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Abstract

Finding efficient codes is crucial for achieving reliable communication over noisy channels.
While error-correcting codes for i.i.d. channels are well understood, the task of approximat-
ing the best code for a general channel, i.e. that maximizes the success probability of the
encoding and decoding process, is much less developed. This thesis addresses this coding
problem in several scenarios.

For point-to-point channels, optimal approximation algorithms for coding and list-decoding
are known. We study a generalization of the latter with a variable list size, compensated by
an increasing probability of failure. More generally, we study the coverage problem which
entails maximizing °,c,,) Wap([{7 € S @ a € T;}|) over subsets S C [m] of cardinality &,
for a general nondecreasing concave function ¢. We provide an approximation algorithm
for that problem of ratio v, := min,en+ %, which cannot be improved for sublin-
ear ¢ if P # NP.

For multiple-access channels, we show that the coding problem cannot be approximated
within any constant ratio under a complexity hypothesis on random k-SAT formulas.
Generalizing and abstracting quantum entanglement, non-signaling correlations can be
used to enhance communication. We show that optimal non-signaling assisted codes for
multiple-access channels can be found in polynomial time in the number of copies of the
channel. Applied to the binary adder channel, a non-signaling advantage on its capacity
region is established. We provide a general single-letter outer bound on the non-signaling
capacity region. When non-signaling assistance is not shared between encoders, we show
that the capacity region is not changed.

For broadcast channels, when restricted to deterministic channels, we provide a (1 —e~1)2-
approximation algorithm for the unassisted coding problem, and we show that their capacity
region is not changed with non-signaling assistance. In the value query model, we show
that we cannot achieve a better approximation ratio than 2 (\/%) for the general broadcast
channel coding problem, with m the output size of the channel.

iii



Réesume

La recherche de codes efficaces est essentielle pour obtenir des communications fiables sur
des canaux bruités. Alors que les codes correcteurs d’erreurs pour les canaux i.i.d. sont bien
compris, le probleme d’approximer le meilleur code pour un canal générique, c’est-a-dire
qui maximise la probabilité de succés de la communication sur les canaux bruités, a été
beaucoup moins étudié. Cette thése aborde ce probléme de codage dans plusieurs scénarios.

Pour les canaux point-a-point, des algorithmes d’approximation optimaux pour le probleme
du codage ainsi que le probléme du décodage de liste sont connus. Nous étudions une
généralisation de ce dernier avec une taille de liste variable, compensée par une probabilité
d’échec croissante. Plus généralement, nous étudions le probléme de couverture qui consiste
a maximiser 3¢, Wap([{7 € S : @ € T;}|) sur les sous-ensembles S C [m] de cardinal
k, pour ¢ une fonction croissante concave quelconque. Nous proposons un algorithme
d’approximation pour ce probléme de ratio a., := min Elg(Poi(z))] " 1ui ne peut étre
pp pour ce p P 1T MMaeN” G (Flpoi(x))> U 1€ PEU
amélioré pour ¢ sous-linéaire si P # NP.

Pour les canaux a accés multiple, nous montrons que le probléme du codage ne peut étre
approximé avec un ratio constant sous une hypothese de complexité sur des formules
k-SAT aléatoires. En généralisant et en abstrayant l'intrication quantique, les corrélations
non-signalantes peuvent étre utilisées pour améliorer la communication. Nous montrons
que les codes optimaux avec assistance non-signalante pour les canaux a accés multiples
peuvent étre trouvés en temps polynomial en le nombre de copies du canal. Appliqué au
canal additionneur binaire, 'utilisation de corrélations non-signalantes étend sa zone de
capacité. Nous fournissons une borne supérieure sur la zone de capacité avec assistance
non-signalante. Lorsque I’assistance non-signalante n’est pas partagée entre les encodeurs,
nous montrons que la zone de capacité n’est pas modifiée.

Pour les canaux de diffusion, lorsque I’on se limite aux canaux déterministes, nous four-
nissons une (1 — e~!)2-approximation pour le probléme du codage sans assistance, et
nous montrons que leur zone de capacité n’est pas modifiée par I’assistance non-signalante.
Dans le modele d’acces par valeur, nous montrons que nous ne pouvons pas obtenir un
meilleur ratio d’approximation que €2 (ﬁ) pour le probléme global du codage des canaux
de diffusion, ou m est la taille de sortie du canal.
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CHAPTER 1

Introduction

With the growing number of connected devices and the explosion in the amount of ex-
changed data, the need for efficient and reliable communication has never been as critical
as in today’s world. Noise, coming from physical imperfection, signal interference, or even
lepidopterans [Hop81], is one of the major hurdles to overcome.

The Theory of Information established by Shannon in his seminal work [Sha48] provides
clear and definite answers to the amount of data that can be transmitted through noisy point-
to-point channels. The asymptotic rate at which information can be sent through multiple
independent copies of a channel is fully characterized by a mathematical quantity called
capacity. Although one cannot hope to surpass this fundamental limit, developing codes
achieving the channel’s capacity is not a simple task in practice, as the code construction by
Shannon was only probabilistic and the decoding is inefficient as a function of the number
of copies of the channel.

Nonetheless, restricting the study to binary symmetric channels, the research in error-
correcting codes led to capacity-approaching solutions with efficient encoding and decoding
procedures, such as low-density parity-check codes [Gal62], turbo codes [BG96] or more
recently polar codes [Ari09]; see [RU08] for a general review on error-correcting codes.

However, in some settings, it cannot be assumed that the channel copies are independent.
The field of one-shot information theory [RWW06, Tom12, TBR16] addresses this problem,
studying information theoretical quantities defined for a unique copy of an arbitrary channel.
Another approach, developed by Barman and Fawzi in [BF18], focuses on the algorithmic
aspects of coding for a single copy of a channel. The objective shifts to maximizing the
probability of successfully transmitting a message through that channel over all possible
encoders and decoders, known as the channel coding problem. As this algorithmic task
is NP-hard, they proposed a polynomial-time approximation algorithm achieving a ratio
of 1 — e~ 1, which cannot be increased if P # NP thanks to a connection to the maximum
coverage problem [Fei98]. Note that this approach differs from algorithmic information
theory [Cha77], where information is defined using Turing machines rather than probability
theory.

Following this work, the ¢-list-decoding task [Eli57, Woz58], where the decoder is only
asked to output a list of £ possible guesses instead of giving the right input message,
was studied from an algorithmic point of view in [BFGG20]. Similarly, they developed a

(1 — ﬂ;; ‘ ) -approximation algorithm running in polynomial time, and proved that this

1



1. INTRODUCTION

ratio cannot be increased under the unique games conjecture [Kho02]. More generally, a
larger class of combinatorial optimization problems, called maximum ¢-multi-coverage,
falls in the analysis of [BFGG20].

A natural extension of the maximum /-multi-coverage problem entails maximizing the
quantity 3¢, wap([{i € S+ a € T;}|) over subsets S C [m] of cardinality k, for a
general nondecreasing concave function ¢; the maximum ¢-multi-coverage problem is
retrieved by taking ¢(z) := min(z, ¢). In terms of channel coding interpretation, this
corresponds to what we call ¢-list-decoding, where the length restriction on the list of
guesses of the decoder in /-list-decoding is replaced by a probability # of correctly
decoding a list of guesses of variable size ¢. This problem will be the first subject of study

of the thesis.

Shaking the physical foundations of the world at the beginning of the twentieth century,
the rise of quantum mechanics has revolutionized the comprehension of nature at atomic
and subatomic scale. One of its most intriguing characteristics is the notion of entanglement.
Two entangled particles have the particularity of being correlated, even when spread apart,
in a way that cannot be explained by non-quantum physics laws.

Einstein, Podolsky and Rosen [EPR35] first discovered that phenomenon, which implied
either that the quantum-mechanical description of physical reality was not complete or
that two incompatible physical quantities did not have simultaneously a concrete value.
Surprisingly and contrary to the original goal of what has become known as the Ein-
stein-Podolsky—Rosen paradox [EPR35], it is the latter that describes correctly the atomic
and subatomic physical reality.

Bell showed in [Bel64] that no hidden-variable theory, where we could associate unknown
local variables to each of the entangled particles, would be enough to explain their cor-
relation when spread apart. This nonlocal nature of quantum physics is in contradiction
with the usual principle of locality of classical physics, which states that any object can be
influenced only by its immediate surroundings. The results in [Bel64] were generalized into
the so-called CHSH inequality [CHSH69], which if violated, imply that a hidden-variable
theory cannot explain the correlations between the particles. These inequalities violations
were practically realized by Aspect et al. [ADR82], which finally proved the nonlocal nature
of quantum physics.

Another particularity of quantum mechanics is that any measurement of physical properties
of a quantum system actually disturbs it. Furthermore, in the case of entangled particles,
measuring one of the particles will also affect the other. This spooky action at a distance,
as stated by Einstein [BBBE71], does not violate special relativity, as one cannot actually
transmit information through that process.

However, entanglement can be used to enhance communication. A qubit, the quantum
basic unit of information, cannot by itself convey more than one bit of information [Hol73].
However, Bennett and Wiesner showed in [BW92] that if quantum entanglement is shared
between the parties, in the form of what is called an EPR pair, then one can actually
transmit two bits of information using only one qubit. This is known today as superdense
coding. For point-to-point (classical) channels, quantum entanglement shared between
the sender and the receiver can increase the optimal success probability of channel coding
[CLMW10, PLM " 11], although it does not increase the channel capacity [BBC'93, BSST99].

One can also abstract quantum entanglement into non-signaling correlations [Cir80, PR94].



In order to understand those, it is useful to look at the game interpretation of the previously
mentioned CHSH inequality. We consider a two-player game with Alice and Bob. A referee
gives a uniformly random bit x (resp. y) to Alice (resp. Bob), and their common goal is to
output respectively bits a and b such that a & b = x A y without communicating, where
@ denotes the exclusive disjunction. It is easy to see that no strategy can lead to a better
success probability than %, even assuming that hidden variables are shared between the
players. However, as shown in [CHSH69], if Alice and Bob share an entangled EPR pair,
they can apply well chosen measurements and achieve a success probability of cos? (%) ~
0.85, which in fact cannot be outperformed [Cir80]. Note that the correlation P(ab|zy)
describing the result of this quantum strategy confirms that no information is transmitted
using quantum entanglement. Indeed, one can show that the marginal from a player is
independent of the other player’s input, that is to say that >_, P(ablzy) = Y, P(ablzy’)
and Y, P(ablxy) = >, P(ablz'y) for all a, b, z,y, ', y'. Non-signaling correlations are
defined as the set of all joint distributions P(ab|zy) that satisfy the previous equalities.
They naturally include quantum strategies, but are in fact stronger, as one can even achieve
a success probability of 1 for the CHSH game using a general non-signaling strategy, simply
by defining P(ab|zy) := % if a © b = z A y, and P(ab|zy) := 0 otherwise [PR94].

General non-signaling correlations are not representing physical reality, as they imply
stronger nonlocal behaviors than those occurring within quantum mechanics. However,
they present a strong theoretical interest. Notably, the description of the set of non-signaling
correlations is much simpler than with quantum ones, as they are characterized by simple
linear constraints; see [BCP ' 14] for a general review on nonlocality.

The approximation algorithm for the channel coding problem in [BF18] relies in fact on
non-signaling assisted codes. As finding the best non-signaling assisted code for a channel
is a linear program, it can be solved exactly in polynomial time. They have developed a
strategy to transform that non-signaling assisted code into a classical one, losing at most a
factor 1 — e~ ! in the success probability. A more precise statement of this strategy actually
implies that the capacity regions with or without non-signaling assistance are the same,
retrieving back a result by [Mat12]. It should also be noted that non-signaling assistance
does not change the capacity region of the reverse task of channel simulation [CRBT22].
This unexpected link between approximation algorithms for the channel coding problem
and non-signaling correlations is the main motivation of the rest of the thesis. Specifically,
we will develop these analysis in the main network communication scenarios.

Network information theory, which aims at understanding communication over multiple-
sender multiple-receiver channels, was first studied by Shannon in the particular case of
two-way channels [Sha61] (known today as interference channels). Later, Cover [Cov72] in-
troduced broadcast channels, with multiple receivers but a single sender. Ahlswede [Ahl73]
and independently Liao [Lia73] studied the reverse scenario of multiple-access channels,
with multiple senders but a single receiver. These more complex channels allow a better
modelization of real-life interconnected communication.

Contrary to the point-to-point setting, nonlocality can increase the capacity of network
channels. Quek and Shor showed in [QS17] the existence of two-sender two-receiver
interference channels with gaps between their classical, quantum-entanglement assisted
and non-signaling assisted capacity regions. Following this result, Leditzky et al. [LALS20,
SLSS22] showed that quantum entanglement shared between the two senders of a multiple-
access channel can strictly enlarge its capacity region.



1. INTRODUCTION

We will address the coding problem for both multiple-access channels and broadcast
channels. We will study the impact of non-signaling correlations on their capacities, as
well as their links to approximation algorithms of the related coding problems.

Contributions In Chapter 3 (based on [BFF21]), we consider the following generalization
of the maximum ¢-multi-coverage problem depending on a concave, nondecreasing function
©: given subsets 77, ...,7T,, of a universe [n], positive weights w, on the universe [n]
and an integer k, the objective is to find a subset S C [m] of size k that maximizes
C?(S) = Yaem wap(|5],), where [S|, == [{i € S:a € Ti}
coverage problem is retrieved by taking ¢(x) := min(z, £). For any such ¢, we provide an
efficient algorithm that achieves an approximation ratio equal to the Poisson concavity ratio
of ¢, defined by av, := mingen- W. Complementing this approximation guarantee,
we establish a matching NP-hardness result when ¢ grows in a sublinear way. Applied
to channel coding, and more specifically to (-list-decoding, where the length restriction
on the list of guesses of the decoder in ¢-list-decoding is replaced by a probability #
of correctly decoding a list of guesses of variable size ¢, we obtain a tight approximation
guarantee o, for the class of channels W of the form W (y|z) = 1 fory € T, with |T},| = ¢
and W (y|x) = 0 elsewhere. Our result goes beyond this particular setting and we illustrate
it with applications to distributed resource allocation problems, welfare maximization

problems and approval-based voting for general rules.

; the maximum ¢-multi-

In Chapter 4 (based on [FF22, FF23]), we address the problem of coding for multiple-access
channels. We first show that it cannot be approximated in polynomial time within any
constant ratio, under a complexity hypothesis on random k-SAT formulas. Then, we study
the influence of non-signaling correlations between parties. We develop a linear program
computing the optimal success probability for coding over n copies of a multiple-access
channel W with size growing polynomially in 7. Solving this linear program allows us to
achieve inner bounds for multiple-access channels. Applying this method to the binary
adder channel, we show that using non-signaling assistance, the sum-rate W ~ 1.5425
can be reached even with zero error, which beats the maximum sum-rate capacity of 1.5
in the unassisted case. For noisy channels, where the zero-error non-signaling assisted
capacity region is trivial, we can use concatenated codes to obtain achievable points in
the capacity region. Applied to a noisy version of the binary adder channel, we show
that non-signaling assistance still improves the sum-rate capacity. Complementing these
achievability results, we give an outer bound on the non-signaling assisted capacity region
that has the same expression as the unassisted region except that the channel inputs are not
required to be independent. Finally, we show that the capacity region with non-signaling
assistance shared only between each sender and the receiver independently is the same as
without assistance.

In Chapter 5, we address the problem of coding for broadcast channels. For the class
of deterministic broadcast channels, we describe a (1 — e~!)2-approximation algorithm
running in polynomial time, and we show that the capacity region for that class is the same
with or without non-signaling assistance. Finally, we show that in the value query model,
we cannot achieve a better approximation ratio than {2 (ﬁ) in polynomial time for the
general broadcast channel coding problem, with m the size of one of the outputs of the
channel.



Introduction

Avec le nombre croissant d’appareils connectés et ’explosion du volume de données échan-
gées, le besoin de communication efficace et fiable n’a jamais été aussi critique que dans
le monde d’aujourd’hui. Le bruit, qui provient d’imperfections physiques, d’interférences
entre les signaux ou méme de lépidoptéres [Hop81], est I'un des principaux obstacles a
surmonter.

La théorie de I'information établie par Shannon dans son ouvrage fondateur [Sha48] apporte
des réponses claires et précises a la quantité de données pouvant étre transmises par des
canaux point a point bruités. Le taux asymptotique auquel les informations peuvent étre
envoyées par de multiples copies indépendantes d’un canal est entiérement caractérisé par
une quantité mathématique appelée capacité. Bien que I’on ne puisse espérer dépasser cette
limite fondamentale, le développement de codes permettant d’atteindre la capacité du canal
n’est pas une tache aisée en pratique, car la construction du code par Shannon n’était que
probabiliste et le décodage est inefficace en fonction du nombre de copies du canal.

Néanmoins, en limitant ’étude aux canaux symétriques binaires, la recherche sur les codes
correcteurs d’erreurs a conduit a des solutions approchant la capacité avec des procédures
de codage et de décodage efficaces, telles que les codes de contrdle de parité a faible
densité [Gal62], les codes turbo [BG96] ou, plus récemment, les codes polaires [Ari09];
voir [RU08] pour une revue générale des codes correcteurs d’erreurs.

Toutefois, dans certains contextes, on ne peut pas supposer que les copies du canal sont
indépendantes. Le domaine de la théorie de I'information a un coup [RWWO06, Tom12,
TBR16] aborde ce probléme, en étudiant les quantités de la théorie de 'information définies
pour une copie unique d’un canal arbitraire. Une autre approche, développée par Barman
et Fawzi dans [BF18], se concentre sur les aspects algorithmiques du codage pour une
copie unique d’un canal. L’objectif consiste alors & maximiser la probabilité de transmettre
avec succeés un message par ce canal pour tous les codeurs et décodeurs possibles, ce que
I'on appelle probleme du codage de canal. Cette tache algorithmique étant NP-difficile,
ils ont proposé un algorithme d’approximation en temps polynomial atteignant un ratio
de 1 — e !, qui ne peut étre augmenté si P # NP grace a un lien avec le probléme de la
couverture maximale [Fei98]. Il convient de noter que cette approche différe de la théorie
algorithmique de I'information [Cha77], ou 'information est définie a ’aide de machines
de Turing plutdt qu’avec la théorie des probabilités.

Suite a ces travaux, le probléme du décodage de listes de paramétre ¢ [Eli57, Woz58], ot 'on
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demande au décodeur de produire une liste de ¢ suppositions possibles au lieu de donner
le bon message d’entrée, a été étudié d’un point de vue algorithmique dans [BFGG20]. De
méme, ils ont développé un algorithme d’approximation de ratio 1 — ZZZ!_ * fonctionnant en
temps polynomial, et ont prouvé que ce ratio ne peut pas étre augmenté sous ’hypothése

de la conjecture des jeux uniques [Kho02]. Plus généralement, une classe plus large de
problémes d’optimisation combinatoire, appelée couverture multiple maximale de paramétre
{, reléve de I’analyse de [BFGG20].

Une extension naturelle du probléme de couverture multiple maximale de parameétre ¢
consiste a maximiser la quantité 3-,c1,,) wap(|{i € S : a € T;}|) sur les sous-ensembles
S C [m] de cardinal k, pour ¢ une fonction croissante concave quelconque; le probléme de
couverture multiple maximale de paramétre ¢ est retrouvé en prenant ¢(z) := min(z, £).
En termes d’interprétation du codage de canal, cela correspond a ce que nous appelons le
décodage de liste de parametre ¢, ou la restriction de longueur sur la liste de suppositions
du décodeur dans le décodage de liste de parameétre ¢ est remplacée par une probabilité
# de décodage correct d’une liste de suppositions de taille variable ¢. Ce probléme sera
le premier sujet d’étude de la these.

Au début du vingtiéme siécle, la mécanique quantique a ébranlé les fondements physiques du
monde et révolutionné la compréhension de la nature a I’échelle atomique et subatomique.
L’une de ses caractéristiques les plus fascinantes est la notion d’intrication. Deux particules
intriquées ont la particularité d’étre corrélées, méme lorsqu’elles sont éloignées I'une de
Pautre, d’'une maniére qui ne peut étre expliquée par les lois de la physique non quantique.

Einstein, Podolsky et Rosen [EPR35] ont été les premiers a découvrir ce phénomeéne, qui
impliquait soit que la description de la réalité physique par la mécanique quantique n’était
pas complete, soit que deux grandeurs physiques incompatibles n’avaient pas simultanément
une valeur concréte. De maniere surprenante et contrairement a I’objectif initial de ce qui
est devenu le paradoxe d’Einstein-Podolsky-Rosen [EPR35], c’est ce dernier qui décrit
correctement la réalité physique atomique et subatomique.

Bell a montré dans [Bel64] qu’aucune théorie des variables cachées, ot 'on pourrait associer
des variables locales inconnues a chacune des particules intriquées, ne suffirait a expliquer
leur corrélation lorsqu’elles sont éloignées I'une de I'autre. Cette nature non locale de
la physique quantique est en contradiction avec le principe de localité de la physique
classique, qui stipule que tout objet ne peut étre influencé que par son environnement
immeédiat. Les résultats de [Bel64] ont été généralisés dans ce que 'on appelle les inégalités
CHSH [CHSH69], qui, si elles sont violées, impliquent qu’une théorie des variables cachées
ne peut pas expliquer les corrélations entre les particules. Les violations de ces inégalités
ont été pratiquement réalisées par Aspect et al. [ADR82], ce qui a finalement prouvé la
nature non locale de la physique quantique.

Une autre particularité de la mécanique quantique est que toute mesure des propriétés
physiques d’un systéme quantique le perturbe. En outre, dans le cas de particules intriquées,
la mesure de I'une des particules affectera également autre. Cette action étrange a distance,
comme I’a décrite Einstein [BBBE71], ne viole pas la relativité restreinte, car il est impossible
de transmettre des informations par ce biais.

Cependant, l'intrication peut étre utilisée pour améliorer la communication. Un qubit,
I'unité quantique de base de I'information, ne peut a lui seul transmettre plus d’un bit
d’information [Hol73]. Cependant, Bennett et Wiesner ont montré dans [BW92] que si



Pintrication quantique est partagée entre les parties, sous la forme de ce que ’on appelle
une paire EPR, il est possible de transmettre deux bits d’information en utilisant un seul
qubit. C’est ce que I’on appelle aujourd’hui le codage superdense. Pour les canaux point
a point (classiques), Uintrication quantique partagée entre I’émetteur et le récepteur peut
augmenter la probabilité de succés optimale du codage de canal [CLMW10, PLMT11], bien
qu’elle n’augmente pas la capacité du canal [BBC 93, BSST99].

On peut également abstraire U'intrication quantique en corrélations non-signalantes [Cir80,
PR94]. Afin de comprendre ces corrélations, il est utile d’examiner l'interprétation de
I'inégalité CHSH mentionnée précédemment sous forme de jeu. Nous considérons un jeu a
deux joueurs avec Alice et Bob. Un arbitre donne un bit uniformément aléatoire x (resp. y)
a Alice (resp. Bob), et leur but commun est de choisir respectivement les bits a et b tels que
a @ b=z Ay sans communiquer, ou @ dénote la disjonction exclusive. Il est facile de voir
qu’aucune stratégie ne peut conduire a une meilleure probabilité de succes que %, meéme en
supposant que des variables cachées sont partagées entre les joueurs. Cependant, comme le
montre [CHSH69], si Alice et Bob partagent une paire EPR intriquée, ils peuvent appliquer
des mesures bien choisies et atteindre une probabilité de succes de cos? (%) ~ (.85, ce qui
en fait ne peut pas étre surpassé [Cir80]. Notons que la corrélation P(ab|zy) décrivant
le résultat de cette stratégie quantique confirme qu’aucune information n’est transmise a
I’aide de l'intrication quantique. En effet, on peut montrer que la marginale d’un joueur est
indépendante de I'entrée de I’autre joueur, c’est-a-dire que Y, P(ab|zy) = >, P(ablzy’) et
>, P(ablzy) =Y, P(ablx’y) pour tous a, b, z,y, 2, y'. Les corrélations non-signalantes
sont définies comme 1’ensemble des distributions conjointes P(ab|zy) qui satisfont les
égalités précédentes. Elles incluent naturellement les stratégies quantiques, mais sont en fait
plus fortes, car on peut méme obtenir une probabilité de succes de 1 pour le jeu CHSH en
utilisant une stratégie générale non-signalante, simplement en définissant P(ab|zy) := %

sia ®b=xAy,et Plablry) := 0 sinon [PR94].

Les corrélations non-signalantes générales ne représentent pas la réalité physique, car elles
impliquent des comportements non locaux plus forts que ceux qui se produisent dans le
cadre de la mécanique quantique. Cependant, elles présentent un grand intérét théorique.
Notamment, la description de ’ensemble des corrélations non-signalantes est beaucoup
plus simple que celle des corrélations quantiques, car elles sont caractérisées par de simples
contraintes linéaires; voir [BCP ' 14] pour une revue générale sur la non-localité.

L’algorithme d’approximation pour le probléme du codage de canal dans [BF18] s’appuie
en fait sur des codes avec assistance non-signalante. Comme la recherche du meilleur code
avec assistance non-signalante pour un canal est un programme linéaire, il peut étre résolu
exactement en temps polynomial. Ils ont mis au point une stratégie pour transformer ce
code avec assistance non-signalante en un code classique, en perdant au maximum un
facteur 1 — e~! dans la probabilité de succes. Un énoncé plus précis de cette stratégie
implique en fait que les zones de capacité avec ou sans assistance non-signalante sont les
mémes, retrouvant un résultat de [Mat12]. Il convient également de noter que l’assistance
non-signalante ne modifie pas la zone de capacité de la tache inverse de simulation des
canaux [CRBT22]. Ce lien inattendu entre les algorithmes d’approximation pour le probleme
du codage de canal et les corrélations non-signalantes est la motivation principale du reste
de la thése. En particulier, nous développerons ces analyses dans les principaux scénarios
de communication en réseau.

La théorie de 'information des réseaux, qui vise a comprendre la communication sur des
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canaux a émetteurs multiples et a récepteurs multiples, a été étudiée pour la premiére fois par
Shannon dans le cas particulier des canaux deux-a-deux[Sha61] (connus aujourd’hui sous le
nom de canaux d’interférence). Plus tard, Cover [Cov72] a introduit les canaux de diffusion,
avec plusieurs récepteurs mais un seul émetteur. Ahlswede [Ahl73] et indépendamment
Liao [Lia73] ont étudié le scénario inverse des canaux a acces multiple, avec plusieurs
émetteurs mais un seul récepteur. Ces canaux plus complexes permettent une meilleure
modélisation des communications interconnectées réelles.

Contrairement a la situation point-a-point, la non-localité peut augmenter la capacité des
canaux en réseau. Quek et Shor ont montré dans [QS17] I'existence de canaux d’interférence
a deux émetteurs et deux récepteurs avec des écarts entre leurs zones de capacité classique,
avec assistance d’intrication quantique et avec assistance non-signalante. A la suite de ce
résultat, Leditzky et al. [LALS20, SLSS22] ont montré que P'intrication quantique partagée
entre les deux émetteurs d’un canal a acces multiple peut strictement agrandir sa zone de
capacité.

Nous aborderons le probléme du codage pour les canaux a accés multiple et les canaux de
diffusion. Nous étudierons I'impact des corrélations non-signalantes sur leurs capacités,
ainsi que leurs liens avec les algorithmes d’approximation des problemes de codage associés.

Résumé des chapitres Dans le Chapitre 3 (basé sur [BFF21]), nous considérons la géné-
ralisation suivante du probléme de couverture multiple maximale de parameétre ¢ dépendant
d’une fonction croissante concave  : étant donné des sous-ensembles 77, . . ., T}, d’un uni-
vers [n], des poids strictement positifs w, sur I'univers [n] et d’un entier k, 'objectif est de
trouver un sous-ensemble S C [m] de taille k qui maximise C?(S) = 3, wap(|S],)
ou |S|, := |{i € S : a € T;}|; le probleme de couverture multiple maximale de parametre
¢ est retrouvé en prenant () := min(z, £). Pour tout ¢ de ce type, nous fournissons un
algorithme efficace qui permet d’obtenir un rapport d’approximation égal au rapport de
concavité de Poisson de ¢, défini par oy, := mingen« %.
garantie d’approximation, nous établissons un résultat de NP-difficulté lorsque ¢ croit de
maniére sous-linéaire. Appliqué au codage de canal, et plus spécifiquement au décodage de
liste de paramétre ¢, ou la restriction de longueur sur la liste de suppositions du décodeur

En complément de cette

dans le décodage de liste de parametre ¢ est remplacée par une probabilité # de déco-
der correctement une liste de suppositions de taille variable ¢, nous obtenons une stricte
garantie d’approximation «, pour la classe de canaux W de la forme W (y|z) = % pour
y € Ty avec |T,| = t et W(y|z) = 0 ailleurs. Notre résultat dépasse ce cadre particulier et
nous l'illustrons par des applications aux problemes d’allocation de ressources distribuées,
aux problémes de maximisation de la prospérité et au vote basé sur ’approbation pour des
régles générales.

Dans le Chapitre 4 (basé sur [FF22, FF23]), nous abordons le probleme du codage pour les
canaux a acceés multiple. Nous montrons tout d’abord qu’il ne peut pas étre approximé en
temps polynomial avec un ratio constant, sous une hypothése de complexité sur des formules
k-SAT aléatoires. Ensuite, nous étudions l'influence des corrélations non signalantes entre
les parties. Nous développons un programme linéaire calculant la probabilité de succes
optimale pour le codage sur n copies d’un canal d’acceés multiple IV dont la taille croit
polynomialement en n. La résolution de ce programme linéaire nous permet d’obtenir
des bornes inférieures pour les canaux a accés multiple. En appliquant cette méthode au
canal additionneur binaire, nous montrons qu’en utilisant une assistance non-signalante, la



somme des taux % ~ 1.5425 peut étre atteinte méme avec une erreur nulle, ce qui
dépasse la capacité maximale de la somme des taux de 1.5 dans le cas sans assistance. Pour
les canaux bruités, ou la région de capacité avec assistance non-signalante et sans erreur
est triviale, nous pouvons utiliser des codes concaténés pour obtenir des points réalisables
dans la zone de capacité. Appliqués a une version bruitée du canal additionneur binaire,
nous montrons que l’assistance non-signalante améliore encore la capacité. En complément
de ces résultats de faisabilité, nous donnons une borne supérieure a la zone de capacité
avec assistance non-signalante qui a la méme expression que la région sans assistance, sauf
que les entrées du canal ne sont pas obligées d’étre indépendantes. Enfin, nous montrons
que la zone de capacité avec assistance non-signalante partagée uniquement entre chaque

émetteur et le récepteur indépendamment est la méme que sans assistance.

Dans le Chapitre 5, nous abordons le probléeme du codage pour les canaux de diffu-
sion. Pour la classe des canaux de diffusion déterministes, nous décrivons un algorithme
d’approximation de ratio (1 — e~1)? fonctionnant en temps polynomial, et nous montrons
que la zone de capacité pour cette classe est la méme avec ou sans assistance non-signalante.
Enfin, nous montrons que dans le modéle d’acces par valeur, nous ne pouvons pas obtenir
un meilleur ratio d’approximation que €2 (ﬁ) en temps polynomial pour le probleme
général du codage des canaux de diffusion, avec m la taille de I'une des sorties du canal.






CHAPTER 2

Background

In this chapter, we recall briefly basic definitions and properties, as well as more unusual
results, used throughout the thesis. Rather than an introduction to each of those topics,
one should see this chapter as a toolbox and use it when needed in the other chapters.

2.1 Probability Theory
2.1.1 Usual Distributions and Properties

Definition 2.1 (Usual Distributions). We will consider the following probability distribu-
tions:

1. The Bernouilli distribution Ber(p) is defined on {0, 1} with the mass function:
(1-p,p).

2. The binomial distribution Bin(n, p) is defined on {0, ..., n} with the mass function:

™ k(1 — n—k> _
(o).,

3. The Poisson distribution Poi(\) is defined on N with the mass function:

k! keN

Proposition 2.1 (Jensen’s Inequality [Jen06]). For X random variable and ¢ concave, we
have:

Efo(X)] < ¢ (E[X]) .

Proposition 2.2. For ¢ concave, and p € [0, 1|™, we have:

o(gmem)] =2 o (m(E5r))]

E >E

11
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Proof. The notion of convex order discussed in [SS07] allows us to prove this result. We
say that X < Y <= E[f(X)] < E[f(Y)] for any convex f. Thanks to Lemma 2.3
of [BFGG20], we have that for p € [0, 1]:

Ber(p) <. Poi(p) .

Since this order is preserved through convolution (Theorem 3.A.12 of [SS07]), and the fact
that >/ Poi(p;) ~ Poi (>3- p;), we have:

m m
ZBer(pZ-) <cx Poi (Z pi> .
i=1 i=1
Applying this result to —¢, which is convex, concludes the proof. O]

2.1.2 Negatively Associated Random Variables

We present a weaker notion of independence for random variables which is called negative
association as introduced in [JDP83], for which the Chernoff-Hoeffding bounds still hold.

Definition 2.2. Random variables X7, ..., X,, are said to be negatively associated if for
every pair of disjoints subsets I, J of [n] and (coordinate-wise) increasing functions f, g,
we have:

Elf({Xi:iel}))-g({Xi:ie JPI <E[f({Xi:ie I})]-Elg({X;:ie J}].

Proposition 2.3 (Property Py of [JDP83]). A pair of random variable X, Y is negatively
associated if and only if:

Ve € X, Vy € Y, Pxy(z,y) < Px(2)Py(y) .

Proposition 2.4 (Property Py of [JDP83]). A subset of two or more negatively associated
random variables is negatively associated.

Proposition 2.5 (Property Ps of [JDP83]). A set of independent random variables is nega-
tively associated.

Proposition 2.6 (Property Pg of [JDP83]). Increasing functions defined on disjoint subsets
of a set of negatively associated random variables are negatively associated.

Proposition 2.7 (Property P7 of [JDP83]). The union of independent sets of negatively
associated random variables is negatively associated.

Definition 2.3 (Permutation Distribution). Let 2 = (1, ...,2;) € R¥. A permutation
distribution is the joint distribution of the vector X = (X}, ..., X}) which takes as values
all k! permutations of x with equal probabilities, each being %

Proposition 2.8 (Theorem 2.11 of [JDP83]). A permutation distribution is negatively asso-
ciated.

Proposition 2.9 (Chernoff-Hoeffding bound - version 1). Let X1, ..., X,, be negatively
associated random variables such that 0 < X; < B and E[X;] = p. Then forn € (0,1):

1 & 2
}P’<|2Xi—u >77> < 2¢=2(#) ™
n 4
i=1

12
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Proof. This usual version of the Chernoff-Hoeffding bound for independent variables
(Theorem 2 of [Hoe63]) can be extended to negatively associated random variables directly
as pointed out by [DR98]. O

Proposition 2.10 (Chernoff-Hoeftfding bound - version 2). Let X1, ..., X,, be negatively
associated Bernouilli random variables of parameter p. Then for 0 < ¢ < %:

2

]. n pne
P(=S"x;>(1 < U
(n ; > ( —i—s)p) <e 1

Proof. Usual proofs of the Chernoff-Hoeffding bound work in the same way with negatively
associated variables as pointed out by [DR98]. So, one obtain as in the original proof
(Theorem 1 of [Hoe63]) that:

1 n
P(=S"X;,>(1 < ¢~ D((+e)pllp)n
(n E > (14 6)p> <e ,

=1

with D (z||y) := zIn (%) +(1—2)ln (i:—;) the Kullback-Leibler divergence between

Bernoulli distributed random variables with parameters = and y. As D ((1 + ¢)p||p) > epr
for0 <e < %, we recover the expected bound. O

2.1.3 Non-Signaling Probability Distributions

Definition 2.4. We say that a conditional probability distribution P(a"|z") defined on
Xy Ai x X, X; is non-signaling if for all a”, 2", 2", we have

Vi e [n],ZP(al...&i...an\xl...xi...xn):ZP(al...di...ana:l...i'i...xn).
&i di

Definition 2.5. Let P(a™|z") a conditional probability distribution defined on X}._; A; x
X, X and P'(a’™|2") defined on X' ; A} x X[ X]. We define P ® P’ the tensor
product conditional probability distribution defined on X["_, (A; x A%) x X7, (X; x X))
by (P ® P') (a1d} ...anal |12 . .. xpal)) := P(a™z™) - P'(a™|2"™).

Proposition 2.11. If both P and P’ are non-signaling, then P @ P’ is non-signaling.

Proof. Let a™ € X?ZIA-, a™ € X?Zl .A;, " e X;LZI Xj, 2™ € X?:1 )C]( and &; € X,

13
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& € X!. Using the fact that P, P’ are non-signaling, we have:

! A Al !/ / / /
E P(ayaj ...a;a; ... anay|x127 . . 225 . . Tp2;,)

A Al

a;a;

:ZP(al...&i...an\xl...xi...xn)-P'(a’l...d;...a;]mll...xg-...x;)

A Al

a;a;

= (ZP(al...&i...an|x1...mi...:z:n)) : (ZP'(alld;aHx'lx;x;l))
a;

a’
k2

Al
a;

= (ZP(al...&i...an]azl...fci...:cn)> : (ZP’(aﬁdiaZ\mﬁ@ém%))

Al / Aol /
= E (P® P')(ara) ...a;a;...anap,|lo12) ... 22, .. xpal)
a;a)

a;

so P ® P’ is non-signaling. O

2.2 Information Theory

2.2.1 Information Quantities

Here, X, Y, Z will denote random variables over finite sets X, ), Z and we will denote
their distributions by Py (z) = P(X = ), Px y(v,y) = P(X = 2,Y =y), Px)y(zly) =
P(X =z|Y =vy),...

Definition 2.6 ((Shannon) Entropy H (X)). The (Shannon) entropy H (X)) of X is defined
by:
H(X) :=Ex[log(Px(X — > Px(z)log(Px(x)) .
zeX

The entropy of two random variables X, Y is defined as H(X,Y) := H((X,Y)).

Definition 2.7 (Conditional Entropy H (X|Y')). The conditional entropy H(X|Y') of X
given Y is defined by:

H(X|Y) =Y Py(y)HX|Y =y)

yey
=Y Py(y) <— > Pxy(zly) log(PX|y($y))> (2.2)
yey TeX
== Y Pxy(@y)log(Pxy(aly)
zeX yey

Definition 2.8 (Mutual Information I(X : Y')). The mutual information I(X : Y) of X
and Y is defined by:

o Pxy(,y)
I(X:Y):= xegyj@ Px.y(z,y)log < Pr(a) py(y)) :

14



2.2. Information Theory

Proposition 2.12. Equivalently, we have:
I(X:Y)=HX)-HX|Y)=HY)-HY|X)=H(X)+ HY)-H(X,Y).

Definition 2.9 (Conditional Mutual Information /(X : Y'|Z)). The mutual information
I(X :Y|Z)of X and Y given Z is defined by:

I(X:Y|Z) =) Py(2)[(X:Y|Z=2)
z€EZ

= Z PX,Y,Z(xaya Z) log <

zeX,yely,zeZ

Px yz(%,y2) ) @3)
Py z(z|2)Pyiz(ylz) |

Definition 2.10 (Markov chain X — Y — Z). We say that X — Y — Z forms a Markov
chain if Z is conditionally independent of X given Y, that is to say:

Vo € X,Vy € Y,Vz € Z, Py xy(2|7,y) = Py (2ly) -

2.2.2 Typical Sets

We consider typical sets as defined in Chapter 2.5 of [GK11]:

Definition 2.11 (Typical set and conditional typical set). We have the following definitions:
1L TMX) :={a" : |r(z]|z™) — Px(x)| < ePx(x) for all x € X'}, with the empirical

distribution 7 defined by 7 (z|z") := Hm;;x}‘ This definition generalizes for any
t-uple of variables.

2. Vy" € TMY), T (X|y") i= {=" = (2", y") € T(X, V) ).

A crucial property of such typical sets is the typical average lemma:
Lemma 2.13 (Typical Average Lemma [GK11]). Let 2™ € T*(X). Then for any nonnega-

tive function g on X':

(1-¢)E z": (i) < (1+¢)E[g(X)] .

S\H

In particular, with this tool, we can derive the following properties:

Proposition 2.14 (Properties of typical sets [GK11]). We have, among others, the following
statements about typical sets:

1. Vz" € TP(X), 2 nUFHE) < Py (am) < 27n(=9HX),

2. lim P(X"eT(X))=1

n—+o00
3 |7;"(X)| < on(1+e)H(X)

4. Forn sufficiently large, |T]*(X)| > (1 — 5)2"(1—€)H(X)'

5 If (2™, y") € TMX,Y) thena™ € T(X) andy™ € T'(Y).

15
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6. vy" € T*(Y), TM(X]y") € T*(X).

7. (2", y") € TX,Y), 27 "I HXY) < Pynym (a7]yn) < 27 1= HXY),

8 Wy € THY) TR (X || < 20HHC)

9. For ¢’ < ¢ and n sufficiently large, we have that Vy" € T}(Y),|TM(Xy"™)| >
(1 — g)2r(1-)HX]Y),

Proof. We reproduce the proof of the last statement here to emphasize on the fact that
there is an ng such that for all n > ng and for all y" € 77}(Y’), the property holds.

For any € > ¢’ > 0, let us show that there exists n such that we have:
vyt e THY),P((X",y") e T"X,Y)) > 1-¢,

where X" are drawn from the distribution Pxn|yn_yn. This will imply the statement.
Indeed, we have that:

P((X"y") e TMX,Y) = > Pxoyn(z"[y")
€T (X]y") (2.4)

< TR (Xl D),

since Pyn|yn(2"|y") < 2 U= HXTY) a5 (27, y") € T(X,Y). Thus, we have that

T X|y™)| > (1 — e)2n(=HXY) 1n order to prove our result, we take the proof in Ap-
pendix 2A of [GK11]. We take y™ € T}(Y) and X™ ~ Pxnjyn(z"y") = [[72) Pxpy (@ilys)-
Applied to our choice of variables, we have that P ((X",y") ¢ T*(X,Y)) is equal to:

[P(El(l‘,y) : |7T(I’y|Xnvyn) - PXY('T’y)’ > 5PXY(‘T’y))
<Y P(n(z,y|X"y") = Pxy(z,y)| > ePxy(z,y))

x7y
:ZPQ?WM_l‘ >E)
Py Pxy(z,y)
poy Pxpy (zly)m(yly™) Py (y)
m(z,y| X" y") _ 1+e¢ )
< P > P
~ < ( (yly") 1o ()
T y\X y")  1—e >
+ P( < Pxy(x ,

since y" € T2(Y) and thus 1 — &’ < wg)) < 1+ €. However, since ¢’ < ¢, we

have fig > 1and =5 < 1. We will show that for all z,y with Py (y) > 0, we have
m(zyl X" y")

Al nﬁ—ioo PX|y(a;\y) in probability, with a convergence rate independent of

y" € T2}(Y'), which will be enough to conclude the proof.

Let us fix some z,y with Py (y) > 0. Since y" € 77(Y), we have in particular that
(1 =&VPr(y) < 7m(yly") < 1+ &) Pr(y). Thus N = [{i : yi = y}| = n7(yly") >
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(1 — &) Py (y)n. Then we have:

m(r,yl X" y") 1 . 4
gt 0T ) N Zwith Z; = lx,—pand S = {i: y; = y} .
m(yly") N; z 1 ‘ ¢ J

Thus, all Z; with ¢ € S are independent and follow the same law:

7 .= {1 with probability Py y (z]y) ,

0 otherwise .

Furthermore, we have E[Z;] = Px|y (z|y), and all Z; have the same variance O':%|y < 400
(depending only on X, Y, x, y). Thus we can apply Chebyshev inequality:

2
1 Taly
IFD<]V‘ZZiPX|Y($|y) 277> < W
ies
However, since N > (1 — &’) Py (y)n, we get:
2
W(xvyLXnayn) ‘ ) Ux@
p(|mn¥2 YY) p >n) < - 0.
(= ~ P 20) = ot

Thus, we have T@¥X"v") Pxy(z]y) in probability with a convergence rate
7T(yly ) n—-+o0o
independent of y™ € T} (Y). O

2.2.3 Channels

Formally, a channel W is a conditional probability distribution depending on n inputs
belonging to ™ and m outputs belonging to Y™, so W := (W (y™[2")) e xn ymeym
with:
Va', y™ W (y™|z™) > 0 and Vz", Z W(y™z")=1.
ymeym

We will denote such a channel by W : X™ — Y™. The tensor product of two channels
W:X" = Y™and W : X' — Y™ isdenotedby W @ W' : (X" x X') — (Y™ x Y')
and defined by:

(W ® W/)(ymy/m‘wnx/n) = W(ym’.rn) . W/lm|x/n) .

We denote by W®" the nth tensor product of W, ie. W& = W @ ... ® W with n
occurrences of W.

Whenn = m = 1, we will speak of regular or point-to-point channels. Whenn > 1,m =1,
we will speak of multiple-access channels. When n = 1, m > 1, we will speak of broadcast
channels. If both n, m are greater than 1, we will speak of interference channels. More
specifically, in this thesis, we will focus on the casesof n =2,m =1landn =1,m = 2,
which are at the core of the specificity of network channels.
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2.2.4 Capacity Regions

Definition 2.12 (Capacity Region C[S](W) for a success probability S(W, k1, k2)). A rate
pair (R, R2) is S-achievable (for the channel W) if:

lim S(W®n, [2fin] TRy =1,

n—-+00

We define the S-capacity region C[S](1V) as the closure of the set of all achievable rate
pairs (for the channel W).

Definition 2.13 (Zero-error Capacity Region Co[S](W) for S(W, ki, k2)). A rate pair
(R1, R2) is S-achievable with zero-error (for the channel W) if:

Ing € N*,¥n > ng, S(IWE™, fQRmL [2R2n1) =1.

We define the zero-error S-capacity region C[S] (V) as the closure of the set of all achievable
rate pairs with zero-error (for the channel W).

Proposition 2.15 (Time-sharing). If the success probability S satisfies:
VW, W/7Vk1a ko, klla kév S(W ® le kjlk,lv k2ké) 2 S(VVv k1, kQ) ’ S(W,7 ,17 k/Q) )
then for all channels W, C[S](W) and Cy[S](W) are convex.

Proof. Let (R1, R2) and (R}, R)), two pairs of S-achievable rational rates for W, i.e.:

S(Wen [2fin] 12727y 5 1and S(W®™, [2F17] [2R"]) — 1.

n—+00 n——+oo
Let A € (0,1) rational and define Ry ; := X+ R; + (1 — \) - R}, let us show that (R 1, Ry 2)
is achievable with non-signaling assistance. Let us call respectively k; := 2% k! =

2R oy = 2 = A kY,

We have Ry ;n =X-Rin+ (1 —X)- Rin= (An)- R; + (1 — \)n - R. This is the idea of
time-sharing: for An copies of the channel, we use the strategy with rate (R, R2) and for
the (1 — \)n other copies of the channel, we use the strategy with rate (R}, R}). There
exists some n such that An, (1 — X\)n, \nR;, (1 — \)nR] are integers, since everything is
rational. This implies that k", k‘g(l_)‘)n, kY ; are integers. Thus, by hypothesis, we have
that S(W®", kY |, kY 5) is larger than or equal to:

S(WEO e j3m) - S E(=Am) gmn g fmim -y gy o

n—-+o0o

Thus, since S(W®" k¥, kY ,) < 1, we get the result S(W®™ k7 | kL) 2 1, so
) ’ ’ ’ n—-+0oo

(Rx1, Ry 2) is S-achievable for the channel W. Finally, since C[S](WV) is defined as the
closure of S-achievable rates for the channel W, we get that C[S](W) is convex.

For zero-error capacity regions, since by hypothesis there exists ranks ng, n{, such that
S(wen [2fin] [2R2n7) = 1 for n > ng and S(W®™, [2517] [2F2n]) = 1 for n > nj),
then in particular we get that for A\n > ng and (1 — A\)n > nj that (W™, kY |, kY ) is
larger than or equal to:

(OO g jany L g(pr@((1—Im) p/1=Xn p(=my _
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It is in particular true for n > ng := max ([%L [%W) As SNS(Wen kY1, kN o) <1,
we have for all n. > ng that SNS(W®”, kX1, kR o) = 1,ie. (Ry1, Ry 2) is S-achievable
with zero-error for the channel W. Finally, since Cy[S](V) is defined as the closure of

S-achievable rates with zero-error for the channel W, we get that Cy[S](V) is convex. [J

2.3 Channel Coding for Point-to-Point Channels

We recall here the main results from [BF18] on channel coding for point-to-point channels,
i.e. with one input and one output. Let us first recall the definition of the maximum success
probability S(W, k) of transmitting k messages using the channel W:

S(W, k) = maximize % S W (yl)e(z]i)d(ily)

e,d

1,T,Y
subject to Z e(x|i) = 1,Vi € [K]
zeX (2.6)
> d(ly) =1,y ey
JElk]

e(z(i), d(jly) = 0
Then, the following characterization of S(W, k) can be derived:

Proposition 2.16 (Proposition 2.1 of [BF18]). S(W, k) = %SCIJI(I‘E@{kaW(S) with fyy () :==

Zer maxges W(y’w)

One can consider non-signaling assistance shared between the sender and the receiver,
which leads to the following maximum success probability:

1
NS L .. s
SYW(WLE) = maximize Z W (y|z)P(xi|iy)

4,T,Y
subject to Z P(xjliy) = Z P(xj|i'y)
> P(xjliy) = P(zjliy') (2.7)
J J
> Plajliy) =1

:E,j

P(zjliy) = 0

A symmetrization can also be done to simplify the expression of the linear program defining

SNS(W, k):
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Proposition 2.17 (Appendix A of [BF18]).

1
SNS(W, k) =  maximize z Z W (y|z)rs,y

T.p o
subject to Z Ty =1
x

me:k

0< Yoy < Pz

(2.8)

Finally, the main tool we will use from [BF18] is the following random coding technique,
which describes how to find a classical code with a success probability close to the non-
signaling assisted one:

Theorem 2.18 (Theorem 3.1 of [BF18]). Given a solution r,p of the program computing
SNS(W, k), we have that:

Es [fwg(s)} > % (1 — (1 - ]1)(5) : ;%W(y!:v)my,

for the multiset S obtained by choosing ¢ elements of X independently according to the dis-

tribution (%)xe)(‘

20



CHAPTER 3

Tight Approximation Guarantees
for Concave Coverage Problems

Coverage functions are central objects of study in combinatorial optimization. Prob-
lems related to optimizing such functions arise in multiple fields, such as operations
research [CFN77], machine learning [FK14], algorithmic game theory [DV15], and infor-
mation theory [BF18]. The most basic covering problem is the maximum coverage one.
In this problem, we are given subsets 77, ..., T}, of a universe [n], along with a positive
integer k, and the objective is to find a size-k subset S C [m] that maximizes the coverage
function C(S) := |U;eg Ti|- A fundamental result in the field of approximation algorithms
establishes that an approximation ratio of 1 — e~! can be achieved for this problem in
polynomial time [Hoc97] and, in fact, this approximation guarantee is tight, under the
assumption that P # NP [Fei98].

Note that in the maximum coverage problem, an element a € [n] is counted at most once
in the objective, even if a appears in several selected sets. However, if we think of elements
a € [n] as goods or resources, there are many settings wherein the utility indeed increases
with the number of copies of a that get accumulated. Motivated, in part, by such settings,
we consider a generalization of the maximum coverage problem where an element a can
contribute by an amount that depends on the number of times it is covered.

Given a function ¢ : N — R, an integer £ € N, a universe of elements [n], positive
weights w,, for each a € [n], and subsets 71, ..., T;, C [n], the p--MaxCOVERAGE problem
entails maximizing C¥(5) = 3 () wap(|S],) over subsets S C [m] of cardinality k;
here |S|, = |{i € S:a € T;}|

This chapter focuses on functions ¢ that are nondecreasing and concave (i.e., (i + 2) —
e(i+1) < p(i+1)—¢(i) fori € N). We will also assume that the function ¢ is normalized
in the sense that ¢(0) = 0 and (1) = 1.! Our approximation guarantees are in terms of
the Poisson concavity ratio of ¢, which we define as follows:

(3.1)

'One can always replace a generic ¢ to a normalized one without changing the optimal solutions through
a simple affine transformation.
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Here Poi(z) denotes a Poisson-distributed random variable with parameter . We will
write a,(z) = W, with o, (0) = 1, and hence (see Proposition 3.18), o, =
mingen+ () = infrer, ap(x).?

Our main result is that the ¢-MaxXxCOVERAGE problem admits an efficient av,-approximation

algorithm, when ¢ is normalized nondecreasing concave, and this approximation guarantee
is tight when ¢ grows sublinearly. Formally,

Theorem 3.1. For any normalized nondecreasing concave function @, there exists a -
approximation algorithm for the o-MAxCOVERAGE problem running in polynomial time.
Furthermore, for o(n) = o(n), it is NP-hard to approximate the ¢-MAXCOVERAGE prob-
lem within a factor better than a, + €, for any constant € > 0, even restricted to instances
with unit weights and regular subsets.

Before detailing the proof of the theorem, we provide a few remarks and connections to
related work.

Applications and related work We can directly reduce the standard maximum cover-
age problem to ¢-MaxCOVERAGE by setting ¢(j) = min(j, 1). In this case v, = 1 — e 1.
One can also encapsulate, within our framework, the /-MUuLTICOVERAGE problem studied
in [BFGG20] by instantiating ¢(j) = min(j, £). In this setting, we recover the approx-
imation ratio av, = 1 — ﬂ;—!_, which matches the approximation guarantee obtained
in [BFGG20] (see Proposition 3.31). Note that the hardness result in [BFGG20] was based
on the unique games conjecture, whereas here we prove that this guarantee is tight under

P - NP.

The initial motivation for studying ¢-MAxXCOVERAGE was to generalize the /~-MULTICOVERAGE
problem studied in [BFGG20] as well as its /-list-decoding interpretation. In the channel
coding problem [BF18], we are given a noisy channel W (y|z), defined as a conditional
probability distribution, and the goal is to send a message chosen uniformly in [k] through
this channel. In order to do so, the sender encodes the input message in X, and the receiver
decodes back the output of the channel from ) to [k]. The objective is to find a code
that maximize the probability of successfully decoding the message. In the /-list-decoding
problem [Eli57, Woz58], instead of decoding the output into a single message, the decoder
outputs a list of size ¢ of possible messages, where / is some fixed parameter common to
all lists. We consider that the decoding is successful if the initial message belongs to that
list. The generalization of that problem, which we call the o-list-decoding problem, allows
decoding lists of any size. However, the decoding will be successful only with probability
# when the initial message belongs to that list, where ¢ is the size of that list. One can
see that with a coverage function ¢(j) = min(j, £), we recover the ¢-list-decoding problem.
When the channel is of the form W (y|z) = 1 for y € T}, with |T;,| = t and W (y|z) = 0
elsewhere, the success probability of the ¢-list-decoding problem for a code S C X can be
written as 7 >yey P(IS],), with [S|, = [{z € S : y € T, }|, which is a particular instance
of the ¢-MAXCOVERAGE problem; see Section 3.3.1 for further details. Therefore, for that
class of channels, a tight approximation ratio o, follows from Theorem 3.1.

*We require ¢ to be defined for nonnegative integers and will extend it over R by considering its
piecewise linear extension.
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Another application of ¢-MAXCOVERAGE is in the context of multiwinner elections that en-
tail selecting k (out of m) candidates with the objective of maximizing the cumulative utility
of n voters; here, the utility of each voter a € [n] increases as more and more approved (by
a) candidates get selected. One can reduce multiwinner elections to a coverage problem
by considering subset T; C [n] as the set of voters that approve of candidate i € [m)]
and ¢(4) as the utility that an agent achieves from j approved selections.> Addressing
multiwinner elections in this standard utilitarian model, Dudycz et al. [DMMS20] obtain
tight approximation guarantees for some well-studied classes of utilities. Specifically, the
result in [DMMS20] applies to the classic proportional approval voting rule, which assigns
a utility of Zgzl % for j approved selections. This voting rule corresponds to the coverage
problem with () = 327, 1, which we denote as the PROPORTIONAL APPROVAL VOTING
problem (PAV for short). Section 3.3.2 shows that Theorem 3.1 holds for all the settings
considered in [DMMS20] and, in fact, applies more generally. In particular, the voting
version of -MULTICOVERAGE (studied in [SFL16]) can be addressed by Theorem 3.1, but
not by the result in [DMMS20]. Such a separation also arises when one truncates the
proportional approval voting rule to, say, ¢ candidates, i.e., upon setting ©(j) = Z?;hfo 4 %
Given that multiwinner elections model multiple real-world settings (e.g., committee selec-
tion [SFL16] and parliamentary proceedings [BLS17]), instantiations of (>-MaXCOVERAGE
in such social-choice contexts substantiate the applicability of our algorithmic result.

Coverage functions arise in numerous resource-allocation settings, such as sensor allo-
cation [MWO08], job scheduling, and plant location [CFN77]. The goal, broadly, in such
setups is to select k subsets of resources (out of m pre-specified ones) such that the wel-
fare generated by the selected resources is maximized—each resource’s contribution to
the welfare increases with the number of times it is selected. This problem can be cast
as p-MaxCOVERAGE by setting 7 to be the number of resources, {7} }c[,, as the given
collection of subsets, and ¢(j) to be the welfare contribution of a resource when it is
covered j times.* Here, we mention a specific allocation problem to highlight the relevance
of studying ¢ beyond the standard coverage and ¢-coverage formulations (see Section 3.3.4
for details): in the VEHICLE-TARGET ASSIGNMENT problem [Mur00, PM18] (VTA for short)
the resources are n targets and covering a target j times contributes p?(j) = %ﬁp)]
to the welfare; here, p € (0,1) is a given parameter. Interestingly, we find that for this
problem, the approximation ratio cv, we obtain can outperform the Price of Anarchy (PoA),
which corresponds to the approximation ratio of any method wherein the agents selfishly
maximize their utilities (see Section 3.3.4 for further discussion of this point). By contrast,
in the resource allocation problem with ¢(j) = min(j, £), the price of anarchy is equal to
ap; see [CPM19] for details. Another allocation problem studied in [PM18] corresponds
to »-MaxCOVERAGE with ¢(j) = j¢, for a given parameter d € (0,1). We refer to this
instantiation as the d-PoweR function.

Theorem 3.1 gives us a tight approximation bound of «, for all the above-mentioned
applications of (x-MAaxXCOVERAGE. The values of a, for these instantiations are listed in
Table 3.1.

*Indeed, for a subset of candidates S C [m], the utility of a voter a € [n] is equal to ¢(|S],), with
S|, =H{ie S:aeTi}.

*Formally, to capture specific welfare-maximization problems in their entirety we have to a consider
(-MaXCOVERAGE with a matroid constraint, and not just bound the number of selected subsets by k. Details
pertaining to matroid constraints and the reduction appear in Section 3.1.1 and 3.3.3, respectively.
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-MAXCOVERAGE ©o(j) ay Derivation
MAXCOVERAGE min(j, 1) 1—e! Prop. 3.31
£-MULTICOVERAGE | min(j, /) 1- ﬂzf - Prop. 3.31
PAV .1 ay(1) ~0.7965... | Prop. 3.28
PAV capped at 3 Z?jf(j’?_)) i ay(1) ~0.7910... | Prop.3.21
p-VTA # 1_;717 Prop. 3.32
0.1-VTA 1=0-01) L=~ 0.9516... | Prop. 3.32
0.1-VTA capped at 5 1—0—%%)’““‘“’5) a,(5) ~0.8470... | Prop.3.21
d-POWER 44 e > %i Prop. 3.33

Table 3.1 - Tight approximation ratios for particular choices of ¢ in the p-MAXCOVERAGE
problem.

It is relevant to compare the approximation guarantee, o, obtained here with the ap-
proximation ratio based on the notion of curvature of submodular functions. Note that
if ¢ is nondecreasing and concave, then C'¥ is submodular. One can show, via a direct
calculation, that for such a submodular C'¥ the curvature (as defined in [CC84]) is given by
c=1—(¢(m)— p(m — 1)) for instances with at most m cover sets; see Proposition 3.19.
Therefore, the algorithm of Sviridenko et al. [SVW17] provides an approximation ratio
of 1 — ce™! for the o-MaXCOVERAGE problem. We note that the Poisson concavity ratio
o, is always greater than or equal to this curvature-dependent ratio (Proposition 3.22).
Specifically, for p-VEHICLE-TARGET ASSIGNMENT, it is strictly better for all p ¢ {0, 1} and
for /-MULTICOVERAGE, it is strictly better for all / > 2 as remarked in [BFGG20]. Therefore,
for the setting at hand, we improve the approximation guarantee obtained in [SVW17].

Remarks on the Poisson concavity ratio a,. By Jensen’s inequality along with the
nonnegativity and concavity of ¢, we have that a, € [0,1]. We show that a,, can be
computed numerically up to any precision £ > 0, in time that is polynomial in % In fact,

4
Proposition 3.17 shows that a,(2) > 1 —eforallz > N, := (g) |. Thus, we can iterate

overallx € {1,2,..., N.} and find min,¢x,) o, () up to ¢ precision (under reasonable
assumptions on (). This gives us a method to overall compute v, up to an absolute error of
2¢e:if ay, <1 — ¢, then computing min, ¢y, o, () (up to € precision) suffices. Otherwise,
if p, > 1 — ¢, then a,(1) < 1 provides the desired bound. Furthermore, we note that
Proposition 3.16 shows that even if we consider o, (x) over all z € R, an infimum (i.e.,
the value of o) is achieved at an integer.

Further hardness under Gap-ETH Theorem 3.1 shows that, under the assumption
P # NP, no polynomial-time algorithm can approximate ¢-MaXCOVERAGE within a better
ratio than «, for sublinear ¢. One natural question that arises is whether relaxing the
running time constraint helps. More precisely, since there are (') = O(m*) choices of
k cover sets among the m available, a simple exhaustive search algorithm works in time
O(mF). We can ask if FPT algorithms with respect to k, running in time f (k) -m°®*) with f
an arbitrary function, can do better. As in [DMMS20], we use the result of [Man20] to show
in Theorem 3.14 that such algorithms cannot approximate ¢-MAXCOVERAGE within a better
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ratio than «, for sublinear ¢, under the Gap-ETH hypothesis [CCK ' 17]; see Section 3.2.3
for more details. This means that the brute-force strategy is essentially the best, if one
wants to get a better approximation ratio than a,.

Proof techniques and organization In Section 3.1, we present our approximation
algorithm for the ¢-MaxCovERAGE. The algorithm is an application of pipage rounding, a
technique introduced in [AS04], on a linear programming relaxation of ¢-MAXCOVERAGE.
We show that the multilinear extension F'¥ of C¥ is efficiently computable and thus, we
can compute an integer solution '™ from the optimal fractional solution z* satisfying
C?(2™) > F¥(z*). Using the notion of convex order between distributions, we show
that F2(z*) > 3=, () waE[p(Poi(|2*(,))], where |z[, = 3;cpm).act, Ti- Comparing this
to the value }°,c(,) wa(|27|,) taken by the linear program, we get a ratio given by the
Poisson concavity ratio c,. The concavity of ¢ is crucial at several steps of the proof: it
guarantees that the natural relaxation can be written as a linear program, it is used to relate
between sums of Bernouilli random variables and a Poisson random variable via the convex
order, as well as for the fact that we can restrict the infimum in the definition of «, to
integer values of x. The generalization to matroid constraints follows in a standard way
and is presented in Section 3.1.1.

In Section 3.2, we present the hardness result for ¢-MaAaXCoOVERAGE. For this, we define a
generalization of the partitioning gadget of Feige [Fei98], extending also [BFGG20]. Roughly
speaking, for an integer z,, € N, it is a collection of x-covers of the set [n] (an z-cover is a
collection of subsets such that each element a € [n] is covered x times, or in other words, its
-coverage is p(x)n) that are incompatible in the sense that if we take an element from each
one of these x,-covers, then the p-coverage is bounded approximately by E[¢(Poi(z,))]n.
Then, we construct an instance of -MAXCOVERAGE from an instance of the NP-hard
problem Label Cover (as in [DMMS20]) using such a gadget with z, € argmin, o, ().
Having set up the partitioning gadget, the analysis of the reduction can be obtained by
carefully generalizing the reductions of [BFGG20] and [DMMS20].

In Section 3.3, we present different domains of application of our result.

3.1 Approximation Algorithm for p-MAXCOVERAGE

Fix a function ¢ : N — R, that is normalized, nondecreasing and concave. The ¢-
MaxCoVERAGE problem is defined as follows. The input to the problem is given by positive
integers n, m, t and m subsets 71, . . ., T}, of the set [n] (described as characteristic vectors),
the weights w, € Q7 for a € [n] (described as a pair of bitstring of length t), as well
as an integer k € {1,...,m}. The output is a subset S C [m] of size k that maximizes

C¥(S) = Yaem wap(IS],). where |S], = |{i € S : a € T}

Note that the input to this problem can be specified using n(m + 2t) + O(log nmt) bits.
To reduce the number of parameters, we will assume that ¢ is polynomial in n and m, so
that a polynomial-time algorithm for this problem means an algorithm that runs in time
polynomial in n and m. The counting function ¢ is fixed and does not depend on the
instance of the problem, but for a given instance the problem only depends on the values
©(0),(1),...,e(m). We assume that we have black box access to  and to ensure that
all the algorithms run in polynomial time, we assume that ¢(j) can be described with
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a number of bits that is polynomial in j and that this description can be computed in
polynomial time.

We now describe the approximation algorithm for o-MaxCOVERAGE that we analyze. As
described above, we follow the standard relax and round strategy, as in [BFGG20]. First,
we define a natural convex relaxation.

Definition 3.1 (Relaxed program).

maximize Z WqCq
a€(n]

subjectto ¢, < (P("r’a)7va € [n], with ’ﬂa = Z Li
i€[m]:a€T; (3.2)
0 <z <1,Vie[m]

in =k.
i=1

As previously mentioned, ¢ is defined on R by extending it in a piecewise linear fashion
on non-integral points. As such, the constraint ¢, < ¢(|z|,) is equivalent to m linear
constraints. In fact, we can define ¢; to be the linear function ¢;(t) = (¢(j) —¢(j — 1))t —
(7 — 1De(3) +je(j — 1) for j € [m]. Since ¢ is concave, we have that for all ¢ € [0, m],
¢(t) = minjepy) ;j(t). Thus, the constraint ¢, < ¢(||,) is equivalent to ¢, < p;(|z|,)
for all j € [m] and so the program from Definition 3.1 can be stated as a linear program.
Overall there are n + m variables and (n 4 1)m + 1 linear constraints, and by assumption
all the coeflicients can be described using a number of bits that is polynomial in n and m.
Hence, an optimal solution of this linear program can be found in polynomial time.

Observe that the program from Definition 3.1 is indeed a relaxation of the ¢x-MAXCOVERAGE
problem. To see this, given a set .S of size k, consider the characteristic vector € {0,1}"™
defined by z; = 1 if and only if ¢ € S. Then for all a € [n], we can set ¢, = ¢(|z|,) =
¢(|S],), and we get an objective value of 3_,c1,,) wap(|S|,) which is exactly C*(S5). When
solving the program from Definition 3.1, we get an optimal z* € [0, 1]™ which is in general
not integral. Next, we describe a method to round it to an integral vector '™ € {0, 1}™.

Rounding For a submodular function f : {0,1}" — R, one can use pipage round-
ing [AS04, Von07, CCPV11] to transform, in polynomial time, any fractional solution
r € [0,1]™ satisfying >, z; = k into an integral vector ™ € {0,1}™ such that
™, 2 = k and F(2™™) > F(z), where F corresponds to the multilinear extension of f,
provided that F'(z) is computable in polynomial time for a given x; see e.g., [Von07, Lemma
3.4]. The multilinear extension F' : [0,1]™ — R of f is defined by F(z1,...,Zn) =
E[f(X1,...,Xm)], where X; are independent random variables with X; ~ Ber(z;), i.e,
X; € {0,1} with P(X; = 1) = x;. Note that F(x) = f(z) for an integral vector
x €{0,1}".
We apply this strategy to C'¥, which is shown to be submodular in Proposition 3.19, and
the solution x* of the linear programming relaxation from Definition 3.1. Note that overall

the algorithm runs in polynomial time, since here F'(x) is computable in polynomial
time for a given z (see Proposition 3.23). We now analyze the value returned by the
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3.1. Approximation Algorithm for ¢x-MAXCOVERAGE

algorithm. Using the property of pipage rounding, with the notation X = (X,...,X,,)
and Ber(z) = (Ber(x1),...,Ber(zy,)), we get:

Ccp(xint) = EXNBer(J:im) [CSD (X)] > IEerBer(:zr*) [C(P (X>] :

Then, we only need to relate E xper(+)[C?(X)] to the optimal value of the linear program-
ming relaxation 3.1, which can only be larger than the optimal value of the ¢-MaxCOVERAGE
problem.

Theorem 3.2. Let x,c be a feasible solution of the program from Definition 3.1 and let
X ~ Ber(x). Recalling the definition of o, and o, (j) from (3.1), we have

E X~ Ber(z)[C¥ (X)] > (mln ay(J ) Z WeCq -

J€bm] a€(n]

In particular, this implies that the described polynomial-time algorithm achieves an approx-
imation ratio of cv,:

C?(z™) > a WeC, > max C?(9).
()2 0y 30w > ap x| C7(S

Proof. By linearity of expectation and the fact that the weights w,, are positive, it is sufficient
to show that for all a € [n]:

E[CY(X)] > (J%% %(J)> Ca

where C7(S5) := ¢(|S],)- Note that |X|, = 3=;cpnj.act, Xi> and thus:

ElC7(X)]= E 80( > Xi)]:E 80( > Bef(ﬂfz‘))]
L \i€l L

m]:a€T; i€[m]:a€T;

> E|¢ (Poi ( Z xz)> thanks to Proposition 2.2

i€[m]:a€T; ] (3.3)
= Elp(Poi(fz],))] = min(ap(l[2,]), ap([lz],1)e(2l,)
thanks to Proposition 3.16
z(%wvum%ywww
O

3.1.1 Generalization to Matroid Constraints

Instead of taking a cardinality constraint £ on the size of the subset .S, we look now at
general matroid constraints on S. Specifically, as input, instead of k, we take a matroid M
defined on [m] and given by a set of linear constraints describing its base polytope B(M).
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The output is a set S € M that maximizes C¥(.S). Note that the cardinality constraint
considered above is the special case where M is the uniform matroid (composed of all
subsets of size at most k) with its base polytope B(M) = {x € [0,1]™ : >, x; = k}.
We note that in order to establish Theorem 3.2, the cardinality constraint Y ;*; z; = k
is not used. Thus, since the pipage rounding strategy applies to matroid constraints
M (see [Von07, Lemma 3.4]), the strategy and the analysis of its efficiency generalize
immediately when applied to the following linear program:

Definition 3.2 (Relaxed program for matroid constraints).

maximize Z WeCa
a€ln]

subjectto ¢, < ¢(|zl,),Va € [n] (3.4)
0<uz; <1,Yie [m]
x € B(M) the base polytope of M .

Theorem 3.3. Let x,c a feasible solution of the program from Definition 3.2 and X ~
Ber(x). Then:

IEXNBer(:B) [C¥(X)] = (min aso(])) Z WaCq -

J€m] a€[n]

In particular, this implies that the described polynomial-time algorithm achieves an approx-
imation ratio of cv,:

C?(x™) > ay, a%;l} WaC, > Qi max C?(S) .

3.2 Hardness of Approximation for o©-MAXCOVERAGE

In this section, we establish an inapproximability result for the (x--MaxCOVERAGE problem
with unit weights and regular subsets under cardinality constraints. Throughout this section,
we use [ to denote the universe of elements and, hence, an instance of the ¢o-MAXCOVERAGE
problem consists of I, along with a collection of regular subsets 7 = {F; C I'}["; (ie.
Vi € [m], |F;| = t for some t) and an integer k. Recall that the objective of this problem is
to find a size-k subset S C [m] that maximizes C¥(S) = Y, cr ¢(|S],)-

We establish the following theorem in this section:

Theorem 3.4. It is NP-hard to approximate the p-MAXCOVERAGE problem for ¢(n) = o(n)
within a factor greater that o, + € for any ¢ > 0, even restricted to instances with unit
weights and regular subsets.

Our reduction is based on a problem called A-ARYLABELCOVER, which is equivalent to the
more standard GAPLABELCOVER problem as will be shown in Appendix 3.5.3.
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3.2. Hardness of Approximation for ¢o-MAXCOVERAGE

Definition 3.3 (h-ARYLABELCOVER). An instance G = (V, E, [L], [R],{7ev}ccE vece) of
h-ARYLABELCOVER is characterized by an h-uniform regular hypergraph (V, E') and con-
straints 7., : [L] — [R]. Here, each h-uniform hyperedge represents a h-ary constraint.
Additionally, for any labeling o : V' — [L], we have the following notions of strongly and
weakly satisfied constraints:

« Anedge e = (v1,...,vp) € E is strongly satisfied by o if:
Va,y € [h], Tew, (0(v2)) = Te,vy (o(vy)) -

« Anedge e = (v1,...,vp) € E is weakly satisfied by o if:

Jx #y € [h], Tew, (0(v2)) = Tew, (0 (vy)) -

Proposition 3.5 (6, h-ARYGAPLABELCOVER). For any fixed integer h > 2 and fixed § >
0, there exists an R such that for any integer R > Ry, it is NP-hard for all instances
G = (V,E,[L],[R],{Tev}ecEvee) of h-ARYLABELCOVER with right alphabet [R] to distin-
guish between:

YES: There exists a labeling o that strongly satisfies all the edges.

NO: No labeling weakly satisfies more than § fraction of the edges.

3.2.1 Partitioning System

In order to prove Theorem 3.4, we will need to generalize the partitioning system of
Feige [Fei98], a constant-size combinatorial object used to prove complexity hardness
results. Note that it was already generalized in [BFGG20], over which we base our version.
For any set [n] and Q C 2[", we overload the definition C*(Q) := > acin) P(1Ql,) with
the notations |Q|, := [{P € Q:a € P}| and C¥(Q) := ¢(|Q|,). Let us take z, €
argmin . o, (), thus o, = ().

We say that Q is an z-cover of x € N if every element of [n] is covered z times, so

CH(Q) = np(x).

Definition 3.4. An ([n], h, R, @, n)-partitioning system consists of R collections of subsets
of [n], P1,...,Pr C 2l that satisfy % €N, z, > hand:

1. Forevery i € [R],P; is a collection of h subsets P; 1, ..., P;, C [n] each of size %
which is an x,-cover.

2. Forany T'C [R] and Q = { P, ;(;) : i € T'} for some function j : 7" — [h], we have
‘C“"(Q) — w‘%"hn‘ < nn where:

%ﬁh =E {«p <Bin (k, x;))] . (3.5)
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Ton

Remark. In particular, for any Q = {Q1,...,Qx} with Q; of size ==, we have that
C?(Q) < np(k%2). Indeed C¥(Q) = Y oepn #(1Ql,) With Yoepn) 9], = Xiepy 1Qil =
k- % By concavity of ¢ and Jensen’s inequality, this function is maximized when all
|Q|,, are equals, where we get np(k52).

Proposition 3.6. For every choice of R, h € N with
h > 5,1 € (0,1),n > 17 *Rp(R)” log(20(h + 1))

Ton

such that =5~ € N, there exists a ([n], h, R, ¢, n)-partitioning system, which can be found
in time exp(Rnlog(n)) - poly(h).

The proof can be found in Appendix 3.5.4.

3.2.2 The Reduction

Proof of Theorem 3.4. Let ¢ > 0. Without loss of generality, we can assume that e < 1.
We show that it is NP-hard to reach an approximation ratio greater than o, + ¢ for the
(-MAXCOVERAGE problem, via a reduction from §, h-ARYGAPLABELCOVER.

. 77:“0(%)5,500<77§6<1,

4z,

« h > x, such that ‘@Z)Z’h — awcp(xg,)‘ < 71 (see (3.5) for the definition of 1¥); such a
choice exists thanks to Proposition 3.24,

0 such that for all z > 6, @ < n, which exists since p(x) = o(z),

« R > h large enough for Proposition 3.5 to hold.

Then, given aninstance G = (V, E, [L], [R], £, {Te.v }ec Evee) of I, h-ARYGAPLABELCOVER,
we construct an instance (I', F, k) of the ¢-MAXCOVERAGE problem with:

« nalarge enough integer to have the existence of ([n], h, R, ¢, n)-partitioning systems
using Proposition 3.6. Note that the size of these partitioning systems is independent
of the size of the instance G and that we can construct such a partitioning system in
constant time (with relation to the size of the instance G) thanks to Proposition 3.6.

«I'=[n|xE,

5

ck=V

« Consider a ([n], h, R, ¢, n)-partitioning system, and call P = {Pi,...,Pr} the

corresponding set of collections. Define sets T;’vj = P, (8),; X 1e} where
2,04 )

e=(vi,...,vn) € E,j € [h],B € [L]. Then, take F§ := |ecpe.T5" as

cover sets and F := {F§,v € V, 3 € [L]}. Note that ’Fg T

B
Ton

P, u-(ﬂ)j’ = |{e € E : v € e}| - == which does not depend on v as the
2,05 s,

= ZeeE:UEe

ZEEE:UEE
hypergraph (V, E) is regular. Therefore, those subsets are indeed regular.
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We will now prove that if we are in a YES instance, we have that there exists 7 of size k such
that C¥(T) > ¢(z,)|I'| (completeness). Moreover, if we are in a NO instance, then we
have that for all 7 of size k = |V|, C¥(T) < (ay + €)@(x,)|T'| (soundness). Establishing
these two properties would conclude the proof. In fact, an algorithm for (>-MAXCOVERAGE
achieving a factor strictly greater than «, + € would allow us to decide whether we have
YES or a NO instance of the NP-hard problem 9, h-ARYGAPLABELCOVER.

In order to achieve this, let us define C* := (1 fey CF- In particular, we have
C¥ =3 cr C8 =3 cp C¥° For T C F, we define the relevant part of 7 on e by:

Te={Tg" :veeBell],FgeTt={Fgn(ln] x{e}), FF€T}.

Note that C¥¢(T) = C¥*(T.), and in particular C?(T) = > .cp C¥*(Te).

3.2.2.1 Completeness

Suppose the given h-ArRYLABELCOVER instance G is a YES instance. Then, there exists
a labeling o : V — [L] which strongly satisfies all edges. Consider the collection of
V| subsets 7" := {F,) : v € V}. Fixe = (v1,...,v) € E. Since e is strongly
satisfied by o, there exists r € [R] such that 7, ,,(0(v;)) = r for all ¢ € [h]. Therefore,
we get that 7, = {T;izii)}ie[h} = {P:i X {e} }ign is an w,-cover of [n] x {e}, and so
C#(Te) = nip(xy). Thus CH(T) = Yeep CP4(Te) = |Elp(zp)n = o(x,)|T].

3.2.2.2 Soundness

Suppose the given h-ARYLABELCOVER instance G is a NO instance. Let us prove the
contrapositive of the soundness: we suppose that there exists 7 of size k = |V| such that
C?(T) > (ap+e)p(xy)|T]. Let us show that there exists a labeling o that weakly satisfies
a strictly larger fraction of the edges than 4.

For every vertex v € V, we define L(v) := {3 € [L] : F}j € T} to be the candidate set of
labels that can be associated with the vertex v. We extend this definition to hyperedges
e = (v1,...,vn) where we define L(e) := U;cjp) L(vi) to be the multiset of all labels
associated with the edge. Note that |T.| = |L(e)|.

We say that e = (v1,...,v,) € E is consistent if and only if there exists x # y € [h] such
that 7, o, (L(vz)) N T, (L(vy)) # 0. We then decompose E in three parts:

« B is the set of edges e € E with |L(e)| > %

« N is the set of consistent edges e € E with |L(e)| < %

« [ = F — (BUN) is the set of inconsistent edges e € E with |L(e)| <

B

We want to show that the contribution of N is not too small, which we will use to construct
a labeling weakly satisfying enough edges. This comes from the following lemmas:

Lemma 3.7. Y g |L(e)| = |E|h
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Proof. Recall that our hA-uniform hypergraph is regular; call d its regular degree. In particu-
lar, we have that d|V'| = |E|h. Note also that >, oy, |L(v)| = |T| = |V/|. Thus:

DILEI=) > ILwl=) > LWl=d) L) =dV|=|Eh.

ecE ecEveViwee veV ecEwee veV

d

Next, we bound the contribution of B:

Lemma 3.8. 3 .5 C¥(7:) < So(z,)|T.
Proof. We have:

) CH(Te) < > ngp <\L(e)$]j) by remark on Definition 3.4 and |7;| = |L(e)|
e€B e€B

2een | L(e)] 2,

< |B|- ZeeeB 1T 20

= 1P W( Bl h

> by Jensen’s inequality on concave ¢

|E|h x
< e (g 1)

since ¢ nondecreasing and Z |L(e)| < |E|h by Lemma 3.7
ecB

(3.6)
We have seen that .5 |L(e)| < |E|h,but}_ 5 |L(e)| > ]B|% by definition of B, so

we have that % < &. Thus % > %, = 0. By definition of 6, we get that:

e 9
D> CPATL) < il = ()T
ecB

d

In order to bound the contribution of I, we will prove a property on inconsistent edges:

Proposition 3.9. Lete = (vy,...,vy) € E be an inconsistent hyperedge with respect to T .
Then we have that ’C‘p’e (Te) — w‘@L(e)' hn‘ < nn.

Proof. Since e is inconsistent, Vo # y € [h], Te v, (L(vz)) N Tev, (L(vy)) = 0. Therefore,
for every i € [R], there is at most one v € e such that i € 7, ,(L(v)), i.e., 7 intersects with
P; x {e} in at most one subset. This gives us a subset 7' C [R] and a function j : 7" — [h]
such that 7o = {P; j(;) X {e} : i € T'}. As a consequence, |T'| = |T.| = |L(e)| and by the
second condition of the partitioning system, we get the expected result. O

Now, we can bound the contribution of I:

Lemma 3.10. . ; C¥(7c) < (o + §)o(x,)|T].
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Proof. Thanks to Proposition 3.9, we have:

D CPUT) < Y (Wppn + M < Y (Ui +mn

ecl ecl eck
since I C F and wlﬁ:(e)l,h > 0. But ). .cp|L(e)| = |E|h by Lemma 3.7 and x w;ih is

concave thanks to Proposition 3.26, so we can use Jensen’s inequality to get:
Z w\(pL(e)lﬁ = ‘EW% L)l |E|¢;f,h g
ecE
eckE T,h

and thus:

D CPNTe) < (U, +mnlE| < (app(zy) + 2n)|T]
ecl

by definition of A. This implies that the total contribution of inconsistent edges I is at most:

3
Y CPTe) < (app(y) +20)|T| < (ap + )Pl
ecl

by definition of 7. O

Lemma 3.11. |E| >&n.

Proof. Since we have supposed that Y .y C¥¢(Te) = C(T) > (o, + €)p(x,)|I|, and
with the help of Lemmas 3.8 and 3.10, we have that the contribution of N is:
> CHTe) > 90(%)|F|
eeN
However, we have that for e € N that:
x x x nx
Co(Te) < (1152 ) = mo (L5 ) <o () < 52
thanks to the remark on Definition 3.4 and the bound |L(e)| < % This implies that:
N ep(x
|E| — z, 4
[

Finally, we construct a randomized labeling o : V' — [L] as follows: for v € V, if L(v) # (),
set o(v) uniformly from L(v), otherwise set it arbitrarily. We claim that in expectation,
this labeling must weakly satisfy ¢ fraction of the hyperedges.

To see this, fix any e = (v1,...,v,) € N. Thus, there exists 3x # y € [h] such that
Tewg (L(V2)) N Tev, (L(vy)) # 0. Furthermore | L(vz)|, |L(vy)| < % Thus, we have that

2
Tew, (L(V2)) = Tew, (L(vy)) with probability at least m > (%) . Therefore:

Ey;Ee~ [0 weakly satisfies e] > {nE,E..g[o weakly satisfies ele € N] by Lemma 3.11

ng’
> 572 = =9.
(3.7)
In particular, there exists some labeling o such that E.. [0 weakly satisfies e] > 0, thus

the soundness is proved. O
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Furthermore, the previous proof implies an additive inapproximability result:

Corollary 3.12. There is no additive polynomial-time approximation scheme (PTAS) for the
-MaXCOVERAGE problem for p(n) = o(n) and a, < 1 if P£NP; that is to say, a polynomial-
time approximation that achieves an additive approximation error of € - n, with n the size of
the universe, for alle > 0.

Remark. Contrary to fully polynomial-time approximation schemes (FPTAS), a PTAS does
1

not necessarily run in polynomial time in .

Yo

Proof. Let us fix € := 173 ¢(x,) > 0, which does not depend on the instance of the
(-MaXCOVERAGE problem. Assume for the sake of contradiction that we have a polynomial-
time approximation that achieves an additive approximation error of € - n, with n the size of
the universe. In the previous proof (with the former ¢ defined in Section 3.2.2 chosen equal
to 1_3% ), with such an additive approximation algorithm, one could distinguish between
YES and NO instances of d, h-ARYGAPLABELCOVER. Indeed, a YES instance implies that
the associated ¢-MaXCOVERAGE instance has a solution of value ¢(z,,)|I"|, where I" is the
universe in that setting. On the other hand, a NO instance implies that all solutions of the
associated ¢o-MAXCOVERAGE instance have a value smaller than or equal to 1+§a(p o(x,)|T).

Therefore, on a YES instance, our approximation algorithm would output a solution with a

value larger than or equal to 2+3% ¢(x,)|T'|. This resulting inequality is enough to guarantee

that it does not come from a NO instance, as it is strictly larger than 1+§%<p(:n<p)|f‘|
since o, < 1. Thus, such an approximation algorithm would allow us to solve ¢, h-

ARYGAPLABELCOVER in polynomial time, which is impossible if P#NP. O]

3.2.3 Further Hardness Under Gap-ETH

The Gap Exponential Time Hypothesis (Gap-ETH for short) states that, for some constant
& > 0, there is no 2°(")-time algorithm that, given n-variable 3-SAT formula, can distinguish
whether the formula is fully satisfiable or that it is not even (1 — §)-satisfiable. Gap-ETH
is a standard assumption in proving FPT hardness of approximation (see e.g. [CCK " 17]).
Under such hypothesis, Manurangsi showed the following theorem:

Theorem 3.13 ([Man20], adapted to (J, h)-ARYGAPLABELCOVER). Assuming Gap-ETH, for
everyd > 0, every h € N, h > 2 and any sufficiently large R € N (depending on 6, h), no
f(k) - N°®)_time algorithm can solve (8, h)-ARYGAPLABELCOVER with right alphabet [R),
where k denotes the number of vertices in h-ARYLABELCOVER, N is the size of the instance,
and f can be any function.

Such a statement can be made in terms of the (0, h)-ARYGAPLABELCOVER problem, since it
can be shown to be equivalent to §-Gap-Label-Cover(¢, R) (see Appendix 3.5.3 for more
details).

Furthermore, in the previous reduction, the constructed instance (I', k, F) sizes satisfy
II'| = n|E| (with n a constant independent of the size of the instance), k¥ = |V, and
|F| = k - L. Therefore, plugin Theorem 3.13 in the previous reduction leads to the
following hardness result:
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3.3. Applications

Theorem 3.14. Assuming Gap-ETH and ¢(n) = o(n), we cannot achieve an (a, + €)-
approximation for the p-MaxCOVERAGE problem, even in f (k) - m®®)-time, for any function
f, with m the number of cover sets and k the cardinality constraint.

3.3 Applications

In this section, we show how particular instances of p-MAXCOVERAGE encapsule and
generalize various problems across the fields of information theory [CT01], computational
social choice [BCE™ 16] and algorithmic game theory [NRTV07].

3.3.1 Generalized List-Decoding

In the usual ¢-list-decoding problem [Eli57, Woz58], we are given a noisy channel W (y|z),
and the goal is to send a message chosen uniformly in [k] through this channel. In order to
do so, the sender encodes the input message in &, and the receiver decodes a list of size £ of
possible messages in [k] from the output of the channel in ). The goal is to maximize the
probability of successfully decoding the message, which happens when the initial message
belongs to the decoded list. We consider the generalization of the /-list-decoding problem
that allows decoding lists of any size, with an associated cost function ¢, which we call the
p-list-decoding problem. Now, the decoding will be successful only with probability #
when the initial message belongs to a decoding list of size £. Formally, the problem can be
stated as:

e(|Ly|)
W(yl|x) ,
{Ly}uey SCX |S|= Kk Z Z L] (ylz)

reSyeY:xely

and can be directly reformulated as:

e Lyl)

- LoesW
sgrﬁ?éi:kky%i{,‘%’} L, 2 LeesW(yle).

TELy

Let us show that with a coverage function ¢(j) = min(j, £), we recover the ¢-list-decoding
problem. Indeed, let us consider an optimal solution S C X', { L, } yc) of the o-list-decoding,
with L, the list of accepted messages when the output of the channel is y. If all lists L,
are of size /, then as # = 1, we recover a solution of the /-list-decoding problem with
the same objective value. This shows in particular that the (-list-decoding problem has an
objective optimal value at least as large as the usual ¢-list-decoding problem. Let us now
consider an arbitrary set { L, },cy, and let us look at a particular list L, with L, # /. Let

us show that we can efficiently build another list of size ¢ while keeping a solution with an
P14 _

objective value at least as good as with L,. If L, | < ¢, then £ A = 1. Therefore, adding
Y
elements in L, can only increase the objective value, as long as we keep ‘(ILﬂ\) =1,ie.

that the list size is smaller than or equal to /. Thus, we can transform all the lists L,, with

|Ly| < ¢ into lists of size ¢ without decreasing the value of that solution. If | L, | > ¢, then

LPT‘LLJ‘D = L T We will keep only the ¢ most influencing messages in L, and we will show

that it does not decrease the objective value. Specifically, let us sort the elements v € L,
in a nonincreasing order according to 1,c5W (y|z) and keep the first ¢ elements of that
list. We call L; the resulting list. We claim that replacing L, by L; will not decrease the
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objective value. Indeed, we have:

12
Z LyesW(ylz) > 1L, Z LyesW(ylz) ,
zeLy €Ly

as Ly, contains the £ largest elements of L,, according to the weight 1,c5W (y|x). Therefore,
oLyl _

since - =1, we have:
[Ls)]

(I Ly)

S LeesWyl) = 2U0 Sy iy,

‘y’ zeLl ’Ly| €Ly

thus replacing L, by Lg/ does not decrease the objective value. This concludes the equiva-
lence of the (-list-decoding problem with the -list-decoding with ¢(j) = min(7, £).

When the channel is of the form W (y|z) = 1 for y € T}, with |T;,| = t and W (y|z) = 0
elsewhere, the success probability of the ¢-list-decoding problem for a code S C X can be
written as 2 > yey P(Syl), with Sy == {z € S : y € T;}, which is a particular instance
of the p-MaxCoOVERAGE problem. Indeed, for a fixed code .S, the objective value becomes:

1 p(Lyl)
k Z LyCX 2 LeesW(yle) = kt Z Fyl%}){( |Ly|

y’ TELy

IL\

Z Teeslyer,

TELy

(3.8)

1 L
= — max 2( y|)]SyﬂLy| .
kt gy LvsX |Ly|

L

yD‘Sy NLyl = ¢
rewriting of the @-list-decoding for those particular channels. As ¢p(0) = 0 and ¢ is
concave, we have for all y > x > 0:

We will show that max LyCX £ y|), which will prove the claimed

ie. 79(y) < @(x). Therefore, we have that:

o(|L
T’Lj’) |Sy ﬁLy‘ < (p(|Sy mLyD < @(!Sy|) )

Al g N Ly < o

as ¢ is nondecreasing. Thus, maxy, cx y|), with the equality

obtained by choosing L, := S,

Therefore, for that class of channels, a tight approximation ratio a, follows from Theo-
rem 3.1. As a consequence, the hardness part holds for the general ¢-list-decoding problem,
whereas finding an approximation algorithm achieving the ratio «, for all channels is left
as an open question.

3.3.2 Multiwinner Elections

As mentioned previously, multiwinner elections (with a utilitarian model for the voters)
entail selection of &k (out of m) candidates that maximize the utility across n voters. Here,
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the utility of each voter a € [n] increases with the number of approved (by a) selections.
The work of Dudycz et al. [DMMS20] study the computational complexity of such elec-
tions and, in particular, address classic voting rules in which—for a specified sequence of
nonnegative weights (w1, wo, . . .)—voter a’s utility is equal to Y 7_; w;, when he approves
of j candidates among the selected ones. One can view this election exercise as a coverage
problem by considering subset 7; C [n] as the set of voters that approve of candidate
i € [m] and ¢(j) = >°)_, w;. Indeed, for a subset of candidates S C [m)], the utility of a
voter a € [n] is equal to ¢(|S],), with |S|, = [{i € S : a € T}}|.

Dudycz et al. [DMMS20] show that if the weights satisfy w; > we > ... (ie., bear a
diminishing returns property) along with geometric dominance (w; - w;1o > w? "\ for
all © € N*) and lim;_,o, w; = 0, then a tight approximation guarantee can be obtained
for the election problem at hand. Note that the diminishing returns property implies
that ¢(j) = Zgzl w; is concave and lim;_,o, w; = 0 ensures that ¢ is sublinear (see
Proposition 3.27). Hence, Theorem 3.1, together with Proposition 3.28, can be invoked to
recover the result in [DMMS20] where we get ., = v, (1). In fact, Theorem 3.1 does not
require geometric dominance among the weights and, hence, applies to a broader class of
voting rules. For instance, the geometric dominance property does not hold if one considers
the voting weights induced by /-MULTICOVERAGE, i.e., w; = 1,for 1 <7 </, and w; = 0
for j > {. However, using Theorem 3.1, we get that for this voting rule we can approximate
the optimal utility within a factor of o, = 1 — ﬂz; ‘ (see Proposition 3.31). Another
example of such a separation arises if one truncates the proportional approval voting. The
standard proportional approval voting corresponds to w; = % for all i € N (equivalently,

o(j) = Zle %) and falls within the purview of [DMMS20]. While the truncated version

with p(j) = ZETU 0) %, for a given threshold /, does not satisfy geometric dominance,
Theorem 3.1 continues to hold and provide a tight approximation ratio that can be computed
numerically (see Proposition 3.21 and Table 3.1 for examples).

3.3.3 Resource Allocation in Multi-Agent Systems

A significant body of prior work in algorithmic game theory has addressed game-theoretic
aspects of maximizing welfare among multiple (strategic) agents; see, e.g., [PM18]. Comple-
menting such results, this section shows that the optimization problem underlying multiple
welfare-maximization games can be expressed in terms of ¢-MAXCOVERAGE.

Specifically, consider a setting with n resources, k£ agents, and a function ¢ : N — R,.
Every agent i is endowed with a collection of resource subsets A; = {T%,..., T, fnz} c 2l
(i.e., each TJZ C [n]). The objective is to select a subset A; € A;, for all i € [k], so as
to maximize W¥ (A, Az, ..., Ag) == Yocp wa ¢(|A],). Here, w, € Ry is a weight
associated with a € [n] and |A|, == |{i € [k] : a € A;}|. We will refer to this problem as
the ©-RESOURCE ALLOCATION problem.

While ¢-RESOURCE ALLoCATION does not directly reduce to ¢o-MaxCOVERAGE, the next theo-
rem shows that it corresponds to maximizing (-coverage functions subject to a matroid con-
straint. Hence, invoking our result from Section 3.1.1, we obtain a tight av,-approximation
for -RESOURCE ALLOCATION (see Appendix 3.5.5 for the proof):

Theorem 3.15. For any normalized nondecreasing concave function , there exists a -
approximation algorithm for p-RESOURCE ALLOCATION running in polynomial time. Further-
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more, for ¢(n) = o(n), it is NP-hard to approximate p-RESOURCE ALLOCATION within a
factor better than o, + €, for any constant € > 0.

3.3.4 Vehicle-Target Assignment

VEHICLE-TARGET ASSIGNMENT [Mur00, PM18] is another problem which highlights the
applicability of coverage problems, with a concave ¢. In particular, VEHICLE-TARGET
ASSIGNMENT can be directly expressed as ¢-RESOURCE ALLOCATION: the [n] resources
correspond to targets, the agents correspond to vehicles i € [k], each with a collection of
covering choices A; C 21", and ¢?(j) = #, for a given parameter p € (0,1). As
limit cases, we define ¢°(j) := lim,—0 ¢P(j) = j and ! (j) := 1. Since P (j) is concave,
by Proposition 3.32 and Theorem 3.15, we obtain a novel tight approximation ratio of

1=¢"% for this problem. Also, one can look at the capped version of this problem,

Qpp =
) (4) := ¢P(min(j,¢)). In particular, we recover the /~-MULTICOVERAGE function when
p = 0. In Figure 3.1, we have plotted several cases of the tight approximations Qg in
function of ¢ for several values of ¢:

1

0.9

0.8

0.7

06| 1

05 | | | |

Figure 3.1 — Tight approximation ratios g, where / is the rank of the capped version of
the p-VEHICLE-TARGET ASSIGNMENT problem. When p = 0, we recover the ¢-coverage
problem.

Paccagnan and Marden [PM18] study the game-theoretic aspects of VEHICLE-TARGET As-
SIGNMENT. A key goal in [PM18] is to bound the welfare loss incurred due to strategic
selection by the k vehicles, i.e., the selection of each A; € A; by a self-interested vehi-
cle/agent i € [k]. The loss is quantified in terms of the Price of Anarchy (PoA). Formally, this
performance metric is defined as ratio between the welfare of the worst-possible equilibria
and the optimal welfare. Paccagnan and Marden [PM18] show that, for computationally
tractable equilibrium concepts (in particular, for coarse correlated equilibria), tight price of
anarchy bounds can be obtained via linear programs.

Note that our hardness result (Theorem 3.1) provides upper bounds on PoA of tractable
equilibrium concepts—this follows from the observation that computing an equilibrium
provides a specific method for finding a coverage solution. In [CPM19] and in the partic-
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ular case of the /-MULTICOVERAGE problem, it is shown that this in fact an equality, i.e.,

PoA = a,, if ¢(j) = min(j, £) for all values of /. However, numerically comparing the
1—e™P

approximation ratio for VEHICLE-TARGET ASSIGNMENT, Qtup = , with the optimal
PoA bound, we note that a,» can in fact be strictly greater than the PoA guarantee; see

Figure 3.2.

Another form of the current problem, considered in [PM18], corresponds to <pd( j) = jd,
for a given parameter d € (0, 1). We refer to this instantiation as the d-POWER function
and for it obtain the approximation ratio e = et EZ;’OI %i (Proposition 3.33). In this
case, the question whether the inequality PoA < «, is tight remains open; see Figure 3.3.

1 T T T |
—e P
+Oé¢p — ;
0.9 ——PoA?? :
——Curv=1— g
0.8 |
0.7 |
0.6 - |
05 | | | |
0 0.2 0.4 0.6 0.8 1

Figure 3.2 — Comparison between the PoA and o, for the VEHICLE-TARGET ASSIGNMENT
problem. Using the linear program found in [PM18], we were able to compute the blue
curve PoA?’, the Price of Anarchy of this problem for m = 20 players. Since the PoA only
decreases when the number of players grows, this means that PoA < «, in that case. As
a comparison, the red curve Curv depicts the general approximation ratio (see [SVW17])
obtained for submodular function with curvature ¢, with ¢ = 1 — P (m) + ¢P(m — 1) here.

3.3.5 Welfare Maximization for ¢-Coverage

Maximizing (social) welfare by partitioning items among agents is a key problem in algo-
rithmic game theory; see, e.g., the extensive work on combinatorial auctions [NRTV07].
The goal here is to partition ¢ items among a set of k£ agents such that the sum of values
achieved by the agents—referred to as the social welfare—is maximized. That is, one needs
to partition [t] into k pairwise disjoint subsets Aj, Ao, ..., Aj with the objective of max-
imizing 3%, v;(A;). Here, v;(S) denotes the valuation that agent 7 has for a subset of
items S C [t].

When each agent’s valuation v; is submodular, a tight (1 — e~!)-approximation ratio
is known for social welfare maximization [Von07]. This section shows that improved
approximation guarantees can be achieved if, in particular, the agents’ valuations are -
coverage functions. Towards a stylized application of such valuations, consider a setting in
which each “item” b € [t] represents a bundle (subset) of goods 7}, C [n] and the value of
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Figure 3.3 — Comparison between the PoA and «, for the d-POwER problem. Using the
linear program found in [PM18], we were able to compute the blue curve PoA?’, the Price
of Anarchy of this problem for m = 20 players. Here, the question whether the inequality
PoA < «, is tight remains open. As a comparison, the red curve Curv depicts the general
approximation ratio (see [SVW17]) obtained for submodular function with curvature c,
with ¢ = 1 — p%(m) 4+ ¢%(m — 1) here.

an agent increases with the number of copies of any good a € [n] that get accumulated.
Indeed, if each agent’s value for j copies of a good is ¢(j), then we have a p-coverage
function and the overall optimization problem is find a k-partition, A, Ay, ..., A, of [t]

that maximizes Y5, (Zaé[n] © (|Ai\a)), where |A;|, ={b€ A; :a € T}}.

In the current setup, one can obtain an v, approximation ratio for social-welfare maximiza-
tion by reducing this problem to (-coverage with a matroid constraint, and applying the
result from Section 3.1.1. Specifically, we can consider a partition matroid over the universe
[t] x [k]: for a bundle/item b € [t] and an agent i € [k], the element (b, ¢) in the universe
represents that bundle b is assigned to agent i, i.e., b € A;. The partition-matroid constraint
is imposed to ensure that each bundle b is assigned to at most one agent. Furthermore, we
can create k copies of the underlying set of goods [n] and set T{; ;) = {(a,i) : a € Ty} to
map the ¢-coverage over the universe to the social-welfare objective. This, overall, gives
us the desired a, approximation guarantee.

3.4 Conclusion

We have introduced the p-MAXCOVERAGE problem where having ¢ copies of element
a gives a value ¢(c). We have shown that when ¢ is normalized, nondecreasing and
concave, we can obtain an approximation guarantee given by the Poisson concavity ratio
Qrp = Mingen= % and we showed it is tight for sublinear functions . The Poisson
concavity ratio strictly beats the bound one gets using the notion of curvature of submodular

functions, except in limit cases such as MAXCOVERAGE where the bounds are equal.

An interesting open question is whether there exists combinatorial algorithms that achieve
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this approximation ratio. As mentioned in [BFGG20], for the {-MULTICOVERAGE with £ > 2,
which is the special case where ¢(z) = min(z, £), the simple greedy algorithm only gives
a1 — e~ ! approximation ratio, which is strictly less than the ratio ap,=1-— ﬂ;—,_[ in that
case. Also, for any geometrically dominant vector w = (p(i + 1) — (i));en which is not
p-geometric, such as PROPORTIONAL APPROVAL VOTING, the greedy algorithm achieves an

approximation ratio which is strictly less than «, (see Theorem 18 of [DMMS20]).

Another open question is whether the hardness result remains true when ¢(n) # o(n). A
good example is given by p(0) = 0and (1 +t) =1+ (1 — ¢)t with ¢ € (0, 1). We know
that the problem is hard for ¢ = 1 but easy for ¢ = 0. One can show that the approximation
ratio achieved by our algorithm is o, = 1 — ¢ in that case (which is the same approximation
ratio obtained from the curvature in [SVW17]), but the tightness of this approximation
ratio remains open.
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3.5 Appendix

3.5.1 General Properties

In this section, we will assume that ¢ is specified over nonnegative integers (i.e. ¢ :
N — R;) and that it is nondecreasing, concave, and normalized (ie. ©(0) = 0 and
©(1) = 1). We will consider its piecewise linear extension on R by defining ¢(z) :=
Ao(lz]) + (1 = N)e([x]); here, parameter A € [0, 1] satisfies z = A|z] + (1 — A\)[z].

Note that the piecewise linear extension is also nondecreasing and concave.

Proposition 3.16. For all x € R, we have o, (x) > min(o,(|x]), ap([x])); here,
ay(0) := linr(l)oz@(w) =1
z—

Proof. For any x > 1, consider parameter A € [0, 1] such that z = A|z| + (1 — A\)[z].
Since x — E[p(Poi(z))] is concave (Proposition 3.25), the following bound holds for all
x> 1:

E[p(Poi(x))] = AE[p(Poi([x]))] + (1 — A)E[p(Poi([]))]
= Aag([z])e(lz]) + (1 = Mag([z])e([z]) by definition of ay(2)
> min(a,([2]), ap([21)) (Ae(lz]) + (1 = Me(f2]))
= min(ay([z]), ap(f2]))p(2) , 59
since ¢ linear between integers. Therefore, av, () = W > min(ay([z]), ap([x])).
We will show next that o, () is nonincreasing from 0 to 1, which implies that for z € [0,1),

we have o, (2) > min(a,(|z]), ap([x])). Since ¢ is linear between integers, ¢(0) = 0
and (1) = 1, we have that p(x) = z for all z € [0, 1]. Therefore:

Elp(Poi(2))] _ _» <~ (k) m’“‘l e\ (ki +1)
dpla) = = TR =) = Z ket o
In particular, a,(z) is well-defined at 0 and v, (0) = e 03328 @gfll) % = 1. Now,
consider the derivative:
, ok+1) ok+1) zF !
ol ( Z k+1 k' Z k+1 (k—1)!
N (3.10)

_ e_xf <<p(k+2) B w(k+ 1)) a

o a\ k2 k+1 ) k-
Note that “Osfjgz) — “Osfjll) = “O(I(C]jf%;%(o) — U&:i) #(0) < 0; the last inequality follows
from the concavity of . Hence, ag,(z) < 0. That is, a, () is nonincreasing from 0 to
1. 0

4
Proposition 3.17. For anye > 0, the bound 1 — a,(x) < € holds for all x > (g) .

Proof. Write X ~ Poi(z) and note that P(X < z(1 —d(z))) < exp(—%), for any
positive function (-) which satisfies §(z) < 1, for all z > 1; see for instance [Can17].
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Therefore:
+o0 k
Elp(X)] >e™* Z go(k:)% since ¢ nonnegative
k=[z(1-6(x))] '
—+o0 2k
> p(x(1—4d(x))) Z e -+ since ¢ nondecreasing
k=[z(1-6(x))] '

2 @(z(1=0(2)))(1 = P(X < (1 —6(x))))

Next, we will show that W >1— 61(3335( K Towards this end, we will first bound

o(x+y)—p(x) interms of wi = ¢(x+k)—p(x+k—1), which constitutes a nonincreasing
sequence (since ¢ is concave):

(3.11)

p(x+y) — o) <ple+ |y +1) - Z (ly] + Dwf

Applying this bound to z(1 — §(x)) and zd(z) gives us:

| ele(1=5@) _ ee) — pla(l = 6@)) _ (led()] + i)

<

o() ( ) @)
:C(S(m) ($(1 5(.%')) 3;5(x) +1 B 5(%) _’_%
< <p(x) z(1—6(x)) < w0 —5) ~ 1-d@) (3.12)

P(1-00)) _ ple(-d) ) —pr1-56))  pl(-0)=¢0) _ ele(-5)
Here, wy = S0@0(1—<5<a:>>(+1>—“<Oac<1—6(w>)) < @0 = Ce(d()  follows

from the concavity of ¢ and w < 1 from the fact that ¢ is nondecreasing.

Inequalities (3.11) and (3.12) lead to following upper bound on 1 — cv,(z) in terms of §(x):

Ca(a) =1 Ble®ei@)] () d@) g @@
T e S <1 1—é<w>><1 p( 2<1+5<x>>>>

(5( )+ 1 zd(x)?
—5() +e’{p<‘2<l +5<x>>>' .

1

Specifically setting 0(x) = x4, we have (for all 2 > 16): §(z) < 1, 1 < 2”1, and

x 2>z —
exp(—%) < exp( ﬁ) < 2271, Hence, inequality (3.13) reduces to

<

1
91
I —ap(r) < x i + 94 < 67 for all x > 16.
l—3
4
Ife > 1, wehave 1 —a,(z) <1 < e. Otherwise, we have that (g) > 6* > 16. Therefore,
4
given any £ > 0, for all x > (g) we have 1 — () < e. O
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Proposition 3.18. We have that o, = inf,cr, a,(7) = mingen- a, ().

Proof. Thanks to Proposition 3.16, we have that inf,cp+ o, (z) = inf en+ o (2), and
thanks to Proposition 3.17, since av, (x) < 1, we have that inf en+ o () = mingens ay ().
O

Proposition 3.19. C¥ is submodular, its curvature is at mostc = 1 — (p(m) — ¢(m — 1))
and it cannot be improved for a general instance with m cover sets.

Proof. We will use the following straightforward lemma:

Lemma 3.20 (Properties of |S|, = |[{i € S : a € T;}|.). We have:

18], < I8l
2. |\Sus|, < IS, + 15, - IfS C T then|S|, <|T|, and |SU{z}|, < |S|,+ 1,

3 IfSCT, 2 &T then|S|,=|T|, = |SU{x}|, =T U{x},

Let us show first the submodularity of C¥. Let S C T C [m]and x ¢ T*:

CP(SU{a}) — C¥(S) — (CP(T U {z}) — C?(T)) =
= > wafp(ISULa},) — ¢(ISL,) — (P(T U {z}l,) — o(ITl))] . 19

a€ln]

Let us call g(a) := (|5 U{z}],) — ¢(IS],) — (e(IT U{z}],) = (T1,)):

1. If |T'|, = |5|, then thanks to Lemma 3.20, we have that |T"U {z}|, = [SU {z}
g(a) =0

2. Else, we have that |T'|, > |5],:

> SO

a) If |[SU {z}|, = |95/, then we add elements of 7" — S using Lemma 3.20 to get
that |T'U {z}|, = |T|,, so g(a) = 0 in that case.

b) Else |[SU {x}|, # |S|,. So with |S|, = k, we get that [SU {z}|, = k+ 1 and
’T‘a > ‘S‘a 50 |T’a Z k + 1

i If|TU{z}|, = |T
nondecreasing,.

ii. Else |TU{x}|, # |T|, so with |T'|, = ¢ with ¢ > k + 1, we get that
|T'|, = ¢ + 1. So we have that:

o then g(a) = p(k +1) — ¢(k) > 0 since ¢ is

gla)= @k +1) —pk) — (L +1) = p(0))
ph+1) —p(k) o+ —p() _ (3.15)
(k+1)—Fk +1)—¢ — 7

by concavity of (: its slopes are nonincreasing.
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So in all cases, we have g(a) > 0so C¥(SU{x}) —C¥(S)— (C*(TU{z})—-C?(T)) > 0:
C¥ is submodular.

Let us now compute its curvature:

o1 iy COUmD) = C¥(fm] — {i})
iem)  C?({i}) — C?(0)

Let ¢ € [m)] fixed:

C?([m]) = C?([m] = {i}) _ Xaem wale(llml],) — @(|[m] = {i}],)]

Ce({ip) —ce(0) aefn) walp({i}a) — #(10],)]
_ Saenwalelmlly) — el = ()], o
ZaeTi Wa
_ Xaer, walp(|[m]],) — ¢(([[mll, — 1)]
ZaeTi Wq, 7

since a € T;. But |[m]|, < m and ¢ concave, so ¢(|[m]|,)) — ¢(|[m]|, — 1) > ¢(m) —
w(m — 1) for all a € [n]. As a consequence we have that:

C#(m)) — O#(m] — i)
co(iy) —cem) =T

and this lower bound is true for its minimum over i. Thus we get that c < 1 — (p(m) —
@(m—1)). Also one can find instances for all m such that this bound is tight: take 77 = {a}
and Vj € [m], a € T} for instance. O

m—1),

Proposition 3.21. Let ¢ € N*. if Vo > {,p(z) = ¢({) + a(x — ) for some 0 < a <
©(l) — o(l — 1), then o, () is nondecreasing from { to +o0c and:

alx — e * ¢ 2k e
ap(z) = e(f) J;(;) 0 o (Z (p(0) +a(z = 0) = o) 77 — a= ) :
~ ! !

In particular, v, = ming¢ (g o, (), and the argmin can be computed numerically.

Proof. One can compute a closed form value for o, () using the fact that ¢ is linear from

l:

e~ +00

e~ 4 k
Z@ )(Zw( Z 0) + a(k - f))k,>
k=0 !

k=0+1

o(z) o(z) k=0 k=¢+1

—Qa e_-’E £ k = xk_l
_elh—al (Zw(m o(0) +al) 7 +az Y M)

) ta(x—£) e : B Wl — 2 zF axxj
-0 (3 e o0 ate - Gy sy )

(3.17)
and thus we get:
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Let us show that it is nondecreasing from ¢ to 4+-00 by computing its derivative. Indeed, for
x > ¢, we have that p(z) = p(¢) + a(z — £) and cp’( ) = a, sox

¢ a:k xe+1
Thus
/ ) ok 1 ‘ ok 21
aplw) = (gk' " o) (éw(k)k! T >>
1k 1 -1 2k 2t
k=0 " k=0
. a xk /41
T @) (EOW RO )
—x IL‘E 1 = * ‘ :
a ¢ ok s
)
B 2 1 -1 k x)—a zt
=e (E' + M kz:;)(SO(k +1) —»(k)) k! ) (‘in(m) ¢! )

(3.13)

If a = 0, then it is nonnegative since ¢ nondecreasing and nonnegative. Otherwise, suppose
that @ > 0. Then:

ae—® (1 — xk T
apla) = S (Z () 2= o)) 2t (ot0) — 10— a0) g,)
2 | .

P xk zt

p(@)* \/=
3.19

pk+D)=p(k) ~ @(k+1)—p(k) >1b f h .19

since 2 > (0= (1) 1 by concavity of . Thus:
ae—® (&1 s =1 ok 2t
> _ i o7

() > Zos (kZO«ow) o) 7 +a<< 035, (g_l)!)) ,

but:
2t Lk =1k l

LS T T T
RED By e v R B R By 2y At
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SO:

()

ae" /-1 ajk
> o(2)2 (Z (o(l) — (k) oo (p(f) — p(f — 1))£>

ae~® [ ok =l o 620
2 o(z)2 (kgo (p(f) = ¢(k)) W ];)(go(f) — ol — 1))]{:') .

L

since - > 7 >1fork </

ae”* 1 ok ' '

— )7 (g_:o (p(f —1) —o(k)) k:‘) >0 since ¢ nondecreasing .

Thus, () is nondecreasing from £ to 400, and we get that a, = min,cg ap(z). O

Proposition 3.22. The Poisson concavity ratio cv, is always greater than or equal to the
curvature-dependent ratio defined in [SVW17): if ¢ is linear from m with slope 1 — ¢ =
o(m) — o(m — 1), then we have a, > 1 — ce™ 1.

Proof. Note that by Proposition 3.19, the curvature of C'¥ is equal to c, so the efficiency
of the algorithm described in [SVW17] is indeed 1 — ce~!. Thanks to Proposition 3.21, we
have that v, = min,¢g o, (), so we only have to show that:

i 0>1—cet.
212[177111]%( J21-ce

Let us denote by p(“®) the function which is equal to ¢ for k < £ and linear from ¢ with
nonnegative coefficient a: Vk > £, (9 (k) = ¢(f) + a(k — £). Note that we ask that
0 <a< @) —p—1)in order to p“* to be nondecreasing concave, and £ > 1.

This is done in two steps:

1. Let 1 < /¢ < m, then:

Efp1 =) (Poi(¢))]
PET=4I(0)

o (0) — EleoiO)] _ Elp(Poi(0)] |

¢ (f) plt1=(0)

= a(p(‘&l_c) (E) ’

since (617 (x) < () for all . Note that we have:

pl) —p(l—=1) > p(m) —p(m—-1)=1-c,

by concavity of ¢. So, we only have to show that for all 1 < ¢ < m, we have
albl=e) = Qi-o(f) 21— ce L.

2. Let us show that a(6:17¢) = Qy(e1—c) ()>1—celforl <l <m.
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Using the closed-form expression of Proposition 3.21 on (6179 evaluated at /£, one
gets:

/-1 k (+1
abl=0) — —1_ et Z p(l) —p(k)\ & 1—ct " )
s (=1 <k:0( (0) ) Koo 0 )

(€,1—c) l({i,lfc)

The worst case occurs when ¢ is linear between 1 and ¢, which we call ¢

Indeed, with b := “Oy_)zl, for 1 < k < ¢, we have that (pl(ﬁl’lfc)(k) =1+bk—-1).
But:

| GO C) Ul EURIE I Y

= p(0) Lt @(0) kY

since (k) > 1+ b(k — 1), because W(kzif(l) > @(ezi‘f(l) = b by concavity of . In
that case, the expression can be simplified:

=1 k 41
_ _ b(l —k)\ ¢ 1—c/
(Evl C) > = — ¢ _ _
“ 2z oye-ol)=1-c (1 * kz::l < ©(£) ) kU ) 0 )

PPN SR T S S _1—cﬂ+1>
=1 (”makgk! o0 2 =T o(0) @

et -1 e (3.21)
:1_M<¢<@+M(M_1>_<1_C>a) -

et /o Van
e (e () o)

041
R e (1—¢) 5
(0)
We have also that b > p(¢) — (¢ — 1) > 1 — ¢ since ¢ concave. As a function of
ct+x ﬂ;—l -1

(b— (1 —¢)) for c fixed, we get g(z) :=1 — efem. In particular, we

have that aww,(lfc))(f) =g(b— (1 —c¢)), since (¢) = 1+ b(¢ — 1). We have that
lin

Z(%—l)-ﬁ-(l—c) £ (0-1)

g (z) = —e (i+(m+(1_c))(£;1))2 < 0, so g is nonincreasing: it is thus enough

to show that g(c) > 1 — ce™! to get the result, since a(>1=¢) > g(b— (1 — ¢)) >

g(c) > 1 —ce ! But:

formula for F':

Cﬂi EE
glc)=1— 71+§!_ 1676 =1 —cﬁefé >1—ce !,
since 4 e~ is a decreasin
i g sequence.

O

Proposition 3.23. Let F(z) := Ex,[C¥?(X)] forx € {0,1}". We have an explicit
n m 1 m
P)=3 > |o=g 2 wmn 1L 0+ @ = Dz)| ek),
a=1k=0 £=0 jE€[m]:a€T}
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21T

With W41 1= exp( ) Thus, I is computable in polynomial time in n and m.

Proof. Recall that C¥(S) = >_7_; C£(S), so by linearity of expectation we focus on
Ex~e[CZ(X)]. But C¥(X) = ¢(|X],) where |[X|, = [{i € [m]: X; = 1and a € T}}|.

Thus:
EXNx Cg} ZPXNI |X| ) ( )

Let us compute the distribution of | X[ ,. We have | X|, = 3= ;cmj.er; Xi and X; ~ Ber(x;).
Thus, | X|, ~ PoiBin((Zi);em]:acT; )» Which is known as the Poisson binomial law. Thanks
to [FW10], we have that:

m
1 otk

Py (|X|, =k) = m wty TI Q+ @hyy = Day)
j€[m):a€T)
where w11 := exp (WQLZL ) and the result is proved. ]

Proposition 3.24. We have that

xgp(n) N xn—‘rl

2n n!

[Elp(Bin(n, z/n))] — Elp(Poi(x))]| <
In particular when p(n) = o(n):
T Elp(Bin(n, w,/n)] = Elp(Poila,))] = apo(w,)

Proof. Thanks to [BH84, TT19], the total variation distance between Bin(n, x/n) and Poi(z)
is bounded in the following way:

1—e@ z\? _ @
) . < = < —.
A(Bin(n, z/n),Poi(x)) < or (n) T 2n

Thus with B ~ Bin(n, x/n) and P ~ Poi(x):

+00 too
S G(RP(B = K) — S p(k)B(P — k>|
k=0 k=0

[Elp(B)] — Elp(P)]| =

= :k:)IP(P:k))‘
+oo
< D ¢(RIP(B=k) —P(P=k)
k=0
< (n)A(Bin(n,z/n),Poi(x)) + Z o(k =) (3.22)
k=n+1
ro(n) |, = b
< o +e Z kﬁ since (k) < k
k=n+1
_oap(n) Rt
= o + xe kz:% o
I‘QD(TL) xn+1 _
< o, + T e 0 when p(n) = o(n) ,
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by a standard upper bound on the remainder of the exponential series.

O]

Proposition 3.25. The function g : x — E[p(Poi(x))] on R™ is C*° nondecreasing concave.

k

Proof. Since we have that 0 < ¢(k) < k for k € N, in particular g(x) = e~ 3,78 (k) %7
is C°°. It is thus enough to compute its first and second derivatives:

, i gk e k1
gx)= —e xZSO(k)HJr@ Y o(k)k 7
k=0 k=1
+0o0 $k +00 J}k
= —e ">y go(lc)H +e Y ok + 1)H (3.23)
k=0 k=0
+oo :Ek
= 7Y (plk+1) - p(k)) 7 -

k=0

But ¢(k + 1) — ¢(k) > 0 since ¢ nondecreasing, so ¢’(z) > 0 and g is nondecreasing.

The calculus of ¢” is the same where we replace ¢ by (k) := p(k + 1) — ¢(k) which is a
nonincreasing function by concavity of (. Thus:

400 a:k
g"(@) = e 3 (W(k+1) —v(k) 77 <0
k=0 )
since ¥(k + 1) — ¢(k) < 0, and so g is concave. O

Proposition 3.26. The function g4 : n — E[p(Bin(n, q))] defined on N is nondecreasing
concave. As a consequence, one can uses Jensen’s inequality on the piecewise linear extension
of g4 which is also continuous.

Proof. We have Bin(n, q) <y Bin(n + 1,¢) and E[p(Bin(n, q¢))] < E[¢(Bin(n + 1,q))]
since ¢ is nondecreasing, ie gq(n + 1) — gq(n) > 0: g, is nondecreasing.
We show then the concavity, i.e. g4(n + 2) — gq(n + 1) < g4(n+ 1) — g¢(n). Let us

define (z) = ¢(x + 1) — ¢(x), which is nonincreasing since ¢ concave. Let us take
Xk,q ~ Bin(k, ¢). Then:

gqe(n+1) = E[p(Xnt1,4)]

n

= Y Elp(Xng+ X1,0)|Xng = i]P(Xnq = 1)

1=0

= Zn:E[tﬂ(i + X1,q) — @(0)|P(Xp g = 1) + Z": H(P(Xn g = ) (3.24)
1=0 =

= Y Elp(i + X14) — @(i)|P(Xn,g = i) + gq(n) -
1=0
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Thus:
9q(n+1) — gq(n) = Elp(i + X1,4) = o(§)]P(Xn,q = 1)

q(o(i+1) — p(i))P(Xpnq = 9) (3.25)

¢ (Bin(n, q))] .

M- 10

@
Il
=)

Then thanks to the fact that Bin(n, ¢) <4 Bin(n+1, ¢) and 1 is nonincreasing, we have that
E[y(Bin(n, q))] > E[¢(Bin(n+1,q))],ie. gg(n+2) —gy(n+1) < gg(n+1) —gg(n). U

Proposition 3.27. Withw; := ¢(i) — ¢(i — 1), we have:

Z_lgrnoo w; =0 <= ¢(n) =o(n).

Proof. (=) Let e > 0, let us find a rank N such that for n > N, e(n) < e. Let Ny the

n
rank from which w; < § and N; the rank from which % Zfiof Lw; < 5. We have

n 1 1! 12 e
pln) _ =Y wi <= w; + — B
n s nia "N, (3.26)
< %—i—%:efornzmax(]\fg,Nl): N

(<) Since w; = (i) — ¢(i — 1) is nonnegative and nonincreasing (respectively because
 is nondecreasing and concave), then the sequence w has a limit L > 0. But

p(n) 15~ o
7:—2 w; > L.
n ni:l

Since the left hand side tends to 0 by hypothesis, this means that L = 0.
O]

Proposition 3.28. If w; := ¢(i) — ¢(i — 1) is geometrically dominant, i.e. it satisfies
Vie N*, -t > 2L then ar, = ap(1).

i+l T Wi42

Remark. Proposition 3.28 and in particular its proof uses similar ideas to the sketch provided
in [DMMS20].

Proof. Let g(k) := E[¢(Poi(k))], and thus o, (k) = %. Let us show that for £ € N*,

ay(k) > o, (1), which will be enough to conclude. In order to show this, we will need the
following lemmas:

Lemma 3.29. Vk < i € Nyw; > wiiw;—r and thusVk,j € N,o(k + j) — p(k) >
W19(J)-
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Proof. We have that:
Wi Wi—1 Wi—k+1

w; = i—k

Wi wi—g Wiy,
But for j € [k]:
Wi—j+1 > W(i—1)—j+1 > > W(k+1)—j+1
Wi—j W(i-1)—j W(k+1)—j
since w is geometrically dominant and k 4+ 1 < 4. Thus applying this bound on each term
of the previous product, we get:

)

W41 Wk w2 W41
Wg Wk—1 w1 w1

w; > Wi—fp = Wk41Wi—f -

In particular, V&, j € N, we get:

k+j J
p(k+35) —o(k) = D wi > w1y w; = we10(j) -
i=k+1 i=1

O

Lemma 3.30. The piecewise linear extension on [1,+oo[ of w, defined on integers with
w(k) := wy, is convex.

Proof. We will show that Vk € N*, w19 — w41 > wg41 —wy, which implies the convexity
of its piecewise linear extension on [1, +00[. For k € N* we have:

Wl o Wk (wk+1 B 1) < Wi+l ( wy 1) _ Wk — Wkt

Wi+2 Wg+2 \Wk+2 We+2 \Wk+1 WE+2
since w is nonnegative nonincreasing (respectively ¢ nondecreasing concave) and % <
= since w is geometrically dominant. Then, multiplying by —wjy12 < 0 gives the
expected result wy49 — Wit1 > Wrt1 — W d

We have g(k + 1) = E[p(Poi(k + 1))] = E[p(Poi(k) + Poi(1))] since Poi(k + 1) ~
Poi(k) 4 Poi(1). Thus:

g(k+1) —g(k)

Ex,x7~poi(k),y ~poi(1) [2(X +Y) — p(X")]

= Ex~poi(k),y~poi(1)[P(X +Y) — p(X)]

> Expoi(k),y~poi(1)[Wx+1¢(Y)] by Lemma 3.29
= Ex~poitk) [w(X + 1By poi1y [0 (Y)] s

by independence of w(X + 1) and ¢(Y’). Since w is convex on [1, +00[ by Lemma 3.30 and
Poi(k) + 1 € [1, +oo[, we have that E[w(Poi(k) + 1)] > w(E[Poi(k) + 1]) = w(k + 1) =
wy+1 thanks to Jensen’s inequality. Note that g(0) = E[¢(Poi(0))] = ¢(0) = 0. Then:

(3.27)

k-1 k-1
g(k) = g(i+1)—g(i) > (Z wm) E[p(Poi(1))] = ¢(k)g(1) -
i=0 i=0

Therefore: L .
ach) = 20 = 40 = 20— a,0).

~—
~—

52



3.5. Appendix

3.5.2 Calculations of «,,

Zée—ﬁ

Proposition 3.31. For{ € N* and ©(j) = min(j, £), we have that o, = 1 — ~5—.

Proof. Thanks to Proposition 3.22, we have that o, = mingen= (). Let us compute
E[p(Poi(z))]:

+o0 :Uk
Elp(Poi(z))] = e™* kX_,;so(k)H
l k +o0 k
— x — x
k=0 k=0+1
-1 _k 400 k
— x —z x
= e ng—{—ﬁe Z o (3.28)
k=0 k=0+1
-1 Vi +o00 [k
— z z . z
= k=0
¢ =1k
x x
= (- x[ (m—Z)Z]
(¢ —1)! &~ k!

Let us show that 2 — a,(x) takes its minimum in ¢, where we have indeed:

1 o — "
%(z):€<e—e’f [M—(e—e)zklb =1-e'5.

Thanks to proposition 3.21, x +— a(x) is nondecreasing from £ to +0c. Suppose now that
¢ > 2 (otherwise the result is already proved). Since x — () is differentiable, we have
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forl <z <{¢:
-1 k -2 k

p B 14 I x x l
ww)= e [(ﬁ—l)!_zkl+€z_:(k+1)!+w]
Z_ -2 k {—-3 /
[ Zk'+ Z k:+2 552]
I 1\ 1
= . ( (”J‘J
a L x k zk
T [(3_1 )e ot Z<k+1 (k:+2)k!>]
Ve 1 1 a2 30k 01 1
B :c(e (1+x>_:r>+e [(6—1) e Zk' (k:+1 k:+2)
1 a2ttt 3k 1 1
(o250 Erin) )
fe—% k+2 N
— 22 <<1+x++z k+2> e>
—x ¢ k
= 6(;2 <Z:Z'—e>§0.
(3.29)

since the partial sum of the exponential series is bounded by its total sum. Thus o, (z) is
nonincreasing from 1 to ¢, and nondecreasing after, so it takes indeed its minimum in ¢
and the proposition is proved. O

ISHESS

Proposition 3.32. Forp € (0,1) and ¢(j) = #, we have that a, = 1=,

Proof. By definition:

v o(x) (w)
B e Oyt P (3.30)
pe()
1= e rell=p)z L=
pe(z)  pe(x)

Ifz>1,a,x) = 11—_(5:::); = %:2:; with ¢ = ln( ) > 0 and:

pe PR (1= e707) — ge 0 (1 — ) e — gen + (g — p)ePH

afp(x) = (1 _ equ)Z - (1 _ equ)2

Let us take t = % € (0,1), since ¢ = ln( ) >p>0,29 = —prand 2o = —(p + q)x.
Then by strict convexity of the exponential function, we have:
pe P + (¢ — p)e”wrae

q

ettrt(=thoe - yom1 4 (1 —1t)e*? =
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But tx1 + (1 — t)!L‘Q = 71[;21 + *(Q*pZI(PJrq)I — 7];21 + *(QQI(;PQZC) = —qx, so we get

pe P — qe=9% 4+ (g — p)e~PtD* > 0, and al,(r) > 0. Thus, a,(z) increases from 1 to
infinity and takes its minimum in 1:

1—¢e™?
a, =a,(l) =
= p(1) ;
O
Proposition 3.33. Ford € (0,1) and ¢(j) = j%, we have that a, = e 1 31 ’z—?.
Proof. We have for z > 1:
: —x 0o 7.dzk +oo —
O[SO(CC) — E[POI('I)d] — € Zzzok k! — e 7 Z kdxk'd
p(x) o(x) = K
Then:
)  Fe k=1
a,(z) = —ap(r)+e x;(k—d)k o
400 wk_d
= —ap@) +e Y (k+1—d)(k+1) '
= (k+1)!
. o (331)
—x _ 1z
= —ay(z)+e ((1 —d)z d+kz_:1(k:+ 1—d)(k+1)¢ 1k!>

400 k
e — Z k+1—d T
k=1 ’

But the function f(k) = k;g_ﬁd(k: + 1) — k% is positive on R* , so we get that ag(z) >0

for z > 1, thus o, (z) is increasing from 1 to 400, s0 iy, = (1) = e 1S

400 k4
k=1 fe H

3.5.3 NP-hardness of §, - ARYGAPLABELCOVER

Proof of Proposition 3.5. We reduce from the Label Cover problem described in [DMMS20]
which is known to be an NP-hard problem. The main idea of this reduction is the usual
equivalence between bipartite graphs and hypergraphs.

Definition 3.5. A Label Cover instance £ = (AU B, E, [L], [R], {7 }ccr) consists of a
bi-regular bipartite graph (A LI B, F) with right degree t, alphabet sets [L], [R] and for
every edge e € E, a constraint 7 : [L] — [R]. A labeling of L is a function o : A — [L].
We say that o strongly satisfies a right vertex v € B if for every two neighbors u, u’ of v, we
have 7, ) (0 (1)) = Ty ) (0 (u)). Moreover, we say that o weakly satisfies a right vertex
v € B if there exists two neighbors u, u of v such that 7(, ) (0 (1)) = T(y ) (o (u)).

Theorem 3.34 (0-Gap-Label-Cover(t, R) from [DMMS20]). For any fixed integert > 2
and fixed § > 0, there exists Ry such that for any integer R > Ry, it is NP-hard for Label
Cover instances L = (A U B, E, [L], [R],{7e}ecr) with right degree t and right alphabet
[R] to distinguish between:
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YES: There exists a labeling o that strongly satisfies all the right vertices.

NO: No labeling weakly satisfies more than § fraction of the right vertices.

The reduction is the following. From §-Gap-Label-Cover(¢, R), we take h = t and the
same parameters 0, R. Given an instance £ = (A U B, E, [L], [R],{7e}ecE), We take
g = (A, El, [L], [R], {7‘(2, v}e’GE’,vEe’) with B/ = {N(b), b e B} with N(b) the set of
neighbors of bin £, and 7'['2,:1} = Wﬁv(b),v = Ty sincev € N(b). Since (ALIB, E) is bipartite
and biregular, we get that our hypergraph has all hyperedges of size h = |[N(b)| = ¢, and
that it is regular from the regular left degree of (A LI B, F). By construction, the notion of
weakly and strongly satisfied is the same in both cases, as well as the labelings, and thus

we have the NP-hardness of §, h-ARYGAPLABELCOVER.

Note that both problems are in fact linearly equivalent since we could do the same reduction
backwards.

O]

3.5.4 Proof of Existence of Partitioning Systems

Proof of Proposition 3.6. The existential proof is based on the probabilistic method. We
take P; an h-equi-sized uniform random x,-cover of [n]. Hence in the collection P; =
(Pi1,-.., P p), each of the h subsets is of cardinality “£~. Write P = (P, ..., Pg). We
have that for any a € [n],P(a € P; ;) = %2. Note that these events are independent for
different is.

By construction, the first condition is fulfilled. Let us prove the second one.
Fix T C [R] and Q := {P, j;) : i € T} for some function j : T" — [h]. We have for
a € [n]:

E[C£(Q)] = Ele(|Ql,)] =E[o (|li e T:a e Pyw}])] -

But the random variables { X := 1,cp, >}ieT are independent and X' ~ Ber(%"), SO

27 (8

X@ .= ’{Z cT:aqc€ Pz,](z)}‘ = ZiET Xza ~ Bll’l(|T|, %), and thus:

(o 5)] i

Since |Q|, < |Q| < R and ¢ nondecreasing, we have 0 < C¥(Q) < ¢(R). The random
variables {C¢(Q)}qc[n are not independent in general. However, we will show that
they are negatively associated (see Definition 2.2), thus we can apply the version of the
Chernoff-Hoeffding bound described in Proposition 2.9 to get:

| or) 20 () )

Note that Cf(Q) = ¢(|Q|,) = ¢(X*?) is a nondecreasing function of { X} };c(g), since
¢ is nondecreasing and X = >, X{". Thus in order to show that {C¢(Q)}4c[n) are
negatively associated, it suffices to show that { X' };c|g) ac[n) are negatively associated by
Proposition 2.6.

E[CS(Q)] =E

1
=3 CHQ) by

a€ln]
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For fixed i € [R], { X' },c[n are negatively associated because it corresponds to a permuta-
tion distribution of (0,...,0,1,...,1), withn — % zeros and % ones, since it describes
a random subset of size x}‘;n; see Definition 2.3 and Proposition 2.8. Then, using the fact
that the families { X{'} ;[ are mutually independent, we obtain that { X{ };c(r] qc[n] are

negatively associated by Proposition 2.7.

Since there are at most (h + 1)* choices of T and Q, a union bound gives:
n 2
P (3. Q: [0P(Q) —ufyyn| > mm) <2(h+ 1)F exp (—2 () n> .

Thus with probability at least 9/10, we have that ’C*’(Q) - 1/)|<pT| hn‘ < nn, since we have

takenn > 1 2Rp(R)?1og(20(h + 1)). So there must exists some choice of P that satisfies
the first and second constraints of partitioning systems. Thus, we can enumerate over all
choices of P in time exp(Rn log(n)) - poly(h) to find such a partitioning system. O

3.5.5 Proof of Theorem 3.15

Proof. We show that ¢-RESOURCE ALLOCATION corresponds to (o-MAXCOVERAGE under a
matroid constraint. Given an instance of (-RESOURCE ALLOCATION, consider the partition
matroid M on [32;¢ ) mi] := [ma]+. ..+ [my], where (B;);c ) == ([mi])ic[) is a partition
of the ground set and the cardinality constraint for each ¢ is to d; = 1.

Here, I C [3~;c4) ) is an independent set of the matroid if and only if |1 N B;| < d; = 1,
forall i € [k]. This corresponds to each agent i € [k] selecting at most one element from the
available m; choices. In other words, we have a bijection f between tuples (A1, ..., Ag) €
Aj x ... X Ay, and maximal independent sets (bases) of M such that W¥(A) = C?(f(A)).
Therefore, Theorem 3.3 leads to a polynomial-time «,-approximation algorithm for ¢-
RESOURCE ALLOCATION.

For the hardness part of the theorem, the proof is exactly the same as in Theorem 3.4, but
instead of F := {F§,v € V, 8 € [L]} and k = |V, we take k = |V to be the number of
agents and A; := {Fg", B € [L]} where V' = {v1,...,v)}. Hence, instead of subsets of J*
of size k, we only consider one set F' g € F, for each v € V. The function we maximize in
the reduction remains unchanged.

To establish completeness, we note that the subset described is already of the right form
and, hence, the arguments continue to hold. For proving soundness, the constraint on the
shape of the subset of F only helps us, since it gives more constraints on the given subset
from which we want to construct a labeling. Therefore, the NP-hardness follows. O
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CHAPTER 4

Multiple-Access Channel Coding
With Non-Signaling Correlations

Multiple-access channels (MACs for short) are one of the simplest models of network
communication settings, where two senders aim to transmit individual messages to one
receiver. The capacity of such channels has been entirely characterized by the seminal works
by Liao [Lia73] and Ahlswede [Ahl73] in terms of a simple single-letter formula. From the
point of view of quantum information, it is natural to ask whether additional resources,
such as quantum entanglement or more generally non-signaling correlations between the
parties, change the capacity region. A non-signaling correlation is a multipartite input-
output box shared between parties that, as the name suggests, cannot by itself be used to
send information between parties. However, non-signaling correlations such as the ones
generated by measurements of entangled quantum particles, can provide an advantage for
various information processing tasks and nonlocal games. The study of such correlations has
given rise to the quantum information area known as nonlocality [BCP " 14]. For example,
in the context of channel coding, there exists classical point-to-point channels for which
quantum entanglement between the sender and the receiver can increase the optimal success
probability for sending one bit of information with a single use of the channel [PLM ™11,
BF18]. However, for classical point-to-point channels, entanglement [BBC*93, BSST99]
and even more generally non-signaling correlations [Mat12] do not change the capacity of
the channel.

In the network setting, behavior is different. Quek and Shor showed in [QS17] the exis-
tence of two-sender two-receiver interference channels with gaps between their classical,
quantum-entanglement assisted and non-signaling assisted capacity regions. Following
this result, Leditzky et al. [LALS20, SLSS22] showed that quantum entanglement shared
between the two senders of a MAC can strictly enlarge the capacity region. This has been
demonstrated through channels that are constructed from two-player nonlocal games,
such as the Magic Square game [Mer90, Per90, Ara02, BBT05], by translating known gaps
between classical and quantum values of games into MAC capacity gaps. Other instances
of network channels for which entanglement increases the capacity region were studied
in [Noe20, ND20, YRB20, YRB23]. This raises the following natural question: Can non-
signaling correlations lead to significant gains in capacity for natural MACs? Can we find a
characterization of the capacity region of the MAC when non-signaling resources between
the parties are allowed?
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Contributions We focus here on the MAC with two senders and we allow arbitrary
tripartite non-signaling correlations between the two senders and the receiver. This is the
most optimistic setting, in the sense that we only enforce the non-signaling constraints
between the parties, and also the mathematically simplest setting. Even if not all non-
signaling correlations are feasible within quantum theory, the setting we study here can be
seen as a tractable and physically motivated outer approximation of what can be achieved
with quantum theory. In fact, the quantum set is notoriously complicated and deciding
membership in this set is not computable [JNV*20]. We note that very recently, Pereg et
al. [PDB23] found a regularized characterization for the capacity of MACs with quantum
entanglement shared between the two senders. Unfortunately, even the associated single-
letter inner bound is very difficult to evaluate for any fixed channel.

We first show that the multiple-access channel coding problem, which entails maximizing
the success probability of sending a fixed number of messages through a MAC, cannot be
approximated in polynomial time within any constant ratio, under a complexity hypothesis
on random k-SAT formulas; see Theorem 4.5.

We denote by SN (W, k1, ko) the success probability of the best non-signaling assisted
(k1, k2)-code for the MAC W. Contrary to the unassisted value that we denote S(W, k1, k2),
SNS(W, k1, ko) can be formulated as a linear program; see Proposition 4.7. Furthermore,
using symmetries, we have developed a linear program computing SN° for a finite number
of copies of a MAC W with a size growing polynomially in the number of copies; see
Theorem 4.12 and Corollary 4.13. Using this result, we describe a method to derive inner
bounds on the non-signaling assisted capacity region achievable with zero error; see
Proposition 4.17. Applied to the binary adder channel, which maps (1, z2) € {0,1}? to
x1 + z2 € {0, 1,2}, we show that the sum-rate W o~ 1.5425 can be reached with
zero error, which beats the maximum classical sum-rate capacity of 3. see Theorem 4.18.
For noisy channels, where the zero-error non-signaling assisted capacity region is trivial,
we can use concatenated codes to obtain achievable points in the capacity region; see
Proposition 4.20. Applied to a noisy version of the binary adder channel, we show that
non-signaling assistance still improves the sum-rate capacity.

In order to find outer bounds, we define a relaxed notion of non-signaling assistance and
characterize its capacity region by a single-letter expression, which is the same as the
well-known expression for the capacity of the MAC (see Theorem 4.1) except that the
inputs X; and X9 are not required to be independent; see Theorem 4.25. This gives in
particular an outer bound on the non-signaling assisted capacity region; see Corollary 4.32.
The main open problem that we leave is whether this outer bound on the non-signaling
capacity region is tight. We give an example of a channel for which the relaxed notion
of non-signaling assistance gives a strictly larger success probability than non-signaling
assistance but we do not know if such a gap can persist for the capacity region.

We also study the case where non-signaling assistance is shared only between each sender
and the receiver independently. Note that no assistance is shared between the senders. We
show that this capacity region is the same as the capacity region without any assistance;
see Theorem 4.34 and Corollary 4.35. We note that a similar setting with independent
entangled states between each sender and the receiver was studied by Hsieh et al. [HDW08]:
a regularized characterization of the capacity region is obtained for any quantum MAC in
this setting. It is possible to show using their result that for a classical MAC, this type of
entanglement does not change the capacity region given in Theorem 4.1.
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Organization In Section 4.1, we define precisely the different notions of MAC capacities:
the classical capacity (i.e. without any assistance) as well as the non-signaling assisted
capacity. In Section 4.2, we show that no polynomial-time constant approximation for
multiple-access channel coding exists if a complexity hypothesis on random k-SAT formulas
is true. In Section 4.3, we address computational complexity questions concerning the
probability of success of the best classical coding strategy and the best non-signaling
strategy for a MAC. In Section 4.4, we develop numerical methods to find inner bounds on
non-signaling assisted capacity regions, and apply those to the binary adder channel and
a noisy variant. In Section 4.5, we define our relaxation of non-signaling assistance, we
characterize its capacity region by a single-letter formula, and apply those to the binary
adder channel. Finally, in Section 4.6, we show that the capacity region with non-signaling
assistance shared only between each sender and the receiver independently is the same as
without assistance.

4.1 Multiple-Access Channels Capacity Regions

4.1.1 Classical Capacities

The coding problem for a MAC W : &} x X3 — Y can be stated in the following way. We
want to encode messages from [k1] into X; and messages from [k2] into X independently.
They are given as inputs to W, which results in a random output in ). From this output,
we want to decode back the original messages in [k;] and [k2]. We will call e; : [k1] — X1
the first encoder, e : [ka] — A> the second encoder and d : )V — [k1] X [k2] the decoder.
The scenario is depicted in Figure 4.1.

11

—_— 61
N
y (41, 72)
w d
IL’Q/

12

—_— 62

Figure 4.1 — Coding for a MAC W.

We want to maximize over all encoders eq, ex and decoders d the probability of successfully
encoding and decoding the messages through IV, i.e. the probability that j; = ¢; and
Jo = i2, given that the input messages are taken uniformly in [k;] and [k2]. We call this

61



4. MurTIPLE-ACCESS CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

quantity S(W, ky, ko), which is characterized by the following optimization program:

S(W, k1, k2) := maximize

> W(ylziawa)er (a1 in)ex(waliz)d(iizly)
61,62,d kle

11,02,21,%2,Y
subject to Z e1(z1]i1) = 1,Viy € [k1]
r1E€X]
Z 82($2|i2) =1,Viy € [k‘g]
T2E€X
> d(jely) =1,y ey
Jj1€lk1]j2€lke]

e1(z1)i1), e2(x2lia), d(j1j2ly) > 0
4.1)

Proof. One should note that we allow randomized encoders and decoders for general-
ity reasons, although the value of the program is not changed as it is convex. Besides
that remark, let us name Iy, I, Ji, J2, X1, X2,Y the random variables corresponding to
11,%2, J1, J2, 1, 2, y in the coding and decoding process. Then, for given ey, e, d and W,
the objective value of the previous program is:

1 . .
P(h=1,la=1)= " S P(L=1,Jy=DLlL =iy, I =)

ky 11,82
1 . . . e
= > elalir)ex(walis)P (J1 = i1, Jo = dglir, ig, X1 = 1, Xo = 3)
L2 41 iz a1 2
1 . . . e
= Tk Y. Wylzaz)er(ilir)ea(walin)P (J1 = ir, Jo = iali1, iz, 21,22, Y = y)
02 41 g 21,22,y
1 . . .
= T Y. Wylziza)er (1]ir)ea(waliz)d(ir, izly) -
I%2 41 i,a1,22,y
(4.2)
O

The (classical) capacity region of a MAC W, as defined for example in [CT01], can be
reformulated in terms of the previous success probability S using Definition 2.12 and by

C(W) := C[S](W), and its zero-error equivalent is defined by Co(W) := Co[S](W).
The capacity region C(W) is characterized by a single-letter formula:

Theorem 4.1 (Liao [Lia73] and Ahlswede [Ahl73]). C(W) is the closure of the convex hull
of all rate pairs (Ry, Ra) satisfying:

R < I(Xl : Y|X2) , Ro < I(Xg : Y‘Xl) , R+ Re < I((Xl,XQ) : Y) ,

for (X1, X2) € X1 x X following a product law Px, X Px,, andY € Y the outcome of W
on inputs X1, Xo.

We will also consider what we call the sum success probability Seum (W, k1, k2), defined
P(leh)gp(h:b) rather than P (J; = I, Jo = I5) as an objective value, which leads

using
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4.1. Multiple-Access Channels Capacity Regions

to the following optimization program:

1 . . .
Ssum(W, k1, ko) := maximize Z W (ylziz2)er(x1]ir)ez(xa|iz)di (i1]y)
61762,d1,d2 2k1 kQ il 7:2 1,22,y
1 . . .
+ > W(ylzrza)er (w1ir)ez(2liz)da(iz]y)
2k ka 11,12,%1,T2,Y
subject to Z e1(z1)i1) = 1,Vi; € [ki1]
T1EX]
Z 62(x2|i2) = 1,Vi2 S [kg]
ToEXo
> diiily) = Lvy ey
J1€lkA]
Y d(iply) =1,Vy ey
J2€lk2]

er(1lir), e2(w2liz), d1(j1y), d2(jaly) = 0

(4.3)
Note that we used independent decoders d;(j1|y), d2(j2|y) rather than a global d(j172|y)
here. This does not change the value of the optimization program. Indeed, since the
program is convex, an optimal solution can be found on the extremal points of the search
space. Thus, if we had used the variable d(j1j2]y), we could always take it to be a function
d from Y to [k1] x [ko]. Taking d;, d2 as the first and second coordinates of that function
satisfies the equality d(j172|y) = d1(j1|y)d2(j2]y), and therefore, the value of the program
is the same in both cases. Note that it is also true for the program computing S(W, k1, k2).

As for the usual (joint) success probability, we can define the sum-capacity region using
Definition 2.12 by Ceym(W) := C[Ssum)(W). It turns out those two notions of success
define the same capacity region:

Proposition 4.2. C(W) = Cyym(W)

Proof. Let us focus on error probabilities rather than success ones. Call them respectively
E(W, k1,k2) :=1—S(W, ky, ko) and Egum (W, k1, k2) := 1 — Squm (W, k1, k2). Let us fix a
solution ey, d1, ea, da of the optimization program computing S(W, k1, k2). Let us remark
first that:

> Wyleiza)er (a1 ir)ea(waliz) = kiks

11,12,%1,22,Y

thus, the value of the maximum error for those encoders and decoders, which we call
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E(VVa k17 kza €1, dlv €2, d?): is:
1

1 - . Z W (y|ri2o)er (x1]i1)ea(xaliz)dr (i1]y)da (iz|y)
1h2 11,12,T1,22,Y
1 . .
= 2 Wlmzz)ei(@ilin)ea(wsli)
12 11,82,%1,22,Y (4 4)
1 . . . . ’
ik Z W (ylx1z2)er(x1]ir)ea(zalia)di (i1]y)da(iz]y)
172 11,12,21,22,Y
= Fiko Z W (y|z1z2)er (z1]i1)ea(x2|iz) [1 — di(i1]y)da(ialy)] -

11,12,%1,22,Y

Similarly, the value of the sum error for those encoder and decoders, which we call

Esum(VVa kl) k27 €1, dla €2, d2): is:

1 di(i1]y) + da(i2ly)

1= k1 ko > W(ylzrza)er (w1ir)ex(waliz) .
1n2 11,12,21,22,Y (4 5)
L : . di(i1]y) + da(t :
= kiko Z W (y|z1z2)er(x1i1)ea(zaliz) |1 — 1(i1y) : 2(i2|y)
IR2 41 im0,y
However, for z, y € [0, 1], we have that:
l—zy>max(l—z,1—y) > 1_93;’3/’

and:

1—xy<(1—x)+(1—y):2<1—x;y> .
This means that, for all e, d1, e2, ds, we have:
Esum(W) k17k27617d17627d2) S E(W7 k17k27617d1762)d2) )

and:
E(W, k1, k2, e1,d1, e2,d2) < 2Equm(W, k1, k2, e1,dq, e2,d2) ,

so, maximizing over all e;, d1, e, da, we get:

Esum(Vva k17k2> < E(W, klka) < 2Esum(VV; klakQ) .

Thus, up to a multiplicative factor 2, the error is the same. In particular, when one of those
errors tends to zero, the other one tends to zero as well. This implies that the capacity
regions are the same. O

4.1.2 Non-Signaling Assisted Capacities

Three-party non-signaling assistance We now consider the case where the senders
and the receiver are given non-signaling assistance. This resource, which is a theoretical
but easier to manipulate generalization of quantum entanglement, can be characterized as
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4.1. Multiple-Access Channels Capacity Regions

follows. A tripartite non-signaling box is described by a joint conditional probability distri-
bution P(z1x2(j1j2)|i192y) such that the marginal from any two parties is independent of
the removed party’s input, i.e., we have:

vx?vjhj?ailai%y’i/lv ZP(-TJLQ}Q(]L]Q)‘“ZQ:U) = ZP(xl‘T?(Jlj?)‘Z/lZQy) )

1 z1

V1, 1, Jos i1y ie, Y, dh, Y Paima(fige)liviey) = Y P(ziza(jije)liiiyy) , (4.6)

2 )
Yoy, mo,it,ie, .y, Y Plmiae(fije)livizy) = Y Plaiza(jija)liviay) .
Ji,J2 Ji,J2

This implies that one can consider for example P(x122]i1i2) since it does not depend
on y, or even P(z1]i1) since it does not depend on i9,y. Then, in our coding scenario,
when the senders and the receiver are given non-signaling assistance, it means that they
share a tripartite non-signaling box, the behavior of which is described by P. In this case,
the expression e (z1]i1)e2(x2li2)d(j1j2|y) in (4.1) is replaced by P(x1x2(j1j2)|i1i2y), as
depicted in Figure 4.2.

) Y

| |

1474 e1| e | d 1474 P(z122(j172)i1%2y)

] ! \(jl,jg) ( | \(jl,ya)

I x1

Z2 Z2

Figure 4.2 — A non-signaling box P replacing e, ez and d in the coding problem for the
MAC W.

The cyclicity of Figure 4.2 is at first sight counter-intuitive. Note first that P being a
non-signaling box is completely independent of W: in particular, the variable y does not
need to follow any law in the definition of P being a non-signaling box. Therefore, the
remaining ambiguity is the apparent need to encode and decode at the same time. However,
since P is a non-signaling box, we do not need to do both at the same time. Indeed,
Yy, P(x122|i1i2) = P(x122|i1i2y) by the non-signaling property of P. Thus, one can get
the outputs z1, x5 on inputs i1, i without access to y, as that knowledge won'’t affect the
laws of 1, x2. Then y follows the law given by W given those 1, z9. Finally, given access
to y, the decoding process is described by:

c N I ($1$2(j1j2)|i1i2y) I ($1$2(j1j2)|i1i29)
P T129) = =
((j1J2)liriayz1w2) Plz122lirizy) Pl o)1) ,

so we recover globally P((j1j2)|i1i2yzix2) X P(x122]i1i2) = P(x122(j1j2)|i1i2y) the
prescribed conditional probability. The non-signaling condition ensures that it is possible
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4. MurTIPLE-ACCESS CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

to consider the conditional probabilities of each party independently. This clarifies how
one can effectively encode and then decode messages through a non-signaling box.

As in the unassisted case, we want to maximize over all non-signaling boxes P the proba-
bility of successfully encoding and decoding the messages through W, i.e. the probability
that j; = ¢; and j2 = 49, given that the input messages are taken uniformly in [k;] and [ko].
We call this quantity SNS(W, k1, k), which is characterized by the following optimization
program:

1
SNS(W, ki, ko) := maximize -—— Z W (y|z122) P(z122(i112)|i192Y)
P /{71 2 .

11,12,%1,22,Y

subject to Zp(wll'g(jljg)’iligy) = ZP(wlxg(jljg)’iaigy)

1 1
> P(xiza(fije)liviay) = Y P(ziza(jij2)lirisy)
X2 €2

> Pleiaz(jije)|ivizy) = Y Pzraa(jije)|iviey’)

j17j2 j17j2
Z P(z122(j172)|i1i2y) =1
xlﬁ¢2)jl7j2

P(z122(j172)lirizy) = 0

(4.7)
Since it is given as a linear program, the complexity of computing SNS(W, k1, k) is poly-
nomial in the number of variables and constraints (see for instance Section 7.1 of [GMO07]),
which is a polynomial in |X}], |X2], |V, k1 and ko. Also, as it is easy to check that a
classical strategy is a particular case of a non-signaling assisted strategy, we have that
SNS(W, k1, k2) = S(W, k1, k).
As for the unassisted case, we define the non-signaling assisted capacity region using
Definition 2.12 and SN° by CN5 (W) := C[SN®](W), and its zero-error equivalent is defined
by C5™ (W) := Co[S°](W).

Independent non-signaling assistance One can also consider the case where non-
signaling assistance is shared independently between the first sender and the receiver
as well as between the second encoder and the receiver, which we call independent non-
signaling assistance. The precise scenario is depicted in Figure 4.3:
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) Yy
l l
A1 \ i2\ i1\ i2\
W er | di | e2 |da w Pl (z1j1]ivy) | P?(x2j2)iay)
o ‘jl \jz ' o \jl \jz
xo X2

Figure 4.3 — Non-signaling boxes P!, P? replacing ey, d; and e3, d in the coding problem
for the MAC W.

This leads to the following definition of the success probability SNSsR (W, ky, ks):

. 1 . .
maximize . —— > Wylzia) Pl (zvir|ivy) P (x2i2)izy)

P1,p? 1Kk2 . .
’ 11,12,%1,%2,Y

subjectto Y P'(wyjilivy) =Y P (z11]ily)

x1 x1

> Plaxjiliy) = > Pl(zuiliny)

Ji Ji

> Plaupliy) =1

z1,J1 (4.8)

> P (wajolioy) =) P*(wajlisy)
T2 T2

> P (wajolioy) = > P*(xaj2liny’)

J2 J2
> PP(zajalisy) =1
x2,52

PY(z1j1]iry), P?(v252]izy) > 0
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As before, one can also consider the sum-success probability SNSS& (W, k1, kg):

1
maximize o Z W(@/lxlm)Pl(Uclil!ily)ZP2($2J2\i2y)
11,12,T1,22,Y J2
1 o .
t oo > W(yleiae) P (z2ializy) Y Pl(21j1]iry)
1h2 11,i2,T1,T2,Y J1
subject to ZPl(:clj1|i1y) = ZPl(acljl]illy)
x1 1
> Pl(wijilivy) = > Pl(zujiliny)
Ji Ji
> Pl(zijiliiy) =1 (49)
z1,J1
> P (wajalioy) = > P*(zajaliby)
xo T2
> P*(wajalivy) =D P*(x2j2liay’)
J2 J2
> P*(majaliay) =1
x2,j2

PH(zj1liny), P?(v2]2lisy) > 0

We define the independent non-signaling assisted capacity (resp. sum-capacity) region
using Definition 2.12 by CNSs® (1) := C[SNSSR|(TW) (resp. CNSSR (W) := C[SNSsr](W)).
It turns out those two notions of success define the same capacity region:

Proposition 4.3. CV9sr (1) = CNSsr (1)

sum

Proof. Given non-signaling boxes P!, P2, the maximum success probability of encoding
and decoding correctly with those is given by:

1

SNSSR(W k17k27P17P2) =T
kiks

> W(yleiws) Pl (wvir|iry) P (z2izlizy) -

11,82,21,%2,Y

This should be compared to the sum success probability of encoding and decoding correctly
with those, which we call SNSS& (W, ky, ko, P, P?) and is equal to:

1 . 0
ot ko Z W(y’xll?)Pl(lel‘Zly)ZP2($232‘22y)
L0251 i1 way J2 (4.10)
1 s 0 '
21 ke Z W(y|$1x2)P2($2Z2\Z2y) ZPl(mlluy) .

11,12,71,22,Y Ji

Similarly to what was done in Proposition 4.2, we focus on error probabilities rather than
success probabilities. We have that:

1 - - . .
T X W) Y Pl Pesili) = 1.

11,12,71,%2,Y J1,J2
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so we get that ENSSR (W, &y, ko, P!, P?) is equal to:

1 . -
Tor koo Z W(ylz122) Z Pl(xljl\lly)P2($2]2|l2y)
L2 41 i1, way Ji,J2
1 . .
T ks Z W (y|lz122) P (w1d1 |i1y) P? (w2i2|i2y) (4.11)

11,12,%1,22,Y

= S Wylewws) > Pl(zujilivy) P*(z2j2lizy) -

i1,i2,L1,42,Y (J1,92)#(41,52)

On the other hand, since:

> Pl(ajilivy) P (wajolioy) — P (z1irlivy) Y P*(x2j2lizy)
Ji,j2 o (4.12)
= Y Plaupilay)P*(zajpslizy)
J1#i1,52
and symetrically, we get that ENSSR (W, ky, ko, P!, P2) is equal to:

sum
1

1 Co . 2 C .
rky Z W (y|zi22) Z P (z1j1]ivy) P~ (z272]i2y)

11,12,%1,22,Y J1#i1,j2

1 . .
ok Yo Wylzze) D, Pl(zujilisy) P (zajaliay)
IR2 5, g o1 @0,y J1,J27#12 (4.13)
1 . . ‘
= Yo Wylzze) Y, Pl(zujiliny) P (wajalisy)
L8241 in,er,ma,y J1#i1,j2#02

; Ziranes P (@111i1y) P (w2falizy)
+ @ Z W (y|xi22) (J1.J2)€

2 )
11,82,%1,22,Y

with S := {(j1,42) : j1 € [k1] — {i1}} U {(71,72) : j2 € [k2] — {i2}}. However, we have
that:

1 . - 2 . .
S Pt firy) P (eajaliay) YGroyes P (zigiliny) P (x2g2lizy)

J1Fi1,JoF i 2
< Y Plailiw)PP(zegaliy) + Y Pl(xuiliiy) PP (z2jalizy)
J1#i1,j2 72 (41.d2)€S
= > Plajilivg) PP (z2galizy)
(J1,52)# (11 i2)
. . Y (rjares PH(@ijiliny) P (x2j2ioy
<2 ( > Pl(zujiliny) P (agalioy) + trompes P 2| [P raliy) :
J1F41,J2 712
(4.14)
This implies that:
Equn™ (W, k1, ka, P', P?) < ENSSR (W, ky, ko, P', P?) < 2BQRSR (W, k1, ko, P, P?) |
and by maximizing over all P! and P?:
ENSSR (W, iy, ko) < ENSSR(W, oy, ko) < 2ENSSR(W, ey k) .
Thus, as before, the capacity regions are the same. O
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4.2 Hardness of Approximation for Multiple-Access
Channel Coding

Since MACs are more general than point-to-point channels (by defining W (y|z122) =
W(y[wl) for W a point-to-point channel and looking only at its first input), computing
S(W, k1, k2) is NP-hard, and it is even NP-hard to approximate within a better ratio than
1 — e 1, as a consequence of the hardness result for point-to-point channels from [BF18].

On the other hand, it has been shown in [LALS20] that it is NP-hard to decide whether a
rate pair belongs to the classical capacity region of a MAC.

The goal of this section is to show that, under some reasonable hardness assumptions,
the multiple-access channel coding problem cannot be approximated in polynomial time
within a 2(1) factor. We will achieve this through a simple reduction from the bipartite
version of the densest k-subgraph problem [FKP01], where one aims at finding a subgraph
of k vertices with the highest number of edges. In the bipartite version, given a bipartite
graph G = (AU B, F) and two parameters k; and ko, the goal is to find subsets S C A
and T' C B such that |S| = k1, |T'| = k2 with the maximum number of edges contained
in SUT,ie. |(SxT)N E|. With a simple reduction from the maximum edge biclique
problem [Pee03], the bipartite densest subgraph problem is NP-complete.

A well-known result by Alon et al. [AAM™ 11] shows that, under the following complex-
ity hypothesis on random clauses with k literals (k-SAT formulas) introduced by Feige
in [Fei02], there is no polynomial-time €)(1)-approximation algorithm for the bipartite
densest subgraph problem; see [AAM™ 11] for further details.

Hypothesis 4.1 ([Fei02]). For some constant ¢ > 0, for every k, for A a sufficiently large
constant independent of n, there is no polynomial-time algorithm that on most random k-SAT
formulas with n variables and m = An clauses outputs typical, but never outputs typical
on k-SAT formulas with at least m2-eVk satisfiable clauses.

We will consider the following reformulation of the multiple-access channel coding problem:

Proposition 4.4. Given a MAC W and integers k1, ko, the multiple-access channel coding
problem entails maximizing:

fw<S,T W(y]a:larg) y

1
== max
) |SHT‘ gjmles,(ﬂgGT
over all sets S C X1, T C Xy with |S| = k1, |T| = ko.

Proof. As the multiple-access channel coding problem is a convex program, its optimal
solution can be found on integer solutions, i.e. when e, e and d are functions. Note that
this restriction does not affect the hardness of the problem as a deterministic code with a
better or equal value can be retrieved easily from any code.

Therefore, given encoders e, es, the objective value becomes:

1
max

, . 1 . .
e 3 Wllealin)ealia)) Luy—rim = 1 2 max W (ulea(in)eaiz)).

L 11,12
11,22,Y Y
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4.2. Hardness of Approximation for Multiple-Access Channel Coding

by taking d(y) € argmax; ; {W(ylei(i1)e2(i2))}. Finally, optimizing over functions e, €3
is the same as optimizing over sets S, T of size k1, ko (corresponding to their images). Thus,
we have that the multiple-access channel coding can be reformulated as:

1T
S, TC S (b | Tk |S||T| leeSwQET (ylrz) -

O]

The previously mentioned hardness of approximation for the bipartite densest subgraph
problem from [AAM*11] will imply the following hardness of approximation for the
multiple-access channel coding problem:

Theorem 4.5. Under Hypothesis 4.1, there is no polynomial-time Q(1)-approximation algo-
rithm for the multiple-access channel coding problem.

Proof. Given a bipartite graph G = (A U B, E), we define its associated MAC W on
X1 :=A, X := Band ) := A X B in the following way:

Tomg Tp—py if (a, b) eFE

W(ld ¥ lab) = 1 4.15
((a’,b")|ad) W otherwise . @19

It is indeed a MAC as 3,/ ,y W ((a',b')[ab) = 3, py Lo=as Lp=py = 1if (a,b) € E and
Sary W((a',b)|ab) = 30y ‘A‘l‘B‘ = 1 otherwise.

We claim the following linear relation between the objective functions of the bipartite
densest subgraph problem on GG and the multiple-access channel coding problem on W;:

Lemma 4.6. ForG = (AUB,E),S C AandT C B:

Jwe (S, T) — W |(SxT)NE|
1- IEIG

\AHB\

Proof of Lemma 4.6. We have that:

/
fwa(5,T) = ]SHT!ZI;aeSbeT (@, )lab)

max W ((a',V")|ab) + Z max W ((d, b’)ab))

| ( o ) BTN 1 GESHET (@ ',b')gz(SxT)nEaESbET
1
— 1+ Z I
\AHB\ - \(S xT) N E|
— [ |(SxT)NE|+
I ( Al B
+ |(SxT)N E] ( 1 >
ISHTI ST Al B
(4.16)
which implies the claimed equality. O
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4. MurTIPLE-ACCESS CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

Let us now assume that a polynomial-time constant approximation of the multiple-access
channel coding problem exists. Let us call A € (0, 1) the ratio of that algorithm. Then,
for any G = (A U B, FE), k1, ks, we can apply our algorithm to W, k1, k2 and get
Sapprox, Lapprox of size k1, k2 such that:

rovaa rox Z)\ ST
fWG( app pp ) ST|S| k1,|T| kaWG< )

But, thanks to Lemma 4.6, we have that:

1
MAX G 7|8 |=ky [ T|=ks W (5 T) = g5 MAXG 1:(8|=k,|T]=k, | (S X T) N E|
1— N k1ko ‘

[A][B]
So in all, we have:

|(Sappr0x X Tapprox) N E| . fWG (SaPPYOX? Tapprox) T kiko

k1ko a 1= ﬁ

. A MAXG T[S |=ky [ T]=ky JWe (S T) — %

- L- ﬁ (4.17)

. MAXS, 7.5 |=ky,|T|=ks SWe (S T) — ﬁ _ ’117"2
- g L= m

Y MAaX g 7:|S|=ky | T|=ks | (S X T) N E] _ ’il_’“/;
ik L= g

and thus:
’(Sappl‘ox X TapProx) NEl>X- max [(SxT)NE| - %

ST |=kn. | T =k 1= s

Let us consider instances of the bipartite densest subgraph problem with | E| > min(k1, k2),
which implies directly that maxg 7.g|—, |7|=k, |(S x T) N E| > min(k1, k2) by picking
min(ki, k2) edges and taking their endpoints to construct S and 7. As |A||B| > 2, we

have that < 2. Then:
" TA[IB]
| (Sapprox X Tapprox) N E[ = A - P T [(SxT)NE| -2
>(1—c)\- max |(S x T)N E|+ c\min(ky, ky) — 2 forany ¢ € (0,1)

SvT:|S|:kl7‘T|:k2
2

= 1l—-—— | X\ SxTYNE
( )\min(krl,kg)> S,T:|S|r£1?f,(|T|=k2|( xT) K

(4.18)
by choosing ¢ = W Finally, for instances such that &y, ko > )\, we have that:

‘(Sapprox X Tapprox) |(S X T) N E‘ .

apd
123 2 ST|S| k:l,\T| ko

Therefore, if a polynomial-time approximation of the multiple-access channel coding
problem of constant ratio \ exists, then we have a polynomial-time %—approximation of

72



4.3. Properties of Non-Signaling Assisted Codes

the bipartite densest subgraph problem for instances satisfying |E| > min(k;, k2) and
ki, ko > %. Note that the bipartite densest subgraph problem can be solved in polynomial
time for instances which do not satisfy these constraints (as % is constant). Thus, we
have in all a constant polynomial-time approximation for the bipartite densest subgraph
problem, which is in contradiction with Hypothesis 4.1 as proved in [AAM™11]. Hence,
under Hypothesis 4.1, there is no polynomial-time 2(1)-approximation algorithm for the
multiple-access channel coding problem. O

4.3 Properties of Non-Signaling Assisted Codes

4.3.1 Symmetrization

One can prove an equivalent formulation of the linear program computing SN5(W, k1, k2)
with a number of variables and constraints polynomial in only | X[, |X>| and || and
independent of k; and ka:

Proposition 4.7. Fora MACW : X} X Xy — Y and k1, ko € N*, we have:

SNS(W, key, ko) = maximize k: Z W (ylz122)7r2, 20,y
T’,T’ 7T 7p 1 2 z17.1’27
subject to Z Toi zay = 1
Z1,22

1 _
Z Toya0y = ki1 Z Txi,09,y
Z Tz1,20,y = k2 Z Tz1,may (4.19)
me,xz =k Z% r2
z1
me,xz = kQ Z Toy,20,y
T2 T2

1 2
z1,22,y0 T 21,22,y = Day s

1 2
Pxy,xo — Txl,xg,y - rmhmg,y + Tzi,22,y > 0

0 S Tzi,20,y é r

Proof. One can check that given a solution of the original program, the following choice of
variables is a valid solution of the second program achieving the same objective value:

To1, @2,y ‘= Z P(zq122(i192)|i1i2y) , Til,zz,y Z P(z122(j192)|i12y) ,
11,19 J1,81,%2
7”32517;,;24, = Z P(ziz2(t172)0192y) , Doy as i= Z P(zy122(5142)|i102y) -
J2581,82 J1,J2501,%2 ( )
4.20

Note that p, 4, is well-defined since ) P(x122(j1J2)|i1i2y) is independent of y

as P is a non-signaling box.

J1,J2581,22

For the other direction, given those variables, a non-signaling probability distribution
P(x122(j1j2)|i1i2y) achieving the same objective value is given by, for j; # i1 and
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4. MurTIPLE-ACCESS CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

Jo # i

- .. 7”1'171'272;

P(x122(iri2)|irisy) = Tkiky
1

.. .. r T it

P(z1x9(j1i2)|irioy) == I}{;f]ij(kl _x11$)2 o
4.21

.. .. r:%l,:tmy — r$1’$2’y ( )

P(ayaa(ivja)lirizy) = kiko(ko —1) 7

1 2
Pay@o — rxl,xz,y - Txl,arg,y + Tz1,22,y

ferka(ky — 1)(kz — 1)

P(x122(j172)|i112y) :=

O
This symmetrization can also be done for the program computing SNoS® (W, k1, ko):
Proposition 4.8.
1
NSgr o L.
S (W) = e g 2 WOlne) (ki ah)
1 1 1 1 2 2
- Tlﬂ 1,y WP2J€2 (y’wl)rxl Y 2k IQZ Wpl,]ﬂ (y"rQ)erzy
with W 02 e (YlT1) - Z W ylxll‘z)ll?gc2
and W21 K (y’x2 Z W y‘$1$2)pz1
subject to Zrihy =1, erz,y =
T T2
Zpalm = k172p3202 = k2
0< rmy <p$1,0 <Tz2y _]ogc2
(4.22)

Proof. One can check that given a solution of the original program, the following choice of
variables is a valid solution of the second program achieving the same objective value:

rhy = 2 Plaiitlig), py, = Y Plauiliny)

i J1si1 (4.23)
12724 ZP (z2i2]iz2y) , piQ = Z P2(l‘2j2|i2y) .
iz J2,i2

Note that p. and p?, are well-defined since D PY(z171)i1y) and > asi P2?(z2j2i2y)
are independent of y as P! and P? are non-signaling boxes.

For the other direction, given those variables, non-signaling probability distributions
Pl(x1j1]i1y) and P?(x2j2i2y) achieving the same objective value are given by, for j; # i1
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4.3. Properties of Non-Signaling Assisted Codes

and jy # i: )
,
Pl(x1i1|i1y) = % N
1
1 1
. p -r
Pt = b
2 2 (4.24)
P=(z2ializy) = sz ;
2 2
. p -Tr
P2(za5alizy) = W
O

4.3.2 Properties of SN5(W, ki, ky), CN5(W) and C¥5 (W)

Proposition 4.9. Fora MACW : X} X Xo — Y and k1, ko € N*, we have:

L e < SNSW k, k) <1
2. SNS(W k1, k2) < min (%a %’ %)

3. Ifk} < ky and kly < ko, then SNS(W, kY, k) > SNS(W, ky, ko).

4. For W' : X x X} — V' and k1, ko € N*, we have SNS(W @ W', kyk}, kokb) >
SNS(W, key, ko) - SNS(W' k), Kkb). In particular, for any positive integer n, we have
SNS(Wer kP kD) > [SNS(W, kl,kQ)} and SNS(WW', ky, ko) > SNS(W, ky, ko).

Proof. 1. We will start by proving that SNS(W, ky, ko) > # . Take px1 zy 1= |2f1\f€2(2\
1 . Pzyxo 2 . Pxq,zo L pl1 ©g
"1,y = kg 0 Tzi,may T ky and Te1,m2,y = ko |X1||X - One can

easily check that it is indeed a valid solution of the linear program computing
SNS(W, k1, ko). Thus we have:

SNS(W k‘l,kz ]{31/{7 Z y|$1l‘2 Tzy,@a,y

x1,22,Y
W (y|lxiz
klkg wlz:;2 ’XIHXQI Z y‘ 1 2) (425)
1 1 1
kike S5 ||| kiks

Furthermore, in order to show that it is at most 1, let us consider an optimal solution
of SNS(W, k1, ko). We have:

SNS(W klka) k‘lk‘ Z W y|x1x2)’rﬂfl,x2,y = k‘ ]{ Z y‘xle)pxl,l“Q

1,72,y 1,T2,Y
" kiks k; Z Py ZW ylaizs) = Z DPayzy = 4
172 x1,T2 xl z2

(4.26)
: _ 2 — —
simce 211@2 Pzy,ze = kl thxz rzl,zQ,y - kle le,xg Tzy,w0,y = kle'
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2. First let us show that SNS(W, k1, ky) < ‘2{—11' (the case SNS(W, k1, ko) < ‘/:—22' is
symmetric):

SNS(W, ki,ko) = —— Z W(ylz122)r2 20,y

1,22,y

> Wlerz2)rz, o,

Z1,22,Y

iks Z (Z W(y\xi!’m)) : (xl Tiwmy)

z2,Y \ zf

= ks > (Z W(y\xiwz)) : <,31 szl,m>

IN

IN

(4.27)

z2,Y \ zf

= K2k Z Pxy,xo Z (ZW(?J|$'1$2)>
1% zy 20 ] y

| X \X1|
= k%kQ Z p$1,$2 - 7 -

1,22

Let us show now that SNS(W, ky, ko) < k|1yk|2

1
SNS(W, k1, ko) = Tiks Z W (ylz122) 721 20,y
T1,22,Y

1
< % (maxW (ylz122) ) D Taraay (4.28)

1,2
Z1,22

il
= ks k1k2 Z Z Tenmay = kiky

Yy T1,T2

3. Let us assume that k| < k and that k), = ko, since this latter case will follow by
symmetry. Consider an optimal solution of SN (W, k1, ko) = k1 ek £ (i1) with:

flir) == ki Y W(yleias) P(ziza(inia)|iriay) ,

T1,72,Y,12

and P non-signaling. Let us consider S €  argmax Y, <o/ f(i1). Then, by
S'Clkr ]| S| =k,

construction, we have that é Yies fli1) > ﬁ Direlky (1) = SNS(W, k1, ko),

since we have taken the average of the k] largest values of the sum.

Let us define the strategy P’ on the smallest set X x Xa X (S X [ka]) X S x [ka] x V-

P'(z129(j172)|iri2y) == P(z122(j1j2)|i1i2y) + C(x122J2i142Yy) |

1 N
7 P(w1s(f12)liriy) - (429
]1€[]€1]7S

with C(z122j2|i192y) :=
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P’ is a correct conditional probability distribution. Indeed, it is nonnegative by
construction, and we have that 37, . . cg. P'(x129(j172)|i1i2y) is equal to:

> P(mma(juje)livisy) + Y. Claraagalivisy)

Z1,22,j1€S5,j2 x1,22,J1€85,j2

= Y Y P(miza(juje)liviay) + > Zki, > P(araa(jija)lirizy)

z1,%2j2 j1E€S z1,22,52 1€S L jl€lkl]—S

= Z ZP(xle(j1j2)|i1i2y)—|— Z Z P(x122(j1J2)|iviay)

z1,22,J2 j1ES z1,22,52 ji €[k1]—S

= > P(zza(juje)livioy) = 1.

T1,72,J1,]2

(4.30)

Let us show that P’ is non-signaling:

a) First with x1:

x1

> Pl(miwa(fie)livizy) = P(ziza(jije)liviay) + Y C(a132jalivioy)
1 1
= P(z122(j1j2)|iviay) + o > Y Playma(fhj2)liviay)

T 1 j{é[kﬂ—s T

=Y P(z1aa(jije)lihizy) + o > > Priaa(fi2)litizy)
T1 1 jiG[kﬂ*S T

since P is non-signaling.

= Plaiza(jige)litizy) -

1
(4.31)
b) Then with z5:

> Pl(wiwa(fije)livizy) =Y P(ziza(jije)liviay) + Y C(a1majalivioy)

9 2 Z2

= P(z122(j1j2)|iviay) + o > Y Playma(fhj2)liviay)

T3 1 j,€[k1]—S =2

=Y P(az1a2(jijo) livigy) + o > > Priwa(fi2)liviy)
2 Ljielk]-s =2

since P is non-signaling.

=Y P(z122(j1ja)lirihy) -

2

(4.32)
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¢) Finally with (j1j2), we have that > 18,42 P'(x122(j172)|i1i2y) is equal to:

Z Z P(%lxg(jljg)‘illéy) + Z Z C($1$2j2‘i112y)

Jj2 j1€S j2 J1€S
=Y P(zima(jijo)livioy) + Z > P(mm(hh)!hwy
J2 J1€S J2 J1€S L jrelka]—
=" P(zza(jujo)livioy) + > Y P($1$2(]1]2)|Z122y)
j2 1€S J2 ji€lka]-S
= P(z122(j1j2)lirizy)
Ji.j2
= Z P(x129(j172)|i1i2y’) since P is non-signaling.
Ji.g2
> Plzza(fige)livizy’) -
J1€85,J2

(4.33)
Thus P’ is a correct solution of the program computing SNS(W, k/, ko), and it
leads to the value:

1 o
SNS(W, K ko) > W Y. W(ylaiw) P (zixa(inig)]irioy)

T1,%2,Y,11 €5,ia
1
Z 97
)

Yo Wlylzz)P(ziza(iniz)livi2y) (4.3a)

x1,T2,Y,i1 €5,i2

:—Zfll >—Zf7,1 —S Wkl,k'Q)

1 i1€S Z1E[k‘1]

4. Consider optimal non-signaling probability distributions P and P’ reaching respec-
tively the values SNS(W, k1, ko) and SNS(W’ k}, kb). Then by Proposition 2.11,
P ® P’ is a non-signaling probability distribution on (X} x X]) x (Xa x Aj) x
(k] % ) % ([ka] x [])) x ([r] % [K]) % ([h] X [K4]) x (3 x ), which is
trivially in bijection with (X} x &) x (Xo x X3) x ([k1k]] x [kek]) % [k1K]] %
[kakb] x (¥ x )'). This will be a feasible solution of the program computing
SNS(W @ W', k1K, kokb). Thus, we get that SNS(W @ W7, kik}, kokb) is larger

than or equal to (where the first sums are over all indices z12), zoxh, yy', i1}, i21b):
> (W W) (yylzrzhwoxty) (P @ P') (x12 wanh (irihinih) |indy, izihyy’)
=Y (W(ylzize) - Wy |2hah)) (P (2122 (ivia)|ivigy) - P’ (xhah(i)ih)|iriny))

= ( Z W(y[wlxg)P(x1$2(i1i2)|i1i2y))

11,12,21,%2,Y

X ( Z W/ (y ‘951332 Pl(x1$2(21@2>‘zlll/2fyl))

!
T,y i i

=SNS(W, k1, ko) - SNS(W7, k], KS) -
(4.35)

In particular, applying this n times on the same MAC W gives the first corollary, and
the second one comes from the fact that SNS(W @ W', ky, ko) > SNS(W, ky, k) -
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SNS(W',1,1) = SNS(W, ky, ko), since SNS(W',1,1) = 1 by the first property of
Proposition 4.9.

O]

Corollary 4.10. 1. CNS(W) is convex.

2. If (Ry, R2) is achievable with non-signaling assistance, then we have Ry < log, | X}
Ry < log, |Xs| and Ry + R < logy |Y|.

>

3. If (Ry, R2) is achievable with non-signaling assistance, then for all R, < R;, (R, R})
is achievable with non-signaling assistance.

Proof. 1. It comes directly from Proposition 2.15 and the fourth property of Proposi-
tion 4.9.

|7

ky
particular, if Ry > log, | X1, then k; > |X;| and we get that SNS(W&n k7 kD) <
|1

n
(T) — 0,80 Ry > log, | X1 is not achievable with non-signaling assistance.
1 n——+o00

Symmetrically, Ry > log, | X2| is not achievable with non-signaling assistance.

2. By the second property of Proposition 4.9, we have SNS(W®n kP kD) < .In

Furthermore, if one takes R+ Ry > log, ||, then in particular k1 k2 > |)|, so by the
jNN

n n
second property of Proposition 4.9, SNS(W®n k7 kD) < lgkgt = (k1k2> n—>——i>—oo 0.

Thus, R; + R2 > logs | )| is not achievable with non-signaling assistance.

3. Since (R, R2) is achievable with non-signaling assistance, we have by definition

that SNS(W®n [2nF] [2nf2]) e 1. But, for all positive integers n, we have
n—-—+00

that [2f1] < [27f11] and [2"72] < [2"F2], so by the third property of Propo-

sition 4.9, we have that SNS(W®n [274] [2nF5]) > SNS(Jy@n [onfu] onfz]),

Thus SNS(W®n [27F1] [2"F2]  — 1 since it is upper bounded by 1, and so

n——+oo
(R}, RY) is achievable with non-signaling assistance.

O
Proposition 4.11. C)'5(W) is the closure of the set of rate pairs (Ry, Ra) such that:

In e N*, SNS(W®n, (2R1n'|’ [2R2n‘|) =1.

Proof. If (Ry, Ry) is such that Ing € N*,Vn > ng, SNS(Wen, [2F1n] [2F27]) = 1, then
in particular In € N*, SNS(W®n [2Rin] [282n]) = 1. So, C)*S (W), which is the closure
of the former rate pairs, is in particular included in the closure of the latter rate pairs.

For the other inclusion, consider a rate pair (R, R2) and let us assume that there exists
some positive integer n such that SNS(W®n [2Rin] [252n]) = 1. Let us show that for
any (R}, Ry) such that R} < R; and R < Ry:

Ing € N*,¥n > ng, SNS (W, [281m] [2Rem]) = 1,

which is enough to conclude, since we consider only closure of such sets.

First, for all positive integers m, we have that SNS (T ®nm [2finm] [9Fanm]) = 1 By the
fourth property of Proposition 4.9, we have that SNS((W®&n)®™ [gFan]m [gRan]m) >
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[SNS(wen, [2fin] R )™ = 1, s0 SNS((WEm) ™ [2Ren]m [9Ran]m) = 1 since

SNS(W, k1, k2) < 1 by the first property of Proposition 4.9. But (W®")®™ = W®mm and
[2Fan)m > [gRinm] roRanim > rgRanm] s by the third property of Proposition 4.9, we
have SNS(w@nm’ (2R1nm“’ [2R2nm‘|) > 1, so SNS(VV®7Lm7 [2]~21nm‘|7 {2R2nm‘|) = 1.

Then, consider some r € {0,...,n — 1}. By the fourth property of Proposition 4.9, we
have that:

SNS(W®(nm+r), "QRan"I7 "2R2nm*|) — SNS(W®nm ® W®r, (2R1nm", (2R2nm")

4.36
> SNS(W®nm’ |'2R1nm‘|’ [2R2nm-|) -1 ’ ( )

SO SNS(W(XJ(nm—H“)’ |’2R1nm‘|’ |’2R2nm‘|) = 1.

Rinm R
But [2F177] = [2 ot (""”T)] = [2?16("””“")] with § = -= < L and symmetrically

R
[oRinm] = (2?16("’"”)] Thus in particular, for all R} < 1fi and R}, < lf—i, we have

that for all n/ > nm, SNS(W®n' [2F17'] [2827"]) = 1. So for any (R}, R}) such that

R} < Ry and Ry < Ry, there is large enough m such that R} < % and R < 1fi,

and thus we get the expected property on (R}, RS) for ng := nm. Ul

4.3.3 Linear Program With Reduced Size for Structured Channels

Although SNS(W, k1, ko) can be computed in polynomial time in W, k; and ks, a channel
of the form TW®" has exponential size in n. Thus, the linear program for SN5 (W& k. k)
grows exponentially with n. However, using the invariance of W ®" under permutations,
one can find a much smaller linear program computing SN5(W®™ ky, ko).

Definition 4.2. Let GG a group acting on &7, X5, ). We say thata MAC W : &} X Xy — Y
is invariant under the action of G if:

Vg e G,W(g-ylg-x19-x2) = W(ylo122) .

In particular, for W™ : X' x X5 — V", the symmetric group G := &,, acts in a natural
way in any set A raised to power n. So for 0 € &,,, we have that:

n

W®n(0 Yo - ato - xy) = H W(ya(i)’ml,a(i)xla(i)) = H W(yz‘xlzmQZ) (437)
i=1 i=1 .

=W (y"|at25) ,

and so W®" is invariant under the action of &,,.

Let Z := {Xl,)@,y, Xy X Y, X x YV, X1 x Ao, X1 X Xy X y} Let us call Og(.A) the
set of orbits of A under the action of G. Then, one can find an equivalent smaller linear

program for SNS(W, ky, ks):

Theorem 4.12. Let W : X} x Xy — Y a MAC invariant under the action of G. Let us
name systematically w € Og(X) x Xy x V), u € Og(X) x Xz),ul € Og(Xy),u? €
Og(Xe), vl € Og(X) x V), v? € Og(Xy x V),v € Og(Y). We will also call z 4 the
projection of z € O¢(B) on A, for A, B € Z and A projection of B; note that z4 € Og(A),
since by definition of the action, the projection of an orbit is an orbit. Let us finally call
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W(w) = W(y|xiz2) for any (z1,22,y) € w, which is well-defined since W is invariant
under G. We have that SNS(W, ky, k) is the solution of the following linear program:

1
maximize e W (w)ry
PSSP MR e 0 (A x Xa xY)
subject to Z rw = [v],Yv € Og())
wiwy=v
o=k > rw, YW €O0a(Xy xY)
wWiw xyy =02 wiw xy =02
Z 72 = ko Z T, YOI € Og(X) x V)
wiwy, y=vl wiwy, y=v'

(4.38)

2
v
Z Pu = ";;2"14:1 Z 2, Yo? € Og(Xy x )

. —2 . —2
Uiy =V, WiIW Xy Yy =V

vk, |
Y b= ‘;1‘ ky Y. e, W' € Og(Xx V)
u:u;q:v}(1 w:wxlyzvl

w
0<ry <rlr< Lpu,xl?@, Yw € Og(X) x Xy x Y)

2 41y >0, Vw € Og(X] X Xy x V) .

—Tw —

Corollary 4.13. For a channel W : X1 x Xy — Y, SNS(W®™ ky, ky) is the solution of a
linear program of size bounded by O <n|X1|'|X2|"y‘_1>, thus it can be computed in polynomial
time in n.

Proof. We use the linear program obtained in Theorem 4.12 with G := &,, acting on W®"
as described before. The number of variables and constraints is linear in the number of
orbits of the action of &,, on the different sets A € Z, where here Z := { A", X3, Y™, AT" x
Y XS X YT AT X XY AT x Xyt x Y™} For example, for A € AT x A3 x Y™, we have
that:

n+ || X[ Y] -1

Og. (X" x X7 x Y™)| =
| Gn( 1 2 )| ( ’X1HX2H37\—1

> < (n+ 11| 1Y] - IR

So the number of variables and constraints is O(n!*¥21Y1=1) Note also that all the
numbers occurring in this linear program are integers or fractions of integers, with those
integers ranging in [(|X1[|X2||YV])"], thus of size O(nlog(|X1]|X2||Y])). So the size of
this linear program is bounded by O(nl¥11*21YI=1) "and thus SNS(W®™ &y, ky) can be
computed in polynomial time in n; see for instance Section 7.1 of [GMO07]. O

In order to prove Theorem 4.12, we will need several lemmas. For all of them, A and B will
denote finite sets on which a group G is acting, and & will denote the orbit of z under G:

Lemma 4.14. Let 7 € Og(A x B), and callv := 74 and p := 3. For x € v, let us call
B? := {y: (x,y) € T}. Then, |B*| = |B¥| =: ¢ for any x,x’ € v, and furthermore, we
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_

have that ¢;/ = {71. Symmetrically, the same occurs for AY := {z:(x,y) € 7} withy € p,

Il

where one gets that |AY| = |AY'| =: ¢/ = ] fory,y' € p.

Proof. Let x,2’ € v. Thus there exists g € G such that 2’ = g - z. Let:

f : B* — BY

T

y = 9y.

First, f is well defined. Indeed, ify € B¥ = {y : (z,y) € 7}, then we have that g - y €
{y:(g-z,y) €7} = BY, since 7 € Og(A x B). Let us show that f is injective. If
g y=g-y.theng - (g-y)=(97"9) y=y.97" (9-¥) =y soy =y Thus we

get that |B?| < |B¥'|. By a symmetric argument with =’ replacing = and ¢~ replacing g,
we get that | B¥'| < |BZ|, and so | B| = |B¥'| =: ¢¥.
Furthermore, { B } ;¢ is a partition of 7,s0 Y, |B¥| = |v|c¥ = |7|,and ¢¥ = H O

Lemma 4.15. For any (z,y) € A X B and v, e variable indexed by orbits of A x B, let

v
us define the variable v, , := ‘(E:Z’))gl. We have:
1
va,y:m Z v, Vy € B.
€A T7€06(AxB):T5=y%

Proof.

Z Vzy = Z Z U,y

zeA T€O0G(AxB):mp=yC z€A:(z,y)ET

= Z Z % since (z,y)% =7

T€0G(AxB):mp=yC zcA:(x,y)eT

v (4.39)
- Z cgc ﬁ by Lemma 4.14, since y € 73
T

T€0g(AXB): =y
1

_ Z ‘T| Ur L Z vy .

1G] — 1.,G
T€0G(AXB): 5=y ‘y ‘ ’T‘ ’y ’ T€0G(AXB):T5=yC
]

Lemma 4.16. Forany T € Og(A x B), u € Og(B) and v, variable indexed by elements
cr Vz,y- We have:

of A x B, let us define vy := 32,
D, vr=D ) ey
T€O0G(AXB):TB=H yep e A

Proof.

> Ur = > D Uy =)D Uny-

T7€0G(AXB): =M T€O0G(AXB):Tg=p (2,y)ET yepzeA
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Proof of Theorem 4.12. Let 7, 2, 4, r}cl’xz’y, T§17x27y,pz17z2 a feasible solution of the pro-
. e 1 .
gram defined in Proposition 4.7, and call 5 := =3, ., W (Y|T122) 72, 20y its value.

Define:
- 1 . 1
Tw = Z Txl,ocg,y y Ty = Z rm,mg,y ’
(w1,72,y)Ew (w1,72,y)Ew
4.40
2 _ 2 o (4.40)
Tw = Tai,w9,y 0 Pu = Pay,ao -
(z1,x2,y)EW (z1,x2)€U

Let us show that 7, 7L, 2, p,, is a feasible solution of the program defined in Theorem 4.12,
and that its value S* := klle Yow W(w)ry, = S.

First, we have S* = S. Indeed:

S* = % W(w)ry = % W (w) Z Te1,z2y
(z1,22,y)EW

kleZ Y. WElm)re ey (4.41)

w (x17x27y)€w

> W(ylziwa)re, apy = S -

T1,22,Y

klk

Then, all the constraints are satisfied. Indeed, thanks to Lemma 4.16, we have for the first
constraint:
D e =D Taay =) 1=l
wiwy=v YEV T1,T2 yev

For the second constraint (and symmetrically for the third constraint), we have:

1 _ 1 _ —
2oorw= D Dtmmy= 2 ki) ramy=h )L ru.

wiwx, y =02 (z2,y)€02 T1 (z2,y)€v? z1 Wiw iy y =02

For the fourth (and symmetrically for the fifth), we have:

Z ri: Z Zrﬂgcmrmy_ Z Zp:vl,:vz

w:w;(Qy:v2 ($27y)€v2 1 (z2,y) 67}2

LYY Yhem

szvX yi(z2,y)€v? L1

1
= — Z |U2 | prlm thanks to Lemma 4.14

1 2‘)«’
ToEV 2 I
2)(2

Cal
= 2 E Pu -
kl |UX2| wu, :UEYQ

(4.42)

Finally for the last constraints, we only need to compute:

Z Pzyze = Z Z Pzyi,z0 = Z |u}||pz1,zg

Wxy X
(z1,72,y) €W (#1,72) €Wy a0y Y:(T1,72,y)EW (1,22) Ewary xq [,

_ lul
‘w?ﬁXz‘ Y
(4.43)
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which implies that the linear inequalities on Pz, 2o, T2, z0,ys T 9101,:22 ” T%l 2,y 8et transposed

respectively to the values %pw Xy 2000 T rL 72 . Indeed, for instance, one has for any
x1, %2,y that py 4z, — T2171,$2,y 7‘227171272; + 721 20,y = 0. Thus for some orbit w:

1 2
E : (pI17I2 - T:m,xg,y - r:rl,xg,y + rx17332:y) > 0 ’
(z1,22,y)Ew

and then ‘wl( L [Pwa, xy — rl —r2 4 r, > 0, which was what we wanted to show.

Now let us consider a feasible solution 7,7}, 72 p, of the program defined in Theo-
rem 4.12, with a value S* := k11k2 > w W(w)ry. Define:

1

r _ ,r(xlaxQVy)G ,,,_1 o ,r(xlavay)G
T1,T2,Y G| T1,22,Y G|’
I(x;,xz,y) | (21, 22, y)C| (4.44)
2 o Meeew® L Pees)S
YT (21, w2,9)9) T (21, 22)
Letus show that 7y, 4, 4, 7“3131 - r%l 29,y Dz1 2, 1s a feasible solution of the program defined
in Proposition 4.7, and that its value S := ﬁ > oan zoy WWIT122)T2y 29y = S™.
First we have S = S™. Indeed:
G
S=_— W(y|$1$2)’l"x T2,y — 7. 7. w y|1’1$2)M
k‘lk‘g 961%;,1/ 1,52 klkz 11;@ | (21,22,y) G|
> W y\fﬂlm) > W( s (4.45)
2 2 wl
(!E17$27y)€w (z1,22,9)€
1
w — D W(w)r, =5".
Z‘ ’ ’w| kle ; ( ) w

Then, all the constraints are satisfied. Indeed, thanks to Lemma 4.15, we have for the first
constraint:

1 Ul
2 e = jya] 2 Te = e =

1,22 w;wy:fyG

For the second constraint (and symmetrically for the third constraint), we have:

1 k

1 S . : >
, - - Tw = T r
21229~ [(z9, 4)C Y [(w2,y)C !

T1 w:wXQy:(LBQ,y)G w:wxzy:($27y)c (4.46)

=k E :Tﬂﬁhﬂ»‘zﬂ :
Tl
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For the fourth (and symmetrically for the fifth), we have:

1 1 1 |(z2,9)¢
2 2 :
Ta:l,l‘g,y — 76' Z T’w = G T G Z Du
- |(x2,y)C| Wiy y—(22,9)C (22, y)9| k1 (22, Y)3, | wuy=(w2.9)§,
1 1
kl ’(x2; y)X2| u:uXQ:(mQ,y)§2
L Z pu since (z2,9)%, = 2§
k'l ’5'32 |

7332

1
=3 mel,mg .
kv
(4.47)

Finally, to conclude with the last constraints, one has only to see that for any x1, 2, y:

(21,22, 9)¢] (21, 2, 9)“| a
= 7’C:|p($17$2)c; = ’($17m27y) |p$17$2 )

G pr—
|(x1, z2, y)%le (#1,22,9) %, x, |(z1,22)

[w|
[waey 25 |

respectively to the values pu, o, T2y 20,4, T 3161 7”2 Indeed, for instance, one has for

T2,Y7 " X1,%2,Y°
any w that Iw%')@‘pwﬁ@ — 7l —72 +r, > 0. But for any (71, 22,y) € w, one has that

1
r — Tw Tl — Tw .2
T1,22,Y — Jw| ' 21,22,y T |w]? T1,%2,y \w\

Pw
"1 and thus:
Ile ‘

which implies that the linear inequalities on Pwa, 2y s Tws rl r2 get transposed

Thanks to the previous inequality, we have

that pg, oz, =

Puwx, x, —i—i—}—f_o,
lwa x| w] o w] o w]

1 2 _
Pzi,zo — T$1,$2,y - Tzl,zg,y + Tz1,00,y =

which was what we wanted to show. O

4.4 Non-Signaling Achievability Bounds

4.4.1 Zero-Error Non-Signaling Assisted Achievable Rate Pairs

We will now present a numerical method to find efficiently inner bounds on C)'S(W).
Thanks to Corollary 4.13, we know how to decide in polynomial time in n, k1, k2 whether
SNS(W®n k1, ko) = 1. However, by Proposition 4.11, if SN (W®™ ky, ko) = 1, then we
have that <log(k1), log(k2)> € CYS(W), which describes a way of computing achievable
points for that capacity region. More precisely, this leads to the following result:

Proposition 4.17 (Inner Bounds on C)¥S(W)). Let us define the zero-error non-signaling
assisted n-shots capacity region CO <n(W) in the following way:

e, (W) = {<log( 1)’ log(kf2)) L SNS(IWEN by ey = 1} .

n n

Then, we have that Vn € N CO <n( ) C CYS(W), and that one can decide in polynomial
time inn, ki, ko lf(log log(ky) logflb)) € C(l)\lin(W)

This implies that we can find efficiently achievable rate pairs for MACs.
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Application to the binary adder channel The binary adder channel Wgac is defined
by:
Vai,z9 € {0,1},Vy € {0,1, 2}, Weac(y|z122) = Ly=g 42 -

Its classical capacity region C(Wpgac) is well known and consists of all (Ry, R2) such
that Ry < 1,Ry < 1,R1 + Ry < %, as a consequence of Theorem 4.1. Its zero-error
classical capacity Co(Wpac) is not yet characterized. A lot of work has been done in finding
outer and inner bounds on this region [Lin69, vT78, KL78, Jr.78, KLWY83, vdBvT85, BB9S,
UL98, AB99, MO05, OS15]. To date, the best lower bound on the sum-rate capacity is
log,(240/6) ~ 1.3178 [MO05].

Thanks to Proposition 4.17, we were able to compute the regions CO <n(W) for n going
up to 7, which led to Figure 4.4. The code can be found on GitHub. It uses Mosek linear
programming solver [AA00].

Note that the linear program from Theorem 4.12 has still a large number of variables and
constraints although polynomial in n. Specifically, for n = 2, it has 244 variables and 480
constraints; for n = 3, it has 1112 variables and 2054 constraints; for n = 7, it has 95592
variables and 162324 constraints; finally, for n = 8, it has 226911 variables and 383103
constraints.

The first noticeable result coming from these curves is that the zero-error non-signaling
assisted sum-rate capacity beats with only 7 copies the classical sum-rate capacity of 2,
even without a zero error constraint, with a value of QIL%Q) ~ 1.5406, coming from the
fact that SNS(WE 4, 42,42) = 1 and Proposition 4.11. This implies that C)'S(Wyac) has
larger sum-rate pairs than C(Wgac), and that cNs (Wgac) is strictly larger than C(Wgac).
This sum -rate can even be increased up to % ~ 1.5425, since we have computed
SNS(WERo, 72,72) = 1, which is the largest number of copies we have been able to
manage with our efficient version of the linear program from Theorem 4.12. This should be
compared with the upper bound on the non-signaling assisted sum-rate capacity coming

from Proposition 4.26, which is logy(3) ~ 1.5850 for R; = Ra.

Another surprising property is the speed at which one obtains efficient zero-error non-
signaling assisted codes compared to classical zero-error codes. Indeed, with only three
copies of the binary adder channel, one gets that SNS(WB ~c»4,5) = 1, which corresponds
to a sum-rate of %&(5) ~ 1.4406, which already largely beats the best known zero-error
achieved sum-rate of log,(240/6) ~ 1.3178 [MOO05]. These results are summarized in the

following theorem:

Theorem 4.18. We have that (log2(72) 10g2(72)> € CJS(Wgac) but (%7 %) ¢
C(Wgac), and as a consequence, we have that C(Wgac) S CN(Wgac).

10g2( 2)

Proof. Since 22~ s = 72 and numerically SN3(W§$x5, 72,72) = 1 thanks to Corol-
lary 4.13, we get that (10g2(72) 10g28(72)) € CNS(WB Ac) by Proposition 4.11. However,

10g28(72) + log28(72) > 3 s0 (log?(m) log2(72 ) ¢ C(Wgac) by Theorem 4.1 applied to

Waac. Since C(Wgac) € CN°(Wgac) and CO (Wgac) € CNS(Wgac), we thus get that
C(Wiac) S CNS(Wgac). O
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0.75

Ry

0.5

--- C(Wsac)

0.25 || -+ - Best Inner Bounds on Co(Wgac)
0025 (Whac)

= C)23(Waac)

Figure 4.4 — Capacity regions of the binary adder channel Wgac. The black dashed curve
depicts the classical capacity region C(Wgac), whereas the grey dashed curve shows the
best known inner bound border on the zero-error classical capacity region Co(Wgac), made
from results by [MOO05, vdBvT85, KLWY83]; see [MOO05] for a description of this border.
On the other hand, the continuous curves depict the best zero-error non-signaling assisted
achievable rate pairs for respectively 2, 3 and 7 copies of the binary adder channel.

4.4.2 Non-Signaling Assisted Achievable Rate Pairs With Non-Zero
Error

We have analyzed the non-signaling assisted capacity region through zero-error strategies
and applied it to the BAC. However, if some noise is added to that channel, its zero-error
non-signaling assisted capacity region becomes trivial (see Proposition 4.21). Thus, the
previous method fails to find significant inner bounds on the non-signaling assisted capacity
region of noisy MACs.

In this section, we use concatenated codes to obtain achievable rate pairs, and apply it to a
noisy version of the BAC:

Definition 4.3 (Concatenated Codes). Given a MAC W and a non-signaling assisted code
P, let W[P] : [k‘l] X [kQ] — [@ with W[P] (j|1122) = le,m,y W(y|x1x2)P(:L‘1x2j]i1i2y):
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| 4 a] ul

WP] = 1474 P(z122]liri2y)

I T

x1

Z2

Note that W[P] is a MAC since W[P](j|i1i2) > 0 and:

ZW [Gilivie) = > Wylzmiza) > P(z1zajlirioy)

T1,T2,Y J

= Z (Z W(y|:1:1:c2)> P(z122]i1i2) since P is non-signaling

1,22 Y

= Z P(.ﬁlﬂj‘Q‘Z’lig) =1.
1,22

(4.48)

The following proposition states that combining a classical code to a non-signaling strategy
leads to inner bounds on the non-signaling assisted capacity region of a MAC:

Proposition 4.19. If P is a non-signaling assisted code for the MAC W, we have that
C(W[P]) C CNS(W).
Proof. Let (R1, R2) € C(W/[P]). Then, by definition, we have that:

lim S(W[PJ", [277], [2Ren]) 1.

n——+o00

Let us fix ¢ > 0. For a large enough N, we have S(W [P]®V, [2faN] [2F2NT) > 1 —¢. Let
us call 1 := [2F1N7] and £y := [2F2N]. Thus, there exists encoders e; : [¢(1] — [k1], ez :
[la] — [k:g] and a decoder d : [¢{] — [¢1] X [¢2] such that:

e Z W ’leQ Z el(z’l\al)eg(ig\ag)d(alaz\j) > 1—¢.

2 iz, a1€[l1],a2€[l2]
In particular, we have:

— Y W(ylzizs) > P(aiwajliviay)er(in]ar)es(izlaz)d(araz|j) | > 1—¢.

Z‘l,l‘Q,y 1,12,5,01,02

Define P(wlxg(blbg)\alagy) = Zi1,i2,j P(x1$2j|i1i2y)el(i1|a1)62(i2|a2)d(blb2|j). One
can easily check that P is non-signaling, and thus:

1 N
SNS(WEN 0y, 8p) > " > W(ylzize) > Paiaa(ar, az)|arazy) > 1 —¢ .

Z1,22,Y ai,a2
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This implies that lim SNS(W®n [2F1n] [2F2n]) = 1,ie. (Ry, Ro) € CNS(W). O

n—-+00

Thanks to Proposition 4.19, we have for any non-signaling assisted code P, C(W®"[P]) C
CNS(Wen). But if (Ry, Re) € CNS(W®"), we have that (%, %) € CNS(W). Thus,

applying Theorem 4.1 on W®"[P] leads to inner bounds on C™5(W):

Proposition 4.20 (Inner Bounds on CNS(W)). For any number of copies n, number of
inputs k1 € [|X1|"] and k2 € [|X2|"], non-signaling assisted codes P on inputs in [k1], [k2]
for W and distributions q1, g2 on [k1], k2], we have that the rate pairs (R, R2) satisfying
the following constraints are in CN>(W):

I(IlJ|IQ) R2< I(IQJ|Il) R1+R2< I((Il,IQ)J)

n n n

R <

for (I1,I3) € [ki] x [kq] following the product law q; X qo, and J € [{] the outcome of
WP on inputs I1, I>. In particular, the corner points of this capacity region are given by:

(I(h ) 1D J)) " <I(11 ) (2 J|0) ) |

Proof. The achievable region comes from the previous discussion. We just need to prove

I(11:J|12)

that the corner points are of the given form. If Ry = , constraints on Ry and

R1 + Rs leads to a maximum Ry = min (1(12;;]‘11) I((Il;fg):‘]) - 1(11;7\12)). However,

I((I1,I2) : J) — I(I : J|I2) = I(I3 : J) by the chain rule. We only need to show that
I(Iy : J) < I(I3 : J|I1) and the proof will be complete, since the other corner point is
symmetric. We have:

)

I(Iy: J) = H(Iy) — H(I2|J) = H(I2|I1) — H(I2|J)

(4.49)
< H(I|I) — H(L|Jh) = I(Iz: J|I1)

the second equality coming from the fact that [; and I5 are independent, and the inequality
coming from the fact that H(A|BC) < H(A|B) forany A, B, C. O

Application to the Noisy Binary Adder Channel We will now apply this strategy to
a noisy version of the BAC. We will consider flip errors €1, €2 of inputs z1, z2 on Wpac,
which leads to the following definition of Wgac ¢, &,:

Yy, x1, 22, WBaCe1 00 (Y|z122) = (1 — €1)(1 — €2) Waac(y|z122)
+e1(1 — e9)Waac(y|Z122)
+ (1 — e1)eaWrac(y|z1732)

+ e169Waac(y|T172) .

(4.50)

First, let us note that the zero-error non-signaling assisted capacity region of Wgac, ¢, is
trivial for e € (0, 1):

Proposition 4.21. Ife,e9 € (0, 1), then CS (Waace,.,) = {(0,0)}.
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Proof. IfSNS(W®™ ky, ko) = 1, then Vy™, 27, 2% : WO (y"|2]2d) > 0 —> Tan gn yn =
Da7 zp- Indeed, we have for an optimal p, 7 that:

1
ks

1
& —
S ok 2 W ey = 1

] ,Ty,y"

SNS(W®na k1, ko) = Z W®n(yn’x?xg)rx’f,m§,y"

n ,n
T1,Ty yn

(4.51)

which implies the previous statement. But, for WS{LC ey o0 ONE can easily check that
for all y", 27, 2%, W& (y"|21x%) > 0 since £1,e5 € (0,1). Indeed, one can flip the
inputs to a valid preimage of the output. Thus if SV (Wgie c1.e0 k1, k2) = 1, we have
that Vy", 27, 25, Tgn gnyn = Pzt gn. In particular, this implies that Zw?,xg, Tan anyn =
Zx?,x% Pay ap, therefore 1 = k1ko, so k1 = 1 and kg = 1. Thus SNS(Wwen gnf onkz) —

1 implies that (R;, R2) = (0, 0). O

We have then applied the numerical method described in Proposition 4.20 to Wgac,e, «,
for the symmetric case £1 = e = ¢ := 1073, Since it is hard to go through all non-
signaling assisted codes P and product distributions ¢1, g2, we have applied the heuristic
of using non-signaling assisted codes obtained while optimizing SN (W®™ ki, k) in the
symmetrized linear program. We have combined them with uniform ¢, g2, as the form of
those non-signaling assisted codes coming from our optimization program is symmetric.
We have evaluated the achievable corner points for all k1, ko < 2™ for n < 5 copies which
led to Figure 4.5: Compared to the noiseless binary adder channel, we can first notice
that the classical capacity region is slightly smaller, with a classical sum-rate capacity of
1.478 at most. On the other hand, although the zero-error non-signaling assisted capacity
of Wgac,ec is completely trivial, we have with our concatenated codes strategy found
significant rate pairs achievable with non-signaling assistance. In particular, we have
reached a non-signaling assisted sum-rate capacity of 1.493 which beats the best classical
sum-rate capacity. Thus, it shows that non-signaling assistance can improve the capacity
of the noisy binary adder channel as well.

4.5 Relaxed Non-Signaling Assisted Capacity Region and
Outer Bounds

A natural question that arises when studying the strength of non-signaling assistance is
whether a result similar to Theorem 4.1 can be found to describe by a single-letter formula
the non-signaling assisted capacity region of MACs. In particular, dropping the constraint
that (X1, X») is in product form in Theorem 4.1 seems to be a particularly good candidate
to characterize the non-signaling assisted capacity region of MACs, as this looks quite
similar to allowing correlations between parties.

We have not been able to show the equivalence between this region and the non-signaling
assisted capacity region; however, it turns out to be equivalent to the capacity region

defined by a slight relaxation of non-signaling assistance, which we call SN5(W, k1, k2). In
particular, this will give us the best known outer bound on the non-signaling capacity.
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0.75

Ry

0.5

0.25 .- C(WBAC7575) fore =103 |
—e— Zero-Error Non-Signaling Capacity Region

—=— Non-Signaling Achievable Points for 3 Copies
—— Non-Signaling Achievable Points for 5 Copies .

| | |
0 0.25 0.5 0.75 1
Ry

Figure 4.5 — Capacity regions of the noisy binary adder channel Wyac - for ¢ = 1073.
The black dashed curve depicts the classical capacity region C(Wgac ¢«) which was found
numerically using Theorem 4.1. The red point depicts the zero-error non-signaling assisted
capacity region (Proposition 4.21). The blue curve depicts achievable non-signaling assisted
rates pairs obtained from C (Wg)c,a,s[P]) through the numerical method described in
Proposition 4.20.

Definition 4.4.

NS . 1
SNS(Wkl,kQ) = ma)%)mze T Z W (ylz122)7T2 20,y

71,72,y
subject to Z Toraey < 1
1,22
Z Pzri,z0 = k1k2
T1,72 (4.52)

Zprhm > ki Z Tzy,@a,y
T T
me,xz > ks Z Tay,22,y
T2 2

0 <7z 20y < Parao

The following proposition shows that this is indeed a relaxation of the non-signaling
constraint.

Proposition 4.22. SNS(W, ky, ko) < SNS(W, ky, ks).

91
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Proof. Let us take a solution (pz, 2o, "1 0,y 7"31317332721, T:%l,xg,y)xlexl o€ X yey Of the linear
program computing SN5(W, k1, k2). Let us show that (Pz, 2y, 721,22,y 21 €41 w2 X0,y 18
a solution of the linear program computing SN (W, k1, k) with a same objective value,
from which the proposition follows.

They have indeed the same value, since the definition which is the same for both programs
depends only on 74, 4, . Let us show that all constraints are satisfied for the solution

(p:m,ﬂcza r33173327y)-'51 €X1,x2E€X2,y€Y-
We have >, . Tay 25y = 1 < 1 so the first constraint is satisfied. We have then that:

2
D Porar =K1 D 1oy = hiky D Tovaay = kaka

T1,T2 x1,T2 x1,T2
so the second constraint is satisfied.

For the third constraint (and symmetrically the fourth constraint), we have:

_ 2
Do Peras =R Ty 2 R Terany -
1 xT1 1

Finally, we have directly 0 < 74, 25,y < Pay 2, 50 the last constraint is satisfied. O

We can now define the relaxed non-signaling assisted capacity region of a MAC W using

Definition 2.12 by CNS(W) := C[SNS|(W).

Proposition 4.23. CVS(W) is convex.

Proof. We only need to show that for all MACs W, W’ and integers k1, ko, k], kb:
SNS W @ W, bk, kak) > SNS(W. k. ka) - SNS (W, K K5

thanks to Proposition 2.15. Let us consider optimal solutions (pz, 2y, T'z1 20,y )21 €X1 w2 € Xo,yeY

/ 7,/
’ ’ ’ ’ 2
T1,xy 7 T, T,Y

and (p )al X! ahex ey of the programs computing SNS(W, k1, ko) and

SNS(W', K kb) respectively. We construct a solution of the program computing the
success probability SNS(W @ W', k1 k), kokb) by defining:

* L / * L /
pxlx’l,xzxé = p$17$2px/1,x’2 and rx1x’1,xgz/2,yy’ = rﬂ?l@%fyrx’l,xg,y/ ’

as W@ W' : (X x X) x (X x &) — (Y x)Y'). Itis straightforward to check
that it is a valid solution. Indeed, linear constraints are preserved by product, except for
C(Eﬂ'lcients k1, ko which are replaced by products k1% and kok}. Therefore, we have that
SNS(W @ W', k1K, kaokb) is larger than or equal to:
1
k1K) koKl
1
= W Z W(y|$1$2)W,(y,|5U/1$,2)7"x1,x2,y7";/1,m/2,y/
1 2 Il,rll,mﬁly%yl (4‘53)

1 1
= <k1k2 Z W(y|$1x2)rx1,x2,y>' kKL Z W’(y/|x/1$/2)7“;/1’$/27y/

x1,22,Y 12 $'1,$'2,y’

Z (W ® WI) (yy/|x1x/1$2$l2)rzlx/1,mzx'2,yy’

/ / /
T1,X7,22,T9,Y,Y

— SNS(W, ky, ko) - SNS(W, K], ) -
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O

A direct property that follows from this definition and Proposition 4.22 is the fact that the
non-signaling assisted capacity region is included in the relaxed non-signaling assisted
capacity region.

Corollary 4.24. CNS(W) C CNS(W).

We present now the main result of this section, the characterization of CWS(W) by a
single-letter formula.

Theorem 4.25 (Characterization of CN5(W)). CNS(W) is the closure of the convex hull of
all rate pairs (R1, Ry) satisfying:

R < I(Xl : Y|X2) , Ro < I(XQ : Y|X1) , R+ Rs < I((Xl,XQ) : Y) ,

for (X1, X2) following some law Px, x, on X1 X Xa, andY € Y the outcome of W on inputs
X1, Xo.

Remark. Note that the only difference with the classical capacity region of MACs in Theo-
rem 4.1 is that the joint distribution of X; and X5 does not have a product form constraint
here.

The proof of Theorem 4.25 will be divided in Proposition 4.31 (outer bound part) and
Proposition 4.33 (achievability part). But first, let us apply these results to the binary adder
channel.

Application to the Binary Adder Channel Let us determine the relaxed non-signaling
assisted capacity of the binary adder channel which will be plotted in Figure 4.6.

Proposition 4.26. CVS(WBAC) has the following description:

NS (Whac) = U {(Ri,R2): Ri<h(q),Ra<h(q),Ri+Ry<q+h(q)}.

¢€[3.3]

Remark. Note that for ¢ = %, the bound becomes R1 < 1, Ro < 1,R1+ Ro < % and when
q= % the bound becomes R; < logy(3) — %, Ry <'logy(3) — %, R + Ry <logy(3).
NS

Proof. We use the characterization of provided by Theorem 4.25.

Let us consider an arbitrary Px, x, = (poo, Po1, P10, p11)- First, we have that I((X;, X») :
Y)=HY)—- HY|X:1X2) = HY) since Y is a deterministic function of (X7, X3).
Then, we have that I(X; : Y|X2) = H(Y|X2) — HY|X1X2) = H(Y|Xy) for the
same reason. Furthermore, given X5, Y is a deterministic function of X, so we have
I(X;:Y|X2) = HY|X2) — HY|X1X2) = H(X1|X2). Symmetrically we have as well
I(Xs:Y|X1) = H(X5|X1). Inall, CN3(Wgac) is equal to:

U {(Ri,Ry): Ry < H(X1|X2), Ry < H(X5|X1),R1 + Ry < H(X1 + X2)} .

Pxyxy
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4. MurTIPLE-ACCESS CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

Let us call B1(Px,x,) = H(X1|X2), B2(Px,x,) = H(X2|X1) and B12(Px,x,) =
H (X1 + X5) the three bounds. Let us call Ps %, = = (p11, P10, Po1, Poo)- One can notice
that:

(X1[Xs) = H(l — Xu|1 — Xo) = H(X1|Xa) = Bu(Px,x,) |
(1= X[l = X3) = H(X2|X1) = B2(Px, x,)
Bia(Px x,) = H(X1+X2) = H(1 - X1 +1 - X»)
=H(2 - (X1 + X2)) = H(X1 + X2) = B1a(Px, x,) -

(4.54)

Since Blg(PX1X2) = H(Xl + XQ) = H(pO(bplprl + plo), it is concave in PX1X2 as H
is concave and (pgo, P11, po1 + P1o) is linear in Px, x,. Also, B1(Px,x,) = H(X1|X2) =
—D(Px,x,||I ® Px,) is concave in Px, x, as the divergence D is jointly convex and
I ® Px, is linear in Px, x,. By symmetry, Ba(Px, x,) is as well concave in Px, x,. Let us
consider any of those three bounds, which we call B. We have by concavity of B and the
fact that B(Px, x,) = B(Pg %, ):

B(Px,x,) + B(Px.+.)
B(Px,x,) = - 5 X1X

1—q 1-
-p(L 00,

<B

(PX1X2 il PX1X2>
2

(4.55)
27 2 7 2 72
with ¢ = pgo + p11. This holds for the three bounds at the same time, so we can re-

20 2 00 2 02
PX1X2 (07 0) PX1X2(17 1) 2 2 and PX1X2 (0 1) PX1X2( 0)
We have Py (0) = Py(2) = £ and Py (1) = 1 — g, so:

strict ourselves to the distributions of the form (3 129 129 4 7) for some ¢q € [0,1], i.e.,

Bua(Px,) = HY) = ~glog(3) = (1 - a)log(1 ~ 0

= —q(log(q) = 1) — (1 — ¢) log(1 —q)
=q+h(q) -

(4.56)

We have Px, (0) = Px, x,(0,0) + Px, x,(1,0) = £ + 159 = L 50 Py, (1) = 1. Thus:

1 1
By(Px,x,) = H(X1|Xs) = SH(X| Xz = 0) + SHX| X, = 1) .

We have Py |x,—0(0) = %2(((%’0) = ¢ so H(X1|X2 = 0) = h(g). On the other
2

PX%Q(%’U = g sowe getas well H(Y| Xy = 1) = h(q),
2
and B1(Px, x,) = H(X1|X2) = h(g). Symmetrically, we also get B2(Px,x,) = h(q).

Therefore, we get that CN(Wgac) is the closure of the convex hull of:

U {(Rl,Rg)tRl <h(q),R2<h(q),R1+R2 <q+h(q)}.
qe[ovl]

hand, we have Py, |x,-1(1) =

However this set is already convex, so we have:

CNS(Waac) = |J {(R1,R2) : Ry < h(q),Ra < h(q),Ri+ R <q+h(a)}.
g€[0,1]
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Finally, we can restrict ourselves to ¢ € [%, %}, since h is increasing from 0 to % (thus

q +— q + h(q) as well), and the fact that ¢ — ¢ + h (q) achieves its maximum for ¢ = %
with % +h (%) = log,(3) and then decreases (whereas h is decreasing from % to 1), which

completes the proof. O

As before, one can also define a symmetrized version of the relaxed linear program com-
puting the value SNS(W®” &y, ky) in polynomial time in 7 and compute the zero-error

n-shots capacity region by looking at the rates where SWS(W®”, k1, ko) = 1. We have
computed this up to 7 copies of the binary adder channel, which led to Figure 4.6:

0.75

Ry

0.5

0.25 |
—C:27(Whac)
— o2 (Waac)
| | |
00 0.25 0.5 0.75 1

Ry

Figure 4.6 — Comparison of relaxed and regular non-signaling assisted capacity regions
of the binary adder channel. The black dashed curve depicts the classical capacity region
C(Wgac), whereas the grey dotted curve depicts the relaxed non-signaling assisted capacity

region CN5(Wyac) as described in Proposition 4.26. In particular, the curved corners are
obtained by taking Ry = h(Rz2) for Ry € [%, %} and symmetrically by switching the roles
played by R; and Rs. The continuous blue (respectively red) curve depicts the zero-error
(respectively relaxed) non-signaling assisted achievable rate pairs for 7 copies of the binary
adder channel.

The first noticeable result coming from these curves is that the values SNS and SNS differ.
While the highest sum-rate of ZILW o~ 1.5406 is achieved on 7 copies of the binary
adder channel with zero-error and non-signaling assistance, coming from the fact that

SNS(WST,42,42) = 1, we have that SN (W1, 44,44) = 1 > SNS(WET 44, 44) ~
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0.9581 which implies that a sum-rate of ngwl) ~ 1.5598 is achieved on 7 copies of

the binary adder channel with zero-error and relaxed non-signaling assistance. It also
largely beats the best found sum-rate of W o~ 1.5425 achieved on 8 copies with the
regular version. However the fact that the non-signaling assisted capacity region is strictly
contained in the relaxed one is still open, as the same rates could potentially be achieved
by the cost of using more copies of the channel.

4.5.1 Outer Bound Part of Theorem 4.25

In order to prove Proposition 4.31, we use a connection between hypothesis testing and
relaxed non-signaling assisted codes as established in [Mat12] for point-to-point channels.

Definition 4.5 (Hypothesis Testing). Given distributions P© and PM) on the same
space C, we define 31_.(P(®), P1)) to be the minimum type II error 3, T, PM(r)
that can be achieved by statistical tests 7" which give a type I error no greater than ¢, i.e.
ZTEC TTP(O) (’I“) >1-e

In other words, we have that:

ﬂl—a(P(0)7P(1)) = min:ipmize Z TrP(l)(r)

" reC
subject to Z TTP(O)(T) >1—¢ (4.57)
reC
0<T. <1.

Lemma 4.27. For any relaxed non-signaling assisted code (Dyy wo, Ty o,y )21 €X1 02 € X0, y€Y
r1,%2

with (ki, k2) messages and a probability of success 1 — ¢, if Px, x,(x1,x2) = pkle and
Y € Y is the outcome of W on inputs X1, Xa2, we have:

1
B1-e (PX1X2Y7PX1X2 X PY|X2) <=

k1
1
Bl—s (PXngY,PX1X2 X Py|X1> < kf (4.58)
2
1
51—6 (PX1X2Y7 PX1X2 X PY) S PR
kiko

Remark. These three bounds are actually achieved with the same statistical test.

Proof. This result is a direct generalization of Theorem 9 in [Mat12] for point-to-point
channels, itself a generalization of Theorem 27 in [PPV10] without non-signaling assistance.

Let us name Wy := W and W; a MAC yet to be defined. The coding strategy described by
T2y w0,y a0d Pz, 2, leads to a probability of success on channel i € {0, 1} given by:

1

l—¢ = Fiks Z Ty oy Wily|T172)
1,32,y
_ Ta1,x9,y 0% Pzy,xo : < <
= Z — i(y’$1332)@ since 0 < 74y 25y < Priza (4.59)

. X1,T
Z1,22,Y:Pzq ,zg >0 Pay,@;

p >
= Z Tx1,x2,yvvi(y|$lx2)% )
T1,22,Y 12

96



4.5. Relaxed Non-Signaling Assisted Capacity Region and Outer Bounds

_ Tzy,m0y

with Ty, 2y 1= if pzy 2o > 0,and Ty, 4, 4 1= 0 otherwise.

Pxzq,xo
If now Y is the output of the channel W}, the joint distribution of X, X2, Y is given by
P)(C?XQY(“’@»@/) = Wi(y|z122) Px, x, (1, 22) = Wi(y\$1$2)p1:111§;2.

On the other hand, we have that for all 1, 22,3, 0 < Ty, 4, < 1since 0 < 74 4y <
Dy 2o S0 We get that:

1—¢ = Z Txl,:cg,yp)((?x2y(xl>x2ay) .

T1,22,Y

Since -, 4,y Tm,zz,yP)((Ol)XQy(xlv z2,y) > 1 —¢gpand 0 < Ty, 4, 4 < 1, we have:
ﬁl —¢€o ( P(l) Z Tx17x27yP)((11)X2Y(xl’x27 ) = 1 — €1 -

T1,22,Y

Let us now consider three general cases, depending on the fact that W does not depend on
1, To or both: Wy (y|z12s) == QW (y|zo); Wi(y|z122) == QP (y|z1); Wi (y|zizs) =
Q) (y). These will give respectively the three bounds we want.

First, let us consider the case where W, (y|z122) := Q) (y|z2) (the second case where
Wi (y|z122) == QP (y|x1) being symmetric), we have that:

D1, 1
1—- €1 = Z Tw17$27yQ(1)(y|x2)ﬁ = ﬁ Z Q(l)(y|x2) ZTwl,wz,yprhrz
117127?;’ 2 2 29y 1
1
Z Q (ylz2) Zrm 22y = Tk k Z Q y‘372 prhm
2 2y T2,y ko

1 1 1
_ L Pzyzo ZQ ylzg) = mzi_

ki =, kike k1 o kike R

(4.60)
For the third case, when Wi (y|z122) := Q) (y), we have:
Pzyz 1
l—e1 = Z Tm,mz,yQ(O) (y)ﬁ = W ZQ(O)(?J) Z Tm,m,ypxl,m
1'17372721 172 12 1,22 (4.61)
1 .
kleZQ Z”lm—kk ZQ ks

Z1,T2

In those three cases, we have respectively P)((ll)XQY = Px, x, X ngl‘)X s Px,x, X ng‘)xl ; and

Px, x, X QY Specializing those cases with QY\X = Py|x,i QY\Xl = Pyix,; Qg()) =
Py and using the fact that 31, (P(O), (1)) <1 — g1 concludes the proof. L]

Lemma 4.28. For any relaxed non-signaling assisted code (Du, wy, Ty o,y )21 €X1 02 €X0,y€Y

with (ki, ka2) messages and a probability of success 1 — ¢, if Px, x,(x1,x2) = p;?i;;? and

Y € ) is the outcome of W on inputs X1, Xo, we have:

I(Xl : Y‘Xg) + h(é‘)
1—¢

I(X2 : Y‘Xl) + h(€)
l1—¢ ’

I((Xl,XQ) : Y) + h(€)

1—¢

log(k1) <

i

log(k2) (4.62)

IN

log (k1) + log(kz) <
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Proof. Thanks to Lemma 4.27, with the fact that Px, x, = Px,|x, X Px, = Px,|x, X Px,,
we have already:

)

1

)

IN

B1-e (lexzy, (le\xg X Py|x,

IN

1
x P —,
) X Ky
1
B1e (lexzy, (PXZ\Xl X PY\Xl) x Px T (4.63)
1

Bi—e (Px,x,v, Px,x, X Py) < ——.
k1ks

Following the steps of section G in [PPV10], since any hypothesis test is a binary-output
transformation, by data-processing inequality for divergence, we have that:

d (1 —¢||p1-< (PXngYa (le\XQ X PY\X2) X PX2)>
=d (51—5 (Px, %7 Pxyx,v) || B1—c (lexzy, (PX1|X2 X PY|X2) X sz)) (4.64)
<D (PXngY” (le\xg X PY|X2> X PXQ) =1(X1:Y[Xy),

where the binary divergence is defined by d(a||b) := alog ($) + (1 — a)log (%) and
satisfies d(a||b) > —h(a) — alog(b), and thus:

log<1) < d(al[b) + h(a)  d(a|[b) + h(1 —a) .

a a

This leads to:

log(k1) < log ((51—5 <PX1X2Y’ (PXl\X2 X PY|X2> X P, )> ) e

Similarly for the two other inequalities, since D (PX1 Xyl (PX2| x, X Py Xl) X PXl) =
I(X2 : Y|X1) and D (PXlXQYHPXng X Py) = I((Xl,X2> : Y), we get:
I(X1:Y|X2) + h(e)

log (k1) < =2 |
log(k2) < I(Xs Yllif;) + h(e) | .

log (k) + log (k) < T X Xi)_: z/) +he)
O

In order to show additivity of the outer bound, we use the following lemma.

Lemma 4.29. For any distribution Pxp xp of (XT', X3'), if Y™ € Y™ is the outcome of W™
on inputs X', X3', we have:

-

@
I
—

I(XT:Y"XD) <) I(X1;:Yi|X2,)

IN

@
I
—_

I(X3 - Y"XY) I(Xa,; 1 Y| X14) (4.66)

I((X{L,Xg) . Yn) S I((XL@',XQJ‘) . Y;) .

-

s
Il
—
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Proof. Consider n copies of W. Let us write X1 _; := X1 1... X1,;,-1X141... X1, and
Z" .= 7Z1...Z,. We have:

I(XT - YXY) = I(X? FYTXS)

—ZI X7 Y;| X3Y1) by the chain rule

=1
= nyi—1 & nyi—1 (4‘67)
=) (X1, Y X3Y"TH) 4+ (X Vi XPY'TIX )
n ) ’
=Y I(X1;: Y X3Y'),
=1

where the last equality comes from Lemma 4.30. As a result,

n
(X7 Y"X5) =Y HY|X3Y"™) — HYi| X5V X1;)
i=1
'ln |
=Y HYi|X3Y""') — H(Y;| X2, X1,)
pr (4.68)
since XQ’_iYi_l — (X1, X2,4) — Y; Markov chain.

n n
<> H(Yi|Xoi) — H(Yi| X0 X1,:) = D> (X1, : Vi Xa,) -
=1 =1

Symmetrically, by switching the roles of X; and X3, we get the second part of Lemma 4.29.

For the sum-rate case:

n

I(X7,X3):Y"™) = ZI((X?,X%I) : Y;|Y*1) by the chain rule
i=1
n l . n .
Z (X1, Xo) V[V + > I(X1 =, Xo i) : ViY77 X1 X0,)
=1

n
=30 (K X)XV

since (X1, —;, X2 i) — YiilXLng’i — Y; Markov chain.

=Y HY;|Y"™ ) = HY; Y"1 X1,;X2,)

=1
n
= Z (VY1) — H(Y;| X1 X2,) since Y™ — (X1, Xa;) — Y; Markov chain.
o n
<Y H(Y:) = H(Yi[X2,X1,3) = > I1((X14, Xo4) : Vi) -
i=1 =1
O

We next prove a technical lemma that was used in the previous proof.

Lemma 4.30. For any distribution Pxy xp of (X', X3'), if Y™ € Y™ is the outcome of W™
on inputs X{', X5, we have I(X; _; YHXMXQYFl) = 0.

99



4. MurTIPLE-ACCESS CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

Proof. Let us show that, conditioned on any particular instance of X1 ; = x; 1, X3 = 27,
Yf_l =yl X1,—i and Y; are independent.

We have:
P (Yz =y X1 =21, X5 =2, Vit = yifl) =P =il X1 = w1, Xoi = x2)
= W(yz|x11$21) ,

(4.69)
by definition of the law of Y;. On the other hand, we have that:

n
P(X] =, X3 = a5, Y" = yo) = P(X] = a7, X3 = a}) [[ W(yslor22,) -
j=1
Thus, we have that [P (Xl’l- =1, X0 =23, V] = yi_1> is equal to:

n
> P(XT = o}, X5 = 25) [[ W(y;le1 225)
j=1

n
T1,— 5T YiseYn

i—1 n
= Y PP =21, X3 =ab) [ Wyilergea) [T | Do Wyilerez,) | (@4.70)
T1,—i, Ty j=1 j=t Yj
i—1
= Y P(X{ =1, X5 =) [[ Wylz1m2,) -
T1,—i,Ty j=1
And then, P (Xl,—i =x1,| X1 =21, XY = 932,Y =y~ 1) is equal to:

Yy P(XT = af, X5 = a8) [T721 W (yjlz1 j2,)
Y e PXT =2, X3 = a3) T[;2 W(yjle j22,)

But:

P(X1—z—$1—u Vi =il X1 = @1, X3 = a8, Y]~ y;l)
> an P( =t X§ =x78) j L W(yjlw172,4)
Zml Z,zg]P)( T =at, X5 =a3) ; 11 (yjl@1,522,5)
=P (Xl,—i =x1,| X1 =21, Xy = $27Y1 = yifl) W (yil|z1522,:)

(4.71)
=P (X1, = 21 4| X1 = i1, X3 Y-t =y)
1,—i 1,—i|A1,5 = T41, N9 .’L‘Q, Yy

X IP’( =yl X1 =21, X5 = xgjyli—l _ yi_l) '

Thus, conditioned on any particular instance of X ; = x; 1, X3 = 27, Y =yl X 1,—i
and Y; are independent, and so 1 (X _; : Y\XLZXQYI_ ) =0. O

Combining the previous results gives the desired outer bound.
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4.5. Relaxed Non-Signaling Assisted Capacity Region and Outer Bounds

Proposition 4.31 (Outer bound part of Theorem 4.25). If a rate pair is achievable with
relaxed non-signaling assistance then it is in the closure of the convex hull of all (R1, R2)

satisfying:
R < I(Xl : Y|X2) , Ro < I(Xg : Y|X1) , R+ Rs < I((Xl,XQ) : Y) ,

for (X1, X5) following some law Px, x, on X1 X Xa, andY € ) the outcome of W on inputs
X1, Xo.

Proof. Consider (R;, Ry) achievable with relaxed non-signaling assistance: we have a

sequence of relaxed non-signaling assisted codes for n copies of the MAC W with k; =

2nB1 ko = 272 messages and an error probability e, —+> 0, along with associated
n—-+0oo

distributions of X{'X3Y™.

Thus combining Lemma 4.28 and Lemma 4.29, we have that:

LI(XF YU XG) A hen) 1200 I( X ¢ Vil Xo4) + hien)
n 1—e, n 1—¢,

LI(XG  YXT) + hlen) o 1 300 I(Xa, ¢ Vil Xa) + hien)
n 1—¢, - n 1—¢,

LI((XT, X3) 2 V™) 4 hlen) _ 130000 T((X0i, Xoi) 2 Y5) + len)
n 1—e, ~n 1—¢, ’

Ry

)

Ry

IN

)

Ry + Ry <
(4.72)

Then let us consider some random variable () uniform on [n] and independent of (X', X7, Y™).
Then we can write:
n n
S I(X1 Vil X)) =) (X1 YilXo,,Q = i) = nl(X1q: Yo|X20.Q) -
i=1 i=1

Since Y conditioned on X g and X ¢ still follows the law of the MAC W (y|z122), we
can take X = X g, X9 = X> ¢, and then the output of the channel Y satisfies Y = Y{,,
and thus we obtain:

I(X: Y| Xy, Q) + M)

R <

1—e,
Doing this similarly on the other conditional mutual informations, we get:

I(X) : Y] X2, Q) + Mend

R <

1—e¢,

) h(en)
By < I(X2:Y|X1,Q) + = 7 (4.73)
1—¢,
I((X1, X2) : Y|Q) 4 Men)

n

Ri+ Ry <

1—¢,

By taking the limit as n goes to infinity, since the limit of ¢, is 0, then the limit of @

0 as well and we get that (R;, R2) must be in the set of rate pairs such that:
Ry <I(X1:Y[X2,Q),
R2 < I(XQ : Y|X17Q) ) (474)
Ri+ Ry < I((X1,X2) : Y|Q),

is
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4. MurTIPLE-ACCESS CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

for some uniform () in a finite set, (X, X2) any joint law depending on @), and Y the
output of W on inputs (X7, X»).

Finally, in order to show that this is the right region, one has only to see that the corner
points of this region, such as for instance (I(X; : Y|Q), (X2 : Y|X1,Q)), are finite
convex combination of the points (I(X; : Y|Q = ¢q), [(X2 : Y| X1, Q = ¢)) which are all
in the capacity region of the theorem by taking (X1 X2) ~ Px, x,|Q—q- This implies that
(R1, R2) is in the convex hull of that region, so we can drop the random variable () and
the proof is completed. O

The main consequence of that outer bound on the relaxed non-signaling assisted capac-
ity region is that it holds also for the non-signaling assisted capacity region thanks to
Corollary 4.24:

Corollary 4.32 (Outer Bound on the Non-Signaling Assisted Capacity Region). If a rate
pair is achievable with non-signaling assistance, then it is in the closure of the convex hull of
all (R1, R2) satisfying:

R < I(Xl Y|X2) , Ro < I(X2 : Y‘Xl) , R+ Re < I((Xl,XQ) : Y) R

for (X1, X2) following any law Px, x, on X1 X Xa, andY € Y the outcome of W on inputs
X1, Xo.

4.5.2 Achievability Part of Theorem 4.25

In order to construct the relaxed non-signaling assisted code for achievability, we will use
the notions of jointly and conditional typical sets described in Section 2.2.2:

Proposition 4.33 (Achievability part of Theorem 4.25). If a rate pair is in the closure of the
convex hull of (R1, Ro) satisfying:

Ry < I(Xl : Y|X2) , Ro < I(Xg : Y‘Xl) , R+ Ro < I((Xl,XQ) : Y) ,

for (X1, Xs) followingg)me law Px, x, on X1 X X, andY € Y the outcome of W on inputs
X1, Xo, then it is in CNS(W).

Proof. Let us fixe,e’ € (0,1) such that &’ < ¢ < 1. Let n € N which will be chosen large
enough during the proof.

We consider n independent random variables (X1 ;X5;Y;) ~ Px, x,y, following the
distribution PXngY(wl,ia T2, yi) = W(yi’x1,i£€2’i)PX1X2 (xu, .21?2,2'). We call PX:’IHX;Yn
the law of their product. We have then Px» xy (27, 2%) = [[iL1 Px,x, (21,4, 2,0)- IfY is
the output of W®" on X' X7, we have that:

Pynxny (21, 22,9") = W (y" a7 ay) Pxy xp (a7, 25)
n
=W (y*atah) | Pxixo (w14, 22,4)
=1
(4.75)

|
=

W (ys|z1,iw2,:) Px, x5 (21,4, ©2,i)
1

..
I

Il
=

Px, x,v (21,4, 2,4, i) -
1

-.
Il
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4.5. Relaxed Non-Signaling Assisted Capacity Region and Outer Bounds

Thus, Y follows the product law of Y;, i.e. Yy =Y"

Let us consider (1, Cy, C'3 some positive numbers independent of 7 and € which we will
define later, ky = 2%, ky = 272 integers with (R1, Rs) positive rates such that:

1
Rl SI(X12Y’X2)—E—C16,
1
R2 < I(X2 : Y’Xl) — H - CQS s (4.76)
1
R1+R2§I((X1,X2)ZY)—E—C:J,&.

We define a solution of SVS(W®”, 2nfi onkz) in the following way:

Ri+R
an(ft Q)PXIIXQ(I?IS)

if (‘T?7$g) S 75-:n(X17X2) )

o Pxnxn(z?,xl
pw?7x§ = Z(m?,mg)eTE"(Xl,X2) X1 X2( 1:73)

0 otherwise .

and:

ronn — pfﬁ?@; lf(l‘?,.%'g,yn) € 7;7}(X17X27Y) )
ey 0 otherwise .
By construction, the constraint 0 < Tgn gnyn < Pgn gn 1S satisfied. We have also that:

Y Papay = >

n n
@ (27,23 €T (X1, Xz2) 2 (ar ap)eTr (X1, x2) Pxpxg (21, 23)

which is equal to kiko. If (z7,2%,y") € T2(X1,X2,Y), we have that (27,2%) €
TN X1, X2) € T'(X1, X2), so in that case:

2n(R1tR2) Py (27, 2

’]"In " yn frd .
1972 n n
Yepap)eTr (. x2) Pxpxy (a1, 23)

Ify™ & T2/(Y), thenforall (7, z%), (27, 2%, y") & T (X1, X2,Y), so D e ap Tl el yn =
0 <1 in that case.

Otherwise, if " € T}(Y"), then:

n n
Sor gn(o-t ) 2t aET (0 Xoly) Pxpoxg (0, 23)
xTwyyt T

n mn
zxy Z(ﬂf?wg)eﬂ"(xh)ﬁ) Pxpxp (e, 23)

n n
< gn(Ri+R) S p)ET (X Xaly) Pxpxp (21, 25)

2oy ) eTo (X1, X0) Pxpxp (a1, 45) (4.77)
< gnlia+iy 2" CIICOXD TR (X, Xoly”)
< 2 n(LH)H(X1.X2)  [T(Xq, Xo)|

— 2n(R1+R2+2€H(X1,X2)) |7;n(Xl’ X2|yn)|
| T2M(X1, Xo)|

since (27, zy) € T'(X1, X2)
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4. MurTIPLE-ACCESS CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

But |7*(X1, Xo|y™)| < 2r049H(X1.X2Y) and for a large enough n, |T24( X1, X5)| >
(1 —g)2r1-9H(X1,X2) > 2”((1_5)H(X1’X2)_%), so in that case:

2n(1+€)H(X1,X2|Y)

Z I 2n(R1+R2+2£H(X1,X2))
22l Yt >

n LN
1131 ,11)2

gn((1—e)H (X1,X2)—1) (4.78)

_ 2n(R1+R2—I(X1,Xg:Y)—f—%—i—Cga) <1

)

since I(X1,Xo:Y)=H(X1,Xo)—H(X1,Xo|Y)and Ry + Ry < I(X1,X2:Y) — % —
Cse, with C3 := H(Xl,X2’Y> + 3H(X1,X2)

Let us focus on the constraint Zz? Pap an = k1 Exlb Tan af ym (the symmetric constraint
ng Patan = ko ng Tan a yn will be achieved for symmetric reasons).

Letusfix (af,y"). If (%, y") € T)H(X2,Y), thenforall 27, (7, 2, y") € T (X1, X2,Y),
thus rzn 4n ,n = 0 and the constraint is fulfilled. Let us assume that (z3,y") € T2/(X2,Y).
Since 17 4p n > 0 implies that (27, 23,y") € T/(X1, X2,Y), we have that:

n n = n n = n n

Z Tat @y Z Tal xym Z Dat 2y -
n

Ty

L €T H( X lzg ™) TP ETH(Xalzy y™)

Thus:

n n
Zx? Dy zn 1 leeﬁn(xlug) Pxnxp (21, 2%)

= 7 no.n
k1 Zaﬂf Tal B yn k1 21167’;}(X1|x;‘,y") PX{LXQ (1‘1 ’ x2)

1 Yaetr(xaley) Pxpxp (af, 23)

k1 et (X ag ym) Pxpxy (21, 23) (4.79)
12RO 70 (X, o)

= ky 27 (=) H(XLXe) | T (X |28, y™))|

> 2TL(—R1_25H(X17X2)) |7;n(X1“r£L>‘ .
B |72 (X2, 57))]

But |7(X1|af,y")| < 2n(HeAERY)

< and for a large enough n we have Vzi €
TR(Xy), [T(X1|aB)| > (1 — e)2n(l=9H X 1X2) > on((-2)H(X11X2) =) 5o we get with
Cy := 2H(X1, X2) + H(X1|X2Y) + H(X1]|X2) (symmetrically Co := 2H (X1, X2) +

H(XQ‘XlY) —+ H(X2|X1))

—~ o~

2an Paf S gn(H(X1|X2)— L~ H(X1|X,Y)—R1—C1e)
k1 lgn Tan ay yn (4.80)
_ 2n(I(X1:Y|X2)—%—Cls—R1) >1.

For a large enough 7, all constraints are satisfied, thus (pzn 27, 727 2 4 ) is a valid solution.
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4.6. Independent Non-Signaling Assisted Capacity Region

Then:
~q 1
NS Ri onR
STV 2 s > WE (" a1 23) g g
(7,25 y™)ET S (X1,X2,Y)
_ 3 Pxpxpyn (2], 23, y") Pxpxy(af,23)

n n n n
(z 2y y™) €T (X1,X2,Y) PXILXS (a1, 25) Z(m?,x?)eﬁ”(XhXQ) PX{LX; (x, z%)
n n n
2 ag ) eTH(X Xa,y) PXpxgye (a1, 23, y") )
- —
n n )
Yo (ar ap)eTn(X1,0) Pxpxg (2, 23) n—-+oo

(4.81)

since typical sets cover asymptotically the whole probability mass. Thus, we get that
SNS(wen onfi onRz) . gince SNS(W®n 2nfi 9nf2) < 1. Therefore, for suffi-

n—+o0o
ciently large n we can achieve a rate pair arbitrarily close to the outer bound. Finally, since

Cm(W) is closed and convex, a rate pair that is in the closure of the convex hull of the
initial region is also in CN>(W), and thus the proof is completed. O

4.6 Independent Non-Signaling Assisted Capacity Region

The goal of this section is to show that independent non-signaling assistance does not
change the capacity region of a MAC W, i.e. that CN5s& (1) = C(W). In order to prove
this result, we will need some properties in the one-sender one-receiver case from [BF18]
recalled in Section 2.3.

Let us state our result on independent non-signaling assistance, which says that even in

one-shot scenarios, the success probability with and without that assistance are close:

Theorem 4.34. For any {1, k1,2, ko, Ssum(W, €1, {2) is larger than or equal to:

[k T\ ko 1\2\ Y ons
—l1-(1-— = 1-(1-— SansE (W, ki, k2) .
mm(&( ( /ﬁ) )’&( ( k2) surt (W . F2)

In particular, this will imply that the capacity regions are the same:

Corollary 4.35. CNSsr (W) = C(W).

Proof. We will show that CNSSE (TW) = Cyum (W), which is enough to conclude thanks to

sum

Proposition 4.2 and Proposition 4.3. We apply Theorem 4.34 on the MAC W®",

Let us fix ky = 2"t ky = 2072 and ¢, = 22

nR. .
0y = 2°2 Since:
n

n

k 1\* k ¢ 14
“l1-(1-2= >Y(1oe k) >1-— —
z(l (1 k))‘é(l H)z1ogp

_ b 1 L 1 _ 1 .
and 1 2k1_1 2k2_1 55> We get:

1 2nR1 2nR2
on ) Sum n n '

(1 _ ) SNSSR(W®", 27’LR1, 2nR1) S Ssum <W®n, ’
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4. MurTIPLE-ACCESS CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

As1 — ﬁ tends to 1 when n tends to infinity, we get that Ve > 0,dN € N,Vn > N:

log(n) log(n)
(1— 5)SNSSR(W®TL7 2711’%17 2nR1) < Ssum(W®n; 2n(R1—gT)7 2n(R2—gT)> .

sum

Thus, if 1ir41_1 SNSsr (j7@n gnfi 9nfi) — 1 we have that for all R < Ry and R < Ro:
n—-+0oo

lim Sgum (W, 271 2nf1) > 1 — ¢

n—-+oo

Since this is true for all ¢ > 0, we get in fact that lir}rl Seum (W™, 2714 9nf) — 1. This
— 400

n
implies that CNSSR (W) C Cyum(W), and thus that the capacity regions are equal as the

other inclusion is always satisfied. O

In order to prove Theorem 4.34, we will need the following lemma:

Lemma 4.36. If S1, 52 are classical codes (i.e. multisets with elements in X1, X>) of size

£17€2:
1 (fWS%MQ(Sl) N st%l,zl (52))

Ssum VV,K ,€ 2 5

(W-h.t2) = 5 0 2

where I/VélvM2 is the channel defined by ngz’b (ylz1) = é Z%:l W (y|z1S%) and similarly
for Wghﬂl'

Proof. Let us define e (x1]i1) := ﬂsil_wl and ey (w2)io) = 1, 2y Then for fixed y, let
L 2 .
us take j¥ € argmaxil{z& W (y|S1'Sy)}, 35 € argmaxh{zg1 W (y|SiS5?)} and

i0=1 i1=1

then define d(j1|y) := L —jv, d(jaly) = 1;,—ju. We have then:

1 ]lilziy + ﬂi2:iy
> — i i —1 -2
Ssum(W7 617£2) = £1£2 ; i2§x2 , W(y|w1$2)lsll _— ]1522:1'2 2
1 it erigy Lig=i¥ T Lip=2
= mz W(y‘511522)41 - 5 —
11,22,Y
1 1 Y i i1 oty
= 0ty Z B Z W(ylSy' S5°) + Z W (y|S'So?)
Yy 2 i1
1 1 i1 qi i1 qi
= 0ty Z By (n%flix Z W(y|S7155) + Hgix Z W (ylSy! Sf)) (4.82)
Yy 12 i1
L (Zymaxy [& Do WOISHSP)]  Tymaxs, [f 50 WIST57)
2 0 ly
_ L (ymaxi, Ws, 0, 0IST) | &y maxi, W3, (4155)
2 /q Uy
1w, (51 fwz | (52)
=3 0 T4 '
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We have now all the tools to prove Theorem 4.34:

Proof of Theorem 4.34. Let us consider an optimal solution 7!

Proposition 4.8 computing SNos (W, ky, ko).

sum

,72,p', p? of the program of

Let us fix some multiset S5 with elements in X5 of size £5. Note that ' and p! are a feasible

solution of the program of Proposition 2.17 computing SNS(WL%Q’ 0, k1). As a result, we

can apply Theorem 2.18 and get the following statement. For the multiset S; obtained by
1

choosing ¢; elements of & independently according to the distribution (p,:ll> , we

T1E€X1

have:

fwe (SO 1\4) 1
Sg,t 1 1 1
Eg, {2512 > o <1 - <1 - 7{?1) ) : kja;yWsz,eQ (Ylz1)rs, 4 -
Now, let S5 be the multiset obtained by choosing /5 elements of X5 independently according

2
to the distribution (%) . We have:
T2EX>

Lo
1 1 1 7
ESQ |]€1 Z W51’27€2 (y|1:1)7";1,y] = ES2 [kl Z E Z W(y|x1522)7”91&1,y]

T1,Y z1,Y io=1

1)
1 1 , 1
= — ]E . 2 -— Wy.fﬁleQ 7“1 :]E 2 —_— Wy:L‘lXQ ’[“1
LEm g [E D] - [E S wuan,
2
=L Y W, = o 3 W (gl
ok k YIX122)T0 y = k P2k \YI1T1) Ty y -
1351,9«"2:?4 2 111,?1

(4.83)

Thus in all, we have:

le (Sl) k 1 0 1
; 1
B | Bon [52;12 = Bs, [1 (1 B (1 B k1> ) T > Wég,éz(y\m)ril,y]
1,y
k1 1\“ 1 ) )
=7 (1 - (1 - k1> ) -Es, []ﬁ;jw&b(y\xl)%y
k‘l 1 £ 1 ) )
25 (1-(-1) ) 5 S atia,,
1,y

(4.84)

2

fW (SQ)
and symmetrically for Eg, [ESQ lSlZlH . Since there exists codes S7, S5 such that:

2

For (S5 fue (S
1( Ws;,g2( 1) .\ WSNl( 2)) e s

2 fl 52 61 62

: (fwé (5D fwe <52>)]
5 2,2 _"_ 1:%1 ,
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and by applying Lemma 4.36, we get:
1 fWé,;h(Sl) N fWé;,el(SQ)
2 2 Uy

1 fwé P (51) fwg . (52)
> - 242 141
- ESI’SQ [2 ( fl + 52

—_

Ssum(I/Va fl, 62) Z

1 fw;2 s (51) fwz, , (52)

=5 | Bsz |Esi | =72 || +Bs; |Esy | — 77—
2 (4.85)

>ﬂ 1-— 1—— ZWl (ylz1)rs
- 20 kl ot "z1y
+ﬁ 1—<1—) ZWQ (y|xo)r?

252 k‘g /{2 Ty z2 Y

x

> ) _ _ _ _ SR
min (61 (1 (1 k1> ) o (1 (1 kg) Seum™ (W, k1, k2)

which concludes the proof. O

Remark. In the whole proof of Theorem 4.34, as well as the properties it depends on, we
have never used the fact that the output of the channel y was the same for both decoders d;
and dy. This implies that the result also holds for interference channels, i.e. two-sender two-
receiver channels W (y;y2|z2x2). Specifically, non-signaling assistance shared between
the first sender and the first receiver and independently shared between the second sender
and the second receiver does not change the capacity region of interference channels.

4.7 Conclusion

In this chapter, we have addressed the computational complexity of the multiple-access
channel coding problem, by showing that no polynomial-time constant approximation
exists if a complexity hypothesis on random k-SAT formulas is true. Then, we studied
the impact of non-signaling assistance on the capacity of multiple-access channels. We
have developed an efficient linear program computing the success probability of the best
non-signaling assisted code for a finite number of copies of a multiple-access channel. In
particular, this gives lower bounds on the zero-error non-signaling assisted capacity of
multiple-access channels. Applied to the binary adder channel, these results were used
to prove that a sum-rate of % ~ 1.5425 can be reached with zero error, which beats
the maximum classical sum-rate capacity of % For noisy channels, we have developed
a technique giving lower bounds through the use of concatenated codes. Applied to the
noisy binary adder channel, this technique was used to show that non-signaling assistance
still improves the sum-rate capacity. We have also found an outer bound on the non-
signaling assisted capacity region through a relaxed notion of non-signaling assistance,
whose capacity region was characterized by a single-letter formula. Finally, we have shown
that independent non-signaling assistance does not change the capacity region.

Our results suggest that quantum entanglement may also increase the capacity of such
channels. However, even for the binary adder channel, this question remains open. One
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could also ask if such efficient methods to compute the best non-signaling assisted codes
can be extended to Gaussian multiple-access channels. Finally, establishing a single-letter
formula for the non-signaling assisted capacity of multiple-access channels is the main
open question left here. It remains open even for the binary adder channel. Proving that
non-signaling assistance and relaxed non-signaling assistance coincide asymptotically
would directly answer this question and show that the capacity region is described in
Theorem 4.25.
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CHAPTER 5

Broadcast Channel Coding With
Non-Signaling Correlations

Broadcast channels, introduced by Cover in [Cov72], describe the simple network commu-
nication setting where one sender aims to transmit individual messages to two receivers.
Contrary to point-to-point channels [Sha48] or multiple-access channels [Lia73, Ahl73], the
capacity region of broadcast channels is known only for particular classes such as the de-
graded [Ber73, Gal74, AK75], deterministic [Mar77, Pin78] and semi-deterministic [GP80].
Only inner bounds [Cov75, vdM75, Mar79] and outer bounds [Sat78, Mar79, NG07, GN20]
on the capacity region are known in the general setting.

On the one hand, it is natural to ask whether quantum-entanglement or even non-signaling
correlations change the capacity region of broadcast channels. It is known that gaps exist
between the classical, quantum-entanglement assisted and non-signaling assisted capac-
ity regions of two-sender two-receiver interference channels [QS17] and MACs [LALS20,
SLSS22]; see Chapter 4 for a detailed analysis of non-signaling assistance on MACs. How-
ever, the influence of nonlocal resources on broadcast channels has been comparably less
studied. We only know that quantum entanglement shared between decoders does not
change the capacity region [PDB21].

On the other hand, from an algorithmic point of view, a crucial question in information
theory is the complexity of the channel coding problem, which entails maximizing the
success probability that can be achieved by sending a fixed number of messages over a
channel. However, as solving exactly this problem is NP-hard, a natural question that arises
is its approximability. For point-to-point channels, Barman and Fawzi found in [BF18]
a (1 — e~!)-approximation algorithm running in polynomial time. They showed that
it is NP-hard to approximate the channel coding problem in polynomial time for any
strictly better ratio. For ¢-list-decoding, where the decoder is allowed to output a list of ¢
guesses, a polynomial-time approximation algorithm achieving a 1 — gf;* * ratio was found
in [BFGG20], and it was shown to be NP-hard to do better in Chapter 3; see Theorem 3.1.
For multiple-access channel coding, the complexity of the problem can be linked to the
bipartite densest subgraph problem [FKP01], which cannot be approximated within any
constant ratio under a complexity hypothesis on random k-SAT formulas [AAM T 11]; see
Theorem 4.5 from Chapter 4. However, the approximability of broadcast channel coding
has not been addressed in the literature.
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In the point-to-point scenario studied in [BF18], the existence of a constant-ratio ap-
proximation algorithm is linked to the equality of the capacity regions with and without
non-signaling assistance. Indeed, giving non-signaling assistance to the channel coding
problem turns it into a linear program, thus computable in polynomial time. In fact, it is
equal to its natural linear relaxation, which is a common strategy towards approximating
an integer linear program. Showing that this approximation strategy guarantees a constant
ratio is the key ingredient in proving the equality of the capacity regions with and without
non-signaling assistance. This raises the following questions on broadcast channels: Does
the capacity region of the broadcast channel change when non-signaling resources between
parties are allowed? What is the best approximability ratio of the broadcast channel coding
problem? How those two questions are related?

Contributions Inthis chapter, as a first result, we prove that the sum success probabilities
of the broadcast channel coding problem are the same with and without non-signaling
assistance between decoders; see Theorem 5.4. This strengthens a result by [PDB21]
establishing that entanglement between the decoders does not change the capacity region.

The main focus of this chapter is to study the influence of sharing a non-signaling resource
between the three parties. Our main result shows that for the class of deterministic broadcast
channels, non-signaling resources shared between the three parties does not change the
capacity region; see Theorem 5.10 and Corollary 5.11. In order to prove this result, we
consider the algorithmic problem of optimal channel coding for a deterministic broadcast
channel. For this problem, we describe a (1 — e~1)2-approximation algorithm running in
polynomial time. This is achieved through a graph interpretation of the problem, where
one aims at partitioning a bipartite graph into k; and kg parts, such that the resulting
quotient graph is the densest possible; see Proposition 5.7 and Theorem 5.8. To prove our
result on the limitations of non-signaling assistance for deterministic broadcast channels,
we use the same ideas as the ones involved in the analysis of the approximation algorithm.

As far as hardness is concerned, we consider the subproblem of broadcast channel coding
where the number of messages one decoder is responsible of is maximum. This subproblem
can be interpreted as a social welfare maximization problem. In the theory of fair divi-
sion [BT96, Mou03], social welfare maximization entails partitioning a set of goods among
agents in order to maximize the sum of their utilities. The social welfare problem has been
extensively studied through black box approach [BN05], which led to a precise analysis
of achievable approximation ratio as well as hardness results [DS06, MSV08], depending
on the class of utility functions considered and the type of black box access to them. We
refine the hardness result for the class of fractionally sub-additive utility functions to the
subclass coming from the broadcast channel coding subproblem interpretation. Specifically,
we show that in the value query model, we cannot achieve a better approximation ratio
than Q (T%) in polynomial time, with m the size of one of the outputs of the channel:
see Theorem 5.14. Following the previous discussion on the links between constant-ratio
approximation algorithms and non-signaling capacity regions, this hardness result is a first
step towards showing that sharing a non-signaling resource between the three parties of a
broadcast channel can enlarge its capacity region.

Organization In Section 5.1, we define precisely the different versions of the broadcast
channel coding problem depending on the choice of objective value, and show that they
all lead to the same capacity region. In Section 5.2, we define the different non-signaling
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assisted versions of the broadcast channel coding problem. In particular, we show that
the sum success probabilities with and without non-signaling assistance shared between
decoders are the same, and that it implies that the related capacity regions are the same. In
Section 5.3, we address both algorithmic aspects and capacity considerations of deterministic
broadcast channels. Specifically, we describe a (1 —e~1)2-approximation algorithm running
in polynomial time for that class, and we show that the capacity region for that class is
the same with or without non-signaling assistance. Finally, in Section 5.4, we show that in
the value query model, we cannot achieve a better approximation ratio than (ﬁ) in

polynomial time for the general broadcast channel coding problem, with m the size of one
of the outputs of the channel.

5.1 Broadcast Channel Coding

5.1.1 Broadcast Channels

The coding problem for a broadcast channel W : X — ) X }s can be stated in the
following way. We want to encode a pair of messages belonging to [k;] X [ko] into X'. The
pair is given as input to W, which results in two random outputs in ); and V5. From
the output in ) (resp. )»), we want to decode back the original message in [k1] (resp.
[k2]). We will call e : [k1] X [k2] — X the encoder, dy : Yy — [k1] the first decoder and
dy : Vo — [k2] the second decoder. The scenario is depicted in Figure 5.1.

dy J1
Y1
o s
11,1
(41,12) PN -
Y2
N J2
dy H———

Figure 5.1 — Coding for a broadcast channel V.

We will call p1 (W, e, dy) (resp. p2(W, e, d2)) the probability of successfully decoding the
first (resp. second) message, i.e. that j; = ¢; (resp. jo = i2), given that the encoder is e
and the decoder is d; (resp. d2). We will also consider p(W, e, di, d3), the probability of
successfully decoding both messages, i.e. that j; = 41 and ja = 42, given that the encoder
is e and the decoders are d;, do.

We aim to find the best encoder and decoders according to some figure of merit. However,
to do so, we need a one-dimensional real-valued objective to optimize. This leads to two
different quantities.

5.1.2 The Sum Success Probability Sq,m (W, k1, k2)

1 (ervd1)+p2 (er7d2)
2

We will focus first on maximizing over all encoders e and decoders
dy, do. We will call Sgum (W, k1, k2) the resulting maximum sum probability of successfully
encoding and decoding the messages through W, given that the input pair of messages is
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taken uniformly in [k1] X [k2]. Ssum (W, k1, k2) is the solution of the following optimization
program:

d(ialy1) + da(ialyn)

mgflilrylcgze T Z W (y1yz2|x)e(x|itia) 5
11,22,2,Y1,Y2
subject to Z e(zliria) = 1,Viy € k1], 12 € [ko]
reX
> di(jily) =1,Vm €N (5.1)
J1€[k1]
Y da(jolys) = 1,Vy2 € W
Jjo€lk2]

e(xliviz), di(j1|y1), d2(j2|y2) > 0

Proof. One should note that we allow in fact non-deterministic encoders and decoders for
generality reasons, although the value of the program is not changed as it is convex. Besides
that remark, let us name 1y, I, J1, J2, X, Y1, Yo the random variables corresponding to
11,%2, J1, J2, T, Y1, Y2 in the coding and decoding process. Then, given e, d;, ds and W, the
objective value of the previous program comes from:

1 , , ,
p1(W,e,d1):P(lell):%ZP(lezl\Il:“,]2212)
11,02

1 . T
ik Z e(zliriz)P (J1 = i1]i1,i2, X = )

12 7:171'275[j (5 2)

1 . . . . . '
- k k Z W(ylyZIx)e(x|’LlZ2)P (Jl = ’Ll|’Ll7 22, .T, Yl = yla YY2 = y2)

Y2 4 g w1 2

1 . . .
= 2 Wle(lini)di(ily) ,

I%2 41 i, 1,2

and symmetrically for pa(W, e, d2), which leads to the announced objective value. O

One can rewrite this optimization program in a more convenient way, proving that
Ssum(W, k1, ko) depends only on the marginals of W:

Proposition 5.1.

1
Ssum(W, k1, ka) = mgﬁfﬁjze T ilzx:yl Wi (y1|x)di(i1]y1) %:6(941'12'2)
1 . ..
LTy ig:’m Wa(y2|z)dz(i2]ye) ge(wllm)
subject to Z e(zliria) = 1,Vi;1 € k1], 12 € [k2]
TEX (5.3)
> di(Gily) =1,V € N1
JrElk1]
> da(faly2) = 1,Vya € s
jo€lka]

e(xliviz), d1(j1|y1), d2(j2ly2) > 0
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Proof. It follows from the definitions Wi (y1|z) = >, W(y1ye|r) and Wa(y2|z) =
2o W(y1yz|). O

5.1.3 The Joint Success Probability S(W, k1, k»)

We will now focus on maximizing p(W, e, dy, d2) over all encoders e and decoders dy, ds.
We will call S(W, k1, k2) the resulting maximum probability of successfully encoding and
decoding the messages through W, given that the input pair of messages is taken uniformly
in [k1] x [k2]. S(W, k1, k2) is the solution of the following optimization program:

1 . . .
S(W, ki,ko) := maximize —— Z W (y1y2|x)e(z|iriz)dy (i1|y1)d2(i2|y2)
e,dl,dz kle .

11,12,2,Y1,Y2

subject to Z 6($|i1i2) =1,Vi; € [kl],ig S []{72]

TEX

> di(jily) =1,V € N1
Ji€[ka]

> dadaly2) = 1,Vy2 € Vo
j2€[k2]

e(xliviz), d1(j1y1), d2(j2ly2) > 0
(5.4)

The proof is the same as in the sum probability scenario. We define the (resp. sum) capacity
region using Definition 2.12 by C(W) := C[S](W) (resp. Csum(W') := C[Ssum](W)).

The objective values of those two optimization programs are not the same, but S(W, k1, k2)
and Sgum (W, k1, ko) still characterize the same capacity region [Wil90]:

Proposition 5.2. For any broadcast channel W, C(W) = Cyym(W).

Proof. Let us focus on error probabilities rather than success ones. Call them respectively
E(W, k1,k2) :=1—S(W, k1, ko) and Egym (W, k1, k2) := 1 — Squm (W, k1, k2). Let us fix a
solution e, dy, do of the optimization program computing S(W, k1, k2). Let us remark first
that:

> Wyyelw)e(zliria) = kikso

11,82,2,Y1,Y2

thus, the value of the maximum error for those encoder and decoders is:

E(W, k1, ko, e,d1,d2) =1 — -—— ( > W(y1y2|x)e(a:|z'1i2)d1(i1|y1)d2(i2|y2)>

il,l’Q,:{:,yl,yQ
1
= ik Z W (y1ye|x)e(z|iriz)
11,22,2,Y1,Y2
 kike > Wnyslw)e(aliviz)di (i1 |yr)da(izly2)

11,12,%,Y1,Y2

:m( > Wyyelo)e(aliriz) [1—d1(i1‘y1)d2(i2|y2)}) ,

1,02,%,Y1,Y2
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Similarly, the value of the sum error Egy, (W, k1, k2, €, d1, d2) is equal to:

1‘1( > W(9192|$)e(x|i1i2)dl(il‘yl)+d2(i2!y2))

ki ks 11,82,2,Y1,Y2 2

: ( > W(yiye)e(w|iria) 1_d1(11!y1)+d2(z‘2\y2)]) |

krks 11,82,2,Y1,Y2 2

However, for z,y € [0, 1], we have that:

r+y
2 )

l—zy>max(l—z,1—y)>1—

and:

1—xy§(1—x)+(1—y):2<1—$;ry> .

This means that, for all e, dy, ds, we have:
Esum(W7 ]{1, k27 €, d17 d2) S E(W, 1{71, k27 €, d1> d2) § 2Esum(W7 kla k2, €, dl, d2) 3
so, maximizing over all e, dy, d2, we get:

Esum(Vva k17k2> < E(W7 klka) < 2Esum(I/V; k17k2) .

Thus, up to a multiplicative factor 2, the error is the same. In particular, when one of those
errors tends to zero, the other one tends to zero as well. This implies that the capacity
regions are the same. 0

5.2 Non-Signaling Assistance

In this section, we will consider the broadcast channel coding problem with additional
resources, in order to determine how these resources affect its success probabilities as well
as the capacity regions that can be defined from them.

5.2.1 Non-Signaling Assistance Between Decoders

Here, we consider the case where the receivers are given non-signaling assistance. This
resource, which is a theoretical but easier to manipulate generalization of quantum entan-
glement, can be characterized as follows. A non-signaling box d(j1j2|y1y2) is any joint
conditional probability distribution such that the marginal from one party is independent
of the other party’s input, i.e. we have:

vjlvylay%yéa Zd(]1.72|y1y2) = Zd(3132’y1yé) )

J2 Ji (5.7)
Vi, y1,y2, 91, > d(jijelyiye) = Y d(jjelyiys) -
Ji Ji
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Thus, when receivers are given non-signaling assistance, the product d; (j1|y1)d2(j2|y2) is
replaced by the non-signaling box d(j1j2|y1y2). Thus, we define the joint and sum success
probabilities SNSdee (W, ky, ko) (resp. SNadee (W, k1, ko)) by:

sum

. 1 . .
maximize Z W (y1yz2|x)e(x|ivia)d(i1iz]y1y2)
&d1,d2 ik 11,82,7,Y1,Y2
- 1 . .
(resp. maximize Z W (y1y2|x)e(z|iiiz) Z d(i172|y1y2)
&d1,d2 2k ko 11,82,%,Y1,Y2 J2
1 . .
ey > W(9192|$)6($|21@2)Zd(]122’y1y2))
L2 41 in,a1,y2 Ji
subjectto Y _e(aliyiz) = 1 (5.8)
— .
> d(Gijalny2) =Y d(jrjalyivs)
J2 Ji
> d(jrjalyiyz) = d(jijelyiye)
J1 J1
> d(jrjalnye) =1
Ji.j2

e(xliyiz), d(j1j2|y1y2) > 0

The (resp. sum) capacity region with non-signaling assistance between decoders is defined
using Definition 2.12 by CNSéee (1) := C[SNSaee] (W) (resp. CNSdee (W) := C[SNSaec] (W),

sum sum

We will now show that sum and joint capacity regions with non-signaling assistance
between decoders are the same.

Proposition 5.3. For any broadcast channel W, CNSdae: (W) = CNSaee (1),

sum

Proof. Given an encoder e and a non-signaling decoding box d, the maximum success
probability of encoding and decoding correctly with those is given by:

SNSdec (W7 kla k2> €, d) =

> Wyryelo)e(wlivia)d(ivizlyiy) -
kiks

11,82,2,Y1,Y2

This should be compared to the sum success probability SNSse (T, k1, ks, e, d) of encoding
and decoding correctly with those:

>, Aling2ly1y2) + 225, d(jrizlyiye)

> Wnyelz)e(xlivia) 5

11,12,%,Y1,Y2

k1ko

Similarly to what was done in Proposition 5.2, we focus on error probabilities rather than
success probabilities. This leads again to:

1 . .
ENSec (W, ky, ko, e, d) = Tk > W(yyelw)e(zliviz) [1 — d(ivizlyiy2)] ,
1,02,%,Y1,Y2
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and ENSéec (W, kq, ko, e, d) equal to:

cn X Wnle(lii) [1

11,82,%,Y1,Y2

— 225, dirj2|y1ye) N 1= d(j1i2|yly2)]
2 2 '

But we have that:

1 —d(iriz|y1y2) > max (1 - Zd(iljﬂylyz), 1= Zd(jli2|yly2)>
G2 J1 (5.9)
V=2, dlingelyrye) | 1= 3 dUnislyiye)

> )
- 2 2

since d(j172|y1y2) € [0, 1], and we have that:

1= d(itjolyrye) +1 =Y d(jrialyry)
J2 Ji
=1 —d(irialyry) +1— Y d(jijelyiye) (5.10)
(j1,42)€S

> 1 —d(i1i2|y1y2) ,

with S := {(i1,j2) : ja2 € [ko] = {i2}} U{(j1,82) : j1 € [ka] —{ia}}
Thus, this implies that:

ENSce (W, ky, kg, e, d) < ENSee(W, ky, ko, e, d) < 2ENStec(W, ky, ko, e, d)

sum sum

and by maximizing over all e and d:

ENSee (W, k1, ko) < ENSae(W, kb, ko) < 2ENodee (W, k1, ko) -

sum

As before, this implies that the capacity regions are the same. O

We will now prove that sum success probabilities of the broadcast channel coding problem
are the same with and without non-signaling assistance between decoders. In particular,
this implies that non-signaling resources shared between decoders does not change the
capacity region. Note that, after the publication of [PDB21], Pereg et al. added a remark to
the arXiv version of their paper that their result stating that entanglement shared between
decoders does not change the capacity of a broadcast channel could be generalized to non-
signaling assistance. The theorem below strengthens this result showing that non-signaling
assistance between the decoders cannot increase the sum success probability even in the
one-shot setting and for arbitrary broadcast channels.

Theorem 5.4. For any W, ky, ko, we have Sgum(W, k1, ko) = SNSaee(W, ky, k). As a con-
sequence, C(W) = CNSae (W),

Proof. In the sum scenario, since the objective function does not depend on the product
d1(j1|y1)d2(j2|y2) but only on the marginals d; (j1|y1) and da(j2|y2), the non-signaling
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box won’t give additional decoding power. Indeed, for any encoder e and non-signaling
decoding box d, we have that:

1 . o
Shuntes (W, k1, ko, e, d) := ik > Wilyilz) (Z d(21]2|ylyz)) > e(wlivia)

11,Z,Y1 J2 12

12,2,Y2 J1 (51

+ 2];]{2 Z Wa(y2l|z) (Z d(j1i2|y1y2)) Ze(gg|i1i2) )
(5.11)

Thus, by choosing di(ji|y1) = >;, d(jij2lv1ye) and da(jaly2) = >, d(jij2ly1y2),
which are well-defined since d is a non-signaling box, we have Sqym (W, k1, ko, e, d1,d2) =
SNSdaec (W, k1, k2, e, d). By optimizing over all e and d, SNotec (W, k1, ka) < Seum (W, k1, k2).

Since the inequality is obvious in the other direction, as d(j1j2|y1y2) := d1(j1|y1)d2(j2|y2)
is always a non-signaling box, we have that Sgupm(W, k1, k) = SNSéee (W, ky, k). This

implies in particular that the capacity regions are the same, i.e. Coum (W) = CNodec (1)
Finally, since C(W) = Cgum (W) by Proposition 5.2 and C\Sdee (T/) = CNSéee (177) by Propo-
sition 5.3, we get that C(W) = CNSeec (). O

5.2.2 Full Non-Signaling Assistance

In this section, we will consider the case where the sender and the receivers are given non-
signaling assistance. This means that a three-party non-signaling box P(zj1j2|(i172)y1y2)
will replace the product e(z|i1i2)d; (j1|y1)d2(j2|y2) in the previous objective values. A
joint conditional probability P(xj1j2|(i192)y1y2) is a non-signaling box if the marginal
from any two parties is independent of the removed party’s input:

Vi1, g, 01,92, Y1, Y2, i1, 6, > Plajugal(iviz)yiye) = Y P(xjijel (i) y1y2)
xr X

YV, jo i1, io, Y1, y2, 04, Y Plaiidel(ivie)yiye) = Y P(xjijal(ini2)yiye) ,

Ji Ji
YV, j1,i1, 02,91, 92, Y, O Plajijel(ivie)yiye) = Y P(xjije|(ivia)yiys) -
J2 J2

(5.12)
The scenario is depicted in Figure 5.2.

The cyclicity of Figure 5.2 is at first sight counter-intuitive. Note first that P being a
non-signaling box is completely independent of W: in particular, the variables y;, y2 do
not need to follow any laws in the definition of P being a non-signaling box. Therefore, the
remaining ambiguity is the apparent need to encode and decode at the same time. However,
since P is a non-signaling box, we won’t need to do both at the same time, although
the global correlation between the sender and the receivers will be characterized only by
P(zj172](i1i2)y1y2). Indeed, Vy1, y2, P(x|(i1i2)) = P(z|(i1i2)y1y2) by the non-signaling
property of P. Thus, one can get the output x on input (i1i2) without access to y1, y2, as
that knowledge won'’t affect the law of =. Then (y;, y2) follows the law given by W given
that z. Finally, given access to y1, y2, the decoding process is described by:

PUsal(riz)nyea) = T elCalnbe) _ Plrgaunie)
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Ja\ jz‘ jll j2‘

0% e | di |do w P(xj1ja|(i1i2)y1y2)

(ilai2)‘ (’hﬂé)‘

n Y1
Y2 Y2

Figure 5.2 — A non-signaling box P replacing e, d;,ds in the coding problem for the
broadcast channel W.

so we recover P(j1j2|(i1i2)y1y2x)) X P(z|(i1i2)) = P(xj1j2|(i192)y1y2), and therefore,
the process is not cyclic. Non-signaling boxes define exactly the conditional probability
distributions where it is possible to consider the conditional probabilities of each party
independently. This clarifies how one can effectively encode and then decode messages
through a non-signaling box.

We will call the maximum sum success probability SN> (W, k1, k), which is given by the

following linear program, where the constraints translate precisely the fact that P is a
non-signaling box:

. 1 e
Si\ﬁl(W] ki, ko) = maximize Z Wi (y1]z) Z P(zi1j2|(i192)y192)

2k1k2 il@fyl 7:27‘7‘2
1 . . . .
+ g 2 Walvelr) 3 Plaiial(ivia)yiye)
1 2 i27x7y2 il,jl

subjectto > P(xj1jol(iri2)y1y2) = > Plxjijol (ihi5)y1y2)
X X

> P(xzjujal(ivi2)yryz) = Y P(ajijel (ivi2)yiy2)

J1 Ji
> P(xjijel(iviz)yrye) = > Plajijel(ivia)y1yh)
J2 J2
> P(xzjujel(iviz)yiye) =1
Z,j1,J2

P(xj172|(i192)y192) > 0
(5.13)

Since it is given as a linear program, the complexity of computing SNS (W, k1, k») is poly-

sum
nomial in the number of variables and constraints (see for instance Section 7.1 of [GMO07]),

which is a polynomial in | X|, | V1], | )|, k1 and ks.

Similarly, we define the maximum joint success probability SNS(TW, k1, k) in the following
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way:

1 e
SNS(W, ky, kp) := maxliDmize i Z W (y1y2|x) P(xiyiz|(i12)y1y2)

1k 11,92,%,Y1,Y2
subject to Z P(xj1ja|(iri2)y1y2) = Z P(xj172|(1115)y192)
X x

> P(xzjijal(ivi2)yiyz) = Y Plajijel (i1i2)yiy2)

J1 Ji
> P(zjujal(ivi)yrye) = Y P(xjijol (ivia)y1ys)
J2 J2
> P(zjijol(iriz)yiye) =1
$7j17j2

P(zj1j2|(i1i2)y192) > 0
(5.14)

We can rewrite both these programs in more convenient and smaller linear programs:

Proposition 5.5.

1
SNS (W, k1, ko) = maximize S Wilyila)ry,, + > Wa(yelz)rs,
p,ryrlr? 2k1ko oy ’ o ’

subject to Zrnyhyg =1
x
1
eruyl = ko
x
2
Zrﬂ?ﬂn =k
x
> pa = kiks
x
2

1
0 < Tz,y1,y2 < Tx,yl’rz,yg < Pz

1 2
Dz — r'rvyl - T$7y2 + rl,y17y2 Z 0

(5.15)
NS _ 1
S™W(W,ki,ks) = maximize —— Z W (y1y2|2) 2.1 4o
p7r77‘1 77‘2 1k2 x7y1 7y2
subject to er,yhm =1
X
1
Zrémyl = k2
° (5.16)

Zrﬂzwn = k1
> pa = kiko
2

1
O S TCL’,yl,yQ S Tl‘;yl’rzﬂﬂ S pI

1 2
Pe = Toy = Toys T Tegry2 =0
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5. BroaDcAST CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

Proof. One can check that given a solution of the original program, the following choice of
variables is a valid solution of the second program achieving the same objective value:

Tagnys = 3 Plxivia|(iviz)y1y2) ,
11,12

Thy = > Plwivjo|(ivi2)yiye)
J2,11,12

2 = Y Plajiial(ii2)yiys) ,
J1,%1,%2

pei= Y, Plajijl(iiz)yiye) -

J1,72501,%2

(5.17)

For the other direction, given those variables, a non-signaling probability distribution
P(Ijljz‘(ilig)ylyg) is given by, for j1 7é il and jg 7& ig:

.. .. r

P(airiz|(iviz)yi1yz) = %
2

.. .. T —r 1,

Plapialiizue) = J0 g =T
5.18

117 111 —_ T;?yl B rip,ylﬁy? ( )

Plaijal(niz)yrye) = 35 =3

1 2
Dz — r%?ﬂ B TxayZ + rx’y17y2

ferka(ky — 1)(ks — 1)

P(zjij2|(i1i2)y1y2) =

d

As before, we define the (resp. sum) capacity region with non-signaling assistance using

Definition 2.12 by CNS (W) := C[SNS](W) (resp. CXS (W) := C[SNS |(W)).

sum sum

Proposition 5.6. For any broadcast channel W, CNS(W) = CNS (W).

sum

Proof. Let us show that:

2sNS

sum

(W, k1, ko) — 1 < SNS(W, key, ko) < SIS

sum

(M/v kl? kQ) .
This will imply in particular that:

lim SNS(Wen, [2fin] 2By =1 «—  lim S\

n—-+o0o n—-+o0o sum

(W®n7 (2R1n"’ [2R2n‘|) =1,

thus define the same capacity region.

Let us consider an optimal solution pg, 7z y; ys»
SNS (W, k1, k2). We have:

sum

1 2 '
Tzyrs Ty, Of the program computing

1 a2
Sii(wlv’fﬂ:m( > W(ylymw) .
Z,Y1,Y2
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5.3. Approximation Algorithm for Deterministic Broadcast Channel Coding

However ’I“w .t r2, < Dz + Ty, yo SO We get that:

Y T,Yy2

1
St (W, k1, k) < STy ( > Wnyslz) (pz + rw:y17y2)>
Z,Y1,Y2

_ 11 L (5.19)
1

— SNS(W ki, ks)

\V)

since Pz, 'z.y1 yo T‘}:’yl , rim is a valid solution of the program computing SN (W, k1, k2).

On the other hand, consider now p,,, an optimal solution of the program

r 2
Z,Y1,Y2> mylv :cyg

computlng SNS(W, k1, k2). We have that 7, 4, < 72 1> T2y, SO we have that 1y, 4, <

") HI Y2 and thus:

1
SNS(W, ky, k) = iks ( Z W(y1y2|$)7’x,y17yz>

T,Y1,2
1 rl 42 (5.20)
< — [ 3 Wigple) en e
kike \oyrin 2
< S (W k1, k2)
SINCe Puy Tz 41 o> To o r2 ., is a valid solution of the program computing SNS (W, k1, ko).
This prove the inequalities 2SNy, (W, k1, ko) — 1 < SNS(W, k1, ko) < SIS (W, k1, k2), and
thus concludes the proof. O

5.3 Approximation Algorithm for Deterministic Broadcast
Channel Coding

In this section, we will address the question of the approximability of S(W, k1, k2), in
the restricted scenario of a deterministic broadcast channel W. Specifically, we study the
problem of finding a code e : [k1] X [ko] — X, d1 : Y1 — [k1], da : Vo — [ko] that
maximizes the program computing S(W, k1, k2). Note that the restriction to deterministic
codes does not affect the value of the objective of the program which is convex, and that the
problem is as hard as finding any code maximizing the program computing S(W, k1, k2),
as a deterministic code with a better or equal value can be retrieved easily from any code.

We say that W is deterministic if Vz, y1, y2, W(y1y2|z) € {0,1}. We can then define
(W1 (z), Wa(x)) as the only pair (y1,y2) such that W (y1y2|z) = 1, which exists uniquely
as W is a conditional probability distribution. Thus, the deterministic broadcast channel
coding problem can be defined in the following way:

Definition 5.1 (DETBCC). Given a deterministic channel W and integers k; and ks, the

deterministic broadcast channel coding problem, which we call DETBCC, entails maximizing

S(W, k1, ko, e,d1, d2) := kzlk > Ly (Wi (e(i1i2)))=is Lo (Wa(e(ii2))) =i

11,02

over all functions e : [k1] X [ka] = X, dy : Y1 — [k1], d2 : Vo — [ka].
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5.3.1 Reformulation as a Bipartite Graph Problem

We will reformulate DETBCC as a bipartite graph problem. But first, let us introduce some
notations:

Definition 5.2 (Graph notations). Consider a bipartite graph G = (ViU Vo, E C V} x V3):

1. GP1P2 the quotient of G by partitions Py, Py of respectively Vi, Vs, is defined by:

GPVP2 = (PLUPs, {(p1,p2) € Py x P i EN (p1 X pa) # 0})

2. eq(P1,Ps) := |EC"""?| is the number of edges of GP1-72.

3. Ngl Pz (p) := Ngp,.», (p) is the set of neighbors of p in the graph G772,

4. Similarly, deggl’732 (p) := deggpy .7, (p) is the degree, i.e. the number of neighbors,

of p in the graph G172,

5. We will use V1, V5 in previous notations when we do not partition on the left and right
part respectively (or identify those to trivial partitions in singletons). For instance,

G2 =G,

6. We will use the notations e(P1, P2), Np, p,(p) and degp, p,(p) when the graph G
considered is clear from context.

Now, let us remark that a deterministic channel W, up to a permutation of elements of &',
is characterized by the following bipartite graph:

Definition 5.3 (Bipartite Graph Gy associated with the deterministic channel ).

Gw = VUV, E={(y1,y2) €Y1 x Vo : Jo € X,y1 = Wi(z) and yo = Wa(2)}) .

Indeed, permuting the elements of X’ does not change Gy nor S(W, k1, k2). As a conse-
quence, up to a multiplicative factor k1 k2, we will show that DETBCC is equivalent to the
following bipartite graph problem:

Definition 5.4 (DENSESTQUOTIENTGRAPH). Given a bipartite graph G = (V; U V5, E) and
integers k1, ko, the problem DENSESTQUOTIENTGRAPH entails maximizing e (P1, P2), the
number of edges of the quotient graph of G by Py, P, over all partitions P; of V; in ky
parts and Py of V5 in ko parts.

Proposition 5.7. Given a deterministic channel W and integers k1, ko, it is equivalent to
solve DETBCC on W, k1, ko or DENSESTQUOTIENTGRAPH on Gy, k1, ko. That is to say, given
an optimal solution of one of those problems, one can efficiently construct an optimal so-
lution of the other. Furthermore, their optimal values satisfy kikoDETBCC(W, k1, ks) =
DENSESTQUOTIENTGRAPH(Gyy , k1, k2).

Proof. Consider an optimal solution e, dy, d2 of DETBCC. Note that d; defines a partition
P1 of V1 in kq parts and do defines a partition Ps of Vs in ko parts, with 73;” ={y € Wp:
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5.3. Approximation Algorithm for Deterministic Broadcast Channel Coding

dy(y) = ip} for b € {1, 2}. Then we have:

kleS(W kh kZa €, dla d?) = Z ﬂi1:d1 (Wi(e(i1,2))) ]]‘i2:d2(W2(€(7;11i2)))
iy (5.21)
S PRSI
‘— 1(6(21,22))6771 WQ(@(Zl,ZQ))GPz
11,22

However, since we consider an optimal solution, we have that:

ﬂwl(e(il,m))ep? ]lWQ(e(zj,ig))EPéQ = rax ﬂwl(x)epjl ﬂm(a:)epg? ’

as e(iy,i2) appears only here in the objective value. Thus:

koS (W kn, kv d) = 3 s iy, e Ly, e
11,22

- Z lﬂ(yl,yz)EEGW:mGPfl andygEP;2
1,82 (5.22)

- Z ]lEGwm(le xPy2 ) #0
11,22

= eaqy (P1,P2) ,

which proves that given an optimal solution of DETBCC, one can efficiently construct a
solution Py, P of DENSESTQUOTIENTGRAPH such that:

ey (P1, P2) = k1koDETBCC(W, k1, k2) .

For the other direction, consider an optimal solution P, Py of DENSESTQUOTIENTGRAPH.
We have as before that:

ecy (P1, P2) = max Ly, (z)ePit Ly, (w)ePy?

11,82

Now, let us define e(iy, i2) € argmax,c 1, and dp(yp) the index iy

‘ 1(z)ePit Ly, (x)EPL2
such that y, € P,*, for b € {1,2}. With those definitions, we get again that:

ne Lweri twa@eriz = Iwi et ia) et Iwa(etia iy (5.23)
= ILz’1:cl1(W1(e(i1,i2)))Ili2:d2(vv2(e(i1’1'2))) ’
and thus we have:
eGy (P1,P2) = = maxX by, (w)epit Lwa (o) epiz
= Z ]li1=d1(W1(e(i1,i2)))Hi2=d2(W2(€(i1:i2))) (5:24)
11,82

= k1koS(W, k1, k2, e,dy1,d2) ,

which proves that given an optimal solution of DENSESTQUOTIENTGRAPH, one can effi-
ciently construct a solution e, d;, dy of DETBCC such that:

k1koS(W, k1, ko, e, dy,d2) = DENSESTQUOTIENTGRAPH(Gyy, k1, k2) .
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5. BroaDcAST CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

In particular, this implies that the optimal objective values satisfy:

k1koDETBCC(W, k1, ko) = DENSESTQUOTIENTGRAPH (G, k1, k2)

Therefore, the solutions of both problems constructed throughout the proof are in fact
optimal. O

Remark. Note that all bipartite graphs can be written as Gy for some deterministic broad-
cast channel W, with W unique up to a permutation of &'.

5.3.2 Approximation Algorithm for DENSESTOQUOTIENTGRAPH

In this section, we will sort out how hard is DENSESTQUOTIENTGRAPH, and thanks to
Proposition 5.7, how hard is it to solve DETBCC.

Theorem 5.8. There exists a polynomial-time (1—e~')2-approximation algorithm for DENs-
ESTQUOTIENTGRAPH. Furthermore, it is NP-hard to solve exactly DENSESTQUOTIENTGRAPH.

Corollary 5.9. There exists a polynomial-time (1—e~1)%-approximation algorithm for DET-
BCC. Furthermore, it is NP-hard to solve exactly DETBCC.

The approximation algorithm is a two-step process. First, we consider the problem of
maximizing 2522:1 min (kl, degy, p, (7?;2)) over all partitions Py of V5 in ky parts. We
will show that this is a special case of the submodular welfare problem, which can be
approximated within a factor 1 — e~! in polynomial time [Von08]. We then choose the
partition P; on Vj in k parts uniformly at random. This partition pair will give an objective
value e(Py, Po) within a (1 — e~1)? factor from the optimal solution in expectation.

Proof of Theorem 5.8. Consider first the hardness result. Let us show that the decision
version of DENSESTQUOTIENTGRAPH is NP-complete. It is in NP, the certificate being the
two partitions and the selection of edges between those partitions. It is NP-hard as one
of its particular cases is the SETSPLITTING problem (see for instance [GJ79]), in the case
where k1 = 2 and ky = |V3], by interpreting the neighbors of v € V5 as a set covering
elements of V.

We will show nonetheless that this problem can be approximated within a factor (1 —e~1)2
in polynomial time. First we consider the case where ko = |V32|. We can then always
assume that the right partition is Py := {{v2} : vo € Va}, which leads necessarily to a
greater or equal number of edges in the quotient graph that with any other right partition.
So, in that setting, we only need to find a partition of V] in k; parts maximizing the number

of edges between vertices in the right part and the quotient of the left vertices.

First, the maximum value we can get is upper bounded by 3, .y, min (k1, deg(v2)). In-
deed, each vertex of v2 van be connected at most to the k; parts of V7, so its contribution is
bounded by &1, and there needs to be an edge to each part it is connected, so its contribution
is also bounded by deg(v2). Let us show that if we take a partition P; of V} uniformly at
random, we get:

1\*
Ep, [e(P1,V2)] > (1— (1 - /<:1> ) > min (k1, deg(vz))

vo€Vs (525)
>(1—eh n%jaxe(Pl,Vg) .
1
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5.3. Approximation Algorithm for Deterministic Broadcast Channel Coding

We have e(P1, V2) = 3, cv, degp, v, (v2), so by linearity of expectation Ep, [e(Py, V2)] =
Ysev; Bpi[degp, v, (v2)]. However degp, v, (v2) = [{ix € [k1] : N(v2) NP # 0},
Recall also that for any vy, P (Ul € 77{1) = k:% since the partition is taken uniformly at

random. Thus, we get:

k1
Ep, [degp, 1, (v2)] = Ep, [|{i1 € [k1] : N(v2) NP # 0}]| = Ep, {Z ﬂN(vz)mW@]

i1=1

k‘1 kl .
= 421 Ep, |:]1N(v2)m7>;1;é®} = ,Zlﬂ” (N(W) np' # @>
11= 1=

since P <v1 4 73{1> =1- ﬁ and |N(v2)| = deg(v2). So, in all:

1 deg(v2)
Epe(Pr, V)l = 3 Ep, [degp, v, (v2)] = k1 3 (1_ <1_k1) ) |

vo€Va vo€Vs

However, the function f : x +— 1 — (1 — ﬁ)x is nondecreasing concave with f(0) = 0,

f@) < fly) . .
S0 = > - for x < y. In particular, we have that:

min(k1, deg(va))
k1

1 \ min(k1,deg(v2))
EP1 [6(7)1, VQ)] >k Z 1— (1 _ k1>

voEVa

ZU2EVQmin(k1,deg(U2)) _ _i k1
- i <1 <1 kl) ) (5.27)

> (1 - <1 - ;)h) > min (ki,deg(v2))

va€Va

(1—e1 max e(Py, Va) .

f(min(ky, deg(va))) > f(k1)

and thus:

v

Let us now consider the general case with k2 unconstrained. We apply the previous
discussion on the graph G"172 for some fixed partition P of V5. Since eqviPo (P1, P2) =
e(P1, P2), we have the upper bound:

ko .
max e(Py, Pp) < > min (kl,degvlmz (7352)) :
1

i9=1

127



5. BroaDcAST CHANNEL CoDING WITH NON-SIGNALING CORRELATIONS

and the previous algorithm gives us a partition P; of V; such that:

ko .
e(P1.Py) > (1— ') Y min (k1. degy, p, (PF)) -

io=1

Therefore, let us focus on the following optimization problem:

ko
max Y min (kl, degy, p, (7352)) :
P2 ’

i9=1
We will give a (1 — e~!)-approximation algorithm running in polynomial time for this
problem. In all, this will allow us to get in polynomial time a partition pair (P;, P2) such
that:

ko )
e(P1,P2) > (1= e™) Y min (ky, degy, p,(P3))
ig=1
ko
—1\2 . 2 (5'28)
>(1—e) max Z-le min (k:l, degy, p, (7322))

> (1 —e Y2 max e(Pr, Po) .

1,P2

The problem maxp, i‘?:l min (k'l, degy, p, (P2 )) is a particular instance of the submod-

— . . i2

| = degy, iz vo—pizy (P2):
as the degree of P;? does not depend on the rest of the partition P,. Then, h(S2) :=
min (k‘l, degvl’ {S2,Va—Sa} (5’2)), for Sy C VA4, is a nondecreasing submodular function, as

ular welfare problem from [Von08]. Note that degy, ,(P5*)

Sy = degy, 15, v5—s,} (52) is a nondecreasing submodular function on V3 and min (%1, -)
is nondecreasing concave. Thus, we want to maximize Zf;zl h(Si,) where (S, )i,e[k,) is 2
partition of items in V5 among ks bidders. It is a particular case of the submodular welfare
problem where each nondecreasing submodular utility weight is the same for all bidders and
equal to h. Thus, thanks to [Von08], there exists a polynomial-time (1—e~!)-approximation

of maxp, 2522:1 min (kla degy, p, (P%Q)) -

5.3.3 Non-Signaling Assisted Capacity Region for Deterministic
Channels

Thanks to Theorem 5.8 and Proposition 5.7, there exists a constant-factor approximation
algorithm for the broadcast channel coding problem running in polynomial time. We aim
to show here that the non-signaling assisted value is linked by a constant factor to the
unassisted one. Indeed, the hope is that the non-signaling assisted program is linked to the
linear relaxation of the unassisted problem, thus is likely a good approximation since the
broadcast channel coding problem can be approximated in polynomial time.

This turns out to be true, and will be proved through the following theorem:

Theorem 5.10. IfW is a deterministic broadcast channel, then for all {1 < ki and ls < ko:

k1,—k1 1 k1 1 ko
ke 1—(1—) 1—(1—) SNS(W, &y, ko) < S(W, £1,05) .
]Cl! 51 €2
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Corollary 5.11. For any deterministic broadcast channel W, CNS(W) = C(W).

Proof. We apply Theorem 5.10 on the deterministic broadcast channel W ®".

n n k
We fix k; = 2" kg = 272 gpnd ¢ = 2 Rl,ﬁg — 2" Gince 1 — (1_%) > 1—67%,

n n
we get:

k1 —
1_ klle k1 (1 _ e_n)g SNS(W®n 2an 2nR1) < g [en onRi onRy |
kq! ’ ’ - n 7 on

k1 —k
kite™"1
k!

As(l—
Vn > N:

> (1-— 6_”)2 tends to 1 when n tends to infinity, we get Ve > 0, IN € N,

(1 . S)SNS(W®H,2nR172nR1) < S(W®n,2n(R17%),2n(R27%)) .

Thus, if lim SNS(W®", 2”R1,2”R1) = 1, we have that for all R} < R; and R, < Rs:

n—-+o0o

lim S(W® 2 onfiy > 1 _ ¢
n—-+oo

Since this is true for all € > 0, we get in fact that lim S(W®n, 27/ 27/1) — 1. This

n—+o00
implies that CNS(TW) C C(W), and thus that the capacity regions are equal as the other
inclusion is always satisfied.

O]

Let us now prove the main result:

Proof of Theorem 5.10. The proof will be done in three parts. We will work on the graph
G (see Definition 5.3).

1. First, we prove that for any partition Ps of ), in ¢5 parts:

1 )]ﬂ) Zf;:l min (k‘l, degyl Pa (PéQ))

>11—-(1-—
SW. 41, 8) 2 ( < 2 k1l

2. Then, we show that there exists a partition P such that:

262, min (K1, degy, p,(P3))
k1fo

> <1 B k‘lflelﬂ) (1 B (1 B 1>k2> min (k:lkg, " min(k:g,deg(yl))> '

k1ks

(5.29)

3. Finally, we prove that:

min (klkg, v min(k% deg(yl)))
kiko

> SNS(W, ke, k)
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By combining these three inequalities, we get precisely the claimed result.

1. This part shares a lot of similarities with the proof of Theorem 5.8, which we will
adapt to this particular situation. Let us show that if we take a partition P; of ) of
size £1 uniformly at random, we get, for some fixed P; of size /5:

E 1 k1 Ly ] ;
EP1 [eGW (731,7)2)] kl (1 - (1 - €1> > Z min (k17degy1,732 (PZQ)) )

=1

Since £105S(W, 41, 05) = maximize eGy (P1, P2) by Proposition 5.7, this

P1 in ¢1 parts,Pg in {2 parts

will imply that:

S(W 51,52) ]EP1 [€GW (P17P2)]

Eé

> (1 — (1 — ) ) 212 1m1n (kl’degyl,Pz (7352)) ‘

4 k1l

(5.30)

We have that eq,, (P1, P2) = Z%:l degp, p, (P2), so by linearity of expectation,
we have that Ep, [eq,, (P1,P2)] = 522:1 Ep, [degp, p, (P22)], so we will focus on
the contribution of one particular P52

Then, we have that degp, p,(P3?) = |{i1 € [1] : Ny, p,(P5*) NP # 0}]. Recall
that P (vl € 77{1) = ﬁ for any v; since the partition is taken uniformly at random.
Thus:

Ep, [degp, p,(P5)] = Ep, [|{i1 € [(a] : Ny, p, (P) NP} # 0}

4y
- EPI Zl ]]_Nyl Po (P r‘I’P’Ll#@] Zl Epl |: Nyl,pQ (P;Q)I"I’Pil;ﬁ@]
71 11
= > P (Nyupu(PE)N P £0) = 32 (1-F (Mo (PP) N PY = 0))
i1=1 i1=1
<l . degy, p, (P3?)
1 &Yy, P
= 1- ]I P(m%?’{l)) =f1<1—(1—€) 1.P2 2)'
a=1 v EN(P2) !
(5.31)
So, in all we have that:
lo '
Ep, [eGW (Pla PQ)] = Z Ep, [degprQ (’P;Q)]
22:16 ) — (5.32)
2 1 egyl,P2 2
=/ 1—(1—-— .
! hz::l ( < 51) )

x
However the function f : z — 1 — (1 — %) is nondecreasing concave with

f(0) =0,so0 f( ) > f( ) forz < y. In particular, we have that:

min k1, degy, p,(Ps?)))
k1

f(min(ky, degy, p,(P32))) > fky)

130



5.3. Approximation Algorithm for Deterministic Broadcast Channel Coding

and thus:

£ min (k1 ,deg (Piz))
1 Vq,P: 2
Ep, [GGW (P1,P2)] > 41 Z (1 — <1 — €1> 1. P2 )

i2=1

0
> g, Zia=a Min(kr, degy, p,(P3)) - (1_1)’“
k?l El

b VA & )
Tk <1 ; (1 Bl £1> ) > min (kl’degyl,% (P22)> ;

io=1
(5.33)

which concludes the first part of the proof.

. Let us take P a partition of ) of size {5 uniformly at random, and let us prove that:

ts .
Z min (kl, degy, p, (7752))

i9=1

E

is greater than or equal to:

0 kyteh 1ye2) :
(14 (o (- 2)") e i)

1

. ¢ . ; y) i . .
First, 3;”_; min (kzl, degy, p, (7352)) = Yii_y w(degy, p,(P3?)) with p(j) =
min(k1, j) which is a concave function. Recall the definition of the Poisson concavity

ratio 3.1 o, = inf g+ W

k
S ke * .
which is equal to 1 — = ,:1! ~ for that particular

function. Let us find the law of degy, p, (P2):

degy, p, (Py) Z N(y1)NP2 A0 — Z <1 - ]lN(yl)ﬂP;2=®)
Y1

1\ deg(y1)
a Z ( V?4261\7(111) y2€7312> = yleer 1-— (1 — £2)

(5.34)

Thus:

el 2o (a1 (-2

1\ des(y1)
>E | |Poi Y [1- (1 - g) by Proposition 2.2 (5.35)
2
Y1
1\ des(y1)
> Z 1-— <1 — €> by definition of .
2
Y1
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132

. . . 1
. Let us consider an optimal solution 74y, o, Pzs T3 4,5 T

But:

1 deg(y1) 1 min(kz,deg(y1))
_ _ > _ _
R I (O

Y1
1\*2\ 1
>|1—-(1—— — in (ko,d
> (1-(1-5) ) g Smin hasdeston)

(5.36)
as before. Since ¢ is concave and ¢(0) = 0, we have in particular that for all
0<c<landz € R, ¢(cx) > cp(r). We know also that ¢ is nondecreasing. This

implies that:
1\ des(1)
w}jo—@_) ))
<y1 to
AR ko, d
I={1-7 7o 2 min (k2 de 5.37
v ( 52) s Z (Ko, deg(y1)) (537)
Ly® ! ko, d
>|1-(1-— — min ,de ,
2 (1-(15,) ) ey Somin i dento
ko .
as0 <1~ ( - é) <1 ThusE [so(degyly% (P;Q)))} is larger than or equal to:
YY) i (i, ko.d
1—(1-— i 1 -
Oy ( 52) min 1, s gmln( 2, eg(y1>)
1 kF1e—k1 1\ k2
= kig (1 — 1]:1! ) <1 — (1 — Eg) > min (kzlkg, Zmin(kg,deg(yl))>

Y1
(5.38)

Y

. 1 k:lfle’kl
since OZSO = — 1l

Finally, E [2522:1 min (kl, degy, p, (73;2))} = Zf;zl E [gp(degyhp2 (735'2))}, so we
get that:

to ‘
Z min (kl, degy, p, (7352))

io=1

E

is larger than or equal to:

0 ke 1\k2) _
Ty (1 TR 1-— <1 - £2> min k:ﬂ{:g,Zmln (ko,deg(y1)) | -

el

Thus, in particular, there exists some partition Py that satisfies the same inequality,
which concludes the second part of the proof.

:26,1/2 of the program computing

SNS(W, k1, kg), so that SNS(VV, k1, kg) = ﬁ Zm T, Wi (z),Wa (z)-

a) It comes directly from r; 4, 4, < p, that:

er7W1(I)7W2(CIZ) < pr = kiks .
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b) >0 Te Wi (2), Wale) = Doy1 Doz Wi (z)=yr Tz,y1,Wa(z) and we have that:
L D (@) =y Togn Wale) < 2w (a)=y: L = deg(y1)

e YW (2)=gs Toan Wa(@) < ZoaWy (o)=y Togn < 2w Tagn = K2 s
SO D0 (2)=y1 Tzyn Wa(z) < min(kz, deg(y1)), and thus:

> T W) Walx) < O min(ky, deg(y1)) -
x Y1

In all, we get that:

min (klkg, m min(k2> deg<y1)))
K1k ’

1
SNS(VV, ki, ko) = @ ZTx,Wl(x),Wz(r) B

which concludes the third and last part of the proof.

5.4 Hardness of Approximation for Broadcast Channel
Coding

Since broadcast channels are more general than point-to-point channels (by defining
Wi(y1|z) :== W(yi|x) for W a point-to-point channel and taking Wa(y2|z) = ﬁ a
completely trivial channel), computing a single value S(W, k1, k2) is NP-hard, and it is
even NP-hard to approximate within a better factor than 1 — e~!, as a consequence of the
hardness result for point-to-point channels from [BF18].

The goal of this section is to give some evidence for the hardness of approximation of the
general broadcast channel coding problem, specifically that it cannot be approximated in
polynomial time within a (1) factor. It will be a good insight that non-signaling assistance
will enlarge the capacity region of the channel as discussed in the introduction.

Formally, one would want to show that it is NP-hard to approximate this problem within a

(1) factor in polynomial time. As a first step towards this goal, we will prove a <\/1R) -
approximation hardness in the value query model.

First, let us introduce formally the problem:

Definition 5.5 (BCC). Given a channel W and integers k1, k2, the broadcast channel
coding problem, which we call BCC, entails maximizing:

1 .
S(W, k1, ko, e,d1,da) := T > Wyyale(in, i2)) La, (1 )mir da (yo)=is -
11,82,Y1,Y2

over all functions e : [k1] x [ka] — X, dy : Y1 — [k1] and da : Yo — [ka].

As in the deterministic case, we restrict ourselves to deterministic encoders and decoders,
which does not change the value nor the hardness of the problem. Also, it can be equivalently
stated in terms of partitions corresponding to dj, dz as:
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Proposition 5.12 (Equivalent formulation of BCC). Given a channel W and integers k
and ko, the broadcast channel coding problem, which we call BCC, entails maximizing:

kl ; Z max Z W (y1y2|x) ,

11,52 y1€PL yoeP)2

over all partitions Py of V1 in ki parts and Po of Vs in ko parts.

5.4.1 Social Welfare Reformulation

The social welfare maximization problem is defined as follows: given a set M of m items
as well as k bidders with their associated utilities (’UZ' oM _y R+) - the goal is to
K3

partition M between the bidders to maximize the sum of their utilities. Formally, we want

to compute:
k

maximize Z v; (P’) .

‘P partition in k parts of M =1
Let us show that the subproblem of BCC restricted to ko = |)%| can be reformulated as a
particular instance of the social welfare maximization problem. In that case, it is easy to
see that Py = ({y2})yse), is always an optimal solution. Indeed, for any partition Py, we
have:

Zmax > W (y1y2|z) < i D)2| > > max > Wyiyelz)

k1| .
1| 2’ i1,io y1€77;1,y2€772 “”ngEPQ ylefpl
=7 ‘y|z > max > Wyyslz) .
L2150 yaem y1ePi1
(5.39)
Therefore, the objective function becomes:
SY W, k1, Py) = — Z fiy (PiY) with f(S1) D) 2 Zmax > Wysla) -

Li=1 y1E€S51

Hence, up to a multiplicative factor ki, maximizing Sl(VV, k1,P1) over all partitions Py
of size k; is a particular case of the social welfare maximization problem with a common
utility fi}, for all k; bidders.

5.4.2 Value Query Hardness

Let us first introduce the value query model. As described in [DS06, MSV08], a value query
to a utility v asks for the value of some input set S C M, and gets as response v(5) € R;..
In the value query model, we aim at solving the social welfare maximization problem
accessing the data only through value queries to (v;);c(x)-

This is more restricted than using any algorithm, but in such a model, it is possible to show
unconditional lower bounds on the number of queries needed to solve a given problem
within an approximation rate. In the case of the social welfare maximization problem
with XOS utility functions, the approximation rate achievable in polynomial time has

134



5.4. Hardness of Approximation for Broadcast Channel Coding

been proved in [DS06, MSV08] to be of the order of © ( > Specifically, in [DS06], a

7=
Q ( L ) -approximation in polynomial time was given, and in [MSV08], it has been shown

m2

that any 2 ( L )-approximation for ¢ > 0 requires an exponential number of value
m2

queries. We will adapt their proof in the particular case of one common XOS utility function
of the form f‘}V for some broadcast channel W. But first, let us introduce the definition of
XOS functions and prove that f}}, is one of those.

Definition 5.6. A linear valuation function (also known as additive) is a set function
a:2M — R, that assigns a nonnegative value to every singleton {j} for j € M, and for
all S C M it holds that a(S) = 3 ,c5 a({5})-

A fractionally sub-additive function (XOS) is a set function f : 2™ — R, for which there is
a finite set of linear valuation functions A = {a, ..., as} such that f(S) = max;c a;(95)
for every S C M.

Remark. Note that the size of A is not bounded in the definition.

Proposition 5.13. f}, is XOS.

Proof.

fii (S o Zmax Z W(y1y2|x) = hax ax(S) , where
Yy1€51 '

D’ | DD Wiy Aye) = Y |y 2 ZW yiyelm(y2))|  (5.40)

Y2 y1€S y1€S

= > ax({y1})) with ax({y1})) = @ > Wyl Ay2)) € Ry

y1€8

So fI}V is the maximum of the set of a) for A € X Y1 which are linear valuation functions,
thus fI}V is XOS. O

Let us now state the value query hardness of approximation of the broadcast channel
problem:

Theorem 5.14. In the value query model, for any fixede > 0, a ) ( — ) -approximation
m2 ¢

algorithm for the broadcast channel coding problem on W, k1, ko, restricted to the case of
|Va| = ko and m = | V1| = k2, requires exponentially many value queries to f},.

Remark. As our problem is a particular instance of the social welfare maximization problem

with XOS functions, the polynomial-time (2 ( L )—approximation from [DS06] works also
m2

here.

Proof. The proof is inspired by Theorem 3.1 of [MSV08]. We will show using probabilistic

arguments that any Q | —— )—approximation algorithm requires an exponential number
2 £

of value queries. Let us fix a small constant § > 0. We choose k; € N as the number of
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messages (the bidders) and the output space ) := [m] with m := k? (the items). Then,
we choose uniformly at random an equi-partition of ) in k; parts of size ki, which we
name 17, ..., T},.

Let us define now Yo := [m + k1 + 1]. We take X' := ) = [m + 1 + k1] as well. We
can now define our broadcast channel W, with some positive constant C' to be fixed later
to guarantee that IV is a conditional probability distribution. Let us define its value for

y2:1:

m25ﬂy1:x whenl <x <m,
W(yil|z) := C x ! whenz =m+1,
m

=

Ly er; whenl <j:=z—(m+1) <k .

[N

Then, we define other ys inputs as translations of W (y;1|x). Specifically, we define:

W(yryz|z) = W (yil|ty,—1(z)) with ts(x) :=14+[(x —1+5) mod (m+ ki +1)].

All coefficients are nonnegative. So W will be a channel if for all z, =, W (y1y2|z) = 1.
However, one has, for some fixed zq:

> Wyalzo) =D Wniyalzo) = D> W(ynlty,—1(x0)) ZZW yillz)

Y1,y2 Y1 y2 Y1 Y2

:Cz Z m%lyl Z+ 5+ Z Ly,er;

Y1 | 1<i<m 1<5<ks
Z m2 +m x —|— Z k1
1<i<m 1<j<k1
=1,
(5.41)

by choosing C = ———L—— which does not depend on . Thus, we have defined a

ml+254m2 oy,

correct instance of our problem. Note that on this instance, we have:

fi (S |y | Zmax Z W (y1y2|z) = Zmax Z W (yil|ty,—1(z))

y1€S y1€S
k 1
_ % max Z W (y11|z) since t,,_1 bijection
x
2| y1€8 (5.42)
2‘5|{i}ﬂS| forl1 <i<m
Cm+ki+1)
= ——————— X max ;,5 S|
|32
|TjﬂS| forl1 <j <k

Let us also con51der an alternate broadcast channel W', with the only difference that 1, 7,
is replaced by 1 T for j € [k1]. For that channel, the constant C' remains the same (since
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Zj Zy1 ﬂyleTj =k1 xki =k xmx k:% = Zj Zyl L), so we get that:

1
m?2

m?{i}NS| forl <i<m
1
fl (S) = C(mBjT—{_) X max %’S|
2
L%|5| forl <j<k (5.43)

NZ1 5]

7—5

C(m+k +1) X{ mP|{i}n S| for1<i<m

since —t |S | < —1—|9|. Let us consider normalized versions v(5) := nl%k‘l T fi(S)
and v (S )= nlﬁll T fii(S), so distinguishing between v and v’ is the same as distin-

guishing between f}; and f} - We will prove that it takes an exponential number of value

queries to distinguish between v and v’. On the one hand, one can easily show that the max-

imum value of the social welfare problem with v/ is (k1 — 1)m?® + ——(m—(k1—1)) =
m?2

O(m%“‘s), obtained taking (k1 — 1) singletons as the first components of the partition
(the bidders), giving the rest of ); (the items) to the last. On the other hand, the maximum
value of the social welfare problem with v is k1 x k1 = m, obtained with the partition
11, ..., Tk, . The fact that it requires an exponential number of value queries to distinguish
between the two situations will imply that one cannot get an approximation rate better

than 2 (

L 5 5> in less than an exponential number of value queries.
m2°-

We will now prove that distinguishing between v and v’ requires an exponential number of
value queries. Note first that v(0)) = v'()) = 0, so we do not need to consider empty sets.

Let us fix some non-empty set S C [m)]. Let us define the random boolean variables XJ’: =

Lier; for j € [k1] and i € [m]. By construction of the random equi-partition 77, . .., T},
(X} )iepm) is a permutation distribution (see Definition 2.3) of (0,...,0,1,...,1) with
m — ki zeros and k1 ones, each X i following a Bernouilli law of parameter p := 1 . Thus

it is negatively associated by Proposmon 2.8, and the sub-family (X )Zeg is negatlvely
associated as well by Proposition 2.4. Note in particular that [T; N S| = 3_,c ¢ X is a sum
of negatively associated Bernouilli variables of the same parameter p, so the version of the
Chernoff-Hoeffding bound from Proposition 2.10 holds.

Let us first assume that S is of size 0 < |S| < m2 9. Then, we have that ;1,5 |S| < m?
m?2
so we get that v/(S) = m?°. On the other hand, we have that:
26
v(S) = max " , (5.44)
|T;NS|forl <j <k
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Thus, v(S) is different from v/(S) if and only if 35 € [k1], |T; N S| > m?. But, we have:

P (3 € [k],[T;0 S| >m®) < > P (|71 S| > m>) by union bound
J€lka]

' 25 1
= ZP(ZX§>m25> Z]P’( Sxi> ( [Sl)p>
JE[k1] €S j€[k1] zGS p

“grlnE o))

2

< Z eXp( p|f| ( |S|> ) by Proposition 2.10

J€[k1]

1 45) ( m=° 45) 1 koo s

= Z exp <—m < Z exp | ——m since — =

= 4p|S| R 4 plS| ISI

1 m3§

= mz2le 4

(5.45)

Thus, this event occurs with exponentially small probability (on the choice of the partition
Ty, ..., Tg,).

Let us now study the case of S of size |S| > m?2+9. Then, we have that —— —|S] > m?,
m
so we get that v/(S) = Té |S|. On the other hand, we have that:
m?2

1
1519
v(S) = max m3 (5.46)
75N S| forl <j <k

Thus, v(S) is different from v/(S) if and only if 3j € [k1],[Tj N S| > ——|S|. But, we
m2

138



5.4. Hardness of Approximation for Broadcast Channel Coding

have:
P(Hj € [k1], ) > IP’(\T ns| > \S) by union bound
J€lka]
— 1|51
:ZP<ZXZ yS|> > P ZXZ IRERLLLLIEE
jeElk1] €S j€[k) ZES p

1
s
E P E X’ m2_1p
J€lka] (S’ZGS ( p ) )

<
= Z]P’ Z:XZ (1+m6)p sincep:i: 1
jE€k1] 1€S
S
< Z exp (—pL|m25) by Proposition 2.10
J€ka]

(5.47)
Thus, this event occurs with exponentially small probability as well. We have then that for
36

all set S, P (v(S) # v'(9)) < Pleak := m2e~ ", which is an exponentially small bound
that does not depend on S.

Hence, for every set S, only with exponentially small probability pe,x can one distinguish
between v and v'. For some fixed algorithm A, let us consider the sequence L of queries
made by A before it is able to distinguish between v and v": L := (Si,...,S,), with
v(S;) = v'(S;) for i € [n] and v/(Sp41) > v(Sp41). L is independent of T7, . .. Ty, as no
information from this partition is leaked before S,,+1. Thus, for such an algorithm to be
correct, it should work for any equi-partition 77, . .. Tj,. We have:

P (Ji € [n] : v(S;) #0'(S)) < Zn:]P’ (v(S;) # v'(S;)) = nPleax by union bound.
=1

In particular, this implies that:

P (VZ S [n] : U(SZ) = ’U,(Sl)) > 1 — nPleak -

So,if 1 —npjeax > 0,ie. n < pea , then there exists some equi-partition 77, . . . T}, such that
our algorithm outputs a sequence L of queries of length n before being able to distinguish
between v and v’. In particular, we can take n = ﬁ so that L is of exponential size.
Hence, for any algorithm A, there exists some equi-partition 71, . . . Ty, such that A needs
an exponential number of value queries to distinguish between v and v’. This concludes

the proof of the theorem for any deterministic algorithm.

Finally, the hardness result holds also for randomized algorithms. Indeed, let us call As,
the running algorithm conditioned on its random bits being s. A is deterministic so the
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1—p
Pleak

reveal anything to distinguish between v and v, although it is of exponential size in m.

Then, averaging over all its random bitstrings, the same result holds, as pj.qx is independent

of the equi-partition 71, ..., Tk, . d

1

previous proof holds: with high probability p, the sequence of | | queries does not

5.4.3 Limitations of the Model

The main weakness of the previous result is that it highly relies on the restriction that
one has access to the data only through value queries. Indeed, if one has access to the
full data, it is possible to read the partition 77, . .., Tk, which gives the optimal solution
directly. This weakness comes from the fact that our utility function £}, can be described by
polynomial-size data, as it is characterized by a broadcast channel W, whereas one usually
consider any XOS functions, in particular with some having inherently an exponential-size
defining set of linear valuation functions.

On the other hand, one can also remark that when fl}v is written as a maximum of linear
valuation functions, then that defining set of linear valuation functions is of exponential
size. Hence, we think that it is still relevant to study the value query complexity of such a
family of functions, as it is not clear how one could recover the partition in polynomial
time from this exponential-size set of linear valuations without any additional information.

5.5 Conclusion

In this chapter, we have studied several algorithmic aspects and non-signaling assisted
capacity regions of broadcast channels. We have shown that sum success probabilities of the
broadcast channel coding problem are the same with and without non-signaling assistance
between decoders, and that it implied that non-signaling resource shared between decoders
does not change the capacity region. For the class of deterministic broadcast channels, we
have described a (1 — e~!)2-approximation algorithm running in polynomial time, and we
have shown that the capacity region for that class is the same with or without non-signaling
assistance. Finally, we have shown that in the value query model, we cannot achieve a

better approximation ratio than €2 ( %) in polynomial time for the general broadcast
channel coding problem, with m the size of one of the outputs of the channel.

Our results suggest that non-signaling assistance could improve the capacity region of
general broadcast channels, which is left as a major open question. An intermediate result
would be to show that it is NP-hard to approximate the broadcast channel coding problem
within any constant ratio, strengthening our hardness result without relying on the value
query model. Finally, one could also try to develop approximations algorithms for other
sub-classes of broadcast channels, such as semi-deterministic or degraded ones. This could
be a crucial step towards showing that the capacity region for those classes is the same
with or without non-signaling assistance.
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CHAPTER 6

Conclusion

In this thesis, we have studied several channel coding problems, with and without non-
signaling assistance, from the point of view of algorithmic approximation and of capacity
regions.

In Chapter 3, we have introduced a generalization of the maximum ¢-multi-coverage prob-
lem which entails maximizing the quantity 3_ ¢, wa(|{i € S : a € T;}|) over subsets
S C [m)] of cardinality k. We have shown that when ¢ is normalized, nondecreasing
and concave, we can obtain an approximation guarantee given by the Poisson concavity
ratio v, 1= mingen- % and we showed it is tight for sublinear functions ¢ if
P # NP. Applied to channel coding, and more specifically to (-list-decoding, where the
length restriction on the list of guesses of the decoder in ¢-list-decoding is replaced by a

probability # of correctly decoding a list of guesses of variable size ¢, we have obtained

a tight approximation guarantee v, for the class of channels W of the form W (y|x) = %
for y € T, with |T| = ¢t and W (y|z) = 0 elsewhere. A natural open question is whether
the NP-hardness guarantee can be extended for ¢(n) # o(n). Another open problem is to

extend the a-approximation algorithm for -list-decoding on all channels.

In Chapter 4, we have shown that the multiple-access channel coding problem cannot be
approximated within any constant ratio under a complexity hypothesis on random k-SAT
formulas. We have shown that optimal non-signaling assisted codes for multiple-access
channels can be found in polynomial time in the number of copies of the channel. Applied
to the binary adder channel, a non-signaling advantage on its capacity region has been
established. We have provided a general single-letter outer bound on the non-signaling
capacity region. When non-signaling assistance is not shared between encoders, we have
shown that the capacity region is not changed. A remaining open question is whether
quantum entanglement may increase the capacity of the binary adder channel. Also,
establishing a single-letter formula for the non-signaling assisted capacity of multiple-
access channels is the main open question left here, which could be obtained by achieving
the provided single-letter outer bound on the non-signaling capacity region.

In Chapter 5, for the class of deterministic broadcast channels, we have provided a (1—e~1)2-
approximation algorithm for the unassisted coding problem, and we have shown that their
capacity region is not changed with non-signaling assistance. In the value query model,

we have shown that we cannot achieve a better approximation ratio than (2 (ﬁ) for the
general broadcast channel coding problem, with m the output size of the channel. Our
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results suggest that non-signaling assistance could improve the capacity region of general
broadcast channels, which is left as a major open question. An intermediate result would
be to show that it is NP-hard to approximate the broadcast channel coding problem within
any constant ratio, strengthening our hardness result without relying on the value query
model.

Throughout this thesis, we have shown that links between approximation algorithms for
channel coding and non-signaling assisted capacity regions are fruitful in both directions.
On the one hand, the existence of approximation algorithms with constant ratio for channel
coding results often in the absence of non-signaling advantage on the related capacity
regions. On the other hand, the hardness of approximation within any constant ratio for
the channel coding problem results often in the existence of a non-signaling advantage on
the related capacity regions. Although not a formal equivalence, this strong link between
those apparently unrelated domains may be the key to address unsolved problems from
both topics. In particular, the step achieved in the understanding of the influence of non-
signaling correlations on broadcast channels, solved now for deterministic channels, goes
in that direction, and could be extended to other classes of channels. We believe that this
connection deserves more attention. In fact, as the complexity-theoretic point of view on
entangled multiplayer games was extremely fruitful [JNV'20], we expect the algorithmic
study of problems arising in information theory to achieve important insights.
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Conclusion

Dans cette these, nous avons étudié plusieurs problémes de codage de canal, avec et sans
assistance non-signalante, du point de vue de I’approximation algorithmique et des zones
de capacité.

Dans le Chapitre 3, nous avons introduit une généralisation du probleme de couverture
multiple maximale de paramétre ¢ ot 'on maximise 3 ,c(,) wap(|{i € S : a € T;}|) sur
les sous-ensembles C [m] de cardinal k. Nous avons montré que lorsque ¢ est normalisée,
croissante et concave, nous pouvons obtenir une garantie d’approximation donnée par le
rapport de concavité de Poisson o, 1= min e« % et nous avons montré qu’elle est
optimale pour les fonctions sous-linéaires ¢ si P # NP. Appliqué au codage de canal, et
plus spécifiquement au décodage de liste de parameétre ¢, ou la restriction de longueur
sur la liste de suppositions du décodeur dans le décodage de liste de parameétre ¢ est
remplacée par une probabilité # de décoder correctement une liste de suppositions
de taille variable /, nous avons obtenu une stricte garantie d’approximation o, pour la
classe de canaux W de la forme W (y|z) = 1 pour y € T} avec |T,| = t et W (y|z) = 0
ailleurs. Une question ouverte naturelle est de savoir si la garantie de NP-difficulté peut
étre étendue pour ¢(n) # o(n). Un autre probléme ouvert consiste a étendre ’algorithme

d’approximation o, pour le décodage de listes de parametre ¢ sur tous les canaux.

Dans le Chapitre 4, nous avons montré que le probleme du codage des canaux a acces
multiple ne peut étre approximé avec un ratio constant sous une hypothése de complexité sur
les formules k-SAT aléatoires. Nous avons montré que les codes optimaux avec assistance
non-signalante pour les canaux a accés multiple peuvent étre trouvés en temps polynomial
en le nombre de copies du canal. Appliqué au canal additionneur binaire, un avantage
non-signalant sur sa zone de capacité a été établi. Nous avons fourni une borne supérieure
générale a une seule lettre pour la zone de capacité non-signalante. Lorsque I’assistance
non-signalante n’est pas partagée entre les encodeurs, nous avons montré que la zone de
capacité n’est pas modifiée. La question de savoir si I'intrication quantique peut augmenter
la capacité du canal additionneur binaire reste ouverte. En outre, I’établissement d’une
formule a une seule lettre pour la capacité avec assistance non-signalante des canaux a
acces multiple reste la principale question ouverte de ce chapitre. Cette derniére pourrait
étre obtenue en montrant que la borne supérieure a une seule lettre fournie pour la zone
de capacité non-signalante peut en fait étre atteinte.

Dans le Chapitre 5, pour la classe des canaux de diffusion déterministes, nous avons
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6. CONCLUSION

fourni un algorithme d’approximation de ratio (1 — e~!)? pour le probléme du codage sans
assistance, et nous avons montré que leur zone de capacité n’est pas modifiée par ’assistance
non-signalante. Dans le modéle d’accés par valeur, nous avons montré que nous ne pouvons
pas obtenir un meilleur ratio d’approximation que €2 (ﬁ) pour le probléme de codage du
canal de diffusion général, avec m la taille de sortie du canal. Nos résultats suggérent que
Passistance non-signalante pourrait améliorer la zone de capacité des canaux de diffusion
généraux, ce qui reste une question ouverte majeure. Un résultat intermédiaire consisterait
a montrer qu’il est NP-difficile d’approximer le probléme de codage des canaux de diffusion
pour n’importe quel ratio constant, ce qui renforcerait notre résultat de difficulté sans
s’appuyer sur le modele d’accés par valeur.

Tout au long de cette thése, nous avons montré que les différents liens entre les algo-
rithmes d’approximation pour le codage de canal et les zones de capacité avec assistance
non-signalantes sont fructueux dans les deux sens. D’une part, existence d’algorithmes
d’approximation a rapport constant pour le codage de canal se traduit souvent par ’absence
d’avantage non-signalant pour les zones de capacité correspondantes. D’autre part, la
difficulté d’approximation pour un ratio constant quelconque pour le probléme du codage
de canal se traduit souvent par 'existence d’un avantage non-signalant dans les zones de
capacité correspondantes. Bien qu’il ne s’agisse pas d’une équivalence formelle, ce lien
étroit entre ces domaines apparemment sans rapport peut étre la clé pour résoudre des
problémes non résolus dans les deux domaines. En particulier, ’étape franchie dans la
compréhension de I'influence des corrélations non-signalantes sur les canaux de diffusion,
résolue a présent pour les canaux déterministes, va dans cette direction et pourrait étre
étendue a d’autres classes de canaux. Nous pensons que ce lien mérite plus d’attention.
En fait, comme le point de vue de la théorie de la complexité sur les jeux multijoueurs
intriqués a été extrémement fructueux [JNV'20], nous nous attendons a ce que I’étude
algorithmique des problemes posés par la théorie de I'information aboutisse a des résultats
importants.
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