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CHAPTER 1

Introduction

1.1 Introduction to stochastic approximation

Stochastic approximation (SA) appeared in 1951 following the article [RM51] in Annals
of Mathematical Statistics. It is a family of iterative methods for finding the roots of a
continuous function h : R — R? called mean field, when it is accessible only with noise.
The scheme of these methods is as follows:

9n+1 = en +nn+1H€n (Xn—l—l) ) (11)

where (0,)nen is the sequence of iterates, with 6, € R? for any n € N and which is
initialized at 6. The sequence (N, )nen+ is the sequence of step sizes, which is deterministic
and chosen by the user under the condition n,, > 0 for any n € N*. Finally, Hp, (Xp+1)
is an estimator of the continuous function h at the point 6,,. The noise is modeled by the
sequence of random variables (X,,4+1)nen With values in (X, X).

The scheme (1.1) has received interest for decades, analyzed mainly by the communi-
ties of stochastic approximation (see [BMP90; Bor09; BCZ11; KY03; PJ92; Rup&8]) and
optimization (see [dST+21; Nem-+09; NesO4; NVO8]). In the last twenty years, it has
found a renewed interest within the statistical learning community, as its applications are
at the heart of numerous successes (see [Bot10; Bot12; BB08b; BOCN18; Cra+06; DHS11;
Sha+12; SSS07; Xia09]). Both in optimization and statistical learning, the main applica-
tion of (1.1) is stochastic gradient descent (SGD), which is obtained when h = —grad f
for a differentiable function f : R* — R.

We introduce some examples where stochastic approximation is used.

1.1.1 Motivation

Example 1.1 (Estimation of the mean). For d € N*, consider a probability distribution
7 over R with a finite second order moment. Consider a sequence of i.i.d. observations
(Xn)nen+ with distribution m. We can estimate the unknown quantity p = [gaw dm(u)
with the stochastic gradient descent algorithm. Consider the quadratic risk Lo defined for
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any 0 € RY by .
£2(6) =5 [ 16— ul*dm(u)

_§Rd

By differentiating under the integral sign, we have that Lo is differentiable, with gradient
given by grad Lo(0) = 0 — p. Since we do not have access to p, grad Lo is not com-
putable, but we can use the observations (Xp)nen as estimators of p to obtain a cheap,
yet inefficient, estimator of —grad La(0). Consider, for any n € N* and any 6 € R,
Hy(X,) =—(0 — X,,). We summarize its relevant estimation properties :

E[Hy(X,)] = —grad £2(0) , and E [|[H(X,) + grad £5(0)]°] = 0* < +oo ,

where 0> = Var(X;). Consider the Robbins-Monro stochastic gradient descent scheme
(1.1) to minimize Lo, initialized at 0y = 0, with step sizes N, = 1/n for n € N*:
1 n 1

—m(en—Xn):79n+ﬁXn-

9n+1 = 971 +nn+1H0n (Xn) = 971 n+1

A simple induction allows us to see that for anyn € N*, 6, =n~' 3", X;. By the strong
law of large numbers, 0, a_>—5> 1.
n oo

Let us now look at two situations in supervised learning where stochastic gradient
descent is used.

Supervised learning We have a set of n i.i.d. observations (z;,y;) € X x Y, for ¢ =
1,...,n, and having a new observation x, we would like to give a prediction of an unseen
y using a function ' ®(x) which is linear in the features ®(x) € R?. We suppose that the
feature function ® : X — R? is known and we want to learn the parameters § € R¢ such
that § ' ®(x) resembles as closely as possible y. To evaluate the performance of the current
parameter 6, we consider a loss function £:Y x R — R,..

One way to answer this problem is to consider the empirical risk.

Example 1.2 (Empirical risk minimization). One approach is to optimize the empirical
risk, that is,

: 1<
Inin Remp(0) , where Remp : 60— - izzlﬁ (yi,9T®(;c,~)) : (1.2)

Computing analytically the minimizer of (1.2) is costly if not impossible in general (con-
sider that the amount of observations n could be quite large), therefore, we use an iterative
algorithm to approzimate the minimizer 0* € R%.

At iteration t, we produce a random variable iz1, uniform in {1,...,n} and consider
gi+1, the gradient of 0 — L(y;,, ,,0" ®(zi,,,)). Then, we produce the following scheme,
initialized at 6y € R?,

Or11 =0 —Mnr190+1(67)
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where (Mp)nen+ @8 the sequence of positive step sizes. In this approach, the randomness
comes from the choice of the indices, and since (it)ien+ 1S sampled with replacement, we
will use multiple times the same data point (x;,y;). As t — oo, the sequence (0;)ien
converges to a minimizer 0* of the empirical risk (1.2).

Another risk function that is relevant to consider is the expected risk.

Example 1.3 (Expected risk minimization). We now consider is the minimization of the
expected risk, that is,

;Ielgflz Rezp(0) , where Regp: 60— E V (y, HT‘I)(@")H )

where (z,y) is a random variable with same law as the observations (v, Yi)ief1,...n}- This
risk function encompasses all possible values for x, not just the ones that have been o0b-
served. It is therefore a better indicator of how good our prediction is. However, the
law of the data points (x,y) is not known in practice, therefore the expected risk is not
computable. We decide to iteratively optimize an approximation of Regp.

Just like in FExample , the data points allow us to get simple, yet separately inef-
ficient estimators of grad Res. This means that if you denote g; the gradient of 0 —
Uy, 0T ®(xy)), then, by differentiating under the integral sign, g;(0) is an unbiased esti-
mator of grad Rezp(0). This gives us the following scheme, initialized at 0y € R,

Or+1 = 0y —Mnt196+1(0¢) (1.3)

where t takes now values in {0,...,n — 1} and (Mp+1)neN S the sequence of positive step
sizes. In this approach, the randomness comes from the observations themselves. To
preserve the independence of the estimators (gt)te{l,”_,n}, we can only perform a single
pass on the data. If the number of observations n goes to infinity, then the scheme (1.3)
will converge to 0* a minimizer of the expected risk Regp.

Note that Example is well-suited for learning from static data sets (i, ¥:)ic1,....n}
— also called batch learning — whereas Example is better suited when data comes as a
stream, meaning the user only receives one observation (zy,y;) at each step — also known
as online learning.

The next example showcases the transformation of a batch learning algorithm into an
online version using stochastic approximation.

The Expectation-Maximisation (EM) algorithm Let us first introduce the EM
algorithm — see [DLR77] — which we present for the estimation of parameters in a latent
variable model. This model encompasses missing data, censored observations and noisily
observed data.

Consider that there exists a non-observable or latent variable X, that is distributed ac-
cording to the density f(z;0), where { f(z;0) : 6 € O} is a parametric family of probability
density functions, indexed by the parameter § € © C R?. Consider also an observation
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Y €Y, which is a deterministic function of X. Denote by ¢(y; ) the observed likelihood
of the model.

Given n i.i.d. observations Y = (Y7,...,Y,,), the EM algorithm iteratively maximises
the log-likelihood log g(Y'; 0) = > i~ log g(Y;; 6), despite the complicated formulation of g,
resulting from the latent data model. Each iteration k consists of two steps. The E-step
evaluates the conditional expectation

05 Qo (V160) = - S "By, llog F(X: O]
i=1

where 0, is the current estimate of § and Egy[-|Y] is the conditional expectation under the
model parameterized by 6. The M-step consists of finding the value 6 that maximises
Qo, (Y;0), which is taken as the new estimate 6jy;. Interestingly, increasing the quantity
Qo, (Y';0) results in an increase of the log-likelihood log g(Y'; 0) — see [DLR77].

This algorithm uses the all data in batch in every iteration. There have been multiple
online versions of the EM algorithm, we present the one of [CM09].

Example 1.4 (Online EM algorithm). Within the context of the EM algorithm, the online
E-step becomes: at iteration k, for 0 € ©, evaluate the function

Qrt1(0) = Qr(0) + Nk (Eek log f(Xkt1;0)|Yit1] — Qk(9)> ;

where (Mp)nen+ 1S a sequence of positive step-sizes. The M-step remains taking 641 as
the value in © which mazrimizes Qpy1.

[CMO9] prove that this algorithm converges to a stationary point of the Kullback-
Leibler distance to the solution (see Theorem 1 of [CM09]). It also has the nice property
of decreasing the Kullback-Leibler distance to the solution at each iteration, provided the
step-size is sufficiently small (see Proposition 2 of [CMO09]).

Having presented a broad view of what stochastic approximation is capable of solving,
we now look at the assumptions and proof techniques of this method.

1.1.2 Noise Assumptions

The estimator Hy, (X,,+1) is rewritten as follows,

Hp, (Xn+1) = h(0n) + €9, (Xny1)

where eg, (Xp41) is the estimation error. We define the filtration (F,)nen as the natural
filtration of (6,,)neN-

The classical assumption to make about the noise (see assumption A4 of [Kar+19],
assumption A1l of [GL13] or assumption H1 of [MB11]), is to bound the first two moments
of the noise, as done below.

A1 (Martingale difference setting (Euclidean)). There exists 0> > 0 such that for any
n €N,
E [eo, (Xnt1)| P =0, and E [leg, (Xop1)|P|F] <02
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This assumption on the noise means that the estimator Hp(X) is unbiased and of
uniformly bounded variance. This case is called martingale difference because the se-
quence of random variables (>7_ €g, (Xk+1))nen defines a martingale with respect to the
filtration (F,)nen. A generalization of this assumption is to replace the inequality with
Ellles, (Xni1)12|1Fn] < 02402 ||R(6,)]%, to say that the bound on the variance can depend
on the current point 6,,.

The other kind of noise that has been of interest to the community — see Case 2 in
[Kar+19] and [BCN18; GL13] — is the Markovian setting, where the sequence of noise
vectors (eg, (Xn+1))nen is a state-dependent Markov noise.

A2 (Markovian setting (Euclidean)). There ezists a Markov kernel P on (© X X) X X such
that for any n € N and any bounded measurable function ¢ : X — R, E[p(Xpt1)|Fn] =

Jx e(y) Py, (Xn,dy). Moreover, for any § € ©, Py admits a unique invariant distribution
mp such that h(0) = [y Ho(y)dme(y).

This setting is relevant in reinforcement learning topics as Q-learning (see [JJ5S93]) and
policy gradient (see [BBO1]).

1.1.3 Convergence techniques

A fruitful approach to analyze scheme (1.1) is to find a non-negative function V : R — R
that decreases with each iteration. This energy-like function V is called a Lyapunov
function, much like in [Lya92]. The terminology comes from Lyapunov’s second method
in [KB60], who use this technique to prove the global asymptotic stability of the solutions
to the scheme (1.1). They do it by showing that all the trajectories of the solutions to the
limiting ordinary differential equation (ODE) = h(6) go to zero. This technique, coined
the ODE approach, has been used with quite a lot of success as in [BFH13; Bor09; BMOO;
Kar+419]. The caveat is that it requires the user to design their own Lyapunov function,
since there is no general way to find them. Most of the analysis has been of asymptotic
nature (see [FabG8; Pf&6; Sach8]), but non-asymptotic literature has been prolific more
recently (see [BM11; Kar+19; Pfl90; RRT17]), as non-asymptotic results have palpable
implications on most common applications.

1.1.4 SGD assumptions

For the SGD case, Lyapunov conditions are met by different convexity assumptions. Two
cases are important to showcase, the strongly convex case and the convex case. When f
is strongly convex, under mild assumptions and having for any n € N*, n,, = ¢/n for some
¢ > 0, we have the following non-asymptotic rate of convergence

E[£(@) - f(6")] < C/n,

where C' > 0 is a constant, 6,, = (1/n) Y272, 0 and 8* is the unique solution (see [BM11]).
This corresponds to the best rate possible for this class of problems (see [Aga-+09]). When

5
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f is only convex, under similar mild assumptions and taking the same choice for the step
size, we obtain

E[/(8n) ~ 1)) < O/ V.

This bound is also optimal for this class of problems (see [Aga+09]).

1.1.5 Projected scheme

There are multiple reasons to want the iterations of (1.1) to remain on a smaller set
© C R% it is used to accelerate the convergence as in projected SVM [LSB12; SSS07], it
can be used to prove the stability of the algorithm — for which it is commonly needed that
the iterates remain in some compact set — as in [MMNM18] and sometimes the projection
is there to ensure that (6,,)nen satisfies some constraints S as in [PfI86]. For any of these
cases, we would rewrite (1.1) as follows

On+1 = projg (On + N1 Hy, (Xnt1)) , (1.4)

where projg is the orthogonal projection onto some convex and compact subset © C RY.
Let us look at the following example to motivate further the study of the projected
scheme.

Example 1.5 (Estimation of eigenvectors). We observe a sequence of d x d independent
random matrices (Ag)gen, with common expectation E[Ax] = A, a symmetric matriz. We
want to approximate an eigenvector of the mean matriz A, using the noisy observations.
Consider the scheme found in [OK85],

- enfl + nnAnenfl
Henfl + T]nAnenfl || ’

On (1.5)

where ||-|| is the Euclidean norm. Assume that Y ;cn+Tn = 00, Y en+T2 < 00 and A
holds — meaning sup,,en E[|| Anl|?] < 0o — then (0n)nen converges to some eigenspace of A
(see Theorem 3 in [Del00]). If A has no multiple eigenvalue, then the sequence converges
to an eigenvector of A.

It is important to remark that scheme (1.5) can be decomposed in two steps: first
0, = 01 + NnApb,_1 and second 0, = gn/”gnH = prOjsd—l(én), where S is the unit
sphere (of dimension d — 1 embedded in R?) for the Euclidean norm ||-||. The first step
corresponds to a scheme of the form (1.1). However, performing only this step would
lead to a divergent sequence in many cases because ||0,| — oo — e.g. in the case of a
positive eigenvalue or a poorly chosen sequence (1,)nen+. Since the norm of the vector
is not important when looking for an eigenvector, the second step removes an irrelevant
dimension of the ambient space by projecting its iterates on the sphere.

In this case, the projection step solves the indetermination of (||0,|)nen. However,
since 6, — 0,,_1 is no longer proportional to A,60,_1, by only looking at A,0,_1, we do not
know if the next step is going to be large or small. We believe that a more satisfying answer
to this indetermination would be to create a scheme similar to (1.1) in a constrained space

6
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O, such that the distance between two consecutive iterates corresponds to a norm of the
mean field. This new scheme must also address the other issues that led us to consider
the projected scheme.

To do this, we restrict the parameter space R? to a differentiable manifold ©, which
we endow with a Riemannian metric g.

1.2 Stochastic approximation on Riemannian manifolds

For a Riemannian manifold, we adapt scheme (1.1) into one that remains inside of ©
intrinsically, that is without an ambient space R¢ and a projection step:

On1 = Expg, (Mnr1Hg, (Xni1)) , (1.6)

where Expg : Tg — O is the Riemannian exponential, which corresponds to the flow of a
“straight line” in a Riemannian manifold, meaning Expy(v) ~ 6+v. One might ask if (1.0)
is really fundamentally different to the projected scheme (1.4). Intuitively, the path from
0y, to 0,11 is not the projection of a straight line as in (1.1), but rather the “straightest
path” that remains on ©. This key difference causes that under simple conditions’, the
Riemannian distance between 0,11 and 0,, is exactly the Riemannian norm of the mean
field Hy, (Xp+1) times the step-size 1y,41.

1.2.1 Geodesic versus retraction schemes

The geodesic scheme (1.6) has many advantages compared to the projective scheme (1.1),
like the intrinsic belonging of the sequence (6,),en to the manifold © and the very nice
property that the Riemannian distance between two consecutive iterations pg (6, Ont1) is
equal to the step size 1,41 times the Riemannian norm of the noisy mean field ||Hyp, (Xn+1)|lo,,,
both of which we have already mentioned above. However, there are some costs that come
with these perks, which come from the computation of the exponential map, or equiva-
lently, the computation of a geodesic vy : [0,1] — © with initial point y(0) = 6 € © and
initial speed Y(0) = u € TypO. In the best of cases, the geodesic has a closed form that is
easy to compute, like in the case below.

Example 1.6 (Geodesics on the sphere S%). Consider the unit sphere S = {x € R¥*1
|x|| = 1}, where || - || stands for the standard Euclidean norm on RTY. The standard
Riemannian manifold structure of the sphere is the following. For any @ € S¢, the tangent
space is given by TpS? = {u € R : u'@ = 0} — see [AMS0S, Example 3.5.1]. The
canonical metric on the sphere g is defined as the restriction of the Fuclidean scalar product
from R to the tangent space ToS%. The formulation of the exponential map is found in
[Lee19, Proposition 5.27],

Expg(u) = cos([[u])6 + sin([ull)(u/[lul]) -

Lthis holds for small enough vectors, when they remain inside the tangent injectivity domain TD(0)
(see Section )

7
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In other cases, the geodesic has a closed form but is more expensive to compute nu-
merically, like in this example.

Example 1.7 (Geodesics on the Grassmann manifold Gr,(RY)). For r € {1,...,d}, let
Gr,(RY) be the set of r-dimensional subspaces over RY. We can represent Gr,.(R?) as the
quotient of the non-compact Stiefel manifold by the action of the linear group GL,(R). This
representation corresponds to saying that a r-dimensional subspace E of R? corresponds

to any r linearly independent vectors vi,...,v, in R? such that Span(vy,...,v,) = E.
We then compute the quotient by identifying the families of vectors that have the same
span. See Ezample and Section for a more detailed presentation of both the

Grassmann and Stiefel manifolds, their tangent space and standard metric. For B in the
Stiefel manifold, we denote by [B] the corresponding class in Gr,(R%). For any [B] €
Gr,(RY) and D € Tig Gr,(RY), one formulation of the Riemannian exponential map, that
is found in [AMS0/, Theorem 3.6/, is given by

Exp[B}(D) = [(B (BTB>_1/2V U) (ZTE((E)))] ’

where cos and sin are given by their power series definitions and D(BTB)_l/2 =UXV' s
the compact singular value decomposition (denoted SVD in the future, see [[HP1/, Theorem
1.46], with U a d X r matriz with orthogonal columns, meaning U'uU=1,Varxr
orthogonal matriz, and 3 a r X r diagonal matrix with nonnegative elements.

In this case, on top of cheap computations as sums, multiplications and trigonometric
functions, the computation of a geodesic requires a compact SVD which requires O(dr?)
computations (see [HGI07]). Such computations often prove too time-expensive for large
dimension problems, because this cost is required for every iteration of a scheme such
as (1.0). The last case is when there is no closed form for the solutions of the geodesic
equation — see Section . In this case we can approximate the solutions numerically,
but the scheme is no longer geodesic.

To deal with the problems present in the last two cases presented above, the community
was very quickly interested in so-called retraction schemes. The idea is to replace the
exponential map with a suitable approximation — which is easier to compute in practice.
We call such approximations of the Riemannian exponential map retractions.

Definition 1.8 (Retraction). A continuously differentiable map Ret : TO — ©, is called
a retraction when for any 0 € O, Rety(0g) = 6 and (DRet)y(0g) = Id , where Oy is the
zero element of TyO.

The resulting scheme is formulated as follows. Starting at 6y € ©, define recursively
for any n € N*,

On+1 = Reto, (Mnt1Ho, (Xnt1)) - (1.7)

For examples of retractions, see Examples and . The conditions in the definition
imply that Expy and Retg have the same first-order Taylor expansion about 0, which
supports the idea that the two schemes may have a similar behavior.




1.2. Stochastic approximation on Riemannian manifolds

Before looking at the work of the stochastic approximation community, it is necessary
to underline the importance of the work of the deterministic optimization and numerical
methods communities on Riemannian manifolds. [AMS08; EAS98] in particular have given
the possibility to the optimization community to be interested in Riemannian geometry.
Compared to other branches of Riemannian geometry, the introduction made in the op-
timization or numerical methods communities makes a considerable effort of sobriety, by
introducing only the notions needed for optimization algorithms. Moreover, the examples
treated in these articles have become actual case studies for the stochastic optimization
community. To model the randomness into Riemannian manifolds, works like [Pen99]
have paved the way for statistical theory on Riemannian manifolds. It is the joint effort
of these three communities that has created the ecosystem necessary to make stochastic
approximation on Riemannian manifolds a reality.

1.2.2 First asymptotic convergence result

In 2013, [Bonl13] started the field of stochastic approximation on Riemannian manifolds
by proving the following result.

Theorem 1.9 ([Bonl3], Theorem 1). Consider the scheme (1.0) with the mean field h =
—grad f, where f: © — R is a three times differentiable map on a connected Riemannian
manifold © with injectivity radius uniformly bounded from below (see Section ).
Assume the sequence of step sizes (Mp)nen+ satisfy the standard condition ), cn«TNn = 00
and ), en- N2 < oo. Suppose there exists a compact set K such that 0,, € K for alln € N,
and that there exists C > 0 such that for any 0 € K and x € X we have |[Hg(x)|lg < C.
Then (f(6n))nen converges a.s. and lim,_,~ grad f(6,) =0 a.s.

For today’s standards, the assumptions on the manifold and the sequence of step
sizes are perfectly usual. The existence of the compact set K holds if the manifold is
compact, which is true in some of the most important applications, like the sphere, the
Stiefel and Grassmann manifolds, see Examples and 2.9. However, in general, there
is no theoretical guarantee that such a compact exists and in practice, people just check
empirically that the simulated trajectories remain in a compact that they choose. This
assumption is very problematic, because (1) it restricts initialization inside said compact,
meaning that the analysis is only local and never global, (2) the empirical check seems
dubious and cannot prove that the trajectories remain inside the compact set almost surely
and (3) the introduction of this assumption by [Bon13] has incentivized an important part
of the community to adopt it, which has lead to results on which the diameter of K
appears in the non-asymptotic rates of convergence. One of our goals moving forward is
to completely get rid of this assumption. This might require a different proof technique,
as is seen in future sections. The assumption on the noise is quite restrictive, because it
requires that the support of distribution of the noise is bounded. Riemannian equivalents
to A1, where we only need bounds on the moments of the noise are much more common
currently.

This result is in and of itself a stepping stone for the community, but much of the
impact of [Bon13] comes from their study of the retraction scheme as well as the plethora
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of examples treated. Indeed, in [Bon13, Theorem 2] obtains the same result as Theorem
for the retraction scheme (1.7), under the additional assumption that for any 6 € ©, Rety
is twice continuously differentiable.

This second result, combined with illuminating applications in subspace tracking (on
the Grassmann manifold), Karcher mean computation (on a hyperbolic space) and esti-
mation on the manifold of symmetric and positive matrices, underline two key strengths
of Riemannian analysis. Firstly, Riemannian analysis motivates the appearance of new
algorithms by carefully choosing a problem-specific metric on the manifold of parameters
and deriving the consequent geodesic or retraction scheme (1.6)-(1.4). These algorithms
can be studied within the shared framework of Riemannian stochastic approximation.
Secondly, one can also identify existing algorithms that did not start as geometrical ones,
but that in fact approximate the geodesic scheme (1.6) closely enough, so that they can
be analyzed as a retraction scheme within the Riemannian framework. Let us illustrate
this statement with the first example in [Bon13, Section 4.1] and Oja’s rule.

Example 1.10 (Online principal component estimation). Consider A a d x d covariance
matriz, for which we aim to estimate the first v principal components, meaning the linear
span of its principal r eigenvectors. As usual in an online framework, consider a sequence
of i.i.d. samples (Xp)nen in R, for which we assume that E[X1X|'] = A. To solve this
problem, we look first at Oja’s rule (see [Oja92]), where 6y is a d X r matriz such that
08—90 =1, and the scheme is given by

Oni1 = On + st (s = 00y ) Xns1 X111 (1.8)

To simplify the geometry of this problem, let us look at the case r = 1. The general case
is detailed in Section . One way of explaining this scheme is to introduce the cost
function f : RT — R, defined for any 6 € R? by f(0) = —0TAO/2. This cost function,
when looking at unitary vectors, is minimized when 0 is the leading eigenvector of A,
and its FEuclidean gradient is given by grad(E)f(Q) = —Af. However, Oja’s rule does not
use scheme (1.1) with this gradient, but rather it precomposes this gradient by the matriz
I; — Hnﬁg. The geometric interpretation is that, since we do mot care about the morm
of 0, we only need to keep track of the parts of grad(E)f(Hn) that are orthogonal to 0,.
This is accomplished by the projection matriz on the orthogonal supplement to Span(6,,),
Iy — 60,0, .

Now, to interpret (1.8) as a retraction scheme as in (1.7), we set the manifold to be the
unit sphere embedded in R?, denoted by S%1, and to compute the Riemannian gradient of
f on the sphere, we use [AMS0S, Example 3.6.1] grad ®) f(0) = (I; — 07 0)grad () f(9) =
—(I;—0T0)Al. The simplest retraction is the one we used in Example 1.5, namely Ret(gs) :
v € TeS s (0 +v)/ |0+ v|| € ST, yielding the scheme

9n+1 = Retéi) (nn—i-l (Id — 9;9»“) Xn+1X7;r+19n) .

10
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1.2.3 Non-asymptotic analysis

Since, the community has been looking to prove the properties of SA in Euclidean spaces
for the Riemannian framework. As a Riemannian counterpart to [BM11], [Z516] deal with
non-asymptotic analysis for the SGD case for g-convex and g-strongly convex functions.

Definition 1.11 (Geodesically convex function). A map f: © — R is said to be geodesi-
cally convex, or g-convez in short, when for any 6y,61 € ©, a geodesic vy : [0,1] — O such
that y(0) = 6y and y(1) = 01 and any t € [0,1],

F(61) > F(80) + (grad f(60). Bxpy, (61) ), -

Definition 1.12 (A-strongly geodesically convex function). Consider f a geodesically
conver mapping and X > 0. f is said to be A-strongly geodesically convex if for any
6,01 € ©, there exists a geodesic y : [0,1] — O such that y(0) = 6y and y(1) = 61 and
any t € [0,1],

£(01) = 1(60) + (grad £(60). Bxpy (00), +578(00.01)

where pg : © X O — Ry is the Riemannian distance on © (see Section and ( ).

The results are equivalent bounds to the ones in the Euclidean setting, under the
assumption that the iterates (6,,)nen remain in a compact subset of ©. Namely, for a
strongly convex function f over O, [Z516, Theorem 12| states that there exists C' > 0 such
that for any n € N,

E[£(@) - f(6")] < C/n,

where 0y = g, 0,41 = Expg {(2(n+ 1)*1Exp§_1(:rs+1)} and 6* is the unique solution. For
the convex case, [Z516, Theorem 10] gives under the same setting that there exists C' > 0
such that for any n € N,

E[/(Bn) ~ 1(6)] < /v

1.2.4 Momentum and Nesterov’s Accelerated Gradient in the determin-
istic case

For convex functions, there has been recent efforts to implement different kinds of stochas-
tic gradient descent with momentum. Although the community has only analyzed the
deterministic gradient case, meaning Hy(X) = —grad f(0), their works are related and
could be the avenue for new stochastic schemes. On vector spaces, the idea of momentum
is a scheme like the following

Unt1 = Pon +NHp, (Xp+1), and  Opp1 =0, + vy, (1.9)

where (vp,)nen is the sequence of momentum or velocity terms, 8 € (0,1) is the decaying
hyper-parameter usually taken equal to 0.9 and 6 — Hy(X) is an estimator of the mean-
field map —grad f. The intuitive idea is that, by keeping some of the speed of previous
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iterations, it will smooth the trajectory, meaning that it will limit oscillation when close
to the solution. In practice, momentum techniques allow to escape saddle points, and
have been proven to obtain bounds of the form f(6,,) — f(0*) = O(1/n?)[Nes83] for convex
functions. In particular, Nesterov’s acceleration (see [Nes04; Nes83]) has had a lot of
success on vector spaces. The scheme is the following,

én = Hn + an )
Unt1 = Bop +MHg (Xnt1)

9n+1 =0, + Un+1 -

The key difference with respect to scheme (1.9) being that the gradient is computed after
the momentum step. An intuitive way of understanding the possible benefit of this scheme
would be say the gradient comes afterwards the momentum step correcting its erroneous
movements, instead of accentuating them.

In the Riemannian case, momentum methods require more computions than one would
expect coming from the vector space point of view. In the deterministic setting, [Ali+21]
proposes the following scheme, initialized for 8y = vy € O,

O = Bxp,,, (BuExp,(0)) (1.10)
Oni1 = Expy, (—ngrad £(0,)) |
Un+1 = Exp,, (_an—&-lT%Zograd f(én)) )

where we set y,, : [0,1] — © the geodesic starting at v, (0) = v, and with end point
Yn(1) = 6, By is computed in [0, 1] to minimize f o7y, and (a)neN is given by ap = 0
and ayn41 is the positive solution to coaiﬂ — ClOp+1 — €1 2 p—oar = 0, with cg,c1 > 0
being some positive constants chosen as functions of the curvature and the smoothness
of grad f and lastly TthO : Tyt1)© = Ty(4)© is the parallel transport map from T ;O
to Ty ,)© along vy (see Section for more details on parallel transport). Some of
the complications of the Riemannian scheme come from the fact that vectors can only
be tangent to a specific point. This means that if grad f (~ ) is used both to update 6,
and v,, we will need to transport it from Ty © to T,,0O, thus the need of the parallel
transport map. Their analysis applies to both convex functions and weak quasi-convex
functions (see F3 in Section for a definition). They also assume that the iterates of the
scheme stay inside some geodesically convex subset K C © with bounded diameter, and
that the exponential is a global diffeomorphism on K. They obtain bounds of the form
f(0n) — f(6*) < Comax (Cy1/k?, Ca2/k) + €, which in the worst case scenario perform as
well as scheme (1.1), but sometimes it outperforms it (see [Ali+20, Theorem 4]). However,
as promising as their results are, the analysis of such a scheme has not yet been done in
the stochastic case.

Also in the deterministic case, [Z518] and [AS20] study a scheme of the general form
of (1.10) but under strong-convexity assumptions. The other assumptions follow the ones
of [Ali+20], except that [AS20] manage to remove the assumption of the existence of the
subset K — meaning they perform a global analysis — by introducing a Lyapunov function.

12
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The conclusions of [Z518] are that acceleration (meaning an O(1/n?) speed) is obtained,
when the scheme is initialized close to the solution, which may take a while in badly
conditioned problems. In [AS20], authors obtain that their algorithm is strictly faster
than gradient descent using Lyapunov functions and a metric distortion inequality.

1.3 Introduction to Markov chain Monte Carlo methods

1.3.1 The problem of sampling from a target distribution

The second topic in this thesis is motivated by the problem of sampling from a probability
distribution. Among all the possible settings where sampling is useful, let us introduce
the case of Bayesian statistics. Basically, sampling is used in Bayesian statistics to explore
the posterior distribution.

The main assumption in Bayesian statistics is that there are two probabilistic models,
one for the observed data — which is usually a parametric model, say depending on the
parameter # — and another one for the parameter 8. The distribution of the parameter
0, which is called the prior distribution, encapsulates all the knowledge about said pa-
rameter before considering the observations at play. The goal is to combine knowledge
from the observations and previous information on the parameter. We do this by comput-
ing the distribution of the parameter given the observation, which we call the posterior
distribution.

More precisely, consider the measurable space (©,F), where the random variable
lies, with distribution vy. More often than not, the parameter space © is discrete or a
subset of R? for d > 1. For that reason, we assume that vy admits a density with respect
to a measure w, and we denote its density vy still. Secondly, we observe w, a realization
of the random variable W which takes its values in a measurable space (W, W). We then
specify the family of conditional densities of W given 6,

Po ={wr— L(w|0)]|0 € O},

with respect to a reference measure p on (W, W). We call likelihood of the model the
function 6 — L(W|0).

Having described both the distribution of 8 and of W given 8, we can access both
the joint distribution, with density (0, w) — v4(0)L(w|f) with respect to w ® pu and the
distribution of # given W, the posterior. Using Bayes theorem ([Sch95, Theorem 1.31]),
we have the following expression for the density of the posterior fyx, defined for vy-almost
any 6 and p-almost any w by

L(w]|0)vp(0)

) i 0)=(ad) -

where for any w,
frx(w) = [ £(loa(0)=(d0). (1.12)

is the density of W with respect to u.
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1.3.2 Monte Carlo algorithms and their Markovian counterparts

Consider a probability measure m on a measurable space (E, ), which we call the target
distribution. We want to estimate quantity of the form [¢ f(z)n(dx), where f: E — R is
an integrable function with respect to m. The idea of Monte Carlo is to use estimators of
the form

. 1 X
fN m;]f( Z>7

where (Y;)ien is a sequence of random variables. The different Monte Carlo methods
propose different settings for the sequence (Y;);en, to ensure that fN is a good estimator.

Traditional Monte Carlo methods rely on the strong law of large numbers, meaning
they consider (Y;);en to be a sequence of independent and identically distributed (in short
ii.d.) random variables distributed according to w. In this context, the strong law of
large numbers states that fN converges almost surely, as N goes to infinity, towards
Jg f(z)m(dz). Moreover, in the case where f? is integrable with respect to m, we know
that the asymptotic error is of order O(1/v/N) thanks to the central limit theorem. The
simplicity of the method comes with the price of having to sample i.i.d. random variables
with distribution 7. Among the vast literature of standard methods, the inverse transform
sampling and the accept-reject algorithm are the most popular ones — see [RC10, Section
2.1.2] and [RC10, Section 2.3].

An important inconvenience of these methods is that they suffer from the curse of
dimensionality. Another problem is that sometimes we only know the density f up to
a multiplicative constant. For example, in Bayesian inference, where 7 admits a density
with respect to the prior distribution ( ), given by:

L(w|x)
T Fe(w)

where w are the observed data. Indeed, except when the prior and the likelihood are
conjugate distributions, the marginal density appearing in ( ) does not have a closed
form. This problem severely limits the applicability of both methods mentioned above.

A solution to some of these problems comes with Markov chain Monte Carlo (or MCMC
in short). The idea is to no longer use i.i.d. samples, but rather generate the sequence
(Y;)ien using a Markov chain with invariant distribution 7. When the appropriate as-
sumptions are met on 7 and the Markov chain, an equivalent to the law of large numbers
holds — see [MT09, Chapter 17]. In particular [MT09, Theorem 17.1.7] shows that if the
Markov kernel P is Harris recurrent and admits 7 as invariant distribution, then for any
x € E,

J\/lgnoo N i 1 / fly)dy , P,-almost surely ,
where P, is the induced law by the Markov kernel P with the initial distribution d, on
(EN, £2NY and (Y;)ien is the canonical chain on (EN,£%N P.). In order to implement
such methods, we need to build Markov kernels that admit 7 as invariant distribution. A
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1.3. Introduction to Markov chain Monte Carlo methods

generic way to achieve this is using Metropolis-Hastings type algorithms, which we now
present.

1.3.3 The Metropolis-Hastings procedure for sampling

The first introduction of Metropolis-Hastings algorithms dates back to [Met-+53], which
were later improved on by [Has70] and [Tie98]. Consider v a measure on (E,&) that
dominates 7 and consider the conditional density =,y € E? — ¢(z,y), meaning that for
any x € E, y — ¢(x,y) is a density with respect to v on E and that for v-almost every
y € E, x — ¢(z,y) is measurable. Then, given X € E with some initial distribution on
(E, &), we define the Markov chain (X,,),eN, where for any n € N,

Xn+1 = Yn+1ﬂ{Un+1 < Oz(Xn, Yn+1)} + Xn]l{Un_H > Oé(Xn,Yn_H)}, (1.13)

where Y41 is a random variable, which, conditionally to F,, = o(Xo,...,X,), the o-
algebra generated by the first n + 1 terms of the chain, is distributed according to the
density y — ¢(Xp,y) and (U,)nen+ is an ii.d. sequence of uniform random variables on
[0,1]. The function o : EXE — [0, 1] is assumed measurable and it is called the acceptance
ratio. Denote P : E x & — [0,1] the Markov kernel of the chain (X, ),en. Remark that
the kernel P associated with the Markov chain defined in ( ) is given by, for any z € E
and any A € £,

P(a.h) = [ ale,ga(e.p)v(dy) + 5.(8) [ (1= ale. )z y)v(dy)

This accept-reject procedure allows sampling of a Markov chain with Markov kernel P
using the so-called family of proposal distributions y +— ¢(x,y). Denote 7 the density of
target distribution 7 with respect to v. Recall that we are interested in ensuring that the
chain admits 7 as stationary distribution. However, P is reversible with respect to m if
and only if for any bounded and measurable function g : E> — R,

/2 g(x,y)m(x) P(z,dy)v(dz) = /2 g(x, y)m(y) Py, dz)v(dy) .
E E

But, by remarking the presence of the Dirac measure in the second part of P, this is also
equivalent to: for v-almost any x,y € E,

a(z,y)r(x)q(z,y) = aly, )7 (y)q(y, =) .

This last condition holds, if the acceptance ratio is given by

(1.14)

a(zy) = ™" (1, 25 if (2)g(x,y) > 0 and 7 (y)q(y, =) > 0
0 otherwise .

The Metropolis-Hastings algorithm is specially useful when it is easy to sample from the
proposal distribution of density y — ¢(x,y).
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If we look for the simplest choice possible for the proposal, we can take for any =,y € E2,
q(x,y) = q(y), so that the proposal distribution does not depend on the current state of
the chain. This gives the following form for the acceptance ratio «,

m(y)q(x)
m(x)q(y)

This version of the Metropolis sampler is called the Metropolis independent sampler,
notably because the proposal distribution does not depend on the current point . Another
very classical choice of Metropolis-Hastings proposals relies on E being an additive group
and v a translation invariant measure. In this setting, we consider the random walk where
the increment has a symmetric probability measure on (E, ), with density ¢ with respect
to v. This means that the sequence of proposals is given by

a(z,y) = 1A (1.15)

Yit1 = Xip + Zpq1

where the random variable X}, is the current state of the Markov chain at iteration k and
(Z;)i>1 are ii.d. random variables with density ¢ with respect to v. Moreover, there is
a relationship between the transition density ¢ and the density of the increment §: for
any =,y € E g(z,y) = G(x — y), which comes from the fact that ¢ is symmetric and thus
the acceptance ratio is of the form ( ). The quintessential example in this setting is
the symmetric random walk Metropolis algorithm. It is defined on R? with the Lebesgue
measure as the dominating measure, and the distribution of the increment is the zero-mean
Gaussian with covariance matrix o2 Id, where o2 > 0.

We finish this part mentioning the Metropolis Adjusted Langevin Algorithm (MALA).
Consider here E = R? endowed with its Borel o-field B(R?). In addition, suppose that
admits a positive smooth density with respect to the Lebesgue measure Leb, still denoted
by m and set U = —logm. MALA is based on the Langevin diffusion which is a Stochastic
Differential Equation (SDE) which defines a Markov semigroup reversible with respect to
m. However, sampling exact solutions of this SDE in continuous time is not possible in
general. Therefore, we consider instead the corresponding Euler Maruyama discretization,
which reads

Yir1 =Y, — VU (Yy) + V27Zk 11, (1.16)

where vy > 0 is the step size of the discretization and (Z);>1 is a sequence of i.i.d. d dimen-
sional standard normal random variables. This Markov chain is a discrete approximation
of the Langevin diffusion. It is important to remark that (Y;,),en has a unique invariant
distribution 7, — which depends on the choice of the step size v — and that under mild
conditions on U, it is also ergodic. And even though =, is different from 7 most of the
time, it is sometimes a small enough cost to pay for having such a simple scheme. Indeed,
this algorithm for sampling was first introduced by [Erm75] and [Par81] for applications
in molecular dynamics. It has also been of special interest in the machine learning com-
munity thanks to [Gre&3], [GM94a] and in the computational statistics community thanks
to [Nea93] and [RT96a).

Nonetheless, there are many applications where sampling from a distribution close to
7 is not good enough, since this will cause our estimators ( fN) ~NeN to no longer converge

16



1.4. Asymptotic analysis of Metropolis-Hastings algorithms: optimal scaling

to the required integral [ fdm in general. The idea of [RDF78] and [RT96a] is to use the
Markov chain (Y, )nen in (1.16) as the proposal of the Metropolis-Hastings algorithm. As
was introduced in [RT96a], we call this procedure Metropolis Adjusted Langevin Algorithm

(MALA).

1.4 Asymptotic analysis of Metropolis-Hastings algorithms:
optimal scaling

In this thesis, we are interested in analyzing of Metropolis-Hastings algorithms when
the dimension goes to infinity. Optimal scaling, pioneered by [RGGIT7a], gives a good
understanding of the convergence properties of MCMC in high dimension.

When using the symmetric random walk Metropolis or MALA in R?, we need to choose
properly a parameter in the proposal distribution. For the case of the symmetric random
walk Metropolis, it is the variance of the normal distribution and for MALA it is the
step size of the discretization. The choice of the parameter influences the variance of
the proposal and thus the behavior of the Markov chain: small increments explore slowly
the support of 7 but have a high acceptance rate, whereas larger increments move more
quickly to all the support of = but they are rejected more often. Optimal scaling defines
a framework to formulate the question of the best possible choice for the parameter and
answers it with respect to the dimension d. We present here the classical results in this
field.

1.4.1 Introduction to optimal scaling: the symmetric random walk Metropo-
lis algorithm

As said above, the study of optimal scaling started with the work of [RG(G97a], where
they study the symmetric random walk Metropolis algorithm (RWM in short) RY. For a
positive target density 7¢ on R?, let us recall the expression of the Markov chain created
by the RWM algorithm, which is of the form (1.13). For any initial value X¢ € R? and
for any k € N,

chcl+1 = Xlg:l + Ung+1]l{Ug+1 < Oéd(Xlinccl + Ule?+1)} )

where o4 > 0, (Z,‘j 1)keN is a sequence of i.i.d. standard d-dimensional normal random
variables and (U¢ +1)keN is an ii.d. sequence of uniform random variables on [0, 1], with
(Z;j 11)keNs (Ug +1)keN and X are independent of one another. Moreover, the acceptance
rate ag is given by, for any x,y € Rd,

m(y)
md(x)

de(l', y) =1A

The user then can choose the parameter o4 i.e. the variance of the proposal. A natural
question that arises is “what is a good choice for 047”7 Indeed, a large variance is preferred
in order to explore quickly the parts of R¢ where 7¢ takes higher values, but this will cause
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the algorithm to reject more often, thus slowing down the exploration. In the case of an
initial distribution different than 7%, the choice of o4 would also impact the time needed
so that the distribution of X¢ is at distance e with 7¢ (for example for the total variation
distance on distributions). The starting point of optimal scaling is to find the values of
the parameter o4 so that the accept-reject step is not asymptotically trivial, meaning that
the mean acceptance ratio under the stationary distribution converges inside (0, 1), i.e.

: d d d
Jim E loa (X8, X3+ 0a2)| € (0,1) .
Answering this question requires a framework for each d € N, and the choice of 7% with
respect to d influences greatly the behavior of the Markov chain. The first assumption

for such a framework, the one in [RG(:97a], relies on 7 being a product measure, of the
following form. For any z?¢ = (z¢,--- ,29) € RY,

d
l(@?) = [T exp (~U(=)) (1.17)
=1

where U : R — R is a map that defines the one-dimensional density 7(z) = exp(—U(x)).
These functions satisfy the following assumptions,

H 1 U is three times continuously differentiable and U’ is Lipschitz.

H 2 E[(U'(W))®] and E[(U"”(W))*] are finite, where W is a real random variable with
distribution 7.

[RGG97a] propose to take oq = £d—*/? as a general form for o4, with £, a € R%. Then,
[RGGY7a, corollary 1.2] proves that if for any d € N, X¢ is distributed according to 7,
then for o = 1 we have

lim Ea[aq (X3, X§ +0a7221)| = 20(—0VE2)

d—~+00

where ® is the standard normal cumulative distribution function

K= /R (U2 (2)r(z)dz . (1.18)

Having found the scaling of o4 = d~*/% such that the algorithm has non-degenerate

acceptance, we can now investigate into the choice of the constant ¢. [RGG97a] continues
in this direction by studying the following continuous-time process (V¢);>o given by
d d
=X 1.1
Vt F‘zi’l ) ( 9)
where (I'¢);>0 is a Poisson process with rate d. A rough explanation of this choice is that,

since the Poisson process jumps td times on average until time ¢, V¢ is roughly the first
component of the Markov chain X? at time |td|. In [RCGG97a, Theorem 1.1], the authors
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prove that if U satisfies the conditions H1 and H2, then the sequence of processes (V%) gen-
converges weakly, in the Skorokhod topology, to a process V that satisfies the following:
Vy is distributed according to m and for any ¢ > 0, V satisfies the overdamped Langevin
stochastic differential equation,

dV; = /h(¢)dB} — %h(ﬁ)U’(Vt)dt :

where (B});>0 is a unidimensional Brownian motion, h(f) is often called the speed of the
diffusion and is given for all £ > 0 by

VK
h(f) = 20°® (-‘?) ,
and K is defined by (1.18). To understand how this result helps us choose the parameter
¢, remark that, by defining a rescaling of the limiting process. Consider, for any ¢ € Ry,

Vi = Vi) Then V is the Langevin diffusion with unit speed:
- R
dVy =dB; — iU (Vy)dt .

We now understand that by increasing the speed h, the Markov chain explores faster the
trajectories of V and RY, therefore being more efficient for our initial sampling problem.
Thus, we want to find ¢ such that h attains its maximum. [RGG97a] even gives a simple
criterion to find such £. Denote a(f) = 2®(—¢+/K /2) the limit acceptance, then, [RCG97a,
Corollary 1.2] proves that one can express h(¢) as a function of a(¢) by inverting the
expression of a(¢). Their conclusion is that choosing ¢y such that a({y) = 0.234 (up to four
digits) attains the maximal speed for the diffusion V. Another way of interpreting the
speed of the diffusion is through the fact that limg .o (d/2)E[(X§ — X{)?] = h(¢), where
E[(X§ — X{)?] is sometimes called the expected square jumped distance of the chain X¢.

In the same context, the work of [Dur+17] consider a more general set of assumptions
for U, namely the L-p mean differentiability.

H 3 There exists a measurable function U : R — R such that:

(i) There exist p >4, C' > 0 and 8 > 1 such that for any 6 € R,
. P 1/p
(/ ‘U(a: +6) - U(z) — QU(z)‘ Tr(x)da:) <Cl9)”.
R
(ii) The function U satisfies
. 6
/ (U(ZL‘)) m(x)dr < oo .
R

The function U is called the weak derivative of U. In this setting, [Dur+17, Theorem
2] proves the convergence of the acceptance rate towards a(f) = 2®(—¢v/K/2) when
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o4 = 0d~Y/2. Then [Dur+17, Theorem 3] proves that under this setting, the random
process V satisfies the same overdamped Langevin stochastic differential equation, with
notably the same expression for the speed of the diffusion h(¢). These results are interesting
to point out in this thesis because our contributions in the field of MCMC are very much
a mirror to these statements, but for the optimal scaling of MALA.

1.4.2 Optimal scaling of MALA

We can ask the same question of “what is the optimal choice for 047”7 for MALA. Let
us recall the setting of MALA: we have the positive target density 7% on R? that can be
written as a product of the form (1.17) with U : R — R is continuously differentiable and,
given an initial value X§ € R?, the Markov chain is given by, for any k € N,

X1§+1 = X+ Z}?ﬂﬂ{UgH < aq( X X1+ Zgﬂ} )

where ZI?H = aﬁVlog ﬂd(X,f) + ﬂangH is the increment in the proposal, o4 € R,
(Z4);>1 is an i.i.d. sequence of d-dimensional standard normal random variables. Remark-
ing that conditionally on X¢, Z,f 1 has a normal distribution of mean o3V log 7¢(X{) and
variance 202, we can simplify the general formulation of ay in (1.14). For any =,y € R%,
g is given by,

w(w)exp (o — v - o3V Iog (o) /(403))

7d(z) exp (— ly — & — 02V log w () || /(403)) .

Oéd(fl?, y) =1A

The resulting framework is very similar at the one for the symmetric random walk Metropo-
lis, where g is the only parameter to tune. After writing oy = ¢d®/?, what is the value
of o such that E_a[og(Xd, X + Z{)] converges, when d — +oco inside (0,1)? The result
is given in [RR98a], where it is proven that for o = 1/3, the acceptance rate converges in
(0,1). The assumptions are the following.

M 1 U is eight times continuously differentiable on R and there exits a real polynomial P
satisfying for any ¢ € {0,---,8} and = € R, ’U(i) (l‘)‘ < P(z).

M 2 For any p > 1, [ |z|P mi(z)dz < co.

More precisely, [RR98a, Theorem 1] shows that

lim E,a [of (X, X§ + 2PV log ! (XY) + V2td V0 Z{) | = 20(-£2 /7 /2),

d—+o00
(1.20)
where ® is still the cumulative distribution function of the standard normal distribution
and the new constant J is given by

T = (48)" /R [5(U® () — 30 (2))*} w(a)da > 0. (1.21)
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Second, [RR98a] also prove that a limiting process satisfies the Langevin stochastic
differential equation. The authors in [RR98a] consider again the unidimensional process
(V#)i>0 given by (1.19), but this time (I'¢);>o is a Poisson process with rate d'/3. In
[RR98a, Theorem 2], the authors prove that if U satisfies M1 and M2, then the sequence
of processes (Vd)deN* converges weakly, in the Skorokhod topology, to a process V that
again satisfies the following: Vg is distributed according to m and for any ¢ > 0, V satisfies
the overdamped Langevin stochastic differential equation,

dV; = /h(¢)dB} — %h(f)U’(Vt)dt :

where (B}):>0 is a unidimensional Brownian motion, h(¢) is often called the speed of the
diffusion and is given for all ¢ > 0 by

h(f) = 20°® <—€3\/j> ,

2
and J is defined by (1.21).

This result is interpreted with the same tools as the one for the symmetric random
walk Metropolis, meaning that the diffusion limit informs us that maximizing the speed
h leads to the most efficient choice of ¢. Using (1.20) and calculating h as a function of
the limit acceptance, we find that to maximize the function ¢ — g(¢), the limit mean
acceptance ratio given in (1.20) has to be 0.574 (up to three digits).

There are two important differences with respect to random walk Metropolis. Let us
interpret them to compare both algorithms. The first one is that the scaling of MALA
is 0q = £d—1/% whereas for random walk Metropolis, we had o4 = ¢d—'. This difference
means that, in general, we can use larger values for o4 using MALA, compared to using
RWM. The fact that we can build a jump process from each of these Markov chains that
converge weakly to the same limit tells us that when MALA requires O(d/?) steps to
attain a given point of the trajectory, RWM needs O(d) steps. Therefore, we conclude
that MALA is more efficient than RWM, in the sense of optimal scaling. The second
point is that the optimal mean acceptance is higher for MALA than for RWM. All in all,
when the assumptions allow MALA to converge, it is a more efficient choice than RWM.
We explore in this thesis the optimal scaling of MALA for the Laplace distribution, with
density z — e 17l /2, because the assumption M1 no longer holds since z +— |z| is not
differentiable at zero.

1.5 Setting of the Thesis and Contributions

1.5.1 Riemannian schemes

In Chapter 2, we study the standard geodesic scheme (1.6) with the extra possibility of
having a bias term on top of the unbiased estimator H, meaning we consider the sequence
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where b : © x X — TO is a bi-measurable function. We believe we are the first to allow
for a bias in Riemannian stochastic approximation. We work under the assumption that
the bias is uniformly bounded, meaning supy z)coxx 0o(2)lo < boo— see A 3. We also
look at more general retraction schemes like (1.7). The analysis of these schemes is very
important because retractions are usually much simpler to compute in practice, and have
been used for a long time — see [AM12]. The most common example is to see a projected
scheme as a retraction scheme e.g. scheme (1.5) is a retraction scheme on the sphere.

We contribute to the study of retraction schemes in Section by introducing first
order (see R?2) and second order retractions (see R 3), for which we quantify the error
made by the retraction. Since we see retractions as approximations of the Riemannian
exponential map, we introduce the notion of retraction error map in (2.13). The function
Py = Exp(;1 oRetg : TyO — TyO defined for any 6. It defines a bundle map ¢ : TGO — TO,
which one can compare to the identity. In Lemmas and , we provide operator
bounds for 6 — ||®y — Idy|lg by means of bounding the terms in a Taylor expansion. We
also check that usual retractions on the sphere and on the Grassmann manifold are both
first and second order retractions: see Example and Proposition for the sphere
and Example and Proposition for the Grassmann manifold.

In Chapter 3, we study a constant step-size scheme, with the novel assumption that
the Riemannian scheme is constrained on a closed and geodesically convex set using a
projection-like operator — see (3.2) and A 6. This encompasses the standard geodesic
scheme (1.6) under A (-

1.5.2 Noise assumptions

The common noise assumption is the Martingale difference setting (or Martingale setting
in short). Assumption Al rewrites neatly into the Riemannian context.

A 3 (Martingale difference setting). The sequence (ep, (Xn+1))neN is a martingale differ-
ence sequence with respect to the filtration (Fy)nen+, i.e.Eleg, (Xnt1)|Fn] = 0g, for any
n € N. Moreover, there exist 03,03 > 0 such that for any n € N

E [lleq, (Xas1)3,

Fo] < of + ot 16015, -

In both Chapters 2 and 3, we study the Martingale difference setting A3. However, in
Chapter 2, we are the first to generalize A4 to the Riemannian setting.

A 4 (Markovian setting). There exists a Markov kernel P on (© x X) x X such that
for any n € N and bounded and measurable function ¢ : X — Ry, E[p(Xnt1)|Fn] =
Jx o(y) Py, (Xn,dy). In addition, for any 0 € ©, Py admits a unique invariant distribution

mo satisfying h(0) = [x Ho(y)dms(y)-

In this setting, the noise (X,)nen+ is a Markov chain, with every transition being
controlled by the current value of the parameter 6,,. In many real-world applications, one
cannot draw independent samples from the distribution 7y that appears in (3.1), because
it is too complicated. In this case, it remains possible to sample from an ergodic Markov
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chain, with stationary distribution mg. Our Markovian assumptions are MA?2(w), but we
present two cases in which these conditions are met. Recall that a set C € X is called
small for a Markov kernel ) in X x X when there exists m > 0 and a non-trivial measure
Vm on X such that for any z € C, B € X, Q" (x,B) > v, (B).

A5 (w). The family of Markov kernels (Pp)gce and the measurable function w : X —
[1,4+00) satisfy one of the following conditions:

(a) The family (Py)gco is uniformly ergodic with constant uniform in 0, i.e. there exist
ep € (0,1) and Cp > 0 such that for any 0 € ©, Py has a unique stationary distri-
bution Ty and for any x, 2’ € X, and k € N, ||8,PF — 8, PF|lrv < Cp(1 —ep)k. In
addition, there exists C' > 0 such that for any 0,01 € ©, x € X and geodesic curve
v : [0,1] — © between Oy and 0y, ||55FPp, — 8Py, ||Tv < CL(Y).

(b) For any 0 € ©, Py = P, where P is a Markov kernel on X x X. Moreover, there
exists w : X — [1,400), A € (0,1), by > 0 such that for any v € X, Pw(z) <
Aw(x) + bylc(z) where C € X is a small set for P.

In Proposition 2.6, we prove that under simple conditions, when A5-(a) holds — mean-
ing that the chain is uniformly ergodic, with constant uniform in § € © — then MA 2(w)
holds, with the constant function w : x +— 1. Moreover, if A5(w)-(b) holds instead —

meaning the Markov kernel P does not depend on 6 and that there is a drift condition
— then MA 2(w) holds. We believe that this noise setting is interesting as it can model
scenarios that the Martingale difference setting does not encompass.

In each noise setting, we make sure not to assume that the iterations of the scheme
remain in some arbitrary compact set K, contrary to [Bonl3; ZS16], for the reasons
mentionned in Section

1.5.3 Convergence Techniques

In Chapter 2, we generalize Lyapunov’s second method — see [LLaS60] — in the Riemannian
case. Our assumption A?2 is satisfied when the Lyapunov function V' is gradient Lipschitz
or has a continuous Riemannian Hessian with bounded operator norm — see Lemma

The same setting is used in Chapter 3, where we exchange A7 for A6-A7. The problem
Lyapunov functions on Riemannian manifolds is that the usual candidate 6 — p (6, 0*)
— the square distance with respect to the solution — is not gradient Lipschitz whenever ©
has non-zero curvature and is non-compact. We address this in Section , where we
introduce the novel, “Huberized” version of the usual candidate — see Proposition

1.5.4 Results of Chapters 2 and

Both in an interest of teaching the broader machine learning community about Rieman-
nian geometry for stochastic approximation, of reformulating existing formulas in different
scenarios and of using intelligible proofs with minimal background, my coauthors and I
have written examples, definitions and theorems that regard only Riemannian geometry
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throughout Chapters 2 and 3. We recommend any reader that would like to familiarize
themself with the concepts and notation of Riemannian geometry used in this thesis to
start by reading the point-by-point preliminary Section

In Section , we detail the sphere which was discussed in Example and Exam-
ple 2.8. We also use these notions of Riemannian geometry to prove that the projective
retraction satisfies assumptions R 1-R2-R 3 — see Proposition

Two of the geometric concepts that required our closest attention were Taylor formulas
(see Theorems and ) and the computation of the cut locus in the special case of
the Grassmann manifold (see Proposition ). The development of Taylor formulas was
both difficult and precious for our kind of analysis. We wrote Section to develop the
Taylor formula ( ) in Theorem , and specifically because we needed Proposition
which we did not find anywhere else in the Riemannian geometry community. It is a n-th
order Taylor formula with integral reminder for smooth vector fields along a geodesic,
using the notion of total covariant derivatives of any order. Much of Section was
written as an adaptation of the classical results of connections in the special case of vector
fields along a geodesic. If the reader is unfamiliar with tensor fields and connections, we

recommend reading also [L.eel9, Chapter 4], since Section is inspired from it. After
developing this Taylor formula, we adapted it to the simpler case of a Taylor formula for
a real-valued function in Section and Theorem

Our last contributions that purely concern Riemannian geometry are a presentation
the Grassmann manifold in a self-contained fashion. Our main goal was to express the
formulas for the Riemannian exponential in [AMS04; BZA20; EASI8] as well as computing
its cut locus. In order to help the reader, the summary of Section is the following.
We start by giving the definition of the Grassmann manifold via a quotient of the non-
compact Stiefel manifold using the action of the linear group. Then, we want to give the
differential structure of the Grassmann manifold. To do so, we start by building the cross

section map op in Lemma . The inverse of this map is then used to explicitly write the
family of parameterizations — or, conversely, the smooth atlas — that define the differential
structure of the Grassmann manifold, see Proposition . We continue by describing

the tangent space, using the canonical decomposition in the case of quotient manifolds.
We recall the definition of connection in the sense of [KN96, Chapter II, Section 1] in
Definition , we check that (2.71) is a connection in this sense and, combined with
Proposition , we finally obtain a description of the tangent space. With such tools,
we give an alternative formulation of the Riemannian exponential in Lemma . This
formula is used in our final result in this section, Proposition , in which we compute
the cut locus of the Grassmann manifold. This last proof is the result of a long work and,
despite being long and intricate, remains simpler than the only other proof that we know
of this result — see [Sak76]. Indeed, the proof of [Sak76] uses more complicated tools of
Riemannian geometry, whereas ours uses as little concepts as possible.

In Chapter 2, we derive global non-asymptotic convergence rates under all the different
noise assumptions and Lyapunov assumptions given above. For the geodesic scheme stud-
ied in Section 2.2, we obtain in Theorems 2./ and 2.5 that after n iterations, E[||h(f],) ||§In] =
O(bso + logn/+/n), where by is the uniform bound on the bias of H and I, is a discrete
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random variable supported on {1,...,n}. A more precise discussion on the choice of step-
sizes and its implications is given after said theorems. For the retraction schemes studied
in Section , we obtain in Theorems , and that after n iterations, sim-
ilarly to the geodesic scheme, E[Hh(eln)Hgln] = O(bso + logn/y/n). The interest of this
analysis compared to the works of [ZS16] is that 1) we do not require the iterations to
remain in some bounded subset of the manifold, 2) we establish these bounds for the gen-
eral stochastic approximation (not only for gradient descent), 3) the assumptions needed
for the Lyapunov function allow for the optimization of non-convex functions.

Assumptions Result
esu
Base Scheme Noise
Al-A2-A Geodesic (2.3) Martingale Setting MD Theorem
. Markovian Setting
Al-A2-A Geodesic (2.3) MA 1-MA 2(w) Theorem
Al-A2-A Retraction (2.12) Martingale Setting MD Theorem
A R and (R2 or R3) | and (MD?2(4) or MD?2(6))
Al-A2-A Retraction (2.12) Markovian Setting Theorem
A R! and (R2 or R3) | MAI-MA?2(w)-MA(w)

Table 1.1: Summary of the non-asymptotic results for each set of assumptions.

Lastly, we consider two example applications for these results. First, an online PCA
which deals with the problem introduced in Example but in the general case 7 > 1. In
section Section , we prove that the schemes (2.19) and (2.20) satisfy the conditions of
our general theorems — see Theorem . We complete the analysis with some numerical
simulations — see Section . Second, we look at an online barycentre estimation in
Section . In this application, we examine the same starting idea of Example ,
which we refine to define the concept of robust Riemannian barycentre of a probability
distribution on a Hadamard manifold, for which we prove the existence and uniqueness
in Proposition and derive a scheme for its computation (2.23), which satisfies the
general conditions of our theorems — see Proposition

In Chapter 3, we focus on the constant step-size setting. We start by proving non-
asymptotic bounds in Theorem , which mostly resemble Theorem . However, we
have a stronger bound specifically in (3.0), where we observe the exponential forgetting
of the initial conditions, much like for strongly convex functions in the Euclidean case.
In Theorem 3.2, we prove that the sequence of iterates (6, )neN is a geometrically ergodic
Markov chain, with a unique stationary distribution p" that depends on the step-size 1.
From this point forward, we seek to understand the behaviour of yu" when n — 0, both
with asymptotic and non-asymptotic results. The first step in this direction is Theo-
rem 3.3, where we prove that (u"),cz converges weakly to the Dirac measure at 6%,
where 6* is the unique solution to the root finding problem (3.1). In Section 3.3, with
the unconstrained scheme (1.0), we quantify the convergence derived in Theorem 3.3-
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First, we prove an asymptotic expansion for the bias [gg(€)du™(6) — g(6*) with respect
to the step size 1 for g belonging to a certain class of smooth functions from © to R —
see Theorem 3.0. By applying our result to SGD (h = —grad f), it implies an asymptotic
expansion of [g |lgrad f(0)||2du"(0). Secondly, we establish that the convergence derived
in Theorem 3.3-(h) occurs at a rate n%/2, through a central limit theorem for (/ﬂ)ne(o,ﬁ] -
see Theorem 3.7. These two results can be understood as a bias-variance decomposition in
which both terms are of order n and are therefore weak counterparts of [DDB17, Proposi-
tion 3, Theorem 5|, [P{l86, Theorem 1] in a Riemannian setting. Next, in Section 3.4, we
look at the consequences of these results on the SGD case. We consider two possible set
of assumptions. When f is strongly geodesically convex — see Definition and F2, we
have strong results in Corollary 3.9. We can see, as in the Euclidean case, that it takes
O(log(1/e)e™!) steps to have E[f(0,) — f(0*)] < e. On the other hand, when f is geodesi-
cally quasi-convex, which Euclidean counterpart is (grad f(6),6 — 6*) > 7[f(0) — f(6")]
as given in [HMR19], we obtain weaker results in Proposition . They are weaker not
only because the right-hand bound is C' + O(n~!) — which closely resembles the results in
Chapter 2 — but because the left-hand term is expressed through the “distance-like” func-
tion given in (3.14). The most novel part of this result is that in this second setting, we do
not require boundedness conditions on O. Lastly, we apply these SGD results in the par-
ticular case of the barycentre estimation. To use both convexity assumptions, we look at
the estimation of the barycentre of a discrete distribution — which yields a strongly convex
function f —and a continuous distribution — yielding a geodesically quasi-convex function.
The second case is novel in the literature as it does not have boundedness conditions on the
distribution. For the second case we introduce the novel scheme ( ), for which we prove
non-asymptotic bounds in Theorem . The barycentre estimation is then illustrated
with numerical experiments in Section showcasing both sets of assumptions.

1.5.5 Results of Chapter

In Chapter 4, we study a generalization of MALA, first studied in [Perl16], which aims at
alleviating the smoothness assumption of the target distribution 7 of the form (1.17). If
7 o exp(—G), then we assume that the function G : R — R is convex, proper and lower
semi-continuous. Instead of using the real gradient of GG in the proposal, we approximate
G by its Moreau-Yoshida envelope G* : R* — R for A\ > 0 defined by
GM(@) = min[G(u) + [[u — 2| /(2\)] .
ueRd
By setting 7 = exp(—G?), we obtain a smooth approximation of 7, where A controls the

regularity of 7*. Under these assumptions, G* is continuously differentiable and therefore
we use MALA to target 7, where the proposal is of the form

2
g
Ehr1 = &k — 7VG/\(€k) +0Zky1,

see (4.4) for the expression of the gradient of G*. Our goal is to produce theoretical
results for the class of proximal MALA algorithms, study its asymptotic behavior when the
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dimension d goes to infinity. We also interpret our results to provide guidelines regarding
the implementation of these proximal algorithms.

We start by looking at the particular case when 7 is actually differentiable — see
Section — in an interest of comparing gradient-based methods (like MALA) with
proximal-based methods like proximal MALA. In our analysis, we let the step size o and
the regularization parameter A depend on the dimension d of the target. In Theorem
we derive that there are two possible regimes of scaling. First, in cases and (c), we
establish that if A\ goes to 0 faster or at the same rate as o2, the scaling is equivalent
to the one of MALA, meaning that o2 is proportional to d—1/3. However, when A\ goes
to 0 at a slower rate than o2, we find a new scaling, where o is proportional to d—1/2
— see (a). In this second scaling regime, proximal MALA is less efficient than MALA.
In both cases, the convergence of the acceptance rate aq(¢,r) djoo a(¢,r) is accompanied

with weak convergence of the linear interpolation of the first component of chain (X ,f) k>0,
defined by

Lf = ([dt] = 4 X{lpay 4 + (&2t = |2t) X ipary 1 (1.22)

towards the Langevin diffusion

dL; = h(¢,r)"/?dB, — h(é’r)g’(x)dt ,

where (B;)¢>0 denotes standard Brownian motion and h(¢,7) = £?a(¢,r) is the speed of the
diffusion. Although proximal MALA is at best as efficient as MALA, since sometimes the
proximal operator for a given distribution 7 is cheaper to compute than Vlegn [CP11;
PB14; Perl6], we believe that there are cases where for a properly chosen A, proximal
MALA should provide a computationally cheaper alternative to MALA with comparable
efficiency.

Next, we study proximal MALA for a special non-smooth target, the Laplace distri-
bution x + 27 exp(—|z|). Although we only prove it for the particular case of Laplace
distributions, our proof technique is not unique to this case, and could be applied to other
non-smooth distributions, provided some computations of integrals are carried out — see
Section . We chose this particular non-smooth target because it is commonly used in
practical applications of proximal MALA, including image deconvolution [DMP18; Perl6;
VDC19], LASSO, and sparse regression [Atcl5; GSS21; ZC722]. We obtain the scaling
to achieve convergence of the acceptance rate in Theorem 41.1. We observe that a sin-
gle point of non-differentiability is sufficient to obtain a different scaling than MALA for
differentiable targets. Indeed, for the Laplace distribution, the step size o2 needs to be
proportional to d~%/3 (whereas MALA for smooth targets is d~'/3) to obtain a non-trivial
limit for the acceptance rate. This optimal scaling is new in the study of MCMC algo-
rithms, somewhere between the rate d~ of RWM and d~'/3 of (differentiable) MALA.
For this study, we only investigated the case when A converges to 0 at least as fast as o2.
As is usual for optimal scaling, we continue our study with the weak convergence of the
interpolated first component of the chain (L¢);>o defined in (1.22) towards a Langevin
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diffusion. We proceed in two steps, proving first the tightness of the sequence of laws
of {(L$)i>0 : d € N} — see Proposition 1.5, and then, proving that the only limit point
possible for this sequence is indeed a solution of the Langevin diffusion

dL, = [RL(p)1/2 _ hh(0)
¢ = [h(0)]*dBy sgn(Ly;)dt .
This result is done using the Martingale problem associated with the diffusion — see Propo-
sition 4.6. Our final result Theorem combines these two into the actual optimal scaling
result of the Laplace distribution for proximal MALA. It is important to remark that one
can extend the definition of this method when A = 0, leading to sub-gradient MALA or
sG-MALA. All of our results regarding the Laplace distribution also hold with this gen-
eralization, meaning that we also have proven the proximal scaling of sG-MALA for the
non-smooth Laplace distribution.

We complete our results with a discussion on the implications of our previous theorems
— see Section — as well as numerical experiments that illustrate both the scaling of
differentiable targets and of the Laplace distribution for proximal MALA, with multiple
choices for the rates of convergence to zero of the two parameters o2 and \.
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CHAPTER 2

Convergence Analysis of Riemannian Stochastic Ap-
proximation Schemes

ALAIN DURMUS,' PABLO JIMENEZ!, ERIC MoULINES!, SALEM SAID”, Ho1-To
War'.

This paper analyzes the convergence for a class of Riemannian stochastic approximation
(SA) schemes, designed to tackle optimization problems on Riemannian manifolds. We
consider SA schemes which use either the exponential map of the considered manifold or
retraction maps used as a proxy for the exponential map. The relaxation to retraction
maps is of considerable interest since in many problems the computation of the exponential
map is either costly or even untractable. Our results are derived under mild assumptions.
First, our results are global in the sense that we do not assume iterates to be a-priori
bounded. Second, we allow the presence of a bias in SA schemes. To be more specific,
we consider the case where the mean-field function can only be estimated up to a bias,
and/or the case in which the samples are drawn from a controlled Markov chain. Third,
the assumptions on retractions required to ensure convergence of the related SA schemes
are weak and are satisfied in many settings. We illustrate our findings on applications to
principal component analysis and Riemannian barycenter problems.
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2.1. Introduction

2.1 Introduction

This paper is concerned with the root finding problem on a smooth Riemannian manifold

O:
find 0 € © satisfying h(0) =0y, where h(0) :/Hg(m)dm(m), (2.1)
X

such that h : © — TO is a smooth vector field, called the mean vector field, for any 6 € O,
mg is a distribution over (X, X)) and H : © x X — TO is a bimeasurable function satisfying
for any 0 € ©, Hy : X — Ty©O. This framework includes stochastic optimization problems
related to a smooth (but possibly non-convex even in the geodesic sense) objective function
f:© — R* where h = grad f and grad is the Riemannian gradient operator. Problem
(2.1) arises in many applications such as principal component analysis (PCA) and the
computation of geometric barycenter [ABY13; 0ja92].

Our objective is to study Riemannian stochastic approximation (SA) schemes to com-
pute an approximate solution of (2.1). In the case where the geodesic curves on © can
be explicitly computed, the Riemannian SA scheme is defined through the recursion: for
n €N,

Oni1 = Expp, { Mnr1Ho, (Xnt1)} (2.2)
where Expy s the exponential map at 6, (Xy)nen+ is a sequence of independent random
variables in (X, &) such that X,, has distribution 7y, for any n € N*, and (n,)nen- is a
sequence of positive stepsizes. The recursion (2.2) is a natural extension of the Robbins-
Monro algorithm originally applied on the Euclidean setting [RM51], where Expy(y) = 6+y
for any 6,y € R

A number of results have been reported for Riemannian SA (2.2) under the stochastic
gradient (SG) setting where h = grad f [HH520]. The pioneering work of [Bon13] establishes
the asymptotic convergence of (2.2) to a critical point using martingale techniques adapted
from [BMP90; Bor09; KY03]. Later, [2516; ZRS16; Z7S18] provide non-asymptotic anal-
ysis under the assumption that the objective function f is geodesically convex (g-convex),
and that all the iterates remain in a compact subset of ©. Another related work is [Tri+ 18]
which considers a retraction based averaging scheme and shows a central limit theorem
for (2.2). Analysis of Riemannian SA for non-convex objective is addressed in [HS19].
However, the authors require a strong assumption on the retraction map, the objective
function and the manifold. We also mention that a few other papers deal with deter-
ministic optimization on Riemannian manifold and the convergence to local minimum in
non-convex settings [BACI8; CB19; SFF19], or applying Nesterov’s acceleration [AS20)]
for g-convex functions. To deal with relatively general conditions on the mean-field h,
[Shal9] analyzes stochastic recursion schemes adapting the well-known ODE method in
[BMP90; KY03] to the Riemannian setting to show asymptotic convergence where O is
compact.

The present paper considers several relaxations of the scheme defined by (2.2). First, we
assume that (X,,)nen+ is a Markov chain whose transition is controlled by the current value
of the parameter #,. This is motivated by the fact that, in many real-world applications,
it is impossible to obtain independent samples from the distribution my appearing in (2.1),
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since the distribution is too complicated. Typically, in this case, it remains possible to
sample from an ergodic Markov chain (X,,),en+ whose stationary distribution is my. For
example, in Bayesian inference, where mg is the posterior distribution, my is practically
never directly accessible, and may only be sampled by using Markov chain Monte Carlo
(MCMC) techniques. Second, we deal with the use of retraction operators in place of the
exponential map in the recursion (2.2). At last, we allow for the non-SG setting when
h # grad f as well as errors in the numerical evaluations of H — such as systematic errors
that do not come from the randomness of the environment — resulting in a potentially
biased vector field in (2.2). Note that the non-SG setting is common for SA: examples
include, among many others, online Expectation Maximization algorithms [CMO09] and
policy gradient [BB01]. Hence, our work is in line with recent studies of SA in the Euclidean
setting for minimizing a non-convex function in the controlled Markovian setting under
relaxed conditions on the mean-field h, see e.g. [BCN18; GL13; Kar+19] and the references
therein. Our contributions are:

e We perform a global convergence analysis of a biased geodesic Riemannian SA scheme
without assuming a bounded domain for the iterates (6,,)n,en nor g-convexity. Under
this relaxed setting, the iterates of the geodesic SA scheme satisfy E[||h(07,)[5, ] =

O(boo + logn/+/n), where by is the asymptotic bias of the vector field H and I,, is a

discrete random variable supported on {1,...,n}. We cover settings where the noise is
a sequence of martingale increments or stems from a controlled Markovian dynamics,
see Theorems and

e We consider Riemannian SA schemes with first or second order retraction. Note that
retraction operators have met great success in practice (see e.g. [AM12]) since they are
computationally cheaper to evaluate. Similar to the geodesic scheme, our methods find
an O(bso +logn/\/n)-stationary point in n iterations in expectation, see Theorems
and . We illustrate that the conditions required on the retraction function by our
results hold on several examples.

o We consider examples of applications on PCA (see Section & Theorem )
and barycenter estimation (see Section ), for which we show that the required
convergence conditions are satisfied. For the second application, we introduce the
concept of robust Riemannian barycenter of a probability distribution defined on a
Hadamard manifold, prove the existence and uniqueness of this robust barycenter
(see Proposition ), and derive an SA scheme for its computation (see (2.23) and
Proposition ).

Notation

For any two sequences of real numbers (uy)nen and (vp,)nen, we write u, = O(v,) when
there exist ng € N and My € Ry such that for any n > ng, |u,| < Mov,. If u, = O(vy)
and v, = O(uy), we write u, = Q(v,). If u = p* — p~ is a signed measure over a
measurable space (E, A), where u and p~ are non-negative measures, called the positive
and negative part of u, define the total variation ||u|Tv = pu™(E) + u~(E). For any
d € N*, 1, is the identity matrix of size d x d. We denote the tangent space of © at 6 by
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TyO and its tangent bundle TO. If Oy and O are two smooth manifolds, for any smooth
function f : ©9 — ©1, we denote its derivative by Df : T®; — T©;. The Riemannian
metric on © is denoted by g but for ease of notation and if there is no risk of confusion,
for any 6 € ©, u,v € TypO, we should denote gg(u,v) = (u,v), and go(u,u) = ||u||g For
0 € © and k,l € N, the set of (k,[)-tensors on Ty® is denoted by T*EDTpO and the set
of smooth (k, )-tensor fields on © is denoted T(T*)T@), see [Lecl9, Appendix B] for a
complete description of tensors and tensor fields. Let V be the Levi-Civita connection of
the metric g on © (see Section ). We The map T ; : Ty ,)© — Ty(,)© stands for
the parallel transport associated to the Levi-Civita connection along a curve y : I — ©
from y(tp) to y(t1). In the interest of space, we leave detailed definitions and generalities
on Riemannian geometry to Section

2.2 Geodesic Stochastic Approximation Schemes

Let (X, X, P, (F,)nen) be a filtered probability space and consider (X, )nen+, an (Frn)nen-
adapted stochastic process. The present paper studies stochastic approximation (SA)
sequences (0, )neN, used as approximate solutions of (2.1), starting from 6 € © and
defined by the recursion

On+1 = Expp, {Mn+1 (He, (Xnt1) + o, (Xn+1))} (2.3)

where H is given in (2.1), b: © x X — TO is a bi-measurable function satisfying for any
6 € 0O, by: X = TyO, and (N,)nen+ is a sequence of positive stepsizes. Compared to
the recursion given in the introduction (2.2), by, (Xp+1) is an additional bias term used to
explicitly model cases when h cannot be evaluated no matter how we sample.

We discuss some basic assumptions to be used throughout this paper. First, we ensure
that the exponential map Exp is well defined over TO with the following condition (for a
definition of the Riemannian exponential mapping, see Section ).

A1l. O is a geodesically complete Riemannian manifold of dimension d € N*.

In addition, we assume the existence of a Lyapunov function V for the vector field h.

A 2. There exists a continuously differentiable function V : © — R% satisfying:
(a) There exist constants c,,cqy,¢ > 0 such that for any 6 € O,

a1 [Ih(O)5 < co — (erad V(0),h(8))g . ligrad V(8)llg <€ IR(O)] - (2.4)

(b) The Riemannian gradient gradV (see Section ) is geodesically L-Lipschitz,
i.e. there exists L > 0 such that for any 09,01 € ©, and geodesic curve y : [0,1] — ©
between Oy and 61,

|grad V' (61) — Ty grad V(o) |y, < LL(y)

where £(y) = ||v(0)]|g, is the length of the geodesic.
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The first inequality in is a Lyapunov condition (see [LLaS60]), and the constant ¢y
underlines a mismatch between the orientations of the mean-field and the gradient of the
Lyapunov function. In addition, A2-(a) implies ||h(6)||, < C ||grad V(0)||, + C2 for any

0 € O, for some constants C7,Cy > 0. Meanwhile, is satisfied if V' has a continuous
Riemannian Hessian Hess V' (6) : Ty© — Ty©O with a bounded operator norm for all € O,
see Lemma in Section . Overall, conditions and ensure the stability

of the recursion (2.3) as they imply that h is sublinear, i.e., for any 6y,0; € O, there
exists C' > 0 such that for any geodesic curve vy : [0,1] — © between 6y, 01, it holds since
T¢,; is an isometry by [Lecl9, Proposition 5.5-(f)], |h(61)]ls, < C1llgrad V(61)]g, + C2 <
C3(f(y) + 1), for C3 > 0. Importantly, A 1-A 2 allow us to generalize the descent lemma
to the Riemannian setting, as follows (see [Z510]).

Lemma 2.1. Assume A1, A2-(b) hold. For any 0y,0; € © and geodesic curvey : [0,1] —
© between 0y, 01,

V(1) = V(00) — (grad V (6), ¥(0)),| < LEY)?/2 .
Proof. For completeness, the proof is given in Section . 0

This derivation is crucial for our proofs, and exists in different settings in the literature,
e.g. [AMS08, Lemma 7.4.7], which differs with this result because Lemma holds for
any geodesic curves, and is not limited to the length-minimizing ones. Finally, we assume
that the bias term in (2.3) is uniformly bounded.

A 3. There exists a constant bo such that supg yycexx 1ba(2)[lg < boo-

We provide non-asymptotic guarantees for the geodesic SA scheme (2.3) to find an
(approximate) stationary point. Roughly, these results ensure the ability of the scheme
(2.3) to produce an estimator € © based on {#y,...,0,}, satisfying E[Hh(é)Hg] < €+ Cboo,
for a given target precision € > 0 and if n is large enough. More precisely, the estimator
that we consider in this paper is the I,-th iterate 6, , where I, is a random variable
independent of 6y and F,, with distribution, for any ¢ € {0,...,n},

P (I, =0) = (X0 Mit1) Mot - (2.5)
To simplify notation in our subsequent discussions, define for any n € N and p > 1,
P=xp i, Tp=rTd.

To gain intuition on the analysis for geodesic SA scheme (2.2), let us present a simple
proof in a simplified setting.

Proposition 2.2. Consider the sequence (0y,)nen defined by the deterministic version of
(2.2), i.e. Hg(x) = h(0) and bg(z) = 0 for any x € X and § € ©. Assume A 1-A 2 and
suppen+ Nk < ¢1/L. Then, for any n € N we have,

Elllh(02,)115,,] < 2c7'{V(00) = V(n41)}/Tns1 +2¢1 e (2.6)

where I, has distribution defined by (2.5).
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2.2. Geodesic Stochastic Approximation Schemes

Proof. The analysis here is a consequence of Lemma 2.1. For any k£ > 0 and ¢ € [0, 1],
we observe that the geodesic segment y*)(t) = Expg, (tNk+1h(0r)) satisfies v#(0) =
M1 h(0r) and L(y*)) =11 [|h(6%) g, 5 see [Leel9, Corollary 5.6-(b)]. Applying Lemma
yields,

< (L/2)t(y*))?
= (Ini11/2) [R(O)Il5, -

‘V(Hkﬂ) = V(0r) — Mkt (grad V(6), h(gk»ek

Using A 2-(a), we obtain for any k € N*

SrcoMit1(er — (L/2Mer1) 10115, < V(00) = V(Ons1) + coTns1 - (2.7)

Setting the step size as suppcn= Mg < ¢1/L and using (2.5), we obtain by integrating with
respect to I, the result (2.0). O

In the case were ¢, = 0 in A2-(a) and taking a constant step size ng = ¢; /L, Proposi-
tion implies that E[Hh(01n)||3[ |=001/n).
We now consider the the actual geodesic SA scheme (2.3). Define

eg(x) = Hp(z) — h(0) . (2.8)

Note that for any x € X, 6 — ep(x) is a vector field on © corresponding to the noise in
the estimation of the mean field h. By Lemma and arguments paralleling those used
to derive (2.7), we show

Lemma 2.3. Assume A1, A”. Setting AMy, = (grad V (6r), eg, (Xk+1))o, for any k € N,
we have for any n € N* and € > 0,

Yoo Mkti(er — BL/2)Mkr1 — ) ||h(6k)II5,
< Yo M1 AMy + (3L/2) YRoo iy lea, (Xis1) 5,
+V(60) + colna1 + Simg M {(4€) ™ + BL/2)M1 } (10, (Xis) 5, -

Proof. The proof is postponed to Section . O

The terms in the right-hand side of the inequality given by Lemma correspond to
different sources of error that we can identify. First, the two terms > }_oNg+1AM) and
> h—oMiy1 ll€o, (XkJrl)Hgk come from the noise vector field, in the first and second-order
approximation given by Lemma respectively. The other term gathers the different
sources of bias. More specifically, V' (0y) corresponds to the initial conditions, ¢oI'yy1 is
introduced by the constant ¢y underlied in A2-(a) and the last term results from the bias
on the measures of the mean-field function.

With a sufficiently small step size, the left-hand side in the inequality above can be
lower bounded by > 7o Nk+1 ||2(6k) ||gk Meanwhile, the right-hand side can be controlled if
SUD,eN Do heo Nk+1E[AM}] < 4+00. To control this term, we consider two different settings.
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MD1 (Martingale Setting). The sequence (ep, (Xn+1))neN s a martingale difference se-
quence with respect to the filtration (Fp)nen, i.e. Eleq, (Xnt1)|Fn] = 0 for any n € N*.
Also, there exist 0,07 < +oo such that for any n € N*, E[[leg, (Xn41)|5, [Fn] < 0f +
ot [1h(On)I7,

Under MD 1, we note that E[>"}_oNx+1AM] = 0 in Lemma 2.3 and thus the following
result can be easily obtained:

Theorem 2.4. Assume A1-A2-A3-MDI. Consider (0x)ren defined by (2.3). If suppens Mk <
¢1/(6L(1+ 0?)), then for any n € N*,

E 1105115, | < (ciTwsn) ™" {2E[V(60)] + BL(oF + b2)T12), |
+2(bsot/cr)? + 205 /¢y

where I, has distribution defined by (2.5) and is independent of (Xi)kenx-
Proof. The proof of Theorem is postponed to Section . O

We notice that the result is similar to (2.6) for a deterministic scheme, with additional
constants related to the variance oy and bias bg.

To control the term Fg_)ﬂ, it is desirable to select a nonincreasing step size. When the
step size is g = O/(k + A)?, for some O, A > 0 and « € (0, 1], Theorem shows that
E[1h(01,)113, 1 < R(O, &, ,n)+2(beet/c;)? +2¢5/¢; where R(0, A, a,n) = O(1/n*"17))
for a € (0,1/2)U(1/2,1), R(O, A, 1/2,n) = O(log(n)/v/n) and R(O, A\, 1,n) = O(log(n)~1).

We now turn to the Markovian setting.

MA 1 (Markovian Setting). There exists a Markov kernel P on (© x X) x X such that
for any n € N and bounded and measurable function ¢ : X — Ry, Elp(Xpnt1)|Fn] =
Jx ©(y)Po, (Xn,dy). In addition, for any 0 € ©, Py admits a unique invariant distribution

o satisfying h(0) = Jx Ho(y)dmo(y).

Consider a measurable function w : X — [1,+00) and the following additional condi-
tion.

MA 2 (w). The Markov kernel P and the measurable function w satisfy the following
conditions.

(a) There exists exo > 0 such that for any x € X, suppee |lea(2)|lo < ecww/?(z).

(b) There ezists Cyy > 1 such that supyen E [w(Xg11)] < Cy.

(c) For any 0 € O, there exists a measurable function é : © x X — TO satisfying for any
rxeX, 00, é(r)eTyO, and

@@—A%@@m@:%m. (2.9)

Moreover, there exists éo, > 0 such that for any 0 € ©, x € X ||ég(z)||o < éoow/?(x).
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(d) There exists Ls > 0 such that for any 6p,0; € ©, x € X and geodesic curvey : [0,1] —
© between Oy and 01,

< Lol(y)w'?(x) .
01

H/)(Pe1 (z,dy)és, (y) — T, {/x P90<x7dy)é90(y):|

Note that (a) is a mild assumption on a ©-uniform control (uniformly on the manifold)
of the noise; is automatically satisfied if w is bounded; assumes the existence of
solutions to the Poisson equation (2.9), which can be established if the Markov kernel Py
is w-geometrically for any 6 € ©. In addition, it is also required that éy (for fixed ) to be
uniformly bounded by w!/2. Finally, assumption is implied by smoothness conditions
on the Markov kernel and the noise with respect to the SA parameter #. We shall discuss
the setting which implies M A 2 just after the statement of our main result.

In the case w is not bounded, we need to consider the following condition which is
automatically satisfied if © is compact, which is the case for the Grassmann manifold for
example.

A 4. There exist hoo > 0 such that supgce ||h(0)]|p < hoo-

We obtain the following result for geodesic SA scheme with Markovian noise:

Theorem 2.5. Assume A 1-A 2-A 3-MA I-MA 2(w) hold for some measurable function
w : X = [1,400). Assume in addition either w is bounded or A /. Let (Mk)ken+ be a
sequence of stepsizes, ai,az > 0 satisfying supgpen«Nk < ¢1/(4(3L/2+ D)) and

sup {Np1/Me} <1, sup Mg/} < a1, sup {ng —nppa| /it < az . (2.10)
keN* keN* keN*
Consider (0;)ken defined by (2.3). Then for any n € N*,
Elln@)2 | < 2{EWV(B)] +C c.r? r 2(bot/c;)? + 2
1R (01.)l5, | < V(o) + C(1) + Cel'y 1y 1/ (e1lnt1) 4+ 2(bot/c1)” + 2¢5 /¢y

where I, € {0,...,n} is independent of F,, and with distribution defined by (2.5) and the
constants C(M1), De and Ce are given by (2.39), (2.10) and (2.11) in the appendiz.

Proof. The proof of Theorem is postponed to Section . O

When the step size is N = O/(k + A)%, for some O, A > 0 and a € (0, 1], the same
conclusions of Theorem can be drawn again.

We now give formal conditions that lead to MA 2(w). We gather them into two
assumptions, the first one concerns the family of Markov kernels and the second one
concerns the mean-field h and its observation H. A set C € X is called small for a Markov
kernel @@ in X x X when there exists m > 0 and a non-trivial measure v, on X such that
forany x € C, Be X, Q™(x,B) > v,(B).

MA 3 (w). The family of Markov kernels (Py)pco and the measurable function w : X —
[1,+00) satisfy one of the following conditions:
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(a) The family (Pp)gco is uniformly ergodic with constant uniform in 0, i.e. there exist
ep € (0,1) and Cp > 0 such that for any 0 € ©, Py has a unique stationary distri-
bution my and for any x,x’ € X, and k € N, Héngk — ZSxxPé“HTV < Cp(l—ep)k. In
addition, there exists C > 0 such that for any 6y,0, € ©, x € X and geodesic curve
Y : [0,1] — O between by and 01, ||55 Py, — 84 P, |lTv < Cl(y).

(b) For any 0 € ©, Py = P, where P is a Markov kernel on X x X. Moreover, there
exists w : X — [1,400), A € (0,1), by > 0 such that for any v € X, Pw(z) <
Aw(x) + bylc(z) where C € X is a small set for P.

Since MA 3(w)-(a) does not depend on the choice of w, we will simply denote it by
MA 3-

A5 (w). There exists a constant C > 0 such that for any x € X, and any 0y, 01 € © and
geodesic curve vy : [0,1] — O between 6y and 61,

sup leg(z)lly < Cw'/?(z),  and |leg, (x) — T¥eq,(x)|y, < Cly)w'P(z).  (2.11)
(S

Proposition 2.6. Assume A1, MA 1. Firstly, if, in addition, MA and A5(1) hold,
then MA 2(1) holds, where 1 is the constant function equal to one on X. Secondly, if, in
addition, MA 3(w)-(b) and A 5(w) hold for a measurable function w : X — [1,400), then
MA 2(w) holds.

Proof. The proof is postponed to Section . O

2.3 General Retraction SA Schemes

The previous section focused on the geodesic schemes (2.3) that require performing the
Riemannian exponential map Exp at each iteration. Evaluating the Exp map is often
computationally challenging. An alternative is to use a retraction map Ret : TO — ©
that approximates the exponential. The main focus of this section is to analyze a retraction
SA scheme:

9n+1 = Retgn {T]n—i-l (H@n (Xn+1) + bgn (Xn+1))}, néeN, (2.12)

given the initialization 6y € ©, and Rety stands for the restriction of Ret to TyO, 6 € ©.
We first discuss the properties of retraction operators with some examples below.

2.3.1 Retraction and Quantitative Estimates of the Retraction Error

For any 6 € ©, we denote the cut locus of 6 by Cut(d) C © (see Section ). The
following assumptions are made on the retraction maps of interest:

R1. (i) For any 0 € O, Rety(0p) = 0, where Oy is the zero element of Ty® and
(DRet)g(Og) = Id.
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(ii) For any (0,u) € TO, Rety(u) ¢ Cut(6).

(iii) © is a homogeneous Riemannian manifold (see Section ) with isometry group
G and for any g € G, (0,u) € TO, g-Retg(u) = Retgg(g-u), where g-0 = g(0) and
g-u=(Dg)g(u) is a vector in Ty.,0.

R 1-(ii) ensures that the inverse exponential map is defined on Rety(Tp©); see Sec-
tion . Thus, the following function is well defined:
®y = Exp, ' oRety : TyO — TyO , (2.13)

which defines a bundle map ® : TO® — TO. This mapping allows us to precisely measure
the quality of the approximation of the exponential map by the retraction through quanti-
tative bounds on the retraction error map ®y —Idg on TyO. Note that in the special case
when Ret = Exp, we have &y = Idy, and the retraction error map is the null function.

R 1-(i) roughly implies by a Taylor expansion that ||®g(u)—ulls < ||ullg, for (0,u) € TO.
However as we shall see in the analysis, to ensure convergence of SA using retraction maps,
we need to establish a tighter bound, i.e. |[®g(u) — ullp < ||u||g, for (0,u) € TO, B > 2.
It boils down to showing that the first non-zero term in the Taylor expansion is of order
higher than one. To obtain such a result, we consider the following assumptions, defining
regular first-order R2 and second-order R3 retraction; see [AM12].

R2. Foranyf € ©, there exists 1 (0) > 0, such that ||(D2®g)su(u, )|, < LM (0) ]| 7,

for any u € TyO and t € [0, 1], where the function @y : To© — TyO is defined by (2.13).

R 3. For any 0 € O, the following hold.

(i) Setting y(t) = Retg(tu) for t € R and u € TyO, the initial acceleration of the curve
Y satisfies Dyy(0) = 09, where Dy is the covariant derivative along y (see [Leeld,
Theorem 4.24]).

(ii) There exists £ (0) > 0, such that ||(D3®g)p(u, u, u)||, < L) ||ull3, for any
u € Ty© and t € [0,1], where the function g : Tg© — TyO is defined by (2.13).

Note R 3 does not imply R 2 nor vice versa. The following is a consequence of R?2 or
R3:

)
1

Lemma 2.7. Assume R and let 0 €~G), it holds
(a) Under R2, ||Pg(u) — ul|, < Z(l)(Q)Hqu for any (6,u) € TO.
(b) Under R, | ®g(u) — ull, < L2 (0)|ull} for any (0,u) € TO.

Proof. The proof is postponed to Section . 0
We conclude this subsection by illustrating two examples of matrix manifolds with
retraction operators satisfying R1-R2-R 3.

Example 2.8. (d-dimensional sphere S¢) For © = S? = {x € R¥*! : ||x|| = 1}, we may
take (6,u) € TS? (6 4+ 1)/ |0 + u| as a retraction map. We show in Section that
R 1-R2-R3 are satisfied for this example.
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Example 2.9. (Grassmannian manifold Gr,(R?)) Forr € {1,...,d—1},let © = Gr,(R?)
be the set of r-dimensional subspaces over R?. Note that Gr,(R?) is a compact (d — r)r-
dimensional manifold [Lee03, Example 21.21]. We represent it as the quotient of the non-
compact Stiefel manifold by the action of the linear group GL,(R), see Section for a
full description of the manifold and its tangent space. We consider the canonical metric
(see [AMS04, Section 3.3]) defined for any [B] € Gr,(R?), and Dy, D; € T Gr,(R?), by
g%] (Dy,D3) = Tr((B"B)"'D{ D3). The exponential map on Gr,(R?) corresponding to
this metric is given for any [B] € Gr,(R?), D € TgGr,(R?) by

Expig (D) = l(B(BTB)WV U) (ngi)] , (2.14)

where exp(-) is the matrix exponential and D(BTB)~1/2 = UX V" is the compact singular
value decomposition (denoted SVD in the future, see [HP14, Theorem 1.46]), with U a
d x r matrix with orthonormal columns, meaning U' U =I,., V a 7 x r orthogonal matrix,
and ¥ a r x r diagonal matrix with nonnegative elements. See [AMS04, Theorem 3.6] for
the proof. A retraction map is then defined for any [B] € Gr,(R?%), D € T[B]Grr(Rd) by
Ret[B](D) = B+D]. (2.15)
This retraction operator is very natural from the geometrical point of view, as it is a formu-
lation of the parametrization of Gr,(R?) in a neighborhood of [B] (see Proposition ).
It has also been considered in [AM12; Bonl13] which discuss in details the computational
benefits of this approximation. In practice, to simplify the formulations of geodesics and
metric computations, we always consider orthonormal representatives for [B] € Gr,(R%)
and [B+ D], D € T[B]GrT(Rd) by performing a Gram—Schmidt orthonormalization step
or by choosing Q in a QR decomposition B + D = QR.
Proposition 2.10. The projective retraction on the Grassmannian manifold Ret defined
by (2.15) satisfies R1-R2-R. 5.
Proof. The proof is postponed to Section . O
Example is important in our application of retraction SA to PCA problems to be

discussed in Section . Indeed, the retraction SA scheme that we consider with the
retraction map ( ) corresponds to the famous Oja’s algorithm.

2.3.2 Analysis of Retraction SA Schemes

To analyze the retraction SA scheme in ( ), we observe that it can be re-written as:
Ont1 = Expy, {Nnt1 (Ho, (Xnt1) + b, (Xnt1) + TAVER (Xnt+1))} s (2.16)
where Ay (z) is the ‘retraction bias’ defined for any (6,z) € © x X and n > 0 by

Agn(x) =N~ @o(n{Ho(z) + bg(2)}) — {Ho(x) + by(2)} - (2.17)
Our strategy for analyzing ( ) is to incorporate the retraction bias in the analysis
as it is done for the geodesic SA scheme, using Lemma and noting that Agn(z) =
N Y®y(u) — u} with u = n{Hg(x) + bg(x)} for any § € ©, z € X and 1 > 0. Again, we
consider separately the martingale and Markovian settings.
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Martingale setting We shall strengthen this assumption first and consider for some
a > 0:

MD 2 (a). There exists myyy > 0 such that a.s. E[[leg, (Xn41)|§ |Fn] < mq), for any
n € N.

We acquire the following convergence result for (6,,)nen.

Theorem 2.11. Assume A1-A2-A3-A/, R1, MD1 hold. Suppose either R”, MD?(4)

or R5, MD 2(6). Consider (0r)ren defined by (2.12). Then, if supgen«ne < 0, forn
defined in (2.99), for any n € N

E (1105, ] < 2(eaTni) HEIV(00)] + CRTEL + AL} + 2(bacthe + e0) /e

where Cg) is given by ( ) Ag_?l = (’)(FS’_)H) is given by ( ) and I, € {0,...,n}

is a random variable independent of F,, and distributed according to (2.5).
Proof. The proof is postponed to Section . O

Theorem shows that the bounds for the retraction scheme ( ) and the geodesic
scheme (2.3) are (up to the precise definitions of constants) the same.

Markovian Setting : We strengthen MA2(w)-(b) as follows:
MA 4 (w). The Markov chain (Xy)ken satisfies that supyen E [w3(Xg41)] < c® for
cy >0,

Theorem 2.12. Assume A1-A2-A3-A ), R1, MA I-MA (w)-MA /(w) hold for some
measurable function w : X — [1,400). Suppose in addition that R” or R3 holds. Assume
that (Mg )ken+ S a sequence of stepsizes and ai,as > 0 satisfying (2.10). Consider (0)keN
defined by (2.12). Then, if supyens Mk < 7, for N defined in ( ), for any n € N

ENR@L)IZ, 1 < 2(eiToi) HEV(60)] + Cn1) + DTS, + B}
+2(booéhoo + QQ)/Ql 9

Cm), Dy are given by (239)(2.107), B = OW)) by (2112) and lastly I, €
{0,...,n} is a random variable independent of F,, and distributed according to (2.5).
Proof. The proof is postponed to Section . O

Again, the bounds are matched with those obtained in the martingale setting.

2.4 Applications

In this section, we illustrate our convergence analysis results on two examples: subspace
tracking method and robust barycenter problem.
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2.4.1 Principal Component Analysis

We consider an online principal component analysis (PCA) problem in which we aim at
estimating the r principal eigenvectors of a d x d covariance matrix A; see [CD18] and
the references therein. We assume that we have access to noisy data (X,),en+ in R?
which have covariance matrices close in some sense to A. More precisely, we consider the
following two cases.

HP1. (X,)nen- s i.i.d., E[X1X{ ] = A, and there exists mélca) < oo such that E[|| X1]|*?] <

12
mbe .

HP2. (X,)nen+ is a Markov chain on R? x B(R?) with Markov kernel P and stationary
distribution m such that [qa vdm(z) = 0 and A = [gaxx"dr(z). In addition, there exists
w: X = [1,4+00), Ay € (0,1), by > 0 such that for any x € X, Pw(z) < Apw(x)+bylc(x)
where C € B(RY) is a small set for P. Finally, w satisfies sup,cga{||lz||'? Jw(z)} < +o00.

For B € St,.(R?) and B, € Sty_.(R?) such that BTB, = 0, (d—r), consider Projjg) =
B(B'B)"'B'" and Projig,| = B,(B|B,)'B] =1, - B(B'B)"'B' the orthogonal
projection matrices on [B] € Gr,(R?) and [B,] € Gry_,(R?) respectively. Online PCA in
the i.i.d. case has been tackled by, among others, e.g. [Bon13; Oja92; ZS16], [CD18, Section
5]. We consider two algorithms introduced in [Bon13, Section 4.1] to estimate A. In both
cases, PCA is considered as a stochastic minimization problem on the Grassmann manifold
(see Example 2.9) of r-dimensional linear subspaces of R, Gr,.(R%), r € {1,...,d—1} with
objective function

f([B]) = -Tr (BTAB(B'B)!) /2. (2.18)
Since Projig | does not depend on the representative B € [B], f defines a map on Gr,(RY).
Then, by [AMS04, Section 3.4], the gradient of f is given by

grad f([B]) = — (Id — Proj[B]) AB, for any [B] € Gr,.(RY) ,

Based on the exponential map (2.11) or the retraction (2.15), we consider the two recur-
sions

E .
[B,(H)l] = EXP[Bglm](ﬂnH{Id - PFOJ[Bglm]}{Xn+1XnT+1}B$LE)) ; (2.19)
Re .
BLEY] = B +mus1{Ls = Projg e, X1 X141 1B() (2.20)
Recall that by Proposition , the retraction used for ( ) satisfies R1-R2-R3.

Theorem 2.13. The schemes defined by (2.19) and (2.20), on the manifold © = Gr,(R?)
is of the form (2.2) with Hig)(z) = {I;—B(B'B)'BT }{zz"}B, and A1-A2-A3-A are
satisfied with the mean-field h < —grad f, Lyapunov function V < f and ¢y = bso = 0.
(a) Under HP 1, (2.19) and (2.20) satisfy MD 1-MD 2(6). Thus, there exist some C > 0
and N > 0 such that if supycn«Ni < 7, then for any n € N*,

E [[lgrad £(01,)113, | < Toky {2E[£(00)] + CT,} . when using (2.19) ,
E Mgrad f(ﬁjn)HzIJ <I, {QE [f(6o)] +C (Fﬁl + Ffﬁl)} , when using (2.20) .
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Here I, € {0,...,n} is a random variable independent from (Xy)ren+ and Oy, with distri-
bution defined by (2.5). Moreover, the squared norm of the gradient can be expressed as
|lgrad f(@ln)HgIn = Tr(Projg, jAProjyg, y,A), where, for any k € N, By € St,(R?) and

(Bi)1 € Stg_(R?) are such that [Bg] = 0}, and B,I(Bk)J_ = 0.

(b) Consider HP 2 with its function w : X — [1,+00), (2.19) and (2.20) satisfy MA
-MA?(w)-MA /(w). Then, the same conclusion as (o) follows.

Proof. Note that A | is satisfied following for example [EASI8, Section 2.5]. Setting
h < —grad f and V < —f, since f is smooth and Gr,(R?) is compact, it is easy to verify
that A2 is satisfied with ¢y = 0.

In light of the above recursion, the noise vector field can be written as ejgj(z) =
{I,-B(B'B)"'B"}(z2" — A)B and the bias function is the null function bg;(z) = 0g,
for any [B] € Gr,(RY), x € R%. We recall from Example 2.0 that the retraction operator in
( ) satisfies R1-R2-R3. We now verify the other assumptions to apply Theorems 2.4,

, and .

e Under HP |, MD | MD?2(6) hold.

e Under HP?2, MA | is automatically satisfied. We show in Proposition that for
any z € RY, [B] ep)() satisfies (2.11). Finally, HP2 implies that for any [B] € Gr,(RY)
and z € R?, lem) (@) B < Cw'/?(x)", for some constant C' > 0. Therefore, HP 2 and
an application of Proposition shows that MA 2(w) is satisfied. Also, the explicit
expression for the noise e and HP 2 implies that M A 4 holds. O

Theorem shows that the schemes (2.19) and (2.20) converge to a zero of grad f
with convergence bounds provided by our main results since ¢y = by = 0.

2.4.2 Robust Barycenter in a Hadamard Manifold

Let © be a Hadamard manifold — a simply-connected, complete Riemannian manifold
of non-positive sectional curvature [Leel9, Propositions 8.29, 12.9]. We assume that the
sectional curvature of © is bounded below, —k2 <sec® < 0. A common example of this
situation is © = S$+(R), the space of real d x d symmetric positive-definite matrices,
equipped with its affine-invariant metric [PFA0G]. Consider data points (X, )nen+ lying
on the Riemannian manifold O, i.e., X,, € ©, that are drawn from a distribution w. A
fundamental machine learning problem is to compute some kind of central value of ,
defined as an optimal solution to

ming f, where f(0) = [g p(6,x)n(dx) for § € O, (2.21)

where p(0,x) is some Riemannian dissimilarity measure. For instance, the Riemannian
barycenter, also called the Fréchet mean, is obtained by taking p(6,z) = p%(6,z) where
po : © x ©® — R, is the Riemannian distance of © [GV08; Mat+19].

The Riemannian barycenter is known to be sensitive to outliers, which motivated the
idea of considering the Riemannian median, obtained by taking 5(0, x) = pe(6,z) [ABY 13].

!llers)(x)]|(B) is the norm the tangent vector efg)(z) associated with the Riemannian metric of Gr,(R%)
given in Example and ||z|| is the Euclidean norm of z.
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We consider a robust barycenter by using a Huber-like dissimilarity measure, pg : © x © —
R, , defined for any g, 6, € © by pu(fo, 1) = 52 [1+{pe(fo,01)/5}?]"/? — §2, where § > 0
is a cut-off constant. Observe that py (6o, 01) behaves like (1/2) p2 (6o, 61) when pe (6o, 61)
is small compared to d, and like dpg (o, 61) when pg (6o, 1) is large compared to §. Using
pu in the optimization problem ( ) yields a robust barycenter problem, and the robust
barycenter is a global minimizer of (2.21). We say that a continuously differentiable func-
tion f: © — R is strictly geodesically convez, or strictly g-conver in short, when for any

00,01 € © with 0y # 01, f(61) > f(60) + (Expg,' (61), grad f(60))a,-

Proposition 2.14. Let © be a Hadamard manifold with sectional curvature
bounded from below, and let w be a probability distribution on ©. Assume there exists some
T € O such that

/ po(r,z)m(dr) < 400 . (2.22)
(S)

Then, the function f : © — Ry given by (2.21) taking the Huber-like dissimilarity py :
(0o, 01) — 6% [1+ {pe(bo,01)/6}2]% — 62 is geodesically strictly convex. Moreover, f has
a unique global minimizer 8% € ©. In other words, ™ has a unique robust barycenter 6*.

Proof. The proof is postponed to Section . O

In the case where (X,,)nen~ is either an i.i.d. sequence or is given by an ergodic Markov
chain with stationary distribution 7 satisfying ML A 2, tackling the problem (2.21) can be
done by considering the following geodesic SA scheme:

Oni1 = Expg, (Nat1 Expy | (Xns1)/[L+ {peo(0n s Xnt1) /017 ]?) . (2.23)

The above is the “recursive barycenter” scheme proposed by [Arn+12; Stu03], except that
a move in the direction of a new observation X, is attenuated when this new observation
lies too far from the current estimate #,, . This means that less weight is assigned to extreme
observations. Note that this strategy and the scheme ( ) have been also considered in
[Cha-+20] to solve PCA in a robust manner.

Proposition 2.15. Let © be a Hadamard manifold with sectional curvature

bounded below by —k?. Furthermore, consider f given by ( ) as the Lyapunov function
for the stochastic approximation scheme (2.23). Then A2, A5 and A5(1) are satisfied,
withc=¢=1, L =1+ 0k, and boo = 0. Moreover, if the family (X,)nen+ is i.7.d. with
distribution m, then MD | is satisfied, with g = 6% and o1 = 0.

Proof. The proof is postponed to Section O

This means that in the i.i.d. setting, Theorem can be used, and in the Markovian
case, we only require MA | and MA 3(w)- for some measurable function w : © —
[1,+00), to satisfy the assumptions of Theorem 2.5. Furthermore, (2.23) finds a unique

and global minimizer to (2.21).
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Figure 2.1: {E[||grad f(B(Iﬁe))H[Bn]]}n for n, =0/(n+ A)* in the i.i.d. setting

n

2.4.3 Numerical Examples on the PCA Problem

We illustrate our results on a PCA problem on Gr,(R?) with r = 8 and d = 50 using the
two settings HP | and HP 2. We use both the retraction map (2.15) and the recursion
(2.20).

We first consider the case where (X,,)nen+ is i.i.d. with zero-mean Gaussian distribu-
tion and covariance matrix A. For our experiments, A is a randomly sampled symmetric
matrix with eigenvalues in [107%,10]. Note that HP | holds. In Figure we illus-
trate the convergence bounds provided by Theorem . This figure shows a Monte
Carlo estimation of {E[||grad f(Bgfe)) IB,] : ne€{l,...,10°}} for the step-size sequences
Mn =0/(n+ A)%, o € {0.3,0.5,0.8}. We can observe that the convergence bounds pro-
vided by Theorem which are of order O(1/n*1=) for a € (0,1/2) U (1/2,1), and
O(log(n)/y/n) are met.

In a second experiment, we assume that (X, )nen+ is a Markov chain, with state space
R¢, satisfying the recursion for any k € N, Xpr1 = MXy + €41, where M € R4 and
(ek)ken+ 18 a sequence of i.i.d. random variables with zero-mean Gaussian distribution and
covariance matrix A. The matrix M is chosen so that its spectral radius is strictly less
than 1, which implies that HP?2 is satisfied; see Section . The stationary distribution
is zero-mean Gaussian with covariance matrix satisfying the discrete Riccati equation:
S.=MXZ.M' +A. Similarly to the i.i.d. setting and with the same parameter choices,
the convergence bounds provided by Theorem are illustrated in Figure
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Figure 2.2: {E[||grad f(Bgfe))H[Bn]]}n for n, = 0/(n + A)* in the Markovian setting

2.5 Proofs for Section

2.5.1 Proof of Lemma

The proof uses results on parallel transport and geodesics on a Riemannian manifold. For

reader convenience, these concepts are recalled in Section and
Using y(0) = 6o, y(1) = 6, by a Taylor expansion of V oy and the deﬁmtlon of the
Riemaniann gradient (see Section ), we have

1 1
V() = V(80) = [ (arad V() Oyt = [ (arad V(D). Thv(0))y o
where we have used for the last equality the uniqueness of the parallel transport [Leel9,

Theorem 4.32] and that 7y is a geodesic. Therefore, we obtain, using that the parallel
transport is a linear isometry [Leel9, Proposition 5.5], that

\V(el) — V(6o) — (grad V(Ho),v(0)>y<0)\
/ [(grad V (y(£)), T3(0)) ) — (grad V(¥(0)), 7(0)) o)
= [ (e v (v(e) - Tharad VEr(0), T ), |

1 1
<L [ € (vipa) ITEV(O)ly 0y at < Lev) [ ettt

Where we have used that since y is a geodesic T{,v(0) = v(¢) and by [Leel9, Corollary
5.6], [V(E)lly4) = £(v), and £(y|[0,q9) = t€(y) by [Lecl9, Lemma 5.18].

2.5.2 A technical lemma: proof of Lemma

For any k > 0 and t € [0,1], consider y*)(¢) = Expg, {tk+1(Ho, (Xpy1) + bg, (Xpv1))}-

Note that y(k) (O) = T]kJrl{Hgk (Xk-+1)+b9k (Xk+1)} and g(y(k)) = Nga1 ”Hgk (Xk+1) + bgk (Xk+1)H9k'
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Then, by Lemma 2.1, (2.8) and using that for any § € ©, a,b,c¢ € TyO, [la+b+c|; <
3(|lall7 + 1blI7 + [lcll?) , we get that for any & > 0,

[V (Ori1) = V(0k) = (grad V(0h), Hoy (Xis1) + boy (Xis1))y, | < (L/2)06 D)2,
= (LMi41/2) | Ho, (Xit1) + boy (Xir) 15,
< BL/2 41 {193, + 1o Krs) 3, + llea (Kesn) 3.} -
Therefore, we get that for any k € N,
— Nk+1 (grad V(0k), h(0k))g,
< V(0k) = V(Ors1) + iy (grad V(0k), ea, (Xi+1) + 0o (Xit1))g,  (2.24)
+ (3L/2mE 1 {1013, + 1bo, (X1 5, + lew, (Xs1) 3, } -
By A2-(a) and the Cauchy-Schwarz inequality, we obtain for any £ € N* and € > 0,
(grad V (601), b, (Xi+1))o, < Eellh(0n) 113, + (1/4€)lbo, (Xn+1)1[5, -
Thus, plugging this in (2.24) and using the first inequality in A2-(a) gives,
Mis1(er — BL/2kr1 — ¢) [h(0)15,
< V(0k) = V(Ot1) +Nir1¢o + N1 (grad V(Ok), eg, (Xit1))g,
+ Mi1/4e + BL/2Mj ] 100, (Xie1) 5, + BL/2)E4 llea, (Xas)15, -

Adding these inequalities from 0 to n and rearranging terms concludes the proof.

2.5.3 Proof of Theorem

Let n € N*. First note that for any k € N, E[AM}] = 0, using that 0 is Fi-measurable
and MD 1. Therefore, taking the expectation in the inequality given by Lemma and
166, (Xk+1)[lg, < boo using A3, we obtain

S Merles — (BL/2Mrs — 2)E (11013, ] < E V(0] + el
k=0

+(BL/2) D E [lea, (Xusn) I ] + 120 S e {497 + GL/2mi}
k=0 k=0

Since for any k € N, E[||eg, (XkH)Hgk] <ot +o} Hh(@@”gk using that 6, is Fj-measurable
and MD 1, we get

S si(er — 2% — (3L/2){1 + o2 1)E 1700113,
k=0

< E[V(00)] + coTns1 + 3LoT), /2 + b2 {T i1 /(de) + 3LT), /2} .
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Taking € = ¢;/(4¢%) and dividing by I',,1 1, we get

Tt D Mer1(3ci/4 — (BL/2){1 + o7 i1 )E [Hh(é’k)HZJ
k=0

< E[V(00)] /Tar1 +3LTZ) {02 + b2} /(20 01) + o + b2 e -

The proof is then completed using that for any k € N*, (¢;/4 — (3L/2)(1 + 0?)Mgs1) >0
and (2.5).

2.5.4 Proof of Proposition

Assume first MA 1, MA and A5(1). Setting w = 1, we prove that MA2(1) holds.
Since ex = sup,ex geo lleo(z)[lg is finite because of A5(1), then MA 2(1)-(a)-(h) hold.
Note that the condition for any 6 € ©, z,2’ € X, |8, Pf — 8 P}|rv < Cp(1—ep)* implies,
since 7y is the unique stationary distribution for Py, using Jensen inequality,

18, PF — mgllTv < Cp(1 —ep)F. (2.25)
Therefore, the function é given for any 6§ € © and x € X,
éo(z) = io{Pfee(ﬂﬁ) —m(ep)} (2.26)
k=0
is well defined using the Minkowski’s integral inequality for any z € X, 8 € O,
[€g(2)ly < Jio | PFeq(x) — ma(eq)llo = eso Jio 162P5 — mallmv < Cpeso/ep . (2:27)
k=0 k=0

Then, MA?2(1)-(c¢) holds.
To prove MA 2(1)-(d), since é satisfies (2.9) and e satisfies (2.11), it is sufficient to
show that there exists D7 > 0 such that

([0, () — TG0, () g, < D1f(y)

for any x € X, 6,01 € © and v a geodesic between 6y and #,. Consider 0y,0; € ©
and y a geodesic between 6y and 6;. Note that by (2.26), A5(1) and using that the
parallel transport associated with the Levi-Civita connection is a linear isometry [Leel9,
Proposition 5.5] and the same argument as proving (2.27) for any = € X, setting Aeg(x) =
6, () — Thes,(x) and using [ Aco(x) g < CE(Y),

166, () — Tg120, (2) ],

“+o00
< 3 ||Phicon (@) — Th Phyenq (@) — (ma, (ea,) — Tl (ea,)) |,
k=0

+o0 +o0
<3 || P Acow) = moy (eq)|, + 3 |25 — Piea) (@) = o, — maglean) |,
k=0 k=0

+o0o
< COpt(Y)/ep + 3 [[[PF, = Ph)(ea) (@) — mo, — may)es,) |,
k=0
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It remains to show that there exists D9 > 0 such that

+oo
> | (BE = Ph) (o) @) = [mor = map)ean)|, < Do) (2.28)
which follows from MA3-(a), ( ) and the following decomposition,
[Py — Py )(eg,)(x) — [mg, — ma,)(eq,) = —o, Py e, + Ty (€0,)
+ ]S{sxpgfl—i—l — o, }[Poy — Po){Pi, — e, }ea, - (2:29)
i=0

To obtain (2.29), expand the summation Zi-:ol P(f;i*l(Pg1 - PgO)Pgo and change the vari-
ables in the second sum, for any k € N, to get,

k—1 k—1 k
SN BTTN Py, — Py )Py = PETIRL S PETPy = P - PE (2.30)
1=0 1=0 =1

In order to use (2.25), we note that Y F-] ngl_i_l(Pg1 - PgO)PgO = Ykl ngl_i_l(Pgl -
Py ){Pj, — mg,} because Py mg, = Ppymg, = 7a,, and secondly that 7, Sl (P, —
Py ){Pj, — m9,} = g, — mg, Pf. To bound (2.29) in order to obtain the announced bound
( ), we use the triangle inequality and look at two separate terms. Let Ag(z,00,01) =
Zf;ol{éxPekfi*l — 7o, }[Po, — Py J{Pj, — ™o, }eq,- Using (2.25) and MA 3-(a), for any
keN,z e X, 0,0, €O,

k—1
44,00, 00)lay < D182 = oyl sup [ (Po, — P P, = 7o e
=0 Yy

0o
<Y Cp(l—ep)f it sup 16y Py, — 8y Pay || Tv |82 P, — oyl TVEs
i=0 Y,2€
< CC%enck(1 —ep)~e(y) . (2.31)

Secondly, for any k& € N,z € X,6p,6, € O, using [Dou+18, Corollary D.2.5], for the
measures (g, , 79, ) and the bounded function z — 8, P (eq,),

HF90P€]€0(690) - 7791P0ko(690) 9%

825, (e0y) — 8y Py (ea, )|,

k
H7T90 (690) - 7T91P60 (690) 0% =

S Hﬂ—QO - 7791HTV sup
z,yeX

S ||7T90 — 7T91HTVCP(1 — 6p>k600 . (2.32)

0

Moreover, for any ¢ € N* and z € X, using (2.25),

76, — moy |l mv < |76, — 80P, TV + 1825, — 8P, |lrv + 182 P4, — 7o Iy
<20p(1 —ep)' + (|6.P5, — 8P4, ||ITv - (2.33)
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Now, taking any function f : X — R such that supy |f| < 1 and using (2.30), (2.25) and
MA3-(a) we have

/-1

> 8. Py (Poy — Pog){Fy, — Weo}f‘
i=0

(8.4, — 8.P4,) ] =

=

M

< (—i—1 . B i
<X e |y 518 18, (Poy = Po)lo [8:P, = 7.,
/-1 '
< CK(Y)CP(l — Ep)l < CCPZO/)/EP . (2.34)
=0
Taking the supremum over f in (2.341), we obtain
H6$P9£0 — 6:BP£1HTV < CCPE(Y)/é“P . (2.35)

Plugging (2.35) in (2.33) and taking £ — oo, we have |7, — g, ||[Tv < CCpl(y)/ep which,
combined with (2.32), gives

o ea,) = w0, Pl (cay), < CCPesc(l —ep)*t(r)/2p - (2.36)
Combining (2.31) and (2.36) into (2.29) brings the desired result (2.25) for Dy = CCpeno/eP.
This concludes the first point of Proposition

Now, for the second point of Proposition 2.6, assume there exists a measurable function
w : X = [1,400) such that MA 3(w)-(b) and A5(w) hold. By assumption, MA 2(w)-

holds. Besides, by a straightforward induction for any = € X, k € N*, Prw(z) <
New () + by S0 AP < Mow(z) 4 by, /(1 — A) and therefore MA 2(w)-(h) holds. By MA

(w)-(b), for any 0 € ©, Py = P, mp = m for some probability distribution 7 on (X, X).

In addition, using Jensen inequality, for any = € X, Pw'/?(z) < A/2w'/?(x) + b}v/Q]lc(:n).
By [MT09, Theorem 16.0.1], there exist Dy > 0 and p € [0,1) such that for any = € X,

18, P% = |l 12 < Cpplpw'/?(x) . (2.37)

Therefore, é given by ( ) is well defined since for any § € © and = € X, using the
Minkowski’s inequality and ( ),

+00
leo(z)llg < > [1PFea(x) — mo(eq)lo
k=0

+0o0
= €o Z Hész = 7l p1r2
k=0

< Chesow () /(1 — pp) . (2.38)

Then, MA?2(w)-(c) holds.
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To prove MA2(w)-(d), since é satisfies (2.9), it is sufficient to show that there exists
D3 > 0 such that [|ég, (x) — T, ég, (:U)Hg1 < Dsw'/?(x)l(y). Note that by (2.26)-(2.11)-
(2.37) and using that the parallel transport associated with the Levi-Civita connection is
a linear isometry [Leel9, Proposition 5.5] and the same argument as proving (2.38) for
any z € X, setting Aegp(z) = eg, (z) — T, eq, (),

400
o, (@) = Théa (@)llg, < D |Pen,(x) — T Preq, (2) — (m(es,) — Thym(can)),
k=0

+00 oo
= [Prac — m(Aep)||, < CpOUyIw (@) 3 b
k=0 k=0

which completes the proof.

2.5.5 Proof of Theorem

Under A 1-A2-A3-MA?2(w) and for a sequence of step sizes (Nk)gen+, consider the con-
stants Dg, C(n1) and C? defined as follows:

C(m) = céoc(m +2) , (2.39)
if w is bounded by ws = supy w,

D; = é5cCy L + 2Cag + 0o Cyy + LeCwoo[l 4 a1 (eso + boo)] s
Co = C%+4 (3L/2) (b2, + €2.C.) , (2.40)
Cf = LéssCu(€co + boo) + LetCu (€ + boo) ;

if A4 holds,

Dy = é5,Cyw L + 2¢as + ¢5Cly
Ce = CY + (3L/2)(%, + €2.C) , (2.41)
C9 = LéoC(eoo + boo) + LstCly[(e0o + boo){arh®, + 1} + A2 ] .

Lemma 2.16. Assume A 1-A 2-A 3-MA -MA 2(w) hold for some measurable function
w : [1,400). Assume in addition either sup,cx w(r) = Weo < +00 or A /. Let (Ng)ken~
be a sequence satisfying (2.10) and set for any k € N, AM;, = (grad V (6y), eg, (Xk+1))o, -
Consider (0;)ken defined by (2.3). Then,

E[CR_omes1AM]| < Do X7y E 600115, ] + COTE, + Cm) .

Proof. Consider the measurable function é : © x X — TO which satisfies MA 2(w) and
for any k € N, consider y*t1 : [0,1] — © the geodesic between 6, and 6, defined
by y* D (¢) = Exp{tng11(He, (Xxs1) + bg, (Xg11))} for any ¢ € [0,1]. Note that for any
k €N,

() = s ([ Ho (Xisn) + oy (Xies1) o, - (2.42)
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Using that the parallel transport associated with the Levi-Civita connection is a linear
isometry [Leel9, Proposition 5.5] and (T§;)~! = TJ, by uniqueness of parallel transport
[Leel9, Theorem 4.32], we obtain the following decomposition

k=0

where

Ay =) i1 (grad V(0k), eo, (Xit1) — P, 0, (Xk))g, -
k=1

- . (k) .
Ay = i1 <grad V(0r), Py, 0, (X1) — T Pek_leek_l(Xk)>9k :
=1
- (k) .
Az =" ey (T grad V() — grad V (051), Py, ,é0, , (X))
=1
Ap = (Mk41 — k) <gr&d V(Ok-1), Pek,léek,l(Xk)>
k=1

As =m (grad V(6o), €, (X1))g, — Nnt1 (grad V(0n), Py, €9, (Xn+1))g, -

b
Or—1

)
Or—1

We now bound each term of this decomposition. Note that Ay is the only term which
will be bounded differently depending on either the assumption sup,ex w(z) = wee < +00
or A1. That is why we deal first with A;, i € {1,...,5} \ {2}. Note that using MA

and MA2(w)-(c), we obtain E[(grad V (6), €p, (Xi+1) — P, €0, (Xk))e, |Fr] = 0 for any
ke {1,...,n}, and therefore

E[4]=0. (2.43)

Using the Cauchy-Schwarz inequality, A2-(h), the definition of e (2.8), A3, MA2(w)-(a)-
and Jensen’s inequality, we obtain

|A3| <L Znk+1€(y(k))||P9k—1éek—1(Xk')Hek—l

k=1
n
<L annk—I—l {‘|H9k—1(Xk)||9k—1 + ||b9k_1 (Xk?)HGk—l} ||P0k—1é0k—1(Xk)||9k—l ’
k=1
n
< Léoo annk-l—l (eoowl/Q(Xk) + bOO + Hh(ek—l)HGk71) Pek—lwl/z(Xk) .
k=1

Taking the expectation, using MLA2(w)-(b), that (ng)ren+ satisfies (2.10) and the Cauchy-
Schwarz inequality brings,

E[|43]] < LéoeCuf o + boc]Tity + Xioy nZE[IR(Ok_1)II3, 1} - (2.44)
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Using the Cauchy-Schwarz and Jensen inequality, A2-(a), MA?2(w)-(c), for any a,b € R,
lab| < (a® + b?)/2 and that (ng)gen+ satisfies (2.10), we have

n
’A4| < EZ \le+1 _nk‘ ‘|h(9k,1)‘|9k71"P9k71é9k71 (Xk)HGkA )
k=1

n n
<202, ) it — il { Py, w2 (Xp)} + 2ea2 Y nillh(Bs-1) 3, -
k=1 k=1

Taking the expectation, using MA2(w)-(b) and (ng)ken+ iS non-increasing bring,
E [|A4]] < 2285, Coymi + 22az Yj_y iE[[R(Ok-1)I7, ] - (2.45)
Finally, using A2-(a), MA2(w)-(c) and Jensen’s inequality, we obtain,
| As| <mie|[h(60)la, 1éa, (X1)llg, + Nnt1€ [A(On) g, Fo.. 1€0, [lg, (Xn+1)

< Teoe {Mw!2(X1) [5(00) g, + M1 P, w!’> (K1) [11(60) g, } -

Taking the expectation, using the Cauchy-Schwarz inequality, MA 2(w)-(b) and that for
any a € R, a < a® + 1 brings,

Ql

E[|45]] < oo Cy/ *El|1(00)15,)"* + M1 Cof *EL | 1(00)[15,1M)
< @oo(2 + NCLE[|A(00)13,] + M1 CuELIR(ER)5,))
< Coo(2+ Cu Sg i ENNAOIE,)) - (2.46)
It remains to treat A, depending on the additional two conditions we consider. We start

by proving a general bound which hold. Using the Cauchy-Schwarz inequality, (2.12), MA
(w)-(a)-(c)-(d), (2.42) and A2-(a), we get

| Aa|
< Le Y Mepinew2(X) [lgrad V(0r) [, {llHekfl(Xk)Hekfl + Hbem(Xk)llekfl} ;
k=1
< Lt > Mpmew 2 (Xe) 100 |lg,, {eccw?(Xi)
k=1

+ 12Ok, _, + 1o,y (Xi)llor_ } -

Using that (n;)ren+ satisfies (2.10), A3 and for any a,b € R, |ab| < (a® + b%)/2, we obtain
[Aa] < Loz > 7 [A(0)llg, (eocw(Xk) + boow!/2(Xy) )
k=1

+ (Lee/2) S w2(x5) (170615, s + 1RG5, M7) -
k=1
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Changing the index in the second sum, using that for any = € X, w'/?(z) < w(z) since
w(z) > 1, for any a € R, a < a? +1 on ||h(0)]|p, and the second inequality in (2.10) we
get

| Ao < Lee Y miw(Xy)(eco + boo)
k=1

+ Leﬁzn:niﬂ 1) 115, ([w(X5) + w(Xir1)]/2 + arw(Xp)[eoo + b)) -
k=0

Now, taking the full expectation and using M A 2(w)-(b) brings
E[|4s]] < Let(eno + boo) Cul'\,

+ Let > i 160115, ({1/2 + a1(ee + boo) }ur(Xn) + w(Xp41)/2)] -
k=1

We now distinguish the two cases. If sup,cx w(z) = ws < +00, we obtain

E [|a]] < Let(eoo + boo) Cul 'y + Letwoe {14 a1(co +boo)} D i ER(OF,] - (2:47)

k=1
If A4 holds, we get
E[|Aaf] < Lot [(co0 + boo) (P21 + 1} + B2 | Cul') (2.48)
Combining (2.43)-(2.44)-(2.45)-(2.16)-(2.47)-(2.18), completes the proof. O

Proof of Theorem 2.5. The proof only consists in applying Lemma 2.3 taking e = ¢, /(4¢?),
Lemma using suppens Nk < ¢1/(4(3L/2 4 D¢)) and A3-MA2(w)-(a)-(b). O

2.6 Proofs for Section

2.6.1 Proof of Lemma

We preface the proof of the Lemma by a preliminary result which does not assume R

Lemma 2.17. Assume R 1-(i)-(ii) hold.
(a) For any (0,u) € TO, setting y(t) = Retg(tu) for t € Ry, we have,
Dyv(0) = (D*®p)o, (u,u) . (2.49)
(b) Under R2, || ®g(u) — ull, < LN(0)|ul|2/2 for any (0,u) € TO.
(¢) Under R, | ®g(u) — ull, < L2 (0)|ul3/6 for any (6,u) € TO.
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Proof. The proof relies on the use of normal coordinates with origin at 6 [Leel9,
Chapter 5]. These coordinates are smooth and simply defined identifying Ty© with R?
through Exp, 1. More precisely, setting an orthonormal basis {b; : i € {1,...,d}} of
TyO, define for any 6 ¢ Cut(6),

#'(0) = (Expy (), b;),

Then, ¢ = {¢* : i € {1,...,d}} are smooth coordinates around 6. Therefore, by definition
®y is simply Rety read in these coordinates. Then by [Lecl9, Equation (4.15)], setting for
any t € Ry, y(t) = Retg(tu) for u € TyO, we get that, in these coordinates,

d d
Diy(t) = (D*®g)ru(u,u) + Y > DEGY! (OTF; (v (1)) ,
k=1 ij=1

where Dy is the covariant derivative along vy, {I‘f ;¢ i4,k €{1,...,d}} are the Christoffel
symbols and {0 : k € {1,...,d}} are the coordinate vector fields on TO corresponding
to . But using [Leel9, Proposition 5.24], we get that I‘f’j(y(O)) = Fﬁj(G) = 0 for any
i,7,k € {1,...,d}. Therefore,

Dy7(0) = (D*®g)o, (u, u) -

Let 8 € © and for any u € TyO, consider the first-order Taylor expansion of
Py : TyO — TyO, taken at Oy,

Bofu) = Bo(0) + (D)o, (1) + [ (1 1) Dyl ) (2.50)

where D®y and D?®, denote the first and second derivative of ®y. For the first term,
®p(0g) = Exp, ' o Rety(0g) = Exp,*(0) = 0p, (2.51)

where the second equality follows because Rety(0g) = 6, by R 1-(i) and by definition

that Expy(0g) = 0. For the second term, using that Exp(;1 and Rety are continuously

differentiable as function between smooth manifolds, (DExpy)o, = Id by definition and R
-(i), we obtain that

(D®g)o, = (DExp, " )Ret, (0,) (DRetg)o, = (DExp, ')g(DRetg)o, = Id . (2.52)

The proof is then completed using (2.51), (2.52) and R2 in (2.50).
Let 0 € © and consider the second-order Taylor expansion of ®y : Tg© — TyO,
taken at Op:

1
Dg(u) = u+ (D*®g)o, (u,u)/2 + 271 / (1 — t)*(D3®g) s (u, u, u) dt . (2.53)

0
where D3®y is the third derivative of ®y. Using (2.49) and R.3, D4y(0) = 0, which implies

that (D2®g)o, (u,u) = 0y. Plugging this result into (2.53) and using the bound on the
third derivative of ®4 given by R3 completes the proof. O

95



Chapter 2. Convergence Analysis of Riemannian Stochastic Approximation Schemes

Proof of Lemma 2.7. Recall that for any (f,u) € TO and g € G, we denote by ¢g-u =
(Dg)o(u) and g is an isometry, i.e. ||g - ull,.4 = [[ully, see Section . The proof consists
in showing that for any (6,u) € TO, and g € G,

[P (u) —ully = 1@g0(g-u) —g-ullg, - (2.54)

Indeed, suppose that this result holds and consider a fixed 6y € ©. Since O is assumed
to be homogeneous R 1-(iii), for any (0,u) € TO, there exists g € G such that 6y =g -0,
which implies by (2.51),

16 (w) — ully = [|Poy (g - 1) = g-ullg, -

Using that g € G is an isometry and Lemma completes the proof.

We now show (2.54). Let g € G and (6,u) € TO. Since g~ ! is an isometry, we have
o) — ully = g~ g Bo(u) — g - g ully = llg- o(w) — g - ul, 4, 50 we only need to
show that g - ®p(u) = ®4.0(g - u). Using that g maps geodesics to geodesics (see ( )
in Section ) and R 1- successively, we get that g - ®p(u) = Expg_.é(g -Retg(u)) =
®,4.9(g - u) and the proof follows.

0

2.6.2 Projective Retraction on the Sphere

Consider the Euclidean unit sphere manifold © = S? = {x € R¥*! . ||x|| = 1}, where
|-|| stands for the standard Euclidean norm on R4T!. By [AMS08, Example 3.5.1] for
any § € S, TpS? = {u € R*! : u'd = 0}. The Riemannian metric g is the canonical
metric on the sphere, defined as the restriction of Euclidean scalar product from R4 to
the tangent space TyS?. The corresponding Riemannian exponential is given by [Leel9,
Proposition 5.27]:

Expg(u) = cos(|[ul]) 6 + sin([[ul[)(u/ [lul]) - (2.55)

The following result holds.

Proposition 2.18. The projective retraction Rety defined for any (6,u) € TS? by
Retg(u) = (6 +u)/ |0 + u] (2.56)
satisfies R1-R2-R 5.

The retraction (2.50) is both a first-order and second-order retraction, and ®y also has
a bounded first-order derivative. Consequently, Theorem and Theorem can be
applied according to conditions on the noise properties. We remark that by comparing
(2.55) with (2.56), the retraction map Rety has a better numerical stability as it does not
involve evaluating the trigonometric functions.

Proof of Proposition .o Condition R 1-(i) is satisfied by definition ( ): this con-
dition is just the definition of a retraction, as given in [AMSO08].
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o Condition R 1-(ii) is satisfied: the cut locus of a point § on the sphere S is Cut(#) =
{—0} [Lecl9, page 308]. The Riemannian (that is, spherical) distance between 6 and —6 is
po(8,—0) = w. On the other hand, using (2.67) from Lemma , po(0,Retg(u)) < /2
because arctan(||u||) < 7/2 for all u € Ty®O. It is then clear that Retg(u) ¢ {—6} for any
u € TyO.

e Condition R 1- is satisfied: the isometry group of © = S%is G = O(d+1), the group
of (d+1) x (d+ 1) orthogonal matrices. The action of G on © is given by matrix-vector
multiplication, if G € G is an orthogonal matrix, G -0 = Gf and G - u = Gu. From

( )7
G - Retg(u) = G- (0 +u)/||0 + u] . (2.57)

However, since G is an orthogonal matrix, G preserves Euclidean norms, so ||§ + u| =
|G - (6 +u)||. Replacing into (2.57) gives,

G Retg(u) = G- (0+u)/|G -0 +u)| = (G-0+G-w)/|G-0+G-ul , (2.58)

where the second equality follows since the action of G is linear. Finally, the right-hand
side of (2.58) is Retg.¢(G - u).

« Condition R?2 is satisfied: recall that ®p(u) = Exp, ' o Retg(u). From (2.67) and R

)
u

Dp(u) = arctan(||u|])m . (2.59)
The required second derivative can now be computed, thanks to the identity, for any
to € [07 1]7

2
(D?®p)1pu(u,u) = 772 2o(tw) (2.60)
t=to
Indeed, using (2.59) and (2.60),
D @s)un ) = Sy arctan(eul) = P (Rl ) @6
0 u) = —5 T = 2(%o ] .
ar iy I Jul

where fo : 2 +— —2x/(1 4+ 22)? is the second derivative of the arctan function. However,
for any x € R, 22 < 1+2% < (1+22)? so | fo(z)| = |22|/(1+22)? < 1. Now, since © = S9,
here ||ul|, = [Ju||. Thus, Condition R.2 is satisfied with .Z1)(6) = 1.

o Condition R3-(i) is satisfied: recall (2.49) from Lemma -(a),
D;y(0) = (D*®p)o(u, u) .
From (2.60), it then follows,
2

D) = Sy@o(m)| = H(0)ulu=0.
t=0
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« Condition R 3-(ii) is satisfied: the proof continues from (2.61) by differentiating once
more. A straight-forward computation proves R.3-(i) is satisfied with .Z(?) () = 2.

o ®p has bounded first derivative: from (2.59), by differentiating,
1 u,v) u arctan(||u u,v) u
D) = L ul) (,_ (v ),
+all* ([l [ [[ull [[all {[ull

for any u and v in Ty©®. Then, by an elementary calculation, and recalling that, since ©
S?, Riemannian scalar products and norms are equal to Euclidean ones, ||(D®g)u (V)|

2||v|ly . Thus, the operator norm of (D®y),, is bounded by D = 2.

IA I

O

2.6.3 Proof of Proposition

First, recall by [AMS04, Theorem 3.6] that the Riemannian exponential map at [B] is
given for D € TigGr,(RY):

Expg)(D) = [(B(BTB)—l/zv U) (:jg;ﬂ , (2.62)

where D(BTB)~'/2 = UX V' is the compact singular value decomposition.

Lemma 2.19. Let [B] € Gr,(R?), D € T(g)Gr,(R?) and the singular value decomposition

D(B'B) /2 =UXVT, where U is d x r such that UTU =1, V is r x r orthogonal and
X is r x r diagonal with nonnegative elements. The retraction Ret defined by ( ) can
be written as Retjg) = Expg) o ®g], where

®p)(D) = Uarctan(X) V' (BTB)"/? (2.63)
is well-defined using Lemma , and where arctan(X) is obtained by taking the arc
tangent of each diagonal element of the matrix 3.

Proof. Let B € St,.(R%),D € T[B]GrT(Rd) with singular value decomposition D(BTB)~1/2 =
UXVT, where U is d x r with orthonormal columns i.e. UTU =1,, V € O,(R) and X is a

rxr nonnegative diagonal matrix. Consider the map ®g;: D — U arctan(X)V T (BTB)!/2,
which is well-defined using Lemma . Using ( ), taking the exponential function
brings,

Expig) (P(g) (D)) = l(B(BTB)—l/QV U) (Cos(afctan(E)))

)

However, since cos(arctan(z)) = 1/(1 4+ 22)'/2 and sin(arctan(z)) = x/(1 4+ 22)'/2, using
that I, + X2 is a diagonal and invertible matrix, this becomes

sin(arctan(3))

Expg)(®g)(D)) = [(B(BTB)—U?V U) <I£> (Ir +22>—1/2

- l(B(BTB)l/QV U) <12>] ,
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where we have used that [BM] = [B] for any B in St,.(R?) and M in GL,(R). The block

matrix computation brings
Expig)(®(5(D)) = [B(B'B)™/2V + UZ] .

By right-multiplication of the invertible matrix V' (BTB)'/2 and using that VV =1,
we have

Expig) (@ (D)) = [B+USV' (B'B)Y?| = [B+D]

which completes the proof. O
Using Lemma , it is possible to show that the retraction given by ( ) satisfies

the conditions R1-R2-R3.

e Condition and R 1-(i) is satisfied: the first equality is straightforward. For the sec-

ond one, one can check that Retg)(D) = SO(B7BL)((BIBJ~)_1BID)7 where o B, ) is

the parameterization given in Proposition . Since these parameterizations define the

differential structure, we have (DRetg))p = Id for any (B, D) in TGr,(R?). Tt holds in
particular for D = 04y..

e Condition R1-(ii) is satisfied : when © = Gr,.(R%), using Proposition , the cut locus
of each [B] € Gr,(R?) is given by,

Cut([B]) = {Expig)(D) : H‘D(BTB)_l/zm = 7/2} ,
where ||-|| is introduced in (2.83). Using Lemma , for any D € T[B]Grr(Rd), one has
Retyg) (D) = Exppg (Uarctan(2)V' (BTB)Y/2) .

As explained right after (2.83), the operator norm of Uarctan(E)V ' is equal to the
largest diagonal value of arctan(3X), which is always strictly inferior to 7/2. It follows that
Retg)(D) ¢ Cut([B]).

e Condition R 1- is satisfied: the isometry group of ® = Gr,.(R%) is G = Og4(R),
the group of d x d orthogonal matrices. The action of O4(R) on Gr,(RY) is given by
U - [B] = [UB] (the image of the subspace [B] of R? by the orthogonal tranformation U).
IfD e T[B]GrT(Rd), then U -D = UD is a matrix product. Applying these identities in

( )7
U - Retg)(D) = U([B+D]) =[UB +UD] = [U-B+U-D] = Retjy.p(U-D),

which is exactly what is required for R 1-
e Condition R?2 is satisfied : the required second derivative is computed using the identity
(this is a repetition of (2.60)), for any (6, D) € TGr,(RY), choosing a representative B € 6
such that BB =1, and a [B,] € Grq_,(R?) such that B|B| =I;_,, B'B, = 0, (4
and to € [0, 1],

2

d
(D*®(g))s,p(D, D) = @CD[B] (tD) ) (2.64)
t=to
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Using (2.63) and (2.641),
(D*®p)),p(D,D) = BLU{Z 020 fo(te2)} V', (2.65)

where ® denotes the Hadamard product, and fo :  — —2z/(1 + 2%)? is the second
derivative of the arctan function (again, this is applied to each element of the matrix
t0X), meaning X O X O fo(teX) = diag(—2toX3 /(1 + t2%2)?) . From [[EAS98, page 314],

2

H (D*®[g))1,0(D, D) H B]

=T ({20306 LHIHBO T D)} ) ,

where Tr denotes the trace. Then, using the fact that |fao(x)| < 1 for any real z, the
right-hand side is less than Tr(XX "), which is equal to HDH[QB] . Thus, Condition R?2 is

satisfied with .21 (6) = 1.
e Condition R 3-(i) is satisfied : recall (2.19) from Lemma -(a). This states,
D;v(0) = (D*®(g))oys (D, D) .
Setting t = 0 in (2.65), it then follows
Di¥(0) = BLU(ZOEO (0)V',

which is equal to zero since f2(0) = 0.

e Condition R3-(ii) is satisfied : the proof is similar to the above one for R2. Here, instead
of (2.64), it is enough to use

d3

(D*®(g))i,p(D, D, D) = g

g (tD)

t=to

by computing the derivative, as in ( ), it can be shown that R 3 is satisfied with

ZO([B]) = 2.

2.7 Complementary proofs for Section

2.7.1 Proof of Proposition
In order to prove Proposition , we introduce the following lemma.

Lemma 2.20. Let (6,u) € TS?. We have the following identities:

cos(arctan(|[u]))) = 1/\/1+ Jal? , sin(arctan(|[ul])) = HuH/\/l—i— a2 . (2.66)

Moreover, the retraction given by (2.50) can be written as:

Retg(u) = Expy <arctan(||u||)|zu> . (2.67)
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Proof of Lemma . First, to prove both identities in (2.60), consider oz = arctan(||ul|).
Combining tan(a) = |ju|| and tan?(a) = (1 — cos?(a))/cos?(a), we obtain cos?(a) =
1/(1 + ||ul|?). Since a € [0,7/2), then cos(a) > 0 and sin(a) > 0. Therefore cos(a) =
1/y/1+ JJul|?>. The second equality in (2.60) is a direct result of the first one, using
sin?(a) + cos?(a) = 1 and sin(a) > 0.

Secondly, we compute Expy(arctan(||ul|)u/|lul|) using (2.55) and (2.66), which gives

Expy (arctan(HuH)HzH) _ 9/,/1 + +u/,/1 +ll? (2.68)

To see that this is equal to Retg(u), note that u is orthogonal to 6 because u € TyS?,
thus [0 + ul|? = ||0]|*> + ||u||?>. Moreover, ||f|| = 1. Then, (2.67) follows from (2.68) and
( ). O

2.7.2 Details for the Grassmann manifold

To give a complete and comprehensive description of the Grassmann manifold Gr,(R?)
introduced in the Example , we follow the steps of [AMS04, Sections 2, 3.1, 3.3, 3.4
and 3.7].

Definition of the Grassmann manifold as a set For r € {1,...,d — 1}, consider
the set of real matrices whose columns span an r-dimensional subspace of R, i.e. with
r independent columns of size d. We call this set the non-compact Stiefel manifold, and
denote it by St,(RY) = {B € R¥™" : det(B'B) # 0}. It is a submanifold of R as
an open subset of it. The set of r-dimensional subspaces of R? is called the Grassmann
manifold, denoted by Gr,.(R?).

Each matrix in St,.(R?) represents a point in Gr,.(R%) by considering the linear subspace
spanned by its columns. However, the representation is not unique. Indeed, given B in
St,(RY), the set of matrices that have the same span as B is BGL,(R) = {BM : M ¢
GL,(R)}, which we denote by [B], where GL,(R) is the set of r-by-r invertible real matrices.

Thus, we can identify the Grassmann manifold Gr,(R?) with the quotient space St,.(R?)/GL,(R),
which is defined as {[B] : B € St,(R)}. This quotient is a principal fiber bundle over
Gr,(R?) with group GL,(R) [KN96, Chapter I, Section 5], endowed with the group action
of GL,(R) on St,.(R%) and the projection map 7 given by

St,(RY) x GL.(R) — St,.(R9) [St,(RY) —  Gr(R?%)
(B, M) — BM 0 "1 B+~ Span(B)

The differentiable structure of the Grassmann manifold Next, to endow Gr,(R?)
with a manifold structure, we give an explicit parameterization using cross sections. We
consider Sp as the intersection of the Stiefel manifold with the affine subspace that is
orthogonal to BGL,(R) and that intersects BGL,(R) at B. These two conditions result
in

S ={Y €St,(R") : BT(Y - B) = 0., -
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Lemma 2.21 (Cross section). Let B € St,.(RY) and Ug = {[Y] € Gr,(R?) : det(B'Y) #
0}. Then the mapping

OB : {UB - 5B , (2.69)

Y] — YB'Y)"'B'B

is well-defined and is a bijection between Ug C Gr,(RY) and Sg C St,.(R?). It also satisfies
the property moog = Id on Ug. We call it the cross section map, since Sg N YGL,.(R) =
{oB([Y])} if [Y] € U, and S N YGL,(R) = @ otherwise.

Proof. First, we can see that if a fiber [Y], for Y in St,(RY), intersects the section Sg,
then the intersection is unique. Indeed, if there exists M € GL,(R) such that Y € Sg and
YM € Sg, then BT (Y — B) = 0, meaning B'Y = B'B and the same computations for
YM bring B'Y = BTBM™!. In conclusion M = I,..
Secondly, we look at which fibers intersect the cross section Sg. Let Y in St,.(R?), if BTY
is not invertible, then for any M € GL,(R), det(B"YM) = 0. Since det(B'B) # 0 by
definition, BTYM # B'B, meaning B' (YM — B) # 0,,. In this case, the fiber [Y]
does not intersect the cross section Sg. On the other hand, if BTY is invertible, then
taking M = (B'Y) 'B'B € GL,(R) brings B'YM =B'Y(B'Y)"!B'B = B'B and
in conclusion YM € Sg. These two points bring S N YGL,(R) = {oB([Y])} and the fact
that og is well-defined.

Finally, op is a bijection because 7 is its inverse on Sp. O

The classical manifold structure of Gr,(R?) [AMS04] is then obtained by considering
the atlas formed by the following family of parameterizations.

Proposition 2.22. Let [B] € Gr,(R?) and B} € Sty (R?), with B'B, = 0, (4. The
mapping defined by

R(dfr)xr N Up
FBBOTl ¢+ B+B.C

I

is invertible. Consider A = {(B,B.) : [B] € Gr.(R?),B, € Sty_.(R),B'B, =
0,5 (4—r)}- The family (Us, 0o aea, is a smooth atlas of Gr,(R?).

Proof. Let [B] € Gr,(R?) and B € Stq_(R?), with BTB| = 0, (4. Let a = (B,B_).
We begin by proving that o, is invertible. Let C € R(4=")*" since BT(B+B,C) =B'B
is invertible, ¢, (C) is in Up. We use the cross-section op to compute the inverse of ¢,
T 1T
B0 ¢a(C)=(B+B.C)(B'(B+B.C)) B'B
—1
=(B+B,C) (BTB) B'B
=B+B,C.
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Therefore, it is easy to check that the mapping defined by

Ug — R(d—r)xr
¥] ~— (BIB.) B](os(Y))-B)

is the inverse of .

To check the smooth compatibility of the parameterizations, take «,8 € A, with
a = (B,B1),8 = (Y,Y)) and compute ¢! o p5. The domain of ¢, ! o g is exactly
Eap = {C € RUT*T + 1,5(C) € Ug}, which can be rewritten as &, 3 = {C € RA=)x7 .
det(B"(Y + Y C)) # 0}. For any C € &, 3,

e ops(C) = (BIBL) B (0n (05(C)) - B)

= (BIBQ_I B {(Y +Y.C)(BTY + BTYJ_C)_I B'B - B} .

We observe that o opg is a smooth function on its domain &, g, thus proving the smooth
compatibility.

Finally, we need to prove that the images of the parameterizations cover the whole
manifold. This is easy to check since [B] € Ug, therefore Gr,(RY) C U B, calfs. This
concludes the proof. O

This choice of atlas for Gr,(R?) makes the cross-section mappings (0B)Best, (re) SMOOth
by construction.

Describing the tangent space Let B € St,.(R?). The tangent space TgSt,(R?) = R¥¥"
can be decomposed according to the quotient Gr,(R?) = St,(R?)/GL,(R) by a connection
in the principal fibre bundle, in the sense of [KN96, Chapter II, Section 1]. First, the
vertical space Vg C TgSt,(R?) is defined as the tangent vectors that do not modify [B],
namely the tangent space to the fiber [B] = BGL,(R),

Ve = {y(0) |y :[0,1] - BGL,(R) such that vy is smooth} .

Proposition 2.23. Let B € St,.(R?). The vertical space at B can be written as
VB ={BC: CeR™} | (2.70)

and we also have Ker((Dm)g) = Vg, where (Dm)g : TeSt.(RY) — T[B}Grr(Rd) is the
derivative of the canonical projection 7 : St,(R?) — Gr,.(R?) at B.

Proof. By the definition of the vertical space, for any t € [0, 1], there exists M; € GL,(R)
such that y(t) = BM;. Since y is smooth, so is t — (BTB)"'BTy(t) = M;. Computing
the derivative gives y(t) = BM;. This gives the characterization Vg = {BV(0)|y :
[0,1] — GL,(R) such that vy is smooth}. Since GL,(R) is an open set of R"*", its tangent
space is trivial, therefore ( ) holds.
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Secondly, since 7 is smooth [Lee03, Theorem 7.10], by differentiating [B] = 7 oy we
get,

d(moy .
075 Gr, (RY) = (dt)(t) = D7)y o Y(1) ,

where the last equality comes from the chain rule. This gives that Vg C Ker((Dm)B).
Finally, by [Lec03, Theorem 7.10], d(Tyg)Gr,(RY) = d(TsSt.(R?)) — d(GL;), where
d(GL,) = 72, and d(TgSt,(R%)) = dr. Therefore d(T[B}GrT(Rd)) = (d — r)r and by the
rank-nullity theorem applied to (D7)g, d(Ker((D7)g)) = r2. This gives Vg = Ker((D7)B)
using (2.70). O

Definition 2.24 (Connection in the sense of [[KN96]). A connection in the sense of [[KNIO,
Chapter II, Section 1] is the assignment of a subspace Hg of TgSt,(R?), called horizontal
space, to each B € St,.(RY) such that: (i) TSt,.(R?) = VB ® Hg, (ii) the group action of
GL,(R) is compatible with the assignment, meaning that for any M € GL,(R), Hem =
HgM, where HBM = {DM : D € Hp}; (iii) the assignment is smooth, meaning that if
X is a smooth vector field on St,.(R?), then its horizontal and vertical projections are also
smooth vector fields.

Let us verify now that the assignment
B — Hp , where Hg = {D € TSt (RY) : BTD =0,,,}, (2.71)

is a connection in the sense of [[KN9(].

To check (i), use that BTB is invertible and the rank-nullity theorem for the map
D — B'D on R¥™"  which gives d(Hg) = (d — r)r as well as Hg N Ve = {04y, }. To
prove (ii), see that for any D € Hg and any M € GL,(R), B'TD = MTB'DM = 0,,
and therefore Hg = Hgm = HgM. Finally, (i44) is verified because the horizontal space is
orthogonal to the vertical space. Indeed, for any D € TBStr(Rd), its vertical projection is
B(B'B)"!B"D € Vg and its horizontal projection is (I;—B(B'B)"'BT)D € Hp. Since
B — B(B'B)"'BT is smooth on St,.(R%), for any smooth vector field X on St,(R?), its
vertical projection B — B(B'B)™'BTX(B) is smooth, and so is therefore its horizontal
projection, as a difference of smooth vector fields.

Since we have a connection in the sense of [KKN96], using Proposition and that
Hgp is a supplement of Vg = Ker((D7)g), we can conclude that (Dm)g is an isomorphism
between Hg and T [B}Grr(Rd). This allows us to define the horizontal lift of a vector
§ € Tig Gr,(RY): there exists a unique vector D € Hp such that (D7)g(D) = &. The same
can be done with a vector field: for any smooth vector field X on Gr,(R?), there exists a
unique smooth vector field X on St,(R%) such that for any B € St,.(R%) X(B) is horizontal,
meaning X(B) € Hp and that projects into X, meaning that for any B € St,(R%) we
have (D7)g(X(B)) = X(B), according to principal fiber bundle theory [KN96, Chapter II,
Section 1, Proposition 1.2]. To see how the horizontal lift changes when the representative
B changes into BM, where M is a r x r-invertible matrix, let By : [0, 1] — St,(R%) be a
smooth curve, with B = By and D = By. For any t € [0,1], we have 7(B;) = 7(B;M)
and by differentiating this equality, we obtain (Dn)g,(B¢) = (D7)g,m(B:M) by using
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that the derivative of the curve ¢t — B;M is t — Btl\/I. Evaluating this equation at t = 0
brings (D7)gD = (D7)gm(DM). This result was proven in [AMS04, Proposition 3.1]
using the cross section op introduced in Lemma

However (D7)g(D) does not have a matrix form, thus we use the matrix D for any
computation (e.g. the metric or Riemannian exponential). Therefore, for ease of notation,
for any D € Hp, we denote (D7)gD by D when there is no confusion.

Action of the orthogonal group on the Grassmann manifold Recall that the
orthogonal group Og4(R) acts on Gr,(R?), in a way that is compatible with the projection
7 : St.(RY) — Gr,(R?), meaning that for any O € O4(R) and B € St,.(R?), the action of
O over m(B) is given by

O -7(B)=n(0OB). (2.72)

Moreover, the orthogonal group also acts on the tangent bundle, in a way that is compatible
with the derivative of the projection. For any D € TgSt,(R?), the action of O over the
tangent vector (Dm)g(D) is given by

O - (Dm)s(D) = (Dr)o.5(0D) . (2.73)

Alternative formulation of the Riemannian exponential We consider the follow-
ing definition: for any integers n,m,p,q € N\ {0} and any matrix A € R"*™, denote the
reshaping (adding zeros if necessary) of A to a p X ¢ matrix by Al g where its coefficient

(1,7) € {1,...,p} x {1,...,q} is given by

A;;ifi<nand j <m
(mmM—{ ’ (2.74)

0 otherwise

We simply denote Ay, by Apy.

We provide a lemma that gives another formula for the Riemannian exponential on
Gr,(R%), generalizing the formulation of [[ZAS98, Theorem 2.3] for non-orthonormal rep-
resentations of the manifold.

Lemma 2.25. Let s =d —r and denote r A s = min(r, s).

(a) Let N be a (r As) x (r A s) real diagonal matriz then, we have that

07‘7” _Nsr T Ir COSNT
wp( ~ ([J)>< ): N (2.75)
N[sﬂ“] Osxs Osxr Sin(N[s,r])
where exp is the usual matriz exponential defined by its power series, the matrices Ny. 1 are

given by the definition ( ) and sin and cos are applied componentwise to the diagonal
of each matrix.
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(b) Let B € St,(RY), B, € St (RY),D ¢ T[B]Grr(Rd) with BTB| = 0,45 and D =B, C,
where C € R®*". The Riemannian exponential, given by ( ), can be written as

Expg)(D)

_mTR\-1/2aT
= [(B(BTB)_V2 BL) exp( (?FTXT_I/Q (B'B) C )( L )] )
C(B'B) 0(d—r)x (d—r) 0(d—r)xr
(2.76)

Proof. First, denote the diagonal of N by (Ni)ie(1,...ras}, 16t €1 be the d x d matrix
all of whose elements are zero, except the one at row j and column k, which is equal to 1.
Forie {1,...,r As}, let by = er4i; — €i,r4i. We separate the cases r < s and r > s to
explicitly write the matrices at hand. In the case r < s,

0rxr —N Orx(s—r)

Orxr _(N[s r])T a
’ = N 075 Or s—r = NZ b"' i
(N[s,r1 Osxs ) e ; "

0(5—7“) xr O(S—T‘) XT O(S—r)x (s—r)

And in the case r > s,

Osxs OSX(T‘—S) -N s
0rxr _(N s,T )T
<N ) 0[ 7] ) = O('r’—s)xs O(T—S)X(T—S) O('r’—s)xs = Z N; by .
o] e N Osx(rfs) Osxs =1

In both cases we obtain,

(N T rAS
<0r><7" ( [s,r]) ) = Z N;b,4; . (2.77)
=1

Nisrp Osxs
Using the computation, for any ¢,7,k,1 € {1,...,d}, e; jey; = 8;re;;, one easily checks
that for any 4,5 € {1,...,7 A s}, byyibryj = —8;j(ei; + €4irtj5), thus the matrices
(brti)ieq1,...,,y commute with each other. Therefore, (2.77) implies

0 , . N T TAS

exp( X ( [S,T]) > = H exp(Ni br+i) . (278)

N[s,r] 0sxs i=1
Setting a,+; = €;; + €,4ir+i, and using that bfﬂ. = —a,4i, bi’ﬂ. = —b,4;, we can
check that for any k € N*, b?*, = (—1)*a,,; and bfﬁ'l = (=1)*b,1;. Thus, the power

series expansion of exp(N;b, ;) is computed in the same way as the one for exp(if) =
cos(0) 4 isin(f), where i is the imaginary unit. Namely,

exp(N; byyi) = Iy + (cos(N;) — 1) a,y; + sin(N;) by,
where I is the d x d identity matrix. Since we have, for i,k € {1,...,7 A s}, i # k,

ariaryr = Ogxa , a, ;b = 0gxa,

byyia, 1k =0gxa,  briibrpr = 04xq ,
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we get,
TAS TAS
H exp(N;b,4;) =1+ Z [(cos(N;) — 1) ap4; + sin(N;) byyy] .
i=1 i=1

Now, combining the previous equation with (2.78) brings, in the case r < s,

0, _(N[sﬂ)‘r B COS(N) -1 0 xr 0r><(s—r)
exp (N[s , 0,.. ) =1;+ 0% cos(N) =L, 0y (s—y)
’ O(s—r)xr Os—ryxr  O(s—r)x(s—r)
07 xrr —sin(N) Orx(s—r)
+ | sin(N)  Opxr Orx(s—r) | »

Os—ryxr  O@s—r)xr  O(s—r)x(s—r)
cos(N)  —sin(N) 0,5 (s—y)
= [ sin(N)  cos(N) 0,y (s—p)
Os—ryxr  O—rxr  Ls—r

Now, extracting the first r columns when r < s implies,

cos(IN)

07‘ ro N s, T IT N T
exp( x (Nisr)) > ( > = | sin(N) | = <C_OS( [])> . (2.79)
N1 Osxs Ogxr sm(N[Sﬂ)
O(S—T’)X’r’
In the case r > s, we have,
N) - Is 03 r—s Os s
O0rxr _(]-\I[s,r])T _ COS( ) xr=s) -
exp N 0 =I;+ O(T—S)XS O(T—S)X(T—S) O(T—S)XS
[3:7] s Ogxs 05 (r—s) cos(N) — I
Osxs 05 (r—s) — sin(N)
+ O(T—S)XS O(r—s)x(r—s) O(r—s)xs )
Sil’l(N) Os><(7'—s) Osxs

cos(N)  Ogy(r—s) —sin(N)

O(T—S)XS L O(T’—S)XS
sin(N) = Ogx(r—s) cos(N)

Again, extracting the first r columns when r > s brings,

N)  O,rr s
o 07“><7“ _(N[SJ})T Ir OCOS( ) S]>:< (=) COS(N[’I‘]) (2 80)
X = r—s = ) .
P N[s,r] Os><s Os><r (r=s)xs Sin(N[s,T])

Sin(N) 05 (r—s)

which concludes the proof of Lemma -(a) by combining (2.79)-(2.80).
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Let B € St.(RY),B, € Sty(R?) and D ¢ T[B]GrT(Rd) with BTB| = 0,5,
BIBL = I; and D = B C, where C € R**". We write the singular value decompo-
sition C(BTB)™1/2 = UV with U € O4(R), V € O,(R) and X is a s x r non-negative
diagonal matrix. Define the following matrices

H-— < v Orxgvdr)> :
O(d—r)xr U

~T
é _ Orxr _(BTB)71/2CT 2 _ Opxr —X
C(BTB)1/2 Osxs ’ S Ouxs
Remark that H is a d x d orthogonal matrix, meaning that H' = H~! and with these

notations, we have that HEXH' = C.
We start computing the right-hand term in ( ) by rewriting the matrix exponential,

oo Ak +00 prsafpr—1 +oo 5k
. C HX"H b _ r
exp(C)=) S => —=—=H(Y = |H'=Hexp(Z)H . (2.81)
—k T =k = k!

Next, we compute

L v’ L \ -
H—1< ):(V ):( )VT. (2.82)
OSXT OSXT OSXT’

We are now ready to compute the right-hand side of ( ), using HEH' = é, ( ),

( ) and ( ):

OSXT'

(B(BTB)_1/2 BL) exp(6)< L )

= (BB"B)/ Bl)Hexp(f])H_1< Ir >

(B(B™B)"/2V B,U) exp(§)< I )

SXT

- (B(87B) 2V B.T) (fffé?)) VT

However, by definition of the Grassmann manifold as a quotient, for any B; € St,.(R?)
and M € GL,(R), [BiM] = [B;]. Therefore, we have

[(B(BTB)—l/Q B.) exp(6)< . )1 = [(B(BTB)—W\? B,0U) (ffféf)]

= [B(BTB>_1/2{7 COS(im) + BLﬁ(IT)[s,r} Sin(im)} .
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Finally, the last term is equal to Expg)(D) given in ( ) since D(BTB)~1/2 = {BJ_[NJ'(IT)[W]}E)[T]\N/'T
is actually a compact singular value decomposition of
D(B'B)"1/2

Computing the Cut Locus Consider the spectral norm of M € R¥" defined as

M| = sup {[[Muvllz = v € R, [Jofla =1}, (2.83)

where || - [[2 : (vi)ieq1,...,y ER" r_yv2. It is well known [Mey00, Equation (5.2.7)]
that ||M]|| is equal to the largest singular value of M. For any j, k € {1,...,d}, consider
e the d x d matrix all of whose elements are zero, except the one at row j and column
k, which is equal to 1.

Proposition 2.26. Let [B] in Gr,.(R?) and consider

—1/2
Tp) = {D € Tyg)Gr,(RY) ‘HD (B'B) /

<7T/2} ,

where || - || is the spectral norm defined above.

a) The set Iig) is open in the tangent space Tig Gr,(R?) and the restriction of the Rie-
(B] (B]
mannian exponential map,

. d
(EXP[B])|I[B] I[B] — GI‘T(R ) ,

is a smooth diffeomorphism onto its image, which is exactly Up.

(b) For any D € Tg)Gr,(RY), such that |Dlg) = 1, the cutting time c(D), defined in

(2.159) satisfies
«) < /(2 ‘HD (BTB)WHD |

(¢) The tangent injectivity domain TD([B]), defined in Section , is equal to Iig;.
Therefore the tangent cut locus of [B] is the set:
= 7T/2} .

Proof. Let us start by proving that Zg; is an open subset of T(g; Gr,(R%). Since the
mapping

{D € Tyg)Gr,(RY) H‘D (BTB)*U2

TigGr,(RY) — Ry
S

is a norm, it is continuous. Thus Zjg] = f~Y([0,7/2)) is open in T[B]Grr(Rd) as the inverse
image of the open set [0,7/2) (open in Ry).
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Now, take D € T[B]Grr(Rd) and consider the singular value decomposition: D(BTB)~1/2 =

UXV', where U € R¥" satisfying U'U =1I,,, ¥ € R™" is nonnegative and diagonal and
V € O,(R) is a r x r-orthogonal matrix. We have, using that the spectral norm is equal
to the largest singular value, D € Zg) if, and only if IOV < 7/2, i.e., || Z]loo < 7/2,
where for any matrix A € R™", [|A| s = max; jeq1,.. ) [Aij] is the maximum norm. To
prove that Expg is invertible on Zigj, recall the expression of the exponential map given
in (2.62) and take D € Zjp), with the decomposition given above, D = UV (B'B)Y/2
Using that cos(X) is invertible,

Expig) (D) = [B(BTB)™/2V cos(Z) + Usin(X)|
= [B+ Utan(2)VT(B'B)"?]
= Retg; (U tan(E)VT(BTB)l/Q) .

Let us prove that Retg) and D Utan(Z)V' (B"B)Y?2 are invertible. Similarly to
the computation of the inverse of the parameterization ¢, for a € A in the proof of
Proposition , define

)

{UB — T[B]Grr(Rd)
g :

Y] — oB([Y])—B
where o ([Y]) is given by (2.09). It is easy to verify that Wg is the inverse map of Ret(g;
on its image Ug. For the second map, consider N = D(BTB)~'/2. Using Lemma
for N and the mappings tan and arctan, we have that Utan(Z)VT and Uarctan(Z)V"
only depend on D and B, thus

I[B] — T[B]GI"T(Rd)
D — Utan(Z)V'(B'B)!/2

is well-defined, and so is its inverse,

TigGr,(RY) — Iim) ‘
D — Uarctan(Z)V (BTB)Y/?2

We have proven that Expg is invertible on Zjg) by composition. In particular, the image
of Expig) on Iy is Up = {[Y] € Gr,(RY) : det(BTY) # 0}. Moreover, the Rieman-
nian exponential is smooth [Leel9, Proposition 5.19-(c)]; therefore, to prove that it is a
diffeomorphism, it is sufficient to prove that its derivative on Zjp is invertible.

We compute first the differential of the Riemannian exponential at a reference point
of the Grassmann manifold, the subspace generated by the first r vectors of the canon-
ical basis of R?. Then, using that the Grassmann manifold is a symmetrical manifold
with isometry group O4(R), we can conclude about the differential of the Riemannian
exponential at any point.

Denote by Bg the d x r-matrix whose column vectors are the first r vectors of the
canonical basis or R%. We compute the exponential at [Bo] with tangent vector D €
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T[BO}Grr(Rd) using the formula given in Lemma -(b), precisely ( ). Combining
this formula with the decomposition D = (By) | C where (Byg), is the d x (d — r)-matrix
composed by the last d — r vectors of the canonical basis of R? and C is a real (d —7) x 7-
matrix, meaning

equation (2.76) simplifies here since (Bg (Bg).) = Iz and B{ By =1,

0r><'r _CT
Exp[BO](D): (Bo (Bo)y)exp By
C O(d—r)x(d—r)

el I
= lexp <0TXT C ) < " >] , (2.84)
C  0u—rx(@—r)/ \O@—r)xr

where exp is the matrix exponential. From now on, denote by C thedxd skew-symmetric

matrix in (2.84):
6 _ (OT‘XT _CT ) )
C  0w@—r)x(d—r)

Note that CT = —C, therefore exp(C) is an orthogonal matrix. This allows us to rewrite
(2.81) using (2.72),

~

Expip (D) = exp(C) - [Bo] -

To differentiate without confusion of the indexes, denote by E(D) = Expg, (D). We are
looking to compute its differential, (DE)p. For any £ = (Bg) K € T[BO]GrT(Rd), denote
again by é the augmented skew-symmetric matrix

é_ <0r><r _KT )
K Og-nx(arn/

By definition of the differential,

(DE)p () = < (exp(© +1€) - [By))

(2.85)
t=0

Consider O :A[O, 1] — R4 defined by O(t) = exp(A—(Aj)gxp((Aj + té) for any t € [0, 1].
Since C and ¢ are skew-symmetric matrices, so is C + t& for any ¢ € [0,1]. Therefore

O(t) € O4(R). Moreover since exp is smooth, O is a smooth curve on Og4(R), with initial
value O(0) = exp(04xq) = I4. Thus, we can rewrite (2.85) using (2.73),

(DE)(E) = exp(©) - < (exp(~C) exp(E + 1) - [By))

d
dt

t=0

= exp(C) - — (O(t) - 7(By))

t=0
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By (2.72) and the chain rule, we have

(00 x(Bo)| = T (x(O(0B)

This computation gives,

(DE)p(€) = exp(C) - (Dm)s, (O(0)Bo)

where d
0(0) = e (exp( C)exp(C +t§)) -
However, using [[11103, Theorem 5.4], we have
, +00 ad’1(€)
0(0) = 221(—1)”105# : (2.86)

where adg is the linear map on R4*4 defined by adg(M) = CM —MC, for any M € R4,
Using the block decomposition of the matrices C and é for the product adg (é), combined

with a straightforward induction on ¢ € N*, proves that for any £ € N*, £ € Rl4=")%" and
C € RE-7)X" there exist real matrices Fy, Gy, Ky, Ly such that

ad (g) (07’” K¢ ) ad21 (g):< Fe OTW’“)). (2.87)
Lo O@—r)x(d—r) c Ou—ryxr  Gu

Moreover ad%(é) = £, meaning ( ) holds with Ly = K and Ko = —K . Separating
the odd and even terms in the sum in (2.80) gives

“+oo
O(0)B; = 2(215) adZ ! (€ )B0+Z ad% () B
Fy
_g—’_z 2£ ((2€+1)> .

Using Proposition and ( ),
C TXT
Ker((Dm)B,) = VB, = :CeR ,
(d—r)xr

meaning that for any matrices F, L of sizes r x r and (d — r) X r respectively,

(Dr)z, @ — (Dr)s, (‘ﬁj”) .
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Therefore,

(D)5, (O(0)By) = (D), ( Orxr ) (2.88)

+ 1
200 @rrmile
+oo 1

- (D), (Z E—10 B0> .

Recalling the expression of the action of the orthogonal group on the tangent space, this
summarizes as

~ +OO A
(DE)p(§) = exp(C) - (D)B, (ZZ:% Mad%f (5) Bo) -

Consider sn : R(@=7)%" — £(R4*4) the linear operator defined by

+o0 T
1 — Orxr -M
sn(M) = Z 7'ad12\§[ ,  where M = ( x > .
= 20+ 1)! M 0@—r)x(d-r)

To prove that (DE)p is invertible as long as D € Zjg,], we already have that the action
of exp(C) on T[BO}GrT(Rd) is invertible since exp(—C) is its inverse. Moreover, the conse-
quences of Proposition state that (D7)g, is an isomorphism between Hg,, given by

(2.71), and T[BO]GrT(Rd). Using the definition (2.71), we have that

OTT —r)Xr
HBOZ{<1\;> : NeRU >X},

and, using (2.8%8), one can see that
+o0 1

Therefore, to prove that (DE)p is invertible, it is sufficient to prove that the linear operator
sn(C) : R¥™*4 — R?*4 ig an isomorphism. We do this in two steps. First, consider a singular

value decomposition of C, C = UXV', where U € O4_.(R), ¥ € R i a diagonal
matrix with nonnegative coefficients and V € O,(R) and define H € R¥? the following

matrix,
H-— ( v 0r><(dr)> )
O(d—r)xr )

Using that C = UXV' and computations block-by-block, we have that HSH' =

HIH ! = 6, where
2 _ <Or><r _ET )
X O@—r)x(d—r)
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Next, for any N € GLg4(R), define the conjugation operator pn : R¥*¢ — R¥4 by pn(M) =
NMN-! for any M € R¥?. The operator adg can be written as the composition pg o

adg o pﬁl, using the singular value decomposition, indeed for any M € R%x4,
pi o adg 0 pit (M) = pr (f)HTMH - HTMHf)) —HSH'M - MHSH'
= CM - MC = adg(M) .

The consequence of this identity is that we can also factorize sn(C) as follows,

“+oo
1 20
0(0) = 3 (g (pmeoads o ord)
+0o0 1

= g}mm{ oad%@ opg = prosn(E) o p
This concludes the first step of proving that (DE)p is an isomorphism. Since pg is clearly
an isomorphism, we only need to prove now that sn(X) is an isomorphism.

The second step is proving this by finding a basis of eigenvectors for the operator
ad% and for sn(X). Define s = d — r and consider the following matrices for any i,j €
{1,...,rNs}:

arij =€ j+€rtirtj, brij=ertij—€irij,

(2.89)
Crij = €ij — €ryirtj, drij=e€rpij+e€iry),
where, for any k,¢ € {1,...,d}, ey  is the d x d matrix whose coefficients are zero except
for the coefficient (k,¢) which is equal to one.
Denote the diagonal elements of 3 by (az-)ie{l’_”m/\s}, this allows us to write
N rA\S
3= oibii. (2.90)
i=1
Using ( )-( ) and that for any 7,7,k,¢ € {1,...,d}, e; jep¢ = d; €, Where §; 1, =1
if j = k, and zero otherwise, we compute, for i,j € {1,...,r A s},
adg(eij) = oi€rvij +0j€iry;, adg(eryirt) = —0j€ryij— Oi€iry;,
adﬁ(erﬂ-’j) = —0i€;; t 0j€rqirtj, adﬁ(ewﬂ») = —0j€;; + 0i€rqirtj -

Which, by adding or substracting the equations together, by the definitions ( ), gives

adg(arij) = (0i —0j)brij, adg(br;) = (0 —0i)an;,
adg(crij) = (0i +0j)drij . adg(dyi;) = —(0i+05)cr; -

)

By applying twice these equations, we obtain that the matrices a, b, ¢, d are eigenvectors
for ad%,

adg(arij) = —(0i = 0j)%ar;, adg(briy) = (0 —05)*briy,
adg(crij) = —(0i +0)%eriy . adg(driy) =—(0i+0;)°drs; -
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For any i,j € {1,...,r A s} we have found four linearly independent eigenvectors, we
can even see that any two different matrices defined in (2.89) are orthogonal for the
natural euclidian scalar product on R¥?, thus we have found in total 4(r A s)? linearly
independant eigenvectors. If r = s, we have r = s = d/2, meaning we have found exactly
d? eigenvectors, which concludes the diagonalization of ad% in this case. To summarize,

we look at the following table for the multiplicities of the eigenvalues of ad%.

Spectrum of ad%, case 7 = §

Figenvalue | Eigenvectors| Range for | Multiplicity
(4, 7)

—(O'Z'—(J'j)2 Arj s br,i,j 1,7 € |2 (291)
{1,...,r}

—(oi+0;)? | Crijy drij | 4,7 €2
{1,...,r}

We treat separately the cases r < s and r > s even though they are very similar.
First, if r < s, then the matrices above only have nonnegative coefficients in position
(i,7) for i,7 € {1,...,2r}. So, using (2.89)-(2.90), we compute for i € {1,...,s —r} and
je{l,...,r}, ~ ~

Yeytij = 04xd, €2r4ij2 = —0€24irtj

Yeortirti = 0dxd , €2rtirtj2 = 0j€20 14 -

Using these equations, we compute the image of these matrices by adg and ad%,

adg(€2r4i7) = 0j€2tiptj , adg(@2rtirtj) = —0j€24i; and
2 2 2 2
adg(eryiy) = —0j€2r4ij,  adi(€2rtirs;) = —0j€2tirt; -
This means that ey, 1; ; and ey, 1;,4; are eigenvectors of ad%, with eigenvalue —UJZ. Sim-
ilarly, for i € {1,...,r}and j € {1,...,s — 1},
Yej o) =0i€ 1215, €i2r455 = 0gxa,

A~

Yertirts = —0i€i2rtj, ©€rti2r+j3 = Ogxq -

Using these equations, we compute the image of these matrices by adg and ad%,

adg(€i2r+j) = 0i€rtiortj , adg(ertizrtj) = —0i€i24; and

2 2 2 2
adg(€iorey) = —0i€igryj ,  adg(eryiortj) = —0i€rtiory;

This means that e; 2,4 and e,; 2,4, are eigenvectors of ad%, with eigenvalue —02-2. Finally,
fori,je€{1,...,s —r},

Yeoryiort = €2r4i2r1j2 = 0gxq -
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This gives
adg (€2r4i,2r+5) = ad%(92r+i,2r+j) = 0gxq -

When we count how many eigenvectors we have found with these computations, there
are r(s — r) matrices in {egy4;; : i € {1,...,s —r},j € {1,...,r}}, in {€xyqirtj : @ €
{1,...,s=r}je{l,...;r}}, in {ejory; : i € {1,...,7},j € {1,...,s —r}} and in
{ertiors; i€ {1,...,r},j € {1,...,s — r}}, totalling 4r(s — r) matrices. There are
(s — r)? matrices in {eyqio; : i € {1,...,s —1},7 € {1,...,s —r}} and all these
matrices form an orthogonal family, which gives that they are linearly independant.

To summarize, we look at the following table for the multiplicities of the eigenvalues
of ad%.

b5

Spectrum of ad%, case r < §

Eigenvalue | Eigenvectors | Range for (3, j) Multiplicity
—(O'i—O'j)2 Ar;j, br,i,j i,j S {1,...,’/”} 2
—(Ui+0j)2 Crij dr@j ’i,j S {1, - ,7’} 2

—sz- €2r+ij, ie{l,....,s—r}, | 4(s—r) (2.92)
€2r+i,r+j> J € {1,...,7’}
€ 2r+i,
e’/‘—f—j,?r—i—i

0 €2r+i,2r+j i,J € {17 sy 8 T (S - T)Q

r}
In total, we have found 472 + 4r(s —7r) + (s = 7)2 = 2r + (s = 7))? = (s + 1)? = d?
eigenvectors, which are all linearly independant since they are mutually orthogonal.

In the case r > s, the eigenvectors to compute are the following. For ¢ € {1,...,r —
sk, j€{l,...,s}, we have

Yesrij = 0gxqg, €stijd = —0j€siirij,

Yestirts = Odxd ;  €stiptjd = Oj€syiy -

Using these equations, we compute the image of these matrices by adg and ad%,

adg(esﬂ,j) = 0j€s4ir+j adg(esﬂ,rﬂ) = —0j€s544j and
2 2 2 2
adg(esﬂ',j) = —0;€stij adg(es+i,r+j) = —0;€stir+tj -

This means that eyy; ; and e, 1 ; are eigenvectors of ad%, with eigenvalue —0]2-. Similarly,
forie{l,...,s}and j € {1,...,7 — s},

Yeisrj = 0i€yistj, €istj2m=0gxq,

Yeristj = —0i€stj, €ryistjida=0gxq.

Using these equations, we compute the image of these matrices by adg and ad%,

adg(ei,sﬂ) = 0i€ryistj, adg(erﬂ,sﬂ) = —0i€js+j and

2 2 2 2
adg(ei,sﬂ‘) = —0i€s+j, adg(erﬂ,sﬂ') = —0i€rtis+tj -
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This means that e; s+ ; and e,4; s+ are eigenvectors of ad%, with eigenvalue —01-2. Finally,
fori,j € {1,...,r — s},

~

Ees—i—i,s-i-j = es+i,s+j2 = 0d><d .

This gives

adg(€stis+j) = adk(€syists) = Oxd -

When we count how many eigenvectors we have found with these computations, there
are s(r — s) matrices in {esy;; : i € {1,...,7 —s},j € {1,...,s}}, in {egyirqj : 7 €
{1,....,r —s},7 € {1,...,s}}, in {ejs15 = @ € {1,...,s},5 € {1,...,r —s}} and in
{ertists; + i€ {1,...,s},7 € {1,...,r — s}}, totalling 4s(r — s) matrices. There are
(r—s)? matrices in {€s4is1j : 4 € {1,...,r—s},j € {1,...,7—s}} and all these matrices
form an orthogonal family, which gives that they are linearly independant.
To summarize, we look at the following table for the multiplicities of the eigenvalues
of ad%.
b5

Spectrum of ad%, case r > §
Eigenvalue | Eigenvectors| Range for (i, j) Multiplicity
—(0i—0j)* | ar;j, brij | 4,5 €{1,....s} 2
—(O’i—f—O'j)Z Crijs d,ﬂ’i’j 1,] € {1,...,8} 2
—0]2 €sti ie{l,...,r—s} | 4(r—s) (2.93)
€stir+js ] € {17~--a8}
€ s+iy
€rtj,s+i
0 €oti stj i,j € {1,...,r — | (r—s)?
s}
In total, we have found 4s? + 4s(r — s) + (r — 8)? = (2s + (r — 5))? = (s +1r)? = d?

eigenvectors, which are all linearly independant since they are mutually orthogonal.

Now, to compute the eigenvalues of sn(X) from those of ad%, for any eigenvalue A € R

of ad% using tables (2.91)-(

)-(2.93), we have that A is nonpositive, meaning we prefer

to write ¢ = —\ € Ry.. We denote by v, € R¥*? an eigenvector of ad% of eigenvalue —o.
Then
400 400 Y4
1 ¢ (—o)
sn(X)(vy) = —— (ad%) (vo) = —
(2 1)!( 2) 7 Z(:)(%Jr n e

(—U%ﬁ)zev _ sin(y/o)
OV

vy = sinc(v/o) vy ,

AP}

(2.94)
Y4

where sinc is defined over R by sinc(z) = sin(z)/z for x € R\ {0} and sinc(0) = 1. By
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using (2.91) on the results of (2.91)-(2.92)-(2.93), we obtain,

Spectrum of sn ()
Eigenvalue | Range for (i,7) Multiplicity
sinc(o; — | 4,5 €{l,...,rAs} 2
7;)
sinc(o;  + | i,j€{l,...,7As} 2
;)
sinc(o;) ie{l,...,d=2(rAs)}, | 4{d—2(rAs)] (if r #
jed{l,...,r As} s)
1 i,j €{1,...,d=2(rAs)} | [d—2(r A s)]?

We have removed the column for the eigenvectors, because it is the same as the one in
previous tables (2.91)-(2.92)-(2.93). Now, to prove that sn(X) is an isomorphism, we only
need to check that all eigenvalues are nonzero. The condition D € Zjg; gives that for
any i € {1,...,7 A s}, 0; € [0,7/2), meaning that sinc(o;) € (2/7,1], as well as that for
any 1,7 € {1,...,7 A s}, sinc(o; — 05) € (2/m,1] and sinc(o; + o) € (0,1]. This concludes
that sn(X) is an isomorphism. And by previously stated arguments, this concludes that
(DE)p is an isomorphism, therefore the derivative of Expg,; on Zjg, is invertible.

Now, to prove that for any [B] € Gr,(R?), the derivative of Exp(g| on Zjg) is invertible,
we use the following symmetry argument. Let ([B],D) € TGr,(R?), since the Grassmann
manifold is symmetric, its isometry group O4(R) acts transitively on the manifold. There-
fore, there exists ggp € O4(R) such that g - [Bg] = [B]. Now, differentiating ( ) brings,
for any ([B1],D1) € TGr,(R?), g € Oq(R) and £ € Tyg,)Gr,(R?),

g (DExpg,))p, (§) = (DExpg.(B,])eD, (&) - (2.95)
Applying (2.95) to [Bo], go and g;'D € T[g, Gr,(RY)

go - (DExpip))g-1p (§) = (DExp(g))D (80€)
which brings, for any ¢ € T[B]Grr(Rd),

(DExpig))(€) = g0 - (DExp(B,))g-1p (85 '€) - (2.96)

However, we have that D(BTB)~/2 and gy 'D(B"B)~!/2 have the same singular values,
because if UXV' is a singular value decomposition of D(BTB)~/2, then (g, U)XV T
is a singular value decomposition of gy 'D(B"B)~ /2. Therefore, if D € Iig), then gy 'D
is in I[BQ]'

By definition of a group action, the action of gg on T[BO]Grr(Rd) is an invertible
mapping, moreover, we have just proven that (DEXp[BO])gle is invertible. Using ( ),
we conclude that (DEXp[B])D is an isomorphism as a composition of invertible mappings.
This concludes the proof that Exp[B} is a diffeomorphism from Zjg; to Ug.
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Let D € Tyg)Gr,(RY), such that |D|g = 1. Let t > «/(2|/D(B"B)~'/2|)). Our
goal is to prove that there exists C € T[B}Grr(Rd) such that Expg)(tD) = Expg|(C)
and ||Clljg; < [[tD|[g) = t. Once we have that, since for any D € T[B]GrT(Rd), the
length /(yp) of the geodesic yp : s € [0,1] — Expig)(sD) is equal to [|[D||g), see [Lecl9,
Corollary 5.6(b)], it comes that pe([B], Expg)(tD)) < {(yc) = [|C|g) < ¢, and thus
Yp is not length-minimizing at ¢, meaning ¢t > ¢(D). Since we do this for any ¢ >
7/(2[|D(BTB)~/2||), we conclude that ¢(D) < 7/(2||D(BTB)~/2||).

Now, take the singular value decomposition D(BTB)_l/ 2-UXV' with Uadxr-
matrix such that UTU = I,, ¥ a r x r-nonnegative diagonal matrix and V a r x r
orthogonal matrix. Denote by X = diag((X;);eq1,....,3), and, up to permuting the columns
of U, we can assume (2i>ie{1,...,r} nondecreasing. Since we have

|D®™B) 2| =tz > /2.

then t3; > m/2. Now, to obtain another preimage of Expg; (tD), we want to exploit the

periodicity of cos and sin, and therefore modify X into a matrix with smaller coefficients.

Since tX is the largest value of t3, and we have [[tX||o > 7/2, then t3; > 7/2.
Consider the two following r x r-matrices, defined block-by-block

A ( @ 015 (r—1) ) s— ( -1 01><(r1)> _
O¢—1)x1 Op—1)x(r—1) Op—1)x1  Ir—1
Assume in the first place that t3; > 7. Let S =ty A which is still a nonnegative

diagonal matrix, and consider C = UXVT(B'B)"/2. Then the SVD of C(BTB)~ /2 is
actually UXV " and, using that cos(z — 7) = — cos(x) and sin(z — 7) = —sin(x),

TR\ /2 .
Exp(g)(C) = {B (B B) Vcos(tX — A) + Usin(tX — A)]
= {B (BTB) 2 Vecos(tX)S+U sin(tZ)S]
= EXp[B] (tD) )

by using that S is invertible. Using the SVD and that for any m x n matrix M and any
n x m matrix N, Tr(MN) = Tr(NM), we can easily check that

ID|% = Tr ((BTB>_1/2 D'D (BTB)_UQ)
= Tr (VE2VT)
=T (VIvs?)
= Tr (3?)

-y 2. (2.97)
=1
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Therefore, for C we obtain ||CH[213] = HtDH[QB}—tQE%—F(tZl — )2 = HtD||[2B}—2t7r21+7r2 <
||tDH[2B] -7 < HtDH[zB]. This concludes this case of the proof.

Assume now 7/2 < t3; < m. Let > —(SE+A = diag(m—tX%4,t3o, ..., t%,), which is still
a nonnegative diagonal matrix, and consider V = VS as well as C = UEVT(BTB)U 2,
Then an SVD of C(BTB) /2 is actually ULV since V'V = SVTVS = SS = I,.. Now,
using that cos(m — x) = — cos(z) and sin(7m — z) = sin(x),

—1/2
Expg)(C) = [B (BTB) VS cos (tSE + A) + Usin(tSX + A)}
-1/2
= [B (BTB) / VScos (tX)S + Usin(tZ)} .
Using that S and cos(tX) commute because they are diagonal, we have
TN L/2 .
Expyg)(C) = {B (B'B) " Veos (t3) +Usm(t§])} = Expi(1D) .

Now, using the calculation done in (2.97), we have HCH[zB] = HtDH[QB] 2224 (n—t2))? =
\|tDH[2B]+7T2—2t7r21. However 31 > 7/2, thus 2t73; > 72. Therefore HCH[QB] < HtD||[2B}.
This concludes the proof under the assumption ¢3; > 7/2.

Let us prove that Zjg) = TD([B]), where the tangent injectivity domain TD([B]) =
{tC : C ¢ T[B}GrT(Rd),HCH[B} = 1,t < ¢(C)}, where the cut time c¢(-) is defined in
( ). The inclusion TD([B]) C Zg) is given by Proposition -(b), we prove the other
one by contradiction.

Suppose there exists W € Zjg) \ TD([B]). Setting M = W/||W||g), since W ¢
TD([B]), W] > ¢(M). However, ¢(M)M is not in TD([B]) and, by definition of
Zig), {tM = t < ||[W]|ig]} C Zjg) because W = [[W|g/M € Z;g). Therefore c(M)M &
Zig) \ TD([B]). We set D = ¢(M)M, which means that we have ¢(M) = ||D||;g) and by
definition of the cut time given in ( ), Exppg)(D) € Cut([B]).

Now, we can apply [Leel9, Proposition 10.32] to our point [B] € Gr,(R?) and tangent
vector D € Tyg)Gr,(R?). Since ¢(M) = ||D||g], we are in the case [Lecl9, Proposition
10.32-(b)], meaning that the geodesic vy : t € [0, ||Dl|g)]] — Expg(tM) € Gr,(RY) is
minimizing and that one or both of the following conditions are true:

(i) Exppg)(D) is conjugate to [B] along vy, i.e. D is a critical point of Expg), see [Leel9,
Proposition 10.20].

(i4) There are at least two unit-speed minimizing geodesics from [B] to Expg)(D).

To find the contradiction, we prove that both of these conditions are false. Firstly,
does not hold using Proposition -(a) and that D belongs to Zg.

Now, since (7) does not hold, is true. Therefore, there exists D’ € Tyg Gr,(R?) such
that D’ # D, that the geodesic ypr : t € [0,1] = Expg|(tD’) is minimizing on [0, 1] and
that Expg)(D) = Expg)(D’). Indeed, to claim D’ # D, we use that having two different
unit-speed geodesics means that D’/||D’||g] # D/||D||(g], however, since both have the
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same image by Expg) and both geodesics are minimizing, the distance pe([B], Expg)(D))
is equal to the length of both geodesics, namely ||D’||;g) and ||D||g), which gives D’ # D.

By injectivity of Expg) on Zjg| and that D’ # D, we have D’ ¢ Iig)- Moreover, by
definition of the cut time ¢(D’/||D’||(g)), and since yps is minimizing on [0, 1], we have
that D’ € TD([B]) U TCut([B]). Using Proposition -(b), we have TD([B]) C Zjg
which, combined with D’ ¢ Zg), gives D’ € TCut([B]). We now look for a contradiction
with respect to the injectivity of Expg) on Zjp).

Using Proposition -(a), we have that Zjg) is open in Tg Grr(Rd). Thus, there
exists a radius 9 > 0 such that the open ball U = B(D,rg) C T[B}Grr(Rd) is contained
inside Zig). Since D # D', we have |[D — D[} > 0 and therefore, up to dividing ro
by some positive number greater than one, we can assume that infcey [|C — D[ > 0.
Denoting the preimage of Expyg)(U) by the mapping Exp(g, O = Exp[};} {Expg)(U)}, we
have, since Expyg is a diffeomorphism, that Expg)(U) is open in Gr,(R?) and that O is
open in T[B]GrT(Rd). Moreover O contains D and D’. Therefore, there exists r; > 0 such
that the open ball U = B(D',r;) C T[B]Grr(Rd) satisfies U’ € O. By the assumption
made on the choice of rg, and up to division of r; by a large enough positive number, we
can assume that UN U = &

We prove now that there exists C' € U’ N Z). Since D’ € TCut([B]), then for
any t € [0,1), tD’ € TD([B]) C Zjg}. Therefore the sequence of tangent vectors ((1 —
27" /||D'||;g))D’)nen= has its values on Zjg. Moreover, there exists N € N* such that for
any n > N, 27" < rq, thus

D = (1= 27 /|| D/ ) D’

5= ’1 —1+4 2*N/HD’H[B}‘ ID’[|g]

=27VD'|limy/ 1D |y < 71 -

This gives that C' = (1 — 27 /||D'||g))D’ € U’. We have therefore found C’ € U' N Zg.

Finally, by definition of U’, Expg|(C’) € Expgj(U), thus there exists C € U such that
Expg)(C’) = Exp)(C). Since UNU" = &, we have C’ # C and, since U C Zjg], we have
C € Zjg). This is contradictory with Proposition -(a), which states the injectivity of
Expg] on Zjg). This concludes the proof of (c). O

2.8 Proofs for Section

2.8.1 A technical lemma

We preface our proofs by a version of Lemma adapted to the new scheme ( ).

Lemma 2.27. Assume A1-A2-R 1. Consider the sequence (0,)nen+ satisfying the scheme
(2.16). Setting, for any k € N, AM;, = (grad V(0y), eg, (Xk+1))0,,, we have for any n € N*
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and € > 0,

ShooNk1(cr — 2Ing g1 — ) |h(0k)[5, < V(60) — V(Ont1)
+ 3 h—o Mk 1AM + ol
+ k=0 Mi+1llgrad V (0k) |0, [ Aoy my 1 (Xnet1) |6,
+2L 575 o M (lea, (Xn )17, + 1 A0 mees (Xa+1)15,)
+ 3o Mky1 {(4e) ! + 20ngi1} [Ibo, (Xe1)1IG, 5

where e, A and are defined by (2.8) and (2.17) respectively.
Proof. For any k > 0 and t € [0, 1], consider

Y ®)(t) = Expy, (mk+1 {Hek (Xkt1) + bo, (Xpey1) + Aek,nkH(XkH)}) :

Note that v*)(0) = ny1{Ha, (Xr+1) + bo, (Xit1) + Ao npsr (Xe+1)} and that

(v ®)) = it Ho, (Xis1) + bo, (Xkr1) + Do sy (Xer1)l|g- Then, by Lemma 2.1, (
and using that for any 6 € ©, a,b, c,d € TyO, ||a+b+c+d||7 < 4(||al|Z+]b|Z+ |||z +]d12)
, we get that for any k& > 0,

‘V(ekﬂ) = V() = Mkt1 <g1"ad V(0k), Ho, (Xg+1) + boy, (Xi11) + Doy i (Xk+1)>

< (L/2)06™)? = (Ind1 /2| Hoy (Xis1) + boy (K1) + Aoy (XD,
< 20m? 3 {10603, + oo, (X)), + llea, (X3, + 180, e (Ker)IF, } -

Ok

Therefore, we get that for any k € N,

— Mgy (grad V (0y), h(ek»ek
< V() = V(Okt1)

+ Nit1 <g1"ad V(0k), €0, (Xiy1) + bo, (X1) + Doy myis (Xk+1)>6k

2Ly {10003, + llbg, (X3, + lew, (Xisn)l13, + 180, Ker)IF, } -

(2.98)
By A2-(b) and the Cauchy-Schwarz inequality, we obtain for any k € N* and ¢ > 0,
{grad V(6r), bg, (Xk11))e, < Sellh(0x)lI5, + (1/4€)]Iba, (Xk11) oy -
Thus, using A 2-(a), the Cauchy-Schwarz inequality and plugging this in ( ) gives,

Nky1(er — 2LMgg1 — @) |h(O0)1I5, < V(0k) — V(Or41)
+ N1 (grad V(0k), eq, (Xi41))g, +Ne41Co
+ 1 llgrad V(0r) o, | A6, mir s (Xer)llo, + 2L07 11180,y (Xns )17,
+ My /4e + 2051 [1bo, (Xig )15, + 2Ln7 41 lles, (Xer1) 15, -

Adding these inequalities from 0 to n and rearranging terms concludes the proof. O
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2.8.2 Proof of Theorem

If MD2(a) holds for a € N*, then MD2(a) holds for any a € {0, 1,...,a} and mg) will
then stand for a constant such that almost surely, E[||eg, (Xn+1)|lg, [Fn] < m(s). Before
giving the proof of Theorem , we specify the statement of this result in Theorem
below. In particular, we give an explicit expression of Aq(ﬁr)l. We define

- {q [4(2L + 3L Wehy)] ! if R2-MD2(4) hold , (2.99)
¢1/(8L) if R3- MD2(6) hold ,
o _ {2651(%; 3choo L1 (0)) (b3, + m(3)) if R2-MD2(4) bold -, )
dep L(bs, +mya)) if R3- MD?2(6) hold
O = 5aLer (LM (0))2 {h + b + mey } (2.101)
CP) = 3.2 (f)ehe, {hio + 03+ Hl(g)} , (2.102)
ng) = LD, + K8+ mg} (2.103)

where 6 € © is fixed and can be chosen arbitrary.

Theorem 2.28. Assume A1-A2-A3-A/, R, MD1 hold. Suppose either R”, MD?(4)
or R5, MD 2(6). Consider (0r)ren defined by (2.12). Then, if supgen«ne < 7, for
defined in (2.99), for any n € N

E (110515, ] < 2(eaTni) HEIV(00)] + C T2 + ALY + 2(bacChos + ) e

(4)(4) :
R cWrt if R2, MD>(4) hold
cr® 4+ cO1r©)  if Ry, MD2®6) hold

where 1s given by s 1s defined in s , are defined in -
here C\) b C is defined P, are defined

( ) and I, € {0,...,n} is a random variable independent of F,, and distributed ac-
cording to (2.5).

Proof of Theorem . In all the proof § € © is a fixed element of ©, which will be used
as we will apply Lemma 2.7. Also for ease of notation, we simply denote .i”o(c} ) ¥ (1)(9~)
and similarly .2 = 22)(§).

Using the assumptions in Theorem , the proof consists in bounding each term of
Lemma after taking the expectation. We first make a first estimate which holds if
either R2 or R3 hold.

Using MD | and that 6 is Fi-measurable, we have for any k € N, E[AM}] = 0. In
addition, by A2-(a)-A4 we have

lgrad V (0x)llo, | A6, mir (Xet1) o, < Chooll Aoy s (Xt 1)l -
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Therefore, taking expectation in Lemma , we get using V' is non-negative, A 3 and
MD?2(4) or MD?2(6), for any n € N* and € > 0,

S h—oMkt1(¢) — 2Lngqy — e)E [||h(9k)||ek} < E[V(00)] + col'nt1

2
+Choo Xp—o M4 11180, mesr (Xet1)llo, +2L(0% + m(z))F7(1+)1

+ k0 M 1 180, ey (Xis1)lI5, +[036 / (4) T -
(2.105)
Therefore, it remains to bound the terms involving the retraction bias A, for which we
distinguish the two different sets of conditions R2-MD?2(4) or R3, MD?2(6).
If R 2-MD 2(4) hold. Using Lemma 2.7-(a), A3-A 1 and Hoélder inequality shows
that
180, s (X1 o, < L VMgt | Ho, (Xig1) + bo, (Xar1)[5, -

< 32 Mg {1003, + b + lea, (Xir1) 17, |
80 (X )3, < 9 BLLOR {4 b + flea, (Xia) 4, } -
Therefore, plugging these estimates in ( ), using MD?2(4), we get that

Sh—oMk1(cr — 2Ing g1 — Se)E[[|R(0k)[15,] < E[V(60)] + colns1
+3.2Wehee Si_o? 41 {ElIROK)[3,] + b2 +mez) }
F2L(02 + ) T2 + (b2 /(4€)] Tt
+27.2 b4 + b4+ mp )T,
Rearranging terms and taking e = ¢, /(4¢%), we get
Sh—oMk+1(3c1 /4 — (2L + 3L Wehoo i1 )E[||h (6113, ]
E[V(00)] + (co + b2,2% /1) Tt
+ (2L 4 3L Weho) (b2 + m) T2 +27.2W (b4 4 B2+ m(py 3T,
Using suppen:Me <1 < ¢ [4(2L+3.2Wehy )] ! ensures that ¢; /4 > (2L+3.2Mehoo i1
for any k£ € N and the proof follows.
If R3, MD 2(6) hold. Using Lemma 2.7-(b), A3-A and Hélder inequality shows

that
180 e Xk oy < L3411 Ha, (Xii1) + bo (Xer1)[15,

< 32200 {h3, + 65 + llea, (Xni0)I13, }
1A (X, < B2 PRy (S 408, + fles, (XD, ) -
Therefore, plugging these estimates in ( ), using MD?2(6), we get that

Sh—oNkt1(er — 2Lnky1 — S)E[|h(0x)[15,] < E[V(60)] + coln1
—|—32$( )Choo {h3 + b3 + my3 )} Fglg_,')_l + 2L(bgo =+ m(Q))Fg_,')_l

+3°. L@ {08 + hS, + mq }rn+1+[b§o/(4e)]rn+1.
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Rearranging terms and taking e = ¢, /(4¢2), we get

> h—oMkt1(3¢1/4 — 2Lng1)E[[R(OR)I17,] < E[V(60)] + (co + b3, /¢ )Tnpa
F2L(b2, + mp)T'2,
+32.2 Dehae { B3, + 3, + m(z) } T,
+35$(2){b(6>0 + hgo + m(ﬁ)}F'EzG—f)—l .

Using that suppen<nNie < T < ¢;/(8L) ensures that ¢;/4 > 2Lnyy; for any & € N which
completes the proof. ]

2.8.3 Proof of Theorem
Under MA 4(w), for any p € [1, 3], C{P) stands for a constant such that

sup E [w?(Xpi1)] < CP)
keN

In addition, in the sequel, § € © is a fixed element of ©, which will be used as we will apply

Lemma 2.7. Also for ease of notation, we simply denote R (M (#) and similarly
p(2) — 3(2)(9),
Before giving the proof of Theorem , we specify the statement of this result in
Theorem below. In particular, we give an explicit expression of B,Si)l. We define
4(2L + D¢ + 32 Wehy)] ™t if R2 hold
c1/[4(2L + Dg)|~ if R3 holds
CO + (b2, + Ce ) (3choe ™ +2L)  if R2 hold
CY9 + 2L (b2, + Cypel) if R3 holds ,
D) = 320 [Lea,Cuw{h? + b2 + e2CP} (2.108)
+ Lethoo{h2 + b2 + €2.Cu ]
DY = 322D (Le, Cp{hd, + b, + 2. CP)} (2.109)
+ Lethoo{h3, + b3 + €2 O]
D) = 32 Wehe, {3, + b, + €305 (2.110)
D\ = 235 L2 P2(nS, + 15, + 8 CP)Y . (2.111)

Theorem 2.29. Assume A1-A2-A5-A/, R1, MA |-MA 2(w)-MA /(w) hold for some
measurable function w : X — [1,400). Suppose in addition that R” or R holds. Assume
that (Mk)ken+ @s a sequence of stepsizes and ay,az > 0 satisfying ( ).
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Consider (0x)ren defined by (2.12). Then, if suppen« Mk < 1, for 7 defined in ( ),
for any n € N,

E[||h(91n)||31n] < 2(c Tns1) " HE[V(00)] + C(m1)
+ Dg)rgl + Bﬁ)ﬂ + 2(bsoChoo + ¢2) /1

pET® L DWW if R holds,

2.112
D@ + pOTO ir R holds, (2.112)

with B, = {
where C( (2) : ) . B p@ : i .
M), Dy’ are given by (2.39)-( ); Dpo, Dy’ are defined in ( )-( );

D%,Dg) are defined in ( )-( ) and I,, € {0,...,n} is a random variable inde-
pendent of F,, and distributed according to (2.5).

We begin the proof by showing a similar lemma to Lemma

Lemma 2.30. Assume A1-A2-A5-A/-MA-MA ”(w)-MA /(w) hold for some measur-
able function w : X — [1,400). Suppose in addition that R” or R 3 holds. Let (Mk)keN~
be a sequence satisfying ( ) and consider (0x)ken defined by ( ). Set for any k € N,
AM}, = (grad V(0y), eg, (Xk+1))o, - It holds that for any n € N,

E[SFo Mt AM]| < De g E [[10(00) 3, | + CITEL + Cm) + Bro

where Dg, C2,C (1) are given in (2.11)-(2.39) and

Bro =

)

EPTE . if R holds
BT if R holds
EY = D) = 3.2W[Les,Cu{h? + b2 + 2.CP}
+ Lethoo{h2, + b2 + €2.Cu}]
B, = D) = 322 [Len Cu (b, + 5, + 5.0}
+ Lethoo {3, + 03, + €2 CB/2}] .
Proof. The proof is an adaptation of Lemma in which we need to deal with the
retraction bias. Consider the measurable function é : © x X — T© which satisfies MA2(w)

and for any k € N. By (2.12), we can consider y**+1 : [0,1] — ©, the geodesic between

Or and 011 defined by Y* D (t) = Exp{tnps1(Ho, (Xps1) + bo, (Xit1) + Doy s (Xat1))}
for any ¢ € [0, 1]. Note that for any k € N,

Oy ) = g || Hoy (Xia1) + bo (Xit1) + Dogness (Xet1) oy -

(2.113)
< Me1 {1 Hoy (Xng1) + boy, (X 1)lloy, + 180, mpei0 (Xrr1)llo, T -

Using that the parallel transport associated with the Levi-Civita connection is a linear
isometry [Leel9, Proposition 5.5] and (T§;)~! = TJ, by uniqueness of parallel transport
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[Leel9, Theorem 4.32], we obtain the following decomposition

E [— f:nk+1AMk1 =—-E [25: Az‘| s (2.114)
=1

k=0
where
Ap = iy (grad V(6r), é9, (Xp41) — P 0, (Xk)),
k=1
& N *) .
Ay = Myt <grad V(0r), Py, 0, (Xy) — T3, lt’(ak_l@ek_l(Xk;)>0’c ;
k=1
= @) R
Az ="M (T} grad V (6;) — grad V (051), ngflegkfl(xk)%k s
k=1 n
As =3 (e =) (grad V(1) P00, (X)),
k=1 B
As =m1 (grad V(0o), €9, (X1))g, — Mn+1 (grad V(6y), €, (Xn11)),, -
We now bound each term of this decomposition. As for the proof of ( ) in the proof
of Lemma , using using MA 2(w)-(a), we have
E[A] =0. (2.115)
Similarly, using the same argument as (2.45) and (2.46) in the proof of Lemma , We
get

E [|A4]] < 2¢600Ciym + 2as Y mxE [Hh(ek—l)HZk,J :
h=1 (2.116)

E[|As]] < ¢ (2 +Cuw » MiE [Hh(@k)llﬁk]) :

k=0

It remains to deal with A, and As for which we distinguish the case where R2 or R
holds.

In the case where R 2 holds. Using Lemma 2.7-(a), A3-A4 and Holder inequality
shows that

|80 i (Xiea1) oy, < 2O || Hoy (Xisr) + bo, (X i0)I13,
<3.2Wn, ., {Hh(ﬁk)Hék + b2+ Hffek(XkJrl)”gk} :

Using the Cauchy-Schwarz inequality, ( ), A2-(b), the definition of e (2.8), A3,
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MA?2(w)-(a)-(¢) and Jensen’s inequality, we obtain

|As| < L Z nkJrlg(Y(k))HPqué@kﬂ (Xk)Hkal

k=1
n
<L Z NENk+1 {HH91¢71 (Xk)Hek—l + Hb9k71 (Xk’)Hekfl} HP9k71é9k71 (Xk)Hekfl
k=1
n
+L Z NiNk+1 HAGk_l,nk (Xk’)Hek—l |‘P9k_1é9k—1 (Xk) H9k_1
k=1
n
< Lée > kst (oot 2(Xp) + boo + [11(0k-1) g, ) P, w'/*(Xe)
k=1
n
+32W Leae Y mimes { 1A O )IF,_, + b2 + eZw(Xi) | Py, w'?(X) .

k=1

Taking the expectation, using MA 2(w)-(b), A4, that (ng)ren+ satisfies (2.10) and the
Cauchy-Schwarz inequality brings,

E{|4s]) < LéaoCu{leos + bool[32 s + Sioy mEENAO- )3, 1}
+3Len LN, B2 + b2 + 2. COIT) - (2.117)
It remains to treat Ao depending on the additional two conditions we consider. We start
by proving a general bound which hold. Using the Cauchy-Schwarz inequality, MA2(w)-
-(c)-(d), ( ) and A2-(a), we get,
(2.118)
|Ag| < Agq + Az
Aoy = Le > mepmiw' (X lgrad V (0x)lo, { | Ho,_, (Xi)llo,.,

k=1
0, (X0, } -

n

Leed o N/ 2(Xe) (0o, {eccr/?(X)

ROk lloy s + oo, (Xi) oy, }

Ago =L an+1nkwl/2(Xk)ngad V(01)]l6,
k=1

< 3L, 20 znkﬂnkugradek>||ek{|rh<ek>uek+b2 + ew(Xp)} -
k=1

A9k—17ﬂk (Xk)Hgk

Similarly to the proof of (2.48) in the proof of Lemma , we have

E[|A1s]) < Lot [(eoo + boo) {h2ea1 + 1} + b2 ] Cul D), (2.119)
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Using A2-(a), MA2(w)-(a)-(b), A4, and (nNg)ren+ satisfies (2.10), we get
E[|A22]] < 3Ll Dhoo{h + b2 + Cue? )T (2.120)

Com?ining ( )-( )-( )-( ) ( ) and ( ) with ( ) completes the
proof.

If R3 holds. Using Lemma 2.7-(b), A3-A4 and Hoélder inequality shows that

180, (K)o, < 2P| Hoy (Xicen) + b (K ),
< 3220y (i + b + leo, (Xern)I, | -

Using the Cauchy-Schwarz inequality, ( ), A2-(b), the definition of e (2.8), A3,
MA 2(w)-(a)-(c), and Jensen’s inequality, we obtain

43| < LY e by ™) | Poy_, 80, (Xi)lo,
k=1

< LY ks {1 Ho, (Xi) oy + oo, (Xillo_, } 11Poy 20, (Xi)lgy,
k=1

n
+L annk+1”A9k71»ﬂk (Xk)H%fl Hpakqé@kﬂ (Xk)H9k71

k=1
< Léso Y Mimist (Coow!2(Xg) + boo + | B(051)llo,., ) Po_, w2 (X)
k=1
+32.2@Less > ik {hio + b3+ egow?’/?(Xk)} Py, w'?(Xy) .

k=1

Taking the expectation, using MA2(w)-(b), A4, MA 4, that (ng)ken+ satisfies (2.10) and
the Cauchy-Schwarz inequality brings,

E[|43]] < LésoCuf[eco + boc]TL11 + Yoy n2E[|R(k-1)I13, 1}
+ 3% Lene LA C, 03, + b3, + 3. COITW - (2.121)

It remains to treat A, depending on the additional two conditions we consider. We start
by proving a general bound which hold. Using the Cauchy-Schwarz inequality, MA 2(w)-
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-(c)-(d), ( ) and A2-(a), we get,
(2.122)
|As| < Aoy + Azo
Agy < Lee Yy mpeanpw 2 (Xp) 1 (0k) g, {eoow' > (Xk) + 1h(0-1) lo,
k=1
+ 160, (Xi) oy } 5
Azp = Le y Mepmew2(Xe)llgrad V (0k) o, | Ay e (Xi) [0y
k=1
< 32Le.23 Y i |grad V(04 o, {hf;o + 03+ eoow3/2(xk)} :
k=1
Similarly to the proof of ( ) in the proof of Lemma , we have
E[|A1,]] < LeE | (oo + boo) {hhoa1 + 1} + hZ | Cul), (2.123)
Using A2-(a), MA2(w)-(a)-(b), MA4, A4, and (ng)ken- satisfies (2.10), we get
E[|Agal] < 32Lee @ ho (b3, + b2, + C3/De3 3Tl | (2.124)
Combining ( )-( )-( )-( ) ( ) and ( ) with ( ) completes the
proof. O
Proof of Theorem . Taking the expectation in the bound provided by
Lemma and € = ¢, /(4¢%), and using V is non-negative, A2-(2), A3, MA2(w)-(a)-(h),
we get

S0 M1 (3¢ /4 — 2Ly )E[R(01)113,] < E[V (80)] + E[X} o Mis1 AMy] + et
+Choo Y h—o Mk+1E[|| A6, mp s s (Xkt1) [l6,]
2 n
+2Le2, Cul )y 4+ 20 0o m? El Agpne s (Xis) 12,]

02 (% /er T + 2LT ) ) (2.125)
A bound on E[YF_(nk+1AMy] is provided by Lemma . It remains therefore to deal

with the two terms 325Nk 1E[|| Doy ey (Xit1) [lo,]
and 3771 Ell Ao nss (XkH)sz]. These two terms will treated differently depending
if R2 or R3 holds.

If R2 holds. Using Lemma 2.7-(a), A3, A1, MA2(w)-(a) and MA/(w), and Holder
inequality shows that

180 ey (K1) o < LD || Hoy (Xoi1) + bo, (Xesn),
E[1 A0 (Xer1) o] < 3L Dnigs {[1R(Ok) 5, + b2 + €2Cu |
B A0, nes (Xs1)[13,) < 9 x 3L2OPniy {hd + b + eh @}
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Therefore, plugging these estimates in ( ) and using Lemma , we get that

S k=0 Mkr1(3c1/4 — 2Lk )E[|h(B0)115,] < E[V (60)] + (cp + 02,22 /c1) Tt
+De Yoo 4B 1003, | + COTE + Cn) + BT
+32LWehe S N1 [17(6) 1o,
+ (b2, + Cuel) (3cho.2W + 20T
+2 x BBL[LWR{RA, + b4, + el

Rearranging terms and using supgen«Ne < 7, with 7 satisfying ( ), we get

(c1/2) o Mk1E[[R(00)115,] < E[V(00)] + (c2 + 028 /c1)Tnia
+[C0 + (b2, + Cuel)(BehooL® +20)TP) | + C(my)
+E T +2 x B LLL MR, + b + el TS,

and taking ¢ = ¢, /(4¢%), we get

Sh—o M1 (31 /4 — (2L + 3.LWehee i )E([1A(01) 115, ] < E[V (60)]
ey + 022 /ey )Tt + (2L + 3.2 Wehe) (0, + meg) )T,
+27.2W b4 4 hE + my T,
Using supjens e <1 < ¢ [4(2L+3.2Meh )] ! ensures that ¢, /4 > (2L4+3.LMehoo Mes1
for any k£ € N and the proof follows.

If R3 holds. Using Lemma 2.7-(b), A3, A1, MA2(w)-(a) and MA1(w), and Holder
inequality shows that

180 s (Xir 1) llog < L3411 Ho, (Xis1) + bo (Xer1)[15,
E[1 80, nes (Xni1)lla] < 322y {hd, + 65 + 2,002}
E[l A s (Xer1)lI3,] < 3° (2P 1y {hS + 05 + S0P}

Therefore, plugging these estimates in ( ) and using Lemma , we get that

k=0 Mk+1(31 /4 — 2L )E[IR(00)15,] < E[V(00)] + (c2 + b2,2%/c1) ot
+De Ci-o i E IR0, | + COTL + Cm) + By LY,
F2L(B2, + Cope2 )T
+82.% Dhog {13, + b3, + 2,00 T,

+2 x BLLLOP{RS, + 05, + 8,0,
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Rearranging terms and using supgen« Nk < 7, with 7 satisfying ( ), we get

(c1/2) S omi ELIA(8)13,]
< E[V(00)] + (c3 + 622 /c1)Tpr + [C2 + 2L(02 + Cue2 )T, + C(ny)
BT + 322 @ehoe {B3, + 03, + 3,087 1,
+2 x BLLLOPR{RS, + 16, + eSO

Therefore, plugging these estimates in ( ), using MD?2(6), we get that

Sh—oMkr1(cr — 2Lng g1 — S)E[|h(0k)15,] < E[V(60)] + colnia
+32.2Dthoe { B3, + b +me } T, + 2L (0 +meey) T,
+35. L5 4+ hS, + mg) )T + b2/ (4e)] T -

Rearranging terms and taking € = ¢, /(4¢%), we get

k=0 Mk+1(3¢1 /4 — 2Lng1)E[|[R(01)]15,] < E[V(00)] + (ca + 032 /c1)Tnta
+2L (6, + mg) D) +32.2 Dehog { B, + b3, +meg) TV,
3L, + hS, + me) )T,

Using that suppen«nie < T < ¢;/(8L) ensures that ¢;/4 > 2Lnyy; for any k € N which
completes the proof. ]

2.9 Proof of Section

2.9.1 Proofs of Section

Lemma 2.31. Consider the Grassmann manifold Gr,(R?) defined in Example and the
objective function f defined in (2.18). Then, for any [B] € Gr,(R?),

(a) the covariant derivative of f at [B] is given by
TRY 'pT
Vf(B]): D~ Vpf([B])=—Tr <AB (B B) D ) ,
and the Riemannian gradient of f at [B] is given by
grad f([B]) = —Projjs,| AB,

where Projig | = Is — B(B'B)"'B' is the projection matriz on [B.], the orthogonal
complement of [B].
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(b) for D € TigGr.(R?), the covariant Hessian of f at [B] is given by

Hess f([B)){(D,D)} = — Tr (AD (BTB>71 DT>

B B (2.126)
+Tr (AB (B'B) D'D(B'B) BT> :
Alternatively, one can also express the Hessian of f at [B] as follows,
~1
Hess f([B]){(D,D)} = <D (B'B) B'AB- Proj[Bl]AD,D> . (2.127)
(B]
Proof of Lemma . The main idea of the proof is to use Theorem and to charac-

terize the iterated total derivatives of f using its gradient and Hessian. For any ([B],D) €
TGr,(R%), consider the geodesic vy : [0,1] — Gr,(R%) such that y(0) = [B], ¥(0) = D,
which is given by y(t) = Expg(tD). Then, using Theorem for the function f, the
curve Y and n = 2, we compute the Taylor expansion of the map fovy : [0,1] — R.
Using Section and ( ), we get that (f oy)'(0) = Vi) f(v(0)) = Vp f([B]) and
(f ov)"(0) = Hess f(|B]) {D,D}. Introducing this into the Taylor expansion gives, for
any t € [0, 1],

foy(t) = f([B]) +tVpf([B]) + (*/2)Hess f([B]) {D, D}

¢ 2.128
cap [e-orpor@ma.

We can bound the last term by Ct3 for some C' > 0 since (f o y)(3) is bounded on the
compact set [0, 1]. Our strategy now is to obtain ( ) in a different way, by computing
explicitly the second-order Taylor expansion of f o y(t) when ¢ — 0. Then we identify
the first and second order terms to conclude. Recall that using (2.18) and (2.14), for
any ([B],D) € TGr,(RY), setting D(B'B)~/2 = UXVT the compact singular value
decomposition, we have

Foy(t) = —(1/2) Tr <BtTABt (BIBt)_1> : (2.129)

where By = B(B"B)~ 2V cos(tX) + Usin(tX) € St,(R?) satisfies [By] = y(t). First,
expanding the trigonometric functions applied to the diagonal elements of the matrix X
brings,

sin(tX) o t3 + o(t?) , and cos(tX) o I — t°2%/2 4 o(t?) .

—

Thus, the expansion for By is the following,

1/

B, - B (B"B) v s - B (B'B) VE2/2 4 o(?) .
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For the product BB, derive

—1/2 -1/2 —-1/2

B/B = V' (B'B) "B'B(B'B) V+2tsym<VT (B'B) BTUE)

—1/2 —1/2
— 2 sym (VT (B'B) "B (B'B) / V22> +25UTUS + o(2)

where sym(M) = (M + M")/2 is the symmetrization of the square matrix M. Now, we

simplify the first term VT (BTB)~/2BTB(B"B)~!/2V = I,.. In the second term, using
~1/2

UxXx =D (BTB> / V and B'D = 0,, by definition of the tangent space Tig] Gr,(R%)

(see the paragraph around (2.71) and Example 2.9), the term of order ¢ vanishes. Moreover,

the terms of order ¢2 are —X2 and X2 respectively, bringing

Th _ 2 Th )\l _ 2

B, B, o I, + o(t%) , and therefore (Bt Bt) o I +o(t7) . (2.130)

Finally, derive the Taylor expansion of B;B/, using VE?V'T = (UEVT)TUEVT =
—1/2 —1/2
(BTB) ”DTD (BTB) ”? and similarly US?UT = D (BTB)
-1
BB/ = B(B'B) B'+2sym (B (BTB > +2UusU’
t—0
—1/2 1/2
~#B(B'B) PysevT (B'B) BT {o(?),

=, Projg) + 2t sym (B (BTB)_1 DT> 1+ 2D (BTB)_ DT (2.131)
—’B (BTB)_1 D'D (BTB>_1 BT +o(t?) .

Now, recall that for any d x r matrices M, N, Tr(MN) = Tr(NM ), thus ( ) can
be written using ( )s

foy(t)=—(1/2) Tx (ABt (B;Bt)il BtT) |
50 —(1/2) Tr (ABtITBD +o(t?) .

Now recall that for any d x d matrix M and any d x d symmetric matrix N, Tr(NM) =
Tr(NM '), therefore Tr(Nsym(M)) = Tr(NM). Using this and ( )

fov(®) 50 F([B]) —tTx (AB (BTB)i1 DT) - (#?/2) Tr (AD (BTB)f1 DT)
+@/2)1(aB(B7B) DD (B7B) 'BT) 4 o).

We conclude by identifying the terms as mentionned at the beggining of this proof.
The alternative representation is obtained by checking the following facts. First, BT Proj B,]AD =
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0;xr, therefore Projig jAD € Ty, Gr,(R%). Also, by definition of the metric, the fact that
Proj,| = Projg, | and that Projjg,|D = D,

~(Projp,)AD,D) _ =~ ¥ <(BTB)_1 DTAD) .

Secondly, B'D(B'B)'BTAB = 0,,, thus D(B'B)"'B" AB € Tg|Gr,(R%). More-
over,

TR 'RT T1T>:< TR 'RT >
Tr(AB(B B) DD(B B) B D(B B) BTAB,D .

Combining these two last equations into ( ) gives ( ) O

Proposition 2.32. Consider the setting of Section and assume HP 2. Consider
em)(z) = {1y — B(B'B)"'B'}(zz" — A)B, for any [B] € Gr.(RY), z € R%. Then, for
any [Bo], [B1] € Gr.(RY), x € X and geodesic curve 7y : [0,1] — Gr,.(R?) between [Bo] and
[B1],

et = Themg @), < CE+fally) (2.132)

B
In particular, for any x € RY, [B] — egg)(x) satisfies (2.11).

Proof. Note that by [EASO8, Section 2.5.3], for any [B] € Gr,(R?), z € R%, ep(z) =
—grad f%([B]) + grad f([B]) where grad is the Riemannian gradient on Gr,(RY), f¥ =
—Tr(zz"B(B'B)"'BT)/2 and f([B]) = — Tr(AB(B'B)"!BT)/2. Therefore, to con-
clude that ( ) holds, using Lemma , it is sufficient to show that Hess f([B]), Hess f*(|B]) :
T[B]Grr(Rd) — T[B]Grr(Rd) have operator norm upper bounded uniformly for [B] €
Gr,.(R?) by C{1 + ||=||3} for some constant C > 0. In other words, using the Hessian
representation given in Lemma , we want to prove that there exists C' > 0 such that

for any € R, ([B],D) € TGr,(R?), |[Hess f([B]){(D,D)}| < C{1 + ||:r||§}||D||[2B] and
[Hess f*([B]){(D,D)}| < C{L + ||z[5}|D|7;.

First, since f does not depend on z and Gr,(R?) is compact, there exists C; > 0 such

that for any [B] € Gr,(R?), the operator norm with respect to the Riemannian norm of

Hess f([B]) is bounded by C;. This means that for any ([B], D) € TGr,(R?Y), |Hess f ([B]) (D,D)| <

ClHDH[QB]. Secondly, the derivative and the Hessian of f* are given by Lemma by

changing A into zz . Therefore, by taking the expression of the Hessian of f* given in

( ) and using the triangle and Cauchy-Schwarz inequalities,
[Hess f* ([B]) (D, D)

< ’<Proj[BL]xacTD,D> ‘-i—

<D (BTB)A B 22"B, D>

[B] B]

< |D|g, (HProj[Bl]a:afTDH[B] + HD (BTB)lBTxxTBH[B]> . (2.133)
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We use in the following computations the relationship between the Frobenius norm || - |2
and the Riemannian norm, namely for any D € T[B]Grr(Rd), using that (BTB)~Y/2 is a
symmetric matrix,

2

D% = T ((BTB)1 DTD) = HD (BTB)A/Q (2.134)

2

Using ( ), the fact that the Frobenius norm is sub-multiplicative, and the definition
of the spectral norm given in (2.83),

HProJ[BL]xg;TDH[B] — |[Projg, 22D (BTB)_1/2

2

< Proj[BL]x:):TH2 HD (BTB)il/2 )
< ‘Proj[BL] H»’UCTHQHDH[B]
< ||=[13 1D lg;

where we have used that the spectral norm is an operator norm, that the operator norm
of a projector (here Projg,)) is equal to one, and that |lzz " |l2 = ||z||3. For the second
term in ( ), we proceed similarly,

HD (BTB)_1 BT:U:UTBH[ ]
B

— D (BTB)A B 2z B (BTB>71/2

T]3)—1/2

2

e o )

BT

oy

<|p(

(B'B)

2 2 2

-1/2|12 5
<|B(B7B) | el DI,
where we have used that for any C € R¥*", ||C||z = ||CT||2. Finally,

HB (BTB)71/2 g, (B (BTB)A BT) =Tr (L) =r.

2

In conclusion, we have that
|Hess f* ([B]) (D, D)| < (r + 1) [|z[|3 DI

which completes the proof. O

2.9.2 Proofs of Section

Recall that we consider the Huber-like dissimilarity measure, pi : © x © — R, given for
any 6p, 61 € © by

pu(00.01) = 8 [1+{po(60.02)/6}* | " = 8% (2.135)
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where § > 0.
We present lemmas to verify A2-A 3, MD | for the robust barycenter problem. In
addition, we show that the function f(6) of (2.21),

£0) = /@ pi(0,2) 7(dz) for 0 € © |

is strictly g-convex. Thus the the robust barycenter of a probability distribution 7= on ©
exists and is unique. Consequently, as the geodesic SA scheme ( ) finds a stationary
point of ( ), the strict g-convexity of f guarantees that such stationary point is globally
optimal and is unique.

Lemma 2.33. Let © be a Hadamard manifold with sectional curvature bounded below by
—k%, 2 € © and § > 0. Define for any 6 € ©,

}1/2

Va(0) = p(2,0) and Vi(0) = 62 [Va(0)/0% +1] "~ — 67

Then, Vi is a smooth function and its Riemannian gradient is given for any 6 € © by

x —1 2 1/2
grad V*(60) = — Exp, ' (x) / [Va(0)/6% +1] . (2.136)
Moreover, for any 0 € ©, v € Ty© \ {0}, its Hessian satisfies
0 < Hess Vi¥(6)(v,v) < (14 k) [|v]|} - (2.137)

Proof. The proof relies heavily on the computation of grad V3’ and the Hessian comparison
of V5¥ done in [Jos05, Theorem 5.6.1]. Indeed, [Jos05, Theorem 5.6.1] shows V5 is smooth
and that for any 6 € ©,

grad V3(0) = —2Exp, () .

Hence, ( ) follows by composition since Vi (#) = w o Va(f) where w : t — 62[t/6% +
1]1/2 — 6% for t € R,

For any v € T,0, recall that Hess Vi(0)(v,v) = (V,grad Vi(0),v)y, where V is the
Levi-Civita connection — see Section . The product rule for the covariant derivative
[GHLO4, p. 73] for a smooth function f and vector field Y on © gives V(fY) = Vi@ Y +
fVY. Applying this result to

f(6) = [va(8)/5> +1] " ¥(0) = ~Bxpy (@),
and using Y = grad V5 /2 gives
Hess V4 (0) = — Exp, ' () ® Expe_l(aj)/ [52 {1 + %(9)/52}3/2]

+ Hess 1/2(0)/{2 {1+ 1/2(9)/52}1/2] . (2.138)
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Let 6 € © and v € TyO \ {0}. On the one hand, we have Exp, ! (z) ® Exp, ' (z)(v,v) =
(Exp(;l(m), v)%. Therefore, using Cauchy-Schwarz inequality,

2
0 < Bxpy ' (2) @ Expy (@) (v,0) < |[Bxpy (@) ol = B (6,2) ol . (2139)

since ||Exp, ()]s = pe(f,z). On the other hand, [Jos05, Theorem 5.6.1] implies that
2 ||v]|3 < Hess Va(8) (v,v) < 2kpe (8, x) coth [kpe (8, )] ||v]|5 - (2.140)

Now, combining ( )-( ) in ( ), and using tcoth(t) < 1+ ¢ for t > 0, it
follows that

N2 2
Hess Vi (6)(v,v) < [1+ kpe (0, 2)] / {1+ va(0)/5%} " Joll;
< (14 58) oll2
where we have used 1+ V5(6)/6% > max(1, p(6,2)/6%). Similarly, we obtain
Hess V1(0) (v, v)
5 9 5 513/2 9 51 1/2
> — (p80.9) I0]3) /(2 {1+ va(0)/8*} ) + oll; /{1 +Va(0)/6%} " >0,
which concludes the proof. O

Proof of Proposition . To show that A2 holds with the stated values of ¢, ¢ and L,
note that the scheme (2.23) can be written

Ont1 = Expg, (‘nn+1 grad lenﬂwn)) ’

where V¥ and its gradient are given in Lemma . Then, both grad f and Hess f can
be computed differentiating under the integral in ( ). Using Lemma , we know
that for any x € ©,V7 : 0 > 62(1 + p3(0,2)/6%)/? — 62 is smooth. Using ( ) and
|Exp, ! (2)|ls = pe(f,z), we have that for any z,0 € O, ||grad V{*(0)|ls < § and, for any
x,0 € ©,v € TyO,

|Hess Vi*(0) (v, v)| < (1 + k9) HUHS :

Using Lebesgue’s dominated convergence theorem, we have for any 6 € ©,

grad f(8) = — /@ Expy () / [1+ {pe (6.2)/5)?] V2 ode) (2.141)
as well as for any v € TyO,
Hess f(6)(v,v) :/ Hess V{*(8) (v, v)m(dx) .
©

Thus, using ( ) for any v € TyO \ {0},

0 < Hess f(0)(v,v) < (1 + xd) [|v]|7 . (2.142)

98



2.9. Proof of Section

This last inequality proves that the operator norm of Hess f is upper bounded by 1 + Jk.
Therefore, using Lemma , it follows that A2-(b) holds with L =1+ k.

Combining that for any z,0 € O, eg(x) = grad Vi*(6) — grad f(6), ||grad Vi*(8)]le < 0
and ( ), we have that for any € ©, supgeg |leg(x)||s < 26, which means that the
first point in (2.11), inside A5, holds for w = 1. For the second point of (2.11), inside A

, we use that we have just proven that grad f and grad V¥, by the same arguments, are
(1 + dr)-Lipschitz functions, for any x € ©. Therefore for any x,6y,60; € © and geodesic
v : [0,1] — © between 6y and 6,

lea, () = Thyea, () |y, < [lerad Vi*(61) — Tg,grad Vi (6o) o,
+ ||grad £(61) — Tty grad £(00) ||,
< 21+ 6R)(Y) |
concluding that A5(1) holds.

It remains to prove that MD | is satisfied with o9 = 62 and o1 = 0 if (X,,)nen+ is an
i.i.d. family with distribution 7. Using the previous calculations, we have ||Hp, (Xn+1) Hgn =

V{5 (0,) ], < 6%. Thus, in the notation of (2.8),

E [lles, (Xns1)]l5,

Fo| =€ [ Ho, (Xai1) = h(0n) 5, | Fa] <02, (2.143)

since the conditional variance is bounded by the mean square. Now, the required values
of op and o1 can be read from ( ). O

Proof of Proposition . Assume there exists 7 € © such that (2.22) holds. We prove

that the function f takes finite values for any 6 € O, i.e. f(f) < +oo. Indeed, note the
following inequality, which holds for all > 0,

5 (14 {x/6)]"" — 8% < 6.

From ( ) and (2.21), this inequality implies for any 6 € ©,

£0) <9 /@ po(0,) w(dx) ,

and, furthermore, by the triangle inequality,
10) <8 [ (p0(6.7) + pa(r.2)) w(da) = 6pa(0.7)+5 [ pa(ro)m(de) . (2144

Then, it follows from (2.22) and ( ) that f(0) < +o0 for 6 € ©.

Further, from ( ) in the proof of Lemma , Hess f(0) = 0, so f has strictly
positive-definite Riemannian Hessian and, using Theorem and V2f = Hess f, is there-
fore geodesically strictly convex. It remains to show that f has a unique global minimizer
0*. Since f is geodesically strictly convex, continuous, and bounded from below (indeed,
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f is positive), it is enough to show that f is coercive, in the sense that f(6) — +oo when
pe(0,7) = +o0. To do so, note the following inequality holds for all real x,

52 [1+{x/5}2]1/2 — 52> 22z — ) .

Then, using ( ) and ( ), this inequality implies

£0) > 2712 /e (po(0,2) — 6) 7(dz) ,

or, by the triangle inequality,
£(0) = 271% / (Ipe(0,7) — po(r,z)| = 6) m(dx) for €O .
(S)

However, this directly yields

f(0) > 2712 (p@wn)— | (atra) +9) w(dm) .

Clearly, the right-hand side increases to +o0o when pg(0,7) — +o00. Thus, f is indeed
coercive.

Finally, to show that f has a unique global minimizer 6%, let f, = inf{f(f) : 6 € O}
and (0,,)nen a sequence of points in © such that lim f(6,,) = f« . Since f takes finite values,
f« < +00. Therefore, (f(0))nen is bounded, and by coercivity of f, so is (pg(0rn , T))neN-
Therefore, there exists some R > 0 such that pg(f,,7) < R for all n € N. Because
© is a complete Riemannian manifold, the metric ball B(7, R) has compact closure (a
consequence of the Hopf-Rinow theorem [Lec19]). This implies that the sequence 6,, has
a convergent subsequence, whose limit 6* belongs to the closure of B(7, R). By continuity
of f, it is clear that f(6*) = lim f(6,) = f., so 0" is indeed a global minimizer of f. This
global minimizer is unique because f is geodesically strictly convex. O

2.9.3 Details and specification for Section

The entries of the matrix M are chosen such that
(a) for any i € {1,...,50}, M;; is a sample from the uniform distribution on [0.1,0.7];

(b) for any k € {1,...,23} and i € {1,d — k}, M;;, = U; (0.1 + 0.8(¢i — 1)/27), where
Ui 1, is a sample from the uniform distribution on [0.05,0.1];

(c) (M| < 1.

By a straightforward induction, we have since for any k£ € N, X311 = M X, +0epy1, where

o >0,
k—1 '
X = MkXO +o Z Mk_l_le’;‘fH_l .
=0
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Therefore, for any k € N*, X, follows a Gaussian distribution with mean M*X, and
covariance matrix o2 Zf;ol MF=1={[MF~1=9]T Denote by P the Markov kernel associated
with (Xg)gen. Then, it is straightforward to verify that it is strongly aperiodic and
irreducible with the Lebesgue measure as an irreducibility measure. In addition, the zero-
mean Gaussian distribution with covariance matrix X, = 02 3.5°, M!{[M?] T is the unique
stationary distribution of P. Note that X, is well defined since |[M|| < 1. In addition,
using that [[M]| < 1 again, an easy computation shows that there exists ¢ > 0 small
enough such that setting w(x) = exp(c||z||3), there exists A € (0,1) and b,, € Ry such
that Pw(z) < Aw(x) + by, for any x € R?. Therefore HP 2 holds for this example. In
addition, 3, satisfies the discrete Riccati equation: ¥, = MX .M ' +¢2I5, which is solved
using the function dare of the Python library control-.

2.10 Useful results from matrix analysis

In this section, we introduce two linear algebra or matrix analysis auxiliary results. They
are related to the nonuniqueness of the singular value decomposition.

Lemma 2.34. Let N € R¥" be a rectangular real matriz. Consider two singular value
decompositions of N, i.e. let U, U € R™" such that UTU =U'U =1,, let &, € R™*"
be two nonnegative diagonal matrices and let V,\~/' € O,(R) be two orthogonal matrices
such that N =UXV'I = UZV'. N
Denote (ui)ie{l,...,r}a(ﬂi)ie{l,..,,r}a(vi)ie{l,...m} and (17i>i6{1,...,r} the columns of U, U, V
and V respectively, and denote (Ai)ieqr,....ry and (Xi)ie{l,...,r} the diagonal coefficients of
> and X respectively. Then, for anyi,j € {1,...,r} such that \; # Xj, we have UZ-T@ =0
and u; uj = 0.

Proof. Consider Singyy = {A; : ¢ € {1,...,r}}, by uniqueness of the singular values of
N, we have Singy = {X; : i € {1,...,r}}. Since V and V are orthogonal matrices,
their column vectors form orthonormal families. We have, by definition of the singular
value decomposition, NTNV = VX2, For any i € {1,...,7}, we can reformulate this

column-wise, meaning
N Nv; = Mo, . (2.145)

Let A € Singy and consider Iy = {i € {1,...,7} : A; = A}. One of the consequences of
the spectral theorem for the matrix NN is that

Ex = Span ((vi)ier,) - (2.146)

where Ey = Ker(NTN—\2I,.). However, ( ) holds also for (v;);¢q1,....,} since NNV =
vy, Therefore, by ( ), forany ¢ € {1,...,r},

U; € Span ({vj 1 j € IX}) .

2https://python-control.readthedocs.io/en/0.8.3/intro.html
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Another consequence of the spectral theorem for NN is that for Aj, Ao € Singp such
that A\; # A2, we have that Ey, and E), are orthogonal. Using this and ( ), we have
that for any 4,j € {1,...,r}, if \; # Xj then viT'ﬁj =0.

To obtain the same conclusion with the vectors (u;)icq1,..,y and (Ui)ieqi,...ry, first we
compute,

NN'U=UX?,

which is the parallel to ( ), meaning for any ¢ € {1,...,7}, u; is an eigenvector of
NNT. Now, by the spectral theorem applied to NN, denoting S the eigenvalues of
NN, we have

R = PE,, (2.147)
A€S

where E} = ker(NNT —\I,), and the components of the sum are mutually orthogonal. For
any A € S, we can complete the family {u; : i € {1,...,7},u; € E\} into an orthonormal
basis of Ey. By combining these families, there exist some vectors (ui)icgra1,..,ay in R4
that complete (u;);eq1,....,3 into an orthonormal basis of R that respects the decomposition
( ). This means that (u;);c(1,.. q) is an orthonormal basis of eigenvectors of NN'.
Therefore, for any i € {r+1,...,d}, there exists A € S such that NN Tu; = \u;. However
Span((Ajus)jeq1,..ry) C Im(NNT) and, since Rank(N) = Rank(NNT) which coincides
with the cardinality of {j € {1,...,7} : A; # 0}, Span((N\juj)jeq1,..r}) = Im(NNT)
because the dimensions match. It follows that A = 0, because NN T u; = \u; € Im(NNT)
and u; is orthogonal to Im(INN ") since it is orthogonal to the family (uj)jeq,..ry- The

rest of the proof follows from the same steps as the ones used for V and V. O

Lemma 2.35. Let N € R¥™" be a rectangular real matriz. Consider U, U € R¥™" such that
UTU=U'U=1, let £, € R™*" be nonnegative diagonal matrices and V,V € 0O,(R)
such that we have the two decompositions N = USV'T = UsV'. For any f: Ry = R
such that f(0) = 0, we have Uf(Z)V' = ﬁf(f])\N/T, where we apply f to a diagonal
matriz by applying it to each diagonal coefficient individually. In particular, the quantity
Uf(Z)VT only depends on N and f, therefore we can define the mapping ¢ : N
Uf(Z)VT on R¥xT,

Proof. We divide the proof into two cases. First, assume 3 and 3 both have nonin-
creasing diagonal coefficients. By uniqueness of the singular values of the matrix N and
the assumption of nonincreasingness, we have ¥ = X. Therefore f(£) = f(2). De-
note (Vi)ie(1,....r}> (Vi)ieqi,..,y € (R")" the column vectors of V and V respectively. De-
note as well (A;)jef1,..,} the diagonal coefficients of 3. Define Ny = Uf(Z)VT and

Nf = INJ'J“'(Z)\N/'T We check now that Ny = Nf by proving that, as linear maps from R”
to R?, they coincide on the basis @i)ie{l r}- Note that these definitions give the equa-

tions NV = UX, N;V =Uf(X) and N;V = Uf(X), for which we use the column-wise
interpretations. Let i € {1,...,7}, using that (v;);e(1,..,} 15 an orthonormal basis of R",
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and N,V = Uf(X),

T s

Nf??i = Z(T);rvj)vaj = Z(az—rvj)f()‘J)uJ :

Jj=1 J=1

Now, using that f(0) = 0, we have for any € R, f(x) = f(x)1;20. Also, using that
NV =UX, if \; # 0, uj = Nv;/A;. This brings

Nyt = > (T v) fFA) Iy, 20t = > (0] 0)(F(A7) /A7) 1, 20N .
j=1 j=1
Now, we use that NV = UY and Lemma , which gives us that @T v; = 01if A\j # N,

and we write

Nyt = (F(N)/A) a0 D (T v;)Nvj = (£(A;)/Ai)1x, 20N (Z@T%‘)%‘)

j=1 j=1
= (f(N)/A) Ia20Nv; = (f(Ni)/Ni) Ln 20\t = f( i) -

We have proven N f\~f = Uf (X), which means that Ny = N # which concludes the proof
of the first case.

Now, consider the general case. First, we prove that without loss of generality, we
can assume N = UXV' to be a singular value decomposition such that 3 has non-
increasing diagonal coefficients. Indeed, one can always consider a new decomposition
N = U'S/(V')T such that ¥ has nonincreasing diagonal coefficients. Then, once we have
proven U’ f(E')(V)T = Uf(2)VT, we will have also proven U’ f(X) (V)T = Uf(Z)V',
and therefore Uf(£)VT = Uf(Z)V'. Secondly, by uniqueness of the singular values
of the matrix N, there exists a permutation matrix M € R"*" such that MEMT = 3.
Recall that a permutation matrix is orthogonal, therefore M"M = MM ' = I,.. This
brings,

N=U(M'M)SE(MM)V' = (UM% (VMT)T . (2.148)

We can now apply the first case in this proof to this decomposition and the one N =
UXV'. Therefore (Ul\/IT)f(E)(VMTW)T = Uf(Z)V'". However, since f is applied on

> coefficient-wise on its diagonal, M f(Z)M'" = f f(X). Performing the same computation
as in ( ) but with f(X) brings Uf(Z)V' = Uf(Z)V'. O

2.11 Preliminaries on Riemannian Geometry

This section reviews some basic concepts about Riemannian geometry. These concepts
are essential to develop our main results on convergence of Riemannian SA.
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2.11.1 Metric Tensor and Distance

A smooth manifold (at least C?) © is equipped with a smooth symmetric and positive-
definite metric tensor field g € T'(T?T*0), see [L.ec19, Proposition 2.4]. To each 6 € O,
this associates a scalar product gg on the tangent space Ty©®. When there is no confusion,
we denote that [Leel9, Chapter 2, pages 11-12],

gg(u,v) = <U,’U>9 , U,V E T9®

and the corresponding norm on Ty® is called the Riemannian norm, ||ull, = (u, u)é/ 2.

With the metric tensor, it is possible to define the notion of length of a curve. If
c: 1 — O is a differentiable curve, defined on some interval I C R, with velocity ¢, then
its length is [Leel9, page 34]

(o) = [ 16l dt (2.149)

The length ¢(c) is invariant by reparametrization: ¢(c o ¢) = ¢(c) for any diffeomorphism
¢ :J — I, from an interval J onto I. Thus, without loss of generality, we consider only
curves that are restricted to c: [0,1] — ©.

This can be used to turn © into a metric space. Indeed, if © is connected, the following
is a well-defined distance function; satisfying the axioms of a metric space [Leel9, Theorem
2.55],

pe(0,0') = inf {{(c)|c:[0,1] = O;¢c(0)=0,c(1)=06"}, 6,0/€0O. (2.150)

This is called the Riemannian distance induced by the metric tensor g.

The infimum in ( ) is always attained for any 6,6 € ©, provided that the distance
po(:, ) turns © into a complete metric space. This is a corollary of the Hopf-Rinow
theorem, a fundamental theorem in Riemannian geometry [Lecl9,; Corollary 6.21].

2.11.2 Levi-Civita Connection

In the Riemannian mainfold, the curve y which attains the infimum in ( ) is called a
geodesic. Intuitively, a geodesic is a C? curve which has zero acceleration. This intuition
can be formalized by introducing an affine connection V [Lecl9, page 89], compatible with
the metric tensor g, called the Levi-Civita connection, or just Riemannian connection (to
be precise, V = V9, depends on the choice of g).

To each vector u € Ty©O and smooth vector field X on O, the connection V associates
a vector V,X(0) € TypO. This vector is called the covariant derivative at 6 of X in the
direction of u. This is bilinear in u and X, and satisfies the product rule

Va(fX) = (uf) X(0) + f(0) VX | (2.151)

for any differentiable function f : ©® — R, where uf denotes the derivative of f along w.
Moreover, one has the following,

u (X,9) = (VuX,9)y + (X, V.D)y , (2.152)
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V) — VoX = [X,9)] (2.153)

for any differentiable vector fields X,2) on ©, where [X,92)] is the Lie bracket of the vector
fields X and 9), itself a vector field. Here, ( ) states that V is compatible with the
metric, and ( ) states that V is a connection with zero torsion.

The Levi-Civita connection [Leel9, Theorem 5.10] is defined as the unique affine con-
nection V which satisfies ( ) and ( ). Note that the uniqueness of this connection
can be guaranteed by the Koszul’s theorem, also known as the fundamental theorem of
Riemannian geometry.

2.11.3 Geodesic Equation

It can be proved using ( ) that V,X depends only on the values of X along a curve
tangent to the vector u [Lecl9, Proposition 4.26]. This motivates the following definition.
Consider ¢ : I — © as a smooth curve on © and X is an extendible vector field along
¢, this means that X : I — TO satisfies X(t) € T.;)© for any t € I, see [Lecl9, pages
100-101]. The covariant derivative of X along c is defined by

DX =V:Xoc, (2.154)

where X is a vector field on © satisfying, for any ¢t € I, ¥(t) = ¥ o ¢(t). The reader should

not confuse the index ¢ in D¢, which is just a notation, with an actual real number ¢ € I.

A geodesic is thus a smooth curve v : I — O, whose velocity v is parallel along y. If

Dy, is the covariant derivative along vy, then y satisfies the geodesic equation [Leel9, page
103],

Dyy(t)=0, tel. (2.155)

The left-hand side of this equation is precisely the acceleration of the curve .

The geodesic equation is a non-linear ordinary differential equation of second order.
For given initial conditions y(0) = § and ¥(0) = u, it has a unique solutiony : (—¢,&) — O,
for some ¢ > 0 [Lecl9, Theorem 4.27]. If this solution can always be extended to a curve
Y : R — O, then O is called a complete Riemannian manifold. The Hopf-Rinow theorem
states that this is equivalent to © being a complete metric space, with the distance function
( ) [Leel9, Theorem 6.19].

2.11.4 Parallel Transport and Parallel Frames

Recall D; the covariant derivative, associated with the Levi-Civita connection, along a
curve ¢ : [0,1] — O, given in ( ). Then, a vector field X is said to be parallel along c
if it satisfies the parallel transport equation

DX(t) =0 .

This is a first-order linear ordinary differential equation (ODE). Say ¢(0) = 6o, then,
for a given initial condition X(0) = u, where u € Ty,0, it follows that u — X(t) is a
linear mapping from Tg,© to Ty)© [Leel9, Theorem 4.32]. This is denoted T, and by
uniqueness of the solution to the ODE, T, is its linear inverse [Leel9, Equation (4.22)].
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It is useful to derive an equivalent condition to ( ), which holds for vector fields X
and 9) along ¢ [Leel9, Proposition 5.5].
d
1@ (X,D) o) = (DX, D) o) + (X, DeD) ey - (2.156)
This equation yields that ¢ — (X,9))) is constant if X and ) are parallel vector fields
along c¢. Thus T§, preserves scalar products. In particular, if (b;;i = 1,...,d) is an

orthonormal basis of Ty,©, then the vector fields along ¢, defined by
ei(t) = TG bi

form an orthonormal basis of the tangent space T.;)©, for each ¢ € I. This is called
a parallel orthonormal frame along ¢ [Leel9, Equation (4.23)]. By linearity of TG, if
u € Ty,© is written u = 3¢ | u’ by, then

d
Tou = > u'e(t). (2.157)
=1

In other words, parallel transport is obtained by simply propagating the cooordinates u’
of the vector u along a parallel orthonormal frame.

2.11.5 Riemannian Exponential Map and Cut Locus

From now on, let us assume that © is a complete Riemannian manifold. A curve that
attains the infimum in ( ) is called a length-minimizing curve. While this curve is not
always unique, it is always a geodesic [Leel9, Theorem 6.4]; in other words, it is a twice
differentiable solution of the geodesic equation ( ). On the other hand, it is important
to keep in mind that a geodesic is not always a length-minimizing curve.

To give a concrete example, consider the geodesics of a sphere with its usual round
metric [Leel9, Example 2.13] which are simply its great circles, i.e., intersections of the
sphere with planes passing through the origin. Clearly, a portion of a great circle whose
length is greater than 7 is not length-minimizing. Therefore, geodesics which start at
some point 6 on a sphere, are length-minimizing until they reach the opposite point —0.
One says that the cut locus of the point € on the sphere is the set {—6}.

Since © is complete, for u € TyO, there exists a unique geodesic vy, : R — © with
Y+(0) = 6 and v,,(0) = u. Then, [Leel9, page 128] define the exponential map Exp : TO —
O as:

Exp(u) = vu(l) | (2.158)

which is a smooth map. For u € Ty©, with ||ull, = 1, let ¢(u) > 0 be the largest positive
number ¢ such that vy, is length-minimizing when restricted to the interval [0,¢] [Leel9,
page 307]:

c(u) =sup{t >0 : po(8,vu(t)) =t} . (2.159)

We call ¢(u) the cut time of (6, u). The tangent cut locus of § is then defined by

TCut(d) = {c(u)u : ve TyO; |ull, =1} .
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Finally, the cut locus of 6 is given by [Leel9, page 308]
Cut(f) = Expg {TCut(0)} .

For example, if © is a unit sphere, then TCut(#) is the set of tangent vectors u € Tp© such
that ||ully = m. On the other hand, Cut(#) = {—0}, since ||u||; = 7 implies Expy(u) = —6.

2.11.6 Injectivity Domain

The cut locus of a point in a complete Riemannian manifold gives valuable information
regarding the topology of the manifold. Indeed, if © is a complete Riemannian manifold
and 0 is any point in ©, then using [Leel9, Corollary 6.21], © can be decomposed into the
disjoint union of two sets

O =D(f) U Cut(9), (2.160)

where D(0) is the injectivity domain,
D(0) = Expg {TD(0)} , where TD(0) = {tu : u € TyO; |lull[, =1;0 <t <c(u)} ,
where ¢(u) is given by ( ). We observe:

Proposition 2.36. [Lec19, Theorem 10.34] The Riemannian exponential map Expy is a
diffeomorphism of TD(0) onto D(0). Therefore, the inverse of the Riemannian exponential
Expg1 is well-defined, and a diffeomorphism, on D(6) = © \ Cut(0).

In fact, TD(#) is an open, star-shaped subset of the tangent space TyO, so it has
the topology of an open ball. Thus, ( ) states that the topology of © is completely
determined by Cut(6).

2.11.7 Isometries and Homogeneous Spaces

An isometry g on the Riemannian manifold © is a diffeomorphism g : ® — © which
preserves the Riemannian metric. To express this, let g - 6 = g(0), and g - u = (Dg)g(u)
for each 6 € © and u € TypO. Here, g(f) € O is simply the image of § under the map g,
and (Dg)g denotes the derivative of g at 6, so (Dg)s : Tg©® — T4.¢0. We say that g is an
isometry if [Lecl9, page 12]

(9-u,9-v),9 = (u,v)y u,veTyO .

In other words, the linear map u — g -« from TyO to T,.»O preserves scalar products. In
particular, it also preserves norms, so [|g - ||, = ||ully-

Isometries also preserve objects derived from the Riemannian metric such as distance,
geodesics, among others. In particular, if vy : I — © is a geodesic, and g : © — O is
an isometry, then v/ = govy : I — © is also a geodesic [Leel9, Corollary 5.14]. Now, if
v(0) = 6 and ¥(0) = u, then ¥'(0) = g -6 and ¥'(0) = g - u. From the definition of the
Riemannian exponential ( ), we get

g - Expy(u) = Expgg(g-u) . (2.161)
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The set G of all isometries of a Riemannian manifold © forms a group under composition.
A deep theorem, called Myers-Steenrod theorem, states that G can always be given the
structure of a Lie group, such that for each 6§ € ©, the group action g — ¢ -6 is a
differentiable map [GHLO04, page 66].

One calls © a Riemannian homogeneous space if its group of isometries G acts transi-
tively. Transitive action means that for any 6,0’ € © there exists g € G such that g-0 = ¢'.
When O is a Riemannian homogeneous space, knowing the metric of © at just one point,
0 € ©, is enough to know this metric anywhere [GHL04, page 67].

2.11.8 Riemannian Gradient, Hessian

The metric tensor (-,-) and Levi-Civita connection V, on the Riemannian manifold O,
can be used to generalize classical objects from analysis, like the gradient and Hessian of
a C? function V : © — R, as we introduce next.

The Riemannian gradient of V is a vector field grad V on ©, uniquely defined by the
property [Leel9; Equation 2.14]

(gradV,u), = (DV)p(u), weTyO, (2.162)

where (DV)y : Ty©O — R is the differential of the function V at #. As V is a real-
valued function, it is useful to know that differentials, directional derivatives and covariant
derivatives coincide (DV)g(u) = u V' (0) = V,V(0). This definition makes it clear that the
Riemannian gradient grad V' depends on the choice of metric on the manifold ©, and does
not arise from the manifold structure of ©, in itself.

The Riemannian Hessian of V', denoted Hess V' is defined using the Levi-Civita con-

nection. Precisely, it is the covariant derivative of the gradient grad V. For 6 € O, this
gives the Hessian Hess V' (6) : Tp© — TyO,

HessV(0)u = V, grad V (0) . (2.163)
The Riemannian definition of the Hessian coincides with the covariant Hessian obtained

from the Levi-Civita connection [Lecl9, Example 4.22]. The covariant characterization
gives, for any vector fields X,2) on ©,

(HessVX,9) = VaVyV = Vy gV =X V) - (VxD)V ,
where the last equality comes from the remark regarding directional derivatives. One can
see that ( ) yields that the linear operator HessV(0) : Ty© — TyO is self-adjoint

with respect to the Riemannian scalar product (-,-),. Therefore, and not without a slight
abuse of notation, we will also call Hess the resulting symmetric bilinear form

Hess V(0)(u,v) = (Hess V(Q)u,v), , wu,ve€ TyO.
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2.11.9 Taylor formula along a geodesic

To state the Taylor expansion theorem, we define the total covariant derivative, which
allows us to write higher order derivatives as iterated total covariant derivatives. Let
© be a smooth manifold and V be a connection on TO. Let k,I € N, then V defines
a connection in each tensor bundle T*)TO, which we also denote by V. See [Leel9,
Proposition 4.15] for the properties of such connections and their proof. For every (k,[)-
tensor field F € T(T®™)TO), the map VF defined over I(TODTO) x - - - x I(TODTO) x
D(TEHITO) x --- x D(TOVTO), where T(TVTO) appears k times and T'(T10TO)
appears [ + 1 times, taking values in C*°(0), the smooth functions on O, given by

vF:wlw"awk»fDl?"'aQ‘jlaQ‘j = (V%F)(wlv"'vwkagjla---7@07

defines a smooth (k, !+ 1)-tensor field on O called the total covariant derivative of F'. See
[Leel9, Proposition 4.17] for the proof.

Given a smooth curve y : I — O defined on an interval I, and any k,l € N, a (k,)-
tensor field along v is a continuous map F : I — T*DT@, such that F(t) € T(k’l)(Ty(t)@)
for any t € I, where T*)T@ is the bundle of (k,)-tensors on O, see e.g. [Leel9, Appendix
B]. A vector field 9 along vy is a (1,0)-tensor field, in which case for any t € I, Y(t) is
just a tangent vector in T, ;)©. We say that a tensor field F' along 7y is extendible if there
exists a tensor field F' defined on a neighborhood of Y(I) such that F' = Fovy.

We let X*!(y) denote the set of smooth (k, 1)-tensor fields along v, and X (y) = X19(y)
denote the set of smooth vector fields along y. In particular, X%°(y) is the set of smooth
functions g : I — y(I) x R such that for any ¢t € I, g(t) = (y(t), f(t)) for some smooth
function f : I — R and therefore can be identified with the set of smooth functions
f I — R. In the sequel, we adopt if no confusion is possible this identification. We
extend to tensor fields along vy the following definition of the trace on tensors. For any
(k,1)-tensor T', we denote by Trg A (T) the (k — 1,1 — 1)-tensor with component of index

. . . - : d jl7"'7jA71’m’jA7"'7j171 .
(T1y ey ik—1,J1,---,Ji1—1), given by >0 4 i i in_, - In particular, for any w €

X0 (y), D € X(v),
Tron(w®) =w(®) .

Also, for any F' € X¥!(y), any w!,...,wh € X0l(y) and D1,...,D;, € X(y), with

ko < k,lp <l,denote by [F : w!'® - @wh @@ - ®@92),,], the (k — ko, — lp) smooth
tensor field along 7y defined by the induction:

[F @ w®b] = Trg ) ([F : w®H D] @) (2.164)

[F: w® @Y1 = Trpgye1,1) ([F : 0® @ Dg1.5-1)] ©9;) (2.165)

setting w®? = wl®- - -@w’ and Yg1.; = V1®- - -®Y;. Note that for any wh—kotl Wk e
XOJ(‘Y) and Q‘jl—lo-i-lv )RS X(’}/),

[F : w®1:k0 ® @@1210](0}143—1430-1—1’ s ,Wka@l—lo—kb LR @l) = F(w17 s ’wkaml’ T QJZ) :
(2.166)
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Theorem 2.37. Let © be a smooth manifold and V be a connection on TO. Lety :
[0,1] — © be a geodesic and f: © — R be a smooth function. Then, for anyt € [0,1],n €
N,

n

Fo(®) = > (% /ko!) V™ fy0) (¥(0), ..., ¥(0))
ko=0 (2.167)

[ 1= 9 I g (6, ) ds

where the (0, ko)-tensor field V¥ f is the total derivative of order ko of the (0,0)-tensor
field f.

For a definition of the total covariant derivative, see [L.eel9, Proposition 4.17]. Also,
in ( ), remark that even though v is only a vector field along v, and not a vector field,
the value of a tensor field VT, where T is a smooth tensor field, evaluated at # € ©
only depends on X(6) and on values of T along a smooth curve ¢ : [0,1] — © satisfying
c(0) = 0 and ¢(0) = X(0); see [Leel9, Proposition 4.26]. Therefore, an easy induction on
ko proves that the expression V0 vy (¥(2), .., 7(t)) in Theorem is well defined for
any ko € N,t € [0, 1].

Proof. Consider ¥ : [0, 1] — O the smooth (0,0)-tensor field along y defined by

V=yfoy.

Then we check by induction on n € N* that ¥ is n-times differentiable with derivative of
order n given for any t € [0,1] by ¥™(t) = DP9/(t) = V" fyy (Y (), -, (1)), where Dy
is the covariant derivative operator along y with respect to the connection V, defined in
[Dur+21, Proposition S14].

First, the case n = 1 is a direct application of [Leel9, Theorem 4.24] since f is an
extension of 7. Assume now that the property holds for n € N*. Then, for any ¢, € [0, 1],
by smoothness of pn), [Leel9, Theorem 4.24] and the induction hypothesis,

Y (1) = DI (t)
We now show that for any ¢ € [0,1], DI o(t) = VP E (Y (@), ..., v(t).  Using
[Dur+21, Lemma S15] on the smooth (0, n)-tensor field along y F' = (V" f) oy, we have
Di[F:y® - @YV]=DiF:y®--®7v] ,

since Dyy = 0 because 7y is a geodesic. Also, by ( )y [DeF i y®---@Y] = DiF(v,...,7).
Finally, as V" f is an extension of F', using the induction hypothesis and the definition of
the total derivative give for any t € [0, 1],

DI V() = DiF (V... ) (8) = Vi (V" Fyey V() - ¥(1))
= (V" Py V@), 7))
concluding the induction.

Finally, ( ) is simply a consequence of Taylor’s formula with integral remainder of
the real valued function V. O
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If v : [0,1] — © is a geodesic such that y(0) = 0y and y(1) = 6;; which we simply call
a geodesic between 6y and 01, we have that the gradient defined by ( ) also satisfies
(grad fy ), Y(t))ye) = Di(f o v)(t). Similarly, the Hessian defined by ( ) satisfies,
using [Dur+21, Proposition S14-(S72)-(iv)] and that Dyy = 0, we get for any ¢t € [0, 1],
D7(f o v)(t) = Hess fyu)(v(t),¥(t)). These two arguments combined can be used to
reformulate the result of Theorem as follows

1
£(00) = £(00) = (grad £(60).¥(0))g, + [ (1= )Hess fy( (7(5). 7(s))ds

2.11.10 Bounded Hessian Implies Lipschitz Gradient

We can now state a result that can be very useful when the Riemannian Hessian is bounded.

Lemma 2.38. If V has a continuous Riemannian Hessian Hess V (6) : To© — TyO, with
operator norm upper bounded uniformly for 6 € © by C > 0; then the Riemannian gradient
grad V satisfies the Lipschitz condition A 2-(b) with Lipschitz constant L = C.

Proof. Let (e;;i = 1,...,d) be a parallel orthonormal frame along y. Define VV? : [0, 1] —
TyO by A
VV(t) = (grad V(y(t)),ei(t»y(t) , te€o,1]. (2.168)

Also, note from ( ), applied to ¢ =y and u = grad V(6y), that

d
TYgrad V(6o) = Y VV(0)es(1) .
=1

Then, since (e;(1);i =1,...,d) is an orthonormal basis of Ty, ©,
d
erad V(61) — T grad V(o) |[5, = S (VVi(1) — VV(0))? (2.169)
i=1

But, by applying ( ) to ¢ =y with X = grad Voy and 9 = e;, it follows from ( ),
(2.163) and (2.1685),
d

T VV'() = (Hess V(y(£)¥(t), ei(t))y ) + (grad V(v (), Deei(t))yq - (2.170)

Then, since each e;(t) is parallel along v, De;(t) = 0. Plugging ( ) into ( ) yields,
by the mean-value theorem, followed by Jensen’s inequality,

d 2\ /2
lgrad V(61) — Tg;grad V(6o)]|5, = (Z [/01 (Hess V(v(1))v(t), €i(t))y ) dt} ) ;

i=1
1/2

<[ (Z [(Hess V(v () v(t). ei<t>>ym}2> dt
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The last equality comes from the fact that (e;(t); i =1,...,d) is an orthonormal basis of
T, ©. Finally, using the definition of the operator norm || - ||, ) on Ty ©, the bound
in the assumption and ( ),

1
Jrad v (6:) — Thigrad V(60)], < | [Hess V() lopycr I7(8) ey dt < CEly)

This concludes the proof. ]
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CHAPTER 3

On Riemannian Stochastic Approximation Schemes
with Fixed Step-Size

ALAIN DURMUS,' PABLO JIMENEZ!, ERIC MOULINES!, SALEM SAID”.

This paper studies fixed step-size stochastic approximation (SA) schemes, including
stochastic gradient schemes, in a Riemannian framework. It is motivated by several appli-
cations, where geodesics can be computed explicitly, and their use accelerates crude Eu-
clidean methods. A fixed step-size scheme defines a family of time-homogeneous Markov
chains, parametrized by the step-size. Here, using this formulation, non-asymptotic per-
formance bounds are derived, under Lyapunov conditions. Then, for any step-size, the
corresponding Markov chain is proved to admit a unique stationary distribution, and to be
geometrically ergodic. This result gives rise to a family of stationary distributions indexed
by the step-size, which is further shown to converge to a Dirac measure, concentrated at
the solution of the problem at hand, as the step-size goes to 0. Finally, the asymptotic
rate of this convergence is established, through an asymptotic expansion of the bias, and
a central limit theorem.
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3.1 Introduction

This paper deals with the study of fixed step-size Stochastic Approximation (SA) al-
gorithms ([KY03; PJ92; RM51]), defined on a Riemannian manifold © with metric g.
Specifically, consider the problem

find 0 € © satisfying h(f) =0,

(3.1)
for a vector field h : © — TO ,

where TO denotes the tangent bundle of ©, and h is only accessible through an oracle
returning noisy estimates. The setting where h = —grad f is of particular interest for
minimizing a smooth function f : ® — R. In the Euclidean setting, Stochastic Gradient
Descent (SGD) and its variants are now common methods for solving this problem ([Bot10;
BBO08a]). However, it should be stressed that (3.1) encompasses several other applications
in stochastic optimization, reinforcement learning or maximum likelihood estimation, such
as online Expectation Maximization algorithms ([CMO09]), policy gradient ([BB01]) or Q-
learning ([JJS93]). Minimization over a Riemannian manifold or its general formulation
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(3.1) arises in many applications: Principal Component Analysis ([EAS98]), dictionary re-
covery ([SQW17]), matrix completion ([BA11]), smooth semidefinite programs ([BVB16]),
tensor factorization ([Ish+11]), and Riemannian barycenter estimation ([Arn-+12; SM19]).
This has motivated the development of a comprehensive framework for stochastic opti-
mization problems on Riemannian manifolds. One of the first contributions in this field
is [Bonl13], which derives asymptotic convergence results for SA on Riemannian mani-
folds. Non-asymptotic results are obtained by [ZS16] for a geodesically convex function
f. This study has been followed and completed by [SKM19; ZRS16] which introduce and
analyze a Riemannian counterpart of the Stochastic Variance Reduced Gradient (SVRG)
algorithm. Since then, many existing methods or results from the Euclidean case have
been considered in a Riemannian setting. For example, [[KX.17] suggest a Riemannian
stochastic primal-dual algorithm and most recently [Tri+ 18] study an averaged version of
Riemannian SGD.

In this paper, we are interested in the study of fixed step-size SA methods of the form

Ont1 = projs [Expg {nHp, (Xns1)}] ,

3.2
where Hy, (Xp41) = h(6r) + eq, (Xnt1) - (3:2)

In (3.2),n > 0is a step-size, (X, )nen+ is an (F,,)nen-adapted process, defined on a filtered
probability space, with values in a measurable space (X, X), and e : © x X — TO is a
measurable function, such that 6 — ep(x) is a vector field over O, for any x € X. In
addition, Expy : Ty© — © is the Riemannian exponential mapping and projg : © — S is
a projection-like operator onto a subset S C ©. This recursion is a natural extension of
Euclidean SA, akin to the Robbins-Monroe algorithm, in a Riemannian setting.

In the Euclidean setting, the study of fixed step-size SA, and in particular SGD, has
recently attracted much attention, see e.g. [Bac20; BMI11; DDBI17; MBBI18; VBS19].
Indeed, first of all, the step-size 1 is the only parameter to tune, in contrast to the case
where a decreasing sequence of step-sizes is used in (3.2). Furthermore, the forgetting of
the initial condition is exponentially fast ([NBO1; NWS14]).

We aim to show, in a general Riemannian framework, that the use of (3.2) provides a
good solution for (3.1). To this end, we establish non-asymptotic and asymptotic proper-
ties of (0y)nen, in the limit 1 — 0. Our contributions can be summarized as follows.

(1) We derive non-asymptotic bounds, for the convergence of (6,,)nen to approximate
solutions of (3.1), under general Lyapunov assumptions and mild assumptions on the
manifold © and the subset S.

(2) Under additional regularity conditions, we show that (6,)nen, as a Markov chain,
admits a unique stationary distribution p" and is geometrically ergodic, i.e. converges to
u" exponentially fast.

(3) We study the limiting behavior of the family (y")y>0 as 1 — 0. In particular, we
show that if (3.1) admits a unique solution #* and other suitable conditions hold, this
family converges to the Dirac measure at #*. In addition, we asymptotically quantify
this convergence, through a central limit theorem. Precisely, we prove that after a nl/2
rescaling, this family of stationary distributions converges weakly to a normal distribution
as 1 — 0. These results illustrate the exponential forgetting of initial condition of the
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scheme and that, at stationarity, the iterates (6,),en stay in a O(n'/?)-neighborhood of
6*. In addition, they can be understood as generalizations to Riemannian spaces of [P186,
Theorem 1] and [DDB17, Theorem 4].

(4) We apply our results to SGD. In particular, we establish the first non-asymptotic
convergence bounds for strongly geodesically convex functions, without boundedness as-
sumptions on the manifold ©.

(5) Finally, we introduce and prove the convergence of an SGD scheme to compute the
Riemannian barycenter, also known as the Karcher mean, of distributions on Hadamard
manifolds. To the authors’ knowledge, our contribution on this topic is one of the few
without boundedness assumptions on the distribution.

For ease of reading, all the assumptions are gathered in the supplement Section 3.6. In
the derivation of our results, we use crucially the fact that (6,,),en defines a Markov chain
in ©, under mild conditions. This interpretation has been successfully used in several
papers dealing with the convergence of SA or SGD in Euclidean spaces; see e.g. [BMP90;
FP99; KHS81; Pfi86].

We consider a more general setting and milder conditions in comparison with most
other studies in the field. Indeed, most papers do not consider the general SA frame-
work, but only the case h = —grad f, dealing with SGD and its variants. To the authors’
knowledge, only [Bonl3; Dur+20] tackle the general SA problem (3.1). Our main contri-
bution, compared to these two works, is to deal with the fixed step-size setting. Besides,
our study considers general geodesically complete Riemannian manifolds which encompass
Hadamard spaces, which have been the primary focus for [Tri+18; ZS16; ZRS16].

Furthermore, a majority of the previous studies on SGD in a Riemannian space (see
e.g. [Ali+20; HG20; Tri418; ZS16; ZRS16]), are purely local in nature, because of the
assumption that (6,,)n,en stays almost surely in a (fixed and deterministic) compact and
geodesically convex subset of ©. For example, note that all the convergence results derived
in [Z516] depend on the diameter of the compact in which (6,,),en is assumed to stay. This
assumption rarely holds in practice, and is quite difficult to verify in theory. It strongly
limits the applicability of many results in the literature over the past few years. On the
contrary, our results do not suffer from this problem, and can all be applied either on a
compact or non-compact Riemannian manifold. As a result, we consider a new SA method
to estimate the Karcher mean of a distribution 7 on ©, see [Arn+12; [P18; Le04; ZS16],
for which we derive non-asymptotic convergence bounds without boundedness conditions
on the support of 7.

Notations For any 6 € © and v, w € TyO, denote by gg(v,w) = (v, w), and its corre-
sponding norm by gg(v,v) = |[v[|3. pe : © x © — Ry denotes the distance associated with
the Riemannian metric g. For any 6y € ©,r > 0, set B(0y,7) = {01 € © : pg(0p,61) < r},
the open ball centered at 6y with radius r. Similarly, we define closed balls in © by
B(eo,T) = {(91 €0 : p@(eo,el) < T‘}.

For a smooth function g : © — R, we denote by grad ¢g its Riemannian gradient (see
[Leel9, p. 27]) and by Hess g its Riemannian, or covariant, Hessian (see [Leel9, Example
4.22]). For a curve y : I — O, Tz/o,h : Ty(t9)© — Ty(1,)© stands for the parallel transport
map associated to the Levi-Civita connection along vy from y(ty) to y(t1) (see [Leel9,
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3.2. Constant stepsize analysis for a constrained scheme

Equation 4.22]). Moreover, for any § € ©, under the assumption that © is complete,
consider the Riemannian exponential map Expy : Tg© — O, see [Leel9, Proposition 5.19].
This map projects a vector from the tangent space Ty® onto the manifold O, following a
geodesic curve.

3.2 Constant stepsize analysis for a constrained scheme

3.2.1 Main Results

In this section, we study the Stochastic Approximation scheme (3.2), which is constrained
on a subset S C ©. The following assumption on the manifold © and S is considered all
along this paper and allows us to rigorously define projg.

A 6. Assume one of the following conditions.

(i) © is a Hadamard manifold, i.e. a complete, simply connected Riemannian manifold
with non-positive sectional curvature. In addition, S is a closed geodesically convexr subset
of © with non-empty interior.

(i) © is a complete, connected Riemannian manifold and S = ©.

Note that under A0, the exponential map Exp : TO — O is well-defined, see [Leel9,
Theorem 6.19]. Under AG-(i), [Stu03, Proposition 2.6] shows that there exists projg : © —
S which is the Riemannian counterpart of the Fuclidean projection onto a closed convex
subset. More precisely, projg is the unique mapping from © to S such that for any 6 € O,
po(projs(8),0) = infges po(0',0). Under AG-(ii), we simply set projs = Id.

Recall that the recursion (3.2) only uses a noisy estimate Hy of the mean field h(6),
for any 6 € ©. We assume the following conditions on the noise to ensure convergence.

MD 3. The sequence (X, )nen+ is independent and identically distributed (i.i.d.). In ad-
dition, for any 6 € ©, Eleg(X1)] = 0 and there exist 03,07 > 0 such that for any 6 € S,
Ellleo (X1) [13] < 08 + o [|h(60)][5-

MD3 is referred to as the martingale difference setting which implies that (6,)nen is
a time-homogeneous (F,)nen-Markov chain, for which we denote by @y its corresponding
Markov kernel. The Euclidean counterpart of this assumption consists in replacing the
Riemannian norm with the Euclidean one, which is usual in Stochastic Approximation
[see Duf97].

MD4. (i) P-almost surely, the vector field 6 — ep(X1) is continuous on O.
(i) For any @ € ©, Leby and the distribution of eg(X1) are mutually absolutely continuous,
where Leby stands for the Lebesgue measure on Ty®O.

MD4 ensures topological and aperiodicity properties of the Markov chain under con-
sideration. This condition is used in the study of the limiting behaviour of (6,),en. Note
that the condition MD4-(ii) is automatically satisfied adding some Gaussian noise, i.e.,
when ey (X;) is replaced by eg(X;) + pg(Z;) where for any 6 € O, py is any invertible linear
application from R? to Ty© and (Z;);en+ is a sequence of i.i.d. d-dimensional Gaussian
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random variables with zero-mean and covariance matrix identity. The same assumption
is considered in the Euclidean case in [Pi86, Assumption A(v)-A(vi)].

To ensure recurrence of (6)nen, we assume the existence of a Lyapunov function
V : ® — R4 for the mean vector field h.

A6. (i) For any 6 € ©, V oprojs(6) < V(6).

(i) V is continuously differentiable on © and its Riemannian gradient gradV is geodesi-
cally L-Lipschitz, i.e., there exists L > 0 such that for any 0y, 01 € ©, and geodesic curve
v : [0,1] = O such that y(0) = 6y and y(1) = 64,

lerad V(61) — Thgrad V(0o) |, < LE(Y) . (3:3)

where £(y) = ||v(0)||g, is the length of the geodesic.
(iii) V is proper on S, i.e., for any M > 0, there exists a compact set K C S such that for
any 8 € S\ K, V(0) > M.

AT. There exist Cy > 0 and Cy > 0 such that for any 6 € S, ||h(8)[5+Cx (grad V (8), h(0)), <
C.

In addition, to quantify the convergence of (6,,)nen in a neighborhood of a solution of
(3.1), we consider the following condition for some compact set K* C S.

A8 (K*). There exists A > 0 such that for any 0 € S, (grad V(0), h(0)), < —AV(0)Ls\k+(0)-

Note that under AZ((), if h(f) = 0, then V(#) = 0 since V is a nonnegative function.

It is relevant to recognize that A6, A7 and A& boil down to standard stability and
recurrence conditions; see e.g. [BMP90; Duf97]. In the Euclidean case when we assume
the uniqueness of a solution #*, a common choice for V is 6 — ||§ — 6*||* because A6 is
always satisfied. In this context, A7 and A8 would read [|h(0)| < A+ BJ|# — 6*|| and
infges\k (0 — 0%, h(0%))/ 1|0 — 0*||> > X respectively. They are therefore the Riemannian
counterparts of [P{186, Assumption A(i)-A(ii)]. However, the square distance is no longer
a suitable candidate in non-compact Riemannian settings, and therefore selecting a Lya-
punov function adapted to the manifold © and the geometry of the mean field h is all the
more important. Note that AG- is automatically satisfied if S is compact. In addition,
in most cases K* and V are chosen such that K¥ =@ or {# € S : ||h(0)|s < e} for some
e >0, —Co(h(0),grad V(6))e > ||h(0)|| for some Cy > 0 and any 6 € ©, and therefore A
is satisfied with C7 = 0.

The use of Lyapunov functions is really common and widespread to analyze stochastic
approximation schemes, see [Duf97; KH&1; KY03]. However, compared to the Euclidean
setting, the square distance cannot be used in many situations because it does not satisfy
AG-(ii). This brought us to consider a different Lyapunov function and therefore develop
an adapted framework for the Riemannian case; see Section hereafter for more details.

We start with our first result which is established along with all the other statements
of this section in the supplement Section

Theorem 3.1. Assume A0, MD 235, A6-(i)- A7

7
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3.2. Constant stepsize analysis for a constrained scheme

(a) Suppose in addition that for any 0 € S, (grad V(6), h(0)), < 0. Then, for anyn €
(0,7, 6o €S, and n € N*,

nt i E [ (grad V(6y), h(ﬁk)>9k} <2V(6y)/(nm) +nb, (3.4)
k=0

where (0)nen is defined by (3.2) starting from 0y, § = [2C2L(1 + 02)]71,b = 2L{c¢ +
Ci(1+ o)}

Suppose in addition that AS5(K*) holds for some compact set K* C S.

(b) Then for anyn € (0,1, 6y € S, and n € N*,

n—1

Y Ellsik: (06)V(0k)] < V(60)/(ann) +1d/(2a) , (35)
k=0
where a = \/2.
(¢) Define ||V]|x» = sup{V(0) : 0 € K*} if K* # 0 and |V||x« = 0 otherwise. Then for
anyn € (0,7], 6p €S, and any n € N*,

E[V(0n)] < {1 —=ma}" V(0o) + [[Vllk~ +mb/(20a) . (3.6)

Note that Theorem gives, in the case K* = (), non-asymptotic bounds of order n
on n~t Y70 E[— (grad V(6y,), h(0k))e, ] n~t PV E[V(6y)] and E[V(6,,)] as n — +oo. In
addition, the forgetting of the initial condition in (3.1) and (3.5) is linear with respect to n,
contrary to (3.6) where it is exponential. A statement similar to Theorem 3.1-(b) holds
only assuming A(-(i)-(ii) and replacing A3(K*) by the condition that there exists A > 0
such that for any 6 € S, (grad V' (0), h(6))g < —A||h(0)]|5Ls\k+(0). This result is postponed
to the supplement Theorem -Section . Theorem 3.1- is a generalization of
[HS19, Lemma 7] for SGD under a general Lyapunov condition and milder assumptions.
Theorem 3.1-(a) is also stated with very similar assumptions in [Dur+20, Theorem 2] —
except that (grad V(6), h(0))g < 0 in our setting is replaced with ||grad V(0)|lg < ¢||h(0)]]s
— where the result is not restricted to constant step-size settings. However, Theorem 3.1-

can only be obtained for constant step-size schemes, and the following results use it
as a stepping stone. We show in Section 3.4, how this generalization can be applied to
SGD to obtain better convergence guarantees. Finally, in the same Section, we show that
Theorem 3.1-(b)-(c¢) can be used to derive non-asymptotic convergence bounds for SGD
applied to a geodesically strongly convex function, without any boundedness assumptions
on ©.

The study of the asymptotic behavior of (6,,)n,en is the second step towards under-
standing the quality of the approximation to the solution of (3.1). We now show, under
suitable assumptions and for 1 < 7 given in Theorem , first, that the chain is er-
godic and admits a unique invariant distribution, and second, that this measure converges
weakly to the Dirac measure at some point 8*, as the stepsize of the scheme goes to zero.
In other words, the family of stationary distributions (u")ne (s concentrates around ¢*
as 1 — 0. Possible approximations of 6* are therefore derived from sampling from p" or
taking its Riemannian barycenter, for a small enough n. If the sequence (6, ),en is ergodic,
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then as n — 400 the marginal distributions of this Markov chain converge to u" and can
be used in turn as proxy to solve (3.1). A remaining question is to provide an estimate of
the approximation error as a function of the step-size 1. This is tackled in Section

Theorem 3.2. Assume A0, MD 5, MD /, A6, A7 and AS(K*) for some compact set
K* ¢ S. Letn € (0,7] where 1 = [2CoL(1 + 0?)]7L. Then, (0,)nen defined by (3.2)
admits a unique stationary distribution u" and is Harris-recurrent. In addition, there exist
p € [0,1) and C > 0 such that for any 6y € S and k € N, |E[g(6,)] — [g 9(8)du(0)] <
Cp™(1+V(6p)), for any measurable function g : © — R satisfying supgcg{|g| /V} < 1.

Taking n — 400 in Theorem 3.1-(c), we obtain by Theorem that

[Jo 9(0)dpn(0)] < [[V][k» +mb/(2a) , (3.7)

for any measurable function g : © — R satisfying supgce{|g| /V} < 1. In the case
V]« = 0 (then V(6) = 0 for any 0 € K*), we get [o V(0)du"(0) < nb/(2a). Therefore,
this result indicates that the family {¢" : n € (0,7]} concentrates in a O(n)-neighborhood
of K* as m — 0. In particular, if V admits a unique zero 8* which corresponds in many
applications to a solution of (3.1), then we can expect that {u" : 11 € (0,7]} converges in
distribution to &g+, the Dirac measure at 6*, as 1 — 0. The specific additional conditions
to obtain such a result are the following.

A9. There exists 0* € S such that for any r > 0, AS(B(6*,r)) holds and that there exists
¢ > 0 satisfying for any 0 € S\ B(0*,7), ¢, < V(0).

Note that assuming A9 is weaker than assuming A&({6*}) since in the first case the
constant A > 0 in A8(B(6*,7)) may depend on r. [PfI86] considers a similar assumption
in the Euclidean case [see P86, Assumption A(i)].

As announced previously, we obtain the convergence in distribution of {u" : 1 € (0,7]}.

Theorem 3.3. Assume A6, MD 3, MD/, A6 and A7 and let 1 = [2CoL(1 + 0?)] L.
(a) In addition suppose AS(K*) holds for some compact set K* C S and that there exists
¢ > 0 such that for any 0 € S\ K*, ¢ < V(0). Then limy_,o p"{K*} = 1, where p" is the
stationary distribution of Qy form € (0,7].

(b) In addition suppose A9 holds. Then (u")ne(om converges weakly to 8¢+, asn — 0.

3.2.2 Two Examples of Lyapunov Functions

Having stated the main results of this section, we give two examples of Lyapunov functions
V under the following setting for ©.

A7. © is a Hadamard manifold. In addition, there exists k > 0 such that the sectional
curvature of © is bounded below by —k>.
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A classical choice of Lyapunov function on Euclidean spaces is 6 +— p%(&,@*), being
both strongly convex and Lipschitz-gradient. However, this function does not satisfy A0-

as soon as © has non-zero curvature and is non-compact. In an effort to show the
capital impact of curvature and in order to obtain a valid Lyapunov function satisfying the
conditions A6 and AZ(B(0*,r)) for r > 0, we now introduce the necessary assumptions
and consider a truncated version of 6 — p2 (6, 0*).

Let H = {Expy(tHp(x)) : 6 € S,z € X,t € [0,1]} be the set of all points reached from
geodesics v : [0,1] — © of the form y(0) € S and ¥(0) = nHyg)(x), for any » € X. We
assume in our next result that the closure of H is compact which is implied for example
in the case where S is compact and (6, x) — Hp(z) is bounded on S x X.

Proposition 3.4. Assume A 7 and that the closure H of H is compact, denote Dy =
diam(H). Consider a smooth function xy : © — [0,1] with compact support satisfying
xH(#) = 1 for any 0 € H and for any 6§ € © such that inf, g pe(0',0) > 1, it holds

xH(0) = 0. Consider now Vo : © — Ry defined for any 6 € © by
Va(0) = xu(0)p5 (0%, 0) + (1 — xu(8))Df .

Then, A0-(i)-(ii) holds with V < V5 and L < C\(Dy+1)(1+ k coth(kDy)) where Cy, > 0
is a constant only depending on xn. Suppose in addition that there exist v > 0,\, > 0
such that for any 6 € S,

— (Expy 1 (0%), h(9)>0 < =P} (0%,0)1g gy (6) - (3.8)

Then AS(B(6*,r)) holds with A < A,.

Note that under the setting of Proposition 3.4, V5(6) > ¢ for any 8 € S\ B(6*,7) by
definition, since it is continuous. Clearly, AG- does not hold for V5 if S is non-compact,
since V5 is constant outside of the support of yy. For this reason, and to weaken the
assumptions of Proposition 3.4, we introduce a “Huberized” version of the distance to 6*.

Proposition 3.5. Assume A 7. Let § > 0 and consider Vi : © — R defined for any
00O by

1/2
Vi(0) = > {(po(0",0)/07 + 1} = 2. (3.9
Then, A0 holds with V <+ Vi and L < 1+ ké. Suppose in addition that there exist

r > 0,\, >0 such that for any 0 € S, (3.8) holds. Then, AS(B(6*,7)) holds and X < \,.

The proof is an extension of [Dur+20, Lemma 17] and relies heavily on this result. This
Lyapunov function is still constructed upon the distance function, but as Proposition
shows, it is better suited for non-positive curvature spaces. Note that under the setting
of Proposition 3.5, V1(0) > ¢ for any § € S\ B(6*,r) by definition since it is continuous.

It is worth mentioning that if either Proposition or Proposition can be applied,
in order to use Theorem and Theorem (resp. Theorem 3.3-(b)) the only condition
to verify (relative to the Lyapunov function) is A7 (resp. are A7 and A9).
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3.3 Asymptotic expansion and law in the unconstrained case

The purpose of this section is to quantify the convergence derived in Theorem 3.3-(b).
First, we establish an asymptotic expansion for the bias [g g(#)du"(6) — g(6*) with re-
spect to the step size n for g belonging to a certain class of smooth functions from ©
to R. Our result can be applied to SGD (h = —grad f) and implies then an asymptotic
expansion of [g |lgrad f(0)||2du"(0). Secondly, we establish that the convergence derived
in Theorem 3.3-(b) occurs at a rate 1'/2, through a central limit theorem for (Mn)ne(O,ﬁ}-
These two results can be understood as a bias-variance decomposition in which both terms
are of order 1 and are therefore weak counterparts of [DDB17, Proposition 3, Theorem
5], [Pf186, Theorem 1] in a Riemannian setting. The related proofs are postponed to the
supplement Section

3.3.1 Asymptotic Expansion as 1 — 0

Here, we assume that A0-(ii) holds, © is compact and the conditions of Theorem 3.3-
hold. In addition, define the covariance tensor field ¥ on ©, for any 8 € © by,

2(9) =E [69(X1) ® eg(Xl)] . (3.10)
Under appropriate conditions, letting n — 400 in Theorem 3.1-(b), and Theorem in
the supplement, show respectively that [o V(0)du(0) and [ ||h(9)||3 dun(@) are bounded
by a term of order . We specify this result in the case where h = —grad f for a smooth

objective function f : ® — R. More precisely, we establish in what follows a weak
asymptotic expansion for [g ||grad f (0)]12dp™(0), as n — 0 based on the following result
for which we assume:

MDS5. ¥ is a continuous (2,0)-tensor field on O.

Denote the contraction of a covariant 2-tensor F' with a contravariant 2-tensor G on
© by [F : G]; see Section (3.86)-(3.87) in the supplementary for more details. For
two matrices A, B, [A : B] just corresponds to Tr(ABT), where | denotes the transpose.

Theorem 3.6. Assume A 0-(ii), h is continuous, h(0*) = 0 and © is compact. Assume

also MD 5, MD /, MD 5, A6, A7 and AY. Letq = [2C2L(1 + o3)]~t. Then for any
n € (0,7] and smooth function g : © — R, we have

_ /@ (grad g(6), h(6))edp" (6) =

|3

Hessg : 2] (0*) + Zgx ,

where limy_0{|Zgn|/n} = 0.

Applying this result to SGD, i.e. h = —grad f and g = f, we obtain that [y ||grad f(6) HZ dpn(8) =
(m/2) [Hess f : X (6*) + Zfn with limg_o{|Zfql/n} = 0.
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3.3.2 A Central Limit Theorem on (1")nc(om

Now, we assume both A6-(i) and A6-(ii), meaning S = © and O is a Hadamard manifold.
Note that under this setting Exp, 1. © = TyO is a well defined diffeomorphism for any
6 € © by [Leel9, Proposition 12.9]. In addition, we assume that the other conditions
of Theorem 3.3-(b) hold. Following the approach of [Pfl86] in Euclidean SA, to find the
asymptotic rate of convergence of the family (1"),e( 0z defined in Section 3.2, we establish
a central limit theorem in Ty+©, for the family of pushforward measures (7"),¢(o,7 defined
for any A € B(Typ-O) by

P(A) = " (Expe* (n1/2A)) . (3.11)

It is shown in Section that for any n € (0,1], 7" is the stationary distribution of
the rescaled and projected Markov chain (U,)n,en defined for any n € N by U, =
n~'/2Exp,.! (0,,). Therefore, since under A6-(i)-(ii), for any u € Tg«©, pe (6%, Expgs (u)) =
|w||g« by [Leel9, Corollary 6.12, Proposition 12.9], showing a central limit theorem for the
family (7")e0m as 1 — 0 shows that asymptotically (u")necom concentrates in regions
of diameter @(n'/?) around 6* for the Riemannian distance.

We consider the following assumptions.

MD 6. There exist €. > 0, 33,67 > 0 such that for any 6 € O, E[|leg(X1)|37°°] <
=2 | =2
a5 +ai7V(0).

A 10. There exist a linear mapping A : Tgpx© — Ty«O and a map H : © — Ty«O, such
that for any 6 € ©,

h(0) = T3, (AExp;!(0) + #(0)) (3.12)

where 0% is defined in A9, T}, denotes parallel transport along the geodesic 7y : [0,1] — ©
with y(0) = 6* and y(1) = 0, and limg_,o«{||7(0)| g« /pa(0*,0)} = 0. In addition, the
eigenvalues of the matriz A all have strictly negative real parts. Finally, there exists
C3 > 0 such that for any 6 € ©, ||h(0)|l, < C3pe(0*,0).

MD ¢ is a strengthened version of MD 3. We show in Theorem that (3.12)
holds in the case h is twice continuously differentiable on © with A = Vh(#*). Note
that when © = R? is equipped with its Euclidean metric, (3.12) translates into h(f) =
A(0—6%)+2(0) with limg_,g«{||72(0)|| / ||6 — 6*||} = 0, which is exactly the assumption
in [Pf86, Assumption B(ii)]. For ease of notation, we also denote by A and X(6*) the
matrices associated with these two linear applications in some orthonormal basis of Ty« ©.
A0 guarantees the existence and uniqueness of the solution V € R¥*? of the Lyapunov
equation AV + VAT = ¥(0*), see [[1J94, Theorem 2.2.1].

We also assume that V' can be compared to a function of the distance on © which
leads to the strengthening of A9.

A 11. There exists 0* such that AS({0*}) holds and there exists ¢ : Ry — Ry such that
for any 0 € ©, V(0) > ¢(pe(6*,0)) and for any r > 0, inf|,. L )¢ > 0. In addition, there
exists @ > 0, such that lim, oo SUpP,<g a/é(a'/?r) = 0.
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Note that the assumption on the growth rate of the Lyapunov function is verified when
V = Vi, considered in Proposition 3.5. In this case, we can take ¢(r) = §2[1+(r/8)?]'/2—52.
[P1136] only considers the Euclidean case with V : 6 — ||0 — *||%, in which case A11 boils
down to (6 — 6%, h(0)) > |10 — 6*||* X. In addition, for this particular choice of Lyapunov
function, it is equivalent to A3(), as the other conditions result from the existence and
uniqueness of the solution #* and the Euclidean properties of the squared distance function
[see Pf186, Assumption A(i)-B(iii)]. However, for our study, we have to generalize this
assumption to any well-suited Lyapunov function, since, as we have already discussed,
taking V : 6 — ||@ — 6*||* is no longer an option in the Riemannian case.

Theorem 3.7. Assume A0-(i)-(ii), MD3, MD/, MD’5, MD¢, A6, A7, A10 and A
hold. Suppose in addition that h(0*) = 0, h is continuous and let 7 = [2C2L(1 + o%)] 71 A
(4C3)~Y. Then, the family of distributions (T )ne(om), defined by (3.11), converges weakly
to N(0,V) asm — 0 on Tyg«O, where V is the unique solution to the Lyapunov equation
AV + VAT = 5(6%).

Even though N(0, V) is a distribution on RY, we identify R? with Ty«© using the same
orthonormal basis as before. As mentioned in Section , Theorem complements
Theorem because it proves that the asymptotic rate of convergence of (u")necom to
S 1s nl/ 2 since (Un)neN is rescaled by this factor with respect to the actual SA scheme
(01 )nen. Finally Theorem can be seen as a Riemannian counterpart of [PfI86, Theorem
1]. In the following section, we illustrate our results on SGD.

3.4 Application to SGD

We assume throughout this section that A 6-(i)-(ii) holds. We apply the results of Sec-
tion and Section , to the unconstrained stochastic gradient scheme, i.e. (0p)neN
defined by (3.2) with h = —grad f and S = ©. Proofs are postponed to the supplement,
Section

Geodesically Strongly Convex and Smooth Function First, the objective func-
tion f: ©® — R is subject to the following assumptions.

F1. f:© — R is twice continuously differentiable and grad f is geodesically Ly-Lipschitz,
see (3.3).

F 2. f is continuously differentiable on © and \y-strongly geodesically convex, for some

Af >0, d.e. for any 61,02 € ©, f(62) > f(61) + (Expy, (62), grad f(61))e, + Asp (61, 62).

Under F2, f admits a unique minimizer denoted by #*. In addition, we have the
following inequalities.

Lemma 3.8. Assume A 0-(i)- and F2. Then for any 0 € ©, we have

grad £(0)]l5 > As(f(6) — f(6%)) and,

! o (3.13)
f(0) = f(0) = A (0,07) .
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Under F1 and F2, Lemma implies that V() = f(0) — f(#*) and h = —grad f
satisfy AG with L < Ly, A7 with C1 < 0,02 < 1 and A8(0) with XA < Ay, A direct
application of Theorem 3.1-(¢) leads to the following result.

Corollary 3.9. Assume A 0-(i)-(ii), MD 5, F1, F2. Consider (0,)nen defined by (3.2)
with h = —grad f. Let = [2Ls(1 + 0})]™' andn € (0,7]. For any 6y € ©, and n € N,

E[f(0n) = F(0")] < (1 =mAs/2)"(f(60) = F(0")) +2n Lyoi /Ay -
Then, settingm =T A [eAs/{408L}], for e € (0,1), and setting
n = [[log(1/¢) —log(f(6o) — f(67))]/log(1 =nA;/2)] ,

we get E[f(0,) — f(6%)] <e.

Corollary 3.9 shows that (3.2) has a computational complexity of order O(log(1/g)e™1)
to minimize f, without any boundedness assumptions on O, contrary to [Z516]. In ad-
dition, Lemma also implies that A10 and A1l hold if f is three times continuously
differentiable and therefore Theorem can be applied.

Geodesically Quasi-Convex Function with Bounded Gradient Consider the
following assumption.

F3. f is twice continuously differentiable. Further, there exists Xf > 0 such that for any
0 € ©, —(Exp,(6*),grad f(0))g > \;Vi(0), where Vi is defined by (3.9) with § = 1. In
addition, there exists Cy > 0 such that for any 6 € ©, ||grad f(0)||3 < Cr(pE(6%,0) N 1).

In the Euclidean case, this assumption corresponds to weak quasi-convexity as consid-
ered in [HMR19, Definition 2.1], (grad f(0),6 — 6*) > 7[f(0) — f(6*)] where the Lyapunov
function is 0 — f(6) — f(0*). Note that the geodesical quasi-convexity condition F 3 is
a weaker version of the usual geodesical convexity in the SGD setting [see ZS16]. By
introducing F 3, we can relax the condition F1 using the following result.

Lemma 3.10. Assume A7 and F2. Suppose in addition that f is twice continuously dif-
ferentiable and there exists My > 0 such that for any 0 € ©, ||grad f(0)]|2 < M;p%(6*,0).
Let f = {f — f(6*) + 1}/2. Then f satisfies F 7 with Cy «+ (M;/4)[1 A Xf] and
A Ap/ M),

Note that the condition introduced in Lemma is a relaxation of the condition
that grad f is geodesically Lipschitz. Indeed, by [Jos05, Theorem 5.6.1], for * € O,
0 — p3(0*,0) satisfies the conditions of Lemma but its gradient is not geodesically

Lipschitz. A non-asymptotic bound is now given in terms of the distance-like function,
defined for any 61,05 € © by

D} (01, 02) = p3(01,02) /(1 + p& (61,02)) . (3.14)
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Proposition 3.11. Assume that A7, MDJ, F3 hold. Leti = [(8C;/A;)(1+k)(1+03)]
andn € (0,7]. Consider (0n)nen defined by (3.2) with h = —grad f and S = ©. Then, for
any 0y € © and n € N*,

0 SO E [DR(0%,0,)] < 4VA(80)/(nmy) + 4n(1 + )33y
k=0

where K is given in A7, and Vi is defined by (3.9) with § = 1.

To the authors’ knowledge, such a bound is novel even in a deterministic setting.

Application to the Riemannian Barycenter Problem To conclude our study,
we consider the problem of computing the Riemannian barycenter 6* of a probability
distribution 7 on a Hadamard manifold ©. First, we look at the discrete case:

m=M1SM 8 (3.15)

where M, € N* and {@}i]\i’] € ©M=. The Riemannian barycenter 6* or Karcher mean of
7 [Arn+12] is the unique global minimum of the function fy : 6 — S M= p%(0,0;)/(2M).
By [Jos05, Theorem 5.6.1], grad f(0) = —M_1 Zi]‘i{ Expg_l(gi) for any § € © and fr
satisfies F2 with Ay = 1/2 using [Dur+20, Lemma 10]. Therefore, by Lemma ,
Proposition can be applied. In addition, we get the following result, as an application
of Proposition and Theorem 3.1-

Proposition 3.12. Assume A 7. Let 0 be the Riemannian barycenter of the proba-
bility measure m in (3.15) on the Hadamard manifold ©, and let (0,)nen be given by
On+1 = Expg, (T]EXP(;nl(Xn-i-l)), where (X, )nen+ s a sequence of i.i.d. random variables
with distribution 7. Then, for anyn € (0,1/(CL32)], 6y € © and n € N,

Elp& (0n,07)] < (1= n/4)"p% (00, 07) + Cn LoD? ,

where Ly = (1 + D)(1 + s coth(kD)), C is a universal constant, and

D = max;—1,... 1, pe(fo,0:).

Secondly, we tackle the general case where 7 is not required to be discrete or compactly
supported. In this case, the mapping that we are looking to minimize is

o6 (1/2)/ P2 (0,0) 7 (dv) . (3.16)
S
The function f; is well-defined and finite under the following assumption.

MD7. There exists § € © such that [g p& (0, v)T(dv) < +oc.

Note that by the triangle inequality, MD 7 is equivalent to for any 6 € © such that
Jo p&(0,v)m(dv) < +00 and therefore f is finite. Using the Lebesgue’s dominated conver-
gence theorem and [Jos05, Theorem 5.6.1], we can compute its Riemannian gradient given
for any 6 € © by, grad fr(0) = — o Exp, ' (v) 7 (dv). Then, f, satisfies F2 with \; = 1/2
and admits a unique minimizer 6%. However, grad f does not satisfy F'1 in general. More
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precisely, it fails to be geodesically Lipschitz, see [Jos05, Theorem 5.6.1]. In the Euclidean
setting, several modifications of SGD have been suggested to rescale the gradient such as
RMSProp, AdaGrad and Adam [DHS11; Geold; KB17]. Inspired by these methods, we
consider the stochastic approximation scheme (3.2) with S = © and

Ho(Xnt1) = (1/2)Exp; " (X, ) {360, X120 /2 + 13712, (3.17)

where X, 11 = (X7(11+)1, X,(L%zl) and (X,gl), X,EQ))keN* is an i.i.d. sequence of pairs of indepen-
dent random variables with distribution 7. The following result establishes non-asymptotic
convergence bounds for the resulting recursion.

Theorem 3.13. Assume A 7 and MD 7. Let 0% be the Riemannian barycenter of the
probability measure w. Let (0y)nen be given by (3.2) with S = © and H defined by (3.17).
Then, for any n € N,

n—1
™'Y E[DR(0k,67)] < 4Vi(60)CH? /(n) + dnB,
k=0

where V1 is defined by (3.9) with 6 <— 1, 0* < 0%, Cr = 1+2f:(0%), Br = (1+k)(fx(0%)+
)(f=(07) + 2)C7 ' and DY is defined in (3.11).

3.5 Numerical Experiments

We consider in our experiments the Karcher mean estimation problem on © = Symd,(R) C
R39%50 the symmetric definite positive matrix manifold (SPD) equipped with its affine-
invariant metric, see [PFA0OG]. Note that the dimension of O is 1275.

We first consider the case where 7 = (15)~ 1315, 5, is a discrete distribution, where
{x;}13, are random samples from the Wishart distribution W (50, 1d) i.e. with 50 degrees
of freedom and scale matrix identity. The Karcher mean 6 associated with 7 is estimated
using the Matrix Means Toolbox [BI13].

Figure represents the behavior of the squared distance to the barycenter 6% for a
single path and three step-sizes 1 € {1072,4 x 1073,1072}. As expected from Proposi-
tion , two regimes can be observed. At first, the squared-distance to the barycenter
exponentially decreases and then the iterates oscillate in a O(n'/?)-neighborhood of 5.
In addition, the rate of convergence in the exponential decay depends on the step-size.

In Figure 3.2, we aim at illustrating (3.7), Theorem and Theorem 3.7. To this

end, 1000 replications of the previous experiment are performed to obtain {(9&Z )) NS
{1,...,1000}} for n = [10/m] and n € {1,2.8,4.6,6.4,8.2,10} x 10~2. These samples are
used to estimate the mean and the variance of p3 (6, 0%), for 6 following the stationary
distribution p". As expected, the mean and the variance are both linear with respect to the
step-size n, further confirming that the iterates remain in a neighborhood of diameter
OM'/?) to the ground truth.

Secondly, we examine the barycenter problem for 7 = W (50, Id), following the scheme
introduced in (3.17). The estimation of 6%, relative to the new distribution 7, is now done
with a 100-batch-size version of our methodology, with 10° iterations and 1 = 107%.
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Figure 3.3: Paths of the algorithm in Theorem
As a counterpart to Figure , in Figure we are interested in the mean values

of (D% (0y,0%))nen along a single path for three step-sizes 1 € {1073,4 x 1073,1072},
with respective burn-ins {13,3.3,1.645} x 103. As predicted by Theorem , an initial

decrease in O(n~!) is followed by a plateau in O(n). We can observe that compared to
Figure 3.1, averaging smoothes oscillations.

Finally, we also perform the experiment corresponding to Figure for the discrete set-
ting to illustrate numerically that the conclusions of (3.7), Theorem and Theorem
still hold. However, due to space constraints and since the conclusions are the same than
for Figure 3.2, the corresponding figure is postponed to the supplement Figure
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3.6 Assumptions

On the manifold

A 8. Assume one of the following conditions.

(i) © is a Hadamard manifold, i.e. a complete, simply connected Riemannian manifold
with non-positive sectional curvature. In addition, S is a closed geodesically convex subset
of © with non-empty interior.

(ii) © is a complete, connected Riemannian manifold and S = ©.

A9. O is a Hadamard manifold. In addition, there exists k > 0 such that the sectional
curvature of © is bounded below by —k>.
On the distribution of the data

MDB8. The sequence (X )nen+ @s independent and identically distributed (i.i.d.). In ad-
dition, for any 6 € ©, E[ep(X1)] = 0 and there exist 03,03 > 0 such that for any 6 € S,
Ellleo (X1) [13] < 08 + o [1h(6)][5-

MD9. (i) P-almost surely, the vector field 6 — eg(X1) is continuous on O.
(ii) For any @ € O, Lebg and the distribution of eg(X1) are mutually absolutely continuous.

MD10. ¥ is a continuous tensor field of type (2,0) on O.

MD 11. There exist €, > 0, 68,6% > 0 such that for any 0 € O, E[”ee(Xl)Hg-i-Ee] <
G2+ 52V (0).

MD12. There exists 0 € © such that

/ 08 (0, v)T(dv) < +o0 .
S}

On the Lyapunov function V and the mean field function h

A12. (i) For any 6 € ©, V oprojs(0) < V().
(ii) V is continuously differentiable on © and its Riemannian gradient grad V' is geodesi-

cally L-Lipschitz, i.e., there exists L > 0 such that for any 6y, 01 € ©, and geodesic curve
v : [0,1] — O such that y(0) = 0y and y(1) = 6y,

|grad V' (61) — Ty grad V(o) < LE(y)

where £(y) = ||v(0)||g, is the length of the geodesic.
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(iii) V is proper on S, i.e., for any M > 0, there exists a compact set K C S such that for
any 0 € S\ K, V(0) > M.

A 13. There exist C7 > 0 and Cy > 0 such that for any 0 € S,
1h(0)]|2 + Co (grad V(0), h(8)), < Ci .
A 14 (K*). There exists A > 0 such that for any 6 € S,

(grad V(0), h(0))g < AV (0)1s\k+(0)

A15. There exists 0* € S such that for any r > 0, AS(B(0*,r)) holds and that there exists
¢ > 0 satisfying for any 0 € S\ B(6*,7), ¢, <V (0).

A 16. There exist a linear mapping A : Tgpx©O — Ty«O and a map 5 : © — Ty+O, such
that for any 0 € O,

h(6) = T4, (ABxpz (0) + 2(0)) |
where 0* is defined in A9, T}, denotes parallel transport along the geodesicy : [0,1] — ©
with y(0) = 6% and y(1) = 0, and limg_,p«{||72(0)]4- /pe(0*,0)} = 0. In addition, the

eigenvalues of the matriz A all have strictly negative real parts. Finally, there exists
C3 > 0 such that for any 6 € ©, ||h(0)||, < C3pe(0*,0).

A 17. There exists 0% such that AS({0*}) holds and there exists ¢ : Ry — Ry such that
for any 6 € ©, V(0) > ¢(po(0*,0)) and for any r > 0, inf, ;¢ > 0. In addition, there
exists @ > 0, such that lim,_, o sUp,<z a/é(a'’?r) = 0.

On the objective function f in the gradient case

F4. f:© — R is twice continuously differentiable and grad f is geodesically L ¢-Lipschitz,
see (3.3).

F 5. f is Ay-strongly geodesically convex, for some Ay > 0, d.e. for any 61,02 € O,
F(82) = f(61) + (Expy,' (62), grad f(61))a, + Appg(61,62)/2-

F6. f is twice continuously differentiable. There exists Xf > 0 such that for any 6 € O,
—(Expy 1 (6), grad £(0))g > \sVi(0), where Vi is defined by (3.9) with § = 1. In addition,
there exists C'y > 0 such that for any § € ©, |/grad f(c9)”§ < Cr(pg (0%,0) A 1).

3.7 Supplementary notation

Denote the unit tangent space Ug® = {u € TyO : |lullg = 1}. The cut-locus of 8, Cut(0) C
© [Leel9, p. 308] and the injectivity domain ID(0) C Ty® [Lecl9, p. 310] are two notions
that inform us about the length-minimizing properties of geodesics, and therefore provide
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the domain of definition of the Riemannian exponential. On a complete and connected
manifold, [Leel9, Theorem 10.34] holds, meaning the restriction (Expg)ip() : ID(0) — ©

is a diffeomorphism onto its image © \ Cut(f). We simply denote Exp,* : © \ Cut(6) —
ID(#) its inverse. Under the assumption that © is complete, simply connected and of non-
positive sectional curvature, i.e. a Hadamard manifold, [Lecl9, Proposition 12.9] proves
that Cut(f) = () and ID(0) = TypO for any 6 € ©.

For a measure p on a measurable space (Y,)), denote by u(g) the integral of a mea-
surable function g : Y — R with respect to u, when it exists.

3.8 Proofs of Section

Under A6 and MD3, for any 1 > 0, we denote by @ the Markov kernel associated with
(0r)nen defined by (3.2) given for any A € B(S) and 6 € S by

@n(0,A) = E[1a (Expg {nHo(X1)})] - (3.18)

Useful notions, definitions and results relative to Markov chain theory are given in Sec-
tion

Lemma 3.14. Assume A0, MD 3, AG-(i)-(ii). Then for anyn >0 and 0y € S,
QqV (60) <V (0)+n (grad V (6o), h(60))g, + Ln* [[|A(60) 15, + o3 + o [R(B0)]5,] - (3.19)
Proof. Let 6y € S, and 1 > 0. Consider
012 = Expg, MHgo(X1)] , 61 = projs (91 /2) . (3.20)
First, by definition of @), and AG-(i), we have
QnV(80) =E[V(61)] <E [V(610)] - (3.21)
Second, using A6, AG-(ii), [Dur+20, Lemma 1] and (3.20), we obtain
V(01/2) < V(00) +m (grad V(6o), H, (X1))g, + (L/20* || Hey (X1)]l5, -

Plugging this result in (3.21) and using MD3 completes the proof of (3.19). O

3.8.1 Proof of Theorem

(a) Using Lemma and A7 we have for any 6y € S and 1 > 0,
@V (0o) < V(6o) +n{l — CoLn(1 + 07)} (grad V(6p), h(6o))g, + Ln*[05 + C1(1 + 07)] .

Letting 1 = [2C2L(1 + 0%)]7!, then for any 1 € (0,7], we have 1 — CoLn(1 + o3) > 1/2.
Therefore, using also that (grad V(6y), h(6)),, < 0, we obtain,

QnV (00) < V(6o) + (n/2) (grad V (6o), h(60))g, + In*[of + C1(1 + o1)] . (3.22)
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Therefore, by the Markov property, for any k € N*, 1 € (0,1] and 6y € S we get,
~(n/2) /@ (grad V(6), h(8))y Q5" (B, d9) < Q5 ~'V (o) — Q3 V (6o) + Ln*[og + C1(1+07)] .

Summing these inequalities for k£ € {1,...,n} concludes the proof of upon using that
V' is a non-negative function.

(b) We prove (3.5) by using A8(K*) in (3.1) and dividing both sides by A > 0.

(c) We start by using A8(K*) in (3.22). For any n € (0,1] and 6y € S, we have

QuV(00) <V (0) [1 = (n/2)1s\k(60)] +n2b/2 , (3.23)

where b = 2L[02 + C1(1 + 0?)]. By adding and subtracting V (6p)(A\n/2)1k= () in the
right-hand side of (3.23), we have,

@nV(0o) < V(0o)[1 —na] +n(n/2+a|[V]|k.) , (3.24)

where a = A\/2. Therefore, by a straightforward induction on n € N, using the Markov
property, we get, for any n € N, n € (0,7] and 6y € S,

n—1

E[V(6n)] < {1 —na}"V(6o) +n(bn/2 +a|Vllx.) D_[1 = nal*
k=0

< {1 =ma}"V(bo) +{[[Vlk- + (bn/2a)} ,

which concludes the proof of and Theorem

3.8.2 An alternative to Theorem -

Consider the following condition for some compact set K* C S.
HS1 (K*). There exists A\ > 0 such that for any 6 € S, (grad V(6), h(8)), < =\ ||h(0)]]3 Is\k+(0).

Theorem 3.15. Assume A0, MD?5, A(-(i)-(ii) and HS1(K*) hold for some compact set
K* C S, and define ||h||«. = sup{||h(0)]ly : 6 € K*} if K* # 0 and ||h||x« = O otherwise.
Then for anyn € (0,1] and 6y € S, and n € N¥,

n—1
n~' Y E[ls\k+ (0k) [|h(0k)[I5,] < V(60)/(anm) +nb/a,,
k=0

where (On)nen is defined by (3.2) starting from 6o, 1 = A/[2(1 + o2)L], a = \/2 and
b= L((1+07) Al +0f)-

Proof. By Lemma and HS 1(K*), for any 1 € (0,7] and 6y € S, we have

QqV (o) < V(60) =X [h(60) 15, s\ (80) + L2 [[7(00) 5, + o8 + oF 16(60) 7, ] -
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Therefore, by the Markov property, for any & € N*, n € (0,7] and 0y € S, we get

3/2) [ {15\ (0) [MO)IF}Q5 (60, 00)
< Oy 'V(00) = QuV(6) + Ln*((1+ o) [IAll- + 03) -

Summing these inequalities for k € {1,...,n} concludes the proof upon using that V is a
non-negative function. O

3.8.3 Proof of Theorem

Lemma 3.16. Assume A0, MD? and MD -(i). Then the Markov kernel Qy on S x B(S)
is Feller, i.e. for any measurable bounded function f :S — R, Qnf is continuous from S
to R.

Proof. The proof is an easy consequence of the Lebesgue dominated convergence theorem,
since h is continuous and MD-(i) holds. O

For the next lemma, we introduce ug, the restriction to S of the Riemannian measure
e associated with the volume form on ©.

Lemma 3.17. Assume A0, MD?3 and MD/-(ii). Then Qy is us-irreducible and aperiodic.

Proof. We consider first the case AG-(i), where © is a Hadamard manifold. Let A € B(S)
be a Borel set of S, such that us(A) > 0. We only need to show that for any 6, € O,
(Qn (6o, A) > 0. Indeed, this gives ps-irreducibility by definition and implies that the chain
is aperiodic by [MT09, Theorem 5.4.4] since for any A € B(S), us(A) >0, 6 € A, we have

Qn(6,A) > 0.
Let 6y € S. By definition of the scheme (3.2) and projs, Qy (6o, A) = P(projs oExpg, (n{h(6o)+
g, (X1)}) € A) > P(Expy, mM{h(0o) + eg,(X1)}) € A). However, using MD -(ii), the law

of eg,(X1) has a positive density ¢ : Tp,© — (0, +00) with respect to Lebesgue’s measure
Lebg,. Denote (gi;(6))1<i j<a the matrix representing the Riemannian metric at § € ©
in normal global coordinates at 6. Expressing us in these coordinates and using [Leel9,
p.404 and Proposition 2.41],

PMm{h(bo) + ep,(X1)} € Expe_ol(A)) = /

—1
A ¢ (n~"v— h(6o) ) dLeby, (v)
0

= [ & (n"Expz,'(6) = h(60)) {ddet(gy; (6))} 2 dus(6) > 0.

since all quantities in the integral are positive and pus(A) > 0.

Now assume A 0-(ii) and keep the notations of the first case. Then Expy, : Ty,© —
© is no longer a diffeomorphism. However, (Expy,)m,) : ID(0o) — © \ Cut(fp) is a
diffeomorphism, see [Leel9, Theorem 10.34]. Moreover, as Cut(fp) is a set of measure
zero, see again [Leel9, Theorem 10.34], considering A = A\ Cut(6p) allows the previous
proof to give the desired result. O
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Proof of Theorem 35.2. First, we prove that the chain is Harris-recurrent. For that, we
start by proving, for any 6y € S,

P [UkeN* NNeN Un>n {0, € B(07, k)}] =1, (3.25)

where (0,)nen is defined by (3.2) and with initial condition 6.

Theorem 3.1-(3.6) implies that for any 6y € ©, sup,,en Q7V (o) < +o0; since ||V ||y =
supk« V' < 400 because V is assumed to be continuous. Therefore liminf, . V(0,) is
integrable by Fatou’s lemma. Thus, for any k € N*, using Markov’s inequality,

P (hm inf V(6,,) > k‘> <E {lim ian(Hn)] /k: .
n——+00 n—-+0o0

However, {liminf, 1 V(6,) < k} = Nyen Unsy {0, € V7L([0,k])}. Thus, for any

k e N*,

P (NnenUnsn {0n € VTH(0,K])}) > 1 - E

n—-+o0o

lim inf V(Qn)} /k‘ .

Now, taking the union of these events for any & € N* gives
P (Ukens Niven Uns {00 € VIO, KD} ) = 1. (3.26)

Nonetheless, using A6-(iii), for any k € N*, V71([0,k]) is a subset of a compact set,
therefore it is bounded. Thus, for any k € N*, there exists &’ € N* such that V=1([0, k]) C
B(6*, k). This gives the following,

Uken® NneN Un>N {9n e Vo, k])} C Uken* NNeN Un>N {Hn € B(07, k)} :

Combining this with (3.20) gives (3.25).

Equation (3.25) gives that the chain is non-evanescent [MT09, Section 9.2.1]. Since
(Qn is Feller (see Lemma ), this result and [MT09, Theorem 9.2.2] imply that @, is
Harris recurrent.

We now show that Q) is V-uniformly geometrically ergodic (see Section ) setting
V =1+ V. First, by Theorem and ( ) obtained in the proof above, we have that
for any 6y € S,n € (0,7],

QnV (6) < (1 —ma)V(0p) +n(mb/2 + a(l + |V]|k.))

where a,b,7 and ||V are defined in Theorem 3.1. Then, by AG-(iii) there exists ¥ > 0,
such that for any 6y € S,

QuV(6) < (1 — an/2)V (6) +n(nb/2 + a1+ [V [l ) Lgge 1 (60)

Then, since @)y, is Feller by Lemma and ps-irreducible by Lemma , using [MT09,
Proposition 6.2.8 (ii)], B(6*,r) is petite since it is compact by the Hopf-Rinow theorem
[Jos05, Theorem 1.7.1] and S has non-empty interior by A0. Therefore, an application of

[MT09, Theorem 16.0.1] proves that the chain is V-uniformly geometrically ergodic. [
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3.8.4 Proof of Theorem

Lemma 3.18. Assume A0, MD>5 MD/, A0, A7 and AS5(K*) hold for some compact set
K* C S. Then for anyn € (0,7],

P VIs\k.] < 2nL{og + CL(1 +0f)}/A,
where 7 = [202L(1 + 0?)] L.

Proof. For any n € (0,7] and M > 0, setting Vay = M AV, (3.23) implies using Jensen
inequality, for any 6y € ©,

QnVar (00) < (1 —nals\k«(60))Var (6o) +n°b/2,

where 7§ = [2CoL(1 + 0})]7' |, b = 2L{c% + C1(1 + 0%)} and a = A/2. Using that u" is
invariant for @, by Theorem and V) is bounded, we get 1"V Is\k+] < Mb/(2a). By
the monotone convergence theorem, taking M — +o0o, we have [V 1g\k«] < nb/(2a),
which concludes the proof. O

Proof of Theorem 5.5. (a) Using Lemma and V(0) > ¢ > 0 for any 6 € S\ K*, we
obtain

WS\ K*} < b/ (2ac) |

which concludes the proof of taking the limit n — 0.
(b) Let (Nn)nen be a sequence converging to zero such that for any n € N, n,, € (0,7].
We start by proving that (u"),en is tight. Let ¢ > 0. On one hand, let » > 0 and
Ko = B(#*,r). Then, using Theorem 3.3-(a), there exists N € N such that for any
n > N, p"(Kg) > 1 —e. On the other hand, (4" ),cqo,.. N1} is tight, i.e. there exists a
compact set K C © such that for any n € {1,..., N — 1}, u"(K) > 1 — ¢. Finally, taking
K = KoUK gives the tightness of (4™ )nen. Now, let i be a limit point of (u"),en. Using
Theorem 3.3-(a), and Lebesgue’s dominated convergence theorem letting r — 0, gives
p({0*}) = 1, i.e. p = 8p«. In conclusion, for any (n,)nen converging to zero, (u")pen
converges weakly to the Dirac at 6*.

O

3.8.5 Proof of Proposition

First, we check A6-(i). Using [Stu03, Proposition 2.6], projg is a contraction with respect
to pe, which implies that for any 6 € ©,

P& (0%, projs(0)) = p(projs(6*), projs(0)) < p (6*,6) .
This implies, since S C H, that
Va(projs(6)) = pa (6%, projs(8)) < xn(0)p&(6*,6) + (1 — xn(0)) diam®(H) = V5(6)

which gives A0-
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To prove A6-(ii), we calculate the operator norm of the Hessian of V5 and conclude by
[Dur+20, Lemma 10]. Using A7 and [Jos05, Theorem 5.6.1], 8 — pZ (6*,6) is smooth and
its gradient on © is given by 6 — —2Exp0_1(9*). Therefore, for any 6 € ©,

grad Va(6) = [p3(6*,0) — DAJgrad xu(6) — 2xn(6)Exp; | (6") .

Using now A7, [Jos05, Theorem 5.6.1] and Cauchy-Schwarz’s inequality brings, for any
0 eB,veTyo,

| (Hess Va)o(v, v) 5 < 2rpe (6, 0) coth(rpe (6%, 0))xn(0) [[v]; + 4pe(6*,6) [larad xn(6)ls |lv][;
+ || (Hess xu)o (v, v)lg | 03 (0%, 6) = D -

However, one can choose xy such that for any 6 € © satisfying infgcpy po(60/,60) > 1, it
holds that xn(€) = 0. Therefore, for any 6 € ©, pe(0*,0)xH(f#) < Dy + 1. Since xn is
smooth with compact support, there exists a constant M > 0 such that for any § € © and
v € TyO,

leradxu(®)llo < M and [|(Hess xr)a(v, v)lls < M Jo]]3 -

Therefore, combining these expressions brings for any § € © and v € TyO,
|| (Hess Va)g(v,v)]lg < 6(M + 1)(Dy + 1)[1 + & coth(xDy)] [[v]|7 ,

thus proving by [Dur+20, Lemma 10] and setting Cy, = 6(M + 1), that A6-(ii) holds with
L < Cy(1+ Dy)[1 + s coth(kDn)].

We now turn on checking AS(B(0*,r)). Since grad () = 0 for any 6 € S, we get
that V3 is smooth and for any @ € S, grad Va(f) = —2Exp, *(6*) Therefore AS(B(6*,1))

holds by (3.8).

3.8.6 Proof of Proposition

First, we check AG-(i). Using [Stu03, Proposition 2.6], projg is a contraction with respect
to pe, which implies that 6 € O,

pe (0, projs(0)) = pe(projs(07), projs(0)) < pe(6”,0) .

Then the proof of A6-(i) is completed using that x — 62{(z/8)? + 1}1/2 — 6 is increasing.
Next, using A7, [Dur+20, Lemma 16], we have for any 6 € ©,v € Ty© \ {0},

0 < Hess V1(0)(v,v) < (1 + k6) ||} .

Therefore, using [Dur+20, Lemma 10], AG-(ii) holds for L = 1 4+ kd. It is easy to see
that as pe(0*,6) — oo, V1(6) — 400, meaning A0-(iii) holds by the Hopf-Rinow theorem
[Jos05, Theorem 1.7.1].

Regarding AZ(B(0*,r)), using [Dur+20, Lemma 16], we have for any 6 € O,

rad Vi(6) = — Exp; ' (6") /{ (po(6°,0)/5)" + 1} (3.27)
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Therefore for any 6 € O, we get

(gxad Vi(6),h(0)) = — (Expy (6),106)), / {(po(67,0)/5)* + 1}

Then, under the condition (3.8), we obtain

(grad Vi(6), (O)) < ~Aopb(6"0) Uy 6) / {(00(6%,0)/5)? + 1}
< =AV(0)1s\gpe ) (0) -

where we used that
. 1/2
Vi) < (7,6) / {(pol0".0)/57 + 1} .

since for any a > 0 and x > 0, (a2z? +1)/2 1 = a [J t{at> +1}7V/2dt < az?/{az® +1}V/2.

3.9 Proofs of Section

For any K € R, consider a smooth function with compact support yx : Ry — [0, 1] such
that xx(t) =1 for any ¢t < K and xx(t) =0 for any ¢t > K + 1.

Lemma 3.19. Assume A 0- and MD 5.
(a) Then, for any smooth function with compact support g : © — R, any n > 0 and
0y € O,

Qng(60) = g(60)+n (grad g(6o), h(60))g, +(n*/2) [Hess g : £ + h @ h] (90)+(n2/6)<%’g,n((90) )
3.28
where for any K > 0,

[Rgn(60)] < 8nE | [ VHess glly,ools | Hicll, | + 16]|Hess glloE [[Vx 7, ] - (3.29)
0

Hie = (o) + e, (X1)xx (lleay (X1)llag) 5 Y = ea (X1){1 = xx(l[eag (X1)l6o)} > (3-30)
||Hess g||co = sup{|Hess gg(u,u)| : 0 € ©,u € UpO} ,
|VHess glly,co = sup{|VHess gy ) (u, u,u)| : t €[0,1],u € Uy)O},

Ao, = {lIlHkllo, < IYkllo,} and v : [0,1] — O is defined for any t € [0,1] by y(t) =
Expy, (tnHg, (X1)).

(b) Assume in addition that there exist Cs > 0 and 68* € © such that for any 6 € O,
1h(0)]ls < C3pe(6*,0). Then, for any smooth function with compact support g : © — R,
any 1 € (0, (4C3)7Y and 0y € ©, (3.28) holds, with for any K > 0,

%40 (60)] < 8nlic,c (B0)E || VEess glly.oLpg | Hicllf, | + 16]Hess gllocE [[¥ill7, | + (3.31)
0

where we take the notation of and Kg is a compact subset of ©.
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Proof. (a) Let g : © — R be a smooth function with compact support and §y € ©. Using
(3.2), AG-(ii) and the definition of @y (3.18), we have

@n9(00) = E [g {Expg,MHo, (X1)]}] - (3.32)

Consider the geodesic y : [0, 1] — © defined for any ¢ € [0, 1] by () = Expy, (tnHg, (X1)).
For any t € [0, 1], let g(t) = (g oy)(t). We compute now its derivatives to derive a Taylor
expansion. Using [Lecl9, Proposition 4.15-(ii) and Theorem 4.24-(iii)], we have for any
t e0,1],

4'(t) =Di(g o v)(t) = (grad g(v(£)), ¥ (£))yr) -
By definition of the Hessian [Leel9, Example 4.22] and using D,y (t) = 0, Proposition -
(3.89)-(iv), we get for any ¢ € [0, 1],

5" (t) = [D7g)(t) = Hess g, (V(£), ¥ (1)) .

In addition, using Dyy(¢) = 0 and Proposition -(3.89)-(iv), we obtain for any ¢ € [0, 1],

g (1) = [D{g)(t) = VHess g,y (V(£), V(£), V(1)) ,

where VHess g is the total covariant derivative of Hessg [Leel9, Proposition 4.17]. Fi-
nally, for any K > 0, consider the two random tangent vectors at 0y defined in ( ).
Now, writing the first-order Taylor expansion of g : [0,1] — R, at ¢ = 1 on the event
Ao, = {l|Hkllo, < ||Ykllo,}, the second-order one on the complement, and summing both
expansions, we get

9 (Expg,(nHy,(X1))) = g(fo) +n(grad g(6o), Ho, (X1))a,

2 (3.33)
+ (n /Q)HQSSQ%(H@O (Xl)v HQO(Xl)) +‘@gaﬂ(007X1)/6 )

where the remainder term is given by
1
‘%9711(907)(1) = ]lAg /0 vHeSSgy(t)(Y(t)7Y(t)7Y(t)>dt
0

1
+1a, { /O Hess gy (o (7(£), ¥(£) )dt — 3n°Hess gg, (o (X1), Hpy (X1))

We bound the remainder as follows. Since g has compact support, Hessg and VHess g
have an operator norm uniformly bounded over ©, which we express in the following
way. For any 6 € O, consider the unit tangent space at 6, Ug® = {v € TyO
|lvllg = 1}, let ||Hess g||oc = sup{|Hessgg(v,v)| : 8 € ©,v € UpO} and ||[VHess g|y,c0 =
sup{|VHess gy () (v,v,v)| : t € [0,1],v € Uy ;©}. Then, using [Lecl9, Corollary 5.6-(b)],
and Y(0) = nHg, (X1),

1
[Bya(00, X0)| < g [VHess glyoe [ IF(0)50 dt

1
+ g [Hess gl | [ 1701 dt + 30 | Hay CEDI,

= Ino IV Hess glly,con® | Ha, (X1) [, + 41a,, [[Hess glloon® || Ha, (X117, -
0
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Moreover, using that Hy + Yk = Hg,(X1) and the definition of Ag,,

[ Zg.n (00, X1)| < 8]1AgOHVHessgllv,ooﬂ3 | Hrcllg, + 16]Hess gllon® | Yacll, - (3.34)
Now, using MD 3,

E [{grad g(6b), He,(X1))g, | = (grad g(6o), h(6o))g, - (3.35)
In addition, since
Hess gg, (Ho, (X1), Hy,(X1)) = [Hess g : Hy,(X1) ® Hp,(X1)] ,
it follows by a further application of M3, that
E [Hess gg, (Hgy (X1), Hpo(X1))] = [Hess g : h @ h+ X] (o) , (3.36)

where 3(fp) is defined in (3.10). Using that | Hg|lg, < K +/h(60)]le,, and MD3 in (3.34),
we obtain that for any 0y € ©, E[|%4(00, X1)|] < +00. Then, by (3.33), (3.35) and (3.30),
it follows from (3.32),

Qng (o) = 9(80) +n(grad g(bo), h(Bo))a, + (n*/2) [Hess g : h @ h + 3] (Bo) +1°Rgn(60)/6 .

where we define %y (600) = N 2E[%yn(00, X1)]. The desired bound on the remainder in

(3.29), is a simple consequence of (3.31).

(b) In addition to the results of (a) and specifically (3.29), we need to prove that, since g

has compact support, there exists a compact set K C © such that ||VHess g|y,001 AC = 0
0

for any 6y ¢ Kg.

Using that ||2(6)]|, < C3pe(6*,0), we obtain that on Ago, | Ho(X1)|lg < 2(C3pe(6%,0)+
K). In addition, by [Leel9, Corollary 6.12], pg(8,v(t)) = tn | He(X1)||, for any t € [0,1],
therefore for any ¢ € [0,1] and n € (0, (4C3)7!]

pe(0”,v(t)) = pe(0%,0)—pe(0,Y(t)) > (1-2mtC3)pe (0", 0)—2nK > pe(07,0)/2—K/(2C3) .

Consider now R > 0 such that for any 0 ¢ B(0*, R), g(d) = 0. Then, setting Kx =

B(6*,2(R+ K/(2C3))), we obtain that for any 6y € Kx and t € [0,1], y(¢) € B(6*, R) and

therefore, VHess g, ;) = 0, which yields |[VHess glly,clpc = 0 for any 6y ¢ Kg. Finally
0o

Kk is a compact subset of © by [Jos05, Theorem 1.7.1].
0
3.9.1 Proof of Theorem

Let g : © — R be a smooth function. Since we assume that © is compact, g is smooth
with compact support. Therefore, using Lemma -(a) for any # € © and n > 0, we
have,

Qng(0) = g(6)+n (grad g(6), h())y+(n*/2)[Hess g : S+h@h](0)+(n>/6)Zgn(6) , (3.37)
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where using (3.29), Holder inequality and MD3 gives,

%9 ()] < 32n([|1(0) 5 + K°) sup{|VHess go(u, u,u)| : 6 € O,u € UyO}
2
+16 [Hess gl (o8 + o7 [R(O)]IF) -
Next, let 1 € (0,7], where 1 = [2C2L(1 + 07)]7!. Note that since © is compact, g
is smooth, h and ¥ are continuous, all the functions appearing in ( ) are bounded.

Therefore, integrating ( ) with respect to u" given by Theorem and using that pn
is invariant with respect to @y, we obtain,

— [ (erad g(6). h(O)g 17(A60) = (n/2) | [Hess g : S+hehl (0)0"(d0)+(n/6) [ Hya(O)7(d6)
) ) )

Using that 6 +— [Hess g : ¥+ h ® h|(0) is bounded and continuous over O, Theorem 3.3-
and that h(0*) = 0, by weak convergence of u" to dp» when n — 0, we have,

1irr(1) [Hessg : X+ h® h](0)u"(d) = [Hessg : X+ h @ h|(6*) = [Hess g : X)(6%) .
n—VJe

Equivalently, there exists Zness g : (0,1 — R such that for any n € (0,7], we have
/@[Hessg : X4+ h @ h|(0)p"(d0) = [Hess g : X](0%) + Zrtess (M)

where limy_,0 [ZHess ()| = 0.
To conclude, we prove that limsup,_,q| [g Zgn(0)u"(d0)] = 0. Let K > 0. By (3.29),
since 6y — E[1,¢ [|Hkll3,] is uniformly bounded over © by definition (3.30) and since h is
to

continuous, we have that

lim sup
n—0

[ (O @0)| < 16 Hess gl msup | € (6015 {1 = i (0)}] (00)
< 16|Hess g [leo (X0) 3 {1~ xxc(6)}]

using Theorem 3.3-(b), that 6 — E[||eg(X1)||3] and xx are continuous and bounded by
MD5 since E[[|eg(X1)|35] = Tr(2(6)) for any § € © and © is compact. Taking K — +0c0
completes the proof.

3.9.2 Proof of Theorem

We introduce an auxiliary chain (Up,),en as an intermediate step between (6,,),en and
(Un)nen for which we recall the definition below. Define for any n > 0,n € N,

U, = Exppl(8,) and U, =n"Y2Expyl(6,) =20, , (3.38)

where (0,)nen is defined by (3.2) with S = O id.e.projg = Id. Note that (U,)nen and
(Un)nen are Markov chains with state space Tg«©, as Expy. is a bijection. Conversely,
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since Expe_*1 and 1”|_1/2Exp67*1 are bijections from © to Typ«O under A G-(i), (6p)nenN is a
deterministic function of (Uy,)nen or (Up)nen. Therefore, the convergence of these three
processes is expected to be the same. This is the content of the following result. Denote by
Ry and Ry the Markov kernels on Ty«© x B(Ty+0), associated with (U, )nen and (Up,)nenN
respectively.

Lemma 3.20. Assume A0-(1)-(ii), MD 5, MD/, AG, A7 and AS5(K*) for some compact
set K* C'S. Letn € (0,7] where f = [2CoL(1 + 03)]~%. For any measurable and bounded
function g : Tg+® — R and any ug, Uy € Tp«O, Ry and Ry satisfy

Rug(uo) = Qng (Expge(uo))  and  Ryg (To) = Rngn(n'/*T) (3.39)

where g : 0 g[Exp,.l(0)] and gy : u — gM™Y2u) are defined over © and Tg-© respec-
tively, and Qy is the Markov kernel associated with (0,)nen. In addition, Ry and Ry both
admit a unique stationary distribution v and 7" respectively, defined for any A € B(Ty«0O)
by

(A) = 1" (Bxpgs (A))  and  TV(A) =" (n'/2A) . (3.40)
Finally, both Ry and Ry are Harris-recurrent and geometrically ergodic, i.e. there exist
C,C:Tp+© =R and p,p € R% such that for any u,u € Tp+O,

180 By — v"lrv < C(u)p™  and  ||dzRy — 7"y < C(u)p" .
Proof. Let g : Ty=® — R be a measurable and bounded function and ug € Ty«©. Consider
(Un)nen defined by (3.38) with 6y = Expg«(up). Using (3.38), we have by definition
E[a(U1)] = E [g (Bxpp! (01)) | = Qn (20 Bxpy.!) (Bxpge (uo)) -

Moreover, let Ty € Tp«© and consider (U, )nen defined by (3.38) with Uy = n'/?%. Using
(3.38), we have by definition

c[sT]  & fs(1770)] = R (1750)

where gy 1 u — g(m~124) is defined over Ty«O, therefore proving (3.39).
We show that v" and 7" are invariant for R, and R, respectively. Indeed, for any
A € B(Typ«©), we have by (3.38), (3.39) and (3.10)

VN Ry(A) = /T )y (0,8) = /@ dy"(6) Ry (Expy (6),A)

= [ ()@ (6. Expy (A) = " (Expye (A) = 17(4)

Therefore 1" is invariant for R,. Similarly, we show that 7" is invariant for R,. Using
again (3.38), (3.39) and (3.10), for any A € B(Ty+O) we have,

7R, (A) :/r @dl/n(u)ﬁn (n_l/Qu,A> = /r G)dz/“(u)Rn (u,nl/QA) =71(A).
o* o*

Finally, since (0,)neN, (Un)nen and (U, )nen are deterministic functions of each other and
since Theorem proves that (6,,)nen is geometrically ergodic and Harris-recurrent, the

same holds for (Uy,)nen and (Up)nen and their invariant distributions are unique. O
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For any smooth function with compact support g : Tgp«© — R, Uy € Tp+©® and n > 0
consider the 2-tensor (C%(g, U, M)ij); je{l,...dy defined by, for any 4,5 € {1,...,d},

C*(g, w0, n)ij = 9558(t0) — WZF’“ (Expg- (n'/*70) ) (7o) | (3.41)

and, similarly consider the 3-tensor (C3(g,ﬂo,n)”k) ijke{l,....day defined by, for any i, j, k €

(..,
C®(g, o, M)ij = 0551,8(To)

d
n'/2 > [Fﬁ‘j (EXPG* (nl/Qﬂo)) Ofie(w) + Ty (EXpe* (ﬂl/Qﬂo)) 836(To)
=1

d
+T; (Expg. (n'/?w0) ) Ofg(0)| —n Y- 0L (Expg- ('/?0) ) Oz (iio)

m=1
d
+1 > [T + Dkl | (Bxpg. (n'/210) ) me(@o) |
I,m=1

(3.42)
where (Fi'cj)i,j,ke{l,...,d} are the Christoffel symbols of the Levi-Civita connection V. We
derive the following Taylor formulas.

Lemma 3.21. Assume A 0-(i)-(1i), MD 3, MD /, A6, A7 and AS(K*) for some com-
pact set K* C S. Suppose in addition that there exists Cs > 0 such that for any 0 € O,
1h(0)]ly < Cspe(0*,0) and let § = [2C2L(1 + o3)]71 A (4C3)~L.  Consider normal co-
ordinates (ui)ie{l,...,d} centered at 0% and define for any i,j € {1,...,d}, Rt :© — R,
Yij 1 © =2 R by b = du'(h) and X5 = [du' @ dw/[{X}. For any smooth function with
compact support g : To+© — R, any n € (0,7] and uy € Ty+O, we have

d
Rug(to) = g(o) +1"/2 Y dra(@o)h’ (Bxpg. (n'/?w0) ) (3.43)
i=1
—I— Z {8Z]g 1/2 Z F Expe* uo))Bkg (UO)} [Zij + hihj} (Eng* (ﬂl/Qﬂo))
i,j=1

+(m/6)% gm(UO)

where, setting 6y = Expg.(m'/?1),

[Fanlo)] < 8011, 00)E [IC @M Lyg el | +161C3 @ mE [I7icl3] © (340
using the definitions of Hi, Yk, Ag,, Kk andy in Lemma -( ),
1C?(g,m)|| = sup{|C*(g,w,m)[v*?]| : @ € Tp-O,v € R, |Jufl, = 1}

I1C% (g, m)lly = sup{|C*(g, @, m)[v*?]| : @ € n™*Expy! (v([0,1])), v € RY, [l0], = 1(} 45)
3.45
where C%(g,w,m) and C3(g,u,n) are defined in (3.11) and (3.12).
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Proof. Using A 0-(i) and [Leel9, Proposition 12.9], (ui)ie{l,...,d} are global coordinates
on the Hadamard manifold ©. Let g : Tgx© — R be a smooth function with compact
support and g : © — R defined for any 6§ € © by ¢(0) = g(EXpe_*l(H)). Note that since
|Expy. ()]« = po(6*,0), for any 6 € © by [Leel9, Corollary 6.12], g is a smooth function
with compact support as well. In addition, by definition of the normal coordinates, g :
u +— g(Expg«(u)) is the expression of g in this coordinate system. Using this fact and the
definitions of the Riemannian gradient and Hessian [Lec19, Equation 2.14, Example 4.22],
we have, for any 6y € O,

d
grad g(6o) Z ig(uo)du;

d d
Hess g(6p) = Z { i8(uo) Z (Expgx(uo )8kg(uo)} du' @ du? | (3.46)
ij=1 k=1
where ug = Expe* (6p) and (T )Z Jjkefl,...dy are the Christoffel symbols. Combining these
expressions with Lemma —( ) and Lemma -(h)-(3.28) gives
d .
Rug(u) = g(uo) + 1Y 9ig(uo)h’ (Expy. (ug))
i=1
+n?/2) Y {@jg(uo) 3 Tk (Expy (uo))akg(uo)} (35 (Expy- (u0)) + B'A7 (Expye (uo))|
ij=1 k=1

+ (le/ﬁ)g?gm (uo) ,
where %y n(uo) = %yn(fo) is bounded using (3.31), for 6y = Expgs(ug) and g : 6

g(Expg.' (6)).
Replacing g with g, : u — g(n_l/ 24) defined over Ty-© and using that for any 7,5 €
{1,...,d} and ugy € Typ«O,

Dign(uo) =208~ 2ug)  and Oy (uo) =n "' dijem ™ up) (3.47)

we have for any ug € Ty+O,

d
Rngn(uo) = g™ ?up) + 02" dig(n™"/?ug)h’ (Expy- (o))
=1
d

+(M/2) Z {8 (1/2> 1/2 ZI‘ (Expg« (uo )8kg< 1/2>} [Eij + hihj} (Expgs (ug))

i,j=1
+ (n*/6)Zg, n(uo) . (3.48)

Expressing %Z’gH n(uo) using partial derivatives shows explicitly the dependency onn. Using
( ) and the equivalent formula for the third order derivative, we have for any K > 0,

n? | B, n(u0)| < 81° L (60)E [\ VHess gn|ly,0o L ag ||HKH§0]+16ﬂ2||HeSSgn||oo E[Ivillf,]
0
(3.49)
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where 0y = Expg«(ug), v : [0,1] — © is defined by v(t) = Expy, (tnHy,(X1)), Hx,Yx
and Ag, are defined in (3.30). Using (3.40) and Proposition , we have Hess gy (u) =
N 1C%(g,nY?ugp,m) and VHess gn(u) = n3/2C3(g,n"2ug,m), where C? and C? are de-
fined in (3.41) and (3.12) respectively. This gives

[[VHess gy |

voe =N 2IC @ m)lly  and  [[Hessgyll,, =n7HIC (g m)],  (3:50)

where ||C%(g,n)|| and ||C3(g,n)|ly are defined in (3.45). Setting ug = n'/?7g in (3.48), we
get

d
Rugn('/*) = g(To) + 1"/ dig(o) 1’ (EXPQ* (n1/2U0)>
=1

d d
+(n/2) > {aizjg (W) —n'/? ZFZ(EXPQ*(ﬂl/Qﬂo))ﬁkg (Uo)} [Ez‘j + hlh]} (EXPO* (ﬂmﬂo))
ig=1 P

+ 2 gy n (Y ?T0) . (3.51)

Therefore, letting % (o) = n@gn 7(M'/?%), and combining Lemma -(3.39), (3.19),
(3.50) and (3.51) gives the desired result. O

Lemma 3.22. Assume A 0-(i)- and A10. Consider normal coordinates (ui)ie{17...7d}
centered at 0% with respect to the orthonormal basis (€;)ef1,...ay of Te=©. Then h can be
expressed in this chart as, for anymn > 0, u € Ty« O,

d d
h (Expg* (n1/2ﬂ)) => {n1/2 ST ATt + 7, (1’]1/2U> } du; , (3.52)

=1 k=1

where A is defined in A0, T are the components of @ in (€i)ief1,...ay and for any i €
{1,...,d}, limy 0|2}, (u)|/||ulle-} = O.

Proof. Since O is a Hadamard manifold, these normal coordinates are defined throughout
©. Thus, for any 0 € O, it is possible to write,

d

h0) =Y h1(0)0u;(0) . (3.53)

J=1

Recall the definition of the metric coefficients in the coordinates (ui)ie{l’“_,d} at 6 € O, for
any i,j € {1,...,d},
gij(ﬂ) = <8uz(0),8u](9))9 . (354)

Then, taking the scalar product of ( ) with each du;, we have for any i € {1,...,d},

d
> 0ii(0) h(8) = (h(6), dui(8))o - (3.55)
j=1
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From the Taylor expansion formula for vector fields given by Theorem for the geodesic
v : [0,1] — © given by y(0) = 6* and y(0) = Exp;}(ﬁ), it follows that,

Oui(0) = TY, [es + V(Oui)o- (Expz(0))] + Fou, 0) (3.56)

where the remainder is given by

1
Hou(0) = [ (1= T} 9200, (). 7(0)at

Let [|[V20ul| ooy = sup{|V2(9us )y (v, v)| : t € [0,1],v € Uy;)©} which is finite as y[0,1]
is compact. Then using that for any ¢ € [0, 1], [[Y()[ly ) = pe(6*,0) by [Leel9, Corollary
5.6] and that geodesics are length-minimizing curves by A 0-(i); and that the parallel
transport map is an isometry [Leel9, p.108], we have

[Zou, ()] < (1/2)V?0uill ooy 0% (6%, 6) -

This proves that limg_,p« |Zau, (6)/pe(6*,0)| = 0. By the definition of normal coordinates
centered at 0*, for any 4,5 € {1,...,d},Vau].8ui = Zzzl I’;?iauk. and (Fﬁi)i,j,ke{l,...,d}
vanishes at 0* [Leel9, Proposition 5.24] so (3.56) becomes

8u1(0) = Tgl(ei) —l—;@aui(@) . (3.57)
Taking the scalar product of (3.12) and (3.57), it follows that
(h(8), 0ui(6))s = (AExpy. (), e)o- + %} (6) | (3.58)

since parallel transport preserves scalar products, where limg g {|Z} (0)|/pe(0*,0)} = 0.
On the other hand, from (3.51) and (3.57), since the (€;);c(1,.. 4y are orthonormal,

9 (0) = 655 + Z(0) (3.59)

where §;; = 1if ¢ = j and 0;; = 0 otherwise and 1im9_>9*{|%éj 0)|/pe(6*,6)} = 0. Plugging
(3.58) and (3.59) in (3.55), we obtain

d
hH(0) =Y Al (0) + %;,(9) , (3.60)
j=1

where limg_,¢« |%;(0)] = 0. Finally, (3.52) is obtained from (3.53)-(3.60), by setting
6§ = Expg« (m'/?@), for T € Ty+O, and noting that

u (Expg- (/%)) = (Expy.! (Expg- (n'/?10)), ;)9 =n'/°W
po (Expg.(n'/?1),0*) =n'/2 . ,

which follow from [Leel9, Corollary 5.6] and the definition of the coordinates (u*);c(1,... 4}
O

146



3.9. Proofs of Section

Lemma 3.23. Assume A0-(i)-(1i), MD3, MD/, MD5, MD06, A6, A7, A10 and A
hold. Let ] = [2C2L(1 + 02)]=Y A (4C3)~t. Then the family of distributions (Tneom);
defined by (3.11), is tight.

Proof. For any 1 € (0,7], the conditions of Lemma hold, thus the Markov chain
(Un)nen is ergodic and its invariant distribution 7" is given by (3.11). For any r > 0, let
B, = {u € Tp-O : ||ullg- < r} be the tangent closed ball at 6* of center 0 and radius .
Then, by ( ) and [Leel9, Corollary 6.13], for any r» > 0 and n € (0,7], we have

7 (Tg*@ \ Er) =" (Tg*@ \Enl/zr) =" (@ \E(@*,nl/%)) . (3.61)

However, by All,

p (OB ) < 67 ') [ olpe(6,0)d(6)

o\{o*}
<7 [ Veao). (3.62)
o\{0*}
Now, using A1l and Lemma taking K* = {6*}, we have,

/ V(6)du"(6) < 2L {of + Cr(1+09) ) /A
o\{0*}
Combining this result and (3.62) in (3.61) implies that for any r > 0,
7 (Tg-0\B,) < 2L {of + Cr(1 + o)} /Po(n'/?r)]
< supfn/om'/*r)}2L/N) {of + i1+ o})}
n<n

where lim, oo {sUp, <51/ p(mY/ 2r)} = 0 using A 11. Therefore, for any ¢ > 0, there exists
r > 0 such that for any n € (0,7], 7"(Ty«O \ B,) < . This concludes the proof that
(v”)ne(o,ﬁ] is tight. ]

Proof of Theorem 5.7. Consider normal coordinates (ui)i€{17._.7d} centered at 6* with re-
spect to the orthonormal basis (e;)ic(1,..ay of To-©. Define for any 4,5 € {1,...,d},
h*:© =R, ¥;; : © = R by h' =du’(h) and 3;; = [du’ ® du’|{E}. Let g: Tp~© — R be
a smooth function with compact support. Applying Lemma to g gives ( ). Using
MD?5, ¥ is continuous, which implies that for any @y € Ty«O,

d
3 (Bxpg. (n'2a0)) = >° {7 + 224 (n'/?w0) } 0us © du (3.63)
ij=1
where for any i, 7 € {1,...,d}, Y = Xi5(0%), %g is continuous over Ty«©O and %g(O) = 0.
Using Lemma , replacing ¥;; and ' in (3.43) with (3.52) and (3.63) gives for any
T € Ty«O,

d d

d
Rug(tio) = (o) +n Y _ dig(to) D Ajug + (n/2) D 978(10) Ty +nFyn,x.0(To) (3.64)
i=1 k=1 ij=1 .

+ (M/6)Zgn(t0o) ,
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where 7§ are the components of T in (€i)ic{1,....d}>

R, 5,1 (T0) 1/22%1 ( 1/2U0) 0;g(o)

+ (1/2) zd: {%g(uo WZpk (EXpe M /ﬂo)) 3kg(uo)} [«%sz (nl/zﬂo)}

i,j=1 k=1

+(1/2) Xd: {azgg(uo WZF’“ (EXpe (M /ﬁo)) 3kg(uo)} [hihj <EXPQ*(U1/2%))}

i,j=1 k=1

(n'/?/2) Z Iy (EXPG* /ﬂo)) Og(t0)SY
1,5,k=1

By Lemma s (PM)ne(oqm 1s tight and therefore relatively compact. Therefore, it is
enough that for any limit point 7*, 7* = N(0, V) where V € R%*? is the solution of the
Lyapunov equation AV 4+ VAT = (9*). Let (Nn)nen+ be a sequence with values in (0,7,
such that lim, oMy = 0, and (77),en+ weakly converges to 7*

First by (3.61), we have

/T ) / Ry, (0, dim g (1)

Ty« ©

d d
= v (duo)g(Uo) + M / " (dug) Y dig(to) > Ajug

To+© To+© i=1 k=1

+ (ﬂn/Q)/ v (duo) Z 2 g (To) XY +nn/ v (dtlo) Zg 5,0 (W)
Ty © 55 Ty ©

+Maf6) [ 7 (i) B, (T0)

Therefore using that 7™ is stationary with respect to Ry,,, we obtain that

d
lim sup / 7 (dug) Zazg g Z Z ]g ) LY
n—+oo |JTyx©O i—1 E—1 ij=1
< lim sup / v (dt) Z .., x,n(To) | + / v (dto) Zg,n, (Wo)| - (3.65)
n—-+oo TQ*@ Tg*@

Consider a sequence of independent random variables (Y,,)nen such that for any n € N,
the law of Y,, is 7. By Slutsky’s theorem, since (Y,,),en converges in distribution and
limy, 400 Myn = 0, we obtain that n}/ 2Yn converges in distribution towards 0. Moreover,
using the continuous mapping theorem, we have

lim sup |[E[%Zgn,,s.0(Yn)]| = 0. (3.66)

n—-+0o
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Similarly, we use (3.44) to obtain, for any n € N and K > 0,

e, (V)] < 80/ (0)E |IC (&) Iy L 1, [0

+16([C*(g, ) | E || [IYKHGJB"} ’

where for any n € N, 6,, = Expy« (n}/ 2Yn) are independent random variables and by (3.40),
the distribution of 0,, is . Thus we obtain for any K > 0, using Ik, (0,) [[Hk||g, is

almost surely bounded by 4[K? + supgc . 11(0)||3], Markov’s inequality and MDG,

lim sup |E[Zg n,, (Yn )]‘ < limsup 16/|C*(g, na)l|Eflleq, (X1) 5, {1 — xx (leo, (X1)llo,)}]

n—-+o0o n—+o0o

< 16/[C*(g, 0)I| K ~*{55 + GTE[V(0)]} (3.67)

using that (6,),en converges in distribution to #*. For any smooth function with compact
support g : Tp«©® — R, combining (3.65)-(3.66)-(3.67), taking K — 400 and using the
weak convergence of (71"),ecN to 7F when n — +oo shows that

/ 7 (dup) {Z 0;g(up Z Akuo + Z 8Z]g E”} =0. (3.68)
Te*@

1,j=1

Finally, by [[1J94, Theorem 2.2.1], there exists a unique matrix V € R%*4 solution to the

Lyapunov equation AV +VAT = 3(6*). By [Ken78, Theorem 10.1], N(0, V) is the unique
probability distribution on Ty+O satisfying ( ). This concludes the proof. O

3.10 Proofs for Section

3.10.1 Proof of Lemma

Recall that f is Ap-strongly geodesically convex, if and only if for any 61,02 € O,
£(02) = J(601) + (Expy,! (62). grad £(01)) + Aspb(01,02) - (3.69)

Put 6; = 6* and 0y = 6. Since 0* is a stationary point of f, so grad f(6*) = 0, it follows
from (3.609) that

F(0) — F(6%) > Xppd(6%,6)

which is the second identity in (3.13). To obtain the first identity, put #; = 6 and 6 = 6*,
in (3.69), so

£(6) — £(6) = (Exp(6*). grad £(6)) + Apd(6°.0) (3.70)
Since f(6*) < f(6), this implies

2
— (Bxpy (6, £rad £(9)), = Apod (6%, 6) = Ay [Expg ' (6%),
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Or, after using the Cauchy-Schwarz inequality,

lerad £(6)llg > Ay ||Expy (%)

) (3.71)

Finally, using once more the Cauchy-Schwarz inequality, and (3.70) and (3.71),
£(6) — £(8) < — (Expy (60%), £rad £9)), < (1/7) [lzzad FO)]

which is equivalent to the first identity in (3.13).

3.10.2 Proof of Lemma

Without loss of generality, we assume that f(6*) = 0. First, we show that for any 6 € O,
7(6) < My (6*.6) . (3.72)

Let § € © and y : [0,1] — O the unique geodesic such that y(0) = 6* and y(1) =
6. Then since f is continuously differentiable using [L.ccl9, Proposition 4.15-(ii) and
Theorem 4.24-(iii)], we get that f(0) = fol (grad f(y(t)),¥(t))y () dt. Therefore, using the
Cauchy-Schwarz inequality and for any ¢ € [0,1], [[¥(¢)ll,) = pe(0*,0) we obtain that
LF(O)] < pe(67,0) [[grad f(v(t))ly () which shows that (3.72) holds by assumption.

We now proceed with the proof of the main statement. Since f is twice continuously
differentiable, f has this same property. In addition, for any 6 € ©,

grad f(0) = grad £(6)/[2(£(6) + 1)"/?] . (3.73)
Therefore, using the assumption that for any € ©, ||grad f(0)5 < My p% (60*,6) and
the second inequality of Lemma 3.8, we get that

lgrad F(0)[lo = llgrad £(0)ll5 /[2(£(0) + 1)/2) < M}? po (6%, 0)/[2(Asp} (67, 0) + 1)1/?]
<1 Ape(67,0)]

with O/ « (M}?/2)[1 A A7),

It remains to show that for any 6 € ©, —(Exp, ' (6*), grad f(6))g > val(ﬁ), where V3
is defined by (3.9) with § = 1 and Xf — )\}/2/2. Using (3.73) again, F2 and (3.72), we
obtain that for any 8 € ©,

— (Expy ! (6%), grad f(9) ), = — (Expy ' (6%), grad £(9)), /12(£(0) + 1)*/?]
> App(0%.0)/[2(f(0) + 1)V = Nppd (6%.0)/[2(M 3 (67,60) +1)1/7].

Using that for any 6 € ©, V4(0) = {p3(6%,0) + 1}1/2 — 1 < pg(6*,0), we get that

— (Expg ' (07),8rad F(0)), = AVi(0)po (0%, 0)/[2(M;p3 (6%, 0)+1)/) = AsVi(6)/ (2047")
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3.10.3 Proof of Proposition

The proof consists in an application of Theorem 3.1-(b). First, by Proposition 3.5, V;
defined by (3.9) with 6 = 1, satisfies AG. In addition, by [Dur+20, Lemma 16], V; is
continuously differentiable with gradient given for any 6 € © by

grad Vi (0) = —Exp; ' (0%) /{1 + p3(6",0)} .

Therefore, for any 6 € ©, by F3 we get

(grad Vi (0), grad £(60)), = — (Expy ' (0%), grad £(6)) /{1 + p} (6%, 0)}"/2
> AVA(0) /{1 + p (6%, 0) 1% . (3.74)

In addition, t2 A 1 — ab{(t> + 1)V/2 =1} /(1 +t*)"/2 <0 for any t > 0, b > 0 and a = 4b~!
using that (2 + 1)/2 — 1 > #2/[2(1 + t>)1/?]. As a result, using F3 for any ¢t > 0, b > 0
and a = 4b~ !, it follows that A7 is satisfied with Cy + 0,Cq < 4C'f/xf for h = —grad f
and V <« Vj. Therefore, we obtain using Theorem 3.1-(h) that for any n € (0,n],

n—1
13 E [{grad Vi(0)), grad f(0k))g, | < 2V(60)/(nm) + 2n(1 + K)af |
k=0

where 7 = [(8C/A;)(1 + &)(1 + ¢?)]~". Using (3.74), we have

n—1

(g/m) 3 E [Vi(00) {1+ g (0%, 06)}/2] < 2Vi(00)/(nm) + 2n(1 + K)o,
k=0

which concludes the proof since (2 +1)%/2 — 1 > t2/[2(1 + t2)1/?] for any t > 0 implying
V1(0)/{1 + p3(6%,0)}'/2 > DZ(6*,60)/2 for any 6 € ©.

3.10.4 Proof of Proposition

Define X = {6; : i € {1,..., M;}} and recall that D = sup{pe(,0) : 0 € X}. Set S =
B(6p, D). Note that the closed ball S, is compact by [Jos05, Theorem 1.7.1], geodesically
convex, and X C S, as well as 0y € S. We consider in this section, for any § € © and
x € X, Hp(z) = Exp, * ().

First note that 6, € S, for all n € N by a straightforward induction using that S is
geodesically convex and 6y € S. Indeed, 6y € S, and, if 8, € S, then 6,,11 lies on the
geodesic segment connecting 6,, and X, 1, two points which belong to S, and therefore
On+1 € S. This means that the SGD scheme used here is equivalent to

On+1 = projs (Expy, (nHy, (Xnt1))) -

Define H and V5 as in Proposition 3.4. It is possible to show that H = S. Indeed, for
0 €S, and x € X, since x € S, and S is convex, the geodesic segment connecting 6 to x is
entirely contained in S. However, by definition, this geodesic segment is the set of points

151



Chapter 3. On Riemannian Stochastic Approximation Schemes with Fixed Step-Size

Expy(tHy(x)), where t € [0,1]. Now, since 1 < 71 < 1, Proposition implies that V5
verifies AG-(i)-(ii) where L <— CLy, Ly = (D + 1)(1 + s coth(xD)) and C' is a universal
constant.

The objective function f satisfies F2 with Ay = 1/2 (that is, f is 1/2-strongly convex),
since by [Jos05, Theorem 5.6.1] fi(0) = p&(0,60;)/2 is 1-strongly geodesically convex for
any ¢ € {1,..., M}. Thus, by (3.69) for all 8 € S

(Bxpg ™ (67), grad £(9)), < ~(1/2)0B(6",6) . (3.75)

Now, for any 0 € S, v € Ty©, using [Jos05, Theorem 5.6.1], we have,

My
[Hess fo(v, v)ly < My 3 || (Fess £2)o(v,0)]ly
=1

My
< MY kpe(6,0:) coth(rpe (60, 6:)) o5 < Lx [lo]5
=1

where L, = 2Dk coth(2kD), since t — t coth(t) is non-decreasing over R,. Therefore, by
[Dur+20, Lemma 10], grad f is geodesically Lr-Lipschitz continuous on S.In particular,
for any 6 € S,

lgrad f(0)lly < Lzpe(07,0) . (3.76)

By (3.75) and (3.76), it is straightforward that V = V5 and h = —grad f satisfy A7, with
Cy; =0and Cy = 202 < 2°L2. TIn addition, by Proposition 3.4, (3.75) implies V; verifies
A5-(0), with A =1/2.

Finally, MD3 holds with 03 = D? and o3 = 0 since for any 6 € S and x € X,

| Ho()lly = |Exps (@), < 2.
Therefore, we can apply Theorem 3.1-(¢) which implies that for any n <7,
E[Va(0n)] < {1 =n/4}" Va(60) + 4n LD? .
To conclude, it only remains to note that Va(6,) = p3(0*,60,) and Va(0y) = p&(6*,6),
since (6,)nen and 6* belong to H = S.
3.10.5 Proof of Theorem

‘We consider in this section the recursion

i1 = Expy, [NHp, (Xo41)] (3.77)
Ho, (Xn1) = Bxpt (X0)) /(240300 X200 /2 +132)

where X, 11 = (Xélll, ngl and (Xr(Ll), éz))neN* is an i.i.d. sequence of pairs of indepen-

dent random variables with distribution 7. Denote by @)y, the Markov kernel corresponding

to (3.77).
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We give first some additional intuition and motivation behind the scheme (3.77). It
can be interpreted as a stochastic optimization method to minimize

fﬂ = (fTI' + 1)1/2 >

in place of fr. First note that fr and f» have the same minimizer, but compared to fr it
may be shown that grad f, given for any 6§ € © by

grad fx(0) = (1/2)grad fr(0)(f(0) + 1)1/,

is geodesically Lipschitz. However, note that ( ) is not an unbiased stochastic opti-
mization scheme for the function f; since

E [Hy, (Xn+1)] = (1/2){grad fr(6,)}E [{pg(gn,Xgl)/QH}fl/z} _

The proof of Theorem then consists in adapting the proof of Theorem to deal
with this additional difficulty taking for the Lyapunov function V', Vj defined by (3.9)
with 6 = 1. A general theory could be derived but we believe that this is out the scope
of the present document and leave it for future work. We start by preliminary technical
results which are needed to establish Theorem

Lemma 3.24. Assume A 7 and MD 7. Let 6; be the Riemannian barycenter of the
probability measure m, i.e. 0% = argming fr where fr is defined by ( ). Then, for any

fc 0o,
_ /@ (Expg ' (07), Bxpy ' (v)) m(dv) < —pB (6,6%)/2 .

Proof. Using A7 and [Jos05, Theorem 5.6.1], we have that for any v € ©, the operator
norm of the Riemannian Hessian of 6 — p2(6,v)/2 is lower bounded by 1. Therefore, by
[Bou20, Theorem 11.19], 6 + p2 (6,v)/2 is 1/2-strongly convex. Applying this to 6 and
0r € ©, we have for any v € O,

P30, v)/2 = p(0,v)/2 = — (Expy  (6%), Expy ' (v)) + pd(6,63)/2
Using MD7, we can integrate this inequality with respect to m, bringing

£2(07) = 12(0) = = [ (Expg(03), Bxpy (), m(dv) + b (0,02)/2
Since by definition of 6%, 0 > f(0%) — fz(0), this completes the proof. O
Lemma 3.25. Assume A 7 and MD 7. Let 07 be the Riemannian barycenter of the

probability measure w, i.e. 0% = argming fr where fr is defined by ( ). Then, for any
0 € 0o,

LA (0.0)/2 4 1) 2n( ) > (5B (60,6) + 24,(6) + 1} V2
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Proof. Let 6 € ©. Using Jensen’s inequality with the convex function ¢ — (¢ 4 1)_1/ 2 on
R, we have

B0 /24 13 () = {f2(0) + 17 (3.78)

However, using the triangle and Hoélder’s inequalities, we have for any 6 and v € ©,
P& (0,v)/2 < p3(0,0%) + pg (0%, v). Taking the integral with respect to m, by MD7 we get
fx(0) < p2(0,0%) + 2f-(0%). Lastly, combining this result with (3.78) and using that the
function ¢t — (t + 1)*1/ 2 is non-increasing on R% completes the proof. ]

Lemma 3.26. Assume A 7 and MD 7. Let 0% be the Riemannian barycenter of the
probability measure 7, i.e. 0 = argming fr where fr is defined by ( ). Then, for any
0y € O,

QnVi(60) < Vi(6o) — n/(4C3/*)IDE (60, 65) + 2n°(L + w){1+ f(67)} (f(65) +2)

where Vi is defined in (3.9) with § < 1, 0* < 0%, Cr = 1+ 2f,(0%) and D} : ©2 — [0, 1]
is defined by (3.11).

Proof. Let 6y € ©, and consider
Hy,(X) = (1/2)Exp;,} (X(1)>/{p% (60, X)) /2+ 1}1/2 :

where XM, X2 are independent random variables with distribution 7.
Let v : [0,1] — © be the geodesic curve defined by v : ¢ — Expy,[tnHg,(X)]. Using
[Dur+20, Lemma 1] with y and V;, we get

Vi(v(1)) < Vi(6o) + (grad Vi(60), 7(0))g, + (L/2) [IV(0)12,
= Vi(6) +m (grad Vi (6o), Hy, (X))g, + (1 +£)M*/2) | Hoo(X)I7, »  (3.79)

0

by Proposition 3.5. We now compute the expectation of the terms in ( ). Using that
(XM, X®) are independent, we obtain

E [(gradVi(@o), Hyg, (X)>00} =(1/2) <grad V1(0o),E {Expe_o1 (X(l))] E

Moreover, using (3.27) and Lemmas and yields
E [(grad Vi (6), Hoy (X)),
. ~1/2 P _
= —(1/2){pd (00, 05) +1} E [{Expeol(eﬂ), EXPeol(Xu))%J E

< —(1/06% (00.03) [{ B 00.03) + 1} {200, 03) + 2603 + 1)
< —(16C,)"2D2 (60, 6%) , (3.80)
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where Cr = 1+ 2f(0%) and D : ©2 — [0,1] is defined by (3.14). Looking to bound the
expectation of the last term in (3.79), we use that HExpgol(X(l))Hgo = pe(bo, X)) and
that X1 has distribution 7 to obtain,

E[I1H, (X)[5,] = (1/4)E | o8 (60, X )| E [{p%<eo,x<2>>/2 + 1}1}

— (a(00)/2E [ {00, )2 +1} ] (3.81)

Denote by M = pg(0%,6p)/2. We bound the expectation in (3.81) using the event
{pe(0x, X)) > M} and its complement. On {pe(6:, X®) > M}, we use Markov’s
inequality with the increasing map ¢ ~ t2/2 + 1,

E [Lnss00) (P00 (83, X)) /19 (60, X @) /2 + 1]] < P (pe (63, X >>2M)
X))

< (B[ (0 J2+1) /(M?/2+1) .

(3.82)
On {pe (0%, X®) < M}, using the triangle inequality, we have
po (b0, X)) > |pe(6o,05) — pe (05, X)) > pe(bo,03) — M = M .
Then, we obtain
E [10.0r) (00 (8, X)) /{0d (60, X D) /2 + 13| < 1/[M?/2+1] . (3.83)
Adding (3.82) and (3.83) together and using the definition of M we obtain,
E {{pé (0. X)) /24 1}‘1} < (f=(05) +2) /[ 03(05,00) /8 + 1] . (3.84)
Plugging (3.51) in (3.51), we get
E (1o, ()13, ] < (f2(00)/2) (f=(03) +2) / [0 (65, 60) /8 +1] . (3.85)

Usmg the triangle and Hélder’s inequalities, we have for any 6 and v € O, p3(6,v)/2
p%(0,0%) + p4(0%,v). Taking the integral with respect to m, by MD 7 we get f(6)
p% (0,0%) 4+ 2fr(0%). Combining this result and (3.85), we obtain

E 1 Ha, (X)15,] < {0805, 00)/2+ £ (03)} (f(05) +2) / | 0B (05, 00)/8 + 1] < 4{1+£2(05)} (£ (05) +2) -

<
<

Combining this result and (3.80) in (3.79) concludes the proof. O
Proof of Theorem . Let §p € ©,n > 0 and n € N. Then, for any k € {1,...,n}, using
Markov’s property and Lemma we have,

/(A2 [DB(01-1,607)] = I/ (4CH)] [ DB(0,07)Q4™" (00, d0)
< Qn'Vil6o) — QuVi(B0) + 2> (L + k) (1 + fx(63))(f(67) +2) -
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Monte-Carlo estimation at convergence
0.505 linear fit y =0.11*x + 0.49

D9z, 6r)

0.495¢

| - Norm of residuals = 7.59-7

0.02 0.04 0.06 0.08 0.1
step-size n

Figure 3.4: Monte Carlo approximations of the mean distance at convergence in Theorem

Summing these inequalities for k € {1,...,n} implies that

1/ (4CY2)] Y E [ D (65, 02)] < Vi(5) — QUVA(00) + 20m2(1 4+ 1)1 + £ (05)) (F(03) +2)
k=0

Finally, dividing both sides by [nn/ (4071/ 2)] and using that Vj is a non-negative function,
we obtain

n—1
ST E [ DE(0k,05)] < 2Vi(00)Ch/? [ (nn) 420 (145) (F (05)+1) (F2(03)4+2) (2 (05)+1) /2 .
k=0

Which concludes the proof by setting By = (1 + &)(fx(0%) + 1)(f=(05) + 2)(2f=(0F) +

1)~1/2. O
Similarly to Figure , Figure illustrates Theorem . To this end, 1000 repli-
cations of the experiment derived for Figure are performed, obtaining {(97(5)) 1 1€

{1,...,1000}} for n = [50/m] and n € {1,2.8,4.6,6.4,8.2,10} x 10~2. We estimate, with
these samples, the mean and the variance of D%(G, 0%), for 0 following the stationary dis-
tribution p". We observe that the mean and variance are both linear with respect to the
step-size 1, indicating that the iterates of the SA scheme remain in a neighborhood of
diameter O(n'/?) to the ground truth.

Even though the setting of this experiment goes beyond the assumptions of Theo-
rem 3.7, it suggests that such a result may be applicable also in the setting of Theorem
The proof of such a result is left for future work.

3.11 Background on Markov chain theory and Riemannian
geometry

We give here some useful definitions and results that are used throughout the paper.
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3.11.1 Markov chain notions

We refer to [MT09] for a general introduction to Markov chains in general state space.
Let (Y,)) be a measurable state space and P be a Markov kernel on Y x ). Consider for
any y € Y, the distribution P, of the canonical Markov chain (Y},)nen corresponding to P
and starting from y on the canonical space (YN, Y®N). Denote by E, the corresponding
expectation.

Denote for any A € Y, 7a = inf{l > 1 : ¥, € A} and Na = 3,7 1a1 (V7).

We say that (Y;,)nen is t-irreducible if there exists a measure 1) on ) such that
whenever (A) > 0, we have P,(7a < oo) > 0 for any y € Y. Moreover, a set A € Y
is called Harris-recurrent if P,(Na = o0) = 1 for any y € A. Finally, a chain (Y},)nen is
called Harris-recurrent if it is t-irreducible and every set A € ) such that (A) > 0 is
Harris-recurrent.

Let V : Y — [1,4+00). We say that P is V-uniformly geometrically ergodic if there
exist p € [0,1) and C > 0 such that for any y € Y and k € N, ||5,P* — MHV < Cp*V(y),

where |[|-||y- is defined for two _probability measures v1,15 on (Y,Y) by [v1 —wallyy =
sup{|vi(g) — v2(g)| : supy{lg[/V} < 1}.

3.11.2 Useful results from Riemannian geometry

We now give definitions and auxiliary results related to tensor fields along curves, their
derivatives, and Taylor expansions on Riemannian manifolds.

Let M be a smooth manifold with or without boundary. Given a smooth curvey : I —
M defined on an interval I, and any k,l € N, a (k,[)-tensor field along v is a continuous
map F : I — T®DTM, such that F(t) € T¢H (TyM) for any t € I, where TEDTM is
the bundle of (k,1)-tensors on M, see e.g. [Lecl9, Appendix B]. A vector field Y along y
is a (1,0)-tensor field, in which case for any ¢ € I, Y (¢) is just a tangent vector in T, ;M.
We say that a tensor field F along 7y is extendible if there exists a tensor field ' defined
on a neighborhood of y(I) such that F = F oy.

We let X%!(y) denote the set of smooth (k, I)-tensor fields along vy, and X(y) = X10(y)
denote the set of smooth vector fields along y. In particular, X%9(y) is the set of smooth
functions g : I — y(I) x R such that for any t € I, g(t) = (y(t), f(¢)) for some smooth
function f : I — R and therefore can be identified with the set of smooth functions
f I — R. In the sequel, we adopt if no confusion is possible this identification. We
extend to tensor fields along vy the following definition of the trace on tensors. For any
(k,1)-tensor T', we denote by Tr A(T) the (k — 1,1 — 1)-tensor with component of index

. . . . : d JLyee s J A=10J A 5o J1—1 :
(U1, oy ik—1,J1,- -+, Ji—1), given by >0 T s mimin_, - In particular, for any w €

XM (y), Y € X(v),
TranweY)=wl).

Also, for any F € XFl(y), any w!,...,wh € X% (y) and V3,...,Y;, € X(y), with ky <
k,lp <l,denote by [F : w'® - - @w™ @Y, ®---®Y],], the (k — ko, — lp) smooth tensor
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field along <y defined by the induction:

[F 2 W) = Trgg g ([F 2 @0 Y] g0l (3.86)
[F = w0 @ Y1) = Trgopg1,n)([F 1 0® ™ 0 Vg1 ®Y)), (3.87)

setting w® = Wl @ - ® W, Ye1; = Y1 ® - ® Y. Note that for any wh—ko+1 ok ¢
X0 (y) and Yi_jp41,- .-, Y] € X(y),

[F @ w®Lko ®Y®1:lo](wk7k°+1, .. ,wk,Yl_lo+1, L)) =Fwh .0k Y, Y) L (3.88)

Proposition 3.27. Let M be a smooth manifold with or without border, V be a connection
on TM and vy : I — M a smooth curve defined on an interval I. Then, for any k,l € N,
V determines an operator Dy : X! (y) — XF(y), satisfying the following conditions.

(a) On X(v), Dy is the usual covariant derivative along 'y, see [Leel9, Theorem 4.24).
(b) On X%0(y), Dy is the usual derivative for real functions, i.e. for any f € X%0(y),
D.f =df/dt.

(c) For any F € X*(y), any w?,...,wk € X% (y) and any Y1,...,Y; € X(y),

(D) (oo Vi Y1) = S [F (b W )]

k
1 i—1 i, 1+1 k
—ZF(w s, w T Dt WL w ,Yl,...,Yl)
i=1

l
_ZF(wla--'vwka}/lw"a}/jflaDtYrj’Yerrl,"-a}/l) .
j=1

(3.89)
In particular, Dy satisfies these additional properties.
(i) Dy satisfies the product rule, i.e. for any f € X%0(y), F € XFl(y),

d

Dt(fF):<(“f)F+thF.

(i) For any ki,l1,k2,la € N, and any F € XFvhi(y), G € xF2l2(y),
DiI(F®G)=DF G+ F® DG .

(iii) For any positive integers ko < k,lo <1, F € XF!(y),
D, {Tl“(ko,lo)(F)} = Tr gy 10) (DeF)

(iv) Let F € X5 be an extendible tensor field, i.e., such that there exists a (k,l)-tensor
field F defined on a neighborhood of y(I) satisfying for any t € I, F(t) = F(y(t)). Then,
foranytel,

DiF(t) = Vi F(v(t)) -

158



3.11. Background on Markov chain theory and Riemannian geometry

Finally, if f)t : XPl(y) — xXPU(y) is another operator satisfying (a),(b),(i), and ,
then Dt = Dt.

Proof. Let k,1 € N. Note first that (2)-(b) and (3.89) define D,F for any F' € XF!(y),
setting for any w € X%1(y) and Y € X(y),

[Diw] (V) = d[w(Y)] /dt — w(D;Y) . (3.90)

We now show that D;F € ¥5!, which will imply that D; : ¥%! — X%!. Second, we establish
that (1)-(i1)-(iii)- are satisfied. We conclude the proof by proving uniqueness of Dy.

Using [Leel9, Lemma B.6], to show that D;F € X%! it is enough to prove that D;F is
multilinear over X%(y). For that, we start proving (i) on X%!(y). Let w € X%'(y), f €
X%9(y) and Y € X(y), then by (3.90),

[Di(fw)] (V) = d[fw(Y)] /dt = fw (D;Y) = [df/dt]w(Y) + f [Diw] (V) (3.91)

which proves (i) on X% (y). Now, let k,1 € N, F' € X%l (y),w!, ... ,w? € X9 (y),Y1,..., V1 €
X(y). Let f € X%9(y) and kg € N*, kg < k. We have, using the multilinearity of F over
X%0(y), the definition of D; (3.89), and (3.91)

1 ko—1 k ko+1 k
(D F| (w s w0 o ot oy ,Yl,...,Yl)

1 ko—1 k ko+1 k
:—[F(w s w0 o rotd ,Yl,...,Ylﬂ

k
1 i—1 i i+l k
— Z fF(w,...,wZ ,thl,w”,...w,Yl,...,Yl)
i=1,iko

1 ko—1 ki ko+1 k
—F(w s W T Dy (fwh) Wt W ,Yl,...,Y})

l
_ZfF (w17"'awkayla"'7Y}717Dt}/ja}/j+1a"'7n)
j=1

[t ) i)

+ f[D,F] (wl,...,wk,Yl,...,Yl>
= f [D,F] (wl,...,wk,Yl,...,Yl) :

The same arguments apply if we replace Y, with fY,, for some [y < [. Thus, using [Leel9,
Lemma B.6], D;F € X%
Next, regarding (i), using the definition of Dy,

[D,fF] (wl,...,wk,Yh...,Yl> — Lftf] F(wl,...,wk,Yl,...,Yl)

+ f[DyF] (wl,...,wk,Yl,...,Y}) :
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thus proving (i). Moreover, we prove (ii). Let ki,l1,ko,lo € N and F € XFli(y), G €
Xk2l2 () Wl whitRe € X001 (y) Yy, Y 4, € X(Y). Setting

_ 1 k _ k1+1 k1+k
f=Fw'. . . W™ Y,..., V) and g = Gw™ ™ .o WM tR Y 0 Y ),
we have

Di(F & &) (', 2 Vi, Y, )

d
:&[fg]—

k1

1 i—1 i, it k
ZF(w,...,w , Dy’ w ,...,wl,YI,...,Yh)
i=1

1
+ ZF(wl,...,w’ﬂ,YI,...,19_1,Dth,Yj+1,...,Y,1) g
j=1

-f

ko

k1+1 k1 +i—1 ki+i |, kiti+l ky+k
ZG(wl yee e, W , Dyt ™ e, Wt QaYhHa--leﬁlz)
=1

l2
k1+1 k1+k
+ ZG (OJ ! yeee, W ! 271/11+17”'7Yi1+j717Dt)/ll+j7}/ll+j+17”-7}fll+l2)
j=1

= [DtF] (Wl,.. .,(,Ukl,}/l,.. . ,}/21) g+f[DtG] (Wk1+1,. . .,Wkl+k2,}/21+1,...,1/11+12)
= [D,F ® G+ F @ D,G] (wl,...,wkﬁkayl,...,ylﬁb) :

which proves (ii). Furthermore, to prove , let tg € I and (by)ieq1,.. ) be a basis of
Ty (1)©- Using and [Leel9, Theorem 4.32], define for any i € {1,...,d} and ¢ € I,

ei(t) =T}, ;bi,

where TZO,t denotes the parallel transport map along y from T, ;,)© to T, ;©. As the
parallel transport map is an isomorphism, (e;(t));eq1,...,q) is a basis of T,,;y©, for any ¢ € I.
Therefore the family of smooth vector fields (e;)ieq1,...4 is a parallel frame along y (with
respect to V). Denote (¢7);eq1,...ap its dual coframe. Using (3.90) on Y = e;,w = &/, for
any 7,7 € {1,... ,d}, shows that the coframe (¢7) ¢y, 4y is parallel along y. Note that for
(€i)ieq1,....ay and (&%) eq1,...qy to be well defined, we have used V, as well as the operator
D; on X(y) and X%!(y).

Let k,I € N* such that kg < k,lp <[, and let F' € XPl(y). There exist a family of
functions {Fijlly’.::;;i’ € X90(y) iy, ..., ik, g1, .55 € {1,...,d}} such that

d d k l
F= > 2 FIQen @
21,0t =17J1,...,71=1 A=1 O=1
Since the frame and its dual coframe are parallel along vy, for any i € {1,...,d} Die; =0

and D;e? = 0. Combining this fact with (i) and gives

d d k
DE= Y Y [GE] Qe @ (3.92)

i1tk =1 j1 et =1 A=1 D=1
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Let ko, lo € N* such that kg < k,lp < [, then by definition of Tr(, 1), for any iy, ..., ig—1,J1, . -

(,....d,
o d o i ‘
Tr(k(]’lo)(F)]l:”w]lfl — z : F]lvma]loflv $Jlgsendl—1 ' (393)

U1y bh—1 Ulseenslhog — 1Mk eyl —1
m=1

We remind the reader that Tr(z, ;,)(#) does not depend on the choice of coordinates [L.ec19,
Appendix B]. Thus, using (3.92) and (3.93), we have

d d k—1 -1
d ) . )
_ a Jseensdi—1 ‘ io
D] = %Y @] @ &
1yeeyl—1=1J1,...,J1—1=1 AN=1 O=1
d d d d . . . . k—1 -1
_ - ]17"'7]10717m7]l07""]171 . jD
= XX X R i Qs Qe
Uyetk—1=17J1,....J1—1=1m=1 A=1 U=1

= Tr(ky 1) (DeF)

thus proving
To prove , first for any f e x(0:0) (v), extendible in f, we have by composition and
definition of the covariant derivative, that for any ¢ € [0, 1],

(Af/dt)(t) = dfyry (V(1)) = Vi F(v(1)) - (3.94)

Also, using [Leel9, Theorem 4.24-(iii)] gives for any Y € X(y). Combining (3.91),
(3.90), its counterpart for tensor fields defined over a manifold [l.eel9, Proposition 4.15-
(a)] and over X(y), proves over X0V (y). Now, for any k,! € N, using over
%(y) and XV (y) combined with (3.89) and its counterpart for tensor fields defined over
a manifold [Lecl9, Equation (4.12)] gives over X5 ().

Finally, we address uniqueness. Suppose now that D, is an operator on Xkl (y) that
satisfies (a),(b),(i),(ii) and . First, and show that D; and D; coincide on x00(y)
and X(y). Second, for any Y € X(y),w € X%!(y), writing w(Y) = Tr,)(Y ® w) and
using gives

Diw = d[w(Y)]/dt — w(D;Y) = Dyw ,

using (3.90). Thus, D; and Dy also agree on X% (y). Therefore, the frame (ei)iequ,...,ay and
its dual coframe (Ej)j€{17._"d} are also parallel with respect to D; along y. Let F' € X5!(y),
then using (i) and shows that ( ) holds for the operator Dy, proving that D¢ F' = D¢ F.
This concludes the proof.

O

Lemma 3.28. Let M be a smooth manifold and V be a connection on TM. Let vy :
[0,1] — M be a smooth curve and denote Dy the covariant derivative operator along y
associated with V, defined in Proposition . Let F € XFl(y), wl, ... ,wh € X0(y) and
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Yi,.... Y, € X(y), with ko < k,ly <. Then, we have

Dt ([F . w®1:k° ® Y®1:l0]) = [DtF . w®1:k0 ® Y®1:l0]

+ Z[F : wBLED @ Dyt @ Wt @ v ]

— (3.95)

+ D [F w0 ® Yoy 1) @ DY) @ Y] -
j=1

Proof. Let F be a smooth (k,[)-tensor field along y. We show (3.95) by induction. Fol-
lowing the recursive definition of the contraction in (3.80), we prove it by induction on
ko € N*, kg < k, for any w?, ..., wko € X01(y).

The case kg = 1 follows from Proposition -(i1) and , combined with the defini-
tion in (3.80),

Dt [F : wl} = Dt T‘I‘(17l+1)(F®w1)

= Tr(1,141)(De[F @ w'])
=Tr(141)(DeF @ w' + F @ Dyw')

= {DtF : wl} + [F : thl} ,

where we have used the linearity of Tr. Now assume there exists kg € {1,...,k — 1} such
that ( ) holds for any smooth 1 forms w',...,w* and Iy = 0. Moreover, consider any
smooth 1 forms w?, ..., w* 1 Then, using the same arguments as for the case kg = 1 and

the induction hypothesis, we obtain

Dy [F : w0t D] =Dy Try ) ([F 1 w®0] @ whot1)
= Try 41) (Dt [F : w@l:ko} ® wk:o+1) +Tr ) ({F : w@l:ko} ® thkoJrl)
= Tr(1,41) ([DtF : w®1:k0} ® kaH) + {F : w®tko @ thkOH}

k
+ ZO: Tra i) ([F L w0 @ D' © w®("“):k°} ® w’m“)
- ko+1
= [DtF : (®L:(kot+1) } + Z [ Ww&L:(E—1) ®th ® w®H1): (k0+1)} .

Subsequently, using the recursive definition of the contraction in (3.87), we prove (3.95) by
induction on Iy € N*,ly <1 for any ky < k and any w',...,w" € X01(y). Let Y7 € X(y).
Then, using once again Proposition -(i1) and (iii), (3.87), and (3.95) in the case lp =0
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justified above, the case [y = 1 is proven as follows,

Dy [F : WOk YJ = Tr(k—ko+1,1) (Dt { [F : w®1:k°} ® Y1})

= T (ko1 1.0) ([DtF : w®1:’f0] ® YI) i [F L W®lhko g Dtyl]

k
+ ZO: Tr(k—ko—l—l,l) ([F : w®1:(i_1) X thi X w®(i+1):k°] ® Yl)
i=1

k
_ [DtF - W®Lko & Y1} + ZO {F L ®L(-1) Dy’ ® Wt Dko o YI}
i=1
+ [F L wBlHo DtYl] :

Furthermore, assume there exists lop € {1,...,l— 1} such that (3.95) holds for any ko < k,
any w!, ..., wh € XOY(y) and any Y3,...,Y;, € X(y). Let Y1,...,Y;,41 € X(y). Then
using the same arguments as for the case [p = 1 and the induction hypothesis, we obtain

Dy [F w0 g Y®1:(l0+1)}

= Tr(k—k0+1,1) (Dt { {F - W@k Y®1:lo} ® Yl()-H})

= Tr(k—ko+1,1) ({DtF ;w0 @ Y®1:lo} ® Yzo+1)

ko
+ Z Tr(k,k0+171) ({F . w@l:(lfl) ® thl ® w®(1+1)5k0 ® Y®1:l0] ® YiOJrl)
=1

lo
+ D Tr(hto1,1) ([F ;w0 @ Vo1 @ DY ® Y®<j+1>:zo} ® Ylo+1>
j=1

+ Tr(h—ko+1,1) ([F WO @ Y®1:l0] ® DtYlo+1)

ko
— [DtF . w®1:l~c0 ® Y®1:(l0+1)} + Z [F . w®1:(z—1) @Dy’ @ w®(1+1):k0 ® Y®1:(lo+1)}
=1
lo+1

+ [F w0 @ Y1) @ DY ® Y®(j+1)i(lo+1)] ’
j=1

which concludes the proof. O

Theorem 3.29. Let M be a smooth manifold and V be a connection on TM. Let vy :
[0,1] — M be a geodesic and Y : M — TM a smooth vector field. Then, for any t €
[0,1],n € N,

n

THY (v(t) = > (1" /k!) V¥V, ) (7(0), ..., ¥(0))
ko0

t (3.96)
+ /0 [(t — )" /TN, 0™ 1Y, (7(5), . ¥(s)) ds
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where TZO 1 TyiyM = Ty ()M is the parallel transport map along vy, and the (1, ko)-tensor
field V*oY s the total derivative of order kg of the (1,0)-tensor field Y.

For a definition of the total covariant derivative, see [Leel9, Proposition 4.15]. Also,
in (3.96), remark that even though vy is only a vector field along vy, and not a vector field,
the value of a vector field VxY evaluated at 8 € M only depends on X (6) and on values
of Y along smooth curves c : [0,1] — M satisfying ¢(0) = 0 and ¢(0) = X(6); by [Leel9,
Proposition 4.26]. Therefore the expression VkOYy(t) (v(t),...,v(t)) in Theorem is
well defined for any ko € N, t € [0, 1].

Proof. Consider % : [0,1] — M the smooth vector field along y and the function ¢ :
[0,1] = Ty(yM defined by

V=Yoyand p:t— T} V(). (3.97)

Then we check by induction on n € N* that ¢ is n-times differentiable with derivative of or-
der n given for any ¢ € [0, 1] by ¢ (t) = T} [Dr9/(t)] and DPV(t) = V'Y iy (V(1), ..., V(1)),
where D; is the covariant derivative operator along y with respect to the connection V,
defined in Proposition

First, the case n = 1 is a direct application of [Leel9, Theorem 4.34, Theorem 4.24]
since Y is an extension of 9. Assume now that the property holds for n € N*. Then, for
any to,t € [0,1],t # to, we have

[0 (t) = ¢ (k)| / (t = t0) = T} [T, DFV(t) = DFV(t0)] /(t — to) -

Now [Leel9, Theorem 4.34] ensures that the limit of the quantity above exists when t — ¢
and in addition this limit is

" (t) = T DI V(to) |

which shows that ¢ is n + 1 times differentiable on [0,1]. We now show that for any
te[0,1], Dil(t) = VY, iy (Y(£), ..., ¥(t)). Using Lemma on the smooth (1,n)-
tensor field along v F' = (V"Y) oy, taking ky = 0 and n times the vector field v, we
have

Di[F:y® - @Y]=[DiF:y®--®@7],

since Dyy = 0 because 7y is a geodesic. Also, by ( )y [DiF i y®---@Y] = DiF(v,...,7).
Finally, as V™Y is an extension of I, using the induction hypothesis and the definition of
the total derivative give for any t € [0, 1],

Dy V() = DoF (V... ¥) (1) = Vi (V'Y )y (V(8), -, ¥ (1)
= (V" )y (1), -7 (1)
concluding the induction.

Finally, ( ) is simply a consequence of Taylor’s formula with integral remainder of
the vectorial valued function ¢ identifying T, )M with R4, O
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Proposition 3.30. Let M be a smooth manifold, V be a symmetric connection defined
over the smooth vector fields of M. For any smooth function f : M — R and any local
coordinates (ui)ie{l,...,d}7 we have

d d d
VHess f = Z {Bi’ijf — Z [Féjal%lf+rgﬂia?lf+réﬁja?l } - Z L7 Om f
ij. k=1 I=1 m=1
d , .
+ > [TlT3 + LT O f § du' @ do/ @ du®
I,m=1

where (F%)i,j,ke{l,...,d} are the Christoffel symbols in these lqcal coordinates, the local frame
and its dual coframe are denoted by (Ou;)icqi,... .y and (dw)jeqi,.. a)-

Proof. Let (u;)ieq1,...qy be local coordinates. By [Leel9, Example 4.22], in this chart, we
have

d d
Hess f = Z Fijdui@)duj ,where for any ¢,j € {1,...,d}, Fj; = ijf— Z L7 O0mf
i,j=1 m=1

(3.98)
Applying [Leel9, Proposition 4.18] on Hess f, we obtain that VHess f = ZgM:l Gijrdu'®
du? ® du®, where for any i, 4,k € {1,...,d},

d
Gije = OcFij — (FgejFil + Fém‘Flj) :
=1

Expanding the expression above using ( ) gives for any i,7,k € {1,...,d},
d d d
Gijk =05 f — Y (51<;T§?5mf+r§?51§mf> -3 Ty, (@%f - > Iy mf>
m=1 =1 m=1

d d
> T (a?jf -S>y mf> :
=1 m=1

The desired result is obtained by reordering this equation, which concludes the proof. [J
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CHAPTER 4

Optimal Scaling Results for a Wide Class of Prox-
imal MALA Algorithms

FRANCESCA R. CRUCINIO', ALAIN DURMUS’, PABLO JIMENEZ?, GARETH O.
ROBERTS

We consider a recently proposed class of MCMC methods which uses proximity maps
instead of gradients to build proposal mechanisms which can be employed for both differ-
entiable and non-differentiable targets. These methods have been shown to be stable for a
wide class of targets, making them a valuable alternative to Metropolis-adjusted Langevin
algorithms (MALA); and have found wide application in imaging contexts. The wider
stability properties are obtained by building the Moreau-Yoshida envelope for the target
of interest, which depends on a parameter A. In this work, we investigate the optimal scal-
ing problem for this class of algorithms, which encompasses MALA, and provide practical
guidelines for the implementation of these methods.
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4.1. Introduction

4.1 Introduction

Gradient-based Markov chain Monte Carlo (MCMC) methods have proved to be very
successful at sampling from high-dimensional target distributions [Bro-+11]. The key to
their success is that in many cases their mixing time appears to be better than their
competitor algorithms which do not use gradient information (see for example [RRI8D]),
while their implementation has similar computational cost. Indeed, gradients of target
densities can often be computed with computational complexity (in dimension d) which
scales no worse than evaluation of the target density itself.

Gradient-based MCMC methods are mainly motivated from stochastic processes con-
structed to have the target density as limiting distribution [BFR19; BVDI8; MCFEF15;
VSS21]. Our analysis will concentrate on Metropolis Adjusted Langevin Algorithm (MALA)
and its proximal variants which are based on the Langevin diffusion

Vlogm(Ly)

dL, = dB, + dt (4.1)

where 7 denotes the target density with respect to the Lebesgue measure and (By)i>0
a standard Brownian motion. It is well-known that under appropriate conditions, (1.1)
defines a continuous-time Markov process associated with a Markov semigroup which is
reversible with respect to w. From this observation, it has been suggested to use a Euler-
Maruyama (EM) approximation of (4.1). This scheme has been popularized in statistics
by [GM94b] and referred to as the Unadjusted Langevin Algorithm (ULA)in [RT96¢]. Due
to the time-discretization, ULA does not have 7 as stationary distribution. To address
this problem, [RDEF78] and independently Besag in his contribution to [GM94b] proposed
to add a Metropolis acceptance step at each iteration of the EM scheme, leading to the
Metropolis Adjusted Langevin Algorithm (MALA) following [RT96¢] who also derive basic
stability analysis. The accept/reject step in this algorithm confers two significant advan-
tages: it ensures that the resulting algorithm has exactly the correct invariant distribution,
while step sizes can be chosen larger than in the unadjusted case as there is not need to
make the step size small to reduce discretization error. On the other hand, MALA al-
gorithms are typically hard to analyze theoretically (see e.g. [BHI13; DM22; Dwi+18]).
However, [RR98D] (see also [BRS09; PST12]) have established that MALA has better con-
vergence properties than the Random Walk Metropolis (RWM) algorithm with respect to
the dimension d from an optimal scaling perspective (see also [RGGI7h]).

Whereas gradient-based methods have been successively applied and offer interesting
features, they are typically less robust than their vanilla alternatives (for example see
[RT96¢]); while intuition suggests, and existing underpinning theory requires, that tar-
get densities need to be sufficiently smooth for the gradients to be aiding Markov chain
convergence. Moreover, while gradient-based MCMC have been successful for smooth
densities, there is no reason to believe that they should be effective for densities which are
not differentiable at a subset X C R?. For non-smooth densities, [Per16] proposes modified
gradient-based algorithms. Their proposed P-MALA algorithm is inspired by the proxi-
mal algorithms popular in the optimization literature (e.g. [PB14]). The main idea is to
approximate the (possibly non differentiable but) log-concave target density m o« exp(—G)
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by substituting the potential G with its Moreau-Yoshida envelope G* (see (4.3) below for
its definition), to obtain a distribution 7* whose level of smoothness is controlled by the
proximal parameter A > 0. Given this smooth approximation to 7 one can then build
proposals based on time discretizations of the Langevin diffusion targeting 7 [DMP18;
Perl16]:
o2
Er1 =&k — ?VGA(&) + 02kt (4.2)

where 02 > 0 is a fixed stepsize and (Zp)ren+ is a sequence of i.i.d. zero-mean Gaussian
random variables with identity covariance matrix. Our aims in this paper are broadly
to provide theoretical underpinning for a slightly larger family of prozimal MALA algo-
rithms, analyze how these methods scale with dimension, and to give insights and practical
guidance into how they should be implemented supported by the theory we establish.

Proximal optimization and MCMC methods proved to be particularly well-suited for
image estimation, where penalties involving the sparsity inducing norms are common
[DMP18; Perl6; VDC19]. Similar targets are also common in sparse regression contexts
[Atclh; GSS21; ZCZ22]. In these situations, the set of non-differentiability points for the
target density 7 is a null set for the Lebesgue measure, and, following [Dur+17], we shall
focus on this case. However, in contrast to the conclusions of [Dur+17] for RWM, we shall
demonstrate that optimal scaling of proximal MALA may be affected by non-smoothness.

More precisely, in this work, we first extend the results of [Pil22] and consider a wider
range of proximal MALA algorithms, as well as a wider class of finite dimensional target
distributions. We let both the steps size ¢? and the regularization parameter A depend
on the dimension d of the target and find that the scaling properties of proximal MALA
depend on the relative speed at which A and o converge to 0 as d — oco. We start by
considering a class of sufficiently differentiable target distributions « to which MALA can
also be applied, to allow direct comparison between MALA and proximal MALA and
thus between a gradient-based method and one which approximates the gradient through
proximal operators. When X\ goes to 0 at least as fast as o2, we find that the scaling
properties of proximal MALA are equivalent to those of MALA (i.e. o2 should decay as
d~1/3; see Theorem 4.1-(b), Theorem .1 ); when A converges to 0 more slowly than
o2, proximal MALA is less efficient than MALA with o2 decaying as d—1/2 (Theorem /.1—

). As in some cases the proximal operator for a given distribution 7 is cheaper to
compute than Vlogn [CP11; PB14; Perl6], we anticipate that proximal MALA with an
appropriately tuned A\ might provide a cheaper alternative to MALA retaining similar
scaling properties.

We then turn to the optimal scaling of proximal MALA applied to the Laplace distri-
bution 7(z) o e~1*l. We focus on this particular non-smooth target since it is the most
widely used in applications of proximal MALA, including image deconvolution [DNMP18;
Perl6; VDC19], LASSO, and sparse regression [Atcl5; GSS21; ZC722]. We establish that
non-differentiability of the target even at one point leads to a different optimal scaling than
MALA. In particular, the step size has to scale as d~2/3 and not as d—1/3 (Theorem 4.4).

This appears to be a new optimal scaling for Metropolis MCMC algorithms which is
between the one of RWM and MALA. From the conclusion for smooth target distributions,
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we restrict our study to the choice of A going to 0 at least as fast as o2.

The proof of the result for the differentiable case extends that of [RRI8b] for MALA,
while the structure of the proof for the Laplace target is similar to that of [Dur+17] and
constitutes the main element of novelty in this paper. As a special case of the result
for the Laplace distribution, we also obtain the optimal scaling for MALA on Laplace
targets. We point out that the strategy adopted in the proof of this result is not unique
to the Laplace distribution, and could be applied to other distributions provided that the
required integrals can be obtained.

To sum up, our main contributions are:

1) We extend the result of [Pil22] beyond the Gaussian case, covering all finite dimensional
(sufficiently) differentiable targets, and show that, in some cases, proximal MALA affords
the same scaling properties of MALA if the proximal parameter A is chosen appropriately.
2) Motivated by applications in imaging and sparse regression applications, we study the
scaling of proximal MALA methods for the Laplace target, and show that for values of A
decaying sufficiently fast, the optimal scaling of proximal MALA, i.e. the choice for o2, is
different from the one for MALA on differentiable targets and is of order d—2/3.

3) We use the insights obtained with the aforementioned results to provide practical guide-
lines for the selection of the proximal parameter A.

Organization of the paper The paper is structured as follows. In Section , We
rigorously introduce the class of proximal MALA algorithms that are studied and discuss
related works on optimal scaling for MCMC algorithms. In Section we state the main
result for differentiable targets, showing that the scaling properties of proximal MALA
depend on the relative speed at which A goes to 0 with respect to o. In Section we
obtain a scaling limit for proximal MALA when « is a Laplace distribution, as a special
case of our result we also obtain the scaling properties of a sub-gradient version of MALA
for this target. We collect in Section the main practical takeaways from these results
and discuss possible extensions in Section 4.5. Finally, in Section we prove the result
for the Laplace distribution. The proof of the result for differentiable targets is postponed
to Appendix

4.2 Proximal MALA Algorithms

We now introduce the general class of proximal MALA algorithms, first studied in [Perl16].
This class of algorithms aims at sampling from a density with respect to the Lebesgue
measure on R? of the form 7(z) = exp(—G(z))/ [ra exp(—G(&))dZ, with G satisfying the
following assumption

A18. The function G : R — R is convez, proper and lower semi-continuous.

The main idea behind proximal MALA is to approximate the (possibly non differ-
entiable) target density m by approximating the potential G with its Moreau-Yoshida
envelope G : R* — R defined for A > 0 by

G(w) = min[G(u) + lu o] /(2] (4.3)
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Since G is supposed to be convex, by [RW98, Theorem 2.26], the Moreau-Yoshida envelope
is well-defined, convex and continuously differentiable with

VG x) = Az — prox(z)), proxy(x) = arg min [G(u) + |lu — x||* /(2\)] . (4.4)

ucRd

The proximity operator x > prox)é(a:) behaves similarly to a gradient mapping and
moves points in the direction of the minimizers of G. In the limit A — 0 the quadratic
penalty dominates (/.1) and the proximity operator coincides with the identity operator,
i.e. prox)(x) = x; in the limit A — oo, the quadratic penalty term vanishes and (1.1)
maps all points to the set of minimizers of G.

It was shown in [DMP18, Proposition 1] that, under A 18, [qqexp(—G*(z))dz < oo,
and therefore the probability density 7* oc exp(—G?) is well-defined. In addition, it has
been shown that |7 — 7*||ty — 0 as A — 0. Based on this observation and since as we
have emphasized 7 is now continuously differentiable, it has been suggested in [DMP18;
Perl6] to use the discretization of the Langevin diffusion associated with 7 given by
(1.2), which can be rewritten using (4.1) as

2 2

g g
Eht1 = (1 - 2)\> &+ 2N proxey (&) + 0 Zjt1 - (4.5)

Similarly to other MCMC methods based on discretizations of the Langevin diffusion
(e.g. [RT96c]), one can build unadjusted schemes which target 7, expecting draws from
these schemes to be close to draws from 7 for small enough A, or add a Metropolis-
Hastings step to ensure that the resulting algorithm targets m. Unadjusted proximal
MCMC methods have been analyzed in [DMP18]; in this paper we focus on Metropolis
adjusted proximal MCMC methods and study their scaling properties. More precisely,
at each step k and given the current state of the Markov chain Xj, a candidate Yy is
generated from the transition density associated to (1.5), (z,y) — q(x,y) = @(y;[1 —
02 /(20| + o2 prox(y () /2A, 02 14), where (- ;u, ) stands for the d-dimension Gaussian
density with mean w and covariance matrix 3. Given Xy and Yxy1, Then, the next state
is set as:

(Vg 1)q(Yey1, X)
T(Xe)q( Xk, Yer1)

X1 = Yip1brp1 + Xp(1=bpyq) ,bryr = 1Ig, ( N1 — Uk+1) , (4.6)

where (U;)ien+ is a sequence of i.i.d. uniform random variables on [0, 1].

The value of A characterizes how close the distribution 7 is to the original target m
and therefore how good the proposal is. Small values of A provide better approximations
to m and therefore better proposals (see [DMP 18, Proposition 1]), while larger values of A
provide higher levels of smoothing for non-differentiable distributions (see [Perl6, Figure
1]). In the case A = 02?/2 we obtain the special case of proximal MALA referred to as
P-MALA in [Perl6].

The main contribution of this paper is to analyze the optimal scaling for proximal

MALA defined by (1.6).
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Optimal scaling and related works We briefly summarize here some examples of
MCMC algorithms and their optimal scaling results; a full review is out of the scope of
this paper and we only mention algorithms to which we will compare proximal MALA in
the development of this work.

Popular examples of Metropolis MCMC are RWM and MALA. RWM uses as a proposal
the transition density (z,y) — ¢(y ;x,0%1;), where 02 > 0. The MALA scheme uses
as proposal (z,y) — ¢(y ;x + (02/2)Viog nn(x), 02 1). As we will show in Section ,
proximal MALA can be considered as an extension of MALA.

A natural question to address when implementing Metropolis adjusted algorithms is
how to set the parameter o2 (variance parameter for RWM, step size parameter for MALA)
to maximize the efficiency of the algorithm. Small values of o2 result in higher acceptance
probability and cause sticky behaviour, while large values of o2 result in a high number
of rejections with the chain (Xj)g>o moving slowly [RR+01]. Optimal scaling studies
aim to address this question by investigating how ¢? should behave with respect to the
dimension d of the support of 7 in the high dimensional setting d — 0o, to obtain the best
compromise.

The standard optimal scaling set-up considers the case of d-dimensional targets my
which are product form, i.e.

Wd(acd) = Hw(a:f) , (4.7)

where x;-i stands for the i-th component of ¢ and 7 is a one-dimensional probability
density with respect to the Lebesgue measure. Under appropriate assumptions on the
regularity of 7, and assuming that the MCMC algorithm is initialized at stationarity, the
optimal value of o2 scales as £2/d>* with £ > 0, 2a = 1 for RWM [RCG97b] and 200 = 1/3
for MALA [RRI8b].

By setting « to these values, it is then possible to show that each as d — oo each 1-
dimensional component of the Markov chain defined by RWM and MALA, appropriately
rescaled in time, converges to the Langevin diffusion

dL, = h(0)Y/?dB, — h(j)[log ) (x)dt ,

where (B;)¢>0 is a standard Brownian motion and h(¢), referred to as speed function of the
diffusion, is a function of the parameter £ > 0 that we may tune. Indeed, it is well-known
that (Lpe))e>0 is a solution of the Langevin diffusion (41.1). As a result, we may identify
the values of ¢ maximizing h(¢) for the algorithms at hand to approximate the fastest
version of the Langevin diffusion. The optimal values for ¢ results in an optimal average
acceptance probability of 0.234 for RWM and 0.574 for MALA.

The scaling properties allow to get an intuition of the efficiency of the corresponding
algorithms: RWM requires O(d) steps to achieve convergence on a d-dimensional target,
i.e. its efficiency is O(d~'), while MALA has efficiency O(d~'/3). While these results are
asymptotic in d, the insights obtained by considering the limit case d — oo prove to be
useful in practice [RR+01].
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In the context of non-smooth and even discontinuous target distributions, studying the
simpler RWM algorithm applied to a class of distributions on compact intervals, [NRO;
NRY+12] show that the lack of smoothness affects the optimal scaling of RWM with
respect to dimension d. More precisely, they show that for a class of discontinuous densities
which includes the uniform distribution on [0, 1], the optimal scaling of RWM is of order
O(d=?). On the other hand, in the case where the set of non-differentiability X of 7 is
a null set with respect to the Lebesgue measure, [Dur+17] shows that under appropriate
conditions, including L” differentiability, the optimal scaling of RWM is of order O(d~!)
still.

The scaling properties of proximal MALA have been partially investigated in [Pil22],
which shows that P-MALA, obtained when A\ = ¢%/2, has the same scaling properties of
MALA for the finite dimensional Gaussian density and for a class of infinite dimensional
target measures (Theorem 2.1 and Theorem 5.1 therein, respectively).

4.3 Optimal scaling of Proximal MALA

We consider the same set up of [RR98b] and briefly recalled above. Given a real-valued
function g : R — R satisfying A18 we consider the i.i.d. d-dimensional target specified
by (4.7) with

7(2) ox exp(—g(x)) - (48)
Since for any x¢, G(x?) = Y%, g(z%), we have by [PB14, Section 2.1]
proxy(z?) = (proxg‘(:ccll), e ,proxg‘ ()T .

It follows that the distribution of the proposal with target 7y in (4.7)-(41.8) is also product
form gg(x¢, y?) = [14, ¢(=¢, y¢) with

d_(1—02/(2X))z%—o2 prox) (z4)/(2A 2
o0 ) = by oxp (WU O e )

and A > 0. For any dimension d € N*, we denote by (X{)gen the Markov chain defined
by the Metropolis recursion (1.6) with target distribution 74 and proposal density g; and
associated to the sequence of candidate moves

2 2

ka+1 = <1 — ;)\) X]‘Ci + (27—)\ proxé‘;(Xg) + UZg+1 . (4.9)

As mentioned in the introduction, the focus of this work is on investigating the optimal
dependence of the proposal variance ¢ on the dimension d of the target m. In this
section, we make the dependence of the proposal variance on the dimension explicit and let
03 = (2 /d?>* and \g = ¢?/2d?® for some a, f > 0 and some constants c, £ independent on d.
Thus, we can write Ag as a function of o4, Ay = ngr/Q, where we defined r = ¢2 /2™ > 0
and m = /a. By writing A4 as a function of o4 we can decouple the effect of the constants
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¢, ¢ from that of the dependence on d (i.e. «, 3). The value of m controls the relative speed
at which o4 and Ay converge to 0 as d — oo, when m = 1, o4 and Ay decay to 0 at the
same rate, for m > 1 the decay of )y is faster than that of o4 and for m < 1 the decay
of A4 is slower than that of 04. The parameter r allows to refine the comparison between
oq and Ag as 8 = «a. In the case m = 1,7 = 1 we get the P-MALA algorithm studied
in [Perl6; Pil22], while for all other values of r,m we have a family of proposals whose
behaviour depends on r and m.

4.3.1 Differentiable targets

We start with the case where 7 is continuously differentiable. Since MALA can be applied
to this class of targets, the results obtained in this section allow direct comparison of
proximal MALA algorithms with MALA and thus between gradient-based algorithms
(MALA) and algorithms that use proximal operator-based approximations of the gradient
(proximal MALA). If G = —log7 is continuously differentiable, using [BC11, Corollary
17.6], proxp(x) = —AVG(prox(x)) + x, and (1.5) reduces to

2
o1 = & — %va(proxg(gk)) + 0k . (4.10)

Hence, the value of A controls how close to & is the point at which the gradient is evaluated.
For A — 0, the proximal MALA proposal becomes arbitrarily close to that of MALA, while,
as A increases (4.10) moves away from MALA.

Our main result, Theorem below, shows that the relative speed of decay (i.e.
m) influences the optimal scaling of the resulting proximal MALA algorithm, while the
constant r influences the speed function of the limiting diffusion.

We make the following assumptions on the regularity of g.

A19. g is a C®-function whose derivatives are bounded by some polynomial: there exists
ko € N such that

sup max_[g%(2)/(1+ |z[*)] < oo .
zeR 1€40,...,8}
Note that under A 15 and A19, [DMP18, Lemma A.1] implies that [z 2 exp(—g(z))dz <

oo for any £ € N. We also assume that the sequence of proximal MALA algorithms is
initialized at stationarity.

A 20. For any d € N*, X§ has distribution 7.

The assumptions above closely resemble those of [RR98b] used to obtain the optimal
scaling results for MALA. In particular, A19 ensures that we can approximate the log-
acceptance ratio in (41.0) with a Taylor expansion, while A 20 avoids technical complications
due to the transient phase of the algorithm. We discuss how the latter assumption could
be relaxed in Section

For technical reasons, and to allow direct comparisons with the results established in
[RR98b] for MALA, we will also consider the following regularity assumption
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A 21. The function ¢’ is Lipschitz continuous.

We denote by L¢ the linear interpolation of the first component of the discrete time
Markov chain (X{)g>0 obtained with the generic proximal MALA algorithm described
above

Lf = ([d2] = &) XL payy 1 + (Pt = | d2t) X payy (4.11)

where [-] and [-] denote the lower and upper integer part functions, respectively, and
denote by X ,il the first component of X{Z. The following result shows that in the limit

d — oo the properties of proximal MALA depend on the relative speed at which afl =
0% /d?* and Ay = ¢?/2d*P converge to 0. Recall that we set r = ¢2/£2™ > 0 and under A20),
consider for any d € N*|

7rcl(Yld)Clcl(Y1d7 X(C)l)

A1l
7Td()((?)g%l()((C)l’ Yld)

aq(,r) =E l (4.12)

Theorem 4.1. Assume A5, A19 and A20. For any d € N*, let 02 = (?/d** and
Ag = 02/2d25 with «, B > 0. Then, the following statements hold.

(a) Ifa=1/4, 3=1/8 andr > 0, we have limg_, y oo ag((,r) = 2® (—(2K1(r)/2), where
® is the distribution function of a standard normal and

K30) = e [l g e}

If in addition, A21 holds.

(b) Ifa =1/6, 3=1/6 and r > 0, we have limy_, o aq(l,r) = 2@ (—L3K5(r)/2), where
® is the distribution function of a standard normal and

K3(r) = <; + 4) E [{g"(x8)g' (X611 + (116 + ’8") E " (X8,)°]
B o)

(c) Ifa=1/6, 8> 1/6 andr > 0, we have limy_,  « aq({,7) = 2® (=3 K2(0)/2), where
® is the distribution function of a standard normal.

In addition, in all these cases, as d — oo the process (Lf)tzo converges weakly to the
Langevin diffusion

dL; = h(0,7)"/?dB; — h(g’r)g'(x)dt : (4.13)
where (Byt)i>o denotes standard Brownian motion and h(f,r) = (2a(¢,r) is the speed of the
diffusion, setting a(€,r) =limg_oo ag(l, 7). Ifa=1/4, B =1/8, for anyr >0, £ +— h({,r)
is mazimized at the unique value of £ such that a(f,r) = 0.452; while if « = 1/6, f =m/6
with m > 1 and r > 0, £ — h({,r) is mazimized at the unique value of ¢ such that
a(l,r) =0.574.
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Proof. The proof follows that of [RR98b, Theorem 1, Theorem 2] and is postponed to
Appendix 4.7. O

The theorem above shows that the relative speed at which A\; converges to 0 influences
the scaling of the resulting proximal algorithm. In case (¢), m > 1 and Ay decays with d at
a faster rate than 0. This causes the proximity map (4.1) to collapse onto the identity and
therefore the proposal ( ) is arbitrarily close to that of MALA. The resulting scaling
limit also coincides with that of MALA established in [RR98b, Theorem 1, Theorem 2].

If Ay and o2 decay at the same rate (case (b)), the amount of gradient information

provided by the proximity map is controlled by . Comparing our result for case with
[RR98b, Theorem 1] we find that
1 d 5 d
K3(0) = EE [g//(XO,l)S} + @E [Qlll(Xo,l)Q} = K¥ALA;

thus, we have

r 7‘2 r
K3(r) = K3(0) + (8 + 4> E [{g" (X809 (X5)2] + B |¢"(XE)°)
r 7’2

r
= Kijara + <8 + 4> E {{QN(X(C){DQ,(X&)}Q} + gE {g”(Xg,l)ﬂ > KZALA »
since the convexity of g implies that g” > 0. In particular, K2(r) is an increasing function
of r achieving its minimum when r — 0 (i.e. MALA), see Figure 1.1(a).

In case , m = 1/2 and Ay decays more slowly than 03. As a consequence, the
gradient information provided by the proximity map is smaller than in cases (b)—(c), and

the resulting scaling differs from that of MALA. The value of K%(r) is increasing in » and

the speed of the corresponding diffusion also depends on 7 (see Figure 1.1(a) gray lines
and Figure 1.1(b)).

Example 4.2 (Gaussian target). Take g(z) = 2%/2, prox$(z) = x/(1 + A). In this case,
g’ is Lipschitz continuous and we have Ki(r) = r?/4, K3(r) = (1 +4r +4r%) /16 and
K3(0) = K3,4,4 = 1/16. The corresponding speeds are given in Figure /.1(a). Optimizing
form=1,r=0 (MALA) and m =1,r =1 (P-MALA) we obtain

RMALA(p 1) = 1.5639, hE-MALA(p 1) = 0.7519,

achieved with (MALA = 16503 and ¢F-MALA = 11443, respectively. For Gaussian targets,
MALA is geometrically ergodic [DM22], and therefore the optimal choice in terms of speed
of convergence is MALA which is obtained for r = 0. The result forr =1 and m =1 are
also given in [Pil22, Theorem 2.1].

Example 4.3 (Target with light tails). Take g(x) = 2*, which gives a normalized distri-
bution with normalizing constant 2I'(5/4). The proximity map is

1 [{oxee + VEINR2 4 308 1

A
prox; (z) 573 -
2 32/ §/27320 + 3v/BANT2Z + 33

9
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Speed

Speed
L]

(a) Gaussian target (b) Light tail target

Figure 4.1: Value of K for ¢ = 1,2 and speed of the corresponding Langevin diffusion as a function
of r for a Gaussian target and a light tail target. We denote by h; the speed obtained in case (a),
by ho that obtained in . In case both K3 and the speed hg are constant w.r.t. r and coincide
with that of MALA. For the Gaussian target we report the results for case (a)—(c) while for the
light tail target we only report

In this case ¢’ is not Lipschitz continuous and therefore we only consider (a), for which we
have K?(r) = 144r2T'(11/4)/T(5/4). The corresponding speed is given in Figure /.1(b).

4.3.2 Laplace target

As discussed in the introduction, proximal MALA has been widely used to quantify un-
certainty in imaging applications, in which target distributions involving the ¢! norm are
particularly common [Agr+21; DMP18; Perl6; ZCZ22].

Here, we consider 75 to be the product of d i.i.d. Laplace distributions as in (1.7),

d
7 (x?) = H i (xd), for 2% € RY, where n¥(z) = 2 L exp(—|z|) . (4.14)
i=1

For this particular choice of one-dimensional target distribution, the corresponding po-
tential G is ¢ — |x| and satisfies A18. Then, the proximity map is given by the soft
thresholding operator [PB14, Section 6.1.3]

proxy(z) = (x — sgn(x)A\)1{|z| > A}, (4.15)

where sgn : R — {—1,1} is the sign function, given by sgn(x) = —1 if z < 0, sgn(0) = 0,
and sgn(x) = 1 otherwise. This operator is a continuous but not continuously differentiable
map whose non-differentiability points are the extrema of the interval [—A, ] and are
controlled by the value of the proximity parameter \.
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Plugging ( ) in (1.9), the proximal MALA algorithm applied to 715 proposes
component-wise for i = 1,...,d

O'2 0'2
ka+1,i = Xli:l,z' - ?d sgn(X,f’i)]l{|X,f’i| > A} — T)iin(ci,iﬂﬂXg,i‘ <A} + Ung—&—l,i . (4.16)

For X,‘ii close to 0 (i.e. the point of non-differentiability) the proximal MALA proposal
is a biased random walk around Xgﬂ-, while outside the region [—\g4, \g] the proposal
coincides with that of MALA. As Ay — 0 the region in which the proximal MALA proposal
coincide with that of MALA increases and when \; &~ 0 the region [—\g4, Ag] in which the
proposal corresponds to a biased random walk is negligible, as confirmed by the asymptotic
acceptance rate in Theorem

We also consider the case \y = 0 for any d. Then, the proposal ( ) becomes the
proposal for the subgradient version of MALA: ka+1,i = X,‘ii —(02/2) Sgn(X,‘il-) +adZ,‘€i+U,
referred to as sG-MALA.

The proof of the optimal scaling for the Laplace distribution follows the structure of
that of [Dur+17] for LP-mean differentiable distributions. We start by characterizing the
asymptotic acceptance ratio of a generic proximal MALA algorithm; contrary to Theo-
rem for differentiable targets, in the limit d — oo the properties of proximal MALA do
not depend on the relative speed at which o = ¢2/d** and \; = %/ 2d%8 converge to 0, as
long as \g decays at least at the same rate as 03. In this regime, the region in which the
proposal ( ) corresponds to a biased random walk proposal is negligible, and therefore
we obtain the same scaling obtained with Ay = 0 and corresponding to sG-MALA.

Theorem 4.4. Assume A20 and consider the sequence of target distributions {Wl‘l‘}deN*
given in (1.11). For any d € N*, let 03 = (2/d** and \q = ¢*/2d** with o« = 1/3 and
B =m/3 form > 1. Then, we have limy_,o ag(¢,7) = a*(£) = 20(—¢3/2/(72m)'/4), where
(aq(€,7))agen= is defined in (4.12), with r = c2/€*™, and ® is the distribution function of
a standard normal.

Proof. The proof is postponed to Section . O

Theorem shows that the asymptotic average acceptance rate a(¢) does not depend
on r and as a result on c.

Having identified the possible scaling for proximal MALA with Laplace target, we are
now ready to show weak convergence to the appropriate Langevin diffusion. To this end,
we adapt the proof strategy followed in [JLM14] and [Dur-+17].

As for the differentiable case, consider the linear interpolation (L{);>q of the first
component of the Markov chain (X{);>o given in (1.11). For any d € N*, denote by
vq the law of the process (L{);>o on the space of continuous functions from Ry to R,
C(R™,R), endowed with the topology of uniform convergence over compact sets and its
corresponding o-field. We first show that the sequence (v4)g4en+, admits a weak limit point
as d — oo.

Proposition 4.5. Assume A20 and consider the sequence of target distributions {W(If}deN*
given in (1.11). For any d € N*, let 02 = (2/d** and \q = */2d** with a« = 1/3 and
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B =m/3. The sequence (vq)aen+ is tight in M! (C(R*,R)), the set of probability measures
acting on C(RT,R).

Proof. See Section . O

By Prokhorov’s theorem, the tightness of (v4)4en+ implies existence of a weak limit
point v. In our next result, we give a sufficient condition to show that any limit point of
(vq)dgen+ coincides with the law of a solution of:

dL; = [R"(0)]?2dB, — hLQ(e) sgn(L;)dt . (4.17)

To this end, we consider the martingale problem (see [SV79]) associated with (1.17),
that we now present. Let us denote by C2°(R,R) the subset of functions of C(R, R) which
are infinitely many times differentiable and with compact support, and define the generator
of (4.17) for Ve C°(R,R) by

_ WMo
T2
Denote by (W})¢>o the canonical process on C(R4,R), W; : {ws}s>0 — w; and the cor-
responding filtration by (§¢)t>0. A probability measure v is said to solve the martingale

problem associated with ( ) with initial distribution 7, if the pushforward of v by W
is 7 and if for all V € C2(R,R), the process

LV (x) [V"(x) — sgn(z)V'(z)] . (4.18)

(Vv - viw) - /Ot LV (W) 0

is a martingale with respect to v and the filtration (§¢)¢>0. The following proposition

gives a sufficient condition to prove that v is a solution of the martingale problem:

Proposition 4.6. Suppose that for any V € C°(R,R), m € N, p : R™ — R bounded and
continuous, and for any 0 <t; < ... <t <s<t:

lim E“ [(V(Wt) _ V(W) — /: LV(Wu)du> p(Wi Wi )| =0

d—~+00

Then any limit point of (Vq)aen~ on MY (C(RT,R)) is a solution to the martingale problem
associated with (1.17).

Proof. See Section . O

Finally, we use this sufficient condition to establish that any limit point of (vg)g4en+ is
a solution of the martingale problem for (4.17). Uniqueness in law of solutions of (4.17)
allows to conclude that (L{);>o converges weakly to the Langevin diffusion (4.17), which
establishes our main result.

Theorem 4.7. The sequence of processes {(L{);>0 : d € N*} converges in distribution
towards (Lt)i>0, solution of (1.17) as d — oo, with h*(¢) = (?a“(¢) and av defined in
Theorem /.. In addition, h™ is mazimized at the unique value of £ such that a*(¢) = 0.360.

Proof. See Section . O
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4.4 Practical Implications and Numerical Simulations

The optimal scaling results in Sections and provide some guidance on the
choice of the parameters o and A\ of proximal MALA algorithms, suggesting that smaller
values of A\ provide better efficiency in terms of number of steps necessary to convergence
(Theorem 4.1).

However, a number of other factors must be taken into account. First, as shown in
[JRO7; MT96; RT96b; RT96¢] the convergence properties of Metropolis adjusted algo-
rithms are influenced by the shape of the target distribution and, in particular, by its
tail behavior. Secondly, when comparing proximal MALA algorithms with gradient-based
methods (e.g. MALA) one must take into account the cost of obtaining the gradients,
whether this comes from automatic differentiation algorithms or from evaluating a po-
tentially complicated gradient function. On the other hand, proximity mappings can be
quickly found or approximated solving convex optimization problems which have been
widely studied in the convex optimization literature (e.g. [PB14, Chapter 6], [CP11] and
[Perl6, Section 3.2.3]).

In terms of convergence properties, we are usually interested in the family of distribu-
tions for which the discrete time Markov chain produced by our algorithm is geometrically
ergodic, together with the optimal scaling results briefly recalled in Section 4.2. Normally,
the ergodicity results are given by considering the one-dimensional class of distributions
E(B,~) introduced in [RT96¢] and defined for v > 0 and 0 < 8 < oo by

EB,y): {7? :R = [0,400) : m(x) oxx exp <—”y\x]f8> ,|z| > z¢ for some xy > 0} :

As observed by [1.Z22], there usually is a trade-off between ergodicity and optimal scaling
results, algorithms providing better optimal scaling results tend to be geometrically ergodic
for a smaller set of targets (e.g. MALA w.r.t. RWM).

As suggested by Theorem 4.1, the scaling properties of proximal MALA on differen-
tiable targets are close to those of MALA. This leads to a natural comparison between the
two algorithms. First, we observe that A 18 rules out targets for which G is not convex
and therefore restricts the families £(3,7) to f§ > 1. To compare MALA with proximal
MALA we therefore focus on distributions with g > 1.

It is shown in [RT96¢] that MALA is geometrically ergodic for targets in £(f3,~) with
1 < 8 <2 (with some caveat for § = 2). Theorem 4.1—(b) and (¢) show that in this case
proximal MALA has the same scaling properties of MALA but in case the asymptotic
speed of convergence decays as the constant r increases (Figure 1.1(a)), with the maximum
achieved for r — 0, for which proximal MALA collapses onto MALA. Since MALA is
geometrically ergodic, and achieves better (or equivalent) scaling properties than proximal
MALA, it would be natural to prefer MALA to proximal MALA for this set of targets.
However, if the gradient is costly to obtain, one might instead consider to use proximal
MALA with a small A, to retain scaling properties as close as possible to that of MALA
but to reduce the computational cost of evaluating the gradient.

In the case of differentiable targets with light-tails (i.e. 5 > 2), MALA is known
not to be geometrically ergodic [RT96c, Section 4.2] while the ergodicity properties of
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proximal MALA have only been partially studied in [Perl6, Section 3.2.2] for the case
A = 02/2 (P-MALA). As shown in [Per16, Section 2.1], given a distribution = € £(3,7)
with 8 > 1, the distribution 7, obtained using the potential (4.3) belongs to £(5',7/),
where 8/ = min(3,2) and 7' depending on A. This suggests that proximal MALA is likely
to be geometrically ergodic for appropriate choices of A; a first result in this direction is
given in [Per16, Corollary 3.2] for the P-MALA case A = ¢2/2. Theorem 4.1—(c) restricts
the sets of available As showing that for light-tail distributions (for which A21 does not
hold) A should decay at half the speed of 2. Studying the ergodicity properties of proximal
MALA in function of the parameter X is, of course, an interesting problem that we leave
for future work.

For the Laplace distribution, Theorem shows that the value of A does not influence
the asymptotic acceptance ratio of proximal MALA, as long as A decays with d at least
as fast as 2. The scaling properties and the asymptotic speed h(f) in Theorem do
not depend on A and coincide with that of the sG-MALA (obtained for A = 0). Hence, in
terms of optimal scaling, there does not seem to be a difference between proximal MALA
and sG-MALA for the Laplace distribution.

4.4.1 Numerical Experiments

To illustrate the results established in Section and we consider here a small col-
lection of simulation studies. The aim of these studies is to empirically confirm the optimal
scalings identified in Theorem and 4.4, investigate the dimension d at which the asymp-
totic acceptance ratio limg_, o aq(¢, ) well approximates the empirical average acceptance
ratio and, consequently, for which dimensions d we can expect the optimal asymptotic
acceptances in Theorem and to guarantee maximal speed h(¢,r) (approximated by
the expected squared jumping distance, see, e.g. [GRGI6]) for the corresponding diffusion.
We summarize here our findings, a more detailed discussion can be found in Section

For the differentiable case, we consider the Gaussian distribution in Example and
four algorithmic settings which correspond to the three cases identified in Theorem
and MALA. The different values of » and m influence the dimension required to observe

convergence to the theoretical limit in Theorem 4.1: for r — 0 and m = 1 (MALA)
and m = 1/2,r = 1 (corresponding to Theorem /.1—(a)) the theoretical limit is already
achieved for d of order 102, while in the cases m = 3, r = 2 and m = r = 1 (corresponding
to Theorem /.1—(c¢) and (b), respectively) our simulation result match the theoretical limit

only for d of order 10° or higher.

The results for the Laplace case are similar, with the case m > 1 requiring a higher d to
observe convergence to the theoretical limit. Figure and Figure provide numerical
simulations of the behavior, as d increases, of the mean acceptance ratio (aq(¢,7))gen+ as
a function of £ and (ESJDy)gen+ as a function of (aq(4,7))gen+, for sG-MALA (r = 0) and
P-MALA (r = 1) respectively. These confirm our theoretical founding Theorem and
Theorem

In general, we find that the optimal average acceptance ratios in Theorem and
guarantee maximal speed h(¢,r) for d sufficiently large (for small d the optimal acceptance
ratio often differs from the optimal asymptotic one, see, e.g. [SR+09, Section 2.1]).
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Figure 4.2: Proximal MALA with Laplace target and m = 1,7 = 0 (sG-MALA). Left: acceptance
rate as a function of ¢ for increasing dimension d; Right: ESJD, as a function of the acceptance
rate aq(¢,r).
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Figure 4.3: Proximal MALA with Laplace target and m = 1,7 = 1 (P-MALA). Left: acceptance
rate as a function of ¢ for increasing dimension d; Right: ESJD, as a function of the acceptance
rate ag(l,r).
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Figure 4.4: Proximal MALA for the target (4.19) and m = 3,r = 2, with 02 = £/d** and o = 1/3.
Left: acceptance rate as a function of ¢ for increasing dimension d; Right: ESJD, as a function of
the acceptance rate aq(¢, ).

To further investigate the scaling of proximal MALA to other non-differentiable den-
sities, we empirically study the case where the sequence of targets is given by: z? € R,

d
g (@) = [T exp(—g(af)) . g(z) = [a +2°/2, (4.19)
=1

which, like the Laplace distribution in 0, is non-differentiable but convex. The study of
such a potential is motivated by Bayesian inverse problems considered in [DMP18; Perl6],
for which the posterior distribution arises from Gaussian observations and sparsity-induced
priors like the Laplace distribution. The posterior then has the form (up to a multiplicative
constant) z¢ — exp(—||y? — Az?|| — ¢, L |x4]).

For this choice of target (1.19), the proposal of proximal MALA is given for any d € N*,
EeNandie€{l,...,d},

o4 o]

Vo= (1= oL ) X+ S (X, — sen(XEDL{XL] > A} = AaXi,) + 0aZin
24 2\g

where (Zg +1,i)keN is a sequence of standard normal random variables. We then repeated
the same experiments as for the Laplace distribution. The results are shown in Figures 4.4,

and . From these figures it is clear that the same scaling holds, i.e. choosing
02 =10/d** X\ =o2"r/2 with a =1/3, r > 0.

4.5 Discussion

In this work we analyze the scaling properties of a wide class of proximal MALA algorithms
introduced in [DMP18; Perl6] for smooth targets and for the Laplace distribution. We
show that the scaling properties of proximal MALA are influenced by the relative speed
at which the proximal parameter A\; and the proposal variance o4 decay to 0 as d — oo
and suggest practical ways to choose Ay as a function of o4 to guarantee good results.
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In the case of smooth targets, we provide a detailed comparison between proximal
MALA and MALA, showing that proximal MALA scales no better than MALA (Theo-
rem “.1). In particular, Theorem /.1—(a) shows that if Ay is too large w.r.t. o4 then the
efficiency of proximal MALA is of order O(d~'/?) and therefore worse than the O(d~1/3)
of MALA, suggesting that Ay should be chosen to decay approximately as o4, if possi-
ble. If Ay decays sufficiently fast, then MALA and proximal MALA have similar scaling
properties and, in the case in which the proximity map is cheaper to compute that the
gradient, one can build proximal MALA algorithms which are as efficient as MALA in
terms of scaling but more computationally efficient.

In the case of the Laplace distribution, we show that the scaling of proximal MALA is
O(d_Q/ 3) for any \q decaying sufficiently fast w.r.t. oq and, in the case Ay = 0, we obtain
a novel optimal scaling result for sSG-MALA on Laplace targets.

As discussed in Section , our analysis provides some guidance on the choice of
the parameters that need to be specified to implement proximal MALA, but this analysis
should be complemented by an exploration of the ergodicity properties of proximal MALA
to obtain a comprehensive description of the algorithms. We conjecture that for sufficiently
large values of A\, proximal MALA applied to light tail distributions will be exponentially
ergodic; establishing exactly how large should A be to guarantee fast convergence is an
interesting question that we leave for future work. Obtaining these results would open
the doors to adaptive tuning strategies for proximal MALA, which are likely to produce
better results than those given by the strategies currently used.

The set up under which we carried out our analysis closely resembles that of [RRISh];
we anticipate that A20 could be relaxed following similar ideas as those in [CRR05; JLM14]
and that our analysis could be extended to d-dimensional targets m; possessing some
dependence structure following the approach of [BRO8; SR+09; YRR20]. Finally, the
analysis carried out for the Laplace distribution could be extended to other piecewise
smooth distributions provided that the moments necessary for the proof in Section
can be computed.

4.6 Proof of the Result for the Laplace distribution

In this section we prove the results in Section which give the scaling properties of
proximal MALA (and sG-MALA) for the Laplace distribution. We collect technical results
(e.g. moment computations, bounds, etc.) in Appendix

We recall that 03 = (2/d** and \g = ¢?/ 2d?# for some a, 8 > 0 and some constants
¢, ¢ independent on d. Thus, we can write Ag as a function of o4, A\g = agmr/ 2, where we
define r = ¢?/£*™ > 0 and m = 3/a.

In order to study the scaling limit of proximal MALA with Laplace target, consider
the mapping bg : R — R given by

) 9d 2 1 2
bg: (z,2) — 2z — 5 sgn(x)l {|x| > Jdmr/2} - Wwﬂ {|x\ < o—dmr/Q} ,  (4.20)

which allows us to write the proposal as Yffi = X&i—i—adbd(Xg’i, Zﬁi) ,forany i € {1,...,d}.
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We consider also the function ¢4 : R — R, given by

m(x + ogba(x, 2))q(x + ogba(z, ), x)

c(x,z) — o 4.21
ba: (@:2) & m(z)q(x, x + ogbg(z, 2)) (421)
2
z
= |z| — |z + o4ba(z, 2)| + >
1 2 2m
- %d sgn [z + ogbg(z, 2)] 1 < |x + ogba(x, 2)| > 9q T
205 | 2 2
— ogba(x, 2)
1 omy
T [z + ogbg(x, 2)] 1 {|x + ogbg(z, 2)| < d2 }}
4.6.1 Proof of Theorem
The proof of Theorem uses the first three moments of ¢4, whose computation is
postponed to Appendix , and is an application of Lindeberg’s central limit theorem.

We introduce, for ¢ € {1,...,d}, ¢q; = qu(Xé{i, Zﬁi) for the sake of conciseness. This
allows us to rewrite aq(¢,r), defined in (1.12), in the following way,

d
aqg(l,r)=E [exp (Z gbd’i) A1l

=1

Remark 4.8. Under A20, the families of random variables (bd(X(C)l,ivZﬁi))ie{l,...,d} and
(¢d,i)z‘e{1,_._,d} are 1.1.d.
To identify the optimal scaling for the Laplace distribution, we look for those values of

a such that 3% | E[pa,] and Var(3%; ¢4) converge to a finite value. Using Remark 4.8,
we have that,

d d
Z E[¢qi] =dE[ps1] and Var (Z ¢d,i> =dVar (¢q,1) - (4.22)
i=1 i=1
Then, using the integrals in Appendix , we find that the only value of « for which (

converge to a finite value with the variance strictly positive is « = 1/3 as confirmed em-
pirically in Appendix
Having identified o = 1/3, we can then proceed applying Lindeberg’s CLT.

Proof of Theorem /.. We start by showing that the acceptance ratio converges to a Gaus-
sian distribution. Define piq = E[¢q1] and Fy; = J((X&,Zﬁj), 1 < j < i), the natural
filtration for (Xgﬂ-, Zfl,i)deN,lgigd- The square-integrable martingale sequence

i
(Z Wi, ]:d,i)
J=1 deN*,1<i<d
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where Wy ; = ¢q; — pa, forms a triangular array, to which we can apply the corresponding
CLT (e.g. [Shi96, Theorem 4, page 543]). In particular, we have that,

d 3
20
. 2 . T
dhm izgl E {Wdﬂ- | -Fd,z—l] = dhm dVar (¢q1) = Work

as shown in Proposition in Appendix . It remains to verify Lindeberg’s condi-
tion: for € > 0,

lim dE [W7,1{|Wa1| > }] = 0.
d—o0 ’

In order to verify Lindeberg’s condition we verify the stronger Lyapunov condition: there
exists € > 0 such that

lim dE W] =0.

Pick € = 1 and expand the cube using pq = E[¢q,],
31 3 2 3
E (W] =€ [68] — 3uaE 03] + 215 (4.23)

By Proposition in Appendix , we have limg_,oo dug =0, limg_, o, ptg = 0, and,
by Proposition in Appendix ,

203
. ) o
Jim dE [6F,] = =
Finally, for the remaining term in ( ) we use Proposition in Appendix to
show that limg dE[q%A = 0. The above and the fact that, by Proposition in
Appendix ,
£3

lim dyg = ———,

d—o0 Hd 3V 27T
show, by Lindeberg’s CLT, that the acceptance ratio converges in law to a normal random
variable Z with mean —¢3/(3v/27) and variance 2¢3/(3v/2m).

To conclude the proof, we apply the continuous mapping theorem to the bounded and
continuous function z — e* A 1 and obtain

d ~ ~
lim exp Zqﬁd’i AM2eZA1 and  lim aq(,r) =E eZ A1,
d—o0 P d—o0
where the limit does not depend on r. Defining a“(¢) = limg .o aq(f,r) and using

[RGGI7h, Proposition 2.4], we have the result.
O
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4.6.2 Proof of Proposition

We are interested in the law vy of the linear interpolant (L{);>o, defined in (4.11), of the
first component of the chain (X{)xen. Let us recall the definition of the chain: assumption
A?20 gives the initial distribution 74, then, for any £ € N, the proposal ka+1 = (ka+1,z‘)1§i§d
is defined in (4.16) with 03 = 2/d**, Ay = 02™r/2 with a = 1/3 and m > 1. The
proposal (4.16) can be written as

Vi =X+ oaba(Xi . Zi 0 4) (4.24)

for any i € {1,...,d}, where by is defined in (4.20) and 7 = ¢?/£*™. We further define the
acceptance event A{, | = {bz_H = 1} where b{ | is as in (1.0).

We can now expand the expression of the linear interpolant L¢ using (4.6), ( ) and
the definition of Ag e

0.2
X[ldzat“ + (d*t — |d**t]) [UdZFZdzat],l -3 Sgn(dethl)] :H-A(FdZ(mt"
. d a?my
Ld= i | X oy 1l = = ., (4.25)
d 2 2 d 1 d
Xilpag 1 + (@t = [d*t]) [Udzmmﬂ,l - C,merXLd?atJ,l} IAd e
otherwise
or, equivalently,
0.2
Xfpayy — ([d2t] = d*1) [adZ?dmﬂ,l -3 sgn(Xf‘dzatm)] IAd o
. d 0.2'mr
i = [ X{ipar 1] 2 =%
d 2 2 d 1 d
X]'d%‘ﬂ,l — ([d O‘ﬂ —d at) [UdZ[d2at],1 - az(ml)rXLantJ,l:| ﬂA?dzat“
otherwise
In order to prove Proposition 4.5, we consider Kolmogorov’s criterion for tightness (see

[Kal21, Theorem 23.7]): the sequence (1vg4)g>1 is tight if the sequence (L{)gen~ is tight,
and

E[(Lf - L] <v(t)(t—5)*

for some non-decreasing positive function v, all 0 < s <t and all d € N*. The condition
on (Lg)deN* is straightforward to check, since by A20 the distribution of Lg = Xg’l is 7l
for all d € N*.

Proof of Proposition /.5. Consider E [(Lf - Lg)ﬂ, if |d**s| = |d**t], the inequality fol-
lows straightforwardly recalling that the moments of normal distributions are bounded:

in the case | X fld2a ‘] J=1X fldgas | | > o2mr/2 it follows directly from the boundedness
of the sgn function, while in the case |X‘Ljd2atj,1| = |Xfld2asj,1| < 037 /2 we exploit the
boundedness of X dega "R itself.

For all 0 < s <t such that [d**s] < |d**t|, we can distinguish three cases.
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4.6. Proof of the Result for the Laplace distribution

Case 1 If |X(L1d2atj,1‘ > o2 /2 and |X‘Lid2asj,1’ > o2™Mr /2, then

d d d d
Ly —Lg = X[d?atj,l - X(ans],l

2

2c 20 d %d D
+(d2t — |d*t]) [Udz[dmm - 2Sgn(XLd2“tJvl)] 1At e

2

(63 o g
+ (’VdZ S—‘ — d2 S) |‘O'dZ|'dd2as“’1 - ;Sgn(XdeQQSJJ)] ﬂA(FdQO(S] .

Using Holder’s inequality and the fact that 0 < d>%t — [dQO‘tJ <1 (and similarly for s) we
have

E [(Lf - Lg)ﬂ <CE |:<X(Lid2atj,1 - X?d2&51,1>4:|

(dQ(xt _ |~d2atj)2 4 4 ZB
+C dda E (fodzaﬂvl) + 24 Jha

(I'dZOzS" _ d2a$)2 d 4 ES
e - E|(28pag ) + Sigia

Recalling that the moments of Z¢ are bounded and that d?®s < [d**s] < [d?*t| < d?“t,
it follows

B[y -1 <c ((t —s)2+E {(demt - Xﬁdw,l)“D . (4.26)

Case 2 If ‘Xfldhtj,1| > o2mr/2 and ]Xﬁp%“] < o¥mr/2 or ]XfldQQtJ71| < 03y /2 and
X e, | | = 02™r/2. We only describe the argument for the first case, the second case
foﬁows from analogous steps. Take

0.2
Lé—r1d = demtj’l + (d**t — {dzatp [UdZ?dZat]’l - Ed Sgn(XflthJJ)} ﬂA?dmﬂ
d 20 20 d 1 d
— XWMSLI - ([d 5-‘ —d*s) UdZ[dQO‘s],l - WXW%‘SJJ ﬂA?dzas] '
d

Proceeding as above, we find that

E [(L;i - Lgl)‘*] <C ((t — s +E [(Xﬁp%l - Xﬁdmsmﬂ

4
20 2a \4 1 d
+(’7d S—‘ —d S) E [(MXLd2a5J> ]) 5

d
and recalling that |Xfld2asj,1| < 02™r /2 we have that |de2aSJ71]/(7"a§(m_l)) < 02/2. Using
this and the same arguments as above, we have
d_ pdya 2 d d 4
ef(Ld - 1] <c ((t 82 4E [(XW%1 ~ Xtpen) D . (4.27)
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Case 3 If ’Xtd%‘tj | < oZmr/2 and ’X(\_id%‘sj,l’ < o2™r/2, then

1
d d d « « d d
Ly — Ly = XLdQQtJ,l + <d2 t— {dz tJ) (UdZ(dMﬂ,l - 02(m1)rXLd2”tJ,1> Lpa

[d2t]

d
1
d o d d
= Xigag)1 + ([d2 SW — d**s) (O-dZ]'dQO‘s],l - Jg(m_l)rX\_d%‘sJ,l) ﬂA‘deﬂ :
d

Using the boundedness of moments of Gaussian distributions and of x4 (201 1 , X ‘ﬁdms 11
we have

e[ - L] <c <(t — 5’ +E {(demt - X‘ﬁdgasmf]) . (4.28)

Putting (1.26), (1.27) and (1.28) together and using Lemma | below we obtain

E[(Lf—Lf>4] (t_s +z d?“tJddemsW)

20 _
+Czd pd;ap il <C(24+t+82) (t—9)?,

which concludes the proof. O

We are now ready to state and prove Lemma

Lemma 1. There exists C' > 0 such that for any ki, ks € N with 0 < k1 < ko,

(ko — k1)P

E [(X,gl ~Xi ) } < CZ el

where o = 1/3.

Proof. Recalling the definition of the proposal in (4.24) and the definition of b; in (1.20)
we can write

ko

4
E [(Xl?;,l - X;i,l)ﬂ =E ( Y. oabd (Xg—ma Zlgl,l) ]lA;j)

k=k1+1

Then, we expand all acceptance or rejection terms between k1 and ko and use Hoélder’s
inequality to obtain

4
E {(X,f%l —Xghl)ﬂ < C{ojE ( f: ba <Xg1,1azlg,1))

k=k1+1

4
ko

k=k1+1
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4.6. Proof of the Result for the Laplace distribution

Using again Holder’s inequality, for the first term we have

ko 4 ko 4
E ( Z ba (le;l—l,bzlccl,l)) <CJE (Z Zg,l)

k=k1+1 k=k1+1
k=k1+1

4
+ ;EflE ( f: sgn (Xg—m) L {|X,‘j_1,1| > Ugmr/2})

k=k1+1 %d

4
ko
1
+E ( > 727”717‘)(;?_1’11{’)(;3_17” <Uc21m7"/2}>

<C

2, 204 4
(k2 — k1)" + o5 (k2 — k1)"| (4.29)

where the last line follows using the moments of Z,‘Ci,1 and the boundedness of X,il’l in
the set {|X,‘j_1’1| < o2mr/2}.
Using a Binomial expansion of the rejection term, we obtain

k ! 4
E ( i by (Xg—l,hzlccl,l) I[(A;j)c) = ZE [H ba (Xg%‘—m’ Z7d"i71) H(Ad -)C] ’
i—1

=k +1 i
(4.30)

where the sum is over the quadruplets (m;)1<i<a with m; € {k1 +1,... ka}.
We separate the terms in the sum according to their cardinality, let us denote, for
Jjedl,..., 4},

Ij = {(ml,...,m4) (S {k1+1,...,k2}4 : #{ml,...,m4} Zj} ;
and define, for any (mq,...,mq) € {k1 +1,.. .,k2}4, X'(‘)i = X¢ and for any i € {1,...,d},
X=X+ ﬂ{mlq,...,mrl}c(k?)]lggﬂffdbd (Xff,m Zg+1,i) ,

where
d
A%H = {UkJrl < exp [Z Pa (Xzf;l,i, Z;Z’H,i)] } ) (4.31)
i=1
and ¢4 in (1.21). Denote by F the o-algebra generated by the process ()Z' &) k>0 and observe

4 e -

that on the event () (A,‘flj) , Xg is equal to Xg.
i=1

We consider now the terms in the sum (41.30).
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f] |

However, {bd(f(ff]j_lvl,Zflnwl)]l(x%)c}j:l,.“/; are independent conditionally on F.
J

f]

f] |

), we can bound the expectation above with

d
E [bd (Xgnj—l,b Z%j;) {1 — exp (2; bd (ngj—Lm Z%,i)) }
i= +

< ’E K(;d sgn (X%j—l,l) 1 {’)?gwj—l,ﬂ 2 Uczlmr/Q}

(i) If (m1,...,ma) € Iy, then the m;s are all distinct and

4
E LHI by (X;'f@j,l,l, folj’l) n(Ad J)C

m.

4 ~
.7:] =E Ll_[l by (Xgmjfl’l’ Zg@j’l) 1<an_7>c

vd d .
U 12 .1>]l<,Av7nj> ] .

= H E [bd (Xfij,l,p nyleJ) X (1 — exp <§d: ®d (Xg@jfl,ia Zﬁrﬁ,i)))
: i=1 +

by integrating the uniform variables Uy, in (4.31).

Recalling the definition of by in (

4 ~
]-"] = 1;[1E [bd (anrl’l,folj’l) ]L<Kd])c

f” 12)

1 vd vd 2m
- U?lmﬂTij—l,l]l {|ij—1,1\ <oy 7“/2}>
d o~
X {1 — exp (Z bd (Xf,l@j,l’i, Zle)) } F
i1 n

+ |E

d
Zgzj,l {1 — €xXp (2:1 ¢d (ngjq,ia Zglj,z')> } -7:] ‘ .
1= +

For the first one, we use the boundedness of the sgn function and of ng]—l,l in the
set {|X;£Lj_1,1\ < o2™r/2} to obtain

- - x4 N
o4 i—1,1
E [(2 sgn (X;in]-—l,l) 1 {|ngj—1,1’ > 03’”7“/2} - %1 {|Xﬂd%j—1,1’ < thmTﬁ})

d

d
oo (S0 (5, 107, } f”
i=1 +
d
< %E |: {]- — €Xp (; bd (ngj—l,zvzgzj,z>> }Jr ]:] < % . (433)
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4.6. Proof of the Result for the Laplace distribution

We can write the second term as

d
Z;lan (1 — exXp <Z ¢d (Xglj—17’i? Z’i@,’b)))
+

’
o (R a2 )]

where we define G(a,b) = E [Z (1 —exp(¢q(a,Z)+ b))Jr} with Z a standard Gaus-

sian. Because the function z +— (1 —exp(x))4 is 1-Lipschitz, we have, using Cauchy-
Schwarz and Lemma 3 in Appendix ,

E

E[Z(1—exp(ala,2)+),] ~E|Z2(1-exp®),]| <E[Z][ga(a, 2)]

<€) "efuute 2]
[ 27"
<Ccd™“
However, E {Z (1 —exp (b))JJ =E[Z] (1 —exp (b)), =0, and therefore
‘E l ( -1 172%( =1L %,1))‘}_ <Cd“. (4.34)

Combining equations (1.32), (4.33) and (1.31) and recalling that o4 = ¢d™“, we have

d
E [bd ( m;—1,1» anj,l) {1 — €Xp <Z ®d <Xnd7,j—l,i7 Zg@]-,i)> } Fllscd™
=1 +
(4.35)
from which follows that
4 p J 4 C
Z E [H ba (‘Xvnufl,l?ZTnZ7 ) (Ad )C‘| < Z H dioa
(ml,‘..,m4)€Z4 i=1 (ml,...,m4)€I4 7=1
ko — k1) C (kg — k)4
< — <=
— < 4 >d4a — c d4a )
(4.36)

using that |Z| = (kikl).

(ii) If (m1,..,mq) € Zs, only three of the m;s take distinct values; proceeding as in case
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E [ﬂ ba (X2, 01 28,) g )
J
E [bd (Xnd@j—l,h Zflnj,l)1+51 ! {1 — €Xp (Z ¢d ( mj;—1,1» Zvcvlmj,z)) }
n

=1

)

g

where 01 ; denotes a Dirac’s delta. For the terms j # 1, we use ( ), while for the
term j = 1 we bound the indicator function by 1 to obtain

3
C
15

H bq ( mj—1,11 Zg%;)uél’j R(A%J)C
e

203 C? 1
< <3+ 22d2a> d2o < CdTa ’
where the second-to-last inequality follows using the same approach taken for ( )
and recalling that o4 = £d—*. Hence,

2 lH bi (X2 Zhr) (A%JC]

(ma,...,mq)€ZLs i=1

ko — k1) 1 (kg — k1)3
< — <
C( 5 )d?a e T

(4.37)

(iii) If (m1,..,ma) € Iy, we have two different cases: the m;s take the two values twice
or three m;s have the same value. For the first one, we have, bounding the indicator

function with 1,
e o

2
<E [H E [bd ()?glj_m,zﬁnj,lf ]—"u .

J=1
Since, conditionally on F, the random variables inside the expectation are nor-

mals with bounded mean and variance 1, we have, using the same approach taken
for ( ),

{HE[bd( 110 D, H] <1+22"2d>2§0.
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4.6. Proof of the Result for the Laplace distribution

The second case follows similarly

j=1 ™
<E [E [121 ba (X2, 1028 )7 F

<C,
j=1

where 61 ; denotes a Dirac’s delta. Therefore,

>

4
(ma,...,m4)€Ls i=1 i

() () 05z

(4.38)

(iv) If (my,..,mq) € I (i.e. all m;s take the same value), we bound the indicator function

by 1 and, using the same approach taken for ( ), we find

4 204
E |:bd (ernl—l,l’Zg@l,l) :H-(A7dnl)c:| S C<3+24d> §C7

since o4 = £d~“ and d € N. Hence,

>

(m1,...,mq)€Iy

4
E [H ba (X 10 Zin 1) Yag, )
1=1

m;

The result follows combining (1.36), (4.37), (1.38) and (41.39) in (4.30).

4.6.3 Proof of Proposition

We start by proving the following lemma.

Lemma 2. Let v be a limit point of the sequence of laws (vy)
Then for any t > 0, the pushforward measure of v by Wy is m"

az1 of {(Lf)ezo :
(dz) = exp(—|z|)dz/2.

d e N*}.
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Proof. Using (4.25), we have

E 2 = Xy

« « 0-2 m
<E '(d2 t— [dQ tJ) [UdZFleaﬂ,l - ;Sgn(Xfld%tJJ)] 1 {’Xfldwtj,ﬂ > 0g 7'/2} ]lAT!th1 ]
« « 1 m
+E (d2 t— [dQ tJ) [UdZ?d2at1,1 - U2(m—1)rde2atJ71] 1 {|Xfld2atJ,1‘ < 0'3 7’/2} ]lAC[ldzaﬂ 1
d

< (0t — | d*)) (adE [|28a.4]] + UjE [lsen(X{pas0)|]

+ﬁE HX(LidQQtJ,l‘ 1 {|Xfld2atj,1‘ < 0’3"%’/2”)
Ud T

/ 1/2 0 1 og™r
ettt g

Y4 0 0 C
< (d*t — |d*t|) [ — < =
—( { J)<da+2d2a+2d2a> —da’

where we used Cauchy-Schwarz inequality and the fact that the moments of Z‘ﬁdm £,1 are
bounded. The above guarantees that,

. d d _
lim E (|24 = Xitaayy 4] =0
As (v4)g>1 converges weakly towards v, for any Lipschitz bounded function ¢ : R — R,
: d IR T d _ v
B B [0 (K1) = Jim B o (24)] =€ o))

The result follows since X (Lid% 1)1 1 distributed according to 7l (dz) = exp(—|z|)dz/2 for
any t > 0 and d € N. O

We are now ready to prove Proposition

Proof of Proposition /.0. Let v be a limit point of (v4)4>1. We start by showing that if
for any V € C°(R,R), m € N, any bounded and continuous mapping p : R™ — R and any
0<t) <--- <ty <s<t, v satisfies

Ev [(V(Wt) _ V(W) — / t LV(Wu)du> o(Wi Wi )] =0, (4.40)

then v is a solution to the martingale problem associated with L.
Let §s denote the o-algebra generated by

{pWy,y.. ., Wy, ) : m €N, p:R™ — R bounded and continuous, and 0 < t; < -+ <, < s} .
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4.6. Proof of the Result for the Laplace distribution

Then,

Ev [V(Wt) A / LV, dulz.

| -0,

showing that the process

(V(Wt) - V(W) — /0 t LV(Wu)du>

t>0

is a martingale w.r.t. v and the filtration (§;):>o.

To prove (4.10), it is enough to show that for any V € C¥(R,R), m € N and any
bounded and continuous mapping p : R™ — Rand any 0 < t; < --- < ¢, < s <, the

mapping
t
Uyyiw—s (V(wt) ~V(wy) —/ LV(wu)du> p (Wi wn) |
S
is continuous on a v-almost sure subset of C(R4+,R). Let
W = {w € C(R4+,R) : w, # 0 for almost any u € [s,t]} .

Since w € W€ if and only if fst Loy (wy)du > 0, using Lemma 2 and the Fubini-Tonelli’s
theorem,

E¥ Ut ﬂ{o}(Wu)du] = /St E¥ [ﬂ{o}(Wu)} du = /: 7 ({0})du =0,

and we have that v(W¢) = 0.

Since w +— wy, is continuous for any u > 0, so are w — V(w,,) and w — p(wy,, ..., we,, ).
Thus, it is enough to prove that the mapping w — [ LV (w,,)du is continuous. Let (w"),>0
be a sequence in C(R4,R) that converges to w € W in the uniform topology on compact
sets. Let u be such that w, # 0, therefore, since the sgn function is continuous in a
neighbourhood of wy, lim,_, LV (w;}) = LV (w,), thus lim,_, LV (w;;) = LV (w,,) for
almost any u € [s,t]. Finally, using the boundedness of the sequence (LV (w}))n>0 and
Lebesgue’s dominated convergence theorem,

n—oo

t t
lim / LV(wﬁ)du:/ LV (w,)du ,

which proves that the mappings ¥, ; are continuous on W. O
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4.6.4 Proof of Theorem

Let us introduce, for any n € N, Fi | = a({X,fil, 0 < k < n}), the o-algebra generated by
the first components of {X{ | 0 < k < n}. We also introduce for any V € CZ(R,R)

g n—1
MIV) = = 3 V(XL
k=0

x (ba (Xihhs Zin) Lag,, —E[ba (Xi1 Z00) ILAzH‘]-“,f’lD (4.41)

k=0

2 2
X (bd (Xg,la Zlg+1,1) Iag  —E [bd (XI?,17ZICCI+1,1) Tag, .

) -
where by is defined in (1.20).
The proof of Theorem follows using the sufficient condition in Proposition 4.6, the
tightness of the sequence (v4)4>1 established in Proposition and Proposition below.

Proof. Using Proposition 4.5, Proposition and Proposition below, it is enough to
show that for any V € C(R,R),m > 1, any 0 < t; < --- <t < s <t and any bounded
and continuous mapping p : R™ — R,

lim E | (Mfpay (V) = Mipag (V) p(LE,, - LE )] =0,

d—o00

where, for any n > 1, MZ4(V) is given by (4.41). However, this is straightforwardly
obtained by taking successively the conditional expectations with respect to f,‘il for k =
d2d] ... [d2e). O

Proposition 4.9. For any 0 < s <t, V € C.(R,R) we have

lim E Hv () - v (1) - /: LV (L3) du— (Mfpayy (V) = Mfipag (V) H =0,
4.42
where (LE);>o is defined in (1.11). 2

Proof. The process (L{);>o is piecewise linear, thus it has finite variation. For any 7 > 0,
we define
d 2 d d
dLT = aO’dbd <X\_d2"‘TJ,1’ Z]—d2aT],1)> ﬂA?dQQT] dr .
Since o4 = ¢d~“ with a = 1/3 and using the fundamental theorem of calculus for piecewise
C' maps

v (L) - v (2d) = /t V' (L) ba (X{ipar) 1 Zfpery ) Lag A7, (443)

s ’—dQO‘ .,.'I
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4.6. Proof of the Result for the Laplace distribution

where by is defined in ( ). A Taylor expansion of V’ with Lagrange remainder about
XfldQQTJ’l gives

V! (Lﬁ) — v (X[lme J71)

+ dia (d%‘f - W%D v (X fd?aﬂ,l) ba (X (e 1 Z(fidmﬂ’l) 1A o
62

+ 50 (27 - W“TDZ VO (x7) ba (X pary 10 Zfpary) Ta

d )
fazer]

where for any point 7 € [s,t], there exists x, € [Xfld%trj 1> L%). Substituting the above
into (1.13) we obtain

V(L) - v (L) = ta /: V' (X{ary 1) ba (Xpar) 12 Ziparys) T, d7

o201

+ 02 /st (dQO‘T — {d2a7J> V" (X(Ljd%zfj,l) bq (X(Ljdmﬂ-j,l: Z([id2aﬂ,1>2 HA?me] dr (4.44)
€3

+ 20 /t (dza’]' — {dQO‘TDZ 148 (xr) bg (Xfld2a7.J71, Zfldzaﬂ’l)g 1pa dr .

[a2077

Since V) is bounded, using Fubini-Tonelli’s theorem and recalling the definition of by
in (1.20), we have that

£3
QdQE{

/s t G W%J)z VE (x7) ba (X {pary 1 Zﬁdmm)3 Iy dr

fazer]
/3 t J / 3
SC@/S E[(‘Z[d2a7171’+w> ‘|d7— d;)OO,

since the moments of Zfld‘mﬂ | are bounded.

For the second term in ( ), we observe that most of the integrand is piecewise
constant since the process X [ldzo‘r I evolves in discrete time. Then, for any integer d>®s <

E<d?t—1,

2
L o [V (g ) b (g P )
— eV (X0 ba (X2 ZH0a) g
1 ler1)/e

_ i (xd d d 2
= 5 k/d2a Vv (XLdQQTJvl) bd (XLd2a7J717 Z[dQQTLl) HA?CﬂaT] dr .

Thus, we can write

I= /t (d2aT B {dQQTJ) v (Xfld%rj,l) bq (XfldQQTJ,l? Z’(!anT],l)2 T pa dr

fa207]

=hLh+1,
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where we define

1 gt 2
bV (o) (K 2 1

fa207]

and

(dms] Lo ! 20 2a 1 " d
Il = [/s +/Ld2atJ/d2a <d T — Ld TJ — 2) Vv (X\_d2QTJ,1)

2
X ba (X{par) 12 Zfpary ) Taa, _dr.

[d2er]
In addition, we have

L= 2d12°‘ <d2as - LdQO‘sJ) ([dzasw B d2a$> v’ (Xltde%J,l) b (Xfld%sj,v Z?d2a51,1)2 1 pa

[a2as]
+2d%a (dgat - {dzatD ([dmﬂ - dmt) v (X ‘ﬁdmt“) ba (X fldwt IRE Zfld2aﬂ,1)2 L pa

[a2ere]

and, since V" and the moments of Zfldmﬂ 1 are bounded, limgy_,o E [|11]] = 0. Thus,
: d d _
S BV (£d) = v (1) = 5uef | =0,
where
t
Ly :/ {d®V (Xfpary 1) ba (X{iper) 10 Zhpary 1) (4.45)

2 " d d ¢ i
4 EV (XLanTJ71) bd (Xtd2a7J717Z[d2a7—|,l) HA’d'dQOLT-I dr.

Next, we use (4.18) and write

/S "Ly (24) dr = / t hLZ(K) V" (Xtpary1) = s (Xfpar 1) V! (X oy 1) dr = T4,
(4.46)

where we define .
T4 :/ (LV (Xfpar ) — LV (22)) dr .

Finally, we write the difference M fid% ] (V)—-M |dd2as] (V) as the integral of a piecewise
constant function

Mfipa (V) = Mfpa g (V) = Ly (4.47)
t
arrt (yd d d d
—/s (fd 14 (Xw%m) E {bd (XLd2aTJ,1aZ[d2aﬂ,1) HA‘Fth] ’]:Ldzarj,l]

PGV (i) o (o o) 1

a2

‘Ftdd2a7'J71:| > d7-

_Tf_Tg7
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where T§ and T¢ account for the difference between the sum in (4.41) and the integral,
and are defined as

1= (0] )V (K ) {0 (Ko ) o

[daZort]
_EPAXWWP Zfipon 1) Tng ‘fWWJ}
) d20< "
€2 2 2 " d d
2d2a([d t] d t)v (XLdMJ 1) {bd (XLdmtj,le[d?atLl) ]lAC[’dmﬂ
—E l:bd (X[ldmtj,lﬂzfldmt],l) ﬂAd ffldmtj,1:|} )

[@2¢]
and T¢ = —T§ with ¢ substituted by s. Putting (4.45), (4.46) and (4.47) together we
obtain

t
L= [ LV (L2) dr = (Mo (V) = Mo (V) = T+ T 4 T 4 T + T3

where T takes into account all the terms involving V/(X{ (2or), 1), and T4 the terms in-

volving V" (X LdQD‘TJ 1)
Tld_/ V' (Xfpar 1)
{éd E [bd (Xtzar) 1> Zipar 1) Y. ‘ffdmm} +
T3 —/ v’ (XLanTJ 1)

e BL(0)
X{ E{bd@tdmmvzrdzau) Ind .. ‘ftdw J‘ (I

=0

sgn (XfldzaT“) } dr ,

To obtain (4.42) it is then sufficient to prove that for any 1 < i <5, limg_,o E {

Since V', V" are bounded and b, is bounded in expectation because the moments of
Tid} =0 for i = 4,5. For T¢, we

Zfld%ﬂ , are bounded, it is easy to show that limg .o E {
write T§ = h(¢)(T§, — Tyg,) /2, where

ﬂﬁ‘/{wwtwwﬁ—w%ﬁﬂdﬂ

T372 = /st {Sgn (Xtdzaﬂ 1) V(X ( |2, 1) — sgn (Lﬁ) Vv’ (Li)}d’]’ .

Using Fubini-Tonelli’s theorem, the convergence of X ‘Lidg% 11 to L¢ in Lemma 2 and
Lebesgue’s dominated convergence theorem we obtain

=i f) < [ IV (Kays) -V (29)

}dT—)O.

d—o0
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We can further decompose Tgl’Q as

iy = [ st (Xt ) = sen ()} V7 (¥t )

+/ sgn (LE) {V' (X{payy) = V' (LY) } dr .

Proceeding as for T?fl, 1, it is easy to show that the second integral converges to 0 as d — oo.
We then bound the first integral by

E { /j {sen (Xfipar 1) —sen (L)} V' (Xfipar ) dr
<C/ sgn Xtdgaﬂ 1) sgn( )

However, since {Sgn(X[dhrJ ) # sgn(LY)} C {Sgn(XLd%T 1) # sgn(X |'d2a7_-|’1)}, using
Lemma 4 in Appendix we have that

E Hsgn (X‘ﬁdQQTLl) —sgn (Lﬁ) } =2E [Il {sgn (Xfldmrj,l) Z# sgn (Lﬁ) }]
=2E []1 {sgn (dezaﬂ’l) £ sgn (Xfldgaﬂ’l) }] — 0.

d—o0

| ar.

The above and the dominated converge theorem show that

e[| [ foon (Xt ) —s0 ()} V(X ) dr

Consider then 7T} fl, recalling that the derivatives of V' are bounded, we have

| =0

d—00

e[|y S/tC’E szaE [bd (Xory 1 2y 1) Tng ffdzam]

hL () -
+ 5 sgn (XWQTJ 1) ] dr
| +E HDS) [}ar,

< [[o{e]pt)

where we define
( ) =ld"E |Z { [d2er], 111A0[i 20, ’Fflﬁ%m] )

hL2(€) sgn (Xfldhﬂ,l)

p) -

1

d
— td” <2 Sgn(Xdeﬂ D1 xa >o2mr/2 Uazlm%XLd%‘TJvlﬂlX‘fdzaTJ,l<U§’”r/2>

la2er )1

X E [lAd ‘fﬁd2a7J71:| .

|'d2a
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Let us start with DS)

T

=1

d
DE}T = gdaE [ZﬁdzaT],l <1 A\ exp {Z ¢d (XfldQ(’TJ,W ZFIdQO‘T],’i) }) ‘F[idQO‘TJ,l‘| )

where ¢y is given in ( ). Then, by independence of the components of Z ‘[i @2ar]s We have

d
E [Z?d2a7171 (1 AN eXp {Z ¢d (X(LianTL“ Z?d2a7-“ ,i) }) ‘f[idzaﬂ'j,l‘|

=2

—E [Zﬁdmm] E [1 A exp {zd: ba (demT i Zan, ) }

=2

d
de2a7J71] = O .
This allows us to write
1 o
E[ID] < 68 121

d d
1 Aexp {Z ¥ (X‘fdmw, Z‘ﬁdzaﬂ,i)} 1 Aexp {Z ba (Xﬁdzaw, Zﬁdhw) } H .
=1

1=2

However, z — 1 A exp(z) is a 1-Lipschitz function, thus
(1 d d d
E [’Dl,ﬂ)-” < {d°E [|Z[d2aﬂ,1\ ‘¢d (XLdQQTJ,l’Z(dQQT],l)H )

and Dgg — 0 as d — oo by Lemma 5 in Appendix

For Dé?, we observe that

o4 1

d 0d
5 Ut o, l<oame/2 S Gamer Klaeralixgp, | <odme2 S X, <oz
(4.48)

Distinguishing between degaﬂ 1 <0 and deQOTJ 1 = 0,it follows that

DS)] < Jsem (X{par, )|

LG

a (9d 0d
9 - gd (Z:H.'X(fanTJ’lZUﬁmT/Q +

> IL|X¢[142QTJ . |<a§mr/2> E [ILA?MT1

‘Fl_ddza 7| ,1:|

<

)

hL(€> - £2E |:]]‘Ad .“ftddQQTJ,lJ:|

|—d20“r

N =
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2E ||DS})|| <E l hL(0) — E

.

+ ’E

where we recall that o4 = ¢d~* with o = 1/3. Using the triangle inequality we obtain
d
1 ANexp (Z ba (XfldQC“TJ,iv Z|€id2°"r-\,i)> |ffd20TJ,1]
i=1

d
rl(0) — E [1 A exp (Z ba (X tpar) i ZfdzaTLi)) 'J-‘f’dgaT M] 1

=2
d d
1 ANexp (Z ®d (X(LidQOLTJﬂ:? Z([id%‘ﬂ,i)) —1Aexp (Z toF] (Xtid%‘rj,iv Z|€ld2°‘fr'|,i>> |‘| ,
1=2 i=1

where we used Jensen’s inequality to remove the conditional expectation in the last term.
Recalling that x — 1 A exp(z) is 1-Lipschitz, we can then bound the second term

d d
2E H1 A exp (Z a (degaT L Zﬁdgam)> — 1 Aexp (Z a (dem Lis Zﬁd2a71,i)> H

=2 =1
< CE [|¢a (X{par)1r Zhper)]] - (4.49)

971/2
< ’E |:¢d (deQO‘TJ,D Z?d%‘ﬂ,l) :| ’

where the final expectation converges to zero as d — oo by Proposition . For the
remaining term in Dgl, since (XfldQ%_J i’ZfldQO‘TJ )a<i<n is independent of .FfldgaTJ 1 we

have

d
£2E ll A exp (Z (ZSd (XdeQQTJ L Zfld2a7.‘|7i)> “FfdQO‘TJ,l‘|

i=2
d
1 Aexp (Z ¥ (Xfldmrj,i’ Z?d%‘ﬂﬂ))] ’

=2

= (’E

and, using again the fact that  — 1 A exp(z) is 1-Lipschitz, we have

hl(0) — 1’E

d
1 Aexp (Z b4 (demﬂ,z" Z([jdz‘*ﬂ Z))] |

=2

d
1 Aexp (Z Pd (deQO‘TJ,i’ Z(fidz‘*ﬂ J )) ’
i=1

+ CE [[6a (Xfipar) 12 Zfiper )]

< |nt) - PE

The last term goes to 0 as shown in (4.49), and, as h*(¢) = ¢?a"(¢), with

a“(¢) = lim E

d—o0

d
e (30
i=1
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4.6. Proof of the Result for the Laplace distribution

by Theorem 4.4, we obtain

lim
d—o0

hl(0) — E

d
LA exp (Z ¢d (X[dd%‘ﬂ,i’ Z|—dd2°‘ﬂ ,z)) H =0 )
=2

showing that Déll — 0 as d — co. To obtain convergence of T, we observe that for

any T € [s,t], Dgll and DST) follow the same distributions as Dgls) and DY

5 4, since for any
k)

k € N, X{ has distribution 7. Therefore, the convergence towards zero of EHDQH and
E[|D§13H is uniform for 7 € [s, t], which gives us 7{! — 0 as d — oo.

Finally, consider T4. Using analogous arguments to those used for T, we obtain

d Le d d 2 d L
E[|T2 |} SC/ SE||E |ba (XLdQQTj,l’Z[dQQT]J) ]lAthQM Flazar)a| —a (br)|| d7
te2
<c [ 5 {Ep2]+e[D2E[IDE]}ar .

where we define

(2) _ d 2 d L
Di;=E {(Z[d%ﬂ,l) ]lA‘Fdzaﬂ “Ftd%ﬂ,l} —a’(fr),

2 0d m
DY = (2sgn(degaﬂ,1)]1{\de2%1\ > 62my /2)

1 2
+ WX@MTJ,J{!X@M,N < ff?zmr/Q}) x E [ﬂAffdzaﬂ "FdeQQTJ,l] ;

2 0d m
D@ =2 <2 sen(X gy )U{IX s 4| = 037 /2)

1 m
+WXfld2aTJ,l]l{|de2a7J,l| < Uc2l T/2}> E |:Z|(—id2aﬂ,1]]‘/—\?d2a .I“F[ld2"‘TJ,1:| :
d T

Using ( ), Cauchy-Schwarz’s inequality and the fact that the moments of Zfdgaﬂl are
bounded we have

E[D2] <% 0. E[IDR] < Cos — 0.

T d—o0

since o4 = £d™ with a = 1/3. The remaining term is bounded similarly to D [, using
the fact that x — 1 A exp(z) is 1-Lipschitz, we have

(1)

E[IDS

)
‘E [(Z?dQQT],l)Z (1 A exp (Zd: ba (X{ipar) i Zﬁdzam)» |ffd2aﬂ71] (e, r)

=2

<E

+E |(Zhpert)” |60 (Xry 1 2o, )]
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The second expectation is bounded as ( ) using Cauchy-Schwarz’s inequality and Propo-
sition . For the first expectation, we use the conditional independence of the compo-
nents of Zfldhﬂ and write

d
E [(Z?d2ar],1)2 <1 A exp (Z bd (X[ldmrj,w Zﬁpaﬂ,ﬁ))) ‘}—ﬁdmﬂ,l]

1=2

- [ (Zfizoria) 2] - [(MeXp (Z% (Xlirsso Ze, )>>]
- l(l/\exp (Zd: ¢d (XLdzar iz Zfldmﬂﬂ)»] '

)

It follows that EHD:QH — 0 as d — oo since, by Theorem 4.4,

d
|E l(l A exp (Z bd (X(Lid%"rj,i’ Z‘ﬁdzaﬂ,i>>>] —ad“(,r)|—0.
=2
Combining the results for Tz-d, 1=1,...,5 we obtain the result. O
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4.7 Proof of Theorem

The proof of Theorem follows that of [RR98b, Theorem 1, Theorem 2| and consists
of four propositions showing convergence of the log-acceptance probability to a normal
random variable and (weak) convergence of the process (1.11) to a Langevin diffusion.

We start by recalling and defining a number of quantities that we will use in the
following proofs. Recall that o4 = ¢/d®, that Ay = 03™r/2 where m > 1/2 and 7 > 0
are to be chosen according to the different cases in Theorem 4.1. Recalling the expression
of the proposal given in (1.9) and using the simplification given in (1.10), we define the
proposal with starting point % € R%,

y(x?, 2% = z¢ — Ud VG (proxG /2( )) + 042%,
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4.7. Proof of Theorem

where z% € R%. Since G(z?) = YL, g(z ) the i-th component of the proposal only
depends on the i-th components of % and z?. Thus, for any z, z € R we denote

0'2 2m
ya(z,z) =z — ?dg’ (proxg r/2 (z )) + 04z .

The proposal for the chain (Xg)kzo is then given by ka = yd(X,f, Z,‘fﬂ) = (yd(Xg’l-, Z}?H,i))z’e{l,...,d}-
Let us define the generator of the discrete process (X{)i>o for all V € C®(R%R), i.e.
infinitely differentiable R-valued multivariate functions with compact support, and any

d d
x® € R?,

LgV (x%) = d**E

T d Zd d Zd
Vet v S 2 |

= d™E

Vv, ) - Vi) [Tewp (ot 280) 11
=1

where the expectation is w.r.t. Z§ = (Zﬁi)ie{l,.“,db a d-dimensional standard normal
random variable, and where we defined
de(ﬁl?, Z) — 1o 7T(yd(xa Z))Q(yd(l', Z),.%)
m(x)q(z, ya(z, 2))
= g(z) — 9(ya(z, 2)) + log q(ya(z, 2), ) — log q(z, ya(, 2)) -

(4.50)

In the remainder we will work with one-dimensional functions V' € C°(R,R) applied to
the first component of % so that

LqV(z?) = d*°E “V(yd(:n‘f,Zii;)) - V(:v‘f)} ma(y' (@, 2)aaly (@, Z1). &) A 1]

ma(x?)qa(zd, y! (x4, Z{))

= d*E [[V@d@%zﬁl»—vm?)} [Texe (o (x;%zﬁz-))m] SR
=1

We also define Ly to be a variant of Ly in which the first component of the acceptance
ratio is omitted:

d
TV (2?) = d°E “V(yd(ﬁ, 280)) = V)| T exp (¢a (24, 215)) A 11 . (4.52)
We further define the generator of the Langevin diffusion (41.13)
h(t,r
L) = "0 (v @) - g @)V (a) (4.53)

where h(¢,7) = £?a(¢,r) is the speed of the diffusion and a(¢, r) = limg_, ag(f,7) is given
in Theorem

We will make use of the derivatives of ¢g in (1.8) up to order 8, which we denote by
d,q",g" and g®) for all k = 4,...,8. We recall that (¢*)’ is Lipschitz continuous with
Lipschitz constant A=' [RW98, Proposition 12.19] and that (¢*)'(z) = A_l(proxé\(w) —x),
hence proxg‘ is Lipschitz continuous with Lipschitz constant 1.
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4.7.1 Auxiliary Results for the Proof of Case

First, we characterize the limit behaviour of the acceptance ratio (1.12).
Proposition 4.10. Under A18, A19 and A20, if « = 1/4, 5 =1/8 and r > 0, then
(i) the log-acceptance ratio ( ), when d — oo, satisfies the following Taylor expansion
ba(w,2) = d"V2Cy(x, z) + d~34Cs(z, 2) + d ' Cy(, 2) + Cs(x, 2, 04)

where Coy(x, z) is given in (1.57), Cs and Cy are polynomials in z and the derivatives
of g, such that E[C3(X§,, Z{,)] = 0 and E[C2(X§,, Z{,)?] = —2E[C4(X{,, Z{,)];

(i) there exists sets Fy C RY with d**mq(F$) — 0 such that
d

d
Z ?bd(xgl’ Zfl,i) - d_1/2 Z 02(55;1, Z{l,i) +
=2 =2

E4K1 (1")2

li E
im sup [ 5

d—o00 wdeFd

] =0, (4.54)
where K1(r) is given in Theorem /.1—
Proof. Take one component of the log-acceptance ratio
¢a(x,2) = g(x) — g(ya(x, 2)) + logq(ya(z, z), ) — log q(z,ya(w, 2)) ,

o2my
with y4(z, 2) = x — 03¢/ (proxg? /2($))/2 + 04z. We have that ¢4(z,2) = Ri(x, z,04) +
Rs(x, z,04), where

_% g [proxg™"12(a)] > L (4.55)

Following the approach of [RR98b] we approximate ¢4(x, z) with a Taylor expansion about
oq — 0.

(i) Using a Taylor expansion of order 5, we obtain
ba(x,2) = d"V2Cy(x, 2) + d734Cs(x, 2) + d 7 Cy(x, 2) + Cs (2, z,04) ,  (4.56)

where

Co(x,2) = 5 (—rzg"(x)g'(x)) (4.57)
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4.7. Proof of Theorem

Cs3(x, z) and C4(x, z) are given in Section and we use the integral form for
the remainder

o] 65 _ 4
Co(w.zo) = [ LeR@zo) T,
o Ood o 4!
with u between 0 and o4 and the derivatives of Ry and Rs given in Appendix . In

addition, integrating by parts and using the moments of Zﬁl we find that E[Cy (Xg’l, Zﬁl)] =
E[C(X{,, 24,)] = 0 and

2E [C4(Xg71, Zﬁl)] +E {CQ(X(C){I, Zﬁl)ﬂ =0.

(ii) To construct the sets Fy, consider, for j = 3,4, Fy; = Fd{j N FdQ’j where we define

§d5/8} ,
< d6/5} :

where Vj(x) := Var(Cj(z, Zﬁl)). Using Markov’s inequality and the fact that Cj, V;
are bounded by polynomials since g and its derivatives are bounded by polynomials,
it is easy to show that dl/Qﬂd((Fc}J)c) — 0 and d1/27rd((F§’j)c) — 0, from which
follows dl/de(Fij) — 0 as d = oo. To prove L' convergence of C; for j = 3,4,
observe that

d

SOE[Ciad, 28 - (X8, 21))]

Fj;= {wd eR’:
1=2

and

d
> Vi) — E[Vi(xE,)]

Fj; = {azd eR’:
1=2

and that, for % € Fy ;, we have

d 2
: (Z G, 1) — E [@(Xg,l,zﬁn}) ] <E[Vi(ah)] (@ = 1) +d° /"
1=2

Thus, the third and fourth term in the Taylor expansion (4.56) converge in L!
to 0 and —¢*K?(r)/2 respectively. Now, consider C5($?,Zﬁi,0'd). We can bound

%(m, z,0) with the derivatives of g evaluated at
0'2 2my. /9 2m,. /9
x + > prox, "2(z) + 0z and proxy "2 ()
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Under our assumptions, the derivatives of g are bounded by polynomials My, it
follows that there exist polynomials p of the form

A (1 + [proxgm"/Q(a:)]N) (1 + ZN) (1 + a:N) (1 + UN) )

for sufficiently large A and sufficiently large even integer IV, such that

2
o m
g® [x + > pronQ "2(2) + gz

]
< p(prox "*(x), 2, 2,04) -
In addition, |proxg2mr/2(x)| < C(1+4 |z|) for some C' > 1, and we can bound
p(proxgzmr/Q(:r), x,z,0)< A (1 + zN) (1 + xQN) (1 + O'N) )

Therefore, we have

e [[ostet. 21 o] < 4B [14 (2] (14 082 [ae )2

m du

< AE 1+ (ZE)N] (14 (@fy2Y) a2

<A(1+ (2)N) a2,

where the last inequality follows since all the moments of Z{ are bounded. Let us
denote p(z) = A (1 + ZEQN) and
< 1} .

By Chebychev’s inequality we have g (F 575) < Var(p(X&l))d_l. Additionally, for all
d
T c Fd’5,

d
Fys = {wd eR?: |al‘1 > p(af) - E[p(Xd,)]

=1

E [|os et 2 o0 < a0 (B o] + )
=2 =2

)

< a2 (E[p(xgy)] +1) .

Finally, set Fy = ﬂ?:?,Fd,j. On F, the last three terms of (1.56) converge uniformly
in L', and ( ) follows using the triangle inequality.

Next, we compare the generator Ly and Ly in (1.51) and (1.52) respectively.
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4.7. Proof of Theorem

Proposition 4.11. Under A15, A19 and A20, if o = 1/4, B = 1/8 and r > 0, there
evists sets Sq C RT with d**mq(SS) — 0 such that for any V € C(R,R)

lim sup ‘LdV(:cd) — EdV(md)‘ =0,

d—o0 deSd

and

. d
lim sup E H (exp (Z ¢d(m§l,Zfl,i)> A 1) - (eXp (Z ¢d(xld7zﬁi)> : 1) H -

d=00 gaeg, i=1 i=2

Proof. The function x +— exp(x) A 1 is Lipschitz continuous with Lipschitz constant 1,
hence

LaV (@) = LaV (@) < B ||V (waaf, 211)) = V)| IR, 21 1 00)]

where R(z,z,0) = Ri(x,z,0)+ Ra(z,2,0) as in ( ). Using a Taylor expansion of order
1 about ¢ = 0 with integral remainder:

OR 7 9?R
R(z,z,0) = R(z,2,0) + —(z,2,0) o +/ —(z,2,0) (0 —u)du,
oo =0 0o 0Oo? .
we obtain
7 9°R
R(z,z,0) = ; ﬁ(z, z,0) (0 —u)du,
o=Uu
where %(x, z,0) is bounded by the derivatives of g evaluated at
o” o2 )2 d a2 /2
x + ~ Proxg (x) + oz an proxg (x) .

Under our assumptions, the derivatives of g are bounded by polynomials M, it follows
that there exist polynomials p of the form

A <1 + {prOX;’QmT/Q(m)}N> (1 + ZN> (1 + mN) (1 + O’N) )

for sufficiently large A and sufficiently large even integer NV, such that

v ’g(k) [prox‘grzmr/Q(x)” < p(proxggmr/Q(x),x, z,0) .

2
gk [x + % proxggmr/Q(x) + az]

Proceeding as in Proposition , we can bound

p(proxgmrﬂ(x), z,z,0) < A (1 + zN) (1 + :L'QN) (1 + UN> .
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Therefore, we have
R (e 28 1,00)| < A (14 (Z1)Y) (14 @D?)

< [ uM e - wde <4 (1 (ZE)Y) (14 @) 2

Since V' € C°(R,R), there exists a constant C' such that

V (vaat, 211) = V| < Clyaat, 211) - 2]

o
<C <ad|zf{1| + 7‘1

2 m
o (o))

Recalling that g’(proxé’y\@)) = (¢™)/(x) with (¢)" Lipschitz continuous with Lipschitz con-
stant A~!, we have

aimr/2, 4 2 d
o (o)) < (1 et
d

and

2—2m

WV (yalat, 28) V)| < C <adrzilr + 72— (14 M!)) (4.59)

<Cou (12,14 (1+121))) |
since m = 1/2. Combining (1.58) and (1.59) we obtain
PV (alat, 280) = V| |RGat, 21, 00)
< Cou (14 (Z00)") (L+ @) (1260] + 70 +laD) |
for some C' > 0.

Set Sy to be the set in which 1 + (2¢)2VN+1 < d*/2, applying Markov’s inequality we
obtain

5 5
207 (SE) = d2'my ((1 ) = d5°“/2> < d-% [(1 + @)’ 0.
d—o0
Recalling that |Zf71| and 1+ (Zﬁl)N are bounded, we have that
d T d /2 ¢

sup ]LdV(m ) — LV (x )] <cdr— — 0.

zles, d® d—oo
The second results follows from ( ) using the same argument. O
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The following result considers the convergence to the generator of the Langevin diffu-
sion (4.53).

Proposition 4.12. Under A18, A19 and A20, if « = 1/4, f = 1/8 and r > 0, there
exists sets Ty C R with d**m4(TS) — 0 as d — oo, such that for any V € C(R,R)

lim sup
d—o0 xd er

a 62
d*°E [V (yd(l“iia Zﬁﬂ) - V(l“‘lj)} - E(V”(x‘f) + g'(x‘f)V’(x‘f))| —0.
Proof. Take
02 o2my /2
yd(‘rlliv Zil,l) = xtli + ?dg' (proxgd / (;pil)) + O—dZii,l 7

and use a Taylor expansion of order 2 of

2

x + (Lg' (proner/Q(:c)) +oz

W(z,z,0)=V 5

I

about ¢ = 0 with integral remainder:

2
W(z,z,0)=W(x,z0)+ %‘Z(x, z,0) 0:00 + - %JV;/ (x,2,0) » o
7 PW (0 —u)?
; W(L z,0) 3 du .
Using the derivatives
ow
W(x,2,0)=V(z), ——(z,20) =V'(x)z,
80' o=0
2
O (2200) = V(@) 4 V(@) ().
and recalling that E [Zﬁl} =0,E [(Zﬁl)z} =1, we have
2
o
E[V (waef, 210) - V] = 5 [V @) + V'@ )]
W 4 4 (0q — u)?
+E /0 W(xl’ Z11,0) . Tdu .

Proceeding as in the previous proposition, we can bound

(ea=uP 4 < 4 (1+Z)") (14 @) a5

o=u

Setting Ty to be the set in which (1 4+ (z)*) < d*/2, the result follows by applying
Markov’s inequality as in Proposition . O
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Before proceeding to stating and proving the last auxiliary result, let us denote by
Y1 : R = [0,+00) the characteristic function of the distribution N(0,¢*K?(r)), where
K3(r) is given in Theorem 1.1—(a),

Y1(t) = exp(—t* 01K (r) /2)

and by ¢ (x?t) = [ exp(itw)Qf(x?; dw) the characteristic functions associated with the
law

d
od(zh )= {d1/2 > Co(af, Zﬁi)} .
=2

Proposition 4.13. Under A15, A19 and A20, if « = 1/4, B = 1/8 and r > 0, there
exists a sequence of sets Hy C R such that

(i) limg_ oo d**mg(HS) =0,
(ii) for allt € R, limg_,oo SUpgacp, [V(x%t) — 1 (1) =

(iii) for all bounded continuous function x :R — R,

hm sup =0,

d—ro0 :chHd

/Qd T du ) (27T£4K12(7,>)71/2/X(u)e—UQ/(Qé‘lK%(T))du
R

(iv) in particular,

E

lim sup
d—o00 xdcH,

1/\exp< 1/220 le _541(212(7’)” 9% <_€2K21(7’)>’:0,

where ® is the distribution function of the standard normal random variable.

Proof. (i) Define the functions h;(z) = [—¢"(2)g'(2)) with j =1,...,4 and let Hy =
H;1 N Hgo where

Hd,lz{m €R%: ‘ /h

1=2

Hyp = {2? € R?: [hj(ad)| < d** for i =1,.. dandj:1,...,4}.

§d1/3forj:1,...,4},

Using Chebychev’s inequality, the fact that the derivatives of g are bounded by
polynomials and that 7 has finite moments, we have d'/27 ((Hg1)¢) — 0 as d — oo.
Similarly, by Markov’s inequality we have d'/?my((Hgz2)¢) — 0 as d — oo.
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4.7. Proof of Theorem

(ii) We follow [RR98b, Lemma 3(b)] and decompose

d 2
Y@t (0] < [Pt - I (1 - ;dvm?)) ‘ (4.60)
i=2
TPt - TTexs (22
+ Zl_lz — ﬁ”(%) — gexp o

i

v d T
( #2 (2d>> — exp (—t2£4K;( )2>

where v(z¢) = Var(Cy(x¢ Zﬁi)) = E[Cy(a?, Zﬁi) |, where the expectation is taken
w.r.t. ZLZ-. For the first term, decompose the characteristic function ¢ (x;t) =

1L, 64(z¢; ) as the product of the characteristic functions of d~'/2W; where we
define W; = Ca(af, Z{;), using [Durl9, equation (3.3.3)] as in the proof of [Durl9,
Theorem 3.4.10] we obtain

di.d. g\ _ v d Wi Wi
05 (x5 t) (1 5 v(xz))| <E [ 372 3] A o1

¢ |Wil?
SE[;%‘m;Mﬂgdmg

t2
+ B[l Wil > a2

5“‘ 4
< 6d [|W| ] +Td2E[|Wz| } ;
for any ¢ > 0. For sufficiently large d, we have that t?v(x{)/(2d) < 1 for € Hyp,
and we can use [Durl9, Lemma 3.4.3]

d 2 d t3
t elt|
dind. g\ v d 14
vt - 1 (1 270 >>‘ < g( I (W] + i [0 ])
564]t|3
6
where the last inequality follows from the fact that x% e H, 4,2 and Dy, Do are positive
constants. For any § > 0 we can chose ¢ small enough so that the first term in the
above is less than §/2 and we can chose d sufficiently large to make the second term
less than 0/2. Thus, for any 6 > 0 we can find € > 0 and d € N such that

aiote) T (1 7 pat
vt~ IT (1= 5ot

1=2

<

12 _
(K () + Did™%) + - (E [|Wil*] + DatPd 1),

the uniform convergence then follows. The second term in (41.60) converges to 0
uniformly for all z¢ € Hg 1; while for the third term in ( ) we use again [Durl9,
Lemma 3.4.3]

d d %K
H exp —t? M — exp i A A i
i=2 2d

d4d2

Z
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which goes to zero when d — oo, for all x? e Hgs. The result then follows.

(iii) Let x : R — R be a bounded and continuous function. Define the sequence {x?
d € N*}, where, for any d € N*, % € Hy satisfies,
sup

/ Qf (yf; du)x(u) — (mm?(r))‘” ’ / ©(w)e=?/CEREM) 4y
dEHd R

‘/ Qd J? du )_ (27T€4K12(7’))_1/2/ X(u)e*UZ/QZ‘lK%(T))du
R

+dt.

Then, using and Lévy’s continuity theorem (e.g. [Shi96, Theorem 1, page 322]),
we obtain

lim =0.
d—oo

-1/2
/Qd 2% du)y(u) — (2M4K12(T)> 1/ /X(u)e—u2/<2f4l<f(r>>du
R

Combining this limit with the definition of the sequence {x? : d € N*}, we conclude
the proof.

(iv) This statement follows directly from (iii) and [RGG97b, Proposition 2.4].

4.7.2 Auxiliary Results for the Proof of Case

First, we characterize the limit behaviour of the acceptance ratio ( ). The following
result is an extension of [RR98b, Lemma 1].

Proposition 4.14. Under A158, A19, A20 and A”1, if « = 1/6, B = 1/6 and r > 0,
then

(i) the log-acceptance ratio ( ), when d — oo, satisfies the following Taylor expansion

Ga(w,2) = d"'2Cy(w,2) + d*/Cu(w, 2)
+d7/%Cs(z,2) +d G, 2) + Cr(a, ,00)

where Cg is given in ( ), C4, Cs5,Cg are polynomials in z and the derivatives of g,
such that E[C(X¢1, Z{1)] = 0 for j = 3,4,5 and E[C3(X(,, Z{ )% = —2E[Cs(X¢ 1, 21 1)),

]zo,

(ii) there exists sets Fy C R with d**my(F$) — 0 such that

d d 6 2
> balel 2) — a2y Cyfat 2 + )

lim sup E[
=2 =2

d—o00 il:deFd

where Ko(r) is given in Theorem /.1—
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4.7. Proof of Theorem

Proof. Take one component of the log-acceptance ratio

pa(z,2) = g(x) — 9(ya(x, 2)) +log q(ya(x, 2), x) — log q(x, ya(z, 2)) ,

O_Qm
with y4(z,2) = x — 03¢’ (prox,? T/z(x)) + 04z. Proceeding as in the proof for case (a), we
have that ¢4(z, z) = Ri(z, z,04) + Re(x, z,04) where Ry, Ry are given in ( ). Following
the approach of [RR98b] we approximate ¢4(z, z) with a Taylor expansion about o4 = 0.

(i) Using a Taylor expansion of order 7, we find that

¢d($7 Z) = d_1/203(l‘, Z) + d_2/304(£L‘, Z) + d_5/6c5(l‘, Z)
+d 7 Cq(z, 2) + Cr(z, 2,04) ,

where
63 1 " 3 3 " /
Os(a,2) = 5 (56" @)2 = 29" @) @)= (14 20 (4.61)
Cy(z,2),C5(x, z) and Cg(z, z) are given in Section and integral form of the
remainder
od 7 _ 6
Cr(z,2,04) = ; 8807R(x,z,0) - (7a G w) du ,

with u between 0 and o4 and the derivatives of R and R are given in Appendix
In addition, integrating by parts and using the moments of the standard normal Zﬁl,

we find that E[Ca(X{,, 21,)] = E[CA(Xd,. Z1,)] = EIC5(Xg,. Z)) = 0 and
5 2
E [Colxd, 28] = 35 (r+ 2) E | (9" (X (X))

16
86 1 " d \3 566 " d \2
(2 +7“) E [9 (X01) } - %E [Q (X01) } )

16
which shows that E[Cg(XgJ, Z{{l)Q + QCG(XgJ, Zfl,l)] =0.

(ii) The proof of this result follows using the same steps as case and is analogous to

that of [RR98b, Lemma 1].

O

Next, we compare the generator L and Ly in (1.51) and ( ) respectively, extending

[RR98b, Theorem 3].

Proposition 4.15. Under A18, A19, A20 and A”1, if « = 1/6, § = 1/6 and r > 0,
there exists sets Sq C R with d**my(S$) — 0 such that for any V € CZ(R,R)

lim sup |LgV(2) — LaV ()| =0,

d—00 il?desd
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and
d d
lim sup E [ <exp (Z qbd(mg,ZiiJ)) A 1) - <exp (Z gbd(x?,Ziiz)) A 1) =0.
d=00 gdesg, i=1 =2 ’
Proof. Proceeding as in Proposition , for any V € C(R,R), there exists a constant

C' such that
V (ya(at, 281)) = V()| < Clyalat, 281) — of

g
<C <ad|Zﬁly + 7‘1

2 m
g (proxg3 rﬂ(fﬂf)) D :

Under A21, ¢’ is Lipschitz continuous and we have, for some C' > 1,

‘9’ (proxggm” 2(1‘@)' =¢ <1 i

2m
proxgd ' (2

) < ca i,

where we used the fact that prox;\ is 1-Lipschitz continuous for all A > 0. The result then
follows similarly to Proposition and [RR98b, Theorem 3]. O

The following result considers the convergence to the generator of the Langevin diffu-
sion (1.53) and is a generalization of [RR98b, Lemma 2].

Proposition 4.16. Under A158, A19, A20 and A”1, if a« = 1/6, B = 1/6 and r > 0,
there exists sets Ty C R? with d**mq(T$) — 0 as d — 0o such that for any V € CX(R,R)

lim sup
d—o0 xd ETd

£2
PEV (st 280) = VD] = 5076+ V') = 0.

Proof. The proof is identical to that of Proposition . O

Before proceeding to stating and proving the last auxiliary result, let us denote by
Y9 : R — [0,+00) the characteristic function of the distribution N(0,/6K2(r)), where
K2(r) is given in Theorem 4.1—(h),

Wa(t) = exp(—t*° K3 (r) /2) ,

and by 9(x?t) = [exp(itw)Q%(x?; dw) the characteristic functions associated with the
law

d
ety = a1y et 2t
=2
The following result extends [RR98b, Lemma 3].

Proposition 4.17. Under A15, A19, A0 and A21, if « = 1/6, § = 1/6 and r > 0,
there exists a sequence of sets Hy C R% such that

218



4.7. Proof of Theorem

(i) limg_eo d**mg(HS) =0,
(it) for allt € R, limg_,o0 SUPgacpy, [V§ (2% t) — a(t)| =
(iii) for all bounded continuous function x : R — R,

~1/2
/Qdm du)x(u) — (27T€6K22(7‘)> //X(u)e_uz/mﬁKg(T))du =0,
R

hm sup
d—00 :l?dEHd

(iv) in particular,

d 6 72 3
E [1 A exp (d—1/2203(x;1,zﬁi) L K;“)] — 20 <_€ K;(”>| =0,

=2

lim sup
d—o0 wdeHd

where ® is the distribution function of the standard normal random variable.

Proof. (i) The proof is analogous to that of Proposition and follows the same steps
of that of [RRI8h, Lemma 3(a)].

(ii) The proof is analogous to that of Proposition and follows the same steps of that
of [RR98b, Lemma 3(b)].

(iii) Following the steps of (iii) in Proposition and the Lévy’s continuity Theorem
(e.g. [Shi96, Theorem 1, page 322]) bring the result.

(iv) This statement follows directly from (iii) and [RGG97b, Proposition 2.4].

4.7.3 Auxiliary Results for the Proof of Case
First, we characterize the limit behaviour of the acceptance ratio ( ).

Proposition 4.18. Under A15, A19, A20 and A21 and, if « = 1/6, 5 =m/6 form > 1
and r > 0, then

(i) the log-acceptance ratio (1.50), when d — oo, satisfies the following Taylor expansion
ba(x,z) = dV2Cs(z, 2) + d72PCy(x, 2)
+ d_5/605(:v, 2) +d1Cs(x, 2) + Cr(z, 2,04) ,

where Cs is given in ( ), Cy,C5,Cg are polynomials in z and the derivatives of g,
such that E[C(X{¢ |, Z{1)] = 0 for j = 3,4,5 and E[C5(X§ ,, Z{1)?] = —2E[Ce(X{ |, Z11)],

(ii) there exists sets Fy C R with d**my(F§) — 0 such that

d d 6 72
S da(af, Z8) —dVPY" Ca(af, 21 + “{S“))H =0,

d—00 gpdc i=2 i—2

lim sup E[

where Ko is given in Theorem /. 1—
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Proof. Take one component of the log-acceptance ratio
¢a(x, 2) = g(x) — g(ya(w, 2)) +log q(ya(z, 2), x) — log q(x, ya(x, 2)) ,

2m7.
with yg(x,2) =z — agg’(proxg‘i /2(;3)) + 04z. Proceeding as in the proof for case (a), we
have that ¢q4(z, z) = Ri(z, z,04) + Ra(z, z,04) where Ry, Ry are given in (4.55). Following
the approach of [RR98b] we approximate ¢4(z, z) with a Taylor expansion about o4 = 0.

(i) Using a Taylor expansion of order 7, we find that

ba(r,2) = d2Cy(x,2) + d2PCu(z, 2) + dV/0C5(x, 2)
+ d_106($7 Z) + 07(:E7 Z, Ud) 5

where
63 1 " 3 3 " /
Calar2) =5 (39"(@) — 5o @)g'(@)2).
Cy(z, 2),C5(z, 2) and Cg(z, z) are given in Section and integral form of the
remainder
oa AT _ 6
07(:552’0-11) = 0 %R(:’CV%O_) . Wdu ;

with u between 0 and o4 and the derivatives of Ry and Rs are given in Appendix
In addition, integrating by parts and using the moments of Zﬁl we find that E[Cg(ngl, Zf{,l)] =

E[Ca(Xdy, 24,)] = EC5(Xg,, 21 1)) = 0 and

1 5
E[Co(X(, 21 1)] = £° (_325 9" (X81)°] - 5oE [g’"(Xg,n?]) ,
= 0.

which shows that E[C5(X¢,, Z{1)? + 2Cs(X§ 1, Z )]

(ii) The proof of this result follows using the same steps as case and is analogous to
that of [RR98b, Lemma 1].

O]

Next, we compare the generator Ly and Ly in (1.51) and (1.52) respectively.

Proposition 4.19. Under A15, A19, A20 and A”1, if « = 1/6, 8 = m/6 for m > 1
and r > 0, there exists sets Sq C R with d?*mq(SS) — 0 as d — oo such that for any
V e C(R,R)

lim sup ‘LdV(de) - f,dV(:cd)‘ =0,

d—o00 iEdeSd

d d
<exp (Z ba(z4, Z‘ii)) A 1) — <exp (Z pa(z4, Zﬁi)) A 1) |

i=1 =2

and

lim sup E[ =0.

d—o00 zdeS,
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4.7. Proof of Theorem

Proof. The proof is identical to that of Proposition . O

The following result considers the convergence to the generator of the Langevin diffu-
sion (1.53).

Proposition 4.20. Under A15, A19, A20 and A21, if « = 1/6, B = m/6 for m > 1
and r > 0, there exists sets Ty C R? with d**my(T5) — 0 as d — oo such that for any
V e C¥(R,R)

62
lim sup |d*E |V (ya(af. 2{ 1)) —V(a)| = S (V" (@) + ' @)V ()| = 0.

d—o0 xd ETd

Proof. The proof is identical to that of Proposition . O

Before proceeding to stating and proving the last auxiliary result, let us denote by
Y3 : R — [0, +00) the characteristic function of the distribution N(0,¢°K3(0)), where K3
is given in Theorem 4.1—(h),

3(t) = exp(—t*°K3(0)/2) ,

and by ¥4(x?t) = [exp(itw)Q3(x?; dw) the characteristic functions associated with the
law

d
od(zd ) = {d_1/2 > Oy, Zﬁi)} .
1=2

Proposition 4.21. Under A15, A19, A20 and A21, if « = 1/6, B = m/6 for m > 1
and r > 0, there exists a sequence of sets Hy C R% such that

(i) limg o0 d**mq(HG) =0,
(“) fOT all t € R7 hmd%oo Supa}dEHd Wg(wd,t) - ¢3(t)| =0 )

(iii) for all bounded continuous function x : R — R,

lim sup =0,

d—oo zdcH,

/ Qg(a:d;du)x(u) — <27r€6K22(0))71/2/ X(u)e—uQ/(2€6K§(o))du
R R

(iv) in particular,

d 6 72 3
1 Aexp (d_lmzcg(xg,Zfi) — “(22(@)] - 29 (_E K22(0)>| =0,
i=2

E

lim sup
d—o0 deH(i

where ® s the distribution function of the standard normal random variable.

Proof. (i) The proof is analogous to that of Proposition and follows the same steps
of that of [RRI8D, Lemma 3(a)].
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(i)

(iii)

(iv)

The proof is analogous to that of Proposition and follows the same steps of that
of [RRI8D, Lemma 3(b)].

Following the steps of (iii) in Proposition and the Lévy’s continuity Theorem
(e.g. [Shi96, Theorem 1, page 322]) bring the result.

This statement follows directly from (iii) and [RGG97b, Proposition 2.4].

]

4.7.4 Proof of Theorem
Proof of Theorem /.1. (a) The asymptotic acceptance rate follows by combining Propo-
sitions — with part (iv) of Proposition as in the proof of [RR98b, Theo-

rem 1]. To prove the weak convergence of the process it suffices to show that there
exists events Fj € R? such that for all ¢t > 0

lim P(LtdEijoraHOSsgt) =1,
d—o0
and

lim sup
d=00 gdcpx

LoV (@) — LV ()| .

for all V' € C(R,R) [EK09, Chapter 4, Corollary 8.7]. We take F] = FugnNSqNTyN
H,. Then, dzaﬂd ((FJ)C) — 0 and

lim P (Lf € Fjforall0<s<t)=1,

d—o0

for all fixed t. Combining Propositions — we obtain convergence of the
generators.

To obtain the value of a(f,r) maximizing the speed, we observe that KZ(r) is a
function of the ratio r = ¢2/£2™ = ¢2/{ only, we can take ¢ o £'/2 so that K2(r) is
constant for given c¢. Using the same substitution as in [RR98b, Theorem 2] we find
that h(¢,r) is maximized at the unique value of £ such that a(¢,r) = 0.452.

The proof is analogous to that of case replacing Propositions , ,

and with Propositions , , and . To obtain the value of a(¢,r)
maximizing the speed, we observe that K2(r) is a function of the ratio r = ¢2/¢?™ =
c2/0? only, we can take ¢ o< £ so that K3(r) is constant for given c. Using the
same substitution as in [RR98b, Theorem 2] we find that h(¢,r) is maximized at the
unique value of £ such that a(¢,r) = 0.574.

The proof is analogous to that of case replacing Propositions , ,
and with Propositions , , and . To obtain the value of a(¢,r)
maximizing the speed, we observe that K2(0) is constant w.r.t. r, we can use the
same substitution as in [RR98b, Theorem 2] we find that h(¢,r) is maximized at the
unique value of ¢ such that a(¢,r) = 0.574.

O
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4.8. Numerical Experiments

Case Figure Algorithm Q@ I3 m r
Proximal MALA 1/4 1/8 1/2 1
P-MALA 1/6 1/6 1
Proximal MALA 1/6 1/2 3 2
— MALA 1/6 1/6 1 =0

Table 4.1: Algorithm setting for the simulation study on the Gaussian target.

4.8 Numerical Experiments

4.8.1 Differentiable Targets

We collect here a number of numerical experiments confirming the results in Section

To do so, we consider the Gaussian distribution in Example and four algorithmic
settings summarized in Table which correspond to the three cases identified in Theo-
rem and MALA.

The first plot in Figure 4.5—4.8 show that for values of « different from those identified
in Theorem the acceptance ratio aq(¢,r) becomes degenerate as d increases. For the
values of « identified in Theorem we analyze the influence of ¢ on the acceptance
aq(¢,r) (second plot), obtaining for d — +oo the expression given by Theorem /.1—
for Figure , the expression in Theorem 4.1— for Figures and and that in
Theorem 4.1—(¢) for Figure

Finally, we consider the relationship between acceptance ratio a4(¢,7) and the speed
of the diffusion h(¢,r) approximated by the expected squared jumping distance (see, e.g.
[GRGY6])

BSID, = d*E | (X{§ — X{)?].

Looking at the last plot in Figure 4.5—4.8 we find that, even for relatively small values of d,
the shape of the plot of ESJD, as a function of the acceptance a4(¢,r) is similar to that of
the theoretical limit. This suggests that tuning the acceptance ratio to be approximately
0.452 when o = 1/4,8 = 1/8 and approximately 0.574 when o = 1/6,5 = m/6 with
m > 1 should generally guarantee high efficiency.

4.8.2 Laplace Target

We collect here a number of numerical experiments confirming the results for the Laplace
distribution in Section . Similarly to Section we consider three algorithmic
settings, summarized in Table

The first plot in Figures 4.9 shows that for a # 1/3 the acceptance ratio aq(¢, )
becomes degenerate as d increases; while the second plot shows that (agq(¢,r))gen+ and
(ESJDg)gen+ converge to a“(¢) and h%(¢) given in Theorems and 1.7, respectively.
In the case m = 3,r = 2 in Figure , we find that the behaviour for low values of
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d=15
—- d=50
—= d=300
—— d=10000
—— theoretical limit

1.0 1.0
0.8 0.8
—- a=}
— o=l
R a=1 __ 06
« «
< <
N N
S 044 T 044
S} \ S
\
\
N\
\
0.2 S 0.2
S~
S S 0.0
0 10 20 30 40 50 60 70 0.0 0.5 1.0
d
1.6 d=15
~- d=50
~ —- d=300
1.4+ PP S —— d=10000
— theory
1.2
1.0
3
QO os
=
n
M o6
0.4
0.2
0.0
0.0 02 0.4 0.6 0.8 1.0
ag(¢,r)

Figure 4.5: Case

Proximal MALA with Gaussian target and m = 1/2,r = 1.
acceptance rate for different choices of « (first); acceptance rate as a function of ¢ for increasing
dimension d (second); ESJD, as a function of the acceptance rate aq(¢,r) (third).
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Figure 4.6: Case : Proximal MALA with Gaussian target and m = 1, = 1 (P-MALA).

Average acceptance rate for different choices of a (first); acceptance rate as a function of ¢ for
increasing dimension d (second); ESJD, as a function of the acceptance rate aq(¢,r) (third).
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Figure 4.7: Case (c): Proximal MALA with Gaussian target and m = 3,r = 2. Average acceptance
rate for different choices of « (first); acceptance rate as a function of ¢ for increasing dimension d
(second); ESJD, as a function of the acceptance rate aq(¢,r) (third).
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Figure 4.8: Proximal MALA with Gaussian target and m = 1,7 — 0 (MALA). Average acceptance
rate for different choices of « (first); acceptance rate as a function of ¢ for increasing dimension d
(second); ESJD, as a function of the acceptance rate aq(¢,r) (third).
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Figure Algorithm Qo 8 m r
sG-MALA 13 1/3 1 0
P-MALA 1/3 1/3 1 1
Proximal MALA 1/3 1 3 2

Table 4.2: Algorithm setting for the simulation study on the Laplace target.
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0.0 0.2 0.4 0.6 0.8 1.0

agq(2,r)

Figure 4.9: Proximal MALA with Laplace target and m = 1,7 = 0 (sG-MALA). Average ac-
ceptance rate for different choices of « (first); acceptance rate as a function of ¢ for increasing
dimension d (second); ESJD, as a function of the acceptance rate aq(¢,r) (third).

d significantly differs from the limiting one. For values of d lower than 130 the ESJDy
achieves its maximum at a value of the acceptance a4(¢,r) different from that predicted
by Theorem . In practice, this might mean that for low dimensional settings the
recommended choice of a(¢, c) = 0.360 is far from optimal. Similar behaviours for small d
have also been observed in the case of RWM and MALA (e.g., [SR+09, Section 2.1]).

4.8.3 Mix of a Laplace and differentiable target

We collect here a the rest of the numerical experiments illustrating the scaling the results

for the density defined in (4.19), discussed in Section . Similarly to Section we
consider three algorithmic settings, summarized in Table
The first plot in Figures — shows that for v # 1/3 the acceptance ratio aq(¢,r)

becomes degenerate as d increases; while the second plot shows that (agq(¢,7))gen+ and
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Figure 4.10: Proximal MALA with Laplace target and m = 1,7 = 1 (P-MALA). Average ac-
ceptance rate for different choices of « (first); acceptance rate as a function of ¢ for increasing
dimension d (second); ESJD, as a function of the acceptance rate aq(¢,r) (third).
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Figure 4.11: Proximal MALA with Laplace target and m = 3,r = 2. Average acceptance rate for
different choices of « (first); acceptance rate as a function of ¢ for increasing dimension d (second);
ESJD, as a function of the acceptance rate aq(¢,r) (third).
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Figure Algorithm o 8 m r
sG-MALA 13 1/3 1 0
P-MALA 1/3 1/3 1 1
Proximal MALA 1/3 1 3 2

Table 4.3: Algorithm setting for the simulation study on the mixed Laplace-normal target.

(ESJDg)gen+ converge as d — 00.

It is interesting to note that the convergence of these plots happens faster with respect
to the dimension d, compared to the Laplace distribution. It is also surprising that out
of the three settings tested for the parameters » and m, the one that seems to converge
faster, and that looks most stable, is m = 3 and r = 2, which was never the case for the
other densities. This may suggest that for such distributions, a general Proximal MALA
algorithm has better properties of convergence than sG-MALA and P-MALA.

4.9 Taylor Expansions for the Results on Differentiable Tar-
gets

4.9.1 Coefficients of the Taylor Expansion

We collect here the coefficients of the Taylor expansions in Propositions , and

4.9.1.1 Case

If «a =1/4, 3 =1/8 and r > 0, then the log-acceptance ratio (4.50) satisfies
¢d($, Z) = d_l/ZCQ(xa Z) + d_3/403($7 Z) + d_1C4(CC, Z) + 05('T’ Zy Ud) s

where
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Figure 4.12: Proximal MALA with mixed Laplace-normal target and m = 1,7 = 0 (sG-MALA).
Average acceptance rate for different choices of « (first); acceptance rate as a function of ¢ for

increasing dimension d (second); ESJD, as a function of the acceptance rate aq(¢,r) (third).
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Figure 4.13: Proximal MALA with mixed Laplace-normal target and m = 1, = 1 (P-MALA).
Average acceptance rate for different choices of « (first); acceptance rate as a function of ¢ for
increasing dimension d (second); ESJD, as a function of the acceptance rate aq(¢,r) (third).
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and

+g"(x) (—6z2g’(x) —9r23g" (x) + 92%r2¢' (x)g" () + 9rz [g’(ac)]2

5 9 @) (@) - 3% [ @)

+12rz¢'(x) [g”(a:)}2 +3g"(x) [g’(az)]2 — 322 [g"(x)]Q + 3222 [g”(x)]3
—612 [g'(:c)g"(ﬂrjﬂ2 — 32r3¢ (2) [g"(x)}g} ,

and we use the integral form for the remainder

o4 85

N4
ﬁR( (0q U)d

x,2,0) 1

05($)Z70-d) = u,

o=u

with u between 0 and o4 and the derivatives of Ry and Ry given in Appendix

4.9.1.2 Case

If a=1/6, 8 =1/6 and r > 0, the the log-acceptance ratio (1.50) satisfies

da(z,z) = d72C5(x, 2) + d"3Cy(x, 2)
+ d—5/605($’ Z) + d_106($, Z) + 07('1:7 Z, Od)’

where

234



4.9. Taylor Expansions for the Results on Differentiable Targets

and
4
Cy(z,2) = % (249(4) (2) — 622¢" (2)g (x)(1 + 1)
—322[¢"()]* (1 4 2r) + 3¢ (z) [¢' (2)]® (1 + 27‘)) :
5
Cala2) = 155 (5597 @) — 152D @)g @)1+ 7) + 152 [/ @)] " (@) (5 + 30+ %)
+152(1 4 4r 4 2r%) g (z) [g“(x)]z —1523¢" (2)g" (z)(1 + 3r)> ,
Cola2) = o (22599 (@) = 30 (14 1) 219/ (@0)g O ) + 45 (2 4+ 47 +12) 2 [/ @)V 2)

+90 (r+72) 2 [¢"(@)]* = 15 (24 67 + 3r?) g"(2) [¢/(2)]
— 30 (1+4r) 219" (2)g" (2) + 45 (3 + 167 + 6r2) 2%¢ ()g" (x)g" ()

45 45
(4 A @) - T (L s+ 8) [g (@ ()
and integral form of the remainder
o] 87 _ 6
07($7Za0d) = 0 ﬁR(l’,Z,O’) . Wdu,

with u between 0 and o4 and the derivatives of Ry and Ry are given in Appendix

4.9.1.3 Case

If «=1/6, 5=m/6 for m > 1 and r > 0, then the log-acceptance ratio (1.50) satisfies

pa(r,2) = d"V2Cy(x, 2) + d 230y (x, 2)
+ d—5/6615($7 Z) + d_lcﬁ(ﬂf, Z) + C?(xa 2, Jd))

where
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and

£4
Cy(z,2) =

€5
Cs(x,2) = 120

€6
Ce(z, 2) 0

24| 249 (2) — 622" (2)g/(x) — 322 [g"(2)]* + 39" () [¢/ ()]

g (x) = 622" (2)g () — 322 [¢" (2)]” + 3¢" () [¢/ («)]*

—12zrg'(z)g" () if m=3/2

)

otherwise

82590 (2) — 1523gW ()¢ () + L2 [¢' ()] ¢ (x) + 1524/ (z) [¢" (2)]°
—152%¢" (x)g" (x) — 30227 [¢" (2)]* + 30r [¢ (2)]* " (x)
—30rz2g (x)g" (x)
if m=3/2
22590 (x) — 153D (2)g () + L2 [¢' ()] ¢ (x) + 1524/ (z) [¢" (2)]”
—1523¢" (x)g" (x) — 60zrg' (x)g" (x)

ifm=2
$2290)(2) — 15239 W(2)g' () + Rz ¢ ()] ¢ ()
+15z¢ () [¢" (2)]* — 1523 ”( )g" (x) otherwise

225919 (z) — 3021¢/ (2)g®) () + 902 [¢/ ()] g () — 30" () [¢/ ()]
— L [g'(2)g" (2)]* — 302%¢" (x)gW (z) + 13522/ (x)g" (x)g"" (x)
— 824 g" ()] - 9023rg/ (x)g ™ (x) + 540rzg/ (z) [ ()]
+180rzg(z)g" (%) + 270r2¢" (x) [¢' (2)]* — 452rg" (z)g" (z)
+90r23g" ()
if m=3/2
22890 (2) — 3024/ (2)g® () + 9022 [¢'(2)]” g () — 309" (2) [¢' ()]
— 2 [g(2)g" ()] - 30z%¢" (2)gW () + 13522/ (x)g" (2)g" (x)
— 929" (2))* - 180z%rg (x)g" (x) — 1802°r [¢" ()]
+180rg” (z) [¢/ («)]*
ifm=2
22500 (2) — 3039/ (2)g ) (x) + 902 [/ (2)]% 4D ) — 309"(2) [g (&)
— 2 [ (2)g" (x))* — 3021¢" (x) gV (z) + 13522/ (x)g" (x)g"" (x)
B @) 36029 (2)(2)
if m=>5/2
22500 (2) — 3039/ (2)g®)(x) + 9022 [/ (2)]% 4D () — 309"(2) [g (&)
— 2 [¢(2)g" (2)]* — 3021¢" () gV (z) + 13522/ (x)g" (x)g"" (x)
A )

45
otherwise

I
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and integral form of the remainder

with u between 0 and o4 and the derivatives of Ry and Ry are given in Appendix

4.9.2 Taylor Expansions of the Log-acceptance Ratio

4.9.2.1 R

a2 /2

Recall that Ry(z,z2,0) = —g [:c - "72g/ (proxg (a:)) + oz} + g(z). We compute the
derivatives of Ry w.r.t. o evaluated at O:

Ri(z,2,0) =0,

OR

870'1(1}7 Zs U)|o‘:0 = —g/(.T)Z,

9°R
o (0,2, 0)jmy = —29" (@) + ¢ ()],

PR 9 m
o (2,2,0)jpm0 = —2°¢"(x) + 3¢ (x)g" (x) |z + += prox "3 (z) 5| ,
Jo Jo

84R1 4 _(4) 2 m / " / 2
St (@2 0)p=0 = =219 (2) + 62°9" ()9 (z) - 3¢" () [¢/(x)]

0 m
+ 122 [g”(:ﬂ)]z P prox‘g’2 T/2(ZL‘)‘U:0

+ 69 ()

82 oMy 9 oMy 2
% g//(;c)w proxg2 /2(35)‘0:0 + (5’0 proxg2 /2(35)0:0) g/"(x)] .
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In addition, for m > 1/2 we will also use

PR
8T51($’ 2,0)|g=0 = —2°¢0) (&) +1023gW ()¢ (z) — 152¢" (2) [g'(gv)]2
62 oMy
+30z [g"(2)]” 5o proxg " (@))0—0
104’ 7 o a?mr/2
+10g'(z)g (95)% prox, (T))o=05
Ry 6 (6) 4 _(5) / 2 (4) ’ 2 m ’ 3
B8 (@ 7:0)lo=0 = =279 (x) + 1527 (2)g'(x) — 45279 (2) [¢'(2)]” + 159" () [¢' ()]
62 m
= 90g'(z) [g"(@)]" 55 proxg /3 (@)j5—0
60 " 83 O'zmT‘/Q
— blzyg (@@ prox, (95)|a=0

4.9.2.2 Ry

Recall that
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We compute the derivatives of Ry w.r.t. o evaluated at 0:

Ry(z,2,0) =0,
ORs
870_(‘%‘7 z, U)‘O‘ZO = Zgl(x)a
62R 8 m
= (#,2,0) 0= = = [¢'(@)]* + 2" (2) |2 + 25— proxg (@)oo
oo do
PR 0 o2m
2 g = =39 (@) () [+ 2 proxg ™2 (@)
3 o m 2
+ 5% ([z + % proxg2 7”/Q(ac)h,zo] " (x)
/ ? a?mr/2 ok a?mr/2 "
+ -9 (ﬂ?) + 2'280_893 prOXg ('CC)|O'=0 + W prOXg (x)|0'=0 g (1;)
9 oM /2 2 82 oMy /2
| o2 a) o | () 5 proxs @) g0 (0) )
84R 0 oMy 2
8742(3:, 2,0)|g=0 = —3 Lq”(mﬂ2 [z + 28—0 pronQ /2(:5)|G:0]
! 9 o2mr/2 2 m
—6g'(x) | |2+ 5 proxg " (@)j0=0| 9" (2)
/ ? a?mr /2 s a?mr /2 "
+ -9 (ﬂf) + 2280’833 prOXg ($)|O'=0 + W prOXg (x)|0':0 g (1;)

8 g2my /9 2 82 g2my /9
+ | o2 a) o | ")+ 5 proxg @) o0g (2)

9 o2my
+ 229(4) (x) [z + % proxg / (1:)|g_0]
+ 629" (x) {z + 9 prox? "/ ($)UO:|
oo g
82 0.2 r 82 0'27”7‘ 2
X lg’(az) + 22808 proxg /2(1:)|(,70 + 552 Proxg / (x)|(,_0]
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We then proceed to get the derivatives needed for m > 1/2:

Ry

W@f, 2,0)|g=0 = —1529" (2) <Z29'"(90) +

0? m
—g'(x) + 2@ proxf 7”/2(35)|a=0] 9”(35)>

0? m
—5¢m>@f¢@mr+w¢%@[—d@»+&ﬂpmg2”%mwﬂ]

83 O_2m7. 2 83 0’2m7‘ 2
+2¢" () [32602833 proxg / (7)|5=0 + 903 PrOXg / (7)|o=0

63 O.Qm,r
+29H(93)@ prox, /2($)o:0>
5 5 5 5 84 o2my /2
+ 59( )(2)2° + 529”(95)@ prox, / (7)|o=0

0? m
+15¢W ()23 [—g/(x) + 902 proxg2 T/Q(x)|<,:0]

15 92 n, ?
+ 57 "(x) [-g’(m) + 952 proxg2 /2(:6)0:0]

15 92 ?
B F ]

2 o

2 m ok a?mr /2 ig omr/2
+102¢" () 328028:1; proxg (T)jo=0 + 553 PTO%g () |o=0

5 4 O'2m7” 82 0.2m7,.
+MMIWW%MMIWW%O

2 do* do?
63 0'2m7‘ 84 a.2m7.
—64g'(x) 5020, PTO%g /2(33)‘0:0 + 6z2m prox, /2(:1;)‘0:0
84 0.2m7,/2
+4Z<9036 proxg (7))o=0
and
OR 45 o? . ?
&jwﬁmmﬂz2<£¢mo+[ywwzcﬂmmf/cmﬁﬁfuﬁ
1524" 9,344 62d" / 0 a?mr/2
— 15297 (2) | 2277 () + 6297 (2) | —g () + 55 proxg (@) 5=0
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with
5 5 84 2m
5 5 4 oM /2
A = 29D @)=" = 59" (@) 55 proxg (@) 0=
82 o2my
_ 159(4) (J;)ZQ l_g/(x) + 902 prox, /Q(w)azol
2
15 2 o2m 15 62 o=
29" (@) [ () + 5 prox; /2@)'0-01 A la proxg (e
83 0_2'mr 2 83 0'27"7’ 2
— 102" () <3Z 50297 PTO%g (@) 50 + 553 Proxg P2(@)jo=0
5 84 o'2mr 2 O_Qm
-3 ”(x) <84 proxg /2(33)‘0: — 6g”(x)72 prox, /2(56)|0*0
o? oMy
—64'(z) 557~ proxg " 2(w) 00
9 64 o2 / 4 g2m /
H627 5 aga Proxg 1 (@)jo=o + 425 g proxg (@) o= |
m ad o™
A6 — _3 <1Og"’(x)2 pI“OXZ2 / ($)|O—:0? PTOXQQ /2(:6)\0—0

o3 o3 my
+10gW (2)22 laa?’ prox, / (T)jo=0 + 32 552 p]roxg2 /Q(x)h,o]
m / 0 omr/2
109" (2) |9/ (@) + o proxg™ (@) g
3 83 2m
X [(%3 pI'OXg2 T/ (x)‘azo + 3z 80'26 pl“OXZ /2 (-’I;)|o':0‘|

+ 54" ()2 [—69"@)02 proxg /2 (@)jo—0 — 64'(2) 555 proxg (@) o
+622 802)2332 proxg2mr/2(:1:)|g:0 + 328(783;:5 pronQmT/Q(a:)|U_0
+0044 proqurmr/2 (z) |00]
+9¢"(x) {—109”(;1:) 33 prox;mr/Q(x)|U:0 - 109'(:U)8(§;x Proxgzmr/2($)|0:0
241 + 52&‘84583: proxggmr/2 (%)jo=0 + 10z 5035,7 proxg2mr/2(x)|[,_0
+ 1023 Ba(zgx?’ proxgzmrﬂ(x)b:o
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4.9.3 Derivatives of the Proximity Map for Differentiable Targets

Recall that, in the differentiable case, proxgzmr/ (2) = —#g’ (proner/ *(z)) 4  then
5 —54' () ifm=1/2
e prox(gfmr/z(x)|a_0 =40 if m>1/2
00 otherwise
5o (@)g"(x)  ifm=1/2
0? 2 —rg'(z) ifm=1
v o“Mr/ _
rox T)|g—
9oz Pr%s a0 =00
o0 otherwise
,’,,3 7,.3 .
—3=g"(@) ¢ ()] = g/ (@) [ () ifm=1/2
o3 2m —3rg'(x) if m=23/2
o o*™r/2 _
rox T)|p—p =
953 Ty (@lo=0 =4 if m=1,m>3/2
o0 otherwise
<oo  ifm=1/2
oy 6r2g' (x)g" () iftm=1
o.2m7. .
9o PTO%g /2(:5)|U:0 =4 —12r¢'(x) ifm=2
0 ifm=3/2,m>2
o0 otherwise
<oo  ifm=1/2
o° p2my —60rg’ (x if m=5/2
ﬁprOXgQ /2(5U)|a=0 = . (@) /
o 0 iftm=1,m=3/2,m=2,m>5/2
00 otherwise
and
8 O.er a(k) O.er
% prox, /2(33)|U=0 =1, m prox, /2(:6)\0:0 =0,
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for all integers k > 1. For the mixed derivatives we have

—59" () ifm=1/2
proxg 2(3:)|U:0 =10 ifm>1/2

00 otherwise

T @P + g (@)g" (@) ifm=1/2
ok 2m —rg"(x) ifm=1
o?™r/2 _
0! e =
0029z % (@) |o=0 0 iFm > 1/2
00 otherwise
< 0 iftm=1/2
84 2m —37’9”(33) ]f m = 3/2
o“™r/ o
ro P Ip—
55302 Pr% @m0 =14 fmLm> 32
00 otherwise
< 00 if m=1/2
55 6r2 <g’(a:)g”’(x) + [g//(x)]2) =1
010 proxg2mr/2($)|a:0 =4 —12r¢"(x) itm=2
0 itm=3/2,m>2
00 otherwise
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and

5 . —59" () ifm=1/2
D02 prox, ' T/Q(m)‘azo =<0 ifm>1/2
00 otherwise
<oo ifm=1/2
84 o’2m'r'/2

5 Proxg (T)jp=0 = O ifm>1/2

00 otherwise

< 00 ifm=1/2

64 O'27n7‘/2 —Tg”/<$) lf m = 1
02022 D% T @e=0 = 07 e /2
00 otherwise
< 00 iftm=1/2
9 . —3rg"” if m=3/2
— pI‘OXZQ T/2($)|o:0 _ g (I‘) 1m /
0030z 0 itm=1,m > 3/2

00 otherwise

< 0 iftm=1/2
—rg(4) (2) ifm=1
0 ifm>1

85

2m,. /9
do?0x3 proxg "/ (#)jo=0 =

) otherwise

4.10 Moments and Integrals for the Laplace Distribution

4.10.1 Moments of Acceptance Ratio for the Laplace Distribution

The indicator functions in the definition of ¢4 identify four different regions:

1
Ry =< (z,2): |z| <o®r/2 A |1 - ——— )z + 02| < 0*™r/2},
g2(m=1)p
2
Ry := {(aj,z) x| > o™ /2N |z — %sgn(:l:) +oz| < anr/2},
2m 1 2m
Ry =< (z,2) i |z| <o r 2N |1 = ——— |z + 02| >0""1/2},
0'2(m_1)?"
2
Ry := {(x,z) | > oM /2 A | — %sgn(m) +oz| > anr/Q},
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with corresponding acceptance ratios

1
¢(11($,Z):|$|—'<1—0_2(7n_1)r>13+0'2

1 2 1 ) 1 2
" 952 \\ g2tm—1), T gam—1),2 ) T T\ T 2tmen), ) OF

a(w,2) = || -

o
Y sgn(x) + oz

1 o2 o? o?
~ 552 ?sgn(:n) — oz + osgn | - ?sgn(az) +oz

Let us denote

and

Bli

BQZ

B, :

&
w
I
—N— ——
N
N
= I
|
)
= |
SN
=
3
N———
8
+
)
N
IV
o
3
<3
——
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and

2 2m
(m,z):OSm—UQsgn(az)+az<02r},

Cy =

2m 2
(x,z):—g2 T <95—02sgn(a:)+az§0}

o? o?my
O3 := {(w,z) Lx— ?sgn(x)JrUZ > 2 },

Cy =

2 2m
(m,z):ac—%sgn(m)+az§—02 r}’

so that, up to a set of null measure,

R, = (AlLJAQ)ﬁ(BlUBQ), Ry = (A3UA4)Q(01UCQ),
R3 = (Al U AQ) N (Bg U B4), Ry = (A3 U A4) N (03 U 04)

Proposition 4.22. Take X a Laplace random variable and Z a standard normal random
variable independent of X, then if o2 = (2d~2/3, we have

63
lim dE [¢pg(X, Z)] = ——— .

Proof. Taking expectations of ¢/1g, for i = 1,...,4 and exploiting the symmetry of the
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laws of X and Z, we can write

_9E <01_X - aZ) La, (X)L, (X, Z)]

2X - — L X4 07) 14, (X) (X, 2)
g2(m=1)p 1

72 1 2 1 1 2
55 () X (1 ) %) )

)
— 9E KJQ - az> La,(X)1c, (X, Z)}

<2X L UZ> 14,(X)1c, (X, Z)]

72 1 1 1 o’ 2
(2—202 (MX+(1—M) (2_"Z>> )
X].AS(X)]]-01UCQ(X7Z)]7

E [d)g(X7 Z)HR3(X7 Z)}

_9E Kl)rx - az> Ta, (X)L, (X, Z)]

o2(m—1

- 1
+92E <2X— 2X—|—0Z> 1a,(X)1p (X7Z)}

L o2(m=1)y ' !

(722 1 1 0%\ _
+2E (2 ) <02(m_1>TX soZt 2) ) L (X)15(X, 2)

(22 1 1 2\’ _
+2F (2 ~ 552 <0.2(m_1>TX_“Z_ 2) ) (X8, (X, 2))

E[04(X, 2)1r,(X, 2)] = 2E K2X - "22 + O’Z) 14, (X)1e, (X, Z)] .

Using the integrals in Appendix and Lebesgue’s dominated convergence theorem,
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we find that fora = =1/3 and r >0

Jm_dE |6u(X,2)] =0
Br 0 2 r

2 _ —z2/2 _

Jim_dE 03(X,2)] 2 | ¢ T e =
303y 0 2 Br o oo, PBr

3 o —z%/2 - —2z%/2 __
Jm B |6X. 2)| = o [ e e - o | e = -
li dE |:¢4(X Z):| _ 63 0 —22/2 Sd _ _ﬂ
do oo O [ Pal s 6vor ) T T 3van

which gives

Jim_dE[gu(X,2)] = lim d(E[#)(X.2)] +E 63X, 2)] +E [6}(X, 2)| +E |0}(X, 2)|)
ES
3v2m

For a« =1/3,8 =m/3 for m > 1 and r > 0 we have

lim dE [qsd(X Z)} =0

d—~+o00

which gives

Jim dE[ou(X,2)] = lim d(E[8)(X.2)] +E |[6i(X, 2)] +E [6}(X, 2)| +E |04(X, 2)|)
53
3v2n

O

Proposition 4.23. Toke X a Laplace random variable and Z a standard normal random
variable independent of X, then if 02 = (2d—2/3

203
lim dV: X, Z —_—
—1>I—|I-loo ar (¢d( )) 3\/%

Proof. As a consequence of the previous Proposition we have

. 2
Jim_dE (60X, Z)* = 0.
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4.10. Moments and Integrals for the Laplace Distribution

Then, because R; N R; = () for all j # i, we have that
E[0a(X, 2)%] = E[0U(X, 2)2Ri(X, 2)] + E [03(X, 2)*Ra(X, 2))|
+E [65(X, 2)*Bs(X, 2)| + E[04(X, 2)*Ru(X, 2),
and, exploiting again the symmetry of the laws of X and Z, we have

E[04(X, 2)*Ri(X, 2)]

1 721 2 1 1 2\?
=2k |:<02(m—1)TX —o0Z+ 5 T 9,2 ((O-Q(m—l),r. - O-4(m—1)7-2> X - (1 - O.Q(m—l)r) UZ) )

x14,(X)1p, (X, 2)],

1 Z? 1 2 1 1
<2X - m)ﬁ' —o0Z+ o5 T 952 <(0_2(m_1)r - 04(m—1)7,2> X — (1 T p2m=1),
x14,(X)1B,(X, Z)],
E[03(X, 2)*1r,(X, 2)]

+ 2E

2
o2 721 1 1 o2 ?

o? 72 1 1 1 ) 2

X]lAl(X)]lCz(X> Z)] ,
E [(bg(X? Z)z]le(Xv Z)}

2

2 2
1 VAN 1 o

2
Ellox -t xigzi L L (1 _y oy : 1u (X)1g,(X.Z
+ T A mn, T4 5 T 55 | e, T4 Ty A (X)1B, (X, Z) |,

2 2
g
<2X -5+ aZ) 1a,(X)1e, (X, 2)

E[04(X, 2)*1r,(X, 2)] = 2E

Proceeding as for Proposition , using the integrals in Appendix and Lebesgue’s
dominated convergence theorem we can then show that for « = 1/3,5 = m/3 for m > 1
and r >0

, 203
dgrfood\/ar (Pa(X,2)) = o
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O]

Proposition 4.24. Take X a Laplace random variable and Z a standard normal random
variable independent of X, then if 0% = (2d—2/3 we have

lim dE [¢g(X, 2)°] = 0.

d—+o00
Proof. Following the same structure of the previous propositions we have that

E[0(X, 2)°] = E[0}(X, 2°Ri(X, 2)| +E [63(X, 2)*Ra(X, 2)]
+E[03(X, 2)°R3(X, 2)| + E [94(X, 2)°Ru(X, 2)|

exploiting again the symmetry of the laws of X and Z, using the integrals in Appendix
the dominated convergence theorem we can then show that

lim dE [¢a(X, 2)°] = 0.

d—+o00

4.10.2 Bound on Second Moment of Acceptance Ratio for the Laplace
Distribution

Lemma 3. Let Z be a standard normal random variable and o = £/d* for « = 1/3. Then,
there exists a constant C' > 0 such that for all a € R and d € N:

E[pa(a, 2)?] < d%.

Proof. We consider the case a > 0 and r > ¢2(™=1) only, all the other cases follow from
identical arguments. As in the derivation of the moments of ¢4 in Appendix , we
distinguish four regions. We recall that o = £/d® for a = 1/3 and thus oP™! < o for all
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4.10. Moments and Integrals for the Laplace Distribution

p € N. Take r > o= 2(m=1 for Ry, we have, using Holder’s inequality multiple times,

E [(ﬁ}l(a? Z)2]131 (a7 Z)} =E {¢}l<av Z)QHB1UBQ (a7 Z)}

< Co? /Ugm_lr/z_(I_I/UQ(m_l)T)a e/ ( 1 a— z)2
o —(1—1/02(’”_1)7‘)(1/0 V21 o2m—1y

21 (2 ! L VY
* 20'_20'3 0'2(7"*1)7“_0'4(7”*1)7“2 a= _O-Z(mfl)r oz <

2 —(1-1/a*m=Vr)a/a e=#12 [ /24 1 2
+Co / ( - ——ua+ z)
—o2m=1r/2(1-1/02(m=Vr)a /27 o g2m—lp

2 1 2 1 X 1 2\ 2 .
20 7 203 \\G2Zm 10y ~ GamD 2 “_( T 21, ) 7F z

9 400 6—22/2 a 2 1 2 9

) 0'27"_1r/2—(1—1/0’2(m_1)7")a e—z2/2
+Co /
—0'2"”‘717‘/2—(1—1/0’2(7”71)7")‘1 V2T

21 (2 ! LYY
% 20'_20'3 02(m_1)r_o'4(m_1)r2 a= _0-2(m—1)r gz

0'2’”_17“/27(171/0'2(’“_1)7“)(1 6722/2

< Co? + 002/ —
—o2m=1r/2—(1-1/02(m=Dr)a /27

24 1 2 1 o 1 Y
8 <402 s <<02<ml>7~ B 04(m1)r2> @ (1 B 02(7”1)1"> o))

< Co?,

where we used the fact that the moments of Z are bounded and a < ¢?™r/2 for the first
term, and the fact that z < 0?™~1r/2 for the second one. Proceeding as above, for R,
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a>0andr > o 2" we have

E [6i(a, 2)*1r,(a, 2)| = E [#i(a, 2)*Lp,up, (. )|

+00 =% /2 1 2
<o | 7 | —)
02’”*17’/2—(1—1/02(7”*1)7‘)(1/0 2m osmTrr

2
22 1 1 o? 2 q
T\2g 208 \ 2, 0 T Y ‘

) _o_2m717,./2_(1—1/0'2(m71)7‘)a/0' 6—32/2 2£ # 2
o a+z

oo Vor o o2nlp
2
n 22 1 1 +02 2 q
v e e R ;
+oo o=2/2 [ ] a’ 4 2az 2
< (2 2 e 3 _
<G+ Co /—oo V21 (203 e e P T e e dz

where we used again the boundedness of the moments of Z, the fact that a < 0?7 /2 and
that oPt1 < oP. For Ry and a > 0, we have

E [¢?I(a7 Z)2]1R2 (a7 Z)} =E [¢?l(a7 Z>2H01U02 (aa Z)]

/2402 1r/2—a/0 6*22/2 o2 2

<C 2/ 7 _

= c/2—ajo V21 [( 2 7%

22 1 1 1 1 o2 ? q
2 T2\ T T ey ) 2 T :
o/2—ajo efz2/2 o2 2
C 2/ 2a — —
+Co 0/2*02m_17‘/27(l/0 /27T |:< a 2 +oz

2 1 1 X 1 o? 2 .
2 T2\ T T ey ) 2 T &

The first integral is bounded using the moments of Z, while for the third one let us denote
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4.10. Moments and Integrals for the Laplace Distribution

x(a,0,2) :==a—0%/2 + 0z, then
2

/240> r/2—a/o efz2/2 52 1 1 . 1 o2 2 1
/(,/Q_Uzmlr/z_a/o Ve \ 20 20° 02(m—1)ra+( B 02(7”—1)7“) 2 7 ’

2
B o/2402"1r/2—q/c 6—z2/2 (22 B L (X(CL,O’,Z) + 12 — gz>2> dz

o/2—02m=1r/2—a)c /2T 20 203 \ g2(m=1)p 2
/240%™ 1r/2—a/0 6—22/2 52 1 o2 2\ 2
< C’/ 53 |5 0% dz
o/2—02m=1r/2—a/c /2T 20 20 2

/240%™ 1r/2—a/0 —22/2 2\ 2 2 2
Lo e (x(a,a,Z) ) N (x(ava,Z) (0 _UZ>) as:

0/2—0?m=1r/2—ajc /2T 204m=1y2 ro2m—1

recalling that in Ry we have |x(a, o, z)| < 0?™r/2, we obtain that this term is also bounded
by Co?. For R4 and a > 0, we have

E [¢4(a, 2)%1, (0, 2)| = E |¢(a, 2)*1c,(a, 2)]

0/2—0?m=1r/2—a/5 ,—2%/2 2 2
:/ ‘ (2(1—02—1—02) dz

oo V2
_ 02 /0/202m_1r/2a/0 6—22/2 (20, o N z)2dz
—00 vV 27 g 2

Collecting all the terms together, we obtain
4
E (e, 2)°] = 3_E |di(a, 2)’11,(a, 2)|
i=1

o/2—ajo ,—%%/2 2 2
§002+002/ e(a g >
—00 vV 21

Recall that o = ¢d~1/3. To bound the last integral we use Holder’s inequality

o/2—a/o 6_22/2 2a o 2d -0 o/2—ajo 6_22/2 o 2 A o a 2 4
[ % (fz“) <o (g“) " (2—0) :

0/2—ajc 6—22/2 02 ) o a2
T — 4 = — — .
C/—oo V2m (4 ) (2 U) az

The first term is bounded since the moments of Z are bounded. For the second term
we use an estimate of the Gaussian cumulative distribution function. Let x(¢,d,a) :=

€d=1/3/2 — ad/?/¢. When z < k({,d,a) < 0, we have 1 < z/k(/, d,a) and therefore
k(¢,d,a) k(¢,d,a)
ze_ZZ/Zdz,

(2m) "2k (t,d, a)? /

—00

e %124z < (2m)~Y2k(¢,d, a)/

—00
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However y — ye¥"/2 is bounded over R, therefore (a,d) —s (211) "2k (¢, d, a) exp(—r (¢, d, a)?/2)
is bounded over R x N. If x(¢,d,a) > 0, then we still have x(¢,d,a) < ¢ and thus have

the inequality

k(¢,d,a) +oo

e * 2z < (27[)71/252/ e %124y = 2.

— 00

(2r0)"V2k(0, d, a)? /

—00

The result then follows since o = £d—1/3.

4.10.3 Additional Integrals for the Laplace Distribution
We collect here two auxiliary Lemmata which are used in the proof of Proposition

Lemma 4. Take X a Laplace random variable and Z o standard normal random variable

ad 2
independent of X. Let X := X—ﬁ)ﬁl {|X] < o?™r/2} =% sgn(X)1 {|X| > o?™r/2}+
oZ, then, for o = d™* with a = 1/3,

E [IL {sgn(X) # sgn(X)H —0
if d = o0.

Proof. Using the same strategy of Appendix and the symmetry of the laws of X, Z,
we find that
E[1 {sen(X) # sen(X) }| = 26 [14,(X) 15, (X, 2)] + 2B [14, (X)L (X, Z2)]
26 L, (X)L, (X, 2)] 4 2E [, (X) 1 (X, 2)]
Using the same strategy used to obtain the moments of ¢4 in Appendix , we find

that
E[1a,(X)15,(X,2)] =o(1),
in addition
02/2—0z+0%mr /2

0./2 a.2m 1/ ) B
E[14,(X)1c, (X, 2)] Nﬁ/ e * /2/0_2/202 e ®dx dz + o(1)

0./2 0.2m 1 / 2
- / e =1 = 7néml + ..
2\/271 —00 2

where 9,,,1 is a Dirac’s delta, and

dz + o(1),

E[ILA1(X)ILB4(X7 Z)] + E[1A3(X)ILC’4(X7 Z)]

1 /O‘/2U2m_17‘ 229 /02/2az02mr/2 de d (1)
= — e ” e “dr dz+o
2¢/2m 0

o/2—ag?m 1y 5
2\ﬁ/ e [—oz 4 .. ]dz + o(1).
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Since o = £d~1/3 and the remainder terms of the Taylor expansions are bounded, Lebesque’s

dominated convergence theorem gives

E[HA3(X)HCQ(X7 Z)] — 0,
E []lAl(X)]lB4(X7 Z)] +E [1A3(X>]IC4(X> Z)] —0

as d — oo. O

Lemma 5. Toke X a Laplace random variable and Z a standard normal random variable
independent of X. Then,

d*E[|Z]]¢a (X, Z)|] = O

for a =1/3.

Proof. Using Cauchy-Schwarz’s inequality we have that

E(1211¢a (X, 2)) <E[22] " [pux, 22"

the first expectation is equal to one, and the second one converges to zero at rate d'/2 by
Proposition . The result follows straightforwardly. O

4.10.4 Integrals for Moment Computations

We distinguish the case m = 1/2 and m > 1 since the integration bounds significantly
differ in these two cases. For values between 1/2 and 1 the integrals are not finite. The
expectations below are obtained by integrating w.r.t. x and using a Taylor expansion
about ¢ = 0 to obtain the leading order terms. Using the Lagrange form of the re-
mainder for the Taylor expansions, we find that the remainder terms are all of the form
ol/*t1 f(~y(0, 2))/(1/a+1)! where (o, 2) is a point between the limits of integration w.r.t.
x and f:x+— p(x)e™™, where p is a polynomial. Therefore, using the boundedness of the
remainder and Lebesgue’s dominated convergence theorem, the integrals w.r.t. z of the
remainder terms all converge to 0.

4.10.4.1 First Moment

For simplicity, we only consider the case for r > o—2(m=1  the other case follows analo-
gously.
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Region R; Let us consider ¢}l first. We have

O§x§”2r 1f0§z§%
2m 1 2m—1
ANB =00<a< (5 —02) (1- k) ifg <yl
-1 m m—
_O—Z(l_gz(mlfl)r) ngagr 1f%_0221r§z§0
0 < z < 0.2771,,, 1f _ 0.2177,71,,, < 5 < o 0.2771717,.
— 2 2 — — 2 2
-1 . 2m—1
AN By = OSxS—az(l—ﬁ) ifg - <2<
2m -1 2m 2m—1
2m—1
_<02T+0Z)<1 a-2(m—1),r) SxSO'2T lf%—am TSZS—U 5 r
and
O<z<olr  jf 0 r<,<g
a2my 1 -1 e o g2m—ly
0§:U§< 5 —crz)(l— 2<m,1>) 1f§§z§ 3
AN (B1UBy) = om,, LN S2m,

if § —o?mlp<z< Tt

The corresponding expectations are

E [(M - az) Ta, (X)L, (X, Z)}

1 o ir/2 —22/2 [ 4—2m _4—2m
:2\/%//2 e [z o §(r)+...}dz

! " —22/2 [ _4—2m _4—2m
* m /o-/2r0-2m—1/2 € [Z o ‘S(T) + .. } dz

+0o(1),
E [(2){ - % +UZ> L, (X)1p, (X, Z)]

1 0 )
= —22/2 [ _4—2m _4—2m
o € < r)+...|dz

Qm /a-/2_0—2m17./2 |: o 5( ) i|

1 70.2m—17./2

—|— R

2\/% /o'/2_0—2m17. ¢
+o(1),

—2%/2 [z4_2m04_2m§(7") + .. } dz
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where £ : [0,+00) — R is a function of r only which might change from one line to the
other, and

72 1 2 1 1 2
(% <<az<m—1>,« ) X~ (1 ) 77) ) a0 (.2

\f [ e
T2 2m- 1r/2
2m 1
‘Z2/2 +...]d
2\/271 /cr/Q | Jd=

2m 1
_22/2 92 9
2\/% /a'/2 o2m—1p |:Z 9 f(?“) + .. :| dZ7

where £ : [0,+00) — R is a function of r only which might change from one line to the

other.

Region Ry For qbz, we have

02/2 o0z <z < —0z+40%/2+ 0?2 if z<0/2— 02 1r/2
o?mr)2 < x < —oz+0%/2+ 0¥ /2 if /2 o™ 1r/2<2<0/2

)

Agﬂclz{

A Co = 02/2 —o0z—0?r/2<x<0%/2 -0z if 2z < 0/2—o?m Iy
T o?mr/2 <x < 0?20z if 0/2 —0*™ lr <2< 0/2— 0" 1r/2

and

o?mr)2 <z <o*™r/2+0%/2—0z ifo/2-0?lr<2<0/2
AsN(CLUCY) = —0?™r/24+0%/2 —0z <z < 0?™r/2 +02/2 — 02
if 2 <0/2—o0?m Iy

The corresponding expectations are

o? o/2=a*m /2, rz
Z —z%/2 | "~ 2m+1
E[(2 aZ) Ta,(X)1ey (X, Z)] 2\/%/ e [ 50 —l—..ldz

/2

+
2V2m Jo/2—52m—17/2

Ellox— % £oz) 1, (301 X, 7 P g [ T2 ami d
~ g T ) Ml (X, 2)) = 2\/27:/ ‘ {_20 +"']Z

€_Z/2[ZU+ }d,

_~2m-—1
L[ |
2V2m Jo/2—g2m—1r

—%02’”“ +.. } dz,
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and

72 1 1 1 o? ?
(2 — ﬁ <a‘2(7n1)'rX+ <1 — 0'2(7n1)7"> (2 _UZ>> ) ]]-As(X):H-01UCQ(X72)

1
_ 1 /U/2 o T6722/2 {m02m+1 + .. ] dz
2\/% ’
/‘7/2 —z2/2 _2730_3—2171_’_ oo da.
2%% [2=o?m 1y 2

Region R3 For qbfl, we have, in the case r > g=2(m=1)

2mfl7,.

2m .
0<z< %5+ it 2 > 7
a?mr 1— 1 _1< < a’mr fo<,<@ T
2 oz o2(m—T)y. x 2 Ws>2>""7

2m .
0<a< %5+ 1fz<%—02m_1r
AN By = < a2y 1 -1 e o 2m—1 g?m—ly
O_CL'<(2 —O'Z>(].—m) lff—o' TEZS— )

AlﬂBgz{

The corresponding expectations are

1 72 1 1 o2\
E[(MX‘U“Q‘QJZ(MX“’Z*Q) L (X015, (X, 2)

—EUQmH + .. ] dz

e
2 27 Jo2m— 1r/2 3
27n 1

7,22/2 3—2m _3—2m
2\/%/0/2 [z o §(r)+...}dz,

A 1 1 o2
2

2
o T 202 \ g 94— ) ) L, (X)15,(X, Z)

1

o/2—c2m—1p/2
:2\/1%// / o722 [202m+1+...]dz

2m 1
—22/2 [ .3 _3—2m
2\/?‘[/0/2 o2m— 1,,/26 [ZJ f(’l“)—F...}dz’

where £ : [0,+00) — R is a function of r only which might change from one line to the
other.

Region R4 Finally, for gZ)é we have

2 2 2

| Q

2m 2 2m
4 oM o oMy
A3ﬁC’4—{z< —o?m <zxr<——0z— },
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and

elfox— T +0z)1 (X)1e, (X, Z) /0/20 G
5 o As Cy 2\/% 60’

4.10.4.2 Second Moment

For simplicity, we only consider the case for r > ¢=2(™=1) the other case follows analo-
gously.

Region R; For qb}i we have

E [04(X, 2)"La, ()15, (X, 2)] = 5 m / T e o) + ... | dz

+o(1)
E [} (X, 2210 (X)1p(X.2)] = [ —2%/2 [ 353 d
[%( ) 1A, (X) 1B, (X, )}—2\/% . 2m71/2€ [zaﬁ(r)—i—...} z
o —z2/2 3 3
2\/% P [za{(r)+ ..}dz
+ o(1),

where € : [0,+00) — R is a function of r only which might change from one line to the
other.

Region Ry For qb?i we have

E [03(X, 2)* 14, (X) 16, (X, 2)) dz

c/2—0c
zm/

2m— 1 T'Z2
2
62/2[202m+2+...

2
+7/ e #2803 4+ | dz,
2\/27‘[ o/2—o2m—1y/2 |: 7 :|

0./2 0.2m 1 9
/ e % /2 [z202m+2 + .. } dz

2 1
c/2—c*™ 1r/2 ey l_TzQ

Y
24/2m o/2—o2m—1p 2

E [43(X. 2010, (N) 10X, 2)] = 5=

o?mt2 1 | dz.
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Region R3 For d)z we have

2
1 72 1 1 22
E (X—aZ—i——(X—aZ—i—U)) 14, (X)1p, (X, 2)

o2(m=1)p 2 202\ g2m-1)p 2
/ —22/2 L2202m+2 " ds
NI 17»/2 24
2m 1 2 7"22
/2 |T%7 _om42 d
2 77_[/0/2 [240 +...]dz,
E 1 z* 1 1 o2\?\’
2X - Uz(m—1)rX toZ+ 9 942 Uz(m—1)rX —0Z— 9 14,(X)1B, (X, 2Z)
_ —1ﬁ / AT e [T iz g,
24/2m 24
2m 1 2
2/2 | 1127 oo
e” o +...|dz,
2\/27'[ /(;-/2 og2m— 17‘/2 [ 24

Region R; For qﬁﬁ we have

2
E [<2X - 022 + UZ> 1a,(X)1e, (X, 2)

o/2—o?m~1p 3
zzm/ e/ [—203+...]dz.

4.10.4.3 Third Moment

Having established that the only possible scaling is given by a = 1/3, § = m/3 with
m > 1, we now proceed to bound the third moment of ¢4 in this case. For simplicity, we
only consider the case for r > 1, the other case follows analogously.

Since m > 1, we find that E [¢pL(X, Z)31g, (X, Z)] = o(1) as d — oo since the limits of
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integration all converge to 0. Then, using Hélder’s inequality for d)?l, we have

3
E [gzﬁ(X, 2)3} < CE (‘7; - 0Z> 14,(X)1e, (X, Z)

2 3
+CE <2X - % + az> 14,(X)1c, (X, Z)

72 1 1 1 o2 2
+CE (2_%2<02(m1)rX+<1_0—2(m1)r> (2_02» )

%11 (X) Leyuey (X, 2))

3

o/2—c?m—1r/2 3
:C// / e /2 —205—1—... dz
221 J -0 2
C o /2—o?m 1y 5 723
_ = —z2/2 | '~ 5
—I—Q\/%/_oo e 2J+...dz

C o/2—a?m 1y 29T 3 5
+W/— e/ [z o 5(7")—1—...} dz + o(1),

where £ : [0,+00) — R is a function of r only which might change from one line to the
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other. For (;53, we have, using again Hoélder’s inequality,

3
E ;X Z z L1 X —0oZ : 14,(X)1p, (X, Z
o2(m=1)p —o0Z+ 9 T‘Z o2(m=1)p g + 9 Al( ) Bs( ) )

1 3
< CE <2X - az> La, (X)15,(X, 2)
g2(m=1)p

3
AR 1 ?\’
+CE (2—W<MX—UZ+2> La, (X) 1y (X, Z)

3
2T 5

22/2 | _
2\/% L2m 17‘/2 l 9 o" + ...
e 212 [z305§(7") + } dz +o(1)

dz

2\/271 o2m—1p/2
2

2\ 3
1 72 1 1 o

- 1 3
g r

3
721 1 o\

—=/2 lzzra5 + ...l dz

2\/27‘[ /o'2m 1r/2
—22/2 3 5
2\/% /2m s [z o’¢(r) + } dz 4+ o(1),

where £ : [0,+00) — R is a function of r only which might change from one line to the

other. Finally, for ¢4 we have

_+2m—1
= 1 /0/2 ’ ' e /2 2—05 + ...
2421 J - 1

3
E [(2){ - 022 + az> 1a,(X)1e, (X, 2)
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APPENDIX A

Introduction (en frangais)

A.1 Introduction a ’approximation stochastique

L’approximation stochastique a été inventée en 1951 lors de la parution de I'article [RM51]
dans la revue Annals of Mathematical Statistics. 11 s’agit d’une famille de méthodes itéra-
tives pour trouver les racines d’une fonction h : R — R? appelée champ moyen, lorsque
celle-ci n’est accessible qu’avec un bruit. Le schéma de la méthode est le suivant:

9n+1 - en +nn+1H9n (Xn—I—l) ) (Al)

oit (0n)nen est la suite créée par itération, avec 6, € R? pour tout n € N et qui est
initialisée en #y. La suite (1,)nen+ constitue la taille des pas, qui est déterministe et
choisie par I'utilisateur sous la condition 1, > 0 pour tout n € N*. Enfin, Hy, (X,+1) est
un estimateur de la fonction continue h évaluée en 6,,. Le bruit est modélisé par une suite
de variables aléatoires (X, +1)nen & valeurs dans I’espace probabilisable (X, X).

Le schéma (A.1) a été étudié depuis des décennies, surtout par les communautés
d’approximation stochastique (voir [BMP90; Bor09; BCZ11; KY03; PJ92; Rup8&g]) et
d’optimisation (voir [dST+21; Nem-+09; Nes04; NV08]). Pendant les vingt derniéres an-
nées, la communauté d’apprentissage statistique a trouvé d’intéressantes applications, au
cceur de nombreuses réussites du domaine (voir [Bot10; Bot12; BB08b; BCN18; Cra-+00;
DHS11; Sha+12; S5507; Xia09]). Aussi bien en optimisation qu’en apprentissage statis-
tique, la principale application du schéma (/A.1) est la descente de gradient stochastique,
qui s’obtient lorsque h = —grad f pour une fonction différentiable f : R* — R.

Présentons quelques exemples d’utilisation de 'approximation stochastique.

A.1.1 Motivation

Example A.1 (Estimation de la moyenne). Pour d € N*, on considére une mesure de
probabilité m sur R avec un second moment fini. On se donne une suite i.i.d. d’observations
(Xn)nen+ de loi m. On peut estimer Uinconnue p = [gaw dm(u) par Uapprozimation
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stochastique. Soit Lo le risque quadratique défini pour tout § € R par

£a(0) = 5 [ 10—l dnw)

En dérivant sous le signe intégral, on obtient que Lo est différentiable et que son gradient
est donné par grad Lo(0) = 0 — p. Comme nous n'avons pas accés da (i, on ne peut pas
évaluer grad Lo, cependant on peut utiliser les observations (X, )nen comme estimateurs
de p pour construire un estimateur simple mais peu efficace de —grad Lo(6). Pour tout
n € N* et tout § € R%, soit Hy(X,) = —(0 — X,,). Résumons les propriétés de cette
estimation :

E [Hy(X,)] = —grad £2(0) , and E [|[Hg(X,) + grad £5(0)]°] = 0* < +oc ,

ot 02 = Var(X1). On utilise ensuite cet estimateur dans l’algorithme de Robbins-Monro
pour effectuer la descente de gradient stochastique donnée par (A.1), afin de minimiser le
risque Lo, en initialisant avec 0p = 0 et un choiz de pasn, = 1/n pour tout n € N :

1
n+1

n 1
(en - Xn+1) = 79n + EXTH—I .

9n+1 = 077, +T]n+1H9n (Xn+1) = 977, n+1

Une simple récurrence permet de voir que pour tout n € N*, 6, =n='>"" | X;. Par la loi

forte des grands nombres, 6, LN L
n—oo

Regardons ensuite deux exemples en apprentissage supervisé ot I'on utilise la descente
de gradient stochastique.

Apprentissage supervisé Etant donné un ensemble de n observations i.i.d. (x4,9:) €
X xY pour i = 1,...,n, et ayant une nouvelle observation partielle x, on veux prédire
la variable inconnue y en utilisant une fonction de la forme ' ®(z). Celle-ci est linéaire
par rapport aux caractéristiques ®(z) € R?. Supposons que I’on a déja choisi la fonction
d’extraction des caractéristiques ® : X — R?, et que I'on veut apprendre les paramétres
6 € R tels que @' ®(x) soit aussi proche de y que possible. Pour évaluer la performance
du parametre courant 6, on considére une fonction de perte £ : Y x R — R, de fagon a
avoir £(y, 0T ®(x)) petit si et seulement si y est proche de 6 ®(z).
Un choix pour la fonction de perte est le risque empirique.

Example A.2 (Minimisation du risque empirique). Le risque empirique est donné par

. . 1< T
min Remp(0) , 0t Remp: 60— - izzlf (yi,e @(ml)) . (A.2)

Le calcul analytique du minimiseur de (A.2) est cotteux voire impossible en général (le
nombre d’observations n est souvent trés grand). Ainsi, on utilise un algorithme itératif
pour minimiser (A.2).

264



A.1. Introduction a lapproximation stochastique

A Uitération t, on tire une variable aléatoire it+1, uniforme sur {1,...,n} et on consid-
ére giy1, le gradient de 0 v ((y;,,,, 0" ®(x;,,,)). Ensuite, étant donnée une initialisation
0y € R, on construit les itérations de la fagon suivante :

Ot41 = 0y —Mnt19641(0%)

ot (Mp)nen= est la suite des pas, qui est positive. Dans cette approche, l'aléa provient
du choiz des indices. Comme (iy)ien+ est tirée avec remplacement, on utilisera plusieurs
fois la méme observation (z;,y;). Sous des hypothéses assez générales, , la suite (0;)ien
converge lorsque t — oo vers un minimum local 0* du risque empirique (A.2).

Un autre choix de fonction de risque qui est intéressant & considérer est le risque en
espérance.

Example A.3 (Minimisation du risque en espérance). On s’intéresse maintenant d la
minimisation du Tisque en espérance, c¢’est-a-dire

5‘2&3 Rewp(0) , 0t Regp:0—E [ﬁ (y,eTq)(:n))] )

ot (z,y) est une variable aléatoire de méme distribution que les observations (v, yi)ic(1,... n}
et indépendante de celles-ci. Cette fonction de risque prend en compte toutes les valeurs
possibles de x, méme celles qui n’ont pas €té observées. Il s’agit ainsi d’un meilleur indi-
cateur de la qualité de la prédiction. Néanmoins, la loi d’une observation (x,y) n’est pas
connue en pratique, et le risque en espérance n’est donc pas calculable. On décide alors
d’optimiser une approximation de ce risque Rz, de facon itérative.

Comme dans l'exemple , les observations nous fournissent des estimateurs simples
mats inefficaces de grad Reqp. Ainsi, si on note g; le gradient de 6 — £(y;, 0T ®(x4)), alors,
en dérivant sous le signe intégral, g.(0) est un estimateur sans biais de grad Reqp(0). On
obtient le schéma suivant, initialisé en 6y € R?,

Or+1 = 0y —Mnt19t+1(0¢) (A.3)

ou t est a valeurs dans {0,...,n — 1} et (Mpt1)nen est encore la suite des pas. Ici,

Ualéa provient des observations elles mémes. Pour préserver l'indépendance des estima-
, . . , . :

teurs (gt)ief1,...ny, on décide de me faire qu’une passe sur les données. Si le mombre

d’observations n tend vers l'infini, alors le schéma (A.3) converge vers 0*, un minimum

du risque en espérance Regp.

On peut noter que le risque Example est bien adapté lorsque toutes les données
sont accessibles depuis le début, i.e. lorsque n est fixé. On dit que ces données sont
statiques. Cependant Example est mieux adapté pour des données itératives, ol une

seule observation (x¢,y;) est donnée a chaque instant ¢ € N. On appelle cette différence
batch learning contre online learning.

L’exemple suivant montre comment transformer un algorithme adapté pour des don-
nées statiques en un algorithme fait pour les données en ligne ou itératives.
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L’algorithme Espérance-Maximisation (EM) On introduit d’abord l’algorithme
EM (voir [DLR77]) dans le contexte d’'un modele de variable latentes. Ceci modélise
aussi bien des cas de données manquantes, d’observations censurées ou encore de données
bruitées.

Supposons qu’il existe une variable aléatoire non observable, dite latente X qui suit la
loi de densité f(x;0), ou {f(z;0) : 6 € O} est une famille paramétrique de densités de
probabilité, indexées par le parametre § € © C R4 On se donne accés & une observation
Y €Y qui est une fonction déterministe de X. On modélise cette dépendance en disant
que y — g(y; 0) est la vraisemblance de la variable observée du modeéle.

Avec n observations i.i.d. Y = (Y7,...,Y,), lalgorithme EM maximise de fagon itéra-
tive la log-vraisemblance logg(Y;0) = > logg(Y:;0), malgré la possible formulation
compliquée de g, qui résulte du modele a variables latentes. Chaque itération k consiste
en deux étapes. L’étape d’espérance, dite étape E consiste a évaluer ’espérance condi-
tionnelle

05 Qo (V160) = - S "By, llog F(X: O]
=1

ou 0 est lestimateur courant de 6 et Ey[-|Y] est l'espérance conditionnelle sachant Y
pour le modeéle paramétré par 6. L’étape de maximisation, dite étape M, consiste a
trouver la valeur de 6 qui maximise Qg, (Y;6). Cette valeur est prise comme le nouvel
estimateur 1. Le succes de cet algorithme vient du fait que si Qg, (Y';6) croit, alors la
log-vraisemblance log g(Y'; 0) croit aussi (voir [DLR77]).

L’algorithme EM utilise toutes les données disponibles a chaque itération. Il s’agit
d’un algorithme batch. 1l existe plusieurs versions en ligne de ’algorithme EM, nous en
présentons celle de [CMO09].

Example A.4 (Algorithme EM en ligne). En conservant les notations de l’algorithme
EM, létape E de la version en ligne devient: a l’itération k, pour 0 € O, évaluer la
fonction

Qur1(60) = Qi(0) +isr (o [log F(Xai150)Vieya] — Qu(0))

0l (Mp)nen+ est une suite positive de pas. L’étape M reste inchangée, il s’agit de définir
Ont1 comme la valeur dans © qui maximise Qni1-

Dans [CMO09], les auteurs prouvent que l'algorithme converge & une valeur station-
naire de la divergence de Kullback-Leibler évaluée contre la solution (voir Théoreme 1 de
[CMO09]). Cet algorithme présente aussi une propriété bien utile, qui est que la divergence
de Kullback-Leibler évaluée contre la solution décroit a chaque itération, tant que le pas
est suffisamment petit (voir proposition 2 de [CMO09]).

Ayant présenté différents problémes que 'approximation stochastique est capable de
résoudre, on s’intéresse maintenant aux hypothéses et aux techniques de preuves de cette
famille de méthodes.
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A.1.2 Hypotheéses sur le bruit

L’estimateur Hyp, (X,+41) se réécrit comme suit,

He, (Xnt1) = h(0n) + €9, (Xn41)

ou eg, (X,+1) est appelée 'erreur d’estimation. On définit la filtration (F,)pen comme la
filtration naturelle associée a la suite (6),)nen-

L’hypothese la plus classique a faire sur le bruit (voir 'hypotheése A4 de [[Kar+19],
I'hypothese Al de [GL13] ou encore I'hypothese H1 de [MB11]), est de borner les deux
premiers moments du bruit. En voici un exemple.

A 22 (Cas différence de martingale (euclidien)). Il existe 0% > 0 tel que pour tout n € N,
E [e0, (Xns1)1Fn] =0, et E [[leg, (Xns1)[*|F0] <02

Cette hypothese sur le bruit veut dire que l'estimateur Hy(X) est sans biais et que sa
variance est uniformément bornée. Ce cas est appelé différence de martingale car la suite
de variables aléatoires (3-7_ eq, (Xk+1))nen est une martingale par rapport a la filtration
(Fn)nen- Pour généraliser cette hypotheése, on peut remplacer I'inégalité sur la variance
par E[leg, (Xni1)|12|Fn] < 08 + 07 |(6,)]]?, ce qui veut dire que la borne sur la variance
peut dépendre du point courant 6,,.

L’autre type d’hypothéses sur le bruit qui a intéressé la communauté (voir Cas 2
dans [Kar+19] et [BCN18; GL13]) est le cas markovien, ou la suite des vecteur de bruit
(eg,, (Xn+1))neN est une chaine de Markov qui dépend de 1'état courant 6,,.

A 23 (Cas markovien (euclidien)). Il existe un noyau de Markov P sur (© x X) x X
tel que pour tout n € N et toute fonction mesurable ¢ : X — R, E[p(Xpnt1)|Fn] =
Jx p(y)Po, (Xn,dy). De plus, pour tout § € ©, Py admet une unique mesure de proba-
bilité invariante mp, qui de plus satisfait h(0) = [y Ho(y)dma(y).

Ce cadre est important dans des sujets d’apprentissage par renforcement comme le
Q-learning, (voir [JJS93]) et les méthodes policy-gradient (voir [BBO1]).

A.1.3 Techniques de preuve pour la convergence

Une approche pour analyser le schéma (A.1) qui a porté ses fruits consiste & trouver une
fonction positive V : R® — Ry qui décroit lors de chaque itération. Cette fonction V', qui
peut s’interpréter comme une sorte d’énergie potentielle est appelée fonction de Lyapunov,
tout comme les fonctions de Lyapunov utilisées dans l’analyse d’équations différentielles
(voir [Lya92]). La terminologie provient de la deuxiéme méthode de Lyapunov, décrite
dans [KB60], ot les auteurs utilisent cette technique pour démontrer la stabilité asymp-
totique globale des solutions du schéma (A.1). Ils y procédent en montrant que toutes
les trajectoires des solutions de 1’équation différentielle ordinaire (EDO) obtenue comme
limite, 6 = h(6) convergent vers zéro. Cette technique de preuve, nommée I’approche par
EDO, a été reprise avec beaucoup de succes dans [BFH13; Bor09; BMOO; Kar+19]. La
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principale contrainte de celle-ci est la connaissance d’une fonction de Lyapunov adaptée
au probleme, puisqu’il n’y a pas de fonction de Lyapunov générique pour tous les cas.
La plupart des analyses sont de nature asymptotique (voir [Fab68; P{&6; SachH8]), mais
la littérature non-asymptotique est de plus en plus prolifique derniérement (voir [BM11;
Kar+19; Pf90; RRT17]), puisque les résultats non-asymptotiques ont des implications
palpables a toutes les étapes de 'algorithme.

A.1.4 Hypothéses pour la descente de gradient stochastique

Dans le cas de la descente de gradient stochastique, les conditions de Lyapunov reviennent
a vérifier différentes hypotheéses de convexité. Il y a deux cas qui méritent d’étre soulignés,
le cas fortement convexe et le cas convexe. Si f est fortement convexe, sous des hypotheses
assez faibles et si pour tout n € N*, 1,, = ¢/n pour un certain ¢ > 0 fixé, alors on connait
le taux de convergence non-asymptotique suivant

E [£(8a) = F(6%)] < C/n.,

ott C' > 0 est une constante, 8, = (1/n) ZZ;& 0. et 6* est 'unique solution du probléme
(voir [BMT11]). Ceci correspond a la meilleure vitesse de convergence possible pour cette
classe de probléemes (voir [Aga+09]). Lorsque f est uniquement convexe, sous des hy-
potheses similaires a celles du cas fortement convexe, et pour le méme choix de pas, on
obtient

E[/(Bn) ~ 1(60)] < C/ V.

Cette borne est aussi optimale pour cette classe de problemes (voir [Aga+09]).

A.1.5 Schéma projeté

Il existe de multiple raisons pour souhaiter que les itérations de la suite (A.1) restent
dans un ensemble ® C R plus petit que tout Pespace disponible R? : c’est utilisé pour
accélérer la convergence dans les SVM projetés [LSB12; SSS07], ou encore pour démontrer
la stabilité de I’algorithme (on a souvent besoin que les itérés restent dans un ensemble
compact) comme dans [MMNM18] et parfois on projette pour s’assurer que (6, ),en satisfait
un ensemble de contraintes S comme dans [P{l86]. Pour tous ces cas, on réécrit (A.1) de
la fagon suivante,

On+1 = proje (0 + Nnt+1Hp, (Xnt1)) (A.4)

oil projg est la projection orthogonale sur I’ensemble convexe et compact © C RY.
Regardons I’exemple suivant pour motiver I’étude du schéma projeté.

Example A.5 (Estimation de vecteurs propres). On observe une suite de matrices aléa-
toires, indépendantes et de taille d x d (Ag)ken, qui ont toutes la méme espérance E[Ag] =
A, ou A est une matrice symétriqgue. On cherche d approximer un vecteur propre de la ma-
trice moyenne A en utilisant les observations bruitées. L’algorithme proposé par [OK85]
est le suivant,
en _ enfl + nnAnenfl
Hen—l + T]nAnen—l || ’

(A.5)
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ot ||-|| est la morme euclidienne. Supposons que > ;cn+«Tin = 00, djen+N2 < 00 et que
Uhypothése A 22 est satisfaite — ce qui implique que sup, ey E[||Anl|?] < oo — alors (0n)nen
converge dans un espace propre de A (voir théoréme 3 de [Del00]). Si A n’a pas de valeur
propre multiple, alors la suite définie plus haut converge vers un vecteur propre de A.

Il est important de remarquer que l'itération (A.5) peut se décomposer en deux étapes
. d’abord 6, = 0,4 + NnAnbp,_1 suivi de 6,, = gn/||§n|| = pI‘Ojsd—l(én), ou S est la
sphére unité (de dimension d — 1 plongée dans R?) pour la norme euclidienne |-||. La
premiere étape correspond a un schéma de la forme (A.1). Cependant, ne faire que cette
étape construirait une suite divergente dans la plupart des cas a cause de [|0,| — oo
— e.g. dans le cas d’une valeur propre positive ou d’un mauvais choix de pas (N, )nen--
Puisque la norme du vecteur n’est pas importante lorsque ’on cherche un vecteur propre,
la deuxiéme étape enléve un degré de liberté superflu en projetant les itérés sur la sphere
unité.

Dans ce cas, la projection permet de résoudre I'indétermination de (|0, )nen. Néan-
moins, puisque #,, — 6,,_1 n’est plus proportionnel a A,#0,_1, on ne peut pas savoir si le
prochain pas de lalgorithme va étre grand ou petit en regardant uniquement A0, 1.
On pense qu’il existe de meilleures fagons de résoudre 'indétermination sur la norme, en
construisant les itérations du type (A.1) dans un sous-espace contraint ©, dans lequel la
distance entre deux itérés consécutifs corresponde a la norme du champ moyen. Ce nou-
veau schéma doit aussi répondre aux nécessités prises en compte par le schéma projeté.

Pour cela, on restreint 1’espace des parameétres R? & une variété différentiable ©, que
I’on munit d’une métrique riemannienne g.

A.2 Approximation stochastique sur une variété riemanni-
enne

Sur une variété riemannienne, on adapte le schéma itératif (A.1) de fagon & ce qu'il reste
sur la variété © de facon intrinseque, autrement dit passer par R? ni par une étape de
projection :

On+1 = Expy, (Mnt1Hy, (Xnt1)) , (A.6)

ou Expy : Ty — O est I'exponentielle riemannienne, qui correspond au flot de ’équation
différentielle qui définit le chemin le plus droit sur une variété riemannienne. On peut
approximativement dire que Exp,(v) &~ 6 + v. On peut se demander si (A.0) est fonda-
mentalement différent du schéma itératif projeté (A.1). Intuitivement pour ce nouveau
schéma, le chemin qui relie 6,, et 6,41 n’est pas la projection d’une droite sur R? comme
dans (A.1), mais plutdt le chemin le plus droit qui reste dans la variété ©. Cette différence
est cruciale, et elle a pour conséquence que, sous des hypothéses assez faibles', la distance
riemannienne entre 6,41 et 6, est exactement la norme riemannienne du vecteur dans
Iexponentielle Hy, (X,,+1) multipliée par le pas 1p+1.

Letest vrai pour des vecteurs suffisamment petits, de fagcon & ce qu'ils restent & lintérieur du domaine

d’injectivité TD(6) (voir Section )
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A.2.1 Schéma géodésique et schéma par rétraction

Le schéma (A.0) est dit géodésique car le chemin entre 6,, et 6,41 est une géodésique. Il
présente de nombreux avantages comparé au schéma projeté (A.1), comme l’appartenance
intrinseque de la suite (0,,)nen a la variété © et la propriété que la distance riemannienne
entre deux itérés consécutifs pg (6, 0,4+1) soit égale au pas 1,41 multiplié par la norme
riemannienne du champ moyen bruité || Hg, (Xn+1)lls, , comme mentionné ci-dessus.

Cependant, ces bénéfices entrainent des coiits, notamment le calcul de ’exponentielle
riemannienne, ou de fagon équivalente, le calcul d’une géodésique y : [0, 1] — © partant de
v(0) = 6 € O et de vitesse initiale y(0) = u € TypO. Dans le meilleur des cas, la géodésique
a une forme close qui est simple a calculer effectivement, comme dans ce premier cas.

Example A.6 (Géodésiques sur la sphére S). Soit S = {x € R™! : ||x|| = 1} la sphére
unité, ou ||-|| représente la norme euclidienne standard sur R, La structure classique de
variété riemannienne de la sphére est la suivante. Pour tout 8 € S, Uespace tangent d un
point 0 € S? est donné par TyS? = {u € R : w0 =0} — voir [AVS0S, Exemple 3.5.1].
La métrique canonique sur la sphére g est définie comme la restriction du produit scalaire
euclidien dans R4 sur Uespace tangent ToS®. La formule de lexponentielle riemannienne
est donnée dans [Leel9, Proposition 5.27],

Expy(u) = cos(||u|)é + sin([[ul[)(u/[ul]) -

Dans d’autres cas, la géodésique a un forme close mais elle est bien plus cofiteuse a
calculer, comme dans cet exemple.

Example A.7 (Géodésiques sur la variété de Grassmann Gr,.(R?)). Soit r € {1,...,d} et
soit Gr,.(R%) I’ensemble de sous-espaces de R? de dimensionr. On peut représenter Gr,.(R?)
comme le quotient de la variété de Stiefel non-compacte par Uaction du groupe linéaire
GL,(R). Cette représentation correspond a dire qu’'un sous-espace de dimension r de R?,
noté E, se représente par n’importe quelle famille de r vecteurs linéairement indépendants
Vi,...,v, de R tels que Span(vy,...,v,) = E. Ensuite, prendre le quotient permet
d’identifier les familles de vecteurs qui engendrent le méme sous-espace. On effectue une
description plus détaillée des variétés de Stiefel et de Grassmann dans Example et
Section . Pour B dans la variété de Stiefel, on note [B] la classe qui lui correspond
dans Gr,(R?). Pour tout [B] € Gr,(R?) et D € Tg)Gr,(R%), une formule tirée de [AN S0/,
Theorem 3.6] nous donne l’expression de l’exponentielle riemannienne

Exp[B}(D) = [(B (BTB>_1/2V U) (ZTE((E)))] ’

ol cos et sin sont donnés par leurs définitions en série entiéres et D(BTB)~1/2 = UXVT
la décomposition en valeurs singuliéres compacte (que l’on appelle SVD par la suite, voir
[HP1], Theorem 1.46]), avec U une matrice de taille d x r avec des colonnes orthogonales,
i.e. UTU =1, V une matrice orthogonale de taille r x r, et ¥ une matrice diagonale d
des coefficients positifs de taille r X r.
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Dans ce cas, en plus de calculs rapides comme des sommes, des multiplications et des
fonctions trigonométriques, le calcul d’une géodésique exige une SVD qui cotite environ
O(dr?) calculs (voir [HGI0T7]). De tels calculs sont souvent trop cofiteux en temps pour
des problemes en grande dimension, puisque la SVD doit se faire a chaque itération du
schéma (A.0).

Le dernier cas est lorsqu’il n’y a pas de forme close pour les solutions de 1’équation
géodésique — voir Section . Dans ce cas, on peut approcher les solutions de cette
équation numériquement, mais le schéma n’est plus exactement géodésique.

Pour se livrer du probléme du calcul des géodésiques, présent dans deux des trois cas
ci-dessus, la communauté s’est tres vite intéressée aux schémas itératifs dits de rétraction.
L’idée c’est de remplacer I’exponentielle riemannienne par une approximation convenable,
plus facile a calculer en pratique. De telles approximations de I’exponentielle riemannienne
sont appelées rétractions.

Definition A.8 (Rétraction). Une fonction continument dérivable Ret : TO — O, est
dite rétraction lorsque pour tout 6 € O, Retg(0g) = 0 et (DRet)y(0g) = Id, ou 0y est le
zéro de l’espace vectoriel TyO.

Le schéma itératif qui en résulte est le suivant. En commencant en 8y € O, on définit
récursivement pour tout n € N*|

0n+1 = Rety, Mn+1Hop,, (Xnt1)) - (A.7)

Pour des exemples de rétractions, voir Examples 2.8 and 2.9. Les conditions de la définition
impliquent que Expy et Retg ont le méme développement de de Taylor a I'ordre un autour
de 0py, ce qui confirme bien l'idée intuitive de la ressemblance entre une rétraction et
I’exponentielle riemannienne.

Avant de parler des travaux de la communauté d’approximation stochastique sur une
variété riemannienne, il est important de souligner le caractere essentiel des travaux des
communautés d’optimisation déterministe et de méthodes numériques sur les variétés rie-
manniennes. En particulier [AMS08; EAS98] ont ouvert la porte des variétés riemanni-
ennes a la communauté d’optimisation. En comparaison avec les autres branches de la
géométrie riemannienne, les introductions faites dans ces articles pour les communautés
d’optimisation ou de méthodes numériques font d’énormes efforts de sobriété, en constru-
isant uniquement les notions nécessaires pour les algorithmes d’optimisation. De plus, les
exemples traités dans les articles ci-dessus sont devenus de véritables études de cas pour
la communauté d’optimisation stochastique. Pour modéliser les variables aléatoires sur
les variétés riemanniennes, des travaux comme ceux de [Pen99] ont ouvert la voie pour les
statistiques sur les variétés riemanniennes. L’effort combiné de ses trois communautés a
mis en place le contexte nécessaire pour rendre possible I'approximation stochastique sur
une variété riemannienne.

A.2.2 Premier résultat asymptotique de convergence

En 2013, le premier travail d’approximation stochastique a été paru, il s’agit de l'article
[Bonl3]. L’auteur y prouve le résultat suivant.
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Theorem A.9 ([Bonl3], théoreme 1). Considérons la suite (0y)nen définie par la récur-

rence (A.G) avec la fonction de champ moyen h = —grad f, ou f : © — R est une
fonction trois fois différentiable sur une variété riemannienne © connexe et dont le rayon
d’injectivité est minoré uniformément (voir Section ). On suppose que la suite des

pas (Mn)nen= vérifie la condition standard 3, cn« N = 00 ainsi que Y, en+ N2 < 00. Sup-
posons de plus qu’il existe un ensemble compact K tel que pour tout n € N, 0,, € K et qu’il
existe C > 0 tel que pour tout 0 € K et tout x € X on a |[Hy(x)||o < C. Alors (f(0n))nen
converge presque surement et lim,,_, grad f(6,) =0 p.s.

Pour I’état de 'art, les hypotheses faites sur la variété et la suite de pas restent tres
pertinentes. L’ensemble compact K existe si la variété est compacte, ce qui est le cas
pour la variété compacte de Stiefel et la variété de Grassmann, voir Examples and 2.9.
Cependant, en général, il n’y a pas de garantie en pratique, et en général on s’en convainc
en vérifiant empiriquement que les trajectoires simulées restent dans un compact de leur
choix. Cette hypothese est tres problématique parce que (1) elle restreint 'initialisation a
Iintérieur du compact, ce qui veut dire que I'analyse n’est faite que localement et jamais
sur toute la variété, (2) la vérification empirique semble douteuse et ne constitue pas une
preuve et (3) I'introduction de cette hypothése par [Bon13] a motivé une partie importante
de la communauté a ’adopter, ce qui conduit a des résultats dans lesquels le diametre du
compact K apparait explicitement dans les majorations non-asymptotiques. L’un de nos
buts par la suite est d’enlever completement cette hypothese. Ceci nous poussera stirement
a envisager d’autres techniques de preuve, comme on le verra par la suite. L’hypothese
sur le bruit est assez forte, parce qu’elle demande que le support du bruit soit borné. Des
équivalents riemanniens de A22, ou ’on ne nécessite des bornes que sur les moments du
bruit sont bien plus communs actuellement.

Ce résultat est en lui-méme un tremplin pour le reste de la communauté, et il est
important de mentionner que I'impact de [Bon13] vient surtout de leur étude du schéma
de rétraction ainsi que d’une pléthore d’exemples. En effet, dans [Bonl3, Theorem 2],
I’auteur obtient le méme résultat que Theorem dans le cas de la rétraction (A.7), sous
I’hypothese supplémentaire que pour tout 6 € O, Rety est différentiable deux fois.

Ce deuxiéme résultat, combiné avec les brillantes applications dans des problémes de
suivi de sous-espaces (sur la variété de Grassmann), de calcul de moyenne de Karcher (sur
un espace hyperbolique) et d’estimation sur la variété des matrices symétriques définies
positives, souligne deux points forts de l'analyse dans le cadre riemannien. Premiere-
ment, "analyse riemannienne encourage 'apparition de nouveaux algorithmes en choisis-
sant minutieusement une métrique sur la variété adaptée au probléme puis en calculant la
géodésique qui en résulte ou un schéma de rétraction (A.0)-(A.7). Ces algorithmes sont
étudiés assez naturellement dans le cadre général de ’approximation stochastique rieman-
nienne. Dans un second temps, on peut aussi analyser un algorithme existant, qui n’est
pas apparu comme un algorithme riemannien, mais qui en fait approximent le schéma
géodésique suffisamment pour pouvoir 'analyser comme un schéma a rétraction dans le
contexte riemannien. Illustrons ce point par le premier exemple de [Bonl3, Section 4.1] et
la regle d’Oja.
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Example A.10 (Estimation de composantes principales en ligne). Soit A une matrice de
covariance de taille d X d, pour laquelle on souhaite estimer les r premicres composantes
principales, c’est-a-dire ’espace engendré par les r vecteurs propres associés aux r plus
grandes valeurs propres (avec multiplicité). Comme d’habitude dans le cadre en ligne, on
se donne une suite i.i.d. d’observations (X,)nen+ @ valeurs dans R, et on fait I’hypothése
que E[X1X|' ] = A. Pour répondre au probléme posé, regardons d’abord I’algorithme appelé
la régle d’Oja (see [0ja92]), ou Oy est une matrice de taille d x r telle que 3 6y =1,. Le
schéma de l'algorithme est le suivant,

en—l—l =0, + MNn+1 (Id - enel) Xn+1XT—Lr+19n . (A8)
Pour simplifier la géométrie du probléme, regardons le cas particulier r = 1. Le cas général
est détaillé dans Section . Une fagon de comprendre cet algorithme est d’introduire
la fonction de coit f : R? — R, définie pour tout § € R? par f(0) = —0TAH/2. En

lévaluant uniquement sur des vecteurs unitaires, on minimise f lorsque 6 est un vecteur
propre associé a la valeur propre principale de A, et le gradient euclidien de f est donné par
grad (B f(0) = —A0. Cependant, la régle d’Oja n'utilise pas le schéma (A1) avec ce gradi-
ent, mais il précompose le gradient par la matrice de projection Iy — 0,0 . L’interprétation
géométrique est que, puisqu’on s’intéresse pas d la norme de 6, on n’a besoin que de suivre
les parties de grad(E)f(Hn) qui sont orthogonales a 6,. On accomplit ceci en projetant
le gradient sur le supplémentaire orthogonal de Span(f,), ce qui est fait par la matrice
Ig— 0,0, .

Ensuite, pour interpréter (A.8) comme un schéma de rétraction de la forme (A7), on
choisit comme variété la sphére unité plongée dans R%, que 'on note S, et on calcule le
gradient riemannien de f sur la sphére. En utilisant [ANMS0S, Example 3.6.1] on obtient
grad ®) f(0) = (I; — 07 0)grad B f(0) = —(14 — 0T0)AH. La rétraction la plus simple est
celle que l'on a utilisé dans Example A.5, i.e. Ret(gs) cv € TeST s (0+0)/]10 +v| €
S qui produit le schéma suivant

6n+1 = Retéi) (nn-i-l (Id — 9:;(9”) Xn+1XJ+10n) .

A.2.3 Analyse non-asymptotique

Depuis le premier article du domaine [Bon13], une communauté s’est formée pour chercher
a comprendre quelles propriétés de 'approximation stochastique sur des espaces euclidiens
restent vraies sur des variétés riemanniennes. En tant que contrepartie riemannienne
de [BM11], dans [ZS16] les auteurs y font une analyse non-asymptotique pour le cas
de la descente de gradient stochastique pour des fonctions géodésiquement convexes ou
géodésiquement fortement convexes.

Definition A.11 (Fonction géodésiquement convexe). Une fonction f : © — R est dite
géodésiquement convexe, ou g-convexe, si pour tout 0y, 01 € O, toute geodesiquey : [0,1] —
© telle que y(0) = 6y et y(1) = 61 et tout t € [0,1],

F(62) = f(00) + (grad f(00), Expg (0)), -
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Definition A.12 (Fonction géodésiquement fortement convexe de parametre \). Soit f
une fonction g-convexe et soit X > 0. On dit que [ est géodésiquement fortement conveze
de paramétre A, ou g-A-fortement convexe si pour tout y,0, € ©, il existe y : [0,1] — O
telle que y(0) = 0y et y(1) = 0; tel que pour tout t € [0, 1],

A
. + 203 (00,01) ,

F(61) > f(8) + (grad f(60), Expy, (61)), +5

0
ot pe : © x © = Ry est la distance riemannienne sur © (voir Section et ( ))-

Les résultats de [Z516] sont équivalents a ceux sur les espaces euclidiens, sous ’hypothese
que les itérées de 'algorithme (60,,),en restent dans un compact de ©. Plus précisément,
pour une fonction g-fortement convexe f sur ©, [Z516, Theorem 12] établit qu’il existe
C > 0 tel que pour tout n € N,

E[£(Bn) - f(6%)] < C/n,

ot Oy = By, 0511 = Expg {(2(n+ 1)*1Exp§_1(95+1)} et 0* est 'unique solution au probléme
h(6*) = 0. Pour le cas convexe, [Z516, Theorem 10] établit sous les mémes hypotheses
qu’il existe C' > 0 tel que pour tout n € N,

E[£(8,) - f(0)] < C/vin.

A.2.4 Méthodes par quantité de mouvement et la méthode de Nesterov
d’accélération du gradient dans le cas déterministe

Il y a eu récemment des efforts pour implémenter différentes versions de la descente de
gradient stochastique avec quantité de mouvement pour les fonctions convexes sur des
variétés riemanniennes. Bien que la communauté n’ait analysé que le cas déterministe,
ce qui veut dire que Hy(X) = —grad f(0), ces travaux sont pertinents pour le reste de la
communauté et pourraient inspirer de nouveaux schémas stochastiques. Sur des espaces
vectoriels, I'idée en ajoutant la quantité de mouvement est la suivante

Uny1 = Bun +nHy, (Xpny1), and  Opy1 =0 +vpyg, (A.9)

ol (vn)nen est la suite des quantités de mouvement ou vitesses, 5 € (0,1) est ’hyper-
parametre de décroissance, pris souvent égal & 0.9 et 0 — Hy(X) est un estimateur du
champ moyen —grad f (dans le cas déterministe il sera égal a —grad f). L’idée intuitive est
qu’en gardant une partie de la vitesse des itérations précédentes, la trajectoire sera plus
lisse, ce qui limitera I'oscillation lorsque 'on s’approche de la solution. En pratique, les
techniques par quantité de mouvement permettent d’échapper aux points selles, et il a été
prouvé qu’elle obtiennent des bornes de convergence de la forme f(6,,) — f(6*) = O(1/n?)
(voir [Nes83]) pour des fonctions convexes. En particulier I’accélération de Nesterov (voir
[Nes04; Nes83]) a connu un succes époustouflant sur les espaces vectoriels. En voici
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I’algorithme,

On = Op + B,
Upt1 = Pun + nH;, (Xn+1) s
Ont1 = 0n + Vpg1 -

La principale différence par rapport au schéma (A.9) est que le gradient est calculé aprés
le pas effectué par la vitesse résiduelle. Pour comprendre intuitivement pourquoi cette
différence améliore la performance, on peut dire que I’étape de gradient venant apres la
dérive due a la vitesse va avoir tendance a corriger les mouvements indésirables par la
vitesse résiduelle, plutot que de les accentuer.

Dans le cas riemannien, les méthodes par quantité de vitesse demandent plus de cal-
culs que prévu en venant du monde vectoriel parce que les vecteurs vitesse doivent étre
transportés parallelement au fur et & mesure que 8 se déplace. Dans le cas déterministe,
[Ali+21] propose le schéma suivant, initialisé en 6y = vy € O,

O = Exp,,, (BuBxp;! (0)) . (A.10)
Ons1 = Expg, (—ngrad £(6n))
Unt1 = BExp,, (—anHTE:Ograd f(én)) ,

ou l'on définit v, : [0,1] — © comme la géodésique qui commence & vy, (0) = v, et qui
termine en y, (1) = 6,, 8, est calculé sur [0, 1] pour minimiser f oy, et (a,)nen est donné
par ag = 0 et an4+1 est la solution positive a ’équation coaiﬂ —Clan4+1 — €1 Y p—gar =0,
avec des constantes positives cg,c; > 0 choisies en fonction de la courbure de la variété
d’a quel point grad f est lisse. Finalement, Ttyﬂ0 P Tye)© — Ty ) © est le transport
parallele depuis T ;,)© vers T, ,)© le long de la courbe y (voir Section pour
plus de détails). Certaines des complications du schéma riemannien viennent du fait que
les vecteurs tangents ne sont tangents qu’en un point. Ainsi, pour ajouter des vecteurs
tangents, il faut d’abord s’assurer qu’ils sont tangents au méme point, ce que l'on fait en
transportant les vecteurs parallelement sur le méme espace tangent. En effet, si grad f (9~n)
est utilis¢ pour mettre a jour a la fois 6;, et vy, il faudra le transporter depuis Ty © vers
T,,0, ce qui justifie 'apparition du transport parallele. Leur analyse s’applique aussi
bien aux fonctions g-convexes qu’aux fonctions faiblement quasi-g-convexes (voir F3 dans
Section 3.1 pour une définition). Ils font aussi I’hypothése que les itérations de 1’algorithme
restent dans un compact géodésiquement convexe K C O avec un diametre borné, et que
I’exponentielle riemannienne est un difféomorphisme glogal sur K. Ils obtiennent des
bornes de la forme f(6,,) — f(0*) < Comax (C1/k?, Ca/k) + ¢, ce qui, dans le pire des cas,
fait aussi bien que le schéma (/A.1), mais parfois fait méme mieux (voir [Ali+20, Theorem
4]). Cependant, bien que leurs résultats soient prometteurs, ’analyse n’a pas encore été
faite avec du bruit dans les observations.

Aussi dans le cadre déterministe, [Z518] et [AS20] ont étudié un schéma qui suit
généralement la forme de ( ) mais sous des hypotheses de forte g-convexité. Les autres
hypotheses suivent celles de [Ali+20], sauf que [AS20] réussit & enlever I'hypothese du
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compact K (ce qui veut dire qu’ils font une analyse globale) en introduisant des fonctions
de Lyapunov. Les conclusions de [Z518] sont que l'accélération (i.e. une vitesse bornée
par O(1/n?)) est obtenue lorsque le schéma est initialisé prés de la solution, ce qui peut
prendre du temps dans des problemes mal conditionnés. Dans [AS20], les auteurs mon-
trent que leur algorithme est strictement plus rapide que la descente de gradient classique
en utilisant dans leur preuve des fonctions des Lyapunov et une inégalité de distorsion de
la métrique.

A.3 Introduction aux méthodes de Monte Carlo par chaines
de Markov

A.3.1 Le probleme de simuler une loi cible

Le second sujet traité dans ce manuscrit vise a simuler selon une distribution de probabil-
ités. Parmi tous les cadres possibles ou simuler une loi cible est utile, on va présenter le
cas des statistiques bayésiennes. Grossierement, simuler selon une loi cible est utilisé en
statistiques bayésiennes pour explorer la loi postérieure.

La principale hypothese en statistique bayésienne est qu’il y a deux modeles proba-
bilistes, un pour les données observées — qui est la plupart de temps un modele paramétrique,
disons dépendant d’un parametre # — et I’autre modele parle du parametre 6. La distri-
bution du parametre 6, qui est appelée loi a priori, résume toute la connaissance sur le
parametre avant de considérer les observations en jeu. Le but ensuite est de combiner
I'information a priori avec celle apportée par les observations. On fait ceci en calculant
la distribution du parametre conditionnellement aux observations, que 'on appelle loi
postérieure ou a posteriorsi.

Plus précisément, soit (0, F) un espace mesurable, et soit § une variable aléatoire a
valeurs dans cet espace, de loi vy. Le plus souvent, ’espace pour le parametre © est discret
ou un sous-ensemble de R? pour d > 1. Pour cette raison, on suppose que vy admet une
densité par rapport a une mesure de référence w, et on note sa densité vy. Dans un second
temps, on observe w, une réalisation d’une variable aléatoire W a valeurs dans ’espace
mesurable (W, W). Ensuite, on précise la famille de densités conditionnelles de W sachant
07

Po ={w+— L(w]d) |0 € O} ,

par rapport a une mesure de référence p sur (W, W). On appelle vraisemblance du modele
la fonction 6 — L(WV10).

Ayant décrit la loi de @ ainsi que celle de W sachant 8, on a acces a la loi jointe, qui
admet la densité (6,w) — vp(6)L(w|f) par rapport & @w @ p et la loi de € sachant W, la
postérieure. Par le théoreme de Bayes ([Sch95, Theorem 1.31]), on a I’expression suivante
pour la densité de la postérieure fyx, définie pour vy-presque tout 6 et p-presque tout w
par

L(w[0)ve(0)

o (.0 = e i@y vp B () (A.11)
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ou pour tout w,
- / L(w|0)ve(6)(d6) | (A.12)
(S

est la densité de W par rapport a u.

A.3.2 Algorithmes de Monte Carlo et leurs versions markoviennes

Soit 7 une loi de probabilité sur un espace mesurable (E, £), appelée la loi cible. On cherche
a estimer des quantités de la forme [¢ f(z)n(dx), ot f : E — R est une fonction intégrable
par rapport a . L’idée des méthodes de Monte Carlo est d’utiliser des estimateurs de la
forme

fv = N+1Zf

ou (Y;)ien est une suite de variables aléatoires. Les différentes méthodes de Monte Carlo
proposent différentes hypotheses sur la suite (Y;);en pour s’assurer que fN est un bon
estimateur.

La méthode traditionnelle de Monte Carlo repose sur la loi forte des grand nombres,
puisqu’elle considere une suite (Y;);en de variables aléatoires indépendantes et identique-
ment distribuées (i.i.d. pour faire court) de loi 7. Dans ce cadre, la loi forte des grands
nombres établit que fN converge presque sirement, lorsque N tend vers l'infini, vers
Je f(z)m(dz). De plus, si f2 est intégrable par rapport a , on sait que l'erreur asympto-
tique est de l'ordre de O(1/ VN ) en faisant appel au théoréme central limite. La simplicité
de cette méthode entraine un cofit : il faut un tirage de IV variables aléatoires i.i.d. de loi
m. On peut citer la méthode de inverse transform sampling et I'algorithme d’acceptation-
rejet parmi les plus connues de la littérature de méthodes classiques (voir [RC10, Section
2.1.2] et [RC10, Section 2.3]).

Un probléme de ces méthodes est qu’elles souffrent du fléau de la dimension. Un autre
est que parfois on n’a acceés a la densité m qu’a une constante multiplicative pres. Par
exemple, en inférence bayésienne, ou m admet pour densité

L(wl|z)
T ,
fx(w)
par rapport a la loi a priori ( ), o w sont les observations. En effet, sauf quand la loi
a priori et la vraisemblance sont des lois conjuguées, la loi marginale qui apparait dans
( ) n’a pas de forme close. Ceci pose un sévére probléme, en limitant 1’applicabilité

des méthodes ci-dessus.

Une solution pour certains de ces problemes est d’utiliser des méthodes de Monte
Carlo par chaines de Markov (on utilise 'abréviation anglaise MCMC). L’idée est de ne
plus recourir a des observations i.i.d., mais plutét de générer une suite (Y;);en par une
chaine de Markov qui a pour loi invariante m. Lorsque les hypothéses classiques sont
satisfaites sur 7 et la chaine, on obtient un équivalent de la loi forte des grands nombres
pour la chaine de Markov (voir [MT09, Chapter 17]). Plus précisément [MT09, Theorem
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17.1.7] montre que si le noyau de Markov P est Harris récurrent et admet 7 comme loi
invariante, alors pour tout n € E,

1 N

Jim S D00 = [ 7wy, Po-almost surly.

oit P, est la loi induite par le noyau de Markov P avec la loi initiale d, sur (EN,£®N)
et (Yi)ien est la chaine canonique sur (EN,£®N P,). Pour implémenter ces méthodes,
on a besoin de construire un noyau de Markov qui admet m comme loi invariante. Une
procédure générique pour y arriver est d’utiliser I’algorithme de Metropolis-Hastings, ou
une de ses variantes. Présentons cet algorithme.

A.3.3 L’algorithme de Metropolis-Hastings pour simuler une loi cible

La premiere apparition de cet algorithme dans la littérature remonte a [Met+53], puis
lalgorithme a été amélioré dans [Has70] et [Tic98]. Soit v une mesure sur (E,&) qui
domine 7 et soit =,y € E? — g(x,y) la densité conditionnelle de y sachant z, autrement
dit, pour tout x € E, y — ¢(x,y) est une densité par rapport a v sur E et pour v-presque
tout y € E, x — ¢(z,y) est mesurable. Ensuite, étant donné une initialisation Xy € E
mesurable sur (E, &), on définit la chaine de Markov (X,,),en pour tout n € N par

Xn+1 = Yn—&-lﬂ{Un—i—l < Q(Xna Yn—i—l)} + Xn:[l{Un+l > a(Xn7 Yn+1)}7 (Alg)

ou Y,+1 est une variable aléatoire qui, conditionnellement a la tribu engendrée par les
n + 1 premiers termes de la chaine F,, = o(Xo, ..., X,,), est distribuée selon la densité de
probabilité y — q(X,,y) et (Un)nen+ est une suite i.i.d. de variables aléatoires uniformes
sur [0,1]. La fonction a : E x E — [0, 1] est supposée mesurable et on I'appelle le taux
d’acceptation. Soit P : E x & — [0,1] le noyau de Markov de la chaine (X,)nen. On
remarque que le noyau de Markov P, associé a la chaine de Markov définie en ( ) est
donné par, pour tout x € E et tout A € &,

P(a.h) = [ ale, gl p)v(dy) + 5.() [ (1= ale. )z y)v(dy)

Cette procédure d’acceptation-rejet permet de simuler une chaine de Markov avec noyau
de Markov P en utilisant la famille de lois y — ¢(z,y) dites lois des propositions. On note
aussi 7 la densité de la loi cible 7 par rapport a v. On rappelle que ce qui nous intéresse
est de montrer que la chaine que I'on vient de construire admet m comme loi invariante.
Cependant, on a méme une propriété plus forte puisque P est réversible par rapport a la
loi 7 si et seulement si pour toute fonction mesurable et bornée g : E? — R,

/2 g(a,y)m(z) Pz, dy)v(dz) = /2 9@, y)m(y) Py, dr)v(dy) -
E E

Mais, en remarquant la présence de la mesure de Dirac sur la deuxieme partie de P, ceci
équivaut a : pour v-presque tout z,y € E,

oz, y)m(2)q(z,y) = a(y, )7 (y)q(y, ) .
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Cette derniere condition est vérifiée en particulier si le taux d’acceptation est donné par

min (1, %) si m(x)q(z,y) > 0 et 7(y)q(y,z) >0

(A.14)
0 sinon .

O‘('T’y) =

L’algorithme de Metropolis-Hastings est particulierement utile lorsqu’il est facile de simuler
la loi de la proposition admettant pour densité y — g(x,y).

Si on cherche le choix le plus simple pour la proposition, on peut prendre pour tout
z,y € E2, q(x,y) = q(y), de fagon A ce que la proposition ne dépende pas sur I’état courant
de la chaine. Ceci donne la forme suivante pour le taux d’acceptation «,

alw,y) = 1A 2

Cette version de l'algorithme de Metropolis s’appelle la méthode de Metropolis par simu-
lation indépendante, puisque la proposition ne dépend pas du point courant x. Un autre
choix tres classique pour la loi de proposition repose sur la structure de groupe abélien de
E et sur le fait que v soit une mesure invariante par translation. Dans ce cas, on consideére
la marche aléatoire symétrique sur (E, &), ou les incréments ont pour densité ¢ par rapport
a v. Ceci entraine que la suite de propositions est donnée par

Yir1 = Xg + Zgt1

ou la variable aléatoire Xj est 1’état courant de la chalne a 1’étape k et les variables
aléatoires (Z;);>1 sont i.i.d. et admettent pour densité ¢ par rapport a v. De plus, il existe
une relation directe entre la densité de proposition g et la densité de 'incrément §: pour
tout z,y € E q(z,y) = §(x — y). L’exemple par excellence dans ce cadre est I’algorithme
de Metropolis par marche aléatoire symétrique. On le définit sur R? avec la mesure de
Lebesgue comme mesure de référence, et la loi de I'incrément est une loi gaussienne centrée
de matrice de covariance ¢21Id, ot 62 > 0.

On termine cette partie en parlant de I'algorithme de Langevin ajusté par Metropolis
(on utilise I'abréviation anglaise MALA). On considére E = R? muni de sa tribu borélienne
B(R?). De plus, supposons que 7 admet une densité strictement positive et lisse par
rapport a la mesure de Lebesgue Leb, on la notera encore 7 et soit U = —logm. MALA
est basé sur la diffusion de Langevin qui est une équation différentielle Stochastique (EDS)
définissant un semigroupe de Markov réversible par rapport a w. Cependant, simuler une
solution exacte de cette EDS en temps continu n’est pas possible en général. Ainsi, on
considére plutdt la discrétisation d’Euler Maruyama associée a cette EDS, qui s’écrit

Yiy1 = Ye —yVUYy) + V27Zk41 (A.15)

ot v > 0 est la taille du pas de la discrétisation et (Zj)x>1 est une suite de variables aléa-
toires d dimensionnelles, i.i.d. de loi gaussienne centrée réduite. Cette chaine de Markov
est une approximation discrete de la diffusion de Langevin. Il est important de remarquer
qu’elle admet une loi invariante 7, — qui dépend du choix du pas 7y — et que sous des
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hypotheses assez faibles sur U, la chalne est aussi ergodique. Et méme si 7., est différent
de 7 la plupart des fois, la différence est parfois suffisamment petite comme pour prendre
ceci comme chaine approchant 7. Cet algorithme a été introduit par [Erm75] et [Par81]
pour des application en dynamique moléculaire. Il a recu de plus de plus d’attention par la
communauté d’apprentissage statistique grace a [Gre&3], [GM94a] et dans la communauté
de statistique computationnelle grace a [Nea93] et [RT96a].

Néanmoins, il existe des cas ou simuler une loi proche de m n’est pas suffisant, puisque
cela va biaiser les estimateurs ( fN) NeN, et méme ¢a leur fera perdre la propriété de con-
sistance puisqu’ils ne convergeront plus vers [ fdr en général. L’idée de [RDF78] et de
[RT96a] est d’utiliser la chaine de Markov (Y;,)nen définie en ( ) comme la proposition
dans l'algorithme de Metropolis-Hastings. On l'appelle, d’apres [RT96a], Algorithme de
Langevin ajusté par Metropolis (MALA).

A.4 Analyse asymptotique des algorithmes de Metropolis-
Hastings : échelonnement optimal

On s’intéresse ici a l'analyse d’algorithmes de Metropolis-Hastings lorsque la dimension
tend vers l'infini. L’échelonnement optimal, inventé par [RGG97a], fournit des outils pour
comprendre les propriétés de convergence des méthodes MCMC en grande dimension.

Lorsqu’on utilise I’algorithme de Metropolis par marche aléatoire symétrique ou MALA
sur R?, il faut bien choisir le paramétre dans la loi de proposition. Dans le cas du premier
algorithme, il s’agit de la variance de la loi gaussienne, et dans le cas de MALA c’est le
pas de la discrétisation. Le choix du parametre va avoir une influence sur la variance de
la proposition et donc sur le comportement de la chaine de Markov : de petits incréments
exploreront lentement le support de m avec un taux d’acceptation élevé, tandis que des
incréments plus grands se déplaceront plus vite sur tout le support de m mais ils seront
rejetés plus souvent. L’échelonnement optimal construit un cadre pour formuler la question
“Quel est le choix optimal pour ce parameétre 02?” et y répond en fonction de la dimension
d. Nous présentons maintenant les résultats classique de ce domaine.

A.4.1 Introduction al’échelonnement optimal : 1’algorithme de Metropo-
lis par marche aléatoire symétrique

Comme on vient de dire, ’étude de I’échelonnement optimal a commencé avec les travaux
de [RGGITa], ou ils ont étudié I'algorithme de Metropolis par marche aléatoire symétrique
(on prendra 'abréviation anglaise RWM) sur R%. Pour une densité cible strictement
positive 7¢ sur R?, rappelons Pexpression de la chaine de Markov créée par 1’algorithme
RWM, qui est de la forme ( ). Pour toute valeur initiale X§ € R? et pour tout k € N,

XI?H = X{ + UngHﬂ{UgH < oa( X X1+ UngH)} ;

ouoy >0, (Zg +1) keN est une suite de variables aléatoires i.i.d. de loi gaussienne centrée et
réduite sur R? et (U% +1)keN est une suite de variables aléatoires i.i.d. uniformes sur [0, 1],
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de plus (Zgﬂ)keN, (Uﬁﬂ)keN et X, sont indépendantes. De plus, le taux d’acceptation oy
est donné par, pour tout z,y € R,

m(y)

()

L’utilisateur peut choisir le parametre o4 i.e. la variance de la loi de proposition. Une
question assez naturelle est “comment bien choisir 047" En effet, une grande variance
permet d’explorer plus vite le support de 7%, mais au prix d’un taux d’acceptation faible,
ce qui ultimement ralentit 'exploration. Dans le cas d’une distribution initiale différente
de 7%, le choix de o4 aurait une influence aussi sur le temps de mélange de la chaine. Le
point de départ de I’échelonnement optimal consiste a trouver des valeurs de o, telles que
I’acceptation-rejet ne soit pas asymptotiquement trivial, c’est-a-dire que ’on veut que le
taux d’acceptation converge a U'intérieur du segment |0, 1[, i.e.

CMd(CC, y) =1A

lim E.a [oq (X, X4+ 0azf) | €)0,1].
d——+o0

Pour répondre a cette question, il nous faut un cadre pour chaque d € N, et le choix de

7@ par rapport & la dimension d a une forte influence sur le comportement de la chaine de

Markov. La premiére hypothese, faite dans [RG(G97a], repose sur une construction de 7%

en tant que mesure produit de la forme suivante. Pour tout z¢ = (z¢,--- ,29) € RY,

d
() = H exp (—U(x?)) , (A.16)
i=1

ou U : R — R est une fonction qui définit une loi unidimensionnelle 7(z) = exp(—U(x)).
On suppose que ces fonctions vérifient les propriétés suivantes,

H 1 U est trois fois continiment différentiable et U’ est Lipschitz.

H 2 E[(U'(W))®] et E[(U”(W))*] sont finis, o W est une variable aléatoire réelle de loi
.

[RGG97a) propose de prendre og = £d=*/? comme forme générale pour og avec £, o €

R*% . Ensuite, [RGG97a, corollary 1.2] démontre que si pour tout d € N, Xg est de loi 7%,
alors on a pour a =1

lim B, |og (X, X4 + 0d22)] = 20(-0VE/2),

d—+o00

ou P est la fonction de répartition d’une loi gaussienne centrée réduite et
K= / (U ()7 (z)de . (A.17)
R

Ayant trouvé Déchelonnement de oq = £d—*/2 tel que I’algorithme a une acceptation

limite non-dégénérée, on peut maintenant s’intéresser au choix de la constante £. [RGG974]
continue dans cette direction en étudiant le processus a temps continu (Vf)tzg défini par

Vi= X, (A.18)
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ot (T'#);>0 est un processus de Poisson de parameétre d. Une explication intuitive de ce
choix est que, puisque le processus de Poisson saute td fois en moyenne sur un intervalle
de temps ft, V,‘f est approximativement la premiére composante de la chaine de Markov
X% 3 Iinstant |[td|. Dans [RGG97a, Theorem 1.1], les auteurs prouvent que si U satisfait
les conditions H1 et H2, alors la suite de processus (V¢)sen+ converge faiblement, dans la
topologie de Skorokhod, vers un processus V qui satisfait les hypotheses suivantes : Vy
est de loi m et pour tout ¢ > 0, V est solution de I’équation différentielle stochastique
suramortie de Langevin,

dV; = \/h(¢)dB} — %h(ﬁ)U’(Vt)dt :

ot (B})i>0 est un mouvement brownien unidimensionnel, h(¢) est souvent appelée la vitesse
de la diffusion et est donnée pour tout £ > 0 par

VK
h(f) = 202® <—\2ﬁ> ,
et K est défini par ( ). Pour comprendre comment ce résultat nous aide a choisir le

parametre £, on commence par définir un rééchelonnement du processus limite. Soit pour
tout t € Ry, Vi = Vy(y);. Alors V est la diffusion de Langevin avec vitesse unitaire :

~ 1 ~
dV, =dB} — §U’(Vt)dt .

On comprend maintenant qu’en augmentant la vitesse h, la chaine de Markov explore plus
vite les trajectoires de V et donc R?, ce qui finit par étre plus efficace pour notre probléme
initial de simulation de lois. Ainsi, on veut trouver la valeur de £ qui maximise h. On trouve
dans [RGG97a] un critere assez direct pour trouver un tel £. Soit a(f) = 2&(—(/K/2)
la limite du taux d’acceptation, alors, par [RGG97a, Corollary 1.2] on peut exprimer
h(¢) comme une fonction de a(¢) en inversant I’expression de a(¢). Leur conclusion est que
choisir £y tel que a({y) = 0.234 (précision a quatre chiffres significatifs) maximise la vitesse
de la diffusion V. Une autre facon d’interpréter la vitesse de la diffusion est par le fait
que limg o (d/2)E[(X§ — X{)2] = h(£), ot E[(X¢ — X{)?] exprime la distance moyenne au
carré faite a chaque itération.

Dans le méme cadre, l'article [Dur+17] considére des hypotheses plus générales pour
U, en particulier ils considérent que la fonction est différentiable en norme L-p.

H 3 1l existe une fonction mesurable U : R — R telle que :

(i) Tl existe p >4, C > 0 et B > 1 tels que pour tout # € R,
. P 1/p
(/ U@ +6) - Ula) - 0(2)| 77(x)dx> <clopf .
R

(ii) La fonction U vérifie

/R (U(x))Gw(x)dx <00
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La fonction U est appelée la dérivée faible de U. Avec ces hypothéses, les auteurs dé-
montrent dans [Dur+17, Theorem 2] la convergence du taux d’acceptation vers a(f) =
2®(—(\/K/2) lorsque oq = ¢d~'/2. Ensuite, dans [Dur+17, Theorem 3] ils démontrent
qu’avec ces mémes hypotheses, le processus V est solution de la méme EDS que l'on a vu
plus haut, avec en particulier la méme expression pour la vitesse de la diffusion h(¢). Ces
résultats sont intéressants pour ce manuscrit puisque les contributions faites au chapite
sont un parallele de ces résultats, mais pour 'algorithme MALA.

A.4.2 Echelonnement optimal de MALA

On peut se poser a nouveau la question “qu’est-ce qu’un bon choix pour o4 ?” pour
MALA. Rappelons les notations pour cet algorithme. On a une densité cible 7@ sur R?
qui s’écrit comme un produit de la forme ( ) avec U : R — R qui est continiiment
différentiable et étant donnée une initialisation X¢ € R?, la chaine de Markov est donnée,
pour tout k € N, par

Xfciﬂ = X{ + ZI?HH{U%H < oa( X7 XL+ Z}?H} )

ol Zg+1 = 02V log Wd(Xg) + \/ic;'def_|r1 est I'incrément de la proposition, o4 € R et
(Z&);>1 est une suite de variables aléatoires i.i.d. de loi gaussienne centrée réduite sur R%.
En remarquant que conditionnellement a X g, la loi de Zg 1 est une gaussienne d’espérance
02V log 74 (X 1) et de variance 203, on peut simplifier g, défini en ( ). Pour tout

z,y € R%, on écrit ag ainsi,

wwe (= |-y - o3V iog )| aop))

7d(x) exp (— |y — 2z — 03V log 7Td(£I})H2 /(402)) .

ad(x,y) =1A

Les objets étudiés sont tres proches de ceux de RWM, ot o4 demeure le seul parametre
A choisir. En écrivant og = ¢d®/?, on se demande quelle valeur de o permet de faire
converger E, a[ag(Xd, X¢ + Z%)], lorsque d — +oo, dans ]0,1[ ? Le résultat a été apporté
par [RR98a], ou les auteurs montrent que pour a = 1/3, le taux d’acceptation converge
dans ]0, 1[. Voici les hypotheses de ce résultat.

M 1 U est continiiment différentiable huit fois sur on R et il existe un polynéme a coeffi-

cients réels P tel que pour tout i € {0,---,8} et x € R, [U® (ZL‘)‘ < P(z).

M 2 Pour tout p > 1, g |z’ mi(z)dz < oo.

Voici le résultat [RR98a, Theorem 1] tel qu'il y est énoncé.

i Eqa o (X8, X§ + 2d71 2V log v (X() + V2td /02 )| = 28(~6 VT /2) ,
—+00
(A.19)
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ou P est encore la fonction de répartition empirique de la loi gaussienne centrée réduite
et la nouvelle constante J est donnée par

J = (48)"! /R {50 (@))? ~3(U)(@))*} w(a)da > 0. (A.20)

Dans un second temps, les auteurs de [RR98a] démontrent qu'un processus limite
satisfait aussi 'EDS de Langevin. Soit encore une fois le processus unidimensionnel (V§);>o
défini par ( ), mais avec (I'¢);> un processus de Poisson de paramétre d'/3. Le résultat
[R1R98a, Theorem 2] énonce que si U vérifie M1 et M2, alors la suite de processus (V%) gen-
converge faiblement, dans la topologie de Skorokhod, vers un processus V qui vérifie les
propriétés suivantes : la loi de Vg est m et pour tout ¢ > 0, V est solution de 'EDS
suramortie de Langevin,

dV; = \/h(¢)dB} — %h(ﬁ)U’(Vt)dt :

ot (B})i>0 est un mouvement brownien réel, h(¢f) est souvent appelée la vitesse de la
diffusion et est donnée pour tout £ > 0 par

h(¢) = 20°® (-T) :

et J est défini par ( ).

On interprete ce résultat avec les mémes outils que pour l'algorithme de Metropolis
par marche aléatoire symétrique, c’est a dire que la limite diffusive nous dit que maximiser
la vitesse de diffusion h correspond au choix optimal pour ¢. En utilisant ( ) et en
exprimant h en fonction du taux d’acceptation limite, on trouve que maximiser ¢ — g(¥)
revient a avoir un taux d’acceptation limite (donné en ( )) égal a environ 0.574.

Il y a deux différences majeures par rapport a l’algorithme RWM. Les interpréter
nous permettra de comparer les deux algorithmes. La premiére est que pour MALA, il
est optimal de prendre o4 = ¢d~'/¢ tandis que pour RWM, on avait oq = ¢d—'. Cette
différence veut dire qu’en général, on peut utiliser des valeurs de o4 plus grandes pour
MALA que pour RWM. Comme on peut construire un processus de saut a partir de ces
chaines de Markov qui convergent faiblement vers la méme limite (quitte a échelonner pour
avoir la méme vitesse de diffusion), on sait que MALA aura besoin d’environ O(T'd/?3)
itérations pour arriver au temps T de la trajectoire, tandis que RWM en aura besoin de
O(Td). Ainsi, on peut conclure que MALA est plus efficace dans le sens de I’échelonnement
optimal. La deuxieme différence entre les deux algorithmes est qu’a I'optimum, le taux
d’acceptation est plus élevé pour MALA que pour RWM. En résumé, lorsque les hypothéses
nécessaires pour la convergence de MALA sont satisfaites, MALA est un meilleur choix
que RWM. Dans ce manuscrit, on s’intéresse a I’échelonnement optimal de MALA avec
la loi Laplace pour cible, qui a pour densité = — e_m/ 2. C’est intéressant parce que
I'hypothése M1 n’est pas vérifiée puisque x — |z| n’est pas dérivable en zéro.
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A.5 Cadre de la Thése et Contributions

A.5.1 Schémas riemanniens

Dans le chapitre 2, on étudie le schéma standard géodésique (A.G) avec la possibilité
supplémentaire d’avoir un terme de biais en plus de ’estimateur non biaisé H, ce qui veut
dire que 'on a

On+1 = Expg, Mnt1 (Ho, (Xnt1) + bo, (Xnt1))]

ol b: O x X — TO est une fonction bi mesurable. On pense étre les premiers a permettre
ce terme de biais en approximation stochastique riemannienne. On a choisi d’avoir un biais
uniformément borné, i.e. supg ;)coxx [|bo(z)llo < boo— voir A3. On s’est aussi intéressés a
des schéma de rétraction plus généraux, de la forme (A.7). L’analyse de ces schémas est
trés important parce que les rétractions sont souvent plus simples a calculer en pratique et
ils font partie de la littérature depuis longtemps — voir [AM12]. L’exemple le plus commun
est d’analyser un schéma de projection en tant que rétraction comme dans (A.5) pour la
sphere.

On contribue a ’analyse des schémas de rétraction dans la Section en considérant
des rétraction de premier et second ordre (voir R?2 et R 3 respectivement). Pour ces
deux types de rétractions, on quantifie ’erreur qui provient de la rétraction. Comme les
rétractions sont des approximations de I’exponentielle riemannienne, on considére la notion
de fonction d’erreur de rétraction dans ( ). Il s’agit de la fonction ®y = Exp;1 oRety :
Ty© — TyO définie pour tout € ©. Ces applications définissent un morphisme de fibrés
® : TO — TO, que 'on compare a l'identité. Dans les Lemmes et , on borne
uniformément 6 — [|®y — Idyl||p en bornant les termes du développement de Taylor. On
vérifie aussi que les rétractions usuelles sur la sphere et la variété de Grassmann sont des
rétractions d’ordre un et deux : voir I’exemple et la proposition pour la sphere et
I’exemple et la proposition pour la variété de Grassmann.

Dans le chapitre 3, on s’intéresse au cas du pas constant, avec ’hypothése nouvelle
de considérer un schéma projectif sur une variété riemannienne sur un ensemble fermé et
géodésiquement convexe en utilisant un opérateur de pseudo-projection : voir (3.2) et A

. Ceci contient le cas du schéma géodésique standard (1.0) sous les hypotheses A (-

A.5.2 Hypotheéses sur le bruit

L’hypothese classique sur le bruit est le cas de différence de martingale (que I'on choisir
de raccourcir en cas martingale). L’hypothése A22 se réécrit agréablement dans le cas
riemannien.

A 24 (Martingale difference setting). La suite (eg, (Xn+1))nen est une différence de mar-

tingale par rapport d la filtration (Fp)nen=, i-€.E[eq, (Xnt1)|Fn] = O, pour tout n € N.
De plus, il existe 08, 0?2 >0 tel que pour tout n € N

E [les, (Xnsn)1l5,

Fa] < of + ot 16015, -
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Dans les chapitres 2 et 3, on étudie ce cas A24. Cependant, dans le chapitre 2, on est
les premiers a généraliser I’hypotheése markovienne au cadre riemannien.

A25 (Cas markovien). Il existe un noyau de Markov P sur (©xX)x X tel que pour toutn €
N et toute fonction mesurable et bornée ¢ : X — Ry, E[p(Xn11)|Fn] = Jx ©(y) Py, (Xn, dy).
De plus, pour tout 8 € O, Py admet une unique loi invariante mwy, qui vérifie en plus
h(0) = Jx Ho(y)dmo(y).

Dans ce contexte, le bruit (X, ),en+ est une chaine de Markov, avec un controle sur les
transitions a travers le parametre courant 6,,. Dans beaucoup d’applications concretes, on
ne peut pas tirer des variables aléatoires indépendantes de loi 7y, définie en (3.1). En tout
cas, il reste possible de simuler des échantillons avec une chaine de Markov ergodique, de
loi invariante mg. Nos hypothéses dans le cadre markovien sont MLA 2(w), et on présente
deux cas pratiques ou ces conditions sont vérifiées. On rappelle qu'une partie C € X est
appelée small set pour un noyau de Markov ) sur X x X quand il existe m > 0 et une
mesure non triviale v, sur X" telle que pour tout z € C, B € X on a Q™ (x, B) > v,,(B).

A 26 (w). La famille de noyaur de Markov (Py)geco et la fonction mesurable w : X —
[1,4+00) vérifient l'une des deuzr hypothéses suivantes :

(a) La famille (Py)gco est uniformément ergodique avec une constante uniforme en 6,
i.e. il existe ep € (0,1) et Cp > 0 tel que pour tout 0 € ©, Py admet une unique loi
invariante mg et pour tout v,z € X etk € N, on a Hézpé“—éwrPHkHTv < Op(1—ep)*.
De plus, il existe C' > 0 tel que pour tout 0y, 01 € ©, x € X et toute courbe géodésique

Y : [0,1] — O reliant by et 61, on a ||5,Py, — 82 Pp,|Tv < Cl(y).

(b) Pour tout € ©, Pp = P, ou P est un noyau de Markov sur X x X. De plus,
il existe w : X — [1,400), A € (0,1), by > 0 tel que pour tout x € X, Pw(x) <
Aw(x) + bylc(x) avec C € X un small set pour P.

Dans la proposition 2.6, on démontre que sous des hypothéses raisonnables, si A20-
sont vérifiées — i.e. la chaine est uniformément ergodique, avec une constante d’ergodicité
uniforme en # € © — alors MA 2(w) est vraie aussi, avec une fonction w constante w :
x +— 1. Par ailleurs, si A26(w)-(b) sont vraies — i.e. le noyau de Markov P ne dépend pas
de 6 et il y a une condition de drift — alors ’hypothese MA 2(w) est vérifiée. On pense
que cette hypothese sur le bruit est intéressante puisqu’elle permet de modéliser des cas
de figure en dehors du cas martingale.

Pour chaque hypothése de bruit, on fait attention a ne pas supposer que les itérations
restent dans un compact arbitraire K, contrairement a [Bonl3; ZS16], pour les raisons
mentionnées dans Appendix

A.5.3 Techniques de convergence

Dans le chapitre 2, on généralise la deuxiéme méthode de Lyapunov — voir [LaS60] — dans
le cadre riemannien. Notre hypotheése A 2 est vérifiée si la fonction de Lyapunov V est
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gradient Lipschitz ou elle a une hessienne riemannienne bornée en norme d’opérateur —
voir le lemme

On utilise les mémes hypotheses dans le chapitre 3, ot ’on échange A7 avec AG-A7. Le
probleme avec les fonctions de Lyapunov sur les variétés riemanniennes et que le candidat
par défaut 0 — p2®(9, 0*) — la distance a la solution au carré — n’est pas gradient Lipschitz
lorsque © n’a pas une courbure nulle ou n’est pas compact. On propose une réponse a ce
probleme dans la Section , ou on introduit une nouvelle fonction de Lyapunov, dite
“Huberisée” — voir la proposition

A.5.4 Résultats des Chapitres 2 et

Dans le but d’enseigner la géométrie riemannienne pour ’approximation stochastique a
la communauté d’apprentissage statistique, pour reformuler des formules existant dans
d’autres contextes et pour utiliser des preuves simples et utilisant un minimum d’outils,
mes coauteurs et moi avons écrit des exemples, définitions et théoremes sur la géométrie
riemannienne dans les chapitres 2 et 3. On conseille a tout lecteur qui souhaite se fa-
miliariser avec les concepts et les notations de géométrie riemannienne utilisés dans cette
these de commencer par lire le préliminaire écrit point par point en Section

Dans la Section , on détaille le cas de la sphere qui a été exposé dans les exemples

et 2.8. On utilise les notions introduites en Section pour vérifier que la rétraction
projective sur la spheére vérifie les hypotheses R 1-R2-R.3 — see Proposition

Deux des concepts que 'on a dii manipuler minutieusement sont les formules de Taylor
(voir les théorémes et ) et le calcul du cut locus dans le cas de la variété de
Grassmann (voir la Proposition ). La construction de formules de Taylor a été a
la fois difficile et précieuse pour notre technique d’analyse. On a écrit la Section
pour démontrer la formule de Taylor ( ) du théoréme , en particulier parce qu’on
avait besoin de la Proposition que l'on n’a pas trouvé dans la littérature. Il s’agit
d’une formule de Taylor a l'ordre n avec reste intégral, pour des champs de vecteurs
lisses le long d’une géodésique. On a utilisé la notion de dérivée totale covariante d’ordre
quelconque pour I’établir. Une grande partie de la Section a été écrite en adaptant
les résultats classiques des connexions au cadre particulier des champ de vecteurs le long
d’une géodésique. Si le lecteur n’est pas habitué a travailler avec des champs de tenseurs
et des connexions, on conseille de lire [LLeel9, Chapter 4], puisqu’on s’en est inspirés pour
écrire la Section . Aprés avoir démontré cette formule de Taylor, on 'a adaptée
au cadre plus simple des formules de Taylor pour des fonctions a valeurs réelles dans la
Section et le théoreme

Nos dernieres contributions qui concernent uniquement la géométrie riemannienne sont
dans la présentation auto contenue de la variété de Grassmann. Notre but principal était
d’exprimer les formules de I’exponentielle riemannienne décrites dans [AMS04; BZA20;
[EAS98] et en plus de calculer le cut locus. Pour faciliter la tache du lecteur, voici le
résumé de la Section . On commence par donner la définition de la variété de Grass-
mann comme un quotient de la variété non-compacte de Stiefel par I'action du groupe
linéaire. Ensuite, pour donner la structure différentielle de cette variété, on commence
par construire la fonction dite de cross section og décrite dans le lemme . L’inverse
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de cette application est utilisée pour écrire explicitement la famille des paramétrisations
— ou de facon équivalente ’atlas lisse — qui définit la structure différentielle de la variété
de Grassmann, voir la Proposition

On continue cette partie en décrivant I'espace tangent en utilisant la décomposition
canonique des variétés quotient. On rappelle la définition d’une connexion au sens de
[KKN96, Chapter II, Section 1] dans la définition , et on vérifie que (2.71) est une
connexion dans ce sens et, avec Proposition , on obtient une description de l’espace
tangent. Avec ces outils, on donne une formulation alternative de I’exponentielle rieman-
nienne dans le lemme . Cette formule est utilisée pour le dernier résultat de la section,
la Proposition , dans laquelle on calcule le cut locus de la variété de Grassmann. Cette
preuve est le résultat d’un long travail et malgré la difficulté et la longueur des preuves,
il reste plus simple que l'autre preuve que 'on connait de ce résultat — voir [Sak76]. En
effet, la preuve de [Sak76] utilise des outils plus compliqués de géométrie riemannienne.

Dans le chapitre 2, on calcule des taux de convergence non asymptotiques globaux sous
différentes hypothéses sur le bruit et la fonction de Lyapunov, données plus haut. Pour
le schéma géodésique étudié dans la Section 2.2, on montre les théorémes et qui
affirment qu’apres n itérations, E[Hh(ﬁjn)Hgln] = O(boo + logn/y/n), oll by est la borne
uniforme sur le biais de H et I,, est une variable aléatoire discrete a valeurs sur {1,...,n}.
Une discussion plus fine sur le choix des pas et leurs conséquences est donnée apres les
énoncés de ces théoremes. Pour les schémas de rétraction étudiés dans la Section ,
on montre dans les théorémes , et qu’apres n itérations, comme dans le cas
géodésique, E[||h(91n)||31n] = O(boo + logn/y/n). L’intérét de cette analyse comparée a
celle de [ZS16] est que 1) on n’a pas besoin que les itérations restent dans un compact, 2)
on montre ces bornes pour ’algorithme d’approximation stochastique, qui est plus général
que le cas de descente de gradient stochastique et 3) les hypothéses faites sur la fonction
de Lyapunov permettent de traiter des fonctions qui ne sont pas convexes.

Hypotheses i
Résultat
de Base sur le Schéma sur le Bruit
Al-A2-A Géodésique (2.3) Cas martingale MD Theorem
P Cas markovien

Al-A2-A Géodésique (2.3) MA 1-MA 2(w) Theorem
Al-A2-A Rétraction (2.12) Cas martingale MD Theore

A Rl et (R2 ou R3) | et (MD2(4) ou MD2(6)) ret
Al-A2-A Rétraction (2.12) Cas markovien Theorem

A Riet (R2ouR3) | MAI-MA?2(w)-MA 1 (w)

Table A.1: Résumé des résultats non asymptotiques avec toutes les hypotheses possibles.

Finalement, on considere deux exemples d’applications pour ces résultats. Premiere-
ment, on introduit un probléme d’ACP en ligne, similaire au probleme introduit dans
I’exemple mais dans le cas général » > 1. Dans la Section , on montre que les
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schémas itératifs (2.19) et (2.20) vérifient les conditions de nos théorémes — voir le théoréme
. On complete cette analyse par des simulations numériques — voir la Section

Deuxiémement, on s’intéresse a un probleme d’estimation de barycentre en ligne dans la
Section . Dans cette application, on examine et raffine ’idée initiale de ’exemple
pour définir le concept de barycentre riemannien robuste pour une loi de probabilités sur
une variété de Hadamard. On démontre 'existence et I'unicité de ce barycentre dans la
Proposition et on en déduit un schéma itératif pour le calculer ( ), qui vérifie les
conditions générales de nos théorémes — voir la Proposition

Dans le chapitre 3, on regarde de plus pres le cas du pas constant. On commence par
trouver des bornes non asymptotiques dans le théoreme , qui ressemble au théoreme

. Néanmoins, on trouve une meilleure borne pour le cas particulier (3.6), ou 'on ob-
serve I'oublie a vitesse exponentielle des conditions initiales, comme pour la plupart des
fonctions fortement convexes dans le cadre euclidien. Dans le théoréme 3.2, on montre que
la suite (6,)nen est une chaine de Markov géométriquement ergodique, avec une unique
loi invariante p" qui dépend du choix du pas 1. A partir de 13, on cherche & comprendre
le comportement de u" lorsque 1 — 0, avec des résultats asymptotiques et non asympto-
tiques. Le premier pas dans cette direction est le théoreme Theorem 3.3, ou I'on démontre
que (u")ne(o,n converge faiblement vers la mesure de Dirac en 6%, ot 0* est I'unique so-
lution du probléme (3.1). Dans la Section 3.3, en étudiant le schéma non contraint (1.6),
on quantifie la convergence trouvée dans le théoreme 3.3-(b). Tout d’abord, on montre
un développement asymptotique du biais [ g(6)du"(0) —g(6*) par rapport au pas n pour
toute fonction g dans une certaine classe de fonctions lisses de © vers R — voir le théoreme

En appliquant ce résultat a la descente de gradient stochastique (h = —grad f),
on trouve un développement asymptotique de [g [[grad f(6)[2du"(0). Deuxiémement, on
montre que la convergence établie dans le théoreme - se fait & une vitesse n/2,
en démontrant un théoréme central limite pour (u"),c( o5 — voir le théoréme 3.7. Ces

deux résultats peuvent étre vus comme une décomposition biais-variance dans laquelle
les deux termes sont d’ordre n. Il s’agit donc d’une contrepartie plus faible de [DDB17,
Proposition 3, Theorem 5] et [Pfl86, Theorem 1] dans le cadre riemannien. FEnsuite,

dans la Section , on applique ces résultats pour la descente de gradient stochastique.
On considére deux hypotheses sur la fonction f. Lorsque f est fortement géodésique-
ment convexe — voir la définition et 'hypothese F2 — on a les résultats du corolaire

. On voit que, comme dans le cas euclidien, il faut O(log(1/e)e~!) étapes pour avoir
une précision de taille €, i.e. E[f(0,,) — f(0*)] < e. Par ailleurs, on considére aussi le
cas ou f est géodésiquement quasi convexe, ce qui veut dire dans le cas euclidien que
(grad f(0),0 — 0*) > 7[f(0) — f(6*)], comme défini dans [HMR19]. On obtient des ré-
sultats plus faibles dans la Proposition . IIs sont plus faibles non seulement parce
que le membre de droite de I'inégalité est C' + O(n~!) — ce qui ressemble beaucoup aux
résultats du chapitre 2 — mais aussi parce que le membre de gauche s’exprime avec la
fonction “pseudo distance” définie en (3.11). L’aspect plus novateur du résultat est dans
ce deuxiéme cas, ou nous ne nécessitons pas d’hypotheses de borne sur ©. Pour finir,
on applique ces résultats au probleme d’estimation de barycentre. Pour utiliser les deux
hypotheses de convexité, on s’intéresse a ’estimation du barycentre d’une loi discrete — ce

289



Appendix A. Introduction (en frangais)

qui définit une fonction fortement convexe f — et d’une loi continue — ce qui définit une
fonction géodésiquement quasi convexe. Le deuxieme cas est nouveau dans le domaine
puisqu’il n’y a pas d’hypotheses de borne sur le support de la loi. Pour le deuxieme cas,

on introduit un nouveau schéma ( ), pour lequel on montre des bornes non asympto-
tiques dans le théoréme . L’estimation de barycentres est illustré par des simulations
numériques dans la Section 3.5. On utilise les deux jeux d’hypotheses présentés ci-dessus.

A.5.5 Résultats du chapitre

Dans le chapitre 4, on s’intéresse & une généralisation de MALA, qui a été étudiée pour la
premiere fois dans [Perl6]. Cette généralisation veut affaiblir I'hypothese de dérivabilité
de la loi cible 7, lorsqu’elle s’écrit sous la forme ( ). Si o exp(—G), alors on suppose
que la fonction G : R* — R est convexe, propre et semi continue inférieurement. Au lieu
d’utiliser le vrai gradient de G dans la proposition, on approxime G par son enveloppe de
Moreau-Yoshida G* : R* — R, définie pour tout A\ > 0 par

CMa) = min [G(u) + ||u —z|? /(2))] .

u€Rd

En posant 7 = exp(—G?), on obtient une approximation lisse de 7, oit A controle la
régularité de de 7. Sous ces hypotheses, G* est continfiment différentiable et on peut
donc utiliser MALA pour la cible 7, ol la proposition est de la forme

2
g
Ehr1 = &k — ?VG/\(&) +0 241,

voir (1.1) pour une expression du gradient de G?. Notre but est de produire des résul-
tats théoriques sur cette classe d’algorithmes, que 'on appelle proximal MALA, d’étudier
son comportement asymptotique lorsque la dimension d tend vers I'infini. Nos résultats
apportent aussi des conseils pour 'implémentation de ces algorithmes proximaux.

On commence par s’intéresser au cas particulier ou 7 est différentiable — voir la Sec-
tion — pour comparer les algorithmes qui utilisent le gradient (comme MALA) avec
les algorithmes proximaux. Pour notre analyse, on fait dépendre le pas de discrétisation o2
et le parametre de régularisation A de la dimension d de la cible. Le théoreme énonce
qu’il y a deux possibilités d’échelonnement. Le premier, dans les cas et , arrive
lorsque A tend vers 0 au moins aussi vite que o2. Dans ce cas, ’échelonnement est équiv-
alent & celui de MALA, avec o2 proportionnel & d=1/3. Cependant, lorsque \ tend vers
0 plus lentement que o2, on trouve un nouvel échelonnement, dans lequel o2 est propor-
tionnel & d~/2 — voir (a). Dans ce deuxit¢me cas, proximal MALA est moins efficace que
MALA. Dans les deux cas, la convergence du taux d’acceptation aq(¢,r) il a(l,r) est

accompagnée de la convergence faible de I'interpolation linéaire de la premiere composante
de la chalne (X,f) k>0, définie par

L = ([2t] = d2t) X{lpayy 1 + (@2 = [d2])) Xipagy , (A.21)
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vers la diffusion de Langevin

dL; = h(¢,r)"/?dB; — h(i’r)g’(x)dt ,

ot (By)¢>0 est le mouvement brownien standard sur R et h(£,7) = £2a({,r) est la vitesse
de la diffusion. Bien que proximal MALA soit au mieux aussi efficace que MALA, comme
parfois il est plus simple de calculer 'opérateur proximal que de calculer Vlogm pour
certaines lois w [CP11; PB14; Perl6], il nous semble qu’il y a des cas ot un bon choix de
A permet a proximal MALA d’étre un concurrent de MALA en termes de temps de calcul
pour une méme précision. Ensuite, nous étudions proximal MALA pour une cible parti-
culiere qui n’est pas lisse en tout point, la loi de Laplace de densité z +— 27! exp(—|x]).
Méme si nous démontrons nos résultats pour le cas particulier de la loi de Laplace, notre
technique de preuve peut s’adapter a d’autres lois, tant que ’on soit capable de calculer
certaines intégrales bien choisies — voir la Section . On choisit cette loi en partic-
ulier parce qu’elle est utilisée en pratique, par exemple en déconvolution d’images image
deconvolution [DMP18; Perl6; VDC19], pour le LASSO, et la régression creuse [Atcl5;
15521; ZC722]. On obtient la convergence du taux d’acceptation dans le théoréme
On observe qu’'un seul point de non dérivabilité est suffisant pour changer I’échelonnement
par rapport & MALA pour des cibles lisses. En effet, pour la loi de Laplace, le pas o2
doit étre proportionnel & d=2/3 (tandis que MALA pour des cibles lisses nécessite d—1/3)
pour obtenir une limite non triviale du taux d’acceptation. Cet échelonnement optimal est
nouveau parmi les algorithmes MCMC, se trouvant entre le taux d~' de RWM et le taux
d—1/3 de MALA (pour des cibles lisses). Pour cette étude, on s’intéresse uniquement au cas
ol A converge vers 0 au moins aussi vite que 0. Comme d’habitude pour ’échelonnement
optimal, on poursuit I’étude avec la convergence faible de 'interpolation de la premiere
composante de la chaine (L{);>0, définie en ( ), vers la diffusion de Langevin. On
procede en deux étapes, en montrant d’abord la tension de la suite de lois des processus
{(L$)y>0 : d € N} — voir la 1.5, et ensuite on démontre que la seule limite possible pour
cette suite est effectivement solution de la diffusion de Langevin

dL; = [h*(0)]V/2dB, — th) sgn(L;)dt .

On a trouvé ce résultat en utilisant le probleme de martingale associé a la diffusion — voir
la Proposition 4.6. Notre dernier résultat, le théoreme 4.7, combine ces deux énoncés pour
trouver 1’échelonnement optimal de I'algorithme proximal MALA avec cible Laplace. Il est
important d’insister que ’'on peut étendre la définition de proximal MALA au cas A =0,
ce qui transforme proximal MALA en MALA sous-gradient (que 'on raccourcit en sG-
MALA). Tous nos résultats sur la cible Laplace sont vrais aussi pour cette généralisation.

On complete nos résultats avec une discussion sur les implications pratiques de nos
théorémes — voir la Section — ainsi que par des expériences numériques afin d’illustrer
I’échelonnement de cibles différentiables et Laplace pour proximal MALA, avec différents
choix des taux de convergence vers zéro des parametres o2 et \.
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Titre: Analyse d’Algorithmes Stochastiques pour I'Echantillonnage et I’Approximation Riemannienne
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Résumé: Cette these porte sur l'analyse de
deux algorithmes stochastiques : [I'approximation
stochastique sur une variété riemannienne et une
méthode de Monte Carlo par chaine de Markov.
Pour les deux algorithmes, nous étendons la théorie
existante pour une meilleure compréhension de
I'efficacité de ces méthodes. Dans une premiére
partie, nous nous intéressons a deux cadres
pour l'approximation stochastique sur une variété
riemannienne. D’une part, nous examinons le taux
de convergence, en mettant en place des majorations
non-asymptotiques avec des hypothéeses plus faibles
gu’auparavant, ainsi qu’avec une modélisation plus
souple du bruit. D’une autre part, on s’intéresse
de prés au cas du pas constant, dans lequel on
s'intéresse a la convergence de la loi stationnaire

de la chaine de Markov définie par le schéma
stochastique. On effectue une décomposition
asymptotique avec un équilibre biais-variance, ainsi
gu’un théoreme central limite.  Nous apportons
des applications de nos résultats sur des exemples
classiques du domaine. Dans une deuxiéme partie,
on s’intéresse au comportement en grande dimension
d’'une méthode de Monte Carlo par chaine de Markov
qui approche la distribution cible de fagon lisse, afin
d’utiliser le gradient pour accélérer la convergence.
Dans le contexte classique de I'échelonnement
optimal, nous trouvons des comportements similaires
a la théorie existante pour des distributions lisses
mais nouveaux pour des distributions ayant une
dérivée discontinue en un point. Nous illustrons ces
résultats par des simulations.

Title: Analysis of Stochastic Algorithms for Sampling and Riemannian Approximation

Keywords: Riemannian manifold, stochastic optimisation, stochastic approximation, Markov chain sampling,
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Abstract:  This thesis deals with the analysis of
two stochastic algorithms: stochastic approximation
on Riemannian manifolds and a Markov chain Monte
Carlo method. For both algorithms, we extend the
existing theory for a better understanding of the
efficiency of these methods. In a first part, we focus
on two frameworks for stochastic approximation on
Riemannian manifolds. On the one hand, we examine
the rate of convergence, by proving non-asymptotic
bounds with weaker assumptions than before, as
well as with a more flexible set of assumptions for
the noise. On the other hand, we take a close
look at the constant step-size case, in which we are
interested in the convergence of the stationary law of

the Markov chain defined by the stochastic scheme.
We perform an asymptotic decomposition with a bias-
variance equilibrium, and a central limit theorem.
We provide applications of our results on classical
examples of Riemannian stochastic approximation.
In a second part, we focus on the high dimensional
behavior of a Markov chain Monte Carlo method
which approximates the target distribution smoothly,
in order to use its gradient to accelerate convergence.
In the classical context of optimal scaling, we find
behaviors similar to the existing theory for smooth
distributions but new ones for distributions with a
discontinuity in their derivative. We illustrate these
results with simulations.
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