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Summary

This thesis is dedicated to the central limit theorem which is one of the two fundamental limit
theorems in probability theory with the strong law of large numbers.

The central limit theorem which is well known for linear functionals of the empirical measure of
independent and identically distributed random vectors, has recently been extended to non-linear
functionals. The main tool permitting this extension is the linear functional derivative, one of the
notions of derivation on the Wasserstein space of probability measures. We generalize this extension
by first relaxing the equal distribution assumption and then the independence property to be able
to deal with the successive values of an ergodic Markov chain.

In the second place, we focus on the stratified resampling mechanism. This is one of the re-
sampling schemes commonly used in particle filters. We prove a central limit theorem for the first
resampling according to this mechanis m under the assumption that the initial positions are in-
dependent and identically distributed and the weights proportional to a positive function of the
positions such that the image of their common distribution by this function has a non zero compo-
nent absolutely continuous with respect to the Lebesgue measure.
This result relies on the convergence in distribution of the fractional part of partial sums of the
normalized weights to some random variable uniformly distributed on [0,1]. More generally, we
prove the joint convergence in distribution of q variables modulo one obtained as partial sums of
a sequence of i.i.d. square integrable random variables multiplied by a common factor given by
some function of an empirical mean of the same sequence. The limit is uniformly distributed over
[0, 1]q. To deal with the coupling introduced by the common factor, we assume that the common
distribution of the random variables has a non zero component absolutely continuous with respect
to the Lebesgue measure, so that the convergence in the central limit theorem for this sequence
holds in total variation distance.
Under the conjecture that the convergence in distribution of fractional parts to some uniform ran-
dom variable remains valid at the next steps of a particle filter which alternates selections according
to the stratified resampling mechanism and mutations according to Markov kernels, we provide
an inductive formula for the asymptotic variance of the resampled population after n steps. We
perform numerical experiments which support the validity of this formula.
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Résumé

Cette thèse porte sur le théorème de la limite centrale, l’un des deux théorèmes limites fondamen-
taux de la théorie des probabilités avec la loi forte des grands nombres.

Le théorème de la limite centrale usuel qui porte sur des fonctionnelles linéaires de la mesure
empirique de vecteurs aléatoires indépendants et identiquement distribués a récemment été étendu
à des fonctionnelles non linéaires par l’utilisation de la dérivée fonctionnelle linéaire sur l’espace de
Wasserstein des mesures de probabilité. Nous généralisons cette extension à la mesure empirique
de vecteurs aléatoires indépendants mais non identiquement distribués d’une part et à la mesure
empirique des états successifs d’une chaîne de Markov ergodique d’autre part.

Dans un second temps, nous nous intéressons au rééchantillonnage stratifié qui est couramment
utilisé dans les filtres particulaires. Nous prouvons un théorème de la limite centrale pour le premier
rééchantillonnage sous l’hypothèse que les positions initiales des particules sont indépendantes et
identiquement distribuées et leurs poids sont proportionnels à une fonction positive des positions
qui envoie leur loi commune sur une probabilité possédant une composante non nulle absolument
continue par rapport à la mesure de Lebesgue. Ce résultat repose sur la convergence en loi de la
partie fractionnaire des sommes partielles de poids normalisés vers une variable aléatoire uniforme
sur [0,1]. Plus généralement, nous montrons la convergence en loi vers un vecteur aléatoire uniforme
sur [0, 1]q de q sommes partielles d’une suite de variables aléatoires i.i.d. de carré intégrable multi-
pliées par une fonction de la moyenne empirique de cette suite. Pour traiter le couplage introduit
par ce facteur commun, nous supposons que la loi commune a une composante non nulle absolument
continue par rapport à la mesure de Lebesgue, ce qui assure la convergence en variation totale dans
le théorème de la limite centrale pour cette suite. Sous l’hypothèse que la convergence en loi de
la partie fractionnaire des poids normalisés reste vraie au étapes suivantes d’un filtre particulaire
calculé en alternant des étapes de rééchantillonnage suivant le méchanisme stratifié et des muta-
tions suivant des noyaux markoviens, nous obtenons une formule de récurrence pour la variance
asymptotique des particules après n étapes. Nous vérifions la validité de cette formule au travers
d’expériences numériques.
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Chapter 1

Introduction

1.1 Théorème de la Limite Centrale : une revue de la littérature

Le Théorème de la Limite Centrale (abrégé TLC) est un résultat fondamental en théorie des prob-
abilités et en statistiques. La première preuve rigoureuse du TLC a été fournie par Abraham de
Moivre au XVIIIe siècle dans Miscellanea analytica supplementum. Sa preuve se limitait au cas
particulier de variables aléatoires indépendantes identiquement distribuées selon une distribution
de Bernoulli de paramètre p = 1

2 . Ce résultat a été étendu par Pierre Simon Laplace en 1812 aux
variables aléatoires de Bernoulli de paramètre quelconque dans Théorie analytique des probabilités.
De nombreux mathématiciens ont continué à développer les idées pionnières introduites par ces
deux études. Dans la suite de cette section, nous preséntons une revue non exhaustive des résultats
de type Théorème de la Limite Centrale.

1.1.1 Théorème de la Limite Centrale pour les variables aléatoires i.i.d.

Convergence en loi

Étant donnée une suite (Xi)i≥1 de vecteurs aléatoires i.i.d. à valeurs dans Rd et une fonction
mesurable f : Rd → R telle que E (|f (X1)|) < ∞, la Loi Forte des Grands Nombres affirme que
la moyenne empirique converge presque sûrement vers l’espérance de f (X1) quand la taille de
l’échantillon grandit

lim
N→∞

1

N

N∑
i=1

f (Xi) = E (f (X1)) p.s.

Le taux de convergence dans la Loi Forte des Grands Nombres est fourni par le Théorème de la
Limite Centrale lorsque E

(
f2 (X1)

)
<∞. Ainsi, on a

√
N

(
1

N

N∑
i=1

f (Xi)− E (f (X1))

)
d

=⇒ G ∼ N
(
0, σ2

)
(1.1)

où l’on a noté:

• d
=⇒ la convergence en loi,

• σ2 la variance de f (X1),

• N
(
m,σ2

)
la loi normale d’espérance m et de variance σ2.

Ainsi, lorsque σ est strictement positif, (1.1) implique que l’erreur d’approximation εN :=

1
N

N∑
i=1

f (Xi)− E (f (X1)) satisfait pour tous c1 < c2

lim
N→∞

P
(
c1√
N
≤ εN ≤

c2√
N

)
=

∫ c2

c1

e−
x2

2σ2
dx

σ
√

2π
.
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En statistique, cela nous permet de définir un intervalle de confiance qui encadre la valeur de εN .
Par exemple, si σ2 = 1, puisque P (|G| ≤ 1.96) ≈ 0.95, pour un N suffisamment grand et avec une
probabilité proche de 0.95, on a

|εN | ≤
1.96√
N
.

Convergence pour la distance en variation totale

Soit P
(
Rd
)
, l’ensemble des mesures de probabilité sur Rd. Rappelons que la distance en variation

totale entre deux mesures µ1, µ2 ∈ P
(
Rd
)
est donnée par la formule

dTV (µ1, µ2) = sup
A∈B(Rd)

|µ1(A)− µ2(A)| = 1

2
sup

‖f‖∞,R≤1

∣∣∣∣∫
Rd
f(x) (µ1(dx)− µ2(dx))

∣∣∣∣ .
Soit (Xi)i≥1 une suite de vecteurs aléatoires i.i.d. à valeurs dans Rd. Nous supposons que les Xi

sont de carré intégrables, qu’ils ont une moyenne nulle et que leur matrice de covariance est la
matrice identité. On dit que le TLC (Théorème de la Limite Centrale) a lieu en variation totale si

lim
N→∞

dTV

(
µ

1√
N

N∑
k=1

Xk

,N (0, Id×d)

)
= 0

où l’on a noté Id×d la matrice identité de taille d et µY la loi d’un vecteur aléatoire Y à valeurs
dans Rd.
En 1952, Prohorov [50] a été le premier à s’intéresser à ce problème : il a montré qu’en dimension
d = 1 une condition nécessaire et suffisante pour obtenir le résultat est qu’il existe N0 ≥ 1 tel que

la loi de
N0∑
k=1

Xk ait une composante absolument continue. En 1964, Mamatov et Halikov [42] ont

étendu ce résultat en dimension quelconque. Plus précisément, ils ont prouvé que si la loi de X1 a
une composante absolument continue, alors

lim
N→∞

dTV

(
µ

1√
N

N∑
k=1

Xk

,N (0, Id×d)

)
= 0.

Voir également [3]. La généralisation suivante en découle facilement.

Theorem 1. Soit (Ti)i≥1 une suite de vecteurs aléatoires i.i.d. de carré intégrables à valeurs dans
Rd telle que la loi de T1 a une composante absolument continue. Notons Σ la matrice de covariance
définie positive de T1. Alors, la convergence en variation totale a lieu

lim
N→∞

dTV

(
µ

1√
N

N∑
k=1

(Tk−E(T1))
, µG

)
= 0

où G ∼ N (0,Σ).

1.1.2 Théorème de la Limite Centrale pour des variables aléatoires indépen-
dantes non équidistribuées

Soit (Xi)i≥1 une suite de vecteurs aléatoires indépendants à valeurs dans Rd et f : Rd → R une
fonction mesurable. Notons la loi de Xi par νi.
Rappelons qu’une suite (f(Xi))i≥1 est Fortement Résiduellement Cesaro β-Intégrable (Strongly
Residually Cesaro β-Integrable) pour β > 0 (abrégé SRCI(β)) si
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1. supn≥1

1

n

n∑
i=1

E(|f(Xi)|) <∞

2.
∞∑
i=1

1

i
E
((
|f(Xi)| − iβ

)
1{|f(Xi)|>iβ}

)
<∞.

Chandra et Goswami [13, Théorème 4.1] ont montré que si (f(Xi))i≥1 est une suite de variables
aléatoires indépendantes deux à deux et vérifie la condition SRCI(β) pour un certain β ∈ (0, 1),
alors la Loi Forte des Grands Nombres est vérifiée :

lim
n→∞

n∑
i=1

(f(Xi)− E(f(Xi)))

n
= 0 p.s. (1.2)

De plus, Lindeberg (voir par exemple [7]) a prouvé que le Théorème de la Limite Centrale est
vérifié. Ainsi, si une suite (f(Xi))i≥1 de variables aléatoires indépendantes de carré intégrable est

telle que σ2
n :=

n∑
i=1

V ar(f(Xi)) est positif pour n grand et vérifie la condition de Lindeberg suivante

∀ε > 0 lim
n→∞

1

σ2
n

n∑
i=1

E((f(Xi)− E(f(Xi)))
21|f(Xi)−E(f(Xi))|>εσn) = 0,

alors ∑n
i=1(f(Xi)− E(f(Xi)))

σn

d
=⇒ N (0, 1). (1.3)

1.1.3 Théorème de la Limite Centrale pour les tableaux de martingale

Nous présentons maintenant le Théorème de la Limite Centrale pour des tableaux de martingale
(voir [31], Corollaire 3.1).
Pour chaque n ≥ 1, soit {Sn,i,Fn,i, 1 ≤ i ≤ n} une martingale à espérance nulle et de carré intégrable
telle que Fn,i ⊆ Fn+1,i pour 1 ≤ i ≤ n, n ≥ 1. Nous appelons {Sn,i,Fn,i, 1 ≤ i ≤ n, n ≥ 1} un
tableau de martingales.

Theorem 2. Soit {Sn,i,Fn,i, 1 ≤ i ≤ n, n ≥ 1} un tableau de martingales à espérance nulle et de
carré intégrable. Supposons que les variables Xn,i = Sn,i − Sn,i−1, 1 ≤ i ≤ n (Sn,0 = 0) satisfont les
conditions suivantes:

• il existe η2 ∈ (0,∞) tel que lorsque n→∞ la convergence en probabilité suivante a lieu

n∑
i=1

E
(
X2
n,i|Fn,i−1

) P−→ η2 (condition du crochet)

• pour tout ε > 0 lorsque n→∞
n∑
i=1

E
(
X2
n,i1{|Xn,i|>ε}|Fn,i−1

)
P−→ 0 (condition de Lindeberg).

Alors,

n∑
i=1

Xn,i
d

=⇒ N
(
0, η2

)
.
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1.1.4 Théorème de la Limite Centrale pour une fonctionnelle non linéaire des
mesures empiriques

Soit (Xi)i≥1 une suite de variables aléatoires à valeurs dans Rd i.i.d. selon µ. La mesure empirique
associée est définie par la formule suivante

µN :=
1

N

N∑
i=1

δXi .

Dans cette section, nous nous intéressons à la convergence en loi de la suite de variables aléatoires
réelles

√
N (U (µN )− U (µ))

où U est une fonction quelconque définie sur P
(
Rd
)
. Dans la littérature de statistique mathéma-

tique, les fonctionnelles U (µN ) sont connues sous le nom de "fonctions statistiques". Par exemple,
sous l’hypothèse que X1 est de carré intégrable,

U(µN ) =

∫
Rd

(
x−

∫
Rd
xµN (dx)

)2

µN (dx)

est un estimateur de la variance de la population

U(µ) =

∫
Rd

(
x−

∫
Rd
xµ (dx)

)2

µ (dx) .

La théorie asymptotique des fonctions statistiques a été étudiée dans la littérature de statistique
mathématique, et l’idée commune est de linéariser

√
N (U (µN )− U (µ)) en une somme d’un terme

auquel s’applique le Théorème de la Limite Centrale classique (voir la Section 1.1.1) et un terme de
reste qui tend vers zéro en probabilité.

Von Mises [45] [46] a été le premier à étudier ce problème. En supposant que (Xi)i≥1 est
une famille de variables aléatoires réelles indépendantes et identiquement distribuées (d = 1), il a
introduit un développement de Taylor de la fonctionnelle U (µN ) à la distribution commune µ des
variables aléatoires. Rappellons brièvement la méthod permettant de dériver une fonctionnelle U (·)
définie sur P (R): la différentielle de Gâteaux. Soit µ, ν ∈ P (R) et soit U une fonctionnelle définie
sur µ+ λ (ν − µ) pour 0 ≤ λ ≤ 1. Si la limite

dG1 U (µ; ν − µ) = lim
λ→0+

U (µ+ λ (ν − µ))− U (µ)

λ
(1.4)

existe, on l’appelle la différentielle de Gâteaux de U en µ dans la direction de ν. Remarquez que
dG1 U (µ; ν − µ) est simplement la dérivée à droite en λ = 0 de λ 7→ U (µ+ λ (ν − µ)), 0 ≤ λ ≤ 1.
En général, la différentielle de Gâteaux d’ordre k de U en µ dans la direction de ν est définie, si la
limite existe, comme

dGk U (µ; ν − µ) =
dk

dλk
U (µ+ λ (ν − µ))

∣∣
λ=0+ .

Dans ce qui suit, nous supposerons que la différentielle de Gâteaux d’ordre 1 est linéaire : il existe
une fonction fG (µ;x) , x ∈ R telle que

∫
R f

2
G (µ;x)σ (dx) <∞, ∀σ ∈ P (R) telle que

dG1 U (µ; ν − µ) =

∫
R
fG (µ;x) (ν (dx)− µ (dx)) . (1.5)
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Ainsi, grâce à la différentielle de Gâteaux, Von Mises a introduit le développement de Taylor de
λ 7→ U (µ+ λ (µN − µ)), 0 ≤ λ ≤ 1 en λ = 0 (sous les hypothèses pour lesquelles un développement
de Taylor est valable, voir [2] p. 96). Si le premier terme non nul dans le développement de Taylor
est le terme linéaire, alors on a

√
N (U (µN )− U (µ)) =

√
NdG1 U (µ;µN − µ) +

√
NR1,N

où R1,N = 1
2
d2

dλ2U (µ+ λ (µN − µ))
∣∣
λ=λ∗

pour 0 ≤ λ∗ ≤ 1. La stratégie de Von Mises consistait à
prouver que le reste tend vers zéro en probabilité en vérifiant que

√
N sup

0≤λ≤1

∣∣∣∣ d2

dλ2
U (µ+ λ (µN − µ))

∣∣∣∣ P−→ 0

et en observant que, grâce à (1.5), dG1 U (µ;µN − µ) peut être écrit comme une moyenne de variables
aléatoires i.i.d. auxquelles s’applique le Théorème de la Limite Centrale classique.
En résumé, la principale difficulté technique était de prouver que le reste dans le développement de
Taylor tend vers zéro. Un inconvénient de cette méthode est qu’elle implique un ordre de différen-
tiation plus élevé que nécessaire. Nous renvoyons au Chapitre 6 de [56] pour plus de détails.

En dimension d = 1, Boos et Serfling [8] ont supposé l’existence d’une différentielle pour U(.)
en µ dans un sens plus fort que la différentielle de Gâteaux.
SoitD := {π : π = c (µ− ν) , c ∈ R, µ, ν ∈ P (R)} équipé d’une norme ‖·‖. La fonctionnelle U définie
sur P (R) est dite avoir une différentielle en µ par rapport à ‖·‖ si il existe une fonctionnelle
dN1 U (µ;π)

• définie sur π ∈ D et linéaire en π, c’est-à-dire dN1 U(µ;
k∑
i=1

aiπi) =
k∑
i=1

aid
N
1 U(µ;πi) pour

a1, · · · , ak ∈ R et π1, · · · , πk ∈ D

• telle que

U (µ)− U (ν)− dN1 U (µ; ν − µ) = o (‖ν − µ‖) (1.6)

quand ‖ν − µ‖ → 0.

Remarquons que dans le cas des espaces de Banach, dN1 U (µ;π) est appelée dérivée de Fréchet. Boos
et Serfling supposent, comme c’est généralement le cas dans la plupart de la littérature et comme
cela a été fait dans le cas de la différentielle de Gâteaux, que

dN1 U (µ;π) =

∫
R
fN (µ;x)π (dx)

pour une certaine fonction fN (µ; ·) telle que
∫
R f

2
N (µ;x)σ (dx) <∞, ∀σ ∈ P (R).

Si U admet une telle différentielle par rapport à la distance de Kolmogorov-Smirnov, on a

√
N (U (µ)− U (µN )) =

1√
N

N∑
i=1

dN1 U (µ; δXi − µ) +
√
No

(∥∥∥∥∥ 1

N

N∑
i=1

1{Xi≤·} − µ (−∞, ·]

∥∥∥∥∥
∞

)
.

La convergence en loi de 1√
N

∑N
i=1 d

N
1 U (µ; δXi − µ) découle de l’application du Théorème de la

Limite Centrale classique.
En ce qui concerne le reste, Boos et Serfling ont tiré parti des propriétés connues de la distance
de Kolmogorov-Smirnov :

√
N
∥∥∥ 1
N

∑N
i=1 1{Xi≤·} − µ (−∞, ·]

∥∥∥
∞

est stochastiquement bornée. Cela
permet de prouver que le reste tend vers zéro en probabilité. Cette approche permet de contourner
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un reste d’ordre supérieur, mais elle repose sur l’uniformité de l’approximation (1.6) par rapport à
la distance de Kolmogorov-Smirnov qui est une hypothèse forte. De plus, il est difficile d’étendre
cette approche à plusieurs dimensions.

En 1990, Dudley [21] a généralisé le travail de Boos et Serfling en considérant dans (1.6) une
norme différente de celle de Kolmogorov-Smirnov et ne s’est pas limité au cas unidimensionnel.
Étant donné F une famille de fonctions mesurables sur Rd telles que

∫
Rd |f (x)|σ (dx) < ∞, ∀f ∈

F , σ ∈ P
(
Rd
)
, nous définissons pour une mesure signée τ

‖τ‖F = sup
f∈F

∣∣∣∣∫
Rd
f (x) τ (dx)

∣∣∣∣ .
Remarquons que dans le cas unidimensionnel, en prenant F égal à l’ensemble des fonctions indi-
catrices 1(−∞,t], t ∈ R, ‖·‖F coincide avec la distance de Kolmogorov-Smirnov. Ainsi, Dudley a
prouvé que si F est telle qu’un Théorème de la Limite Centrale pour les mesures empiriques a lieu
avec une convergence uniforme sur F et que U est différentiable en µ par rapport à ‖·‖F , alors√
N (U (µ)− U (µN )) converge en distribution vers une variable aléatoire gaussienne. Évidemment,

il y a un équilibre entre la convergence uniforme sur F et la différentiabilité de U . En effet plus la
classe F est grande, plus la norme ‖·‖F est grossière et donc la différentiabilité par rapport à ‖·‖F
devient plus simple, tandis que la convergence uniforme sur F devient plus forte.

Récemment, Jourdain et Tse [36] ont réexaminé le même problème. L’outil principal est la
dérivée fonctionnelle linéaire de U que nous allons maintenant brièvement présenter, ainsi que la
notion de distance de Wasserstein.

La distance de Wasserstein et la dérivée fonctionnelle linéaire

Soit U : P`
(
Rd
)
→ R où, pour ` ≥ 0, nous notons par P`

(
Rd
)
l’ensemble des mesures de probabilité

m sur Rd telles que
∫
Rd |x|

`m(dx) < ∞. Pour ` > 0, nous considérons la distance de Wasserstein
d’ordre ` définie pour µ1, µ2 ∈ P`

(
Rd
)
par

W` (µ1, µ2) = inf

{(∫
R2d

|x− y|` ρ (dx, dy)

) 1
`∨1

: ρ ∈ P(R2d) avec ρ
(
· × Rd

)
= µ1(·), ρ

(
Rd × ·

)
= µ2(·)

}
.

Si µ ∈ P`
(
Rd
)
et (µn)n∈N est une suite dans cet espace, alors limn→∞W` (µn, µ) = 0 si et

seulement si limn→∞
∫
Rd |x|

`µn(dx) =
∫
Rd |x|

`µ(dx) et µn converge faiblement vers µ lorsque n→∞,
où nous écrivons µn ⇀ µ pour indiquer la convergence faible. Alternativement, limn→∞W` (µn, µ) =
0 si et seulement si, pour toute fonction φ : Rd → R continue presque partout par rapport à µ et
telle que supx∈Rd

|φ(x)|
1+|x|` <∞,

lim
n→∞

∫
Rd
φ(x)µn(dx) =

∫
Rd
φ(x)µ(dx). (1.7)

Pour ` = 0 et µ1, µ2 ∈ P0

(
Rd
)
, nous considérons

W0 (µ1, µ2) = inf

{∫
R2d

(1 ∧ |x− y|)ρ (dx, dy) : ρ ∈ P(R2d) avec ρ
(
· × Rd

)
= µ1(·), ρ

(
Rd × ·

)
= µ2(·)

}
.

Remarquons que la topologie de la convergence faible est induite par W0.
Rappelons maintenant la notion de dérivée fonctionnelle linéaire (d’ordre un) associée à U . Pour

une description plus détaillée, y compris la définition de la dérivée fonctionnelle linéaire d’ordre
supérieur, voir [11].
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Definition 1. Soit ` ≥ 0. Une fonction U : P`
(
Rd
)
→ R admet une dérivée fonctionnelle linéaire

en µ ∈ P`
(
Rd
)
s’il existe une fonction mesurable Rd 3 y 7→ δU

δm (µ, y) telle que supy∈Rd
| δUδm (µ,y)|

1+|y|` <∞
et

∀ν ∈ P`
(
Rd
)
,
d

dε |ε=0+

U (µ+ ε(ν − µ)) =

∫
Rd

δU

δm
(µ, y) (ν − µ)(dy).

Puisque (ν − µ)
(
Rd
)

= 0, δU
δm est défini à une constante additive près. Nous observons que la

dérivée fonctionnelle linéaire est une dérivée de Gâteaux qui est linéaire par définition. Le lemme
suivant permet d’exprimer une différence finie de la fonction U sous forme d’une intégrale de la
dérivée fonctionnelle linéaire.

Lemma 1. Soit ` ≥ 0, m, m′ ∈ P`
(
Rd
)
et supposons que la dérivée fonctionnelle linéaire d’une

fonction U : P`
(
Rd
)
→ R existe dans le segment (ms := sm′ + (1− s)m)s∈[0,1].

Alors si sup(s,y)∈[0,1]×Rd
| δUδm (ms,y)|

1+|y|` <∞, on a

U(m′)− U(m) =

∫ 1

0

∫
Rd

δU

δm
((1− s)m+ sm′, y)(m′ −m)(dy)ds.

Jourdain and Tse supposent que la dérivée fonctionnelle linéaire de U existe non seulement en
µ, mais aussi sur une boule pour la distance de Wasserstein de rayon strictement positif contenant
µ. Il s’agit d’une petite restriction, car lorsque un Théorème de la Limite Centrale s’applique à une
fonction statistique, il n’est généralement pas limité à la seule valeur de la distribution commune µ
des échantillons. Grâce au Lemme 1, ils linéarisent

√
N (U (µN )− U (µ)) et obtiennent la somme

du terme suivant

1√
N

N∑
i=1

 δU

δm

 1

N

i−1∑
j=1

δXj +
N + 1− i

N
µ,Xi

− ∫
Rd

δU

δm

 1

N

i−1∑
j=1

δXj +
N + 1− i

N
µ, x

µ(dx)


(1.8)

et d’un reste. Une telle décomposition permet d’appliquer à la somme ci-dessus le Théorème de
la Limite Centrale pour les tableaux de martingale (voir Section 1.1.3) et d’étudier les conditions
suffisantes pour que le reste converge en probabilité vers zéro. En conclusion, le résultat principal
de [36] est le suivant:

Theorem 3. Soit ` ≥ 0 et soit Xi, i ≥ 1 une suite de variables aléatoires i.i.d. à valeurs dans
Rd de loi µ ∈ P`

(
Rd
)
. Supposons les hypothèses suivantes concernant la régularité de la dérivée

fonctionnelle U dans un voisinage de µ:

1. il existe r > 0 tel que U admette une dérivée fonctionnelle linéaire sur la boule B(µ, r) centrée
en µ avec un rayon r pour la métrique W`

2. il existe C <∞ tel que ∀(µ̃, x) ∈ B(µ, r)× Rd,
∣∣∣∣ δUδm(µ̃, x)

∣∣∣∣ ≤ C (1 + |x|
`
2

)
3. supx∈Rd

| δUδm(µ̃, x)− δU
δm(µ, x)|

1 + |x|
`
2

converge vers 0 lorsque W`(µ̃, µ) tend vers 0

4. il existe α ∈ (1
2 , 1] et C <∞ tel que ∀µ1, µ2 ∈ B(µ, r), ∀x ∈ Rd∣∣∣∣ δUδm(µ2, x)− δU

δm
(µ1, x)

∣∣∣∣ ≤ C ((1 + |x|`) (dTV (µ1, µ2))α + (1 + |x|`(1−α))

(∫
Rd
|y|`|µ2 − µ1|(dy)

)α)
où |·| représente la variation totale d’une mesure signée. Alors, la convergence en loi suivante a
lieu:

√
N

(
U

(
1

N

N∑
i=1

δXi

)
− U (µ)

)
d

=⇒ N
(

0, V ar

(
δU

δm
(µ,X1)

))
.
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1.1.5 Théorème de la Limite Centrale pour les chaînes de Markov

Considérons (Xi)i≥1 une chaîne de Markov avec une distribution initiale ν1 et un noyau de transition
P sur

(
Rd,B

(
Rd
))
. Étant donnée une fonction mesurable V : Rd → [1,∞), nous pouvons introduire

l’espace normé suivant

VV :=

{
φ : Rd → R mesurable : sup

x∈Rd

|φ(x)|
V (x)

<∞

}
équipé de la norme

‖φ‖V = sup
x∈Rd

|φ(x)|
V (x)

.

Étant donné µ ∈ P
(
Rd
)
et φ : Rd → R une fonction mesurable qui est soit positive, soit telle

que
∫
Rd |φ(x)|µ(dx) <∞, nous notons µ(φ) =

∫
Rd φ (x)µ(dx).

Definition 2. On dit qu’une chaîne de Markov (Xi)i≥1 est V -uniformément ergodique s’il existe
µ ∈ P

(
Rd
)
tel que

lim
n→∞

sup
x∈Rd

supφ:‖φ‖V ≤1 |Pnφ (x)− µ (φ)|
V (x)

= 0.

Rappelons quelques définitions classiques de la théorie des chaînes de Markov. En particulier
les notions de chaîne de Markov ψ-irréductible (voir Proposition 4.2.1 [43]), de chaîne de Markov
positive et de chaîne de Markov Harris récurrente.

Definition 3. On dit qu’une chaîne de Markov (Xi)i≥1 est ψ-irréductible s’il existe une mesure
ψ sur B

(
Rd
)
telle que pour tout x ∈ Rd, chaque fois que ψ(A) > 0, il existe un certain n > 0,

éventuellement dépendant à la fois de A et de x, tel que Pn (x,A) > 0.

Definition 4. Soit (Xi)i≥1 une chaîne de Markov ψ-irréductible. Alors

• (Xi)i≥1 est appelée une chaîne de Markov positive si elle admet une mesure invariante.

• (Xi)i≥1 est appelée une chaîne de Markov Harris récurrente si chaque ensemble A ∈ B
(
Rd
)

tel que ψ (A) > 0 satisfait

Pδx

( ∞⋂
N=1

∞⋃
k=N

{Xk ∈ A}

)
= 1, x ∈ A.

La proposition suivante montre qu’en cas de V -uniforme ergodicité, la chaîne de Markov possède
plusieurs propriétés : en particulier, elle est positive et Harris récurrente.

Proposition 1. Supposons que la chaîne de Markov (Xi)i≥1 est V -uniformément ergodique avec
une mesure de probabilité µ ∈ P

(
Rd
)
. Alors (Xi)i≥1 est une chaîne de Markov positive Harris

récurrente avec une mesure de probabilité invariante unique µ et

µ (V ) <∞.

De plus,

• il existe r ∈ (0, 1), R <∞ tels que pour tout n ∈ N

sup
x∈Rd

supφ:‖φ‖V ≤1 |Pnφ (x)− µ (φ)|
V (x)

≤ Rrn (1.9)
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• il existe χ ∈ (0, 1), D <∞ tels que pour tout n ∈ N

sup
x∈Rd

supφ:‖φ‖√V ≤1 |Pnφ (x)− µ (φ)|√
V (x)

≤ Dχn. (1.10)

Nous sommes maintenant prêts à rappeler la Loi Forte des Grands Nombres et le Théorème de
la Limite Centrale pour les chaînes de Markov sous la V -uniforme ergodicité. Commençons par la
Loi Forte des Grands Nombres (une démonstration est fournie dans le Théorème 17.1.7 [43] sous
l’hypothèse que la chaîne de Markov est positive Harris récurrente).

Theorem 4. Supposons que la chaîne de Markov (Xi)i≥1 est V -uniformément ergodique, et soit µ
sa mesure de probabilité invariante. Alors, pour chaque fonction f : Rd → R mesurable telle que
µ(|f |) <∞,

∀ν1 ∈ P(Rd) Pν1

(
1

N

N∑
k=1

f(Xk) →
N→∞

µ(f)

)
= 1.

Puisque, selon la Proposition 1, µ(V ) <∞, alors

sup
x∈Rd

|f(x)|
V (x)

<∞

est une condition suffisante pour garantir que µ(|f |) <∞.
Avant de formuler le Théorème de la Limite Centrale pour les chaînes de Markov, nous introduisons
l’équation de Poisson. Soit f une fonction telle que µ (|f |) <∞ où µ, comme précédemment, désigne
la mesure de probabilité invariante associée à P . Une fonction F : Rd → R mesurable telle que,
pour chaque x ∈ Rd et chaque n ≥ 0, P |F |(x) <∞ est appelée solution de l’équation de Poisson si
elle satisfait

∀x ∈ Rd, F (x)− PF (x) = f(x)− µ(f). (1.11)

Si la chaîne de Markov (Xi)i≥1 est V -uniformément ergodique, alors, grâce à (1.9), la série de
terme général (Pnf − µ(f))n∈N converge dans l’espace VV équipé de la norme ‖‖V et

F =
∑
n∈N

(Pnf − µ(f))

est une solution de l’équation de Poisson (1.11). De plus, toute solution peut être écrite comme
c+

∑
n∈N (Pnf − µ(f)) pour une constante c ∈ R.

En conséquence de (1.10), la proposition suivante est vérifiée.

Proposition 2. Supposons que la chaîne de Markov (Xi)i≥1 est V -uniformément ergodique, et soit
µ sa mesure de probabilité invariante. Alors si f est tel que f2 ∈ VV , F =

∑
n∈N(Pnf − µ(f))

converge dans ‖·‖√V . F est une solution de l’équation de Poisson (1.11) et satisfait F 2 ∈ VV . De
plus, pour chaque n ∈ N

sup
x∈Rd

|Pnf(x)− µ(f)|√
V (x)

≤ Dχn sup
x∈Rd

|f(x)|√
V (x)

avec χ ∈ (0, 1) et D une constante finie.

Nous sommes maintenant en mesure d’énoncer le Théorème de la Limite Centrale pour les
chaînes de Markov sous la V -uniforme ergodicité (voir Théorème 17.5.4 [43]).
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Theorem 5. Supposons que la chaîne de Markov (Xi)i≥1 est V -uniformément ergodique, et soit µ
sa mesure de probabilité invariante. Alors, pour chaque fonction f : Rd → R mesurable telle que
f2 ∈ VV ,

√
N

(
1

N

N∑
i=1

f (Xi)−
∫
Rd
f(x)µ(dx)

)
d

=⇒ N
(
0, µ

(
F 2
)
− µ((PF )2)

)
où F est une solution de l’équation de Poisson

F (x)− PF (x) = f(x)− µ(f) x ∈ Rd.

1.1.6 Théorème de la Limite Centrale pour les systèmes de particules en inter-
action avec mécanisme d’échantillonnage

Les filtres particulaires, également connu sous le nom de méthodes de Monte Carlo séquentielles (voir
le Chapitre 4 de [10] et [15] pour une introduction générale), sont des techniques puissantes pour
estimer l’état évolutif d’un système au fil du temps, même lorsque l’état ne peut pas être directement
observé mais peut seulement être déduit à partir de mesures ou observations bruitées. Ces méthodes
numériques sont devenues très populaires pour la résolution de problèmes d’estimation optimale dans
des scénarios non linéaires et non gaussiens. Elle sont utilisées dans des applications en temps réel
dans des domaines tels que le génie chimique, la vision par ordinateur, l’économétrie financière, la
poursuite de cibles, la robotique et les statistiques (voir entre autres [51] et [20]). L’utilisation des
méthodes de Monte Carlo pour les problèmes de filtrage non linéaires remonte à Handschin [32] et
Mayne [33]. Ils ont introduit une version séquentielle de la méthode d’échantillonnage préférentiel
(voir [22], [52] comme références pour l’échantillonnage préférentiel) et l’algorithme correspondant
est connu sous le nom d’échantillonnage préférentiel séquentiel, souvent abrégé SIS en anglais. Un
inconvénient de ce dernier a été identifié par Gordon et al. dans [29] : à mesure que le nombre
d’itérations augmente, les poids ont tendance à dégénérer (un phénomène généralement connu sous le
nom de « dégénérescence des poids »). Cela signifie qu’après un certain nombre d’itérations, certains
poids ont tendance à devenir très petits, de sorte que les positions correspondantes ne contribuent
plus à l’estimation. Ainsi, Gordon et al. ont introduit l’étape d’rééchantillonnage où, dans le but
de stabiliser l’erreur de Monte Carlo au fil du temps, l’idée clé est d’éliminer les particules ayant des
poids faibles et de répliquer les particules ayant des poids élevés. Par conséquent, en propageant M
particules à travers des étapes de pondération, d’échantillonnage et de mutation (chaque particule
évolue de manière aléatoire selon un noyau de transition donné), les systèmes de particules en
interaction peuvent être utilisés pour estimer numériquement l’état du système en fonction des
observations (voir également [20], [15]).

Nous présentons maintenant une version du problème de filtrage non linéaire et l’algorithme
correspondant des systèmes de particules en interaction qui alternent les sélections selon le mécan-
isme d’échantillonnage et les mutations selon les noyaux de Markov (voir [20]). Le signal d’état
(Zn)n≥0 est une chaîne de Markov à valeurs dans Rd. Pour toute fonction mesurable bornée
h : Rd → R, E (h (Zn) |σ (Z0, · · · , Zn−1)) =

∫
Rd h(x)Pn (Zn−1, dx) pour un noyau de transition

Pn pouvant dépendre de n. Nous notons la loi de Z0 par η. La suite d’observations (Tn)n≥0 prend
la forme

Tn = h (Zn,Wn) , n ≥ 1

pour une fonction mesurable h où (Wn)n≥0 est une suite de vecteurs aléatoires à valeurs dans Rd

i.i.d indépendants de (Zn)n≥0. De plus, supposons que pour tout x ∈ Rd et pour tout n ≥ 0,
h (x,Wn) admet une densité strictement positive et bornée y 7→ ḡn (x, y) par rapport à la mesure
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de Lebesgue sur Rd. Le problème de filtrage non linéaire consiste à calculer pour chaque n ≥ 0 et
chaque fonction mesurable f

ηn,T (f) = E
(
f (Zn) | σ

(
(Ti)1≤i≤n−1

))
(1.12)

avec la convention que η0,T est la loi de Z0. Les observations sont considérées comme fixes, c’est-à-
dire Tn = tn, n ∈ N, et pour simplifier la notation, nous écrivons ηn au lieu de ηn,T . SoitM ≥ 1. Le
but est de concevoir une approche de système de particules en interaction pour le calcul numérique
de la distribution ηn, c’est-à-dire d’approximer ηn par une suite de mesures empiriques

ηMn =
1

M

M∑
i=1

δ
XM,i
n

(1.13)

associées aux vecteurs aléatoires
(
XM,1
n , · · · , XM,M

n

)
à valeurs dans

(
Rd
)M . Pour ce faire, l’idée

principale est de dériver une formulation récursive pour ηn de la forme

ηn = φn (ηn−1) , n ≥ 1 (1.14)

pour des applications continues φn : P
(
Rd
)
→ P

(
Rd
)
où P

(
Rd
)
définit l’ensemble de toutes les

mesures de probabilité sur Rd. L’équation (1.14) permettra de définir la suite de vecteurs aléatoires(
XM,1
n , · · · , XM,M

n

)
n≥0

prenant des valeurs dans
(
Rd
)M comme une chaîne de Markov avec une

distribution initiale η̂0 (dx1, ..., dxp) =
M∏
p=1

η (dxp) et des probabilités de transition P̃n données par

P̃n (z, dx) =
M∏
p=1

φn (m (z)) (dxp) avec m (z) = 1
M

M∑
i=1

δzi . L’idée derrière cela est que si ηMn−1 est

une bonne approximation de ηn−1, alors la mesure empirique associée à M variables aléatoires
conditionnellement indépendantes distribuées selon φn

(
ηMn−1

)
, conformément à (1.14), devrait être

une bonne approximation de ηn−1. En rappelant que les observations Tn = tn sont fixes, nous
pouvons définir

gn (x) = ḡn (x, tn)

et il est possible de démontrer (voir Section 3.2 dans [20]) que la suite des applications (φn)n≥1 dans
(1.14) est donnée par

ψn (η) (f) =
η (fgn)

η (gn)
, n ≥ 0

φn (η) (f) = ψn−1 (η)Pnf, n ≥ 1.

Selon l’expression ci-dessus, chaque étape de p à p+ 1 de l’algorithme des filtres particulaires peut
être divisée en deux parties : une partie de sélection et une partie de mutation(

XM,i
p

)
1≤i≤M

sélection−→
(
YM,i
p+1

)
1≤i≤M

mutation−→
(
XM,i
p+1

)
1≤i≤M

que nous allons maintenant décrire. Tout d’abord, les variables
(
XM,i

0

)
1≤i≤M

sont tirées indépen-

damment selon la loi initiale η. Par convention, YM,i
0 = XM,i

0 pour i = 1, · · · ,M . Ensuite, par
induction sur 0 ≤ p ≤ n− 1, on a

Sélection : Après avoir calculé les poids comme

wM,j
p = gp

(
XM,j
p

) / M∑
i=1

gp
(
XM,i
p

)
,
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effectuons un échantillonnage pour obtenir les nouvelles variables aléatoires
(
YM,i
p+1

)
1≤i≤M

condi-

tionnellement indépendantes étant donné σ
((

XM,i
s , YM,i

s

)
1≤i≤M,0≤s≤p

)
et vérifiant la propriété de

sélection

E

(
1

M

M∑
m=1

δ
YM,mp+1

∣∣∣ σ ((XM,i
s , YM,i

s

)
1≤i≤M,0≤s≤p

))
=

M∑
m=1

wM,m
p δ

XM,m
p

. (1.15)

Après avoir décrit la deuxième étape, nous revisiterons plusieurs approches d’échantillonnage véri-
fiant (1.15).

Mutation : étant donné σ
((

XM,i
s

)
1≤i≤M,0≤s≤p

,
(
YM,i
s

)
1≤i≤M,0≤s≤p+1

)
, les variables aléa-

toires XM,i
p+1, 1 ≤ i ≤ M sont générées conditionnellement indépendantes et distribuées selon la

mesure de probabilité Pp+1

(
YM,i
p+1 , ·

)
.

La mesure approximée est définie comme dans (1.13). Del Moral (voir Corollaire 7.4.2 dans [47])
a prouvé qu’une Loi Forte des Grands Nombres est vérifiée.

Theorem 6. Soit gn : Rd → (0,∞), n ≥ 0 une famille de fonctions mesurables telles que 0 <
infx∈Rd gn (x) ≤ supx∈Rd gn (x) < ∞ et soit f une fonction mesurable bornée. Alors, pour tout
temps n ≥ 0,

lim
M→∞

ηMn (f) = ηn (f) p.s.

Concentrons-nous désormais sur l’étape de sélection en introduisant différentes méthodes d’échantillonnage
vérifiant la propriété de sélection (1.15). Étant donné une suite de vecteurs aléatoires (Xm)1≤m≤M

à valeurs dans Rd avec des poids aléatoires associés (wMm )1≤m≤M tels que wMm ≥ 0 et
M∑
m=1

wMm = 1,

une méthode d’échantillonnage définit la suite rééchantillonnée (YM
m )1≤m≤M de telle manière que

E

(
1

M

M∑
m=1

δYMm

∣∣∣ G) =

M∑
m=1

wMm δXm (1.16)

où G := σ
(
(Xm, w

M
m )1≤m≤M

)
. Les méthodes d’échantillonnage [19] permettent de remplacer la

mesure de probabilité
∑M

m=1w
M
m δXm avec des poids non égaux par une mesure empirique 1

M

M∑
m=1

δYMm

ayant la même espérance conditionnelle donnée G. Selon la définition utilisée pour les variables
aléatoires YM

m , plusieurs méthodes d’échantillonnage peuvent être considérées.
Les méthodes d’échantillonnage les plus courantes sont les suivantes : multinomiale, résiduelle,
stratifiée [37] et systématique [12]. Voir [19] pour une brève description de ces méthodes. L’approche
la plus simple est l’échantillonnage multinomial. Introduisons le ainsi que l’échantillonnage résiduel.

échantillonnage multinomial

Il consiste à tirer, conditionnellement à G, les nouvelles positions
(
YM
m

)
1≤m≤M indépendamment

suivant la probabilité
M∑
j=1

wMj δXj .
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échantillonnage résiduel

Le schéma d’échantillonnage résiduel consiste à choisir

YM
m = X`

pour
`−1∑
j=1
bMwMj c < m ≤

∑̀
j=1
bMwMj c (nous répliquons bMwM` c fois la valeur X`) et, si

M∑
j=1
bMwMj c <

M , à tirer, conditionnellement à G, r = M −
M∑
j=1
bMwMj c =

M∑
j=1

{
MwMj

}
variables aléatoires

YM
M∑
j=1
bMwMj c+1

, · · · , YM
M indépendamment suivant

1

M −
M∑
j=1
bMwMj c

M∑
`=1

{
MwM`

}
δX` .

échantillonnage stratifié

Le comportement du schéma d’échantillonnage stratifié n’est pas immédiat à comprendre en raison
de la structure compliquée dans la définition des YM

m , qui, cependant, restent conditionnellement
indépendantes étant donné G. À partir deM variables aléatoires (Um)1≤m≤M distribuées de manière
i.i.d. selon la loi uniforme sur (0, 1) et indépendamment de G, la suite (YM

m )1≤m≤M est définie comme
suit

YM
m =

M∑
`=1

1{`−1∑
j=1

wMj <m−Um
M

≤
∑̀
j=1

wMj

}X` pour m ∈ {1, · · · ,M} . (1.17)

échantillonnage systématique

Le comportement du schéma d’échantillonnage systématique est encore plus compliqué à com-
prendre car les YM

m ne sont plus conditionnellement indépendantes étant donné G. Dans la formule
précédente, nous prenons les variables Um toutes égales à une seule variable U distribuée de manière
uniforme sur (0, 1).

Les schémas d’échantillonnage ont été largement étudiés dans la littérature. Nous présen-
tons maintenant une sélection des résultats obtenus. Le comportement asymptotique du schéma
d’échantillonnage multinomial a été largement étudié dans [47]. Nous résumerons le résultat à la fin
de cette section. Douc et al. dans [19] ont montré que l’échantillonnage résiduel et l’échantillonnage
stratifié améliorent l’échantillonnage multinomial dans le sens où ils ont une variance conditionnelle
plus faible par rapport à G. Ils ont également prouvé, au moyen d’un contre-exemple, que cette pro-
priété ne s’applique pas au échantillonnage systématique. De plus, ils ont établi un Théorème de la
Limite Centrale pour le schéma d’échantillonnage résiduel (ce qui est également présenté à la fin de
cette section), suggérant qu’un résultat similaire devrait être obtenu pour le schéma d’ échantillon-
nage stratifié. L’une des dernières contributions concernant les schémas d’échantillonnage est donnée
par Gerber et al. [28]. En utilisant la notion d’association négative pour les variables aléatoires [35],
ils ont d’abord fourni un résultat général de convergence pour les schémas d’échantillonnage. Une

application de ce théorème donne la convergence faible presque sûre de 1
M

M∑
m=1

δYMm dans la méthode

d’échantillonnage stratifié. De plus, ils ont fourni un contre-exemple de convergence faible presque
sûre pour la méthode d’échantillonnage systématique. Plus récemment, Chopin et al. [16] ont
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étudié les schémas d’échantillonnage pour les filtres particulaires avec des observations faiblement
informatives. Les preuves empiriques indiquent que lorsque les poids utilisés dans l’échantillonnage
présentent une grande variabilité, le choix de la stratégie d’échantillonnage tend à avoir un impact
faible. Cependant, dans les cas où les poids sont proches d’être uniformes, les différences de perfor-
mance entre les différentes méthodes d’échantillonnage peuvent être importantes. En gardant M
fixe, ils ont examiné le comportement asymptotique des schémas d’échantillonnage à mesure que les
poids deviennent de moins en moins informatifs. Une telle situation se présente naturellement en
considérant des discrétisations du modèle de Feynman-Kac en temps continu. Ils ont introduit une
condition générale pour les schémas d’échantillonnage garantissant qu’une limite en temps continu
a lieu et ils ont introduit des versions modifiées du échantillonnage stratifié et systématique qui
satisfont à cette condition. Voir également [41], [23], [38], [14] pour des références supplémentaires.

Théorème de la Limite Centrale pour le mécanisme de sélection multinomial

Del Moral [47] a étudié le comportement asymptotique des systèmes de particules en interaction
lorsque la méthode d’échantillonnage multinomial est utilisée. Rappelons que la mesure ηMn est
définie dans (1.13). Il a fourni un Théorème de la Limite Centrale pour la différence entre la mesure
empirique des particules ηMn et la mesure limite correspondante ηn (voir Section 9.4.2 [47]). La
preuve repose sur des techniques de martingale et de semi-groupe.

Theorem 7. Soit gn : Rd → (0,∞), n ≥ 0, une famille de fonctions mesurables telle que 0 <
infx∈Rd gn (x) ≤ supx∈Rd gn (x) < ∞, et soit f : Rd → R une fonction bornée mesurable. Alors, il
existe µ ∈ R et σ2

n > 0 tels que lorsque M →∞, la convergence en loi suivante a lieu

√
M
(
ηMn (f)− ηn (f)

) d
=⇒ N

(
µ, σ2

n

)
.

Théorème de la Limite Centrale pour le mécanisme de sélection résiduelle

Douc et al. [19] ont étudié le comportement asymptotique des systèmes de particules en interac-
tion lorsque la méthode d’échantillonnage résiduelle est utilisée. Ils ont tout d’abord adapté deux
résultats donnés au Chapitre 9 [10] sous des hypothèses plus générales. On a les résultats suivants.

Theorem 8. Soit f une fonction bornée mesurable. Supposons que
(
XM,i
n

)
1≤i≤M

satisfait les

hypothèses suivantes :

A. lorsque M →∞, il existe une densité de probabilité νn telle que

1

M

M∑
i=1

f
(
XM,i
n

) P−→
∫
Rd
f(x)νn(x)dx

et, en notant σ2 (f) la variance asymptotique,

√
M

(
1

M

M∑
i=1

f
(
XM,i
n

)
−
∫
Rd
f(x)νn(x)dx

)
d

=⇒ N
(
0, σ2 (f)

)
.

B. Les poids sont donnés par wM,i
n =

gn(XM,i
n )

M∑
i=1

gn(XM,i
n )

, où gn(x) = µn(x)
νn(x) pour une densité de probabilité

µn. De plus, gn est bornée par le dessus.
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Si les YM,i
n+1 sont conditionnellement indépendants étant donné Gn := σ

((
YM,i
s , XM,i

s

)
1≤i≤M,0≤s≤n

)
et s’il existe un nombre réel κ (f) <∞ tel que

Var

(
1√
M

M∑
i=1

f
(
YM,i
n+1

) ∣∣∣∣Gn
)

P−→ κ (f) , M →∞, (1.18)

alors
(
YM,i
n+1

)
1≤i≤M

satisfait

1

M

M∑
i=1

f
(
YM,i
n+1

)
P−→
∫
Rd
f(x)µn(x)dx

et

√
M

(
1

M

M∑
i=1

f
(
YM,i
n+1

)
−
∫
Rd
f(x)µn(x)dx

)
d

=⇒ N
(
0, σ̃2 (f)

)
avec variance asymptotique

σ̃2 (f) = κ (f) + σ2

(
µn
νn

(
f −

∫
Rd
f(x)µn(x)dx

))
.

Theorem 9. Soit f une fonction bornée mesurable. Supposons l’existence d’une densité de proba-
bilité µn telle que

1

M

M∑
i=1

f
(
YM,i
n+1

)
P−→
∫
Rd
f(x)µn(x)dx

et, en notant σ̃2 (f) la variance asymptotique,

√
M

(
1

M

M∑
i=1

f
(
YM,i
n+1

)
−
∫
Rd
f(x)µn(x)dx

)
d

=⇒ N
(
0, σ̃2 (f)

)
.

Alors,
(
XM,i
n+1

)
1≤i≤M

satisfait

1

M

M∑
i=1

f
(
XM,i
n+1

)
P−→
∫
Rd
f(x)

∫
Rd
Pn+1 (y, dx)µn(y)dy

et

√
M

(
1

M

M∑
i=1

f
(
XM,i
n+1

)
−
∫
Rd
f(x)

∫
Rd
Pn+1 (y, dx)µn(y)dy

)
d

=⇒ N
(
0, σ̄2 (f)

)
avec

σ̄2 (f) =

∫
Rd

(
Pn+1f

2(x)− (Pn+1f)2 (x)
)
µn(x)dx+ σ̃2 (Pn+1f) .

Ainsi, la combinaison du Théorème 8 et du Théorème 9 fournit un Théorème de la Limite
Centrale pour les filtres particulaires à chaque itération.
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Remark 10. Remarquons que pour l’échantillonnage multinomial, il est facile de vérifier (1.18).
En effet, selon la définition du schéma d’échantillonnage multinomial donnée ci-dessus, on a

Var

(
1√
M

M∑
i=1

f
(
YM,i
n+1

) ∣∣∣∣Gn
)

=
1

M

M∑
i=1

E
(
f2
(
YM,i
n+1

) ∣∣∣∣Gn)− 1

M

M∑
i=1

E
(
f
(
YM,i
n+1

) ∣∣∣∣Gn)2

=
M∑
i=1

wM,i
n f2

(
XM,i
n

)
−

(
M∑
i=1

wM,i
n f

(
XM,i
n

))2

.

Ainsi, en supposant que 0 < infx∈Rd gn (x), le côté droit converge presque sûrement vers ηn(f2gn)
ηn(gn) −(

ηn(fgn)
ηn(gn)

)2
d’après le Théorème 6.

Dans le Corollaire 5 [19], Douc et al. ont montré que l’échantillonnage résiduel vérifie également
(1.18) et donc, sous les hypothèses A et B, il satisfait un Théorème de la Limite Centrale selon le
Théorème 8.

À notre connaissance, le Théorème de la Limite Centrale n’a été démontré que pour l’échantillonnage
multinomial et l’échantillonnage résiduel.

1.2 Convergence des sommes de variables aléatoires modulo 1 vers
la distribution uniforme

Nous notons par bxc l’entier j tel que j ≤ x < j + 1 et par {x} = x− bxc la partie fractionnaire de
x ∈ R. Soit (Yi)i≥1 une suite de variables aléatoires réelles. Le problème de la convergence en loi
de la suite

(VM )M≥1 = ({Y1 + · · ·+ YM})M≥1

de sommes de variables aléatoires définies modulo 1 vers la distribution uniforme sur [0, 1] a été
étudié par de nombreux chercheurs. Dans son ouvrage Feller [24] a montré qu’une fonction de ré-
partition sur le cercle est uniquement déterminée par ses coefficients de Fourier. En effet, l’analyse
de Fourier est l’outil approprié pour traiter les problèmes concernant les sommes de variables aléa-
toires définies modulo 1. Nous allons maintenant fournir un cas particulier où cette convergence est
immédiate, mais d’abord, rappelons le critère de Weyl. Étant donné un vecteur aléatoire réel de
Rd Y , nous notons φY sa fonction caractéristique définie par φY (u) = E(eiu

TY ) =
∫
Rd e

iuT yµY (dy),
u ∈ Rd.

Theorem 11. Soit (BM )M≥1 une suite de variables aléatoires. Alors, lorsque M → ∞, la suite
({BM})M≥1 converge en distribution vers U ∼ U (0, 1) si et seulement si pour tout k ∈ Z \ {0}

lim
M→∞

φBM (2kπ) = 0.

Si les variables aléatoires (Yi)i≥1 sont i.i.d. telles que la loi de Y1 n’est pas une variable aléatoire
discrète, pour chaque k ∈ Z \ {0}, on a

φY1+···+YM (2kπ) = E
(
ei2kπY1

)M
.

Il existe ψ ≥ 0, ρ ∈ [0, 2π) tels que E
(
ei2kπY1

)
= ψeiρ. Par conséquent,

E
(
ei(2kπY1−ρ)

)
= E

(
Re
(
ei(2kπY1−ρ)

))
= ψ.
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Re
(
ei(2kπY1−ρ)

)
≤ 1 presque sûrement, et, lorsque k 6= 0, étant donné que Y1 n’est pas une variable

aléatoire discrète, P
(
Re
(
ei(2kπY1−ρ)

)
= 1
)
< 1. Par conséquent, lorsque k 6= 0, ψ < 1 et donc

limM→∞ E
(
ei2kπY1

)M
= 0. Ainsi, selon le critère de Weyl, {Y1 + · · ·+ YM}

d
=⇒ U ∼ U (0, 1) .

Donnons un aperçu succinct de la littérature portant sur la dérivation de la loi de Benford et
ses généralisations. En 1939, Lévy [39] a donné des conditions nécessaires et suffisantes pour cette
convergence lorsque les Yi sont i.i.d. En 1986, Störmer [58] a fourni des conditions suffisantes en
termes de fonctions de répartition des Yi pour que la convergence soit maintenue lorsque les Yi
sont simplement indépendants. En 2007, en supposant que les Yi sont indépendantes et absolument
continues, Miller et Nigrini [44] ont caractérisé la convergence de (VM )M≥1 dans L1 ([0, 1]). En
2010, Szewczak [59] a généralisé les résultats ci-dessus en l’hypothèse d’indépendance des Yi. En
particulier, il a prouvé que si la valeur absolue de la fonction caractéristique de Y1+· · ·+YM satisfait
une certaine condition de croissance et si l’ensemble

{
n ∈ N \ {0} :

∣∣E (e2πinY1
)∣∣ = 1

}
est vide, alors

(VM )M≥1 converge en loi vers une variable aléatoire uniforme sur [0, 1].
Nous présentons maintenant formellement la loi de Benford. La loi de Benford en base b > 1

est la mesure de probabilité µb sur l’intervalle [1, b) définie par

µb ([1, a)) = logb a, ∀a ∈ [1, b).

La mantisse en base b d’un nombre réel positif x est le nombre unique Mb (x) dans [1, b) tel que
x =Mb (x)× bblogb(x)c.

Une suite de nombres positifs an, n ≥ 1 satisfait la loi de Benford en base b si ∀a ∈ [1, b)

lim
M→∞

# {n ≤M : 1 ≤Mb (an) ≤ a}
M

= logb (a) .

Ainsi, si nous fixons b = 10, la probabilité que le premier chiffre soit a est log10(a+ 1)− log10(a) =
log10

(
1 + 1

a

)
. Les chiffres plus petits comme 1, 2, et 3 apparaissent plus fréquemment en tant que

premier chiffre, tandis que les chiffres plus grands comme 8 et 9 surviennent moins fréquemment.
Le premier à avoir observé ce phénomène statistique était Newcomb dans les années 1880. Il a re-
marqué que les pages dans les tables logarithmiques correspondant à des nombres commençant par
1 étaient significativement plus usées que les pages correspondant à des nombres avec un premier
chiffre plus élevé. Depuis lors, de nombreux systèmes divers ont été démontrés pour satisfaire à la
loi de Benford (voir [5], [48]). Cette loi trouve des applications dans divers domaines, notamment la
comptabilité légale, la détection de fraudes, l’analyse de données et le contrôle qualité. De nos jours,
elle est particulièrement utile pour identifier des irrégularités ou des anomalies dans les ensembles
de données, car des écarts par rapport à la distribution attendue peuvent indiquer une manipulation
ou des erreurs dans les données.

Nous nous intéressons au problème de la distribution des premiers chiffres des produits de
variables aléatoires (voir par exemple [18]). Étant donnée une suite de variables aléatoires positives
(Xi)i≥1, de nombreux chercheurs ([54], [9], [55], [40]) se sont intéressés à l’étude de la convergence

faible lorsque M → ∞ de la loi de Mb

(
M∏
i=1

Xi

)
vers µb. Comme logbMb (x) = {logb (x)} pour

chaque nombre réel positif x, on a

logbMb

(
M∏
i=1

Xi

)
=

{
M∑
i=1

logb (Xi)

}
,

et donc la convergence faible de la loi deMb

(
M∏
i=1

Xi

)
vers µb est équivalente à la convergence en

loi des sommes partielles modulo 1 des variables aléatoires (logb (Xi))i≥1 en raison de la continuité
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de [1, b) 3 z 7→ logb(z) et de son inverse.

1.3 Contributions de la thèse

Cette section rassemble les résultats principaux obtenus pendant la thèse.

1.3.1 Théorème de la Limite Centrale pour les fonctionnelles non linéaires des
mesures empiriques : au-delà du cadre i.i.d. (voir Chapitre 2)

Notre objectif est de généraliser ce qui a été fait par Jourdain et Tse [36] (voir Section 1.1.4,
Théorème 3). Nous relaxons d’abord l’hypothèse d’équidistribution en considérant une suite de
variables aléatoires indépendantes Xi à valeurs dans Rd avec des lois νi ∈ P`

(
Rd
)
, i ≥ 1. Comme

les variables ne sont plus équidistribuées, nous supposons que

ν̄N = E (µN ) =
1

N

N∑
i=1

νi

converge vers une limite µ ∈ P`
(
Rd
)
pour la distance de Wasserstein d’ordre `. En outre, en

supposant que

TX il existe β ∈ (0, 1) tel que
∑∞

i=1

1

i
E
((
|Xi|` − iβ

)
1{|Xi|`>iβ}

)
<∞,

ce qui n’est autre que le deuxième point de la condition SRCI (β) appliquée à f (x) = |x|` (voir

Section 1.1.2), il est possible de prouver que, en utilisant le résultat de Wellner [60], µN = 1
N

N∑
i=1

δXi

converge également vers µ pour la distance de Wasserstein d’ordre `. Étant donné U : P`
(
Rd
)
→ R,

nous considérons la décomposition suivante
√
N (U (µN )− U (µ)) =

√
N (U (µN )− U (ν̄N )) +

√
N (U (ν̄N )− U (µ)) .

Nous fournissons des conditions suffisantes pour que le second terme du côté droit de l’égalité
converge vers une constante lorsque N →∞. Nous appliquons ensuite l’approche de Jourdain-Tse
pour étudier le premier terme. En particulier, grâce au Lemme 1, ce premier terme s’écrit comme
un reste plus

1√
N

N∑
i=1

 δU

δm

 1

N

i−1∑
j=1

δXj +
1

N

N∑
j=i

νj , Xi

− ∫
Rd

δU

δm

 1

N

i−1∑
j=1

δXj +
1

N

N∑
j=i

νj , x

 νi(dx)

 .

Nous fournissons des conditions suffisantes pour que le reste converge en probabilité vers zéro, et
nous appliquons à la somme au-dessus le Théorème de la Limite Centrale pour les tableaux de
martingale (voir Section 1.1.3). En appliquant ce dernier, en particulier nous devons vérifier la
“condition du crochet”. Nous sommes alors confrontés au problème de comprendre la convergence
de

1

N

N∑
i=1

∫
Rd×Rd

δU

δm
(µ, x)

δU

δm
(µ, y) νi (dx) νi (dy) .

C’est pourquoi, pour obtenir le Théorème de la Limite Centrale, nous devons supposer la conver-
gence lorsque N →∞ de 1

N

∑N
i=1 νi (dx) νi (dy) vers une mesure de probabilité limite η sur Rd×Rd
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dont les lois marginales sont égales à µ.

Pour ` ≥ 0, soitM`(Rd) l’espace des mesures signées τ sur Rd telles que
∫
Rd |x|

` |τ | (dx) < ∞.
Pour chaque τ ∈M`(Rd), nous définissons la norme ‖τ‖` := supf :|f(x)|≤1+|x|`

∫
Rd f(x)τ (dx).

En conclusion, nous prouvons le théorème suivant.

Theorem 12. Soit ` ≥ 0 et soit Xi, i ≥ 1 une suite de variables aléatoires indépendantes à valeurs
dans Rd de loi νi ∈ P`

(
Rd
)
. Supposons TX et les hypothèses 1-4 du Théorème 3 sur la régularité

de la dérivée fonctionnelle U . De plus, supposons que

• W`

(
1
N

∑N
i=1 νi(dx)νi(dy), η(dx, dy)

)
−→
N→∞

0 pour une mesure η ∈ P`(Rd × Rd) avec µ(·) =

η(Rd, ·) = η(·,Rd)

• ‖
√
N (ν̄N − µ)− σ‖` −→

N→∞
0 pour une mesure σ dansM`(Rd).

Alors, la convergence en loi suivante est vérifiée
√
N (U (µN )− U (µ))

d
=⇒

N

(∫
Rd

δU

δm
(µ, x)σ(dx),

∫
Rd

(
δU

δm
(µ, x)

)2

µ(dx)−
∫
Rd×Rd

δU

δm
(µ, x)

δU

δm
(µ, y)η(dx, dy)

)
.

Dans un deuxième temps, nous relâchons également l’hypothèse d’indépendance en supposant
que la suite de vecteurs aléatoires (Xi)i≥1 est une chaîne de Markov à valeurs dans Rd avec
une distribution initiale ν1 et un noyau de transition P sur

(
Rd,B

(
Rd
))
. De plus, nous sup-

posons que la chaîne de Markov est V -uniformément ergodique (voir Section 1.1.5) et nous notons
µ son unique mesure de probabilité invariante. Comme dans (1.8), nous linéarisons à nouveau√
N (U (µN )− U (µ)) en la somme de

1√
N

N∑
i=1

 δU

δm

 1

N

i−1∑
j=1

δXj +
N + 1− i

N
µ,Xi

− ∫
Rd

δU

δm

 1

N

i−1∑
j=1

δXj +
N + 1− i

N
µ, x

µ(dx)


(1.19)

et un reste qui tend vers zéro en probabilité lorsqueM →∞. Afin d’appliquer le Théorème Central
Limite pour les tableaux de martingale, nous introduisons pour m ∈ B(µ, r) (la boule pour la
métrique W` où U admet une dérivée fonctionnelle linéaire) l’équation de Poisson suivante

F (m,x)− PF (m,x) =
δU

δm
(m,x)−

∫
Rd

δU

δm
(m, y)µ(dy), x ∈ Rd. (1.20)

Sous les hypothèses qu’il existe C <∞ tel que ∀x ∈ Rd,
∣∣∣∣ δUδm(m,x)

∣∣∣∣ ≤ C (1 + |x|
`
2

)
et

L3 C` := supx∈Rd
|x|`

V (x)
<∞,

selon la Proposition 2, (1.20) admet une solution donnée par F (m, ·) =
∑

n∈N(Pn δUδm (m, ·) −
µ( δUδm (m, ·))). Par conséquent, nous pouvons réécrire (1.19) comme

1√
N

N∑
i=1

F
 1

N

i−1∑
j=1

δXj +
N + 1− i

N
µ,Xi

− PF
 1

N

i−1∑
j=1

δXj +
N + 1− i

N
µ,Xi−1
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à laquelle nous appliquons le Théorème de la Limite Centrale pour les tableaux de martingale, plus
un reste qui converge vers 0 en probabilité. Afin d’appliquer le Théorème de la Limite Centrale pour
les tableaux de martingale, nous devons vérifier que la somme ci-dessus est de carré intégrable et
satisfait la condition de Lindeberg. Pour ce faire, nous avons besoin de la propriété d’intégrabilité
de la fonction V par rapport à la distribution initiale ν1. Pour être en mesure de couvrir toute choix
de la distribution initiale de la chaîne de Markov, nous prouvons qu’il est possible de relaxer cette
hypothèse.

En conclusion, nous démontrons le théorème suivant.

Theorem 13. Soit ` ≥ 0 et soit Xi, i ≥ 1 une chaîne de Markov avec une loi initiale ν1 et un noyau
de transition P . Nous supposons que (Xi)i≥1 est V -uniformément ergodique avec V satisfaisant à
L3. Soit µ son unique mesure de probabilité invariante. De plus, supposons les hypothèses 1-3 du
Théorème 3 concernant la régularité de la dérivée fonctionnelle U et que

• ∃α ∈ (1
2 , 1], ∃C <∞, ∀µ1, µ2 ∈ B(µ, r)

sup
x∈Rd

∣∣∣∣ δUδm(µ2, x)− δU

δm
(µ1, x)

∣∣∣∣
1 + |x|

`
2

≤ C
(∫

Rd
(1 + |y|

`
2α )|µ2 − µ1|(dy)

)α
.

Alors √
N (U (µN )− U (µ))

d
=⇒ N

(
0, µ

(
F 2 (µ, ·)

)
− µ

(
(PF )2 (µ, ·)

))
où F (µ, ·) désigne l’unique solution (à une constante additive près) de l’équation de Poisson

F (µ, x)− PF (µ, x) =
δU

δm
(µ, x)−

∫
Rd

δU

δm
(µ, y)µ(dy), x ∈ Rd.

1.3.2 Convergence vers la loi uniforme des vecteurs de sommes partielles mod-
ulo 1 avec un facteur commun (voir Chapitre 3)

Étant donné (Yi)i≥1 une suite de variables aléatoires réelles de carré intégrables i.i.d. et une fonction
réelle mesurable φ, nous donnons des conditions suffisantes pour la convergence en loi vers la loi
uniforme sur [0, 1] de {

φ

(
1

M

βM∑
i=1

Yi

)
(Y1 + · · ·+ YM )

}
, (1.21)

pour (βM )M≥1 ⊆ N∗ tels que lim
M→∞

√
M
(
βM
M − β

)
= 0 avec β > 1. Notons que cela généralise

le cas d’une fonction constante φ présentée dans la Section 1.2 et a également une application
dans le contexte de la loi de Benford. L’introduction d’une fonction φ non constante dans notre
travail permet de traiter le choix d’une mantisse dépendant des données, par exemple donnée par

b̂M = e
1
βM

∑βM
i=1 ln(Xi). En effet,

logb̂MMb̂M

(
M∏
i=1

Xi

)
=

{
φ

(
1

M

βM∑
i=1

ln(Xi)

)
M∑
i=1

ln(Xi)

}
où φ(x) =

1

βx
.

Cependant, l’étude de la convergence de (1.21) est principalement motivée par la dérivation d’un
Théorème de la Limite Centrale pour le mécanisme d’échantillonnage stratifié que nous allons décrire
en détail dans la Section 1.3.3, où la motivation pour étudier (1.21) sera explicite.
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La principale difficulté dans l’étude de la convergence de (1.21) vient du couplage entre les
variables introduit par le facteur commun φ

(
1
M

∑βM
i=1 Yi

)
. L’étude de la convergence conjointe de

plusieurs sommes partielles modulo 1 avec un facteur commun et une composante supplémentaire
satisfaisant un Théorème de la Limite Centrale n’ajoute pas de difficultés significatives supplémen-
taires. Par conséquent, nous considérons directement la convergence en loi deφ

 1

M

βq+1
M∑
m=1

Ym

(Y1 + · · ·+ YβiM

)


1≤i≤q

,
√
M

φ
 1

M

βq+1
M∑
m=1

Ym

 1
M

βq+1
M∑
i=1

Zi − θ


(1.22)

où

• (β1
M , · · · , β

q+1
M )M≥1 ⊆ Nq+1 tels que lim

M→∞

√
M
(
βiM
M − β

i
)

= 0 avec 0 < β1 < · · · < βq+1

• (Zi)i≥1 est une suite de variables aléatoires réelles telle que ((Yi, Zi))i≥1 est une suite de
variables aléatoires de carré intégrables i.i.d.

• la dernière composante où θ est une constante (typiquement égale à βq+1φ
(
βq+1E(Y1)

)
E(Z1))

converge en distribution vers T lorsque M →∞.

Dans ce qui suit, nous posons mY = E(Y1) et mZ = E(Z1). Notre résultat principal est le
suivant.

Theorem 14. Soit (Yi, Zi)i≥1 une suite de vecteurs aléatoires de carré intégrable i.i.d. à valeurs
dans R2 tels que la loi de Yi a une composante absolument continue. De plus, soit φ : R → R une
fonction mesurable différentiable en βq+1mY telle que φ(βq+1mY ) 6= 0. S’il existe M̃ ∈ N tel que∫

R

1

|φ(βq+1mY + y)|q+1 e
−M̃y2

dy <∞, (1.23)

alors le vecteur aléatoire (1.22) converge en loi lorsque M → ∞ vers (U, T ) où U est une variable
aléatoire uniforme sur [0, 1]q indépendante de T .

Pour traiter le problème du couplage entre les variables, le Théorème 1 sera fondamental. De
plus, pour comprendre la convergence en loi du vecteur ci-dessus, nous fournissons le critère de Weyl
suivant, qui est une généralisation de celui présenté dans la Section 1.2.

Theorem 15 (Critère de Weyl). Soit (BM )M≥1 une suite de vecteurs aléatoires à valeurs dans Rq

et soit (HM )M≥1 une suite de vecteurs aléatoires à valeurs dans Rq′ qui converge en loi vers un
vecteur aléatoire H à valeurs dans Rq′. Alors lorsque M → ∞, la suite

({
B1
M

}
, · · · ,

{
Bq
M

}
, HM

)
converge en loi vers (U,H) où U est indépendant de H et uniformément distribué sur [0, 1]q si et
seulement si pour tout k ∈ Zq\ {0} et u ∈ Rq′

lim
M→∞

φ(BM ,HM ) (2kπ, u) = 0. (1.24)

Décrivons brièvement les idées principales de la preuve du Théorème 14. Définissons

RM : =

φ
 1

M

βq+1
M∑
m=1

Ym

(Y1 + · · ·+ Yβ1
M

)
, · · · , φ

 1

M

βq+1
M∑
m=1

Ym

(Y
βq−1
M +1

+ · · ·+ YβqM

)
KM : =

√
M

φ
 1

M

βq+1
M∑
m=1

Ym

 1
M

βq+1
M∑
i=1

Zi − θ


ÉTAPE 1. Nous commençons par prouver le théorème sous l’hypothèse renforcée que la loi de

(Yi, Zi) a une composante absolument continue.
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1. Soit γ =
(
β1, β2 − β1, · · · , βq − βq−1

)
. De plus, soit

aM :=
1√
M
, bM := −mY φ

(
βq+1mY

)
γ
√
M.

Grâce au Théorème 1, nous “ réécrivons asymptotiquement” le vecteur (aMRM + bM ,KM ) en
termes d’un vecteur aléatoire normal TM :

lim
M→∞

dTV (µaMRM+bM , µTM ) = 0.

2. Soit µTM = µTM ,c + µTM ,s la décomposition de µTM en une partie µTM ,c absolument continue
par rapport à la mesure de Lebesgue et une partie singulière µTM ,s. Soit pTM une densité de
µTM ,c par rapport à la mesure de Lebesgue. Nous vérifions que

lim inf
M→∞

pTM (x) ≥ p(x) dx p.s.

où p désigne la densité de Y ∼ N (0,Γ), Γ ∈ R(q+1)×(q+1) définie positive. Cela implique que

lim
M→∞

dTV
(
µ(aMRM+bM ,KM ), µY

)
= 0. (1.25)

3. Avec le lemme de Riemann-Lebesgue, (1.25) implique que ∀(u1, u2) ∈ {Rq \ {0}} × R

lim
M→∞

φ(RM ,KM ) (u1, u2) = 0.

Puisque cela équivaut au fait que ∀(u1, u2) ∈ {Rq \ {0}} × R

lim
M→∞

φ
φ
 1
M

β
q+1
M∑
m=1

Ym

(Y1+···+Y
βi
M

)
1≤i≤q

,KM


(u1, u2) = 0,

le Théorème 15 permet de conclure la preuve.

ÉTAPE 2. Nous prouvons le théorème sous l’hypothèse que (Yi, Zi) est telle que la loi de Yi a
une composante absolument continue :

1. Soit (ξi)i≥1 une suite de variables aléatoires réelles de carré intégrables i.i.d. à moyenne nulle,
absolument continues et indépendantes de (Yi, Zi)i≥1. Pour n ≥ 1, nous considérons la suite

de vecteurs aléatoires i.i.d. de carré intégrables
(
Yi, Zi + ξi

n

)
i≥1

.

2. Nous montrons que la loi de
(
Yi, Zi + ξi

n

)
a une composante absolument continue et nous

appliquons l’ÉTAPE 1 à la suite
(
Yi, Zi + ξi

n

)
i≥1

pour chaque n.

3. Nous déduisons le théorème pour la suite (Yi, Zi).

1.3.3 Théorème de la Limite Centrale pour le mécanisme d’échantillonnage
stratifié (voir Chapitre 4)

Première partie

Nous nous concentrons maintenant sur le schéma d’échantillonnage stratifié introduit dans la Section

1.1.6 pour les poids wMm = g(Xm)
/ M∑̀

=1

g(X`) où g est une fonction mesurable strictement positive.



1.3. Contributions de la thèse 23

Notre objectif est d’étudier le comportement asymptotique de la méthode lorsque le nombre de par-
ticules M tend vers l’infini. Étant donné f une fonction mesurable bornée réelle et sous l’hypothèse
que les Xi sont i.i.d. de telle sorte que la loi de g (Xi) a une composante absolument continue, nous

explicitons la limite de Var
(

1√
M

M∑
m=1

f
(
YM
m

))
et prouvons que 1√

M

∑M
m=1

(
f(YM

m )− E(f(X1)g(X1))
E(g(X1))

)
converge en loi vers une variable aléatoire gaussienne centrée dont la variance est égale à la limite.
Décrivons brièvement les principales idées dans l’étude respectivement de la variance asymptotique
et du Théorème de la Limite Centrale afin que le lien avec la section précédente soit clair.

Variance asymptotique : principales idées

Nous rappelons qu’à partir de M variables aléatoires (Um)1≤m≤M i.i.d. distribuées selon la loi
uniforme sur (0, 1) et indépendantes de (Xm)1≤m≤M , la suite (YM

m )1≤m≤M est définie comme suit

YM
m =

M∑
i=1

1{S̄Mi−1<m−Um≤S̄Mi }Xi pour m ∈ {1, · · · ,M} avec S̄Mj = M

j∑
m=1

wMm ,

avec la convention S̄M0 = 0. Pour f : Rd → R mesurable, nous avons

E
(
f(YM

m )|F
)

=
M∑
i=1

f(Xi)

∫ m

m−1
1{S̄Mi−1<u≤S̄Mi }

du (1.26)

où F = σ ((Xm)1≤m≤M ). De plus, la propriété suivante, commune à tous les schémas d’échantillonnage,
est vérifiée

E

(
1

M

M∑
m=1

δYMm

∣∣∣ F) =
M∑
m=1

wMm δXm . (1.27)

En utilisant une décomposition standard de la variance et l’indépendance conditionnelle de
(YM
m )1≤m≤M donnée F , nous obtenons

Var

(
1√
M

M∑
m=1

f(YM
m )

)

= Var

(
E

(
1√
M

M∑
m=1

f(YM
m )

∣∣∣ F))+ E

(
Var

(
1√
M

M∑
m=1

f(YM
m )

∣∣∣ F))

= Var

(
√
M

∑M
m=1 g(Xm)f(Xm)∑M

m=1 g(Xm)

)
+ E

(∑M
m=1 g(Xm)f2(Xm)∑M

m=1 g(Xm)

)
− E

(
1

M

M∑
m=1

E
(
f(YM

m )
∣∣∣ F)2

)
.

(1.28)

Étant donné que le comportement asymptotique lorsque M → ∞ des deux premiers termes de
la dernière ligne peut être analysé à l’aide d’arguments standard, nous nous concentrons sur le
troisième terme. En utilisant (1.26) et S̄MM = M , nous obtenons que

∑M
m=1 E

(
f(ξMm )|F

)2 est égal à

M−1∑
k=0

(
1 + 1{k≥1}

)M−k∑
i=1

f(Xi)f(Xi+k)
∑

m≥bS̄Mi−1c+1

∫ m

m−1
1{S̄Mi−1<u≤S̄Mi }

du

∫ m

m−1
1{S̄Mi+k−1<u≤S̄

M
i+k}

du.

Étant donné que 1
M

∑M
i=1 γi =

∫ 1
0 γdαMedα, nous en déduisons que 1

M

∑M
m=1 E

(
f(ξMm )|F

)2 est égal
à la somme sur k ∈ N de
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(
1 + 1{k≥1}

) ∫ 1

0
1{dαMe≤M−k}f(XdαMe)f(XdαMe+k)ψk

({
S̄MdαMe−1

}
,
Mg(XdαMe)∑M
m=1 g(Xm)

, · · · , Mg(XdαMe+k)∑M
m=1 g(Xm)

)
dα

où
ψk(u0, w1, · · · , wk+1) =

∑
m≥1

∫ m

m−1
1{u0<u≤u0+w1}du

∫ m

m−1
1{

u0+
k∑̀
=1
w`<u≤u0+

k+1∑̀
=1

w`

}du.

C’est pourquoi, afin de calculer la variance asymptotique de
1√
M

M∑
m=1

f(YM
m ), il est très utile de

comprendre le comportement lorsque M →∞ de{
S̄MdαMe−1

}
qui est égal au premier composant de (1.22) lorsque q = 1, Yi = g (Xi) , φ(x) = 1

x , β
1
M = dαMe − 1

et β2
M = M .

Théorème de la Limite Centrale : principales idées

En ce qui concerne le Théorème de la Limite Centrale, la fonction caractéristique de

1√
M

M∑
m=1

(
f(YM

m )− E (f (X1) g (X1))

E(g(X1))

)
s’écrit pour u ∈ R

E

(
e
iu
√
M

(∑M
m=1 g(Xm)f(Xm)∑M

m=1 g(Xm)
−E(f(X1)g(X1))

E(g(X1))

)
M∏
m=1

E
(
e
iu√
M

(f(YMm )−E(f(YMm )|F))
∣∣∣ F)) .

En utilisant le développement en série de Taylor de e
iu√
M

(f(YMm )−E(f(YMm )|F)), on peut approximer
le produit par une somme d’intégrales de fonctions de({

S̄Mdα1Me−1

}
,
{
S̄Mdα2Me−1

}
, · · · ,

{
S̄MdαqMe−1

})
par rapport à 1{0<α1<α2<···<αq<1}dα1dα2 · · · dαq. Cela relie étroitement le comportement asympto-
tique de la fonction caractéristique à celui des vecteurs (1.22) pour le choix de Yi = g(Xi), φ(x) = 1

x ,
Zi = g(Xi)f(Xi), βiM = dαiMe − 1 pour i ∈ {1, · · · , q} et βq+1

M = M .

Deuxième partie

Dans cette partie du travail, nous examinons l’ensemble de l’algorithme des filtres particulaires
associé au mécanisme d’échantillonnage stratifié. Voir la Section 1.1.6 pour une description de
l’algorithme.

De manière similaire à ce que nous avons fait dans (1.28), nous pouvons réécrire la variance

Var
(

1√
M

M∑
m=1

f(YM,m
n+1 )

)
pour n ≥ 0 de la manière suivante

Var

(
√
M

∑M
m=1 gn(XM,m

n )f(XM,m
n )∑M

m=1 gn(XM,m
n )

)
+ E

(∑M
m=1 gn(XM,m

n )f2(XM,m
n )∑M

m=1 gn(XM,m
n )

)
(1.29)

− E

(
1

M

M∑
m=1

E
(
f(YM,m

n+1 )
∣∣∣ Fn)2

)
(1.30)
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où Fn := σ

((
XM,i
s , YM,i

s

)
1≤i≤M,0≤s≤n

)
. Sous une conjecture qui permet d’étudier la conver-

gence de (1.29) et sous la conjecture que la convergence en distribution du vecteur (1.22) peut être
généralisée de manière similaire aux étapes suivantes d’un algorithme des filtres particulaires où,
par exemple, l’indépendance des variables n’est plus valable, nous fournissons une formule inductive

pour la variance asymptotique limM→∞Var
(

1√
M

M∑
m=1

f(YM,m
n+1 )

)
.
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Chapter 2

Central Limit Theorem over non-linear
functionals of empirical measures:
beyond the iid setting

The material for this chapter has been released in [26].

The
central limit theorem is, with the strong law of large numbers, one of the two fundamental limit
theorems in probability theory. Benjamin Jourdain and Alvin Tse have extended to non-linear
functionals of the empirical measure of independent and identically distributed random vectors
the central limit theorem which is well known for linear functionals. The main tool permit-
ting this extension is the linear functional derivative, one of the notions of derivation on the
Wasserstein space of probability measures that have recently been developed. The purpose of
this work is to relax first the equal distribution assumption made by Jourdain and Tse and then
the independence property to be able to deal with the successive values of an ergodic Markov
chain.

Introduction

In this work we are interested in the convergence in distribution of

√
N

(
U

(
1

N

N∑
i=1

δXi

)
− U (µ)

)
, (2.1)

where U is a general function defined on some Wasserstein space of probability measures on Rd
and (Xi)i≥1 is a given sequence of Rd-valued random vectors.
In the mathematical statistics literature, functionals U( 1

N

∑N
i=1 δXi) are known as “statistical func-

tions”. Their asymptotic distribution theory was first studied by Von Mises [45] [46], under the
assumption that (Xi)i≥1 is a family of independent and identically distributed real-valued ran-
dom variables. Through the use of the Gâteaux differential, he introduced a Taylor expansion of
U( 1

N

∑N
i=1 δXi) around U(µ) where µ is the common distribution of the random variables. He proved

that if the linear term is the first nonvanishing term in the Taylor expansion of the functional U(.)
at µ, the limit distribution is normal (under the usual restrictions corresponding to the central limit
theorem). The main technical difficulty was proving that the remainder in the Taylor expansion
goes to zero. We refer to Chapter 6 of [56] for more details.
In dimension d = 1, Boos and Serfling [8] assumed the existence of a differential for U(.) at µ in a
sense stronger than the Gâteaux differential. They assumed the existence of d

dε |ε=0+U (µ+ ε (ν − µ)) =
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dU (µ, ν − µ) at µ that is linear in ν − µ (for ν any probability measure on the real line ) and such
that

U

(
1

N

N∑
i=1

δXi

)
− U (µ) =

1

N

N∑
i=1

dU (µ, δXi − µ) + o

(∥∥∥∥∥ 1

N

N∑
i=1

1{Xi≤·} − µ (−∞, ·]

∥∥∥∥∥
∞

)
. (2.2)

Taking the advantage of some well known stochastic properties of the Kolmogorov-Smirnov dis-
tance, in particular the boundness in probability of

(√
N
(∥∥∥ 1

N

∑N
i=1 1{Xi≤·} − µ (−∞, ·]

∥∥∥
∞

))
N≥1

,

they conclude that
√
N
(
U
(

1
N

∑N
i=1 δXi

)
− U (µ)

)
converges in distribution to a centered Gaus-

sian random variable with asymptotic variance equal to the common variance of the independent
and identically distributed random variables dU (µ, δXi − µ) when they are square integrable and
centered. In addition to the limitation of dimension d = 1 in their approach, it relies on the uni-
formity in (2.2) of the approximation with respect to the Kolmogorov-Smirnov distance which is
a strong assumption almost amounting to Fréchet differentiability of U at µ for the Kolmogorov
norm. When µ is a probability measure on any measurable space, Dudley [21] obtained central limit
theorems for

√
N(U( 1

N

∑N
i=1 δXi)− U(µ)) under Fréchet differentiability of U at µ with respect to

‖ν − µ‖ := supf∈F
∣∣∫ f(x)(ν − µ)(dx)

∣∣. The class F of measurable functions is such that a central
limit theorem for empirical measures holds with respect to uniform convergence over F . Clearly
the requirements on F impose some balance: the larger the class F , the simpler the Fréchet differ-
entiability becomes, but the harder the uniform convergence over F becomes.
Recently Jourdain and Tse [36] reconsidered the same problem under the assumption of independent
and identically distributed Rd-valued random vectors (Xi)i≥1. By means of the notion of the linear
functional derivative of U that is a Gâteaux differential with the property that dU (µ, ν − µ) =∫
Rd

δU
δm (µ, y) (ν − µ) (dy) for some measurable real valued function Rd 3 y → δU

δm (µ, y) with some

polynomial growth assumption in y, they linearize
√
N
(
U
(

1
N

∑N
i=1 δXi

)
− U (µ)

)
into the sum of

1√
N

N∑
i=1

 δU

δm

 1

N

i−1∑
j=1

δXj +
N + 1− i

N
µ,Xi

− ∫
Rd

δU

δm

 1

N

i−1∑
j=1

δXj +
N + 1− i

N
µ, x

µ(dx)


(2.3)

and a remainder. Such a decomposition allows to apply to the above sum the Central Limit Theorem
for arrays of martingale increments and to investigate sufficient conditions for the remainder to
vanish in probability. The main result of [36] is the following convergence

√
N

(
U

(
1

N

N∑
i=1

δXi

)
− U (µ)

)
d

=⇒ N
(

0, V ar

(
δU

δm
(µ,X1)

))
.

They replace the uniformity leading to Fréchet differentiability required in the statistical literature,
by supposing that the linear functional derivative exists not only at µ but on a Wasserstein ball
with positive radius containing µ. This is a mild restriction, since when a central limit theorem
holds for some statistical functional, it is in general not limited to a single value of the common
distribution µ of the samples.

The aim of this work is to generalize what has been done by Jourdain and Tse. We will first
relax the equidistribution assumption by studying the convergence of (2.1) by assuming that the
Rd-valued random vectors (Xi)i≥1 are independent and non-equidistributed. Since in our case we
do not assume the equidistribution of the random variables, we need to give sufficient conditions for
1
N

∑N
i=1 δXi and for 1

N

∑N
i=1 νi to converge to a common limit µ (for a distance that will be specified

later) where νi denotes the law of Xi. We will split
√
N
(
U
(

1
N

∑N
i=1 δXi

)
− U (µ)

)
into the sum

√
N

(
U

(
1

N

N∑
i=1

νi

)
− U (µ)

)
+
√
N

(
U

(
1

N

N∑
i=1

δXi

)
− U

(
1

N

N∑
i=1

νi

))
, (2.4)
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and we will provide sufficient conditions for the first component to converge to a constant, whose
value will be specified later. To prove the convergence in distribution to a Gaussian random variable
of the second component, we use the linear functional derivative to rewrite it as a remainder plus

1√
N

N∑
i=1

 δU

δm

 1

N

i−1∑
j=1

δXj +
1

N

N∑
j=i

νj , Xi

− ∫
Rd

δU

δm

 1

N

i−1∑
j=1

δXj +
1

N

N∑
j=i

νj , x

 νi(dx)

 .

The increment of the bracket corresponding to the i-th term in the sum involves the square of an
integral with respect to νi√

N
or equivalently an integral with respect to νi⊗νi

N . That is why, to obtain

the central limit theorem, we need to assume the convergence as N → ∞ of 1
N

∑N
i=1 νi(dx)νi(dy)

to some limiting probability measure η on Rd × Rd (with both marginals equal to µ) and the lim-
iting variance is expressed in terms of η. Note that for the empirical mean of independent square
integrable random variables retrieved with a linear functional U , the normalisation in the central
limit theorem is given by the square root of the variance of their sum. Its asymptotic behaviour
may be far from the one of the sequence (

√
N)N≥1 which is the only possible choice to deal with a

wide class of nonlinear functionals U .

The next step is to drop the independence hypothesis by assuming that the sequence of ran-
dom vectors (Xi)i≥1 to be a Rd-valued Markov chain with transition kernel P and unique in-
variant probability measure µ. By using the linear functional derivative δU

δm , we again linearize
√
N
(
U
(

1
N

∑N
i=1 δXi

)
− U (µ)

)
into the sum of (2.3) and a remainder. Under assumptions on the

Markov kernel P that ensure that the central limit theorem holds for linear functionals and by giving
sufficient conditions for the remainder to vanish in probability as N goes to infinity, we conclude
that

√
N

(
U

(
1

N

N∑
i=1

δXi

)
− U (µ)

)
d

=⇒ N
(

0, µ
(
PF 2 (µ, ·)

)
− µ

(
(PF )2 (µ, ·)

))
with F solution of the Poisson equation

F (µ, x)− PF (µ, x) =
δU

δm
(µ, x)−

∫
Rd

δU

δm
(µ, y)µ(dy), x ∈ Rd.

The main contribution in the linearization of
√
N
(
U
(

1
N

∑N
i=1 δXi

)
− U (µ)

)
is now

1√
N

N∑
i=1

F
 1

N

i−1∑
j=1

δXj +
N + 1− i

N
µ,Xi

− PF
 1

N

i−1∑
j=1

δXj +
N + 1− i

N
µ,Xi−1


in place of (2.3). Of course, to prove that the remainder still vanishes, one needs to transfer the
regularity of the functional U into regularity of the solution F (µ, x) to the Poisson equation in
its measure argument µ. This is achieved under the V-uniform ergodicity hypothesis thanks to
Lemma 4 below. To be able to cover any choice of the initial distribution of the Markov chain,
we also relax using Lemma 3 below the integrability property of the function V with respect to
this initial distribution. This integrability property is convenient to check that the above sum is
square integrable and satisfies the Lindeberg condition in order to apply the central limit theorem
for martingale increments.

As far as we know, such generalizations to nonlinear functionals of non i.i.d. random vectors Xi

appear for the first time in the literature. Even if they are not straightforward and some additional
technical difficulties appear compared to the i.i.d. setting, these difficulties may be handled thanks
to the linear functional derivative. This illustrates that this notion of derivative is a versatile tool.
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In the first section, we will provide the statement of the two results. Each of them will be
preceeded by relevant reminders useful for its understanding. Together with the independent non-
equidistributed case we will recall the notions of Wasserstein distance and linear functional derivative
and together with the Markov chains case we will recall definitions and general facts about Markov
chains and the Poisson equation. In the second section, the proofs of the two results are given.

2.1 Main Results

2.1.1 Independent Non-Equidistributed Random Variables

Let us observe that the case of a linear functional U , that is U(m) =
∫
Rd f(x)m(dx) with f : Rd → R

a measurable function, has been largely studied in this context.
We recall that a sequence (f(Xi))i≥1 is Strongly Residually Cesaro β-Integrable for some β > 0
(SRCI(β), in short) if

1. supN≥1

1

N

∑N
i=1 E(|f(Xi)|) <∞

2.
∑∞

i=1

1

i
E
((
|f(Xi)| − iβ

)
1{|f(Xi)|>iβ}

)
<∞.

Chandra and Goswami [13, Theorem 4.1] proved that if (f(Xi))i≥1 is a sequence of random
variables pairwise independent and verifying the condition SRCI(β) for some β ∈ (0, 1), then the
Strong Law of Large Numbers holds:

lim
N→∞

∑N
i=1(f(Xi)− E(f(Xi)))

N
= 0 a.s. (2.5)

Moreover Lindeberg proved (see for instance [7]) that, also in this case, the Central Limit
Theorem holds. More in detail, consider a sequence (f(Xi))i≥1 of square-integrable independent

random variables such that limN→∞
∑N
i=1 V ar(f(Xi))

N = σ2 where σ2 > 0. If moreover the Lindeberg’s
condition is satified

∀ε > 0 lim
N→∞

1

N

N∑
i=1

E((f(Xi)− E(f(Xi)))
21|f(Xi)−E(f(Xi))|>ε

√
N ) = 0,

then ∑N
i=1(f(Xi)− E(f(Xi)))√

N

d
=⇒ N (0, σ2).

Let us first review some concepts related to the Wasserstein distance and the linear functional
derivative before presenting the statement of the Central Limit Theorem for general U , in the case
of independent non-equidistributed random variables.

The Wasserstein distance and the linear functional derivative

Let U : P`
(
Rd
)
→ R where for ` ≥ 0 we denote by P`

(
Rd
)
the set of probability measures m

on Rd such that
∫
Rd |x|

`m(dx) < ∞. For ` > 0, we consider the `-Wasserstein metric defined for
µ1, µ2 ∈ P`

(
Rd
)
by

W` (µ1, µ2) = inf

{(∫
R2d

|x− y|` ρ (dx, dy)

) 1
`∨1

: ρ ∈ P(R2d)with ρ
(
· × Rd

)
= µ1(·), ρ

(
Rd × ·

)
= µ2(·)

}
.

(2.6)
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If µ ∈ P`
(
Rd
)
and (µn)n∈N is a sequence in this space, then limn→∞W` (µn, µ) = 0 if and only

if limn→∞
∫
Rd |x|

`µn(dx) =
∫
Rd |x|

`µ(dx) and µn converges weakly to µ as n → ∞ where we write
µn ⇀ µ to denote the weak convergence. Alternatively limn→∞W` (µn, µ) = 0 if and only if
∀φ : Rd → R continous µ-almost everywhere and such that supx∈Rd

|φ(x)|
1+|x|` <∞,

lim
n→∞

∫
Rd
φ(x)µn(dx) =

∫
Rd
φ(x)µ(dx). (2.7)

For ` = 0 and µ1, µ2 ∈ P0

(
Rd
)
, we consider

W0 (µ1, µ2) = inf

{∫
R2d

(1 ∧ |x− y|)ρ (dx, dy) : ρ ∈ P(R2d)with ρ
(
· × Rd

)
= µ1(·), ρ

(
Rd × ·

)
= µ2(·)

}
.

Notice that W0 metricizes the topology of weak convergence. For ` ≥ 0 we can also consider
M`(Rd), the space of the signed measures τ on Rd such that

∫
Rd |x|

`|τ |(dx) <∞ where | · | denotes
the total variation of a signed measure. For each τ ∈ M`(Rd) we will define the norm ‖τ‖` =
supf :|f(x)|≤1+|x|`

∫
Rd f(x)τ(dx) where the supremum is computed over the set of the measurable

functions satisfying the growth condition and it can be proved that given τ ∈M`(Rd) and (τn)n∈N
a sequence in this space such that ‖τn − τ‖` → 0, then ‖|τn| − |τ |‖` → 0.
Let us observe that in P(Rd) the convergence with respect to ‖·‖` implies the convergence with
respect to W`. Moreover if ` = 0, for µ1, µ2 ∈ P(Rd) we have

‖µ1 − µ2‖0 = sup
‖f‖∞≤1

∣∣∣∣∫
Rd
f(x)(µ1(dx)− µ2(dx))

∣∣∣∣ = 2dTV (µ1, µ2)

= 2 sup
A∈B(Rd)

|µ1(A)− µ2(A)| = |µ1 − µ2|
(
Rd
)

where B
(
Rd
)
denotes the Borel σ-algebra of Rd and dTV the total variation distance between µ1

and µ2. Let us now recall the notion of (first order) linear functional derivative associated to U . For
a more detailed description, including the definition of the linear functional derivative of a superior
order, see [11].

Definition 5. Let ` ≥ 0. A function U : P`
(
Rd
)
→ R admits a linear functional derivative at µ ∈

P`
(
Rd
)
if there exists a measurable function Rd 3 y 7→ δU

δm (µ, y) such that supy∈Rd
| δUδm (µ,y)|

1+|y|` < ∞
and

∀ν ∈ P`
(
Rd
)
,
d

dε |ε=0+

U (µ+ ε(ν − µ)) =

∫
Rd

δU

δm
(µ, y) (ν − µ)(dy).

Since (ν − µ)
(
Rd
)

= 0, δU
δm is defined up to an additive constant. The next lemma allows to

express a finite difference of the function U as an integral of the functional linear derivative.

Lemma 2. Let ` ≥ 0, m, m′ ∈ P`
(
Rd
)
and suppose that the linear functional derivative of a

function U : P`
(
Rd
)
→ R exists in the segment (ms := sm′ + (1− s)m)s∈[0,1].

Then if sup(s,y)∈[0,1]×Rd
| δUδm (ms,y)|

1+|y|` <∞, one has

U(m′)− U(m) =

∫ 1

0

∫
Rd

δU

δm
((1− s)m+ sm′, y)(m′ −m)(dy)ds. (2.8)



32Chapter 2. Central Limit Theorem over non-linear functionals of empirical measures: beyond the
iid setting

Statement of the theorem

Given a measure µ ∈ P`
(
Rd
)
, we will consider the following group of hypotheses about the regularity

of the functional derivative U (RU) in a neighborhood of µ:

RU1 there exists r > 0 such that U admits a linear functional derivative on the ball B(µ, r)
centered at µ with radius r for the metric W`

RU2 ∃C <∞,∀(µ̃, x) ∈ B(µ, r)× Rd,
∣∣∣∣ δUδm(µ̃, x)

∣∣∣∣ ≤ C (1 + |x|
`
2

)
RU3 supx∈Rd

| δUδm(µ̃, x)− δU
δm(µ, x)|

1 + |x|
`
2

converges to 0 when W`(µ̃, µ) goes to 0

RU4 x 7→ δU
δm (µ, x) is continuous µ-almost everywhere

RU5 ∃α ∈ (1
2 , 1], ∃C <∞, ∀µ1, µ2 ∈ B(µ, r), ∀x ∈ Rd∣∣∣∣ δUδm(µ2, x)− δU

δm
(µ1, x)

∣∣∣∣
≤ C

(
(1 + |x|`) ‖µ2 − µ1‖α0 + (1 + |x|`(1−α))

(∫
Rd
|y|`|µ2 − µ1|(dy)

)α)
.

Moreover we will consider the following assumption about the tails of the random vectors (Xi)i≥1:

TX there exists β ∈ (0, 1) such that
∑∞

i=1

1

i
E
((
|Xi|` − iβ

)
1{|Xi|`>iβ}

)
<∞.

Let us observe that it coincides with condition (ii) of the Strongly Residually Cesaro β−Integrability
with the choice of f(x) = x`. We are now ready to state respectively the Strong Law of Large Num-
bers and the Central Limit Theorem.

Theorem 16 (LLN for independent non-equidistributed r.v.). Let ` ≥ 0 and let Xi, i ≥ 1 be a
sequence of independent random variables on Rd with law νi ∈ P`(Rd) and let us define

µN :=
1

N

N∑
i=1

δXi

and

ν̄N := E (µN ) =
1

N

N∑
i=1

νi.

Let us assume TX and the existence of µ ∈ P`(Rd) such that limN→∞W`(ν̄N , µ) = 0. Then

W` (µN , µ) −→
N

0 a.s.

Proof. Thanks to the existence of µ ∈ P`(Rd) such that limN→∞W`(ν̄N , µ) = 0, by the characteri-
zation of the Wasserstein convergence, one has ν̄N ⇀ µ and so by Wellner paper [60] µN ⇀ µ a.s..
If ` = 0 the proof is completed, let us therefore suppose that ` > 0 and let us check the con-
vergence of the `-th moment. Since the |Xi|`’s are independent, Assumption TX holds and
supN≥1

1
N

∑N
i=1 E

(
|Xi|`

)
= supN≥1

∫
Rd |x|

`ν̄N (dx) < ∞ (using again the characterisation of the
Wasserstein convergence), we can apply (2.5) and obtain that
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∫
Rd
|x|`µN (dx)−

∫
Rd
|x|`ν̄N (dx)

=
|X1|` + · · ·+ |XN |` −

(
E
(
|X1|`

)
+ · · ·+ E

(
|XN |`

))
N

−→
N→∞

0 a.s.

Therefore

lim
N→∞

∫
Rd
|x|`µN (dx)−

∫
Rd
|x|`µ (dx)

= lim
N→∞

∫
Rd
|x|`µN (dx)−

∫
Rd
|x|`ν̄N (dx) +

∫
Rd
|x|`ν̄N (dx)−

∫
Rd
|x|`µ (dx) = 0 a.s.

Theorem 17 (CLT for independent non-equidistributed r.v.). Using the same notations of Theorem
16, let us assume that

1. W`

(
1
N

∑N
i=1 νi(dx)νi(dy), η(dx, dy)

)
−→
N→∞

0 for some measure η ∈ P`(Rd × Rd) with µ(·) =

η(Rd, ·) = η(·,Rd)

2. ‖
√
N (ν̄N − µ)− σ‖` −→

N→∞
0 for some measure σ inM`(Rd)

If moreover RU1-5 and TX hold then
√
N (U (µN )− U (µ))

d
=⇒ N

(∫
Rd

δU

δm
(µ, x)σ(dx),

∫
Rd

(
δU

δm
(µ, x)

)2

µ(dx)−
∫
Rd×Rd

δU

δm
(µ, x)

δU

δm
(µ, y)η(dx, dy)

)
.

Remark 18. Since the marginals of 1
N

∑N
i=1 νi(dx)νi(dy) and η(dx, dy) are respectively ν̄N and µ,

one has

W` (ν̄N , µ) ≤W`

(
1

N

N∑
i=1

νi(dx)νi(dy), η(dx, dy)

)
and so Assumption 1 implies that W`(ν̄N , µ) −→

N→∞
0.

Remark 19. According to the theorem, the asymptotic variance is given by∫
Rd

(
δU

δm
(µ, x)

)2

µ(dx)−
∫
R2d

δU

δm
(µ, x)

δU

δm
(µ, y)η(dx, dy).

By Jensen’s inequality

1

N

N∑
i=1

∫
R2d

δU

δm
(µ, x)

δU

δm
(µ, y)νi(dx)νi(dy) =

1

N

N∑
i=1

(∫
Rd

δU

δm
(µ, x)νi(dx)

)2

≥

(
1

N

N∑
i=1

∫
Rd

δU

δm
(µ, x)νi(dx)

)2

.

Thanks to Hypothesis 1, Hypothesis RU2 and Hypothesis RU4, by taking the limit over N →∞,
one deduces that ∫

R2d

δU

δm
(µ, x)

δU

δm
(µ, y)η(dx, dy) ≥

(∫
Rd

δU

δm
(µ, x)µ(dx)

)2

.
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Therefore the following “variance” inequality holds∫
Rd

(
δU

δm
(µ, x)

)2

µ(dx)−
∫
R2d

δU

δm
(µ, x)

δU

δm
(µ, y)η(dx, dy)

≤
∫
Rd

(
δU

δm
(µ, x)

)2

µ(dx)−
(∫

Rd

δU

δm
(µ, x)µ(dx)

)2

.

In what follows, we provide an example where Hypotheses 1 and 2 are verified.

Example 1. Let θ0, θ1, · · · , θm−1 ∈ P`(Rd) for m ∈ N∗ and define νi(dx) := θ(i−1)modm(dx)
for i ≥ 1. We are now going to verify that Hypothesis 1 and 2 are satisfied with η(dx, dy) =
1
m

∑m−1
i=0 θi(dx)θi(dy) and σ = 0.

If we prove that

lim
N→∞

√
N

∥∥∥∥∥ 1

N

N∑
i=1

θ(i−1)modm(dx)θ(i−1)modm(dy)− 1

m

m−1∑
i=0

θi(dx)θi(dy)

∥∥∥∥∥
`

= 0, (2.9)

then using that the convergence with respect to ‖·‖` implies the convergence with respect to W`,
Hypothesis 1 will follow. Moreover since the marginals of 1

N

∑N
i=1 θ(i−1)modm(dx)θ(i−1)modm(dy)

and 1
m

∑m−1
i=0 θi(dx)θi(dy) are respectively 1

N

∑N
i=1 θ(i−1)modm and 1

m

∑m−1
i=0 θi, Hypothesis 2 will

follow too. Let us therefore prove (2.9). For each N > 0, there exist kN ∈ N and rN ∈ N with
0 ≤ rN < m such that N = kNm+rN . Let f be a function on R2d such that |f(x, y)| ≤ 1+|x|`+|y|`.
One has

√
N

∣∣∣∣∣
∫
R2d

f(x, y)
1

N

N∑
i=1

θi−1modm(dx)θi−1modm(dy)− 1

m

m−1∑
i=0

∫
R2d

f(x, y)θi(dx)θi(dy)

∣∣∣∣∣
=
√
N

∣∣∣∣∣
(
kN
N
− 1

m

)m−1∑
i=0

∫
R2d

f(x, y)θi(dx)θi(dy) +
1

N

rN−1∑
i=0

∫
R2d

f(x, y)θi(dx)θi(dy)

∣∣∣∣∣
=

∣∣∣∣∣− rN√
Nm

m−1∑
i=0

∫
R2d

f(x, y)θi(dx)θi(dy) +
1√
N

rN−1∑
i=0

∫
R2d

f(x, y)θi(dx)θi(dy)

∣∣∣∣∣ .
Taking the superior limit over N →∞, the right hand-side converges to 0 which completes the proof.

In the following example Hypothesis 2 is verified with σ = 0.

Example 2. Let µ ∈ P`(Rd) and νi ∈ P`(Rd) such that ‖νi − µ‖` ≤
c

iα
for i ≥ 1 with c < ∞ and

α > 1
2 . Then

√
N sup

f :|f(x)|≤1+|x|`

∣∣∣∣∣ 1

N

N∑
i=1

∫
Rd
f(x)νi(dx)−

∫
Rd
f(x)µ(dx)

∣∣∣∣∣
≤ 1√

N

N∑
i=1

‖νi − µ‖` ≤
c√
N

N∑
i=1

1

iα
=


O
(

1√
N

)
if α > 1

O
(

lnN√
N

)
if α = 1

O
(
N

1
2
−α
)

if α ∈ (0, 1)

Therefore, since α > 1
2 , taking the superior limit over N →∞ we have

√
N‖ν̄N − µ‖` −→

N→∞
0.
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2.1.2 Markov Chains

Markov Chains and the Poisson equation

We are now going to state the Central Limit Theorem for Markov chains. Let us first recall some facts
useful to it. Let us consider Xi, i ≥ 1 a Markov chain with initial distribution ν1 and transition
kernel P on

(
Rd,B

(
Rd
))
. Given a measurable function V : Rd → [1,∞), we can introduce the

following normed space

VV :=

{
φ : Rd → R measurable : sup

x∈Rd

|φ(x)|
V (x)

<∞

}
equipped with the norm

‖φ‖V = sup
x∈Rd

|φ(x)|
V (x)

.

Definition 6. We say that a Markov chain (Xi)i≥1 is V-uniformly ergodic if there exists µ ∈ P
(
Rd
)

such that

lim
n→∞

sup
x∈Rd

supφ:‖φ‖V ≤1 |Pnφ (x)− µ (φ)|
V (x)

= 0.

We now recall respectively the notions of ψ−irreducible Markov chains (see Proposition 4.2.1
[43]), positive Markov chain and Harris recurrent Markov chain.

Definition 7. We say that a Markov chain (Xi)i≥1 is ψ-irreducible if there exists a measure ψ on
B
(
Rd
)
such that for all x ∈ Rd, whenever ψ(A) > 0, there exists some n > 0, possibly depending

on both A and x, such that Pn (x,A) > 0.

Definition 8. Let (Xi)i≥1 be a ψ-irreducible Markov chain. Then

• (Xi)i≥1 is called a positive Markov chain if it admits an invariant probability measure.

• (Xi)i≥1 is called Harris recurrent if every set A ∈ B
(
Rd
)
s.t. ψ (A) > 0 satisfies

Pδx

( ∞⋂
N=1

∞⋃
k=N

{Xk ∈ A}

)
= 1, x ∈ A.

The following proposition shows that under the V-uniformly ergodicity, the Markov chain has
several properties: in particular it is positive Harris recurrent.

Proposition 3. Let us assume that the Markov chain (Xi)i≥1 is V-uniformly ergodic with probability
measure µ ∈ P

(
Rd
)
. Then (Xi)i≥1 is a positive Harris recurrent Markov chain with unique invariant

probability measure µ and

µ (V ) <∞. (2.10)

Moreover

• there exist r ∈ (0, 1), R <∞ such that for all n ∈ N

sup
x∈Rd

supφ:‖φ‖V ≤1 |Pnφ (x)− µ (φ)|
V (x)

≤ Rrn (2.11)
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• there exist χ ∈ (0, 1), D <∞ such that for all n ∈ N

sup
x∈Rd

supφ:‖φ‖√V ≤1 |Pnφ (x)− µ (φ)|√
V (x)

≤ Dχn. (2.12)

• there exist K1,K2 ∈ R+ such that ∀x ∈ Rd

PV (x) ≤ K1V (x) +K2. (2.13)

Proof of Proposition 3. Let us first observe that the hypothesis of V-uniformly ergodicity implies
that ∀x ∈ Rd, ∀A ∈ B

(
Rd
)
, |Pn (x,A)− µ (A)| −→

n→∞
0 and so according to Definition 7, the Markov

chain (Xi)i≥1 is µ-irreducible. Moreover the Markov chain is aperiodic.
Thus by Theorem 16.0.1 [43], the V-uniform ergodicity implies (2.11) and the existence of a real
valued function V0 : Rd → [1,∞) equivalent to V in the sense that c−1V ≤ V0 ≤ cV for some
c ≥ 1, a petite set C (see Section 5.5.2 [43] for the definition of petite sets and their properties) and
constants H ∈ (0, 1], b ∈ [0,∞) such that

PV0 (x) ≤ (1−H)V0 (x) + b1C (x) , x ∈ Rd. (2.14)

Since V0 is equivalent to V , (2.13) easily follows and by Lemma 15.2.2 [43], V0 is unbounded off
petite sets that is

{
y ∈ Rd : V0(y) ≤ n

}
is petite for all n ∈ N (see Section 8.4.2 [43]). The above

estimation has multiple consequences. By Theorem 14.0.1 [43], (2.14) implies that µ is an invariant
probability measure satisfying

µ (V ) =

∫
Rd
V (x)µ (dx) <∞

and so, by Definition 8, (Xi)i≥1 is a positive Markov chain.
Moreover, since (2.14) obviously implies that PV0 (x) ≤ V0 (x) if x /∈ C, by Theorem 9.1.8 [43]
(Xi)i≥1 is Harris recurrent. By the Aperiodic Ergodic Theorem (see Theorem 13.0.1 [43]), (2.14)
implies also that the invariant measure µ is unique.
To conclude the proof, we just need to prove (2.12). Jensen’s inequality and (2.14) imply that

P
√
V0 (x) ≤

√
PV0 (x) ≤

√
(1−H)V0 (x) + b1C (x)

≤
√

1−H
√
V0 (x) +

√
b1C (x)

By Theorem 16.1.2 [43], the Markov chain (Xi)i≥1 is
√
V0 - uniformly ergodic and, using again

that
√
c−1
√
V ≤

√
V0 ≤

√
c
√
V , it is also

√
V - uniformly ergodic.

The application of Theorem 16.0.1 [43] concludes the proof of (2.12).

Remark 20. Let us observe that (2.13) and Jensen’s inequality imply that

P
√
V (x) ≤

√
PV (x) ≤

√
K1V (x) +K2 ≤

√
K1

√
V (x) +

√
K2. (2.15)

We are now ready to recall respectively the Strong Law of Large Numbers and the Central Limit
Theorem for Markov chains under V -uniform ergodicity. Let us start with the Strong Law of Large
Numbers, a result that will be largely used in what follows (a proof is provided in Theorem 17.1.7
[43] under the assumption that the Markov chain is positive Harris recurrent).

Theorem 21. Let us assume that the Markov chain (Xi)i≥1 is V-uniformly ergodic and let µ be its
unique invariant probability measure. Then for each function f : Rd → R measurable and such that
µ(|f |) <∞,

∀ν1 ∈ P(Rd) Pν1

(
1

N

N∑
k=1

f(Xk) →
N→∞

µ(f)

)
= 1.
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Since, by Proposition 3, µ(V ) <∞ then

sup
x∈Rd

|f(x)|
V (x)

<∞ (2.16)

is a sufficient condition to ensure that µ(|f |) <∞.
Before enunciating the Central Limit Theorem for Markov chains, we need to introduce some facts
about the Poisson equation. For a fixed f such that µ(|f |) <∞, a function F : Rd → R measurable
and such that ∀x ∈ Rd, P |F |(x) <∞ is called solution of the Poisson equation if it satisfies

∀x ∈ Rd, F (x)− PF (x) = f(x)− µ(f) (2.17)

where µ as above denotes the invariant probability measure associated to P .
If the Markov chain (Xi)i≥1 is V-uniformly ergodic, since by (2.11) supx∈Rd

|Pnf(x)−µ(f)|
V (x) ≤ ‖f‖V Rrn

with r ∈ (0, 1), the series of general term (Pnf − µ(f))n∈N converges in the space VV equipped with
the norm ‖‖V and

F =
∑
n∈N

(Pnf − µ(f)) (2.18)

is a solution of the Poisson equation (2.17). Moreover any solution can be written as c +∑
n∈N (Pnf − µ(f)) for a constant c ∈ R.

As a consequence of (2.12), the following proposition holds.

Proposition 4. Let us assume that the Markov chain (Xi)i≥1 is V-uniformly ergodic and let µ be
its unique invariant probability measure. Then if f is such that f2 ∈ VV , F =

∑
n∈N(Pnf − µ(f))

converges in ‖‖√V . F is solution of the Poisson equation (2.17) and satisfies F 2 ∈ VV . Moreover
for each n ∈ N

sup
x∈Rd

|Pnf(x)− µ(f)|√
V (x)

≤ Dχn sup
x∈Rd

|f(x)|√
V (x)

with χ ∈ (0, 1) and D a finite constant.

We are now ready to enunciate the Central Limit Theorem for Markov chains in the linear case
under the V -uniform ergodicity (see Thereom 17.5.4 [43]).

Theorem 22. Let us assume that the Markov chain (Xi)i≥1 is V-uniformly ergodic and let µ be its
unique invariant probability measure. Then for each function f : Rd → R measurable and such that
f2 ∈ VV ,

√
N

(
1

N

N∑
i=1

f (Xi)−
∫
Rd
f(x)µ(dx)

)
d

=⇒ N
(
0, µ

(
F 2
)
− µ((PF )2)

)
with F solution of the Poisson equation

F (x)− PF (x) = f(x)− µ(f) x ∈ Rd.

We are now going to provide some conditions on P under which a Markov chain is V - uniformly
ergodic for some measurable V : Rd → [1,∞).

Example 3. We say that P verifies the Lyapunov Condition if:

L1 ∃v : Rd → R+ measurable, ∃K ∈ R+, ∃γ ∈ (0, 1), ∀x ∈ Rd, Pv (x) ≤ γv (x) +K

L2 ∃R >
2K

1− γ
, ∃ρ ∈ (0, 1], ∀x, y ∈ Rd such that v(x) + v(y) ≤ R, P (x, ·) ∧ P (y, ·)(Rd) ≥ ρ.
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In [30], Hairer and Mattingly proved that under stronger conditions on P : it verifies L1 and there
exists a constant q ∈ (0, 1) and a probability measure ζ so that

inf
x∈C

P (x, ·) ≥ qζ (·) (2.19)

with C =
{
x ∈ Rd : v (x) ≤ R

}
for some R > 2K

1−γ , the transition kernel P admits a unique invariant
probability measure µ. Moreover

µ(v) ≤ K

1− γ
(2.20)

and ∀β > 0, ∀σ ∈ P
(
Rd
)
,∀n ∈ N,

sup
φ:‖φ‖1+βv≤1

|(σPn) (φ)− µ (φ)| ≤ (χ (ρ, β, γ,K,R))n sup
φ:‖φ‖1+βv≤1

|σ (φ)− µ (φ)| (2.21)

where χ (ρ, β, γ,K,R) = (1− ρ+ βK) ∨ 2+βγR+2βK
2+βR ∈ (0, 1) if β ∈

(
0, ρK

)
.

It is possible to adapt the proofs in [30] and obtain the same results by assuming that P verifies L2
in place of (2.19). In particular, in the proof of Theorem 3.1 [30] the same estimation in the case
of x and y such that v(x) + v(y) ≤ R holds under the Lyapunov condition.
Let β ∈

(
0, ρK

)
and let us observe that if we take σ = δx, x ∈ Rd in (2.21) we obtain

1

min (β, 1)
sup

φ:‖φ‖1+v≤1
|Pnφ (x)− µ (φ)| ≤ sup

φ:‖φ‖1+βv≤1
|Pnφ (x)− µ (φ)|

≤ (χ (ρ, β, γ,K,R))n sup
φ:‖φ‖1+βv≤1

|φ (x)− µ (φ)|

≤ (χ (ρ, β, γ,K,R))n max

(
2 +

βK

1− γ
, β

)
(1 + v (x))

where to obtain the last inequality we apply (2.20). Thus

1

min (β, 1)
sup
x∈Rd

supφ:‖φ‖1+v≤1 |Pnφ (x)− µ (φ)|
1 + v (x)

≤ (χ (ρ, β, γ,K,R))n max

(
2 +

βK

1− γ
, β

)
−→
n→∞

0.

This proves that if P verifies the Lyapunov Condition, then the Markov chain is 1 + v-uniformly
ergodic.

Statement of the theorem

As in the statement of Theorem 17, for a given measure µ ∈ P`
(
Rd
)
, let us consider the Hyphoteses

RU1-3, together with

RU6 ∃α ∈ (1
2 , 1], ∃C <∞, ∀µ1, µ2 ∈ B(µ, r)

sup
x∈Rd

∣∣∣∣ δUδm(µ2, x)− δU

δm
(µ1, x)

∣∣∣∣
1 + |x|

`
2

≤ C
(∫

Rd
(1 + |y|

`
2α )|µ2 − µ1|(dy)

)α
.

L3 C` := supx∈Rd
|x|`

V (x)
<∞.

Remark 23. Let us observe that by (2.10) and L3, we have∫
Rd
|x|`µ(dx) <∞. (2.22)
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We are now ready to provide the Strong Law of Large Numbers and the Central Limit Theorem in
this context.

Theorem 24 (LLN for Markov chains). Let ` ≥ 0 and let Xi, i ≥ 1 a Markov chain with initial
law ν1 and transition kernel P . We assume that (Xi)i≥1 is V-uniformly ergodic with V satisfying
L3. Let µ denote its unique invariant probability measure and let us define

µN :=
1

N

N∑
i=1

δXi .

Then
W` (µN , µ) −→

N
0 a.s.

Proof. Let us first prove that µN ⇀ µ a.s. It can be proved that for probability measures it is
possible to test the weak convergence over the continuos functions with compact support (see for
instance Corollary 30.9 [4]). Therefore

P
(
µN (f)→

N
µ(f) ∀f ∈ Cb(Rd)

)
= P

(
µN (f)→

N
µ(f) ∀f ∈ Cc(Rd)

)
where Cb(Rd) denotes the set of bounded continuous functions and Cc(Rd) the set of continuous

functions with compact support. Since Cc(Rd) is separable with respect to the infinity norm, we
can apply Theorem 21 to deduce that the right hand-side is equal to 1 and so the almost sure weak
convergence of µN to µ is proved. If ` > 0, to conclude the proof of the Wasserstein convergence we
need to prove the convergence of the `th moment. Since (2.22) holds, we can again apply Theorem
21 and deduce that

lim
N→∞

∫
Rd
|x|`µN (dx) =

∫
Rd
|x|`µ(dx) a.s..

Theorem 25 (CLT for Markov chains). Under the same notations of Theorem 24, let us assume
that the Markov chain satisfies the V-uniform ergodicity with V satisfying L3. Let us moreover
assume RU1-3, RU6.
Then √

N (U (µN )− U (µ))
d

=⇒ N
(

0, µ
(
F 2 (µ, ·)

)
− µ

(
(PF )2 (µ, ·)

))
where F (µ, ·) denotes the unique (up to an additive constant) solution of the Poisson equation

F (µ, x)− PF (µ, x) =
δU

δm
(µ, x)−

∫
Rd

δU

δm
(µ, y)µ(dy), x ∈ Rd.

In what follows, we provide an example of functional satisfying the Hypotheses RU1-3, RU6.

Example 4. (U-statistics) Let ` > 0 and n ∈ N \ {0, 1}. The function on P`(Rd) defined by

U(µ) :=

∫
(Rd)n

φ(x1, · · · , xn)µ(dx1) · · ·µ(dxn) (2.23)

where φ : (Rd)n → R is a symmetric function such that the above integral is well defined, is called
a U-statistics. Hoeffding [34] in 1948 provided a Central Limit Theorem for the U-statistics in
the case of independent equidistributed random variables. Several papers then tried to extend the
limit theorems for U-statistics established in the i.i.d. setup to the weakly dependent framework and
this was mainly done by means of the coupling techniques. For instance Denker and Keller in [17]
proved a Central Limit Theorem for particular stationary processes under a Lipschitz condition on
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φ. Moreover in [1], in the case of stationary ergodic processes, the strong law of large numbers is
established.

Bertail and Clémençon [6] developed an alternative to the coupling methodology in the Markovian
framework, the regenerative method (see [57]). In particular, they focused on the Harris Markov
chains: sample paths of such chains may be divided in i.i.d. regeneration blocks. Thanks to this
property they investigated the asymptotic behaviour of U-statistics of positive Harris Markov chains
by defining an approximant “regenerative U-statistics” to which the results established in the i.i.d.
framework apply. Under some technical assumptions concerning the integrability of φ involving the
hitting time of the regeneration set, a Central Limit Theorem is provided. We acknowledge that
verifying such hypotheses could pose challenges. Let us now study the asymptotic behaviour of the
U-statistics as a consequence of our result.
By assuming that φ is a continuous functions such that

lim
|x1|→∞

sup
(x2,··· ,xn)∈(Rd)n−1

|φ(x1, x2, · · · , xn)|∏n
i=1(1 + |xi|

`
2 )

= 0, (2.24)

we are now going to verify that (2.23) satisfies RU2-3 and RU6. Therefore, by considering a
V-uniformly ergodic Markov chain with V satisfying L3, a Central Limit Theorem holds.
It is possible to prove (see Example 2.7 [36]) that the linear functional derivative of (2.23) is defined
for each µ ∈W`(Rd) and it is given, by choosing the constant equal to zero, by

δU

δm
(µ, x1) = n

∫
(Rd)n−1

(φ(x1, x2, · · · , xn)− φ(0, x2, · · · , xn))µ(dx2) · · ·µ(dxn), x1 ∈ Rd.

By the symmetry of φ and (2.24), ∀ε > 0 ∃Mε such that for |xi| > Mε

sup
(x1,,··· ,xi−1,xi+1,··· ,xn)∈(Rd)n−1

|φ(x1, x2, · · · , xn)|∏n
j=1(1 + |xj |

`
2 )
≤ ε. (2.25)

Moreover by (2.25) and the continuity of φ, ∀ (x1, · · · , xn) ∈ (Rd)n one has

|φ(x1, x2, · · · , xn)| = |φ(x1, x2, · · · , xn)| 1‖x‖∞>M1
+ |φ(x1, x2, · · · , xn)| 1‖x‖∞≤M1

(2.26)

≤
n∏
i=1

(1 + |xi|
`
2 ) + C (2.27)

for some positive constant C <∞.
Let us fix µ ∈ P`(Rd) and r > 0. We recall that B(µ, r) denotes the ball centered at µ with radius

r for the metric W`.

RU2. Let (µ̃, x1) ∈ B(µ, r)× Rd. Using the above estimation we obtain∣∣∣∣ δUδm(µ̃, x1)

∣∣∣∣ ≤ n ∫
(Rd)n−1

(|φ(x1, x2, · · · , xn)|+ |φ(0, x2, · · · , xn)|) µ̃(dx2) · · · µ̃(dxn)

≤ n
∫

(Rd)n−1

(
n∏
i=1

(1 + |xi|
`
2 ) +

n∏
i=2

(1 + |xi|
`
2 )

)
µ̃(dx2) · · · µ̃(dxn) + 2Cn

≤ D(1 + |x1|
`
2 )

for some positive constant D <∞.



2.1. Main Results 41

RU3. If W`(µ̃, µ) goes to 0, let π ∈ P(R2d) with π
(
· × Rd

)
= µ̃(·), π

(
Rd × ·

)
= µ(·). One has

sup
x1∈Rd

| δUδm(µ̃, x1)− δU
δm(µ, x1)|

1 + |x1|
`
2

(2.28)

≤ n sup
x1∈Rd

∫
(Rd)2(n−1) |φ(x1, x2, · · · , xn)− φ(x1, s2, · · · , sn)|

∏n
i=2 π(dxi, dsi)

1 + |x1|
`
2

(2.29)

+ n

∫
(Rd)2(n−1)

|φ(0, x2, · · · , xn)− φ(0, s2, · · · , sn)|
n∏
i=2

π(dxi, dsi) (2.30)

≤ 2n sup
x1∈Rd

∫
(Rd)2(n−1) |φ(x1, x2, · · · , xn)− φ(x1, s2, · · · , sn)|

∏n
i=2 π(dxi, dsi)

1 + |x1|
`
2

. (2.31)

Let ε > 0. By observing that for |y| ≥ 1
ε ,

1
|y| ≤ ε, let us define M̃ε := max(1

ε ,Mε). The

function φ is uniformly continuous on B =
{
x ∈ (Rd)n : ‖x‖∞ ≤ M̃ε

}
. Therefore ∃ηε,M̃ε

> 0

such that for x, x̃ ∈ B satisfying max2≤i≤n |xi − x̃i| ≤ ηε,M̃ε
,

|φ(x1, x2, · · · , xn)− φ(x1, x̃2, · · · , x̃n)| ≤ ε. (2.32)

If we denote the vectors (x2, · · · , xn) and (s2, · · · , sn) respectively by x2:n and s2:n, it is possible
to rewrite the integral in (2.31) in the following way (?)∫
|φ(x1, x2:n)− φ(x1, s2:n)| 1‖(x1,x2:n)‖∞≤M̃ε

1‖(x1,s2:n)‖∞≤M̃ε
1‖x2:n−s2:n‖∞≤ηε,M̃ε

n∏
i=2

π(dxi, dsi)

+ 2

∫
|φ(x1, x2:n)| 1‖(x1,x2:n)‖∞≤M̃ε

1‖(x1,s2:n)‖∞≤M̃ε
1‖x2:n−s2:n‖∞>ηε,M̃ε

n∏
i=2

π(dxi, dsi)

+

∫
|φ(x1, x2:n)| 1‖(x1,x2:n)‖∞≤M̃ε

1‖(x1,s2:n)‖∞>M̃ε

n∏
i=2

π(dxi, dsi)

+

∫
|φ(x1, s2:n)| 1‖(x1,x2:n)‖∞≤M̃ε

1‖(x1,s2:n)‖∞>M̃ε

n∏
i=2

π(dxi, dsi)

+

∫
|φ(x1, x2:n)| 1‖(x1,x2:n)‖∞>M̃ε

n∏
i=2

π(dxi, dsi)

+

∫
|φ(x1, s2:n)| 1‖(x1,x2:n)‖∞>M̃ε

n∏
i=2

π(dxi, dsi).

Let us now study one by one the terms appearing in the above expression (?).

1.
∫
|φ(x1, x2:n)− φ(x1, s2:n)| 1‖(x1,x2:n)‖∞≤M̃ε

1‖(x1,s2:n)‖∞≤M̃ε
1‖x2:n−s2:n‖∞≤ηε,M̃ε

∏n
i=2 π(dxi, dsi) ≤

ε by (2.32).
2. By the continuity of φ and Markov’s inequality

2

∫
|φ(x1, x2:n)| 1‖(x1,x2:n)‖∞≤M̃ε

1‖(x1,s2:n)‖∞≤M̃ε
1‖x2:n−s2:n‖∞>ηε,M̃ε

n∏
i=2

π(dxi, dsi)

≤ 2 · sup
‖x‖∞≤M̃ε

|φ(x)| ·
n∑
i=2

∫
1|xi−si|>ηε,M̃ε

π(dxi, dsi)

≤ 2

η`
ε,M̃ε

· sup
‖x‖∞≤M̃ε

|φ(x)| ·
n∑
i=2

∫
|xi − si|`π(dxi, dsi).
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3. By (2.27), Markov’s inequality, Cauchy-Schwarz inequality and the fact that 1
M̃ε
≤ ε∫

|φ(x1, x2:n)| 1‖(x1,x2:n)‖∞≤M̃ε
1‖(x1,s2:n)‖∞>M̃ε

n∏
i=2

π(dxi, dsi)

≤
n∑
i=2

∫
(C +

n∏
j=1

(1 + |xj |
`
2 ))1|si|>M̃ε

n∏
j=2

π(dxj , dsj)

≤ ε`(n− 1)C

∫
|s|`µ(ds) + ε

`
2 (n− 1)(1 + |x1|

`
2 )

(∫
(1 + |x|

`
2 )2µ̃(dx)

)n−1
2
(∫
|s|`µ(ds)

) 1
2

.

4. Similarly to the previous point∫
|φ(x1, s2:n)| 1‖(x1,x2:n)‖∞≤M̃ε

1‖(x1,s2:n)‖∞>M̃ε

n∏
i=2

π(dxi, dsi)

≤
n∑
i=2

∫
(C + (1 + |x1|

`
2 )

n∏
j=2

(1 + |sj |
`
2 ))1|si|>M̃ε

n∏
j=2

π(dxj , dsj)

≤ ε`(n− 1)C

∫
|s|`µ(ds) + ε

`
2 (n− 1)(1 + |x1|

`
2 )

(∫
(1 + |s|

`
2 )2µ(ds)

)n−1
2
(∫
|s|`µ(ds)

) 1
2

5. Finally by (2.25)∫
|φ(x1, x2:n)| 1‖(x1,x2:n)‖∞>M̃ε

n∏
i=2

π(dxi, dsi) +

∫
|φ(x1, s2:n)| 1‖(x1,x2:n)‖∞>M̃ε

n∏
i=2

π(dxi, dsi)

≤ ε(1 + |x1|
`
2 )

(∫ (
1 + |x|

`
2

)
µ̃(dx)

)n−1

+ ε(1 + |x1|
`
2 )

(∫ (
1 + |s|

`
2

)
µ(ds)

)n−1

.

Therefore plugging all these estimations in (2.31), choosing π as the optimal W` coupling
between µ̃ and µ, we obtain

sup
x1∈Rd

| δUδm(µ̃, x1)− δU
δm(µ, x1)|

1 + |x1|
`
2

≤ D

(
sup

‖x‖∞≤M̃ε

|φ(x)| ·
W `∧1
` (µ̃, µ)

η`
ε,M̃ε

+ (ε+ ε
`
2 + ε`)

((∫
(1 + |x|

`
2 )2µ̃(dx)

)n−1
2

+ 1

))
for a positive constant D depending neither on ε nor on µ̃. For fixed ε, let W`(µ̃, µ) converge
to 0. Then

∫
|x|`µ̃(dx) converges to

∫
|s|`µ(ds) and

∫
(1 + |x|

`
2 )2µ̃(dx) converges to

∫
(1 +

|s|
`
2 )2µ(ds). It is then possible to conclude that the left-hand side goes to 0 by letting ε go to

0.

RU6. Let µ1, µ2 ∈ B(µ, r). By (2.27) we have

sup
x1∈Rd

∣∣∣∣ δUδm(µ2, x1)− δU

δm
(µ1, x1)

∣∣∣∣
1 + |x1|

`
2

≤ 2n sup
x1∈Rd

∫
(Rd)n−1 |φ(x1, x2, · · · , xn)| |µ2(dx2) · · ·µ2(dxn)− µ1(dx2) · · ·µ1(dxn)|

1 + |x1|
`
2

≤ 2n sup
x1∈Rd

∑n
k=2

∫
(Rd)n−1

(
C +

∏n
i=1(1 + |xi|

`
2 )
)∏n

j=k+1 µ2(dxj) |µ2 − µ1| (dxk)
∏k−1
j=2 µ1(dxj)

1 + |x1|
`
2

≤ C̃
∫
Rd

(1 + |x|
`
2 ) |µ2 − µ1| (dx)
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for a constant C̃ <∞ not depending on (µ1, µ2).

2.2 Proof of the Results

In this section we will provide the proofs of Theorem 17 and Theorem 25. We will start by proving
the Markov chains case since it is more complex. Afterwards, we will present the proof for the
independent and non-equidistributed case, avoiding repetition of common parts whenever possible.

2.2.1 Markov Chains

In the proof of the theorem we will need that the integral of V respect to ν1 is finite. The next
Lemma permits to suppose it in the proof.

Lemma 3. If Theorem 25 holds for each ν1 ∈ P(Rd) such that ν1(V ) < ∞, then it holds for all
ν1 ∈ P(Rd).

Proof. If ν1(V ) = ∞, for K > infx∈Rd V (x) let us consider x0 ∈ Rd such that V (x0) ≤ K and
define φK(x) = x1{V (x)≤K} + x01{V (x)>K}.
If we now consider the measure νK1 (A) := ν1(φ−1

K (A)) for A ∈ B
(
Rd
)
, then

νK1 (V ) =

∫
Rd
V (x)νK1 (dx) =

∫
Rd
V (φK(x))ν1(dx)

=

∫
Rd

(
V (x)1{V (x)≤K} + V (x0)1{V (x)>K}

)
ν1(dx) ≤ K.

Moreover

dTV
(
νK1 , ν1

)
= sup

ψ:‖ψ‖∞≤
1
2

∣∣∣∣∫
Rd
ψ(x)νK1 (dx)−

∫
Rd
ψ(x)ν1(dx)

∣∣∣∣
= sup

ψ:‖ψ‖∞≤
1
2

∣∣∣∣∫
Rd

(ψ(x0)− ψ(x)) 1{V (x)>K}ν1(dx)

∣∣∣∣ ≤ ν1 ({x : V (x) > K}) .

Let us consider now the Markov chain with initial law νK1 and transition kernel P on
(
Rd,B

(
Rd
))

and denote by PνK1 the law of the process (Pν1 will denote the law of the original Markov chain).
Since the initial law of a Markov chain, together with its transition kernel, determines the law of
the entire process, one has

dTV

(
Pν1 ,PνK1

)
= sup

F∈B(Rd)
⊗N

:‖F‖∞≤
1
2

∣∣∣∣∣
∫

(Rd)
⊗N
F (x)Pν1(dx)−

∫
(Rd)

⊗N
F (x)PνK1 (dx)

∣∣∣∣∣
= sup

F∈B(Rd)
⊗N

:‖F‖∞≤
1
2

∣∣∣∣∫
Rd

Pδx(F )ν1(dx)−
∫
Rd

Pδx(F )νK1 (dx)

∣∣∣∣
= sup

F∈B(Rd)
⊗N

:‖F‖∞≤
1
2

∣∣∣∣∫
Rd
fF (x)ν1(dx)−

∫
Rd
fF (x)νK1 (dx)

∣∣∣∣ ≤ dTV (ν1, ν
K
1

)
where we introduce the notation fF (x) = Pδx(F ) for each F ∈ B

(
Rd
)⊗N. Since it is straightforward

to demonstrate that dTV
(
Pν1 ,PνK1

)
≥ dTV

(
ν1, ν

K
1

)
, the equality dTV

(
Pν1 ,PνK1

)
= dTV

(
ν1, ν

K
1

)
holds. Therefore if we are able to prove that for all bounded, continuous functions f

lim
N→∞

EνK1
(
f
(√

N (U(µN )− U(µ))
))

= E (f(G))
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where G is a Gaussian random variable not depending on K, then∣∣∣Eν1

(
f
(√

N (U(µN )− U(µ))
))
− E (f(G))

∣∣∣
≤
∣∣∣Eν1

(
f
(√

N (U(µN )− U(µ))
))
− EνK1

(
f
(√

N (U(µN )− U(µ))
))∣∣∣

+
∣∣∣EνK1 (f (√N (U(µN )− U(µ))

))
− E (f(G))

∣∣∣
≤ 2 ‖f‖∞ dTV

(
Pν1 ,PνK1

)
+
∣∣∣EνK1 (f (√N (U(µN )− U(µ))

))
− E (f(G))

∣∣∣
≤ 2 ‖f‖∞ dTV

(
ν1, ν

K
1

)
+
∣∣∣EνK1 (f (√N (U(µN )− U(µ))

))
− E (f(G))

∣∣∣ .
Since dTV

(
ν1, ν

K
1

)
≤ ν1 ({x : V (x) > K}), we can first take the superior limit over N → ∞ so

to obtain that

lim sup
N→∞

∣∣∣Eν1

(
f
(√

N (U(µN )− U(µ))
))
− E (f(G))

∣∣∣ ≤ 2 ‖f‖∞ ν1 ({x : V (x) > K}) .

Then we can conclude that the left hand-side is equal to 0 by letting K to infinity.

The proof of the theorem relies on the Poisson equation whose explicit solution and norm
estimations are studied in the following Lemma.

Lemma 4. Under the assumptions of the previous theorem, for a given m ∈ B(µ, r) let us consider
the following Poisson equation

F (m,x)− PF (m,x) =
δU

δm
(m,x)−

∫
Rd

δU

δm
(m, y)µ(dy), x ∈ Rd. (2.33)

Then (2.33) admits a solution given by F (m, ·) =
∑

n∈N(Pn δUδm (m, ·)− µ( δUδm (m, ·))).
Moreover

• For m ∈ B(µ, r)
‖F (m, ·)‖√V ≤ C̄ 1

2
(2.34)

• For m1,m2 ∈ B(µ, r)

‖F (m1, ·)− F (m2, ·)‖√V ≤ C̄ 1
2

sup
x∈Rd

∣∣ δU
δm (m1, x)− δU

δm (m2, x)
∣∣√

V (x)
(2.35)

and so for α ∈ (1
2 , 1]

‖F (m1, ·)− F (m2, ·)‖√V ≤ C̄ 1
2

(∫
Rd

(1 + |y|
`

2α )|m2 −m1|(dy)

)α
(2.36)

with C̄ 1
2
a finite constant not depending on m, m1 and m2.

Proof. By Proposition 4, to ensure the existence of the solution, it is sufficient to check that(
δU
δm (m, ·)

)2 ∈ VV . By Hypothesis RU2 and L3

sup
x∈Rd

(
δU
δm (m,x)

)2
V (x)

≤ 2C2 sup
x∈Rd

1 + |x|`

V (x)
≤ 2C2 (1 + C`) <∞.
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Let us now estimate the norm ‖‖√V of F (m, ·). By Proposition 4, one has

‖F (m, ·)‖√V = lim
n→∞

∥∥∥∥∥
n∑
k=0

P k
δU

δm
(m, ·)− µ(

δU

δm
(m, ·))

∥∥∥∥∥√
V

≤
∞∑
k=0

∥∥∥∥P k δUδm (m, ·)− µ(
δU

δm
(m, ·))

∥∥∥∥√
V

.

Then again by Proposition 4 and Hypothesis RU2∥∥∥∥P k δUδm (m, ·)− µ(
δU

δm
(m, ·))

∥∥∥∥√
V

= sup
x∈Rd

∣∣P k δUδm (m,x)− µ( δUδm (m, ·))
∣∣√

V (x)
≤ Dχk sup

x∈Rd

∣∣ δU
δm (m,x)

∣∣√
V (x)

≤ DCχk
(

1 + sup
x∈Rd

|x|
`
2√

V (x)

)
≤ DCχk

(
1 +

√
C`

)
where to obtain the last inequality we used L3.
Therefore we have obtained that

‖F (m, ·)‖√V ≤
1

1− χ
DC

(
1 +

√
C`

)
.

Finally let m1,m2 ∈ B(µ, r) and proceeding as above, by Proposition 4 we have

‖F (m1, ·)− F (m2, ·)‖√V

≤
∞∑
k=0

∥∥∥∥P k ( δUδm (m1, ·)−
δU

δm
(m2, ·)

)
− µ

(
δU

δm
(m1, ·)−

δU

δm
(m2, ·)

)∥∥∥∥√
V

By Proposition 4 and Hypothesis RU6∥∥∥∥P k ( δUδm (m1, ·)−
δU

δm
(m2, ·)

)
− µ

(
δU

δm
(m1, ·)−

δU

δm
(m2, ·)

)∥∥∥∥√
V

= sup
x∈Rd

∣∣P k ( δUδm (m1, x)− δU
δm (m2, x)

)
− µ

(
δU
δm (m1, ·)− δU

δm (m2, ·)
)∣∣√

V (x)

≤ Dχk sup
x∈Rd

∣∣ δU
δm (m1, x)− δU

δm (m2, x)
∣∣√

V (x)

≤ DCχk sup
x∈Rd

1 + |x|
`
2√

V (x)

(∫
Rd

(1 + |y|
`

2α )|m2 −m1|(dy)

)α
= DCχk

(
1 +

√
C`

)(∫
Rd

(1 + |y|
`

2α )|m2 −m1|(dy)

)α
where we used L3 to obtain the last equality. Therefore we have

‖F (m1, ·)− F (m2, ·)‖√V ,1 ≤ DC
1

1− χ

(
1 +

√
C`

)(∫
Rd

(1 + |y|
`

2α )|m2 −m1|(dy)

)α
.

Proof of Theorem 25. FIRST STEP
Let us preliminary recall that by Theorem 24, W` (µN , µ) −→

N
0 a.s. To study the limit distri-

bution of
√
N (U (µN )− U (µ)), let us define for i = 1, · · · , N and s ∈ [0, 1]
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µi,sN =
1

N

i−1∑
j=1

δXj +
s

N
δXi +

(
1 +

1− i− s
N

)
µ.

We have µN,1N = µN and µ1,0
N = µ. Moreover, since for i = 1, · · · , N − 1

µi,1N = µi+1,0
N ,

one has

√
N (U (µN )− U (µ)) =

√
N

N∑
i=1

(
U(µi,1N )− U(µi,0N )

)
.

Let us now show that almost surely µi,sN converges uniformly to µ with respect to the distance
W` that is

max
1≤i≤N

sup
s∈[0,1]

W`(µ
i,s
N , µ) →

N→∞
0 a.s.. (2.37)

For i = 1, · · · , N and s ∈ [0, 1]

µi,sN = sµi,1N + (1− s)µi−1,1
N

under the convention µ0,1
N = µ1,0

N . Let π ∈ Π(µi,1N , µ) and π̃ ∈ Π(µi−1,1
N , µ) where Π(µ1, µ2) ={

µ ∈ P(R2d) : µ(· × Rd) = µ1(·), µ(Rd × ·) = µ2(·)
}
for µ1, µ2 ∈ P`(Rd) and define

π̄ (dx, dy) = sπ (dx, dy) + (1− s)π̃ (dx, dy) .

Then

π̄
(
dx,Rd

)
= sπ

(
dx,Rd

)
+ (1− s)π̃

(
dx,Rd

)
= sµi,1N + (1− s)µi−1,1

N = µi,sN

π̄
(
Rd, dy

)
= sπ

(
Rd, dy

)
+ (1− s)π̃

(
Rd, dy

)
= sµ+ (1− s)µ = µ.

By supposing that ` > 0, we have:

W `∨1
`

(
µi,sN , µ

)
≤
∫
Rd×Rd

|x−y|`π̄ (dx, dy) = s

∫
Rd×Rd

|x−y|`π (dx, dy)+(1−s)
∫
Rd×Rd

|x−y|`π̃ (dx, dy) .

(2.38)
Taking the infimum over π and π̃, we conclude that

W `∨1
`

(
µi,sN , µ

)
≤ sW `∨1

`

(
µi,1N , µ

)
+ (1− s)W `∨1

`

(
µi−1,1
N , µ

)
≤W `∨1

`

(
µi,1N , µ

)
∨W `∨1

`

(
µi−1,1
N , µ

)
and so

max
1≤i≤N

sup
s∈[0,1]

W`

(
µi,sN , µ

)
= max

0≤i≤N
W`

(
µi,1N , µ

)
. (2.39)

Now since for i = 1, · · · , N

µi,1N =
1

N

i∑
j=1

δXj +

(
1− i

N

)
µ =

i

N
µi +

(
1− i

N

)
µ,

let γ ∈ Π(µi, µ) and define γ̃(dx, dy) = i
N γ(dx, dy) +

(
1− i

N

)
µ (dx) δx(dy). Then
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γ̃(dx,Rd) =
i

N
γ(dx,Rd) +

(
1− i

N

)
µ (dx) δx(Rd) =

i

N
µi(dx) +

(
1− i

N

)
µ (dx) = µi,1N (dx)

γ̃(Rd, dy) =
i

N
γ(Rd, dy) +

(
1− i

N

)
µ (dy) δy(Rd) =

i

N
µ(dy) +

(
1− i

N

)
µ(dy) = µ(dy).

Therefore

W `∨1
`

(
µi,1N , µ

)
≤
∫
Rd×Rd

|x− y|`γ̃(dx, dy) =
i

N

∫
Rd×Rd

|x− y|`γ(dx, dy). (2.40)

Taking the infimum over γ, one has

W`

(
µi,1N , µ

)
≤
(
i

N

) 1
`∨1

W` (µi, µ) .

Finally let α ∈ (0, 1) so that

max
0≤i≤N

W`

(
µi,1N , µ

)
≤ max

1≤i≤N

(
i

N

) 1
`∨1

W` (µi, µ)

= max
1≤i≤xαNy

(
i

N

) 1
`∨1

W` (µi, µ) + max
xαNy<i≤N

(
i

N

) 1
`∨1

W` (µi, µ)

≤ α
1
`∨1 sup

i
W` (µi, µ) + max

xαNy<i≤N
W` (µi, µ) .

Since we have proved that limN→∞W`(µN , µ) = 0, for fixed α the last term goes to 0 as N goes
to infinity while the first one is arbitrarily small for α small and so (2.37) is proved.

By replacing |x− y|` with 1 ∧ |x− y| in (2.38) and (2.40), we can do exactly the same for ` = 0.

SECOND STEP Let us define

IN = min
{

1 ≤ i ≤ N : ∃s ∈ [0, 1] : W`

(
µi,sN , µ

)
≥ r
}
∧ (N + 1)

and let us introduce the filtration (Fi = σ (X1, · · · , Xi))i≥1 for which IN is a stopping time.
According to the first step, under the convention min ∅ = +∞, IN is a.s. equal to N + 1 for each
N ≥ N∗ for a random variable N∗ taking integers values. This stopping time allows to introduce in
the proof the linear functional derivative associated to U since by Hypothesis RU1 it is well defined
in the ball of radius r and center µ.

For N ≥ N∗, by Lemma 2, we have

U (µN )− U (µ) =

N∑
i=1

(
U(µi,1N )− U(µi,0N )

)
=

N∑
i=1

∫ 1

0
ds

∫
Rd

δU

δm
(µi,sN , x)

(δXi − µ)(dx)

N
.

Setting

QN :=
1

N

N∑
i=1

(
δU

δm
(µi∧IN ,0N , Xi)−

∫
Rd

δU

δm
(µi∧IN ,0N , x)µ(dx)

)
,

we deduce that for N ≥ N∗, U (µN )− U (µ)−QN coincides with

RN =
1N≥N∗

N

N∑
i=1

∫ 1

0
ds

∫
Rd

(
δU

δm
(µi,sN , x)− δU

δm
(µi,0N , x)

)
(δXi − µ)(dx).
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Let us therefore consider the following decomposition:
√
N (U (µN )− U (µ)) =

√
N (U (µN )− U (µ)−QN ) +

√
NQN .

We will see that the first term will go to 0 in probability (third step) while the second one will
converge in distribution to a normal random variable (fourth step).

THIRD STEP Let us first prove the convergence in probability of
√
N (U (µN )− U (µ)−QN )

to 0. By definition we need to prove that ∀ε > 0

lim
N→∞

P
(√

N |U (µN )− U (µ)−QN | ≥ ε
)

= 0.

One has {√
N |U (µN )− U (µ)−QN | ≥ ε

}
=
({√

N |U (µN )− U (µ)−QN | ≥ ε
}⋂

{N ≥ N∗}
) ·⋃({√

N |U (µN )− U (µ)−QN | ≥ ε
}⋂

{N < N∗}
)

⊆
({√

N |U (µN )− U (µ)−QN | ≥ ε
}⋂

{N ≥ N∗}
) ·⋃

{N < N∗} .

Therefore

P
(√

N |U (µN )− U (µ)−QN | ≥ ε
)
≤ P (N < N∗) + P

(√
N1N≥N∗ |U (µN )− U (µ)−QN | ≥ ε

)
.

Since limN→∞ P (N < N∗) = 0, it is sufficient to prove the almost sure convergence of
√
NRN

to 0. One has

|RN | ≤
1N≥N∗

N

N∑
i=1

∫ 1

0
ds

∫
Rd

∣∣∣∣ δUδm(µi,sN , x)− δU

δm
(µi,0N , x)

∣∣∣∣|δXi − µ|(dx)

≤ 1N≥N∗

N

N∑
i=1

∫ 1

0
ds

∫
Rd

∣∣∣∣ δUδm(µi,sN , x)− δU

δm
(µi,0N , x)

∣∣∣∣(δXi + µ)(dx).

By Assumption RU6, ∃C <∞, ∃α ∈
(

1
2 , 1
]
such that for N ≥ N∗∣∣∣∣ δUδm(µi,sN , x)− δU

δm
(µi,0N , x)

∣∣∣∣ ≤ C(1 + |x|
`
2 )

(∫
Rd

(
1 + |y|

`
2α

)
|µi,sN − µ

i,0
N |(dy)

)α
with

|µi,sN − µ
i,0
N |(dy) ≤ s

N
(δXi + µ)(dy).

Substituting the above quantity and using the subadditivity of x 7→ xα one obtains∣∣∣∣ δUδm(µi,sN , x)− δU

δm
(µi,0N , x)

∣∣∣∣ ≤ C ((1 + |x|
`
2 )

(
2 +

∫
Rd
|y|

`
2α (δXi + µ)(dy)

)α ( s
N

)α)
≤ C

Nα
(1 + |x|

`
2 )

(
2α + |Xi|

`
2 +

(∫
Rd
|y|

`
2αµ(dy)

)α)
≤ C∗

Nα

(
1 + |x|

`
2

)(
1 + |Xi|

`
2

)
where we used (2.22) to obtain the last inequality with C∗ a finite constant. Therefore
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|RN | ≤
C∗

Nα+1

N∑
i=1

∫
Rd

(
1 + |x|

`
2

)(
1 + |Xi|

`
2

)
(δXi + µ)(dx)

=
C∗

Nα+1

N∑
i=1

(
1 + |Xi|

`
2

)(
2 + |Xi|

`
2 +

∫
Rd
|x|

`
2µ(dx)

)

=
C∗

Nα+1

N∑
i=1

(
2 +

∫
Rd
|x|

`
2µ(dx) +

(
3 +

∫
Rd
|x|

`
2µ(dx)

)
|Xi|

`
2 + |Xi|`

)
≤ C1

Nα
+
C2

Nα

∫
Rd
|y|`µN (dy)

for some positive constants C1 and C2. Therefore one has

√
N |RN | ≤

C1

Nα− 1
2

+
C2

Nα− 1
2

∫
Rd
|y|`µN (dy)

and since α > 1
2 and limN→∞

∫
Rd |y|

`µN (dy) =
∫
Rd |y|

`µ(dy), we can conclude that the left-hand
side goes to 0 as N goes to infinity and so the third step is concluded.

FOURTH STEP As previously mentioned, we will now proceed to prove the convergence in
distribution of

√
NQN to a Gaussian random variable.

Remember that

√
NQN =

1√
N

N∑
i=1

(
δU

δm
(µi∧IN ,0N , Xi)−

∫
Rd

δU

δm
(µi∧IN ,0N , x)µ(dx)

)
and let us consider for a given m ∈ B(µ, r) the following Poisson equation

F (m,x)− PF (m,x) =
δU

δm
(m,x)−

∫
Rd

δU

δm
(m, y)µ(dy), x ∈ Rd. (2.41)

By Proposition 4 we know that it admits a solution. Thanks to that, we are able to rewrite√
NQN as

√
NQN =

1√
N

N∑
i=1

(
F
(
µi∧IN ,0N , Xi

)
− PF

(
µi∧IN ,0N , Xi

))
=

1√
N

(
N∑
i=1

F
(
µi∧IN ,0N , Xi

)
−

N∑
i=2

F
(
µ

(i−1)∧IN ,0
N , Xi

))

+
1√
N

(
N∑
i=2

F
(
µ

(i−1)∧IN ,0
N , Xi

)
−
N+1∑
i=2

PF
(
µ

(i−1)∧IN ,0
N , Xi−1

))
= K0,N +K1,N +K2,N +K3,N

with



50Chapter 2. Central Limit Theorem over non-linear functionals of empirical measures: beyond the
iid setting

K0,N =
F (µ,X1)√

N
,

K1,N =
1√
N

N∑
i=2

(
F
(
µi∧IN ,0N , Xi

)
− F

(
µ

(i−1)∧IN ,0
N , Xi

))
,

K2,N = −
PF

(
µN∧IN ,0N , XN

)
√
N

,

K3,N =
1√
N

N∑
i=2

(
F
(
µ

(i−1)∧IN ,0
N , Xi

)
− PF

(
µ

(i−1)∧IN ,0
N , Xi−1

))
.

The idea now is to study the convergence of Ki,N for i = 0, · · · , 3. We will see that K0,N ,K1,N

and K2,N go to 0 in probability as N goes to infinity while K3,N is the term providing the conver-
gence in distribution to a Gaussian random variable. By Slutsky’s theorem, we can therefore obtain
the limit of

√
NQN (same as the limit of K3,N ) and conclude the proof.

Convergence of K0,N +K1,N +K2,N to 0 in probability

The almost sure convergence (and so in probability) of K0,N to 0 is immediate.
For what concerns the convergence in probability of K1,N to 0, following the same idea used in the
third step, it is sufficient to prove the almost sure convergence of 1N≥N∗ |K1,N | to 0. Therefore

1N≥N∗ |K1,N | =

∣∣∣∣∣1N≥N∗√
N

N∑
i=2

(
F
(
µi∧IN ,0N , Xi

)
− F

(
µ

(i−1)∧IN ,0
N , Xi

))∣∣∣∣∣ (2.42)

≤ 1N≥N∗√
N

N∑
i=2

∣∣∣F (µi,0N , Xi

)
− F

(
µi−1,0
N , Xi

)∣∣∣ (2.43)

≤ 1N≥N∗√
N

N∑
i=2

∥∥∥F (µi,0N , ·)− F (µi−1,0
N , ·

)∥∥∥√
V

√
V (Xi). (2.44)

By (2.36), observing that µi,0N − µ
i−1,0
N = 1

N

(
δXi−1 − µ

)
, one obtains

1N≥N∗
∥∥∥F (µi,0N , ·)− F (µi−1,0

N , ·
)∥∥∥√

V
≤ 1N≥N∗C̄ 1

2

(∫
Rd

(
1 + |y|

`
2α

)
|µi−1,0
N − µi,0N |(dy)

)α
≤ 1N≥N∗C̄ 1

2

1

Nα

(
2 +

∫
Rd
|y|

`
2α δXi−1(dy) +

∫
Rd
|y|

`
2αµ(dy)

)α
≤ 1N≥N∗C̄

∗
1
2

1

Nα

(
|Xi−1|

`
2 + 1

)
.

where we used (2.22) and the subadditivity of x 7→ xα to obtain the last inequality with C̄∗1
2

a
finite constant. Therefore plugging this inequality in (2.44), we obtain the following estimation for
1N≥N∗ |K1,N |

1N≥N∗ |K1,N | ≤
1N≥N∗C̄

∗
1
2

Nα+ 1
2

N∑
i=2

(
|Xi−1|

`
2 + 1

)√
V (Xi)

= 1N≥N∗C̄
∗
1
2

(
1

Nα+ 1
2

N∑
i=2

|Xi−1|
`
2

√
V (Xi) +

1

Nα− 1
2

× 1

N

N∑
i=2

√
V (Xi)

)

≤ 1N≥N∗C̄
∗
1
2

(
1

2Nα− 1
2

× 1

N

N∑
i=2

|Xi−1|` +
1

Nα− 1
2

× 1

N

N∑
i=2

V (Xi) +
N − 1

2Nα+ 1
2

)
.
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Since α > 1
2 ,

1
N

∑N
i=2 |Xi−1|` converges a.s. to

∫
Rd |x|

`µ(dx) and 1
N

∑N
i=2 V (Xi) converges a.s.

to µ(V ), we can conclude that K1,N goes to 0 in probability.
Finally let us prove the convergence of K2,N to 0 in probability. Still in this case it is sufficient to
prove that 1N≥N∗ |K2,N | converges in probability to 0. By (2.34) we have

1N≥N∗ |K2,N | =
1N≥N∗√

N

∣∣∣PF (µN,0N , XN

)∣∣∣ ≤ 1N≥N∗√
N

∥∥∥F (µN,0N , ·
)∥∥∥√

V

∫
Rd

√
V (x)P (XN , dx)

=
1N≥N∗√

N

∥∥∥F (µN,0N , ·
)∥∥∥√

V
P
√
V (XN ) ≤ 1N≥N∗√

N
C̄ 1

2

(√
K1

√
V (XN ) +

√
K2

)
where we applied (2.15) to obtain the last inequality. We can therefore conclude that the right-

hand side goes to 0 as N goes to infinity by observing that by Theorem 21, V̄N := 1
N

∑N
i=1 V (Xi)

converges almost surely to µ (V ) and consequently√
V (XN )

N
=

√
V̄N −

N − 1

N
V̄N−1 −→ 0 a.s.

Convergence in distribution of K3,N

To study the convergence in distribution of K3,N , we apply the Central Limit Theorem for
martingales (see Corollary 3.1 [31]). First we need to prove a square integrable martingale property
and then that the Bracket condition and the Lindeberg condition hold.
Let us recall the expression of K3,N

K3,N =
1√
N

N∑
i=2

(
F
(
µ

(i−1)∧IN ,0
N , Xi

)
− PF

(
µ

(i−1)∧IN ,0
N , Xi−1

))
.

For i = 2, · · · , N let

YN,i =
1√
N

(
F
(
µ

(i−1)∧IN ,0
N , Xi

)
− PF

(
µ

(i−1)∧IN ,0
N , Xi−1

))
.

We will start by checking that E (YN,i|Fi−1) = 0. Since µi∧IN ,0N =
∑i−1

j=1 1{IN=j}µ
j,0
N +

1{IN>i−1}µ
i,0
N is Fi−1- measurable, one has

E (YN,i|Fi−1) =
1√
N

E
(
F
(
µ

(i−1)∧IN ,0
N , Xi

)
− PF

(
µ

(i−1)∧IN ,0
N , Xi−1

)
|Fi−1

)
=

1√
N

(
E
(
F
(
µ

(i−1)∧IN ,0
N , Xi

)
|Fi−1

)
− E

(
F
(
µ

(i−1)∧IN ,0
N , Xi

)
|Fi−1

))
= 0.

For what concerns the square integrability, it is sufficient to check that

E
(
F 2
(
µ

(i−1)∧IN ,0
N , Xi

))
<∞.

By (2.34)

E
(
F 2
(
µ

(i−1)∧IN ,0
N , Xi

))
≤ E

(∥∥∥F (µ(i−1)∧IN ,0
N , ·

)∥∥∥2

√
V

(√
V (Xi)

)2
)
≤ C̄2

1
2

E (V (Xi))

where E (V (Xi)) ≤ γi−1ν1(V ) +K
∑i−2

`=0 γ
` and so by Lemma 3, the right-hand side is finite.

Let us now study the convergence of
∑N

i=2 E
(
Y 2
N,i|Fi−1

)
:
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N∑
i=2

E
(
Y 2
N,i|Fi−1

)
=

1

N

N∑
i=2

E
(
F 2
(
µ

(i−1)∧IN ,0
N , Xi

)
+ (PF )2

(
µ

(i−1)∧IN ,0
N , Xi−1

)
|Fi−1

)
− 1

N

N∑
i=2

E
(

2F
(
µ

(i−1)∧IN ,0
N , Xi

)
PF

(
µ

(i−1)∧IN ,0
N , Xi−1

)
|Fi−1

)
=

1

N

N∑
i=2

PF 2
(
µ

(i−1)∧IN ,0
N , Xi−1

)
− 1

N

N∑
i=2

(PF )2
(
µ

(i−1)∧IN ,0
N , Xi−1

)
Before studying the behavior of the above quantity, let us observe that the convergence of

supx∈Rd
| δUδm (µ̃, x)− δU

δm (µ, x) |
1 + |x|

`
2

to 0 when W` (µ̃, µ) goes to 0 together with the a.s. convergence of

max1≤i≤N W`(µ
i,0
N , µ) to 0 imply the existence of a sequence of random variables (εN )N≥0 converging

a.s. to 0 as N →∞ such that

∀1 ≤ i ≤ N
∣∣∣∣ δUδm (

µi∧IN ,0N , x
)
− δU

δm
(µ, x)

∣∣∣∣ ≤ (1 + |x|
`
2

)
εN . (2.45)

With (2.35) and L3, we deduce that

∥∥∥F (µi∧IN ,0N , ·
)
− F (µ, ·)

∥∥∥√
V
≤ C̄ 1

2
εN sup

x∈Rd

1 + |x|
`
2√

V (x)
≤ C̄ 1

2

(
1 +

√
C`

)
εN . (2.46)

First Component We can rewrite the first component in the following way

1

N

N∑
i=2

PF 2
(
µ

(i−1)∧IN ,0
N , Xi−1

)
=

1

N

N∑
i=2

(
PF 2

(
µ

(i−1)∧IN ,0
N , Xi−1

)
− PF 2 (µ,Xi−1)

)
+

1

N

N∑
i=2

PF 2 (µ,Xi−1) .

Since by (2.13) ∥∥PF 2 (µ, ·)
∥∥
V
≤
∥∥F 2 (µ, ·)

∥∥
V

sup
x∈Rd

PV (x)

V (x)
<∞, (2.47)

by Theorem 21 we obtain that

lim
N→∞

1

N

N∑
i=2

PF 2 (µ,Xi−1) = µ(PF 2 (µ, ·)) = µ(F 2 (µ, ·)) a.s.

where for the last equality we used the invariance of µ with respect to P . On the other hand∣∣∣∣∣ 1

N

N∑
i=2

(
PF 2

(
µ

(i−1)∧IN ,0
N , Xi−1

)
− PF 2 (µ,Xi−1)

)∣∣∣∣∣
≤ 1

N

N∑
i=2

∫
Rd

∣∣∣F 2
(
µ

(i−1)∧IN ,0
N , x

)
− F 2 (µ, x)

∣∣∣P (Xi−1, dx)
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≤ 1

N

N∑
i=2

∫
Rd

(
F
(
µ

(i−1)∧IN ,0
N , x

)
− F (µ, x)

)2
P (Xi−1, dx)

+
2

N

N∑
i=2

∫
Rd
|F (µ, x)|

∣∣∣F (µ(i−1)∧IN ,0
N , x

)
− F (µ, x)

∣∣∣P (Xi−1, dx)

≤ 1

N

N∑
i=2

∥∥∥F (µ(i−1)∧IN ,0
N , ·

)
− F (µ, ·)

∥∥∥2

√
V
PV (Xi−1)

+
2

N

N∑
i=2

‖F (µ, ·)‖√V
∥∥∥F (µ(i−1)∧IN ,0

N , ·
)
− F (µ, ·)

∥∥∥√
V
PV (Xi−1)

≤ εN
(
C̄2

1
2

(
1 +

√
C`

)2
εN + 2C̄2

1
2

(
1 +

√
C`

)) 1

N

N∑
i=2

(K1V (Xi−1) +K2)

where we used (2.46), (2.34) and (2.13). Therefore the right-hand side goes to 0 since 1
N

∑N
i=2 V (Xi−1)

converges to µ(V ) and εN goes to 0 a.s..

Second Component As before, we can rewrite the second component in the following way

1

N

N∑
i=2

(PF )2
(
µ

(i−1)∧IN ,0
N , Xi−1

)
=

1

N

N∑
i=2

(
(PF )2

(
µ

(i−1)∧IN ,0
N , Xi−1

)
− (PF )2 (µ,Xi−1)

)
+

1

N

N∑
i=2

(PF )2 (µ,Xi−1) .

By (2.47) and Jensen’s inequality
∥∥∥(PF )2 (µ, ·)

∥∥∥
V
<∞, therefore by Theorem 21

1

N

N∑
i=2

(PF )2 (µ,Xi−1) = µ((PF )2 (µ, ·)) a.s..

On the other hand∣∣∣∣∣ 1

N

N∑
i=2

(
(PF )2

(
µ

(i−1)∧IN ,0
N , Xi−1

)
− (PF )2 (µ,Xi−1)

)∣∣∣∣∣
≤ 1

N

N∑
i=2

(
PF

(
µ

(i−1)∧IN ,0
N , Xi−1

)
− PF (µ,Xi−1)

)2

+
2

N

N∑
i=2

|PF (µ,Xi−1)|
∣∣∣PF (µ(i−1)∧IN ,0

N , Xi−1

)
− PF (µ,Xi−1)

∣∣∣
≤ 1

N

N∑
i=2

(∥∥∥F (µ(i−1)∧IN ,0
N , ·

)
− F (µ, ·)

∥∥∥√
V

(
P
√
V (Xi−1)

))2

+
2

N

N∑
i=2

‖F (µ, ·)‖√V
∥∥∥F (µ(i−1)∧IN ,0

N , ·
)
− F (µ, ·)

∥∥∥√
V

(
P
√
V (Xi−1)

)2

≤ εN
(
C̄2

1
2

(
1 +

√
C`

)2
εN + 2C̄2

1
2

(
1 +

√
C`

)) 1

N

N∑
i=2

(√
K1

√
V (Xi−1) +

√
K2

)2
.
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The right-hand side goes to 0 as N goes to infinity since εN goes to 0 a.s. and, by Theorem 21,
1
N

∑N
i=2 V (Xi−1) converges to µ(V ) and 1

N

∑N
i=2

√
V (Xi−1) converges to µ(

√
V ).

In conclusion we have proved that almost surely

1

N

N∑
i=2

(
PF 2

(
µ

(i−1)∧IN ,0
N , Xi−1

)
− (PF )2

(
µ

(i−1)∧IN ,0
N , Xi−1

))
−→
N→∞

µ
(
F 2 (µ, ·)

)
− µ

(
(PF )2 (µ, ·)

)
.

(2.48)

To finally conclude that K3,N =
∑N

i=2 YN,i
d

=⇒ N
(

0, µ
(
F 2 (µ, ·)

)
− µ

(
(PF )2 (µ, ·)

))
, it remains

just to verify that the Lindeberg condition holds.
We need to check that for ε > 0,

∑N
i=2 E

(
Y 2
N,i1{Y 2

N,i>ε}|Fi−1

)
goes to 0 in probability as N goes

to infinity. By Jensen’s inequality, (2.13) and (2.34) we obtain

NY 2
N,i =

(
F
(
µ

(i−1)∧IN ,0
N , Xi

)
− PF

(
µ

(i−1)∧IN ,0
N , Xi−1

))2

≤ 2F 2
(
µ

(i−1)∧IN ,0
N , Xi

)
+ 2PF 2

(
µ

(i−1)∧IN ,0
N , Xi−1

)
≤ 2

∥∥∥F (µ(i−1)∧IN ,0
N , ·

)∥∥∥2

√
V
V (Xi) + 2

∥∥∥F (µ(i−1)∧IN ,0
N , ·

)∥∥∥2

√
V
PV (Xi−1)

≤ 2C̄2
1
2

(V (Xi) +K1V (Xi−1) +K2) ≤ 2LC̄2
1
2

(1 + V (Xi) + V (Xi−1))

where L is a finite constant. As, for a, b, c, g ∈ R+

(a+ b+ c) 1{a+b+c≥g} = (a+ b+ c)
(
1{a>b,a>c,a+b+c≥g} + 1{b≥a,b>c,a+b+c≥g} + 1{c≥a,c≥b,a+b+c≥g}

)
≤ 3a1{a>b,a>c,a+b+c≥g} + 3b1{b≥a,b>c,a+b+c≥g} + 3c1{c≥a,c≥b,a+b+c≥g}

≤ 3a1{a≥ g3} + 3b1{b≥ g3} + 3c1{c≥ g3},

it is enough to check that for each ε > 0

N − 1

N
1{ 1

N
>ε} +

N∑
i=2

E
(
V (Xi)

N
1{V (Xi)

N
>ε
}|Fi−1

)
+

N∑
i=2

V (Xi−1)

N
1{V (Xi−1)

N
>ε
}

goes to 0 in probability as N goes to infinity.
It is immediate to prove that the first component goes to 0. For the second component let us
observe that

E

(
N∑
i=2

E
(
V (Xi)

N
1{V (Xi)

N
>ε
}|Fi−1

))
=

N∑
i=2

E
(
V (Xi)

N
1{V (Xi)

N
>ε
})

=
N∑
i=2

∫
Rd

V (x)

N
1{V (x)

N
>ε
}ν1P

i−1 (dx)

=

N∑
i=2

∫
Rd

V (x)

N
1{V (x)

N
>ε
} (ν1P

i−1 (dx)− µ (dx)
)

+
N − 1

N

∫
Rd
V (x)1{V (x)

N
>ε
}µ(dx)

=

N∑
i=2

∫
Rd
ν1 (dy)

∫
Rd

V (x)

N
1{V (x)

N
>ε
} (P i−1 (y, dx)− µ(dx)

)
+
N − 1

N

∫
Rd
V (x)1{V (x)

N
>ε
}µ(dx).
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We can apply (2.11) and deduce that

N∑
i=2

∫
Rd
ν1 (dy)

∫
Rd

V (x)

N
1{V (x)

N
>ε
} (P i−1 (y, dx)− µ(dx)

)
≤ R

∥∥∥∥V (·)
N

1{V (·)
N

>ε
}∥∥∥∥

V

ν1 (V )×
N∑
i=2

ri−1 ≤ R

N

ν1 (V )

1− r
.

Thus

E

(
N∑
i=2

E
(
V (Xi)

N
1{V (Xi)

N
>ε
}|Fi−1

))
≤ R

N

ν1 (V )

1− r
+
N − 1

N

∫
Rd
V (x)1{V (x)

N
>ε
}µ(dx).

By Lemma 3, it is enough to suppose that ν1(V ) <∞ and the first term goes to 0. The second
term goes to 0 by Lebesgue’s theorem since µ(V ) <∞. Finally let us study the third component.
By Theorem 21 we know that V N := 1

N

∑N
i=1 V (Xi) converges almost surely to µ (V ). Therefore

V (XN )

N
= V N −

N − 1

N
V N−1 −→

N→∞
0 a.s.

that implies ∀ε > 0

V (XN ) 1{V (XN )
N

>ε

} −→
N→∞

0 a.s.

and taking the Cesaro mean we deduce that

lim
N→∞

1

N

N∑
i=1

V (Xi) 1{V (Xi)
N

>ε

} ≤ lim
N→∞

1

N

N∑
i=1

V (Xi) 1{V (Xi)
i

>ε

} = 0.

2.2.2 Independent Non-Equidistributed Random Variables

Before providing the proof of Theorem 17, let us observe that Hypothesis TX implies the Lindeberg
condition.

Lemma 5. Hypothesis TX implies that

∀ε > 0, lim
N→∞

1

N

N∑
i=1

E
(
|Xi|`1{|Xi|`>Nε}

)
= 0. (2.49)

Proof. An application of Kronecker’s lemma shows that TX implies

lim
N→∞

1

N

N∑
i=1

E
((
|Xi|` − iβ

)
1{|Xi|`>iβ}

)
= 0. (2.50)

Let ε > 0, then exists N̄ε,β such that for N ≥ N̄ε,β, N
β ≤ εN

2
. Therefore if N ≥ N̄ε,β, the

following chain of inequalities holds for each i = 1, · · · , N(
|Xi|` − iβ

)
1{|Xi|`>iβ} ≥

(
|Xi|` −

εN

2

)
1{|Xi|`>εN}

≥ |Xi|`

2
1{|Xi|`>εN}.

Taking the expectation and using (2.50) we can obtain (2.49).
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Proof of Theorem 17. To study the limit distribution of
√
N (U (µN )− U (µ)), let us consider the

following decomposition
√
N (U (µN )− U (µ)) =

√
N (U (µN )− U (ν̄N )) +

√
N (U (ν̄N )− U (µ)) . (2.51)

We will prove that

√
N (U (µN )− U (ν̄N ))

d⇒ N
(

0,

∫
Rd

δU

δm
(µ, x)2 µ(dx)−

∫
Rd×Rd

δU

δm
(µ, x)

δU

δm
(µ, y)η(dx, dy)

)
and
√
N (U (ν̄N )− U (µ)) −→

N→∞

∫
Rd

δU
δm(µ, x)σ(dx).

Let us start by studying the second term in the above decomposition.

Limit of
√
N (U (ν̄N)− U (µ))

Let us first observe that by Remark 18, Assumption 1 implies W` (ν̄N , µ) −→
N→∞

0. Therefore one
has

lim
N→∞

sup
s∈[0,1]

W` (µ+ s(ν̄N − µ), µ) = 0.

For N bigger than a fixed Nr, by Lemma 2 we can rewrite

√
N (U (ν̄N )− U (µ)) =

√
N

∫ 1

0
ds

∫
Rd

δU

δm
(µ+ s(ν̄N − µ), x)(ν̄N − µ)(dx).

Let us now prove that the above quantity tends to
∫
Rd

δU
δm(µ, x)σ(dx) where σ is the measure such

that ‖
√
N (ν̄N − µ) − σ‖` −→

N→∞
0 (see Hypothesis 2). By the triangle inequality, for N ≥ Nr, one

has ∣∣∣∣√N ∫ 1

0
ds

∫
Rd

δU

δm
(µ+ s(ν̄N − µ), x)(ν̄N − µ)(dx)−

∫
Rd

δU

δm
(µ, x)σ(dx)

∣∣∣∣
≤
∣∣∣∣√N ∫ 1

0
ds

∫
Rd

δU

δm
(µ+ s(ν̄N − µ), x)(ν̄N − µ)(dx)−

√
N

∫
Rd

δU

δm
(µ, x)(ν̄N − µ)(dx)

∣∣∣∣
+

∣∣∣∣√N ∫
Rd

δU

δm
(µ, x)(ν̄N − µ)(dx)−

∫
Rd

δU

δm
(µ, x)σ(dx)

∣∣∣∣ .
Recalling that ‖τ‖` = supf :|f(x)|≤1+|x|`

∫
Rd f(x)τ(dx) for τ ∈M`(Rd), the second component of

the right-hand side goes to 0 thanks to Assumption 2 and Assumption RU2.
For what concerns the first component of the right-hand side, we have by Hypothesis RU5∣∣∣∣√N ∫ 1

0
ds

∫
Rd

δU

δm
(µ+ s(ν̄N − µ), x)(ν̄N − µ)(dx)−

√
N

∫
Rd

δU

δm
(µ, x)(ν̄N − µ)(dx)

∣∣∣∣
≤
∫ 1

0
ds

∫
Rd

∣∣∣∣ δUδm(µ+ s(ν̄N − µ), x)− δU

δm
(µ, x)

∣∣∣∣ ∣∣∣√N (ν̄N − µ)
∣∣∣ (dx)

≤
∫ 1

0
ds

∫
Rd
C

(
(1 + |x|`) ‖s(ν̄N − µ)‖α0 + (1 + |x|`(1−α))

(∫
Rd
|y|`|s(ν̄N − µ)|(dy)

)α) ∣∣∣√N (ν̄N − µ)
∣∣∣ (dx)

≤ C
(
|ν̄N − µ| (Rd)

)α
·
∫
Rd

(1 + |x|`)
∣∣∣√N (ν̄N − µ)

∣∣∣ (dx)

+ C

(∫
Rd
|y|`|ν̄N − µ|(dy)

)α ∫
Rd

(1 + |x|`(1−α))
∣∣∣√N (ν̄N − µ)

∣∣∣ (dx).

Since ‖
√
N (ν̄N − µ)− σ‖` −→

N→∞
0 implies ‖|

√
N (ν̄N − µ) | − |σ|‖` −→

N→∞
0, we can deduce that:
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1.
∫
Rd(1 + |x|`)|

√
N (ν̄N − µ) |(dx) −→

N→∞

∫
Rd(1 + |x|`)σ(dx) <∞

2.
∫
Rd(1 + |x|`(1−α))|

√
N (ν̄N − µ) |(dx) −→

N→∞

∫
Rd(1 + |x|`(1−α))σ(dx) <∞

3. |ν̄N − µ| (Rd) =
|
√
N (ν̄N − µ) |(Rd)√

N
−→
N→∞

0

4.
∫
Rd |y|

`|ν̄N − µ|(dy) ≤
∫
Rd(1 + |y|`)|ν̄N − µ|(dy) =

∫
Rd(1 + |y|`)|

√
N(ν̄N − µ)|(dy)
√
N

−→
N→∞

0.

To conclude the proof, we have to study the convergence of
√
N (U (µN )− U (ν̄N )) in the de-

composition (2.51).

Limit distribution of
√
N (U (µN)− U (ν̄N))

FIRST STEP Let us preliminary recall that by Remark 18, Theorem 16 impliesW` (µN , µ) −→
N

0
a.s.
Let us now define for i = 1, · · · , N and s ∈ [0, 1]

µi,sN =
1

N

i−1∑
j=1

δXj +
s

N
δXi +

(1− s)
N

νi +
1

N

N∑
j=i+1

νj .

We have µN,1N = µN and µ1,0
N = ν̄N . Moreover since for i = 1, · · · , N − 1

µi,1N = µi+1,0
N ,

one has

√
N (U (µN )− U (ν̄N )) =

√
N

N∑
i=1

(
U(µi,1N )− U(µi,0N )

)
.

Let us now show that
max

1≤i≤N
sup
s∈[0,1]

W`(µ
i,s
N , µ) −→

N→∞
0 a.s.

Since for i = 1, · · · , N and s ∈ [0, 1]

µi,sN = sµi,1N + (1− s)µi−1,1
N

under the convention µ0,1
N = µ1,0

N , we can proceed as in the first step of the proof of Theorem 25 to
prove that

max
1≤i≤N

sup
s∈[0,1]

W`

(
µi,sN , µ

)
= max

0≤i≤N
W`

(
µi,1N , µ

)
. (2.52)

By the triangle inequality,

W`

(
µi,1N , µ

)
≤W`

(
µi,1N , ν̄N

)
+W` (ν̄N , µ) (2.53)

where W` (ν̄N , µ) goes to 0 as N goes to infinity.
Therefore it is sufficient to prove that max0≤i≤N W`

(
µi,1N , ν̄N

)
−→
N→∞

0 a.s. which we are now going
to do.

For i = 1, · · · , N
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µi,1N =
i

N
µi +

1

N

N∑
j=i+1

νj .

Hence let γ ∈ Π(µi, ν̄i) and define γ̃(dx, dy) = i
N γ(dx, dy) + 1

N

∑N
j=i+1 νj(dx)δx(dy) : one has

γ̃(dx,Rd) = µi,1N (dx) and γ̃(Rd, dy) = ν̄N (dy). If ` > 0 we have

W `∨1
`

(
µi,1N , ν̄N

)
≤
∫
Rd×Rd

|x− y|`γ̃(dx, dy)

=
i

N

∫
Rd×Rd

|x− y|`γ(dx, dy) +
1

N

N∑
j=i+1

∫
Rd×Rd

|x− y|`νj(dx)δx(dy)

=
i

N

∫
Rd×Rd

|x− y|`γ(dx, dy).

Taking the infimum over γ, one has

W`

(
µi,1N , ν̄N

)
≤
(
i

N

) 1
`∨1

W` (µi, ν̄i) .

Finally let α ∈ (0, 1) so that

max
0≤i≤N

W`

(
µi,1N , ν̄N

)
= max

1≤i≤N
W`

(
µi,1N , ν̄N

)
≤ max

1≤i≤N

(
i

N

) 1
`∨1

W` (µi, ν̄i)

≤ max
1≤i≤N

(
i

N

) 1
`∨1

W` (µi, µ) + max
1≤i≤N

(
i

N

) 1
`∨1

W` (µ, ν̄i)

≤ max
1≤i≤xαNy

(
i

N

) 1
`∨1

W` (µi, µ) + max
xαNy<i≤N

(
i

N

) 1
`∨1

W` (µi, µ)

+ max
1≤i≤xαNy

(
i

N

) 1
`∨1

W` (µ, ν̄i) + max
xαNy<i≤N

(
i

N

) 1
`∨1

W` (µ, ν̄i)

≤ α
1
`∨1 sup

i
W` (µi, µ) + α

1
`∨1 sup

i
W` (µ, ν̄i)

+ max
xαNy<i≤N

W` (µi, µ) + max
xαNy<i≤N

W` (µ, ν̄i) .

For fixed α, the sum of the two last terms goes to 0 as N goes to infinity while the sum of the
first two terms is arbitrarily small for α small. Then it is possible to conclude that the left-hand
side goes to 0 almost surely.
As explained in the first step of the Theorem 25, we can adapt the reasoning to the case ` = 0.

SECOND STEP We can now reconsider the following stopping time

IN = min
{

1 ≤ i ≤ N : ∃s ∈ [0, 1] : W`

(
µi,sN , µ

)
≥ r
}
∧ (N + 1)

for the filtration (Fi = σ (X1, · · · , Xi))i≥1 where by convention min ∅ = +∞. Proceeding exactly
as in the second step of the proof of the Theorem 25 and keeping the same notations, we can obtain
the following decomposition

√
N (U (µN )− U (ν̄N )) =

√
N (U (µN )− U (ν̄N )−QN ) +

√
NQN

where

QN :=
1

N

N∑
i=1

(
δU

δm
(µi∧IN ,0N , Xi)−

∫
Rd

δU

δm
(µi∧IN ,0N , x)νi(dx)

)
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and for N ≥ N∗, U (µN )− U (ν̄N )−QN coincides with

RN =
1N≥N∗

N

N∑
i=1

∫ 1

0
ds

∫
Rd

(
δU

δm
(µi,sN , x)− δU

δm
(µi,0N , x)

)
(δXi − νi)(dx).

THIRD STEP Let us first prove the convergence in L1 of
√
NRN to 0. By applying the same

argument as in the proof of Theorem 25 this is sufficient to deduce that
√
N (U (µN )− U (ν̄N )−QN )

goes to 0 in probability.
By Assumption RU5, ∃C <∞, ∃α ∈

(
1
2 , 1
]
such that for N ≥ N∗∣∣∣∣ δUδm(µi,sN , x)− δU

δm
(µi,0N , x)

∣∣∣∣
≤ C

(
(1 + |x|`)

∥∥∥µi,sN − µi,0N ∥∥∥α
0

+ (1 + |x|`(α−1))

(∫
Rd
|y|`|µi,sN − µ

i,0
N |(dy)

)α)
with

|µi,sN − µ
i,0
N |(dy) ≤ s

N
(δXi + νi)(dy)

and ∥∥∥µi,sN − µi,0N ∥∥∥
0

= |µi,sN − µ
i,0
N |(R

d) =
s

N
|δXi − νi|(Rd) ≤

s

N
(δXi + νi)(Rd) =

2s

N
.

Substituting the above quantities and using Young’s inequality, one obtains∣∣∣∣ δUδm(µi,sN , x)− δU

δm
(µi,0N , x)

∣∣∣∣
≤ C

(
(1 + |x|`)

(
2s

N

)α
+ (1 + |x|`(1−α))

(∫
Rd
|y|`(δXi + νi)(dy)

)α ( s
N

)α)
≤ 2αC

Nα

(
(1 + |x|`) + α

(
|Xi|` +

∫
Rd
|y|`νi(dy)

)
+ (1− α) + α

(
|Xi|` +

∫
Rd
|y|`νi(dy)

)
+ |x|`(1− α)

)
≤ 2αC

Nα

(
(1 + |x|`) +

(
|Xi|` +

∫
Rd
|y|`νi(dy)

)
+

1

2
+

(
|Xi|` +

∫
Rd
|y|`νi(dy)

)
+
|x|`

2

)
=

2αC

Nα

(
3

2
(1 + |x|`) + 2|Xi|` + 2

∫
Rd
|y|`νi(dy)

)
.

Therefore

|RN | ≤
1N≥N∗

N

N∑
i=1

∫ 1

0
ds

∫
Rd

∣∣∣∣ δUδm(µi,sN , x)− δU

δm
(µi,0N , x)

∣∣∣∣(δXi + νi)(dx)

≤ 2αC

Nα+1

N∑
i=1

∫
Rd

(
3

2
(1 + |x|`) + 2|Xi|` + 2

∫
Rd
|y|`νi(dy)

)
(δXi + νi)(dx)

=
2αC

Nα+1

N∑
i=1

(
3 +

11

2

∫
Rd
|y|`δXi(dy) +

11

2

∫
Rd
|y|`νi(dy)

)
=

C1

Nα
+
C2

Nα

∫
Rd
|y|`µN (dy) +

C3

Nα

∫
Rd
|y|`ν̄N (dy)

for some positive constants C1, C2 and C3.
Finally

E(
√
N |RN |) ≤

C1

Nα− 1
2

+
C2

Nα− 1
2

∫
Rd
|y|`ν̄N (dy) +

C3

Nα− 1
2

∫
Rd
|y|`ν̄N (dy)
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and since α > 1
2 and limN→∞

∫
Rd |y|

`ν̄N (dy) =
∫
Rd |y|

`µ(dy), we can conclude that the left-hand
side goes to 0 as N goes to infinity and so the third step is concluded.

FOURTH STEP We are now going to prove the convergence in distribution of
√
NQN to a

Gaussian random variable. In this case, we can immediately apply the Central Limit Theorem for
martingales while in Theorem 25 we had to introduce first the Poisson equation before applying it
to K3,N . For 1 ≤ i ≤ N let

YN,i =
1√
N

(
δU

δm

(
µi∧IN ,0N , Xi

)
−
∫
Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)
.

Let us start by checking that E (YN,i|Fi−1) = 0.

Since Xi is independent of Fi−1 and µi∧IN ,0N =
∑i−1

j=1 1{IN=j}µ
j,0
N + 1{IN>i−1}µ

i,0
N is Fi−1- mea-

surable, applying the Freezing Lemma one has

E (YN,i|Fi−1) = E
(

1√
N

(
δU

δm

(
µi∧IN ,0N , Xi

)
−
∫
Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)
|Fi−1

)
=

1√
N

(
E
(
δU

δm
(t,Xi)

)
t=µ

i∧IN ,0
N

−
∫
Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)
= 0.

For what concerns the square integrability, let us check that both the components are squared
integrable by applying Hypothesis RU2 and the fact that νi ∈ P`

(
Rd
)
.

•
E
(
δU

δm

(
µi∧IN ,0N , Xi

)2
)
≤ C2E

((
1 + |Xi|

`
2

)2
)
≤ 2C2E

(
1 + |Xi|`

)
<∞

•

E

((∫
Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)2
)
≤ E

(∫
Rd

δU

δm

(
µi∧IN ,0N , x

)2
νi(dx)

)
≤ 2C2

(
1 +

∫
Rd
|x|`νi(dx)

)
<∞.

Let us now study the convergence of
∑N

i=1 E
(
Y 2
N,i|Fi−1

)
:

N∑
i=1

E
(
Y 2
N,i|Fi−1

)
=

1

N

N∑
i=1

E

((
δU

δm

(
µi∧IN ,0N , Xi

)
−
∫
Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)2

|Fi−1

)

=
1

N

N∑
i=1

(∫
Rd

δU

δm

(
µi∧IN ,0N , x

)2
νi(dx)−

(∫
Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)2
)
.

As in the fourth step of the proof of the Theorem 25, thanks to Hypothesis RU3 and thanks to
the a.s. convergence of max1≤i≤N W`(µ

i,0
N , µ) to 0, we obtain the existence of a sequence of random

variables (εN )N≥0 converging a.s. to 0 such that

∀1 ≤ i ≤ N
∣∣∣∣ δUδm (

µi∧IN ,0N , x
)
− δU

δm
(µ, x)

∣∣∣∣ ≤ (1 + |x|
`
2

)
εN . (2.54)
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First Component Let us first show that

lim
N→∞

1

N

N∑
i=1

∫
Rd

δU

δm

(
µi∧IN ,0N , x

)2
νi(dx)−

∫
Rd

δU

δm
(µ, x)2 µ(dx) = 0 a.s.

We can rewrite the difference in the following way

1

N

N∑
i=1

∫
Rd

δU

δm

(
µi∧IN ,0N , x

)2
νi(dx)− 1

N

N∑
i=1

∫
Rd

δU

δm
(µ, x)2 νi(dx)

+
1

N

N∑
i=1

∫
Rd

δU

δm
(µ, x)2 νi(dx)−

∫
Rd

δU

δm
(µ, x)2 µ(dx)

=
1

N

N∑
i=1

∫
Rd

(
δU

δm

(
µi∧IN ,0N , x

)2
− δU

δm
(µ, x)2

)
νi(dx)

+

∫
Rd

δU

δm
(µ, x)2 (ν̄N − µ) (dx).

Since limN→∞W`(ν̄N , µ) = 0, by the characterization (2.7), we can deduce that the second term
of the sum goes to 0 thanks to Assumption RU2 and Assumption RU4. For what concerns the
first term for i = 1, · · · , N , using Assumption RU2 and (2.54), one has∣∣∣∣ δUδm (

µi∧IN ,0N , x
)2
− δU

δm
(µ, x)2

∣∣∣∣ ≤ ( δUδm (
µi∧IN ,0N , x

)
− δU

δm
(µ, x)

)2

+ 2

∣∣∣∣ δUδm (µ, x)

∣∣∣∣∣∣∣∣ δUδm (
µi∧IN ,0N , x

)
− δU

δm
(µ, x)

∣∣∣∣
≤
(

1 + |x|
`
2

)2
ε2N + 2C

(
1 + |x|

`
2

)2
εN

≤ 2
(

1 + |x|`
)
εN (εN + 2C) .

Therefore∣∣∣∣ 1

N

N∑
i=1

∫
Rd

(
δU

δm

(
µi∧IN ,0N , x

)2
− δU

δm
(µ, x)2

)
νi(dx)

∣∣∣∣ ≤ 2εN (εN + 2C)
1

N

N∑
i=1

∫
Rd

(
1 + |x|`

)
νi(dx)

= 2εN (εN + 2C)

(
1 +

∫
Rd
|x|`ν̄N (dx)

)
where the right-hand side goes to 0 a.s. since limN→∞

∫
Rd |x|

`ν̄N (dx) =
∫
Rd |x|

`µ(dx).

Second Component We are going to prove that

lim
N→∞

1

N

N∑
i=1

(∫
Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)2

−
∫
Rd×Rd

δU

δm
(µ, x)

δU

δm
(µ, y)η(dx, dy) = 0 a.s.

Let us rewrite the difference in the following way

1

N

N∑
i=1

((∫
Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)2

−
(∫

Rd

δU

δm
(µ, x) νi(dx)

)2
)

+

(
1

N

N∑
i=1

∫
Rd×Rd

δU

δm
(µ, x)

δU

δm
(µ, y) νi(dx)νi(dy)−

∫
Rd×Rd

δU

δm
(µ, x)

δU

δm
(µ, y)η(dx, dy)

)
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Since Hypothesis 1 holds, again by the characterization (2.7), we can deduce that the second term
of the sum goes to 0 a.s. thanks to Hypothesis RU2 and Hypothesis RU4. As far as the first term
is concerned, using Hypothesis RU2 and (2.54), one has that for i = 1, · · · , N∣∣∣∣∣
(∫

Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)2

−
(∫

Rd

δU

δm
(µ, x) νi(dx)

)2
∣∣∣∣∣

≤
(∫ (

δU

δm

(
µi∧IN ,0N , x

)
− δU

δm
(µ, x)

)
νi(dx)

)2

+ 2

∣∣∣∣∫ δUδm (µ, x) νi(dx)

∣∣∣∣ ∣∣∣∣∫ ( δUδm (
µi∧IN ,0N , x

)
− δU

δm
(µ, x)

)
νi(dx)

∣∣∣∣
≤
∫ (

δU

δm

(
µi∧IN ,0N , x

)
− δU

δm
(µ, x)

)2

νi(dx)

+ 2

∫ ∣∣∣∣ δUδm (µ, x)

∣∣∣∣ νi(dx)

∫
Rd

∣∣∣∣( δUδm (
µi∧IN ,0N , x

)
− δU

δm
(µ, x)

)∣∣∣∣ νi(dx)

≤ 2ε2N

∫
Rd

(1 + |x|`)νi(dx) + 2CεN

∫
Rd

(
1 + |x|

`
2

)
νi(dx)

∫
Rd

(
1 + |x|

`
2

)
νi(dx)

≤ 2ε2N

∫
Rd

(1 + |x|`)νi(dx) + 4CεN

∫
Rd

(
1 + |x|`

)
νi(dx) =

(
2ε2N + 4CεN

)(
1 +

∫
Rd
|x|`νi(dx)

)
.

Therefore

1

N

N∑
i=1

(∫
Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)2

− 1

N

N∑
i=1

(∫
Rd

δU

δm
(µ, x) νi(dx)

)2

≤
(
2ε2N + 4CεN

)(
1 +

∫
Rd
|x|` ν̄N (dx)

)
and the left-hand side goes to 0 since limN→∞

∫
Rd |x|

`ν̄N (dx) =
∫
Rd |x|

`µ(dx).

To finally apply the Central Limit Theorem for martingales (see Corollary 3.1 [31]) to conclude
that

√
NQN =

N∑
i=1

YN,i =⇒
d
N
(

0,

∫
Rd

δU

δm
(µ, x)2 µ(dx)−

∫
Rd×Rd

δU

δm
(µ, x)

δU

δm
(µ, y)η(dx, dy)

)
,

it remains just to verify that the Lindeberg condition holds.
We need to check that for ε > 0,

∑N
i=1 E

(
Y 2
N,i1{Y 2

N,i>ε}|Fi−1

)
goes to 0 in probability as

N →∞. By Jensen’s inequality and Hypothesis RU2, one has

NY 2
N,i =

(
δU

δm

(
µi∧IN ,0N , Xi

)
−
∫
Rd

δU

δm

(
µi∧IN ,0N , x

)
νi(dx)

)2

≤ 2
δU

δm

(
µi∧IN ,0N , Xi

)2
+ 2

∫
Rd

δU

δm

(
µi∧IN ,0N , x

)2
νi(dx)

≤ 4C2
(

1 + |Xi|`
)

+ 4C2

∫
Rd

(
1 + |x|`

)
νi(dx) = 4C2

(
2 + |Xi|` +

∫
Rd
|x|`νi(dx)

)
.

Therefore, as in the fourth step of the proof of the Theorem 25, it is enough to check that for
each ε > 0
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2× 1{ 2
N
>ε} +

N∑
i=1

E
(
|Xi|`

N
1{|Xi|`>Nε}

Fi−1

)
+

N∑
i=1

∫
Rd |x|

`νi(dx)

N
1{∫Rd |x|`νi(dx)>Nε}

goes to 0 as N goes to infinity (a.s.).
It is immediate to prove that the first component goes to 0 while the second component goes
to 0 by the independence of Xi by Fi−1 and (2.49). For what concerns the third component, we
have that ȳN := 1

N

∑N
i=1

∫
Rd |x|

`νi(dx)→
∫
Rd |x|

`µ(dx). Therefore∫
Rd |x|

`νN (dx)

N
= ȳN −

N − 1

N
ȳN−1 −→

N→∞
0

that implies ∀ε > 0 ∫
Rd
|x|`νN (dx)1{∫Rd |x|`νN (dx)>Nε} −→N→∞

0

and taking the Cesaro mean we deduce that

lim
N→∞

1

N

N∑
i=1

∫
Rd
|x|`νi(dx)1{∫Rd |x|`νi(dx)>Nε} ≤ lim

N→∞

1

N

N∑
i=1

∫
Rd
|x|`νi(dx)1{∫Rd |x|`νi(dx)>iε} = 0

and so the proof is concluded.

——————————————————————————–
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Chapter 3

Convergence to the uniform distribution
of vectors of partial sums modulo one
with a common factor

The material for this chapter has been released in [27].

In this
work, we prove the joint convergence in distribution of q variables modulo one obtained as par-
tial sums of a sequence of i.i.d. square integrable random variables multiplied by a common
factor given by some function of an empirical mean of the same sequence. The limit is uniformy
distributed over [0, 1]q. To deal with the coupling introduced by the common factor, we assume
that the joint distribution of the random variables has a non zero component absolutely contin-
uous with respect to the Lebesgue measure, so that the convergence in the central limit theorem
for this sequence holds in total variation distance. While our result provides a generalization
of Benford’s law to a data adapted mantissa, our main motivation is the derivation of a central
limit theorem for the stratified resampling mechanism, which is performed in the companion
paper [25].

3.1 Introduction

Given (Yi)i≥1 a sequence of i.i.d. square integrable random variables and a measurable real valued
function φ, we are going to give sufficient conditions for the convergence in distribution to the
uniform law on [0, 1] of {

φ

(
1

M

βM∑
i=1

Yi

)
(Y1 + · · ·+ YM )

}
, (3.1)

for (βM )M≥1 ⊆ N∗ such that lim
M→∞

√
M
(
βM
M − β

)
= 0 with β > 1. Here {x} denotes the fractional

part of the real number x given by {x} = x−bxc where bxc is the integer such that bxc ≤ x < bxc+1
and we also define dxe as the integer such that dxe − 1 < x ≤ dxe. Our main motivation for
considering (3.1) comes from the derivation of a central limit theorem for the stratified resampling
mechanism. Before giving more details about this particular application, let us review the existing
literature which addresses the case of a constant function φ with the derivation of Benford’s law as
a common motivation.

The convergence in distribution of the sequence (VM = {Y1 + · · ·+ YM})M≥1 of sums of random
variables defined modulo 1 to the uniform distribution on [0, 1] has been studied by many researchers
using Fourier analysis. In 1939, Lévy [39] gave necessary and sufficient conditions for this conver-
gence when the Yi are i.i.d.. In 1986, Störmer [58] provided sufficient conditions in terms of the
distribution functions of the Yi for the convergence to hold when the Yi are merely independent. In
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2007, under the assumption of independent absolutely continuous Yi, Miller and Nigrini [44] char-
acterized the convergence of (VM )M≥1 in L1 ([0, 1]). In 2010, Szewczak [59] generalized the above
results by getting rid of the hypothesis of independence of the Yi. In particular he proved that, if
the absolute value of the characteristic function of Y1 + · · ·+YM satisfies a certain growth condition
and if the set

{
n ∈ N \ {0} :

∣∣E (e2πinY1
)∣∣ = 1

}
is empty, then (VM )M≥1 converges in distribution

to a uniform random variable on [0, 1].
Let us now briefly introduce Benford’s law and the problem of the distribution of the leading

digits of products of random variables (see for instance [18]). Benford’s law in base b > 1 is the
probability measure µb on the interval [1, b) defined by

µb ([1, a)) = logb a, ∀a ∈ [1, b).

The mantissa in base b of a positive real number x is the unique numberMb (x) in [1, b) such that
x = Mb (x) × bblogb(x)c. Given a sequence of positive random variables (Xi)i≥1, many researchers
([54], [9], [55], [40]) were interested in studying the weak convergence as M → ∞ of the law of

Mb

(
M∏
i=1

Xi

)
to µb. Since logbMb (x) = {logb (x)} for each positive real number x, one has

logbMb

(
M∏
i=1

Xi

)
=

{
M∑
i=1

logb (Xi)

}
,

and this convergence is equivalent to the weak convergence of the partial sums modulo 1 of the
random variables (logb (Xi))i≥1 by continuity of [1, b) 3 z 7→ logb(z) and its inverse.

The introduction of a non-constant function φ in our work permits to address the choice of a
data dependent mantissa for instance given by the geometric mean b̂M = exp

(
1
βM

∑βM
i=1 ln(Xi)

)
.

Indeed,

logb̂MMb̂M

(
M∏
i=1

Xi

)
=

{ ∑M
i=1 ln(Xi)

1
βM

∑βM
i=1 ln(Xi)

}
=

{
φ

(
1

M

βM∑
i=1

ln(Xi)

)
M∑
i=1

ln(Xi)

}

where φ(x) = 1
βx . Compared to previous works, the main difficulty that we have to address comes

from the coupling between the variables introduced through the common factor φ
(

1
M

∑βM
i=1 Yi

)
. To

overcome this difficulty, we assume that the Yi are i.i.d. according to a common distribution with
a non-zero component absolutely continuous with respect to the Lebesgue measure. This allows
us to apply one of the key results for our proof, the convergence in total variation in the central
limit theorem, that we now recall. Let F be a centered square-integrable random vector in Rn with
identity covariance matrix and let (Fi)i≥1 independent copies of F . Under the assumption that the
law of F has an absolutely continuous component, Prohorov [50] in the one-dimensional case n = 1
and Mamatov et Halikov [42] in the multidimensional case, proved that the total variation distance
between the distribution of 1√

M

∑M
i=1 Fi and the standard Gaussian law in Rn goes to 0 asM →∞.

The study of the joint convergence of several partial sums modulo 1 with a common factor
and an additional component satisfying a central limit theorem does not add further significant
difficulties and is useful in the derivation of the central limit theorem for the stratified resampling
mechanism. That is why we address the convergence in distribution ofφ

 1

M

βq+1
M∑
m=1

Ym

(Y1 + · · ·+ YβiM

)


1≤i≤q

,
√
M

φ
 1

M

βq+1
M∑
m=1

Ym

 1
M

βq+1
M∑
i=1

Zi − θ


(3.2)
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for (β1
M , · · · , β

q+1
M )M≥1 ⊆ Nq+1 such that lim

M→∞

√
M
(
βiM
M − β

i
)

= 0 with 0 < β1 < · · · < βq+1

and (Zi)i≥1 such that the sequence ((Yi, Zi))i≥1 also is i.i.d. and the last component where θ is a
constant (typically equal to βq+1φ

(
βq+1E(Y1)

)
E(Z1)) converges in distribution to T as M → ∞.

We give mild conditions ensuring that the full vectors converge in distribution to (U, T ) where U is
uniformly distributed on [0, 1]q and independent of T .

Main motivation

Let us now come back to our main motivation. We are interested in providing a central limit
theorem for the stratified resampling scheme under the simplifying assumption that the Rd-valued
initial draws (Xm)m≥1 are independent and identically distributed and weighted proportionally to
their image by some measurable function g : Rd → (0,+∞). For M ≥ 1, resampling schemes
(see for instance [19]) permit to replace the probability measure

∑M
m=1 g(Xm)δXm∑M
m=1 g(Xm)

with non equal

weights by some empirical measure 1
M

∑M
m=1 δξMm with the same conditional expectation given F =

σ((Xm)m≥1). For (Um)m≥1 an independent sequence of independent random variables uniformly
distributed on (0, 1), the stratified resampling scheme consists in setting

ξMm =

M∑
i=1

1{S̄Mi−1<m−Um≤S̄Mi }Xi for m ∈ {1, · · · ,M}

with S̄Mj =
M
∑j
m=1 g(Xm)∑M

m=1 g(Xm)
for j ∈ {1, · · · ,M}, under the convention S̄M0 = 0. For f : Rd → R

measurable, we have

E
(
f(ξMm )|F

)
=

M∑
i=1

f(Xi)

∫ m

m−1
1{S̄Mi−1<u≤S̄Mi }

du. (3.3)

The central limit theorem deals with the asymptotic behaviour of 1√
M

∑M
m=1

(
f(ξMm )− E(f(X1)g(X1))

E(g(X1))

)
asM →∞. Let us explain how the computation of the asymptotic variance is related to our main re-
sult. By a standard decomposition of the variance and the conditional independence of (ξMm )1≤m≤M
given F ,

Var

(
1√
M

M∑
m=1

f(ξMm )

)
= Var

(
E

(
1√
M

M∑
m=1

f(ξMm )
∣∣∣ F))+ E

(
Var

(
1√
M

M∑
m=1

f(ξMm )
∣∣∣ F))

= Var

(
√
M

∑M
m=1 g(Xm)f(Xm)∑M

m=1 g(Xm)

)
+ E

(∑M
m=1 g(Xm)f2(Xm)∑M

m=1 g(Xm)

)
− E

(
1

M

M∑
m=1

E
(
f(ξMm )

∣∣∣ F)2
)
.

Since the asymptotic behaviour as M → ∞ of the first two terms in the right-hand side can be
analysed using standard arguments, we focus on that of the third term. Using (3.3) and S̄MM = M ,
we get that

∑M
m=1 E

(
f(ξMm )|F

)2 is equal to

M−1∑
k=0

(
1 + 1{k≥1}

)M−k∑
i=1

f(Xi)f(Xi+k)
∑

m≥bS̄Mi−1c+1

∫ m

m−1
1{S̄Mi−1<u≤S̄Mi }

du

∫ m

m−1
1{S̄Mi+k−1<u≤S̄

M
i+k}

du.

Since 1
M

∑M
i=1 γi =

∫ 1
0 γdαMedα, we deduce that 1

M

∑M
m=1 E

(
f(ξMm )|F

)2 is equal to the sum over
k ∈ N of

(
1 + 1{k≥1}

) ∫ 1

0
1{dαMe≤M−k}f(XdαMe)f(XdαMe+k)ψk

({
S̄MdαMe−1

}
,
Mg(XdαMe)∑M
m=1 g(Xm)

, · · · , Mg(XdαMe+k)∑M
m=1 g(Xm)

)
dα
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where ψk(u0, w1, · · · , wk+1) =
∑
m≥1

∫m
m−1 1{u0<u≤u0+w1}du

∫m
m−1 1{

u0+
k∑̀
=1
w`<u≤u0+

k+1∑̀
=1

w`

}du. That is
why, in order to compute the asymptotic variance of

1√
M

∑M
m=1 f(ξMm ), it is very useful to under-

stand the behaviour as M →∞ of
{
S̄MdαMe−1

}
which is equal to the first component in (3.2) when

q = 1, Yi = g (Xi) , φ(x) = 1
x , β

1
M = dαMe − 1 and β2

M = M .

Regarding the Central Limit Theorem, the characteristic function of

1√
M

M∑
m=1

(
f(ξMm )− E (f (X1) g (X1))

E(g(X1))

)
writes for u ∈ R

E

(
e
iu
√
M

(∑M
m=1 g(Xm)f(Xm)∑M

m=1 g(Xm)
−E(f(X1)g(X1))

E(g(X1))

)
M∏
m=1

E
(
e
iu√
M

(f(ξMm )−E(f(ξMm )|F))
∣∣∣ F)) .

Using some Taylor expansion of e
iu√
M

(f(ξMm )−E(f(ξMm )|F)), one may approximate the product by a
sum of integrals of functions of({

S̄Mdα1Me−1

}
,
{
S̄Mdα2Me−1

}
, · · · ,

{
S̄MdαqMe−1

})
with respect to 1{0<α1<α2<···<αq<1}dα1dα2 · · · dαq. This closely relates the asymptotic behaviour
of the characteristic function to the one of the vectors (3.2) for the choice Yi = g(Xi), φ(x) = 1

x ,
Zi = g(Xi)f(Xi), βiM = dαiMe − 1 for i ∈ {1, · · · , q} and βq+1

M = M . In the companion paper
[25], using the main result of the present paper, we compute the asymptotic variance and prove the
associated central limit theorem.

3.2 Notation

We denote by N∗ the set of natural numbers without 0 and by R+ the set of non negative real
numbers. We denote by bxc the integer j such that j ≤ x < j + 1 and by {x} = x − bxc the
fractional part of x ∈ R.
We denote by µY the law of a Rd-valued random vector Y =

(
Y 1, · · · , Y d

)
where d ∈ N∗ and by φY

its characteristic function given by φY (u) = E(eiu
TY ) =

∫
Rd e

iuT yµY (dy), u ∈ Rd. The convergence

in distribution is denoted by d
=⇒. Moreover let µY = µY,c + µY,s denote the decomposition of µY

into a part µY,c absolutely continuous with respect to the Lebesgue measure and a singular part
µY,s. Notice that there exists A, a Borel subset of Rd, such that µY,s(A) = 0 and

∫
Rd 1{x/∈A}dx = 0.

Let pY denote a density of µY,c with respect to the Lebesgue measure. In what follows, we will
always consider absolute continuity with respect to the Lebesgue measure and so we avoid to
write it everytime. Moreover, when we write that the law of a random variable has an absolutely
continuous component we mean a non zero absolutely continuous component. We denote by mY =(
E
(
Y 1
)
, · · · ,E

(
Y d
))

the expected value vector of Y .
For the total variation distance between the measures µ1 and µ2, we write

dTV (µ1, µ2) = sup
A∈B(Rd)

|µ1(A)− µ2(A)| = 1

2
sup

‖f‖∞,R≤1

∣∣∣∣∫
Rd
f(x) (µ1(dx)− µ2(dx))

∣∣∣∣ (3.4)

=
1

2
sup

‖f‖∞,C≤1

∣∣∣∣∫
Rd
f(x) (µ1(dx)− µ2(dx))

∣∣∣∣ (3.5)
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where the first supremum is taken over the real-valued measurable functions and the second one is
taken over the complex-valued measurable functions. The latter formulation is less usual so we will
provide the proof of the third equality in the Appendix (see Lemma 10).
Given two Rd-valued random vectors X and Y and a measurable function g : Rd → Rd′ where
d′ ∈ N∗, the following inequality holds

dTV (µg(X), µg(Y )) ≤ dTV (µX , µY ). (3.6)

In particular,
dTV (µ(0,X), µ(0,Y )) = dTV (µX , µY ) (3.7)

and given A ∈ Rd×d an invertible matrix

dTV (µAX , µAY ) = dTV (µX , µY ). (3.8)

Additionally we introduce the following notation: given a real sequence (xj)j≥1 and a real number
c ∈ R we define for any integer M ≥ 1

x̄cM :=
x1 + · · ·+ xM + c

M
.

3.3 Main Result

Let (Yi, Zi)i≥1 be a sequence of square-integrable i.i.d. random vectors in R2 where Yi is not constant.
Moreover let q ∈ N∗ and consider a sequence of vectors of integers (β1

M , · · · , β
q+1
M )M≥1 ⊆ Nq+1 such

that

lim
M→∞

√
M

(
βiM
M
− βi

)
= 0

with
0 < β1 < · · · < βq+1.

Let us observe that for M big enough 0 < β1
M < · · · < βq+1

M . Given (x, z, y1, · · · , yq) ∈ Rq+2 and φ
a measurable real-valued function, we are interested in studying the convergence in distribution as
M →∞ of the following random vector({

R1,y1

βM

}
, · · · ,

{
R
q,yq
βM

}
,
√
M

(
φ

(
βq+1
M

M
Y
x
βq+1
M

)
×
βq+1
M

M
Z
z
βq+1
M
− θ

))
(3.9)

where

Ri,yiβM
:= φ

(
βq+1
M

M
Y
x
βq+1
M

)(
Y1 + · · ·+ YβiM

+ yi

)
(3.10)

and
θ = φ

(
βq+1mY

)
βq+1mZ . (3.11)

Remark 26. Let us observe that if φ is differentiable at βq+1mY , the application of the delta method
provides the convergence in distribution of the last component of (3.9):

√
M

(
φ

(
βq+1
M

M
Y
x
βq+1
M

)
×
βq+1
M

M
Z
z
βq+1
M
− θ

)
d

=⇒ T ∼ N
(
0, σ2

T

)
(3.12)

where σ2
T = βq+1

(
φ′(βq+1mY )βq+1mZ , φ(βq+1mY )

)T
Σ(Y1,Z1)

(
φ′(βq+1mY )βq+1mZ , φ(βq+1mY )

)
be-

ing Σ(Y1,Z1) the covariance matrix of (Y1, Z1).

We are now ready to state the main result of this work.
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Theorem 27. Let (Yi, Zi)i≥1 be a sequence of square-integrable i.i.d. random vectors in R2 such
that the law of Yi has an absolutely continuous component. Moreover let (x, z, y1, · · · , yq) ∈ Rq+2

and let φ : R→ R be a measurable function differentiable at βq+1mY such that φ(βq+1mY ) 6= 0. If
there exists M̃ ∈ N such that ∫

R

1

|φ(βq+1mY + y)|q+1 e
−M̃y2

dy <∞, (3.13)

then the random vector({
R1,y1

βM

}
, · · · ,

{
R
q,yq
βM

}
,
√
M

(
φ

(
βq+1
M

M
Y
x
βq+1
M

)
×
βq+1
M

M
Z
z
βq+1
M
− θ

))
converges in distribution as M →∞ to (U, T ) where T has been introduced in (3.12) and where U
is a uniform random variable on [0, 1]q independent of T .

Remark 28. Let us observe that we can apply Theorem 27 to (Yi, 0)i≥1 where (Yi)i≥1 is a sequence
of square-integrable i.i.d. real-valued random variables such that the law of Yi has an absolutely
continuous component. In particular we have({

R1,y1

βM

}
, · · · ,

{
R
q,yq
βM

})
d

=⇒ U

where U is a uniform random variable on [0, 1]q. It is possible to prove that in this case the hypothesis
(3.13) can be replaced by the following slightly weaker hypothesis: ∃M̃ ∈ N such that∫

R

1

|φ(βq+1mY + y)|q
e−M̃y2

dy <∞. (3.14)

We are now going to provide the statement of Theorem 27 in the particular case where the law
of (Y1, Z1) has an absolutely continuous component and (z, y1, · · · , yq) = (0, · · · , 0). This, together
with the lemma that immediately follows, will allow to prove Theorem 27.

Proposition 5. Theorem 27 holds under the reinforced hypotheses that the law of (Yi, Zi) has an
absolutely continuous component and (z, y1, · · · , yq) = (0, · · · , 0).

Lemma 6. Let Y and Z be two real-valued random variables such that the law of Y has an absolutely
continuous component. If ξ is an absolutely continuous real-valued random variable independent of
(Y,Z), the law of (Y,Z + ξ) has an absolutely continuous component.

We provide the proof of Proposition 5 in Section 3.4 and the proof of Lemma 6 in the Appendix.

Proof of Theorem 27. The proof consists of two steps. In step (i) we are going to check that the
conclusion still holds when the hypothesis of existence of an absolutely continuous component for
(Y1, Z1) made in Proposition 5 is weakened to the existence of an absolutely continuous component
for Y1. Moreover we suppose that (z, y1, · · · , yq) = (0, · · · , 0). In step (ii) we deal with the case
when the vector (z, y1, · · · , yq) 6= (0, · · · , 0) .
(i) To simplify the notation in what follows we write RiβM instead of Ri,0βM and Z

βq+1
M

instead of

Z
0
βq+1
M

.
Let (ξi)i≥1 be a sequence of zero-mean absolutely continuous square-integrable i.i.d. real-valued
random variables independent of (Yi, Zi)i≥1. For each n ≥ 1, let ξni = ξi

n and let us consider the
sequence (Yi, Zi + ξni )i≥1 of square-integrable i.i.d. random vectors in R2 such that by Lemma 6
the law of (Yi, Zi + ξni ) has an absolutely continuous component. Thus we can apply Proposition 5
and obtain that for each n ≥ 1 the random vector
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({
R1
βM

}
, · · · ,

{
RqβM

}
,
√
M

(
φ

(
βq+1
M

M
Y
x
βq+1
M

)
×
βq+1
M

M

(
Z
βq+1
M

+ ξn
βq+1
M

)
− θ

))
d

=⇒ (U, Tn)

(3.15)

where θ = φ
(
βq+1mY

)
βq+1mZ , U is a uniform random variable on [0, 1]q independent of Tn

and by Remark 26, Tn ∼ N
(
0, σ2

Tn

)
with

σ2
Tn = βq+1

(
φ′(βq+1mY )βq+1mZ , φ(βq+1mY )

)T
Σ(Y1,Z1+ξn1 )

(
φ′(βq+1mY )βq+1mZ , φ(βq+1mY )

)
.

Since (Y1, Z1 + ξn1 ) converges in L2 to (Y1, Z1) as n goes to infinity, Σ(Y1,Z1+ξn1 ) −→
n→∞

Σ(Y1,Z1) and

σ2
Tn

converges as n→∞ to

σ2
T = βq+1

(
φ′(βq+1mY )βq+1mZ , φ(βq+1mY )

)T
Σ(Y1,Z1)

(
φ′(βq+1mY )βq+1mZ , φ(βq+1mY )

)
.

Let us now prove that this implies the convergence in distribution as M → ∞ of (3.9) to (U, T )
where T ∼ N

(
0, σ2

T

)
independent of U = (U1, · · · , Uq).

Let (u1, u2) ∈ Rq × R and let us denote the random vector
({
R1
βM

}
, · · · ,

{
RqβM

})
by
{
RiβM

}
i≤q

.

For n ≥ 1 one has∣∣∣∣∣∣∣E
eiuT1

({
RiβM

}
i≤q

)
+iu2

√
M

(
φ

(
β
q+1
M
M

Y
x

β
q+1
M

)
×
β
q+1
M
M

Z
β
q+1
M

−θ
)− E

(
eiu

T
1 U
)
e−

1
2
σ2
Tu

2
2

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣E
eiuT1

({
RiβM

}
i≤q

)
e
iu2

√
M

(
φ

(
β
q+1
M
M

Y
x

β
q+1
M

)
×
β
q+1
M
M

Z
β
q+1
M

−θ
)1− e

iu2

√
Mφ

(
β
q+1
M
M

Y
x

β
q+1
M

)
β
q+1
M
M

ξn
β
q+1
M



∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣E
eiuT1

({
RiβM

}
i≤q

)
+iu2

√
M

(
φ

(
β
q+1
M
M

Y
x

β
q+1
M

)
×
β
q+1
M
M

(
Z
β
q+1
M

+ξn
β
q+1
M

)
−θ
)− E

(
eiu

T
1 U
)
e−

1
2
σ2
Tn
u2

2

∣∣∣∣∣∣∣
+
∣∣∣E(eiuT1 U) e− 1

2
σ2
Tn
u2

2 − E
(
eiu

T
1 U
)
e−

1
2
σ2
Tu

2
2

∣∣∣
≤ E


∣∣∣∣∣∣∣1− e

iu2

√
Mφ

(
β
q+1
M
M

Y
x

β
q+1
M

)
β
q+1
M
M

ξn
β
q+1
M

∣∣∣∣∣∣∣


+

∣∣∣∣∣∣∣E
eiuT1

({
RiβM

}
i≤q

)
+iu2

√
M

(
φ

(
β
q+1
M
M

Y
x

β
q+1
M

)
×
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q+1
M
M

(
Z
β
q+1
M

+ξn
β
q+1
M

)
−θ
)− E

(
eiu

T
1 U
)
e−

1
2
σ2
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u2

2

∣∣∣∣∣∣∣
+
∣∣∣e− 1

2
σ2
Tn
u2

2 − e−
1
2
σ2
Tu

2
2

∣∣∣ .
Let us now study the first term of the right-hand side.

By observing that HM =
√
Mφ

(
βq+1
M
M Y

x
βq+1
M

)
βq+1
M
M ξ

βq+1
M

d
=⇒ N

(
0, βq+1φ2

(
βq+1mY

)
Var (ξ)

)
, this

in particular implies that the sequence HM is tight: ∀ε > 0 there exists Kε > 0 such that
supM≥1 P (|HM | > Kε) ≤ ε. One has
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E


∣∣∣∣∣∣∣1− e

iu2

√
Mφ

(
β
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M

Y
x

β
q+1
M

)
β
q+1
M
M

ξn
β
q+1
M

∣∣∣∣∣∣∣
 = E

(∣∣∣1− eiu2
n
HM
∣∣∣)

= E
(∣∣∣1− eiu2

n
HM
∣∣∣ 1|HM |≤Kε)+ E

(∣∣∣1− eiu2
n
HM
∣∣∣ 1|HM |>Kε)

≤ |u2|
n
Kε + 2ε

where to obtain the last inequality we use that
∣∣1− eix∣∣ ≤ |x|, ∀x ∈ R.

Therefore we have obtained that ∀ε > 0, ∀n > 0∣∣∣∣∣∣∣E
eiuT1
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RiβM

}
i≤q

)
+iu2

√
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(
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(
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β
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M

)
×
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M

Z
β
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M

−θ
)− E

(
eiu

T
1 U
)
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1
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Tu

2
2
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≤ |u2|
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Kε + 2ε+

∣∣∣e− 1
2
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2 − e−
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2
σ2
Tu

2
2

∣∣∣
+
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eiuT1
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}
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+iu2
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(
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(
β
q+1
M
M

Y
x

β
q+1
M

)
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∣∣∣∣∣∣∣ .
To conclude this part of the proof it is sufficient to take in the above expression first the superior
limit as M → ∞ so that the last term converges to 0 by (3.15), then the superior limit as n → ∞
so that |u2|

n Kε → 0 and
∣∣∣e− 1

2
σ2
Tu

2
2 − e−

1
2
σ2
Tn
u2

2

∣∣∣→ 0 and finally the superior limit as ε→ 0.

(ii) Let us now take (z, y1, · · · , yq) ∈ Rq+2 different from the zero vector. One has({
R1,y1

βM

}
, · · · ,

{
R

1,yq
βM

}
,
√
M

(
φ

(
βq+1
M
M Y

x
βq+1
M

)
× βq+1

M
M Z

z
βq+1
M
− θ
))

(3.16)

=

(({
φ

(
βq+1
M
M Y

x
βq+1
M

)
yi +

{
RiβM

}})
1≤i≤q

,
√
M

(
φ

(
βq+1
M
M Y

x
βq+1
M

)
× βq+1

M
M Z

βq+1
M
− θ
))

+

(
0, · · · , 0, z√

M
φ

(
βq+1
M
M Y

x
βq+1
M

))
.

By the Strong Law of Large Numbers and the hypothesis of continuity of φ at βq+1mY ,

lim
M→∞

φ

(
βq+1
M
M Y

x
βq+1
M

)
yi = φ

(
βq+1mY

)
yi. We can therefore apply the previous step and Slutsky’s

theorem to deduce the following convergence in distribution(
φ

(
βq+1
M
M Y

x2

βq+1
M

)
y1 +

{
R1
βM

}
, · · · , φ

(
βq+1
M
M Y

x
βq+1
M

)
yq +

{
RqβM

}
,
√
M

(
φ

(
βq+1
M
M Y

x
βq+1
M

)
× βq+1

M
M Z

βq+1
M
− θ
))

d
=⇒

(
φ
(
βq+1mY

)
y1 + U1, · · · , φ

(
βq+1mY

)
yq + Uq, T

)
.

Now by observing that the set of the points of discontinuity of the function (x1, · · · , xq, y) 7−→
({x1} , · · · , {xq} , y) has a zero measure with respect to the law of(

φ
(
βq+1mY

)
y1 + U1, · · · , φ

(
βq+1mY

)
yq + Uq, T

)
and applying the continuous mapping theorem we can deduce that(({
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M Y

x
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)
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}})
1≤i≤q

,
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(
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d
=⇒
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(
βq+1mY

)
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}
, · · · ,

{
φ
(
βq+1mY

)
yq + Uq

}
, T
) d

= (U1, · · · , Uq, T ) .
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This combined with the fact that
(

0, · · · , 0, z√
M
φ

(
βq+1
M
M Y

x
βq+1
M

))
converges as M goes to infinity

to the zero vector allows to conclude that (3.16) converges in distribution to (U, T ).

3.4 Proof of Proposition 5

Before proving Proposition 5, we need some preliminary results. As done in the proof of Theorem
27, in what follows we write RiβM instead of Ri,0βM and Z

βq+1
M

instead of Z0
βq+1
M

. Let us observe that
for each j = 1, · · · , q

RjβM =

j∑
`=1

R`−1:`
βM

where we have introduced the notation R`−1:`
βM

:= φ

(
βq+1
M
M Y

x
βq+1
M

)(
Yβ`−1

M +1 + · · ·+ Yβ`M

)
with β0

M :=

0 for each M by convention. Let us therefore study the asymptotic behaviour of the vector

(RM ,KM ) (3.17)

where
RM :=

(
R0:1
βM
, R1:2

βM
, · · · , Rq−1:q

βM

)
and

KM :=
√
M

(
φ

(
βq+1
M

M
Y
x
βq+1
M

)
×
βq+1
M

M
Z
βq+1
M
− θ

)
=

φ

(
βq+1
M
M Y

x
βq+1
M

)
βq+1
M Z

βq+1
M
−Mθ

√
M

with θ as in (3.11).

The proof of the following proposition is given in Section 3.5.

Proposition 6. Let γ =
(
β1, β2 − β1, · · · , βq − βq−1

)
. Under the assumptions of Proposition 5 the

following convergence in total variation holds

dTV

(
µ(

RM−mY φ(βq+1mY )Mγ√
M

,KM

),N (0,Γ)

)
−→
M→∞

0 (3.18)

where Γ ∈ R(q+1)×(q+1) is a positive definite covariance matrix.

Let us now state the Weyl criterion concerning the convergence in distribution to a vector
composed of a uniform random variable on [0, 1]q and an independent vector.

Theorem 29 (Weyl criterion). Let (BM )M≥1 be a sequence of Rq-valued random vectors and let
(HM )M≥1 be a sequence of Rq′-valued random vectors that converges in distribution to a Rq′-valued
random vector H. Then as M →∞ the sequence

({
B1
M

}
, · · · ,

{
Bq
M

}
, HM

)
converges in distribu-

tion to (U,H) where U is independent of H and uniformly distributed on [0, 1]q if and only if for
every k ∈ Zq\ {0} and u ∈ Rq′

lim
M→∞

φ(BM ,HM ) (2kπ, u) = 0. (3.19)

For the sake of completeness, the proof of Theorem 29 is provided in Section 3.5. We are now
ready to prove Proposition 5.
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Proof of Proposition 5. By Theorem 29, it is sufficient to prove that for each k ∈ Zq\ {0} , u ∈ R

lim
M→∞

φ(
R1
βM

,··· ,RqβM ,
√
M

(
φ

(
β
q+1
M
M

Y
x

β
q+1
M

)
×
β
q+1
M
M

Z
β
q+1
M

−θ
))(2kπ, u) = 0.

Let us observe that it is equivalent to prove that for each k ∈ Zq\ {0} , u ∈ R

lim
M→∞

φ(RM ,KM )(2kπ, u) = 0 (3.20)

where (RM ,KM ) has been introduced in (3.17).
By Proposition 6,

lim
M→∞

dTV (µ(aMRM+bM ,KM ), µY ) = 0 (3.21)

where aM = 1√
M
, bM = −mY φ(βq+1mY )

√
Mγ and Y ∼ N (0,Γ), Γ positive definite.

For u := (u1, u2) ∈ {Rq\ {0}} × R

∣∣φ(RM ,KM )(u1, u2)
∣∣ =

∣∣∣∣∣φ(aMRM+bM ,KM )

(
u1

aM
, u2

)
e
− iu

T
1 bM
aM

∣∣∣∣∣ =

∣∣∣∣φ(aMRM+bM ,KM )

(
u1

aM
, u2

)∣∣∣∣
≤
∣∣∣∣φ(aMRM+bM ,KM )

(
u1

aM
, u2

)
− φY

(
u1

aM
, u2

)∣∣∣∣+

∣∣∣∣φY ( u1

aM
, u2

)∣∣∣∣ .
Since by (3.5) the first term of the right-hand side can be bounded from above by 2dTV (µ(aMRM+bM ,KM ), µY ),
we deduce that

lim sup
M→∞

∣∣φ(RM ,KM )(u1, u2)
∣∣ ≤ lim sup

M→∞

∣∣∣∣φY ( u1

aM
, u2

)∣∣∣∣ .
Since the law of Y is absolutely continuous and limM→∞ aM = 0, the right-hand side goes to 0 as
M →∞ by the Riemann Lebesgue lemma. In particular (3.20) is true.

3.5 Proof of Proposition 6 and Theorem 29

In this section we are first going to prove Proposition 6. Let (Yi, Zi)i≥1 be a sequence of square-
integrable i.i.d. random vectors in R2 such that the law of (Yi, Zi) has an absolutely continuous
component. We denote by Σ its covariance matrix which has rank 2.

The proof of Proposition 6 strongly relies on the following result.

Theorem 30. Let (Yi, Zi)i≥1 be a sequence of square-integrable i.i.d. random vectors in R2 such
that the law of (Yi, Zi) has an absolutely continuous component. Under the notations introduced
above

lim
M→∞

dTV

(
µ

1√
M

M∑
k=1

(Yk−mY ,Zk−mZ)
, µG

)
= 0

where G ∼ N (0,Σ).

Let F be a centered square-integrable random variable in Rn with identity covariance ma-
trix and let Fk, k ∈ N∗, independent copies of F . The main instrument that we will use in the
proof of Theorem 30 is the result about the convergence in total variation for the CLT that is

limM→∞ dTV

(
µ 1√

M

∑M
k=1 Fk

,N (0, In×n)

)
= 0 where In×n denotes the identity matrix of size n.

Prohorov [50] in 1952 was the first to give his contribution to the problem: he proved that, in
dimension 1, a necessary and sufficient condition in order to get the result is that there exists
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M0 such that the law of
∑M0

k=1 Fk has an absolutely continuous component. In 1964, Mama-
tov et Halikov [42] contribute in the same direction by extending the result to any dimension.
They prove that under the assumption that the law of F has an absolutely continuous component,

limM→∞ dTV

(
µ

1√
M

M∑
k=1

Fk

,N (0, In×n)

)
= 0. See also [3].

We are now ready to prove Theorem 30.

Proof of Theorem 30. Let O ∈ R2×2 be an orthogonal matrix
(
OTO = I

)
that diagonalizes Σ that

is Σ = OTDO where D is the diagonal matrix containing the eigenvalues λ1, λ2 of Σ. Given
G ∼ N (0,Σ) and by introducing the following notation D−

1
2 = diag

(
1√
λ1
, 1√

λ2

)
, we have

dTV

(
µ

1√
M

M∑
k=1

(Yk−mY ,Zk−mZ)
, µG

)
= dTV

µ
D
− 1

2√
M

M∑
k=1

O(Yk−mY ,Zk−mZ)
, µ

D−
1
2OG


where to obtain the above equality we apply (3.8) with A = D−

1
2O. By the hypothesis that

the law of (Y1, Z1) has an absolutely continuous component, the right-hand side converges to 0 as
M →∞ by the result of convergence in total variation mentioned above.

We now recall a result obtained by Parthasarathy and Steerneman in the second section of
[49] regarding the behavior of the total variation convergence with respect to the sum and the
multiplication by a real sequence.

Lemma 7. Let (BM )M≥1 and (TM )M≥1 be two independent sequences of Rd-valued random variables

such that limM→∞ dTV (µBM , µB) = 0 and TM
d

=⇒ T for Rd-valued random variables B, T . If µB is
absolutely continuous with respect to the Lebesgue measure, then limM→∞ dTV (µBM+TM , µB+T ) = 0.
Moreover under the same condition, limM→∞ dTV (µcMBM , µc0B) = 0 if (cM )M≥1 is a deterministic
real sequence converging to c0 ∈ R∗.

The first step in the proof of Proposition 6 consists in applying Theorem 30 so that we can work
with gaussian random vectors. Thus the new problem becomes to study the convergence in total
variation of the law of a given function of a normal random vector. The following lemma deals with
this problem and its proof is given after the proof of Proposition 6.

Lemma 8. Let

• (ηM,1, · · · , ηM,q+2)M≥1 ⊆ Rq+2 such that for i = 1, · · · , q + 2 lim
M→∞

√
M
(ηM,i
M − ηi

)
= 0 with

(η1, · · · , ηq+2) ∈ Rq+2

• (W1, · · · ,Wq+2) a zero-mean normal vector with a positive definite covariance matrix Σ1 ∈
R(q+2)×(q+2)

• φ : R→ R be a measurable function differentiable at ηq+2 and such that φ(ηq+2) 6= 0.

If there exists M̃ ∈ N such that∫
R

1

|φ(ηq+2 + y)|q+1 e
−M̃y2

dy <∞, (3.22)

the law of the following random vectorφ
(
ηM,q+2

M +
Wq+2√
M

)(√
MWi + ηM,i

)
−Mφ(ηq+2)ηi

√
M


1≤i≤q+1

(3.23)

converges in total variation as M →∞ to the law of (φ(ηq+2)Wi + ηiφ
′(ηq+2)Wq+2)1≤i≤q+1.
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Remark 31. Let us observe that it is not difficult to prove the pointwise convergence of (3.23) to(
φ(ηq+2)Wi + ηiφ

′(ηq+2)Wq+2

)
1≤i≤q+1

.

Indeed for i = 1, · · · , q + 1, using that lim
M→∞

√
M
(ηM,j
M − ηj

)
= 0 and the hypothesis of differentia-

bility of φ at ηq+2, one has

φ
(
ηM,q+2

M +
Wq+2√
M

)(√
MWi + ηM,i

)
−Mφ(ηq+2)ηi

√
M

= φ(ηq+2)
(
Wi +

√
M
(ηM,i

M
− ηi

))
+ φ′(ηq+2)

(
Wq+2 +

√
M
(ηM,q+2

M
− ηq+2

))( Wi√
M

+
ηM,i

M

)
+ o(1)

−→
M→∞

φ(ηq+2)Wi + ηiφ
′(ηq+2)Wq+2.

The proof of the convergence in total variation will require more effort.

Remark 32. Let us observe that the covariance matrix of the zero-mean normal random vector
(φ(ηq+2)Wi + ηiφ

′(ηq+2)Wq+2)1≤i≤q+1 is A1Σ1A
T
1 with A1 ∈ Rq+1×(q+2) the q+1-rank matrix given

by

A1 =



φ(ηq+2) 0 0 0 · · · 0 η1φ
′(ηq+2)

0 φ(ηq+2) 0 · · · 0 0 η2φ
′(ηq+2)

0 0 φ(ηq+2) 0 0 0 · · ·
· · · · · · · · · · · · 0 · · · · · ·
· · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · φ(ηq+2) 0 · · ·
0 0 0 0 0 φ(ηq+2) ηq+1φ

′(ηq+2)


. (3.24)

Therefore the covariance matrix is positive definite.

The combination of Theorem 30, Lemma 7 and Lemma 8 allows to prove Proposition 6.

Proof of Proposition 6. Let

γ̄ :=
(
β1, β2 − β1, · · · , βq − βq−1, βq+1 − βq

)
=
(
β1 − β0, β2 − β1, · · · , βq − βq−1, βq+1 − βq

)
=
(
γ, βq+1 − βq

)
with β0 := 0 by convention. For j = 1, · · · , q+1 let us consider the following independent R2-valued
random vectors

VM,j :=
(
V 1
M,j , V

2
M,j

)
=

1√
γ̄jM

βjM∑
i=βj−1

M +1

(Yi −mY , Zi −mZ)

and let us rewrite
(
RM−mY φ(βq+1mY )Mγ√

M
,KM

)
in terms of VM := (VM,j)1≤j≤q+1. One has

(
RM −mY φ(βq+1mY )Mγ√

M
,KM

)
=

(Rβ`−1:`
M
−mY φ(βq+1mY )γ̄`M

√
M

)
1≤`≤q

,KM

 = gM (VM )
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with the component gM,` of gM : R2(q+1) → Rq+1 for ` = 1, · · · , q given by: ∀c =
(
c1
j , c

2
j

)
1≤j≤q+1

∈

R2(q+1)

gM,`(c) =

φ

mY β
q+1
M

M + x
M +

q+1∑
j=1

√
γ̄jc

1
j

√
M

(√γ̄`Mc1
` +mY

(
β`M − β

`−1
M

))
−mY φ(βq+1mY )γ̄`M

√
M

,

(3.25)

and ∀c =
(
c1
j , c

2
j

)
1≤j≤q+1

∈ R2(q+1)

gM,q+1(c) =

φ

mY β
q+1
M

M + x
M +

q+1∑
j=1

√
γ̄jc

1
j

√
M

(√M q+1∑
j=1

√
γ̄jc

2
j +mZβ

q+1
M

)
−mZφ

(
βq+1mY

)
βq+1M

√
M

.

(3.26)

The purpose now is to “asymptotically rewrite” the vector
(
RM−mY φ(βq+1mY )γM√

M
,KM

)
= gM (VM )

in terms of a normal random vector so to apply Lemma 8. By recalling that we denote by Σ
the covariance matrix of (Yi, Zi), let G = (G1, · · · , Gq+1) where the two dimensional vectors
Gj =

(
G1
j , G

2
j

)
1 ≤ j ≤ q + 1 are i.i.d. according to N (0,Σ) . By the independence of the

random vectors VM,j , the independence of the random vectors Gj and the well known fact that
dTV

(∏`
i=1 ν̃i,

∏`
i=1 νi

)
≤
∑`

i=1 dTV (ν̃i, νi) with ν̃i, νi probability measures for i = 1, · · · , `, we
have

dTV (µVM , µG) ≤
q+1∑
j=1

dTV (µVM,j , µGj ). (3.27)

We are now going to prove that the right-hand side converges to 0 as M →∞. Let us observe
that for j = 1, · · · , q + 1

VM,j =

√
βjM − β

j−1
M√

γ̄jM
× 1√

βjM − β
j−1
M

βjM∑
i=βj−1

M +1

(Yi −mY , Zi −mZ) (3.28)

with limM→∞

√
βjM − β

j−1
M√

γ̄jM
= 1.

Thanks to Theorem 30 and the hypothesis that the law of (Yi, Zi) has an absolutely continu-

ous component, ∀j = 1, · · · , q + 1 we have that the law of 1√
βjM−β

j−1
M

βjM∑
i=βj−1

M +1

(Yi −mY , Zi −mZ)

converges in total variation as M →∞ to the law of Gj and, by Lemma 7 and (3.28), this implies

lim
M→∞

dTV
(
µVM,j , µGj

)
= 0, j = 1, · · · , q + 1.

Hence we have proved the right-hand side of (3.27) converges to 0 as M → ∞. Applying (3.6)
with g = gM , we deduce that

dTV
(
µgM (VM ), µgM (G)

)
≤ dTV (µVM , µG) −→

M→∞
0.
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We are now going to prove the convergence in total variation of the law of gM (G) and to do
so we apply Lemma 8. Recalling that Gj ∼ N (0,Σ) where Σ is positive definite, Gj i.i.d., it is

possible to prove that the random variables
q+1∑
j=1

√
γ̄jG

1
j ,
q+1∑
j=1

√
γ̄jG

2
j ,
√
γ̄1G

1
1, · · · ,

√
γ̄qG

1
q are linearly

independent.
Thus by using that lim

M→∞

√
M
(
βiM
M − β

i
)

= 0 for i = 1, · · · , q + 1 and (3.13), we can apply
Lemma 8 with

• (ηM,1, · · · , ηM,q, ηM,q+1, ηM,q+2) =

(
mY

(
β1
M − β0

M

)
, · · · ,mY

(
βqM − β

q−1
M

)
,mZβ

q+1
M ,

mY β
q+1
M

M + x
M

)
and (η1, · · · , ηq, ηq+1, ηq+2) =

(
mY γ̄1, · · · ,mY γ̄q,mZβ

q+1,mY β
q+1
)

• (W1, · · · ,Wq+2) =

(
√
γ̄1G

1
1, · · · ,

√
γ̄qG

1
q ,
q+1∑
j=1

√
γ̄jG

2
j ,
q+1∑
j=1

√
γ̄jG

1
j

)

to conclude that the law of gM (G) converges in total variation as M → ∞ to the law of
Y ∼ N (0,Γ) where Γ ∈ R(q+1)×(q+1) is positive definite by Remark 32.

The following lemma contains the key result to prove Lemma 8 . Its proof is provided in the
Appendix.

Lemma 9. Let (YM )M≥1 be a sequence of Rd-valued random vectors such that

lim inf
M→∞

pYM (x) ≥ p(x) dx a.e. (3.29)

with p the density of an absolutely continuous Rd-valued random variable Y . Then

1. limM→∞
∫
Rd |pYM (x)− p(x)| dx = 0

2. limM→∞ dTV (µYM , µY ) = 0.

Proof of Lemma 8. According to Lemma 9, to prove the convergence in total variation of the law of
the random vector (3.23) it is enough to check that its density with respect to the Lebesgue measure
converges pointwise to that of its limit.

Let us preliminary observe that the density of the zero-mean normal vector (W1, · · · ,Wq+2) is
given by

p(x1:q+2) =
1

(2π)
q+2

2 × det(Σ1)1/2
e−

1
2
xT1:q+2Σ−1

1 x1:q+2 , x1:q+2 ∈ Rq+2 (3.30)

where we denote the vector (x1, · · · , xq+2) by x1:q+2. Let us moreover observe that by the property
of positive definiteness of Σ−1

1 , the smallest eigenvalue λ1 of Σ−1
1 is positive and we have

p(x1:q+2) ≤ 1

(2π)
q+2

2 × det(Σ1)1/2
e
− 1

2
λ1

(
q+2∑
i=1

x2
i

)
, x1:q+2 ∈ Rq+2. (3.31)

Let us now compute the density of (3.23). Let f : Rq+1 → R+ be a non-negative measurable
function. Writing the expectation

E

f
φ

(
ηM,q+2

M +
Wq+2√
M

)(√
MWi + ηM,i

)
−Mφ(ηq+2)ηi

√
M


1≤i≤q+1

 (3.32)
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as an integral with respect to the density p and then applying the change of variable

ξi =
φ
(
ηM,q+2

M +
xq+2√
M

)(√
Mxi + ηM,i

)
−Mφ(ηq+2)ηi

√
M

i = 1, · · · , q + 1

with inverse

xM,i :=
1√
M

√Mξi +Mφ(ηq+2)ηi

φ
(
ηM,q+2

M +
xq+2√
M

) − ηM,i

 i = 1, · · · , q + 1 (3.33)

for xq+2 ∈ R outside the set
{
t ∈ R : φ

(
ηM,q+2

M + t√
M

)
= 0
}

which is Lebesgue negligible since by
a change of variable and (3.22)∫

R

1∣∣∣φ(ηM,q+2

M + t√
M

)∣∣∣q + 1
e
−M̃

(
ηM,q+2
M

−ηq+2+ t√
M

)2

dt =
√
M

∫
R

1

|φ(ηq+2 + y)|q+1 e
−M̃y2

dy <∞,

we get ∫
R
dxq+2

∫
Rq+1

1∣∣∣φ(ηM,q+2

M +
xq+2√
M

)∣∣∣q+1 f(ξ1:q+1)p (xM,1, · · · , xM,q+1, xq+2) dξ1:q+1.

We have therefore obtained that the density of

(
φ
(
ηM,q+2
M

+
Wq+2√
M

)
(
√
MWi+ηM,i)−Mφ(ηq+2)ηi
√
M

)
1≤i≤q+1

at ξ ∈ Rq+1 is given by∫
R

1∣∣∣φ(ηM,q+2

M +
xq+2√
M

)∣∣∣q+1 p (xM,1, · · · , xM,q+1, xq+2) dxq+2. (3.34)

Since, by hypothesis, φ is continuous at ηq+2 with φ(ηq+2) 6= 0, there exists δ > 0 such that
∀t ∈ R : |t| ≤ δ

|φ(ηq+2 + t)| ≥ |φ(ηq+2)|
2

. (3.35)

Let us now study the pointwise convergence of (3.34). Let M ≥ 1 and let us rewrite the integral
as ∫

R

1∣∣∣φ(ηM,q+2

M +
xq+2√
M

)∣∣∣q+1 p (xM,1:q+1, xq+2) dxq+2 (3.36)

=

∫
|xq+2|≤ δ2

√
M

1∣∣∣φ(ηM,q+2

M +
xq+2√
M

)∣∣∣q+1 p (xM,1:q+1, xq+2) dxq+2 (3.37)

+

∫
|xq+2|> δ

2

√
M

1∣∣∣φ(ηM,q+2

M +
xq+2√
M

)∣∣∣q+1 p (xM,1:q+1, xq+2) dxq+2. (3.38)

Let us start studying the convergence as M → ∞ of (3.37). Thanks to (3.35) and (3.31) and
for M big enough so that

∣∣ηM,q+2

M − ηq+2

∣∣ ≤ δ
2 , we have

1{|xq+2|≤ δ2
√
M}

1∣∣∣φ(ηM,q+2

M +
xq+2√
M

)∣∣∣q+1 p (xM,1:q+1, xq+2) ≤ 2q+1

(2π)
q+2

2 × det(Σ1)
1
2 |φ(ηq+2)|q+1

e−
1
2
λ1x2

q+2
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and since by hypothesis φ is continuous at ηq+2, for each xq+2 ∈ R we have

φ

(
ηM,q+2

M
+
xq+2√
M

)
−→
M→∞

φ(ηq+2). (3.39)

Moreover for each xq+2 ∈ R, using that lim
M→∞

√
M
(ηM,i
M − ηi

)
= 0 for i = 1, · · · , q + 2 and the

hypothesis of differentiability of φ one has

xM,i =
1√
M

√Mξi +Mφ(ηq+2)ηi

φ
(
ηM,q+2

M +
xq+2√
M

) − ηM,i


=

ξi + φ (ηq+2)
√
M
(
ηi −

ηM,i
M

)
− φ′ (ηq+2)

ηM,i√
M

(
xq+2√
M

+
ηM,q+2

M − ηq+2

)
+ o(1)

φ(ηq+2) + φ′(ηq+2)
(
xq+2√
M

+
ηM,q+2

M − ηq+2

)
+ o

(
1√
M

)


−→
M→∞

ξi − φ′ (ηq+2) ηixq+2

φ(ηq+2)
. (3.40)

We can therefore apply Lebesgue’s theorem to (3.37) and obtain that for each ξ ∈ Rq+1

lim
M→∞

∫
|xq+2|≤ δ2

√
M

1∣∣∣φ(ηM,q+2

M +
xq+2√
M

)∣∣∣q+1 p (xM,1:q+1, xq+2) dxq+2

=
1

|φ (ηq+2)|q+1

∫
R
p

((
ξi − φ′ (ηq+2) ηixq+2

φ(ηq+2)

)
1≤i≤q+1

, xq+2

)
dxq+2

=

∫
R
p((φ(ηq+2)Wi+φ′(ηq+2)ηiWq+2)1≤i≤q+1,Wq+2)(ξ1:q+1, xq+2)dxq+2

= p((φ(ηq+2)Wi+φ′(ηq+2)ηiWq+2)1≤i≤q+1)
(ξ1:q+1).

Let us now prove that (3.38) converges to 0 as M →∞. By applying a change of variable and
by choosing M big enough so that

∣∣ηM,q+2

M − ηq+2

∣∣ ≤ δ
4 , we obtain∫

|xq+2|> δ
2

√
M

1∣∣∣φ(ηM,q+2

M +
xq+2√
M

)∣∣∣q+1 p (xM,1:q+1, xq+2) dxq+2

=

∫
|y|> δ

2

√
M∣∣φ (ηM,q+2

M + y
)∣∣q+1 p

(
xM,1:q+1,

√
My

)
dy

≤
∫
|z|> δ

4

√
M

|φ (ηq+2 + z)|q+1 p
(
xM,1:q+1,

√
Mz +

√
M
(
ηq+2 −

ηM,q+2

M

))
dz.

Therefore by (3.31) and by using that ∀x1, x2 ∈ R (x1 − x2)2 ≥ x2
1

2 − x
2
2, one has

1{|z|> δ
4}

√
M

|φ (ηq+2 + z)|q+1 p
(
xM,1:q+1,

√
Mz +

√
M
(
ηq+2 −

ηM,q+2

M

))
≤ 1{|z|> δ

4}

√
M

(2π)
q+2

2 × det(Σ1)
1
2 |φ (ηq+2 + z)|q+1

e
− 1

2
λ1

(√
Mz−

√
M
(
ηM,q+2
M

−ηq+2

))2

≤ 1{|z|> δ
4}

√
M

(2π)
q+2

2 × det(Σ1)
1
2 |φ (ηq+2 + z)|q+1

e−
1
4
λ1Mz2

e
1
2
λ1

(√
M
(
ηM,q+2
M

−ηq+2

))2

≤ C1{|z|> δ
4}

√
M

(2π)
q+2

2 × det(Σ1)
1
2 |φ (ηq+2 + z)|q+1

e−
1
4
λ1Mz2
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where for the last inequality we use that the sequence
(√

M
(ηM,q+2

M − ηq+2

))
M≥1

converges to 0

and so in particular e
1
2
λ1

(√
M
(
ηM,q+2
M

−ηq+2

))2

is bounded by a positive constant C <∞. The right-
hand side converges to 0 as M →∞.
Let us now observe that for |z| > δ

4 and t ≥ 32
δ2λ1

,

∂t(
√
te−

1
4
λ1tz2

) =
e−

1
4
λ1z2t

4

(
2√
t
− z2
√
tλ1

)
≤ 0.

Therefore if M ≥ M̄ := max
(⌈

4M̃
λ1

⌉
,
⌈

32
δ2λ1

⌉)
, where M̃ is defined in the statement of the Lemma

8,

1{|z|> δ
4}

√
M

|φ (ηq+2 + z)|q+1 e
− 1

4
λ1Mz2 ≤ 1{|z|> δ

4}

√
M̄

|φ (ηq+2 + z)|q+1 e
− 1

4
λ1M̄z2

(3.41)

≤ 1{|z|> δ
4}

√
M̄

|φ (ηq+2 + z)|q+1 e
−M̃z2

(3.42)

where the last term is integrable by hypothesis (3.22). By Lebesgue’s theorem we can therefore con-
clude that

∫
|z|> δ

4

√
M

|φ(ηq+2+z)|q+1 p
(
xM,1:q+1,

√
Mz +

√
M
(
ηq+2 −

ηM,q+2

M

))
dz tends to 0 as M →∞.

In conclusion, we have obtained that the density of

(
φ
(
ηM,q+2
M

+
Wq+2√
M

)
(
√
MWi+ηM,i)−Mφ(ηq+2)ηi
√
M

)
1≤i≤q+1

converges pointwise as M →∞ to the density of
(

(φ(ηq+2)Wi + φ′(ηq+2)ηiWq+2)1≤i≤q+1

)
.

We are now going to prove Theorem 29.

Proof of Theorem 29. We denote ({BM} , HM ) :=
({
B1
M

}
, · · · ,

{
Bq
M

}
, HM

)
. Let us first observe

that for every k ∈ Zq, u ∈ Rq′ one has

φ({BM},HM ) (2πk, u) = E
(
ei2πk

T {BM}eiu
THM

)
= E

ei2πkTBM e−i2π q∑
j=1

kjbBjMc
eiu

THM


= φ(BM ,HM ) (2πk, u) .

If ({BM} , HM ) converges in distribution as M → ∞ to (U,H) where U is independent of H
and uniformly distributed on [0, 1]q, ∀(k, u) := (k1, · · · , kq, u) ∈ {Zq \ {0}} × Rq′ one has

lim
M→∞

φ(BM ,HM ) (2πk, u) = lim
M→∞

φ({BM},HM ) (2πk, u) = φ(U,H) (2kπ, u)

= E
(
ei2πkU

)
E
(
eiuH

)
= 0.

Conversely, assume that (3.19) holds for every (k, u) ∈ {Zq \ {0}} × Rq′ and let us prove that
∀(u1, u2) ∈ Rq × Rq′ ,

lim
M→∞

φ({BM},HM )(u1, u2) = φU (u1)φH(u2)

with (U,H) as above.
Fix (u1, u2) ∈ {Rq \ {0}}×Rq′ . Given 0 < ε < 1

4 , let us define for j = 1, · · · , q a complex d q+1
2 e-times

continuously differentiable function φε,j defined on [0, 1] that coincides with xj 7→ eiu
j
1xj on [0, 1− ε]

and such that φε,j(1) = φε,j(0). It is possible to choose φε,j such that supx∈[0,1] |φε,j(x)| ≤ C
1
q , with

C < ∞ not depending on ε and j. If we now consider the function φε (x1, · · · , xq) := φε,1 (x1) ·
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· · φε,q (xq) ∀ (x1, · · · , xq) ∈ [0, 1]q, then it is d q+1
2 e-times continuously differentiable, coincides with

(x1, · · · , xq) 7→ eiu
1
1x1 · · · eiu

q
1xq on [0, 1− ε]q and ∀j, ∀ (x1, · · · , xj−1, xj+1, · · · , xq) ∈ [0, 1]q−1

φε(x1, · · · , xj−1, 0, xj+1, · · · , xq) = φε(x1, · · · , xj−1, 1, xj+1, · · · , xq).

By the theory of Fourier’s series (see for instance the Section Sobolev Spaces in Chapter 5 of [53]),
there exists M ε ∈ N such that

sup
x∈[0,1]q

∣∣∣∣∣∣∣φε(x)−
∑

max
j=1,··· ,q

|kj |≤Mε

cεke
i2πkT x

∣∣∣∣∣∣∣ = sup
x∈[0,1]q

∣∣∣∣∣∣φε(x)−
∑
|k1|≤Mε

· · ·
∑
|kq |≤Mε

cεke
i2πkT x

∣∣∣∣∣∣ ≤ ε (3.43)

where for k ∈ Zq

cεk =

∫
[0,1]q

φε(x)e−i2πk
T xdx

satisfies |cεk| ≤ C. Let νM denote the law of ({BM} , HM ) (having support in [0, 1]q × Rq′).
Given M ≥ 1 one has∣∣φ({BM},HM )(u1, u2)− φU (u1)φH(u2)

∣∣
≤

∣∣∣∣∣
∫

[0,1]q×Rq′

(
eiu

T
1 x − φε(x)

)
eiu

T
2 yνM (dx, dy)

∣∣∣∣∣
+

∣∣∣∣∣∣∣
∫

[0,1]q×Rq′
φε(x)eiu

T
2 yνM (dx, dy)−

∑
max

j=1,··· ,q
|kj |≤Mε

cεk

∫
[0,1]q×Rq′

ei2πk
T xeiu

T
2 yνM (dx, dy)

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
∑

max
j=1,··· ,q

|kj |≤Mε,k 6=0

cεk

∫
[0,1]q×Rq′

ei2πk
T xeiu

T
2 yνM (dx, dy)

∣∣∣∣∣∣∣+ |cε0φHM (u2)− cε0φH(u2)|

+ |cε0φH(u2)− φU (u1)φH(u2)|

≤ (1 + C)

∫
[0,1]q\[0,1−ε]q

νM (dx,Rq
′
) + ε+

∣∣∣∣∣∣∣
∑

max
j=1,··· ,q

|kj |≤Mε,k 6=0

cεkφ(BM ,HM )(2kπ, u2)

∣∣∣∣∣∣∣
+ C |φHM (u2)− φH(u2)|+ |φU (u1)− cε0| .

Let us look in more detail at the first term of the right-hand side. Let φ̄ε be a real continuously
differentiable function defined on [0, 1] that is equal to 0 on [2ε, 1− 2ε] and equal to 1 on [0, ε] and
[1− ε, 1]. By the theory of Fourier’s series, there exists M̄ ε ∈ N such that

sup
x∈[0,1]

∣∣∣∣∣∣φ̄ε(x)−
∑
|`|≤M̄ε

dε`e
i2π`x

∣∣∣∣∣∣ ≤ ε (3.44)

where for ` ∈ Z

dε` =

∫
[0,1]

φ̄ε(x)e−i2π`xdx.
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One has ∫
[0,1]q\[0,1−ε]q

νM (dx,Rq
′
) ≤

q∑
j=1

∫
[1−ε,1]

µ{BjM}(dx) ≤
q∑
j=1

∫
[0,1]

φ̄ε (x)µ{BjM}(dx)

≤
q∑
j=1

∫
[0,1]

∣∣∣∣∣∣φ̄ε (x)−
∑
|`|≤M̄ε

dε`e
i2π`x

∣∣∣∣∣∣µ{BjM}(dx)

+

q∑
j=1

∣∣∣∣∣∣
∑

|`|≤M̄ε,` 6=0

dε`

∫
[0,1]

ei2π`xµ{BjM}(dx)

∣∣∣∣∣∣+ q |dε0|

≤ qε+

q∑
j=1

∣∣∣∣∣∣
∑

|`|≤M̄ε,` 6=0

dε`φBjM
(2π`)

∣∣∣∣∣∣+ q |dε0| .

Thus we have obtained that∣∣φ({BM},HM )(u1, u2)− φU (u1)φH(u2)
∣∣

≤ (1 + C)

qε+

q∑
j=1

∣∣∣∣∣∣
∑

|`|≤M̄ε,`6=0

dε`φBjM
(2π`)

∣∣∣∣∣∣+ q |dε0|

+ ε

+

∣∣∣∣∣∣∣
∑

max
j=1,··· ,q

|kj |≤Mε,k 6=0

cεkφ(BM ,HM )(2πk, u2)

∣∣∣∣∣∣∣+ C |φHM (u2)− φH(u2)|+ |φU (u1)− cε0| .

Given 0 < ε < 1
4 , we can first take the superior limit as M →∞ of the right-hand side.

By (3.19) we have

lim
M→∞

q∑
j=1

∣∣∣∣∣∣
∑

|`|≤M̄ε,`6=0

dε`φBjM
(2π`)

∣∣∣∣∣∣ = 0 = lim
M→∞

∣∣∣∣∣∣∣
∑

max
j=1,··· ,q

|kj |≤Mε,k 6=0

cεkφ(BM ,HM )(2πk, u2)

∣∣∣∣∣∣∣
and by the hypothesis that HM

d⇒ H we have lim
M→∞

|φHM (u2)− φH(u2)| = 0. We therefore obtain

lim sup
M→∞

∣∣φ({BM},HM )(u1, u2)− φU (u1)φH(u2)
∣∣ ≤ q(1 + C) (ε+ |dε0|) + ε+ |φU (u1)− cε0| . (3.45)

Now since

|dε0| = dε0 =

∫
[0,1]

φ̄ε(x)dx ≤ 4ε

and

|φU (u1)− cε0| =

∣∣∣∣∣
∫

[0,1]q
(eiu

T
1 x − φε(x))dx

∣∣∣∣∣ ≤ (C + 1)

∫
[0,1]q\[0,1−ε]q

dx

with
∫

[0,1]q\[0,1−ε]q dx = 1− (1− ε)q −→
ε→0

0, the limit as ε→ 0 of the right-hand side of (3.45) is 0.

If u1 = 0 and u2 ∈ R, by the hypothesis that HM
d⇒ H, we directly obtain

φ({BM},HM )(0, u2) = φHM (u2) −→
M→∞

φH(u2) = φU (0)φH(u2).

.
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3.6 Appendix

Lemma 10. Given the measures µ1 and µ2 on Rd, one has

sup
‖f‖∞,C≤1

∣∣∣∣∫
Rd
f(x) (µ1(dx)− µ2(dx))

∣∣∣∣ = 2dTV (µ1, µ2) (3.46)

where the supremum is taken over the complex-valued measurable functions.

Proof of Lemma 10. By observing that the set of complex-valued measurable functions contains the
set of real-valued measurable functions and that ‖f‖∞,C = ‖f‖∞,R when f is real-valued, thanks to
(3.4) we can easily obtain that

sup
‖f‖∞,C≤1

∣∣∣∣∫
Rd
f(x) (µ1(dx)− µ2(dx))

∣∣∣∣ ≥ 2dTV (µ1, µ2) .

For what concerns the other inequality, let f be a complex-valued measurable function such that
‖f‖∞,C ≤ 1. Then there exist ψ ≥ 0 and ρ ∈ [0, 2π) such that∫

Rd
f(x) (µ1(dx)− µ2(dx)) = ψeiρ.

Note that
∥∥Re(e−iρf)

∥∥
∞,R ≤

∥∥e−iρf∥∥∞,C = ‖f‖∞,C ≤ 1. Hence∣∣∣∣∫
Rd
f(x) (µ1(dx)− µ2(dx))

∣∣∣∣ =

∫
Rd

Re(e−iρf(x)) (µ1(dx)− µ2(dx))

≤ sup
‖g‖∞,R≤1

∣∣∣∣∫
Rd
g(x) (µ1(dx)− µ2(dx))

∣∣∣∣ = 2dTV (µ1, µ2)

where for the last equality we use (3.4). Since f is arbitrary, we can conclude the proof.

Proof of Lemma 6. Let ξ be an absolutely continuous random variable independent of (Y, Z) where
the law of Y has an absolutely continuous component and let us observe that µ(Y,Z) (dy, dz) =
µZ|Y=y(dz)µY (dy) where µZ|Y=y(dz) denotes the conditional law of Z given Y = y. Given f :
R2 → R+ a non-negative measurable function, one has

E (f (Y,Z + ξ)) =

∫
R3

f(y, z + ε)µ(Y,Z,ξ) (dy, dz, dε) =

∫
R3

f(y, z + ε)pξ (ε)µ(Y,Z) (dy, dz) dε

=

∫
R3

f(y, z + ε)pξ (ε)µZ|Y=y(dz)µY (dy)dε =

∫
R3

f(y, x)pξ (x− z)µZ|Y=y(dz)µY (dy)dx

=

∫
R2

f(y, x)

∫
R
pξ (x− z)µZ|Y=y(dz)pY (y)dydx+

∫
R2

f(y, x)

∫
R
pξ (x− z)µZ|Y=y(dz)µY,s(dy)dx

where
∫
R2

∫
R pξ (x− z)µZ|Y=y(dz)pY (y)dydx is positive since Y has an absolutely continuous com-

ponent and ξ is an absolutely continuous random variable. Thus the law of (Y,Z + ξ) has an
absolutely continuous component.

Proof of Lemma 9. Let us first observe that by Fatou’s lemma, (3.29) and the fact that p is a
probability density, one has

lim inf
M→∞

∫
Rd
pYM (x)dx ≥

∫
Rd

lim inf
M→∞

pYM (x)dx ≥
∫
Rd
p(x)dx = 1.

Moreover
∫
Rd pYM (x)dx ≤ 1 for each M ∈ N∗. Therefore we can conclude that

lim
M→∞

∫
Rd
pYM (x)dx = 1. (3.47)
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As an immediate consequence of (3.47) we have that

lim
M→∞

µYM ,s(R
d) = 1− lim

M→∞

∫
Rd
pYM (x)dx = 0. (3.48)

Let us now prove the L1 convergence. For each M ∈ N∗,∫
Rd
|p(x)− pYM (x)| dx = 2

∫
Rd

(p(x)− pYM (x))+ dx−
∫
Rd

(p(x)− pYM (x)) dx

where the second component of the right-hand side goes to 0 as M → ∞ by (3.47) and the
fact that p is a probability density while the first component goes to 0 as M → ∞ by Lebesgue
theorem and the fact that 0 ≤ lim infM→∞ (p(x)− pYM (x))+ ≤ lim supM→∞ (p(x)− pYM (x))+ =
(lim supM→∞ (p(x)− pYM (x)))+ = 0.
Hence limM→∞

∫
Rd |p(x)− pYM (x)| dx = 0.

Let us now prove the second point of the Lemma. For a fixed M ∈ N∗, one has

dTV (µYM , µY ) = sup
A∈B(Rd)

|µYM (A)− µY (A)| = sup
A∈B(Rd)

|µYM ,c (A) + µYM ,s (A)− µY (A)|

≤ sup
A∈B(Rd)

|µYM ,c (A)− µY (A)|+ µYM ,s

(
Rd
)
≤
∫
Rd
|pYM (x)− p(x)| dx+ µYM ,s

(
Rd
)
.

and the right-hand side tends to 0 as M → ∞ thanks to what has been proved in the previous
steps.

——————————————————————————–
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Chapter 4

Central Limit Theorem for the stratified
resampling mechanism

The material for this chapter has been released in [25].

The
stratified resampling mechanism is one of the resampling schemes commonly used in the resam-
pling steps of particle filters. In the present paper, we prove a central limit theorem for this
mechanism under the assumption that the initial positions are independent and identically dis-
tributed and the weights proportional to a positive function of the positions such that the image
of their common distribution by this function has a non zero component absolutely continuous
with respect to the Lebesgue measure. This result relies on the convergence in distribution of
the fractional part of partial sums of the normalized weights to some random variable uniformly
distributed on [0, 1], which is established in the companion paper [27] by overcoming the dif-
ficulty raised by the coupling through the normalization. Under the conjecture that a similar
convergence in distribution remains valid at the next steps of a particle filter which alternates
selections according to the stratified resampling mechanism and mutations according to Markov
kernels, we provide an inductive formula for the asymptotic variance of the resampled population
after n steps. We perform numerical experiments which support the validity of this formula.

4.1 Introduction

Particle filtering, also known as Sequential Monte Carlo methods (see Chapter 4 in [10] and [15] for
a general introduction), is a powerful method to estimate the evolving state of a system over time,
even when the state cannot be directly observed but can only be inferred through noisy measure-
ments or observations. It has become a very popular class of numerical methods for the solution of
optimal estimation problems in non-linear non-Gaussian scenarios. This kind of method is used in
real-time applications appearing in fields such as chemical engineering, computer vision, financial
econometrics, target tracking, robotics and statistics (see among others [51] and [20]). The use of
Monte Carlo methods for nonlinear filtering problems can be traced back to Handschin [32] and
Mayne [33]. They introduced a sequential version of the importance sampling method (see [22], [52]
as references for the importance sampling) and the corresponding algorithm is known as sequential
importance sampling, often abbreviated SIS. A drawback of the latter was identified by Gordon
et al. in [29]: as the number of iterations increases, the importance weights tend to degenerate
(a phenomenon usually known as weight degeneracy). This means that after a certain number of
iterations, some weights tend to become very small so that the corresponding positions no longer
contribute to the estimation. Thus, Gordon et al. introduced the resampling step where, in view
of stabilizing the Monte Carlo error over time, the key idea is to eliminate the particles having low
weights and to replicate the particles having high weights. Therefore, by propagating M particles
through weighting, resampling and mutation steps (each particle evolves randomly according to a
given transition probability kernel), particle filters can be used to numerically estimate the state of
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the system given the observations (see also [20], [15]).

Let us henceforth concentrate on the resampling step. LetM ≥ 1. Given a sequence of Rd-valued
random vectors (Xm)1≤m≤M with associated random weights (wMm )1≤m≤M such that wMm > 0 and
M∑
m=1

wMm = 1, a resampling scheme defines the resampled sequence (Ym)1≤m≤M such that

E

(
1

M

M∑
m=1

δYm

∣∣∣ G) =
M∑
m=1

wMm δXm .

where G := σ
(
(Xm, w

M
m )1≤m≤M

)
. Resampling schemes [19] permit to replace the probability mea-

sure
∑M

m=1w
M
m δXm with non equal weights by some empirical measure 1

M

M∑
m=1

δYm with the same

conditional expectation given G. Depending on the definition used for the random variables Ym,
several resampling schemes can be considered. The most common resampling techniques are of
the following types: multinomial, residual , stratified [37] and systematic [12]. See [19] for a brief
description of such methods. The simplest approach is the multinomial resampling. It consists in
drawing, conditionally upon G, the new positions (Ym)1≤m≤M independently from the common dis-
tribution

∑M
m=1w

M
m δXm . While the residual resampling consists in replicating bMwMm c-times Xm

for m ∈ {1, · · · ,M} and the remaining M −
∑M

m=1bMwMm c variables Ym are drawn, conditionally
upon G, independently from the common distribution 1

M−
∑M
m=1bMwMm c

∑M
`=1

{
MwM`

}
δX` . Concern-

ing the stratified resampling, it is not straightforward to understand its behaviour, notably due to
the complicated structure in the definition of the Ym which, however, continue to be conditionally
independent given G. The systematic resampling is even more complicated to understand since the
Ym are no longer conditionally independent given G.

Resampling schemes have been largely studied in the literature, we now present a selection of
such results. The asymptotic behaviour for the multinomial resampling scheme has been extensively
studied in [47] (see Corollary 7.4.2 and Section 9.4.2). Douc et al. in [19] showed that residual and
stratified resampling improve over multinomial resampling in the sense that they have a lower con-
ditional variance (with respect to the σ-algebra generated by (Xm)1≤m≤M ). They also proved, by
means of a counter-example, that the same property does not hold for systematic resampling. Fur-
thermore, they established a central limit theorem for the residual resampling approach suggesting
that a similar result should be obtained for the stratified resampling scheme. One of the last contri-
butions concerning resampling schemes, is given by Gerber et al. [28]. Using the notion of negative
association [35], they first provided a general consistency result for resampling. An application of

this theorem gives the proof of almost sure weak convergence of 1
M

M∑
m=1

δYm in the stratified resam-

pling method. Moreover they provide a counter-example to almost sure weak convergence for the
systematic resampling method. More recently, Chopin et al. [16] studied the resampling schemes
for particle filters with weakly informative observations. Empirical evidence indicates that when
the weights used in resampling exhibit high variability, the selection of the resampling strategy
tends to have a weak impact. However, in cases where the weights are close to being uniform, the
performance differences between the different resampling methods can be substantial. By keeping
M fixed, they also considered the asymptotic behaviour of the resampling schemes as the weights
become less and less informative. See also [41], [23], [38], [14] for additional references.

In this paper, we focus on the stratified resampling scheme for the weights wMm = g(Xm)
/ M∑̀

=1

g(X`)

where g is a positive measurable function. Our purpose is to study the asymptotic behaviour of the
method as the number of particles M goes to ∞. Let f be a real-valued measurable function. To
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compute the asympotic variance of 1√
M

M∑
m=1

f (Ym), it turns out to be essential to understand the

behaviour as M →∞ of {
M
∑dαMe−1
`=1 g(X`)∑M
`=1 g(X`)

}
(4.1)

where 0 < α < 1 and where {x} denotes the fractional part of x ∈ R. Under the assump-
tion that the Xi are i.i.d. such that the law of g (Xi) has an absolutely continuous compo-
nent, we prove in the companion paper [27] the convergence in distribution of (4.1) to a ran-
dom variable uniformly distributed on [0, 1]. Under this assumption, we explicit the limit of

Var
(

1√
M

M∑
m=1

f (Ym)

)
and prove that 1√

M

∑M
m=1

(
f(YM

m )− E(f(X1)g(X1))
E(g(X1))

)
converges in distribu-

tion to a centered Gaussian random variable with variance equal to the limit. The proof of this
Central Limit Theorem relies on the asymptotic behaviour as M → ∞ of a vector composed of
√
M

(∑M
m=1 g(Xm)f(Xm)∑M

`=1 g(X`)
− E (f (X1) g (X1))

)
and the fractional parts (4.1) for α ∈ {α1, · · · , αs}

with 0 < α1 < · · · < αs < 1. In the companion paper [27], we check that this vector converges in
distribution to a vector with centered Gaussian first component and independent s last components
uniformly distributed on [0, 1]s. Under the conjecture that a similar convergence in distribution
remains valid at the next steps of a particle filter which alternates selections according to the strat-
ified resampling mechanism and mutations according to Markov kernels, we provide an inductive
formula for the asymptotic variance of the resampled population after n steps.

The paper is organized as follows. In Section 4.2, we recall the definition of the stratified sam-
pling scheme and the statement of the main result (Theorem 34) is given. In Section 4.3, the
asymptotic variance is derived and in Section 4.4, the proof of the Central Limit Theorem is given.
In Section 4.6, we consider a particle filter which alternates selections according to the stratified
resampling mechanism and mutations according to Markov kernels and we provide an inductive
formula for the asymptotic variance of the resampled sequence. We perform numerical experiments
which support the validity of this formula.

Notation We denote by bxc the integer j such that j ≤ x < j + 1 and by {x} = x − bxc
the fractional part of x ∈ R. We denote the set of real-valued bounded measurable functions on
Rd by Bb

(
Rd
)
. Given µ a positive measure on Rd endowed with the Borel sigma algebra and

φ : Rd → R a measurable function that is either positive or such that
∫
Rd |φ(x)|µ(dx) < ∞, we

denote µ(φ) =
∫
Rd φ (x)µ(dx).

4.2 Statement of the Main Result

Given M > 0, let (Xm)1≤m≤M be a sequence of i.i.d. Rd-valued random vectors following the law η
and let g : Rd → (0,∞) be a measurable function such that 0 < infx∈Rd g(x) ≤ supx∈Rd g(x) <∞.
In what follows we denote ḡ := supx∈Rd g(x) and g := infx∈Rd g(x).
We now generate the sequence (YM

m )1≤m≤M according to the selection step of the stratified sampling.
We recall that starting from M random variables (Um)1≤m≤M i.i.d. distributed according to the
uniform law on (0, 1) and independent of (Xm)1≤m≤M , the sequence (YM

m )1≤m≤M is defined in the
following way

YM
m =

M∑
`=1

1{`−1∑
j=1

wMj <m−Um≤
∑̀
j=1

wMj

}X` form ∈ {1, · · · ,M} (4.2)
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where wMm = Mg(Xm)
M∑̀
=1
g(X`)

for m = 1, · · · ,M . Since the weights are preserved when multiplied by a

positive constant, up to dividing g by E(g(X1)), without loss of generality we may suppose that

E(g(X1)) = 1.

Let us observe that the random vectors (YM
m )1≤m≤M are conditionally independent given F , the

σ-algebra generated by the sequence (Xm)1≤m≤M . Moreover one has

E

(
1

M

M∑
m=1

δYMm |F

)
=

1
M∑
m=1

g(Xm)

M∑
m=1

g(Xm)δXm . (4.3)

Given f : Rd → R a measurable function, our purpose is to provide a central limit theorem for
1

M

M∑
m=1

f(YM
m ). If we start looking at the variance of

1√
M

M∑
m=1

f(YM
m ), using (4.3) one has

Var

(
1√
M

M∑
m=1

f(YM
m )

)
(4.4)

= Var

(
E

(
1√
M

M∑
m=1

f(YM
m )

∣∣∣ F))+ E

(
Var

(
1√
M

M∑
m=1

f(YM
m )

∣∣∣ F)) (4.5)

= Var

(
√
M

∑M
m=1 g(Xm)f(Xm)∑M

`=1 g(X`)

)
+ E

(
Var

(
1√
M

M∑
m=1

f(YM
m )

∣∣∣ F)) . (4.6)

Thus, in particular, we will prove respectively the convergence of the first and second term in (4.6).
The first term is common to all the resampling schemes while the second one really depends on the
considered resampling scheme.

Let us consider the following hypotheses:

I1 supx∈Rd |f(x)| <∞

I2 the law of g(X1) has an absolutely continuous component with respect to the Lebesgue measure
on R

Before providing the statement of the central limit theorem, to express the asymptotic variance
we introduce the real-valued functions β0 and β1 respectively given by

β0(x, y1) = {x+ y1} (1− {x+ y1}) + x(1− x)− 2x(1− x− y1)1{y1<1−x} (4.7)

β1(x, y1, y2, y3) = 2

(
{x+ y1}

(
1− {x+ y1} − y2

)
1{y2<1−{x+y1}} (4.8)

− {x+ y1}
(

1− {x+ y1} − y2 − y3

)
1{y2+y3<1−{x+y1}}

− x
(

1− x− y1 − y2

)
1{y1+y2<1−x}

+ x (1− x− y1 − y2 − y3) 1{y1+y2+y3<1−x}

)
.
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Remark 33. Let us observe that β0 is continuous. Indeed, the fractional part is continuous apart
from the integers where its left-hand limit is equal to 1 and its right-hand limit is equal to 0. The com-
position with the function f (z) = z (1− z) which is such that f (0) = f (1) = 0, allows us to conclude
that (x, y1) 7→ {x+ y1} (1− {x+ y1}) is continuous. Moreover (x, y1) 7→ x(1− x− y1)1{y1<1−x} is
continuous since the function f̄(x, y1) = 1−x−y1 is equal to 0 on the set

{
(x, y1) ∈ R2 : y1 = 1− x

}
of discontinuity points of the indicator function. Similarly it is possible to prove that also β1 is a
continuous function on R× R× R+ × R+.

The following result holds.

Theorem 34. Under the notation introduced above and under I1-2 we have

lim
M→∞

Var

(
1√
M

M∑
m=1

f(YM
m )

)
= σ2

1(f) + σ2
2(f) (4.9)

where
σ2

1(f) = η
(

(g (f − η(fg)))2
)

(4.10)

and

σ2
2(f) :=

⌈
ḡ
g

⌉∑
k=0

E (Fk) (4.11)

with (Fk)k∈N given by

Fk =


f2(X1)β0 (U1, g(X1)) k = 0

−f(X1)f(Xk+1)β1

(
U1, g(X1),

k∑̀
=2

g(X`), g(Xk+1)

)
k > 0

(4.12)

where U1 ∼ U(0, 1) is independent of X1, · · · , Xk+1.
Moreover the following convergence in distribution holds

√
M

(
1

M

M∑
m=1

f(YM
m )− η(fg)

)
d

=⇒ N
(
0, σ2

1(f) + σ2
2(f)

)
. (4.13)

We will split the proof of the theorem into two parts: in Section 4.3, we are going to prove the
result about the asymptotic variance and in Section 4.4, the proof of the Central Limit Theorem is
provided.

4.3 Asymptotic Variance

The following proposition provides the asymptotic behaviour of the first term in (4.6). We provide
its proof for the sake of completeness.

Proposition 7. Under I1, the following convergence in distribution holds

√
M

(∑M
m=1 g(Xm)f(Xm)∑M

`=1 g(X`)
− η(fg)

)
d

=⇒ N
(
0, σ2

1(f)
)

(4.14)

where σ2
1(f) has been defined in (4.10). Moreover

lim
M→∞

Var

(
√
M

∑M
m=1 g(Xm)f(Xm)∑M

`=1 g(X`)

)
= σ2

1(f). (4.15)
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Proof. We recall that we suppose that η(g) = 1. Let us define h := g (f − η(fg)). By observing
that η(h) = 0 and

√
M

∑M
m=1 g(Xm)f(Xm)∑M

`=1 g(X`)
−
√
Mη(fg) =

M
M∑
m=1

g(Xm)

× 1√
M

M∑
m=1

h(Xm), (4.16)

by Slutsky’s theorem we have

√
M

(∑M
m=1 g(Xm)f(Xm)∑M

`=1 g(X`)
− η(fg)

)
d

=⇒ N
(
0, η(h2)

)
.

Let us now prove (4.15). Let us preliminary study the following quantity

E

( 1√
M

M∑
m=1

h(Xm)

)4
 =

1

M2

M∑
m1,m2,m3,m4=1

E

(
4∏
i=1

h(Xmi)

)
.

Among the M4 expectations appearing in the sum on the right-hand side, the ones where one
index is different from the other three are equal to 0 by the independence of the Xi and the fact
that η(h) = 0. Therefore

E

( 1√
M

M∑
m=1

h(Xm)

)4
 =

1

M
η(h4) +

3(M − 1)

M
η(h2)2 ≤ D, (4.17)

where D is a finite constant depending on g and f but not on M .
Since (4.16) holds, to prove (4.15) we can study the convergence asM goes to infinity of the variance

of
√
M

1

ḡM
h̄M given by

E

((√
M
h̄M
ḡM

)2
)
− E

(√
M
h̄M
ḡM

)2

where we denote by ḡM the empirical mean
1

M

M∑
m=1

g(Xm) and by h̄M the empirical mean
1

M

M∑
m=1

h(Xm).

By the Cauchy–Schwarz inequality we have

E

((√
M
h̄M
ḡM
−
√
Mh̄M

)2
)

= E

((√
Mh̄M

)2
(

1

ḡM
− 1

)2
)

≤ E
1
2

((√
Mh̄M

)4
)
E

1
2

((
1

ḡM
− 1

)4
)

≤ D
1
2 · E

1
2

((
1

ḡM
− 1

)4
)
,

where the right-hand side converges to 0 as M goes to infinity by the Strong Law of Large
Numbers and by Lebesgue’s theorem. With η(h) = 0, this in particular implies that

0 = lim
M→∞

∣∣∣∣∣E 1
2

((√
M
h̄M
ḡM

)2
)
− E

1
2

((√
Mh̄M

)2
)∣∣∣∣∣ = lim

M→∞

∣∣∣∣∣E 1
2

((√
M
h̄M
ḡM

)2
)
− η(h2)

1
2

∣∣∣∣∣
and

0 = lim
M→∞

∣∣∣∣E(√M h̄M
ḡM

)
− E

(√
Mh̄M

)∣∣∣∣ = lim
M→∞

∣∣∣∣E(√M h̄M
ḡM

)∣∣∣∣
and so the proof is complete.



4.3. Asymptotic Variance 93

Let us now study the second term in the expression (4.6). Our purpose is to prove the following
result:

Theorem 35. Under I1-2, the following convergence holds

lim
M→∞

E

(
V ar

(
1√
M

M∑
m=1

f(YM
m )|F

))
= σ2

2(f) (4.18)

where σ2
2(f) has been defined in (4.11).

To prove Theorem 35 we need some preliminary results the proofs of which are given in Section
4.5. By the conditional independence of the random vectors (YM

m )1≤m≤M with respect to the
σ-algebra F , we have

Var

(
1√
M

M∑
m=1

f(YM
m )

∣∣∣ F) =
1

M

M∑
m=1

Var
(
f(YM

m )
∣∣∣ F) (4.19)

=
1

M

M∑
m=1

E
(
f2(YM

m )
∣∣∣ F)− 1

M

M∑
m=1

E
(
f(YM

m )
∣∣∣ F)2

. (4.20)

We introduce the following notation that will be useful in what follows: for i = 1, · · · ,M , let
us denote uMi :=

{
wM1 + · · ·+ wMi

}
, µMi := bwM1 + · · ·+ wMi c+ 1 where wMi = Mg(Xi)

M∑̀
=1
g(X`)

has been

introduced in (4.2) and by convention uM0 = 0, µM0 = 1.

We now rewrite in a more explicit way the conditional variance Var
(

1√
M

M∑
m=1

f(YM
m )|F

)
. The

proof is given in the Section 4.5.

Proposition 8. Under I1, we have

Var
(

1√
M

M∑
m=1

f(YM
m )

∣∣∣ F)

=
1

M

M∑
i=1

f2(Xi)β0(uMi−1, w
M
i ) (4.21)

− 1

M

(M−1)∧
⌈
ḡ
g

⌉∑
k=1

M−k∑
i=1

f(Xi)f(Xi+k)β1(uMi−1, w
M
i ,

k∑
`=2

wMi+`−1, w
M
i+k) (4.22)

where β0 and β1 are respectively defined in (4.7) and (4.8).

In what follows, without specifying it every time, we will suppose that M ≥ 1 +
⌈
ḡ
g

⌉
so that

(M − 1)∧
⌈
ḡ
g

⌉
=
⌈
ḡ
g

⌉
. Let us observe that it is possible to rewrite (4.21) and (4.22) in the following

way

Var
(

1√
M

M∑
m=1

f(YM
m )

∣∣∣ F) =

⌈
ḡ
g

⌉∑
k=0

∫ 1

0
FMk,α1

dα1 (4.23)

where FMk,α1
is given by f2(Xdα1Me)β0(uMdα1Me−1, w

M
dα1Me) if k = 0 and by

−1{dα1Me≤M−k}f(Xdα1Me)f(Xdα1Me+k)β1(uMdα1Me−1, w
M
dα1Me,

k∑
`=2

wMdα1Me+`−1, w
M
dα1Me+k)
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if k > 0. Given 0 < α1 < 1 and k ∈ N, FMk,α1
is a function of the vector

TMα1,k :=

(
f
(
Xdα1Me

)
, f
(
Xdα1Me+k

)
, uMdα1Me−1, w

M
dα1Me,

k∑
`=2

wMdα1Me+`−1, w
M
dα1Me+k

)

which is well defined for M big enough. Therefore to study the limit behavior as M → ∞ of the
expectation of FMk,α1

, we are going to study the limit behavior of the vector TMα1,k
. To obtain a much

more general formulation useful in the next section, we introduce also the following family of vectors
well defined for M big enough. Let s ≥ 1 and 0 < α1 < · · · < αs < 1. For k := (k1, · · · , ks) ∈ Ns,
let us define ∀i = 1, · · · , s

TMαi,ki :=

(
f
(
XdαiMe

)
, f
(
XdαiMe+ki

)
, uMdαiMe−1, w

M
dαiMe,

ki∑
`=2

wMdαiMe+`−1, w
M
dαiMe+ki

)
. (4.24)

Moreover let

HM :=
√
M


M∑
m=1

(fg)(Xm)

M∑
m=1

g(Xm)

− η(fg)

 (4.25)

that thanks to (4.14) converges in distribution to a centered Gaussian random variable with variance
σ2

1(f). The purpose of the next proposition is therefore to study the convergence in distribution of(
HM , TMα1,k1

, · · · , TMαs,ks
)
.

Proposition 9. Assume I1-2. Let s ∈ N∗ and k := (k1, · · · , ks) ∈ Ns. We set Ki := k1 +
· · · + ki−1 + i − 1 for i ∈ {2, · · · , s} and K1 := 0. Let (Uj)1≤j≤s be a sequence of i.i.d random
variables distributed according to the uniform law on (0, 1) and independent of H ∼ N

(
0, σ2

1(f)
)

with (U1, · · · , Us, H) independent from (Xj)1≤j≤Ks+1
. For 0 < α1 < · · · < αs < 1, as M goes to

infinity, the following convergence in distribution holds(
HM , TMα1,k1

, · · · , TMαs,ks
) d

=⇒ (H,T1,k, · · · , Ts,k) (4.26)

where

Ti,k :=

f (XKi+1) , f
(
XKi+1

)
, Ui, g(XKi+1),

Ki+1−1∑
`=Ki+2

g(X`), g(XKi+1)

 ∀i = 1, · · · , s. (4.27)

Proof of Proposition 9. Let M ≥ max

(
2
α1
, ks

1−αs , max
1≤i≤s−1

ki+1
αi+1−αi

)
so that 2 ≤ dαiMe ≤ M − ki

∀ i = 1, · · · , s and ki < dαi+1Me−dαiMe ∀ i = 1, · · · , s−1. The last condition allows us to separate
the variables:

(
XdαiMe, · · · , XdαiMe+ki

)
is independent of

(
XdαjMe, · · · , XdαjMe+kj

)
for i, j distinct

elements of {1, · · · , s}.
By defining JMαi,ki := {dαiMe, · · · , dαiMe+ ki} for i = 1, · · · , s, let JM :=

⋃s
i=1 J

M
αi,ki

.
Moreover let (X̃m)m≥1 be a sequence of i.i.d. Rd-valued random vectors following the law η inde-
pendent of (Xm)1≤m≤M . Given x := (xj)1≤j≤Ks+1 ∈ Rd(Ks+1), we define

HM
x :=

√
M


Ks+1∑
j=1

(fg)(xj) +
∑

j /∈JMs
(fg)(Xj)

Ks+1∑
j=1

g(xj) +
∑

j /∈JMs
g(Xj)

− η(fg)
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and

H̃M
x :=

√
M


Ks+1∑
j=1

(fg)(xj) +
M−Ks+1∑
j=1

(fg)(X̃j)

Ks+1∑
j=1

g(xj) +
M−Ks+1∑
j=1

g(X̃j)

− η(fg)

 .

Similarly for i = 1, · · · , s we define the vector TMαi,ki,x by
f(xKi+1),f

(
xKi+1

)
,


M×

dαiMe−1∑
j=1
j /∈JMs

g(Xj)+
Ki∑
j=1

g(xj)

Ks+1∑
j=1

g(xj)+
∑

j /∈JMs

g(Xj)


,

Mg(xKi+1)

Ks+1∑
j=1

g(xj)+
∑

j /∈JMs

g(Xj)

,

M

Ki+1−1∑
`=Ki+2

g(x`)

Ks+1∑
j=1

g(xj)+
∑

j /∈JMs

g(Xj)

,
Mg(xKi+1

)

Ks+1∑
j=1

g(xj)+
∑

j /∈JMs

g(Xj)


and the vector T̃Mαi,ki,x by

(
f (xKi+1) , f

(
xKi+1

)
, T̃Mαi,ki,x,f

)
with

T̃Mαi,ki,x,f =


M×

dαiMe−Ki−1∑
j=1

g(X̃j)+
Ki∑
j=1

g(xj)

Ks+1∑
j=1

g(xj)+

M−Ks+1∑
j=1

g(X̃j)

,
Mg(xKi+1)

Ks+1∑
j=1

g(xj)+

M−Ks+1∑
j=1

g(X̃j)

,

M

Ki+1−1∑
`=Ki+2

g(x`)

Ks+1∑
j=1

g(xj)+

M−Ks+1∑
j=1

g(X̃j)

,
Mg(xKi+1

)

Ks+1∑
j=1

g(xj)+

M−Ks+1∑
j=1

g(X̃j)

.
We notice that (

HM
x , TMα1,k1,x, · · · , T

M
αs,ks,x

) L
=
(
H̃M
x , T̃Mα1,k1,x, · · · , T̃

M
αs,ks,x

)
. (4.28)

Let us observe that by hypothesis I2 the law of g
(
X̃i

)
has a component absolutely continuous.

Moreover since
∫
R |1 + y|s+1 e−y

2
dy <∞ ∀s ≥ 1, we can apply Theorem 1 of [27] with q = s and

• (Yi, Zi) equal to
(
g
(
X̃i

)
, (fg)(X̃i)

)
•
(
β1
M , · · · , βsM , β

s+1
M

)
equal to (dα1Me −K1 − 1, · · · , dαsMe −Ks − 1,M −Ks+1)

• φ(x) = 1
x

• x equal to
Ks+1∑
j=1

g(xj), z equal to
Ks+1∑
j=1

(fg)(xj), θ equal to η(fg) and (y1, · · · , ys) equal to(
K1∑
j=1

g(xj), · · · ,
Ks∑
j=1

g(xj)

)
• T := H ∼ N

(
0, σ2

1(f)
)
by (4.14)

and deduce the following convergence in distribution as M →∞H̃M
x ,


M ×

dαiMe−Ki−1∑
j=1

g(X̃j)+
Ki∑
j=1

g(xj)

Ks+1∑
j=1

g(xj)+
M−Ks+1∑

j=1
g(X̃j)




1≤i≤s

 d
=⇒ (H,U1, · · · , Us) . (4.29)

Moreover, by the Strong Law of Large Numbers

lim
M→∞

Mg(xKi+1)
Ks+1∑
j=1

g(xj)+
M−Ks+1∑

j=1
g(X̃j)

= g(xKi+1),

lim
M→∞

M
Ki+1−1∑
`=Ki+2

g(x`)

Ks+1∑
j=1

g(xj) +
M−Ks+1∑
j=1

g(X̃j)

=

Ki+1−1∑
`=Ki+2

g(x`)
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and

lim
M→∞

Mg(xKi+1)
Ks+1∑
j=1

g(xj) +
M−Ks+1∑
j=1

g(X̃j)

= g(xKi+1).

Therefore by Slutsky’s theorem, for each x := (xj)1≤j≤Ks+1 ∈ Rd(Ks+1) we can conclude that
the following random vector (

H̃M
x , T̃Mα1,k1,x, · · · , T̃

M
αs,ks,x

)
converges in distribution as M goes to infinity to

(H,T1,k,x, · · · , Ts,k,x) (4.30)

where the vector Ti,k,x is given by
(
f(xKi+1),f

(
xKi+1

)
,Ui,g(xKi+1),

Ki+1−1∑
`=Ki+2

g(x`),g(xKi+1
)

)
.

In particular, given φ : R1+6s → R a continuous bounded function one has

lim
M→∞

E
(
φ
(
H̃M
x , T̃Mα1,k1,x, · · · , T̃

M
αs,ks,x

))
= E (φ (H,T1,k,x, · · · , Ts,k,x)) . (4.31)

We are now ready to prove (4.26). By conditioning with respect to σ
(

(Xi)i∈JMs

)
and by applying

the Freezing Lemma, (4.28) and (4.31), one has

E
(
φ
(
HM , TMα1,k1

, · · · , TMαs,ks
))

=

∫
Rd(k1+···+ks+s)

E
(
φ
(
HM
x , TMα1,k1,x, · · · , T

M
αs,ks,x

))Ks+1∏
i=1

η(dxi)

=

∫
Rd(k1+···+ks+s)

E
(
φ
(
H̃M
x , T̃Mα1,k1,x, · · · , T̃

M
αs,ks,x

))Ks+1∏
i=1

η(dxi)

−→
M→∞

E (φ (H,T1,k, · · · , Ts,k))

where Ti,k, i = 1, · · · , s is defined in (4.27) and so the proof is complete.

We are now ready to prove Theorem 35 .

Proof of Theorem 35. By (4.23), it is enough to study the convergence as M goes to infinity of
⌈
ḡ
g

⌉∑
k=0

∫ 1

0
E
(
FMk,α1

)
dα1. (4.32)

Let us observe that we can replace β0 and β1 (introduced in (4.7) and (4.8)) in the definition of
FMk,α1

respectively by the bounded functions

β0 (0 ∨ x ∧ 1, 0 ∨ y1) , β1 (0 ∨ x ∧ 1, 0 ∨ y1, 0 ∨ y2, 0 ∨ y3)

that to simplify the notation we will keep calling β0 and β1.
For what has been said there exists a constant C̃ <∞ such that
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sup
(x,y1)∈R2

|β0(x, y1)| ∨ sup
(x,y1,y2,y3)∈R4

|β1(x, y1, y2, y3)| ≤ C̃. (4.33)

By Proposition 9 applied with s = 1 and by Remark 33, we have that for each α1 ∈ (0, 1)

FM0,α1

d
=⇒ F0

with F0 defined in (4.12). Moreover by the hypothesis of boundedness of f and (4.33) we have

lim
M→∞

E
(
FM0,α1

)
= E (F0) .

By Lebesgue’s theorem,
∫ 1

0 E
(
FM0,α1

)
dα1 will converge to the same limit.

Let us now study the convergence of

⌈
ḡ
g

⌉∑
k=1

∫ 1
0 E

(
FMk,α1

)
dα1. By Proposition 9 applied with s = 1 and

by Remark 33, we have that for each α1 ∈ (0, 1) and k ≥ 1

FMk,α1

d
=⇒ Fk

with Fk defined in (4.12). Moreover by the hypothesis of boundedness of f and (4.33),

lim
M→∞

E
(
FMk,α1

)
= E (Fk) .

By Lebesgue’s theorem, limM→∞
∫ 1

0 E
(
FMk,α1

)
dα1 = E (Fk) for each k = 1, · · · ,

⌈
ḡ
g

⌉
and so the

proof is complete.

We are now ready to provide a central limit theorem for 1
M

M∑
m=1

f(YM
m ) knowing its asymptotic

variance.

4.4 Central Limit Theorem

Theorem 36. Let assume I1-2. The following convergence in distribution holds

√
M

(
1

M

M∑
m=1

f(YM
m )− η(fg)

)
d

=⇒ N
(
0, σ2

1(f) + σ2
2(f)

)
(4.34)

where σ2
1(f) and σ2

2(f) are respectively defined in (4.10) and (4.11).

Proof of Theorem 36. Let u ∈ R. By introducing the notation

aMm := e
iu√
M

(f(YMm )−E(f(YMm )|F)) for m = 1, · · · ,M (4.35)

and by applying (4.3), we have

E

e iu√
M

M∑
m=1

(f(YMm )−η(fg))
 = E

eiu√M
(
E

(
1
M

M∑
m=1

f(YMm )

∣∣∣F)−η(fg)

)
E

(
M∏
m=1

aMm

∣∣∣ F)


= E

(
eiuH

M
E

(
M∏
m=1

aMm

∣∣∣ F)) (4.36)
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where HM is defined in (4.25). The purpose of what follows is therefore to study the convergence
as M goes to infinity of (4.36).

First step

We are first going to study the conditional expectation E
(

M∏
m=1

aMm

∣∣∣ F).
By using that for each u, y ∈ R

∣∣∣eiuy − 1− iuy + (uy)2

2

∣∣∣ ≤ |uy|36 , one has∣∣∣∣∣aMm − 1− iu√
M

(
f(YM

m )− E
(
f(YM

m ) | F
))

+
u2
(
f(YM

m )− E
(
f(YM

m ) | F
))2

2M

∣∣∣∣∣
≤
|u|3

∣∣f(YM
m )− E

(
f(YM

m ) | F
)∣∣3

6M
3
2

≤
4 ‖f‖3∞ |u|

3

3M
3
2

.

Therefore for m = 1, · · · ,M , aMm can be rewritten as

aMm = 1 +
iu√
M

(
f(YM

m )− E
(
f(YM

m ) | F
))
−
u2
(
f(YM

m )− E
(
f(YM

m ) | F
))2

2M
+ rMm

with
∣∣rMm ∣∣ ≤ 4‖f‖3∞|u|

3

3M
3
2

.

By defining for m = 1, · · · ,M

bMm := 1−
u2
(
f(YM

m )− E
(
f(YM

m ) | F
))2

2M
, (4.37)

let us now study the difference∣∣∣∣∣E
(

M∏
m=1

aMm

∣∣∣ F)− E

(
M∏
m=1

bMm

∣∣∣ F)∣∣∣∣∣ . (4.38)

By rewriting
M∏
m=1

aMm −
M∏
m=1

bMm =
M∑
m=1

m−1∏
`=1

aM`
(
aMm − bMm

) M∏
`=m+1

bM` , where by convention the empty

product is equal to one, by using that the random vectors (YM
m )1≤m≤M are conditionally independent

given F and that
∣∣rMm ∣∣ ≤ 4‖f‖3∞|u|

3

3M
3
2

,
∣∣aM` ∣∣ ≤ 1 and

∣∣bM` ∣∣ ≤ 1 +
2‖f‖2∞u2

M , (4.38) becomes

∣∣∣∣∣E
(

M∏
m=1

aMm

∣∣∣ F)− E

(
M∏
m=1

bMm

∣∣∣ F)∣∣∣∣∣
=

∣∣∣∣∣
M∑
m=1

E

(
m−1∏
`=1

aM`

(
iu√
M

(
f(YM

m )− E
(
f(YM

m ) | F
))

+ rMm

) M∏
`=m+1

bM`

∣∣∣ F)∣∣∣∣∣
=

∣∣∣∣∣
M∑
m=1

E

(
m−1∏
`=1

aM`

∣∣∣ F)E
(

iu√
M

(
f(YM

m )− E
(
f(YM

m ) | F
))

+ rMm

∣∣∣ F)E

(
M∏

`=m+1

bM`

∣∣∣ F)∣∣∣∣∣
=

∣∣∣∣∣
M∑
m=1

E

(
m−1∏
`=1

aM`

∣∣∣ F)E
(
rMm

∣∣∣ F)E( M∏
`=m+1

bM`

∣∣∣ F)∣∣∣∣∣
≤M ×

4 ‖f‖3∞ |u|
3

3M
3
2

×

(
1 +

2 ‖f‖2∞ u2

M

)M
−→
M→∞

0.
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This implies that

lim sup
M→∞

∣∣∣∣∣E
(
eiuH

M
E

(
M∏
m=1

aMm

∣∣∣ F))− E

(
eiuH

M
E

(
M∏
m=1

bMm

∣∣∣ F))∣∣∣∣∣ = 0. (4.39)

Second step

With bMm defined in (4.37), by the previous step, it is enough to study the limit behaviour as

M →∞ of E
(
eiuH

ME
(

M∏
m=1

bMm

∣∣∣ F)). By using the general fact that

M∏
m=1

(1− cm) =

M∑
s=0

(−1)s
∑

1≤m1<···<ms≤M

s∏
j=1

cmj

for any real sequence (cm)1≤m≤M , we have

E

(
M∏
m=1

bMm

∣∣∣ F) =

M∑
s=0

(
−u2

2M

)s ∑
1≤m1<···<ms≤M

E

 s∏
j=1

(
f(YM

mj )− E
(
f(YM

mj ) | F
))2 ∣∣∣ F


=

M∑
s=0

(
−u2

2M

)s ∑
1≤m1<···<ms≤M

s∏
j=1

E
((

f(YM
mj )− E

(
f(YM

mj ) | F
))2 ∣∣∣ F) (4.40)

where for the last equality we use that the random vectors (YM
m )1≤m≤M are conditionally inde-

pendent given F . Let us introduce Bm1,··· ,ms :=
s∏
j=1

E
((

f(YM
mj )− E

(
f(YM

mj ) | F
))2 ∣∣∣ F). Since

Bm1,··· ,ms is symmetric in its indexes and satisfies |Bm1,··· ,ms | ≤
(

4 ‖f‖2∞
)s

, for each s ≥ 1 we have

∣∣∣∣∣∣ 1

M s

 1

s!

M∑
m1,··· ,ms=1

Bm1,··· ,ms −
∑

1≤m1<···<ms≤M
Bm1,··· ,ms

∣∣∣∣∣∣ ≤
(

4 ‖f‖2∞
)s

M s

(
M s

s!
−
(
M

s

))
.

It is therefore possible to rewrite (4.40) as

E

(
M∏
m=1

bMm

∣∣∣ F) =
M∑
s=0

(
− u2

2M

)s ∑
1≤m1<···<ms≤M

s∏
j=1

E
((

f(YM
mj )− E

(
f(YM

mj ) | F
))2 ∣∣∣ F)

=

M∑
s=0

(
− u2

2M

)s
1

s!

M∑
m1,··· ,ms=1

s∏
j=1

E
((

f(YM
mj )− E

(
f(YM

mj ) | F
))2 ∣∣∣ F)+ r̄M

=

M∑
s=0

(
−u

2

2

)s
1

s!

(
1

M

M∑
m=1

E
((
f(YM

m )− E
(
f(YM

m ) | F
))2 ∣∣∣ F))s + r̄M

=

M∑
s=0

(
−u

2

2

)s
1

s!

(
Var

(
1√
M

M∑
m=1

f(YM
m )

∣∣∣ F))s + r̄M

with r̄M such that

∣∣r̄M ∣∣ ≤∑
s≥1

(
2u2 ‖f‖2∞

)s
s!

(
1− M(M − 1) · · · (M − s+ 1)

M s

)
−→
M→∞

0.
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With
∣∣∣eiuHM

∣∣∣ ≤ 1, (4.36) and (4.39), this implies that∣∣∣∣∣∣E
e iu√

M

M∑
m=1

(f(YMm )−η(fg))
− E

(
eiuH

M
M∑
s=0

(
−u

2

2

)s
1

s!

(
Var

(
1√
M

M∑
m=1

f(YM
m )

∣∣∣ F))s)
∣∣∣∣∣∣

−→
M→∞

0.

Third step

The purpose of what follows is therefore to study the convergence as M goes to infinity of

E

(
eiuH

M
M∑
s=0

(
−u

2

2

)s
1

s!

(
Var

(
1√
M

M∑
m=1

f(YM
m )

∣∣∣ F))s) . (4.41)

By (4.23), (4.41) can be rewritten as

E
(
eiuH

M
)

+

M∑
s=1

(
−u

2

2

)s
1

s!

⌈
ḡ
g

⌉∑
k1,··· ,ks=0

∫
[0,1]s

E
(
eiuH

M
FMk1,α1

· · ·FMks,αs
)
dα1 · · · dαs

= E
(
eiuH

M
)

+
∑
s≥1

1{s≤M}z(s,M) (4.42)

where for s ≥ 1 and M ≥ 1

z(s,M) =

(
−u

2

2

)s ⌈
ḡ
g

⌉∑
k1,··· ,ks=0

∫
[0,1]s

1{0<α1<···<αs<1}E
(
eiuH

M
FMk1,α1

· · ·FMks,αs
)
dα1 · · · dαs

and where we recall that FMki,αi for i = 1, · · · , s is given by f2(XdαiMe)β0(uMdαiMe−1, w
M
dαiMe) if ki = 0

and by

−1{dαiMe≤M−ki}f(XdαiMe)f(XdαiMe+ki)β1(uMdαiMe−1, w
M
dαiMe,

ki∑
`=2

wMdαiMe+`−1, w
M
dαiMe+ki)

if ki > 0. Let us now study the convergence as M →∞ of (4.42): lim
M→∞

E
(
eiuH

M
)

= e−
u2σ2

1(f)

2 by

(4.14) and to study the convergence of the sum we will apply Lebesgue’s theorem.
Given s ≥ 1, we first compute the pointwise convergence asM →∞ of z(s,M) and then we show the
existence of a function z̃ independent of M that dominates |z| and such that

∑
s≥1

z̃(s) <∞. Let us

start by computing the pointwise convergence. Let s ≥ 1 and 0 ≤ k1, k2, · · · , ks ≤
⌈
ḡ
g

⌉
. By applying

the reasoning based on Proposition 9 done in the proof of Theorem 35, ∀ 0 < α1 < · · · < αs < 1 we
check that

eiuH
M
FMk1,α1

· · ·FMks,αs
d

=⇒ eiuHF1,k · · ·Fs,k

where, recalling that k denotes the multiindex (k1, · · · , ks) and Ki := k1 + · · · + ki−1 + i − 1
∀i = 1, · · · , s with the convention K1 := 0, Fi,k for i = 1, · · · , s is given by

Fi,k =


f2(XKi+1)β0 (Ui, g(XKi+1)) ki = 0

−f(XKi+1)f(XKi+1)β1

(
Ui, g(XKi+1),

Ki+1−1∑
`=Ki+2

g(X`), g(XKi+1)

)
ki > 0
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and H ∼ N
(
0, σ2

1(f)
)
independent of (Uj)1≤j≤s and (Xj)1≤j≤Ks+1

.

Moreover by the hypothesis of boundedness of f , (4.33) and the fact that
∣∣∣eiuHM

∣∣∣ ≤ 1,

lim
M→∞

E
(
eiuH

M
FMk1,α1

· · ·FMks,αs
)

= E
(
eiuHF1,k · · ·Fs,k

)
.

By Lebesgue’s theorem and by observing that F1,k, · · · , Fs,k are independent, respectively dis-
tributed as Fk1 , · · · , Fks and independent of H, z(s,M) converges to

(
−u

2

2

)s ⌈
ḡ
g

⌉∑
k1,··· ,ks=0

∫
[0,1]s

1{0<α1<···<αs<1}E
(
eiuHF1,k · · ·Fs,k

)
dα1 · · · dαs

= e−
u2σ2

1(f)

2
1

s!

(
−u

2

2

)s ⌈
ḡ
g

⌉∑
k1,··· ,ks=0

E (Fk1) · · ·E (Fks)

= e−
u2σ2

1(f)

2
1

s!

(
−u

2

2

)s
⌈
ḡ
g

⌉∑
k1=0

E (Fk1)


s

= e−
u2σ2

1(f)

2
1

s!

(
−u

2

2

)s (
σ2

2(f)
)s
.

Let us now show that z is dominated by a summable function z̃. By using that f , β0 and β1

are bounded functions, for s ≥ 1 one has

|z(s,M)| =

∣∣∣∣∣∣∣∣
(
−u

2

2

)s ⌈
ḡ
g

⌉∑
k1,··· ,ks=0

∫
[0,1]s

1{0<α1<···<αs<1}E
(
eiuHF1,k · · ·Fs,k

)
dα1 · · · dαs

∣∣∣∣∣∣∣∣
≤ C 1

s!

u2
(⌈

ḡ
g

⌉
+ 1
)

2

s

for a given finite constant C. It is now sufficient to observe that
∑
s≥1

1
s!

((⌈
ḡ
g

⌉
+ 1
)
× u2

2

)s
=

e

(⌈
ḡ
g

⌉
+1
)
u2

2 <∞. In conclusion we have proved that (4.42) converges as M →∞ to

e−
u2σ2

1(f)

2

∑
s≥0

1

s!

(
−u

2

2

)s (
σ2

2(f)
)s

= e−
u2(σ2

1(f)+σ2
2(f))

2 .

4.5 Proof of Proposition 8

We recall that for i = 1, · · · ,M we denote uMi :=
{
wM1 + · · ·+ wMi

}
and µMi := bwM1 +· · ·+wMi c+1,

where by convention uM0 = 0, µM0 = 1. The following technical result holds.

Lemma 11. If 1 ≤ p < ` ≤M then

1. µMp < µM` if and only if wMp+1 + · · ·+ wM` ≥ 1− uMp

2. µMp = µM` if and only if wMp+1 + · · ·+ wM` < 1− uMp

3. µMp = µM` if and only if uM` = uMp + wMp+1 + · · ·+ wM` .
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Proof of Lemma 11. Let us observe that 2. follows directly from 1. and 3. is a direct consequence
of the definition of the integer and fractional part. Therefore it is enough to prove 1.
If µMp < µM` , then

wM1 + · · ·+ wMp − uMp + 1 = µMp ≤ µM` − 1 ≤ wM1 + · · ·+ wM`

that implies
1− uMp ≤ wMp+1 + · · ·+ wM` .

Let us now prove the other implication. If 1− uMp ≤ wMp+1 + · · ·+ wM` , then

µMp = wM1 + · · ·+ wMp + 1− uMp ≤ wM1 + · · ·+ wM` < µM` .

The following lemma provides an explicit expression for the conditional expectation E
(
f(YM

m ) | F
)

for m = 1, · · · ,M which appears in (4.20) and so it allows to prove Proposition 8.

Lemma 12. Given % ∈ Bb
(
Rd
)
, for m = 1, · · · ,M we have

E
(
%(YM

m ) | F
)

=

M∑
i=1

%(Xi)q
M
m,i1{µMi−1≤m≤µMi }

where for i = 1, · · · ,M

qMm,i = 1{µMi−1<µ
M
i }(1{µMi−1<m<µ

M
i } + 1{m=µMi−1}(1− u

M
i−1) + 1{m=µMi }u

M
i ) + 1{µMi−1=m=µMi }w

M
i .

(4.43)

Proof of Lemma 12. For m = 1, · · · ,M , by (1.17), by observing that m − Um is uniformly dis-
tributed on [m− 1,m] and by the Freezing Lemma, we have

E
(
%(YM

m ) | F
)

=
M∑
i=1

%(Xi)

∫ m

m−1
1{i−1∑

j=1
wMj <u≤

i∑
j=1

wMj

}du. (4.44)

By observing that for i = 1, · · · ,M

1 = 1{m<µMi−1}+1{m>µMi }+1{µMi−1<µ
M
i }
(

1{m=µMi−1} + 1{m=µMi } + 1{µMi−1<m<µ
M
i }
)

+1{m=µMi−1=µMi },

let us study the value of the integral in (4.44) according to this partition. If m < µMi−1 then
m ≤ µMi−1 − 1 ≤ wM1 + · · · + wMi−1 and if m > µMi then m ≥ µMi + 1 > wM1 + · · · + wMi + 1 and so
in both cases the integral is zero. Let us now suppose that µMi−1 < µMi . If µMi−1 < m < µMi , then
m ≥ µMi−1 + 1 > wM1 + · · ·+ wMi−1 + 1 and m ≤ wM1 + · · ·+ wMi . Therefore∫ m

m−1
1{i−1∑

j=1
wMj <u≤

i∑
j=1

wMj

}du = 1.

If m = µMi−1: ∫ m

m−1
1{i−1∑

j=1
wMj <u≤

i∑
j=1

wMj

}du =

∫ µMi−1

wM1 +···+wMi−1

du = 1− uMi−1.
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If m = µMi : ∫ m

m−1
1{i−1∑

j=1
wMj <u≤

i∑
j=1

wMj

}du =

∫ wM1 +···+wMi

µMi −1
du = uMi .

Finally if m = µMi = µMi−1:∫ m

m−1
1{i−1∑

j=1
wMj <u≤

i∑
j=1

wMj

}du =

∫ wM1 +···+wMi

wM1 +···+wMi−1

du = wMi .

To sum up we have obtained that for i = 1, · · · ,M∫ m

m−1
1{i−1∑

j=1
wMj <u≤

i∑
j=1

wMj

}du
= 1{µMi−1<µ

M
i }(1{µMi−1<m<µ

M
i } + 1{m=µMi−1}(1− u

M
i−1) + 1{m=µMi }u

M
i ) + 1{µMi−1=m=µMi }w

M
i .

Proof of Proposition 8. Let us rewrite (4.20). By Lemma 12 we have

1

M

M∑
m=1

E
(
f2(YM

m )|F
)
− 1

M

M∑
m=1

E
(
f(YM

m )|F
)2

=
1

M

M∑
m=1

M∑
i=1

f2(Xi)q
M
m,i1{µMi−1≤m≤µMi } −

1

M

M∑
m=1

M∑
i=1

f2(Xi)(q
M
m,i)

21{µMi−1≤m≤µMi }

− 2

M

M∑
m=1

∑
1≤i<j≤M

f(Xi)f(Xj)q
M
m,iq

M
m,j1{µMi−1≤m≤µMi }1{µMj−1≤m≤µMj }

=
1

M

M∑
m=1

M∑
i=1

f2(Xi)
(
qMm,i − (qMm,i)

2
)

1{µMi−1≤m≤µMi } −
2

M

M∑
m=1

∑
1≤i<j≤M

f(Xi)f(Xj)q
M
m,iq

M
m,j1{m=µMi =µMj−1}.

(4.45)

We are now going first to rewrite the first component of the right-hand side and then the second
one.

First term:

Let us observe that by Lemma 11 applied to the couple (p, l) equal to (i−1, i), we have 1{µMi >µMi−1} =

1{wMi ≥1−uMi−1} and 1{µMi =µMi−1} = 1{wMi <1−uMi−1} for i = 1 · · · ,M . Therefore by Lemma 12 and by

using that µMi − µMi−1 = uMi−1 − uMi + wMi , we have

M∑
m=1

qMm,i1{µMi−1≤m≤µMi }

=
M∑
m=1

(1{wMi ≥1−uMi−1}(1{µMi−1<m<µ
M
i } + 1{m=µMi−1}(1− u

M
i−1)

+ 1{m=µMi }u
M
i ) + 1{wMi <1−uMi−1}1{µMi−1=m=µMi }w

M
i )

= 1{wMi ≥1−uMi−1}
(
µMi − µMi−1 − uMi−1 + uMi

)
+ 1{wMi <1−uMi−1}w

M
i

= wMi 1{wMi ≥1−uMi−1} + wMi 1{wMi <1−uMi−1} = wMi .
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Let us observe that since, by (4.3), 1
M

M∑
m=1

E
(
f2(YM

m )|F
)

= 1
M

M∑
i=1

f2(Xi)w
M
i , we got the expected

result. Similarly, by using that µMi − µMi−1 = uMi−1 − uMi + wMi , we have

M∑
m=1

(qMm,i)
21{µMi−1≤m≤µMi }

= 1{wMi ≥1−uMi−1}(µ
M
i − µMi−1 − 1 + (1− uMi−1)2 + (uMi )2) + 1{wMi <1−uMi−1}(w

M
i )2

= (wMi − uMi (1− uMi )− uMi−1(1− uMi−1))1{wMi ≥1−uMi−1} + (wMi )21{wMi <1−uMi−1}
= wMi − uMi (1− uMi )− uMi−1(1− uMi−1)− (wMi (1− wMi )− uMi (1− uMi )− uMi−1(1− uMi−1))1{wMi <1−uMi−1}.

Substrating the two quantities and using Lemma 11 to rewrite uMi as wMi + uMi−1 if wMi < 1− uMi−1

, we have

M∑
m=1

qMm,i1{µMi−1≤m≤µMi } −
M∑
m=1

(qMm,i)
21{µMi−1≤m≤µMi }

= uMi (1− uMi ) + uMi−1(1− uMi−1) + (wMi (1− wMi )− uMi (1− uMi )− uMi−1(1− uMi−1))1{wMi <1−uMi−1}
= uMi (1− uMi ) + uMi−1(1− uMi−1) + (wMi (1− wMi )− (wMi + uMi−1)(1− wMi − uMi−1)− uMi−1(1− uMi−1))1{wMi <1−uMi−1}
= uMi (1− uMi ) + uMi−1(1− uMi−1)− (2uMi−1(1− uMi−1)− 2wMi u

M
i−1)1{wMi <1−uMi−1}.

Therefore by observing that for i = 1 · · · ,M uMi =
{
uMi−1 + wMi

}
, the first term can be rewritten

as

1

M

M∑
m=1

M∑
i=1

f2(Xi)
(
qMm,i − (qMm,i)

2
)

1{µMi−1≤m≤µMi } =
1

M

M∑
i=1

f2(Xi)β0(uMi−1, w
M
i ) (4.46)

with β0 defined in (4.7).

Second term:

By Lemma 12 and by rewriting 1{µMi−1<µ
M
i } = 1−1{ωMi <1−uMi−1}, we can rewrite the right-hand side

of (4.45) in the following way

2

M

M∑
m=1

∑
1≤i<j≤M

f(Xi)f(Xj)q
M
m,iq

M
m,j1{m=µMi =µMj−1}

=
2

M

∑
1≤i<j≤M

f(Xi)f(Xj)
(

1{µMi−1<µ
M
i }u

M
i + 1{µMi−1=µMi }w

M
i

)
×
(

1{µMj−1<µ
M
j }(1− u

M
j−1) + 1{µMj−1=µMj }w

M
j

)
1{µMi =µMj−1}

=
2

M

M−1∑
k=1

M−k∑
i=1

f(Xi)f(Xi+k)
(
ρMi,k + ρ̃Mi,k

)
where for k = 1, · · · ,M − 1 and i = 1, · · · ,M − k

ρMi,k = uMi

(
1{µMi+k−1<µ

M
i+k}(1− u

M
i+k−1) + 1{µMi+k−1=µMi+k}w

M
i+k

)
1{µMi =µMi+k−1}

ρ̃Mi,k =
(
wMi − uMi

) (
1{µMi+k−1<µ

M
i+k}(1− u

M
i+k−1) + 1{µMi+k−1=µMi+k}w

M
i+k

)
1{µMi−1=µMi }1{µMi =µMi+k−1}.
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Let us now rewrite ρMi,k and ρ̃Mi,k. To simplify the notation, we will denote
j2∑
`=j1

wM` for 1 ≤ j1 ≤

j2 ≤M by sj2j1 . We can apply Lemma 11 to the couples

1. (p, `) = (i, i+ k − 1) so that 1{µMi =µMi+k−1} = 1{si+k−1
i+1 <1−uMi }

2. (p, `) = (i− 1, i) so that 1{µMi−1=µMi } = 1{ωMi <1−uMi−1}

3. (p, `) = (i + k − 1, i + k) so that 1{µMi+k−1=µMi+k} = 1{ωMi+k<1−uMi+k−1} and 1{µMi+k−1<µ
M
i+k} =

1{ωMi+k≥1−uMi+k−1}

so that, by observing that when si+k−1
i+1 < 1− uMi we can rewrite uMi+k−1 as uMi + si+k−1

i+1 , one has

ρMi,k = uMi

(
1{ωMi+k≥1−uMi+k−1}(1− u

M
i+k−1) + wMi+k1{ωMi+k<1−uMi+k−1}

)
1{si+k−1

i+1 <1−uMi }

= uMi

(
1{ωMi+k≥1−uMi −s

i+k−1
i+1 }(1− u

M
i − si+k−1

i+1 ) + wMi+k1{ωMi+k<1−uMi −s
i+k−1
i+1 }

)
1{

s
i+k1−1
i+1 <1−uMi

}
= uMi (1− uMi − si+k−1

i+1 )1{si+k−1
i+1 <1−uMi ≤s

i+k
i+1} + uMi w

M
i+k1{si+ki+1<1−uMi }

= uMi (1− uMi − si+k−1
i+1 )1{si+k−1

i+1 <1−uMi } − u
M
i (1− uMi − si+ki+1)1{si+ki+1<1−uMi }

and, by observing that when wMi < 1−uMi−1 and si+k−1
i+1 < 1−uMi we can rewrite uMi = uMi−1+wMi

and uMi+k−1 = uMi−1 + si+k−1
i , one has

ρ̃Mi,k =
(
wMi − uMi

) (
1{ωMi+k≥1−uMi+k−1}(1− u

M
i+k−1) + wMi+k1{ωMi+k<1−uMi+k−1}

)
1{ωMi <1−uMi−1}1{si+k−1

i+1 <1−uMi }

= −
(
uMi−1 + wMi

) (
1{si+ki ≥1−uMi−1}(1− u

M
i−1 − si+k−1

i ) + wMi+k1{si+ki <1−uMi−1}
)

1{si+k−1
i <1−uMi−1}

+ wMi

(
1{si+ki ≥1−uMi−1}(1− u

M
i−1 − si+k−1

i ) + wMi+k1{si+ki <1−uMi−1}
)

1{si+k−1
i <1−uMi−1}

= −uMi−1(1− uMi−1 − si+k−1
i )1{si+k−1

i <1−uMi−1≤s
i+k
i } − u

M
i−1w

M
i+k1{si+ki <1−uMi−1}

= −uMi−1(1− uMi−1 − si+k−1
i )1{si+k−1

i <1−uMi−1} + uMi−1(1− uMi−1 − si+ki )1{si+ki <1−uMi−1}.

Therefore we have obtained that

1

M

M∑
m=1

∑
1≤i<j≤M

f(Xi)f(Xj)q
M
m,iq

M
m,j1{m=µMi =µMj−1}

=
1

M

M−1∑
k=1

M−k∑
i=1

f(Xi)f(Xi+k)β1

(
uMi−1, w

M
i ,

k∑
`=2

wMi+`−1, w
M
i+k

)

with β1 defined as in (4.8). Let us now observe that there exists a finite constant C1 such that for
k = 1, · · · ,M − 1, i = 1, · · · ,M − k∣∣∣∣∣β1

(
uMi−1, w

M
i ,

k∑
`=2

wMi+`−1, w
M
i+k

)∣∣∣∣∣ ≤ C11{ k∑̀
=2

wMi+`−1<1

} ≤ C11k<1+
ḡ

g


. (4.47)
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Therefore

1

M

M−1∑
k=1

M−k∑
i=1

f(Xi)f(Xi+k)β1

(
uMi−1, w

M
i ,

k∑
`=2

wMi+`−1, w
M
i+k

)

=
1

M

(M−1)∧
⌈
ḡ
g

⌉∑
k=1

M−k∑
i=1

f(Xi)f(Xi+k)β1

(
uMi−1, w

M
i ,

k∑
`=2

wMi+`−1, w
M
i+k

)
.

4.6 Asymptotic Variance for the Next Steps

What we have seen so far is the study of the stratified sampling selection step: it is actually part
of a more general algorithm where each step consists of a selection part and a mutation part that
we are now going to describe more in details (see for instance [47] for a more general version of the
algorithm).

For each step n ≥ 0, we are going to recursively define the selection sequence
(
YM,m
n

)
1≤m≤M

and the mutation sequence
(
XM,m
n

)
1≤m≤M

. Let gn : Rd → (0,∞) , n ≥ 0 be a family of measurable

functions such that 0 < infx∈Rd gn(x) ≤ supx∈Rd gn(x) < ∞. In what follows we denote ḡn :=
supx∈Rd gn(x) and g

n
:= infx∈Rd gn(x). Let for n ≥ 0 and k ≥ 0

φn(k) :=

⌈
ḡn
g
n

(1 + k)

⌉
. (4.48)

Moreover let (Zk)k≥0 be a Rd-valued time-inhomogeneous Markov chain that is for each bounded
measurable function h : Rd → R, E (h (Zk) |σ (Z0, · · · , Zk−1)) =

∫
Rd h(x)Pk (Zk−1, dx) for a transi-

tion kernel Pk possibly depending on k. We denote the law of Z0 by η.

Initialization: we generate a sequence (XM,m
0 )1≤m≤M of i.i.d. Rd-valued random vectors following the law

η. By convention YM,m
0 := XM,m

0 for 1 ≤ m ≤M .

n → n+1: the transition from
(
YM,m
n , XM,m

n

)
1≤m≤M

to
(
YM,m
n+1 , XM,m

n+1

)
1≤m≤M

for n ≥ 0 consists of two
steps.

Selection: we generate the random vectors
(
YM,m
n+1

)
1≤m≤M

conditionally independent given Fn :=

σ

((
XM,m
i , YM,m

i

)
1≤m≤M,0≤i≤n

)
by

YM,m
n+1 =

M∑
`=1

1
M
`−1∑
j=1

gn(XM,jn )
M∑
j=1

gn(XM,jn )
<m−Umn ≤

M
∑̀
j=1

gn(XM,jn )
M∑
j=1

gn(XM,jn )


XM,`
n m = 1, · · · ,M (4.49)

where (Umn )1≤m≤M is a sequence of i.i.d. random variables independent of Fn and
distributed according to the uniform law on (0, 1).
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Mutation: given Gn+1 := σ

((
XM,m
i , YM,m

i

)
1≤m≤M,0≤i≤n

,
(
YM,m
n+1

)
1≤m≤M

)
we generate the ran-

dom vectors XM,m
n+1 , 1 ≤ m ≤ M conditionally independent and respectively distributed

according to the probability measure Pn+1

(
YM,m
n+1 , ·

)
For each n ≥ 0 we denote the weights by

wM,m
n =

Mgn(XM,m
n )

M∑̀
=1

gn(XM,`
n )

m = 1, · · · ,M.

Moreover let us observe that the selection property for n = 0 (4.3) remains valid for each n:
∀n ≥ 0

E

(
1

M

M∑
m=1

δ
YM,mn+1

|Fn
)

=
M∑
m=1

wM,m
n

M
δ
XM,m
n

. (4.50)

The study of the asymptotic variance of the selection part of the first step that is Var
(

1√
M

∑M
m=1 f

(
YM,m

1

))
for a given bounded measurable function f : Rd → R was the object of Section 4.3. Our purpose

now is to generalize this result by studying the asymptotic variance of 1√
M

M∑
m=1

f
(
YM,m
n+1

)
for n ≥ 1.

Before doing it let us begin with some notation: for n ≥ 0, M ≥ 1 and k = 0, · · · ,M − 1 let

η̃k,Mn :=
1

M

M−k∑
i=1

δ(
YM,in ,··· ,YM,i+kn

)

η̄k,Mn :=
1

M

M−k∑
i=1

δ(
XM,i
n ,··· ,XM,i+k

n

).
Remark 37. Let f ∈ Bb

(
Rd
)
. If k = 0 and n = 0, by the classical Strong Law of Large Numbers

we have

lim
M→∞

η̃0,M
0 (f) = lim

M→∞
η̄0,M

0 (f) = η̄0
0(f) := η(f) = E (f (Z0)) a.s.

It is possible to prove that a Strong Law of Large Numbers holds (see [47, Corollary 7.4.2]) also
in the case k = 0 and n ≥ 1:

lim
M→∞

η̃0,M
n (f) = lim

M→∞

1

M

M∑
i=1

f
(
YM,i
n

)
= η̃0

n(f) :=
E
(
f (Zn−1)

∏n−1
p=0 gp (Zp)

)
E
(∏n−1

p=0 gp (Zp)
) a.s.

lim
M→∞

η̄0,M
n (f) = lim

M→∞

1

M

M∑
i=1

f
(
XM,i
n

)
= η̄0

n(f) :=
E
(
f (Zn)

∏n−1
p=0 gp (Zp)

)
E
(∏n−1

p=0 gp (Zp)
) a.s..

We are now going to prove that given h : R2d → R a bounded measurable function, the study

of the asymptotic variance of 1√
M

M∑
m=1

h
(
YM,m
n+1 , XM,m

n+1

)
depends on the study of the asymptotic

variance of 1√
M

M∑
m=1

f
(
YM,m
n+1

)
for f : Rd → R a bounded measurable function.
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Proposition 10. Let h ∈ Bb
(
R2d
)
. The following convergence holds∣∣∣∣Var

(
1√
M

M∑
m=1

h
(
YM,m
n+1 , XM,m

n+1

))
− Var

(
1√
M

M∑
m=1

Pn+1h
(
YM,m
n+1

))

−
η̄0
n

(
gn

(
Pn+1h

2 − (Pn+1h)2
))

η̄0
n(gn)

∣∣∣∣ −→M→∞
0.

Proof of Proposition 10. By using that the XM,m
n+1 are conditionally independent given Gn+1 and

that the YM,m
n+1 are Gn+1 measurable, one has

Var

(
1√
M

M∑
m=1

h
(
YM,m
n+1 , XM,m

n+1

))

= Var

(
1√
M

M∑
m=1

E
(
h
(
YM,m
n+1 , XM,m

n+1

) ∣∣∣ Gn+1
))

+ E

(
1

M

M∑
m=1

Var
(
h
(
YM,m
n+1 , XM,m

n+1

) ∣∣∣ Gn+1
))

= Var

(
1√
M

M∑
m=1

E
(
h
(
YM,m
n+1 , XM,m

n+1

) ∣∣∣ Gn+1
))

+ E

(
1

M

M∑
m=1

E
(
h2
(
YM,m
n+1 , XM,m

n+1

) ∣∣∣ Gn+1
))

− E

(
1

M

M∑
m=1

E
(
h
(
YM,m
n+1 , XM,m

n+1

) ∣∣∣ Gn+1
)2
)
.

Since L
(
XM,m
n+1 | Gn+1

)
∼ Pn+1

(
YM,m
n+1 , ·

)
, for each bounded measurable function h̃ : R2d → R

one has

E
(
h̃(YM,m

n+1 , XM,m
n+1 ) | Gn+1

)
= Pn+1h̃

(
YM,m
n+1

)
:=

∫
Rd
h̃(YM,m

n+1 , x)Pn+1

(
YM,m
n+1 , dx

)
. (4.51)

Therefore we obtain that

Var

(
1√
M

M∑
m=1

h
(
YM,m
n+1 , XM,m

n+1

))

= Var

(
1√
M

M∑
m=1

Pn+1h
(
YM,m
n+1

))
+ E

(
1

M

M∑
m=1

Pn+1h
2
(
YM,m
n+1

))
− E

(
1

M

M∑
m=1

(
Pn+1h

(
YM,m
n+1

))2
)

= Var

(
1√
M

M∑
m=1

Pn+1h
(
YM,m
n+1

))
+ E

(
M∑
m=1

wM,m
n

M
Pn+1h

2
(
XM,m
n

))
− E

(
M∑
m=1

wM,m
n

M

(
Ph
(
XM,m
n

))2)

where to obtain the last equality we use the selection property (4.50). By Remark 37,

lim
M→∞

1

M

M∑
m=1

gn
(
XM,m
n

)
Pn+1h

2
(
XM,m
n

)
= η̄0

n(gnPn+1h
2) a.s.,

lim
M→∞

1

M

M∑
m=1

gn
(
XM,m
n

) (
Pn+1h

(
XM,m
n

))2
= η̄0

n(gn (Pn+1h)2) a.s.,

lim
M→∞

1

M

M∑
m=1

gn
(
XM,m
n

)
= η̄0

n(gn) a.s.
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Thus by Lebesgue theorem,

lim
M→∞

E

(
M∑
m=1

wM,m
n

M
Pn+1h

2
(
XM,m
n

))
=
η̄0
n(gnPn+1h

2)

η̄0
n(gn)

,

lim
M→∞

E

(
M∑
m=1

wM,m
n

M

(
Pn+1h

(
XM,m
n

))2)
=
η̄0
n(gn (Pn+1h)2)

η̄0
n(gn)

and this concludes the proof.

We are now ready to study for n ≥ 1 and f ∈ Bb
(
Rd
)
the convergence as M →∞ of

VM
n+1 (f) := Var

(
1√
M

M∑
m=1

f
(
YM,m
n+1

))
.

With the aim of studying limM→∞ V
M
n+1 (f), we will assume the following conjectures:

Conjecture 1. For each f ∈ Bb
(
Rd
)
one has∣∣∣∣∣∣Var

(
√
M
η̄0,M
n (gnf)

η̄0,M
n (gn)

)
− VM

n (Pnfn)

(η̄0
n (gn))4 −

η̄0
n−1

(
gn−1

(
Pnf

2
n − (Pnfn)2

))
(η̄0
n (gn))4 η̄0

n−1 (gn−1)

∣∣∣∣∣∣ −→M→∞
0

where

fn := gn
(
η̄0
n (gn) f − η̄0

n (gnf)
)
.

Remark 38. In Section 4.3 we proved that in the case n = 0, by observing that Var

(
√
M
η̄0,M

0 (g0f)

η̄0,M
0 (g0)

)
=

Var

√M η̄0,M
0

(
g0

η(g0)f
)

η̄0,M
0

(
g0

η(g0)

)
, one has

∣∣∣∣∣Var
(
√
M
η̄0,M

0 (g0f)

η̄0,M
0 (g0)

)
−
η
(
f2

0

)
η (g0)4

∣∣∣∣∣ −→M→∞
0.

For n ≥ 1 the idea underlying the Conjecture 1 is the following: by considering

Var

(
√
M

(
η̄0,M
n (gnf)

η̄0,M
n (gn)

− η̄0
n (gnf)

η̄0
n (gn)

))
= Var

(
√
M

η̄0,M
n (fn)

η̄0,M
n (gn) η̄0

n (gn)

)
,

we asymptotically replace in the denominator of the right-hand side η̄0,M
n (gn) by η̄0

n (gn). Thus we
have ∣∣∣∣∣Var

(
√
M

η̄0,M
n (fn)

η̄0,M
n (gn) η̄0

n (gn)

)
− 1

(η̄0
n (gn))4Var

(√
Mη̄0,M

n (fn)
)∣∣∣∣∣ −→M→∞

0.

We then rewrite Var
(√

Mη̄0,M
n (fn)

)
following the same reasoning used in the proof of Proposition

10.
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Conjecture 2. Let t ∈ N. Given ψ ∈ Bb
(
Rt+2

)
continuous and h ∈ Bb

(
Rd(t+1)

)
, the following

convergence holds∣∣∣∣ 1

M

M−t∑
m=1

E
(
h
(
XM,m
n , · · · , XM,m+t

n

)
ψ
(
uM,m−1
n , wM,m

n , · · · , wM,m+t
n

))
− 1

M

M−t∑
m=1

E
(
h
(
XM,m
n , · · · , XM,m+t

n

) ∫ 1

0
ψ
(
u, g̃n(XM,m

n ), · · · , g̃n(XM,m+t
n )

)
du

) ∣∣∣∣ −→M→∞
0

where uM,m−1
n =

M
m−1∑
i=1

gn(XM,i
n )

M∑
i=1

gn(XM,i
n )

 and g̃n(x) = gn(x)
η̄0
n(gn)

.

Remark 39. In Section 4.3 we have provided a formal proof of Conjecture 2 in the case n = 0. In

that case we strongly used the fact that the random variables we are working with
((

XM,m
0

)
m≥1

)
are

i.i.d. and the fact that the law of g0

(
XM,m

0

)
has an absolutely continuous component to prove that

is possible to asymptotically replace uM,i−1
0 with a uniformly distributed random variable independent

of F0 and wM,i
0 with g0(XM,i

0 )
η̄0

0(g0)
.

Before providing the main result of this section, let us introduce some notation.
For k ≥ 0 let P⊗(k+1)

n : Bb
(
Rd(k+1)

)
→ Bb

(
Rd(k+1)

)
be defined by

P⊗(k+1)
n h (x0, · · · , xk) :=

∫
Rd(k+1)

h (y0, · · · , yk)Pn (x0, dy0) · · ·Pn (xk, dyk)

and let for sk = 0, · · · , φn−1(k), T k→skn−1 : Bb
(
Rd(k+1)

)
→ Bb

(
Rd(sk+1)

)
given by

T k→skn−1 f (x0, x1, · · · , xsk)

=
∑

0≤s1≤s2≤···≤sk

f (x0, xs1 , · · · , xsk)

∫ 1

0
ψs1:sk (u, g̃n−1(x0), g̃n−1(x1), · · · , g̃n−1(xsk)) du

and where given 0 ≤ sk ≤ φn−1(k) and s0 := 0 ≤ s1 ≤ s2 ≤ · · · ≤ sk:

ψs1:sk (u, y0, y1, · · · , ysk) =

d1+ḡn/gne∑
i=1

k∏
q=0

∫ i+q

i+q−1
1{

u+
sq−1∑
j=0

yj<u′≤u+
sq∑
j=0

yj

}du′.

Finally let T kn−1 : Bb
(
Rd(k+1)

)
→ Bb

(
Rd(φn−1(k)+1)

)
defined by

T kn−1h
(
x0, · · · , xφn−1(k)

)
=

φn−1(k)∑
sk=0

T k→skn−1

(
P⊗(k+1)
n h

)
(x0, x1, · · · , xsk) .

Theorem 40. Let us assume Conjecture 1 and Conjecture 2. Then ∀n ≥ 1 and ∀f ∈ B
(
Rd
)
,

VM
n (f) converges as M goes to infinity and we denote its limit by Vn (f). Moreover, by defining
φm:n (0) := φm (φm+1 (· · · (φn (0)))) for m ≤ n, m,n ∈ N, Vn (f) is defined by the following recursive
formula:

Vn+1 (f) =
Vn (Pnfn)

(η̄0
n (gn))4 +

η̄0
n−1

(
gn−1

(
Pnf

2
n − (Pnfn)2

))
(η̄0
n (gn))4 η̄0

n−1 (gn−1)

+

∫
T φ1:n(0)

0 · · · T φn−1:n(0)
n−2 T φn:n(0)

n−1 f̄n (x) η⊗φ0:n(0) (dx)
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where f̄n ∈ Bb
(
Rd(1+φn(0))

)
is given by

f̄n
(
x0, · · · , xφn(0)

)
:=

φn(0)∑
k=0

f (x0) f (xk)

∫ 1

0
β̄k (u, g̃n (x0) , · · · , g̃n (xk)) du

with β̄k (u, y0, · · · , yk) = β0(u, y0)1{k=0} − β1

(
u, y0,

k−1∑̀
=1

y`, yk

)
1{k 6=0} where β0 and β1 are respec-

tively defined in (4.7) and (4.8).

Remark 41. Let us observe that by Theorem 34, lim
M→∞

VM
1 (h) = V1 (h) = σ2

1(h) + σ2
2(h) ∀h ∈

Bb
(
Rd
)
.

The proof of Theorem 40 relies on the following proposition the proof of which is provided after
the proof of the theorem.

Proposition 11. Let us assume Conjecture 2. Given n ≥ 1 and h ∈ Bb
(
Rd(φn(0)+1)

)
one has∣∣∣∣E(η̄φn(0),M

n (h)
)
−
∫
T φ1:n(0)

0 · · · T φn−1:n(0)
n−2 T φn:n(0)

n−1 h (x) η⊗φ0:n(0) (dx)

∣∣∣∣ −→M→∞
0.

Proof of Theorem 40. Similarly to what we have done in (4.5) and (4.6), we can rewrite the variance
in the following way

VM
n+1 (f) = Var

(
1√
M

M∑
m=1

f(YM,m
n+1 )

)

= Var

(
E

(
1√
M

M∑
m=1

f(YM,m
n+1 )

∣∣∣ Fn))+ E

(
Var

(
1√
M

M∑
m=1

f(YM,m
n+1 )

∣∣∣ Fn))

= Var

(
√
M

∑M
m=1 gn(XM,m

n )f(XM,m
n )∑M

m=1 gn(XM,m
n )

)
+ E

(
Var

(
1√
M

M∑
m=1

f(YM,m
n+1 )

∣∣∣ Fn)) (4.52)

where to obtain the last equality we use the selection property (4.50). Conjecture 1 gives the
asymptotic behavior of the first term of (4.52).
Let us then study the second term of (4.52). Using the definition of YM,m

n+1 and following the same
reasoning done to prove Proposition 8, we can rewrite the expression inside the expectation: for
M ≥ 1 + φn(0)

Var
(

1√
M

M∑
m=1

f(YM,m
n+1 )

∣∣∣ Fn) (4.53)

=
1

M

φn(0)∑
k=0

M−k∑
i=1

f(XM,i
n )f(XM,i+k

n )β̄k

(
uM,i−1
n , wM,i

n , · · · , wM,i+k
n

)
(4.54)

with β̄k (u, y0, · · · , yk) := β0(u, y0)1{k=0} − β1

(
u, y0,

k−1∑̀
=1

y`, yk

)
1{k 6=0} where we recall that β0 and

β1 are respectively defined in (4.7) and (4.8). Given k = 0, · · · , φn(0), we can apply Conjecture 2
with t = k, h (x0, · · · , xk) = f (x0) f (xk) and ψ (u, y0, · · · , yk) = β̄k (u, y0, · · · , yk) and obtain that∣∣∣∣∣∣E

(
Var

(
1√
M

M∑
m=1

f(YM,m
n+1 )

∣∣∣ Fn))− φn(0)∑
k=0

E
(
η̄k,Mn

(
f̃k

))∣∣∣∣∣∣ −→M→∞
0 (4.55)



112 Chapter 4. Central Limit Theorem for the stratified resampling mechanism

where for k = 0, · · · , φn(0), f̃k (x0, · · · , xk) = f (x0) f (xk)
∫ 1

0 β̄k (u, g̃n (x0) , · · · , g̃n (xk)) du.

We now observe that by defining f̄n
(
x0, · · · , xφn(0)

)
=

φn(0)∑
k=0

f̃k (x0, · · · , xk), one has

∣∣∣∣∣∣
φn(0)∑
k=0

η̄k,Mn

(
f̃k

)
− η̄φn(0),M

n

(
f̄n
)∣∣∣∣∣∣

=
1

M

∣∣∣∣∣∣
φn(0)∑
k=0

M−k∑
i=1

f̃k

(
XM,i
n , · · · , XM,i+k

n

)
−
M−φn(0)∑

i=1

f̃k

(
XM,i
n , · · · , XM,i+k

n

)∣∣∣∣∣∣
≤ C

M

φn(0)∑
k=0

(φn(0)− k) −→
M→∞

0

for a finite constant C. Thus we can combine it with (4.55) and obtain that∣∣∣∣∣E
(
Var

(
1√
M

M∑
m=1

f(YM,m
n+1 )

∣∣∣ Fn))− E
(
η̄φn(0),M
n

(
f̄n
))∣∣∣∣∣ −→M→∞

0.

We can now apply Proposition 11 with h = f̄n and obtain that∣∣∣∣E(η̄φn(0),M
n

(
f̄n
))
−
∫
T φ1:n(0)

0 · · · T φn−1:n(0)
n−2 T φn:n(0)

n−1 f̄n (x) η⊗φ0:n(0) (dx)

∣∣∣∣ −→M→∞
0.

Thus we have obtained that ∀n ≥ 1, ∀f ∈ Bb
(
Rd
)

∣∣∣∣VM
n+1 (f)− VM

n (Pnfn)

(η̄0
n (gn))4 −

η̄0
n−1

(
gn−1

(
Pnf

2
n − (Pnfn)2

))
(η̄0
n (gn))4 η̄0

n−1 (gn−1)

−
∫
T φ1:n(0)

0 · · · T φn−1:n(0)
n−2 T φn:n(0)

n−1 f̄n (x) η⊗φ0:n(0) (dx)

∣∣∣∣ −→M→∞
0.

To conclude the proof, it is now sufficient to observe that by Theorem 34, ∀h ∈ Bb
(
Rd
)
VM

1 (h)
converges as M goes to infinity and its limit is given by V1 (h) = σ2

1(h) + σ2
2(h).

The proof of Proposition 11 is a direct consequence of the following Lemma.

Lemma 13. Let n ≥ 0 and k ≥ 0. Given h ∈ Bb
(
Rd(k+1)

)
one has∣∣∣E(η̄k,Mn+1(h)

)
− E

(
η̄φn(k),M
n (T kn h)

)∣∣∣ −→
M→∞

0.

Proof of Lemma 13. Since theXM,m
n+1 are conditionally independent given Gn+1 and L

(
XM,m
n+1 | Gn+1

)
∼

Pn+1

(
YM,m
n+1 , ·

)
, for each bounded measurable function h : Rd(k+1) → R one has

E
(
h(XM,i

n+1, · · · , X
M,i+k
n+1 ) | Gn+1

)
= P

⊗(k+1)
n+1 h

(
YM,i
n+1, · · · , Y

M,i+k
n+1

)
(4.56)

:=

∫
Rd(k+1)

h(x0, · · · , xk)Pn+1

(
YM,i
n+1, dx0

)
· · ·Pn+1

(
YM,i+k
n+1 , dxk

)
. (4.57)

Therefore for M ≥ k + 1
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E
(
η̄k,Mn+1(h)

)
=

1

M

M−k∑
i=1

E
(
h
(
XM,i
n+1, · · · , X

M,i+k
n+1

))
(4.58)

=
1

M

M−k∑
i=1

E
(
P
⊗(k+1)
n+1 h

(
YM,i
n+1, · · · , Y

M,i+k
n+1

))
= E

(
η̃k,Mn+1(P

⊗(k+1)
n+1 h)

)
. (4.59)

Thus our purpose now becomes to study the asymptotic behaviour of E
(
η̃k,Mn+1(f)

)
for a given

f ∈ Bb
(
Rd(k+1)

)
. Recalling the definition (4.49) of YM,m

n+1 , let us observe that if we denote by `m the
random index in {1, · · · ,M} such that 1{`m−1∑

j=1
wM,jn <m−Umn ≤

`m∑
j=1

wM,jn

} = 1 so that YM,m
n+1 = XM,`m

n ,

one has that m 7→ `m is non decreasing.
Therefore given k ≥ 0, M ≥ k + 1 and 1 ≤ i ≤M − k one has:(

YM,i
n+1, · · · , Y

M,i+k
n+1

)
=

M∑
`0=1

· · ·
M∑

`k=`k−1

(
XM,`0
n , · · · , XM,`k

n

) k∏
q=0

1{`q−1∑
j=1

wM,jn <i+q−U i+qn ≤
`q∑
j=1

wM,jn

}.

We can now apply the following change of variablesm = `0, s1 = `1−`0, s2 = `2−`0, · · · , sk = `k−`0
and set s0 := 0 so that the above expression becomes

∑
0≤sk≤M−1

∑
0≤s1≤s2≤···≤sk

M−sk∑
m=1

(
XM,m
n , XM,m+s1

n , · · · , XM,m+sk
n

) k∏
q=0

1{m+sq−1∑
j=1

wM,jn <i+q−U i+qn ≤
m+sq∑
j=1

wM,jn

}.

Therefore one has

E
(
η̃k,Mn+1(f)

)
=

1

M

M−k∑
i=1

E
(
f
(
YM,i
n+1, · · · , Y

M,i+k
n+1

))
=

1

M

M−k∑
i=1

E
(
E
(
f
(
YM,i
n+1, · · · , Y

M,i+k
n+1

)
| Fn

))
=

1

M

∑
0≤sk≤M−1

∑
0≤s1≤s2≤···≤sk

M−sk∑
m=1

E

(
f
(
XM,m
n , XM,m+s1

n , · · · , XM,m+sk
n

)
×
M−k∑
i=1

k∏
q=0

∫ i+q

i+q−1
1{m+sq−1∑

j=1
wM,jn <u≤

m+sq∑
j=1

wM,jn

}du
)

where to obtain the last equality we apply the Freezing Lemma and the fact that the sequence
(Umn )1≤m≤M is independent of Fn and the sequence

(
XM,m
n

)
1≤m≤M

is Fn - measurable.

Given k ≥ 0, M ≥ k + 1, 0 ≤ sk ≤M − 1, 0 ≤ s1 ≤ s2 ≤ · · · ≤ sk and 1 ≤ m ≤M − sk, let us now
focus on the sum over i appearing in the above expression:

M−k∑
i=1

k∏
q=0

∫ i+q

i+q−1
1{m+sq−1∑

j=1
wM,jn <u≤

m+sq∑
j=1

wM,jn

}du.

Let us first observe that if the quantity inside the sum is different from zero, then in particular∫ i
i−1 1{m−1∑

j=1
wM,jn <u≤

m∑
j=1

wM,jn

}du 6= 0 and
∫ i+k
i+k−1 1{m+sk−1∑

j=1
wM,jn <u≤

m+sk∑
j=1

wM,jn

}du 6= 0. This implies that

m∑
j=1

wM,j
n > i− 1 and

m+sk−1∑
j=1

wM,j
n < i+ k. Thus
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g
n

ḡn
(sk − 1) ≤

m+sk−1∑
j=m+1

wM,j
n =

m+sk−1∑
j=1

wM,j
n −

m∑
j=1

wM,j
n < i+ k − i+ 1 = k + 1

and so we have obtained an upper bound for sk: sk ≤

⌈
ḡn
g
n

(k + 1)

⌉
= φn(k) where we use the

notation introduced in (4.48).
Moreover we observe that we can replace the finite sum over i with an infinite sum: if i ≥M −k+1∫ i+k

i+k−1
1{m+sk−1∑

j=1
wM,jn <u≤

m+sk∑
j=1

wM,jn

}du = 0

since
m+sk∑
j=1

wM,j
n ≤

M∑
j=1

wM,j
n = M . Therefore after all one has

M−k∑
i=1

∫ i

i−1

k∏
q=0

∫ i+q

i+q−1
1{m+sq−1∑

j=1
wM,jn <u≤

m+sq∑
j=1

wM,jn

}du

= 1{sk≤φn(k)}
∑
i≥1

k∏
q=1

∫ i+q

i+q−1
1{m+sq−1∑

j=1
wM,jn <u≤

m+sq∑
j=1

wM,jn

}du.

We can now apply the change of variable u := u′ +

⌊
m−1∑
j=1

wM,j
n

⌋
in each of the above integrals

so to obtain∑
i≥1

k∏
q=0

∫ i+q

i+q−1
1{m+sq−1∑

j=1
wM,jn <u≤

m+sq∑
j=1

wM,jn

}du

=
∑
i≥1

k∏
q=0

∫ i+q−
⌊
m−1∑
j=1

wM,jn

⌋

i+q−1−
⌊
m−1∑
j=1

wM,jn

⌋ 1{
uM,m−1
n +

m+sq−1∑
j=m

wM,jn <u′≤uM,m−1
n +

m+sq∑
j=m

wM,jn

}du′

=
∑
i≥1

k∏
q=0

∫ i+q

i+q−1
1{

uM,m−1
n +

m+sq−1∑
j=m

wM,jn <u′≤uM,m−1
n +

m+sq∑
j=m

wM,jn

}du′ (4.60)

where to obtain the last equality we use the fact that if i < 1,∫ i

i−1
1{

uM,m−1
n +

m−1∑
j=m

wM,jn <u′≤uM,m−1
n +

m∑
j=m

wM,jn

}du′ = 0.

We observe that if the quantity inside the sum is different from zero, then in particular∫ i

i−1
1{uM,m−1

n <u′≤uM,m−1
n +wM,mn }du

′ 6= 0.

This implies that i− 1 < uM,m−1
n +wM,m

n ≤ 1 +
ḡn
g
n

and so i ≤

⌈
1 +

ḡn
g
n

⌉
. In conclusion, (4.60) can

be rewritten as

d1+ḡn/gne∑
i=1

k∏
q=0

∫ i+q

i+q−1
1{

uM,m−1
n +

m+sq−1∑
j=m

wM,jn <u′≤uM,m−1
n +

m+sq∑
j=m

wM,jn

}du′. (4.61)



4.6. Asymptotic Variance for the Next Steps 115

We denote (4.61) by ψs1:sk

(
uM,m−1
n , wM,m

n , wM,m+1
n , · · · , wM,m+sk

n

)
where ψs1:sk : Rsk+2 → R.

Therefore if M ≥ max (1 + k, 1 + φn(k)) we have obtained that

E
(
η̃k,Mn+1(f)

)
(4.62)

=

φn(k)∑
sk=0

∑
0≤s1≤s2≤···≤sk

1

M

M−sk∑
m=1

E

(
f
(
XM,m
n , XM,m+s1

n , · · · , XM,m+sk
n

)
(4.63)

× ψs1:sk

(
uM,m−1
n , wM,m

n , wM,m+1
n , · · · , wM,m+sk

n

))
. (4.64)

We can therefore apply Conjecture 2 with t = sk, h (x0, x1, · · · , xsk) = f (x0, xs1 , xs2 , · · · , xsk),
ψ (u, y0, · · · , ysk) = ψs1:sk (u, y0, · · · , ysk).∣∣∣∣∣∣E

(
η̃k,Mn+1(f)

)
−
φn(k)∑
sk=0

E
(
η̄sk,Mn (T k→skn f)

)∣∣∣∣∣∣ −→M→∞
0 (4.65)

where T k→skn : Bb
(
Rd(k+1)

)
→ Bb

(
Rd(sk+1)

)
is defined by

T k→skn f (x0, x1, · · · , xsk) =
∑

0≤s1≤s2≤···≤sk

f (x0, xs1 , · · · , xsk)

∫ 1

0
ψs1:sk (u, g̃n(x0), g̃n(x1), · · · , g̃n(xsk)) du

and where given 0 ≤ sk ≤ φn(k) and 0 ≤ s1 ≤ s2 ≤ · · · ≤ sk:

ψs1:sk (u, y0, y1, · · · , ysk) =

d1+ḡn/gne∑
i=1

k∏
q=0

∫ i+q

i+q−1
1{

u+
sq−1∑
j=0

yj<u′≤u+
sq∑
j=0

yj

}du′.

We now observe that by defining T kn : Bb
(
Rd(k+1)

)
→ Bb

(
Rd(φn(k)+1)

)
by

T knf
(
x0, · · · , xφn(k)

)
=

φn(k)∑
sk=0

T k→skn f (x0, · · · , xsk) ,

one has∣∣∣∣∣∣
φn(k)∑
sk=0

η̄sk,Mn (T k→skn f)− η̄φn(k),M
n (T knf)

∣∣∣∣∣∣
=

1

M

∣∣∣∣∣∣
φn(k)∑
sk=0

M−sk∑
i=1

(
T k→skn f

) (
XM,i
n , · · · , XM,i+sk

n

)
−
M−φn(k)∑

i=1

(
T k→skn f

) (
XM,i
n , · · · , XM,i+sk

n

)∣∣∣∣∣∣
≤ 1

M

φn(k)∑
sk=0

∥∥∥T k→skn f
∥∥∥
∞

(φn(k)− sk) −→
M→∞

0.

Combining the above estimate with (4.65) we obtain that∣∣∣E(η̃k,Mn+1(f)
)
− E

(
η̄φn(k),M
n (T knf)

)∣∣∣ −→
M→∞

0. (4.66)

In conclusion, combining (4.59) with (4.66) by taking f = P
⊗(k+1)
n+1 h, we obtain that∣∣∣E(η̄k,Mn+1(h)

)
− E

(
η̄φn(k),M
n (T kn h)

)∣∣∣ −→
M→∞

0

where T kn = T knP
⊗(k+1)
n+1 and this concludes the proof.
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4.7 Numerical Results

In what follows we fix d = 1 and given a sequence (Wn)n≥1 of independent real-valued random
variables distributed according to the uniform law on (0, 1), let Zn+1 = Zn +Wn+1 for n ≥ 0 with
Z0 distributed according to the uniform law on (0, 1)

(
η(dx) = 1[0,1] (x) dx

)
. Thus in this case the

transition kernel is given by P (x, dy) = 1[x,x+1](y)dy. Moreover we will fix gn (x) = f (x) = ex

∀n ≥ 0, ∀x ∈ R.

In this section, we are first going to numerically verify the Conjecture 1 in the case n = 1 and
the Conjecture 2 in the case n = 1 and n = 2. In the second place, we will test the two conjectures
together by directly studying the asymptotic variance. As done in the theory, we study numerically
the asymptotic behaviour of following expression:

VM
n+1 (f) = Var

(
√
M
η̄0,M
n (gnf)

η̄0,M
n (gn)

)
+ E

(
Var

(
1√
M

M∑
m=1

f(YM,m
n+1 )

∣∣∣ Fn)) . (4.67)

We will consider separately the case n = 0 and the case n = 1. We recall that the first case has
been fully studied in Section 4.3 without the need to introduce any conjecture.

4.7.1 Verification of the Conjectures

Conjecture 1

We recall the notation

f1 := g1

(
η̄0

1 (g1) f − η̄0
1 (g1f)

)
.

Since we have fixed gn (x) = f (x) = ex ∀n ≥ 0, ∀x ∈ R, one has η̄0
0 (g0) = e− 1, η̄0

1 (g1) = e2−1
2 ,

η̄0
1 (g1f) = 1

6(e3 − 1)(e+ 1). Moreover Pf1(x) = η̄0
1 (g1) e

2(x+1)−e2x
2 − η̄0

1 (fg1)
(
ex+1 − ex

)
and

Pf2
1 (x) =

(
η̄0

1 (g1)
)2 e4(x+1) − e4x

4
+
(
η̄0

1 (fg1)
)2 e2(x+1) − e2x

2
− 2η̄0

1 (g1) η̄0
1 (fg1)

e3(x+1) − e3x

3

and

η̄0
0

(
g0

(
Pf2

1 − (Pf1)2
))

=
(
η̄0

1 (g1)
)2(e5 − 1

5

)(
e2 − 1

2

)
+
(
η̄0

1 (g1f)
)2(e3 − 1

3

)(
e2 − 1

2
− (e− 1)2

)
− η̄0

1 (g1) η̄0
1 (g1f)

(
e4 − 1

4

)(
2

3

(
e3 − 1

)
−
(
e2 − 1

)
(e− 1)

)
.

We first observe that given a sequence (Ti)i≥1 of square integrable i.i.d. random variables, by using
the delta method it is possible to prove that as M goes to infinity the following convergence in
distribution holds:

√
M

 1

M

M∑
i=1

T 2
i −

(
1

M

M∑
i=1

Ti

)2
−Var (T1)

 d
=⇒ N

(
0,Var

(
(T1 − E (T1))2

))
. (4.68)

The general strategy will be the following: we fix M = 10000 and
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1. we simulate n1 = 107 independent samples Tj of
√
M
η̄0,M

1 (g1f)

η̄0,M
1 (g1)

=
√
M

M∑
i=1

(g1f)(XM,i
1 )

M∑
i=1

g1(XM,i
1 )

and we

compute, by using (4.68), the estimator

v̂1 :=
1

n1

n1∑
i=1

T 2
i −

(
1

n1

n1∑
i=1

Ti

)2

(4.69)

of Var

(
√
M
η̄0,M

1 (g1f)

η̄0,M
1 (g1)

)
with relative 95% confidence interval [a1, b1] given by

a1 := v̂1 −
1.96
√
n1

√√√√√ 1

n1

n1∑
i=1

Ti − 1

n1

n1∑
j=1

Tj

4

−

 1

n1

n1∑
i=1

Ti − 1

n1

n1∑
j=1

Tj

22

(4.70)

b1 := v̂1 +
1.96
√
n1

√√√√√ 1

n1

n1∑
i=1

Ti − 1

n1

n1∑
j=1

Tj

4

−

 1

n1

n1∑
i=1

Ti − 1

n1

n1∑
j=1

Tj

22

. (4.71)

2. we simulate n1 = 107 independent samples Hj of
1√
M

M∑
m=1

Pf1(YM,m
1 ) and we compute the

estimator v̂2 of VM
1 (Pf1) = Var

(
1√
M

M∑
m=1

Pf1(YM,m
1 )

)
with relative 95% confidence interval

[a2, b2] with v̂2, a2, and b2 respectively defined as in (4.69), (4.70) and (4.71).
Therefore

v̂2(
η̄0

1 (g1)
)4 +

η̄0
0

(
g0

(
P1f

2
1 − (Pf1)2

))
(
η̄0

1 (g1)
)4
η̄0

0 (g0)

is an estimator of V
M
1 (Pf1)

(η̄0
1(g1))

4 +
η̄0

0(g0(P1f2
1−(Pf1)2))

(η̄0
1(g1))

4
η̄0

0(g0)
with relative 95% confidence interval

 a2(
η̄0

1 (g1)
)4 +

η̄0
0

(
g0

(
Pf2

1 − (Pf1)2
))

(
η̄0

1 (g1)
)4
η̄0

0 (g0)
,

b2(
η̄0

1 (g1)
)4 +

η̄0
0

(
g0

(
P1f

2
1 − (Pf1)2

))
(
η̄0

1 (g1)
)4
η̄0

0 (g0)

 .
3. we check that v̂1 is close to v̂2

(η̄0
1(g1))

4 +
η̄0

0(g0(P1f2
1−(Pf1)2))

(η̄0
1(g1))

4
η̄0

0(g0)
as expected

n=1 value CI (95%)
v̂1 2.8021446 [ 2.7775619 , 2.8267273 ]

v̂2

(η̄0
1(g1))

4 +
η̄0

0(g0(P1f2
1−(Pf1)2))

(η̄0
1(g1))

4
η̄0

0(g0)
2.7932862 [ 2.7831461 , 2.8034263 ]

Conjecture 2

Let n ∈ {1, 2} and t ∈ {1, 2}. Moreover let h (x0, · · · , xt) = x0 + · · ·+xt and ψ (u0, w0, · · · , wt+1) =
u0 + w0 + · · ·+ wt+1 . The general strategy will be the following: we fix M = 10000 and
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1. we simulate n1 = 105 independent samples Tj of

1

M

M−t∑
m=1

h
(
XM,m
n , · · · , XM,m+t

n

)
ψ
(
uM,m−1
n , wM,m

n , · · · , wM,m+t
n

)
and we compute the standard estimator

v̂1 :=
1

n1

n1∑
j=1

Tj (4.72)

of 1
M

M−t∑
m=1

E
(
h
(
XM,m
n , · · · , XM,m+t

n

)
ψ
(
uM,m−1
n , wM,m

n , · · · , wM,m+t
n

))
with relative 95% con-

fidence interval [a1, b1] given by

a1 := v̂1 −
1.96
√
n1
∗

√√√√ 1

n1

n1∑
j=1

(Tj − v̂1)2 (4.73)

b1 := v̂1 +
1.96
√
n1
∗

√√√√ 1

n1

n1∑
j=1

(Tj − v̂1)2 (4.74)

2. we simulate n1 = 105 independent samples Hj of

1

M

M−t∑
m=1

h
(
XM,m
n , · · · , XM,m+t

n

)
ψ
(
U, g̃n(XM,m

n ), · · · , g̃n(XM,m+t
n )

)
where U is a random variable uniformly distributed on (0, 1) independent of Fn and g̃n =
gn

η0
n(gn)

(
η0

1 (g1) = e2−1
2 , η0

2 (g2) = e3−1
3

)
. We then compute the standard estimator v̂2 of

1

M

M−t∑
m=1

E
(
h
(
XM,m
n , · · · , XM,m+t

n

)
ψ
(
U, g̃n(XM,m

n ), · · · , g̃n(XM,m+t
n )

))
with relative 95% confidence interval [a2, b2] with v̂2, a2, b2 respectively defined as in (4.72),
(4.73) and (4.74).

3. we check that v̂1 is close to v̂2 as expected

4.7.2 Focus on the Variance

case n = 0

We recall the notation η̄0
0(h) := η(h) ∀h ∈ Bb (R) and f0 := g0

(
η̄0

0 (g0) f − η̄0
0 (g0f)

)
.

By (4.15) and by observing that Var

(
√
M
η̄0,M

0 (g0f)

η̄0,M
0 (g0)

)
= Var

√M η̄0,M
0

(
g0

η(g0)f
)

η̄0,M
0

(
g0

η(g0)

)
, one has

∣∣∣∣∣Var
(
√
M
η̄0,M

0 (g0f)

η̄0,M
0 (g0)

)
−
η
(
f2

0

)
η (g0)4

∣∣∣∣∣ −→M→∞
0



4.7. Numerical Results 119

n=1,t=1 value CI (95%)
v̂1 5.7510732 [5.7509322, 5.7512143]
v̂2 5.7509738 [5.7470892, 5.7548583]

n=1,t=2
v̂1 11.8853516 [11.8850608, 11.8856425]
v̂2 11.8835799 [11.8777417, 11.8894182]

n=2,t=1
v̂1 9.2154319 [9.2152408, 9.215623]
v̂2 9.2150201 [9.2087834, 9.2212568]

n=2,t=2
v̂1 19.0901421 [19.0897513 ,19.0905329]
v̂2 19.0895089 [19.0801501, 19.0988676]

where with the choices made η̄0
0 (g0) = e−1, η̄0

0 (g0f) = e2−1
2 , η

(
f2

0

)
=
(
η̄0

0 (g0)
)2 e4−1

4 +
(
η̄0

0 (g0f)
)2 e2−1

2 −
2η̄0

0 (g0) η̄0
0 (g0f) e

3−1
3 . The application of Theorem 35 with g = g̃0 = g0

η̄0
0(g0)

gives∣∣∣∣∣∣E
(
Var

(
1√
M

M∑
m=1

f(YM,m
1 )

∣∣∣ F0

))
−
φ0(0)∑
k=0

E (Fk)

∣∣∣∣∣∣ −→M→∞
0

with (Fk)k∈N given by f2(XM,1
0 )β0

(
U1, g̃0(XM,1

0 )
)
if k = 0 and by

−f(XM,1
0 )f(XM,k+1

0 )β1

(
U1, g̃0(XM,1

0 ),
k∑
`=2

g̃0(XM,`
0 ), g̃0(XM,k+1

0 )

)

if k > 0 with U1 ∼ U(0, 1) independent of XM,1
0 , · · · , XM,k+1

0 and β0 and β1 respectively defined
in (4.7) and (4.8). By using that when U1 is uniformly distributed on (0, 1), {U1 + r} is uniformly
distributed on (0, 1) for each r ≥ 0, we can apply the Freezing Lemma to rewrite E (Fk) ∀k =
0, · · · , φ0(0) :

φ0(0)∑
k=0

E (Fk) =

φ0(0)∑
k=0

E
(
φk,g̃0

(
XM,1

0 , · · · , XM,k+1
0

))
(4.75)

for measurable functions φk,g̃0 : R(k+1) → R given by

φ0,g̃0(x) =
1

3

(
f2(x)

(
1− 1{g̃0(x)<1} (1− g̃0(x))3

))
(4.76)

and for each k ≥ 1,

φk,g̃0(x) = f(x1)f(xk+1)ψk,g̃0(x) (4.77)
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where ψk,g̃0(x) is given by

1

2

1{ k∑
i=2

g̃0(xi)<1

}1{k+1∑
i=1

g̃0(xi)<1

}g̃0(x1)g̃0(xk+1)

(
2− 2

k∑
i=2

g̃0(xi)− (g̃0(x1) + g̃0(xk+1))

)
+
1

6

1{ k∑
i=2

g̃0(xi)<1

}1{k+1∑
i=1

g̃0(xi)≥1

}
(
1−

k∑
i=2

g̃0(xi)

)3


−1

6

1{ k∑
i=1

g̃0(xi)<1

}1{k+1∑
i=1

g̃0(xi)≥1

}
(
1−

k∑
i=1

g̃0(xi)

)3


−1

6

1{k+1∑
i=2

g̃0(xi)<1

}1{k+1∑
i=1

g̃0(xi)≥1

}
(
1−

k+1∑
i=2

g̃0(xi)

)3
.

Thus, using numerical methods we are going to check what we already know theoretically that
is ∣∣∣∣∣∣VM

1 (f)−
η
(
f2

0

)
η (g0)4 −

φ0(0)∑
k=0

E
(
φk,g̃0

(
XM,1

0 , · · · , XM,k+1
0

))∣∣∣∣∣∣ −→M→∞
0.

The general strategy will be the following: we fix M = 10000 and

1. we simulate n1 = 107 independent samples Tj of
1√
M

M∑
m=1

f(YM,m
1 ) and we compute the

estimator v̂1 of VM
1 (f) = Var

(
1√
M

M∑
m=1

f(YM,m
1 )

)
with relative 95% confidence interval

[a1, b1] with v̂1, a1, b1 respectively defined as in (4.69), (4.70) and (4.71). Therefore v̂1−
η(f2

0 )
η(g0)4 is

an estimator of VM
1 (f)− η(f2

0 )
η(g0)4 with relative 95% confidence interval

[
a1 −

η(f2
0 )

η(g0)4 , b1 −
η(f2

0 )
η(g0)4

]
.

2. We simulate n2 = 105 independent samples Zj of
φ0(0)∑
k=0

φk,g̃0

(
XM,1

0 , · · · , XM,k+1
0

)
and we

compute the standard estimator v̂2 of
φ0(0)∑
k=0

E
(
φk,g̃0

(
XM,1

0 , · · · , XM,k+1
0

))
with relative 95%

confidence interval [a2, b2] with v̂2, a2, b2 respectively defined as in (4.72), (4.73) and (4.74).

3. We check that v̂1 −
η(f2

0 )
η(g0)4 is close to v̂2 as expected.

n=0 value CI (95%)

v̂1 −
η(f2

0 )
η(g0)4 0.07943 [ 0.079127 , 0.079733 ]
v̂2 0.0793412 [ 0.0790773 , 0.0796051 ]

case n = 1

In this case the asymptotic behaviour of the first term of the right-hand side of (4.67) is given by
Conjecture 1∣∣∣∣∣∣Var

(
√
M
η̄0,M

1 (g1f)

η̄0,M
1 (g1)

)
− VM

1 (Pf1)(
η̄0

1 (g1)
)4 − η̄0

0

(
g0

(
Pf2

1 − (Pf1)2
))

(
η̄0

1 (g1)
)4
η̄0

0 (g0)

∣∣∣∣∣∣ −→M→∞
0
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and by (4.55) the asymptotic behaviour of the second term of the right-hand side of (4.67) is
given by ∣∣∣∣∣∣E

(
Var

(
1√
M

M∑
m=1

f(YM,m
2 )

∣∣∣ F1

))
−
φ1(0)∑
k=0

E
(
η̄k,M1

(
f̃k

))∣∣∣∣∣∣ −→M→∞
0 (4.78)

where for k = 0, · · · , φ1(0),

f̃k (x0, · · · , xk) = f (x0) f (xk)

∫ 1

0
β̄k (u, g̃1 (x0) , · · · , g̃1 (xk)) du

with β̄k (u, y0, · · · , yk) := β0(u, y0)1{k=0} − β1

(
u, y0,

k−1∑̀
=1

y`, yk

)
1{k 6=0}. We recall that β0 and

β1 are respectively defined in (4.7) and (4.8) and g̃1 = g1

η̄0
1(g1)

. We now observe that

φ1(0)∑
k=0

E
(
η̄k,M1

(
f̃k

))
=

φ1(0)∑
k=0

E
(
η̄k,M1 (φk,g̃1)

)
(4.79)

where the φk,g̃1 : R(k+1) → R are measurable functions defined in (4.76) and (4.77).

Thus using numerical methods we are going to check that∣∣∣∣∣∣VM
2 (f)− VM

1 (Pf1)(
η̄0

1 (g1)
)4 − η̄0

0

(
g0

(
Pf2

1 − (Pf1)2
))

(
η̄0

1 (g1)
)4
η̄0

0 (g0)
−
φ1(0)∑
k=0

E
(
η̄k,M1 (φk,g̃1)

)∣∣∣∣∣∣ −→M→∞
0

so that Conjecture 1 and Conjecture 2 are numerically verified at the same time. The general
strategy will be the following:

1. (a) we simulate n1 = 107 independent samples Tj of
1√
M

M∑
m=1

f(YM,m
2 ) and we compute

the estimator v̂1,1 of Var
(

1√
M

M∑
m=1

f(YM,m
2 )

)
with relative 95% confidence interval

[a1,1, b1,1] with v̂1,1, a1,1, and b1,1 respectively defined as in (4.69), (4.70) and (4.71).

(b) we simulate n1 = 107 independent samples Hj of
1√
M

M∑
m=1

Pf1(YM,m
1 ) independent of

(Tj)1≤j≤n1
. We compute the estimator v̂1,2 of Var

(
1√
M

M∑
m=1

Pf1(YM,m
1 )

)
with relative

95% confidence interval [a1,2, b1,2] with v̂1,2, a1,2, and b1,2 respectively defined as in (4.69),
(4.70) and (4.71).

(c) we compute the estimator v̂1,1 − v̂1,2

(η̄0
1(g1))

4 −
η̄0

0(g0(Pf2
1−(Pf1)2))

(η̄0
1(g1))

4
η̄0

0(g0)
of

VM
2 (f)− VM

1 (Pf1)(
η̄0

1 (g1)
)4 − η̄0

0

(
g0

(
Pf2

1 − (Pf1)2
))

(
η̄0

1 (g1)
)4
η̄0

0 (g0)

with 90% confidence interval [A,B] with A = a1,1 − b1,2

(η̄0
1(g1))

4 −
η̄0

0(g0(Pf2
1−(Pf1)2))

(η̄0
1(g1))

4
η̄0

0(g0)
and

B = b1,1 − a1,2

(η̄0
1(g1))

4 −
η̄0

0(g0(Pf2
1−(Pf1)2))

(η̄0
1(g1))

4
η̄0

0(g0)
.
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2. We simulate n2 = 105 independent samples Zj of
φ1(0)∑
k=0

η̄k,M1 (φk,g̃1) and we compute the stan-

dard estimator v̂2 of
φ1(0)∑
k=0

E
(
η̄k,M1 (φk,g̃1)

)
with relative 95% confidence interval [a2, b2] with

v̂2, a2, b2 respectively defined as in (4.72), (4.73) and (4.74).

3. We check that v̂1,1 − v̂1,2

(η̄0
1(g1))

4 −
η̄0

0(g0(Pf2
1−(Pf1)2))

(η̄0
1(g1))

4
η̄0

0(g0)
is close to v̂2 as expected.

n=1 value CI

v̂1,1 − v̂1,2

(η̄0
1(g1))

4 −
η̄0

0(g0(Pf2
1−(Pf1)2))

(η̄0
1(g1))

4
η̄0

0(g0)
0.4729737 [ 0.4690806 , 0.4768669 ]

v̂2 0.4725217 [ 0.4724719 , 0.4725714 ]
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