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Résumé

Dans cette these, nous étudions les problemes d’approximation au sens des moindres
carrés liés a des équations aux dérivées partielles elliptiques. Les problemes inverses
étudiés sont liés aux solutions des équations de Maxwell, soit sous ’approximation quasi-
statique conduisant a une équation de Poisson, soit sous ’approximation harmonique en
temps induisant une équation de Helmholtz. Ces problemes concernent la localisation
de sources en imagerie cérébrale, la localisation de charges a partir de mesures continues
du champ électromagnétique qu’elles génerent et la reconnaissance de formes a partir de
mesures discretes d’ondes électromagnétiques réfléchies.

Dans un premier chapitre, ces problemes au sens des moindres carrés sont liés aux
solutions des équations de Poisson issues des équations de Maxwell sous I’approximation
quasi-statique. Nous étudions dans ce cas les problemes inverses de localisation de sources
en imagerie cérébrale ou de localisation de charges a partir de mesures continues du champ
électromagnétique qu’elles induisent. Pour ces problemes, nous étudions principalement
les fonctions ”objectif” associées et leur solvabilité numérique. En effet, ces fonctions
n’étant pas convexes, nous étudions 'unicité des leurs points critiques et donc de leurs
minima locaux afin d’assurer la convergence des méthodes de descente vers la solution
désirée. Nous étudions différents problemes : 1'estimation du courant a partir de mesures
du potentiel électrique ou de I'induction magnétique et ’estimation de charge électrique a
partir de mesures du champ électrique ; I’étude est faite pour deux ensembles de mesures
différents : une sphere et un plan infini. Des illustrations numériques sont fournies pour
tous ces problemes.

Dans un deuxieme chapitre, nous étudions un probleme de reconstruction de forme
et d’estimation de propriétés électriques a partir de mesures discretes d’ondes électro-
magnétiques réfléchies sur un objet. Pour ce probleme, les champs sont des solutions de
I’équation d’Helmholtz provenant des équations de Maxwell dans ’approximation har-
monique en temps. La question de la reconstruction en elle-méme peut étre traitée par
des techniques d’apprentissage automatique. Les parametres choisis sont les poles de la
fonction qui exprime le champ électrique en fonction de la fréquence. Dans cette these,
nous étudions des méthodes d’approximation rationnelle du champ afin de décrire com-
ment ces poles peuvent étre estimés. Nous introduisons et étudions deux généralisations de
I’approximation de Padé au sens des moindres carrés : ['approximation de Padé au sens des
moindres carrés en 0 et I'approximation de Padé multipoints au sens des moindres carrés.
Pour la premiere approximation, nous généralisons le théoreme de Nuttall-Pommerenke,
tandis que nous montrons un résultat plus faible pour la seconde et discutons une conjec-
ture plus forte.

Mots clés : Probleme inverse, Electroencéphalographie, Magnétoencéphalographie



Abstract

In this thesis, we study least-squares approximation problems linked to elliptic partial
differential equations. The studied inverse problems are linked to solutions of Maxwell
equations under either the quasi-static approximation leading to a Poisson equation or
under the time-harmonic approximation leading to a Helmholtz equation. These problems
arise from source localization in brain imaging, charge localization from continuous mea-
surements of the electromagnetic field they induce and shape recognition from discrete
measurements of scattered electromagnetic wave.

In a first chapter, these least-squares problems are linked to solutions of Poisson equa-
tions coming from Maxwell equations under the quasi-static approximation. We study in
this case inverse problems of source localization in brain imaging or charge localization
from continuous measurements of the electromagnetic field they induce. For these prob-
lems, we mainly study the associated least-squares criteria and their numerical solvability.
Indeed, as the criteria are not convex, we study the uniqueness of critical points of the
criteria hence of the local minima in order to ensure the convergence of descent methods
to the desired solution. We study different problems: current recovery from measures
of the electric potential or magnetic induction and charge recovery from measures of the
electric field; the study is done for two different sets of measurements: a sphere and an
infinite plane. Numerical illustrations are provided for all of these problems.

In a second chapter, we study a problem of shape reconstruction and electric properties
recovery from discrete measurements of scattered electromagnetic waves on an object. In
this case, the fields are solution of Helmholtz equation coming from Maxwell equations un-
der the time-harmonic approximation. The reconstruction issue by itself can be achieved
based on machine learning techniques. The chosen parameters are the poles of the func-
tion which express the field with respect to the frequency. In this thesis we study rational
approximation methods of the field in order to describe how these poles can be recovered.
We introduce and study two least-squares generalizations of Padé approximation: the
least-squares Padé approximation at 0 and the least-square multipoint Padé approxima-
tion. For the first approximation we generalize the Nuttall-Pommerenke theorem while
we showed a weaker result for the second one and only discuss a stronger conjecture.

Keywords: Inverse problem, Electroencephalography, Magnetoencephalography
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GENERAL INTRODUCTION

In this thesis, we study least-squares approximation problems linked to elliptic partial
differential equations. Two questions are mainly considered in this work:

e Are the solutions to least-squares approximation problems numerically computable?

e How do these solutions compare with the approximated function when we increase
simultaneously the amount of data and the complexity of the approximation set?

More precisely, the studied inverse problems are linked to solutions of Maxwell equa-
tions under either the quasi-static approximation leading to a Poisson equation, or under
the time-harmonic approximation leading to a Helmholtz equation. These problems arise
from applications like source localization in brain imaging, charge localization from con-
tinuous measurements of the electromagnetic field they induce, and shape recognition
from discrete measurements of scattered electromagnetic wave.

In a first chapter, these least-squares problems are linked to solutions of Poisson equa-
tions coming from Maxwell equations under the quasi-static approximation. We study in
this case inverse problems of source localization in brain imaging or charge localization,
from continuous measurements of the electromagnetic fields they induce. For these prob-
lems, we mainly study the associated least-squares criteria for pointwise sources and their
numerical solvability. Indeed, as the criteria are not convex, we study the uniqueness of
critical points of the criteria hence of the local minima in order to ensure the convergence
of descent methods to the desired source term. We study different problems: current re-
covery from measures of the electric potential or magnetic induction, and charge recovery
from measures of the electric field; the study is done for two different sets of measure: a
sphere and an infinite plane.

In a second chapter, we study a problem of shape reconstruction and electric proper-
ties recovery from discrete measurements of scattered electromagnetic waves. In this case,
the fields are solution of Helmholtz equation coming from Maxwell equations under the
time-harmonic approximation. The reconstruction issue by itself can be achieved based
on machine learning techniques. The chosen parameters are the poles of the function
which express the field with respect to the frequency. In this thesis, we study rational
approximation methods of the field in order to describe how these poles can be recovered.
We introduce and study two least-squares generalizations of Padé approximation: the
least-squares Padé approximation at 0 and the least-square multipoint Padé approxima-
tion. For the first approximation, we generalize the Nuttall-Pommerenke theorem, while



we showed a weaker result for the second one and only discuss a stronger conjecture.
Numerical illustrations are provided.

The first question is studied in both chapters. In the first chapter, we study the
uniqueness of the local minimizer of some least-squares criteria in order to show the
computability of the minimizer through numerical methods. In the second chapter, we
also study the uniqueness of some least-squares approximants which is a desired property
for numerical computations. The second question is also studied in both chapters. In
the first chapter, we study the uniqueness of the global minimum of some least-squares
criteria in order to show that solving these problems leads to a perfect reconstruction of
the measured function. In the second chapter, we study the error done when considering
some variations of Padé approximation and show some results linked to the Nuttall-
Pommerenke theorem which control this error.

Publications

Participations in conferences

e Surface identification through rational approximation of the back-scattering of an
electromagnetic planar wave. CMFT 2021, January 2021, Valparaiso, Chile [online].

e Surface identification through rational approximation of the back-scattering of an
electromagnetic planar wave. ERNSI 2021, September 2021, Rennes, France [on-
line].

e Critical points for least-square estimation of dipolar sources in inverse problems for
Poisson equation. IPMS 2022, May 2022, Paradise bay, Malta.

e Surface identification through back-scattering of an electromagnetic planar wave,
by rational approximation. Waves 2022, July 2022, Palaiseau, France.

Articles submitted for publication

e [I] P. Asensio and J. Leblond, “Critical points for least-squares estimation of dipo-
lar sources in inverse problems for Poisson equation.” Accepted for publication in
Computational Methods and Function Theory, 2023.

e [2] P. Asensio, J.-M. Badier, J. Leblond, J.-P. Marmorat, and M. Nemaire, “A layer
potential approach to inverse problems in brain imaging.” Accepted for publication
in Journal of Inverse and Ill-posed Problems, 2023.

Article in preparation

e [3] P. Asensio, L. Baratchart, and J. Leblond, “A Nuttall-Pommerenke theorem for
least-square rational approximant of analytic functions.” Working paper, 2023.

10



CHAPTER |

LCRITICAL POINT FOR LEAST-SQUARES INVERSE
POTENTIAL PROBLEMS

1.1 Introduction

1.1.1 General framework

In this work, we study the inverse problem of recovering vector-valued pointwise sources
in a domain © C R? from measurements of the emitted potential on its boundary 09. In
particular, we inquire the uniqueness of the critical points of the least-squares criterion
linked to this source recovery inverse problem. As the criterion is not convex, uniqueness
of local minimizer is needed to ensure the convergence of classical optimization scheme to
a global minimizer.

Such inverse problems have applications in medical imaging (electroencephalography
(EEG)) as in [4] and in geosciences (rock magnetization) as in [5]. In these applications
the sources are either electric currents due to brain activity or magnetizations due to
remanent rock magnetization. In both cases, the model comes from Maxwell equations
in the quasi-static approximation [0, Sec. 5.3]. This approximation leads to a Poisson
equation with a source term in divergence form:

lim |u(z)] = 0. (1.1)

{ Au =V . pinR",
|z]—o00
for some measure p with compact support included in a smooth domain €2 C R™ and a
solution v in the distributional sense.

In this work, we study the two settings. The first setting is such that €2 is the lower
half-space and 02 the horizontal plane. This configuration is more adapted to the geom-
etry a Scanning Magnetic Microscopy used in particular paleontology studies about rock
magnetization where we typically have data on a horizontal plane above the rock. The
second setting is such that ) is the unit ball and 0f2 the unit sphere. This configuration
is adapted for EEG in which the measurements are considered on the scalp of a patient
usually modeled as a sphere.

11



1.1.2 Main Problems

We consider the inverse problem of source recovery:

Problem I.1.1. Given ug € L*(09Q) find po € [M(R™)]" such that ug is the trace on O
of the solution of the Poisson equation (L.1)) with u = pp.

This inverse problem of source recovery is strongly ill-posed. A classical possible
regularization is to restrict the space of sources to finite sums of a fixed number ng; > 1
of dipoles:

ng
S, = {Zpidxi,xi €Q, p, e R"Vie ﬂl,ndﬂ} ,
i=1
where a dipole pd, is parameterized by its location x €  and its moment p € R3. The
measure ¢, is the Dirac delta distribution supported at x € Q0 and ny € N plays the role
of the regularization parameter. This model is well adapted for localized dipolar sources
such as epileptic foci in EEG. This regularization is enough to guarantee the uniqueness
of the solution to the inverse problem [7, Thm 1] when dealing with both Dirichlet and
Neumann data. Indeed, there are no silent sources in the space of finite sum of dipoles
(this subject was deeply discussed in [8]). Nevertheless, because of the non-convexity of
the least-squares criterion, still exists the question of the multiple local minima of the
objective function hence of the numerical solvability of the problem even when the data
are noiseless and the original source term p actually belongs to the approximation space

Sy

In this work, we mainly deal with the dimension 3 (n = 3), with a single dipole
t = pody, (ng=1) where py € R*® and z € . In this case, Equation becomes:

Aug =47V - (poda, inIR3,
{ 0 (P00, (12)
\

lim |up(z)] = 0.
z| o0

As in Equation (L.1)), the partial differential equation ([.2]) is to be understood in the
distributional sense, with the Dirac delta distribution ¢,, supported at zo € {2 and the
divergence V - (pody,,) being defined by:

(020 0) = p(20),
<v : <p05I0)7 (10> = —Do- V90<x0)7

for all test functions ¢ € D(R?) where D(R?) is the set of infinitely differentiable functions
with compact support in R3. The solution to Equation in the dual D'(R?) of D(R?)
is unique as the difference of two solutions would be a bounded harmonic function in R?
hence zero according to Liouville’s Theorem (see [9, Thm 2.1]). This solution is given by:

Zo

up(z) = u, Vz e R®\ {zo}. (1.3)

|wo — Z|3
From now on, we will consider sets 2 C R? which satisfy the following hypotheses:

e () is an open domain of R3,
e O° =R*\ Q is unbounded, (L.4)
e its boundary Jf) is Lipschitz smooth.
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We will make use of the notation Ogs = (0,0,0)” for the null vector of R3. We are
interested in retrieving the location xy € € and the moment py € R? using measurements
(assumed to be noiseless) of the solution ug on the boundary 02 by minimizing the least-
square criterion Jyq:

Joo: QxR —5 R,
p—-(x—z)_u z 2 o(z (1.5)
(e,p) —> ( of >) do(2),

= 2[*

with uy given for all (zg,po) € Q x R® by Equation and where o is the Lebesgue
measure on J€). Hence, we considering solving the minimization problem:

Problem 1.1.2. Given ugloq € L*(09), find (z*,p*) € Q x R? such that:

(x*,p") € Argmin Jya(x,p).
(z,p)EQxR3

To ascertain that we actually find py and zy when numerically solving Problem[[.1.2] we
will prove that the least-squares criterion [I.5 has only one critical point (z., p.) = (2o, po)
when  is the lower half-space in R3. Analogous results were given by [10] for similar
problems in two-dimensional domains. Part of the results presented for this problem were
submitted for publication in [I].

In a second part, we consider a similar inverse problem linked to an electric charge
localization retrieval from the measure of the electric field it produces in the vacuum [0,
Eq. 1.3]. In this case, the source is scalar hence there is no moment to consider. In this
problem, we study the function:

—|3, Vz € R°\ {0},

Eo(z) = 4o
|xg — 2

which is the solution in [D/(R3)]” of:

AEy =4mqyVi,, inR3,
Jim |Ey(2)] = 0. (1.6)
Z|—00

As for Problem [[.1.T| we are interested in retrieving the location xy € Q and the charge
¢o € R using measurements (assumed to be noiseless) of the solution Ejy on the boundary
0f) by minimizing the least-square criterion jsq:

jaﬂiQXRHR+

T — 2z ? (L7)

(z,q) — QW — Ey(2)| do(z),

o0

with Ey given for all (zg, ) € QxR by Equation and where o is the Lebesgue measure
on 0f). Hence, we considering solving the minimization problem:

Problem 1.1.3. Given Eoloq € [L2(0Q)]°, find (z*,q*) € Q x R such that:

(.T*7 q*) S AI‘g min jafl(I? q)
(z,9) QxR

13



To ascertain that we actually find gy and 2y when numerically solving Problem[[.1.3] we
will prove that the least-squares criterion ([[.7)) has only one critical point (z., ¢.) = (xo, qo)
when € is the lower half-space R? in R? and when € is the unit ball B in R3.

In a third part, we consider a similar inverse problem linked to an electric dipolar
source retrieval from the measure of the magnetic field it produces in the vacuum [11], Eq.
4]. In this problem, we study the function:

Bo(z) = w, Ve e R3\ {ao), (L8)
|0 — 2|
which is the solution in [D/(R3)]” of:
ABy =47V x (pods,)in R3,
‘1|im |By(z)] = 0.
Z|—00

We are interested in retrieving the location zy € Q and the moment p, € R3 us-
ing measurements (assumed to be noiseless) of the solution By on the boundary 92 by
minimizing the least-square criterion Jyq:

jaQZQXR3—>R+

px(x—2z) 2 (1.9)

(z,p) — — Bo(2)| do(z),

oa| |r—2[3

with By given for all (zg,py) € 2 x R?® by Equation and where ¢ is the Lebesgue
measure on 0f). Hence, we considering solving the minimization problem:

Problem 1.1.4. Given Bolog € [L2(0Q))°, find (z*,p*) € Q x R3 such that:

(z*,p*) € Argmin Jyg(z,p).
(z,p)€QXR3

To ascertain that we actually find py and xo when numerically solving Problem [[.1.4]
we study the critical points of the criterion when € is the lower half-space R? in R?
and the moment p is vertical. We show that contrarily to the previous criteria, this one
admits multiple critical points.

1.1.3 Overview

In Section we study the dipole localization electric inverse problem of minimizing the
criterion from given measurements of ug. In Section , we state our main results
for two different geometries in Theorem and Proposition which are respectively
proven in Subsection and Section for the planar and spherical geometries.

In Section [[.3] we study the charge localization electric inverse problem of minimizing
the criterion from given measurements of Ey. In Section m, we state our main
results for two different geometries in Theorem and Theorem [[.3.3] which are respec-
tively proven in Section and Section for the planar and spherical geometries.

In Section[[.4] we study the dipole localization magnetic inverse problem of minimizing
the criterion ([.9) from given measurements of By. In Section [[.4.1] we state our main
result in Theorem for the planar geometry which is proven in Section [[.4.2]

In Section [[.5], we provide numerical illustrations for both problems. We finally provide
some concluding remarks and further possible developments of the present work in Section

14



1.2 A dipole localization electrical inverse problem

In this section, we study the critical points of the criterion Jyq given by Equation for
two different geometries, O being the horizontal plane and the unit sphere in R? both
centered at Ogs. It can be noted that these cases are not restrictive as using rotations and
homotheties the results can be extended to any plane and sphere.

1.2.1 Main results

A preliminary result is given by Proposition for general geometric situations following
hypotheses ([I.4]).

Proposition 1.2.1. For each (zg,po) € Q x R® with py # Ops, the criterion Joq admits a
unique global minimizer (x*,p*) € Q x R, It coincides with the original source: x* = x
and p* = pg.

If po = Ogs, the minimizers of Jaq are all the (x,0gs) with x € Q.

Proof. As Jsq is non-negative and Jyqo(zo,po) = 0, Joo admits 0 as a global minimum.

Let (z*,p*) € Q x R? be a global minimizer of Jyq, we have Jyq(x*, p*) = 0. Let us define
on ¢ the difference:

pro(x"—2) po-(xo—2)
2% — 2[? |0 — 2

Vz e Q° h(z) =

such that:
/ h*do = Jao(x*,p*) = 0. (I.10)
a0

Clearly, h is a continuous bounded function in Q¢ is harmonic in Q°¢\ 99 and, if Q° is
unbounded:
h(z) — 0.
|z]—o0
The function & is equal to 0 on 99 according to the strict positivity of the integral (L.10).
Therefore, the function A is equal to 0 on Q¢ according to the uniqueness result [12, Vol.
1, Chap. II, Par. 4, Prop. 1 and 9]. Hence, we have:

Vz € Q% Q2) = (" - (&7 = 2))’|z0 — 2= (po - (w0 — 2))*[a" — 2[°= 0.

As @ is a polynomial of the variables (z1, 29, 23) that is null on Q¢ which contains a non-
empty open set in R3, it is null in R3. However, as |z| goes to infinity, we have the
following asymptotic expansion for Q:

Q(2)

|Z|6 |z\joo

—[(po-2)* = (p* - 2)°]

#2 | a0l ) = (7 -2)0 ) 306 ) BT = a2 B

+0(1).

By identifying the first coefficient with 0 we see that p* = +pg. Then if pg # Ogs, by
identifying the second term with 0, we sequentially find that py - 2* = pg - ©9 by looking
in the direction py and finally z* = xy. Furthermore, because h is null on 92, we have
p* = po. Hence, if pg # Ogs, there is a unique global minimizer to Jyq: (z*,p*) = (20, po)-
If pg = Ogs, then for all x € Q, (z,0g3) is a global minimizer of Jyq. O
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Remark 1. This proof could have been done in any dimension n > 3 with minimal changes.
Hence, the Proposition [[.2.1| remains true for all n > 3.

The main result of this work is given by Theorem and deals only with the half-
space geometry. Let @ = R? be the lower half-space, R be the upper half-space and

O =TI be the horizontal plane of constant height z3 = 0 in R?. Let 2o = (zo1, o2, xgg)T
be a point in R? and py a vector in R? (the situation is summarized on Figure [[.1). We
are interested in estimating xy and p, using measurements of uy on II by solving the
least-squares inverse problem:

(z*,p*) = argmin Jy(zx,p),
(x,p)ER3 xR3

with the criterion Jy being given by:
JH . R?) X RB — R+

ka_é/< x—Z_pm@m—@)ib@% (L11)

= 2[* |70 — 2

where o is now the Lebesgue measure on II: do(z) = dzydzy, 2z = (21, 22,0) € I1.

€3

A

Zo
T
Po y‘
Figure I.1: Setting of this study in the half-space (2 = R?).

Our main result is the following:

Theorem 1.2.2. For each (zg,po) € R® x R® with py # Ogs, the criterion Jy admits a
unique critical point (x.,p.) € R® x R3 such that V,Ju(ze, pe) = VpJu(Te, pe) = Ogs. It
coincides with the global minimizer: x. = xy and p. = py.

If po = Ogs, the critical points are all the (x,0gs) with v € R3 .

Section [[.2.3]is devoted to the proof of Theorem [[.2.2]

We also showed a weaker result for the spherical situation. Let B C R? be the open
ball of radius 1 and center Ogs and S C R? the sphere of same radius and center. Let
o = (o1, Toz, xgg)T be a point in B and py a vector in R? (the situation is summarized
on Figure . In this setting, we want, for all py € R3 and zy = Ogs, to compute the
critical points of the criterion on S:

JS:BXR3—>R+
(z,p) H/( (x — 2) po-(a:o—z))2do_(z)' (1.12)

w—2P  [wo— 2P
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Figure 1.2: Setting of this study in the spherical case (2 = B).

Proposition 1.2.3. For o = Ogs and each py € R? with py # Ogs, the criterion Js admits
a unique critical point (x.,p.) € B x R? such that V,Js(x¢, pe) = VpJs(xe, pe) = Ops. It
coincides with the global minimizer: x. = xo = Ors and p. = py.

If po = Ogs, the critical points are all the (x,0grs) with x € B.
Section is devoted to the proof of Proposition [[.2.3]

1.2.2 Preliminary computations

In this section, we make general considerations that apply to any configuration for which
() satisfy the hypothesis ([.4]).

[.2.2.a Gradient in p

By expanding the square in Equation ([.5)), we have for all (z,p) € Q2 x R3:

Joa(z,p) = p" Maq(z,2)p + p§ Maa(o, 20)Po — 204 Maa(z, 20)p, (I.13)

where the 3 x 3 matrix Myq(z, x¢) is defined by:

Min(ain) = [ (;00—_ zZF’) (; = ;3)Td0(z)' (1

Therefore, the gradient of Jyn with respect to p is given by:

Vpdoa(z,p) = 2Maq(x, ©)p — 2Maa(x, 20)" po.
One can see that the matrix Mg (x, z) is symmetric and positive definite for each z € Q,

as for all v € R?, v # Ops:
2
(w) do(2) > 0.

@ — 2/

v Mgz, z)v = /

o0

17



which leads to Mpq(x, x) being invertible. Therefore, if (z.,p.) € 2 x R3 is a critical point
then necessarily:

— def
pe = Moo(z., z.) 1MaQ(ﬂfc,$o)Tpo = p(z)- (L15)
One can see from Equation ([.15)) that in this case:

PcTMaQ (xm xc)])c - ngaQ (xm xo)Pc = 0. <116)

Furthermore, if py = Ogs then the critical points of Jyq are the (z,0gs) for any = € .
Indeed, for all (z.,p.) € Q x R? critical point of Jsq, Equation leads to p. = Ops
and as Jyq(+, Ogs) is in this case uniformly null, for all = € Q, (z,0gs) is a critical point of
Joq. So, we will suppose in the following that:

In order not to carry heavy notation, we will drop the dependency in z, zy and 0 of
M = Mpq(z, x¢) and all its derived quantities when there is no ambiguity.

1.2.2.b Gradient in z

For all x € €, let p = p(z) be defined as in Equation and lpo(z) = Joa(z, p(x)).
Then, by definition of p(x), the critical points of Jyq are all the (z., p(x.)) where z. € §2
is a critical point of Iyq. For all z € ), in view of Equations ([.13]) and and because
of Equation , we have:

Ipa(z) = p(x)" M (2, z)p(x) + pg M (20, 20)po — 208 M (x, 20)p(z)
= —pp M (x,z0)p(2) + py M (o, 0)po,
So, computing the gradient of I, we get for all x € €:

ViIpa(z) = =V (ps M(z,20)p(z))
=-V (ng(x,xo)M(aj, x) M (x, xo)Tpo) ,

in view of Equation ([.15]). Therefore, upon defining the matrix:
K = K(z,20) < M(x, 20)M(z, )" M(z, 20)" (1.18)
we obtain that (x.,p(z.)) € Q x R3 is a critical point of Jpq if and only if, for all

ie{1,2,3}:

Do %(l’c’l’o)) po=0. (1.19)

I.2.3 Planar case (Proof of Theorem [I.2.2)

Let us fix (zg,po) € R® x R3. In this section, we want to compute the critical points of
the criterion J. To do so, in Section , we express Equation by computing
certain integrals. In Sections and we characterize (xg,po) as being the
unique critical point of by first proving that any critical point (z.,p.) € R® x R3
is such that x. and xy belong to the same horizontal plane using the homogeneity of
the criterion; then, we appropriately combine derivatives to show uniqueness of a critical
point with positivity arguments and conclude the proof in Section [[.2.3.d]
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1.2.3.a Explicit computation of the criterion

Our goal in this section is to compute the matrices M (z,z) and M (z,xz() defined by
Equation ([.14) with 02 = II. The elements of these matrices are given for x and z( in
R3 by:

M({L‘,l‘o)i7]~ _ .Tj — Zj Loi — %

3 sdo(z), (1.20)
n |z —z[" [zo — 2|

for all (i, 7) € {1,2,3}>.

In order to compute the integrals ([.20]), we make use of Clifford analytic calculus
presented in Appendix [A] Let us call My, My and M; the columns of M and identify
them with their corresponding vectors in Clj 3(R):

My = M1e1+ Myy ey + Mses,
My = Myge; + Myges + Mo es,
M3 = M173 e+ M273 €9 + M373 €3.

Upon defining z+ € R} as the symmetric of z with respect to II and identifying z, ¥,
zo and all z € II with their corresponding vectors in Clj3(R), we have:

To— 2 T —z

M1®61+M2®62+M3®€3: 3® 3d0(2’)
 |zo — 2| |z — z|
Ty — 2 T —z
= — 0—3®63@63®—3d0’(2)
e 7]
+
To— 2 zt —
= L 0ea0 " sdo(z) ©es
| — 2| |zt — 2|
+ _
= dr— 0 e, (L21)
|zt — x|
where we used the relations:
e3©e3 = —1,

e3® (z—2)=—(2" — 2) ®es,

I+ —Z

P is left Clifford analytic in R? since

and Lemma |A.0.1] (Appendix as z +—
zt € R}. Using Lemma [A.0.1} we also have:

Ty — 2 T —z
0—3®63®—3da(z)
|zo — 2] |z — 2|

—0, (1.22)

(—M1®€1—M2®€2+M3®€3)®63Z/
I

T—z
z—2z|

get the following relations between terms:

because z —

7 is left Clifford analytic in R? since z € R?. Using these equations, we

T3+ Tq
M1+ My = M3z = —2#% = —27T—33, (1.23)
|z — o %
M3’1 = —MLg = —QW% = 271_1‘_(113’ <124)
|z — o |%a
Mgy = =My = —27r— "2 = op 20 (1.25)
|z — o |%a
My = Mg, (1.26)

where we defined z, € R? by z, = 2y — *. Indeed:
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e Equation (I comes from the 1 coordinate of Equation (|l and the e3 coordinate
of Equation 1.22.

e Equation ([.24) comes from the e3 ® e; coordinate of Equation ([.21]) and the e;
coordinate of Equation ([[.22]).

e Equation ([.25)) comes from the ey ® ez coordinate of Equation ([.21]) and the e,
coordinate of Equation ([.22)).

e Equation ([[.26)) comes from the e; ®ey coordinate of Equation (I or the e;®es®es
coordinate of Equation ([[.22]).

We are left to compute:

X1 — 21 To1 — 21
M11:

)

3 3
|z —z|” |zg — 2|
Lo — 22 Tp2 — 22

M272 = 3d0'(2),

3
|z —z|” |zg — 2|

T1 — 21 To2 — 22
M271 — MLQ —

3 3
|z —z|” |zg — 2|
To do so, we use the previously computed Mj 3 in Equation (I.23) and define:

m3,3(%1,%2,%3 M33 x l‘o)

/|x—z| |:E0—z| do ()

[ a1+xa2+x ]

Njw

By integration and differentiation, we can transform the integrand of M3 3 into those of
M1, My, Msy and M, 5. Indeed it is easily checked that for ¢ € {1,2}:

ki /axl y _dy,
|l’—Z| 1'1—21) +($2—Z2) —|—y]2

To; — 2 /Jm 9 Y dy
3 Z0s 3 :
|20 — 2| o [(zo1 — 21)% + (o2 — 22)% + 2|2

So, by applying Fubini’s theorem then differentiating under the integral sign, we get for
ie{1,2}:

/ / 8:1)16:1}017%3 3(1['@1, Ta2,Y1 + y?)dyldy2 7, K3

o3 xrs3
/ Oz, 0205m3 3(Ta1, Ta2, Y1 + Yo )dyrdys = Moy = My 5.

—0o0 —00

Since mg 3 is a function of x,1 = xo1 — @1, T2 = Tz — T2 and .3 = w3 + T3, We can
simplify the differentiations and for i, j € {1,2}:

a:c, 33:03 ms 3 = arm 8

xq;T103,3-
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Then, using known antiderivatives, we compute M1, Myo, My and M, o, for all 7,5 €

{1,2}:

x3
Ml] o 27T/ al'alawa] / - * . dyldyQ
Yy1=—00 Y2=—00 ZL' al + .Z' + (yl + y2)2]

(IS

1
= 27 / Or,: xaj +dy
xal + %%2 + y2] 2

61‘7]' Tailaj
- /oo [_ (22, + 22, + ¢ i (22, + 22, + y2]5/2] dy
2 [ |wal + a3 . 2]:1:a|3+33:a3\xa|2—x23]
i

(22, + 22,) e 2|3 (22, + 225)

Remark 2. We can see that all the expressions M, ; for (i, j) € {1,2,3}* are homogeneous
of degree —2 in all their variables x1, xo1, T2, To2, T3 and xos.

(L27)

|zl

By taking the limits of the previously computed terms as xy goes to x, we find for that
all z € R3:

One can see that M(x,z) is also invertible for x # x4 as for (x4, 42) # (0,0):

8773 2
det(M(x,xq)) = Tal + 243)" > 0.
(M(r20) = s a0

1.2.3.b First step: use of homogeneity

One can see that for all z € R? | the matrix K = K(x,zg) defined by Equation ([.18) is
symmetric positive definite as:

K = ((M(:v, x)_1)1/2 M (z, xO)T>T ((M(a:, x)_1)1/2 M (z, xO)T> :

Furthermore, since M (x, zq) is homogeneous of degree —2, K(z, xo) is also homogeneous
of degree —2 in its six variables (1, T2, T3, To1, To2 and xo3). We can therefore apply
Euler’s homogeneous function theorem [12, Vol. 2, App. Eq. 3.75] and get:

0K 4 0K N 0K n 0K n 0K n 0K oK
ri— 4+ x x x x = —2K.
! 8x1 M Oz0r 8x01 > Do (%g % 02 2 Oas 8%3 % 03 8%03
But, since the following relations hold true:

0K 0K 0K oK 0K 0K 2

8%02

_ — _— — — — —K
(91‘01 8901 ’ 61'02 8[E2 ’ 8103 8303 T3 ’
we obtain the following equation:
0K 0K 0K
—X3TLg1 = — X3Xg2 + X3Tq3 2(1‘03 - ZL‘3)K (128)
O0xq O O

Thus, for z, € R® a critical point of Iy and because of Equation (1.19), pg(ze3 —
Te3) K (e, x9)po = 0. But, for xo3 # c3, (To3 — xe3) K (2, 70) is definite which means that
po = Ors contradicting hypothesis ([.17). Thus, . € R? is a critical point of I only if
Te3 = 203-
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1.2.3.c Second step: use of strict positivity

Let x € R?. Let us use polar coordinates in the plane: x,; = rcos(f) and x,, = rsin(6)
with » > 0 and 6 € [0, 27[. Let K, be the matrix:

9 xo1 — 1 cos(6)
K, = K,(x,z) def _EK zoa — rsin(0) | , o
T3

Let us prove that unless (z1,x2) = (zo1, To2) (i.e. 7 =0), K, (z,x¢) is positive definite.
In what follows, we assume that » # 0. As K, is symmetric, we have to check that its

eigenvalues Aj, Ay and A3 are positive. First, using Equations ([.24), ([.25) and ([.27)),
one can see that the vector (sin(f), —cos(6),0)7 is an eigenvector of M (x,zy), thus of

K(z,z0) and thus of K, (x,z,) with the eigenvalue:

323w (xag ) 4r? + 322, 50

|.13a| 2|$a|3 - Q7(13702 - 2xa3‘xa’2

Furthermore, one can check that:

325w A7 - B} 50

/\ >\ :T Kr 5 _)\ — 9
2 + 3 1"( (x xo)) 1 7”5|Ia|6 At +Bt

where we define the positive quantities:

A7 — B = r® (25r° + 3507z, + 50rtal; + 925,) > 0,
Ay = 13r%zk, + 15722, + 5% + 428, > 0,
B, = —xus|za| (4apy + 10r* + 117%22,) > 0.

Similarly, we have:

det(K,(z,z9))  64asn® A5 — B3 =0

Aoz = =
278 by 42,12 Ag + By ’

where we define the positive quantities:
A3 — B3 =10 (1024r° + 1457r%x), + 24028, + 2240r'z2,) > 0,
Aq = 128772, 4+ 135r* 22, + 32r° 4 2428, > 0,
By = —a3]z,| (2425 + 80r* 4+ 116r%22,) > 0.
This shows that A\;, Ay and A3 are positive for r > 0. The matrix K, (x,zo) is thus
positive definite if (w41, Zq2) # (0,0). Hence, as py # Ogs, and because p? K, (x., x¢)po = 0

for any critical point x. € R3 of Iy;, z € R3 is a critical point of Iiy only if z; = zo; and
To = Tp2.

1.2.3.d Reciprocal
The only remaining possibility is z. = xy. We first remark from Equation (I.15]) that:

p(z0) = M (o, 20) " M (30, 20)  po = po.

Furthermore, (z,po) is obviously a critical point of Jy as it is its global minimizer (see
e.g. Proposition [[.2.1)). We can thus conclude that Ji has a unique critical point: (xg, po).
This ends the proof of Theorem [[.2.2]

U
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I.2.4 Spherical case (Proof of Proposition [[.2.3]

Let us fix pg € R? and 2y = Ogs. In this section, we want to compute the critical points
of the criterion Js. To do so, in Section we express by computing certain
integrals. We then show in Section the uniqueness of the critical point of
with positivity arguments.

I[.2.4.a Explicit computation of the criterion

As part of the following computations can be pursued for any xo € B, we initially consider
the general case xg € B rather than xy = Ogs. As in the half-space case of Section [[.2.3]
we will need to compute M (z,x) and M (x,xy) defined by Equation with 02 = S.
The elements of these matrices are given for x and xq in B by:

M; j(x, x) Z/ Toi T E T nga(z) (1.29)

o — 2| |« — 2|

=0, GJ;OZF($,£L‘Q),

for all (i,7) € {1,2,3}* and where we defined the function:

11
F(x,xg) = do(z).
(00) = [ oy ==

Remark 3. One can see that this expression was not usable in the half-space case because
F(z,z9) would be infinite while in this case, it is simply the integral of a continuous
function on a compact set.

First, we compute the matrix M (z,z). For all = € B, let us express f(z) = F(z,z):

sin(6)
dedd
// o L+ [af2 = 2[] cos(6) 7
o <1+\xy>
= —1In ,
2|~ \1— ||

where we define the function:

u:BxS—R

For i and j in {1,2,3} we want to compute:

Xy — 2 Tj —

M (z,2) = % o (z) = / i, 2y (i, 2)do(2), (1.30)

s |z — 2P |z — 2 s

where for all k in {1, 2, 3}, uj denotes the partial derivative of u with respect to zj.
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For i and j in {1, 2,3}, we have:
0.0,1(0) = [ 0.0, [1¥(2.2)] do(2)
=2 / (uij(z, 2)u(x, 2) + ui(z, 2)u;(x, 2)) do(2), (1.31)
s

where for all (z,2) € B x S:

Ui j(2, 2) = Oy, 0p,u(z, 2)

_ 3(xz Zl)(xj ZJ) . 51]
|z — 2|5 |z — 2|3

_ 3u1<CL’,Z)Uj(I7Z) - (51‘]’ 1 1 <I32)
u(z, 2) “u(w, z) |o — 2[4

Hence, using Equations ([.30)), (I.31)) and (I.32]):
02,0z, f () = 2 / (wij(z, 2)u(z, 2) + wi(x, 2)u;(z, 2)) do(z)

S
:8/u,(at 2)u;(z, z)do(z 25”/ 7d
S |z — 2|
= 8M, ;(z, ) 25”/’ da( ).

By using the expression of as(z, x¢) ([.53)) established in Section for g = x, we can
deduce that: . A
/ ——do(z) = —772
s |z — 2| (1= |zf?)

This allows us to compute M (x,z). For ¢ and j in {1,2,3} with i # j, we get:

M (2, ) = %amax]. (@)
B T B 22n 1+ |z 2
qwu—mm4ﬂlkﬂ)lg—u0+WWWﬂ 4’ .
1 8T
Mii(z,2) = ¢ (axﬁmf(x) + m)
= i 2| (1= |z[?)” xz—x21n(1+|x|)
4|:L‘|6 (1 . |$|2)2 | | (1 | | ) (3 7 | | ) 1 — |ZE|

(1.34)
+ 2|x|2 (|gz7|2 — sz2 + |x|4 + 5x12|x|2) ] )

We will suppose in the following that xy is the center of B (i.e. zyp = Ogs). Since the
problem then becomes symmetric by rotation around the center, x can be chosen in any
direction and thus, for simplicity, will be chosen to be of the form = = (0,0, ZL‘3)T where
xg €]0, 1] (we leave out the value x3 = 0 for now). Using these hypotheses on x and xy,
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we have, from Equation ([.29)):

27 2
My (2, 70) / (cos(¢) sin(h)) ” sin(6)dedd = 4_7T’ (1.35)
6=0 Jo=0 [1 4+ :vg — 213 cos(6)] 3
i 27 2
Ms5(z, o) / / (sin(p) sin(9)) 572 sin(0)dedf = 4—7T, (1.36)
6=0 Jp=0 [1 —|— x3 — 223 cos(0)] 3
T 2m .
M 3(z, 20) = / / Ty — €08 6))608(93 - sin(6)dpdf = am (1.37)
0=0 Jp=0 [1 + 2% — 23 cos(6)] 3
Ml P Qj xo / / COS(SO) Sln(e) S]ﬂ(@) 81131)529) Sln(e)d@de _ 0, <I38)
0=0 Jo=0 [l + 2% — 223 cos(0)]
T 27 .
My, (z, o) / / cos(p) sin(0) sin(p) S”;ff ) sin(8)dedo = 0, (1.39)
6=0 Jo=0 [l + 2% — 223 cos(0)]

s 27 .
M, 5(x, o) / / cos(p) sin(9) (e COSS(Z)) sin(@)dpdd =0, (1.40)
6=0 Jo=0 [l + 23 — 23 cos(0)]
s 27
Ms (x, 7o) / / cos(p) sin(f) cos(6) 5 sin(0)dpdd = 0, (141)
6=0 Jo=0 [1 4+ :vg - 2:E3 cos(0)]
s 27 .
My 5(z, o) = / / sin(p) sin(0) (xs COS?E/O;)) sin(f)dedf = 0, (1.42)
0 =0 [1+ 2% — 2x3cos(6)]
2
Ms o(, 20) = / / sin(p) sin(6) COS(H)B 3 sin(0)dgdd = 0. (1.43)
=0 [1 + 2% — 223 cos(6)]

Similarly, using the formulas ([.33]) and ([.34) previously computed, we get:

T [ 1 — a4
Ml,l(a:,:r:) = M (1 — x§)2ln (1 ) + 21’3(1 + .Tg):| s

+ 3

[ 1 — a5
MQ’Q(‘T,SL’) = W -<]. — fL’3> In <1 i xg) + 2I3(1 + .TS):| s

™ [ 1-— xs3
M. = (1-2%)% 223(1 — 322
3,3(:)37‘7:) 2:E§(1 _ x%)Q _( 133) n (1 +x3) + C("3( 1‘3) J
M1 Q(ZE,I) = M271($,ZE) = Ml,g(l’,x) = M371(I,ZL')
= M273(.’E, l’) = M&Q(l’,&?) = O

I.2.4.b Critical point computation

In the spherical case, using Equation (I and relations ) to , we have for all
reB:

K (2, 20) = (%T)QM(@«,@P

So, because of Equation ([.19)), x. € B is a critical point of I only if:

d
pOTd_ng l(xc; L:)po =0.
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Since the matrix M (z, z) is diagonal, its inverse M ~!(z, x) is also diagonal and its diagonal
terms are the inverse of the diagonal terms of the matrix M (z, z). Therefore:

dMl’l(l',w) -1 0 O
_1 dxs Mlz’l(:p,ac)
dM (CL’,ZE) . 0 dM3 2(x,x) -1 0
dz o dzs M3 o (z,x)
3 0 0 dMss(ea) 1

dxz3 M§73($,1‘)

Since this matrix is diagonal, it is negative definite if and only if its diagonal terms are
negative. Through simple derivations, we obtain:

dMLl((L’, ZE) . dMQ’Q(l', l’)

dl‘g dSL’g
_ @ 2)3 1+ 23
= i ap [3(1 —z3)°1n (1 — x?’) + 6z + 1625 — 6x3] ,
dMg 3(1’,.1') T 1 — I3
: = 3(1 — In{ —— 206z — 16 6 .
dxs 223(1 — 23)3 (1= 25)°In 1+ 23 + 2623 7+ 6o

Since 0 < x3 < 1, we can use classical Taylor series expansions [I3, Eq. 4.6.5 and 4.6.7]:

1423 2 = 3t
ln(1 )_2x3+§x§+2nz 5

Hence:

2
273 + ga:g <In ( —13. (1.44)

Using Equation ([.44]), we get:

dM1 1(37,37) m 2
’ > 3(1 — 2 6 16 6x
dzs Z =2 (1—a23) 9:3—|—3:)33 + 625 + 1623 — 623
> 9
2 5=y 07 )
> 0,
dMs33(z, x) 213 23 4 s 5 3
: 3(1 — — = 26x; — 16 6
dzs — 223(1 —22)3 (1 =) 1— a3 * 3" 20T T 0T
2 (- B8
> 0.

So, for x3 # 0, all the diagonal coefficients of MT;) are negative and dMT(”) is then

negative definite. Thus, if x3 # 0, x is a critical point of [s if and only if pg = Ogs. If
po # Ogs, the only critical point of Is is x3 = 0 which means x = Ogs = zy. Hence, we
have shown Proposition [[.2.3]

O]
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1.3 A charge localization electrical inverse problem

In this section, we study the critical points of the criterion jsq given by Equation (.7
for two different geometries, 9€2 being a horizontal plane and the unit sphere. It can be
noted that these cases are not restrictive as using rotations and homotheties the results
can be extended to any plane and sphere.

1.3.1 Main results

A preliminary result is given by Proposition for general geometric situations.

Proposition 1.3.1. For each (x¢,q) € Q x R with gy # 0, the criterion jsq admits a
unique global minimizer (z*,q*) € Q x R. It coincides with the original source: x* = x
and q* = qo.

If o = 0, the minimizers of joq are all the (x,0) with z € (.

Proof. As jaq is non-negative and jaq (o, qo) = 0, joq admits 0 as a global minimum. Let
(z*,q*) € Q x R be a global minimizer of jyq, we have jgo(z*,¢*) = 0. Let us define on
Q¢ the difference: .

-z To— 2
|z — 27 @ |zg — 2|3’

Vz e QS h(z) =¢"

such that:
/ |h|*do = jaa(z*,q¢%) = 0. (L.45)
o0

Clearly, h is a continuous bounded function on Q¢ is harmonic in Q°¢\ 0Q and, if Q° is
unbounded:
h(Z) — Ogs.
|z]—o0
The function h is equal to Ogs on 02 according to the strict positivity of the integral
([.45)). Therefore the function h is equal to Ogs on 2¢ according to the uniqueness result
[12, Vol. 1, Chap. II, Par. 4, Prop. 1 and 9]. Hence, we have:

Vz e Q6 Q(z) = g |lz* — 2\2]950 = 2]6—q(2) |zg — z|2|x* - z|6: 0.

As @ is a polynomial of the variables (z1, 29, 23) that is null on Q¢ which contains a non-
empty open set in R3, it is null in R3. However, as |z| goes to infinity, we have the
following asymptotic expansion for Q):

Q) _ (42— ) o+ 2 [0 - 2) — 20 - 2) + 32(e0 - 2) — 32(a" - )] + O(1).

|Z|6 |z|:oo

By identifying the first coefficient with 0 we see that ¢* = 4¢q9. Then if ¢y # 0, by
identifying the second term with 0, we find that z* = xy. Furthermore, because h is null
on 0f), we have ¢* = qo. Hence, if ¢y # 0, there is a unique global minimizer to jaq:
(x*,¢*) = (%0, q0). If go =0, then for all z € Q, (z,0) is a global minimizer of jsq. O

The uniqueness of the critical point is given by Theorems and for two
different geometries, the half-space case presented on Figure and the spherical case
presented on Figure [[.4]

27



3
€34 R +
";62
€1
/_ .
0R3
[ 3}
x R?
[ J

Figure [.3: Schematic geometry in the half-space case.

Figure [.4: Schematic geometry in the spherical case.

Theorem 1.3.2. For each (x¢, qo) € R xR with qy # 0, the criterion ji admits a unique
critical point (x.,q.) € R® x R such that V,ju(z.,q.) = Ogs and a%jn(xc,qc) =0. It
coincides with the global minimizer: x. = x¢ and q. = qo.

If qo = 0, the critical points are all the (x,0) with x € R? .
Section is devoted to the proof of Theorem [[.3.2]

Theorem 1.3.3. For each (z9,qy) € B x R with qo # 0, the criterion js admits a unique
critical point (z.,q.) € BXR such that V,js(z., q.) = Ors and (%jg(xc, q.) = 0. It coincides
with the global minimizer: .= xy and q. = qo.

If qo = 0, the critical points are all the (x,0) with © € B.

Section is devoted to the proof of Theorem [.3.3]

Remark 4. Proposition [[.3.1{ and Theorems [[.3.2 and |[.3.3| remain true for any dimension
n > 3 as the proofs done in Sections[[.3.1] [.3.2]and [[.3.3] can be extended to any dimension
with minimal changes.
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I.3.2 Planar case (Proof of Theorem [I.3.2))

Let us fix 7o € R? and ¢y € R. We want to compute the critical points of the criterion:
g R® xR — R,
x—z z0—2 |? (1.46)

where o is now the Lebesgue measure on H do(z) = dz1dze with 2z = (21, 20,0) € 1L
By expanding the square in Equation (I , we have for all z € R? and ¢ € R:

Ju(z,q) =q¢ GH(%@ + qoan(%, To) — 2qqoan(z, zo),

where:

rT—z @ Tog—2
an(:c,xo):/ e zdo(2).

e =z |z — 2
Let us compute ag(z, o) as in ([.21) using Clifford analytic calculus presented in Ap-
pendix [A}

To— 2 r—z

do(z)

aH(x7I0> = 3" 3
mlre — 2|7 |x— 2]

= —Re ( T 23 o= Z3da(z)>

 |zo — 2| |z — z|
To — 2 xt —z
= —Re ( 0—3 ®e3© ———=do(2) © 63>
 |zo — 2| |zt — z|
+_
= —47nRe (x—ar;og ® 63>
|zt — x|
- —4w%, (1.47)
|zt — 20|

because z |3 is left Clifford analytic in R? since 2+ € R3. Hence, for all z € R?:

|
T3 + To3
(. q) = 625 + G5 + Smage
373 9‘703 |zt — iUo|3
One can see that if go = 0, (z,0) are the critical points of ji for all x € R . Similarly, if
(7.,0) for z. € R? is a critical point of jg then gy = 0. In the following, we will assume

that g9 # 0 and ¢, # 0. Simple computations show that:

8 ]H(m q) — 2471'(1‘3 + ZL‘Qg)(iL‘l — ZE()l)
a ) — 440 )
O |zt — )
0 . 2471'(333 + xog)(l’g — LEOQ)
a—xzjn(% C]) = —qqo |:17+ — $0|5 .
Hence, (z.,q.) € R3? x R is a critical point of jy only if . = xo1 and zm = Zoa.
Furthermore:
0 o ¢ 8440
— =271 - —"—"— [.48
ax?’jn 1;032 , q ﬂ- (xg (Sb'g + x03>3) ) ( )
0 o q Aqo
—7 = 271l =—-————=. 1.49
8an 2032 q T (Ig (75 + x03)2> (1.49)
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Let (z¢,q.) € R® x R be critical point of ji;. The cancellation of Equations ([.48)) and

(1.49) leads to:

dc 8610
= % 1.50
rd (Tes + 203)° (1.50)
. 4
de _ L (L51)

rZ  (Tes + 203)%

Therefore, by dividing Equation (I.51)) by Equation ([.50|) and after simplification we get
Ze3 = Toz. Then, using Equation ([.50]), we immediately obtain g. = qo. This shows that

(e, qe) = (20, qo) is the unique critical point of jr. Hence, we have shown Theorem [[.3.2]
[

Remark 5. We could have shown the same result when only considering the vertical
component of the field for the criterion ([.7)) with minimal changes.

I.3.3 Spherical case (Proof of Theorem [I.3.3)

Let B C R? be the open ball of center Ogs and radius 1 and S its boundary. Let us fix
o € B and gy € R. We want to compute the critical points of the criterion:

js:BxR — R,
r—z zo—2z |° (1.52)

where o is now the Lebesgue measure on S
By expanding the square in Equation (I , we have for all x € B and ¢ € R:

jS(xv Q) = q2aS(I7 l’) + qgag(l'o, IO) - QQQOGS(QZ‘, IO)?

where:
T —z To— 2

zdo(z).

a’S(xer) = 3’
s |z —2z]" |zo — 2]

Let us compute ag(z, zo):

To— 2 Tr—z

as(w, o) = 3" 3d0(2)
s |xo— 2]° |z — 2]
= —Re (/ To 23 ©—= Z3da(z)>
s |z — 2| |z — z|
— Re( mo—_zg@z@z@ zda(z))
s |z — 2| |z — z|
_ T — %5
S |1‘0 - Z| | | ‘l‘ _z
2|2
T —
= 47Re x03 ® [zof? =
’3$0| ‘$ _ _®o
|zo[?
11—z 29
— 4 - (1.53)
‘|$|5Eo Tl
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z
r—
2]

because z — ﬁ ® ‘—;3 is left Clifford analytic in B using [14, Prop. 3.1]. Hence, for
HREE

all x € B:

47 47 1—xz-x
2 2 0
A= o) O oy T

Js(w,q) = q

Considering the symmetry under rotation of the problem, we can choose zy to be of the
form o = (0,0, z03)" with zg3 > 0. We then get:

47 A 1 — z3x
2 2 3403
+q, — 8mqqo -
2 0 2
(1— 22" " (1 - 22y) [+ |2[2a3; — 22320

jS(I7Q) =dq

One can see that if g = 0, for all € B, (x,0) are the critical points of js. Similarly, if
(x,0) for z. € B is a critical point of js then ¢y = 0. In the following, we will assume
that go # 0 and g. # 0. Thus, for i € {1,2}:

. 2¢* qqo(1 — z3203) 703
Js(z,q) = 8w 3 X, (1.54)
Ox; (L= 22’ [+ |2]2a2, — 2uswes)”?
o . [ q qo (1 — 23703) ]
~—Js(z,q) = 8n - (1.55)
dq (L= 1[z)?* 1+ |o?2d, — 2wsm08)" |

Let (z.,¢q.) € B X R be a critical point of js. Because of Equation ([.55)), ¢.qo > 0. Hence,
as the term between the brackets in Equation ([.54)) is positive, we get x4 = xg; = 0 and
ZTey = xgo = 0. Then, computing the remaining derivatives leads to:

9 U g ‘
s o],q]=16r | L2, - T0TO
Oz3 T3 L(1— Ig)g (1— 953%3)3_

0 _ ;
9 s q¢|=8r| L5 D
9 T3 ’ L(1 - x%)Q (1- 5E3$03)2_

Therefore, doing the same operations as in the proof of Theorem [[.3.2] we find that
(e, qe) € B x R is a critical point of js only if 2.3 = o3 and g. = go. This shows that

(e, qe) = (20, qo) is the unique critical point of js. Hence, we have shown Theorem [I.3.3]
[l
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I.4 A dipole localization magnetic inverse problem

1.4.1 Main result

In this part, we only consider the planar case (02 = II) with the moment p, being
horizontal (py € II). For this case, we present Theorem which describes the critical
points of the criterion (|.9)).

Theorem L.4.1. For each (xg,po) € R® X IT with py # Ogs, the criterion Jy admits three
1solated critical points T, Te3 and xeq together with two half-lines d.y and d. of critical
points:

T = Zg, Pco = Po,

de = {1'0 + Tl(t + x03)u9(90) +lu,, 1 6] - o0, O[} ; Per = Ogs,

deo = {xo — r1(t + zo3)ug (o) + tu,, t € —00,0[}, pe2 = Ogs,

Tez = To + 1T2(2203)ua(6p), Pes = fi(To3)Po,
Tey = To — T2(2203)ua(6o), Pea = fi(To3)Po.

where:

0y = — arctan(po1/po2),
ug(bo) = (sin(by), — cos(by), O)T,
uz = (07 07 1)T7

r1(2as) = |7a3|\/3 = 23 £ 0,
1 1/3 1/3
ra(as) = |2l [ 75 (61 + (286417 - 2592\/202) + (286417 + 2592\/202) ) £,

—8x2, (61”%(2:1:03)3:03 + (r3(2mo3) + (2:1:'03)2)3/2

3r2(2203) (r2(2203) + (2203)2)**

+ 8:1;33)

fi(o3) =

If po = Ogs, the critical points are all the (x,0gs) with x € R? .
The sequel of this section is dedicated to the proof of Theorem [[.4.1]

1.4.2 Proof of Theorem [.4.1]

As in Section [[.2.2.a] by expanding the square in Equation (1.9), we have for all (z,p) €
Q x R

Joa(,p) = p" Maa(z, )p + pi Maa(x0, 20)po — 2p4 Moo (x, 20)p, (1.56)
where the 3 x 3 matrix Myq(z, o) is given by:
Mo, x0) = tr (Mapa(z, 20)) Iy — My (x, x0). (L.57)

where the matrix I, is the 3 x 3 identity matrix and the matrix Myq(z, z¢) is defined as
in (T.14).

Due to the similarity in the structure between Jyqo and Jyq, we see that the compu-
tations done in Section are valid for this criterion by replacing J, p(-), I, M and K
by their magnetic counterpart J, p(-), I, M and K in Equations ([.15) and (I.18) to get:

jaﬂ Q) — R+

A - (L58)
x — py K(x, 20)po — po M (0, 20)Ppo-
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Here, we study the planar case (2 = R3) for which the matrix Mp(z, o) is given

by Equations (T.23) to ([.27) hence My (z, 20) is also known. Let py = (po1,po2,0) € II
and 0y = — arctan (po1/poz2). First, as in Section if pg = Ogs, then for all z € R3,

p(x) = Ogs and (z,0gs) is a critical point of .J hence we assume in what follows that
Po 7 Ogs.

In the following of the proof, we first use homogeneity of the problem in order to
reduce the search of critical points to two possibilities in Section Then, in Section
we consider the tangential derivative of the criterion in order to describe three
possibilities and we use the radial derivative to characterize them. Finally, by combining
these possibilities, we find potential critical points which are the critical points given in

Theorem and finally check their criticality property in Section [[.4.2.d

I.4.2.a First step: use of homogeneity

Because of Equation ([.57]), the homogeneity properties of the problem are similar to those
of the electric potential presented in Section hence we get an Euler relation similar
to equation (|[.28)):

OK 0K oK .
—X3Tq1 =— — T3Taa=— + T3Taz=— = 2(z0o3 — x3) K. (1.59)

oxy 0o 0w3

Hence, using the same argument as in Section [[.2.3.b] z € R? is a critical point of Iy

only if x3 = g3 or det(M (z,x)) = 0. For the second case, we see that:

rtdet(M (z,20)) = —— == (v — 1) (v + 2)(v? — 20 — 2),

2 -
where r = /22, + 22, and v = (/1 + <$LE3> > 1. Hence, det(M(z,x0)) # 0 except for

v =143 thus r = 7, (243) o |Za3|V/3 — 2¢/3. Hence, z € R? is a critical point of Iy
only if one of the two following conditions is fulfilled;

T3 = To3 (1.60)
= 11(T43)- (I.61)

I.4.2.b Second step: derivatives in the plane

Let x € R3. Let us use polar coordinates in the plane: x,; = rcos(f) and x, = rsin(6)
with 7 > 0 and 6 € [0, 27[. Let K, be the matrix:

) ) 5 - xo1 — 1 cos(6)
Kr = KT(I, ZL‘Q) = —a—K To2 — TSil’l(Q) , L
r 25
Similarly, let Ky be the matrix:
) ) 5 . xop — 1 cos(0)
Ky = Ko(x,10) = —%K zoy — rsin(f) | , o
T3
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In what follows, we assume that r # 0. We can see that:
—asin(20)  «cos(20)  Psin(0)

Ko=| acos(20) «asin(20) —pFcos(6)
feos(d) —pPcos(b) 0
where:
8775”% 2 2 3 4 4
o = W (67" T + 4T as|Ta]” — 77 + 4xa3) ,
8 2
B = T3 (2|:10a|3 + 3122, + 2$23) )

EAL

Let us use the cylindrical orthonormal bases (u,, ug, u.) given by:

cos(0) sin(6) 0
u, = | sin(@) |, ug=1|—cos(@) |, u,=10
0 0 1
One can see that:
Kou, = —aug,
Koug = —au, + Bu,, (1.62)
f(guz = /BU/@.

Hence, by writing pg € II in this base pg = po,u, + pogug, we see that:
Py Kopo = —2apogpor-

Thus, 2 € R? is a critical point of I only if one of the three following properties is
satisfied:

a =0, (1.63)
Pog = 0, (1.64)

Condition ([.63) One can see that:

2
8mxs

a= |Tas|* (v —1)% (V¥ + 60 +3),

_7“2|:L“a|6
2
where v = /1 + <L> > 1. Hence the condition (.63 is verified only if v = 1 hence

Ta3
r=0.

Condition ([.64) Let us assume that we are in configuration ([.64]) hence, as pg # Ogs,
we can assume that pg = u,.. We can then compute the radial derivative of the criterion

and get:
- 16 2 2 _ 82
ul Ko, = Tz A = >0,
3r2|z,|® A, + B,
where we define the positive quantities:
A2 — B2 =% (100r" + 260r°z2; 4 649r%25, + 94872l + 600ras, + 132203) > 0,
A, = 260228, + 24rtzl, + 13r%22, + 10r° + 825, > 0,
B, = —zas|za|® (14r%22, + 81,4) > 0.

Thus, we have shown that the condition ([.64]) leads to r = 0.
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Condition ([.65) Finally, let us consider the situation (1.65)). Using Equations ([.24]),
(L.25), (L.27) and (L.57)), one can see that as in Section [[.2.3.¢] the vector ugy is an eigen-

vector of M (z,x0), thus of K (x,xo) and thus of K, (z,x) with the eigenvalue:

s 32227 | T 438

302 3 2
A= 3T5|£L’a|8 (U_1> (U _27]_2)(211 — 5V —121]—6),

/ 2 -
where v = 4/1 + <IL3> > 1. So, we see that A\; = 0 hence z € R?® cancels the normal

derivative, only if one of these conditions is satisfied:
r =0,

r=r1(2as) = |7as] /3 — 2V3,

e 1 1/3 1/3
r = ry(2ag) & |xa3|\/ = (61 n (286417 _ 2592\/202) n (286417 n 2592\/202) )

Furthermore, condition ([.65)) implies that 6 = 6y or § = 6y + 7 as a given vector is
tangential to a circle only twice on the plane.

1.4.2.c Reciprocal
Hence, combining all conditions ([.60) to ([.61)) and the conclusions of (.63 to (.65

leads to the possibility of three isolated critical points and two half-lines:

Teo = o,

dey = {xo + r1(t + xo3)ug(
deo = {0 — r1(t + 203)us(
Tez = To + 12(2703)ug(0o),

Leg — Ty — 7“2(2.2303)’&9(90).

o) + tu,, t €] — 00,0},
o) + tu,, t €] — 00,0[},

These critical points are illustrated on Figure for g1 = 22 = 0, x93 = —1 and
T
bo = (07 17 0) .

Point x.o Let us study the criticality of x.y. First, we can compute:

P(xe) = M(%; $0)_1M($0,9€0)_1p0 = Po-

Furthermore, (xq,pg) is obviously a critical point of the criterion as it is a global
minimizer.

Half-lines d.; and d.; Let us study the criticality of points belongingj;o de1 and dgo.

Let i € {1,2} and z.; a point on d;. First, we compute the eigenvalue of M (x,z) for the

vector ug and see that:
)\:W(v—l) (v* —2v—2).

Thus, A=0asr= r1(x41). As pg is proportional to wug, this shows that:

p(ze) = M(mci,%i)*l]\;f(l’ci, Zo)po = Ogs.
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Figure 1.5: Locations of the critical points of the criterion (|[.9)).

Furthermore, by computing the radial and tangential derivatives of I, we find for :

arj(%z‘) = poT@rf(po

= poTarM(-Tci, xo)M(iUci, iUci)M(-’Eci, -TO)TPO

+ PgM(iﬂci, 20) M (5, i) Op M (i, 70) o

—0, (1.66)
Opl (i) = Pl DK po

= p(:)raeM(l’cu $0)M($Ci, xci)M(%i, $0)Tp0

+ P M (i, 20) M (i, %.i)Og M (i, 20) " po

=0.

Finally, using Euler’s Equation ([.59)) together with ([.66[), we find that:
a$3f(17ci) = 0

_ So, we have shown that any points of the half-lines d.; and d.; are critical points of
I. Hence, because of the definition of p, (z.1,0rs) and (x.2, 0gs) are critical points of the

criterion (|[.9)).
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Points x.3 and x4 Let us study the criticality of z.3 and x.4. Let i € {3,4}. First, we
have shown when studying the condition that x. cancels the radial derivative &j )
Furthermore, using the Euler’s equation ([.59)), we see that it also cancels the vertical
derivative 0, I. Finally, as p is proportional to uy we can compute:

30j(95ci) = |p0\2ugaeff(l"ci, xo)ue
=0,

because of ([.62)). Hence, we have shown that x.3 and x4 are indeed critical points of I.
Also, we can see that:

f)(xcz‘) = ﬂ(%:&)poa
where we define:

def —8x; <6r2(2$03)2$03 + (r3(2203) + (23303)2)3/2

+ 8:15(2)3)
fi(zo3) =
3T2(2[E03)2 (T%(2I’03) + (2!E03)2)3/2

Hence, because of the definition of p, (z.s, fi(xe3)po) and (z.4, fi(ze3)po) are critical
points of the criterion (|[.9)).

O

We shall see on the numerical simulations that z.y is the unique local minimizer, z.
and z. are local maximizers and z.3 and x.4 are saddle points of I.
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1.5 Numerical illustration

I.5.1 Dipole and charge localization electric inverse problems

For illustration purposes, we define igq in a similar manner as I in Section such
that for all z € (2

ioa(r) = joa(zr,q(r)), (1.67)
where:
alz) € QOM. (1.68)
aso(x, x)

I.5.1.a Planar case

To illustrate the uniqueness of the critical point of iy; and Iy, we consider zo = (0,0, —1),
g0 = 1 and py = (1,—5,0.1) and study ip(z) and Iy(x) for x = (21,22, —1) in the same
horizontal plane as o with (z1,22) € [—4,4]2. The quantities i;; and Viy were computed
using their expressions in Equations ([.67)) and ([.68) together with Equation using a
Matlab code. Similarly, the quantities Iy and VI;; were computed using their expressions
in Section together with the formulas ([.23)), ([.24), ([.25), (1.26]) and using
a Matlab code. Figure represents the criteria i;; and Iy and their variations on the
horizontal square [—4,4]? x {—1} while Figure [[.8] illustrates their vertical variation on
the segment {0} x {0} x [=5,0]. Figure [L.7| shows the squared norms of the gradients of
the criteria i;y and Iy on the horizontal square [—4,4]? x {—1}. The behaviors of ji with
respect to ¢ and Jp with respect to p are not represented as they are quadratic hence
strictly convex.

Figures and illustrate the non-convexity of the criteria hence the need of this
study for the convergence of optimization schemes. These figures also illustrate the con-
vergence of the criteria iy and Iy to || Eo||r2qm) and [Juol|z2amy as |x] — oo or x3 — 0 and
show that there is a unique global minimizer of ;1 and Iy on the plane of height xq3 and
on the vertical line passing through o respectively. Figure [[.7] shows the uniqueness of
the critical point of iy and Iy in the plane of height zp3. One can see that the main
difference between the two studied problems is the symmetry under rotation around the
vertical axis of i which is absent for I as can be seen on Figure [[.7]

In(xy, 2, xo3)

(a) iH.
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2

|| VIn(z1, x2, 203)|

A
i

(a) Vir. (b) V.

Figure 1.7: Squared norms of the gradients of the criteria on the horizontal square
[—4,4]7 < {-1}.

3.5

inn(wor, Zo1, 3)
In(@or, o2, 3)

(b) Inr.

Figure 1.8: Criteria on the vertical line {0} x {0} x [—5,0].

I.5.1.b Spherical case

To illustrate the uniqueness of the critical point of ig and Is, we consider zo = (0,0,0.5)
(for ig) and zy = (0,0,0) (for Is), qo = 1 and py = (1,—5,0.1) and study ig(z) and
Is(z) for x = (1,2, 203) in the same horizontal plane as xo with (z1,z5) in the disk
D (O, /1 —22;). The quantities is and Vig were computed using their expressions in
Equations ([.67]) and together with Equation using a Matlab code. Similarly,
the quantities Is and VIs were computed using their expressions in Section using
a Matlab code. Figure represent the criteria is and Is and their variations on the
horizontal plane while Figure illustrates their vertical variation. Figure shows
the squared norms of the gradients of is and Is. The behavior of js with respect to ¢ and
of Js with respect to p are not represented as they are quadratic hence strictly convex.

Figures and illustrate the non-convexity of the criteria hence the need of
this study for the convergence of optimization schemes. These figures also illustrate the
convergence of the criteria is and Is to || Eol|r2(s) and |lug||r2s) as |z| — 1 and show that
there is a unique global minimizer of ig and Is on respectively the plane of height x43 and
the vertical line passing through z. Figure [[.10]shows the uniqueness of the critical point
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of ig and Ig in the plane of height x3. One can see that the main difference between the
two studied problems in the rotational symmetry around the vertical axis of ig which is

absent for Is as can be seen on Figure [.10

—
u

=
S)

ig(x1, T2, 203)
Ig(xy, 22, 203)

w

o

(a) is on D (0,%) x {1}. (b) Is on D (0,1) x {0}.

Figure 1.9: Criteria on the horizontal disk containing z.

| Vis(x1, 2, x03)|*

-

w

o

1S3
H e NN W
(=] w (=] w o
S & 8 o o
3 & & & o

|| VIg(xy,22,203)] 2
w
=3
S)

-

(a) Vig on D <0= ‘/73) < {3} (b) VIs on D (0,1) x {0}.

Figure 1.10: Squared norms of the gradients of the criteria on the horizontal disk contain-

ing xg.
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Figure I.11: Criteria on the vertical line {0} x {0} x [—1,1].

I.5.2 Dipole localization magnetic inverse problem

To illustrate the different critical points Iy, we consider 7o = (0,0, —1), and py = (0, 1,0)

and study the criterion Iy;. On Figure we plot Iy(z) for © = (z1,29,—1) in the

same horizontal plane as zo with (z1,22) € [—10,10/*>. On Figure and [I.14] we
< i :

plot the criterion Iy around x.3 and z.. Figure |[.13| shows Iy on the horizontal disk
ze3+ (D(0,1) x {0}) and on the vertical line {x.3+tu,,t € [—1,1]}. Figure shows Iy
on the horizontal disk x.4 + (D(0,1) x {0}) and on the vertical line {x.4tu,,t € [-1,1]}.
Finally, to illustrate d.; and d.q, let us first define for ¢ € [0, +o0[, z.1(t) the intersection
of d. and the horizontal plane of height 23 = ¢ and z.(t) the intersection of d. and the
horizontal plane of height z3 = t. We then plot on Figures[[.15] [L16| and [[.17] the criterion
around x.1(xo3/2), T (zo3) and z.(3z03/2) respectively. Figures |[I.15 shows I;; on the
horizontal disk z.1(zo3/2) + (D(0,1) x {0}) and on the vertical line {x.(zo3/2) + tu.,t €
[—3/2,1/2]}. Figures ﬁ' shows Ij; on the horizontal disk 2 (o3)+(D(0,1) x {0}) and on

the vertical line {xx (2o3) + tu.,t € [—1,1]}. Figures shows Ir; on the horizontal disk
T (303/2) + (D(0,1) x {0}) and on the vertical line {z. (3x¢3/2) + tu.,t € [-1/2,3/2]}.
The quantity I;; was computed using its expression in Section together with the
formulas (.57), (I.23)), (1.24)), (I.25)), (1.26]) and using a Matlab code.

These figures illustrate the criticality property of the different critical points described
in Theorem [[.4.1] Furthermore, they show that z. is the global minimum, Tez and T
are saddle points and points on d.; and d., are global maxima of the criterion Iyy.
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In(x1, x2, x03)

Figure 1.12: Criterion Iy on the horizontal square [—10, 10]> x {—1}. The stars indicate
the locations of the critical points: x. (blue), x.(zo3) and ze(re3) (red) and z.3(zo3)

and z.4(xo3) (green).
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Figure 1.13: Criterion I; on the horizontal disk x5 + (D(0,1) x {0}) and on the vertical

line {x.3 + tu,,t € [-1,1]}.
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Figure I.14: Criterion Iy on the horizontal disk x4 + (D(0,1) x {0}) and on the vertical
line {xey + tu,,t € [—1,1]}.
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Figure 1.15: Criterion I on the horizontal disk x4 (203/2) + (D(0,1) x {0}) and on the
vertical line {x.(zo3/2) + tu.,t € [—-3/2,1/2]}.
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Figure 1.16: Criterion I;; on the horizontal disk z(zo3) + (D(0,1) x {0}) and on the
vertical line {x.(zo3) + tu,,t € [—1,1]}.
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Figure 1.17: Criterion Iy on the horizontal disk ¢ (3x03/2) + (D(0,1) x {0}) and on the
vertical line {x.1(3%03/2) + tu,,t € [—1/2,3/2]}.
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1.6 Conclusion

In this chapter, for the dipole localization from measurements of the electric potential
we proved the uniqueness of the critical point of the least-squares criterion Jp in the
Euclidean geometry (02 = II). We studied the same problem in the spherical setting
(092 = S). This setting leads to complications in the absence of homogeneity of the
functions considered. Yet, we managed to establish the uniqueness in the particular case
where xy = Ors is at the center of the sphere. Unlike in the two-dimensional case, the
result does not directly generalize to other surfaces.

The study of jgq for the charge localization from measurements of the electric field
was also done for these two different geometries (the horizontal plane IT and the sphere
S) and we showed the uniqueness of the critical point in both cases.

Finally, we studied Jy for the dipole localization from measurements of the magnetic
field in the Euclidean geometry (02 = I1) with a horizontal moment p, € II for which we
proved the existence of three isolated critical points and two half-lines of critical points.
This show that the uniqueness of the critical point of least-square criteria from solution
to these Poisson equations is not systematic and there can even be degenerated cases for
which the critical points are not discrete.

Further generalizations are still expected for the criteria Japq given by (L.5)), jao given
by ([.7) and Jsq given by (L.9) for multiple dipolar sources, for incomplete or noisy data
and for more sophisticated geometries.
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CHAPTER |1

RATIONAL APPROXIMATION OF SCATTERED
ELECTROMAGNETIC WAVES

II.1 Introduction

II.1.1 Scattering

We are studying the scattering of electromagnetic waves by a perfect electric conductor
Q2. The experimental setting is described on Figure [I.T} an antenna is used to send an
electromagnetic plane wave on an object and the electric field scattered by this object
at is measured the same antenna. Our aim is to find the shape of this object knowing
the electric field it scatter at different frequencies. In order to do this recovery different
machine learning algorithms can be used [15] which used poles of the transfer function
as variables. In order to get these poles from finite measurements of the field, several
algorithm of rational approximation has been used [16]. In this work, we study the theory
around different rational approximations rather than the different existing algorithms and
will stick to the vector-fitting algorithm introduced in [I7], [18] and [19] for the numerical
examples. The use of rational approximation to the frequency response is justified by the
meromorphic nature of the field as a function of the frequency |20, Thm 3.1].

Incident wave Scattered wave

Antenna(

Figure I1.1: Geometric situation of the scattering of an incident wave on an object.
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The incident field electromagnetic field is expressed for all z in R? by:

Eine(z) = Egexp(—iv - z),
Hine(z) = Hyexp(—iv - x),

where:

e E,,. is the C3-valued incident electric field,

H;,. is the C3-valued incident magnetic field,

k € R, is the wave number of the incident fields,

v € R3, is the direction of propagation of the incident wave with |v] = 1,

Ey € C? and Hy € C? are the electromagnetic fields at # = 0 with the conditions
that £y - Hy=0, Ey-v=0and Hy-v =0.

This problem is described by Maxwell equations for time-harmonic waves in vacuum ([I.1])
and (I1.2) with a Dirichlet condition on the object (I1.3)) and the Silver-Miiller radiation

condition (IL.4)) [21]:
V x (BEy) —ikH,. =0, in R*\ Q, (I1.1)
V x (Hy) +ikE,. =0, in R*\ Q, (11.2)
(Ese + Eipe) X v =0, on 09, (1I1.3)
hm\a;|—>oo(Hsc XX — |x’Esc) =0, ( )

where:

o E,. is the C3-valued scattered electric field,
e H,, is the C*-valued scattered magnetic field.

e v is the outgoing unit vector normal to 0f).

Remark 6. One can see that (Ej,., Hin.) does not satisfy ([1.4). Indeed, plane wave are
not considered to be physical and can only be considered locally which is the case here as
only the boundary value on 0X2 of E;,. appears in Equation (II.1)) to (I1.4).

This electromagnetic field is also solution of Helmholtz equation:

AE, +k*FE, =0,inR*\ Q

_ I1.5
AH,, + k*H,.=0,in R*\ Q (L5)
with the a zero-divergence condition:
V- E,=0,inR\Q
\ (11.6)

V- -H,=0.inR*\Q

In this section, we consider a spherical conductor of center Ogs and radius a > 0 with
the notation 2 = B, and 02 = S,. For such a spherical conductor, there exists a formula
for E,. 21, Eq. (6-104)] given by the Mie series:

E, > NG , , ~ (2) Plcos(0
E (1) = —k—?? cos(¢p) Z {—zann (kr) sin(0) P’} (cos(0)) + cnH,, (kT)WG())
n=1

where (1,0, ) € RT x [0, 7] x [0, 27| are the spherical coordinates of z € R* \ B, and for
all n € N:
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ﬁn(2) is the n-th spherical Hankel function of the second kind,

J, is the n-th spherical Bessel function of the first kind,

e P!is the associated Legendre function of order (1,n),

2+ 1) J,(ka)
n(n+1) f'jn@)(ka).
g =

2+ 1) T (ka)

and ¢, = —

o b, =—

In this study, we only consider the back-scattering position ( 7) hence the formula we

are interested in is:

5 . e i e B (o
Butr) = B3 (n+1) [Jn(ka)Hn (k) Ji(ka)HL (kr)

=—) i - —1
kr o 2 (ka) H,’L(Q)(lm)

(IL.7)

~ (2 ~
As for all n € N, Hn( : and J, are analytic functions, we can immediately check the
meromorphic nature of F,. and determine its poles are they are the & € C such that there

exists n € N with I—jn(z)(k:a) =0 or I—j;b(z)(k:a). Figure [[1.2| shows the first 120 poles of E.
in this case.

® Zorosof AP Imaginary part

® Zeros of H,’L(Z)

10
% 56 78°
nei 2 3 Real part

0]

Figure I1.2: Poles of E. for a metallic sphere of radius a = 1.
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When studying the poles of E., we can consider its far-field expansion:
iexp(—ikr)

E,
kr 0

o0 n 1 An( ) T (p)
P(ﬂ):;(—l) (n+§) (]—j (Z)p( )_H’ (2)p( ))
= nzg (—1) (n"‘ 5) (}j (g)p()p) B & éi;)) - Eexp(QZp), (IL.8)
p = ka,

computed from Equation (II.7]) using the following expansions:

H,?(x) ~ ™ exp(—iz),

T—00
5 (2)

H',, (z) ~ i"exp(—iz).

T—00

This allows simplification in the computations done in Section |[I1.2] and one can see
that F,. and P have the same poles.

I1.1.2 Rational approximation

In the chapter, we study a family of rational approximations of meromorphic functions.
The different approximation schemes studied are generalization of Padé approximation
[22] presented below. Other schemes exist as in [23], [24],[25] and [26]. The different
studied properties of these approximants use the notion of logarithmic capacity which is
presented in Appendix [B]

I1.1.2.a Padé approximation at 0

Definition II.1.1. Let f be analytic in a neighborhood 0. For m,n € N, the Padé
approximant to f at 0, is the rational function p), ,/qy,, where p) . € P, q5,, € P
with ¢j),, # 0 and
(p?n’n — fqgm)(z) =0 (zm+"+1) as z — 0. (11.9)
For a given function f analytic in a neighborhood of 0, its Padé approximant exists
and is unique. Indeed, even though there exist an infinite number of duets (p), ., )
solutions of Equation (ILY)), they all lead to the same fractional function p, . /q9, . [27,
Thm 1.4.3]. The following theorem, proven iteratively in [28] and [29] describes the

approximation error made with this approximant and how it evolves when we increase
the order of approximation (m and n).

Theorem I1.1.1 (Nuttall-Pommerenke). Let E C C be a close set with cap(E) = 0 and
0 ¢ E and let f be analytic in the complement of E. Let K C C be a compact set, € > 0,
0 >0, A\ > 1. Then there exists my € N such that for all natural numbers m and n which
satisfy:
m/A <n < Am,
mo S m7

we have:
|p70n,n/qgl,n - f| < €m7
on K\ E,,, where cap(E,,,) <.
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I1.1.2.b Multipoint Padé approximation
A natural generalization of this approximation is the multipoint Padé approximation.

Definition II.1.2. For m,n € N and (2;)ie1,m+n+1] € C™T"* be a collection of points.
Let f be analytic in a neighborhood of each of these points. The multipoint Padé approxi-
mant to f at (2;)icf1,m+n+1] is the rational function pp, n/¢m,n Where pr,n € Pr, ¢mn € P
with ¢m, # 0 and for all ¢ € [1,m +n + 1]:

(pm,n - me,n)(Zz) =0.

For a given function f analytic in neighborhood of each of points of a collection of
points (2;)ieftmint1) € C™, its multipoint Padé approximant exists and is unique.
Nevertheless, this approximation is not an interpolation as the numerator and the de-
nominator can vanish at a point z; hence preventing interpolation at this point after
simplification. A generalization of Theorem for the multipoint Padé approximation
is given by [30, Thm 4]:

Theorem I1.1.2. Let E and F be two closed sets in C with cap(F) =0 and ENF = .
Let (2)ien be a family of distinct points in E. Let f be analytic in C\F. Let K C C be a
compact set, e >0, 0 >0, A > 1. Then, there exists mq such that for all natural numbers
m and n which satisfy:

m/A <n < m,

mogma

we have:
|pm,n/qm,n - f| < 8m7
in K\ Ep, where cap(E,, ) < 4.

Remark 7. This result needs to be compared to the existing ones for least-squares poly-
nomial approximation. Indeed, for Padé approximation this theorem does not require any
assumptions for the points (z;);eny which are completely independent of the set K. Nev-
ertheless, the obtained convergence (in capacity) is weaker that the uniform convergence
which can be achieved through least-squares polynomial approximation [3I]. There, in
order for uniform convergence to hold true, points have to be chosen in some admissible
meshes (defined by inequalities).

Theorems[IT.1.7]and [IT.1.2]only specify a ‘weak’ kind of convergence of the approximant
to the approximated function. Yet, Proposition |[I.1.3] shows that this convergence in
capacity (defined by in Appendix also induces a form of convergence of the
poles of the approximant towards the poles of the approximated function when it is
meromorphic. This proposition is a direct application of Rouché theorem [32, Thm 10.43].

Proposition I1.1.3. Let f be a meromorphic function and (g,)nen be a sequence of
meromorphic functions which converges in capacity to f. Then for any open set O C C
i which f admits a finite number of poles and zeros, for any point z in O there exist a
disk D(z,7) C O of radius r > 0 and an integer ky € N such that for all k > ko:

Pr—Zf = Pn — Zn,

where py and zy are respectively the number of poles and zeros of f in K counted with
their multiplicities and p, and z, are respectively the number of poles and zeros of g, in
D(z,1) counted with their multiplicities.
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Proposition illustrates the link between convergence in capacity as in Theorem
[I.1.17 and the present goal of retrieving the poles of a meromorphic function. Indeed, let
f ameromorphic and a € C one of its poles of multiplicity d € N. We consider a compact
set K C C such that K does not contain any zeros of f and contains no other poles than
a. Let (gn)nen be a sequence of meromorphic functions which converges in capacity to f.
By applying Proposition to f, g, and K, we see that for all n > ng the approximant
gn admits at least d poles in K and that any additional poles that g, might have shall
be compensated by a zero of g,. As we can choose K as small as want, this shows that
at least a part of the poles of the approximant g, shall be arbitrarily close to the poles
of the approximated function f. Nevertheless, this result does not prevent g, to have
other poles as long as they are compensated by zeros nearby. Indeed, the same argument
applied to a compact set in the analyticity domain of f show that g, can have poles far
from the poles of f as long as it possess zeros nearby.

This property is illustrated on Figure . On the left side (Figure , we consider
a compact set (a disk) which contains a double pole of f and we see that the approximant
gn has three poles and a zero in this set. On the right side (Figure , we consider a
compact set (a disk) which contains no pole of f and we see that the approximant g,, has
three poles and three zeros in this set.

(a) Compact set which contains a double (b) Compact set which contains no poles of
pole of f. f.

Figure 11.3: Poles and zeros of f and its approximant g, different compact sets. Red
crosses are poles of g, blue circles are zeroes of g, and the black star is a double pole of

f.

The goal of this chapter is to study the pole recovery of the far field term P as defined
in Equation ([1.8]). This recovery is done using the Vector-Fitting algorithm which is an
implementation of a generalization of the multipoint Padé approximation described in
Section ([I.4). The results achieved on the convergence in capacity of this approximant,
done in Section , justifies the use of this method in pole recovering.

I1.1.3 Overview

In Section |[1.2] we study an approximation process of the scattered field for a metallic
sphere at high-frequency in an attempt to extend the data for a given range of frequency.
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In Section [[I.3] we introduce least-squares Padé approximation at 0 which is a general-
ization of Padé approximation at 0 presented in Section [[I.1.2.a] For this approximation
we study the existence and uniqueness of the approximant in section [[I.3.1], then prove a
generalization of Nuttall-Pommerenke theorem in Section [[1.3.2] Finally, in Section [[I.4]
we introduce monic least-squares multipoint Padé approximation which is a generalization
of multipoint Padé approximation presented in Section [I.1.2.b] For this approximation,
we introduce Theorem [II.1.2] and Conjecture [[1.4.1} which are generalizations of Nuttall-

Pommerenke theorem. Theorem is proven in Section [[T.4.1] while Conjecture
is discussed in Section [L.4.2]
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1I.2 High-frequency approximation

In this section, we study the behavior of the field at high frequency (as k — +o0). In
Section [[[.2.1, we construct a high-frequency equivalent in the form of a series which
can be computed for any convex object and is here computed for a spherical object.
In Section [[1.2.2] we study a finer approximation of the field at high-frequency for the
spherical object in the back-scattering position. This approximation is decomposed into
an optic part similar to the previous series and a creeping wave part whose behavior is
more complex. Finally, in Section we apply a rational approximation scheme to
these different high-frequency extension in order to study their usability for our purpose.

I1.2.1 Luneburg-Kline series

In this section, the computations can be done outside the spherical case and we only
assume that Q C R3 is convex and smooth. To study this problem, we will assume that
FEy. can be expanded in a Luneburg-Kline series [33]:

Ey(k,z) ~ nXZ[:) 1?;1{;(; exp (—ikS(x)), (I1.10)

where for all n € N:
A, RPN\ Q — C°,
SR\ Q — R,

are respectfully the amplitudes of the expansion and the phase. This expansion is to be
understood in the Poincaré sense, meaning that for all z € R3\ Q and N € N:

Eyo(k,x :Z?;k()i exp (—ikS(x)) + (]:N) as k — +o00.

This series does not need to converge. Indeed if it converged, because of the uniqueness
of the solution of the system of equations to , the equivalence would be an
equality. In this series, we are mainly interested in Ay and S as they indicate the first
order behavior of F,. when k goes to +oc.

Substituting the expansion [[I.10| into Equations (I1.5)) and (I1.6)) and identifying the
terms as powers of ik we get for all n € N the system of equations:

VS]? =1, (I1.11)
(AS +2VS-V)A, = —AA,_4, (I1.12)
VS . An - —V . ATL—l?

with the convention A_; = 0. Equation (II.11) is the eikonal equation and Equation
(I1.12)) is a transport equation. The Dirichlet condition (II.3)) gives, for all y € 9€:

S(y)=v-y, (11.13)
Ag x v(y) = —Eog X v(y), (I1.14)

where v(y) is the unit vector which is outgoing and normal to 02 at y.

23



I1.2.1.a Solving the eikonal equation

Let us define rays as the integral curves of the gradient of the phase S. Let A and B to
points on the ray path and I" be the curve from A to B on this path. We have:

S(B) — S(A) = /

T

VS -ds = /ds = ("(A, B), (I1.15)
r

def

as on the ray, V.S and ds are parallel (since A and B are on the same ray) and VS is of
norm 1 because of Equation ([I.11)). Now, if we integrate the same quantity on the line
segment [AB], we get from Cauchy-Schwarz inequality:

S(B)—S(A):/BVS’-dsg/Bds:|AB|. (I1.16)

A A

\%S)

A

Figure I1.4: Geometrical representation of the path I' in the resolution of the eikonal
equation.

Using Equations (IT.15) and ([1.16]) we see that (' (A, B) < |AB| and thus, as straight
lines are length minimizers, the rays must be straight lines. Let u € R3 be a unit outgoing
director vector of a ray passing through 02 at a point y € 0€2. Using the Dirichlet
condition and taking the tangential derivative, we see that for all y € 02:

VS xv(y) =v xv(y).

Hence, as u(y) = £V.S(y), we see that u has the same tangential component than v at y.
Since it is unitary and outgoing, we find that we have to distinguish between two regions:
the lit side and the shadow side. Indeed for all y € 9$2:

{ v—2(v-vy)v(y) ifv vy <0, (11.17)

uly) = v else.

So, to solve the eikonal equation (IT.11)) at a point = outside of Q, one needs to find
y(x) € 9Q such that x and y(z) are on the same ray (this is known as Alhazen’s Problem
[34]). The situation in illustrated on Figure for a precise configuration and on Figure

for general reflections. Then, using Equations ([1.13)) and ([I.16]) we find:

S(x) = 5(y(2)) + |z — y(x)|
=v-y(x)+ |z —y(z)| (I.18)
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Figure I1.5: Distinction between the lit region (in white) and the shadow region (in gray)
for a spheroid.

Figure I1.6: Schema of the reflection of an electromagnetic wave on a metallic sphere.

From now on, we assume that €2 is the ball B, of radius @ > 0 and we consider back-

scattering situation for which, given x = —rv, we can easily find y(x) using the formula:
x
y(x) = am = —av
Hence for £ = —rv in the back scattering position we have:

S(z)=—-a+r—a=r-—2a.

I1.2.1.b Solving the transport equation

Let us solve the transport equation ([1.12]) for n = 0. Let ag be any Cartesian component
of Ag (ag = ¢€; - Ap for i € {1,2,3}). First, by multiplication of Equation (II.12) with a
we have:

V- (agVS) =0, in R*\ B,. (I11.19)
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Figure I1.7: Schematic illustration of ray paths from the scattering of a metallic sphere.

Let us define the following parametrization of points on the sphere:
y:[0,7] x [0,27] — S,
cos () sin ()
(0,9) — a | sin(p)sin (6)
cos (0)
Similarly, for all s € R, , we define:
zs 1 [0, 7] x [0, 27 — R?
(0, 0) — y(0, ) + su(y(0, ¢)),

where u is as defined in Equation ([T.17)). Let 6° € [0, 7] and ¢° € [0, 27| and y° = y(6°, ©°)
be a fixed point on the sphere S,. Similarly, for all s € R, we define:

&y 1 [0,7) x [0, 27 — R?
(0,0) — y(0, ) +g(s,0, 0)u(y(0, v)),

where ¢g(s,6, ) € R, is chosen such that:
S(‘%S(97 ()0)) = S(Is(e()u 900))

Let s; and sy in RT and x1 = x4, (0o, o) and xo = x4, (6o, vo). Let Wi and Wy be the
surfaces defined by for all € > 0:

Wl(g) = {@1(9,80)»9 € [90 _5790+€]790 S [900 _57900+E]}7
WQ(E) = {ﬁ:sz(easp)ae € [90 _5790+€]790 S [900 _57900+€]} :
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Figure I1.8: Geometric description of the surfaces W; and W5 used in the resolution of
the transport equation.

Let us consider the volume V' = V(g, s1, s5) which is surrounded by the rays through
the boundaries of both surfaces Wj(e) and Ws(e) and the surfaces themselves. The
different surfaces introduced here are presented on Figure[[.§] By integrating the quantity
on this volume and using the divergence theorem, one gets:

1 9 surf(Wa(e)) 1 / 9
— ag(s)ds = ag(s)ds.
surf (W7 (¢)) /WI(E) o(5) surf(W1(e)) surf(Wa(e)) Jw, (e o(5)
Because ag is assumed to be continuous, we also know that for ¢ € {1,2}:

, 1 2 _ 2
iy surf(W;(¢)) /Wl.(a) ap(s)ds = ap(z:)

Let us now compute the ratio of the two surfaces. In what follows, a case distinction
has to be done between the lit side (6 € [7/2,7]) and the dark side (6 € [0,7/2]). Let
us start with the lit side. Because x = Z,,(0, ¢) is defined by being on the same ray as

y = y(0, ) and being on the same wavefront as x¥ = z,(6y, o), we see from Equations

(I1.17) and (I1.18]) that it solves the system:

r—vy vy
—v—2—7y,
|z =yl a?

lz —yl+v-y=s+v-3°

This allows us to express © = z, (0, ¢) as:

z=y,0)+ (s+v-y"—v-y(d, ) (U—QU

Using the known formula for the area of a surface defined this way [13, Eq. 1.6.48] defined
as such we have:
00+e
surf (W, / / )dpdd
00 0—¢
==4€2)Q(9°,w )+ o(e?),
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where for all (0, ¢) € [0, 7] x [0, 27[:
Xi(0, ) = |0gs, (0, ) x 0px5,(6, ).
After computation, which as been done using a symbolic computation program, we find:
Xi(0°,¢°) = [sin(fo)] (a® cos(fy) — 2as cos(6o)* — 2as; + 4s; cos(fy)) -
Thus we get:

lim surf(Ws(g)) _ X5(6°, oY)

—o0surf(Wi(e))  X1(0° ¢°)
_a?cos(by) — 2asy cos(6y)? — 2as, 4 4s3 cos()
~ a%cos(fy) — 2as; cos(6y)? — 2as; + 453 cos(6y)”

By taking 25 = 2 € R®\ B, and 20 — y(z) € S,, one get:
2 a' 2
ao(z)” = ; ao(y(x))”.
(a2 = 20 y(@)|e — y(@)) (@ = 2555w — y(o))

So, by continuity of Ay, we finally find:

a2

Ag(z) = 73 Ao (y(2)).
(a2~ 20 y(@)e — y())? (@ - 225w — y(a)])

Similarly, on the shadow side (6, € [0,7/2]), as u = v, the areas of those surfaces W;(e)
and Wy (e) are equal for all £ > 0 small enough thus:
" surf(Wa(e))
=0 surf (Wi (g))

=1.

And, we finally find:
Ao(z) = Ao(y(x)).
Hence, we have computed the following asymptotic expansion, for all z € R*\ B, and
y = y(x) as defined before:
2

ESC(’Z') kN ¢ 1/2 ifv- Yy < 07
@ =20yl — ) (a2 - 22 e — y)
Ep -
=By 42! ‘;2%] exp(—ik (v + [ — 1)
~ — Eyexp(—ik (v-x)) ifv-y>0.
k—ro0

The comparison between the Luneburg-Kline series first term Ag exp(—ikS) we calcu-
lated and the accurate truncated Mie series is shown on Figure[[.9 We see on that figure
that the approximation made using the first Luneberg-Kline term Aq is only valid around
the back scattering position and its accuracy decreases when approaching the lit/shadow
limit represented as dashed vertical lines on Figure (1.9,

One can now compute similarly A;, As and so on from Equation ([1.10) which in the
back-scattering configuration simplifies to:

a (r—a)?* 1  _(r—a)(2r’—4ra+3a*) 1
Ege(=rv) k:CXJ( % —a 2(27“ —a)? ik 2 (2r —a)® <2k>2> (I1.20)
X Foexp(—ik (r — 2a)).
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Figure 11.9: Comparison between Mie (blue) series and the first Luneberg-Kline term
Ay (red) with @ = 0.15/2 m, at a distance » = 1 m at a frequency f = 5 GHz for all
0 €10, 2m].

I11.2.2 Creeping Waves

In this section we only consider the far field given by Equation (I1.8)) in the back-scattering
configuration. We use Watson transformation [35] which transforms a sum into an integral
using the residue theorem to get a simpler form. One of the form Watson transformations

can have is given by:
= 1 exp(—ivm)
— =2 —/———~ d
Zf <n * 2> /C cos(vm) fw)dv,

n=0

where C'is a curve passing through 0 which surrounds the half integers and f is an analytic
function in the interior of C. The curve C is illustrated on Figure In this case,

~ (2 ~
we take advantage of the analytic nature of v +— H,,( ) and v — J, with respect to their
index [13, Sec. 10.2(ii)]. Let us apply this formula to evaluate the sum:

def o= 1y 1\ [ Julp) )

S(p) = ;(—1) (n+ 5) (H (Q)p(p) T (z)p(p)>
B exp(—ivm) exp(im(v — 1/2))
_ 2/0

cos(v)

PN B O
=—2i Cmdu, (I1.21)

ol

29



where for all p in R, we define the meromorphic function:
f,:C—C
Joaplp)  Jury(p)

Vi— - .
gy E)
Hu—1/2(p) H', 4 0(p)

Because of [13, Eq. 10.4.8], we see that for all p in Ry, f, admits the following parity
symmetry:

fo(—v) = exp(2ivm) f,(v). (I1.22)

Let C'y and C_ be sections of C' of respectively positive and negative imaginary parts
and C® the symmetric of C_ with respect to the point 0 in C. Using Equation (I1.22),
we have:

fo(v)v dy:/ exp(2ivm)
c

fo(v)rdy — 22’/ exp(ivm) tan(vm) f,(v)vdy

o cos(vm) cos(v) -
= — M —vivdy — 21 exp(ivm) tan(vm v)vdy
a /CE cos(vm) fol=vpdy =2 /_ plivm) tan(vm) (v
= — My—i exp(ivm) tan(vm v)vdy
o | explivm) tanvm) ) (11.23)

Figure I1.10: Schematic representation of the curves C' (red), C_ (dashed blue) , C
(dashed black) and , C*¥ (dashed red).

where we used the identity:

1 :
Vv eC: cos(m) exp(2iv)

Using Equations ([1.21]) and (II1.23]), we have for all p in R,

S(p) = —Qi/c Mdy - 4/ exp(ivm) tan(vm) f,(v)vdv.

uos cos(v)

o 2i exp(ivm) tan(vm).

The first integral on the right-hand side has an integrand which decreases exponentially
when |v| goes to +oo with Im(r) > 0 hence we can close the contour using Cauchy
theorem and apply the residue theorem in the upper half plane to finally find the following
decomposition:

P(p) = P.(p) + Polp), (I1.24)
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where P, is the optic part of P and P, is the creeping wave part of P given by:

P,(p) =— %exp(%p) - 4/ exp(ivm) tan(vm) f,(v)vdv,

_47TZ J- 1/2 v
= o,a" 1/2<p> cos(v)

V=0Up,

where for all p € C, v,, = v,(p) and 7, = Uy, (p) are the countable values such that:

Using the approximations of these (v,,) and (#,) given by [36, Eq. 21 and 85] and after
keeping the dominant term, we get:

1 .
~ — X 1o —
eI o v A E Sl

.
—
s
N—
\}
N
Cb
w\:\

e~ ST + o)), (I1.25)

where:

o r=7(p)= (5",

e (1 ~ —1.019 is the smallest (in absolute value) zero of the Airy function’s derivative
A’ [I3, Th. 9.9.1).

Remark 8. The optic part has a similar high-frequency behavior as the Luneberg-Kline
series computed in the previous section. We see that the creeping wave part of
the field decreases exponentially as k goes to +oo. Hence, this part of the field is, as
predicted in the previous section, negligible compared to any polynomial of 1/k hence to
the optic part.

In order to evaluate the contribution of each term in this decomposition, we compute
the error made when only considering the first, the two first and the three first optic terms
and when considering the two first optic terms together with the first creeping wave term.
The evaluated error is displayed on Table for a metallic sphere of radius a = 0.15/2
m seen in the back-scattering position at a distance r = 1 m at a frequency of 5 GHz

(p="1.9).

Approximate | 1 optic | 2 optic | 3 optic | 2 optic and 1 creeping
Error(%) 13.89 9.02 9.01 1.46

Table II.1: Error made in the approximation with respectively one, two and three terms
of the optics part and two terms of the optics part and one term of the creeping wave
part at frequency 5 GHz for @ = 0.15/2 m and r = 1 m.

Using the results listed in Table [[I.1], one can see that at 5 GHz the first optic term
accounts for 86.11% of the field while the second and third one account only for respec-
tively 4.87% and 0.01%. On the other hand, the first term of the creeping wave part of
the field accounts for 7.55%. Hence, even though this part is asymptotically negligible
when compared to the optic part, it cannot be neglected at high but finite frequencies. In
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Figures [[T.11], [T.12] and [[T.13], a comparison is made between the different approximations.

From the Figures [[T.11] and [[1.12] we see that Ay and —A;/k are good approximations of
respectively the real and imaginary parts of the mean value of the field while Figure [[I.13]
shows that the creeping part corresponds to the local variations in frequency.

real part

-0.03

-0.032

-0.034

-0.036

-0.038

-0.04

-0.042

-0.044

-0.046

imaginary part

-10

-12

%1073

Figure I1.11: Comparison between the compensated Mie series P(p) exp(2ip) (in red) and

the first optic term A (in blue).
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o
imaginary part

&

-12

Figure I1.12: Comparison between the compensated Mie series P(p) exp(2ip) — Ay (in red)
and the second optic term A;/(ik) (in blue).

real part
imaginary part

8 1 1 1 8 1 1 1
4 6 8 4 6 8
p p
Figure I1.13: Comparison between the compensated Mie serie P(p) exp(2ip)—Ao— A1/ (ik)

(in red) and the first creeping term (in blue).
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11.2.3 Rational approximation using high-frequency behavior

In order to illustrate the use of the previously computed expansions, we apply a rational
approximation scheme linked to the least-squares multipoint Padé approximation. On the
field for a metallic sphere of radius a = 0.15/2 m seen in the back-scattering position at
a distance r = 1 m. We consider 500 frequency measures uniformly distributed between
k =0 GHz and k£ = 5 GHz computed using an appropriate truncation of the Mie series
. We then extend the data on 500 frequency measures uniformly distributed between
k =5 GHz and k& = 10 GHz using iteratively the computed Luneberg-Kline series terms
, then the association between the optic part / Luneberg-Kline series and the
creeping wave part . The data is symmetrized with respect to the imaginary axis
using the conjugation symmetry of the field. We further apply the vector-fitting algorithm
presented in [17], [I8] and [19] using 100 poles. We do a selection of poles using criteria
given by [37] in order to avoid poles that are irrelevant, as in the case presented on Figure
[I.3b] The reconstructed poles are presented on Figures [[I.14] [[T.15 and [T.16] On these
figures, we plot the exact poles in red (x), the reconstructed poles in blue (+), and the
measure points in green (-).

¥ ¥
07tk T %

Imaginary part (Gh)
o o o o o
N w L [6)] »
wk o4

o
.
T
1

O Il
-5 0 5
Real part (Gh)

Figure I1.14: Exact poles (red) and reconstructed poles (blue) using 500 frequencies uni-
formly distributed from 0 to 5 GHz.
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Figure I11.15: Exact poles (red) and reconstructed poles (blue) using 500 frequencies uni-
formly distributed from 0 to 5 GHz and extended to 10 GHz with the Luneberg-Kline
approximation.
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Figure I1.16: Exact poles (red) and reconstructed poles (blue) using 500 frequencies uni-
formly distributed from 0 to 5 GHz and extended to 10 GHz with the complete approxi-
mation.
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On Figure [[T.14] we plot the poles computed using the Mie series data. We can see
that the computed poles are too numerous in the plotted region. On Figure [[1.15] we
plot the poles computed using the Mie series data and the optic extension. We see that
this extension is not proper, as the transition between the Mie series and the optic part
induces an accumulation of poles not related to the field but rather to the rough switch of
behavior. Finally, on Figure we plot the poles computed using the Mie series data
and the optic and creeping extensions together. We can see that the computed poles are
accurate. This illustrates the possibility of extending the field using the form and
a given set of data in order to improve the pole reconstruction.

This illustrates the convergence properties of the least-squares multipoint Padé ap-
proximant studied in the Section [[T.4] Indeed, extending the field allowed us to increase
the number N of (measurement) points, hence also the degrees m and n of the approx-
imant p/q. Such increases induce the convergence behavior of the poles described by

Proposition [[I.1.3] and Conjecture [[T.4.1]
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I1I.3 Least-squares Padé approximant at 0

Let F be a compact set in C such that cap(F) = 0and 0 ¢ F. Let f be analytic in C\F.
F is the singular set of f. For m € Ny n € Nand N € N such that m+n+1 < N, we
consider the criterion:

Jo:Ppx P2 — R,
N-1
(I1.26)
(pa Q) — Z |Ci(p7 q, f)|2 ’
i=0
where ¢; = ¢;(p, q, f) is the i-th Taylor coefficient of p — ¢ f:

+oo

(p—af)(z) =) '

1=0

We intend to find the best rational approximation of f at 0 of type m and n in the
least-squares sense by minimizing this least-squares criterion:

Problem I1.3.1. Given m € N, n € N and N € N such that m +n+1 < N, find
p(r)n,n,N € PTL and qgnmj’N € PS"L such that:

(pgn,n,N7 qu,n,]\f) S Arg min JO (pv Q)
PEPn, q€PY,

We call a fraction p), ,, v/qp, . v @ least-squares Padé approximant of f at 0. It always
exists but its uniqueness is not systematic and is discussed in Section. For given integers
m, n and N with N > m+n-+1 we define the strong uniqueness property of a solution to
Problem as the uniqueness of both its numerator p?mn’ ~ and its denominator qg%m N
and its weak uniqueness property as the uniqueness of the quotient pgm’ N/ q%’n’ N itself.
Let us introduce the notation:

pg@,n,N(ﬂﬁ) = Zpﬂi, f(r) = Z fz‘xi,
i=0 i=0

qgl,n,N(x) - Z qzxz
i=0
Hence, for all 7 € N: .
s=0
Through differentiation of the criterion ([I1.26)) with respect to the coefficients of p and

q and using the formula ([1.27]), we see that pgmn’N and q?n,n,N satisfy the critical points
equations:

Vd € [0,n] :cq =0, (I1.28)
N—-1
vd e [1,m]: > @Gfira=0. (I1.29)
i=d
As for Padé approximant at 0, we proved a result analogous to Theorem (Nuttall-
Pommerenke) for this approximation which is stated in Theorem and proven in
Section [1.3.2
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Theorem I1.3.2. Let F' be a compact set in C such that cap(F) =0 and 0 ¢ F. Let f
be analytic in C\F. Then for all compact sets K C C, for alle >0,0 >0, u>1, A > 1,
there exists mo € N such that for all natural numbers m, n and N which satisfy:

m+n+1< N < um,
m/A <n < Am,

m0§m7

we have:
‘f - pgn,n,N/qgl,n,N’ < €m7

on K\ E,., with cap(Ep,,) < 0.

I1.3.1 Existence and uniqueness

In Section [[T.3.T.a] we prove the existence of minimizers of the criterion [[I1.26] In Section
[1.3.1.1], we study the strong uniqueness property for any given function f while in Section
we study the set of functions f for which there exists a triple m, n, and N in N
for which the strong uniqueness property does not hold true, and show that it is of empty
interior in the ¢? topology. Then, in Section , we discuss the case in which strong
uniqueness does not hold true and show that it induces weak uniqueness for some lower
orders m, n and N. Finally, in Section [[I.3.1.¢] we discuss the normalization choice and
show that it has no effect on the solutions when the strong uniqueness holds true for all
normalization.

I1.3.1.a Existence

As the criterion (I1.26)) is continuous on P, x P,, ~ R™™™+1 there exists (at least) a
minimum if there exists a bounded minimizing sequence. Let (pk, qk) . be a minimizing
sequence of polynomials in P,, x P which satisfy Equation (it is always possible)
and Q" be the vector (¢f,...,q%). Using equations and we see that the

criterion evaluated on the minimizing sequence is for all k£ € N:

2

fn+1 e e fn+1—m 1k
fn+2 T e fn+2—m q

Jo(p*, ¢*) = : : . . (11.30)
Ino1 oo oo fNaiem qsz

62

Let 2 be the (N —n — 1) x m matrix:

Fo i i friem
o fn.+1 fn+?_m
In—2 oo o0 fNoiem

For all k € N, we define the vector QF to be the orthogonal projection of Q¥ on ker(2A)*+
and we define the polynomials ¢ = 147" Q¥ X and p* according to Equation (IL.28).
Clearly, the pair (ﬁk,cjk)k cy s also a minimizing sequence as for all £ € N we have
Jo(p*, %) = Jo(p*, ). If the sequence (¢¥)rey is bounded then so is (*)ren because
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of Equation ([I.28]). Hence, (]5’“,(}"3) ey 1S a bounded minimizing sequence and we can
conclude that there exists a minimum of the criterion ([[1.26]).

Otherwise, let us define the sequence (Cjk)keN o (Qk/|qk|)k€N. As the sequence (cj’“)kE

is bounded, we can extract a subsequence that converges towards a polynomial ¢*
XP,,—1 and define the polynomial p* according to Equation ([I.28) and the vector Q*
(g1, .-, q).

On the one hand, we see that |Q*| = 1 as for all k¥ € N, we have |¢F| = 1 and ¢ = 0.
On the other hand, as (J(p", Qk))keN is bounded, we see that:

i g 1)

J(p*. q") = kgffmw

Hence, because of Equation , the vector Q* belongs to ker(2) and, as it also

belongs ker(2A)*, it is equal to zero. Hence, we have found the contradiction that the

vector (* is both 0 and of norm 1. Thus the sequence (cjk) ren 18 bounded. So, we have

shown that there exists a bounded minimizing sequence hence the criterion Jy admits a
minimum in P, x PY.

I m=z

=0.

I1.3.1.b Strong uniqueness property

As the criterion (I1.26]) is differentiable and convex on P, x P9 ~ R*"™™*+1 the uniqueness
of the minimizer, hence the strong uniqueness property, is induced by the uniqueness of
the solution to the critical point equations and . Let n > m. Using the
system of equations (IL.27) and (IL28§)), we see that the numerator p), , v is uniquely and
explicitly defined by g, ,, 5 through:

d
Vd € [0,n] : pa= > qsfi-s
s=0

In contrast, using the systems of equations (I1.27) and ([L29), we see that gy, , y is only
implicitly given by:

m N-1 L N-—1 L
vade[tm]: Y a0 Y firafis=— Y fials

s=1 i=n-+1 1=n-+1

Hence, we see that qgmﬁ v 18 uniquely defined if and only if the matrix G € M,,(C) defined
by:
N-1
vd € ﬂlam]L Vs € ﬂlam]L Gs,d - Z fi—sfi—da
i=n+1
is invertible. One can see that GG is a Gram matrix for the vectors:

fn+lfm fn+1,(m,2) fn
folfm fN—l—(m—2) fN72

So, uniqueness of qgl,m N and p?nm’N is ensured by the linear independence of those m
vectors of CVN=""1. Using [38], Lem. 3 (Kronecker)|, we see that if f is a rational function,
4, .y and pi, . are not unique if m and N are big enough hence the strong uniqueness
property does not hold true. On the contrary, if f is not rational, for all m,n € N there
exists Ng > n +m + 1 such that for all N > Ny, ¢},  and p, ,,  the strong uniqueness
property holds true.

69



I1.3.1.c Functions for which the strong uniqueness property fails

Lemma I1.3.3. The set of functions f in (* such that there ewxist natural numbers n, m
and N for which the the strong uniqueness property of the solutions to Problem|[l.5.1| does
not hold true is of empty interior for the €% topology.

Proof. Let:
+o0o ’ +o0
= {Z ft Y I < oo} ,
=0 =0
1 . _ o0 2\ 1/2 2 .
endowed with the norm: || f|| = (32,5 1/:1?) "~ The space (¢2,]||)) is a complete normed

space. For all m,n € N, let us consider the application:

Hy, ? —C
fn fnfl .o fnferl
f»—>det fn+1 fn fn—.m—i-2
fn—l—m—l fn+m—2 o fn

We see that the set of all functions in ¢2 such that there exist a choice of m, n and N
such that the criterion does not have a unique minimum is:

“+oo 400

5= U #alton

n=0 m=0

For all m,n € N, as a polynomial function, H,,, is continuous and not constant on
any open set hence H,! ({0}) is closed and is of empty interior. Hence, applying Baire
category theorem [39, Thm 3.9.3], B is of empty interior. ]

I1.3.1.d Weak uniqueness property

In this section, we discuss the weak uniqueness property of the approximant hence the
uniqueness of the quotient p, . v/qp,,, - Let f be a function analytic around 0. We show
the following property:

Proposition I1.3.4. For all a > 2, there exist three increasing sequences (my)gen, (Nk)ken
and (Ng)ken of integer numbers satisfying a(ng + my) > Ni > a(my + ng) — my for all
k € N, such that the weak uniqueness property holds true.

This proposition illustrates that for any function f analytic around 0, we can construct
an infinite sequence of approximations verifying the hypothesis of Theorem and for
which the approximant is unique.

Proof. First, if f is rational, then for m and n large enough and all N > m +n+ 1, there
exists a Padé approximant of order m, n, and N. Hence, because of the uniqueness of the
quotient in Padé approximation, the approximant is unique in this case.

Then, if the strong uniqueness property holds true as studied in Section [[I1.3.1.b, the
quotient is obviously unique hence the weak uniqueness property holds true.

Finally, let us study the case in which the strong uniqueness property does not hold
true. Let m, n and N be three positive integers verifying m+n+1 < N for which Problem
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does not have a unique solution. Let (p,q) € P, x P2 and (p+r,q+s) € P, x P,
be two solutions of Problem As we assumed that the solution pair is not unique,
we have s # 0 and because of the normalization, s(0) = 0. Furthermore, by linearity
of the critical points equations and ([I.29), s is in ker(2A). Thus because of the
definition of 2, there exists a polynomial © € P, such that:

sf=m+0(XM). (I1.31)

Let d € [1,m] be the maximal integer such that s € X%P,, 4 and let us write s = 54X
and 7 = $,X% with ¢ € P _, C P°, p € Pog C P, and sg # 0. Simplifying the
Equation (I1.31)), we get:

qf =p+O0X"),
where p € P, and ¢ € PY.

We see that (p, ) is a minimizer of Problem [[L.3.1|for m, n and N —d, as Jo(p,q) = 0,
and it is a Padé approximant with degrees m, n, and N — d, with d € [1,m] as long as
N —d > m +n+ 1. Because of the uniqueness of the quotient in Padé approximation,
this shows the uniqueness of the quotient for the least-squares Padé approximation at 0
with degrees m, n, and N —d. Hence, if the problem does not enjoy the strong uniqueness
property with degrees m, n, and N, it enjoys the weak uniqueness property with degrees
m, n, and N —d with d € [1,m] as long as N —d > m+n + 1.

Let a > 2 and let us define three increasing sequences (my)ren, (nx)ren and (N9)ren
of integer numbers satisfying NP = a(my, +ny,) for all k € N. For all k € N, either the the
strong uniqueness property holds true with degrees my,, nj, and N} or the weak uniqueness
property holds true for some degrees my, n, and N, = N,S — dy with d, < my. Hence,
we have shown that we can construct three increasing sequences (mg)ren, (nx)ren and
(Ni)ren of integer numbers, satisfying N;, € [N — my, Ni] for all k € N, for which the
weak convergence property holds. By construction, the sequence satisfy a(my + ny) >
Ny > a(my + ng) — my, for all k£ € N. Furthermore, as a > 2, we have my, + ng + 1 < Nj
which concludes this proof. n

I1.3.1.e Choice of the normalization

Let us fix n, m and N in N satisfying n +m + 1 > N. When approximating a function
which is analytic at 0 in a least-squares sense, we have a choice for the normalization.
Indeed in Section we have chosen ¢)), , v(0) = 1. Nevertheless a valid choice can be
for any d € [0, m]:

where we write ¢¢ = ¢°, ,  for this choice of normalization:

(p'.q") € Argmin  Jo(p,q).
PEPn, q€EPm, qa=1

Indeed, for any of these normalization choices, Equation ([[I.29)) becomes for all k£ € [0, m],
k # d:

«gcyﬁk ::Oa
where Q? is the coefficients vector of ¢? and the m x m matrix G is defined for all
(i,) € [0, m]*:

N-1 -
Gi; = Z Jr—ifu—j

k=n+1
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Hence, if G is invertible:
Q - qsilG_lGda
where (G4 is the d-th column of G.

We see that if G is invertible (hence ¢¢ is uniquely defined for any normalization), two
different normalizations d = d; € [0, m] and d = dy € [0, m] will lead to two proportional
g® and ¢®. Hence, because of Equation which defines p? = p¢, v, the fractions
p¥ /¢ and p® /q® they induce will be the same.

Nevertheless, the choice d = 0 is natural has when f = ps/qs is a rational function
analytic at 0 with p; € P, and ¢y € Py, (py, ¢r) is among the minimizers of the criterion
which is not necessarily true for other normalizations. For example, if we choose
fiz—= 2z, n=1and m=1, (ps, ¢f) = (2 — z, z — 1) is a solution for d = 0 but not for
d=1.

11.3.2 Proof of Theorem [I1.3.2

First, we see that if f is a rational fraction then for m and n large enough, the approxi-
mation error |pgw7 N/ qf}n% ~ — f| is uniformly zero in C\ F' hence the theorem is trivial in
this case.

In the following, we assume that f is not a rational function. We can consider the case
where the compact set K coincides with D(0,r), the disk of center 0 and radius r > 1
chosen such that F' C D(0,7). Let 2p > 0 be the distance between F' and 0. Let m, n in
N such that 1/A <n/m < Awith A > 1. Let 0 < ¢ < 1/3 and § > 3re'/3. As cap(F) = 0,
for all n > 0, there exists a natural number k£ and a polynomial i in P}, such that F' C D,
where:

D, = {2 € C, [h()| <7}
For the purpose of this proof, we choose:

g2t pp

3rptl =

Hence, because of the definition (B.1)) of the capacity, cap(D,) <n <e. Let n > m >k
and ¢ € N such that m — k < k¢ < m. Let us introduce the notation:

h(z) = Z iz,
=0

Let (ag, - ., an—_m—n_1) and (b, ..., by,) be two vectors of C¥="~™ and C™ respectfully
which solve the system:

N—1—1i m
Vien+1,N—1]: Y ahly =Y bafica=0. (I1.32)
t=0 d=1

It is an homogeneous linear system of N —n — 1 equations and N — n unknowns so
there exists a non trivial vector space of solutions. One can see that the solutions of the
system are such that (ao, ..., an_m—n—1) is not the null vector. Indeed, (b, ..., by)
would then be such that:

Vie[n+1,N=1]: > bifiia=0,
d=1
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which, according to [38, Lem. 3 (Kronecker) p.5] would lead (by,...,b,) to also be the
null vector for f not a rational function. Hence, we can choose the solution that has the

property:
sup |a(z)] =1, (11.33)
zeD(0,r)

where we defined the polynomial a € Py_,,_,_1 by:

N—m—n—1

a(z) = Z a;z'.

7=

Using the systems ([1.28]), (I1.29)) and (II.32)), we see that this choice of a leads to:

N—-1 N-1—

Z Ci Z athf\f—l—z‘—t = 0. (I1.34)
i=0 t=0

Figure I1.17: Scheme of the geometrical setting of the different sets and points considered

in the proof of Theorem [I1.3.2}

Let I be a cycle in D, surrounding F'. The situation is summarized on Figure where
F' is represented by red points, I' is represented as green curves and D), is represented

as white regions in the gray disk D(0,r). By applying Cauchy’s integral formula for
z€C\ D,

L[ HOWn — D) 1 A
wh s TR X el

N W) (00 oy — B ) (2)a(2)

2N g
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because the residue at infinity is null. Using Equation (II.34]) and because the function
€ RAOPY, v (€)al€)

) is analytic in the interior of I' for all z € C\ D,, this leads to:

W (2) Py — G f)(2)al(2) L[ Pdnnn (] (©ald)

= —— - d¢. I1.35
2N 27 Jp EN(E - 2) ¢ ( )
Using Equation (I1.35), we can estimate the error for all z € C\ D,:
pmnN nkﬁ a(§> q?nnN(g) ZN
— f C sup sup | —— sup |—1,
B | = O 0 | 2R | 8, (2)| D |

where Cy = Cy(n, T, f) is independent of n. We estimate the above right hand side by
using the following:

o " < ™k because m — k < kt,

e by choosing 7 small enough, we can assume that for all £ € T', |£] > p. Furthermore,
N

ZN T

#=()

q&(

)
B v (2)

as z € D(0,r), we have the estimation: supgcp

< ‘(q?’r() ;7 where ¢* is poly-

e using Lemma B.0.3} for all z € D(0,7), supeer |,

nomial in P,ln* with m* < m,

e using the normalization (IL33)), supgcrla(§)] < 1,

e using Lemma [B.0.2, because of the normalization ([1.33), |a(z)| > e¥=™ 7! for
z € D(0,r) \ © where cap(©) < 3re,

e h'q* € Py, is a monic polynomial so, by definition (B.1)) of the capacity, |h’q*|(z) >
g™ for z € D(0,7r) \ ® where @ is a set of capacity bounded by &.

Thus, for all z € D(0,r) \ E,,, with E,,,, = D, U U &:
i (3™ (TN
(2) < Con™* N\ o)

Using our choice of 7 and the linear growth of N with m, we get for m > my(e):

pO

qmnN

~—f

p()

qmnN

= - f(2) <

for all z € D(0,7) \ Epn.

Applying Lemma with o = ¢ and d = 2, we get that the exceptional set has a
capacity:
cap(Epm.n) < (3re)Y/3(2r)%3 < 3re'/? <4,

which concludes our proof. The case n < m can be shown similarly by appropriately
changing the definition of £ into n — k < kl < n.
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I1I.4 Least-squares multipoint Padé approximant

Let £ and F' be compact sets in C such that cap(F) = 0and ENF = (. Let f be
analytic in C\F. F is the singular set of f and E is the set at which we can measure f.
For m e N,n € Nand N € N such that m +n + 1 < N, we consider the criterion:

J: P, x Py —)]R+

II.
HDp ) a) P (150

where (z;)iei,n] is a collection of IV points in F.

We intend to extend the multipoint Padé approximation described in the previous section
order to find the best rational approximation of f at 0 of type m and n in the least-squares
sense by minimizing this least-squares criterion:

Problem I1.4.1. Given m € N, n € N and N € N such that m +n+1 < N, find
PrnN € Py and gmnn € Py, such that:

(pm,n,N7 qm,n,N) € Arg min J(p7 q)
PEPn,qEPL

We call the fraction pp,, N/¢mn .y the monic multipoint least-squares Padé approxi-
mation of f. As the criterion is convex we respect to p and ¢, a minimizer always
exists but the uniqueness of the minimizer is not systematic. The existence of a minimizer
can be shown in a similar manner as in Section [L.3.1.al

For m > 1, by differentiation of ([[I.36]) we respect to the coefficients of p and ¢, we see
that pp, ».~ and g, n are such that for all polynomials x € P, and ¥ € P,,,_:

N
> (= V() Pmny — Gmanf) (2) = 0. (11.37)
=1

For m = 0, the critical point equation ([1.37)) becomes: for all x € P,,

) (Pom.N — Qonnf) (z:) = 0.

||Mz

Remark 9. When N = m+n+1, the minimum of the criterion ([1.36]) is equal to 0 and the
monic multipoint least-squares Padé approximation coincides with the multipoint Padé
approximation presented in section |[I.1.2.bl

A weak extension of the Nuttall-Pommerenke theorem (Theorem [II for these ap-
proximant is given by the Theorem Furthermore the ConJecture if proven,

could be a more powerful generalization of Theorem Indeed, the difference between

Theorem [I1.4.2) and Conjecture [I1.4.1}is the dependency of (z;)1ep,n] With respect to m,
n and N which is not needed for the classical Nuttall-Pommerenke theorem.
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Theorem 11.4.2. Let E and F' be two compact sets in C such that 0 € E, cap(F) =0
and ENF =1. Let f be analytic in C\F. Let K C C be a compact set, ¢ >0, 6 > 0,
iw>1, A>1. Then, there exists ng such that for all natural numbers m, n and N which
satisfy:

m+n+1<N < pun, (11.38)
m/A <n < Am, (I1.39)
o S n,

there exists a family (zf”’"’N)ie[[LN]] of N distinct points in E such that:

‘f - pm,n,N/qm,n,N| < €n;
on K\ E,,, with cap(Ep,,) < 9.

Conjecture I1.4.1. Let F and F be two compact sets in C such that 0 € E, cap(F) =0
and ENF = (. Let (2);en be a family of distinct points in E. Let f be analytic in C\ F.
Let K C C be a compact set, ¢ >0, >0, u > 1, A > 1. Then, there exists ng such that
for all natural numbers m, n and N which satisfy:

m+n+1< N < un,
m/A <n < Am,

nOSna

we have:
‘f - pm,n,N/%n,n,N' < €n’

on K\ E,,, with cap(E,,,) < 0.

The sequel of this section is dedicated to the proof of Theorem and a discussion
on Conjecture [[T.4.1]

11.4.1 Proof of Theorem [11.4.2

First, we see that if f is a rational fraction, then for n and m large enough, the approxi-
mation error |pp.n N/¢mnn — f| is uniformly equal to zero in C\ F' hence the theorem is
trivial in this case.

In the following, we assume that f is not a rational function. We can assume that the
compact set K coincides with the disk D(0,r) of center 0 and radius r > 1 chosen such
that £ C D(0,7) and F C D(0,7). Let 0 < e < 1/3 and § > (2r¢)"/2. As cap(F) = 0, for
all n > 0, there exists a natural number k& and a polynomial i in P} such that F C D,
where:

D, ={z € C, |h(2)| < n*}. (I1.40)
For the purpose of this proof, we choose:
62(1+)\)p,u
- <
T=Grpe =°

where 2p = dist(E, F) and € = &(r,u, A\) is defined following the relation (I1.46) in
Section [T.4.1.h] Let n > k and ¢ € N* such that n — k < k¢ <n. Let I be a cycle in D,
surrounding F. The situation is summarized on Figure [[I.1§ where F' is represented by
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red points, I' is represented as green curves and D, is represented as white regions in the
gray disk D(0,r). Let IIy € Py be the polynomial:

N

() = [ (€ - =).

i=1

Figure I1.18: Scheme of the geometrical setting of the different sets and points considered
in the proof of Theorem [IT.4.2]

Let a be a polynomial of degree N —m —n — 1. By applying Cauchy’s integral formula,
for z € C\ D,, we get:

L/he(f)(pm,n,N Gmn N f)(E () (P — Gmn,N f)(21)a(2:)
r

Mz

2mi Iy (§)(§ = 2) po Iy (2)(zi — 2)
+h€( )(pmm,N - Qm,n,Nf)(Z)d(Z>
In(z) 7
because the residue at infinity is null. As the function & — hz(?& "(L’g;‘(]gfi))d(@ is analytic in

the interior of I', this leads to:

he(z)<pm,n,N_Qm,n,Nf)<Z)d(Z) _ . hz(zi)(pm,n,N Gmn,N ) (20)a(2:)
B Z; INED)

(z) = #i)(5 = 2) (IL.41)
2mi Jr - Tn(§(E—2)
In the rest of the proof, we first define a polynomial a = a, for which we have:
N
he( 2 — . .
Z (ZZ>(pm,n,N Qm,n,Nf) (Zl)aZ(ZZ) — 0 <H42)

— Iy (2:)(zi — 2)
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This will allow us simplify Equation ([I.41]) in order to express the approximation error
| f—=Pmn.N/@mnn|- Then, we study the boundedness of a, which allows us to geometrically
bound the approximation error and conclude.

I1.4.1.a Definition of the polynomial a,

For z € C, let a, be a polynomial in Px_,_,,_1 such that there exist polynomials x, and
Y, in P, and P,,_; respectively that satisfy for all 7 € [1, N]:

h(z)az(z) = [xa(2) = f(20)9: ()] (20) (2 = 2). (I1.43)

For all z € C, we express the polynomials a,, x, and ¢, as:

(2)€, (I1.44)

N—m—n—1

()= ),

t=0

X=(§) = Z Xu(2)E",

a6 = S (2"

where for all t € [0, N—m—n—1], u € [0,n] and v € [0, m—1], z = a;(2), z — xu(z) and
z + 1,(2) are complex valued functions. We shall show later that using an appropriate
normalization, they actually are polynomials with respect to z.

The system of equations ([1.43) can then be written as a homogeneous linear system of
N equations which is given for all ¢ € [1, N] by:

M) S a2 — | S o)t — F) S (2o | Ty () (21— 2) = 0.

As a system in the coefficients of the polynomials a., x. and ., it is a homogeneous
linear system of N equations and (N —m—n—14+1)+(n+1)+(m—-14+1)=N+1
unknowns so there exists a non trivial vector space of solutions. We seek a solution that
has the property:

Vz € C, a,(z) =y(2). (I1.45)

The existence and uniqueness of such a polynomial a, is ensured if the following determi-
nant is non-zero:

D = det | ZIht(z;) | Z My (2) | 701 (20) f(20) |-

j=0,...,N—n—-m-2 j=0,....n  j=0,....,m—1

We show in Proposition[[T.4.4]in Section[[T.4.3|that this determinant is non-zero for almost
. N N

every (2;)ieqi,ny in CV and we choose such a sequence (z;);cpi,ny € [D(0,7)]". Hence a,

X- and 1), uniquely exist and solve the system:

0
A , ) A
2 b (2) Z My (2i) (2 — 20) | @ Uy (za) fla)(zi—2) | | 5 | _ :
2 0 0 \I/Z o 0 ’
j=0,....,N—n—m~—1 j=0,...,n j=0,...,m—1 : a,(z)



where A, € CN-m—n=1 X € C" and ¥, € C™ ! are the vectors of the coefficients of a.,
X. and ¥,. By applying Cramer’s rule to this system and simplifying, we get that for all
te0,N—m—n—1]:

ay(z) = Fdet [ 21t (z) — My (2:) (2 — 2) | Z () f(20) (2 — 2) |-

j=0,..., N—-n—-m-1,j#t j=0,..., n Jj=0,..., m—1

_ 1 2/ h (2) —Z My (20) (2 — 2) | 71y (1) f (20) (2 — 2)
a.(§) = pdet 2 0 0 )
7=0,..., N—-n—-m-—1 7=0,..., n 7=0,..., m—1

and by combining the columns and expand the determinant of the numerator along its
last raw, we find:

as(§) = %det [ 2R (z) (€ — =) ‘ Zo My (20) (2 — 2:) ‘ z0 Wy (20) f(20) (2 — 2) |-

Remark 10. Because of Equation ([1.37)), we see that a, will satisfy Equation ([1.42) as it
satisfies the system ([[1.43]).

II1.4.1.b Upper bound of the polynomial a,

By expanding a,(§) and ordering its terms along the power degrees in z and &, we have:

N—m—-n—1n+1 m

az<£> _ Z (_1)N7t7u7vAt7u7vftzu+v’
=0

t= =0 v

I

where for all t € [0,N —m —n — 1], u € [0,n + 1] and v € [0, m]:

Aty = %det [ thz(zz) ‘ Z/ Yy () ‘ Z7/ Wy (2) f(2) } :

Lett € [0,N—m—n—1],u € [0,n+1] and v € [0, m]. Let us estimate A;,,. First,
we see that Ay_m—n—1n+1.m = 1. Let us now consider (¢,u,v) # (N—m—n—1,n+1,m).
Let us consider points (z;);cpi,ny of the form:

Vi € [1, N], z; = ow;,

where 0 € Ry and (w;);cp,n7 are points in C(0,1). We study the limit of A, , when o
goes to 0. We define the equivalence at # € R of two functions J; and J, by:

Jp ~ Jo <= Ji(z) = Ja(2) (1 + 0(1)) as z — .
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We see that:

det [ w? ‘ i iy (w;) ‘ wi mhy (wi) f(2:) ]
At,u,v ~ O.N—t—u—v - — — —_—,
o0 det [ Wi ‘ Wi Ty (wi) ‘ i iy (wi) f(2) }
j=0,..., N—-—n—m-—2 7=0,..., n j=0,..., m—1
where for all ¢ € [1, N]:
N
wy(w) = [ (wi—wy).
J=Lj#

As the quotient on the right-hand side is bounded, we find:

lim Ay, o (ows, ..., owy) = 0.
o—0 7

Hence, as Ay, is a continuous function of the (z;);cp,np in a neighborhood of 0, for
all m, n and N in N with N > m 4 n + 1, there exists (2" );epny € [D(0,7)]" such

)

that for all t € [0,N —m —n — 1], u € [0,n + 1] and v € [0, m]:
‘At,v,u’ S 1.

Hence, doing this choice for the (z;);ci,ny, we have, for all £ € D(0,r) and z € D(0,r):

la(§)] <

~
\
1

<en (I1.46)

where € = &(r, 4, A) € R is independent of m, n and N because of the assumptions

and (IL30).

II.4.1.c Upper bound of the error
By applying the formula (II.41)) with @ = a, for z € C\ D,  and using Equation (I1.42),

we find:

he(z)(pmm,N - Qm,n,Nf)(z)az(Z) 1 he(g)qm,n7N(f)f(f)az(§) d

- . 11.47
M (:) i m@E-s o WD
Using Equation (I1.47)), we can estimate the error for all z € C\ D,:
Pmn,N h*(€) a:(§) G (€) Iy (2)
—— — fl(2) < Cysup sup sup | ———= —,
Gm.n.N () < Co cer | h*(2) | eer |az(2) | cer |@man.n(2) | cer [ 1IN (E)

where Cy = Cy(n, T, f) is independent of n. We find an upper bound of the right hand
side by:
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® SUDgcr |hé(§)| < n** < n"F because of the definition ([1.40) and as n — k < k¢,
e by choosing n small enough, we can assume that for all £ € T" and all ¢ < N,

N
|{ — zi| > p. Hence, we have the upper bound: supgcr ﬁ(g)’ < (%) ,

dm,n,N (5)

e using Lemma (B.0.3; supgcp p— o < % where ¢* is a monic polynomial of
degree m* < m,
e for all z € C, 'IZ((Z)) = 1 because of the normalization (II.45)),

HNZ

e hiq* € Ps,, is a monic polynomial so, by definition (B.1]) of the capacity, |hfq*| > 2™
on D(0,7) \ ® where ® is a set of capacity bounded by ¢,

e using Equation ([L.46), we have supgcr |a.(£)| < €.
Thus, for all z € D(0,r) \ E,,, with E,,,, = D, U ®:

(3r)™ 1

Pmn,N _f (Z) S Coqtnnn—k’

Qm,n,N €2m pN

Using our choice of  and the linear growth of N with n, we get for n > ng(e):

for all z € D(0,7) \ Epn.
Using Lemma with o = € and d = 2, the exceptional set has a capacity:
cap(Epn) < /2(2r)V% = (2re)'/% < 6,
which concludes our proof. The case m < n can be handled similarly by changing the

definition of ¢.

Remark 11. If § < (2re)'/2, we can apply the proof with gy = g—i > ¢ hence get to the
conclusion.

Remark 12. The present construction of the (z" ’”’N)ie[[L n] does not provide control on
their localization. For each (m,n, N) € N3 they belong to a neighborhood of 0 which
may depend on those natural numbers. Hence we cannot prevent that they all converge
to 0. In this sense, this theorem is linked to Theorem in which all the (z;);eqi,np are
chosen at 0.

I1.4.2 Study of Conjecture [[1.4.1]

In the proof of Theorem , this dependency is only needed to get Equation ([1.46]).
Hence, if we can find another way to upper bound |a, (§)| geometrically with n without this
dependency, the proof of Theorem will directly translate to a proof of Conjecture
MI.4.1] In order to study the growth of a,, we consider the following parameters:

o [:x+exp(l/z) and F = {0},

em=n, N=m+2n+1, and N < N, = 40,
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t—1
e £ =C(0,1) and Vt € [1, Nppaa], 2t = exp (2m'N ),

max

e '=C(0,1/2), k=3and h:x— 2%, r=2 (i.e. K= D(0,2)).

On Figure |[[1.19} we plot sup,ep o, cer|a-(€)| with respect to n with the parameters
described above. As we can see on Figure [[I.19) the quantity sup,ep( ) eerla=(§)| has

a geometrical growth (linear in logarithmic scale) even with a fixed collection of points
(2i)iep,ny- Hence, it seems that the extra assumption on the points variability that is
present in Theorem may not needed.
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Figure I1.19: Plot of sup,cpq ) eer @-(§) (blue) and its linear regression (red) in logarith-
mic scale.

11.4.3 Non-zero determinant
Our goal in this section is to study the nullity of the following determinant:

D =D(z,...,2y) =det | 2 R () Z2 I (25) ‘ T (20) f(20) ] -

j=0,...,N-n-m-2 j=0,....n  j=0,....m—1

Lemma I1.4.3. If f = p/q is a rational function with p € P, and q¢ € Py—1, then D is
null for all (z,...,zy) € CN.

Proof. Let f =p/q where p = 37" (p; X’ € P, and ¢ = Z?:ol ¢;X? € Pp—1. Obviously,
q(z;) # 0 for all i € [1, N] as f is analytic in E. Let (B;); and (C;); be respectively the
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columns of the second and third block of D. Then, we see that for all i € [1, N]:

N o Y
<jZOpJBJ jzoqjcj> = Iy ( z)(p( i) —q( z)q(zi))—o‘

7

Hence, D is uniformly zero. O

Proposition I1.4.4. Let f be an analytic function outside a compact set E with cap(E) =
0. If f is not a rational function, then D is non-zero almost everywhere in CV.

Proof. The real and imaginary parts of D are analytic functions of (z1, ..., zy) so either D
is uniformly null or it is non-zero almost everywhere. To show that apart from the rational
situation, D is not uniformly null, we study its behavior when the (z;); sequentially tends
to +oo on the real line ((2;)iep,ny € RY). In this scope, we define a sequence (Dy)en by
Dy = D and for all t > 1, D, is computed from D; ; and is independent of zy_;11 € R.
The construction of this sequence is performed such that Dy is the dominant coefficient
of D(r,r?, ..., rY) when » — +o0. Hence if Dy is non-zero we can conclude that D is
non-zero almost everywhere. We will see that for ¢ > 1, D, is of the form:

Dy =0y(21,. .., 2n-—) det [ 2 h'(z)au(z:) ‘ Ay (=) ‘ AN ERTAEY ] ’ (I1.48)

i=0,.. . a =0,....b =0, ¢

where the subscript ¢ goes from 1 to N — ¢ and indexes the rows,
® (; GN, thNand Ct € N with at—i-bt—i-ct—i—?):N—t
0, :CN" 5 C,f,:C— Candg:C— C are such that:

Dt(Zl, ey ZN—t) —&t:o dt(Zl, Ce ,ZN_t_l)Z%_t, 515 € Z, dt : CN_t_l — (C, dt 7_é 0,

ft(z) —0:;0 ft2¢t7 Yt € Z7 ft € (C*7
gt(’z) —&C:o gtzwa VYt € Za gt € C*.

We can see that for t =0, Dy is of the form ([1.48]) with:

ag=N-—-—m-—n—2,

bO =n,
co=m—1,
(11.49)
% =1,
fO = f7
do = 1.

Let t € N. Let us describe the computation of D,,;. By expanding the determinant in D,
on its last raw, we see that in each of the three blocks, the columns are ordered in term
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of magnitude with regards to zy_;. Hence, we have:

Dt = det [ zghf(zi)gt(zi) ‘ Z:L?'H/]\fftfl(zi) ‘ ZgH/]\fftfl(Zi)ft(zi) :|

J=0,..a—1  j=0,...b F=0, e (A)
— N—t48itytkt—1
X dt(Zl, s 7ZN7t71)thN,t

+det [ 2/h(z)ge(zi) | #Tv_y_y(z0) | 2Ty (20)Fe(z3) |

j=0,... a F=0,... b —1 J=0,...,c (B)
X dt(Zl, ey ZN_t_l)(—1)bt2%:§+5t+2bt+ct

+det [ 2/ (z)gi(z) | # M0y, (z) | #T0 (z0)Re(20) ]
j:07"'7at j:07-~v7bt j:O,---7Ct_1 (C)
% dt(Zly o 7ZN_t_l)ft(_1)bt+cz+1Z%:z+5t+bt+2ct+¢z

+ (ZmaX(N—t-i-&t-i-’yt-‘rk’ﬁ—l, N—t+6¢+2bs+ce, N—t+(5t+bt+26t+g@t)>
N—t .

Then, we consider seven different cases depending which of the three terms ,
and is dominant with respect to zy_;. These cases are as follows:

Case A: the term is dominant in zy_¢,
Case B: the term is dominant in zy_y,
Case C: the term is dominant in zy_;,

Case A-B: the terms and are of same degree in zy_; and dominate the
term ,

Case A-C: the terms and are of same degree in zy_; and dominate the
term ,

Case B-C: the terms and are of same degree in zy_; and dominate the
term ,

Case A-B-C: the three terms , and are of the same degree in zy_;.

Table describes the conditions corresponding to each Case, Table describes the
evolution of the degree of each term in each Case and Figure shows the possible
transition of cases between ¢ and ¢t + 1 for ¢ € [0, N — 1]]. The proof goes as follows.

We will see that, in each of these cases, D, is of the form ([I.48]), with a column
and a line less than D, (see Table [L1.3]).

Hence, when applying this procedure, we eventually get to a situation in which
two blocks are removed. At this stage, the remaining determinant can easily be
computed as it is the determinant of the product of a diagonal matrix with a Van-
dermonde matrix. For example, when the first block is the only remaining one at
t=1ty < N:

2 . zivftofl Rt (21) g, (21) 0
Dto = Dto det :
ZE)V*I‘/O T Z]]\\;:Z())_l 0 hZ(ZN—to)gto (ZN—to)
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Case A Ve + ki —1 > 2bt + ¢
> b+ 2¢ + ©t
Case B 20 +¢; > Ve + klé — 1
> b+ 2¢ + gy
Case C bt+20t+90t > ’Yt‘i‘k?g—].
> 2bt + ¢
Case A-B Ve + ki —1 = th + ¢
> b+ 2¢ + ¢
Case A-C Ve + ki—1 > 2bt + ¢
= bi+2c+ ¢
Case B-C 2bt +c = bt + 2Ct + @y
> Y%+ ki —1
Case A-B-C | ™ tRE-1 = 2t
= bi+2c+ ¢

Table I1.2: Conditions on 4, k¢, ¢;, by and ¢; to determine the Case at ¢.
e Hence, we see that Dy, which is the dominant coefficient Dy of D(r,72,...,rY)
(and of Dy, (r,72,...,rN=%)) can vanish only if 9;, = 0, g¢, = 0 or §;, = 0 (when
the third block is the only remaining one).

e The construction of these three functions implies that g, # 0 and that 9;, and f,
can be null only if there exist t € [0,¢,] such that f; = 0 (see Equations ([L.49),
([[L50), (L51), (I.52), (L.53), (IL54), (L57), (L.56) and (II.57)). We will see
below that the transformations performed on f in order to compute (f;), consist

in removals of polynomial part and inversions (Equations (I1.53)) and (I1.54])) hence
f¢ = 0 is possible only if f was rational.

e This allows us to show that, as f is not rational, the dominant coefficient of
D(r,72,...,7V) is not zero hence D is not uniformly zero so D is non-zero almost
everywhere.

The rest of this section is devoted to the construction of D;,; from D; in every cases for
tefo,N —1].

P41 A1 bit1 Ct41 Vi1
Case A Oy a; — 1 by Ct Ve
Case B O ay by — 1 Ct Ve
Case C Oy ag by e — 1 Vi
Case A-B 0y a; — 1 b Ct Ve
Case A-C Oy a; — 1 b Ct Ve
Case B-C
dtzO th—l Qg bt—l Cy Vi
Case B-C
dt<0 —(pt—l Q¢ Ct—l bt Tt — Pt
Case A-B-C Oy a; — 1 by Ct Ve

Table II.3: Changes in the various quantities of D; from ¢ to t 4+ 1 for every cases.
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Figure I1.20: Graph of the possible transitions between cases for D, from ¢ to ¢t + 1.

IT1.4.3.a Case A
We consider Case A hence the term is dominant and we can write:

Dy =dy(z1,. .., 2x--1)Gidet [ 20 (z)ge(zi) | 2T oy (1) | 2Ty (20)Fe(2) |

j=0,...,a—1 §=0,...,bs §=0,...,ct

N—t+6t+'yt+k2—1 N—t+6t+’}’t+kf—1
X Zn_¢ +o(2y_y .

In this case, we define D, as the dominant coefficient of D, with respect to zy_;. Hence,
Dy is of the form ([1.48) with:

agp1 = ap — 1,

biy1 = by,
Ci+1 = G,
11.50
0pi1(21y oy 2nat1) = de(21, - oy ZN—t-1) T2, ( )
fH—l = fta
Ot+1 = B¢

I1.4.3.b Case B
We consider Case B hence the term is dominant and we can write:
Dy = det [ 2! h(z;)g.() ‘ 2T, (2) ‘ ATy (20)Fe(z) |

3=0,...,a¢ 7=0,...,bt—1 7=0,...,c¢
b N—t+61-+2bs+c N—t+81+2by+c
X (=1)"di(z1, ...y aN—t—1) 2y t—|—0(zN_t et t).
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Yerr FRC—T1 | 200 + iy | ber + 2000 + 0
Case A Ve + ki —1 2bt + ¢ bt + QCt + @y
Case B ’Yt—i‘k'g—l th+Ct—2 bt+2Ct+(,0t—1
Case C v+ k(-1 2004+c—1 | b+ 2¢+ @ — 2
Case A-B v+ k(-1 2b, + ¢ by + 2¢; +
Case A-C Ve + ki —1 th + ¢ bt + 2¢; + o
Case B-C
dtZO ’Yt+k€—1 2bt+Ct—2 2bt+ct_2
Case B-C
dt<0 ’)/t—th—f—ke—l bt+2Ct—2 bt+2Ct—2
Case A-B-C Y+ kl —1 2b, + ¢ by + 2¢; + w4

Table I1.4: Changes in the degrees of the three dominant columns of D; from ¢ to ¢t + 1
for every cases.

In this case, we define D;,; as the dominant coefficient of D, with respect to zy_;. Hence,
Dy is of the form ([1.48) with:

A4+1 = A,

bt+1 = bt - 17

e (IL51)
0,54.1(21, cey ZN—t—l) = (—1) tdt(zl, ey ZN_t_l),

ft-‘rl = fta

gt+1 = G-

I1.4.3.c Case C
We consider Case C hence the term is dominant and we can write:
Dy = det [ 2/h*(z)gu(z:) ‘ ATy (%) ‘ 2Ty (20)Fe(zi) ]

7=0,..., at j=0,..., bt 7=0,..., ct —1

bitc+17¢ N—t+6:+bi+2ci+p¢ N—t+5:+bt+2ct+p¢
X (_1> e ftdt(zlw"asztfl)ZN,t +olz .

N—t

In this case, we define D;,; as the dominant coefficient of D, with respect to zy_;. Hence,

Dy is of the form (I1.48) with:

Aty1 = g,
bt—l—l - bt;
Cry1 = ¢ — 1,
) _ (IL52)
at+1(zla K 7ZN7t71) = <_1)bt+ t+1dt<217 ] 7ZN*t71)ft7
ft-i-l = fta
Ot+1 = B¢
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I1.4.3.d Case B-C

The operations done for the Case B-C assume that ¢; > 0. If ¢; < 0, we change the
configuration of D; so that ¢, is positive in this new configuration:

Dy=det [ /b (z)gu(z) | 2Ty y(z) | 2T (20R(z) | % iz, 2w

j=0,...,a J=0,...,b J=0,...,c
—det | ()2 | Ay ()= | A ()]
j=0,...,a j=0,...,b J=0,...,¢ct
N—t
X ( ft(zu)> Dt(zl,...,zN,t)
u=1
= det [ zghf(zi)% ‘ 2/ (2:) ‘ zfﬂﬁv_t(zi)ft(lzi) ]
j=0,...,a¢ J=0,...,¢ j=0,...,bt
N—t
% (_1)(bt+1)(bt+a+1) <H ft(zu)) (21, ZNt).
u=1
Hence, D; can be written in the same form with ¢, > 0 with:
o =i,
W=,
B =bA,
N—t
A
0 (21, ay) = (D) EEEDEED T RA ey ) ( fz“%)) : (I1.53)
u=1
1
fB = A
ST
A
g
o =1
t

where the superscript A and B distinguish the previous form with ¢; < 0 from the new
form with ¢, > 0. One can see that this operation could be done as f; Z 0. Indeed if
f¢ = 0, the term is negligible with respect to and it contradicts Case B-C.

This allows to get ¢; > 0, hence to continue the construction of this sequence. We
consider Case B-C hence the terms and are dominant and we can write:
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D (det I | AT | ATy ]

j:07~-~7at jZO,...,bt—l j:0,...,Ct
+ det [ Jhe(zz )9t (2:) ‘ % HN i—1(2i) ‘ szH/thfl(Zi)ft(zi) ]E(_I)CtH)
7=0,...,a¢ 7=0,...,bt j=0,...,¢ct —1

th(Z]_,...,

by  N—t+8:+bi+2ci+p1 N—t+6:+bi+2ct+p¢
an—i—1)(—1)" 2N, +o {2y,

= det [ jhé(zl)gt (2) ‘Z My (i) ‘ Z HN 1(26) (Fe(2i) — ftzft) ]
j:07"'aat ]:0 btfl ] 0

N— 2 2
S dy(z1, s znpr ) (= 1)t :+6t+bt+ coter | ( 6t+bt+ Ct+<.0t> _

In this case, we define D, as the dominant coefficient of D; with respect to zy_;. Hence,
Dy is of the form ([I1.48)) with:

Qg1 = A,
bt+1 =b —1
o = ) (I1.54)
0r1(21y -y anmt—1) = de(21, .- 2n—e—1) (= 1),
frri(z) = §i(2) — fiz*,
Ot+1 = B¢

I1.4.3.e Case A-B
We consider Case A-B hence the terms and are dominant and we can write:

D, = (det [ 2/n(2)g:(2i) ‘z My, 1(2) ‘gtzz (%) ‘z My (z0)Fe(2) ]

7=0,...,at—1 jJ=0,...,b—1 7=0,...,¢ct

— det [ ]hg(zz )0:(2i) ‘ & HN 1—1(%1) ‘ 2z W (2:)gi(2) ‘ ZgH/N—t—l(Zi)ft(Zi) })

7=0,...,a¢t—1 j=0,...,bt —1 7=0,...,¢ct
N—t+0¢+vy¢+kl—1 N—t+6¢+~ye+kl—1
Xdi(z1,. .y ZN—t—1) 2Ny +o(zy_, ).

In this case, we define D;;; as the dominant coefficient of D; with respect to zy_; af-
ter keeping only the second determinant. Indeed, this column dominate the other as a
function of the (z;); for all i € [1, N —t]. Hence, Dy, is of the form (I1.48) with:

agr1 = ap — 1,

bt+1 - bt7
Ct+1 = Cy,
I1.55
0rp1(21, vy 2n—t—1) = di(21, ..., ZN—t-1)Tts ( )
ferr = ft,
Oi+1 = B¢
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I1.4.3.f Case A-C
We consider Case A-C hence the terms and are dominant and we can write:

Dy = (det [ z{hf(zi)gt(z,-) ‘ ZgHIN—t—l(zi) ‘ Zgn,]\/—t—l('zi)m ‘ zZ" k—t—l(zi)m }

J=0,...,a—1 §=0,...,b §=0,...,ct—1

det | 0 (2)g(=) | Ay () | 2y 1 () | 22 ez | )

7J=0,...,a¢ — 1 J=0,...,b¢ 7j=0,...,¢ct—1
J— N—t+5t+’yt+kf—1 N—t—‘r(st—‘r’}’t—‘—kf—l
X Gedi(21, .oy ZN—t—1) 2Nt +o(zy_, ).

In this case, we define D, as the dominant coefficient of D, with respect to zn_; after only
keeping the second determinant. Indeed, this column dominate the other as a function of
the (z;); for all i € [1, N — t]. Hence, D, is of the form (II.48]) with:

agp1 = ap — 1,

biy1 = by,
Ci+1 = G,
11.56
0121,y 2nmi—1) = de(21, - o ZN—t-1) T2, ( )
ft+1 = ftv
Ot+1 = B¢

I1.4.3.g Case A-B-C
We consider Case A-B-C hence all the terms , and are dominant and we can

write:

Dy = <det EAEAIEN) ‘ A1 (2) ‘ A (2)f(z) | X< o

j:O,...,at—l j:(),...,bt jZO,...,Ct
+det [ 2 hf(z)au(z) | 2,1 (2) | 210y (20)f (i) ] % (1)
j=0,...,at ]:0 ..... bt—l jZO,.‘.,Ct
+det [ 2/n (z)g(z) | 2Ty (z0) | 2Ty (20)fe(2i) | % ﬁ(—l)bﬁct“)
i=0,... a §=0,....b j=0,...,ct—1
AT ’ZN7t71>zx:§+5t+’Yt+k€*1 o (z%:?&tﬂwuq) .

In this case, we define D;,; as the dominant coefficient of D; with respect to zy_; after
keeping only the second determinant. Indeed, its extra column dominate the others as a
function of the (z;); for all i € [1, N —t]. Hence, Dy is of the form (II.48]) with:

agr1 = ap — 1,

bt+1 — bt7
Ci+1 = Cy,
I1.57
0rp1(21, ooy 2n—t—1) = di(21,. .., ZN—t-1)Tts ( )
fer1 = ft,
Oi+1 = B¢
]
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II.5 Conclusion

In this section, we have studied the rational approximation of the scattered field created
by an object when illuminated with a plane wave.

We first studied the high-frequency behavior of the field when the object is a metallic
sphere and observed numerically the validity of extending data using this kind of approx-
imation in order to perform a rational approximation using the vector-fitting algorithm.
Applying this technique to other obstacle geometries (not spherical) for which we do not
have explicit formulae for the high-frequency behavior is still an issue to explore.

We also proposed and studied two least-squares generalizations of Padé approxima-
tion: the least-squares Padé approximation at 0 and the least-square multipoint Padé
approximation.

For the first approximation process, we established a generalized version of the celebrated
Nuttall-Pommerenke theorem, while we showed a weaker result for the second one and we
discussed a stronger conjecture. These results justify the use of these approximants for
pole recovery of the field, because of Proposition [[I.1.3]which describes links between poles
and zeros of these approximants and those of the approximated meromorphic function.
Conjecture is unproven and there is a possibility that it needs extra assumptions
on the points as for polynomial approximation [31].
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APPENDIX A

CLIFFORD ALGEBRA

For a deeper introduction to Clifford algebras, see [40]. Let C/;3(R) be the unital asso-
ciative algebra generated on R by (e, e, e3) with the relations:

—1 Z:],
—e; e 1F#£ 7,

where we denote by © the product in this algebra and 1 is the multiplicative identity
of the algebra. C/ly3(R) is a 8-dimensional R-vector space with the canonical base:
(1, €1, €2, €3, 61 @ eg, €2 @ e3,e3 D eq, €1 ® ex ® e3). Elements of span(ey, es, €3) are called
vectors and are identified with their R? counterpart. The 1 coordinate of an element of
Clo3(R) is called its real part and expressed with the usual symbol Re. The set Cl; 3(R)
is a normed vector space when endowed with the Euclidean norm |-|.

For Q C R? an open set, a function f € L}, (Q,Cly3(R)) is said to be left Clifford

loc

analytic if D ® f = 0 where D = Z?Zl ej% is the Dirac operator. Such functions
J

actually belong to C*°(§2,Cly3(R)). Vector-valued left Clifford analytic functions are
actually gradient of harmonic functions. Hence, the prototype of such function is, for all
r € R3:

V(i,j7) € {1,2,3}* e; ®ej = {

r—z

Vz e R*\ {2}, f.(2) = EErE

which is left Clifford analytic in R?\ {z}. [41, Eq. 1.9].
Left Clifford analytic functions admit a Cauchy formula (see [41, Thm 1.8]). It

states that for all V bounded, 3-dimensional, Lipschitz open domain in €2, all f €
L} .(V,Cly 3(R)) left Clifford analytic and all z € R3:

1 T —z {f(w) r eV, (A1)

e e OO R P

where v(2) is the unitary outward vector normal to 0V at z. This formula can be extended
to unbounded domains for specific classes of functions as in Lemma[A.0.1] which is proven
bellow.
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Lemma A.0.1. For all x € R® and dall f € L}, (R, Cly5(R)) left Clifford analytic such
that there exists  : Rt — R which converges to 0 at +oo and:

1F(2)] < o(l2]),
the Cauchy formula (A1) holds true on R3 :
1 r—z flz) zeR3,
— —_— d =
A7 Jyp o — 2)? ©e3© f(z)do(2) {0 zeR3.

Proof. Let r > |z|, D, C II the disk of radius r and center Ogs and S; C R? the lower
half-sphere of radius r and center Ogs. By applying the Cauchy formula (A.1]) to f in the
half-ball of boundary S, U D,, we get for r > |z|:

/D LT ou(z) e f(2)do(z) = {f(x) T ERY,

usy |z — 2] 0 xERi.

Let A:z ﬁ O v(z) ® f(z). Clearly:

lim [ A(z)do(z) :/HA(z)da(z)

T—00 ID)T

— x—z3 ®e3® f(z)do(2).

n |z — 2|

Furthermore, by change of variable and for r > |x|:

/ A(z)do(z)| = /%@?J@ﬂry)da(y)
vy
S/s; E y’3®y®f(ry) do(y)
vy
S/sl =, 7| i

1
e (A2

using the property [40, Thm 5.16] that for all z € Cly3(R) and y € R? identified with its
corresponding vector in Clp 3(R):

[z Oyl = [z[ly|.
As the integral on the right-hand side of Equation (A.2)) is bounded, we see that:
lim A(z)do(z) = 0.

r—00 ST
r

This establishes Lemma [A.0.11 [l
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APPENDIX B

LOGARITHMIC CAPACITY

The work done in Chapter [Tl uses an important concept of potential theory in the complex
plane which is the logarithmic capacity of sets. This appendix gives definitions and
important properties of this capacity and an insight on this concept. For a more complete
introduction to potential theory, see [42].

For all m € N, let P,, be the set of complex polynomials of degree less or equal to m,
Pl be the set of monic polynomials of degree m and P° polynomials of degree less or
equal to m which have value 1 at 0:

P, = {ZakX’“, Vk € [0,m] : ar € C},

k=0

m—1
Pl = {Xm—i—Zaka, Vk € ﬂo,m—l]]:ake(c}7

k=0

k=1

For a compact set E C C, we define its capacity by:

cop(E) = sup_eap ( [ [1ostle - yl)du(a?)du(y)) ,

HEP(E)

where P(F) is the set of all Borel probability measures on C whose support is a compact
subset of E. For the purpose of this work, we consider another definition of the capacity
which is the transfinite diameter:

cap(E) = lim inf max|h(z)|"/". (B.1)

k—o0 hefpé zEE

These two definitions are equivalent [42 Cor. 5.5.5]. Furthermore, let us express some
properties of the capacity:

e For any compact measurable set E:

meas(E) < meap(E)% (B.2)
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e Countable sets have capacity 0.

o If £ C C contains a connected subset then:

cap(E) > 0.

e For all r > 0:
cap(D(0,7)) = cap(C(0,7)) = r. (B.3)

where C'(0,r) and D(0,r) are respectively the circle and disk of center 0 and radius
rin C.

From Equation , we see that measurable sets £ C C that are negligible for the
Lebesgue measure (meas(E) = 0) are not necessarily negligible for the capacity (cap(E) =
0) but the opposite is true because of the property . Hence, the capacity is a finer
tool to measure the size of small sets.

In Sections and [[T.4) we will need several lemmas which are given below.

Lemma B.0.1. Let d € N, a > 0, and (A;)icp,qp @ sequence of Borel subsets of C such
that for all i € [1,d]:
cap(4;) < a,
then, for A = Ule A;:
cap(A) < o/4diam(A) 14, (B.4)

Proof. By applying [42, Thm 5.1.4] to A = U?zl A;, we have:

. d
log(diam(A)/cap(A z:: (diam(A /Cap( i)
d
= Jog(diam(4)/a)’

which naturally leads to the inequation (B.4)). O

Lemma B.0.2. [29, Lem.]. Let r > 0 and m € N be given and let g be a polynomial in
P, such that:

> 1.
JDax 19(z)] =

Let 0 <e < % and B={z € D(0,r),|g(z)] <e™}. Then cap(B) < 3re.

Lemma B.0.3. [30, Lem. 2/. Let r > 0 and m € N be given and let g be a polynomial
in PL. Then there exist m* in [0,m] and a polynomial g* in P}. such that for all

z € D(0,r):
e 9O B
en(0) [g(2)] ~ lg*(2)]

Definition B.0.1. Let f be a complex function. A sequence (g, )nen of functions is said
to converge in capacity to f if for all compact K C C, ¢ > 0 and 0 > 0, there exists
ng € N such that for all n > ng:

|gn o f| < En’
in K\ E, where cap(E,) < 0.
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O Product of the algebra C/j3(R).

Re(z) ........ Real part of x € Cly3(R).

P oo Set of polynomials of degree less that m.
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MAB) Length of a curve I' between points A and B.

Iy ... .. Identity matrix of size 3 x 3.

tr(M) ... ... .. Trace of a matrix M.

det(M) . ...... Determinant of a matrix M.
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Pl Associated Legendre function of order (1,n).

Al oo Airy function.
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