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Résumé

gg 7 E NOS JOURS, un intérét significatif et croissant pour améliorer les processus

de conception de véhicules s’observe dans le domaine de l'optimisation mul-
tidisciplinaire grace au développement de nouveaux outils et de nouvelles techniques.
Concretement, en conception aérostructure, les variables aérodynamiques et structurelles
s’influencent mutuellement et ont un effet conjoint sur des quantités d’intérét telles que
le poids ou la consommation de carburant. L’optimisation multidisciplinaire se présente
alors comme un outil puissant pouvant effectuer des compromis inter-disciplinaires.
Dans le cadre de la conception aéronautique, le processus multidisciplinaire implique
généralement des variables de conception mixtes, continues et catégorielles. Par exemple,
la taille des pieces structurelles d’un avion peut étre décrite a 1’aide de variables contin-
ues, le nombre de panneaux est associé a un entier et la liste des sections transverses ou
le choix des matériaux correspondent a des choix catégoriels. L’objectif de cette these
est de proposer une approche efficace pour optimiser un modele multidisciplinaire boite
noire lorsque le probleme d’optimisation est contraint et implique un grand nombre de
variables de conception mixtes (typiquement 100 variables). L’approche d’optimisation
bayésienne utilisée consiste en un enrichissement séquentiel adaptatif d’un métamodele
pour approcher 'optimum de la fonction objectif tout en respectant les contraintes.
Les modeles de substitution par processus gaussiens sont parmi les plus utilisés dans
les problemes d’ingénierie pour remplacer des modeles haute fidélité cotliteux en temps
de calcul. L’optimisation globale efficace est une méthode heuristique d’optimisation
bayésienne concgue pour la résolution globale de problemes d’optimisation cofiteux a
évaluer permettant d’obtenir des résultats de bonne qualité rapidement. Cependant,
comme toute autre méthode d’optimisation globale, elle souffre du fliéau de la dimension,
ce qui signifie que ses performances sont satisfaisantes pour les problemes de faible dimen-
sion, mais se détériorent rapidement a mesure que la dimension de I’espace de recherche
augmente. Ceci est d’autant plus vrai que les problemes de conception de systemes com-
plexes integrent a la fois des variables continues et catégorielles, augmentant encore la
taille de I'espace de recherche. Dans cette these, nous proposons des méthodes pour
réduire de maniere significative le nombre de variables de conception comme, par ex-
emple, des techniques d’apprentissage actif telles que la régression par moindres carrés
partiels. Ainsi, ce travail adapte 'optimisation bayésienne aux variables discretes et a la
grande dimension pour réduire le nombre d’évaluations lors de I'optimisation de concepts

d’avions innovants moins polluants comme la configuration hybride électrique “DRAGON”.

Mots Clefs : Processus gaussien, Optimisation boite noire, Inférence bayésienne, Vari-

ables hiérarchiques et catégorielles, Conception d’avions décarbonés.



Abstract

WWADAYS, there is a significant and growing interest in improving the efficiency
of vehicle design processes through the development of tools and techniques in

the field of MDO. Specifically, in aerostructure design, aerodynamic and structural vari-
ables influence each other and have a joint effect on quantities of interest like weight or
fuel consumption and, as such, MDO arises as a powerful tool for automatically making
interdisciplinary trade-offs. In the aircraft design context, the process generally involves
mixed continuous and categorical design variables. For instance, the size of an aircraft’s
structural parts can be described using continuous variables, while discrete variables may
include either integer variables, like the number of panels, or categorical variables, like
cross-sections or material choices. The objective of this Philosophiae Doctor (Ph.D) the-
sis is to propose an efficient approach for optimizing a multidisciplinary black-box model
when the optimization problem is constrained and involves a large number of mixed inte-
ger design variables (typically 100 variables). The targeted optimization approach, called
EGO, is based on a sequential enrichment of an adaptive surrogate model and, in this
context, GP surrogate models are one of the most widely used in engineering problems to
approximate time-consuming high fidelity models. EGO is a heuristic BO method that
performs well in terms of solution quality. However, like any other global optimization
method, EGO suffers from the curse of dimensionality, meaning that its performance is
satisfactory on lower dimensional problems, but deteriorates as the dimensionality of the
optimization search space increases. For realistic aircraft design problems, the typical size
of the design variables can even exceed 100 and, thus, trying to solve directly the prob-
lems using EGO is ruled out. The latter is especially true when the problems involve both
continuous and categorical variables increasing even more the size of the search space. In
this Ph.D thesis, effective parameterization tools are investigated, including techniques
like partial least squares regression, to significantly reduce the number of design vari-
ables. Additionally, Bayesian optimization is adapted to handle discrete variables and
high-dimensional spaces in order to reduce the number of evaluations when optimizing
innovative aircraft concepts such as the “DRAGON” hybrid airplane to reduce their climate

impact.

Keywords: Gaussian process, Black-box optimization, Bayesian inference, Multidisci-
plinary design optimization, Mixed hierarchical and categorical inputs, Eco-friendly air-

craft design.
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Chapter 1

Introduction

DIIE/IOH 32 SIIEJIOHOM,
DIIIE/TOH 32 SIIEJIOHOM,

[IyTb-10pora mupoka...

Omenonnas, Ocun fAxosiesna Kosbraen

Objectives
J@ HIS chapter introduces the context and objectives of this Philosophiae
Doctor (Ph.D) thesis and explains how and why this work was carried
out, what the goals were and how we addressed them.

1.0 Synthése du chapitre en francais

Le chapitre “Introduction” introduit le travail présenté dans ce manuscrit. Il revient sur
le contexte dans lequel ce travail a eu lieu et sur ses principales contributions. Cette
these reprend des articles pour le contenu de ses chapitres dont les thématiques et les
motivations sont ici exposées.

Ce travail de recherche a été réalisé dans le cadre de I’Ecole Doctorale Mathématiques,
Informatique et Télécommunications de Toulouse (EDMITT) en collaboration avec
I’ONERA et 'ISAE-SUPAEROQO. L’objectif principal était d’investiguer et de développer
des méthodologies pour optimiser la conception d’aéronefs plus respectueux de
I'environnement. Les projets AGILE 4.0 (2019-2023) et COLOSSUS (2023-2026), financés
par I’'Union européenne ont été initiés pour relever ces défis écologiques en étendant les
efforts de recherche sur ’ensemble du cycle de vie des avions. Lors de la conception de
systemes complexes comme les aéronefs, 'utilisation de méthodes de conception optimale
multidisciplinaire (MDO pour Multidisciplinary Design Optimization) et de technologies
d’ingénierie basée sur les modeles (MBSE pour Model-Based System Engineering) est
essentielle pour réduire 'impact environnemental lié a la consommation de carburant, a
la génération de déchets et aux émissions tout au long des activités réalisées par 1’avion.
La complexité de la conception moderne des avions, couplée a la multitude de disciplines
impliquées, présente des défis importants pour 'optimisation, qui devient cotiteuse, de
grande dimension, en entiers mixtes, multi-objectif, sous contraintes,... Différentes ap-

proches existent pour réaliser une MDO, dont, en particulier, les méthodes MDF (pour
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MultiDisciplinary Feasible) et IDF (pour Individual Disciplinary Feasible), chacune avec
leurs propres avantages. La MDF résout l’analyse multidisciplinaire (MDA pour Mul-
tidisciplinary Design Analysis) a chaque étape d’optimisation, permettant d’avoir des
réponses exactes ayant un sens physique. Au contraire, I'IDF sépare les solveurs disci-
plinaires mais résout 'optimisation et la MDA simultanément, ce qui la rend plus efficace
mais cela se fait au risque d’avoir des solutions non réalisables si les itérations sont in-
terrompues avant la convergence. Néanmoins, lorsque les dérivées des disciplines ne sont
pas disponibles, comme pour des systemes complexes ou méconnus, les méthodes sans
gradient se basant sur la MDF sont cruciales. Ces méthodes sont générales, adaptables,
et utilisables pour de nombreux problemes d’ingénierie. Dans ce contexte, et en par-
ticulier pour optimiser des boites noires cofiteuses, les méthodes d’optimisation basées
sur des modeles de substitution, telles que 'optimisation bayésienne, sont utilisées pour
explorer efficacement 1’espace de conception et identifier des solutions prometteuses tout
en minimisant le nombre d’évaluations cotiteuses. Cette recherche vise donc a fournir des
informations, des méthodologies et des outils pour I'industrie aérospatiale afin de con-
cevoir des avions plus respectueux de I'environnement et plus efficaces selon un ensemble
de criteres. Ainsi, cette these fait suite aux theses de doctorat de M.-A. Bouhlel (2012-
2016) et R. Priem (2017-2020), qui ont développé une stratégie adaptative d’optimisation
globale sous contraintes ainsi que des modeles réduits permettant de traiter des systemes
complexes de grande dimension.

Tout d’abord, le logiciel Super Efficient Global Optimization with Mixture Of Ex-
perts (SEGOMOE), développé par 'ONERA et 'ISAE-SUPAERO, est un optimiseur
bayésien capable de prendre en compte efficacement les problemes contraints en utilisant
des données parcimonieuses. Il repose sur la méthode Super Efficient Global Optimiza-
tion (SEGO) qui construit un modele de substitution basé sur des processus gaussiens
(GP pour Gaussian Process) a la fois pour les fonctions objectifs et les contraintes. Le
processus d’optimisation itératif se base sur le modele de substitution de la fonction ob-
jectif et permet de reformuler le probleme d’optimisation originel comme la maximisation
d’un critere d’enrichissement qui respecte les prédictions des modeles des contraintes.

Ensuite, le logiciel open-source Surrogate Modeling Toolbox (SMT) regroupe plusieurs
techniques de modélisation et notamment certaines qui sont améliorées par 1'ajout de
différentes informations comme les dérivées locales. En particulier, les modeles GP (ou
krigeage ou Kriging en anglais) sont particulierement intéressants et leurs dérivées an-
alytiques peuvent étre facilement utilisées dans un contexte de systemes couplés, par
exemple avec des méthodes adjointes. SMT implémente également des modeles de haute
dimension tels que le krigeage avec moindres carrés partiels (KPLS pour Kriging with
Partial Least Squares) qui combine le krigeage avec des projections en espace réduit pour

construire un modele dans un sous-espace de petite dimension, réduisant ainsi le temps de
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calcul nécéssaire a la construction du modele et facilitant ’optimisation de ses parametres
internes. Suivant cette idée, la méthode KPLSK construit d’abord un modele KPLS ini-
tial comme configuration de départ, puis construit un modele de krigeage complet en
repartant du modele réduit pour accélérer le processus de construction.

Cette these étend et améliore les capacités de modélisation par processus gaussiens
d’une part, et d’optimisation bayésienne avec et sans contraintes d’autre part, sur de

nombreux aspects, dont les principaux sont énumérés ci-dessous.

o Optimisation bayésienne tres haute dimension : le développement d’une méthode
d’optimisation bayésienne appelée EGORSE par R. Priem permet de résoudre des
problemes avec plusieurs centaines de variables de maniere plus efficace que les
méthodes existantes. A titre d’information, la contribution apportée par ce travail
s’est restreinte a la prise en main de 'optimiseur SEGOMOE afin de poursuivre les

expériences numériques initiées par R. Priem.

e Optimisation bayésienne sous contraintes avec objectifs multiples :  une
généralisation du critere d’enrichissement WB2s a été développée avec R. Grapin
pour 'optimisation bayésienne multi-objectif. Cette extension permet d’obtenir des
fronts de Pareto avec 20 a 50 fois moins d’évaluations que les méthodes existantes.
Plus précisément, la contribution de ce travail a 'optimisation multi-objectif s’est
concentrée sur 'encadrement du stage de recherche de R. Grapin (02/2021-02/2022)
et sur le travail conjoint d’implémentation algorithmique effectué dans 'optimiseur

SEGOMOE.

o Modeles de processus gaussiens avec variables mixtes et hiérarchiques : des modeles
GP adaptés aux variables catégorielles et discretes ont été développés, permettant
d’étendre les méthodes d’optimisation bayésienne aux variables continues, discretes
ou catégorielles. De plus, des modeles hiérarchiques ont été développés pour prendre
en compte des structures hiérarchiques entre les variables. Tous ces modeles sont
implémentés dans le logiciel open-source SMT. Ce travail a été initié durant une
mobilité internationale a 1’école Polytechnique de Montréal en collaboration avec
le doctorant E. Hallé-Hannan (05/2022-09/2022). 11 a été poursuivi a Toulouse en
collaboration avec le doctorant J. Bussemaker (DLR) lors de sa mobilité a 'ONERA
(03/2023-06/2023).

o Applications a la conception d’aéronefs plus respectueux de I'environnement : les
développements réalisés ont été appliqués a plusieurs problemes de conception
d’aéronefs. Tout d’abord, une configuration de référence basée sur un A320 a été
optimisée avec un ou plusieurs objectifs grace a 1'outil de conception multidisci-
plinaire Future Aircraft Sizing Tool with Overall Aircraft Design (FAST-OAD).

Ensuite et plus concrétement, un avion innovant hybride électrique long-courrier
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avec propulsion distribuée (DRAGON) a été optimisé en collaboration avec ’équipe
M2CI de TONERA et en particulier grace au concours de E. Nguyen Van. Enfin, et
avec la participation des partenaires européens et de TONERA, des optimisations
ont permis de réduire la consommation de carburant, les émissions de gaz a effet
de serre, le bruit émis, les cotits de développement et les risques de dysfonction-
nement, tout en améliorant la qualité de fabrication de différentes configurations

aéronautique afin de les rendre moins polluantes.

En résumé, cette partie présente les contributions et les développements réalisés dans
le domaine de I'optimisation bayésienne sous contraintes en haute dimension, avec des
variables mixtes et hiérarchiques. Les méthodes développées ont été appliquées a la
conception d’aéronefs plus respectueux de l’environnement contribuant, par la méme

occasion, a l'amélioration des processus de conception aéronautique.

1.1 General aircraft design context

This work was carried out within the Toulouse Mathematics, Computer Science and
Telecommunications doctoral school (EDMITT) and was co-funded by the Office Na-
tional d’Etudes et de Recherches Aérospatiales (ONERA) and the Institut Supérieur de
I’Aéronautique et de I'Espace - SUPAERO (ISAE-SUPAERO). This Ph.D was directed
by Nathalie BARTOLI, Senior Research Director in the Multidisciplinary Methods and
Integrated Concepts (M2CI) team of the Department of Information Processing and Sys-
tems (DTIS) at ONERA. It was co-directed by Youssef DIOUANE, Associate Professor
in the Department of Mathematics and Industrial Engineering (MAGI) at Polytechnique
Montréal. Furthermore, this work was supervised at ONERA by Thierry LEFEBVRE,
Research Engineer in the M2CI team and, at ISAE-SUPAERO, it was supervised by
Joseph MORLIER, Professor in the Department of Materials and Stuctural Mechanics
(DMSM). This research work was carried out in both the Applied Mathematics (MA) unit
of the Complex Systems Engineering Department (DISC) at ISAE-SUPAERO and the
M2CI team at ONERA. Additionally, four months were spent in the MAGI department
at Polytechnique Montréal as part of an international collaboration.

Being aerospace research laboratories, one of the main objectives pursued by ONERA
and ISAE-SUPAERO is to investigate and develop future aircraft configurations. In the
past few years, there has been an increasing emphasis on the development of more sus-
tainable and eco-friendly solutions in various industries, and the aerospace sector is no
exception [29]. With the ever-growing demand for air travel, it has become crucial to
address the environmental impact of aircraft and to seek for more efficient and greener
designs. Multidisciplinary Design Analysis (MDA) plays a significant role in achieving

this objective by integrating various disciplines into a unique framework based on coupled
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systems. For optimization purposes, the aeronautical industry has primarily focused on
incremental improvements through aircraft design optimization. However, to meet future
expectations in terms of environmental impact, noise reduction, and cost-effectiveness,
substantial advancements are required. The AGILE 4.0' (2019-2023) and COLOSSUS?
(2023-2026) European Union (EU) funded H2020 projects address these challenges by ex-
tending the research efforts over the whole lifecycle of an aircraft, including production,
operation, and end-of-life disposal [193]. To achieve this ambitious goal, Multidisciplinary
Design Optimization (MDO) methods and Model-Based Systems Engineering (MBSE)
technologies are being employed [54, 186]. The objective is to reduce the environmental
impact associated with fuel consumption, waste generation, and emissions throughout
the aircraft system’s activities and operations. This requires collaborative efforts in-
volving not only the aircraft design domain but also other industrial domains such as
manufacturing, supply chain management, maintenance, and certification [13, 32, 40].
Additionally, the evaluation of new architecture systems requires consideration of cat-
egorical variables, such as on-board system architecture (conventional, hybrid, electric)
and material properties (e.g., aluminum, titanium), which lack a defined order. When
design problems include both discrete variables and continuous variables, they are said to
have mixed variables. In consequence, the objective of this Ph.D thesis is to investigate
and propose methodologies for high-dimensional MDO including mixed integer inputs.
The complexity of modern aircraft design, coupled with the multitude of disciplines in-
volved, presents significant challenges for optimization. The first one is the computational
time of the MDA meaning that evaluating the performances and constraint functions at
a given operating point is expensive. The second one is the difficulty to capture how
the overall models behave. In terms of optimization, it leads to expensive-to-evaluate
black-box problems in which no additional information such as the derivatives is avail-
able. This work builds upon existing MDO frameworks and optimization techniques and
adapts them to handle the challenges posed by high-dimensional mixed integer eco-design
optimization problems. To perform MDO, several formulations can be used [130], among
which the MultiDisciplinary Feasible (MDF) and Individual Disciplinary Feasible (IDF)
approaches are of high interest [54]. Each approach offers its unique set of advantages
and drawbacks. The MDF approach is characterized by its agnostic approach for opti-
mization where the MDA is solved at every iteration of the optimizer. MDF uses a non-
intrusive coupling between the disciplinary solvers offering modality, adaptability, and,
as a result, a physically relevant solution is obtained at every optimization stage. Con-
versely, IDF takes a different route, decoupling disciplinary solvers but solving together
the optimization and the MDA resolution. While often more computationally efficient,

it may yield non-feasible solutions when the iterations are stopped before convergence.

'https://wuw.agile4.eu/
Zhttps://colossus-sos-project.eu/
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Moreover, coupling both IDF and gradient-based optimization, when the derivative in-
formation is available, is known to have better performance and reduced computation
time [143, 144]. Notwithstanding, when we have no access to disciplinary derivatives
or even to disciplines as a whole, gradient-free methods are of high interest and MDF
appears to be the most appropriate approach. The latter is particularly true for complex
systems and novel configurations where little is known, as for eco-design optimization.
The interest of gradient-free MDF method is that, thanks to its generality and because
it has very few requirements, it can be applied directly to many engineering problems
without adaptation. This is why this method is often applied in a MDO context for
aircraft design [30, 70, 71, 215]. In particular, special attention is given to the develop-
ment of surrogate-based optimization methods, such as Bayesian Optimization (BO), to
efficiently explore the design space and identify promising solutions while minimizing the
number of computationally expensive evaluations. Consequently, to optimize, without
derivatives, expensive-to-evaluate black-box problems, whether coupled systems or more
generally complex systems, BO appears to be the more fitting method. As a matter of
fact, BO relies on surrogate models to obtain both a prediction of the unknown model
and a quantification of the uncertainty in our knowledge. Mathematically, we need a
surrogate model providing both a mean prediction and a variance prediction, and, in this
setting, Gaussian Process (GP) based metamodels are of particular interest [121, 201].
In fact, BO leverages GP models to predict the behavior of the objective function, en-
abling the identification of promising regions in the search space. BO uses a Bayesian
infill criterion that balances the exploration of unexplored regions and the exploitation
of known promising regions, allowing for Efficient Global Optimization (EGO) even with
mixed, non-convex or high-dimensional functions. The versatility and effectiveness of BO
have been demonstrated in various scientific domains, ranging from materials science to
environmental monitoring. Its applications include optimizing experimental conditions,
designing materials with desired properties, and fine-tuning the parameters of machine
learning models. By efficiently exploring the search space and accommodating limited
evaluations, Bayesian optimization has proven to be a valuable tool for addressing the
challenges faced by the optimization of complex systems such as aircraft designs.

The outcomes of this research will contribute to advance the field of high-dimensional
MDO for eco-design aircraft, providing valuable insights, methodologies, and tools to
the aerospace industry. The developed optimization algorithms and frameworks will en-
able engineers and designers to explore a vast design space, identify eco-efficient aircraft
configurations, and make informed decisions that balance performance, safety, and en-
vironmental considerations, in presence of mixed variables. This work also adapts the
MDO framework to the so-called hierarchical variables. For example, consider different

aircraft propulsion architectures: a conventional gas turbine would not require a variable
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to represent a choice in the electrical power source, while hybrid or pure electric propul-
sion would require such a variable. Consequently, the architectural choice influences the
total number of sizing variables and therefore induces a hierarchy between the inputs
variables.

In conclusion, this Ph.D thesis will address the pressing need for more eco-friendly
aircraft designs by tackling the challenges of high-dimensional hierarchical and mixed
MDO under constraints. By leveraging advanced optimization techniques and integrating
sustainability aspects, this research aims to improve the aircraft design process, ultimately
leading to greener and more efficient aircraft that meet the incentives for a sustainable

future.

1.2 Previous works

This work follows from the Ph.D theses of M. A. Bouhlel (2012-2016) and R. Priem
(2017-2020), in which an adaptive strategy for global optimization under constraints
(enrichment-based algorithm) was developed together with reduced order models adapted
for high dimension.

First, the Super Efficient Global Optimization with Mixture Of Experts (SEGOMOE)
software [12] developed by ONERA and ISAE-SUPAERO [12] is a Bayesian optimizer
able to take efficiently into account constrained black-box problems in a sparse data
context. It is based on the Super Efficient Global Optimization (SEGO) [202] method that
builds a GP surrogate for the objective function as well as for the constraint functions.
These constraints are taken into account during the infill criterion optimization where,
for example, the optimization problem can be posed as maximizing a criterion based on
the objective surrogate such that the constraints, known by surrogate predictions, are
respected. Also, criteria like the Upper Trust Bound (UTB) criterion [181] have been
developed to take into account the GP models of the constraints less restrictively for
multimodal constraints handling purposes.

Second, the Surrogate Modeling Toolbox (SMT) open-source software [27] regroups
different modeling techniques and notably, some that are enhanced thanks to several
derivatives information. In particular, the GP models (or Kriging) are of high interest
and their derivatives can be used in the context of coupled systems, with adjoint methods,
for example. SMT also implements high-dimensional models like Kriging with Partial
Least Squares (KPLS) that combines Kriging with projective information to build the
model in a small subspace, leading to both a reduced computational time and an easier
optimization of the internal parameters of the aforementioned model. Furthermore, the
Kriging with Partial Least Squares + Kriging (KPLSK) method builds a first KPLS
model as a starting configuration and then builds a full Kriging model on top of it to

speed up the building process.
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At the start of this Ph.D thesis, several technological locks were identified over both
the modeling capabilities and the Bayesian optimization under constraints that relies on
them.

o During the Bayesian optimization process, the infill criteria are still to be optimized
in the original high dimension to predict the best infill point to evaluate. This
optimization is costly, scales poorly and can quickly become intractable in time.
Moreover, there is a need to extend smooth infill criteria from mono to multi-

objective optimization under constraints to account for opposite search interests.

o GP models are well-suited for modeling continuous inputs but need to account for
categorical or discrete variables that can only take a finite number of values. More-
over, these models have to be adapted to the high-dimension, as for the continuous

models.

e There is a need for GP that can take into account hierarchical structure between
inputs variables: for example, if we add a motor, we have one more propeller to
optimize. In other terms, the bigger the number of motors, the bigger the number
of sizing variables. These problems are also called “variable-size” problems and

generally involve mixed categorical variables.

The aim of this thesis is to show the recent developments done in these directions.
Various test cases available in the team served as aeronautical and engineering bench-
marks. The extension to mixed variables also extended the scope of applications (choice
of materials, choice of electrical architectures, number of electric motors) for the EU
funded H2020 projects AGILE 4.0 (2019-2023) and COLOSSUS (2023-2026).

1.3 Contributions and developments

This work led to the development of high-dimensional mixed and hierarchical Bayesian
optimization based on Gaussian processes. Several publications have been produced for
each aspect of the thesis and the aspects over which I contributed are listed in the follow-
ing. First, the contributions to the theory of Gaussian process and Bayesian optimization

can be distinguished as such:
1. Gaussian processes with mixed variables
2. High-dimensional Gaussian processes for mixed variables
3. Gaussian processes with hierarchical variables

4. Constrained Bayesian optimization with multiple objectives
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5. Constrained Bayesian optimization in high dimension

Then, the application to engineering test cases and aircraft design can be enumerated

below.

6. Software developments in SMT for surrogate models practical application of the

aforementioned GP with mixed and hierarchical variables.

7. Software developments in SEGOMOE for efficient global optimization practical
application of the aforementioned Bayesian optimization methods with constraints,

multi-objective and a high number of variables.
8. Application to the design of more environmentally-friendly aircraft.
9. Applications within AGILE 4.0 project for manufacturing many aircraft.

Concerning the extensions of Bayesian optimization, in [182], R. Priem et al. developed a
method allowing for Bayesian optimization on problems with up to 600 variables, relying
on both supervised and random embeddings. This work showed that Efficient Global
Optimization with Random and Supervised Embeddings (EGORSE) is more efficient
and scale to high dimension better than similar high-dimensional Bayesian optimization
methods like RREMBO [21], TurBO [74] and HESBO [157]. Through computer exper-
iments, it has been shown that the best method is to combine Partial Least Squares
(PLS) regressions as supervised embeddings with Gaussian random matrices as random
embeddings. It must be noted that the personal contribution brought within the scope
of this thesis was restricted to running numerical experiments to assist R. Priem.

In [91], R. Grapin et al. developed a method that generalizes Watson and Barnes
21 criterion Scaled (WB2s) to smooth infill criteria in the context of multi-objective
Bayesian optimization. It has been shown that the developed criteria are easier to opti-
mize than the previous ones and, with them, multi-objective Bayesian optimization was
efficiently applied to aircraft design problems. Notably, Pareto fronts of the objectives
have been obtained with between 20 to 50 times less evaluations than the Non-dominated
Sorting Genetic Algorithm number II (NSGA-II) [61]. The contribution of this work to
multi-objective optimization concerns algorithms implementation within SEGOMOE and
supervision of R. Grapin internship (02/2021-02/2022).

Concerning the extensions of GP to mixed variables, in [206], we developed a new
Gaussian process model for categorical and discrete inputs to extend the Bayesian opti-
mization methods aforementioned to mixed integer variables. In particular, we proposed
a new exponential correlation kernel that unifies both distance-based approaches and
matrix-based approaches through a unified formulation. This led to a unique framework

for various preexisting methods. Next, we extended this unified model to high-dimension
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in [207] (under review) using PLS regression. Namely, we develop a method that approx-
imates the correlation matrix between the levels of a categorical variable with a small
number of hyperparameters. This formulation gives a reduced order model to build a
GP in high-dimension for an affordable time cost. Another milestone brought to GP
models was to take into account the hierarchy, and therefore develop new hierarchical
models. The hierarchical works have been initiated during a secondment at Polytech-
nique Montréal, school of Engineering, in collaboration with E. Hallé-Hannan (05/2022-
09/2022). It has been followed by another collaboration with J. Bussemaker (DLR) at
the time of his international mobility at ONERA (03/2023-06,/2023).

In [208], we presented a new hierarchical model and we developed a new correlation
kernel peculiar to this type of variables. Moreover, the mixed integer GP can be coupled
with the hierarchy and all these models are free-to-use and implemented in the SMT
open-source software for reproducibility.

The new GP models and the new Bayesian optimization capabilities have been com-
bined and applied to various aircraft design problems. First, in [91, 204], we optimized
a reference configuration based on a A320 named CeRAS (Central Reference Aircraft
System) [191]. Then, in [209], we optimized an hybrid electric aircraft for long range
missions [212] and we developed an adaptive criterion to select automatically the number
of effective dimensions when building the models during the optimization process. This
work received the American Institute of Aeronautics and Astronautics (AIAA) MDO
Best Paper Award 2022 in the aerospace design and structures group. In the context
of AGILE 4.0, the works presented in this manuscript have been applied to several air-
craft problems. Namely, in [13], we present applications of Bayesian optimization to
multi-objective, mixed discrete and hierarchical problems. Aircraft design being multi-
disciplinary at its core, a lot of actors worked together for the realization of these works.
At ONERA, the MDA developments have been realized by E. Nguyen Van, T. Lefebvre,
N. Bartoli, C. David, S. Defoort, R. Lafage and many others. Extensive uses have been
made of the open-source softwares WhatsOpt [129] and FAST-OAD [57]. In fact, What-
sOpt is a web application allowing the ONERA experts to define collaboratively aircraft
multidisciplinary analyses in terms of disciplines and data exchanges. Concerning FAST-
OAD, it is a software program developed by ONERA and ISAE-SUPAERO for aircraft
sizing analysis and optimization that aims to ease the user experience and code modular-
ity. Its aircraft sizing code is based on multidisciplinary design optimization techniques
and on a point mass approach to estimate the required fuel and energy consumption for

a given set of Top Level Aircraft Requirements (TLAR).

This Ph.D thesis consists in four main chapters. Chapter 2 corresponds to the arti-
cle [206] for mixed categorical GP that is the point 1 in the list of contributions. Chapter 3

corresponds to the article [207], under review, for the extension of these mixed categor-
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ical GP to high dimension with PLS that is the point 2 in the list of contributions.
Chapter 4 presents the open-source software in which these models are implemented and
the development of new hierarchical GP models as in the article [208], corresponding
to the points 3 and 6 in the list of contributions. Lastly, Chapter 5 regroups all the
optimized application cases tackled during the last three years and correspond to our
articles [13, 91, 182, 204, 205, 207, 209] for really high dimension, mixed hierarchical
and multi-objective optimization and regroups the points 4, 5, 7, 8 and 9 in the list of
contributions. This has been made possible thanks to the several co-workers of this thesis
that applied the developed algorithms to industrial test case of high interest, notably for
green aircraft developments. In these works, a rover trajectory, an A320 based aircraft, an
hybrid aircraft with distributed propulsion, a coupled system for manufacturing, supply
chain and design of aircraft, a regional aircraft and even a family of similar business jets
were optimized. In practice, these multi-objective optimizations resulted in decreased
fuel burned, cumulative emission index, emitted noise, costly expenses, manufacturing
time and risk, while simultaneously increasing the manufacturing quality of aircraft, in

order to “decarbonate” aeronautics.



Chapter 2

A mixed-categorical correlation kernel for Gaussian process

A proposition is in itself neither probable nor improbable. An event
occurs or does not occur, there is no middle course. Probability is
a generalization. It involves a general description of a propositional

form. Only in default of certainty do we need probability.

Tractatus logico-philosophicus, Ludwig Wittgenstein

Objectives
ECENTLY, there has been a growing interest for mixed-categorical meta-
models based on Gaussian process (GP) surrogates. The main objec-
tive of this chapter is to develop a correlation kernel that can handle mixed-
categorical variables to use within GP. These chapter goals are listed below.

o To bridge the gap between the distance based kernels used for continu-
ous inputs and the matrix based kernels used for categorical inputs by
developing a unified and more general kernel.

« To prove that the developed kernel is Symmetric Definite Positive (SPD).

o To use the unified kernel to build a mixed GP that generalizes continuous
GP.

e To establish a framework based on the unified kernel that can be declined in
several other state-of-the-art kernels to give new insights on these kernels.

« To implement the developed kernel in the open-source software SMT.

o To test and compare the state-of-the-art models to show their behaviours
and compare their performances.

Contents
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2.0 Syntheéese du chapitre en francais

Le chapitre “A mixed-categorical correlation kernel for Gaussian process” propose une
approche pour modéliser les variables d’entrée mixtes-catégorielles dans le cadre des pro-
cessus gaussiens (GP pour Gaussian Process), également appelé modeles de krigeage.
Les simulations boites noires cofiteuses a évaluer sont couramment rencontrées dans de
nombreuses applications industrielles et, dans de tels cas, les modeles de substitution
sont couramment employés afin d’approcher la fonction cotiteuse avec peu de données.
Or, dans ce cadre, les problemes a modéliser peuvent impliquer des variables d’entrée
discretes et catégorielles, et c’est pourquoi, 'objectif de ce chapitre est d’apprendre un
modele de substitution peu cotiteux a partir d’'une fonction boite noire donnée, tout en
prenant en compte des variables continues et discretes. En 'occurrence, nous utilisons
une approche basée sur un GP qui modélise le modele cotiteux en tout point de 1'espace
de conception a partir d’'une valeur moyenne et d’un écart-type.

La principale contribution de ce travail est le développement d’un noyau de corrélation
mixte-catégoriel qui permet de modéliser avec précision les corrélations entre les variables
mixtes d’entrée en combinant deux types d’approches, a savoir les approches basées dis-
tance et les approches basées matrice. Ce noyau de corrélation peut ensuite étre utilisé
pour estimer la moyenne et I'écart-type du GP. En particulier, notre nouveau noyau de
corrélation permet d’expliciter une formulation “homogene” qui unifie plusieurs approches
préexistantes, qu’elles soient basées sur des distances ou sur des matrices. Les principaux
résultats obtenus montrent l'efficacité du modele proposé sur divers cas d’étude analy-
tiques et d’ingénierie. Ces résultats illustrent également les avantages et les inconvénients
des noyaux matriciels par rapport aux noyaux basés sur des distances pour prendre en
compte des variables de conception catégorielles.

En conclusion, ce chapitre présente une approche novatrice pour modéliser les vari-
ables d’entrée mixtes-catégorielles dans le cadre des GP. Le modele proposé offre des
résultats prometteurs et ouvre la voie a de futures recherches dans ce domaine en unifi-
ant plusieurs approches a travers une formulation unique pour exprimer les corrélations

entre les variables catégorielles.
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2.1 Introduction

Expensive-to-evaluate black-box simulations play a key role for many engineering and
industrial applications. In this context, surrogate models have shown great interest for a
wide range of applications, e.g., aircraft design [209], deep neural networks [218], coastal
flooding prediction [142], agriculture forecasting [84], turtle retinas modeling [172] or
seismic imaging [67]. These black-box simulations are generally complex and may involve
mixed-categorical input variables. Typically, an aircraft design tool has to take into
account variables such as the number of panels, the list of cross sectional areas or the
material choices.

In this work, we target to learn an inexpensive surrogate model f from a mixed-

categorical black-box function given by
f:OQxSxF =R (2.1)

This function f is typically an expensive-to-evaluate simulation with no exploitable
derivative information. 2 C R”™ represents the bounded continuous design set for the
n continuous variables. S C Z™ represents the bounded integer set where Lq,..., L,
are the numbers of levels of the m quantitative integer variables on which we can define
an order relation and F' = {1,... L} x {1,..., Lo} x ... x {1,...,L;} is the design
space for the [ categorical qualitative variables with their respective Ly, ..., L; levels.
Typical examples of f can be found in different engineering contexts. Mechanical per-
formance of hybrid discontinuous composite materials [199] is an example where the
mixed-categorical function f represents the stiffness value which depends on a set of in-
put variables w = (x,¢) € Q x F?. The continuous part x has two components, the length
of the fibers z; and the proportion of carbon fibers x5 (i.e., Q = [515,12000] x [0, 1]).
The categorical choices ¢ represent the types of carbon fibers ¢; and glass ones ¢y (i.e.,
F? = {XN-90, T800H} x {GF,T300,C100,C320}).

For that purpose, Gaussian process (GP) [236], also called Kriging model [124], is
known to be a good modeling strategy to learn a response surface model from a given
dataset. Namely, we will consider that our unknown black-box function f follows a

Gaussian process of mean p/ and of standard deviation o/, i.e.,
frf=6P (W [0"?). (2.2)

For a general problem involving categorical or integer variables, several modeling strate-
gies to build a mixed-categorical GP have been proposed [56, 65, 82, 95, 168, 195, 209,
249]. Compared to a continuous GP, the major changes are in the estimation of the

correlation matrix, the latter being essential to build estimates of x4/ and ¢/. Similarly to



CHAPTER 2. A mixed-categorical correlation kernel for Gaussian process 15

the process of constructing a GP with continuous inputs, relaxation techniques [82, 209],
continuous latent variables [56] and Gower distance based models [95] use a kernel-based
approach to estimate the correlation matrix. Other recent approaches try to estimate
the correlation matrix independently of a kernel choice by modeling directly the possible
correlation entries of the correlation matrix [65, 168, 195, 249].

Using GP surrogates is not the only possible approach whatsoever. Random forests are
often used instead of GP as they also can model both mean and variance [106] and tree-
structured Parzen estimators have been shown to be well-adapted for such problems [15].
Other surrogate models for black-box include ReLU functions [23], piecewise linear neural
network [165] or categorical regression splines [159]. Models other than GP could also
be based on a mixed integer kernel as for support vector regression [101] or on a mixed
integer distance as for radial basis functions [152]. Another classical modeling strategy is
to consider a different continuous model for every possible categorical choice and to build
another model peculiar to the categorical variables besides the continuous models. This
categorical model can be, for instance, a probability law [155], a multi-arm bandit [158] or
an integer model [197]. Also, in case of prior information, latent variables approaches [56]
and user-defined neighbourhood [1] based models are of great interest.

In this chapter, we target to extend the classical paradigm for continuous inputs
(where a kernel is used to build the GP) to cover the mixed-categorical case. Namely,
we will present a kernel-based approach that will lead to a unified model for existing
approximation strategies [82, 95, 168]. Namely, this work unifies both distance based
kernels and matrix based kernels into a unique homogeneous formulation. This work
generalizes existing methods that were already proven to be efficient over deep learning
models [82] and analytical test cases [95]. A similar kernel for the estimation of the
correlation matrix could be applied to continuous, integer and categorical inputs. The
good potential of the proposed approach is shown and analyzed over analytical and
industrial test cases.

Another main benefit behind the use of specific kernels [65, 168, 195, 249] to handle
mixed-categorical inputs is to model accurately correlations between the variables; which
is required to get accurate GP models. It might be possible to use continuous kernels
to model categorical data but in this case one needs to define a distance function. Such
function is not trivial to define on categorical data; only simple distances are possible
(e.g., Gower distance [95]) which in general leads to poor GP models. This chapter shows
in particular the utility of mixed-categorical kernel over continuous based ones on both
analytical and industrial test cases.

The GP models and the Bayesian Optimization (BO) that could be performed with
them are implemented in the Surrogate Modeling Toolbox (SMT) v2.0' [27]. Our model-

https://smt.readthedocs.io/en/latest/
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ing software is free and open-source and has been used regularly in the aircraft industry,
for example with a deep learning model [125, 137, 138, 243] or with a deep gaussian
process [110, 150].

The remainder of this chapter is as follows. In Section 2.2, a detailed review of the
GP model for continuous and for categorical inputs is given. The extended kernel-based
approach for constructing the correlation matrix is presented in Section 2.3. Section 2.4
presents academical tests as well as the obtained results. Conclusions and perspectives

are finally drawn in Section 2.5.

2.2 GP for mixed-categorical inputs

In this section, we will present the mathematical background associated with GP for
mixed-categorical variables. This part also introduces the notations that will be used
throughout the chapter. In this section, we are considering the general case involving
mixed integer variables. Namely, we assume that f : R® x Z™ x F' — R and our goal is
to build a GP surrogate model for f.

Given a set of data points, called a Design of Experiments (DoE) [76], Bayesian
inference learns the GP model that explains the best this data set. A GP model consists
of a mean response hypersurface p/, as well as an estimation of its variance [¢/]%. In
the following, n; denotes the size of the given DoE data set (W,y/) such that W =
{fwhw?, ..., w™} € (R" x Z™ x F)™ and y/ = [f(w!), f(w?),..., f(w™)]". For an
arbitrary w = (z, z, ¢) € R* x Z™ x F!, not necessary in the DoE, the GP model prediction
at w writes as f(w) = u(w) 4 e(w) € R, with € being the error between f and the model
approximation yu [72]. The considered error terms are random variables of variance o?.
Using the DoE, the expression of u/ and the estimation of its variance [0/]? are given as

follows:

pl(w) = ! +r(w) [RO) 7 (v — 147), (2:3)

and

where i/ and 67, respectively, are the maximum likelihood estimator (MLE) [192] of u
and o. 1 denotes the vector of n, ones. R is the n; X n; correlation matrix between the
input points and r(w) is the correlation vector between the input points and a given w.

The correlation matrix R is defined, for a given couple (r,s) € ({1,...,n:})?, by

[R(O)].s = k (w",u,0) € R, (2.5)



CHAPTER 2. A mixed-categorical correlation kernel for Gaussian process 17

and the vector r(w) € R™ is defined as r(w) = [k(w,w'),..., k(w,w™)]", where k is a
given correlation kernel that relies on a set of hyperparameters © [59, 60]. The mixed-

categorical correlation kernel is given as the product of three kernels:
k(wr7 ws7 @) — kcont (l’r, ZES, Qcont) kint (Z’!” ZS, th) kcat (CT7 CS, 0cat> 7 (26)

where k" and 6™ are the continuous kernel and its associated hyperparameters, £
and 0™ are the integer kernel and its hyperparameters, and last £°** and 0 are the ones
related with the categorical inputs. In this case, one has © = {#“" " g} Hence-
forth, the general correlation matrix R will rely only on the set of the hyperparameters
O:

[R(O)],.0 = [RH(00)], o[R (0], RO (6°)).. (2.7)

where [Rcont(econt)]ns — kcont(xr’ Z’S, econt)’ [Rmt (eintﬂr’s — kint(zr7 ZS, 9int> and
[Re (01, s = k°(c",c*,0°"). The set of hyperparameters © could be estimated us-
ing the DoE data set (W,y”) through the MLE approach on the following way

1 1
O* = arg max L(O) = (—nyT[R(@)]_lyf b log |[[R(©)]] — % log 27r> , (2.8)
where R(©) is computed using Eq. (2.7). To construct the correlation matrix, several
choices for the correlation kernel are possible. Usual families of kernels include exponential
kernels or Matern kernels [134]. In the rest of this section, we will focus mainly on the
exponential kernels and describe in details the construction of the continuous R®™ (§*™)

the integer R™ (™) and the categorical R (") correlation matrices.

2.2.1 Correlation matrices for continuous and integer inputs

The construction of the correlation matrix R (6°™) for continuous inputs, based on
an exponential kernel, can be described as follows. For a couple of continuous inputs

x" € R" and x° € R", one sets

[RO™(0°™)],.s = ﬁ exp (—05‘”” T — p). (2.9)
j=1

Different values for p can be used. Typically, when p = 1, one gets the absolute exponen-
tial kernel (Ornstein-Uhlenbeck process [134]) and, when p = 2, the squared exponential
kernel (or Gaussian kernel [236]) is obtained. Clearly, in the continuous case, construct-
ing R™ (™) would require the estimation of n non-negative hyperparameters, i.e.,
gt e R%.

Thanks to a continuous relaxation technique that transforms integer inputs into con-

tinuous ones, the integer inputs can be naturally handled with continuous kernels. On
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this base, in what comes next, there will be no distinction between continuous and integer
inputs; the two of them will be handled in the same way. In fact, for integer variables, the
distance defined in the continuous case is still valid. Thus, for an integer couple 2" € Z™
and z° € Z™, a natural extension of the exponential kernel that handles integer variables

can be given as follows:

[Rznt emt H exp ( eznt

). (2.10)

i,
%j T %

In a similar fashion, constructing R™ (") would require the estimation of m non-

negative hyperparameters, i.e., 6" € R

2.2.2  Correlation matrices for categorical inputs

For categorical inputs, different choices can be made to build the correlation matrix
R*(§°*). Some choices are sophisticated and can therefore lead to better GP models,
but are known to be computationally expensive (particularly as the number of categor-
ical inputs increases) [168, 195]. On the contrary, simple extensions of the well-known
continuous kernels based on the Gower distance [95] or on the continuous relaxation
techniques [87] would be less expensive. In the rest of this section, we will describe three
known techniques to build correlation matrices for categorical inputs that are based on

kernels.

2.2.2.1 Gower distance based kernel

The Gower distance based kernel dedicates one hyperparameter per categorical input
variable [95, 199]. Namely, for two given inputs ¢ € F' and ¢® € F', the Hamming
distance, or score, s between the i component of ¢" and ¢* is defined as: s(cf,cf) = 0

if ¢f = ¢, otherwise s(c!,¢;) = 1. Thanks to the Hamming distance, one can straight-
forwardly uses a continuous kernel to define R“*(6°*). For instance, in the case of an
exponential kernel, the Gower distance based correlation matrix will be given by
[Rcat(ecat)]ns — kcat(CT’ CS, ecat H exp ( Qcat z’ f)p) .

Similarly to the continuous and integer correlation matrices, the construction of the
categorical correlation matrix based on the Gower distance kernel requires the estimation
of [ hyperparameters (6°* € Ri) Note that, as the Hamming distance can only take the
values 0 and 1, all the exponential kernels lead to the same result independently of the

value of p.
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2.2.2.2 Continuous relaxation based kernel

To handle categorical variables through continuous relaxation, the design space F' is
relaxed to a continuous space Q' constructed in the following way. For a given i €
{1,...,1}, let ¢; be the " categorical variable with L; levels, and, for a given input point
¢", let ' be the index of the level taken by ¢ on the variable i. Denote ecr the one-hot
encoding [87] of ¢} that takes value 0 everywhere but on the dimension ¢:: e € RLi
such that ( )z =1 and ( ) = 0 for k # (.. For example, if the i’ component is
the color with L; = 3 levels being {red, blue, green} and if the r'* variable takes value
blue (¢! = blue), then the corresponding index is ¢. = 2 and the corresponding one-hot
encoding is e.r = (0,1,0). The continuous relaxation idea is as follows. At the beginning
we set Q! to be empty, then, for each i € {1,...,(}, a relaxed one-hot encoding is used
for ¢;. The latter increases the dimension of the relaxed continuous space €' by L; and,
at the end of the relaxation, we get the final continuous design space Q! C {0, 1}”l,
where n' = Y\ L; > I. Like the Gower distance based kernel, the continuous relaxation
based kernel adapts continuous kernels to handle categorical variables, i.e., for a couple

of categorical inputs ¢” and ¢*,

l I L;
[Rcat(ecat)]“s — kcat(cr’ Cs, ecat) — H kcat( Z’ fa ecat H H kcont([ecg]j’ [ec‘;]ja ecat).
i=1 i=17=1
Typically, for an exponential continuous kernel, one has
ca ca ca p
[Reet (9ot HH exp< . leer]; — [ecs]y] ) (2.11)

1=15=1

and, by using the one-hot encoding structure of e and e, it leads to

cat cat ca
[R 0 H eXp ( L /-i-fZ 02 L /4‘[”) ’

/ =1 7 - =1 7

Hence, this kernel relies on n! = Y2!_, L; hyperparameters (6°* € R’f) which can be much
more higher than the number of hyperparameters required to build the Gower distance
based kernel. Due to one-hot encoding strategy, the value of p is also irrelevant for the

construction of the continuous relaxation based kernel.
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2.2.2.3 Homoscedastic hypersphere kernel

The idea of the homoscedastic hypershere kernel [168, 195] is to directly model the cor-
relation matrix instead of looking for a kernel function. The use of a kernel function
guarantees the related correlation matrix R to be symmetric positive definite (SPD).
However, with the homoscedastic hypershere kernel, one will directly construct an SPD
matrix with the desired properties. Namely, for a given i € {1,...,1}, let ¢ and ¢ be a
couple of categorical variables taking respectively the ¢% and the ¢ level on the categorical

variable ¢;, [R“(0°")],. s can be formulated in a level-wise form [168] as:

I I
(R (0% )]s = B, ¢, 0°") = [[[Ri(©)]es.es = [TIC(©:)C(6)) N s (2.12)
i=1 i=1
For all i € {1,...,l}, the matrix C'(0;) € RL*Li is lower triangular and built using a
hypersphere decomposition [187, 189] from a symmetric matrix ©; € RF*Li of hyperpa-
rameters. For any k, k' € {1,..., L;}, the matrix C(©;) is given by:

[C(©i)]1 =

[C(©;)]k1 = cos ([@Z]kl) forany 2 <k < L; (2.13)
[C(0)] ks = cos ([Oi]kx) Hf;l sin ([©;]x.;), forany 2 <k <k < L;

[C(©)]kx = H “isin ([04]x;), for any 2 < k < L,

where the hyperparameters are set such that [0;]xx € [0,7] for all 1 < k' < k < L;.
For this kernel, the hyperparameters #°® can be seen as a concatenation of the set of
symmetric matrices, i.e., 0 = {©1,0,,...,0;}. The construction of this kernel is thus

relying on the estimation of 3!, 1 L;(L;—1) hyperparameters. Unlike the previous kernels

=1 9
where the elements of the correlation matrix are non-negative, the correlation values for

the homoscedastic hypersphere kernel can be negative, i.e., [R°(6°)], . € [—1,1].

2.3 An exponential kernel-based model for categorical inputs

In this section, we propose an extension of the classical exponential kernels (used for
continuous inputs) to handle categorical variables. Thanks to the one-hot encoding, we
can replace the distance-based approach by an hyperparameter-based approach. This
extension will naturally lead to a generalization of both continuous relaxation and Gower
distance based kernels.

Distance based approaches (like Gower distance or continuous relaxation) can not
model every possible correlation between the various categorical choices. Therefore, these
methods do not lead to an exhaustive GP model but to an imprecise approximation. In

what follows, we propose to introduce a new formulation that includes a correlation
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matrix so that we could reach a higher accuracy for the resulting distance-based GP
model. To begin with, the continuous relaxation kernel described in Eq. (2.11) can be

reformulated as:

[RE (6], l_.EH exp (— ‘ o= ec ‘p/Z [SArY “e r— e 5] ‘p/2>, (2.14)

i=1j=1
where, for all @ = 1,...,[, the matrix ©, € R¥*% is diagonal such that [0;];; =
8%/ L € Ry, and 0°? is defined as the list of hyperparameter matrices 6°* =
{©1,...,0,}. The idea of the new kernel is the following: we start from the reformulation
of the continuous relaxation kernel of Eq. (2.14). Then, as for the kernel of Eq. (2.12), we
consider, for every categorical variable i = 1,...,l, a SPD matrix ®(0,) € RF>*Li ysed

to build a kernel associated with the correlation matrix R;(®(0;)). Let ¢} and ¢ be a

couple of categorical variables taking respectively the ¢ and the £% level of the variable

ci, we set z
(R0 )]s = E[Ri(q)(@i))m’ﬁ’ (2.15)
and, for all ¢ =1,...,[, one has
L L
[Ri(®(0:)]eiei =[] TI exp (- ‘ o — €] ‘p/Q [D(0)]).57 |lecr — ees]yr p/2>7 (2.16)

j=1j=1

where /% and ¢ are the indices of the levels taken by the variables ¢” and ¢*, respectively, on
the i'" categorical variable and the coefficient [®(©;)]i 4 is characterizing the correlation

between these two levels.

Remark 2.3.1. One can easily see that Eq. (2.16) generalizes the continuous relazation

approach. In fact, by setting ®(©;) = ©; to be a diagonal matriz, we recover Eq. (2.1/).

Now, by using the one-hot encoding nature of the vectors e, and e.:, we get natu-
rally what follows. Namely, if ¢ = ¢;, one deduces that [R;(®(0;))]s s = exp(0) = 1.
Otherwise, if ¢ # ¢}, we get

[R (CI)(@ ))]ZZ L= = €xXp ( cr 6c ‘p/2 [(I)(@Z-)]J}j’ [ecf - ec?]j' p/2)

Jj=1j'=

— exp (— (| <@ s+ (O] + (2O + [0y
— exp (—[®(6, s [@(@»m—2[@<@i>1z¢.,gg).

Remark 2.3.2. Note that the resulting correlation matriz R;(®(©;)) does not depend on
the chosen parameter p (used within the definition of the exponential kernels). Therefore,
in our case, when dealing with categorical variables kernels, there will be no distinction

between squared or absolute exponential kernels.
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In addition, as far as the matrices ©; respect a specific parameterization, we will
show that our approach guarantees that the correlation matrix R is SPD with a unit
diagonal and off-diagonal terms values in [0, 1] [184]. In general, the latter properties are
required to be satisfied by the correlation matrices. Otherwise, one may get numerical
issues to build the GP model, see Eq. (2.3) and Eq. (2.4). For that purpose, for a given
i€ {1,...,l}, we propose to use the following parameterization for the hyperparameter
matrix ¢(6;):

[®(6:)];; = [©i];; >0

2(0,))y = EE(0O)CO) iy 1) i £7,

(2.18)

where the parameter € is chosen as a small positive tolerance (0 < € < 1) and the matrix
C(©;) is a Cholesky lower triangular matrix that relies on the symmetric matrix ©; of
L;i(L;—1)/2 elements in [0, 7]. The elements of C'(0;) represent the coordinates of a point
on the surface of a unit radius sphere as in [168, 195]. They are described in Eq. (2.13).

Note that, by taking into consideration the symmetry of the matrix ©;, the total number
Li(Li+1)
L
In the next theorem, we will show that the parameterization given by Eq. (2.18)

of hyperparameters for the categorical variable 7 is

guarantees the desirable properties for the correlation matrices R;(©;) and therefore for
the matrix R°. In particular, we will show that the matrix R“*(6°") is SPD with
elements in [0,1], i.e., for all s, € {1,...,n}, [R“*(6°)], s € [0, 1].

Theorem 2.3.1. Assume that, for alli € {1,...,1}, ®(0;) satisfies the parameterization
of Eq. (2.18). Then the matriz R (0°"), given by Eq. (2.15), is SPD with elements in
[0,1].

Proof. Indeed, for all ¢ € {1,...,1}, by using Eq. (2.17) and Eq. (2.18), one has

[Ri(®(©))es,e = Wiles i [Tiles i i 6 #
[Ri(®(0:))]eie =1,

where [Wils i = exp <—[@i]gi,g£ - [@i}gwé) and [T}]p i = exp (—Q[CID(@Z»)]@&). The
matrix R;(®(0;)) is thus defined as a Hadamard product (i.e., element-wise product of
matrices) [94]. Hence, by application of the Schur product theorem [9, Lemma 3.7.1], it
suffices to show that the matrices W; and T; are SPD to prove that R; is also SPD [214].
Taking into account that, for all s,r € {1,... ,n}, e and e.: are one-hot encoding
elements of R, the matrix W, corresponds to the correlation matrix associated with the

exponential kernel in the continuous space, i.e.,

L;
[Wz‘]eg,zg = €xp (—[@z‘]a,@ - [91]@,&) = HIGXP (—[@i]j,j “ec; - ecf]j‘p)-
j=
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Hence, since the diagonal elements of ©; are positive, the matrix W; is SPD. In fact, the
kernel function ¢(x) = exp[—0|z|P] is positive definite for a given positive 0 if 0 < p <
2 [213, Corollary 3|. Regarding the matrix 7T}, by using the fact that ©; satisfies Eq. (2.18),

one has
[Tilei e = eexp (—(1og €) [C(@i)C(Gi)T]&7£§> . (2.19)

For an ¢ € (0,1), the matrix —(loge)[C(0;)C(0;)T] is SPD as a Cholesky like-
decomposition matrix. Thus, 7; is also SPD as the Hadamard exponential of an SPD
matrix [103, Theorem 7.5.9].

For the second part of the proof, the matrix C'(6;) is constructed by hypersphere
decomposition such that the values of C(©;)C(6;)" belong to [0,1] [230]. Hence,

[T = €exp (—(log €)[C(0:)C(0) gz ) > eexp0 = e,
€
[T;]gi’gg = eexp (—(log 6) [C(@Z)C(@Z)T]g%gzs) S g =1.

Also, the elements of the matrix W; are in [0, 1] since the diagonal elements of ©; are
chosen to be positive. Consequently, the extra-diagonal elements of R; are in [0, 1].
Finally, the Hadamard product being conservative for those two latter properties, one

concludes that the correlation matrix R (6°*") is SPD and all its elements are in [0,1]. [

Remark 2.3.3. For a given small € > 0, the transformation
a — eexp[— log(e)(a — 1)] (2.20)

is a bijection over [e, 1], thus one can deduce that (when [T;];; > € for all j,j') there

exrists a unique matrix O, such that
T, = C(6,)C(6,)".

This, in particular, shows that if we set W; to identity in our param