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Summary

This thesis is dedicated to the central limit theorem which is one of the two fundamental limit
theorems in probability theory with the strong law of large numbers.

The central limit theorem which is well known for linear functionals of the empirical measure of
independent and identically distributed random vectors, has recently been extended to non-linear
functionals. The main tool permitting this extension is the linear functional derivative, one of the
notions of derivation on the Wasserstein space of probability measures. We generalize this extension
by first relaxing the equal distribution assumption and then the independence property to be able
to deal with the successive values of an ergodic Markov chain.

In the second place, we focus on the stratified resampling mechanism. This is one of the re-
sampling schemes commonly used in particle filters. We prove a central limit theorem for the first
resampling according to this mechanis m under the assumption that the initial positions are in-
dependent and identically distributed and the weights proportional to a positive function of the
positions such that the image of their common distribution by this function has a non zero compo-
nent absolutely continuous with respect to the Lebesgue measure.

This result relies on the convergence in distribution of the fractional part of partial sums of the
normalized weights to some random variable uniformly distributed on [0,1]. More generally, we
prove the joint convergence in distribution of q variables modulo one obtained as partial sums of
a sequence of i.i.d. square integrable random variables multiplied by a common factor given by
some function of an empirical mean of the same sequence. The limit is uniformly distributed over
[0,1]9. To deal with the coupling introduced by the common factor, we assume that the common
distribution of the random variables has a non zero component absolutely continuous with respect
to the Lebesgue measure, so that the convergence in the central limit theorem for this sequence
holds in total variation distance.

Under the conjecture that the convergence in distribution of fractional parts to some uniform ran-
dom variable remains valid at the next steps of a particle filter which alternates selections according
to the stratified resampling mechanism and mutations according to Markov kernels, we provide
an inductive formula for the asymptotic variance of the resampled population after n steps. We
perform numerical experiments which support the validity of this formula.
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Résumé

Cette thése porte sur le théoréme de la limite centrale, 'un des deux théorémes limites fondamen-
taux de la théorie des probabilités avec la loi forte des grands nombres.

Le théoréme de la limite centrale usuel qui porte sur des fonctionnelles linéaires de la mesure
empirique de vecteurs aléatoires indépendants et identiquement distribués a récemment été étendu
a des fonctionnelles non linéaires par I'utilisation de la dérivée fonctionnelle linéaire sur I'espace de
Wasserstein des mesures de probabilité. Nous généralisons cette extension & la mesure empirique
de vecteurs aléatoires indépendants mais non identiquement distribués d’une part et a la mesure
empirique des états successifs d’une chaine de Markov ergodique d’autre part.

Dans un second temps, nous nous intéressons au rééchantillonnage stratifié qui est couramment
utilisé dans les filtres particulaires. Nous prouvons un théoréme de la limite centrale pour le premier
rééchantillonnage sous I’hypothése que les positions initiales des particules sont indépendantes et
identiquement distribuées et leurs poids sont proportionnels & une fonction positive des positions
qui envoie leur loi commune sur une probabilité possédant une composante non nulle absolument
continue par rapport a la mesure de Lebesgue. Ce résultat repose sur la convergence en loi de la
partie fractionnaire des sommes partielles de poids normalisés vers une variable aléatoire uniforme
sur [0,1]. Plus généralement, nous montrons la convergence en loi vers un vecteur aléatoire uniforme
sur [0,1]? de q sommes partielles d’une suite de variables aléatoires i.i.d. de carré intégrable multi-
pliées par une fonction de la moyenne empirique de cette suite. Pour traiter le couplage introduit
par ce facteur commun, nous supposons que la loi commune a une composante non nulle absolument
continue par rapport & la mesure de Lebesgue, ce qui assure la convergence en variation totale dans
le théoréme de la limite centrale pour cette suite. Sous 'hypothése que la convergence en loi de
la partie fractionnaire des poids normalisés reste vraie au étapes suivantes d’un filtre particulaire
calculé en alternant des étapes de rééchantillonnage suivant le méchanisme stratifié et des muta-
tions suivant des noyaux markoviens, nous obtenons une formule de récurrence pour la variance
asymptotique des particules aprés n étapes. Nous vérifions la validité de cette formule au travers
d’expériences numériques.
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Chapter 1

Introduction

1.1 Théoréme de la Limite Centrale : une revue de la littérature

Le Théoréme de la Limite Centrale (abrégé TLC) est un résultat fondamental en théorie des prob-
abilités et en statistiques. La premiére preuve rigoureuse du TLC a été fournie par Abraham de
Moivre au XVIlle siécle dans Miscellanea analytica supplementum. Sa preuve se limitait au cas
particulier de variables aléatoires indépendantes identiquement distribuées selon une distribution
de Bernoulli de paramétre p = % Ce résultat a été étendu par Pierre Simon Laplace en 1812 aux
variables aléatoires de Bernoulli de paramétre quelconque dans Théorie analytique des probabilités.
De nombreux mathématiciens ont continué & développer les idées pionniéres introduites par ces
deux études. Dans la suite de cette section, nous preséntons une revue non exhaustive des résultats
de type Théoréme de la Limite Centrale.

1.1.1 Théoréme de la Limite Centrale pour les variables aléatoires i.i.d.
Convergence en loi

Etant donnée une suite (X;),~,; de vecteurs aléatoires i.i.d. & valeurs dans R? et une fonction
mesurable f : R? — R telle que E (|f (X1)|) < oo, la Loi Forte des Grands Nombres affirme que
la moyenne empirique converge presque strement vers 'espérance de f(X;) quand la taille de
I’échantillon grandit

N

lim fo(X»:E(f(Xl)) p.s.

Le taux de convergence dans la Loi Forte des Grands Nombres est fourni par le Théoréme de la
Limite Centrale lorsque E (f? (X)) < co. Ainsi, on a

JJV(;]i:;f(Xi)—E(f(Xl))) L G~ N (0,07 (1.1)

ou 'on a noté:
o L 1a convergence en loi,
e 02 la variance de f (X1),
o NV (m, 02) la loi normale d’espérance m et de variance o2.

Ainsi, lorsque o est strictement positif, (1.1) implique que lerreur d’approximation ey :=

N
% > f(Xi) —E(f (X)) satisfait pour tous ¢; < c2
i=1

1i IP’( C1 <en < C2 >
1m — e =
Noco \VN - N TVUN
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En statistique, cela nous permet de définir un intervalle de confiance qui encadre la valeur de ey.
Par exemple, si 02 = 1, puisque P (|G| < 1.96) ~ 0.95, pour un N suffisamment grand et avec une
probabilité proche de 0.95, on a

len] < ——=.

VN

Convergence pour la distance en variation totale

Soit P (Rd), I’ensemble des mesures de probabilité sur R%. Rappelons que la distance en variation
totale entre deux mesures py, o € P (]Rd) est donnée par la formule

(z) (p(dz) — po(dx))| .
Rd

1
dry (py,p2) = sup |pi(A) — pa(A)| = 3, sup
AeB(R) £l <1

Soit (Xi)i21 une suite de vecteurs aléatoires i.i.d. a valeurs dans R¢. Nous supposons que les X;
sont de carré intégrables, qu’ils ont une moyenne nulle et que leur matrice de covariance est la
matrice identité. On dit que le TLC (Théoréme de la Limite Centrale) a lieu en variation totale si

Z\}im dTV (M . X 7N(07[d><d)) =0
—00 ﬁkngk

ou 'on a noté Ijxgq la matrice identité de taille d et py la loi d’un vecteur aléatoire Y a valeurs
dans R?.
En 1952, Prohorov [50] a été le premier a s’intéresser a ce probléme : il a montré qu’en dimension

d = 1 une condition nécessaire et suffisante pour obtenir le résultat est qu’il existe Ny > 1 tel que
No

la loi de ) X} ait une composante absolument continue. En 1964, Mamatov et Halikov [42] ont
k=1

étendu ce résultat en dimension quelconque. Plus précisément, ils ont prouvé que si la loi de X; a

une composante absolument continue, alors

lim dTV (u N ,N(O, Idxd)) =0.
N—o0 1 Xy
VN k=1

Voir également [3]. La généralisation suivante en découle facilement.

Theorem 1. Soit (T;),~, une suite de vecteurs aléatoires i.i.d. de carré intégrables a valeurs dans

R? telle que la loi de Ty a une composante absolument continue. Notons ¥ la matrice de covariance
définie positive de Ty. Alors, la convergence en variation totale a lieu

]\}gn dTV<,U1 N a,UG>:0
> N kZ::l(Tk —E(T1))

ou G ~N(0,%).

1.1.2 Théoréme de la Limite Centrale pour des variables aléatoires indépen-
dantes non équidistribuées

Soit (X;),~, une suite de vecteurs aléatoires indépendants a valeurs dans R et f: R? — R une
fonction mesurable. Notons la loi de X; par v;.

Rappelons qu’une suite (f(X;))i>1 est Fortement Résiduellement Cesaro [-Intégrable (Strongly
Residually Cesaro S-Integrable) pour 5 > 0 (abrégé SRCI(f)) si
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E ((\f(Xi)| — ) 1y ) < O

Chandra et Goswami [13, Théoréme 4.1] ont montré que si (f(X;))i>1 est une suite de variables
aléatoires indépendantes deux a deux et vérifie la condition SRCI(S) pour un certain 5 € (0,1),
alors la Loi Forte des Grands Nombres est vérifiée :

n

g(f(Xi) —E(f(Xi)))
lim =

=0 p.s. (1.2)

De plus, Lindeberg (voir par exemple [7]) a prouvé que le Théoréme de la Limite Centrale est
vérifié. Ainsi, si e suite (f(X;))i>1 de variables aléatoires indépendantes de carré intégrable est

telle que o2 Z Var(f(X;)) est positif pour n grand et vérifie la condition de Lindeberg suivante
2
vex0  lim 25 E;E Xi) = E(f(X0))*Liy(x) -8 06 ) er) = 0
alors

SO0 ~EGCD) a, yo ).

On

(1.3)

1.1.3 Théoréme de la Limite Centrale pour les tableaux de martingale

Nous présentons maintenant le Théoréme de la Limite Centrale pour des tableaux de martingale
(voir [31], Corollaire 3.1).

Pour chaque n > 1, soit {Sy,;, Fni, 1 <4 < n} une martingale & espérance nulle et de carré intégrable
telle que F,,; € Fpq1 pour 1 < i < n, n > 1. Nous appelons {Sy i, Fri, 1 <i<n,n>1} un

tableau de martingales.

Theorem 2. Soit {Sy i, Fni, 1 <i<n,n>1} un tableau de martingales a espérance nulle et de
carré intégrable. Supposons que les variables Xy, ; = Spi — Spi—1, 1 < i <n (Spo = 0) satisfont les
conditions suivantes:

e il existe n? € (0,00) tel que lorsque n — oo la convergence en probabilité suivante a lieu

n
Z E (X} il Fni-1) R (condition du crochet)
i=1

e pour tout € > 0 lorsque n — oo

ZE (Xg,il{an,ibe}‘Fmi—l) i> 0 (condition de Lindeberg).

Alors,

n

Z Xnﬂ' :d> N (0, ’I’]2) .

=1
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1.1.4 Théoréme de la Limite Centrale pour une fonctionnelle non linéaire des
mesures empiriques

Soit (X;),~, une suite de variables aléatoires a valeurs dans R? i.i.d. selon u. La mesure empirique
associée est définie par la formule suivante

Dans cette section, nous nous intéressons & la convergence en loi de la suite de variables aléatoires
réelles

VN (U (un) = U ()

o U est une fonction quelconque définie sur P (]Rd). Dans la littérature de statistique mathéma-
tique, les fonctionnelles U (un) sont connues sous le nom de "fonctions statistiques". Par exemple,
sous I’hypothése que X; est de carré intégrable,

Ulp) = /R d (a: - /R i <dx>)2uN (dz)

est un estimateur de la variance de la population

vt = | (ac—/Rdxu(da:))Qu(dx).

La théorie asymptotique des fonctions statistiques a été étudiée dans la littérature de statistique
mathématique, et 1'idée commune est de linéariser VN (U (un) — U (1)) en une somme d’un terme
auquel s’applique le Théoréme de la Limite Centrale classique (voir la Section 1.1.1) et un terme de
reste qui tend vers zéro en probabilité.

Von Mises [45] [46] a été le premier & étudier ce probléme. En supposant que (Xj;);»; est
une famille de variables aléatoires réelles indépendantes et identiquement distribuées (d = 1), il a
introduit un développement de Taylor de la fonctionnelle U (uy) a la distribution commune p des
variables aléatoires. Rappellons briévement la méthod permettant de dériver une fonctionnelle U (-)
définie sur P (R): la différentielle de Gateaux. Soit p,v € P (R) et soit U une fonctionnelle définie
sur g+ A (v — p) pour 0 < A < 1. Sila limite

Up+A(w—p)—U(p)
dSU (v —p) = 1
U (v —p) = lim 3

(1.4)

existe, on l'appelle la différentielle de Gateaux de U en p dans la direction de v. Remarquez que
d§S'U (p;v — 1) est simplement la dérivée a droite en A =0 de A+ U (u+A(v—pu)), 0 < A < 1.
En général, la différentielle de Gateaux d’ordre k£ de U en p dans la direction de v est définie, si la
limite existe, comme

k

d
dSU (wsv —p) = WU(M‘F A(v—p)) },\:0*

Dans ce qui suit, nous supposerons que la différentielle de Gateaux d’ordre 1 est linéaire : il existe
une fonction fg (), = € R telle que [ f& (w2) o (dz) < 00, Yo € P (R) telle que

AU (s =) = [ forsa) (v (do) = (o). (15)
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Ainsi, grace a la différentielle de Gateaux, Von Mises a introduit le développement de Taylor de
A= U+ Ay —n), 0 <A <1en =0 (sous les hypothéses pour lesquelles un développement
de Taylor est valable, voir [2] p. 96). Si le premier terme non nul dans le développement de Taylor
est le terme linéaire, alors on a

VN (U (un) = U (1)) = VNAFU (5 uy — 1) + VNRy

ol Ry n = %j—;U (L+A(un — p)) ‘/\:/\* pour 0 < \* < 1. La stratégie de Von Mises consistait a
prouver que le reste tend vers zéro en probabilité en vérifiant que

2

VN sup | o U (1 + Ay — p)| == 0
0<x<1 | dA

et en observant que, grace a (1.5), dlcU (u; py — p) peut étre écrit comme une moyenne de variables
aléatoires i.i.d. auxquelles s’applique le Théoréme de la Limite Centrale classique.

En résumé, la principale difficulté technique était de prouver que le reste dans le développement de
Taylor tend vers zéro. Un inconvénient de cette méthode est qu’elle implique un ordre de différen-
tiation plus élevé que nécessaire. Nous renvoyons au Chapitre 6 de [56] pour plus de détails.

En dimension d = 1, Boos et Serfling 8] ont supposé I'existence d’une différentielle pour U(.)
en p dans un sens plus fort que la différentielle de Gateaux.
Soit D:={m:m=c(p—v),ceR,puveP(R)}équipé d'une norme ||-||. La fonctionnelle U définie
sur P (R) est dite avoir une différentielle en p par rapport a |[|-|| si il existe une fonctionnelle
AU (p; )

k k
e définie sur m € D et lindaire en 7, cest-a-dire dVU(u; Y aim) = > a;d¥U(u;m;) pour
= i=1

ai, - ,ar ERetmy, -+ ,mp €D

e telle que

U(p)=U () =dYU (v —p) = o(|[v — ul) (1.6)
quand ||v — p|| — 0.

Remarquons que dans le cas des espaces de Banach, d]lv U (u; ) est appelée dérivée de Fréchet. Boos
et Serfling supposent, comme c’est généralement le cas dans la plupart de la littérature et comme
cela a été fait dans le cas de la différentielle de Gateaux, que

r) = /R I (s 2) 7 (dz)

pour une certaine fonction fy (y;-) telle que [, f3 (13 @) o (dz) < oo, Vo € P (R).
Si U admet une telle différentielle par rapport a la distance de Kolmogorov-Smirnov, on a

N N
V(U (1)~ U (1) = == S0 (s, = ) + VN ( |}V21{m.} ~ (o0, ]
i=1 =1

J

La convergence en loi de ﬁ Zfi LdNU (w;6x, — p) découle de I'application du Théoréme de la
Limite Centrale classique.
En ce qui concerne le reste, Boos et Serﬂlng ont tiré parti des propriétés connues de la distance

de Kolmogorov-Smirnov : v N H N Die1 1{ Xi<-} — H (=00, }H est stochastiquement bornée. Cela

permet de prouver que le reste tend vers zéro en probabilité. Cette approche permet de contourner
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un reste d’ordre supérieur, mais elle repose sur 'uniformité de I’approximation (1.6) par rapport a
la distance de Kolmogorov-Smirnov qui est une hypothése forte. De plus, il est difficile d’étendre
cette approche & plusieurs dimensions.

En 1990, Dudley [21] a généralisé¢ le travail de Boos et Serfling en considérant dans (1.6) une
norme différente de celle de Kolmogorov-Smirnov et ne s’est pas limité au cas unidimensionnel.
Etant donné F une famille de fonctions mesurables sur R? telles que [pq |f (z)| 0 (dz) < oo, Vf €
F,oeP (Rd), nous définissons pour une mesure signée 7T

||T||f=sup] [ s
feF |JRE

Remarquons que dans le cas unidimensionnel, en prenant F égal & ’ensemble des fonctions indi-
catrices 1(_oo4,t € R, |||z coincide avec la distance de Kolmogorov-Smirnov. Ainsi, Dudley a
prouvé que si F est telle qu'un Théoréme de la Limite Centrale pour les mesures empiriques a lieu
avec une convergence uniforme sur F et que U est différentiable en p par rapport a |[-||z, alors
VN (U (1) — U (un)) converge en distribution vers une variable aléatoire gaussienne. Evidemment,
il y a un équilibre entre la convergence uniforme sur F et la différentiabilité de U. En effet plus la
classe F est grande, plus la norme ||-|| » est grossiére et donc la différentiabilité par rapport a ||-||
devient plus simple, tandis que la convergence uniforme sur F devient plus forte.

Récemment, Jourdain et Tse [36] ont réexaminé le méme probléme. L’outil principal est la
dérivée fonctionnelle linéaire de U que nous allons maintenant briévement présenter, ainsi que la
notion de distance de Wasserstein.

La distance de Wasserstein et la dérivée fonctionnelle linéaire

Soit U : Py (]Rd) — R o1, pour ¢ > 0, nous notons par Py (Rd) I’ensemble des mesures de probabilité
m sur R? telles que [p |z|*m(dz) < oo. Pour £ > 0, nous considérons la distance de Wasserstein
d’ordre ¢ définie pour puq, uo € Py (Rd) par

Wzml,m):inf{(/R &yl p (da, dy>)6 :p € P(RY) avec p (- x RY) = (), p (R x -) =

Sipe Py (Rd) et (n)pen €St une suite dans cet espace, alors limy, oo We (pin,pt) = 0 si et
seulement silimy, oo [pa |2 pn (d2) = [a [2]°p(dz) et pu, converge faiblement vers p lorsque n — oo,
ol nous écrivons u, — p pour indiquer la convergence faible. Alternativement, lim,, oo Wy (tn, 1) =
0 si et seulement si, pour toute fonction ¢ : R? — R continue presque partout par rapport a u et

telle que sup,cga 1+|x“g

lim qﬁ x) o, (dx) /(b (1.7)

n—0o0

Pour £ =0 et p1, 2 € Po (]Rd), nous considérons

M2(')}-

Wo (1, p2) = inf {/de(l Az —yl)p (dz, dy) : p € P(R*) avec p ( X Rd) =p1(),p (Rd X ) = m(-)} :

Remarquons que la topologie de la convergence faible est induite par Wj.

Rappelons maintenant la notion de dérivée fonctionnelle linéaire (d’ordre un) associée a U. Pour
une description plus détaillée, y compris la définition de la dérivée fonctionnelle linéaire d’ordre
supérieur, voir [11].
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Definition 1. Soit £ > 0. Une fonction U : Py (]Rd) — R admet une dérivée fonctionnelle linéaire
U

1+yl <0

en € Py (Rd) s’il existe une fonction mesurable R 3 y — g—% (1, y) telle que SUPy cRd

et
oU

Yv e Py (Rd) , ] (5m

U(u+6(l/—u))=/ (1,9) (v — )(dy).

4
d€ ‘é:0+

Puisque (v — p) (Rd) =0, g—% est défini & une constante additive prés. Nous observons que la
dérivée fonctionnelle linéaire est une dérivée de Gateaux qui est linéaire par définition. Le lemme
suivant permet d’exprimer une différence finie de la fonction U sous forme d’une intégrale de la
dérivée fonctionnelle linéaire.

Lemma 1. Soit £ > 0, m, m' € P, (Rd) et supposons que la dérivée fonctionnelle linéaire d’une
fonction U : Py (RY) — R eziste dans le segment (mg == sm’ + (1 — $)M) sei0,1]-

Al - ‘%(ms,yﬂ
OTS 81 SUP (s y)e0,1]xRE T < OO 0N @
Uim')—U(m —/ / (1 = s)m +sm/,y)(m' —m)(dy)ds.
RA (5m

Jourdain and Tse supposent que la dérivée fonctionnelle linéaire de U existe non seulement en
14, mais aussi sur une boule pour la distance de Wasserstein de rayon strictement positif contenant
w. Il s’agit d’une petite restriction, car lorsque un Théoréme de la Limite Centrale s’applique & une
fonction statistique, il n’est généralement pas limité & la seule valeur de la distribution commune p
des échantillons. Grace au Lemme 1, ils linéarisent N (U (un) — U (1)) et obtiennent la somme
du terme suivant

N 71—
1 oU N —|— 1-—
—> = § j Xi| - § ,
VN &\ om x, /R 5m 3+ 5o | n(do)
(1.8)

et d’un reste. Une telle décomposition permet d’appliquer a la somme ci-dessus le Théoréme de
la Limite Centrale pour les tableaux de martingale (voir Section 1.1.3) et d’étudier les conditions
suffisantes pour que le reste converge en probabilité vers zéro. En conclusion, le résultat principal
de [36] est le suivant:

Theorem 3. Soit £ > 0 et soit X;,1 > 1 une suite de variables aléatoires i.i.d. & valeurs dans
R? de loi p € Py (Rd). Supposons les hypothéses suivantes concernant la régularité de la dérivée
fonctionnelle U dans un voisinage de p:

1. il existe v > 0 tel que U admette une dérivée fonctionnelle linéaire sur la boule B(p,r) centrée
en (i avec un rayon r pour la métrique Wy

2. il existe C < oo tel que V(fi,z) € B(u,r) x RY,

%(ﬂ,w) <C (1+a?)

U (~ ouU
y L) — y L ~
3. SUP,cRd (50 (1, ) | ‘S’T (@) converge vers 0 lorsque Wy(fi, pv) tend vers 0
1+ |z|2

4. il existe o € (%, 1] et C < oo tel que Y1, po € B(p,r), Vo € RY

2 mv) = S )| < € (14 ol e G+ (4t ([ i =l ) )

ou |-| représente la variation totale d’une mesure signée. Alors, la convergence en loi suivante a

( ( Zéx)‘ >:N<0aVar<f;Z<u,X1>>).

lieu:
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1.1.5 Théoréme de la Limite Centrale pour les chaines de Markov

Considérons (X;),~, une chaine de Markov avec une distribution initiale v et un noyau de transition

P sur (Rd, B (Rd)). Etant donnée une fonction mesurable V : R — [1,00), nous pouvons introduire
I’espace normé suivant

Vi =< ¢ : R? = R mesurable : sup ¢(@)] < 00
z€R4 V(CB)
équipé de la norme

¢l = sup 1242

z€R4 (JZ) .

Etant donné pu € P (Rd) et ¢ : R — R une fonction mesurable qui est soit positive, soit telle
que [pa [¢(x)| p(dz) < oo, nous notons u(¢) = [ra ¢ () p(dx).

Definition 2. On dit qu’une chaine de Markov (X;);~, est V-uniformément ergodique s’il existe
uweP (Rd) tel que

=0.

sup . pn ) —
lm sup SPelelvst 126 (@) — 1 (9)]
n— 00 zERY V (.CL‘)

Rappelons quelques définitions classiques de la théorie des chaines de Markov. En particulier
les notions de chaine de Markov v-irréductible (voir Proposition 4.2.1 [43]), de chaine de Markov
positive et de chaine de Markov Harris récurrente.

Definition 3. On dit qu’une chaine de Markov (XZ-)Z-21 est Y-irréductible sl existe une mesure

Y sur B (Rd) telle que pour tout x € R?, chaque fois que ¥(A) > 0, il existe un certain n > 0,
éventuellement dépendant & la fois de A et de x, tel que P™ (z, A) > 0.

Definition 4. Soit (X;);>; une chaine de Markov v-irréductible. Alors

o (X;),~, est appelée une chaine de Markov positive si elle admet une mesure invariante.

o (X;);>, est appelée une chaine de Markov Harris récurrente si chaque ensemble A € B (]Rd)
tel que ¢ (A) > 0 satisfait

o0 o0
Ps, (ﬂ U {XkeA}> =1, ze€A.
N=1k=N

La proposition suivante montre qu’en cas de V-uniforme ergodicité, la chaine de Markov posséde
plusieurs propriétés : en particulier, elle est positive et Harris récurrente.

Proposition 1. Supposons que la chaine de Markov (X;),~, est V-uniformément ergodique avec

une mesure de probabilité . € P (Rd). Alors (X;);~, est une chaine de Markov positive Harris
récurrente avec une mesure de probabilité invariante unique u et

w(V) < oo.
De plus,
e il exister € (0,1), R < oo tels que pour tout n € N

SUPg:[jgfly <1 1" (2) — 1 (@) n
xe[é)d V@) < Rr (1.9)
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o il existe x € (0,1), D < oo tels que pour tout n € N

SUDg g <1 [P"¢ (2) — 1 ()]
rere V()

< Dy". (1.10)

Nous sommes maintenant préts a rappeler la Loi Forte des Grands Nombres et le Théoréme de
la Limite Centrale pour les chaines de Markov sous la V-uniforme ergodicité. Commencons par la
Loi Forte des Grands Nombres (une démonstration est fournie dans le Théoréme 17.1.7 [43] sous
I’hypothése que la chaine de Markov est positive Harris récurrente).

Theorem 4. Supposons que la chaine de Markov (X;);~, est V-uniformément ergodique, et soit u
sa mesure de probabilité invariante. Alors, pour chaque fonction f : R* — R mesurable telle que
(| f1) < oo,

v € P(RY) B, (}V S o ﬂ(f)) -1
k

=1
Puisque, selon la Proposition 1, u(V) < oo, alors

()]
aeme V()

est une condition suffisante pour garantir que u(|f|) < oo.
Avant de formuler le Théoréme de la Limite Centrale pour les chaines de Markov, nous introduisons

< 00

I’équation de Poisson. Soit f une fonction telle que p (| f|) < oo ot u, comme précédemment, désigne
la mesure de probabilité invariante associée & P. Une fonction F' : R4 — R mesurable telle que,
pour chaque x € R? et chaque n > 0, P|F|(z) < oo est appelée solution de ’équation de Poisson si
elle satisfait

Vz e RY,  F(x)— PF(x) = f(z) — p(f). (1.11)

Si la chaine de Markov (Xj;),~, est V-uniformément ergodique, alors, grace a (1.9), la série de
terme général (P"f — pu(f)), ey converge dans I'espace Vy équipé de la norme |||, et

F=Y (P"f—pu(f)

neN

est une solution de ’équation de Poisson (1.11). De plus, toute solution peut étre écrite comme
c+ > nen (P f — p(f)) pour une constante ¢ € R.
En conséquence de (1.10), la proposition suivante est vérifiée.

Proposition 2. Supposons que la chaine de Markov (X;);~, est V-uniformément ergodique, et soit
i sa mesure de probabilité invariante. Alors si f est tel que f2 € Vy, F = Yonen(Pf = u(f))
converge dans ||| 7. F est une solution de Uéquation de Poisson (1.11) et satisfait F* € Vy. De
plus, pour chaque n € N

ap [PI@ =i 1)

z€RY V(x) zerd \/V ()

avec x € (0,1) et D une constante finie.

Nous sommes maintenant en mesure d’énoncer le Théoréme de la Limite Centrale pour les
chaines de Markov sous la V-uniforme ergodicité (voir Théoréme 17.5.4 [43]).
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Theorem 5. Supposons que la chaine de Markov (X;),~, est V-uniformément ergodique, et soit u

sa mesure de probabilité invariante. Alors, pour chaque fonction f : R* — R mesurable telle que
f?evy,

N
1
VN (N Sre- f(x)u(dx)> L N (0.1 (F?) — n((PF))
i=1
ot ' est une solution de l’équation de Poisson

F(x) - PF(z) = f(z) - p(f) «€R%

1.1.6 Théoréme de la Limite Centrale pour les systémes de particules en inter-
action avec mécanisme d’échantillonnage

Les filtres particulaires, également connu sous le nom de méthodes de Monte Carlo séquentielles (voir
le Chapitre 4 de [10] et [15] pour une introduction générale), sont des techniques puissantes pour
estimer ’état évolutif d’un systéme au fil du temps, méme lorsque I’état ne peut pas étre directement
observé mais peut seulement étre déduit & partir de mesures ou observations bruitées. Ces méthodes
numeériques sont devenues trés populaires pour la résolution de problémes d’estimation optimale dans
des scénarios non linéaires et non gaussiens. Elle sont utilisées dans des applications en temps réel
dans des domaines tels que le génie chimique, la vision par ordinateur, I’économétrie financiére, la
poursuite de cibles, la robotique et les statistiques (voir entre autres [51] et [20]). L’utilisation des
méthodes de Monte Carlo pour les problémes de filtrage non linéaires remonte & Handschin [32] et
Mayne [33]. Ils ont introduit une version séquentielle de la méthode d’échantillonnage préférentiel
(voir [22], [52] comme références pour I’échantillonnage préférentiel) et I’algorithme correspondant
est connu sous le nom d’échantillonnage préférentiel séquentiel, souvent abrégé SIS en anglais. Un
inconvénient de ce dernier a été identifié par Gordon et al. dans [29] : & mesure que le nombre
d’itérations augmente, les poids ont tendance a dégénérer (un phénomeéne généralement connu sous le
nom de « dégénérescence des poids » ). Cela signifie qu’aprés un certain nombre d’itérations, certains
poids ont tendance & devenir trés petits, de sorte que les positions correspondantes ne contribuent
plus & Pestimation. Ainsi, Gordon et al. ont introduit I’étape d’rééchantillonnage ot, dans le but
de stabiliser 'erreur de Monte Carlo au fil du temps, I'idée clé est d’éliminer les particules ayant des
poids faibles et de répliquer les particules ayant des poids élevés. Par conséquent, en propageant M
particules a travers des étapes de pondération, d’échantillonnage et de mutation (chaque particule
évolue de maniére aléatoire selon un noyau de transition donné), les systémes de particules en
interaction peuvent étre utilisés pour estimer numériquement 1’état du systéme en fonction des
observations (voir également [20], [15]).

Nous présentons maintenant une version du probléme de filtrage non linéaire et I’algorithme
correspondant des systémes de particules en interaction qui alternent les sélections selon le mécan-
isme d’échantillonnage et les mutations selon les noyaux de Markov (voir [20]). Le signal d’état
(Zn),>0 est une chaine de Markov a valeurs dans R?.  Pour toute fonction mesurable bornée
h:RY = R, E(h(Zy)|o(Zo, s Zp-1)) = Jga M(@)Pn(Zn-1,dz) pour un noyau de transition
P,, pouvant dépendre de n. Nous notons la loi de Zy par 7. La suite d’observations (7},),,~, prend
la forme

T,=h(Zy,Wy), n>1

pour une fonction mesurable h ot (Wp,),,~, est une suite de vecteurs aléatoires a valeurs dans R4

ii.d indépendants de (Z,),~,- De plus, supposons que pour tout = € R? et pour tout n > 0,
h (z,W,) admet une densité strictement positive et bornée y — g, (x,y) par rapport a la mesure
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de Lebesgue sur R?%. Le probléme de filtrage non linéaire consiste a calculer pour chaque n > 0 et
chaque fonction mesurable f

i (F) =E (£ (Za) |0 (T 1<z ) ) (1.12)

avec la convention que 1o 7 est la loi de Zy. Les observations sont considérées comme fixes, c’est-a-
dire T;, = t,, n € N, et pour simplifier la notation, nous écrivons 7, au lieu de 7, 7. Soit M > 1. Le
but est de concevoir une approche de systéme de particules en interaction pour le calcul numérique
de la distribution 7, c’est-a-dire d’approximer 7,, par une suite de mesures empiriques

1 M

M

m' = D by (1.13)
i=1

associées aux vecteurs aléatoires (Xé\/[ ’1, e ,X,i\/[ ’M) a valeurs dans (Rd)M. Pour ce faire, I'idée

principale est de dériver une formulation récursive pour 7, de la forme

M= én (Ma-1), n>1 (1.14)

pour des applications continues ¢, : P (Rd) —- P (]Rd) ou P (Rd) définit I'ensemble de toutes les
mesures de probabilité sur R?. L’équation (1.14) permettra de définir la suite de vecteurs aléatoires

(Xé”’l, . ,X%’M) _, Premant des valeurs dans (R
n=

comme une chaine de Markov avec une
M -
distribution initiale 7o (dx1, ...,dx,) = [[ 7 (dzp) et des probabilités de transition P, données par
p=1
- M M
Py (z,dz) = [] ¢n(m(2)) (dzp) avec m(z) = +; > 05, L’idée derriere cela est que si n2; est
une bonne approximation de 7,_1, alors la mesure empirique associée & M variables aléatoires
conditionnellement indépendantes distribuées selon ¢, (nﬂ/f_ 1), conformément a (1.14), devrait étre
une bonne approximation de 1,_1. En rappelant que les observations 7;,, = ¢, sont fixes, nous
pouvons définir
9n (.I') = Gn (x7 tn)

et il est possible de démontrer (voir Section 3.2 dans [20]) que la suite des applications (¢y,),,~; dans
(1.14) est donnée par

~ n(fgn)
Yo () (f) = (g

¢n(n)(f):¢n—1(n)Pnf> n > 1.

Selon l'expression ci-dessus, chaque étape de p a p+ 1 de l'algorithme des filtres particulaires peut
étre divisée en deux parties : une partie de sélection et une partie de mutation

(XI])\/[7i)1§i§M

M
X0

sélection( M.,i )
P ) cicm

) mutation (
P cicm

que nous allons maintenant décrire. Tout d’abord, les variables (X(J)w ’i> sont tirées indépen-
1<i<M

damment selon la loi initiale . Par convention, YOM’i = Xéw’i pour ¢ = 1,--- , M. Ensuite, par
induction sur0 <p<n-—1,o0n a

Sélection : Aprés avoir calculé les poids comme

M

wa =Gp (Xéw’j) /ng (Xé\/[’i) )
i=1



12 Chapter 1. Introduction

2 . . . L . M. .
effectuons un échantillonnage pour obtenir les nouvelles variables aléatoires (Y " condi-

p+1)1§i§M

tionnellement indépendantes étant donné o <<X SM ’i, Y;M’i> > et vérifiant la propriété de

1<i<M,0<s<p
sélection

M M
" (M D Sy ‘ 7 ((XS LY ’Z)1§i§M,OSs§p)> = 2y g (1.15)
m=1 m=1

p+1

Apreés avoir décrit la deuxiéme étape, nous revisiterons plusieurs approches d’échantillonnage véri-
fiant (1.15).

Mutation : étant donné o (Xé\/[ ”) , (YSM’Z) , les variables aléa-
1<i<M,0<s<p 1<i<M0<s<p+1

toires X;)ﬁ, 1 < ¢ < M sont générées conditionnellement indépendantes et distribuées selon la

mesure de probabilité Pp,1 (%Aff, )
La mesure approximée est définie comme dans (1.13). Del Moral (voir Corollaire 7.4.2 dans [47])
a prouvé qu’'une Loi Forte des Grands Nombres est vérifiée.

Theorem 6. Soit g, : R? — (0,00), n > 0 une famille de fonctions mesurables telles que 0 <
inf,cpa gn () < sup,epa gn () < 00 et soit f une fonction mesurable bornée. Alors, pour tout
temps n > 0,

m n) (f) = (f) ps.

M—o0

Concentrons-nous désormais sur I’étape de sélection en introduisant différentes méthodes d’échantillonnage
vérifiant la propriété de sélection (1.15). Etant donné une suite de vecteurs aléatoires (X, )1<m<m

M
a valeurs dans R? avec des poids aléatoires associés (w))i1<<ar tels que wM >0et > wM =1,
m=1

une méthode d’échantillonnage définit la suite rééchantillonnée (Y Ji<m<wm de telle maniére que

m
LM M
B (M S oy g) -3 (1.16)
m=1 m=1
ott G 1= o (X, wM)1<m<nm). Les méthodes d’échantillonnage [19] permettent de remplacer la
M
mesure de probabilité Z%:l wM s, avec des poids non égaux par une mesure empirique ﬁ > 53%”

m=1
ayant la méme espérance conditionnelle donnée G. Selon la définition utilisée pour les variables

aléatoires Y,M | plusieurs méthodes d’échantillonnage peuvent étre considérées.

Les méthodes d’échantillonnage les plus courantes sont les suivantes : multinomiale, résiduelle,
stratifiée [37] et systématique [12]. Voir [19] pour une bréve description de ces méthodes. L’approche
la plus simple est ’échantillonnage multinomial. Introduisons le ainsi que 1’échantillonnage résiduel.

échantillonnage multinomial

Il consiste a tirer, conditionnellement & G, les nouvelles positions indépendamment

M
suivant la probabilité > wj-w dx;-

Jj=1

(YTfIV[) 1<m<M
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échantillonnage résiduel

Le schéma d’échantillonnage résiduel consiste a choisir

YM =X,
/-1 4 M
pour j;l LMwJMJ <m< ]; LijMJ (nous répliquons | Mw)? | fois la valeur Xy) et, si ng Lijwj <

M M
M, & tirer, conditionnellement & G, r = M — > LijVIJ = > {Mw]M} variables aléatoires

Y]\M/[ Lo ,Y]\]/\[/f indépendamment suivant
> Mwy' | +1
j=1
M
1

échantillonnage stratifié

Le comportement du schéma d’échantillonnage stratifié n’est pas immédiat & comprendre en raison
de la structure compliquée dans la définition des er\f , qui, cependant, restent conditionnellement
indépendantes étant donné G. A partir de M variables aléatoires (Um)1<m<m distribuées de maniére
i.i.d. selon laloi uniforme sur (0, 1) et indépendamment de G, la suite (Y;)1 << s est définie comme
suit

£
M_ m=Um M
=1 ST Sj; w;

J

M
Ynly = 21{2—1

}Xg pour me {1,--- ,M}. (1.17)

échantillonnage systématique

Le comportement du schéma d’échantillonnage systématique est encore plus compliqué & com-
prendre car les Y, ne sont plus conditionnellement indépendantes étant donné G. Dans la formule
précédente, nous prenons les variables U, toutes égales a une seule variable U distribuée de maniére
uniforme sur (0,1).

Les schémas d’échantillonnage ont été largement étudiés dans la littérature. Nous présen-
tons maintenant une sélection des résultats obtenus. Le comportement asymptotique du schéma
d’échantillonnage multinomial a été largement étudié dans [47]. Nous résumerons le résultat a la fin
de cette section. Douc et al. dans [19] ont montré que I’échantillonnage résiduel et ’échantillonnage
stratifié améliorent I’échantillonnage multinomial dans le sens ot ils ont une variance conditionnelle
plus faible par rapport & G. Ils ont également prouvé, au moyen d’un contre-exemple, que cette pro-
priété ne s’applique pas au échantillonnage systématique. De plus, ils ont établi un Théoréme de la
Limite Centrale pour le schéma d’échantillonnage résiduel (ce qui est également présenté a la fin de
cette section), suggérant qu’un résultat similaire devrait étre obtenu pour le schéma d’ échantillon-
nage stratifié. L’une des derniéres contributions concernant les schémas d’échantillonnage est donnée
par Gerber et al. [28]. En utilisant la notion d’association négative pour les variables aléatoires [35],

ils ont d’abord fourni un résultat général de convergence pour les schémas d’échantillonnage. Une
M
application de ce théoréme donne la convergence faible presque sire de ﬁ > 5ymM dans la méthode

m=
d’échantillonnage stratifié. De plus, ils ont fourni un contre-exemple de convergence faible presque
stire pour la méthode d’échantillonnage systématique. Plus récemment, Chopin et al. [16] ont
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étudié les schémas d’échantillonnage pour les filtres particulaires avec des observations faiblement
informatives. Les preuves empiriques indiquent que lorsque les poids utilisés dans 1’échantillonnage
présentent une grande variabilité, le choix de la stratégie d’échantillonnage tend & avoir un impact
faible. Cependant, dans les cas ot les poids sont proches d’étre uniformes, les différences de perfor-
mance entre les différentes méthodes d’échantillonnage peuvent étre importantes. En gardant M
fixe, ils ont examiné le comportement asymptotique des schémas d’échantillonnage & mesure que les
poids deviennent de moins en moins informatifs. Une telle situation se présente naturellement en
considérant des discrétisations du modéle de Feynman-Kac en temps continu. Ils ont introduit une
condition générale pour les schémas d’échantillonnage garantissant qu’une limite en temps continu
a lieu et ils ont introduit des versions modifiées du échantillonnage stratifié et systématique qui
satisfont a cette condition. Voir également [41], [23], [38], [14] pour des références supplémentaires.

Théoréme de la Limite Centrale pour le mécanisme de sélection multinomial

Del Moral [47] a étudié le comportement asymptotique des systémes de particules en interaction
lorsque la méthode d’échantillonnage multinomial est utilisée. Rappelons que la mesure nM est
définie dans (1.13). Il a fourni un Théoréme de la Limite Centrale pour la différence entre la mesure
empirique des particules 72! et la mesure limite correspondante 7, (voir Section 9.4.2 [47]). La
preuve repose sur des techniques de martingale et de semi-groupe.

Theorem 7. Soit g, : R? — (0,00), n > 0, une famille de fonctions mesurables telle que 0 <
inf, cpd gn (¥) < SUpepd gn (T) < 00, et soit f : RT — R une fonction bornée mesurable. Alors, il
existe 1 € R et a2 > 0 tels que lorsque M — 0o, la convergence en loi suivante a lieu

VM (! (f) = (£)) =5 N (1, 02) .

Théoréme de la Limite Centrale pour le mécanisme de sélection résiduelle

Douc et al. [19] ont étudié le comportement asymptotique des systémes de particules en interac-
tion lorsque la méthode d’échantillonnage résiduelle est utilisée. Ils ont tout d’abord adapté deux
résultats donnés au Chapitre 9 [10] sous des hypothéses plus générales. On a les résultats suivants.

Theorem 8. Soit f une fonction bornée mesurable. Supposons que (X;f“) eieut satisfait les
_l_

hypothéses suivantes :

A. lorsque M — oo, il existe une densité de probabilité v, telle que
1 & 4
37 2 (6 = | S@iada

et, en notant o® (f) la variance asymptotique,

M
VM (z\14 > F(x) - » f(x)un(x)da;> L N (0,62 (f)) -
i=1

- n (X" , -
B. Les poids sont donnés par whlt = #, ot gn(x) = ’;"((z)) pour une densité de probabilité
Z gn (XT]LW,Z) n
=1

tn. De plus, g, est bornée par le dessus.
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Si les Ynj\i’f sont conditionnellement indépendants étant donné G" .= o ((}@M’i, Xéw’i) )
1<i<M,0<s<n

et s’il existe un nombre réel K (f) < oo tel que

g”) L k(f), M — oo, (1.18)

alors (Ynj\i’f ) satisfait
1<i<M

1 M
320 () 5 [ @
i=1

et

< Zf(n+1 /f 2 (3 >d:c>:»f\f( 2(f))

avec variance asymptotique

20 =wn)+o (2 (- [ f@mwi)).

Theorem 9. Soit f une fonction bornée mesurable. Supposons l’existence d’une densité de proba-
bilité p, telle que

1 M,
37 200 () B [ st
et, en notant 52 (f) la variance asymptotique,

M
VM (AZ > r(vi) - /R ) f(x)ﬂn(ﬂﬂ)d$> =5 N (0,52 (1))
=1

Alors, ( ﬁﬁ) ieut satisfait

f: ( n+1> /Rd f(x) /Rd Py (y, dz) pn(y)dy

et
VM 1 f: ( Mﬂ) / f(:c)/ P (y,dx) pn(y)d :>d N(O &> (]))
2 f Xn 1 ) . n+1\Y, n\Y)ay ’

(1) = [ (P @) = (Puaa£)* @) po(a)da + 3 (Prsaf).

Ainsi, la combinaison du Théoréme 8 et du Théoréme 9 fournit un Théoréme de la Limite
Centrale pour les filtres particulaires & chaque itération.
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Remark 10. Remarquons que pour l’échantillonnage multinomial, il est facile de vérifier (1.18).
En effet, selon la définition du schéma d’échantillonnage multinomial donnée ci-dessus, on a

Var | —— i 7 (v jen) = o iE <f2 (v4) gn) ~ L iE (f (v4) g”)2
\/M g n+1 - M g n+1 M g n+1
M M 2
= Zwﬁ/l’ifQ (Xflv[’i) — (Zw,jy”f (Xfy”)) .
i—1

i=1

2
Ainsi, en supposant que 0 < inf cpa gn (x), le coté droit converge presque sirement vers % —

(M)Z d’aprés le Théoréme 6
Nn(gn) P '

Dans le Corollaire 5 [19], Douc et al. ont montré que ’échantillonnage résiduel vérifie également
(1.18) et donc, sous les hypothéses A et B, il satisfait un Théoréme de la Limite Centrale selon le
Théoréme 8.

A notre connaissance, le Théoréme de la Limite Centrale n’a été démontré que pour 1’échantillonnage
multinomial et ’échantillonnage résiduel.

1.2 Convergence des sommes de variables aléatoires modulo 1 vers
la distribution uniforme

Nous notons par |z] Uentier j tel que j < x < j+1 et par {z} = = — |z] la partie fractionnaire de
x € R. Soit (Y;),~; une suite de variables aléatoires réelles. Le probléme de la convergence en loi
de la suite -

V) prs1 = (Y1 + -+ Yt

de sommes de variables aléatoires définies modulo 1 vers la distribution uniforme sur [0,1] a été
étudié par de nombreux chercheurs. Dans son ouvrage Feller [24] a montré qu’'une fonction de ré-
partition sur le cercle est uniquement déterminée par ses coeflicients de Fourier. En effet, ’analyse
de Fourier est 'outil approprié pour traiter les problémes concernant les sommes de variables aléa-
toires définies modulo 1. Nous allons maintenant fournir un cas particulier ot cette convergence est
immeédiate, mais d’abord, rappelons le critére de Weyl. Etant donné un vecteur aléatoire réel de
R? Y,dnous notons ¢y sa fonction caractéristique définie par ¢y (u) = E(e™'Y) = Jga e Yy (dy),
u € R%.

Theorem 11. Soit (Byr),;~, une suite de variables aléatoires. Alors, lorsque M — oo, la suite
({Bum}) sy converge en distribution vers U ~ U (0,1) si et seulement si pour tout k € Z \ {0}

lim 6, (2kr) = 0.

Si les variables aléatoires (Y;),~, sont i.i.d. telles que la loi de Y n’est pas une variable aléatoire
discréte, pour chaque k € Z \ {0}, on a

. M
by (2h7) = (¢257)
Il existe ¥ > 0,p € [0,27) tels que E (enk”yl) = 1pe’?. Par conséquent,

E (ei(Qk‘ﬂ'}ﬁ—p)) -E (%e <€i(2k7rY1—p))> — .
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Re (ei(%’ryl_p)) < 1 presque stirement, et, lorsque k # 0, étant donné que Y; n’est pas une variable
aléatoire discréte, P (9% (ei(%ﬂyl_p)) = l) < 1. Par conséquent, lorsque k£ # 0, ¢ < 1 et donc

limps—soo E (eizkﬁyl)M = 0. Ainsi, selon le critere de Weyl, {Y7 +--- + Yy} L Uu~u (0,1).

Donnons un apergu succinct de la littérature portant sur la dérivation de la loi de Benford et
ses généralisations. En 1939, Lévy [39] a donné des conditions nécessaires et suffisantes pour cette
convergence lorsque les Y; sont i.i.d. En 1986, Stormer [58| a fourni des conditions suffisantes en
termes de fonctions de répartition des Y; pour que la convergence soit maintenue lorsque les Y;
sont simplement indépendants. En 2007, en supposant que les Y; sont indépendantes et absolument
continues, Miller et Nigrini [44] ont caractérisé la convergence de (Vis)p>1 dans L' ([0,1]). En
2010, Szewczak [59] a généralisé les résultats ci-dessus en I'hypothése d’indépendance des Y;. En
particulier, il a prouvé que si la valeur absolue de la fonction caractéristique de Y7 +- - -+ Y} satisfait
une certaine condition de croissance et si ’ensemble {n e N\ {0} : ‘E (ezﬂmyl)‘ = 1} est vide, alors
(Var)amr>1 converge en loi vers une variable aléatoire uniforme sur [0, 1].

Nous présentons maintenant formellement la loi de Benford. La loi de Benford en base b > 1
est la mesure de probabilité u sur U'intervalle [1,b) définie par

.ub([lva)) ZIOgbaa Va € [176)
La mantisse en base b d’un nombre réel positif = est le nombre unique My (z) dans [1,b) tel que

T = /\/lb ($) X bUOgb(x)J_

Une suite de nombres positifs a,,n > 1 satisfait la loi de Benford en base b si Va € [1,b)

lim #{n<M:1< My(ap) <a}
M —o0 M

= log,, (a).

Ainsi, si nous fixons b = 10, la probabilité que le premier chiffre soit a est log;y(a + 1) —log;y(a) =
logyg (1 + é) Les chiffres plus petits comme 1,2, et 3 apparaissent plus fréquemment en tant que
premier chiffre, tandis que les chiffres plus grands comme 8 et 9 surviennent moins fréquemment.
Le premier a avoir observé ce phénoméne statistique était Newcomb dans les années 1880. Il a re-
marqué que les pages dans les tables logarithmiques correspondant a des nombres commencant par
1 étaient significativement plus usées que les pages correspondant & des nombres avec un premier
chiffre plus élevé. Depuis lors, de nombreux systémes divers ont été démontrés pour satisfaire a la
loi de Benford (voir [5], [48]). Cette loi trouve des applications dans divers domaines, notamment la
comptabilité légale, la détection de fraudes, I’analyse de données et le controle qualité. De nos jours,
elle est particuliérement utile pour identifier des irrégularités ou des anomalies dans les ensembles
de données, car des écarts par rapport a la distribution attendue peuvent indiquer une manipulation
ou des erreurs dans les données.

Nous nous intéressons au probléme de la distribution des premiers chiffres des produits de
variables aléatoires (voir par exemple [18]). Etant donnée une suite de variables aléatoires positives
(Xi);>1, de nombreux chercheurs ([54], [9], [55], [40]) se sont intéressés & 1’étude de la convergence

M
faible lorsque M — oo de la loi de M, <H Xi> vers pip. Comme logy My, (x) = {log, ()} pour
i=1

chaque nombre réel positif x, on a

M M
log, M, <H Xi) = {Zlogb (Xi)}a
i=1

i=1

M
et donc la convergence faible de la loi de M, <H X, | vers up est équivalente & la convergence en
i=1

loi des sommes partielles modulo 1 des variables aléatoires (logy (X5))i>1 en raison de la continuité
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de [1,b) 5 z — log,(z) et de son inverse.

1.3 Contributions de la thése

Cette section rassemble les résultats principaux obtenus pendant la theése.

1.3.1 Théoréme de la Limite Centrale pour les fonctionnelles non linéaires des
mesures empiriques : au-dela du cadre i.i.d. (voir Chapitre 2)

Notre objectif est de généraliser ce qui a été fait par Jourdain et Tse [36] (voir Section 1.1.4,
Théoréme 3). Nous relaxons d’abord I'hypothése d’équidistribution en considérant une suite de
variables aléatoires indépendantes X; & valeurs dans R? avec des lois v; € Py (Rd) ,4 > 1. Comme
les variables ne sont plus équidistribuées, nous supposons que

1 N
I7N= NZ

converge vers une limite p € Py (Rd) pour la distance de Wasserstein d’ordre ¢. En outre, en
supposant que

1
TX il existe § € (0,1) tel que 3%, - <(|Xi|£ i) 1{\Xi\‘f>i‘*}) <o

ce qui n’est autre que le deuxiéme point de la condition SRCT (§) appliquée a f (x) = |x]£ (voir
N
Section 1.1.2), il est possible de prouver que, en utilisant le résultat de Wellner [60], uy = + ~ 2 0x;
z:l
converge également vers u pour la distance de Wasserstein d’ordre ¢. Etant donné U : P, (Rd) — R,
nous considérons la décomposition suivante

K3

VN (U (un) = U () = VN (U () = U (on)) + VN (U (on) = U ().

Nous fournissons des conditions suffisantes pour que le second terme du cdté droit de ’égalité
converge vers une constante lorsque N — oo. Nous appliquons ensuite 'approche de Jourdain-Tse
pour étudier le premier terme. En particulier, grace au Lemme 1, ce premier terme s’écrit comme
un reste plus

1 i—1 1 N
M LA EOSOEE S SR By T 5 3NEES 9%

Nous fournissons des conditions suffisantes pour que le reste converge en probabilité vers zéro, et
nous appliquons a la somme au-dessus le Théoréme de la Limite Centrale pour les tableaux de
martingale (voir Section 1.1.3). En appliquant ce dernier, en particulier nous devons vérifier la

“condition du crochet”. Nous sommes alors confrontés au probléme de comprendre la convergence
de

N
Ly /R O ) O (1) v () v ().

d wRd 5m

C’est pourquoi, pour obtenir le Théoréme de la Limite Centrale, nous devons supposer la conver-
gence lorsque N — oo de + ZZ]\L 1 Vi (dz) v; (dy) vers une mesure de probabilité limite 1 sur R? x R?
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dont les lois marginales sont égales a p.

Pour ¢ > 0, soit My(R?) I'espace des mesures signées 7 sur R? telles que [ 1z|°|7| (dz) < oo.
d AR L
Pour Chaql%e T € My(R%), nous définissons la. norme |7, := SUD £ (1) <1+’ Jga [ ()T (dx).
En conclusion, nous prouvons le théoréme suivant.

Theorem 12. Soit £ > 0 et soit X;, i > 1 une suite de variables aléatoires indépendantes a valeurs
dans R de loi v; € Py (Rd). Supposons TX et les hypothéses 1-4 du Théoreme 3 sur la régularité
de la dérivée fonctionnelle U. De plus, supposons que

o W, (% Zf\il vi(dz)v;(dy), n(dz, dy)) e 0 pour une mesure n € Po(R? x RY) avec u(-) =
—00
n(Rda ) = 77('7Rd)
o |[VN (ony —p) —olle e 0 pour une mesure o dans My(R?).
—00

Alors, la convergence en loi suivante est vérifiée

VN (U (pn) = U () =%

N ( [ o ot [ (gg (M7$)>2N(d$) -/ ﬁ<u,x>ﬁ<u,y>n<dx,dy>) .

Dans un deuxiéme temps, nous relachons également 1'hypothése d’indépendance en supposant
que la suite de vecteurs aléatoires (X;);~; est une chaine de Markov a valeurs dans R¢ avec
une distribution initiale v; et un noyau de transition P sur (Rd,B (Rd)). De plus, nous sup-
posons que la chaine de Markov est V-uniformément ergodique (voir Section 1.1.5) et nous notons
p son unique mesure de probabilité invariante. Comme dans (1.8), nous linéarisons & nouveau

VN (U (uy) — U (1)) en la somme de

N i—1

1 sU [ 1 N4+1—i U [ 1= N+1—i
T2 o | w2 e X ‘/Rdam N 20 T | )
i=1 =1 j

J
(1.19)

et un reste qui tend vers zéro en probabilité lorsque M — oo. Afin d’appliquer le Théoréme Central
Limite pour les tableaux de martingale, nous introduisons pour m € B(u,r) (la boule pour la
métrique Wy ot U admet une dérivée fonctionnelle linéaire) 1’'équation de Poisson suivante

oU oU
F — PF = - = R 1.2
(m2) = PF(m,) = 5 (meo) ~ [ 30 (o) ), (1.20)
N 9. . d 5U ’a
Sous les hypothéses qu’il existe C' < oo tel que Vo € R, S (m,z)| <C (1 + |x!2> et
m
L3 Cy:=su ﬂ < 00
£ = SUPgcRd V(a:) )

selon la Proposition 2, (1.20) admet une solution donnée par F(m,-) = ZHGN(P"% (m,-) —

wu( g—% (m,-))). Par conséquent, nous pouvons réécrire (1.19) comme
1 1 = N+1—i 1 = N+1—i
ﬁz F NZCSXj‘i'TMaXi - PF NZ(SXj—FTM»Xi—l
i=1 j=1 j=1
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a laquelle nous appliquons le Théoréme de la Limite Centrale pour les tableaux de martingale, plus
un reste qui converge vers 0 en probabilité. Afin d’appliquer le Théoréme de la Limite Centrale pour
les tableaux de martingale, nous devons vérifier que la somme ci-dessus est de carré intégrable et
satisfait la condition de Lindeberg. Pour ce faire, nous avons besoin de la propriété d’intégrabilité
de la fonction V' par rapport a la distribution initiale v1. Pour étre en mesure de couvrir toute choix
de la distribution initiale de la chaine de Markov, nous prouvons qu’il est possible de relaxer cette
hypothése.

En conclusion, nous démontrons le théoréme suivant.

Theorem 13. Soit £ > 0 et soit X;, 1 > 1 une chaine de Markov avec une loi initiale v et un noyau
de transition P. Nous supposons que (X;),~, est V-uniformément ergodique avec V satisfaisant a
L3. Soit i son unique mesure de probabilité invariante. De plus, supposons les hypothéses 1-8 du
Théoréme 3 concernant la régularité de la dérivée fonctionnelle U et que

e Ja € (3,1],3C < 00,Vu1, 2 € B(p, 1)

oU oU

%(M%ﬂ?) - %(Mlﬂf) , a
sup : <o [ asihe - mi@)
zERI 1+ |z|2 Rd

Alors
VN (U () = U (1)) =5 N (0, (F2 (1,)) = 1 ((PF)* (1,9)))

ot F (u,-) désigne l'unique solution (& une constante additive prés) de l’équation de Poisson

oU

Pu.a) = PF(ua) = 50 (o) = [ 50 (), o e B

1.3.2 Convergence vers la loi uniforme des vecteurs de sommes partielles mod-
ulo 1 avec un facteur commun (voir Chapitre 3)

Etant donné (Y;),, une suite de variables aléatoires réelles de carré intégrables i.i.d. et une fonction
réelle mesurable ¢, nous donnons des conditions suffisantes pour la convergence en loi vers la loi
uniforme sur [0,1] de

B
S r— »

pour (Bar)~>; € N* tels que ]V}im vM (% — ﬁ) = 0 avec 8 > 1. Notons que cela généralise
= —00

le cas d'une fonction constante ¢ présentée dans la Section 1.2 et a également une application

dans le contexte de la loi de Benford. L’introduction d’une fonction ¢ non constante dans notre

travail permet de traiter le choix d’une mantisse dépendant des données, par exemple donnée par

1A .
= epnt 2i=1 M(Xe) effet,

M 1 Bm M ]
logg,, Mj,, (H X,) = {¢ <M me)) Zln(Xi)} ot §(w) = 5.
1=1 i=1 i=1

Cependant, 'étude de la convergence de (1.21) est principalement motivée par la dérivation d’un
Théoréme de la Limite Centrale pour le mécanisme d’échantillonnage stratifié que nous allons décrire
en détail dans la Section 1.3.3, ou la motivation pour étudier (1.21) sera explicite.

b
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La principale difficulté dans I’étude de la convergence de (1.21) vient du couplage entre les
variables introduit par le facteur commun ¢ (ﬁ Z’f ] Y;) L’étude de la convergence conjointe de

plusieurs sommes partielles modulo 1 avec un facteur commun et une composante supplémentaire
satisfaisant un Théoréme de la Limite Centrale n’ajoute pas de difficultés significatives supplémen-
taires. Par conséquent, nous considérons directement la convergence en loi de

B‘Frl 6q+1 IBqul

1 M 1 M ) M

o 77 D Y (Y1+-~-+YﬁiM) I R AE DAY

m=1 1<i<q m=1 i=1

(1.22)
ol
o (Bl ?\jl)MN C N7+ tels que A}im vM (’8—]\;}[1 — ﬁi) =0avec 0 < gl < ... < pitt
- —00

® (Z;i);>; est une suite de variables aléatoires réelles telle que ((Y;, Z;))i>1 est une suite de
variables aléatoires de carré intégrables i.i.d.

e la derniére composante oti @ est une constante (typiquement égale a 391¢ (BqHIE(Yl)) E(Z))
converge en distribution vers T' lorsque M — oo.

Dans ce qui suit, nous posons my = E(Y7) et mz = E(Z;). Notre résultat principal est le
suivant.

Theorem 14. Soit (Y, Zi)i21 une suite de vecteurs aléatoires de carré intégrable i.i.d. a valeurs

dans R? tels que la loi de Y; a une composante absolument continue. De plus, soit ¢ : R — R une
fonction mesurable différentiable en B9 my telle que ¢(BI my) # 0. S’il eviste M € N tel que

1 —NIy?
/R |¢(Bq+le + y)|q-i-1e dy < o0, (1.23)

alors le vecteur aléatoire (1.22) converge en loi lorsque M — oo vers (U, T) ou U est une variable
aléatoire uniforme sur [0,1]? indépendante de T

Pour traiter le probléme du couplage entre les variables, le Théoréme 1 sera fondamental. De
plus, pour comprendre la convergence en loi du vecteur ci-dessus, nous fournissons le critére de Weyl
suivant, qui est une généralisation de celui présenté dans la Section 1.2.

Theorem 15 (Critére de Weyl). Soit (Bys),~, une suite de vecteurs aléatoires a valeurs dans R?

- . - . N / - -
et soit (Hyr)y >, une suite de vecteurs aléatoires a valeurs dans RY qui converge en loi vers un

vecteur aléatoire H & valeurs dans RY . Alors lorsque M — 0o, la suite ({leu} R {B?w} ,HM)
converge en loi vers (U, H) ot U est indépendant de H et uniformément distribué sur [0,1]7 si et
seulement si pour tout k € 79\ {0} et u € RY

lim é(p,,m,) (2km,u) = 0. (1.24)

M—oc0

Décrivons briévement les idées principales de la preuve du Théoréme 14. Définissons

q+1 5q+1
1 M 1 M

Rari= (6| 222 Yoo | (Vi +Yay ) oo 0 | 27 D0 Yoo | (Vg0 o+ Yag,)
m=1 m=1

q+1 q+1

1 M M
Ky :=VM|¢ MZYm > Zi—0
m=1 =1

ETAPE 1. Nous commencons par prouver le théoréme sous ’hypothése renforcée que la loi de
(Y;, Z;) a une composante absolument continue.
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1. Soit v = (61,62 - B, p— Bq_l). De plus, soit
1
apr = /7M,

Grace au Théoréme 1, nous “ réécrivons asymptotiquement” le vecteur (aps Ry + bar, Kpr) en
termes d’un vecteur aléatoire normal T}y :

by == —my (8 my ) v/ M.

]\/}gnoo dry (UGAIRAJ+bA4’ /’I’TM) =0.

2. Soit pr,, = pry, e + By ,s 1a décomposition de pr,, en une partie ur,, . absolument continue
par rapport a la mesure de Lebesgue et une partie singuliére ur,, s. Soit pr,, une densité de
HTy, e Par rapport a la mesure de Lebesgue. Nous vérifions que

lim inf pr, () 2 p(z) dz p.s.
ot p désigne la densité de Y ~ N (0,T), I' € Rla+1)x(e+1) définie positive. Cela implique que

]\}gnoo dTV (M(GMRMerM,KM)’ :U’Y) = 0. (1.25)

3. Avec le lemme de Riemann-Lebesgue, (1.25) implique que V(uj,u2) € {R?\ {0}} x R

]\/}iinoo ¢(RA17KM) (u1,u2) = 0.

Puisque cela équivaut au fait que V(ug,us) € {R?7\ {0}} x R

lim gZ) g+1 (ul, UQ) = 0,
M—00 By
((¢ (1&1 Z—l Ym) (Y1++Y }M)) 7KIM)

1<i<q

le Théoréme 15 permet de conclure la preuve.

ETAPE 2. Nous prouvons le théoréme sous Uhypothése que (Y, Z;) est telle que la loi de Y; a
une composante absolument continue :

1. Soit (&),~; une suite de variables aléatoires réelles de carré intégrables i.i.d. a4 moyenne nulle,
absolument continues et indépendantes de (Y3, Z;),~,. Pour n > 1, nous considérons la suite

de vecteurs aléatoires i.i.d. de carré intégrables (Yi, Z; + %)
i>1

2. Nous montrons que la loi de (Yi, Z; + %) a une composante absolument continue et nous
appliquons 'ETAPE 1 2 la suite (Yi, Zi + %) - pour chaque n.
12
3. Nous déduisons le théoréme pour la suite (Y;, Z;).
1.3.3 Théoréme de la Limite Centrale pour le mécanisme d’échantillonnage
stratifié (voir Chapitre 4)
Premiére partie

Nous nous concentrons maintenant sur le schéma d’échantillonnage stratifié introduit dans la Section

M
1.1.6 pour les poids w = g(Xm)/ > g(Xy) ou g est une fonction mesurable strictement positive.
/=1
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Notre objectif est d’étudier le comportement asymptotique de la méthode lorsque le nombre de par-
ticules M tend vers l'infini. Etant donné f une fonction mesurable bornée réelle et sous 'hypothése
que les X; sont i.i.d. de telle sorte que la loi de g (X;) a une composante absolument continue, nous

explicitons la limite de Var | —= % f(Y;) ) et prouvons que s M ( fyMy M)
P var 2 Um P Qe 757 Dot E(9(X1)

converge en loi vers une variable aléatoire gaussienne centrée dont la variance est égale a la limite.
Décrivons briévement les principales idées dans 1’étude respectivement de la variance asymptotique
et du Théoréme de la Limite Centrale afin que le lien avec la section précédente soit clair.

Variance asymptotique : principales idées

Nous rappelons qu’a partir de M variables aléatoires (Up,)i<m<m 1.1.d. distribuées selon la loi
uniforme sur (0,1) et indépendantes de (X,,)1<m<n, la suite (Y,{‘L/[)lngM est définie comme suit

M J
yM = Z 1{§%1<m—Um§5‘ZM}Xi pour m € {1,---, M} avec SJM =M Z wM
i=1 m=1

avec la convention Sé\/[ = 0. Pour f:R? — R mesurable, nous avons

E (f(YAH|F) = Zf / Ligm cyegiydu (1.26)

ot F = 0 ((Xm)i<m<m ). De plus, la propriété suivante, commune & tous les schémas d’échantillonnage,
est vérifiée

1 M M
§ : _ § : M
E <M P 5}/%1 f) — P U}m 6Xm. (127)

En utilisant une décomposition standard de la variance et l'indépendance conditionnelle de

(v M Ji<m<m donnée F, nous obtenons

var [ 1S s
ar \/M 2 m

= E(— 3 y;M E Ly y,M
— Var \/Mmzzjlf(m)‘}" +E ( Var \/Mm;f(m)‘f

M g(X) F(Xm M (X)) f2 (X 1 < 2
:var<mzm2§:(w<¥n(w> )>+E<Z inﬂ%ilg())];m() )>_E<MZE(f<Y”¥)‘f)>'

Etant donné que le comportement asymptotique lorsque M — oo des deux premiers termes de
la derniére ligne peut étre analysé & l’'aide d’arguments standard, nous nous concentrons sur le
troisiéme terme. En utilisant (1.26) et S = M, nous obtenons que Zm E (f(& )\]—") est égal &

M-1 M—k m m
(14 1p>1y) Z J(Xa) f(Xigr) Z / X 1{s}fl<u<sgw}d“/ X Ligm  <u<sy, ydu
k=0 i=1 m>| M |417 " e

Etant donné que ﬁ Ef\il = fol Yiamda, nous en déduisons que ﬁ 2%21 E (f({f\f)]]:)2 est égal
a la somme sur k € N de
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1
Mg(Xra Mg(Xra
(1+1{k21})/0 Lrann<m—iy f (Xran) f(Xrann+1) ¥k <{S[(XM] 1} == (1;(;‘?3) I Zi ggﬂ&z))da

ol

m>17M" up~+ Z wy<u<ug+ Z wy

1/1k(UDawl, e 7wk+1) = Z / 1{u0<u§ua+w1}du/ 1{ k+1 }du
1 -1

[

C’est pourquoi, afin de calculer la variance asymptotique de o

=
M
S F(Y M) il est trés utile de

comprendre le comportement lorsque M — oo de

{Stan -1}

qui est égal au premier composant de (1.22) lorsque ¢ = 1, Y; = g(X;),¢(z) = 1, B}, = [aM] — 1
et ﬁ?w =

Théoréme de la Limite Centrale : principales idées

En ce qui concerne le Théoréme de la Limite Centrale, la fonction caractéristique de

M

1 vy E(f(X1)g(X1))
VAT 2~ (o) - 2R

s’écrit pour u € R

m=19Xm)f(Xm) E(f(X1)e(X1))\ M
E(V (S -4 )HE(M ()5 0)17) m)

_tu MY _ M
En utilisant le développement en série de Taylor de evar (F(a")-E(F (v )|]:)), on peut approximer

le produit par une somme d’intégrales de fonctions de

({Stoani}{Staan 1} St })

par rapport & 1igca, <ay<-<ag<1ydidas - - - dag. Cela relie étroitement le comportement asympto-
1

tique de la fonction caractéristique a celui des vecteurs (1.22) pour le choix de V; = g(X;), ¢(x) = -,

Zi = g(XZ)f(X’L), B}W = [alM—| -1 pour &S {1, e 7C.7} et Bqul

Deuxiéme partie

Dans cette partie du travail, nous examinons ’ensemble de ’algorithme des filtres particulaires
associé au mécanisme d’échantillonnage stratifié. Voir la Section 1.1.6 pour une description de
I’algorithme.

De maniére similaire & ce que nous avons fait dans (1.28), nous pouvons réécrire la variance

Var <\ﬁ Z frM f > pour n > 0 de la maniére suivante

. X et G (X ) 12X
<\ﬁzm ig (19 (X)]{[(m) )> i (Z lzg (19 ()zj/[gn) )> )

R (f‘lfmiE( vy | 7 ) (1.30)
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ou F*" =0 ((Xéw’i,YsM’i) ) Sous une conjecture qui permet d’étudier la conver-
1<i<M,0<s<n

gence de (1.29) et sous la conjecture que la convergence en distribution du vecteur (1.22) peut étre

généralisée de maniére similaire aux étapes suivantes d’un algorithme des filtres particulaires o,

par exemple, I'indépendance des variables n’est plus valable, nous fournissons une formule inductive

1 M
pour la variance asymptotique limps_o, Var <M o f (Yn]‘f{” )) .
m=1
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Chapter 2

Central Limit Theorem over non-linear
functionals of empirical measures:
beyond the 1id setting

The material for this chapter has been released in [26].

The
central limit theorem is, with the strong law of large numbers, one of the two fundamental limit

theorems in probability theory. Benjamin Jourdain and Alvin Tse have extended to non-linear

functionals of the empirical measure of independent and identically distributed random vectors

the central limit theorem which is well known for linear functionals. The main tool permit-

ting this extension is the linear functional derivative, one of the notions of derivation on the

Wasserstein space of probability measures that have recently been developed. The purpose of

this work is to relax first the equal distribution assumption made by Jourdain and Tse and then

the independence property to be able to deal with the successive values of an ergodic Markov

chain.

Introduction

In this work we are interested in the convergence in distribution of

N
(o 50) -ow). o

where U is a general function defined on some Wasserstein space of probability measures on R?
and (X;);>, is a given sequence of R%-valued random vectors.

In the mathematical statistics literature, functionals U ( % Ef\; 1 0x;,) are known as “statistical func-
tions”. Their asymptotic distribution theory was first studied by Von Mises [45] |46], under the
assumption that (X;);»; is a family of independent and identically distributed real-valued ran-
dom variables. Through the use of the Gateaux differential, he introduced a Taylor expansion of
U(+ Zfi 1 0x;) around U () where p is the common distribution of the random variables. He proved
that if the linear term is the first nonvanishing term in the Taylor expansion of the functional U(.)
at u, the limit distribution is normal (under the usual restrictions corresponding to the central limit
theorem). The main technical difficulty was proving that the remainder in the Taylor expansion
goes to zero. We refer to Chapter 6 of [56] for more details.

In dimension d = 1, Boos and Serfling [8] assumed the existence of a differential for U(.) at p in a
sense stronger than the Gateaux differential. They assumed the existence of % =0+ Up+elv—mp))
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dU (pu,v — p) at p that is linear in v — p (for v any probability measure on the real line ) and such

that
NZl{X<}— —00, /] > (2.2)

N
1
1=
Taking the advantage of some well known stochastic properties of the Kolmogorov-Smirnov dis-

i=1

tance, in particular the boundness in probability of (\/N (H% Zf\il Lix, <y — # (=00, ]H )) ,
= oo/ / N>1

they conclude that v N (U <% Zf\i 10 Xi) -U (u)) converges in distribution to a centered Gaus-

sian random variable with asymptotic variance equal to the common variance of the independent
and identically distributed random variables dU (u,dx, — p) when they are square integrable and
centered. In addition to the limitation of dimension d = 1 in their approach, it relies on the uni-
formity in (2.2) of the approximation with respect to the Kolmogorov-Smirnov distance which is
a strong assumption almost amounting to Fréchet differentiability of U at p for the Kolmogorov
norm. When p is a probability measure on any measurable space, Dudley |21] obtained central limit
theorems for VN (U(+ Ef\; 10x,;) — U(p)) under Fréchet differentiability of U at p with respect to
v — pll == supser |[ f(z)(v — p)(dz)|. The class F of measurable functions is such that a central
limit theorem for empirical measures holds with respect to uniform convergence over F. Clearly
the requirements on F impose some balance: the larger the class F, the simpler the Fréchet differ-
entiability becomes, but the harder the uniform convergence over F becomes.

Recently Jourdain and Tse [36] reconsidered the same problem under the assumption of independent
and identically distributed R%-valued random vectors (Xi),>1- By means of the notion of the linear
functional derivative of U that is a Gateaux differential with the property that dU (p,v — p) =
Jga g—% (1t,9) (v — p) (dy) for some measurable real valued function R? 5 ¢y — ¥ (u, y) with some

polynomial growth assumption in y, they linearize v N (U ( (% Zi:l 0 Xi) -U (u)) into the sum of

N i—1 .
1 U N~|—1 U |1 N+1-—14
—Y = §jéx Nrlo x —/ TS o+ | plde
VN = \ om R OM Nj:l i N (dx)
(2.3)

and a remainder. Such a decomposition allows to apply to the above sum the Central Limit Theorem
for arrays of martingale increments and to investigate sufficient conditions for the remainder to
vanish in probability. The main result of [36] is the following convergence

( ( Z(SX)_ >:>N(07Var<f;z<u,x1>>).

They replace the uniformity leading to Fréchet differentiability required in the statistical literature,
by supposing that the linear functional derivative exists not only at p but on a Wasserstein ball
with positive radius containing p. This is a mild restriction, since when a central limit theorem
holds for some statistical functional, it is in general not limited to a single value of the common
distribution p of the samples.

The aim of this work is to generalize what has been done by Jourdain and Tse. We will first
relax the equidistribution assumption by studying the convergence of (2.1) by assuming that the
R valued random vectors (Xi)i>1 are independent and non-equidistributed. Since in our case we
do not assume the equidistribution of the random variables, we need to give sufficient conditions for
+ Zf\i 1 0x, and for ZZJ\; 1 Vi to converge to a common limit 4 (for a distance that will be specified

later) where v; denotes the law of X;. We will split v/ N (U (% Zfil 5Xi> -U (u)) into the sum

< < Z”’)‘ >+f< (zlvi(&)—lf(}vﬁ)) (2.4
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and we will provide sufficient conditions for the first component to converge to a constant, whose
value will be specified later. To prove the convergence in distribution to a Gaussian random variable
of the second component, we use the linear functional derivative to rewrite it as a remainder plus

1% L% 11255 —|—1§:V'X‘ _/ 25 + Zya: vi(dx)
VN & | om Nj:1 X5 Nj:i e R OM. X 7 i

The increment of the bracket corresponding to the i-th term in the sum involves the square of an
integral with respect to m or equivalently an integral with respect to ”’®”’ . That is why, to obtain

the central limit theorem, we need to assume the convergence as N — 0o of + SN vild)v(dy)
to some limiting probability measure n on R? x R? (with both marginals equal to ) and the lim-
iting variance is expressed in terms of 7. Note that for the empirical mean of independent square
integrable random variables retrieved with a linear functional U, the normalisation in the central
limit theorem is given by the square root of the variance of their sum. Its asymptotic behaviour
may be far from the one of the sequence (v/N)y>1 which is the only possible choice to deal with a
wide class of nonlinear functionals U.

The next step is to drop the independence hypothesis by assuming that the sequence of ran-

dom vectors (X;);»; to be a R-valued Markov chain with transition kernel P and unique in-

variant probability measure u. By using the linear functional derivative ﬂ, we again linearize

VN (U (N ZN ox; ) —U(p )) into the sum of (2.3) and a remainder. Under assumptions on the

Markov kernel P that ensure that the central limit theorem holds for linear functionals and by giving
sufficient conditions for the remainder to vanish in probability as N goes to infinity, we conclude

that
N
VN <U (}V Zax) ~U (u)) L N (0,1 (PF2 (1,1) = o (PF)? (1,1)) )

with F solution of the Poisson equation

sU sU
F(p,z) = PF(p,2) = < (4, ) —/Rd 5 ey pldy), € RY.

The main contribution in the linearization of v N (U (% 2111 5X1.> -U (u)) is now

N i1 .
1 N —l— 1-— 1 N+1—1
Wi ;:1 F § ox; + ,u’a X; | — PF N ;:1 ox; + N Xi1

in place of (2.3). Of course, to prove that the remainder still vanishes, one needs to transfer the
regularity of the functional U into regularity of the solution F'(u,z) to the Poisson equation in
its measure argument p. This is achieved under the V-uniform ergodicity hypothesis thanks to
Lemma 4 below. To be able to cover any choice of the initial distribution of the Markov chain,
we also relax using Lemma 3 below the integrability property of the function V with respect to
this initial distribution. This integrability property is convenient to check that the above sum is
square integrable and satisfies the Lindeberg condition in order to apply the central limit theorem
for martingale increments.

As far as we know, such generalizations to nonlinear functionals of non i.i.d. random vectors X;
appear for the first time in the literature. Even if they are not straightforward and some additional
technical difficulties appear compared to the i.i.d. setting, these difficulties may be handled thanks
to the linear functional derivative. This illustrates that this notion of derivative is a versatile tool.
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In the first section, we will provide the statement of the two results. Each of them will be
preceeded by relevant reminders useful for its understanding. Together with the independent non-
equidistributed case we will recall the notions of Wasserstein distance and linear functional derivative
and together with the Markov chains case we will recall definitions and general facts about Markov
chains and the Poisson equation. In the second section, the proofs of the two results are given.

2.1 Main Results

2.1.1 Independent Non-Equidistributed Random Variables

Let us observe that the case of a linear functional U, that is U(m) = [pa f(z)m(dz) with f : RY — R
a measurable function, has been largely studied in this context

We recall that a sequence (f(X;))i>1 is Strongly Residually Cesaro S-Integrable for some 5 > 0
(SRCI(5), in short) if

L supyss 1 SR E(F(X0) < oo

2 52 1B (XD~ ) 1y ) < o0

Chandra and Goswami |13, Theorem 4.1] proved that if (f(X;))i>1 is a sequence of random
variables pairwise independent and verifying the condition SRCI(3) for some 5 € (0,1), then the
Strong Law of Large Numbers holds:

o St ((X0) — E(f(X1)))

N—oo N

=0 a.s. (2.5)

Moreover Lindeberg proved (see for instance [7]) that, also in this case, the Central Limit

Theorem holds. More in detail, consider a sequence (f(X;));>1 of square-integrable independent

N .
random variables such that impy_,s W = 02 where ¢ > 0. If moreover the Lindeberg’s

condition is satified

Ve>0 lim — ZE (f(Xi)))21\f(Xi)—]E(f(Xi))|>5\/ﬁ) =0

N—oo N

then

YLD “ESXD) o o)

Let us first review some concepts related to the Wasserstein distance and the linear functional
derivative before presenting the statement of the Central Limit Theorem for general U, in the case
of independent non-equidistributed random variables.

The Wasserstein distance and the linear functional derivative

Let U : Py (Rd) — R where for ¢ > 0 we denote by Py (Rd) the set of probability measures m

on R? such that [pq |z|* m(dz) < oo. For £ > 0, we consider the (-Wasserstein metric defined for
pi1, 2 € Pr (R?) by

W (p1, pi2) = inf { </de =yl p (dx, dy)) ﬁ . p € P(R*) with p ( x Rd) = (), p (Rd X ) = uz(')} :
(2.6)
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If ue Py (]Rd) and (fin),cy 18 @ sequence in this space, then limy, oo Wp (ttn, 1) = 0 if and only
if limp, o0 [pa || g (d) = Jga |z|¢p(dx) and pu, converges weakly to pu as n — oo where we write

fn — p to denote the weak convergence. Alternatively lim, oo Wy (pn, ) = 0 if and only if
V¢ : R* — R continous p-almost everywhere and such that SUp,cRrd ﬁ(l?‘L < 00,
lim () i (dx) / o(x (2.7)
n—oo Rd

For £ =0 and p1, u2 € Poy (Rd), we consider

Wi (i) =it { [ (Ao = oo di)  p & PEH)withp (- x B = (g (R ) = )}
>

Notice that Wy metricizes the topology of weak convergence. For /¢ 0 we can also consider
M,(R?), the space of the signed measures 7 on R? such that [g, |z|‘|7|(dz) < co where |- | denotes
the total variation of a signed measure. For each 7 € M,(R%) we will define the norm ||7]|, =
SUD £ ¢(2)<1+]z|¢ Jra f ()T (dx) where the supremum is computed over the set of the measurable
functions satisfying the growth condition and it can be proved that given 7 € My(R%) and (7, )nen
a sequence in this space such that |7, — 7||, = 0, then |||7,| — |||, = O.

Let us observe that in P(R?) the convergence with respect to |||, implies the convergence with
respect to Wy. Moreover if £ = 0, for u1, us € P(R?) we have

|1 — pzllg = sup f(@) (1 (dz) — po(dz))| = 2dry (1, p2)

Il oo <1 1/RE

_ _ d

=2 sup [pi(4) = pa(A)] = 1 — pal (RY)
AeB(R?)

where B (]Rd) denotes the Borel o-algebra of R? and dpy the total variation distance between
and . Let us now recall the notion of (first order) linear functional derivative associated to U. For
a more detailed description, including the definition of the linear functional derivative of a superior
order, see [11].

Definition 5. Let £ > 0. A function U : Py (Rd) — R admits a linear functional derivative at p €
|22 (1)

P (Rd) if there exists a measurable function R% 3 y — g—% (1, y) such that sup,cga ol

<
and

d oU
v (r7), = U — ) = / Y dy).
veP (R, g Ulew—m)= [ oo - mi
Since (v — p) (Rd) =0, g—% is defined up to an additive constant. The next lemma allows to
express a finite difference of the function U as an integral of the functional linear derivative.

Lemma 2. Let £ > 0, m, m' € P, (Rd) and suppose that the linear functional derivative of a
function U : Py (R?) — R exists in the segment (m := sm/ + (1 — $)M) seio,1]-

5U
. ms,y)
Then if SUD (s )e[0,1] xRY % < 00, one has

U(m’ / /Rd (5m (1 = s)m + sm/,y)(m' —m)(dy)ds. (2.8)
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Statement of the theorem

Given a measure u € Py (Rd), we will consider the following group of hypotheses about the regularity
of the functional derivative U (RU) in a neighborhood of pu:

RU1 there exists r > 0 such that U admits a linear functional derivative on the ball B(u,r)
centered at p with radius r for the metric Wy

5—U([L,az) <C (1 + |x|§>

RU2 3C < o0,V(ji,z) € B(u,r) x RY, 5
m

oU [~ )

14
1+ |x|2

RU3 sup,cpd converges to 0 when Wy(f, i) goes to 0

RU4 z +— g—% (w, x) is continuous p-almost everywhere
RU5 Ja € (%, 1],3C < 00, Y1, p2 € B(u,r), Vo € RY

oU oU
%(H%m) - %(Hlaﬁ)

<0 (1ol e = sl + 1+ 610 ([ olloa = i) )

Moreover we will consider the following assumption about the tails of the random vectors (X;);>1:
1
TX there exists 8 € (0,1) such that > 2, =E ((‘Xiyé’ — %) 1{|X.|g>i5}> < 0.
/l 1

Let us observe that it coincides with condition (i7) of the Strongly Residually Cesaro S—Integrability
with the choice of f(x) = . We are now ready to state respectively the Strong Law of Large Num-
bers and the Central Limit Theorem.

Theorem 16 (LLN for independent non-equidistributed r.v.). Let £ > 0 and let X;, 7 > 1 be a
sequence of independent random variables on R with law v; € Py(R?) and let us define

1 N
UN = N Zl 5Xi
1=

and

1 N
vy :=E(un) = N ZVZ
=1
Let us assume TX and the existence of u € Py(R?) such that limy_yoo We(on, 1) = 0. Then

We(pw, ) =0 as.

Proof. Thanks to the existence of i € Py(R?) such that limy_,o We(7n, 1) = 0, by the characteri-
zation of the Wasserstein convergence, one has vy — p and so by Wellner paper [60] uy — p a.s..
If £ = 0 the proof is completed, let us therefore suppose that £ > 0 and let us check the con-
vergence of the /-th moment. Since the \Xilg’s are independent, Assumption TX holds and
SUp > + ZZJLE <|X¢\Z> = Supy>; Jpd |z|’Tn (dz) < oo (using again the characterisation of the

Wasserstein convergence), we can apply (2.5) and obtain that
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[ el () = [ falon (o)

X 4+ XN - (B (X 4+ E (1 XN]9))
o N N—oo

0 a.s.

Therefore

tim [ el () = [ ol )
N—o00
= hm / 2| pu (da) / \z[‘ Dy (dx) + / lz* o (dx) / |z (dz) =0 a.s.

Theorem 17 (CLT for independent non-equidistributed r.v.). Using the same notations of Theorem
10, let us assume that

O

1. Wy (% Zfil vi(dz)v;(dy), n(dx, dy)) fee 0 for some measure n € Pp(R? x RY) with pu(-) =
—00
n(Rdv ) = 77(7Rd)
2. |VN (on —p) —olle o 0 for some measure o in My(R?)
—00
If moreover RU1-5 and TX hold then

VN (U (un) = U (1))

d U U ? sU, 6U
== N (/}Rd 5 (1, ) o(dzx), /Rd <5m (1, $)> wu(dz) — /[Rded 5m(,u, )5m(u,y)77(dx,dy)> )

Remark 18. Since the marginals of & Zfil vi(dx)vi(dy) and n(dx,dy) are respectively vy and p,
one has

N
1
Wy (DN’ :U’) < Wf (N z; VZ(dJJ)VZ(dy)7 U(d% dy))
and so Assumption 1 implies that Wy(Un, 1) e 0.
—00

Remark 19. According to the theorem, the asymptotic variance is given by

/Rd (;Z(u,:v)fu(dx) —/ 5—U(u, x)%(u,y)n(d%dy)-

By Jensen’s inequality

Z/de S (ua (u y)vi(da)vi(dy) = ;IZN: (/Rd 5 )Vi(dw)>2

=1

( Z/R z)vi( dx)>2.

Thanks to Hypothesis 1, Hypothesis RUZ and Hypothesis RU, by taking the limit over N — oo,

one deduces that
oU oU
/Rmsm(“’ ) (o y)(d, dy) = (/ b )>



Chapter 2. Central Limit Theorem over non-linear functionals of empirical measures: beyond the
iid setting

Therefore the following “variance” inequality holds

/Rd (g(u,x))%(dm) - /]R?d g%(u, x)g—gl(u,y)n(da:,dy)

<[ (;ﬂiw,m)?u(dm—% L <dw>)2.

In what follows, we provide an example where Hypotheses 1 and 2 are verified.

Example 1. Let 0y,01, ,0m_1 € Py(R?) for m € N* and define v;(dx) = 0(i—1) modm (dz
for i > 1. We are now going to verify that Hypothesis 1 and 2 are satisfied with n(dz,dy)
L5~ L 0i(dx)0;(dy) and o = 0.

If we prove that

~—

m—1
. 1
Z\}E)noof H 29 (i—1 modm(dx)e(z 1) modm dy E IZ:; 0@ ) =0, (29)

then using that the convergence with respect to |||, itmplies the convergence with respect to Wy,
Hypothesis 1 will follow. Moreover since the marginals of %Zfil 0(i—1) mod m ()0 -1y mod m (dy)
and L Z?;_ol 0;(dz)0;(dy) are respectively 3 vazl 0(i—1) modm and %EZBI 0;, Hypothesis 2 will
follow too. Let us therefore prove (2.9). For each N > 0, there exist ky € N and rny € N with

0 <7y < m such that N = kym+ry. Let f be a function on R?® such that |f(z,y)| < 1+|z[t+]|y|’.
One has

\/N RQdf x y ZG'L 1modm d:L' 91 1 modm dy - Z RQdf €T y (dx)ez(dy)
ry—1
_\F‘ —)Z f:cy (dx)0;(dy) —i——z Rmfxy i (dx)0;(dy)

‘ T'Nl

£, )03 (de) 03 (dy) + fZ/ £ ()03 (d)0s (dy)|

i—0 R2d
Taking the superior limit over N — oo, the right hand-side converges to 0 which completes the proof.
In the following example Hypothesis 2 is verified with ¢ = 0.

Example 2. Let i € Pp(R?) and v; € Py(RY) such that |lv; — pl|, < % fori>1 with ¢ < oo and
i
o > % Then

VN sup x)vi(dr) — f(z)p(dx)
FAr@) <1+l | N Z R
1 .
N N 0 ﬁ) ifa>1
< — ; — — — = nN fa=1
— \/N;HV /’LHK— \/N;ia @) ZfOé
= = 0 Nra) ifa € (0,1)

Therefore, since o> %, taking the superior limit over N — oo we have VN ||y — pil|e ey 0.
—00
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2.1.2 Markov Chains
Markov Chains and the Poisson equation

We are now going to state the Central Limit Theorem for Markov chains. Let us first recall some facts
useful to it. Let us consider X;, ¢ > 1 a Markov chain with initial distribution r; and transition
kernel P on (R, B (R?)). Given a measurable function V : R? — [1,00), we can introduce the
following normed space

Vv =< ¢ : RY = R measurable : sup [¢(z)] < 00
z€R4 V(:E)

equipped with the norm

¢l = sup 1242

z€R4 (x) .

Definition 6. We say that a Markov chain (X;);~, is V-uniformly ergodic if there exists j € P (Rd)
such that -

sup .. P'¢(x) —
lim sup P¢.H¢||V§1| ¢ (z) — pu ()]

=0.
n—00 | pd 1% (x)

We now recall respectively the notions of ¢—irreducible Markov chains (see Proposition 4.2.1
[43]), positive Markov chain and Harris recurrent Markov chain.

Definition 7. We say that a Markov chain (X;),~, is ¢-irreducible if there exists a measure ¢ on

B (Rd) such that for all z € R, whenever W(A) > 0, there exists some n > 0, possibly depending
on both A and x, such that P" (xz, A) > 0.

Definition 8. Let (X;);»; be a y-irreducible Markov chain. Then
. (XZ-)Z.21 is called a positive Markov chain if it admits an invariant probability measure.
® (X;);>; is called Harris recurrent if every set A € B (R?) s.t. 1 (A) > 0 satisfies
Ps, (ﬂ U {XkeA}> =1, zeA
N=1k=N

The following proposition shows that under the V-uniformly ergodicity, the Markov chain has
several properties: in particular it is positive Harris recurrent.

Proposition 3. Let us assume that the Markov chain (XZ-)Ql is V-uniformly ergodic with probability

measure 4 € P (Rd), Then (X;);>; is a positive Harris recurrent Markov chain with unique invariant
probability measure p and

(V) < oo. (2.10)
Moreover

o there exist r € (0,1), R < oo such that for alln € N

SUPg: gy <1 [P (2) — 1 ()] n
xs;ﬂgi V) < Rr (2.11)
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o there exist x € (0,1), D < oo such that for alln € N

. pr —
sup Sup¢.||¢uﬁg1’ ¢ (x) — ()]

< Dy (2.12)
x€R4 %4 ($)

o there exist K1, Ko € Ry such that Vx € R4

PV(z) < K\V(z) + K. (2.13)

Proof of Proposition 3. Let us first observe that the hypothesis of V-uniformly ergodicity implies
that Vo € R, VA € B(R?), |P" (z, A) — pu (A)| — 0 and so according to Definition 7, the Markov
n—oo

chain (X;),~, is p-irreducible. Moreover the Markov chain is aperiodic.

Thus by Theorem 16.0.1 [43], the V-uniform ergodicity implies (2.11) and the existence of a real
valued function Vo : RY — [1,00) equivalent to V in the sense that ¢!V < Vg < ¢V for some
¢ > 1, a petite set C (see Section 5.5.2 [43] for the definition of petite sets and their properties) and
constants H € (0,1], b € [0,00) such that

PV (x) < (1—H)Vy(2) +blc (z), =€R% (2.14)

Since Vj is equivalent to V, (2.13) easily follows and by Lemma 15.2.2 [43|, Vj is unbounded off
petite sets that is {y € R?: Vy(y) < n} is petite for all n € N (see Section 8.4.2 [43]). The above
estimation has multiple consequences. By Theorem 14.0.1 [43|, (2.14) implies that p is an invariant
probability measure satisfying

p (V)= [ V@ u) <o

and so, by Definition 8, (Xj;);~; is a positive Markov chain.

Moreover, since (2.14) obviously implies that PVy (z) < Vg (z) if ¢ C, by Theorem 9.1.8 [43]
(Xi),;>, is Harris recurrent. By the Aperiodic Ergodic Theorem (see Theorem 13.0.1 [43]), (2.14)
implies also that the invariant measure y is unique.

To conclude the proof, we just need to prove (2.12). Jensen’s inequality and (2.14) imply that

Py/Vy(2) <PV () < V(1 — H) Vp (2) + ble ()
<VI—HW () + Vble (x)
By Theorem 16.1.2 [43], the Markov chain (X;);5; is v/Vp - uniformly ergodic and, using again
that Ve WV < VT < ﬁ\FV, it is also v/V - uniformly ergodic.
The application of Theorem 16.0.1 [43]| concludes the proof of (2.12). O

Remark 20. Let us observe that (2.13) and Jensen’s inequality imply that

PVV(2) </PV(2) < VEIV(2) + Ky < VE1/V(2) + VEa. (2.15)

We are now ready to recall respectively the Strong Law of Large Numbers and the Central Limit
Theorem for Markov chains under V-uniform ergodicity. Let us start with the Strong Law of Large
Numbers, a result that will be largely used in what follows (a proof is provided in Theorem 17.1.7
[43] under the assumption that the Markov chain is positive Harris recurrent).

Theorem 21. Let us assume that the Markov chain (X;),~, is V-uniformly ergodic and let p be its
unique invariant probability measure. Then for each function f : R* — R measurable and such that
p(lf]) < oo,

N
Vv € P(RY) Py, (;;f(Xk) N u(f)) =1
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Since, by Proposition 3, u(V') < oo then

()]
epn V(@)

is a sufficient condition to ensure that u(|f|) < oo.
Before enunciating the Central Limit Theorem for Markov chains, we need to introduce some facts
about the Poisson equation. For a fixed f such that u(|f|) < oo, a function F : R? — R measurable
and such that Vo € R?, P|F|(z) < oo is called solution of the Poisson equation if it satisfies

< 00 (2.16)

Vr e RY,  F(x) — PF(z) = f(x) — u(f) (2.17)

where 1 as above denotes the invariant probability measure associated to P.
If the Markov chain (X;);>; is V-uniformly ergodic, since by (2.11) sup,cga W <||flly Rr™
with 7 € (0, 1), the series of general term (P" f — pu(f)), ey converges in the space Vi equipped with
the norm |||\, and

F=Y (P"f—puf) (2.18)

neN

is a solution of the Poisson equation (2.17). Moreover any solution can be written as ¢ +
Y men (P f = p(f)) for a constant c € R.

As a consequence of (2.12), the following proposition holds.

Proposition 4. Let us assume that the Markov chain (Xi)i21 is V-uniformly ergodic and let p be
its unique invariant probability measure. Then if f is such that f?> € Vy, F = Yonen(Prf = u(f))
converges in ||| 7. F is solution of the Poisson equation (2.17) and satisfies F? € Vy. Moreover

for-cach € N PP (@) - u(f) £(@)
e e SN e

with x € (0,1) and D a finite constant.

We are now ready to enunciate the Central Limit Theorem for Markov chains in the linear case
under the V-uniform ergodicity (see Thereom 17.5.4 [43]).

Theorem 22. Let us assume that the Markov chain (Xi)i21 is V-uniformly ergodic and let p be its

unique invariant probability measure. Then for each function f : R* — R measurable and such that
f2 € VVv

N
VN (;; > (X)) - . f(fc)u(dw)> =5 N (0,1 (F?) = u((PF)?)
=1
with F solution of the Poisson equation
F(z) - PF(z) = f(z) — p(f) @ €RY.

We are now going to provide some conditions on P under which a Markov chain is V- uniformly
ergodic for some measurable V : R% — [1,00).

Example 3. We say that P verifies the Lyapunov Condition if:

L1 Jv:R? = R, measurable, IK €¢ Ry, 3y € (0,1), Vz € R?, Pv(z) < yv(z) + K

2K
L2 3R > T Jp € (0,1], Yo,y € R such that v(z) +v(y) < R, P(z,-) A P(y,-)(R?) > p.
-7
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In [30], Hairer and Mattingly proved that under stronger conditions on P: it verifies L1 and there
exists a constant q € (0,1) and a probability measure ¢ so that

inf P(z,9) = aC () (2.19)

with C = {:L’ eRY:v(x) < R} for some R > %, the transition kernel P admits a unique invariant
probability measure p. Moreover

K
p(v) < 15 (2.20)
and V3 > 0,VYo € P (Rd) ,Vn € N,
#l|@ll14p0<1 ¢:[|@ll1+50<1

where x (p, 8,7, K,R) = (1 —p+ BK) V % €(0,1) if Be (0,%).

It is possible to adapt the proofs in [30] and obtain the same results by assuming that P verifies L2
in place of (2.19). In particular, in the proof of Theorem 3.1 [30] the same estimation in the case
of x and y such that v(z) + v(y) < R holds under the Lyapunov condition.

Let 5 € (O, %) and let us observe that if we take o = 0y, € R in (2.21) we obtain

1
m . ||¢SHUP - |P"¢ (z) — p(9)| < ’ H(bﬁup - |P"¢ () — 11 (9)]
) NPl < Holl1480<
<(x(p 8,7 K,R)"  sup |p(x) = p(9)
#9145, <1

< (v B R max (24 2 5) (10 )

where to obtain the last inequality we apply (2.20). Thus

SUPg: | ¢]|1 4 <1 P9 (x) — p(9)]
i (5,1 S, Lo (@)

< (X (07577,K;R))nmax (2—|— M{75) — 0.

1—’y n—00

This proves that if P verifies the Lyapunov Condition, then the Markov chain is 1 4+ v-uniformly
ergodic.

Statement of the theorem

As in the statement of Theorem 17, for a given measure u € Py (]Rd), let us consider the Hyphoteses
RU1-3, together with

RU6 Ja € (%,1],30 < 00, Vi, u2 € B(p,r)

oU oU
%(Mz,fr) - %(Mhﬂf) , a
sup " <o(/ (1+|Z/\2“)|M2—M1\(dy)> .
z€RE 1+ |x|2 R
L3 Cy:= lal” <
0 := SUD,cRd Vo) 0.

Remark 23. Let us observe that by (2.10) and L3, we have

/Rd || p(dz) < oco. (2.22)
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We are now ready to provide the Strong Law of Large Numbers and the Central Limit Theorem in
this context.

Theorem 24 (LLN for Markov chains). Let £ > 0 and let X;, i > 1 a Markov chain with initial
law vy and transition kernel P. We assume that (XZ‘)i21 is V-uniformly ergodic with V' satisfying
L3. Let p denote its unique tnvariant probability measure and let us define

1 N
HUN = N ZléXz
1=

Then
We (N, 1) -0 as

Proof. Let us first prove that uy — p a.s. It can be proved that for probability measures it is
possible to test the weak convergence over the continuos functions with compact support (see for
instance Corollary 30.9 [4]). Therefore

P (1) 3 ) ¥ € G ) = (ux () 3 uh) v7 € (R

where Cy(R?) denotes the set of bounded continuous functions and C.(R?) the set of continuous
functions with compact support. Since C.(R?) is separable with respect to the infinity norm, we
can apply Theorem 21 to deduce that the right hand-side is equal to 1 and so the almost sure weak
convergence of puyn to p is proved. If £ > 0, to conclude the proof of the Wasserstein convergence we
need to prove the convergence of the £th moment. Since (2.22) holds, we can again apply Theorem
21 and deduce that

lim \37|Z,LLN(d:c):/ 2 u(dz)  a.s..
R4 R4

N—oo

O

Theorem 25 (CLT for Markov chains). Under the same notations of Theorem 2/, let us assume
that the Markov chain satisfies the V-uniform ergodicity with V satisfying L3. Let us moreover
assume RU1-3, RUG6.

Then

VN (U () = U (1) =5 N (0, (F (1)) = (PF) (1,)))

where F (u,-) denotes the unique (up to an additive constant) solution of the Poisson equation

oU oU
Pls.a) = PF(uo) = o (ua) = [ S0 (ryn(ay), = <.

In what follows, we provide an example of functional satisfying the Hypotheses RU1-3, RUBS6.

Example 4. (U-statistics) Let £ > 0 and n € N\ {0,1}. The function on Py(R?) defined by
Up) = /(Rd) B(ar, -+ wa)p(dar) - p(dn) (2:23)

where ¢ : (RH™ — R is a symmetric function such that the above integral is well defined, is called
a U-statistics. Hoeffding [3]] in 1948 provided a Central Limit Theorem for the U-statistics in
the case of independent equidistributed random variables. Several papers then tried to extend the
limit theorems for U-statistics established in the i.i.d. setup to the weakly dependent framework and
this was mainly done by means of the coupling techniques. For instance Denker and Keller in [17]
proved a Central Limit Theorem for particular stationary processes under a Lipschitz condition on
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¢. Moreover in [1], in the case of stationary ergodic processes, the strong law of large numbers is
established.

Bertail and Clémengon [6] developed an alternative to the coupling methodology in the Markovian
framework, the regenerative method (see [57]). In particular, they focused on the Harris Markov
chains: sample paths of such chains may be divided in i.i.d. regeneration blocks. Thanks to this
property they investigated the asymptotic behaviour of U-statistics of positive Harris Markov chains
by defining an approximant “regenerative U-statistics” to which the results established in the i.i.d.
framework apply. Under some technical assumptions concerning the integrability of ¢ involving the
hitting time of the regeneration set, a Central Limit Theorem is provided. We acknowledge that
verifying such hypotheses could pose challenges. Let us now study the asymptotic behaviour of the
U-statistics as a consequence of our result.

By assuming that ¢ is a continuous functions such that

lim sup [#(z1, 22, 2n)| _ 0, (2.24)

|z1|—00 (2, xn)E(RE)n—1 H?:l(l + |1;l’§)

we are now going to verify that (2.23) satisfies RU2-3 and RUG6. Therefore, by considering a
V-uniformly ergodic Markov chain with V satisfying L3, a Central Limit Theorem holds.

It is possible to prove (see Example 2.7 [36]) that the linear functional derivative of (2.23) is defined
for each p € Wy(R?) and it is given, by choosing the constant equal to zero, by

oU
5 (Na'wl) :n/ (Cb(xl,ZEQ,"' 7xn) _¢(05$27"' 7xn))ﬂ(dx2)ﬂ(dxn)a Ty € Rd-
m (Rd)nfl

By the symmetry of ¢ and (2.24), Ye > 0 M, such that for |x;| > M,

sup [Pl xg, - ,ﬂﬁen)| (2.25)
@1 @im1, @i, en) €@ TTE (14 |24]2)
Moreover by (2.25) and the continuity of ¢, ¥ (x1,--- ,x,) € (RY)™ one has
|p(@1, 22, zn)| = |@(@1, 22, 2n) [ Lz >an + [S(@1, 22, 20) | Lz _<asy (2.26)
< ﬁ(1+ |z:]2) + C (2.27)
i=1

for some positive constant C' < oo.
Let us fir i € Po(RY) and r > 0. We recall that B(u,r) denotes the ball centered at ju with radius
r for the metric Wy.

RU2. Let (fi,z1) € B(u,r) x R%. Using the above estimation we obtain

oU
%(Nﬂ?l)

< n/ (0(er, 22, zn)| + 16(0, 22, )]} fdza) - f(dz)
(Rd)n—1

n

< n/(Rd)n_l (H(l + ’xz‘é) + H(l + ]3:,‘5)) f(dazy) - - - i(dx,) +2Cn

=1 =2
< D(1+|n1]?)

for some positive constant D < oco.
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RUS. If Wi(fu, p) goes to 0, let m € P(R*) with m (- x RY) = fi(-), m (R? x -) = pu(-). One has

oU [~ )
‘%(Mﬂ?l) - %(Maxlﬂ

7 (2.28)
z1€RY 1+ |z1]2
ey [@(@1, 22, 2n) — @21, 52,7+, 80) | [ [1g w(di, dsi
<n sup f(Rd)2( Y 7 2 ) (2.29)
Z‘1ERd 1 + |:’E1|5
—l—n/ |6(0, 22, 3n) — $(0, 82, , sn)| [ [ (i, dsy) (2.30)
(Rd)2(n—1) i—o
n— |¢(.’L‘1,ZL‘2,"' a$n)_¢($17827"' asn)|H?: W(dl’i,dSi)
< 2n sup f(Rd)Q( ! 7 2 . (2.31)
$1€Rd 1 + ‘$1|§

Let € > 0. By observing that for |y| > %, é < ¢, let us define M, := max(%,ME). The

function ¢ is uniformly continuous on B = {l’ € RY™: ||z, < ]\;fe}. Therefore 3n, ;>0

such that for x,T € B satisfying maxo<;<p |2; — Z;| <1, Lo

|¢($1,l‘2, e ’xn) - ¢(x17:i27 T 7*%71)’ S €. (232)

If we denote the vectors (xa, -+ ,x,) and (S2,- -+ , 8y) respectively by xo., and S2.,, it is possible
to rewrite the integral in (2.51) in the following way (%)

n

ﬁ¢(w1’ 22m) = @1 520 L 01 )| <8 1,520l o <08 M 200 <0, g, | [ (23 i)
1=2
n
+ 2 /i¢($17 132n)| 1||(-'E1,-'E2:n)”ooSMe1“(531732:77,)”00SM€1“I2in_s2in||oo>n€7lﬁje H Tr(dl”“ dsl)
=2

i /W“’ 2 s sl <t M@ 520> e -Hf(dxi’ )

" /'Wl’ 3230 L a1 g8, Lo a1, L1 (@i dsi)
1=2

L (EE S RIS | ELEN

=2

+ /’¢(1’17 32:77,)‘ 1||($17$2m)”00>1\;[€ Hﬂ'(d:ﬂi, dsi).

1=2

Let us now study one by one the terms appearing in the above expression (x).

L [1é(@r, 22m) = S(@1s s20) | Loy )l BT L 21,5200 o <37 Hiwzin —s2:n o <, g, [ie (i, dsi) <
e by (2.52).
2. By the continuity of ¢ and Markov’s inequality

n

2 /"Wl’ 220) 1 o ) oo sl <8 Moz szl . | ] (s i)
=2

n
<2- sup |é(z)- Z/llmi—3i|>775’]\7[€7r(dxi7dsi)
[[€]] oo <Me i=2

2 n
< s fo] ) Jla: = sln(ds. dss).
=2

Myt ol <
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3. By (2.27), Markov’s inequality,

n

ﬁﬁb(xla T2:p)| 1||($1»$2:n)||oo§Me 1H($1782m)”w>M€ H m(dx;, ds;)
1=2

< Z/(C+ H(l + |xj’2))1|3i‘>Me Hﬂ(d:cj,dsj)
=2 j=1 =2

4

n—lc/sv (ds) + €5 (n — 1)(1 + |oa |5 )(/(1+\x|) > (/s\f ds)

4. Similarly to the previous point

n

ﬁgﬁ(fch | TR R TR || ECEENCED

=2

SZ/C+(1+’$1| H 1+ |s5]2) |Si|>MEH7T(dxj,dsj)
i=2 j=2 j=2

< ln=1C [ 1stutds) + ckn =1+l ( 15182 ) </|s|‘ ds)
5. Finally by (2.25)

n

ﬁ¢(x17 22:0)| L (@1 ) | > I Hﬁ(d%‘, dsi) + ﬁ¢(9€1, $2:m) | L) 2 wgm) > I, Hﬂ(dwz‘, ds;)
i=2

1=2

<+ fonl®) f(1+ 1) ﬂ(dx)>n_1 welt+ ol  f(1+1019) u(dé‘)jn_l-

Therefore plugging all these estimations in (2.31), choosing m as the optimal Wy coupling
between i and p, we obtain

SU ( ~ U
sup |m(ﬂ,ﬂfl) - Tmﬁ(ﬂvfﬂl)\
$1€Rd 1—|— |"E1‘5

W“l(ﬂaﬂ) £ £.9 ”;1
D su z)| &~ e+ez +¢€ z|2)2j(dx
< (”%Mb( I B et ><(/1+| () +1>>

for a positive constant D depending neither on € nor on ji. For fixed €, let Wy(fi, ) converge
to 0. Then [|z|*fi(dx) converges to [|s|*u(ds) and [(1 + \x!g)2

f(dx) converges to [(1 +
|s|2)2u(ds). It is then possible to conclude that the left-hand side goes to 0 by letting € go to
0.

RUG6. Let p1,p2 € B(u,r). By (2.27) we have

57U( ) — 57U( )
Sm M2, T1 om M1, 21
sup 7
z1€RA 1+ |z1]2

Sy |01, w2, @)l |pa(das) - - pa(dwn) — p(das) - - pa (dan)|
< 2n sup

1 GRd

1—|—]$1|%

n n ﬁ n —
o Shea Sy (4TIt oal9)) T palds) b — g () TS pa ()
< 2n sup

x1 cRd

<C [ (Ll =l (do)
R

1+ |z
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for a constant C' < co not depending on (ju1, p2).

2.2 Proof of the Results

In this section we will provide the proofs of Theorem 17 and Theorem 25. We will start by proving
the Markov chains case since it is more complex. Afterwards, we will present the proof for the
independent and non-equidistributed case, avoiding repetition of common parts whenever possible.

2.2.1 Markov Chains

In the proof of the theorem we will need that the integral of V' respect to v is finite. The next
Lemma permits to suppose it in the proof.

Lemma 3. If Theorem 25 holds for each v1 € P(RY) such that 11 (V) < oo, then it holds for all
V€ P(Rd)
Proof. If 11(V) = oo, for K > inf,cga V(z) let us consider xyp € RY such that V (z9) < K and

define qbK(x) = l“l{v(;c)gK} + 3701{V(z)>K}-
If we now consider the measure X (A) := v (¢ (A)) for A € B (R?), then

W) = [ Vet = [ Vioxam)

R4

Moreover
drv (vi,1) = sup (@)l (de) — [ P(z)(dr)
Pif|| o<1 1/RE R4
= sup (¥(20) — ¥ (7)) v (@)>xyvi(de)| <vi({z: V(z) > K}).
Y|l o <2 [/RE

Let us consider now the Markov chain with initial law leK and transition kernel P on (Rd, B (Rd))
and denote by P x the law of the process (IP,, will denote the law of the original Markov chain).
Since the initial law of a Markov chain, together with its transition kernel, determines the law of
the entire process, one has

d P, Px)= su  F(@)Py, (dz) — o F(l‘)]P)ViK (dz)
TV( 1 ) FEB(Rd)(gNI:)HFHOOS% /(Rd)® /(;Rﬂ

= sup /IF’(;x(F)l/l(dx)—/ ]P’ggc(F)V{((d:c)
FeB(R) ™ p| <L /R R4

<dry (v, v]")

= sup /]Rd fr(z)vi(dz) — /Rd fr(z)vE (dx)

FeB(RY) | F|| <1

where we introduce the notation fp(z) = Py, (F) for each F € B (RY) N Since it is straightforward
to demonstrate that dpy (Pyl,IP’V{<> > dry (Vl, 1/1K ), the equality dry (IP’Z,“IP’V{<> =dry (1/1, le )
holds. Therefore if we are able to prove that for all bounded, continuous functions f

Jim B (f (VN (U(un) = U ) ) = E(£(9))
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where G is a Gaussian random variable not depending on K, then

By (f (VN (U(un) = Ul >>)) E(

By, (f (VN (U () )) E (£ (VN (UGw) = U(n)))|
+ By (£ (VN W) = U(m)) ) —E(S(

< 2|l drv (PW,PVK) + B (1

< 2| flloo drv (v1,v1%) +

<

Since dry (v1,v4) < v ({o: V(z) > K}), we can first take the superior limit over N — co so
to obtain that

o (£ (VN UGw) = U())) = E(F(G)| < 20 fllogra (T V(@) > K.

N—oo

Then we can conclude that the left hand-side is equal to 0 by letting K to infinity. O

The proof of the theorem relies on the Poisson equation whose explicit solution and norm
estimations are studied in the following Lemma.

Lemma 4. Under the assumptions of the previous theorem, for a given m € B(u,r) let us consider
the following Poisson equation

F(m,z) — PF(m,z) = g% (m,z) — /Rd U (m,y) u(dy), =€ R (2.33)

om

Then (2.33) admits a solution given by F(m,-) = n(P" ‘Sgl (m,-) — u(ggl (m,-))).
Moreover

o Form € B(u,r)

1E” (m, )l 7 < C (2.34)
e For my,mg € B(u,r)
U (my, ) — 8L (my, )]
F(m1,-) — F (mao,- <C’1 sup ’ om : 2.35
I (1) = P (o, < € s - 25)
and so for o € (5,1]
_ 0 o
IF (1) = F ey < 4 ([ @t o)me = milian) ) (230)

with C1 a finite constant not depending on m, m1 and ms.
2
Proof. By Proposition 4, to ensure the existence of the solution, it is sufficient to check that

(& (m, ))2 € Vy. By Hypothesis RU2 and L3

om
sU 2
SupM_ 7§202(1—|—CZ)<OO
reRd (‘T) zeR4 (x)
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Let us now estimate the norm ||| 57 of F'(m,-). By Proposition 4, one has
5U oU
k . —_— —_— .
I (m. )y = Jim ZP S (m, )~ w3 (m, >>‘
vV
- sU sU
<> |5 e - e m)|
kZ:o om om IV
Then again by Proposition 4 and Hypothesis RU2
5 5 pkoU ,z) — U - U ,
‘Pk o ,‘)—M(U(m,'))’ — s [Pm O 8) G (D] gy, Lo (9l
om om JV  zeRd V(x) z€RY V(x)
£
SDC’k 1+ su |2 §DC’“ 1++C
* ( rere V(@) (1 va)
where to obtain the last inequality we used L3.
Therefore we have obtained that
1
: < - .
I (m. )l yp < = DC (14 V)
Finally let mq, mo € B(u,r) and proceeding as above, by Proposition 4 we have
IE"(ma,-) = F (ma, )|l v
oU oU oU oU
P (o ) = 5o ) ) = (o ) = 5o )|
— om om om om Ni%
By Proposition 4 and Hypothesis RUG
oU oU oU oU
P = R 3 — - D) — .
' ((5777, (m17 ) Sm (m27 )) M(ém (m17 ) Sm (m27 ))‘\/‘7
|P* (35 (ma, @) — 85 (o, @) — (87 (m, ) — G5 (m2, )|
= sup
zeR? V(zx)
5U
A IS
z€R4 \/
< DY sup - ( / Lt lyf46) = ()
xERd
- Doyt (1+ \/ ) (/ (1 ) e ) )
where we used L3 to obtain the last equality. Therefore we have
I (1, ~ F (ma g < DO (14v/@) ([ 0+ bl#lms — malian))
) ) \/V’l = 1 Y Ré
O

Proof of Theorem 25. FIRST STEP

Let us preliminary recall that by Theorem 24, Wy (un, 1) 7 0 a.s. To study the limit distri-

bution of VN (U (uy) — U (1)), let us define for i = 1,--- | N and s € [0, 1]
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1 s 1—i—s
bs _ R S i )
Ty N;CSX]—FN(SXZ-F( + )u

N1 1 . .
We have " = uy and ul\}o = p. Moreover, since for i =1,--- N — 1
i1 _  i+1,0
Uy =By
one has

N
VN (U () = U () = VN S (UG = Ui

i=1

Let us now show that almost surely ué’v‘s converges uniformly to p with respect to the distance
Wy that is

We(us? 0 as. 2.37
2%, sup onyp) = 0 as (2.37)

Fori=1,---,N and s € [0,1]

s il i—1,1
py = suy + (1= s)uy

: 1
under the convention u?\’,

= ,u,}\’,o. Let m € H(,u?{,l,,u) and 7 € H(ué\,_l’l,,u) where II(p1, p2)
{ne P®R™): u(- xRY) = i (), 1

(RY x ) = po(-) } for pur, po € Pe(RY) and define

7 (dz,dy) = sm (dz,dy) + (1 — s)7 (dz, dy) .
Then

T (dx,]Rd> = sm (dx,Rd) +(1 =97 (dx,Rd) = sué{,l +(1- s)/ﬁ;l’l = ,ué{,s
7 (Rd, dy) - (]Rd, dy) + (187 (Rd,dy) —spt (1—8)p = p.
By supposing that ¢ > 0, we have:

Wt (Mé{}g’,&) < / \z—y|°7 (da, dy) = 3/ lz—y|‘r (dac,dy)—i—(l—s)/ lz—y|“7 (da, dy) .
R4 x R4 R4 xR4 R4 xR4
(2.38)

Taking the infimum over 7 and 7, we conclude that
i i1 i—1,1 i1 i—1,1
Wit (uﬁ{ﬁu) < sWivt (uﬁ{; ,u) + (1 - sy (u?v ,u> < Wit (uﬁv ,u> vt (uﬁv w)
and so

2,8 _ 7,1
e, s We (4 1) = o, W (4 ). 2:39)

Now since fori =1,--- | N

P i i i
M]{}:NZ5XJ-+<1—N>M:NM¢+<1—N>,u7
j=1

let v € I(p;, pt) and define (dz, dy) = &v(dz,dy) + (1 — %) p (dz) 6,(dy). Then
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e ) = (e B+ (1 ) ) (R = () + (1= ) () = i)
F(RY, dy) = %V(Rd, dy) + (1 - &) p(dy) 6, (R?) = %u(dy) + <1 - ;,) p(dy) = p(dy).

Therefore

W (k) < [ eyl = o [ e-ylatdndy). 240
Rd xR N Jrixgrd

Taking the infimum over -, one has

1
i A
Wi (M;{rl,ﬂ> < <N) We (pis ) -

Finally let « € (0,1) so that
i1 i\
OI;%VWe (u]&,u) < B <N> We (pis 1)
7 a1 i
= max <N> W (pi, p) +  max <N> We (i, 1)

1<i<calNJ LalN <i<N

1
< vt We (; W (14 .
< T sup e(pis )+ max W (ui 1)

Since we have proved that limy_,oo Wy(un, 1) = 0, for fixed o the last term goes to 0 as N goes
to infinity while the first one is arbitrarily small for o small and so (2.37) is proved.

By replacing |z — y|® with 1 A | — y| in (2.38) and (2.40), we can do exactly the same for ¢ = 0.

SECOND STEP Let us define

IN:min{lgiSN:Elsé[O,l]:Wg(ué(}s,p) 2r}/\(N+1)

and let us introduce the filtration (F; = o (X1, -+ ,X;)),~; for which Iy is a stopping time.
According to the first step, under the convention min() = 400, Iy is a.s. equal to N + 1 for each
N > N* for a random variable N* taking integers values. This stopping time allows to introduce in
the proof the linear functional derivative associated to U since by Hypothesis RU1 it is well defined
in the ball of radius r and center pu.

For N > N*, by Lemma 2, we have

b)) _ N~ [ [ 8T s (O, — pn)(de)
) =0 ) = 32 (V) - 00) =3 [ [ S S

Setting

N
1 SU 5U
Qvi= 3 3 (o™ x0 - [ SLGin e,

2 \om . m

we deduce that for N > N*, U (un) — U (n) — Qn coincides with

N 1
_ Inene 8U | is 8U | io
o= RS [T [ (o) - 0800 ) (o
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Let us therefore consider the following decomposition:
VN (U (un) = U (1)) = VN (U (uv) = U (1) = Qn) + VNQy.

We will see that the first term will go to 0 in probability (third step) while the second one will
converge in distribution to a normal random variable (fourth step).

THIRD STEP Let us first prove the convergence in probability of v N (U (un) — U (1) — Qn)
to 0. By definition we need to prove that Ve > 0

Jim P (VNIU () = U (1) = Qn| = ) = 0.
One has

{VNIU (1) = U (1) - Qul = ]

= ({VNIU (o) = U (1) = @l = OV = M) U ({VEIU () = U (1) — Qul = €} (YN < 3Y)

C ({VRI ()~ U (10— Qul = ¢} (Y = M) AV < ).

Therefore

P (VNIU () = U (1)~ Qul 2 €) SB(N < N°) + B (VNLyan- |U () ~ U (1) ~ Qul > €).

Since limy_00 P (N < N*) = 0, it is sufficient to prove the almost sure convergence of vV N Ry
to 0. One has

N
In>n+ U SU
< = —_— o —
Al < 2 [ {5000 = 56 o, — a)
1N>N* oU o
< —_— ’ ) .
< §j / ds [ |Gt ) = 3o id) (B + ) o)

By Assumption RU6, 3C < oo, da € (%, 1] such that for N > N*
£ £ 7,8
< Ol ([ (1ol I

i,8 i S
1 = 1 (dy) < 5 Ox, + p)(dy).

Substituting the above quantity and using the subadditivity of z +— % one obtains
[/ ¢ Y s\

< 2 2a ) —
<ol (24 [ wEox + @) (5))

C o ¢
< ya(l+lzf2 5) (27 4+ X + Iy\2au(dy)

C* ‘ ‘
a (1 1) (1 1)

where we used (2.22) to obtain the last inequality with C* a finite constant. Therefore

U sy . OU

1)

with

Sm KT om Ky T

IN
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% N
x| < Nﬂ;/R (112f#) (1 + 103 @, + )(da)
o & £ ¢ ‘
= e 20 (L) (2 it [ et )
o ‘ ‘ L ¢
= a2 (2 [ etbutaa) + (35 [ fotbutan) ) 1t + 1)

< Na“‘/ ly| e (dy)

for some positive constants C; and Cs. Therefore one has

C C
=g ML)

and since o > 3 and imy 00 [pa [y[“un(dy) = [ga [y|*1(dy), we can conclude that the left-hand
side goes to 0 as IV goes to infinity and so the third step is concluded.

FOURTH STEP As previously mentioned, we will now proceed to prove the convergence in
distribution of vV NQn to a Gaussian random variable.
Remember that

Qx = \ﬁz (ot xo = [ S, a(an) )

and let us consider for a given m € B(u,r) the following Poisson equation

F(m,z) — PF(m,z) = g% (m,z) — /]Rd % (m,y) p(dy), zeR™L (2.41)

By Proposition 4 we know that it admits a solution. Thanks to that, we are able to rewrite

VNQy as

N
e o) o )
\/1N > F z/\INOX) ZF((zlAIN, Xz))

(Gt o)

1=

=Kon+Kin+Kony+ K3 n

with
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; \/N ?
L+ / (i-1)
Kiov— (F(z/\IN,D’X>_F( /\IN,’X>)’
1,N \/NZZ; K i N i
PF (N%/\IN,O’X )
KQN - )

Ko = () e (4.5

The idea now is to study the convergence of K; y for i =0,---,3. We will see that Ko n, K1 n
and Kz y go to 0 in probability as IV goes to infinity while K3 y is the term providing the conver-
gence in distribution to a Gaussian random variable. By Slutsky’s theorem, we can therefore obtain
the limit of VNQn (same as the limit of K3 n) and conclude the proof.

Convergence of Koy + K; y + K3 v to 0 in probability

The almost sure convergence (and so in probability) of Ko x to 0 is immediate.
For what concerns the convergence in probability of K1 n to 0, following the same idea used in the
third step, it is sufficient to prove the almost sure convergence of 1ny>n+|K7 n| to 0. Therefore

Loy [Kin| = 1%* f; (F ("0 x;) ~ F (ug\i,l)MN’O,Xi»' (2.42)
S1N>N*Z‘F<MN7 >_F<110X) (2.43)
e S e () PG T e

By (2.36), observing that uév ,u’ﬁl 0 = (6Xi—1 — ,u) , one obtains

i,0 i—1,0 = = i-1,0 “
F(NNa) F(MN )Hf_lsz +C1 </Rd<1+|y|2 )Iu MNI(dy)>
1 o
< bon-Cyya (24 [ Wifax @+ [ i utan)
R

1
< Iven-Cl va (|Xl |3 +1)

1N2N*

where we used (2.22) and the subadditivity of = — x® to obtain the last inequality with C’i a
2

finite constant. Therefore plugging this inequality in (2.44), we obtain the following estimation for
In>n+ | K1 N

1N2N*OI N ,
2 . 5 .
In>n+ [ K n| < Nt EZ: <|Xz—1|2 + 1) V(X;)
1 1 &
= 1N2N*Cl (N‘”% ZZ;! NZZ; V(Xi)>
1 1 N—-1
_ 0, | _
< lvzn-Ci <2Na—% g *Z‘X’ 1+ N;V(XZ)JF 2Na+;>'
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Since a > 3, + fi2 | Xi—1]* converges a.s. to [pa|z|‘pu(dz) and + Zf; V(X;) converges a.s.

to u(V'), we can conclude that K; y goes to 0 in probability.
Finally let us prove the convergence of K> n to 0 in probability. Still in this case it is sufficient to

prove that 1y>n+|K2 n| converges in probability to 0. By (2.34) we have

Invsne Ko n| = 111//2Niv* PF (u%onN)‘ < 11\\7/%\7* F (M%O")HW 5 VV(2)P(Xy,dz)
= (50 )| PV O < DYy (VR + V)

where we applied (2.15) to obtain the last inequality. We can therefore conclude that the right-
hand side goes to 0 as N goes to infinity by observing that by Theorem 21, Vi := % vazl V (X;)
converges almost surely to p (V') and consequently

V(XN)_\/_ N—-1_
\/ N = VN N VN_1—>0a.s.

Convergence in distribution of K3 y

To study the convergence in distribution of K3 n, we apply the Central Limit Theorem for
martingales (see Corollary 3.1 [31]). First we need to prove a square integrable martingale property
and then that the Bracket condition and the Lindeberg condition hold.

Let us recall the expression of K3 v

N
1 i i
Kyn == > (F (a7 000) = PF (ufg 0 xi ) )

Fori=2,--- N let

1 i—1)AIN,0 (i—1)AIn,0
Vivi = —= (F (o0, x;) - PF ( 0 Xi)).
N, \/N NN :uN 1
We will start by checking that E(Yy,|F;—1) = 0. Since ué\/,\lmo = Z;;ll 1{IN=J'}N3\’/0 +

1{1N>i_1}u§\’70 is F;—1- measurable, one has

1 i— i—
E (Y| Fi1) = —E (F (MSV 1)/\IN,0’Xi) _ PF (Mg\/ 1)/\IN,O’XZ'_1) |]__i_1)

VN
_ \/1N (IE (F (M%A)Afjv,oni) |E'—1> _E (F (ug\ifl)MN’O,Xi) \}}_1)) =0.

For what concerns the square integrability, it is sufficient to check that
E(F? (ul 0 X)) < oo
By (2.34)
B (o) 5 ([ ), (90)) =g
VvV 2
where E (V (X;)) <~ (V) + K ZZ;% 7% and so by Lemma 3, the right-hand side is finite.

Let us now study the convergence of Zf\; E (Y]\in]]-'i,l):
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_ 1 iE<F2 (u%ﬁl)A’N’O,X') (PF) ( (i—=1)AIN,0 Xi—l) \E’—l)

_ jifiE <2F <M%—1)/\IN,0’ Xi) PE (M%—l)/\IN,o,Xi_l) ’}_i_1>

N

1 (PF)? ( (i—1)AIn,0 Xi—l)

, N
=2 1=2

Before studying the behavior of the above quantity, let us observe that the convergence of

SU (=~ U

Sm L) = S5m y L ~ .

m () 5"} (,2)| to 0 when Wy (i, pt) goes to 0 together with the a.s. convergence of
1+ |z|2

Max| <;<N Wg(p?{,o, 1) to 0 imply the existence of a sequence of random variables (en) y>( converging

a.s. to 0 as N — oo such that

SuprRd

. oU NN .0 oU z
<1< — N - — < . .
V1<i< N 5 (,uN ,x) 5 (,x) | < <1+\$|2)6N (2.45)
With (2.35) and L3, we deduce that
4
; ~ 1+ |z|2 _
iNIN,0 Y X < <
HF (,LLN , ) F (p, )H =S C%EN 5611]151 V) - C% (1 + +/ Cg) (2.46)

First Component We can rewrite the first component in the following way

7ZPF2( i—1)AIN,0 Xi71>

;i(mﬂ( DAINO ) PF? (g, ) ZPF2 (1 Xio1) -

1=

Since by (2.13)
PV (x)

|PF? (1, )|y < |1F2 () ||y SUP iy < (2.47)

by Theorem 21 we obtain that
lim — ZPF py Xi1) = p(PF? (p,-)) = p(F? (p,-))  a.s.

where for the last equality we used the invariance of p with respect to P. On the other hand

;fﬁ: (PFQ (Mg\ilfl)AIN,o’Xiil) _ pF? (4, Xil))'
=2

F2 (u M0 0 ) = P2 (1, 0)| P (X1, do)




2.2. Proof of the Results 53

1 N —1DAIN,0 2
NZ/ (F (i @) = F(4,2)) P (Xio1,da)
=2
+%Z L 1P G [P (0 ) = F )] P (i)
=2
- ]i]g; HF <M§\z'[—1)/\IN,0’ > _F(u .)HTFVPV (Xi_1)
fvfj I1F (o) [ (G D00) = F )| PV (i)

1=2

<en (CE (1 + \/@)2 en + 2@’; (1 + \/@)) ;i (K1V(Xi1) + K2)

=2

+

where we used (2.46), (2.34) and (2.13). Therefore the right-hand side goes to 0 since + SNV (Xi)
converges to u(V) and ex goes to 0 a.s..

Second Component As before, we can rewrite the second component in the following way
Ly (i-1)
2 [ (i—1)AIN,0
NZ(PF) (Mz\lr N 7Xi—1>
=2

]i[i(PF ( (i—1)AIN,0 X, 1) (PF)* (u, X 1) Nﬁf: PE)? (u, Xi_1).
=2 =2

By (2.47) and Jensen’s inequality H(PF)2 (1, )HV < 00, therefore by Theorem 21

N
% Z (PF)? (1, Xi—1) = p((PF)? (11,+))  a.s..
i=2

On the other hand

. ' ((PF)2 (u%_l)“N’O,XH) — (PF)’ (M»Xil))|
< ;fﬁ: <PF <H%71)AIN,O’XZ,_1> — PF (/L,Xi—l))z

2
N .
> IPF (4, X)) ’PF (M%_l)AIN’O,Xz‘—l) - PF (sz'—l)’

P
+ >
< ]tg; <HF (u%‘”“f“o, ) — F(p, .)HW <P\/‘7(XZ-_1)>>2
+ i]é I (s )l 7 HF ( ~DAINO, ) — F(p, .)HW (Pxﬁ(XH))2

<ev (€2 (14 V@) ey 4202 (14VE) ) z(rﬁwz)?.
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The right-hand side goes to 0 as N goes to infinity since ey goes to 0 a.s. and, by Theorem 21,

+ ZZJ\LQ V (X;_1) converges to (V) and + Ef\iQ V'V (X;_1) converges to u(v/V).

In conclusion we have proved that almost surely

*Z(PFZ( VIO X ) = PR (MY X ) o (F2 () — e ((PF)? (1)

N—o0

(2.48)

To finally conclude that K3 n = sz\iQ Yn.i Y (0,u (F? (u,-)) — p ((PF)2 (1, ))), it remains
just to verify that the Lindeberg condition holds.
We need to check that for e > 0, Zf\iQE (Y]%,,il{yﬁ _>6}]E_1> goes to 0 in probability as N goes
to infinity. By Jensen’s inequality, (2.13) and (2.34) we obtain
. 2
NYR; = (F (0, %) = PR (0, Xi0))
< 2F2 (M%_l)/\INyo X) 4 2PF2 ( (i—=1)AIN,0 X’i*l)

<ol e ) v 2 (e )
3202 (V(X;) + K1V(X;-1) + K») < 2LC§( + V(X)) + V (X;21))

V(Xl;l)

where L is a finite constant. As, for a,b,c,g € Ry

(a+b+c) Liatbte>gr = (a+b+c) (1{a>b7a>c7a+b+czg} + 1p>ap>catbre>gr + 1{cza,czb,a+b+029})
< 3al{a>ba>catbrezgt T 301 {p>ap>catbre>gt T3¢l {e>a,cobatbie>g)
< 3a1{a2%} + 3b1{b2%} + 301{02%}’

it is enough to check that for each € > 0

N -1
N 1{;V>e}+ZE(

goes to 0 in probability as N goes to infinity.
It is immediate to prove that the first component goes to 0. For the second component let us
observe that

= i/Rd ‘/](\;”)1{%%6}”131—1 (dz)

N
v o 1Fie 1) +) V()f\;_l) Lvesen )

=2

=2
N
= 2 Jo V( ) {V(:c)>} 1/1PZ ' (dr) - (dl’))
N -1
+ y V(x)l{v(z) },u(dx)
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We can apply (2.11) and deduce that

N
> [ [ o), Lvia, gy (P (.ds) = )
=2

o]t

Thus

(ZE < {V(X) }|fz 1)) ]]\%/-Vllivr) + N]\—r 1 . V(fﬁ)l{%x}p(daj).

By Lemma 3, it is enough to suppose that v1(V) < co and the first term goes to 0. The second
term goes to 0 by Lebesgue’s theorem since u(V) < oco. Finally let us study the third component.
By Theorem 21 we know that Vy := & SNV (X;) converges almost surely to u (V). Therefore

Vv (X N) — N —1_—_

N :VN—iN VN,leOO a.s.

that implies Ve > 0
V(Xn)1 — 0 a.s.
{V()j\ffzv)>€}

N—oo

and taking the Cesaro mean we deduce that

]&E%ovaV(Xi”{w> ) <N1£%:ZV v, ) =0

2.2.2 Independent Non-Equidistributed Random Variables

Before providing the proof of Theorem 17, let us observe that Hypothesis TX implies the Lindeberg
condition.

Lemma 5. Hypothesis TX implies that

N
1 .
Ve >0, lim <3 e (10 ooy ) =0 (2.49)
1=

Proof. An application of Kronecker’s lemma shows that TX implies

il € _ B _
SR ) 0 o
. = — eN . _
Let € > 0, then exists IV, g such that for N > N g, N8B < - Therefore if N > N, g, the
following chain of inequalities holds for each i =1,--- | N
. eN
(158 =) sy = (150 = ) goany
| Xil*
= 1{\X [£>eN}-

Taking the expectation and using (2.50) we can obtain (2.49).
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Proof of Theorem 17. To study the limit distribution of v/N (U (un) — U (1)), let us consider the
following decomposition

VN (U (un) = U (1)) = VN (U (un) = U (o)) + VN (U (9n) = U (1)) - (2.51)

We will prove that

VI W ) = o) 8 (0 [ S G utan) = [ S0 )3 Gt a))

dyRd om

and VN (U () = U (1)) = Jya (s 2)o(dr).

Let us start by studying the second term in the above decomposition.

Limit of VN (U (vy) — U (n))
Let us first observe that by Remark 18, Assumption 1 implies Wy (Dn, ) e 0. Therefore one
—00

has
lim sup Wy (pu+ s(on —p),p) = 0.
N—00 5¢00,1]

For N bigger than a fixed N,, by Lemma 2 we can rewrite
_ ! oU _ _
VN (U 23) =V ) =V [ ds [ St (o = 0).a) oy = ).

Let us now prove that the above quantity tends to [ 2% (i, 7)o (dz) where o is the measure such
that |[VN (Un —p) —olle e 0 (see Hypothesis 2). By the triangle inequality, for N > N, one
—00

has
! sU _ _ sU
]W/ ds/Rdé<u+s<uN—u>,x><uN—u><dx> [, sty
s M +s(on — p),2)(on — p)(dz) = VN 5 O () (o — 1) ()
Rd 0 Rd 0N
v M/Rdmm,x)(w—mwx) [, 3 tuota).
Recalling that [|7(|, = sup .| p(s)<14(a)¢ Jra f(2)7(d2) for T € M,(R%), the second component of

the right-hand side goes to 0 thanks to Assumptlon 2 and Assumption RU2.
For what concerns the first component of the right-hand side, we have by Hypothesis RU5

'\F/ dS/Rd (1 + s(on — ), 2)(x — p)(dz) = VN

/ds/Rd
< [Cas [ o (@i iston -l + <1+\x|“a> ([, ttston = an) ) [V ox = @)

< (o=l ®)"- [ (1) VN G = ) ()
co ([ oy — @) [ 1+ 1207 [V o = ) a0).

O () — ) (da)

Rd 5m

(1+ s(on — ), ) -

)| [VN (o — )| (da)

Since ||[V'N (7x — p) — ol — 0 implies ||[V'N (Zx — p) | — |o|]l¢ — 0, we can deduce that:
N—o00 N—o00
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L Joa(U 4 2N (o = ) [(d2) = [oa(1 + [2])o(dz) < o0
2 Jpa(L+ |2 CDVN (Ox — ) [(do) — [pa(1+ [2]*0=)o(dw) < o0

VN (7y — p) [(RY)
Ai/ﬁ N:Zoo

3. |ow — ul (RY) =

_ Jra( Iylf)\\/\/fg(ﬂzv — )l (dy) i

To conclude the proof, we have to study the convergence of VN (U (uy) — U (7x)) in the de-
composition (2.51).

4 fralyllon = pl(dy) < fra(1+ |y — pl(dy)

Limit distribution of v'N (U (ux) — U (7n))

FIRST STEP Let us preliminary recall that by Remark 18, Theorem 16 implies Wy (un, 1) 7 0
a.s.

Let us now define for i = 1,--- | N and s € [0, 1]

R s 1-s5) 1 &
]:

j=i+1
We h ML= dpl? =y M ince for i = 1 N -1
e have p,~ = pn and p = Un. Moreover since for i =1,--- | N —
il i+1,0
By = By
one has

VN (U () = U (#3)) = VN D (UG = UGR))
i=1
Let us now show that

1,8
max sup Wy(ur — 0 a.s.
D, sup (ms )

Since for i =1,--- | N and s € [0, 1]

iy = s+ (L= )y

under the convention ,u[])\’,l = u}\}o, we can proceed as in the first step of the proof of Theorem 25 to
prove that

i,8 _ i,1
max Szl[g)u Wy (#N,u) = jmax Wy (:UN ,u) : (2.52)
By the triangle inequality,
Wi (M?{}M) <W (Né{;lv 9N> + We (Un, 1) (2.53)

where W (7n, 1) goes to 0 as N goes to infinity.

Therefore it is sufficient to prove that maxg<;<ny Wy (ul&l, ﬂN) N—> 0 a.s. which we are now going
- —00

to do.
Fori=1,--- ,N
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0 1 &
Hy =yt Z Vj-
j=it1
Hence let v € II(u;, ;) and define (dz, dy) = %v(dz,dy) + + Z;V:Hl vj(dx)d(dy) : one has
H(dz,RY) = p%' (dz) and 7(R%, dy) = oy (dy). If £ > 0 we have

L ~
Wi (ko) < [l (e, dy)
Rd xRd

. N
i ¢ 1 ¢
- —yl'y(dady) + — S oyt (dx)d.(d
N i ni |z —y|y(dz, dy) + Nji-i-l/RdXRd |z — y|"vj(dx)d.(dy)
i ¢
= — — dx, dy).
N RdXRd |x y| FY( x? y)

Taking the infimum over -, one has
1
il _ 1 V1 B
Wy (MJ(;,VN> < <N> W (14, 75) -
Finally let a € (0, 1) so that
1
il il i\ v _
max Wy (/,LN,I/N) = max Wy (MA’[,VN> < max <) W (i, 73)

0<i<N 1<i<N T 1<i<N \ N
1

IN

i ZV%W NV
g8 <N> ¢ (i p) + max <N> o (ps 74)

1% lél W 72\ VI W
< _ : = ,
= j<igian, (N) el ) + LaNDGIEN <N> (s )

i\ T S i\ T S
* 1<ieaN, <N> el 7i) + LaNSSI<N (N> elw74)

< a1 sup W (i, 12) + a1 sup W (u, 7;)
i %

We (i We (1 7).
T oy el ¥ e W (. 7)

For fixed «, the sum of the two last terms goes to 0 as N goes to infinity while the sum of the
first two terms is arbitrarily small for o small. Then it is possible to conclude that the left-hand

side goes to 0 almost surely.
As explained in the first step of the Theorem 25, we can adapt the reasoning to the case £ = 0.

SECOND STEP We can now reconsider the following stopping time

IN:min{lgiSN:Else[0,1]:Wg<u§’vs,u) Zr}/\(N—i-l)

for the filtration (F; = o (X1, -, X;));~; where by convention min ) = +00. Proceeding exactly
as in the second step of the proof of the Theorem 25 and keeping the same notations, we can obtain
the following decomposition

VN (U (un) = U (7n)) = VN (U (un) = U (ox) — Qn) + VNQN
where

N
1 OU | inIn0 OU | inIn0 .
Q= 3y 32 (b0 = [ St
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and for N > N*, U (un) — U (In) — Qn coincides with

N om
_ Iven (lj 1,8 _ 5£ i,0 o
e N zz;/o s /Rd <5m (3> ) om (MN’I)> (0%, = vi){de).

THIRD STEP Let us first prove the convergence in L' of vV NRy to 0. By applying the same
argument as in the proof of Theorem 25 this is sufficient to deduce that VN (U (un) — U (7n) — Qn)
goes to 0 in probability.

By Assumption RU5, 4C < oo, da € (%, 1] such that for N > N*

U sy . OU

<o+l ( o ety (i - wifican) )
with ' ‘ s
13— 1 |(dy) < 5 (Fx, +vi)(dy)
and 5
s 00 is _i0)md 5 d S d S
— ||, = Iy = i 1R = 10x, — mil(RY) < - (6x, +m)(R?) = L.

Substituting the above quantities and using Young’s inequality, one obtains

ou

U

( +laf) ( 5) el (bl mian) (5)°)
e (@lal+a (1504 [ i)+ a=a)va (1604 [ i)+l - o)

| /\

Na
2¢C 1 x|f
< R (@taly+ (10 [ wlntan) + 5+ (130 + [ lfwtan) + 25
R4
20C .
=S (30l 2xp 2 [ pinian).
Therefore
Iyon o [ sU sU
> N* 2,0
< 2= — — —(u% 4y
Ryl < 22 Z/ dS/Rd O (i ) — S (i )| (6x, + i) )
< Nl Z 1 + |2]9) + 2|1 X3 + 2 |y[ vi(dy) | (0x, + vi)(dz)
20C 11
= Nt . ( / ly|“6x, (dy) +/ lyl“vi dy)
_c _
1+/ ly| v (dy) + Ni/ ly|“n (dy)
Rd
for some positive constants C7,Cy and Cj.
Finally

vn(dy)

E(VN|Ry]) < / 1ylD (dy) +
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and since a > § and limy o0 [ga [¥|Un (dy) = [ga ly[*1(dy), we can conclude that the left-hand
side goes to 0 as IN goes to infinity and so the third step is concluded.

FOURTH STEP We are now going to prove the convergence in distribution of v NQx to a
Gaussian random variable. In this case, we can immediately apply the Central Limit Theorem for
martingales while in Theorem 25 we had to introduce first the Poisson equation before applying it
to K3 n. For 1 <i < N let

Yni= \/1]V <((;[7]1 (u%\IN’O,Xi> — /Rd ((:7(7]1 (ujGIN’O,x> l/i(da:)> .

Let us start by checking that E (Yy ;|F;—1) = 0.

Since X; is independent of F;_1 and ,uZMN ’

surable, applying the Freezing Lemma one has

o 1 (U iniyo /5U NN 0 , .
1)_E<\/N <6m (“N ’Xl) i O (“N ’””)”@(d“’) |71

1 oU oU iNIN .0
-k X; Y R A 0.
VN ( <5m (t )>t=ui§m’0 /Rd om ('uN ,a:) VZ(dw)) 0

For what concerns the square integrability, let us check that both the components are squared
integrable by applying Hypothesis RU2 and the fact that v; € Py (Rd) .

i—1 7,0 2,0 -
= > Y=ty + Lay>io1yiy is Fi1- mea-

E(

E (gz (M"]QINﬁo,Xif) < C%E ((1 + |Xi\§)2> < 20°F (1 + ]XZ-|€) <

E ((/Rd g% (i 0.2) Vi(dx)>2> <E (/Rd g% (Mz‘]@myo’x)%,-(dx))
< 2C? <1 + /Rd :E|£1/i(d:1:)> < 0.

Let us now study the convergence of sz\il E (Y]\in|fz’—1> :

1 oU SU 7 2
2 E(NlF) = g 2 (((5771 (15070.50) = [ G (1870, witan)) ml)
- . 2
S ([ - (2 i)

As in the fourth step of the proof of the Theorem 25, thanks to Hypothesis RU3 and thanks to
the a.s. convergence of max;<;<n Wg(ﬂ?{?, 1) to 0, we obtain the existence of a sequence of random
variables (ey) s, converging a.s. to 0 such that

, OU [ inIn.0 U
< < _ N>

< (1 + \g;|§) en. (2.54)
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First Component Let us first show that

2 oU
. ’L/\IN, . —
]\}lm —N g /Rd 5 ,x) vi(dz) — /Rd 5 (1, 2)? p(dz) = 0 a.s.

We can rewrite the difference in the following way

3 L () i) 3 [ e
NZ/R p ) vi(da) — /Rd ZZ (1, 2)* p(d)

Z/Rd< i 2 SU (1.2) >ui(d:c)
" /R O (1,22 (7 — 1) ().

a0m
Since im0 Wy(7n, 1) = 0, by the characterization (2.7), we can deduce that the second term
of the sum goes to 0 thanks to Assumption RU2 and Assumption RU4. For what concerns the
first term for ¢ = 1,--- , N, using Assumption RU2 and (2.54), one has

SU [ infvo §U 2
<[ = N -

U 6U [ inin.0 oU
25 (1, ) 5m<u x)

oU ¢ inryo 20U )2

2
< (1 + |x\§> e +2C (1 + mé) en
<2 (1 + |a:|é> en (exy +20).

Therefore

’N Z/w( ’“NO,OE)Q ZU (ks )>w(d:c) < 2en (en +20) ﬁj/ (1+\x|f) vi(da)

= 2en (ey +20) < / ]J;|1/Ndx>

where the right-hand side goes to 0 a.s. since limy_ fRd |z ‘TN (da fRd |z fp(d).

Second Component We are going to prove that

N 2 U U
. 1 51/ iANIn .0 / (5 5
\ N () - 3 ) ; = <O
Jim ;_ </]Rd 5 (UN ,x) v, (dx)) ¢t O —(u, x )5 (,y)n(de,dy) =0 a.s

Let us rewrite the difference in the following way

*Z ((/d om ( %\IMO’x) Vi(d$)>2 N </Rd gU e )Vi(d$)> 2)

1 U U U U
* (N;/R%d g (@) 5 (s y) vi(da)vi(dy) - /Rded o (R )5m(u,y)n(da¢7dy)>
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Since Hypothesis 1 holds, again by the characterization (2.7), we can deduce that the second term
of the sum goes to 0 a.s. thanks to Hypothesis RU2 and Hypothesis RU4. As far as the first term
is concerned, using Hypothesis RU2 and (2.54), one has that for i =1,--- | N

‘( L5 (o) w(dx))z (52 e >m<dm>>2
< (J(2Z (i) 2 ) i)
o 65 i)
< /((‘SZL (u%”’“,x) Y )) ()
A vi(dz) /R d ((‘;Z (ig"0, ) —ﬁ(um))
/ (1 + [z dx)—l—QCGN/Rd <1+\x|§)yi(dx)/w (1+ lal?) (de)

< 2% /Rd(l + |z|vi(de) + 4Cen /Rd (1 + ‘l’|€> vi(dz) = (26?\[ +4Cen) (1 + /Rd |w\£1/i(dx)> .

v;(dz)

Therefore

S (L (o) mian) - 23 (f 2 nmtan)
< (2€} +4Cey) ( / 2| oy d:z)

and the left-hand side goes to 0 since Hmy_,o0 [pa [2[*Un(dz) = [ga |z p(dz).

To finally apply the Central Limit Theorem for martingales (see Corollary 3.1 [31]) to conclude
that

N
NGy =iV (0 [ Sttt = [ S gty ).

aom dyRrd OM

it remains just to verify that the Lindeberg condition holds.
We need to check that for ¢ > 0, Zf\ilE (Yj\zf,il{yﬁ,’i>e}|fi*1) goes to 0 in probability as
N — oco. By Jensen’s inequality and Hypothesis RU2, one has

NY]\QM = (((;7[7]@ (M%IN’O,)Q») - /Rd % (ué\/,\IN’O,x> l/i(dl’)>2

<402 (1 n |X1-|f) + 402 /Rd (1 n |x|f) vi(dz) = 4C? <2+ X+ /Rd |a:|€1/@-(da:)> .

Therefore, as in the fourth step of the proof of the Theorem 25, it is enough to check that for
each € > 0
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Al N fea 2| vi(dz)
2x1ra ZE ( Loxesne) | Fi- > + Z; TN MJa laltvi(da)>Ne}

goes to 0 as N goes to infinity (a.s.).

It is immediate to prove that the first component goes to 0 while the second component goes
to 0 by the independence of X; by F;_1 and (2.49). For what concerns the third component, we
have that yn := >V Jga lz[fvi(dz) = [ga |z|*p(dz). Therefore

Jpa |2 vn (dz) N -1
= = — UN_ —_— 0
N INT TN I NG

that implies Ve > 0
¢
Ll @1y g 52,0

N—oo

and taking the Cesaro mean we deduce that

]\}EHOONZ/ ’x‘ VZ dx 1{fd|$‘€1’z(d$ >N€} < ]\}EHOOZ/ ‘:L" Vz d.%' l{fdlxvul dx) >l€}

and so the proof is concluded.
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Chapter 3

Convergence to the uniform distribution
of vectors of partial sums modulo one
with a common factor

The material for this chapter has been released in [27].

In this
work, we prove the joint convergence in distribution of ¢ variables modulo one obtained as par-
tial sums of a sequence of i.i.d. square integrable random variables multiplied by a common
factor given by some function of an empirical mean of the same sequence. The limit is uniformy
distributed over [0, 1]¢. To deal with the coupling introduced by the common factor, we assume
that the joint distribution of the random variables has a non zero component absolutely contin-
uous with respect to the Lebesgue measure, so that the convergence in the central limit theorem
for this sequence holds in total variation distance. While our result provides a generalization
of Benford’s law to a data adapted mantissa, our main motivation is the derivation of a central
limit theorem for the stratified resampling mechanism, which is performed in the companion
paper [25].

3.1 Introduction

Given (Y;),~, a sequence of i.i.d. square integrable random variables and a measurable real valued
function ¢, we are going to give sufficient conditions for the convergence in distribution to the
uniform law on [0, 1] of

Bm
{¢ (&2?) (Y1+-~+YM)}, (3.1)

for (Bar),>; € N* such that A}im VM <% - ﬁ) = 0 with 8 > 1. Here {z} denotes the fractional
- — 00

part of the real number x given by {x} = x— |z | where |z] is the integer such that |z| <z < |z|+1
and we also define [z] as the integer such that [z] — 1 < z < [z]. Our main motivation for
considering (3.1) comes from the derivation of a central limit theorem for the stratified resampling
mechanism. Before giving more details about this particular application, let us review the existing
literature which addresses the case of a constant function ¢ with the derivation of Benford’s law as
a common motivation.

The convergence in distribution of the sequence (Vay = {Y1 + - - + Yar}) mr>1 of sums of random
variables defined modulo 1 to the uniform distribution on [0, 1] has been studied by many researchers
using Fourier analysis. In 1939, Lévy [39] gave necessary and sufficient conditions for this conver-
gence when the Y; are i.i.d.. In 1986, Stormer [58| provided sufficient conditions in terms of the
distribution functions of the Y; for the convergence to hold when the Y; are merely independent. In
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2007, under the assumption of independent absolutely continuous Y;, Miller and Nigrini [44] char-
acterized the convergence of (Vas)a>1 in L' ([0,1]). In 2010, Szewczak [59] generalized the above
results by getting rid of the hypothesis of independence of the Y;. In particular he proved that, if
the absolute value of the characteristic function of Y7 + - - - 4+ Y} satisfies a certain growth condition
and if the set {n € N\ {0} : |E (e*™™¥1)| = 1} is empty, then (Vjs)y>1 converges in distribution
to a uniform random variable on [0, 1].

Let us now briefly introduce Benford’s law and the problem of the distribution of the leading
digits of products of random variables (see for instance [18]). Benford’s law in base b > 1 is the
probability measure p;, on the interval [1, ) defined by

wy ([1,a)) = logy a, Va € [1,b).

The mantissa in base b of a positive real number z is the unique number My (z) in [1,b) such that

xr = My (x) X bllegs(@)] - Given a sequence of positive random variables (X4),>1, many researchers

([54], 9], [55], [40]) were interested in studying the weak convergence as M — oo of the law of
M

I1 Xi> to pp. Since logy My, (z) = {logy (z)} for each positive real number z, one has
i=1

M M
logy, M (H Xi) = {ZIOgb (X,-)},
i=1

=1

and this convergence is equivalent to the weak convergence of the partial sums modulo 1 of the
random variables (logy (X;));>1 by continuity of [1,b) 5 z — log,(z) and its inverse.

The introduction of a non-constant function ¢ in our work permits to address the choice of a

data dependent mantissa for instance given by the geometric mean by = exp ( i Z’B M In(X; ))

Indeed,
M M 10X Bum M
log;,, M, (H&) = { Z’ZEMI( <) )} { ( M Zln )Zln(Xﬁ}
i=1 BM i=1

where ¢(z) = ﬁm

from the coupling between the variables introduced through the common factor ¢ ( e Zf ] YZ) . To

Compared to previous works, the main difficulty that we have to address comes

overcome this difficulty, we assume that the Y; are i.i.d. according to a common distribution with
a non-zero component absolutely continuous with respect to the Lebesgue measure. This allows
us to apply one of the key results for our proof, the convergence in total variation in the central
limit theorem, that we now recall. Let F' be a centered square-integrable random vector in R™ with
identity covariance matrix and let (F});>1 independent copies of F'. Under the assumption that the
law of F has an absolutely continuous component, Prohorov [50] in the one-dimensional case n =1
and Mamatov et Halikov [42] in the multidimensional case, proved that the total variation distance
between the distribution of = ZZ 1 F; and the standard Gaussian law in R" goes to 0 as M — oo.

The study of the joint convergence of several partial sums modulo 1 with a common factor
and an additional component satisfying a central limit theorem does not add further significant
difficulties and is useful in the derivation of the central limit theorem for the stratified resampling
mechanism. That is why we address the convergence in distribution of

q+1 q+1 ;1w+1
1 1
m=1 1<i<q m=1 1=1

(3.2)
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for ([5’]1\4,--' ,,B?\;—l)M>1 C N9t such that N}im v M (% —Bi) =0 with 0 < gt < --- < patt
- —00

and (Z;);>; such that the sequence ((Y;,Z;))i>1 also is i.i.d. and the last component where 6 is a

constant (typically equal to 8971¢ (877 E(Y;)) E(Z1)) converges in distribution to 7' as M — oo.

We give mild conditions ensuring that the full vectors converge in distribution to (U,T') where U is

uniformly distributed on [0, 1]? and independent of 7.

Main motivation

Let us now come back to our main motivation. We are interested in providing a central limit
theorem for the stratified resampling scheme under the simplifying assumption that the R%valued
initial draws (X,;)m>1 are independent and identically distributed and weighted proportionally to
their image by some measurable function g : RY — (0,+00). For M > 1, resampling schemes
Z% 19(Xm)5Xm

Z% 19(Xm)

weights by some empirical measure M Z (5§M with the same conditional expectation given F =
o((Xm)m>1). For (Up)m>1 an 1ndependent sequence of independent random variables uniformly
distributed on (0, 1), the stratified resampling scheme consists in setting

(see for instance [19]) permit to replace the probability measure with non equal

M
- Z 1{5%1<m7Um§§y}Xi forme {1,---, M}

i=1
with S'JM = W for j € {1,---, M}, under the convention S} = 0. For f: RY - R
measurable, we ﬁaxlfe
M m
B(AENIF) = Y500 [ 1 cuspryde (3.3)
=1 -

The central limit theorem deals with the asymptotic behaviour of ﬁ Zi\n/lzl ( (MY — %)
as M — oo. Let us explain how the computation of the asymptotic variance is related to our main re-
sult. By a standard decomposition of the variance and the conditional independence of (€M) <<

given F,

LS sien) = var (B2 50 @ | 7)) om (vor (oS s | 7
ar \/M Z m = var \/M P m ar \/M 2 m

B SM L g(Xom) F(Xom) SM X X))\ 1 & iy | )2
_Var<\/M S X >+E< UM ) E<M7;E<f(£m)‘f) .

m:lg m:lg

Since the asymptotic behaviour as M — oo of the first two terms in the right-hand side can be
analysed using standard arguments, we focus on that of the third term. Using (3.3) and S% =M,

we get that Zi\n/[:l E (f(ﬁ%)|]:)2 is equal to

M-1 M—k m m
> (1 lgey) X X Y Lgsi, <ussnyd / St <ussi
k=0 i=1 - m—

m>|SM, J+1° "

Since ﬁ Zf\il Vi = fol Yrarrda, we deduce that ﬁ Z%ZI]E (f(ﬁn]\f)|.7:)2 is equal to the sum over
k € N of

! _ Mg(Xr., Mg(Xr.,
(14 1gs1y) /0 Lrann<m—iy f(Xranr) f(Xrann+1) ¥k <{S%M]—1} ; %7 e ,M) da
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where ¥k (up, wi, -+ ,wir1) = >, f:r?—l 1{u0<u§uo+w1}du f;:—l 1{ ol }du That is
m>1

k
uo+ Y we<uLuo+ Y wy
=1 =1

1
VM

stand the behaviour as M — oo of {5‘% M'\—l} which is equal to the first component in (3.2) when
¢=1,Y;=g(X:),6(z) = ;. Biy = [aM] — 1 and §}; = M.

why, in order to compute the asymptotic variance of Z%zl fF(EM)Y it is very useful to under-

Regarding the Central Limit Theorem, the characteristic function of

1K E((X1)g (X))
¢MZ;@@” Bt )

writes for u € R

( ium(Z%:l 9(Xm)f (Xm) _E(f(X1)9(X1))
e

S e Ewm>)ﬁE@%mwwwmmmw;D.

iu MY _ M
Using some Taylor expansion of evM (&)~ (&)1 ))

sum of integrals of functions of

<{5%1M171} ’ {S%QMH} ,{5?@1\@71})

with respect to 1fgcq;<ay<-cag<1ydrdas - - - dag. This closely relates the asymptotic behaviour
of the characteristic function to the one of the vectors (3.2) for the choice Y; = g(X;), é(z) = 1

T
Zi = 9(Xi) f(Xy), By = [auM] — 1 for i € {1,--- ,q} and ngl = M. In the companion paper
[25], using the main result of the present paper, we compute the asymptotic variance and prove the

assoclated central limit theorem.

, one may approximate the product by a

3.2 Notation

We denote by N* the set of natural numbers without 0 and by R, the set of non negative real
numbers. We denote by |z| the integer j such that j < x < j+ 1 and by {z} = = — |z] the
fractional part of x € R.

We denote by jy the law of a R%-valued random vector Y = (Yl, e ,Yd) where d € N* and by ¢y

its characteristic function given by ¢y (u) = E(ei“TY) = Jpa e Y gy (dy), u € R%. The convergence

in distribution is denoted by :d>. Moreover let p1y = py,. + py,s denote the decomposition of py
into a part py, absolutely continuous with respect to the Lebesgue measure and a singular part
ty,s. Notice that there exists A, a Borel subset of R?, such that py,s(A) =0 and fle Lizgarde = 0.
Let py denote a density of uy,. with respect to the Lebesgue measure. In what follows, we will
always consider absolute continuity with respect to the Lebesgue measure and so we avoid to
write it everytime. Moreover, when we write that the law of a random variable has an absolutely
continuous component we mean a non zero absolutely continuous component. We denote by my =
(E (Yl) ,oo LB (Yd)) the expected value vector of Y.

For the total variation distance between the measures p and us, we write

dry (o) = s fm(A) =) =5 s | [ 1) (alde) ()| 64

AeB(R?) 1]l o2 <1
1
—QWiﬁléjummmwwwmﬂ (35)
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where the first supremum is taken over the real-valued measurable functions and the second one is
taken over the complex-valued measurable functions. The latter formulation is less usual so we will
provide the proof of the third equality in the Appendix (see Lemma 10).

Given two R%valued random vectors X and Y and a measurable function ¢ : R — R? where
d" € N*, the following inequality holds

drv (Hg(x)s He(v)) < drv(px, py ). (3.6)

In particular,
drv (1(0,x), 0,y)) = drv (px, fy) (3.7)

and given A € R¥*? an invertible matrix
drv(pax, pay) = drv(px, py ). (3.8)

Additionally we introduce the following notation: given a real sequence (z;);>1 and a real number
¢ € R we define for any integer M > 1

€ . x4ty tc
M.— M .

3.3 Main Result

Let (Y3, Z;);~, be a sequence of square-integrable i.i.d. random vectors in R? where Y; is not constant.

Moreover let ¢ € N* and consider a sequence of vectors of integers (5%4, R 65[1) wm>1 € N9t guch
that )
. By i
1 VM=% -5")=0
with
0<pBl <. < patl,

Let us observe that for M big enough 0 < 3}, < - < ﬁ?\jl. Given (z,z,y1, -+ ,y,) € RT™2 and ¢

a measurable real-valued function, we are interested in studying the convergence in distribution as
M — oo of the following random vector

1 0.y B B
»Y1 ) ¢ z
{RBM } ,{RﬁMq} VM (¢ Vi | x M Zhn — 0 (3.9)

where
. ﬁgjlf
Yi . €z . .
Rt = o | Vi (Vi Yy, 1) (3.10)
and
0 =¢ (87 my) BT my. (3.11)

Remark 26. Let us observe that if ¢ is differentiable at B9 'my, the application of the delta method
provides the convergence in distribution of the last component of (3.9):

6q+lfx Bq—i_lfz d
VM | ¢ Af‘? Yo | x ]\A? Zgpr —0 | = T ~ N (0,07) (3.12)

where o2 = BT (¢/ (B9 my ) B9 mz, ¢ my ) S,z (¢ (BT my) BT mz, ¢(BT  my)) be-
ing X(yy,z,) the covariance matriz of (Y1, Z1).

We are now ready to state the main result of this work.
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Theorem 27. Let (Y;, Z;);», be a sequence of square-integrable i.i.d. random vectors in R? such

that the law of Y; has an absolutely continuous component. Moreover let (x,z,y1, - ,Yq) € Ra+2
and let ¢ : R — R be a measurable function differentiable at B my such that ¢(BIimy) # 0. If
there exists M € N such that

1 —Ny?
/IR{ |¢(Bq+1mY + y)|q+1e dy < o0, (3.13)

then the random vector

| ” B gir
»Y1 3 T r—7
e R A N T S T R v

converges in distribution as M — oo to (U,T) where T has been introduced in (3.12) and where U
is a uniform random variable on [0,1]? independent of T

Remark 28. Let us observe that we can apply Theorem 27 to (Y;,0),~, where (Y;),~, is a sequence
of square-integrable i.i.d. real-valued random variables such that the law of Y; has an absolutely
continuous component. In particular we have

(). ) v

By [ ’ M

where U is a uniform random variable on [0,1]?. It is possible to prove that in this case the hypothesis
(3.13) can be replaced by the following slightly weaker hypothesis: AM € N such that

1 —Ny?
d . 3.14
léwwﬁwW+mwe y < oo (3.14)

We are now going to provide the statement of Theorem 27 in the particular case where the law
of (Y1, Z1) has an absolutely continuous component and (z,y1,--- ,y4) = (0,---,0). This, together
with the lemma that immediately follows, will allow to prove Theorem 27.

Proposition 5. Theorem 27 holds under the reinforced hypotheses that the law of (Y;, Z;) has an
absolutely continuous component and (2,y1, - ,yq) = (0,---,0).

Lemma 6. Let Y and Z be two real-valued random variables such that the law of Y has an absolutely
continuous component. If & is an absolutely continuous real-valued random variable independent of
(Y, Z), the law of (Y, Z + &) has an absolutely continuous component.

We provide the proof of Proposition 5 in Section 3.4 and the proof of Lemma 6 in the Appendix.

Proof of Theorem 27. The proof consists of two steps. In step (i) we are going to check that the
conclusion still holds when the hypothesis of existence of an absolutely continuous component for
(Y1, Z1) made in Proposition 5 is weakened to the existence of an absolutely continuous component
for Yi. Moreover we suppose that (z,y1,---,y4) = (0,---,0). In step (i) we deal with the case
when the vector (z,y1,---,yq) # (0,---,0) .

(i) To simplify the notation in what follows we write R%M instead of Rgg{ and 7534“ instead of
Zigpr.
Let (&);~; be a sequence of zero-mean absolutely continuous square-integrable i.i.d. real-valued

random variables independent of (Y;, Z;),~,. For each n > 1, let £ = % and let us consider the
sequence (Y;, Z; + &}');~, of square-integrable i.i.d. random vectors in R? such that by Lemma 6
the law of (Y;, Z; + &) has an absolutely continuous component. Thus we can apply Proposition 5
and obtain that for each n > 1 the random vector
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({Rl Y, {Rq }m@(ﬁﬂlif%l)x?‘f@ +&n )—9)>:d>(UT)
Bm S ) Bum [ M Bu M gt Cive T
(3.15)

where 0 = ¢ (B‘IHmy) B9 my, U is a uniform random variable on [0,1]? independent of T},
and by Remark 26, T,, ~ N (07 U%n) with

o7, = B (¢ (B9 my) B my, ¢(5q+1mY))T S, zivery (8 (BT my) B mg, o(B  my))

Since (Y1, Z1 + £€7) converges in L? to (Y1, Z1) as n goes to infinity, Yvi,21+€7) = Y(v,2,) and

U%—v converges as 1 — 00O to
n

T
op = B (¢ (BT my ) BT my, (BT my ) Svaz) (¢ (BT my ) BT mg, 6(BT  my))
Let us now prove that this implies the convergence in distribution as M — oo of (3.9) to (U,T)
where T' ~ N (0, 0%) independent of U = (Uy, -+ ,Uy).
Let (u1,u2) € R? x R and let us denote the random vector ({REM} R {R;%IW}> by {RiﬂM},< )
i<q

For n > 1 one has

(s P RN
iu] ({R}i 3 )—l—iug Mo ALTVg1 | xU_Z 1—0 , .
Ele M Ji<q fm By i o) <€zufU) e—§a%u§
. B e sl . sl e sl

o ({7}, ) o N Vg ) g eV T Y )T

<|E]e i<a/ e 1—e
(s silo(2 v N (5 e
wf ({R5,, } )+w2 Mo -V XT(Z g1 +E" q+1>—9 , )

+ E e M Ji<q BM ﬁM ﬁ]\f — E (6ZU?U) e_EU%nu%

1.2, 2

+ ‘E (eiu?U) 6—%J%nu2 i o) (eiu?U) e 2073

) 5q+17x Bq+17
iugV M| AL Yﬁgjl %E"ﬁq+1
M

g+1

. . . ﬁq+1fz ﬁ 2 en
WT( R} )mm MV oqt1 | x M (Z g1 +E -0
T({Rbu ), ) rineVBT{ 6 R Vigen | xS (20048 0 (e oot

Let us now study the first term of the right-hand side.

q+1 _

+1__,
By observing that Hy; = v M@ ﬁ;\f[ Yﬁ}}”) ﬁﬁ fﬂq-‘rl N N(O,BQHQZ)Q (ﬁq+1my) Var (f)), this
M

in particular implies that the sequence Hj; is tight: Ve > 0 there exists K. > 0 such that
supp>1 P ([Hy| > Ke) < e. One has
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‘ BQ+1732 Bq+17
U2V M¢ ]JV\/II Y6q+1 7% fnﬂq+l . ug
E 1—e M M i—=Hpg D

:E(h—en
)

—E (|1 - e gy <xe, ) +E (|1 - 5
WﬂKﬁQ

where to obtain the last inequality we use that |1 — e”‘ < |z|, Yz € R.
Therefore we have obtained that Ve > 0, Vn > 0

{ } B oo Bt
ml( R! )+z’u2\/M ¢\ S Y gat1 | X Z q+1—0 )
Bar Bis Bis E <ezufU) 6—%0’%1@

2 1

— K. +26+‘e PLE P L

B o pItt —
zul( RB )+zu2\/ < < ]JL\ZI Y q+1>><% Z q+1+E™ g1 |0 s o
. { M} 8% 87 8L _E (e“‘l U) —507,u3 |

|U2\

+|E

To conclude this part of the proof it is sufficient to take in the above expression first the superior

limit as M — oo so that the last term converges to 0 by (3.15), then the superior limit as n — oo
2,2

1
so that %Ke — 0 and ’e_%UT“‘Z — 729" 5 0 and finally the superior limit as € — 0.

(ii) Let us now take (z,y1, - ,y,) € R?7"2 different from the zero vector. One has
q+1 __
({Rﬂvyl}7 ’{R}jﬂj\yjl},,/M <¢ <ﬁ% Yg?\;q) X ] —9)) (316)
q+1__ . g+1 g+l __
= <<{¢ <6§‘\/fd YZ?J1> yi—l—{RzM}}) ,\/M<¢ <ﬁ YIBqul) B Zﬁq+1 —9))
1<i<q

+ (0,-“ ,0, \/Lﬂ(ﬁ ('BM Yﬁq+1>> .

By the Strong Law of Large Numbers and the hypothesis of continuity of ¢ at B9 lmy,

q+1 __
lim ¢ <%Y;§jl) Yi =@ (Bq+1my) y;. We can therefore apply the previous step and Slutsky’s

M—o0
theorem to deduce the following convergence in distribution

g+l __ . g+1 g+1__
<¢ (ﬂM Y5q+1> Y1+ {RéM} ;@ (ﬂ%[ Yﬁ;gﬂ) Yq + {RqﬁM} VM <¢) <6M Y64+1> X 5%[ Z g1 = 9>>
d
— (¢ (/Bq+1mY) y1 + Ul7 T 7¢ (6q+1mY) Yq + Uan) .

Now by observing that the set of the points of discontinuity of the function (z1,---,z4,y) —
({z1}, - ,{zq},y) has a zero measure with respect to the law of

(¢ (8% my) y1 + Ur, -+, ¢ (89 my ) yg + Uy, T)

and applying the continuous mapping theorem we can deduce that

i, . a+1 g+l
«%C%YWQ“”HQD “M@ngwﬁx%zvﬁﬁ)
1<i<q

L (o (B my) i+ Ui}, {6 (B my ) yg + U}, T) £ (U, -+, U, T).
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q+1__
B% Y;?\;d)) converges as M goes to infinity

This combined with the fact that { 0,---,0, ﬁqﬁ

to the zero vector allows to conclude that (3.16) converges in distribution to (U, T).
O

3.4 Proof of Proposition 5

Before proving Proposition 5, we need some preliminary results. As done in the proof of Theorem

27, in what follows we write R, instead of R%’ and Z ¢+1 instead of 7oq+1. Let us observe that
By B BiL By

foreach j =1,--- ,q

J
J _ (—1:4
R M ZRﬁM
/=1

B
0 for each M by convention. Let us therefore study the asymptotic behaviour of the vector

q+1__
where we have introduced the notation Rrg};:g =0 5% YZ%}”) (Y 1y +---+ Yﬁf\/l,) with BR/[ =

(RM,KM) (3.17)
where
L 0:1 1:2 —1:
R = <RBM’ RBM’ o ’R%IW q)
and

q+1__

b (% Y;w) 5;}17%“ — M6
N VM

ﬁfﬁ-lix ,B(H_lf
]]\\/2 YB;IL;’l X ]Jé Zﬁq+1 - 0

KM:\/M<¢< a7

with 6 as in (3.11).

The proof of the following proposition is given in Section 3.5.

Proposition 6. Let v = (Bl, p2—pl... p1— ﬂq_l). Under the assumptions of Proposition 5 the
following convergence in total variation holds

TV </"L(RM7rLy¢%+1mY)AI'Y7KJM)’N( ’ )> Mjoo ( )

where T' € RUTDX(a+Y) s ¢ positive definite covariance matriz.

Let us now state the Weyl criterion concerning the convergence in distribution to a vector
composed of a uniform random variable on [0, 1]? and an independent vector.

Theorem 29 (Weyl criterion). Let (Bar)y>; be a sequence of Ri-valued random vectors and let
(Hwm)pp>q be a sequence of RY -valued random vectors that converges in distribution to a RY -valued

random vector H. Then as M — oo the sequence ({B]l\/[} R ,{B}Iw} ,HM) converges in distribu-
tion to (U, H) where U is independent of H and uniformly distributed on [0,1]? if and only if for
every k € Z9\ {0} and u € RY

lim ¢, m,y) (2km,u) = 0. (3.19)

M—o0

For the sake of completeness, the proof of Theorem 29 is provided in Section 3.5. We are now
ready to prove Proposition 5.
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Proof of Proposition 5. By Theorem 29, it is sufficient to prove that for each k € Z9\ {0} , u € R

]\/}l—r>noo¢ 1 q / ﬁ?v?_lfz By
R/BM’.“’RI?M’ Mi ¢ M Yﬁg\?l X0 Zg?v?‘l_e

a1 >> (2km,u) = 0.

Let us observe that it is equivalent to prove that for each k € Z9\ {0} , u € R

im (g, iy (2km,u) =0 (3.20)

M—o0
where (Rps, Kjs) has been introduced in (3.17).
By Proposition 6,
S drv (ian Rag-toar ) 1) = 0 (3.21)

where ap; = ﬁ, by = —my¢(B9 i my )V M~y and Y ~ N(0,T), T positive definite.
For u := (u1,us) € {R?\ {0}} xR

|D(Rag Fear) (U1, u2)| =

U1
= ‘¢(GAJRM+171V1,KM) (aM’u2>‘

(75} (75} (75}
< ‘(Z)(CLMR]\/I'H?M,KA{) (aM’u?) — oy (W,W) ‘ + |9y (a]\/[’u2> ‘
Since by (3.5) the first term of the right-hand side can be bounded from above by 2drv (11(a,, Ry;+bar, K )s 1Y )

we deduce that
uy
(bY <7 U2>
apnr

Since the law of Y is absolutely continuous and limps_,~ apr = 0, the right-hand side goes to 0 as
M — oo by the Riemann Lebesgue lemma. In particular (3.20) is true.

Ul _iu{bM
0 K —,uz2)e M
(anr Rar+bar, Kar) (aM’ >

lim sup ‘¢(RZVI7KJM)(UI’ U2)| < limsup
M—ro00 M—c0

O

3.5 Proof of Proposition 6 and Theorem 29

In this section we are first going to prove Proposition 6. Let (Y;, Z;);~; be a sequence of square-
integrable i.i.d. random vectors in R? such that the law of (Y;, Z;) has an absolutely continuous
component. We denote by ¥ its covariance matrix which has rank 2.

The proof of Proposition 6 strongly relies on the following result.

Theorem 30. Let (Y;,Z;),~, be a sequence of square-integrable i.i.d. random vectors in R? such
that the law of (Y;, Z;) has an absolutely continuous component. Under the notations introduced
above

lim dpy <u ,uc> =0
M—00 L (Yo—my,Zp—mz)

VM |

M=

1
where G ~ N (0, ).

Let F' be a centered square-integrable random variable in R™ with identity covariance ma-
trix and let Fj, k € N*, independent copies of . The main instrument that we will use in the
proof of Theorem 30 is the result about the convergence in total variation for the CLT that is

lim /oo dTyv <u1 M g ,N(0, Ian)> = 0 where I,,x,, denotes the identity matrix of size n.
v M k=1"1k

Prohorov [50] in 1952 was the first to give his contribution to the problem: he proved that, in
dimension 1, a necessary and sufficient condition in order to get the result is that there exists
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My such that the law of 22@1 Fi. has an absolutely continuous component. In 1964, Mama-
tov et Halikov [42| contribute in the same direction by extending the result to any dimension.
They prove that under the assumption that the law of £’ has an absolutely continuous component,

limps oo dry | 1 Y ,N(O,Ian)> = 0. See also [3].

ot 2, Fe
We are now ready to prove Theorem 30.

Proof of Theorem 30. Let O € R**? be an orthogonal matrix (OTO = I) that diagonalizes 3 that
is ¥ = OTDO where D is the diagonal matrix containing the eigenvalues Ai, A2 of ¥. Given

G ~ N(0,%) and by introducing the following notation D73 = diag <\/%, \/%), we have

dry <:u M ) NG) =dry |p 1 u N
L - - D~ 2 _ _ D~ 20G
Ti kz::I(Yk my,Zx—mz) avi kX::I O(Yy—my ,Zr—mz)

where to obtain the above equality we apply (3.8) with A = D 20. By the hypothesis that
the law of (Y1, Z1) has an absolutely continuous component, the right-hand side converges to 0 as
M — oo by the result of convergence in total variation mentioned above. O

We now recall a result obtained by Parthasarathy and Steerneman in the second section of
[49] regarding the behavior of the total variation convergence with respect to the sum and the
multiplication by a real sequence.

Lemma 7. Let (Bar) pr>y and (Thr) pr>y be two independent sequences of R4-valued random variables

such that imps o0 drv (1B, , tB) = 0 and Ty é T for R?-valued random variables B,T. If up is
absolutely continuous with respect to the Lebesque measure, then imps_oo drv (4B, +Tyy > B+T) = 0.
Moreover under the same condition, imps oo A7y (fep Bags BeoB) = 0 if (car)py>q 45 a deterministic
real sequence converging to cg € R*. -

The first step in the proof of Proposition 6 consists in applying Theorem 30 so that we can work
with gaussian random vectors. Thus the new problem becomes to study the convergence in total
variation of the law of a given function of a normal random vector. The following lemma deals with
this problem and its proof is given after the proof of Proposition 6.

Lemma 8. Let

o (M1, IMg+2) M>1 C RI*2 such that fori=1,---,¢+2 lim VM (71;‘»21 *m‘) = 0 with
- M—o0

(771’ o e 777q+2) G ]R!H—?
o (Wi, -+, Wyy2) a zero-mean normal vector with a positive definite covariance matriz X1 €
R(a+2)x(q+2)

o ¢:R — R be a measurable function differentiable at ngyo and such that ¢p(ng+2) # 0.

If there exists M € N such that

1 N2
e MY dy < o0, (3.22)
/R |6(ngt2 + )|

the law of the following random vector
W,
) (WTH? + qu\?) (V MW; + UM,i) — M(ng+2)ni
vM

(3.23)
1<i<g+1

converges in total variation as M — oo to the law of (¢(ng+2)Wi + 77i¢/(77q+2)Wq+2)1<z‘<q+1'
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Remark 31. Let us observe that it is not difficult to prove the pointwise convergence of (3.23) to

(¢(7lq+2)Wi + ni¢/(nq+2)Wq+2) 1<i<q+1"

Indeed fori=1,--- ,q+ 1, using that N}im vM (nﬁj — 77j) = 0 and the hypothesis of differentia-
—00

bility of ¢ at ng12, one has

¢ ("LW + V?iz) <\ﬁW +7]Mz> — Md(ng+2)mi

VM
= ¢(1g+2) (Wi +vVM (nj\ﬂj[l — 772)) + ¢’ (1g42) (Wq+2 +vVM (UMA’;H - 77q+2)> <\/W% + 77}?) +o(1)

T Sar2) Wi+ 156 (ng12) Woro.

The proof of the convergence in total variation will require more effort.

Remark 32. Let us observe that the covariance matrixz of the zero-mean normal random vector
(@(Mg+2)Wi + 19 (Ng+2)Wat2) 1 <jc gy 15 A5 AT with Ay € RIFYH2) the g+ 1-rank matriz given
by

d(Ng+2) 0 0 0 e 0 me' (Ng+2)
0 P(ng+2) 0 0 0 26" (Ng+2)
0 0 Gne) 00 0 -
Ay = 0 (3.24)
, H(1g42) 0 ..
0 0 0 0 0 ¢(77q+2) 77q+1¢/(77q+2)

Therefore the covariance matriz is positive definite.
The combination of Theorem 30, Lemma 7 and Lemma 8 allows to prove Proposition 6.
Proof of Proposition 6. Let
5= (51752 . 517 . ’ﬁq _ /qulaﬁqul _ Bq)
= (B =B 82 =B, 8= B B = 5) = (v, 50T - BY)

with 8% := 0 by convention. For j = 1,--- ,g+1 let us consider the following independent R2-valued

random vectors

Z (Yi —my, Zi —mz)
=fir +1

Vi o= (VA}J,V]@]

v

_ +1
and let us rewrite (RM myqs% mY)MV,KM> in terms of Vs := (Virj)1<j<g+1. One has

(RM —my¢(B my )M~y KM> _ (R@fw—u’ — my ¢(89  my )M

i NG >1<€<q s Ku | = 9m (Vir)
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with the component gas e of gar : R2@TY — RI*! for £ =1,--- , ¢ given by: Ve = (cl, 02-> €
’ T 1<i<q 41
R2(g+1)
ol
myﬁgjl - ]gl Vi €; _ 1 ‘ /-1 g+1 B
o /A v E v (v YeMey +my <BM — B )) —my ¢(BT my )y M
Cc) = )
gM,ﬂ( ) \/M
(3.25)
and Ve = (c-, 02-> € R2(a+1)
I 1<i<q 41

o| M s g+ 2O (VATSS T+ maB) - mad (57 my) i
M M N4 24 V136 ZPm z v
iz

IMg+1(c) = WiTi
(3.26)

RM_mY(b%HmY)WM, KM> = gm (V)

in terms of a normal random vector so to apply Lemma 8. By recalling that we denote by X
the covariance matrix of (Y;,7;), let G = (G1,--- ,Gg¢4+1) where the two dimensional vectors
G; = (G},G?) 1 <j <qg+1 areiid. according to N (0,X) . By the independence of the

random vectors Vjy ;, the independence of the random vectors G; and the well known fact that

The purpose now is to “asymptotically rewrite” the vector (

dpy (Hle ﬁi,Hle l/i> < Zle dry (9, v;) with 7, v; probability measures for i = 1,--- ¢, we
have
g+1
drv (MVM s HG) < Z dry (MVM,J' ) :qu)' (3.27)
j=1

We are now going to prove that the right-hand side converges to 0 as M — oco. Let us observe
that for j=1,--- ,¢g+1

B =By 1 il
Vi = X > (Yi—my, Zi —my) (3.28)

vi M j j—1 <
! V) VRS s

Vo =B
Thanks to Theorem 30 and the hypothesis that the law of (Y;, Z;) has an absolutely continu-

J
M

ous component, Vj = 1,--- , g+ 1 we have that the law of \/ﬁ | 5;1“ (Y; —my, Z; —my)
=Py

with limp; oo

converges in total variation as M — oo to the law of G and, by Lemma 7 and (3.28), this implies
J‘/}il}noodTV (MVM,jHqu) =0, j=1,-,q9+1

Hence we have proved the right-hand side of (3.27) converges to 0 as M — oco. Applying (3.6)
with ¢ = gas, we deduce that

dry ('LLQM(VM)’ /’LQM(G)) < drv (i 1G) Mj;o 0.
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We are now going to prove the convergence in total variation of the law of gps (G) and to do
so we apply Lemma 8. Recalling that G; ~ N (0,X) where ¥ is positive definite, G; i.i.d., it is

q+1 q+1
possible to prove that the random variables WG}, > \/'TjGJZ, VGl ,M%G}] are linearly
j=1 j=1
independent.
Thus by using that hm vM (’BM ﬁ’) =0fori=1,---,¢+ 1 and (3.13), we can apply

Lemma 8 with

—1 1
© (MM1s 5 Mg M g+15 M g+2) = <mY (Bir—BY) .- my (5}1\4 - B ) mz B, mYﬁM + >

and (7717 e a77q777q+1>77q+2) = (mYﬁ/l?' t 7me_yq7mZﬁq+17mYBq+l)
_ 1qul _ 2qul _ 1
4 (Wla" q+2) VY G1> 7\/’7qu) Z:I\/%G]a Zl\/ﬂG]
J= J=

to conclude that the law of gp/(G) converges in total variation as M — oo to the law of
Y ~ N (0,T') where T' € Ra+1)*(a+1) ig positive definite by Remark 32.
O

The following lemma contains the key result to prove Lemma 8 . Its proof is provided in the
Appendix.

Lemma 9. Let (Yar)m>1 be a sequence of R%-valued random vectors such that

liminf py,, (x) > p(x) dz a.e. (3.29)
M—o0
with p the density of an absolutely continuous R*-valued random variable Y. Then

1. limps—o0 Jga [Py, (2) — p(2)|dez =0
2. impr—o0 drv (v, pby) = 0.

Proof of Lemma 8. According to Lemma 9, to prove the convergence in total variation of the law of
the random vector (3.23) it is enough to check that its density with respect to the Lebesgue measure
converges pointwise to that of its limit.
Let us preliminary observe that the density of the zero-mean normal vector (W7, ---, Wyy2) is
given by
p(T1:g42) = 5z ! e eraSt Biwte gy Ly € RIV (3.30)
(27) 2 x det(¥1)1/2

where we denote the vector (21, -, Z¢42) by Z1:g+2. Let us moreover observe that by the property
of positive definiteness of 21_1, the smallest eigenvalue A; of 21_1 is positive and we have

+2
(2112) ! () o+2 (331)
P(21:942) < e = , Tlg42 € RITZ 3.31
(2m)"T x det(S,)1/?
Let us now compute the density of (3.23). Let f : R9T! — R, be a non-negative measurable
function. Writing the expectation

6 (252 + ) (VMW + s ) — M(ng2)m:

Elf NiTi

(3.32)

1<i<q+1
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as an integral with respect to the density p and then applying the change of variable

) (WTQH + zq“) (\/7%1 + z) — M¢(ng+2)ni

& = 77

1=1,---,g+1
with inverse

_ 1 [ VIE + Moo N
o \/M é (TIM a+2 4 xq+2) — M i=1,-,q+1 (3'33)

for 2412 € R outside the set {t eER: ¢ (nM At2 | r) O} which is Lebesgue negligible since by
a change of variable and (3.22)

R e I,y / !
[P(Ng+2 +y

oM
‘q—i-l ydy<oo

)

1
/Rlﬁb(mﬁflﬂ—%\/ﬁ)‘q—i—l

we get

1
/dﬂ?q+2/ a1/ Cugr)p (Tarn, -+ T, Tgv2) d€iigi-
Ra+1 77M q+2 + xq+2> ’

i

¢
We have therefore obtained that the density of ( (

n

Mgt | \}iQ ) (VMWitnar,:) —Mé(ng+2)ni
vM

1<i<g+1

at &€ € R9H! is given by

P (@A, Earg s Tgr2) dig . (3.34)

ke )

Since, by hypothesis, ¢ is continuous at 742 with ¢(ng412) # 0, there exists 6 > 0 such that
VteR |t <46
P(1g+2
6(ngsa -+ 1) > 1202l

Let us now study the pointwise convergence of (3.34). Let M > 1 and let us rewrite the integral

(3.35)

as
/ ’ 77]\/1 s 2eis TP (T g1, Tg42) dTg o (3.36)
¢ q+ + Lq+2 ) ’
1
ariP (TM1:q+1, Tgt2) A2 (3.37)
s o (g + )|
1

" TM g +1> Tat2) ATqq2- 3.38
/Izq+2> S/M ‘¢ (nM a+2 4 xq+2) ‘q+1p( M,1:g+1 q+2) q+2 ( )
VM

Let us start studying the convergence as M — oo of (3.37). Thanks to (3.35) and (3.31) and
for M big enough so that |nM 2| < %, we have

1 92q+1

—1N22
D(TM g1, Tgr2) < e 2MTg 2
q+1 g q q+2 1
* f)’ (2m) 2 X det(S1)2 |6 (ng42)| "

Yiageal<gvar} ’¢ (22
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and since by hypothesis ¢ is continuous at 7442, for each z442 € R we have

NM,q+2 = Tq+2

(3.39)
Moreover for each x,42 € R, using that A}l_r}rl vM (% — 777;) =0fori=1,---,q¢+ 2 and the
hypothesis of differentiability of ¢ one has
I VM£i+M¢(77q+2)77i_n }
M /;M ¢ (nA/IJiZJr? N %%2) M.,i
(&t O ar) VAL (1= B) — o (rv0) B (S22 + B2 — i) + (1)
B1g+2) + & (Ngr2) (252 + 2552 — y0) + 0 ()
i — ¢ (Ng42) MiTqt2 (3.40)
M—ro0 ¢ (Ng+2)
We can therefore apply Lebesgue’s theorem to (3.37) and obtain that for each ¢ € RIT!
I / ! ( )d
1111 D (TM,1:q+15 Tg+2) ATq42
1 L q q
st (B )|

= ; §i—¢' (”q+2) 77i$q+2> 4
6 (mg+2)|"" /Rp <( P(ng+2) 1<i<g+1 7zq+2> e

/Rp((¢(nq+2)Wi+¢,(nq+2)niWq+2)1<¢<q+17Wq+2) (Erg+1, Tq+2)dTg42
o p((¢(nq+2)Wz‘+¢/(Wq+2)qu+2)1gigq+1) (Srig1)-

Let us now prove that (3.38) converges to 0 as M — oo. By applying a change of variable and
by choosing M big enough so that ‘WT“Q — an‘ <

< g, we obtain
1

SPRNSENTEE 4 (TM,1:q+1, Tgt2) dTgio
IIM,q+2 + Lq+2
VM ) ’

/Irrq+z|> 5VM ’gb(

VM
p (1‘ ,1: ,my) dy
/|y|>g | (a2 Jry)‘qﬂ M 1:g+1

vM 1M, q+2
S/ p(ﬂcM,lz +1, VMz + VM(77 +2—’7q))d2.
12> |6 (g2 + 2)|7H ! ! M
Therefore by (3.31) and by using that Va1, 79 € R (21 — 22)? > ? -z

3 2 one has
\/M TIM,q+2
Y8 g g 2 (a0 1g01 VA= + VI (g0 — M22))
il ()’
SR CE Hpme:=: 1 e
(27’(’) 2 X d€t(21)§ |¢ (77(1+2 + Z)|q
M, 2
Slssy—= */]1\7 o= EAanrz? 3 (VA (P2 g 0) )
2m) T x det(X)2 ) (g2 + z)’q+1
M
< Cl{‘z|>é} \/7 e—i)quj
4

2
(2m)"F x det($1)7 |6 (ngsa + 2)[4F"
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where for the last inequality we use that the sequence (\/M (WT‘”Q — nq+2)>M>l converges to 0
1 MM,q+2 2 B

and so in particular ™M <m< M 77”2)) is bounded by a positive constant C' < co. The right-
hand side converges to 0 as M — oo.

Let us now observe that for |z| > g and t >

32
02X

—lklzzt 9
0 \/736_?‘1'522 _cr < — 22VtA > <0.
1 )= (5 ) <

Therefore if M > M := max ([4;\12—‘ , { 32 —D, where M is defined in the statement of the Lemma
8,

1o VM emAMM? < VM e~ 1M Mz (3.41)
U516 (gra + )7 = HEPEH g (e + 2) 7 |
M -
4] — M= (3.42)

<

=MD g (a2
where the last term is integrable by hypothesis (3.22). By Lebesgue’s theorem we can therefore con-
clude that f‘ TMAg1, VMz + VM (nq+2 — WT‘I“D dz tends to 0 as M — oo.

) . ) oMotz a2 ) (/aryy, 4 i) = Mo(ng+2)mi
In conclusion, we have obtained that the density of ( ( M VM )( N ) i
1<i<q+1

Nl (
21>8 [3(ngrata) o P

converges pointwise as M — oo to the density of <(¢(nq+2)Wi + ¢/(77q+2)77iWq+2)1<i<q+1 . O
We are now going to prove Theorem 29.
Proof of Theorem 29. We denote ({Ba}, Hyr) :== ({Bi},--,{Bi;}Hm). Let us first observe

that for every k € Z9,u € R? one has

q .
. _ . —i2w 30 k; | Bl
¢({BM},HM) 27k, u) = E (e’szT{BM}eZ“THM) —F [ 27+ Bu, i=1 i17] et Hu
= Q(Bys,Hyy) 2Tk, 1)
If ({Ba},Hyr) converges in distribution as M — oo to (U, H) where U is independent of H

and uniformly distributed on [0, 1]%, V(k,u) := (k1,--- , k¢, u) € {Z9\ {0}} x R? one has

Z\}iinoo D(Bag,Har) (27K, 1) = A}gnoo P Bar},Har) (27K, ) = b gy (2km, u)

_E <6i27rkU> E (e™H) = 0.

Conversely, assume that (3.19) holds for every (k,u) € {Z2\ {0}} x R? and let us prove that
V(Ul,’LLQ) € RY? x qu,

]\/}iinoo ¢({BM}7HAI)(U17 ug) = ¢y (u1)dm(uz)

with (U, H) as above.
Fix (u1,uz) € {R7\ {0}}xR?. Given 0 < e < 1, let us define for j = 1,--- , ¢ a complex [+]-times

2
continuously differentiable function ¢, ; defined on [0, 1] that coincides with z; — €% on [0,1 — €]
1
and such that ¢ ;(1) = ¢ ;(0). It is possible to choose ¢ ; such that sup,¢(o 1) [¢e,j(7)| < C9, with
C < oo not depending on € and j. If we now consider the function ¢¢ (z1,---,2q) = ¢e1 (1) -
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e (xg) V (21, ,2q) € ]0,1]%, then it is (ﬂ;]—times continuously differentiable, coincides with
(1, ,xq) — el ... ¢iTa on [0,1 — €]? and Vj, V (21, - - - L1, T, Tg) € 0,1]77
¢€($l) e 7:6]'—170’ Tit1y," " a‘Tq) = ¢€($1, T, X1, ]-7'Tj+17 T ,Iq).

By the theory of Fourier’s series (see for instance the Section Sobolev Spaces in Chapter 5 of [53]),
there exists M€ € N such that

R o 1T
sup Pe(T) — g Ciel%k T = Sup Pe(z) — E E Cieﬂﬁk fl<e (343)
z€[0,1] _max |kj|<Me »€[0.1] |k1|<Me |kq| <M<
J=1,-,q
where for k € Z4

g = qbe(x)e*i%szdaz
(0,17

satisfies |cf,| < C. Let vas denote the law of ({Bas}, Hys) (having support in [0,1]7 x RY).
Given M > 1 one has

|B((Bar)tar) (U1, u2) — Gu(ur)pr (us)]

< / (ei“?z — gi)e(m)) ei"gyl/M(daz, dy)
[0,1]9xR?
- / be(z)e™ Vuyy (da, dy) — Yoo 4 / 2k Ttz Yy, (da, dy)
[O’I]qXqu max |k;|<M¢ [O’I]qXqu
. Il
]:1’4..7q
. T . T
+ Y. G / ey (da, dy) | + ey (u2) — chr(uz)]
max[k[<Mepzo OITRS
jJmex

+ [chom (uz) — du(ur)dm (uz)l
<(1+0) v (dz, RY) + e + > D (Bar Hap) (2KT, ug)
[O,I]Q\[O,l—e}q ~max ‘k‘j|<M5,k7£0
‘7:174.4’(1 -
+ C ¢y, (u2) — dr(u2)| + |y (u1) — cfl.

Let us look in more detail at the first term of the right-hand side. Let ¢, be a real continuously
differentiable function defined on [0, 1] that is equal to 0 on [2¢, 1 — 2¢] and equal to 1 on [0, €] and
[1 —¢,1]. By the theory of Fourier’s series, there exists M€ € N such that

sup |¢e(z) — Z dse?™e| < ¢ (3.44)
z€[0,1] | <
where for ¢ € Z
dy = be(x)e Py,

[0,1]
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One has
, q
q
/[0 g AR <3 /1 ) <Z ) 1 ()
q
S I ACED SR TS
j=1"101] | <ne

q

BN g )|+ ald

=1 |jg<nzeez0 710N

q
<qe+ dipgs (2ml)| + q|dpl
M

J=1||¢|<Me ££0

Thus we have obtained that

|O((Brr} ) (U1, u2) — G (ur) b (uz) |

(1+C) qe—i—z > dig (2m0)| +qld| | +e
J=1 ||g|<M¢ 40

+ > kP (Bar,Hy) (27, u2) | + Clmy, (u2) — dm(u2)| + v (u1) — cfl -

max |k;|<M¢ k70
i=1

Given 0 < € < i, we can first take the superior limit as M — oo of the right-hand side.

By (3.19) we have

q
Jdim YO0 > digy (2n0)]=0=lim > KD (Bar Hap) (27, U2)

- = M—o0
J=1||¢|<M<,6£0 _max |kj| <Me,k#0
j=1,,q

and by the hypothesis that Hy, 4 [ we have N}im |68, (u2) — dr(uz2)| = 0. We therefore obtain
—00

W sup | @, 3,1, (U1, u2) — du(ur)dm(uz)| < g(1+ C) (e + |dgl) + € + |¢r(u1) — ¢l -

M— o0

Now since

and

|pu (u1) — 5l =

/ (1% — .(2))da s<c+1>/ dz
[O,l]q [O,l]q\[O,lfe}q

with f[o’l}q\[o’l_e]q de=1—(1—¢)? " 0, the limit as € — 0 of the right-hand side of (3.4

If uy = 0 and us € R, by the hypothesis that Hj, 4 H, we directly obtain

By, Hur) (0,u2) = Gy (u2) fyand ¢u(u2) = ¢u(0)pm (uz).

(3.45)

5) is 0.
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3.6 Appendix

Lemma 10. Given the measures puy and po on R, one has

@) Gn(dr) = pp(de)) | = 2dry (s pi2) (3.46)

sup
£ lloo,c<1

where the supremum is taken over the complex-valued measurable functions.

Proof of Lemma 10. By observing that the set of complex-valued measurable functions contains the
set of real-valued measurable functions and that || f||, ¢ = [|fll g When f is real-valued, thanks to
(3.4) we can easily obtain that

sup || f(@) (ua(de) - pa(da))| > 2dry (o).

[flloo,c<11/RE

For what concerns the other inequality, let f be a complex-valued measurable function such that
|| flloo.c < 1. Then there exist ¢» > 0 and p € [0,27) such that

[ 7@ (o) = ) = e

Note that Hi)%e(e*ipf)HooR < He*”’f”oo,(c = |[fllooc < 1. Hence

‘/ f(x) (p1(dz) — pa(dx))

/me =0 (2)) (n (dx) — pa(dz))

< sup / 9(x) (p1(dz) — pe(dw))| = 2dpy (p1, p2)
9]l oo g <1 I/ RE
where for the last equality we use (3.4). Since f is arbitrary, we can conclude the proof. O]

Proof of Lemma 6. Let £ be an absolutely continuous random variable independent of (Y, Z) where
the law of Y has an absolutely continuous component and let us observe that ji(y,z) (dy,dz) =
tzly =y (d2)py (dy) where jizy—,(dz) denotes the conditional law of Z given Y = y. Given f :
R? — R, a non-negative measurable function, one has

E(f(Y,Z+¢€)) = / (W2 + ngyze (dy. dz, de) = / £, + e () piy ) (dy, dz) de
/ f(y, 2 4 €)pe (€) gy =y (dz) py (dy)de —/ f(y, 2)pe (x — 2) pz)y—y(dz) py (dy)da

/ fly,x / pe (= 2) pizjy =y (d2)py (y)dydz + /R @) /R pe (7 — 2) pgjy—y(dz)py,s(dy)de

where [po [ D¢ (= 2) piz)y =y (d2)py (y)dydz is positive since Y has an absolutely continuous com-
ponent and £ is an absolutely continuous random variable. Thus the law of (Y, Z + ) has an
absolutely continuous component. O

Proof of Lemma 9. Let us first observe that by Fatou’s lemma, (3.29) and the fact that p is a
probability density, one has

lim inf/ Dy, (z)dx > / lim inf py,, (x)dz > / p(z)dx = 1.
M—oo JRd Rd M—o0 R4
Moreover [pq Py;, (z)dz < 1 for each M € N*. Therefore we can conclude that
lim Dy, (z)dx = 1. (3.47)

M—o0 Jpd
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As an immediate consequence of (3.47) we have that

lim fry,, s(RY) =1~ lim pyy (z)dz = 0. (3.48)
M—o0 M—o0 JRd

Let us now prove the L' convergence. For each M € N*,

@) =y @lde =2 [ @) =y do = [ o) =y (@) da

where the second component of the right-hand side goes to 0 as M — oo by (3.47) and the
fact that p is a probability density while the first component goes to 0 as M — oo by Lebesgue
theorem and the fact that 0 < liminfy o (p(2) — py,, ()T < limsupy, o (p(2) — py,, (2))" =
(lmsup o (P(x) = Py, ()" = 0.
Hence limy/ oo [pa [P(%) — pyy, (@)] dz = 0.
Let us now prove the second point of the Lemma. For a fixed M € N*, one has

drv (Byy, py) = sup  |pyy, (A) —py (A)| = sup  |pyye (A) + pyyy,s (A) — py (A)]
AeB(R?) AeB(R?)

< sup vy (4) — iy ()] + vy (BY) < [ vy (@)~ plo)] do + vy (BY)
AeB(R?) R4

and the right-hand side tends to 0 as M — oo thanks to what has been proved in the previous
steps. O
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Chapter 4

Central Limit Theorem for the stratified
resampling mechanism

The material for this chapter has been released in [25].

The
stratified resampling mechanism is one of the resampling schemes commonly used in the resam-
pling steps of particle filters. In the present paper, we prove a central limit theorem for this
mechanism under the assumption that the initial positions are independent and identically dis-
tributed and the weights proportional to a positive function of the positions such that the image
of their common distribution by this function has a non zero component absolutely continuous
with respect to the Lebesgue measure. This result relies on the convergence in distribution of
the fractional part of partial sums of the normalized weights to some random variable uniformly
distributed on [0, 1], which is established in the companion paper [27] by overcoming the dif-
ficulty raised by the coupling through the normalization. Under the conjecture that a similar
convergence in distribution remains valid at the next steps of a particle filter which alternates
selections according to the stratified resampling mechanism and mutations according to Markov
kernels, we provide an inductive formula for the asymptotic variance of the resampled population
after n steps. We perform numerical experiments which support the validity of this formula.

4.1 Introduction

Particle filtering, also known as Sequential Monte Carlo methods (see Chapter 4 in [10] and [15] for
a general introduction), is a powerful method to estimate the evolving state of a system over time,
even when the state cannot be directly observed but can only be inferred through noisy measure-
ments or observations. It has become a very popular class of numerical methods for the solution of
optimal estimation problems in non-linear non-Gaussian scenarios. This kind of method is used in
real-time applications appearing in fields such as chemical engineering, computer vision, financial
econometrics, target tracking, robotics and statistics (see among others [51] and [20]). The use of
Monte Carlo methods for nonlinear filtering problems can be traced back to Handschin [32] and
Mayne [33]. They introduced a sequential version of the importance sampling method (see [22], [52]
as references for the importance sampling) and the corresponding algorithm is known as sequential
importance sampling, often abbreviated SIS. A drawback of the latter was identified by Gordon
et al. in [29]: as the number of iterations increases, the importance weights tend to degenerate
(a phenomenon usually known as weight degeneracy). This means that after a certain number of
iterations, some weights tend to become very small so that the corresponding positions no longer
contribute to the estimation. Thus, Gordon et al. introduced the resampling step where, in view
of stabilizing the Monte Carlo error over time, the key idea is to eliminate the particles having low
weights and to replicate the particles having high weights. Therefore, by propagating M particles
through weighting, resampling and mutation steps (each particle evolves randomly according to a
given transition probability kernel), particle filters can be used to numerically estimate the state of
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the system given the observations (see also [20], [15]).

Let us henceforth concentrate on the resampling step. Let M > 1. Given a sequence of R%-valued
random vectors (X, )1<m<m with associated random weights (w%)lngM such that w)! > 0 and

> w% = 1, a resampling scheme defines the resampled sequence (Y, )1<m<ar such that

1 M M
E (M S v, ) g) =3 wisy,,.
m=1 m=1

where G := ¢ ((Xm, wM) << M). Resampling schemes [19] permit to replace the probability mea-
M

sure Zm 1 Woy M§ ., with non equal weights by some empirical measure M Z Jdy,, with the same
=1

conditional expectation given G. Depending on the definition used for the random variables Y,,,
several resampling schemes can be considered. The most common resampling techniques are of
the following types: multinomial, residual , stratified [37] and systematic [12]. See [19] for a brief
description of such methods. The simplest approach is the multinomial resampling. It consists in
drawing, conditionally upon G, the new positions (Y,);<,,<s; independently from the common dis-
tribution Z%:l wM§x, . While the residual resampling consists in replicating | Mw) |-times X,
for m € {1,---, M} and the remaining M — >"M_ | Mw} | variables Y;, are drawn, conditionally
upon G, independently from the common distribution Ty ﬁf:l [k Ze]‘i1 {M wé\/l } dx,. Concern-

ing the stratified resampling, it is not straightforward to understand its behaviour, notably due to
the complicated structure in the definition of the Y, which, however, continue to be conditionally
independent given G. The systematic resampling is even more complicated to understand since the
Y, are no longer conditionally independent given G.

Resampling schemes have been largely studied in the literature, we now present a selection of
such results. The asymptotic behaviour for the multinomial resampling scheme has been extensively
studied in [47] (see Corollary 7.4.2 and Section 9.4.2). Douc et al. in [19] showed that residual and
stratified resampling improve over multinomial resampling in the sense that they have a lower con-
ditional variance (with respect to the o-algebra generated by (Xy,)1<m<ar). They also proved, by
means of a counter-example, that the same property does not hold for systematic resampling. Fur-
thermore, they established a central limit theorem for the residual resampling approach suggesting
that a similar result should be obtained for the stratified resampling scheme. One of the last contri-
butions concerning resampling schemes, is given by Gerber et al. [28]. Using the notion of negative
association [35], they first provided a general consistency result for resampling. An application of

M

this theorem gives the proof of almost sure weak convergence of ﬁ > dy,, in the stratified resam-
m=1

pling method. Moreover they provide a counter-example to almost sure weak convergence for the

systematic resampling method. More recently, Chopin et al. [16] studied the resampling schemes
for particle filters with weakly informative observations. Empirical evidence indicates that when
the weights used in resampling exhibit high variability, the selection of the resampling strategy
tends to have a weak impact. However, in cases where the weights are close to being uniform, the
performance differences between the different resampling methods can be substantial. By keeping
M fixed, they also considered the asymptotic behaviour of the resampling schemes as the weights
become less and less informative. See also [41], [23], [38], [14] for additional references.

In this paper, we focus on the stratified resampling scheme for the weights w / E 9(Xy)

where ¢ is a positive measurable function. Our purpose is to study the asymptotic behav1our of the
method as the number of particles M goes to co. Let f be a real-valued measurable function. To
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compute the asympotic variance of #M f(Yy,), it turns out to be essential to understand the

1

TM=

behaviour as M — oo of

MM g(x,)
{ > 9(Xe) (4.1)

where 0 < a < 1 and where {2} denotes the fractional part of z € R. Under the assump-
tion that the X; are ii.d. such that the law of ¢ (X;) has an absolutely continuous compo-
nent, we prove in the companion paper [27] the convergence in distribution of (4.1) to a ran-
dom variable uniformly distributed on [0,1]. Under this assumption, we explicit the limit of

M
Var <\/1M mZ:1 f (Ym)) and prove that \/% Z%zl (f(Yn];/[) - %) converges in distribu-

tion to a centered Gaussian random variable with variance equal to the limit. The proof of this
Central Limit Theorem relies on the asymptotic behaviour as M — oo of a vector composed of

M
VM (Zm:l i(Xm)f(Xm) —E(f(X1)g(X1)) | and the fractional parts (4.1) for o € {av, -+ , s}
25:1 9(Xe)

with 0 < a3 < -+ < ag < 1. In the companion paper [27]|, we check that this vector converges in
distribution to a vector with centered Gaussian first component and independent s last components
uniformly distributed on [0,1]*. Under the conjecture that a similar convergence in distribution
remains valid at the next steps of a particle filter which alternates selections according to the strat-
ified resampling mechanism and mutations according to Markov kernels, we provide an inductive
formula for the asymptotic variance of the resampled population after n steps.

The paper is organized as follows. In Section 4.2, we recall the definition of the stratified sam-
pling scheme and the statement of the main result (Theorem 34) is given. In Section 4.3, the
asymptotic variance is derived and in Section 4.4, the proof of the Central Limit Theorem is given.
In Section 4.6, we consider a particle filter which alternates selections according to the stratified
resampling mechanism and mutations according to Markov kernels and we provide an inductive
formula for the asymptotic variance of the resampled sequence. We perform numerical experiments
which support the validity of this formula.

Notation We denote by |x]| the integer j such that j < z < j+ 1 and by {z} = z — |z]
the fractional part of x € R. We denote the set of real-valued bounded measurable functions on
R? by By (Rd). Given pu a positive measure on R? endowed with the Borel sigma algebra and
¢ : R? — R a measurable function that is either positive or such that [pq [¢(2)|pu(dz) < oo, we

denote () = foa 6 (x) pu(da).

4.2 Statement of the Main Result

Given M > 0, let (X,n)1<m<m be a sequence of i.i.d. R%valued random vectors following the law 7
and let g : R? — (0,00) be a measurable function such that 0 < inf,cga g(z) < sup,cpa g(z) < 0.
In what follows we denote g := sup,cga g(x) and g := inf cpa g(z).

We now generate the sequence (Y, )J1<m< M according to the selection step of the stratified sampling.
We recall that starting from M random variables (Up,)1<m<nr 1.i.d. distributed according to the
uniform law on (0, 1) and independent of (X,,)1<m<, the sequence (Y,M);<,, <y is defined in the
following way

M
Yar=>"1(, , X, forme{1,---, M} (4.2)
=1 {Elw?”<m—Um§j§w§W}
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where w;;, =
£ oo

positive constant, _up to dividing g by E(g(X1)), without loss of generality we may suppose that

M % form=1,---, M. Since the weights are preserved when multiplied by a

E(g(X1)) = 1.

Let us observe that the random vectors (Y,M);<,,<as are conditionally independent given F, the
o-algebra generated by the sequence (X;,)1<m<a. Moreover one has

M

M
E <]\14 Z 5Y$I‘f"> = % Z g(Xm)(SXm. (4.3)
m=1 ZZlg(Xm) m=1

Given f : R — R a measurable function, our purpose is to provide a central limit theorem for

1 M M
i S F(Y M) If we start looking at the variance of S (Y, M) using (4.3) one has
m=1 m=1
L M
Var (M > Y > (4.4)
m=1
— Var [E 1%;’()/“)]? +E | Var 1§:f(YM)‘]-" (4.5)
N \/M m=1 " M m=1 " .
M M
= Var (\/M ng ?i”zg()Xm) ) +E (Var (\/1M > ‘ f)) : (4.6)
= m=1

Thus, in particular, we will prove respectively the convergence of the first and second term in (4.6).
The first term is common to all the resampling schemes while the second one really depends on the
considered resampling scheme.

Let us consider the following hypotheses:
I Sup,cps |f(2)] < o0

I2 the law of g(X) has an absolutely continuous component with respect to the Lebesgue measure
on R

Before providing the statement of the central limit theorem, to express the asymptotic variance
we introduce the real-valued functions 5y and S respectively given by

Bo(x,y1) ={z+y}t (1 —{z+u})+z(1-2) - 221 -z —y1)lgy, <12 (4.7)
Bi(z,y1,Y2,y3) = 2<{$ +u1} <1 —{z+u} - yz) Liyo<i—{atui}} (4.8)
—{z+uy} (1 —{z+y} -y — y3> Liystys<i—{z+m}}
- <1 —T—Y - y2> Loy tyn<i—a}

+r(l—z—y—y2—ys3) 1{y1+y2+y3<1_z}> .
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Remark 33. Let us observe that By is continuous. Indeed, the fractional part is continuous apart
from the integers where its left-hand limit is equal to 1 and its right-hand limit is equal to 0. The com-
position with the function f (z) = z (1 — z) which is such that f (0) = f (1) = 0, allows us to conclude
that (v,y1) = {x +y1} (1 — {z + y1}) is continuous. Moreover (z,y1) — (1 — 2 — y1)1{y, <1-4} 5
continuous since the function f(x,vy1) = 1—x—vy is equal to 0 on the set { ry) ER? iy =1—2
of discontinuity points of the indicator function. Similarly it is possible to prove that also By is a
continuous function on R x R x RT x RT.

The following result holds.

Theorem 34. Under the notation introduced above and under I1-2 we have

M
Jim Var (jM mZZI Fv )) = o1 (f) +03(f) (4.9)

where
ot (1) =n((g(f = n(f9))*) (4.10)

and

4]
o3(f) = 3 E(F) (411)
k=0

with (Fy)en given by

F2(X1)Bo (U1, 9(X1)) k=0
F, = k (4.12)

—f(X1) f(Xk11) B Ulag(Xl)7ZZ 9(Xe), 9(Xk41) | k>0

=2
where Uy ~ U(0, 1) is independent of X1, , Xk41-
Moreover the following convergence in distribution holds
1 < g
VM (M > - n(fg)> = N (0,01(f) +05(f)) - (4.13)
m=1

We will split the proof of the theorem into two parts: in Section 4.3, we are going to prove the
result about the asymptotic variance and in Section 4.4, the proof of the Central Limit Theorem is
provided.

4.3 Asymptotic Variance

The following proposition provides the asymptotic behaviour of the first term in (4.6). We provide
its proof for the sake of completeness.

Proposition 7. Under 11, the following convergence in distribution holds

Ze]\i1 9(Xe)
where o3(f) has been defined in (4.10). Moreover

hm Var \ﬁzm 19(Xm) (X )> = o2(f). 4.
( S () (4.15)

M
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Proof. We recall that we suppose that 1(g) = 1. Let us define h := g (f —n(fg)). By observing
that n(h) = 0 and

M M
«waWEﬂf;Z$w>_¢MMhn= — X\§4§ZMXm% (4.16)
=1 > 9(Xn) =l

by Slutsky’s theorem we have

M
VM <Zm§]?4(?<grzgng) - n(fg)> =5 N (0,9(h?)) .
=1

Let us now prove (4.15). Let us preliminary study the following quantity

| XM 4 1 M 4

Among the M? expectations appearing in the sum on the right-hand side, the ones where one
index is different from the other three are equal to 0 by the independence of the X; and the fact
that n(h) = 0. Therefore

1 & ! 1 3(M —1)
E <\/]\7 mz_:lh(Xm)> = Mﬁ(}fl) + Tﬁ(h2)2 <D, (4.17)

where D is a finite constant depending on g and f but not on M.
Since (4.16) holds, to prove (4.15) we can study the convergence as M goes to infinity of the variance

of \/MQLEM given by
g (virie \') g (varhe )
(g )) - ()

M M
1 M _ 1 M
where we denote by gas the empirical mean Y >~ 9(X,,) and by hjs the empirical mean Y > h(Xm).
m=1 m=1

By the Cauchy—Schwarz inequality we have

() s

where the right-hand side converges to 0 as M goes to infinity by the Strong Law of Large
Numbers and by Lebesgue’s theorem. With n(h) = 0, this in particular implies that

o (Vo)) s ((am)’) = g o (v ) ) -

0= B (V) e () = g e (75

= lim
M—o0

0= lim
M—o00

and

and so the proof is complete. O
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Let us now study the second term in the expression (4.6). Our purpose is to prove the following
result:

Theorem 35. Under I1-2, the following convergence holds

. 1 ¢
A}lgloo]E <V6”" <\/Mmz::1f(ynjy)|}—>> = a3(f) (4.18)
where o3(f) has been defined in (4.11).

To prove Theorem 35 we need some preliminary results the proofs of which are given in Section
4.5. By the conditional independence of the random vectors (Y;Y);i<,,<as with respect to the
o-algebra F, we have

Vi Ly vy | F) =
ar \/Mn;f(m)‘ =

1 1 & 2
:ME:IE(fQ(Yn]y)‘}')—M IE(f(Yn%‘f) . (4.20)

Var (f(Y,f‘f) ‘ f) (4.19)

M=

We introduce the following notation that will be useful in what follows: for i = 1,--- , M, let
us denote u == {w} + - +wM}, pM = w4+ -+ wM]| + 1 where w}M = % has been
Z:l 9(Xe)

introduced in (4.2) and by convention u)! =0, u}! = 1.

M
We now rewrite in a more explicit way the conditional variance Var <1M Zl fyMyF ) The
m=
proof is given in the Section 4.5.
Proposition 8. Under I1, we have
.M
Var yM ‘ .7-")
(737 2 o
| M
= Z FAX)Bo(ully, wi) (4.21)
i=1
1 (M-DA[8] k
~ FOX)F(Xiwr)Br @ wM Y " wy ) wly) (4.22)

k=1 i=1 (=2

where By and By are respectively defined in (4.7) and (4.8).

In what follows, without specifying it every time, we will suppose that M > 1 + E—‘ so that
(M—=1)A EW = E—‘. Let us observe that it is possible to rewrite (4.21) and (4.22) in the following
way B B

H
Var<\/1M ﬁ/[: f(y; M ‘ _7:) _ kzzo/ol Fk’]\{ndal (4.23)

m=1
where FJM s given by f2(X(alMW)ﬁO(“J[\§1M1—1’w][\glm) if k = 0 and by

k

~Lfaann - (Xfan i) S (Xpaaan 1) B (U, a1 -1 Wia, s D Wl Al e—1 W, A )
=2
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if k>0 Given0< a3 <1andk €N, ijz\{n is a function of the vector

k
Té\f, = (f (X(mMW) >f(X(a1M1+k) a“%lm17w%1M1va%1M}+z17“)%11\41%)
=2

which is well defined for M big enough. Therefore to study the limit behavior as M — oo of the
expectation of F) k’Mal, we are going to study the limit behavior of the vector Té‘f - To obtain a much
more general formulation useful in the next section, we introduce also the following family of vectors
well defined for M big enough. Let s > 1 and 0 < ay < -+ < as < 1. For k := (ky,--- ,ks) € N°,
let us define Vi =1,---,s

ki
To]éwk = (f (XfaiMW) f (X[aiM1+ki) 7u%iM1—1’w%iM17Zw][\giMH-é—l’w%iM]-»—ki) . (4.24)
=2

Moreover let

M
> (fo) (X

HY = VM | ™ —n(f9) (4.25)

o
> 9(Xm)

m=1

that thanks to (4.14) converges in distribution to a centered Gaussian random variable with variance

o2(f). The purpose of the next proposition is therefore to study the convergence in distribution of

M M M
(Y T T

Proposition 9. Assume I1-2. Let s € N* and k = (ky,--- ,ks) € N°. We set K; := k1 +

tkica+i—1 fori € {2,-- s} and Ky := 0. Let (Uj),<;<, be a sequence of i.i.d random
variables distributed according to the uniform law on (0,1) and independent of H ~ N(O,a%(f))
with (U1, ---,Us, H) independent from (X )1<]<K D For0<og < <ag <1, as M goes to
mfinity, the following convergence in distribution holds

d
(HM Ta1 ki Té\:[, S) - (H, Tl,ka v ;Ts,k) (426)
where
KiJrlfl
Tk = | [ (Xri01), [ (Xkip1) > Ui 9( Xk, 41), Z 9(X0),9( Xk, ) Vi=1,---,s. (4.27)
fZKi+2

Proof of Proposition 9. Let M > max a2 , lks max —Ftl ) g0 that 2 < [ M] < M — k;
v las T il divima

Vi=1,---,sand k; < [y 1 M| —[a;M]Vi=1,---,s—1. The last condition allows us to separate

the variables: (X[aiM% e ’X[aiM1+ki) is independent of <X|'ajM'|7 e ,X[ajMij) for 4, j distinct

elements of {1,---,s}.
BydeﬁnlngJMk = {[a; M1, , [a; M| + k;} for i =1,--- s, let JM :=J;_; JM

a17kl.
Moreover let (Xp,)m>1 be a sequence of i.i.d. R?-valued random vectors following the law 7 inde-
pendent of (X,)1<m<rr. Given x := (7;)1<j<k.,, € R+ we define

Ksy1
> (fg)(w;) + ZM(fQ)( i)
= VAT | it —1(f9)

Z glzj) + X 9(Xj)

]¢J]\/I
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and
Ks+l M—Ks+1 ~
> (fo)z)+ X (f9) (X))
a j=1 =1 _
Y = VM | = T ra— n(f9)
> o9z + X 9(Xy)
=1 j=1
. . . M
Similarly for i = 1,--- , s we define the vector T ki DY
[a; M]—1 K;
E Q(X‘)‘,’VZ g(x;) K:i1—1
‘7:}\4 ! Jj=1 ! M Z+Zl g(zp) ( )
JEJs Mg(rp; 1+1) (=K;+2 My(ep, 4
f(iUKi+1)7f<$Ki+1)7 Mx Kot Kor Kor1 Kor1
X g+ X g9(Xy) X 9@+ X o9(Xy) X ogl=pHt Xog9(Xy) X og@i)t Xog(Xy)
=1 jg s} =1 jgs¥ 7=1 igs¥ 7=1 igs¥
~M ~M .
and the vector T, by (f (K,+1), f (iL‘Ki_H) , ai,ki,m,f) with
fa;M-K;—1 K Ki+£171 o)
. . M x
T™ _ Mx ]21 g(XJ)+j§19( 2 Mg(zp, 1) (= i+2g ¢ Mg(zp, )
g, ki@, f Ksy1 M-Ksi1 Ksi1 M-Kgy1 "Ks M-Ksi1  _ 'Egp M-Kgy1
> g+ X 9(Xy) > g+ X 9(Xy) X og@p+ X 9(Xy) X og@p+ X 9(Xy)
j=1 j= j=1 j=1 j=1 j=1 1 =
We notice that

M M M L (M 5M =M
(Hx ’Tahkl,w"” ’Tas,ks,w) - (Hx ’Tahkl,w"” T ksﬁf)'

s, (4.28)
Let us observe that by hypothesis I2 the law of g (Xl) has a component absolutely continuous.
Moreover since [g |1+ y[**!

e ¥’ dy < 0o Vs > 1, we can apply Theorem 1 of [27] with ¢ = s and

o (Y;,Z;) equal to (g (XZ) ,(fg)(Xi))

L4 (/811\47 )5}9\471839\2_1) equa‘l to ((alM] _Kl - ]-7" ) |(a8M-| - KS - 1)M - KS+1)
‘o)=L

Ks+1 Ks+1
e zequal to ) g

=1

3 (zj), z equal to ; (fg)(x;), 6 equal to n(fg) and (yi,

K ! K "
(Z g(xs), - 20 g(%’))
7=1 7=1

o T:=H~N(0,0(f)) by (4.14)

and deduce the following convergence in distribution as M — oo

- ,Ys) equal to

[a; M]—K;—1

K;
v > 9(X5)+ _Zlg(:rj)
H M x 1=

d
M—FKgyq

=% (H,Uy, - (4.29)
> g+ X 9(X))

J=1 J=1 1<i<s
Moreover, by the Strong Law of Large Numbers
li Mg(xKﬁ-l)
im

K M-K = g(xKi+1)7
M —s 00 s+1 s+1 -
_Zl g(zj)+ '21 9(X;)
J= =
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and
3 Mg(sz+1)
]\4hinoo Ksy1 M-Ksi1 _g(thq)'
g(xj) + 2 Q(XJ)
J=1 Jj=1

Therefore by Slutsky’s theorem, for each = := (z;)i1<j<k,., € RUKs+1) we can conclude that

the following random vector

s+1

M M
(H Tozl Jki,xo " Tamksyw)

converges in distribution as M goes to infinity to

(H) Tl,k,zv T aTS,k,;B) (430)
where the vector Tj j, , is given by
Kiyq—1
(f(dei+1)7f<IKi+1) 7Ui79(xKi+1)7e:%+2 g(l‘z),g(ﬂﬁKiH)) .

In particular, given ¢ : R*6% — R a continuous bounded function one has

lim E (gb (HM TM Tgym)) =E(¢(H, T o Toka))- (4.31)

M—o0

We are now ready to prove (4.26). By conditioning with respect to o <(Xi)z‘eJM> and by applying
the Freezing Lemma, (4.28) and (4.31), one has

E(¢ (HM Ta1 kit ’Tifé\s{ks))

s+1

a /]Rd(k1+-~+k5+s) E (¢ (Ha' s Tolsrar T ke H n(dz;)

s+1

M AM
B /Rd(k1+~-~+ks+5) E <¢ (H Tal’kl’” a O‘S’ks’ )) H n(da)

— E (¢ (H7 Tl,ky e 7Ts,k’))
M—o0

where Tj j, i =1,--- , s is defined in (4.27) and so the proof is complete. O
We are now ready to prove Theorem 35 .

Proof of Theorem 35. By (4.23), it is enough to study the convergence as M goes to infinity of

g

E 1

Z/ E (F{%,) day. (4.32)
k=0"0

Let us observe that we can replace fy and /1 (introduced in (4.7) and (4.8)) in the definition of
Fé\fn respectively by the bounded functions

60(0\/90/\1,0\/3/1),61(0\/:13/\1,0\/yl,OVy2,OVy3)

that to simplify the notation we will keep calling 3y and 5.
For what has been said there exists a constant C' < oo such that
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sup |Bo(z,y1)| V sup 181 (2, 91,92, y3)| < C. (4.33)
(z,y1)€R? (@,y1,y2,y3)€ER*

By Proposition 9 applied with s = 1 and by Remark 33, we have that for each a; € (0,1)
M d
FO,OLl — FO
with Fj defined in (4.12). Moreover by the hypothesis of boundedness of f and (4.33) we have

lim E (Fy,) =E(F).

M—o00
By Lebesgue’s theorem, fol E (deé 1) dop will converge to the same limit.

H

Let us now study the convergence of fol E (F ,%1) day. By Proposition 9 applied with s = 1 and
k=1 ’
by Remark 33, we have that for each ay € (0,1) and k& > 1
M d
Fk,oq — Fk

with Fj, defined in (4.12). Moreover by the hypothesis of boundedness of f and (4.33),

lim E(FY,) =E(Fg).

M —oc0
By Lebesgue’s theorem, limps_o0 folE (F,%l) doy = E(Fy) for each k = 1,-- -, [g—‘ and so the
proof is complete. - O

M
We are now ready to provide a central limit theorem for ﬁ S F(YM) knowing its asymptotic
m=1
variance.

4.4 Central Limit Theorem

Theorem 36. Let assume I1-2. The following convergence in distribution holds
1 & .
VM (M S - n(fg)) L N (0,03(f) + o2(f)) (4.34)
m=1

where o3(f) and o3(f) are respectively defined in (4.10) and (4.11).
Proof of Theorem 36. Let u € R. By introducing the notation
T (fOH-E

a% = e\/ﬁ( m (F¥2DIF)) form=1,.-- M (4.35)

and by applying (4.3), we have

g

(F(YA)—n(fg)) . iu\/ﬁ(E(]&,%f(w)

—E (a‘uHME (ﬁ aM ( ]-">> (4.36)

I
o
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where HM is defined in (4.25). The purpose of what follows is therefore to study the convergence
as M goes to infinity of (4.36).

First step

ﬁ:s

%’]—“)
1

, one has

w

We are first going to study the conditional expectation E (
|uy|

Cﬁ

—-1- zuy+( )‘S

w2 (FVA) —E (7)) | F))?

M 1 (MY S E (VM) | F)) +

m VM 2M
3
!MUYM E(f(Va) | F)| MW!H
6M 3 T 3M:
Therefore for m = 1,--- , M, a can be rewritten as
iu () —E(f(Ya) | F
am = 14 oo (PO —E(fVRD) | F)) - Mg DR

. A3 Juf?
with \r%\ < IIfHoo;u\ _
2

3
By defining for m=1,--- M

(4.37)

let us now study the difference

E(ﬁa%)f)—E(ﬁb%‘f)‘. (4.38)

M M m-1 M
By rewriting [] o H WM = H a}’ (ad! — M) I b}, where by convention the empty
m=1 m=1 (= l=m+1

product is equal to one, by using that the random vectors (Y,M )1<m< M are conditionally independent

given F and that ‘T‘M‘ < M ‘aM’ <1 and ‘bM‘ <1+ 2”f” o , (4.38) becomes
3M3

(I |7) = (10 |)

M m—1 . M
_ M [ w My M M M
= ZE<HGZ (mu(Ym) E(f(¥a)) | F)) + m)e_H by \f)‘

m];l i:jl M u M M _m; = M
- ;E(Haz |7 E(m(f(Ym) E(f(YM) | F)) + (f) ((];[Hbg ‘F>|

4 3 3
< M x HfHOOJUI "
3M3 M

M —o0

)
S (Tl 1) 9= T o)
[

M
201 £11%, u?
- ufuoou> o
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E (e“‘HMIE (f[l oM ‘ ]-'>> — ( iwH' (H b ’ .7-"))‘ (4.39)

This implies that

lim sup
M—o0

Second step

With b} defined in (4.37

, by the previous step, it is enough to study the limit behaviour as

3 )
M — oo of E (ei“HMIE ( [T oM ‘ f>) By using the general fact that
m=1
M M s
Mo-cw-3C0 Y e
m=1 s=0 1<mi<---<ms<M j=1

for any real sequence (¢m);<,,<» We have

s(fe1) -5 5 s(fieon szl

m=1 s=0 1<mi<---<ms<M j=1
M 2\ S s
zz<2;\‘4) 3 HE((f(Y%)—E(f(Y%)\]—'))z’]-") (4.40)
s=0 1<myi<<ms<M j=1

where for the last equality we use that the random vectors (Y,M);<,,<ns are conditionally inde-

s 2
pendent given F. Let us introduce By, ... m, := [[ E (( (Y, ) ( Y%) ] .7-")) ‘ .7-">. Since
j=1

By, ... m, is symmetric in its indexes and satisfies | By, ... m <4 17112 ) , for each s > 1 we have
411£1%)"
e (4070)" are pua
Mo\ S Z Bin, ey = > B || S5 <§ - <S >> :
s oms=1 1<mi<--<mgs<M

It is therefore possible to rewrite (4.40) as

(fi17) -5 () L £ Te(o-=(eo ) |)

1<mi<--<ms<M j=1
1 1 M v u ) s »
<MZE((f<Ym>—E(f<Ym>|f)) ]f)) b7

with # such that

] < Z <2u2 ”f”io) <1 MM - 1)...(M_3+1)) e

s!
s>1
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iuHM

With |e

1, (4.36) and (4.39), this implies that

a5 (SO -n(f9)) ( v < ) ( ( oo )))
E [ eV m=1 uH Var | ——= » f(Y,,) | F
% 77 257040

— 0.
M—co

Third step

The purpose of what follows is therefore to study the convergence as M goes to infinity of

W HM M u?\° 1 1 M M ’
E|(e Z;(_?) [ var m;f(ym)(f . (4.41)

By (4.23), (4.41) can be rewritten as

M 2\ S
o) [T M U 1 M
E<€zuH )+§ :(_ 2) S' § : Al] etutl Flgﬁal.”Fé\ias> doq -+ - dog

s=1

_ R (ei“HM) +3 1{5§M}z(s, M) (4.42)

s>1
where for s > 1 and M > 1
H

u2 ° m M
Z(S,M) =\ 5 Z 1{0<a1<"'<a5<1}E e H F]i‘l{al Fk]‘ﬁag dal...das
2 D 1]5

and where we recall that Fé\;[ou fori=1,---sis given by f2(X[a M])ﬁ[)( T M1 Wlas M1) ifk; =0
and by
k;

—1{[a¢M1§M—ki}f(X(aiM1 )f(X(aiM]Jrki)ﬁl (UZ[\;[Z.M1_17 w%iz\/ﬂ ) Z w][\giM]+e_1v w%iMprki)
(=2

u2o2(f)

if k; > 0. Let us now study the convergence as M — oo of (4.42): N}im E (ei“HM> =e 2 by
— 00

(4.14) and to study the convergence of the sum we will apply Lebesgue’s theorem.

Given s > 1, we first compute the pointwise convergence as M — oo of z(s, M) and then we show the

existence of a function Z independent of M that dominates |z| and such that > Z(s) < co. Let us
s>1

start by computing the pointwise convergence. Let s > 1 and 0 < ki, kg, -+ , ks < [g—‘. By applying

the reasoning based on Proposition 9 done in the proof of Theorem 35,V 0 < a1 < --- < ag < 1 we

check that

iwHM M M
e Fkl,a1 - By

ER)

d uH
aS:>€ Fl,k"'Fs,k

where, recalling that k denotes the multiindex (ki,--- ,ks) and K; := ky + -+ + ki1 +1 — 1
Vi=1,---,s with the convention Ky :=0, F;; fori =1,--- s is given by

A (Xk+1)Bo (Ui, 9(Xk,4+1)) ki=0
Fip = Kiy1—1

’ —f(Xki+1)f(XK,,1) B (Uiag(XK¢+1)a£ ; 29(X£),9(XK,.+1)> k; >0
=K+
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and H ~ N (0,0}(f)) independent of (Uj)1<j<, and (Xj)lgngsH'
Moreover by the hypothesis of boundedness of f, (4.33) and the fact that

eiuHM‘ < 1

)

lim E (eiuHMFlé\l/{&1 e Fé}:{a‘g> =F (ei“HFl’k e Fs,k) .

M—o0
By Lebesgue’s theorem and by observing that Fjg,--- , F, are independent, respectively dis-
tributed as Fy,,- -, Fx, and independent of H, z(s, M) converges to

e I |
<_2> Z /[0 1 1{0<o¢1<...<a5<1}]E (GZUHFLk s Fs,k) dOél ce dOéS
k1, ,ks=0" 1%

_uw?elh) 1 u?\?®
— () X EG)-E@)
’ klv"'vk

s!

R AR e ORI s
—e 2 (—2) S E(F)| = 2 (—2> (a3()"

Let us now show that z is dominated by a summable function Z. By using that f, 5y and S
are bounded functions, for s > 1 one has

g

o I |

|2(s, M)| = <—UQ> Z /{01]5 Liocar<cas<y B (€™ Fy g+ Fyp) dov - - - dovg
k = )

o ()Y

s! 2

— S
for a given finite constant C. It is now sufficient to observe that »_ é (({%1 + 1) X “72) =
s>1 =

g o -
eGJH) ? < 00. In conclusion we have proved that (4.42) converges as M — oo to

w2 (o} (N +o3(h))

“2"% 1 B s _
”’Z,(—“Q) (03(f)" = g

s>0

4.5 Proof of Proposition 8

We recall that for i = 1,--- , M we denote v’ := {w{’ +--- + wM} and p = [w+- - +wM|+1,
where by convention ué‘/f =0, uéw = 1. The following technical result holds.

Lemma 11. If1 <p < { < M then
1. ,uI])V[<,uéV[ z’fandonlyifwé\il—l—---jLwéV[Zl—ug/[
2. ,u;\;/[:,uéw ifandonlyifw%_1+---+wé\/[<17u713‘/[

3. ui\,/[:,ué\/[ if and only ifuy:ui,v‘[—l—wﬁl—l----—{—wéw.
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Proof of Lemma 11. Let us observe that 2. follows directly from 1. and 3. is a direct consequence
of the definition of the integer and fractional part. Therefore it is enough to prove 1.
If ,ui,” < ,ué\/[, then

wi - w —u 1= <t -1 <w) )

that implies
l—uéw Sw%r1+---+wéw.

Let us now prove the other implication. If 1 — uf,\/[ < wﬁl + -4 wZ , then
uﬁ”:w{‘/l—l—---+w£/[—i—1—u£/lSw{\/l+---+wé‘/l<ué\4.
O

The following lemma provides an explicit expression for the conditional expectation E ( f(Y;2T) | F)
for m =1,---, M which appears in (4.20) and so it allows to prove Proposition 8.

Lemma 12. Given p € B, (Rd), form=1,--- M we have

M
() 1) = Y- 0 s ety
=1
where fori=1,--- M

1{‘“27 <uM }(1{NM <m<,LLM}+1{m uM, }(1—11, )+1{m MM}u )+1{N —m— #A{}wM
(4.43)

Proof of Lemma 12. For m = 1,--- M, by (1.17), by observing that m — U, is uniformly dis-
tributed on [m — 1,m] and by the Freezing Lemma, we have

M m
E (oY) | F) = QXi/li .
(V') | F) ;( )m_1 {zlw;”<u<zij
j=1 3=1

}du. (4.44)

By observing that fori=1,--- /M

L= Lnatr, P ot} <t (Lmmit ) Lot} 1000 <onctr}) o fommgtt, iy

let us study the value of the integral in (4.44) according to this partition. If m < p, then
m<pM; —1<wM 4. +wM and if m > pM then m > pM +1>wM +-- +wM +1 and so
in both cases the integral is zero. Let us now suppose that ,uf\f 1 < uZM I ,uf-\i[ 1 <m< ,uZM , then
mZ,uZ-]\{l—l—l >w{V[+---—|—w{Vg’1—|—1 andmgw{\/[—l—---—i—wlM. Therefore

m
/ 1, ; du = 1.
m—1 { > wj”<u§ > wéw}

j=1 j=1

If m=pM,:
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Ifm:uZM:

[

m + +sz M
/ 1 i—1 i du == / du =u; .
_ M M M_
m—1 {jzl w] <u§j§1 w; } uM—_1

Finally if m = uM = pM .

m M
/ 1 ; du = / du = wlM.
m—1 { > wif<u< 3T w) } w4 pwM

j=1 j=1

To sum up we have obtained that for ¢t =1,--- , M

/ 1 ; du
m— {Z wM<u Z }

j=1

1{#% <ul }(1{uf" <m<u]\/l}+1{m M }(1—u )—l—l{m M) Ui )—l—l{uh — }sz

O

Proof of Proposition 8. Let us rewrite (4.20). By Lemma 12 we have
M

Z ZIE FVMF)?

m:

P (Xt il (1, <msyiiny = Z Zfz ) L, <zt

mlzl

@
Il
—_

Il

SE.
S iM:
Mi M=

M M
1<i<j<M

M M
Z Zfz Xz qmz - (qm z) )1{,uM <m<uM} M Z Z f )qm zqm,] {m lh _M

m=1 i= m=11<i<j<M

=

3

i\H

(4.45)

We are now going first to rewrite the first component of the right-hand side and then the second
one.

First term:

Let us observe that by Lemma 11 applied to the couple (p,[) equal to (i—1,7), we have 1{/1M>uM1} =
1{w£”21—u1-]‘f1} and 1{/4”:%\{1} = 1{wlM<1—uf.V£1} fori =1---, M. Therefore by Lemma 12 and by

using that pM — pM, = uM; —uM + wM, we have
M
M
Z il {1t <m<pnr}
m=1

M
M
B Zl(l{wfwxu%}(l{u%<m<w} et (1= wish)
m=

+1{m MM}’UJ )+1{wM<1 ul\/l} {lh =m=p! }w )

:1{wM>1 uM }(Hz — iy —ully + )+1{wM<1 M }wM
M

=w; 1{wM>1 uM }+U} 1{wM<1 uZ 1 =w; .



104 Chapter 4. Central Limit Theorem for the stratified resampling mechanism

M
Let us observe that since, by (4.3), 37 > E (f2(V,2)|F) = & Z F2(X;)wM | we got the expected
m=
=u

1
result. Similarly, by using that ,uZ uf\f 1= f\/l 1 — u + wM we have

M
Ezl(q%i)%{uﬁ”ﬁm@y}
m=

1{wM>1 uM }( :uz 1 1+ (1 - u )2 + (UM)2) + 1{wM<1 uM }(wM)2
= (@} — (=)~ () arn g+ @Dy ")
= — () — (1) — (= ) (1= ) (@ ) gy
Substrating the two quantities and using Lemma 11 to rewrite u} as wM +uM | if wM <1 —uM,
, we have
M M
D it emity ~ D <qrﬂ»§i)21{m¢msw}
m=1 —1
= (=) b (0= ) (1= w) (1= )~ (= )y
=uM(1—u) +u) 1(1—% D+ @M (1= w) = (M +u} ) (1 —w _uMl)_ug‘fl(l_uﬁl))l{wZM<1_u%1}
=M1 —uM) +uM (1 —u) - 2uM (1 - M) - 20MuM )1{wM<1 —uM,
Therefore by observing that fori =1--- | M uf\/[ = {uf‘{l + wZM}, the first term can be rewritten
as
| MM
MZZfZ(X)(sz_(qmz) )1{NM <m<uM} sz Uj— beM) (446)
m=1 i=1

with Sy defined in (4.7).

Second term:

By Lemma 12 and by rewriting 1{ufvfl<ulM} =1- 1{wZ-M<l—u%1}’ we can rewrite the right-hand side

of (4.45) in the following way

2 Z > PP a5 e =ul1}

m=11<i<j<M

2 M
:M Z f(X )( {ur 1<#M}U -i-l{uZ = uM}'UJ )
1<i<j<M
({u] ety (U=l s eyl ) Ly
2 M-1 M-k
FX) F(Xivw) (% + 0%
k=1 =1

where for k=1,--- , M —-1andi=1,--- , M —k

M _ M
Pik = ( {'U‘H»k 1<'u‘z+k (1 H'k 1)+1{'u‘z+k 1= /’Lz+k}wz+k) 1{“ [_‘U‘H»k 1}

M _ (M _ M
pik = (i —u; )(1{uﬁk_1<ufik}<1 wltnn) ¥l o mk}wwk) (it =t iy,
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Let us now rewrite p ) and pZ k- To simplify the notation, we will denote Z w for 1 <j; <

=51
J2 < M by szf We can apply Lemma 11 to the couples
1. (p,€) = (i,i+ k — 1) so that 1{ MopM V= 1{S§ilf71<1_u£\4}
2. (p,f) = (Z — 1,2) so that 1{“%1:#?[} = 1{wiM<1—u%1}
3. ip,ﬁ) = (i+k—1,i+ k) so that 1{ ML) = l{w%k<1_u%—k—l} and 1{“%—1@—1<“%k} =
{wlj\_{k>1 ul_HC 1}

i+k—1

: M : M M | itk—1
so that, by observing that when s;777" <1 — ;" we can rewrite u;y, ; as u;” +s;7] , one has
M
= Uy M + w 1y m ) 1y itk
pl k ( {olle=1-ulf, 1}( Uitk-1) itk ol <t-u}l, }) s <1-uM )

M i+k—1
1 irk—1 (1 —u;” — s wM 1 il |
( {w%k>1 u; M sli’f 1 ( 7 i+1 ) + i+k {w%rk<lfuﬁwfssz ! {sii’fl 1<17u£‘4}
_ .M _ M itk-1 ) ) M, M )

=u;" (1 —u; siv1 )1 {sith-lc1—uM <sith) + u; wz+k1{ R MY

M M k—1 M M
= u) (1 —u}" — sy )1{5§i§71<1_u£\4} —u; (1= H—l)l{ M)

i+k—1

M M ; M _ , M M
1 and Si-‘rl < 1—UZ we can rewrite u;” = uifl—l—wi

and, by observing that when wZM <l1l-u?
and v, | =uM; + sitF=1 one has

( z+k 1)+wz+k1{wM <1-— uth L )1{wlM<1—uiA£1}1{s§ilf_l<l—ulM}

~M M M
Pik = (wz’ — U ) <1{wM >1—uM

i+k= 1+k— 1}

M M M k—
= — (uz‘—l + w; ) (1{ k1M }(1 — Uy — H— 1) + wi+k1{sz:+k<1_u1y£1}> 1{S@+k—1<1_u%1}
M M k-1
+ w; (1{si+k>1_u]w }(1 U;_q SH— )+wz+k1{sz+k<1 uM }) 1{sz+k 1oq_ u 1

M k—1 M
— _u 11 —w2, — H— )1 I ui_lwi+k1{si+k<1iu%1}
M M k—1 M M i+k
_ _uz‘_l(l uM, — sz—i- ) {3§+k*1<17u%1} —+ ui—l(l —U;_ 1 — 3;"‘ )1{S§+k<17u%1}.

Therefore we have obtained that

- Z Z f )szqm,]l{m u _H/j]\/il}

m 11<i<j<M

M—1M—k k
M M M M
v Z Z X)) f(Xivw) Br | w2y, wi” § Witp—1> Witk
k=1 i=1 (=2

with /31 defined as in (4.8). Let us now observe that there exists a finite constant C; such that for
k=1, ,M-1i=1--,M—k

Bl( Uj—1, W; vzwz+€ LW )

{Z wz+€ 1<1} {k‘<1+}
g
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Therefore

4.6 Asymptotic Variance for the Next Steps

What we have seen so far is the study of the stratified sampling selection step: it is actually part
of a more general algorithm where each step consists of a selection part and a mutation part that
we are now going to describe more in details (see for instance [47] for a more general version of the
algorithm).

For each step n > 0, we are going to recursively define the selection sequence (YnM’m) .
_m_
and the mutation sequence (X,]@V‘Im> et Let g, : R? = (0,00),n > 0 be a family of measurable

m

functions such that 0 < inf,cpa gn(z) < SUP,epa gn(w) < co. In what follows we denote g, :=
SUP,cprd gn(2) and g = inf cpa gn(x). Let for n > 0 and k£ > 0

9

=n

On (k) = {g” (1+ kﬂ (4.48)

Moreover let (Zj);~, be a R-valued time-inhomogeneous Markov chain that is for each bounded
measurable function h : R — R, E (h(Zx) |0 (Zo, -+, Zy_1) = [ga M(@) Py (Zp—1, dx) for a transi-
tion kernel P possibly depending on k. We denote the law of Zgy by .

Initialization: we generate a sequence (Xé‘/[ ’m)1§m§ ar of 1.i.d. Revalued random vectors following the law
7n. By convention YOM’m = Xéw’m for 1 <m < M.

n — n-+1: the transition from <YnM’m, X,lem> u to <Ynj‘ifl, Xﬁ?) u for n > 0 consists of two
1<m< 1<m<
steps.
Selection: we generate the random vectors (Yﬁlm ) u conditionally independent given F" :=
1<m<
o ((XZM ’m,YiM’m) ) by
1<m<M,0<i<n

1 _ XML =1, M 4.49

W m_U’TgiM-

jgl gn(X J) jgl gn(x" 7])

where (U}");<,,<n 18 a sequence of ii.d. random variables independent of F™ and
distributed according to the uniform law on (0, 1).
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Mm

7 n+1

Mutation: given G"t! := & ((XM’m,YiM’m) > we generate the ran-

) 1<m<M
dom vectors X%T, 1 < m < M conditionally independent and respectively distributed

1<m<M,0<i<n (

according to the probability measure P, <Ynj\i’1m , )

For each n > 0 we denote the weights by

M XMm
WM — M M1 M

Z gn(ert\Le)
=1

Moreover let us observe that the selection property for n = 0 (4.3) remains valid for each n:
Vn >0

1 M M me
E(M;@ﬁfn\f) > i Oxprm (4.50)

m=1
The study of the asymptotic variance of the selection part of the first step that is Var ( il Zm 1 f ( v m))
for a given bounded measurable function f : R? — R was the object of Sectlon 4.3. Our purpose

now is to generalize this result by studying the asymptotic variance of \ﬁ Z f ( o ) forn > 1.
Before doing it let us begin with some notation: for n > 0, M > 1 and k = 0 —1let

M
Mo~ ) )
O MZ 5(YnM*Z,---,Y%Z+k)
=1

1 M-k
M = —_— 5 . ik
D IR

=1

Remark 37. Let f € By (Rd). If k=0 and n = 0, by the classical Strong Law of Large Numbers
we have

lim 70 (f) = lim g™ (f) = 70(f) =n(f) =E(f (Z0)) as.

M—o0 M—o0

It is possible to prove that a Strong Law of Large Numbers holds (see [}7, Corollary 7.4.2]) also
i the case k =0 and n > 1:

M . E(f(Zn-1) Hp 9p (Zp)
Jim () = N}Enooﬂzgf(n”’) = (f) = ( TGET . ) )
s E (£ (Z) T3 90 (7))

1 .
lim 77 (f) = lim — f (Xév[’l) = ﬁg(f) =
M—00 M—o00 M ; E <HZ;§ Ip (Zp))

We are now going to prove that given h : R? — R a bounded measurable function, the study

a.s..

of the asymptotic variance of — Z h ( nj\flm X, +1 ) depends on the study of the asymptotic

variance of — Z f ( o ) for f: R? - R a bounded measurable function.
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Proposition 10. Let h € B (RM). The following convergence holds

‘var<rzh(ﬁf”, )) Var(fZPM(m ))

1 (90 (Pusah? = (Paah)?))
- 7 (9n) ‘

— 0.
M—oco

Proof of Proposztzon 10. By using that the xM +1 are conditionally independent given G"*! and

that the Y™

n+1 are G"1 measurable, one has

3w (n (2t [ 60) ) o (3 3 v (o (12t | 0+
S (o) [ o)) o5 (30 o ) o)
-

Since £ ( gt | g"+1) ~ Ppiq <Yn]\if"” , ‘>, for each bounded measurable function h : R4 — R

one has
E@(Yﬁfl,xﬁﬁ) | gn+1) - nﬂh( nf‘ﬁ{”) = /R d B(Yﬁ{”,x)PnH( M ,dx) (4.51)

Therefore we obtain that
( Zh(ﬁf”,xm))
v (3 rean (72) ) 2 5 20 po (12 ) -2 (5 §<m<m>2)

m=1
M wMm , Mm M Mm ,
) () (5 )
where to obtain the last equality we use the selection property (4.50). By Remark 37,
. 1 u Mm 2 Mm —0 2
A}gnooMn;gn (X)) Py h? (X)) = 00 (gn Pasah®)  as.,
1 - M M,m
A}ILHOOMmZZIQn(X ’ )(n+1h(X )) = M (gn (Pnt1h)7)  a.s.,
| M
Jdim > g (X)) = i (gn) s
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Thus by Lebesgue theorem,

whtm 7 (gn Prs1h?)
li E n h2 XMm _ nn(gn n+1
i, (Z ar et )> B

M pMm -0 2
lim E (Z wT]LW (anh (X%m)f) _ Un(gni(Pth) )

M—r00 719 (gn)

m=1
and this concludes the proof. O

We are now ready to study for n > 1 and f € By (Rd) the convergence as M — oo of

‘@+Af%=\@r< ﬁé (7H1)>.

With the aim of studying limas o an\jﬁl (f), we will assume the following conjectures:

Conjecture 1. For each f € By (Rd) one has

— 0

Var (\/77771 (gnf)> _ VnM (Pnfn) _ 7_]2—1 (gnfl (Pnfﬁ - (Pnfn)Q))
(19 (gn))* (70 (9n))* 701 (9n—1) jyane

_0,M
™ (gn)
where

Jn = gn (772 (gn) f — "7/2 (gnf)) .

Remark 38. In Section 4.3 we proved that in the case n = 0, by observing that Var (\/ W) =
Mo go

Var \/MTIOM(gO)f)

, one has
=0,M [ go
o’ (n(go))

— 0.

M—o0

Var (\ﬁ% (90f)> _ W(fg)

™ (g0) ) m(g)*

Forn > 1 the idea underlying the Conjecture 1 is the following: by considering

Var (\/M (ﬁ?/M (gnf) 77101 (%f))) Ve (\/MUQ M (£) ) ,

7727M (gn) 7791 (g") (gn) nn (gn)

we asymptotically replace in the denominator of the right-hand side ﬁg’M (gn) by 72 (gn). Thus we
have

M (gn) 75 (gn) oo

_OM
Var (\/M 0 (Jn) ) — 0 (1977,))4 Var (\/Mﬁg’M (fn)) — 0.

We then rewrite Var (\/ 77 ( )) following the same reasoning used in the proof of Proposition
10.
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Conjecture 2. Let t € N. Given ¢ € By, (R**2) continuous and h € B, (RYHV), the following
convergence holds

M—t
1 _—

‘M Z E (b (XMm . xMamtty g (2Mm=1 gy Mom  Manty)
m=1
1 M-t 1

— 37 20 B (e ) [ (2, g (K ) | o

m=1 0 —00
MmZ gn(Xé\/Il)
where uﬂ/f’mfl = 1&:1— and §n(33) _ ngnn((g ))'

Remark 39. In Section 4.5 we have provided a formal proof of Conjecture 2 in the case n =0. In

that case we strongly used the fact that the random variables we are working with <(Xé\/[m) >1> are
m

1.4.d. and the fact that the law of go (Xé\/[’m> has an absolutely continuous component to prove that
18 possible to asymptotically replace ué\/l’i_l with a uniformly distributed random variable independent

0 M,i QO(XMZ)
of F¥ and wy " with o)

Before providing the main result of this section, let us introduce some notation.

For k > 0 let Pﬁ@(kﬂ) : By (Rd(k+1)) — By (Rd(’“'l)) be defined by
PY* DR (2o, -+, ap) I—/ h (Yo, s yr) Po (zo,dyo) - - - Pn (g, dyg)
Ra(k+1)

and let for s =0, -+, pp—1(k), T:jls’“ : By (Rd(k+1)) — By (Rd(skﬂ)) given by

Tk—wkf (xo’ T, ,xsk)
1
= Z f(»fUOstu'.. ,$sk)/ ,Z/JSI:Sk (u7§n—1(xo),§n_1(g;1)7... 7§n—1(xsk)) du
0<s1<852<:- <51, 0
and where given 0 < s < ¢p—1(k) and sp:=0 < 57 < 59 < -+ - < s

1+9n/9 k
wslzsk (uay(]ayla"' 7ysk) = / sq—1 du’.
z*l i+q—1 {u—i— Z yJ<u’<u+Z yg}
j= j=
Finally let 7. | : B, (RUFHD) — B, (RUGn-1(W+D) defined by

¢n l(k
7;1,]{71}7’ (xo?. . x¢n 1 k) Z Tk—>sk <P® k+1)h) (IIZ'07I1}'1, te ,:L’Sk) .

sEp=0

Theorem 40. Let us assume Conjecture 1 and Conjecture 2. Then ¥n > 1 and Vf € B(Rd),
VM (f) converges as M goes to infinity and we denote its limit by Vy, (f). Moreover, by defining
Omn (0) := O (Gms1 (- (dn (0)))) form < n, m,n € N, V,, (f) is defined by the following recursive
formula:

V, (Pnfn) N 779171 (gn—l (Pnfr% - (Pnfn)2>>
(719 (90))" (719 (9n))"* 772—1 (gn-1)

+/0M< O n O bnn(©) £ () p@00n0) ()

Vn—i—l (f) =
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where fn, € By, (RIF91OD) s given by

B #n(0) 1
Jo (20, 24, (0)) = Z f($0)f($k)/0 Br (w, gn (x0) 5+, Gn (1)) du

k=0

_ k-1
with By (u, Y0, yk) = Bo(u, yo)l{k=0y — B (u,yo, > ye,yk) Ligz0y where By and B1 are respec-
=1

tively defined in (4.7) and (4.8).

Remark 41. Let us observe that by Theorem 3/, N}im VM (h) = Vi (h) = o?(h) + o3(h) Yh €
—00

By, (RY).

The proof of Theorem 40 relies on the following proposition the proof of which is provided after
the proof of the theorem.

Proposition 11. Let us assume Conjecture 2. Givenn > 1 and h € By (Rd(¢"(0)+1)) one has

‘]E (T—]sn(o)aM(h)> _ /76¢1:n(0 7—¢n ln(O 7—¢>nn ®¢0 n( )(de) —_ O

M—o0

Proof of Theorem 40. Similarly to what we have done in (4.5) and (4.6), we can rewrite the variance
in the following way

M
Vi (f) = Var (\/%Zf(}/é‘ﬂ”))
T_lM 1 U
:Var(E(\/MmZZIf n+1 ’.7'-”>> <Var<MmZ:1f n+1 ‘.7'_”>>

77 me1 In(X S FX) 1 X
_var<f iﬁflgn(XMm) )—HE(Var(Zf Mm ’fﬂ)) (4.52)

where to obtain the last equality we use the selection property (4.50). Conjecture 1 gives the
asymptotic behavior of the first term of (4.52).

Let us then study the second term of (4.52). Using the definition of Ynj\ilm and following the same
reasoning done to prove Proposition 8, we can rewrite the expression inside the expectation: for

M > 1+ ¢,(0)

M
1 n
Var(m Z f(y, n+1 ‘.7—" > (4.53)
m=1
1 n(0) Mk A _ A .
Z f XMz Xé%,z—f—k)gk (uﬁ/[”_l, w%,z’ . 7wi\L/l,z+k) (4.54)
k=0 =1

_ k1
with Bk (u, y0,+ , yk) == Bo(u, yo)L{k=0y — B <U Yo, Z yéal/k) 1{x20y where we recall that fy and

B1 are respectively defined in (4.7) and (4.8). Given k‘ =0, -, ¢n(0), we can apply Conjecture 2
Wlth t= ka h (xOJ Tt 7$k) = f (m()) f (xk) and 1/} (u7y07 te 7yk) ﬁk (u7y07 T 7yk) a‘nd Obtain that

én(0)

(Var <\ﬁ Z FyMm (f”)) Y E (ﬁQ»M (fk>> 0 (4.55)

k=0
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Where fOI' kzov 7¢n(0)7 fk (‘TO?”' ,.Tk) = f(.'lf())f(.fk) fol Bk (uagn ($[)),"' 7§n (xk)) du
_ én(0) _
We now observe that by defining f, (a:o, ST (0 ) Z fk (zo,- -+, k), one has

90 (0) ) )
> (f) - e ©OM (F)
k=0

ONEE | | M0 |
S ey S ()
k=0 i=1
g¢>n(0 .
M k=0 M—)oo

for a finite constant C. Thus we can combine it with (4.55) and obtain that

(ot 7)) ) o

We can now apply Proposition 11 with A = f, and obtain that

‘E (173:”(0),M (fn)) _ /76¢1:n(0) T¢n 1: n(0)7‘¢n n ,’7®¢0 n(o) (dl')

— 0.
M —o0

Thus we have obtained that Vn > 1, Vf € B, (Rd)

V ( nfn) 77271 (gn—l (Pnfr% - (Pnfn)2>)
(7 ( )) (19 (9n))" 7191 (9n1)

Vn+1 (f)

— 0.
M—o0

To conclude the proof, it is now sufficient to observe that by Theorem 34, Vh € By (Rd) VM (h)
converges as M goes to infinity and its limit is given by V4 (k) = o?(h) + o3 (h). O

The proof of Proposition 11 is a direct consequence of the following Lemma.

Lemma 13. Let n >0 and k > 0. Given h € By (Rd(k+1)) one has

’E( n+1(h)) E( on (0:M (Thp, ))] 0.

M—o0

Proof of Lemma 13. Since the xM +1 are conditionally independent given G"*! and £ ( T | gn+1) ~

P (Ynj\i’l , '), for each bounded measurable function A : R¥5*1 — R one has

M,i M,itk ket M,i M.itk
E <h(Xn+7i’ o ’Xn+zl+ ) | gn+1) PT;@J£1+ )h (YnJrll’ T 7Yn+1l+ ) (456)
= /Rd(k+1) h(zo, -, xk)Prg1 (Yn]\ﬁ’fjdxo) S (Yn]‘i’f%,d:pk) . (4.57)

Therefore for M >k + 1



4.6. Asymptotic Variance for the Next Steps 113

M—k

]‘ M i+k
E (i) = 52 Y B (h (05, X)) (4.58)
1=1

MZ E(BZGn (VI ) =B (e ). (4s0)

Thus our purpose now becomes to study the asymptotic behaviour of E (ﬁzﬁ( f )) for a given

fenB (Rd(k“)). Recalling the definition (4.49) of yM +1 , let us observe that if we denote by £, the

— 1 so that Y™ — XME

random index in {1,---, M} such that l{éml it

. L .
w,]lu’] <m-Umr<y, w%’]
=1 j=1
one has that m — £, is non decreasing.

Therefore given k>0, M > k+ 1 and 1 <7 < M — k one has:

M, M,it+k
(1204, y2000)

n+1
M M
S>3 (ke x) TTp .
lo=1  lp—th 4 q=0 { ) wp I <itq—Up 1< le 17 }
=
We can now apply the following change of variables m = £y, s1 = €1 —{g, S0 = bo—¥Lg, -+ , S, = L. — Ly

and set sg := 0 so that the above expression becomes

M—sy L
Z Z Z (Xé\/l,ijé\/l,ersl"” any’ersk) Hl msg=l R R
Therefore one has
1 M—k . ' 1 M—k . |
(i) = S e (2t ) =m0ttt )
=1 i=1

S

Z Z Z E(f (Xy’m,X,]y’m“l, . ,Xfy’m“’“)

0<sp,<M—10<s1<s2<-- <53, m=1
M-k k  itq
X § / 1 m+5q—1 m+sq du
i=1 gq=07ita-1 Y wp<u< ¥ w

Jj=1 j=1

where to obtain the last equality we apply the Freezing Lemma and the fact that the sequence

M,m

(U 1<m<nr 18 independent of 7™ and the sequence (Xn is F" - measurable.

>1§m§M
Givenk >0, M>k+1,0<5<M-1,0<s51<s3< - <spand1<m< M — s, let us now

focus on the sum over ¢ appearing in the above expression:

Mk:k

zlqO

/ m+5q—1 . m+5q du
i+q—1 whh <u< > whl

j:1 Jj=1

Let us first observe that if the quantity 1n51de the sum is different from zero, then in particular
f;ﬁl 1{m ) }du # 0 and erk ) {,H% 1 mesy }du # 0. This implies that

> wfy J<u< Z wM J J<u< > wM’]
j=1 Jj=1 Jj=1 j=1
m . m—+sk—1

Swhi>i—1and S wh <i+k Thus
j=1 Jj=1
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m+sE—1 m+s;—1 m
2 (s —1) < Z wMi = Z w%’J—Zw%]<i+k—i+1:k+l
g" j=m+1 j=1 j=1

and so we have obtained an upper bound for si: si < { = (k+ 1% = ¢n(k) where we use the
In
notation introduced in (4.48).
Moreover we observe that we can replace the finite sum over ¢ with an infinite sum: if ¢ > M —k+1
}du =0

i+k—
j=1

/z—i-k
1 m—4sg—1
k m—+sp
k—1 { S whicu< 3wl

Jj=1

= M. Therefore after all one has

m-+Sg M
since S wp' < Zw M —
Jj=1 Jj=1

+sq

M-k ,.; k i+q
Z/ H/ 1 Mgt ™ M,j
i=1 Y1 q=0 i+q—1 { > wn Y<u 3wy Y
= =
+sq

ko ritgq
“tason 11 | :
K <on(k mt-sq—1 m
i>1 g=17ita-1 { > w<u< > w7
=

}du
}du.

Jj=1

m—1
Z w%’ﬂ

We can now apply the change of variable u := v’ + \‘ J in each of the above integrals
j=1

so to obtain

E o pitg
E ]- m+5q71 m+sq du
i>1 g=0 Y ita—1 > M cu< Z wi!
- Jj=1 Jj=1
i+q— { E M’jJ
j=1 /
_ZH/ - 1 M,m—1 m“rl Mm—1 LY du
2>]_q 0 H—q 1— E ,j U, ,m— 4 Z J<u/< m— Z w;, »J
= j=m j=m
/
/ M1 Tt Mm—1_ mE du (4.60)
'L>1q o”/ita=1 qun + Y w<w<uy + > wpl
j=m j=m

where to obtain the last equality we use the fact that if i < 1

(2
/
/ 1 du’ = 0.
i—1 {uﬁl,m 1 Z wk J<u,<u]Wm 1 2 w]\/[g}

j=m

We observe that if the quantity inside the sum is different from zero, then in particular
i
/
/1'1 1{UTI¥I,m71<u,Su"I\L/I,m71+w7]LV[,m}dU 7& 0.

me 1+w%’m§1+g—nandsoi§ |71—i-
g

=n

This implies that i — 1 < uh" gnw . In conclusion, (4.60) can
In

be rewritten as
/
Mj}du . (4.61)

1+gn/91 k
/ m+sq— 1 sq
g1 dyuMm—1g > WM <y <y M= 1""2 w
j=m

j=m
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We denote (4.61) by s, (uﬁ/lm l,wﬁ/]’m, wg/[’m“’ o 7w7]§4’m+5’“> where 95,5, : RS2 — R.
Therefore if M > max (1 + k,1 + ¢,(k)) we have obtained that
k,M
E (7:1(9)) (4.62)
d)n( ) 1 M—Sk
=D > w2 ]E<f (e, Xyt Xk ) (4.63)
8,=0 0<s1<s52<---<sp, m=1
X wslisk (ui\L/[,m—17w7]y,m,wé\/l,m+1’ e 7wi\b/[7m+8k) ) (4'64)
We can therefore apply Conjecture 2 with ¢ = si, h (20,21, -+ ,%s,) = [ (20, Tsy, Tsoy -+, Tsy ),
1/} (Uay()v e 7y8k) = stl:sk (u7y07 e 7y8k)'
én (k)
~k,M , k—
E (i) - > E (i) | — 0 (4.65)
Sp=

where TF=sk : B, (RI*HD) — By (RAx+1)) is defined by

1
Trlfﬁskf(anxla"' ,l’sk) = Z f($0,x817”' 7m8k)/ ¢slssk (U,f]n(%),gn(m),--- 7§n($sk)) du
0<s1 <sp <o, 0
and where given 0 < s < ¢p(k) and 0 < 57 < 59 < -+ - < s
1+gn/g k-
¢S1:sk (uay()vyla"' 7ysk) = / sq—1 du'.
i+q—1 {qu Z Yj <u/<u+z y]}
We now observe that by defining T : B, (RIF+D)) — B, (RU-(K)F1) by
bn (k)
T7Il€f (x()’ o 7$¢n(k)) - Z T7]L€_>Skf (1‘0, T ’xsk) )
sEp=0
one has
én (k)
Y ae Mk ) — M (T )
sEp=0
1 (k) [ M—sy, ' ‘ M—¢n (k) ' ‘
— M Z Z (Trlfaskf) (XT]LW’Z’ L. 7XT]L\4,z+sk) _ Z (Trlf%skf> (XT]LW’Z’ . 7XTZL\4,z+sk)
sp=0 \ i=1 i=1
Z ’ ¢n - Sk) —> 0.

Skf

Combining the above estimate with (4.65) we obtain that

B () —E (7 ©OMTh)| — o, (4.66)

M—o0

In conclusion, combining (4.59) with (4.66) by taking f = Pfﬁfﬂ)h, we obtain that

E (i) B (M (TEm) | — 0

M—oo

where T,¥ = TFP? ﬁﬂ) and this concludes the proof. O
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4.7 Numerical Results

In what follows we fix d = 1 and given a sequence (W,),~,; of independent real-valued random
variables distributed according to the uniform law on (0,1), let Z, 11 = Z, + Wy41 for n > 0 with
Zy distributed according to the uniform law on (0,1) (n(dz) = Lo (%) dz). Thus in this case the
transition kernel is given by P(z,dy) = 1j; ,41)(y)dy. Moreover we will fix g, (z) = f(z) = €”
Vn >0, Vo € R.

In this section, we are first going to numerically verify the Conjecture 1 in the case n = 1 and
the Conjecture 2 in the case n = 1 and n = 2. In the second place, we will test the two conjectures
together by directly studying the asymptotic variance. As done in the theory, we study numerically
the asymptotic behaviour of following expression:

VM (f) = Var (\/Mﬁ%M (g”f)> +E <Var <1 % FyMm) ‘ ]-"")) (4.67)
" ™ (gn) VT i | |

We will consider separately the case n = 0 and the case n = 1. We recall that the first case has
been fully studied in Section 4.3 without the need to introduce any conjecture.

m=1

4.7.1 Verification of the Conjectures
Conjecture 1

We recall the notation

fi=a1 (@ (90) f =01 (a1])) -

e’—1

Since we have fixed g, (z) = f (z) = €” Vn > 0, Vo € R, one has 73 (go) = e — 1, 7 (q1) = S5+,

e2(z+1) _ 22

(g1 f) = %(63 —1)(e +1). Moreover Pfi(z) =Y (g1) e 70 (fg1) (ex—H _ ew) and

4(z+1) _ 4z 2(x+1) _ 2z 3(z+1) _ 3z

P(@) = (i (90)" ———— + (1 (Fg0))” ———— =22 (9) 7} (fo) ——5—

and

i (o0 (252 - 1)) = o) (S5 (55)
) (S5 (S5 - - 1)
et o (S (G -0 - (@ - e-n).

We first observe that given a sequence (7;),~, of square integrable i.i.d. random variables, by using
the delta method it is possible to prove that as M goes to infinity the following convergence in
distribution holds:

M M 2
VM % >y 17 - <J\14 ZT> ~Var(T1) | =% N (O,Var ((T1 _ [E(Tl))2)> O (468)
=1 i=1

The general strategy will be the following: we fix M = 10000 and
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M

_0,M > (glf)(X{”’i)
1. we simulate n; = 107 independent samples T; of VM 77_10M7<91f) = VM=————— and we
m (g1) > o (X1")

compute, by using (4.68), the estimator
1 & 1 on
A 2 ]
e (15) -

_0,M
of Var (x/M 77_10M(91f)> with relative 95% confidence interval [a1,b;] given by

T (91)
n n 4 n n 2 2
1.96 | 1 1 & 1 — 1 &
a =t ——— | =Y |\ Ti==> T —|=> |-—> T (4.70)
/M1 \| N P n1 = n =1 ni =
n n 4 n n 2 2
1.96 | 1 «— 1 — 1 — 1 —
by =0, + — | — T,——> T:.| — | — T,— =S T; ) 4.71

1 M
2. we simulate n; = 107 independent samples Hj of T > Pfi (YlM’m) and we compute the
m=1

1 M
estimator 9y of V¥ (Pf;) = Var (M > Pf (YlM’m)> with relative 95% confidence interval
m=1

[a2, b2] with D2, a2, and by respectively defined as in (4.69), (4.70) and (4.71).
Therefore

CI i (90 (Plff - (Pf1)2>)
(7 (1)) (70 (91)) " 78 (90)

VM(Pf) | 18 (g0(PLfE—(Pf)?))

with relative 95% confidence interval

is an estimator of

(7(g1))" (7(91)) " 79 (90)
az i (90 (Pf12 - (Pf1)2>) b . i (go (131f12 - (Pfl)Q))
_ 4 _ 4 _ ’ 4 _ 4 _
(79 (91)) (7 (91)) " 76 (90) (7 (90)) (79 (91))" 7 (90)
L b 9 (g0 (PLfE—(Pf1)?))
3. we check that 9 is close to (ﬁ?(”;))zl 0((’7(12(91)1)4778(90) ) as expected
n=1 value CI (95%)
01 2.8021446 [ 2.7775619 , 2.8267273 ]
b 10 (90 (PL2=(Pf1)?))
oy 4 M(oo(PSi 2.7932862 | | 2.7831461 , 2.8034263
(7(91))" (79(91)) 79 (90) [ ]

Conjecture 2

Let n € {1,2} and t € {1,2}. Moreover let h (zg,--- ,x¢) = o+ -+ and ¥ (ug, wo, -+ , Wit1) =
ug + wo + -+ - + wer1 . The general strategy will be the following: we fix M = 10000 and
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1. we simulate n; = 10° independent samples T} of
| M
7 2= (X2m L x Mty g (Mm=d g Man L Mot

m=1

and we compute the standard estimator

@1 = Tj (472)

M—t
of ﬁ > E (h (Xg/[’m, e ’X7]1\4,m+t) (0 (u%’mfl, w%7m> T ,w%’mH)) with relative 95% con-
m=1

fidence interval [a1,b1] given by

196 1 )

- =S -6 4.73

M e
1.96 1 &

by =01+ —— % | — Y (Tj—01)* (4.74)

2. we simulate n; = 10° independent samples H; of
1 M—t
Vi Z h (X;z\/[’m, . ,X%mﬂ) W (U, Lf]n(X,JL‘/[’m)» . ’gn(XTJZ\/I,mH))
m=1

where U is a random variable uniformly distributed on (0,1) independent of 7™ and g, =

% (77? (g1) = 627—17 79 (g2) = 533_1). We then compute the standard estimator vy of

M
Z E (h (Xéu,m7 e 7X;]L\/[7m+t) 77b (U, gn(X;]L\/[’m% e ’gn(Xé\/[,m+t)))

—t
m=1

1

M
with relative 95% confidence interval [ag, be] with 09, ag, be respectively defined as in (4.72),
(4.73) and (4.74).

3. we check that 07 is close to 09 as expected

4.7.2 Focus on the Variance

case n =0

We recall the notation 7)(h) := n(h) Vh € By (R) and fo := go (75 (90) f — 73 (90.f)) -

,O,M( f) 7787M< g0 f)
By (4.15) and by observing that Var <\/MTI_OOMQO> = Var \/MOM& , one has
o™ (90) i (i)

— 0

M—o0

Var ( s (gof)> ()

a0 (g0) ) m(g0)*
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n=1,t=1 value CI (95%)
1 5.7510732 [5.7509322, 5.7512143|
Vg 5.7509738 [5.7470892, 5.7548583|
n=1,t=2
1 11.8853516 [11.8850608, 11.8856425]
Vg 11.8835799 [11.8777417, 11.8894182]
n=2,t=1
1 9.2154319 [9.2152408, 9.215623|
U2 9.2150201 [9.2087834, 9.2212568|
n=2,t=2
1 19.0901421 [19.0897513 ,19.0905329]
U9 19.0895089 [19.0801501, 19.0988676]

where with the choices made 7 (90) = e—1, 73 (90.f) = <=, 1 (f3) = () (90))2 644*1+( 9 (gof))2 e?-1_
2770 (90) 770 (90f ) . The application of Theorem 35 w1th g=0o= ( ™) gives
0

1 M . . #0(0)
E(Var (me(iq : )‘]-')) - ;E(Fk) — 0

m=1

with (Fj)pey given by f2(X211)6, <U1, go(X¥71)> if k=0 and by

k
S RREIC R (vl,go 92 50(X5"), dof y,m))
(—2
i i i M,1 Mk+1 .
if & > 0 with Uy ~ (0,1) independent of X; ", -, X and By and (7 respectively defined

n (4.7) and (4.8). By using that when U; is uniformly distributed on (0, 1), {U; + r} is uniformly
distributed on (0,1) for each r > 0, we can apply the Freezing Lemma to rewrite E (Fy) Vk =

05"' )¢0(0) :

¢0(0) 60(0)
Y E(F) =) E (dm,go (Xé‘“, o ,Xé”’k“)) (4.75)
k=0 k=0

for measurable functions ¢y 5, : R*+1D) 5 R given by

1
doan(@) = 5 (@) (1~ Ligotoren (1~ (@)’ (4.76)
and for each k£ > 1,

Prgo () = f(21) f (T 1)Vk,50 () (4.77)
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where 1, 5,(x) is given by
1 - - . - -
5 (1{‘%50(%)0}1{,%11 go(zi)<1}go(x1)go(xk+1) <2 - 22290(%) — (Go(z1) +90(17k+1))>)
Y PR (i
6 {égo(zi)a} {]::1150(11‘)21} pat gorm
b 1 <1—i~ (a:-)>3
6 {élgo(ma} {ggo(mzl} £ O
o (o )

Thus, using numerical methods we are going to check what we already know theoretically that
is

VM (f) — 1 (f3) —%(%)E@ ) (XM,l XM,k+1>) .
1 n(o) = B0 N0 o Moo

The general strategy will be the following: we fix M = 10000 and
. 7. 1 M Mm
1. we simulate n; = 10" independent samples Tj of T > f(Y7™) and we compute the
m=1

1 M
estimator 91 of VM (f) = Var <M > f(YlM’m)> with relative 95% confidence interval
m=1

2
[a1,b1] with 01, a1, by respectively defined as in (4.69), (4.70) and (4.71). Therefore 0; — Z((;;O)Z is

2 2 2
an estimator of VM (f) — M with relative 95% confidence interval [al _ i) by — W(foq :

n(go) 1(90)" "t 1(g0)

2. We simulate ny = 10° independent samples Zj of ioz(:(: Dk, do (Xéw’l,--- ,Xéw’kH) and we
compute the standard estimator vy of ¢OZ(O) E <¢k7§o <Xé\/[’1, e ,Xy’kJrl)) with relative 95%
confidence interval [ag, ba] with 02, ag, bl;:r%spectively defined as in (4.72), (4.73) and (4.74).

3. We check that 97 — ;7((9);(?)1 is close to 9 as expected.

n=0 value CI (95%)
01 — Z((sf)z 0.07943 [ 0.079127 , 0.079733 |
o)) 0.0793412 | [ 0.0790773 , 0.0796051 |

case n =1

In this case the asymptotic behaviour of the first term of the right-hand side of (4.67) is given by
Conjecture 1

\hr<v@4”?M<mfv> _‘G”(Pfﬂ__ﬁ8<90(Pf?—(Pf02))

_0,M — 0
U (91)

(7 (1)) (M (90)" 1) (g0) | M
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and by (4.55) the asymptotic behaviour of the second term of the right-hand side of (4.67) is
given by

1 < M,m 1 W kM (7
E (Var (m Z_: FvMm) )f >> ~YE (?71 (fk>> =0 (4.78)

where for k£ =0,--- , $1(0),

1
Fe (o, ) = f (o) f () / B (w31 (20) -~ g1 () d

-1

_ K
with By (w, yo, -+, yk) = Bo(u, yo)lr=0y — A1 (u,yo, > ye,yk) Lirzoy. We recall that 8y and
i=1

B1 are respectively defined in (4.7) and (4.8) and §; = ﬁoﬁu) . We now observe that
1
o kM (7 o k,M
B (7 (7)) = 3B (a (4r5) (4.79)
k=0 k=0

where the ¢, 5 : RE+1) — R are measurable functions defined in (4.76) and (4.77).

Thus using numerical methods we are going to check that

u W (w0 (PF - (P72)) 90O
VM . Vl (Pfl) . 0 B . oy } .
S (7 (91))" (70 (91)) " 78 (g0) kZ:O (771 (¢, )) e

so that Conjecture 1 and Conjecture 2 are numerically verified at the same time. The general
strategy will be the following:

1 M
1. (a) we simulate ny = 107 independent samples 7} of T > f(YQM’m) and we compute
m=1

1 M
the estimator ©1,; of Var (M > f(YQM’m)) with relative 95% confidence interval
m=1
[a1,1,b1,1] with 01,1, a1,1, and by 1 respectively defined as in (4.69), (4.70) and (4.71).

1 M
(b) we simulate ny = 107 independent samples H; of Wi > Pfl(YlM’m) independent of
m=1

1 M
(Tj)1<j<n1' We compute the estimator 0; 2 of Var <M > Pfl(YlM’m)> with relative
== m=1
95% confidence interval [a; 2, b1 2] with 01 2, a1,2, and by 2 respectively defined as in (4.69),
(4.70) and (4.71).

: N 2 M6 (90 (PfE=(Pf1)?))
¢) we compute the estimator 01 — —22  — 76 (90 (P11 of
(c) P 11 (7(g1))" (7(91)) 79 (90)

VM (- PR) T (30 (P12 - (P1)"))
i (7 (91))" (7 (91)) " 75 (90)

0 2 2
with 90% confidence interval [A, B] with A = a1 — b MBloo(Pf—(P11)7)) and

(7(g1))" (7%(91)) " 79 (g0)
=0 2 2
B:b _ ai 2 _ 770(90(Pf1*(Pf1) ))
BT @)’ (7 (91)) 78 (90)
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1O 4
2. We simulate ny = 10° independent samples Z; of Y ;""" (¢x.5,) and we compute the stan-
k=0
$1(0) b M
dard estimator 02 of > E (771’ (¢k,§1)) with relative 95% confidence interval [ag, by] with
k=0
0, ag, by respectively defined as in (4.72), (4.73) and (4.74).
X b 6 (90(PF2=(Pf1)?)) . .
3. We check that 6y — —22  — 10 (90(P/3 is close to 79 as expected.
T @) T () ) 2 e
n=1 value CI
- 0 3 P
gy — 2 B(PHPIT) | 4709737 | [ 0.4690806 , 0.4768669 |
(2 (91)) (79 (91))" 7§ (90)
U9 0.4725217 | [ 0.4724719 , 0.4725714 |
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