the assertion of Proposition 3.1 ensures

o(J(9)) = 0(J(9)) Uo(Jus(9)) (3.7)

and there exists C > 0 such that

dist (0 (Jao(9)), {ds, - .- dn}) < Clgl. (3.8)

Due to (3.8), D(0, p) N o(Jx(g)) = 0 holds for € > 0 small enough and (3.7) ensures
D(0,p) N o (J(9)) C o(Joo(9))-

However Juo(g9) = gBoo(g) and Beo(g) = B(0) + gfié};) (9). The hypotheses that B(0) is
self-adjoint and by,2(0) # 0 ensure that fact that 5(0) has two distinct eigenvalues pi1, pi2,

hence 0(Bx(g)) = {111(g), n2(g)} holds with g — p;(g) holomorphic in a neighbourhood
of 0 due to the usual perturbation theory presented in Section 2.4. ]

3.2 Schrieffer-Wollff approximation

We will define Joo(g) @ Joo(g) as the limit of a sequence of operators (.J; (9))72, of the
form

Ji(g) = D+ gBi(g). (3.9)
Using induction with respect to [ we begin by setting Jy(g) := J(g). Assume now that
Ji(g) is given by (3.9) and
Bi(g) Rf(9)
Bi(g)= [ U 3.10
@) <Rz (9) Bilg) (3.10)

where EI:XA/—HA/, B:V =V, Rf:f/—ﬂz Ry : V' — V. Then
Bi(g) = Bi(g) @ Bi(g) + Ru(9) (3.11)
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and Ri(g) = (riji(9))i;= satisfies r;;; = 0if (i,5) € [1,n]* U [A + 1,n]*>. We define

Qi(g) = (Qi,j,l(g))?,j:l by the formula

iriji(9)
Giji(g) = di —dj
0 otherwise

if (4,7) ¢ [1,n]> U [n + 1,n)?

and observe that (3.12) ensures the equality

[D,iQi(g9)] = —Ri(9),

where [A, A'] = AA’ — A’A is the commutator of A, A" € £(C™). Then we define

Jis1(g) = 7199109 7 (g)el9@(9),
Notation 3.3. If g € C\ {0} and A, Q € L(C"), then we denote
F,q(A) := e 99499 — A

Fo(A) = ;(engAeng —A-glA,iQ))

Using these notations we can express the equality (3.14) in the form

Jiv1(9) = D+ g (Bi(g) + [D,iQi(9)] + Fi(g))

with N
Fi(9) = Fyqu(9)(D) + Fyqu9)(Bilg))
and combining (3.17) with (3.11)-(3.13) we obtain

Jii1=D+g(B & B +F).

3.3 Norm estimates

Notation 3.4. (a) We denote by || - ||o the norm defined on V' by
llllo = (Jx|? + laxsa*)/2.

(b) We denote by || - ||’ the norm defined on V by

l|lz]|' = max |x;].
ig {kk41)

(c) We denote by || - || the norm defined on C" by the formula
1 + 7| := max{|[2]|o, ||F||'} for Z € V, TV,

and ||A|| = sup{||Az|| : ||z|| = 1} is the corresponding operator norm.
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Lemma 3.5. If A and Q € L(C"), then
1Fpa(Al < e®1991|[4, gQII, (3.23)

| Fa(A)| < 521991114, Q1, Q- (3.24)

Proof. Using integral remainders of the Taylor’s formula for s — e 1599 4e!$99 we get
r . .
Fio(4) = [ e7594,igQler0ds,
0

1 .
Fyo(A) = [ e 09014,iQ),igQle (1 - 5) .
0
We complete the proof using |[e"*99|| < ell9@ll. 0O

Lemma 3.6. Assume that Cy > 0 is fized large enough. Then there exists g > 0 such for
g € D(0,e09) and m € N one has

|1 Rm(9)]] < Co (g™ (3.25)
1Bin(9) ® Bin(9) = Bm-1(9) @ Bn-1(9)l] < C3*™|g™| (3.26)
where for m = 0 we take By,_1 = 0 and By,_1 = 0 in (3.26).
Proof. First of all we can assume that Cy > 0 is large enough to ensure
[B(9)]] < Gy for g € D(0, &) (3.27)

for a certain €9 > 0 and
[1Qi(9)] < Col|Rig)]l- (3.28)

Let | € N be such that the estimates (3.25)-(3.26) hold if m < [. Further on we assume
that |g| < e and 2C3¢ < 1. Then one has C; ™" |g™| < 27™C} and

[Rim(9)| <27 Cq if m <1, (3.29)

1B (9) © Bin(9) — Bm-1(9) ® Bm-1(g)ll <27 ™Co if m < . (3.30)
Using (3.30) we can estimate ||B;(g) ® Bi(g)|| by

l
Z Hﬁm(g) D ém(g) - Em—l(g) D ém—l(g)H < 2007
m=0

hence

1Bi(9)ll < 11Bi(g) @ Bilg)l| + | Ri(g)l| < 3Co. (3.31)
Next we observe that (3.19) gives

(3.32)

~ = Bi1—B, R
Fz:BzH—Bz@Bz:(ZH L z+1~>

R,  Bi—B
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and in order to prove that (3.25)-(3.26) hold for m = [ + 1 it suffices to check the estimate
1Rl < g™ g" . (3.33)
However using A = D and [D,igQ;] = —gR; in (3.24), we can estimate

| Eyqu(D)]] < 1 2199 |[Ry(g), 9Qu(9)]]] < ellRi(9)l] l9Qu(o)ll  (3.34)

due to 2||gQi(g)l] < 2e0Col[Ri(g)l| < 260CF < 1 and [|[A, A|| < 2[|A[[[|A"]]. Similarly,

(3.23) allows us to estimate
1Fe@(Bi(9))I| < 2¢[|Bi(9)ll [l9Qi(9)]]- (3.35)
Combining (3.34), (3.35) with (3.18) and assuming Cy > Te, we get
EL (9] < e(llRi(9)]] + 2[[Bi(g)[)]g] Col [ Rilg)]] <

< 7eCglgl || Ri(9)|| < Colgl | Ru(g)l-
Thus (3.25) for m=1 gives (3.33), completing the proof of (3.25)-(3.26) for m=1+1. O

3.4 End of the proof of Proposition 3.1
For m, [ € N satisfying m < [ we denote
Upa(g) = e99m . el9@i-1, (3.36)
Let €9 > 0 be small enough. Due to Lemma 3.6 we can define
Buo(g) = lim Bi(g),  Bw(g) = lim By(g) (3.37)
l—00 =00
and the convergence is uniform with respect to g € D(0, £g). Thus denoting
Joo(9) =D+ gBoo(9),  Joo(g) =D + gBoc(g),

we find that J;(g) = Upu(9) " J(g)Uou(g) converges to Joo(g) @ Joo(g) uniformly on
D(0,eg). We still assume g € D(0,eq). Then

[Una(@)l < exp (Y 1l9@il9)ll) < Cu

m<i<l

and [|Uo(g9) — Uoml|| < C1]|Unmi(g) — I|| can be estimated by

Co Y 999 — 1| < C5 Y [19Qig)ll < 27" Culgl.

m<i<l m<i<l

Thus we can define U (g) as the limit of Uy ;(g) as I — oo and ||Uss(g) — I]| < Clg| holds
if C > 0 is fixed large enough. Assuming moreover |g| < 1/(2C) we conclude that Uy ;(g) ™
converges to Uso(g) ™! as I — o0 and Joo(g) = Uso(9) "1 J(9)Uso(g).
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4 Finite dimensional version of Theorem 1.3
4.1 Introduction

In this section we consider J(g) = D + gB € L(C"), assuming that D = diag(d;)!"_,
and B is a tridiagonal matrix,

" by 0 0
by by by O
B=|0 by by b ---|. (4.1)
0 0 bg by -
We fix k € N* and assume
diy1 =dp =0%#d; fori ¢ {k,k+ 1} and b§€+1 = —b}. (4.2)

Next we remark that a suitable permutation of the canonical basis allows us to work in
the framework of Section 3 with n = 2, i.e. we can decompose

C'"=VeaV with V= span{eg, ex+1} and V.=Vt (4.3)

Then D = D @& D holds with D = diag(0,0), D= diag(d;)ig K, k+1y and

B R\ ..~ (v b
B= - thB=|k . 4.4
(2 5)wna= (i %) .

We observe that o(B) = {—pu, u} holds with
e (B + V22 (45)
Due to Corollary 3.2 the spectrum of J(g) near 0 is composed of two eigenvalues

Me(J(9)) = —pg+0(g>),  Mew1(J(9)) = ng + O(g), (4.6)

holomorphic on (0, €) for a certain £ > 0. In the remaining of the section we prove

Proposition 4.1. Assume that J(g) = diag(d;)i—, + gB holds with B given by (4.1) and

real entries (d;)7_y, (bi)i=}, (W))7; satisfying (4.2). Let puy, = pu be given by (4.5) and let
(BO™_y, (v, (V) be given by (1.14)-(1.18). Assume moreover that p > 0 satisfies
(1.19)-(1.21).

(i) If —p<g<p and g # 0, then (1.22) and (1.23) hold
(i) the expansion formula (1.24) holds with pgy1 = —px = — (b7 + V2 )2,
(iii) the coefficients satisfy |cx1 | < prp ™" for j =0, 1 and (1.25) holds.

Proof. The proof is given in four steps described in Sections 4.2-4.5. 0
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4.2 First step of the proof of Proposition 4.1

Notation 4.2. (a) For m € N we define the linear subspace

Vin = span{ex i }ic[—m,m+1]- (4.7)

o~

We observe that dim V,,, = min{2m + 2,n} and 1, = V.
(b) We define II,,, as the orthogonal projector on V,,, and 1T}, := I — II,,,.

Reasoning as in Section 3.2 we denote J;(g) = D + gB; where By = B and (3.14) holds
with Q; € L£(C™) satisfying (3.13). Then using notations 4.2, we can write

B; & By = Iy By + 11, BIL},. (4.8)
In this section we consider (3.9) with [ = 0 and as before Fy(g) is given by the equality

Ji(9) = D+ g(B® B + Fo(9)) (4.9)
Moreover Ry = B — B & B satisfies Ry = II1 Rpll; and has the form

0 by O 0

e 0 00
Ro=1"0" 0 0 b | %O (4.10)
0 0 b O

where @Vll is the zero map on Vf. Thus Qg = I1;QplIl; has the form

0 g1 O 0

e 0 00
Qo = 0 0 0 Tort S5 @VlJ_ (4.11)
0 0 qy1 O
with
Qo1 = —ibgi1/dpro, g1 = 1bg_1/dg—1. (4.12)
In particular we have
|| Rol| = max{|bk—1], [bpt1]}- (4.13)
1Qoll = 71, = max{|ge—1], [gr-+1]}- (4.14)
Lemma 4.3. We have the estimate
1Fo(9)l] < rklgle 9!, (4.15)
Proof. Due to Qo = I11Qpll; we have
[B, Qo] = [B°, Qo] with B° := B — I} BIT} (4.16)
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and ||Fy(g)|| can be estimated by
219901 (3] [ Ro, 9Qoll| + 1B, 9Qolll) < 9% lgQol|(1Roll +2IB°D.  (4.17)
Due to (4.13)-(4.14), (4.15) follows from (4.17) if we show that
[[Roll + 2[|B°[| < - (4.18)
However B® = Ry + Iy B°Ilj + II}, B°II{, holds with IIp B°IIy = B& @VOL and

0 byo 0 0
bos b, 0 0

! ory/ __
0 0 bi+2 0
hence
|11 BTy || < max{[bg—a| + [b_1], [bria| + bl }- (4.19)

In order to obtain (4.18), we observe that ||B°|| can be estimated by
|| Roll + [[TTo B°TIp + T B°Ig|| = || Rol| + max{|[To B°TIo||, |[ToB°Ig[[}  (4.20)

and it remains to use (4.13), (4.19) and ||[IIoB°IIy|| = p (the last equality is due to the
fact B is unitarily equivalent to diag (—pu, 1) and || - || is the euclidean norm). O

4.3 Second step of the proof of Proposition 4.1

Lemma 4.4. Assume that A € C\ {—gu, gu} is such that |\| < 2up, where p satisfies
(1.19)-(1.21). Denote L _
Jl,O(g) =gB & (D + gB). (4.21)

Then

1 1 1
J — MY < max s o 4.22
1(J10(9) =) < {|)\—g,u| A+ gpl PN} 2

Proof. We denote J(g) := D + gB and observe that
(Jio(g) =N =(gB=N)""e (J(g) - N (4.23)

Since B is unitarily equivalent to diag (—u, x) and || - ||o is the euclidean norm, the
corresponding operator norm

~ 1 1
B—=XN"Y= , . 4.24
9B =N Mlo = max { = o (4.24)

Due to (4.24) and (4.23), the proof of (4.22) will be complete if we show

1(T(g) = N1 < plﬂ (4.25)
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where we used || - ||' to denote the operator norm induced by the norm (3.21).
Since (1.20) ensures 2pu < |d;| — 2pp < |d;| — |A| < |d; — A| for all ¢ ¢ {k,k + 1},

~ 1 1
D-XN7""= ma < —. 4.26
I )l z‘gg{k,kiu |di — A — 2pp (4.26)
Let us introduce A()) := (D — A\)~!B. We claim that (4.25) follows from
lgANII" < 3. (4.27)

Indeed, we obtain (4.25) using (4.26)-(4.27) to estimate the norm of the resolvent series

(J(9) =N = (—gAWN)" (D -N""

veEN
In order to prove (4.27) we observe that A(\) = (&i7j()\))i7j¢{k7k+1} is the matrix with
8150 = (e6, (D~ N Bes) = (D — N er, Bey) = 0B
and since V- is equipped with the norm (3.21),
ol . Bi
AN < Z‘ﬁ%l}mgﬂ} G0N = max PSS (4.28)

However, if i ¢ {k,k + 1}, then (1.19) ensures |d;| > 2p(p + ;) and consequently
|di = Al = |di| — [ = |di| = 2pp = 2pP3;.

Thus the right hand side of (4.28) can be estimated by ﬁ and |[gA\)|| < % <

N[ =
U

4.4 Third step of the proof of Proposition 4.1

Lemma 4.5. Assume that p satisfies (1.19)-(1.21).

(a) Iflg] < p, then
oD(0,2pu) Na(J(g)) =0 (4.29)

(b) Assume that 6 € [0,27] and 0 < t < p. If g = tel’ then
OD(+ppe’, pp) N a(J(g)) = 0. (4.30)
Proof. (a) If |\| = 2up then |\ £ gu| > pp > plg| and Lemma 4.4 ensures

1(J10(9) = M) < 1/(lglw)- (4.31)

Denote Ay(g) := Fo(g)(J10(g) — A)~!. Then (4.31), (4.15), (1.21) and |g| < p, ensure
lgAx@)I| < llgFo(@) NI (Trole) = N)7HI < lgPrhme®t/(ulgl) < 1. (4.32)
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hence A ¢ o(J1(g)) = o(J(g)) follows from the convergence of the resolvent series

(Ji(9) =N~ = (Ji0(9) = N7 Y (—9Ax(9))” (4.33)

vEN*

(b) If 6 € [0,27[ and 0 < t < p, then
dist ( + tue'?, oD (£ up, up)) = dist (& tp, ID(£up, up)) = tu. (4.34)

If A € OD(£pupel?, up) = 0D (+up, up) and g = te?, then |\ + gu| > |g|p holds due to
(4.34). Then Lemma 4.4 gives (4.31), (4.32)-(4.33) and A ¢ o(J1(g9)) = o(J(g)). O

4.5 End of the proof of Proposition 4.1
Lemma 4.5(a) allows us to define on (0, p) the projectors

PO= 5= f (=g A (1.35)
oD(0,2pp)

2

with rank P(g) = rank P(0) = 2, i.e J(g) has at most two eigenvalues in (0, 2pu). Our
next step is to show that for k € {1, —1} one has

card (U(J(|g|eie)) N ]D)(fep,uei@,p,u)) =1if0<|g| <p. (4.36)

Let us choose € > 0 small enough. Then the property (4.36) holds if 0 < |g| < e due to
(4.6). Due to Lemma 4.5(b), the property (4.30) holds for g € K. ¢ := e, ple?. Since K.
is compact, K y has an open connected neighbourhood U, 4 such that the property (4.30)
still holds for g € U, g. Thus

1

Pi(g9) = 5=

= — 7{ (A= J(g))"tdx (4.37)
211 JaD (£ ppei pp)

are two holomorphic families of projectors defined on U, 9. However (4.6) ensures the fact
that rank Py (g) = 1if |g| < ¢, hence rank Py (g) = 1 for all g € U, y. Thus

g E€Up = o(J(g)) ND(Eppe”, pu) = {A+(9)}

where g — Ay (g) = tr J(g) P+ (g) are two distinct eigenvalues of J(g) if g # 0. Thus

a(J(g)) ND(0,2pu) = {A(9),A-(9)} (4.38)

and A4 (g) (respectively A_(g)) is the holomorphic extension of A;11(J(g)) (respectively
Me(J(g))) defined on (0, p). Since n(g) = A\kr1(J(g)) — pg is holomorphic D(0, p) —
D(0, up), Lemma 2.3 ensures |cjj,| < pp' ™ and (1.25) holds for j = 1. Similarly, using
n(g) = Ae(J(g)) + ng we obtain (1.25) for j = 0.
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5 Block approximation

5.1 Introduction

Let J(g) be as in Proposition 4.1 and ¢y, cr41,, the coefficients of the series (1.24)
for Ap(J(g)) and A\py1(J(g)) respectively. In this section we fix v € N* and claim that ¢y,

and cj1, depend only on the entries {(dg+i, b;c+i)}i€[—l//2,1+l//2} and {bk+i}z’€[—y/2,u/2]' In
other words, the computation of ¢, , and ¢j41,,,, can be reduced to the computation of the
corresponding coefficients for the operator defined by the sub-matrix of the matrix J(g),

namely by the block ((ex+i, J(9)er+4))(ij)e[-v/2,14v/22-
For this purpose we prove

Proposition 5.1. The coefficients c, and ci41,, depend only on 11I;J1I;, where l € N is
such that 2l +1 > v.

Proof. The proof is given in three steps described in Sections 5.2-5.4. O

5.2 Generalized Kato-Temple estimate

Notation 5.2. (a) Since p and —p are two distinct eigenvalues of B’I(O) = B, choosing
g0 > 0 small enough we ensure the fact that for g € [, 0] the matrix B;(g) has two
eigenvalues A ;(g), A1,1(9), satisfying

Ma(g) = —p+0(9), Mulg) = u+O0(g). (5.1)
For j € {0,1} we denote A;;(g) := ghji(g). Thus (5.1) implies
Noi9) = —pg +0(g%),  Ai(g) = pg+O(g°) (5:2)
(b) We denote J;0(g) := gBi(g) ® (D+9gBi(g)). Thus
(J10(9)) = {X0.4(9), Ma(9)} Ua(D+gBi(g)) (5.3)

holds due to a(gél(g)) = {X0u(9), Ai(g9)}

These notations allow us to deduce immediately the following estimate

Mei(J(9)) = Xjalg) + O(g"™) (7=0,-1) (5.4)
Indeed, if 0 < p' < Zé{r]?}fr}r 5 |d;|, then choosing €9 > 0 small enough we ensure
a(Ji0(9)) N [=0': 0] = {Nou(9), Ma(9)} if g € [0, 0] (5.5)
and Ji(g) — Ji0(9) = gRi(g) = O(¢"") implies
dist(a(1i(9))), o (J0(9))) = O(g"™) (5.6)
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due to the min-max principle. If g € [—¢&0, o] then combining (5.6) with (5.5) and Theorem
1.3, we get

dist({ A (J(9)), M1 (J(9))}: {Ao(9), Aa(g)}) = O(g" ) (5.7)

and it is clear that (5.4) follows from (5.7) and (5.2).

However writing an analogical decomposition in the case of perturbations of a simple
eigenvalue, we find that the standard Kato-Temple inequality (see Th. 3.8 in [112]) ensures
error estimates O(g?*2) for the eigenvalue perturbed by the terms of order O(¢g't!) in
the k-th line and k-th column. The following lemma states an analogical result in our
framework.

Lemma 5.3. For j =0, 1, let A\j;(g) be defined as in Notation 5.2. Then

Mot (J(9)) = Njalg) + O(g*2). (5.8)

Proof. Step 1. We claim that B, = B; + O(g2+1).
Since J; = D + g(B; ® B, + R;) holds with R;(g) = O(g") and J;41 can be expressed by

. . 2 3
e 799 11699 = ) +ig[Jy, Q)] — %[[Jl, Qil, Q1] — i%[[‘ha Qi Qul, Q] + - .. (5.9)

with [D,iQ;] = —R; and Q;(g) = O(g'), we obtain J;,1 = D + gB,; with
Biy1 = Bi@ By + [B; ® By,igQi] + O(g* ).
Therefore
By @ Oy = HoBiyallp = B @ Oy +1lo [B, @ By,igQi]y + O(g**1)

and we obtain B, = B, + O(g?*1) if we check that

Io[B; & By, QiTIp = 0. (5.10)
However @VOJ_ ® B, = IT{, BiIT}, and obviously IIy[IIj B;I1j, Q;]IIy = 0. To complete the
proof of (5.10) we observe that B @ @VOL = IIy By and

o [Io By, Qi) Ty = Lo [ITp By 11y, I Q11o] 11y = 0,

where the last equality follows from the fact that I1oQ;1Iy = 0.
Step 2. We claim that ElH = El + O(g%“) holds for all 7 € N.
Indeed, reasoning by induction we can repeat the proof from Step 1.

Step 3. To complete the proof of (5.8) we observe that (5.4) ensures

Mot (1(9)) = Ajarii(g) + O(g**?) (5.11)

and choosing ¢ > 0 small enough we obtain

INj2ir1(9) — Ma(9)| < |lg(Bara(9) — Bi(9))]| = O(¢**?)

for —eg < g < g¢ due to the min-max principle. ]
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5.3 Second step of the proof of Proposition 5.1

Lemma 5.4. For everyl € N one has
(i = Iy = 0 =TI}, (Jy — ), (5.12)
R, =0=1I Ry (5.13)

Proof. 1f | = 0, then (5.12) holds due to Jy = J and (5.13) holds due to (4.10). Reasoning
by induction we fix [ > 1 and assume that (5.12)-(5.13) hold with [ — 1 instead of [.
However R;_1II; = 0 = II}R;_; implies

Qi1 =0 =1Q; (5.14)
and consequently e!99-1T1' =TI/, if m > I. Therefore
JlH;.H — ¢ 19Q1-1 Jl_lengZAH;_i_l — ¢ 19Q11 JZ—IHE-H — ¢ 19Q11 JHE—i-la (5.15)

where the last equality is due to (5.12) with [ — 1 instead of . However a tridiagonal matrix
J satisfies JIT; | = II}JIT} ; and

e Q1 TTT), | = e 9T, | = 10T, = JIT), . (5.16)

Combining (5.15) with (5.16) we get (J; — J)II}; = 0. Similarly we get II; ,(J; — J) = 0,
hence (5.12) holds and it remains to prove that (5.12) implies (5.13).
Since B; = (J; — D)/g, it is clear that (5.12) implies

(B — B)H;+1 =0= H;+1(Bl - B). (5.17)

Using
R, = B, — Iy By — I, BT, (5.18)

and (B; — B)II;; = 0 we get
(Ri = Ro)ljyy = (By — B)Ujyy — o(B; — B)I} 1Ty — ITy(By — B)II 1T = 0.
Similarly ITj , (B; — B) = 0 implies IT} ., (R; — Rg) = 0. O

5.4 End of the proof of Proposition 5.1

Let J(g) = D+ ¢gB and J°(g) = D° 4 gB° be two operators satisfying the hypotheses
of Proposition 4.1 and assume that

IL;(J(g) — J°(g)IL; = 0 (5.19)

holds for a certain i € N. Then (1.24) holds and similarly

Mot (J°(9)) = —ihrjg + D Gy’ (5.20)

v=2
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Let J; = D + gB;, J{ = D° + gB; be constructed similarly as before. Then it suffices to
show
I1;(Bi(g) — Bi'(9))IL = 0. (5.21)

Indeed, (5.21) implies B;(g) = B?(g) and Lemma 5.3 ensures
N (7(9)) = M (J°(g)) = O(g*+2) for j =0, 1,

hence cj45, = czﬂ-y holds if v < 27 + 1.
It remains to prove that (5.19) implies (5.21). Using induction we will prove that

I (J; — JP)IL = 0 (5.22)

holds for [ =0, ..., 4. Since Jy = J and J§ = J°, (5.22) holds for I = 0 due to (5.19).
Let us assume that (5.22) holds for a certain [ < i — 1. Then

IL;(B; — B))IL; =0 (5.23)
follows from (5.22) due to B, — By = g~1(J, — J?). Moreover, using (5.23) and
R, — R = B, — By — o(B, — BY)Iy — IT(B, — BY)II, (5.24)
we get II;(R; — R} )II; = 0. Therefore Lemma 5.4 and [ < i — 1 ensure
Ry — R} =111 (R — Ry = I 1L (R, — RY)ILIL L, =0,

hence R; = R} and consequently @; = ()7. Moreover [ < i — 1 implies that the operators
el9@ = 1997 commute with II;, hence

I (Jpp1 — Jo)T = e 99U () — JP)TLe99 = 0,
i.e. (5.22) holds for [ + 1 if [ < i — 1. Thus (5.22) holds for l = 1,...,4 and using (5.22)
with [ = i we get (5.21), completing the proof of Proposition 5.1.
6 Proof of Theorem 1.2 and 1.3

6.1 Introduction

In this section we show how to deduce Theorem 1.2 and 1.3 from finite dimensional
results proved earlier. In both cases we use the min-max principle and deduce the estimates
for coefficients of the Taylor series using a finite dimensional block and Proposition 5.1.
For this reason we assume g € R.

Our approach uses the operators J1 (¢) and J; (g) € £(C™), given by the formula
T (g) = diag(di)izy + gBj (6.1)

n K3
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where ETJ{ , B,; are the following tridiagonal matrices

B, b 0 0
by by bo
0 by b
BE = (6.2)
b5 by 0O 0
boos b, 5 bpo 0O
0 bn—2 b;Lfl bn—l
0 0 0 byy b, =E|by

In order to prove Theorem 1.2 we show that A\, (J(g)) is well approximated by A\ (J:F(g))
for large n. In order to prove Theorem 1.3 we show moreover that A\;11(J(g)) is well
approximated by Ay 1(J:F(g)) for large n.

6.2 Auxiliary operator inequality

Lemma 6.1. Let B® be the linear map defined on Eﬁn by the formula

Be; = bfeHl + bf_lei_l, (63)
where (bS)3°, are real and by convention b?_y = 0 if i = 1. Then for x € {3 one has
+(z, B°z) < (z, diag(|b;| + [bj_1])iZ12)- (6.4)

Proof. If x = (2;)72, then B°z = (bjzj11 + bj_j2;-1)52, and
<.’L’, BOZL‘> = Z b;l‘jJrlffj + Z bf_lﬂfi,li‘i. (65)
j i

Writing i = j + 1 in (6.5), we can estimate |(x, B°z)| by
2065 gzl < D051 (2] + a5 ?). (6.6)
J J
To complete the proof we write the right hand side of (6.6) in the form
Do bflwi [P+ 3 105l = D (105 | + (5 ])];] (6.7)
i J J

and observe that the quantity (6.7) is equal to the right hand side of (6.4). O

6.3 Applying the min-max principle.

Notation 6.2. If L is a self-adjoint, bounded from below operator with discrete spectrum,

then (A;(L))$2, denotes the sequence of eigenvalues of L, enumerated in non-decreasing
order, counting multiplicities, i.e. A\; (L) < Xo(L) <....
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Let n € N be fixed large enough. We decompose b; = by, ; + by, ;, b; = by, ; + b,°;, where
the sequences (by,,;)72;, (b, ;)2; are the cut-off given by

b — biifi <n and 1, — b, if i < n,
’ 0ifi>n ' 0ifi>n

Consequently B = By, + B,, holds if the operators B,,, B, are given by
Bpei = b, j€i + bpieit1 + bni—1eio1,  Bpei = bei + by jeip1 + by jei1

and Lemma 6.1 ensures
+(z, Byz) < (z, Do), (6.8)

where we denoted Dy, := diag(d;, )iens with

0 ifi<n
dip =19 |bn] ifi=n

Bl ifi>n
and S = |b}| + |b;| + |bi—1|. Next we consider
JE(g) = D + gB, + gDS = JE(g) @ diag(di £ g8)2 41 (6.9)

where jni(g) is the linear map acting on span{ey, ..., e,} by means of the matrix (6.2).
Ifi >n > k+1and p satisfies (1.19), then pj < 1d; and

di £ gB; > 5d; it —p <g<p, (6.10)

hence J*(g) are self-adjoint, bounded from below and have discrete spectrum. Moreover

{<x, T2 (9)2) < (w, (9)a) < (T (9)a) i g > 0 611
(z, ] (9)z) < (x,J(9)x) < (z,J; (9)z) if g <0
and the min-max principle ensures
{&(Jn (9)) < Xi(J(9)) < Nl Jif (9)) if g 2 0 (6.12)
Ai( 7 (9)) < Ai(J(9)) < AT, (9)) ifg <0

6.4 End of the proof of Theorem 1.3

Let us fix p > 0 satisfying (1.19)-(1.21) and assume that n > k + 2. We claim that
jff (g) satisfies the assumptions of Proposition 4.1 for the same value p. Indeed, the entries
of JE(g) are the same as the entries of J(g) except the fact that b/, is replaced by b/, = |by|,
b; are replaced by 0 for i > n and b} are replaced by 0 for i > n. Thus the values of /3] can
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only decrease after these modiAﬁcations and the right hand side of (1.19) can only increase.
Applying Proposition 4.1 to J.£(g) we obtain

(=20, 20k0) (1 0 (T35 (9)) = (T (9)) M (T (9))} (6.13)
where the eigenvalue )\kﬂ(fﬁc(g)) is simple if —p < g < p, g # 0, and satisfies

N (T (9) = —hki39 + Y Gy 9 (6.14)

v=2

with |cgj| < pep™ for j =0, 1. We observe that (6.9) ensures

(T (9)) = o(Jn (9)) U{di + g8} : i >n} (6.15)
Since (1.19) ensures 2puy < d; — pfl, one has
(=200, 2p0) N 0 (T (9)) = =200, 2p0) N 0 (T (9)), (6.16)

hence (1.22)-(1.23) hold with J(g) instead of J(g) and A\, (J(g)) = /\kﬂ-(fff(g)) for
j=0,1. Let us fix 0 < g < p. Using (1.22)-(1.23) with J,I instead of .J, we get

No1(TH) < =2ppe < N(TF) < 0 < g () < 2o < Mg (JH), (6.17)

where | € N* is such that A\ (J; (9)) = X (JF(g)) and due to the continuity of g —
ANi(JF(g)), one has | = 1 + card{i € N*: d; < d},}. Similarly

No1(J7) < =2ppe < N(J7) <0< Ngr (7)) < 2ppi < Aiga(J37). (6.18)
Thus A4 (J(g)) = XH]-(JéE(g)) for j =0, 1, and
N-1(J) < =2pmk < N(J) <0 < Nja(J) < 2pp < Nisa() (6.19)

follows from (6.12). Using (6.19) we obtain (1.22)-(1.23) with Ay1;(J(g)) = /):H_j(J(g)) for
j=0,1, and (6.14) ensures

Meri (J(9) € Mes (i (9)) < —prrgg+ D Gpjmnd” +CnlglM ™, (6.20)
2<U<N

Mg (J(9)) 2 Ners (o (9) = —pnrgg+ D Copjmnd” — CnlglN ! (6.21)
2<u<N

for j = 0, 1. We observe that Proposition 5.1 applied to j{f and fn_ give

n>k+v = ¢

k+j,n,v = CI;Jrj,n,u (622)

due to the fact that Hl(jf{ - jrj)l'[l = 0 holds if £+ 1+ < n. Therefore taking n > k+ N
in (6.20)-(6.21) we obtain

Merj(J(9)) = —priig+ Y cfijn,g” +0(g" . (6.23)
2<v<N
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Since Proposition 4.1 ensures \cgﬂ. ol < pept™, we find that for every N € N,

Mot (J(9) = —prig+ D Crrjwg” +O0(gI" ) (6.24)
2<u<N

holds with |cgj,| < pgp' ™. Similar inequalities can be written when —p < g < 0. Thus
g — Aitj(J(g)) is real analytic, its convergence radius is greater or equal p and the
remainder estimates (1.25) follow as in the proof of Lemma 2.3.

6.5 End of the proof of Theorem 1.2

If p satisfies (1.7), then (6.10) should be replaced by the fact that one can choose a
constant C' = C(p) large enough to ensure

1>C = di+gb; > cd; (6.25)
where ¢ = ¢(p) > 0 and g € [—p, p]. It remains to fix ng € N large enough and use a similar
reasoning under the additional assumption that n > ng.

7 Computations of coefficients
7.1 Introduction
To begin we recall well known situation of matrices 2 x 2.

Notation 7.1. (a) Further on we denote d?(g) := d; + gbl..
(b) We denote by d; (g), di,,(g) the eigenvalues of

(o) (49 gbilg)
&@“‘<mmm ﬁH@Q (1)
(c) For t € R we denote U(t) := (Zfif ;2:?) .

If d; # dit1 then d)(g) # dY, ,(g) holds for small |g| and the direct calculation gives

{ di(g) = d)(g) —ri9), (7.2)
dale) = (o) +rilg)
with . 28 ) . O3 (7.3)
)~ ) (@) —dg)P |
Moreover
U(g0i(9))Ai(9)Mg0:(9) " = diag(d; (9). di11(9)) (7.4)
holds with bulg) = 1 . ( 2gb; ) (7.5)
i(g) == % arctan dg(g) — dgﬂ(g) )
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Using arctant = sint + O(t3) = t + O(#3) and cost = 1 — % + O(t*), we obtain
b;

0i(g) = T = (o) +0(g°) (7.6)
sin(gb;(g)) = 0 szigﬂ @ +0(g%) (7.7)

9%b;
2(d7(9) — d}\1(9))

cos(gi(g)) =1 — -+ 0(g"). (7.8)

7.2 Proof of Theorem 1.5

We consider the first similarity transformation using

c —s 0 O
el9Qo — 3 8 2 _Oé ® I, (7.9)
0 0 & ¢
where
s(g) :=sin (g0k-1(9)))),  c(g) := cos (90x-1(9))), (7.10)
$(g) :=sin (g0k+1(9))),  ¢(g) := cos (90k+1(9))) (7.11)

with 0;(g) given by (7.5). The corresponding similarity transformation allows us to dia-
gonalize the blocks Ar_1(g) and Ai4+1(g). Indeed, the direct calculation shows that the
matrix Ji(g) = e7199009) J(g)el990(9) equals

d2_2 gb_sc —gbi_9s 0 0 0
* d%_l — Te_1 0 gbysé —gbss 0
* * dg + rp_1 gbpcc —gbpcs 0 (7.12)
* * * d2+1 — Tht1 0 gbi125 '
* * * * d2+2 +rpr1 gbpioé
* * * * * d2+3

where the stars correspond to the symmetric entries and we have not written the terms
which are the same as in J(g). Then Ji1(g) = D + g(B1 @ By + Rp) holds with

0 0 —gbg_os 0 0 0
x* 0 0 gbysc 0 0
o x o 0 0 —gbycs 0
gR1(g9) = . ¥ . 0 0 bz @Vzl (7.13)
* % * * 0 0
* ok * * * 0
and .
=~ dy + 11 gbrcé 1 4
Bi(g)=1("* " = gBi(g) + O 7.14
9B1(9) < gbpce oy —rpar) 9 k(9) +0(g") (7.14)
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where Bj(g) is given by (1.33). Indeed, if g,lg, by, by, are given by (1.30)-(1.32), then
using (7.8) we find bgec = E,1€ + O(g®) and using (7.3) we find d) + rg_1 = gb}, + OA(g4),
d 11 — rk1 = gbjq + O(g*). Due to (7.14) the difference between eigenvalues of gBj(g)
and gBj(g) is O(g*) and Theorem 1.5 follows from (5.8) with [ = 1.

(iii) Let gR; be given by (7.13) and @1 obtained from (3.12). Then (5.9) gives
Jo = Ji + [D,igQ1] + [g(B1 @ B + R1),igQ1] + [[D,igQ1],igQ1] + O(g°)
due to Ry = O(g) and Q1 = O(g). Moreover [D,igQ1] = —gR; allows us to simplify
Jo =D+ g(B1 @ B1) + [g(B1 @ B1),igQ1] + L[gR1,igQ1] + O(¢)

and By — B; depends only on 3l9R1,1gQ1] + O(g®) due to (5.10). Finally we find that

9Bs(g) = (dg +;”£];C1é+ Dk o _ggiz_ pk+1> +0(g°) (7.15)

holds with
pi = (ex, 5[gR1,igQu]er) = —g°s°bj_o/dp—z — g°*b% /di+2, (7.16)
Prt1 = (ers1s 3[9R1,i9Qu)ers1) = —g°s°b} /di—1 — g*$°b7 11 [diys. (7.17)

Then (5.8) ensures A\,4;(J(g)) = Aj2(g) + O(g°%), where {)\;2(g)}j=0,1 are the eigenvalues
of gBy and using (7.15)-(7.17) we obtain \;j2(g) with the error O(g®).

7.3 Proof of Theorem 1.4

Let J(g) be as in Theorem 1.4. We apply the approach of Section 3 in the case n = 1.
Consider first the case when b, = 0 for all i. Under this assumption we can check by
induction that the functions g — (e;, J;(g)e;) are even when i — j is even and odd when
i — 7 is odd. Since Ag(J(g)) = (e;, Ji(g)e;) + O(g?), it is clear that g — Ar(J(g)) is even.
Further on we consider a general case.

Notation 7.2. (a) We write d?(g) := d; + gb} and recall the assumption dj) = 0.
(b) For I € N we denote V; := span{ej; } —1<;<; and V =V = Ce.

We begin by diagonalizing Ar_1(g) (see Notation 7.1). For this purpose we use

c —s 0
Ulg)=1s ¢ 0 S Iy
0 0 1

with ¢ and s given by (7.10). Then U(g)~'J(9)U(g) equals

d)_, gby_2c —gbg_2s 0
* dgfl —TR_1 0 gbys (7.18)
* * Th_1 gbrc '
* * * d%ﬂ
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and using d{(g) = 0 in (7.3) we get

_ 925%—1 945%-1
d%—l(g) d%—l(g)

rr-1(9) = 5 +0(g%).

The next step consists in diagonalizing the block (Tk*_l ggkc> using
k+1

0 O

é _S @ IvlJ_

Ulg) :=

o O =

where we denoted ¢ := cos(gf), § := sin(gf) with

0 := — arctan

1 ( 2gbr.c(g)
29 Th—1

(9) — diﬂ(g)) dy1(9)
Then we find that J; := U~ U1 JUU has the form

dng gbr_oc —gbp_os¢  gbp_os§ 0
dg_l — Th_1 gbys§ gbysé 0
* Th—1— Tk 0 gbk418
* * d2+1—F?% gbr41¢
* d,2+2

o S S

with 252 2 434 A
= 9 %€ g O%¢ 6
r = — +0(g°).
We claim that the quantity (7.23) can be written in the form
g gt g, g
d2+1(9) d}2+1(9)d2_1(9)2 d2+1(9)2d2_1(9) d2+1(g)3

Indeed, using (7.19) and ¢ = 1 — ¢g2602_| + O(g*), we get

c? _ 1= g (bg—1/d)_1)* + O(g*)
d) =k Ay + 920 /d)_ +O(gY)

1 gbr—1\2 9*bp_, > 4
- (1- - T Lo
i (- ) -

and multiplying this expression by ngi we get the first three terms of (7.24).

=- +0(g°).

+0(g°)

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

Let us denote dj 1 := 7,—1 — 7. Then reasoning similarly as before we can use two

0 o .
rotations to diagonalize the blocks (dk*Q gbk_QS) and <di’1 gkaS) . This similarity

d,1
gives Jo = D + gBy with By = (dj2) ® By + Rs and

0
dk+2

212 22 212 22
g bk _57C 97bjo118 6

di2 = dig1 + - +0(g°).
dk,l - dgfz d2+2 —dg, )
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Using s = g6x_1 + O(g?), (7.21) and dy. 1 = O(g?), we get

9102 _ ' obiisa
d)_1(9)%d)_5(9)  diy1(9)%d},5(9)

If we express d, 1 1= ry—1 — T using (7.19) and (7.23), we find that the quantity (7.25)
gives the right hand side of (1.28). To complete the proof it remains to observe that
llgR2(g)|] = O(g?) ensures A\i(J(g)) = dy2(g) + O(g°) either by the usual Kato-Temple
estimate or by repeating the proof of Lemma 5.3 in this case.

dpo =dp1 —

+ O(g°). (7.25)
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The five coefficients of the perturbation series of eigenvalues

Let J(g) be the operator defined in Theorem 1.3 of Chapter 8. Our goal in this chapter
is to prove proposition 1 which give the detailed formulas of the two eigenvalues of J(g)
close to d(k) with the error O(g%).
1 Statement of the result

Proposition 1. Let J(g) be the operator defined in Theorem 1.3 of Chapter 8 and assume
that all the hypothesis of Theorem 1.3 holds and (Ay4;(J(g)))j=0,1 are the eigenvalues of
J(g) satisfy (i), (i) and (iii) of Theorem 1.3 in Chapter 8. Then we have

Mt (1(9) = Metja(g) + O(g%),

where (Ap1j2(9))j=0,1 given by (2.1).

2 Proof

Further on, to simplify the writing, we write d? instead of d?(g) and the same for the
functions which contain d(g) we denote it f instead of f(g).
In Section 7.2 of chapter 8, we show that J;(g) = ¢~1990(9) J(§)e!9?0(9) is equivalent to

dg_Q gbi_oc —gbp_os 0 0 0
* d%fl —Tk—1 0 gbksé —gbksé 0
* * dg + re_1 gbrcc —gbgcs 0
* * * dgﬂ — Tkt1 0 gbro8
* * * * d2+2 + k41 gbpyal
* * * * * d2+3

where the stars correspond to the symmetric entries and we have not written the terms
which are the same in J(g). Then J;(g) = D + g(B1 & By + R;) with

0 0 —gbgp_os 0 0 0
* 0 0 gbysé 0 0
IR 0 0 —gbics 0
gl (g) = * % * 0 0 gbi+25 © Oy
* ok * * 0 0
x K * * * 0
The operator (1 obtained from (5.9) in Chapter 8, i.e,
0 0 —ie=2s 0 0
di—2 ) )
£ 0 0 Mt 0
ot —i bkCS 0
% % 0 0 e
_ d
ng (g) N N . 0 k6’2 igbk+2$ @ (O)V;‘
[
* * 0 0
* * 0




CHAPITRE 9 : Les cing coefficients de la série

Then (5.9) in Chapter 8 for [ = 2 gives

Ty = e 99109 7 (g)e991 ) = Jy i1, gQ1] — < [[J1, 9Q), 9Q)] + O(¢°).

1
2
due to @1 = O(g). The direct calculation gives us :

~ d? + 71 + qi gbrcc + hy, 6
B =k : +0
g 2(9) ( gbkCC + hk d2+1 — Thg1 + Tt (g )

with
st B Rl )RR )
di—2 di+2 dji_y L ’
: ; 0 2 220 0
Qo1 = —29 bj.s® _9 2 Dy’ _ 2 bps? A (d)yy — d)y) _ g by2$™ (di iy — diig)
di—1 di+3 dji_y L ,
and
h e bis” e by _obys” & bR obrs® g b7 _obis” 7 bis%ecd
k== - — — — .
2d7_, d—1dg—2 dip+3k12 2d;_, 2d3 5

Then (5.8) of chapter 8 ensures that Ag4;(J(9)) = Agrj.2(g9) + O(¢%), where {\;2(g)}j=01
are the eigenvalues of gB,. Our goal is to find the formulas of A;j2(g) with the error O(g%).

Eigenvalues of gl?’g Let A be an eigenvalue of gfﬁ’g, then det (gfﬁ’g — /\) = 0, by making

a direct calculation and using the Taylor series expansions around 0 of the functions ¢, ¢, s
and $ we obtain :

det (932 — /\) = (dg + 71+ g — >\> <d2+1 — Tkl + Q1 — A) — (gbgee + hy,)*
= M4+ BA+C+O0(9")
with
B = asg® + aug* + asg® + 0(¢%);
C = 7> +79° +mg" + 759" +769%
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where
LU
R e I I
ay = b%fl _ biﬂ b%ﬂb% -1 i bibiﬂ
(dp —di_y)®  (d)yo —diyy)®  dra(di_y —d))?  dio(drsr — d),n)?
b2b? b
+ E%—1 k+1
de—1(d)_ —d))?  dpgs(dl,, —d), )%
as = bzb%—l(b;ﬁ-l — bis) bz+2bz+1(b§c+1 - b;€+3) bz—zbiq(b% — bis)
dzfz(dgfl B dg)Z di+3(d2+1 - d2+2)2 d%fz(dgfl - dg)Q
L B0 b
d%+2(d2+1 - d2+2)2’
Y2 = _b;cz - b27
b b2 / b2
7= _dO k_k—’;llo dég—ildko_l )
k+2 k+1 k k—1
R biflbiﬂ + biﬂbi b%flb%
(d% - dgﬂ)(dgw - d2+1) (ngrl - d2+2)2 (d2+1 - dg)y
Ny = biﬂb% _ b%(b;ﬁ —by) _ b;‘;+1(b;c _ ;H—B) _ bi—l ;c+1
(A —d) ) dpa(di_y = d))?  dras(d) ) —diyy) () —d_y)®
bR bR (B —bhs) DRy — bhys)
dyp—o(d}_y — d)? di2(d)_y — d})*’
and
e = _b%biflb%Jrl(b;c — bj_s) _ b;c+1bz+2bi+1(b;c - b§c+3) biflbiﬂ
d%—2(d2—1 - d2)2 d%+3(d2+1 - d2+2)2 (dg - dg_l)(d2+2 - dg-;—l)g
N UL N S S Bk
(d2+2 - d2+1)(d2 - d2—1)3 dkfl(dg - dlg—l)3 dk+3(d2 - dg—l)(dg-s-l - d2+2)2
+ b%fzbiﬂbzfl bibiﬂ _ b§c+1b%72b%71<b2 )
dk—2(d2+2 - d%ﬂ)(dgq - dg)Q dk+2(d2+2 - d2+1)3 d%q(dgq - d%)z
b§€+1bibi+1(b§€ - b2+2) bkbi-i-l bz—1bz+1bk bi+1bk

di+2(d2+1 - d2+2)2 3(d2+1 - d2+2)4 (dg—l - d2)2(d2+1 - d2+2)2 3(‘12—1 - d2)4

We introduce A = B% — 4C, it is clear that the formulas of two eigenvalues {)\;2(g)}o,1

given by

~B+ (-1))VA
2

A direct calculation allow us to obtain the formula of A which takes the form A =

09°(1 + B(g)g) where 6, 3(g) two constants found. Next, we use the expansion limited of

+0(g")

Metj2(9) =
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(1+ B(g9)g)"/? to the neighborhood of 0 to deduce an approximation of v/A with the error
O(g®), finally we obtain :
VA =619+ 829° + 839° + d1g* + 659° + O(%).
with

5 = /Ay =200 +b2),

)
5y = M,
279
5y = (a3 —4y) 013
872 873
5 — S173 01y
L 279 16737
5
5y = CGi(ouag —296)  y3(03 —4m)d 236 | 3n301(ad — dya)
49 472(a% — 47) 47% 167%

And we deduce that

Nit72(9) = Bk4jG + Chtj2g” + Cht3g® + errjag® + Chtjsg® + O(g%) (2.1)

with (1), o
Porj = ——— = (=1)7 (05 + bi)
I —az + (=1)74 _ obi_lo — b1 ; b%b%—i—l ; 626162 _—
2 2(dy —dp_y) 2(dyyo —dpq) 24 (diye — dyy ) 2pe4i(dy — di_y)
T P = S
S e (A — ) )2 2 (d) — d)_ )% Sy (d — d) )2
I bi-ﬁ-l I b1 bk _ b%ﬂbg
ki (g — dfyy)?  Ad) = di ) (d)_y — dRy) 205 (d)yp — diyy)?
/=L b 1 bk 1 O
2(d2 - dg—1)2 Nk+j(dg - d2—1)(d2+2 - dgﬂ)7
Chyja = (0 bé_lo 0 biﬂ 0 o bz_ngk — 10 o b(])%b%Jrl 0
(dk - dk_1)3 2(dk+2 - dk+1)3 2dk*2(dk—1 - dk)2 2dk+2(dk+1 - dk+2)2
B biibii_y B b1 6% +2 X b1
2dk—1(d271 - d%)z 2dk+3(d2+1 - d2+2)2 2Mk+j(d2+2 o d2+1)
_ bes1bh_1 1 < bibier Db )3
20+ (dg - d2—1) 32.8;&4_5]»‘ d2+2 - d2+1 dg - d%—l 7
R —as + (—1)765
Cktjp = T o -
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Résumé

Estimations du spectre discret des opérateurs définis par des matrices infinies
non-bornées et le modéle quantique de Rabi

L’objectif de cette thése est d’étudier les valeurs propres des opérateurs auto-adjoints
en relation avec le modéle proposé par le lauréat du prix Nobel en physique, I. I. Rabi. Le
modéle quantique de Rabi, décrivant des interactions entre un systéme & deux niveaux
et un mode du champ quantique. Il s’agit de la fagon la plus simple de coupler un
systéme & deux niveaux & un seul mode du rayonnement. C’est pour cette raison que ce
modéle est considéré comme le modéle le plus fondamental, populaire et réussi pour étudier
Iinteraction entre la matiére et le rayonnement électromagnétique. Par conséquent le QRM
occupe une place cruciale dans différents domaines de la physique, notamment en optique
quantique [52]. 11 est utilisé pour décrire I'interaction entre le champ électrique d’une
cavité électromagnétique et deux niveaux électroniques d’un atome [107, 132] ou encore
I'interaction entre un circuit supraconducteur et un résonateur électronique [90, 13, 18].
Il peut par ailleurs étre réalisé dans de nombreux systémes physiques, y compris les ions
piégés [85], les points quantiques [48] et les systémes quantiques hybrides [130, 5, 66].

Comme tout le systéme quantique, le modéle quantique de Rabi est caractérisé par
son hamiltonien, qui est un opérateur auto-adjoint dont les valeurs propres correspondent
aux niveaux d’énergie du systéme. La connaissance des niveaux d’énergie du systéme est
cruciale pour tester la validité du modéle de maniére expérimentale ou & déterminer les
valeurs de paramétres du modéle testé dans une expérience donnée.

L’hamiltonien du modéle quantique de Rabi contient trois termes. Le premier terme
se référe & un systéme quantique & deux niveaux et le second décrit le mode quantique
du champ. Le troisime terme est le terme de I'interaction dont la forme est motivée par
I'idée que chaque création d’un photon accompagne la désexcitation atomique et chaque
annihilation d’un photon accompagne ’excitation atomique. Il existe une multitude de
généralisations du modéle de Rabi, selon les expériences et les réalisation. On référe a [115]
pour des explications physiques (voir aussi [15]) et a [133]| pour une liste de travaux de
recherche théoriques et expérimentales en relation avec le modéle quantique de Rabi.

Une partie de cette thése est consacrée a la théorie de perturbations des valeurs
propres pour une classe de matrices tridiagonales infinies qui définissent des opérateurs
auto-adjoints non bornés & spectre discret dans ’espace de Hilbert des suites de carré
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sommables. On donne le comportement des valeurs propres en fonction du paramétre du
couplage g et on s’intéresse en particulier au cas de la perturbation des valeurs propres
doubles. Notre analyse porte sur les problémes suivants :

(i) prouver que les branches de valeurs propres sont des fonctions analytiques de g et
donner une borne explicite du rayon de convergence,

(ii) donner des estimations explicites de l’erreur due & une coupure de la série de Taylor,

(iii) donner une méthode de calcul des coefficients et exprimer les corrections d’ordre
inférieur.

Concernant le point (i), il faut controler le spectre par rapport a g pour éviter le
croisement des valeurs propres. Les résultats pour le point (ii) sont obtenus de maniére
standard : la formule intégrale de Cauchy donne les bornes des coefficients et il est clair
que les estimations deviennent meilleures lorsque le rayon de convergence est plus grand.

Notre intérét pour ce probléme vient de l'article [60], ot les auteurs étudient la qualité
de I'approximation du modéle quantique de Rabi par le modéle de Jaynes-Cummings
(Papproximation de I'onde tournant) et proposent les corrections des valeurs propres. Les
auteurs de [60] évoquent les difficultés & maitriser une matrice infinie et proposent de
regarder un petit bloc dans I’espoir d’obtenir des approximations correctes. Dans notre
travail, on développe la théorie de perturbations quasi-dégénérées de Schrieffer-Wolff
pour calculer les coefficients de la série perturbative et donner des estimations explicites
d’erreurs. De plus, on détermine la taille minimale du bloc pour récupérer un coefficient
donné de la série perturbative. Il apparait que les coefficients proposés dans [60] ne sont
pas corrects car le bloc est trop petit.

Notre premier résultat dans cette partie concerne les perturbations d’une valeur propre
simple de D. Pour cela, on fixe k € N* et suppose que

di # d; pour i € N*\ {k}. (2.2)

Puisque o(J(g) — (d+ gb)I) = o(J(g)) — (d+ gb), notre analyse de J(g) peut étre réduite
a une analyse de J(g) — (d + gb)I et en particulier, on peut utiliser d = dy, b = b Ainsi,
sans aucune perte de la généralité, on peut supposer que dj = b}, = 0. De plus, on note

Bi == |bi_1| + |bi] + |b}] (2.3)

et on introduit i
0<p<inf——" 2.4
PS8+ B (24)

On suppose également que (H1)-(H3) sont vérifiées et p < pg. On montre les résultats
suivants :

(i) Si —p < g < p alors l'intervalle [—Skp, Brp| contient exactement une valeur propre de

J(9),
[=Bkp, Brpl N a(J(g)) = { (T (9))}- (2.5)
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(ii) La valeur Ag(J(g)) est simple et g — Ag(J(g)) est analytique réelle, c’est-a-dire

M) = 3 crug” st — p<g<p. 26)

v=1

iii) Les coefficients dans (2.6) satisfont aux estimations |c; .| < Bpp'™" et on a
(iii) : p

N+1
< ( Brlgl

PRIl 6~ p<g<p. 2.7
p—lg))pN -1 27)

M) = Y chug”

1<v<N

(iv) Si b; = 0 pour tout j € N*, alors ¢, = 0 lorsque v est impair et (2.6) est vérifié avec

b

Cpp = ——k — k=L 2.8
w2 dit1 dp—1 (28)
S/ S SN U SO S = R

Cha = - — . :

o diﬂ diq d%f1dk+1 diﬂdk—l dz+1dk+2 dzqdk—?
(v) Dans le cas général, on a

Me(J(9)) = cak(9) 9 + can(g) g* +O(d°), (2.10)

ou ¢z 5(g) et cq x(g) sont donnés en utilisant d; + gb; au lieu de d; dans (2.8)-(2.9).

Notre deuxiéme résultat dans cette partie concerne les perturbations d’une valeur
propre double de D. Pour cela, on fixe k € N* et suppose que

dip+1 = di # dj pour j € N*\ {k, k + 1}. (2.11)

Sans perte de la généralité, on remplace J(g) par J(g) — (d + gb)I avec d = di, b =
(b}, + b},41)/2 et on suppose que

dpy1 = dp =0 et b = —bj. (2.12)

On introduit les quantités

iy = (6 4 027, 213
Br—y = |br—2| + [by_1], (2.14)
Brro = |bry2| + |bf 1ol (2.15)
Vi = 3max{|bg_1|, [brg1|} + 2max{pw, B{_y, B2}, (2.16)

be—1] |bk+1
i=max{ |——|, |[——— 2.17
Tk { dk—1‘ ’dk+2 } (2:17)

et

Bl = |bi_1| + |bs| + |b}] sii ¢ [k—1,k+ 2] (2.18)
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On suppose que (H1)-(H3) sont vérifiées et 0 < p < pg satisfait aux conditions

. |d;|
< inf 2.19
P= gtk 2(8{ + ) (2:19)
dpp, < inf |di], 2.20
Pﬂk_i¢{]1€$+1}‘ | (2.20)
P VRV € < i, (2.21)

OU Lk, Yk, V4, B sont donnés par (2.13)-(2.18). On montre les résultats suivants :
(i) Si —p<g<pet g # 0, alors

[—2pxp, 2pp) N (J(9)) = {Ak(J(9)), Ae+1(JT(9)) }, (2.22)

ou les valeurs propres A\;(J(g)), A\x+1(J(g)) sont simples et vérifient

{Ak(J(g)) <0 < Aera(J(9) if g >0, (2.23)
Met1(J(9)) <0 < Ar(J(g)) if g <O
(ii)) Sij =0, 1 et g1 := —pk, alors on a
Meti(J(9)) = —prtjg + D Crijwg’ si —p<g<p. (2.24)
v=2

(iii) Les coefficients dans (2.24) satisfont aux estimations |cgj,| < pgp' ™ pour j =0, 1
et

v :U’k|g’N+1 .
‘)\kﬂ'(J(Q)) kg — Y Chpiwd’| S ey S~ p<g<p. (2.25)
2<y<N (p—1gl)p
Ensuite, on désigne
d}(g) := d; + gb pour i € N, (2.26)
2
b(9) = by + 9= b’“_h : (2.27)
dk(g) - dkfl(g)
2
bir1(9) == bj1 +g ) i 9 ) (2.28)
dp1(9) — diy2(9)
272 272
n 97be_4 9 b1
b(g) == b (1 - - (2.29)
g 2@2(9) - d2_1(9)>2 Q(dg-l—l(g) - d2+2(g))2
et on introduit la matrice
bi(9)  Di(9)
Bi(g) == (Jv k . (2.30)
’ b(9) bhii(9)
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Pour j = 0, 1, on désigne par A} » (9) la valeur propre de B} (g) qui vérifie
1 _ .
Akt (9) 50 Mk

On montre que

(iv) Pour j =0, 1,0on a

Mot (J(9)) = 9 Moy (9) + Olg™). (2.31)
(v) Sibj, = 0, alors estimation (2.31) implique
2 b% 1 b%Jrl 3
Meti(J(9) = —prrjg — (2 + L) 4+ 0 2.32
e (9) = —mrrig = % (55— + 5555) +0(g") (232)

ouyg=0,1, et pipy1 := —py.
En plus, on donne la formule détaillée de A ;(J(g)) avec estimation d’erreur O(gb).

Une autre partie de la thése est consacrée a I’étude asymptotique de grandes valeurs
propres. L’étude du comportement asymptotique des grandes valeurs propres de différents
modéles de Rabi a été mentionné dans de nombreuses recherches physiques (voir par
exemple [50], [86], [109], [134]), mais ’analyse mathématique de cette question a été initiée
par E. A. Yanovich dans [123], [124], [135], et A. Boutet de Monvel, S. Naboko, L. O. Silva
dans [27], [28] et a été poursuivie par A. Boutet de Monvel et Zielinski dans [31], [34], [30],
[33] et elle fait 'objet de cette thése.

Le modéle quantique de Rabi comporte le paramétre réel A qui est la différence
entre deux niveaux d’énergie et il s’avére que les valeurs propres peuvent étre exprimées
explicitement seulement dans le cas A = 0. On considére donc le cas général comme une
perturbation du cas A = 0.

Dans cette thése, nous considérons le modéle de Rabi quantique asymétrique décrit
dans [61]. On appelle le QRM avec un biais statique fini ou le modeéle de Rabi quantique
asymétrique (AQRM). Ce modéle contient un terme supplémentaire %eax, oll o, est
la matrice de Pauli et € est un paramétre appelé le biais statique du modéle. Il attire
Iattention en relation avec des expériences récentes de couplage ultra-fort par des circuits
supraconducteurs [133, 82]. En fait, les expériences avec un faisceau laser dans la cavité
concerne le QRM avec un force de couplage g ~ 1075, tandis que des expériences avec
des circuits qubits peuvent atteindre la valeur g ~ 107! et le biais statique € apparait
en raison de Deffet tunnel entre les deux états courants [61]. Dans l’absence de biais e,
PAQRM se réduit au modéle quantique de Rabi. Ce modéle a été étudié dans plusieurs
travaux (voir par exemple [14], [20], [88] et [133]). Notre but est de donner le comportement
asymptotique de grandes valeurs propres pour ce modéle, c’est-a-dire pour 'hamiltonien
défini par

Ie2 @ 6Ta+ 3(Ao, + €0x) ® Iy + gox @ (a+a1), (2.33)

ou A, € et g sont des paramétres réels. Ce probléme a été étudié dans le cas ot € = 0 par
E. A. Yanovich (Tur) dans [135] (voir aussi [124]) ot I'estimation d’erreur obtenue est
O(n_Tlﬁ) et plus tard ce résultat a été amélioré dans [34] qui donne la formule asymptotique
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a trois termes pour les grandes valeurs propres. Dans le cas € # 0 'opérateur ne peut plus
étre décomposé en somme directe des opérateurs définis par des matrices tridiagonales et
le comportement asymptotique de grandes valeurs propres n’a pas été étudié quand € # 0.

On démontre que le spectre de I'opérateur est discret et formé de deux suites de valeurs
propres. On obtient la formule asymptotique pour la n-iéme valeur propre avec ’estimation
de l'erreur O(n_l/ 2Inn) lorsque n tend vers I'infini. Le principal outil utilisé est la méthode
de quasi-similitude des opérateurs de J. Janas, S. Naboko [75] et E. A. Yanovich (Tur) [135].
Il s’avére que le probléme peut étre réduit & un probléme analogue pour une perturbation
compacte d’un opérateur diagonal obtenu par la diagonalisation du modéle quand A = 0.
L’approche est basée sur une approximation de vecteurs propres dans le cas A = 0. Pour
obtenir cette approximation, nous utilisons I'espace 1?(7Z). L’avantage de I’espace 1?(7Z)
réside dans la possibilité d’utiliser les séries de Fourier et étudier le cas A = 0 a ’aide
des opérateurs pseudodifférentiels & coefficients périodiques. L’approximation de vecteurs
propres est alors construite a ’aide des opérateurs du type de Fourier.

Plus précisément, on a montré que le spectre de 'opérateur (2.33) se compose de deux
suites (B, )men, (B )men, qui vérifient la formule asymptotique

Ef=m—-g*+ Le+ O(m™*) quand m — oo (2.34)

Notre résultat est nouveau pour le modéle de Rabi asymétrique & un photon c’est-a-dire
pour le cas ot € € R\ {0}. L’estimation (2.34) est un résultat crucial que nous utilisons
pour améliorer 'estimation (2.34). On prouve que ’hypothése € ¢ Z implique la formule
asymptotique

Ef=m-—g*+ %6+O(m71/21nm) quand m — o0

et on prouve que dans le cas [y := ¢ € N on a la formule asymptotique & trois termes

E =i+ o —g* — |v| + O~ Y21n4) quand i — oo (2.35)
Ef =i+ 3l — g+ || + O~ Y?1n4) quand i — oo (2.36)
avec A
. ,—1/4 ; s s
v =iV N (49Vi— 5 - 103). (2.37)

Dans le cas € € Z la formule asymptotique comporte un terme oscillant d’ordre n=1/4,

L’expression de ce terme vient de ’application de la méthode de la phase stationnaire.
Dans le cas € ¢ Z ce terme n’apparait pas et pour cette raison il est raisonnable de dire
que € ¢ Z donne lieu & un modéle non résonnant, pendant que le cas € € Z donne lieu a un
modéle résonnant.

Dans cette thése, on étudie aussi le modéle de Rabi asymétrique a deux photons,
c’est-a-dire pour I’hamiltonien défini sur C? @ ¢2(N) par

Iz @ ala + 3(Ao, + eox) @ Ipgyy + gox ® (a% + (a7)?), (2.38)
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oul A, € et g sont des paramétres réels. Dans ce modéle, I'interaction est médiée par
I’échange de deux photons et le biais statique € n’est pas nécessairement nul.

En supposant que 0 < g < %, on montre que l'opérateur (2.38) est auto-adjoint dans
C? ® %(N), son spectre est discret et se compose de deux suites des valeurs propres
(E—1,m)menN; (E1,m)men qui vérifient la formule asymptotique

Eym=pm+ B, + O(m™"?), v =+1 quand m — oo (2.39)

ou
Bi=1/1— 42, (2.40)
B, = %(6 —1) +v§ pour v = £1. (2.41)

Pour obtenir ce résultat on a utilisé 'idée de [33] ot ce probléme avec € = 0 a été étudié
et le comportement de grandes valeurs propres a été obtenu avec I’estimation de ’erreur
O(n~1/3). Cependant nous rencontrons une différence majeure par rapport a [33] : dans le
cas oll € est un multiple de 8 on doit surmonter une difficulté supplémentaire due au fait
que dans le cas ou A = 0 Popérateur (2.38) a des valeurs propres doubles qui ne peuvent
pas étre découplées lorsque € # 0.

On utilise une approximation de ’hamiltonien a deux photons avec A = 0 par un
opérateur similaire & un opérateur différentiel du premier ordre sur le cercle afin que ses
vecteurs propres puissent étre exprimés explicitement. Dans le cas de ’hamiltonien a
un photon donné par (2.33) avec A = 0, une idée pareille donne un opérateur pseudo-
différentiel d’ordre 1/2 et il faut construire une approximation de ses vecteurs propres.

Pour ce modéle, on retrouve la situation ot on doit considérer une perturbation de
valeurs propres doubles quand ¢ est un multiple de 5 = /1 — 4¢2 et dans ce cas la formule
asymptotique comporte un terme oscillant d’ordre n=1/2. Dans le cas ol € /B n’est pas
entier, le terme d’ordre n~1/2 n’apparait pas. Ainsi, comme avant, on peut parler d’un
modéle résonnant quand €/ € Z et d’un modéle résonnant dans le cas €/ € Z.

Plus précisément, en supposant que 0 < g < % et €/ ¢ Z , on prouve que les valeurs
propres (E_1 m)meN, (E1,m)men de P'opérateur (2.38), vérifient la formule asymptotique

Eym = pm+ B, +O0(m Inm), v=4+1quand m — oo

avec 8, = By + ve/2.

o0

Et en supposant que 0 < g < % et [y = ¢/ € N, on montre que (), (H))3Z,, la suite
des valeurs propres de l'opérateur (2.38) disposées dans 'ordre croissant et répétées selon
leurs multiplicité, peut étre exprimée comme la réunion des suites (E,, )men et (E)men,
définies de maniére suivante

E, =M\H)forn=0,...,1,

n

-

it — )‘2i+lo (H) fori € N,
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Ef = )‘21+1+l0 (H) for i € N.

(2

De plus on a les formules asymptotiques suivantes

B, =Bi+Bo+ Te— vl + O(i'1n4) quand i — oo (2.42)
Ef = Bi+ Bo+ e+ vl + O(i"'1ni) quand i — oo (2.43)

avec

B:: \/1_4925 60 = %(ﬁ_l))
t; := 0 si [y est impair 544
v = it/2 5, /7% cos (2o = 5) (i +lo) + (1 — lp)e) si lg est pair (2:44)
ou
1-2
a = arctan J. (2.45)
+ 2g

Dans le cas du QRM a deux photons avec le biais [g = € = 0 on obtient les formules
asymptotiques

EE = Bm + By £ |tm] + O(m™ Inm) quand m — oo (2.46)

qui peuvent étre considérées comme la généralisation de I’approximation de I’onde tour-
nant (GRWA) pour ce modéle. Compte tenu du fait que t,, est un terme oscillant dont
Iamplitude est d’ordre m~1/2, on voit que I'exposant —% dans lestimation (2.39) est
optimal.

Notre amélioration est basée sur 'estimation (2.39) et elle est obtenue par une approche
qui est une adaptation de la théorie des perturbations de Schrieffer-Wolff [57].

Mots clés : spectre discret, valeurs propres, asymptotiques, matrices infinies, opéra-
teur auto-adjoint, modéle de Rabi
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Estimations du spectre discret des opérateurs définis par des matrices infinies non-
bornées et le modéle quantique de Rabi

Résumé

Le modéle quantique de Rabi, décrivant les interactions entre un systéme & deux niveaux et un
mode du champ quantique, est considéré comme un modéle fondamental dans I'optique quantique,
I'électrodynamique de circuits, ’étude de qubits supraconducteurs etc. L’objectif de cette thése
est une étude des valeurs propres des opérateurs auto adjoints définis par le modéle quantique de
Rabi. Une partie de la thése est consacrée a ’étude asymptotique des grandes valeurs propres pour
le modéle quantique de Rabi avec un paramétre supplémentaire €, appelé le biais du modéle. On
décrit le comportement asymptotique de la n-iéme valeur propre avec l’erreur O(n‘l/ 2Inn) lorsque
n tend vers l'infini. Il s’avére que certaines valeurs de € présentent une difficulté supplémentaire
due au fait que 'on doit considérer une perturbation de valeurs propres doubles et dans ce cas
la formule asymptotique comporte un terme oscillant d’ordre n=1/4. Ces résultats sont nouveaux
dans le cas € # 0. On obtient aussi des résultats analogues pour le modéle de Rabi a deux photons.
L’estimation d’erreur O(n~! Inn) pour ce modéle est nouveau méme dans le cas € = 0 et la formule
asymptotique & trois termes peut étre considérée comme une généralisation de 'approximation de
I’onde tournant pour le modéle de Rabi & deux photons. Une autre partie de la thése est consacrée
a la théorie des perturbations pour une classe des opérateurs définis dans ’espace de Hilbert des
suites de carré sommable par des matrices tridiagonales non bornées. Afin d’étudier la qualité
de I'approximation du modéle de Rabi par le modéle de Jaynes-Cummings (I’approximation de
Ponde tournant) on s’intéresse au comportement des valeurs propres en fonction du parameétre de
couplage dans le cas de la perturbation des valeurs propres doubles. Grace a un développement
de la théorie de perturbations quasi-dégénérées de Schrieffer-Wolff, on obtient des estimations
explicites du rayon de convergence de la série perturbative et des estimations d’erreur.

Mots clés : spectre discret, valeurs propres, asymptotiques, matrices infinies, opérateur auto-
adjoint, modéle de Rabi

Estimates of discrete spectrum of operators defined by unbounded infinite matrices
and the quantum Rabi model

Abstract

The quantum Rabi model, which describes the interactions between a two-level system and a
single-mode quantum field, is considered as a fundamental model in quantum optics, circuits
quantum dynamics, analysis of superconducting qubits etc. The aim of this thesis is to study
eigenvalues of self-adjoint operators defined by the quantum Rabi model. The first part of the
thesis is devoted to the asymptotic analysis of large eigenvalues of the quantum Rabi model with
an additional parameter e, called the bias of the model. We give the asymptotic behavior of the
n-th eigenvalue with error of the form O(n~1/21nn) as n tends to infinity. It appears that some
values of € present an additional difficulty due to the fact that one must consider the perturbations
of double eigenvalues and, in this case, the asymptotic formula contains an oscillating term of
order n~1/%, These results are new in the case € # 0. We also obtain analogue results for the
two-photon quantum Rabi model. The error estimate O(n~! Inn) for this model is new even in the
case € = 0 and the three-term asymptotic formula can be considered as a generalized rotating wave
approximation for the two-photon quantum Rabi model. Another part of the thesis is devoted to
the perturbation theory for operators defined in the Hilbert space of square summable sequences by
means of tridiagonal unbounded matrices. In order to study the quality of the approximation of the
quantum Rabi model by the JaynesCummings model (the rotating wave approximation), we are
interested in the dependence of the eigenvalues on the coupling constant in the case of perturbations
of double eigenvalues. Thanks to a development of the Schrieffer-Wolff theory of quasi-degenerate
perturbations, we obtain explicit estimates of the convergence radius of the perturbation series and
explicit error estimates.

Keywords : discrete spectrum, eigenvalues, asymptotics, infinite matrices, self-adjoint operator,
Rabi model
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