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Introduction

Artificial electromagnetic media such as metamaterials (MM) and photonic crystals (PhC) have been extensively studied during the last decade. Their properties have been explored in effort to discover and exploit novel functional capabilities across the whole spectrum of frequencies ranging from radiowaves to visible. The research in MM and PhC was primarily focused on the linear phenomena, whereas the nonlinear effects have attracted the growing interest only lately. The recent theoretical and experimental investigations of nonlinear MM and PhC have indicated new potential avenues for enhancement of the nonlinear activity (e.g., harmonics generation and waveform control) by means of precise engineering of the constituent particles and their arrangements, especially, at the resonance states and plasmonic states.

The effects associated with the second-and third-order nonlinearities in continuous media have been comprehensively investigated in nonlinear optics during the last half a century. Nowadays, the second-(SHG) and third-harmonic generation (THG), propagation of solitary waves and frequency mixing in continuous nonlinear media and optical fibers are among the best understood nonlinear optical phenomena. In contrast to the classical nonlinear optics, the phenomenology of nonlinear MM and PhC is still at rather nascent stage of development, although it rapidly advances at an increasing pace.

Majority of MM and PhC manufactured by the modern microfabrication and nanofabrication techniques are comprised of the periodic and quasi-periodic arrangements of stacked dielectric, semiconductor, and patterned metallic layers and films. Therefore, the qualitative and quantitative characterization of wave interactions in these canonical structures provides invaluable insight in the phenomenology of composite media and their properties. These properties are determined by both the individual constituent elements and collective response of their ensembles, which may exhibit the qualitatively different behaviour due to the wave interference, coupling, and conversion inside the layers and at their interfaces. In linear regime, the most distinctive features of the PhC and MM are associated with the dispersion management, existence of backward waves, and opportunities for creating the spectral bands, where the wave propagation is either permitted or forbidden. The latter phenomenon usually originates from the wave interference at the microscopic level, which leads to suppression of the propagating spatial harmonics and formation of the bandgaps.

The nonlinear properties of multilayered PhC and MM have been investigated mainly in connection to improving the efficiency of frequency conversion and harmonic generation.

Enhancement of nonlinear activity has been a longstanding goal in nonlinear optics. The new artificial media enabled by the enormous capabilities of the modern microfabrication and nanofabrication have shown significant potential for advancing toward this goal in various applications such as controlling waveforms, signal amplification, and frequency conversion between different bands in nonlinear parametric processes. While tremendous progress has been made in the use of PhC and MM for increasing the harmonic generation and waveform control efficiency, the effects associated with multitone nonlinear wave interactions, nonlinear scattering, and combinatorial frequency generation in complex composite structures still remain underexplored. The detailed studies of these phenomena in MM and PhC are of paramount importance now to unleash their enormous potential and lay a solid foundation for the development of novel system architectures and design concepts for the practical functional devices ranging from microwaves to optics. public My research spans a broad range of physical linear and nonlinear phenomena in artificial active and passive electromagnetic solid-state materials. This dissertation presents my research activities since December 2010 when I joined the School of Electronics, Electrical Engineering and Computer Science at the Queen's University of Belfast.

Chapter 1 of this manuscript includes my results performed in the framework of the Project PEARL supported by the FP7 Marie Curie IIF Grant 255110. To elucidate the fundamental mechanisms and phenomenology of the distributed nonlinear mixing and combinatorial frequency generation in the nonlinear MMs and PhCs we have considered the nonlinear scattering and combinatorial frequency generation by three-wave mixing in periodic and quasi-periodic stacks of anisotropic dielectric and semiconductor layers. The advanced analytical tools have been developed for modelling of the resonance nonlinear scattering and frequency mixing in the stacked layer with weak distributed nonlinearities and semiconductor layers with mobile carriers. The Transfer Matrix Method (TMM) has been generalised and adapted to the solution of the auxiliary canonical problems of linear and nonlinear scattering by individual semiconductor and anisotropic dielectric layers and their arrangements in finite periodic and quasi-periodic stacks.

The remarkable properties of the recently discovered parity-time (PT)-symmetric photonic structures have attracted a lot of attention. The resulted intense research activity, as well as, the plethora of novel applications have led to a new direction in optics, that of non-Hermitian photonics. The results of my research in electromagnetic wave propagation in non-Hermitian linear and nonlinear optical systems are presented in Chapter 2. I started my investigations of fundamental properties of layered non-Hermitian systems (with or without PT-symmetry) in the Crete Center for Quantum Complexity and Nanotechnology, University of Crete which I joined in 2014. We have explored the spectral features of PT-symmetric periodic stacks of binary dielectric layers characterized by balances loss and gain. We have investigated the propagation of electromagnetic waves in PT-symmetric periodic stacks composed of hyperbolic metamaterial layers separated by dielectric media with balanced loss and gain. We also have explored the properties of layered non-Hermitian systems by taking into account the dispersion for gain and loss media. The possibility of the nonlinear activity enhancement in the loss-compensated semiconductor-dielectric multilayers was investigated. We have studied the influence of gain on linear refraction properties of the stack and on the efficiency of the mixing processes by the system with the resistive character of nonlinearity. We have considered the effects of loss and gain saturation on scattering characteristics of multilayered periodic semiconductor system and on the transmission/reflection of a PT-symmetric bilayer and multilayer.

A photonic nanojet (NJ) is an intense narrow beam of light formed in proximity to the shadow surface of illuminated transparent dielectric structures with a size/diameter comparable or greater than the wavelength of the incident radiation. Its unique properties enable practical applications in multiple emerging domains, including nanoparticle detection, sensing, optical trapping and manipulation, microparticle-assisted confocal microscopy, optical data storage, high resolution imaging, maskless nanopatterning and nanolithography. In 2016 I started my career in Technicolor working on developing a disruptive technology and local light deviation and far field wave propagation control for image sensor and Augmented Reality (AR) glasses design by exploiting the NJ beam phenomenon. The possibility of a shift and deviation of the jet in the near-field of double-material dielectric microstructure is described in Chapter 3.

We have proposed a new method to split color-bands of the incident lights by combining two or more dielectric materials with different refractive indexes providing the formation of a spectral-dependent NJ beam deflection. public I joined InterDigital in 2019 as a Senior Scientist contributing to development of the diffractive optical components for waveguide-based near-eye display system. Optical see-through head mounted display (HMD) is a key device for augmented/virtual reality (AR/VR) applications attracting significant interest of major industrial players. Currently most of the AR-based HMDs use the waveguide structure in order to reduce the overall size and weight of the device.

The core of a waveguide combiner consists of in-and out-couplers surface relief gratings or holographic volume gratings. To couple light into the waveguide and provide good color uniformity, diffracted non-zero order light should have high intensity across a wide angular range. The physical phenomenon which was used by design to optimize our gratings have been related to a near-field photonic NJ. Chapter 4 includes the descriptions of the diffraction gratings and metagratings which can efficiently steer incoming light with a uniform efficiency over a wide range of incidence angles in single waveguide-based AR/VR display systems. Based on the presenting results, I have described a set of the problems which must be addressed in my future research to provide the new single-waveguide full-color solutions.

My future research will be focused on the design of new metasurface structures which will find application in conformable and wearable optics (i.e. AR/VR glasses) and sensing.

Note that this document does not include the research I carried out during my research positions at the Usikov Institute of Radiophysics and Electronics of NASU and my new research projects in which I am involved at IMEC. 

Nonlinear scattering by photonic crystals and metamaterials

A new generation of artificial electromagnetic materials has opened up new opportunities for engineering the media with the specified properties. The latest advancements in this field have prompted a surge of research in the new phenomenology, which could extend a range of functional capabilities and enable the development of innovative devices in the millimeter, terahertz, and optical ranges. Frequency conversion in dielectrics with nonlinearities of the second and third order has been investigated in optics, particularly, in the context of the SHG and THG. The recent studies have indicated that nonlinear PhCs and MMs have significant potential for enhancement of the nonlinear activity associated with the mechanisms of field confinement, dispersion management and resonant intensification of the interacting waves [START_REF] Cai | Optical Metamaterials: Fundamentals and Applications[END_REF]- [START_REF] Shramkova | Harmonic generation and wave mixing in nonlinear metamaterials and photonic crystals[END_REF]. It has been demonstrated that the PhCs dispersion can be tailored to facilitate the phase synchronism between the second harmonic and the pump wave of fundamental frequency. The harmonic generation efficiency can be further increased when the pump wave frequencies are close to the PhC band edges where the higher density of states provides favourable phase-matching conditions. Traditionally, artificial media have periodic order with regular spectral characteristics. As compared with periodic structures (PS), quasi-periodic structures (QPS) provide more degrees of freedom to realize richer spectrum than the periodic media [START_REF] Arie | Periodic, quasi-periodic, and random quadratic nonlinear photonic crystals[END_REF]. Since majority of the currently available MMs are fabricated as stacked layers, it is expedient to investigate their nonlinear characteristics in the planar layered structures. Such an approach often provides insight in the fundamental mechanisms and phenomenology of the distributed nonlinear wave interactions.

Combinatorial frequency generation (CFG) by mixing pump waves of different tones enables more versatile spectrum control. The mechanism of CFG still remains scarcely explored and poorly understood. The interest to this topic is connected with the fact that the mixing process in the nonlinear PhC and MM can be controlled by not only tailoring the coherence and localisation of the interacting waves but also altering independently the intensity and phasing of individual pump waves [START_REF] Martorell | Broadband efficient nonlinear difference generation in a counterpropagating configuration[END_REF]. Therefore, it is very important to develop the analytical approach for the qualitative and quantitative characterization of CFG in one-dimensional laminar stacks.

Since the physical nonlinearities are normally weak at high frequencies, the problems of nonlinear scattering can be tackled with the aid of field expansment with subsequent use of the harmonic balance and TMM approaches. The TMM is one of the primary techniques employed for the analysis of layered structures and simulations of wave scattering by stratified media [START_REF] Born | Principles of optics[END_REF]- [START_REF] Carretero | Matrix method for the study of wave propagation in one-dimensional general media[END_REF]. It is necessary to note that the standard TMM procedure cannot be directly applied to the problems of frequency mixing by PhC and MM with distributed nonlinearities. The main reason is that the harmonics and combinatorial frequencies are generated inside the stack as the result of distributed wave interaction and are then emitted from the stack after multiple reflections and refractions at the internal and external interfaces.

Therefore, to evaluate intensities of the generated combinatorial frequency fields, it is necessary to determine the pattern and phasing of the pump wave fields not only at interfaces but also inside the constituent layers. In our publications we described the TMM based technique for the analysis of CFG by the periodic and quasi-periodic (Fibonacci and Thue-Morse type) stacks of binary nonlinear layers, illuminated by the obliquely incident pump waves of two tones. The proposed methodology can be equally applied not only to quadratic nonlinearities but also to weak nonlinearities of other types. public

Problem statement and methodology

To illustrate the main features of the developed technique, let us consider the structures composed of stacked layers of two types (labelled A and B). The stack is surrounded by linear homogeneous medium with dielectric permittivity 𝜀 𝑎 at 𝑧 ≤ 0 and 𝑧 ≥ 𝐿 as shown in Fig. 1. The layers have thicknesses dA and dB. The layers are assumed of infinite extent in the x0y-plane and can be stacked alternatingly in different sequences, e.g. periodically or quasi-periodically.

Three types of structures with the layers ordered in the different sequences are presented in Fig. 1 The stack of the total thickness L = Lq is illuminated by the two plane waves of frequencies 1 and 2 incident at angles i1 and i2. type QPS defined by the recursive relation Sq = {Sq-1 Sq-2} at q ≥ 2 where q is the Fibonacci number and the initial values are S0 = {B}, S1 = {A}; the total thickness of the stack is 𝐿 𝑞 = 𝐿 𝑞-1 + 𝐿 𝑞-2 with 𝐿 0 = 𝑑 𝐵 , 𝐿 1 = 𝑑 𝐴 ; (c) Thue-Morse type QPS defined by the recursive relations Qq = {Qq-1Q'q-1} and Q'q = {Q'q-1Qq-1} at q ≥ 1 where q is the Thue-Morse number; the sequences Qq and Q'q are complementary to each other with the initial values Q0 = {A}, Q'0 = {B}; the total thickness of the QPS is 𝐿 𝑞 = 𝐿 𝑞-1 + 𝐿 𝑞-1 ′ , 𝐿 𝑞 ′ = 𝐿 𝑞-1 ′ + 𝐿 𝑞-1 with 𝐿 0 = 𝑑 𝐴 , 𝐿 0 ′ = 𝑑 𝐵 .

Let us analyse the process of CFG in nonlinear layer. Let us assume that the medium has 6 ̄𝑚2 class of anisotropy and is described by tensors of linear dielectric permittivity 𝜀̑𝑗 = (𝜀 𝑥𝑥 , 𝜀 𝑥𝑥 , 𝜀 𝑧𝑧 ) 𝑗 and nonlinear susceptibility 𝜒̂𝑗 where j=A,B: Electric displacement inside the layer is represented in the form [START_REF] Blombergen | Nonlinear Optics: A lecture note[END_REF] 𝐷 𝑖 = 𝜀 𝑖𝑙 𝐸 𝑙 + 4𝜋𝜒 𝑖𝑙𝑘 𝐸 𝑙 𝐸 𝑘 (1.2) where indices i, l, k run through the values {x, y, z}.

At such orientation of the crystal axes, the layer is isotropic in the x0y plane. Therefore, incident waves of the two polarizations can be treated separately assuming the fields to be independent of the y-coordinate ( 𝜕 𝜕𝑦 = 0). In the result of nonlinear susceptibility tensor analyze, it can be seen that for TM polarised waves the second-order nonlinear terms are equal to zero. Therefore, for such type of material only the TE waves with the field components 𝐻 𝑥 , 𝐻 𝑧 , 𝐸 𝑦 can be considered. It is necessary to note that in this case the nonlinear susceptibility is isotropic.

The fields of TE waves obey the following system of nonlinear equations in the layer

𝜕𝐻 𝑥𝑗 𝜕𝑧 - 𝜕𝐻 𝑧𝑗 𝜕𝑥 = 𝜀 𝑥𝑥𝑗 𝑐 𝜕𝐸 𝑦𝑗 𝜕𝑡 + 4𝜋 𝑐 𝜒 𝑦𝑦𝑦𝑗 𝜕 𝜕𝑡 (𝐸 𝑦𝑗 𝐸 𝑦𝑗 ), 𝜕𝐸 𝑦𝑗 𝜕𝑥 = - 1 𝑐 𝜕𝐻 𝑧𝑗 𝜕𝑡 , 𝜕𝐸 𝑦𝑗 𝜕𝑧 = 1 𝑐 𝜕𝐻 𝑥𝑗 𝜕𝑡 , (1.3) 
where c is the speed of light. Because the nonlinear susceptibility 𝜒̂ (1.1) is usually small as compared with 𝜀, threewave nonlinear mixing generating the combinatorial frequency 3= 1+2 is dominant here. The higher order harmonics have the next order of smallness, and their effect is assumed to be negligible here. Making use of the assumption of weak nonlinearity, the harmonic balance method is used next to linearize the system of the differential equations. In the non-depleting approximation, this gives the homogeneous differential equations for the pump wave frequencies and inhomogeneous differential equations for the fields of combinatorial frequencies. Then collecting the terms with the same time dependence, the system of nonlinear equations (1.3) can be reduced to the following nonhomogeneous Helmholtz equation for Ey at frequency 3

( 𝜕 2 𝜕𝑧 2 + 𝜕 2 𝜕𝑥 2 - 𝜀 𝑥𝑥𝑗 𝑐 2 𝜕 2 𝜕𝑡 2 ) 𝐸 𝑦𝑗 (𝜔 3 ) = 4𝜋 𝑐 2 𝜒 𝑦𝑦𝑦𝑗 𝜕 2 𝜕𝑡 2 [𝐸 𝑦𝑗 (𝜔 1 )𝐸 𝑦𝑗 (𝜔 2 )], (1.4) 
It is necessary to note that the terms in (1.4) are naturally split so that left hand side contains only a linear differential operator acting on Ey(3), whereas all the nonlinear terms are collected in the right hand side and comprise only the fields Ey(1,2) at pump wave frequencies  1 and 2.

The solution of (1.4) composed of the particular and general solutions can be represented in the form

𝐸 𝑦𝑗 (𝑛) (𝜔 3 , 𝑥, 𝑧) = (𝐵 𝑗 𝑛+ (𝜔 3 )𝑒 𝑖𝑘 𝑧𝑗 (3) 𝑧 + 𝐵 𝑗 𝑛-(𝜔 3 )𝑒 -𝑖𝑘 𝑧𝑗 (3) 𝑧 + 𝐷 1𝑗 𝑛+ 𝑒 𝑖𝑘 𝑧𝑗 + 𝑧 + public +𝐷 2𝑗 𝑛+ 𝑒 -𝑖𝑘 𝑧𝑗 + 𝑧 + 𝐷 1𝑗 𝑛-𝑒 𝑖𝑘 𝑧𝑗 -𝑧 + 𝐷 2𝑗 𝑛-𝑒 -𝑖𝑘 𝑧𝑗 -𝑧 ) 𝑒 -𝑖𝜔 3 𝑡+𝑖𝑘 𝑥3 𝑥 , (1.5) 
where 𝑘 𝑧𝑗 ± = 𝑘 𝑧𝑗 (1) ± 𝑘 𝑧𝑗 (2) , 𝑘 𝑧𝑗 (𝑠) = √𝜀 𝑥𝑥𝑗 𝑘 𝑠 2 -𝑘 𝑥𝑠 2 , 𝑘 𝑠 = 𝜔 𝑠 𝑐 , 𝑠 = 1,2,3 and superscript n is a serial number of a primitive cell, which identifies a j th layer position in the stack. The wavenumber 𝑘 𝑥3 = 𝑘 3 √𝜀 𝑎 𝑠𝑖𝑛 𝛩 3 is determined by the requirement of the phase synchronism in the three-wave mixing process [START_REF] Blombergen | Nonlinear Optics: A lecture note[END_REF] 𝑘 𝑥 3 = 𝑘 𝑥 1 + 𝑘 𝑥 2 , (

where 𝑘 𝑥1,𝑥2 = 𝑘 

(𝑘 𝑧𝑗 + ) 2 -(𝑘 𝑧𝑗 (3) ) 2 , 𝐷 2𝑗 𝑛+ = 𝛼 𝐵 𝑗 𝑛-(𝜔 1 )𝐵 𝑗 𝑛-(𝜔 2 ) (𝑘 𝑧𝑗 + ) 2 -(𝑘 𝑧𝑗 (3) ) 2 , 𝐷 1𝑗 𝑛-= 𝛼 𝐵 𝑗 𝑛+ (𝜔 1 )𝐵 𝑗 𝑛-(𝜔 2 ) (𝑘 𝑧𝑗 -) 2 -(𝑘 𝑧𝑗 (3) ) 2 , 𝐷 2𝑗 𝑛-= 𝛼 𝐵 𝑗 𝑛-(𝜔 1 )𝐵 𝑗 𝑛+ (𝜔 2 ) (𝑘 𝑧𝑗 -) 2 -(𝑘 𝑧𝑗 (3) ) 2 , 𝛼 = -4𝜋𝑘 3 2 𝜒 𝑦𝑦𝑦 . (1.7) 
Here 𝐵 𝑗 𝑛± (𝜔 1,2 ) are the field amplitudes inside the j th layer of the n th period at the incident wave frequencies 1 and 2.

Three-wave mixing in a periodic stack of the layers

In order to examine the three-wave mixing process in the nonlinear layered structures, let us consider the problem of TE waves' scattering by the periodic stack of nonlinear dielectric layers. First of all, it is necessary to generalize the TMM based analysis for the case of two obliquely incident pump waves. The TMM can now be used for interrelating the fields of frequency 3 at the layer interfaces. Then the field continuity conditions for the 1 st layer require ( 𝐸 𝑦𝐴 (1) (𝜔 3 , 𝑥, 0) 𝐻 𝑥𝐴 (1) (𝜔 3 , 𝑥, 0) ) = 𝑚̑𝐴(𝑑 𝐴 , 𝜔 3 ) ( 𝐸 𝑦𝐴 (1) (𝜔 3 , 𝑥, 𝑑 𝐴 ) 𝐻 𝑥𝐴 (1) (𝜔 3 , 𝑥, 𝑑 𝐴 ) ) + 𝑚̑𝐴(𝑑 𝐴 , 𝜔 3 ) ( 𝜏 𝐴

𝜉 𝐴 (1) ).

(1.8)

Similar conditions applied to the 2 nd layer yield ( 𝐸 𝑦𝐵 (1) (𝜔 3 , 𝑥, 𝑑 𝐴 ) 𝐻 𝑥𝐵 (1) (𝜔 3 , 𝑥, 𝑑 𝐴 ) ) = 𝑚̑𝐵(𝑑 𝐵 , 𝜔 3 ) ( 𝐸 𝑦𝐵 (1) (𝜔 3 , 𝑥, 𝑑 𝐴 + 𝑑 𝐵 ) 𝐻 𝑥𝐵 (1) (𝜔 3 , 𝑥, 𝑑 𝐴 + 𝑑 𝐵 ) ) + 𝑚̑𝐵(𝑑 𝐵 , 𝜔 3 ) ( 𝜏 𝐵

𝜉 𝐵 (1) ).

(1.9)

public
Here 𝑚̑𝑗(𝑑 𝑗 , 𝜔 3 ) are the transfer matrices of layers A and B at frequency 3.

Enforcing the periodic boundary conditions through the whole PS, the fields at the stack outer interfaces can be presented in the form ( 𝐸 𝑦𝐴 (1) (𝜔 3 , 𝑥, 0) 𝐻 𝑥𝐴 (1) (𝜔 3 , 𝑥, 0) ) = 𝑀 ̑𝑞 (𝜔 3 ) ( 𝐸 𝑦𝐵 (𝑞) (𝜔 3 , 𝑥, 𝐿 𝑞 )

𝐻 𝑥𝐵 (𝑞) (𝜔 3 , 𝑥, 𝐿 𝑞 ) ) + ∑ [𝜂̑𝐵 (𝑛) (𝜔 3 ) ( 𝜏 𝐴 (𝑛) 𝜉 𝐴 (𝑛) ) + 𝜂̑𝐴 (𝑛+1) (𝜔 3 ) ( 𝜏 𝐵 (𝑛) 𝜉 𝐵 (𝑛) )] 𝑞 𝑛=1
, (1.10) where 𝑀 ̑𝑞(𝜔 3 )is the transfer matrix of the whole stack; 𝜂̑𝑗 (𝑛) are the transfer matrices of the (n -1) unit cell stack preceding the layer of type j = A, B of the PS n th unit cell and

𝜂̑𝐴 (𝑛) (𝜔 𝑠 ) = (𝑚̑𝐴(𝑑 𝐴 , 𝜔 𝑠 )𝑚̑𝐵(𝑑 𝐵 , 𝜔 𝑠 )) 𝑛-1 , 𝜂̑𝐵 (𝑛) (𝜔 𝑠 ) = 𝜂̑𝐴 (𝑛) (𝜔 𝑠 )𝑚̑𝐴(𝑑 𝐴 , 𝜔 𝑠 ). (1.11)
𝜏 𝑗 (𝑛) and 𝜉 𝑗 (𝑛) are expressed in terms of coefficients 𝐷 1𝑗,2𝑗 𝑛± presented in (1.7), j = A, B:

𝜏 𝑗 (𝑛) = 𝐷 1𝑗 𝑛+ 𝜎 1𝑗 + (𝑘 𝑧𝑗 + ) + 𝐷 2𝑗 𝑛+ 𝜎 1𝑗 -(𝑘 𝑧𝑗 + ) + 𝐷 1𝑗 𝑛-𝜎 1𝑗 + (𝑘 𝑧𝑗 -) + 𝐷 2𝑗 𝑛-𝜎 1𝑗 -(𝑘 𝑧𝑗 -), 𝜉 𝑗 (𝑛) = 𝐷 1𝑗 𝑛+ 𝜎 2𝑗 + (𝑘 𝑧𝑗 + ) + 𝐷 2𝑗 𝑛+ 𝜎 2𝑗 -(𝑘 𝑧𝑗 + ) + 𝐷 1𝑗 𝑛-𝜎 2𝑗 + (𝑘 𝑧𝑗 -) + 𝐷 2𝑗 𝑛-𝜎 2𝑗 -(𝑘 𝑧𝑗 -), 𝜎 1𝑗 ± (𝜐) = (𝑐𝑜𝑠 𝑘 𝑧𝑗 (3) 𝑑 𝑗 -𝑒 ±𝑖𝜐𝑑 𝑗 ) ± 𝑖 𝜐 𝑘 𝑧𝑗 (3) 𝑠𝑖𝑛 𝑘 𝑧𝑗 (3) 𝑑 𝑗 , 𝜎 2𝑗 ± (𝜐) = - 𝜐 𝑘 3 [𝑖 𝑘 𝑧𝑗 (3) 
𝜐 𝑠𝑖𝑛 𝑘 𝑧𝑗 (3) 𝑑 𝑗 ± (𝑐𝑜𝑠 𝑘 𝑧𝑗 (3) 𝑑 𝑗 -𝑒 ±𝑖𝜐𝑑 𝑗 )].

(1.12)

The reflected and refracted fields of the TE waves outgoing from the stack into the surrounding homogeneous media as the result of the nonlinear scattering at frequency 3 have the form:

𝐸 𝑦 𝑎 (𝜔 3 , 𝑥, 𝑧) = 𝑒 -𝑖𝜔 3 𝑡+𝑖𝑘 𝑥3 𝑥 { 𝐹 𝑟 𝑒 -𝑖𝑘 𝑧𝑎 (3) 𝑧 , 𝑧 ≤ 0 𝐹 𝑡 𝑒 𝑖𝑘 𝑧𝑎 (3) 𝑧 , 𝑧 ≥ 𝐿 𝑞 (1.13)
where 𝑘 𝑧𝑎 (3) = √𝑘 Several important properties of the TE waves scattered by the anisotropic nonlinear layer at the combinatorial frequency 3 can be inferred from eq. (1.15). At first, it is necessary to note that Fr,t remain finite despite the coefficients 𝐷 1𝑗,2𝑗 𝑛± defined in (1.7) have poles at 𝑘 𝑧𝑗 ± = 𝑘 𝑧𝑗 (3) . These singularities are inherent to the particular solution of non-homogeneous equation (1.4) for the fields inside the layers at the frequency 3. However, examination of (1.5),

(1.7) and (1.15) shows that (i) only 𝐷 1𝑗,2𝑗 𝑛+ contains the pole at 𝑘 𝑧𝑗 + = 𝑘 𝑧𝑗 (3) , which occurs at i1= i2, while the singularity in 𝐷 1𝑗,2𝑗 𝑛-is nonexistent because 𝑘 𝑧𝑗 -≠ 𝑘 𝑧𝑗 (3) at any frequencies and incidence angles of the pump waves, and

(ii) neither 𝐸 𝑦𝑗 (𝑛) nor 𝐸 𝑦 𝑎 have singularities at 𝑘 𝑧𝑗 + = 𝑘 𝑧𝑗 (3) and the fields remain finite at all frequencies and incidence angles. The singularity of the amplitude coefficients of the forced (𝐷 1𝑗,2𝑗

𝑛+ ) wave at the combinatorial frequency 3 is cancelled by the same singularity of eigen (𝐵 𝑗 𝑛± ) waves in (1.5). Indeed, the condition of phase synchronism (1.6) simultaneously with the field continuity conditions at each layer interfaces essentially enforces the conservation of energy law in the z-direction and requires the total field in the layers (whole stack) and surrounding dielectric media to remain finite. It is important to emphasise that the general solution of the linear homogeneous equation (1.4) play the crucial role in the process of distributed harmonic generation by the finite structures. Its contribution to the total field formation cannot be neglected, whilst its omission causes spurious singularity which leads to the non-physical resonance at the combinatorial frequency 3 and violation of the conservation of energy law.

Nonlinear scattering by layered QPSs

The modified TMM can be adapted to enable the QPS analysis similar to that for periodic stacks with defective unit cells at the specific positions. In the case of Fibonacci QPS the periodicity of alternating layers A and B (regular unit cell AB) is perturbed by additional layers of type A. As the result the thickness of the A-type layer in the defective cell should be determined as 𝑑 𝐴 ′ = 2𝑑 𝐴 . Besides, at odd order q, the QPS contains an additional layer A at the end of the stack. For the Thue-Morse QPSs the periodicity is disrupted by the defective cells with the inverse layer order, i.e. BA instead of AB. The analytical formulas for determination of the total number of primitive cells, defect types and positions in Fibonacci and Thue-Morse type QPSs have been presented in [START_REF] Shramkova | Combinatorial Frequency Generation in Quasi-Periodic Stacks of Nonlinear Dielectric Layers[END_REF]. In this case index n in the full solution (1.5) of non-homogeneous Helmholtz equation identifies the position of a j th type layer in Fibonacci and Thue-Morse

QPSs. If Nq is the overall number of primitive cells (regular and defective), the TE fields at the outer interfaces of Fibonacci stack can be represented in the form ( 𝐸 𝑦𝐴 (1) (𝜔 3 , 𝑥, 0) 𝐻 𝑥𝐴 (1) (𝜔 ) , 𝑞-odd, 0, 𝑞-even, (1.16) where 𝜏 𝑗 (𝑛) and 𝜉 𝑗 (𝑛) are expressed in terms of coefficients 𝜎 1𝑗,2𝑗 𝑛± , depending on the thickness of layer A in the unit cell (see [START_REF] Shramkova | Combinatorial Frequency Generation in Quasi-Periodic Stacks of Nonlinear Dielectric Layers[END_REF]), where for n corresponding to the position of defective cell 𝑑 𝐴 = 𝑑 𝐴 ′ . Subscript f in right hand side identifies the type (A or B) of the last layer in the stack, which depends on the order q. It is necessary to note that characteristics of defective cell should be taken into account for determination of matrixes 𝜂̑𝑗 (𝑛) .

Similarly for the Thue-Morse stacks we obtain:

( 𝐸 𝑦𝐴 (1) (𝜔 3 , 𝑥, 0) 𝐻 𝑥𝐴 (1) (𝜔 3 , 𝑥, 0)

) = 𝑀 ̑𝑞(𝜔 3 ) ( 𝐸 𝑦𝑓 (𝑁 𝑞 ) (𝜔 3 , 𝑥, 𝐿 𝑞 ) 𝐻 𝑥𝑓 (𝑁 𝑞 ) (𝜔 3 , 𝑥, 𝐿 𝑞 ) ) + ∑ [𝜂̑𝐵 (𝑛) (𝜔 3 ) ( 𝜏 1 (𝑛) 𝜉 1 (𝑛) ) + 𝜂̑𝐴 (𝑛+1) (𝜔 3 ) ( 𝜏 2 (𝑛) 𝜉 2 (𝑛) )] 𝑁 𝑞 𝑛=1
, (1.17) where 𝜏 1,2 (𝑛) and 𝜉 1,2 (𝑛) have the same form as 𝜏 𝑗 (𝑛) and 𝜉 𝑗 (𝑛) defined in (1.12) for periodic stack, except the order of corresponding indexes. For example, 𝜏 1 (𝑛) = 𝜏 𝐴 (𝑛) and 𝜏 2 (𝑛) = 𝜏 𝐵 (𝑛) for regular cells and 𝜏 1 (𝑛) = 𝜏 𝐵 (𝑛) and 𝜏 2 (𝑛) = 𝜏 𝐴 (𝑛) for defective cells. The similar rule will work for the coefficients 𝜉 1,2 (𝑛) .

Combinatorial frequency generation by dielectric slabs, TM polarization

To analyse the TM waves' scattering by the nonlinear dielectric structure let us assume that the constituent dielectric layers have 6mm class of anisotropy and are described by the linear dielectric permittivity tensor 𝜀̂𝑗 = (𝜀 𝑥𝑥 , 𝜀 𝑥𝑥 , 𝜀 𝑧𝑧 ) 𝑗 and the second-order nonlinear susceptibility tensor 𝜒̂𝑗:

𝜒̂𝑗 = ( 0 0 0 0 0 0 𝜒 𝑧𝑥𝑥 𝜒 𝑧𝑥𝑥 𝜒 𝑧𝑧𝑧 0 𝜒 𝑥𝑥𝑧 0 𝜒 𝑥𝑥𝑧 0 0 0 0 0 ) 𝑗 . (1.18) 
For such form of nonlinear susceptibility 𝜒̂ (1.18) in the case of TE polarised waves the dielectric layers remain linear.

Therefore only TM waves' scattering is considered for such type of anisotropic dielectric. The electric Ex,z and magnetic Hy field components of TM waves in each layer satisfy the following system of nonlinear equations ). The expressions for amplitude coefficients presented in [START_REF] Shramkova | Nonlinear scattering by anisotropic dielectric periodic structures[END_REF].

It is necessary to note that the analysis of TM waves scattered by the stack of dielectric layers is similar to TE wave analysis discussed in previous subsections. The detailed theory for the periodic and quasi-periodic stacks of dielectric layers of 6mm class of anisotropy is presented in our papers [START_REF] Shramkova | Combinatorial Frequency Generation in Quasi-Periodic Stacks of Nonlinear Dielectric Layers[END_REF], [START_REF] Shramkova | Nonlinear scattering by anisotropic dielectric periodic structures[END_REF].

Combinatorial frequency generation by nonlinear semiconductor layer

Nonlinear materials based upon the layered semiconductor structures represent an important class of artificial electromagnetic media possessing natural nonlinearity rendered by the free-carrier current. Combined with the tailored dispersion, the nonlinear response of the semiconductor based MMs may be further enhanced by the favourable conditions for the phase matching and coherence of the pump wave interactions with the free carriers.

The constituent semiconductor layers can be described as solid-state plasma with mobile charges. is the plasma frequency. Inspection of eq. (1.22) reveals that away from pj, the frequency mixing process is primarily rendered by the resistive nonlinearity of semiconductor layer, directly proportional to collision frequency j. In the same time, it is necessary to note that in proximity of pj the effect of resistive nonlinearity is minor. Moreover, the SHG process is forbidden in such systems because right hand side of eq. (1.22) will be equal to zero at 1=2.

As in the case of dielectric materials the solution non-homogeneous Helmholtz equation for n th layer of type j is a combination of the general and partial solutions which can be represented as a superposition of 6 waves (see (1.5)). It is necessary to take into account that the longitudinal wavenumber for passive semiconductor layer can be determined

as 𝑘 𝑧𝑗 (𝑠) = √𝜀 𝑗 (𝜔 𝑠 )𝑘 𝑠 2 -𝑘 𝑥𝑠 2 .
The solution of the problem of nonlinear scattering by the finite periodic stack of the binary nonlinear passive semiconductor layers is presented in [START_REF] Shramkova | Wave mixing by periodic nonlinear semiconductor multilayers[END_REF]- [START_REF] Shramkova | Nonlinear wave scattering by stacked layers of semiconductor plasma[END_REF]. The same methodology can be applied to the solution of self-consistent problem for magnetically biased semiconductor layers with mobile carriers [START_REF] Shramkova | Effect of magnetic bias on nonlinear scattering by stacked semiconductor layers[END_REF]- [START_REF] Shramkova | Nonreciprocal scattering by stacked nonlinear magneto-active semiconductor layers[END_REF]. In this case the additional Lorentz force in the equation of motion connected with external dc magnetic field will lead to the more sophisticated non-homogeneous wave equation.

Numerical analysis and discussion

The analytical expressions for |Fr,t| provide qualitative insight in the composition and properties of the scattered fields of the combinatorial frequency 3=1+2 and enable the analysis of the effects of the layer parameters, incidence angles and frequencies of pump waves on the nonlinear scattering by the stacks of the layer. The features of the CFG and emission by PSs, Fibonacci and Thue-Morse QPS are illustrated by simulations and are discussed in this section.

A. Spectral efficiency of CFG by dielectric nonlinear structures

In this section, the distinctive features of the TE wave scattering by the nonlinear dielectric periodic stack and QPSs, illuminated by a pair of pump waves of frequencies 1,2, are illustrated by the results of detailed parametric study.

The stacks with periodic, Fibonacci and Thue-Morse layer sequences are comprised of the layers of two types with the parameters: xxA = 2.61, yyyA = 1.910 -7 m/V, xxB = 1.325, yyyB = 5.110 -8 m/V. The whole stack is surrounded by air with the permittivity a = 1. We assume that the thicknesses of constituent layers of types A and B are related by the golden ratio 𝜏 =

𝑑 𝐴 𝑑 𝐵 = (1+√5) 2 .
To gain insight in the properties of CFG, it is necessary first to examine the stack linear reflectance R() which is responsible for the pump wave amplitudes inside the layers and, respectively, coefficients 𝐷 1𝑗,2𝑗 𝑛± for the fields in (1.5).

It is necessary to note that the linear reflectance R() depends on the incidence angle and is significantly influenced by the stack composition. To illustrate the latter effect, the reflectance |R()| of TE waves incident at slant angles public i =30° and i =60° on the periodic stack with q=16 (32 layers, dB=20 m), Fibonacci S8 (34 layers, dB=19.9 m) and Thue-Morse Q5 (32 layers, dB=20 m) QPSs is displayed in Fig. 1.2. 
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of |Fr,t| corresponds to the Thue-Morse QPS. This effect can be attributed to the more favorable conditions for CFG providing by the spectral characteristics of QPSs. Additionally, the concurrent constructive interference of the generated combinatorial frequencies 3 in the whole stack entails cumulative growth of the peak emission in the forward direction. It was obtained that the maximal intensity |Fr,t| can be achieved when not only the reflectance of the pump waves but also |R(3)| is minimal at the combinatorial frequency 3.

It was observed that in lossy stacks the CFG efficiency is strongly attenuated. Rising of the loss tangent leads to the increase of difference between |Fr| and |Ft| (at tgxx=0.1 |Ft| becomes nearly two orders of magnitude smaller than |Fr|).

It means that only stack front interface where the pump waves are weakly attenuated by losses generates the scattered waves. The same effect can be observed for Fibonacci and Thue-Morse QPSs.

The results of numerical simulation for CFG in the TM-wave mixing process by the stack of dielectric layers can be found in [START_REF] Shramkova | Combinatorial Frequency Generation in Quasi-Periodic Stacks of Nonlinear Dielectric Layers[END_REF], [START_REF] Shramkova | Nonlinear scattering by anisotropic dielectric periodic structures[END_REF].

B. Nonlinear scattering by semiconductor nonlinear structures

In this section, the distinctive features of the TM wave scattering by the nonlinear passive semiconductor PS, illuminated by a pair of pump waves of frequencies 1,2, are illustrated by the results of detailed parametric study.

The stack with periodic layer sequences are comprised of the layers of two types: units pB public related to the losses inflicted by collisions of carries. Therefore in contrast to the dielectrics where losses reduce the efficiency of nonlinear mixing, the peak magnitudes of |Fr,t| grow in semiconductor layers with the collision frequency 1,2 as illustrated by Fig. 1.5. It is important to note that the peak magnitudes of |Fr,t()| increase with the collision frequencies 1,2 in the layers at all resonances, except the one at 1=pB, as shown in inserts to Fig. 1.5. It is necessary to note that for QPSs the character of dependences will be the same.

Chapter summary

The analytical approach based on the modified TMM and Harmonic Balance methods has been proposed for the modelling of CFG by the nonlinear layered stacks, illuminated by pump waves of two tones incident at arbitrary angles.

The method implementation is discussed for the cases of the stacks of the binary nonlinear dielectric and semiconductor layers arranged in the periodic and quasi-periodic (Fibonacci and Thue-Morse) order. The modified TMM has been adapted to analyse QPSs similarly to perturbed periodic stacks with defects at the specified positions.

It has been shown that Fibonacci and Thue-Morse QPSs can be represented as cascades of "regular" and "defective" primitive cells. The types and locations of the "defective" cells have been determined and described in analytical form.

The simulation results have demonstrated that the nonlinear scattering coefficients of combinatorial frequency are strongly correlated with the stack linear reflectance. The latter effect is attributed to the fact that determines magnitudes of both the pump waves of frequencies refracted into the stacks and engaged in the frequency mixing process, and the waves of combinatorial frequency emitted from the stack. It was demonstrated that in contrast to SHG and THG in the periodic stacks of binary anisotropic nonlinear dielectric layers, the spectral band edges do not increase the combinatorial frequency generation efficiency for the refracted waves. However, it was shown that the frequency conversion efficiency can be significantly boosted at Wolf-Bragg resonances occurring only at special combinations of the pump wave frequencies, incidence angles and the layers' constitutive parameters.

The effects of the layer sequence and parameters on the properties of the combinatorial frequency waves emitted from the different stacks of the layers have been demonstrated. The parametric study has shown that in contrast with periodic arrangements of the layers, the quasi-periodic layer sequence can improve the combinatorial frequency generation efficiency for the refracted waves. The enhanced CFG in QPS is facilitated by the stack composition, which provides higher density of states, and improves the phase synchronism and local field intensification of the pump waves in the constituent layers. Comparison of CFG in Fibonacci and Thue-Morse stacks has shown that peak magnitudes of nonlinear coefficients reach about the same levels in both types of QPSs, but the peaks occur at different frequencies. At the same time, it has been observed that the layer anisotropy may affect the CFG efficiency in the low order QPSs, but its effect becomes marginal at the higher order QPSs. An extensive analysis of the CFG efficiency in lossy QPSs has shown that dissipation may qualitatively alter the frequency mixing process.

The properties of wave mixing and scattering by the finite stack of nonlinear semiconductor layers with mobile carriers have been analysed in self-consistent formulation accounting for the charge dynamics. The closed-form solutions for the nonlinear scattering coefficients have been obtained in the approximation of the three-wave mixing process. It has been shown that the mixing processes in the finite stack of nonlinear semiconductor layers with mobile carriers are driven by the collision of charges and depend on the dynamics of carriers. The effects of the pump wave frequencies and geometry of the structure on the mixing process have been analysed. The significant conversion efficiency increase has been demonstrated at resonant frequencies.

public Using the modified TMM described in this Chapter, we have analysed the properties and mechanisms of the combinatorial frequency generation by finite periodic stacks of binary magnetically biased semiconductor layers with mobile carriers. It was shown that magnetic bias not only renders nonreciprocity of the three-wave mixing process but also significantly enhances the nonlinear interactions in the stacks, especially at the frequencies close to the intrinsic magneto-plasma resonances of the constituent layers. At the same time, in contrast to the passive semiconductor structures, the peak magnitudes of scattered field intensity for the pump magnetoplasma waves decrease at the higher collision frequencies.

public Chapter 2

Scattering properties of PT-symmetric layered periodic structures

The discovery of parity-time (PT)-symmetric media has shown significant potential for advancing toward the goal of new MM design. The recent theoretical investigations of Bender and Boettcher [START_REF] Bender | Real Spectra in Non-Hermitian Hamiltonians Having PT Symmetry[END_REF] have indicated that even non-Hermitian Hamiltonians can exhibit entirely real spectra, as long as they respect the conditions of PT-symmetry. The effects associated with PT-symmetric systems have been comprehensively investigated in quantum mechanics [START_REF] Bender | Complex Extension of Quantum Mechanics[END_REF] and optics [START_REF] Ruschhaupt | Physical realization of PT-symmetric potential scattering in a planar slab waveguide[END_REF], [START_REF] El-Ganainy | Theory of coupled optical PTsymmetric structures[END_REF] during the last few years. In the context of optics, PT-symmetric systems have attracted a lot of attention, both theoretically and experimentally [START_REF] El-Ganainy | Theory of coupled optical PTsymmetric structures[END_REF]- [START_REF] Regensburger | Parity-time synthetic photonic lattices[END_REF]. It was demonstrated that these materials can exhibit several exotic features, including unidirectional invisibility [START_REF] Lin | Unidirectional Invisibility Induced by PT-Symmetric Periodic Structures[END_REF], coherent perfect absorption [START_REF] Sun | Experimental Demonstration of a Coherent Perfect Absorber with PT Phase Transition[END_REF], nonreciprocity of light propagation [START_REF] Makris | Beam Dynamics in PT Symmetric Optical Lattices[END_REF]- [START_REF] Zheng | PT optical lattices and universality in beam dynamics[END_REF], beam refraction [START_REF] Makris | Beam Dynamics in PT Symmetric Optical Lattices[END_REF], multistability [START_REF] Miroshnichenko | Nonlinearly PT-symmetric systems: Spontaneous symmetry breaking and transmission resonances[END_REF] and various extraordinary nonlinear effects [START_REF] Dmitriev | Binary parity-time-symmetric nonlinear lattices with balanced gain and loss[END_REF]- [START_REF] Lazarides | Gain-Driven Discrete Breathers in PT-Symmetric Nonlinear Metamaterials[END_REF].

The PT-related concepts can be realized in artificial optical materials that rely on balanced gain and loss regions. In this framework, PT-symmetry demands that the complex refractive index obeys the condition 𝑛(𝑟̅ ) = 𝑛 * (-(𝑟̅ )).

However, the latter is only a necessary condition for PT-symmetry, because the transition to a complex spectrum, which is called PT-symmetry breaking, appears upon the increase of the strength of imaginary part of 𝑛(𝑟̅ ) .

Spontaneous PT-symmetry breaking has been experimentally observed in optics [START_REF] Makris | Beam Dynamics in PT Symmetric Optical Lattices[END_REF], [START_REF] Regensburger | Parity-time synthetic photonic lattices[END_REF] and has been studied theoretically for different models [START_REF] Bendix | Exponentially Fragile PT Symmetry in Lattices with Localized Eigenmodes[END_REF]- [START_REF] Joglekar | PT-symmetry breaking with divergent potentials: Lattice and continuum cases[END_REF].

To date, most of the studies in optical realizations of PT-symmetric media have connected stacked layers and films [START_REF] Ge | Conservation relations and anisotropic transmission resonances in onedimensional PT-symmetric photonic heterostructures[END_REF]- [START_REF] Alaeian | Parity-time-symmetric plasmonic metamaterials[END_REF]. The planar structures containing dielectric layers with balanced gain and loss are of particular interest because on one hand, they are compatible with the existing fabrication technologies and, on the other, their basic models provide deep insight into the main features and mechanisms of scattering. The existence of transmission resonances in which the reflectance vanishes only for waves incident from one side of the structure, which we refer to as anisotropic transmission resonances (ATRs), unidirectional invisibility phenomenon (as a special case of these ATRs) and PT-breaking transitions in the spectrum of 1D PT -symmetric photonic heterostructures; these were discussed in [START_REF] Ge | Conservation relations and anisotropic transmission resonances in onedimensional PT-symmetric photonic heterostructures[END_REF]. The optical medium, consisting of a uniform index grating with two homogeneous and symmetric gain and loss regions, that realizes a PT-symmetric coherent perfect absorber (CPA) laser was introduced in [START_REF] Longhi | PT-symmetric laser absorber[END_REF]. It was demonstrated that such systems can behave simultaneously as a laser oscillator, emitting outgoing coherent waves, and as a CPA, absorbing incoming coherent waves. The effect of non-Hermiticity parameters (loss-gain balance) on the dispersion and scattering properties of a MM, composed of a periodically stacked five-layer plasmonic waveguide, was investigated in [START_REF] Alaeian | Parity-time-symmetric plasmonic metamaterials[END_REF]. It is necessary to note that investigation of periodical PT-symmetric structures was primarily limited, by consideration of Bragg gratings, under normal incident wave illumination [START_REF] Lin | Unidirectional Invisibility Induced by PT-Symmetric Periodic Structures[END_REF], [START_REF] Kulishov | Nonreciprocal waveguide Bragg gratings[END_REF], [START_REF] Kulishov | Resonant cavities based on Parity-Time-symmetric diffractive gratings[END_REF]. The spectral features of nonreciprocal waveguide Bragg gratings with careful adjustment of the parameters corresponding to the index and gain/loss gratings were considered in [START_REF] Kulishov | Nonreciprocal waveguide Bragg gratings[END_REF]. It was demonstrated that the scattering from Bragg structures with PT-symmetric refractive index distribution can become unidirectionally invisible near the spontaneous PTsymmetry breaking point [START_REF] Lin | Unidirectional Invisibility Induced by PT-Symmetric Periodic Structures[END_REF]. public

Wave scattering by PT-symmetric epsilon-near-zero periodic structures

Recently, the MMs with epsilon-near-zero (ENZ) permittivities have attracted great attention owing to the specified wave interaction properties. It was shown that working in the ENZ regime with vanishingly small real part of dielectric permittivity we can obtain a markedly visible tunneling phenomenon at low levels of gain [START_REF] Savoia | Tunneling of obliquely incident waves through PTsymmetric epsilon-near-zero bilayers[END_REF] in PT-symmetric bilayer. In our paper [START_REF] Shramkova | Scattering properties of PT-symmetric layered periodic tructures[END_REF] we have explored the scattering properties of the linear and nonlinear PT-symmetric binary periodic ENZ material with balanced loss and gain.

Let us consider the PS composed of stacked isotropic homogeneous layers with relative dielectric permittivities 𝜀 = 𝜀 ′ -𝑖𝜀 ″ and 𝜀 * = 𝜀 ′ + 𝑖𝜀 ″ (   and   are positive) corresponding to balanced gain and loss regions. The system is PT-symmetric about z=0. The layers have identical thicknesses d and are assumed of infinite extent in the x0y-plane.

The stack is surrounded by linear homogeneous medium with dielectric permittivity 𝜀 𝑎 at 𝑧 ≤ - We study the PT-symmetric system from the point of view of the scattering matrix (S-matrix). The magnetic field of TM wave in the dielectric layer and surrounding homogeneous medium can be presented in the following form

𝐻 𝑦 (𝜔, 𝑥, 𝑧) = 𝑒 -𝑖𝜔𝑡+𝑖𝑘 𝑥 𝑥 { 𝐴𝑒 𝑖𝑘 𝑧𝑎 (𝑧+ 𝐿 2 ) + 𝐵𝑒 -𝑖𝑘 𝑧𝑎 (𝑧+ 𝐿 2 ) , 𝑧 ≤ - 𝐿 2 𝐶𝑒 𝑖𝑘 𝑧𝑎 (𝑧-𝐿 2 ) + 𝐷𝑒 -𝑖𝑘 𝑧𝑎 (𝑧-𝐿 2 ) , 𝑧 ≥ 𝐿 2 , ( 2.1) 
Where, where 𝑘 𝑥 = 𝑘 0 √𝜀 𝑎 𝑠𝑖𝑛 𝜃 𝑖 is the transverse wave number; 𝑘 𝑧𝑎 = 𝑘 0 √𝜀 𝑎 𝑐𝑜𝑠 𝜃 𝑖 is the longitudinal wave number outside the stack; 𝑘 0 =  𝑐 ; A, B, C and D are amplitudes of the forward and backward propagating waves outside the stack. These amplitudes are readily obtained by satisfying the continuity conditions for the tangential field components at the stack interfaces. This yields in the following relation

( ) ( ) ( ) ( ) ( ) 1 11 1 , 2 1 a za za za a aa za ck AD M kk cc BC ck                      =       -      -     (2.2)
where 𝑀 ̑(𝜔) = (𝑚̑(𝜔))

𝑁 is the transfer matrix of the whole stack that can be expressed in terms of the transfer matrix 𝑚̑(𝜔) = 𝑚̑𝐿 1 (𝜔)𝑚̑𝐿 2 (𝜔) of a single period using Abeles theorem [START_REF] Savoia | Tunneling of obliquely incident waves through PTsymmetric epsilon-near-zero bilayers[END_REF], where ( )

1, 2 LL m
 are the transfer matrices of each layer. Making use of (2.2) we can deduce the S-matrix in the form of the stack transfer matrix elements. The S-matrix is defined by

( 𝐵 𝐶 ) = 𝑆 ̑(𝐴 𝐷 ) = ( 𝑅 (𝐿) (𝜔) 𝑇(𝜔) 𝑇(𝜔) 𝑅 (𝑅) (𝜔) ) ( 𝐴 𝐷 ). (2.3) 
Here ( ) ( )

, LR R
 are stack reflection coefficients for wave incident from the left and right, ( )

T  is the transmission coefficient (it is the same for left and right incidence). The scattering matrix in this definition measures the breaking of PT symmetry. An alternative definition of the scattering matrix can be used for the determination of unidirectional invisibility points and takes the form

( 𝐷 𝐴 ) = 𝑆 ̑𝑐 ( 𝐵 𝐶 ) = ( 𝑇(𝜔) 𝑅 (𝐿) (𝜔) 𝑅 (𝑅) (𝜔) 𝑇(𝜔) ) ( 𝐵 𝐶 ). (2.4) 
As it was shown in [START_REF] Savoia | Tunneling of obliquely incident waves through PTsymmetric epsilon-near-zero bilayers[END_REF], the tunneling phenomenon in ENZ bilayers with balanced loss and gain is mediated by the excitation of a surface wave at the interface separating the gain and loss regions. Authors of the mentioned work have determined the tunneling conditions and analysed three regimes of operation connected with gain/loss level.

In our work the analytical study of expressions for reflection coefficient ( ) ( )

, LR R
 has revealed that for PT-symmetric ENZ periodic stack the tunnelling/zero-reflection conditions can be fulfilled if for sufficiently thick layers the angle of wave incidence approaches the critical angle

𝜃 𝑐 = 𝑎𝑟𝑐𝑠𝑖𝑛 √ 𝜀 ′2 +𝜀 ″2 2𝜀 ′ . (2.5)
This expression for the critical angle coincides with the expression obtained for PT-symmetric ENZ bilayers in [START_REF] Savoia | Tunneling of obliquely incident waves through PTsymmetric epsilon-near-zero bilayers[END_REF].

Moreover, similar to the case for two slabs the plane wave incident at 𝜃 𝑖 >𝜃 𝑐 can excite the surface waves at the gainloss interfaces (Fig. 2.2). The peaks of distribution at the interfaces between layers in the period confirm this fact. All regimes of operation considered for PT-symmetric ENZ bilayers are valid for binary periodic PT-symmetric stacks.  == . As it was demonstrated in the literature [37], a 1D PT-symmetric structures can undergo spontaneous symmetry-breaking transitions in the eigenvalues and eigenvectors of its S-matrix when an abrupt phase transition to a complex eigenspectrum takes place. In the PTsymmetry breaking points both eigenvalues meet and bifurcate, and the broken phases correspond to [START_REF] Shramkova | Wave mixing by periodic nonlinear semiconductor multilayers[END_REF] We have demonstrated that the number N of stacked unit cells and thickness of the whole stack have strong impact on the transition and ATR. The numerical examination of frequency dependences for 1,2

 in Figs.2.3(a)-2.3(b)
shows that with increase of N (increase of total thickness of the stack) symmetry breaking occurs at lower frequency. In 

Propagation of electromagnetic waves in PT-symmetric hyperbolic structures

Recent studies of electromagnetic waves in photonic crystals containing hyperbolic MMs [START_REF] Xiang | Omnidirectional gaps of one-dimensional photonic crystals containing indefinite metamaterials[END_REF]- [START_REF] Madani | Influence of the orientation of optical axis on the transmission properties of one-dimensional photonic crystals containing uniaxial indefinite metamaterial[END_REF] indicate that such structures have more degrees of freedom for designing additional types of optical devices. The dispersion properties of multilayered structures formed by hyperbolic media have been investigated mainly for the photonic crystal regime, avoiding the hypercrystal limit [START_REF] Narimanov | Photonic Hypercrystals[END_REF]. Photonic hypercrystals are a class of artificial materials combining the properties of optical MMs and photonic crystals. They are formed by periodic variation in a hyperbolic medium, with a period much less than the wavelength of the electromagnetic waves but much larger than the unit cell size of the hyperbolic MM. Such materials exhibit unusual properties that can find many applications in nanophotonics.
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In out work [START_REF] Shramkova | Propagation of electromagnetic waves in PT-symmetric hyperbolic structures[END_REF] we have investigated the electromagnetic wave propagation in a PT-symmetric hyperbolic semiconductor MM. The properties of this material are determined both by the hyperbolic layers and by the loss-gain profile of the dielectric parts of the unit cell. We considered a finite PT-symmetric periodic stack composed of hyperbolic MM layers of thickness dh separated by dielectric media with loss and gain in equal quantities. We assumed that the constituent dielectric layers have identical thickness dd and complex-conjugate dielectric permittivities

d i      =- and * d i      =+
(   and   are positive). The layers are of infinite extent in the x0y-plane. The system is PT-symmetric about z=0. The field and charge interactions in each layer are described by Maxwell's equations and the charge motion and current continuity equations. We consider the TM waves. The properties of semiconductor stack can be described by the effective parameters derived in the frameworks of the effective medium approximation under the assumption that constitutive elements of the composite are much smaller that the wavelength. The tensor components for MM layer have the form

𝜀 𝑥𝑥 (ℎ) = 𝜀 1 𝑎 1 +𝜀 2 𝑎 2 𝑎 , 𝜀 𝑧𝑧 (ℎ) = 𝑎 ( 𝑎 1 𝜀 1 + 𝑎 2 𝜀 2 ) -1 , (2.6) 
where

𝜀 𝑗 (𝜔) = 𝜀 0𝑗 [1 - 𝜔 𝑝𝑗 2 𝜔 2 ]
are the equivalent permittivity of semiconductor layers, j = 1, 2 denotes the respective constituent layer in the unit cell, 𝜀 0𝑗 is the permittivity associated with the semiconductor lattice, 𝜔 𝑝𝑗 is the plasma frequency.

Two hyperbolic regimes in which the permittivity along one axis is negative while the permittivity along the other axes are positive, can be attained in the frequency range between the plasma frequencies of semiconductor materials where k is the Bloch wavenumber (averaged wavenumber, describing the periodicity of the structure), 𝑘 𝑧 (𝑔) = √𝑘 0 2 𝜀 𝑑 -𝑘 𝑥 2 and 𝑘 𝑧 (𝑙) = √𝑘 0 2 𝜀 𝑑 * -𝑘 𝑥 2 are longitudinal wave numbers for dielectric layers with gain and loss, 𝑘 𝑧

(p2 <  < p1).
(ℎ) = √ 𝜀 𝑥𝑥 (ℎ) 𝜀 𝑧𝑧 (ℎ) (𝑘 0 2 𝜀 𝑧𝑧 (ℎ) -𝑘 𝑥 2 )
is the longitudinal wavenumber of a uniaxial fine-stratified semiconductor medium, kx is the transverse wavenumber. In order to evaluate the effect of the gain/loss value, the band spectrum has been simulated at frequency  =  s -1 for three different values of 𝜀 ″ (Fig. 2.7). We can observe that two photonic bands intersect at the centre of the Brillouin zone giving rise to the photonic Dirac point (DP) (Fig2.7b). The frequency dispersion of the modes located in the vicinity of this point is linear. Note, that at DPs the spatial average of the permittivity of the lattice is equal to zero and the transmissivity of the structure is inversely proportional to the total length of the lattice [START_REF] Sepkhanov | Extremal transmissionat the Dirac point of a photonic band structure[END_REF]. In this work we made a comparison of the effective-medium approach with the exact transmission matrix technique.

A stratified structure with the period much less than the wavelength of the electromagnetic waves can be treated as a continuous uniaxial medium with two different values of the dielectric constant. Therefore the reflectance of electromagnetic wave obtained by the effective-medium approach does not exhibit nonreciprocity. However, an earlier analytical study of the scattering by PT-symmetric systems [START_REF] Ge | Conservation relations and anisotropic transmission resonances in onedimensional PT-symmetric photonic heterostructures[END_REF] has revealed that linear and nonlinear responses become nonreciprocal, i.e., dependent on the direction of the pump wave incidence. This means that the effectivemedium approach does not adequately describe the propagating waves in hypercrystals. We observed a difference between the results provided by these approaches, even for wavelengths that are about 100 times larger than the period of the PT -symmetric stack.

We have shown that unidirectional invisibility can be observed at frequencies corresponding to the hyperbolic regime for semiconductor MMs. We have demonstrated that the symmetry of the structure enables above-unity reflection.

The existence of an abrupt phase transition was examined in detail. It was shown that the resonant phenomena and spontaneous symmetry breaking are strongly influenced by the constitutive and geometrical parameters of the layers and the angles of incidence. The optical properties of PT -symmetric hyperbolic structures were discussed here with examples of specific semiconductor materials (GaAs and InSb) and can be experimentally observed.

Nonlinear wave scattering by loss-compensated active hyperbolic structure

It was shown before that the combined effect of the pump wave dissipation and attenuation of the mixing products passing through the periodic and quasi-periodic stacks of binary layers of anisotropic nonlinear dielectrics causes dramatic reduction of the CFG efficiency. One way to mitigate this problem is to use the active materials, so that to compensate the losses with the gain of active media. Loss compensation in linear active metal-dielectric photonic band gap structures was considered in [START_REF] Ramakrishna | Removal of absorption and increase in resolution in a near-field lens via optical gain[END_REF]- [START_REF] Argyropoulos | Negative refraction, gain and nonlinear effects in hyperbolic metamaterials[END_REF]. In fact, loss compensation in such materials opens new routes towards the design of gain-assisted low-loss hyperbolic materials. For example, the introduction of the gain can enhance the lens peculiarities also for wavelengths where the lens performance is frustrated [START_REF] Vincenti | Loss compensation in metal-dielectric structures in negative-refraction and super-resolving regimes[END_REF]. The nonlinearity of semiconductor layers is directly related to the losses inflicted by collisions of carriers [START_REF] Shramkova | Nonlinear wave scattering by stacked layers of semiconductor plasma[END_REF]. Therefore, in contrast to the dielectrics where losses reduce the efficiency of nonlinear mixing, the intensities of the waves with combinatorial frequency emitted from the same stack grow with the collision frequency in semiconductor layers. Thus, the issue is to see whether or not the introduction of gain within the dielectric layers affects the efficiency of wave mixing by the semiconductor-dielectric stack.

Recent studies have indicated that hyperbolic materials have significant potential for enhancement of the effects associated with the second-and third-order nonlinearities [START_REF] Argyropoulos | Negative refraction, gain and nonlinear effects in hyperbolic metamaterials[END_REF]- [START_REF] Duncan | New avenues for phase matching in nonlinear hyperbolic metamaterials[END_REF]. The quasi-phase-matching condition is the necessary prerequisite of nonlinear mixing that essentially enforces conservation of linear momentum in the wave interactions. It was demonstrated that the dispersion afforded by hyperbolic MMs facilitates the phase synchronism between the interacting waves.

To explore the possibility of the nonlinear activity enhancement in the loss-compensated semiconductor-dielectric multilayers we have considered the properties of the combinatorial frequencies generated by the active nonlinear semiconductor-dielectric photonic crystal illuminated by the plane waves of two tones. We assumed that
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 is the equivalent permittivity of semiconductor layer, 1 L  is the lattice permittivity; 1 is the collision frequency;
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is the dielectric permittivity of dielectric layer. For the active dielectric medium, we take the gain values ( ) ( )

21        =- , 𝛼 = 𝑑 1 𝑑 2 .
The reflection coefficients (for left incidence -( ) L R , for right incidence -( ) R R ) of TM waves incident at slant angles i =30° and i =60° on the fine-stratified periodic stack with N=40, d =4 m, d1/d2=3/7 is displayed in Fig. 2.8. The calculation was carried out for the lattice consisting of a GaAs semiconductor as the first layer inside the unit cell ( 𝜀 𝐿1 = 10.9 , p1 = 1 THz, 1 = 0.05 THz) and dielectric material with 𝜀 2 ′ = 15 as the second slab. Such semiconductor-based structure is optimal for THz frequencies. The glass materials doped with laser-active ions can be used as gain dielectrics in experimental works. It was assumed that the stack is surrounded by air. The bands corresponding to different hyperbolic regimes are blue and pink shaded in Fig. 2.8. The comparison of the dependences for passive (Fig. 2.8a) and active (Fig. 2.8b) stacks demonstrates that the presence of the layer with gain can noticeably (more than 10%) reduce the dips of reflectivity at the frequency band corresponding to the elliptical regime (g1 <  < g2). Specifically, for the loss-compensated stacks the increase of collision frequency 1 leads to the movement of reflectivity dips towards lower frequencies corresponding to the first hyperbolic regime. The scattering properties of the stack are simulated at wavelengths that are about 10 times larger than the total thickness of the structure. The number of the resonance dips for linear reflectance will rise with the number of periods N or thickness of the period d (𝑑 = 𝑑 1 + 𝑑 2 ) at frequencies   g1. It is evident that in the linear active loss-compensated semiconductor-dielectric multilayers the reflectivity depends on the direction of wave incidence. As the result, the slight mismatch of the curves for ( ) L R and ( ) R R in the frequency band g1 <  < g2 (Fig. 2.8c) and close to the frequency p1 (Fig. 2.8d) can be observed. Note that the transmittivity of such active system will be the same for both directions of wave incidence. We have demonstrated that the frequency mixing efficiency and nonreciprocity were determined by the pump wave intensities inside the layers which, in turn, depend on the stack linear reflectance. Thus, the weakly asymmetric linear scattering can lead to the noticeable nonreciprocity of CFG by active hyperbolic structure.

The simulated nonlinear scattering coefficients |Fr| of the combinatorial frequency emitted from the passive (dash-dot blue curve) and active (solid red curve for two pump waves incident from the left, and dashed black curve for two pump waves incident from the right) stacks with the same parameters as above are displayed in Fig.  (THz)
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public same time, when 2≈p1 the emission at 1 >g1 is higher for the passive stack than that for the active one as evidenced by Fig. 2.9(e). This fact indicates that in the proximity of p1 the collision frequency has noticeable effect on longitudinal wavenumber of the uniaxial fine-stratified semiconductor medium as it was mentioned before. It was obtained that the dependencies |Ft()| have the same character, but the combinatorial frequency emission in the forward direction is slightly higher. In contrast to the passive stacks, the frequency mixing in the active systems exhibits the nonreciprocity especially in the proximity of the resonant frequencies at 1=p1 and 1=p1 * as seen in Fig. 2.9(b,c). It is also noteworthy that for the wavelengths that are about 10 times larger than the total thickness of the structure the nonreciprocity of the emission in the forward direction (|Ft|) is almost negligible. 

Nonlinear saturations effects in non-Hermitian scattering systems

To describe realistically the planar structures of the layers, we must take into account the nonlinear physical mechanisms of passive/active media. The effects associated with the nonlinear saturation of the gain/loss in PTsymmetric stacks of the layers have been investigated in several works [START_REF] Liu | Regularization of the spectral singularity in PT-symmetric systems by allorder nonlinearities: Nonreciprocity and optical isolation[END_REF]- [START_REF] Novitsky | PT symmetry breaking in multilayers with resonant loss and gain locks light propagation direction[END_REF]. As it was demonstrated in [START_REF] Liu | Regularization of the spectral singularity in PT-symmetric systems by allorder nonlinearities: Nonreciprocity and optical isolation[END_REF] for the case of a waveguide with equal segments of gain and loss, different nonlinear mechanisms affect the spectral singularities and lead to finite scattering amplitudes. By applying a variation of the finite difference method in order to numerically integrate the Helmholtz equation with saturable nonlinearity, the absence of spectral singularity due to the saturation mechanism was investigated. The impact of the different degrees of gain/loss saturation in nonlinear dispersive PT Bragg grating was also considered in [START_REF] Phang | Impact of dispersive and saturable gain/loss on bistability of nonlinear parity-time Bragg gratings[END_REF]. Using a time-stepping numerical technique based on the transmission line modeling method, the bistable operation of a grating for high gain/loss saturation intensity was also demonstrated. For low intensities, saturation inhibits the PT characteristics of the grating. On the other hand, high saturation levels provide an interplay of nonlinear and PT phenomena reducing the intensity at which bistability occurs. As it was demonstrated numerically in [START_REF] Barton | Broadband and wide-angle nonreciprocity with a non-Hermitian metamaterial[END_REF], the combination of nonlinear non-Hermitian layered MM with a PT symmetric distribution of loss and gain provides broadband and wide-angle nonreciprocity. Both the strong nonreciprocal response of the structure and the bistability effect depend on the gain and loss saturation value, as well as, on the input intensity magnitude and the angle of incidence [START_REF] Barton | Broadband and wide-angle nonreciprocity with a non-Hermitian metamaterial[END_REF], [START_REF] Witoński | Effect of Nonlinear Loss and Gain in Multilayer PT-Symmetric Bragg Grating[END_REF]. Moreover, gain and loss saturation effects can alter the transition from the broken symmetry phase to the PT-symmetric one. In order to take into account the longitudinal distribution of loss and gain inside the unit cell of a nonlinear saturable multilayer PT-symmetric Bragg grating structure [START_REF] Witoński | Effect of Nonlinear Loss and Gain in Multilayer PT-Symmetric Bragg Grating[END_REF], the transfer matrix method was applied. In particular, such method was based on dividing each layer of primitive cells into narrow stripes, and assuming that the gain or loss, in each stripe, is constant. The peculiarities of PT-symmetry breaking in the case of light propagation through a multilayered PT-symmetric structures in the time domain was also investigated in [START_REF] Novitsky | PT symmetry breaking in multilayers with resonant loss and gain locks light propagation direction[END_REF]. It was observed that the saturation effects can lead to the unique phase transition in the parameter space and nonreciprocal transmission of the propagating pulses. In our works [START_REF] Shramkova | Loss-compensated active nonlinear layered structures with gain saturation[END_REF], [START_REF] Shramkova | Nonlinear scattering by non-Hermitian multilayers with saturation effects[END_REF] we provided a nonlinear model describing the field evolution in the periodic semiconductor layered system in the presence of saturable gain. The gain and complex nonlinearity we use were derived using the two-level model. We have explored which specific unique properties the non-Hermiticity imposes on the transmission and reflection characteristics of one-dimensional layered PT structures, when dispersion and saturation nonlinear effects are taken into account.

1 (THz)
Let us investigate a system composed by two slabs of different thicknesses d1 and d2. The z-axis is perpendicular to the boundaries of the layers. The layers are assumed to be of infinite extent in the x-and y-directions. We also assume that the dielectric permittivities of the layers correspond to nonlinear gain and loss regions where saturation effects are taken into account. Let us consider an incident plane wave at an angle  on a structure of thickness L surrounded by a homogeneous medium with dielectric permittivity r=1. Only TM waves are examined here. By assuming that the intensity of propagating waves is much less than the saturation intensity, the nonlinear susceptibility can be expressed as [START_REF] Marini | Amplification of surface plasmon polaritons in the presence of boblinearity and spectral signatures of threshold crossover[END_REF]:

𝜒 𝑗 ≈ 𝜑 𝑗 𝛿 𝑗 -𝑖 1+𝛿 𝑗 2 + 𝜑 𝑗 𝑖-𝛿 𝑗 (1+𝛿 𝑗 2 ) 2 | 𝐸 ⃗ 𝑗 𝐸 𝑠𝑗 | 2 .
(2.9)

As a result, the nonlinear wave equations that describe the system can be reduced to an inhomogeneous Helmholtz equation for xj E for each nonlinear layer, namely:

( 𝜕 2 𝜕𝑧 2 + 𝜕 2 𝜕𝑥 2 + 𝜔 2 𝑐 2 𝜀 𝑗 ) 𝐸 𝑥𝑗 = -𝑘 0 2 𝜉 𝑗 (|𝐸 𝑥𝑗 | 2 + |𝐸 𝑧𝑗 | 2 ) 𝐸 𝑥𝑗 , (2.10) 
where

𝜀 𝑗 = 𝜀 0𝑗 + 𝜑 𝑗 𝛿 𝑗 -𝑖 1+𝛿 𝑗 2 , 𝜉 𝑗 = 𝜑 𝑗 𝑖-𝛿 𝑗 (1+𝛿 𝑗 2 )
2 ; c is the speed of light; 0 j  is the background permittivity of the medium;

𝛿 𝑗 = 𝜔 2 -𝜔 0𝑗 2 𝜔𝛾 𝑗
and 0 j  is the emission frequency, j  is the gain/absorption linewidth; 𝜑 𝑗 = 𝛼 𝑗 𝜔 0𝑗 𝜔 , j  is the dimensionless gain/absorption coefficient, j = 1,2 denotes the respective constituent layer. We use here positive parameters 1

 and 1  when referring to the amplifying medium with   we take 2 0   and 2 0   , which ensures the causality of dielectric permittivity. The full solution of inhomogeneous eq. (2.10) can be represented as a superposition of the eight partial plane waves, which must satisfy the conditions of field continuity at the layer interfaces [START_REF] Shramkova | Loss-compensated active nonlinear layered structures with gain saturation[END_REF]. In order to examine the gain and loss saturation effects in the system, we consider the problem of TM waves' scattering by the public bilayer. Enforcing the boundary conditions of field continuity at the interfaces of the stacked layers and using the modified transfer matrix method, we obtain that the reflected and refracted fields of the TM waves outgoing from the nonlinear stack into the surrounding homogeneous medium.

Below we present the results of numerical simulations based upon the analytical solutions to illustrate the noticeable difference between the scattering characteristics for linear and nonlinear systems. This is attributed to the profound effect of the spectral properties of nonlinear susceptibility on wave reflection and refraction into the nonlinear stack.

It was obtained, that when the thickness of the period is much less than the wavelength of electromagnetic wave, the transmittivity of the nonlinear system is almost independent on the side of electromagnetic wave incidence (𝑇 𝑛𝑙 (𝐿) ≈ 𝑇 𝑛𝑙 (𝑅) , where 𝑇 𝑛𝑙 (𝐿,𝑅) are nonlinear stack transmission coefficients for wave incident from the left and right). The difference between these characteristics rises with thickness of the period and angle of wave incidence. The effect of gain coefficient 𝛼 1 on reflectivity and transmittivity of TM waves outgoing from the nonlinear stack with linear lossy layer into the surrounding homogeneous medium is illustrated in Fig. 2.10. We assumed that

𝜀 2 = 𝜀 𝐿2 [1 - 𝜔 𝑝2 2 [𝜔(𝜔+𝑖𝜈 2 )] ]
is the equivalent permittivity of linear lossy semiconductor layer, 𝜀 𝐿2 is the lattice permittivity; 𝜈 2 is the collision

frequency; 𝜔 𝑝2 = √ 4𝜋𝑒 0 2 𝑛 0 (𝜀 𝐿2 𝑚)
is the plasma frequency, 0 n is the equilibrium carrier concentration, 0 e and m are the carrier charge and mass. It was obtained, that difference between the characteristics for linear and nonlinear stacks rises with the gain coefficient 𝛼 1 for the layer with the gain. To determine the gain coefficient corresponding to the lossless propagation in nonlinear stack with gain saturation, we also present the dependence of To demonstrate the effect of gain and loss saturation on the perfect transmission phenomenon, we plot in Fig. As it was discussed before, an alternative definition of the scattering matrix can be used for the determination of unidirectional invisibility points. The eigenvalues of c S -matrix and S-matrix do not coincide, but they have the same general properties. The eigenvalues of the c S -matrix are either both unimodular or of reciprocal magnitude and in the case of nonlinear non-Hermitian system they can be represented as (2.13)
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The numerical examination of the eigenvalues 𝜆 𝑐1,𝑐2 𝑛𝑙 spectrum dependences is presented in Fig. 2.17. The parameters of the nonlinear systems are the same as in Fig. 2.16 for the eigenvalues 𝜆 1,2 𝑛𝑙 simulation. Comparison of the results presented in Fig. 2.16 and Fig. 2.17 shows that with an increase of the thickness of the layers additional singular points of the eigenvalues 1, 2 nl cc  arise. Several singularity points coincide with the points corresponding to the so-called PT-symmetric phase of S-matrix. Ambiguity of the definition of the scattering matrix was discussed in recent work [START_REF] Novitsky | Unambiguous scattering matrix for non-Hermitian systems[END_REF] demonstrating that the exceptional points obtained using S-matrix can predict the lasing like regime. It was proven that only c S -matrix must be used for the correct prediction of the exceptional points and PT -symmetry breaking.

Chapter summary

The optical properties of PT-symmetric periodic stacks of the layers with balanced loss and gain were examined. We have demonstrated that the tunnelling phenomenon in PSs is connected with excitation of surface waves at the boundaries separating gain and loss regions within each unit cell and tunnelling conditions for periodic stacks can be
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public reduced to the conditions for one period. Alternatively, it was shown that coherent perfect absorber laser states are mediated by excitation of surface modes localized at all internal boundaries of the structure. The effects of structure parameters, angles, direction of incidence on the resonant phenomena and spontaneous symmetry breaking transition were determined. It was shown that structural periodicity significantly increases the number of resonant phenomena, especially in stacks with high real and imaginary parts of dielectric permittivity of the layers.

We have investigated theoretically and numerically the propagation of electromagnetic waves in PT -symmetric periodic stacks composed of hyperbolic MM layers separated by dielectric media with balanced loss and gain. We have derived the characteristic frequencies governing the dispersion properties of the eigenwaves of PT-symmetric semiconductor-dielectric stacks. By tuning the loss/gain level and thicknesses of the layers, we have studied the evolution of the dispersion dependencies. We have shown that the effective-medium approach does not adequately describe the propagating waves in the PT -symmetric hypercrystals, even for wavelengths that are about 100 times larger than the period of the stack. We have demonstrated the existence of anisotropic transmission resonances and above-unity reflection in PT -symmetric hyperbolic systems. The PT -symmetry-breaking transition of the scattering matrix is strongly influenced by the constitutive and geometrical parameters of the layers and the angles of wave incidence. We have explored the CFG by the non-Hermitian loss-compensated multilayer semiconductor-dielectric stack. We have demonstrated that incorporating gain within the multilayer system renders the compensation of semiconductor loss and significantly enhances the nonlinear interactions in the semiconductor stacks with resistive nature of nonlinearity.

We have explored the effects of gain saturation on the transmission/reflection of a multilayered periodic semiconductor system. Our main goal was to present a theory of electromagnetic wave amplification accounting for saturation of the linear gain by the nonlinear losses. The closed-form solutions for calculating the transmission and reflection of a gain-compensated lossless periodic semiconductor stack of the layers, taking into account gain saturation, have been obtained in the presence of weak nonlinearity. The obtained characteristics illustrated the influence of parameters of the stack, angles of wave incidence, and saturation intensity on the transmission/reflection coefficients. We have demonstrated that depending on the characteristics of the stack the noticeable nonreciprocity can be achieved. Using the conservation relation, we have determined the gain coefficient threshold corresponding to the gain coefficient providing the full compensation of the losses in the linear stack. We have demonstrated that in a case of nonlinear stack the full gain-loss balance can be maintained taking the gain coefficient above or below the gain coefficient threshold. The presented methodology can be used to analyze the optical properties of PT-symmetric structures and to explore the transition between symmetric and broken phases in the non-Hermitian system with gain and loss saturation effects.

We have theoretically investigated the effect of loss and gain saturation on the transmission/reflection of a PTsymmetric bilayer and multilayer under obliquely incident, TM-polarized plane-wave illumination. Based on a perturbative transfer matrix method, we obtained closed form solutions for the transmission and reflection coefficients of one-dimensional non-Hermitian dispersive layered system with saturable gain/loss under the presence of weak nonlinearity. The effects of the structure parameters and of the incidence angle on the scattering characteristics of a non-Hermitian layered structure have been examined in detail. The presence of nonlinearity leads to considerable differences between the scattering characteristics of the corresponding linear and nonlinear systems. We have showed that for appropriate combinations of the incoming wave frequencies, incidence angles, and layers' constitutive parameters, an oblique plane wave may perfectly propagate through the PT-symmetric stack with gain and loss public Chapter 3

Localized photonic jets generated by dielectric microstructures

The photonic nanojet (NJ) is a highly focused beam of light formed in proximity to the shadow surface of illuminated transparent dielectric particles with a size/diameter comparable or somewhat larger than the wavelength of the incident optical radiation [START_REF] Luk'yanchuk | Refractive index less than two: photonic nanojets yesterday, today and Opt[END_REF]. The interest to the NJ effect is mostly related to the promises of its practical applications in multiple emerging application domains, including optical sensors, light communication systems, spectroscopy, optical trapping and manipulation. In this connection, the question of controlled NJ characteristics' manipulation attracts a growing interest. The physics of photonic NJs generated by spherical or cylindrical particles was studied using the Mie theory [START_REF] Heifetz | Photonic nanojets[END_REF]. The analytical method of investigation of the near field focusing phenomenon for arbitraryshaped microstructures was proposed in [START_REF] Terekhov | Multipolar response of nonspherical silicon nanoparticles in the visible and near-infrared spectral ranges[END_REF]. The latest studies have shown that both the NJ shape and intensity depend significantly on the shape, size and optical properties of the generating microparticles [START_REF] Luk'yanchuk | Refractive index less than two: photonic nanojets yesterday, today and Opt[END_REF], [START_REF] Pacheco-Pena | Terajets produced by dielectric cuboids[END_REF], [START_REF] Darafsheh | Systematic study of the characteristics of the photonic nanojets formed by dielectric microcylinders[END_REF]. In our recent paper [START_REF] Boriskin | Near field focusing by edge diffraction[END_REF], we demonstrated that the generation of NJ beams by microstructures can be explained by the edge diffraction phenomenon providing edge wave (EW) generation which leads, by itself, to light confinement in the near field and local light deviation. The photonic NJ is created due to the constructive interference of edge diffracted waves from different segments of the edge line. Our experimental analysis has confirmed that the beam geometry and field intensity enhancement level can be tuned by varying the curvature of the edge line of dielectric microstructures. Later our analysis in [START_REF] Varghese | Influence of an edge height on the diffracted EM field distribution[END_REF] has revealed that diffraction of incident light from an edge of a dielectric microstructure separating two media of different refractive indexes results in a unique field repartition of the longitudinal component that consists of several lobes of decreasing intensity from the edge. We numerically demonstrated that there exists a critical height of the contact area that results in a single lobe which has the maximum intensity. This critical height is a function of the incident wavelength and the index-ratio of the two media. Below the critical height, only a single lobe appears whose spread angle increases with the decrease in the edge height. Above critical height, secondary lobes start appearing separated by dark fringes leaving the 1st lobe to be quasi-symmetric w.r.t. the propagation direction. This phenomenon analysis and modelling, introducing the concept of critical height allows for more efficient and controlled photonic NJ effect. These conclusions should improve NJ based designs taking advantage of optimal near-field beam generation. In our paper [START_REF] Shramkova | Localized photonic jets generated by step-like dielectric microstructures[END_REF] we have proposed to transform the shape of a NJ microlens in a such a way that all NJ beams, originating from different edges (associated with different layers) of the step-like microstructure, recombine and contribute to the formation of a single high-intensity NJ beam located on the axis of symmetry of the system. We demonstrated that the desired effect can be achieved using a step-like shape of the focusing element and combining two or more materials with different refractive indexes. It was shown that the characteristics of NJ beams are controlled by the parameters of the corresponding layers (i.e. refractive index ratios between the lens and host medium, base angle and size/shape of the step). A potential additional advantage of the proposed step-like microlens is the increase of the NJ beam length and/or intensity as the result of the partial contributions of multiple NJ beams, associated with different layers. The formation of a curved a photonic jet, named "photonic hook", by a single-material structure was discussed in [START_REF] Angeleene | Photonic Hook' based optomechanical nanoparticle manipulator[END_REF]. The authors presented a dielectric cuboid with the addition of a wedge-shaped prism made of the same material. public

High-intensity nanojet beams generated by dielectric multi-material microstructures

It was demonstrated that if the NJ is produced by a multi-material composite (for example, it is a radially inhomogeneous particle consisting of several concentric shells with different refractive indices or graded refractive index material) the NJ characteristics can be changed significantly [START_REF] Yu | Ultralong photonic nanojet formed by a two-layer dielectric microsphere[END_REF], [START_REF] Mao | Tunable photonic nanojet formed by generalized Luneburg lens[END_REF]. In our work [START_REF] Shramkova | Photonic nanojet generated by dielectric multi-material microstructures[END_REF] we have demonstrated a solution for the design of a NJ focusing component capable of deviating the focused beam in the near zone. The proposed solution is based on a combination of different dielectric materials. A cross-sectional view of the doublematerial NJ element is schematically illustrated in Fig. 3.1. The proposed microstructure combines two dielectric materials, having different refractive indexes, in such a way that all the NJ beams, originating from different edges (associated with different blocks/layers) of the system, recombine and contribute to the formation of a total NJ beam.

The structure parts are made of lossless isotropic dielectric materials. It is assumed that the double-material dielectric system with the total width and height W and H and with refractive indexes n2 and n3 (n2 > n3 ) is embedded in a homogeneous dielectric host media with a refractive index n1 < n3. The structure is illuminated by a TM-polarized plane wave propagating in the positive z-axis direction from below. Our analysis shows that the angles of deviation of the NJ beams caused by diffraction of a plane wave on the edges with a base angle of 90° (vertical edge in the example) are determined mainly by the ratio of indexes of the two media in contact:

𝛩 𝐵𝑗 ≈ 90 ∘ -𝛩 𝑇𝐼𝑅𝑗 2 , (3.1) 
where

𝛩 𝑇𝐼𝑅1 = 𝑠𝑖𝑛 -1 ( 𝑛 1 𝑛 2 ), 𝛩 𝑇𝐼𝑅2 = 𝑠𝑖𝑛 -1 ( 𝑛 3 𝑛 2 ), 𝛩 𝑇𝐼𝑅3 = 𝑠𝑖𝑛 -1 ( 𝑛 1 𝑛 3
) are the critical angles of refraction, j=1,2,3. Let us note that the length and intensity of these three NJ beams are different. The maximal intensity and minimal length correspond to the beam with highest ratio between the refractive indexes in the expression for 𝛩 𝑇𝐼𝑅𝑗 . To explain the behavior of total NJ radiated by the double-material microstructure we should determine the points of intersection of these initial NJs associated with the edges of the system and radiated at the angles 𝛩 𝐵1 , 𝛩 𝐵2 and 𝛩 𝐵3 . It was obtained that the position of the NJ hot spot is determined by the sizes and refractive indexes of the constitutive parts. 
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The NJs generated by the external edges of the microlens (NJ-1 (with angle B1) and NJ-3 (with angle B3) in Fig. 3.1)

will intersect at point B with the coordinates (WB, HB), where It is necessary to note, that NJ-2 and NJ-3 will intersect only if 3 1 2 . n n n  In this case, the coordinates of point C will be determined as:
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For the microstructure with total width 𝑊 ≤ 𝜆 we observe a NJ beam shift towards the part with lower refractive index n3. Changing the refractive index n3 we can tune the position of the NJ hot spot. The NJ hot spot position in x does not depend on the height H of the system. Increasing the total width of the microelements (𝑊 > 𝜆) we can distinguish two cases corresponding to different ratios between the refractive indexes of constitutive materials. For 𝑛 3 < √ 𝑛 1 𝑛 2 , the behavior of NJ beam will be similar to the 𝑊 ≤ 𝜆 case and changing n3 we just observe the NJ hot spot shift. This similar behavior is observed in Fig. 3.2a for a double-material microlens with 𝑛 3 > √ 𝑛 1 𝑛 2 and H<HA with HA defined as the z-coordinate of point A (see Fig. Increasing the height of the system up to HHB, we observe wavelength-dependent deflection of the NJ beam. Fig. 3.3a

shows the power density distribution in the x0z-plane for a system with HHB and 3 1 2

n n n  at three different wavelengths where we see the redistribution of power density between the generated intensive beams situated above the constitutive parts of the microlens. As a result, at 1=450 nm, we clearly observe the long tail of intensive NJ which is deviated towards the part with lower refractive index n3. In this case the main input will be provided by the short but most intensive NJ associated with the right edge of the system (NJ-1 in Fig. 3.1). For a case of longer wavelengths, the maximal total response will be determined by the input of the 2 other NJ beams (NJ-2 and NJ-3 in Fig. 3.1) which are longer but less intensive. So, the intensive beams will be deviated towards the part with higher refractive index n2. The deflection of these NJs are wavelength-dependent. An experimental generation of a microwave photonic jet and the possibility to spatially shift its position in the near field zone was confirmed with a dual-material structure illuminated by a plane wave in the microwave domain [START_REF] Varghese | Experimental observation of asymmetrical microwave jets and far-field distribution generated by a dual-material system[END_REF].

It was observed that by varying the relative structure size and relative permittivity, we can change the behavior of the combined EW and the resultant microwave jet. To experimentally observe the microwave jets, we fabricated the dielectric cuboids with the parameters mentioned in Table 1. The prototypes were made from solid PREPERM foams with the respective permittivities at the required frequencies. The single-material dielectric cuboid prototype is labelled as P1 whereas the double-material one is labelled P2 henceforth. Fig. 3.4a is an experimental measurement of light intensity at the shadow side of prototypes P1 and P2 kept at a fixed distance of 𝑧 = 3.75 cm from the sensor and illuminated by plane waves of 4 GHz. We observe that for both prototypes the intensity profile is a bell-curve confirming the generation of a microwave jet with the maximum for P1 along the vertical axis of symmetry of the system while that of P2 shifted by a certain distance. This shift of the peak position is attributed to relative permittivity difference of the constituents of P2. Fig. 3.4b demonstrates the light intensity profile for P2 at 5 GHz incidence for different separation distances from the sensor. The inset of Fig. 3.4b shows the EM field intensity variation along 𝑧̂ of the microwave jet hotspot peak at y=2 cm measured experimentally (orange curve) and numerically (blue curve) as a function of the separation distance. We observe the hotspot maximum to be at a distance of z=3.75cm from the system experimentally which is close to that expected from simulations (z=3.3cm). Moreover, the trend of width of the intensity curves at different positions of z is also coherent with the simulations. The asymmetric far field electric field pattern observed experimentally for a dual-material system is linked with an asymmetric orientation of the combined EW generated by the element. The system could be scaled down to be used at optical frequencies with the results potentially contributing to the development of a new type of optical manipulation device for trapping or moving micro/nanoparticles or help in designing diffraction grating elements.

Nanojet-based dielectric multi-material color splitters for image sensor applications

Image sensors are solid-state devices which are widely used in consumer electronic devices such as smartphones and various digital cameras. Depending on whether the sensor is a charge coupled device or complementary metal-oxidesemiconductor (CMOS), it will transfer information to the next stage as either a voltage or a digital signal. In the past decades we have observed significant improvement in the performance of CMOS image sensors. Increasing the resolution of these sensors leads to a decrease of the pixel size. As a result of the size scaling each pixel gets a lower amount of light and increased spatial optical crosstalk. To address the existing problems and to improve pixel performance, diverse sensor structures were proposed. It was demonstrated that to increase the light collection efficiency and to improve optical performance, an image sensor with digital-microlenses [START_REF] Onozawa | MOS image sensor with a digital-microlens[END_REF] can be used, with carefully designed periodic surface structures on crystalline silicon [START_REF] Takahashi | A 45 nm stacked CMOS image sensor process technology for submicron pixel[END_REF] or with a front inner lens located on the front side of the backside illuminated pixel [START_REF] Seok | Front-Inner lens for high sensitivity of CMOS image sensors[END_REF]. The shape and material of the color filter [START_REF] Frey | Color filters including infrared cutoff integrated on CMOS image sensor[END_REF]- [START_REF] Rezaei | Nanophotonic structural colors[END_REF] can also be adjusted.

To overcome the electrical and optical crosstalk problems, the deep-trench isolation (DTI) technology was proposed [START_REF] Onozawa | MOS image sensor with a digital-microlens[END_REF], [START_REF] Frey | Color filters including infrared cutoff integrated on CMOS image sensor[END_REF], [START_REF] Park | Deep trench isolation for crosstalk suppression in active pixel sensors with 1.7 m pixel pitch[END_REF]- [START_REF] Bayer | Color Imaging Array[END_REF]. It was demonstrated that, by putting deep trenches filled with lower refractive index materials compared to Si photodiodes between the pixels, it was possible to create a wall against electron diffusion, thus preventing the interference between adjacent pixels.

For decades, an absorptive Bayer color-filter array [START_REF] Bayer | Color Imaging Array[END_REF] has remained the dominant approach to achieve color imaging.

To discriminate the colors, the color filters are integrated on the pixel array, below the microlenses. It should be noted that by using absorptive color filters in image sensors, about two-thirds of the light entering a pixel is wasted by the filtering process. Some sensor systems, such as the Foveon sensor [START_REF] Rush | X3 Sensor Characteristics[END_REF], operate without absorptive color filters or diffractive elements. In such systems, the pixel structure is threefold, with three photodiodes being stacked vertically one on top of the other. The color selectivity principle is that each color band will get absorbed after a different depth in the silicon material. Blue radiation is absorbed in the first photodiode, and red in the last, green being absorbed in between. Potential disadvantages of such systems include the presence of color crosstalk, as the absorption bands somewhat overlap. Moreover, the Foveon sensor pixel size is about 7 μm, which makes it less suitable for smartphone or compact camera formats.

Using color splitters to enable light deflection at different angles for RGB wavelengths, the absorptive losses can be avoided. Recently, several solutions for color splitters based on new topologies were proposed. In order to efficiently separate different spectral components of an optical beam, the use of symmetric and asymmetric deflectors having microscale plate-like structures composed of a transparent medium with refractive index higher than the surrounding material [START_REF] Nishiwaki | Efficient colour splitters for high-pixeldensity image sensors[END_REF] was proposed. This method has several weak points, including a small aperture size of the splitting public component, a large aspect ratio between the dimensions of the color splitter element and a high of such device response to the direction of the incoming light. Spatial splitting of incident light into RGB colors for pixel-scale color splitters based on dielectric metasurfaces was demonstrated in [START_REF] Miyata | High-sensitivity color imaging using pixel-scale color splitters based on dielectric Metasurface[END_REF]. A significant enhancement of the amount of light detected by sensors was observed for metasurfaces with dielectric nanoposts. The dispersion-managed metasurface concept was used to create a RGB color splitter. Low-index nanophotonic color splitters with splitter elements on the surface of CMOS sensors were proposed in [START_REF] Johlin | Nanophotonic color splitters for high-efficiency imaging[END_REF]. It was demonstrated that the created 2D and 3D structures with as few as four layers efficiency when compared to color filters alone. A perfect color router design is presented in [START_REF] Zhao | Perfect RGB-IR color routers for sub-wavelength size CMOS image sensor pixels[END_REF]. To achieve color routing for sub-wavelength pixels, the proposed lossless device contains sub-wavelength size scatterers in the region above the pixel's photodetectors. Due to multi-scattering process, all incident light for each color channel is routed directly to the photodetector of the corresponding color channel.

To for power density distribution in the xOy-plane), we will observe that the spot for a blue color (here 450 nm) will be situated above the part with lower refractive index and the spots for green (here 530 nm) and red (here 620 nm) colors will be above the part with higher refractive index. Changing the size and materials of the blocks we can manage power density distribution for different colors. For instance, we can shift the green color spot closer to the blue one. This system can be optimized to split three different wavebands. Fig. 3.7a displays the power density distribution in the xOz-plane for step-like element to demonstrate the input from the insert with refractive index n3 at z=800nm (we assume that z=0 corresponds to the bottom surface of the system). At x=1000 nm (middle of the system) we can observe intensive response of the system for green color incidence whereas red and blue colors are almost suppressed.

We have shown that the response of the system is very sensitive to the refractive index of the central part/insert, size of the elements and distance between the neighboring elements in the periodic array.

Below we propose a full 2D arrangement of color splitter elements for fitting an RGB (or other color combination) image sensor. Other spectral splitter are also possible. 2D arrangement of the splitter elements on top of the regular 2D grid of the image sensor pixels are presented in Fig. 3.8. The period for both splitter elements is 2 µm and the pixel pitch is 667 nm, which indicates that each splitter element (including the spacing between two neighboring splitters) feeds exactly three pixels. To provide the color splitting functionality we need the input of several NJs with different angles of deviation and different intensity. To generate the NJ2, we use an insert with refractive index n3. In the case of a symmetrical inhomogeneous element with an insert for which n3 < n2 and n1 < n2, the two additional similar NJs (NJ2) will be generated by the internal edges of the element with the insert.

The size (width and height) of the insert may be selected based on parameters of the outer block and on the refractive index 𝑛 3 . If 𝑛 2 ≤ 2, it is desirable for the generated NJ2 not to cross the vertical edges of the main element to avoid the additional NJ refraction at the boundary between the material of outer block and host medium. Thus, parameters may be selected such that AA′ < 2W1 and 𝑊 2 < 2(𝑊 1 -𝐻 1 𝑡𝑎𝑛 𝛩 𝐵2 ). If 𝑛 2 > 2, NJ2 will be reflected by the vertical wall due to the total internal reflection phenomenon. So, to get a maximal distance between NJ1 and NJ2 in the Si public substrate, the width of the insert may be selected to provide favorable conditions to get AA′ as close as possible to the full width of the outer block. The maximal contribution of NJ1 may be observed when NJ1 does not cross the insert, so we get:

𝐻 2 < 𝑊 1 - 𝑊 2 2 𝑡𝑎𝑛 𝛩 𝐵1 . ( 3.5) 
For the chosen size of the outer block, we will observe at least two NJ hot spots (crossings of NJ1 and NJ2, see Figure 1b) symmetrically situated relative to the vertical axis of symmetry inside the outer block. Outside the element there may be four NJs penetrating into the Si substrate. First two NJs (NJ1) will cross the boundary between the element and substrate at points B and B′. The NJs of second type (NJ2) will cross the boundary between the element and substrate at points A and A′. Inside Si, the radiation angles of all these NJs will be reduced due to the refraction phenomenon, and the NJs of different types will be closer to each other.

For better separation of the NJs, we propose to use DTI structures. In an example, two symmetrically positioned (relative to the axis of symmetry of the single element) deep-trenches are located inside the substrate. To get the desirable color splitting function, each deep-trench should be placed between the NJs penetrating into the silicon substrate:

𝑊 1 -𝐻 1 𝑡𝑎𝑛 𝛩 𝐵1 < 𝑊 * 2 < 𝑊 2 2 + 𝐻 1 𝑡𝑎𝑛 𝛩 𝐵2 , (3.6) 
where W* is the minimal distance between DTs, as shown in Fig. 3.9b.

Considering a periodic array of such elements with the inserts, inside the substrate and close to its surface we will observe periodic alternation of the hot spots for the NJs of the same type: NJs of the first type will have their crossing points at the axis of symmetry of the elements; NJs of the second type will provide hot spots at the boundaries of the pitches. Upon changing the pitch of this system, the intensity of the hot spot can be adjusted.

In Fig. 3.10 the color splitting functionality of the proposed system is illustrated using the power distribution for three wavelengths. For the system design, Si3N4 was used as material for the outer block with refractive index n2 (for visible spectrum n2 changes from 2.1 to 2.0), MgF2 was the material for the insert with refractive index n3 (for visible spectrum n3 changes from 1.4 to 1.39), SiNx with refractive index 2.04 was used as an antireflection layer, the DTI layers were simulated with SiO2 material (for visible spectrum refractive index of SiO2 changes from 1.56 to 1.54). It could be seen that for the red color band central wavelength (λ = 700 nm), main power is transmitted through the central channel where we can put Port A (see Fig. 3.9a). In the case of wavelength corresponding to the green color band (centered on λ = 500 nm) the main part of the light is transmitted through the side channels where we can put two Ports B (see Fig. 3.9a). Blue color band (λ = 400 nm) will be also transmitted through the side channels with the smaller depth of power penetration. The dependence of transmitted integral power density on the wavelength for two different positions of the ports (Port A and Port B) inside the Si layer (see Fig. 3.9a) is presented in Figure 3.11. The simulations presented below correspond to such parameters of the system selected for λ = 620 nm to provide red color splitting functionality. It is assumed that the host medium has a refractive index n1 = 1.0, the system is periodic with d = 1200 nm. Using the formula provided above and additional numerical optimization an implementation is selected using a system with n2 = 2.0, n3 = 1.4, H1 = 600 nm, H2 = 400 nm, W1 = 380 nm, W2 = 240 nm. A layer of SiNx with a thickness of dARC = 200 nm as an antireflection layer is adopted. The DTI layers are simulated with SiO2 material with a refractive index of 1.5; W *= 440 nm, dDT = 100 nm. It is possible to observe that at Port A we can register the maximal transmitted power at wavelengths corresponding to the red color, while other wavelengths are registered at Port B. Placing the photodiodes or other photodetectors for green and blue colors at different depths we can improve the ability to differentiate between them. Taking into account that blue photons are absorbed near the substrate surface and green are absorbed at some distance [START_REF] Rush | X3 Sensor Characteristics[END_REF], we can use two photodiodes (Port B1 and Port B2) in the side channels. Putting the blue photodiode (Port B1 at distance dB1) above the green one (Port B2 at distance dB2) and close to the surface (dB1 = 100 nm, 700 nm  dB2 1200 nm) we will be able to provide blue and green color separation. To avoid the complexity of the stacked photodiodes we can put these detectors into the different side channels. We have demonstrated that for some particular parameters the NJ-based double-material microlens can split colors.

The position of focal spot, angle of deviation, intensity and shape of NJ beam can be controlled by the variation of the refractive indexes and sizes of the constitutive parts/blocks. We have analyzed the required distance between the splitting elements and an effect of the base angles of the blocks and angle of incidence on the desirable optical function.

We have demonstrated that changing the parameters of constitutive parts of the elements we could obtain so-called blue, green and red separation functionality. In addition, the proposed NJ-based color-splitter provides simpler pixel architecture, less constraint fabrication process due to avoiding high aspect ratios and small feature sizes, reducing of the risk for cross talk due to thinner optical stack, better optical efficiency due to thinner optical stack and better angular performance with regards to the angle of the incident light. We have presented the multi-material designs to realize a full 2D arrangement of the color splitting elements on top of the image sensor pixels. Applying these color splitters to actual image sensors allows to improve the optical efficiency by splitting the incoming light between the image sensor pixels, instead of filtering out part of the received light.

We have proposed a new topology of a double material NJ-based color splitter with DTI structures to suppress the crosstalk. The observed color splitting effect relies on light diffraction by the edges of the constitutive parts of the multi-material diffractive element. The NJ beams, originating from different edges of the multi-material elements, recombine and contribute to the formation of a spectral-dependent NJ beam deflection. Using two symmetrically positioned deep-trenches which are located inside the silicon substrate, we can create so-called color channels with modified distribution of the power density. We have demonstrated that upon changing the parameters of constitutive parts of the elements and choosing the proper position of deep-trenches, we can obtain mainly red color separation functionality. Taking into account an advantage of the natural light absorbing characteristics of silicon material, we can use two stacked (Foveon-like) photodetectors for separation of blue and green colors transmitted through the same channels. We also can split blue and green putting corresponding photodetectors into the different side channels. To find a proper position of the photodetectors, we have analyzed the total transmittivity measured at different depths inside the substrate. The proposed solution can improve the quality of filtering and it can increase the sensitivity of a back-illuminated CMOS image sensor.

public Chapter 4

Future projects: new metasurface solutions I will present in this chapter the main problems which I am going to explore next few years. My future research will be related to the field of optics and photonics, and more specifically to a wide range of planar optical devices, such as, among other examples, displays, including in-and out-coupling of light in waveguides for eyewear electronic devices and head-mounted displays for AR and VR glasses, HMD, as for example in the automotive industry, optical sensors for photo/video/lightfield cameras, bio/chemical sensors, including lab-on-chip sensors, microscopy, spectroscopy and metrology systems, and solar panels.

MMs, as a new kind of artificially structured materials with subwavelength building blocks, have attracted considerable interest in past decade, due to their exotic optical properties and applications. As a reduced dimensional counterpart of bulk MMs, metasurfaces are two-dimensional MMs with subwavelength thickness [101]- [START_REF] Liu | Dielectric Resonance-Based Optical Metasurfaces: From Fundamentals to Applications[END_REF]. A new class of optical components based on metasurfaces could be used to overcome the disadvantage of traditional optical elements. These components control the wavefront of light using 2D array of subwavelength structures, which are patterned on a surface to introduce a desired spatial profile of optical phase. By tailoring the properties of each element of the array, one can spatially control the phase of the scattered light and consequently mold the wavefront. Based on this concept, various functionalities have been reported including wave deflection, focusing, holographic display, polarization multiplexing, and beam-shaping.

High-uniformity and high-performance dielectric diffractive metagratings for waveguide combiner

AR/VR is a fast-growing technology trend that has a broad range of applications. Optical see-through HMD is a key device for AR/VR applications attracting significant interest of major industrial players [START_REF] Kress | Waveguide combiners for mixed reality headsets: a nanophotonics design perspective[END_REF]- [START_REF] Yin | Virtual reality and augmented reality displays: advances and future perspectives[END_REF]. To realize a compact near-eye display system, various technologies have been developed [START_REF] Hong | See-through optical combiner for augmented reality head-mounted display: index-matched anisotropic crystal lens[END_REF]- [START_REF] Cheng | Design of an ultra-thin near-eye display with geometrical waveguide and freeform optics[END_REF]. Currently most of the HMDs use the waveguide structure in order to reduce the overall size and weight of the device [START_REF] Kress | Waveguide combiners for mixed reality headsets: a nanophotonics design perspective[END_REF]. The basic optical components integrated into the waveguide combiners consist of in-and out-couplers, and the eye pupil expander (EPE) which are fabricated as diffractive optical elements [START_REF] Levola | Replicated slanted gratings with a high refractive index material for in and outcoupling of light[END_REF], [119] or holographic volume gratings [START_REF] Mukawa | A full-color eyewear display using planar waveguides with reflection volume holograms[END_REF], [START_REF] Chang | Toward the next-generation VR/AR optics: a review of holographic near-eye displays from a human-centric perspective[END_REF].

Some of kinds of AR/VR glasses utilize optical waveguides wherein light propagates into the optical waveguide by total internal reflection (TIR). The field of view (FoV) of the waveguide depends on the waveguide material refractive index. To couple light into the waveguide and provide good color uniformity, the main diffracted order should have high diffraction efficiency across a wide angular range. Such functionality can be achieved by using single-mode nonsymmetrical gratings [START_REF] Kress | Waveguide combiners for mixed reality headsets: a nanophotonics design perspective[END_REF], [START_REF] Levola | Replicated slanted gratings with a high refractive index material for in and outcoupling of light[END_REF] with nonsymmetrical optical power distribution between diffraction orders (Tj ≠ T-j, Rj ≠ R-j…., where j is the number of diffraction order, T and R are the transmissivity and reflectivity of the gratings) leading to maximal grating efficiency for desired diffraction order. Changing the period of nonsymmetrical gratings we can get on-axis (symmetrical) or off-axis (asymmetrical) in-coupling for the desired FoV of the device.

In our work [START_REF] Shramkova | High-Uniformity, High-Performance Double Material Dielectric Diffractive Metagratings[END_REF] we demonstrate that a combination of the NJ beams, produced near the surface of each unit cell of a metagrating and diffraction grating can efficiently steer incoming light with a uniform efficiency over a wide range public of incidence angles. For creating the elements of a metagrating with nonsymmetrical power distribution we have combined two dielectric materials with different refractive indexes. refractive index n1 and comprising a substrate layer with refractive index n3. We assume that the double-material elements are made of lossless isotropic dielectric materials with refractive indexes n2 and n3 (with n2 > n3). The constitutive parts of each element have different size. The diffraction of light on the edges of a dielectric doublematerial elements forms three types of tilted focused beams with different deviation angles. We define d as the period of the metagrating. A plane-polarized wave is normally incident on the grating from the top in a plane perpendicular to the grating. We demonstrate that the performance of the grating depends on the polarization of the incident wave and on parameters (size, form and material) of the elements. Unlike diffraction gratings containing symmetrical singlematerial elements, the proposed diffraction grating achieves nonsymmetrical optical power distribution between diffraction orders. In the case of elements with 𝑊 ≤ 𝜆, the maximal input corresponds to the orders ±1.

We have obtained that by optimizing the size of constitutive elements we can get a very high diffraction uniformity and efficiency for the first diffracted order with a double material metagrating. Fig. 4.1(b) shows the computed transmittance and reflectance of TE-polarized incident wave. In order to give a measure for the homogeneity of the diffraction efficiency for all angles of incidence in-coupled into the waveguide, the diffraction uniformity may be represented as:

𝐺 = 1 - 𝜂 𝑚𝑎𝑥 -𝜂 𝑚𝑖𝑛 𝜂 𝑚𝑎𝑥 +𝜂 𝑚𝑖𝑛 , ( 4.1) 
where max,min are correspondingly maximal and minimal transmitted efficiency. We can see that the diffraction uniformity for optimized system with n2=2.25 and n3=1.5154 is about 82%. The presented data were obtained using COMSOL Multiphysics software. Full-wave electromagnetic analysis was done for an infinite array of doublematerial elements. Such property of proposed diffraction grating topology can be used to couple light into a (b) public waveguide.

The general topology of another asymmetrical element of a transmissive diffraction grating unit cell is illustrated in Fig. 4.2(a). This cross-sectional view corresponds to the high refractive index (n2 and n4, where n2 could be equal to n4) elements on the top of homogeneous dielectric plate with a refractive index n3 (n2,4 > n3 ), w1 and h1 are width and height of the high refractive index elements outside the substrate in host medium with refractive index n1, w2 and h2 are width and height of the high refractive index elements inside the layer with the refractive index n5 (n1 < n5 < n3). To improve the uniformity and additionally increase the transmittivity of the in-coupled diffraction order, we propose to use a phase modifying layer (PhML) [119] with thickness HL1 and refractive index nL1 placed between the high refractive index elements on the top of the layer with refractive index n5 and embedded element with refractive index n4. The utilization of an additional high refractive index layer between the top and bottom elements of diffraction grating modifies the phase of refracted EW providing higher transmissivity of an in-coupled order. To simplify the fabrication process, we can include a stop layer between this thin layer and top element of the grating. nL2 is the stop layer material refractive index and HL2 is the thickness of this layer. To control the etching depth of material with refractive index n5, we can also use a second stop layer with refractive index nL3 (nL3 could be equal to nL2) and the thickness of this layer HL3. This nonsymmetrical topology provides the generation of EWs, originating from the edges of the system, contributing to the formation of a final wavefront deflected from the direction of refracted wave [119]. The characteristics of the generated EWs, obtained due to the interference of the EW with the refracted plane wave, are affected by the parameters of the corresponding parts of the nonsymmetrical system, such as refractive index ratios between the dielectric materials forming the system, dimensions of the elements with higher refractive index, and angle of incidence of an incident wave.

Let us consider the performance of a diffraction grating based on the asymmetric high refractive index material elements. For the simulated case we assume that the first diffraction order is in-coupled into the waveguide. So, it is desirable for the maximal input for a single mode system to correspond to the diffraction order +1. The computed reflectance and transmittance for TE incidence at λ=625nm for a grating with the substrate with n3 =1.7 and with the period d=463nm is plotted in Fig. 4.2(b). We use TiO2 as the material of the elements of the grating and PhML and SiO2 as the host medium for the second embedded element of the grating. Al2O3 is used as the material of the stop layer. Full-wave electromagnetic analysis was done for a 1D periodic array of the elements. We assume that the system is infinite in x-and y-directions. Such high refractive index material diffraction grating has very high efficiency for transmitted first order. The maximal efficiency for this case is equal to max=75%. It was obtained that for considered nonsymmetric high refractive index material diffraction grating over a wide angular range (38) the diffraction uniformity is about 97.3%. It was demonstrated that similar topology can be used for fabrication of a reflective diffraction grating with high diffraction uniformity and efficiency for incoupled diffraction orders. It will be demonstrated below that to provide a full RGB single waveguide system, we can employ a metagrating inside the waveguide, which will be based on single mode asymmetric reflective and transmissive diffraction gratings described above.

To develop a waveguide display system with a wide FoV we can tile angularly the exit pupil of the light-engine. In such a system the angular exit pupil of the system is split by the grating in such a way that one portion is diffracted into a first direction into the waveguide, and the remaining portion into the opposite direction. Usually, the exit pupil is split with respect to the waveguide's normal, it means that the rays corresponding to positive and negative angles of an incidence will be diffracted by the system into opposite directions. Such a system doubles the FoV as each halfimage can use the whole angular bandwidth of the waveguide in each direction of propagation. To provide such functionality, we can use a dual-mode system with symmetrical gratings [119], [START_REF] Shramkova | Highuniformity dielectric U-shaped surface relief grating coupler for AR headsets[END_REF] which achieves symmetrical response between the orders (Tj = T-j, Rj =R-j), or combine two single-mode nonsymmetrical gratings [START_REF] Levola | Replicated slanted gratings with a high refractive index material for in and outcoupling of light[END_REF], [START_REF] Mattelin | Design and fabrication of blazed gratings for a waveguide-type head mounted display[END_REF]- [126]. In the last systems to get similar functionality, the rays corresponding to positive and negative angles will be diffracted by two differently oriented nonsymmetrical gratings. The exit pupil will be reconstructed again at the eyebox by a properly oriented out-coupler, and the users will see one single virtual image.

One important way of using symmetric diffraction gratings to achieve pupil tilling and to double the FoV of a single wavelength system by using two propagation directions inside of a flat waveguide is illustrated in Fig. 4.3. The period of the transmissive diffraction grating was selected for a particular wavelength and for an angular range covering overall FoV, assuming that the rays incident on the in-coupler with angles ±𝜃 1 𝐶 get diffracted inside the waveguide with critical angles ±Ф 1 𝐶 , while those with angles ±𝜃 1 𝐺 in the vicinity of the normal get diffracted with grazing angles ±Ф 1 𝐺 , respectively (see Fig. where 𝛼 is an angle of electromagnetic wave incidence, and

𝛩 𝑇𝐼𝑅 = 𝑠𝑖𝑛 -1 ( 𝑛 1 𝑛 2
) is the critical angle of refraction. The propagation direction of the generated EWs is controlled by the sizes of the blocks and angle of wave incidence. Due to the internal reflection by the vertical walls of the external blocks of the element we can manage the direction of the generated EWs contributing into the formation of the final wavefront. The efficiency of some diffracted rays can be increased thanks to the constructive interference of the diffracted light with the EWs of proper phase and direction.

The central block of the element provides an out-of-phase contribution to the 0 th transmitted order for the low angle incidences. As a for the proposed topology we were able to get very high diffraction efficiency for second diffraction orders across the entire angular range of incidence angles.

The computed reflectance and transmittance for TE-polarized incident wave for red light (λ=625nm) by the U-shaped grating with n22.105 are plotted in Fig. 4.5(a). We assumed that the grating is infinite in x-and y-directions. We have obtained that by optimizing the size of constitutive parts of the elements, we can get very high diffraction uniformity and efficiency of second transmitted order (T2 and T-2). The diffraction uniformity for the optimized grating is about 80%, the maximal transmitted efficiency corresponds to 76%.

It was observed that by increasing the refractive index of the diffraction grating elements, we can improve the diffraction efficiency and diffraction uniformity for the second diffraction order. This PhML modifies the phase and propagation direction of refracted EW providing higher transmissivity of incoupled orders at low angles of an incidence and improving the diffraction uniformity of in-coupled diffraction orders. To simplify the fabrication process and control the depth in the etching process, a stop layer is placed between the elements with high refractive index and PhML.

Metasurface solutions for full color single-plate waveguide combiner

One of the most serious challenges in AR/VR is a full-color solution with a large overall FoV. Several full-color waveguide solutions have been developed for light in-coupling into the optical device [START_REF] Kress | Waveguide combiners for mixed reality headsets: a nanophotonics design perspective[END_REF]. In order to provide the transmission of multiple RGB wavelengths with a large FoV, we can fabricate a multi-waveguide solution combining stacked waveguides, each optimized for a different color. Reducing the number of waveguides while keeping the largest possible FoV allowed by the parameters of the waveguide material is the key challenge since it miniaturizes and simplifies the system. Double and single waveguide full RGB combiner architectures have been proposed

recently. In the case of double waveguide solution two different architectures were proposed. First architecture is based on the splitting of the green FoV between first and second waveguides. For the second configuration it was to use the first waveguide for the blue and green FoV's in-coupling, while the second one to in-couple the red color's FoV. It is necessary to note, that both architectures reduce the overall FoV of the system allowed by the parameters of the waveguide material. Current solutions for full RGB waveguide couplers are primarily based on accurate alignment of three holographic diffraction gratings and have quite a small overall FoV.

A. In-coupling structures for single waveguide solution

In our team in Interdigital company we have developed several single-waveguide full-color solutions for symmetrical and nonsymmetrical in-couplers providing high in-coupled efficiency across a wide angular range. Two of our fullcolor high FoV solutions with high in-coupled intensity across a wide angular range were presented in [119]. To get the single waveguide solution we have proposed to combine one transmissive and one reflective surface relief grating placed on both sides of the waveguide. Using our double waveguide architecture we were able additionally increase the overall FoV of proposed system. We have demonstrated that using the second waveguide we could get ultra-high FoV. For example, for the waveguide material with refractive index 1.7 we can achieve a FoV equal to 132°.

Several our new designs are based on metagrating solutions that operate to combine the beams diffracted by First proposed design (see Fig. 4.6(a)) is based on a dual-mode metagrating solution inside a waveguide that operates to combine the beams diffracted by the reflective grating on the top of metagrating system and transmissive diffraction grating at the bottom of the system. To calculate the periods of both gratings, we assume that the largest angular span that can be coupled propagates into the waveguide between TIR and a grazing angular limit.

public

The period of the reflective diffraction grating was selected for blue color wavelength and for an angular range covering overall FoV for the reflective diffraction grating. The total allowed horizontal FoV for the symmetrical, dualmode system could be determined as:

𝑄 𝐻 = 2 𝑠𝑖𝑛 -1 ( 𝑛 2 -1 2 ), (4.3) 
where n2 is the refractive index of the waveguide. The pupil is angularly tilled for different angular sectors for the green and red colors. The angular range for low angles of incidence transmits through the first diffraction grating DG1 with the period d1 with a very high efficiency of zero transmitted order. This portion of an incident image will be diffracted by the second transmissive grating DG2. The period of transmissive diffraction grating DG2 may be selected for the red color wavelength and an angular range covering full FoV for the transmissive diffraction grating. Assuming that the refractive index of the waveguide material is n21.76 and some angles are overlapped near normal incidence in symmetric diffraction directions, to avoid the black bands for some colors, we obtain an overall FoV of 89° for the proposed solution.

Using the system of diffraction grating equation we get the equations for the periods of reflective and transmissive diffraction gratings which can be presented in such form: The general topology of the proposed metagrating unit cell is illustrated in Fig. 4.7(a) [START_REF] Shramkova | Full color waveguide combiner with embedded metagrating[END_REF]. To estimate the effectiveness of the full system, we consider the unit cell comprising four elements with refractive index n4 and three elements with refractive index n3. As a result, the period of the metagrating is equal to d = 4d1 = 3d2. If the period of reflective diffraction grating is defined to in-couple diffraction order MR and the period of transmissive diffraction grating is defined to in-couple diffraction order MT, then the period of the new metagrating is defined to in-couple reflected order MR*=4MR and transmitted order MT*=3MT. The cross-sectional view of metagrating unit cell corresponds to high refractive index (n4) elements on the bottom of a homogeneous dielectric plate with refractive index n2 (n4 > n2). We define d1 as the period of this first grating, w1 and h1 are the width and height of the high refractive index elements. The second part of the proposed metagrating contains high refractive index (n3) elements on top of a homogeneous dielectric plate with a refractive index n2 (n3 > n2). We assume that d2 is the period of the second grating, w2 and h2 are the width and height of the high refractive index element. To get the unit cell of diffraction metagrating we combine two plates with first (DG1) and second (DG2) diffraction gratings. The distance between the substrate surfaces is equal to h1 + h2 + ha, where ha is the vertical distance between the elements of DG1 and DG2. The volume between the elements of the two gratings and substrate surfaces may be empty or may be filled by a material with low refractive index n1 (n1<n2). Here, we assume this material is air. The materials and size of the constitutive parts of the diffraction grating elements can be optimized to manage the position, direction, phase, and amplitude of the EWs diffracted by the elements. In this example use of a metagrating, the fourth reflected order R±4 (MR*=4) and third transmitted order T±3 (MT*=3) will be incoupled into the waveguide.

𝑑 1 = 𝑀 𝑅 λ 𝑏𝑙𝑢𝑒 n 2 sin Φ 1 𝐺 -n 1 sin Θ 1 𝐺 , (4.4) 
A linearly polarized plane wave is incident on the metagrating system from the top in a plane perpendicular to the metagrating. We must note that the proposed solution applies for TE and TM polarizations. However, to get the maximal efficiency, the system should be optimized considering the polarization of the incident wave. The proposed topology applies to a dual symmetrical diffraction grating system where the pupil is split angularly. To provide total reflection of the diffracted light only by the external (horizontal) walls of the waveguide, a thin layer of thickness h1 + h2 + ha and with refractive index n2 may be positioned between the plates with the diffraction gratings.

Selecting the reflective (DG1) and transmissive parts (DG2) of the metagrating to in-couple first diffraction orders (MR = MT =1) results in a metagrating in which the fourth reflected order R±4 (MR*=4) and the third transmitted order T±3 (MT*=3) will be in-coupled into the waveguide (see Fig. 4.7(b)). To prevent undesirable diffraction of reflected R±4 and transmitted T±3 orders, the lateral size of the metagrating may considered in the selection of the width of the plates as well as the thicknesses of the first and second plate, with reflection and transmission gratings. purposes. The out-coupling grating can be similar to or the same as the in-coupler but reversed top-down to reflect blue and transmit red light. Such an out-coupler will be able also reflect and transmit green. Because the grating is embedded into the waveguide, this metagrating is protected from mechanical damage and degradation.

It was obtained that for the proposed solution with the refractive index of the waveguide material equal to n21.76 we obtain a vertical FoV of 40°. It is necessary to note that taking into account the aspect ratio of existing displays we find a proper solution to increase the vertical FoV of the in-coupling system. In this case we can create a new 2D metagrating solution providing angular tiling of the exit pupil of the light-engine in two perpendicular directions.

Very high FoV systems are considered for extended reality and entertainment use cases. For some VR use cases such as smart glasses, targeted FoV much lower and should lead to less complex system design. Therefore, a single-sided diffraction might be sufficient.

We have demonstrated that our new embedded RGB single-sided metagrating based on high refractive index material transmissive and reflective diffraction gratings can increase the diffraction efficiency and diffraction uniformity of the grating [START_REF] Shramkova | Full color waveguide combiner with embedded metagrating[END_REF], [START_REF] Shramkova | Metagrating solutions for full color single-plate waveguide combiner[END_REF]. To get on-axis or off-axis in-coupling for the desired FoV of the device, only one single diffraction mode is used to carry the image. Using a waveguide display system with single nonsymmetrical in-coupling grating, we reduce the FoV but simplify the full system configuration.

For a new type of metagrating in-coupler the configuration may be performed as follows. For the first reflective diffraction grating DG1, the period of the reflective diffraction grating DG1 may be calculated to in-couple blue and green color wavelengths in the angular range covering the desired FoV of the device for these two colors. The period of transmissive diffraction grating DG2 must be calculated for red color wavelength and an angular range covering the portion of FoV which was not in-coupled by the first grating. It was demonstrated that to in-couple all three colors the gratings with substantially equal periods may be combined.

The results of numerical simulations for the metagrating with a high refractive index configured to in-couple the first reflective diffraction order and first transmissive diffraction order for TE polarization. The simulated system has been configured using TiO2 as the material of the elemets of DG1 and DG2 and sapphire (Al2O3) as the material of the substrate and stop layers. For the simulated embodiment, half of the elements of DG1 and DG2 are embedded in SiO2 material. For the proposed solution for blue and red colors, we can achieve a diffraction efficiency corresponding to 45-85%, and an efficiency about 45-80% for green over a FoV of 30°. In systems in which the index of refraction of the waveguide is increased, it is possible to improve the uniformity of transmitted orders by choosing the angular ranges with more uniform distribution for each diffractive grating.

Third proposed design provides a full RGB single waveguide system based on a single-mode transmissive metasurface [START_REF] Shramkova | Metagrating solutions for full color single-plate waveguide combiner[END_REF]. In comparison with the cases described above, the fabrication process will avoid the bonding of 2 plates. The proposed system can be configured to get on-and off-axis in-coupling for the desired FoV of the device. The configuration is selected to create transmissive metasurface in-couplers based on combination of transmissive diffraction gratings providing nonsymmetrical response. Constitutive parts of the example metasurface are nonsymmetrical transmissive diffraction gratings presented in Fig. 4.2. The second transmissive diffraction grating is different from the first one in that it has a different pitch size, but the geometrical structure is of the same shape. The equations for the period of two transmissive diffraction gratings can be presented in such form: To estimate the effectiveness of the full system, a metasurface was simulated with a unit cell comprising three elements of DG1 and two elements of DG2. In the example, the period of the metasurface is equal to d=3d1=2d2. Configuring the constitutive parts of a metasurface to in-couple fist diffraction orders (M1T=M2T=1) results in a metasurface for which the third transmitted order T3 (M1T*=3) and second transmitted order T2 (M2T*=2) will be in-coupled into the waveguide.

public 𝑑 1 = 𝑀 1𝑇  𝑏𝑙𝑢𝑒 𝑛 3𝐵 + 𝑛 1 sin 𝜃 1,𝑏𝑙𝑢𝑒 𝐺 𝑑 2  𝑀 2𝑇  𝑟𝑒𝑑 1+𝑛 1 sin(𝜃 1,𝑟𝑒𝑑 𝐺 + ) , (4.6 
As an example, consider a transmissive metasurface on the top of the waveguide with a unit cell presented in Fig. 4.9.

This cross-sectional view may correspond to the high refractive index (n2 and n4) elements of the first diffraction grating (DG1) and to the high refractive index (n'2 and n'4) elements of the second diffraction grating (DG2). In this example, the metasurface is placed on a homogeneous dielectric plate with a refractive index n3 (n2,4 and n'2,4 > n3).

The space between two gratings is filled up by the material with refractive index n6. In this example, the distance DG1 Ha DG2 public between the two gratings is equal to Ha. To improve the uniformity of transmitted diffraction orders and additionally increase the transmittivity of in-coupled diffraction order, we consider PhMLs with the thickness HL2 and H'L1 and refractive indexes nL2 and n'L1 placed between the high refractive index elements of the gratings. To simplify the fabrication process, we use so-called stop layers between this thin layer and top elements of the gratings. In this example, nL1 and n'L2 are the stop layer material refractive indexes, and HL1 and H'L2 are the thicknesses of these layers.

It was obtained that for the TiO2/AlAs transmissive meta-surface with the unit cell depicted in Fig. 4.9 for the blue color we can get about 25-65% of an average diffracted efficiency, for the green color we can achieve a diffraction efficiency corresponding to 20-45%, and of about 30-75% for the red color.

To reduce the complexity of the full in-coupled grating design we can create a single-layer achromatic deflector. One example of a metasurface aberration corrector design with the fine-tuned dispersion across the metasurface by controlling the confinement of light within subwavelength nanostructures was demonstrated in [START_REF] Chen | Broadband Achromatic Metasurface-Refractive Optics[END_REF].

B. Full color Eye-Pupil-Expander

Creating a waveguide display system, we must take into account that the EPE component sets a limitation on the In this Section we describe a new full-color EPE component which is compatible with dual-mode metagrating incoupler. public gratings oriented at some specific angle. We define that both in-coupling gratings have the same orientation (𝜙 𝑖𝑛𝑐 = 90°). They diffract the positive order toward the left-hand side of the figure and the negative order toward the righthand side. Then we have two similar EPE metagratings oriented symmetrically w.r.t. the y-axis. Each EPE metagrating includes two diffraction gratings which can have different orientation. The EPE metagratings diffract zero orders to expand the pupil horizontally, and non-zero order to deviate the image along the y-axis. For this architecture the out-coupling grating also expands the pupil in the vertical direction.

To determine the desired grating periods of the EPE and out-coupling gratings, we start with the basic equation for a diffraction grating in conical mounting [START_REF] Shramkova | Metagrating solutions for full color single-plate waveguide combiner[END_REF]. Our solution corresponds to the combination of 2 EPE gratings DG3 and DG4 embedded into the waveguide. Such combination of EPE diffractive gratings can be considered as EPE metagrating solution MG2 (see Fig. 4.10(a) for full system design). To avoid undesirable mutual effect of the grating combination we must properly optimize the distance between the elements of these gratings. For the optimizations proposed below we assume that this distance could be above one wavelength.

To get the EPE metagrating MG2 we combine two plates with first EPE (DG3) and second EPE (DG4) diffraction gratings. We assume that the distance between the plates/substrates is equal to h*1 + h*2 + h*a, where h*a is the distance between the elements, and h*1 and h*2 are the heights of the gratings (see Fig. 4.10(b)). This distance between the elements of two gratings and substrates is fulfilled by the material with low refractive index n1.

Table 2 shows the parameters of the full system including the periods of out-coupling gratings DG7 and DG8. We assume that the EPE gratings are oriented differently. Orientation of the EPE gratings DG3 and DG4 were optimized to get maximal vertical FoV of the full system. Analyzing the parameters of this full system, we demonstrate that for such a system horizontal FoV is equal to 𝑄 𝐻 =74.6°. Analyzing the system of grating equations, we get that for blue and red color vertical FoV is equal to 𝑄 𝑉 = 40°. Taking into account that at green color wavelength full angular range will be split between the gratings public DG1 and DG2, we must check the out-coupled angular bandpasses at green color. Numerical analysis of the possible horizontal and vertical FoVs for this system of metagratings demonstrates that due to the EPE gratings' limitation of vertical FoV at green color wavelength the full vertical FoV of the system will be decreased to 𝑄 𝑉 = 24°.

Non-Hermitian metasurfaces

The recent theoretical and experimental investigations of diffraction on PT-symmetric gratings have unveiled that in systems with optical PT-symmetry asymmetric diffraction can be achieved [START_REF] Kulishov | Analysis of PT-symmetric volume gratings beyond the paraxial approximation[END_REF]- [START_REF] Botey | Asymmetric transmission from a 2D PT-symmetric honeycomb nanostructure[END_REF]. The diffractive properties of PT-symmetric volume Bragg grating that combined modulation of refractive index and gain/loss of the same periodicity with a quarter-period shift between them were theoretically analyzed in [START_REF] Kulishov | Analysis of PT-symmetric volume gratings beyond the paraxial approximation[END_REF]. The effect of the different background relative permittivities on the transmitted and reflected light was considered in details. The unidirectional invisibility phenomenon for which the transmission coefficient of the undiffracted wave was equal to unity was also investigated in this work.

Let us note that fabrication of such PT-symmetric gratings is a great challenge in practice. Balancing of gain and loss is complicated process due to the design of a pumping mechanism to realize the gain. By creating PT-symmetric passive structure without gain [START_REF] Feng | Experimental demonstration of a unidirectional reflectionless parity-time metamaterial at optical frequencies[END_REF], [START_REF] Yan | Passive PT symmetry in organic composite films via complex refractive index modulation[END_REF] and with unidirectional invisibility or nonsymmetrical response, we will be able to reduce the waveguide thickness avoiding the polarization transformation of in-coupled light. By tuning the contrast between the lossy elements, we can create entirely passive structures to realize PT-like exceptional points.

These realizations include transversely coupled waveguide systems [START_REF] Guo | Observation of PT-Symmetry Breaking in Complex Optical Potentials[END_REF], a coherent perfect absorber with a PT phase transition [START_REF] Sun | Experimental Demonstration of a Coherent Perfect Absorber with PT Phase Transition[END_REF], PT -symmetric states in a microwave cavity [START_REF] Bittner | PT Symetry and Spontaneous Symmetry Breaking in a Microwave Billiard[END_REF] and a tangential, passive PT waveguide displaying unidirectional zero reflection [START_REF] Feng | Experimental demonstration of a unidirectional reflectionless parity-time metamaterial at optical frequencies[END_REF]. An experimentally feasible design of passive PT-symmetric diffraction grating, where the real and imaginary parts of refractive index are separately modulated, was reported in [142]. To create a passive PT grating that contains only lossy and lossless parts, real and imaginary refractive indices were spatially separated: the corresponding imaginary sinusoidal modulation was shifted 3/8 a period in the direction of diffraction grating periodicity to become a positive cosine modulation while the real part modulation was kept at the same location to provide in-phase modulation. For proposed design Si was selected as low loss material in the telecom regime. The width of the Si strips in the PT-grating design was equal to 1/4 of the modulation period. To implement the modulation of the loss, lossy metallic films were deposited on an array of silica stripes. To study the asymmetric properties of diffractions only first diffracted orders were considered. It was demonstrated that due to the spontaneous PTsymmetry breaking at the exceptional point, asymmetric diffractions between a pair of oblique incidence light in a wide range of incident angles took place. Authors have demonstrated that the designed grating was polarizationdependent. Such type of the gratings can be used for light manipulation and asymmetric mode selection. Due to the unidirectional invisibility characteristic these passive structures could be an excellent solution for the in-coupling systems with thin waveguides. By integrating such systems into the optical waveguide, we will be able to avoid back scattering phenomenon.

Due to the complex near-field coupling interactions between neighboring diffractive elements, flexible passive diatomic PT -symmetric metasurfaces based on Bravais-lattice topology can give rise to a discerning enhancement or attenuation along specific directions in the far field [START_REF] Nye | Flexible PT -Symmetric Optical Metasurfaces[END_REF].

public Another way to generate asymmetric diffraction from a simple planar two-component optical grating was demonstrated in [START_REF] Liang | Asymmetric diffraction from twocomponent optical gratings made of passive and lossy materials[END_REF]. Two-component polymeric gratings made of passive/lossy materials have demonstrated strong asymmetric diffraction to one side of the diffraction orders which is comparable to that by a PT-symmetric diffraction grating with sinusoidal refractive index modulation.

To overcome the complexity of the design, a loss-assisted non-Hermitian metasurface operating at an exceptional point has been proposed [START_REF] Dong | Loss-assisted metasurface at an exceptional point[END_REF]. It was demonstrated that metasurface, composed of a judiciously tailored tri-metaatom supercell with balanced loss and lossless regions, could exhibit unidirectional retro-reflection. The non-Hermitian surface was constructed by a reflection-type metasurface with the meta-atoms composed by a dielectric layer placed between metallic sheets and metal H-shaped ring layers. Changing the opening angle of the H-shaped ring authors were able to modulate the local reflection phase. It was demonstrated that combining the classical phasegradient approach with modulated loss we can get a non-Hermitian metasurface with high-efficiency retro-reflection from the negative incident angle and a fully suppressed retro-reflection from the positive one.

The new design of non-Hermitian plasmonic-dielectric metasurfaces based on engineering of quasi-bound states in the continuum and coupling plasmonic and dielectric resonators was proposed in [146]. To create a passive PTsymmetric system authors used the absorption losses in plasmonics as a design parameter. The proposed structures were consisted of silicon nanocylinder array coupled to a metal ground plane and an array of silicon nanocylinder dimers. It was observed that such non-Hermitian metasurfaces exhibit an optical phase transition at an exceptional point and directional scattering.

It was demonstrated that non-Hermitian metasurfaces could provide a polarization converting and could be used for polarization control [147]. These metasurfaces have facilitated an interesting platform to explore the exceptional points in polarization space benefiting from the anisotropic engineering of metasurfaces that support large refractive index contrast between orthogonal polarizations. PT-symmetry breaking phenomenon in polarization space using a 2D array of metamolecules was considered in [START_REF] Lawrence | Manifestation of PT Symmetry Breaking in Polarization Space with Terahertz Metasurfaces[END_REF]. It was assumed that the building blocks of proposed metasurface consist of two orthogonally orientated meta-atoms with the same resonant frequency but different loss coefficients.

Novel phase transition in the polarization response of such PT-symmetric terahertz metasurface while crossing an EP was explored in the paper. Geometric phase mechanism, which is defined as the phase difference between the incident and scattered fields with opposite polarizations, play an important role in metasurface creation. To manipulate the field dynamics, we can change the orientation of the meta-atoms. Due to the integration of PT-symmetric phase and geometric phase together in the nanostructure we can achieve polarization-sensitive optical field manipulation [START_REF] Zhao | Hybrid parity-time modulation phase and geometric phase in metasurfaces[END_REF].

The proposed metasurface represents spatially rotated rectangular hole array in a slab of perfect electric conductor with proper sequence of attached loss and gain into each rectangular hole. Authors analyzed the emerged new diffraction orders.

Focusing on the interplay between the real and imaginary parts of refractive index, i.e., gain and loss, non-Hermiticity can therefore provide the means to leverage gain/loss and engineer metasurfaces with expanded functionalities

[147],[150], [START_REF] Fleury | Negative Refraction and Planar Focusing Based on Parity-Time Symmetric Metasurfaces[END_REF].

It was demonstrated that PT-symmetric metasurfaces, when used as sensors, may offer greater modulation depth, greater spectral resolution and larger resonance shifts when compared to traditional passive metasurface-based sensors [152]. The proposed amplified sensor with effective PT-symmetry provides a unique way to achieve sensing devices public with tunable and subwavelength characteristics [153].

Chapter summary

New types of full color single waveguide in-coupling solutions are presented in this Section. Applying our new grating combination solutions for single-and dual-mode in-couplers, we can modify the total in-coupled FoV of the system. For the case of limited FoV of the device, we can use single-mode grating simplifying the system configuration. To achieve high FoV, we use the pupil tiling property of the grating. To develop a waveguide display system with a wide FoV, we can combine two single-mode metagratings optimized for off-axis in-coupling or we can use dual-mode metagrating solution. It was demonstrated that for the waveguide material with refractive index 1.76

(Al2O3), we can get an overall horizontal FoV of 89° and vertical FoV of 40° for three colors. Creating new 2D incoupling metasurfaces with angular tiling of the exit pupil of the light-engine in two perpendicular directions, we can increase the vertical FoV of the full system.

Designing a single-layer broadband achromatic deflector for full color in-coupling into the waveguide would be very challenging, but it is interesting because of the improvements in performance with reduced design complexity. The introduction of a new 2D in-coupling system for coupling an incident light into a thin waveguide is of a certain practical interest. However, there are challenges that arise from the use of a thin waveguide. If the in-coupling grating has relatively large dimensions compared to the thickness of the waveguide, then there is a risk that light will exit the waveguide through the same grating that was meant to in-couple the light. That is, the grating couples the light into the waveguide, and the light is reflected from the opposite surface of the waveguide by TIR, but if the light has not traveled far enough laterally (because of a wide grating and/or a thin grating), the light will strike the same grating again, and much of that light will exit the waveguide. As a result, the efficiency of the in-coupled light will be dramatically reduced. The back reflection case will be very critical for the embedded metagrating system. In this case we will not be able to use a thin waveguide. Our new solutions must be addressed this issue by creating the new transmissive metasurface on the top of the waveguide and by providing the polarization transformation of in-coupled light leading to the effective reflection of the deflected light by the in-coupling metasurface.

A new type of full-color EPE metagrating component which is compatible with dual-mode metagrating in-coupler have been analyzed. It was demonstrated that by orienting EPE gratings differently we can increase the vertical FoV of the full system.

To create a waveguide display system we must design a new full-color EPE component which is compatible with our new 2D metasurface in-coupler. To avoid an additional limitation provided by the EPE gratings, we must create the new reflective metasurface with noncoplanar refraction due to the rotation of the plane of incidence by an arbitrary angle with respect to the phase gradient [START_REF] Aieta | Out-of-Plane Reflection and Refraction of Light by Anisotropic Optical Antenna Metasurfaces with Phase Discontinuities[END_REF]. To analyze the reflection of light in 3D we can use a generalized law of reflection that leads to out-of plane beaming, when the phase gradient forms an angle with the plane of incidence. The new characteristics of diffraction orders in 2D periodic lattices are crucial for the design of beam splitting metasurfaces with the new required angular properties of the reflected optical beams.

Using an appropriate design of the grating unit cell we can tailor the electric field distribution in the near-field and thus control the output electric field in the far-field.
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To provide the new single-waveguide full-color solutions the following problems will be addressed:

-Creation of new type of 2D in-coupling metasurface grating with high vertical FoV.

-Design of the new transmissive metasurfaces for coupling an incident light into a thin waveguide.

-Design of a new full-color EPE and out-coupling metasurface components compatible with new 2D metasurface in-coupler.

-Creation of new full-color reflective EPE metasurfaces with noncoplanar refraction to reduce the limitation of vertical FoV.

In my future work I aim at providing a solution for the design a super-absorbing optical metasurfaces to propose a novel design of an optically amplified sensor with enhanced absorption. In the frameworks of PT-symmetry concept the following problems will be addressed:

- The scope of my future research will range from the fundamental aspects of wave interactions in complex electromagnetic structures to custom design of new metasurface structures. My future work will provide a basis for innovative design ideas to create versatile optical systems including AR/VR and optically amplified sensors with high absorption.

Due to my experience and my commitment to academic research, I wish to continue on this path by obtaining an HDR.

It is an important step in my career as a researcher. HDR is a diploma that will allow me to pursue my research work in collaboration with academic laboratories and to supervise doctoral students. It will be a determining factor in the development of my career as a researcher both within my current company and within the various research organizations in France.
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 11 Fig.1.1 Geometry of the problem: (a) periodic stack containing q unit cells with total thickness 𝐿 𝑞 = 𝑞(𝑑 𝐴 + 𝑑 𝐵 ); (b) Fibonacci
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 1213 Fig.1.2. Reflectance of TE wave incident at i = 30° (dashed black lines) and i = 60° (solid red lines) on (a) periodic stack with 16 unit cells, (b) Fibonacci S8 and (c) Thue-Morse Q5 QPSs.

2 .Fig. 1 . 4 .

 214 Fig.1.4. Reflectance of plane TM wave incident at i = 30° (dashed black lines) and i = 60° (solid red lines) on semiconductor periodic stack with 16 unit cells.

Fig. 1 . 1 publicFig. 1 .Fig. 1 . 5 .×10 - 12 ,

 1111512 Fig. 1.4 illustrates |R()| for the periodic stack containing 16 unit cells (32 layers with dB=20 m). It is evident that R() is strongly correlated with the layer intrinsic resonances; plasma band is grey shaded in the figure. Namely, |R()| is high at frequencies   pA, where the layers of both types are opaque. Alternatively, both semiconductor layers are translucent in a "dielectric" mode at frequencies  > pB. At these frequencies, |R()| varies almost periodically due to the Wolf-Bragg resonances at the stack thickness equal to an integer number of half-waves. The reflection characteristics become more intricate in the plasma band where the stack becomes semi-transparent once the layers of type A are translucent while the layers of type B remains opaque.

Fig. 2 . 1 .

 21 Fig.2.1. Geometry of the problem.

Fig. 2 . 2

 22 Fig.2.2 Distribution of the magnetic-field magnitude y H for incidence from left at 𝜃 𝑖 = 5°,  = 2.947×10 13 s -1 , 𝜀 ′ = 0.0001, 𝜀 ″ =

.

  The anisotropic transmission resonance (ATR) for which T=1 and one of the reflection coefficients vanishes, can be observed in PT-symmetric PSs. This phenomenon can be referred to as unidirectional reflectivity and is associated with the exceptional points for the eigenvalues 1 ,2 cc  of the Sc-matrix corresponding to the tunnelling conditions for left and right incidence.

Fig. 2 . 3 .

 23 Fig.2.3. Modulus of eigenvalues of S-and Sc-matrixes for 1D PT-symmetric periodic stack of the layers as a function of frequency at 𝜀 ′ = 0.0001, 𝜀 ″ = 0.001, 𝜃 𝑖 = 5°; (a) -d=125 m, N=1; (b) -d=125 m, N=100; (c) -d=12.5 m, N=10. Red curves correspond to the eigenvalues 𝜆 1,2 , black curves are for 𝜆 1𝑐,2𝑐 ; solid and dashed curves of the same color correspond to the different eigenvalues of the same scattering matrix.

Fig. 2 .

 2 Fig.2.3(b) for N=100 the transition points reenter the symmetric phase at the frequencies close to Bragg resonances.The numerical analysis of the symmetry breaking transition for 2 different ENZ-stacks with the same overall stack thicknesses L=250 m but increasing number of the periods and thinner constituent layers is presented in Fig.2.3(a) and Fig.2.3(c). It can be observed that, for increased number of unit cells in the stack the transition tends to occur at higher frequencies. The analytical study has revealed that the fine-stratified PS with layer thicknesses much less than the wavelength of electromagnetic wave can be considered as anisotropic dielectric with real effective components of

Fig. 2 . 4 .

 24 Fig.2.4. Reflectance (|𝑅 (𝐿) | 2red dash-dot curve, |𝑅 (𝑅) | 2blue dashed curve) and transmittance (black solid curve) for PTsymmetric periodic layered structure versus frequency of plane TM wave incident at 𝜃 𝑖 = 5°; 𝜀 ′ = 0.0001, 𝜀 ″ = 0.001, d=125 m, N=100. Inset: zoomed in onto the 2 ATRs.

Figure 1

 1 Fig. 2.5. Schematic of the problem geometry.

Fig. 2 . 6 .

 26 Fig. 2.6. Dispersion dependence for PT-symmetric PS (TM polarization).

Fig. 2 . 7 .

 27 Fig. 2.7. The photonic band structure at  =  s -1 , (a) -𝜀 ″ = 0.01; (b) -𝜀 ″ = 0.1; (c) -𝜀 ″ = 0.5.

Fig. 2 .

 2 Fig. 2.8. TM wave reflectance from the (a) -passive and (b-d) -active stacks with the default parameters, illuminated at the incidence angle i = 30° (solid red line) and i = 60° (solid blue line); (c,d) -i = 30°, ( ) L R -solid red curve, ( ) R R -dashed

  2.9 versus swept frequency 1 of one pump wave incident at i1 =30°. The other pump wave, incident at i2 =60°, has two fixed frequencies 2 such that |R(2)| has minima. It can be seen that coefficients |Fr| reach their peaks at the frequencies corresponding to the minima of |R(1)| while the peak magnitudes vary in accord with |R(3)|. The numerical results indicate that the introduction of gain dielectric material inside the stack can increase the efficiency of the CFG. The significantly higher intensity |Fr| of combinatorial frequency emitted in the reverse direction of the z-axis was obtained at low frequencies (Figs.2.9(a,d)) and in the proximity of resonant frequencies p1 and p1 * (Figs.2.9(b,c)). At the p1 g1 g2

Fig. 2 . 9 .

 29 Fig. 2.9. The field intensity |Fr| of the waves, emitted from the passive and loss-compensated active stacks at frequency 3 = 1 + 2, versus a pump wave frequency 1 at the other pump wave frequency (a-c) -2 = 0.573 THz and (d,e) -2 = 0.981 THz

  satisfy Kramers-Kronig relations, in the case of absorbing media with ( )

Fig. 2 . 10 .,public 1 

 2101 Fig. 2.10. Reflectivity and transmittivity of linear and nonlinear stacks for left (a) and right (b) incidence of TM wave at = 0°, 2 = 0.005 THz, 𝜔 = 𝜔 01 = 1 THz, d2/d1=1.2, 𝛾 1 =0.01 THz, N=5, d2=0.125 mm. Red solid lines correspond to 2 () L nlT

Fig. 2 . 2 -

 22 Fig. 2.11. Analysis of the conservation relation (2.11) for the nonlinear stack at 𝜔 = 𝜔 01 = 1 THz, = 0°, 2 = 0.005 THz, 𝛾 1 =0.01 THz; (a) -d2/d1=1.2; (b) -d1=0.125 mm. Black dots correspond to N=5, blue dots are for N=10, red dots correspond to N=50.
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 2 Fig.2.13. Transmittance of a TM wave for a linear PT-symmetric systems at

Fig. 2 2 > 1 ,

 221 Fig.2.14. Transmittance |𝑇 𝑛𝑙 (𝐿) | 2 (a,c) and |𝑇 𝑛𝑙 (𝑅) | 2

2 )Fig 2 > 1 , 2 < 1 .Fig. 2 . 16 .

 22121216 Fig.2.15. Transmittance |𝑇 𝑛𝑙 (𝐿) | 2 (a) and |𝑇 𝑛𝑙 (𝑅) | 2

Fig. 2 .

 2 Fig.2.17. Eigenvalues of the Sc-matrix for the nonlinear system with gain and loss saturation effects at 𝜔 = 𝜔 0 = 1 PHz; (a) -= 0°, d= 0.5 m; (b) -= 0°, 𝛼 0 = 0.01; (c) -d= 2.5 m, 𝛼 0 = 0.01. Solid red lines correspond to the eigenvalues c blue dashed lines are for c2.

Fig. 3 . 1 .

 31 Fig.3.1. Geometry of the system.

  public

Fig. 3 . 2 .

 32 Fig.3.2. Power density distribution in xz-plane at λ=550nm for the systems with parameters: n1=1, n2=1.8, n3= 1.6, W= 1200nm, (a) H=600nm; (b) H=900nm.

  3.1) corresponding to the intersection between the NJs public generated by the edges of the part with refractive index n2. deviation of the total NJ beam towards the part with higher refractive index n2 (Fig.3.2b). It was demonstrated that in this case the generated NJ will be parallel to the line MC, where point M corresponds to the middle of the second part with lower refractive index n3 and point C is the crossing point of the NJs generated by the external edges of the microstructure.

Fig. 3 . 3 .

 33 Fig.3.3. Power density distribution for systems with such parameters: n1=1, n2= 1.8, n3= 1.6, W=1200nm, L=900nm, H=1200nm, (a) -in xOz-plane at y=0; (b) -in xOy-plane at z=1700nm

Fig. 3 . 4 .

 34 Fig.3.4. Experimental NF electric field intensity measurements (a) along y-axis for prototypes P1 and P2 at a fixed separation distance of 𝑧 = 3.75 cm from the sensor for illumination frequencies of 4 GHz, (b) along y-axis for just prototype P2 at 5 GHz for different separation distances, z (inset: maximum EM field hotspot intensity along z-axis measured experimentally (orange curve) and numerically (blue curve)). (c, d) Comparison of NF intensities for P2 at illumination frequencies of 4, 5 and 6 GHz for experiments (c) and simulations (d).

Figs. 3 .

 3 4c and 3.4d compare the experimental (top) measurement of microwave jet intensity for P2 for three different frequencies at a separation distance of z =3.75 cm with corresponding simulations (bottom) at a separation distance of 2 cm. The reason for this discrepancy in the separation distance is attributed to experiment imperfections. Nonetheless, we are still in the public microwave jet region to say the behavior at each frequency is coherent with what is expected from simulations. We observe the microwave jet for 4 GHz frequency is the strongest which then drops monotonically with the incident frequency as expected from simulations.

  Fig.3.3 for the case of the double-material microlens, at some distance from the top surface of the element (see Fig.3.3b

Fig. 3 . 5 .

 35 Fig.3.5. Cross-section views of a double-material step-like microlens.

Fig. 3 . 6 .

 36 Fig.3.6. Schematic distribution of NJs in a double-material step-like element.

Fig. 3 .Fig. 3 . 7 .Fig. 3 . 8 .

 33738 Fig. 3.7. Power density ditribution (a) at z=800nm and Y=0; (b) in xOy-plane at z=800nm and (c) in xOz-plane at y=0 for the double material elements with the parameters: n1=1.0, n2=2.2, n3=1.5, H1 =600nm, H2 =250nm, W1 = 600nm, W2= 600nm, W3 = 200nm, W4= 600nm, W5 = 700nm.

Fig. 3 .

 3 Fig.3.9 illustrates the general topology of the second color splitter[START_REF] Shramkova | Optical efficiency enhancement of nanojet-based dielectric double-material color splitters for image sensor applications[END_REF]. The cross-sectional view of the NJ-element on the top corresponds to a cuboid, cylinder or prism embedded in a homogeneous dielectric host media with a refractive index n1 < n2. The NJ-element has a dielectric insert block with a refractive index n3 < n2. We consider the electromagnetic wave incidence from the top of the elements. The topology is arranged in such a way that the NJ beams, originating from external and internal edges and having different intensities and angles of deviation, recombine and contribute to the formation of a spectrally-dependent NJ beam deflection, as illustrated in Fig.3.9b. The material and size of the insert block with refractive index n3 can be selected based on the parameters of the outer block. The

  public

Fig. 3 .

 3 Fig.3.10. Calculated power distribution in a unit cell with d = 1200 nm, H1 = 600 nm, H2 = 400 nm, W1 = 380 nm, W2 = 240 nm, dARC = 200 nm, W * = 440 nm, dDT = 100 nm for (a) λ = 400 nm, (b) λ = 500 nm, (c) λ = 700 nm.

Fig. 3 . 3 . 3

 333 Fig. 3.11 Transmittance for the full visible spectrum at normal incidence and different positions of the ports inside the silicon layer: (a) dA = dB = 100 nm; (b) dA = dB = 1500 nm.

Fig. 4 .

 4 Fig. 4.1. (a) Geometries of the double material single-mode diffraction grating; (b) Reflectance and transmittance vs. angle of electromagnetic wave incidence  for double material metagrating λ=620nm, d=494nm, W1=160nm, H1=280nm, W2=150nm, H2=340nm, n1=1, n2=2.25, n3=1.5154.

Fig. 4 .

 4 Fig.4.1(a) shows a diffraction metagrating with double-material elements embedded in a material with

dr

  Fig. 4.2. (a) Cross-sectional view of transmissive grating unit cell; (b) Reflectance and transmittance vs. angle of TE-polarized electromagnetic wave incidence  at λ=625nm, n1=1.0, n2 = n4 = nL1 =2.5884, n3 =1.7, nL2 =1.7663, n5 = 1.4572 for TiO2 transmissive grating with such parameters: w1 = 60nm, w2 =120nm, h1 = 170 nm, h2 = 130nm, HL3=0nm, dr=-5nm, HL1= HL2=5nm.

Fig. 4 . 3 .

 43 Fig. 4.3. Schematic of dual-mode diffraction grating design with overlap of incident rays.

Fig. 4 .

 4 Fig.4.4 presents a schematic of the unit cells of the designed dual-mode diffraction gratings that are functional in transmission modes. First grating (Fig.4.4(a)) consists of periodic U-shaped elements made of lossless isotropic dielectric material with refractive index 𝑛 2 . It is placed on the top of a homogeneous dielectric media with a refractiveindex 𝑛 3 (𝑛 2 > 𝑛 3 ) and the full system is hosted by a homogeneous medium with refractive index 𝑛 1 . It is assumed that 𝑛 1 < 𝑛 3 and that the vertical edges of the proposed elements are parallel to 𝑧-axis and top surfaces are parallel to the 𝑥𝑦-plane, which corresponds to a base angle equal to 90°. We define 𝑑 as the period of the gratings, and W, W1, H and H1 are widths and heights of the constitutive parts of the U-shaped element. To calculate the grating pitch, we assume that the biggest angular span that can be coupled propagates into the waveguide by TIR. The grating is illuminated by a plane-polarized wave from the top.

Fig. 4 . 4 .

 44 Fig.4.4. Cross-sectional views of U-shaped (a) and twin-pillar (b) unit cells.

  Fig.4.5(b) illustrates diffraction performance of a high refractive index twin-shaped Si-based structures with a wafer of higher index (n3=1.7663) for TE-polarized incident electromagnetic wave. For the Si-based grating the diffraction uniformity is about 94.4%, the maximal transmitted efficiency corresponds to 81%.

Fig. 4 . 5 .

 45 Fig.4.5. Reflectance and transmittance vs. angle of TE-polarized electromagnetic wave incidence  at λ=625nm for (a) Ushaped grating with d=822.4nm, W1=260nm, H1=50nm, W=120nm, H=225nm, n2=2.59, n3=1.7; (b) twin-shaped grating with n2 =3.897 +i0.021061, n3 = nL2 =1.7663, nL1 =2.5884, H=105nm, HL1= HL2=10nm; d=716nm, W=80nm, W1=260nm.

  combinations of the reflective and/or transmissive gratings. Considered metagratings consist of a periodic arrangement of high refractive index sub-wavelength elements. Constitutive parts of proposed metagrating solutions are different diffraction gratings having different periods calculated for the proper wavelength and may have different size and material of the elements. The geometrical structures of the elements are configured to emphasize EWs [119] diffracted by the vertical edges of the high-refractive index elements. Schematic cross-sectional views of a waveguide with 3 types of metagrating in-couplers inside and outside the waveguide are presented in Fig.4.6.

Fig. 4 . 6 .

 46 Fig. 4.6. Schematic side view of the single-waveguide full color system for light in-coupling into the optical device: (a) dual-mode embedded metagrating solution; (b) single-mode embedded metagrating solution; (c) single-mode transmissive metasurface.
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  Here n1 is the index of the surrounding media.

Fig. 4 .

 4 Fig. 4.7. (a) Cross-sectional view of the unit cell of metagrating; (b) Geometry and distribution of diffraction order propagation.

Figs. 4 .

 4 Figs.[START_REF] Arie | Periodic, quasi-periodic, and random quadratic nonlinear photonic crystals[END_REF].8 illustrate diffraction performance of a metagrating using the unit cell with the following parameters: w1 = 100nm, h1 = 240nm, w2 = 80nm; h2 = 100nm, ha = 250nm. They show the computed transmittance and reflectance of TE-polarized incident wave for blue (λblue=460nm), green (λgreen=530nm) and red light (λred=620nm) by the metagrating with the period d=1082.2nm and n21.76. For the system design, Aluminum arsenide (AlAs) was used as material for the elements of the reflective part (elements with refractive index n4), Silicon (Si) was the material for the elements for the transmissive part (elements with refractive index n3). The distance between the elements of gratings was filled by air. To increase diffraction uniformity for the light transmitted through the metagrating, the system uses a PhML and a stop layer below the elements of second diffraction grating[119]. The high refractive index PhML is placed on the top of substrate with refractive index n2. To simplify the fabrication process and control the depth in the etching process, a stop layer is placed between the elements with high refractive index and PhML. For the simulations presented in Fig.4.8, TiO2 has been used as the material of PhML and Al2O3 has been used as the stoplayer material. Thickness of additional layers was 10nm. Full-wave electromagnetic analysis was done for an infinite array of the unit cells presented in Fig.4.7(a). We assumed that the system is also infinite in the y-direction. The angular range presented in Fig.4.8 corresponds to an incidence from the medium with refractive index n2. It can be seen, that the presented metagrating design is configured to in-couple ±4th reflective diffraction orders and ±3rd transmissive diffraction orders for TE polarization. For the proposed solution we can achieve an average diffraction efficiency of 50% for blue color, of 65% for green and of 70% for red over a FoV of 89°. Let us note that the mutual positioning of the elements of 2 diffraction gratings in relation to one another inside the pitch does not affect the system performance.

Fig. 4 . 9

 49 Fig.4.9 Cross-sectional view of the unit cell of the metasurface on top of the waveguide.

vertical

  FoV [130]. The main role of EPE component is to deviate a wide optical beam and duplicate a single pupil into many. The EPE gratings are TIR diffraction gratings in conical mounting [126],[131]. The design of the EPE component requires a careful calculation of the grating's pitch in order to optimize it for the best possible vertical FoV.

Fig. 4 .

 4 Fig.4.10. (a) Perspective view of the full color waveguide having dual-mode metagrating in-coupler (MG1), EPE system (MG2 and MG2') and out-coupling grating system (MG3 and MG3'); (b) Side view of a waveguide showing internal EPE metagrating MG2

  Beam dynamics in PT-symmetric MM structures (analytical and numerical study of nonreciprocal beam scattering by PT-symmetric 2D systems); -Coherent perfect absorber-lasing (CPA-lasing) phenomena in MM structures (spontaneous PT-breaking transitions and scattering matrix singular points for 2D active systems); -Nonlinear response for epsilon-near-zero (ENZ) PT-symmetric MMs; -Spontaneous PT-symmetry breaking and amplification of electromagnetic waves in active semiconductor MMs with the drift of carriers. I will be also focused on a designing of passive non-Hermitian optical systems for wave manipulation and nonreciprocal scattering public Conclusions The purpose of this manuscript is to summarize the results of my scientific postdoctoral research experience and my experience of working with different academic scientific and engineering groups. I have included the results to demonstrate my expertise in the mathematical modeling and investigations of physical linear and nonlinear phenomena in artificial active and passive electromagnetic solid-state materials. My research spans a broad range of optical effects in photonic structures including photonic nanojets, sensors, diffraction gratings and metasurfaces. I have authored and co-authored over 140 refereed journal and conference papers. I have authored and co-authored 2 granted patents and 34 pending patent applications. My experience of supervising PhD and graduate students, and teaching at undergraduate level evidence my ability to mentor interns and PhD students.

  

  1,2 √𝜀 𝑎 𝑠𝑖𝑛 𝛩 𝑖1,𝑖2 . The first two terms in (1.5) correspond to the solution of the homogeneous wave equation (1.4) and last four terms represent the solution of the non-homogeneous equation. Coefficients 𝐵 𝑗 𝑛± (𝜔 3 ) are amplitudes of the waves of frequency 3 generated outside the layer and refracted into it, 𝐷 1𝑗,2𝑗 𝑛± are amplitudes of the waves of frequency 3

	𝐷 1𝑗 𝑛+ = 𝛼	𝐵 𝑗 𝑛+ (𝜔 1 )𝐵 𝑗 𝑛+ (𝜔 2 )

generated inside the layer and these coefficients are expressed in terms of the field magnitudes in the layer at frequencies  1 and 2

  3 2 𝜀 𝑎 -𝑘 𝑥32 is the longitudinal wave number of the wave at frequency 3 in the homogeneous media.Unknown nonlinear scattering coefficient Fr and Ft can now be determined by enforcing the boundary conditions of

	𝜆 𝑟 =	1 𝛥	𝑞 𝑛=1 ∑[𝜂̑𝐵 (𝑛) (𝜔 3 ) 𝑟,1 𝜏 𝐴 (𝑛) + 𝜂̑𝐵 (𝑛) (𝜔 3 ) 𝑟,2 𝜉 𝐴 (𝑛) +	𝜂̑𝐴 (𝑛+1) (𝜔 3 ) 𝑟,1 𝜏 𝐵 (𝑛) + 𝜂̑𝐴 (𝑛+1) (𝜔 3 ) 𝑟,2 𝜉 𝐵 (𝑛) ],
			𝛥 = 𝑀 ̑𝑞(𝜔 3 ) 11 -	𝑘 𝑧𝑎 (3) 𝑘 3	𝑀 ̑𝑞(𝜔 3 ) 12 -	𝑘 3 𝑘 𝑧𝑎 (3) 𝑀 ̑𝑞(𝜔 3 ) 21 + 𝑀 ̑𝑞(𝜔 3 ) 22 , 𝑟 = 1,2.	(1.15)
	𝐸 𝑦 𝑎 (𝜔 3 ) and 𝐻 𝑥 𝑎 (𝜔 3 ) continuity at the structure interfaces at z = 0, Lq. Finally, we obtain the closed form solution for
	Fr,t is as follows:				
	𝐹 𝑟 = (-	𝑘 3 𝑘 𝑧𝑎 (3) 𝑀 ̑𝑞(𝜔 3 ) 21 + 𝑀 ̑𝑞(𝜔 3 ) 22 ) 𝜆 1 -(-	𝑘 3 𝑘 𝑧𝑎 (3) 𝑀 ̑𝑞(𝜔 3 ) 11 + 𝑀 ̑𝑞(𝜔 3 ) 12 ) 𝜆 2 ,
						𝐹 𝑡 = -𝜆 1 + 𝜆 2	𝑘 3 𝑘 𝑧𝑎 (3) ,	(1.14)
	where				
						public

  The frequency bounds of hyperbolic regimes, g1 ( () 0 Using the method of the transmission matrix (which relates the fields at the beginning of a wave period and at its end) and applying the Floquet theorem, which takes into account the periodicity of the structure, we obtain the following

			𝜔 𝑔1 = √	𝜀 01 𝜔 𝑝1 2 𝑎 1 +𝜀 02 𝜔 𝑝2 2 𝑎 2 𝜀 01 𝑎 1 +𝜀 02 𝑎 2	, 𝜔 𝑔2 = √	𝜀 01 𝜔 𝑝1 2 𝑎 2 +𝜀 02 𝜔 𝑝2 2 𝑎 1 𝜀 01 𝑎 2 +𝜀 02 𝑎 1	.	(2.7)
	dispersion relation for PT-symmetric stack		
	𝑐𝑜𝑠 𝑘 ̅ ̄𝐿 = 𝑐𝑜𝑠 𝑘 𝑧 (𝑔) 𝑑 𝑑 𝑐𝑜𝑠 𝑘 𝑧 (ℎ) 𝑑 ℎ 𝑐𝑜𝑠 𝑘 𝑧 (𝑙) 𝑑 𝑑 -	1 2	[(	𝜀 𝑑 𝑘 𝑧 (ℎ) 𝜀 𝑥𝑥 (ℎ) 𝑘 𝑧 (𝑔) +	𝜀 𝑥𝑥 (ℎ) 𝑘 𝑧 (𝑔) 𝜀 𝑑 𝑘 𝑧 (ℎ) ) 𝑠𝑖𝑛 𝑘 𝑧 (𝑔) 𝑑 𝑑 𝑠𝑖𝑛 𝑘 𝑧 (ℎ) 𝑑 ℎ 𝑐𝑜𝑠 𝑘 𝑧 (𝑙) 𝑑 𝑑 +
	+ (	𝜀 𝑑 * 𝑘 𝑧 (ℎ) 𝜀 𝑥𝑥 (ℎ) 𝑘 𝑧 (𝑙) +	𝜀 𝑥𝑥 (ℎ) 𝑘 𝑧 (𝑙) 𝜀 𝑑 * 𝑘 𝑧 (ℎ) ) 𝑠𝑖𝑛 𝑘 𝑧 (𝑙) 𝑑 𝑑 𝑠𝑖𝑛 𝑘 𝑧 (ℎ) 𝑑 ℎ 𝑐𝑜𝑠 𝑘 𝑧 (𝑔) 𝑑 𝑑 +
				+ ( 𝜀 𝑑 * 𝑘 𝑧 (𝑔) 𝜀 𝑑 𝑘 𝑧 (𝑙) +	𝜀 𝑑 𝑘 𝑧 (𝑙) 𝜀 𝑑 * 𝑘 𝑧 (𝑔) ) 𝑠𝑖𝑛 𝑘 𝑧 (𝑔) 𝑑 𝑑 𝑠𝑖𝑛 𝑘 𝑧 (𝑙) 𝑑 𝑑 𝑐𝑜𝑠 𝑘 𝑧 (ℎ) 𝑑 ℎ ],	(2.8)
							h xx  = ) and g2 ( () h zz  →), are defined as
	follows					
							public

Table 1 .

 1 Details of the dielectric cuboids used in this study

		Relative	Loss tangent	Total width,	Depth, D	Height, H
	Cuboid type	permittivity, 𝜀 𝑟		W (cm)	(cm)	(cm)
	Single material	2.6	0.0009	12	12	8.5
	Double-material	2.6 and 3.2	0.0009 and 0.0010	12 (6+6)	12 (each)	8.5 (each)

Table 2 .

 2 Parameters of the full-color system of metagratings

		Red color	Blue color
	λ	638nm	460nm
	𝑑 𝑖𝑛𝑐	𝑑 𝑖𝑛𝑐1 = 382𝑛𝑚	𝑑 𝑖𝑛𝑐2 = 286𝑛𝑚
	𝜙 𝑖𝑛𝑐	𝜙 𝑖𝑛𝑐1 = 90°	𝜙 𝑖𝑛𝑐2 = 90°
	𝑑 𝑒𝑝𝑒	𝑑 𝑒𝑝𝑒1 = 287𝑛𝑚	𝑑 𝑒𝑝𝑒2 = 226𝑛𝑚
	𝜙 𝑒𝑝𝑒	𝜙 𝑒𝑝𝑒1 = 48.7°	𝜙 𝑒𝑝𝑒2 = 52°
	𝑑 𝑜𝑢𝑡	𝑑 𝑜𝑢𝑡1 = 435𝑛𝑚	𝑑 𝑜𝑢𝑡2 = 367𝑛𝑚
	𝜙 𝑜𝑢𝑡	𝜙 𝑜𝑢𝑡1 = 0°	𝜙 𝑜𝑢𝑡2 = 0°

public saturation. We have demonstrated that the eigenvalues of the scattering matrix are strongly influenced by the constitutive and geometrical parameters of the layers and the incoming wave's angles of incidence. Dielectric crystalline and glass materials can be used to realize loss/gain media in actual experimental setups.