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Cette thèse, effectuée en partenariat avec le CEA, présente le développement de méthodes numériques dédiées à la simulation du processus d'accélération d'une flamme hydrogène.

L'accélération et la transition de la déflagration à la détonation des flammes d'hydrogène/air sont des problématiques clés pour la sûreté nucléaire. Elles présentent également un intérêt croissant pour les domaines énergétiques et industriels impliquant de l'hydrogène. La connaissance de ces phénomènes doit permettre de se prémunir contre les conséquences d'une inflammation de l'hydrogène lors d'une fuite ou lors de sa production accidentelle dans une cuve de réacteur nucléaire comme observé lors des accidents de Three Mile Island en 1979 ou de Fukushima-Daiichi en 2011.

L'objectif de ce travail est de proposer des méthodes numériques de haute résolution capables de prédire les phénomènes intervenant dans le processus d'accélération de flamme.

Pour cela, un solveur numérique d'ordre élevé a été développé, il se base notamment sur un schéma de Lax-Wendroff de haute résolution associée à une technique de capture de choc satisfaisant des contraintes de préservation de la monotonie. Ce schéma permet la simulation d'écoulements multi-espèces réactifs avec des équations d'état convexes.

Pour tenir compte de la variabilité des échelles spatiales, des outils de multi-résolution sont appliqués pour adapter localement le maillage. Des méthodes de paroi immergées ont également été intégrées pour permettre d'utiliser des configurations géométriques non triviales avec un maillage structuré.

La capacité du logiciel à reproduire les phénomènes fondamentaux en combustion et en détonation a été étudiée à travers une sélection de cas tests standards. Des dispositifs expérimentaux sont également simulés avec la transmission d'un front de détonation à travers un milieu poreux et la reproduction du tube d'accélération de flamme de l'université de Munich. Les résultats obtenus illustrent la capacité de nos méthodes à capturer avec précision les différentes étapes de l'accélération de flamme et la transition vers la détonation et à reproduire les observations expérimentales.

The acceleration and the transition from deflagration to the detonation of hydrogen/air flames are critical issues for nuclear safety. They are also of growing interest in energy and industrial fields involving hydrogen. The knowledge of these phenomena must allow protection against the consequences of hydrogen ignition during a leak or its accidental production in a nuclear reactor containment, as observed during the accidents of Three Mile Island in 1979 or Fukushima-Daiichi in 2011.

This work aims to propose high-resolution numerical methods capable of predicting the phenomena involved in the flame acceleration process.

For this purpose, a high-order numerical solver has been developed based on a high-resolution Lax-Wendroff scheme associated with a shock-capturing method sat-isfying monotonicity preservation constraints. This scheme allows the simulation of reactive multi-species flows with convex equations of state.

To account for the variability of spatial scales, multiresolution techniques are applied to adapt the mesh locally. Immersed boundary methods have also been integrated to allow computing non-trivial geometrical configurations with a structured mesh.

The ability of the software to reproduce the fundamental phenomena in combustion and detonation has been studied through a selection of standard test cases. Experimental devices are also simulated with the transmission of a detonation front through a porous medium and the reproduction of the flame acceleration tube of the Technische of University Munich. The results illustrate the ability of our methods to accurately capture the different stages of the flame acceleration process and the transition to detonation and to reproduce the experimental observations. [START_REF] Maria | The role of instability in gaseous detonation[END_REF] showing irregular detonation cells . . . . . . . . . 8.1 Illustration with 2 species of the projection P of the first approximation P on the hyperplane H defined by (8.5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8.2 Successive steps for building a stable OSMP scheme for multi-component real gas flow 8.3 Convergence curves using the OSMP7 scheme on a advection of mass fraction wave.
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Part I

Introduction

Chapter 1

Context and motivations

The work presented here was carried out with the CEA in the context of hydrogen safety, an issue that has been studied extensively in nuclear safety and which is becoming increasingly important for other actors with the development and application of new uses, particularly in the production and storage of energy for the general public. We, therefore, present here the stakes of an economy turned towards hydrogen and those more applied explicitly to nuclear safety.

The hydrogen economy

Today, hydrogen is used as a chemical agent in many industrial domains. A large amount of hydrogen is required, for example, in the ammonia's production, generally intended for chemical fertilizer production, in the methanol's production, in the hydrogenation and the desulfurization of oil or biomass, and in the production of steel. For this last case, hydrogen is a reducing gas of the iron and is particularly required in the direct reduced iron process.

In 2020, its demand was about 90 Mt, with more than 70 Mt used as pure hydrogen and less than 20 Mt mixed with carbon-containing gases in methanol production and steel manufacturing. The distribution of uses and production means for the year 2020 are represented in figure 1.1 with data from the International Energy Agency report on hydrogen [IEA21].

In addition, hydrogen also has chemical characteristics that allow it to be considered as an energy carrier with applications in transportation and energy storage and production, or even as domestic [START_REF] Xiao | Premixed flame propagation in hydrogen explosions[END_REF].

energy. It can indeed replace fossil fuels in virtually all applications. For several decades and in recent years, projects using hydrogen as an energy carrier on a large scale have been developed to meet emission reduction targets.

Hydrogen's advantages are numerous for many of these uses because of its energy density (120 MJ/kg), its abundance (but unfortunately not naturally in the form of dihydrogen), and its wide variety of production methods potentially with low carbon and limited environmental impact. The main advantage of its use as an energy carrier is the absence of CO2 emissions during its combustion or its use in a fuel cell. Hydrogen is also considered for energy storage for periods of up to a week in adapted structures [START_REF] Wolf | Chapter 9 -large-scale hydrogen energy storage[END_REF].

Implementing an economy based on hydrogen requires adapted infrastructures for storage, production, transport, and distribution and must respond to numerous technical, cost, and political issues that are not addressed here. The risks are relatively well controlled at the industrial level despite some major historical accidents with ammonium nitrate, but its flammable and explosive properties require strong reliability to deploy these technologies to the general public.

Safety challenges in this hydrogen economy

As mentioned before, hydrogen is not an energy source but an energy carrier, and consequently, it will be as clean as the method employed for its production.

Moreover, the intrinsic properties of this molecule imply some difficulties. First, dihydrogen is a very small molecule that imposes a low energy density on a volume. Its storage on the surface requires high pressures tanks (700 bar for Fuel Cell electrical vehicle's) or its liquid form at a very low temperature (about 20 Kelvin). However, its density is still inferior to 0.1 kg/L in all cases compared to 0.7-0.8 kg/L for gasoline. Hydrogen is the substance with the smallest relative mass, and then it easily leaks from high-pressure environments. It also diffuses into steel and other metals, resulting in material strength reduction and embrittlement during its storage. Hydrogen gas is highly diffusive and buoyant; it rapidly mixes with the ambient air upon release and fills a confined space quickly.

Hydrogen is also characterized by a lack of odor and color which increases the difficulty of detection and its possibility of flaming with a wide range of flammability (when air is mixed with a hydrogen volume fraction of only 4% up to 75%) and low minimum ignition energy, which reinforces spontaneous ignition. Finally, its combustion produces high temperature and pressure during premixed flame propagation.

Table 1.1 gives the main properties of hydrogen in comparison to natural gas and gasoline. The deflagration index refers here to the maximum rate of pressure rise observed in a closed vessel without internal obstacles.

Those particular flammability properties make hydrogen a more sensitive gas than the other hydrocarbon fuels in confined space. Therefore, to ensure hydrogen's safe and reliable use, its characteristics relevant in the phenomenon of leakage and diffusion, ignition, and explosion must be analyzed.

When hydrogen is ignited with low ignition energy, laminar combustion first occurs. Afterward, because of the inherent instability of the flame, the interaction with acoustic and pressure waves, and obstructions in the flow, the flame undergoes turbulent combustion, which increases the flame speed, and eventually shift to detonation. This work addresses both issues by the simulation of the flame acceleration phenomenon and the potential onset of detonation.

Application in the context of nuclear safety

Hydrogen safety issues have long been studied in the specific context of nuclear safety. Indeed, in case of a severe accident impacting the cooling system of a reactor containment, the high temperature can trigger some processes that produce hydrogen. The main sources are the zirconium-steam reaction, the water radiolysis, the reaction with boron carbide, or the reaction between the molten core with the concrete of containment.

In the historical accident of Three Miles Island (1979) and Fukushima-Daiichi (2020), the oxidation of zirconium by steam had led to massive hydrogen release when the core was no longer completely covered by liquid water and insufficiently cooled. Zirconium alloy has a very low absorption crosssection of thermal neutrons, a high hardness, ductility, and corrosion resistance. These properties are very interesting for nuclear technologies, and zirconium is used as cladding of fuel rods. There are several tons of this alloy around the fuel rods. However, when the temperature rises to about 1500 K, fuel claddings and other zircaloy structures will react with water vapor or steam and release a large amount of hydrogen and heat (Eq. 1.1), which causes the core to heat still faster. Moreover, the reaction between zircaloy and water increases with the temperature.

Zr (s) + 2 H 2 O (g) ZrO 2(s) + 2 H 2(g) (1.1)
In order to prevent the development of hydrogen gas clouds, some mitigation measures are installed in the containment. In small volumes, such as in the Fukushima primary containment, the atmosphere is reduced in oxygen with the addition of nitrogen as inert gas. For larger volumes, Passive Autocatalytic Recombiners (PARs) are used to convert hydrogen and oxygen into water rapidly. However, the presence of recombiners does not eliminate the risk of flame acceleration in case of large production and can even provoke ignition of the mixture [GSv + 15]. Spray systems mix the atmosphere and avoid stratification but reduce the water steam's diluent effect, which in turn reduces the explosion limits.

Accumulation of hydrogen inside the containment usually forms a heterogeneous and probably stratified semi-confined hydrogen-air or hydrogen-air-steam mixture layer. Depending upon factors such as geometry and local conditions such as mixture composition, temperature, pressure, and turbulence level, different combustion regimes are possible after the ignition of such layers. These regimes range from a laminar flame to a detonation; several phenomena described in chapter 3 take part in the flame acceleration phenomena until supersonic speed and the transition to the detonation. In the case of supersonic flame and especially with detonation front, high dynamic pressure loads are generated in the containment, which challenges the structural integrity of the containment wall.

During the partial core meltdown in the Three Mile Island Unit-2 accident, about 200 kg of hydrogen was released in the dome region of the containment. At about 10 hours from the initiating event (beginning of the accident), a pressure spike was observed within the containment. It was concluded that this was due to partial deflagration of hydrogen at 8 % concentration in the containment dome [R.E07]. Identical reactions occurred in boiling water reactors of the Fukushima Daiichi Nuclear Power Plant. Report of SANDIA [GKC + 12] and TEPCO [START_REF] Tepco | The 5th progress report on the investigation and examination of unconfirmed and unresolved issues on the development mechanism of the fukushima daiichi nuclear accident[END_REF] give an estimation of generation of between 660 kg and 880 kg of hydrogen in each unit in the first 24h after the beginning of the incident.

The hydrogen was vented into the reactor maintenance halls and the resulting explosive mixture of hydrogen with air exploded in different sections, especially in the Unit 4 although it was de-fueled.

Flame acceleration phenomena and transition to detonation are significant for nuclear safety to prevent the loss of integrity of the last barrier between radioactive materials and the environment. The influence of the local composition of the hydrogen/air reactive mixture on the premixed flame speed during its propagation is still an open problem both experimentally and numerically. Accurate prediction of the pressure loads is strongly related to the models' ability to predict the flame acceleration process. This work focuses on methods to simulate the flame behavior and characterize such risk numerically.

Chapter 2

Detonation Phenomenon

The detonation phenomenon is a specific regime of combustion involving supersonic velocity and significant overpressure, which can challenge the integrity of structures in confined environments. Detonations correspond to highly dynamic features structures of shock waves and reaction zone with however specific distributions in space in two or three dimensions. This chapter describes the main properties of a detonation front with the definition of, for instance, Chapman-Jouguet detonation, ZND profile, and cellular structure.

Subsonic and supersonic regimes : Deflagration and Detonation

For a free premixed flame, we distinguish two main combustion regimes: the deflagration regime, characterized by a subsonic propagation of the flame front related to the fresh gases; and the detonation regime, corresponding to the propagation of the flame front at a supersonic velocity.

The propagation mechanism of the flame front differs between the two regimes :

• For the detonation, a precursor shock increases the temperature before the flame front enough to auto-ignite the mixture and maintain the strengh of this precursor shock in front of the reactive wave.

• For the deflagration, the flame progresses thanks to heat and species diffusion phenomena. In this regime, many phenomena interact with the flame front and accelerate it. Physical phenomena involved in this process are described more precisely in Chapter 3.

The two regimes of propagation can be differentiated using the conservation of mass, momentum, and total energy across a one-dimension flame front as illustrated in Figure 2.1. Considering the coordinate sytem attached to the flame front and a steady flow from each side of the front, these conservation laws correspond to:

ρ u v u = ρ b v b , (2.1a) p u + ρ u v 2 u = p b + ρ b v 2 b , (2.1b) h u + v 2 u 2 = h b + v 2 b 2 , (2.1c)
where the subscript u and b denote the unburnt and burnt gases, respectively. ρ is the density, v the velocity in the direction normal to the flame front, p the local pressure, and h the specific enthalpy.

To highlight the reaction of the front, the specific enthalpy term can be split into the enthalpy formation and the sensible enthalpy (2.1c) to obtain:

Flame Front

ρ u v u h u ρ b v b h b Figure 2
.1: Balance of conservative variables around the flame front

h s,u + q r + v 2 u 2 = h s,b + v 2 b 2 , (2.2)
where q r corresponds to the variation of the enthalpy formation between the unburnt gas and the burnt gas.

q r = reactants i Y i h o f i - products i Y j h o f j , (2.3)
where h o f are the formation enthalpy of each specie and Y i the mass fraction of each specie involved in the chemical reaction.

Using the first two equations of conservation (2.1a) and (2.1b) we express the mass flux per unit area ṁ = ρu with:

ṁ = ρ u v u = ρ b v b = p b -p u 1/ρ b -1/ρ u .
(2.4) Since ṁ must be a real number, there is only two regions suitable with physical solution in the p -1/ρ plane illustrated in Figure 2.2. The region with ρ u < ρ b and p u < p b corresponds to the detonation regime with compression across the detonation flame and the region with ρ u > ρ b and p u > p b corresponds to the deflagration wave with expansion of the gas across the front flame that slightly reduces the pressure.

Moreover, from the initial unburnt gas condition, the steady state solution of the burnt gas evolves along the straigh line called the Rayleigh line with a slope -ṁ2 .

Using the relation (2.4) and the conservation of energy relation (2.2), we obtain:

h s,b -(h s,u + q r ) = 1 2 (p b -p u ) 1 ρ u + 1 ρ b . (2.5)
At this step, we assume that the mixture of gases follows a perfect gas equation of state and is calorically perfect, which means that the heat capacities c p of the burnt gas and the unburnt gas are constant with temperature. The validity of the following analysis for real gases, and especially the hypothesis on the equation of state, are reviewed in Chapter 5. A perfect equation of state p = ρrT (r is the specific gas constant and T the local temperature) implies: where γ is the heat capacity ratio of the gas. Introducing this relation into (2.5), we obtain the equation of an hyperbole in the p -1/ρ plane called the Hugoniot curve parametrized by:

h s = c p T = γ γ -1 p ρ , ( 2 
y = γ u + 1 γ u -1 -x + 2 ρ u q r p u γ b + 1 γ b -1 x -1 . (2.7)
The conservation laws (2.1) then imply that the burnt gas must simultaneously satisfy the Rayleigh line and the Hugoniot curve. This situation is illustrated in Figure 2.3.

If the Rayleigh line does not intersect the Hugoniot curve, there is no solution. Otherwise, there are two distinct points in the same regime with a strong and a weak solution for a given mass flux.

Chapman and Jouguet [START_REF] Chapman | Vi. on the rate of explosion in gases[END_REF][START_REF] Jouguet | Sur la propagation des réactions chimiques dans les gaz[END_REF] postulate that the detonation solution will converge to the minimum velocity and minimum entropy variation that correspond to the point where the Rayleigh line is tangent to the Hugoniot curve. Experiments confirm this hypothesis, and this specific point is called the Chapman-Jouguet point. The velocity of the detonation front is named the Chapman-Jouguet velocity.

In the deflagration case, the Chapman-Jouguet point corresponds to the maximum possible deflagration speed, which is approximately one-half the Chapman-Jouguet detonation Mach number in the explosive mixture. Contrary to the Chapman-Jouguet detonation, there is no stability consideration in the deflagration case, and a wide range of solutions are possible, allowing flame acceleration mechanisms.

Detonation structure

After gas dynamics analysis based on conservation equations between equilibrium states, we consider in this section the structure of the detonation front in more detail. The one-dimensional model has been formally described by Zeldovich, von Neumann, and Döring and referred to as the ZND model.

Steady one-dimensional ZND structure

The ZND structure describes various steps in the evolution of the detonation front. This model considers the chemical kinetics and detailed reactions of the mechanism, distinguishing between the The ZND structure consists of a leading front that adiabatically compresses and heats the reactants up to the ignition temperature. This precursor shock is followed by an induction zone where active radical species are generated in the initiation reaction. This zone is globally thermally neutral. The rapid chain reaction zone finally increases the temperature and reduces local pressure until the final Chapman-Jouguet state. An example of the successive zone of the ZND structure is illustrated in Figure 2.5. Concerning the evolution in the p -1/ρ diagram, the transition through the detonation front first stays on the Hugoniot curve without heat release by reaction (Crussard curve) that corresponds to the precursor shock to get the Von Neuman point and then returns to the Chapman-Jouguet point along the reaction zone (Figure 2.4) that releases heat.

The ZND structure and especially the length of the induction zone is controlled by various chemical parameters with, for example, the activation energy present in the Arrhenius law described in Chapter 5 that measures the temperature sensitivity of the chemical reaction. The induction length is correlated with the properties of the detonation waves and has an impact on the grid resolution needed to capture the detonation structure properly, as discussed in § 13.3.2.

Considering the steady-state ZND model for detonation structures in the reference frame attached to the moving shock wave, with n s species, we obtain the set of equations:

d dx (ρv Y i ) = ρ ωi ; (i = 1, ..., n s ) (2.8a) d dx (ρv 2 + p) = 0; (2.8b) d dx (ρv H) = 0, (2.8c)
where x and v are respectively the distance to the shock wave and the particle velocity in the reference frame of the shock wave. Y i and ωi are the mass fraction and the chemical production rate of the species i, respectively. H is the total enthalpy corresponding to the sum of the specific enthalpy and the kinetic energy of the gas: 

H = h + 1 2 u 2 .
(2.9)

It is possible to express equations (2.8) in a more convenient form for integration which is given by:

dp dt = -ρv 2 σ 1 -M 2 ;
(2.10a)

dρ dt = -ρ σ 1 -M 2 ;
(2.10b)

dv dt = v σ 1 -M 2 ;
(2.10c)

dY i dt = ωi (i = 1, ..., n s ), (2.10d) 
with M the flow Mach number (M = v /c s where c s is the local sound speed) and t = x /v . σ is the thermicity, used to denote the non-dimensional energy release rate, defined by:

σ = ns i=1 W W i - h i c p T ωi , (2.11)
where W is the mean molar mass of the mixture, and h i the specific enthalpy of specie i.

The transformation of the set of equations (2.8) to (2.10) is described in Appendix B of [START_REF] Hoi | The effect of chemical reaction kinetics on the structure of gaseous detonations[END_REF].

For a ZND detonation wave traveling at the Chapman-Jouguet velocity, the equilibrium state is reached when v reaches the sound speed value in the burnt gas. By conservation laws described in (2.1), we obtain the value of the Chapman-Jouguet velocity, the strength of the precursor shock wave, and the composition of the Von Neuman state. Knowing the initial and final condition, (2.10) can be solved to compute the ZND profile entirely. The computation of this profile will often be used to initiate numerical simulations.

Shock front
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Unstable one-dimensional detonations

Steady ZND profiles are difficult to observe experimentally. Indeed, depending on the initial conditions and mixture properties, the detonation front is inherently unstable. In one dimension, this instability property can generate pulsations on the post-shock pressure and variation of the shock velocity.

Many theoretical and numerical studies of the one-dimensional pulsating detonation have been carried out in the past [Erp62, BMR91, SQ97, NRH + 05]. Linear stability analyses performed by Erpenbeck [START_REF] Erpenbeck | Stability of step shocks[END_REF][START_REF] Erpenbeck | Stability of idealized one-reaction detonations[END_REF] show that laminar ZND structures are sensitive to hydrodynamic perturbations, especially for detonation with strong shock waves. In the following decades, other critical parameters have been identified as influencing the pulsating structures with the specific heat ratio, the activation energy, the heat release and the order of the reaction, and the degree of the detonation overdrive (characterizing detonation faster than the Chapman-Jouguet velocity called pathological detonation [START_REF] John | The Detonation Phenomenon[END_REF]). Bifurcations in the pulsations are also observed with a structure that changes from harmonic oscillations to chaotic structures [START_REF] Bourlioux | Theoretical and numerical structure for unstable one-dimensional detonations[END_REF].

Most of these studies have been realized with one single-step Arrhenius law; however, using multi-step reaction highlights the influence of the chain-branching kinetics on the pulsating structure. Based on a three-step reaction model with initiation reactions, chain branching reaction, and chain termination, Short & Quirk [START_REF] Short | On the nonlinear stability and detonability limit of a detonation wave for a model three-step chain-branching reaction[END_REF] linked the stability properties to the ratio between the induction zone length and the reaction zone length, i.e., the distance from the main reaction to the location where all the radicals are consumed.

The reason invoked for the instability is the presence of small fluctuations in the shock temperature, which results in large fluctuations in the induction delay time that destabilize the detonation front. Meyer and Oppenheim [START_REF] Meyer | Coherence theory of the strong ignition limit[END_REF][START_REF] Meyer | On the shock-induced ignition of explosive gases[END_REF] then made a distinction between a strong regime with uniformly distributed ignition and a mild regime with exothermic spots. The strong regime gives detonation free of instability; it requires that neighboring particles initially at slightly different shock strength release their chemical energy with similar delays. In that case, the power pulses overlap and give a single gas-dynamic effect. They related irregular cells to the sensitivity of the chemical induction time τ i to changes of shock temperature.

Using hypothesis that induction time has Arhenius form: 

τ I ∼ exp E a R gas T V N , (2.12)
with E a the global activation energy, and R gas the universal gas constant, Radulescu [Rad03] construct criteria between stable and unstable ignition using the normalized activation energy

I = E a R gas T V N .
Since a long time for energy release still leads to quasi-simultaneous energy deposit and coherence between time and space even if the changes of induction times are important. Radulescu and Ng [NRH + 05] also consider the ratio between the induction length ∆I and reaction length ∆R to construct a stability parameter χ such as:

χ = T ∆ R ∂∆ I ∂T = I ∆I ∆R . (2.13)
The values of χ are used to compare stability between different mixtures, Ng et al. [NRH + 05] create a neutral stability curve from analytical analyses to distinguish stable from unstable one-dimensional detonation. Similar numerical tests with pulsation instability generated in a one-dimensional hydrogen detonation front with stabilizing effect of argon dilution are presented in § 13.3.2.

Cellular detonation structure

In one dimension, instability is expressed with longitudinal oscillations in the direction of detonation propagation. In two or three dimensions, transverse oscillations normal to the direction of propagation are superimposed to the longitudinal pulsations. The leading front of the detonation is then deformed by a triple shock configuration, in which transverse shock waves propagate perpendicularly to the main direction of detonation propagation. This configuration is visible in the Schlieren images of Austin [START_REF] Maria | The role of instability in gaseous detonation[END_REF] in Figure 2.6.

Transverse shock wave propagation will collide periodically as the detonation propagates with time.

During those collisions, high temperature and pressure regions are generated and accelerate the local leading shock. Local gas expands as the front moves forward, and shock strength finally decays until the next collision. The trajectory of the triple point forms scale-like structures called detonation cells. Detonation front with cells is schematically represented in Figure 2.7.

Detonation cell size is a characteristic dynamic parameter of the detonability of a mixture and can be used to estimate another dynamic parameter as the limited diameter of a tube for the propagation of a detonation front described in § 4.1.2. Detonation cells can be observed experimentally with a thin [START_REF] Maria | The role of instability in gaseous detonation[END_REF] showing irregular detonation cells Indeed, in relation to the instability displayed by one-dimensional detonation waves, multi-dimension structures form more or less regular structures that characterize the degree of stability of the det-onation front. In the case of a weak detonation, detonation cells are regular, and their size is well determined. With more unstable detonation, the transverse wave strength is much more important. Large detonation cells length ratios can be observed [START_REF] Austin | Reaction zones in highly unstable detonations[END_REF].

Regularity property will have a significant impact on the behavior of the detonation front, especially on the critical conditions necessary for the existence of a quasi-steady ZND detonation. The classical ZND model can well approximate the propagation of the detonation front with weak transverse waves. However, for detonation fronts with strong transverse waves and sensitivity to instabilities, 2D and 3D effects with shock compression and compressible turbulence interactions can maintain sufficiently high burning rates necessary for the self-sustenance even with velocity below Chapman-Jouguet velocity. From a numerical consideration, the grid resolution needed to capture instabilities on irregular detonation front correctly is also higher [START_REF] Choi | Some numerical issues on simulation of detonation cell structures[END_REF]. Test in this regard are carried out in § 13.3.3.

Chapter 3

Flame acceleration

This chapter summarizes the main mechanisms associated with flame acceleration and the Deflagration to Detonation Transition (DDT). The detonation regime induces shock waves and flame front that converge to the Chapman-Jouguet (CJ) velocity. During the deflagration regime, the flame front speed varies from laminar speed, of the order of a few meters per second, to speeds close to the speed of sound in the burnt gas. The acceleration is due mainly to the increase of the flame surface area induced by different phenomena acting more or less dominantly according to the deflagration phase. Three successive phases, characterized by the speed of the flame, can be distinguished during a continuous flame acceleration.

1. The laminar and cellular flame propagation, introduced in § 3.1.2 with an exponential acceleration due to gas expansion and hydrodynamic instabilities intrinsic to the flame sometimes called autoturbulence.

2. The slow turbulent deflagration regime, described in § 3.1.4 with a prevalence of the impact of turbulence on the flame.

3. The fast deflagration regime, described in § 3.1.5 with the impact of compressible effects on the flame.

Finally, the flame acceleration process can eventually lead to a DDT because of various phenomena influencing the local reactivity of the mixture described in § 3.2.

Deflagration regimes

Ignition

Two ignition modes are possible in a premixed mixture depending on the ignition energy involved. With moderate ignition energy, deflagration will be created. This ignition scenario is encountered in accidents in industrial environments, especially with H 2 -air mixture, which requires low ignition energy, as we saw in the Chapter 1.

With high ignition energy, a detonation can be directly initiated if H 2 concentration is sufficiently high.

In that case, the onset of detonation is initiated with the generation of high local temperature and pressure. Critical energy is required to produce a blast wave which will decay to the Chapman-Jouguet strength with sufficient radius to establish the induction-zone thickness [START_REF] He | On the direct initiation of gaseous detonations by an energy source[END_REF]. This direct ignition generally requires the use of an explosive system. However, Yoshikawa and Lee [START_REF] Lee | Photochemical initiation of gaseous detonations[END_REF][START_REF] Yoshikawa | Coherent shock wave amplification in photochemical initiation of gaseous detonations[END_REF] have investigated other mechanisms of direct initiation by photolysis and turbulent mixing to create the critical chemical conditions required for the onset of detonation.

Mechanisms of direct initiation of detonation are similar to those allowing transition from deflagration mode to the detonation mode described in § 3.2 where the critical conditions are achieved via flame acceleration and compressible effects.

Laminar deflagration

After the ignition of the mixture, the flame is close to a laminar deflagration mode. This laminar regime is impacted by three fundamental mechanisms: thermal diffusion, species diffusion, and chemical reaction.

When the flame front has a slow velocity, gases are dilated in an isobaric process, expanding the fresh gas in front of the reaction zone and putting them in motion. This expansion is combined with propagation of the flame front characterized by a laminar velocity S 0 l in the fresh gas frame. This fundamental velocity depends on the diffusion effects.

Such laminar flame is also characterized by their expansion ratio σ = ρ u /ρ b , (where subscripts u and b designed the unburnt gas and burnt gas, respectively) and the laminar flame thickness δ l corresponding in this work to the thermal thickness computed with temperature gradient:

δ l = (T b -T u )/ max ∂T ∂x . (3.1)
According to the theory of Mallard and Le Chatelier, the flame thickness is split into two distinct zones: the preheat zone, where the thermal diffusion effect heats the mixture until auto-ignition temperature is reached, and the reaction zone, where chemical heat release takes place. The thickness of the reaction zone δ R is approximated with

δ R = δ l /Ze. Ze = E a T b -Tu RgasT 2 b
is the Zeldovich number, computed with the overall activation energy E a .

Computation of the laminar flame using the numerical methods developed in this study and comparison with experimental data is performed in § 13.1.

Cellular deflagration

In the classical theoretical description, the laminar flame front is assumed to have a stable structure and propagate while conserving a planar one-dimensional shape. However, premixed flame fronts are affected by hydrodynamic and thermodiffusive instabilities that distort its surface and accelerate the flame front creating cellular structure. Figure 3.1 shows an example of the expansion of a spherical lean hydrogen/air flame and the corrugated flame surface observed in a spherical bomb. Rich hydrogen/air flame does not show the same propensity to be cellularly unstable with the same experimental condition.

The first analyses of the destabilizing effect during the thermal expansion of a flat front flame have been realized by Darrieus [START_REF] Darrieus | On the theory of slow combustion[END_REF], and Landau [START_REF] Landau | Propagation d'un front de flamme[END_REF] in the 1940s. Considering small perturbations in the velocity and pressure component, they performed a linear stability analysis to establish a dispersion relation between the instability's growth rate ω and the wavenumber K:

ω DL = KS 0 l σ σ + 1   σ 2 + σ -1 σ -1   . (3.2)
This relation indicates that all the wavelengths along an infinitely thin plane flame front grow exponentially. According to this analysis, short-wavelength perturbations grow more rapidly than longer ones, and the growth rate becomes infinite as the wavelength approaches zero. Indeed, if a flame is slightly curved, streamlines in the burnt gas converge behind the convex part of the front and diverge behind the concave part as illustrated in Figure 3.2, which continuously reinforce the wrinkling.

Moreover, non infinitely thin flame and thermo-diffusive effects also impact the laminar flame front with stabilizing or destabilizing effects on the instabilities depending on the Lewis number. If the heat flux prevails over the diffusive flux, which means that the effective Lewis number Le ef f > 1, then the velocity at the concave part of the flame front will increase, and the flame wrinkling is thus reduced. However, when the thermal diffusivity is slow (Le ef f < 1), limiting species concentration with weak heat flux in the convex sections will increase velocity and enforce the flame wrinkling. Those two configurations are illustrated in Figure 3.3.

In order to include the diffusive effect, Markstein [START_REF] Markstein | Experimental and theoretical studies of flame-front stability[END_REF] introduced the definition of the Markstein length L M to express the flame velocity as a function of the strain rate K of the flame:

S l = S 0 l (1 -L M K). (3.3)
With this formulation, linear relation evolves depending on the value sign of the Markstein length:

ω = KS 0 l σ σ + 1   σ 2 + σ -1 σ + L M K(L M K -2σ) -L M K -1   . (3.4) If L M = 0, same relation (3.
2) is found than with Darrieus-Landau analysis. If L M < 0, hydrodynamics instability are reinforced. Finally, if L M > 0, small wavelength becomes stable and a stability limits

K n = 1 2 σ-1
σL M appear (Figure 3.4).
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Figure 3.4: Dependence of growth rate ω for wavenumber K for various values of Markstein length

The Markstein length is usually determined experimentally. Considering a one-step reaction with a large activation energy, constant properties, and heat capacity c p , Pelcé and Clavin [START_REF] Clavin | Effects of molecular diffusion and of thermal expansion on the structure and dynamics of premixed flames in turbulent flows of large scale and low intensity[END_REF][START_REF] Pelce | Influence of hydrodynamics and diffusion upon the stability limits of laminar premixed flames[END_REF] and Matalon [START_REF] Matalon | Flames as gasdynamic discontinuities[END_REF] have obtained asymptotic expressions for the Markstein number M a:

M a = L M δ l = σ σ -1 ln σ + Ze(Le ef f -1) 2 1 ln(x) x -1 dx . (3.5)
An analytical expression for the effective Lewis number Le ef f is defined by Addabbo et al. [START_REF] Addabbo | Wrinkling of spherically expanding flames[END_REF] as:

Le ef f = 1 + (Le E -1) + (Le D -1)A 1 + A , (3.6)
where Le E and Le D correspond respectively to the reactant relatively in excess or deficient. A = 1 + Ze(ϕ -1) with ϕ the ratio of mass excess-to-deficient reactants in the fresh mixture. ϕ correspond to the equivalence ratio Φ for rich mixtures and its reciprocal 1/Φ for fuel-lean mixtures.

Experimental measurements of the Markstein length and effective Lewis number are usually realized on spherical expanding flame. Measurement is realized with a small stretch ratio. As the flame is not stationary, only instabilities growing fast enough can develop. A spherical flame, initially stable, becomes cellular starting from a specific size, defined by its radius R 0 from the ignition point, and expressed by a critical Peclet number, corresponding to the appearance of the first unstable wavelengths. Peclet number depends on the thermal expansion coefficient, and the Lewis number [START_REF] Bechtold | Hydrodynamic and diffusion effects on the stability of spherically expanding flames[END_REF].

Experimental results based on the relation between flame velocity and stretching according to the definition of the Markstein number are given Figure 3.5 for H 2 -air mixture with various equivalence ratios. Such results on the Markstein length indicate that lean hydrogen flames are very unstable. For a mixture of hydrogen/air, the transition from unstable to stable propagation is located between 24% and 26% of H 2 .

Reproduction of such results is performed with our numerical solver on a two-dimensional flame expanding cylinder § 13.2 to characterize the capability to reproduce properties of stability of the flame front with our chemical mechanism and diffusive models.

Premixed combustion turbulent regime

The diffusive and instability processes induce the laminar flame's effective velocity. In the case of local ignition, the laminar front flame is developed spherically around the ignition point. The lower density of the burnt gases causes volume expansion, creating a flow in the fresh gas ahead of the flame front (piston effect). Flow instabilities can be triggered at sufficiently high induced flow velocity and create turbulence. Obstructions in the flow also increase turbulence generation in the wake of obstacles. Through the formation of eddies structure, the turbulence will interact with the flame front.

Turbulence is characterized by fluctuations of the local properties and especially by the velocity fluctuations. Turbulence is characterized by the RMS velocity v and its integral scale l t .

A Reynolds number Re(l r ) is associated for each turbulent scale l r as:

Re(l r ) = v (l r )l r ν l , (3.7)
where v (l r ) is the characteristic velocity of the motion of size l r , and ν l the kinematic viscosity.

If turbulence is homogeneous and isotropic, the energy flux is transferred from large scales of motion to the small scales and kept constant along this energy cascade. The turbulence dissipation rate ε is given by the ratio of the kinetic energy v (l r ) 2 (l r ) divided by the time scale l r /v (l r ):

ε = v (l r ) 3 l r . (3.8)
Scales of turbulence l r go down from the integral scales l t , corresponding to the order of the confining geometry dimensions, to the Kolmogorov microscale η k corresponding to the size where viscosity dominates, and turbulent kinetic energy is dissipated into heat with a Reynolds number close to unity.

Re(η

k ) = v k η k ν l = ε 1/3 η 4/3 k ν l = 1. (3.9)
Thus, the Kolmogorov microscales of length η k and time t η correspond to

η k = ν 3 l ε 1/4 , t η = ν l ε 1/2 . (3.10)
Interaction between the turbulence and the flame is presented as an interaction between flame and vortex corresponding to turbulent eddies. Some dimensionless parameters are used to characterize the impact of eddy turbulence on the flame front:

• The Karlovitz number Ka defined as the ratio of chemical time scale t F and to Kolmogorov time scale t η ,

Ka = t F t η = v (η k )/η k S 0 l /δ l = δ η k 2 .
(3.11)

• The eddy Damköhler number Da(l r ) defined as the ratio between the time scale t r and the chemical time scale t F .

Da = t r t F = l t /v (l t ) δ l /S 0 l .
(3.12)

These two numbers are related with Ka = 1/Da(η k ) and with the turbulent Reynolds number at the integral scales Re t = Da 2 Ka 2

The impact of the turbulence on the flame front depends on the combustion regimes. Those regime are presented in Borghi diagram (Figure 3.6) identified in terms of length (l t /δ) and velocity (v /S 0 l ) ratio.

In the case of a small value of Reynolds number Re t , turbulence is too weak to interfere with the combustion process, and the flame propagates in a laminar regime. In the other case, distinct regions are identified:

• Re t < 1:
Turbulence is too weak to interfere with the combustion process; thus, the flame is in a laminar regime;

• Ka < 1 (Da > 1):

The flame thickness is smaller than the Kolmogorov microscale. The inner structure of the front flame is preserved and close to the laminar flame. This regime is called the "flamelet regime", it is split into two distinct sub-regimes related to the impact of the turbulent motion on the flame front.

v < S 0 l : The velocity fluctuation is too low to wrinkle the flame front significantly. This regime is called the "wrinkled flamelet regime"; v > S 0 l : The fluctuation amplitude is significant compared to the flame speed, and the turbulent motion wrinkles the flame front. This regime is called the "corrugated flamelet regime".

• Ka > 1 and Da(l t ) > 1:

In that case, the turbulent integral time scale is larger than the chemical time scale, but the Kolmogorov scale is smaller than the flame thickness. The small eddies impact the inner flame structure. This regime is called the "thickened flame regime". A second Karlovitz number Ka δ = δ r /η k related to the thickness of the reaction zone of the flame is also introduced to distinguish the effects on the inner flame structure.

-Ka δ < 1 : turbulent motions modify the flame preheated but not the reaction zone. The regime is called the "thickened-wrinkled flame regime";

-Ka δ > 1 : both diffusion and reaction zone are affected by the turbulent motion. There is no laminar structure anymore in the flame structure. This regime is called the "thickened flame regime".

• Da(l t ) < 1:

The integral time scale is shorter than the chemical time scale, and the mixing is fast. This regime is called the "perfectly stirred reactor".

Experimental shadowgraph and OH-PLIF sequences of hydrogen flame acceleration presented by Boeck [START_REF] Boeck | Deflagration-to-Detonation Transition and Detonation Propagation in H2-Air Mixtures with Transverse Concentration Gradients[END_REF] allow characterizing the deformation of the flame front through an obstructed tube (Figure 3.7). By increasing the equivalence ratio of the mixture with H 2 volume concentration from 12.5 to 20%, the averaged flame tip velocity increases, impacting the Karlovitz number. At 12.5%, the regime of the flame corresponds to a wrinkled flamelet. At 15%, the flame is corrugated with a velocity that rises 120m/s. Close to the stoichiometric mixture, with 20% H 2 concentration and flame tip velocity at 300m/s, the turbulence interacts with the front flame with a reaction zone that is spatially extended, suggesting a thickened flame regime. For this last concentration, velocity close to the supersonic value introduced compressible effects that induced a transition from slow to fast deflagration regime.

Fast turbulent deflagration

Above a velocity of the flame front higher than half of the sound speed in the fresh gas, the compressible effect impacts the behavior of the front flame. When the velocity reaches the sound speed, the compressible effects and their interaction with the flame become the predominant mechanism of the acceleration. The generation of a pressure wave with the fluctuation of the heat release rate in the reaction flame preheats the fresh gas. The reflection on the boundary returns this pressure wave that interacts with the flame with a positive feedback mechanism that increases instability. The shock-flame interaction produces Richmeyer-Meshkov instability induced by a non-parallel gradient of density and pressure. Chemical reactions generate a strong variation of pressure fluctuations, and acoustic-flame interaction is repeated continuously, resulting in a continuous generation of small turbulence scales that will increase the burning rate.

With the presence of geometric components in the flow, the compression waves close to the obstacle are reinforced and modified thermodynamic conditions in front of the flame. The thermodynamic state does not reach the auto-ignition limit but increases the temperature and the burning rate (Figure 3.8).

Figure 3.8: Shadowgraph sequence of shock-flame interaction in GraVent experiments closed to a obstacle with 25% of hydrogen volume

These phenomena progressively accelerate the flame front until the maximum Chapman-Jouguet deflagration velocity is reached. This regime, dependent on the thermodynamic properties of the mixture, is called choking regime. At those velocities, the front flames generally transit to a detonation. However, with specific obstacle-laden tubes, turbulence can sustain the flame in this regime [START_REF] Chao | The propagation mechanism of high speed turbulent deflagrations[END_REF].

Transition to detonation

Onset of Detonation

As described with the representation of the balance equation in the p -1/ρ plane in 2.1, there is no possible continuous transition from the deflagration zone to the detonation zone. The Deflagration to Detonation Transition (DDT) is then a discontinuous process. The velocity of the flame generally accelerates until a maximum close to the Chapman-Jouguet deflagration velocity before an abrupt transition to reach the CJ detonation velocity.

There are two identified onset mechanisms of detonation observed numerically and experimentally:

• Direct initiation of detonation resulting from shock wave reflection or local shock wave focusing.

In that case, the shock strength creates pressure and temperature conditions sufficient to autoignite the mixture and create a local explosion.

• Initiation of a detonation by the setting up of a favorable situation through the instabilities and mixing process.

The first category corresponds to a shock wave strong enough to cause rapid auto-ignition to create a blast wave similar to direct initiation. Such transitions have been experimentally and numerically observed [GS66, [START_REF] Nickolay | Experimental investigation of deflagration to detonation transition in hydrocarbon-air gaseous mixtures[END_REF][START_REF] Ciccarelli | Detonation initiation by shock reflection from an orifice plate[END_REF]. Those transitions are much more probable with interaction with obstacles and walls that can produce strong reflected shock. Combustion is initiated if the temperature rises above the auto-ignition temperature. Two distinct modes of ignition are distinct behind the reflected shock, weak (mild) ignition showing distributed ignition kernels between the wall and the reflected shock wave, and strong (sharp) ignition leading to homogeneous reaction along the reflected wall producing a blast wave that can decay in a detonation wave. Various models to predict ignition modes have been described. Voevodsky and Soloukhin [START_REF] Voevodsky | On the mechanism and explosion limits of hydrogenoxygen chain self-ignition in shock waves[END_REF] attributed this distinction to the dominant reaction mechanism in the chemical chain reaction. Meyer and Oppenheim [START_REF] Meyer | Coherence theory of the strong ignition limit[END_REF][START_REF] Meyer | On the shock-induced ignition of explosive gases[END_REF] described criteria based on the temperature sensitivity of the ignition delay time. A review of the models is available in [START_REF] Boeck | Models for shock-induced ignition evaluated by detailed chemical kinetics for hydrogen/air in the context of deflagration-to-detonation transition[END_REF].

The second mechanism involves multiple varieties of instabilities and mixing processes resulting in the formation of hot spots in the unreacted mixture ahead of the flame brush leading to spontaneous detonation initiation. Those onsets of detonation can occur inside the flame brush [START_REF] Oran | Origins of the deflagration-to-detonation transition in gas-phase combustion[END_REF], in the boundary layer between the flame and a precursor shock wave [START_REF] Kuznetsov | Ddt in a smooth tube filled with a hydrogen-oxygen mixture[END_REF], or after a shock-flame interaction, [START_REF] Thomas | Experimental observations of flame acceleration and transition to detonation following shock-flame interaction[END_REF].

The first explanation of this onset of detonation is proposed by Zeldovich et al. [START_REF] Ya | On the onset of detonation in a nonuniformly heated gas[END_REF] with the propagation of spontaneous reaction waves through a gradient of reactivity computed with the spatial evolution of the gradient of induction time with u sp = (dτ i / dx) -1 . Propagation regimes of the ignition wave created inside a hot spot are delineated by the magnitude of u sp [START_REF] Ya | Regime classification of an exothermic reaction with nonuniform initial conditions[END_REF]. The spontaneous reaction wave propagates through the reactive mixture transition to a detonation wave when u sp > c s,u the fresh gas speed of sound.

In addition to this, Lee [START_REF] Lee | Photochemical initiation of gaseous detonations[END_REF] also explained transition to detonation with a mechanism of selfreinforcement called SWACER mechanism for "shock wave amplification by coherent energy release" analogous to a resonance phenomenon. For example, if S 0 l < u sp < c s,u , the spontaneous reaction wave is subsonic and propagated through the hot spot without modification of the regime. However, the creation of a hot spot also triggers a thermodynamical response of the surrounding gas forming an acoustic wave independent of the reaction wave. If the downstream pressure due to the heat release of the reaction wave allows it to propagate faster than the acoustic wave, the subsonic reaction wave can amplify the leading acoustic wave. Modification of the initial condition will create an ignition delay time gradient between acoustic and ignition waves. Synchronization between the chemical energy heat release and the acoustic shock wave then eventually accelerate the reactive wave to supersonic speeds. At this point, reactive wave and acoustic wave will coalesce and transition to a detonation wave. Description of such phenomena is available in [START_REF] Kapila | Mechanisms of detonation formation due to a temperature gradient[END_REF].

Multiple numerical analyses and simulations have been performed to reproduce gradients of reactivity. Various numerical simulations in the previous decades performed such an onset of detonation: He and Clavin [START_REF] He | Critical conditions for detonation initiation in cold gaseous mixtures by nonuniform hot pockets of reactive gases[END_REF] highlighted a critical gradient of temperature, Kryuchkov et al. [START_REF] Kryuchkov | Critical conditions for detonation propagation through mixture with decreasing reaction rate[END_REF] tested the influence of the Arrhenius law on the onset of density, Khokhlov et al. [START_REF] Khokhlov | Numerical simulation of deflagration-todetonation transition: the role of shock-flame interactions in turbulent flames[END_REF] observed hot spots generation induced by a highly turbulent flame brush after a shock-flame interaction. Radulescu et al. [START_REF] Matei Radulescu | A universal parameter quantifying explosion hazards, detonability and hot spot formation: The χ number[END_REF] proposed to used the χ parameter described in § 2.2.2 to characterize the detonability of reactive mixture through amplification of gas-dynamic disturbance. Gu et al. [START_REF] Gu | Modes of reaction front propagation from hot spots[END_REF] established a parameter using the characteristic time scale of exothermic heat release within the hot spot as a sensitive measure of the coupling between reactive and acoustic waves. Moreover, Thomas et al. [START_REF] Thomas | Experimental observations of flame acceleration and transition to detonation following shock-flame interaction[END_REF] found that turbulent mixing between burned and unburned gases can increase combustion rate near compression waves. The onset of detonation in the shock-flame experiments is observed to occur near the turbulent combustion front, which indicates that turbulent mixing plays an important role in Deflagration to Detonation Transition. Towery et al. [START_REF] Towery | Detonation initiation by compressible turbulence thermodynamic fluctuations[END_REF] then complete the criterion of Gu et al. considering the influence of the flow turbulence on the reactive and acoustic wave coupling.

Influence of boundary condition on flame acceleration

Interaction with geometry and boundary conditions influence the mechanisms of supersonic combustion waves. They can have both positive and negative effects on the propagation of detonations.

The obstacles reduce the run-up distance before the transition to detonation compared to a smooth tube. This strong acceleration was initially attributed by Shchelkin [START_REF] Ki Shchelkin | Influence of tube roughness on the formation and detonation propagation in gas[END_REF] to the no-slip condition of the boundary that increases turbulence and distorts the flame front, which increases the burning rate. To this phenomenon, Bychkov and Valiev [BAVL10, VBA + 10] add another mechanism, independent of the Reynolds number, where flame propagation in obstructed channel creates pockets of fresh gas leading to strong gas expansion due to delayed burning in the pocket and accelerates flame front. Positive feedback along the obstacle is produced by this mechanism until supersonic speed, leading to suitable conditions for a transition to detonation. A tube filled with periodically spaced orifice plates acts like interconnected explosion chambers.

Conversely, interactions with the boundary condition and obstacles also result in a velocity deficit compared to the theoretical Chapman-Jouguet detonation velocity. When the detonation front is lower but still maintained with significant overpressure, the regime is called quasi-detonation. In smooth wall detonation tubes, detonation failed when tube diameter has a diameter comparable with the detonation cell size λ with a velocity deficit of about 15%. In obstacle-filled tubes, velocity deficits of about 50% are reported in [START_REF] Ki Shchelkin | Influence of tube roughness on the formation and detonation propagation in gas[END_REF] without quenching.

The velocity deficit compared to CJ velocity is attributed to the heat and momentum losses at the wall but also to the transverse wave interaction of the multi-dimensional structures. Through experiments with absorbing walls, Dupré et al. [Dup] and Radulescu [START_REF] Matei | The failure mechanism of gaseous detonations: experiments in porous wall tubes[END_REF] observed abrupt change in the detonation dynamics corresponding to the boundary between stable and unstable detonation. So they distinguish two distinct failure mechanisms considering mixture with regular or irregular cellular structures:

• For regular structure, with weak transverse waves, the structure of the cells does impact the attenuation process, and detonations fail by the mass divergence at the wall and the attenuation of the transverse wave. Radulescu [START_REF] Matei | The failure mechanism of gaseous detonations: experiments in porous wall tubes[END_REF] observe that limits before detonation are similar to the theoretical limit of existence of curved ZND;

• For irregular-cell detonations, the structure developed transverses waves of significant strength that influence the reinitiation mechanism of detonations near the limits and overcome the attenuation of the transverse waves at the porous walls. In that case, the steady ZND model cannot approximate the propagation velocity, and multi-dimensional effects must be considered.

Detailed studies of detonation propagation have been carried out in rough tube [START_REF] Teodorczyk | The structure of fast turbulent flames in very rough, obstacle-filled channels[END_REF]. The diffraction of the shock around an obstacle decouples the reaction front and the shock. However, reflected shock produces an overdriven detonation that reinitiates the detonation front. Turbulent mixing between products and reactants could also permit the reaction front to be coupled to the shock even for a reflected shock temperature too low. Detonation in rough tubes is then generally quite robust in resisting velocity deficit.

Conditions for the detonation propagation through an orifice of diameter d have been conducted. For detonation, the cell size of the order of the orifice opening (λ ≈ d) abrupt transition to choking regime or subsonic deflagration is observed. In experiments with porous medium conducted by Makris et al. [START_REF] Makris | The propagation of gaseous detonations in porous media[END_REF], similar velocity deficits are measured. However, such obstacles allow a continuous transition between the quasi-detonation and choking regimes.

A numerical calculation representing diffraction through a wall of obstacles and the reinitiation at the Mach stems in the wake of the obstacles is presented in § 14.1.

Mixture Inhomogeneity

As seen in the introduction, hydrogen is very light and highly diffusive. With production realized at a local point, like, for example, with the oxidation of Zircaloy, the accumulation of hydrogen in a confined space usually forms a heterogeneous mixture. Spatial gradients in H 2 concentrations will then prevail in real-world scenarios.

Conditions explored in numerical and experimental test cases are often specific to a single mixture gas. Many parameters are kept constant, although they can impact the flame acceleration. With an inhomogeneous mixture, as observed in nuclear safety, ignition can happen in local higher fuel concentration regions and propagate towards lower concentration regions. Flame acceleration is also impacting. The variation of flammability limits stretches the flame front, and modification of the Lewis number along the composition gradient influences the instabilities.

Considering an inhomogeneous mixture, a first situation corresponds to the fuel concentration gradient parallel to the propagation direction. In that case, the detonation front 'sees' a uniform mixture as it propagates through the gradient. The behavior of the detonation then depends on the steepness of the concentration gradient, governed by the reactivity gradient. Thus smooth concentration gradients can facilitate the transition to detonation [START_REF] Thomas | The behavior of detonation waves at concentration gradients[END_REF]. Conversely, a sharper gradient can provoke detonation decay by creating dissociation between the precursor shock and the reactive front [KAD + 98].

A second possible situation corresponds to a gradient of concentration perpendicular to the direction of explosion propagation. Experimental investigations with such transverse concentration gradients [KJG11, GSH + 13] reported that deflagration to detonation transition is mainly governed by the maximum local H 2 concentration. However, this simple criterion of maximum concentration is not always valid. Vollmer [START_REF] Vollmer | Deflagration-to-detonation transition in hydrogen/air mixtures with a concentration gradient[END_REF], and Boeck [START_REF] Boeck | Deflagration-to-Detonation Transition and Detonation Propagation in H2-Air Mixtures with Transverse Concentration Gradients[END_REF] showed that transverse concentration gradients could significantly promote the deflagration to detonation transition in an unobstructed channel with the reinforcement of the flame acceleration by flame elongation. Stronger flame acceleration and increase of the transition to detonation probability are measured. Inversely, in highly obstructed channels, the propensity for DDT with high H 2 concentration can also be reduced with a transverse concentration gradient.

The structure of the detonation wave is also impacted by the transverse concentration gradients resulting in a curved detonation front. Detonation cell width generally increases both in the lean and rich parts of the mixture compared to the homogeneous mixture. Kessler et al. [START_REF] Kessler | Gas-phase detonation propagation in mixture composition gradients[END_REF] presents simulations of detonation front in channel with transverse gradients. They highlight the significant impact of the activation energy of the mixture: complex curved detonation front structures for weakly unstable detonation show that detonation can survive and propagate through a mixture of which a significant portion is not sufficiently reactive to support detonation on its own. Such a situation allows a get more important velocity deficit without detonation failure. For unstable detonation waves, fluctuations in the local temperature caused by transverse waves drop the local reaction rate and decouple the shock and the reaction zone leading to failure of the detonation wave for important concentration gradients. With a large concentration gradient, Boeck et al. [START_REF] Boeck | Detonation propagation in hydrogen-air mixtures with transverse concentration gradients[END_REF] observed experimentally a specific detonation regime called "single-headed propagation" with one single strong transverse wave that sustains the detonation. Song et al. [START_REF] Song | Numerical investigation of self-sustaining modes of 2d planar detonations under concentration gradients in hydrogen-oxygen mixtures[END_REF] reproduce such regime with even an alternative regime between the single-head mode and the multi-head mode using variations of the concentration gradient.

Chapter 4

Objectives

State of the art

The flame acceleration and the transition from deflagration to detonation involve multiple phenomena that have been observed experimentally and numerically in the last decades.

Experimental facilities

Different experimental facilities with metrological devices for combustion diagnostics are devoted to the study of flame acceleration.

One of the fundamental input data to model flame propagation is the laminar velocity of the mixture and its intrinsic instability. Different facilities are used to characterize flame propagation at low speed, from stabilized burner to spherical bombs. Such devices allow to observe laminar flame and, following some post-processing, to obtain characteristic properties of laminar flame such as the unstretched laminar velocity of the front flame and the Markstein length [START_REF] Lamoureux | Laminar flame velocity determination for h2-air-he-co2 mixtures using the spherical bomb method[END_REF][START_REF] Dahoe | Laminar burning velocities of hydrogen-air mixtures from closed vessel gas explosions[END_REF]. Numerical simulations of spherical bomb and treatment to obtain laminar flame velocity and Markstein length are performed and discussed in § 13.2.

Experimental facilities of many different scales have been set up to observe the behavior of the hydrogen and the propagation of hydrogen flame. There is, for example, experiments in small diameter tubes [START_REF] John | Near limit behavior of the detonation velocity[END_REF], or the observation of condensation and stratification of hydrogen/Air mixture in large volumes like the HDR facilities [START_REF] Müller-Dietsche | Reactor safety research at the large scale facility hdr[END_REF], or the CEA test facilities called MISTRA [SBT + 12] where H 2 is substituted by He.

The flame acceleration phenomenon and the DDT are generally studied in flame acceleration tubes.

The CEA Paris Saclay has designed, for example, the SSEXHY facility (Structure Submitted to an EXplosion of HYdrogen) with a combustion tube used to characterize the flame propagation mechanisms. This acceleration tube allows any mixture and uses gas-chromatographic analysis to set the initial and boundary conditions of the experiments correctly. A series of sensors are distributed along the combustion tube in Figure 4.1 to perform combustion diagnostics with piezoelectric sensors used as a pressure sensor, shock-sensor, and photomultiplier tubes to detect UV light emitted by OH radicals located in the reaction front. Finally, annular obstacles are positioned inside the tube to reinforce the flame acceleration. A complete description of this experimental facility is available in [START_REF] Scarpa | Mécanisme d'accélération d'une flamme de prémélange hydrogène/air et effets sur les structures[END_REF].

In this work, we will present in Chapter 14 the simulation of the Gradients and Venting ("GraVent") facility [BKH + 16], a similar acceleration tube from the Technische Universität of München. An extensive open-source database of experiments on the flame acceleration (https://www.mw.tum.de/td/ forschung/ddt/) is proposed for this facility, and it also has already been used for numerical studies [START_REF] Ettner | Numerical simulation of the deflagration-to-detonation transition in inhomogeneous mixtures[END_REF][START_REF] Khodadadi | The effect of concentration gradients on deflagration-to-detonation transition in a rectangular channel with and without obstructions -a numerical study[END_REF]. This facility has an explosion channel with a rectangular cross-section and allows optical measurements. Flat plate obstacles are installed along the channel with variable blockage ratios. Concentration profiles of hydrogen are initially generated with specific diffusion time to characterize the effect of transverse concentration gradients on the flame acceleration. § 14.2 described more precisely the initial conditions and the geometrical configuration used in our simulations.

The various experimental devices dedicated to the flame acceleration observations study the impact of mixture composition, geometrical configuration, wall roughness, the porosity of the interfaces... The resulting data allows formulating empirical criteria to characterize the flame acceleration and the onset of detonation.

Empirical criteria for Flame Acceleration and Deflagration to Detonation Transition Limits

Empirical laws are built to anticipate the behavior of the flame in a confined environment considering fundamental parameters like the flame speed, the Zeldovich number, the Lewis number, the sigma expansion coefficient, the mixture's activation energy of the mixture... [START_REF] Dorofeev | Hydrogen flames in tubes: Critical run-up distances[END_REF] show experimentally significant effects of the mixture, the initial level of turbulence, the tube size, and the roughness on the run-up distance, defined as the flame propagation distance where the flame speed reaches the sound speed in the combustion products.

For example, critical expansion ratio

In orifice plate filled tube, Peraldi et al. [START_REF] Peraldi | Criteria for transition to detonation in tubes[END_REF] proposed a detonation propagation limit d/λ = 1 for the quasi-detonation regime. Dorofeev et al. [DSK + 00] extends this deflagration to detonation criterion by considering the obstacle spacing S with L/λ > 7 with L a macroscopic length-scale defined by L = (S + D)/2/(1 -d/D). Later, Dorofeev [START_REF] Dorofeev | Hydrogen flames in tubes: Critical run-up distances[END_REF] extract an analytical expression to estimate the run-up distance depending on the blockage ratio, [START_REF] Saifelislam | Run-Up Distance From Deflagration to Detonation In Fast Flames[END_REF] correlates run-up distance with the χ stability parameter highlighting the importance of unstability that increase ability to generate hot spots and shorter the run-up distance.

However, many questions remain open concerning flame acceleration. Since there is a complex coupling of multiple physical and chemical processes, interpretation of the experimental studies is complex, and empirical criteria are limited. Initial conditions like turbulence, concentration gradient, or the detonation's intrinsic properties, like its stability, significantly impact the propagation limit. Thus, the conditions causing the transition to detonation, the role of induction time on this transition, and the influence of geometry and wall conditions are still not well understood. Numerical simulations are then essential to address these issues.

Numerical methods

To investigate the complex situations induced by the flame acceleration and DDT phenomena, numerical solvers must meet various numerical challenges. They need to be accurate and robust to handle compressible computations with reactive multi-components.

Methods applied to the case of flame acceleration are generally Godunov-based methods, which are conservative methods capable of capturing discontinuities properly. To increase the time and spatial order, methods are usually associated with interpolation methods such as the Weighted Essentially Non-Oscillatory (WENO) and Monotone Upstream-centered Schemes for Conservation Laws (MUSCL). Thus, different solvers have been used in the literature to propose simulations of flame acceleration.

First numerical simulations of transition to detonation in [START_REF] Khokhlov | Numerical simulation of deflagration-todetonation transition: the role of shock-flame interactions in turbulent flames[END_REF], and various studies of flame acceleration [MMR12, TKGO13] used a second-order Godunov solver of Colella and Glaz [START_REF] Colella | Efficient solution algorithms for the riemann problem for real gases[END_REF]. The solver "Flame Acceleration Simulation Tool" (FAST), found in many works studying detonation front and effects of geometrical configuration on flame acceleration [GOO07, GOO08, GHO16, GBO21], uses an HLLC scheme (described in Appendix A.2.2) and a WENO method to increase the spatial order until the 5th order. The HLLC scheme has also been implemented in an OpenFoam library available on https://sourceforge.net/projects/ddtfoam with slope limiters called "cellMDLimited" [START_REF] Ettner | Numerical simulation of the deflagration-to-detonation transition in inhomogeneous mixtures[END_REF] used in the studies of Khodadadi et al. [START_REF] Khodadadi | The effect of concentration gradients on deflagration-to-detonation transition in a rectangular channel with and without obstructions -a numerical study[END_REF][START_REF] Khodadadi | Numerical studies of flame acceleration and onset of detonation in homogenous and inhomogeneous mixture[END_REF] that reproduced the GraVent acceleration tube and the effects of the inhomogeneous mixture. This solver has the specificity to use an auto-ignition sub-grid model separating each computational cell into a "shocked" and an "unshocked" part and treat the low Mach number flow with the PISO scheme.

Another OpenFoam library called RhoCentralFoam based on the central-upwind schemes of Kurganov and Tadmor [START_REF] Kurganov | Solution of two-dimensional riemann problems for gas dynamics without riemann problem solvers[END_REF] is used in [START_REF] Zhu | Numerical simulation of flame acceleration and deflagration-to-detonation transition in ammonia-hydrogen-oxygen mixtures[END_REF]. Large Eddy Simulation (LES) methods have been applied for flame acceleration at subsonic velocity in [START_REF] Johansen | Modeling the initial flame acceleration in an obstructed channel using large eddy simulation[END_REF], but also with detonation front simulations using the Linear Eddy Model formulation Compressible Linear Eddy Model (CLEM-LES) approach developed in [START_REF] Maxwell | Turbulent Combustion Modelling of Fast Flames and Detonations Using Compressible LEM-LES[END_REF] that adapt the subgrid models for the model reaction rates to respond accordingly to strong shocks and rapid expansions.

However, interpolation methods like the WENO scheme are overly dissipative near material interfaces and shear waves. Various implementations of the WENO scheme to reduce the dissipation have been tempted to apply them to detonation and flame acceleration simulations like the WENO-CD [START_REF] Cai | Adaptive simulations of viscous detonations initiated by a hot jet using a high-order hybrid weno-cd scheme[END_REF] or TENO [START_REF] Fu | A family of high-order targeted eno schemes for compressible-fluid simulations[END_REF] schemes. Other interpolation methods based on the Total Variation Diminishing criterion (described in § 7.2.2) used in the MUSCL type scheme can also be dissipative at the material interface and tend to clip local extrema. Houim [START_REF] Houim | A low-dissipation and time-accurate method for compressible multi-component flow with variable specific heat ratios[END_REF] then attempts to hybridize numerical method combined double-flux multi-component model [START_REF] Billet | An adaptive shock-capturing algorithm for solving unsteady reactive flows[END_REF], WENO and adaptive TVD slope limiters to calculate compressible multi-component flows with low dissipation accurately.

The reaction model must also be very accurate because of its significant impact on the behavior of the flame front. Indeed, the first steps of the acceleration depend on the laminar flame velocity and the thermo-diffusive instabilities. Moreover, the transition to detonation is strongly related to the ignition delay time and the reactive gradient, and the stability of the detonation front has a significant influence on the propagation limit. Some simulations introduced a detailed chemistry model [START_REF] Ettner | Numerical simulation of the deflagration-to-detonation transition in inhomogeneous mixtures[END_REF][START_REF] Zhu | Numerical simulation of flame acceleration and deflagration-to-detonation transition in ammonia-hydrogen-oxygen mixtures[END_REF] but many of the previous simulations used in the literature are based on a one-step Arrhenius law. Lu et al. [START_REF] Lu | Predictions of flame acceleration, transition to detonation, and detonation propagation using the chemical-diffusive model[END_REF] chosen to use the Chemical Diffusive Model (CDM) to construct a single-step Arrhenius law calibrated with a genetic algorithm model to reproduce detonation properties such as the induction length or the detonation cell size [START_REF] Kaplan | Chemical-diffusive models for flame acceleration and transition-to-detonation: genetic algorithm and optimisation procedure[END_REF]. However, not all properties of the flame can be recovered with so few parameters.

Another numerical challenge to overcome in these simulations is the extensive spatial scale range involved. Indeed, compressible flows induce local regions with high activity such as shock waves, flame front, and turbulence. In the large experiments we want to reproduce, many areas have a relatively low activity that imposes adapting the mesh dynamically to avoid inefficient grid resolutions. Such adaptations are generally applied in the different studies using adaptive mesh refinement methods [DDG + 09] with structured meshes.

Starting point of Thesis

In this work, we developed and tested our own numerical solver that addresses all these numerical issues. We have based this solver on two existing tools, the MR_CHORUS solver, dedicated to the simulation of highly compressible flow, and AGATH, a one-dimensional flamelet solver library.

MR_CHORUS solver

The MR_CHORUS1 solver described in [START_REF] Tenaud | Unsteady compressible flow computations using an adaptive multiresolution technique coupled with a high-order one-step shock-capturing scheme[END_REF] is developed to solve the compressible Navier Stokes equations. It provides numerical methods adapted to high compressible flow coupled to adaptive multiresolution grid refinement strategy.

The compressible fluxes are solved using a One-Step Monotonicity Preserving scheme (OSMP scheme) developed in [START_REF] Daru | High order one-step monotonicity-preserving schemes for unsteady compressible flow calculations[END_REF] and described in § 7.2. This scheme is based on the Roe solver associated with a Lax Wendroff procedure to increase the scheme's order and improvement of the classical TVD flux limiter to keep monotonicity condition without clipping extrema. The OSMP scheme properly captures discontinuities and compressible effects with a very low numerical dissipation. Moreover, the Lax Wendroff procedure increases the Roe solver's order in time and space and no longer needs multi-staged Runge Kutta time integrations.

The MR_CHORUS code also provides adaptive multiresolution procedure described in Chapter 10 based on techniques developed by Harten [START_REF] Harten | Multiresolution algorithms for the numerical solution of hyperbolic conservation laws[END_REF] and Cohen [START_REF] Cohen | Fully adaptive multiresolution finite volume schemes for conservation laws[END_REF], which allow a high data compression rate.

Additional developments are integrated to this solver in this work to adapt these existing numerical methods in the case of flame acceleration with reactive terms with the extension to the OSMP scheme for non-ideal multicomponent gases described in Chapter 8.

Integration of complex thermodynamic and reactive terms will also use the AGATH library.

AGATH solver

AGATH is a flamelet solver library similar to CHEMKIN or Cantera. This one-dimensional solver is used to evaluate thermodynamical and transport properties and chemical sources terms that appear in the Navier Stokes equation and give flexibility for the kinetics and transport description. It is compatible with the chemkin standard format file.

In this work, AGATH is used to compute thermodynamic values like pressure and temperature starting from a set of conservative values like density, mixture composition, or internal energy. Different thermodynamic models are available. In our application cases, we use a model with fitted polynomials to transcript temperature-dependent heat capacity as described in § 5.2.2.

AGATH solver computes the diffusion operators, thermal conductivity, or dynamic viscosity for every local mixture according to the model required. It also provides chemical source terms thanks to integrated numerical methods to resolve non-linear systems like Radau5 or LSODE.

Finally, the AGATH solver is used to obtain one-dimensional reference results with, for example, the computation of laminar flame or ZND profiles or specific flame properties like laminar flame velocity, ignition delay time...

Objectives and organization of Thesis

We present in this work the development of a numerical solver capable of accurately capturing the behavior of the flame during its evolution from laminar deflagration to detonation regimes. The objective is to analyze and address the numerical issues raised by such a simulation.

Our scheme is based on the numerical tools proposed by the MR_CHORUS solver with specific adaptation to use them with multicomponent non-ideal gas and reactive flows. The AGATH library is used for thermodynamics models, viscous and diffusive terms, and computation of the chemical source terms.

Part II describes the implementation of the numerical solver. We detail the Navier-Stokes model and the assumptions on the thermodynamic model in Chapter 5. The finite volume method and splitting strategy are described in Chapter 6. Chapter 7 presents the OSMP scheme used for monocomponent ideal gases. Its extension to multicomponent mixtures with non-calorically perfect gases is developed in Chapter 8.

Part III describes algorithmic strategies associated with the numerical solver: the adaptive multiresolution methods in Chapter 10, the Immersed Boundary Method (IBM) used to integrate obstacles in structured mesh in Chapter 11, and ISAT methods used to accelerate the computation of the reactive source term in Chapter 12.

The last Part IV is dedicated to the simulation of reactive test cases. Chapter 13 presents onedimensional and two-dimensional validation cases to evaluate the performance of the solver to capture the phenomena involved in the sucessive steps of flame acceleration. Finally, Chapter 14 presents extensive simulations: first, the propagation of detonation waves inside porous medium with attenuation and re-initiation of the detonation front; then, the reproduction of the GraVent acceleration tube experiment with and without concentration gradient.

Part II

Numerical solver

Introduction

This part presents the numerical strategy we used in our simulations of flame acceleration and transition to detonation. To perform such simulations, various physical phenomena must be captured from the thermodiffusive instability to the advection of compressible waves. A compressible solver with high accuracy is needed, and the use of non-ideal gas flow is necessary to deal with the physical behavior of the species in a wide temperature range.

Chapter 5 presents the governing equations of reactive flows based on the Navier-Stokes equations with chemical source terms and species transport equations. Specific attention is given to the thermodynamic model employed. We describe the properties allowing to obtain a convex equation of state which will be necessary for the numerical solver to treat the hyperbolic parts of the equations properly.

Chapter 6 describes the time operator splitting techniques to integrate time-dependent PDEs numerically. The splitting approach is used to deal with the multiple time scales related to the various phenomenon. In particular, an implicit Radau5 solver is applied to compute the stiff reactive source term, and an explicit centered second-order Runge Kutta solver approximates the viscous flux.

Specific development is necessary to describe the numerical methods used to approximate the Euler flux. Chapter 7 introduced the classical Roe solver and the OSMP scheme, a high-resolution scheme with specific monotonicity preserving conditions in the case of polytropic gases mixture. Chapter 8 describes the methods we developed to extend the Roe solver and the OSMP scheme to the case of mixtures of gases with convex equations of state. It consists in approximating the compressibility factors at the Roe average state with a first estimation based on the method developed by Vinokur and Montagné [START_REF] Vinokur | Generalized flux-vector splitting and roe average for an equilibrium real gas[END_REF]. Then a new formulation of the Energy flux selects a new combination to correct inconsistencies with the mass flux introduced by this approximation in the OSMP scheme. Application of this complete solver shows in 1D case very high accuracy on a smooth solution and good behavior close to discontinuities with very low dissipation.

Finally, in multidimensional detonation cases, the OSMP solver, unfortunately, produces shock instability called "carbuncle". Such numerical instability usually appears with Riemann solvers like the Godunov or Roe solvers. Chapter 9 describes the methods used to analyze stability and to cure this carbuncle. Based on various tests, we chose to add an additional shear viscosity term to the numerical flux associated with a critical cell sensor to cure this instability with minimal impact on the physical phenomena.

Chapter 5

Fluids dynamics of combustion

This chapter introduces the governing equations for reactive flows based on the Navier-Stokes equations coupled with species transport equations to describe the diffusion of species and associated source terms to incorporate reaction phenomena.

First, conservation equations and thermodynamic models are written for a general real gases mixture at a local equilibrium state. The convexity of the equation of state is an essential property for the characteristic solution of the Riemann problem used in the numerical schemes described in Chapter 7.

The description of the thermodynamic model and the hypothesis made on the equation of state to obtain the convex property are discussed in § 5.2. We finally present the ideal gas mixture model with temperature-dependent heat capacities that integrate the vibrational and rotational energy of the molecules in the equation of state. This thermodynamic model is usually used in the combustion simulation since it approximates the internal energy of the species at a wide range of temperatures.

Conservation equations for a compressible reactive mixture

Navier-Stokes equation

Let us consider a mixture of gases with n s chemical species.

w = (ρY 1 , • • • , ρY ns , ρu, ρE) T , (5.1)
is the vector of the conservative variables. ρ is the density, ρ i = ρY i , where Y i is the mass fraction of the i th species. u is the velocity vector, and E is the total energy per unit of mass corresponding to the sum of formation enthalpy, sensible energy, and kinetic energy.

The reactive system is described by the Navier-Stokes transport equations:

∂w ∂t + ∇ • (f E (w) -f V (w, ∇w)) = S(w), (5.2) 
where S(w) corresponds to the source term due to the reactive mixture and f E (w) and f V (w, ∇w) are the Euler and the viscous fluxes respectively:

f E =         ρuY 1 . . . ρuY ns ρu ⊗ u + pI ρuH         , f V =         ρY 1 V 1 . . . ρY ns V ns Π u • Π + Ψ         , S =         ρ ω1 . . . ρ ωns 0 0         , (5.3)
with p the local static pressure of the flow and H = E + p/ρ the total specific enthalpy. V k is the diffusion velocity of the k th species described more precisely in § 5.1.2 and ωk its net chemical production rate. I is the N dim × N dim identity matrix, with N dim the space dimension.

Π is the viscous strain rate tensor modeled for a Newtonian fluid as:

Π = µ l ∇u + ∇ t u - 2 3 (∇ • u)I , (5.4)
where µ l is the dynamic viscosity and the bulk (or volume) viscosity was neglected. In the following, the value of the dynamic viscosity will be computed using Sutherland's law.

The sum of the n s species transport equations leads to the mass balance equation:

∂ρ ∂t + ∇ • (ρu) = 0.
(5.5)

Consequently, following conditions on species diffusion velocities and reaction rates must recover the following relationships:

ns k=1 V k,j Y k = 0 and ns k=1 ωk = 0. (5.6)
Finally, the enthalpy conductive flux Ψ in the viscous term is composed of heat and species diffusion flux:

Ψ = -λ∇T + N k=1 (ρh k Y k V k ) -p N k=1 (D T k d k ), (5.7) 
with λ the thermal conductivity, T the local static temperature of the flow. h k is the specific enthalpy of the k th species. The last term is the Dufour heat flux corresponding to the heat flux induced by concentration gradient with D T k the thermal diffusion coefficient of species k. In most cases and in the following of this work, the Dufour effect is neglected because it is very small compared to the other diffusive effects.

Diffusion of species

Various models are possible to express diffusion velocities in a multi-component system. Complete models are generally too expensive in terms of CPU cost. However, solving numerical combustion problems, especially combustion with hydrogen, requires considering molecular diffusion. A review of the models is available in [START_REF] Hilbert | Impact of detailed chemistry and transport models on turbulent combustion simulations[END_REF].

The general expression of the diffusion velocity of a specie i in the mixture is expressed by:

V i = 1 X i W N k =i W i D ik ∇X k - D T i ρY i ∇(ln T ) (5.8)
with the diffusion force of the specie k, d k :

d k = ∇X k + (X k -Y k )∇ ln p.
(5.9) D ij are the ordinary multi-component diffusion coefficients, and D T i the thermal diffusion coefficient of the ith species. The second term in the equation (5.8) corresponds to the thermodiffusion effect or Soret effect. This effect accounts for the diffusion of mass due to temperature gradients. The light molecules are driven towards hot regions and heavy molecules towards cold regions. The Soret effect is often neglected but can be important in the case of combustion of hydrogen because of the light radicals that impact locally on the flame structure [START_REF] De | Multicomponent transport impact on turbulent premixed h2/o2 flames[END_REF]. Impact on the Soret effect on the computation of the hydrogen laminar flame speed in § 13.1 confirms the importance of this term.

The values of the diffusion coefficients D ij and D T i are computed using a system of equations defined by a L matrix. This matrix is filled using collision integrals derived from the generalized Boltzmann equation [START_REF] Monchick | Transport properties of polar gases[END_REF]. Resolution of the terms of the matrix is then obtained using the procedure described by Dixon-Lewis [DLC68] by using the reduced dipole moment, collision diameter, and rotational specific heat of each component. The computation of the multi-component diffusion terms is realized by the AGATH library using the transport table provided by the chemkin formalism.

Evaluation of the multi-component diffusion coefficients is expensive in terms of CPU time, some approximation using a zeroth-order approximation like in the so-called mixture-averaged formulation:

V * i = -D * i d k -D * i θ * i ∇T T with D * k = 1 -Y k j =k X i /D jk , (5.10)
where θ * i is the thermal diffusion ratio. D jk are the binary diffusion coefficient of the two species j and k depending only on species pair properties. However, as illustrated with the computation of the laminar flame speed in § 13.1, the mixture-averaged expression gives significant differences which impose to use initial multi-component formulation to obtain correct properties in the flame acceleration process.

Finally, an additional term is applied to guarantee the conservation of the mass (5.6) that can be no longer satisfied after approximations in the diffusion velocities. To impose this one, the diffusion velocities V i of each specie i is split into a predictor term V * i and a corrector term V c :

V i = V * i + V c .
(5.11)

The correction velocity V c allows to recover mass conservation:

V c = - ns k=1 Y k V * k .
(5.12)

Chemical kinetics

The hydrogen combustion process is modeled by a detailed reaction mechanism describing a list of elementary reactions involved in the global reaction. A numerous list of mechanisms has been developed in the last decades ([LZKD04, HDH11, Kon19, OCCS + 04]). Hydrogen mechanisms generally involve about ten species and several tens of elementary reactions. These mechanisms are built using a large set of experimental data like flame velocity measurements, ignition in shock tubes, concentration in flow reactors... Recent evaluations of hydrogen combustion mechanism are available in [OZP + 14].

The computation of the source terms ωk is made from the list of elementary reactions. Considering a chemical system involving n s species A i and N r elementary reactions. Each elementary reaction is written in the form:

ns i=1 ν ji A i ns i=1 ν ji A i (j = 1, ..., N r ).
(5.13)

The progress rate q j of the j-th reaction is defined as:

q j = k f,j ns i=1 C ν ji i -k b,j ns i=1 C ν ji i , (5.14)
where C i denotes the molar concentration of the species i. The forward constants k f are generally expressed using the Arrhenius law which takes the form:

k j = A j T β j exp - E a,j R gas T , (5.15)
with A j the pre-exponential constant, β j the temperature exponent.

The backward constants k b are obtained from equilibrium constant K c,j :

K c,j = k f i k bj = p atm R gas T ns k=1 ν kj exp ∆s 0 j R gas - ∆h 0 j R gas T , (5.16)
where the parameters ∆s 0 j and ∆h 0 j correspond, respectively, to entropy and enthalpy changes during the transition from reactants to products for the jth reaction.

For some reactions like the dissociation of recombination, third-body collision must be required to provide the energy necessary for the reaction to proceed. This dependence to a third body evolves with the pressure, and correction on rate coefficients is provided with, for example, the fall-off modeling of Troe [START_REF] Troe | Predictive possibilities of unimolecular rate theory[END_REF].

Finally, the net chemical production ωk of the species k then corresponds to the sum of all contribution of the elementary reactions.

ωk = W k Nr j=1 (ν jk -ν jk )q j ,
(5.17

)
where W k is the mass molar of the specie k.

The list of the values of A j , β j , E a,j , ∆h 0 j , ∆s 0 j , and other coefficients involved in the description of the chemical mechanism are available in the literature with a standardized format CHEMKIN [KRM + 05]. 

Thermochemical Equilibrium Model

We suppose the gases are in Local Thermodynamic Equilibrium (LTE), a state where thermodynamic values are considered to have been relaxed to a local equilibrium with only one local temperature. This approximation is implicitly made by using reaction mechanisms described previously, but the validity of the LTE assumption is discussed in [START_REF] Taylor | Numerical simulations of hydrogen detonations with detailed chemical kinetics[END_REF] for the case of detonation simulation. In those cases, the time scales associated with relaxation to thermodynamic equilibrium τ vib H 2 -H 2 can be close to the ignition delay time τ ign behind the precursor shock wave, and some dissociation reactions can be inhibited. Research on the vibrational nonequilibrium effects in detonations is available in [SSZ + 17], for H 2 /air detonation at initial atmospheric condition, we have

τ ign ≈ 5τ vib H 2 -H 2 .
In this work, we always consider the LTE assumption despite a potential underestimation of the detonation cell size.

Mixture of real gases

The basic form of the equation of state links the internal energy e = E -1 2

N dim i=1
u 2 i of a system with the specific entropy of the system s, the composition N 1 , ..., N ns corresponding of the amount of substance of each specie, and the density ρ. e = e(s, ρ, N 1 , ..., N ns ).

(5.18)

The equation of state contains all the thermodynamic information about the system, and by definition, the intensive parameters T , p and µ i,i=1,...,ns corresponding to the temperature, the pressure and the electrochemical potential, respectively:

T = ∂e ∂s ρ,N i , -p = ∂e ∂(1/ρ) s,N i , and µ j = ∂e ∂N j s,ρ,N k,k =j . (5.19)
In the differentiable form, the equation of state (5.18) becomes:

de = T ds -p d 1 ρ + ns i=1 µ i dN i .
(5.20)

Then the equation of state is equivalent to the formulation expressing intensive parameter p with the extensive parameters:

p = p(ρ, s, N 1 , ..., N ns ). (5.21)
Since e is a monotonically increasing function of s as T > 0, we choose to express the equation of state in a equivalent form with:

p = p(ρ 1 , ..., ρ ns , ˜ ), (5.22) 
with ˜ = ρe, the internal energy per unit of volume.

We introduce the compressibility factors {κ, (χ i , i = 1, ..., n s )} corresponding to the differential of p :

dp = i χ i dρ i + κd˜ , ( 5.23) 
where

χ i = ∂p ∂ρ i ρ k,k =i ,˜
, and κ = ∂p ∂ẽ ρ i,i=1,...,ns .

(5.24)

The differentiable form (5.20) implies that d˜ = ρ de + e dρ = ρT ds + e + p ρ dρ + ρ ns i=1 µ i dN i .

(5.25)

Introducing the specific enthalpy h = e + p/ρ we have

∂˜ (ρ, s) ∂ρ s,N i,i=1,...,ns = h. (5.26)
Then, combining (5.23) and (5.26), the speed of sound can then be expressed with the pressure derivatives:

c 2 s = ∂p ∂ρ s,N i,i=1,...,ns = ns i=1 χ i Y i + κh.
(5.27)

In the following, others specific thermodynamic variables will be useful such as the specific heats at constant volume c v and constant pressure c p : and the adiabatic exponent γ:

c v = ∂e ∂T ρ,Y i,i=1,...,ns = T ∂s ∂T ρ,Y i,i=1,...,
γ = - 1 ρp ∂p ∂(1/ρ) s = - ∂ log p ∂ log(1/ρ) s .
(5.29)

The adiabatic exponent is the negative slope of the isentrope as drawn in the (log p, log 1/ρ) plane. It is also related with the sound speed with the relation:

c s = ∂p ∂ρ s = γp ρ .
(5.30)

The pressure p and the temperature T are assumed to be non-negative, consequently, e is monotonic in 1 ρ and s. Thermodynamic stability conditions described in [START_REF] Menikoff | The riemann problem for fluid flow of real materials[END_REF] considering physical allowed states requires γ > 0. In that case, the sound speed is real, and the Euler system of equations is hyperbolic.

The fundamental derivative

G = - 1 2 1 ρ ∂ 3 e/∂(1/ρ) 3 s ∂ 2 e/∂(1/ρ) 2 | s = 1 2 1 γρ 2 p ∂ 2 p ∂(1/ρ) 2 s ,
(5.31) measures the convexity of the isentropes in the p -(1/ρ) plane. In particular, if G > 0, the isentropes are convex. Using the positivity of γ, G > 0 if and only if:

∂ 2 p ∂ρ 2 s > 0.
(5.32)

By definition, we consider that an equation of state is convex if its fundamental derivative is strictly positive.

Finally the Grüneisen coefficient Γ allows measuring the spacing of the isentropes in the (log p, log(1/ρ)) plane.

Γ = - 1 ρT ∂ 2 e ∂s∂(1/ρ) = 1 ρ ∂p ∂e 1/ρ = p ρT ∂ log p ∂s log(1/ρ) .
(5.33)

When Γ > 0, isentropes do not cross each other in this plane, in this case the Hugoniot curve introduced in §2.1 is well defined.

Ideal gas mixture with temperature-dependent heat capacities

In hydrogen flame simulation, we consider a mixture of ideal gases with temperature-dependent heat capacities. The ideal gas law corresponds to:

p = ρrT, with r = R gas W mean , (5.34)
where R gas is the universal constant of ideal gas and W mean the molar weight of the gas.

For an ideal gas, e is independent of ρ at fixed T . In this case:

de = c v dT, dh = c p dT.
(5.35)

The adiabatic exponent γ reduces to the ratio of the specific heats and the Grüneisen coefficient Γ to the compressibility factor κ:

γ = c p c v , Γ = κ, (5.36)
and the specific heat capacities verify:

c p = γr γ -1 , c v = r γ -1 , c p = c v + r.
(5.37)

In the case of polytropic ideal gases, the heat capacities are constant. However, as the vibrational and rotational energy of the molecular species increases with temperature, we consider that the specific heat capacities varies with respect to the temperature and the composition of the mixture.

c p (T, Y) = ns k=1 c pk (T )Y k , c v (T, Y) = ns k=1 c vk (T )Y k , (5.38)
with the specific heat capacities c vk and c pk of the k th specie. Adiabatic exponent is a function of the temperature and the composition γ = γ(T, Y).

Then, the specific enthalpy h is defined by the sum of the contribution of the specific enthalpy of each species h k :

h = ns k=1 h k Y k = ns k=1 T T 0 c pk dT + ∆h 0 f,k Y k , (5.39)
where ∆h 0 f,k are the species standard enthalpies of formation at the reference temperature T 0 . The corresponding specific energy is

e = ns k=1 T T 0 c vk dT - R gas T 0 W k + ∆h 0 f,k Y k = h - p ρ .
(5.40)

Finally, the compressibility factors correspond to:

κ = r c v = γ -1, and χ k = R gas W k T -e k κ, for k = 1, ..., n s , (5.41)
with W k the molar mass of the k th species.

In the following, dependence on the temperature of the heat capacities is implemented using the NASA polynomials model [START_REF] Burcat | Thermochemical data for combustion calculations[END_REF]. Thus, specific heat capacities C pk of each species k are approximated with polynomials. This model is usual in combustion simulations involving large variations of temperature and species. Specific data for coefficients of polynomials are available in the literature with the CHEMKIN format [START_REF] Mcbride | Nasa glenn coefficients for calculating thermodynamic properties of individual species[END_REF].

Convexity of the equation of state

In the case of a mixture of ideal gases with temperature-dependent heat capacities, according to (5.41), positivity of both Γ and the sound speed c s are always guaranted. Then the sufficient condition to have a convex hyperbolic system of equation is G > 0 which is equivalent to

∂ 2 p ∂ 2 ρ ρ ≥ 0.
In that case with development used in [START_REF] Beccantini | Upwind Splitting Schemes for Ideal Gases Mixtures with Temperature-Dependant Specific Heat Capacities[END_REF] and with the fact that the sound speed c s depends only on both T and the composition Y, we obtain:

∂ 2 ∂ρ 2 p(ρ, s, Y) = ∂ ∂ρ c 2 s (ρ, s, Y) = ∂ ∂ρ c 2 s (ρ, e, Y) + ∂ ∂ρ e(ρ, s, Y) ∂ ∂e c 2 s (ρ, eY) = 0 + p ρ 2 1 c v (T, Y) ∂ ∂T c 2 s (ρ, T, Y).
(5.42)

Then the convex condition is verified if and only if the sound speed is a non-decreasing function of the temperature.

∂ ∂T c s (T, Y) ≥ 0. (5.43)
By developing the derivatives of the sound speed we obtain:

∂ ∂T c s (T, Y) = ∂ ∂T γ(T, Y)r(Y)T = 1 2 γ(T, Y)r(Y) T T γ(T, Y) ∂γ(T, Y) ∂T + 1 .
So the convex condition (5.43) is equivalent to:

w(T ) = T γ(T, Y) ∂γ(T, Y) ∂T = ∂ ∂ log(T ) log(γ(T, Y) ≥ -1.
(5.44)

For the species involved in the hydrogen combustion and with the polynomials described in [START_REF] Mcbride | Nasa glenn coefficients for calculating thermodynamic properties of individual species[END_REF] this condition is always recovered. The figure 5.1 represents the evolution with T of the specific heat capacity c p (T ), the heat capacity ratio γ(T ) for the main gases involved in H 2 combustion. We note that the condition 5.44 on the function w(T ) is strongly satisfied1 .

Figure 5.1: Variation of c p (T ), γ(T ) and w(T ) for main gases involved in H 2 combustion. Specific heat capacities are computed with polynomials described in [START_REF] Mcbride | Nasa glenn coefficients for calculating thermodynamic properties of individual species[END_REF] Chapter 6

Numerical solution for multi-scale partial differential equations

Simulation of flame acceleration from initial hydrodynamic instabilities to transition to detonation front involves a broad spectrum of time and space scales. Those large scales appear in the operators of the reactive Navier-Stokes equations 5.2. The non-linear convection with compressible effects is described by the Euler operator f E , the diffusion and the viscous phenomena by f V and the reactive solution by the computation of the source term S. Each operator has specific time and space characteristic scales. Particularly, detailed chemistry will involve fast time scales compared to the convection and the characteristic diffusion times. To face these multi-scales phenomena, dedicated time integration schemes are needed.

There are two approaches for the numerical approximation of Partial Differential Equations (PDE):

• Explicit methods are easier to implement but involve significant stability restriction, which induces very long computation for solving the fastest physical or numerical time scales.

• Implicit methods generally require extra computation with some inversion method but are able to cope with numerical stiffness because time steps are determined by the targeted accuracy instead of numerical stability.

Although different types of high-order implicit schemes have been conceived to properly handle the entire time scale spectrum of the problem while ensuring accurate numerical approximation [START_REF] Noskov | An implicit compact scheme solver with application to chemically reacting flows[END_REF][START_REF] Dobbins | A fully implicit, compact finite difference method for the numerical solution of unsteady laminar flames[END_REF], the usual strategy is using hybrid implicit/explicit time discretization with especially time operator splitting methods. In this approach, the different subproblems associated with each operator are decoupled and solved independently with dedicated methods during a prescribed splitting time step. This method reduces computational resources and guarantees stability as long as the inner numerical solvers are stable themselves. However, specific attention is given to the resulting splitting errors in the case of stiff PDEs. Once this splitting error is properly controlled, the operators have dedicated high-order methods so that the splitting scheme determines the global accuracy of the time integration scheme.

Finite Volume Method

In our simulations, Navier Stokes equations are solved using a Finite volume approach on a Cartesian grids. We denote Ω j the cell of the computational volume indexed by j with a control volume |Ω j | = Ω j dx. U j (t) is the cell-averaged value of the discrete quantity U (x, t) on Ω j :

U j (t) = 1 |Ω j | Ω j U (x, t) dx. (6.1) t n+1 t n x j-1/2 x j+1/2 U n i-1 U n i U n i+1 U n+1 i-1 U n+1 i U n+1 i+1 ∆t ∆x F i-1/2 F i+1/2

Figure 6.1: Geometrical illustration of the finite volume scheme on a integration cell

We consider a hyperbolic system of conservation law with one space dimension of the form:

∂ ∂t U(x, t) + ∂ ∂x F(U(x, t)) = 0. (6.2)
with U : R × R + → Ω with Ω an open subset of R m with m the number of equations in this system. U is then a vector with m components composed by conserved quantities or state variable corresponding to (5.1) in the case of fluids dynamics problem. F : Ω → R m is the flux function.

In the finite volume framework the one-dimensional conservation law (6.2) reads:

U n+1 j = U n j - ∆t |Ω j | (F n j+1/2 • n j+1/2 -F n j-1/2 • n j-1/2 ), (6.3) 
where U n j = U j (t n ) is the value of the discretized conservative variable at time t n = n∆t with ∆t = t n+1 -t n the time step. n j+1/2 is the normal to the face located at x j+1/2 and F n j+1/2 the numerical flux of the scheme at this cell interface defined as ∆t average with:

F n j+1/2 = t n+1 t n F (x j+1/2 , t) dt. (6.4)
Finite volume on a integration cell is schematically represented on figure 6.1.

Approximation of the numerical flux F n j+1/2 is realized considering a Riemann problem at the interface of two adjacent cells Ω j and Ω j+1 with the cell-averaged values U n j and U n j+1 inside each cell respectively. Then we have

F j+1/2 = F j+1/2 (U n i , U n i+1
). Description of the Riemann problem and exact resolution with Euler equation for convex hyperbolic system is realized in Appendix V.

The time step of the integration is constraint by the domain of dependence. Courant, Friedrichs and Lewy (CFL) condition based on ν = max(|λ|) ∆t ∆x gives the limit of the time-step ∆t to keep stable numerical method without interaction between characteristic waves.

The total variation of U corresponds to:

T V (U ) = lim →0 1 ∞ -∞ |U (x + ) -U (x)|dx. (6.5)
Since the function U n (x, t) is approximated by a piecewise constant function, this definition of TV reduces to:

T V (U n ) = ∞ i=-∞ |U n i+1 -U n i |. (6.6)
The numerical method is said consistent with the original conservation law if the numerical flux F n i+1/2 reduces to the true flux F for the case of constant flow. If U (x, t) = U with U a constant, then:

F i+1/2 (U , U ) = F (U ). (6.7)
Lax-Wendroff theorem [START_REF] Lax | Systems of conservation laws[END_REF] proved in the case of finite volume methods that if a conservative and consistent scheme converges to some function U (x, t) as the grid is refined, this one corresponds to a weak solution of the conservation law. Definition of the convergence here however requires two conditions:

1. Over every bounded set Ω = [a, b] × [0, T ] in x-t space, T 0 b a |U (k) (x, t) -U (x, t)| dx dt → 0 as k → ∞, (6.8) 
with U (k) (x, t) the piecewise constant function that takes the value U n j on the space time mesh cell (x j-1/2 , x j+1/2 )×(t n , t n+1 ). k corresponding to the mesh used with ∆x (k) and ∆t (k) approaching zero as k → ∞.

For each time

τ , there is a real constant R > 0 such that for all k T V (U (k) (•, t)) < R for all 0 ≤ t ≤ τ.
(6.9)

Time operator splitting

We describe here two classical first and second order, respectively Lie and Strang, splitting schemes. Let consider two operators L 1 and L 2 , Lie scheme consists in sucessively solving each time operator:

w n+1 j = L 2 ∆t L 1 ∆t w n j . (6.10)
This method is only first order accurate in time and operators do not act symetrically on the solution that could lead to numerical issues. Strang schemes is usually prefered since it ensures a second order accurate time integration and give a symmetrical solution with respect to the operators:

w n+1 j = L 2 ∆t/2 L 1 ∆t L 2 ∆t/2 w n j . (6.11)
The difficulty with the stiff equations is to avoid some numerical order reduction in the presence of scales much faster than the splitting time step, this could be the case for the convection and the diffusion process compared to the fast reaction time scales. The splitting procedure we used here is based on the analysis of the splitting error for a reaction/diffusion/convection systems described in literature [Dua11, LV99, DM04]. To avoid important splitting errors, better performances are expected while ending the splitting scheme by the time integration of the reaction part [START_REF] Descombes | Operator splitting for nonlinear reaction-diffusion systems with an entropic structure : singular perturbation and order reduction[END_REF] in a Strang scheme. A Lie scheme is applied with the convection and diffusion operators to limit the restitution time:

w n+1 j = L R ∆t/2 iL V ∆t L E ∆t L R ∆t/2 w n j , (6.12)
where L E is the discrete approximation of the operator of convection; L E ∆t :

w t = -∇ • (f E (w)) and L V ∆t the discrete approximation of the diffusion operator L V ∆t : w t = -∇ • (f V (w, ∇w)).
The splitting method considers high-order dedicated integration methods for each operator so that the splitting scheme rules the control of accuracy.

If the fastest time scales play a leading role in the global physics of the phenomenon, splitting time scales must be small enough to capture the global dynamics. In the opposite case, larger splitting time scales can be used, but order reductions may appear due to short-life transients associated with the fastest variables.

We choose to apply an implicit integration scheme to solve the reaction operator, since it represents the fastest time scales. The convection and diffusion operator are solved by explicit approaches. In the simulation of flame acceleration and transition to the detonation, the explicit stability constraints applied to the convection, and the diffusion will impose a splitting time step that is not excessive compared to the chemical characteristic time especially when velocity are important. Then we avoid order reduction and guarantee stable results with explicit stability restrictions.

Dedicated integration methods for combustion simulation

We present here the dedicated integration methods used in the splitting procedure 6.12.

Runge-Kutta Time Integration Methods

We describe in this section some one-step Runge-Kutta methods that give implicit and stabilized explicit techniques that have shown to be very efficient for the numerical solution of reactions and diffusion problems.

Let us consider the scalar initial value problem:

d t U = F (t, U (t)), U (0) = U 0 , ( 6.13) 
with U 0 ∈ R and U : R → R, F : R × R → R. The objective is to obtain an approximation U n of the exact solution U (t n ) for a time discretization given by t 0 = 0 < t 1 < ... < t n .

The exact solution of 6.13 at t 1 = t 0 + ∆t is given by:

U (t 1 ) = U 0 + t 1 t 0 f (t, U (t)) dt. (6.14)
The first order explicit Euler method approximate this solution by:

U 1 = U 0 + ∆tf (t 0 , U 0 ). (6.15)
By approximating the integral in 6.14 by a higher-order quadrature formula, we can build higherorder one-step methods. The Runge method of second-order is then constructed with the mid-point approximation and the Euler method.

U 1 = U 0 + ∆tf t 0 + ∆t 2 , U 0 + ∆t 2 f (U 0 ) . (6.16)
A generalization to high order-quadrature formulae given s-stage Runge-Kutta methods is possible:

           g i = U 0 + ∆t s j=1 a ij f (t 0 + c j ∆t, g j ), i = 1, ..., s, U 1 = U 0 + ∆t s j=1 b j f (t 0 + c j ∆t, g j ).
(6.17)

When a ij = 0 for j ≤ i, the scheme is explicit in time. Otherwise it describes implicit Runge-Kutta methods. The arrays b, c ∈ R s and the matrix A = (a ij ) 1≤i,j ≤ s ∈ M s (R) are usually described using the Butcher tableau:

c 1 a 11 a 12 • • • a 1s c 2 a 21 a 22 • • • a 2s . . . . . . . . . . . . c s a s1 a s2 • • • a ss b 1 b 2 • • • b s (6.18)
The Butcher tableau for the Runge method of second order 6.16 is then:

0 1 2 1 2 0 1 (6.19)
The stability and order analysis of such scheme are realized using the Dahlquist test equation [START_REF] Germund | A special stability problem for linear multistep methods[END_REF]:

d t U = λU, U (0) = 1, (6.20) 
with λ ∈ C. For any numerical scheme we obtain:

U 1 = R(z)U 0 , z = ∆tλ. (6.21) R : C → C
is the stability function of the method and R(z) correspond to the numerical solution of 6.20 given after one time step ∆t. The numerical scheme is of order p if R(z) satisfy:

e z -R(z) = O(∆t p+1 ) = O(z p+1 ), (6.22) 
The numerical solution recursively computed can be written as:

U n = (R(z)) n U 0 , (6.23)
the stability domain of the method is given by the set of z for which U n remains bounded for n → ∞:

S = {z ∈ C; |R(z)| ≤ 1}. (6.24)
A Runge-Kutta methods is said to be A-stable if:

{z ∈ C, Re(z) ≤ 0} ⊂ S. (6.25)
The implicit Runge-Kutta schemes are A-stable. For eigenvalues with large real part, characteristic of stiff equations, a stability function R(z) much smaller than 1 is also necessary, a property corresponding to the L-stability. A method is L-stable if it is A-stable and R(z) → 0 as z → ∞. L-stable methods are then dedicated for integrating stiff equations. 

Time integration of the viscous flux: Runge Kutta 2

We consider a Runge-Kutta method of second-order 6.16 to capture diffusion phenomena.

The numerical integration of f V (w, ∇w) described in 5.3 requires the approximation of the divergence of the viscous flux. In particular, temperature, velocity and mass fraction gradients evaluated at the cell interface are involved in its expression. In the normal direction to the cell interface ξ, the gradient is computed by a second-order approximation:

∂φ ∂ξ i+1/2,j,k = 1 δξ (φ i+1,j,k -φ i,j,k ) + O(δξ 2 ). (6.26)
In the tangentiel direction η, lying in the plane of the cell interface, the gradient is expressed as:

∂φ ∂η i+1/2,j,k = 1 4δη (φ i+1,j+1,k + φ i,j+1,k -φ i+1,j-1,k -φ i,j-1,k ) + O(δη 2 ).
(6.27)

Time integration of the Reaction: Radau5 Solver

The reaction operator usually has the fastest time scales of the numerical solver, and an implicit integration scheme is then chosen. The Radau5 solver is an implicit Runge Kutta scheme developed by Hairer & Wanner [HW96]. This solver uses the 3-stage Ehle's method RadauIIA [START_REF] Ehle | On Padé approximations to the exponential fnction and A-stable methods for the numerical solution of initial value problems[END_REF] to implement coefficients of the implicit schemes whose coefficients are given in Table 6.1. This method allows to get a fifth-order resolution and guarantee stability properties (A-stable and L-stable). This method is known to be very suitable for highly stiff problems.

Another specificity of the Radau5 solver is the adaptive time-stepping strategy that guarantees a prescribed accuracy. Radau5 solver uses a lower order embedded method to numerically estimate the local error and adapt the time step ∆t new associated with prescribed absolute and relative tolerances. This adaptive time-stepping strategy saves computing time since it can discriminate stiff zones from regular ones. By default, the absolute and relative tolerance values will be set to 1×10 -3 and 1×10 -10 respectively in our simulations.

Efficient algorithmic methods dedicated to matrix inversion, Newton iterative method, etc., are also implemented to solve the intermediate evaluation g i in 6.17 and save computational time despite the non-linear system and the numerical difficulties imposed by the implicit properties. All these algorithmic methods are discussed in detail in [START_REF] Hairer | Solving Ordinary Differential Equations II. Stiff and Differential-Algebraic Problems[END_REF].

Integration of the convection flux: One-Step Monotonicity-Preserving (OSMP) scheme

The numerical Euler flux f E (w) is approximated by an explicit time and space p th -order One-Step scheme developed in [DT04] that will be described in the next chapters. This integration scheme method is based on the Approximated Riemann solver of Roe combined with shock-capturing methods to prevent spurious oscillations while increasing the order of the scheme with a Lax-Wendroff approach described in the Chapter 7. Specific treatment of those schemes to extend it to a mixture of real gases is presented in the Chapter 8. Compressible and large gradients effects impose a high-order of accuracy for this operator to avoid numerical dissipation. We generally used seventh order of accuracy in our simulations.

Multidimensional splitting

To extend these numerical schemes in the multidimensional case, splitting strategy is also used to couple time and space approaches. The difficulty is to consider non-linear cross derivative terms that appear in the second and high-order terms of the subproblems with the dedicated schemes of each operator. We also need to guarantee that the resulting scheme will be non-oscillatory. The simplest way to avoid the problem of cross derivatives is to use a Strang directional splitting strategy which is only second-order accurate.

In two dimensions, since the directional operators L δx and L δy in each space direction do not commute, the second order accuracy is recovered every two time step with the symmetric solution:

w n+2 j = L δx L δy L δy L δx w n j .
(6.28)

In the same way, the three dimensional splitting is constructed with a second order accuracy recovered every six time steps:

w n+6 j =(L δx L δy L δz )(L δx L δz L δy )(L δy L δz L δx ) (L δy L δx L δz )(L δz L δy L δx )(L δz L δx L δy )w n j .
(6.29)

with L δz the operator discrete approximation in the third space direction.

Chapter 7

High Resolution Methods for mixtures of calorically perfect gases This chapter describes the numerical methods used to approximate the solution of the Euler hyperbolic conservation laws with discretization on a single grid using convexity property defined in the Chapter V. The objective is to solve multicomponent compressible flows with multiple potential discontinuities correctly.

The numerical scheme applied to these equations then must possess some features:

• sharp resolution of the discontinuities with the absence of spurious oscillation in the vicinity of them,

• consistent with the weak form of the conservation law and convergence,

• verifies a discrete form entropy condition to select a physically correct weak solution.

An additional requirement is a high-order accuracy with low numerical diffusion to track discontinuities properly. Such methods are referred to as high-resolution methods.

The Godunov solver corresponds to the full resolution of the Riemann problem at the intersection of each finite volume cell. This approach is both robust and accurate but is CPU time-consuming. Indeed, the Riemann problem involves expensive iterative procedures like the Newton-Raphson procedure combined with computations of numerical integrals. The complete resolution of the Riemann problem and the description of the Godunov solver in the case of species with temperature-dependent heat capacities is described in the Appendix A.2. Non-iterative solutions to approximate numerical fluxes at the intermediary state in the Riemann problem have been developed to reduce CPU time. The MR_CHORUS solver used in this work considers the approximate solver of Roe presented in § 7.1 which is a low diffusive Riemann solver.

However, the Godunov solver and the Roe solver are only first-order accurate. A high-order extension is then necessary to satisfy the high resolution desired. The One-Step Monotonicity Preserving (OSMP) dedicated to this extension to high-order scheme is described in § 7.2. The main idea of this scheme is to increase the order of accuracy in time and space of the Roe scheme by using a Lax-Wendroff approach associated with a flux limiter to keep high-resolution of the smooth solution and well-resolved nonoscillatory discontinuities.

In this chapter, we consider only calorically perfect gases. Indeed, the initial Roe solver and OSMP scheme are built for gas with constant adiabatic ratio γ and heat capacities c p . The extension to the case of multicomponent mixtures with a convex equation of state will be found in Chapter 8.

Approximate Riemann solver of Roe

Exact solution of the Riemann problem, such as realized by the Godunov solver described in Appendix A.2.2 is too expensive to use in a large computational domain. Approximate Riemann solvers have been developed in the last decades to approximate the intermediary state of the Riemann problem without using an exact resolution of the Riemann problem, such as in the two-shocks Riemann solver, the two rarefactions Riemann solver, the Osher Solomon solver, the HLL/HLLC solvers which are solvers commonly used. Description of those methods is available in [START_REF] Toro | Riemann Solvers and Numerical Methods for Fluid Dynamics: A Practical Introduction[END_REF][START_REF] Beccantini | Upwind Splitting Schemes for Ideal Gases Mixtures with Temperature-Dependant Specific Heat Capacities[END_REF]. The HLLC solver is one of the most usual and appears in several studies of flame acceleration computations; this particular solver is described more precisely in Appendix A.2.2.

We choose in this work to use the Roe solver, which is the less diffusive scheme among the complete Riemann solver1 .

This approximate Riemann solver of Roe has been described for the first time by Roe in [START_REF] Roe | Approximate riemann solvers, parameter vectors, and difference schemes[END_REF]. Some improvements have been made to solve entropy issues with a slight modification of the flux expression and extension to non-ideal gas described more precisely in the next chapter. We describe the scheme with only one space dimension. In that case, the size of the conservative variable vector w corresponds to N = n s + 2.

We consider here a mixture of calorically perfect gas, in this case, the adiabatic ratio γ and the heat capacity c p are constant for each temperature and pressure. With this assumption, the Jacobian matrix of the Euler flux A(w) = ∂f E (w) ∂w becomes:

A(w) =              u(1 -Y 1 ) -uY 1 • • • -uY 1 Y 1 0 -uY 2 u(1 -Y 2 ) • • • -uY 2 Y 2 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . -uY N -1 Y N -1 0 -uY N • • • • • • u(1 -Y N ) Y N 0 ( 1 2 (γ -1) -1)u 2 • • • • • • ( 1 2 (γ -1) -1)u 2 (3 -γ)u γ -1 u( 1 2 (γ -1)u 2 -H) • • • • • • u( 1 2 (γ -1)u 2 -H) H -(γ -1)u 2 (1 + (γ -1))u              , (7.1)
with the N size eigenvalues (u, ..., u, u + c s , u -c s )

The corresponding eigenvectors are given by:

K (1) = 1, 0, • • • , • • • , 0, u, 1 2 u 2 T ; K (i) = 0, • • • , 1, • • • , 0, u, 1 2 u 2 T ; K (ns) = 0, • • • , • • • , 0, 1, u, 1 2 u 2 T ; K (N -1) = [Y 1 , • • • , Y i , • • • , Y ns , u + c s , H + uc s ] T ; K (N ) = [Y 1 , • • • , Y i , • • • , Y ns , u -c s , H -uc s ] T . (7.2)
Roe's initial approach consists in replacing the Jacobian matrix in the Riemann problem (30) with a constant Jacobian matrix and then operating a linear version of the Euler hyperbolic system at each cell interface. We then obtain a linear hyperbolic system just as described in §A.1.3.

à = Ã(w L , w R ), (7.3)
where w L and w R are the conservative vectors at, respectively, the left and right part of the interface.

To converge to a weak solution, the matrix à must satisfy the following list of properties :

1. The system must be hyperbolic. It means that à has real eigenvalues λi = λi (w L , w R ) and linearly independent eigenvectors

K(i) = K(i) (w L , w R );
2. The approximation is consistent with the jacobian matrix i.e. as w L , w R smoothly tends to w, Ã(w L , w R ) smoothly tends to the jacobian A(w);

3. The conservation must be satisfy across discontinuities Ã(w

L , w R )(w L -w R ) = f E (w L ) - f E (w R ).
With such a Jacobian matrix, the numerical flux f E (U L , U R ) at the interface between two consecutive cells then becomes:

f E (U L , U R ) = 1 2 (f E (U L ) + f E (U R )) - 1 2 N k=1 αk • | λk | K(k) , (7.4)
The αk are the characteristic variables corresponding to the k th component of (U R -U L ) in the eigenvector basis. With the linearization of the Jacobian matrix, they correspond to some Riemann invariants of the other characteristic fields.

U R -U L = N k=1 αk • K(k) , or equivalently    α1 . . . αN    = K(k) -1 • (U R -U L ), (7.5) 
with K-1 the inverse matrix of K

Roe averaged operator

Linearization of the matrix à requires a consistent expression of the different terms. To be able to respect the last two properties Roe [START_REF] Roe | Approximate riemann solvers, parameter vectors, and difference schemes[END_REF] suggested to use a parameter vector Q such that components of U and of the Euler flux vector F(U) can be expressed as quadratic compositions of the Q components. In the case of multi-component flow, this corresponds to:

Q = (q 1 , q 2 , ..., q N ) T = √ ρ(Y 1 , ..., Y ns , u, H) T . (7.6)
The averaged vector Q is obtained with a simple arithmetic averaging

Q = 1 2 (Q R + Q L )
. The corresponding variable of mass fraction Ỹ1 , ..., Ỹns , velocity ũ and enthalpy H at the Roe averaged state are then computed with the Roe averaged operator, where r stands for each component of (

Y 1 , ..., Y ns , u, H) T : r = θ r L + (1 -θ) r R , (7.7) with θ = √ ρ L √ ρ L + √ ρ R , (7.8)
and the value of the density at the interface becomes:

ρ = √ ρ L ρ R . (7.9)
Let us consider φ and ψ two arbitrary variables. The Roe averaged operator respects the following identities for the variation across interface ∆(

•) = (•) R -(•) L : ∆(ρφ) = ρ ∆φ + φ ∆ρ; (7.10a) ∆(ρψφ) = ρ φ ∆ψ + ρ ψ ∆φ + φ ψ ∆ρ. (7.10b)

Entropy fix

The weak solution obtained by the original Godunov method satisfies the entropy condition. However, it can be violated by using the Roe solver. In order to make this scheme satisfy this condition, correction is usually added to its formulation, referred to as entropy fix.

Entropy fix generally intents to cure failure of Roe's scheme in case of transonic rarefactions. Indeed, representation of a rarefaction fan by a single discontinuity with respect of the jump relation defined by the last properties (iv) of the Roe solver leads to a nonentropy consistent solution [START_REF] Leveque | Numerical Methods for Conservation Laws[END_REF].

The entropy fix must then replaces such discontinuities with an alternative description.

To identify the occurrence of such transonic rarefaction, each k-th elementary wave is associated to two propagation velocity λ k,L and λ k,R corresponding in the case of a rarefaction wave, the first and the last waves of the fan. Rarefaction waves will then have an impact on entropy condition if

λ k,L < 0 < λ k,R . (7.11)
Inside the rarefaction wave, different approximation can be made by considering a constant intermediary state or linear variable intermediary state between the two side of the wave. It results in a modification of the formulation of the Roe solver (7.4) when the eigenvalue λk is close to zero.

f E (e.f.) (U L , U R ) = 1 2 [f E (U L ) + f E (U R )] - 1 2 p k=1 q( λk )α k K(k) , (7.12)
where the function q( λk ) is a suitable modification of the function | λk |.

Review of correction entropy solution are available in [START_REF] Pelanti | A review of entropy fixes as applied to roe's linearization[END_REF]. We choose in our simulations to use the second entropy fix of Harten and Hyman [START_REF] Harten | Self adjusting grid methods for one-dimensional hyperbolic conservation laws[END_REF] that consider a linear transition between the state u k,L and u k,R for λ k,L < x t < λ k,R :

u 1 k x t = u k,L + x t -λ k,L λ k,R -λ k,L (u k,R -u k,L ). (7.13)
The limiting velocity is defined by

λ k,L = λk -δ k , and λ k,R = λk + δ k , (7.14) with δ k = max[0, λk -λ k (u L ), λ k (u R ) -λk ].
This linear expression results in the following expression of q( λk ):

q HH2 ( λk ) =      1 2 λ2 k δ k + δ k if | λk | < δ k , | λk | if | λk | ≥ δ k . (7.15)
For | λk | < δ k , the function | λk | is replaced by a parabolic function with vertex in (0, δ k /2), as seen in Figure 7.1. 

q( λ k ) λ k -δ k δ k

One-Step Monotonicity Preserving (OSMP) scheme

The Godunov solver and the approximate Riemann solver of Roe described previously are only firstorder accurate in time and space. In the vicinity of a large gradient, they produce numerical viscosity that smoothes the solution. The objective of this section is to increase the order of accuracy of the basic numerical scheme. In order to satisfy conditions of the Lax-Wendroff theorem described in § 6.1 and obtain convergent entropy-satisfying solution, a specific attention have to be brought to the oscillation phenomena near the discontinuities.

There are two classical approaches to obtain non-oscillatory high-order numerical schemes we call the TVD approach and the ENO/WENO approach. The class of essentially non-oscillatory (ENO) methods initially developed in [START_REF] Harten | Uniformly high-order accurate nonoscillatory schemes[END_REF] consists in reconstructing a non-oscillatory global piecewise approximation with high-order polynomials to interpolate values at the intersection of two cells. The reconstruction without spurious oscillation is made on adapted support that avoids discontinuities. Based on the ENO methods, weighted ENO (WENO) methods have been developed, which combine the results on all the possible stencils with a weight associated with each of them rather than choosing only one. The smoother approximations will then receive greater weight [START_REF] Liu | Weighted essentially non-oscillatory schemes[END_REF]. Multiple formulations derived from the WENO scheme are also available in the literature (with schemes like WENO-Z [CCD11], TENO, [START_REF] Fu | A family of high-order targeted eno schemes for compressible-fluid simulations[END_REF], embedded WENO [vtI17]...) in order to reduce numerical dissipation of such scheme. Hybrid methods are also developed in order to reconstruct interpolation function as in Boundary Variation Diminishing (BVD) reconstruction [DXL + 18] with the selection of the most appropriate reconstruction operator from different possibilities, including hyperbolic tangent function and piecewise polynomials.

In this work, we choose to use the One-Step Monotonicity Preserving (OSMP) scheme presents in the MR_CHORUS solver. It is a high-order numerical scheme with flux limiter based on the work of Daru and Tenaud [START_REF] Daru | High order one-step monotonicity-preserving schemes for unsteady compressible flow calculations[END_REF]. This solution uses a one-step approach with high-order accuracy in time and space with very low numerical dissipation allowing to capture efficiently hydrodynamic instabilities as illustrated in § 10.3. Moreover, this numerical scheme is less CPU time consuming than multistage schemes like the WENO scheme needing multi-stage Runge-Kutta time integration to increase the order of accuracy in time.

Space-time discretization: Lax-Wendroff approach

We first consider scalar transport equation:

∂u ∂t + ∂f (u) ∂x = 0. (7.16)
A one-step finite volume scheme reads:

u n+1 j = u n j - ∆t ∆x (F j+1/2 -F j-1/2 ). (7.17)
It is possible to increase the order of accuracy simultaneously in time and space using for example the Lax-Wendroff scheme [START_REF] Leveque | Finite Volume Methods for Hyperbolic Problems[END_REF] based on the Taylor series expansion.

u(x, t n+1 ) = u(x, t n ) + ∆tu t (x, t n ) + 1 2 ∆t 2 u tt (x, t n ) + O(∆t 3 ). (7.18)
Using the conservation law, as x, t are independent variables, we have:

                       u t = -f x , u tt = -(f x ) t = -(f t ) x = -(au t ) x = (af x ) x , u ttt = (a(u)f x ) xt = (a t f x + af xt ) x , = (a t f x -a(af x ) x ) x , = ((a t + aa x )f x -(a 2 f x ) x ) x , = -(a 3 u x ) xx . (7.19)
where a(u) = df / du is the Jacobian of the flux. Similarly, for the general case, the m-th time derivative correspond to:

u mt = ((-a) m u x ) (m-1)x . (7.20)
With discretization of the derivatives with central finite difference approximations, we obtain the second order in time and space Lax-Wendroff numerical scheme:

u n+1 j = u n j - ∆t 2∆x (f n i+1 -f n i-1 ) + 1 2 ∆t ∆x 2 (a n j+1/2 (f n j+1 -f n i ) -a n j-1/2 (f n j -f n j-1 )). (7.21)
The Lax-Wendroff numerical flux is then written:

F lw j+1/2 = f n j + (1 -ν) j+1/2 2 (f n j+1 -f n j ), (7.22) 
with ν = a ∆t ∆x the CFL number. This flux is written for the case where a(u) > 0, but can be generalized to the negative case by symmetry of the dimensional indices with reference to the interface (i + 1/2).

Lax Wendroff's approach can be extended further to increase the order in a space and time coupled manner. Following the relation (7.20) a linear advection equation of the third-order accuracy scheme in time and space is:

F 3 j+1/2 = F lw j+1/2 - (1 -ν 2 ) j+1/2 6 (f n j+1 -f n j ) - (1 -ν 2 ) j-1/2 6 (f n j -f j-1 ) . (7.23)
The numerical flux can be recast in the following form:

F 3 j+1/2 = f n j + Φ 3 j+1/2 (1 -ν) j+1/2 2 (f n j+1 -f n j ), (7.24) with Φ 3 j+1/2 = 1 - 1 3 (1 + ν 2 ) j+1/2 -(1 -ν 2 ) j-1/2 r j+1/2 (1 -ν) j+1/2 , (7.25)
where r j+1/2 is the ratio of consecutive gradients:

r j+ 1 2 = f n j -f n j-1 f n j+1 -f n j . (7.26)
Following successive corrections of the higher order error terms, a relation of recurrence can be etablished to construct schemes of arbitrarily high p-th order of accuracy, whose numerical flux can be written in the generic form:

F p+1 j+1/2 = F p j+1/2 + θ p+1 p l=0 (-1) l C l p f n j+m-l , (7.27)
where m = (p-1) 2 ( is the integer division symbol), C l r = r! (r-s)!s! , and:

θ l = l k=2 (-1) k k/2 -(-1) k ν k . (7.28)
All those schemes are stable with the CFL condition ν ≤ 1. As previously we can write the p-th flux order using an accuracy function Φ p j+1/2 with the formalism:

F p+1 j+1/2 = f n j + Φ p j+1/2 (1 -ν) j+1/2 2 (f n j+1 -f n j ). (7.29)
Expression of the corresponding accuracy function until the seventh order expressed with the ratio of consecutive gradients r j+1/2 can be found in [START_REF] Daru | High order one-step monotonicity-preserving schemes for unsteady compressible flow calculations[END_REF].

In the case of the Euler equations, the linearization of the jacobian matrix Ãj+1/2 (7.3) allows to transform the initial equation into characteristic form (19) corresponding to a combination of advection equations applied to the characteristic variables αk associated to eigenvalues λk . Using the Lax-Wendroff approach on these advection equations with attention to the sign of the eigenvalues, the one-step numerical flux with p-th order of accuracy in time and space is given by:

f E j+1/2 = f Roe j+1/2 + 1 2 N k=1 Φ p k (1 -|ν k |)| λk |α k K(k) j+1/2 , (7.30)
with ν k = λk ∆t/∆x.

TVD and MP schemes

However, numerical schemes with order higher than one, such as the Lax-Wendroff method, generally produce spurious (unphysical) oscillations, called the Gibbs phenomenon, especially in the vicinity of large gradients. In this case, hypothesis of the Lax theorem [START_REF] Lax | Systems of conservation laws[END_REF] described in § 6.1 are not completed and finite volume scheme is no longer ensured to converge towards the weak solution.

A property of the entropy-satisfying weak solution of a conservation law is the monotonicity preserving across time. If we consider two sets of initial data u 0 and v 0 with v 0 (x) ≥ u 0 (x) for all x ∈ R then the respective entropy solution u(x, t) and v(x, t) satisfy:

v(x, t) ≥ u(x, t), x ∈ R, t ∈ R + . (7.31) A numerical method U n+1 j = H(u n , j
) is called a monotone method if the analogous discrete property holds:

V n j ≥ U n j ∀j ⇒ V n+1 j ≥ U n+1 j ∀j. (7.32)
Such a monotone method guarantees non-physical oscillations close to the discontinuities. However, a monotone method is proved to be at most first-order accurate [START_REF] Harten | On finite-difference approximations and entropy conditions for shocks[END_REF].

A numerical method computed with a consistent monotone method with ∆t/∆x fixed then converges to the entropy solution as the grid is refined.

Total Variation Diminishing property

The exact solution of the local Riemann problem for non-linear scalar conservation law when the initial data u(x, 0) has bounded total variation, is that

• No new local extrema in x may be created,

• Value of a local minimum increases and value of a local maximum decreases.

So the total varation T V (u(t)) is a decreasing function of time A numerical scheme is said to be Total Variation Diminishing (TVD) if:

T V (u n+1 ) ≤ T V (u n ), ∀n. (7.33)
Any TVD method is monotonicity preserving.

Morevover, in the case of non-linear schemes with a conservative form as:

u n+1 i = u n i -C i-1 2 ∆u i-1 2 + D i+ 1 2 ∆u i+ 1 2 , (7.34)
where ∆u

i+ 1 2 = u i+1 -u i and C i-1 2 , D i+ 1 2
are coefficients of the scheme.

Harten [START_REF] Harten | High resolution schemes for hyperbolic conservation laws[END_REF] proved that a sufficient condition for the scheme to be TVD is that the coefficients satisfy:

         C i+ 1 2 ≥ 0, D i+ 1 2 ≥ 0, 0 ≤ C i+ 1 2 + D i+ 1 2 ≤ 1. (7.35)
A way to obtain high-resolution methods is then to combine high-order numerical methods where it is possible and conserve monotonicity solutions with low order methods close to dicontinuities. The selection is then done using flux limiter method.

Flux limiter

The objective of the flux limiter method is to hybridize low-order numerical flux and high-order numerical flux according to the TVD condition. In order to keep a TVD scheme with high order simulation and then guarantee convergence of the scheme to a weak solution, we start applying a high-order numerical scheme and locally reduced the order in regions with production of spurious oscillations. We called F H (U ) the high order flux we must consider in the smooth regions and F L (U ) the low order flux that behaves well near discontinuities. We built a TVD flux F T V D (U ) with:

F T V D (U ) = F L (U ) + (1 -φ(U ))[F H (U ) -F L (U )], (7.36) 
where φ(U ) is called the flux limiter, φ(U ) ∈ [0, 1]. Integration scheme in the cell j becomes:

U n+1 j = U n j + ∆t ∆x (F T V D j+1/2 (U ) -F T V D j-1/2 (U )). (7.37)
The one-step p-th order numerical flux (7.29) can be writen in the format of (7.34) with the coefficient C j-1/2 and D j+1/2 corresponding to (for a(u) > 0):

C j-1/2 = ν j-1/2 1 - 1 2 (1 -ν) j-1/2 Φ p j-1/2 , D j+1/2 = - 1 2 ν j+1/2 1 -ν j+1/2 Φ p j+1/2 . (7.38)
Using the criteria developed by Harten (7.35) to guarantee TVD properties of the numerical scheme, we obtain:

         0 ≤ Φ p-T V D j+1/2 ≤ 2 1 -ν j+1/2 , 0 ≤ Φ p-T V D j+1/2 ≤ 2r j+1/2 ν j+1/2 1 -ν j-1/2 1 -ν j+1/2 . (7.39)
Then we obtain a region for the TVD scheme in the r -φ plane called the Sweby region [START_REF] Sweby | High resolution schemes using flux limiters for hyperbolic conservation laws[END_REF] illustrated in Figure 7.2. Moreover, for any accurate second-order method, we must have φ = 1 for r = 1, and Sweby found that it is best to take φ as a convex combination of φ = 1 (Lax-Wendroff method) and φ = r (Beam-Warming method) which define the second-order TVD region. (7.40)

We choose to use here the suberbee limiter of Roe [START_REF] Roe | Some contributions to the modelling of discontinuous flows[END_REF] taking the upper boundary for φ TVD j+1/2 :

Φ p-T V D j+1/2 = max 0, min 2 1 -|ν j+1/2 | , Φ p j+1/2 , 2 r j+1/2 |ν j+1/2 | 1 -|ν j-1/2 | 1 -|ν j+1/2 | . (7.41)

Monotonicity Preserving (MP) condition

TVD flux limiter allows avoiding spurious oscillations with a high-order numerical scheme. However, these schemes may clip extrema of the solution. Indeed, evaluated with only two points, the TVD flux limiter cannot differentiate an extremum from a discontinuity.

The TVD conditions described in 7.39 can be interpreted as a geometrical restriction for a flux with the form:

F j+1/2 = f n j + Φ p-T V D j+1/2 (1 -ν) 2 (f n j+1 -f n j ). (7.42)
The first TVD constraint geometrically means the numerical flux F j+1/2 must belong to the interval [f n j , f n j+1 ] and the second TVD constraint means that the numerical flux F j+1/2 must belong to the interval [f n j , f ul j ] where: 

φ r φ(r) = r φ(r) = 1 2r ν 2 1-ν (a)
f ul j = f n j + 1 -ν ν (f n j -f n j-1 ). (7.43)
To avoid the loss of accuracy near extrema, Suresh and Huynh [START_REF] Suresh | Accurate monotonicity-preserving schemes with runge-kutta time stepping[END_REF] has developed an improved flux limiter by introducing an approximation of the curvature of the solution at the intersection j + 1/2 with:

d j+1/2 = minmod(d j , d j+1 ) with d j = f n j+1 -2f n j + f n j-1 . (7.44)
From a geometric point of view, it consists in enlarging the previous intervals. In the following, we note

[f 1 , f 2 , ..., f k ] the interval [min(f 1 , f 2 , ..., f k ), max(f 1 , f 2 , ..., f k )]. The first interval [f n j , f n j+1 ] is enlarged to [f n j , f n j+1 , f md j ]
(MD stands for median), with:

f md j = 1 2 (f n j + f n j+1 ) - 1 2 d j+1/2 , (7.45)
and the second interval [f n j , f ul j ] is enlarged to [f n j , f ul j , f lc j ] (LC stands for large curvature and UL for upper limit), with These new intervals [f n j , f n j+1 , f md j ] and [f n j , f ul j , f lc j ] allow to differentiate extremum from discontinuities and include the exact values of the flux around the extremum as illustrated in Figure 7.3.

f lc j = f n j + 1 2 1 + d j-1/2 f n j -f n j-1 (f ul j -f n j ). ( 7 
Express this condition with constraints on Φ M P is equivalent to have:

           min 0, Φ md j+1/2 ≤ Φ p-M P j+1/2 ≤ max 1 1 -ν j+1/2 , Φ md j+1/2 , min 0, 2r j+1/2 ν j+1/2 1 -ν j-1/2 1 -ν j+1/2 , Φ lc j+1/2 ≤ Φ p-M P j+1/2 ≤ max 0, 2r j+1/2 ν j+1/2 1 -ν j-1/2 1 -ν j+1/2 , Φ lc j+1/2 . (7.47) with Φ md j+1/2 = 2 1 -ν j+1/2 f md j -f n j f n j+1 -f n j and Φ lc j+1/2 = 2r j+1/2 ν j+1/2 1 -ν j-1/2 1 -ν j+1/2 f lc j -f n j f ul j -f n j . (7.48)
Finally, the MP constraint which preserves accuracy is computed with

Φ p,MP j+1/2 = max Φ min j+1/2 , min Φ p j+1/2 , Φ max j+1/2 , ( 7.49) 
where

Φ min j+1/2 = max min 0, Φ md j+1/2 , min 0, 2r j+1/2 ν j+1/2 1 -ν j-1/2 1 -ν j+1/2 , Φ lc j+1/2 , (7.50) and Φ max j+1/2 = min max 2 1 -ν j+1/2 , Φ md j+1/2 , max 0, 2r j+1/2 ν j+1/2 1 -ν j-1/2 1 -ν j+1/2 , Φ lc j+1/2 . (7.51)
Finally, associating the equation (7.30) with the monotonicity preserving flux limiter, the OSMP flux at the p-th order corresponds to:

f E j+1/2 = 1 2 f E j+1 + f E j - 1 2 N k=1 α M -P k λ k . K (k) j+1/2 , (7.52)
where α M -P k are functions associated with flux limiter MP:

α M -P k = 1 -φ p k M -P (1 -|ν k |) α k j+1/2 , k ∈ [1, N ]. (7.53)

Conclusion

This chapter presented the construction of the OSMP solver for monocomponent ideal gas. This scheme was implemented in this configuration in the initial MR_CHORUS solver. It is based on the approximated Riemann Roe solver. A Lax-Wendroff procedure allows increasing the order of the simulation. In order to avoid spurious oscillation in the vicinity of discontinuities and guarantee the convergence to the entropic solution, a Monotonicity Preserving (MP) flux limiter constrained the value of the reconstructed flux. This MP flux limiter is based on the classical TVD limiter with some improvement using the reconstructed curvature of the solution to differentiate a local extremum from a discontinuity.

We usually consider the seventh order of accuracy OSMP7 scheme in our simulation. According to numerical test cases with the advection of a strong vortex realized in [START_REF] Tenaud | Unsteady compressible flow computations using an adaptive multiresolution technique coupled with a high-order one-step shock-capturing scheme[END_REF], OSMP7 recovers a fifth-order of accuracy in the L 1 norm, with small order reduction induced by linearization error of the flux reconstruction and a magnitude error much lower than the one recovered by the MPWENO. Test cases presented in Chapter 8 and 10 confirm the performance of this solver to capture hydrodynamic instability with minimum diffusion.

In order to apply this scheme using a more complex thermodynamic model as required by the computation of reactive mixtures, some adaptation of the Roe and the OSMP solvers have to be made. This extension to general convex equation of state is the purpose of the following chapter.

Chapter 8

Extension of the OSMP scheme to mixture of gases with convex equation of state ] extended the proposed Roe scheme for multi-component real gas flows by treating the mixture as a single equilibrium gas to define the contact discontinuity and thus the density jump. Knowing that the mass fractions are constant on both sides of the contact discontinuity, the jump of the partial convective masses can be calculated using the classical resolution of a Riemann problem. The advantage of this formulation is to guarantee the positivity of the mass fractions, but the mass flux computation is only first-order accurate. Extension to a higher-order numerical scheme with quadratic reconstruction or MUSCL scheme [START_REF] Larrouturou | How to preserve the mass fractions positivity when computing compressible multi-component flows[END_REF] are evoked, but the successive Roe average states can then become inconsistent with the thermodynamic properties evolution on a large stencil, and the sum of mass fractions can differ from unity when using more than two species. Besides, a solution to compute a real gas mixture with two distinct species was also proposed in [START_REF] Abgrall | How to prevent pressure oscillations in multicomponent flow calculations: A quasi conservative approach[END_REF] with an extension to high-order approximations. Nevertheless, this is only applicable to mixtures with only two distinct species.

We here follow the strategy introduced by Vinokur and Montagné [START_REF] Vinokur | Generalized flux-vector splitting and roe average for an equilibrium real gas[END_REF] to evaluate a Roe averaged value of compressibility factors in a non-thermally perfect single gas. We first propose extending this technique to multi-component real gas flows based on a similar prediction from an integration between the left and the right states of the Riemann problem, followed by an orthogonal projection onto a well-chosen subspace. It allows us to define an accurate Roe averaged value of the speed of sound. We secondly introduce the proposed averaged state of the compressibility factors into the One-Step Monotonicity-Preserving (OSMP) scheme to obtain an extension towards real gas flows. However, numerical artifacts appear in the vicinity of contact discontinuity (interface between species), and potential low order of convergence is observed in smooth solutions with a large variation of composition and temperature. Those issues come from the proposed compressibility factor averaged states of the Riemann problem that do not seem consistent over the large stencil when using a highorder scheme. By analyzing Riemann invariants, we propose a reformulation of the discrete total energy flux using a linear combination of Riemann invariants associated with the same characteristic wave to recover high-order accuracy. An additional Monotonicity-Preserving constraint is applied to this linear combination to deal with discontinuities. Knowing the averaged speed of sound evaluated by our proposed extension of the Vinokur and Montagné method [START_REF] Vinokur | Generalized flux-vector splitting and roe average for an equilibrium real gas[END_REF], this new formulation gives an additional relation between compressibility factors that satisfied the jump relationships across the interface between the left and right states of the Riemann problem.

1D Euler equations for mixture with convex equation of state

In this section, we consider the mixture with a convex equation of state, such as described in chapter 5. With such mixture, formulation of the Jacobian matrix of the Euler flux will be modified from 7.1 with the integration of non-constant pressure derivatives.

Euler Hyperbolic conservation laws

We consider the Euler part of the Navier Stokes equation introduced in (5.2), the Euler equations form a hyperbolic system of equations:

∂w ∂t + ∂ ∂x f E (w) = 0. (8.1)
The set of possible states for the conservative vector is by definition:

T ≥ 0; P ≥ 0; 0 ≤ Y i ≤ 1; m i-=1 Y i = 1, (8.2) which is is a convex open subset of R N
With a mixture of n s real gases, the Jacobian matrix A(w) = ∂f E (w) ∂w corresponds to:

A(w) =              u(1 -Y 1 ) -uY 1 • • • -uY 1 Y 1 0 -uY 2 u(1 -Y 2 ) • • • -uY 2 Y 2 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . -uY N -1 Y N -1 0 -uY N • • • • • • u(1 -Y N ) Y N 0 χ 1 + ( 1 2 κ -1)u 2 χ 2 + ( 1 2 κ -1)u 2 • • • χ N + ( 1 2 κ -1)u 2 (2 -κ)u κ (χ 1 -H)u + 1 2 κu 3 (χ 2 -H)u + 1 2 κu 3 • • • (χ N -H)u + 1 2 κu 3 H -κu 2 (1 + κ)u              , (8.3)
with the compressibility factors {κ, (χ i , i = 1, ..., n s )} defined in (5.24). It corresponds to the callorifically perfect variant (eq. (7.1)) where κ = (γ -1) and χ k = 0.

The corresponding eigenvectors are given by:

K (1) = 1, 0, • • • , • • • , 0, u, 1 2 u 2 - χ 1 κ T ; K (i) = 0, • • • , 1, • • • , 0, u, 1 2 u 2 - χ i κ T ; K (ns) = 0, • • • , • • • , 0, 1, u, 1 2 u 2 - χ ns κ T ; K (N -1) = [Y 1 , • • • , Y i , • • • , Y ns , u + c s , H + uc s ] T ; K (N ) = [Y 1 , • • • , Y i , • • • , Y ns , u -c s , H -uc s ] T ; (8.4)
and the eigenvalues are (u, ..., u, u + c s , u -c s ).

According to the general description of the equation of state in § 5.2, thermodynamic stability requires that γ > 0 and thus c s is a real number. With this property, the Euler equations are always a hyperbolic equation system.

Moreover, according to Bethe [START_REF] Bethe | On the theory of shock waves for an arbitrary equation of state[END_REF], if the fundamental derivative is positive G > 0, the eigenvalues u ± c s does not vanish and the characteristic field are GNL (see A.1.3). The theorem of Bethe also demonstrated that a sufficient condition for adiabatic compression shocks to be entropy increasing is to have Γ > -2 when the EOS obeyed the convexity constraint.

In the case of a mixture of ideal gases with temperature-dependent heat capacities, we have seen in 5.2.2 that the polynomials used to describe the relationship between the heat capacities and the temperature allows keeping the sound speed as a non-decreasing function of the temperature. The convexity of the Euler equations then allows having a classic resolution of the Riemann problem with distinct characteristic waves.

Approximate Riemann solver of Roe for mixture of gases with convex equation of state

We want to apply the Roe solver presented in 7.1 based on a constant approximation of the Jacobian matrix 8.3 express at the Roe averaged state. However, this Roe average matrix then involves expressions of the compressibility factors {κ, (χ i , i = 1, ..., n s )} that must be evaluated at the Roe average state.

Combining the property (3) of the Roe solver and identities (7.10) of the Roe average operator, a new relationship between the variation of conservative variables and the compressibility factors is established: 

∆p = ns i=1 χ i ∆ρ i + κ ∆ . ( 8 
χ i = 1 0 χ i [ (ζ), ρ 1 (ζ), ..., ρ ns (ζ)]dζ, (8.6a) κ = 1 0 κ[ (ζ), ρ 1 (ζ), ..., ρ ns (ζ)]dζ, (8.6b) 
where the parameter ζ is normalized to have ζ L = 0 for the left state and ζ R = 1 for the right state. The straight-line path is defined with:

ρ i (ζ) = ρ i,L + ζ ∆ρ i , i = 1, ..., n s ; (8.7a) (ζ) = L + ζ ∆ . (8.7b)
Depending on the gap magnitude between the left and right states, several approximate quadrature formulae can be used for evaluating integrals. We privileged the Simpson rule here, which is mainly adapted for large variation between two states. For the approximation of κ, this gives:

κ = 1 6 (κ L + 4κ( M , ρ 1,M , ..., ρ ns,M ) + κ R ) , (8.8) with M = 1 2 ( L + R ) and ρ i,M = 1 2 (ρ i,L + ρ i,R
). The value of κ( M , ρ i,M ) is computed using the equation of state (5.21) and the definition of the pressure derivative κ (5.24).

Finally, in order to satisfy the properties (3) of the Roe solver, an orthogonal projection is carried out from the predicted values κ and χ i , i = 1, ..., n s on the n s -1 hyperplane defined by the equation (8.5). In order to be independent of the arbitrary constant present in the definition of and to be close to a dimensionless orthonormal framework, we perform the orthogonal projection in the following system of coordinates: The orthogonal projection in the space of coordinates (8.9) from the predicted values κ and χ i , i = 1, ..., n s on the hyperplane defined by (8.5) gives the following compressibility factors:

1 κ , χ i sκ , i = 1, ..., n s , ( 8 
κ = Dκ D -∆pδp χ i = D χi + ŝ2 ∆ρ i δp D -∆pδp , (8.10) with D = ŝ2 N i=1 (∆ρ 2 i ) + ∆p 2 , (8.11)
and the error on pressure (δp) that, finally by construction, satisfies the precision up to machine accuracy after the projection step:

δp = ∆p -κ∆ - N i=1
χi ∆ρ i .

(8.12)

The celerity of sound at the Roe averaged state then becomes:

c s = ns i=1 χ i Y i + κ h. (8.13)
This procedure allows us to obtain a combination of the compressibility factors and an approximation of the speed of sound that is coherent with the Roe properties at the intermediate state. The present procedure generalizes the Roe scheme for multi-component gas flow with an arbitrary convex equation of state. We notice that contrary to the case with calorically perfect gases, the solution obtained here is no longer unique. This non-unicity might have a significant impact on the extension at high-order accuracy discussed in the next section.

It can be noted that the existence of c s from (8.13) is not guaranteed since nothing prevents the variation of the compressibility factors to avoid negative value of the sum inside the square root. However, this numerical scheme is robust enough in cases studied here with non-calorically perfect gas. Indeed, the Simpson rule accurately estimates the compressibility factors, so their variations are limited during the projection. Moreover, the normalization factor s brings the basis used for the projection (8.9) close to an orthonormal basis which prevents significant variation of one factor compared to the other during the orthogonal projection. The final value for the sound speed is then generally close to the initial left and right values. Some additional constraints may be necessary in very low density cases, but this aspect has not been investigated here.

High-order extension with modification of the total energy flux formulation

We introduced in the previous section a method to compute an averaged state of the compressibility factors that respects the properties of the Jacobian matrix of the Euler flux. This is carried out through an orthogonal projection on the n s -1 hyperplane defined by (8.5). However, through the use of several test cases, numerical artifacts close to discontinuities and poor order of convergence may be observed (some examples will be provided in the section devoted to results; see § 8.4).

Indeed, in some configurations, despite the orthogonal projection procedure, an infinite number of solutions respect the Roe solver properties, especially when the dimension of the problem is high with multi-component mixture. Thus, most of the time, the Roe averaged state obtained does not necessarily correspond to a realistic thermodynamic state. This problem does not appear using the first-order scheme, i.e. the original Roe scheme, but only occurs with a high-order scheme because of the large extent of the stencil. When a wide stencil is required, the evolution of the averaged compressibility factors become inconsistent with the evolution of the mass fraction. Thus, inaccurate approximation of the compressibility factors at the Roe average state can reduce the effective order of convergence of the scheme around significant variations of composition and/or thermodynamic variables in a smooth solution. In the same way, numerical artifacts are also introduced when significant species variations occur in the vicinity of contact discontinuities.

By analyzing the problem, we found that inconsistency coming from the relationship used to reconstruct the numerical flux related to the total energy (7.4). The ratio of compressibility factors explicitly appears through a linear combination of the Riemann invariants associated to the same eigenvalue u attributed to contact waves:

∆F ρE = ∆(ρuH) = ns i=1 α i E c - χ i κ | u| + α N -1 H + u c s | u + c s | + α N H -u c s | u -c s | . (8.14)
Considering the definition of the speed of sound, given by (8.13), and the relationship (8.5) linking the pressure jump to the density and the internal energy jumps through the compressibility factors, the first term of the total energy flux (8.14), noted α N +1 , can be expressed using variations of several variables:

α N +1 = ns i=1 α i E c - χ i κ = ∆(ρE) -H ∆p c 2 s -ρ u∆u, (8.15)
Let us note that the proposed term ( α N +1 ) follows an advection equation similarly to the classical Riemann invariants (

α k , k ∈ [1, N ]
). This additional advection equation is then solved using a specific accuracy function Φ p α N +1 as described in § 7.2. Then, the total energy flux is expressed without being explicitly connected to the independent values of the compressibility factors but only with the value of the sound speed obtained from the combination (8.13). We apply an MP condition on the supplementary accuracy function Φ p α N +1 to avoid spurious oscillations. The total energy component of the high-order M-P limited Euler flux then reads:

F p-M P ρE = 1 2 (F L (ρE) + F R (ρE)) - 1 2 α M -P N +1 | u| + α M -P N -1 ( H + u c s )| u + c s |+ α M -P N ( H -u c s )| u -c s | , (8.16) 
with α N -1 , and α N given by (7.53).

From a mathematical point of view, applying the OSMP scheme on α N +1 independently of the n s first α i is actually equivalent to define a constraint on the compressibility factors which results in corrected effective values χ i , i = 1, ..., n s and κ that are solutions of the set of equations:

                     ∆p = ns i=1 χ i,j+1/2 ∆ρ i + κ j+1/2 ∆ , c 2 s,j+1/2 = ns i=1 χ i,j+1/2 Y i,j+1/2 + κ j+1/2 h j+1/2 , α M -P N +1,j+1/2 = ns i=1 α M -P i,j+1/2 E cj+1/2 - χ i,j+1/2 κ j+1/2 .
(8.17)

The first two relationships correspond to the properties that must be preserved to fulfill the jump relationships of the Riemann problem and the definition of the sound speed predicted by our proposed extension of the Vinokur and Montagné algorithm (8.10). The third one corresponds to the relation that must be verified once applied the OSMP scheme on the additional Riemann invariant α N +1 . Since the expression of the flux (8.16) no longer requires explicit values for the compressibility factors, then we simply have to guarantee the existence of the solution.

Equations (8.17) correspond to a linear system with n s + 1 unknowns and three equations. The existence of a set of compressibility factors consistent with the Roe solver properties and the N + 1 accuracy functions and their associated M-P constraints is then guaranteed. In the case of two species, there is even a unique solution corresponding to the value of the sound speed previously predicted.

Thus, we obtain a stable high-order scheme based on a Roe solver for multi-component real gases that preserves conservation through jump relations and adequately capture discontinuities on the mass fraction of species. An overview of the different steps leading to the final high-order Euler flux is proposed in the following algorithm 8.2. 

Numerical results

In the following simulations, mixtures of non-calorically perfect gases with temperature-dependant heat capacities are considered.

Convection of mass fraction and density waves

This first case performs a grid-convergence analysis. The high-order scheme is applied on a smooth case of convection of mass fraction and density waves in a flow with uniform pressure. This case has previously been treated in [START_REF] Coquel | An entropy stable high-order discontinuous galerkin spectral element method for the baer-nunziato twophase flow model[END_REF]. We consider a mass fraction wave in a flow with uniform velocity u 0 = 100 m/s and pressure p 0 = 1 Bar. The mixture is composed of two gases with specific heat ratio of γ 1 = 1.6 and γ 2 = 1.4. The specific isochore heat capacity is set in order to have c v,1 = 2c v,2 . The computational domain corresponds to Ω = [0, 1] with periodic conditions. The initial mass fraction of the first species and the initial density are:

Y 1 (x) = 1 2 + 1 4 sin(4πx), ρ 0 (x) = 1 + 1 2 sin(2πx) ∀x ∈ Ω. (8.18)
Computation is performed using the OSMP scheme of 7 th -order with and without the modification on the discrete total energy flux using the α N +1 term described in (8.15) and (8.16). The exact solution is the passive convection of the waves. Errors in the L 1 -norm relative to the exact solution are reported in Figure 8.3 for the density at t = 0.05 s after five periods of convection.

It is found that in this case, with significant variations in composition and temperature leading to relevant variation of sound speed, the initial estimation of the compressibility factors with the extension of Vinokur and Montagné method described with (8.10) provides a scheme which is only second-order accurate. Their successive values are inadequate with the physical mixture, and pressure variations are generated, impacting the flow velocity and the density profile. The introduction of α N +1 in the first term of the total energy flux (8.14) avoids the influence of the different compressibility factors and allows to recover the seventh-order accuracy of the OSMP scheme. Since computations have been undertaken with both the unlimited OS7 scheme and the Monotonicity Preserving constraint OSMP7 scheme, we could notice that the M-P condition does not influence results in this smooth test case except in low resolution with only 32 grid points by differentiating extrema from discontinuities. 

One-dimensional shock-tube problem

We consider classical cases of shock tube problems corresponding to exact Riemann problems. The tube length is L x = 50 m, and the computational domain extent is x ∈ [0, L x ]. We initially consider two states of different mixtures, separated by a diaphragm located at the middle of the tube (x = 25 m). At the initial time (t = 0), the diaphragm is broken. Classically, a shock wave moves towards the lowpressure side while a rarefaction fan goes to the high-pressure side. In between, a contact discontinuity associated with the three species moves at the fluid velocity.

The initial conditions at the left state U L and right state U R are given in table 8.1. The first one corresponds to the classical Sod shock tube test case and the second corresponds to the Lax shock tube test case that is generally subjected to more spurious oscillations. Each mixture is composed of three species, with N 2 , O 2 and R22 gas with thermodynamic properties and the polynomial coefficients for the computation of the heat capacities available in Appendix D of [START_REF] Mcbride | Nasa glenn coefficients for calculating thermodynamic properties of individual species[END_REF]. The use of three species is significant to test the robustness of our method because this additional dimension increases the possible solutions at the Roe intermediate state. The species O 2 stays constant across the shock wave, a constant value sensitive to the numerical error with high-order simulation illustrates the accuracy of the estimation and the correction around the contact wave. Figure 8.4 shows the variation of the heat capacities with the temperature of the three species involved in the simulation.

In the following, simulations are performed with 640 grid cells with a CFL number CFL=0.9. The final times are chosen so that extreme waves do not have time to reach the domain boundaries and keep the values of conservative variables unchanged at the computational domain limits.

Results of the Sod shock tube obtained after 30 ms are presented in Figure 8.5. The solution obtained with the proposed corrected high-order OSMP scheme is compared to the original (uncorrected) OSMP solution and the first-order Roe solver. As usual, these distributions clearly show, from right to left, the shock wave, the contact discontinuity and the rarefaction fan, separated with constant solution values. The use of a high-order scheme with a monotonicity preserving feature significantly reduces the numerical diffusion and more properly captures discontinuities and rarefaction waves compared to a classic first-order Roe solver, as illustrated in Figure 8.5. However, when the original (uncorrected) OSMP scheme is applied, numerical artifacts appear in the contact discontinuity mainly due to the evaluation of compressibility factors that do not necessarily correspond to a realistic thermodynamic state. Using the additional M-P criteria on the combination of Riemann invariants (7.53), the resulting intermediary state is closer to a physically realistic state, and the mass fraction contact discontinuity is captured with robustness (see Figure 8.5).

To validate the solution obtained with the proposed modified OSMP scheme, we compare it (Figure 8.6) to the exact solution of the Riemann problem obtained with the same thermodynamic data with Godunov solver presented in Annexe V. These solutions are also compared to the exact solution with constant heat capacities for each species corresponding to the ideal gas problem. Thus, we could judge the high quality of the real gas solution obtained since it perfectly fits the exact solution. Discrepancies are clearly registered with the exact solution for an ideal gas, with differences in the wave speeds and the intermediary states between these waves. These discrepancies are coming from the variation of heat capacities of the species and then the difference of predicted speed of sound with the real gas treatment. These are mainly visible in the high-temperature region where the thermodynamics coefficient for R22 exhibits drastic variations (See Figure 8.4). These results justify the proposed approach for real gas flow predictions.

Similar results for the Lax shock tube are presented after 15 ms in Figure 8.7. A comparison with and without the corrected OSMP scheme illustrates the method's efficiency in reducing numerical artifact and capturing contact waves with minimal numerical diffusion. We notice that pressure and velocity are constant within the contact discontinuity.

Conclusion

With a non-ideal equation of state, the Roe average state is not unique. A physically consistent estimation is then necessary to apply the Roe solver and the OSMP scheme described in Chapter 7.

We developed the extension of the OSMP scheme for mixtures of gases with an arbitrary convex equation of state based on two steps:

• A first prediction of the compressibility factors at the Roe average state is performed with an integration on the straight line between the left and the right state. This solution is orthogonally projected onto the hyperplane defined by the relationship (8.5), which corresponds to a direct implication of the properties of the Roe solver. The speed of sound is computed at the Roe average state from this first approximation of the compressibility factors.

• A new formulation of the total energy flux based on a combination of the Riemann invariants relative to the multispecies has been expressed in (8.14). A new MP constraint is applied to the combination of Riemann invariants. This condition is equivalent to selecting a new set of Riemann invariants that are still fulfilled the jump relationships of the Riemann problem and the previously computed sound speed and are more consistent thermodynamically with the composition of the mixture.

This numerical method allows preserving a high order of accuracy for regular solutions with noncalorically perfect gas mixture, such as used in reactive simulation, despite significant composition and temperature variations. It also efficiently captures the mass fraction contact discontinuities with robustness and avoids numerical artifacts. Chapter 9

Carbuncle instability

Applied with more than one dimension, the low dissipative numerical schemes such as the approximated Riemann solvers described previously may create some instabilities leading to the appearance of the so-called carbuncle phenomenon. This phenomenon appears when dealing with strong shocks, as we meet in detonation cases. An example of such carbuncle phenomena is illustrated in Figure 9.1 in the case of perturbation of a 2D ZND profile achieved with one-step virtual chemistry. This carbuncle instability takes the form of "sawtooth perturbation" close to the shock wave.

This phenomenon has been studied in the literature in the last decades. Since the first description by Peery and Imlay [START_REF] Peery | Blunt-body flow simulations[END_REF] on the classical application of a supersonic flow around a blunt body, multiple analyses have detailed hypotheses and suggested solutions to cure this carbuncle phenomenon. Quirk [START_REF] Quirk | A contribution to the great riemann solver debate[END_REF], and Pandolfi [START_REF] Pandolfi | Numerical instabilities in upwind methods: Analysis and cures for the "carbuncle" phenomenon[END_REF] listed the upwind Riemann solver affected by that instability. The numerical parameters which favor the carbuncle structure have then been identified. Carbuncle phenomenon happens when a strong normal shock is well aligned with grid coordinates (actually in the normal direction of the shock), and it occurs with Riemann solvers using three waves model like for example, the Godunov solver or, for our case with the Roe solver and more generally with numerous numerical methods that preserve the steady contact wave.

In two dimensions, the linearly degenerate characteristic wave is associated with an entropy wave already present in one dimension and a vorticity wave which seems to be responsible for the instability [START_REF] Robinet | Shock wave instability and the carbuncle phenomenon: same intrinsic origin?[END_REF]. Indeed, this instability seems to come from an insufficient dissipation in the transverse direction. In [START_REF] Liou | Mass flux schemes and connection to shock instability[END_REF], Liou also pointed out that the carbuncle phenomenon is also connected to the pressure term in the mass flux expression.

A possible explanation of this phenomenon in [START_REF] Quirk | A contribution to the great riemann solver debate[END_REF] described an odd-even decoupling of the pressure and density fields that provokes variation in the sound speed along with the shock wave and produces the characteristic sawtooth perturbation. Analysis of Dumbser et al. [START_REF] Dumbser | A matrix stability analysis of the carbuncle phenomenon[END_REF] shows that the instability arises from the upstream side of the cells, directly adjacent to the shock. An unstable mode is then convected through the shock wave and generates the visible carbuncle downstream of the shock.

Stability analysis for two-dimensional steady shock waves on structured mesh have been performed in the literature using linear stability theory [START_REF] Robinet | Shock wave instability and the carbuncle phenomenon: same intrinsic origin?[END_REF], and matrix stability analysis [START_REF] Dumbser | A matrix stability analysis of the carbuncle phenomenon[END_REF] providing some clues to understand better and control the phenomenon. In the following, the analysis of [START_REF] Dumbser | A matrix stability analysis of the carbuncle phenomenon[END_REF] will be used to illustrate methods and difficulties encountered, especially in the case of multicomponent flow with OSMP scheme.

Based on these observations, a wide range of possibilities have been developed to cure carbuncle instability. All these solutions have in common to increase the dissipation of the solver. The main ones are listed here: • Replacing the high-resolution solver with a lower-resolution solver in the vicinity of a strong shock with, for example, hybridization with HLL [sKKRK03, SYY14],

• Addition of artificial viscosity [Rod17],

• Using rotated scheme or multidimensional scheme [Ren03, ZLCZ16],

• Addition of transverse viscosity with modifying the Harten entropy fix or with additional viscosity term into the momentum flux [START_REF] Chen | A new robust carbuncle-free roe scheme for strong shock[END_REF] • Remove pressure dependency in the original mass flux [CHR + 18b]

These solutions have been implemented and tested in our work. Until now, we did not succeed for now to build a fully satisfying solution. That is why we present here three solutions we retained using rotated Roe solver proposed by [START_REF] Ren | A robust shock-capturing scheme based on rotated riemann solvers[END_REF] and two different ways to introduce additional dissipation term proposed by [START_REF] Chen | A new robust carbuncle-free roe scheme for strong shock[END_REF] and [CHR + 18b].

Evaluation of carbuncle correction

We present two methods to evaluate the proposed carbuncle correction. First, a matrix stability analysis as described by Dumbser et al. in [START_REF] Dumbser | A matrix stability analysis of the carbuncle phenomenon[END_REF] to observe unstable modes. However, this analysis does not evaluate the quality of the solution and seems not to be relevant for all solvers, in particular for the case with high-order schemes. A standard test with the simulation of a detonation front is also proposed to compare cure carbuncle solutions.

Matrix stability analysis

In order to evaluate the risk of carbuncle instability with specific numerical methods, matrix stability analysis is performed based on the method described by Dumbser in [START_REF] Dumbser | A matrix stability analysis of the carbuncle phenomenon[END_REF]. We separated the conservative variables between a steady mean value and an error value:

Q k = Q 0 k + δQ k . (9.1)
The numerical flux function between a cell k and a neighbouring cell m is linearized around steady mean value.

F km (Q L , Q R ) = F km (Q 0 L , Q 0 R ) + ∂F km ∂Q L δQ L + ∂F km ∂Q R δQ R . (9.2)
Based on the finite volume description we used in our simulation, the semi-discretized governing equation combined with this linearization gives the linear error evolution model.

dδQ k dt = - 1 |Ω k | 2 N dim m=1 ∂F km ∂Q k δQ k ∆S km - 1 |Ω k | 2 N dim m=1 ∂F km ∂Q m δQ m ∆S km , (9.3)
where Ω m is the volume of the cell m, and ∆S km the surface of the intersection between the cell k and its neighbor m. Then the first part corresponds to the influence of the error in the cell k itself, and the second part corresponds to the influence of the errors in the neighbor's cells m.

This relation is written for the N tot cells present in the computational domain:

d dt    δQ 1 . . . δQ Ntot    = S •    δQ 1 . . . δQ Ntot    . (9.4)
S is called the "stability matrix". Based on the initial error the resolution of the equation 9.4 is: Given the semi-discretized formalism, we notice that this stability analysis is independent of the CFL number and even independent of the time discretization.

d dt    δQ 1 . . . δQ Ntot    = exp(St) •    δQ 1 . . .
In the same way, as in [START_REF] Dumbser | A matrix stability analysis of the carbuncle phenomenon[END_REF], we compute the stability matrix on a stable shock wave with a Cartesian mesh containing 11 × 11 cells as computational domain. The shock wave is located between the fifth and the sixth cell. The initial upstream values and downstream values are provided by the exact Rankine-Hugoniot relationships in x-direction. These relationships are computed using a Newton-Raphson procedure to consider various thermodynamic models, especially temperaturedependent heat capacities.

The computation of the term of the gradients of numerical flux involved in the coefficients of the stability matrix (S) are computed using centered difference approximation:

∂F km ∂Q k = F km (Q k + ∆Q k , Q m ) -F km (Q k -∆Q k , Q m ) 2∆Q k . (9.7)
The variation ∆Q k are adapted to the conservative variable using an adimensional vector to balance the influence of each variable with the reference values Q ref : 

∆Q k = Q ref k ∆Q * . ( 9 
Q ref = ρ L , ..., ρ L , ρ L M 0 c L , ρ L (M 0 c L ) 2 2 .
(9.9)

Using sufficiently small variation ∆Q * , the approximations of (9.7) will be correct despite the nonlinearity of the function. The numerical test indicates that a variation of ∆Q * = 10 -9 allows obtaining converged and stabilized results for our Approximated Riemann solver.

The Figure 9.2 gives values of the eigenvalues of the stability matrix S with a shock wave at a Mach M 0 = 7 for a monospecies gas with a constant heat capacity ratio of 1.4 with Godunov, Roe, HLL, and HLLC solvers. The HLL solver, which is an incomplete Riemann solver, gives stable results. Using sufficiently small variation ∆Q * give stable results for the Godunov scheme also with M 0 = 7 but we have however unstable results with other mach number as for instance with M 0 = 5 which gives a maximum eigenvalues of 0.74. With the Roe solver, that we used to build our OSMP scheme, unstable eigenvalues are visible with a maximum eigenvalue with real part of Re(λ) = 0.46.

Detonation front test case

Carbuncle issues are highlighted with a detonation front simulation using the simplest model used in the two-dimensional detonation analysis of Bourlioux et al. [START_REF] Bourlioux | Theoretical and numerical structure for unstable two-dimensional detonations[END_REF].

We neglected all dissipation terms and used only Euler equations for reacting gas. The reaction involved one reactant species F and a product species P with source term computed by Arrhenius law: The simulation is initialized with the steady ZND profile. Perturbation is added to the downstream velocity to disturb the front. Periodic boundary conditions are imposed in the transverse direction of the detonation.

ωP = A * Y F exp(-E * a /T ), ( 9 
With the production of detonation cells that distort the front and the strong involved, the detonation front is very sensitive to carbuncle instability, as illustrated with a first-order Roe solver in Figure 9.1. Such simulation is then an efficient way to test correction methods.

Critical cells detection

The different methods to cure the carbuncle correspond to the addition of dissipation in the numerical solver. It is then preferable to isolate critical cells with "carbuncle danger" to avoid global scheme modifications in all the computational volume.

Various cells detectors have been proposed in the literature based on the analysis of the vicinity of the cells and empirical observation on the carbuncle danger situation. Thus, Quirk [START_REF] Quirk | A contribution to the great riemann solver debate[END_REF] proposed a pressure-based sensing function before computing the flux between two cells k and m using:

|p R,h -p L,h | min(p L,h , p R,h ) > β, (9.11)
where the subscript h is the index for all the adjacent interfaces of both cells k and l. The threshold parameter β is generally taken as 1.

In our simulation, we consider a more precise analysis derived from this test with the method described by Chen et al. [CHR + 18a]. This method uses the evaluation of the pressure gradient ∇p km at the intersection of two adjacent cells k and m to indicate shock wave direction and its strength.

We note ∇p t km the pressure gradient in the transverse direction to the interface I km between the cell k and m and with normal direction n km :

∇p t km = ∇p km -(∇p km • n km ) n km .
(9.12)

A transverse face is near vertical to a shock if the projected pressure gradient corresponds to the main contribution to the pressure gradient, and this gradient is larger than a certain value: 

|∇p t km | max(|∇p km , β 1 ρc 2 s /∆l) > β 2 , (9.13)
where β 1 is the threshold of the shock strength chosen to be 0.2 in our simulation and β 2 to identify vertical shock chosen to be 0.95. The notation • correspond to the value in the Roe averaged state.

Moreover, in order to discriminate more precisely if the shock is aligned with the mesh, comparison between direction of the pressure gradient and the velocity are added:

|ũ • ∇p| (ũ • n) 2 |∇p| 2 + |ũ • ∇p| 2 > β 3 , (9.14)
where β 3 is chosen to be 0.95. This carbuncle sensor is used in the simulation presented in Chapter 13 and Chapter 14, which correspond to effective applications of flame acceleration and involve strong shock, especially with the presence of detonations front.

In the case of a high-order scheme as the OSMP7 scheme, a cure carbuncle method will be used if the carbuncle sensor flags one cell of the stencil.

In the following simulations of this chapter, a suffix "D" is added to the solver name to signify the use of the sensor.

Cure carbuncle instability

Several possibilities to cure the carbuncle have been studied in the literature. In our simulation, we have implemented three of them, including a rotated solver of Roe, the suppression of the pressure dissipation term of the mass flux, and the addition of shear viscosity. All these methods give similar results and cure the carbuncle efficiently for the first order Roe solver. However, transcription of this additional dissipation to the high-order OSMP scheme is not as efficient as for the first-order Roe scheme.

Rotated solver

The first method proposed by Ren [Ren03] uses a scheme with a rotated solver to avoid grid alignment between the computation of the flux and the vertical shock.

The rotated upwind scheme is based on the decomposition of direction n into two orthogonal directions n 1 and n

2 n = C 1 n 1 + C 2 n 2 , (9.15)
where C 1 = n 1 •n and C 2 = n 2 •n must be positive scalar in order to keep the same left and right states in both directions n 1 and n 2 . The rotational invariance property of the Euler equations implies that numerical flux can be decomposed into the computation of the flux into two orthogonal directions.

f E (n) = C 1 f E (n 1 ) + C 2 f E (n 2 ). (9.16)
Therefore the expression of the total flux fonction of the Roe solver 7.4 becomes:

F Roe i+ 1 2 = 1 2 (F L + F R ) - 1 2 2 m=1 C m i+1/2 N k=1 αk • | λk | K(k) . (9.17)
Following the computation of the orthogonal directions proposed by Zhang et al. [START_REF] Zhang | Evaluation of rotated upwind schemes for contact discontinuity and strong shock[END_REF] which must avoid a maximum of additional dissipation, we have:

n 1 = T 1 n, n 2 = T 2 n, (9.18) 
with

T 1 = cos(α) sin(α) -sin(α) cos(α) T 2 = sin(α) -cos(α) cos(α) sin(α) , (9.19)
where α is the rotation angle at each interface which is deduced from:

α = π 4 max i 1 -min p L p R , p R p L 3 , ( 9 

.20) with i denoting the interface of the two adjacent cells k and m

This method adapts the rotation angle to the strength of the local pressure ratio and increases dissipation only close to the region with strong pressure discontinuity. Coefficient C 1 and C 2 are also always positive. Therefore the left and right states are still the same in both directions n 1 and n 2 .

Despite this modification of the dissipative terms, the stability matrix analysis still does not respect the stability criterion 9.6 as illustrated in Figure 9.5 for the M 0 = 7 case. However, in our numerical tests using the rotated Roe solver presented in Figure 9.6, no carbuncle instability occurred. This result suggests that the main reason for the effective cure of the instability comes from the computed directions rather than the dissipation itself.

Specific additional dissipation

Pressure dissipation term and vorticity mode have both been identified as impacting the apparition of carbuncle instabilities. It results in the addition of a specific dissipation term in the numerical flux formulation associated respectively to the pressure dissipation term [START_REF] Liou | Mass flux schemes and connection to shock instability[END_REF] and vorticity term [START_REF] Chen | A new robust carbuncle-free roe scheme for strong shock[END_REF]. 

Remove pressure dissipation term

This first method uses the fundamental cure developed in [CHR + 18b] that consists in the addition in the flux of the pressure dissipative term that appears in the mass flux. This method is based on the work of [START_REF] Liou | Mass flux schemes and connection to shock instability[END_REF] that highlights the connection between the pressure dissipative term in the mass flux and the production of shock wave instability. For the Roe solver, the formulation of the mass flux corresponds to:

F Roe (1) = 1 2 [(ρu) L + (ρu) R ] - 1 2 D (ρ) ∆ρ + D (u) ∆u + D (p) ∆p , (9.21)
with D (ρ) , D (u) and D (p) the dissipative term extract of the formulation of the Roe solver (7.4) by putting in factor the variation of density, velocity and pressure.

The dissipative pressure term D (p) then corresponds to:

D (p) = |ũ + c| + |ũ -c| -2|ũ| 2c 2 1, ũ, Ec T . (9.22)
Analysis of the stability matrix with on a system of two cells intersecting by a shock wave in [CHR + 18b] expressed with primitives variables highlights the contribution of this pressure dissipative term on the positive eigenvalues.

This carbuncle cure method consists in the suppression of the dissipative term in the expression with the addition of the flux ∆H ij at the global flux formulation: 

∆H ij = 1 2 ∆p 2c 2 (|ũ + cs | + |ũ -cs | -2|ũ|)      1 ũ ṽ Ec      . (9.23)
When removing this term from the numerical flux formulation of the Roe solver, the stability criterion (9.6) is recovered. Eigenvalues of the corresponding stability matrix with and without the carbuncle detection for M 0 = 7 are represented in Figure 9.7 and results for the simulation of the detonation front in Figure 9.8.

This method precisely targets the pressure dissipative term. If we apply this framework to the Rotated solver case, we notice that this one introduces dissipation on all the terms of (9.21). For example, considering the density dissipative term D (ρ) = |u n |, we have:

D (ρ) Roe = |C 1 u n 1 + C 2 u n 2 |, ≤ C 1 |u n 1 | + C 2 |u n 2 | = D (ρ)
Rotated .

(9.24) 

Additional shear viscosity

An alternative dissipation term is proposed in [START_REF] Chen | A new robust carbuncle-free roe scheme for strong shock[END_REF]. It is based on an analogy between the vorticity mode of the Roe solver and the momentum flux of the carbuncle-free HLL solver. An additional shear viscosity to prevent unstable vorticity mode is then developed with the form:

∆H mk = - 1 2 ρc s      0 -∆v + ϕ • ∆u -∆v + ϕ • ∆u 0      . (9.25) with ϕ = |c R -c L | max(c R , c L )
the acoustic speed difference rate use to reduce and scale the normal viscosity.

Results using the stability matrix analysis are presented in Figure 9.9 and the detonation front simulation in Figure 9.10.

The method seems to be stable when applied everywhere in the computational domain but gives positive real eigenvalues when applying the cell detection. However, the simulation we performed with the Roe solver does not make appear carbuncle phenomenon despite those positive eigenvalues. 

Application to the OSMP7 scheme

This section aims to extend methods previously described to fix shock wave instability using the OSMP scheme with the multicomponent flux described previously in Chapter 8. This high-order scheme allows better resolution of the detonation front with less diffusion than the previous first-order solver. However, applying the three cure carbuncle methods faces some additional difficulties.

First of all, contrary to the first order Roe solver, the local CFL number (ν) is explicitly integrated into the formulation of the OSMP scheme (7.52) through the accuracy function Φ p,M P . Therefore, the generalized methods will no longer be independent of the time discretization. However, although it impacts the value of the positive real eigenvalues of the stability matrix, variation of the time step does not modify the properties of the stability matrix.

A hybrid scheme must be employed to use the rotated Roe scheme with no impact on the OSMP scheme in the regions with no risk of instability. A rotated solver is then used for cells detected by the carbuncle sensor, and the OSMP scheme is used elsewhere. This solution is working but modifies the numerical solution behavior since the shock-capturing method based on the monotonicity preserving scheme is not used anymore close to the shock wave and implies numerical order reduction of the scheme. Figure 9.11 presents results obtained for the simulation of the detonation front with the hybrid rotated/OSMP7 scheme.

Adapting the dissipative pressure terms to the OSMP7 formulation in the previous carbuncle method does not give satisfying results. Indeed, with the OSMP scheme, the pressure dissipative term D (p) of the mass flux expression evolves with the stencil of the numerical scheme:

D (p) = α Ỹ1 , ..., Ỹns , u, v, 1 2 (u 2 + v 2 ) T , ( 9.26) 
where

α = 1 c2 1 -φ o,M P N -1 (1 -ν N -1 ) | Ũ + c| + 1 -φ o,M P N (1 -ν N ) | Ũ -c| -2 ns k=1 Ỹk 1 -φ o,M P k (1 -ν k ) | Ũ | .
However, this formulation seems to degrade stability in areas without carbuncle danger. This phenomenon is visible on the stability matrix Figure 9.12 with significant positive eigenvalues when this additional dissipative term is applied on all the computational volume. Using this definition, numerical simulations of the detonation front have proven to be very unstable.

The pressure dissipative term can be used with the Roe solver initial formulation 9.23 to cure carbuncle by removing only the first-order dissipative term. Corresponding matrix stability analysis and results for the simulation of the detonation front are respectively presented in Figure 9.12 and in Figure 9.13.

No modification is made to adapt the vorticity dissipation term to the OSMP scheme. Unfortunately, with the current formulation, we still have slight positive eigenvalues when using with OSMP scheme (Figure 9.14). However, no carbuncle instability occurred in the detonation front simulation (Figure 9.15), nor in the numerical simulations presented in the next chapters by applying this method until now.

Conclusion

We have presented an exploration of different methods to cure carbuncle instabilities we observe in the simulation of strong shock as involved in the detonation front. Three approaches have been tested on the Roe solver, and their extension to the OSMP scheme applies to multicomponent flow is intended. A stability analysis described by Dumbser et al. [START_REF] Dumbser | A matrix stability analysis of the carbuncle phenomenon[END_REF], and a simulation of a detonation wave are used to evaluate the performance of the methods.

None of the explored methods gave complete satisfaction to treat these phenomena properly. The use of the rotating solver guarantees to converge to the weak solution of the Euler equations, but it interferes with the flux limiter of the OSMP scheme because it does not integrate with the large stencil. The two other solutions may not fulfill the stability conditions with a large stencil and may integrate numerical perturbations due to the modification of the flux expression. In the following, the simulations presented will be obtained with the additional vorticity dissipation term, which seems to be the more robust cure carbuncle method. This correction is applied on specific cells flagged with a carbuncle sensor. This method seems to work with no significant impact on the propagation of the strong shock waves, but additional investigation on its real impact is probably still necessary. Indeed, the distinction between the physical and pure numerical instabilities in the detonation front example is not easy.

Part III

Algorithmic Description

Introduction

The last part has described the numerical solver and the numerical solution applied to solve the Navier Stokes operators. In this part, additional algorithms are presented to address some of the issues raised by the simulation of flame acceleration.

First, the simulation of reactive compressible multi-component flows exhibits spatial multi-scales that need to be resolved in the DNS approach. To obtain gains in both CPU time and memory usage, we employ a grid refinement technique to tighten grid points in regions where physical phenomena occur and coarsen them elsewhere. Chapter 10 presents the grid refinement strategy based on a Multiresolution Analysis (MRA) initially developed by A. Harten [START_REF] Harten | Multiresolution algorithms for the numerical solution of hyperbolic conservation laws[END_REF] and theoretically formalized by Cohen et al. [START_REF] Cohen | Wavelet methods in numerical analysis[END_REF]. It has been used here to properly resolve discontinuities and interfaces while optimizing the number of numerical cells properly.

Chapter 11 addresses the problem of integration of immersed boundaries in Cartesian meshes. Such methods are necessary to reproduce the phenomena observed in experimental configurations such as the flame acceleration tubes presented in § 4.1.1 with our high-order numerical solver. The algorithm chosen to implement such a method and its combination with the high-order schemes is presented.

Finally, chapter 12 presents the In Situ Adaptive Tabulation (ISAT) method initially developed by Pope [START_REF] Pope | Computationally efficient implementation of combustion chemistry using in situ adaptive tabulation[END_REF] and its application to detonation cases. This algorithm creates a dynamic tabulation of the thermodynamic regions encountered during the computation to save CPU consumption time in the detailed chemistry calculation. We attempt to apply ISAT tabulation to the case of transient phenomena involving detonation waves and discuss this method's gains and disadvantages for our simulation cases.

Chapter 10

Space adaptive Multiresolution

We saw in chapter 6 how to deal with stiff problems using splitting procedure with dedicated high-order time integration for each operator. However, to simulate flame acceleration, we also have to deal with multi-scale structures in space. The modeling equations need a high spatial discretization to capture the small structures of the problem. A necessary condition to guarantee the efficiency of previous schemes relies on a sufficiently accurate spatial mesh representation. In the case of a deflagration or detonation flame front, we saw that the characteristic lengths of reactions are generally less than a millimeter. It is then necessary to have a sufficient resolution to capture the flame profile properly at these scales to not degrade the accuracy of the results allowed by the high-order time integration. However, a uniform mesh is rapidly too expensive in terms of computational resources to capture the finest scales, and the accuracy obtained with such a resolution in the smoothest areas is excessive in comparison. Then we are using adaptive discretization methods to reduce the computing requirements and concentrate the significant computational effort on local dominant phenomena.

We use in this work an adaptive multiresolution method, based on the work of Harten [START_REF] Harten | Multiresolution algorithms for the numerical solution of hyperbolic conservation laws[END_REF] 

Multiresolution analysis

The cell-averaged multiresolution of Harten [START_REF] Harten | Multiresolution algorithms for the numerical solution of hyperbolic conservation laws[END_REF] uses the same values of the conservative variables on univariate dyadic intervals as the finite-volume scheme. We denote by l = 0, 1..., L the grid level from the coarsest (l = 0) to the finest (l = L). Dyadic intervals in three dimensions at level l are written:

Ω l i,j,k = [2 -l i, 2 -l (i + 1)] × [2 -l j, 2 -l (j + 1)] × [2 -l k, 2 -l (k + 1)] with i, j, k ∈ {0, ..., 2 l-1 }, (10.1)
A tree data structure is used to encode the multiresolution analysis technique. The root referred to the basis of the tree, the nodes are elements of the tree, and the leaves are the upper elements. In N dim dimension, a parent-cell at a level l has always 2 N dim children cells at the level l + 1. Tree data structures in one and two dimensions are illustrated in Figures 10.1 and 10.2 respectively. 

           ŵl+1 2j = w l j + s p=1 ξ p w l j+p -w l j-p , ŵl+1 2j+1 = w l j - s p=1
ξ p w l j+p -w l j-p .

(10.4)

where ξ p are the coefficients of the linear polynomial interpolation of order r = 2s + 1 given in Table 10.1 for s ≤ 3. In future simulations, we generally choose to use s = 1.

On a cartesian mesh, multidimensional polynomial interpolations are obtained by the tensor product of the 1D operator [START_REF] Barna | Multiresolution schemes for the numerical solution of 2-d conservation laws i[END_REF]. If we define the polynomial interpolation Q s as:

Q s (j; w l ) = s p=1 ξ p w l j+p -w l j-p . (10.5)
the tensor product of the polynomial interpolation in two dimensions, proposed by Bihari and Harten [START_REF] Barna | Multiresolution schemes for the numerical solution of 2-d conservation laws i[END_REF] reads:

ŵl+1 2j+p,2k+q = w l j,k + (-1) p Q s (j; w l •,k ) + (-1) q Q s (k; w l j,• ) -(-1) p+q Q s 2 (j, k; w l ), (10.6) 
where the operator Q s 2 , derived from a tensor product, reads:

Q s 2 (j, k; w l ) = s a=1 ξ a s b=1 ξ b (v l j+a,k+b -c l j-a,k+b -v l j+a,k-b + v l j-a,k-b ).
(10.7)

In the same way, polynomial interpolations are also extended to 3-dimensions with the equivalent tensor-product described in [START_REF] Tenaud | Tutorials on adaptive multiresolution for mesh refinement applied to fluid dynamics and reactive media problems[END_REF].

The error of prediction at a level l is estimated using the detail d l j defined as the difference between the exact and the predicted values obtained with projection:

d l j = w l j -ŵl j . (10.8)
Because of the consistency property, the sum of details on children of a node satisfies:

p∈C p j |Ω l+1 j |d l+1 p = 0.
(10.9)

If we note D l the vector of all details at a grid level l, and W l the vector of the solution at a grid level l. we observe that the knowledge of (D l+1 , W l ) is equivalent to the knowledge of W l+1 .

W l+1 ←→ (W l , D l+1 ).
(10.10)

Recursively, from the finest grid level L down to the root, we can implement the multiresolution transformation:

M : W L -→ W 0 , D 1 , ..., D L . (10.11)
The multiresolution transform M is a linear operator seen as a change of basis that can be use for encoding W L = MW 0 or for decoding

W 0 = M -1 W L .
Details give information on the regularity of the solution. They decay with the grid level on smooth solutions and even recover null values for solutions with local bounded rth order derivatives. Let us recall that this bounded order is related to the width of the prediction polynomials r = 2s + 1. The multiresolution format is then convenient for data compression. Moreover, they can be used for adapting the mesh locally to the behavior of the solution through the use of a local grid refinement, which should decrease CPU time and memory requirements.

Local grid refinement

The details decay on regular solutions and recover large values in discontinuous regions [START_REF] Cohen | Wavelet methods in numerical analysis[END_REF]. Then, they are convenient to adapt the grid locally, i.e., refine the grid in zones where driving phenomena occur while coarsening the grid elsewhere. The local grid refinement is then based on a threshold operation consisting of setting to zero details with normalized L 1 -norm lower than a threshold parameter ς l on each grid level l:

∀j |d l j | max |d| < ς l ⇒ d l j = 0, (10.12) 
with max |d| correspond to the maximum detail met in all the leaf of all the graded tree on the computational domain.

Leaves with details set to zero are then discarded from the tree-data structure.

The threshold parameter ς l allows setting a prescribed tolerance on the detail corresponding to the difference between the finite-volume solution w l j evaluated on the finest grid and the solution obtained on the refined grid ŵl j . To obtain the same order magnitude ς on each grid level l, following Harten [START_REF] Harten | Multiresolution algorithms for the numerical solution of hyperbolic conservation laws[END_REF], the threshold parameter ς l must be prescribed at:

ς l = 2 N dim (l-L) ς.
(10.13)

The user chooses the value of ς to drive the solution accuracy and the efficiency of the grid refinement. Moreover, an additional criterion is added to the condition (10.8) to anticipate the formation of discontinuities from a regular solution which can appear with hyperbolic conservation laws. We assume that the forthcoming loss of regularity can be detected by detail values estimated on coarser grids. So, following a heuristic criterion of Harten [START_REF] Harten | Multiresolution algorithms for the numerical solution of hyperbolic conservation laws[END_REF], children at a grid level l + 1 are added to the tree if the following criterion is true:

|d l j | max |d| ≥ 2 2s-1 ς l . (10.14)
To be able to apply prediction operator P l-1→l for a cell at grid level l, adjacent cell at the grid level l -1 included in the stencil of the polynomial interpolation must stay in the tree. Moreover, numerical fluxes are always computed on the highest grid level. The stencil of the OSMP scheme is then completed using virtual ghost cells computed with a prediction operator when the grid does not exist at the same level. This also requires additional cells to apply the projection at the refined level. For instance, using the OSMP7 scheme, s + 2 nearest neighbor cells must be added in each direction. When these supplementary constraints are met, the obtained tree is said graded as shown on Figures 10.1 and 10.2.

Let us recall that the fluxes at grid interfaces are calculated at the highest level between two adjacent cells. Therefore to ensure strict conservation in the flux computation between cells at different grid levels, the ingoing flux on the leaf at the grid level l is set with the sum of the outgoing fluxes on the leaves at the grid level l + 1.

Adaptive multiresolution algorithm

Based on the previous description of the method, we represent here the different steps of the dynamic adaptation method. This algorithm is run at the beginning of each time step.

Algorithm 1 Adaptive Muliresolution scheme

Input : Threshold value ς, values of the conservative variables w l j on the leaves Ω l j of the trees. 1: Encode values on fathers of the leaves Ω l-1 j using the projection operator (10.2) (at the initialization, all the levels of the tree are encoding). 2: Compute the approximated values ŵl j on the leaves using the prediction operator based on linear interpolation (10.4) and compare it to the initial value w l j to obtain detail d l j with (10.8). 3: Flag the mesh that should be leaves or should be nodes based on the values of the detail and the threshold ς with (10.12) and (10.14). 4: Add children to the leaves flagged as nodes by created new leaf Ω l+1 j , compute the values w l+1 j with prediction operator. Then propagate this information to the neighbors of the leaf and create cells w l j+k if necessary the tree graded. 5: Delete superfluous cells with a small detail compared to the threshold value. 6: Create fictive cells compute with prediction (10.4) in order to keep the same level and same grid refinement for the operators' stencil on each leaf.

In order to browse the tree structures efficiently, all the routines call by this program are recursive and start from the roots of each tree and call themself on the successive childrens if necessary.

The values w l j of the fictive cells are also updated by the prediction operator after each change in the values of the leaves during the integration scheme.

Further details on this multiresolution implementation are available in [START_REF] Tenaud | Tutorials on adaptive multiresolution for mesh refinement applied to fluid dynamics and reactive media problems[END_REF].

Hydrodynamic instability

In order to illustrate the application of the multiresolution, we present here a test case of a bubble of gases interacting with a shock wave propagating in the air. This test case also presents elementary physical mechanisms as the production of acoustic waves and vorticity through the baroclinic process and the creation of hydrodynamic instabilities, which will be involved in the process of flame acceleration. This test case also illustrates the interest of the modified OSMP scheme described in Chapter 8 for multicomponent with non-calorically perfect gases.

The test case consists of a cylindrical bubble filled with a dense hydrochlorofluorocarbon refrigerant R22 gas, initially located in ambient air at atmospheric pressure. A planar shock wave moving in ambient air at a Mach number M s = 1.22 towards the R22 bubble interacts with it. This configuration has been chosen because it has been studied experimentally [START_REF] Haas | Interaction of weak shock waves with cylindrical and spherical gas inhomogeneities[END_REF], and numerically [DvW19, KD19] usually to validate numerical approaches. The sketch of the initial configuration is given in Figure 10.3 where the computational domain is also illustrated. Only the upper half of the experimental configuration is simulated. A symmetric boundary condition is applied at the lower bound of the domain. At inlet and outlet boundaries, non-reflecting boundary conditions based on the work of Poinsot and Lele [START_REF] Poinsot | Boundary conditions for direct simulations of compressible viscous flows[END_REF] are prescribed, although extreme waves do not reach these boundaries at the final simulation Simulation is performed on a structured grid using the adaptive mesh refinement. To obtain cells with an aspect ratio of unity, the computational domain is composed of 10 roots of tree data structure along the streamwise direction. Each tree comprises nine grid levels that lead to 5120 × 512 grid points in (x × y) directions if the solution is coded at the finest grid level. This finest grid resolution is equivalent to have 575 grid points along the initial bubble diameter d 0 (δx = d 0 /575). Denner and Wachem [START_REF] Denner | Numerical modelling of shock-bubble interactions using a pressure-based algorithm without riemann solvers[END_REF] performed a grid convergence study on the ideal gas configuration and showed that grid convergence is obtained on the finest grid they used with δx = d 0 /500.

Only the Euler operator is involved in the simulation, there is no reaction and no viscous term apply. The OSMP7 solver described in the chapters 7 and 8 is apply. Simulations are performed with a CFL number of 0.5, and a threshold MRA parameter ς = 10 -3 . When the incident shock wave interacts with the R22 bubble, reflection and diffraction of the shock wave occur on the bubble interface as well as wave transmission through the bubble interface. To better describe the flow patterns observed in Figure 10.4, a schematic flow organization is proposed in Figure 10.5.

When the incident shock wave hits the upstream interface (UI) of the bubble, a part of the pressure jump is transmitted inside the bubble while another part is reflected upstream. Let us mention that this reflection of the incident shock wave on the upstream bubble interface (UI) has been omitted in this schematic view but is clearly visible in front of the bubble in Figure 10.4. The incident shock wave passing in Air around the bubble is diffracted along the bubble surface while the refracted shock wave (RR) moves inside the bubble. This refracted shock wave interacts with the downstream bubble interface (DI), creating both a shock wave transmitted inside Air (TR) downstream the bubble and a reflected shock wave moving upstream inside the bubble. As the speed of sound of R22 is lower than in Air, the transmitted shock wave (TR) finally stays upstream of the incident shock wave (INC) (See Figure 10.5). Finally, the diffracted shock wave reflects on the symmetry line creating two branches of the incident shock wave (DIF), mimicking branches of the diffracted shock wave coming from the lower and the upper sides of the bubble, crossing the symmetry plane as experimentally recorded [START_REF] Haas | Interaction of weak shock waves with cylindrical and spherical gas inhomogeneities[END_REF].

As the high-pressure jump imposed by the incident shock wave interacts with the density jump located at the bubble interface, Richtmyer-Meshkov instabilities are distinctly visible in Figure 10.4 along with the bubble interface. These instabilities are characteristic of the acceleration of an interface between two fluids at different densities.

Simulation have been run with and without the proposed modified OSMP scheme introduced in chapter 8. A comparison of the temperature fields obtained with and without the proposed modification is presented in Figure 10.6. Without the proposed modification, spurious oscillations appear on the temperature field at the upstream interface of the R22 bubble (Figure 10.6) in the same way that observed with the one dimensional shock tube test in § 8.4.2. The new M-P criterion on α N +1 with equations (8.15), and (8.16) cure these spurious oscillations, and improve the resolution of the mass fraction discontinuities. This confirms that the M-P condition on the supplementary invariant α N +1 is needed to recover a stable solution with adapted values for the compressibility factors.

To validate present results for real gas flow, we compare them to experimental data coming from [START_REF] Haas | Interaction of weak shock waves with cylindrical and spherical gas inhomogeneities[END_REF] on the x -t diagram (See Figure 10.7). To follow all the wave motions along time, we keep the same symbols like the ones used in the schematic view of flow patterns (See Figure 10.5). Although there is unavoidable variability in measurements, we can claim that a very good agreement is achieved by using the 7 th -order MP scheme with the proposed modification on α N +1 .

Conclusion

Multiresolution techniques are coupled with the previously described high-order numerical scheme in order to locally adapt the refinement with accuracy controlled using a threshold parameter ς. Such methods, already used in previous software, have proven their efficiency to give significant compression rates and gain in CPU time. Implementation in our work uses an iterative algorithm on tree data structure and guarantees a graded tree before each iteration of the numerical scheme. This implementation is very efficient but difficult to adapt for massive parallelization, which will limit us to realizing more extensive studies as described in the next. The efficient coupling between this multiresolution technique and our numerical method is illustrated with the example of a two-dimensional interaction between a shock and a bubble of dense gas that show efficient mesh adaptation and capture of the hydrodynamic instabilities like the Richtmyer-Meshkov instability on the edge of the bubble. Chapter 11

Immersed Boundary Method

Introduction

This chapter aims to describe the implementation of immersed boundaries in the computational volume to consider the impact of obstacles on the flow. Indeed, experimental devices such as those introduced in § 4.1.1 highlight the influence of obstacles on the flame acceleration phenomena and the condition of transition to detonation. Thus, numerous experimental [START_REF] Ciccarelli | Flame acceleration and transition to detonation in ducts[END_REF], and numerical studies [START_REF] Goodwin | Effect of decreasing blockage ratio on ddt in small channels with obstacles[END_REF][GOO07] realized in obstructed channels explore the influence of such geometries.

In order to consider solid obstacles inside the computational volume, an immersed boundary method has been implemented during the thesis. The advantage is adding boundary conditions on surfaces that are not necessarily aligned with the mesh. Thus there is no need to modify the computational mesh at the solid surface and allow us to use a cartesian mesh. The embedded solid is rigid and fixed in the computational domain in our studies. Thus no deformation or movement of the solid will impact the flow.

State of the art

Immersed Boundary Methods (IBM) have been initially introduced by Peskin [Pes72] in order to solve problematics of blood flow inside a heart with the necessity to consider fluid-structure interaction with elastic boundaries. Since then, numerous methods with integration of immersed boundary have been developed, a review of the main strategies have been realized in [START_REF] Mittal | Immersed boundary methods[END_REF].

There are two major groups for IBMs methods, on the one hand, the continuous forcing approach with forcing function equivalent to source term integrated directly in the equations to enforce the boundary condition at the immersed boundary. On the other hand, the discrete forcing approach where boundary conditions are imposed through indirect means. This second method is not independent of the discretization but allows control of the conservation and stability properties, which is essential for compressible Navier Stokes computation, especially to capture shock waves interacting with solid.

Association between high-order numerical scheme and immersed boundary method for compressible flows have been investigated recently in [CHC11, BEBM18, KLM19, DZ21]. They generally required the integration of ghost cells inside the solid with an interpolation scheme to reproduce boundary conditions.

However, using only the ghost-cells approach may lead to non-conservative mass, momentum, and energy at the interface. This one is recovered using the Cartesian cut-cell approach, first introduced by Clarke etal [START_REF] Keith Clarke | Euler calculations for multielement airfoils using cartesian grids[END_REF] for inviscid flows and later extended to viscous flows by Udaykumar et al.

[USR96], and Ye et al. [START_REF] Ye | An accurate cartesian grid method for viscous incompressible flows with complex immersed boundaries[END_REF].

We use in this work the formalism described by Monasse et al. [MDM + 12] and Puscas [PME + 15] et al. that implement fluid-structure interaction using cut-cell finite volume approach and OSMP scheme for inviscid flows. The flux computation is realized by considering ghost cells inside the solid to reproduce the boundary conditions. Then, corrections are applied close to the boundary to achieve mass, momentum, and energy conservation.

Geometric considerations using the formalism of [MDM + 12] allow describing cells crossed by solid called cut-cells and guarantee strict conservation of mass and energy. Specific treatments used to update the solution in the ghost cells, compute the exchange terms at the interface between solid and fluid and avoid numerical instabilities provoked by small cut cells are described in the following.

Integration of fluid-solid interface inside numerical solver

The integration of the embedded solid inside the numerical solver described in this work is done by adding three steps in the numerical solver described previously.

First, the geometrical configuration is computed, the entire solid cells and the cut cells by the embedded solid are isolated and described with geometrical parameters. The relevant quantities to integrate the embedded solid are described in § 11.3.1. In our simulations, the solid is fixed, then this step is required only at the beginning of the computation.

The second step consists of updating the ghost cells of the first layer of the solid cells before the computation of the Euler, and viscous operators integrated into the time operator splitting described in § 6. The method used for updating these ghost cells before each numerical operator and considering the direction of integration is described in § 11.3.2.

Finally, at the end of each iteration, the numerical integration of the cut-cells is recomputed using the computed flux, the geometrical parameters defined in the first step, and by adding the flux from the boundary. Particular treatment of the small cut-cells is also applied to avoid obtaining unstable integration when cell volume does not meet the CFL condition. This cut-cell finite-volume integration is described in § 11.3.3.

Geometrical configuration

Close to the boundary, the geometrical configuration of the cut-cells is taken into account to compute the flux and guarantee local conservation.

Let C i,j,k be a cut cell. Several geometric quantities are relevant to compute the numerical flux that are illustrated in Figure 11.1:

• The volume fraction, 0 ≤ α i,j,k ≤ 1 corresponds to the fraction of the cell occupied by the solid;

• The side area fractions 0 ≤ κ i±1/2,j,k ≤ 1, 0 ≤ κ i,j±1/2,k ≤ 1, 0 ≤ κ i,j,k±1/2 ≤ 1, corresponds to the fraction of each face of the mesh covered by the solid;

• The boundary area A i,j,k,F corresponds to the surface area of the face F of the solid inside the mesh;

• The normal of each solid surface n k,F of the face F in the volume of fluid.

It can be noted that several faces can appear inside the mesh as illustrated in Figure 11.1 with their own values of area and corresponding normal vectors.

From a practical point of view, the resolution of these parameters and the configuration of the cut-cells are initialized at the beginning of the computation before the time iterations.

The algorithm introduced here operates on individual fluid grid cells, one at a time. The first part identifies the cut-cells, and the second part computes the polyhedron resulting from the intersection between the fluid grid cell C and each particle P composing the solid S.

n F A i,j,k,F Solid Fluid n F n F Solid Fluid A i,j,k,F A i,j,k,F

Figure 11.1: Illustration of cut-cells intersected by one solid face for the left panel and two solid faces for the right panel

1. Solid and cut cell are identified using the axis-aligned bounding boxes of the solid. A recursive algorithm on the graded tree described in Chapter 10 allows extracting the cells concerned quickly. However, such implementation implies that this algorithm does not work if the solid is not convex. In the case of a concave solid, we must then decompose it into a finite number of convex polyhedral particles.

2. The second part consists of obtaining in each cut cell the polyhedron formed by the intersection between the mesh cell and the immersed solid. The points of the polyhedron then correspond to:

• the points of the cell present inside the solid;

• the point of the solid present in the cell;

• the intersection points between the edges of the cell and the solid;

• in the case of a three-dimensional computation, we must add the intersection points of the edges of the solid with the faces of the cell.

The face of this polyhedron included on cell faces allow to compute the κ. The internal face not included on a cell face allow to extract the area A i,j,k,F and the normal n F , and the volume of the polyhedron allow to obtain α.

For the three-dimensional computation, the geometric tasks are handled using the Computational Geometry Algorithms (CGAL) Library. The three dimensions implementation is operational, although there are no such test cases in this work due to memory and calculation time issues, as we will discuss later.

Implementation of ghost cells inside the flow

The time operator splitting and the multidimensional splitting described in § 6 are run using ghost cells instead of solid cells to transcribe the impact of the boundary condition.

Interpolation of the symmetric point

The large stencil used in the OSMP7 scheme imposes to consider several layers of ghost cells inside the solid domain. Different strategies have been experimented to fill them. We choose to use here the values of the symmetric points of the ghost cell center across the boundary as a reference, as

A I P 1 P 2 P 3 P 4 d 1 d 2 d 3 d 4 (a) A I 1 I 2 (b)

Figure 11.2: Schematic illustration of the interpolation of the symmetric point I of a ghost point A (left) in a general case (right) in the case of a sharp angle with distinction according to the integration direction

illustrated in Figure 11.2. This symmetric point does not necessarily correspond exactly to an existing fluid point because the boundary and the mesh are not always aligned. In that case, an interpolation is applied to estimate the value with more accuracy. This interpolation can be realized with various methods. We choose to reproduce here the strategy described in [START_REF] Chaudhuri | On the use of immersed boundary methods for shock/obstacle interactions[END_REF] with a linear interpolation of variables φ by using the values of the surrounding fluids points m:

φ = m ω m φ m .
(11.1)

The weights ω m are computed with the inverse distance of the surrounding point η m = 1/d 2 m , with d m the distance to the symmetric point.

ω m = δ m η m k δ k η k -1 , (11.2)
with δ k used to neglect the surrounding points inside the solid domain:

δ k = 0 if point inside the solid, 1 otherwise. (11.3)
This interpolation is apply on values ρY i , u, v, w, and U instead of the conservative variables w to avoid non-linear relations between variables.

Specific treatment is applied in the case of sharp angles to distinguish symmetric of the ghost cell according to the direction of integration of the numerical scheme. Indeed, the value of the ghost cell must be different according to the direction of integration during the multidimensional splitting scheme described in Chapter 6. The symmetric point considered to compute the ghost cell value will then be adapted close to an angle. The two distinct configurations according to the direction of integration are illustrated in Figure 11.2 in the case of a right angle corner.

Other interpolations methods to obtain value on the symmetric point with higher-order accuracy using, for example, polynomial approximation and Vandermonde matrix to estimate coefficients have been investigated [ZLL16, PHO + 16]. However, the numerical simulations show that the order obtained at the boundary with our four-point interpolation is sufficient without using such methods and saves computational time.

Boundary condition

The values of the ghost cells inside the solid domain depend on the condition imposed at the boundary.

In the case of viscous flux, we use a no-slip velocity at the boundary, and the ghost cells are filled with the inverse velocity vector of the symmetric point:

u ghost = -u sym . (11.4)
Without viscous flux, zero-normal condition at the solid body is imposed using a symmetric normal velocity at the boundary. The procedure we use to implement such zero-normal velocity condition is the same as the one used in [START_REF] Chaudhuri | On the use of immersed boundary methods for shock/obstacle interactions[END_REF]. If we consider an arbitrary two-dimensional surface as shown in Figure 11.3, adiabatic walls with zero normal velocity conditions are enforced with:

1. Calculate the angle θ between x-axis and velocity vector u sym of the symmetric point

θ = tan -1 u • e y u • e x .
(11.5) 2. Based on the quadrant in which θ belongs, the angle is modify as:

θ := (m + n)π + θ, with m = 0 if 0 ≤ θ ≤ 1 2 π, 1 otherwise, , n = 1 if 3 2 ≤ θ ≤ 2π, 0 otherwise. (11.6)
3. Calculate α, the angle between x-axis and the surface normal direction n: 

α = tan -1 y sym -y ghost x sym -x ghost . ( 11 

Finite volume integration of the cut-cells

At the end of the time iteration, the cut-cells will be corrected using the geometrical configuration by adapting the computed flux to the fluid interface, and boundary flux is added for each boundary face.

Conservative finite volume scheme

For a cut cell, we can reformulate the finite volume scheme using the Gauss theorem on a cut cell

C i,j,k t n+1 t n Ω i,j,k ∩Ω F ∂w ∂t dV dt + t n+1 t n ∂(Ω i,j,k ∩Ω F )

F(u)

• n dS dt = 0. (11.9)

with Ω i,j,k ∩ Ω F the intersection between the mesh and the volume of the solid and ∂(Ω i,j,k ∩ Ω F ) the wetted surface of the cut-cell. Considering the volume average of the conservating variables on the cut-cell

w i,j,k = 1 (1 -α i,j,k )V i,j,k Ω i,j,k ∩Ω F
w dx dy dz, (11.10) we obtain the finite volume formulation

A I θ α v x v y u I η ξ v η v ξ x y v n v s γ u A v x
(1 -α i,j,k )w n+1 i,j,k =(1 -α i,j,k )w n i,j,k + ∆t ∆x i (1 -κ i-1/2,j,k )f i-1/2,j,k -(1 -κ i+1/2,j,k )f i+1/2,j,k + ∆t ∆y j (1 -κ i,j-1/2,k )f i,j-1/2,k -(1 -κ i,j+1/2,k )f i,j+1/2,k + ∆t ∆z k (1 -κ i,j,k-1/2 )f i,j,k-1/2 -(1 -κ i,j,k+1/2 )f i,j,k+1/2 + ∆t V i,j,k Ξ i,j,k .
(11.11)

The computation of the flux f at the interface corresponds to the sum of the flux across each interface of the cell computed all along the time iteration step using ghost cells inside solid cells. It contains the contribution of the Euler and viscous operator and the different directions of integration included in the splitting scheme described in 6. The terms Ξ i,j,k refer to the flux computed across the solid interface.

Interface exchange term

In (11.11), the term Ξ i,j,k corresponds to the flux exchanged between the solid and the fluid.

We suppose we can have multiple faces inside each cell, the flux Ξ i,j,k across the solid interface of the cell then correspond to the sum of all the individual contributions of each interface ele inside the computational cell:

Ξ i,j,k = ele Ξ ele .
(11.12)

For the Euler operator, there is no material transfer, and the numerical flux at the interface is computed from the value of the pressure extrapolated at the solid interface. This extrapolation is made by using the evolution of the pressure several points along the normal to the face obtained by interpolation on the neighboring fluid points just as described for the computation of the ghost cell by symmetric point in §11.3.2.

For the viscous operator,

Ξ F = A F n F         0 . . . 0 σ F A F n F + P F λ wall ∆T         , (11.13)
with σ F the viscous strain tensor at the wall similar to (5.4) is computed at the interface with the hypothesis of zero-velocity boundary condition at the solid surface as done in the work of Dragojlovic et al. [START_REF] Dragojlovic | An embedded boundary method for viscous, conducting compressible flow[END_REF].

σ = µ wall ∇u + ∇ t u - 2 3 (∇ • u)I . (11.14)
The value of the pressure P F , and temperature T F on the surface are extrapolated with the value interpolated on the normale of this face. We consider in our simulations three points respectively located at 0.5∆x, 1.5∆x, and 2.5∆x on the normal of each face to compute a polynomial extrapolation.

In the case of low resolution, which does not properly capture the boundary layer, this extrapolation method can also be adapted by considering a few points. Finally, dynamic viscosity µ wall and thermal conductivity λ wall are computed from the thermodynamic state obtained on the face.

Treatment of the small cut cells

An additional difficulty with this cut-cell finite volume approach is the creation of very small cutcells by integrating an arbitrary solid in the regular mesh. Since the Courant number is inversely proportional to the cell dimension, the CFL stability condition becomes too restrictive to adapt the time step to the size of the smallest cut-cells.

Different methods have been developed in the literature to avoid such numerical instabilities without dramatically increasing computational time with so-called cell-merging [START_REF] Ye | An accurate cartesian grid method for viscous incompressible flows with complex immersed boundaries[END_REF], cell-linking [START_REF] Kirkpatrick | A representation of curved boundaries for the solution of the navier-stokes equations on a staggered three-dimensional cartesian grid[END_REF], or flux redistribution method [START_REF] Hu | A conservative interface method for compressible flows[END_REF].

In order to avoid excessive small time steps, we employ the flux redistribution strategy initially developed in [START_REF] Hu | A conservative interface method for compressible flows[END_REF]. This method mixes the fluid in small cells with neighboring cells we call targeted cells. This mixing procedure is applied when the volume fraction α i,j,k of the cell exceeds a threshold value that we took in our computations at α th = 0.5. The targeted cells are the neighboring cells that do not exceed this threshold value.

Then the conservative quantities of the corresponding cells are updated by: 

(1 -α n+1 i,j,k )w n+1 i,j,k = (1 -α n+1 i,j,k )w n+1 i,j,k o + trg M trg i,j,k ; (11.15a) (1 -α n+1 trg )w n+1 trg = (1 -α n+1 trg )w n+1 trg o -M trg i,
M i,j,k = -M trg = β trg i,j,k 2 -α i,j,k -α trg [(α trg w trg )α i,j,k -(α i,j,k w i,j,k )α trg ], (11.16)
where the β trg i,j,k are the weights associated to each targeted neighboring cells. We choose to apply to the targeted cell weight based on the normal direction n i,j,k of the internal face of the small cut cell as illustrated in the Figure 11.4:

β trg i,j,k = ele n ele • n trg i,j,k 2 .
(11.17)

where n trg i,j,k corresponds to the normal direction of the interface between the small cell and the targeted cell. To ensure consistency, the weights are normalized in order to respect:

trg β trg i,j,k = 1. (11.18)

Numerical results

The developed immersed boundary method is used to compute 2D flow around geometric structures. First a cylinder is placed in a uniform free-stream with Reynolds number Re D = 40 and Re D = 200 to consider respectively steady and unsteady with periodic vortex shedding flow regimes. Those classical test cases usually served as validation cases immersed boundary implementation.

A shock/boundary interaction is also realized corresponding to the so-called Schardin's problem investigating the shock wave diffraction over a finite wedge the interaction with the tip vortices.

Flow around a cylinder at different Reynolds

We The multiresolution method for adaptive mesh refinement as described in Chapter 10 is used in the simulation. The computational mesh is composed of 8 tree structures along the streamwise direction and two in the transverse direction. The trees are composed of eight grid levels corresponding to a smallest grid size of ∆x = 0.39 mm which correspond expressed with the cylinder diameter respectively to ∆x = d/25 and ∆x = d/50. This refinement gives converged values for the tested coefficients. The cylinder is approximated with 180 points read at the initialization of the computation to calculate the geometry of the cut-cells. The Figure 11.6 represents the volume fraction α of the cut cells occupied by the solid for the coarse grid (with seven levels trees). Cells with volume fraction less than 0.5 will follow the mixing procedure described in § 11.3.3.

Computation with Re = 40

Computation is performed with Reynolds numbers Re = ρU ∞ d/µ l = 40 and Re = 200, where µ l is the dynamic viscosity of the fluid. The mixture corresponds to Air with Y O 2 = 0.233 and Y N 2 = 0.767. The free-stream velocity U ∞ is set to 15 m/s and the density ρ to 1 which correspond to a Mach number of M a = 0.04 small enough to not have compressible effects and be comparable to the simulations performed using incompressible solvers. The value of the constant dynamic viscosity is adapted to the value of the Reynolds number.

The force on the cylinder is given by the sum of the pressure and wall-shear stress on the surface of the cylinder:

F F = -p F + τ F . (11.19)
The expression of the drag coefficient C D and lift coefficient C L reads:

C D = 2F D ρU 2 ∞ d i, and C L = 2F L ρU 2 ∞ d , (11.20)
with the drag and lift force F D anf F L compute by integration of respectively the x-component and the y-component of the total force on the cylinder surface: 

F D = -F x F dx and F L = -F y F dy. (11.21)
Experimentally, the periodic vortex shedding first appears for Reynolds numbers around 50. For smaller Reynolds numbers, the flow is found to be steady. Results for the steady regime of Reynolds number Re D = 40 is shown in Figure 11.7 with the pressure field and the velocity component contours for the two grid levels.

The pair of attached, steady, symmetric vortices behind the cylinder has specific dimensions that can be compared to the precedent experimental and numerical studies. 11.1 tensor...). We are still working on improving the estimation of the boundaries values to update these values with consistent results.

Computation with Re = 200

With more important Reynolds, the flow becomes unsteady and periodic shedding vortex are generated behind the cylinder. Figure 11.9 shows snapshots of the vorticity at different times.

The Strouhal number St is defined as the dimensionless frequency at which the vortices are shed downstream of the cylinder: 

St = f st d U ∞ , ( 11 

Shock wave interaction with two dimensional wedge

This test case consists of the impingement of a planar shock wave on an infinite two-dimensional wedge. It corresponds to an experimental device realized by Schardin [START_REF] Professor | High frequency cinematography in the shock tube[END_REF] in 1957. A Mach 1.30 shock interacts with a wedge and generates multiple compressible structures with Mach stems and triples points, reflected and scattered shocks, and vortices behind the wedge. This simulation is reproduced from [START_REF] Chang | On the shock-vortex interaction in schardin's problem[END_REF] that also provides the experimental values. Figure 11.10 is a schematic diagram of various waves appearing in the problem with multiple Mach stems, triple points, reflected (attenuated and accelerated) shocks, slip-lines, and vortices.

The static pressure and temperature of the low-pressure side are taken 0.05 MPa and 300 K, respectively. The mixture is Air with Y O2 = 0.233 and Y N 2 = 0.767. The top and bottom correspond to slip walls, non-reflective boundary conditions are set on the inlet and the outlet.

Figure 11.11 display the computational domain, the time t = 0 corresponds to the contact of the shock wave with the front vertice of the wedge. The computational mesh is composed of 4 × 3 tree structures. We perform the simulation with different grids from eight to ten maximum levels of trees corresponding to cells of size ∆x = 0.19 mm for the 8th level, ∆x = 97 µm for the 9th level, and ∆x = 49 µm for the 10th level.

The general waves structure is well recovered in all refinement cases. Figure 11.12 compared the triple point (TP1) and (TP2) and locus vortex core (V) trajectories obtained with experimental and values of literature. Their evolution is in good agreement with previous results. Compressible flow-field characteristics are well-captured.

Figure 11.12: Comparison of triple point trajectory and locus of the vortex center

However, the small vortices generated behind the vertices and visible on the experimental results require refinement of order 10 to be observed. Figure 11.13 displays a sequence of Schlieren snapshots that illustrates the flow evolutions. 

Conclusion

Immersed Boundary Methods are integrated into the numerical scheme working on a cartesian mesh to consider complex geometry formed by obstacles in the flow. The implementation is based on the Cartesian cut-cell approach described in [MDM + 12] and [PME + 15] to guarantee the strict conservation of the conservative values. Then, the initialization of the cut-cell geometric configuration is realized at the initialization of the computation. A set of ghost cells is updated before each integration scheme according to the boundary conditions to apply the different high-order operators. Then a final integration of the cut cells is realized at the end of the time step to adapt the cut-cell conservative values using the interface exchange term.

The current implementation has been tested with a standard test case involving flow around the cylinder at different Reynolds and shock wave interaction with a two-dimensional wedge. The results obtained are consistent with physical observations, but with overestimated drag and lift coefficient is noticed for now. In Situ Adaptive Tabulation (ISAT) for Multi-Scale Reaction Waves As we will see in the applications in Part IV, the calculation of the different steps of the flame acceleration from the initial instabilities to the calculation of the detonation requires an important refinement. Despite the use of multiresolution methods, large meshes and small-time steps are required to correctly capture the phenomena impacting the flame acceleration, especially for three-dimensional calculations. To deal with those important CPU time, we had implemented OpenMP directives to share the memory between different processors and perform parallel computations. Another way considered to improve the numerical performance of the simulation is to use some chemistry acceleration method.

In our simulation with hydrogen combustion, we deal with 11 species and 39 reactions. With the time splitting strategy described in chapter 6, and especially with the Radau5 solver, which uses a timestepping strategy based on jacobian computation and sub-iterations, the computational time used by the reaction operator can become very high.

Multiple strategies have been studied to cope with the cost of detailed kinetics simulations: Identification of Low-Dimensional Manifolds (IDLM [START_REF] Maas | Implementation of simplified chemical kinetics based on intrinsic low-dimensional manifolds[END_REF] and REDIM [START_REF] Bykov | The extension of the ildm concept to reaction-diffusion manifolds[END_REF]), flamelet models (FPV [START_REF] Pierce | Progress-variable approach for largeeddy simulation of non-premixed turbulent combustion[END_REF], FGM [START_REF] Oijen | Flamelet-generated manifolds : development and application to premixed laminar flames[END_REF]), Analytical Reduced Chemical mechanism (ARC [START_REF] Pepiot | Automatic strategies to model transportation fuel surrogates[END_REF])... Since detailed chemistry for hydrogen simulation involved a limited number of species, the In Situ Adaptive Tabulation (ISAT) method built dynamic tabulation for stiff reaction operator seems to be quite adapted to our cases.

In this chapter, we discussed the performance of the ISAT computational time reduction strategy and the approximation introduced by such methods for the case of one and two-dimensional detonation.

In Situ Adaptive Tabulation (ISAT)

The ISAT method consists of building a dynamic table that stores a list of recorded points to quickly retrieve an estimation of a non-linear system like, in our case, the reactive terms solution. It has been initially described by Pope [START_REF] Pope | Computationally efficient implementation of combustion chemistry using in situ adaptive tabulation[END_REF] and since used in multiple configurations. It has been first adapted for homogeneous or quasi-homogeneous systems resulting in a computation time speedup factor of several orders of magnitude, but it has also been tested with transient phenomena like in internal combustion engine simulations [CJLD11, RLL + 14, WZZ + 17] or in detonation front simulation [START_REF] Dong | Acceleration of chemistry computations in twodimensional detonation induced by shock focusing using reduced isat[END_REF][START_REF] Wu | Parallel chemistry acceleration algorithms based on isat method in gaseous detonation computations[END_REF] with still good speedup factors. LES of flame acceleration and DDT with hydrogen flame mixture have also been tested [START_REF] Emami | Les of flame acceleration and ddt in hydrogen-air mixture using artificially thickened flame approach and detailed chemical kinetics[END_REF]. They are often combined with other dimension reduction techniques and skeletal mechanisms when using a high number of reactions. However, this is not necessary here with hydrogen chemistry that involves a limited number of species.

We have based our implementation on the ISAT-CK7 algorithm available in open-source in [PHL + 12]. This algorithm has been adapted to our test cases and linked to our computational code. The main guidelines of the ISAT-CK7 algorithm are summarized here. A more precise description of its implementation is available on [START_REF] Hedengren | Storage and retrieval of optimal control[END_REF].

Description of the approximation

We consider a set of variables to describe the local thermodynamic state. Along the reaction time-step ∆t reac , the computation of the reaction corresponds to an isochore transformation that preserves the internal energy. To characterize the thermodynamic state, we will then use the vector of variables:

Φ = (U, ρ, Y 1 , ..., Y ns ).
(12.1)

We denote R(Φ) the thermodynamic state obtained after the time step ∆t reac from an initial state Φ.

The objective of the ISAT method is to obtain a fast approximation of the thermodynamic state of local points based on pre-recorded points while guaranteeing a tolerance criterion tol .

A linearized mapping makes the approximation from a recorded point. Let Φ q a point close to a pre-existing point Φ o in the tabulation.

Φ q = Φ o + δΦ. (12.
2)

The approximation of the thermodynamic state R(Φ q ) = Φ q (t + ∆t reac ) is then obtained using a linearized approximation computed with:

R(Φ q ) = R(Φ o ) + ∂R(Φ o ) ∂Φ o δΦ + O(|δΦ| 2 ). (12.3)
In order to control the error made by the linearized mapping, a tolerance criteria tol is applied on the results of R(Φ q ). An Ellipsoid of accuracy (EOA) based on the tolerance criteria is associated with each tabulated point. This EOA of a recorded point Φ o is described by the matrix M such as:

2 tol = δΦ T MδΦ, (12.4) 
At the initialization of a new point, the EOA is defined by:

M = A T B T BA, (12.5) 
with

A = ∂R(Φ o )
∂Φ o the sensitivity matrix and B the scaling matrix applied to normalized the terms of the thermodynamic state. This region of accuracy is sketched in Figure 12.1.

Since reactive terms are non-linear terms, the local final thermodynamic state R(Φ q ) can respect the tolerance criterion and yet be outside of the EOA of the recorded point Φ o . In that case, the EOA associated with the recorded point Φ o is enlarged to enclose the new point Φ q while keeping a minimum volume for the ellipsoid centered on Φ o . This growth algorithm is illustrated in Figure 12.1.

In our implementation, we have added a distance limit with the closest recorded point to avoid creating a very large EOA. Such issue has indeed been met with initially recorded points in the non-reactive zone that create initially too large EOA and inhibit the mixture's auto-ignition that must be recorded with new points.

In practice, the ISAT-CK7 algorithm can use several binary trees. In that case, the addition of a new point is performed successively on each tree to balance the tree's size. A more significant number of tables yield slower retrieve times, but smaller tables reduce the time needed to build the table. The optimal value of the table is then problem-dependent.

Integration into the numerical scheme

Adaptation of the time operator splitting

Implementing the In Situ Adaptive Tabulation requires applying a fixed time-step for the reactive computation. The integration of this method in the splitting time scheme (6.12) requires that this time step respect the stability conditions imposed by the Euler and viscous operators.

To avoid being limited by this time step fixed at the initial time. Another strategy can also be used by using a larger reactive time-step ∆t reac and performing sub-iterations of convection and diffusion that respect stability criterion between each reaction operator:

w n+1 j = L R ∆treac/2 k L V ∆t k L E ∆t k L R ∆treac/2 w n j , ( 12.7) 
with k the index of the iterations until we obtain k ∆t k = ∆t reac .

However, in that case, the control of the accuracy is no longer totally under control since the splitting error could be degraded. It is probably possible to keep the second order of accuracy on the splitting time scheme. Indeed, control of the splitting error with such scheme introducing sub-iterations has been investigated by Duarte in [START_REF] Pedro | Adaptive numerical methods in time and space for the simulation of multi-scale reaction fronts[END_REF] by measuring the error dynamically with smaller reactive time steps. However, this method is not implemented here, and this scheme then introduced an uncertainty on the splitting error.

Application to transient compressible phenomena

Performance of ISAT is directly related to the time used to store the points and the number of retrievals obtained from these stored points that we can measure with the retrieval ratio. In the case of Low Mach number flow, the speedup factor of the original algorithm is very high. However, with compressible flow cases, the risk is to deteriorate the retrieval ratio due to the multiplication of thermodynamic states.

Some memory issues may also occur, which can, however, be contained using deletion mechanisms to avoid large tables such as applied in [START_REF] Dong | Acceleration of chemistry computations in twodimensional detonation induced by shock focusing using reduced isat[END_REF] and adapted them with synchronization between tables when using parallelism as described in [START_REF] Wu | Parallel chemistry acceleration algorithms based on isat method in gaseous detonation computations[END_REF]. In the literature, existing applications of ISAT tables with very dynamic phenomena such as detonation simulation generally reduce the computation of the points of the table by simplifying the original algorithm. For example, standard-size EOA around the recorded points allow to avoid the time-consuming computation of the sensitivity matrix [START_REF] Wu | Parallel chemistry acceleration algorithms based on isat method in gaseous detonation computations[END_REF]. However, such simplification makes it impossible to control the tolerance error accurately as with the original algorithm. We chose in this work to keep the complete original algorithm with computation of the sensitivity matrix and adapted EOA. Our objective is then to determine if using ISAT in configuration with flame acceleration and transition to detonation can obtain significant CPU time consumption while keeping a relevant tolerance error.

Numerical simulation of gaseous detonation

We check the performances of the ISAT algorithm with one-dimensional and two-dimensional configurations involving gaseous detonation. 

Ignition and creation of detonation front by a shock wave reflection

This case corresponds to the experiment performed by Oran et al. [START_REF] Oran | Weak and strong ignition. i. numerical simulations of shock tube experiments[END_REF] with the ignition of a mixture using a reflected shock wave. At the beginning a M = 2.165 shock is initiated in a 2H 2 /O 2 /7Ar mixture at 298 K and 0.066 atm (see Figure 12.3). The shock hits the left wall and reflects by increasing the temperature up to 1026 K and pressure up to 1.27 atm, which is sufficient to auto-ignite the mixture and create a detonation flame front.

The mesh comprises 12 trees with a maximum of seven levels leading to a maximum grid of 1536 points. At the left wall, zero gradients for conservative values and zero velocity are imposed. The solution is obtained through the original OSMP7 scheme. The direct integration of detailed kinetics is obtained using the Radau5 solver with a relative tolerance of 10 -3 and an absolute tolerance of 10 -10 . The simulation is purely compressible without diffusion terms.

Application without ISAT

Figure 12.4 presents the isolines of temperature in the time/distance plane obtained without using ISAT tabulation. The (abscissa) represents the time (starting from the shock reflection), and the ordinate represents the distance to the reflection location. The history of the temperature is then recorded. Reflection wave is visible at t = 0 s with one isoline moving at M = 2.165. Auto-ignition produced reactive wave with isolines visible from 100 µs that produce a first detonation wave that will catch up with the reflective wave.

Results can be compared to the experimental recording time-resolved schlieren photography (Figure 12.5) of the shock waves performed in [START_REF] Oran | Weak and strong ignition. i. numerical simulations of shock tube experiments[END_REF], and various reproductions of this test case in the literature [OYBC82, IJK + , GTE17].

As the velocity of the detonation front is faster than the reflected shock wave, the present simulation predicts that a collision between the two waves takes place at t = 189.5 µs. This time is close to numerical results in the literature that found collision after 180 µs with another kinetic model. However, there is an apparent disagreement with individual times annotated in Figure 12.5. But, as specified in [START_REF] Oran | Weak and strong ignition. i. numerical simulations of shock tube experiments[END_REF], "There is some ambiguity (about 5 µs) in determining these quantities from the original schlieren photograph".

After the collision, we observe the formation of three other waves: a contact discontinuity, a transmitted detonation front that will accelerate until the Chapman-Jouguet velocity, and a second reflected shock wave that again hits the wall at t = 280 µs. Those formations are also visible in the experimental results.

Application with ISAT

This computation is performed again using the ISAT-CK7 algorithm. In order to run the computation, we have to fix values for the reactive time step ∆t reac and the tolerance criteria tol . Visual comparisons between profiles obtained with different integration time steps and tolerance criteria are reproduced in Figure 12.6. The comparison stays visual because discontinuity makes the calculation of errors difficult. We see that increasing the reaction time step implies an important error in the ignition time.

We choose a constant time-step for the integration of the reaction of 10 -7 s, which is close to the CFL condition. The tolerance tol is fixed at 10 -3 . Figure 12.7 shows the isolines of temperature obtained with this configuration. The results are close to the reference case without ISAT.

The ISAT table is reproduced in Figure 12.8. There are here eight binary trees that receive the new points successively. The modification of the number of trees does not impact the time consumption in this case.

A profiling study is performed to evaluate the computational efficiency of the ISAT strategy for this case involving large temporal evolution.

In the first case, we construct the ISAT table on a full mesh without using the adaptive mesh refinement strategy on a grid of 1536 points. The ISAT table then ultimately contains 38 759 recorded points with 88 788 growth EOA events along with 27 067 392 evaluations, which means that the table provided the final value 99.5% of the time. Compared to a simulation with the same fixed time step of t react = 0.1µs, the speed-up ratio for the computation of the reaction operator is 11.3, and the global acceleration of the simulation is 3.9. However, compared to the original case, with variable time step determined by the CFL, we obtain a speed-up ratio is reduced to 8.01 for the reaction operator and 2.76 for the total acceleration of the simulation.

Moreover, the computational time gain is also reduced using the multiresolution adaptive refinement since the number of cells in a homogeneous area is automatically reduced already prevail redundant use of the reaction solver. Using Harten criteria of ς = 10 -3 , the table retrieves directly the value only 95 % of the time, and the speed-up ratio drops to 1.9 for the reactive operator and 1.37 for the total simulation compared to the original numerical scheme. The association between mesh refinement and the ISAT algorithm is not well suited since, in the regular region, the ISAT table creates small variations that can increase the number of cells.

Two dimensional detonation front

We test the ISAT method for the computation of a two-dimensional detonation front. The objective is to observe cellular structures described in § 2.2.3. Same initial mixture 2H 2 /O 2 /7Ar than in the one-dimensional case is applied with T = 298 K and p = 0.066 atm for the unburnt gas.

The computational profile is a rectangle L x × L y = 150 mm × 60 mm composed of 5 × 2 = 10 trees with a maximum level of refinement of eight leading to a maximum grid of 655 360 grids.

The ZND profile of the mixture is computed with the AGATH solver and applied to initialize the computation. The Chapman-Jouguet velocity is imposed in the fresh gases to keep a fixed detonation front. In addition, a sinusoidal variation of the velocity is applied in the region ahead the precursor shock-wave to disturb the detonation front and start the development of cellular detonation. Computation is realized with and without the ISAT-CK7 algorithm. The constant time-step for the integration of the reaction is set to 10 -7 s, and the tolerance tol is fixed at 10 -3 .

Parallelization of the computation with OpenMP directives is realized. We use six different threads that impose to use six independent ISAT tables, which increases the number of recorded points and reduces the ISAT method's performance.

Even with the parallelization and adaptive mesh refinement, the ISAT algorithm's computation stays very efficient for this fixed detonation front since the observed condition is rather stable in time. A computational time gain of 17.24 is observed for the computation of the reaction.

However, with this weak detonation wave, the ISAT method drastically reduces the vorticity of the detonation front, and the characteristic detonation cells are not visible anymore on the computation. The tabulation has a stabilizing effect compared to the standard computation, even by applying a stronger perturbation to disturb the ZND detonation front (Figure 12.9). This effect probably comes from the attenuation of the small perturbations in the induction length that suppose to trigger the instabilities in the detonation front. Those perturbations probably need smaller tolerance criteria tol to be captured, but it imposes to lose computation gain compared to the reference without ISAT.

Concluding remarks

The association between ISAT methods and the adaptive mesh refinement methods is not always adequate. In smooth parts of the solution, it can generate some variations that increase the number of cells. Conversely, the ISAT method also implies difficulties in capturing small perturbations that can be significant, like those inside the induction length of detonation fronts.

This method also needs some optimization to be used with parallel computation. The ISAT algorithm and the management of the trees are not easily parallelizable and impose to increase the number of recorded points by using specific trees for each thread. Some algorithms to synchronize and prune the different trees can allow to reduce the number of points and obtain smaller tables but are not implemented here.

Although some tests are conclusive, we do not have enough experience using this method in our application cases. In this work, we use detailed hydrogen chemistry that does not have a prohibitive number of reactions. However, one can imagine greater usefulness for other types of detailed chemistry. Moreover, at the beginning of this work, the computational time required by the reactive part was the most limiting time compared to the other operators. The computation of the reactive part has been greatly improved by a better vectorization and a better parallelization which makes it less essential to use the ISAT algorithm described here.

Part IV

Applications Framework

Introduction

Part I introduced the main steps of the flame acceleration process. A specific numerical solver has been developed in Part II and some additional numerical tools are presented in Part III. This present part aims to apply our numerical solver on realistic acceleration and detonation case simulations.

The part is split into two chapters. First, we performed a selection of academic test cases in Chapter 13 on laminar flame and detonation front with one and two-dimensional simulations. These tests allow to validate the transport models and the chemical mechanism of Mevel as well as to establish the mesh resolution required to capture the main mechanisms at successive steps of the flame acceleration described in part I.

Chapter 14 presents two extensive simulations. First, the propagation of a H 2 /air detonation wave inside a porous medium. Attenuation and re-amplification of the H 2 /air detonation front are observed with two geometrical configurations that influence diffraction of the initial front. Finally, the second test case reproduces two configurations of the GraVent acceleration tube experiments with and without H 2 concentration gradient.

Chapter 13

Validation test cases

This chapter aims to verify the capability of our solver coupled to the chemical mechanism of Mével [MJL + 09] to reproduce the main characteristic of hydrogen flames. First, we reproduce chemical properties such as the laminar flame speed or the ignition delay time; then, transport models are tested on the development of hydrodynamic instabilities that drives the first steps of the acceleration flame process. Finally, the properties of the detonation front are studied with the development of unstable modes in one dimension and the formation of detonation cells in two dimensions.

Fundamental combustion properties of hydrogen flame

This section aims to verify if the chemical mechanism of Mével [MJL + 09] and multicomponent transport models are well suited to characterize fundamental hydrogen combustion properties such as the laminar flame speed without stretch (S 0 l ), the profile of the laminar flame, and the auto-ignition delay. Those properties are essential to adequately capture the acceleration steps of the flame from the laminar deflagration to the transition to detonation. Moreover, we make additional tests to estimate the resolution needed to properly represent the laminar profile with our high-order scheme.

Laminar flame characteristics

The chemical kinetics of hydrogen oxidation has been well studied for the last decades. Laminar flame speeds S l of hydrogen and air at standard temperature and pressure have been measured over a wide range of equivalence ratios. Different methods have been used experimentally for determining this parameter with spherical bomb method [AHF97, LCP03, DHD14], burner stabilized flame method [WL85, GJ72], or particle tracking velocimetry [START_REF] Pareja | Measurements of the laminar burning velocity of hydrogen-air premixed flames[END_REF]. The difficulty for these experimental devices is to reproduce the idealized case of steady laminar flame since actual flames are affected by heat losses, stretch, and flame instabilities. In particular, values below an equivalence ratio of 0.5 are difficult to capture because of the Darreus-Landau and thermo-diffusive instabilities and must be fitted numerically. Thus, data on S l generally vary according to the experimental method.

The evaluation of the laminar flame profile is initialized by computing a hydrogen flame profile with the AGATH library. The computation is performed in a computational domain extended between -2 mm and 10 mm with a fixed front flame. With the AGATH solver, the profile is computed using a very fine refinement (with ∆x = 1 µm) for which the profile is converged.

The reaction is computed with the hydrogen chemical mechanism of Mével described in appendix B.4. Transport properties were evaluated using the multicomponent diffusion model and considering thermal diffusion (Soret effect). We also evaluate the impact on the laminar flame speed of the diffusion model described in § 5.1.2. Figure 13.2 presents laminar flame speed computed using mixture-averaged formulation (5.10) or computed without Soret effect. The absence of the Soret effect significantly impacts the flame profile of the laminar flame speed and must be considered in the simulation. In the same way, the mixture-averaged model (5.10) overestimates the laminar flame speed compared to the detailed multi-component transport model of Dixon-Lewis [START_REF] Dixon | Flame structure and flame reaction kinetics ii. transport phenomena in multicomponent systems[END_REF].

Laminar profile

Figure 13.3 details the profile of the mass fraction of OH and the velocity for a fixed flame with stoichiometric H 2 /Air flame at the atmospheric conditions. This profile computed with AGATH on a computational domain of 1.2 cm is used as the initial condition in our solver to validate the capability of our solver to reproduce the same results and evaluate its performances using a coarser grid.

Outlet boundary conditions are defined using Navier-Stokes Characteristic Boundary Conditions (NSCBC) method. A subsonic non-reflective outflow condition is imposed using the Local One-Dimensional Inviscid (LODI) formalism described in [START_REF] Poinsot | Boundary conditions for direct simulations of compressible viscous flows[END_REF] to infer the amplitude variation carried by the incoming characteristic acoustic wave λ N = u -c s . Pressure at infinity is imposed to relax to atmospheric pressure at the outlet using the formalism of the subsonic non-reflecting outflows.

As described in Chapter 6, reactive terms are solved using the Radau5 solver. The compressible effects have very limited influence on the laminar flame profile; thus, the order of the OSMP scheme used in this simulation has no impact significant impact on the final results that depends mainly of the viscous and diffusive terms. However, the time step's limitation due to the stability CFL condition imposed by the compressible operator implies a very accurate computation with the second-order Runge Kutta solver used for the viscous and diffusive operators. The thickness of the flame front is the area requiring the maximum refinement; strong species gradients allow multiresolution methods to capture this area efficiently. Thus, on the calculation of a laminar flame profile, the variation of the Harten criterion does not show any influence on the profile with efficient reduction of the mesh size. A Harten criterion fixed at ς = 0.5 allows cell number reduction of 95% by removing all cells outside the flame thickness. However, as indicated by 10.12, the effective comparison with a threshold depends on the overall maximum detail that will increase when compressible phenomena with shock waves are involved. With interaction with the Chapman-Jouguet detonation wave, the threshold parameter is set to maximum to avoid defining inside the front flame.

Ignition delay

An additional fundamental characteristic of a mixture is its ignition delay time τ igni . Especially, this parameter impacts the detonation regime where the shock precursor auto-ignites the mixture and in the transition to detonation with the auto-ignition of hot spots.

Experimentally, this property is usually measured by shock tube experiments. Because of the difficulty due to viscous, heat transfer, and thermo-diffusive instability, the ignition delay times are often measured on a highly diluted mixture with a monoatomic gas to minimize these effects.

Figure 13.4 compares experimental results of [KMV + 13] to ignition delay time computed with the hydrogen chemical mechanism of Mével for various different temperatures. The equivalence ratio of the H 2 /O 2 reaction is 0.5, and the mixture is diluted in Argon. Reaction terms are solved using the Radau5 solver. The ignition delay time is defined as the time corresponding to the maximum gradient of the OH radical. Some results in the literature are also available for stoichiometric H 2 /Air mixtures without dilution, as performed by Snyder et al. [START_REF] Skinner | Shock tube studies of fuel-air ignition characteristics[END_REF], Slack [START_REF] Slack | Rate coefficient for h + o2 + m = ho2 + m evaluated from shock tube measurements of induction times[END_REF] and [START_REF] Graig | A shock tube study of the ignition delay of hydrogen-air mixtures near the second explosion limit[END_REF]. Computed ignition delay times are compared with these measurements in Figure 13.5 at 1 and 2 atm. The experimental data present good 

Hydrodynamic and thermodiffusive instabilities

In this section, we reproduce a simulation of hydrogen laminar flame instability to evaluate the capability of our solver to properly reproduce the first step of the flame acceleration with the chemical mechanism of Mével.

As described in § 3.1.3, stability of the flame front is characterized by the Markstein length L M . Experimentally, Markstein's lengths are evaluated using explosion spheres. In a spherical expanding flame, if there is no tangential velocity and the curvature of the flame corresponds to the stretch rate K of the flame. Equation (3.3) then becomes:

S l = S 0 l -L M K, (13.1) 
with

K = 1 A dA dt , ( 13.2) 
where A consists of the points that stay on the flame surface.

Another estimation of the Markstein length L M considering the effects of volumetric heat loss given by Law [START_REF] Law | Propagation, structure, and limit phenomena of laminar flames at elevated pressures[END_REF] used in more recent studies gives:

S l S 0 l 2 2 ln S l S 0 l 2 = -2 L M K S 0 l . (13.3)
For a spherical flame of radius R f , the stretch rate K is given by: 

K = 2 V S R f , ( 13.4) 
with V S the velocity of the flame surface. Test cases performed in this work are computed in two dimensions. We choose to reproduce an analogous numerical experiment in two dimensions instead of three by considering the expansion of an infinite H 2 /Air cylindrical flame at atmospheric pressure and temperature of the fresh gas at 298 K. In this case, the stretch rate becomes:

K = V S R f . (13.5)
The initial solution is applied by interpolating the laminar flame profile computed by the AGATH solver on the radius of the cylinder. The initial bubble has a radius of 7 mm. We performed simulations The computational domain consists of a square of 0.1 m side. We use a grid resolution of 39.0 µm, corresponding to between 5 and 10 points in the laminar flame thickness depending on the equivalence ratio. As we saw with the laminar flame profile, this resolution is at the limit of refinement to capture the laminar flame profile properly. Harten criterion is set to ς = 0.1, sufficient to capture the flame profile without significant compressible effects.

As previously made in the one-dimensional laminar profile computations, the reactive terms are solved with the Radau5 solver, and the species diffusion terms are computed using the multicomponent diffusion model.

Figure 13.6 presents the evolution across time of cylindrical laminar flame with equivalence ratio of Φ = 0.5 and Φ = 4 that correspond respectively to unstable and stable case. In accordance with the theory, the lean flame produces instabilities. Across time, with the diminution of the stretch, the Peclet number increases, and more unstable wavelengths are developed.

Zero derivatives values are set for the conservative variables at the domain limits. These boundary conditions are not totally non-reflective and induce some perturbations in pressure that trigger the thermo-diffusive instabilities with some small pressure variation that propagates in the computational volume. The first perturbation visible for Φ = 0.5 also results from the reflection on the closer faces.

Extraction of Markstein number using (13.3) is presented Figure 13.7, the results are consistent with the experimental measurement realized in [DSTW91, AHF97, SSHL99, HZZ + 06].

Detonation simulation

ZND detonation properties

As described in chapter 2, the structure of steady, one-dimensional computation of detonation profiles is performed using the ZND model described by the system of equations (2.10).

This subsection presents characteristic reaction time/length scales, activation energies, and thermal energies calculated for one-dimensional detonations propagating at V CJ .

Characteristic length and time of detonation profiles can be chosen in many different ways. We consider here l 1/2 , the half-reaction length defined as in [START_REF] Schultz | Validation of detailed reaction mechanisms for detonation simulation[END_REF] as the distance from the shock to the maximum temperature gradient location. Assuming that the induction time τ i , corresponding then to the time to obtain the maximum thermicity σmax using (2.11) from the post-shock state, has an Arrhenius form, i.e.

τ i = Aρ n V N exp E a R gas T V N , ( 13.6) 
the normalized effective activation energy Θ in the induction process may be determined by:

Θ = E a RT V N = 1 T V N ln(τ 2 ) -ln(τ 1 ) 1 T 2 -1 T 1 .
(13.7) 

One-dimensional unstable detonation

As explained in § 3.2.2, the stability of the detonation has a strong impact on the behavior of the detonation front, especially the capability of the detonation to propagate across geometrical obstacles without quenching with the quasi-detonation regime.

As described in § 2.2.2, depending on the initial conditions and mixture properties, one-dimensional detonation can be inherently unstable, which will result in the generation of pulsations of the postshock pressure and variations of the detonation front velocity. We reproduce here typical pulsating one-dimensional detonation modes with the detailed H 2 -O 2 chemical mechanism of Mével and compare results to the literature.

The mixture has an initial pressure p 0 = 1 atm and an initial temperature T 0 = 298 K.

We express in this section the induction length ∆ I as the distance between the shock and the maximum of thermicity σmax and the reaction length ∆ R as the Chapman-Jouguet velocity u CJ divided by the maximal thermicity:

∆ R = u CJ σmax .
(13.8)

Figure 13.10 presents the 1-D detonation modes for mixtures with different argon dilution. A ZND profile is initiated with AGATH solver and propagated along the computational volume where we register the maximum pressure history p s corresponding to the post-shock pressure.

Simulations are performed using a maximum refinement of ∆x = 0.488 µm corresponding to about 60 cells in the induction length.

The pulsation frequency depends on the stability properties with a multiplication of the oscillation modes as instability increases until chaotic mode with an infinite unstable period orbit. In our results 05] that allows distinguishing stable cases from unstable cases at a value close to one, which also seems to be consistent for the other operating points with various initial pressures.

The stoichiometric mixture H 2 /Air that will be used in Chapter 14 shows a highly unstable behavior.

The detonation mode for this mixture is not presented here since, with the strong pulsating detonation, the minimum temperature decays below the chain branching crossover temperature. This mechanism of detonation extinction is visible only in one dimension. For unstable detonations in two or three dimensions, instability creates a transverse shock that maintains the detonation propagation.

Unfortunately, the grid refinement required to capture these instabilities is very severe for the simulation cases we want to perform. We captured converged perturbation with 30 cells in the induction length for the unstable case. Above ten cells in the induction length, unstable behavior is not captured anymore. Such required refinement is excessive to apply on large simulations. The ability to correctly reproduce interaction between detonation front and boundary conditions could be impacted.

Two-dimensional unstable detonation

As done in one dimension in the previous section, we examine here various stability regimes ranging from weak to highly unstable detonations in two dimensions. The main difference between those regimes is the wave-front dynamics and the evolution of cellular patterns. We saw that some relation had been empirically established between the induction length and the size of the detonation cells [START_REF] Gavrikov | A model for detonation cell size prediction from chemical kinetics[END_REF][START_REF] Hoi | Assessment of detonation hazards in highpressure hydrogen storage from chemical sensitivity analysis[END_REF]. The pulsating instability that disturbs the induction zone observed in one dimension with the San Diego mechanism [START_REF] Sánchez | Recent advances in understanding of flammability characteristics of hydrogen[END_REF] results in a significant variation in the cellular pattern in two dimensions.

Many numerical studies have already observed detonation structures in two dimensions and tried to characterize the feature of cellular detonations. Regimes of detonation instability from weak cells to irregular cells are obtained by increasing the energy release, and the scaled activation energy Θ = E a /R gas T V N using one-step Arrhenius reaction model [START_REF] Bourlioux | Theoretical and numerical structure for unstable two-dimensional detonations[END_REF][START_REF] Vadim | Formation and evolution of two-dimensional cellular detonations[END_REF]. The irregular structures Three-dimensional numerical simulations of detonation front have already been performed [START_REF] Wang | High resolution weno simulation of 3d detonation waves[END_REF] and have not shown qualitative differences with 2D results with however intrinsic phenomena like spinning detonation.

The required numerical grid resolution to capture the detonation structure correctly has also been discussed. Impact of the diffusion and hydrodynamic instabilities are observed with very high resolution [MM11, MMR12, CDLM17] with resolution from 25 cells per half-reaction length for regular cells to more than 300 cells per half-reaction length for irregular structures. However, despite the instability seeming to impact the detonation structure with an enhancement of the mixing rate, such detail does not affect the global behavior and the Chapman-Jouguet velocity. Choi et al. [START_REF] Choi | Some numerical issues on simulation of detonation cell structures[END_REF] then indicate the smaller requirement to solve detonation cell structure based on the scaled activation energy i and the pre-exponential factor from 2 cells per half-reaction length for a regular structure to 15 for a highly unstable detonation.

The crucial point for the simulation of such detonation structure is the use of integration methods with low numerical diffusion. Our numerical scheme is then applied on a weakly unstable and highly unstable two-dimension detonation front to investigate the grid resolution we need to apply to reproduce the characteristic cellular structures and capture instabilities in the induction length.

We performed simulations of 2D detonation waves with both stoichiometric H 2 /O 2 mixtures without dilution and diluted with 40% Argon with pressure and temperature of the fresh gases p 0 = 0.2 atm and T 0 = 298 K. Corresponding stability parameters χ for those mixtures are 1.38 and 0.59, corresponding respectively to an unstable regime and a very stable regime according to the neutral stability parameter we found close to χ = 1.

A ZND wave structure computed with the AGATH solver is initially set on the computational volume.

The ZND wave is initially inclined in the transverse direction with a linear variation of 20 cells in the vertical direction to provide flow disturbance and trigger the first instabilities.

We choose a computational domain height of L y = 2 cm with symmetric conditions on the top and bottom boundaries to observe a few detonation cells without attenuation. Simulation is performed using the adaptive mesh refinement with the finest grid resolution of 39 µm for the stable diluted case and 19 µm for the unstable case corresponding respectively to 5 and 10 cells over the half-reaction length. Refinement in the unstable case is higher than for the weak case because five cells into the half-reaction length were insufficient to observe instability in the front. Ten cells over the half-reaction length seem necessary to observe the instability in the induction length induced by variation of ignition time and pockets of unreacted gas in the induction zone. This criterion is close to Choi's refinement recommendations [START_REF] Choi | Some numerical issues on simulation of detonation cell structures[END_REF].

The first part of the solution is computed with a fixed detonation wave to create instabilities. Then, we transcript the solution in the laboratory frame to register the maximum pressure corresponding to the recorded position of the triple points along time to reproduce the results of a soot foil.

Figure 13.12 shows the front of the detonation wave with the transverse waves that induced triple point with local overpressure. A regular structure is obtained with the 40% Ar diluted case compared to the very unstable front observed with the stoichiometric non-diluted mixture.

Figure 13.13 shows the numerical smoke-foil records obtained by registering the maximum pressure along time corresponding to the location of the triple points. Characteristic detonation cells are observed with a regular aspect in the 40% Ar diluted case and a more irregular aspect in the nondiluted one. In the diluted case with 40% Argon, the size of the cells did not correspond to the experimental value, which measure cells of about 0.6 cm [START_REF] Barthel | Predicted spacings in hydrogen-oxygen-argon detonations[END_REF]. It is explained by the very long time for appearance and disappearance of the triple point with such a weakly stable detonation. Thus, the cells observed in such simulation strongly depend on the perturbations we imposed initially. Then, we succeed to produce any kind of cell size, depending on the initial perturbation imposed, which is conserved over time.

Conclusion

The standard test cases presented in this chapter allow us to evaluate the performance of the chemical mechanism of Mével and the models used for our simulations. Our solver effectively captures the essential phenomena that compose the different stages of flame acceleration and the transition to detonation. Laminar flame velocities, thermo-diffusive and hydrodynamic instabilities, and flame front properties are well recovered.

However, the reproduction of specific properties such as those corresponding to the instability of the detonation fronts sometimes requires a critical refinement that demands greater computational resources to undertake more extensive simulations.

Chapter 14

Hydrogen flame acceleration simulations

Attenuation and re-initiation of detonation front with porous medium

This first application case presents a mechanism of detonation attenuation by a porous medium and the re-initiation due to wave reflection.

Overview

As described in § 3.2.2, the presence of obstacles in the flow generates a velocity deficit leading to quasi-detonations regimes or quenching of the detonation front. Using a porous medium reinforces this phenomenon by attenuating the transverse wave or, like in this case, with a volumetric expansion of the gases behind the leading shock wave. When the velocity deficit becomes too important, the auto-ignition behind the leading shock wave is no longer fast enough to maintain the detonation front structure, and the detonation is quenched. Passive methods using porous coatings lead to energy dissipation that destroys the detonation wave's cellular structure by absorbing the transverse waves. Interaction between detonation waves and perforated plates can also be used to slow down and quench the detonation front.

However, when detonation diffracts behind an obstacle, re-initiation of a detonation can occur as observed in experimental devices [Mak93, BLCM + 13, SWP + 17] and numerical simulations [START_REF] Radulescu | The mechanism of detonation attenuation by a porous medium and its subsequent re-initiation[END_REF][START_REF] Maxwell | Turbulent Combustion Modelling of Fast Flames and Detonations Using Compressible LEM-LES[END_REF]. Transverse wave reflections produced by the obstacles behind diffraction waves amplify the incident shock strength and can re-initiate the detonation. Moreover, eddy mixing of shocked gases with combustion products probably significantly impacts the re-initiation mechanism by increasing reaction rates and leading to hot spot re-ignition behind the Mach shock.

Radulescu et al. [START_REF] Radulescu | The mechanism of detonation attenuation by a porous medium and its subsequent re-initiation[END_REF] addressed numerical investigations of the mechanism of re-initiation after the interaction with a column of cylinders with an acetylene-oxygen detonation wave using Euler formulation. This result indicates that several shock reflections must be required to accelerate the leading shock wave to re-initiate the detonation sufficiently. In order to address eddy mixing impact, Maxwell [START_REF] Maxwell | Turbulent Combustion Modelling of Fast Flames and Detonations Using Compressible LEM-LES[END_REF] used LES investigation without succeeding in precisely reproducing the number of shock reflections when detonation re-initiation occurs.

We present in this section a simulation similar to [START_REF] Radulescu | The mechanism of detonation attenuation by a porous medium and its subsequent re-initiation[END_REF] performed with a H 2 /Air detonation wave. The objective is to reproduce the re-initiating process of a detonation front and observe these mechanisms that are also involved in the onset of detonation. 

Numerical Results

Figure 14.1 presents a schematic representation of the computational domain. The length of the computation domain is L x = 8 × 10 -2 m. A solid cylinder of 2 mm radius with an adiabatic no-slip boundary condition is placed at 5 mm from the inlet surface. Symmetric conditions are considered at the top and the bottom boundaries to reproduce an infinite column of cylinders by focusing only on one half-cylinder. Different heights of the domain will be tested corresponding to a variation of b, the pore size between two adjacent cylinders.

We consider a two-dimensional configuration with a stoichiometric H 2 /Air mixture using the detailed H2 Mevel mechanism. Initial mixture is set to atmospheric condition with p 0 = 1 atm and T 0 =298 K. A ZND profile computed with the AGATH solver is initiated upstream of the obstacle at x = 0 mm. The half-reaction length computing for the detonation front is l 1/2 = 0.134 mm. Simulation is performed using the adaptive mesh refinement; we consider a maximum resolution of ∆x = 15.6 µm corresponding to eight cells into the half-reaction length. The Harten criterion for adaptive refinement is set to ς = 0.01. Figure 14.2 and Figure 14.3 represent the evolution of the temperature field, respectively, and the velocity of the precursor shock wave recorded on the top and bottom boundaries for a pore size of b = 4 mm corresponding to 30 l 1/2 . Diffraction of the detonation front around the cylinder decouples the leading shock and the reactive front. A hot spot is created at the first shock reflection that autoignites the mixture. An overdriven detonation wave is initiated inside the unburned gas pocket that re-initiates the detonation. A second overdriven detonation wave is visible after the second reflection along the top boundary before the formation of a standard detonation at the Chapman-Jouguet velocity in the longitudinal direction. Figure 14.4 presents the comparison between simulation at t = 9 µs with and without viscous terms. The re-ignition inside the unburnt gas seems to be slightly faster with viscous simulation due to the increase of reaction rate by the mixing process, but the global behavior of the simulation stays similar.

Another simulation is undertaken with a pore size reduced to b = 15l 1/2 which is close to the detonation cell λ. The detonation cell size is generally considered as a limit for the quenching of the detonation front in an obstacle-filled tube. Temperature field evolution and velocity distribution at the top and bottom boundaries are presented respectively in Figure 14.5 and Figure 14.6. The diffraction around the cylinder leads to a significant slow down of the reaction front. Successive reflection waves between the top and the bottom boundaries re-ignite the mixture and accelerate the detonation front but do not give a self-sustained detonation with a velocity deficit of 25% compared to the theoretical Chapman-Jouguet velocity. The post-shock temperature also increases step by step until a significant hotspot occurs at t = 35 µs after the eighth wave reflection that re-established the detonation wave. Condition for a strong ignition from shock wave focusing such as described in § 3.2.1 have then been achieved at this point. Thus, we reproduced with a hydrogen detonation front the phenomena observed experimentally [START_REF] Makris | The propagation of gaseous detonations in porous media[END_REF] and numerically [START_REF] Radulescu | The mechanism of detonation attenuation by a porous medium and its subsequent re-initiation[END_REF][START_REF] Maxwell | Turbulent Combustion Modelling of Fast Flames and Detonations Using Compressible LEM-LES[END_REF] with acetylene. Propagation of quasi-detonation is reproduced; eddy mixing impacts the propagation velocity but is not decisive for the reinitiation of the detonation. //www.mw.tum.de/td/forschung/ddt/). This experimental device, described in § 4.1.1 allows imposing concentrations gradients in H 2 perpendicular to the main direction of explosion front propagation, thus termed "transverse concentration gradients".

Experimental and Numerical setup

The tube consists of a horizontal rectangular channel measuring 5.4 m × 0.3 m × 0.06 m. We consider for our simulations the geometrical configuration BR60hS300 according to the denomination used in the Database. Seven horizontal flat obstacles are installed on the first part of the tube. They are placed in between x = 0.25 m and x = 20.5 m of the ignition plate with an obstacle spacing of 0.3 m. Each obstacle has a thickness of 0.012 m and a height of 0.018 m, corresponding to a blockage ratio of 60%. Hydrogen is injected through several nozzles located at the top wall. Vertical concentration gradients are initially generated, whereas the horizontal concentration gradients are negligible. Slopes of the gradient are controlled using the diffusion time t d between H 2 injection and ignition. The hydrogen distributions have been experimentally and numerically measured with the good agreement after t d > 5 s [START_REF] Vollmer | Deflagration-to-detonation transition in hydrogen/air mixtures with a concentration gradient[END_REF]. The mixture can be considered homogeneous for diffusion times t d > 30 s, whereas lower diffusion time results in an inhomogeneous concentration gradient profile with a typical S-shaped diffusion curve. The concentration profiles are described with four-order polynomials determined by Ettner [START_REF] Anton | Effiziente numerische Simulation des Deflagrations-Detonations-Übergangs[END_REF] by CFD simulation and transcript in Appendix A of [START_REF] Boeck | Deflagration-to-Detonation Transition and Detonation Propagation in H2-Air Mixtures with Transverse Concentration Gradients[END_REF]. These profiles are used to initialize conditions for the simulations.

Ettner et al. [START_REF] Ettner | Numerical simulation of the deflagration-to-detonation transition in inhomogeneous mixtures[END_REF] have performed simulations of this acceleration tube with a combination of the PISO scheme for the low Mach simulation part and the HLLC solver once the combustion-induced flow has been developed. One step Arrhenius law is used for the chemistry, and Sutherland correlation is used for the transport properties. With the same solver, Wang et al. [START_REF] Wang | Numerical simulation of flame acceleration and deflagration-to-detonation transition in hydrogen-air mixtures with concentration gradients[END_REF] reproduce the simulation of the experiment with higher refinement and custom chemistry. More recently, Khodadadi et al.

[KHBW19] performed new simulations of the experimental devices with a similar numerical solver using the HLLC scheme and detailed hydrogen reaction of Ó Conaire [OCCS + 04].

Two simulations are performed here in two dimensions with and without concentration gradient. The computational volume then has a length L x = 5.4 m. Without concentration gradient, the symmetric condition is imposed at the middle of the tube, which gives a height of L y = 0.03 m. With concentration gradient initialized, symmetric condition is no longer valid and the height is L y = 0.06 m. Except for the upper symmetric condition without concentration gradient, all the boundary conditions correspond to an adiabatic no-slip wall. Obstacles are set into the computational domain with a position corresponding to the experimental facilities by using an IBM described in Chapter 11.

We solve the Euler operator with a seventh-order OSMP7 scheme in time and space. Transport term used the Multicomponent description expressed in § 5.1.2. Detailed chemistry uses the H2 Mevel mechanism. Reactive source terms are solved using the Radau5 solver with a relative tolerance of 1 × 10 -3 and an absolute tolerance of 1 × 10 -10 .

Initially, the fluid is at rest at a temperature of 293 K and a pressure of 1 bar. We used a real gas configuration with a mixture of 79 % of N 2 and 21 % of O 2 in Air leading to, respectively, mass fraction Y Air = 0.767 and Y O2 = 0.233. The mole concentration of the dihydrogen X H 2 is taken at 0.3, corresponding to Y H2 = 0.029 close to the stoichiometric condition. The inhomogeneous mixture simulation is initialized with the concentration profile after t d = 10 s corresponding to a molar concentration between 24.8 % vol and 34.5 % vol, corresponding to Φ = 0.79 and Φ = 1.26 respectively, approximated by the polynomial: Simulations are performed on a structured grid using the adaptive mesh refinement method described in chapter 10. At the finest cell level, the mesh resolution is ∆x = 29.3 µm with ten levels of refinement. This resolution leads to a maximum of 188 734 680 cells in the computational volume for the homogeneous case and 377 487 360 for the inhomogeneous case. However, the adaptive refinement with the Harten criterion ς = 0.1 contains the number of effective cells below 2% of these theoretical maxima.

X H 2 (y) = -
The finest resolution of the mesh corresponds to 7 cells inside the laminar flame thickness and between 4 and 5 cells inside the half-reaction length for detonation front at the initial atmospheric condition.

According to the requirements defined in the previous Chapter 13, this resolution is sufficient in the first steps of the flame acceleration but is too limited to capture the detonation instability and the detonation diffraction phenomenon could hence be not properly captured. Moreover, the increase of the pressure along time in front of the flame shortened the characteristic length of the detonation and reduced the performance of the simulation again. However, a more important refinement was not affordable for our computational resources considering the performance of our numerical implementation.

Indeed, the poor ability of our code for parallelization, especially concerning the graduation of the tree, has not allowed conducting these two simulations up to the end. First drafts of the computations are presented here, which go through the first steps of the flame acceleration with homogeneous and inhomogeneous mixtures. Current results simulation provided the formation of a fast deflagration, but the transition to detonation has not been reached yet. However, we demonstrate with the current results, consistent with experimental observations and the previous simulations, the ability of our numerical methods to reproduce the flame acceleration process.

Numerical results

We present the first results obtained with the 30% H 2 /Air mixture with a homogeneous and an inhomogeneous mixture in the obstructed channel (BR60).

Figure 14.9 shows flame speed data from experiments and the current results of the simulation with homogeneous and inhomogeneous initial conditions. The velocity is computed by using the maximal position of the front flame in the acceleration tube along time. Significant variations observed are induced by the dynamic structure in the flow and the influence of the obstacles that produce slow down and acceleration. At this time, the flame is in a fast turbulent deflagration with a velocity close to the burnt gas sound speed, which means that the transition to detonation might be imminent. Indeed, in the experiment, the velocity rises close to the Chapman-Jouguet velocity, which corresponds to 1 974 m.s -1 under atmospheric conditions. An excellent agreement is obtained for the first steps of the flame acceleration with an inhomogeneous mixture. The velocity for the homogeneous mixture is slightly underestimated, maybe because of the impact of the symmetry condition as discussed in the following.

Figure 14.10 presents the evolution of both flames from 0 ms to 5 ms until the first obstacle, corresponding to the low Mach regime of deflagration. A distinct difference is visible between homogeneous and inhomogeneous cases. The flame front is inclined in the gradient mixture and propagates slowly in the lean mixture at the channel bottom since the laminar flame velocity is low. Smaller cellular structures are also discernible in the poorest region in accordance with the diminution of the Markstein length with the H 2 concentration.

Figure 14.11 presents the evolution of the flame in between the first two obstacles. Vortices in the wake of the obstacles significantly influence flame behavior. Interaction between vortex and flame front created pockets of unburnt gas. Reactions in these pockets induce local expansion of the mixture, impacting the flow in two ways with acceleration in the propagation tube and reverse flows that go upstream of the tube. The velocity of the leading front (Figure 14.9) is then punctuated by small-scale successive discontinuous accelerations due to local expansion. The vicinity of the obstacles increases the pressure and decreases the speed downstream to produce powerful acceleration with expansion across the orifice.

We notice that the flame acceleration in our simulation is stronger for the inhomogeneous case in this section. This important flame acceleration for the inhomogeneous case comes from the more important mixing produced by large vortices. The largest dynamic structures that impact the front flame for the inhomogeneous case are the height of the channel. The formation of large pockets of unburnt gas visible in Figure 14.11 provokes gas expansions that increase the pressure in front of the front flame, positively impacting acceleration. In the homogeneous case, the structures are rather of the order of the height of the obstacles, also because the symmetry probably constrains them. The impossibility of producing larger dynamic structures can explain the small underestimation of the flame velocity compared to the experiment.

Figure 14.12 presents the density field as the flame passes through the second obstacle in the inhomogeneous mixture. This picture shows the different phenomena described so far. Many instabilities have Figure 14.14 presents the temperature and pressure field as the flame passes through the third obstacle in the homogeneous mixture. Powerful acceleration is generated by the expansion of the gas after the obstacle, illustrated by the pressure decrease. After the obstacle, strong compressible effects significantly influence the flame front, leading to favorable conditions for a transition to a detonation regime. First, reflected waves on the top and bottom boundaries increase the temperature that can produce auto-ignition and transition similar to the detonation re-initiation observed in § 14.1. Then, powerful acoustic waves are also generated upstream of the flame front and amplify the precursor pressure wave along time. This phenomenon seems to correspond to some self-reinforcement mechanisms such as described in § 3.2.1 which can lead to a transition to detonation if the reactive wave and the pressure wave coalesce.

Figures 14.15 and 14.16 show a closer view of the flame front itself. Figure 14.15 presents the density field and the mesh obtained at t = 8.68 ms with the homogeneous mixture, which illustrates the effectiveness of multiresolution techniques in accurately capturing the flame front and compressional waves propagating through the computational volume. Figure 14.16 shows the mass fraction of the HO 2 radical. It allows illustrating the refinement of the flame front, which is quite enough with seven cells into the front flame to capture the detailed chemical reaction properly according to the criteria determined in § 13.1.

Conclusion

Numerical studies have been conducted to investigate the flame acceleration process and the transition from deflagration to detonation.

First, attenuation of a hydrogen detonation front across a column of cylinders is presented. Quasidetonation regime is reproduced numerically. According to the pore size of the porous medium, one or several shock reflections are required to retrieve conditions for re-initiation of the detonation.

Then, we present the simulation of the first steps of the flame acceleration process in an acceleration tube. This simulation reproduces the experimental device of the Technische University of Munich. It shows reasonable good agreement with theory and experimental measurement despite the incomplete simulation due to the excessive resource demand of the simulation. The initial laminar and turbulent temperature. This OSMP scheme presents a very low numerical diffusion and efficiently captures shocks, contact waves, and hydrodynamic instabilities. This work has led to a publication in the Journal of Computational Physics [LVK + 22].

• However, in multidimensional cases, the OSMP scheme, based on the Roe solver, is sensitive to the so-called carbuncle instabilities near strong shock waves and a fortiori near detonation fronts. Several correction methods for Riemann solvers presented in the literature have been tested and extended to the OSMP scheme. Correction terms associated with a carbuncle sensor are proposed to correct these numerical instabilities, but further investigations may still be necessary to evaluate the real impact of these methods.

The numerical scheme was also completed with several numerical approaches to address some constraints encountered during the flame acceleration simulations.

• Immersed boundary methods have been added to allow considering solids of any shape in the flow despite the use of structured meshes. Specific geometric approaches, interpolation methods, and the use of ghost cells are proposed to associate the immersed boundary method with the high-order numerical scheme with strict conservation of mass and energy.

• In Situ Adaptive Tabulation (ISAT) methods have been tested to improve the computational performance of the reactive source terms. However, the gains obtained with hydrogen chemistry and simulations using multiresolution mesh adaptative methods were insufficient to integrate this approach in our simulations. The attenuation of instabilities, in particular in the detonation fronts, also limits the relevance of this type of method.

With these numerical tools, reference test cases are proposed to reproduce the main phenomena involved in flame acceleration and to evaluate the models used and the numerical needs, notably concerning the refinement required to capture them.

Classical one-dimensional shock-tube simulations and shock-bubble interaction studies have been conducted to underline the efficiency of our multicomponent OSMP scheme to capture the hydrodynamic instabilities.

We consider the hydrogen chemical mechanism developed by R. Mével, which has been previously used for detonation simulations. Fundamental properties such as the laminar flame velocity and the autoignition delay are well reproduced with this chemical mechanism. However, a precise multicomponent diffusion model is necessary to properly approximate the laminar velocity and thermo-diffusive instabilities. Cylindrical flames are used to evaluate the Markstein number obtained with these models. Finally, one-dimensional and two-dimensional detonation front simulation reproduces the instability phenomena related to the χ parameter. Some refinement requirements have also been extracted from these simulations. Good behavior of the detonation front is then obtained with more than ten cells in the half-reaction length.

Finally, more complete simulations are proposed in this work with the interaction of a detonation front with a porous medium and the reproduction of the flame acceleration process in the GraVent acceleration tube of the TUM with and without concentration gradient. The first simulation presents an attenuation and a re-initiation of a detonation front that illustrates the capabilities of our numerical tools to reproduce the evolution of the detonation front properly. The initiation condition of a detonation from local shock wave focusing is illustrated in these tests case.

The second simulation presents the first stage of the flame acceleration in an acceleration tube and highlights the influence of the main phenomena identified as impacting the flame acceleration. The impact of the roughness of the tube and concentration gradients are illustrated. Local explosion in pockets of unburnt gas and production and growth of acoustic waves in front of the flame front, identified as potential onset of detonation, are reproduced. However, this simulation has not yet been completed entirely and does not reach the transition to detonation due to the lack of computational resources and efficiency of the numerical implementation.

The simulation tools developed in this work are therefore functional; they allow, as initially sought, precise monitoring of the behavior of a flame at different stages of its evolution. It has been tested on different test cases and can be extended to other configurations such as those studied experimentally. For example, it is possible to investigate new operating points, test the influence of parameters such as the Markstein number or the diffusion of species, reproduce critical extinction conditions, transition to detonation, simulate the interaction with porous walls or the ignition of pressurized H2 jet release...

Outlook

The numerical software described in this work has proven its capability to simulate the flame acceleration process as desired. However, several issues need additional investigations.

• Concerning carbuncle instability, the choice of the correction method used here is not entirely satisfactory. First, the analysis proposed in the Chapter 9 can be improved for cases with large stencils by using a more complete Jacobian. Indeed, the one used only considers the perturbations on the two neighboring cells of the face where the flux is calculated. Second, a correct evaluation of the corrections for the carbuncle requires establishing a clear distinction between the physical instabilities from the numerical instabilities.

• A dynamic chemistry tabulation method (ISAT) was presented but not used in the test cases. Indeed, this approach is not sufficiently effective for our configurations with hydrogen flames that present not complex enough chemistry and too significant evolutions over time. However, these methods may be relevant for other chemical mechanisms involving a larger number of reactions.

A more thorough analysis of the error introduced by the tabulation is then necessary to determine its impact on the global error of the simulation and its interaction with the multiresolution methods, which can strongly impact the mesh refinement. Other techniques can also be used to describe the chemistry at lower cost with tabulation methods, reduction methods like ARC [START_REF] Pepiot | Automatic strategies to model transportation fuel surrogates[END_REF], or recent deep learning methods adapted to stiff PDE like Stiff-PINN [JQS + 21].

• A severe current limitation concerns the computational time obtained. The OSMP scheme and the multiresolution methods are proven to be efficient for CPU time consumption. However, the required refinement and the computational volume in the test case configurations impose better numerical code optimization and diminution of computational time. For such purposes, different tracks can be considered:

-The use of adaptive splitting time steps approaches such as described in [START_REF] Pedro | Adaptive numerical methods in time and space for the simulation of multi-scale reaction fronts[END_REF] to increase the time steps while controlling the splitting error.

-Large eddy simulation approach with subgrid-scale models and thickened flame front model can be used to obtain a more efficient simulation despite additional approximations that could impact the development of some instabilities and the onset of detonation that must be evaluated properly.

-More globally, a better implementation of the code, more efficient memory management, and parallelization tools are needed. This last point is difficult with the current implementation of the code, which uses recursive functions on the refinement trees. However, current initiatives such as SAMURAI1 are implementing mesh management methods with multiresolution tools to be parallelized efficiently.

Our numerical software has been tested in this work with one-and two-dimensional configurations.

The numerical scheme and algorithmic features such as the immersed boundary also work with threedimensional configurations. Validation of such configurations could become possible once the computational time issues are resolved and increase the possibilities of studies.

Finally, this software can also be completed with new functionalities. The integration of immersed walls can be done with dynamic walls by using fluid-structure coupling methods as in [MDM + 12, PME + 15] to reproduce the forces applied to the walls and the deformations generated. The high-resolution methods presented can also be extended to other research fields, such as atmospheric reentries or thermonuclear explosions of supernovas.

Part V

Appendix

Hyperbolic system of Conservation Laws

This appendix provides mathematical properties of a general 1D hyperbolic system of conservations laws. We defined, in particular, the notion of weak solution and entropy conditions useful to guarantee the physical consistency of our scheme. Then, we present the Riemann problem and its resolution in the case of a non-linear system of hyperbolic system. The Riemann problem is introduced in the finite volume scheme. Numerical flux with an approximation of the Riemann problem allows convergence, with particular conditions, to the real physical solution.

A.1 Mathematical background

A.1.1 One-dimensional Conservation Laws

An hyperbolic system of conservation laws corresponds to a time dependent system of partial differential equations. We consider in this section only one space dimension that coincides with the directional splitting procedures. Then the hyperbolic system takes the form:

∂ ∂t U(x, t) + ∂ ∂x F(U(x, t)) = 0. (2) 
with U : R × R + → Ω with Ω an open subset of R m with m the number of equations in this system. U is then a vector with m components composed by conserved quantities or state variable corresponding to (5.1) in the case of fluids dynamics problem. F : Ω → R m is the flux function.

Cauchy problem designed the association of such system of conservation law with an initial condition U (x, t = 0) = U 0 (x) for each variable x ∈ R.

We consider A the m × m Jacobian matrix of the flux fonction.

A(U ) = ∂F i (U) ∂ j U 1≤i,j≤m . 
(3)

The system (6.2) is said to be hyperbolic if for each value of u, the matrix A(U ) is diagonalizable and its eigenvalues λ 1 , ..., λ m are real.

Considering perturbations around a constant state and linearizing the system of equation, we can express (6.2) in the quasi-linear form with:

∂ ∂t u(x, t) + A(u) ∂ ∂x u(x, t) = 0. (4) 
Mathematical analysis of such hyperbolic systems has been extensively developed in the literature. Extensive description of their properties are available in [START_REF] Leveque | Numerical Methods for Conservation Laws[END_REF][START_REF] Leveque | Finite Volume Methods for Hyperbolic Problems[END_REF][START_REF] Godlewski | Numerical Approximation of Hyperbolic Systems of Conservation Laws[END_REF]. We present in this chapter two main mathematical difficulties that have been identified for such systems. The first one concerns the development of singularity, leading at a finite time to a discontinuous solution that does not satisfy the PDE at all points since the derivatives are not defined at discontinuities. Manifestation of such development in the fluids dynamics is the formation of shock waves in compressible flow corresponding to discontinuities in pressure and temperature and contact discontinuities where density and entropy jumps occurs. The weak solution has been developed to deal with the non-regularity of the solution.

The second one concerns the possible non-uniqueness of the solution. There is indeed more than one weak solution to the conservation law with the same initial data. However, only one corresponds to a physically relevant solution. Vanishing viscosity methods are introduced to consider a physical solution with an inherent viscosity that tends to zero. For gas dynamics, we can also consider the second law of thermodynamics, which states that entropy is nondecreasing and that this entropy must increase through a shock. This entropic condition is sufficient to specify a unique solution, and this notion can be generalized for other systems of conservation laws.

A.1.2 Scalar case

We provide the first definitions by considering the scalar case. The Cauchy problem for the function u(x, t) ∈ R becomes:

∂ t u + ∂ x (f (u)) = 0 t ≥ 0, x ∈ R, u(x, 0) = u 0 (x) x ∈ R. (5) 

Characteristic curves

The characteristic curves are defined as the curves in the t -x plane along which the PDE becomes an Ordinary Differential Equation (ODE). In this case, the characteristic curves X = X(t) satisfy the ODE :

dX dt = a(u(t, X(t))) = f (u). (6) 
If u 0 ∈ C 1 (R) and f ∈ C 2 (R), u is constant along the characteristic curves. Indeed, considering v(t) = u(t, X(t)) we retrieve the quasi-linear form of (5):

v (t) = ∂ t u + dX dt ∂ x u = 0. (7) 
For example, in the advection case, where a is a scalar constant, if

u 0 ∈ C 1 (R) the unique solution C 1 from R + × R in R of the Cauchy problem is: u(t, x) = u 0 (x -at), x ∈ R, t ≥ 0. (8) 
So we have a unique solution signal u 0 (ξ) traveling along the x-axis at a constant velocity a.

In the nonlinear case, characteristic curves from different initial values will travel at various velocities and possibly intersect. Such situations result in the creation of discontinuities inside the solution since at a specific point in the x -t space, solutions can be multievaluated which is not admissible.

Weak solution

To deal with discontinuities in the solution of the hyperbolic system, we need to use the weak form of the Cauchy problem. Thus, a function u(x, t) is said to be a weak solution of the Cauchy problem if

∀φ ∈ C ∞ 0 (C), with C compact in R × R + +∞ 0 dt ∞ -∞ dx ∂φ ∂t u + ∂φ ∂x f (u) + +∞ -∞ φ(x, 0)u 0 (x)dx = 0, (9) 
where C ∞ 0 (C) represents the set of functions that are infinitely differentiable in C and equal to zero outside.

In this case, it is proved in [EG96] that a piecewise C 1 function u is a weak solution of (9) if and only if :

1. u(x, t) is a classical solution of the Cauchy problem where u ∈ C 1 2. u satisfied the Rankine-Hugoniot conditions along the discontinuities, i.e. for a discontinuities propagating at a speed υ D and with u l the left state and u r the right state around the disconintuity, it must satisfy:

υ D (u l -u r ) = f (u l ) -f (u r ). ( 10 
)

Entropy conditions

However a weak solution of the Cauchy problem verifying the two conditions ( 9) and ( 10) is not necessarily unique. In order to represent physically admissible solution, we consider the limit of the viscous-perturbed conservation law as the viscosity -→ 0 + :

∂u ∂t + ∂f (u) ∂x = ∂ 2 u ∂x 2 , ( 11 
)
According to [START_REF] Leveque | Numerical Methods for Conservation Laws[END_REF], this solution is related to a convex entropy function η(u) and the associated entropy flux ψ(u). Entropy function gives an additional conservation law for smooth solutions that becomes an inequality for discontinuous solution.

A weak solution of the problem ( 9) is said entropy-satisfying if it satisfy the entropy condition

∂η(u) ∂t + ∂ ∂x ψ(u) ≤ 0, (12) 
for all the entropy couples (η(u), ψ(u)).

If u 0 ∈ L ∞ (R), so the Cauchy problem has a unique entropy-satisfying solution u ∈ L ∞ (R + , R)

In this case, a piecewise C 1 function u is a entropy-satisfying weak solution of (9) if and only if :

1. u(x, t) is a classical solution of the Cauchy problem where u ∈ C 1 2. u satisfied the inegality across discontinuities

υ D [η(u R ) -η(u L )] ≥ ψ(u R ) -ψ(u L ). (13) 

Resolution of the Riemann problem

The Riemann problem is a classical problem that will intervene in the numerical finite volume methods used in our simulations. It corresponds to the Cauchy problem with particular discontinuous initial conditions:

       ∂u ∂t + a(u) ∂u ∂x = 0, -∞ < x < ∞, t > 0, u(x, 0) = u 0 (x) = u L x < 0, u R x > 0. ( 14 
)
with a(u) = f (u). The Riemann problem has a self-similar structure. Then the solution depends only on We consider here that a(u) is a monotone function of u, which means that f (u) is convexe (or concave) function of u. In that case, there is two possible solutions for the evolution of the discontinuity depending on the relation between u L and u R .

ξ = x/t u(t, x) = v x t = v(ξ), t > 0. (15) 0 x U L U R t x υ D t
• a(u L ) > a(u R ): the solution corresponds to a shock wave with a speed υ D determined by the Rankine-Hugoniot condition (10),

υ D = f (u L ) -f (u R ) u L -u R ; (16) 
• a(u L ) < a(u R ): the entropy condition (13) does not allow entropic discontinuities and the solution corresponds to a smooth self-similar solution connecting u L and u R called rarefaction wave:

w(ξ, u L , u R ) =              u L x t ≤ a(u L ), a -1 (ξ) a(u L ) ≤ x t ≤ a(u R ), u R x t ≥ a(u R ). (17) 
The two possible solutions with a growing function a(u) are illustrated in the figures 17 and 18.

We notice that monotonicity of the characteristic speed a(u) is essential to caracterized the behavior of the solution u(x, t). If a(u) is not monotone, then some transition between a shock wave and a rarefaction wave is possible and solution of the Riemann solver becomes much more complex.

A.1.3 Hyperbolic Systems of conservation laws

We now consider a hyperbolic system of conservation law expressed in its conservative formulation (6.2).

Linear case

In the linear case, the flux expression becomes F (U ) = AU with A a constant m×m Jacobian matrix. This specific case will intervene in the definition of the Roe solver introduced in §7.1 which consists in a linearization of the Euler hyperbolic system.

Since we consider an hyperbolic system, A is diagonalizable with real eigenvalues, we denote the right eigenvectors K (i) (U), i = 1, m of the matrix A corresponding to the eigenvalues λ i (U), i = 1, m

A = KΛK -1 , ( 18 
)
where

Λ = diag(λ 1 , λ 2 , ..., λ m )
We define a new set of lineary independent characteristic variables W = (w 1 , ..., w n ) T such as dW = K -1 dU Direct substitution into equation (6.2) gives the characteristic form of the conservation laws:

W t + ΛW x = 0. ( 19 
)
Thus we obtain a linear combination of m-independent advection equations with characteristic speed defined by the eigenvalues λ k , therefore, applying the characteristic method:

U(X, t) = m i=1 K -1(i)T U 0 (x -λ i t)K (i) , (20) 
In the case of a system strictly hyperbolic, which means that the eigenvalues (λ k ) are such that λ 1 < λ 2 < ... < λ p we have a superposition of the left and right states in the eigenvector space. Indeed if we consider the decomposition of the initial state:

U L = m i=1 α i K (i) , U R = m i=1 β i K (i) . ( 21 
)
Then the solution U(x, t) at any point (x, t) became:

U(x, t) = U L + λ i <x/t (β i -α i )K (i) = U R - λ i ≥x/t (β i -α i )K (i) (22) 
U(x, t) depends on the value at m particular points X -λ p t for p = 1, ..., m. This set of point corresponds to the domain of dependence D(x, t) of the point (x, t):

D(x, t) = {x = x -λ i t, i = 1, ..., m}. ( 23 
)
The size of the domain of dependence at a fixed time τ is then bounded by the maximal eigenvalues of the system corresponding to the maximal velocity of the propagation of the information in space.

Shock waves and contact discontinuities

In case of discontinuous solutions between two states u L and u R , the Rankine Hugoniot jump condition (10) must still be satisfied.

• If the λ k -field is GNL, it corresponds to a k-shock wave. Just as in the linear case, those kshock curve are admissible if they satisfy an entropy condition. For a GNL nonlinear field, the Lax's entropy condition sets that the jump between the left state u L and the right state u R is admissible only if:

λ k (u L ) > υ D > λ k (u R ), (28) 
with υ D the speed of the shock wave.

The characteristic curves of the λ k -field intersect the shock wave as time advances, just as in the scalar case illustrated in 17. In the general case, the Lax entropy conditions are equivalent to the entropy condition for weak shock. However as it is proven in [START_REF] Godlewski | Numerical Approximation of Hyperbolic Systems of Conservation Laws[END_REF], in the case of the gas dynamics, the Lax entropy conditions coincide with the physical entropy condition.

• In the case the λ k -field is LD, then a admissible weak solution is

υ D = λ k (u L ) = λ k (u R ) = λ k that is called a k-contact discontinuity.

Resolution of the Riemann problem

We are now able to solve the Riemann problem for a convex hyperbolic system (6.2).

         ∂ ∂t U (x, t) + ∂ ∂x F (U (x, t)) = 0, -∞ < x < ∞, t > 0, u(x, 0) = u 0 (x) = u L x < 0, u R x > 0. (29) 
Theorem given in [START_REF] Godlewski | Numerical Approximation of Hyperbolic Systems of Conservation Laws[END_REF] states that if the hyperbolic system is convex, all the λ k -fields are either GNL or LD. Then, in the case of a strictly hyperbolic system (6.2), the Riemann problem has a weak solution with m-1 constant states separated by rarefaction waves, admissible shock waves and contact discontinuities. Moreover, a weak solution of this kind is unique.

Let U L be the left state, we summarize the possibilities for the right states U R to be separated from U L by a kth characteristic curve

• if λ k -field is GNL then there is two possibilities:

-The entropy condition (Lax entropy condition) is satisfied and there is a k-shock wave traveling with speed υ D that respect the Rankine Hugoniot conditions (10), -The shock is not admissible and U L and U R are separated with a rarefaction wave, a selfsimilar k-simple wave along with there is m -1 constant k-Riemann invariants lineary independent and straight k-characteristic curves.

• if the λ k -field is LD: then λ (k) is a k-Riemann invariant wave. Thus, the kth characteristic curves behave like a linear one with λ k (U L ) = λ k (U R ).

We note that in the case of a non strictly hyperbolic system, so with multiple eigenvalues. The λ k -field associated with multiple eigenvalues can only be LD as it is the case in the Euler system. 

Y L , u L , p L , ρ L Y R , u R , p R , ρ R

A.2 Riemann problem and Godunov solver for 1D Euler equations with mixtures of ideal gases with temperature-dependent heat capacities

For the Euler equation, the Riemann problem corresponds to the shock tube problem with two states on either side of a diaphragm removed initially. The initial condition is illustrated in Figure 19.

We consider the one-dimensional case, then for the x-axis :

       ∂w ∂t + A(w) ∂w ∂x = 0, -∞ < x < ∞, t > 0, w(x, 0) = w 0 (x) = w L x < 0, w R x > 0. (30) 

A.2.1 Resolution of the Riemann problem

Three different characteristic waves are associated with the three elementary waves solution. The characteristic field λ 0 corresponding to the eigenvalue v is linearly degenerated, the two others λ -and λ + corresponding to v -c and v + c and are genuinely non-linear with the hypothesis of convexity of the equation of state. λ 0 is then a contact discontinuity; the two others will either be a rarefaction wave or a shock wave. A representation of the three characteristic waves in the x-t plane is illustrated in Figure 20 corresponding to the solution with λ -a shock wave and λ + a rarefaction wave.

Rarefaction wave

Let us suppose λ + be a rarefaction wave. Then λ + is a simple wave, and there is conservation of the Riemann invariant corresponding to the characteristic variables relative to the other fields. Then we have:

c 2 s dρ i -Y i dp = 0, 1 ≤ i ≤ n s , dp -ρc s du = 0. ( 31 
)
By the addition of the n s first equations, we found the classical characteristic variables associated with the density:

c 2 s dρ -dp = 0 (32)
and combined in the equation we can use dρ i = Y i dρ + ρ dY i which finally gives us dY i = 0 Thus, the composition of the mixture does not change across a rarefaction wave, and the gas function R(Y) = R R is constant. Then the heat capacity ratio only depends of the temperature γ(T, Y) = γ R (T ).

Using the perfect gas law (5.34), we have:

dp p = dρ ρ + dT T . ( 33 
)
With (32) and c 2 s = γ(T )p/ρ, we obtain:

dp p = γ R (T ) γ R (T ) -1 dT T . ( 34 
)
Integrating this relation, we obtain a parametrization of the rarefaction wave based on the temperature:

p(T, w R ) = p R exp T T R γ R (α) γ R (α) -1 dα α . ( 35 
)
In a same way, the velocity in the rarefaction wave can be parametrized with the temperature. Combining (31), ( 32) and (33), we have:

du = R R γ R (T ) γ R (T ) -1 dT √ T . ( 36 
)
Then, the value of the velocity inside the rarefaction wave became:

u(T, w R ) = u R + T T R R R γ R (α) γ R (α) -1 dα √ α . ( 37 
)

Shock curve

Let us suppose λ -is a shock curve. The Rankine Hugoniot condition (10) must then be satisfied. we call v the velocity of the fluid in the referential of the compression wave where the shock is fixed. The jump conditions across the discontinuity became:

                   ρ L v L = ρ 2 v 2 = m, ρ L v 2 L + p L = ρ 2 v 2 2 + p 2 , m h L + 1 2 v 2 L = m h L + 1 2 v 2 L , mY L,1 = mY 2,1 , • • • mY L,ns = mY 2,ns . (38)
If m = 0, the discontinuity is a contact wave. In that case, pressure and velocity are constant:

p L = p, v L = v. ( 39 
)
If m = 0, the discontinuity is a shock wave. The Lax-entropy condition states that to obtain such a shock curve with entropy increasing, then:

v L -c s,L ≥ 0 ≥ v -c s . ( 40 
)
It means that the flow is supersonic ahead of the shock and subsonic behind it.

As in a rarefaction wave, the composition of the mixture remains constant across a shock wave, and the heat capacity ratio only depends on temperature γ(T, Y) = γ L (T )

The first relation of (38) gives:

u 2 L -u 2 = -(p L -p) 1 ρ L + 1 ρ ; (41) h L -h = - 1 2 (u 2 L -u 2 ) = 1 2 (p L -p) 1 ρ L + 1 ρ . ( 42 
)
we also have

v 2 L = 2(h -h L ) (ρ/ρ L ) 2 (ρ/ρ L ) 2 -1 ; ( 43 
) v 2 = 2(h -h L ) 1 (ρ/ρ L ) 2 -1 . ( 44 
)
For the shock wave, we also have a parametrization with the temperature T . Using the perfect gas law (5.34) and ( 42) we obtain the quadratic equation: Among the roots of 45, the condition ζ > 0 allows only one physical condition

In the laboratory framework, with the equations ( 43) and (44), the velocity of the shock is:

υ D = u L -v L = v L -2(h -h L ) ζ 2 ζ 2 -1 , ( 46 
)
and

u = v + υ D = u L - 2(h -h L ) ζ 2 -1 (ζ -1). ( 47 
)
Figure 21 illustrated the intersection of the characteristic curves in the (u, p) plane

A.2.2 Godunov solver

The Godunov solver is a finite-volume method that approximated the solution at the time t n+1 from the time t n solving the exact Riemann problem at the intersection of each cell. To solve the Riemann problem, we need to determine the nature of the characteristic waves λ (+) and λ (-) . Based on the continuity of the pressure p * and the velocity u * across the contact wave, the GNL curves must intersect in the (u, p) plane as illustrated in Figure 21. (

) 48 
The resolution of this nonlinear system is made with a Newton Raphson procedure on the parametrized variable T . The temperature T * L and T * R are obtained with this iterative process, and the complete Riemann problem can be solved using the description of the shock tube problem. Solution of the state at the intersection x i+1/2 allow to compute the Euler flux (5.3). There are two possibilities, either this state corresponds to one of the constant states of the Riemann problem in the shock-tube problem, or the intersection is inside the rarefaction wave. In this last case, since the rarefaction wave is a simple wave, the characteristic wave is a straight line in the x -t plane, and the state at the intersection corresponds to the vertical line. Then, the temperature at the intersection is such as (37) gives a zero velocity, and the solution is also solved with an iterative Newton-Raphson procedure.

The solution of the Godunov solver is consistent, and by definition, entropy satisfying, so it converges to the physical, entropy satisfying solution of the conservation laws [START_REF] Harten | On upstream differencing and godunov-type schemes for hyperbolic conservation laws[END_REF]. Then, it can be used to obtain reference results. However, in this formulation, the Godunov solver is only first-order accurate in time and space. Moreover, solving the Riemann problem at each cell interface is generally too expensive in terms of CPU time since it requires multiple integrations and involves an iterative procedure. Approximate Riemann solvers and higher-order methods are usually preferred like the HLLC solver presented in Appendix A.2.2 and the Roe solver presented in §7.1.

The HLLC Riemann solver

The HLLC solver has been built in several steps. The initial approach is the HLL approach [START_REF] Davis | Simplified second-order godunov-type methods[END_REF][START_REF] Einfeldt | On godunov-type methods for gas dynamics[END_REF] which is a two waves approximation. In order to apply it on the Euler solver, which needs to consider three characteristics waves, modification has been proposed in [START_REF] Toro | Restoration of the contact surface in the hllriemann solver[END_REF].

B.3 HLL solver

We consider again the structure of the exact solution of the Riemann problem described in A.2. Let t be a chosen time. The exact solution of the Riemann problem is then contained in the control volume [x L , x R ] × [0, t] with condition x L ≤ tλ min a,d x R ≥ tλ max to stop time step before superposition of domain of dependence. Considering the integral form of the conservation law, we obtain:

x R x L w(x, T )dx = x R x L w(x, 0)dx + T 0 f E (w(x L , t))dt - T 0 f E (w(x R , t)) dt. ( 49 
)
Applying the Riemann initial condition, integral form (49) became :

x R x L w(x, t 2 )dx = x R w R -x L w L + T (f E R -f E L ). ( 50 
)
This equation is called the "consistency condition".

By splitting the integral on the left-hand side into three integrals, we also obtain (51)

By using (50), we obtain:

w hll = 1 T (S L -S R ) T S R T S L w(x, T )dx = S R w R -S L w L + f E L -f E R S R -S L . ( 52 
)
The solution in the intermediary state Ũ (x, t) consists of a single state U hll separated from data states by two waves of speeds S L and S R Ũ(x, t)

=        w L if x t ≤ S L , w hll if S L ≤ x t ≤ S R , w R if x t ≥ S R , (53) 
with

U hll = S R U R -S L U L + F L -F R S R -S L . ( 54 
)
Using this approximation of the intermediary state inside two waves, we also have:

f hll = f E L -S L w L - 1 T 0 T S L w(x, T )dx = f E L + S L (w hll -w L ), ( 55 
) = f E R -S R w R - 1 T T S R 0 w(x, T )dx = f E R + S R (w hll -w R ). ( 56 
)
The corresponding HLL intercell flux for the approximate Godunov method is then given by:

F hll i+ 1 2 =        F L if 0 ≤ S L , F hll if S L ≤ 0 ≤ S R , F R if 0 ≥ S R , (57) 
with

F hll = S R F L -S L F R + S L S R (U R -U L ) S R -S L (58)

B.4 HLLC Approximate Riemann Solver

In order to add the influence of the contact wave associated with the multiple eigenvalues λ i = v, Toro, Spruce and Speares 

S * -S L S R -S L w * L + S R -S * S R -S L w * R = w hll . ( 60 
)
The HLLC approximate Riemann solver becomes 

Ũ(x, t) =              w L if x t ≤ S L , w * L if S L ≤ x t ≤ S * , w * R if S * ≤ x t ≤ S R , w R if x t ≥ S R , (61) 
F hllc i+ 1 2 =              F L if 0 ≤ S L , F * L if S L ≤ 0 ≤ S * , F * R if S * ≤ 0 ≤ S R , F R if 0 ≥ S R , (62) 
= √ ρ L u L + √ ρ R u R √ ρ L + √ ρ R , ã = (γ -1)( H - 1 2 ũ2 ) 1/2 , ( (67) with ũ 
) 68 
with the enthalpy approximated as

H = √ ρ L H L + √ ρ R H R √ ρ L + √ ρ R . ( 69 
)
S * wave speed is estimated using pressure estimation:

p * L = p L + ρ L (S L -u L )(S * -u L ); p * R = p R + ρ R (S R -u R )(S * -u R ). ( 70 
)
using the egality p * L = p * R we have

S * = p R -p L + ρ L u L (S L -u L ) -ρ R u R (S R -u R ) ρ L (S L -u L ) -ρ R (S R -u R ) . ( 71 
)
The intermediary fluxes f E * L and f E * R are

F * K = F K + S K (U * K -U K ), (72) 
for K = L and K = R using the intermediate states U * K computed as Dans un premier temps, les instabilités thermo-diffusives et de Darrieus-Landau vont perturber le front de flamme laminaire, provoquer des plissements et augmenter la surface de flamme ainsi que sa vitesse de propagation. La flamme va également induire un écoulement turbulent en amont de celle-ci qui, une fois développé, va interagir avec le front de flamme et accélérer la flamme à des vitesses de l'ordre d'une dizaine de mètres par seconde. A partir d'une certaine célérité du front de flamme, des phénomènes compressibles vont devenir prédominants dans le comportement de la flamme avec la production d'instabilités de type Richtmyer-Meshkov ou de Kelvin-Helmholtz lors de l'interaction entre le front de flamme et les ondes de compression. Une flamme dans ce régime peut ainsi atteindre des vitesses proches de la vitesse du son.

U * K = ρ K S K -u K S K -S *      1 S * v K E K ρ K + (S * -u K ) S * + p K ρ K (S K -u K )      . ( 73 
Arrivé dans ce dernier régime de déflagration rapide, caractérisé par des vitesses importantes et des phénomènes de compression important, certaines conditions locales peuvent conduire à un phénomène de transition du régime de déflagration au régime de détonation dans lequel la flamme est auto-allumée par une forte onde de choc en amont du front de flamme, présentant d'importante surpression et une vitesse de propagation supersonique.

Le processus d'accélération de flamme est donc influencé par de multiples critères différents. D'une part, par les propriétés physiques du mélange comme le nombre de Lewis Le ou la vitesse de flamme laminaire S 0 l . Egalement, par les propriétés géométriques du milieu avec l'impact des parois et des obstacles géométriques qui permettent généralement d'augmenter l'accélération et de générer des points chauds, potentiels précurseurs de la transition vers la détonation. Pour finir, le comportement de la flamme dépend des phénomènes de compression, de diffusion et de turbulence.

Des dispositifs expérimentaux ont été mis en place pour étudier ce phénomène, avec notamment des tubes d'accélération de flamme tels que le tube SSEXHY présent au CEA ou le tube GraVent, de l'Université de Munich que l'on reproduit numériquement dans ces travaux. Ces dispositifs consistent à allumer un gaz prémélangé à une des extrémités du tube puis observer grâce à leurs instrumentations composées de capteurs piézo-électriques et de photomultiplicateur la propagation du front de flamme et les phénomènes de compression. Le mélange initial à l'intérieur du tube peut varier en composition et en pression initiale, de plus, certains de ces dispositifs comme le tube GraVent permettent de produire des concentration de gradient initial pour observer leur influence sur le comportement de la flamme. L'influence d'obstacles obstruant partiellement le tube a également été largement étudié avec ces dispositifs.

Cependant, la compréhension des phénomènes d'accélération de flamme reste limitée du fait de la large variation d'échelles mise en jeu, des nombreux mécanismes influençant le comportement de la flamme, et des effets localisés et très non-linéaire, comme la transition vers la détonation, difficiles à observer expérimentalement. Ainsi, des simulations numériques précises complémentaires aux dispositifs expérimentaux sont nécessaires pour améliorer la compréhension de tels phénomènes.

Une simulation numérique suivant l'accélération d'une flamme dans un milieu confinée doit également répondre à un certain nombre de contraintes. Tout d'abord, elle doit gérer les larges variations d'échelles en espace et en temps intervenant dans ces calculs. En effet, l'objectif est d'observer le comportement d'un front de flamme, dont l'échelle caractéristique est de l'ordre du dixièmes de millimètre se propageant librement dans de grandes enceintes. De même, les échelles caractéristiques de temps sont très variables depuis les instabilités thermodiffusives aux termes réactifs très raides. Les différentes étapes de l'accélération forment une très large gamme de vitesses de quelques mètres par seconde jusqu'à des vitesses hypersonique pour la détonation. De plus, les phénomènes compressibles parcourant le domaine de calcul créent des phénomènes dynamiques avec des discontinuités numériques produites par les ondes de choc qui doivent alors être propagées numériquement sans diffusion. Enfin, les phénomènes locaux comme la transition vers la détonation sont très localisés et très non-linéaires et ainsi complexes a capturer efficacement.

Différentes simulations de ces phénomènes ont été réalisées à partir du début des années 2000 avec notamment les premiers travaux de Khokhlov et Oran [START_REF] Khokhlov | Numerical simulation of deflagration-todetonation transition: the role of shock-flame interactions in turbulent flames[END_REF]. Quelques outils numériques ont été développés avec des toolbox OpenFOAM comme rhoCentralFoam [START_REF] Zhu | Numerical simulation of flame acceleration and deflagration-to-detonation transition in ammonia-hydrogen-oxygen mixtures[END_REF] ou le solveur FAST [START_REF] Houim | The role of spontaneous waves in the deflagration-to-detonation transition in submillimetre channels[END_REF]. Plusieurs méthodes numériques sont disponibles dans la littérature, ces simulations sont généralement effectuées avec des schémas compressibles de type Godunov (souvent le schéma HLLC) couplés à des méthodes de capture de chocs avec des méthodes de reconstruction de type MUSCL ou WENO pour résoudre les phénomènes compressible. Les échelles résolues varient également avec des approches DNS ou LES. Malgré quelques exceptions récentes, la majorité de ce type de simulations utilise des modèles réactifs simples, avec une loi d'Arrhenius. Des méthodes d'adaptation de maillage sont généralement associées à ces solveurs numériques pour permettre de suivre les phénomènes compressibles.

Nous avons, au cours de ces travaux, développé un solveur destiné à résoudre les différentes étapes de l'accélération de flamme avec intégration de modèles physiques précis et d'une résolution haute fidélité pour les phénomènes compressibles. L'objectif est d'apporter une validation à chaque étape du processus d'accélération.

Ce solveur se base sur deux outils initiaux. D'une part, le solveur MR_CHORUS, décrit dans [START_REF] Tenaud | Unsteady compressible flow computations using an adaptive multiresolution technique coupled with a high-order one-step shock-capturing scheme[END_REF] est construit pour les écoulements compressibles mono-composant. Il dispose d'outils d'adaptation de maillage par multirésolution et un schéma compressible OSMP basé sur le schéma de Roe avec une très faible dissipation numérique. D'autre part, la librairie AGATH qui permet de calculer les propriétés thermodynamiques et de transport des mélanges multi-composants ainsi que la résolution des termes sources réactifs.

D.6 Description du solveur numérique D.6.1 Equations et modèles

La résolution s'effectue avec l'application des équations de Navier-Stokes. On distingue trois opérateurs de convection, de diffusion/viscosité et de réaction. Ces différents opérateurs sont résolus indépendamment et sont intégrés en temps grâce à un schéma de splitting de Strang dans lequel on place l'opérateur de réaction, le plus raide, aux extrémités. Ainsi, chaque opérateur est résolu avec un solveur dédié.

La résolution des termes sources s'effectue avec un solveur implicite radau5 décrit dans [START_REF] Hairer | Solving Ordinary Differential Equations II. Stiff and Differential-Algebraic Problems[END_REF], l'opérateur de viscosité et de diffusion est résolue avec un solver Runge Kutta du second ordre. L'opérateur Euler est résolu avec le solveur OSMP avec une généralisation décrites par la suite pour fonctionner avec des mélanges multi-composants.

Différents modèles physiques sont également pris en compte dans les équations. Tout d'abord, une vitesse de diffusion V i est ajoutée aux équations de conservation d'espèce avec un modèle multicomposants basé sur des coefficients de diffusion calculés à partir des méthodes de Dixon-Lewis [DLC68] avec l'aide de la librairie AGATH. Un terme correspondant à l'effet Soret décrivant la diffusion de chaque espèce induite par les gradients de température est également considéré.

La cinétique chimique est calculée à partir du mécanisme de Mével [MJL + 09] composé de neuf espèces réactives et 38 réactions. Ce mécanisme a été construit pour fonctionner pour des cas de détonation, sur des plages de fonctionnement généralement peu explorées lors de la conception de tels mécanismes, il est basé en grande partie sur le modèle de Konnov, identifié pour donner une bonne approximation des temps d'auto-allumage sur ces points à haute pression et haute température.

D.6.2 Schéma OSMP

Le schéma OSMP est utilisé pour approximer la solution des équations d'Euler hyperbolique et suivre l'évolution des discontinuités avec une dissipation numérique minimale.

Le schéma OSMP est basé sur le solveur approximé de Riemann de Roe décrit dans [START_REF] Roe | Approximate riemann solvers, parameter vectors, and difference schemes[END_REF] qui consiste a évaluer les états intermédiaires du problème de Riemann avec une combinaison linéaire des états gauche et droit. L'expression approximée de la matrice jacobienne du flux de Euler à doit respecter plusieurs contraintes définis par Roe qui permettent de converger vers une solution entropique des équations d'Euler hyperboliques, en particulier les relations de saut à travers l'interface.

Ã(w L , w R )(w L -w R ) = f E (w L ) -f E (w R ) (74) 
Afin de respecter ces différentes propriétés, on utilise généralement les opérateurs de moyenne de Roe.

L'expression du flux s'effectue avec les invariants de Riemann αk qui sont convectés le long des ondes caractéristiques (ũc,ũ,ũ + c) correspondant aux valeurs propres de la matrice Jacobienne.

f E (U L , U R ) = 1 2 (f E (U L ) + f E (U R )) - 1 2 N k=1 αk • | λk | K(k) , ( 75 
)
Le schéma de Roe est un solveur de Riemann complet, qui permet de reproduire les trois ondes caractéristiques du problème de Riemann. Il converge vers la solution entropique, mais reste cependant d'ordre un en temps et en espace et va avoir tendance à diffuser les discontinuités. L'objectif du schéma OSMP décrit dans [START_REF] Daru | High order one-step monotonicity-preserving schemes for unsteady compressible flow calculations[END_REF] est d'augmenter l'ordre global du schéma en temps et en espace avec une méthode de capture de choc pour capturer les discontinuités. Il consiste à augmenter l'ordre en temps et en espace des équations de convections appliquées aux invariants de Riemann grâce à une procédure de Lax-Wendroff. Cette augmentation s'effectue en une seule étape avec un stencil minimal ce qui est bénéfique pour le temps de calcul CPU. Cependant, cette méthode implique des oscillations parasites proches des discontinuités qui ne convergent pas vers la solution entropique. Afin de corriger ce phénomène, une condition dite de conservation de la monotonie (MP) est appliquée. Celle-ci se base sur une condition TVD classique qui permet de réduire localement avec un limiteur de flux l'ordre du schéma proche des discontinuités. La condition MP améliore cette condition en se basant sur un stencil de trois points afin de différencier les discontinuités numériques des extrema et permettre de ne pas écrêter ces derniers. Ainsi le flux OSMP à l'ordre p correspond à :

f E j+1/2 = 1 2 f E j+1 + f E j - 1 2 N k=1 α M -P k λ k . K (k) j+1/2 , ( 76 
)
avec α M -P k les fonctions associées au limiteur de flux MP :

α M -P k = 1 -φ p k M -P (1 -|ν k |) α k j+1/2 , k ∈ [1, N ]. (77) 

D.6.3 Extension du schéma OSMP au mélanges de gaz avec un équations d'état convexe

Le solveur de Roe classique et a fortiori le schéma OSMP décrit précédemment s'appliquent à un gaz idéal mono-composant avec des capacités thermiques massiques constantes. L'objectif ici est d'appliquer le schéma OSMP dans des configurations de mélanges multi-composants avec d'importantes variations de température comme intervenant dans le phénomène de combustion. Le modèle thermodynamique couramment employé pour les calculs de combustion considère une variation des capacités thermiques de chaque élément avec la température. Leurs valeurs sont approximées par des polynômes dits de NASA dont les coefficients sont disponibles dans les bases de données tels que [START_REF] Burcat | Thermochemical data for combustion calculations[END_REF].

Les exemples proposés pour l'accélération de flamme hydrogène utilisent ce formalisme, mais plus globalement le schéma construit ici s'applique à des mélanges de gaz dont l'équation d'état est convexe. Avec cette hypothèse, la matrice jacobienne du flux d'Euler va faire intervenir de nouvelle variables χ i , i = 1, ..., n s et κ correspondant aux facteurs de compressibilités : 

χ i = ∂p ∂ρ i ρ k,k =i ,
Avec s = c 2 = ns i=1 χ i Y i + κh Cette solution permet de retrouver les propriétés du schéma de Roe, mais elle n'est que très peu contraignante sur le choix des valeurs des facteurs de compressibilités ce qui va être problématique pour l'extension du schéma à l'ordre élevé avec l'application du schéma OSMP. En effet, proche des variations de composition des mélanges, des artefacts numériques vont apparaître comme représenté avec un exemple de tube à choc de Sod Figure 22. Ces artefacts sont issus d'inconsistances sur le stencil du schéma OSMP entre l'évolution des fractions massiques des différents composants et l'approximation des facteurs de compressibilités obtenus avec la procédure de Vinokur et Montagné. Afin de contraindre plus efficacement le choix de ces facteurs de compressibilités, nous imposons une nouvelle condition de préservation de la monotonie sur la combinaison de facteurs de compressibilités apparaissant dans l'expression du flux d'énergie totale.

α N +1 = ns i=1 α i E c - χ i κ ( 82 
)
Cette combinaison correspond à un invariant de Riemann associé à l'onde caractéristique portée par la vitesse ũ. D'un point de vue mathématique, cette nouvelle condition est équivalente à sélectionner une combinaison (χ i , i = 1, ..., n s , κ) solution du système d'équations : Le schéma OSMP s'avère efficace pour obtenir des ordres élevés en ordre et en espace avec d'importantes variations d'espèces et est très peu diffusif proche des discontinuités. Cependant, des instabilités numériques peuvent apparaître proches des fortes ondes de choc avec plusieurs dimensions en espace comme observé lors des cas de simulation de détonation.

                     ∆p = ns i=1 χ i,

D.6.4 Phénomène de carbuncle

Les instabilités de choc de type carbuncle, nommées ainsi du fait de leur aspect, sont des instabilités numériques apparaissant lors de la perturbation d'une forte onde de choc alignée avec le maillage. La plupart des schémas approximés de Riemann ainsi que le schéma exact de Godunov lui-même sont sensibles à ce type de perturbation. Son origine semble provenir d'une dissipation insuffisante dans la direction transverse au choc sur les mailles en amont du choc.

Différentes études ont été menées pour caractériser et identifier les termes générant ces perturbations. Ainsi, plusieurs méthodes sont proposées dans la littérature pour traiter ces instabilités. Dans ces travaux, nous avons considéré trois propositions, l'une utilisant un solveur de Riemann rotatif [START_REF] Ren | A robust shock-capturing scheme based on rotated riemann solvers[END_REF] pour ne plus considérer l'alignement entre le choc et le maillage, et les deux autres ajoutant un terme de dissipation supplémentaire avec un terme de vorticité additionnel [START_REF] Chen | A new robust carbuncle-free roe scheme for strong shock[END_REF] ou en supprimant un terme lié à la variation de pression dans l'expression originale du flux [CHR + 18b]. On applique également un senseur de détonation tel que décrit dans [CHR + 18a] afin de repérer les mailles critiques pour l'apparition de ces instabilités.

Aucune de ces méthodes ne présente une solution totalement idéale pour s'appliquer au schéma OSMP. L'utilisation du solveur rotatif garanti de converger vers la solution faible des équations d'Euler, mais celui-ci interfère avec le limiteur de flux du schéma OSMP car ne s'intégrant pas au stencil élargi. Les deux autres solutions peuvent ne pas remplir les conditions de stabilités avec un large stencil et intégrer des perturbations numériques du fait de la modification de l'expression du flux. Le choix a été fait dans les cas de calcul de recourir à l'ajout du terme de vorticité additionnel.

D.7 Algorithmie

Différentes méthodes algorithmiques ont été également développées dans ces travaux pour adapter le maillage dynamiquement, intégrer des parois immergées et tabulé dynamiquement la chimie pour gagner du temps CPU.

D.7.1 Méthode d'adaptation de maillage

La première méthode décrite dans ce manuscrit concerne une méthode d'adaptation de maillage présente initialement dans le solveur MR_CHORUS, utilisant des méthodes dîtes de multirésolution. Son fonctionnement se base sur l'utilisation d'un arbre décrivant les différents niveaux de raffinement locaux. Le calcul des flux entre chaque maille à partir des schémas numériques s'effectue au niveau des feuilles, sur le niveau le plus élevé dans l'arbre. Le choix d'augmenter ou diminuer le niveau de raffinement local est basé sur le calcul du détail retranscrivant la différence entre les valeurs des variables ρY i sur les feuilles de l'arbre et celles obtenues par un opérateur de prédiction utilisant des extrapolations polynomiales depuis les mailles au niveau inférieur. A noter également que l'arbre doit également être gradué, c'est-à-dire permettre le calcul des feuilles virtuelles par l'opérateur de prédiction intervenant dans le stencil du schéma numérique et n'apparaissant pas dans l'arbre initial.

D.7.2 Méthode de paroi immergées

L'intégration d'obstacles dans le volume de calcul s'effectue grâce à des méthodes dîtes de parois immergées, elles permettent de considérer des conditions aux limites dont les surfaces ne sont pas nécessairement alignées sur le maillage cartésien. On considère ici une méthode cut-cell pour garantir la conservation des variables de notre schéma.

Les cellules coupées par la paroi sont identifiées à l'initialisation du calcul et décrites par une description géométrique basée sur le volume occupé par le solide, les aires occupées sur chaque face de la maille et les normales et les aires des faces solide intérieures à la maille.

Les cellules fantômes présentes dans l'intérieur des parois sont calculées avec une interpolation et une pondération du point symétrique avec les mailles voisines.

Pour finir, afin de ne pas conserver une condition de stabilité CFL trop contraignante avec les cellules coupées, une redistribution du flux aux cellules voisines aux petites cellules coupées est mise en place.

D.7.3 In Situ Adaptive Tabulation

Pour finir, nous présentons également une méthode de tabulation dynamique de la combustion. Nous avons testé cette méthode afin de réduire le temps de calcul CPU dédié à l'opérateur de réaction initialement très limitant. Une meilleure vectorisation du code a finalement permis de diminuer sensiblement son impact sur le temps de calcul global. La méthode ISAT [START_REF] Pope | Computationally efficient implementation of combustion chemistry using in situ adaptive tabulation[END_REF] permet de retrouver rapidement une estimation de la solution d'un système non-linéaire. Chaque nouveau point est enregistré et associé avec une matrice de sensitivité et un ellipsoïde de précision basée sur un critère de tolérance. Afin de rapidement retrouver le point le plus proche, un arbre binaire est parcouru. L'ellipsoïde peut être étendu dans le cas d'une variation suffisamment faible dans la zone considérée.

Son application a des cas de détonation avec notre mécanisme chimique indique plusieurs difficultés qui limitent les gains d'une telle méthode. D'une part, l'association avec les méthodes de raffinement de maillage n'est pas toujours adéquate, des petites variations étant créées dans les parties lisses de la solution, augmentant le nombre de mailles globale. A l'inverse, d'autres petites perturbations telles qu'apparaissant dans la longueur d'induction des fronts de détonation ne sont pas correctement capturées. Les gains de temps de calcul CPU obtenu pour la chimie détaillée d'hydrogène ne sont alors pas suffisants dans le cadre d'un cas d'accélération de flamme très transitoire pour justifier de l'utilisation de la méthode ISAT. Une chimie plus complexe avec un nombre plus important de réactions que dans notre cas pourrait cependant justifier le recours à cette stratégie.

D.8 Résultats

Des calculs de validations sont présentés permettant d'évaluer les performances de notre solveur pour capturer les phénomènes essentiels du processus d'accélération de flamme. La deuxième simulation présente les premières étapes de l'accélération de la flamme dans un tube d'accélération et met en évidence l'influence des principaux phénomènes identifiés comme ayant un impact sur l'accélération de la flamme (Figure 24). L'impact de la rugosité du tube et des gradients de concentration est mis en évidence. L'explosion locale dans des poches de gaz non brûlé et la production et la croissance d'ondes acoustiques à l'avant du front de flamme, identifiées comme début potentiel de détonation, sont reproduites. Cependant, cette simulation n'est pas encore entièrement achevée et 
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 26 Figure 2.6: Schlieren image of a detonation front in 2H 2 -O 2 -12Ar, P 1 = 20 kPa [Aus03]
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 27 Figure 2.7: The cellular structure of a detonation wave. Detonation cells are traced out by the triple points composed of the incident shock, transverse shock, and Mach stem. λ is the detonation cell width.Image taken from[START_REF] Lee | On the hydrodynamic thickness of cellular detonations[END_REF] 

Figure 2 . 8 :

 28 Figure 2.8: Soot foils in 2H 2 -O 2 -7Ar mixture (left) showing regular detonation cells, and 2H 2 -O 2 -1.33N 2 mixture (right) from [Aus03] showing irregular detonation cells
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 3132 Figure 3.1: Expanding spherical hydrogen/air for lean and rich mixture with 5 atm pressure environement[START_REF] Law | Propagation, structure, and limit phenomena of laminar flames at elevated pressures[END_REF] 
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 35 Figure 3.5: Variation of Markstein length versus the equivalence ratio for H 2 -air mixtures initially at 100 kPa and ambient temperature. Data Dowdy et al. [DSTW91], Aung et al. [AHF97], • Sun et al. [SSHL99], Huang et al. [HZZ + 06]
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 36 Figure 3.6: Borghi's diagram of combustion regimes[START_REF] Borghi | On the Structure and Morphology of Turbulent Premixed Flames[END_REF] 
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 37 Figure 3.7: OH-PLIF of turbulent deflagration in obstructed channel with 12.5 vol. % (left), 15 vol % (middle) and 20 vol % (right)[START_REF] Boeck | Deflagration-to-Detonation Transition and Detonation Propagation in H2-Air Mixtures with Transverse Concentration Gradients[END_REF] 
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 41 Figure 4.1: Schematic of the combustion tube with obstacle. Instrumentation includes PMT, photomultiplier tube; PP, pressure sensor; CC, shock sensor[START_REF] Scarpa | Mécanisme d'accélération d'une flamme de prémélange hydrogène/air et effets sur les structures[END_REF] 

  In the flame acceleration and detonation simulation, we choose to use the hydrogen chemical mechanism of Rémi Mével [MJL + 09]. It is composed of 38 reactions on nine reactive species and N 2 and Ar supplementary inert species with third body contribution. This mechanism is based on the Konnov model (which seems to have relevant properties for detonation case [CPLP07]) and Mueller et al. [MKYD99] model. Reactions of the model are listed in Annexe B.4. Validation cases on laminar flame, hydrodynamic instability and detonation front have been conducted, and are provided in § 13.1.
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 71 Figure 7.1: Second entropy fix of Harten and Hyman[START_REF] Harten | Self adjusting grid methods for one-dimensional hyperbolic conservation laws[END_REF] 

  Several limiters have been developed to impose limiter function and avoid spurious oscillation while conserving solutions in the TVD regions. minmod: φ(r) = minmod(1, r), Superbee: φ(r) = max(0, min(1, 2r), min(2, r)), van Leer: φ(r) = r + |r| 1 + |r| .

Figure 7 . 2 :

 72 Figure 7.2: Sweby region in shaded region with flux limiter φ(r). Regions in which function values φ(r) must lie in order to give TVD (a) and second-order TVD (b) methods. Two possible limiter functions: Roe's superbee (c) and van Leer's (d) limiter.

Figure 7 . 3 :

 73 Figure 7.3: Reconstruction in the vicinity of a extremum. The TVD constraints alone clip the extremum (left) and identify a discontinuity (right), while the MP condition allows extending the flux limiting interval and including exact values.

. 5 )Figure 8 . 1 :

 581 Figure 8.1: Illustration with 2 species of the projection P of the first approximation P on the hyperplane H defined by (8.5)

  .9) s is a normalization factor with the dimension of χ i chosen as s = c 2 = ns i=1 χ i Y i + κh, where the symbol ( .) corresponds in this last expression to the Simpson rule (8.8). The configuration with two species where the hyperplane (8.5) is a 2D plane is illustrated Figure 8.1.
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 8283 Figure 8.2: Successive steps for building a stable OSMP scheme for multi-component real gas flow

Figure 8 . 4 :

 84 Figure 8.4: Distribution versus temperature of heat capacities at constant pressure (c p ) following temperature polynomials found in [MZG02] for Nitrogen (N 2 ), Oxygen (O 2 ), and R22.

Figure 8 . 5 :

 85 Figure 8.5: Distribution of the temperature, the velocity, the density, the pressure, the mass fraction of N 2 , O 2 and R22 and the heat capacity ratio γ for a 1D Sod shock tube at t = 30 ms. Comparisons between the proposed corrected high-order OSMP scheme (blue bold line) with the original (uncorrected) OSMP scheme (green bold line) and the first-order Roe solver (black dashed line).

Figure 8 . 6 :

 86 Figure 8.6: Comparison of the temperature, the velocity, the density, the pressure and the mass fraction distributions for the 1D Sod shock tube at t = 30 ms. Comparisons between results using calorically perfect gas (black dashed line) and Equilibrium real gas with complex thermodynamic (blue bold line) with the exact solution of the Riemann problem (red dashed line).

Figure 8 . 7 :

 87 Figure 8.7: Comparison of the temperature, the velocity, the density, the pressure, the mass fraction and specific heat ratio distributions for the 1D Lax shock tube at t = 15 ms, obtained with (blue blod line) and without (green line) the modified OSMP scheme and with the exact solution however for ideal gases (black dashed line).

Figure 9 . 1 :

 91 Figure 9.1: Pressure field with carbuncle instabilities generated from a perturbed two-dimensional ZND profile.

  remains bounded if all the real part of the eigenvalues (λ(S)) of the stability matrix S are negative: max(Re(λ(S))) ≤ 0.(9.6)

Figure 9 . 2 :

 92 Figure 9.2: Distribution of the eigenvalues of S in the complex plane for Godunov scheme (top left), HLL scheme (top right), Roe scheme (bottom left) and HLLC (bottom right)

Figure 9 . 3 :

 93 Figure 9.3: Adimensional ZND profile with one-step reaction

Figure 9 . 4 :

 94 Figure 9.4: Computation of the detonation front (with OSMP7 solver and cure carbuncle method); Pressure field (left) and cells flagged by the carbuncle sensor (right).

Figure 9 .

 9 Figure 9.4 presents an example of the cells flagged by the carbuncle sensor on the detonation test case. We must also notice that these cells are flagged only during the computation of the flux in the transverse direction of the shock wave.
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 9596 Figure 9.5: Distribution of the eigenvalues of S in the complex plane for the Rotated Roe solver
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 9798 Figure 9.7: Distribution of the eigenvalues of S in the complex plane for the Roe solver without the pressure dissipative term without (left) and with (right) cell-detection

Figure 9 . 9 :Figure 9 . 10 :

 99910 Figure 9.9: Distribution of the eigenvalues of S in the complex plane for the Roe solver with additional shear viscosity without (left) and with (right) cell-detection

Figure 9 . 11 :

 911 Figure 9.11: Simulation of Detonation front test case for the D-OSMP7 solver hybridized with the rotated solver
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 912913 Figure 9.12: Distribution of the eigenvalues of S in the complex plane for the OSMP7 solver without the pressure dissipative term without (left) and with (right) cell-detection

Figure 9 . 14 :Figure 9 . 15 :

 914915 Figure 9.14: Distribution of the eigenvalues of S in the complex plane for the OSMP7 solver with additional shear viscosity without (left) and with (right) cell-detection

Figure 10 . 3 :

 103 Figure 10.3: Sketch of the computational domain: initial configuration and boundary conditions.

Figure 10 . 4 :

 104 Figure 10.4: Adapted grid obtained using 9 grid levels per tree and 10 trees distributed over the domain in the streamwise direction at a time t = 287.5µs (dimensionless time t c R22,I /d 0 = 1.15), colored by density values.

Figure 10 . 6 :

 106 Figure 10.6: Temperature fields obtained with the 7 th -order OSMP scheme with (at the bottom), and without (at the top) the proposed modification of the OSMP scheme.

Figure 10 .

 10 Figure 10.7: x -t diagram of the shock wave / R22 bubble interaction. Black dots are for experiments and lines with colored dots for simulations. Symbols related to the different waves are given in Figure 10.5.

.7) 4 .

 4 Modify α similar to θ in step (3) 5. Calculate γ and u ghost : γ = π + 2α -θ, u ghost = |u sym | cos(γ) sin(γ). (11.8)

Figure 11 . 3 :

 113 Figure 11.3: Schematic view for implementation of zero normal gradient of velocity at the solid surface.

Figure 11 . 5 :

 115 Figure 11.5: Sketch of the computational domain for subsonic flow around a cylinder

Figure 11 . 6 :

 116 Figure 11.6: Volume fraction of cut cells around immersed cylinder with initial mesh with seven levels of refinement.

Figure 11 . 8 :

 118 Figure 11.7: Pressure field at the finest level and velocity component computed on the seven levels grid (dashed lines) and the eight levels grid (solid lines) for Re = 40

Figure 11 . 10 :

 1110 Figure 11.10: Description of the various waves arising in the Schardin's problem. AW: accelerated wave, DW: decelerated shock-wave, EW: expansion wave, IS: incident shock-wave, MS: Mach stem, RS: reflected shock-wave, SL: slip layer, TP1 and TP2: triple points, V: vortex. (issued from [BEBM18])

  Instantaneous numerical shadowgraph picture at t = 151 µs is compared with the experimental shadowgraph reported in[START_REF] Chang | On the shock-vortex interaction in schardin's problem[END_REF] on Figure11.14.

Figure 11 . 13 :

 1113 Figure 11.13: Schlieren snapshots from top left to bottom right at t = 60 µs, t = 90 µs, t = 120 µs, and t = 150 µs
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 123124 Figure 12.3: Ignition by a reflected shock wave, test case configuration

Figure 12 . 5 :

 125 Figure12.5: Schlieren photograph with relative times marked[START_REF] Oran | Weak and strong ignition. i. numerical simulations of shock tube experiments[END_REF] 

Figure 12 . 6 :Figure 12 . 8 :

 126128 Figure 12.6: Comparison with various parameters of tolerance and time-step using in the ISAT-CK7 algorithm. In black solid line: reference result without ISAT; in red dashed line on the left figure: tol = 10 -2 and ∆t reac = 10 -7 s; in green dashed line on right figure: tol = 10 -3 , ∆t reac = 2 • 10 -7 s

Figure 12 . 9 :

 129 Figure 12.9: Vorticity inside a two-dimensional detonation front in 2H2/O2/7Ar initially at 6.67 kPa and 298 K at left (without ISAT), right (with ISAT)

Figure 13 . 1 :

 131 Figure 13.1: Laminar flame speed of H 2 /air at atmospheric condition (P = 1 atm; T = 298 K) at different equivalence ratios

Figure 13 . 2 :

 132 Figure 13.2: Laminar flame speed of H 2 /air at atmospheric condition (P = 1 atm; T = 298 K) at different equivalence ratios with various transport models

Figure 13 . 3 :

 133 Figure 13.3: Stoichiometric laminar flame H 2 /air profile with various resolution

Figure 13 . 4 :

 134 Figure 13.4: Comparison of the ignition delay time with Krejci et al. experimental results [KMV + 13] for various pressures and for mixtures of H 2 /O 2 (98% dilution in Ar, equivalence ratio = 0.5)
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 135136 Figure 13.5: Evolution of the ignition delay time for stoichiometric H 2 /air mixture at P = 1 atm (left) and P = 2 atm (right)

Figure 13 . 7 :Figure 13 . 8 :

 137138 Figure 13.7: Computed Markstein lengths L M from present simulations versus the stoichiometric ratio for H 2 /air mixture at P = 1 atm and T = 298 K compared to experimental measurements from Dowdy et al. [DSTW91], Aung et al. [AHF97], Sun et al. [SSHL99] and Huang et al. [HZZ + 06]

Figure 13 .

 13 Figure 13.8 presents the half-reaction length l 1/2 and time obtain with the chemical mechanism of Mévelfor H 2 /Air and H 2 /O 2 detonation ZND profile initially at 295 K and 1 bar with various equivalence ratios. We propose a comparison with a similar study realized by Schultz and Shepherd in [SS00] using however two other hydrogen mechanisms [TDC + 94, KON98].
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 139 Figure 13.9: Hydrogen detonation effective activation energy parameter Θ versus equivalence ratio with initial conditions of 295K and 1 bar

Figure 13 . 10 :

 1310 Figure 13.10: Maximum pressure histories for different Ar dilutions

Figure 13 . 11 :

 1311 Figure 13.11: Maximum pressure histories for 25% Ar dilutions with Navier Stokes equations

Figure 13 . 12 :

 1312 Figure 13.12: Pressure contours for detonation front with 2H 2 -O 2 mixture with 40% Ar dilution (left) and no dilution (right).

Figure 13 . 13 :

 1313 Figure 13.13: Numerical smoke foil records for 2H 2 -O 2 mixture with 40% Ar dilution (up) and no dilution (down).

Figure 13 . 14 :

 1314 Figure 13.14: Detonation cell size for 2H 2 -O 2 at various initial pressure measured experimentally by Barthel [Bar74] and Knystautas et al. [KLG82].

Figure 14 . 1 :

 141 Figure 14.1: Schematic representation of initial condition and boundaries for simulation of detonation interaction with porous medium

Figure 14 . 2 :

 142 Figure 14.2: Temperature field evolution illustrating the detonation re-initiation with b = 30 l 1/2 . Successive time at t = 0, 2, 4, 6, 7, 8, 10, 12, 14 µs; temperature scale is between 298 K (blue) and 3500 K (red).
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 143144 Figure 14.3: Velocity of the precursor shock-wave recorded along the top and bottom boundaries for a pore size b = 30l 1/2

Figure 14 . 5 :

 145 Figure 14.5: Temperature field evolution illustrating the detonation re-initiation with b = 15 l 1/2 . Successive time at t = 0, 2, 6, 8, 11, 15, 19, 24, 29, 32, 34, 35, 37, 42 µs; temperature scale is between 298 K (blue) and 3500 K (red).
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 146147 Figure 14.6: Velocity of the precursor shock-wave recorded along the top and bottom boundaries for a pore size b = 15l 1/2

  Figure 14.8: Transverse H 2 concentration profile in the inhomogeneous case at the initial condition

Figure 14 . 9 :

 149 Figure 14.9: Comparison of the flame velocities with experimental data for homogeneous mixture (left) and inhomogeneous mixture (right)

Figure 14 . 10 :

 1410 Figure 14.10: Temperature field in between the left end plate and the first obstacle for the homogeneous mixture (left), with symmetry applied at y = 0.03 m, and inhomogeneous mixture (right) in the low Mach regime. Successive times at t = 0, 1, 2, 3, 4, 5 ms; temperature scale is between 293 K (blue) and 3000 K (red).

Figure 14 . 11 :

 1411 Figure 14.11: Temperature field in between the first two obstacles for homogeneous mixture (left), with symmetry applied at y = 0.03 m and inhomogeneous mixture (right) in the fast deflagration regime. Successive times at t = 6, 6.25, 6.5, 6.75, 7, 7.25 ms; temperature scale is between 293 K (blue) and 3000 K (red).

Figure 14 . 12 :

 1412 Figure 14.12: Density field through the second obstacle for inhomogeneous mixture t = 7.34 ms

Figure 14 . 13 :Figure 14 . 15 :

 14131415 Figure 14.13: Vorticity field (top) and baroclinic production (bottom) through the second obstacle for inhomogeneous mixture t = 7.34 ms
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 1718 Figure 17: Solution (left) and characteristic waves (right) for a shock wave

Figure 19 :Figure 20 :

 1920 Figure 19: Schematic representation of the initial state in a shock tube.

ζ 2 -

 2 2bζ -c = 0, (45)where ζ = ρ/ρ L = √ b 2 + c + b and b = h-h L R L T +

Figure 21 :

 21 Figure 21: Determination of the nature and intersection of the characteristic curves of shock wave λ -and rarefaction wave λ + in the(u, p) plane

  T )dx + (T S L -x L )w L + (x R -T S R )w R .

  [START_REF] Toro | Restoration of the contact surface in the hllriemann solver[END_REF] add to the previous description the wave of speed S * and two different intermediary states w * L and w * R .w * L = 1 S * -S L T S * T S L w(x, T )dx; w * R = 1 S R -S * T S R T S * w(x, T )dx. (59)With the consistency condition (50) we obtain:

  using the appropriate control volume we havef E * L = f E L + S L (w * L -w L ); (63) f E * R = f E * L + S * (w * R -w * L ); (64) f E * R = f E R + S R (w * R -w R ). (65) (66) At this point, the resolution of the HLLC solver impose to estimate the value of the wave speeds S L , S * and S R . Based on the Godunov resolution of the Riemann problem, Roe average eigenvalues are generally used for practical computations, and by taking for S L and S R S L = ũã, S R = ũ + ã,

Figure 22 :

 22 Figure 22: Example de profils de densité, vitesse et température d'un tube de choc de Sod avec un mélange multi-composant avec et sans correction

Figure 23 :

 23 Figure 23: Champ de température illustrant un régime de quasi-détonation et la réinitiation de la détonation après un milieu poreux avec la superposition d'ondes transverses

Figure 24 :

 24 Figure 24: Champ de vorticité (haut) et de production barocline (bas) illustrant la perturbation du front de flamme et son accélération dans le tube d'accélération
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  In the previous chapter, Riemann solvers and high-resolution methods described like the OSMP solver are built for perfect polytropic gas. As discussed in 5.2 we consider here gases at Local Thermodynamic Equilibrium, and we supposed that the equation of state is convex to be able to solve the Riemann problem with the classical three-waves model described in Appendix A.2.2. With these assumptions, several generalizations of the Roe approximate Riemann solver have been proposed in cases with mono-component real gases [Abg91, Gla88, VM90, LLS90, CC94, ATC17]. Difficulties usually encountered in developing such generalizations come from the non-uniqueness of the Roe averaged state at the interface between right and left states of the Riemann problem when applied to a non-ideal gas or a non-perfect equation of state. Indeed, the Roe averaged state requires additional approximations for the compressibility factors, which are pressure derivatives with respect to the independent variables (the density and the internal energy, for instance). Several methods to approximate those pressure derivatives have already been formulated in the literature. A solution proposed in[START_REF] Glaister | An approximate linearised riemann solver for the euler equations for real gases[END_REF] consists in considering arithmetic averages of the pressure derivatives of fictitious intermediary states corresponding to the different possible paths between the left and right states.Recent methods of generalization of the Roe solver to real gases are based on the projection of approximated pressure derivatives onto a subspace defined by the jump relationships across the interface [VM90, LLS90, CC94]. A Roe averaged speed of sound is then deduced from the Roe average of pressure derivatives. Mottura et al.[START_REF] Mottura | An evaluation of roe's scheme generalizations for equilibrium real gas flows[END_REF] have evaluated such methods and concluded that similar results with the different methods are obtained with, however, a better numerical efficiency with the methods proposed by Vinokur & Montagné [VM90] and Liou, Van Leer and Shuen[START_REF] Liou | Splitting of inviscid fluxes for real gases[END_REF]. More recently, contrary to the usual strategy, Arabi et al.[START_REF] Arabi | A simple extension of roe's scheme for real gases[END_REF] proposed to first approximate the speed of sound before computing interface averages of the corresponding compressibility factors. Later on, Arabi et al.[START_REF] Arabi | A simple extension of roe's scheme for multi-component real gas flows[END_REF]

Table 8 .

 8 

1: Initial condition of pressure, density and species mass fraction for the Sod shock tube (left) and the Lax shock tube (right) problems

Table 10

 10 

	.1: Coefficients of centered linear polynomials interpolation [Har95]
	Order (r) s	ξ 1	ξ 2	ξ 3
	1	0	0	0	0
	3	1	-1 8	0	0
	5	2 -22 128	3 128	0
	7	3 -201 1024	11 256	-5 1024

Table 11 .1: Physical

 11 

	De Palma et al. [DdPN06]	2.28	0.71	0.60	53.8°1.55
	Gautier et al. [GBL13]	2.24	0.71	0.60	53.6°1.49
	Di Mascio et al. [DZ21]	2.25	0.71	0.59	1.49
	Khalili et al. [KLM19]	2.22	0.72	0.59	53.1°1.52
	This work	2.17	0.712	0.587	51.6°1.75

parameters of the flow pattern around a circular cylinder at Re = 40: wake length L/d, location and recirculation centre (a,b), separation angle θ s and drag coefficient C D

Table 11

 11 

	St	C D	C L

.22) with f st the vortex shedding frequency. This frequency is deduced from the Fourier transform of the temporal evolution of the transverse velocity behind the cylinder. The computed Strouhal number St and the drag coefficients C D and lift coefficients C L are reported in Table 11.2.

Figure 11.9: Vorticity contours from left to right at t = 5 ms, t = 10 ms, t = 15 ms, t = 20 ms, t = 25 ms, t = 30 ms, t = 40 ms, and t = 50 ms .2: Unsteady flow past at circular cylinder at Re = 200: Strouhal number St, drag coefficient C D , and lift coefficient C L .

Table 13 . 1 :

 131 Values of detonation parameters computed for mixture at T 0 = 298 K and P 0 = 1 atm with hydrogen chemical mechanism of Mével Figure13.10, no oscillation is visible with 50% Ar dilution, one oscillation mode is visible after destabilization for 40% Ar and 35% Ar, two modes for 30% Ar, and multiple modes for 25% Ar. We notice that the transition between these modes of perturbation is registered at lower dilution with the H 2 chemical mechanism of Mével than with the San Diego mechanism[START_REF] Sánchez | Recent advances in understanding of flammability characteristics of hydrogen[END_REF] following results of Han et al.[START_REF] Han | Pulsation in one-dimensional h2-o2 detonation with detailed reaction mechanism[END_REF].The results from Figure13.10 are obtained without viscous term. By applying the Navier Stokes equation for the 25% Ar case (Figure13.11), no significant discrepancies appear in the amplitude and the frequency of the pulsation oscillations. We can only notice that the transient destabilizing period is faster for the same condition. Then the diffusive effects are moderate on the pulsating characteristic of a detonation.The characteristic detonation values for the different dilution of Argon in stoichiometric H 2 -O 2 mixture are shown in table 13.1. We measure the value of the stability parameter χ (2.13) proposed byNg et al. [NRH + 

	Mixture	∆ I (mm)	∆ R (mm)	Θ	χ	Mach
	2H 2 + O 2 + 25%Ar	2.95 ×10 -2	0.116	4.97	1.26	5.22
	2H 2 + O 2 + 30%Ar	2.95 ×10 -2	0.126	4.86	1.14	5.20
	2H 2 + O 2 + 35%Ar	2.99 ×10 -2	0.138	4.76	1.03	5.18
	2H 2 + O 2 + 40%Ar	3.14 ×10 -2	0.154	4.67	0.95	5.15
	2H 2 + O 2 + 50%Ar	3.51 ×10 -2	0.205	4.51	0.77	5.08
	2H 2 + O 2 + 3.76N 2	0.108	0.402	7.53	2.02	4.85
	presented in					

Table 1 :

 1 ) O 2 + O OH + HO 2 9.55•10 6 2.00 (26) H 2 O 2 + H H 2 O + OH 0.24•10 14 0.00 (27) H 2 O 2 + H HO 2 + H 2 4.82•10 13 0.00 (28) H 2 O 2 + OH H 2 O + HO 2 1.00•10 12 0.00 0 Duplicate (29) H 2 O 2 + OH H 2 O + HO 2 5.80•10 14 0.00 Duplicate H 2 Mevel's detailed mechanism [MJL + 09]

	H2 Mével			
	Reaction			A	b	Ea
	(1) H 2 + M H + H + M		4.57•10 19	-1.4	104380
	H 2 /2.5	H 2 O/12	N 2 /0.0	
	(2) H 2 + AR H + H + AR	5.84•10 18	-1.1	104380
	(3) H 2 + O 2 OH + OH		2.50•10 12	0.00	39000
	(4) H + H + H H 2 + H		3.20•10 15	0.00	0
	(5) H + HO 2 H 2 O + O		3.00•10 13	0.00	1720
	(6) O + H 2 H + OH		5.08•10 4	2.67	6290
	(7) O + O + M O 2 + M		6.16•10 15	-0.50	0
	H 2 /2.5	H 2 O/12	AR/0.0	
	(8) O + O + AR O 2 + AR	1.89•10 13	0.00	-1788
	(9) H + O 2 O + OH		1.91•10 14	0.00	16439
	(10) H + O 2 ( + M) HO 2 ( + M)	1.48•10 12	0.60	0
	Low			3.482•10 16	-0.411	-1115
	Troe [0.5 1 • 10 -30 1 • 10 30 ]	
	H 2 /2.5	H 2 O/12	AR/0.0	
	(11) H + O 2 ( + AR) HO 2 ( + AR)	1.48•10 13	0.60	0
	Low			1.49•10 15	0.00	-1000
	Troe [0.5 1 • 10 30 1 • 10 30 ]	
	(12) H + O + M OH + M		4.71•10 18	-1.00	0
	H 2 /2.5	H 2 O/12	AR/0.75	
	(13) OH + H 2 H 2 O + H		2.16•10 8	1.51	3430
	(14) H 2 O + O OH + OH		2.97•10 6	2.02	13400
	(15) H 2 O 2 ( + M) OH + OH( + M)	2.95•10 14	0.00	48430
	Low			1.20•10 17	0.00	45500
	Troe [0.5 1 • 10 30 1 • 10 30 ]	
	H 2 /2.5	H 2 O/12	AR/0.0	
	(16) H 2 O 2 ( + AR) OH + OH( + AR)	2.95•10 14	0.00	48430
	Low			1.90•10 16	0.00	43000
	Troe [0.5 1 • 10 29 1 • 10 31 ]	
	(17) OH + H + M H 2 O + M	2.21•10 22	-2.00	0
	H 2 /2.5	H 2 O/12	AR/0.0	
	(18) OH + H + AR H 2 O + AR	8.41•10 21	-2.00	0
	(19) HO 2 + O O 2 + OH		0.33•10 14	0.00	0
	(20) HO 2 + H H 2 + O 2		1.66•10 13	0.00	823
	(21) HO 2 + H OH + OH		7.08•10 13	0.00	295
	(22) HO 2 + OH H 2 O + O 2		2.89•10 13	0.00	-497
	(23) HO 2 + HO 2 H 2 O 2 + O 2	4.20•10 14	0.00	11982
	Duplicate			
	(24) HO 2 + HO 2 H 2 O 2 + O 2	1.30•10 11	0.00	-1629
	Duplicate			

  ˜ , and κ = ∂p ∂ẽ ρ i,i=1,...,ns . (78) Ces facteurs de compressibilités interviennent également dans l'expression de la vitesse du son Afin d'appliquer le schéma de Roe et de respecter les relations de saut à travers une discontinuité (74), l'expression des moyennes de Roe permet d'obtenir une condition liant la variation de la pression, les fractions massique et l'énergie interne avec les facteurs de compressibilités : Afin de respecter cette relation, plusieurs procédures sont décrites dans la littérature principalement considérant un gaz avec deux composants, nous appliquons ici à des mélanges multi-composants la méthode introduite par Montagné et al. [MYV89] consistant à effectuer une première prédiction des facteurs de compressibilités ( χ i , κ) avec une intégration sur un chemin entre l'état gauche et droit. Cette solution est ensuite projetée orthogonalement sur l'hyperplan défini par (80) dans l'espace de coordonnées :

	c 2 s =	∂p ∂ρ s,N i,i=1,...,ns	=	ns i=1	χ i Y i + κh.	(79)
				ns	
		∆p =		χ i ∆ρ i + κ ∆	(80)
				i=1	
		1 κ	,	χ i sκ	, i = 1, ..., n s	,	(

  j+1/2 ∆ρ i + κ j+1/2 ∆ ,

	c 2 s,j+1/2 =	(83)
	χ i,j+1/2 κ j+1/2	.

ns i=1 χ i,j+1/2 Y i,j+1/2 + κ j+1/2 h j+1/2 , α M -P N +1,j+1/2 = ns i=1 α M -P i,j+1/2 E cj+1/2 -

Declaration d'Invention DI 03760-01

Discontinuity appear around T = 1000 K because two different polynomials are used in our thermodynamic model before and after 1000 K and that the continuity of their derivative is not guaranteed

refers to the approximate Riemann solver that considers the three characteristic fields present in the exact solution of the Riemann problem (a shock wave, a contact discontinuity, and an expansion fan) as described in Appendix A.2.2

SAMURAI: Structured Adaptive mesh and MUlti-Resolution based on Algebra of Intervals https:// hpc-math-samurai.readthedocs.io.

Remerciements

The projection and the prediction operators are used for relating consecutive levels. The projection operator noted P l+1→l compute the cell-average value of the solution on a node at grid level l from the cell-average values of the children of this node at grid level l + 1.

where C l j denotes the 2 N dim children at grid level l + 1. |Ω l j | correspond to the volume of an interval Ω l j of the dyadic grid at the level l. The projection then corresponds to the exact averages computed at the finer level. So, as far as grids are nested, this projection operator is exact and unique when using a finite volume approach.

The prediction operator noted P l→l+1 uses cell-average values at the grid level l for approximate the values at the grid level l + 1. Contrary to the projection operator, there is an infinite number of approximation choices. However, Cohen et al. [START_REF] Cohen | Fully adaptive multiresolution finite volume schemes for conservation laws[END_REF] impose two constraints:

• The prediction is local, i.e. that the approximation of w l+1 , that is noted ŵl+1 , is computed using the cell-average values w l on a stencil surrounding the cell Ω l+1 j

• The prediction is consistent with the projection in the sense that

In this work, the approximation is realized with a centered linear polynomial interpolation. In one dimension, the approximated values of the two childrens are:

EOA after growth 

Construction of the table

A point of the ISAT table record is thus constituted of its initial state Φ o , its final state R(Φ o ), its sensitivity matrix to carry out the linear approximation, and its EOA to guarantee the respect of the tolerance criterion and which can evolve during the time.

In order to quickly browse the tabulated points, they are arranged in a binary tree (Figure 12.2).

The leaves of the binary tree are the recorded point. The nodes of the tree contain a vector v and a scalar a that divides the region in two such as described in the following.

When the reaction operator of a new vector of thermodynamic variable Φ q must be computed, the first step of the algorithm is to find the closest record in the table. Then the algorithm browses the successive nodes until they obtain a leaf. When v T • Φ q < a, the following selected node is the left one, when v T • Φ q > a, the following selected node is the right one.

Once the closest point is found, if the new point is inside the EOA, the linear approximation (12.3) is performed, we call this event retrieval.

If the point is outside the EOA, the direct integration if perform to obtain R(Φ q ). We test if its solution respects the tolerance criteria, R(Φ q ) -R(Φ o ) < tol :

• if the criteria is met, the EOA of the recorded point is grown, we call this event growth.

• else, the point must be add to the table. The sensitivity matrix and the initial EOA are computed using (12.5) and a new node is created to split the recorded point and the new point with:

This event is called addition.

General Conclusion and Prospects

Summary

This thesis aims to propose a set of high-resolution methods to predict the phenomena occurring in the flame acceleration process and the transition to detonation. This subject is of interest in energy management and for various industries involving hydrogen. It is also being linked for several decades to nuclear safety issues, especially with the accidents at Three Miles Island and Fukushima, where hydrogen explosions endangered the integrity of the reactors.

The field of research applied to the evolution of a flame front in a confined environment involves various physical mechanisms ranging from thermo-diffusive instabilities impacting a laminar flame to the formation of onset of detonation and the behavior of a detonation front in a rough or porous medium.

Over the last few decades, experimental studies have been carried out to identify the influence of such mechanisms, particularly using flame acceleration tubes. These experiments highlight the influence of some parameters as the presence of obstacles or concentration gradients, and allow the establishment of a set of empirical criteria. However, the various physical phenomena influencing the behavior of the flame are difficult to isolate properly, and the use of such criteria remains limited to correctly anticipating the evolution of a flame front in a complex environment.

The progress of numerical methods and simulation capacities can address these issues in the future. However, numerical methods dedicated to such simulation must overcome several limitations to faithfully reproduce highly compressible phenomena involving a wide spectrum of time and characteristic sizes with chemical and hydrodynamic length scales. The work presented here addresses these numerical issues and proposes a high-resolution numerical solver dedicated to resolving the flame acceleration process at the successive steps of its evolution until the transition to detonation. We initially based our numerical setup on two existing tools: the AGATH library, which provides a flamelet library to compute chemical source terms and transport and thermodynamic model, and the MR_CHORUS solver, which provides an efficient high-order compressible numerical scheme called the OSMP scheme. The MR_CHORUS solver also includes multiresolution tools for adaptive mesh refinement that deal with multi-scales structures in space using a suitable local refinement. Developments have been realized to complete these numerical tools and adapt them to the problematics of flame acceleration.

The first part of these developments concerns the numerical scheme used:

• The MR_CHORUS solver used a splitting operator to treat convection and diffusion operators with dedicated integration schemes. This initial integration scheme has been extended for multicomponent mixture, especially introducing diffusion operators using Multicomponent Dixon-Lewis diffusion coefficients. The scheme has also been completed by introducing a reactive operator using a Strang splitting scheme and solved with an implicit Radau5 solver to properly implement stiff source terms and use this solver with a wide range of time scales.

• For the resolution of the Euler operator, the OSMP scheme has been extended to work with multicomponent mixtures with convex state laws. In the context of hydrogen combustion, this scheme is then adapted to treat mixtures with temperature-dependent heat capacities that reproduce the variation of the vibrational and rotational energy of the molecular species with

The nonlinear case

We extend here the definitions and properties described previously to nonlinear hyperbolic systems in order to solve entirely the Riemann problem. In this case, the Jacobian matrix A(u) is a function of the state variable u. The characteristic curves, associated with the eigenvalues λ k depend on the local state and are not necessarily straight lines anymore:

We call λ k -field the characteristic field corresponding to the part of the solution relative to the k th eigenvalue λ k :

• a λ k -field is said to be linearly degenerate (LD) if

• a λ k -field is said to be genuinely nonlinear (GNL) if

In the scalar case with m = 1, we have λ(u) = a(u) = f (u), the caracteristic field is then GNL if and only if a(u) does not vanish, i.e. if a(u) is strictly convex or a strictly concave function. Equivalently, a LD caracteristic field corresponds to a constant velocity a(u) = a.

When m > 1, in an analogous way, if a hyperbolic system is convex, which implies that the eigenvalues λ k (U ) are monotone, then each λ k -field is either GNL or LD.

Riemann invariants and simple waves

Each λ k -field is associated to k-Riemann invariants which are the functions g (k) (U) such as:

We note that if the λ i -field is LD, then λ(u) is a Riemann invariant.

We define the integral curves corresponding to the curves in the phase space (u 1 , ..., u m ) tangent to the eigenvectors.

The k-invariants of Riemann are constant along the integral curves of the λ k -field. Therefore, there are m -1 Riemann invariants with linearly independent gradients for each λ k -fields. An unspecified k-Riemann invariant can be decomposed into a combination of m -1 linearly independent invariants.

In order to treat solutions with uniform zone, we introduce the notion of k-simple waves. A smooth solution on a domain D of R × R + is called a k-simple wave if g (k) (u(x; t)) is constant in D for any k-Riemann invariant g (k) . Such waves correspond to the area of the x -t space sharing boundary with a uniform zone.

Then since the k-Riemann invariants are constant along the integral curves, the values of u in a ksimple wave are restricted to only one integral curve of r k . Moreover, in the case u is a k-simple wave, since the solution is in the same integral curve, it can be proved as in [START_REF] Godlewski | Numerical Approximation of Hyperbolic Systems of Conservation Laws[END_REF] that the characteristic curves of the λ k -field (24) are straight lines along with u is constant.

This property is essential for solving the Riemann problem for a convex hyperbolic system of equations. Indeed, rarefaction waves are k-simple waves. It implies that the description of rarefaction wave made in (A.1.2) is a continuous weak solution and is still valid in the nonlinear case. In the Figure (18), the straight lines in the rarefaction fan correspond to the characteristic curves of the λ k -field.