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CHAPTER 1

Introduction

1.1 Introduction to stochastic approximation

Stochastic approximation (SA) appeared in 1951 following the article [RM51] in Annals
of Mathematical Statistics. It is a family of iterative methods for finding the roots of a
continuous function h : Rd → Rd called mean field, when it is accessible only with noise.
The scheme of these methods is as follows:

θn+1 = θn + ηn+1Hθn(Xn+1) , (1.1)

where (θn)n∈N is the sequence of iterates, with θn ∈ Rd for any n ∈ N and which is
initialized at θ0. The sequence (ηn)n∈N∗ is the sequence of step sizes, which is deterministic
and chosen by the user under the condition ηn > 0 for any n ∈ N∗. Finally, Hθn(Xn+1)
is an estimator of the continuous function h at the point θn. The noise is modeled by the
sequence of random variables (Xn+1)n∈N with values in (X,X ).

The scheme (1.1) has received interest for decades, analyzed mainly by the communi-
ties of stochastic approximation (see [BMP90; Bor09; BCZ11; KY03; PJ92; Rup88]) and
optimization (see [dST+21; Nem+09; Nes04; NV08]). In the last twenty years, it has
found a renewed interest within the statistical learning community, as its applications are
at the heart of numerous successes (see [Bot10; Bot12; BB08b; BCN18; Cra+06; DHS11;
Sha+12; SSS07; Xia09]). Both in optimization and statistical learning, the main applica-
tion of (1.1) is stochastic gradient descent (SGD), which is obtained when h = −grad f
for a differentiable function f : Rd → R.

We introduce some examples where stochastic approximation is used.

1.1.1 Motivation

Example 1.1 (Estimation of the mean). For d ∈ N∗, consider a probability distribution
π over Rd with a finite second order moment. Consider a sequence of i.i.d. observations
(Xn)n∈N∗ with distribution π. We can estimate the unknown quantity µ =

∫
Rd u dπ(u)

with the stochastic gradient descent algorithm. Consider the quadratic risk L2 defined for



Chapter 1. Introduction

any θ ∈ Rd by
L2(θ) = 1

2

∫
Rd
∥θ − u∥2 dπ(u) .

By differentiating under the integral sign, we have that L2 is differentiable, with gradient
given by gradL2(θ) = θ − µ. Since we do not have access to µ, gradL2 is not com-
putable, but we can use the observations (Xn)n∈N as estimators of µ to obtain a cheap,
yet inefficient, estimator of −gradL2(θ). Consider, for any n ∈ N∗ and any θ ∈ Rd,
Hθ(Xn) = −(θ −Xn). We summarize its relevant estimation properties :

E [Hθ(Xn)] = −gradL2(θ) , and E
[
∥Hθ(Xn) + gradL2(θ)∥2

]
= σ2 < +∞ ,

where σ2 = Var(X1). Consider the Robbins-Monro stochastic gradient descent scheme
(1.1) to minimize L2, initialized at θ0 = 0, with step sizes ηn = 1/n for n ∈ N∗:

θn+1 = θn + ηn+1Hθn(Xn) = θn −
1

n+ 1 (θn −Xn) = n

n+ 1θn + 1
n
Xn .

A simple induction allows us to see that for any n ∈ N∗, θn = n−1∑n
i=1Xi. By the strong

law of large numbers, θn
a.s.−→

n→∞
µ.

Let us now look at two situations in supervised learning where stochastic gradient
descent is used.

Supervised learning We have a set of n i.i.d. observations (xi, yi) ∈ X × Y, for i =
1, . . . , n, and having a new observation x, we would like to give a prediction of an unseen
y using a function θ⊤Φ(x) which is linear in the features Φ(x) ∈ Rd. We suppose that the
feature function Φ : X → Rd is known and we want to learn the parameters θ ∈ Rd such
that θ⊤Φ(x) resembles as closely as possible y. To evaluate the performance of the current
parameter θ, we consider a loss function ℓ : Y × R→ R+.

One way to answer this problem is to consider the empirical risk.

Example 1.2 (Empirical risk minimization). One approach is to optimize the empirical
risk, that is,

min
θ∈Rd

Remp(θ) , where Remp : θ 7→ 1
n

n∑
i=1

ℓ
(
yi, θ

⊤Φ(xi)
)
. (1.2)

Computing analytically the minimizer of (1.2) is costly if not impossible in general (con-
sider that the amount of observations n could be quite large), therefore, we use an iterative
algorithm to approximate the minimizer θ⋆ ∈ Rd.

At iteration t, we produce a random variable it+1, uniform in {1, . . . , n} and consider
gt+1, the gradient of θ 7→ ℓ(yit+1 , θ

⊤Φ(xit+1)). Then, we produce the following scheme,
initialized at θ0 ∈ Rd,

θt+1 = θt − ηn+1gt+1(θt) ,

2
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where (ηn)n∈N∗ is the sequence of positive step sizes. In this approach, the randomness
comes from the choice of the indices, and since (it)t∈N∗ is sampled with replacement, we
will use multiple times the same data point (xi, yi). As t → ∞, the sequence (θt)t∈N

converges to a minimizer θ⋆ of the empirical risk (1.2).

Another risk function that is relevant to consider is the expected risk.

Example 1.3 (Expected risk minimization). We now consider is the minimization of the
expected risk, that is,

min
θ∈Rd

Rexp(θ) , where Rexp : θ 7→ E
[
ℓ
(
y, θ⊤Φ(x)

)]
,

where (x, y) is a random variable with same law as the observations (xi, yi)i∈{1,...,n}. This
risk function encompasses all possible values for x, not just the ones that have been ob-
served. It is therefore a better indicator of how good our prediction is. However, the
law of the data points (x, y) is not known in practice, therefore the expected risk is not
computable. We decide to iteratively optimize an approximation of Rexp.

Just like in Example 1.1, the data points allow us to get simple, yet separately inef-
ficient estimators of gradRexp. This means that if you denote gt the gradient of θ 7→
ℓ(yt, θ

⊤Φ(xt)), then, by differentiating under the integral sign, gt(θ) is an unbiased esti-
mator of gradRexp(θ). This gives us the following scheme, initialized at θ0 ∈ Rd,

θt+1 = θt − ηn+1gt+1(θt) , (1.3)

where t takes now values in {0, . . . , n− 1} and (ηn+1)n∈N is the sequence of positive step
sizes. In this approach, the randomness comes from the observations themselves. To
preserve the independence of the estimators (gt)t∈{1,...,n}, we can only perform a single
pass on the data. If the number of observations n goes to infinity, then the scheme (1.3)
will converge to θ⋆ a minimizer of the expected risk Rexp.

Note that Example 1.2 is well-suited for learning from static data sets (xi, yi)i∈{1,...,n}
– also called batch learning – whereas Example 1.3 is better suited when data comes as a
stream, meaning the user only receives one observation (xt, yt) at each step – also known
as online learning.

The next example showcases the transformation of a batch learning algorithm into an
online version using stochastic approximation.

The Expectation-Maximisation (EM) algorithm Let us first introduce the EM
algorithm – see [DLR77] – which we present for the estimation of parameters in a latent
variable model. This model encompasses missing data, censored observations and noisily
observed data.

Consider that there exists a non-observable or latent variable X, that is distributed ac-
cording to the density f(x; θ), where {f(x; θ) : θ ∈ Θ} is a parametric family of probability
density functions, indexed by the parameter θ ∈ Θ ⊂ Rd. Consider also an observation

3
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Y ∈ Y, which is a deterministic function of X. Denote by g(y; θ) the observed likelihood
of the model.

Given n i.i.d. observations Y = (Y1, . . . , Yn), the EM algorithm iteratively maximises
the log-likelihood log g(Y ; θ) = ∑n

i=1 log g(Yi; θ), despite the complicated formulation of g,
resulting from the latent data model. Each iteration k consists of two steps. The E-step
evaluates the conditional expectation

θ 7→ Qθk
(Y ; θ) = 1

n

n∑
i=1

Eθk
[log f(Xi; θ)|Yi] ,

where θk is the current estimate of θ and Eθ[·|Y ] is the conditional expectation under the
model parameterized by θ. The M-step consists of finding the value θ that maximises
Qθk

(Y ; θ), which is taken as the new estimate θk+1. Interestingly, increasing the quantity
Qθk

(Y ; θ) results in an increase of the log-likelihood log g(Y ; θ) – see [DLR77].
This algorithm uses the all data in batch in every iteration. There have been multiple

online versions of the EM algorithm, we present the one of [CM09].

Example 1.4 (Online EM algorithm). Within the context of the EM algorithm, the online
E-step becomes: at iteration k, for θ ∈ Θ, evaluate the function

Q̂k+1(θ) = Q̂k(θ) + ηk+1
(
Eθk

[log f(Xk+1; θ)|Yk+1]− Q̂k(θ)
)
,

where (ηn)n∈N∗ is a sequence of positive step-sizes. The M-step remains taking θn+1 as
the value in Θ which maximizes Q̂n+1.

[CM09] prove that this algorithm converges to a stationary point of the Kullback-
Leibler distance to the solution (see Theorem 1 of [CM09]). It also has the nice property
of decreasing the Kullback-Leibler distance to the solution at each iteration, provided the
step-size is sufficiently small (see Proposition 2 of [CM09]).

Having presented a broad view of what stochastic approximation is capable of solving,
we now look at the assumptions and proof techniques of this method.

1.1.2 Noise Assumptions

The estimator Hθn(Xn+1) is rewritten as follows,

Hθn(Xn+1) = h(θn) + eθn(Xn+1) ,

where eθn(Xn+1) is the estimation error. We define the filtration (Fn)n∈N as the natural
filtration of (θn)n∈N.

The classical assumption to make about the noise (see assumption A4 of [Kar+19],
assumption A1 of [GL13] or assumption H1 of [MB11]), is to bound the first two moments
of the noise, as done below.

A 1 (Martingale difference setting (Euclidean)). There exists σ2 > 0 such that for any
n ∈ N,

E [eθn(Xn+1)|Fn] = 0 , and E
[
∥eθn(Xn+1)∥2

∣∣∣Fn

]
≤ σ2 .

4
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This assumption on the noise means that the estimator Hθ(X) is unbiased and of
uniformly bounded variance. This case is called martingale difference because the se-
quence of random variables (∑n

k=0 eθk
(Xk+1))n∈N defines a martingale with respect to the

filtration (Fn)n∈N. A generalization of this assumption is to replace the inequality with
E[∥eθn(Xn+1)∥2|Fn] ≤ σ2

0 +σ2
1 ∥h(θn)∥2, to say that the bound on the variance can depend

on the current point θn.
The other kind of noise that has been of interest to the community – see Case 2 in

[Kar+19] and [BCN18; GL13] – is the Markovian setting, where the sequence of noise
vectors (eθn(Xn+1))n∈N is a state-dependent Markov noise.

A2 (Markovian setting (Euclidean)). There exists a Markov kernel P on (Θ×X)×X such
that for any n ∈ N and any bounded measurable function φ : X → R, E[φ(Xn+1)|Fn] =∫

X φ(y)Pθn(Xn, dy). Moreover, for any θ ∈ Θ, Pθ admits a unique invariant distribution
πθ such that h(θ) =

∫
X Hθ(y)dπθ(y).

This setting is relevant in reinforcement learning topics as Q-learning (see [JJS93]) and
policy gradient (see [BB01]).

1.1.3 Convergence techniques

A fruitful approach to analyze scheme (1.1) is to find a non-negative function V : Rd → R+
that decreases with each iteration. This energy-like function V is called a Lyapunov
function, much like in [Lya92]. The terminology comes from Lyapunov’s second method
in [KB60], who use this technique to prove the global asymptotic stability of the solutions
to the scheme (1.1). They do it by showing that all the trajectories of the solutions to the
limiting ordinary differential equation (ODE) θ̇ = h(θ) go to zero. This technique, coined
the ODE approach, has been used with quite a lot of success as in [BFH13; Bor09; BM00;
Kar+19]. The caveat is that it requires the user to design their own Lyapunov function,
since there is no general way to find them. Most of the analysis has been of asymptotic
nature (see [Fab68; Pfl86; Sac58]), but non-asymptotic literature has been prolific more
recently (see [BM11; Kar+19; Pfl90; RRT17]), as non-asymptotic results have palpable
implications on most common applications.

1.1.4 SGD assumptions

For the SGD case, Lyapunov conditions are met by different convexity assumptions. Two
cases are important to showcase, the strongly convex case and the convex case. When f
is strongly convex, under mild assumptions and having for any n ∈ N∗, ηn = c/n for some
c > 0, we have the following non-asymptotic rate of convergence

E
[
f(θn)− f(θ⋆)

]
≤ C/n ,

where C > 0 is a constant, θn = (1/n)∑n−1
k=0 θk and θ⋆ is the unique solution (see [BM11]).

This corresponds to the best rate possible for this class of problems (see [Aga+09]). When

5
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f is only convex, under similar mild assumptions and taking the same choice for the step
size, we obtain

E
[
f(θn)− f(θ⋆)

]
≤ C/

√
n .

This bound is also optimal for this class of problems (see [Aga+09]).

1.1.5 Projected scheme

There are multiple reasons to want the iterations of (1.1) to remain on a smaller set
Θ ⊂ Rd: it is used to accelerate the convergence as in projected SVM [LSB12; SSS07], it
can be used to prove the stability of the algorithm – for which it is commonly needed that
the iterates remain in some compact set – as in [MMM18] and sometimes the projection
is there to ensure that (θn)n∈N satisfies some constraints S as in [Pfl86]. For any of these
cases, we would rewrite (1.1) as follows

θn+1 = projΘ (θn + ηn+1Hθn(Xn+1)) , (1.4)

where projΘ is the orthogonal projection onto some convex and compact subset Θ ⊂ Rd.
Let us look at the following example to motivate further the study of the projected

scheme.

Example 1.5 (Estimation of eigenvectors). We observe a sequence of d× d independent
random matrices (Ak)k∈N, with common expectation E[Ak] = A, a symmetric matrix. We
want to approximate an eigenvector of the mean matrix A, using the noisy observations.
Consider the scheme found in [OK85],

θn = θn−1 + ηnAnθn−1
∥θn−1 + ηnAnθn−1∥

, (1.5)

where ∥·∥ is the Euclidean norm. Assume that ∑i∈N∗ ηn = ∞, ∑i∈N∗ η2
n < ∞ and A1

holds – meaning supn∈N E[∥An∥2] <∞ – then (θn)n∈N converges to some eigenspace of A
(see Theorem 3 in [Del00]). If A has no multiple eigenvalue, then the sequence converges
to an eigenvector of A.

It is important to remark that scheme (1.5) can be decomposed in two steps: first
θ̃n = θn−1 + ηnAnθn−1 and second θn = θ̃n/∥θ̃n∥ = projSd−1(θ̃n), where Sd−1 is the unit
sphere (of dimension d − 1 embedded in Rd) for the Euclidean norm ∥·∥. The first step
corresponds to a scheme of the form (1.1). However, performing only this step would
lead to a divergent sequence in many cases because ∥θn∥ → ∞ – e.g. in the case of a
positive eigenvalue or a poorly chosen sequence (ηn)n∈N∗ . Since the norm of the vector
is not important when looking for an eigenvector, the second step removes an irrelevant
dimension of the ambient space by projecting its iterates on the sphere.

In this case, the projection step solves the indetermination of (∥θn∥)n∈N. However,
since θn− θn−1 is no longer proportional to Anθn−1, by only looking at Anθn−1, we do not
know if the next step is going to be large or small. We believe that a more satisfying answer
to this indetermination would be to create a scheme similar to (1.1) in a constrained space

6
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Θ, such that the distance between two consecutive iterates corresponds to a norm of the
mean field. This new scheme must also address the other issues that led us to consider
the projected scheme.

To do this, we restrict the parameter space Rd to a differentiable manifold Θ, which
we endow with a Riemannian metric g.

1.2 Stochastic approximation on Riemannian manifolds

For a Riemannian manifold, we adapt scheme (1.1) into one that remains inside of Θ
intrinsically, that is without an ambient space Rd and a projection step:

θn+1 = Expθn
(ηn+1Hθn(Xn+1)) , (1.6)

where Expθ : Tθ → Θ is the Riemannian exponential, which corresponds to the flow of a
“straight line” in a Riemannian manifold, meaning Expθ(v) ≈ θ+v. One might ask if (1.6)
is really fundamentally different to the projected scheme (1.4). Intuitively, the path from
θn to θn+1 is not the projection of a straight line as in (1.4), but rather the “straightest
path” that remains on Θ. This key difference causes that under simple conditions1, the
Riemannian distance between θn+1 and θn is exactly the Riemannian norm of the mean
field Hθn(Xn+1) times the step-size ηn+1.

1.2.1 Geodesic versus retraction schemes

The geodesic scheme (1.6) has many advantages compared to the projective scheme (1.4),
like the intrinsic belonging of the sequence (θn)n∈N to the manifold Θ and the very nice
property that the Riemannian distance between two consecutive iterations ρΘ(θn, θn+1) is
equal to the step size ηn+1 times the Riemannian norm of the noisy mean field ∥Hθn(Xn+1)∥θn ,
both of which we have already mentioned above. However, there are some costs that come
with these perks, which come from the computation of the exponential map, or equiva-
lently, the computation of a geodesic γ : [0, 1] → Θ with initial point γ(0) = θ ∈ Θ and
initial speed γ̇(0) = u ∈ TθΘ. In the best of cases, the geodesic has a closed form that is
easy to compute, like in the case below.

Example 1.6 (Geodesics on the sphere Sd). Consider the unit sphere Sd = {x ∈ Rd+1 :
∥x∥ = 1}, where ∥ · ∥ stands for the standard Euclidean norm on Rd+1. The standard
Riemannian manifold structure of the sphere is the following. For any θ ∈ Sd, the tangent
space is given by TθSd = {u ∈ Rd+1 : u⊤θ = 0} – see [AMS08, Example 3.5.1]. The
canonical metric on the sphere g is defined as the restriction of the Euclidean scalar product
from Rd+1 to the tangent space TθSd. The formulation of the exponential map is found in
[Lee19, Proposition 5.27],

Expθ(u) = cos(∥u∥)θ + sin(∥u∥)(u/∥u∥) .
1this holds for small enough vectors, when they remain inside the tangent injectivity domain TD(θ)

(see Section 2.11.6)

7
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In other cases, the geodesic has a closed form but is more expensive to compute nu-
merically, like in this example.

Example 1.7 (Geodesics on the Grassmann manifold Grr(Rd)). For r ∈ {1, . . . , d}, let
Grr(Rd) be the set of r-dimensional subspaces over Rd. We can represent Grr(Rd) as the
quotient of the non-compact Stiefel manifold by the action of the linear group GLr(R). This
representation corresponds to saying that a r-dimensional subspace E of Rd corresponds
to any r linearly independent vectors v1, . . . ,vr in Rd such that Span(v1, . . . ,vr) = E.
We then compute the quotient by identifying the families of vectors that have the same
span. See Example 2.9 and Section 2.7.2 for a more detailed presentation of both the
Grassmann and Stiefel manifolds, their tangent space and standard metric. For B in the
Stiefel manifold, we denote by [B] the corresponding class in Grr(Rd). For any [B] ∈
Grr(Rd) and D ∈ T[B]Grr(Rd), one formulation of the Riemannian exponential map, that
is found in [AMS04, Theorem 3.6], is given by

Exp[B](D) =
[(

B
(
B⊤B

)−1/2
V U

)(cos (Σ)
sin (Σ)

)]
,

where cos and sin are given by their power series definitions and D(B⊤B)−1/2 = UΣV⊤ is
the compact singular value decomposition (denoted SVD in the future, see [HP14, Theorem
1.46], with U a d × r matrix with orthogonal columns, meaning U⊤U = Ir, V a r × r
orthogonal matrix, and Σ a r × r diagonal matrix with nonnegative elements.

In this case, on top of cheap computations as sums, multiplications and trigonometric
functions, the computation of a geodesic requires a compact SVD which requires O(dr2)
computations (see [HGI07]). Such computations often prove too time-expensive for large
dimension problems, because this cost is required for every iteration of a scheme such
as (1.6). The last case is when there is no closed form for the solutions of the geodesic
equation – see Section 2.11.3. In this case we can approximate the solutions numerically,
but the scheme is no longer geodesic.

To deal with the problems present in the last two cases presented above, the community
was very quickly interested in so-called retraction schemes. The idea is to replace the
exponential map with a suitable approximation – which is easier to compute in practice.
We call such approximations of the Riemannian exponential map retractions.

Definition 1.8 (Retraction). A continuously differentiable map Ret : TΘ→ Θ, is called
a retraction when for any θ ∈ Θ, Retθ(0θ) = θ and (DRet)θ(0θ) = Id , where 0θ is the
zero element of TθΘ.

The resulting scheme is formulated as follows. Starting at θ0 ∈ Θ, define recursively
for any n ∈ N∗,

θn+1 = Retθn (ηn+1Hθn(Xn+1)) . (1.7)

For examples of retractions, see Examples 2.8 and 2.9. The conditions in the definition
imply that Expθ and Retθ have the same first-order Taylor expansion about 0θ, which
supports the idea that the two schemes may have a similar behavior.

8
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Before looking at the work of the stochastic approximation community, it is necessary
to underline the importance of the work of the deterministic optimization and numerical
methods communities on Riemannian manifolds. [AMS08; EAS98] in particular have given
the possibility to the optimization community to be interested in Riemannian geometry.
Compared to other branches of Riemannian geometry, the introduction made in the op-
timization or numerical methods communities makes a considerable effort of sobriety, by
introducing only the notions needed for optimization algorithms. Moreover, the examples
treated in these articles have become actual case studies for the stochastic optimization
community. To model the randomness into Riemannian manifolds, works like [Pen99]
have paved the way for statistical theory on Riemannian manifolds. It is the joint effort
of these three communities that has created the ecosystem necessary to make stochastic
approximation on Riemannian manifolds a reality.

1.2.2 First asymptotic convergence result

In 2013, [Bon13] started the field of stochastic approximation on Riemannian manifolds
by proving the following result.

Theorem 1.9 ([Bon13], Theorem 1). Consider the scheme (1.6) with the mean field h =
−grad f , where f : Θ→ R is a three times differentiable map on a connected Riemannian
manifold Θ with injectivity radius uniformly bounded from below (see Section 2.11.6).
Assume the sequence of step sizes (ηn)n∈N∗ satisfy the standard condition ∑n∈N∗ ηn =∞
and ∑n∈N∗ η2

n <∞. Suppose there exists a compact set K such that θn ∈ K for all n ∈ N,
and that there exists C > 0 such that for any θ ∈ K and x ∈ X we have ∥Hθ(x)∥θ ≤ C.
Then (f(θn))n∈N converges a.s. and limn→∞ grad f(θn) = 0 a.s.

For today’s standards, the assumptions on the manifold and the sequence of step
sizes are perfectly usual. The existence of the compact set K holds if the manifold is
compact, which is true in some of the most important applications, like the sphere, the
Stiefel and Grassmann manifolds, see Examples 2.8 and 2.9. However, in general, there
is no theoretical guarantee that such a compact exists and in practice, people just check
empirically that the simulated trajectories remain in a compact that they choose. This
assumption is very problematic, because (1) it restricts initialization inside said compact,
meaning that the analysis is only local and never global, (2) the empirical check seems
dubious and cannot prove that the trajectories remain inside the compact set almost surely
and (3) the introduction of this assumption by [Bon13] has incentivized an important part
of the community to adopt it, which has lead to results on which the diameter of K
appears in the non-asymptotic rates of convergence. One of our goals moving forward is
to completely get rid of this assumption. This might require a different proof technique,
as is seen in future sections. The assumption on the noise is quite restrictive, because it
requires that the support of distribution of the noise is bounded. Riemannian equivalents
to A1, where we only need bounds on the moments of the noise are much more common
currently.

This result is in and of itself a stepping stone for the community, but much of the
impact of [Bon13] comes from their study of the retraction scheme as well as the plethora

9



Chapter 1. Introduction

of examples treated. Indeed, in [Bon13, Theorem 2] obtains the same result as Theorem 1.9
for the retraction scheme (1.7), under the additional assumption that for any θ ∈ Θ, Retθ

is twice continuously differentiable.
This second result, combined with illuminating applications in subspace tracking (on

the Grassmann manifold), Karcher mean computation (on a hyperbolic space) and esti-
mation on the manifold of symmetric and positive matrices, underline two key strengths
of Riemannian analysis. Firstly, Riemannian analysis motivates the appearance of new
algorithms by carefully choosing a problem-specific metric on the manifold of parameters
and deriving the consequent geodesic or retraction scheme (1.6)-(1.4). These algorithms
can be studied within the shared framework of Riemannian stochastic approximation.
Secondly, one can also identify existing algorithms that did not start as geometrical ones,
but that in fact approximate the geodesic scheme (1.6) closely enough, so that they can
be analyzed as a retraction scheme within the Riemannian framework. Let us illustrate
this statement with the first example in [Bon13, Section 4.1] and Oja’s rule.

Example 1.10 (Online principal component estimation). Consider A a d× d covariance
matrix, for which we aim to estimate the first r principal components, meaning the linear
span of its principal r eigenvectors. As usual in an online framework, consider a sequence
of i.i.d. samples (Xn)n∈N∗ in Rd, for which we assume that E[X1X

⊤
1 ] = A. To solve this

problem, we look first at Oja’s rule (see [Oja92]), where θ0 is a d × r matrix such that
θ⊤

0 θ0 = Ir and the scheme is given by

θn+1 = θn + ηn+1
(
Id − θnθ

⊤
n

)
Xn+1X

⊤
n+1θn . (1.8)

To simplify the geometry of this problem, let us look at the case r = 1. The general case
is detailed in Section 2.4.1. One way of explaining this scheme is to introduce the cost
function f : Rd → R, defined for any θ ∈ Rd by f(θ) = −θ⊤Aθ/2. This cost function,
when looking at unitary vectors, is minimized when θ is the leading eigenvector of A,
and its Euclidean gradient is given by grad (E)f(θ) = −Aθ. However, Oja’s rule does not
use scheme (1.1) with this gradient, but rather it precomposes this gradient by the matrix
Id − θnθ

⊤
n . The geometric interpretation is that, since we do not care about the norm

of θn, we only need to keep track of the parts of grad (E)f(θn) that are orthogonal to θn.
This is accomplished by the projection matrix on the orthogonal supplement to Span(θn),
Id − θnθ

⊤
n .

Now, to interpret (1.8) as a retraction scheme as in (1.7), we set the manifold to be the
unit sphere embedded in Rd, denoted by Sd−1, and to compute the Riemannian gradient of
f on the sphere, we use [AMS08, Example 3.6.1] grad (S)f(θ) = (Id − θ⊤θ)grad (E)f(θ) =
−(Id−θ⊤θ)Aθ. The simplest retraction is the one we used in Example 1.5, namely Ret(S)

θ :
v ∈ TθSd−1 7→ (θ + v)/ ∥θ + v∥ ∈ Sd−1, yielding the scheme

θn+1 = Ret(S)
θn

(
ηn+1

(
Id − θ⊤

n θn

)
Xn+1X

⊤
n+1θn

)
.
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1.2. Stochastic approximation on Riemannian manifolds

1.2.3 Non-asymptotic analysis

Since, the community has been looking to prove the properties of SA in Euclidean spaces
for the Riemannian framework. As a Riemannian counterpart to [BM11], [ZS16] deal with
non-asymptotic analysis for the SGD case for g-convex and g-strongly convex functions.

Definition 1.11 (Geodesically convex function). A map f : Θ→ R is said to be geodesi-
cally convex, or g-convex in short, when for any θ0, θ1 ∈ Θ, a geodesic γ : [0, 1]→ Θ such
that γ(0) = θ0 and γ(1) = θ1 and any t ∈ [0, 1],

f(θ1) ≥ f(θ0) +
〈
grad f(θ0),Exp−1

θ0
(θ1)

〉
θ0
.

Definition 1.12 (λ-strongly geodesically convex function). Consider f a geodesically
convex mapping and λ > 0. f is said to be λ-strongly geodesically convex if for any
θ0, θ1 ∈ Θ, there exists a geodesic γ : [0, 1] → Θ such that γ(0) = θ0 and γ(1) = θ1 and
any t ∈ [0, 1],

f(θ1) ≥ f(θ0) +
〈
grad f(θ0),Exp−1

θ0
(θ1)

〉
θ0

+ λ

2ρ
2
Θ(θ0, θ1) ,

where ρΘ : Θ×Θ→ R+ is the Riemannian distance on Θ (see Section 2.11.1 and (2.150)).

The results are equivalent bounds to the ones in the Euclidean setting, under the
assumption that the iterates (θn)n∈N remain in a compact subset of Θ. Namely, for a
strongly convex function f over Θ, [ZS16, Theorem 12] states that there exists C > 0 such
that for any n ∈ N,

E
[
f(θn)− f(θ⋆)

]
≤ C/n ,

where θ0 = θ0, θs+1 = Expθn
{(2(n+ 1)−1Exp−1

θn
(xs+1)} and θ⋆ is the unique solution. For

the convex case, [ZS16, Theorem 10] gives under the same setting that there exists C > 0
such that for any n ∈ N,

E
[
f(θn)− f(θ⋆)

]
≤ C/

√
n .

1.2.4 Momentum and Nesterov’s Accelerated Gradient in the determin-
istic case

For convex functions, there has been recent efforts to implement different kinds of stochas-
tic gradient descent with momentum. Although the community has only analyzed the
deterministic gradient case, meaning Hθ(X) = −grad f(θ), their works are related and
could be the avenue for new stochastic schemes. On vector spaces, the idea of momentum
is a scheme like the following

vn+1 = βvn + ηHθn(Xn+1) , and θn+1 = θn + vn+1 , (1.9)

where (vn)n∈N is the sequence of momentum or velocity terms, β ∈ (0, 1) is the decaying
hyper-parameter usually taken equal to 0.9 and θ 7→ Hθ(X) is an estimator of the mean-
field map −grad f . The intuitive idea is that, by keeping some of the speed of previous

11



Chapter 1. Introduction

iterations, it will smooth the trajectory, meaning that it will limit oscillation when close
to the solution. In practice, momentum techniques allow to escape saddle points, and
have been proven to obtain bounds of the form f(θn)−f(θ⋆) = O(1/n2)[Nes83] for convex
functions. In particular, Nesterov’s acceleration (see [Nes04; Nes83]) has had a lot of
success on vector spaces. The scheme is the following,

θ̃n = θn + βvn ,

vn+1 = βvn + ηHθ̃n
(Xn+1) ,

θn+1 = θn + vn+1 .

The key difference with respect to scheme (1.9) being that the gradient is computed after
the momentum step. An intuitive way of understanding the possible benefit of this scheme
would be say the gradient comes afterwards the momentum step correcting its erroneous
movements, instead of accentuating them.

In the Riemannian case, momentum methods require more computions than one would
expect coming from the vector space point of view. In the deterministic setting, [Ali+21]
proposes the following scheme, initialized for θ0 = v0 ∈ Θ,

θ̃n = Expvn

(
βnExp−1

vn
(θn)

)
, (1.10)

θn+1 = Expθ̃n

(
−ηgrad f(θ̃n)

)
,

vn+1 = Expvn

(
−an+1Tγn

βn0grad f(θ̃n)
)
,

where we set γn : [0, 1] → Θ the geodesic starting at γn(0) = vn and with end point
γn(1) = θn, βn is computed in [0, 1] to minimize f ◦ γn and (an)n∈N is given by a0 = 0
and an+1 is the positive solution to c0a

2
n+1 − c1an+1 − c1

∑n
k=0 ak = 0, with c0, c1 > 0

being some positive constants chosen as functions of the curvature and the smoothness
of grad f and lastly Tγ

t1t0 : Tγ(t1)Θ → Tγ(t0)Θ is the parallel transport map from Tγ(t1)Θ
to Tγ(t0)Θ along γ (see Section 2.11.4 for more details on parallel transport). Some of
the complications of the Riemannian scheme come from the fact that vectors can only
be tangent to a specific point. This means that if grad f(θ̃n) is used both to update θn

and vn, we will need to transport it from Tθ̃n
Θ to TvnΘ, thus the need of the parallel

transport map. Their analysis applies to both convex functions and weak quasi-convex
functions (see F3 in Section 3.4 for a definition). They also assume that the iterates of the
scheme stay inside some geodesically convex subset K ⊂ Θ with bounded diameter, and
that the exponential is a global diffeomorphism on K. They obtain bounds of the form
f(θn) − f(θ⋆) ≤ C0 max

(
C1/k

2, C2/k
)

+ ε, which in the worst case scenario perform as
well as scheme (1.1), but sometimes it outperforms it (see [Ali+20, Theorem 4]). However,
as promising as their results are, the analysis of such a scheme has not yet been done in
the stochastic case.

Also in the deterministic case, [ZS18] and [AS20] study a scheme of the general form
of (1.10) but under strong-convexity assumptions. The other assumptions follow the ones
of [Ali+20], except that [AS20] manage to remove the assumption of the existence of the
subset K – meaning they perform a global analysis – by introducing a Lyapunov function.
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The conclusions of [ZS18] are that acceleration (meaning an O(1/n2) speed) is obtained,
when the scheme is initialized close to the solution, which may take a while in badly
conditioned problems. In [AS20], authors obtain that their algorithm is strictly faster
than gradient descent using Lyapunov functions and a metric distortion inequality.

1.3 Introduction to Markov chain Monte Carlo methods

1.3.1 The problem of sampling from a target distribution

The second topic in this thesis is motivated by the problem of sampling from a probability
distribution. Among all the possible settings where sampling is useful, let us introduce
the case of Bayesian statistics. Basically, sampling is used in Bayesian statistics to explore
the posterior distribution.

The main assumption in Bayesian statistics is that there are two probabilistic models,
one for the observed data – which is usually a parametric model, say depending on the
parameter θ – and another one for the parameter θ. The distribution of the parameter
θ, which is called the prior distribution, encapsulates all the knowledge about said pa-
rameter before considering the observations at play. The goal is to combine knowledge
from the observations and previous information on the parameter. We do this by comput-
ing the distribution of the parameter given the observation, which we call the posterior
distribution.

More precisely, consider the measurable space (Θ,F), where the random variable θ
lies, with distribution νθ. More often than not, the parameter space Θ is discrete or a
subset of Rd for d ≥ 1. For that reason, we assume that νθ admits a density with respect
to a measure ϖ, and we denote its density νθ still. Secondly, we observe w, a realization
of the random variable W which takes its values in a measurable space (W,W). We then
specify the family of conditional densities of W given θ,

PΘ = {w 7→ L(w|θ) | θ ∈ Θ} ,

with respect to a reference measure µ on (W,W). We call likelihood of the model the
function θ 7→ L(W |θ).

Having described both the distribution of θ and of W given θ, we can access both
the joint distribution, with density (θ,w) 7→ νθ(θ)L(w|θ) with respect to ϖ ⊗ µ and the
distribution of θ given W , the posterior. Using Bayes theorem ([Sch95, Theorem 1.31]),
we have the following expression for the density of the posterior fθ|X , defined for νθ-almost
any θ and µ-almost any w by

fθ|X(w, θ) = L(w|θ)νθ(θ)∫
Θ L(w|θ̃)νθ(θ̃)ϖ(dθ̃)

, (1.11)

where for any w,
fX(w) =

∫
Θ
L(w|θ)νθ(θ)ϖ(dθ) , (1.12)

is the density of W with respect to µ.
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Chapter 1. Introduction

1.3.2 Monte Carlo algorithms and their Markovian counterparts

Consider a probability measure π on a measurable space (E, E), which we call the target
distribution. We want to estimate quantity of the form

∫
E f(x)π(dx), where f : E→ R is

an integrable function with respect to π. The idea of Monte Carlo is to use estimators of
the form

f̂N = 1
N + 1

N∑
i=0

f(Yi) ,

where (Yi)i∈N is a sequence of random variables. The different Monte Carlo methods
propose different settings for the sequence (Yi)i∈N, to ensure that f̂N is a good estimator.

Traditional Monte Carlo methods rely on the strong law of large numbers, meaning
they consider (Yi)i∈N to be a sequence of independent and identically distributed (in short
i.i.d.) random variables distributed according to π. In this context, the strong law of
large numbers states that f̂N converges almost surely, as N goes to infinity, towards∫

E f(x)π(dx). Moreover, in the case where f2 is integrable with respect to π, we know
that the asymptotic error is of order O(1/

√
N) thanks to the central limit theorem. The

simplicity of the method comes with the price of having to sample i.i.d. random variables
with distribution π. Among the vast literature of standard methods, the inverse transform
sampling and the accept-reject algorithm are the most popular ones – see [RC10, Section
2.1.2] and [RC10, Section 2.3].

An important inconvenience of these methods is that they suffer from the curse of
dimensionality. Another problem is that sometimes we only know the density f up to
a multiplicative constant. For example, in Bayesian inference, where π admits a density
with respect to the prior distribution (1.11), given by:

x 7→ L(w|x)
fX(w) ,

where w are the observed data. Indeed, except when the prior and the likelihood are
conjugate distributions, the marginal density appearing in (1.12) does not have a closed
form. This problem severely limits the applicability of both methods mentioned above.

A solution to some of these problems comes with Markov chain Monte Carlo (or MCMC
in short). The idea is to no longer use i.i.d. samples, but rather generate the sequence
(Yi)i∈N using a Markov chain with invariant distribution π. When the appropriate as-
sumptions are met on π and the Markov chain, an equivalent to the law of large numbers
holds – see [MT09, Chapter 17]. In particular [MT09, Theorem 17.1.7] shows that if the
Markov kernel P is Harris recurrent and admits π as invariant distribution, then for any
x ∈ E,

lim
N→∞

1
N + 1

N∑
i=0

f(Yi) =
∫

E
f(y)dy , Px-almost surely ,

where Px is the induced law by the Markov kernel P with the initial distribution δx on
(EN, E⊗N) and (Yi)i∈N is the canonical chain on (EN, E⊗N,Px). In order to implement
such methods, we need to build Markov kernels that admit π as invariant distribution. A
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1.3. Introduction to Markov chain Monte Carlo methods

generic way to achieve this is using Metropolis-Hastings type algorithms, which we now
present.

1.3.3 The Metropolis-Hastings procedure for sampling

The first introduction of Metropolis-Hastings algorithms dates back to [Met+53], which
were later improved on by [Has70] and [Tie98]. Consider ν a measure on (E, E) that
dominates π and consider the conditional density x, y ∈ E2 7→ q(x, y), meaning that for
any x ∈ E, y 7→ q(x, y) is a density with respect to ν on E and that for ν-almost every
y ∈ E, x 7→ q(x, y) is measurable. Then, given X0 ∈ E with some initial distribution on
(E, E), we define the Markov chain (Xn)n∈N, where for any n ∈ N,

Xn+1 = Yn+11{Un+1 < α(Xn, Yn+1)}+Xn1{Un+1 ≥ α(Xn, Yn+1)}, (1.13)

where Yn+1 is a random variable, which, conditionally to Fn = σ(X0, . . . , Xn), the σ-
algebra generated by the first n + 1 terms of the chain, is distributed according to the
density y 7→ q(Xn, y) and (Un)n∈N∗ is an i.i.d. sequence of uniform random variables on
[0, 1]. The function α : E×E→ [0, 1] is assumed measurable and it is called the acceptance
ratio. Denote P : E × E → [0, 1] the Markov kernel of the chain (Xn)n∈N. Remark that
the kernel P associated with the Markov chain defined in (1.13) is given by, for any x ∈ E
and any A ∈ E ,

P (x, A) =
∫

A
α(x, y)q(x, y)ν(dy) + δx(A)

∫
E
(1− α(x, y))q(x, y)ν(dy) .

This accept-reject procedure allows sampling of a Markov chain with Markov kernel P
using the so-called family of proposal distributions y 7→ q(x, y). Denote π the density of
target distribution π with respect to ν. Recall that we are interested in ensuring that the
chain admits π as stationary distribution. However, P is reversible with respect to π if
and only if for any bounded and measurable function g : E2 → R,∫

E2
g(x, y)π(x)P (x,dy)ν(dx) =

∫
E2
g(x, y)π(y)P (y,dx)ν(dy) .

But, by remarking the presence of the Dirac measure in the second part of P , this is also
equivalent to: for ν-almost any x, y ∈ E,

α(x, y)π(x)q(x, y) = α(y, x)π(y)q(y, x) .

This last condition holds, if the acceptance ratio is given by

α(x, y) =

min
(
1, π(y)q(y,x)

π(x)q(x,y)

)
if π(x)q(x, y) > 0 and π(y)q(y, x) > 0

0 otherwise .
(1.14)

The Metropolis-Hastings algorithm is specially useful when it is easy to sample from the
proposal distribution of density y 7→ q(x, y).
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If we look for the simplest choice possible for the proposal, we can take for any x, y ∈ E2,
q(x, y) = q(y), so that the proposal distribution does not depend on the current state of
the chain. This gives the following form for the acceptance ratio α,

α(x, y) = 1 ∧ π(y)q(x)
π(x)q(y) . (1.15)

This version of the Metropolis sampler is called the Metropolis independent sampler,
notably because the proposal distribution does not depend on the current point x. Another
very classical choice of Metropolis-Hastings proposals relies on E being an additive group
and ν a translation invariant measure. In this setting, we consider the random walk where
the increment has a symmetric probability measure on (E, E), with density q̃ with respect
to ν. This means that the sequence of proposals is given by

Yk+1 = Xk + Zk+1 ,

where the random variable Xk is the current state of the Markov chain at iteration k and
(Zi)i≥1 are i.i.d. random variables with density q̃ with respect to ν. Moreover, there is
a relationship between the transition density q and the density of the increment q̃: for
any x, y ∈ E q(x, y) = q̃(x − y), which comes from the fact that q̃ is symmetric and thus
the acceptance ratio is of the form (1.15). The quintessential example in this setting is
the symmetric random walk Metropolis algorithm. It is defined on Rd with the Lebesgue
measure as the dominating measure, and the distribution of the increment is the zero-mean
Gaussian with covariance matrix σ2 Id, where σ2 > 0.

We finish this part mentioning the Metropolis Adjusted Langevin Algorithm (MALA).
Consider here E = Rd endowed with its Borel σ-field B(Rd). In addition, suppose that π
admits a positive smooth density with respect to the Lebesgue measure Leb, still denoted
by π and set U = − log π. MALA is based on the Langevin diffusion which is a Stochastic
Differential Equation (SDE) which defines a Markov semigroup reversible with respect to
π. However, sampling exact solutions of this SDE in continuous time is not possible in
general. Therefore, we consider instead the corresponding Euler Maruyama discretization,
which reads

Yk+1 = Yk − γ∇U(Yk) +
√

2γZk+1 , (1.16)
where γ > 0 is the step size of the discretization and (Zk)k≥1 is a sequence of i.i.d. d dimen-
sional standard normal random variables. This Markov chain is a discrete approximation
of the Langevin diffusion. It is important to remark that (Yn)n∈N has a unique invariant
distribution πγ – which depends on the choice of the step size γ – and that under mild
conditions on U , it is also ergodic. And even though πγ is different from π most of the
time, it is sometimes a small enough cost to pay for having such a simple scheme. Indeed,
this algorithm for sampling was first introduced by [Erm75] and [Par81] for applications
in molecular dynamics. It has also been of special interest in the machine learning com-
munity thanks to [Gre83], [GM94a] and in the computational statistics community thanks
to [Nea93] and [RT96a].

Nonetheless, there are many applications where sampling from a distribution close to
π is not good enough, since this will cause our estimators (f̂N )N∈N to no longer converge
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to the required integral
∫
fdπ in general. The idea of [RDF78] and [RT96a] is to use the

Markov chain (Yn)n∈N in (1.16) as the proposal of the Metropolis-Hastings algorithm. As
was introduced in [RT96a], we call this procedure Metropolis Adjusted Langevin Algorithm
(MALA).

1.4 Asymptotic analysis of Metropolis-Hastings algorithms:
optimal scaling

In this thesis, we are interested in analyzing of Metropolis-Hastings algorithms when
the dimension goes to infinity. Optimal scaling, pioneered by [RGG97a], gives a good
understanding of the convergence properties of MCMC in high dimension.

When using the symmetric random walk Metropolis or MALA in Rd, we need to choose
properly a parameter in the proposal distribution. For the case of the symmetric random
walk Metropolis, it is the variance of the normal distribution and for MALA it is the
step size of the discretization. The choice of the parameter influences the variance of
the proposal and thus the behavior of the Markov chain: small increments explore slowly
the support of π but have a high acceptance rate, whereas larger increments move more
quickly to all the support of π but they are rejected more often. Optimal scaling defines
a framework to formulate the question of the best possible choice for the parameter and
answers it with respect to the dimension d. We present here the classical results in this
field.

1.4.1 Introduction to optimal scaling: the symmetric random walk Metropo-
lis algorithm

As said above, the study of optimal scaling started with the work of [RGG97a], where
they study the symmetric random walk Metropolis algorithm (RWM in short) Rd. For a
positive target density πd on Rd, let us recall the expression of the Markov chain created
by the RWM algorithm, which is of the form (1.13). For any initial value Xd

0 ∈ Rd and
for any k ∈ N,

Xd
k+1 = Xd

k + σdZ
d
k+11{Ud

k+1 < αd(Xd
k , X

d
k + σdZ

d
k+1)} ,

where σd > 0, (Zd
k+1)k∈N is a sequence of i.i.d. standard d-dimensional normal random

variables and (Ud
k+1)k∈N is an i.i.d. sequence of uniform random variables on [0, 1], with

(Zd
k+1)k∈N, (Ud

k+1)k∈N and X0 are independent of one another. Moreover, the acceptance
rate αd is given by, for any x, y ∈ Rd,

αd(x, y) = 1 ∧ π
d(y)
πd(x) .

The user then can choose the parameter σd i.e. the variance of the proposal. A natural
question that arises is “what is a good choice for σd?” Indeed, a large variance is preferred
in order to explore quickly the parts of Rd where πd takes higher values, but this will cause
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the algorithm to reject more often, thus slowing down the exploration. In the case of an
initial distribution different than πd, the choice of σd would also impact the time needed
so that the distribution of Xd

k is at distance ε with πd (for example for the total variation
distance on distributions). The starting point of optimal scaling is to find the values of
the parameter σd so that the accept-reject step is not asymptotically trivial, meaning that
the mean acceptance ratio under the stationary distribution converges inside (0, 1), i.e.

lim
d→+∞

Eπd

[
αd

(
Xd

0 , X
d
0 + σdZ

d
1

)]
∈ (0, 1) .

Answering this question requires a framework for each d ∈ N, and the choice of πd with
respect to d influences greatly the behavior of the Markov chain. The first assumption
for such a framework, the one in [RGG97a], relies on πd being a product measure, of the
following form. For any xd = (xd

1, · · · , xd
d) ∈ Rd,

πd(xd) =
d∏

i=1
exp

(
−U(xd

i )
)
, (1.17)

where U : R → R is a map that defines the one-dimensional density π(x) = exp(−U(x)).
These functions satisfy the following assumptions,

H 1 U is three times continuously differentiable and U′ is Lipschitz.

H 2 E[(U′(W ))8] and E[(U′′(W ))4] are finite, where W is a real random variable with
distribution π.

[RGG97a] propose to take σd = ℓd−α/2 as a general form for σd, with ℓ, α ∈ R∗
+. Then,

[RGG97a, corollary 1.2] proves that if for any d ∈ N, Xd
0 is distributed according to πd,

then for α = 1 we have

lim
d→+∞

Eπd

[
αd

(
Xd

0 , X
d
0 + ℓd−1/2Zd

1

)]
= 2Φ(−ℓ

√
K/2) ,

where Φ is the standard normal cumulative distribution function

K =
∫

R
(U′)2(x)π(x)dx . (1.18)

Having found the scaling of σd = ℓd−α/2 such that the algorithm has non-degenerate
acceptance, we can now investigate into the choice of the constant ℓ. [RGG97a] continues
in this direction by studying the following continuous-time process (Vd

t )t≥0 given by

Vd
t = Xd

Γd
t ,1 , (1.19)

where (Γd
t )t≥0 is a Poisson process with rate d. A rough explanation of this choice is that,

since the Poisson process jumps td times on average until time t, Vd
t is roughly the first

component of the Markov chain Xd at time ⌊td⌋. In [RGG97a, Theorem 1.1], the authors
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prove that if U satisfies the conditions H1 and H2, then the sequence of processes (Vd)d∈N∗

converges weakly, in the Skorokhod topology, to a process V that satisfies the following:
V0 is distributed according to π and for any t ≥ 0, V satisfies the overdamped Langevin
stochastic differential equation,

dVt =
√

h(ℓ)dB1
t −

1
2h(ℓ)U′(Vt)dt ,

where (B1
t )t≥0 is a unidimensional Brownian motion, h(ℓ) is often called the speed of the

diffusion and is given for all ℓ > 0 by

h(ℓ) = 2ℓ2Φ
(
−ℓ
√
K

2

)
,

and K is defined by (1.18). To understand how this result helps us choose the parameter
ℓ, remark that, by defining a rescaling of the limiting process. Consider, for any t ∈ R+,
Ṽt = Vh(ℓ)t. Then Ṽ is the Langevin diffusion with unit speed:

dṼt = dB1
t −

1
2U′(Ṽt)dt .

We now understand that by increasing the speed h, the Markov chain explores faster the
trajectories of Ṽ and Rd, therefore being more efficient for our initial sampling problem.
Thus, we want to find ℓ such that h attains its maximum. [RGG97a] even gives a simple
criterion to find such ℓ. Denote a(ℓ) = 2Φ(−ℓ

√
K/2) the limit acceptance, then, [RGG97a,

Corollary 1.2] proves that one can express h(ℓ) as a function of a(ℓ) by inverting the
expression of a(ℓ). Their conclusion is that choosing ℓ0 such that a(ℓ0) = 0.234 (up to four
digits) attains the maximal speed for the diffusion V. Another way of interpreting the
speed of the diffusion is through the fact that limd→∞(d/2)E[(Xd

0 −Xd
1 )2] = h(ℓ), where

E[(Xd
0 −Xd

1 )2] is sometimes called the expected square jumped distance of the chain Xd.
In the same context, the work of [Dur+17] consider a more general set of assumptions

for U, namely the L-p mean differentiability.

H 3 There exists a measurable function U̇ : R→ R such that:

(i) There exist p > 4, C > 0 and β > 1 such that for any θ ∈ R,(∫
R

∣∣∣U(x+ θ)−U(x)− θU̇(x)
∣∣∣p π(x)dx

)1/p

≤ C|θ|β .

(ii) The function U̇ satisfies ∫
R

(
U̇(x)

)6
π(x)dx <∞ .

The function U̇ is called the weak derivative of U. In this setting, [Dur+17, Theorem
2] proves the convergence of the acceptance rate towards a(ℓ) = 2Φ(−ℓ

√
K/2) when
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σd = ℓd−1/2. Then [Dur+17, Theorem 3] proves that under this setting, the random
process V satisfies the same overdamped Langevin stochastic differential equation, with
notably the same expression for the speed of the diffusion h(ℓ). These results are interesting
to point out in this thesis because our contributions in the field of MCMC are very much
a mirror to these statements, but for the optimal scaling of MALA.

1.4.2 Optimal scaling of MALA

We can ask the same question of “what is the optimal choice for σd?” for MALA. Let
us recall the setting of MALA: we have the positive target density πd on Rd that can be
written as a product of the form (1.17) with U : R→ R is continuously differentiable and,
given an initial value Xd

0 ∈ Rd, the Markov chain is given by, for any k ∈ N,

Xd
k+1 = Xd

k + Z̃d
k+11{Ud

k+1 < αd(Xd
k , X

d
k + Z̃d

k+1} ,

where Z̃d
k+1 = σ2

d∇ log πd(Xd
k ) +

√
2σdZ

d
k+1 is the increment in the proposal, σd ∈ R∗

+,
(Zd

i )i≥1 is an i.i.d. sequence of d-dimensional standard normal random variables. Remark-
ing that conditionally on Xd

k , Z̃d
k+1 has a normal distribution of mean σ2

d∇ log πd(Xd
k ) and

variance 2σ2
d, we can simplify the general formulation of αd in (1.14). For any x, y ∈ Rd,

αd is given by,

αd(x, y) = 1 ∧
πd(y) exp

(
−
∥∥∥x− y − σ2

d∇ log πd(y)
∥∥∥2
/(4σ2

d)
)

πd(x) exp
(
−
∥∥y − x− σ2

d∇ log πd(x)
∥∥2
/(4σ2

d)
) .

The resulting framework is very similar at the one for the symmetric random walk Metropo-
lis, where σd is the only parameter to tune. After writing σd = ℓdα/2, what is the value
of α such that Eπd [αd(Xd

0 , X
d
0 + Z̃d

1 )] converges, when d → +∞ inside (0, 1)? The result
is given in [RR98a], where it is proven that for α = 1/3, the acceptance rate converges in
(0, 1). The assumptions are the following.

M 1 U is eight times continuously differentiable on R and there exits a real polynomial P
satisfying for any i ∈ {0, · · · , 8} and x ∈ R,

∣∣∣U(i)(x)
∣∣∣ ≤ P(x).

M 2 For any p ≥ 1,
∫

R |x|
p π1(x)dx <∞.

More precisely, [RR98a, Theorem 1] shows that

lim
d→+∞

Eπd

[
αd
(
Xd

0 , X
d
0 + ℓ2d−1/3∇ log πd(Xd

0 ) +
√

2ℓd−1/6Zd
1

)]
= 2Φ(−ℓ3

√
J/2) ,

(1.20)
where Φ is still the cumulative distribution function of the standard normal distribution
and the new constant J is given by

J = (48)−1
∫

R

{
5(U(3)(x))2 − 3(U(2)(x))3

}
π(x)dx > 0 . (1.21)
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1.5. Setting of the Thesis and Contributions

Second, [RR98a] also prove that a limiting process satisfies the Langevin stochastic
differential equation. The authors in [RR98a] consider again the unidimensional process
(Vd

t )t≥0 given by (1.19), but this time (Γd
t )t≥0 is a Poisson process with rate d1/3. In

[RR98a, Theorem 2], the authors prove that if U satisfies M1 and M2, then the sequence
of processes (Vd)d∈N∗ converges weakly, in the Skorokhod topology, to a process V that
again satisfies the following: V0 is distributed according to π and for any t ≥ 0, V satisfies
the overdamped Langevin stochastic differential equation,

dVt =
√

h(ℓ)dB1
t −

1
2h(ℓ)U′(Vt)dt ,

where (B1
t )t≥0 is a unidimensional Brownian motion, h(ℓ) is often called the speed of the

diffusion and is given for all ℓ > 0 by

h(ℓ) = 2ℓ2Φ
(
−ℓ

3√J
2

)
,

and J is defined by (1.21).

This result is interpreted with the same tools as the one for the symmetric random
walk Metropolis, meaning that the diffusion limit informs us that maximizing the speed
h leads to the most efficient choice of ℓ. Using (1.20) and calculating h as a function of
the limit acceptance, we find that to maximize the function ℓ 7→ g(ℓ), the limit mean
acceptance ratio given in (1.20) has to be 0.574 (up to three digits).

There are two important differences with respect to random walk Metropolis. Let us
interpret them to compare both algorithms. The first one is that the scaling of MALA
is σd = ℓd−1/6 whereas for random walk Metropolis, we had σd = ℓd−1. This difference
means that, in general, we can use larger values for σd using MALA, compared to using
RWM. The fact that we can build a jump process from each of these Markov chains that
converge weakly to the same limit tells us that when MALA requires O(d1/3) steps to
attain a given point of the trajectory, RWM needs O(d) steps. Therefore, we conclude
that MALA is more efficient than RWM, in the sense of optimal scaling. The second
point is that the optimal mean acceptance is higher for MALA than for RWM. All in all,
when the assumptions allow MALA to converge, it is a more efficient choice than RWM.
We explore in this thesis the optimal scaling of MALA for the Laplace distribution, with
density x 7→ e−|x|/2, because the assumption M1 no longer holds since x 7→ |x| is not
differentiable at zero.

1.5 Setting of the Thesis and Contributions

1.5.1 Riemannian schemes

In Chapter 2, we study the standard geodesic scheme (1.6) with the extra possibility of
having a bias term on top of the unbiased estimator H, meaning we consider the sequence

θn+1 = Expθn
[ηn+1 (Hθn (Xn+1) + bθn(Xn+1))] ,
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where b : Θ × X → TΘ is a bi-measurable function. We believe we are the first to allow
for a bias in Riemannian stochastic approximation. We work under the assumption that
the bias is uniformly bounded, meaning supθ,x)∈Θ×X ∥bθ(x)∥θ ≤ b∞– see A 3. We also
look at more general retraction schemes like (1.7). The analysis of these schemes is very
important because retractions are usually much simpler to compute in practice, and have
been used for a long time – see [AM12]. The most common example is to see a projected
scheme as a retraction scheme e.g. scheme (1.5) is a retraction scheme on the sphere.

We contribute to the study of retraction schemes in Section 2.3.1 by introducing first
order (see R 2) and second order retractions (see R 3), for which we quantify the error
made by the retraction. Since we see retractions as approximations of the Riemannian
exponential map, we introduce the notion of retraction error map in (2.13). The function
Φθ = Exp−1

θ ◦Retθ : TθΘ→ TθΘ defined for any θ. It defines a bundle map Φ : TΘ→ TΘ,
which one can compare to the identity. In Lemmas 2.7 and 2.17, we provide operator
bounds for θ 7→ ∥Φθ − Idθ∥θ by means of bounding the terms in a Taylor expansion. We
also check that usual retractions on the sphere and on the Grassmann manifold are both
first and second order retractions: see Example 2.8 and Proposition 2.18 for the sphere
and Example 2.9 and Proposition 2.10 for the Grassmann manifold.

In Chapter 3, we study a constant step-size scheme, with the novel assumption that
the Riemannian scheme is constrained on a closed and geodesically convex set using a
projection-like operator – see (3.2) and A 6. This encompasses the standard geodesic
scheme (1.6) under A6-(ii).

1.5.2 Noise assumptions

The common noise assumption is the Martingale difference setting (or Martingale setting
in short). Assumption A1 rewrites neatly into the Riemannian context.

A3 (Martingale difference setting). The sequence (eθn(Xn+1))n∈N is a martingale differ-
ence sequence with respect to the filtration (Fn)n∈N∗, i.e.E[eθn(Xn+1)|Fn] = 0θn for any
n ∈ N. Moreover, there exist σ2

0, σ
2
1 ≥ 0 such that for any n ∈ N

E
[
∥eθn(Xn+1)∥2θn

∣∣∣Fn

]
≤ σ2

0 + σ2
1 ∥h(θn)∥2θn

.

In both Chapters 2 and 3, we study the Martingale difference setting A3. However, in
Chapter 2, we are the first to generalize A4 to the Riemannian setting.

A 4 (Markovian setting). There exists a Markov kernel P on (Θ × X) × X such that
for any n ∈ N and bounded and measurable function φ : X → R+, E[φ(Xn+1)|Fn] =∫

X φ(y)Pθn(Xn, dy). In addition, for any θ ∈ Θ, Pθ admits a unique invariant distribution
πθ satisfying h(θ) =

∫
X Hθ(y)dπθ(y).

In this setting, the noise (Xn)n∈N∗ is a Markov chain, with every transition being
controlled by the current value of the parameter θn. In many real-world applications, one
cannot draw independent samples from the distribution πθ that appears in (3.1), because
it is too complicated. In this case, it remains possible to sample from an ergodic Markov
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chain, with stationary distribution πθ. Our Markovian assumptions are MA2(w), but we
present two cases in which these conditions are met. Recall that a set C ∈ X is called
small for a Markov kernel Q in X×X when there exists m > 0 and a non-trivial measure
νm on X such that for any x ∈ C, B ∈ X , Qm(x,B) ≥ νm(B).

A 5 (w). The family of Markov kernels (Pθ)θ∈Θ and the measurable function w : X →
[1,+∞) satisfy one of the following conditions:

(a) The family (Pθ)θ∈Θ is uniformly ergodic with constant uniform in θ, i.e. there exist
εP ∈ (0, 1) and CP ≥ 0 such that for any θ ∈ Θ, Pθ has a unique stationary distri-
bution πθ and for any x, x′ ∈ X, and k ∈ N, ∥δxP

k
θ − δx′P k

θ ∥TV ≤ CP (1 − εP )k. In
addition, there exists C ≥ 0 such that for any θ0, θ1 ∈ Θ, x ∈ X and geodesic curve
γ : [0, 1]→ Θ between θ0 and θ1, ∥δxPθ1 − δxPθ0∥TV ≤ Cℓ(γ).

(b) For any θ ∈ Θ, Pθ = P , where P is a Markov kernel on X × X . Moreover, there
exists w : X → [1,+∞), λ ∈ (0, 1), bw ≥ 0 such that for any x ∈ X, Pw(x) ≤
λw(x) + bw1C(x) where C ∈ X is a small set for P .

In Proposition 2.6, we prove that under simple conditions, when A5-(a) holds – mean-
ing that the chain is uniformly ergodic, with constant uniform in θ ∈ Θ – then MA2(w)
holds, with the constant function w : x 7→ 1. Moreover, if A5(w)-(b) holds instead –
meaning the Markov kernel P does not depend on θ and that there is a drift condition
– then MA2(w) holds. We believe that this noise setting is interesting as it can model
scenarios that the Martingale difference setting does not encompass.

In each noise setting, we make sure not to assume that the iterations of the scheme
remain in some arbitrary compact set K, contrary to [Bon13; ZS16], for the reasons
mentionned in Section 1.2.2.

1.5.3 Convergence Techniques

In Chapter 2, we generalize Lyapunov’s second method – see [LaS60] – in the Riemannian
case. Our assumption A2 is satisfied when the Lyapunov function V is gradient Lipschitz
or has a continuous Riemannian Hessian with bounded operator norm – see Lemma 2.38.

The same setting is used in Chapter 3, where we exchange A7 for A6-A7. The problem
Lyapunov functions on Riemannian manifolds is that the usual candidate θ 7→ ρ2

Θ(θ, θ⋆)
– the square distance with respect to the solution – is not gradient Lipschitz whenever Θ
has non-zero curvature and is non-compact. We address this in Section 3.2.2, where we
introduce the novel, “Huberized” version of the usual candidate – see Proposition 3.5.

1.5.4 Results of Chapters 2 and 3

Both in an interest of teaching the broader machine learning community about Rieman-
nian geometry for stochastic approximation, of reformulating existing formulas in different
scenarios and of using intelligible proofs with minimal background, my coauthors and I
have written examples, definitions and theorems that regard only Riemannian geometry
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Chapter 1. Introduction

throughout Chapters 2 and 3. We recommend any reader that would like to familiarize
themself with the concepts and notation of Riemannian geometry used in this thesis to
start by reading the point-by-point preliminary Section 2.11.

In Section 2.6.2, we detail the sphere which was discussed in Example 1.6 and Exam-
ple 2.8. We also use these notions of Riemannian geometry to prove that the projective
retraction satisfies assumptions R1-R2-R3 – see Proposition 2.18.

Two of the geometric concepts that required our closest attention were Taylor formulas
(see Theorems 2.37 and 3.29) and the computation of the cut locus in the special case of
the Grassmann manifold (see Proposition 2.26). The development of Taylor formulas was
both difficult and precious for our kind of analysis. We wrote Section 3.11.2 to develop the
Taylor formula (3.96) in Theorem 3.29, and specifically because we needed Proposition 3.30
which we did not find anywhere else in the Riemannian geometry community. It is a n-th
order Taylor formula with integral reminder for smooth vector fields along a geodesic,
using the notion of total covariant derivatives of any order. Much of Section 3.11.2 was
written as an adaptation of the classical results of connections in the special case of vector
fields along a geodesic. If the reader is unfamiliar with tensor fields and connections, we
recommend reading also [Lee19, Chapter 4], since Section 3.11.2 is inspired from it. After
developing this Taylor formula, we adapted it to the simpler case of a Taylor formula for
a real-valued function in Section 2.11.9 and Theorem 2.37.

Our last contributions that purely concern Riemannian geometry are a presentation
the Grassmann manifold in a self-contained fashion. Our main goal was to express the
formulas for the Riemannian exponential in [AMS04; BZA20; EAS98] as well as computing
its cut locus. In order to help the reader, the summary of Section 2.7.2 is the following.
We start by giving the definition of the Grassmann manifold via a quotient of the non-
compact Stiefel manifold using the action of the linear group. Then, we want to give the
differential structure of the Grassmann manifold. To do so, we start by building the cross
section map σB in Lemma 2.21. The inverse of this map is then used to explicitly write the
family of parameterizations – or, conversely, the smooth atlas – that define the differential
structure of the Grassmann manifold, see Proposition 2.22. We continue by describing
the tangent space, using the canonical decomposition in the case of quotient manifolds.
We recall the definition of connection in the sense of [KN96, Chapter II, Section 1] in
Definition 2.24, we check that (2.71) is a connection in this sense and, combined with
Proposition 2.23, we finally obtain a description of the tangent space. With such tools,
we give an alternative formulation of the Riemannian exponential in Lemma 2.25. This
formula is used in our final result in this section, Proposition 2.26, in which we compute
the cut locus of the Grassmann manifold. This last proof is the result of a long work and,
despite being long and intricate, remains simpler than the only other proof that we know
of this result – see [Sak76]. Indeed, the proof of [Sak76] uses more complicated tools of
Riemannian geometry, whereas ours uses as little concepts as possible.

In Chapter 2, we derive global non-asymptotic convergence rates under all the different
noise assumptions and Lyapunov assumptions given above. For the geodesic scheme stud-
ied in Section 2.2, we obtain in Theorems 2.4 and 2.5 that after n iterations, E[∥h(θIn)∥2θIn

] =
O(b∞ + logn/

√
n), where b∞ is the uniform bound on the bias of H and In is a discrete
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random variable supported on {1, . . . , n}. A more precise discussion on the choice of step-
sizes and its implications is given after said theorems. For the retraction schemes studied
in Section 2.3.2, we obtain in Theorems 2.11, 2.12 and 2.29 that after n iterations, sim-
ilarly to the geodesic scheme, E[∥h(θIn)∥2θIn

] = O(b∞ + logn/
√
n). The interest of this

analysis compared to the works of [ZS16] is that 1) we do not require the iterations to
remain in some bounded subset of the manifold, 2) we establish these bounds for the gen-
eral stochastic approximation (not only for gradient descent), 3) the assumptions needed
for the Lyapunov function allow for the optimization of non-convex functions.

Base Scheme Noise
A1-A2-A3 Geodesic (2.3) Martingale Setting MD1 Theorem 2.4

Assumptions
Result

A1-A2-A3 Geodesic (2.3) Markovian Setting
MA1-MA2(w) Theorem 2.5

A1-A2-A3
A4

Retraction (2.12)
R1 and (R2 or R3)

Martingale Setting MD1
and (MD2(4) or MD2(6)) Theorem 2.11

A1-A2-A3
A4

Retraction (2.12)
R1 and (R2 or R3)

Markovian Setting
MA1-MA2(w)-MA4(w) Theorem 2.12

Table 1.1: Summary of the non-asymptotic results for each set of assumptions.

Lastly, we consider two example applications for these results. First, an online PCA
which deals with the problem introduced in Example 1.10 but in the general case r ≥ 1. In
section Section 2.4.1, we prove that the schemes (2.19) and (2.20) satisfy the conditions of
our general theorems – see Theorem 2.13. We complete the analysis with some numerical
simulations – see Section 2.4.3. Second, we look at an online barycentre estimation in
Section 2.4.2. In this application, we examine the same starting idea of Example 1.1,
which we refine to define the concept of robust Riemannian barycentre of a probability
distribution on a Hadamard manifold, for which we prove the existence and uniqueness
in Proposition 2.14 and derive a scheme for its computation (2.23), which satisfies the
general conditions of our theorems – see Proposition 2.15.

In Chapter 3, we focus on the constant step-size setting. We start by proving non-
asymptotic bounds in Theorem 3.1, which mostly resemble Theorem 2.4. However, we
have a stronger bound specifically in (3.6), where we observe the exponential forgetting
of the initial conditions, much like for strongly convex functions in the Euclidean case.
In Theorem 3.2, we prove that the sequence of iterates (θn)n∈N is a geometrically ergodic
Markov chain, with a unique stationary distribution µη that depends on the step-size η.
From this point forward, we seek to understand the behaviour of µη when η → 0, both
with asymptotic and non-asymptotic results. The first step in this direction is Theo-
rem 3.3, where we prove that (µη)η∈(0,η] converges weakly to the Dirac measure at θ⋆,
where θ⋆ is the unique solution to the root finding problem (3.1). In Section 3.3, with
the unconstrained scheme (1.6), we quantify the convergence derived in Theorem 3.3-(b).
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First, we prove an asymptotic expansion for the bias
∫

Θ g(θ)dµη(θ) − g(θ⋆) with respect
to the step size η for g belonging to a certain class of smooth functions from Θ to R –
see Theorem 3.6. By applying our result to SGD (h = −grad f), it implies an asymptotic
expansion of

∫
Θ ∥grad f(θ)∥2θdµη(θ). Secondly, we establish that the convergence derived

in Theorem 3.3-(b) occurs at a rate η1/2, through a central limit theorem for (µη)η∈(0,η] –
see Theorem 3.7. These two results can be understood as a bias-variance decomposition in
which both terms are of order η and are therefore weak counterparts of [DDB17, Proposi-
tion 3, Theorem 5], [Pfl86, Theorem 1] in a Riemannian setting. Next, in Section 3.4, we
look at the consequences of these results on the SGD case. We consider two possible set
of assumptions. When f is strongly geodesically convex – see Definition 1.12 and F2, we
have strong results in Corollary 3.9. We can see, as in the Euclidean case, that it takes
O(log(1/ε)ε−1) steps to have E[f(θn)− f(θ⋆)] ≤ ε. On the other hand, when f is geodesi-
cally quasi-convex, which Euclidean counterpart is ⟨grad f(θ), θ − θ⋆⟩ ≥ τ [f(θ) − f(θ⋆)]
as given in [HMR19], we obtain weaker results in Proposition 3.11. They are weaker not
only because the right-hand bound is C +O(n−1) – which closely resembles the results in
Chapter 2 – but because the left-hand term is expressed through the “distance-like” func-
tion given in (3.14). The most novel part of this result is that in this second setting, we do
not require boundedness conditions on Θ. Lastly, we apply these SGD results in the par-
ticular case of the barycentre estimation. To use both convexity assumptions, we look at
the estimation of the barycentre of a discrete distribution – which yields a strongly convex
function f – and a continuous distribution – yielding a geodesically quasi-convex function.
The second case is novel in the literature as it does not have boundedness conditions on the
distribution. For the second case we introduce the novel scheme (3.17), for which we prove
non-asymptotic bounds in Theorem 3.13. The barycentre estimation is then illustrated
with numerical experiments in Section 3.5 showcasing both sets of assumptions.

1.5.5 Results of Chapter 4

In Chapter 4, we study a generalization of MALA, first studied in [Per16], which aims at
alleviating the smoothness assumption of the target distribution π of the form (1.17). If
π ∝ exp(−G), then we assume that the function G : Rd → R is convex, proper and lower
semi-continuous. Instead of using the real gradient of G in the proposal, we approximate
G by its Moreau-Yoshida envelope Gλ : Rd → R for λ ≥ 0 defined by

Gλ(x) = min
u∈Rd

[G(u) + ∥u− x∥2 /(2λ)] .

By setting πλ = exp(−Gλ), we obtain a smooth approximation of π, where λ controls the
regularity of πλ. Under these assumptions, Gλ is continuously differentiable and therefore
we use MALA to target πλ, where the proposal is of the form

ξk+1 = ξk −
σ2

2 ∇G
λ(ξk) + σZk+1 ,

see (4.4) for the expression of the gradient of Gλ. Our goal is to produce theoretical
results for the class of proximal MALA algorithms, study its asymptotic behavior when the
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dimension d goes to infinity. We also interpret our results to provide guidelines regarding
the implementation of these proximal algorithms.

We start by looking at the particular case when π is actually differentiable – see
Section 4.3.1 – in an interest of comparing gradient-based methods (like MALA) with
proximal-based methods like proximal MALA. In our analysis, we let the step size σ2 and
the regularization parameter λ depend on the dimension d of the target. In Theorem 4.1
we derive that there are two possible regimes of scaling. First, in cases (b) and (c), we
establish that if λ goes to 0 faster or at the same rate as σ2, the scaling is equivalent
to the one of MALA, meaning that σ2 is proportional to d−1/3. However, when λ goes
to 0 at a slower rate than σ2, we find a new scaling, where σ2 is proportional to d−1/2

– see (a). In this second scaling regime, proximal MALA is less efficient than MALA.
In both cases, the convergence of the acceptance rate ad(ℓ, r) →

d→∞
a(ℓ, r) is accompanied

with weak convergence of the linear interpolation of the first component of chain (Xd
k )k≥0,

defined by

Ld
t = (

⌈
d2αt

⌉
− d2αt)Xd

⌊d2αt⌋,1 + (d2αt−
⌊
d2αt

⌋
)Xd

⌈d2αt⌉,1 , (1.22)

towards the Langevin diffusion

dLt = h(ℓ, r)1/2dBt −
h(ℓ, r)

2 g′(x)dt ,

where (Bt)t≥0 denotes standard Brownian motion and h(ℓ, r) = ℓ2a(ℓ, r) is the speed of the
diffusion. Although proximal MALA is at best as efficient as MALA, since sometimes the
proximal operator for a given distribution π is cheaper to compute than ∇ log π [CP11;
PB14; Per16], we believe that there are cases where for a properly chosen λ, proximal
MALA should provide a computationally cheaper alternative to MALA with comparable
efficiency.

Next, we study proximal MALA for a special non-smooth target, the Laplace distri-
bution x 7→ 2−1 exp(−|x|). Although we only prove it for the particular case of Laplace
distributions, our proof technique is not unique to this case, and could be applied to other
non-smooth distributions, provided some computations of integrals are carried out – see
Section 4.10. We chose this particular non-smooth target because it is commonly used in
practical applications of proximal MALA, including image deconvolution [DMP18; Per16;
VDC19], LASSO, and sparse regression [Atc15; GSS21; ZCZ22]. We obtain the scaling
to achieve convergence of the acceptance rate in Theorem 4.4. We observe that a sin-
gle point of non-differentiability is sufficient to obtain a different scaling than MALA for
differentiable targets. Indeed, for the Laplace distribution, the step size σ2 needs to be
proportional to d−2/3 (whereas MALA for smooth targets is d−1/3) to obtain a non-trivial
limit for the acceptance rate. This optimal scaling is new in the study of MCMC algo-
rithms, somewhere between the rate d−1 of RWM and d−1/3 of (differentiable) MALA.
For this study, we only investigated the case when λ converges to 0 at least as fast as σ2.
As is usual for optimal scaling, we continue our study with the weak convergence of the
interpolated first component of the chain (Ld

t )t≥0 defined in (1.22) towards a Langevin

27



Chapter 1. Introduction

diffusion. We proceed in two steps, proving first the tightness of the sequence of laws
of {(Ld

t )t≥0 : d ∈ N} – see Proposition 4.5, and then, proving that the only limit point
possible for this sequence is indeed a solution of the Langevin diffusion

dLt = [hL(ℓ)]1/2dBt −
hL(ℓ)

2 sgn(Lt)dt .

This result is done using the Martingale problem associated with the diffusion – see Propo-
sition 4.6. Our final result Theorem 4.7 combines these two into the actual optimal scaling
result of the Laplace distribution for proximal MALA. It is important to remark that one
can extend the definition of this method when λ = 0, leading to sub-gradient MALA or
sG-MALA. All of our results regarding the Laplace distribution also hold with this gen-
eralization, meaning that we also have proven the proximal scaling of sG-MALA for the
non-smooth Laplace distribution.

We complete our results with a discussion on the implications of our previous theorems
– see Section 4.4 – as well as numerical experiments that illustrate both the scaling of
differentiable targets and of the Laplace distribution for proximal MALA, with multiple
choices for the rates of convergence to zero of the two parameters σ2 and λ.

28



CHAPTER 2

Convergence Analysis of Riemannian Stochastic Ap-
proximation Schemes

Alain Durmus,1 Pablo Jiménez1, Éric Moulines1, Salem Said2, Hoi-To
Wai3.

This paper analyzes the convergence for a class of Riemannian stochastic approximation
(SA) schemes, designed to tackle optimization problems on Riemannian manifolds. We
consider SA schemes which use either the exponential map of the considered manifold or
retraction maps used as a proxy for the exponential map. The relaxation to retraction
maps is of considerable interest since in many problems the computation of the exponential
map is either costly or even untractable. Our results are derived under mild assumptions.
First, our results are global in the sense that we do not assume iterates to be a-priori
bounded. Second, we allow the presence of a bias in SA schemes. To be more specific,
we consider the case where the mean-field function can only be estimated up to a bias,
and/or the case in which the samples are drawn from a controlled Markov chain. Third,
the assumptions on retractions required to ensure convergence of the related SA schemes
are weak and are satisfied in many settings. We illustrate our findings on applications to
principal component analysis and Riemannian barycenter problems.
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2.1. Introduction

2.1 Introduction
This paper is concerned with the root finding problem on a smooth Riemannian manifold
Θ:

find θ ∈ Θ satisfying h(θ) = 0θ, where h(θ) =
∫

X
Hθ(x)dπθ(x) , (2.1)

such that h : Θ→ TΘ is a smooth vector field, called the mean vector field, for any θ ∈ Θ,
πθ is a distribution over (X,X ) and H : Θ×X→ TΘ is a bimeasurable function satisfying
for any θ ∈ Θ, Hθ : X→ TθΘ. This framework includes stochastic optimization problems
related to a smooth (but possibly non-convex even in the geodesic sense) objective function
f : Θ → R∗, where h = grad f and grad is the Riemannian gradient operator. Problem
(2.1) arises in many applications such as principal component analysis (PCA) and the
computation of geometric barycenter [ABY13; Oja92].

Our objective is to study Riemannian stochastic approximation (SA) schemes to com-
pute an approximate solution of (2.1). In the case where the geodesic curves on Θ can
be explicitly computed, the Riemannian SA scheme is defined through the recursion: for
n ∈ N,

θn+1 = Expθn
{ηn+1Hθn(Xn+1)} , (2.2)

where Expθn
is the exponential map at θn, (Xn)n∈N∗ is a sequence of independent random

variables in (X,X ) such that Xn has distribution πθn for any n ∈ N∗, and (ηn)n∈N∗ is a
sequence of positive stepsizes. The recursion (2.2) is a natural extension of the Robbins-
Monro algorithm originally applied on the Euclidean setting [RM51], where Expθ(y) = θ+y
for any θ, y ∈ Rd.

A number of results have been reported for Riemannian SA (2.2) under the stochastic
gradient (SG) setting where h = grad f [HS20]. The pioneering work of [Bon13] establishes
the asymptotic convergence of (2.2) to a critical point using martingale techniques adapted
from [BMP90; Bor09; KY03]. Later, [ZS16; ZRS16; ZZS18] provide non-asymptotic anal-
ysis under the assumption that the objective function f is geodesically convex (g-convex),
and that all the iterates remain in a compact subset of Θ. Another related work is [Tri+18]
which considers a retraction based averaging scheme and shows a central limit theorem
for (2.2). Analysis of Riemannian SA for non-convex objective is addressed in [HS19].
However, the authors require a strong assumption on the retraction map, the objective
function and the manifold. We also mention that a few other papers deal with deter-
ministic optimization on Riemannian manifold and the convergence to local minimum in
non-convex settings [BAC18; CB19; SFF19], or applying Nesterov’s acceleration [AS20]
for g-convex functions. To deal with relatively general conditions on the mean-field h,
[Sha19] analyzes stochastic recursion schemes adapting the well-known ODE method in
[BMP90; KY03] to the Riemannian setting to show asymptotic convergence where Θ is
compact.

The present paper considers several relaxations of the scheme defined by (2.2). First, we
assume that (Xn)n∈N∗ is a Markov chain whose transition is controlled by the current value
of the parameter θn. This is motivated by the fact that, in many real-world applications,
it is impossible to obtain independent samples from the distribution πθ appearing in (2.1),
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since the distribution is too complicated. Typically, in this case, it remains possible to
sample from an ergodic Markov chain (Xn)n∈N∗ whose stationary distribution is πθ. For
example, in Bayesian inference, where πθ is the posterior distribution, πθ is practically
never directly accessible, and may only be sampled by using Markov chain Monte Carlo
(MCMC) techniques. Second, we deal with the use of retraction operators in place of the
exponential map in the recursion (2.2). At last, we allow for the non-SG setting when
h ̸= grad f as well as errors in the numerical evaluations of H – such as systematic errors
that do not come from the randomness of the environment – resulting in a potentially
biased vector field in (2.2). Note that the non-SG setting is common for SA: examples
include, among many others, online Expectation Maximization algorithms [CM09] and
policy gradient [BB01]. Hence, our work is in line with recent studies of SA in the Euclidean
setting for minimizing a non-convex function in the controlled Markovian setting under
relaxed conditions on the mean-field h, see e.g. [BCN18; GL13; Kar+19] and the references
therein. Our contributions are:

• We perform a global convergence analysis of a biased geodesic Riemannian SA scheme
without assuming a bounded domain for the iterates (θn)n∈N nor g-convexity. Under
this relaxed setting, the iterates of the geodesic SA scheme satisfy E[∥h(θIn)∥2θIn

] =
O(b∞ + logn/

√
n), where b∞ is the asymptotic bias of the vector field H and In is a

discrete random variable supported on {1, . . . , n}. We cover settings where the noise is
a sequence of martingale increments or stems from a controlled Markovian dynamics,
see Theorems 2.4 and 2.5.

• We consider Riemannian SA schemes with first or second order retraction. Note that
retraction operators have met great success in practice (see e.g. [AM12]) since they are
computationally cheaper to evaluate. Similar to the geodesic scheme, our methods find
an O(b∞+logn/

√
n)-stationary point in n iterations in expectation, see Theorems 2.11

and 2.12. We illustrate that the conditions required on the retraction function by our
results hold on several examples.

• We consider examples of applications on PCA (see Section 2.4.1 & Theorem 2.13)
and barycenter estimation (see Section 2.4.2), for which we show that the required
convergence conditions are satisfied. For the second application, we introduce the
concept of robust Riemannian barycenter of a probability distribution defined on a
Hadamard manifold, prove the existence and uniqueness of this robust barycenter
(see Proposition 2.14), and derive an SA scheme for its computation (see (2.23) and
Proposition 2.15).

Notation

For any two sequences of real numbers (un)n∈N and (vn)n∈N, we write un = O(vn) when
there exist n0 ∈ N and M0 ∈ R+ such that for any n ≥ n0, |un| ≤ M0vn. If un = O(vn)
and vn = O(un), we write un = Ω(vn). If µ = µ+ − µ− is a signed measure over a
measurable space (E,A), where µ+ and µ− are non-negative measures, called the positive
and negative part of µ, define the total variation ∥µ∥TV = µ+(E) + µ−(E). For any
d ∈ N∗, Id is the identity matrix of size d× d. We denote the tangent space of Θ at θ by
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TθΘ and its tangent bundle TΘ. If Θ0 and Θ1 are two smooth manifolds, for any smooth
function f : Θ0 → Θ1, we denote its derivative by Df : TΘ0 → TΘ1. The Riemannian
metric on Θ is denoted by g but for ease of notation and if there is no risk of confusion,
for any θ ∈ Θ, u, v ∈ TθΘ, we should denote gθ(u, v) = ⟨u, v⟩θ and gθ(u, u) = ∥u∥2θ. For
θ ∈ Θ and k, l ∈ N, the set of (k, l)-tensors on TθΘ is denoted by T (k,l)TθΘ and the set
of smooth (k, l)-tensor fields on Θ is denoted Γ(T (k,l)TΘ), see [Lee19, Appendix B] for a
complete description of tensors and tensor fields. Let ∇ be the Levi-Civita connection of
the metric g on Θ (see Section 2.11.2). We The map Tγ

t0t1 : Tγ(t0)Θ→ Tγ(t1)Θ stands for
the parallel transport associated to the Levi-Civita connection along a curve γ : I → Θ
from γ(t0) to γ(t1). In the interest of space, we leave detailed definitions and generalities
on Riemannian geometry to Section 2.11.

2.2 Geodesic Stochastic Approximation Schemes

Let (X,X ,P, (Fn)n∈N) be a filtered probability space and consider (Xn)n∈N∗ , an (Fn)n∈N-
adapted stochastic process. The present paper studies stochastic approximation (SA)
sequences (θn)n∈N, used as approximate solutions of (2.1), starting from θ0 ∈ Θ and
defined by the recursion

θn+1 = Expθn
{ηn+1 (Hθn(Xn+1) + bθn(Xn+1))} , (2.3)

where H is given in (2.1), b : Θ× X → TΘ is a bi-measurable function satisfying for any
θ ∈ Θ, bθ : X → TθΘ, and (ηn)n∈N∗ is a sequence of positive stepsizes. Compared to
the recursion given in the introduction (2.2), bθn(Xn+1) is an additional bias term used to
explicitly model cases when h cannot be evaluated no matter how we sample.

We discuss some basic assumptions to be used throughout this paper. First, we ensure
that the exponential map Exp is well defined over TΘ with the following condition (for a
definition of the Riemannian exponential mapping, see Section 2.11.5).

A1. Θ is a geodesically complete Riemannian manifold of dimension d ∈ N∗.

In addition, we assume the existence of a Lyapunov function V for the vector field h.

A2. There exists a continuously differentiable function V : Θ→ R∗
+ satisfying:

(a) There exist constants c1, c2, c > 0 such that for any θ ∈ Θ,

c1 ∥h(θ)∥2θ ≤ c2 − ⟨gradV (θ), h(θ)⟩θ , ∥gradV (θ)∥θ ≤ c ∥h(θ)∥θ . (2.4)

(b) The Riemannian gradient gradV (see Section 2.11.8) is geodesically L-Lipschitz,
i.e. there exists L ≥ 0 such that for any θ0, θ1 ∈ Θ, and geodesic curve γ : [0, 1] → Θ
between θ0 and θ1, ∥∥gradV (θ1)− Tγ

01gradV (θ0)
∥∥

θ1
≤ Lℓ(γ) ,

where ℓ(γ) = ∥γ̇(0)∥θ0 is the length of the geodesic.
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The first inequality in (a) is a Lyapunov condition (see [LaS60]), and the constant c2
underlines a mismatch between the orientations of the mean-field and the gradient of the
Lyapunov function. In addition, A2-(a) implies ∥h(θ)∥θ ≤ C1 ∥gradV (θ)∥θ + C2 for any
θ ∈ Θ, for some constants C1, C2 ≥ 0. Meanwhile, (b) is satisfied if V has a continuous
Riemannian Hessian HessV (θ) : TθΘ→ TθΘ with a bounded operator norm for all θ ∈ Θ,
see Lemma 2.38 in Section 2.11.10. Overall, conditions (a) and (b) ensure the stability
of the recursion (2.3) as they imply that h is sublinear, i.e., for any θ0, θ1 ∈ Θ, there
exists C ≥ 0 such that for any geodesic curve γ : [0, 1]→ Θ between θ0, θ1, it holds since
Tγ

01 is an isometry by [Lee19, Proposition 5.5-(f)], ∥h(θ1)∥θ1
≤ C1 ∥gradV (θ1)∥θ1

+ C2 ≤
C3(ℓ(γ) + 1), for C3 ≥ 0. Importantly, A1-A2 allow us to generalize the descent lemma
to the Riemannian setting, as follows (see [ZS16]).

Lemma 2.1. Assume A1, A2-(b) hold. For any θ0, θ1 ∈ Θ and geodesic curve γ : [0, 1]→
Θ between θ0, θ1, ∣∣∣V (θ1)− V (θ0)− ⟨gradV (θ0), γ̇(0)⟩θ0

∣∣∣ ≤ Lℓ(γ)2/2 .

Proof. For completeness, the proof is given in Section 2.5.1.

This derivation is crucial for our proofs, and exists in different settings in the literature,
e.g. [AMS08, Lemma 7.4.7], which differs with this result because Lemma 2.1 holds for
any geodesic curves, and is not limited to the length-minimizing ones. Finally, we assume
that the bias term in (2.3) is uniformly bounded.
A3. There exists a constant b∞ such that sup(θ,x)∈Θ×X ∥bθ(x)∥θ ≤ b∞.

We provide non-asymptotic guarantees for the geodesic SA scheme (2.3) to find an
(approximate) stationary point. Roughly, these results ensure the ability of the scheme
(2.3) to produce an estimator θ̃ ∈ Θ based on {θ1, . . . , θn}, satisfying E[∥h(θ̃)∥2

θ̃
] ≤ ϵ+ c̃b∞,

for a given target precision ϵ > 0 and if n is large enough. More precisely, the estimator
that we consider in this paper is the In-th iterate θIn , where In is a random variable
independent of θ0 and Fn, with distribution, for any ℓ ∈ {0, . . . , n},

P (In = ℓ) =
(∑n

i=0 ηi+1)−1ηℓ+1 . (2.5)

To simplify notation in our subsequent discussions, define for any n ∈ N and p ≥ 1,

Γ(p)
n = ∑n

k=1 η
p
k , Γn = Γ(1)

n .

To gain intuition on the analysis for geodesic SA scheme (2.2), let us present a simple
proof in a simplified setting.

Proposition 2.2. Consider the sequence (θn)n∈N defined by the deterministic version of
(2.2), i.e. Hθ(x) = h(θ) and bθ(x) = 0 for any x ∈ X and θ ∈ Θ. Assume A1-A2 and
supk∈N∗ ηk ≤ c1/L. Then, for any n ∈ N we have,

E[∥h(θIn)∥2θIn
] ≤ 2c−1

1 {V (θ0)− V (θn+1)}/Γn+1 + 2c−1
1 c2 , (2.6)

where In has distribution defined by (2.5).
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Proof. The analysis here is a consequence of Lemma 2.1. For any k ≥ 0 and t ∈ [0, 1],
we observe that the geodesic segment γ(k)(t) = Expθk

(tηk+1h(θk)) satisfies γ̇(k)(0) =
ηk+1h(θk) and ℓ(γ(k)) = ηk+1 ∥h(θk)∥θk

; see [Lee19, Corollary 5.6-(b)]. Applying Lemma 2.1
yields, ∣∣∣V (θk+1)− V (θk)− ηk+1 ⟨gradV (θk), h(θk)⟩θk

∣∣∣ ≤ (L/2)ℓ(γ(k))2

= (Lη2
k+1/2) ∥h(θk)∥2θk

.

Using A2-(a), we obtain for any k ∈ N∗

∑n
k=0 ηk+1(c1 − (L/2)ηk+1) ∥h(θk)∥2θk

≤ V (θ0)− V (θn+1) + c2Γn+1 . (2.7)

Setting the step size as supk∈N∗ ηk ≤ c1/L and using (2.5), we obtain by integrating with
respect to In the result (2.6).

In the case were c2 = 0 in A2-(a) and taking a constant step size ηk = c1/L, Proposi-
tion 2.2 implies that E[∥h(θIn)∥2θIn

] = O(1/n).
We now consider the the actual geodesic SA scheme (2.3). Define

eθ(x) = Hθ(x)− h(θ) . (2.8)

Note that for any x ∈ X, θ 7→ eθ(x) is a vector field on Θ corresponding to the noise in
the estimation of the mean field h. By Lemma 2.1 and arguments paralleling those used
to derive (2.7), we show

Lemma 2.3. Assume A1, A2. Setting ∆Mk = ⟨gradV (θk), eθk
(Xk+1)⟩θk

for any k ∈ N,
we have for any n ∈ N∗ and ε > 0,∑n

k=0 ηk+1(c1 − (3L/2)ηk+1 − c2ε) ∥h(θk)∥2θk

≤
∑n

k=0 ηk+1∆Mk + (3L/2)∑n
k=0 η

2
k+1 ∥eθk

(Xk+1)∥2θk

+V (θ0) + c2Γn+1 +∑n
k=0 ηk+1

{
(4ε)−1 + (3L/2)ηk+1

}
∥bθk

(Xk+1)∥2θk
.

Proof. The proof is postponed to Section 2.5.2.

The terms in the right-hand side of the inequality given by Lemma 2.3 correspond to
different sources of error that we can identify. First, the two terms ∑n

k=0 ηk+1∆Mk and∑n
k=0 η

2
k+1 ∥eθk

(Xk+1)∥2θk
come from the noise vector field, in the first and second-order

approximation given by Lemma 2.1 respectively. The other term gathers the different
sources of bias. More specifically, V (θ0) corresponds to the initial conditions, c2Γn+1 is
introduced by the constant c2 underlied in A2-(a) and the last term results from the bias
on the measures of the mean-field function.

With a sufficiently small step size, the left-hand side in the inequality above can be
lower bounded by∑n

k=0 ηk+1 ∥h(θk)∥2θk
. Meanwhile, the right-hand side can be controlled if

supn∈N
∑n

k=0 ηk+1E[∆Mk] < +∞. To control this term, we consider two different settings.

35



Chapter 2. Convergence Analysis of Riemannian Stochastic Approximation Schemes

MD1 (Martingale Setting). The sequence (eθn(Xn+1))n∈N is a martingale difference se-
quence with respect to the filtration (Fn)n∈N, i.e. E [eθn(Xn+1)|Fn] = 0 for any n ∈ N∗.
Also, there exist σ2

0, σ
2
1 < +∞ such that for any n ∈ N∗, E[∥eθn(Xn+1)∥2θn

|Fn] ≤ σ2
0 +

σ2
1 ∥h(θn)∥2θn

.

Under MD1, we note that E[∑n
k=0 ηk+1∆Mk] = 0 in Lemma 2.3 and thus the following

result can be easily obtained:

Theorem 2.4. Assume A1-A2-A3-MD1. Consider (θk)k∈N defined by (2.3). If supk∈N∗ ηk ≤
c1/(6L(1 + σ2

1)), then for any n ∈ N∗,

E
[
∥h(θIn)∥2θIn

]
≤ (c1Γn+1)−1

{
2E [V (θ0)] + 3L(σ2

0 + b2
∞)Γ(2)

n+1

}
+ 2(b∞c/c1)2 + 2c2/c1 ,

where In has distribution defined by (2.5) and is independent of (Xk)k∈N∗.

Proof. The proof of Theorem 2.4 is postponed to Section 2.5.3.

We notice that the result is similar to (2.6) for a deterministic scheme, with additional
constants related to the variance σ0 and bias b∞.

To control the term Γ(2)
n+1, it is desirable to select a nonincreasing step size. When the

step size is ηk = □/(k +△)α, for some □,△ > 0 and α ∈ (0, 1], Theorem 2.4 shows that
E[∥h(θIn)∥2θIn

] ≤ R(□,△, α, n)+2(b∞c/c1)2+2c2/c1 where R(□,△, α, n) = O(1/nα∧(1−α))
for α ∈ (0, 1/2)∪(1/2, 1), R(□,△, 1/2, n) = O(log(n)/

√
n) andR(□,△, 1, n) = O(log(n)−1).

We now turn to the Markovian setting.

MA 1 (Markovian Setting). There exists a Markov kernel P on (Θ × X) × X such that
for any n ∈ N and bounded and measurable function φ : X → R+, E[φ(Xn+1)|Fn] =∫

X φ(y)Pθn(Xn, dy). In addition, for any θ ∈ Θ, Pθ admits a unique invariant distribution
πθ satisfying h(θ) =

∫
X Hθ(y)dπθ(y).

Consider a measurable function w : X → [1,+∞) and the following additional condi-
tion.

MA 2 (w). The Markov kernel P and the measurable function w satisfy the following
conditions.
(a) There exists e∞ > 0 such that for any x ∈ X, supθ∈Θ ∥eθ(x)∥θ ≤ e∞w

1/2(x).
(b) There exists Cw ≥ 1 such that supk∈N E [w(Xk+1)] ≤ Cw.
(c) For any θ ∈ Θ, there exists a measurable function ê : Θ× X → TΘ satisfying for any
x ∈ X, θ ∈ Θ, êθ(x) ∈ TθΘ, and

êθ(x)−
∫

X
Pθ(x, dy)êθ(y) = eθ(x) . (2.9)

Moreover, there exists ê∞ > 0 such that for any θ ∈ Θ, x ∈ X ∥êθ(x)∥θ ≤ ê∞w
1/2(x).
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(d) There exists Lê ≥ 0 such that for any θ0, θ1 ∈ Θ, x ∈ X and geodesic curve γ : [0, 1]→
Θ between θ0 and θ1,∥∥∥∥∫

X
Pθ1(x,dy)êθ1(y)− Tγ

01

[∫
X
Pθ0(x,dy)êθ0(y)

]∥∥∥∥
θ1

≤ Lêℓ(γ)w1/2(x) .

Note that (a) is a mild assumption on a Θ-uniform control (uniformly on the manifold)
of the noise; (b) is automatically satisfied if w is bounded; (c) assumes the existence of
solutions to the Poisson equation (2.9), which can be established if the Markov kernel Pθ

is w-geometrically for any θ ∈ Θ. In addition, it is also required that êθ (for fixed θ) to be
uniformly bounded by w1/2. Finally, assumption (d) is implied by smoothness conditions
on the Markov kernel and the noise with respect to the SA parameter θ. We shall discuss
the setting which implies MA2 just after the statement of our main result.

In the case w is not bounded, we need to consider the following condition which is
automatically satisfied if Θ is compact, which is the case for the Grassmann manifold for
example.
A4. There exist h∞ ≥ 0 such that supθ∈Θ ∥h(θ)∥θ ≤ h∞.

We obtain the following result for geodesic SA scheme with Markovian noise:

Theorem 2.5. Assume A1-A2-A3-MA1-MA2(w) hold for some measurable function
w : X → [1,+∞). Assume in addition either w is bounded or A 4. Let (ηk)k∈N∗ be a
sequence of stepsizes, a1, a2 ≥ 0 satisfying supk∈N∗ ηk ≤ c1/(4(3L/2 +Dê)) and

sup
k∈N∗
{ηk+1/ηk} ≤ 1 , sup

k∈N∗
{ηk/ηk+1} ≤ a1 , sup

k∈N∗
{|ηk − ηk+1| /η2

k} ≤ a2 . (2.10)

Consider (θk)k∈N defined by (2.3). Then for any n ∈ N∗,

E
[
∥h(θIn)∥2θIn

]
≤ 2

{
E [V (θ0)] + C(η1) + CêΓ(2)

n+1

}/
(c1Γn+1) + 2(b∞c/c1)2 + 2c2/c1 .

where In ∈ {0, . . . , n} is independent of Fn and with distribution defined by (2.5) and the
constants C(η1), Dê and Cê are given by (2.39), (2.40) and (2.41) in the appendix.

Proof. The proof of Theorem 2.5 is postponed to Section 2.5.5.

When the step size is ηk = □/(k +△)α, for some □,△ > 0 and α ∈ (0, 1], the same
conclusions of Theorem 2.4 can be drawn again.

We now give formal conditions that lead to MA 2(w). We gather them into two
assumptions, the first one concerns the family of Markov kernels and the second one
concerns the mean-field h and its observation H. A set C ∈ X is called small for a Markov
kernel Q in X×X when there exists m > 0 and a non-trivial measure νm on X such that
for any x ∈ C, B ∈ X , Qm(x,B) ≥ νm(B).

MA3 (w). The family of Markov kernels (Pθ)θ∈Θ and the measurable function w : X →
[1,+∞) satisfy one of the following conditions:
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(a) The family (Pθ)θ∈Θ is uniformly ergodic with constant uniform in θ, i.e. there exist
εP ∈ (0, 1) and CP ≥ 0 such that for any θ ∈ Θ, Pθ has a unique stationary distri-
bution πθ and for any x, x′ ∈ X, and k ∈ N, ∥δxP

k
θ − δx′P k

θ ∥TV ≤ CP (1 − εP )k. In
addition, there exists C ≥ 0 such that for any θ0, θ1 ∈ Θ, x ∈ X and geodesic curve
γ : [0, 1]→ Θ between θ0 and θ1, ∥δxPθ1 − δxPθ0∥TV ≤ Cℓ(γ).

(b) For any θ ∈ Θ, Pθ = P , where P is a Markov kernel on X × X . Moreover, there
exists w : X → [1,+∞), λ ∈ (0, 1), bw ≥ 0 such that for any x ∈ X, Pw(x) ≤
λw(x) + bw1C(x) where C ∈ X is a small set for P .

Since MA3(w)-(a) does not depend on the choice of w, we will simply denote it by
MA3-(a).

A5 (w). There exists a constant C ≥ 0 such that for any x ∈ X, and any θ0, θ1 ∈ Θ and
geodesic curve γ : [0, 1]→ Θ between θ0 and θ1,

sup
θ∈Θ
∥eθ(x)∥θ ≤ Cw

1/2(x) , and
∥∥eθ1(x)− Tγ

01eθ0(x)
∥∥

θ1
≤ Cℓ(γ)w1/2(x) . (2.11)

Proposition 2.6. Assume A1, MA1. Firstly, if, in addition, MA3(a) and A5(1) hold,
then MA2(1) holds, where 1 is the constant function equal to one on X. Secondly, if, in
addition, MA3(w)-(b) and A5(w) hold for a measurable function w : X→ [1,+∞), then
MA2(w) holds.

Proof. The proof is postponed to Section 2.5.4.

2.3 General Retraction SA Schemes

The previous section focused on the geodesic schemes (2.3) that require performing the
Riemannian exponential map Exp at each iteration. Evaluating the Exp map is often
computationally challenging. An alternative is to use a retraction map Ret : TΘ → Θ
that approximates the exponential. The main focus of this section is to analyze a retraction
SA scheme:

θn+1 = Retθn {ηn+1 (Hθn(Xn+1) + bθn(Xn+1))} , n ∈ N , (2.12)

given the initialization θ0 ∈ Θ, and Retθ stands for the restriction of Ret to TθΘ, θ ∈ Θ.
We first discuss the properties of retraction operators with some examples below.

2.3.1 Retraction and Quantitative Estimates of the Retraction Error

For any θ ∈ Θ, we denote the cut locus of θ by Cut(θ) ⊂ Θ (see Section 2.11.5). The
following assumptions are made on the retraction maps of interest:

R1. (i) For any θ ∈ Θ, Retθ(0θ) = θ, where 0θ is the zero element of TθΘ and
(DRet)θ(0θ) = Id.
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(ii) For any (θ, u) ∈ TΘ, Retθ(u) /∈ Cut(θ).

(iii) Θ is a homogeneous Riemannian manifold (see Section 2.11.7) with isometry group
G and for any g ∈ G, (θ, u) ∈ TΘ, g ·Retθ(u) = Retg·θ(g · u), where g · θ = g(θ) and
g · u = (Dg)θ(u) is a vector in Tg·uΘ.

R 1-(ii) ensures that the inverse exponential map is defined on Retθ(TθΘ); see Sec-
tion 2.11.6. Thus, the following function is well defined:

Φθ = Exp−1
θ ◦ Retθ : TθΘ→ TθΘ , (2.13)

which defines a bundle map Φ : TΘ→ TΘ. This mapping allows us to precisely measure
the quality of the approximation of the exponential map by the retraction through quanti-
tative bounds on the retraction error map Φθ − Idθ on TθΘ. Note that in the special case
when Ret ≡ Exp, we have Φθ ≡ Idθ, and the retraction error map is the null function.

R1-(i) roughly implies by a Taylor expansion that ∥Φθ(u)−u∥θ ≤ ∥u∥θ, for (θ, u) ∈ TΘ.
However as we shall see in the analysis, to ensure convergence of SA using retraction maps,
we need to establish a tighter bound, i.e. ∥Φθ(u) − u∥θ ≤ ∥u∥βθ , for (θ, u) ∈ TΘ, β ≥ 2.
It boils down to showing that the first non-zero term in the Taylor expansion is of order
higher than one. To obtain such a result, we consider the following assumptions, defining
regular first-order R2 and second-order R3 retraction; see [AM12].

R2. For any θ ∈ Θ, there exists L (1)(θ) ≥ 0, such that
∥∥(D2Φθ)tu(u, u)

∥∥
θ ≤ L (1)(θ) ∥u∥2θ,

for any u ∈ TθΘ and t ∈ [0, 1], where the function Φθ : TθΘ→ TθΘ is defined by (2.13).
R3. For any θ ∈ Θ, the following hold.
(i) Setting γ(t) = Retθ(tu) for t ∈ R and u ∈ TθΘ, the initial acceleration of the curve

γ satisfies Dtγ̇(0) = 0θ, where Dt is the covariant derivative along γ (see [Lee19,
Theorem 4.24]).

(ii) There exists L (2)(θ) ≥ 0, such that
∥∥(D3Φθ)tu(u, u, u)

∥∥
θ ≤ L (2)(θ) ∥u∥3θ, for any

u ∈ TθΘ and t ∈ [0, 1], where the function Φθ : TθΘ→ TθΘ is defined by (2.13).
Note R3 does not imply R2 nor vice versa. The following is a consequence of R2 or

R3:

Lemma 2.7. Assume R1 and let θ̃ ∈ Θ, it holds
(a) Under R2, ∥Φθ(u)− u∥θ ≤ L (1)(θ̃)∥u∥2θ for any (θ, u) ∈ TΘ.
(b) Under R3, ∥Φθ(u)− u∥θ ≤ L (2)(θ̃)∥u∥3θ for any (θ, u) ∈ TΘ.

Proof. The proof is postponed to Section 2.6.1.

We conclude this subsection by illustrating two examples of matrix manifolds with
retraction operators satisfying R1-R2-R3.

Example 2.8. (d-dimensional sphere Sd) For Θ = Sd = {x ∈ Rd+1 : ∥x∥ = 1}, we may
take (θ,u) ∈ TSd 7→ (θ + u)/ ∥θ + u∥ as a retraction map. We show in Section 2.6.2 that
R1-R2-R3 are satisfied for this example.
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Example 2.9. (Grassmannian manifold Grr(Rd)) For r ∈ {1, . . . , d−1}, let Θ = Grr(Rd)
be the set of r-dimensional subspaces over Rd. Note that Grr(Rd) is a compact (d − r)r-
dimensional manifold [Lee03, Example 21.21]. We represent it as the quotient of the non-
compact Stiefel manifold by the action of the linear group GLr(R), see Section 2.7.2 for a
full description of the manifold and its tangent space. We consider the canonical metric
(see [AMS04, Section 3.3]) defined for any [B] ∈ Grr(Rd), and D1,D2 ∈ T[B]Grr(Rd), by
gGr

[B](D1,D2) = Tr((B⊤B)−1D⊤
1 D2). The exponential map on Grr(Rd) corresponding to

this metric is given for any [B] ∈ Grr(Rd), D ∈ T[B]Grr(Rd) by

Exp[B](D) =
[(

B(B⊤B)−1/2V U
)(cos(Σ)

sin(Σ)

)]
, (2.14)

where exp(·) is the matrix exponential and D(B⊤B)−1/2 = UΣV⊤ is the compact singular
value decomposition (denoted SVD in the future, see [HP14, Theorem 1.46]), with U a
d×r matrix with orthonormal columns, meaning U⊤U = Ir, V a r×r orthogonal matrix,
and Σ a r× r diagonal matrix with nonnegative elements. See [AMS04, Theorem 3.6] for
the proof. A retraction map is then defined for any [B] ∈ Grr(Rd), D ∈ T[B]Grr(Rd) by

Ret[B](D) = [B + D] . (2.15)
This retraction operator is very natural from the geometrical point of view, as it is a formu-
lation of the parametrization of Grr(Rd) in a neighborhood of [B] (see Proposition 2.22).
It has also been considered in [AM12; Bon13] which discuss in details the computational
benefits of this approximation. In practice, to simplify the formulations of geodesics and
metric computations, we always consider orthonormal representatives for [B] ∈ Grr(Rd)
and [B + D], D ∈ T[B]Grr(Rd) by performing a Gram–Schmidt orthonormalization step
or by choosing Q in a QR decomposition B + D = QR.
Proposition 2.10. The projective retraction on the Grassmannian manifold Ret defined
by (2.15) satisfies R1-R2-R3.
Proof. The proof is postponed to Section 2.6.3.

Example 2.9 is important in our application of retraction SA to PCA problems to be
discussed in Section 2.4.1. Indeed, the retraction SA scheme that we consider with the
retraction map (2.15) corresponds to the famous Oja’s algorithm.

2.3.2 Analysis of Retraction SA Schemes

To analyze the retraction SA scheme in (2.12), we observe that it can be re-written as:
θn+1 = Expθn

{
ηn+1

(
Hθn(Xn+1) + bθn(Xn+1) + ∆θn,ηn+1(Xn+1)

)}
, (2.16)

where ∆θ,η(x) is the ‘retraction bias’ defined for any (θ, x) ∈ Θ× X and η > 0 by
∆θ,η(x) = η−1Φθ(η{Hθ(x) + bθ(x)})− {Hθ(x) + bθ(x)} . (2.17)

Our strategy for analyzing (2.12) is to incorporate the retraction bias in the analysis
as it is done for the geodesic SA scheme, using Lemma 2.7 and noting that ∆θ,η(x) =
η−1{Φθ(u) − u} with u = η{Hθ(x) + bθ(x)} for any θ ∈ Θ, x ∈ X and η > 0. Again, we
consider separately the martingale and Markovian settings.
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Martingale setting We shall strengthen this assumption first and consider for some
a > 0:

MD 2 (a). There exists m(a) ≥ 0 such that a.s. E[∥eθn(Xn+1)∥aθn
|Fn] ≤ m(a), for any

n ∈ N.
We acquire the following convergence result for (θn)n∈N.

Theorem 2.11. Assume A1-A2-A3-A4, R1, MD1 hold. Suppose either R2, MD2(4)
or R 3, MD 2(6). Consider (θk)k∈N defined by (2.12). Then, if supk∈N∗ ηk ≤ η, for η

defined in (2.99), for any n ∈ N

E
[
∥h(θIn)∥2θIn

]
≤ 2(c1Γn+1)−1{E [V (θ0)] + C

(2)
R Γ(2)

n+1 +A
(R)
n+1}+ 2(b∞ch∞ + c2)/c1 ,

where C(2)
R is given by (2.100), A(R)

n+1 = O(Γ(3)
n+1) is given by (2.104) and In ∈ {0, . . . , n}

is a random variable independent of Fn and distributed according to (2.5).

Proof. The proof is postponed to Section 2.8.2.

Theorem 2.11 shows that the bounds for the retraction scheme (2.16) and the geodesic
scheme (2.3) are (up to the precise definitions of constants) the same.

Markovian Setting : We strengthen MA2(w)-(b) as follows:
MA 4 (w). The Markov chain (Xk)k∈N∗ satisfies that supk∈N E

[
w3(Xk+1)

]
≤ C

(3)
w for

C
(3)
w ≥ 0.

Theorem 2.12. Assume A1-A2-A3-A4, R1, MA1-MA2(w)-MA4(w) hold for some
measurable function w : X→ [1,+∞). Suppose in addition that R2 or R3 holds. Assume
that (ηk)k∈N∗ is a sequence of stepsizes and a1, a2 ≥ 0 satisfying (2.10). Consider (θk)k∈N

defined by (2.12). Then, if supk∈N∗ ηk ≤ η, for η defined in (2.106), for any n ∈ N

E[∥h(θIn)∥2θIn
] ≤ 2(c1Γn+1)−1{E [V (θ0)] + C(η1) +D

(2)
R Γ(2)

n+1 +B
(R)
n+1}

+2(b∞ch∞ + c2)/c1 ,

C(η1), D(2)
R are given by (2.39)-(2.107), B(R)

n+1 = O(Γ(3)
n+1) by (2.112) and lastly In ∈

{0, . . . , n} is a random variable independent of Fn and distributed according to (2.5).

Proof. The proof is postponed to Section 2.8.3.

Again, the bounds are matched with those obtained in the martingale setting.

2.4 Applications
In this section, we illustrate our convergence analysis results on two examples: subspace
tracking method and robust barycenter problem.
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2.4.1 Principal Component Analysis

We consider an online principal component analysis (PCA) problem in which we aim at
estimating the r principal eigenvectors of a d × d covariance matrix A; see [CD18] and
the references therein. We assume that we have access to noisy data (Xn)n∈N∗ in Rd

which have covariance matrices close in some sense to A. More precisely, we consider the
following two cases.

HP1. (Xn)n∈N∗ is i.i.d., E[X1X
⊤
1 ] = A, and there exists m(12)

pca <∞ such that E[∥X1∥12] ≤
m(12)

pca .
HP2. (Xn)n∈N∗ is a Markov chain on Rd × B(Rd) with Markov kernel P and stationary
distribution π such that

∫
Rd xdπ(x) = 0 and A =

∫
Rd xx⊤dπ(x). In addition, there exists

w : X→ [1,+∞), λw ∈ (0, 1), bw ≥ 0 such that for any x ∈ X, Pw(x) ≤ λww(x)+bw1C(x)
where C ∈ B(Rd) is a small set for P . Finally, w satisfies supx∈Rd{∥x∥12 /w(x)} < +∞.

For B ∈ Str(Rd) and B⊥ ∈ Std−r(Rd) such that B⊤B⊥ = 0r×(d−r), consider Proj[B] =
B(B⊤B)−1B⊤ and Proj[B⊥] = B⊥(B⊤

⊥B⊥)−1B⊤
⊥ = Id − B(B⊤B)−1B⊤ the orthogonal

projection matrices on [B] ∈ Grr(Rd) and [B⊥] ∈ Grd−r(Rd) respectively. Online PCA in
the i.i.d. case has been tackled by, among others, e.g. [Bon13; Oja92; ZS16], [CD18, Section
5]. We consider two algorithms introduced in [Bon13, Section 4.1] to estimate A. In both
cases, PCA is considered as a stochastic minimization problem on the Grassmann manifold
(see Example 2.9) of r-dimensional linear subspaces of Rd, Grr(Rd), r ∈ {1, . . . , d−1} with
objective function

f([B]) = −Tr
(
B⊤AB(B⊤B)−1

)
/2 . (2.18)

Since Proj[B⊥] does not depend on the representative B ∈ [B], f defines a map on Grr(Rd).
Then, by [AMS04, Section 3.4], the gradient of f is given by

grad f([B]) = −
(
Id − Proj[B]

)
AB , for any [B] ∈ Grr(Rd) ,

Based on the exponential map (2.14) or the retraction (2.15), we consider the two recur-
sions [

B(E)
n+1

]
= Exp[B(E)

n ](ηn+1{Id − Proj[B(E)
n ]}{Xn+1X

⊤
n+1}B(E)

n ) , (2.19)[
B(Re)

n+1

]
= [B(Re)

n + ηn+1{Id − Proj[B(Re)
n ]}{Xn+1X

⊤
n+1}B(Re)

n ] . (2.20)

Recall that by Proposition 2.10, the retraction used for (2.20) satisfies R1-R2-R3.
Theorem 2.13. The schemes defined by (2.19) and (2.20), on the manifold Θ = Grr(Rd)
is of the form (2.2) with H[B](x) = {Id−B(B⊤B)−1B⊤}{xx⊤}B, and A1-A2-A3-A4 are
satisfied with the mean-field h← −grad f , Lyapunov function V ← f and c2 = b∞ = 0.
(a) Under HP1, (2.19) and (2.20) satisfy MD1-MD2(6). Thus, there exist some C > 0
and η > 0 such that if supk∈N∗ ηk ≤ η, then for any n ∈ N∗,

E
[
∥grad f(θIn)∥2θIn

]
≤ Γ−1

n+1

{
2E [f(θ0)] + CΓ(2)

n+1

}
, when using (2.19) ,

E
[
∥grad f(θIn)∥2θIn

]
≤ Γ−1

n+1

{
2E [f(θ0)] + C

(
Γ(2)

n+1 + Γ(3)
n+1

)}
, when using (2.20) .
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Here In ∈ {0, . . . , n} is a random variable independent from (Xk)k∈N∗ and θ0, with distri-
bution defined by (2.5). Moreover, the squared norm of the gradient can be expressed as
∥grad f(θIn)∥2θIn

= Tr(Proj[BIn ]AProj[(BIn )⊥]A), where, for any k ∈ N, Bk ∈ Str(Rd) and
(Bk)⊥ ∈ Std−r(Rd) are such that [Bk] = θk and B⊤

k (Bk)⊥ = 0.
(b) Consider HP 2 with its function w : X → [1,+∞), (2.19) and (2.20) satisfy MA
1-MA2(w)-MA4(w). Then, the same conclusion as (a) follows.

Proof. Note that A 1 is satisfied following for example [EAS98, Section 2.5]. Setting
h← −grad f and V ← −f , since f is smooth and Grr(Rd) is compact, it is easy to verify
that A2 is satisfied with c2 = 0.

In light of the above recursion, the noise vector field can be written as e[B](x) =
{Id −B(B⊤B)−1B⊤}(xx⊤ −A)B and the bias function is the null function b[B](x) = 0d,
for any [B] ∈ Grr(Rd), x ∈ Rd. We recall from Example 2.9 that the retraction operator in
(2.20) satisfies R1-R2-R3. We now verify the other assumptions to apply Theorems 2.4,
2.5, 2.11 and 2.12.
• Under HP1, MD1,MD2(6) hold.
• Under HP2, MA1 is automatically satisfied. We show in Proposition 2.32 that for

any x ∈ Rd, [B] 7→ e[B](x) satisfies (2.11). Finally, HP2 implies that for any [B] ∈ Grr(Rd)
and x ∈ Rd, ∥e[B](x)∥[B] ≤ Cw1/2(x)1, for some constant C ≥ 0. Therefore, HP2 and
an application of Proposition 2.6 shows that MA 2(w) is satisfied. Also, the explicit
expression for the noise e and HP2 implies that MA4 holds.

Theorem 2.13 shows that the schemes (2.19) and (2.20) converge to a zero of grad f
with convergence bounds provided by our main results since c2 = b∞ = 0.

2.4.2 Robust Barycenter in a Hadamard Manifold

Let Θ be a Hadamard manifold – a simply-connected, complete Riemannian manifold
of non-positive sectional curvature [Lee19, Propositions 8.29, 12.9]. We assume that the
sectional curvature of Θ is bounded below, −κ2 ≤ sec Θ ≤ 0. A common example of this
situation is Θ = S++

d (R), the space of real d × d symmetric positive-definite matrices,
equipped with its affine-invariant metric [PFA06]. Consider data points (Xn)n∈N∗ lying
on the Riemannian manifold Θ, i.e., Xn ∈ Θ, that are drawn from a distribution π. A
fundamental machine learning problem is to compute some kind of central value of π,
defined as an optimal solution to

minΘ f , where f(θ) =
∫

Θ ρ̃(θ, x)π(dx) for θ ∈ Θ , (2.21)

where ρ̃(θ, x) is some Riemannian dissimilarity measure. For instance, the Riemannian
barycenter, also called the Fréchet mean, is obtained by taking ρ̃(θ, x) = ρ2

Θ(θ, x) where
ρΘ : Θ×Θ→ R+ is the Riemannian distance of Θ [GV08; Mat+19].

The Riemannian barycenter is known to be sensitive to outliers, which motivated the
idea of considering the Riemannian median, obtained by taking ρ̃(θ, x) = ρΘ(θ, x) [ABY13].

1∥e[B](x)∥[B] is the norm the tangent vector e[B](x) associated with the Riemannian metric of Grr(Rd)
given in Example 2.9 and ∥x∥ is the Euclidean norm of x.
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We consider a robust barycenter by using a Huber-like dissimilarity measure, ρH : Θ×Θ→
R+, defined for any θ0, θ1 ∈ Θ by ρH(θ0, θ1) = δ2 [1+{ρΘ(θ0, θ1)/δ}2 ]1/2 − δ2, where δ > 0
is a cut-off constant. Observe that ρH(θ0, θ1) behaves like (1/2) ρ2

Θ(θ0, θ1) when ρΘ(θ0, θ1)
is small compared to δ, and like δρΘ(θ0, θ1) when ρΘ(θ0, θ1) is large compared to δ. Using
ρH in the optimization problem (2.21) yields a robust barycenter problem, and the robust
barycenter is a global minimizer of (2.21). We say that a continuously differentiable func-
tion f : Θ → R is strictly geodesically convex, or strictly g-convex in short, when for any
θ0, θ1 ∈ Θ with θ0 ̸= θ1, f(θ1) > f(θ0) + ⟨Exp−1

θ0
(θ1), grad f(θ0)⟩θ0 .

Proposition 2.14. Let Θ be a Hadamard manifold with sectional curvature
bounded from below, and let π be a probability distribution on Θ. Assume there exists some
τ ∈ Θ such that ∫

Θ
ρΘ(τ, x)π(dx) < +∞ . (2.22)

Then, the function f : Θ → R+ given by (2.21) taking the Huber-like dissimilarity ρH :
(θ0, θ1) 7→ δ2 [1 + {ρΘ(θ0, θ1)/δ}2 ]1/2 − δ2 is geodesically strictly convex. Moreover, f has
a unique global minimizer θ∗ ∈ Θ. In other words, π has a unique robust barycenter θ∗.

Proof. The proof is postponed to Section 2.9.2.

In the case where (Xn)n∈N∗ is either an i.i.d. sequence or is given by an ergodic Markov
chain with stationary distribution π satisfying MA2, tackling the problem (2.21) can be
done by considering the following geodesic SA scheme:

θn+1 = Expθn
(ηn+1 Exp−1

θn
(Xn+1)/[1 + {ρΘ(θn , Xn+1)/δ}2 ]1/2) . (2.23)

The above is the “recursive barycenter” scheme proposed by [Arn+12; Stu03], except that
a move in the direction of a new observation Xn+1 is attenuated when this new observation
lies too far from the current estimate θn . This means that less weight is assigned to extreme
observations. Note that this strategy and the scheme (2.23) have been also considered in
[Cha+20] to solve PCA in a robust manner.

Proposition 2.15. Let Θ be a Hadamard manifold with sectional curvature
bounded below by −κ2. Furthermore, consider f given by (2.21) as the Lyapunov function
for the stochastic approximation scheme (2.23). Then A2, A3 and A5(1) are satisfied,
with c = c = 1, L = 1 + δκ, and b∞ = 0. Moreover, if the family (Xn)n∈N∗ is i.i.d. with
distribution π, then MD1 is satisfied, with σ0 = δ2 and σ1 = 0.

Proof. The proof is postponed to Section 2.9.2

This means that in the i.i.d. setting, Theorem 2.4 can be used, and in the Markovian
case, we only require MA 1 and MA 3(w)-(b) for some measurable function w : Θ →
[1,+∞), to satisfy the assumptions of Theorem 2.5. Furthermore, (2.23) finds a unique
and global minimizer to (2.21).
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Figure 2.1: {E[∥grad f(B(Re)
In

)∥[Bn]]}n for ηn = □/(n+△)α in the i.i.d. setting

2.4.3 Numerical Examples on the PCA Problem

We illustrate our results on a PCA problem on Grr(Rd) with r = 8 and d = 50 using the
two settings HP1 and HP2. We use both the retraction map (2.15) and the recursion
(2.20).

We first consider the case where (Xn)n∈N∗ is i.i.d. with zero-mean Gaussian distribu-
tion and covariance matrix A. For our experiments, A is a randomly sampled symmetric
matrix with eigenvalues in

[
10−6, 10

]
. Note that HP 1 holds. In Figure 2.1 we illus-

trate the convergence bounds provided by Theorem 2.11. This figure shows a Monte
Carlo estimation of {E[∥grad f(B(Re)

In
)∥[Bn]] : n ∈ {1, . . . , 105}} for the step-size sequences

ηn = □/(n +△)α, α ∈ {0.3, 0.5, 0.8}. We can observe that the convergence bounds pro-
vided by Theorem 2.11 which are of order O(1/nα∧(1−α)) for α ∈ (0, 1/2) ∪ (1/2, 1), and
O(log(n)/

√
n) are met.

In a second experiment, we assume that (Xn)n∈N∗ is a Markov chain, with state space
Rd, satisfying the recursion for any k ∈ N, Xk+1 = MXk + εk+1, where M ∈ Rd×d and
(εk)k∈N∗ is a sequence of i.i.d. random variables with zero-mean Gaussian distribution and
covariance matrix A. The matrix M is chosen so that its spectral radius is strictly less
than 1, which implies that HP2 is satisfied; see Section 2.9.3. The stationary distribution
is zero-mean Gaussian with covariance matrix satisfying the discrete Riccati equation:
Σπ = MΣπM⊤ + A. Similarly to the i.i.d. setting and with the same parameter choices,
the convergence bounds provided by Theorem 2.12 are illustrated in Figure 2.2.
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2.5 Proofs for Section 2.2

2.5.1 Proof of Lemma 2.1

The proof uses results on parallel transport and geodesics on a Riemannian manifold. For
reader convenience, these concepts are recalled in Section 2.11.1 and 2.11.4.

Using γ(0) = θ0, γ(1) = θ1, by a Taylor expansion of V ◦ γ and the definition of the
Riemaniann gradient (see Section 2.11.8), we have

V (θ1)− V (θ0) =
∫ 1

0
⟨gradV (γ(t)), γ̇(t)⟩γ(t) dt =

∫ 1

0

〈
gradV (γ(t)),Tγ

0tγ̇(0)
〉
γ(t) dt ,

where we have used for the last equality the uniqueness of the parallel transport [Lee19,
Theorem 4.32] and that γ is a geodesic. Therefore, we obtain, using that the parallel
transport is a linear isometry [Lee19, Proposition 5.5], that∣∣∣V (θ1)− V (θ0)− ⟨gradV (θ0), γ̇(0)⟩γ(0)

∣∣∣
≤
∫ 1

0

∣∣∣〈gradV (γ(t)),Tγ
0tγ̇(0)

〉
γ(t) − ⟨gradV (γ(0)), γ̇(0)⟩γ(0)

∣∣∣ dt ,
=
∫ 1

0

∣∣∣〈gradV (γ(t))− Tγ
0tgradV (γ(0)),Tγ

0tγ̇(0)
〉
γ(t)

∣∣∣ dt ,
≤ L

∫ 1

0
ℓ
(
γ [0,t]

) ∥∥Tγ
0tγ̇(0)

∥∥
γ(t) dt ≤ Lℓ(γ)

∫ 1

0
ℓ(γ)t dt ,

where we have used that since γ is a geodesic Tγ
0tγ̇(0) = γ̇(t) and by [Lee19, Corollary

5.6], ∥γ̇(t)∥γ(t) = ℓ(γ), and ℓ(γ [0,t]) = tℓ(γ) by [Lee19, Lemma 5.18].

2.5.2 A technical lemma: proof of Lemma 2.3

For any k ≥ 0 and t ∈ [0, 1], consider γ(k)(t) = Expθk
{tηk+1(Hθk

(Xk+1) + bθk
(Xk+1))}.

Note that γ̇(k)(0) = ηk+1{Hθk
(Xk+1)+bθk

(Xk+1)} and ℓ(γ(k)) = ηk+1 ∥Hθk
(Xk+1) + bθk

(Xk+1)∥θk
.
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Then, by Lemma 2.1, (2.8) and using that for any θ ∈ Θ, a, b, c ∈ TθΘ, ∥a+ b+ c∥2θ ≤
3(∥a∥2θ + ∥b∥2θ + ∥c∥2θ) , we get that for any k ≥ 0,∣∣∣V (θk+1)− V (θk)− ηk+1 ⟨gradV (θk), Hθk

(Xk+1) + bθk
(Xk+1)⟩θk

∣∣∣ ≤ (L/2)ℓ(γ(k))2 ,

= (Lη2
k+1/2) ∥Hθk

(Xk+1) + bθk
(Xk+1)∥2θk

,

≤ (3L/2)η2
k+1

{
∥h(θk)∥2θk

+ ∥bθk
(Xk+1)∥2θk

+ ∥eθk
(Xk+1)∥2θk

}
.

Therefore, we get that for any k ∈ N,

− ηk+1 ⟨gradV (θk), h(θk)⟩θk

≤ V (θk)− V (θk+1) + ηk+1 ⟨gradV (θk), eθk
(Xk+1) + bθk

(Xk+1)⟩θk

+ (3L/2)η2
k+1

{
∥h(θk)∥2θk

+ ∥bθk
(Xk+1)∥2θk

+ ∥eθk
(Xk+1)∥2θk

}
.

(2.24)

By A2-(a) and the Cauchy-Schwarz inequality, we obtain for any k ∈ N∗ and ε > 0,

⟨gradV (θk), bθk
(Xk+1)⟩θk

≤ c2ε∥h(θk)∥2θk
+ (1/4ε)∥bθk

(Xk+1)∥2θk
.

Thus, plugging this in (2.24) and using the first inequality in A2-(a) gives,

ηk+1(c1 − (3L/2)ηk+1 − c2ε) ∥h(θk)∥2θk

≤ V (θk)− V (θk+1) + ηk+1c2 + ηk+1 ⟨gradV (θk), eθk
(Xk+1)⟩θk

+ [ηk+1/4ε+ (3L/2)η2
k+1] ∥bθk

(Xk+1)∥2θk
+ (3L/2)η2

k+1 ∥eθk
(Xk+1)∥2θk

.

Adding these inequalities from 0 to n and rearranging terms concludes the proof.

2.5.3 Proof of Theorem 2.4

Let n ∈ N∗. First note that for any k ∈ N, E[∆Mk] = 0, using that θk is Fk-measurable
and MD1. Therefore, taking the expectation in the inequality given by Lemma 2.3 and
∥bθk

(Xk+1)∥θk
≤ b∞ using A3, we obtain

n∑
k=0

ηk+1(c1 − (3L/2)ηk+1 − c2ε)E
[
∥h(θk)∥2θk

]
≤ E [V (θ0)] + c2Γn+1

+ (3L/2)
n∑

k=0
η2

k+1E
[
∥eθk

(Xk+1)∥2θk

]
+ b2

∞

n∑
k=0

ηk+1
{

(4ε)−1 + (3L/2)ηk+1
}
.

Since for any k ∈ N, E[∥eθk
(Xk+1)∥2θk

] ≤ σ2
0 + σ2

1 ∥h(θk)∥2θk
using that θk is Fk-measurable

and MD1, we get
n∑

k=0
ηk+1(c1 − c2ε− (3L/2){1 + σ2

1}ηk+1)E
[
∥h(θk)∥2θk

]
≤ E [V (θ0)] + c2Γn+1 + 3Lσ2

0Γ(2)
n+1/2 + b2

∞{Γn+1/(4ε) + 3LΓ(2)
n+1/2} .
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Taking ε = c1/(4c2) and dividing by Γn+1, we get

Γ−1
n+1

n∑
k=0

ηk+1(3c1/4− (3L/2){1 + σ2
1}ηk+1)E

[
∥h(θk)∥2θk

]
≤ E [V (θ0)] /Γn+1 + 3LΓ(2)

n+1{σ
2
0 + b2

∞}/(2Γn+1) + c2 + b2
∞c

2/c1 .

The proof is then completed using that for any k ∈ N∗, (c1/4− (3L/2)(1 + σ2
1)ηk+1) ≥ 0

and (2.5).

2.5.4 Proof of Proposition 2.6

Assume first MA1, MA3(a) and A5(1). Setting w = 1, we prove that MA2(1) holds.
Since e∞ = supx∈X,θ∈Θ ∥eθ(x)∥θ is finite because of A5(1), then MA2(1)-(a)-(b) hold.
Note that the condition for any θ ∈ Θ, x, x′ ∈ X, ∥δxP

k
θ −δx′P k

θ ∥TV ≤ CP (1−εP )k implies,
since πθ is the unique stationary distribution for Pθ, using Jensen inequality,

∥δxP
k
θ − πθ∥TV ≤ CP (1− εP )k . (2.25)

Therefore, the function ê given for any θ ∈ Θ and x ∈ X,

êθ(x) =
+∞∑
k=0
{P k

θ eθ(x)− πθ(eθ)} , (2.26)

is well defined using the Minkowski’s integral inequality for any x ∈ X, θ ∈ Θ,

∥êθ(x)∥θ ≤
+∞∑
k=0
∥P k

θ eθ(x)− πθ(eθ)∥θ = e∞

+∞∑
k=0
∥δxP

k
θ − πθ∥TV ≤ CP e∞/εP . (2.27)

Then, MA2(1)-(c) holds.
To prove MA2(1)-(d), since ê satisfies (2.9) and e satisfies (2.11), it is sufficient to

show that there exists D1 ≥ 0 such that∥∥êθ1(x)− Tγ
01êθ0(x)

∥∥
θ1
≤ D1ℓ(γ) ,

for any x ∈ X, θ0, θ1 ∈ Θ and γ a geodesic between θ0 and θ1. Consider θ0, θ1 ∈ Θ
and γ a geodesic between θ0 and θ1. Note that by (2.26), A 5(1) and using that the
parallel transport associated with the Levi-Civita connection is a linear isometry [Lee19,
Proposition 5.5] and the same argument as proving (2.27) for any x ∈ X, setting ∆eθ(x) =
eθ1(x)− Tγ

01eθ0(x) and using ∥∆eθ(x)∥θ ≤ Cℓ(γ),∥∥êθ1(x)− Tγ
01êθ0(x)

∥∥
θ1

≤
+∞∑
k=0

∥∥∥P k
θ1eθ1(x)− Tγ

01P
k
θ0eθ0(x)− (πθ1(eθ1)− Tγ

01πθ0(eθ0))
∥∥∥

θ1

≤
+∞∑
k=0

∥∥∥P k
θ1∆eθ(x)− πθ1(∆eθ)

∥∥∥
θ1

+
+∞∑
k=0

∥∥∥[P k
θ1 − P

k
θ0 ](eθ0)(x)− [πθ1 − πθ0 ](eθ0)

∥∥∥
θ0

≤ CCP ℓ(γ)/εP +
+∞∑
k=0

∥∥∥[P k
θ1 − P

k
θ0 ](eθ0)(x)− [πθ1 − πθ0 ](eθ0)

∥∥∥
θ0
.

48



2.5. Proofs for Section 2.2

It remains to show that there exists D2 ≥ 0 such that
+∞∑
k=0

∥∥∥[P k
θ1 − P

k
θ0 ](eθ0)(x)− [πθ1 − πθ0 ](eθ0)

∥∥∥
θ0
≤ D2ℓ(γ) , (2.28)

which follows from MA3-(a), (2.25) and the following decomposition,

[P k
θ1 − P

k
θ0 ](eθ0)(x)− [πθ1 − πθ0 ](eθ0) = −πθ1P

k
θ0eθ0 + πθ0(eθ0)

+
k−1∑
i=0
{δxP

k−i−1
θ1

− πθ1}[Pθ1 − Pθ0 ]{P i
θ0 − πθ0}eθ0 .

(2.29)

To obtain (2.29), expand the summation ∑k−1
i=0 P

k−i−1
θ1

(Pθ1 −Pθ0)P i
θ0

and change the vari-
ables in the second sum, for any k ∈ N, to get,

k−1∑
i=0

P k−i−1
θ1

(Pθ1 − Pθ0)P i
θ0 =

k−1∑
i=0

P k−i
θ1

P i
θ0 −

k∑
i=1

P k−i
θ1

P i
θ0 = P k

θ1 − P
k
θ0 . (2.30)

In order to use (2.25), we note that ∑k−1
i=0 P

k−i−1
θ1

(Pθ1 − Pθ0)P i
θ0

= ∑k−1
i=0 P

k−i−1
θ1

(Pθ1 −
Pθ0){P i

θ0
− πθ0} because Pθ1πθ0 = Pθ0πθ0 = πθ0 , and secondly that πθ1

∑k−1
i=0 (Pθ1 −

Pθ0){P i
θ0
− πθ0} = πθ1 − πθ1P

k
θ0

. To bound (2.29) in order to obtain the announced bound
(2.28), we use the triangle inequality and look at two separate terms. Let Ak(x, θ0, θ1) =∑k−1

i=0 {δxP
k−i−1
θ1

− πθ1}[Pθ1 − Pθ0 ]{P i
θ0
− πθ0}eθ0 . Using (2.25) and MA 3-(a), for any

k ∈ N, x ∈ X, θ0, θ1 ∈ Θ,

∥Ak(x, θ0, θ1)∥θ0
≤

k−1∑
i=0
∥δxP

k−i−1
θ1

− πθ1∥TV sup
y∈X

∥∥∥δy[Pθ1 − Pθ0 ]{P i
θ0 − πθ0}eθ0

∥∥∥
θ0

≤
k−1∑
i=0

CP (1− εP )k−i−1 sup
y,z∈X

∥δyPθ1 − δyPθ0∥TV∥δzP
i
θ0 − πθ0∥TVe∞

≤ CC2
P e∞k(1− εP )k−1ℓ(γ) . (2.31)

Secondly, for any k ∈ N, x ∈ X, θ0, θ1 ∈ Θ, using [Dou+18, Corollary D.2.5], for the
measures (πθ0 , πθ1) and the bounded function x 7→ δxP

k
θ0

(eθ0),∥∥∥πθ0(eθ0)− πθ1P
k
θ0(eθ0)

∥∥∥
θ0

=
∥∥∥πθ0P

k
θ0(eθ0)− πθ1P

k
θ0(eθ0)

∥∥∥
θ0

≤ ∥πθ0 − πθ1∥TV sup
x,y∈X

∥∥∥δxP
k
θ0(eθ0)− δyP

k
θ0(eθ0)

∥∥∥
θ0

≤ ∥πθ0 − πθ1∥TVCP (1− εP )ke∞ . (2.32)

Moreover, for any ℓ ∈ N∗ and x ∈ X, using (2.25),

∥πθ0 − πθ1∥TV ≤ ∥πθ0 − δxP
ℓ
θ0∥TV + ∥δxP

ℓ
θ0 − δxP

ℓ
θ1∥TV + ∥δxP

ℓ
θ1 − πθ1∥TV

≤ 2CP (1− εP )ℓ + ∥δxP
ℓ
θ0 − δxP

ℓ
θ1∥TV . (2.33)
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Now, taking any function f : X → R such that supX |f | ≤ 1 and using (2.30), (2.25) and
MA3-(a) we have

∣∣∣(δxP
ℓ
θ1 − δxP

ℓ
θ0

)
f
∣∣∣ =

∣∣∣∣∣
ℓ−1∑
i=0

δxP
ℓ−i−1
θ1

(Pθ1 − Pθ0){P i
θ0 − πθ0}f

∣∣∣∣∣
≤

ℓ−1∑
i=0

∥∥∥δxP
ℓ−i−1
θ1

∥∥∥
TV

sup
y,z∈X

∥δy(Pθ1 − Pθ0)∥TV

∥∥∥δzP
i
θ0 − πθ0

∥∥∥
TV

≤
ℓ−1∑
i=0

Cℓ(γ)CP (1− εP )i ≤ CCP ℓ(γ)/εP . (2.34)

Taking the supremum over f in (2.34), we obtain

∥δxP
ℓ
θ0 − δxP

ℓ
θ1∥TV ≤ CCP ℓ(γ)/εP . (2.35)

Plugging (2.35) in (2.33) and taking ℓ→∞, we have ∥πθ0−πθ1∥TV ≤ CCP ℓ(γ)/εP which,
combined with (2.32), gives∥∥∥πθ0(eθ0)− πθ1P

k
θ0(eθ0)

∥∥∥
θ0
≤ CC2

P e∞(1− εP )kℓ(γ)/εP . (2.36)

Combining (2.31) and (2.36) into (2.29) brings the desired result (2.28) forD2 = CCP e∞/ε
2
P .

This concludes the first point of Proposition 2.6.
Now, for the second point of Proposition 2.6, assume there exists a measurable function

w : X → [1,+∞) such that MA3(w)-(b) and A5(w) hold. By assumption, MA2(w)-
(a) holds. Besides, by a straightforward induction for any x ∈ X, k ∈ N∗, P kw(x) ≤
λkw(x) + bw

∑k−1
i=0 λ

i ≤ λkw(x) + bw/(1− λ) and therefore MA2(w)-(b) holds. By MA
3(w)-(b), for any θ ∈ Θ, Pθ = P , πθ = π for some probability distribution π on (X,X ).
In addition, using Jensen inequality, for any x ∈ X, Pw1/2(x) ≤ λ1/2w1/2(x) + b1/2

w 1C(x).
By [MT09, Theorem 16.0.1], there exist D2 ≥ 0 and ρ ∈ [0, 1) such that for any x ∈ X,

∥δxP
k − π∥w1/2 ≤ C ′

pρ
k
Pw

1/2(x) . (2.37)

Therefore, ê given by (2.26) is well defined since for any θ ∈ Θ and x ∈ X, using the
Minkowski’s inequality and (2.11),

∥êθ(x)∥θ ≤
+∞∑
k=0
∥P keθ(x)− πθ(eθ)∥θ

= e∞

+∞∑
k=0
∥δxP

k − π∥w1/2

≤ C ′
P e∞w

1/2(x)/(1− ρP ) . (2.38)

Then, MA2(w)-(c) holds.
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To prove MA2(w)-(d), since ê satisfies (2.9), it is sufficient to show that there exists
D3 ≥ 0 such that

∥∥êθ1(x)− Tγ
01êθ0(x)

∥∥
θ1
≤ D3w

1/2(x)ℓ(γ). Note that by (2.26)-(2.11)-
(2.37) and using that the parallel transport associated with the Levi-Civita connection is
a linear isometry [Lee19, Proposition 5.5] and the same argument as proving (2.38) for
any x ∈ X, setting ∆eθ(x) = eθ1(x)− Tγ

01eθ0(x),

∥∥êθ1(x)− Tγ
01êθ0(x)

∥∥
θ1
≤

+∞∑
k=0

∥∥∥P keθ1(x)− Tγ
01P

keθ0(x)− (π(eθ1)− Tγ
01π(eθ0))

∥∥∥
θ1

=
+∞∑
k=0

∥∥∥P k∆eθ − π(∆eθ)
∥∥∥

θ1
≤ C ′

PCℓ(γ)w1/2(x)
+∞∑
k=0

ρk
P ,

which completes the proof.

2.5.5 Proof of Theorem 2.5

Under A1-A2-A3-MA2(w) and for a sequence of step sizes (ηk)k∈N∗ , consider the con-
stants Dê, C(η1) and C0

ê defined as follows:

C(η1) = cê∞(η1 + 2) , (2.39)

if w is bounded by w∞ = supX w,

Dê = ê∞CwL+ 2ca2 + cê∞Cw + Lêcw∞[1 + a1(e∞ + b∞)] ,
Cê = C0

ê + (3L/2)(b2
∞ + e2

∞Cw) ,
C0

ê = Lê∞Cw(e∞ + b∞) + LêcCw(e∞ + b∞) ;
(2.40)

if A4 holds,

Dê = ê∞CwL+ 2ca2 + cê∞Cw ,

Cê = C0
ê + (3L/2)(b2

∞ + e2
∞Cw) ,

C0
ê = Lê∞Cw(e∞ + b∞) + LêcCw[(e∞ + b∞){a1h

2
∞ + 1}+ h2

∞] .
(2.41)

Lemma 2.16. Assume A1-A2-A3-MA1-MA2(w) hold for some measurable function
w : [1,+∞). Assume in addition either supx∈X w(x) = w∞ < +∞ or A4. Let (ηk)k∈N∗

be a sequence satisfying (2.10) and set for any k ∈ N, ∆Mk = ⟨gradV (θk), eθk
(Xk+1)⟩θk

.
Consider (θk)k∈N defined by (2.3). Then,

|E[∑n
k=0 ηk+1∆Mk]| ≤ Dê

∑n
k=0 η

2
k+1E

[
∥h(θk)∥2θk

]
+ C0

ê Γ(2)
n+1 + C(η1) .

Proof. Consider the measurable function ê : Θ × X → TΘ which satisfies MA2(w) and
for any k ∈ N, consider γ(k+1) : [0, 1] → Θ the geodesic between θk and θk+1 defined
by γ(k+1)(t) = Exp{tηk+1(Hθk

(Xk+1) + bθk
(Xk+1))} for any t ∈ [0, 1]. Note that for any

k ∈ N,
ℓ(γ(k+1)) = ηk+1 ∥Hθk

(Xk+1) + bθk
(Xk+1)∥θk

. (2.42)
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Using that the parallel transport associated with the Levi-Civita connection is a linear
isometry [Lee19, Proposition 5.5] and (Tγ

01)−1 = Tγ
10 by uniqueness of parallel transport

[Lee19, Theorem 4.32], we obtain the following decomposition

E

[
−

n∑
k=0

ηk+1∆Mk

]
= −E

[ 5∑
i=1

Ai

]
,

where

A1 =
n∑

k=1
ηk+1 ⟨gradV (θk), êθk

(Xk+1)− Pθk
êθk

(Xk)⟩θk
,

A2 =
n∑

k=1
ηk+1

〈
gradV (θk), Pθk

êθk
(Xk)− Tγ(k)

01 Pθk−1 êθk−1(Xk)
〉

θk

,

A3 =
n∑

k=1
ηk+1

〈
Tγ(k)

10 gradV (θk)− gradV (θk−1), Pθk−1 êθk−1(Xk)
〉

θk−1
,

A4 =
n∑

k=1
(ηk+1 − ηk)

〈
gradV (θk−1), Pθk−1 êθk−1(Xk)

〉
θk−1

,

A5 = η1 ⟨gradV (θ0), êθ0(X1)⟩θ0
− ηn+1 ⟨gradV (θn), Pθn êθn(Xn+1)⟩θn

.

We now bound each term of this decomposition. Note that A2 is the only term which
will be bounded differently depending on either the assumption supx∈X w(x) = w∞ < +∞
or A 4. That is why we deal first with Ai, i ∈ {1, . . . , 5} \ {2}. Note that using MA
1 and MA2(w)-(c), we obtain E[⟨gradV (θk), êθk

(Xk+1) − Pθk
êθk

(Xk)⟩θk
|Fk] = 0 for any

k ∈ {1, . . . , n}, and therefore
E [A1] = 0 . (2.43)

Using the Cauchy-Schwarz inequality, A2-(b), the definition of e (2.8), A3, MA2(w)-(a)-
(c) and Jensen’s inequality, we obtain

|A3| ≤ L
n∑

k=1
ηk+1ℓ(γ(k))∥Pθk−1 êθk−1(Xk)∥θk−1

≤ L
n∑

k=1
ηkηk+1

{
∥Hθk−1(Xk)∥θk−1 + ∥bθk−1(Xk)∥θk−1

}
∥Pθk−1 êθk−1(Xk)∥θk−1 ,

≤ Lê∞

n∑
k=1

ηkηk+1
(
e∞w

1/2(Xk) + b∞ + ∥h(θk−1)∥θk−1

)
Pθk−1w

1/2(Xk) .

Taking the expectation, using MA2(w)-(b), that (ηk)k∈N∗ satisfies (2.10) and the Cauchy-
Schwarz inequality brings,

E [|A3|] ≤ Lê∞Cw{[e∞ + b∞]Γ(2)
n+1 +∑n

k=1 η
2
kE[∥h(θk−1)∥2θk−1

]} . (2.44)
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Using the Cauchy-Schwarz and Jensen inequality, A2-(a), MA2(w)-(c), for any a, b ∈ R,
|ab| ≤ (a2 + b2)/2 and that (ηk)k∈N∗ satisfies (2.10), we have

|A4| ≤ c
n∑

k=1
|ηk+1 − ηk| ∥h(θk−1)∥θk−1∥Pθk−1 êθk−1(Xk)∥θk−1 ,

≤ 2cê2
∞

n∑
k=1
|ηk+1 − ηk| {Pθk−1w

1/2(Xk)}2 + 2ca2

n∑
k=1

η2
k∥h(θk−1)∥2θk−1 .

Taking the expectation, using MA2(w)-(b) and (ηk)k∈N∗ is non-increasing bring,

E [|A4|] ≤ 2cê2
∞Cwη1 + 2ca2

∑n
k=1 η

2
kE[∥h(θk−1)∥2θk−1

] . (2.45)

Finally, using A2-(a), MA2(w)-(c) and Jensen’s inequality, we obtain,

|A5| ≤ η1c ∥h(θ0)∥θ0
∥êθ0(X1)∥θ0

+ ηn+1c ∥h(θn)∥θn
Pθn ∥êθn∥θn

(Xn+1) ,

≤ cê∞
{
η1w

1/2(X1) ∥h(θ0)∥θ0
+ ηn+1Pθnw

1/2(Xn+1) ∥h(θn)∥θn

}
.

Taking the expectation, using the Cauchy-Schwarz inequality, MA2(w)-(b) and that for
any a ∈ R, a ≤ a2 + 1 brings,

E[|A5|] ≤ cê∞(η1C
1/2
w E[∥h(θ0)∥2θ0

]1/2 + ηn+1C
1/2
w E[∥h(θn)∥2θn

]1/2) ,
≤ cê∞(2 + η2

1CwE[∥h(θ0)∥2θ0
] + η2

n+1CwE[∥h(θn)∥2θn
]) ,

≤ cê∞(2 + Cw
∑n

k=0 η
2
k+1E[∥h(θk)∥2θk

]) . (2.46)

It remains to treat A2 depending on the additional two conditions we consider. We start
by proving a general bound which hold. Using the Cauchy-Schwarz inequality, (2.42), MA
2(w)-(a)-(c)-(d), (2.42) and A2-(a), we get

|A2|

≤ Lê

n∑
k=1

ηk+1ηkw
1/2(Xk) ∥gradV (θk)∥θk

{
∥Hθk−1(Xk)∥θk−1 + ∥bθk−1(Xk)∥θk−1

}
,

≤ Lêc
n∑

k=1
ηk+1ηkw

1/2(Xk) ∥h(θk)∥θk
{e∞w

1/2(Xk)

+ ∥h(θk−1)∥θk−1
+ ∥bθk−1(Xk)∥θk−1} .

Using that (ηk)k∈N∗ satisfies (2.10), A3 and for any a, b ∈ R, |ab| ≤ (a2 + b2)/2, we obtain

|A2| ≤ Lêc
n∑

k=1
η2

k ∥h(θk)∥θk

(
e∞w(Xk) + b∞w

1/2(Xk)
)

+ (Lêc/2)
n∑

k=1
w1/2(Xk)

(
∥h(θk)∥2θk

η2
k+1 + ∥h(θk−1)∥2θk−1

η2
k

)
.
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Changing the index in the second sum, using that for any x ∈ X, w1/2(x) ≤ w(x) since
w(x) ≥ 1, for any a ∈ R, a ≤ a2 + 1 on ∥h(θk)∥θk

and the second inequality in (2.10) we
get

|A2| ≤ Lêc
n∑

k=1
η2

kw(Xk)(e∞ + b∞)

+ Lêc
n∑

k=0
η2

k+1 ∥h(θk)∥2θk
([w(Xk) + w(Xk+1)]/2 + a1w(Xk)[e∞ + b∞]) .

Now, taking the full expectation and using MA2(w)-(b) brings

E [|A2|] ≤ Lêc(e∞ + b∞)CwΓ(2)
n+1

+ Lêc
n∑

k=1
η2

k+1E
[
∥h(θk)∥2θk

({1/2 + a1(e∞ + b∞)}w(Xk) + w(Xk+1)/2)
]
.

We now distinguish the two cases. If supx∈X w(x) = w∞ < +∞, we obtain

E [|A2|] ≤ Lêc(e∞ + b∞)CwΓ(2)
n+1 +Lêcw∞{1 +a1(e∞ + b∞)}

n∑
k=1

η2
k+1E[∥h(θk)∥2θk

] . (2.47)

If A4 holds, we get

E [|A2|] ≤ Lêc
[
(e∞ + b∞){h2

∞a1 + 1}+ h2
∞

]
CwΓ(2)

n+1 . (2.48)

Combining (2.43)-(2.44)-(2.45)-(2.46)-(2.47)-(2.48), completes the proof.

Proof of Theorem 2.5. The proof only consists in applying Lemma 2.3 taking ε = c1/(4c2),
Lemma 2.16 using supk∈N∗ ηk ≤ c1/(4(3L/2 +Dê)) and A3-MA2(w)-(a)-(b).

2.6 Proofs for Section 2.3.1

2.6.1 Proof of Lemma 2.7

We preface the proof of the Lemma by a preliminary result which does not assume R
1-(iii).

Lemma 2.17. Assume R1-(i)-(ii) hold.

(a) For any (θ, u) ∈ TΘ, setting γ(t) = Retθ(tu) for t ∈ R+, we have,

Dtγ̇(0) = (D2Φθ)0θ
(u, u) . (2.49)

(b) Under R2, ∥Φθ(u)− u∥θ ≤ L (1)(θ)∥u∥2θ/2 for any (θ, u) ∈ TΘ.

(c) Under R3, ∥Φθ(u)− u∥θ ≤ L (2)(θ)∥u∥3θ/6 for any (θ, u) ∈ TΘ.
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Proof. (a) The proof relies on the use of normal coordinates with origin at θ [Lee19,
Chapter 5]. These coordinates are smooth and simply defined identifying TθΘ with Rd

through Exp−1
θ . More precisely, setting an orthonormal basis {bi : i ∈ {1, . . . , d}} of

TθΘ, define for any θ̃ ̸∈ Cut(θ),

φi(θ̃) =
〈
Exp−1

θ (θ̃),bi

〉
θ
.

Then, φ = {φi : i ∈ {1, . . . , d}} are smooth coordinates around θ. Therefore, by definition
Φθ is simply Retθ read in these coordinates. Then by [Lee19, Equation (4.15)], setting for
any t ∈ R+, γ(t) = Retθ(tu) for u ∈ TθΘ, we get that, in these coordinates,

Dtγ̇(t) = (D2Φθ)tu(u, u) +
d∑

k=1

d∑
i,j=1

DΦi
θγ̇

j(t)Γk
i,j(γ(t))∂k ,

where Dt is the covariant derivative along γ, {Γk
i,j : i, j, k ∈ {1, . . . , d}} are the Christoffel

symbols and {∂k : k ∈ {1, . . . , d}} are the coordinate vector fields on TΘ corresponding
to φ. But using [Lee19, Proposition 5.24], we get that Γk

i,j(γ(0)) = Γk
i,j(θ) = 0 for any

i, j, k ∈ {1, . . . , d}. Therefore,

Dtγ̇(0) = (D2Φθ)0θ
(u, u) .

(b) Let θ ∈ Θ and for any u ∈ TθΘ, consider the first-order Taylor expansion of
Φθ : TθΘ→ TθΘ, taken at 0θ,

Φθ(u) = Φθ(0θ) + (DΦθ)0θ
(u) +

∫ 1

0
(1− t) (D2Φθ)tu(u, u) dt , (2.50)

where DΦθ and D2Φθ denote the first and second derivative of Φθ. For the first term,

Φθ(0θ) = Exp−1
θ ◦ Retθ(0θ) = Exp−1

θ (θ) = 0θ , (2.51)

where the second equality follows because Retθ(0θ) = θ, by R 1-(i) and by definition
that Expθ(0θ) = θ. For the second term, using that Exp−1

θ and Retθ are continuously
differentiable as function between smooth manifolds, (DExpθ)0θ

= Id by definition and R
1-(i), we obtain that

(DΦθ)0θ
= (DExp−1

θ )Retθ(0θ)(DRetθ)0θ
= (DExp−1

θ )θ(DRetθ)0θ
= Id . (2.52)

The proof is then completed using (2.51), (2.52) and R2 in (2.50).
(c) Let θ ∈ Θ and consider the second-order Taylor expansion of Φθ : TθΘ → TθΘ,

taken at 0θ:

Φθ(u) = u+ (D2Φθ)0θ
(u, u)/2 + 2−1

∫ 1

0
(1− t)2(D3Φθ)tu(u, u, u) dt . (2.53)

where D3Φθ is the third derivative of Φθ. Using (2.49) and R3, Dtγ̇(0) = 0, which implies
that (D2Φθ)0θ

(u, u) = 0θ. Plugging this result into (2.53) and using the bound on the
third derivative of Φθ given by R3 completes the proof.
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Proof of Lemma 2.7. Recall that for any (θ, u) ∈ TΘ and g ∈ G, we denote by g · u =
(Dg)θ(u) and g is an isometry, i.e. ∥g · u∥g·θ = ∥u∥θ, see Section 2.11.7. The proof consists
in showing that for any (θ, u) ∈ TΘ, and g ∈ G,

∥Φθ(u)− u∥θ = ∥Φg·θ(g · u)− g · u∥g·θ . (2.54)

Indeed, suppose that this result holds and consider a fixed θ0 ∈ Θ. Since Θ is assumed
to be homogeneous R1-(iii), for any (θ, u) ∈ TΘ, there exists g ∈ G such that θ0 = g · θ,
which implies by (2.54),

∥Φθ(u)− u∥θ = ∥Φθ0(g · u)− g · u∥θ0
.

Using that g ∈ G is an isometry and Lemma 2.17 completes the proof.
We now show (2.54). Let g ∈ G and (θ, u) ∈ TΘ. Since g−1 is an isometry, we have

∥Φθ(u)− u∥θ =
∥∥g−1 · g · Φθ(u)− g−1 · g · u

∥∥
θ = ∥g · Φθ(u)− g · u∥g·θ, so we only need to

show that g · Φθ(u) = Φg·θ(g · u). Using that g maps geodesics to geodesics (see (2.161)
in Section 2.11.7) and R1-(iii) successively, we get that g · Φθ(u) = Exp−1

g·θ(g · Retθ(u)) =
Φg·θ(g · u) and the proof follows.

2.6.2 Projective Retraction on the Sphere

Consider the Euclidean unit sphere manifold Θ = Sd = {x ∈ Rd+1 : ∥x∥ = 1}, where
∥·∥ stands for the standard Euclidean norm on Rd+1. By [AMS08, Example 3.5.1] for
any θ ∈ Sd, TθSd = {u ∈ Rd+1 : u⊤θ = 0}. The Riemannian metric g is the canonical
metric on the sphere, defined as the restriction of Euclidean scalar product from Rd+1 to
the tangent space TθSd. The corresponding Riemannian exponential is given by [Lee19,
Proposition 5.27]:

Expθ(u) = cos(∥u∥) θ + sin(∥u∥)(u/ ∥u∥) . (2.55)

The following result holds.

Proposition 2.18. The projective retraction Retθ defined for any (θ,u) ∈ TSd by

Retθ(u) = (θ + u)/ ∥θ + u∥ (2.56)

satisfies R1-R2-R3.

The retraction (2.56) is both a first-order and second-order retraction, and Φθ also has
a bounded first-order derivative. Consequently, Theorem 2.11 and Theorem 2.12 can be
applied according to conditions on the noise properties. We remark that by comparing
(2.55) with (2.56), the retraction map Retθ has a better numerical stability as it does not
involve evaluating the trigonometric functions.

Proof of Proposition 2.18. • Condition R1-(i) is satisfied by definition (2.56): this con-
dition is just the definition of a retraction, as given in [AMS08].
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• Condition R1-(ii) is satisfied: the cut locus of a point θ on the sphere Sd is Cut(θ) =
{−θ} [Lee19, page 308]. The Riemannian (that is, spherical) distance between θ and −θ is
ρΘ(θ,−θ) = π. On the other hand, using (2.67) from Lemma 2.20, ρΘ(θ,Retθ(u)) < π/2
because arctan(∥u∥) < π/2 for all u ∈ TθΘ. It is then clear that Retθ(u) /∈ {−θ} for any
u ∈ TθΘ.

• Condition R1-(iii) is satisfied: the isometry group of Θ = Sd is G = O(d+1), the group
of (d+ 1)× (d+ 1) orthogonal matrices. The action of G on Θ is given by matrix-vector
multiplication, if G ∈ G is an orthogonal matrix, G · θ = Gθ and G · u = Gu. From
(2.56),

G · Retθ(u) = G · (θ + u)/∥θ + u∥ . (2.57)

However, since G is an orthogonal matrix, G preserves Euclidean norms, so ∥θ + u∥ =
∥G · (θ + u)∥. Replacing into (2.57) gives,

G · Retθ(u) = G · (θ + u)/∥G · (θ + u)∥ = (G · θ + G · u)/∥G · θ + G · u∥ , (2.58)

where the second equality follows since the action of G is linear. Finally, the right-hand
side of (2.58) is RetG·θ(G · u).

• Condition R2 is satisfied: recall that Φθ(u) = Exp−1
θ ◦ Retθ(u). From (2.67) and R

1-(ii),
Φθ(u) = arctan(∥u∥) u

∥u∥ . (2.59)

The required second derivative can now be computed, thanks to the identity, for any
t0 ∈ [0, 1],

(D2Φθ)t0u(u,u) = d2

dt2 Φθ(tu)
∣∣∣∣∣
t=t0

. (2.60)

Indeed, using (2.59) and (2.60),

(D2Φθ)t0u(u,u) = d2

dt2 arctan(t∥u∥)
∣∣∣∣∣
t=t0

u
∥u∥ = ∥u∥2

(
f2(t0∥u∥)

u
∥u∥

)
, (2.61)

where f2 : x 7→ −2x/(1 + x2)2 is the second derivative of the arctan function. However,
for any x ∈ R, 2x ≤ 1 +x2 ≤ (1 +x2)2 so |f2(x)| = |2x|/(1 +x2)2 ≤ 1. Now, since Θ = Sd,
here ∥u∥θ = ∥u∥. Thus, Condition R2 is satisfied with L (1)(θ) = 1.

• Condition R3-(i) is satisfied: recall (2.49) from Lemma 2.17-(a),

Dtγ̇(0) = (D2Φθ)0(u,u) .

From (2.60), it then follows,

Dtγ̇(0) = d2

dt2 Φθ(tu)
∣∣∣∣∣
t=0

= f2(0)∥u∥u = 0 .
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• Condition R3-(ii) is satisfied: the proof continues from (2.61) by differentiating once
more. A straight-forward computation proves R3-(i) is satisfied with L (2)(θ) = 2.

• Φθ has bounded first derivative: from (2.59), by differentiating,

(DΦθ)u(v) = 1
1 + ∥u∥2

⟨u,v⟩
∥u∥

u
∥u∥ + arctan(∥u∥)

∥u∥

(
v− ⟨u,v⟩

∥u∥
u
∥u∥

)
,

for any u and v in TθΘ. Then, by an elementary calculation, and recalling that, since Θ =
Sd, Riemannian scalar products and norms are equal to Euclidean ones, ∥(DΦθ)u(v)∥θ ≤
2 ∥v∥θ . Thus, the operator norm of (DΦθ)u is bounded by D = 2.

2.6.3 Proof of Proposition 2.10

First, recall by [AMS04, Theorem 3.6] that the Riemannian exponential map at [B] is
given for D ∈ T[B]Grr(Rd):

Exp[B](D) =
[(

B(B⊤B)−1/2V U
)(cos(Σ)

sin(Σ)

)]
, (2.62)

where D(B⊤B)−1/2 = UΣV⊤ is the compact singular value decomposition.
Lemma 2.19. Let [B] ∈ Grr(Rd), D ∈ T[B]Grr(Rd) and the singular value decomposition
D(B⊤B)−1/2 = UΣV⊤, where U is d× r such that U⊤U = Ir, V is r× r orthogonal and
Σ is r × r diagonal with nonnegative elements. The retraction Ret defined by (2.15) can
be written as Ret[B] = Exp[B] ◦ Φ[B], where

Φ[B](D) = U arctan(Σ) V⊤(B⊤B)1/2 , (2.63)

is well-defined using Lemma 2.35, and where arctan(Σ) is obtained by taking the arc
tangent of each diagonal element of the matrix Σ.
Proof. Let B ∈ Str(Rd),D ∈ T[B]Grr(Rd) with singular value decomposition D(B⊤B)−1/2 =
UΣV⊤, where U is d×r with orthonormal columns i.e. U⊤U = Ir, V ∈ Or(R) and Σ is a
r×r nonnegative diagonal matrix. Consider the map Φ[B] : D 7→ U arctan(Σ)V⊤(B⊤B)1/2,
which is well-defined using Lemma 2.35. Using (2.62), taking the exponential function
brings,

Exp[B](Φ[B](D)) =
[(

B(B⊤B)−1/2V U
)(cos(arctan(Σ))

sin(arctan(Σ))

)]
.

However, since cos(arctan(x)) = 1/(1 + x2)1/2 and sin(arctan(x)) = x/(1 + x2)1/2, using
that Ir + Σ2 is a diagonal and invertible matrix, this becomes

Exp[B](Φ[B](D)) =
[(

B(B⊤B)−1/2V U
)(Ir

Σ

)(
Ir + Σ2

)−1/2
]

=
[(

B(B⊤B)−1/2V U
)(Ir

Σ

)]
,
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where we have used that [BM] = [B] for any B in Str(Rd) and M in GLr(R). The block
matrix computation brings

Exp[B](Φ[B](D)) =
[
B(B⊤B)−1/2V + UΣ

]
.

By right-multiplication of the invertible matrix V⊤(B⊤B)1/2 and using that VV⊤ = Ir,
we have

Exp[B](Φ[B](D)) =
[
B + UΣV⊤(B⊤B)1/2

]
= [B + D] ,

which completes the proof.

Using Lemma 2.19, it is possible to show that the retraction given by (2.15) satisfies
the conditions R1-R2-R3.
• Condition and R 1-(i) is satisfied : the first equality is straightforward. For the sec-
ond one, one can check that Ret[B](D) = φ(B,B⊥)((B⊤

⊥B⊥)−1B⊤
⊥D), where φ(B,B⊥) is

the parameterization given in Proposition 2.22. Since these parameterizations define the
differential structure, we have (DRet[B])D = Id for any (B,D) in TGrr(Rd). It holds in
particular for D = 0d×r.
• Condition R1-(ii) is satisfied : when Θ = Grr(Rd), using Proposition 2.26, the cut locus
of each [B] ∈ Grr(Rd) is given by,

Cut([B]) =
{

Exp[B](D) :
‌

‌

‌
D(B⊤B)−1/2

‌

‌

‌
= π/2

}
,

where ~·~ is introduced in (2.83). Using Lemma 2.19, for any D ∈ T[B]Grr(Rd), one has

Ret[B](D) = Exp[B]

(
U arctan(Σ)V⊤(B⊤B)1/2

)
.

As explained right after (2.83), the operator norm of U arctan(Σ)V⊤ is equal to the
largest diagonal value of arctan(Σ), which is always strictly inferior to π/2. It follows that
Ret[B](D) /∈ Cut([B]).
• Condition R 1-(iii) is satisfied : the isometry group of Θ = Grr(Rd) is G = Od(R),
the group of d × d orthogonal matrices. The action of Od(R) on Grr(Rd) is given by
U · [B] = [UB] (the image of the subspace [B] of Rd by the orthogonal tranformation U).
If D ∈ T[B]Grr(Rd), then U ·D = UD is a matrix product. Applying these identities in
(2.15),

U · Ret[B](D) = U ([B + D]) = [UB + UD] = [U ·B + U ·D] = Ret[U·B](U ·D) ,

which is exactly what is required for R1-(iii).
• Condition R2 is satisfied : the required second derivative is computed using the identity
(this is a repetition of (2.60)), for any (θ,D) ∈ TGrr(Rd), choosing a representative B ∈ θ
such that B⊤B = Ir and a [B⊥] ∈ Grd−r(Rd) such that B⊤

⊥B⊥ = Id−r, B⊤B⊥ = 0r×(d−r)
and t0 ∈ [0, 1],

(D2Φ[B])t0D(D,D) = d2

dt2 Φ[B](tD)
∣∣∣∣∣
t=t0

. (2.64)

59



Chapter 2. Convergence Analysis of Riemannian Stochastic Approximation Schemes

Using (2.63) and (2.64),

(D2Φ[B])t0D(D,D) = B⊥ U {Σ⊙Σ⊙ f2(t0Σ)}V⊤ , (2.65)

where ⊙ denotes the Hadamard product, and f2 : x 7→ −2x/(1 + x2)2 is the second
derivative of the arctan function (again, this is applied to each element of the matrix
t0Σ), meaning Σ⊙Σ⊙ f2(t0Σ) = diag(−2t0Σ3

i /(1 + t20Σ2
i )2) . From [EAS98, page 314],∥∥∥(D2Φ[B])t0D(D,D)

∥∥∥2

[B]
= Tr

(
{Σ⊙Σ⊙ f2(t0Σ)} {Σ⊙Σ⊙ f2(t0Σ)}⊤

)
,

where Tr denotes the trace. Then, using the fact that |f2(x)| ≤ 1 for any real x, the
right-hand side is less than Tr(ΣΣ⊤), which is equal to ∥D∥2[B] . Thus, Condition R2 is
satisfied with L (1)(θ) = 1.
• Condition R3-(i) is satisfied : recall (2.49) from Lemma 2.17-(a). This states,

Dtγ̇(0) = (D2Φ[B])0[B](D,D) .

Setting t = 0 in (2.65), it then follows

Dtγ̇(0) = B⊥ U (Σ⊙Σ⊙ f2(0)) V⊤ ,

which is equal to zero since f2(0) = 0.
• Condition R3-(ii) is satisfied : the proof is similar to the above one for R2. Here, instead
of (2.64), it is enough to use

(D3Φ[B])t0D(D,D,D) = d3

dt3 Φ[B](tD)
∣∣∣∣∣
t=t0

by computing the derivative, as in (2.65), it can be shown that R 3 is satisfied with
L (2)([B]) = 2.

2.7 Complementary proofs for Section 2.3.1

2.7.1 Proof of Proposition 2.18

In order to prove Proposition 2.18, we introduce the following lemma.

Lemma 2.20. Let (θ,u) ∈ TSd. We have the following identities:

cos(arctan(∥u∥)) = 1
/√

1 + ∥u∥2 , sin(arctan(∥u∥)) = ∥u∥
/√

1 + ∥u∥2 . (2.66)

Moreover, the retraction given by (2.56) can be written as:

Retθ(u) = Expθ

(
arctan(∥u∥) u

∥u∥

)
. (2.67)
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Proof of Lemma 2.20. First, to prove both identities in (2.66), consider α = arctan(∥u∥).
Combining tan(α) = ∥u∥ and tan2(α) = (1 − cos2(α))/ cos2(α), we obtain cos2(α) =
1/(1 + ∥u∥2). Since α ∈ [0, π/2), then cos(α) ≥ 0 and sin(α) ≥ 0. Therefore cos(α) =
1/
√

1 + ∥u∥2. The second equality in (2.66) is a direct result of the first one, using
sin2(α) + cos2(α) = 1 and sin(α) ≥ 0.

Secondly, we compute Expθ(arctan(∥u∥)u/∥u∥) using (2.55) and (2.66), which gives

Expθ

(
arctan(∥u∥) u

∥u∥

)
= θ

/√
1 + ∥u∥2 + u

/√
1 + ∥u∥2 . (2.68)

To see that this is equal to Retθ(u), note that u is orthogonal to θ because u ∈ TθSd,
thus ∥θ + u∥2 = ∥θ∥2 + ∥u∥2. Moreover, ∥θ∥ = 1. Then, (2.67) follows from (2.68) and
(2.56).

2.7.2 Details for the Grassmann manifold

To give a complete and comprehensive description of the Grassmann manifold Grr(Rd)
introduced in the Example 2.9, we follow the steps of [AMS04, Sections 2, 3.1, 3.3, 3.4
and 3.7].

Definition of the Grassmann manifold as a set For r ∈ {1, . . . , d − 1}, consider
the set of real matrices whose columns span an r-dimensional subspace of Rd, i.e. with
r independent columns of size d. We call this set the non-compact Stiefel manifold, and
denote it by Str(Rd) = {B ∈ Rd×r : det(B⊤B) ̸= 0}. It is a submanifold of Rd×r as
an open subset of it. The set of r-dimensional subspaces of Rd is called the Grassmann
manifold, denoted by Grr(Rd).

Each matrix in Str(Rd) represents a point in Grr(Rd) by considering the linear subspace
spanned by its columns. However, the representation is not unique. Indeed, given B in
Str(Rd), the set of matrices that have the same span as B is BGLr(R) = {BM : M ∈
GLr(R)}, which we denote by [B], where GLr(R) is the set of r-by-r invertible real matrices.

Thus, we can identify the Grassmann manifold Grr(Rd) with the quotient space Str(Rd)/GLr(R),
which is defined as {[B] : B ∈ Str(R)}. This quotient is a principal fiber bundle over
Grr(Rd) with group GLr(R) [KN96, Chapter I, Section 5], endowed with the group action
of GLr(R) on Str(Rd) and the projection map π given by{

Str(Rd)×GLr(R) −→ Str(Rd)
(B,M) 7−→ BM

, and π :
{

Str(Rd) −→ Grr(Rd)
B 7−→ Span(B)

.

The differentiable structure of the Grassmann manifold Next, to endow Grr(Rd)
with a manifold structure, we give an explicit parameterization using cross sections. We
consider SB as the intersection of the Stiefel manifold with the affine subspace that is
orthogonal to BGLr(R) and that intersects BGLr(R) at B. These two conditions result
in

SB =
{

Y ∈ Str(Rd) : B⊤(Y−B) = 0r×r

}
.
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Lemma 2.21 (Cross section). Let B ∈ Str(Rd) and UB = {[Y] ∈ Grr(Rd) : det(B⊤Y) ̸=
0}. Then the mapping

σB :
{
UB −→ SB

[Y] 7−→ Y(B⊤Y)−1B⊤B
, (2.69)

is well-defined and is a bijection between UB ⊂ Grr(Rd) and SB ⊂ Str(Rd). It also satisfies
the property π ◦ σB = Id on UB. We call it the cross section map, since SB ∩YGLr(R) =
{σB([Y])} if [Y] ∈ UB, and SB ∩YGLr(R) = ∅ otherwise.

Proof. First, we can see that if a fiber [Y], for Y in Str(Rd), intersects the section SB,
then the intersection is unique. Indeed, if there exists M ∈ GLr(R) such that Y ∈ SB and
YM ∈ SB, then B⊤(Y−B) = 0, meaning B⊤Y = B⊤B and the same computations for
YM bring B⊤Y = B⊤BM−1. In conclusion M = Ir.
Secondly, we look at which fibers intersect the cross section SB. Let Y in Str(Rd), if B⊤Y
is not invertible, then for any M ∈ GLr(R), det(B⊤YM) = 0. Since det(B⊤B) ̸= 0 by
definition, B⊤YM ̸= B⊤B, meaning B⊤(YM − B) ̸= 0r×r. In this case, the fiber [Y]
does not intersect the cross section SB. On the other hand, if B⊤Y is invertible, then
taking M = (B⊤Y)−1B⊤B ∈ GLr(R) brings B⊤YM = B⊤Y(B⊤Y)−1B⊤B = B⊤B and
in conclusion YM ∈ SB. These two points bring SB∩YGLr(R) = {σB([Y])} and the fact
that σB is well-defined.

Finally, σB is a bijection because π is its inverse on SB.

The classical manifold structure of Grr(Rd) [AMS04] is then obtained by considering
the atlas formed by the following family of parameterizations.

Proposition 2.22. Let [B] ∈ Grr(Rd) and B⊥ ∈ Std−r(Rd), with B⊤B⊥ = 0r×(d−r). The
mapping defined by

φ(B,B⊥) :
{

R(d−r)×r −→ UB

C 7−→ [B + B⊥C]
,

is invertible. Consider A = {(B,B⊥) : [B] ∈ Grr(Rd) ,B⊥ ∈ Std−r(Rd) ,B⊤B⊥ =
0r×(d−r)}. The family (UB, φ

−1
α )α∈A, is a smooth atlas of Grr(Rd).

Proof. Let [B] ∈ Grr(Rd) and B⊥ ∈ Std−r(Rd), with B⊤B⊥ = 0r×(d−r). Let α = (B,B⊥).
We begin by proving that φα is invertible. Let C ∈ R(d−r)×r, since B⊤(B+B⊥C) = B⊤B
is invertible, φα(C) is in UB. We use the cross-section σB to compute the inverse of φα,

σB ◦ φα(C) = (B + B⊥C)
(
B⊤(B + B⊥C)

)−1
B⊤B

= (B + B⊥C)
(
B⊤B

)−1
B⊤B

= B + B⊥C .
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Therefore, it is easy to check that the mapping defined byUB −→ R(d−r)×r

[Y] 7−→
(
B⊤

⊥B⊥
)−1

B⊤
⊥ (σB ([Y])−B)

is the inverse of φα.
To check the smooth compatibility of the parameterizations, take α, β ∈ A, with

α = (B,B⊥), β = (Y,Y⊥) and compute φ−1
α ◦ φβ. The domain of φ−1

α ◦ φβ is exactly
Eα,β = {C ∈ R(d−r)×r : φβ(C) ∈ UB}, which can be rewritten as Eα,β = {C ∈ R(d−r)×r :
det(B⊤(Y + Y⊥C)) ̸= 0}. For any C ∈ Eα,β,

φ−1
α ◦ φβ(C) =

(
B⊤

⊥B⊥
)−1

B⊤
⊥ (σB (φβ(C))−B)

=
(
B⊤

⊥B⊥
)−1

B⊤
⊥

{
(Y + Y⊥C)

(
B⊤Y + B⊤Y⊥C

)−1
B⊤B−B

}
.

We observe that φ−1
α ◦φβ is a smooth function on its domain Eα,β, thus proving the smooth

compatibility.
Finally, we need to prove that the images of the parameterizations cover the whole

manifold. This is easy to check since [B] ∈ UB, therefore Grr(Rd) ⊂ ∪(B,B⊥)∈AUB. This
concludes the proof.

This choice of atlas for Grr(Rd) makes the cross-section mappings (σB)B∈Str(Rd) smooth
by construction.

Describing the tangent space Let B ∈ Str(Rd). The tangent space TBStr(Rd) = Rd×r

can be decomposed according to the quotient Grr(Rd) = Str(Rd)/GLr(R) by a connection
in the principal fibre bundle, in the sense of [KN96, Chapter II, Section 1]. First, the
vertical space VB ⊂ TBStr(Rd) is defined as the tangent vectors that do not modify [B],
namely the tangent space to the fiber [B] = BGLr(R),

VB = {γ̇(0) |γ : [0, 1]→ BGLr(R) such that γ is smooth} .

Proposition 2.23. Let B ∈ Str(Rd). The vertical space at B can be written as

VB =
{
BC : C ∈ Rr×r} , (2.70)

and we also have Ker((Dπ)B) = VB, where (Dπ)B : TBStr(Rd) → T[B]Grr(Rd) is the
derivative of the canonical projection π : Str(Rd)→ Grr(Rd) at B.

Proof. By the definition of the vertical space, for any t ∈ [0, 1], there exists Mt ∈ GLr(R)
such that γ(t) = BMt. Since γ is smooth, so is t 7→ (B⊤B)−1B⊤γ(t) = Mt. Computing
the derivative gives γ̇(t) = BṀt. This gives the characterization VB = {Bγ̇(0) |γ :
[0, 1]→ GLr(R) such that γ is smooth}. Since GLr(R) is an open set of Rr×r, its tangent
space is trivial, therefore (2.70) holds.
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Secondly, since π is smooth [Lee03, Theorem 7.10], by differentiating [B] = π ◦ γ we
get,

0T[B]Grr(Rd) = d(π ◦ γ)
dt (t) = (Dπ)γ(t) ◦ γ̇(t) ,

where the last equality comes from the chain rule. This gives that VB ⊂ Ker((Dπ)B).
Finally, by [Lee03, Theorem 7.10], d(T[B]Grr(Rd)) = d(TBStr(Rd)) − d(GLr), where
d(GLr) = r2, and d(TBStr(Rd)) = dr. Therefore d(T[B]Grr(Rd)) = (d − r)r and by the
rank-nullity theorem applied to (Dπ)B, d(Ker((Dπ)B)) = r2. This gives VB = Ker((Dπ)B)
using (2.70).

Definition 2.24 (Connection in the sense of [KN96]). A connection in the sense of [KN96,
Chapter II, Section 1] is the assignment of a subspace HB of TBStr(Rd), called horizontal
space, to each B ∈ Str(Rd) such that: (i) TBStr(Rd) = VB ⊕ HB, (ii) the group action of
GLr(R) is compatible with the assignment, meaning that for any M ∈ GLr(R), HBM =
HBM, where HBM = {DM : D ∈ HB}; (iii) the assignment is smooth, meaning that if
X is a smooth vector field on Str(Rd), then its horizontal and vertical projections are also
smooth vector fields.

Let us verify now that the assignment

B 7→ HB , where HB = {D ∈ TBStr(Rd) : B⊤D = 0r×r} , (2.71)

is a connection in the sense of [KN96].
To check (i), use that B⊤B is invertible and the rank-nullity theorem for the map

D 7→ B⊤D on Rd×r, which gives d(HB) = (d − r)r as well as HB ∩ VB = {0d×r}. To
prove (ii), see that for any D ∈ HB and any M ∈ GLr(R), B⊤D = M⊤B⊤DM = 0r×r

and therefore HB = HBM = HBM. Finally, (iii) is verified because the horizontal space is
orthogonal to the vertical space. Indeed, for any D ∈ TBStr(Rd), its vertical projection is
B(B⊤B)−1B⊤D ∈ VB and its horizontal projection is (Id−B(B⊤B)−1B⊤)D ∈ HB. Since
B 7→ B(B⊤B)−1B⊤ is smooth on Str(Rd), for any smooth vector field X on Str(Rd), its
vertical projection B 7→ B(B⊤B)−1B⊤X(B) is smooth, and so is therefore its horizontal
projection, as a difference of smooth vector fields.

Since we have a connection in the sense of [KN96], using Proposition 2.23 and that
HB is a supplement of VB = Ker((Dπ)B), we can conclude that (Dπ)B is an isomorphism
between HB and T[B]Grr(Rd). This allows us to define the horizontal lift of a vector
ξ ∈ T[B]Grr(Rd): there exists a unique vector D ∈ HB such that (Dπ)B(D) = ξ. The same
can be done with a vector field: for any smooth vector field X on Grr(Rd), there exists a
unique smooth vector field X̃ on Str(Rd) such that for any B ∈ Str(Rd) X̃(B) is horizontal,
meaning X̃(B) ∈ HB and that projects into X, meaning that for any B ∈ Str(Rd) we
have (Dπ)B(X̃(B)) = X(B), according to principal fiber bundle theory [KN96, Chapter II,
Section 1, Proposition 1.2]. To see how the horizontal lift changes when the representative
B changes into BM, where M is a r × r-invertible matrix, let Bt : [0, 1] 7→ Str(Rd) be a
smooth curve, with B = B0 and D = Ḃ0. For any t ∈ [0, 1], we have π(Bt) = π(BtM)
and by differentiating this equality, we obtain (Dπ)Bt(Ḃt) = (Dπ)BtM(ḂtM) by using
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that the derivative of the curve t 7→ BtM is t 7→ ḂtM. Evaluating this equation at t = 0
brings (Dπ)BD = (Dπ)BM(DM). This result was proven in [AMS04, Proposition 3.1]
using the cross section σB introduced in Lemma 2.21.

However (Dπ)B(D) does not have a matrix form, thus we use the matrix D for any
computation (e.g. the metric or Riemannian exponential). Therefore, for ease of notation,
for any D ∈ HB, we denote (Dπ)BD by D when there is no confusion.

Action of the orthogonal group on the Grassmann manifold Recall that the
orthogonal group Od(R) acts on Grr(Rd), in a way that is compatible with the projection
π : Str(Rd) → Grr(Rd), meaning that for any O ∈ Od(R) and B ∈ Str(Rd), the action of
O over π(B) is given by

O · π(B) = π(OB) . (2.72)

Moreover, the orthogonal group also acts on the tangent bundle, in a way that is compatible
with the derivative of the projection. For any D ∈ TBStr(Rd), the action of O over the
tangent vector (Dπ)B(D) is given by

O · (Dπ)B(D) = (Dπ)O·B(OD) . (2.73)

Alternative formulation of the Riemannian exponential We consider the follow-
ing definition: for any integers n,m, p, q ∈ N \ {0} and any matrix A ∈ Rn×m, denote the
reshaping (adding zeros if necessary) of A to a p× q matrix by A[p,q], where its coefficient
(i, j) ∈ {1, . . . , p} × {1, . . . , q} is given by

(A[p,q])i,j =
{

Ai,j if i ≤ n and j ≤ m
0 otherwise

. (2.74)

We simply denote A[p,p] by A[p].
We provide a lemma that gives another formula for the Riemannian exponential on

Grr(Rd), generalizing the formulation of [EAS98, Theorem 2.3] for non-orthonormal rep-
resentations of the manifold.

Lemma 2.25. Let s = d− r and denote r ∧ s = min(r, s).

(a) Let N be a (r ∧ s)× (r ∧ s) real diagonal matrix then, we have that

exp
(

0r×r −(N[s,r])⊤

N[s,r] 0s×s

)(
Ir

0s×r

)
=

 cos(N[r])
sin(N[s,r])

 , (2.75)

where exp is the usual matrix exponential defined by its power series, the matrices N[·,·] are
given by the definition (2.74) and sin and cos are applied componentwise to the diagonal
of each matrix.
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(b) Let B ∈ Str(Rd),B⊥ ∈ Sts(Rd),D ∈ T[B]Grr(Rd) with B⊤B⊥ = 0r×s and D = B⊥C,
where C ∈ Rs×r. The Riemannian exponential, given by (2.62), can be written as

Exp[B](D)

=
[(

B(B⊤B)−1/2 B⊥
)

exp
(

0r×r −(B⊤B)−1/2C⊤

C(B⊤B)−1/2 0(d−r)×(d−r)

)(
Ir

0(d−r)×r

)]
.

(2.76)

Proof. (a) First, denote the diagonal of N by (Ni)i∈{1,...,r∧s}, let ej,k be the d× d matrix
all of whose elements are zero, except the one at row j and column k, which is equal to 1.
For i ∈ {1, . . . , r ∧ s}, let br+i = er+i,i − ei,r+i. We separate the cases r ≤ s and r > s to
explicitly write the matrices at hand. In the case r ≤ s,

(
0r×r −(N[s,r])⊤

N[s,r] 0s×s

)
=


0r×r −N 0r×(s−r)

N 0r×r 0r×(s−r)

0(s−r)×r 0(s−r)×r 0(s−r)×(s−r)

 =
r∑

i=1
Ni br+i .

And in the case r > s,

(
0r×r −(N[s,r])⊤

N[s,r] 0s×s

)
=


0s×s 0s×(r−s) −N

0(r−s)×s 0(r−s)×(r−s) 0(r−s)×s

N 0s×(r−s) 0s×s

 =
s∑

i=1
Ni br+i .

In both cases we obtain, (
0r×r −(N[s,r])⊤

N[s,r] 0s×s

)
=

r∧s∑
i=1

Ni br+i . (2.77)

Using the computation, for any i, j, k, l ∈ {1, . . . , d}, ei,jek,l = δj,kei,l, one easily checks
that for any i, j ∈ {1, . . . , r ∧ s}, br+ibr+j = −δi,j(ei,j + er+i,r+j), thus the matrices
(br+i)i∈{1,...,r} commute with each other. Therefore, (2.77) implies

exp
(

0r×r −(N[s,r])⊤

N[s,r] 0s×s

)
=

r∧s∏
i=1

exp(Ni br+i) . (2.78)

Setting ar+i = ei,i + er+i,r+i, and using that b2
r+i = −ar+i, b3

r+i = −br+i, we can
check that for any k ∈ N∗, b2k

r+i = (−1)kar+i and b2k+1
r+i = (−1)kbr+i. Thus, the power

series expansion of exp(Nibr+i) is computed in the same way as the one for exp(iθ) =
cos(θ) + i sin(θ), where i is the imaginary unit. Namely,

exp(Ni br+i) = Id + (cos(Ni)− 1) ar+i + sin(Ni) br+i ,

where Id is the d× d identity matrix. Since we have, for i, k ∈ {1, . . . , r ∧ s}, i ̸= k,

ar+iar+k = 0d×d , ar+ibr+k = 0d×d ,

br+iar+k = 0d×d , br+ibr+k = 0d×d ,
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we get,
r∧s∏
i=1

exp(Nibr+i) = Id +
r∧s∑
i=1

[(cos(Ni)− 1) ar+i + sin(Ni) br+i] .

Now, combining the previous equation with (2.78) brings, in the case r ≤ s,

exp
(

0r×r −(N[s,r])⊤

N[s,r] 0s×s

)
= Id +


cos(N)− Ir 0r×r 0r×(s−r)

0r×r cos(N)− Ir 0r×(s−r)

0(s−r)×r 0(s−r)×r 0(s−r)×(s−r)



+


0r×r − sin(N) 0r×(s−r)

sin(N) 0r×r 0r×(s−r)

0(s−r)×r 0(s−r)×r 0(s−r)×(s−r)

 ,

=


cos(N) − sin(N) 0r×(s−r)

sin(N) cos(N) 0r×(s−r)

0(s−r)×r 0(s−r)×r Is−r

 .

Now, extracting the first r columns when r ≤ s implies,

exp
(

0r×r −(N[s,r])⊤

N[s,r] 0s×s

)(
Ir

0s×r

)
=


cos(N)
sin(N)

0(s−r)×r

 =
(

cos(N[r])
sin(N[s,r])

)
. (2.79)

In the case r > s, we have,

exp
(

0r×r −(N[s,r])⊤

N[s,r] 0s×s

)
= Id +


cos(N)− Is 0s×(r−s) 0s×s

0(r−s)×s 0(r−s)×(r−s) 0(r−s)×s

0s×s 0s×(r−s) cos(N)− Is



+


0s×s 0s×(r−s) − sin(N)

0(r−s)×s 0(r−s)×(r−s) 0(r−s)×s

sin(N) 0s×(r−s) 0s×s

 ,

=


cos(N) 0s×(r−s) − sin(N)
0(r−s)×s Ir−s 0(r−s)×s

sin(N) 0s×(r−s) cos(N)

 .

Again, extracting the first r columns when r > s brings,

exp
(

0r×r −(N[s,r])⊤

N[s,r] 0s×s

)(
Ir

0s×r

)
=


cos(N) 0s×(r−s)

0(r−s)×s Ir−s

sin(N) 0s×(r−s)

 =
(

cos(N[r])
sin(N[s,r])

)
, (2.80)

which concludes the proof of Lemma 2.25-(a) by combining (2.79)-(2.80).
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(b) Let B ∈ Str(Rd),B⊥ ∈ Sts(Rd) and D ∈ T[B]Grr(Rd) with B⊤B⊥ = 0r×s,
B⊤

⊥B⊥ = Is and D = B⊥C, where C ∈ Rs×r. We write the singular value decompo-
sition C(B⊤B)−1/2 = ŨΣ̃Ṽ⊤ with Ũ ∈ Os(R), Ṽ ∈ Or(R) and Σ̃ is a s× r non-negative
diagonal matrix. Define the following matrices

H =
(

Ṽ 0r×(d−r)

0(d−r)×r Ũ

)
,

Ĉ =
(

0r×r −(B⊤B)−1/2C⊤

C(B⊤B)−1/2 0s×s

)
, Σ̂ =

0r×r −Σ̃⊤

Σ̃ 0s×s

 .

Remark that H is a d × d orthogonal matrix, meaning that H⊤ = H−1, and with these
notations, we have that HΣ̂H⊤ = Ĉ.
We start computing the right-hand term in (2.76) by rewriting the matrix exponential,

exp(Ĉ) =
+∞∑
k=0

Ĉk

k! =
+∞∑
k=0

HΣ̂kH−1

k! = H

+∞∑
k=0

Σ̂k

k!

H−1 = H exp(Σ̂)H−1 . (2.81)

Next, we compute

H−1
(

Ir

0s×r

)
=
(

Ṽ⊤

0s×r

)
=
(

Ir

0s×r

)
Ṽ⊤ . (2.82)

We are now ready to compute the right-hand side of (2.76), using HΣ̂H⊤ = Ĉ, (2.81),
(2.82) and (2.75):

(
B(B⊤B)−1/2 B⊥

)
exp(Ĉ)

(
Ir

0s×r

)

=
(
B(B⊤B)−1/2 B⊥

)
H exp(Σ̂)H−1

(
Ir

0s×r

)

=
(
B(B⊤B)−1/2Ṽ B⊥Ũ

)
exp(Σ̂)

(
Ir

0s×r

)
Ṽ⊤

=
(
B(B⊤B)−1/2Ṽ B⊥Ũ

)(cos(Σ̃[r])
sin(Σ̃)

)
Ṽ⊤ .

However, by definition of the Grassmann manifold as a quotient, for any B1 ∈ Str(Rd)
and M ∈ GLr(R), [B1M] = [B1]. Therefore, we have[(

B(B⊤B)−1/2 B⊥
)

exp(Ĉ)
(

Ir

0s×r

)]
=
[(

B(B⊤B)−1/2Ṽ B⊥Ũ
)(cos(Σ̃[r])

sin(Σ̃)

)]

=
[
B(B⊤B)−1/2Ṽ cos(Σ̃[r]) + B⊥Ũ(Ir)[s,r] sin(Σ̃[r])

]
.
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Finally, the last term is equal to Exp[B](D) given in (2.62) since D(B⊤B)−1/2 = {B⊥Ũ(Ir)[s,r]}Σ̃[r]Ṽ⊤

is actually a compact singular value decomposition of
D(B⊤B)−1/2.

Computing the Cut Locus Consider the spectral norm of M ∈ Rd×r, defined as

~M~ = sup {∥Mv∥2 : v ∈ Rr, ∥v∥2 = 1} , (2.83)

where ∥ · ∥2 : (vi)i∈{1,...,r} ∈ Rr 7→
√∑r

i=1 v
2
i . It is well known [Mey00, Equation (5.2.7)]

that ~M~ is equal to the largest singular value of M. For any j, k ∈ {1, . . . , d}, consider
ej,k the d× d matrix all of whose elements are zero, except the one at row j and column
k, which is equal to 1.

Proposition 2.26. Let [B] in Grr(Rd) and consider

I[B] =
{

D ∈ T[B]Grr(Rd) :
‌

‌

‌

‌

D
(
B⊤B

)−1/2
‌

‌

‌

‌

< π/2
}
,

where ~ · ~ is the spectral norm defined above.

(a) The set I[B] is open in the tangent space T[B]Grr(Rd) and the restriction of the Rie-
mannian exponential map, (

Exp[B]

)
|I[B]

: I[B] → Grr(Rd) ,

is a smooth diffeomorphism onto its image, which is exactly UB.

(b) For any D ∈ T[B]Grr(Rd), such that ∥D∥[B] = 1, the cutting time c(D), defined in
(2.159) satisfies

c(D) ≤ π

/(
2

‌

‌

‌

‌

D
(
B⊤B

)−1/2
‌

‌

‌

‌

)
.

(c) The tangent injectivity domain TD([B]), defined in Section 2.11.6, is equal to I[B].
Therefore the tangent cut locus of [B] is the set:{

D ∈ T[B]Grr(Rd) :
‌

‌

‌

‌

D
(
B⊤B

)−1/2
‌

‌

‌

‌

= π/2
}
.

Proof. (a) Let us start by proving that I[B] is an open subset of T[B]Grr(Rd). Since the
mapping

f :


T[B]Grr(Rd) −→ R+

D 7−→
‌

‌

‌

‌

D
(
B⊤B

)−1/2
‌

‌

‌

‌

is a norm, it is continuous. Thus I[B] = f−1([0, π/2)) is open in T[B]Grr(Rd) as the inverse
image of the open set [0, π/2) (open in R+).

69



Chapter 2. Convergence Analysis of Riemannian Stochastic Approximation Schemes

Now, take D ∈ T[B]Grr(Rd) and consider the singular value decomposition: D(B⊤B)−1/2 =
UΣV⊤, where U ∈ Rd×r satisfying U⊤U = Ir, Σ ∈ Rr×r is nonnegative and diagonal and
V ∈ Or(R) is a r × r-orthogonal matrix. We have, using that the spectral norm is equal
to the largest singular value, D ∈ I[B] if, and only if ~UΣV⊤~ < π/2, i.e., ∥Σ∥∞ < π/2,
where for any matrix A ∈ Rr×r, ∥A∥∞ = maxi,j∈{1,...,r} |Aij | is the maximum norm. To
prove that Exp[B] is invertible on I[B], recall the expression of the exponential map given
in (2.62) and take D ∈ I[B], with the decomposition given above, D = UΣV⊤(B⊤B)1/2.
Using that cos(Σ) is invertible,

Exp[B] (D) =
[
B(B⊤B)−1/2V cos(Σ) + U sin(Σ)

]
=
[
B + U tan(Σ)V⊤(B⊤B)1/2

]
= Ret[B]

(
U tan(Σ)V⊤(B⊤B)1/2

)
.

Let us prove that Ret[B] and D 7→ U tan(Σ)V⊤(B⊤B)1/2 are invertible. Similarly to
the computation of the inverse of the parameterization φα for α ∈ A in the proof of
Proposition 2.22, define

ΨB :
{
UB −→ T[B]Grr(Rd)
[Y] 7−→ σB([Y])−B

,

where σB([Y]) is given by (2.69). It is easy to verify that ΨB is the inverse map of Ret[B]
on its image UB. For the second map, consider N = D(B⊤B)−1/2. Using Lemma 2.35
for N and the mappings tan and arctan, we have that U tan(Σ)V⊤ and U arctan(Σ)V⊤

only depend on D and B, thus{
I[B] −→ T[B]Grr(Rd)
D 7−→ U tan(Σ)V⊤(B⊤B)1/2

is well-defined, and so is its inverse,{
T[B]Grr(Rd) −→ I[B]

D 7−→ U arctan(Σ)V⊤(B⊤B)1/2 .

We have proven that Exp[B] is invertible on I[B] by composition. In particular, the image
of Exp[B] on I[B] is UB = {[Y] ∈ Grr(Rd) : det(B⊤Y) ̸= 0}. Moreover, the Rieman-
nian exponential is smooth [Lee19, Proposition 5.19-(c)]; therefore, to prove that it is a
diffeomorphism, it is sufficient to prove that its derivative on I[B] is invertible.

We compute first the differential of the Riemannian exponential at a reference point
of the Grassmann manifold, the subspace generated by the first r vectors of the canon-
ical basis of Rd. Then, using that the Grassmann manifold is a symmetrical manifold
with isometry group Od(R), we can conclude about the differential of the Riemannian
exponential at any point.

Denote by B0 the d × r-matrix whose column vectors are the first r vectors of the
canonical basis or Rd. We compute the exponential at [B0] with tangent vector D ∈
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T[B0]Grr(Rd) using the formula given in Lemma 2.25-(b), precisely (2.76). Combining
this formula with the decomposition D = (B0)⊥C where (B0)⊥ is the d× (d− r)-matrix
composed by the last d− r vectors of the canonical basis of Rd and C is a real (d− r)× r-
matrix, meaning

D =
(

0r×r

C

)
,

equation (2.76) simplifies here since (B0 (B0)⊥) = Id and B⊤
0 B0 = Ir,

Exp[B0](D) =
[
(B0 (B0)⊥) exp

(
0r×r −C⊤

C 0(d−r)×(d−r)

)
B0

]

=
[
exp

(
0r×r −C⊤

C 0(d−r)×(d−r)

)(
Ir

0(d−r)×r

)]
, (2.84)

where exp is the matrix exponential. From now on, denote by Ĉ the d×d skew-symmetric
matrix in (2.84):

Ĉ =
(

0r×r −C⊤

C 0(d−r)×(d−r)

)
.

Note that Ĉ⊤ = −Ĉ, therefore exp(Ĉ) is an orthogonal matrix. This allows us to rewrite
(2.84) using (2.72),

Exp[B0](D) = exp(Ĉ) · [B0] .

To differentiate without confusion of the indexes, denote by E(D) = Exp[B0](D). We are
looking to compute its differential, (DE)D. For any ξ = (B0)⊥K ∈ T[B0]Grr(Rd), denote
again by ξ̂ the augmented skew-symmetric matrix

ξ̂ =
(

0r×r −K⊤

K 0(d−r)×(d−r)

)
.

By definition of the differential,

(DE)D(ξ) = d
dt
(
exp(Ĉ + tξ̂) · [B0]

)∣∣∣∣
t=0

. (2.85)

Consider O : [0, 1] → Rd×d defined by O(t) = exp(−Ĉ) exp(Ĉ + tξ̂) for any t ∈ [0, 1].
Since Ĉ and ξ̂ are skew-symmetric matrices, so is Ĉ + tξ̂ for any t ∈ [0, 1]. Therefore
O(t) ∈ Od(R). Moreover since exp is smooth, O is a smooth curve on Od(R), with initial
value O(0) = exp(0d×d) = Id. Thus, we can rewrite (2.85) using (2.73),

(DE)D(ξ) = exp(Ĉ) · d
dt
(
exp(−Ĉ) exp(Ĉ + tξ̂) · [B0]

)∣∣∣∣
t=0

= exp(Ĉ) · d
dt (O(t) · π(B0))

∣∣∣∣
t=0

.
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By (2.72) and the chain rule, we have

d
dt (O(t) · π(B0))

∣∣∣∣
t=0

= d
dt (π(O(t)B0))

∣∣∣∣
t=0

= (Dπ)O(0)B0

(
Ȯ(0)B0

)
= (Dπ)B0

(
Ȯ(0)B0

)
.

This computation gives,

(DE)D(ξ) = exp(Ĉ) · (Dπ)B0

(
Ȯ(0)B0

)
,

where
Ȯ(0) = d

dt
(
exp(−Ĉ) exp(Ĉ + tξ̂)

)∣∣∣∣
t=0

.

However, using [HH03, Theorem 5.4], we have

Ȯ(0) =
+∞∑
ℓ=1

(−1)ℓ+1
adℓ−1

Ĉ
(ξ̂)

ℓ! , (2.86)

where adĈ is the linear map on Rd×d defined by adĈ(M) = ĈM−MĈ, for any M ∈ Rd×d.
Using the block decomposition of the matrices Ĉ and ξ̂ for the product adĈ(ξ̂), combined
with a straightforward induction on ℓ ∈ N∗, proves that for any ℓ ∈ N∗, ξ ∈ R(d−r)×r and
C ∈ R(d−r)×r, there exist real matrices Fℓ,Gℓ,Kℓ,Lℓ such that

ad2ℓ
Ĉ

(
ξ̂
)

=
(

0r×r Kℓ

Lℓ 0(d−r)×(d−r)

)
, ad2ℓ−1

Ĉ

(
ξ̂
)

=
(

Fℓ 0r×(d−r)

0(d−r)×r Gℓ

)
. (2.87)

Moreover ad0
Ĉ

(ξ̂) = ξ̂, meaning (2.87) holds with L0 = K and K0 = −K⊤. Separating
the odd and even terms in the sum in (2.86) gives

Ȯ(0)B0 = −
+∞∑
ℓ=1

1
(2ℓ)!ad2ℓ−1

Ĉ

(
ξ̂
)

B0 +
+∞∑
ℓ=0

1
(2ℓ+ 1)!ad2ℓ

Ĉ

(
ξ̂
)

B0

= ξ +
+∞∑
ℓ=1

1
(2ℓ)!

 −Fℓ
Lℓ

(2ℓ+1)

 .

Using Proposition 2.23 and (2.70),

Ker((Dπ)B0) = VB0 =
{(

C
0(d−r)×r

)
: C ∈ Rr×r

}
,

meaning that for any matrices F,L of sizes r × r and (d− r)× r respectively,

(Dπ)B0

(
F
L

)
= (Dπ)B0

(
0r×r

L

)
.
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Therefore,

(Dπ)B0(Ȯ(0)B0) = (Dπ)B0

 0r×r∑+∞
ℓ=0

1
(2ℓ+1)!Lℓ

 (2.88)

= (Dπ)B0

(+∞∑
ℓ=0

1
(2ℓ+ 1)!ad2ℓ

Ĉ

(
ξ̂
)

B0

)
.

Recalling the expression of the action of the orthogonal group on the tangent space, this
summarizes as

(DE)D(ξ) = exp(Ĉ) · (Dπ)B0

(+∞∑
ℓ=0

1
(2ℓ+ 1)!ad2ℓ

Ĉ

(
ξ̂
)

B0

)
.

Consider sn : R(d−r)×r → L(Rd×d) the linear operator defined by

sn(M) =
+∞∑
ℓ=0

1
(2ℓ+ 1)!ad2ℓ

M̂ , where M̂ =
(

0r×r −M⊤

M 0(d−r)×(d−r)

)
.

To prove that (DE)D is invertible as long as D ∈ I[B0], we already have that the action
of exp(Ĉ) on T[B0]Grr(Rd) is invertible since exp(−Ĉ) is its inverse. Moreover, the conse-
quences of Proposition 2.23 state that (Dπ)B0 is an isomorphism between HB0 , given by
(2.71), and T[B0]Grr(Rd). Using the definition (2.71), we have that

HB0 =
{(

0r×r

N

)
: N ∈ R(d−r)×r

}
,

and, using (2.88), one can see that

+∞∑
ℓ=0

1
(2ℓ+ 1)!ad2ℓ

Ĉ

(
ξ̂
)

B0 ∈ HB0 .

Therefore, to prove that (DE)D is invertible, it is sufficient to prove that the linear operator
sn(C) : Rd×d → Rd×d is an isomorphism. We do this in two steps. First, consider a singular
value decomposition of C, C = UΣV⊤, where U ∈ Od−r(R), Σ ∈ R(d−r)×r is a diagonal
matrix with nonnegative coefficients and V ∈ Or(R) and define H ∈ Rd×d the following
matrix,

H =
(

V 0r×(d−r)

0(d−r)×r U

)
.

Using that C = UΣV⊤ and computations block-by-block, we have that HΣ̂H⊤ =
HΣ̂H−1 = Ĉ, where

Σ̂ =
(

0r×r −Σ⊤

Σ 0(d−r)×(d−r)

)
.
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Next, for any N ∈ GLd(R), define the conjugation operator ρN : Rd×d → Rd×d by ρN(M) =
NMN−1 for any M ∈ Rd×d. The operator adĈ can be written as the composition ρH ◦
adΣ̂ ◦ ρ

−1
H , using the singular value decomposition, indeed for any M ∈ Rd×d,

ρH ◦ adΣ̂ ◦ ρ
−1
H (M) = ρH

(
Σ̂H⊤MH−H⊤MHΣ̂

)
= HΣ̂H⊤M−MHΣ̂H⊤

= ĈM−MĈ = adĈ(M) .

The consequence of this identity is that we can also factorize sn(C) as follows,

sn(C) =
+∞∑
ℓ=0

1
(2ℓ+ 1)!

(
ρH ◦ adΣ̂ ◦ ρ

−1
H

)2ℓ

=
+∞∑
ℓ=0

1
(2ℓ+ 1)!ρH ◦ ad2ℓ

Σ̂ ◦ ρ
−1
H = ρH ◦ sn(Σ) ◦ ρ−1

H .

This concludes the first step of proving that (DE)D is an isomorphism. Since ρH is clearly
an isomorphism, we only need to prove now that sn(Σ) is an isomorphism.

The second step is proving this by finding a basis of eigenvectors for the operator
ad2

Σ̂
and for sn(Σ). Define s = d − r and consider the following matrices for any i, j ∈

{1, . . . , r ∧ s}:
ar,i,j = ei,j + er+i,r+j , br,i,j = er+i,j − ei,r+j ,

cr,i,j = ei,j − er+i,r+j , dr,i,j = er+i,j + ei,r+j ,
(2.89)

where, for any k, ℓ ∈ {1, . . . , d}, ek,ℓ is the d× d matrix whose coefficients are zero except
for the coefficient (k, ℓ) which is equal to one.

Denote the diagonal elements of Σ by (σi)i∈{1,...,r∧s}, this allows us to write

Σ̂ =
r∧s∑
i=1

σibr,i,i . (2.90)

Using (2.89)-(2.90) and that for any i, j, k, ℓ ∈ {1, . . . , d}, ei,jek,ℓ = δj,kei,ℓ, where δj,k = 1
if j = k, and zero otherwise, we compute, for i, j ∈ {1, . . . , r ∧ s},

adΣ̂(ei,j) = σier+i,j + σjei,r+j , adΣ̂(er+i,r+j) = −σjer+i,j − σiei,r+j ,

adΣ̂(er+i,j) = −σiei,j + σjer+i,r+j , adΣ̂(ei,r+j) = −σjei,j + σier+i,r+j .

Which, by adding or substracting the equations together, by the definitions (2.89), gives

adΣ̂(ar,i,j) = (σi − σj)br,i,j , adΣ̂(br,i,j) = (σj − σi)ar,i,j ,

adΣ̂(cr,i,j) = (σi + σj)dr,i,j , adΣ̂(dr,i,j) = −(σi + σj)cr,i,j .

By applying twice these equations, we obtain that the matrices a,b, c,d are eigenvectors
for ad2

Σ̂
,

ad2
Σ̂(ar,i,j) = −(σi − σj)2ar,i,j , ad2

Σ̂(br,i,j) = −(σi − σj)2br,i,j ,

ad2
Σ̂(cr,i,j) = −(σi + σj)2cr,i,j , ad2

Σ̂(dr,i,j) = −(σi + σj)2dr,i,j .
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For any i, j ∈ {1, . . . , r ∧ s} we have found four linearly independent eigenvectors, we
can even see that any two different matrices defined in (2.89) are orthogonal for the
natural euclidian scalar product on Rd×d, thus we have found in total 4(r ∧ s)2 linearly
independant eigenvectors. If r = s, we have r = s = d/2, meaning we have found exactly
d2 eigenvectors, which concludes the diagonalization of ad2

Σ̂
in this case. To summarize,

we look at the following table for the multiplicities of the eigenvalues of ad2
Σ̂

.

Spectrum of ad2
Σ̂

, case r = s

Eigenvalue Eigenvectors Range for
(i, j)

Multiplicity

−(σi−σj)2 ar,i,j , br,i,j i, j ∈
{1, . . . , r}

2

−(σi+σj)2 cr,i,j , dr,i,j i, j ∈
{1, . . . , r}

2

(2.91)

We treat separately the cases r < s and r > s even though they are very similar.
First, if r < s, then the matrices above only have nonnegative coefficients in position
(i, j) for i, j ∈ {1, . . . , 2r}. So, using (2.89)-(2.90), we compute for i ∈ {1, . . . , s − r} and
j ∈ {1, . . . , r},

Σ̂e2r+i,j = 0d×d , e2r+i,jΣ̂ = −σje2r+i,r+j ,

Σ̂e2r+i,r+j = 0d×d , e2r+i,r+jΣ̂ = σje2r+i,j .

Using these equations, we compute the image of these matrices by adΣ̂ and ad2
Σ̂

,

adΣ̂(e2r+i,j) = σje2r+i,r+j , adΣ̂(e2r+i,r+j) = −σje2r+i,j and
ad2

Σ̂(e2r+i,j) = −σ2
j e2r+i,j , ad2

Σ̂(e2r+i,r+j) = −σ2
j e2r+i,r+j .

This means that e2r+i,j and e2r+i,r+j are eigenvectors of ad2
Σ̂

, with eigenvalue −σ2
j . Sim-

ilarly, for i ∈ {1, . . . , r} and j ∈ {1, . . . , s− r},

Σ̂ei,2r+j = σier+i,2r+j , ei,2r+jΣ̂ = 0d×d ,

Σ̂er+i,2r+j = −σiei,2r+j , er+i,2r+jΣ̂ = 0d×d .

Using these equations, we compute the image of these matrices by adΣ̂ and ad2
Σ̂

,

adΣ̂(ei,2r+j) = σier+i,2r+j , adΣ̂(er+i,2r+j) = −σiei,2r+j and
ad2

Σ̂(ei,2r+j) = −σ2
i ei,2r+j , ad2

Σ̂(er+i,2r+j) = −σ2
i er+i,2r+j .

This means that ei,2r+j and er+i,2r+j are eigenvectors of ad2
Σ̂

, with eigenvalue−σ2
i . Finally,

for i, j ∈ {1, . . . , s− r},

Σ̂e2r+i,2r+j = e2r+i,2r+jΣ̂ = 0d×d .
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This gives
adΣ̂(e2r+i,2r+j) = ad2

Σ̂(e2r+i,2r+j) = 0d×d .

When we count how many eigenvectors we have found with these computations, there
are r(s − r) matrices in {e2r+i,j : i ∈ {1, . . . , s − r}, j ∈ {1, . . . , r}}, in {e2r+i,r+j : i ∈
{1, . . . , s − r}, j ∈ {1, . . . , r}}, in {ei,2r+j : i ∈ {1, . . . , r}, j ∈ {1, . . . , s − r}} and in
{er+i,2r+j : i ∈ {1, . . . , r}, j ∈ {1, . . . , s − r}}, totalling 4r(s − r) matrices. There are
(s − r)2 matrices in {e2r+i,2r+j : i ∈ {1, . . . , s − r}, j ∈ {1, . . . , s − r}} and all these
matrices form an orthogonal family, which gives that they are linearly independant.

To summarize, we look at the following table for the multiplicities of the eigenvalues
of ad2

Σ̂
.

Spectrum of ad2
Σ̂

, case r < s

Eigenvalue Eigenvectors Range for (i, j) Multiplicity
−(σi−σj)2 ar,i,j , br,i,j i, j ∈ {1, . . . , r} 2
−(σi+σj)2 cr,i,j , dr,i,j i, j ∈ {1, . . . , r} 2
−σ2

j e2r+i,j ,
e2r+i,r+j ,
ej,2r+i,
er+j,2r+i

i ∈ {1, . . . , s− r},
j ∈ {1, . . . , r}

4(s− r)

0 e2r+i,2r+j i, j ∈ {1, . . . , s −
r}

(s− r)2

(2.92)

In total, we have found 4r2 + 4r(s − r) + (s − r)2 = (2r + (s − r))2 = (s + r)2 = d2

eigenvectors, which are all linearly independant since they are mutually orthogonal.
In the case r > s, the eigenvectors to compute are the following. For i ∈ {1, . . . , r −

s}, j ∈ {1, . . . , s}, we have

Σ̂es+i,j = 0d×d , es+i,jΣ̂ = −σjes+i,r+j ,

Σ̂es+i,r+j = 0d×d , es+i,r+jΣ̂ = σjes+i,j .

Using these equations, we compute the image of these matrices by adΣ̂ and ad2
Σ̂

,

adΣ̂(es+i,j) = σjes+i,r+j , adΣ̂(es+i,r+j) = −σjes+i,j and
ad2

Σ̂(es+i,j) = −σ2
j es+i,j , ad2

Σ̂(es+i,r+j) = −σ2
j es+i,r+j .

This means that es+i,j and es+i,r+j are eigenvectors of ad2
Σ̂

, with eigenvalue−σ2
j . Similarly,

for i ∈ {1, . . . , s} and j ∈ {1, . . . , r − s},

Σ̂ei,s+j = σier+i,s+j , ei,s+jΣ̂ = 0d×d ,

Σ̂er+i,s+j = −σiei,s+j , er+i,s+jΣ̂ = 0d×d .

Using these equations, we compute the image of these matrices by adΣ̂ and ad2
Σ̂

,

adΣ̂(ei,s+j) = σier+i,s+j , adΣ̂(er+i,s+j) = −σiei,s+j and
ad2

Σ̂(ei,s+j) = −σ2
i ei,s+j , ad2

Σ̂(er+i,s+j) = −σ2
i er+i,s+j .
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This means that ei,s+j and er+i,s+j are eigenvectors of ad2
Σ̂

, with eigenvalue −σ2
i . Finally,

for i, j ∈ {1, . . . , r − s},
Σ̂es+i,s+j = es+i,s+jΣ̂ = 0d×d .

This gives
adΣ̂(es+i,s+j) = ad2

Σ̂(es+i,s+j) = 0d×d .

When we count how many eigenvectors we have found with these computations, there
are s(r − s) matrices in {es+i,j : i ∈ {1, . . . , r − s}, j ∈ {1, . . . , s}}, in {es+i,r+j : i ∈
{1, . . . , r − s}, j ∈ {1, . . . , s}}, in {ei,s+j : i ∈ {1, . . . , s}, j ∈ {1, . . . , r − s}} and in
{er+i,s+j : i ∈ {1, . . . , s}, j ∈ {1, . . . , r − s}}, totalling 4s(r − s) matrices. There are
(r−s)2 matrices in {es+i,s+j : i ∈ {1, . . . , r−s}, j ∈ {1, . . . , r−s}} and all these matrices
form an orthogonal family, which gives that they are linearly independant.

To summarize, we look at the following table for the multiplicities of the eigenvalues
of ad2

Σ̂
.

Spectrum of ad2
Σ̂

, case r > s

Eigenvalue Eigenvectors Range for (i, j) Multiplicity
−(σi−σj)2 ar,i,j , br,i,j i, j ∈ {1, . . . , s} 2
−(σi+σj)2 cr,i,j , dr,i,j i, j ∈ {1, . . . , s} 2
−σ2

j es+i,j ,
es+i,r+j ,
ej,s+i,
er+j,s+i

i ∈ {1, . . . , r − s},
j ∈ {1, . . . , s}

4(r − s)

0 es+i,s+j i, j ∈ {1, . . . , r −
s}

(r − s)2

(2.93)

In total, we have found 4s2 + 4s(r − s) + (r − s)2 = (2s + (r − s))2 = (s + r)2 = d2

eigenvectors, which are all linearly independant since they are mutually orthogonal.
Now, to compute the eigenvalues of sn(Σ) from those of ad2

Σ̂
, for any eigenvalue λ ∈ R

of ad2
Σ̂

using tables (2.91)-(2.92)-(2.93), we have that λ is nonpositive, meaning we prefer
to write σ = −λ ∈ R+. We denote by vσ ∈ Rd×d an eigenvector of ad2

Σ̂
of eigenvalue −σ.

Then

sn(Σ)(vσ) =
+∞∑
ℓ=0

1
(2ℓ+ 1)!

(
ad2

Σ̂

)ℓ
(vσ) =

+∞∑
ℓ=0

(−σ)ℓ

(2ℓ+ 1)!vσ

=
+∞∑
ℓ=0

(−1)ℓ(
√
σ)2ℓ

(2ℓ+ 1)! vσ = sin(
√
σ)√
σ

vσ = sinc(
√
σ)vσ , (2.94)

where sinc is defined over R by sinc(x) = sin(x)/x for x ∈ R \ {0} and sinc(0) = 1. By
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using (2.94) on the results of (2.91)-(2.92)-(2.93), we obtain,

Spectrum of sn(Σ)
Eigenvalue Range for (i, j) Multiplicity
sinc(σi −
σj)

i, j ∈ {1, . . . , r ∧ s} 2

sinc(σi +
σj)

i, j ∈ {1, . . . , r ∧ s} 2

sinc(σj) i ∈ {1, . . . , d− 2(r∧ s)},
j ∈ {1, . . . , r ∧ s}

4[d−2(r∧s)] (if r ̸=
s)

1 i, j ∈ {1, . . . , d−2(r∧s)} [d− 2(r ∧ s)]2

We have removed the column for the eigenvectors, because it is the same as the one in
previous tables (2.91)-(2.92)-(2.93). Now, to prove that sn(Σ) is an isomorphism, we only
need to check that all eigenvalues are nonzero. The condition D ∈ I[B0] gives that for
any i ∈ {1, . . . , r ∧ s}, σi ∈ [0, π/2), meaning that sinc(σi) ∈ (2/π, 1], as well as that for
any i, j ∈ {1, . . . , r ∧ s}, sinc(σi − σj) ∈ (2/π, 1] and sinc(σi + σj) ∈ (0, 1]. This concludes
that sn(Σ) is an isomorphism. And by previously stated arguments, this concludes that
(DE)D is an isomorphism, therefore the derivative of Exp[B0] on I[B0] is invertible.

Now, to prove that for any [B] ∈ Grr(Rd), the derivative of Exp[B] on I[B] is invertible,
we use the following symmetry argument. Let ([B],D) ∈ TGrr(Rd), since the Grassmann
manifold is symmetric, its isometry group Od(R) acts transitively on the manifold. There-
fore, there exists g0 ∈ Od(R) such that g0 · [B0] = [B]. Now, differentiating (2.161) brings,
for any ([B1],D1) ∈ TGrr(Rd), g ∈ Od(R) and ξ ∈ T[B1]Grr(Rd),

g · (DExp[B1])D1 (ξ) = (DExpg·[B1])gD1 (gξ) . (2.95)

Applying (2.95) to [B0], g0 and g−1
0 D ∈ T[B0]Grr(Rd)

g0 · (DExp[B0])g−1
0 D (ξ) = (DExp[B])D (g0ξ) ,

which brings, for any ξ′ ∈ T[B]Grr(Rd),

(DExp[B])D(ξ′) = g0 · (DExp[B0])g−1
0 D(g−1

0 ξ′) . (2.96)

However, we have that D(B⊤B)−1/2 and g−1
0 D(B⊤B)−1/2 have the same singular values,

because if UΣV⊤ is a singular value decomposition of D(B⊤B)−1/2, then (g−1
0 U)ΣV⊤

is a singular value decomposition of g−1
0 D(B⊤B)−1/2. Therefore, if D ∈ I[B], then g−1

0 D
is in I[B0].

By definition of a group action, the action of g0 on T[B0]Grr(Rd) is an invertible
mapping, moreover, we have just proven that (DExp[B0])g−1D is invertible. Using (2.96),
we conclude that (DExp[B])D is an isomorphism as a composition of invertible mappings.
This concludes the proof that Exp[B] is a diffeomorphism from I[B] to UB.
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(b) Let D ∈ T[B]Grr(Rd), such that ∥D∥B = 1. Let t > π/(2~D(B⊤B)−1/2~). Our
goal is to prove that there exists C ∈ T[B]Grr(Rd) such that Exp[B](tD) = Exp[B](C)
and ∥C∥[B] < ∥tD∥[B] = t. Once we have that, since for any D ∈ T[B]Grr(Rd), the
length ℓ(γD) of the geodesic γD : s ∈ [0, 1] 7→ Exp[B](sD) is equal to ∥D∥[B], see [Lee19,
Corollary 5.6(b)], it comes that ρΘ([B],Exp[B](tD)) ≤ ℓ(γC) = ∥C∥[B] < t, and thus
γD is not length-minimizing at t, meaning t > c(D). Since we do this for any t >
π/(2~D(B⊤B)−1/2~), we conclude that c(D) ≤ π/(2~D(B⊤B)−1/2~).

Now, take the singular value decomposition D(B⊤B)−1/2 = UΣV⊤ with U a d × r-
matrix such that U⊤U = Ir, Σ a r × r-nonnegative diagonal matrix and V a r × r
orthogonal matrix. Denote by Σ = diag((Σi)i∈{1,...,r}), and, up to permuting the columns
of U, we can assume (Σi)i∈{1,...,r} nondecreasing. Since we have

‌

‌

‌
tD(B⊤B)−1/2

‌

‌

‌
= t ∥Σ∥∞ > π/2 ,

then tΣ1 > π/2. Now, to obtain another preimage of Exp[B](tD), we want to exploit the
periodicity of cos and sin, and therefore modify Σ into a matrix with smaller coefficients.
Since tΣ1 is the largest value of tΣ, and we have ∥tΣ∥∞ > π/2, then tΣ1 > π/2.

Consider the two following r × r-matrices, defined block-by-block

A =
(

π 01×(r−1)

0(r−1)×1 0(r−1)×(r−1)

)
, S =

(
−1 01×(r−1)

0(r−1)×1 Ir−1

)
.

Assume in the first place that tΣ1 > π. Let Σ̃ = tΣ − A, which is still a nonnegative
diagonal matrix, and consider C = UΣ̃V⊤(B⊤B)1/2. Then the SVD of C(B⊤B)−1/2 is
actually UΣ̃V⊤ and, using that cos(x− π) = − cos(x) and sin(x− π) = − sin(x),

Exp[B](C) =
[
B
(
B⊤B

)−1/2
V cos(tΣ−A) + U sin(tΣ−A)

]
=
[
B
(
B⊤B

)−1/2
V cos(tΣ)S + U sin(tΣ)S

]
= Exp[B](tD) ,

by using that S is invertible. Using the SVD and that for any m × n matrix M and any
n×m matrix N, Tr(MN) = Tr(NM), we can easily check that

∥D∥2B = Tr
((

B⊤B
)−1/2

D⊤D
(
B⊤B

)−1/2
)

= Tr
(
VΣ2V⊤

)
= Tr

(
V⊤VΣ2

)
= Tr

(
Σ2
)

=
r∑

i=1
Σ2

i . (2.97)
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Therefore, for C we obtain ∥C∥2[B] = ∥tD∥2[B]−t
2Σ2

1+(tΣ1 − π)2 = ∥tD∥2[B]−2tπΣ1+π2 <

∥tD∥2[B] − π
2 < ∥tD∥2[B]. This concludes this case of the proof.

Assume now π/2 < tΣ1 ≤ π. Let Σ̃ = tSΣ+A = diag(π−tΣ1, tΣ2, . . . , tΣr), which is still
a nonnegative diagonal matrix, and consider Ṽ = VS as well as C = UΣ̃Ṽ⊤(B⊤B)1/2.
Then an SVD of C(B⊤B)−1/2 is actually UΣ̃Ṽ⊤ since Ṽ⊤Ṽ = SV⊤VS = SS = Ir. Now,
using that cos(π − x) = − cos(x) and sin(π − x) = sin(x),

Exp[B](C) =
[
B
(
B⊤B

)−1/2
VS cos (tSΣ + A) + U sin(tSΣ + A)

]
=
[
B
(
B⊤B

)−1/2
VS cos (tΣ) S + U sin(tΣ)

]
.

Using that S and cos(tΣ) commute because they are diagonal, we have

Exp[B](C) =
[
B
(
B⊤B

)−1/2
V cos (tΣ) + U sin(tΣ)

]
= Exp[B](tD) .

Now, using the calculation done in (2.97), we have ∥C∥2[B] = ∥tD∥2[B]−t
2Σ2

1 +(π−tΣ1)2 =
∥tD∥2[B]+π2−2tπΣ1. However tΣ1 > π/2, thus 2tπΣ1 > π2. Therefore ∥C∥2[B] < ∥tD∥

2
[B].

This concludes the proof under the assumption tΣ1 > π/2.
(c) Let us prove that I[B] = TD([B]), where the tangent injectivity domain TD([B]) =
{tC : C ∈ T[B]Grr(Rd), ∥C∥[B] = 1, t < c(C)}, where the cut time c(·) is defined in
(2.159). The inclusion TD([B]) ⊂ I[B] is given by Proposition 2.26-(b), we prove the other
one by contradiction.

Suppose there exists W ∈ I[B] \ TD([B]). Setting M = W/∥W∥[B], since W /∈
TD([B]), ∥W∥[B] ≥ c(M). However, c(M)M is not in TD([B]) and, by definition of
I[B], {tM : t ≤ ∥W∥[B]} ⊂ I[B] because W = ∥W∥[B]M ∈ I[B]. Therefore c(M)M ∈
I[B] \ TD([B]). We set D = c(M)M, which means that we have c(M) = ∥D∥[B] and by
definition of the cut time given in (2.159), Exp[B](D) ∈ Cut([B]).

Now, we can apply [Lee19, Proposition 10.32] to our point [B] ∈ Grr(Rd) and tangent
vector D ∈ T[B]Grr(Rd). Since c(M) = ∥D∥[B], we are in the case [Lee19, Proposition
10.32-(b)], meaning that the geodesic γ : t ∈ [0, ∥D∥[B]] 7→ Exp[B](tM) ∈ Grr(Rd) is
minimizing and that one or both of the following conditions are true:

(i) Exp[B](D) is conjugate to [B] along γ, i.e. D is a critical point of Exp[B], see [Lee19,
Proposition 10.20].

(ii) There are at least two unit-speed minimizing geodesics from [B] to Exp[B](D).

To find the contradiction, we prove that both of these conditions are false. Firstly, (i)
does not hold using Proposition 2.26-(a) and that D belongs to I[B].

Now, since (i) does not hold, (ii) is true. Therefore, there exists D′ ∈ T[B]Grr(Rd) such
that D′ ̸= D, that the geodesic γD′ : t ∈ [0, 1] 7→ Exp[B](tD′) is minimizing on [0, 1] and
that Exp[B](D) = Exp[B](D′). Indeed, to claim D′ ̸= D, we use that having two different
unit-speed geodesics means that D′/∥D′∥[B] ̸= D/∥D∥[B], however, since both have the
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same image by Exp[B] and both geodesics are minimizing, the distance ρΘ([B],Exp[B](D))
is equal to the length of both geodesics, namely ∥D′∥[B] and ∥D∥[B], which gives D′ ̸= D.

By injectivity of Exp[B] on I[B] and that D′ ̸= D, we have D′ /∈ I[B]. Moreover, by
definition of the cut time c(D′/∥D′∥[B]), and since γD′ is minimizing on [0, 1], we have
that D′ ∈ TD([B]) ∪ TCut([B]). Using Proposition 2.26-(b), we have TD([B]) ⊂ I[B]
which, combined with D′ /∈ I[B], gives D′ ∈ TCut([B]). We now look for a contradiction
with respect to the injectivity of Exp[B] on I[B].

Using Proposition 2.26-(a), we have that I[B] is open in T[B]Grr(Rd). Thus, there
exists a radius r0 > 0 such that the open ball U = B(D, r0) ⊂ T[B]Grr(Rd) is contained
inside I[B]. Since D ̸= D′, we have ∥D − D′∥[B] > 0 and therefore, up to dividing r0
by some positive number greater than one, we can assume that infC∈U ∥C −D′∥[B] > 0.
Denoting the preimage of Exp[B](U) by the mapping Exp[B], O = Exp−1

[B]{Exp[B](U)}, we
have, since Exp[B] is a diffeomorphism, that Exp[B](U) is open in Grr(Rd) and that O is
open in T[B]Grr(Rd). Moreover O contains D and D′. Therefore, there exists r1 > 0 such
that the open ball U′ = B(D′, r1) ⊂ T[B]Grr(Rd) satisfies U′ ⊂ O. By the assumption
made on the choice of r0, and up to division of r1 by a large enough positive number, we
can assume that U ∩ U′ = ∅.

We prove now that there exists C′ ∈ U′ ∩ I[B]. Since D′ ∈ TCut([B]), then for
any t ∈ [0, 1), tD′ ∈ TD([B]) ⊂ I[B]. Therefore the sequence of tangent vectors ((1 −
2−n/∥D′∥[B])D′)n∈N∗ has its values on I[B]. Moreover, there exists N ∈ N∗ such that for
any n ≥ N , 2−n < r1, thus

∥∥∥D′ − (1− 2−N/∥D′∥[B])D′
∥∥∥

[B]
=
∣∣∣1− 1 + 2−N/∥D′∥[B]

∣∣∣ ∥D′∥[B]

= 2−N∥D′∥[B]/∥D′∥[B] < r1 .

This gives that C′ = (1− 2−N/∥D′∥[B])D′ ∈ U′. We have therefore found C′ ∈ U′ ∩ I[B].
Finally, by definition of U′, Exp[B](C′) ∈ Exp[B](U), thus there exists C ∈ U such that

Exp[B](C′) = Exp[B](C). Since U∩U′ = ∅, we have C′ ̸= C and, since U ⊂ I[B], we have
C ∈ I[B]. This is contradictory with Proposition 2.26-(a), which states the injectivity of
Exp[B] on I[B]. This concludes the proof of (c).

2.8 Proofs for Section 2.3.2

2.8.1 A technical lemma

We preface our proofs by a version of Lemma 2.3 adapted to the new scheme (2.16).

Lemma 2.27. Assume A1-A2-R1. Consider the sequence (θn)n∈N∗ satisfying the scheme
(2.16). Setting, for any k ∈ N, ∆Mk = ⟨gradV (θk), eθk

(Xk+1)⟩θk
, we have for any n ∈ N∗
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and ε > 0,∑n
k=0 ηk+1(c1 − 2Lηk+1 − c2ε)∥h(θk)∥2θk

≤ V (θ0)− V (θn+1)
+∑n

k=0 ηk+1∆Mk + c2Γn+1

+∑n
k=0 ηk+1∥gradV (θk)∥θk

∥∆θk,ηk+1(Xk+1)∥θk

+2L∑n
k=0 η

2
k+1(∥eθk

(Xk+1)∥2θk
+ ∥∆θk,ηk+1(Xk+1)∥2θk

)
+∑n

k=0 ηk+1
{
(4ε)−1 + 2Lηk+1

}
∥bθk

(Xk+1)∥2θk
,

where e,∆ and are defined by (2.8) and (2.17) respectively.

Proof. For any k ≥ 0 and t ∈ [0, 1], consider

γ(k)(t) = Expθk

(
tηk+1

{
Hθk

(Xk+1) + bθk
(Xk+1) + ∆θk,ηk+1(Xk+1)

})
.

Note that γ̇(k)(0) = ηk+1{Hθk
(Xk+1) + bθk

(Xk+1) + ∆θk,ηk+1(Xk+1)} and that
ℓ(γ(k)) = ηk+1∥Hθk

(Xk+1) + bθk
(Xk+1) + ∆θk,ηk+1(Xk+1)∥θk

. Then, by Lemma 2.1, (2.8)
and using that for any θ ∈ Θ, a, b, c, d ∈ TθΘ, ∥a+b+c+d∥2θ ≤ 4(∥a∥2θ +∥b∥2θ +∥c∥2θ +∥d∥2θ)
, we get that for any k ≥ 0,∣∣∣∣V (θk+1)− V (θk)− ηk+1

〈
gradV (θk), Hθk

(Xk+1) + bθk
(Xk+1) + ∆θk,ηk+1(Xk+1)

〉
θk

∣∣∣∣
≤ (L/2)ℓ(γ(k))2 = (Lη2

k+1/2)∥Hθk
(Xk+1) + bθk

(Xk+1) + ∆θk,ηk+1(Xk+1)∥2θk
,

≤ 2Lη2
k+1

{
∥h(θk)∥2θk

+ ∥bθk
(Xk+1)∥2θk

+ ∥eθk
(Xk+1)∥2θk

+ ∥∆θk,ηk+1(Xk+1)∥2θk

}
.

Therefore, we get that for any k ∈ N,

− ηk+1 ⟨gradV (θk), h(θk)⟩θk

≤ V (θk)− V (θk+1)

+ ηk+1
〈
gradV (θk), eθk

(Xk+1) + bθk
(Xk+1) + ∆θk,ηk+1(Xk+1)

〉
θk

+ 2Lη2
k+1

{
∥h(θk)∥2θk

+ ∥bθk
(Xk+1)∥2θk

+ ∥eθk
(Xk+1)∥2θk

+ ∥∆θk,ηk+1(Xk+1)∥2θk

}
.

(2.98)
By A2-(b) and the Cauchy-Schwarz inequality, we obtain for any k ∈ N∗ and ε > 0,

⟨gradV (θk), bθk
(Xk+1)⟩θk

≤ c2ε∥h(θk)∥2θk
+ (1/4ε)∥bθk

(Xk+1)∥θk
.

Thus, using A2-(a), the Cauchy-Schwarz inequality and plugging this in (2.98) gives,

ηk+1(c1 − 2Lηk+1 − c2ε)∥h(θk)∥2θk
≤ V (θk)− V (θk+1)

+ ηk+1 ⟨gradV (θk), eθk
(Xk+1)⟩θk

+ ηk+1c2

+ ηk+1∥gradV (θk)∥θk
∥∆θk,ηk+1(Xk+1)∥θk

+ 2Lη2
k+1∥∆θk,ηk+1(Xk+1)∥2θk

+ [ηk+1/4ε+ 2Lη2
k+1]∥bθk

(Xk+1)∥2θk
+ 2Lη2

k+1∥eθk
(Xk+1)∥2θk

.

Adding these inequalities from 0 to n and rearranging terms concludes the proof.
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2.8.2 Proof of Theorem 2.11

If MD2(a) holds for a ∈ N∗, then MD2(ã) holds for any ã ∈ {0, 1, ..., a} and m(ã) will
then stand for a constant such that almost surely, E[∥eθn(Xn+1)∥ãθn

|Fn] ≤ m(ã). Before
giving the proof of Theorem 2.11, we specify the statement of this result in Theorem 2.28
below. In particular, we give an explicit expression of A(R)

n+1. We define

η =
{
c1[4(2L+ 3L (1)ch∞)]−1 if R2-MD2(4) hold ,

c1/(8L) if R3- MD2(6) hold ,
(2.99)

C
(2)
R =

{
2c−1

1 (2L+ 3ch∞L (1)(θ̃))(b2
∞ + m(2)) if R2-MD2(4) hold ,

4c−1
1 L(b2

∞ + m(2)) if R3- MD2(6) hold ,
(2.100)

C
(4)
R = 54Lc−1

1 (L (1)(θ̃))2{h4
∞ + b4

∞ + m(4)} , (2.101)

C
(3)
R = 32L (2)(θ̃)ch∞

{
h3

∞ + b3
∞ + m(3)

}
, (2.102)

C
(6)
R = 35L (2)(θ̃){b6

∞ + h6
∞ + m(6)} , (2.103)

where θ̃ ∈ Θ is fixed and can be chosen arbitrary.

Theorem 2.28. Assume A1-A2-A3-A4, R1, MD1 hold. Suppose either R2, MD2(4)
or R 3, MD 2(6). Consider (θk)k∈N defined by (2.12). Then, if supk∈N∗ ηk ≤ η, for η

defined in (2.99), for any n ∈ N

E
[
∥h(θIn)∥2θIn

]
≤ 2(c1Γn+1)−1{E [V (θ0)] + C

(2)
R Γ(2)

n+1 +A
(R)
n+1}+ 2(b∞ch∞ + c2)/c1 ,

with A(R)
n+1 =

C
(4)
R Γ(4)

n+1 if R2, MD2(4) hold
C

(3)
R Γ(3)

n+1 + C
(6)
R Γ(6)

n+1 if R3, MD2(6) hold
, (2.104)

where C(2)
R is given by (2.100), C(4)

R is defined in (2.101), C(3)
R , C

(6)
R are defined in (2.102)-

(2.103) and In ∈ {0, . . . , n} is a random variable independent of Fn and distributed ac-
cording to (2.5).

Proof of Theorem 2.28. In all the proof θ̃ ∈ Θ is a fixed element of Θ, which will be used
as we will apply Lemma 2.7. Also for ease of notation, we simply denote L

(1)
∞ = L (1)(θ̃)

and similarly L (2) = L (2)(θ̃).
Using the assumptions in Theorem 2.11, the proof consists in bounding each term of

Lemma 2.27 after taking the expectation. We first make a first estimate which holds if
either R2 or R3 hold.

Using MD1 and that θk is Fk-measurable, we have for any k ∈ N, E [∆Mk] = 0. In
addition, by A2-(a)-A4 we have

∥gradV (θk)∥θk
∥∆θk,ηk+1(Xk+1)∥θk

≤ ch∞∥∆θk,ηk+1(Xk+1)∥θk
.
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Therefore, taking expectation in Lemma 2.27, we get using V is non-negative, A3 and
MD2(4) or MD2(6), for any n ∈ N∗ and ε > 0,∑n

k=0 ηk+1(c1 − 2Lηk+1 − c2ε)E[∥h(θk)∥2θk
] ≤ E[V (θ0)] + c2Γn+1

+ch∞
∑n

k=0 ηk+1∥∆θk,ηk+1(Xk+1)∥θk
+ 2L(b2

∞ + m(2))Γ
(2)
n+1

+∑n
k=0 η

2
k+1∥∆θk,ηk+1(Xk+1)∥2θk

+[b2
∞/(4ε)]Γn+1 .

(2.105)
Therefore, it remains to bound the terms involving the retraction bias ∆, for which we
distinguish the two different sets of conditions R2-MD2(4) or R3, MD2(6).

If R 2-MD 2(4) hold. Using Lemma 2.7-(a), A3-A4 and Hölder inequality shows
that

∥∆θk,ηk+1(Xk+1)∥θk
≤ L (1)ηk+1∥Hθk

(Xk+1) + bθk
(Xk+1)∥2θk

,

≤ 3L (1)ηk+1
{
∥h(θk)∥2θk

+ b2
∞ + ∥eθk

(Xk+1)∥2θk

}
∥∆θk,ηk+1(Xk+1)∥2θk

≤ 9× 3[L (1)]2η2
k+1

{
h4

∞ + b4
∞ + ∥eθk

(Xk+1)∥4θk

}
.

Therefore, plugging these estimates in (2.105), using MD2(4), we get that∑n
k=0 ηk+1(c1 − 2Lηk+1 − c2ε)E[∥h(θk)∥2θk

] ≤ E[V (θ0)] + c2Γn+1

+3L (1)ch∞
∑n

k=0 η
2
k+1

{
E[∥h(θk)∥2θk

] + b2
∞ + m(2)

}
+2L(b2

∞ + m(2))Γ
(2)
n+1+[b2

∞/(4ε)]Γn+1

+27L (1){b4
∞ + h4

∞ + m(4)}Γ
(4)
n+1 .

Rearranging terms and taking ε = c1/(4c2), we get∑n
k=0 ηk+1(3c1/4− (2L+ 3L (1)ch∞)ηk+1)E[∥h(θk)∥2θk

]
≤ E[V (θ0)] + (c2 + b2

∞c
2/c1)Γn+1

+ (2L+ 3L (1)ch∞)(b2
∞ + m(2))Γ

(2)
n+1+27L (1){b4

∞ + h4
∞ + m(4)}Γ

(4)
n+1 .

Using supk∈N∗ ηk ≤ η ≤ c1[4(2L+3L (1)ch∞)]−1 ensures that c1/4 ≥ (2L+3L (1)ch∞)ηk+1
for any k ∈ N and the proof follows.

If R 3, MD 2(6) hold. Using Lemma 2.7-(b), A3-A4 and Hölder inequality shows
that

∥∆θk,ηk+1(Xk+1)∥θk
≤ L (2)η2

k+1∥Hθk
(Xk+1) + bθk

(Xk+1)∥3θk
,

≤ 32L (2)η2
k+1

{
h3

∞ + b3
∞ + ∥eθk

(Xk+1)∥3θk

}
∥∆θk,ηk+1(Xk+1)∥2θk

≤ 35[L (2)]2η2
k+1

{
h6

∞ + b6
∞ + ∥eθk

(Xk+1)∥6θk

}
.

Therefore, plugging these estimates in (2.105), using MD2(6), we get that∑n
k=0 ηk+1(c1 − 2Lηk+1 − c2ε)E[∥h(θk)∥2θk

] ≤ E[V (θ0)] + c2Γn+1

+32L (2)ch∞
{
h3

∞ + b3
∞ + m(3)

}
Γ(3)

n+1 + 2L(b2
∞ + m(2))Γ

(2)
n+1

+35L (2){b6
∞ + h6

∞ + m(6)}Γ
(6)
n+1+[b2

∞/(4ε)]Γn+1 .
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Rearranging terms and taking ε = c1/(4c2), we get∑n
k=0 ηk+1(3c1/4− 2Lηk+1)E[∥h(θk)∥2θk

] ≤ E[V (θ0)] + (c2 + b2
∞c

2/c1)Γn+1

+2L(b2
∞ + m(2))Γ

(2)
n+1

+32L (2)ch∞
{
h3

∞ + b3
∞ + m(3)

}
Γ(3)

n+1

+35L (2){b6
∞ + h6

∞ + m(6)}Γ
(6)
n+1 .

Using that supk∈N∗ ηk ≤ η ≤ c1/(8L) ensures that c1/4 ≥ 2Lηk+1 for any k ∈ N which
completes the proof.

2.8.3 Proof of Theorem 2.12

Under MA4(w), for any p ∈ [1, 3], C(p)
w stands for a constant such that

sup
k∈N

E [wp(Xk+1)] ≤ C(p)
w .

In addition, in the sequel, θ̃ ∈ Θ is a fixed element of Θ, which will be used as we will apply
Lemma 2.7. Also for ease of notation, we simply denote L

(1)
∞ = L (1)(θ̃) and similarly

L (2) = L (2)(θ̃).
Before giving the proof of Theorem 2.12, we specify the statement of this result in

Theorem 2.29 below. In particular, we give an explicit expression of B(R)
n+1. We define

η =
{
c1/[4(2L+Dê + 3L (1)ch∞)]−1 if R2 holds ,

c1/[4(2L+Dê)]−1 if R3 holds ,
(2.106)

D
(2)
R =

{
C0

ê + (b2
∞ + Cwe

2
∞)(3ch∞L (1) + 2L) if R2 holds ,

C0
ê + 2L(b2

∞ + Cwe
2
∞) if R3 holds ,

(2.107)

D
(3)
R2 = 3L (1)[Lê∞Cw{h2

∞ + b2
∞ + e2

∞C
(2)
w } (2.108)

+ Lêch∞{h2
∞ + b2

∞ + e2
∞Cw}] ,

D
(4)
R = 32L (2)[Lê∞Cw{h3

∞ + b3
∞ + e3

∞C
(3)
w } (2.109)

+ Lêch∞{h3
∞ + b3

∞ + e3
∞C

(3/2)
w }] ,

D
(3)
R3 = 32L (2)ch∞

{
h3

∞ + b3
∞ + e3

∞C
(3/2)
w

}
, (2.110)

D
(6)
R = 235L[L (2)]2{h6

∞ + b6
∞ + e6

∞C
(3)
w } . (2.111)

Theorem 2.29. Assume A1-A2-A3-A4, R1, MA1-MA2(w)-MA4(w) hold for some
measurable function w : X→ [1,+∞). Suppose in addition that R2 or R3 holds. Assume
that (ηk)k∈N∗ is a sequence of stepsizes and a1, a2 ≥ 0 satisfying (2.10).
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Consider (θk)k∈N defined by (2.12). Then, if supk∈N∗ ηk ≤ η, for η defined in (2.106),
for any n ∈ N,

E[∥h(θIn)∥2θIn
] ≤ 2(c1Γn+1)−1{E [V (θ0)] + C(η1)

+D
(2)
R Γ(2)

n+1 +B
(R)
n+1}+ 2(b∞ch∞ + c2)/c1 ,

with B(R)
n+1 =

D
(3)
R2Γ(3)

n+1 +D
(4)
R Γ(4)

n+1 if R2 holds,
D

(3)
R3Γ(3)

n+1 +D
(6)
R Γ(6)

n+1 if R3 holds,
(2.112)

where C(η1), D(2)
R are given by (2.39)-(2.107); D(3)

R2, D(4)
R are defined in (2.108)-(2.109);

D
(3)
R3 , D

(6)
R are defined in (2.110)-(2.111) and In ∈ {0, . . . , n} is a random variable inde-

pendent of Fn and distributed according to (2.5).

We begin the proof by showing a similar lemma to Lemma 2.16.

Lemma 2.30. Assume A1-A2-A3-A4-MA1-MA2(w)-MA4(w) hold for some measur-
able function w : X → [1,+∞). Suppose in addition that R2 or R3 holds. Let (ηk)k∈N∗

be a sequence satisfying (2.10) and consider (θk)k∈N defined by (2.16). Set for any k ∈ N,
∆Mk = ⟨gradV (θk), eθk

(Xk+1)⟩θk
. It holds that for any n ∈ N,

|E[∑n
k=0 ηk+1∆Mk]| ≤ Dê

∑n
k=0 η

2
k+1E

[
∥h(θk)∥2θk

]
+ C0

ê Γ(2)
n+1 + C(η1) +BR,0 ,

where Dê, C
0
ê , C(η1) are given in (2.41)-(2.39) and

BR,0 =

E
(3)
RetΓ

(3)
n+1 if R2 holds ,

E
(4)
RetΓ

(4)
n+1 if R3 holds ,

E
(3)
Ret = D

(3)
R2 = 3L (1)[Lê∞Cw{h2

∞ + b2
∞ + e2

∞C
(2)
w }

+ Lêch∞{h2
∞ + b2

∞ + e2
∞Cw}] ,

E
(4)
Ret = D

(4)
R3 = 32L (2)[Lê∞Cw{h3

∞ + b3
∞ + e3

∞C
(3)
w }

+ Lêch∞{h3
∞ + b3

∞ + e3
∞C

(3/2)
w }] .

Proof. The proof is an adaptation of Lemma 2.16 in which we need to deal with the
retraction bias. Consider the measurable function ê : Θ×X→ TΘ which satisfies MA2(w)
and for any k ∈ N. By (2.12), we can consider γ(k+1) : [0, 1] → Θ, the geodesic between
θk and θk+1 defined by γ(k+1)(t) = Exp{tηk+1(Hθk

(Xk+1) + bθk
(Xk+1) + ∆θk,ηk+1(Xk+1))}

for any t ∈ [0, 1]. Note that for any k ∈ N,

ℓ(γ(k+1)) = ηk+1∥Hθk
(Xk+1) + bθk

(Xk+1) + ∆θk,ηk+1(Xk+1)∥θk
,

≤ ηk+1{∥Hθk
(Xk+1) + bθk

(Xk+1)∥θk
+ ∥∆θk,ηk+1(Xk+1)∥θk

} .
(2.113)

Using that the parallel transport associated with the Levi-Civita connection is a linear
isometry [Lee19, Proposition 5.5] and (Tγ

01)−1 = Tγ
10 by uniqueness of parallel transport
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[Lee19, Theorem 4.32], we obtain the following decomposition

E

[
−

n∑
k=0

ηk+1∆Mk

]
= −E

[ 5∑
i=1

Ai

]
, (2.114)

where

A1 =
n∑

k=1
ηk+1 ⟨gradV (θk), êθk

(Xk+1)− Pθk
êθk

(Xk)⟩θk
,

A2 =
n∑

k=1
ηk+1

〈
gradV (θk), Pθk

êθk
(Xk)− Tγ(k)

01 Pθk−1 êθk−1(Xk)
〉

θk

,

A3 =
n∑

k=1
ηk+1

〈
Tγ(k)

10 gradV (θk)− gradV (θk−1), Pθk−1 êθk−1(Xk)
〉

θk−1
,

A4 =
n∑

k=1
(ηk+1 − ηk)

〈
gradV (θk−1), Pθk−1 êθk−1(Xk)

〉
θk−1

,

A5 = η1 ⟨gradV (θ0), êθ0(X1)⟩θ0
− ηn+1 ⟨gradV (θn), êθn(Xn+1)⟩θn

.

We now bound each term of this decomposition. As for the proof of (2.115) in the proof
of Lemma 2.16, using using MA2(w)-(a), we have

E [A1] = 0 . (2.115)

Similarly, using the same argument as (2.45) and (2.46) in the proof of Lemma 2.16, we
get

E [|A4|] ≤ 2cê∞Cwη1 + 2ca2

n∑
k=1

ηkE
[
∥h(θk−1)∥2θk−1

]
,

E [|A5|] ≤ cê∞

(
2 + Cw

n∑
k=0

η2
k+1E

[
∥h(θk)∥2θk

])
.

(2.116)

It remains to deal with A2 and A3 for which we distinguish the case where R 2 or R 3
holds.

In the case where R2 holds. Using Lemma 2.7-(a), A3-A4 and Hölder inequality
shows that

∥∆θk,ηk+1(Xk+1)∥θk
≤ L (1)ηk+1∥Hθk

(Xk+1) + bθk
(Xk+1)∥2θk

,

≤ 3L (1)ηk+1
{
∥h(θk)∥2θk

+ b2
∞ + ∥eθk

(Xk+1)∥2θk

}
.

Using the Cauchy-Schwarz inequality, (2.113), A2-(b), the definition of e (2.8), A3,
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MA2(w)-(a)-(c) and Jensen’s inequality, we obtain

|A3| ≤ L
n∑

k=1
ηk+1ℓ(γ(k))∥Pθk−1 êθk−1(Xk)∥θk−1

≤ L
n∑

k=1
ηkηk+1

{
∥Hθk−1(Xk)∥θk−1 + ∥bθk−1(Xk)∥θk−1

}
∥Pθk−1 êθk−1(Xk)∥θk−1

+ L
n∑

k=1
ηkηk+1∥∆θk−1,ηk

(Xk)∥θk−1∥Pθk−1 êθk−1(Xk)∥θk−1

≤ Lê∞

n∑
k=1

ηkηk+1
(
e∞w

1/2(Xk) + b∞ + ∥h(θk−1)∥θk−1

)
Pθk−1w

1/2(Xk)

+ 3L (1)Lê∞

n∑
k=1

η2
kηk+1

{
∥h(θk−1)∥2θk−1 + b2

∞ + e2
∞w(Xk)

}
Pθk−1w

1/2(Xk) .

Taking the expectation, using MA 2(w)-(b), A 4, that (ηk)k∈N∗ satisfies (2.10) and the
Cauchy-Schwarz inequality brings,

E [|A3|] ≤ Lê∞Cw{[e∞ + b∞]Γ(2)
n+1 +∑n

k=1 η
2
kE[∥h(θk−1)∥2θk−1

]}

+ 3Lê∞L (1)Cw[h2
∞ + b2

∞ + e2
∞C

(2)
w ]Γ(3)

n+1 . (2.117)

It remains to treat A2 depending on the additional two conditions we consider. We start
by proving a general bound which hold. Using the Cauchy-Schwarz inequality, MA2(w)-
(a)-(c)-(d), (2.113) and A2-(a), we get,

(2.118)
|A2| ≤ A2,1 +A2,2

A2,1 = Lê

n∑
k=1

ηk+1ηkw
1/2(Xk)∥gradV (θk)∥θk

{
∥Hθk−1(Xk)∥θk−1

+∥bθk−1(Xk)∥θk−1

}
,

≤ Lêc
n∑

k=1
ηk+1ηkw

1/2(Xk)∥h(θk)∥θk

{
e∞w

1/2(Xk)

+∥h(θk−1)∥θk−1 + ∥bθk−1(Xk)∥θk−1

}
,

A2,2 = Lê

n∑
k=1

ηk+1ηkw
1/2(Xk)∥gradV (θk)∥θk

∥∥∥∆θk−1,ηk
(Xk)

∥∥∥
θk

≤ 3LêL
(1)

n∑
k=1

ηk+1η
2
k∥gradV (θk)∥θk

{
∥h(θk)∥2θk

+ b2
∞ + e2

∞w(Xk)
}
.

Similarly to the proof of (2.48) in the proof of Lemma 2.16, we have

E [|A1,2|] ≤ Lêc
[
(e∞ + b∞){h2

∞a1 + 1}+ h2
∞

]
CwΓ(2)

n+1 . (2.119)
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Using A2-(a), MA2(w)-(a)-(b), A4, and (ηk)k∈N∗ satisfies (2.10), we get

E [|A2,2|] ≤ 3LêcL
(1)h∞{h2

∞ + b2
∞ + Cwe

2
∞}Γ

(3)
n+1 . (2.120)

Combining (2.115)-(2.116)-(2.117)-(2.118) (2.119) and (2.120) with (2.114) completes the
proof.

If R3 holds. Using Lemma 2.7-(b), A3-A4 and Hölder inequality shows that

∥∆θk,ηk+1(Xk+1)∥θk
≤ L (2)η2

k+1∥Hθk
(Xk+1) + bθk

(Xk+1)∥3θk
,

≤ 32L (2)η2
k+1

{
h3

∞ + b3
∞ + ∥eθk

(Xk+1)∥3θk

}
.

Using the Cauchy-Schwarz inequality, (2.113), A2-(b), the definition of e (2.8), A3,
MA2(w)-(a)-(c), and Jensen’s inequality, we obtain

|A3| ≤ L
n∑

k=1
ηk+1ℓ(γ(k))∥Pθk−1 êθk−1(Xk)∥θk−1

≤ L
n∑

k=1
ηkηk+1

{
∥Hθk−1(Xk)∥θk−1 + ∥bθk−1(Xk)∥θk−1

}
∥Pθk−1 êθk−1(Xk)∥θk−1

+ L
n∑

k=1
ηkηk+1∥∆θk−1,ηk

(Xk)∥θk−1∥Pθk−1 êθk−1(Xk)∥θk−1

≤ Lê∞

n∑
k=1

ηkηk+1
(
e∞w

1/2(Xk) + b∞ + ∥h(θk−1)∥θk−1

)
Pθk−1w

1/2(Xk)

+ 32L (2)Lê∞

n∑
k=1

η3
kηk+1

{
h3

∞ + b3
∞ + e3

∞w
3/2(Xk)

}
Pθk−1w

1/2(Xk) .

Taking the expectation, using MA2(w)-(b), A4, MA4, that (ηk)k∈N∗ satisfies (2.10) and
the Cauchy-Schwarz inequality brings,

E [|A3|] ≤ Lê∞Cw{[e∞ + b∞]Γ(2)
n+1 +∑n

k=1 η
2
kE[∥h(θk−1)∥2θk−1

]}

+ 32Lê∞L (2)Cw[h3
∞ + b3

∞ + e3
∞C

(3)
w ]Γ(4)

n+1 . (2.121)

It remains to treat A2 depending on the additional two conditions we consider. We start
by proving a general bound which hold. Using the Cauchy-Schwarz inequality, MA2(w)-
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(a)-(c)-(d), (2.113) and A2-(a), we get,

(2.122)
|A2| ≤ A2,1 +A2,2

A2,1 ≤ Lêc
n∑

k=1
ηk+1ηkw

1/2(Xk)∥h(θk)∥θk
{e∞w

1/2(Xk) + ∥h(θk−1)∥θk−1

+ ∥bθk−1(Xk)∥θk−1} ,

A2,2 = Lê

n∑
k=1

ηk+1ηkw
1/2(Xk)∥gradV (θk)∥θk

∥∆θk−1,ηk
(Xk)∥θk

≤ 32LêL
(2)

n∑
k=1

ηk+1η
3
k∥gradV (θk)∥θk

{
h3

∞ + b3
∞ + e∞w

3/2(Xk)
}
.

Similarly to the proof of (2.48) in the proof of Lemma 2.16, we have

E [|A1,2|] ≤ Lêc
[
(e∞ + b∞){h2

∞a1 + 1}+ h2
∞

]
CwΓ(2)

n+1 . (2.123)

Using A2-(a), MA2(w)-(a)-(b), MA4, A4, and (ηk)k∈N∗ satisfies (2.10), we get

E [|A2,2|] ≤ 32LêcL
(2)h∞{h3

∞ + b3
∞ + C(3/2)

w e3
∞}Γ

(4)
n+1 . (2.124)

Combining (2.115)-(2.116)-(2.121)-(2.122) (2.123) and (2.124) with (2.114) completes the
proof.

Proof of Theorem 2.29. Taking the expectation in the bound provided by
Lemma 2.27 and ε = c1/(4c2), and using V is non-negative, A2-(a), A3, MA2(w)-(a)-(b),
we get∑n

k=0 ηk+1(3c1/4− 2Lηk+1)E[∥h(θk)∥2θk
] ≤ E[V (θ0)] + E[∑n

k=0 ηk+1∆Mk] + c2Γn+1

+ch∞
∑n

k=0 ηk+1E[∥∆θk,ηk+1(Xk+1)∥θk
]

+2Le2
∞CwΓ(2)

n+1 + 2L∑n
k=0 η

2
k+1E[∥∆θk,ηk+1(Xk+1)∥2θk

]

+b2
∞{c2/c1Γn+1 + 2LΓ(2)

n+1} . (2.125)

A bound on E[∑n
k=0 ηk+1∆Mk] is provided by Lemma 2.30. It remains therefore to deal

with the two terms ∑n
k=0 ηk+1E[∥∆θk,ηk+1(Xk+1)∥θk

]
and ∑n

k=0 η
2
k+1E[∥∆θk,ηk+1(Xk+1)∥2θk

]. These two terms will treated differently depending
if R2 or R3 holds.

If R2 holds. Using Lemma 2.7-(a), A3, A4, MA2(w)-(a) and MA4(w), and Hölder
inequality shows that

∥∆θk,ηk+1(Xk+1)∥θk
≤ L (1)ηk+1∥Hθk

(Xk+1) + bθk
(Xk+1)∥2θk

,

E[∥∆θk,ηk+1(Xk+1)∥θk
] ≤ 3L (1)ηk+1

{
∥h(θk)∥2θk

+ b2
∞ + e2

∞Cw

}
E[∥∆θk,ηk+1(Xk+1)∥2θk

] ≤ 9× 3[L (1)]2η2
k+1

{
h4

∞ + b4
∞ + e4

∞C
(2)
w

}
.
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Therefore, plugging these estimates in (2.125) and using Lemma 2.30, we get that

∑n
k=0 ηk+1(3c1/4− 2Lηk+1)E[∥h(θk)∥2θk

] ≤ E[V (θ0)] + (c2 + b2
∞c

2/c1)Γn+1

+Dê
∑n

k=0 η
2
k+1E

[
∥h(θk)∥2θk

]
+ C0

ê Γ(2)
n+1 + C(η1) + E

(3)
RetΓ

(3)
n+1

+3L (1)ch∞
∑n

k=0 η
2
k+1∥h(θk)∥θk

+(b2
∞ + Cwe

2
∞)(3ch∞L (1) + 2L)Γ(2)

n+1

+2× 33L[L (1)]2{h4
∞ + b4

∞ + e4
∞C

(2)
w }Γ(4)

n+1 .

Rearranging terms and using supk∈N∗ ηk < η, with η satisfying (2.106), we get

(c1/2)∑n
k=0 ηk+1E[∥h(θk)∥2θk

] ≤ E[V (θ0)] + (c2 + b2
∞c

2/c1)Γn+1

+ [C0
ê + (b2

∞ + Cwe
2
∞)(3ch∞L (1) + 2L)]Γ(2)

n+1 + C(η1)

+E(3)
RetΓ

(3)
n+1 + 2× 33L[L (1)]2{h4

∞ + b4
∞ + e4

∞C
(2)
w }Γ(4)

n+1 ,

and taking ε = c1/(4c2), we get

∑n
k=0 ηk+1(3c1/4− (2L+ 3L (1)ch∞)ηk+1)E[∥h(θk)∥2θk

] ≤ E[V (θ0)]

+(c2 + b2
∞c

2/c1)Γn+1 + (2L+ 3L (1)ch∞)(b2
∞ + m(2))Γ

(2)
n+1

+27L (1){b4
∞ + h4

∞ + m(4)}Γ
(4)
n+1 .

Using supk∈N∗ ηk ≤ η ≤ c1[4(2L+3L (1)ch∞)]−1 ensures that c1/4 ≥ (2L+3L (1)ch∞)ηk+1
for any k ∈ N and the proof follows.

If R3 holds. Using Lemma 2.7-(b), A3, A4, MA2(w)-(a) and MA4(w), and Hölder
inequality shows that

∥∆θk,ηk+1(Xk+1)∥θk
≤ L (2)η2

k+1∥Hθk
(Xk+1) + bθk

(Xk+1)∥3θk
,

E[∥∆θk,ηk+1(Xk+1)∥θk
] ≤ 32L (2)η2

k+1

{
h3

∞ + b3
∞ + e3

∞C
(3/2)
w

}
,

E[∥∆θk,ηk+1(Xk+1)∥2θk
] ≤ 35[L (2)]2η2

k+1

{
h6

∞ + b6
∞ + e6

∞C
(3)
w

}
.

Therefore, plugging these estimates in (2.125) and using Lemma 2.30, we get that

∑n
k=0 ηk+1(3c1/4− 2Lηk+1)E[∥h(θk)∥2θk

] ≤ E[V (θ0)] + (c2 + b2
∞c

2/c1)Γn+1

+Dê
∑n

k=0 η
2
k+1E

[
∥h(θk)∥2θk

]
+ C0

ê Γ(2)
n+1 + C(η1) + E

(4)
RetΓ

(4)
n+1

+2L(b2
∞ + Cwe

2
∞)Γ(2)

n+1

+32L (2)ch∞
{
h3

∞ + b3
∞ + e3

∞C
(3/2)
w

}
Γ(3)

n+1

+2× 35L[L (2)]2{h6
∞ + b6

∞ + e6
∞C

(3)
w }Γ(6)

n+1 .
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Rearranging terms and using supk∈N∗ ηk < η, with η satisfying (2.106), we get

(c1/2)∑n
k=0 ηk+1E[∥h(θk)∥2θk

]

≤ E[V (θ0)] + (c2 + b2
∞c

2/c1)Γn+1 + [C0
ê + 2L(b2

∞ + Cwe
2
∞)]Γ(2)

n+1 + C(η1)

+E(4)
RetΓ

(4)
n+1 + 32L (2)ch∞

{
h3

∞ + b3
∞ + e3

∞C
(3/2)
w

}
Γ(3)

n+1

+2× 35L[L (2)]2{h6
∞ + b6

∞ + e6
∞C

(3)
w }Γ(6)

n+1 .

Therefore, plugging these estimates in (2.105), using MD2(6), we get that∑n
k=0 ηk+1(c1 − 2Lηk+1 − c2ε)E[∥h(θk)∥2θk

] ≤ E[V (θ0)] + c2Γn+1

+32L (2)ch∞
{
h3

∞ + b3
∞ + m(3)

}
Γ(3)

n+1 + 2L(b2
∞ + m(2))Γ

(2)
n+1

+35L (2){b6
∞ + h6

∞ + m(6)}Γ
(6)
n+1+[b2

∞/(4ε)]Γn+1 .

Rearranging terms and taking ε = c1/(4c2), we get∑n
k=0 ηk+1(3c1/4− 2Lηk+1)E[∥h(θk)∥2θk

] ≤ E[V (θ0)] + (c2 + b2
∞c

2/c1)Γn+1

+2L(b2
∞ + m(2))Γ

(2)
n+1+32L (2)ch∞

{
h3

∞ + b3
∞ + m(3)

}
Γ(3)

n+1

+35L (2){b6
∞ + h6

∞ + m(6)}Γ
(6)
n+1 .

Using that supk∈N∗ ηk ≤ η ≤ c1/(8L) ensures that c1/4 ≥ 2Lηk+1 for any k ∈ N which
completes the proof.

2.9 Proof of Section 2.4

2.9.1 Proofs of Section 2.4.1

Lemma 2.31. Consider the Grassmann manifold Grr(Rd) defined in Example 2.9 and the
objective function f defined in (2.18). Then, for any [B] ∈ Grr(Rd),

(a) the covariant derivative of f at [B] is given by

∇f([B]) : D 7→ ∇Df([B]) = −Tr
(

AB
(
B⊤B

)−1
D⊤

)
.

and the Riemannian gradient of f at [B] is given by

grad f([B]) = −Proj[B⊥]AB ,

where Proj[B⊥] = Id − B(B⊤B)−1B⊤ is the projection matrix on [B⊥], the orthogonal
complement of [B].
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(b) for D ∈ T[B]Grr(Rd), the covariant Hessian of f at [B] is given by

Hess f([B]){(D,D)} = −Tr
(

AD
(
B⊤B

)−1
D⊤

)
+ Tr

(
AB

(
B⊤B

)−1
D⊤D

(
B⊤B

)−1
B⊤

)
.

(2.126)

Alternatively, one can also express the Hessian of f at [B] as follows,

Hess f([B]){(D,D)} =
〈

D
(
B⊤B

)−1
B⊤AB− Proj[B⊥]AD,D

〉
[B]

. (2.127)

Proof of Lemma 2.31. The main idea of the proof is to use Theorem 2.37 and to charac-
terize the iterated total derivatives of f using its gradient and Hessian. For any ([B],D) ∈
TGrr(Rd), consider the geodesic γ : [0, 1] → Grr(Rd) such that γ(0) = [B], γ̇(0) = D,
which is given by γ(t) = Exp[B](tD). Then, using Theorem 2.37 for the function f , the
curve γ and n = 2, we compute the Taylor expansion of the map f ◦ γ : [0, 1] → R.
Using Section 2.11.8 and (2.163), we get that (f ◦ γ)′(0) = ∇γ̇(0)f(γ(0)) = ∇Df([B]) and
(f ◦ γ)′′(0) = Hess f([B]) {D,D}. Introducing this into the Taylor expansion gives, for
any t ∈ [0, 1],

f ◦ γ(t) = f([B]) + t∇Df([B]) + (t2/2)Hess f([B]) {D,D}

+ (1/2)
∫ t

0
(t− s)2(f ◦ γ)(3)(s)ds .

(2.128)

We can bound the last term by Ct3 for some C > 0 since (f ◦ γ)(3) is bounded on the
compact set [0, 1]. Our strategy now is to obtain (2.128) in a different way, by computing
explicitly the second-order Taylor expansion of f ◦ γ(t) when t → 0. Then we identify
the first and second order terms to conclude. Recall that using (2.18) and (2.14), for
any ([B],D) ∈ TGrr(Rd), setting D(B⊤B)−1/2 = UΣV⊤ the compact singular value
decomposition, we have

f ◦ γ(t) = −(1/2) Tr
(

B⊤
t ABt

(
B⊤

t Bt

)−1
)
, (2.129)

where Bt = B(B⊤B)−1/2V cos(tΣ) + U sin(tΣ) ∈ Str(Rd) satisfies [Bt] = γ(t). First,
expanding the trigonometric functions applied to the diagonal elements of the matrix Σ
brings,

sin(tΣ) =
t→0

tΣ + o(t2) , and cos(tΣ) =
t→0

Ir − t2Σ2/2 + o(t2) .

Thus, the expansion for Bt is the following,

Bt =
t→0

B
(
B⊤B

)−1/2
V + tUΣ− t2B

(
B⊤B

)−1/2
VΣ2/2 + o(t2) .
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For the product B⊤B, derive

B⊤
t Bt =

t→0
V⊤

(
B⊤B

)−1/2
B⊤B

(
B⊤B

)−1/2
V + 2t sym

(
V⊤

(
B⊤B

)−1/2
B⊤UΣ

)
− t2 sym

(
V⊤

(
B⊤B

)−1/2
B⊤B

(
B⊤B

)−1/2
VΣ2

)
+ t2ΣU⊤UΣ + o(t2) ,

where sym(M) = (M + M⊤)/2 is the symmetrization of the square matrix M. Now, we
simplify the first term V⊤(B⊤B)−1/2B⊤B(B⊤B)−1/2V = Ir. In the second term, using
UΣ = D

(
B⊤B

)−1/2
V and B⊤D = 0r×r by definition of the tangent space T[B]Grr(Rd)

(see the paragraph around (2.71) and Example 2.9), the term of order t vanishes. Moreover,
the terms of order t2 are −Σ2 and Σ2 respectively, bringing

B⊤
t Bt =

t→0
Ir + o(t2) , and therefore

(
B⊤

t Bt

)−1
=

t→0
Ir + o(t2) . (2.130)

Finally, derive the Taylor expansion of BtB⊤
t , using VΣ2V⊤ = (UΣV⊤)⊤UΣV⊤ =(

B⊤B
)−1/2

D⊤D
(
B⊤B

)−1/2
and similarly UΣ2U⊤ = D

(
B⊤B

)−1
D⊤,

BtB⊤
t =

t→0
B
(
B⊤B

)−1
B⊤ + 2t sym

(
B
(
B⊤B

)−1
D⊤

)
+ t2UΣ2U⊤

− t2B
(
B⊤B

)−1/2
VΣ2V⊤

(
B⊤B

)−1/2
B⊤ + o(t2) ,

=
t→0

Proj[B] + 2t sym
(

B
(
B⊤B

)−1
D⊤

)
+ t2D

(
B⊤B

)−1
D⊤ (2.131)

− t2B
(
B⊤B

)−1
D⊤D

(
B⊤B

)−1
B⊤ + o(t2) .

Now, recall that for any d × r matrices M,N, Tr(M⊤N) = Tr(NM⊤), thus (2.129) can
be written using (2.130),

f ◦ γ(t) = −(1/2) Tr
(

ABt

(
B⊤

t Bt

)−1
B⊤

t

)
,

=
t→0
−(1/2) Tr

(
ABtIrB⊤

t

)
+ o(t2) .

Now recall that for any d× d matrix M and any d× d symmetric matrix N, Tr(NM) =
Tr(NM⊤), therefore Tr(Nsym(M)) = Tr(NM). Using this and (2.131),

f ◦ γ(t) =
t→0

f([B])− tTr
(

AB
(
B⊤B

)−1
D⊤

)
− (t2/2) Tr

(
AD

(
B⊤B

)−1
D⊤

)
+ (t2/2) Tr

(
AB

(
B⊤B

)−1
D⊤D

(
B⊤B

)−1
B⊤

)
+ o(t2) .

We conclude by identifying the terms as mentionned at the beggining of this proof.
The alternative representation is obtained by checking the following facts. First, B⊤Proj[B⊥]AD =
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0r×r, therefore Proj[B⊥]AD ∈ T[B]Grr(Rd). Also, by definition of the metric, the fact that
Proj⊤[B⊥] = Proj[B⊥] and that Proj[B⊥]D = D,

−
〈
Proj[B⊥]AD,D

〉
[B]

= −Tr
((

B⊤B
)−1

D⊤AD
)
.

Secondly, B⊤D(B⊤B)−1B⊤AB = 0r×r, thus D(B⊤B)−1B⊤AB ∈ T[B]Grr(Rd). More-
over,

Tr
(

AB
(
B⊤B

)−1
D⊤D

(
B⊤B

)−1
B⊤

)
=
〈

D
(
B⊤B

)−1
B⊤AB,D

〉
[B]

.

Combining these two last equations into (2.126) gives (2.127).

Proposition 2.32. Consider the setting of Section 2.4.1 and assume HP 2. Consider
e[B](x) = {Id − B(B⊤B)−1B⊤}(xx⊤ −A)B, for any [B] ∈ Grr(Rd), x ∈ Rd. Then, for
any [B0], [B1] ∈ Grr(Rd), x ∈ X and geodesic curve γ : [0, 1]→ Grr(Rd) between [B0] and
[B1], ∥∥∥e[B1](x)− Tγ

01e[B0](x)
∥∥∥

[B1]
≤ Cℓ(γ)(1 + ∥x∥22) . (2.132)

In particular, for any x ∈ Rd, [B] 7→ e[B](x) satisfies (2.11).

Proof. Note that by [EAS98, Section 2.5.3], for any [B] ∈ Grr(Rd), x ∈ Rd, e[B](x) =
−grad fx([B]) + grad f([B]) where grad is the Riemannian gradient on Grr(Rd), fx =
−Tr(xx⊤B(B⊤B)−1B⊤)/2 and f([B]) = −Tr(AB(B⊤B)−1B⊤)/2. Therefore, to con-
clude that (2.132) holds, using Lemma 2.38, it is sufficient to show that Hess f([B]),Hess fx([B]) :
T[B]Grr(Rd) → T[B]Grr(Rd) have operator norm upper bounded uniformly for [B] ∈
Grr(Rd) by C{1 + ∥x∥22} for some constant C > 0. In other words, using the Hessian
representation given in Lemma 2.31, we want to prove that there exists C > 0 such that
for any x ∈ Rd, ([B],D) ∈ TGrr(Rd), |Hess f([B]){(D,D)}| ≤ C{1 + ∥x∥22}∥D∥2[B] and
|Hess fx([B]){(D,D)}| ≤ C{1 + ∥x∥22}∥D∥2[B].
First, since f does not depend on x and Grr(Rd) is compact, there exists C1 ≥ 0 such
that for any [B] ∈ Grr(Rd), the operator norm with respect to the Riemannian norm of
Hess f([B]) is bounded by C1. This means that for any ([B],D) ∈ TGrr(Rd), |Hess f ([B]) (D,D)| ≤
C1∥D∥2[B]. Secondly, the derivative and the Hessian of fx are given by Lemma 2.31 by
changing A into xx⊤. Therefore, by taking the expression of the Hessian of fx given in
(2.127) and using the triangle and Cauchy-Schwarz inequalities,

|Hess fx ([B]) (D,D)|

≤
∣∣∣∣〈Proj[B⊥]xx

⊤D,D
〉

[B]

∣∣∣∣+
∣∣∣∣∣
〈

D
(
B⊤B

)−1
B⊤xx⊤B,D

〉
[B]

∣∣∣∣∣
≤ ∥D∥[B]

(∥∥∥Proj[B⊥]xx
⊤D

∥∥∥
[B]

+
∥∥∥∥D (

B⊤B
)−1

B⊤xx⊤B
∥∥∥∥

[B]

)
. (2.133)
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We use in the following computations the relationship between the Frobenius norm ∥ · ∥2
and the Riemannian norm, namely for any D ∈ T[B]Grr(Rd), using that (B⊤B)−1/2 is a
symmetric matrix,

∥D∥2[B] = Tr
((

B⊤B
)−1

D⊤D
)

=
∥∥∥∥D (

B⊤B
)−1/2

∥∥∥∥2

2
. (2.134)

Using (2.134), the fact that the Frobenius norm is sub-multiplicative, and the definition
of the spectral norm given in (2.83),∥∥∥Proj[B⊥]xx

⊤D
∥∥∥

[B]
=
∥∥∥∥Proj[B⊥]xx

⊤D
(
B⊤B

)−1/2
∥∥∥∥

2

≤
∥∥∥Proj[B⊥]xx

⊤
∥∥∥

2

∥∥∥∥D (
B⊤B

)−1/2
∥∥∥∥

2

≤
‌

‌

‌
Proj[B⊥]

‌

‌

‌

∥∥∥xx⊤
∥∥∥

2
∥D∥[B]

≤ ∥x∥22 ∥D∥[B] ,

where we have used that the spectral norm is an operator norm, that the operator norm
of a projector (here Proj[B⊥]) is equal to one, and that ∥xx⊤∥2 = ∥x∥22. For the second
term in (2.133), we proceed similarly,∥∥∥∥D (

B⊤B
)−1

B⊤xx⊤B
∥∥∥∥

[B]

=
∥∥∥∥D (

B⊤B
)−1

B⊤xx⊤B
(
B⊤B

)−1/2
∥∥∥∥

2

≤
∥∥∥∥D (

B⊤B
)−1/2

∥∥∥∥
2

∥∥∥∥(B⊤B
)−1/2

B⊤
∥∥∥∥

2

∥∥∥xx⊤
∥∥∥

2

∥∥∥∥B (
B⊤B

)−1/2
∥∥∥∥

2

≤
∥∥∥∥B (

B⊤B
)−1/2

∥∥∥∥2

2
∥x∥22 ∥D∥[B] ,

where we have used that for any C ∈ Rd×r, ∥C∥2 = ∥C⊤∥2. Finally,∥∥∥∥B (
B⊤B

)−1/2
∥∥∥∥2

2
= Tr

(
B
(
B⊤B

)−1
B⊤

)
= Tr (Ir) = r .

In conclusion, we have that

|Hess fx ([B]) (D,D)| ≤ (r + 1) ∥x∥22 ∥D∥
2
[B] ,

which completes the proof.

2.9.2 Proofs of Section 2.4.2

Recall that we consider the Huber-like dissimilarity measure, ρH : Θ×Θ→ R+, given for
any θ0, θ1 ∈ Θ by

ρH(θ0, θ1) = δ2
[
1 + {ρΘ(θ0, θ1)/δ}2

]1/2
− δ2 , (2.135)
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where δ > 0.
We present lemmas to verify A2–A3, MD1 for the robust barycenter problem. In

addition, we show that the function f(θ) of (2.21),

f(θ) =
∫

Θ
ρH(θ, x)π(dx) for θ ∈ Θ ,

is strictly g-convex. Thus the the robust barycenter of a probability distribution π on Θ
exists and is unique. Consequently, as the geodesic SA scheme (2.23) finds a stationary
point of (2.21), the strict g-convexity of f guarantees that such stationary point is globally
optimal and is unique.

Lemma 2.33. Let Θ be a Hadamard manifold with sectional curvature bounded below by
−κ2, x ∈ Θ and δ > 0. Define for any θ ∈ Θ,

V2(θ) = ρ2
Θ(x, θ) and V x

1 (θ) = δ2
[
V2(θ)/δ2 + 1

]1/2
− δ2 .

Then, V x
1 is a smooth function and its Riemannian gradient is given for any θ ∈ Θ by

gradV x
1 (θ) = − Exp−1

θ (x)
/[

V2(θ)/δ2 + 1
]1/2

. (2.136)

Moreover, for any θ ∈ Θ, v ∈ TθΘ \ {0}, its Hessian satisfies

0 < HessV x
1 (θ)(v, v) ≤ (1 + δκ) ∥v∥2θ . (2.137)

Proof. The proof relies heavily on the computation of gradV x
2 and the Hessian comparison

of V x
2 done in [Jos05, Theorem 5.6.1]. Indeed, [Jos05, Theorem 5.6.1] shows V2 is smooth

and that for any θ ∈ Θ,
gradV2(θ) = −2Exp−1

θ (x) .

Hence, (2.136) follows by composition since V1(θ) = ϖ ◦ V2(θ) where ϖ : t → δ2[t/δ2 +
1]1/2 − δ2 for t ∈ R+.

For any v ∈ TvΘ, recall that HessV1(θ)(v, v) = ⟨∇vgradV1(θ), v⟩θ, where ∇ is the
Levi-Civita connection – see Section 2.11.8. The product rule for the covariant derivative
[GHL04, p. 73] for a smooth function f and vector field Y on Θ gives ∇(fY ) = ∇f ⊗ Y +
f∇Y . Applying this result to

f(θ) =
[
V2(θ)/δ2 + 1

]−1/2
, Y (θ) = −Exp−1

θ (x) ,

and using Y = gradV2/2 gives

HessV1(θ) = − Exp−1
θ (x)⊗ Exp−1

θ (x)
/[

δ2
{

1 + V2(θ)/δ2
}3/2

]
+ HessV2(θ)

/[
2
{

1 + V2(θ)/δ2
}1/2

]
. (2.138)
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Let θ ∈ Θ and v ∈ TθΘ \ {0}. On the one hand, we have Exp−1
θ (x) ⊗ Exp−1

θ (x)(v, v) =
⟨Exp−1

θ (x), v⟩2θ. Therefore, using Cauchy-Schwarz inequality,

0 ≤ Exp−1
θ (x)⊗ Exp−1

θ (x)(v, v) ≤
∥∥∥Exp−1

θ (x)
∥∥∥2

θ
∥v∥2θ = ρ2

Θ(θ, x) ∥v∥2θ , (2.139)

since ∥Exp−1
θ (x)∥θ = ρΘ(θ, x). On the other hand, [Jos05, Theorem 5.6.1] implies that

2 ∥v∥2θ ≤ HessV2(θ)(v, v) ≤ 2κρΘ(θ, x) coth [κρΘ(θ, x)] ∥v∥2θ . (2.140)

Now, combining (2.139)-(2.140) in (2.138), and using t coth(t) ≤ 1 + t for t ≥ 0, it
follows that

HessV1(θ)(v, v) ≤ [1 + κρΘ(θ, x)]
/{

1 + V2(θ)/δ2
}1/2

∥v∥2θ

≤ (1 + κδ) ∥v∥2θ ,

where we have used 1 + V2(θ)/δ2 ≥ max(1, ρ2
Θ(θ, x)/δ2). Similarly, we obtain

HessV1(θ)(v, v)

≥ −
(
ρ2

Θ(θ, x) ∥v∥2θ
)/(

δ2
{

1 + V2(θ)/δ2
}3/2

)
+ ∥v∥2θ

/{
1 + V2(θ)/δ2

}1/2
> 0 ,

which concludes the proof.

Proof of Proposition 2.15. To show that A2 holds with the stated values of c, c and L,
note that the scheme (2.23) can be written

θn+1 = Expθn

(
−ηn+1 gradV Xn+1

1 (θn)
)
,

where V x
1 and its gradient are given in Lemma 2.33. Then, both grad f and Hess f can

be computed differentiating under the integral in (2.21). Using Lemma 2.33, we know
that for any x ∈ Θ, V1 : θ 7→ δ2(1 + ρ2

Θ(θ, x)/δ2)1/2 − δ2 is smooth. Using (2.136) and
∥Exp−1

θ (x)∥θ = ρΘ(θ, x), we have that for any x, θ ∈ Θ, ∥gradV x
1 (θ)∥θ ≤ δ and, for any

x, θ ∈ Θ, v ∈ TθΘ,
|HessV x

1 (θ)(v, v)| ≤ (1 + κδ) ∥v∥2θ .

Using Lebesgue’s dominated convergence theorem, we have for any θ ∈ Θ,

grad f(θ) = −
∫

Θ
Exp−1

θ (x)
/[

1 + {ρΘ(θ, x)/δ}2
]1/2

π(dx) , (2.141)

as well as for any v ∈ TθΘ,

Hess f(θ)(v, v) =
∫

Θ
HessV x

1 (θ)(v, v)π(dx) .

Thus, using (2.137) for any v ∈ TθΘ \ {0},

0 < Hess f(θ)(v, v) ≤ (1 + κδ) ∥v∥2θ . (2.142)

98



2.9. Proof of Section 2.4

This last inequality proves that the operator norm of Hess f is upper bounded by 1 + δκ.
Therefore, using Lemma 2.38, it follows that A2-(b) holds with L = 1 + δκ.

Combining that for any x, θ ∈ Θ, eθ(x) = gradV x
1 (θ) − grad f(θ), ∥gradV x

1 (θ)∥θ ≤ δ
and (2.141), we have that for any x ∈ Θ, supθ∈Θ ∥eθ(x)∥θ ≤ 2δ, which means that the
first point in (2.11), inside A5, holds for w = 1. For the second point of (2.11), inside A
5, we use that we have just proven that grad f and gradV x

1 , by the same arguments, are
(1 + δκ)-Lipschitz functions, for any x ∈ Θ. Therefore for any x, θ0, θ1 ∈ Θ and geodesic
γ : [0, 1]→ Θ between θ0 and θ1,∥∥eθ1(x)− Tγ

01eθ0(x)
∥∥

θ1
≤
∥∥gradV x

1 (θ1)− Tγ
01gradV x

1 (θ0)
∥∥

θ1

+
∥∥grad f(θ1)− Tγ

01grad f(θ0)
∥∥

θ1

≤ 2(1 + δκ)ℓ(γ) ,

concluding that A5(1) holds.
It remains to prove that MD1 is satisfied with σ0 = δ2 and σ1 = 0 if (Xn)n∈N∗ is an

i.i.d. family with distribution π. Using the previous calculations, we have ∥Hθn(Xn+1)∥2θn
=

∥V Xn+1
1 (θn)∥θn ≤ δ2 . Thus, in the notation of (2.8),

E
[
∥eθn (Xn+1)∥2θn

∣∣∣Fn

]
= E

[
∥Hθn (Xn+1)− h(θn)∥2θn

∣∣∣Fn

]
≤ δ2 , (2.143)

since the conditional variance is bounded by the mean square. Now, the required values
of σ0 and σ1 can be read from (2.143).

Proof of Proposition 2.14. Assume there exists τ ∈ Θ such that (2.22) holds. We prove
that the function f takes finite values for any θ ∈ Θ, i.e. f(θ) < +∞. Indeed, note the
following inequality, which holds for all x ≥ 0,

δ2
[
1 + {x/δ}2

]1/2
− δ2 ≤ δ x .

From (2.135) and (2.21), this inequality implies for any θ ∈ Θ,

f(θ) ≤ δ

∫
Θ
ρΘ(θ, x)π(dx) ,

and, furthermore, by the triangle inequality,

f(θ) ≤ δ

∫
Θ

(ρΘ(θ, τ) + ρΘ(τ, x))π(dx) = δρΘ(θ, τ) + δ

∫
Θ
ρΘ(τ, x)π(dx) . (2.144)

Then, it follows from (2.22) and (2.144) that f(θ) < +∞ for θ ∈ Θ.
Further, from (2.142) in the proof of Lemma 2.15, Hess f(θ) ≻ 0, so f has strictly

positive-definite Riemannian Hessian and, using Theorem 2.37 and ∇2f = Hess f , is there-
fore geodesically strictly convex. It remains to show that f has a unique global minimizer
θ∗. Since f is geodesically strictly convex, continuous, and bounded from below (indeed,
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f is positive), it is enough to show that f is coercive, in the sense that f(θ)→ +∞ when
ρΘ(θ, τ)→ +∞. To do so, note the following inequality holds for all real x,

δ2
[
1 + {x/δ}2

]1/2
− δ2 ≥ 2−1/2δ(x− δ) .

Then, using (2.135) and (2.21), this inequality implies

f(θ) ≥ 2−1/2δ

∫
Θ

(ρΘ(θ, x)− δ) π(dx) ,

or, by the triangle inequality,

f(θ) ≥ 2−1/2δ

∫
Θ

(|ρΘ(θ, τ)− ρΘ(τ, x)| − δ) π(dx) for θ ∈ Θ .

However, this directly yields

f(θ) ≥ 2−1/2δ

(
ρΘ(θ, τ)−

∫
Θ

(ρΘ(τ, x) + δ) π(dx)
)
.

Clearly, the right-hand side increases to +∞ when ρΘ(θ, τ) → +∞. Thus, f is indeed
coercive.

Finally, to show that f has a unique global minimizer θ∗, let f∗ = inf{f(θ) : θ ∈ Θ}
and (θn)n∈N a sequence of points in Θ such that lim f(θn) = f∗ . Since f takes finite values,
f∗ < +∞. Therefore, (f(θn))n∈N is bounded, and by coercivity of f , so is (ρΘ(θn , τ))n∈N.
Therefore, there exists some R > 0 such that ρΘ(θn , τ) < R for all n ∈ N. Because
Θ is a complete Riemannian manifold, the metric ball B(τ,R) has compact closure (a
consequence of the Hopf-Rinow theorem [Lee19]). This implies that the sequence θn has
a convergent subsequence, whose limit θ∗ belongs to the closure of B(τ,R). By continuity
of f , it is clear that f(θ∗) = lim f(θn) = f∗ , so θ∗ is indeed a global minimizer of f . This
global minimizer is unique because f is geodesically strictly convex.

2.9.3 Details and specification for Section 2.4.3

The entries of the matrix M are chosen such that

(a) for any i ∈ {1, . . . , 50}, Mi,i is a sample from the uniform distribution on [0.1, 0.7];

(b) for any k ∈ {1, . . . , 23} and i ∈ {1, d − k}, Mi,k = Ui,k(0.1 + 0.8(i − 1)/27), where
Ui,k is a sample from the uniform distribution on [0.05, 0.1];

(c) ~M~ < 1.

By a straightforward induction, we have since for any k ∈ N, Xk+1 = MXk +σεk+1, where
σ > 0,

Xk = MkX0 + σ
k−1∑
i=0

Mk−1−iεi+1 .
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Therefore, for any k ∈ N∗, Xk follows a Gaussian distribution with mean MkX0 and
covariance matrix σ2∑k−1

i=0 Mk−1−i[Mk−1−i]⊤. Denote by P the Markov kernel associated
with (Xk)k∈N. Then, it is straightforward to verify that it is strongly aperiodic and
irreducible with the Lebesgue measure as an irreducibility measure. In addition, the zero-
mean Gaussian distribution with covariance matrix Σπ = σ2∑∞

i=0 Mi[Mi]⊤ is the unique
stationary distribution of P . Note that Σπ is well defined since ~M~ < 1. In addition,
using that ~M~ < 1 again, an easy computation shows that there exists c > 0 small
enough such that setting w(x) = exp(c∥x∥22), there exists λ ∈ (0, 1) and bw ∈ R+ such
that Pw(x) ≤ λw(x) + bw for any x ∈ Rd. Therefore HP2 holds for this example. In
addition, Σπ satisfies the discrete Riccati equation: Σπ = MΣπM⊤+σ2I50 which is solved
using the function dare of the Python library control2.

2.10 Useful results from matrix analysis

In this section, we introduce two linear algebra or matrix analysis auxiliary results. They
are related to the nonuniqueness of the singular value decomposition.

Lemma 2.34. Let N ∈ Rd×r be a rectangular real matrix. Consider two singular value
decompositions of N, i.e. let U, Ũ ∈ Rd×r such that U⊤U = Ũ⊤Ũ = Ir, let Σ, Σ̃ ∈ Rr×r

be two nonnegative diagonal matrices and let V, Ṽ ∈ Or(R) be two orthogonal matrices
such that N = UΣV⊤ = ŨΣ̃Ṽ⊤.
Denote (ui)i∈{1,...,r}, (ũi)i∈{1,...,r}, (vi)i∈{1,...,r} and (ṽi)i∈{1,...,r} the columns of U, Ũ, V
and Ṽ respectively, and denote (λi)i∈{1,...,r} and (λ̃i)i∈{1,...,r} the diagonal coefficients of
Σ and Σ̃ respectively. Then, for any i, j ∈ {1, . . . , r} such that λi ̸= λ̃j, we have v⊤

i ṽj = 0
and u⊤

i ũj = 0.

Proof. Consider SingN = {λi : i ∈ {1, . . . , r}}, by uniqueness of the singular values of
N, we have SingN = {λ̃i : i ∈ {1, . . . , r}}. Since V and Ṽ are orthogonal matrices,
their column vectors form orthonormal families. We have, by definition of the singular
value decomposition, N⊤NV = VΣ2. For any i ∈ {1, . . . , r}, we can reformulate this
column-wise, meaning

N⊤Nvi = λ2
i vi . (2.145)

Let λ ∈ SingN and consider Iλ = {i ∈ {1, . . . , r} : λi = λ}. One of the consequences of
the spectral theorem for the matrix N⊤N is that

Eλ = Span ((vi)i∈Iλ
) . (2.146)

where Eλ = Ker(N⊤N−λ2Ir). However, (2.145) holds also for (ṽi)i∈{1,...,r} since N⊤NṼ =
ṼΣ̃2. Therefore, by (2.146), for any i ∈ {1, . . . , r},

ṽi ∈ Span
({
vj : j ∈ I

λ̃i

})
.

2https://python-control.readthedocs.io/en/0.8.3/intro.html
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Another consequence of the spectral theorem for N⊤N is that for λ1, λ2 ∈ SingN such
that λ1 ̸= λ2, we have that Eλ1 and Eλ2 are orthogonal. Using this and (2.146), we have
that for any i, j ∈ {1, . . . , r}, if λi ̸= λ̃j then v⊤

i ṽj = 0.
To obtain the same conclusion with the vectors (ui)i∈{1,...,r} and (ũi)i∈{1,...,r}, first we
compute,

NN⊤U = UΣ2 ,

which is the parallel to (2.145), meaning for any i ∈ {1, . . . , r}, ui is an eigenvector of
NN⊤. Now, by the spectral theorem applied to NN⊤, denoting S the eigenvalues of
NN⊤, we have

Rd =
⊕
λ∈S

E′
λ , (2.147)

where E′
λ = ker(NN⊤−λId), and the components of the sum are mutually orthogonal. For

any λ ∈ S, we can complete the family {ui : i ∈ {1, . . . , r}, ui ∈ E′
λ} into an orthonormal

basis of E′
λ. By combining these families, there exist some vectors (ui)i∈{r+1,...,d} in Rd

that complete (ui)i∈{1,...,r} into an orthonormal basis of Rd that respects the decomposition
(2.147). This means that (ui)i∈{1,...,d} is an orthonormal basis of eigenvectors of NN⊤.
Therefore, for any i ∈ {r+ 1, . . . , d}, there exists λ ∈ S such that NN⊤ui = λui. However
Span((λjuj)j∈{1,...,r}) ⊂ Im(NN⊤) and, since Rank(N) = Rank(NN⊤) which coincides
with the cardinality of {j ∈ {1, . . . , r} : λj ̸= 0}, Span((λjuj)j∈{1,...,r}) = Im(NN⊤)
because the dimensions match. It follows that λ = 0, because NN⊤ui = λui ∈ Im(NN⊤)
and ui is orthogonal to Im(NN⊤) since it is orthogonal to the family (uj)j∈{1,...,r}. The
rest of the proof follows from the same steps as the ones used for V and Ṽ.

Lemma 2.35. Let N ∈ Rd×r be a rectangular real matrix. Consider U, Ũ ∈ Rd×r such that
U⊤U = Ũ⊤Ũ = Ir, let Σ, Σ̃ ∈ Rr×r be nonnegative diagonal matrices and V, Ṽ ∈ Or(R)
such that we have the two decompositions N = UΣV⊤ = ŨΣ̃Ṽ⊤. For any f : R+ → R
such that f(0) = 0, we have Uf(Σ)V⊤ = Ũf(Σ̃)Ṽ⊤, where we apply f to a diagonal
matrix by applying it to each diagonal coefficient individually. In particular, the quantity
Uf(Σ)V⊤ only depends on N and f , therefore we can define the mapping ψ : N 7→
Uf(Σ)V⊤ on Rd×r.

Proof. We divide the proof into two cases. First, assume Σ and Σ̃ both have nonin-
creasing diagonal coefficients. By uniqueness of the singular values of the matrix N and
the assumption of nonincreasingness, we have Σ = Σ̃. Therefore f(Σ) = f(Σ̃). De-
note (vi)i∈{1,...,r}, (ṽi)i∈{1,...,r} ∈ (Rr)r the column vectors of V and Ṽ respectively. De-
note as well (λi)i∈{1,...,r} the diagonal coefficients of Σ. Define Nf = Uf(Σ)V⊤ and
Ñf = Ũf(Σ)Ṽ⊤. We check now that Nf = Ñf by proving that, as linear maps from Rr

to Rd, they coincide on the basis (ṽi)i∈{1,...,r}. Note that these definitions give the equa-
tions NV = UΣ, Nf V = Uf(Σ) and Ñf Ṽ = Ũf(Σ), for which we use the column-wise
interpretations. Let i ∈ {1, . . . , r}, using that (vj)j∈{1,...,r} is an orthonormal basis of Rr,
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and Nf V = Uf(Σ),

Nf ṽi =
r∑

j=1
(ṽ⊤

i vj)Nfvj =
r∑

j=1
(ṽ⊤

i vj)f(λj)uj .

Now, using that f(0) = 0, we have for any x ∈ R, f(x) = f(x)1x ̸=0. Also, using that
NV = UΣ, if λj ̸= 0, uj = Nvj/λj . This brings

Nf ṽi =
r∑

j=1
(ṽ⊤

i vj)f(λj)1λj ̸=0uj =
r∑

j=1
(ṽ⊤

i vj)(f(λj)/λj)1λj ̸=0Nvj .

Now, we use that NṼ = ŨΣ and Lemma 2.34, which gives us that ṽ⊤
i vj = 0 if λj ̸= λi,

and we write

Nf ṽi = (f(λi)/λi)1λi ̸=0

r∑
j=1

(ṽ⊤
i vj)Nvj = (f(λi)/λi)1λi ̸=0N

 r∑
j=1

(ṽ⊤
i vj)vj


= (f(λi)/λi)1λi ̸=0Nṽi = (f(λi)/λi)1λi ̸=0λiũi = f(λi)ũi .

We have proven Nf Ṽ = Ũf(Σ), which means that Nf = Ñf which concludes the proof
of the first case.

Now, consider the general case. First, we prove that without loss of generality, we
can assume N = UΣV⊤ to be a singular value decomposition such that Σ has non-
increasing diagonal coefficients. Indeed, one can always consider a new decomposition
N = U′Σ′(V′)⊤ such that Σ′ has nonincreasing diagonal coefficients. Then, once we have
proven U′f(Σ′)(V′)⊤ = Uf(Σ)V⊤, we will have also proven U′f(Σ′)(V′)⊤ = Ũf(Σ̃)Ṽ⊤,
and therefore Ũf(Σ)Ṽ⊤ = Uf(Σ)V⊤. Secondly, by uniqueness of the singular values
of the matrix N, there exists a permutation matrix M ∈ Rr×r such that MΣ̃M⊤ = Σ.
Recall that a permutation matrix is orthogonal, therefore M⊤M = MM⊤ = Ir. This
brings,

N = Ũ
(
M⊤M

)
Σ̃
(
M⊤M

)
Ṽ⊤ =

(
ŨM⊤

)
Σ
(
ṼM⊤

)⊤
. (2.148)

We can now apply the first case in this proof to this decomposition and the one N =
UΣV⊤. Therefore (ŨM⊤)f(Σ)(ṼM⊤)⊤ = Uf(Σ)V⊤. However, since f is applied on
Σ coefficient-wise on its diagonal, Mf(Σ̃)M⊤ = f(Σ). Performing the same computation
as in (2.148) but with f(Σ) brings Uf(Σ)V⊤ = Ũf(Σ̃)Ṽ⊤.

2.11 Preliminaries on Riemannian Geometry

This section reviews some basic concepts about Riemannian geometry. These concepts
are essential to develop our main results on convergence of Riemannian SA.
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2.11.1 Metric Tensor and Distance

A smooth manifold (at least C2) Θ is equipped with a smooth symmetric and positive-
definite metric tensor field g ∈ Γ(T 2T∗Θ), see [Lee19, Proposition 2.4]. To each θ ∈ Θ,
this associates a scalar product gθ on the tangent space TθΘ. When there is no confusion,
we denote that [Lee19, Chapter 2, pages 11-12],

gθ(u, v) = ⟨u, v⟩θ , u, v ∈ TθΘ

and the corresponding norm on TθΘ is called the Riemannian norm, ∥u∥θ = ⟨u, u⟩1/2
θ .

With the metric tensor, it is possible to define the notion of length of a curve. If
c : I → Θ is a differentiable curve, defined on some interval I ⊂ R, with velocity ċ, then
its length is [Lee19, page 34]

ℓ(c) =
∫

I
∥ċ(t)∥c(t) dt . (2.149)

The length ℓ(c) is invariant by reparametrization : ℓ(c ◦ ϕ) = ℓ(c) for any diffeomorphism
ϕ : J → I, from an interval J onto I. Thus, without loss of generality, we consider only
curves that are restricted to c : [0, 1]→ Θ.

This can be used to turn Θ into a metric space. Indeed, if Θ is connected, the following
is a well-defined distance function; satisfying the axioms of a metric space [Lee19, Theorem
2.55],

ρΘ(θ, θ′) = inf
{
ℓ(c) | c : [0, 1]→ Θ ; c(0) = θ , c(1) = θ′ } , θ, θ′ ∈ Θ . (2.150)

This is called the Riemannian distance induced by the metric tensor g.
The infimum in (2.150) is always attained for any θ, θ′ ∈ Θ, provided that the distance

ρΘ(·, ·) turns Θ into a complete metric space. This is a corollary of the Hopf-Rinow
theorem, a fundamental theorem in Riemannian geometry [Lee19, Corollary 6.21].

2.11.2 Levi-Civita Connection

In the Riemannian mainfold, the curve γ which attains the infimum in (2.150) is called a
geodesic. Intuitively, a geodesic is a C2 curve which has zero acceleration. This intuition
can be formalized by introducing an affine connection ∇ [Lee19, page 89], compatible with
the metric tensor g, called the Levi-Civita connection, or just Riemannian connection (to
be precise, ∇ = ∇g, depends on the choice of g).

To each vector u ∈ TθΘ and smooth vector field X on Θ, the connection ∇ associates
a vector ∇uX(θ) ∈ TθΘ. This vector is called the covariant derivative at θ of X in the
direction of u. This is bilinear in u and X, and satisfies the product rule

∇u(fX) = (uf)X(θ) + f(θ)∇uX , (2.151)

for any differentiable function f : Θ → R, where uf denotes the derivative of f along u.
Moreover, one has the following,

u ⟨X,Y⟩ = ⟨∇uX,Y⟩θ + ⟨X,∇uY⟩θ , (2.152)
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∇XY−∇YX = [X,Y] , (2.153)
for any differentiable vector fields X,Y on Θ, where [X,Y] is the Lie bracket of the vector
fields X and Y, itself a vector field. Here, (2.152) states that ∇ is compatible with the
metric, and (2.153) states that ∇ is a connection with zero torsion.

The Levi-Civita connection [Lee19, Theorem 5.10] is defined as the unique affine con-
nection ∇ which satisfies (2.152) and (2.153). Note that the uniqueness of this connection
can be guaranteed by the Koszul’s theorem, also known as the fundamental theorem of
Riemannian geometry.

2.11.3 Geodesic Equation

It can be proved using (2.151) that ∇uX depends only on the values of X along a curve
tangent to the vector u [Lee19, Proposition 4.26]. This motivates the following definition.
Consider c : I → Θ as a smooth curve on Θ and X is an extendible vector field along
c, this means that X : I → TΘ satisfies X(t) ∈ Tc(t)Θ for any t ∈ I, see [Lee19, pages
100-101]. The covariant derivative of X along c is defined by

DtX = ∇ċX̃ ◦ c , (2.154)

where X̃ is a vector field on Θ satisfying, for any t ∈ I, X(t) = X̃ ◦ c(t). The reader should
not confuse the index t in Dt, which is just a notation, with an actual real number t ∈ I.

A geodesic is thus a smooth curve γ : I → Θ, whose velocity γ̇ is parallel along γ. If
Dt is the covariant derivative along γ, then γ satisfies the geodesic equation [Lee19, page
103],

Dtγ̇(t) = 0 , t ∈ I . (2.155)
The left-hand side of this equation is precisely the acceleration of the curve γ.

The geodesic equation is a non-linear ordinary differential equation of second order.
For given initial conditions γ(0) = θ and γ̇(0) = u, it has a unique solution γ : (−ε, ε)→ Θ,
for some ε > 0 [Lee19, Theorem 4.27]. If this solution can always be extended to a curve
γ : R → Θ, then Θ is called a complete Riemannian manifold. The Hopf-Rinow theorem
states that this is equivalent to Θ being a complete metric space, with the distance function
(2.150) [Lee19, Theorem 6.19].

2.11.4 Parallel Transport and Parallel Frames

Recall Dt the covariant derivative, associated with the Levi-Civita connection, along a
curve c : [0, 1]→ Θ, given in (2.154). Then, a vector field X is said to be parallel along c
if it satisfies the parallel transport equation

DtX(t) = 0 .

This is a first-order linear ordinary differential equation (ODE). Say c(0) = θ0, then,
for a given initial condition X(0) = u, where u ∈ Tθ0Θ, it follows that u 7→ X(t) is a
linear mapping from Tθ0Θ to Tc(t)Θ [Lee19, Theorem 4.32]. This is denoted Tc

0t, and by
uniqueness of the solution to the ODE, Tc

t0 is its linear inverse [Lee19, Equation (4.22)].
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It is useful to derive an equivalent condition to (2.152), which holds for vector fields X
and Y along c [Lee19, Proposition 5.5].

d
dt ⟨X,Y⟩c(t) = ⟨DtX,Y⟩c(t) + ⟨X,DtY⟩c(t) . (2.156)

This equation yields that t 7→ ⟨X,Y⟩c(t) is constant if X and Y are parallel vector fields
along c. Thus Tc

0t preserves scalar products. In particular, if (bi ; i = 1, . . . , d) is an
orthonormal basis of Tθ0Θ, then the vector fields along c, defined by

ei(t) = Tc
0t bi ,

form an orthonormal basis of the tangent space Tc(t)Θ, for each t ∈ I. This is called
a parallel orthonormal frame along c [Lee19, Equation (4.23)]. By linearity of Tc

0t, if
u ∈ Tθ0Θ is written u = ∑d

i=1 u
i bi, then

Tc
0tu =

d∑
i=1

ui ei(t) . (2.157)

In other words, parallel transport is obtained by simply propagating the cooordinates ui

of the vector u along a parallel orthonormal frame.

2.11.5 Riemannian Exponential Map and Cut Locus

From now on, let us assume that Θ is a complete Riemannian manifold. A curve that
attains the infimum in (2.150) is called a length-minimizing curve. While this curve is not
always unique, it is always a geodesic [Lee19, Theorem 6.4]; in other words, it is a twice
differentiable solution of the geodesic equation (2.155). On the other hand, it is important
to keep in mind that a geodesic is not always a length-minimizing curve.

To give a concrete example, consider the geodesics of a sphere with its usual round
metric [Lee19, Example 2.13] which are simply its great circles, i.e., intersections of the
sphere with planes passing through the origin. Clearly, a portion of a great circle whose
length is greater than π is not length-minimizing. Therefore, geodesics which start at
some point θ on a sphere, are length-minimizing until they reach the opposite point −θ.
One says that the cut locus of the point θ on the sphere is the set {−θ}.

Since Θ is complete, for u ∈ TθΘ, there exists a unique geodesic γu : R → Θ with
γu(0) = θ and γ̇u(0) = u. Then, [Lee19, page 128] define the exponential map Exp : TΘ→
Θ as:

Expθ(u) = γu(1) , (2.158)
which is a smooth map. For u ∈ TθΘ, with ∥u∥θ = 1, let c(u) > 0 be the largest positive
number t such that γu is length-minimizing when restricted to the interval [0, t] [Lee19,
page 307]:

c(u) = sup {t ≥ 0 : ρΘ(θ,γu(t)) = t} . (2.159)
We call c(u) the cut time of (θ, u). The tangent cut locus of θ is then defined by

TCut(θ) = {c(u)u : u ∈ TθΘ ; ∥u∥θ = 1} .
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Finally, the cut locus of θ is given by [Lee19, page 308]

Cut(θ) = Expθ {TCut(θ)} .

For example, if Θ is a unit sphere, then TCut(θ) is the set of tangent vectors u ∈ TθΘ such
that ∥u∥θ = π. On the other hand, Cut(θ) = {−θ}, since ∥u∥θ = π implies Expθ(u) = −θ.

2.11.6 Injectivity Domain

The cut locus of a point in a complete Riemannian manifold gives valuable information
regarding the topology of the manifold. Indeed, if Θ is a complete Riemannian manifold
and θ is any point in Θ, then using [Lee19, Corollary 6.21], Θ can be decomposed into the
disjoint union of two sets

Θ = D(θ) ∪ Cut(θ) , (2.160)
where D(θ) is the injectivity domain,

D(θ) = Expθ {TD(θ)} , where TD(θ) = {tu : u ∈ TθΘ ; ∥u∥θ = 1 ; 0 ≤ t < c(u)} ,

where c(u) is given by (2.159). We observe:

Proposition 2.36. [Lee19, Theorem 10.34] The Riemannian exponential map Expθ is a
diffeomorphism of TD(θ) onto D(θ). Therefore, the inverse of the Riemannian exponential
Exp−1

θ is well-defined, and a diffeomorphism, on D(θ) = Θ \ Cut(θ).

In fact, TD(θ) is an open, star-shaped subset of the tangent space TθΘ, so it has
the topology of an open ball. Thus, (2.160) states that the topology of Θ is completely
determined by Cut(θ).

2.11.7 Isometries and Homogeneous Spaces

An isometry g on the Riemannian manifold Θ is a diffeomorphism g : Θ → Θ which
preserves the Riemannian metric. To express this, let g · θ = g(θ), and g · u = (Dg)θ(u)
for each θ ∈ Θ and u ∈ TθΘ. Here, g(θ) ∈ Θ is simply the image of θ under the map g,
and (Dg)θ denotes the derivative of g at θ, so (Dg)θ : TθΘ→ Tg·θΘ. We say that g is an
isometry if [Lee19, page 12]

⟨g · u, g · v⟩g·θ = ⟨u, v⟩θ u , v ∈ TθΘ .

In other words, the linear map u 7→ g · u from TθΘ to Tg·θΘ preserves scalar products. In
particular, it also preserves norms, so ∥g · u∥g·θ = ∥u∥θ.

Isometries also preserve objects derived from the Riemannian metric such as distance,
geodesics, among others. In particular, if γ : I → Θ is a geodesic, and g : Θ → Θ is
an isometry, then γ′ = g ◦ γ : I → Θ is also a geodesic [Lee19, Corollary 5.14]. Now, if
γ(0) = θ and γ̇(0) = u, then γ′(0) = g · θ and γ̇′(0) = g · u. From the definition of the
Riemannian exponential (2.158), we get

g · Expθ(u) = Expg·θ(g · u) . (2.161)
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The set G of all isometries of a Riemannian manifold Θ forms a group under composition.
A deep theorem, called Myers-Steenrod theorem, states that G can always be given the
structure of a Lie group, such that for each θ ∈ Θ, the group action g 7→ g · θ is a
differentiable map [GHL04, page 66].

One calls Θ a Riemannian homogeneous space if its group of isometries G acts transi-
tively. Transitive action means that for any θ, θ′ ∈ Θ there exists g ∈ G such that g ·θ = θ′.
When Θ is a Riemannian homogeneous space, knowing the metric of Θ at just one point,
o ∈ Θ, is enough to know this metric anywhere [GHL04, page 67].

2.11.8 Riemannian Gradient, Hessian

The metric tensor ⟨·, ·⟩· and Levi-Civita connection ∇, on the Riemannian manifold Θ,
can be used to generalize classical objects from analysis, like the gradient and Hessian of
a C2 function V : Θ→ R, as we introduce next.

The Riemannian gradient of V is a vector field gradV on Θ, uniquely defined by the
property [Lee19, Equation 2.14]

⟨gradV, u⟩θ = (DV )θ(u) , u ∈ TθΘ , (2.162)

where (DV )θ : TθΘ → R is the differential of the function V at θ. As V is a real-
valued function, it is useful to know that differentials, directional derivatives and covariant
derivatives coincide (DV )θ(u) = uV (θ) = ∇uV (θ). This definition makes it clear that the
Riemannian gradient gradV depends on the choice of metric on the manifold Θ, and does
not arise from the manifold structure of Θ, in itself.

The Riemannian Hessian of V , denoted HessV is defined using the Levi-Civita con-
nection. Precisely, it is the covariant derivative of the gradient gradV . For θ ∈ Θ, this
gives the Hessian HessV (θ) : TθΘ→ TθΘ,

HessV (θ)u = ∇u gradV (θ) . (2.163)

The Riemannian definition of the Hessian coincides with the covariant Hessian obtained
from the Levi-Civita connection [Lee19, Example 4.22]. The covariant characterization
gives, for any vector fields X,Y on Θ,

⟨HessV X,Y⟩ = ∇X∇YV −∇∇XYV = X(YV )− (∇XY)V ,

where the last equality comes from the remark regarding directional derivatives. One can
see that (2.153) yields that the linear operator HessV (θ) : TθΘ → TθΘ is self-adjoint
with respect to the Riemannian scalar product ⟨·, ·⟩θ. Therefore, and not without a slight
abuse of notation, we will also call Hess the resulting symmetric bilinear form

HessV (θ)(u, v) = ⟨HessV (θ)u, v⟩θ , u, v ∈ TθΘ.
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2.11.9 Taylor formula along a geodesic

To state the Taylor expansion theorem, we define the total covariant derivative, which
allows us to write higher order derivatives as iterated total covariant derivatives. Let
Θ be a smooth manifold and ∇ be a connection on TΘ. Let k, l ∈ N, then ∇ defines
a connection in each tensor bundle T (k,l)TΘ, which we also denote by ∇. See [Lee19,
Proposition 4.15] for the properties of such connections and their proof. For every (k, l)-
tensor field F ∈ Γ(T (k,l)TΘ), the map ∇F defined over Γ(T (0,1)TΘ)×· · ·×Γ(T (0,1)TΘ)×
Γ(T (1,0)TΘ) × · · · × Γ(T (0,1)TΘ), where Γ(T (0,1)TΘ) appears k times and Γ(T (1,0)TΘ)
appears l + 1 times, taking values in C∞(Θ), the smooth functions on Θ, given by

∇F : ω1, . . . , ωk,Y1, . . . ,Yl,Y 7→ (∇YF )(ω1, . . . , ωk,Y1, . . . ,Yl) ,

defines a smooth (k, l+ 1)-tensor field on Θ called the total covariant derivative of F . See
[Lee19, Proposition 4.17] for the proof.

Given a smooth curve γ : I → Θ defined on an interval I, and any k, l ∈ N, a (k, l)-
tensor field along γ is a continuous map F : I → T(k,l)TΘ, such that F (t) ∈ T(k,l)(Tγ(t)Θ)
for any t ∈ I, where T(k,l)TΘ is the bundle of (k, l)-tensors on Θ, see e.g. [Lee19, Appendix
B]. A vector field Y along γ is a (1, 0)-tensor field, in which case for any t ∈ I, Y(t) is
just a tangent vector in Tγ(t)Θ. We say that a tensor field F along γ is extendible if there
exists a tensor field F̃ defined on a neighborhood of γ(I) such that F = F̃ ◦ γ.

We let X k,l(γ) denote the set of smooth (k, l)-tensor fields along γ, and X (γ) = X 1,0(γ)
denote the set of smooth vector fields along γ. In particular, X 0,0(γ) is the set of smooth
functions g : I → γ(I) × R such that for any t ∈ I, g(t) = (γ(t), f(t)) for some smooth
function f : I → R and therefore can be identified with the set of smooth functions
f : I → R. In the sequel, we adopt if no confusion is possible this identification. We
extend to tensor fields along γ the following definition of the trace on tensors. For any
(k, l)-tensor T , we denote by Tr□,△(T ) the (k − 1, l − 1)-tensor with component of index
(i1, . . . , ik−1, j1, . . . , jl−1), given by ∑d

m=1 T
j1,...,j△−1,m,j△,...,jl−1
i1,...,i□−1,m,i□,...,ik−1

. In particular, for any ω ∈
X 0,1(γ),Y ∈ X (γ),

Tr(1,1)(ω ⊗Y) = ω(Y) .

Also, for any F ∈ X k,l(γ), any ω1, . . . , ωk0 ∈ X 0,1(γ) and Y1, . . . ,Yl0 ∈ X (γ), with
k0 ≤ k, l0 ≤ l, denote by [F : ω1 ⊗ · · · ⊗ ωk0 ⊗Y1 ⊗ · · · ⊗Yl0 ], the (k − k0, l− l0) smooth
tensor field along γ defined by the induction:

[F : ω⊗1:i] = Tr(1,l+1)([F : ω⊗1:(i−1)]⊗ ωi) (2.164)
[F : ω⊗1:k0 ⊗Y⊗1:j ] = Tr(k−k0+1,1)([F : ω⊗1:k0 ⊗Y⊗1:(j−1)]⊗Yj) , (2.165)

setting ω⊗1:i = ω1⊗· · ·⊗ωi and Y⊗1:j = Y1⊗· · ·⊗Yj . Note that for any ωk−k0+1, . . . , ωk ∈
X 0,1(γ) and Yl−l0+1, . . . ,Yl ∈ X (γ),

[F : ω⊗1:k0 ⊗Y⊗1:l0 ](ωk−k0+1, . . . , ωk,Yl−l0+1, . . . ,Yl) = F (ω1, . . . , ωk,Y1, . . . ,Yl) .
(2.166)
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Theorem 2.37. Let Θ be a smooth manifold and ∇ be a connection on TΘ. Let γ :
[0, 1]→ Θ be a geodesic and f : Θ→ R be a smooth function. Then, for any t ∈ [0, 1], n ∈
N,

f(γ(t)) =
n∑

k0=0
(tk0/k0!) ∇k0fγ(0) (γ̇(0), . . . , γ̇(0))

+
∫ t

0
[(t− s)n/n!]∇n+1fγ(s) (γ̇(s), . . . , γ̇(s)) ds ,

(2.167)

where the (0, k0)-tensor field ∇k0f is the total derivative of order k0 of the (0, 0)-tensor
field f .

For a definition of the total covariant derivative, see [Lee19, Proposition 4.17]. Also,
in (3.97), remark that even though γ̇ is only a vector field along γ, and not a vector field,
the value of a tensor field ∇XT , where T is a smooth tensor field, evaluated at θ ∈ Θ
only depends on X(θ) and on values of T along a smooth curve c : [0, 1] → Θ satisfying
c(0) = θ and ċ(0) = X(θ); see [Lee19, Proposition 4.26]. Therefore, an easy induction on
k0 proves that the expression ∇k0fγ(t)(γ̇(t), . . . , γ̇(t)) in Theorem 2.37 is well defined for
any k0 ∈ N, t ∈ [0, 1].

Proof. Consider V : [0, 1]→ Θ the smooth (0, 0)-tensor field along γ defined by

V = f ◦ γ .

Then we check by induction on n ∈ N∗ that V is n-times differentiable with derivative of
order n given for any t ∈ [0, 1] by V (n)(t) = Dn

t V (t) = ∇nfγ(t)(γ̇(t), . . . , γ̇(t)), where Dt

is the covariant derivative operator along γ with respect to the connection ∇, defined in
[Dur+21, Proposition S14].

First, the case n = 1 is a direct application of [Lee19, Theorem 4.24] since f is an
extension of V . Assume now that the property holds for n ∈ N∗. Then, for any t0 ∈ [0, 1],
by smoothness of V (n), [Lee19, Theorem 4.24] and the induction hypothesis,

V (n+1)(t0) = Dn+1
t V (t0) .

We now show that for any t ∈ [0, 1], Dn+1
t V (t) = ∇n+1fγ(t)(γ̇(t), . . . , γ̇(t)). Using

[Dur+21, Lemma S15] on the smooth (0, n)-tensor field along γ F = (∇nf) ◦ γ, we have

Dt [F : γ̇⊗ · · · ⊗ γ̇] = [DtF : γ̇⊗ · · · ⊗ γ̇] ,

since Dtγ̇ = 0 because γ is a geodesic. Also, by (3.88), [DtF : γ̇⊗· · ·⊗ γ̇] = DtF (γ̇, . . . , γ̇).
Finally, as ∇nf is an extension of F , using the induction hypothesis and the definition of
the total derivative give for any t ∈ [0, 1],

Dn+1
t V (t) = DtF (γ̇, . . . , γ̇) (t) = ∇γ̇(t)(∇nf)γ(t) (γ̇(t), . . . , γ̇(t))

= (∇n+1f)γ(t) (γ̇(t), . . . , γ̇(t)) ,

concluding the induction.
Finally, (3.97) is simply a consequence of Taylor’s formula with integral remainder of

the real valued function V .
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If γ : [0, 1]→ Θ is a geodesic such that γ(0) = θ0 and γ(1) = θ1; which we simply call
a geodesic between θ0 and θ1, we have that the gradient defined by (2.162) also satisfies
⟨grad fγ(t), γ̇(t)⟩γ(t) = Dt(f ◦ γ)(t). Similarly, the Hessian defined by (2.163) satisfies,
using [Dur+21, Proposition S14-(S72)-(iv)] and that Dtγ̇ = 0, we get for any t ∈ [0, 1],
D2

t (f ◦ γ)(t) = Hess fγ(t)(γ̇(t), γ̇(t)). These two arguments combined can be used to
reformulate the result of Theorem 2.37 as follows

f(θ1)− f(θ0) = ⟨grad f(θ0), γ̇(0)⟩θ0
+
∫ 1

0
(1− s)Hess fγ(s)(γ̇(s), γ̇(s))ds .

2.11.10 Bounded Hessian Implies Lipschitz Gradient

We can now state a result that can be very useful when the Riemannian Hessian is bounded.

Lemma 2.38. If V has a continuous Riemannian Hessian HessV (θ) : TθΘ→ TθΘ, with
operator norm upper bounded uniformly for θ ∈ Θ by C ≥ 0; then the Riemannian gradient
gradV satisfies the Lipschitz condition A2-(b) with Lipschitz constant L = C.
Proof. Let (ei; i = 1, . . . , d) be a parallel orthonormal frame along γ. Define ∇V i : [0, 1]→
TθΘ by

∇V i(t) = ⟨gradV (γ(t)), ei(t)⟩γ(t) , t ∈ [0, 1] . (2.168)
Also, note from (2.157), applied to c = γ and u = gradV (θ0), that

Tγ
01gradV (θ0) =

d∑
i=1
∇V i(0) ei(1) .

Then, since (ei(1); i = 1, . . . , d) is an orthonormal basis of Tθ1Θ,

∥∥gradV (θ1)− Tγ
01gradV (θ0)

∥∥2
θ1

=
d∑

i=1
(∇V i(1)−∇V i(0))2 (2.169)

But, by applying (2.156) to c = γ with X = gradV ◦γ and Y = ei , it follows from (2.154),
(2.163) and (2.168),

d
dt∇V

i(t) = ⟨HessV (γ(t))γ̇(t), ei(t)⟩γ(t) + ⟨gradV (γ(t)),Dtei(t)⟩γ(t) . (2.170)

Then, since each ei(t) is parallel along γ, Dtei(t) = 0. Plugging (2.170) into (2.169) yields,
by the mean-value theorem, followed by Jensen’s inequality,

∥∥gradV (θ1)− Tγ
01gradV (θ0)

∥∥
θ1

=
(

d∑
i=1

[∫ 1

0
⟨HessV (γ(t))γ̇(t), ei(t)⟩γ(t) dt

]2)1/2

,

≤
∫ 1

0

(
d∑

i=1

[
⟨HessV (γ(t))γ̇(t), ei(t)⟩γ(t)

]2)1/2

dt ,

=
∫ 1

0
∥HessV (γ(t))γ̇(t)∥γ(t) dt .
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The last equality comes from the fact that (ei(t) ; i = 1, . . . , d) is an orthonormal basis of
Tγ(t)Θ. Finally, using the definition of the operator norm ∥ · ∥op,γ(t) on Tγ(t)Θ, the bound
in the assumption and (2.149),

∥∥gradV (θ1)− Tγ
01gradV (θ0)

∥∥
θ1
≤
∫ 1

0
∥HessV (γ(t))∥op,γ(t) ∥γ̇(t)∥γ(t) dt ≤ Cℓ(γ) .

This concludes the proof.
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CHAPTER 3

On Riemannian Stochastic Approximation Schemes
with Fixed Step-Size

Alain Durmus,1 Pablo Jiménez1, Éric Moulines1, Salem Said2.

This paper studies fixed step-size stochastic approximation (SA) schemes, including
stochastic gradient schemes, in a Riemannian framework. It is motivated by several appli-
cations, where geodesics can be computed explicitly, and their use accelerates crude Eu-
clidean methods. A fixed step-size scheme defines a family of time-homogeneous Markov
chains, parametrized by the step-size. Here, using this formulation, non-asymptotic per-
formance bounds are derived, under Lyapunov conditions. Then, for any step-size, the
corresponding Markov chain is proved to admit a unique stationary distribution, and to be
geometrically ergodic. This result gives rise to a family of stationary distributions indexed
by the step-size, which is further shown to converge to a Dirac measure, concentrated at
the solution of the problem at hand, as the step-size goes to 0. Finally, the asymptotic
rate of this convergence is established, through an asymptotic expansion of the bias, and
a central limit theorem.
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3.1 Introduction

This paper deals with the study of fixed step-size Stochastic Approximation (SA) al-
gorithms ([KY03; PJ92; RM51]), defined on a Riemannian manifold Θ with metric g.
Specifically, consider the problem

find θ ∈ Θ satisfying h(θ) = 0 ,
for a vector field h : Θ→ TΘ ,

(3.1)

where TΘ denotes the tangent bundle of Θ, and h is only accessible through an oracle
returning noisy estimates. The setting where h = −grad f is of particular interest for
minimizing a smooth function f : Θ → R. In the Euclidean setting, Stochastic Gradient
Descent (SGD) and its variants are now common methods for solving this problem ([Bot10;
BB08a]). However, it should be stressed that (3.1) encompasses several other applications
in stochastic optimization, reinforcement learning or maximum likelihood estimation, such
as online Expectation Maximization algorithms ([CM09]), policy gradient ([BB01]) or Q-
learning ([JJS93]). Minimization over a Riemannian manifold or its general formulation
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(3.1) arises in many applications: Principal Component Analysis ([EAS98]), dictionary re-
covery ([SQW17]), matrix completion ([BA11]), smooth semidefinite programs ([BVB16]),
tensor factorization ([Ish+11]), and Riemannian barycenter estimation ([Arn+12; SM19]).
This has motivated the development of a comprehensive framework for stochastic opti-
mization problems on Riemannian manifolds. One of the first contributions in this field
is [Bon13], which derives asymptotic convergence results for SA on Riemannian mani-
folds. Non-asymptotic results are obtained by [ZS16] for a geodesically convex function
f . This study has been followed and completed by [SKM19; ZRS16] which introduce and
analyze a Riemannian counterpart of the Stochastic Variance Reduced Gradient (SVRG)
algorithm. Since then, many existing methods or results from the Euclidean case have
been considered in a Riemannian setting. For example, [KL17] suggest a Riemannian
stochastic primal-dual algorithm and most recently [Tri+18] study an averaged version of
Riemannian SGD.

In this paper, we are interested in the study of fixed step-size SA methods of the form

θn+1 = projS
[
Expθn

{ηHθn(Xn+1)}
]
,

where Hθn(Xn+1) = h(θn) + eθn(Xn+1) .
(3.2)

In (3.2), η > 0 is a step-size, (Xn)n∈N∗ is an (Fn)n∈N-adapted process, defined on a filtered
probability space, with values in a measurable space (X,X ), and e : Θ × X → TΘ is a
measurable function, such that θ 7→ eθ(x) is a vector field over Θ, for any x ∈ X. In
addition, Expθ : TθΘ → Θ is the Riemannian exponential mapping and projS : Θ → S is
a projection-like operator onto a subset S ⊂ Θ. This recursion is a natural extension of
Euclidean SA, akin to the Robbins-Monroe algorithm, in a Riemannian setting.

In the Euclidean setting, the study of fixed step-size SA, and in particular SGD, has
recently attracted much attention, see e.g. [Bac20; BM11; DDB17; MBB18; VBS19].
Indeed, first of all, the step-size η is the only parameter to tune, in contrast to the case
where a decreasing sequence of step-sizes is used in (3.2). Furthermore, the forgetting of
the initial condition is exponentially fast ([NB01; NWS14]).

We aim to show, in a general Riemannian framework, that the use of (3.2) provides a
good solution for (3.1). To this end, we establish non-asymptotic and asymptotic proper-
ties of (θn)n∈N, in the limit η→ 0. Our contributions can be summarized as follows.
(1) We derive non-asymptotic bounds, for the convergence of (θn)n∈N to approximate
solutions of (3.1), under general Lyapunov assumptions and mild assumptions on the
manifold Θ and the subset S.
(2) Under additional regularity conditions, we show that (θn)n∈N, as a Markov chain,
admits a unique stationary distribution µη and is geometrically ergodic, i.e. converges to
µη exponentially fast.
(3) We study the limiting behavior of the family (µη)η>0 as η → 0. In particular, we
show that if (3.1) admits a unique solution θ⋆ and other suitable conditions hold, this
family converges to the Dirac measure at θ⋆. In addition, we asymptotically quantify
this convergence, through a central limit theorem. Precisely, we prove that after a η−1/2-
rescaling, this family of stationary distributions converges weakly to a normal distribution
as η → 0. These results illustrate the exponential forgetting of initial condition of the
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scheme and that, at stationarity, the iterates (θn)n∈N stay in a O(η1/2)-neighborhood of
θ⋆. In addition, they can be understood as generalizations to Riemannian spaces of [Pfl86,
Theorem 1] and [DDB17, Theorem 4].
(4) We apply our results to SGD. In particular, we establish the first non-asymptotic
convergence bounds for strongly geodesically convex functions, without boundedness as-
sumptions on the manifold Θ.
(5) Finally, we introduce and prove the convergence of an SGD scheme to compute the
Riemannian barycenter, also known as the Karcher mean, of distributions on Hadamard
manifolds. To the authors’ knowledge, our contribution on this topic is one of the few
without boundedness assumptions on the distribution.

For ease of reading, all the assumptions are gathered in the supplement Section 3.6. In
the derivation of our results, we use crucially the fact that (θn)n∈N defines a Markov chain
in Θ, under mild conditions. This interpretation has been successfully used in several
papers dealing with the convergence of SA or SGD in Euclidean spaces; see e.g. [BMP90;
FP99; KH81; Pfl86].

We consider a more general setting and milder conditions in comparison with most
other studies in the field. Indeed, most papers do not consider the general SA frame-
work, but only the case h = −grad f , dealing with SGD and its variants. To the authors’
knowledge, only [Bon13; Dur+20] tackle the general SA problem (3.1). Our main contri-
bution, compared to these two works, is to deal with the fixed step-size setting. Besides,
our study considers general geodesically complete Riemannian manifolds which encompass
Hadamard spaces, which have been the primary focus for [Tri+18; ZS16; ZRS16].

Furthermore, a majority of the previous studies on SGD in a Riemannian space (see
e.g. [Ali+20; HG20; Tri+18; ZS16; ZRS16]), are purely local in nature, because of the
assumption that (θn)n∈N stays almost surely in a (fixed and deterministic) compact and
geodesically convex subset of Θ. For example, note that all the convergence results derived
in [ZS16] depend on the diameter of the compact in which (θn)n∈N is assumed to stay. This
assumption rarely holds in practice, and is quite difficult to verify in theory. It strongly
limits the applicability of many results in the literature over the past few years. On the
contrary, our results do not suffer from this problem, and can all be applied either on a
compact or non-compact Riemannian manifold. As a result, we consider a new SA method
to estimate the Karcher mean of a distribution π on Θ, see [Arn+12; IP18; Le04; ZS16],
for which we derive non-asymptotic convergence bounds without boundedness conditions
on the support of π.

Notations For any θ ∈ Θ and v, w ∈ TθΘ, denote by gθ(v, w) = ⟨v, w⟩θ and its corre-
sponding norm by gθ(v, v) = ∥v∥2θ. ρΘ : Θ×Θ→ R+ denotes the distance associated with
the Riemannian metric g. For any θ0 ∈ Θ, r > 0, set B(θ0, r) = {θ1 ∈ Θ : ρΘ(θ0, θ1) < r},
the open ball centered at θ0 with radius r. Similarly, we define closed balls in Θ by
B(θ0, r) = {θ1 ∈ Θ : ρΘ(θ0, θ1) ≤ r}.

For a smooth function g : Θ → R, we denote by grad g its Riemannian gradient (see
[Lee19, p. 27]) and by Hess g its Riemannian, or covariant, Hessian (see [Lee19, Example
4.22]). For a curve γ : I → Θ,Tγ

t0,t1 : Tγ(t0)Θ→ Tγ(t1)Θ stands for the parallel transport
map associated to the Levi-Civita connection along γ from γ(t0) to γ(t1) (see [Lee19,
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Equation 4.22]). Moreover, for any θ ∈ Θ, under the assumption that Θ is complete,
consider the Riemannian exponential map Expθ : TθΘ→ Θ, see [Lee19, Proposition 5.19].
This map projects a vector from the tangent space TθΘ onto the manifold Θ, following a
geodesic curve.

3.2 Constant stepsize analysis for a constrained scheme

3.2.1 Main Results

In this section, we study the Stochastic Approximation scheme (3.2), which is constrained
on a subset S ⊂ Θ. The following assumption on the manifold Θ and S is considered all
along this paper and allows us to rigorously define projS.

A6. Assume one of the following conditions.
(i) Θ is a Hadamard manifold, i.e. a complete, simply connected Riemannian manifold
with non-positive sectional curvature. In addition, S is a closed geodesically convex subset
of Θ with non-empty interior.
(ii) Θ is a complete, connected Riemannian manifold and S = Θ.

Note that under A6, the exponential map Exp : TΘ → Θ is well-defined, see [Lee19,
Theorem 6.19]. Under A6-(i), [Stu03, Proposition 2.6] shows that there exists projS : Θ→
S which is the Riemannian counterpart of the Euclidean projection onto a closed convex
subset. More precisely, projS is the unique mapping from Θ to S such that for any θ ∈ Θ,
ρΘ(projS(θ), θ) = infθ′∈S ρΘ(θ′, θ). Under A6-(ii), we simply set projS = Id.

Recall that the recursion (3.2) only uses a noisy estimate Hθ of the mean field h(θ),
for any θ ∈ Θ. We assume the following conditions on the noise to ensure convergence.

MD 3. The sequence (Xn)n∈N∗ is independent and identically distributed (i.i.d.). In ad-
dition, for any θ ∈ Θ, E [eθ(X1)] = 0 and there exist σ2

0, σ
2
1 > 0 such that for any θ ∈ S,

E[∥eθ (X1) ∥2θ] ≤ σ2
0 + σ2

1 ∥h(θ)∥2θ.

MD3 is referred to as the martingale difference setting which implies that (θn)n∈N is
a time-homogeneous (Fn)n∈N-Markov chain, for which we denote by Qη its corresponding
Markov kernel. The Euclidean counterpart of this assumption consists in replacing the
Riemannian norm with the Euclidean one, which is usual in Stochastic Approximation
[see Duf97].

MD4. (i) P-almost surely, the vector field θ 7→ eθ(X1) is continuous on Θ.
(ii) For any θ ∈ Θ, Lebθ and the distribution of eθ(X1) are mutually absolutely continuous,
where Lebθ stands for the Lebesgue measure on TθΘ.

MD4 ensures topological and aperiodicity properties of the Markov chain under con-
sideration. This condition is used in the study of the limiting behaviour of (θn)n∈N. Note
that the condition MD4-(ii) is automatically satisfied adding some Gaussian noise, i.e.,
when eθ(Xi) is replaced by eθ(Xi)+pθ(Zi) where for any θ ∈ Θ, pθ is any invertible linear
application from Rd to TθΘ and (Zi)i∈N∗ is a sequence of i.i.d. d-dimensional Gaussian
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random variables with zero-mean and covariance matrix identity. The same assumption
is considered in the Euclidean case in [Pfl86, Assumption A(v)-A(vi)].

To ensure recurrence of (θn)n∈N, we assume the existence of a Lyapunov function
V : Θ→ R+ for the mean vector field h.

A6. (i) For any θ ∈ Θ, V ◦ projS(θ) ≤ V (θ).
(ii) V is continuously differentiable on Θ and its Riemannian gradient gradV is geodesi-
cally L-Lipschitz, i.e., there exists L ≥ 0 such that for any θ0, θ1 ∈ Θ, and geodesic curve
γ : [0, 1]→ Θ such that γ(0) = θ0 and γ(1) = θ1,∥∥gradV (θ1)− Tγ

01gradV (θ0)
∥∥

θ1
≤ Lℓ(γ) , (3.3)

where ℓ(γ) = ∥γ̇(0)∥θ0 is the length of the geodesic.
(iii) V is proper on S, i.e., for any M ≥ 0, there exists a compact set K ⊂ S such that for
any θ ∈ S \ K, V (θ) > M .

A7. There exist C1 ≥ 0 and C2 > 0 such that for any θ ∈ S, ∥h(θ)∥2θ+C2 ⟨gradV (θ), h(θ)⟩θ ≤
C1.

In addition, to quantify the convergence of (θn)n∈N in a neighborhood of a solution of
(3.1), we consider the following condition for some compact set K⋆ ⊂ S.

A8 (K⋆). There exists λ > 0 such that for any θ ∈ S, ⟨gradV (θ), h(θ)⟩θ ≤ −λV (θ)1S\K⋆(θ).

Note that under A8(∅), if h(θ) = 0, then V (θ) = 0 since V is a nonnegative function.
It is relevant to recognize that A6, A7 and A8 boil down to standard stability and

recurrence conditions; see e.g. [BMP90; Duf97]. In the Euclidean case when we assume
the uniqueness of a solution θ⋆, a common choice for V is θ 7→ ∥θ − θ⋆∥2 because A6 is
always satisfied. In this context, A7 and A8 would read ∥h(θ)∥ ≤ A + B∥θ − θ⋆∥ and
infθ∈S\K⟨θ − θ⋆, h(θ⋆)⟩/ ∥θ − θ⋆∥2 ≥ λ respectively. They are therefore the Riemannian
counterparts of [Pfl86, Assumption A(i)-A(ii)]. However, the square distance is no longer
a suitable candidate in non-compact Riemannian settings, and therefore selecting a Lya-
punov function adapted to the manifold Θ and the geometry of the mean field h is all the
more important. Note that A6-(iii) is automatically satisfied if S is compact. In addition,
in most cases K⋆ and V are chosen such that K⋆ = ∅ or {θ ∈ S : ∥h(θ)∥θ ≤ ε} for some
ε ≥ 0, −C2⟨h(θ), gradV (θ)⟩θ ≥ ∥h(θ)∥2θ for some C2 > 0 and any θ ∈ Θ, and therefore A7
is satisfied with C1 = 0.

The use of Lyapunov functions is really common and widespread to analyze stochastic
approximation schemes, see [Duf97; KH81; KY03]. However, compared to the Euclidean
setting, the square distance cannot be used in many situations because it does not satisfy
A6-(ii). This brought us to consider a different Lyapunov function and therefore develop
an adapted framework for the Riemannian case; see Section 3.2.2 hereafter for more details.

We start with our first result which is established along with all the other statements
of this section in the supplement Section 3.8.

Theorem 3.1. Assume A6, MD3, A6-(i)-(ii), A7.
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(a) Suppose in addition that for any θ ∈ S, ⟨gradV (θ), h(θ)⟩θ ≤ 0. Then, for any η ∈
(0,η], θ0 ∈ S, and n ∈ N∗,

n−1
n−1∑
k=0

E
[
−⟨gradV (θk), h(θk)⟩θk

]
≤ 2V (θ0)/(nη) + ηb , (3.4)

where (θn)n∈N is defined by (3.2) starting from θ0, η = [2C2L(1 + σ2
1)]−1, b = 2L{σ2

0 +
C1(1 + σ2

1)}.
Suppose in addition that A8(K⋆) holds for some compact set K⋆ ⊂ S.
(b) Then for any η ∈ (0,η], θ0 ∈ S, and n ∈ N∗,

n−1
n−1∑
k=0

E[1S\K⋆(θk)V (θk)] ≤ V (θ0)/(anη) + ηb/(2a) , (3.5)

where a = λ/2.
(c) Define ∥V ∥K⋆ = sup{V (θ) : θ ∈ K⋆} if K⋆ ̸= ∅ and ∥V ∥K⋆ = 0 otherwise. Then for
any η ∈ (0,η], θ0 ∈ S, and any n ∈ N∗,

E[V (θn)] ≤ {1− ηa}n V (θ0) + ∥V ∥K⋆ + ηb/(2a) . (3.6)

Note that Theorem 3.1 gives, in the case K⋆ = ∅, non-asymptotic bounds of order η

on n−1∑n−1
k=0 E[−⟨gradV (θk), h(θk)⟩θk

], n−1∑n−1
k=0 E[V (θk)] and E[V (θn)] as n→ +∞. In

addition, the forgetting of the initial condition in (3.4) and (3.5) is linear with respect to n,
contrary to (3.6) where it is exponential. A statement similar to Theorem 3.1-(b) holds
only assuming A6-(i)-(ii) and replacing A8(K⋆) by the condition that there exists λ > 0
such that for any θ ∈ S, ⟨gradV (θ), h(θ)⟩θ ≤ −λ∥h(θ)∥2θ1S\K⋆(θ). This result is postponed
to the supplement Theorem 3.15-Section 3.8.2. Theorem 3.1-(a) is a generalization of
[HS19, Lemma 7] for SGD under a general Lyapunov condition and milder assumptions.
Theorem 3.1-(a) is also stated with very similar assumptions in [Dur+20, Theorem 2] –
except that ⟨gradV (θ), h(θ)⟩θ ≤ 0 in our setting is replaced with ∥gradV (θ)∥θ ≤ c∥h(θ)∥θ
– where the result is not restricted to constant step-size settings. However, Theorem 3.1-
(c) can only be obtained for constant step-size schemes, and the following results use it
as a stepping stone. We show in Section 3.4, how this generalization can be applied to
SGD to obtain better convergence guarantees. Finally, in the same Section, we show that
Theorem 3.1-(b)-(c) can be used to derive non-asymptotic convergence bounds for SGD
applied to a geodesically strongly convex function, without any boundedness assumptions
on Θ.

The study of the asymptotic behavior of (θn)n∈N is the second step towards under-
standing the quality of the approximation to the solution of (3.1). We now show, under
suitable assumptions and for η ≤ η given in Theorem 3.1, first, that the chain is er-
godic and admits a unique invariant distribution, and second, that this measure converges
weakly to the Dirac measure at some point θ⋆, as the stepsize of the scheme goes to zero.
In other words, the family of stationary distributions (µη)η∈(0,η] concentrates around θ⋆

as η → 0. Possible approximations of θ⋆ are therefore derived from sampling from µη or
taking its Riemannian barycenter, for a small enough η. If the sequence (θn)n∈N is ergodic,
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then as n→ +∞ the marginal distributions of this Markov chain converge to µη and can
be used in turn as proxy to solve (3.1). A remaining question is to provide an estimate of
the approximation error as a function of the step-size η. This is tackled in Section 3.3.

Theorem 3.2. Assume A 6, MD 3, MD 4, A6, A7 and A8(K⋆) for some compact set
K⋆ ⊂ S. Let η ∈ (0,η] where η = [2C2L(1 + σ2

1)]−1. Then, (θn)n∈N defined by (3.2)
admits a unique stationary distribution µη and is Harris-recurrent. In addition, there exist
ρ ∈ [0, 1) and C ≥ 0 such that for any θ0 ∈ S and k ∈ N, |E[g(θn)]−

∫
Θ g(θ)dµη(θ)| ≤

Cρn(1 + V (θ0)), for any measurable function g : Θ→ R satisfying supθ∈Θ{|g| /V } ≤ 1.

Taking n→ +∞ in Theorem 3.1-(c), we obtain by Theorem 3.2 that

|
∫

Θ g(θ)dµη(θ)| ≤ ∥V ∥K⋆ + ηb/(2a) , (3.7)

for any measurable function g : Θ → R satisfying supθ∈Θ{|g| /V } ≤ 1. In the case
∥V ∥K⋆ = 0 (then V (θ) = 0 for any θ ∈ K⋆), we get

∫
Θ V (θ)dµη(θ) ≤ ηb/(2a). Therefore,

this result indicates that the family {µη : η ∈ (0,η]} concentrates in a O(η)-neighborhood
of K⋆ as η → 0. In particular, if V admits a unique zero θ⋆ which corresponds in many
applications to a solution of (3.1), then we can expect that {µη : η ∈ (0,η]} converges in
distribution to δθ⋆ , the Dirac measure at θ⋆, as η→ 0. The specific additional conditions
to obtain such a result are the following.

A9. There exists θ⋆ ∈ S such that for any r > 0, A8(B(θ⋆, r)) holds and that there exists
cr > 0 satisfying for any θ ∈ S \ B(θ⋆, r), cr ≤ V (θ).

Note that assuming A9 is weaker than assuming A8({θ⋆}) since in the first case the
constant λ > 0 in A8(B(θ⋆, r)) may depend on r. [Pfl86] considers a similar assumption
in the Euclidean case [see Pfl86, Assumption A(i)].

As announced previously, we obtain the convergence in distribution of {µη : η ∈ (0,η]}.

Theorem 3.3. Assume A6, MD3, MD4, A6 and A7 and let η = [2C2L(1 + σ2
1)]−1.

(a) In addition suppose A8(K⋆) holds for some compact set K⋆ ⊂ S and that there exists
c > 0 such that for any θ ∈ S \ K⋆, c ≤ V (θ). Then limη→0 µ

η{K⋆} = 1, where µη is the
stationary distribution of Qη for η ∈ (0,η].
(b) In addition suppose A9 holds. Then (µη)η∈(0,η] converges weakly to δθ⋆, as η→ 0.

3.2.2 Two Examples of Lyapunov Functions

Having stated the main results of this section, we give two examples of Lyapunov functions
V under the following setting for Θ.

A 7. Θ is a Hadamard manifold. In addition, there exists κ > 0 such that the sectional
curvature of Θ is bounded below by −κ2.
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A classical choice of Lyapunov function on Euclidean spaces is θ 7→ ρ2
Θ(θ, θ⋆), being

both strongly convex and Lipschitz-gradient. However, this function does not satisfy A6-
(ii) as soon as Θ has non-zero curvature and is non-compact. In an effort to show the
capital impact of curvature and in order to obtain a valid Lyapunov function satisfying the
conditions A6 and A8(B(θ⋆, r)) for r > 0, we now introduce the necessary assumptions
and consider a truncated version of θ 7→ ρ2

Θ(θ, θ⋆).
Let H = {Expθ(tHθ(x)) : θ ∈ S, x ∈ X, t ∈ [0,η]} be the set of all points reached from

geodesics γ : [0, 1] → Θ of the form γ(0) ∈ S and γ̇(0) = ηHγ(0)(x), for any x ∈ X. We
assume in our next result that the closure of H is compact which is implied for example
in the case where S is compact and (θ, x) 7→ Hθ(x) is bounded on S× X.

Proposition 3.4. Assume A 7 and that the closure H of H is compact, denote DH =
diam(H). Consider a smooth function χH : Θ → [0, 1] with compact support satisfying
χH(θ) = 1 for any θ ∈ H and for any θ ∈ Θ such that infθ′∈H ρΘ(θ′, θ) ≥ 1, it holds
χH(θ) = 0. Consider now V2 : Θ→ R+ defined for any θ ∈ Θ by

V2(θ) = χH(θ)ρ2
Θ(θ⋆, θ) + (1− χH(θ))D2

H .

Then, A6-(i)-(ii) holds with V ← V2 and L← Cχ(DH +1)(1+κ coth(κDH)) where Cχ ≥ 0
is a constant only depending on χH. Suppose in addition that there exist r > 0, λρ > 0
such that for any θ ∈ S,

−
〈
Exp−1

θ (θ⋆), h(θ)
〉

θ
≤ −λρρ

2
Θ(θ⋆, θ)1S\B(θ⋆,r)(θ) . (3.8)

Then A8(B(θ⋆, r)) holds with λ← λρ.

Note that under the setting of Proposition 3.4, V2(θ) ≥ c for any θ ∈ S \ B(θ⋆, r) by
definition, since it is continuous. Clearly, A6-(iii) does not hold for V2 if S is non-compact,
since V2 is constant outside of the support of χH. For this reason, and to weaken the
assumptions of Proposition 3.4, we introduce a “Huberized” version of the distance to θ⋆.

Proposition 3.5. Assume A 7. Let δ > 0 and consider V1 : Θ → R+ defined for any
θ ∈ Θ by

V1(θ) = δ2
{

(ρΘ(θ⋆, θ)/δ)2 + 1
}1/2

− δ2 . (3.9)

Then, A6 holds with V ← V1 and L ← 1 + κδ. Suppose in addition that there exist
r > 0, λρ > 0 such that for any θ ∈ S, (3.8) holds. Then, A8(B(θ⋆, r)) holds and λ← λρ.

The proof is an extension of [Dur+20, Lemma 17] and relies heavily on this result. This
Lyapunov function is still constructed upon the distance function, but as Proposition 3.5
shows, it is better suited for non-positive curvature spaces. Note that under the setting
of Proposition 3.5, V1(θ) ≥ c for any θ ∈ S \ B(θ⋆, r) by definition since it is continuous.

It is worth mentioning that if either Proposition 3.4 or Proposition 3.5 can be applied,
in order to use Theorem 3.1 and Theorem 3.2 (resp. Theorem 3.3-(b)) the only condition
to verify (relative to the Lyapunov function) is A7 (resp. are A7 and A9).
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3.3 Asymptotic expansion and law in the unconstrained case

The purpose of this section is to quantify the convergence derived in Theorem 3.3-(b).
First, we establish an asymptotic expansion for the bias

∫
Θ g(θ)dµη(θ) − g(θ⋆) with re-

spect to the step size η for g belonging to a certain class of smooth functions from Θ
to R. Our result can be applied to SGD (h = −grad f) and implies then an asymptotic
expansion of

∫
Θ ∥grad f(θ)∥2θdµη(θ). Secondly, we establish that the convergence derived

in Theorem 3.3-(b) occurs at a rate η1/2, through a central limit theorem for (µη)η∈(0,η].
These two results can be understood as a bias-variance decomposition in which both terms
are of order η and are therefore weak counterparts of [DDB17, Proposition 3, Theorem
5], [Pfl86, Theorem 1] in a Riemannian setting. The related proofs are postponed to the
supplement Section 3.9.

3.3.1 Asymptotic Expansion as η→ 0

Here, we assume that A6-(ii) holds, Θ is compact and the conditions of Theorem 3.3-(b)
hold. In addition, define the covariance tensor field Σ on Θ, for any θ ∈ Θ by,

Σ(θ) = E [eθ(X1)⊗ eθ(X1)] . (3.10)

Under appropriate conditions, letting n→ +∞ in Theorem 3.1-(b), and Theorem 3.15 in
the supplement, show respectively that

∫
Θ V (θ)dµη(θ) and

∫
Θ ∥h(θ)∥2θ dµη(θ) are bounded

by a term of order η. We specify this result in the case where h = −grad f for a smooth
objective function f : Θ → R. More precisely, we establish in what follows a weak
asymptotic expansion for

∫
Θ ∥grad f(θ)∥2θ dµη(θ), as η → 0 based on the following result

for which we assume:

MD5. Σ is a continuous (2, 0)-tensor field on Θ.

Denote the contraction of a covariant 2-tensor F with a contravariant 2-tensor G on
Θ by [F : G]; see Section 3.11.2 (3.86)-(3.87) in the supplementary for more details. For
two matrices A,B, [A : B] just corresponds to Tr(AB⊤), where ⊤ denotes the transpose.

Theorem 3.6. Assume A6-(ii), h is continuous, h(θ⋆) = 0 and Θ is compact. Assume
also MD 3, MD 4, MD 5, A6, A7 and A9. Let η = [2C2L(1 + σ2

1)]−1. Then for any
η ∈ (0,η] and smooth function g : Θ→ R, we have

−
∫

Θ
⟨grad g(θ), h(θ)⟩θdµη(θ) = η

2 [Hess g : Σ] (θ⋆) + Rg,η ,

where limη→0{|Rg,η|/η} = 0.

Applying this result to SGD, i.e. h = −grad f and g = f , we obtain that
∫

Θ ∥grad f(θ)∥2θ dµη(θ) =
(η/2) [Hess f : Σ] (θ⋆) + Rf,η with limη→0{|Rf,η|/η} = 0.
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3.3.2 A Central Limit Theorem on (µη)η∈(0,η]

Now, we assume both A6-(i) and A6-(ii), meaning S = Θ and Θ is a Hadamard manifold.
Note that under this setting Exp−1

θ : Θ → TθΘ is a well defined diffeomorphism for any
θ ∈ Θ by [Lee19, Proposition 12.9]. In addition, we assume that the other conditions
of Theorem 3.3-(b) hold. Following the approach of [Pfl86] in Euclidean SA, to find the
asymptotic rate of convergence of the family (µη)η∈(0,η] defined in Section 3.2, we establish
a central limit theorem in Tθ⋆Θ, for the family of pushforward measures (νη)η∈(0,η] defined
for any A ∈ B(Tθ⋆Θ) by

νη(A) = µη
(

Expθ⋆(η1/2A)
)
. (3.11)

It is shown in Section 3.9 that for any η ∈ (0,η], νη is the stationary distribution of
the rescaled and projected Markov chain (Un)n∈N defined for any n ∈ N by Un =
η−1/2Exp−1

θ⋆ (θn). Therefore, since under A6-(i)-(ii), for any u ∈ Tθ⋆Θ, ρΘ(θ⋆,Expθ⋆(u)) =
∥u∥θ⋆ by [Lee19, Corollary 6.12, Proposition 12.9], showing a central limit theorem for the
family (νη)η∈(0,η] as η → 0 shows that asymptotically (µη)η∈(0,η] concentrates in regions
of diameter O(η1/2) around θ⋆ for the Riemannian distance.

We consider the following assumptions.

MD 6. There exist εe > 0, σ̃2
0, σ̃

2
1 ≥ 0 such that for any θ ∈ Θ, E[∥eθ(X1)∥2+εe

θ ] ≤
σ̃2

0 + σ̃2
1V (θ).

A10. There exist a linear mapping A : Tθ∗Θ → Tθ∗Θ and a map H : Θ → Tθ∗Θ, such
that for any θ ∈ Θ,

h(θ) = Tγ
01

(
AExp−1

θ⋆ (θ) + H (θ)
)
, (3.12)

where θ⋆ is defined in A9, Tγ
01 denotes parallel transport along the geodesic γ : [0, 1]→ Θ

with γ(0) = θ⋆ and γ(1) = θ, and limθ→θ⋆{∥H (θ)∥θ⋆ /ρΘ(θ⋆, θ)} = 0. In addition, the
eigenvalues of the matrix A all have strictly negative real parts. Finally, there exists
C3 > 0 such that for any θ ∈ Θ, ∥h(θ)∥θ ≤ C3ρΘ(θ⋆, θ).

MD 6 is a strengthened version of MD 3. We show in Theorem 3.29 that (3.12)
holds in the case h is twice continuously differentiable on Θ with A = ∇h(θ⋆). Note
that when Θ = Rd is equipped with its Euclidean metric, (3.12) translates into h(θ) =
A(θ− θ⋆) +H (θ) with limθ→θ⋆{∥H (θ)∥ / ∥θ − θ⋆∥} = 0, which is exactly the assumption
in [Pfl86, Assumption B(ii)]. For ease of notation, we also denote by A and Σ(θ⋆) the
matrices associated with these two linear applications in some orthonormal basis of Tθ⋆Θ.
A10 guarantees the existence and uniqueness of the solution V ∈ Rd×d of the Lyapunov
equation AV + VA⊤ = Σ(θ⋆), see [HJ94, Theorem 2.2.1].

We also assume that V can be compared to a function of the distance on Θ which
leads to the strengthening of A9.

A 11. There exists θ⋆ such that A8({θ⋆}) holds and there exists ϕ : R+ → R+ such that
for any θ ∈ Θ, V (θ) ≥ ϕ(ρΘ(θ⋆, θ)) and for any r > 0, inf [r,+∞) ϕ > 0. In addition, there
exists a > 0, such that limr→+∞ supa≤a a/ϕ(a1/2r) = 0.
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Note that the assumption on the growth rate of the Lyapunov function is verified when
V = V1, considered in Proposition 3.5. In this case, we can take ϕ(r) = δ2[1+(r/δ)2]1/2−δ2.
[Pfl86] only considers the Euclidean case with V : θ 7→ ∥θ − θ⋆∥2, in which case A11 boils
down to ⟨θ − θ⋆, h(θ)⟩ ≥ ∥θ − θ⋆∥2 λ. In addition, for this particular choice of Lyapunov
function, it is equivalent to A8(∅), as the other conditions result from the existence and
uniqueness of the solution θ⋆ and the Euclidean properties of the squared distance function
[see Pfl86, Assumption A(i)-B(iii)]. However, for our study, we have to generalize this
assumption to any well-suited Lyapunov function, since, as we have already discussed,
taking V : θ 7→ ∥θ − θ⋆∥2 is no longer an option in the Riemannian case.

Theorem 3.7. Assume A6-(i)-(ii), MD3, MD4, MD5, MD6, A6, A7, A10 and A11
hold. Suppose in addition that h(θ⋆) = 0, h is continuous and let η = [2C2L(1 + σ2

1)]−1 ∧
(4C3)−1. Then, the family of distributions (νη)η∈(0,η], defined by (3.11), converges weakly
to N(0,V) as η → 0 on Tθ⋆Θ, where V is the unique solution to the Lyapunov equation
AV + VA⊤ = Σ(θ⋆).

Even though N(0,V) is a distribution on Rd, we identify Rd with Tθ⋆Θ using the same
orthonormal basis as before. As mentioned in Section 3.2, Theorem 3.7 complements
Theorem 3.3 because it proves that the asymptotic rate of convergence of (µη)η∈(0,η] to
δθ⋆ is η1/2, since (Un)n∈N is rescaled by this factor with respect to the actual SA scheme
(θn)n∈N. Finally Theorem 3.7 can be seen as a Riemannian counterpart of [Pfl86, Theorem
1]. In the following section, we illustrate our results on SGD.

3.4 Application to SGD

We assume throughout this section that A6-(i)-(ii) holds. We apply the results of Sec-
tion 3.2 and Section 3.3, to the unconstrained stochastic gradient scheme, i.e. (θn)n∈N

defined by (3.2) with h = −grad f and S = Θ. Proofs are postponed to the supplement,
Section 3.10.

Geodesically Strongly Convex and Smooth Function First, the objective func-
tion f : Θ→ R is subject to the following assumptions.

F1. f : Θ→ R is twice continuously differentiable and grad f is geodesically Lf -Lipschitz,
see (3.3).

F 2. f is continuously differentiable on Θ and λf -strongly geodesically convex, for some
λf > 0, i.e. for any θ1, θ2 ∈ Θ, f(θ2) ≥ f(θ1) + ⟨Exp−1

θ1
(θ2), grad f(θ1)⟩θ1 + λfρ

2
Θ(θ1, θ2).

Under F 2, f admits a unique minimizer denoted by θ⋆. In addition, we have the
following inequalities.

Lemma 3.8. Assume A6-(i)-(ii) and F2. Then for any θ ∈ Θ, we have

∥grad f(θ)∥2θ ≥ λf (f(θ)− f(θ⋆)) and ,
f(θ)− f(θ⋆) ≥ λfρ

2
Θ(θ, θ⋆) .

(3.13)
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Under F 1 and F 2, Lemma 3.8 implies that V (θ) = f(θ) − f(θ⋆) and h = −grad f
satisfy A6 with L ← Lf , A7 with C1 ← 0, C2 ← 1 and A8(∅) with λ ← λf . A direct
application of Theorem 3.1-(c) leads to the following result.

Corollary 3.9. Assume A6-(i)-(ii), MD3, F1, F2. Consider (θn)n∈N defined by (3.2)
with h = −grad f . Let η = [2Lf (1 + σ2

1)]−1 and η ∈ (0,η]. For any θ0 ∈ Θ, and n ∈ N,

E[f(θn)− f(θ⋆)] ≤ (1− ηλf/2)n(f(θ0)− f(θ⋆)) + 2ηLfσ
2
0/λf .

Then, setting η = η ∧ [ελf/{4σ2
0Lf}], for ε ∈ (0, 1), and setting

n = ⌈[log(1/ε)− log(f(θ0)− f(θ⋆))]/ log(1− ηλf/2)⌉ ,

we get E[f(θn)− f(θ⋆)] ≤ ε.

Corollary 3.9 shows that (3.2) has a computational complexity of order O(log(1/ε)ε−1)
to minimize f , without any boundedness assumptions on Θ, contrary to [ZS16]. In ad-
dition, Lemma 3.8 also implies that A10 and A11 hold if f is three times continuously
differentiable and therefore Theorem 3.7 can be applied.

Geodesically Quasi-Convex Function with Bounded Gradient Consider the
following assumption.

F3. f is twice continuously differentiable. Further, there exists λ̃f > 0 such that for any
θ ∈ Θ, −⟨Exp−1

θ (θ⋆), grad f(θ)⟩θ ≥ λ̃fV1(θ), where V1 is defined by (3.9) with δ = 1. In
addition, there exists Cf > 0 such that for any θ ∈ Θ, ∥grad f(θ)∥2θ ≤ Cf (ρ2

Θ(θ⋆, θ) ∧ 1).

In the Euclidean case, this assumption corresponds to weak quasi-convexity as consid-
ered in [HMR19, Definition 2.1], ⟨grad f(θ), θ− θ⋆⟩ ≥ τ [f(θ)− f(θ⋆)] where the Lyapunov
function is θ 7→ f(θ) − f(θ⋆). Note that the geodesical quasi-convexity condition F3 is
a weaker version of the usual geodesical convexity in the SGD setting [see ZS16]. By
introducing F3, we can relax the condition F1 using the following result.

Lemma 3.10. Assume A7 and F2. Suppose in addition that f is twice continuously dif-
ferentiable and there exists Mf > 0 such that for any θ ∈ Θ, ∥grad f(θ)∥2θ ≤Mfρ

2
Θ(θ⋆, θ).

Let f̃ = {f − f(θ⋆) + 1}1/2. Then f̃ satisfies F 3 with Cf ← (Mf/4)[1 ∧ λf ] and
λ̃f ← λf/(2M1/2

f ).

Note that the condition introduced in Lemma 3.10 is a relaxation of the condition
that grad f is geodesically Lipschitz. Indeed, by [Jos05, Theorem 5.6.1], for θ⋆ ∈ Θ,
θ 7→ ρ2

Θ(θ⋆, θ) satisfies the conditions of Lemma 3.10 but its gradient is not geodesically
Lipschitz. A non-asymptotic bound is now given in terms of the distance-like function,
defined for any θ1, θ2 ∈ Θ by

D2
Θ(θ1, θ2) = ρ2

Θ(θ1, θ2)/(1 + ρ2
Θ(θ1, θ2)) . (3.14)
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Proposition 3.11. Assume that A7, MD3, F3 hold. Let η = [(8Cf/λ̃f )(1+κ)(1+σ2
1)]−1

and η ∈ (0,η]. Consider (θn)n∈N defined by (3.2) with h = −grad f and S = Θ. Then, for
any θ0 ∈ Θ and n ∈ N∗,

n−1
n−1∑
k=0

E
[
D2

Θ(θ⋆, θn)
]
≤ 4V1(θ0)/(nηλ̃f ) + 4η(1 + κ)σ2

0/λ̃f ,

where κ is given in A7, and V1 is defined by (3.9) with δ = 1.

To the authors’ knowledge, such a bound is novel even in a deterministic setting.
Application to the Riemannian Barycenter Problem To conclude our study,

we consider the problem of computing the Riemannian barycenter θ⋆ of a probability
distribution π on a Hadamard manifold Θ. First, we look at the discrete case:

π = M−1
π

∑Mπ
i=1 δθi

, (3.15)

where Mπ ∈ N∗ and {θi}Mπ
i=1 ∈ ΘMπ . The Riemannian barycenter θ⋆ or Karcher mean of

π [Arn+12] is the unique global minimum of the function fπ : θ 7→∑Mπ
i=1 ρ

2
Θ(θ, θi)/(2Mπ) .

By [Jos05, Theorem 5.6.1], grad fπ(θ) = −M−1
π

∑Mπ
i=1 Exp−1

θ (θi) for any θ ∈ Θ and fπ

satisfies F 2 with λf = 1/2 using [Dur+20, Lemma 10]. Therefore, by Lemma 3.10,
Proposition 3.11 can be applied. In addition, we get the following result, as an application
of Proposition 3.4 and Theorem 3.1-(c).

Proposition 3.12. Assume A 7. Let θ⋆
π be the Riemannian barycenter of the proba-

bility measure π in (3.15) on the Hadamard manifold Θ, and let (θn)n∈N be given by
θn+1 = Expθn

(ηExp−1
θn

(Xn+1)), where (Xn)n∈N∗ is a sequence of i.i.d. random variables
with distribution π. Then, for any η ∈ (0, 1/(CL3

π)], θ0 ∈ Θ and n ∈ N,

E[ρ2
Θ(θn, θ

⋆
π)] ≤ (1− η/4)nρ2

Θ(θ0, θ
⋆
π) + CηLπD2 ,

where Lπ = (1 + D)(1 + κ coth(κD)), C is a universal constant, and
D = maxi=1,...,Mπ ρΘ(θ0, θi).

Secondly, we tackle the general case where π is not required to be discrete or compactly
supported. In this case, the mapping that we are looking to minimize is

fπ : θ 7→ (1/2)
∫

Θ
ρ2

Θ (θ, ν)π (dν) . (3.16)

The function fπ is well-defined and finite under the following assumption.

MD7. There exists θ ∈ Θ such that
∫

Θ ρ
2
Θ(θ, ν)π(dν) < +∞.

Note that by the triangle inequality, MD7 is equivalent to for any θ ∈ Θ such that∫
Θ ρ

2
Θ(θ, ν)π(dν) < +∞ and therefore fπ is finite. Using the Lebesgue’s dominated conver-

gence theorem and [Jos05, Theorem 5.6.1], we can compute its Riemannian gradient given
for any θ ∈ Θ by, grad fπ(θ) = −

∫
Θ Exp−1

θ (ν)π (dν). Then, fπ satisfies F2 with λf = 1/2
and admits a unique minimizer θ⋆

π. However, grad f does not satisfy F1 in general. More
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precisely, it fails to be geodesically Lipschitz, see [Jos05, Theorem 5.6.1]. In the Euclidean
setting, several modifications of SGD have been suggested to rescale the gradient such as
RMSProp, AdaGrad and Adam [DHS11; Geo14; KB17]. Inspired by these methods, we
consider the stochastic approximation scheme (3.2) with S = Θ and

Hθ(Xn+1) = (1/2)Exp−1
θ

(
X

(1)
n+1

)
{ρ2

Θ(θ,X(2)
n+1)/2 + 1}−1/2 , (3.17)

where Xn+1 = (X(1)
n+1, X

(2)
n+1) and (X(1)

k , X
(2)
k )k∈N∗ is an i.i.d. sequence of pairs of indepen-

dent random variables with distribution π. The following result establishes non-asymptotic
convergence bounds for the resulting recursion.
Theorem 3.13. Assume A 7 and MD 7. Let θ⋆

π be the Riemannian barycenter of the
probability measure π. Let (θn)n∈N be given by (3.2) with S = Θ and H defined by (3.17).
Then, for any n ∈ N,

n−1
n−1∑
k=0

E
[
D2

Θ(θk, θ
⋆
π)
]
≤ 4V1(θ0)C1/2

π

/
(ηn) + 4ηBπ ,

where V1 is defined by (3.9) with δ ← 1, θ⋆ ← θ⋆
π, Cπ = 1+2fπ(θ⋆

π), Bπ = (1+κ)(fπ(θ⋆
π)+

1)(fπ(θ⋆
π) + 2)C−1/2

π and D2
Θ is defined in (3.14).

3.5 Numerical Experiments

We consider in our experiments the Karcher mean estimation problem on Θ = Sym+
50(R) ⊂

R50×50, the symmetric definite positive matrix manifold (SPD) equipped with its affine-
invariant metric, see [PFA06]. Note that the dimension of Θ is 1275.

We first consider the case where π = (15)−1∑15
i=1 δxi is a discrete distribution, where

{xi}15
i=1 are random samples from the Wishart distribution W(50, Id) i.e. with 50 degrees

of freedom and scale matrix identity. The Karcher mean θ⋆
π associated with π is estimated

using the Matrix Means Toolbox [BI13].
Figure 3.1 represents the behavior of the squared distance to the barycenter θ⋆

π for a
single path and three step-sizes η ∈ {10−3, 4 × 10−3, 10−2}. As expected from Proposi-
tion 3.12, two regimes can be observed. At first, the squared-distance to the barycenter
exponentially decreases and then the iterates oscillate in a O(η1/2)-neighborhood of θ⋆

π.
In addition, the rate of convergence in the exponential decay depends on the step-size.

In Figure 3.2, we aim at illustrating (3.7), Theorem 3.6 and Theorem 3.7. To this
end, 1000 replications of the previous experiment are performed to obtain {(θ(i)

n ) : i ∈
{1, . . . , 1000}} for n = ⌈10/η⌉ and η ∈ {1, 2.8, 4.6, 6.4, 8.2, 10} × 10−2. These samples are
used to estimate the mean and the variance of ρ2

Θ(θ, θ⋆
π), for θ following the stationary

distribution µη. As expected, the mean and the variance are both linear with respect to the
step-size η, further confirming that the iterates remain in a neighborhood of diameter
O(η1/2) to the ground truth.

Secondly, we examine the barycenter problem for π = W(50, Id), following the scheme
introduced in (3.17). The estimation of θ⋆

π, relative to the new distribution π, is now done
with a 100-batch-size version of our methodology, with 106 iterations and η = 10−4.
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Figure 3.1: Paths of the algorithm in Proposition 3.12
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Figure 3.3: Paths of the algorithm in Theorem 3.13

As a counterpart to Figure 3.1, in Figure 3.3 we are interested in the mean values
of (D2

Θ(θn, θ
⋆
π))n∈N along a single path for three step-sizes η ∈ {10−3, 4 × 10−3, 10−2},

with respective burn-ins {13, 3.3, 1.645} × 103. As predicted by Theorem 3.13, an initial
decrease in O(n−1) is followed by a plateau in O(η). We can observe that compared to
Figure 3.1, averaging smoothes oscillations.

Finally, we also perform the experiment corresponding to Figure 3.2 for the discrete set-
ting to illustrate numerically that the conclusions of (3.7), Theorem 3.6 and Theorem 3.7
still hold. However, due to space constraints and since the conclusions are the same than
for Figure 3.2, the corresponding figure is postponed to the supplement Figure 3.4.

129



Chapter 3. On Riemannian Stochastic Approximation Schemes with Fixed Step-Size

Acknowledgments

AD and EM acknowledge support of the Lagrange Mathematical and Computing Research
Center.

3.6 Assumptions

On the manifold

A8. Assume one of the following conditions.
(i) Θ is a Hadamard manifold, i.e. a complete, simply connected Riemannian manifold
with non-positive sectional curvature. In addition, S is a closed geodesically convex subset
of Θ with non-empty interior.
(ii) Θ is a complete, connected Riemannian manifold and S = Θ.

A 9. Θ is a Hadamard manifold. In addition, there exists κ > 0 such that the sectional
curvature of Θ is bounded below by −κ2.

On the distribution of the data

MD 8. The sequence (Xn)n∈N∗ is independent and identically distributed (i.i.d.). In ad-
dition, for any θ ∈ Θ, E [eθ(X1)] = 0 and there exist σ2

0, σ
2
1 > 0 such that for any θ ∈ S,

E[∥eθ (X1) ∥2θ] ≤ σ2
0 + σ2

1 ∥h(θ)∥2θ.

MD9. (i) P-almost surely, the vector field θ 7→ eθ(X1) is continuous on Θ.
(ii) For any θ ∈ Θ, Lebθ and the distribution of eθ(X1) are mutually absolutely continuous.

MD10. Σ is a continuous tensor field of type (2, 0) on Θ.

MD 11. There exist εe > 0, σ̃2
0, σ̃

2
1 ≥ 0 such that for any θ ∈ Θ, E[∥eθ(X1)∥2+εe

θ ] ≤
σ̃2

0 + σ̃2
1V (θ).

MD12. There exists θ ∈ Θ such that∫
Θ
ρ2

Θ(θ, ν)π(dν) < +∞ .

On the Lyapunov function V and the mean field function h

A12. (i) For any θ ∈ Θ, V ◦ projS(θ) ≤ V (θ).
(ii) V is continuously differentiable on Θ and its Riemannian gradient gradV is geodesi-
cally L-Lipschitz, i.e., there exists L ≥ 0 such that for any θ0, θ1 ∈ Θ, and geodesic curve
γ : [0, 1]→ Θ such that γ(0) = θ0 and γ(1) = θ1,∥∥gradV (θ1)− Tγ

01gradV (θ0)
∥∥

θ1
≤ Lℓ(γ) ,

where ℓ(γ) = ∥γ̇(0)∥θ0 is the length of the geodesic.
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(iii) V is proper on S, i.e., for any M ≥ 0, there exists a compact set K ⊂ S such that for
any θ ∈ S \ K, V (θ) > M .

A13. There exist C1 ≥ 0 and C2 > 0 such that for any θ ∈ S,

∥h(θ)∥2θ + C2 ⟨gradV (θ), h(θ)⟩θ ≤ C1 .

A14 (K⋆). There exists λ > 0 such that for any θ ∈ S,

⟨gradV (θ), h(θ)⟩θ ≤ −λV (θ)1S\K⋆(θ)

.

A15. There exists θ⋆ ∈ S such that for any r > 0, A8(B(θ⋆, r)) holds and that there exists
cr > 0 satisfying for any θ ∈ S \ B(θ⋆, r), cr ≤ V (θ).

A16. There exist a linear mapping A : Tθ∗Θ → Tθ∗Θ and a map H : Θ → Tθ∗Θ, such
that for any θ ∈ Θ,

h(θ) = Tγ
01

(
AExp−1

θ⋆ (θ) + H (θ)
)
,

where θ⋆ is defined in A9, Tγ
01 denotes parallel transport along the geodesic γ : [0, 1]→ Θ

with γ(0) = θ⋆ and γ(1) = θ, and limθ→θ⋆{∥H (θ)∥θ⋆ /ρΘ(θ⋆, θ)} = 0. In addition, the
eigenvalues of the matrix A all have strictly negative real parts. Finally, there exists
C3 > 0 such that for any θ ∈ Θ, ∥h(θ)∥θ ≤ C3ρΘ(θ⋆, θ).

A 17. There exists θ⋆ such that A8({θ⋆}) holds and there exists ϕ : R+ → R+ such that
for any θ ∈ Θ, V (θ) ≥ ϕ(ρΘ(θ⋆, θ)) and for any r > 0, inf [r,+∞) ϕ > 0. In addition, there
exists a > 0, such that limr→+∞ supa≤a a/ϕ(a1/2r) = 0.

On the objective function f in the gradient case

F4. f : Θ→ R is twice continuously differentiable and grad f is geodesically Lf -Lipschitz,
see (3.3).

F 5. f is λf -strongly geodesically convex, for some λf > 0, i.e. for any θ1, θ2 ∈ Θ,
f(θ2) ≥ f(θ1) + ⟨Exp−1

θ1
(θ2), grad f(θ1)⟩θ1 + λfρ

2
Θ(θ1, θ2)/2.

F6. f is twice continuously differentiable. There exists λ̃f > 0 such that for any θ ∈ Θ,
−⟨Exp−1

θ (θ⋆), grad f(θ)⟩θ ≥ λ̃fV1(θ), where V1 is defined by (3.9) with δ = 1. In addition,
there exists Cf > 0 such that for any θ ∈ Θ, ∥grad f(θ)∥2θ ≤ Cf (ρ2

Θ(θ⋆, θ) ∧ 1).

3.7 Supplementary notation

Denote the unit tangent space UθΘ = {u ∈ TθΘ : ∥u∥θ = 1}. The cut-locus of θ, Cut(θ) ⊂
Θ [Lee19, p. 308] and the injectivity domain ID(θ) ⊂ TθΘ [Lee19, p. 310] are two notions
that inform us about the length-minimizing properties of geodesics, and therefore provide
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the domain of definition of the Riemannian exponential. On a complete and connected
manifold, [Lee19, Theorem 10.34] holds, meaning the restriction (Expθ)|ID(θ) : ID(θ)→ Θ
is a diffeomorphism onto its image Θ \ Cut(θ). We simply denote Exp−1

θ : Θ \ Cut(θ) →
ID(θ) its inverse. Under the assumption that Θ is complete, simply connected and of non-
positive sectional curvature, i.e. a Hadamard manifold, [Lee19, Proposition 12.9] proves
that Cut(θ) = ∅ and ID(θ) = TθΘ for any θ ∈ Θ.

For a measure µ on a measurable space (Y,Y), denote by µ(g) the integral of a mea-
surable function g : Y → R with respect to µ, when it exists.

3.8 Proofs of Section 3.2
Under A6 and MD3, for any η > 0, we denote by Qη the Markov kernel associated with
(θn)n∈N defined by (3.2) given for any A ∈ B(S) and θ ∈ S by

Qη(θ,A) = E [1A (Expθ {ηHθ(X1)})] . (3.18)

Useful notions, definitions and results relative to Markov chain theory are given in Sec-
tion 3.11.1.

Lemma 3.14. Assume A6, MD3, A6-(i)-(ii). Then for any η > 0 and θ0 ∈ S,

QηV (θ0) ≤ V (θ0)+η ⟨gradV (θ0), h(θ0)⟩θ0
+Lη2

[
∥h(θ0)∥2θ0

+ σ2
0 + σ2

1 ∥h(θ0)∥2θ0

]
. (3.19)

Proof. Let θ0 ∈ S, and η > 0. Consider

θ1/2 = Expθ0 [ηHθ0(X1)] , θ1 = projS
(
θ1/2

)
. (3.20)

First, by definition of Qη and A6-(i), we have

QηV (θ0) = E [V (θ1)] ≤ E
[
V (θ1/2)

]
. (3.21)

Second, using A6, A6-(ii), [Dur+20, Lemma 1] and (3.20), we obtain

V (θ1/2) ≤ V (θ0) + η ⟨gradV (θ0), Hθ0(X1)⟩θ0
+ (L/2)η2 ∥Hθ0(X1)∥2θ0

.

Plugging this result in (3.21) and using MD3 completes the proof of (3.19).

3.8.1 Proof of Theorem 3.1

(a) Using Lemma 3.14 and A7 we have for any θ0 ∈ S and η > 0,

QηV (θ0) ≤ V (θ0) + η{1− C2Lη(1 + σ2
1)} ⟨gradV (θ0), h(θ0)⟩θ0

+ Lη2[σ2
0 + C1(1 + σ2

1)] .

Letting η = [2C2L(1 + σ2
1)]−1, then for any η ∈ (0,η], we have 1 − C2Lη(1 + σ2

1) ≥ 1/2.
Therefore, using also that ⟨gradV (θ0), h(θ0)⟩θ0

≤ 0, we obtain,

QηV (θ0) ≤ V (θ0) + (η/2) ⟨gradV (θ0), h(θ0)⟩θ0
+ Lη2[σ2

0 + C1(1 + σ2
1)] . (3.22)
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Therefore, by the Markov property, for any k ∈ N∗, η ∈ (0,η] and θ0 ∈ S we get,

−(η/2)
∫

Θ
⟨gradV (θ), h(θ)⟩θ Q

k−1
η (θ0, dθ) ≤ Qk−1

η V (θ0)−Qk
ηV (θ0)+Lη2[σ2

0 +C1(1+σ2
1)] .

Summing these inequalities for k ∈ {1, . . . , n} concludes the proof of (a) upon using that
V is a non-negative function.
(b) We prove (3.5) by using A8(K⋆) in (3.4) and dividing both sides by λ > 0.
(c) We start by using A8(K⋆) in (3.22). For any η ∈ (0,η] and θ0 ∈ S, we have

QηV (θ0) ≤ V (θ0)
[
1− (λη/2)1S\K⋆(θ0)

]
+ η2b/2 , (3.23)

where b = 2L[σ2
0 + C1(1 + σ2

1)]. By adding and subtracting V (θ0)(λη/2)1K⋆(θ0) in the
right-hand side of (3.23), we have,

QηV (θ0) ≤ V (θ0)[1− ηa] + η(bη/2 + a ∥V ∥K⋆) , (3.24)

where a = λ/2. Therefore, by a straightforward induction on n ∈ N, using the Markov
property, we get, for any n ∈ N, η ∈ (0,η] and θ0 ∈ S,

E [V (θn)] ≤ {1− ηa}nV (θ0) + η(bη/2 + a ∥V ∥K⋆)
n−1∑
k=0

[1− ηa]k

≤ {1− ηa}nV (θ0) + {∥V ∥K⋆ + (bη/2a)} ,

which concludes the proof of (c) and Theorem 3.1.

3.8.2 An alternative to Theorem 3.1-(b)

Consider the following condition for some compact set K⋆ ⊂ S.

HS1 (K⋆). There exists λ > 0 such that for any θ ∈ S, ⟨gradV (θ), h(θ)⟩θ ≤ −λ ∥h(θ)∥2θ 1S\K⋆(θ).

Theorem 3.15. Assume A6, MD3, A6-(i)-(ii) and HS1(K⋆) hold for some compact set
K⋆ ⊂ S, and define ∥h∥K⋆ = sup{∥h(θ)∥θ : θ ∈ K⋆} if K⋆ ̸= ∅ and ∥h∥K⋆ = 0 otherwise.
Then for any η ∈ (0, η̌] and θ0 ∈ S, and n ∈ N∗,

n−1
n−1∑
k=0

E[1S\K⋆(θk) ∥h(θk)∥2θk
] ≤ V (θ0)/(anη) + ηb̃/a ,

where (θn)n∈N is defined by (3.2) starting from θ0, η̌ = λ/[2(1 + σ2
1)L], a = λ/2 and

b̃ = L((1 + σ2
1) ∥h∥K⋆ + σ2

0).

Proof. By Lemma 3.14 and HS1(K⋆), for any η ∈ (0,η] and θ0 ∈ S, we have

QηV (θ0) ≤ V (θ0)− ηλ ∥h(θ0)∥2θ0
1S\K⋆(θ0) + Lη2

[
∥h(θ0)∥2θ0

+ σ2
0 + σ2

1 ∥h(θ0)∥2θ0

]
.
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Therefore, by the Markov property, for any k ∈ N∗, η ∈ (0,η] and θ0 ∈ S, we get

(ηλ/2)
∫

Θ
{1S\K⋆(θ) ∥h(θ)∥2θ}Q

k−1
η (θ0, dθ)

≤ Qk−1
η V (θ0)−Qk

ηV (θ0) + Lη2((1 + σ2
1) ∥h∥K⋆ + σ2

0) .

Summing these inequalities for k ∈ {1, . . . , n} concludes the proof upon using that V is a
non-negative function.

3.8.3 Proof of Theorem 3.2

Lemma 3.16. Assume A6, MD3 and MD4-(i). Then the Markov kernel Qη on S×B(S)
is Feller, i.e. for any measurable bounded function f : S→ R, Qηf is continuous from S
to R.

Proof. The proof is an easy consequence of the Lebesgue dominated convergence theorem,
since h is continuous and MD4-(i) holds.

For the next lemma, we introduce µS, the restriction to S of the Riemannian measure
µΘ associated with the volume form on Θ.

Lemma 3.17. Assume A6, MD3 and MD4-(ii). Then Qη is µS-irreducible and aperiodic.

Proof. We consider first the case A6-(i), where Θ is a Hadamard manifold. Let A ∈ B(S)
be a Borel set of S, such that µS(A) > 0. We only need to show that for any θ0 ∈ Θ,
Qη(θ0,A) > 0. Indeed, this gives µS-irreducibility by definition and implies that the chain
is aperiodic by [MT09, Theorem 5.4.4] since for any A ∈ B(S), µS(A) > 0, θ ∈ A, we have
Qη(θ,A) > 0.

Let θ0 ∈ S. By definition of the scheme (3.2) and projS, Qη(θ0,A) = P(projS ◦Expθ0(η{h(θ0)+
eθ0(X1)}) ∈ A) ≥ P(Expθ0(η{h(θ0) + eθ0(X1)}) ∈ A). However, using MD4-(ii), the law
of eθ0(X1) has a positive density ϕ : Tθ0Θ→ (0,+∞) with respect to Lebesgue’s measure
Lebθ0 . Denote (gij(θ))1≤i,j≤d the matrix representing the Riemannian metric at θ ∈ Θ
in normal global coordinates at θ0. Expressing µS in these coordinates and using [Lee19,
p.404 and Proposition 2.41],

P(η{h(θ0) + eθ0(X1)} ∈ Exp−1
θ0

(A)) =
∫

Exp−1
θ0

(A)
ϕ
(
η−1v − h(θ0)

)
dLebθ0(v)

=
∫

A
ϕ
(
η−1Exp−1

θ0
(θ)− h(θ0)

)
{det(gij(θ))}−1/2 dµS(θ) > 0 ,

since all quantities in the integral are positive and µS(A) > 0.
Now assume A6-(ii) and keep the notations of the first case. Then Expθ0 : Tθ0Θ →

Θ is no longer a diffeomorphism. However, (Expθ0)|ID(θ0) : ID(θ0) → Θ \ Cut(θ0) is a
diffeomorphism, see [Lee19, Theorem 10.34]. Moreover, as Cut(θ0) is a set of measure
zero, see again [Lee19, Theorem 10.34], considering Ã = A \ Cut(θ0) allows the previous
proof to give the desired result.
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Proof of Theorem 3.2. First, we prove that the chain is Harris-recurrent. For that, we
start by proving, for any θ0 ∈ S,

P
[
∪k∈N∗ ∩N∈N ∪n≥N{θn ∈ B(θ⋆, k)}

]
= 1 , (3.25)

where (θn)n∈N is defined by (3.2) and with initial condition θ0.
Theorem 3.1-(3.6) implies that for any θ0 ∈ Θ, supn∈NQ

n
ηV (θ0) < +∞; since ∥V ∥K⋆ =

supK⋆ V < +∞ because V is assumed to be continuous. Therefore lim infn→+∞ V (θn) is
integrable by Fatou’s lemma. Thus, for any k ∈ N∗, using Markov’s inequality,

P
(

lim inf
n→+∞

V (θn) > k

)
≤ E

[
lim inf
n→+∞

V (θn)
]/

k .

However, {lim infn→+∞ V (θn) ≤ k} = ∩N∈N ∪n≥N {θn ∈ V −1([0, k])}. Thus, for any
k ∈ N∗,

P
(
∩N∈N ∪n≥N

{
θn ∈ V −1([0, k])

})
≥ 1− E

[
lim inf
n→+∞

V (θn)
]/

k .

Now, taking the union of these events for any k ∈ N∗ gives

P
(
∪k∈N∗ ∩N∈N ∪n≥N

{
θn ∈ V −1([0, k])

})
= 1 . (3.26)

Nonetheless, using A6-(iii), for any k ∈ N∗, V −1([0, k]) is a subset of a compact set,
therefore it is bounded. Thus, for any k ∈ N∗, there exists k′ ∈ N∗ such that V −1([0, k]) ⊂
B(θ⋆, k′). This gives the following,

∪k∈N∗ ∩N∈N ∪n≥N

{
θn ∈ V −1([0, k])

}
⊂ ∪k∈N∗ ∩N∈N ∪n≥N

{
θn ∈ B(θ⋆, k)

}
.

Combining this with (3.26) gives (3.25).
Equation (3.25) gives that the chain is non-evanescent [MT09, Section 9.2.1]. Since

Qη is Feller (see Lemma 3.16), this result and [MT09, Theorem 9.2.2] imply that Qη is
Harris recurrent.

We now show that Qη is Ṽ -uniformly geometrically ergodic (see Section 3.11.1) setting
Ṽ = 1 + V . First, by Theorem 3.1 and (3.24) obtained in the proof above, we have that
for any θ0 ∈ S,η ∈ (0,η],

QηṼ (θ0) ≤ (1− ηa)Ṽ (θ0) + η(ηb/2 + a(1 + ∥V ∥K⋆)) ,

where a, b,η and ∥V ∥K⋆ are defined in Theorem 3.1. Then, by A6-(iii) there exists r̃ > 0,
such that for any θ0 ∈ S,

QηṼ (θ0) ≤ (1− aη/2)Ṽ (θ0) + η(ηb/2 + a(1 + ∥V ∥K⋆))1B(θ⋆,r̃)(θ0) .

Then, since Qη is Feller by Lemma 3.16 and µS-irreducible by Lemma 3.17, using [MT09,
Proposition 6.2.8 (ii)], B(θ⋆, r) is petite since it is compact by the Hopf-Rinow theorem
[Jos05, Theorem 1.7.1] and S has non-empty interior by A6. Therefore, an application of
[MT09, Theorem 16.0.1] proves that the chain is Ṽ -uniformly geometrically ergodic.
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3.8.4 Proof of Theorem 3.3

Lemma 3.18. Assume A6, MD3 MD4, A6, A7 and A8(K⋆) hold for some compact set
K⋆ ⊂ S. Then for any η ∈ (0,η],

µη[V 1S\K⋆ ] ≤ 2ηL{σ2
0 + C1(1 + σ2

1)}/λ ,

where η = [2C2L(1 + σ2
1)]−1.

Proof. For any η ∈ (0,η] and M ≥ 0, setting VM = M ∧ V , (3.23) implies using Jensen
inequality, for any θ0 ∈ Θ,

QηVM (θ0) ≤ (1− ηa1S\K⋆(θ0))VM (θ0) + η2b/2 ,

where η = [2C2L(1 + σ2
1)]−1 , b = 2L{σ2

0 + C1(1 + σ2
1)} and a = λ/2. Using that µη is

invariant for Qη by Theorem 3.2 and VM is bounded, we get µη[VM1S\K⋆ ] ≤ ηb/(2a). By
the monotone convergence theorem, taking M → +∞, we have µη[V 1S\K⋆ ] ≤ ηb/(2a),
which concludes the proof.

Proof of Theorem 3.3. (a) Using Lemma 3.18 and V (θ) ≥ c > 0 for any θ ∈ S \ K⋆, we
obtain

µη {S \ K⋆} ≤ ηb/(2ac) ,

which concludes the proof of (a) taking the limit η→ 0.
(b) Let (ηn)n∈N be a sequence converging to zero such that for any n ∈ N, ηn ∈ (0,η].
We start by proving that (µηn)n∈N is tight. Let ε > 0. On one hand, let r > 0 and
K0 = B(θ⋆, r). Then, using Theorem 3.3-(a), there exists N ∈ N such that for any
n ≥ N , µηn(K0) ≥ 1− ε. On the other hand, (µηn)n∈{0,...,N−1} is tight, i.e. there exists a
compact set K̃ ⊂ Θ such that for any n ∈ {1, . . . , N − 1}, µηn(K̃) ≥ 1− ε. Finally, taking
K = K0∪ K̃ gives the tightness of (µηn)n∈N. Now, let µ be a limit point of (µηn)n∈N. Using
Theorem 3.3-(a), and Lebesgue’s dominated convergence theorem letting r → 0, gives
µ({θ⋆}) = 1, i.e. µ = δθ⋆ . In conclusion, for any (ηn)n∈N converging to zero, (µηn)n∈N

converges weakly to the Dirac at θ⋆.

3.8.5 Proof of Proposition 3.4

First, we check A6-(i). Using [Stu03, Proposition 2.6], projS is a contraction with respect
to ρΘ, which implies that for any θ ∈ Θ,

ρ2
Θ(θ⋆,projS(θ)) = ρ2

Θ(projS(θ⋆), projS(θ)) ≤ ρ2
Θ(θ⋆, θ) .

This implies, since S ⊂ H, that

V2(projS(θ)) = ρ2
Θ(θ⋆, projS(θ)) ≤ χH(θ)ρ2

Θ(θ⋆, θ) + (1− χH(θ)) diam2(H) = V2(θ) ,

which gives A6-(i).
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To prove A6-(ii), we calculate the operator norm of the Hessian of V2 and conclude by
[Dur+20, Lemma 10]. Using A7 and [Jos05, Theorem 5.6.1], θ 7→ ρ2

Θ(θ⋆, θ) is smooth and
its gradient on Θ is given by θ 7→ −2Exp−1

θ (θ⋆). Therefore, for any θ ∈ Θ,

gradV2(θ) = [ρ2
Θ(θ⋆, θ)−D2

H]gradχH(θ)− 2χH(θ)Exp−1
θ (θ⋆) .

Using now A7, [Jos05, Theorem 5.6.1] and Cauchy-Schwarz’s inequality brings, for any
θ ∈ Θ, v ∈ TθΘ,

∥(HessV2)θ(v, v)∥θ ≤ 2κρΘ(θ⋆, θ) coth(κρΘ(θ⋆, θ))χH(θ) ∥v∥2θ + 4ρΘ(θ⋆, θ) ∥gradχH(θ)∥θ ∥v∥
2
θ

+ ∥(HessχH)θ(v, v)∥θ
∣∣∣ρ2

Θ(θ⋆, θ)−D2
H

∣∣∣ .
However, one can choose χH such that for any θ ∈ Θ satisfying infθ′∈H ρΘ(θ′, θ) ≥ 1, it
holds that χH(θ) = 0. Therefore, for any θ ∈ Θ, ρΘ(θ⋆, θ)χH(θ) ≤ DH + 1. Since χH is
smooth with compact support, there exists a constant M > 0 such that for any θ ∈ Θ and
v ∈ TθΘ,

∥gradχH(θ)∥θ ≤M and ∥(HessχH)θ(v, v)∥θ ≤M ∥v∥2θ .

Therefore, combining these expressions brings for any θ ∈ Θ and v ∈ TθΘ,

∥(HessV2)θ(v, v)∥θ ≤ 6(M + 1)(DH + 1)[1 + κ coth(κDH)] ∥v∥2θ ,

thus proving by [Dur+20, Lemma 10] and setting Cχ = 6(M + 1), that A6-(ii) holds with
L← Cχ(1 + DH)[1 + κ coth(κDH)].

We now turn on checking A8(B(θ⋆, r)). Since gradχH(θ) = 0 for any θ ∈ S, we get
that V2 is smooth and for any θ ∈ S, gradV2(θ) = −2Exp−1

θ (θ⋆) Therefore A8(B(θ⋆, r))
holds by (3.8).

3.8.6 Proof of Proposition 3.5

First, we check A6-(i). Using [Stu03, Proposition 2.6], projS is a contraction with respect
to ρΘ, which implies that θ ∈ Θ,

ρΘ(θ⋆,projS(θ)) = ρΘ(projS(θ⋆), projS(θ)) ≤ ρΘ(θ⋆, θ) .

Then the proof of A6-(i) is completed using that x 7→ δ2{(x/δ)2 + 1}1/2− δ2 is increasing.
Next, using A7, [Dur+20, Lemma 16], we have for any θ ∈ Θ, v ∈ TθΘ \ {0},

0 < HessV1(θ)(v, v) ≤ (1 + κδ) ∥v∥2θ .

Therefore, using [Dur+20, Lemma 10], A6-(ii) holds for L = 1 + κδ. It is easy to see
that as ρΘ(θ⋆, θ)→∞, V1(θ)→ +∞, meaning A6-(iii) holds by the Hopf-Rinow theorem
[Jos05, Theorem 1.7.1].

Regarding A8(B(θ⋆, r)), using [Dur+20, Lemma 16], we have for any θ ∈ Θ,

gradV1(θ) = − Exp−1
θ (θ⋆)

/{
(ρΘ(θ⋆, θ)/δ)2 + 1

}1/2
, (3.27)
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Therefore for any θ ∈ Θ, we get

⟨gradV1(θ), h(θ)⟩θ = −
〈
Exp−1

θ (θ⋆), h(θ)
〉

θ

/{
(ρΘ(θ⋆, θ)/δ)2 + 1

}1/2
.

Then, under the condition (3.8), we obtain

⟨gradV1(θ), h(θ)⟩θ ≤ −λρρ
2
Θ(θ⋆, θ)1S\B(θ⋆,r)(θ)

/{
(ρΘ(θ⋆, θ)/δ)2 + 1

}1/2

≤ −λρV1(θ)1S\B(θ⋆,r)(θ) ,

where we used that

V1(θ) ≤ ρ2
Θ(θ⋆, θ)

/{
(ρΘ(θ⋆, θ)/δ)2 + 1

}1/2
,

since for any a > 0 and x ≥ 0, (ax2 +1)1/2−1 = a
∫ x

0 t{at2 +1}−1/2dt ≤ ax2/{ax2 +1}1/2.

3.9 Proofs of Section 3.3

For any K ∈ R+, consider a smooth function with compact support χK : R+ → [0, 1] such
that χK(t) = 1 for any t ≤ K and χK(t) = 0 for any t ≥ K + 1.

Lemma 3.19. Assume A6-(ii) and MD3.
(a) Then, for any smooth function with compact support g : Θ → R, any η > 0 and
θ0 ∈ Θ,

Qηg(θ0) = g(θ0)+η ⟨grad g(θ0), h(θ0)⟩θ0
+(η2/2) [Hess g : Σ + h⊗ h] (θ0)+(η2/6)Rg,η(θ0) ,

(3.28)
where for any K > 0,

|Rg,η(θ0)| ≤ 8ηE
[
∥∇Hess g∥γ,∞1A∁

θ0
∥HK∥3θ0

]
+ 16∥Hess g∥∞E

[
∥YK∥2θ0

]
, (3.29)

HK = h(θ0) + eθ0(X1)χK(∥eθ0(X1)∥θ0) , YK = eθ0(X1){1− χK(∥eθ0(X1)∥θ0)} , (3.30)
∥Hess g∥∞ = sup{|Hess gθ(u, u)| : θ ∈ Θ, u ∈ UθΘ} ,
∥∇Hess g∥γ,∞ = sup{|∇Hess gγ(t)(u, u, u)| : t ∈ [0, 1], u ∈ Uγ(t)Θ} ,

Aθ0 = {∥HK∥θ0 ≤ ∥YK∥θ0} and γ : [0, 1] → Θ is defined for any t ∈ [0, 1] by γ(t) =
Expθ0(tηHθ0(X1)).
(b) Assume in addition that there exist C3 > 0 and θ⋆ ∈ Θ such that for any θ ∈ Θ,
∥h(θ)∥θ ≤ C3ρΘ(θ⋆, θ). Then, for any smooth function with compact support g : Θ → R,
any η ∈ (0, (4C3)−1] and θ0 ∈ Θ, (3.28) holds, with for any K > 0,

|Rg,η(θ0)| ≤ 8η1KK
(θ0)E

[
∥∇Hess g∥γ,∞1A∁

θ0
∥HK∥3θ0

]
+ 16∥Hess g∥∞E

[
∥YK∥2θ0

]
, (3.31)

where we take the notation of (a) and KK is a compact subset of Θ.
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Proof. (a) Let g : Θ→ R be a smooth function with compact support and θ0 ∈ Θ. Using
(3.2), A6-(ii) and the definition of Qη (3.18), we have

Qηg(θ0) = E
[
g
{
Expθ0 [ηHθ0(X1)]

}]
. (3.32)

Consider the geodesic γ : [0, 1]→ Θ defined for any t ∈ [0, 1] by γ(t) = Expθ0(tηHθ0(X1)).
For any t ∈ [0, 1], let g(t) = (g ◦ γ)(t). We compute now its derivatives to derive a Taylor
expansion. Using [Lee19, Proposition 4.15-(ii) and Theorem 4.24-(iii)], we have for any
t ∈ [0, 1],

g ′(t) = Dt(g ◦ γ)(t) = ⟨grad g(γ(t)), γ̇(t)⟩γ(t) .

By definition of the Hessian [Lee19, Example 4.22] and using Dtγ̇(t) = 0, Proposition 3.27-
(3.89)-(iv), we get for any t ∈ [0, 1],

g ′′(t) = [D2
t g ](t) = Hess gγ(t)(γ̇(t), γ̇(t)) ,

In addition, using Dtγ̇(t) = 0 and Proposition 3.27-(3.89)-(iv), we obtain for any t ∈ [0, 1],

g (3)(t) = [D3
t g ](t) = ∇Hess gγ(t)(γ̇(t), γ̇(t), γ̇(t)) ,

where ∇Hess g is the total covariant derivative of Hess g [Lee19, Proposition 4.17]. Fi-
nally, for any K > 0, consider the two random tangent vectors at θ0 defined in (3.30).
Now, writing the first-order Taylor expansion of g : [0, 1] → R, at t = 1 on the event
Aθ0 = {∥HK∥θ0 ≤ ∥YK∥θ0}, the second-order one on the complement, and summing both
expansions, we get

g
(
Expθ0(ηHθ0(X1))

)
= g(θ0) + η⟨grad g(θ0), Hθ0(X1)⟩θ0

+ (η2/2)Hess gθ0(Hθ0(X1), Hθ0(X1)) + Rg,η(θ0, X1)/6 ,
(3.33)

where the remainder term is given by

Rg,η(θ0, X1) = 1A∁
θ0

∫ 1

0
∇Hess gγ(t)(γ̇(t), γ̇(t), γ̇(t))dt

+ 1Aθ0

[∫ 1

0
Hess gγ(t)(γ̇(t), γ̇(t))dt− 3η2Hess gθ0(Hθ0(X1), Hθ0(X1))

]
.

We bound the remainder as follows. Since g has compact support, Hess g and ∇Hess g
have an operator norm uniformly bounded over Θ, which we express in the following
way. For any θ ∈ Θ, consider the unit tangent space at θ, UθΘ = {v ∈ TθΘ :
∥v∥θ = 1}, let ∥Hess g∥∞ = sup{|Hess gθ(v, v)| : θ ∈ Θ, v ∈ UθΘ} and ∥∇Hess g∥γ,∞ =
sup{|∇Hess gγ(t)(v, v, v)| : t ∈ [0, 1], v ∈ Uγ(t)Θ}. Then, using [Lee19, Corollary 5.6-(b)],
and γ̇(0) = ηHθ0(X1),

|Rg,η(θ0, X1)| ≤ 1A∁
θ0
∥∇Hess g∥γ,∞

∫ 1

0
∥γ̇(t)∥3γ(t) dt

+ 1Aθ0
∥Hess g∥∞

[∫ 1

0
∥γ̇(t)∥2γ(t) dt+ 3η2 ∥Hθ0(X1)∥2θ0

]
= 1A∁

θ0
∥∇Hess g∥γ,∞η3 ∥Hθ0(X1)∥3θ0

+ 41Aθ0
∥Hess g∥∞η2 ∥Hθ0(X1)∥2θ0

.
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Moreover, using that HK + YK = Hθ0(X1) and the definition of Aθ0 ,

|Rg,η(θ0, X1)| ≤ 81A∁
θ0
∥∇Hess g∥γ,∞η3 ∥HK∥3θ0

+ 16∥Hess g∥∞η2 ∥YK∥2θ0
. (3.34)

Now, using MD3,

E [⟨grad g(θ0), Hθ0(X1)⟩θ0 ] = ⟨grad g(θ0), h(θ0)⟩θ0 . (3.35)

In addition, since

Hess gθ0(Hθ0(X1), Hθ0(X1)) = [Hess g : Hθ0(X1)⊗Hθ0(X1)] ,

it follows by a further application of MD3, that

E [Hess gθ0(Hθ0(X1), Hθ0(X1))] = [Hess g : h⊗ h+ Σ] (θ0) , (3.36)

where Σ(θ0) is defined in (3.10). Using that ∥HK∥θ0 ≤ K+∥h(θ0)∥θ0 , and MD3 in (3.34),
we obtain that for any θ0 ∈ Θ,E[|Rg,η(θ0, X1)|] < +∞. Then, by (3.33), (3.35) and (3.36),
it follows from (3.32),

Qηg(θ0) = g(θ0) + η⟨grad g(θ0), h(θ0)⟩θ0 + (η2/2) [Hess g : h⊗ h+ Σ] (θ0) + η2Rg,η(θ0)/6 ,

where we define Rg,η(θ0) = η−2E[Rg,η(θ0, X1)]. The desired bound on the remainder in
(3.29), is a simple consequence of (3.34).
(b) In addition to the results of (a) and specifically (3.29), we need to prove that, since g
has compact support, there exists a compact set KK ⊂ Θ such that ∥∇Hess g∥γ,∞1A∁

θ0
= 0

for any θ0 ̸∈ KK .
Using that ∥h(θ)∥θ ≤ C3ρΘ(θ⋆, θ), we obtain that on A∁

θ0
, ∥Hθ(X1)∥θ ≤ 2(C3ρΘ(θ⋆, θ)+

K). In addition, by [Lee19, Corollary 6.12], ρΘ(θ,γ(t)) = tη ∥Hθ(X1)∥θ for any t ∈ [0, 1],
therefore for any t ∈ [0, 1] and η ∈ (0, (4C3)−1]

ρΘ(θ⋆,γ(t)) ≥ ρΘ(θ⋆, θ)−ρΘ(θ,γ(t)) ≥ (1−2ηtC3)ρΘ(θ⋆, θ)−2ηK ≥ ρΘ(θ⋆, θ)/2−K/(2C3) .

Consider now R ≥ 0 such that for any θ ̸∈ B(θ⋆, R), g(θ) = 0. Then, setting KK =
B(θ⋆, 2(R+K/(2C3))), we obtain that for any θ0 ̸∈ KK and t ∈ [0, 1], γ(t) ̸∈ B(θ⋆, R) and
therefore, ∇Hess gγ(t) = 0, which yields ∥∇Hess g∥γ,∞1A∁

θ0
= 0 for any θ0 ̸∈ KK . Finally

KK is a compact subset of Θ by [Jos05, Theorem 1.7.1].

3.9.1 Proof of Theorem 3.6

Let g : Θ → R be a smooth function. Since we assume that Θ is compact, g is smooth
with compact support. Therefore, using Lemma 3.19-(a) for any θ ∈ Θ and η > 0, we
have,

Qηg(θ) = g(θ)+η ⟨grad g(θ), h(θ)⟩θ +(η2/2)[Hess g : Σ+h⊗h](θ)+(η2/6)Rg,η(θ) , (3.37)
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where using (3.29), Hölder inequality and MD3 gives,

|Rg,η(θ)| ≤ 32η(∥h(θ)∥3θ +K3) sup{|∇Hess gθ(u, u, u)| : θ ∈ Θ, u ∈ UθΘ}

+ 16 ∥Hess g∥∞
(
σ2

0 + σ2
1 ∥h(θ)∥2θ

)
.

Next, let η ∈ (0,η], where η = [2C2L(1 + σ2
1)]−1. Note that since Θ is compact, g

is smooth, h and Σ are continuous, all the functions appearing in (3.37) are bounded.
Therefore, integrating (3.37) with respect to µη given by Theorem 3.2 and using that µη
is invariant with respect to Qη, we obtain,

−
∫

Θ
⟨grad g(θ), h(θ)⟩θ µ

η(dθ) = (η/2)
∫

Θ
[Hess g : Σ+h⊗h](θ)µη(dθ)+(η/6)

∫
Θ

Rg,η(θ)µη(dθ) .

Using that θ 7→ [Hess g : Σ+h⊗h](θ) is bounded and continuous over Θ, Theorem 3.3-(b)
and that h(θ⋆) = 0, by weak convergence of µη to δθ⋆ when η→ 0, we have,

lim
η→0

∫
Θ

[Hess g : Σ + h⊗ h](θ)µη(dθ) = [Hess g : Σ + h⊗ h](θ⋆) = [Hess g : Σ](θ⋆) .

Equivalently, there exists RHess g : (0,η]→ R such that for any η ∈ (0,η], we have∫
Θ

[Hess g : Σ + h⊗ h](θ)µη(dθ) = [Hess g : Σ](θ⋆) + RHess g(η) ,

where limη→0 |RHess g(η)| = 0.
To conclude, we prove that lim supη→0 |

∫
Θ Rg,η(θ)µη(dθ)| = 0. Let K ≥ 0. By (3.29),

since θ0 7→ E[1A∁
θ0
∥HK∥3θ0

] is uniformly bounded over Θ by definition (3.30) and since h is
continuous, we have that

lim sup
η→0

∣∣∣∣∫
Θ

Rg,η(θ)µη(dθ)
∣∣∣∣ ≤ 16∥Hess g∥∞ lim sup

η→0

∫
Θ

E
[
∥eθ(X1)∥2θ {1− χK(θ)}

]
µη(dθ)

≤ 16∥Hess g∥∞E
[
∥eθ⋆(X1)∥2θ⋆ {1− χK(θ⋆)}

]
,

using Theorem 3.3-(b), that θ 7→ E[∥eθ(X1)∥2θ] and χK are continuous and bounded by
MD5 since E[∥eθ(X1)∥2θ] = Tr(Σ(θ)) for any θ ∈ Θ and Θ is compact. Taking K → +∞
completes the proof.

3.9.2 Proof of Theorem 3.7

We introduce an auxiliary chain (Un)n∈N as an intermediate step between (θn)n∈N and
(Un)n∈N for which we recall the definition below. Define for any η > 0, n ∈ N,

Un = Exp−1
θ⋆ (θn) and Un = η−1/2Exp−1

θ⋆ (θn) = η−1/2Un , (3.38)

where (θn)n∈N is defined by (3.2) with S = Θ i.e. projS = Id. Note that (Un)n∈N and
(Un)n∈N are Markov chains with state space Tθ⋆Θ, as Expθ⋆ is a bijection. Conversely,
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since Exp−1
θ⋆ and η−1/2Exp−1

θ⋆ are bijections from Θ to Tθ⋆Θ under A6-(i), (θn)n∈N is a
deterministic function of (Un)n∈N or (Un)n∈N. Therefore, the convergence of these three
processes is expected to be the same. This is the content of the following result. Denote by
Rη and Rη the Markov kernels on Tθ⋆Θ×B(Tθ⋆Θ), associated with (Un)n∈N and (Un)n∈N

respectively.
Lemma 3.20. Assume A6-(i)-(ii), MD3, MD4, A6, A7 and A8(K⋆) for some compact
set K⋆ ⊂ S. Let η ∈ (0,η] where η = [2C2L(1 + σ2

1)]−1. For any measurable and bounded
function g : Tθ⋆Θ→ R and any u0, u0 ∈ Tθ⋆Θ, Rη and Rη satisfy

Rηg(u0) = Qηg (Expθ⋆(u0)) and Rηg (u0) = Rηgη(η1/2u0) , (3.39)

where g : θ 7→ g[Exp−1
θ⋆ (θ)] and gη : u 7→ g(η−1/2u) are defined over Θ and Tθ⋆Θ respec-

tively, and Qη is the Markov kernel associated with (θn)n∈N. In addition, Rη and Rη both
admit a unique stationary distribution νη and νη respectively, defined for any A ∈ B(Tθ⋆Θ)
by

νη(A) = µη (Expθ⋆(A)) and νη(A) = νη(η1/2A) . (3.40)
Finally, both Rη and Rη are Harris-recurrent and geometrically ergodic, i.e. there exist
C,C : Tθ⋆Θ→ R and ρ, ρ ∈ R∗

+ such that for any u, u ∈ Tθ⋆Θ,

∥δuRη − νη∥TV ≤ C(u)ρn and ∥δuRη − νη∥TV ≤ C(u)ρn .

Proof. Let g : Tθ⋆Θ→ R be a measurable and bounded function and u0 ∈ Tθ⋆Θ. Consider
(Un)n∈N defined by (3.38) with θ0 = Expθ⋆(u0). Using (3.38), we have by definition

E [g(U1)] = E
[
g
(
Exp−1

θ⋆ (θ1)
)]

= Qη

(
g ◦ Exp−1

θ⋆

)
(Expθ⋆(u0)) .

Moreover, let u0 ∈ Tθ⋆Θ and consider (Un)n∈N defined by (3.38) with U0 = η1/2u0. Using
(3.38), we have by definition

E
[
g(U1)

]
= E

[
g
(
η−1/2U1

)]
= Rηgη

(
η1/2u0

)
,

where gη : u 7→ g(η−1/2u) is defined over Tθ⋆Θ, therefore proving (3.39).
We show that νη and νη are invariant for Rη and Rη respectively. Indeed, for any

A ∈ B(Tθ⋆Θ), we have by (3.38), (3.39) and (3.40)

νηRη(A) =
∫

Tθ⋆ Θ
dνη(u)Rη (u,A) =

∫
Θ

dµη(θ)Rη

(
Exp−1

θ⋆ (θ),A
)

=
∫

Θ
dµη(θ)Qη (θ,Expθ⋆(A)) = µη (Expθ⋆(A)) = νη(A) .

Therefore νη is invariant for Rη. Similarly, we show that νη is invariant for Rη. Using
again (3.38), (3.39) and (3.40), for any A ∈ B(Tθ⋆Θ) we have,

νηRη(A) =
∫

Tθ⋆ Θ
dνη(u)Rη

(
η−1/2u,A

)
=
∫

Tθ⋆ Θ
dνη(u)Rη

(
u,η1/2A

)
= νη(A) .

Finally, since (θn)n∈N, (Un)n∈N and (Un)n∈N are deterministic functions of each other and
since Theorem 3.2 proves that (θn)n∈N is geometrically ergodic and Harris-recurrent, the
same holds for (Un)n∈N and (Un)n∈N and their invariant distributions are unique.
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For any smooth function with compact support g : Tθ⋆Θ → R, u0 ∈ Tθ⋆Θ and η > 0
consider the 2-tensor (C2(g, u0,η)ij)i,j∈{1,...,d} defined by, for any i, j ∈ {1, . . . , d},

C2(g, u0,η)ij = ∂2
ijg(u0)− η1/2

d∑
k=1

Γk
ij

(
Expθ⋆(η1/2u0)

)
∂kg(u0) , (3.41)

and, similarly consider the 3-tensor (C3(g, u0,η)ijk)i,j,k∈{1,...,d} defined by, for any i, j, k ∈
{1, . . . , d},

C3(g, u0,η)ijk = ∂3
ijkg(u0)

− η1/2
d∑

l=1

[
Γl

ij

(
Expθ⋆(η1/2u0)

)
∂2

klg(u0) + Γl
ki

(
Expθ⋆(η1/2u0)

)
∂2

jlg(u0)

+Γl
kj

(
Expθ⋆(η1/2u0)

)
∂2

ilg(u0)
]
− η

d∑
m=1

∂kΓm
ij

(
Expθ⋆(η1/2u0)

)
∂mg(u0)

+ η
d∑

l,m=1

[
Γl

kjΓm
il + Γl

kiΓm
lj

] (
Expθ⋆(η1/2u0)

)
∂mg(u0) ,

(3.42)
where (Γk

ij)i,j,k∈{1,...,d} are the Christoffel symbols of the Levi-Civita connection ∇. We
derive the following Taylor formulas.
Lemma 3.21. Assume A 6-(i)-(ii), MD 3, MD 4, A6, A7 and A8(K⋆) for some com-
pact set K⋆ ⊂ S. Suppose in addition that there exists C3 > 0 such that for any θ ∈ Θ,
∥h(θ)∥θ ≤ C3ρΘ(θ⋆, θ) and let η = [2C2L(1 + σ2

1)]−1 ∧ (4C3)−1. Consider normal co-
ordinates (ui)i∈{1,...,d} centered at θ⋆ and define for any i, j ∈ {1, . . . , d}, hi : Θ → R,
Σij : Θ → R by hi = dui(h) and Σij = [dui ⊗ duj ]{Σ}. For any smooth function with
compact support g : Tθ⋆Θ→ R, any η ∈ (0,η] and u0 ∈ Tθ⋆Θ, we have

Rηg(u0) = g(u0) + η1/2
d∑

i=1
∂ig(u0)hi

(
Expθ⋆(η1/2u0)

)
(3.43)

+ η

2

d∑
i,j=1

{
∂2

ijg (u0)− η1/2
d∑

k=1
Γk

ij(Expθ⋆(η1/2u0))∂kg (u0)
}[

Σij + hihj
] (

Expθ⋆(η1/2u0)
)

+ (η/6)Rg,η(u0) ,

where, setting θ0 = Expθ⋆(η1/2u0),∣∣∣Rg,η(u0)
∣∣∣ ≤ 8η1/2

1KK
(θ0)E

[
∥C3(g,η)∥γ1A∁

θ0
∥HK∥3θ0

]
+16∥C2(g,η)∥E

[
∥YK∥2θ0

]
, (3.44)

using the definitions of HK , YK , Aθ0, KK and γ in Lemma 3.19-(3.30),

∥C2(g,η)∥ = sup{|C2(g, u,η)[v⊗2]| : u ∈ Tθ⋆Θ, v ∈ Rd, ∥v∥2 = 1}
∥C3(g,η)∥γ = sup{|C3(g, u,η)[v⊗3]| : u ∈ η−1/2Exp−1

θ⋆ (γ([0, 1])), v ∈ Rd, ∥v∥2 = 1} ,
(3.45)

where C2(g, u,η) and C3(g, u,η) are defined in (3.41) and (3.42).
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Proof. Using A 6-(i) and [Lee19, Proposition 12.9], (ui)i∈{1,...,d} are global coordinates
on the Hadamard manifold Θ. Let g : Tθ⋆Θ → R be a smooth function with compact
support and g : Θ → R defined for any θ ∈ Θ by g(θ) = g(Exp−1

θ⋆ (θ)). Note that since
∥Exp−1

θ⋆ (θ)∥θ⋆ = ρΘ(θ⋆, θ), for any θ ∈ Θ by [Lee19, Corollary 6.12], g is a smooth function
with compact support as well. In addition, by definition of the normal coordinates, g :
u 7→ g(Expθ⋆(u)) is the expression of g in this coordinate system. Using this fact and the
definitions of the Riemannian gradient and Hessian [Lee19, Equation 2.14, Example 4.22],
we have, for any θ0 ∈ Θ,

grad g(θ0) =
d∑

i=1
∂ig(u0)∂ui ,

Hess g(θ0) =
d∑

i,j=1

{
∂2

ijg(u0)−
d∑

k=1
Γk

ij(Expθ⋆(u0))∂kg(u0)
}

dui ⊗ duj , (3.46)

where u0 = Exp−1
θ⋆ (θ0) and (Γk

ij)i,j,k∈{1,...,d} are the Christoffel symbols. Combining these
expressions with Lemma 3.20-(3.39) and Lemma 3.19-(b)-(3.28) gives

Rηg(u) = g(u0) + η
d∑

i=1
∂ig(u0)hi(Expθ⋆(u0))

+(η2/2)
d∑

i,j=1

{
∂2

ijg(u0)−
d∑

k=1
Γk

ij(Expθ⋆(u0))∂kg(u0)
}[

Σij (Expθ⋆(u0)) + hihj (Expθ⋆(u0))
]

+ (η2/6)R̃g,η(u0) ,

where R̃g,η(u0) = Rg,η(θ0) is bounded using (3.31), for θ0 = Expθ⋆(u0) and g : θ 7→
g(Exp−1

θ⋆ (θ)).
Replacing g with gη : u 7→ g(η−1/2u) defined over Tθ⋆Θ and using that for any i, j ∈

{1, . . . , d} and u0 ∈ Tθ⋆Θ,

∂igη(u0) = η−1/2∂ig(η−1/2u0) and ∂2
ijgη(u0) = η−1∂ijg(η−1/2u0) , (3.47)

we have for any u0 ∈ Tθ⋆Θ,

Rηgη(u0) = g(η−1/2u0) + η1/2
d∑

i=1
∂ig(η−1/2u0)hi (Expθ⋆(u0))

+(η/2)
d∑

i,j=1

{
∂2

ijg
(
u0
η1/2

)
− η1/2

d∑
k=1

Γk
ij(Expθ⋆(u0))∂kg

(
u0
η1/2

)}[
Σij + hihj

]
(Expθ⋆(u0))

+ (η2/6)R̃gη,η(u0) . (3.48)

Expressing R̃gη,η(u0) using partial derivatives shows explicitly the dependency on η. Using
(3.47) and the equivalent formula for the third order derivative, we have for any K > 0,

η2
∣∣∣R̃gη,η(u0)

∣∣∣ ≤ 8η3
1KK

(θ0)E
[
∥∇Hess gη∥γ,∞1A∁

θ0
∥HK∥3θ0

]
+16η2∥Hess gη∥∞ E

[
∥YK∥2θ0

]
,

(3.49)
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where θ0 = Expθ⋆(u0), γ : [0, 1] → Θ is defined by γ(t) = Expθ0(tηHθ0(X1)), HK , YK

and Aθ0 are defined in (3.30). Using (3.46) and Proposition 3.30, we have Hess gη(u) =
η−1C2(g,η−1/2u0,η) and ∇Hess gη(u) = η−3/2C3(g,η−1/2u0,η), where C2 and C3 are de-
fined in (3.41) and (3.42) respectively. This gives

∥∇Hess gη∥γ,∞ = η−3/2∥C3(g,η)∥γ and ∥Hess gη∥∞ = η−1∥C2(g,η)∥ , (3.50)

where ∥C2(g,η)∥ and ∥C3(g,η)∥γ are defined in (3.45). Setting u0 = η1/2u0 in (3.48), we
get

Rηgη(η1/2u0) = g(u0) + η1/2
d∑

i=1
∂ig(u0)hi

(
Expθ⋆(η1/2u0)

)

+(η/2)
d∑

i,j=1

{
∂2

ijg (u0)− η1/2
d∑

k=1
Γk

ij(Expθ⋆(η1/2u0))∂kg (u0)
}[

Σij + hihj
] (

Expθ⋆(η1/2u0)
)

+ η2R̃gη,η(η1/2u0) . (3.51)

Therefore, letting Rg,η(u0) = ηR̃gη,η(η1/2u0), and combining Lemma 3.20-(3.39), (3.49),
(3.50) and (3.51) gives the desired result.

Lemma 3.22. Assume A6-(i)-(ii) and A10. Consider normal coordinates (ui)i∈{1,...,d}
centered at θ⋆ with respect to the orthonormal basis (ei)i∈{1,...,d} of Tθ⋆Θ. Then h can be
expressed in this chart as, for any η > 0, u ∈ Tθ⋆Θ,

h
(
Expθ⋆(η1/2u)

)
=

d∑
i=1

{
η1/2

d∑
k=1

Ai
ku

k + Ri
h

(
η1/2u

)}
∂ui , (3.52)

where A is defined in A10, uk are the components of u in (ei)i∈{1,...,d} and for any i ∈
{1, . . . , d}, limu→0{|Ri

h(u)|/∥u∥θ⋆} = 0.

Proof. Since Θ is a Hadamard manifold, these normal coordinates are defined throughout
Θ. Thus, for any θ ∈ Θ, it is possible to write,

h(θ) =
d∑

j=1
hj(θ)∂uj(θ) . (3.53)

Recall the definition of the metric coefficients in the coordinates (ui)i∈{1,...,d} at θ ∈ Θ, for
any i, j ∈ {1, . . . , d},

gij(θ) = ⟨∂ui(θ), ∂uj(θ)⟩θ . (3.54)

Then, taking the scalar product of (3.53) with each ∂ui, we have for any i ∈ {1, . . . , d},

d∑
j=1

gij(θ)hj(θ) = ⟨h(θ), ∂ui(θ)⟩θ . (3.55)
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From the Taylor expansion formula for vector fields given by Theorem 3.29 for the geodesic
γ : [0, 1]→ Θ given by γ(0) = θ⋆ and γ̇(0) = Exp−1

θ⋆ (θ), it follows that,

∂ui(θ) = Tγ
01

[
ei +∇(∂ui)θ⋆

(
Exp−1

θ⋆ (θ)
)]

+ R∂ui
(θ) , (3.56)

where the remainder is given by

R∂ui
(θ) =

∫ 1

0
(1− t)Tγ

t1∇
2(∂ui)γ(t)(γ̇(t), γ̇(t))dt .

Let ∥∇2∂ui∥∞,γ = sup{|∇2(∂ui)γ(t)(v, v)| : t ∈ [0, 1], v ∈ Uγ(t)Θ} which is finite as γ[0, 1]
is compact. Then using that for any t ∈ [0, 1], ∥γ̇(t)∥γ(t) = ρΘ(θ⋆, θ) by [Lee19, Corollary
5.6] and that geodesics are length-minimizing curves by A 6-(i); and that the parallel
transport map is an isometry [Lee19, p.108], we have

|R∂ui
(θ)| ≤ (1/2)∥∇2∂ui∥∞,γρ

2
Θ(θ⋆, θ) .

This proves that limθ→θ⋆ |R∂ui
(θ)/ρΘ(θ⋆, θ)| = 0. By the definition of normal coordinates

centered at θ⋆, for any i, j ∈ {1, . . . , d},∇∂uj
∂ui = ∑d

k=1 Γk
ji∂uk and (Γk

ji)i,j,k∈{1,...,d}
vanishes at θ⋆ [Lee19, Proposition 5.24] so (3.56) becomes

∂ui(θ) = Tγ
01(ei) + R∂ui

(θ) . (3.57)

Taking the scalar product of (3.12) and (3.57), it follows that

⟨h(θ), ∂ui(θ)⟩θ = ⟨AExp−1
θ⋆ (θ), ei⟩θ⋆ + R̃i

h(θ) , (3.58)

since parallel transport preserves scalar products, where limθ→θ⋆{|R̃i
h(θ)|/ρΘ(θ⋆, θ)} = 0.

On the other hand, from (3.54) and (3.57), since the (ei)i∈{1,...,d} are orthonormal,

gij(θ) = δij + Rij
g (θ) , (3.59)

where δij = 1 if i = j and δij = 0 otherwise and limθ→θ⋆{|Rij
g (θ)|/ρΘ(θ⋆, θ)} = 0. Plugging

(3.58) and (3.59) in (3.55), we obtain

hi(θ) =
d∑

j=1
Ai

ju
j(θ) + Ri

h(θ) , (3.60)

where limθ→θ⋆

∣∣Ri
h(θ)

∣∣ = 0. Finally, (3.52) is obtained from (3.53)-(3.60), by setting
θ = Expθ⋆(η1/2u), for u ∈ Tθ⋆Θ, and noting that

uj(Expθ⋆(η1/2u)) = ⟨Exp−1
θ⋆ (Expθ⋆(η1/2u)), ej⟩θ⋆ = η1/2uj ,

ρΘ
(
Expθ⋆(η1/2u), θ⋆

)
= η1/2 ∥u∥θ⋆ ,

which follow from [Lee19, Corollary 5.6] and the definition of the coordinates (ui)i∈{1,...,d}.
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Lemma 3.23. Assume A6-(i)-(ii), MD3, MD4, MD5, MD6, A6, A7, A10 and A11
hold. Let η = [2C2L(1 + σ2

1)]−1 ∧ (4C3)−1. Then the family of distributions (νη)η∈(0,η],
defined by (3.11), is tight.
Proof. For any η ∈ (0,η], the conditions of Lemma 3.20 hold, thus the Markov chain
(Un)n∈N is ergodic and its invariant distribution νη is given by (3.11). For any r ≥ 0, let
Br = {u ∈ Tθ⋆Θ : ∥u∥θ⋆ ≤ r} be the tangent closed ball at θ⋆ of center 0 and radius r.
Then, by (3.40) and [Lee19, Corollary 6.13], for any r > 0 and η ∈ (0,η], we have

νη
(
Tθ⋆Θ \ Br

)
= νη

(
Tθ⋆Θ \ Bη1/2r

)
= µη

(
Θ \ B(θ⋆,η1/2r)

)
. (3.61)

However, by A11,

µη
(
Θ \ B(θ⋆,η1/2r)

)
≤ ϕ−1(η1/2r)

∫
Θ\{θ⋆}

ϕ(ρΘ(θ⋆, θ))dµη(θ)

≤ ϕ−1(η1/2r)
∫

Θ\{θ⋆}
V (θ)dµη(θ) . (3.62)

Now, using A11 and Lemma 3.18 taking K⋆ = {θ⋆}, we have,∫
Θ\{θ⋆}

V (θ)dµη(θ) ≤ 2ηL
{
σ2

0 + C1(1 + σ2
1)
}
/λ .

Combining this result and (3.62) in (3.61) implies that for any r > 0,

νη
(
Tθ⋆Θ \ Br

)
≤ 2ηL

{
σ2

0 + C1(1 + σ2
1)
}
/[λϕ(η1/2r)]

≤ sup
η≤η
{η/ϕ(η1/2r)}(2L/λ)

{
σ2

0 + C1(1 + σ2
1)
}
,

where limr→+∞{supη≤η η/ϕ(η1/2r)} = 0 using A11. Therefore, for any ε > 0, there exists
r > 0 such that for any η ∈ (0,η], νη(Tθ⋆Θ \ Br) ≤ ε. This concludes the proof that
(νη)η∈(0,η] is tight.

Proof of Theorem 3.7. Consider normal coordinates (ui)i∈{1,...,d} centered at θ⋆ with re-
spect to the orthonormal basis (ei)i∈{1,...,d} of Tθ⋆Θ. Define for any i, j ∈ {1, . . . , d},
hi : Θ → R, Σij : Θ → R by hi = dui(h) and Σij = [dui ⊗ duj ]{Σ}. Let g : Tθ⋆Θ → R be
a smooth function with compact support. Applying Lemma 3.21 to g gives (3.43). Using
MD5, Σ is continuous, which implies that for any u0 ∈ Tθ⋆Θ,

Σ
(
Expθ⋆(η1/2u0)

)
=

d∑
i,j=1

{
Σij

⋆ + Rij
Σ

(
η1/2u0

)}
∂ui ⊗ ∂uj , (3.63)

where for any i, j ∈ {1, . . . , d}, Σij
⋆ = Σij(θ⋆), Rij

Σ is continuous over Tθ⋆Θ and Rij
Σ (0) = 0.

Using Lemma 3.22, replacing Σij and hi in (3.43) with (3.52) and (3.63) gives for any
u0 ∈ Tθ⋆Θ,

Rηg(u0) = g(u0) + η
d∑

i=1
∂ig(u0)

d∑
k=1

Ai
ku

k
0 + (η/2)

d∑
i,j=1

∂2
ijg(u0)Σij

⋆ + ηRg,η,Σ,h(u0)

+ (η/6)Rg,η(u0) ,
(3.64)
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where uk
0 are the components of u0 in (ei)i∈{1,...,d},

Rg,η,Σ,h(u0) = η−1/2
d∑

i=1
Ri

h

(
η1/2u0

)
∂ig(u0)

+ (1/2)
d∑

i,j=1

{
∂2

ijg(u0)− η1/2
d∑

k=1
Γk

ij

(
Expθ⋆(η1/2u0)

)
∂kg(u0)

}[
Rij

Σ

(
η1/2u0

)]

+ (1/2)
d∑

i,j=1

{
∂2

ijg(u0)− η1/2
d∑

k=1
Γk

ij

(
Expθ⋆(η1/2u0)

)
∂kg(u0)

}[
hihj

(
Expθ⋆(η1/2u0)

)]

− (η1/2/2)
d∑

i,j,k=1
Γk

ij

(
Expθ⋆(η1/2u0)

)
∂kg(u0)Σij

⋆ .

By Lemma 3.23, (νη)η∈(0,η] is tight and therefore relatively compact. Therefore, it is
enough that for any limit point ν⋆, ν⋆ = N(0,V) where V ∈ Rd×d is the solution of the
Lyapunov equation AV + VA⊤ = Σ(θ⋆). Let (ηn)n∈N∗ be a sequence with values in (0,η],
such that limn→+∞ ηn = 0, and (νηn)n∈N∗ weakly converges to ν⋆.

First by (3.64), we have∫
Tθ⋆ Θ

νηn(du0)
∫

Tθ⋆ Θ
Rηn(u0, du1)g(u1)

=
∫

Tθ⋆ Θ
νηn(du0)g(u0) + ηn

∫
Tθ⋆ Θ

νηn(du0)
d∑

i=1
∂ig(u0)

d∑
k=1

Ai
ku

k
0

+ (ηn/2)
∫

Tθ⋆ Θ
νηn(du0)

d∑
i,j=1

∂2
ijg(u0)Σij

⋆ + ηn

∫
Tθ⋆ Θ

νηn(du0)Rg,ηn,Σ,h(u0)

+ (ηn/6)
∫

Tθ⋆ Θ
νηn(du0)Rg,ηn(u0) .

Therefore using that νηn is stationary with respect to Rηn , we obtain that

lim sup
n→+∞

∣∣∣∣∣∣
∫

Tθ⋆ Θ
νηn(du0)


d∑

i=1
∂ig(u0)

d∑
k=1

Ai
ku

k
0 +

d∑
i,j=1

∂2
ijg(u0)Σij

⋆


∣∣∣∣∣∣

≤ lim sup
n→+∞

∣∣∣∣∣
∫

Tθ⋆ Θ
νηn(du0)Rg,ηn,Σ,h(u0)

∣∣∣∣∣+
∣∣∣∣∣
∫

Tθ⋆ Θ
νηn(du0)Rg,ηn(u0)

∣∣∣∣∣ . (3.65)

Consider a sequence of independent random variables (Yn)n∈N such that for any n ∈ N,
the law of Yn is νηn . By Slutsky’s theorem, since (Yn)n∈N converges in distribution and
limn→+∞ ηn = 0, we obtain that η

1/2
n Yn converges in distribution towards 0. Moreover,

using the continuous mapping theorem, we have

lim sup
n→+∞

|E[Rg,ηn,Σ,h(Yn)]| = 0 . (3.66)
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Similarly, we use (3.44) to obtain, for any n ∈ N and K > 0,∣∣∣Rg,ηn(Yn)
∣∣∣ ≤ 8η1/2

n 1KK
(θn)E

[
∥C3(g,ηn)∥γ1A∁

θn

∥HK∥3θn

∣∣∣∣θn

]
+ 16∥C2(g,ηn)∥E

[
∥YK∥2θn

∣∣∣θn

]
,

where for any n ∈ N, θn = Expθ⋆(η1/2
n Yn) are independent random variables and by (3.40),

the distribution of θn is µηn . Thus we obtain for any K ≥ 0, using 1KK
(θn) ∥HK∥θn

is
almost surely bounded by 4[K3 + supθ∈KK

∥h(θ)∥3θ], Markov’s inequality and MD6,

lim sup
n→+∞

∣∣∣E[Rg,ηn(Yn)]
∣∣∣ ≤ lim sup

n→+∞
16∥C2(g,ηn)∥E[∥eθn(X1)∥2θn

{1− χK(∥eθn(X1)∥θn)}]

≤ 16∥C2(g, 0)∥K−ε{σ̃2
0 + σ̃2

1E[V (θ⋆)]} , (3.67)

using that (θn)n∈N converges in distribution to θ⋆. For any smooth function with compact
support g : Tθ⋆Θ → R, combining (3.65)-(3.66)-(3.67), taking K → +∞ and using the
weak convergence of (νηn)n∈N to ν⋆ when n→ +∞ shows that

∫
Tθ⋆ Θ

ν⋆(du0)


d∑

i=1
∂ig(u0)

d∑
k=1

Ai
ku

k
0 +

d∑
i,j=1

∂2
ijg(u0)Σij

⋆

 = 0 . (3.68)

Finally, by [HJ94, Theorem 2.2.1], there exists a unique matrix V ∈ Rd×d solution to the
Lyapunov equation AV+VA⊤ = Σ(θ⋆). By [Ken78, Theorem 10.1], N(0,V) is the unique
probability distribution on Tθ⋆Θ satisfying (3.68). This concludes the proof.

3.10 Proofs for Section 3.4

3.10.1 Proof of Lemma 3.8

Recall that f is λf -strongly geodesically convex, if and only if for any θ1, θ2 ∈ Θ,

f(θ2) ≥ f(θ1) +
〈
Exp−1

θ1
(θ2), grad f(θ1)

〉
θ1

+ λfρ
2
Θ(θ1, θ2) . (3.69)

Put θ1 = θ⋆ and θ2 = θ. Since θ⋆ is a stationary point of f , so grad f(θ⋆) = 0, it follows
from (3.69) that

f(θ)− f(θ⋆) ≥ λfρ
2
Θ(θ⋆, θ) ,

which is the second identity in (3.13). To obtain the first identity, put θ1 = θ and θ2 = θ⋆,
in (3.69), so

f(θ⋆)− f(θ) ≥
〈
Exp−1

θ (θ⋆), grad f(θ)
〉

θ
+ λfρ

2
Θ(θ⋆, θ) . (3.70)

Since f(θ⋆) ≤ f(θ), this implies

−
〈
Exp−1

θ (θ⋆), grad f(θ)
〉

θ
≥ λfρ

2
Θ(θ⋆, θ) = λf

∥∥∥Exp−1
θ (θ⋆)

∥∥∥2

θ
.
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Or, after using the Cauchy-Schwarz inequality,

∥grad f(θ)∥θ ≥ λf

∥∥∥Exp−1
θ (θ⋆)

∥∥∥
θ
. (3.71)

Finally, using once more the Cauchy-Schwarz inequality, and (3.70) and (3.71),

f(θ)− f(θ⋆) ≤ −
〈
Exp−1

θ (θ⋆), grad f(θ)
〉

θ
≤ (1/λf ) ∥grad f(θ)∥2θ ,

which is equivalent to the first identity in (3.13).

3.10.2 Proof of Lemma 3.10

Without loss of generality, we assume that f(θ⋆) = 0. First, we show that for any θ ∈ Θ,

f(θ) ≤Mfρ
2
Θ(θ⋆, θ) . (3.72)

Let θ ∈ Θ and γ : [0, 1] → Θ the unique geodesic such that γ(0) = θ⋆ and γ(1) =
θ. Then since f is continuously differentiable using [Lee19, Proposition 4.15-(ii) and
Theorem 4.24-(iii)], we get that f(θ) =

∫ 1
0 ⟨grad f(γ(t)), γ̇(t)⟩γ(t) dt. Therefore, using the

Cauchy-Schwarz inequality and for any t ∈ [0, 1], ∥γ̇(t)∥γ(t) = ρΘ(θ⋆, θ) we obtain that
|f(θ)| ≤ ρΘ(θ⋆, θ) ∥grad f(γ(t))∥γ(t) which shows that (3.72) holds by assumption.

We now proceed with the proof of the main statement. Since f is twice continuously
differentiable, f̃ has this same property. In addition, for any θ ∈ Θ,

grad f̃(θ) = grad f(θ)/[2(f(θ) + 1)1/2] . (3.73)

Therefore, using the assumption that for any θ ∈ Θ, ∥grad f(θ)∥2θ ≤ Mfρ
2
Θ(θ⋆, θ) and

the second inequality of Lemma 3.8, we get that

∥grad f̃(θ)∥θ = ∥grad f(θ)∥θ /[2(f(θ) + 1)1/2] ≤M1/2
f ρΘ(θ⋆, θ)/[2(λfρ

2
Θ(θ⋆, θ) + 1)1/2]

≤ C1/2
f [1 ∧ ρΘ(θ⋆, θ)] ,

with C
1/2
f ← (M1/2

f /2)[1 ∧ λ−1/2
f ].

It remains to show that for any θ ∈ Θ, −⟨Exp−1
θ (θ⋆), grad f̃(θ)⟩θ ≥ λ̃fV1(θ), where V1

is defined by (3.9) with δ = 1 and λ̃f ← λ
1/2
f /2. Using (3.73) again, F2 and (3.72), we

obtain that for any θ ∈ Θ,

−
〈
Exp−1

θ (θ⋆), grad f̃(θ)
〉

θ
= −

〈
Exp−1

θ (θ⋆), grad f(θ)
〉

θ
/[2(f(θ) + 1)1/2]

≥ λfρ
2
Θ(θ⋆, θ)/[2(f(θ) + 1)1/2] ≥ λfρ

2
Θ(θ⋆, θ)/[2(Mfρ

2
Θ(θ⋆, θ) + 1)1/2] .

Using that for any θ ∈ Θ, V1(θ) = {ρ2
Θ(θ⋆, θ) + 1}1/2 − 1 ≤ ρΘ(θ⋆, θ), we get that

−
〈
Exp−1

θ (θ⋆), grad f̃(θ)
〉

θ
≥ λfV1(θ)ρΘ(θ⋆, θ)/[2(Mfρ

2
Θ(θ⋆, θ)+1)1/2] ≥ λfV1(θ)/(2M1/2

f ) .
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3.10.3 Proof of Proposition 3.11

The proof consists in an application of Theorem 3.1-(b). First, by Proposition 3.5, V1
defined by (3.9) with δ = 1, satisfies A6. In addition, by [Dur+20, Lemma 16], V1 is
continuously differentiable with gradient given for any θ ∈ Θ by

gradV1(θ) = −Exp−1
θ (θ⋆)/{1 + ρ2

Θ(θ⋆, θ)}1/2 .

Therefore, for any θ ∈ Θ, by F3 we get

⟨gradV1(θ), grad f(θ)⟩θ = −
〈
Exp−1

θ (θ⋆), grad f(θ)
〉

θ
/{1 + ρ2

Θ(θ⋆, θ)}1/2

≥ λ̃fV1(θ)/{1 + ρ2
Θ(θ⋆, θ)}1/2 . (3.74)

In addition, t2 ∧ 1− ab{(t2 + 1)1/2 − 1}/(1 + t2)1/2 ≤ 0 for any t ≥ 0, b > 0 and a = 4b−1

using that (t2 + 1)1/2 − 1 ≥ t2/[2(1 + t2)1/2]. As a result, using F3 for any t ≥ 0, b > 0
and a = 4b−1, it follows that A7 is satisfied with C1 ← 0, C2 ← 4Cf/λ̃f for h = −grad f
and V ← V1. Therefore, we obtain using Theorem 3.1-(b) that for any η ∈ (0,η],

n−1
n−1∑
k=0

E
[
⟨gradV1(θk), grad f(θk)⟩θk

]
≤ 2V1(θ0)/(nη) + 2η(1 + κ)σ2

0 ,

where η = [(8Cf/λ̃f )(1 + κ)(1 + σ2
1)]−1. Using (3.74), we have

(λ̃f/n)
n−1∑
k=0

E
[
V1(θk)/{1 + ρ2

Θ(θ⋆, θk)}1/2
]
≤ 2V1(θ0)/(nη) + 2η(1 + κ)σ2

0 ,

which concludes the proof since (t2 + 1)1/2 − 1 ≥ t2/[2(1 + t2)1/2] for any t ≥ 0 implying
V1(θ)/{1 + ρ2

Θ(θ⋆, θ)}1/2 ≥ D2
Θ(θ⋆, θ)/2 for any θ ∈ Θ.

3.10.4 Proof of Proposition 3.12

Define X = {θi : i ∈ {1, . . . ,Mπ}} and recall that D = sup{ρΘ(θ0, θ) : θ ∈ X}. Set S =
B(θ0,D). Note that the closed ball S, is compact by [Jos05, Theorem 1.7.1], geodesically
convex, and X ⊂ S, as well as θ0 ∈ S. We consider in this section, for any θ ∈ Θ and
x ∈ X, Hθ(x) = Exp−1

θ (x).
First note that θn ∈ S, for all n ∈ N by a straightforward induction using that S is

geodesically convex and θ0 ∈ S. Indeed, θ0 ∈ S, and, if θn ∈ S, then θn+1 lies on the
geodesic segment connecting θn and Xn+1, two points which belong to S, and therefore
θn+1 ∈ S. This means that the SGD scheme used here is equivalent to

θn+1 = projS
(
Expθn

(ηHθn(Xn+1))
)
.

Define H and V2 as in Proposition 3.4. It is possible to show that H = S. Indeed, for
θ ∈ S, and x ∈ X, since x ∈ S, and S is convex, the geodesic segment connecting θ to x is
entirely contained in S. However, by definition, this geodesic segment is the set of points
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Expθ(tHθ(x)), where t ∈ [0, 1]. Now, since η ≤ η ≤ 1, Proposition 3.4 implies that V2
verifies A6-(i)-(ii) where L ← CLπ, Lπ = (D + 1)(1 + κ coth(κD)) and C is a universal
constant.

The objective function f satisfies F2 with λf = 1/2 (that is, f is 1/2-strongly convex),
since by [Jos05, Theorem 5.6.1] fi(θ) = ρ2

Θ(θ, θi)/2 is 1-strongly geodesically convex for
any i ∈ {1, . . . ,Mπ}. Thus, by (3.69) for all θ ∈ S〈

Exp−1
θ (θ⋆), grad f(θ)

〉
θ
≤ −(1/2)ρ2

Θ(θ⋆, θ) . (3.75)

Now, for any θ ∈ S, v ∈ TθΘ, using [Jos05, Theorem 5.6.1], we have,

∥Hess fθ(v, v)∥θ ≤M
−1
π

Mπ∑
i=1
∥(Hess fi)θ(v, v)∥θ

≤M−1
π

Mπ∑
i=1

κρΘ(θ, θi) coth(κρΘ(θ, θi)) ∥v∥2θ ≤ L̃π ∥v∥2θ ,

where L̃π = 2Dκ coth(2κD), since t 7→ t coth(t) is non-decreasing over R+. Therefore, by
[Dur+20, Lemma 10], grad f is geodesically L̃π-Lipschitz continuous on S.In particular,
for any θ ∈ S,

∥grad f(θ)∥θ ≤ L̃πρΘ(θ⋆, θ) . (3.76)
By (3.75) and (3.76), it is straightforward that V = V2 and h = −grad f satisfy A7, with
C1 = 0 and C2 = 2L̃2

π ≤ 25L2
π. In addition, by Proposition 3.4, (3.75) implies V2 verifies

A8-(∅), with λ = 1/2.
Finally, MD3 holds with σ2

0 = D2 and σ2
1 = 0 since for any θ ∈ S and x ∈ X,

∥Hθ(x)∥θ =
∥∥∥Exp−1

θ (x)
∥∥∥

θ
≤ 2D .

Therefore, we can apply Theorem 3.1-(c) which implies that for any η ≤ η,

E[V2(θn)] ≤ {1− η/4}n V2(θ0) + 4ηLπD2 .

To conclude, it only remains to note that V2(θn) = ρ2
Θ(θ⋆, θn) and V2(θ0) = ρ2

Θ(θ⋆, θ0),
since (θn)n∈N and θ⋆ belong to H = S.

3.10.5 Proof of Theorem 3.13

We consider in this section the recursion

θn+1 = Expθn
[ηHθn(Xn+1)] (3.77)

Hθn(Xn+1) = Exp−1
θn

(
X

(1)
n+1

)/(
2{ρ2

Θ(θn, X
(2)
n+1)/2 + 1}1/2

)
,

where Xn+1 = (X(1)
n+1, X

(2)
n+1 and (X(1)

n , X
(2)
n )n∈N∗ is an i.i.d. sequence of pairs of indepen-

dent random variables with distribution π. Denote by Qη the Markov kernel corresponding
to (3.77).
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We give first some additional intuition and motivation behind the scheme (3.77). It
can be interpreted as a stochastic optimization method to minimize

f̃π = (fπ + 1)1/2 ,

in place of fπ. First note that fπ and f̃π have the same minimizer, but compared to fπ it
may be shown that grad f̃π, given for any θ ∈ Θ by

grad f̃π(θ) = (1/2)grad fπ(θ)(fπ(θ) + 1)−1/2 ,

is geodesically Lipschitz. However, note that (3.77) is not an unbiased stochastic opti-
mization scheme for the function f̃π since

E [Hθn(Xn+1)] = (1/2){grad fπ(θn)}E
[
{ρ2

Θ(θn, X
(2)
n+1)/2 + 1}−1/2

]
.

The proof of Theorem 3.13 then consists in adapting the proof of Theorem 3.1 to deal
with this additional difficulty taking for the Lyapunov function V , V1 defined by (3.9)
with δ = 1. A general theory could be derived but we believe that this is out the scope
of the present document and leave it for future work. We start by preliminary technical
results which are needed to establish Theorem 3.13.

Lemma 3.24. Assume A 7 and MD 7. Let θ⋆
π be the Riemannian barycenter of the

probability measure π, i.e. θ⋆
π = argminΘ fπ where fπ is defined by (3.16). Then, for any

θ ∈ Θ,
−
∫

Θ

〈
Exp−1

θ (θ⋆
π),Exp−1

θ (ν)
〉

θ
π(dν) ≤ −ρ2

Θ(θ, θ⋆
π)/2 .

Proof. Using A7 and [Jos05, Theorem 5.6.1], we have that for any ν ∈ Θ, the operator
norm of the Riemannian Hessian of θ 7→ ρ2

Θ(θ, ν)/2 is lower bounded by 1. Therefore, by
[Bou20, Theorem 11.19], θ 7→ ρ2

Θ(θ, ν)/2 is 1/2-strongly convex. Applying this to θ and
θ⋆

π ∈ Θ, we have for any ν ∈ Θ,

ρ2
Θ(θ⋆

π, ν)/2− ρ2
Θ(θ, ν)/2 ≥ −

〈
Exp−1

θ (θ⋆
π),Exp−1

θ (ν)
〉

θ
+ ρ2

Θ(θ, θ⋆
π)/2 .

Using MD7, we can integrate this inequality with respect to π, bringing

fπ(θ⋆
π)− fπ(θ) ≥ −

∫
Θ

〈
Exp−1

θ (θ⋆
π),Exp−1

θ (ν)
〉

θ
π(dν) + ρ2

Θ(θ, θ⋆
π)/2 .

Since by definition of θ⋆
π, 0 ≥ fπ(θ⋆

π)− fπ(θ), this completes the proof.

Lemma 3.25. Assume A 7 and MD 7. Let θ⋆
π be the Riemannian barycenter of the

probability measure π, i.e. θ⋆
π = argminΘ fπ where fπ is defined by (3.16). Then, for any

θ ∈ Θ, ∫
Θ
{ρ2

Θ(θ, ν)/2 + 1}−1/2π(dν) ≥ {ρ2
Θ(θ, θ⋆

π) + 2fπ(θ⋆
π) + 1}−1/2 .
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Proof. Let θ ∈ Θ. Using Jensen’s inequality with the convex function t 7→ (t+ 1)−1/2 on
R∗

+, we have ∫
Θ
{ρ2

Θ(θ, ν)/2 + 1}−1/2π(dν) ≥ {fπ(θ) + 1}−1/2 . (3.78)

However, using the triangle and Hölder’s inequalities, we have for any θ and ν ∈ Θ,
ρ2

Θ(θ, ν)/2 ≤ ρ2
Θ(θ, θ⋆

π) + ρ2
Θ(θ⋆

π, ν). Taking the integral with respect to π, by MD7 we get
fπ(θ) ≤ ρ2

Θ(θ, θ⋆
π) + 2fπ(θ⋆

π). Lastly, combining this result with (3.78) and using that the
function t 7→ (t+ 1)−1/2 is non-increasing on R∗

+ completes the proof.

Lemma 3.26. Assume A 7 and MD 7. Let θ⋆
π be the Riemannian barycenter of the

probability measure π, i.e. θ⋆
π = argminΘ fπ where fπ is defined by (3.16). Then, for any

θ0 ∈ Θ,

QηV1(θ0) ≤ V1(θ0)− [η/(4C1/2
π )]D2

Θ(θ0, θ
⋆
π) + 2η2(1 + κ){1 + fπ(θ⋆

π)} (fπ(θ⋆
π) + 2) ,

where V1 is defined in (3.9) with δ ← 1, θ⋆ ← θ⋆
π, Cπ = 1 + 2fπ(θ⋆

π) and D2
Θ : Θ2 → [0, 1]

is defined by (3.14).

Proof. Let θ0 ∈ Θ, and consider

Hθ0(X) = (1/2)Exp−1
θ0

(
X(1)

)/{
ρ2

Θ

(
θ0, X

(2)
)/

2 + 1
}1/2

,

where X(1), X(2) are independent random variables with distribution π.
Let γ : [0, 1] → Θ be the geodesic curve defined by γ : t 7→ Expθ0 [tηHθ0(X)]. Using

[Dur+20, Lemma 1] with γ and V1, we get

V1(γ(1)) ≤ V1(θ0) + ⟨gradV1(θ0), γ̇(0)⟩θ0
+ (L/2) ∥γ̇(0)∥2θ0

= V1(θ0) + η ⟨gradV1(θ0), Hθ0(X)⟩θ0
+ ((1 + κ)η2/2) ∥Hθ0(X)∥2θ0

, (3.79)

by Proposition 3.5. We now compute the expectation of the terms in (3.79). Using that
(X(1), X(2)) are independent, we obtain

E
[
⟨gradV1(θ0), Hθ0(X)⟩θ0

]
= (1/2)

〈
gradV1(θ0),E

[
Exp−1

θ0

(
X(1)

)]
E
[{
ρ2

Θ

(
θ0, X

(2)
)/

2 + 1
}−1/2

]〉
θ0

.

Moreover, using (3.27) and Lemmas 3.24 and 3.25 yields

E
[
⟨gradV1(θ0), Hθ0(X)⟩θ0

]
= −(1/2)

{
ρ2

Θ (θ0, θ
⋆
π) + 1

}−1/2
E
[〈

Exp−1
θ0

(θ⋆
π),Exp−1

θ0
(X(1))

〉
θ0

]
E
[{
ρ2

Θ(θ0, X
(2))
/

2 + 1
}−1/2

]
≤ −(1/4)ρ2

Θ (θ0, θ
⋆
π)
[{
ρ2

Θ(θ0, θ
⋆
π) + 1

}{
ρ2

Θ(θ0, θ
⋆
π) + 2fπ(θ⋆

π) + 1
}]−1/2

≤ −(16Cπ)−1/2D2
Θ(θ0, θ

⋆
π) , (3.80)
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where Cπ = 1 + 2fπ(θ⋆
π) and D2

Θ : Θ2 → [0, 1] is defined by (3.14). Looking to bound the
expectation of the last term in (3.79), we use that ∥Exp−1

θ0
(X(1))∥θ0 = ρΘ(θ0, X

(1)) and
that X(1) has distribution π to obtain,

E
[
∥Hθ0(X)∥2θ0

]
= (1/4)E

[
ρ2

Θ(θ0, X
(1))
]

E
[{
ρ2

Θ(θ0, X
(2))/2 + 1

}−1
]

= (fπ(θ0)/2)E
[{
ρ2

Θ(θ0, X
(2))/2 + 1

}−1
]
. (3.81)

Denote by M = ρΘ(θ⋆
π, θ0)/2. We bound the expectation in (3.81) using the event

{ρΘ(θ⋆
π, X

(2)) ≥ M} and its complement. On {ρΘ(θ⋆
π, X

(2)) ≥ M}, we use Markov’s
inequality with the increasing map t 7→ t2/2 + 1,

E
[
1[M,+∞)(ρΘ(θ⋆

π, X
(2)))/[ρ2

Θ(θ0, X
(2))/2 + 1]

]
≤ P

(
ρΘ(θ⋆

π, X
(2)) ≥M

)
≤
(
E
[
ρ2

Θ(θ⋆
π, X

(2))
]/

2 + 1
)/(

M2/2 + 1
)
.

(3.82)

On {ρΘ(θ⋆
π, X

(2)) < M}, using the triangle inequality, we have

ρΘ(θ0, X
(2)) ≥ |ρΘ(θ0, θ

⋆
π)− ρΘ(θ⋆

π, X
(2))| ≥ ρΘ(θ0, θ

⋆
π)−M = M .

Then, we obtain

E
[
1[0,M)(ρΘ(θ,X(2)))/{ρ2

Θ(θ0, X
(2))/2 + 1}

]
≤ 1/[M2/2 + 1] . (3.83)

Adding (3.82) and (3.83) together and using the definition of M we obtain,

E
[{
ρ2

Θ

(
θ0, X

(2)
)/

2 + 1
}−1

]
≤ (fπ(θ⋆

π) + 2)
/[
ρ2

Θ(θ⋆
π, θ0)/8 + 1

]
. (3.84)

Plugging (3.84) in (3.81), we get

E
[
∥Hθ0(X)∥2θ0

]
≤ (fπ(θ0)/2) (fπ(θ⋆

π) + 2) /
[
ρ2

Θ(θ⋆
π, θ0)/8 + 1

]
. (3.85)

Using the triangle and Hölder’s inequalities, we have for any θ and ν ∈ Θ, ρ2
Θ(θ, ν)/2 ≤

ρ2
Θ(θ, θ⋆

π) + ρ2
Θ(θ⋆

π, ν). Taking the integral with respect to π, by MD 7 we get fπ(θ) ≤
ρ2

Θ(θ, θ⋆
π) + 2fπ(θ⋆

π). Combining this result and (3.85), we obtain

E
[
∥Hθ0(X)∥2θ0

]
≤ {ρ2

Θ(θ⋆
π, θ0)/2+fπ(θ⋆

π)} (fπ(θ⋆
π) + 2) /

[
ρ2

Θ(θ⋆
π, θ0)/8 + 1

]
≤ 4{1+fπ(θ⋆

π)} (fπ(θ⋆
π) + 2) .

Combining this result and (3.80) in (3.79) concludes the proof.

Proof of Theorem 3.13. Let θ0 ∈ Θ,η > 0 and n ∈ N. Then, for any k ∈ {1, . . . , n}, using
Markov’s property and Lemma 3.26 we have,

[η/(4C1/2
π )]E

[
D2

Θ(θk−1, θ
⋆
π)
]

= [η/(4C1/2
π )]

∫
Θ
D2

Θ(θ, θ⋆
π)Qk−1

η (θ0,dθ)

≤ Qk−1
η V1(θ0)−Qk

ηV1(θ0) + 2η2(1 + κ)(1 + fπ(θ⋆
π))(fπ(θ⋆

π) + 2) .
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Norm of residuals = 7.59e-7

Figure 3.4: Monte Carlo approximations of the mean distance at convergence in Theorem 3.13

Summing these inequalities for k ∈ {1, . . . , n} implies that

[η/(4C1/2
π )]

n−1∑
k=0

E
[
D2

Θ(θk, θ
⋆
π)
]
≤ V1(θ0)−Qn

ηV1(θ0) + 2nη2(1 +κ)(1 + fπ(θ⋆
π))(fπ(θ⋆

π) + 2) .

Finally, dividing both sides by [nη/(4C1/2
π )] and using that V1 is a non-negative function,

we obtain

n−1
n−1∑
k=0

E
[
D2

Θ(θk, θ
⋆
π)
]
≤ 2V1(θ0)C1/2

π

/
(ηn)+2η(1+κ)(fπ(θ⋆

π)+1)(fπ(θ⋆
π)+2)(2fπ(θ⋆

π)+1)−1/2 .

Which concludes the proof by setting Bπ = (1 + κ)(fπ(θ⋆
π) + 1)(fπ(θ⋆

π) + 2)(2fπ(θ⋆
π) +

1)−1/2.

Similarly to Figure 3.2, Figure 3.4 illustrates Theorem 3.7. To this end, 1000 repli-
cations of the experiment derived for Figure 3.3 are performed, obtaining {(θ(i)

n ) : i ∈
{1, . . . , 1000}} for n = ⌈50/η⌉ and η ∈ {1, 2.8, 4.6, 6.4, 8.2, 10} × 10−2. We estimate, with
these samples, the mean and the variance of D2

Θ(θ, θ⋆
π), for θ following the stationary dis-

tribution µη. We observe that the mean and variance are both linear with respect to the
step-size η, indicating that the iterates of the SA scheme remain in a neighborhood of
diameter O(η1/2) to the ground truth.

Even though the setting of this experiment goes beyond the assumptions of Theo-
rem 3.7, it suggests that such a result may be applicable also in the setting of Theorem 3.13.
The proof of such a result is left for future work.

3.11 Background on Markov chain theory and Riemannian
geometry

We give here some useful definitions and results that are used throughout the paper.
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3.11. Background on Markov chain theory and Riemannian geometry

3.11.1 Markov chain notions

We refer to [MT09] for a general introduction to Markov chains in general state space.
Let (Y,Y) be a measurable state space and P be a Markov kernel on Y×Y. Consider for
any y ∈ Y, the distribution Py of the canonical Markov chain (Yn)n∈N corresponding to P
and starting from y on the canonical space (YN,Y⊗N). Denote by Ey the corresponding
expectation.

Denote for any A ∈ Y, τA = inf{l ≥ 1 : Yl ∈ A} and NA = ∑+∞
l=1 1{A}(Yl).

We say that (Yn)n∈N is ψ-irreducible if there exists a measure ψ on Y such that
whenever ψ(A) > 0, we have Py(τA < ∞) > 0 for any y ∈ Y. Moreover, a set A ∈ Y
is called Harris-recurrent if Py(NA = ∞) = 1 for any y ∈ A. Finally, a chain (Yn)n∈N is
called Harris-recurrent if it is ψ-irreducible and every set A ∈ Y such that ψ(A) > 0 is
Harris-recurrent.

Let V : Y → [1,+∞). We say that P is V -uniformly geometrically ergodic if there
exist ρ ∈ [0, 1) and C ≥ 0 such that for any y ∈ Y and k ∈ N,

∥∥∥δyP
k − µ

∥∥∥
V
≤ CρkV (y),

where ∥·∥V is defined for two probability measures ν1, ν2 on (Y,Y) by ∥ν1 − ν2∥V =
sup{|ν1(g)− ν2(g)| : supY{|g| /V } ≤ 1}.

3.11.2 Useful results from Riemannian geometry

We now give definitions and auxiliary results related to tensor fields along curves, their
derivatives, and Taylor expansions on Riemannian manifolds.

Let M be a smooth manifold with or without boundary. Given a smooth curve γ : I →
M defined on an interval I, and any k, l ∈ N, a (k, l)-tensor field along γ is a continuous
map F : I → T(k,l)TM, such that F (t) ∈ T(k,l)(Tγ(t)M) for any t ∈ I, where T(k,l)TM is
the bundle of (k, l)-tensors on M, see e.g. [Lee19, Appendix B]. A vector field Y along γ

is a (1, 0)-tensor field, in which case for any t ∈ I, Y (t) is just a tangent vector in Tγ(t)M.
We say that a tensor field F along γ is extendible if there exists a tensor field F̃ defined
on a neighborhood of γ(I) such that F = F̃ ◦ γ.

We let Xk,l(γ) denote the set of smooth (k, l)-tensor fields along γ, and X(γ) = X1,0(γ)
denote the set of smooth vector fields along γ. In particular, X0,0(γ) is the set of smooth
functions g : I → γ(I) × R such that for any t ∈ I, g(t) = (γ(t), f(t)) for some smooth
function f : I → R and therefore can be identified with the set of smooth functions
f : I → R. In the sequel, we adopt if no confusion is possible this identification. We
extend to tensor fields along γ the following definition of the trace on tensors. For any
(k, l)-tensor T , we denote by Tr□,△(T ) the (k − 1, l − 1)-tensor with component of index
(i1, . . . , ik−1, j1, . . . , jl−1), given by ∑d

m=1 T
j1,...,j△−1,m,j△,...,jl−1
i1,...,i□−1,m,i□,...,ik−1

. In particular, for any ω ∈
X0,1(γ), Y ∈ X(γ),

Tr(1,1)(ω ⊗ Y ) = ω(Y ) .

Also, for any F ∈ Xk,l(γ), any ω1, . . . , ωk0 ∈ X0,1(γ) and Y1, . . . , Yl0 ∈ X(γ), with k0 ≤
k, l0 ≤ l, denote by [F : ω1 ⊗ · · · ⊗ ωk0 ⊗ Y1 ⊗ · · · ⊗ Yl0 ], the (k− k0, l− l0) smooth tensor
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field along γ defined by the induction:

[F : ω⊗1:i] = Tr(1,l+1)([F : ω⊗1:(i−1)]⊗ ωi) (3.86)
[F : ω⊗1:k0 ⊗ Y⊗1:j ] = Tr(k−k0+1,1)([F : ω⊗1:k0 ⊗ Y⊗1:(j−1)]⊗ Yj) , (3.87)

setting ω⊗1:i = ω1 ⊗ · · · ⊗ ωi, Y⊗1:j = Y1 ⊗ · · · ⊗ Yj . Note that for any ωk−k0+1, . . . , ωk ∈
X0,1(γ) and Yl−l0+1, . . . , Yl ∈ X(γ),

[F : ω⊗1:k0 ⊗Y⊗1:l0 ](ωk−k0+1, . . . , ωk, Yl−l0+1, . . . , Yl) = F (ω1, . . . , ωk, Y1, . . . , Yl) . (3.88)

Proposition 3.27. Let M be a smooth manifold with or without border, ∇ be a connection
on TM and γ : I → M a smooth curve defined on an interval I. Then, for any k, l ∈ N,
∇ determines an operator Dt : Xk,l(γ)→ Xk,l(γ), satisfying the following conditions.
(a) On X(γ), Dt is the usual covariant derivative along γ, see [Lee19, Theorem 4.24].
(b) On X0,0(γ), Dt is the usual derivative for real functions, i.e. for any f ∈ X0,0(γ),
Dtf = df/dt.
(c) For any F ∈ Xk,l(γ), any ω1, . . . , ωk ∈ X0,1(γ) and any Y1, . . . , Yl ∈ X(γ),

(DtF )
(
ω1, . . . , ωk, Y1, . . . , Yl

)
= d

dt
[
F
(
ω1, . . . , ωk, Y1, . . . , Yl

)]
−

k∑
i=1

F
(
ω1, . . . , ωi−1,Dtω

i, ωi+1, . . . , ωk, Y1, . . . , Yl

)

−
l∑

j=1
F
(
ω1, . . . , ωk, Y1, . . . , Yj−1,DtYj , Yj+1, . . . , Yl

)
.

(3.89)
In particular, Dt satisfies these additional properties.
(i) Dt satisfies the product rule, i.e. for any f ∈ X0,0(γ), F ∈ Xk,l(γ),

Dt (fF ) =
( d

dtf
)
F + fDtF .

(ii) For any k1, l1, k2, l2 ∈ N, and any F ∈ Xk1,l1(γ), G ∈ Xk2,l2(γ),

Dt(F ⊗G) = DtF ⊗G+ F ⊗DtG .

(iii) For any positive integers k0 ≤ k, l0 ≤ l, F ∈ Xk,l(γ),

Dt

{
Tr(k0,l0)(F )

}
= Tr(k0,l0) (DtF ) .

(iv) Let F ∈ Xk,l be an extendible tensor field, i.e., such that there exists a (k, l)-tensor
field F̃ defined on a neighborhood of γ(I) satisfying for any t ∈ I, F (t) = F̃ (γ(t)). Then,
for any t ∈ I,

DtF (t) = ∇γ̇(t)F̃ (γ(t)) .
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Finally, if D̃t : Xk,l(γ) → Xk,l(γ) is another operator satisfying (a),(b),(i),(ii) and (iii),
then Dt = D̃t.

Proof. Let k, l ∈ N. Note first that (a)-(b) and (3.89) define DtF for any F ∈ Xk,l(γ),
setting for any ω ∈ X0,1(γ) and Y ∈ X(γ),

[Dtω] (Y ) = d [ω(Y )] /dt− ω(DtY ) . (3.90)

We now show that DtF ∈ Xk,l, which will imply that Dt : Xk,l → Xk,l. Second, we establish
that (i)-(ii)-(iii)-(iv) are satisfied. We conclude the proof by proving uniqueness of Dt.

Using [Lee19, Lemma B.6], to show that DtF ∈ Xk,l it is enough to prove that DtF is
multilinear over X0,0(γ). For that, we start proving (i) on X0,1(γ). Let ω ∈ X0,1(γ), f ∈
X0,0(γ) and Y ∈ X(γ), then by (3.90),

[Dt(fω)] (Y ) = d [fω(Y )] /dt− fω (DtY ) = [df/dt]ω(Y ) + f [Dtω] (Y ) , (3.91)

which proves (i) on X0,1(γ). Now, let k, l ∈ N, F ∈ Xk,l(γ), ω1, . . . , ωk ∈ X0,1(γ), Y1, . . . , Yl ∈
X(γ). Let f ∈ X0,0(γ) and k0 ∈ N∗, k0 ≤ k. We have, using the multilinearity of F over
X0,0(γ), the definition of Dt (3.89), and (3.91)

[DtF ]
(
ω1, . . . , ωk0−1, fωk0 , ωk0+1, . . . , ωk, Y1, . . . , Yl

)
= d

dt
[
F
(
ω1, . . . , ωk0−1, fωk0 , ωk0+1, . . . , ωk, Y1, . . . , Yl

)]
−

k∑
i=1,i ̸=k0

fF
(
ω1, . . . , ωi−1,Dtω

i, ωi+1, . . . ωk, Y1, . . . , Yl

)
− F

(
ω1, . . . , ωk0−1,Dt(fωk0), ωk0+1, . . . , ωk, Y1, . . . , Yl

)
−

l∑
j=1

fF
(
ω1, . . . , ωk, Y1, . . . , Yj−1,DtYj , Yj+1, . . . , Yl

)
=
[ d

dtf
] {
F
(
ω1, . . . , ωk, Y1, . . . , Yk

)
− F

(
ω1, . . . , ωk, Y1, . . . , Yk

)}
+ f [DtF ]

(
ω1, . . . , ωk, Y1, . . . , Yl

)
= f [DtF ]

(
ω1, . . . , ωk, Y1, . . . , Yl

)
.

The same arguments apply if we replace Yl0 with fYl0 , for some l0 ≤ l. Thus, using [Lee19,
Lemma B.6], DtF ∈ Xk,l.

Next, regarding (i), using the definition of Dt,

[DtfF ]
(
ω1, . . . , ωk, Y1, . . . , Yl

)
=
[ d

dtf
]
F
(
ω1, . . . , ωk, Y1, . . . , Yl

)
+ f [DtF ]

(
ω1, . . . , ωk, Y1, . . . , Yl

)
,
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thus proving (i). Moreover, we prove (ii). Let k1, l1, k2, l2 ∈ N and F ∈ Xk1,l1(γ), G ∈
Xk2,l2(γ), ω1, . . . , ωk1+k2 ∈ X0,1(γ), Y1, . . . , Yl1+l2 ∈ X(γ). Setting

f = F (ω1, . . . , ωk1 , Y1, . . . , Yl1) and g = G(ωk1+1, . . . , ωk1+k2 , Yl1+1, . . . , Yl1+l2) ,

we have

[Dt(F ⊗G)]
(
ω1, . . . , ωk1+k2 , Y1, . . . , Yl1+l2

)
= d

dt [fg]−

 k1∑
i=1

F
(
ω1, . . . , ωi−1,Dtω

i, ωi+1, . . . , ωk1 , Y1, . . . , Yl1

)

+
l1∑

j=1
F
(
ω1, . . . , ωk1 , Y1, . . . , Yj−1,DtYj , Yj+1, . . . , Yl1

) g
− f

 k2∑
i=1

G
(
ωk1+1, . . . , ωk1+i−1,Dtω

k1+i, ωk1+i+1, . . . , ωk1+k2 , Yl1+1, . . . , Yl1+l2

)

+
l2∑

j=1
G
(
ωk1+1, . . . , ωk1+k2 , Yl1+1, . . . , Yl1+j−1,DtYl1+j , Yl1+j+1, . . . , Yl1+l2

)
= [DtF ]

(
ω1, . . . , ωk1 , Y1, . . . , Yl1

)
g + f [DtG]

(
ωk1+1, . . . , ωk1+k2 , Yl1+1, . . . , Yl1+l2

)
= [DtF ⊗G+ F ⊗DtG]

(
ω1, . . . , ωk1+k2 , Y1, . . . , Yl1+l2

)
,

which proves (ii). Furthermore, to prove (iii), let t0 ∈ I and (bi)i∈{1,...,d} be a basis of
Tγ(t0)Θ. Using (a) and [Lee19, Theorem 4.32], define for any i ∈ {1, . . . , d} and t ∈ I,

ei(t) = Tγ
t0,tbi ,

where Tγ
t0,t denotes the parallel transport map along γ from Tγ(t0)Θ to Tγ(t)Θ. As the

parallel transport map is an isomorphism, (ei(t))i∈{1,...,d} is a basis of Tγ(t)Θ, for any t ∈ I.
Therefore the family of smooth vector fields (ei)i∈{1,...,d} is a parallel frame along γ (with
respect to ∇). Denote (εj)j∈{1,...,d} its dual coframe. Using (3.90) on Y = ei, ω = εj , for
any i, j ∈ {1, . . . , d}, shows that the coframe (εj)j∈{1,...,d} is parallel along γ. Note that for
(ei)i∈{1,...,d} and (εj)j∈{1,...,d} to be well defined, we have used ∇, as well as the operator
Dt on X(γ) and X0,1(γ).

Let k, l ∈ N∗ such that k0 ≤ k, l0 ≤ l, and let F ∈ Xk,l(γ). There exist a family of
functions {F j1,...,jl

i1,...,ik
∈ X0,0(γ) : i1, . . . , ik, j1, . . . , jl ∈ {1, . . . , d}} such that

F =
d∑

i1,...,ik=1

d∑
j1,...,jl=1

F j1,...,jl
i1,...,ik

k⊗
△=1

ei△

l⊗
□=1

εj□ .

Since the frame and its dual coframe are parallel along γ, for any i ∈ {1, . . . , d} Dtei = 0
and Dtε

i = 0. Combining this fact with (i) and (ii) gives

DtF =
d∑

i1,...,ik=1

d∑
j1,...,jl=1

[ d
dtF

j1,...,jl
i1,...,ik

] k⊗
△=1

ei△

l⊗
□=1

εj□ . (3.92)
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Let k0, l0 ∈ N∗ such that k0 ≤ k, l0 ≤ l, then by definition of Tr(k0,l0), for any i1, . . . , ik−1, j1, . . . , jl−1 ∈
{1, . . . , d},

Tr(k0,l0)(F )j1,...,jl−1
i1,...,ik−1

=
d∑

m=1
F

j1,...,jl0−1,m,jl0 ,...,jl−1
i1,...,ik0−1,m,ik0 ,...,ik−1

. (3.93)

We remind the reader that Tr(k0,l0)(F ) does not depend on the choice of coordinates [Lee19,
Appendix B]. Thus, using (3.92) and (3.93), we have

Dt

[
Tr(k0,l0)(F )

]
=

d∑
i1,...,ik−1=1

d∑
j1,...,jl−1=1

d
dt
[
Tr(k0,l0)(F )j1,...,jl−1

i1,...,ik−1

] k−1⊗
△=1

ei△

l−1⊗
□=1

εj□

=
d∑

i1,...,ik−1=1

d∑
j1,...,jl−1=1

d∑
m=1

d
dtF

j1,...,jl0−1,m,jl0 ,...,jl−1
i1,...,ik0−1,m,ik0 ,...,ik−1

k−1⊗
△=1

ei△

l−1⊗
□=1

εj□

= Tr(k0,l0) (DtF ) ,

thus proving (iii).
To prove (iv), first for any f ∈ X(0,0)(γ), extendible in f̃ , we have by composition and

definition of the covariant derivative, that for any t ∈ [0, 1],

(df/dt)(t) = df̃γ(t)(γ̇(t)) = ∇γ̇(t)f̃(γ(t)) . (3.94)

Also, using [Lee19, Theorem 4.24-(iii)] gives (iv) for any Y ∈ X(γ). Combining (3.94),
(3.90), its counterpart for tensor fields defined over a manifold [Lee19, Proposition 4.15-
(a)] and (iv) over X(γ), proves (iv) over X(0,1)(γ). Now, for any k, l ∈ N, using (iv) over
X(γ) and X(0,1)(γ) combined with (3.89) and its counterpart for tensor fields defined over
a manifold [Lee19, Equation (4.12)] gives (iv) over X(k,l)(γ).

Finally, we address uniqueness. Suppose now that D̃t is an operator on Xk,l(γ) that
satisfies (a),(b),(i),(ii) and (iii). First, (a) and (b) show that Dt and D̃t coincide on X0,0(γ)
and X(γ). Second, for any Y ∈ X(γ), ω ∈ X0,1(γ), writing ω(Y ) = Tr(1,1)(Y ⊗ ω) and
using (iii) gives

D̃tω = d[ω(Y )]/dt− ω(D̃tY ) = Dtω ,

using (3.90). Thus, D̃t and Dt also agree on X0,1(γ). Therefore, the frame (ei)i∈{1,...,d} and
its dual coframe (εj)j∈{1,...,d} are also parallel with respect to D̃t along γ. Let F ∈ Xk,l(γ),
then using (i) and (ii) shows that (3.92) holds for the operator D̃t, proving that DtF = D̃tF .
This concludes the proof.

Lemma 3.28. Let M be a smooth manifold and ∇ be a connection on TM. Let γ :
[0, 1] → M be a smooth curve and denote Dt the covariant derivative operator along γ

associated with ∇, defined in Proposition 3.27. Let F ∈ Xk,l(γ), ω1, . . . , ωk0 ∈ X0,1(γ) and
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Y1, . . . , Yl0 ∈ X(γ), with k0 ≤ k, l0 ≤ l. Then, we have

Dt

(
[F : ω⊗1:k0 ⊗ Y⊗1:l0 ]

)
= [DtF : ω⊗1:k0 ⊗ Y⊗1:l0 ]

+
k0∑

i=1
[F : ω⊗1:(i−1) ⊗Dtω

i ⊗ ω(i+1):k0 ⊗ Y⊗1:l0 ]

+
l0∑

j=1
[F : ω⊗1:k0 ⊗ Y⊗1:(j−1) ⊗DtYj ⊗ Y⊗(j+1):l0 ] .

(3.95)

Proof. Let F be a smooth (k, l)-tensor field along γ. We show (3.95) by induction. Fol-
lowing the recursive definition of the contraction in (3.86), we prove it by induction on
k0 ∈ N∗, k0 ≤ k, for any ω1, . . . , ωk0 ∈ X0,1(γ).

The case k0 = 1 follows from Proposition 3.27-(ii) and (iii), combined with the defini-
tion in (3.86),

Dt

[
F : ω1

]
= Dt Tr(1,l+1)(F ⊗ ω1)

= Tr(1,l+1)(Dt[F ⊗ ω1])
= Tr(1,l+1)(DtF ⊗ ω1 + F ⊗Dtω

1)

=
[
DtF : ω1

]
+
[
F : Dtω

1
]
,

where we have used the linearity of Tr. Now assume there exists k0 ∈ {1, . . . , k − 1} such
that (3.95) holds for any smooth 1 forms ω1, . . . , ωk0 and l0 = 0. Moreover, consider any
smooth 1 forms ω1, . . . , ωk0+1. Then, using the same arguments as for the case k0 = 1 and
the induction hypothesis, we obtain

Dt

[
F : ω⊗1:(k0+1)

]
= Dt Tr(1,l+1)

([
F : ω⊗1:k0

]
⊗ ωk0+1

)
= Tr(1,l+1)

(
Dt

[
F : ω⊗1:k0

]
⊗ ωk0+1

)
+ Tr(1,l+1)

([
F : ω⊗1:k0

]
⊗Dtω

k0+1
)

= Tr(1,l+1)
([

DtF : ω⊗1:k0
]
⊗ ωk0+1

)
+
[
F : ω⊗1:k0 ⊗Dtω

k0+1
]

+
k0∑

i=1
Tr(1,l+1)

([
F : ω⊗1:(i−1) ⊗Dtω

i ⊗ ω⊗(i+1):k0
]
⊗ ωk0+1

)

=
[
DtF : ω⊗1:(k0+1)

]
+

k0+1∑
i=1

[
F : ω⊗1:(i−1) ⊗Dtω

i ⊗ ω⊗(i+1):(k0+1)
]
.

Subsequently, using the recursive definition of the contraction in (3.87), we prove (3.95) by
induction on l0 ∈ N∗, l0 ≤ l for any k0 ≤ k and any ω1, . . . , ωk0 ∈ X0,1(γ). Let Y1 ∈ X(γ).
Then, using once again Proposition 3.27-(ii) and (iii), (3.87), and (3.95) in the case l0 = 0
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justified above, the case l0 = 1 is proven as follows,

Dt

[
F : ω⊗1:k0 ⊗ Y1

]
= Tr(k−k0+1,1)

(
Dt

{[
F : ω⊗1:k0

]
⊗ Y1

})
= Tr(k−k0+1,1)

([
DtF : ω⊗1:k0

]
⊗ Y1

)
+
[
F : ω⊗1:k0 ⊗DtY1

]
+

k0∑
i=1

Tr(k−k0+1,1)
([
F : ω⊗1:(i−1) ⊗Dtω

i ⊗ ω⊗(i+1):k0
]
⊗ Y1

)

=
[
DtF : ω⊗1:k0 ⊗ Y1

]
+

k0∑
i=1

[
F : ω⊗1:(i−1) ⊗Dtω

i ⊗ ω⊗(i+1):k0 ⊗ Y1
]

+
[
F : ω⊗1:k0 ⊗DtY1

]
.

Furthermore, assume there exists l0 ∈ {1, . . . , l− 1} such that (3.95) holds for any k0 ≤ k,
any ω1, . . . , ωk0 ∈ X0,1(γ) and any Y1, . . . , Yl0 ∈ X(γ). Let Y1, . . . , Yl0+1 ∈ X(γ). Then
using the same arguments as for the case l0 = 1 and the induction hypothesis, we obtain

Dt

[
F : ω⊗1:k0 ⊗ Y⊗1:(l0+1)

]
= Tr(k−k0+1,1)

(
Dt

{[
F : ω⊗1:k0 ⊗ Y⊗1:l0

]
⊗ Yl0+1

})
= Tr(k−k0+1,1)

([
DtF : ω⊗1:k0 ⊗ Y⊗1:l0

]
⊗ Yl0+1

)
+

k0∑
i=1

Tr(k−k0+1,1)
([
F : ω⊗1:(i−1) ⊗Dtω

i ⊗ ω⊗(i+1):k0 ⊗ Y⊗1:l0

]
⊗ Yl0+1

)

+
l0∑

j=1
Tr(k−k0+1,1)

([
F : ω⊗1:k0 ⊗ Y⊗1:(j−1) ⊗DtYj ⊗ Y⊗(j+1):l0

]
⊗ Yl0+1

)
+ Tr(k−k0+1,1)

([
F : ω⊗1:k0 ⊗ Y⊗1:l0

]
⊗DtYl0+1

)
=
[
DtF : ω⊗1:k0 ⊗ Y⊗1:(l0+1)

]
+

k0∑
i=1

[
F : ω⊗1:(i−1) ⊗Dtω

i ⊗ ω⊗(i+1):k0 ⊗ Y⊗1:(l0+1)
]

+
l0+1∑
j=1

[
F : ω⊗1:k0 ⊗ Y⊗1:(j−1) ⊗DtYj ⊗ Y⊗(j+1):(l0+1)

]
,

which concludes the proof.

Theorem 3.29. Let M be a smooth manifold and ∇ be a connection on TM. Let γ :
[0, 1] → M be a geodesic and Y : M → TM a smooth vector field. Then, for any t ∈
[0, 1], n ∈ N,

Tγ
t0Y (γ(t)) =

n∑
k0=0

(tk0/k0!) ∇k0Yγ(0) (γ̇(0), . . . , γ̇(0))

+
∫ t

0
[(t− s)n/n!]Tγ

s0∇
n+1Yγ(s) (γ̇(s), . . . , γ̇(s)) ds ,

(3.96)
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where Tγ
t0 : Tγ(t)M→ Tγ(0)M is the parallel transport map along γ, and the (1, k0)-tensor

field ∇k0Y is the total derivative of order k0 of the (1, 0)-tensor field Y .

For a definition of the total covariant derivative, see [Lee19, Proposition 4.15]. Also,
in (3.96), remark that even though γ̇ is only a vector field along γ, and not a vector field,
the value of a vector field ∇XY evaluated at θ ∈ M only depends on X(θ) and on values
of Y along smooth curves c : [0, 1] → M satisfying c(0) = θ and ċ(0) = X(θ); by [Lee19,
Proposition 4.26]. Therefore the expression ∇k0Yγ(t)(γ̇(t), . . . , γ̇(t)) in Theorem 3.29 is
well defined for any k0 ∈ N, t ∈ [0, 1].

Proof. Consider V : [0, 1] → M the smooth vector field along γ and the function φ :
[0, 1]→ Tγ(0)M defined by

V = Y ◦ γ and φ : t 7→ Tγ
t0V (t) . (3.97)

Then we check by induction on n ∈ N∗ that φ is n-times differentiable with derivative of or-
der n given for any t ∈ [0, 1] by φ(n)(t) = Tγ

t0[Dn
t V (t)] and Dn

t V (t) = ∇nYγ(t)(γ̇(t), . . . , γ̇(t)),
where Dt is the covariant derivative operator along γ with respect to the connection ∇,
defined in Proposition 3.27.

First, the case n = 1 is a direct application of [Lee19, Theorem 4.34, Theorem 4.24]
since Y is an extension of V . Assume now that the property holds for n ∈ N∗. Then, for
any t0, t ∈ [0, 1], t ̸= t0, we have[

φ(n)(t)− φ(n)(t0)
]/

(t− t0) = Tγ
t00
[
Tγ

tt0Dn
t V (t)−Dn

t V (t0)
]/

(t− t0) .

Now [Lee19, Theorem 4.34] ensures that the limit of the quantity above exists when t→ t0
and in addition this limit is

φ(n+1)(t0) = Tγ
t00Dn+1

t V (t0) ,

which shows that φ is n + 1 times differentiable on [0, 1]. We now show that for any
t ∈ [0, 1], Dn+1

t V (t) = ∇n+1Yγ(t)(γ̇(t), . . . , γ̇(t)). Using Lemma 3.28 on the smooth (1, n)-
tensor field along γ F = (∇nY ) ◦ γ, taking k0 = 0 and n times the vector field γ̇, we
have

Dt [F : γ̇⊗ · · · ⊗ γ̇] = [DtF : γ̇⊗ · · · ⊗ γ̇] ,

since Dtγ̇ = 0 because γ is a geodesic. Also, by (3.88), [DtF : γ̇⊗· · ·⊗ γ̇] = DtF (γ̇, . . . , γ̇).
Finally, as ∇nY is an extension of F , using the induction hypothesis and the definition of
the total derivative give for any t ∈ [0, 1],

Dn+1
t V (t) = DtF (γ̇, . . . , γ̇) (t) = ∇γ̇(t)(∇nY )γ(t) (γ̇(t), . . . , γ̇(t))

= (∇n+1Y )γ(t) (γ̇(t), . . . , γ̇(t)) ,

concluding the induction.
Finally, (3.96) is simply a consequence of Taylor’s formula with integral remainder of

the vectorial valued function φ identifying Tγ(0)M with Rd.
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Proposition 3.30. Let M be a smooth manifold, ∇ be a symmetric connection defined
over the smooth vector fields of M. For any smooth function f : M → R and any local
coordinates (ui)i∈{1,...,d}, we have

∇Hess f =
d∑

i,j,k=1

{
∂3

kijf −
d∑

l=1

[
Γl

ij∂
2
klf + Γl

ki∂
2
jlf + Γl

kj∂
2
ilf
]
−

d∑
m=1

∂kΓm
ij∂mf

+
d∑

l,m=1

[
Γl

kjΓm
il + Γl

kiΓm
lj

]
∂mf

 dui ⊗ duj ⊗ duk ,

where (Γk
ij)i,j,k∈{1,...,d} are the Christoffel symbols in these local coordinates, the local frame

and its dual coframe are denoted by (∂ui)i∈{1,...,d} and (duj)j∈{1,...,d}.

Proof. Let (ui)i∈{1,...,d} be local coordinates. By [Lee19, Example 4.22], in this chart, we
have

Hess f =
d∑

i,j=1
Fijdui ⊗ duj ,where for any i, j ∈ {1, . . . , d} , Fij = ∂2

ijf −
d∑

m=1
Γm

ij∂mf .

(3.98)
Applying [Lee19, Proposition 4.18] on Hess f , we obtain that ∇Hess f = ∑d

i,j,k=1Gijkdui⊗
duj ⊗ duk, where for any i, j, k ∈ {1, . . . , d},

Gijk = ∂kFij −
d∑

l=1

(
Γl

kjFil + Γl
kiFlj

)
.

Expanding the expression above using (3.98) gives for any i, j, k ∈ {1, . . . , d},

Gijk = ∂3
ijkf −

d∑
m=1

(
∂kΓm

ij∂mf + Γm
ij∂

2
kmf

)
−

d∑
l=1

Γl
kj

(
∂2

ilf −
d∑

m=1
Γm

il ∂mf

)

−
d∑

l=1
Γl

ki

(
∂2

ljf −
d∑

m=1
Γm

lj ∂mf

)
.

The desired result is obtained by reordering this equation, which concludes the proof.
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CHAPTER 4

Optimal Scaling Results for a Wide Class of Prox-
imal MALA Algorithms

Francesca R. Crucinio1, Alain Durmus2, Pablo Jiménez2, Gareth O.
Roberts3

We consider a recently proposed class of MCMC methods which uses proximity maps
instead of gradients to build proposal mechanisms which can be employed for both differ-
entiable and non-differentiable targets. These methods have been shown to be stable for a
wide class of targets, making them a valuable alternative to Metropolis-adjusted Langevin
algorithms (MALA); and have found wide application in imaging contexts. The wider
stability properties are obtained by building the Moreau-Yoshida envelope for the target
of interest, which depends on a parameter λ. In this work, we investigate the optimal scal-
ing problem for this class of algorithms, which encompasses MALA, and provide practical
guidelines for the implementation of these methods.
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4.1. Introduction

4.1 Introduction

Gradient-based Markov chain Monte Carlo (MCMC) methods have proved to be very
successful at sampling from high-dimensional target distributions [Bro+11]. The key to
their success is that in many cases their mixing time appears to be better than their
competitor algorithms which do not use gradient information (see for example [RR98b]),
while their implementation has similar computational cost. Indeed, gradients of target
densities can often be computed with computational complexity (in dimension d) which
scales no worse than evaluation of the target density itself.

Gradient-based MCMC methods are mainly motivated from stochastic processes con-
structed to have the target density as limiting distribution [BFR19; BVD18; MCF15;
VSS21]. Our analysis will concentrate on Metropolis Adjusted Langevin Algorithm (MALA)
and its proximal variants which are based on the Langevin diffusion

dLt = dBt + ∇ log π(Lt)
2 dt , (4.1)

where π denotes the target density with respect to the Lebesgue measure and (Bt)t≥0
a standard Brownian motion. It is well-known that under appropriate conditions, (4.1)
defines a continuous-time Markov process associated with a Markov semigroup which is
reversible with respect to π. From this observation, it has been suggested to use a Euler-
Maruyama (EM) approximation of (4.1). This scheme has been popularized in statistics
by [GM94b] and referred to as the Unadjusted Langevin Algorithm (ULA) in [RT96c]. Due
to the time-discretization, ULA does not have π as stationary distribution. To address
this problem, [RDF78] and independently Besag in his contribution to [GM94b] proposed
to add a Metropolis acceptance step at each iteration of the EM scheme, leading to the
Metropolis Adjusted Langevin Algorithm (MALA) following [RT96c] who also derive basic
stability analysis. The accept/reject step in this algorithm confers two significant advan-
tages: it ensures that the resulting algorithm has exactly the correct invariant distribution,
while step sizes can be chosen larger than in the unadjusted case as there is not need to
make the step size small to reduce discretization error. On the other hand, MALA al-
gorithms are typically hard to analyze theoretically (see e.g. [BH13; DM22; Dwi+18]).
However, [RR98b] (see also [BRS09; PST12]) have established that MALA has better con-
vergence properties than the Random Walk Metropolis (RWM) algorithm with respect to
the dimension d from an optimal scaling perspective (see also [RGG97b]).

Whereas gradient-based methods have been successively applied and offer interesting
features, they are typically less robust than their vanilla alternatives (for example see
[RT96c]); while intuition suggests, and existing underpinning theory requires, that tar-
get densities need to be sufficiently smooth for the gradients to be aiding Markov chain
convergence. Moreover, while gradient-based MCMC have been successful for smooth
densities, there is no reason to believe that they should be effective for densities which are
not differentiable at a subset X ⊆ Rd. For non-smooth densities, [Per16] proposes modified
gradient-based algorithms. Their proposed P-MALA algorithm is inspired by the proxi-
mal algorithms popular in the optimization literature (e.g. [PB14]). The main idea is to
approximate the (possibly non differentiable but) log-concave target density π ∝ exp(−G)
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by substituting the potential G with its Moreau-Yoshida envelope Gλ (see (4.3) below for
its definition), to obtain a distribution πλ whose level of smoothness is controlled by the
proximal parameter λ > 0. Given this smooth approximation to π one can then build
proposals based on time discretizations of the Langevin diffusion targeting πλ [DMP18;
Per16]:

ξk+1 = ξk −
σ2

2 ∇G
λ(ξk) + σZk+1 , (4.2)

where σ2 > 0 is a fixed stepsize and (Zk)k∈N∗ is a sequence of i.i.d. zero-mean Gaussian
random variables with identity covariance matrix. Our aims in this paper are broadly
to provide theoretical underpinning for a slightly larger family of proximal MALA algo-
rithms, analyze how these methods scale with dimension, and to give insights and practical
guidance into how they should be implemented supported by the theory we establish.

Proximal optimization and MCMC methods proved to be particularly well-suited for
image estimation, where penalties involving the sparsity inducing norms are common
[DMP18; Per16; VDC19]. Similar targets are also common in sparse regression contexts
[Atc15; GSS21; ZCZ22]. In these situations, the set of non-differentiability points for the
target density π is a null set for the Lebesgue measure, and, following [Dur+17], we shall
focus on this case. However, in contrast to the conclusions of [Dur+17] for RWM, we shall
demonstrate that optimal scaling of proximal MALA may be affected by non-smoothness.

More precisely, in this work, we first extend the results of [Pil22] and consider a wider
range of proximal MALA algorithms, as well as a wider class of finite dimensional target
distributions. We let both the steps size σ2 and the regularization parameter λ depend
on the dimension d of the target and find that the scaling properties of proximal MALA
depend on the relative speed at which λ and σ converge to 0 as d → ∞. We start by
considering a class of sufficiently differentiable target distributions π to which MALA can
also be applied, to allow direct comparison between MALA and proximal MALA and
thus between a gradient-based method and one which approximates the gradient through
proximal operators. When λ goes to 0 at least as fast as σ2, we find that the scaling
properties of proximal MALA are equivalent to those of MALA (i.e. σ2 should decay as
d−1/3; see Theorem 4.1–(b), Theorem 4.1–(c)); when λ converges to 0 more slowly than
σ2, proximal MALA is less efficient than MALA with σ2 decaying as d−1/2 (Theorem 4.1–
(a)). As in some cases the proximal operator for a given distribution π is cheaper to
compute than ∇ log π [CP11; PB14; Per16], we anticipate that proximal MALA with an
appropriately tuned λ might provide a cheaper alternative to MALA retaining similar
scaling properties.

We then turn to the optimal scaling of proximal MALA applied to the Laplace distri-
bution π(x) ∝ e−|x|. We focus on this particular non-smooth target since it is the most
widely used in applications of proximal MALA, including image deconvolution [DMP18;
Per16; VDC19], LASSO, and sparse regression [Atc15; GSS21; ZCZ22]. We establish that
non-differentiability of the target even at one point leads to a different optimal scaling than
MALA. In particular, the step size has to scale as d−2/3 and not as d−1/3 (Theorem 4.4).

This appears to be a new optimal scaling for Metropolis MCMC algorithms which is
between the one of RWM and MALA. From the conclusion for smooth target distributions,
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we restrict our study to the choice of λ going to 0 at least as fast as σ2.
The proof of the result for the differentiable case extends that of [RR98b] for MALA,

while the structure of the proof for the Laplace target is similar to that of [Dur+17] and
constitutes the main element of novelty in this paper. As a special case of the result
for the Laplace distribution, we also obtain the optimal scaling for MALA on Laplace
targets. We point out that the strategy adopted in the proof of this result is not unique
to the Laplace distribution, and could be applied to other distributions provided that the
required integrals can be obtained.

To sum up, our main contributions are:
1) We extend the result of [Pil22] beyond the Gaussian case, covering all finite dimensional
(sufficiently) differentiable targets, and show that, in some cases, proximal MALA affords
the same scaling properties of MALA if the proximal parameter λ is chosen appropriately.
2) Motivated by applications in imaging and sparse regression applications, we study the
scaling of proximal MALA methods for the Laplace target, and show that for values of λ
decaying sufficiently fast, the optimal scaling of proximal MALA, i.e. the choice for σ2, is
different from the one for MALA on differentiable targets and is of order d−2/3.
3) We use the insights obtained with the aforementioned results to provide practical guide-
lines for the selection of the proximal parameter λ.

Organization of the paper The paper is structured as follows. In Section 4.2, we
rigorously introduce the class of proximal MALA algorithms that are studied and discuss
related works on optimal scaling for MCMC algorithms. In Section 4.3.1 we state the main
result for differentiable targets, showing that the scaling properties of proximal MALA
depend on the relative speed at which λ goes to 0 with respect to σ. In Section 4.3.2 we
obtain a scaling limit for proximal MALA when π is a Laplace distribution, as a special
case of our result we also obtain the scaling properties of a sub-gradient version of MALA
for this target. We collect in Section 4.4 the main practical takeaways from these results
and discuss possible extensions in Section 4.5. Finally, in Section 4.6 we prove the result
for the Laplace distribution. The proof of the result for differentiable targets is postponed
to Appendix 4.7.

4.2 Proximal MALA Algorithms

We now introduce the general class of proximal MALA algorithms, first studied in [Per16].
This class of algorithms aims at sampling from a density with respect to the Lebesgue
measure on Rd of the form π(x) = exp(−G(x))/

∫
Rd exp(−G(x̃))dx̃, with G satisfying the

following assumption
A18. The function G : Rd → R is convex, proper and lower semi-continuous.

The main idea behind proximal MALA is to approximate the (possibly non differ-
entiable) target density π by approximating the potential G with its Moreau-Yoshida
envelope Gλ : Rd → R defined for λ > 0 by

Gλ(x) = min
u∈Rd

[G(u) + ∥u− x∥2 /(2λ)] . (4.3)
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Since G is supposed to be convex, by [RW98, Theorem 2.26], the Moreau-Yoshida envelope
is well-defined, convex and continuously differentiable with

∇Gλ(x) = λ−1(x− proxλ
G(x)) , proxλ

G(x) = arg min
u∈Rd

[G(u) + ∥u− x∥2 /(2λ)] . (4.4)

The proximity operator x 7→ proxλ
G(x) behaves similarly to a gradient mapping and

moves points in the direction of the minimizers of G. In the limit λ → 0 the quadratic
penalty dominates (4.4) and the proximity operator coincides with the identity operator,
i.e. proxλ

G(x) = x; in the limit λ → ∞, the quadratic penalty term vanishes and (4.4)
maps all points to the set of minimizers of G.

It was shown in [DMP18, Proposition 1] that, under A18,
∫

Rd exp(−Gλ(x))dx < ∞,
and therefore the probability density πλ ∝ exp(−Gλ) is well-defined. In addition, it has
been shown that ∥π − πλ∥TV → 0 as λ → 0. Based on this observation and since as we
have emphasized πλ is now continuously differentiable, it has been suggested in [DMP18;
Per16] to use the discretization of the Langevin diffusion associated with πλ given by
(4.2), which can be rewritten using (4.4) as

ξk+1 =
(

1− σ2

2λ

)
ξk + σ2

2λ proxλ
G(ξk) + σZk+1 . (4.5)

Similarly to other MCMC methods based on discretizations of the Langevin diffusion
(e.g. [RT96c]), one can build unadjusted schemes which target πλ, expecting draws from
these schemes to be close to draws from π for small enough λ, or add a Metropolis-
Hastings step to ensure that the resulting algorithm targets π. Unadjusted proximal
MCMC methods have been analyzed in [DMP18]; in this paper we focus on Metropolis
adjusted proximal MCMC methods and study their scaling properties. More precisely,
at each step k and given the current state of the Markov chain Xk, a candidate Yk+1 is
generated from the transition density associated to (4.5), (x,y) 7→ q(x,y) = φ(y; [1 −
σ2/(2λ)]x+σ2 proxλ

G(x)/2λ, σ2 Id), where φ(· ; u,Σ) stands for the d-dimension Gaussian
density with mean u and covariance matrix Σ. Given Xk and Yk+1, Then, the next state
is set as:

Xk+1 = Yk+1bk+1 +Xk(1−bk+1) , bk+1 = 1R+

(
π(Yk+1)q(Yk+1, Xk)
π(Xk)q(Xk, Yk+1) ∧ 1− Uk+1

)
, (4.6)

where (Ui)i∈N∗ is a sequence of i.i.d. uniform random variables on [0, 1].
The value of λ characterizes how close the distribution πλ is to the original target π

and therefore how good the proposal is. Small values of λ provide better approximations
to π and therefore better proposals (see [DMP18, Proposition 1]), while larger values of λ
provide higher levels of smoothing for non-differentiable distributions (see [Per16, Figure
1]). In the case λ = σ2/2 we obtain the special case of proximal MALA referred to as
P-MALA in [Per16].

The main contribution of this paper is to analyze the optimal scaling for proximal
MALA defined by (4.6).
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Optimal scaling and related works We briefly summarize here some examples of
MCMC algorithms and their optimal scaling results; a full review is out of the scope of
this paper and we only mention algorithms to which we will compare proximal MALA in
the development of this work.

Popular examples of Metropolis MCMC are RWM and MALA. RWM uses as a proposal
the transition density (x,y) 7→ φ(y ; x, σ2 Id), where σ2 > 0. The MALA scheme uses
as proposal (x,y) 7→ φ(y ; x + (σ2/2)∇ log π(x), σ2 Id). As we will show in Section 4.3.1,
proximal MALA can be considered as an extension of MALA.

A natural question to address when implementing Metropolis adjusted algorithms is
how to set the parameter σ2 (variance parameter for RWM, step size parameter for MALA)
to maximize the efficiency of the algorithm. Small values of σ2 result in higher acceptance
probability and cause sticky behaviour, while large values of σ2 result in a high number
of rejections with the chain (Xk)k≥0 moving slowly [RR+01]. Optimal scaling studies
aim to address this question by investigating how σ2 should behave with respect to the
dimension d of the support of π in the high dimensional setting d→∞, to obtain the best
compromise.

The standard optimal scaling set-up considers the case of d-dimensional targets πd

which are product form, i.e.

πd(xd) =
d∏

i=1
π(xd

i ) , (4.7)

where xd
i stands for the i-th component of xd and π is a one-dimensional probability

density with respect to the Lebesgue measure. Under appropriate assumptions on the
regularity of π, and assuming that the MCMC algorithm is initialized at stationarity, the
optimal value of σ2 scales as ℓ2/d2α with ℓ > 0, 2α = 1 for RWM [RGG97b] and 2α = 1/3
for MALA [RR98b].

By setting α to these values, it is then possible to show that each as d → ∞ each 1-
dimensional component of the Markov chain defined by RWM and MALA, appropriately
rescaled in time, converges to the Langevin diffusion

dLt = h(ℓ)1/2dBt −
h(ℓ)

2 [log π]′(x)dt ,

where (Bt)t≥0 is a standard Brownian motion and h(ℓ), referred to as speed function of the
diffusion, is a function of the parameter ℓ > 0 that we may tune. Indeed, it is well-known
that (Lh(ℓ)t)t≥0 is a solution of the Langevin diffusion (4.1). As a result, we may identify
the values of ℓ maximizing h(ℓ) for the algorithms at hand to approximate the fastest
version of the Langevin diffusion. The optimal values for ℓ results in an optimal average
acceptance probability of 0.234 for RWM and 0.574 for MALA.

The scaling properties allow to get an intuition of the efficiency of the corresponding
algorithms: RWM requires O(d) steps to achieve convergence on a d-dimensional target,
i.e. its efficiency is O(d−1), while MALA has efficiency O(d−1/3). While these results are
asymptotic in d, the insights obtained by considering the limit case d → ∞ prove to be
useful in practice [RR+01].

173



Chapter 4. Optimal Scaling Results for a Wide Class of Proximal MALA Algorithms

In the context of non-smooth and even discontinuous target distributions, studying the
simpler RWM algorithm applied to a class of distributions on compact intervals, [NR08;
NRY+12] show that the lack of smoothness affects the optimal scaling of RWM with
respect to dimension d. More precisely, they show that for a class of discontinuous densities
which includes the uniform distribution on [0, 1], the optimal scaling of RWM is of order
O(d−2). On the other hand, in the case where the set of non-differentiability X of π is
a null set with respect to the Lebesgue measure, [Dur+17] shows that under appropriate
conditions, including Lp differentiability, the optimal scaling of RWM is of order O(d−1)
still.

The scaling properties of proximal MALA have been partially investigated in [Pil22],
which shows that P-MALA, obtained when λ = σ2/2, has the same scaling properties of
MALA for the finite dimensional Gaussian density and for a class of infinite dimensional
target measures (Theorem 2.1 and Theorem 5.1 therein, respectively).

4.3 Optimal scaling of Proximal MALA

We consider the same set up of [RR98b] and briefly recalled above. Given a real-valued
function g : R → R satisfying A18 we consider the i.i.d. d-dimensional target specified
by (4.7) with

π(x) ∝ exp(−g(x)) . (4.8)

Since for any xd, G(xd) = ∑d
i=1 g(xd

i ), we have by [PB14, Section 2.1]

proxλ
G(xd) = (proxλ

g (xd
1), . . . ,proxλ

g (xd
d))⊤ .

It follows that the distribution of the proposal with target πd in (4.7)-(4.8) is also product
form qd(xd,yd) = ∏d

i=1 q(xd
i , y

d
i ) with

q(xd
i , y

d
i ) = 1

(2πσ2)1/2 exp
(
−(yd

i −(1−σ2/(2λ))xd
i −σ2 proxλ

g (xd
i )/(2λ))2

2σ2

)
,

and λ > 0. For any dimension d ∈ N∗, we denote by (Xd
k )k∈N the Markov chain defined

by the Metropolis recursion (4.6) with target distribution πd and proposal density qd and
associated to the sequence of candidate moves

Y d
k+1 =

(
1− σ2

2λ

)
Xd

k + σ2

2λ proxλ
G(Xd

k ) + σZd
k+1 . (4.9)

As mentioned in the introduction, the focus of this work is on investigating the optimal
dependence of the proposal variance σ2 on the dimension d of the target π. In this
section, we make the dependence of the proposal variance on the dimension explicit and let
σ2

d = ℓ2/d2α and λd = c2/2d2β for some α, β > 0 and some constants c, ℓ independent on d.
Thus, we can write λd as a function of σd, λd = σ2m

d r/2, where we defined r = c2/ℓ2m > 0
and m = β/α. By writing λd as a function of σd we can decouple the effect of the constants
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c, ℓ from that of the dependence on d (i.e. α, β). The value of m controls the relative speed
at which σd and λd converge to 0 as d → ∞, when m = 1, σd and λd decay to 0 at the
same rate, for m > 1 the decay of λd is faster than that of σd and for m < 1 the decay
of λd is slower than that of σd. The parameter r allows to refine the comparison between
σd and λd as β = α. In the case m = 1, r = 1 we get the P-MALA algorithm studied
in [Per16; Pil22], while for all other values of r,m we have a family of proposals whose
behaviour depends on r and m.

4.3.1 Differentiable targets

We start with the case where π is continuously differentiable. Since MALA can be applied
to this class of targets, the results obtained in this section allow direct comparison of
proximal MALA algorithms with MALA and thus between gradient-based algorithms
(MALA) and algorithms that use proximal operator-based approximations of the gradient
(proximal MALA). If G = − log π is continuously differentiable, using [BC11, Corollary
17.6], proxλ

G(x) = −λ∇G(proxλ
G(x)) + x, and (4.5) reduces to

ξk+1 = ξk −
σ2

2 ∇G(proxλ
G(ξk)) + σZk+1 . (4.10)

Hence, the value of λ controls how close to ξk is the point at which the gradient is evaluated.
For λ→ 0, the proximal MALA proposal becomes arbitrarily close to that of MALA, while,
as λ increases (4.10) moves away from MALA.

Our main result, Theorem 4.1 below, shows that the relative speed of decay (i.e.
m) influences the optimal scaling of the resulting proximal MALA algorithm, while the
constant r influences the speed function of the limiting diffusion.

We make the following assumptions on the regularity of g.

A19. g is a C8-function whose derivatives are bounded by some polynomial: there exists
k0 ∈ N such that

sup
x∈R

max
i∈{0,...,8}

[g(i)(x)/(1 + |x|k0)] <∞ .

Note that under A18 and A19, [DMP18, Lemma A.1] implies that
∫

R x
k exp(−g(x))dx <

∞ for any k ∈ N. We also assume that the sequence of proximal MALA algorithms is
initialized at stationarity.

A20. For any d ∈ N∗, Xd
0 has distribution πd.

The assumptions above closely resemble those of [RR98b] used to obtain the optimal
scaling results for MALA. In particular, A19 ensures that we can approximate the log-
acceptance ratio in (4.6) with a Taylor expansion, while A20 avoids technical complications
due to the transient phase of the algorithm. We discuss how the latter assumption could
be relaxed in Section 4.5.

For technical reasons, and to allow direct comparisons with the results established in
[RR98b] for MALA, we will also consider the following regularity assumption
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A21. The function g′ is Lipschitz continuous.
We denote by Ld

t the linear interpolation of the first component of the discrete time
Markov chain (Xd

k )k≥0 obtained with the generic proximal MALA algorithm described
above

Ld
t = (

⌈
d2αt

⌉
− d2αt)Xd

⌊d2αt⌋,1 + (d2αt−
⌊
d2αt

⌋
)Xd

⌈d2αt⌉,1 , (4.11)

where ⌊·⌋ and ⌈·⌉ denote the lower and upper integer part functions, respectively, and
denote by Xd

k,1 the first component of Xd
k . The following result shows that in the limit

d → ∞ the properties of proximal MALA depend on the relative speed at which σ2
d =

ℓ2/d2α and λd = c2/2d2β converge to 0. Recall that we set r = c2/ℓ2m > 0 and under A20,
consider for any d ∈ N∗,

ad(ℓ, r) = E

[
πd(Y d

1 )qd(Y d
1 , X

d
0 )

πd(Xd
0 )qd(Xd

0 , Y
d

1 )
∧ 1
]
. (4.12)

Theorem 4.1. Assume A18, A19 and A20. For any d ∈ N∗, let σ2
d = ℓ2/d2α and

λd = c2/2d2β with α, β > 0. Then, the following statements hold.
(a) If α = 1/4, β = 1/8 and r > 0, we have limd→+∞ ad(ℓ, r) = 2Φ

(
−ℓ2K1(r)/2

)
, where

Φ is the distribution function of a standard normal and

K2
1 (r) = r2

4 E
[{
g′′(Xd

0,1)g′(Xd
0,1)
}2
]
.

If in addition, A21 holds.
(b) If α = 1/6, β = 1/6 and r > 0, we have limd→+∞ ad(ℓ, r) = 2Φ

(
−ℓ3K2(r)/2

)
, where

Φ is the distribution function of a standard normal and

K2
2 (r) =

(
r

8 + r2

4

)
E
[
{g′′(Xd

0,1)g′(Xd
0,1)}2

]
+
( 1

16 + r

8

)
E
[
g′′(Xd

0,1)3
]

+ 5
48E

[
g′′′(Xd

0,1)2
]
.

(c) If α = 1/6, β > 1/6 and r > 0, we have limd→+∞ ad(ℓ, r) = 2Φ
(
−ℓ3K2(0)/2

)
, where

Φ is the distribution function of a standard normal.
In addition, in all these cases, as d → ∞ the process (Ld

t )t≥0 converges weakly to the
Langevin diffusion

dLt = h(ℓ, r)1/2dBt −
h(ℓ, r)

2 g′(x)dt , (4.13)

where (Bt)t≥0 denotes standard Brownian motion and h(ℓ, r) = ℓ2a(ℓ, r) is the speed of the
diffusion, setting a(ℓ, r) = limd→∞ ad(ℓ, r). If α = 1/4, β = 1/8, for any r > 0, ℓ 7→ h(ℓ, r)
is maximized at the unique value of ℓ such that a(ℓ, r) = 0.452; while if α = 1/6, β = m/6
with m ≥ 1 and r > 0, ℓ 7→ h(ℓ, r) is maximized at the unique value of ℓ such that
a(ℓ, r) = 0.574.
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Proof. The proof follows that of [RR98b, Theorem 1, Theorem 2] and is postponed to
Appendix 4.7.

The theorem above shows that the relative speed at which λd converges to 0 influences
the scaling of the resulting proximal algorithm. In case (c), m > 1 and λd decays with d at
a faster rate than σ2

d. This causes the proximity map (4.4) to collapse onto the identity and
therefore the proposal (4.10) is arbitrarily close to that of MALA. The resulting scaling
limit also coincides with that of MALA established in [RR98b, Theorem 1, Theorem 2].

If λd and σ2
d decay at the same rate (case (b)), the amount of gradient information

provided by the proximity map is controlled by r. Comparing our result for case (b) with
[RR98b, Theorem 1] we find that

K2
2 (0) = 1

16E
[
g′′(Xd

0,1)3
]

+ 5
48E

[
g′′′(Xd

0,1)2
]

= K2
MALA;

thus, we have

K2
2 (r) = K2

2 (0) +
(
r

8 + r2

4

)
E
[
{g′′(Xd

0,1)g′(Xd
0,1)}2

]
+ r

8E
[
g′′(Xd

0,1)3
]

= K2
MALA +

(
r

8 + r2

4

)
E
[
{g′′(Xd

0,1)g′(Xd
0,1)}2

]
+ r

8E
[
g′′(Xd

0,1)3
]
≥ K2

MALA ,

since the convexity of g implies that g′′ ≥ 0. In particular, K2
2 (r) is an increasing function

of r achieving its minimum when r → 0 (i.e. MALA), see Figure 4.1(a).
In case (a), m = 1/2 and λd decays more slowly than σ2

d. As a consequence, the
gradient information provided by the proximity map is smaller than in cases (b)–(c), and
the resulting scaling differs from that of MALA. The value of K2

1 (r) is increasing in r and
the speed of the corresponding diffusion also depends on r (see Figure 4.1(a) gray lines
and Figure 4.1(b)).

Example 4.2 (Gaussian target). Take g(x) = x2/2, proxg
λ(x) = x/(1 + λ). In this case,

g′ is Lipschitz continuous and we have K2
1 (r) = r2/4, K2

2 (r) =
(
1 + 4r + 4r2) /16 and

K2
2 (0) = K2

MALA = 1/16. The corresponding speeds are given in Figure 4.1(a). Optimizing
for m = 1, r = 0 (MALA) and m = 1, r = 1 (P-MALA) we obtain

hMALA(ℓ, r) = 1.5639, hP-MALA(ℓ, r) = 0.7519,

achieved with ℓMALA = 1.6503 and ℓP-MALA = 1.1443, respectively. For Gaussian targets,
MALA is geometrically ergodic [DM22], and therefore the optimal choice in terms of speed
of convergence is MALA which is obtained for r = 0. The result for r = 1 and m = 1 are
also given in [Pil22, Theorem 2.1].

Example 4.3 (Target with light tails). Take g(x) = x4, which gives a normalized distri-
bution with normalizing constant 2Γ(5/4). The proximity map is

proxλ
g (x) = 1

2

 3
√

9λ2x+
√

54λ4x2 + 3λ3

32/3λ
− 1

3
√

27λ2x+ 3
√

54λ4x2 + 3λ3

 .
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(a) Gaussian target
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(b) Light tail target

Figure 4.1: Value of K for i = 1, 2 and speed of the corresponding Langevin diffusion as a function
of r for a Gaussian target and a light tail target. We denote by h1 the speed obtained in case (a),
by h2 that obtained in (b). In case (c) both K3 and the speed h3 are constant w.r.t. r and coincide
with that of MALA. For the Gaussian target we report the results for case (a)–(c) while for the
light tail target we only report (a).

In this case g′ is not Lipschitz continuous and therefore we only consider (a), for which we
have K2

1 (r) = 144r2Γ(11/4)/Γ(5/4). The corresponding speed is given in Figure 4.1(b).

4.3.2 Laplace target

As discussed in the introduction, proximal MALA has been widely used to quantify un-
certainty in imaging applications, in which target distributions involving the ℓ1 norm are
particularly common [Agr+21; DMP18; Per16; ZCZ22].

Here, we consider πL
d to be the product of d i.i.d. Laplace distributions as in (4.7),

πL
d (xd) =

d∏
i=1

πL(xd
i ), for xd ∈ Rd, where πL(x) = 2−1 exp(−|x|) . (4.14)

For this particular choice of one-dimensional target distribution, the corresponding po-
tential G is x 7→ |x| and satisfies A18. Then, the proximity map is given by the soft
thresholding operator [PB14, Section 6.1.3]

proxλ
G(x) = (x− sgn(x)λ)1{|x| ≥ λ} , (4.15)

where sgn : R → {−1, 1} is the sign function, given by sgn(x) = −1 if x < 0, sgn(0) = 0,
and sgn(x) = 1 otherwise. This operator is a continuous but not continuously differentiable
map whose non-differentiability points are the extrema of the interval [−λ, λ] and are
controlled by the value of the proximity parameter λ.
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Plugging (4.15) in (4.9), the proximal MALA algorithm applied to πL
d proposes

component-wise for i = 1, . . . , d

Y d
k+1,i = Xd

k,i −
σ2

d

2 sgn(Xd
k,i)1{|Xd

k,i| ≥ λd} −
σ2

d

2λd
Xd

k,i1{|Xd
k,i| < λd}+ σdZ

d
k+1,i . (4.16)

For Xd
k,i close to 0 (i.e. the point of non-differentiability) the proximal MALA proposal

is a biased random walk around Xd
k,i, while outside the region [−λd, λd] the proposal

coincides with that of MALA. As λd → 0 the region in which the proximal MALA proposal
coincide with that of MALA increases and when λd ≈ 0 the region [−λd, λd] in which the
proposal corresponds to a biased random walk is negligible, as confirmed by the asymptotic
acceptance rate in Theorem 4.4.

We also consider the case λd = 0 for any d. Then, the proposal (4.16) becomes the
proposal for the subgradient version of MALA: Y d

k+1,i = Xd
k,i−(σ2

d/2) sgn(Xd
k,i)+σdZ

d
k+1,i,

referred to as sG-MALA.
The proof of the optimal scaling for the Laplace distribution follows the structure of

that of [Dur+17] for Lp-mean differentiable distributions. We start by characterizing the
asymptotic acceptance ratio of a generic proximal MALA algorithm; contrary to Theo-
rem 4.1 for differentiable targets, in the limit d→∞ the properties of proximal MALA do
not depend on the relative speed at which σ2

d = ℓ2/d2α and λd = c2/2d2β converge to 0, as
long as λd decays at least at the same rate as σ2

d. In this regime, the region in which the
proposal (4.16) corresponds to a biased random walk proposal is negligible, and therefore
we obtain the same scaling obtained with λd = 0 and corresponding to sG-MALA.

Theorem 4.4. Assume A20 and consider the sequence of target distributions {πL
d }d∈N∗

given in (4.14). For any d ∈ N∗, let σ2
d = ℓ2/d2α and λd = c2/2d2β with α = 1/3 and

β = m/3 for m ≥ 1. Then, we have limd→∞ ad(ℓ, r) = aL(ℓ) = 2Φ(−ℓ3/2/(72π)1/4), where
(ad(ℓ, r))d∈N∗ is defined in (4.12), with r = c2/ℓ2m, and Φ is the distribution function of
a standard normal.

Proof. The proof is postponed to Section 4.6.1.

Theorem 4.4 shows that the asymptotic average acceptance rate aL(ℓ) does not depend
on r and as a result on c.

Having identified the possible scaling for proximal MALA with Laplace target, we are
now ready to show weak convergence to the appropriate Langevin diffusion. To this end,
we adapt the proof strategy followed in [JLM14] and [Dur+17].

As for the differentiable case, consider the linear interpolation (Ld
t )t≥0 of the first

component of the Markov chain (Xd
k )k≥0 given in (4.11). For any d ∈ N∗, denote by

νd the law of the process (Ld
t )t≥0 on the space of continuous functions from R+ to R,

C(R+,R), endowed with the topology of uniform convergence over compact sets and its
corresponding σ-field. We first show that the sequence (νd)d∈N∗ , admits a weak limit point
as d→∞.

Proposition 4.5. Assume A20 and consider the sequence of target distributions {πL
d }d∈N∗

given in (4.14). For any d ∈ N∗, let σ2
d = ℓ2/d2α and λd = c2/2d2β with α = 1/3 and
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β = m/3. The sequence (νd)d∈N∗ is tight in M1 (C(R+,R)
)
, the set of probability measures

acting on C(R+,R).
Proof. See Section 4.6.2.

By Prokhorov’s theorem, the tightness of (νd)d∈N∗ implies existence of a weak limit
point ν. In our next result, we give a sufficient condition to show that any limit point of
(νd)d∈N∗ coincides with the law of a solution of:

dLt = [hL(ℓ)]1/2dBt −
hL(ℓ)

2 sgn(Lt)dt . (4.17)

To this end, we consider the martingale problem (see [SV79]) associated with (4.17),
that we now present. Let us denote by C∞

c (R,R) the subset of functions of C(R,R) which
are infinitely many times differentiable and with compact support, and define the generator
of (4.17) for V ∈ C∞

c (R,R) by

LV (x) = hL(ℓ)
2

[
V ′′(x)− sgn(x)V ′(x)

]
. (4.18)

Denote by (Wt)t≥0 the canonical process on C(R+,R), Wt : {ws}s≥0 7→ wt and the cor-
responding filtration by (Ft)t≥0. A probability measure ν is said to solve the martingale
problem associated with (4.17) with initial distribution πL, if the pushforward of ν by W0
is πL and if for all V ∈ C∞

c (R,R), the process(
V (Wt)− V (W0)−

∫ t

0
LV (Wu)du

)
t≥0

is a martingale with respect to ν and the filtration (Ft)t≥0. The following proposition
gives a sufficient condition to prove that ν is a solution of the martingale problem:
Proposition 4.6. Suppose that for any V ∈ C∞

c (R,R), m ∈ N, ρ : Rm → R bounded and
continuous, and for any 0 ≤ t1 ≤ ... ≤ tm ≤ s ≤ t:

lim
d→+∞

Eνd

[(
V (Wt)− V (Ws)−

∫ t

s
LV (Wu)du

)
ρ(Wt1 , ...,Wtm)

]
= 0 .

Then any limit point of (νd)d∈N∗ on M1 (C(R+,R)
)

is a solution to the martingale problem
associated with (4.17).
Proof. See Section 4.6.3.

Finally, we use this sufficient condition to establish that any limit point of (νd)d∈N∗ is
a solution of the martingale problem for (4.17). Uniqueness in law of solutions of (4.17)
allows to conclude that (Ld

t )t≥0 converges weakly to the Langevin diffusion (4.17), which
establishes our main result.
Theorem 4.7. The sequence of processes {(Ld

t )t≥0 : d ∈ N∗} converges in distribution
towards (Lt)t≥0, solution of (4.17) as d → ∞, with hL(ℓ) = ℓ2aL(ℓ) and aL defined in
Theorem 4.4. In addition, hL is maximized at the unique value of ℓ such that aL(ℓ) = 0.360.
Proof. See Section 4.6.4.
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4.4 Practical Implications and Numerical Simulations
The optimal scaling results in Sections 4.3.1 and 4.3.2 provide some guidance on the
choice of the parameters σ and λ of proximal MALA algorithms, suggesting that smaller
values of λ provide better efficiency in terms of number of steps necessary to convergence
(Theorem 4.1).

However, a number of other factors must be taken into account. First, as shown in
[JR07; MT96; RT96b; RT96c] the convergence properties of Metropolis adjusted algo-
rithms are influenced by the shape of the target distribution and, in particular, by its
tail behavior. Secondly, when comparing proximal MALA algorithms with gradient-based
methods (e.g. MALA) one must take into account the cost of obtaining the gradients,
whether this comes from automatic differentiation algorithms or from evaluating a po-
tentially complicated gradient function. On the other hand, proximity mappings can be
quickly found or approximated solving convex optimization problems which have been
widely studied in the convex optimization literature (e.g. [PB14, Chapter 6], [CP11] and
[Per16, Section 3.2.3]).

In terms of convergence properties, we are usually interested in the family of distribu-
tions for which the discrete time Markov chain produced by our algorithm is geometrically
ergodic, together with the optimal scaling results briefly recalled in Section 4.2. Normally,
the ergodicity results are given by considering the one-dimensional class of distributions
E(β, γ) introduced in [RT96c] and defined for γ > 0 and 0 < β <∞ by

E(β, γ) :
{
π : R→ [0,+∞) : π(x) ∝ exp

(
−γ|x|β

)
, |x| > x0 for some x0 > 0

}
.

As observed by [LZ22], there usually is a trade-off between ergodicity and optimal scaling
results, algorithms providing better optimal scaling results tend to be geometrically ergodic
for a smaller set of targets (e.g. MALA w.r.t. RWM).

As suggested by Theorem 4.1, the scaling properties of proximal MALA on differen-
tiable targets are close to those of MALA. This leads to a natural comparison between the
two algorithms. First, we observe that A18 rules out targets for which G is not convex
and therefore restricts the families E(β, γ) to β ≥ 1. To compare MALA with proximal
MALA we therefore focus on distributions with β ≥ 1.

It is shown in [RT96c] that MALA is geometrically ergodic for targets in E(β, γ) with
1 ≤ β ≤ 2 (with some caveat for β = 2). Theorem 4.1–(b) and (c) show that in this case
proximal MALA has the same scaling properties of MALA but in case (b) the asymptotic
speed of convergence decays as the constant r increases (Figure 4.1(a)), with the maximum
achieved for r → 0, for which proximal MALA collapses onto MALA. Since MALA is
geometrically ergodic, and achieves better (or equivalent) scaling properties than proximal
MALA, it would be natural to prefer MALA to proximal MALA for this set of targets.
However, if the gradient is costly to obtain, one might instead consider to use proximal
MALA with a small λ, to retain scaling properties as close as possible to that of MALA
but to reduce the computational cost of evaluating the gradient.

In the case of differentiable targets with light-tails (i.e. β > 2), MALA is known
not to be geometrically ergodic [RT96c, Section 4.2] while the ergodicity properties of
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proximal MALA have only been partially studied in [Per16, Section 3.2.2] for the case
λ = σ2/2 (P-MALA). As shown in [Per16, Section 2.1], given a distribution π ∈ E(β, γ)
with β ≥ 1, the distribution πλ obtained using the potential (4.3) belongs to E(β′, γ′),
where β′ = min(β, 2) and γ′ depending on λ. This suggests that proximal MALA is likely
to be geometrically ergodic for appropriate choices of λ; a first result in this direction is
given in [Per16, Corollary 3.2] for the P-MALA case λ = σ2/2. Theorem 4.1–(c) restricts
the sets of available λs showing that for light-tail distributions (for which A21 does not
hold) λ should decay at half the speed of σ2. Studying the ergodicity properties of proximal
MALA in function of the parameter λ is, of course, an interesting problem that we leave
for future work.

For the Laplace distribution, Theorem 4.4 shows that the value of λ does not influence
the asymptotic acceptance ratio of proximal MALA, as long as λ decays with d at least
as fast as σ2. The scaling properties and the asymptotic speed h(ℓ) in Theorem 4.7 do
not depend on λ and coincide with that of the sG-MALA (obtained for λ = 0). Hence, in
terms of optimal scaling, there does not seem to be a difference between proximal MALA
and sG-MALA for the Laplace distribution.

4.4.1 Numerical Experiments

To illustrate the results established in Section 4.3.1 and 4.3.2 we consider here a small col-
lection of simulation studies. The aim of these studies is to empirically confirm the optimal
scalings identified in Theorem 4.1 and 4.4, investigate the dimension d at which the asymp-
totic acceptance ratio limd→∞ ad(ℓ, r) well approximates the empirical average acceptance
ratio and, consequently, for which dimensions d we can expect the optimal asymptotic
acceptances in Theorem 4.1 and 4.4 to guarantee maximal speed h(ℓ, r) (approximated by
the expected squared jumping distance, see, e.g. [GRG96]) for the corresponding diffusion.
We summarize here our findings, a more detailed discussion can be found in Section 4.8.

For the differentiable case, we consider the Gaussian distribution in Example 4.2 and
four algorithmic settings which correspond to the three cases identified in Theorem 4.1
and MALA. The different values of r and m influence the dimension required to observe
convergence to the theoretical limit in Theorem 4.1: for r → 0 and m = 1 (MALA)
and m = 1/2, r = 1 (corresponding to Theorem 4.1–(a)) the theoretical limit is already
achieved for d of order 102, while in the cases m = 3, r = 2 and m = r = 1 (corresponding
to Theorem 4.1–(c) and (b), respectively) our simulation result match the theoretical limit
only for d of order 105 or higher.

The results for the Laplace case are similar, with the case m > 1 requiring a higher d to
observe convergence to the theoretical limit. Figure 4.2 and Figure 4.3 provide numerical
simulations of the behavior, as d increases, of the mean acceptance ratio (ad(ℓ, r))d∈N∗ as
a function of ℓ and (ESJDd)d∈N∗ as a function of (ad(ℓ, r))d∈N∗ , for sG-MALA (r = 0) and
P-MALA (r = 1) respectively. These confirm our theoretical founding Theorem 4.4 and
Theorem 4.7.

In general, we find that the optimal average acceptance ratios in Theorem 4.1 and 4.7
guarantee maximal speed h(ℓ, r) for d sufficiently large (for small d the optimal acceptance
ratio often differs from the optimal asymptotic one, see, e.g. [SR+09, Section 2.1]).
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Figure 4.2: Proximal MALA with Laplace target and m = 1, r = 0 (sG-MALA). Left: acceptance
rate as a function of ℓ for increasing dimension d; Right: ESJDd as a function of the acceptance
rate ad(ℓ, r).
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Figure 4.3: Proximal MALA with Laplace target and m = 1, r = 1 (P-MALA). Left: acceptance
rate as a function of ℓ for increasing dimension d; Right: ESJDd as a function of the acceptance
rate ad(ℓ, r).
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Figure 4.4: Proximal MALA for the target (4.19) and m = 3, r = 2, with σ2 = ℓ/d2α and α = 1/3.
Left: acceptance rate as a function of ℓ for increasing dimension d; Right: ESJDd as a function of
the acceptance rate ad(ℓ, r).

To further investigate the scaling of proximal MALA to other non-differentiable den-
sities, we empirically study the case where the sequence of targets is given by: xd ∈ Rd,

πGL
d (xd) =

d∏
i=1

exp(−g(xd
i )) , g(x) = |x|+ x2/2 , (4.19)

which, like the Laplace distribution in 0, is non-differentiable but convex. The study of
such a potential is motivated by Bayesian inverse problems considered in [DMP18; Per16],
for which the posterior distribution arises from Gaussian observations and sparsity-induced
priors like the Laplace distribution. The posterior then has the form (up to a multiplicative
constant) xd 7→ exp(−∥yd −Axd∥ − cr

∑d
i=1 |xi|).

For this choice of target (4.19), the proposal of proximal MALA is given for any d ∈ N∗,
k ∈ N and i ∈ {1, . . . , d},

Y d
k+1,i =

(
1− σ2

d

2λd

)
Xd

k,i + σ2
d

2λd

(
(Xd

k,i − sgn(Xd
k,i))1{|Xd

k,i| ≥ λd} − λdX
d
k,i

)
+ σdZ

d
k+1,i ,

where (Zd
k+1,i)k∈N is a sequence of standard normal random variables. We then repeated

the same experiments as for the Laplace distribution. The results are shown in Figures 4.4,
4.12 and 4.13. From these figures it is clear that the same scaling holds, i.e. choosing
σ2

d = ℓ/d2α, λ = σ2m
d r/2 with α = 1/3, r ≥ 0.

4.5 Discussion
In this work we analyze the scaling properties of a wide class of proximal MALA algorithms
introduced in [DMP18; Per16] for smooth targets and for the Laplace distribution. We
show that the scaling properties of proximal MALA are influenced by the relative speed
at which the proximal parameter λd and the proposal variance σd decay to 0 as d → ∞
and suggest practical ways to choose λd as a function of σd to guarantee good results.
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In the case of smooth targets, we provide a detailed comparison between proximal
MALA and MALA, showing that proximal MALA scales no better than MALA (Theo-
rem 4.1). In particular, Theorem 4.1–(a) shows that if λd is too large w.r.t. σd then the
efficiency of proximal MALA is of order O(d−1/2) and therefore worse than the O(d−1/3)
of MALA, suggesting that λd should be chosen to decay approximately as σd, if possi-
ble. If λd decays sufficiently fast, then MALA and proximal MALA have similar scaling
properties and, in the case in which the proximity map is cheaper to compute that the
gradient, one can build proximal MALA algorithms which are as efficient as MALA in
terms of scaling but more computationally efficient.

In the case of the Laplace distribution, we show that the scaling of proximal MALA is
O(d−2/3) for any λd decaying sufficiently fast w.r.t. σd and, in the case λd = 0, we obtain
a novel optimal scaling result for sG-MALA on Laplace targets.

As discussed in Section 4.4, our analysis provides some guidance on the choice of
the parameters that need to be specified to implement proximal MALA, but this analysis
should be complemented by an exploration of the ergodicity properties of proximal MALA
to obtain a comprehensive description of the algorithms. We conjecture that for sufficiently
large values of λ, proximal MALA applied to light tail distributions will be exponentially
ergodic; establishing exactly how large should λ be to guarantee fast convergence is an
interesting question that we leave for future work. Obtaining these results would open
the doors to adaptive tuning strategies for proximal MALA, which are likely to produce
better results than those given by the strategies currently used.

The set up under which we carried out our analysis closely resembles that of [RR98b];
we anticipate that A20 could be relaxed following similar ideas as those in [CRR05; JLM14]
and that our analysis could be extended to d-dimensional targets πd possessing some
dependence structure following the approach of [BR08; SR+09; YRR20]. Finally, the
analysis carried out for the Laplace distribution could be extended to other piecewise
smooth distributions provided that the moments necessary for the proof in Section 4.6
can be computed.

4.6 Proof of the Result for the Laplace distribution
In this section we prove the results in Section 4.3.2 which give the scaling properties of
proximal MALA (and sG-MALA) for the Laplace distribution. We collect technical results
(e.g. moment computations, bounds, etc.) in Appendix 4.10.

We recall that σ2
d = ℓ2/d2α and λd = c2/2d2β for some α, β > 0 and some constants

c, ℓ independent on d. Thus, we can write λd as a function of σd, λd = σ2m
d r/2, where we

define r = c2/ℓ2m ≥ 0 and m = β/α.
In order to study the scaling limit of proximal MALA with Laplace target, consider

the mapping bd : R2 → R given by

bd : (x, z) 7→ z − σd

2 sgn(x)1
{
|x| ≥ σ2m

d r/2
}
− 1
σ2m−1

d r
x1
{
|x| < σ2m

d r/2
}
, (4.20)

which allows us to write the proposal as Y d
1,i = Xd

0,i+σdbd(Xd
0,i, Z

d
1,i) , for any i ∈ {1, . . . , d}.
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We consider also the function ϕd : R2 → R, given by

ϕd : (x, z) 7→ log π(x+ σdbd(x, z))q(x+ σdbd(x, z), x)
π(x)q(x, x+ σdbd(x, z)) (4.21)

= |x| − |x+ σdbd(x, z)|+ z2

2

− 1
2σ2

d

{
σ2

d

2 sgn [x+ σdbd(x, z)]1
{
|x+ σdbd(x, z)| ≥ σ2m

d r

2

}
− σdbd(x, z)

+ 1
σ

2(m−1)
d r

[x+ σdbd(x, z)]1
{
|x+ σdbd(x, z)| < σ2m

d r

2

}}2

.

4.6.1 Proof of Theorem 4.4

The proof of Theorem 4.4 uses the first three moments of ϕd,1, whose computation is
postponed to Appendix 4.10.1, and is an application of Lindeberg’s central limit theorem.
We introduce, for i ∈ {1, . . . , d}, ϕd,i = ϕd(Xd

0,i, Z
d
1,i) for the sake of conciseness. This

allows us to rewrite ad(ℓ, r), defined in (4.12), in the following way,

ad(ℓ, r) = E

[
exp

(
d∑

i=1
ϕd,i

)
∧ 1
]
.

Remark 4.8. Under A20, the families of random variables (bd(Xd
0,i, Z

d
1,i))i∈{1,...,d} and

(ϕd,i)i∈{1,...,d} are i.i.d.

To identify the optimal scaling for the Laplace distribution, we look for those values of
α such that ∑d

i=1 E[ϕd,i] and Var(∑d
i=1 ϕd,i) converge to a finite value. Using Remark 4.8,

we have that,
d∑

i=1
E [ϕd,i] = d E [ϕd,1] and Var

(
d∑

i=1
ϕd,i

)
= dVar (ϕd,1) . (4.22)

Then, using the integrals in Appendix 4.10.1, we find that the only value of α for which (4.22)
converge to a finite value with the variance strictly positive is α = 1/3 as confirmed em-
pirically in Appendix 4.8.2.

Having identified α = 1/3, we can then proceed applying Lindeberg’s CLT.

Proof of Theorem 4.4. We start by showing that the acceptance ratio converges to a Gaus-
sian distribution. Define µd = E[ϕd,1] and Fd,i = σ((Xd

0,j , Z
d
1,j), 1 ≤ j ≤ i), the natural

filtration for (Xd
0,i, Z

d
1,i)d∈N,1≤i≤d. The square-integrable martingale sequence i∑

j=1
Wd,j ,Fd,i


d∈N∗,1≤i≤d
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where Wd,i = ϕd,i−µd, forms a triangular array, to which we can apply the corresponding
CLT (e.g. [Shi96, Theorem 4, page 543]). In particular, we have that,

lim
d→∞

d∑
i=1

E
[
W 2

d,i | Fd,i−1
]

= lim
d→∞

dVar (ϕd,1) = 2ℓ3

3
√

2π
,

as shown in Proposition 4.23 in Appendix 4.10.1. It remains to verify Lindeberg’s condi-
tion: for ε > 0,

lim
d→∞

dE
[
W 2

d,11 {|Wd,1| > ε}
]

= 0 .

In order to verify Lindeberg’s condition we verify the stronger Lyapunov condition: there
exists ϵ > 0 such that

lim
d→∞

dE
[
W 2+ϵ

d,1

]
= 0 .

Pick ϵ = 1 and expand the cube using µd = E[ϕd,i],

E
[
W 3

d,1

]
= E

[
ϕ3

d,i

]
− 3µdE

[
ϕ2

d,i

]
+ 2µ3

d . (4.23)

By Proposition 4.22 in Appendix 4.10.1, we have limd→∞ dµ3
d = 0, limd→∞ µd = 0, and,

by Proposition 4.23 in Appendix 4.10.1,

lim
d→∞

dE
[
ϕ2

d,i

]
= 2ℓ3

3
√

2π
.

Finally, for the remaining term in (4.23) we use Proposition 4.24 in Appendix 4.10.1 to
show that limd→∞ dE[ϕ3

d,i] = 0. The above and the fact that, by Proposition 4.22 in
Appendix 4.10.1,

lim
d→∞

dµd = − ℓ3

3
√

2π
,

show, by Lindeberg’s CLT, that the acceptance ratio converges in law to a normal random
variable Z̃ with mean −ℓ3/(3

√
2π) and variance 2ℓ3/(3

√
2π).

To conclude the proof, we apply the continuous mapping theorem to the bounded and
continuous function x 7→ ex ∧ 1 and obtain

lim
d→∞

exp
(

d∑
i=1

ϕd,i

)
∧ 1 d= eZ̃ ∧ 1 and lim

d→∞
ad(ℓ, r) = E

[
eZ̃ ∧ 1

]
,

where the limit does not depend on r. Defining aL(ℓ) = limd→∞ ad(ℓ, r) and using
[RGG97b, Proposition 2.4], we have the result.
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4.6.2 Proof of Proposition 4.5

We are interested in the law νd of the linear interpolant (Ld
t )t≥0, defined in (4.11), of the

first component of the chain (Xd
k )k∈N. Let us recall the definition of the chain: assumption

A20 gives the initial distribution πd, then, for any k ∈ N, the proposal Y d
k+1 = (Y d

k+1,i)1≤i≤d

is defined in (4.16) with σ2
d = ℓ2/d2α, λd = σ2m

d r/2 with α = 1/3 and m ≥ 1. The
proposal (4.16) can be written as

Y d
k+1,i = Xd

k,i + σdbd(Xd
k,i, Z

d
k+1,i) , (4.24)

for any i ∈ {1, . . . , d}, where bd is defined in (4.20) and r = c2/ℓ2m. We further define the
acceptance event Ad

k+1 =
{

bd
k+1 = 1

}
where bd

k+1 is as in (4.6).
We can now expand the expression of the linear interpolant Ld

t using (4.6), (4.11) and
the definition of Ad

k+1,

Ld
t =



Xd
⌊d2αt⌋,1 + (d2αt−

⌊
d2αt

⌋
)
[
σdZ

d
⌈d2αt⌉,1 −

σ2
d

2 sgn(Xd
⌊d2αt⌋,1)

]
1Ad

⌈d2αt⌉

if |Xd
⌊d2αt⌋,1| ≥

σ2m
d r

2

Xd
⌊d2αt⌋,1 + (d2αt−

⌊
d2αt

⌋
)
[
σdZ

d
⌈d2αt⌉,1 −

1
σ

2(m−1)
d

r
Xd

⌊d2αt⌋,1

]
1Ad

⌈d2αt⌉
otherwise

, (4.25)

or, equivalently,

Ld
t =



Xd
⌈d2αt⌉,1 − (

⌈
d2αt

⌉
− d2αt)

[
σdZ

d
⌈d2αt⌉,1 −

σ2
d

2 sgn(Xd
⌊d2αt⌋,1)

]
1Ad

⌈d2αt⌉

if |Xd
⌊d2αt⌋,1| ≥

σ2m
d r

2

Xd
⌈d2αt⌉,1 − (

⌈
d2αt

⌉
− d2αt)

[
σdZ

d
⌈d2αt⌉,1 −

1
σ

2(m−1)
d

r
Xd

⌊d2αt⌋,1

]
1Ad

⌈d2αt⌉
otherwise

.

In order to prove Proposition 4.5, we consider Kolmogorov’s criterion for tightness (see
[Kal21, Theorem 23.7]): the sequence (νd)d≥1 is tight if the sequence (Ld

0)d∈N∗ is tight,
and

E
[
(Ld

t − Ld
s)4
]
≤ γ(t)(t− s)2 ,

for some non-decreasing positive function γ, all 0 ≤ s ≤ t and all d ∈ N∗. The condition
on (Ld

0)d∈N∗ is straightforward to check, since by A20 the distribution of Ld
0 = Xd

0,1 is πL

for all d ∈ N∗.

Proof of Proposition 4.5. Consider E
[
(Ld

t − Ld
s)4
]
, if

⌊
d2αs

⌋
=
⌊
d2αt

⌋
, the inequality fol-

lows straightforwardly recalling that the moments of normal distributions are bounded:
in the case |Xd

⌊d2αt⌋,1| = |Xd
⌊d2αs⌋,1| ≥ σ2m

d r/2 it follows directly from the boundedness
of the sgn function, while in the case |Xd

⌊d2αt⌋,1| = |Xd
⌊d2αs⌋,1| < σ2m

d r/2 we exploit the
boundedness of Xd

⌊d2αt⌋,1 itself.
For all 0 ≤ s ≤ t such that

⌈
d2αs

⌉
≤
⌊
d2αt

⌋
, we can distinguish three cases.
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Case 1 If |Xd
⌊d2αt⌋,1| ≥ σ

2m
d r/2 and |Xd

⌊d2αs⌋,1| ≥ σ
2m
d r/2, then

Ld
t − Ld

s = Xd
⌊d2αt⌋,1 −X

d
⌈d2αs⌉,1

+ (d2αt−
⌊
d2αt

⌋
)
[
σdZ

d
⌈d2αt⌉,1 −

σ2
d

2 sgn(Xd
⌊d2αt⌋,1)

]
1Ad

⌈d2αt⌉

+ (
⌈
d2αs

⌉
− d2αs)

[
σdZ

d
⌈d2αs⌉,1 −

σ2
d

2 sgn(Xd
⌊d2αs⌋,1)

]
1Ad

⌈d2αs⌉
.

Using Hölder’s inequality and the fact that 0 ≤ d2αt−
⌊
d2αt

⌋
≤ 1 (and similarly for s) we

have

E
[
(Ld

t − Ld
s)4
]
≤ CE

[(
Xd

⌊d2αt⌋,1 −X
d
⌈d2αs⌉,1

)4
]

+ C
(d2αt−

⌊
d2αt

⌋
)2

d4α
E

[(
ℓZd

⌈d2αt⌉,1

)4
+ ℓ8

24d4α

]

+ C
(
⌈
d2αs

⌉
− d2αs)2

d4α
E

[(
ℓZd

⌈d2αs⌉,1

)4
+ ℓ8

24d4α

]
.

Recalling that the moments of Zd are bounded and that d2αs ≤
⌈
d2αs

⌉
≤
⌊
d2αt

⌋
≤ d2αt,

it follows

E
[
(Ld

t − Ld
s)4
]
≤ C

(
(t− s)2 + E

[(
Xd

⌊d2αt⌋,1 −X
d
⌈d2αs⌉,1

)4
])

. (4.26)

Case 2 If |Xd
⌊d2αt⌋,1| ≥ σ2m

d r/2 and |Xd
⌊d2αs⌋,1| < σ2m

d r/2 or |Xd
⌊d2αt⌋,1| < σ2m

d r/2 and
|Xd

⌊d2αs⌋,1| ≥ σ2m
d r/2. We only describe the argument for the first case, the second case

follows from analogous steps. Take

Ld
t − Ld

s = Xd
⌊d2αt⌋,1 + (d2αt−

⌊
d2αt

⌋
)
[
σdZ

d
⌈d2αt⌉,1 −

σ2
d

2 sgn(Xd
⌊d2αt⌋,1)

]
1Ad

⌈d2αt⌉

−Xd
⌈d2αs⌉,1 − (

⌈
d2αs

⌉
− d2αs)

(
σdZ

d
⌈d2αs⌉,1 −

1
σ

2(m−1)
d r

Xd
⌊d2αs⌋,1

)
1Ad

⌈d2αs⌉
.

Proceeding as above, we find that

E
[
(Ld

t − Ld
s)4
]
≤ C

(
(t− s)2 + E

[(
Xd

⌊d2αt⌋,1 −X
d
⌈d2αs⌉,1

)4
]

+(
⌈
d2αs

⌉
− d2αs)4E

( 1
σ

2(m−1)
d r

Xd
⌊d2αs⌋

)4
 ,

and recalling that |Xd
⌊d2αs⌋,1| < σ2m

d r/2 we have that |Xd
⌊d2αs⌋,1|/(rσ

2(m−1)
d ) < σ2

d/2. Using
this and the same arguments as above, we have

E
[
(Ld

t − Ld
s)4
]
≤ C

(
(t− s)2 + E

[(
Xd

⌊d2αt⌋,1 −X
d
⌈d2αs⌉,1

)4
])

. (4.27)
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Case 3 If |Xd
⌊d2αt⌋,1| < σ2m

d r/2 and |Xd
⌊d2αs⌋,1| < σ2m

d r/2, then

Ld
t − Ld

s = Xd
⌊d2αt⌋,1 + (d2αt−

⌊
d2αt

⌋
)
(
σdZ

d
⌈d2αt⌉,1 −

1
σ

2(m−1)
d r

Xd
⌊d2αt⌋,1

)
1Ad

⌈d2αt⌉

−Xd
⌈d2αs⌉,1 + (

⌈
d2αs

⌉
− d2αs)

(
σdZ

d
⌈d2αs⌉,1 −

1
σ

2(m−1)
d r

Xd
⌊d2αs⌋,1

)
1Ad

⌈d2αs⌉
.

Using the boundedness of moments of Gaussian distributions and of Xd
⌊d2αt⌋,1, X

d
⌊d2αs⌋,1,

we have

E
[
(Ld

t − Ld
s)4
]
≤ C

(
(t− s)2 + E

[(
Xd

⌊d2αt⌋,1 −X
d
⌈d2αs⌉,1

)4
])

. (4.28)

Putting (4.26), (4.27) and (4.28) together and using Lemma 1 below we obtain

E
[(
Ld

t − Ld
s

)4
]
≤ C

(t− s)2 +
4∑

p=2

(⌊
d2αt

⌋
−
⌈
d2αs

⌉)p
d2αp


≤ C(t− s)2 + C

4∑
p=2

d2αp (t− s)p

d2αp
≤ C

(
2 + t+ t2

)
(t− s)2 ,

which concludes the proof.

We are now ready to state and prove Lemma 1:

Lemma 1. There exists C > 0 such that for any k1, k2 ∈ N with 0 ≤ k1 < k2,

E
[(
Xd

k2,1 −Xd
k1,1

)4
]
≤ C

4∑
p=2

(k2 − k1)p

d2αp
,

where α = 1/3.

Proof. Recalling the definition of the proposal in (4.24) and the definition of bd in (4.20)
we can write

E
[(
Xd

k2,1 −Xd
k1,1

)4
]

= E


 k2∑

k=k1+1
σdbd

(
Xd

k−1,1, Z
d
k,1

)
1Ad

k

4
 .

Then, we expand all acceptance or rejection terms between k1 and k2 and use Hölder’s
inequality to obtain

E
[(
Xd

k2,1 −Xd
k1,1

)4
]
≤ C

σ4
dE


 k2∑

k=k1+1
bd

(
Xd

k−1,1, Z
d
k,1

)4


+σ4
dE


 k2∑

k=k1+1
bd

(
Xd

k−1,1, Z
d
k,1

)
1(Ad

k
)c

4

 .
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Using again Hölder’s inequality, for the first term we have

E


 k2∑

k=k1+1
bd

(
Xd

k−1,1, Z
d
k,1

)4
 ≤ C

E


 k2∑

k=k1+1
Zd

k,1

4


+ σ4
d

24 E


 k2∑

k=k1+1
sgn

(
Xd

k−1,1

)
1

{
|Xd

k−1,1| ≥ σ2m
d r/2

}4


+E


 k2∑

k=k1+1

1
σ2m−1

d r
Xd

k−1,11
{
|Xd

k−1,1| < σ2m
d r/2

}4



≤ C
[
3(k2 − k1)2 + 2σ4

d

24 (k2 − k1)4
]
, (4.29)

where the last line follows using the moments of Zd
k,1 and the boundedness of Xd

k−1,1 in
the set {|Xd

k−1,1| < σ2m
d r/2}.

Using a Binomial expansion of the rejection term, we obtain

E


 k2∑

k=k1+1
bd

(
Xd

k−1,1, Z
d
k,1

)
1(Ad

k)c

4
 =

∑
E

[ 4∏
i=1

bd

(
Xd

mi−1,1, Z
d
mi,1

)
1(Ad

mi
)c

]
,

(4.30)

where the sum is over the quadruplets (mi)1≤i≤4 with mi ∈ {k1 + 1, . . . , k2}.
We separate the terms in the sum according to their cardinality, let us denote, for

j ∈ {1, . . . , 4},

Ij =
{

(m1, . . . ,m4) ∈ {k1 + 1, . . . , k2}4 : # {m1, . . . ,m4} = j
}

;

and define, for any (m1, . . . ,m4) ∈ {k1 + 1, . . . , k2}4, X̃d
0 = Xd

0 and for any i ∈ {1, . . . , d},

X̃d
k+1,i = X̃d

k,i + 1{m1−1,...,m4−1}c(k)1Ãd
k+1

σdbd

(
X̃d

k,i, Z
d
k+1,i

)
,

where

Ãd
k+1 =

{
Uk+1 ≤ exp

[
d∑

i=1
ϕd

(
X̃d

k,i, Z
d
k+1,i

)]}
, (4.31)

and ϕd in (4.21). Denote by F the σ-algebra generated by the process (X̃d
k )k≥0 and observe

that on the event
4⋂

j=1

(
Ad

mj

)c
, Xd

k is equal to X̃d
k .

We consider now the terms in the sum (4.30).

191



Chapter 4. Optimal Scaling Results for a Wide Class of Proximal MALA Algorithms

(i) If (m1, . . . ,m4) ∈ I4, then the mis are all distinct and

E

 4∏
j=1

bd

(
Xd

mj−1,1, Z
d
mj ,1

)
1(

Ad
mj

)c

∣∣∣∣∣∣F
 = E

 4∏
j=1

bd

(
X̃d

mj−1,1, Z
d
mj ,1

)
1(

Ãd
mj

)c

∣∣∣∣∣∣F
 .

However, {bd(X̃d
mj−1,1, Z

d
mj ,1)1(Ãd

mj
)c}j=1,...,4 are independent conditionally on F .

Thus,

E

 4∏
j=1

bd

(
X̃d

mj−1,1, Z
d
mj ,1

)
1(

Ãd
mj

)c

∣∣∣∣∣∣F
 =

4∏
j=1

E

bd

(
X̃d

mj−1,1, Z
d
mj ,1

)
1(

Ãd
mj

)c

∣∣∣∣∣∣F


=
4∏

j=1
E

bd

(
X̃d

mj−1,1, Z
d
mj ,1

)
×
(

1− exp
(

d∑
i=1

ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

)))
+

∣∣∣∣∣∣F
 ,

by integrating the uniform variables Umj in (4.31).
Recalling the definition of bd in (4.20), we can bound the expectation above with∣∣∣∣∣∣E

bd

(
X̃d

mj−1,1, Z
d
mj ,1

){
1− exp

(
d∑

i=1
ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

))}
+

∣∣∣∣∣∣F
∣∣∣∣∣∣ (4.32)

≤
∣∣∣∣E [(σd

2 sgn
(
X̃d

mj−1,1

)
1

{
|X̃d

mj−1,1| ≥ σ2m
d r/2

}
− 1
σ2m−1

d r
X̃d

mj−1,11
{
|X̃d

mj−1,1| < σ2m
d r/2

})

×
{

1− exp
(

d∑
i=1

ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

))}
+

∣∣∣∣∣∣F
∣∣∣∣∣∣

+

∣∣∣∣∣∣E
Zd

mj ,1

{
1− exp

(
d∑

i=1
ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

))}
+

∣∣∣∣∣∣F
∣∣∣∣∣∣ .

For the first one, we use the boundedness of the sgn function and of X̃d
mj−1,1 in the

set {|X̃d
mj−1,1| ≤ σ2m

d r/2} to obtain∣∣∣∣∣∣E
σd

2 sgn
(
X̃d

mj−1,1

)
1

{
|X̃d

mj−1,1| ≥ σ2m
d r/2

}
−
X̃d

mj−1,1

σ2m−1
d r

1

{
|X̃d

mj−1,1| < σ2m
d r/2

}
×
{

1− exp
(

d∑
i=1

ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

))}
+

∣∣∣∣∣∣F
∣∣∣∣∣∣

≤ σd

2 E

∣∣∣∣∣∣
{

1− exp
(

d∑
i=1

ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

))}
+

∣∣∣∣∣∣
∣∣∣∣∣∣F
 ≤ σd

2 . (4.33)
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We can write the second term as

E

Zd
mj ,1

(
1− exp

(
d∑

i=1
ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

)))
+

∣∣∣∣∣∣F


= E

[
G
(
X̃d

mj−1,1,
d∑

i=2
ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

))∣∣∣∣∣F
]
,

where we define G(a, b) = E
[
Z (1− exp (ϕd (a, Z) + b))+

]
with Z a standard Gaus-

sian. Because the function x 7→ (1− exp(x))+ is 1-Lipschitz, we have, using Cauchy-
Schwarz and Lemma 3 in Appendix 4.10.2,∣∣∣E [Z (1− exp (ϕd (a, Z) + b))+

]
− E

[
Z (1− exp (b))+

]∣∣∣ ≤ E [|Z| |ϕd (a, Z)|]

≤ E
[
Z2
]1/2

E
[
ϕd (a, Z)2

]1/2

≤ E
[
ϕd (a, Z)2

]1/2

≤ Cd−α .

However, E
[
Z (1− exp (b))+

]
= E [Z] (1− exp (b))+ = 0, and therefore

∣∣∣∣∣E
[
G
(
X̃d

mj−1,1,
d∑

i=2
ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

))∣∣∣∣∣F
]∣∣∣∣∣ ≤ Cd−α . (4.34)

Combining equations (4.32), (4.33) and (4.34) and recalling that σd = ℓd−α, we have∣∣∣∣∣∣E
bd

(
X̃d

mj−1,1, Z
d
mj ,1

){
1− exp

(
d∑

i=1
ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

))}
+

∣∣∣∣∣∣F
∣∣∣∣∣∣ ≤ Cd−α ,

(4.35)

from which follows that

∑
(m1,...,m4)∈I4

∣∣∣∣∣E
[ 4∏

i=1
bd

(
Xd

mi−1,1, Z
d
mi,1

)
1(Ad

mi
)c

]∣∣∣∣∣ ≤ ∑
(m1,...,m4)∈I4

E

 4∏
j=1

C

dα


≤
(
k2 − k1

4

)
C

d4α
≤ C (k2 − k1)4

d4α
,

(4.36)

using that |I4| =
(k2−k1

4
)
.

(ii) If (m1, ..,m4) ∈ I3, only three of the mis take distinct values; proceeding as in case
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(i), we have∣∣∣∣∣∣E
 3∏

j=1
bd

(
Xd

mj−1,1, Z
d
mj ,1

)1+δ1,j
1(

Ad
mj

)c

∣∣∣∣∣∣F
∣∣∣∣∣∣

=
3∏

j=1

∣∣∣∣∣∣E
bd

(
X̃d

mj−1,1, Z
d
mj ,1

)1+δ1,j

{
1− exp

(
d∑

i=1
ϕd

(
X̃d

mj−1,i, Z
d
mj ,i

))}
+

∣∣∣∣∣∣F
∣∣∣∣∣∣ ,

where δ1,j denotes a Dirac’s delta. For the terms j ̸= 1, we use (4.35), while for the
term j = 1 we bound the indicator function by 1 to obtain∣∣∣∣∣∣E

 3∏
j=1

bd

(
Xd

mj−1,1, Z
d
mj ,1

)1+δ1,j
1(

Ad
mj

)c

∣∣∣∣∣∣F
∣∣∣∣∣∣

≤
∣∣∣∣E [bd

(
X̃d

m1−1,1, Z
d
m1,1

)2
∣∣∣∣F]∣∣∣∣ 3∏

j=2

C

dα

≤
(

3 + 2σ2
d

22d2α

)
C2

d2α
≤ C 1

d2α
,

where the second-to-last inequality follows using the same approach taken for (4.29)
and recalling that σd = ℓd−α. Hence,

∑
(m1,...,m4)∈I3

∣∣∣∣∣E
[ 4∏

i=1
bd

(
Xd

mi−1,1, Z
d
mi,1

)
1(Ad

mi
)c

]∣∣∣∣∣ (4.37)

≤ C
(
k2 − k1

3

)
1
d2α
≤ C (k2 − k1)3

d2α
.

(iii) If (m1, ..,m4) ∈ I2, we have two different cases: the mis take the two values twice
or three mis have the same value. For the first one, we have, bounding the indicator
function with 1,

E

E

 2∏
j=1

bd

(
Xd

mj−1,1, Z
d
mj ,1

)2
1(

Ad
mj

)c

∣∣∣∣∣∣F


≤ E

 2∏
j=1

E
[
bd

(
X̃d

mj−1,1, Z
d
mj ,1

)2
∣∣∣∣F]

 .
Since, conditionally on F , the random variables inside the expectation are nor-
mals with bounded mean and variance 1, we have, using the same approach taken
for (4.29),

E

 2∏
j=1

E
[
bd

(
X̃d

mj−1,1, Z
d
mj ,1

)2
∣∣∣∣F]

 ≤ (1 + 2σ2
d

22

)2

≤ C .
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The second case follows similarly

∣∣∣∣∣∣E
E

 2∏
j=1

bd

(
Xd

mj−1,1, Z
d
mj ,1

)1+2δ1,j
1(

Ad
mj

)c

∣∣∣∣∣∣F
∣∣∣∣∣∣

≤ E

E

 2∏
j=1

∣∣∣bd

(
X̃d

mj−1,1, Z
d
mj ,1

)∣∣∣1+2δ1,j

∣∣∣∣∣∣F
 ≤ C ,

where δ1,j denotes a Dirac’s delta. Therefore,

∑
(m1,...,m4)∈I2

∣∣∣∣∣E
[ 4∏

i=1

{
bd(Xd

mi−1,1, Z
d
mi,1

)
1(Ad

mi
)c

]∣∣∣∣∣ (4.38)

≤ C
((

4
2

)
+
(

4
3

))(
k2 − k1

2

)
≤ C(k2 − k1)2 .

(iv) If (m1, ..,m4) ∈ I1 (i.e. all mis take the same value), we bound the indicator function
by 1 and, using the same approach taken for (4.29), we find

E
[
bd

(
Xd

m1−1,1, Z
d
m1,1

)4
1(Ad

m1)c

]
≤ C

(
3 + 2σ4

d

24

)
≤ C ,

since σd = ℓd−α and d ∈ N. Hence,

∑
(m1,...,m4)∈I1

∣∣∣∣∣E
[ 4∏

i=1
bd

(
Xd

m1−1,1, Z
d
m1,1

)
1(Ad

mi
)c

]∣∣∣∣∣ ≤ C
(
k2 − k1

1

)
= C(k2 − k1) .

(4.39)

The result follows combining (4.36), (4.37), (4.38) and (4.39) in (4.30).

4.6.3 Proof of Proposition 4.6

We start by proving the following lemma.

Lemma 2. Let ν be a limit point of the sequence of laws (νd)d≥1 of {(Ld
t )t≥0 : d ∈ N∗}.

Then for any t ≥ 0, the pushforward measure of ν by Wt is πL(dx) = exp(−|x|)dx/2.
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Proof. Using (4.25), we have

E
[∣∣∣Ld

t −Xd
⌊d2αt⌋,1

∣∣∣]
≤ E

[∣∣∣∣∣(d2αt−
⌊
d2αt

⌋
)
[
σdZ

d
⌈d2αt⌉,1 −

σ2
d

2 sgn(Xd
⌊d2αt⌋,1)

]
1

{
|Xd

⌊d2αt⌋,1| ≥ σ
2m
d r/2

}
1Ad

⌈d2αt⌉

∣∣∣∣∣
]

+ E

[∣∣∣∣∣(d2αt−
⌊
d2αt

⌋
)
[
σdZ

d
⌈d2αt⌉,1 −

1
σ

2(m−1)
d r

Xd
⌊d2αt⌋,1

]
1

{
|Xd

⌊d2αt⌋,1| < σ2m
d r/2

}
1Ad

⌈d2αt⌉

∣∣∣∣∣
]

≤ (d2αt−
⌊
d2αt

⌋
)
(
σdE

[∣∣∣Zd
⌈d2αt⌉,1

∣∣∣]+ σ2
d

2 E
[∣∣∣sgn(Xd

⌊d2αt⌋,1)
∣∣∣]

+ 1
σ

2(m−1)
d r

E
[∣∣∣Xd

⌊d2αt⌋,1

∣∣∣1{|Xd
⌊d2αt⌋,1| < σ2m

d r/2
}])

≤ (d2αt−
⌊
d2αt

⌋
)
(
ℓ

dα
E
[
(Zd

⌈d2αt⌉,1)2
]1/2

+ ℓ2

2d2α
+ 1
σ

2(m−1)
d r

E

[
σ2m

d r

2

])

≤ (d2αt−
⌊
d2αt

⌋
)
(
ℓ

dα
+ ℓ2

2d2α
+ ℓ2

2d2α

)
≤ C

dα
,

where we used Cauchy-Schwarz inequality and the fact that the moments of Zd
⌈d2αt⌉,1 are

bounded. The above guarantees that,

lim
d→∞

E
[∣∣∣Ld

t −Xd
⌊d2αt⌋,1

∣∣∣] = 0 .

As (νd)d≥1 converges weakly towards ν, for any Lipschitz bounded function ψ : R→ R,

lim
d→∞

E
[
ψ
(
Xd

⌊d2αt⌋,1

)]
= lim

d→∞
E
[
ψ
(
Ld

t

)]
= Eν [ψ(Wt)] .

The result follows since Xd
⌊d2αt⌋,1 is distributed according to πL(dx) = exp(−|x|)dx/2 for

any t ≥ 0 and d ∈ N.

We are now ready to prove Proposition 4.6:

Proof of Proposition 4.6. Let ν be a limit point of (νd)d≥1. We start by showing that if
for any V ∈ C∞

c (R,R), m ∈ N, any bounded and continuous mapping ρ : Rm → R and any
0 ≤ t1 ≤ · · · ≤ tm ≤ s ≤ t, ν satisfies

Eν
[(
V (Wt)− V (Ws)−

∫ t

s
LV (Wu)du

)
ρ(Wt1 , . . . ,Wtm)

]
= 0 , (4.40)

then ν is a solution to the martingale problem associated with L.
Let Fs denote the σ-algebra generated by

{ρ(Wt1 , . . . ,Wtm) : m ∈ N, ρ : Rm → R bounded and continuous, and 0 ≤ t1 ≤ · · · ≤ tm ≤ s} .
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Then,

Eν
[
V (Wt)− V (Ws)−

∫ t

s
LV (Wu)du

∣∣∣∣Fs

]
= 0 ,

showing that the process

(
V (Wt)− V (W0)−

∫ t

0
LV (Wu)du

)
t≥0

is a martingale w.r.t. ν and the filtration (Ft)t≥0.
To prove (4.40), it is enough to show that for any V ∈ C∞

c (R,R), m ∈ N and any
bounded and continuous mapping ρ : Rm → R and any 0 ≤ t1 ≤ · · · ≤ tm ≤ s ≤ t, the
mapping

Ψs,t : w 7−→
(
V (wt)− V (ws)−

∫ t

s
LV (wu)du

)
ρ (wt1 , . . . , wtm) ,

is continuous on a ν-almost sure subset of C(R+,R). Let

W = {w ∈ C(R+,R) : wu ̸= 0 for almost any u ∈ [s, t]} .

Since w ∈Wc if and only if
∫ t

s 1{0}(wu)du > 0, using Lemma 2 and the Fubini–Tonelli’s
theorem,

Eν
[∫ t

s
1{0}(Wu)du

]
=
∫ t

s
Eν
[
1{0}(Wu)

]
du =

∫ t

s
πL({0})du = 0 ,

and we have that ν(Wc) = 0.
Since w 7→ wu is continuous for any u ≥ 0, so are w 7→ V (wu) and w 7→ ρ(wt1 , . . . , wtm).

Thus, it is enough to prove that the mapping w 7→
∫ t

s LV (wu)du is continuous. Let (wn)n≥0
be a sequence in C(R+,R) that converges to w ∈W in the uniform topology on compact
sets. Let u be such that wu ̸= 0, therefore, since the sgn function is continuous in a
neighbourhood of wu, limn→∞ LV (wn

u) = LV (wu), thus limn→∞ LV (wn
u) = LV (wu) for

almost any u ∈ [s, t]. Finally, using the boundedness of the sequence (LV (wn
u))n≥0 and

Lebesgue’s dominated convergence theorem,

lim
n→∞

∫ t

s
LV (wn

u)du =
∫ t

s
LV (wu)du ,

which proves that the mappings Ψs,t are continuous on W.
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4.6.4 Proof of Theorem 4.7

Let us introduce, for any n ∈ N, Fd
n,1 = σ({Xd

k,1, 0 ≤ k ≤ n}), the σ-algebra generated by
the first components of {Xd

k | 0 ≤ k ≤ n}. We also introduce for any V ∈ C∞
c (R,R)

Md
n(V ) = ℓ

dα

n−1∑
k=0

V ′(Xd
k,1)

×
(
bd

(
Xd

k,1, Z
d
k+1,1

)
1Ad

k+1
− E

[
bd

(
Xd

k,1, Z
d
k+1,1

)
1Ad

k+1

∣∣∣Fd
k,1

])
(4.41)

+ ℓ2

2d2α

n−1∑
k=0

V ′′(Xd
k,1)

×
(
bd

(
Xd

k,1, Z
d
k+1,1

)2
1Ad

k+1
− E

[
bd

(
Xd

k,1, Z
d
k+1,1

)2
1Ad

k+1

∣∣∣∣Fd
k,1

])
.

where bd is defined in (4.20).
The proof of Theorem 4.7 follows using the sufficient condition in Proposition 4.6, the

tightness of the sequence (νd)d≥1 established in Proposition 4.5 and Proposition 4.9 below.

Proof. Using Proposition 4.5, Proposition 4.6 and Proposition 4.9 below, it is enough to
show that for any V ∈ C∞

c (R,R),m ≥ 1, any 0 ≤ t1 ≤ · · · ≤ tm ≤ s ≤ t and any bounded
and continuous mapping ρ : Rm → R,

lim
d→∞

E
[(
Md

⌈d2αt⌉(V )−Md
⌈d2αs⌉(V )

)
ρ(Ld

t1 , ..., L
d
tm

)
]

= 0 ,

where, for any n ≥ 1, Md
n(V ) is given by (4.41). However, this is straightforwardly

obtained by taking successively the conditional expectations with respect to Fd
k,1 for k =⌈

d2αt
⌉
, . . . ,

⌈
d2αs

⌉
.

Proposition 4.9. For any 0 ≤ s ≤ t, V ∈ Cc(R,R) we have

lim
d→∞

E
[∣∣∣∣V (Ld

t

)
− V

(
Ld

s

)
−
∫ t

s
LV

(
Ld

u

)
du−

(
Md

⌈d2αt⌉ (V )−Md
⌈d2αs⌉ (V )

)∣∣∣∣] = 0 ,
(4.42)

where (Ld
t )t≥0 is defined in (4.11).

Proof. The process (Ld
t )t≥0 is piecewise linear, thus it has finite variation. For any τ ≥ 0,

we define
dLd

τ = d2ασdbd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1)

)
1Ad

⌈d2ατ⌉
dτ .

Since σd = ℓd−α with α = 1/3 and using the fundamental theorem of calculus for piecewise
C1 maps

V
(
Ld

t

)
− V

(
Ld

s

)
= ℓdα

∫ t

s
V ′
(
Ld

τ

)
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)
1Ad

⌈d2ατ⌉
dτ , (4.43)
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where bd is defined in (4.20). A Taylor expansion of V ′ with Lagrange remainder about
Xd

⌊d2ατ⌋,1 gives

V ′
(
Ld

τ

)
= V ′

(
Xd

⌊d2ατ⌋,1

)
+ ℓ

dα

(
d2ατ −

⌊
d2ατ

⌋)
V ′′
(
Xd

⌊d2ατ⌋,1

)
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)
1Ad

⌈d2ατ⌉

+ ℓ2

2d2α

(
d2ατ −

⌊
d2ατ

⌋)2
V (3) (χτ ) bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)
1Ad

⌈d2ατ⌉
,

where for any point τ ∈ [s, t], there exists χτ ∈ [Xd
⌊d2ατ⌋,1, L

d
τ ]. Substituting the above

into (4.43) we obtain

V
(
Ld

t

)
− V

(
Ld

s

)
= ℓdα

∫ t

s
V ′
(
Xd

⌊d2ατ⌋,1

)
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)
1Ad

⌈d2ατ⌉
dτ

+ ℓ2
∫ t

s

(
d2ατ −

⌊
d2ατ

⌋)
V ′′
(
Xd

⌊d2ατ⌋,1

)
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)2
1Ad

⌈d2ατ⌉
dτ (4.44)

+ ℓ3

2dα

∫ t

s

(
d2ατ −

⌊
d2ατ

⌋)2
V (3) (χτ ) bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)3
1Ad

⌈d2ατ⌉
dτ .

Since V (3) is bounded, using Fubini-Tonelli’s theorem and recalling the definition of bd

in (4.20), we have that

ℓ3

2dα
E
[∣∣∣∣∫ t

s

(
d2ατ −

⌊
d2ατ

⌋)2
V (3) (χτ ) bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)3
1Ad

⌈d2ατ⌉
dτ
∣∣∣∣]

≤ C ℓ3

2dα

∫ t

s
E

[(∣∣∣Zd
⌈d2ατ⌉,1

∣∣∣+ ℓ

2dα

)3]
dτ −→

d→∞
0 ,

since the moments of Zd
⌈d2ατ⌉,1 are bounded.

For the second term in (4.44), we observe that most of the integrand is piecewise
constant since the process Xd

⌊d2ατ⌋,1 evolves in discrete time. Then, for any integer d2αs ≤
k ≤ d2αt− 1,∫ (k+1)/d2α

k/d2α

(
d2ατ −

⌊
d2ατ

⌋)
V ′′
(
Xd

⌊d2ατ⌋,1

)
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)2
1Ad

⌈d2ατ⌉
dτ

= 1
2d2α

V ′′
(
Xd

k,1

)
bd

(
Xd

k,1, Z
d
k+1,1

)2
1Ad

k+1

= 1
2

∫ (k+1)/d2α

k/d2α
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(
Xd

⌊d2ατ⌋,1

)
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)2
1Ad
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Thus, we can write

I =
∫ t

s

(
d2ατ −

⌊
d2ατ

⌋)
V ′′
(
Xd

⌊d2ατ⌋,1

)
bd
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Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)2
1Ad

⌈d2ατ⌉
dτ

= I1 + I2 ,
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where we define

I2 := 1
2

∫ t

s
V ′′
(
Xd

⌊d2ατ⌋,1

)
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)2
1Ad

⌈d2ατ⌉
dτ ,

and

I1 :=
[∫ ⌈d2αs⌉/d2α

s
+
∫ t

⌊d2αt⌋/d2α

](
d2ατ −

⌊
d2ατ

⌋
− 1

2

)
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(
Xd

⌊d2ατ⌋,1

)
× bd

(
Xd

⌊d2ατ⌋,1, Z
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⌈d2ατ⌉,1

)2
1Ad
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dτ .

In addition, we have

I1 = 1
2d2α
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⌊
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⌉
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bd
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⌈d2αs⌉,1

)2
1Ad
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⌊
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⌋) (⌈
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)
V ′′
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)
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)2
1Ad
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,

and, since V ′′ and the moments of Zd
⌈d2αt⌉,1 are bounded, limd→∞ E [|I1|] = 0. Thus,

lim
d→∞

E
[∣∣∣V (Ld

t

)
− V

(
Ld

s

)
− Is,t

∣∣∣] = 0 ,

where

Is,t =
∫ t

s

{
ℓdαV ′

(
Xd

⌊d2ατ⌋,1

)
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)
(4.45)

+ ℓ2

2 V
′′
(
Xd

⌊d2ατ⌋,1

)
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)2
1Ad

⌈d2ατ⌉

}
dτ .

Next, we use (4.18) and write∫ t

s
LV

(
Ld

τ

)
dτ =

∫ t

s

hL(ℓ)
2

[
V ′′
(
Xd

⌊d2ατ⌋1

)
− sgn

(
Xd

⌊d2ατ⌋,1

)
V ′
(
Xd

⌊d2ατ⌋,1

)]
dτ − T d

3 ,

(4.46)
where we define

T d
3 =

∫ t

s

(
LV

(
Xd

⌊d2ατ⌋,1

)
− LV

(
Ld

τ

))
dτ .

Finally, we write the difference Md
⌈d2αt⌉(V )−Md

⌈d2αs⌉(V ) as the integral of a piecewise
constant function

Md
⌈d2αt⌉(V )−Md

⌈d2αs⌉(V ) = Is,t (4.47)

−
∫ t

s

(
ℓdαV ′

(
Xd

⌊d2ατ⌋,1

)
E
[
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]
+ℓ2

2 V
′′
(
Xd

⌊d2ατ⌋,1

)
E
[
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)2
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

])
dτ

− T d
4 − T d

5 ,
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where T d
4 and T d

5 account for the difference between the sum in (4.41) and the integral,
and are defined as

T d
4 = − ℓ

dα

(⌈
d2αt

⌉
− d2αt

)
V ′
(
Xd

⌊d2αt⌋,1

){
bd

(
Xd

⌊d2αt⌋,1, Z
d
⌈d2αt⌉,1

)
1Ad

⌈d2αt⌉

−E
[
bd

(
Xd

⌊d2αt⌋,1, Z
d
⌈d2αt⌉,1

)
1Ad

⌈d2αt⌉

∣∣∣∣Fd
⌊d2αt⌋,1

]}
− ℓ2

2d2α

(⌈
d2αt

⌉
− d2αt

)
V ′′
(
Xd

⌊d2αt⌋,1

){
bd

(
Xd

⌊d2αt⌋,1, Z
d
⌈d2αt⌉,1

)2
1Ad

⌈d2αt⌉

−E
[
bd

(
Xd

⌊d2αt⌋,1, Z
d
⌈d2αt⌉,1

)2
1Ad

⌈d2αt⌉

∣∣∣∣Fd
⌊d2αt⌋,1

]}
,

and T d
5 = −T d

4 with t substituted by s. Putting (4.45), (4.46) and (4.47) together we
obtain

Is,t −
∫ t

s
LV

(
Ld

τ

)
dτ −

(
Md

⌈d2αt⌉(V )−Md
⌈d2αs⌉(V )

)
= T d

1 + T d
2 + T d

3 + T d
4 + T d

5 ,

where T d
1 takes into account all the terms involving V ′(Xd

⌊d2ατ⌋,1), and T d
2 the terms in-

volving V ′′(Xd
⌊d2ατ⌋,1):

T d
1 =

∫ t

s
V ′
(
Xd

⌊d2ατ⌋,1

)
×
{
ℓdαE

[
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]
+ hL(ℓ)

2 sgn
(
Xd

⌊d2ατ⌋,1

)}
dτ ,

T d
2 =

∫ t

s
V ′′
(
Xd

⌊d2ατ⌋,1

)
×
{
ℓ2

2 E
[
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)2
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]
− hL(ℓ)

2

}
dτ .

To obtain (4.42) it is then sufficient to prove that for any 1 ≤ i ≤ 5, limd→∞ E
[∣∣∣T d

i

∣∣∣] = 0.
Since V ′, V ′′ are bounded and bd is bounded in expectation because the moments of

Zd
⌈d2ατ⌉,1 are bounded, it is easy to show that limd→∞ E

[∣∣∣T d
i

∣∣∣] = 0 for i = 4, 5. For T d
3 , we

write T d
3 = hL(ℓ)(T d

3,1 − T d
3,2)/2, where

T d
3,1 =

∫ t

s

{
V ′′
(
Xd

⌊d2ατ⌋,1

)
− V ′′

(
Ld

τ

)}
dτ ,

T d
3,2 =

∫ t

s

{
sgn

(
Xd

⌊d2ατ⌋,1

)
V ′
(
Xd

⌊d2ατ⌋,1

)
− sgn

(
Ld

τ

)
V ′
(
Ld

τ

)}
dτ .

Using Fubini-Tonelli’s theorem, the convergence of Xd
⌊d2ατ⌋,1 to Ld

τ in Lemma 2 and
Lebesgue’s dominated convergence theorem we obtain

E
[∣∣∣T d

3,1

∣∣∣] ≤ ∫ t

s
E
[∣∣∣V ′′

(
Xd

⌊d2ατ⌋,1

)
− V ′′

(
Ld

τ

)∣∣∣] dτ −→
d→∞

0 .
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We can further decompose T d
3,2 as

T d
3,2 =

∫ t

s

{
sgn

(
Xd

⌊d2ατ⌋,1

)
− sgn

(
Ld

τ

)}
V ′
(
Xd

⌊d2ατ⌋,1

)
dτ

+
∫ t

s
sgn

(
Ld

τ

){
V ′
(
Xd

⌊d2ατ⌋,1

)
− V ′

(
Ld

τ

)}
dτ .

Proceeding as for T d
3,1, it is easy to show that the second integral converges to 0 as d→∞.

We then bound the first integral by

E
[∣∣∣∣∫ t

s

{
sgn

(
Xd

⌊d2ατ⌋,1

)
− sgn

(
Ld

τ

)}
V ′
(
Xd

⌊d2ατ⌋,1

)
dτ
∣∣∣∣]

≤ C
∫ t

s
E
[∣∣∣sgn

(
Xd

⌊d2ατ⌋,1

)
− sgn

(
Ld

τ

)∣∣∣] dτ .

However, since {sgn(Xd
⌊d2ατ⌋,1) ̸= sgn(Ld

τ )} ⊂ {sgn(Xd
⌊d2ατ⌋,1) ̸= sgn(Xd

⌈d2ατ⌉,1)}, using
Lemma 4 in Appendix 4.10.3 we have that

E
[∣∣∣sgn

(
Xd

⌊d2ατ⌋,1

)
− sgn

(
Ld

τ

)∣∣∣] = 2E
[
1

{
sgn

(
Xd

⌊d2ατ⌋,1

)
̸= sgn

(
Ld

τ

)}]
= 2E

[
1

{
sgn

(
Xd

⌊d2ατ⌋,1

)
̸= sgn

(
Xd

⌈d2ατ⌉,1

)}]
−→
d→∞

0 .

The above and the dominated converge theorem show that

E
[∣∣∣∣∫ t

s

{
sgn

(
Xd

⌊d2ατ⌋,1

)
− sgn

(
Ld

τ

)}
V ′
(
Xd

⌊d2ατ⌋,1

)
dτ
∣∣∣∣] −→d→∞

0 .

Consider then T d
1 , recalling that the derivatives of V are bounded, we have

E
[∣∣∣T d

1

∣∣∣] ≤ ∫ t

s
CE

[∣∣∣∣ℓdαE
[
bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]
+ hL(ℓ)

2 sgn
(
Xd

⌊d2ατ⌋,1

)∣∣∣∣∣
]

dτ

≤
∫ t

s
C
{

E
[∣∣∣D(1)

1,τ

∣∣∣]+ E
[∣∣∣D(1)

2,τ

∣∣∣]}dτ ,

where we define

D
(1)
1,τ = ℓdαE

[
Zd

⌈d2ατ⌉,11Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]
,

D
(1)
2,τ = hL(ℓ)

2 sgn
(
Xd

⌊d2ατ⌋,1

)
− ℓdα

(
σd

2 sgn(Xd
⌊d2ατ⌋,1)1|Xd

⌊d2ατ⌋,1
|≥σ2m

d
r/2 + 1

σ2m−1
d r

Xd
⌊d2ατ⌋,11|Xd

⌊d2ατ⌋,1
|<σ2m

d
r/2

)

× E
[
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]
.
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Let us start with D
(1)
1,τ :

D
(1)
1,τ = ℓdαE

[
Zd

⌈d2ατ⌉,1

(
1 ∧ exp

{
d∑

i=1
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

)})∣∣∣∣∣Fd
⌊d2ατ⌋,1

]
,

where ϕd is given in (4.21). Then, by independence of the components of Zd
⌈d2ατ⌉, we have

E

[
Zd

⌈d2ατ⌉,1

(
1 ∧ exp

{
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

)})∣∣∣∣∣Fd
⌊d2ατ⌋,1

]

= E
[
Zd

⌈d2ατ⌉,1

]
E

[
1 ∧ exp

{
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

)}∣∣∣∣∣Fd
⌊d2ατ⌋,1

]
= 0 .

This allows us to write

E
[
|D(1)

1,τ |
]
≤ ℓdαE

[
|Zd

⌈d2ατ⌉,1|∣∣∣∣∣1 ∧ exp
{

d∑
i=1

ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

)}
− 1 ∧ exp

{
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

)}∣∣∣∣∣
]
.

However, x 7→ 1 ∧ exp(x) is a 1-Lipschitz function, thus

E
[
|D(1)

1,τ |
]
≤ ℓdαE

[
|Zd

⌈d2ατ⌉,1|
∣∣∣ϕd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)∣∣∣] ,
and D

(1)
1,τ → 0 as d→∞ by Lemma 5 in Appendix 4.10.3.

For D(1)
2,τ , we observe that

− σd

2 1|Xd

⌊d2ατ⌋,1
|<σ2m

d
r/2 ≤

1
σ2m−1r

Xd
⌊d2ατ⌋,11|Xd

⌊d2ατ⌋,1
|<σ2m

d
r/2 ≤

σd

2 1|Xd

⌊d2ατ⌋,1
|<σ2m

d
r/2 .

(4.48)

Distinguishing between Xd
⌊d2ατ⌋,1 < 0 and Xd

⌊d2ατ⌋,1 ≥ 0, it follows that

|D(1)
2,τ | ≤

∣∣∣sgn
(
Xd

⌊d2ατ⌋,1

)∣∣∣
×
∣∣∣∣∣hL(ℓ)

2 − ℓdα
(
σd

2 1|Xd

⌊d2ατ⌋,1
|≥σ2m

d
r/2 + σd

2 1|Xd

⌊d2ατ⌋,1
|<σ2m

d
r/2

)
E
[
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]∣∣∣∣∣
≤ 1

2

∣∣∣∣hL(ℓ)− ℓ2E
[
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2αr⌋,1⌋

]∣∣∣∣ ,
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where we recall that σd = ℓd−α with α = 1/3. Using the triangle inequality we obtain

2E
[
|D(1)

2,τ |
]
≤ E

[∣∣∣∣∣hL(ℓ)− ℓ2E

[
1 ∧ exp

(
d∑

i=1
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

))∣∣∣∣∣Fd
⌊d2ατ⌋,1

]∣∣∣∣∣
]

≤ E

[∣∣∣∣∣hL(ℓ)− ℓ2E

[
1 ∧ exp

(
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

))∣∣∣∣∣Fd
⌊d2ατ⌋,1

]∣∣∣∣∣
]

+ ℓ2E

[∣∣∣∣∣1 ∧ exp
(

d∑
i=2

ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

))
− 1 ∧ exp

(
d∑

i=1
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

))∣∣∣∣∣
]
,

where we used Jensen’s inequality to remove the conditional expectation in the last term.
Recalling that x 7→ 1 ∧ exp(x) is 1-Lipschitz, we can then bound the second term

ℓ2E

[∣∣∣∣∣1 ∧ exp
(

d∑
i=2

ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

))
− 1 ∧ exp

(
d∑

i=1
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

))∣∣∣∣∣
]

≤ ℓ2E
[∣∣∣ϕd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)∣∣∣] , (4.49)

≤ ℓ2E
[
ϕd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)2
]1/2

,

where the final expectation converges to zero as d → ∞ by Proposition 4.23. For the
remaining term in D

(1)
2,τ , since (Xd

⌊d2ατ⌋,i, Z
d
⌊d2ατ⌋,i)2≤i≤n is independent of Fd

⌊d2ατ⌋,1, we
have

ℓ2E

[
1 ∧ exp

(
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

))∣∣∣∣∣Fd
⌊d2ατ⌋,1

]

= ℓ2E

[
1 ∧ exp

(
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

))]
,

and, using again the fact that x 7→ 1 ∧ exp(x) is 1-Lipschitz, we have∣∣∣∣∣hL(ℓ)− ℓ2E

[
1 ∧ exp

(
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

))]∣∣∣∣∣
≤
∣∣∣∣∣hL(ℓ)− ℓ2E

[
1 ∧ exp

(
d∑

i=1
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

]))∣∣∣∣∣
+ ℓ2E

[∣∣∣ϕd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)∣∣∣] .
The last term goes to 0 as shown in (4.49), and, as hL(ℓ) = ℓ2aL(ℓ), with

aL(ℓ) = lim
d→∞

E

[
1 ∧ exp

(
d∑

i=1
ϕd,i

)]
,
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by Theorem 4.4, we obtain

lim
d→∞

∣∣∣∣∣hL(ℓ)− ℓ2E

[
1 ∧ exp

(
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

))∣∣∣∣∣
]

= 0 ,

showing that D(1)
2,τ → 0 as d → ∞. To obtain convergence of T d

1 , we observe that for
any τ ∈ [s, t], D(1)

1,τ and D
(1)
2,τ follow the same distributions as D(1)

1,s and D
(1)
2,s , since for any

k ∈ N, Xd
k has distribution πL

d . Therefore, the convergence towards zero of E[|D(1)
1,τ |] and

E[|D(1)
2,τ |] is uniform for τ ∈ [s, t], which gives us T d

1 → 0 as d→∞.
Finally, consider T d

2 . Using analogous arguments to those used for T d
1 , we obtain

E
[
|T d

2 |
]
≤ C

∫ t

s

ℓ2

2 E
[∣∣∣∣E [bd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)2
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]
− aL(ℓ, r)

∣∣∣∣]dτ

≤ C
∫ t

s

ℓ2

2
{

E
[
|D(2)

1,τ |
]

+ E
[
|D(2)

2,τ |
]

E
[
|D(2)

3,τ |
]}

dτ ,

where we define

D
(2)
1,τ = E

[(
Zd

⌈d2ατ⌉,1

)2
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]
− aL(ℓ, r) ,

D
(2)
2,τ =

(
σd

2 sgn(Xd
⌊d2ατ⌋,1)1{|Xd

⌊d2ατ⌋,1| ≥ σ
2m
d r/2}

+ 1
σ2m−1

d r
Xd

⌊d2ατ⌋,11{|X
d
⌊d2ατ⌋,1| < σ2m

d r/2}
)2

× E
[
1Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]
,

D
(2)
3,τ = 2

(
σd

2 sgn(Xd
⌊d2ατ⌋,1)1{|Xd

⌊d2ατ⌋,1| ≥ σ
2m
d r/2}

+ 1
σ2m−1

d r
Xd

⌊d2ατ⌋,11{|X
d
⌊d2ατ⌋,1| < σ2m

d r/2}
)

E
[
Zd

⌈d2ατ⌉,11Ad

⌈d2ατ⌉

∣∣∣∣Fd
⌊d2ατ⌋,1

]
.

Using (4.48), Cauchy-Schwarz’s inequality and the fact that the moments of Zd
⌈d2ατ⌉,1 are

bounded we have

E
[
|D(2)

2,τ |
]
≤ σ2

d

4 −→
d→∞

0 , E
[
|D(2)

3,τ |
]
≤ Cσd −→

d→∞
0 ,

since σd = ℓd−α with α = 1/3. The remaining term is bounded similarly to D(1)
2,τ , using

the fact that x 7→ 1 ∧ exp(x) is 1-Lipschitz, we have

E
[
|D(2)

3,τ |
]

≤ E

[∣∣∣∣∣E
[(
Zd

⌈d2ατ⌉,1

)2
(

1 ∧ exp
(

d∑
i=2

ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

)))∣∣∣∣∣Fd
⌊d2ατ⌋,1

]
− aL(ℓ, r)

∣∣∣∣∣
]

+ E
[(
Zd

⌈d2ατ⌉,1

)2 ∣∣∣ϕd

(
Xd

⌊d2ατ⌋,1, Z
d
⌈d2ατ⌉,1

)∣∣∣] .
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The second expectation is bounded as (4.49) using Cauchy-Schwarz’s inequality and Propo-
sition 4.23. For the first expectation, we use the conditional independence of the compo-
nents of Zd

⌈d2ατ⌉ and write

E

[(
Zd

⌈d2ατ⌉,1

)2
(

1 ∧ exp
(

d∑
i=2

ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

)))∣∣∣∣∣Fd
⌊d2ατ⌋,1

]

= E
[(
Zd

⌈d2ατ⌉,1

)2
]

E

[(
1 ∧ exp

(
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

)))]

= E

[(
1 ∧ exp

(
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

)))]
.

It follows that E[|D(2)
3,τ |]→ 0 as d→∞ since, by Theorem 4.4,∣∣∣∣∣E

[(
1 ∧ exp

(
d∑

i=2
ϕd

(
Xd

⌊d2ατ⌋,i, Z
d
⌈d2ατ⌉,i

)))]
− aL(ℓ, r)

∣∣∣∣∣→ 0 .

Combining the results for T d
i , i = 1, . . . , 5 we obtain the result.
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4.7 Proof of Theorem 4.1

The proof of Theorem 4.1 follows that of [RR98b, Theorem 1, Theorem 2] and consists
of four propositions showing convergence of the log-acceptance probability to a normal
random variable and (weak) convergence of the process (4.11) to a Langevin diffusion.

We start by recalling and defining a number of quantities that we will use in the
following proofs. Recall that σd = ℓ/dα, that λd = σ2m

d r/2 where m ≥ 1/2 and r > 0
are to be chosen according to the different cases in Theorem 4.1. Recalling the expression
of the proposal given in (4.9) and using the simplification given in (4.10), we define the
proposal with starting point xd ∈ Rd,

yd(xd, zd) = xd − σ2
d

2 ∇G
(

proxσ2m
d r/2

G (xd)
)

+ σdzd ,
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where zd ∈ Rd. Since G(xd) = ∑d
i=1 g(xd

i ), the i-th component of the proposal only
depends on the i-th components of xd and zd. Thus, for any x, z ∈ R we denote

yd(x, z) = x− σ2
d

2 g
′
(

proxσ2m
d r/2

g (x)
)

+ σdz .

The proposal for the chain (Xd
k )k≥0 is then given by Y d

k = yd(Xd
k , Z

d
k+1) = (yd(Xd

k,i, Z
d
k+1,i))i∈{1,...,d}.

Let us define the generator of the discrete process (Xd
k )k≥0 for all V ∈ C∞

c (Rd,R), i.e.
infinitely differentiable R-valued multivariate functions with compact support, and any
xd ∈ Rd,

LdV (xd) = d2αE

[[
V (yd(xd, Zd

1 ))− V (xd)
] πd(yd(xd, Zd

1 ))qd(yd(xd, Zd
1 ),xd)

πd(xd)qd(xd,yd(xd, Zd
1 ))

∧ 1
]

= d2αE

[[
V (yd(xd, Zd

1 ))− V (xd)
] d∏

i=1
exp

(
ϕd(xd

i , Z
d
1,i)
)
∧ 1
]
,

where the expectation is w.r.t. Zd
1 = (Zd

1,i)i∈{1,...,d}, a d-dimensional standard normal
random variable, and where we defined

ϕd(x, z) = log π(yd(x, z))q(yd(x, z), x)
π(x)q(x, yd(x, z)) (4.50)

= g(x)− g(yd(x, z)) + log q(yd(x, z), x)− log q(x, yd(x, z)) .

In the remainder we will work with one-dimensional functions V ∈ C∞
c (R,R) applied to

the first component of xd so that

LdV (xd) = d2αE

[[
V (yd(xd

1, Z
d
1,1))− V (xd

1)
] πd(yd(xd, Zd

1 ))qd(yd(xd, Zd
1 ),xd)

πd(xd)qd(xd,yd(xd, Zd
1 ))

∧ 1
]

= d2αE

[[
V (yd(xd

1, Z
d
1,1))− V (xd

1)
] d∏

i=1
exp

(
ϕd

(
xd

i , Z
d
1,i

))
∧ 1
]
. (4.51)

We also define L̃d to be a variant of Ld in which the first component of the acceptance
ratio is omitted:

L̃dV (xd) = d2αE

[[
V (yd(xd

1, Z
d
1,1))− V (xd

1)
] d∏

i=2
exp

(
ϕd

(
xd

i , Z
d
1,i

))
∧ 1
]
. (4.52)

We further define the generator of the Langevin diffusion (4.13)

LV (x) = h(ℓ, r)
2

[
V ′′(x)− g′(x)V ′(x)

]
, (4.53)

where h(ℓ, r) = ℓ2a(ℓ, r) is the speed of the diffusion and a(ℓ, r) = limd→∞ ad(ℓ, r) is given
in Theorem 4.1.

We will make use of the derivatives of g in (4.8) up to order 8, which we denote by
g′, g′′, g′′′ and g(k) for all k = 4, . . . , 8. We recall that (gλ)′ is Lipschitz continuous with
Lipschitz constant λ−1 [RW98, Proposition 12.19] and that (gλ)′(x) = λ−1(proxλ

g (x)− x),
hence proxλ

g is Lipschitz continuous with Lipschitz constant 1.
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4.7.1 Auxiliary Results for the Proof of Case (a)

First, we characterize the limit behaviour of the acceptance ratio (4.12).

Proposition 4.10. Under A18, A19 and A20, if α = 1/4, β = 1/8 and r > 0, then

(i) the log-acceptance ratio (4.50), when d→∞, satisfies the following Taylor expansion

ϕd(x, z) = d−1/2C2(x, z) + d−3/4C3(x, z) + d−1C4(x, z) + C5(x, z, σd) ,

where C2(x, z) is given in (4.57), C3 and C4 are polynomials in z and the derivatives
of g, such that E[C3(Xd

0,1, Z
d
1,1)] = 0 and E[C2(Xd

0,1, Z
d
1,1)2] = −2E[C4(Xd

0,1, Z
d
1,1)];

(ii) there exists sets Fd ⊆ Rd with d2απd(F c
d )→ 0 such that

lim
d→∞

sup
xd∈Fd

E

[∣∣∣∣∣
d∑

i=2
ϕd(xd

i , Z
d
1,i)− d−1/2

d∑
i=2

C2(xd
i , Z

d
1,i) + ℓ4K1(r)2

2

∣∣∣∣∣
]

= 0 , (4.54)

where K1(r) is given in Theorem 4.1–(a).

Proof. Take one component of the log-acceptance ratio

ϕd(x, z) = g(x)− g(yd(x, z)) + log q(yd(x, z), x)− log q(x, yd(x, z)) ,

with yd(x, z) = x − σ2
dg

′(proxσ2m
d r/2

g (x))/2 + σdz. We have that ϕd(x, z) = R1(x, z, σd) +
R2(x, z, σd), where

R1(x, z, σ) = −g
[
x− σ2

2 g
′
(
proxσ2mr/2

g (x)
)

+ σz

]
+ g(x) ,

R2(x, z, σ) = 1
2z

2 − 1
2

(
z − σ

2 g
′
(

proxσ2mr/2
g

[
x+ σz − σ2

2 g
′
[
proxσ2mr/2

g (x)
]])

−σ2 g
′
[
proxσ2mr/2

g (x)
])2

. (4.55)

Following the approach of [RR98b] we approximate ϕd(x, z) with a Taylor expansion about
σd → 0.

(i) Using a Taylor expansion of order 5, we obtain

ϕd(x, z) = d−1/2C2(x, z) + d−3/4C3(x, z) + d−1C4(x, z) + C5(x, z, σd) , (4.56)

where

C2(x, z) = ℓ2

2
(
−rzg′′(x)g′(x)

)
, (4.57)
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C3(x, z) and C4(x, z) are given in Section 4.9.1.1 and we use the integral form for
the remainder

C5(x, z, σd) =
∫ σd

0

∂5

∂σ5R(x, z, σ)
∣∣∣∣∣
σ=u

(σd − u)4

4! du ,

with u between 0 and σd and the derivatives of R1 and R2 given in Appendix 4.9.2. In
addition, integrating by parts and using the moments of Zd

1,1 we find that E[C2(Xd
0,1, Z

d
1,1)] =

E[C3(Xd
0,1, Z

d
1,1)] = 0 and

2E
[
C4(Xd

0,1, Z
d
1,1)
]

+ E
[
C2(Xd

0,1, Z
d
1,1)2

]
= 0 .

(ii) To construct the sets Fd, consider, for j = 3, 4, Fd,j = F 1
d,j ∩ F 2

d,j where we define

F 1
d,j =

{
xd ∈ Rd :

∣∣∣∣∣
d∑

i=2
E
[
Cj(xd

i , Z
d
1,i)− Cj(Xd

0,i, Z
d
1,i)
]∣∣∣∣∣ ≤ d5/8

}
,

and

F 2
d,j =

{
xd ∈ Rd :

∣∣∣∣∣
d∑

i=2
Vj(xd

i )− E
[
Vj(Xd

0,i)
]∣∣∣∣∣ ≤ d6/5

}
,

where Vj(x) := Var(Cj(x, Zd
1,1)). Using Markov’s inequality and the fact that Cj , Vj

are bounded by polynomials since g and its derivatives are bounded by polynomials,
it is easy to show that d1/2πd((F 1

d,j)c) → 0 and d1/2πd((F 2
d,j)c) → 0, from which

follows d1/2πd(F c
d,j) → 0 as d → ∞. To prove L1 convergence of Cj for j = 3, 4,

observe that

E

( d∑
i=2

Cj(xd
i , Z

d
1,i)− E

[
Cj(Xd

0,1, Z
d
1,1)
])2

=
d∑

i=2
Vj(xd

i ) +
(

d∑
i=2

E
[
Cj(xd

i , Z
d
1,i)− Cj(Xd

0,1, Z
d
1,1)
])2

,

and that, for xd ∈ Fd,j , we have

E

( d∑
i=2

Cj(xd
i , Z

d
1,i)− E

[
Cj(Xd

0,1, Z
d
1,1)
])2 ≤ E

[
Vj(xd

1)
]

(d− 1) + d6/5 + d5/4 .

Thus, the third and fourth term in the Taylor expansion (4.56) converge in L1

to 0 and −ℓ4K2
1 (r)/2 respectively. Now, consider C5(xd

i , Z
d
1,i, σd). We can bound

∂5R
∂σ5 (x, z, σ) with the derivatives of g evaluated at

x+ σ2

2 proxσ2mr/2
g (x) + σz and proxσ2mr/2

g (x) .
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Under our assumptions, the derivatives of g are bounded by polynomials M0, it
follows that there exist polynomials p of the form

A

(
1 +

[
proxσ2mr/2

g (x)
]N)(

1 + zN
) (

1 + xN
) (

1 + σN
)
,

for sufficiently large A and sufficiently large even integer N , such that∣∣∣∣∣g(k)
[
x+ σ2

2 proxσ2mr/2
g (x) + σdz

]∣∣∣∣∣ ∨ ∣∣∣g(k)
[
proxσ2mr/2

g (x)
]∣∣∣

≤ p(proxσ2mr/2
g (x), x, z, σd) .

In addition, |proxσ2mr/2
g (x)| ≤ C(1 + |x|) for some C ≥ 1, and we can bound

p(proxσ2mr/2
g (x), x, z, σ) ≤ A

(
1 + zN

) (
1 + x2N

) (
1 + σN

)
.

Therefore, we have

E
[∣∣∣C5(xd

i , Z
d
1,i, σd)

∣∣∣] ≤ AE
[
1 + (Zd

1,i)N
] (

1 + (xd
i )2N

) ∫ σd

0
(1 + uN )(σd − u)4

4! du

≤ AE
[
1 + (Zd

1,i)N
] (

1 + (xd
i )2N

)
d−5/2

≤ A
(
1 + (xd

i )2N
)
d−5/2 ,

where the last inequality follows since all the moments of Zd
1 are bounded. Let us

denote p(x) = A
(
1 + x2N

)
and

Fd,5 =
{

xd ∈ Rd :
∣∣∣∣∣d−1

d∑
i=1

p(xd
i )− E

[
p(Xd

0,i)
]∣∣∣∣∣ < 1

}
.

By Chebychev’s inequality we have πd(F c
d,5) ≤ Var(p(Xd

0,1))d−1. Additionally, for all
xd ∈ Fd,5,

d∑
i=2

E
[∣∣∣C5(xd

i , Z
d
1,i, σd)

∣∣∣] ≤ d∑
i=2

d−5/2
(
E
[
p(Xd

0,1)
]

+ d−1
)

≤ d−3/2
(
E
[
p(Xd

0,1)
]

+ 1
)
.

Finally, set Fd = ∩5
j=3Fd,j . On Fd the last three terms of (4.56) converge uniformly

in L1, and (4.54) follows using the triangle inequality.

Next, we compare the generator Ld and L̃d in (4.51) and (4.52) respectively.
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Proposition 4.11. Under A18, A19 and A20, if α = 1/4, β = 1/8 and r > 0, there
exists sets Sd ⊆ Rd with d2απd(Sc

d)→ 0 such that for any V ∈ C∞
c (R,R)

lim
d→∞

sup
xd∈Sd

∣∣∣LdV (xd)− L̃dV (xd)
∣∣∣ = 0 ,

and

lim
d→∞

sup
xd∈Sd

E

[∣∣∣∣∣
(

exp
(

d∑
i=1

ϕd(xd
i , Z

d
1,i)
)
∧ 1
)
−
(

exp
(

d∑
i=2

ϕd(xd
i , Z

d
1,i)
)
∧ 1
)∣∣∣∣∣
]

= 0 .

Proof. The function x 7→ exp(x) ∧ 1 is Lipschitz continuous with Lipschitz constant 1,
hence∣∣∣LdV (xd)− L̃dV (xd)

∣∣∣ ≤ d2αE
[∣∣∣V (yd(xd

1, Z
d
1,1)
)
− V (xd

1)
∣∣∣ |R(xd

1, Z
d
1,1, σd)|

]
,

where R(x, z, σ) = R1(x, z, σ)+R2(x, z, σ) as in (4.55). Using a Taylor expansion of order
1 about σ = 0 with integral remainder:

R(x, z, σ) = R(x, z, 0) + ∂R

∂σ
(x, z, σ)

∣∣∣∣
σ=0

σ +
∫ σ

0

∂2R

∂σ2 (x, z, σ)
∣∣∣∣∣
σ=u

(σ − u)du ,

we obtain

R(x, z, σ) =
∫ σ

0

∂2R

∂σ2 (x, z, σ)
∣∣∣∣∣
σ=u

(σ − u)du ,

where ∂2R
∂σ2 (x, z, σ) is bounded by the derivatives of g evaluated at

x+ σ2

2 proxσ2mr/2
g (x) + σz and proxσ2mr/2

g (x) .

Under our assumptions, the derivatives of g are bounded by polynomials M0, it follows
that there exist polynomials p of the form

A

(
1 +

[
proxσ2mr/2

g (x)
]N)(

1 + zN
) (

1 + xN
) (

1 + σN
)
,

for sufficiently large A and sufficiently large even integer N , such that∣∣∣∣∣g(k)
[
x+ σ2

2 proxσ2mr/2
g (x) + σz

]∣∣∣∣∣ ∨ ∣∣∣g(k)
[
proxσ2mr/2

g (x)
]∣∣∣ ≤ p(proxσ2mr/2

g (x), x, z, σ) .

Proceeding as in Proposition 4.10, we can bound

p(proxσ2mr/2
g (x), x, z, σ) ≤ A

(
1 + zN

) (
1 + x2N

) (
1 + σN

)
.
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Therefore, we have∣∣∣R (xd
1, Z

d
1,1, σd

)∣∣∣ ≤ A (1 + (Zd
1,1)N

) (
1 + (xd

1)2N
)

×
∫ σd

0
(1 + uN )(σd − u)du ≤ A

(
1 + (Zd

1,1)N
) (

1 + (xd
1)2N

) σ2
d

2 .

(4.58)

Since V ∈ C∞
c (R,R), there exists a constant C such that∣∣∣V (yd(xd

1, Z
d
1,1)
)
− V (xd

1)
∣∣∣ ≤ C ∣∣∣yd(xd

1, Z
d
1,1)− xd

1

∣∣∣
≤ C

(
σd|Zd

1,1|+
σ2

d

2

∣∣∣∣g′
(

proxσ2m
d r/2

g (xd
1)
)∣∣∣∣
)
.

Recalling that g′(proxλ
g (x)) = (gλ)′(x) with (gλ)′ Lipschitz continuous with Lipschitz con-

stant λ−1, we have ∣∣∣∣g′
(

proxσ2m
d r/2

g (xd
1)
)∣∣∣∣ ≤ 2

σ2m
d r

(1 + |xd
1|) ,

and ∣∣∣V (yd(xd
1, Z

d
1,1)
)
− V (xd

1)
∣∣∣ ≤ C (σd|Zd

1,1|+
σ2−2m

d

r

(
1 + |xd

1|
))

(4.59)

≤ Cσd

(
|Zd

1,1|+
1
r

(
1 + |xd

1|
))

,

since m = 1/2. Combining (4.58) and (4.59) we obtain

d2α
∣∣∣V (yd(xd

1, Z
d
1,1)
)
− V (xd

1)
∣∣∣ ∣∣∣R(xd

1, Z
d
1,1, σd)

∣∣∣
≤ Cσd

(
1 + (Zd

1,1)N
) (

1 + (xd
i )2N

)(
|Zd

1,1|+
1
r

(1 + |xd
1|)
)
,

for some C > 0.
Set Sd to be the set in which 1 + (xd

1)2N+1 ≤ dα/2, applying Markov’s inequality we
obtain

d2απd(Sc
d) = d2απd

((
1 + (xd

1)2N+1
)5
≥ d5α/2

)
≤ d−α/2E

[(
1 + (xd

1)2N+1
)5
]
−→
d→∞

0 .

Recalling that |Zd
1,1| and 1 + (Zd

1,1)N are bounded, we have that

sup
xd∈Sd

∣∣∣LdV (xd)− L̃dV (xd)
∣∣∣ ≤ Cdα/2 ℓ

dα
−→
d→∞

0 .

The second results follows from (4.58) using the same argument.
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The following result considers the convergence to the generator of the Langevin diffu-
sion (4.53).

Proposition 4.12. Under A18, A19 and A20, if α = 1/4, β = 1/8 and r > 0, there
exists sets Td ⊆ Rd with d2απd(T c

d )→ 0 as d→∞, such that for any V ∈ C∞
c (R,R)

lim
d→∞

sup
xd∈Td

∣∣∣∣∣d2αE
[
V
(
yd(xd

1, Z
d
1,1)
)
− V (xd

1)
]
− ℓ2

2 (V ′′(xd
1) + g′(xd

1)V ′(xd
1))
∣∣∣∣∣ = 0 .

Proof. Take

yd(xd
1, Z

d
1,1) = xd

1 + σ2
d

2 g
′
(

proxσ2m
d r/2

g (xd
1)
)

+ σdZ
d
1,1 ,

and use a Taylor expansion of order 2 of

W (x, z, σ) = V

[
x+ σ2

2 g
′
(
proxσ2mr/2

g (x)
)

+ σz

]
,

about σ = 0 with integral remainder:

W (x, z, σ) = W (x, z, 0) + ∂W

∂σ
(x, z, σ)

∣∣∣∣
σ=0

σ + 1
2
∂2W

∂σ2 (x, z, σ)
∣∣∣∣∣
σ=0

σ2

+
∫ σ

0

∂3W

∂σ3 (x, z, σ)
∣∣∣∣∣
σ=u

(σ − u)2

2 du .

Using the derivatives

W (x, z, 0) = V (x) , ∂W

∂σ
(x, z, σ)

∣∣∣∣
σ=0

= V ′(x)z ,

∂2W

∂σ2 (x, z, σ) = V ′′(x)z2 + V ′(x)g′(x) ,

and recalling that E
[
Zd

1,1

]
= 0,E

[
(Zd

1,1)2
]

= 1, we have

E
[
V
(
yd(xd

1, Z
d
1,1)
)
− V (xd

1)
]

= σ2
d

2
[
V ′′(xd

1) + V ′(xd
1)g′(xd

1)
]

+ E

[∫ σd

0

∂3W

∂σ3 (xd
1, Z

d
1,1, σ)

∣∣∣∣∣
σ=u

(σd − u)2

2 du
]
.

Proceeding as in the previous proposition, we can bound∣∣∣∣∣
∫ σd

0

∂3W

∂σ3 (xd
1, Z

d
1,1, σ)

∣∣∣
σ=u

(σd − u)2

2 du
∣∣∣∣∣ ≤ A (1 + (Zd

1,1)N
) (

1 + (xd
i )2N

)
d−3α .

Setting Td to be the set in which (1 + (xd
1)2N ) ≤ dα/2, the result follows by applying

Markov’s inequality as in Proposition 4.11.
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Before proceeding to stating and proving the last auxiliary result, let us denote by
ψ1 : R → [0,+∞) the characteristic function of the distribution N(0, ℓ4K2

1 (r)), where
K2

1 (r) is given in Theorem 4.1–(a),

ψ1(t) = exp(−t2ℓ4K2
1 (r)/2) ,

and by ψd
1(xd; t) =

∫
exp(itw)Qd

1(xd; dw) the characteristic functions associated with the
law

Qd
1(xd; ·) = L

{
d−1/2

d∑
i=2

C2(xd
i , Z

d
1,i)
}
.

Proposition 4.13. Under A18, A19 and A20, if α = 1/4, β = 1/8 and r > 0, there
exists a sequence of sets Hd ⊆ Rd such that

(i) limd→∞ d2απd(Hc
d) = 0 ,

(ii) for all t ∈ R, limd→∞ supxd∈Hd
|ψd

1(xd; t)− ψ1(t)| = 0 ,

(iii) for all bounded continuous function χ : R→ R ,

lim
d→∞

sup
xd∈Hd

∣∣∣∣∫
R
Qd

1(xd; du)χ(u)−
(
2πℓ4K2

1 (r)
)−1/2 ∫

R
χ(u)e−u2/(2ℓ4K2

1 (r))du
∣∣∣∣ = 0 ,

(iv) in particular,

lim
d→∞

sup
xd∈Hd

∣∣∣∣∣E
[
1 ∧ exp

(
d−1/2

d∑
i=2

C2(xd
i , Z

d
1,i)−

ℓ4K2
1 (r)
2

)]
− 2Φ

(
−ℓ

2K1(r)
2

)∣∣∣∣∣ = 0 ,

where Φ is the distribution function of the standard normal random variable.

Proof. (i) Define the functions hj(x) = [−g′′(x)g′(x)]j with j = 1, . . . , 4 and let Hd =
Hd,1 ∩Hd,2 where

Hd,1 =
{

xd ∈ Rd :
∣∣∣∣∣1d

d∑
i=2

hj(xd
i )−

∫
R
hj(u)π(u)du

∣∣∣∣∣ ≤ d1/3 for j = 1, . . . , 4
}
,

Hd,2 =
{

xd ∈ Rd : |hj(xd
i )| ≤ d2/3 for i = 1, . . . , d and j = 1, . . . , 4

}
.

Using Chebychev’s inequality, the fact that the derivatives of g are bounded by
polynomials and that π has finite moments, we have d1/2πd((Hd,1)c)→ 0 as d→∞.
Similarly, by Markov’s inequality we have d1/2πd((Hd,2)c)→ 0 as d→∞.
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(ii) We follow [RR98b, Lemma 3(b)] and decompose

|ψd
1(xd; t)− ψ1(t)| ≤

∣∣∣∣∣ψd
1(xd; t)−

d∏
i=2

(
1− t2

2dv(xd
i )
)∣∣∣∣∣ (4.60)

+
∣∣∣∣∣

d∏
i=2

(
1− t2

2dv(xd
i )
)
−

d∏
i=2

exp
(
−t2 v(xd

i )
2d

)∣∣∣∣∣
+
∣∣∣∣∣

d∏
i=2

exp
(
−t2 v(xd

i )
2d

)
− exp

(
−t2 ℓ

4K1(r)2

2

)∣∣∣∣∣ ,
where v(xd

i ) = Var(C2(xd
i , Z

d
1,i)) = E[C2(xd

i , Z
d
1,i)2], where the expectation is taken

w.r.t. Zd
1,i. For the first term, decompose the characteristic function ψd

1(xd; t) =∏d
i=2 θ

d
i (xd

i ; t) as the product of the characteristic functions of d−1/2Wi where we
define Wi = C2(xd

i , Z
d
1,i), using [Dur19, equation (3.3.3)] as in the proof of [Dur19,

Theorem 3.4.10] we obtain∣∣∣∣∣θd
i (xd

i ; t)−
(

1− t2

2dv(xd
i )
)∣∣∣∣∣ ≤ E

[
|t|3

d3/2
|Wi|3

3! ∧ 2|t|2
d

|Wi|2

2!

]

≤ E

[
|t|3

d3/2
|Wi|3

3! ; |Wi| ≤ d1/2ε

]
+ t2

d
E
[
|Wi|2; |Wi| > d1/2ε

]
≤ ε|t|3

6d E
[
|Wi|2

]
+ t2

ε2d2 E
[
|Wi|4

]
,

for any ε > 0. For sufficiently large d, we have that t2v(xd
i )/(2d) ≤ 1 for x ∈ Hd,2,

and we can use [Dur19, Lemma 3.4.3]∣∣∣∣∣ψd
j (xd; t)−

d∏
i=2

(
1− t2

2dv(xd
i )
)∣∣∣∣∣ ≤

d∑
i=2

(
ε|t|3

6d E
[
|Wi|2

]
+ t2

ε2d2 E
[
|Wi|4

])

≤ εℓ4|t|3

6 (K2
1 (r) +D1d

−1/3) + t2

ε2d
(E
[
|Wi|4

]
+D2ℓ

8d−1/4) ,

where the last inequality follows from the fact that xd ∈ Hd,2 and D1, D2 are positive
constants. For any δ > 0 we can chose ε small enough so that the first term in the
above is less than δ/2 and we can chose d sufficiently large to make the second term
less than δ/2. Thus, for any δ > 0 we can find ε > 0 and d ∈ N such that∣∣∣∣∣ψd

1(xd; t)−
d∏

i=2

(
1− t2

2dv(xd
i )
)∣∣∣∣∣ < δ ,

the uniform convergence then follows. The second term in (4.60) converges to 0
uniformly for all xd ∈ Hd,1; while for the third term in (4.60) we use again [Dur19,
Lemma 3.4.3]∣∣∣∣∣

d∏
i=2

exp
(
−t2 v(xd

i )
2d

)
− exp

(
−t2 ℓ

4K1(r)2

2

)∣∣∣∣∣ ≤
d∑

i=2

t4v(xd
i )2

4d2 ,
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which goes to zero when d→∞, for all xd ∈ Hd,2. The result then follows.

(iii) Let χ : R → R be a bounded and continuous function. Define the sequence {xd :
d ∈ N∗}, where, for any d ∈ N∗, xd ∈ Hd satisfies,

sup
yd∈Hd

∣∣∣∣∫
R
Qd

1(yd
i ; du)χ(u)−

(
2πℓ4K2

1 (r)
)−1/2 ∫

R
χ(u)e−u2/(2ℓ4K2

1 (r))du
∣∣∣∣

≤
∣∣∣∣∫

R
Qd

1(xd
i ; du)χ(u)−

(
2πℓ4K2

1 (r)
)−1/2 ∫

R
χ(u)e−u2/(2ℓ4K2

1 (r))du
∣∣∣∣+ d−1 .

Then, using (ii) and Lévy’s continuity theorem (e.g. [Shi96, Theorem 1, page 322]),
we obtain

lim
d→∞

∣∣∣∣∫
R
Qd

1(xd
i ; du)χ(u)−

(
2πℓ4K2

1 (r)
)−1/2 ∫

R
χ(u)e−u2/(2ℓ4K2

1 (r))du
∣∣∣∣ = 0 .

Combining this limit with the definition of the sequence {xd : d ∈ N∗}, we conclude
the proof.

(iv) This statement follows directly from (iii) and [RGG97b, Proposition 2.4].

4.7.2 Auxiliary Results for the Proof of Case (b)

First, we characterize the limit behaviour of the acceptance ratio (4.12). The following
result is an extension of [RR98b, Lemma 1].

Proposition 4.14. Under A18, A19, A20 and A21, if α = 1/6, β = 1/6 and r > 0,
then

(i) the log-acceptance ratio (4.50), when d→∞, satisfies the following Taylor expansion

ϕd(x, z) = d−1/2C3(x, z) + d−2/3C4(x, z)
+ d−5/6C5(x, z) + d−1C6(x, z) + C7(x, z, σd) ,

where C3 is given in (4.61), C4, C5, C6 are polynomials in z and the derivatives of g,
such that E[Cj(Xd

0,1, Z
d
1,1)] = 0 for j = 3, 4, 5 and E[C3(Xd

0,1, Z
d
1,1)2] = −2E[C6(Xd

0,1, Z
d
1,1)],

(ii) there exists sets Fd ⊆ Rd with d2απd(F c
d )→ 0 such that

lim
d→∞

sup
xd∈Fd

E

[∣∣∣∣∣
d∑

i=2
ϕd(xd

i , Z
d
1,i)− d−1/2

d∑
i=2

C3(xd
i , Z

d
1,i) + ℓ6K2(r)2

2

∣∣∣∣∣
]

= 0 ,

where K2(r) is given in Theorem 4.1–(b).
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Proof. Take one component of the log-acceptance ratio

ϕd(x, z) = g(x)− g(yd(x, z)) + log q(yd(x, z), x)− log q(x, yd(x, z)) ,

with yd(x, z) = x− σ2
dg

′(proxσ2m
d r/2

g (x)) + σdz. Proceeding as in the proof for case (a), we
have that ϕd(x, z) = R1(x, z, σd)+R2(x, z, σd) where R1, R2 are given in (4.55). Following
the approach of [RR98b] we approximate ϕd(x, z) with a Taylor expansion about σd = 0.

(i) Using a Taylor expansion of order 7, we find that

ϕd(x, z) = d−1/2C3(x, z) + d−2/3C4(x, z) + d−5/6C5(x, z)
+ d−1C6(x, z) + C7(x, z, σd) ,

where

C3(x, z) = ℓ3

6

(1
2g

′′′(x)z3 − 3
2g

′′(x)g′(x)z (1 + 2r)
)
, (4.61)

C4(x, z), C5(x, z) and C6(x, z) are given in Section 4.9.1.2 and integral form of the
remainder

C7(x, z, σd) =
∫ σd

0

∂7

∂σ7R(x, z, σ)
∣∣∣∣∣
σ=u

(σd − u)6

6! du ,

with u between 0 and σd and the derivatives ofR1 andR2 are given in Appendix 4.9.2.
In addition, integrating by parts and using the moments of the standard normal Zd

1,1,
we find that E[C3(Xd

0,1, Z
d
1,1)] = E[C4(Xd

0,1, Z
d
1,1)] = E[C5(Xd

0,1, Z
d
1,1)] = 0 and

E
[
C6(Xd

0,1, Z
d
1,1)
]

= − ℓ
6

16
(
r + 2r2

)
E
[(
g′′(Xd

0,1)g′(Xd
0,1)
)2
]

− ℓ6

16

(1
2 + r

)
E
[
g′′(Xd

0,1)3
]
− 5ℓ6

96 E
[
g′′′(Xd

0,1)2
]
,

which shows that E[C3(Xd
0,1, Z

d
1,1)2 + 2C6(Xd

0,1, Z
d
1,1)] = 0.

(ii) The proof of this result follows using the same steps as case (a) and is analogous to
that of [RR98b, Lemma 1].

Next, we compare the generator Ld and L̃d in (4.51) and (4.52) respectively, extending
[RR98b, Theorem 3].

Proposition 4.15. Under A18, A19, A20 and A21, if α = 1/6, β = 1/6 and r > 0,
there exists sets Sd ⊆ Rd with d2απd(Sc

d)→ 0 such that for any V ∈ C∞
c (R,R)

lim
d→∞

sup
xd∈Sd

∣∣∣LdV (xd)− L̃dV (xd)
∣∣∣ = 0 ,
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and

lim
d→∞

sup
xd∈Sd

E

[∣∣∣∣∣
(

exp
(

d∑
i=1

ϕd(xd
i , Z

d
1,i)
)
∧ 1
)
−
(

exp
(

d∑
i=2

ϕd(xd
i , Z

d
1,i)
)
∧ 1
)∣∣∣∣∣
]

= 0 .

Proof. Proceeding as in Proposition 4.11, for any V ∈ C∞
c (R,R), there exists a constant

C such that∣∣∣V (yd(xd
1, Z

d
1,1)
)
− V (xd

1)
∣∣∣ ≤ C ∣∣∣yd(xd

1, Z
d
1,1)− xd

1

∣∣∣
≤ C

(
σd|Zd

1,1|+
σ2

d

2

∣∣∣∣g′
(

proxσ2m
d r/2

g (xd
1)
)∣∣∣∣
)
.

Under A21, g′ is Lipschitz continuous and we have, for some C ≥ 1,∣∣∣∣g′
(

proxσ2m
d r/2

g (xd
1)
)∣∣∣∣ ≤ C (1 +

∣∣∣∣proxσ2m
d r/2

g (xd
1)
∣∣∣∣) ≤ C(1 + |xd

1|),

where we used the fact that proxλ
g is 1-Lipschitz continuous for all λ > 0. The result then

follows similarly to Proposition 4.11 and [RR98b, Theorem 3].

The following result considers the convergence to the generator of the Langevin diffu-
sion (4.53) and is a generalization of [RR98b, Lemma 2].

Proposition 4.16. Under A18, A19, A20 and A21, if α = 1/6, β = 1/6 and r > 0,
there exists sets Td ⊆ Rd with d2απd(T c

d )→ 0 as d→∞ such that for any V ∈ C∞
c (R,R)

lim
d→∞

sup
xd∈Td

∣∣∣∣∣d2αE
[
V
(
yd(xd

1, Z
d
1,1)
)
− V (xd

1)
]
− ℓ2

2 (V ′′(xd
1) + g′(xd

1)V ′(xd
1))
∣∣∣∣∣ = 0 .

Proof. The proof is identical to that of Proposition 4.12.

Before proceeding to stating and proving the last auxiliary result, let us denote by
ψ2 : R → [0,+∞) the characteristic function of the distribution N(0, ℓ6K2

2 (r)), where
K2

2 (r) is given in Theorem 4.1–(b),

ψ2(t) = exp(−t2ℓ6K2
2 (r)/2) ,

and by ψd
2(xd; t) =

∫
exp(itw)Qd

2(xd; dw) the characteristic functions associated with the
law

Qd
2(xd; ·) = L

{
d−1/2

d∑
i=2

C3(xd
i , Z

d
1,i)
}
.

The following result extends [RR98b, Lemma 3].

Proposition 4.17. Under A18, A19, A20 and A21, if α = 1/6, β = 1/6 and r > 0,
there exists a sequence of sets Hd ⊆ Rd such that
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(i) limd→∞ d2απd(Hc
d) = 0 ,

(ii) for all t ∈ R, limd→∞ supxd∈Hd
|ψd

2(xd; t)− ψ2(t)| = 0 ,

(iii) for all bounded continuous function χ : R→ R ,

lim
d→∞

sup
xd∈Hd

∣∣∣∣∫
R
Qd

2(xd; du)χ(u)−
(
2πℓ6K2

2 (r)
)−1/2 ∫

R
χ(u)e−u2/(2ℓ6K2

2 (r))du
∣∣∣∣ = 0 ,

(iv) in particular,

lim
d→∞

sup
xd∈Hd

∣∣∣∣∣E
[
1 ∧ exp

(
d−1/2

d∑
i=2

C3(xd
i , Z

d
1,i)−

ℓ6K2
2 (r)
2

)]
− 2Φ

(
−ℓ

3K2(r)
2

)∣∣∣∣∣ = 0 ,

where Φ is the distribution function of the standard normal random variable.

Proof. (i) The proof is analogous to that of Proposition 4.13 and follows the same steps
of that of [RR98b, Lemma 3(a)].

(ii) The proof is analogous to that of Proposition 4.13 and follows the same steps of that
of [RR98b, Lemma 3(b)].

(iii) Following the steps of (iii) in Proposition 4.13 and the Lévy’s continuity Theorem
(e.g. [Shi96, Theorem 1, page 322]) bring the result.

(iv) This statement follows directly from (iii) and [RGG97b, Proposition 2.4].

4.7.3 Auxiliary Results for the Proof of Case (c)

First, we characterize the limit behaviour of the acceptance ratio (4.12).

Proposition 4.18. Under A18, A19, A20 and A21 and, if α = 1/6, β = m/6 for m > 1
and r > 0, then

(i) the log-acceptance ratio (4.50), when d→∞, satisfies the following Taylor expansion

ϕd(x, z) = d−1/2C3(x, z) + d−2/3C4(x, z)
+ d−5/6C5(x, z) + d−1C6(x, z) + C7(x, z, σd) ,

where C3 is given in (4.61), C4, C5, C6 are polynomials in z and the derivatives of g,
such that E[Cj(Xd

0,1, Z
d
1,1)] = 0 for j = 3, 4, 5 and E[C3(Xd

0,1, Z
d
1,1)2] = −2E[C6(Xd

0,1, Z
d
1,1)],

(ii) there exists sets Fd ⊆ Rd with d2απd(F c
d )→ 0 such that

lim
d→∞

sup
xd∈Fd

E

[∣∣∣∣∣
d∑

i=2
ϕd(xd

i , Z
d
1,i)− d−1/2

d∑
i=2

C3(xd
i , Z

d
1,i) + ℓ6K2

2 (0)
2

∣∣∣∣∣
]

= 0 ,

where K2 is given in Theorem 4.1–(b).
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Proof. Take one component of the log-acceptance ratio

ϕd(x, z) = g(x)− g(yd(x, z)) + log q(yd(x, z), x)− log q(x, yd(x, z)) ,

with yd(x, z) = x− σ2
dg

′(proxσ2m
d r/2

g (x)) + σdz. Proceeding as in the proof for case (a), we
have that ϕd(x, z) = R1(x, z, σd)+R2(x, z, σd) where R1, R2 are given in (4.55). Following
the approach of [RR98b] we approximate ϕd(x, z) with a Taylor expansion about σd = 0.

(i) Using a Taylor expansion of order 7, we find that

ϕd(x, z) = d−1/2C3(x, z) + d−2/3C4(x, z) + d−5/6C5(x, z)
+ d−1C6(x, z) + C7(x, z, σd) ,

where

C3(x, z) = ℓ3

6

(1
2g

′′′(x)z3 − 3
2g

′′(x)g′(x)z
)
,

C4(x, z), C5(x, z) and C6(x, z) are given in Section 4.9.1.3 and integral form of the
remainder

C7(x, z, σd) =
∫ σd

0

∂7

∂σ7R(x, z, σ)
∣∣∣∣∣
σ=u

(σd − u)6

6! du ,

with u between 0 and σd and the derivatives ofR1 andR2 are given in Appendix 4.9.2.
In addition, integrating by parts and using the moments of Zd

1,1 we find that E[C3(Xd
0,1, Z

d
1,1)] =

E[C4(Xd
0,1, Z

d
1,1)] = E[C5(Xd

0,1, Z
d
1,1)] = 0 and

E[C6(Xd
0,1, Z

d
1,1)] = ℓ6

(
− 1

32E
[
g′′(Xd

0,1)3
]
− 5

96E
[
g′′′(Xd

0,1)2
])

,

which shows that E[C3(Xd
0,1, Z

d
1,1)2 + 2C6(Xd

0,1, Z
d
1,1)] = 0.

(ii) The proof of this result follows using the same steps as case (a) and is analogous to
that of [RR98b, Lemma 1].

Next, we compare the generator Ld and L̃d in (4.51) and (4.52) respectively.

Proposition 4.19. Under A18, A19, A20 and A21, if α = 1/6, β = m/6 for m > 1
and r > 0, there exists sets Sd ⊆ Rd with d2απd(Sc

d) → 0 as d → ∞ such that for any
V ∈ C∞

c (R,R)

lim
d→∞

sup
xd∈Sd

∣∣∣LdV (xd)− L̃dV (xd)
∣∣∣ = 0 ,

and

lim
d→∞

sup
xd∈Sd

E

[∣∣∣∣∣
(

exp
(

d∑
i=1

ϕd(xd
i , Z

d
1,i)
)
∧ 1
)
−
(

exp
(

d∑
i=2

ϕd(xd
i , Z

d
1,i)
)
∧ 1
)∣∣∣∣∣
]

= 0 .
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Proof. The proof is identical to that of Proposition 4.15.

The following result considers the convergence to the generator of the Langevin diffu-
sion (4.53).

Proposition 4.20. Under A18, A19, A20 and A21, if α = 1/6, β = m/6 for m > 1
and r > 0, there exists sets Td ⊆ Rd with d2απd(T c

d ) → 0 as d → ∞ such that for any
V ∈ C∞

c (R,R)

lim
d→∞

sup
xd∈Td

∣∣∣∣∣d2αE
[
V
(
yd(xd

1, Z
d
1,1)
)
− V (xd

1)
]
− ℓ2

2 (V ′′(xd
1) + g′(xd

1)V ′(xd
1))
∣∣∣∣∣ = 0 .

Proof. The proof is identical to that of Proposition 4.12.

Before proceeding to stating and proving the last auxiliary result, let us denote by
ψ3 : R → [0,+∞) the characteristic function of the distribution N(0, ℓ6K2

2 (0)), where K2
2

is given in Theorem 4.1–(b),

ψ3(t) = exp(−t2ℓ6K2
2 (0)/2) ,

and by ψd
3(xd; t) =

∫
exp(itw)Qd

3(xd; dw) the characteristic functions associated with the
law

Qd
3(xd; ·) = L

{
d−1/2

d∑
i=2

C3(xd
i , Z

d
1,i)
}
.

Proposition 4.21. Under A18, A19, A20 and A21, if α = 1/6, β = m/6 for m > 1
and r > 0, there exists a sequence of sets Hd ⊆ Rd such that

(i) limd→∞ d2απd(Hc
d) = 0 ,

(ii) for all t ∈ R, limd→∞ supxd∈Hd
|ψd

3(xd; t)− ψ3(t)| = 0 ,

(iii) for all bounded continuous function χ : R→ R ,

lim
d→∞

sup
xd∈Hd

∣∣∣∣∫
R
Qd

3(xd; du)χ(u)−
(
2πℓ6K2

2 (0)
)−1/2 ∫

R
χ(u)e−u2/(2ℓ6K2

2 (0))du
∣∣∣∣ = 0 ,

(iv) in particular,

lim
d→∞

sup
xd∈Hd

∣∣∣∣∣E
[
1 ∧ exp

(
d−1/2

d∑
i=2

C3(xd
i , Z

d
1,i)−

ℓ6K2
2 (0)
2

)]
− 2Φ

(
−ℓ

3K2(0)
2

)∣∣∣∣∣ = 0 ,

where Φ is the distribution function of the standard normal random variable.

Proof. (i) The proof is analogous to that of Proposition 4.13 and follows the same steps
of that of [RR98b, Lemma 3(a)].

221



Chapter 4. Optimal Scaling Results for a Wide Class of Proximal MALA Algorithms

(ii) The proof is analogous to that of Proposition 4.13 and follows the same steps of that
of [RR98b, Lemma 3(b)].

(iii) Following the steps of (iii) in Proposition 4.13 and the Lévy’s continuity Theorem
(e.g. [Shi96, Theorem 1, page 322]) bring the result.

(iv) This statement follows directly from (iii) and [RGG97b, Proposition 2.4].

4.7.4 Proof of Theorem 4.1

Proof of Theorem 4.1. (a) The asymptotic acceptance rate follows by combining Propo-
sitions 4.10–4.12 with part (iv) of Proposition 4.13 as in the proof of [RR98b, Theo-
rem 1]. To prove the weak convergence of the process it suffices to show that there
exists events F ⋆

d ∈ Rd such that for all t > 0

lim
d→∞

P
(
Ld

t ∈ F ⋆
d for all 0 ≤ s ≤ t

)
= 1 ,

and

lim
d→∞

sup
xd∈F ⋆

d

∣∣∣LdV (xd)− LV (xd)
∣∣∣ .

for all V ∈ C∞
c (R,R) [EK09, Chapter 4, Corollary 8.7]. We take F ⋆

d = Fd ∩Sd ∩Td ∩
Hd. Then, d2απd ((F ⋆

d )c)→ 0 and

lim
d→∞

P
(
Ld

t ∈ F ⋆
d for all 0 ≤ s ≤ t

)
= 1 ,

for all fixed t. Combining Propositions 4.10–4.13 we obtain convergence of the
generators.
To obtain the value of a(ℓ, r) maximizing the speed, we observe that K2

1 (r) is a
function of the ratio r = c2/ℓ2m = c2/ℓ only, we can take c ∝ ℓ1/2 so that K2

1 (r) is
constant for given c. Using the same substitution as in [RR98b, Theorem 2] we find
that h(ℓ, r) is maximized at the unique value of ℓ such that a(ℓ, r) = 0.452.

(b) The proof is analogous to that of case (a) replacing Propositions 4.10, 4.11, 4.12
and 4.13 with Propositions 4.14, 4.15, 4.16 and 4.17. To obtain the value of a(ℓ, r)
maximizing the speed, we observe that K2

2 (r) is a function of the ratio r = c2/ℓ2m =
c2/ℓ2 only, we can take c ∝ ℓ so that K2

2 (r) is constant for given c. Using the
same substitution as in [RR98b, Theorem 2] we find that h(ℓ, r) is maximized at the
unique value of ℓ such that a(ℓ, r) = 0.574.

(c) The proof is analogous to that of case (a) replacing Propositions 4.10, 4.11, 4.12
and 4.13 with Propositions 4.18, 4.19, 4.20 and 4.21. To obtain the value of a(ℓ, r)
maximizing the speed, we observe that K2

2 (0) is constant w.r.t. r, we can use the
same substitution as in [RR98b, Theorem 2] we find that h(ℓ, r) is maximized at the
unique value of ℓ such that a(ℓ, r) = 0.574.
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4.8. Numerical Experiments

Case Figure Algorithm α β m r

(a) 4.5 Proximal MALA 1/4 1/8 1/2 1
(b) 4.6 P-MALA 1/6 1/6 1 1
(c) 4.7 Proximal MALA 1/6 1/2 3 2
— 4.8 MALA 1/6 1/6 1 ≈ 0

Table 4.1: Algorithm setting for the simulation study on the Gaussian target.

4.8 Numerical Experiments

4.8.1 Differentiable Targets

We collect here a number of numerical experiments confirming the results in Section 4.3.2.
To do so, we consider the Gaussian distribution in Example 4.2 and four algorithmic
settings summarized in Table 4.1 which correspond to the three cases identified in Theo-
rem 4.1 and MALA.

The first plot in Figure 4.5–4.8 show that for values of α different from those identified
in Theorem 4.1 the acceptance ratio ad(ℓ, r) becomes degenerate as d increases. For the
values of α identified in Theorem 4.1 we analyze the influence of ℓ on the acceptance
ad(ℓ, r) (second plot), obtaining for d → +∞ the expression given by Theorem 4.1–(a)
for Figure 4.5, the expression in Theorem 4.1–(b) for Figures 4.6 and 4.8 and that in
Theorem 4.1–(c) for Figure 4.7.

Finally, we consider the relationship between acceptance ratio ad(ℓ, r) and the speed
of the diffusion h(ℓ, r) approximated by the expected squared jumping distance (see, e.g.
[GRG96])

ESJDd := d2αE
[
(Xd

0 −Xd
1 )2
]
.

Looking at the last plot in Figure 4.5–4.8 we find that, even for relatively small values of d,
the shape of the plot of ESJDd as a function of the acceptance ad(ℓ, r) is similar to that of
the theoretical limit. This suggests that tuning the acceptance ratio to be approximately
0.452 when α = 1/4, β = 1/8 and approximately 0.574 when α = 1/6, β = m/6 with
m ≥ 1 should generally guarantee high efficiency.

4.8.2 Laplace Target

We collect here a number of numerical experiments confirming the results for the Laplace
distribution in Section 4.3.2. Similarly to Section 4.8.1 we consider three algorithmic
settings, summarized in Table 4.2.

The first plot in Figures 4.9–4.11 shows that for α ̸= 1/3 the acceptance ratio ad(ℓ, r)
becomes degenerate as d increases; while the second plot shows that (ad(ℓ, r))d∈N∗ and
(ESJDd)d∈N∗ converge to aL(ℓ) and hL(ℓ) given in Theorems 4.4 and 4.7, respectively.
In the case m = 3, r = 2 in Figure 4.11, we find that the behaviour for low values of
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Figure 4.5: Case (a): Proximal MALA with Gaussian target and m = 1/2, r = 1. Average
acceptance rate for different choices of α (first); acceptance rate as a function of ℓ for increasing
dimension d (second); ESJDd as a function of the acceptance rate ad(ℓ, r) (third).
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Figure 4.6: Case (b): Proximal MALA with Gaussian target and m = 1, r = 1 (P-MALA).
Average acceptance rate for different choices of α (first); acceptance rate as a function of ℓ for
increasing dimension d (second); ESJDd as a function of the acceptance rate ad(ℓ, r) (third).
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Figure 4.7: Case (c): Proximal MALA with Gaussian target andm = 3, r = 2. Average acceptance
rate for different choices of α (first); acceptance rate as a function of ℓ for increasing dimension d
(second); ESJDd as a function of the acceptance rate ad(ℓ, r) (third).
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Figure 4.8: Proximal MALA with Gaussian target and m = 1, r → 0 (MALA). Average acceptance
rate for different choices of α (first); acceptance rate as a function of ℓ for increasing dimension d
(second); ESJDd as a function of the acceptance rate ad(ℓ, r) (third).

227



Chapter 4. Optimal Scaling Results for a Wide Class of Proximal MALA Algorithms

Figure Algorithm α β m r

4.9 sG-MALA 1/3 1/3 1 0
4.10 P-MALA 1/3 1/3 1 1
4.11 Proximal MALA 1/3 1 3 2

Table 4.2: Algorithm setting for the simulation study on the Laplace target.
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Figure 4.9: Proximal MALA with Laplace target and m = 1, r = 0 (sG-MALA). Average ac-
ceptance rate for different choices of α (first); acceptance rate as a function of ℓ for increasing
dimension d (second); ESJDd as a function of the acceptance rate ad(ℓ, r) (third).

d significantly differs from the limiting one. For values of d lower than 130 the ESJDd

achieves its maximum at a value of the acceptance ad(ℓ, r) different from that predicted
by Theorem 4.7. In practice, this might mean that for low dimensional settings the
recommended choice of a(ℓ, c) = 0.360 is far from optimal. Similar behaviours for small d
have also been observed in the case of RWM and MALA (e.g., [SR+09, Section 2.1]).

4.8.3 Mix of a Laplace and differentiable target

We collect here a the rest of the numerical experiments illustrating the scaling the results
for the density defined in (4.19), discussed in Section 4.4.1. Similarly to Section 4.8.2 we
consider three algorithmic settings, summarized in Table 4.3.

The first plot in Figures 4.13–4.12 shows that for α ̸= 1/3 the acceptance ratio ad(ℓ, r)
becomes degenerate as d increases; while the second plot shows that (ad(ℓ, r))d∈N∗ and
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Figure 4.10: Proximal MALA with Laplace target and m = 1, r = 1 (P-MALA). Average ac-
ceptance rate for different choices of α (first); acceptance rate as a function of ℓ for increasing
dimension d (second); ESJDd as a function of the acceptance rate ad(ℓ, r) (third).
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Figure 4.11: Proximal MALA with Laplace target and m = 3, r = 2. Average acceptance rate for
different choices of α (first); acceptance rate as a function of ℓ for increasing dimension d (second);
ESJDd as a function of the acceptance rate ad(ℓ, r) (third).
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4.9. Taylor Expansions for the Results on Differentiable Targets

Figure Algorithm α β m r

4.12 sG-MALA 1/3 1/3 1 0
4.13 P-MALA 1/3 1/3 1 1
4.4 Proximal MALA 1/3 1 3 2

Table 4.3: Algorithm setting for the simulation study on the mixed Laplace-normal target.

(ESJDd)d∈N∗ converge as d→∞.
It is interesting to note that the convergence of these plots happens faster with respect

to the dimension d, compared to the Laplace distribution. It is also surprising that out
of the three settings tested for the parameters r and m, the one that seems to converge
faster, and that looks most stable, is m = 3 and r = 2, which was never the case for the
other densities. This may suggest that for such distributions, a general Proximal MALA
algorithm has better properties of convergence than sG-MALA and P-MALA.

4.9 Taylor Expansions for the Results on Differentiable Tar-
gets

4.9.1 Coefficients of the Taylor Expansion

We collect here the coefficients of the Taylor expansions in Propositions 4.10, 4.14 and
4.18.

4.9.1.1 Case (a)

If α = 1/4, β = 1/8 and r > 0, then the log-acceptance ratio (4.50) satisfies

ϕd(x, z) = d−1/2C2(x, z) + d−3/4C3(x, z) + d−1C4(x, z) + C5(x, z, σd) ,

where

C2(x, z) = ℓ2

2
(
−rzg′′(x)g′(x)

)
,
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Figure 4.12: Proximal MALA with mixed Laplace-normal target and m = 1, r = 0 (sG-MALA).
Average acceptance rate for different choices of α (first); acceptance rate as a function of ℓ for
increasing dimension d (second); ESJDd as a function of the acceptance rate ad(ℓ, r) (third).
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Figure 4.13: Proximal MALA with mixed Laplace-normal target and m = 1, r = 1 (P-MALA).
Average acceptance rate for different choices of α (first); acceptance rate as a function of ℓ for
increasing dimension d (second); ESJDd as a function of the acceptance rate ad(ℓ, r) (third).
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and

C3(x, z) = ℓ3

6

(
z3

2 g
′′′(x)− 3

2z
2rg′(x)g′′′(x)− 3

2rz
2 [g′′(x)

]2 + 3
4zr

2g′′′(x)
[
g′(x)

]2
−3

2zg
′(x)g′′(x) + 3

2r
[
g′(x)

]2
g′′(x) + 3r2z[g′(x)]2g′′(x)

)
,

C4(x, z) = ℓ4

24

{
g(4)(x)

(
z4 − zr3

2
[
g′(x)

]3 − 3z3rg′(x) + 3
2z

2r2 [g′(x)
]2)

+ g′′′(x)
(
−6z2g′(x)− 9rz3g′′(x) + 9z2r2g′(x)g′′(x) + 9rz

[
g′(x)

]2
−9

2zr
3 [g′(x)

]2
g′′(x)− 3

2r
2 [g′(x)

]3)
+ 12rzg′(x)

[
g′′(x)

]2 + 3g′′(x)
[
g′(x)

]2 − 3z2 [g′′(x)
]2 + 3z2r2 [g′′(x)

]3
−6r2 [g′(x)g′′(x)

]2 − 3zr3g′(x)
[
g′′(x)

]3}
,

and we use the integral form for the remainder

C5(x, z, σd) =
∫ σd

0

∂5

∂σ5R(x, z, σ)
∣∣∣∣∣
σ=u

(σd − u)4

4! du ,

with u between 0 and σd and the derivatives of R1 and R2 given in Appendix 4.9.2.

4.9.1.2 Case (b)

If α = 1/6, β = 1/6 and r > 0, the the log-acceptance ratio (4.50) satisfies

ϕd(x, z) = d−1/2C3(x, z) + d−2/3C4(x, z)
+ d−5/6C5(x, z) + d−1C6(x, z) + C7(x, z, σd),

where

C3(x, z) = ℓ3

6

(1
2g

′′′(x)z3 − 3
2g

′′(x)g′(x)z (1 + 2r)
)
,
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and

C4(x, z) = ℓ4

24
(
z4g(4)(x)− 6z2g′′′(x)g′(x)(1 + r)

−3z2 [g′′(x)
]2 (1 + 2r) + 3g′′(x)

[
g′(x)

]2 (1 + 2r)
)
,

C5(x, z) = ℓ5

120

(3
2z

5g(5)(x)− 15z3g(4)(x)g′(x)(1 + r) + 15z
[
g′(x)

]2
g′′′(x)

(3
2 + 3r + r2

)
+15z(1 + 4r + 2r2)g′(x)

[
g′′(x)

]2 − 15z3g′′(x)g′′′(x)(1 + 3r)
)
,

C6(x, z) = ℓ6

720
(
2z6g(6)(x)− 30 (1 + r) z4g′(x)g(5)(x) + 45

(
2 + 4r + r2

)
z2 [g′(x)

]2
g(4)(x)

+ 90
(
r + r2

)
z2 [g′′(x)

]3 − 15
(
2 + 6r + 3r2

)
g′′′(x)

[
g′(x)

]3
− 30 (1 + 4r) z4g′′(x)g(4)(x) + 45

(
3 + 16r + 6r2

)
z2g′(x)g′′(x)g′′′(x)

−45
2 (1 + 4r) z4 [g′′′(x)

]2 − 45
2
(
1 + 8r + 8r2

) [
g′(x)g′′(x)

]2)
,

and integral form of the remainder

C7(x, z, σd) =
∫ σd

0

∂7

∂σ7R(x, z, σ)
∣∣∣∣∣
σ=u

(σd − u)6

6! du,

with u between 0 and σd and the derivatives of R1 and R2 are given in Appendix 4.9.2.

4.9.1.3 Case (c)

If α = 1/6, β = m/6 for m > 1 and r > 0, then the log-acceptance ratio (4.50) satisfies

ϕd(x, z) = d−1/2C3(x, z) + d−2/3C4(x, z)
+ d−5/6C5(x, z) + d−1C6(x, z) + C7(x, z, σd),

where

C3(x, z) = ℓ3

6

(1
2g

′′′(x)z3 − 3
2g

′′(x)g′(x)z
)
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and

C4(x, z) = ℓ4

24


z4g(4)(x)− 6z2g′′′(x)g′(x)− 3z2 [g′′(x)]2 + 3g′′(x) [g′(x)]2

−12zrg′(x)g′′(x) if m = 3/2
z4g(4)(x)− 6z2g′′′(x)g′(x)− 3z2 [g′′(x)]2 + 3g′′(x) [g′(x)]2

otherwise

,

C5(x, z) = ℓ5

120



3
2z

5g(5)(x)− 15z3g(4)(x)g′(x) + 45
2 z [g′(x)]2 g′′′(x) + 15zg′(x) [g′′(x)]2

−15z3g′′(x)g′′′(x)− 30z2r [g′′(x)]2 + 30r [g′(x)]2 g′′(x)
−30rz2g′(x)g′′′(x)

if m = 3/2
3
2z

5g(5)(x)− 15z3g(4)(x)g′(x) + 45
2 z [g′(x)]2 g′′′(x) + 15zg′(x) [g′′(x)]2

−15z3g′′(x)g′′′(x)− 60zrg′(x)g′′(x)
if m = 2

3
2z

5g(5)(x)− 15z3g(4)(x)g′(x) + 45
2 z [g′(x)]2 g′′′(x)

+15zg′(x) [g′′(x)]2 − 15z3g′′(x)g′′′(x) otherwise

,

C6(x, z) = ℓ6

720



2z6g(6)(x)− 30z4g′(x)g(5)(x) + 90z2 [g′(x)]2 g(4)(x)− 30g′′′(x) [g′(x)]3

−45
2 [g′(x)g′′(x)]2 − 30z4g′′(x)g(4)(x) + 135z2g′(x)g′′(x)g′′′(x)

−45
2 z

4 [g′′′(x)]2 − 90z3rg′(x)g(4)(x) + 540rzg′(x) [g′′(x)]2

+180rzg′(x)g′′(x) + 270rzg′′′(x) [g′(x)]2 − 45zrg′′(x)g′′′(x)
+90rz3g′′′(x)

if m = 3/2
2z6g(6)(x)− 30z4g′(x)g(5)(x) + 90z2 [g′(x)]2 g(4)(x)− 30g′′′(x) [g′(x)]3

−45
2 [g′(x)g′′(x)]2 − 30z4g′′(x)g(4)(x) + 135z2g′(x)g′′(x)g′′′(x)

−45
2 z

4 [g′′′(x)]2 − 180z2rg′(x)g′′′(x)− 180z2r [g′′(x)]2

+180rg′′(x) [g′(x)]2

if m = 2
2z6g(6)(x)− 30z4g′(x)g(5)(x) + 90z2 [g′(x)]2 g(4)(x)− 30g′′′(x) [g′(x)]3

−45
2 [g′(x)g′′(x)]2 − 30z4g′′(x)g(4)(x) + 135z2g′(x)g′′(x)g′′′(x)

−45
2 z

4 [g′′′(x)]2 − 360zrg′(x)g′′(x)
if m = 5/2

2z6g(6)(x)− 30z4g′(x)g(5)(x) + 90z2 [g′(x)]2 g(4)(x)− 30g′′′(x) [g′(x)]3

−45
2 [g′(x)g′′(x)]2 − 30z4g′′(x)g(4)(x) + 135z2g′(x)g′′(x)g′′′(x)

−45
2 z

4 [g′′′(x)]2

otherwise

,
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and integral form of the remainder

C7(x, z, σd) =
∫ σd

0

∂7

∂σ7R(x, z, σ)
∣∣∣∣∣
σ=u

(σd − u)6

6! du,

with u between 0 and σd and the derivatives of R1 and R2 are given in Appendix 4.9.2.

4.9.2 Taylor Expansions of the Log-acceptance Ratio

4.9.2.1 R1

Recall that R1(x, z, σ) = −g
[
x− σ2

2 g
′
(
proxσ2mr/2

g (x)
)

+ σz
]

+ g(x). We compute the
derivatives of R1 w.r.t. σ evaluated at 0:

R1(x, z, 0) = 0,
∂R1
∂σ

(x, z, σ)|σ=0 = −g′(x)z,

∂2R1
∂σ2 (x, z, σ)|σ=0 = −z2g′′(x) +

[
g′(x)

]2
,

∂3R1
∂σ3 (x, z, σ)|σ=0 = −z3g′′′(x) + 3g′(x)g′′(x)

[
z + ∂

∂σ
proxσ2mr/2

g (x)|σ=0

]
,

∂4R1
∂σ4 (x, z, σ)|σ=0 = −z4g(4)(x) + 6z2g′′′(x)g′(x)− 3g′′(x)

[
g′(x)

]2
+ 12z

[
g′′(x)

]2 ∂

∂σ
proxσ2mr/2

g (x)|σ=0

+ 6g′(x)

×
[
g′′(x) ∂

2

∂σ2 proxσ2mr/2
g (x)|σ=0 +

(
∂

∂σ
proxσ2mr/2

g (x)|σ=0

)2
g′′′(x)

]
.
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In addition, for m > 1/2 we will also use

∂5R1
∂σ5 (x, z, σ)|σ=0 = −z5g(5)(x) + 10z3g(4)(x)g′(x)− 15zg′′′(x)

[
g′(x)

]2
+ 30z

[
g′′(x)

]2 ∂2

∂2σ
proxσ2mr/2

g (x)|σ=0

+ 10g′(x)g′′(x) ∂
3

∂3σ
proxσ2mr/2

g (x)|σ=0,

∂6R1
∂σ6 (x, z, σ)|σ=0 = −z6g(6)(x) + 15z4g(5)(x)g′(x)− 45z2g(4)(x)

[
g′(x)

]2 + 15g′′′(x)
[
g′(x)

]3
− 90g′(x)

[
g′′(x)

]2 ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

− 60zg′′(x) ∂
3

∂σ3 proxσ2mr/2
g (x)|σ=0

+ 90g′′(x)g′′′(x) ∂
2

∂σ2 proxσ2mr/2
g (x)|σ=0

+ 15g′(x)

×

g′′(x) ∂
4

∂σ4 proxσ2mr/2
g (x)|σ=0 + 3

[
∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]2

g′′′(x)

 .

4.9.2.2 R2

Recall that

R2(x, z, σ) = 1
2z

2

− 1
2

(
z − σ

2 g
′
(

proxσ2mr/2
g

[
x+ σz − σ2

2 g
′
[
proxσ2mr/2

g (x)
]])
− σ

2 g
′
[
proxσ2mr/2

g (x)
])2

.
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We compute the derivatives of R2 w.r.t. σ evaluated at 0:
R2(x, z, 0) = 0,

∂R2
∂σ

(x, z, σ)|σ=0 = zg′(x),

∂2R2
∂σ2 (x, z, σ)|σ=0 = −

[
g′(x)

]2 + zg′′(x)
[
z + 2 ∂

∂σ
proxσ2mr/2

g (x)|σ=0

]
,

∂3R2
∂σ3 (x, z, σ)|σ=0 = −3g′(x)g′′(x)

[
z + 2 ∂

∂σ
proxσ2mr/2

g (x)|σ=0

]
+ 3

2z
([
z + ∂

∂σ
proxσ2mr/2

g (x)|σ=0

]2
g′′′(x)

+
[
−g′(x) + 2z ∂2

∂σ∂x
proxσ2mr/2

g (x)|σ=0 + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]
g′′(x)

+
[
∂

∂σ
proxσ2mr/2

g (x)|σ=0

]2
g′′′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0g

′′(x)
)
,

∂4R2
∂σ4 (x, z, σ)|σ=0 = −3

[
g′′(x)

]2 [
z + 2 ∂

∂σ
proxσ2mr/2

g (x)|σ=0

]2

− 6g′(x)
([
z + ∂

∂σ
proxσ2mr/2

g (x)|σ=0

]2
g′′′(x)

+
[
−g′(x) + 2z ∂2

∂σ∂x
proxσ2mr/2

g (x)|σ=0 + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]
g′′(x)

+
[
∂

∂σ
proxσ2mr/2

g (x)|σ=0

]2
g′′′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0g

′′(x)
)

+ 2zg(4)(x)
[
z + ∂

∂σ
proxσ2mr/2

g (x)|σ=0

]3

+ 6zg′′′(x)
[
z + ∂

∂σ
proxσ2mr/2

g (x)|σ=0

]
×
[
−g′(x) + 2z ∂2

∂σ∂x
proxσ2mr/2

g (x)|σ=0 + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]

+ 2zg′′(x)
[
−3g′′(x) ∂

∂σ
proxσ2mr/2

g (x)|σ=0 − 3g′(x) ∂2

∂σ∂x
proxσ2mr/2

g (x)|σ=0

+3z2 ∂3

∂σ∂x2 proxσ2mr/2
g (x)|σ=0 + 3z ∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0

+ ∂3

∂σ3 proxσ2mr/2
g (x)|σ=0

]

+ 2zg(4)(x)
[
∂

∂σ
proxσ2mr/2

g (x)|σ=0

]3
+ 2zg′′(x) ∂

3

∂σ3 proxσ2mr/2
g (x)|σ=0

+ 6z ∂
2

∂σ2 proxσ2mr/2
g (x)|σ=0

∂

∂σ
proxσ2mr/2

g (x)|σ=0g
′′′(x).
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We then proceed to get the derivatives needed for m > 1/2:

∂5R2
∂σ5 (x, z, σ)|σ=0 = −15zg′′(x)

(
z2g′′′(x) +

[
−g′(x) + 2 ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]
g′′(x)

)

− 5g′(x)
(

2z3g(4)(x) + 6zg′′′(x)
[
−g′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]

+2g′′(x)
[
3z ∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0 + ∂3

∂σ3 proxσ2mr/2
g (x)|σ=0

]

+2g′′(x) ∂
3

∂σ3 proxσ2mr/2
g (x)|σ=0

)

+ 5
2g

(5)(x)z5 + 5
2zg

′′(x) ∂
4

∂σ4 proxσ2mr/2
g (x)|σ=0

+ 15g(4)(x)z3
[
−g′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]

+ 15
2 zg

′′′(x)
[
−g′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]2

+ 15
2 zg

′′′(x)
[
∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]2

+ 10z2g′′′(x)
(

3z ∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0 + ∂3

∂σ3 proxσ2mr/2
g (x)|σ=0

)

+ 5
2zg

′′(x)
(
∂4

∂σ4 proxσ2mr/2
g (x)|σ=0 − 6g′′(x) ∂

2

∂σ2 proxσ2mr/2
g (x)|σ=0

−6g′(x) ∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0 + 6z2 ∂4

∂σ2∂x2 proxσ2mr/2
g (x)|σ=0

+4z ∂4

∂σ3∂x
proxσ2mr/2

g (x)|σ=0

)
and

∂6R2
∂σ6 (x, z, σ)|σ=0 = −45

2

(
z2g′′′(x) +

[
−g′(x) + 2 ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]
g′′(x)

)2

− 15zg′′(x)
(

2z3g(4)(x) + 6zg′′′(x)
[
−g′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]

+ 2g′′(x)
[
3z ∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0 + ∂3

∂σ3 proxσ2mr/2
g (x)|σ=0

]

+2g′′(x) ∂
3

∂σ3 proxσ2mr/2
g (x)|σ=0

)
+ 6g′(x)A(5) − zA(6),
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with

A(5) = −5
2g

(5)(x)z4 − 5
2g

′′(x) ∂
4

∂σ4 proxσ2mr/2
g (x)|σ=0

− 15g(4)(x)z2
[
−g′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]

− 15
2 g

′′′(x)
[
−g′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]2

− 15
2 g

′′′(x)
[
∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]2

− 10zg′′′(x)
(

3z ∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0 + ∂3

∂σ3 proxσ2mr/2
g (x)|σ=0

)

− 5
2g

′′(x)
(
∂4

∂σ4 proxσ2mr/2
g (x)|σ=0 − 6g′′(x) ∂

2

∂σ2 proxσ2mr/2
g (x)|σ=0

−6g′(x) ∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0

+6z2 ∂4

∂σ2∂x2 proxσ2mr/2
g (x)|σ=0 + 4z ∂4

∂σ3∂x
proxσ2mr/2

g (x)|σ=0

)
,

A(6) = −3
(

10g′′′(x) ∂
2

∂σ2 proxσ2mr/2
g (x)|σ=0

∂3

∂σ3 proxσ2mr/2
g (x)|σ=0

+g′′(x) ∂
5

∂σ5 proxσ2mr/2
g (x)|σ=0 + g(6)(x)z5

+ 10g(5)(x)z3
[
−g′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]

+ 15zg(4)(x)
[
−g′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]2

+ 10g(4)(x)z2
[
∂3

∂σ3 proxσ2mr/2
g (x)|σ=0 + 3z ∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0

]

+ 10g′′′(x)
[
−g′(x) + ∂2

∂σ2 proxσ2mr/2
g (x)|σ=0

]

×
[
∂3

∂σ3 proxσ2mr/2
g (x)|σ=0 + 3z ∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0

]

+ 5g′′′(x)z
[
−6g′′(x) ∂

2

∂σ2 proxσ2mr/2
g (x)|σ=0 − 6g′(x) ∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0

+6z2 ∂4

∂σ2∂x2 proxσ2mr/2
g (x)|σ=0 + 3z ∂4

∂σ3∂x
proxσ2mr/2

g (x)|σ=0

+ ∂4

∂σ4 proxσ2mr/2
g (x)|σ=0

]

+ g′′(x)
[
−10g′′(x) ∂

3

∂σ3 proxσ2mr/2
g (x)|σ=0 − 10g′(x) ∂4

∂σ3∂x
proxσ2mr/2

g (x)|σ=0

+ 5z ∂5

∂σ4∂x
proxσ2mr/2

g (x)|σ=0 + 10z2 ∂5

∂σ3∂x2 proxσ2mr/2
g (x)|σ=0

+ 10z3 ∂5

∂σ2∂x3 proxσ2mr/2
g (x)|σ=0

−30g′(x)z ∂4

∂σ2∂x2 proxσ2mr/2
g (x)|σ=0 + ∂5

∂σ5 proxσ2mr/2
g (x)|σ=0

])
.
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4.9.3 Derivatives of the Proximity Map for Differentiable Targets

Recall that, in the differentiable case, proxσ2mr/2
g (x) = −σ2mr

2 g′(proxσ2mr/2
g (x)) + x then

∂

∂σ
proxσ2mr/2

g (x)|σ=0 =


− r

2g
′(x) if m = 1/2

0 if m > 1/2
∞ otherwise

∂2

∂σ2 proxσ2mr/2
g (x)|σ=0 =



r2

2 g
′(x)g′′(x) if m = 1/2

−rg′(x) if m = 1
0 if m > 1
∞ otherwise

∂3

∂σ3 proxσ2mr/2
g (x)|σ=0 =


−3r3

8 g′′′(x) [g′(x)]2 − 3r3

4 g′(x) [g′′(x)]2 if m = 1/2
−3rg′(x) if m = 3/2
0 if m = 1,m > 3/2
∞ otherwise

∂4

∂σ4 proxσ2mr/2
g (x)|σ=0 =



<∞ if m = 1/2
6r2g′(x)g′′(x) if m = 1
−12rg′(x) if m = 2
0 if m = 3/2,m > 2
∞ otherwise

∂5

∂σ5 proxσ2mr/2
g (x)|σ=0 =


<∞ if m = 1/2
−60rg′(x) if m = 5/2
0 if m = 1,m = 3/2,m = 2,m > 5/2
∞ otherwise

and

∂

∂x
proxσ2mr/2

g (x)|σ=0 = 1, ∂(k)

∂x(k) proxσ2mr/2
g (x)|σ=0 = 0,
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for all integers k > 1. For the mixed derivatives we have

∂2

∂σ∂x
proxσ2mr/2

g (x)|σ=0 =


− r

2g
′′(x) if m = 1/2

0 if m > 1/2
∞ otherwise

∂3

∂σ2∂x
proxσ2mr/2

g (x)|σ=0 =



r2

2 [g′′(x)]2 + r2

2 g
′(x)g′′′(x) if m = 1/2

−rg′′(x) if m = 1
0 if m > 1/2
∞ otherwise

∂4

∂σ3∂x
proxσ2mr/2

g (x)|σ=0 =


<∞ if m = 1/2
−3rg′′(x) if m = 3/2
0 if m = 1,m > 3/2
∞ otherwise

∂5

∂σ4∂x
proxσ2mr/2

g (x)|σ=0 =



<∞ if m = 1/2
6r2

(
g′(x)g′′′(x) + [g′′(x)]2

)
if m = 1

−12rg′′(x) if m = 2
0 if m = 3/2,m > 2
∞ otherwise
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and

∂3

∂σ∂x2 proxσ2mr/2
g (x)|σ=0 =


− r

2g
′′′(x) if m = 1/2

0 if m > 1/2
∞ otherwise

∂4

∂σ∂x3 proxσ2mr/2
g (x)|σ=0 =


<∞ if m = 1/2
0 if m > 1/2
∞ otherwise

∂4

∂σ2∂x2 proxσ2mr/2
g (x)|σ=0 =


<∞ if m = 1/2
−rg′′′(x) if m = 1
0 if m > 1/2
∞ otherwise

∂5

∂σ3∂x2 proxσ2mr/2
g (x)|σ=0 =


<∞ if m = 1/2
−3rg′′′(x) if m = 3/2
0 if m = 1,m > 3/2
∞ otherwise

∂5

∂σ2∂x3 proxσ2mr/2
g (x)|σ=0 =


<∞ if m = 1/2
−rg(4)(x) if m = 1
0 if m > 1
∞ otherwise

4.10 Moments and Integrals for the Laplace Distribution

4.10.1 Moments of Acceptance Ratio for the Laplace Distribution

The indicator functions in the definition of ϕd identify four different regions:

R1 :=
{

(x, z) : |x| < σ2mr/2 ∧
∣∣∣∣(1− 1

σ2(m−1)r

)
x+ σz

∣∣∣∣ < σ2mr/2
}
,

R2 :=
{

(x, z) : |x| ≥ σ2mr/2 ∧
∣∣∣∣∣x− σ2

2 sgn(x) + σz

∣∣∣∣∣ < σ2mr/2
}
,

R3 :=
{

(x, z) : |x| < σ2mr/2 ∧
∣∣∣∣(1− 1

σ2(m−1)r

)
x+ σz

∣∣∣∣ ≥ σ2mr/2
}
,

R4 :=
{

(x, z) : |x| > σ2mr/2 ∧
∣∣∣∣∣x− σ2

2 sgn(x) + σz

∣∣∣∣∣ > σ2mr/2
}
,
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with corresponding acceptance ratios

ϕ1
d(x, z) = |x| −

∣∣∣∣(1− 1
σ2(m−1)r

)
x+ σz

∣∣∣∣+ z2

2

− 1
2σ2

(( 2
σ2(m−1)r

− 1
σ4(m−1)r2

)
x−

(
1− 1

σ2(m−1)r

)
σz

)2

ϕ2
d(x, z) = |x| −

∣∣∣∣∣x− σ2

2 sgn(x) + σz

∣∣∣∣∣+ z2

2

− 1
2σ2

(
1

σ2(m−1)r
x+

(
1− 1

σ2(m−1)r

)(
σ2

2 sgn(x)− σz
))2

ϕ3
d(x, z) = |x| −

∣∣∣∣(1− 1
σ2(m−1)r

)
x+ σz

∣∣∣∣+ z2

2

− 1
2σ2

(
1

σ2(m−1)r
x− σz + σ2

2 sgn
[(

1− 1
σ2(m−1)r

)
x+ σz

])2

ϕ4
d(x, z) = |x| −

∣∣∣∣∣x− σ2

2 sgn(x) + σz

∣∣∣∣∣+ z2

2

− 1
2σ2

(
σ2

2 sgn(x)− σz + σ2

2 sgn
[
x− σ2

2 sgn(x) + σz

])2

.

Let us denote

A1 :=
{
x : 0 ≤ x < σ2mr

2

}
, A2 :=

{
x : −σ

2mr

2 < x ≤ 0
}
,

A3 :=
{
x : x ≥ σ2mr

2

}
, A4 :=

{
x : x ≤ −σ

2mr

2

}
,

and

B1 :=
{
z : 0 ≤

(
1− 1

σ2(m−1)r

)
x+ σz <

σ2mr

2

}
,

B2 :=
{
z : −σ

2mr

2 <

(
1− 1

σ2(m−1)r

)
x+ σz ≤ 0

}
,

B3 :=
{
z :
(

1− 1
σ2(m−1)r

)
x+ σz ≥ σ2mr

2

}
,

B4 :=
{
z :
(

1− 1
σ2(m−1)r

)
x+ σz ≤ −σ

2mr

2

}
,
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and

C1 :=
{

(x, z) : 0 ≤ x− σ2

2 sgn(x) + σz <
σ2mr

2

}
,

C2 :=
{

(x, z) : −σ
2mr

2 < x− σ2

2 sgn(x) + σz ≤ 0
}

C3 :=
{

(x, z) : x− σ2

2 sgn(x) + σz ≥ σ2mr

2

}
,

C4 :=
{

(x, z) : x− σ2

2 sgn(x) + σz ≤ −σ
2mr

2

}
,

so that, up to a set of null measure,

R1 = (A1 ∪A2) ∩ (B1 ∪B2), R2 = (A3 ∪A4) ∩ (C1 ∪ C2),
R3 = (A1 ∪A2) ∩ (B3 ∪B4), R4 = (A3 ∪A4) ∩ (C3 ∪ C4).

Proposition 4.22. Take X a Laplace random variable and Z a standard normal random
variable independent of X, then if σ2 = ℓ2d−2/3, we have

lim
d→+∞

dE [ϕd(X,Z)] = − ℓ3

3
√

2π
.

Proof. Taking expectations of ϕi
d1Ri for i = 1, . . . , 4 and exploiting the symmetry of the
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laws of X and Z, we can write

E
[
ϕ1

d(X,Z)1R1(X,Z)
]

= 2E
[( 1
σ2(m−1)r

X − σZ
)
1A1(X)1B1(X,Z)

]
+ 2E

[(
2X − 1

σ2(m−1)r
X + σZ

)
1A1(X)1B2(X,Z)

]
+ 2E

[(
Z2

2 −
1

2σ2

(( 2
σ2(m−1)r

− 1
σ4(m−1)r2

)
X −

(
1− 1

σ2(m−1)r

)
σZ

)2
)

×1A1(X)1B1∪B2(X,Z)] ,

E
[
ϕ2

d(X,Z)1R2(X,Z)
]

= 2E

[(
σ2

2 − σZ
)
1A3(X)1C1(X,Z)

]

+ 2E

[(
2X − σ2

2 + σZ

)
1A3(X)1C2(X,Z)

]

+ 2E

Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X +

(
1− 1

σ2(m−1)r

)(
σ2

2 − σZ
))2


×1A3(X)1C1∪C2(X,Z)] ,

E
[
ϕ3

d(X,Z)1R3(X,Z)
]

= 2E
[( 1
σ2(m−1)r

X − σZ
)
1A1(X)1B3(X,Z)

]
+ 2E

[(
2X − 1

σ2(m−1)r
X + σZ

)
1A1(X)1B4(X,Z)

]

+ 2E

Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ + σ2

2

)2
1A1(X)1B3(X,Z)


+ 2E

Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ − σ2

2

)2
1A1(X)1B4(X,Z)

 ,
E
[
ϕ4

d(X,Z)1R4(X,Z)
]

= 2E

[(
2X − σ2

2 + σZ

)
1A3(X)1C4(X,Z)

]
.

Using the integrals in Appendix 4.10.4 and Lebesgue’s dominated convergence theorem,
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we find that for α = β = 1/3 and r ≥ 0

lim
d→+∞

dE
[
ϕ1

d(X,Z)
]

= 0

lim
d→+∞

dE
[
ϕ2

d(X,Z)
]

= −2 ℓ3r

4
√

2π

∫ 0

−∞
e−z2/2zdz = ℓ3r

2
√

2π

lim
d→+∞

dE
[
ϕ3

d(X,Z)
]

= 3ℓ3r
8
√

2π

∫ 0

−∞
e−z2/2zdz − ℓ3r

8
√

2π

∫ +∞

0
e−z2/2zdz = − ℓ3r

2
√

2π

lim
d→+∞

dE
[
ϕ4

d(X,Z)
]

= ℓ3

6
√

2π

∫ 0

−∞
e−z2/2z3dz = − ℓ3

3
√

2π
,

which gives

lim
d→+∞

dE [ϕd(X,Z)] = lim
d→+∞

d
(
E
[
ϕ1

d(X,Z)
]

+ E
[
ϕ2

d(X,Z)
]

+ E
[
ϕ3

d(X,Z)
]

+ E
[
ϕ4

d(X,Z)
])

= − ℓ3

3
√

2π
.

For α = 1/3, β = m/3 for m > 1 and r ≥ 0 we have

lim
d→+∞

dE
[
ϕ1

d(X,Z)
]

= 0

lim
d→+∞

dE
[
ϕ2

d(X,Z)
]

= 0

lim
d→+∞

dE
[
ϕ3

d(X,Z)
]

= 0

lim
d→+∞

dE
[
ϕ4

d(X,Z)
]

= ℓ3

6
√

2π

∫ 0

−∞
e−z2/2z3dz = − ℓ3

3
√

2π
,

which gives

lim
d→+∞

dE [ϕd(X,Z)] = lim
d→+∞

d
(
E
[
ϕ1

d(X,Z)
]

+ E
[
ϕ2

d(X,Z)
]

+ E
[
ϕ3

d(X,Z)
]

+ E
[
ϕ4

d(X,Z)
])

= − ℓ3

3
√

2π
.

Proposition 4.23. Take X a Laplace random variable and Z a standard normal random
variable independent of X, then if σ2 = ℓ2d−2/3

lim
d→+∞

dVar (ϕd(X,Z)) = 2ℓ3

3
√

2π
.

Proof. As a consequence of the previous Proposition we have

lim
d→+∞

dE [ϕd(X,Z)]2 = 0.
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Then, because Rj ∩Ri = ∅ for all j ̸= i, we have that

E
[
ϕd(X,Z)2

]
= E

[
ϕ1

d(X,Z)2R1(X,Z)
]

+ E
[
ϕ2

d(X,Z)2R2(X,Z)
]

+ E
[
ϕ3

d(X,Z)2R3(X,Z)
]

+ E
[
ϕ4

d(X,Z)2R4(X,Z)
]
,

and, exploiting again the symmetry of the laws of X and Z, we have

E
[
ϕ1

d(X,Z)2R1(X,Z)
]

= 2E

( 1
σ2(m−1)r

X − σZ + Z2

2 −
1

2σ2

(( 2
σ2(m−1)r

− 1
σ4(m−1)r2

)
X −

(
1− 1

σ2(m−1)r

)
σZ

)2
)2

×1A1(X)1B1(X,Z)] ,

+ 2E

(2X − 1
σ2(m−1)r

X − σZ + Z2

2 −
1

2σ2

(( 2
σ2(m−1)r

− 1
σ4(m−1)r2

)
X −

(
1− 1

σ2(m−1)r

)
σZ

)2
)2

×1A1(X)1B2(X,Z)] ,

E
[
ϕ2

d(X,Z)2
1R2(X,Z)

]
= 2E


σ2

2 − σZ + Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X +

(
1− 1

σ2(m−1)r

)(
σ2

2 − σZ
))2

2

1A3(X)1C1(X,Z)


+ 2E


2X − σ2

2 + σZ + Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X +

(
1− 1

σ2(m−1)r

)(
σ2

2 − σZ
))2

2

×1A1(X)1C2(X,Z)] ,

E
[
ϕ3

d(X,Z)2
1R3(X,Z)

]
= 2E


 1
σ2(m−1)r

X − σZ + Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ + σ2

2

)2
2

1A1(X)1B3(X,Z)


+ 2E


2X − 1

σ2(m−1)r
X + σZ + Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ − σ2

2

)2
2

1A1(X)1B4(X,Z)

 ,
E
[
ϕ4

d(X,Z)2
1R4(X,Z)

]
= 2E

(2X − σ2

2 + σZ

)2

1A3(X)1C4(X,Z)

 .
Proceeding as for Proposition 4.22, using the integrals in Appendix 4.10.4 and Lebesgue’s
dominated convergence theorem we can then show that for α = 1/3, β = m/3 for m ≥ 1
and r ≥ 0

lim
d→+∞

dVar (ϕd(X,Z)) = 2ℓ3

3
√

2π
.
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Proposition 4.24. Take X a Laplace random variable and Z a standard normal random
variable independent of X, then if σ2 = ℓ2d−2/3 we have

lim
d→+∞

dE
[
ϕd(X,Z)3

]
= 0.

Proof. Following the same structure of the previous propositions we have that

E
[
ϕ(X,Z)3

]
= E

[
ϕ1

d(X,Z)3R1(X,Z)
]

+ E
[
ϕ3

d(X,Z)2R2(X,Z)
]

+ E
[
ϕ3

d(X,Z)3R3(X,Z)
]

+ E
[
ϕ4

d(X,Z)3R4(X,Z)
]
,

exploiting again the symmetry of the laws ofX and Z, using the integrals in Appendix 4.10.4,
the dominated convergence theorem we can then show that

lim
d→+∞

dE
[
ϕd(X,Z)3

]
= 0.

4.10.2 Bound on Second Moment of Acceptance Ratio for the Laplace
Distribution

Lemma 3. Let Z be a standard normal random variable and σ = ℓ/dα for α = 1/3. Then,
there exists a constant C > 0 such that for all a ∈ R and d ∈ N:

E
[
ϕd(a, Z)2

]
≤ C

d2α
.

Proof. We consider the case a ≥ 0 and r ≥ σ2(m−1) only, all the other cases follow from
identical arguments. As in the derivation of the moments of ϕd in Appendix 4.10.1, we
distinguish four regions. We recall that σ = ℓ/dα for α = 1/3 and thus σp+1 ≤ σp for all
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p ∈ N. Take r ≥ σ−2(m−1), for R1, we have, using Hölder’s inequality multiple times,

E
[
ϕ1

d(a, Z)2
1R1(a, Z)

]
= E

[
ϕ1

d(a, Z)2
1B1∪B2(a, Z)

]
≤ Cσ2

∫ σ2m−1r/2−(1−1/σ2(m−1)r)a

−(1−1/σ2(m−1)r)a/σ

e−z2/2
√

2π

[( 1
σ2m−1r

a− z
)2

+
(
z2

2σ −
1

2σ3

(( 2
σ2(m−1)r

− 1
σ4(m−1)r2

)
a−

(
1− 1

σ2(m−1)r

)
σz

)2
)2
dz

+ Cσ2
∫ −(1−1/σ2(m−1)r)a/σ

−σ2m−1r/2−(1−1/σ2(m−1)r)a

e−z2/2
√

2π

[(2a
σ
− 1
σ2m−1r

a+ z

)2

+
(
z2

2σ −
1

2σ3

(( 2
σ2(m−1)r

− 1
σ4(m−1)r2

)
a−

(
1− 1

σ2(m−1)r

)
σz

)2
)2
dz

≤ Cσ2
∫ +∞

−∞

e−z2/2
√

2π

(
4
(
a

σ

)2
+ 2

( 1
σ2m−1r

a

)2
+ 2z2

)
dz

+ Cσ2
∫ σ2m−1r/2−(1−1/σ2(m−1)r)a

−σ2m−1r/2−(1−1/σ2(m−1)r)a

e−z2/2
√

2π

×
(
z2

2σ −
1

2σ3

(( 2
σ2(m−1)r

− 1
σ4(m−1)r2

)
a−

(
1− 1

σ2(m−1)r

)
σz

)2
)2

≤ Cσ2 + Cσ2
∫ σ2m−1r/2−(1−1/σ2(m−1)r)a

−σ2m−1r/2−(1−1/σ2(m−1)r)a

e−z2/2
√

2π

×
(
z4

4σ2 + 1
4σ6

(( 2
σ2(m−1)r

− 1
σ4(m−1)r2

)4
a4 +

(
1− 1

σ2(m−1)r

)4
σ4z4

))
dz

≤ Cσ2,

where we used the fact that the moments of Z are bounded and a ≤ σ2mr/2 for the first
term, and the fact that z ≤ σ2m−1r/2 for the second one. Proceeding as above, for R3,
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a > 0 and r ≥ σ−2(m−1), we have

E
[
ϕ3

d(a, Z)2
1R3(a, Z)

]
= E

[
ϕ3

d(a, Z)2
1B3∪B4(a, Z)

]
≤ Cσ2

∫ +∞

σ2m−1r/2−(1−1/σ2(m−1)r)a/σ

e−z2/2
√

2π

[( 1
σ2m−1r

a− z
)2

+

 z2

2σ −
1

2σ3

(
1

σ2(m−1)r
a− σz + σ2

2

)2
2
dz

+ Cσ2
∫ −σ2m−1r/2−(1−1/σ2(m−1)r)a/σ

−∞

e−z2/2
√

2π

[(2a
σ
− 1
σ2m−1r

a+ z

)2

+

 z2

2σ −
1

2σ3

(
1

σ2(m−1)r
a− σz + σ2

2

)2
2
dz

≤ Cσ2 + Cσ2
∫ +∞

−∞

e−z2/2
√

2π

(
1

2σ3

(
a2

σ4(m−1)r2 + σ4

4 − σ
3z + a

σ2m−4r
− 2az
σ2m−3r

))2

dz

≤ Cσ2,

where we used again the boundedness of the moments of Z, the fact that a ≤ σ2mr/2 and
that σp+1 ≤ σp. For R2 and a > 0, we have

E
[
ϕ2

d(a, Z)2
1R2(a, Z)

]
= E

[
ϕ2

d(a, Z)2
1C1∪C2(a, Z)

]
≤ Cσ2

∫ σ/2+σ2m−1r/2−a/σ

σ/2−a/σ

e−z2/2
√

2π

(σ2

2 − σz
)2

+

z2

2 −
1

2σ2

(
1

σ2(m−1)r
a+

(
1− 1

σ2(m−1)r

)(
σ2

2 − σz
))2

2
dz

+ Cσ2
∫ σ/2−a/σ

σ/2−σ2m−1r/2−a/σ

e−z2/2
√

2π

(2a− σ2

2 + σz

)2

+

z2

2 −
1

2σ2

(
1

σ2(m−1)r
a+

(
1− 1

σ2(m−1)r

)(
σ2

2 − σz
))2

2
dz.

The first integral is bounded using the moments of Z, while for the third one let us denote
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χ(a, σ, z) := a− σ2/2 + σz, then

∫ σ/2+σ2m−1r/2−a/σ

σ/2−σ2m−1r/2−a/σ

e−z2/2
√

2π

 z2

2σ −
1

2σ3

(
1

σ2(m−1)r
a+

(
1− 1

σ2(m−1)r

)(
σ2

2 − σz
))2

2

dz

=
∫ σ/2+σ2m−1r/2−a/σ

σ/2−σ2m−1r/2−a/σ

e−z2/2
√

2π

 z2

2σ −
1

2σ3

(
χ(a, σ, z)
σ2(m−1)r

+ σ2

2 − σz
)2
2

dz

≤ C
∫ σ/2+σ2m−1r/2−a/σ

σ/2−σ2m−1r/2−a/σ

e−z2/2
√

2π

 z2

2σ −
1

2σ3

(
σ2

2 − σz
)2
2

dz

+ C

∫ σ/2+σ2m−1r/2−a/σ

σ/2−σ2m−1r/2−a/σ

e−z2/2
√

2π

(
χ(a, σ, z)2

2σ4m−1r2

)2

+
(
χ(a, σ, z)
rσ2m−1

(
σ2

2 − σz
))2

dz;

recalling that in R2 we have |χ(a, σ, z)| ≤ σ2mr/2, we obtain that this term is also bounded
by Cσ2. For R4 and a > 0, we have

E
[
ϕ4

d(a, Z)2
1R4(a, Z)

]
= E

[
ϕ4

d(a, Z)2
1C4(a, Z)

]
=
∫ σ/2−σ2m−1r/2−a/σ

−∞

e−z2/2
√

2π

(
2a− σ2

2 + σz

)2

dz

= σ2
∫ σ/2−σ2m−1r/2−a/σ

−∞

e−z2/2
√

2π

(2a
σ
− σ

2 + z

)2
dz

Collecting all the terms together, we obtain

E
[
ϕd(a, Z)2

]
=

4∑
i=1

E
[
ϕi

d(a, Z)2
1Ti(a, Z)

]
≤ Cσ2 + Cσ2

∫ σ/2−a/σ

−∞

e−z2/2
√

2π

(2a
σ
− σ

2 + z

)2
dz.

Recall that σ = ℓd−1/3. To bound the last integral we use Hölder’s inequality∫ σ/2−a/σ

−∞

e−z2/2
√

2π

(2a
σ
− σ

2 + z

)2
dz ≤ C

∫ σ/2−a/σ

−∞

e−z2/2
√

2π

[(
σ

2 + z

)2
+ 4

(
σ

2 −
a

σ

)2
]

dz

≤ C
∫ σ/2−a/σ

−∞

e−z2/2
√

2π

[(
ℓ2

4 + z2
)

+ 4
(
σ

2 −
a

σ

)2
]

dz.

The first term is bounded since the moments of Z are bounded. For the second term
we use an estimate of the Gaussian cumulative distribution function. Let κ(ℓ, d, a) :=
ℓd−1/3/2− ad1/3/ℓ. When z < κ(ℓ, d, a) < 0, we have 1 < z/κ(ℓ, d, a) and therefore

(2π)−1/2κ(ℓ, d, a)2
∫ κ(ℓ,d,a)

−∞
e−z2/2dz ≤ (2π)−1/2κ(ℓ, d, a)

∫ κ(ℓ,d,a)

−∞
ze−z2/2dz,

= (2π)−1/2κ(ℓ, d, a) exp(−κ(ℓ, d, a)2/2).
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However y 7→ ye−y2/2 is bounded over R, therefore (a, d) 7−→ (2π)−1/2κ(ℓ, d, a) exp(−κ(ℓ, d, a)2/2)
is bounded over R∗

+ × N. If κ(ℓ, d, a) ≥ 0, then we still have κ(ℓ, d, a) < ℓ and thus have
the inequality

(2π)−1/2κ(ℓ, d, a)2
∫ κ(ℓ,d,a)

−∞
e−z2/2dz ≤ (2π)−1/2ℓ2

∫ +∞

−∞
e−z2/2dz = ℓ2.

The result then follows since σ = ℓd−1/3.

4.10.3 Additional Integrals for the Laplace Distribution

We collect here two auxiliary Lemmata which are used in the proof of Proposition 4.9.

Lemma 4. Take X a Laplace random variable and Z a standard normal random variable
independent of X. Let X̃ := X− 1

σ2(m−1)r
X1

{
|X| < σ2mr/2

}
−σ2

2 sgn(X)1
{
|X| ≥ σ2mr/2

}
+

σZ, then, for σ = ℓd−α with α = 1/3,

E
[
1

{
sgn(X) ̸= sgn(X̃)

}]
→ 0

if d→∞.

Proof. Using the same strategy of Appendix 4.10.1 and the symmetry of the laws of X,Z,
we find that

E
[
1

{
sgn(X) ̸= sgn(X̃)

}]
= 2E [1A1(X)1B2(X,Z)] + 2E [1A3(X)1C2(X,Z)]

+ 2E [1A1(X)1B4(X,Z)] + 2E [1A3(X)1C4(X,Z)] .

Using the same strategy used to obtain the moments of ϕd in Appendix 4.10.1, we find
that

E [1A1(X)1B2(X,Z)] = o(1),

in addition

E [1A3(X)1C2(X,Z)] = 1
2
√

2π

∫ σ/2−σ2m−1r/2

−∞
e−z2/2

∫ σ2/2−σz+σ2mr/2

σ2/2−σz
e−xdx dz + o(1)

= 1
2
√

2π

∫ σ/2−σ2m−1r/2

−∞
e−z2/2

[
σ2r

2 δm1 + ...

]
dz + o(1),

where δm1 is a Dirac’s delta, and

E [1A1(X)1B4(X,Z)] + E [1A3(X)1C4(X,Z)]

= 1
2
√

2π

∫ σ/2−σ2m−1r

−∞
e−z2/2

∫ σ2/2−σz−σ2mr/2

0
e−xdx dz + o(1)

= 1
2
√

2π

∫ σ/2−σ2m−1r

−∞
e−z2/2 [−σz + ...] dz + o(1).
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Since σ = ℓd−1/3 and the remainder terms of the Taylor expansions are bounded, Lebesque’s
dominated convergence theorem gives

E [1A3(X)1C2(X,Z)]→ 0,
E [1A1(X)1B4(X,Z)] + E [1A3(X)1C4(X,Z)]→ 0

as d→∞.

Lemma 5. Take X a Laplace random variable and Z a standard normal random variable
independent of X. Then,

dαE [|Z| |ϕd (X,Z)|]→ 0

for α = 1/3.

Proof. Using Cauchy-Schwarz’s inequality we have that

E [|Z| |ϕd (X,Z)|] ≤ E
[
Z2
]1/2

E
[
ϕd(X,Z)2

]1/2
;

the first expectation is equal to one, and the second one converges to zero at rate d1/2 by
Proposition 4.23. The result follows straightforwardly.

4.10.4 Integrals for Moment Computations

We distinguish the case m = 1/2 and m ≥ 1 since the integration bounds significantly
differ in these two cases. For values between 1/2 and 1 the integrals are not finite. The
expectations below are obtained by integrating w.r.t. x and using a Taylor expansion
about σ = 0 to obtain the leading order terms. Using the Lagrange form of the re-
mainder for the Taylor expansions, we find that the remainder terms are all of the form
σ1/α+1f(γ(σ, z))/(1/α+1)! where γ(σ, z) is a point between the limits of integration w.r.t.
x and f : x 7→ p(x)e−x, where p is a polynomial. Therefore, using the boundedness of the
remainder and Lebesgue’s dominated convergence theorem, the integrals w.r.t. z of the
remainder terms all converge to 0.

4.10.4.1 First Moment

For simplicity, we only consider the case for r ≥ σ−2(m−1), the other case follows analo-
gously.
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Region R1 Let us consider ϕ1
d first. We have

A1 ∩B1 =


0 ≤ x ≤ σ2mr

2 if 0 ≤ z ≤ σ
2

0 ≤ x ≤
(

σ2mr
2 − σz

) (
1− 1

σ2(m−1)r

)−1
if σ

2 ≤ z ≤
σ2m−1r

2

−σz
(
1− 1

σ2(m−1)r

)−1
≤ x ≤ σ2mr

2 if σ
2 −

σ2m−1r
2 ≤ z ≤ 0

,

A1 ∩B2 =


0 ≤ x ≤ σ2mr

2 if − σ2m−1r
2 ≤ z ≤ σ

2 −
σ2m−1r

2

0 ≤ x ≤ −σz
(
1− 1

σ2(m−1)r

)−1
if σ

2 −
σ2m−1r

2 ≤ z ≤ 0

−
(

σ2mr
2 + σz

) (
1− 1

σ2(m−1)r

)−1
≤ x ≤ σ2mr

2 if σ
2 − σ

2m−1r ≤ z ≤ −σ2m−1r
2

,

and

A1 ∩ (B1 ∪B2) =



0 ≤ x ≤ σ2mr
2 if − σ2m−1r

2 ≤ z ≤ σ
2

0 ≤ x ≤
(

σ2mr
2 − σz

) (
1− 1

σ2(m−1)r

)−1
if σ

2 ≤ z ≤
σ2m−1r

2

−
(

σ2mr
2 + σz

) (
1− 1

σ2(m−1)r

)−1
≤ x ≤ σ2mr

2

if σ
2 − σ

2m−1r ≤ z ≤ −σ2m−1r
2

.

The corresponding expectations are

E
[(

X

σ2(m−1)r
− σZ

)
1A1(X)1B1(X,Z)

]
= 1

2
√

2π

∫ σ2m−1r/2

σ/2
e−z2/2

[
z4−2mσ4−2mξ(r) + . . .

]
dz

+ 1
2
√

2π

∫ 0

σ/2−rσ2m−1/2
e−z2/2

[
z4−2mσ4−2mξ(r) + . . .

]
dz

+ o(1),

E
[(

2X − X

σ2(m−1)r
+ σZ

)
1A1(X)1B2(X,Z)

]
= 1

2
√

2π

∫ 0

σ/2−σ2m−1r/2
e−z2/2

[
z4−2mσ4−2mξ(r) + . . .

]
dz

+ 1
2
√

2π

∫ −σ2m−1r/2

σ/2−σ2m−1r
e−z2/2

[
z4−2mσ4−2mξ(r) + . . .

]
dz

+ o(1),
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where ξ : [0,+∞) → R is a function of r only which might change from one line to the
other, and

E

[(
Z2

2 −
1

2σ2

(( 2
σ2(m−1)r

− 1
σ4(m−1)r2

)
X −

(
1− 1

σ2(m−1)r

)
σZ

)2
)
1A1(X)1B1∪B2(X,Z)

]

= 1
2
√

2π

∫ σ/2

−σ2m−1r/2
e−z2/2 [+ . . . ] dz

+ 1
2
√

2π

∫ σ2m−1r/2

σ/2
e−z2/2 [+ . . . ] dz

+ 1
2
√

2π

∫ −σ2m−1r/2

σ/2−σ2m−1r
e−z2/2

[
z2σ2ξ(r) + . . .

]
dz,

where ξ : [0,+∞) → R is a function of r only which might change from one line to the
other.

Region R2 For ϕ2
d, we have

A3 ∩ C1 =
{
σ2/2− σz ≤ x ≤ −σz + σ2/2 + σ2mr/2 if z < σ/2− σ2m−1r/2
σ2mr/2 < x ≤ −σz + σ2/2 + σ2mr/2 if σ/2− σ2m−1r/2 ≤ z ≤ σ/2

,

A3 ∩ C2 =
{
σ2/2− σz − σ2mr/2 ≤ x ≤ σ2/2− σz if z < σ/2− σ2m−1r

σ2mr/2 < x ≤ σ2/2− σz if σ/2− σ2m−1r < z < σ/2− σ2m−1r/2

and

A3 ∩ (C1 ∪ C2) =


σ2mr/2 ≤ x ≤ σ2mr/2 + σ2/2− σz if σ/2− σ2m−1r ≤ z ≤ σ/2
−σ2mr/2 + σ2/2− σz < x ≤ σ2mr/2 + σ2/2− σz

if z < σ/2− σ2m−1r

.

The corresponding expectations are

E

[(
σ2

2 − σZ
)
1A3(X)1C1(X,Z)

]
= 1

2
√

2π

∫ σ/2−σ2m−1r/2

−∞
e−z2/2

[
−rz2 σ

2m+1 + . . .

]
dz

+ 1
2
√

2π

∫ σ/2

σ/2−σ2m−1r/2
e−z2/2

[
z2σ2 + . . .

]
dz,

E

[(
2X − σ2

2 + σZ

)
1A3(X)1C2(X,Z)

]
= 1

2
√

2π

∫ σ/2−σ2m−1r

−∞
e−z2/2

[
−rz2 σ

2m+1 + . . .

]
dz

+ 1
2
√

2π

∫ σ/2−σ2m−1r/2

σ/2−σ2m−1r
e−z2/2

[
−rz2 σ

2m+1 + . . .

]
dz,

257



Chapter 4. Optimal Scaling Results for a Wide Class of Proximal MALA Algorithms

and

E

Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X +

(
1− 1

σ2(m−1)r

)(
σ2

2 − σZ
))2

1A3(X)1C1∪C2(X,Z)


= 1

2
√

2π

∫ σ/2−σ2m−1r

−∞
e−z2/2

[
rz

2 σ
2m+1 + . . .

]
dz

+ 1
2
√

2π

∫ σ/2

σ/2−σ2m−1r
e−z2/2

[
−z

3

2rσ
3−2m + . . .

]
dz.

Region R3 For ϕ3
d, we have, in the case r ≥ σ−2(m−1),

A1 ∩B3 =

0 ≤ x ≤ σ2mr
2 if z > σ2m−1r

2(
σ2mr

2 − σz
) (

1− 1
σ2(m−1)r

)−1
< x ≤ σ2mr

2 if σ
2 ≤ z ≤

σ2m−1r
2

,

A1 ∩B4 =

0 ≤ x ≤ σ2mr
2 if z < σ

2 − σ
2m−1r

0 ≤ x <
(

σ2mr
2 − σz

) (
1− 1

σ2(m−1)r

)−1
if σ

2 − σ
2m−1r ≤ z ≤ −σ2m−1r

2
.

The corresponding expectations are

E

 1
σ2(m−1)r

X − σZ + Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ + σ2

2

)2
1A1(X)1B3(X,Z)


= 1

2
√

2π

∫ +∞

σ2m−1r/2
e−z2/2

[
−rz8 σ

2m+1 + . . .

]
dz

+ 1
2
√

2π

∫ σ2m−1r/2

σ/2
e−z2/2

[
z3−2mσ3−2mξ(r) + . . .

]
dz,

E

2X − 1
σ2(m−1)r

X + σZ + Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ − σ2

2

)2
1A1(X)1B4(X,Z)


= 1

2
√

2π

∫ σ/2−σ2m−1r/2

−∞
e−z2/2

[3
8σ

2m+1 + . . .

]
dz

+ 1
2
√

2π

∫ −σ2m−1r/2

σ/2−σ2m−1r/2
e−z2/2

[
z3σ3−2mξ(r) + . . .

]
dz,

where ξ : [0,+∞) → R is a function of r only which might change from one line to the
other.

Region R4 Finally, for ϕ4
d we have

A3 ∩ C4 =
{
z <

σ

2 − σ
2m−1r,

σ2mr

2 < x ≤ σ2

2 − σz −
σ2mr

2

}
,
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and

E

[(
2X − σ2

2 + σZ

)
1A3(X)1C4(X,Z)

]
= 1

2
√

2π

∫ σ/2−σ2m−1r

−∞
e−z2/2

[
z3

6 σ
3 + . . .

]
dz.

4.10.4.2 Second Moment

For simplicity, we only consider the case for r ≥ σ−2(m−1), the other case follows analo-
gously.

Region R1 For ϕ1
d we have

E
[
ϕ1

d(X,Z)2
1A1(X)1B1(X,Z)

]
= 1

2
√

2π

∫ σ2m−1r/2

σ/2
e−z2/2

[
z3σ3ξ(r) + . . .

]
dz

+ 1
2
√

2π

∫ 0

σ/2−rσ2m−1/2
e−z2/2

[
z3σ3ξ(r) + . . .

]
dz

+ o(1),

E
[
ϕ1

d(X,Z)2
1A1(X)1B2(X,Z)

]
= 1

2
√

2π

∫ 0

σ/2−σ2m−1r/2
e−z2/2

[
z3σ3ξ(r) + . . .

]
dz

+ 1
2
√

2π

∫ −σ2m−1r/2

σ/2−σ2m−1r
e−z2/2

[
z3σ3ξ(r) + . . .

]
dz

+ o(1),

where ξ : [0,+∞) → R is a function of r only which might change from one line to the
other.

Region R2 For ϕ2
d we have

E
[
ϕ2

d(X,Z)2
1A3(X)1C1(X,Z)

]
= 1

2
√

2π

∫ σ/2−σ2m−1r/2

−∞
e−z2/2

[
rz2

2 σ2m+2 + . . .

]
dz

+ 1
2
√

2π

∫ σ/2

σ/2−σ2m−1r/2
e−z2/2

[
−z3σ3 + . . .

]
dz,

E
[
ϕ2

d(X,Z)2
1A3(X)1C2(X,Z)

]
= 1

2
√

2π

∫ σ/2−σ2m−1r

−∞
e−z2/2

[
z2σ2m+2 + . . .

]
dz

+ 1
2
√

2π

∫ σ/2−σ2m−1r/2

σ/2−σ2m−1r
e−z2/2

[
−rz

2

2 σ2m+2 + . . .

]
dz.
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Region R3 For ϕ3
d we have

E


 1
σ2(m−1)r

X − σZ + Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ + σ2

2

)2
2

1A1(X)1B3(X,Z)


= 1

2
√

2π

∫ +∞

σ2m−1r/2
e−z2/2

[
rz2

24 σ
2m+2 + . . .

]
dz

+ 1
2
√

2π

∫ σ2m−1r/2

σ/2
e−z2/2

[
rz2

24 σ
2m+2 + . . .

]
dz,

E


2X − 1

σ2(m−1)r
X + σZ + Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ − σ2

2

)2
2

1A1(X)1B4(X,Z)


= 1

2
√

2π

∫ σ/2−σ2m−1r/2

−∞
e−z2/2

[
7rz2

24 σ2m+2 + . . .

]
dz

+ 1
2
√

2π

∫ −σ2m−1r/2

σ/2−σ2m−1r/2
e−z2/2

[
7rz2

24 σ2m+2 + . . .

]
dz,

Region R4 For ϕ4
d we have

E

(2X − σ2

2 + σZ

)2

1A3(X)1C4(X,Z)

 = 1
2
√

2π

∫ σ/2−σ2m−1r

−∞
e−z2/2

[
−z

3

3 σ
3 + . . .

]
dz.

4.10.4.3 Third Moment

Having established that the only possible scaling is given by α = 1/3, β = m/3 with
m ≥ 1, we now proceed to bound the third moment of ϕd in this case. For simplicity, we
only consider the case for r ≥ 1, the other case follows analogously.

Since m ≥ 1, we find that E
[
ϕ1

d(X,Z)3
1R1(X,Z)

]
= o(1) as d→∞ since the limits of
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integration all converge to 0. Then, using Hölder’s inequality for ϕ2
d, we have

E
[
ϕ2

d(X,Z)3
]
≤ CE

(σ2

2 − σZ
)3

1A3(X)1C1(X,Z)


+ CE

(2X − σ2

2 + σZ

)3

1A3(X)1C2(X,Z)


+ CE


Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X +

(
1− 1

σ2(m−1)r

)(
σ2

2 − σZ
))2

3

×1A3(X)1C1∪C2(X,Z)]

= C

2
√

2π

∫ σ/2−σ2m−1r/2

−∞
e−z2/2

[
−rz

3

2 σ5 + ...

]
dz

+ C

2
√

2π

∫ σ/2−σ2m−1r

−∞
e−z2/2

[
−rz

3

2 σ5 + ...

]
dz

+ C

2
√

2π

∫ σ/2−σ2m−1r

−∞
e−z2/2

[
z3σ5ξ(r) + ...

]
dz + o(1),

where ξ : [0,+∞) → R is a function of r only which might change from one line to the
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other. For ϕ3
d, we have, using again Hölder’s inequality,

E


 1
σ2(m−1)r

X − σZ + Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ + σ2

2

)2
3

1A1(X)1B3(X,Z)


≤ CE

[( 1
σ2(m−1)r

X − σZ
)3

1A1(X)1B3(X,Z)
]

+ CE


Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ + σ2

2

)2
3

1A1(X)1B3(X,Z)


= 1

2
√

2π

∫ +∞

σ2m−1r/2
e−z2/2

[
−z

3r

2 σ5 + ...

]
dz

+ 1
2
√

2π

∫ +∞

σ2m−1r/2
e−z2/2

[
z3σ5ξ(r) + ...

]
dz + o(1)

E


2X − 1

σ2(m−1)r
X + σZ + Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ − σ2

2

)2
3

1A1(X)1B4(X,Z)


≤ CE

[(
2X − 1

σ2(m−1)r
X + σZ

)3
1A1(X)1B4(X,Z)

]

+ CE


Z2

2 −
1

2σ2

(
1

σ2(m−1)r
X − σZ − σ2

2

)2
3

1A1(X)1B4(X,Z)


= 1

2
√

2π

∫ +∞

σ2m−1r/2
e−z2/2

[
z3r

2 σ5 + ...

]
dz

+ 1
2
√

2π

∫ +∞

σ2m−1r/2
e−z2/2

[
z3σ5ξ(r) + ...

]
dz + o(1),

where ξ : [0,+∞) → R is a function of r only which might change from one line to the
other. Finally, for ϕ4

d we have

E

(2X − σ2

2 + σZ

)3

1A3(X)1C4(X,Z)

 = 1
2
√

2π

∫ σ/2−σ2m−1r

−∞
e−z2/2

[
z3

10σ
5 + ...

]
dz.
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APPENDIX A

Introduction (en français)

A.1 Introduction à l’approximation stochastique

L’approximation stochastique a été inventée en 1951 lors de la parution de l’article [RM51]
dans la revue Annals of Mathematical Statistics. Il s’agit d’une famille de méthodes itéra-
tives pour trouver les racines d’une fonction h : Rd → Rd appelée champ moyen, lorsque
celle-ci n’est accessible qu’avec un bruit. Le schéma de la méthode est le suivant:

θn+1 = θn + ηn+1Hθn(Xn+1) , (A.1)

où (θn)n∈N est la suite créée par itération, avec θn ∈ Rd pour tout n ∈ N et qui est
initialisée en θ0. La suite (ηn)n∈N∗ constitue la taille des pas, qui est déterministe et
choisie par l’utilisateur sous la condition ηn > 0 pour tout n ∈ N∗. Enfin, Hθn(Xn+1) est
un estimateur de la fonction continue h évaluée en θn. Le bruit est modélisé par une suite
de variables aléatoires (Xn+1)n∈N à valeurs dans l’espace probabilisable (X,X ).

Le schéma (A.1) a été étudié depuis des décennies, surtout par les communautés
d’approximation stochastique (voir [BMP90; Bor09; BCZ11; KY03; PJ92; Rup88]) et
d’optimisation (voir [dST+21; Nem+09; Nes04; NV08]). Pendant les vingt dernières an-
nées, la communauté d’apprentissage statistique a trouvé d’intéressantes applications, au
cœur de nombreuses réussites du domaine (voir [Bot10; Bot12; BB08b; BCN18; Cra+06;
DHS11; Sha+12; SSS07; Xia09]). Aussi bien en optimisation qu’en apprentissage statis-
tique, la principale application du schéma (A.1) est la descente de gradient stochastique,
qui s’obtient lorsque h = −grad f pour une fonction différentiable f : Rd → R.

Présentons quelques exemples d’utilisation de l’approximation stochastique.

A.1.1 Motivation

Example A.1 (Estimation de la moyenne). Pour d ∈ N∗, on considère une mesure de
probabilité π sur Rd avec un second moment fini. On se donne une suite i.i.d. d’observations
(Xn)n∈N∗ de loi π. On peut estimer l’inconnue µ =

∫
Rd u dπ(u) par l’approximation
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stochastique. Soit L2 le risque quadratique défini pour tout θ ∈ Rd par

L2(θ) = 1
2

∫
Rd
∥θ − u∥2 dπ(u) .

En dérivant sous le signe intégral, on obtient que L2 est différentiable et que son gradient
est donné par gradL2(θ) = θ − µ. Comme nous n’avons pas accès à µ, on ne peut pas
évaluer gradL2, cependant on peut utiliser les observations (Xn)n∈N comme estimateurs
de µ pour construire un estimateur simple mais peu efficace de −gradL2(θ). Pour tout
n ∈ N∗ et tout θ ∈ Rd, soit Hθ(Xn) = −(θ − Xn). Résumons les propriétés de cette
estimation :

E [Hθ(Xn)] = −gradL2(θ) , and E
[
∥Hθ(Xn) + gradL2(θ)∥2

]
= σ2 < +∞ ,

où σ2 = Var(X1). On utilise ensuite cet estimateur dans l’algorithme de Robbins-Monro
pour effectuer la descente de gradient stochastique donnée par (A.1), afin de minimiser le
risque L2, en initialisant avec θ0 = 0 et un choix de pas ηn = 1/n pour tout n ∈ N :

θn+1 = θn + ηn+1Hθn(Xn+1) = θn −
1

n+ 1 (θn −Xn+1) = n

n+ 1θn + 1
n
Xn+1 .

Une simple récurrence permet de voir que pour tout n ∈ N∗, θn = n−1∑n
i=1Xi. Par la loi

forte des grands nombres, θn
p.s.−→

n→∞
µ.

Regardons ensuite deux exemples en apprentissage supervisé où l’on utilise la descente
de gradient stochastique.

Apprentissage supervisé Étant donné un ensemble de n observations i.i.d. (xi, yi) ∈
X × Y pour i = 1, . . . , n, et ayant une nouvelle observation partielle x, on veux prédire
la variable inconnue y en utilisant une fonction de la forme θ⊤Φ(x). Celle-ci est linéaire
par rapport aux caractéristiques Φ(x) ∈ Rd. Supposons que l’on a déjà choisi la fonction
d’extraction des caractéristiques Φ : X → Rd, et que l’on veut apprendre les paramètres
θ ∈ Rd tels que θ⊤Φ(x) soit aussi proche de y que possible. Pour évaluer la performance
du paramètre courant θ, on considère une fonction de perte ℓ : Y × R → R+, de façon à
avoir ℓ(y, θ⊤Φ(x)) petit si et seulement si y est proche de θ⊤Φ(x).

Un choix pour la fonction de perte est le risque empirique.

Example A.2 (Minimisation du risque empirique). Le risque empirique est donné par

min
θ∈Rd

Remp(θ) , où Remp : θ 7→ 1
n

n∑
i=1

ℓ
(
yi, θ

⊤Φ(xi)
)
. (A.2)

Le calcul analytique du minimiseur de (A.2) est coûteux voire impossible en général (le
nombre d’observations n est souvent très grand). Ainsi, on utilise un algorithme itératif
pour minimiser (A.2).

264



A.1. Introduction à l’approximation stochastique

À l’itération t, on tire une variable aléatoire it+1, uniforme sur {1, . . . , n} et on consid-
ère gt+1, le gradient de θ 7→ ℓ(yit+1 , θ

⊤Φ(xit+1)). Ensuite, étant donnée une initialisation
θ0 ∈ Rd, on construit les itérations de la façon suivante :

θt+1 = θt − ηn+1gt+1(θt) ,

où (ηn)n∈N∗ est la suite des pas, qui est positive. Dans cette approche, l’aléa provient
du choix des indices. Comme (it)t∈N∗ est tirée avec remplacement, on utilisera plusieurs
fois la même observation (xi, yi). Sous des hypothèses assez générales, , la suite (θt)t∈N

converge lorsque t→∞ vers un minimum local θ⋆ du risque empirique (A.2).

Un autre choix de fonction de risque qui est intéressant à considérer est le risque en
espérance.

Example A.3 (Minimisation du risque en espérance). On s’intéresse maintenant à la
minimisation du risque en espérance, c’est-à-dire

min
θ∈Rd

Rexp(θ) , où Rexp : θ 7→ E
[
ℓ
(
y, θ⊤Φ(x)

)]
,

où (x, y) est une variable aléatoire de même distribution que les observations (xi, yi)i∈{1,...,n}
et indépendante de celles-ci. Cette fonction de risque prend en compte toutes les valeurs
possibles de x, même celles qui n’ont pas été observées. Il s’agit ainsi d’un meilleur indi-
cateur de la qualité de la prédiction. Néanmoins, la loi d’une observation (x, y) n’est pas
connue en pratique, et le risque en espérance n’est donc pas calculable. On décide alors
d’optimiser une approximation de ce risque Rexp de façon itérative.

Comme dans l’exemple A.1, les observations nous fournissent des estimateurs simples
mais inefficaces de gradRexp. Ainsi, si on note gt le gradient de θ 7→ ℓ(yt, θ

⊤Φ(xt)), alors,
en dérivant sous le signe intégral, gt(θ) est un estimateur sans biais de gradRexp(θ). On
obtient le schéma suivant, initialisé en θ0 ∈ Rd,

θt+1 = θt − ηn+1gt+1(θt) , (A.3)

où t est à valeurs dans {0, . . . , n − 1} et (ηn+1)n∈N est encore la suite des pas. Ici,
l’aléa provient des observations elles mêmes. Pour préserver l’indépendance des estima-
teurs (gt)t∈{1,...,n}, on décide de ne faire qu’une passe sur les données. Si le nombre
d’observations n tend vers l’infini, alors le schéma (A.3) converge vers θ⋆, un minimum
du risque en espérance Rexp.

On peut noter que le risque Example A.2 est bien adapté lorsque toutes les données
sont accessibles depuis le début, i.e. lorsque n est fixé. On dit que ces données sont
statiques. Cependant Example A.3 est mieux adapté pour des données itératives, où une
seule observation (xt, yt) est donnée à chaque instant t ∈ N. On appelle cette différence
batch learning contre online learning.

L’exemple suivant montre comment transformer un algorithme adapté pour des don-
nées statiques en un algorithme fait pour les données en ligne ou itératives.
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L’algorithme Espérance-Maximisation (EM) On introduit d’abord l’algorithme
EM (voir [DLR77]) dans le contexte d’un modèle de variable latentes. Ceci modélise
aussi bien des cas de données manquantes, d’observations censurées ou encore de données
bruitées.

Supposons qu’il existe une variable aléatoire non observable, dite latente X qui suit la
loi de densité f(x; θ), où {f(x; θ) : θ ∈ Θ} est une famille paramétrique de densités de
probabilité, indexées par le paramètre θ ∈ Θ ⊂ Rd. On se donne accès à une observation
Y ∈ Y qui est une fonction déterministe de X. On modélise cette dépendance en disant
que y 7→ g(y; θ) est la vraisemblance de la variable observée du modèle.

Avec n observations i.i.d. Y = (Y1, . . . , Yn), l’algorithme EM maximise de façon itéra-
tive la log-vraisemblance log g(Y ; θ) = ∑n

i=1 log g(Yi; θ), malgré la possible formulation
compliquée de g, qui résulte du modèle à variables latentes. Chaque itération k consiste
en deux étapes. L’étape d’espérance, dite étape E consiste à évaluer l’espérance condi-
tionnelle

θ 7→ Qθk
(Y ; θ) = 1

n

n∑
i=1

Eθk
[log f(Xi; θ)|Yi] ,

où θk est l’estimateur courant de θ et Eθ[·|Y ] est l’espérance conditionnelle sachant Y
pour le modèle paramétré par θ. L’étape de maximisation, dite étape M, consiste à
trouver la valeur de θ qui maximise Qθk

(Y ; θ). Cette valeur est prise comme le nouvel
estimateur θk+1. Le succès de cet algorithme vient du fait que si Qθk

(Y ; θ) croît, alors la
log-vraisemblance log g(Y ; θ) croît aussi (voir [DLR77]).

L’algorithme EM utilise toutes les données disponibles à chaque itération. Il s’agit
d’un algorithme batch. Il existe plusieurs versions en ligne de l’algorithme EM, nous en
présentons celle de [CM09].

Example A.4 (Algorithme EM en ligne). En conservant les notations de l’algorithme
EM, l’étape E de la version en ligne devient: à l’itération k, pour θ ∈ Θ, évaluer la
fonction

Q̂k+1(θ) = Q̂k(θ) + ηk+1
(
Eθk

[log f(Xk+1; θ)|Yk+1]− Q̂k(θ)
)
,

où (ηn)n∈N∗ est une suite positive de pas. L’étape M reste inchangée, il s’agit de définir
θn+1 comme la valeur dans Θ qui maximise Q̂n+1.

Dans [CM09], les auteurs prouvent que l’algorithme converge à une valeur station-
naire de la divergence de Kullback-Leibler évaluée contre la solution (voir Théorème 1 de
[CM09]). Cet algorithme présente aussi une propriété bien utile, qui est que la divergence
de Kullback-Leibler évaluée contre la solution décroît à chaque itération, tant que le pas
est suffisamment petit (voir proposition 2 de [CM09]).

Ayant présenté différents problèmes que l’approximation stochastique est capable de
résoudre, on s’intéresse maintenant aux hypothèses et aux techniques de preuves de cette
famille de méthodes.
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A.1.2 Hypothèses sur le bruit

L’estimateur Hθn(Xn+1) se réécrit comme suit,

Hθn(Xn+1) = h(θn) + eθn(Xn+1) ,

où eθn(Xn+1) est appelée l’erreur d’estimation. On définit la filtration (Fn)n∈N comme la
filtration naturelle associée à la suite (θn)n∈N.

L’hypothèse la plus classique à faire sur le bruit (voir l’hypothèse A4 de [Kar+19],
l’hypothèse A1 de [GL13] ou encore l’hypothèse H1 de [MB11]), est de borner les deux
premiers moments du bruit. En voici un exemple.

A22 (Cas différence de martingale (euclidien)). Il existe σ2 > 0 tel que pour tout n ∈ N,

E [eθn(Xn+1)|Fn] = 0 , et E
[
∥eθn(Xn+1)∥2

∣∣∣Fn

]
≤ σ2 .

Cette hypothèse sur le bruit veut dire que l’estimateur Hθ(X) est sans biais et que sa
variance est uniformément bornée. Ce cas est appelé différence de martingale car la suite
de variables aléatoires (∑n

k=0 eθk
(Xk+1))n∈N est une martingale par rapport à la filtration

(Fn)n∈N. Pour généraliser cette hypothèse, on peut remplacer l’inégalité sur la variance
par E[∥eθn(Xn+1)∥2|Fn] ≤ σ2

0 + σ2
1 ∥h(θn)∥2, ce qui veut dire que la borne sur la variance

peut dépendre du point courant θn.
L’autre type d’hypothèses sur le bruit qui a intéressé la communauté (voir Cas 2

dans [Kar+19] et [BCN18; GL13]) est le cas markovien, où la suite des vecteur de bruit
(eθn(Xn+1))n∈N est une chaîne de Markov qui dépend de l’état courant θn.

A 23 (Cas markovien (euclidien)). Il existe un noyau de Markov P sur (Θ × X) × X
tel que pour tout n ∈ N et toute fonction mesurable φ : X → R, E[φ(Xn+1)|Fn] =∫

X φ(y)Pθn(Xn, dy). De plus, pour tout θ ∈ Θ, Pθ admet une unique mesure de proba-
bilité invariante πθ, qui de plus satisfait h(θ) =

∫
X Hθ(y)dπθ(y).

Ce cadre est important dans des sujets d’apprentissage par renforcement comme le
Q-learning, (voir [JJS93]) et les méthodes policy-gradient (voir [BB01]).

A.1.3 Techniques de preuve pour la convergence

Une approche pour analyser le schéma (A.1) qui a porté ses fruits consiste à trouver une
fonction positive V : Rd → R+ qui décroît lors de chaque itération. Cette fonction V , qui
peut s’interpréter comme une sorte d’énergie potentielle est appelée fonction de Lyapunov,
tout comme les fonctions de Lyapunov utilisées dans l’analyse d’équations différentielles
(voir [Lya92]). La terminologie provient de la deuxième méthode de Lyapunov, décrite
dans [KB60], où les auteurs utilisent cette technique pour démontrer la stabilité asymp-
totique globale des solutions du schéma (A.1). Ils y procèdent en montrant que toutes
les trajectoires des solutions de l’équation différentielle ordinaire (EDO) obtenue comme
limite, θ̇ = h(θ) convergent vers zéro. Cette technique de preuve, nommée l’approche par
EDO, a été reprise avec beaucoup de succès dans [BFH13; Bor09; BM00; Kar+19]. La
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principale contrainte de celle-ci est la connaissance d’une fonction de Lyapunov adaptée
au problème, puisqu’il n’y a pas de fonction de Lyapunov générique pour tous les cas.
La plupart des analyses sont de nature asymptotique (voir [Fab68; Pfl86; Sac58]), mais
la littérature non-asymptotique est de plus en plus prolifique dernièrement (voir [BM11;
Kar+19; Pfl90; RRT17]), puisque les résultats non-asymptotiques ont des implications
palpables a toutes les étapes de l’algorithme.

A.1.4 Hypothèses pour la descente de gradient stochastique

Dans le cas de la descente de gradient stochastique, les conditions de Lyapunov reviennent
à vérifier différentes hypothèses de convexité. Il y a deux cas qui méritent d’être soulignés,
le cas fortement convexe et le cas convexe. Si f est fortement convexe, sous des hypothèses
assez faibles et si pour tout n ∈ N∗, ηn = c/n pour un certain c > 0 fixé, alors on connaît
le taux de convergence non-asymptotique suivant

E
[
f(θn)− f(θ⋆)

]
≤ C/n ,

où C > 0 est une constante, θn = (1/n)∑n−1
k=0 θk et θ⋆ est l’unique solution du problème

(voir [BM11]). Ceci correspond à la meilleure vitesse de convergence possible pour cette
classe de problèmes (voir [Aga+09]). Lorsque f est uniquement convexe, sous des hy-
pothèses similaires à celles du cas fortement convexe, et pour le même choix de pas, on
obtient

E
[
f(θn)− f(θ⋆)

]
≤ C/

√
n .

Cette borne est aussi optimale pour cette classe de problèmes (voir [Aga+09]).

A.1.5 Schéma projeté

Il existe de multiple raisons pour souhaiter que les itérations de la suite (A.1) restent
dans un ensemble Θ ⊂ Rd plus petit que tout l’espace disponible Rd : c’est utilisé pour
accélérer la convergence dans les SVM projetés [LSB12; SSS07], ou encore pour démontrer
la stabilité de l’algorithme (on a souvent besoin que les itérés restent dans un ensemble
compact) comme dans [MMM18] et parfois on projette pour s’assurer que (θn)n∈N satisfait
un ensemble de contraintes S comme dans [Pfl86]. Pour tous ces cas, on réécrit (A.1) de
la façon suivante,

θn+1 = projΘ (θn + ηn+1Hθn(Xn+1)) , (A.4)
où projΘ est la projection orthogonale sur l’ensemble convexe et compact Θ ⊂ Rd.

Regardons l’exemple suivant pour motiver l’étude du schéma projeté.

Example A.5 (Estimation de vecteurs propres). On observe une suite de matrices aléa-
toires, indépendantes et de taille d×d (Ak)k∈N, qui ont toutes la même espérance E[Ak] =
A, où A est une matrice symétrique. On cherche à approximer un vecteur propre de la ma-
trice moyenne A en utilisant les observations bruitées. L’algorithme proposé par [OK85]
est le suivant,

θn = θn−1 + ηnAnθn−1
∥θn−1 + ηnAnθn−1∥

, (A.5)
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où ∥·∥ est la norme euclidienne. Supposons que ∑i∈N∗ ηn = ∞, ∑i∈N∗ η2
n < ∞ et que

l’hypothèse A22 est satisfaite – ce qui implique que supn∈N E[∥An∥2] <∞ – alors (θn)n∈N

converge dans un espace propre de A (voir théorème 3 de [Del00]). Si A n’a pas de valeur
propre multiple, alors la suite définie plus haut converge vers un vecteur propre de A.

Il est important de remarquer que l’itération (A.5) peut se décomposer en deux étapes
: d’abord θ̃n = θn−1 + ηnAnθn−1 suivi de θn = θ̃n/∥θ̃n∥ = projSd−1(θ̃n), où Sd−1 est la
sphère unité (de dimension d − 1 plongée dans Rd) pour la norme euclidienne ∥·∥. La
première étape correspond à un schéma de la forme (A.1). Cependant, ne faire que cette
étape construirait une suite divergente dans la plupart des cas à cause de ∥θn∥ → ∞
– e.g. dans le cas d’une valeur propre positive ou d’un mauvais choix de pas (ηn)n∈N∗ .
Puisque la norme du vecteur n’est pas importante lorsque l’on cherche un vecteur propre,
la deuxième étape enlève un degré de liberté superflu en projetant les itérés sur la sphère
unité.

Dans ce cas, la projection permet de résoudre l’indétermination de (∥θn∥)n∈N. Néan-
moins, puisque θn − θn−1 n’est plus proportionnel à Anθn−1, on ne peut pas savoir si le
prochain pas de l’algorithme va être grand ou petit en regardant uniquement Anθn−1.
On pense qu’il existe de meilleures façons de résoudre l’indétermination sur la norme, en
construisant les itérations du type (A.1) dans un sous-espace contraint Θ, dans lequel la
distance entre deux itérés consécutifs corresponde à la norme du champ moyen. Ce nou-
veau schéma doit aussi répondre aux nécessités prises en compte par le schéma projeté.

Pour cela, on restreint l’espace des paramètres Rd à une variété différentiable Θ, que
l’on munit d’une métrique riemannienne g.

A.2 Approximation stochastique sur une variété riemanni-
enne

Sur une variété riemannienne, on adapte le schéma itératif (A.1) de façon à ce qu’il reste
sur la variété Θ de façon intrinsèque, autrement dit passer par Rd ni par une étape de
projection :

θn+1 = Expθn
(ηn+1Hθn(Xn+1)) , (A.6)

où Expθ : Tθ → Θ est l’exponentielle riemannienne, qui correspond au flot de l’équation
différentielle qui définit le chemin le plus droit sur une variété riemannienne. On peut
approximativement dire que Expθ(v) ≈ θ + v. On peut se demander si (A.6) est fonda-
mentalement différent du schéma itératif projeté (A.4). Intuitivement pour ce nouveau
schéma, le chemin qui relie θn et θn+1 n’est pas la projection d’une droite sur Rd comme
dans (A.4), mais plutôt le chemin le plus droit qui reste dans la variété Θ. Cette différence
est cruciale, et elle a pour conséquence que, sous des hypothèses assez faibles1, la distance
riemannienne entre θn+1 et θn est exactement la norme riemannienne du vecteur dans
l’exponentielle Hθn(Xn+1) multipliée par le pas ηn+1.

1c’est vrai pour des vecteurs suffisamment petits, de façon à ce qu’ils restent à l’intérieur du domaine
d’injectivité TD(θ) (voir Section 2.11.6)
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A.2.1 Schéma géodésique et schéma par rétraction

Le schéma (A.6) est dit géodésique car le chemin entre θn et θn+1 est une géodésique. Il
présente de nombreux avantages comparé au schéma projeté (A.4), comme l’appartenance
intrinsèque de la suite (θn)n∈N à la variété Θ et la propriété que la distance riemannienne
entre deux itérés consécutifs ρΘ(θn, θn+1) soit égale au pas ηn+1 multiplié par la norme
riemannienne du champ moyen bruité ∥Hθn(Xn+1)∥θn , comme mentionné ci-dessus.

Cependant, ces bénéfices entraînent des coûts, notamment le calcul de l’exponentielle
riemannienne, ou de façon équivalente, le calcul d’une géodésique γ : [0, 1]→ Θ partant de
γ(0) = θ ∈ Θ et de vitesse initiale γ̇(0) = u ∈ TθΘ. Dans le meilleur des cas, la géodésique
a une forme close qui est simple à calculer effectivement, comme dans ce premier cas.

Example A.6 (Géodésiques sur la sphère Sd). Soit Sd = {x ∈ Rd+1 : ∥x∥ = 1} la sphère
unité, où ∥·∥ représente la norme euclidienne standard sur Rd+1. La structure classique de
variété riemannienne de la sphère est la suivante. Pour tout θ ∈ Sd, l’espace tangent à un
point θ ∈ Sd est donné par TθSd = {u ∈ Rd+1 : u⊤θ = 0} – voir [AMS08, Exemple 3.5.1].
La métrique canonique sur la sphère g est définie comme la restriction du produit scalaire
euclidien dans Rd+1 sur l’espace tangent TθSd. La formule de l’exponentielle riemannienne
est donnée dans [Lee19, Proposition 5.27],

Expθ(u) = cos(∥u∥)θ + sin(∥u∥)(u/∥u∥) .

Dans d’autres cas, la géodésique a un forme close mais elle est bien plus coûteuse à
calculer, comme dans cet exemple.

Example A.7 (Géodésiques sur la variété de Grassmann Grr(Rd)). Soit r ∈ {1, . . . , d} et
soit Grr(Rd) l’ensemble de sous-espaces de Rd de dimension r. On peut représenter Grr(Rd)
comme le quotient de la variété de Stiefel non-compacte par l’action du groupe linéaire
GLr(R). Cette représentation correspond à dire qu’un sous-espace de dimension r de Rd,
noté E, se représente par n’importe quelle famille de r vecteurs linéairement indépendants
v1, . . . ,vr de Rd tels que Span(v1, . . . ,vr) = E. Ensuite, prendre le quotient permet
d’identifier les familles de vecteurs qui engendrent le même sous-espace. On effectue une
description plus détaillée des variétés de Stiefel et de Grassmann dans Example 2.9 et
Section 2.7.2. Pour B dans la variété de Stiefel, on note [B] la classe qui lui correspond
dans Grr(Rd). Pour tout [B] ∈ Grr(Rd) et D ∈ T[B]Grr(Rd), une formule tirée de [AMS04,
Theorem 3.6] nous donne l’expression de l’exponentielle riemannienne

Exp[B](D) =
[(

B
(
B⊤B

)−1/2
V U

)(cos (Σ)
sin (Σ)

)]
,

où cos et sin sont donnés par leurs définitions en série entières et D(B⊤B)−1/2 = UΣV⊤

la décomposition en valeurs singulières compacte (que l’on appelle SVD par la suite, voir
[HP14, Theorem 1.46]), avec U une matrice de taille d×r avec des colonnes orthogonales,
i.e. U⊤U = Ir, V une matrice orthogonale de taille r × r, et Σ une matrice diagonale à
des coefficients positifs de taille r × r.
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Dans ce cas, en plus de calculs rapides comme des sommes, des multiplications et des
fonctions trigonométriques, le calcul d’une géodésique exige une SVD qui coûte environ
O(dr2) calculs (voir [HGI07]). De tels calculs sont souvent trop coûteux en temps pour
des problèmes en grande dimension, puisque la SVD doit se faire à chaque itération du
schéma (A.6).

Le dernier cas est lorsqu’il n’y a pas de forme close pour les solutions de l’équation
géodésique – voir Section 2.11.3. Dans ce cas, on peut approcher les solutions de cette
équation numériquement, mais le schéma n’est plus exactement géodésique.

Pour se livrer du problème du calcul des géodésiques, présent dans deux des trois cas
ci-dessus, la communauté s’est très vite intéressée aux schémas itératifs dits de rétraction.
L’idée c’est de remplacer l’exponentielle riemannienne par une approximation convenable,
plus facile à calculer en pratique. De telles approximations de l’exponentielle riemannienne
sont appelées rétractions.

Definition A.8 (Rétraction). Une fonction continument dérivable Ret : TΘ → Θ, est
dite rétraction lorsque pour tout θ ∈ Θ, Retθ(0θ) = θ et (DRet)θ(0θ) = Id, où 0θ est le
zéro de l’espace vectoriel TθΘ.

Le schéma itératif qui en résulte est le suivant. En commençant en θ0 ∈ Θ, on définit
récursivement pour tout n ∈ N∗,

θn+1 = Retθn (ηn+1Hθn(Xn+1)) . (A.7)

Pour des exemples de rétractions, voir Examples 2.8 and 2.9. Les conditions de la définition
impliquent que Expθ et Retθ ont le même développement de de Taylor à l’ordre un autour
de 0θ, ce qui confirme bien l’idée intuitive de la ressemblance entre une rétraction et
l’exponentielle riemannienne.

Avant de parler des travaux de la communauté d’approximation stochastique sur une
variété riemannienne, il est important de souligner le caractère essentiel des travaux des
communautés d’optimisation déterministe et de méthodes numériques sur les variétés rie-
manniennes. En particulier [AMS08; EAS98] ont ouvert la porte des variétés riemanni-
ennes à la communauté d’optimisation. En comparaison avec les autres branches de la
géométrie riemannienne, les introductions faites dans ces articles pour les communautés
d’optimisation ou de méthodes numériques font d’énormes efforts de sobriété, en constru-
isant uniquement les notions nécessaires pour les algorithmes d’optimisation. De plus, les
exemples traités dans les articles ci-dessus sont devenus de véritables études de cas pour
la communauté d’optimisation stochastique. Pour modéliser les variables aléatoires sur
les variétés riemanniennes, des travaux comme ceux de [Pen99] ont ouvert la voie pour les
statistiques sur les variétés riemanniennes. L’effort combiné de ses trois communautés a
mis en place le contexte nécessaire pour rendre possible l’approximation stochastique sur
une variété riemannienne.

A.2.2 Premier résultat asymptotique de convergence

En 2013, le premier travail d’approximation stochastique a été paru, il s’agit de l’article
[Bon13]. L’auteur y prouve le résultat suivant.
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Theorem A.9 ([Bon13], théorème 1). Considérons la suite (θn)n∈N définie par la récur-
rence (A.6) avec la fonction de champ moyen h = −grad f , où f : Θ → R est une
fonction trois fois différentiable sur une variété riemannienne Θ connexe et dont le rayon
d’injectivité est minoré uniformément (voir Section 2.11.6). On suppose que la suite des
pas (ηn)n∈N∗ vérifie la condition standard ∑n∈N∗ ηn =∞ ainsi que ∑n∈N∗ η2

n <∞. Sup-
posons de plus qu’il existe un ensemble compact K tel que pour tout n ∈ N, θn ∈ K et qu’il
existe C > 0 tel que pour tout θ ∈ K et tout x ∈ X on a ∥Hθ(x)∥θ ≤ C. Alors (f(θn))n∈N

converge presque sûrement et limn→∞ grad f(θn) = 0 p.s.

Pour l’état de l’art, les hypothèses faites sur la variété et la suite de pas restent très
pertinentes. L’ensemble compact K existe si la variété est compacte, ce qui est le cas
pour la variété compacte de Stiefel et la variété de Grassmann, voir Examples 2.8 and 2.9.
Cependant, en général, il n’y a pas de garantie en pratique, et en général on s’en convainc
en vérifiant empiriquement que les trajectoires simulées restent dans un compact de leur
choix. Cette hypothèse est très problématique parce que (1) elle restreint l’initialisation à
l’intérieur du compact, ce qui veut dire que l’analyse n’est faite que localement et jamais
sur toute la variété, (2) la vérification empirique semble douteuse et ne constitue pas une
preuve et (3) l’introduction de cette hypothèse par [Bon13] a motivé une partie importante
de la communauté à l’adopter, ce qui conduit à des résultats dans lesquels le diamètre du
compact K apparaît explicitement dans les majorations non-asymptotiques. L’un de nos
buts par la suite est d’enlever complètement cette hypothèse. Ceci nous poussera sûrement
à envisager d’autres techniques de preuve, comme on le verra par la suite. L’hypothèse
sur le bruit est assez forte, parce qu’elle demande que le support du bruit soit borné. Des
équivalents riemanniens de A22, où l’on ne nécessite des bornes que sur les moments du
bruit sont bien plus communs actuellement.

Ce résultat est en lui-même un tremplin pour le reste de la communauté, et il est
important de mentionner que l’impact de [Bon13] vient surtout de leur étude du schéma
de rétraction ainsi que d’une pléthore d’exemples. En effet, dans [Bon13, Theorem 2],
l’auteur obtient le même résultat que Theorem A.9 dans le cas de la rétraction (A.7), sous
l’hypothèse supplémentaire que pour tout θ ∈ Θ, Retθ est différentiable deux fois.

Ce deuxième résultat, combiné avec les brillantes applications dans des problèmes de
suivi de sous-espaces (sur la variété de Grassmann), de calcul de moyenne de Karcher (sur
un espace hyperbolique) et d’estimation sur la variété des matrices symétriques définies
positives, souligne deux points forts de l’analyse dans le cadre riemannien. Première-
ment, l’analyse riemannienne encourage l’apparition de nouveaux algorithmes en choisis-
sant minutieusement une métrique sur la variété adaptée au problème puis en calculant la
géodésique qui en résulte ou un schéma de rétraction (A.6)-(A.7). Ces algorithmes sont
étudiés assez naturellement dans le cadre général de l’approximation stochastique rieman-
nienne. Dans un second temps, on peut aussi analyser un algorithme existant, qui n’est
pas apparu comme un algorithme riemannien, mais qui en fait approximent le schéma
géodésique suffisamment pour pouvoir l’analyser comme un schéma à rétraction dans le
contexte riemannien. Illustrons ce point par le premier exemple de [Bon13, Section 4.1] et
la règle d’Oja.
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Example A.10 (Estimation de composantes principales en ligne). Soit A une matrice de
covariance de taille d× d, pour laquelle on souhaite estimer les r premières composantes
principales, c’est-à-dire l’espace engendré par les r vecteurs propres associés aux r plus
grandes valeurs propres (avec multiplicité). Comme d’habitude dans le cadre en ligne, on
se donne une suite i.i.d. d’observations (Xn)n∈N∗ à valeurs dans Rd, et on fait l’hypothèse
que E[X1X

⊤
1 ] = A. Pour répondre au problème posé, regardons d’abord l’algorithme appelé

la règle d’Oja (see [Oja92]), où θ0 est une matrice de taille d× r telle que θ⊤
0 θ0 = Ir. Le

schéma de l’algorithme est le suivant,

θn+1 = θn + ηn+1
(
Id − θnθ

⊤
n

)
Xn+1X

⊤
n+1θn . (A.8)

Pour simplifier la géométrie du problème, regardons le cas particulier r = 1. Le cas général
est détaillé dans Section 2.4.1. Une façon de comprendre cet algorithme est d’introduire
la fonction de coût f : Rd → R, définie pour tout θ ∈ Rd par f(θ) = −θ⊤Aθ/2. En
l’évaluant uniquement sur des vecteurs unitaires, on minimise f lorsque θ est un vecteur
propre associé à la valeur propre principale de A, et le gradient euclidien de f est donné par
grad (E)f(θ) = −Aθ. Cependant, la règle d’Oja n’utilise pas le schéma (A.1) avec ce gradi-
ent, mais il précompose le gradient par la matrice de projection Id−θnθ

⊤
n . L’interprétation

géométrique est que, puisqu’on s’intéresse pas à la norme de θn, on n’a besoin que de suivre
les parties de grad (E)f(θn) qui sont orthogonales à θn. On accomplit ceci en projetant
le gradient sur le supplémentaire orthogonal de Span(θn), ce qui est fait par la matrice
Id − θnθ

⊤
n .

Ensuite, pour interpréter (A.8) comme un schéma de rétraction de la forme (A.7), on
choisit comme variété la sphère unité plongée dans Rd, que l’on note Sd−1, et on calcule le
gradient riemannien de f sur la sphère. En utilisant [AMS08, Example 3.6.1] on obtient
grad (S)f(θ) = (Id − θ⊤θ)grad (E)f(θ) = −(Id − θ⊤θ)Aθ. La rétraction la plus simple est
celle que l’on a utilisé dans Example A.5, i.e. Ret(S)

θ : v ∈ TθSd−1 7→ (θ + v)/ ∥θ + v∥ ∈
Sd−1, qui produit le schéma suivant

θn+1 = Ret(S)
θn

(
ηn+1

(
Id − θ⊤

n θn

)
Xn+1X

⊤
n+1θn

)
.

A.2.3 Analyse non-asymptotique

Depuis le premier article du domaine [Bon13], une communauté s’est formée pour chercher
à comprendre quelles propriétés de l’approximation stochastique sur des espaces euclidiens
restent vraies sur des variétés riemanniennes. En tant que contrepartie riemannienne
de [BM11], dans [ZS16] les auteurs y font une analyse non-asymptotique pour le cas
de la descente de gradient stochastique pour des fonctions géodésiquement convexes ou
géodésiquement fortement convexes.

Definition A.11 (Fonction géodésiquement convexe). Une fonction f : Θ → R est dite
géodésiquement convexe, ou g-convexe, si pour tout θ0, θ1 ∈ Θ, toute geodesique γ : [0, 1]→
Θ telle que γ(0) = θ0 et γ(1) = θ1 et tout t ∈ [0, 1],

f(θ1) ≥ f(θ0) +
〈
grad f(θ0),Exp−1

θ0
(θ1)

〉
θ0
.
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Definition A.12 (Fonction géodésiquement fortement convexe de paramètre λ). Soit f
une fonction g-convexe et soit λ > 0. On dit que f est géodésiquement fortement convexe
de paramètre λ, ou g-λ-fortement convexe si pour tout θ0, θ1 ∈ Θ, il existe γ : [0, 1] → Θ
telle que γ(0) = θ0 et γ(1) = θ1 tel que pour tout t ∈ [0, 1],

f(θ1) ≥ f(θ0) +
〈
grad f(θ0),Exp−1

θ0
(θ1)

〉
θ0

+ λ

2ρ
2
Θ(θ0, θ1) ,

où ρΘ : Θ×Θ→ R+ est la distance riemannienne sur Θ (voir Section 2.11.1 et (2.150)).

Les résultats de [ZS16] sont équivalents à ceux sur les espaces euclidiens, sous l’hypothèse
que les itérées de l’algorithme (θn)n∈N restent dans un compact de Θ. Plus précisément,
pour une fonction g-fortement convexe f sur Θ, [ZS16, Theorem 12] établit qu’il existe
C > 0 tel que pour tout n ∈ N,

E
[
f(θn)− f(θ⋆)

]
≤ C/n ,

où θ0 = θ0, θs+1 = Expθn
{(2(n+1)−1Exp−1

θn
(θs+1)} et θ⋆ est l’unique solution au problème

h(θ⋆) = 0. Pour le cas convexe, [ZS16, Theorem 10] établit sous les mêmes hypothèses
qu’il existe C > 0 tel que pour tout n ∈ N,

E
[
f(θn)− f(θ⋆)

]
≤ C/

√
n .

A.2.4 Méthodes par quantité de mouvement et la méthode de Nesterov
d’accélération du gradient dans le cas déterministe

Il y a eu récemment des efforts pour implémenter différentes versions de la descente de
gradient stochastique avec quantité de mouvement pour les fonctions convexes sur des
variétés riemanniennes. Bien que la communauté n’ait analysé que le cas déterministe,
ce qui veut dire que Hθ(X) = −grad f(θ), ces travaux sont pertinents pour le reste de la
communauté et pourraient inspirer de nouveaux schémas stochastiques. Sur des espaces
vectoriels, l’idée en ajoutant la quantité de mouvement est la suivante

vn+1 = βvn + ηHθn(Xn+1) , and θn+1 = θn + vn+1 , (A.9)

où (vn)n∈N est la suite des quantités de mouvement ou vitesses, β ∈ (0, 1) est l’hyper-
paramètre de décroissance, pris souvent égal à 0.9 et θ 7→ Hθ(X) est un estimateur du
champ moyen −grad f (dans le cas déterministe il sera égal à −grad f). L’idée intuitive est
qu’en gardant une partie de la vitesse des itérations précédentes, la trajectoire sera plus
lisse, ce qui limitera l’oscillation lorsque l’on s’approche de la solution. En pratique, les
techniques par quantité de mouvement permettent d’échapper aux points selles, et il a été
prouvé qu’elle obtiennent des bornes de convergence de la forme f(θn)− f(θ⋆) = O(1/n2)
(voir [Nes83]) pour des fonctions convexes. En particulier l’accélération de Nesterov (voir
[Nes04; Nes83]) a connu un succès époustouflant sur les espaces vectoriels. En voici
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l’algorithme,

θ̃n = θn + βvn ,

vn+1 = βvn + ηHθ̃n
(Xn+1) ,

θn+1 = θn + vn+1 .

La principale différence par rapport au schéma (A.9) est que le gradient est calculé après
le pas effectué par la vitesse résiduelle. Pour comprendre intuitivement pourquoi cette
différence améliore la performance, on peut dire que l’étape de gradient venant après la
dérive due à la vitesse va avoir tendance à corriger les mouvements indésirables par la
vitesse résiduelle, plutôt que de les accentuer.

Dans le cas riemannien, les méthodes par quantité de vitesse demandent plus de cal-
culs que prévu en venant du monde vectoriel parce que les vecteurs vitesse doivent être
transportés parallèlement au fur et à mesure que θ se déplace. Dans le cas déterministe,
[Ali+21] propose le schéma suivant, initialisé en θ0 = v0 ∈ Θ,

θ̃n = Expvn

(
βnExp−1

vn
(θn)

)
, (A.10)

θn+1 = Expθ̃n

(
−ηgrad f(θ̃n)

)
,

vn+1 = Expvn

(
−an+1Tγn

βn0grad f(θ̃n)
)
,

où l’on définit γn : [0, 1] → Θ comme la géodésique qui commence à γn(0) = vn et qui
termine en γn(1) = θn, βn est calculé sur [0, 1] pour minimiser f ◦γn et (an)n∈N est donné
par a0 = 0 et an+1 est la solution positive à l’équation c0a

2
n+1 − c1an+1 − c1

∑n
k=0 ak = 0,

avec des constantes positives c0, c1 > 0 choisies en fonction de la courbure de la variété
d’à quel point grad f est lisse. Finalement, Tγ

t1t0 : Tγ(t1)Θ → Tγ(t0)Θ est le transport
parallèle depuis Tγ(t1)Θ vers Tγ(t0)Θ le long de la courbe γ (voir Section 2.11.4 pour
plus de détails). Certaines des complications du schéma riemannien viennent du fait que
les vecteurs tangents ne sont tangents qu’en un point. Ainsi, pour ajouter des vecteurs
tangents, il faut d’abord s’assurer qu’ils sont tangents au même point, ce que l’on fait en
transportant les vecteurs parallèlement sur le même espace tangent. En effet, si grad f(θ̃n)
est utilisé pour mettre à jour à la fois θn et vn, il faudra le transporter depuis Tθ̃n

Θ vers
TvnΘ, ce qui justifie l’apparition du transport parallèle. Leur analyse s’applique aussi
bien aux fonctions g-convexes qu’aux fonctions faiblement quasi-g-convexes (voir F3 dans
Section 3.4 pour une définition). Ils font aussi l’hypothèse que les itérations de l’algorithme
restent dans un compact géodésiquement convexe K ⊂ Θ avec un diamètre borné, et que
l’exponentielle riemannienne est un difféomorphisme glogal sur K. Ils obtiennent des
bornes de la forme f(θn)− f(θ⋆) ≤ C0 max

(
C1/k

2, C2/k
)

+ ε, ce qui, dans le pire des cas,
fait aussi bien que le schéma (A.1), mais parfois fait même mieux (voir [Ali+20, Theorem
4]). Cependant, bien que leurs résultats soient prometteurs, l’analyse n’a pas encore été
faite avec du bruit dans les observations.

Aussi dans le cadre déterministe, [ZS18] et [AS20] ont étudié un schéma qui suit
généralement la forme de (A.10) mais sous des hypothèses de forte g-convexité. Les autres
hypothèses suivent celles de [Ali+20], sauf que [AS20] réussit à enlever l’hypothèse du
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compact K (ce qui veut dire qu’ils font une analyse globale) en introduisant des fonctions
de Lyapunov. Les conclusions de [ZS18] sont que l’accélération (i.e. une vitesse bornée
par O(1/n2)) est obtenue lorsque le schéma est initialisé près de la solution, ce qui peut
prendre du temps dans des problèmes mal conditionnés. Dans [AS20], les auteurs mon-
trent que leur algorithme est strictement plus rapide que la descente de gradient classique
en utilisant dans leur preuve des fonctions des Lyapunov et une inégalité de distorsion de
la métrique.

A.3 Introduction aux méthodes de Monte Carlo par chaînes
de Markov

A.3.1 Le problème de simuler une loi cible

Le second sujet traité dans ce manuscrit vise à simuler selon une distribution de probabil-
ités. Parmi tous les cadres possibles où simuler une loi cible est utile, on va présenter le
cas des statistiques bayésiennes. Grossièrement, simuler selon une loi cible est utilisé en
statistiques bayésiennes pour explorer la loi postérieure.

La principale hypothèse en statistique bayésienne est qu’il y a deux modèles proba-
bilistes, un pour les données observées – qui est la plupart de temps un modèle paramétrique,
disons dépendant d’un paramètre θ – et l’autre modèle parle du paramètre θ. La distri-
bution du paramètre θ, qui est appelée loi a priori, résume toute la connaissance sur le
paramètre avant de considérer les observations en jeu. Le but ensuite est de combiner
l’information a priori avec celle apportée par les observations. On fait ceci en calculant
la distribution du paramètre conditionnellement aux observations, que l’on appelle loi
postérieure ou a posteriori.

Plus précisément, soit (Θ,F) un espace mesurable, et soit θ une variable aléatoire à
valeurs dans cet espace, de loi νθ. Le plus souvent, l’espace pour le paramètre Θ est discret
ou un sous-ensemble de Rd pour d ≥ 1. Pour cette raison, on suppose que νθ admet une
densité par rapport à une mesure de référence ϖ, et on note sa densité νθ. Dans un second
temps, on observe w, une réalisation d’une variable aléatoire W à valeurs dans l’espace
mesurable (W,W). Ensuite, on précise la famille de densités conditionnelles de W sachant
θ,

PΘ = {w 7→ L(w|θ) | θ ∈ Θ} ,

par rapport à une mesure de référence µ sur (W,W). On appelle vraisemblance du modèle
la fonction θ 7→ L(W |θ).

Ayant décrit la loi de θ ainsi que celle de W sachant θ, on a accès à la loi jointe, qui
admet la densité (θ,w) 7→ νθ(θ)L(w|θ) par rapport à ϖ ⊗ µ et la loi de θ sachant W , la
postérieure. Par le théorème de Bayes ([Sch95, Theorem 1.31]), on a l’expression suivante
pour la densité de la postérieure fθ|X , définie pour νθ-presque tout θ et µ-presque tout w
par

fθ|X(w, θ) = L(w|θ)νθ(θ)∫
Θ L(w|θ̃)νθ(θ̃)ϖ(dθ̃)

, (A.11)
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où pour tout w,
fX(w) =

∫
Θ
L(w|θ)νθ(θ)ϖ(dθ) , (A.12)

est la densité de W par rapport à µ.

A.3.2 Algorithmes de Monte Carlo et leurs versions markoviennes

Soit π une loi de probabilité sur un espace mesurable (E, E), appelée la loi cible. On cherche
à estimer des quantités de la forme

∫
E f(x)π(dx), où f : E→ R est une fonction intégrable

par rapport à π. L’idée des méthodes de Monte Carlo est d’utiliser des estimateurs de la
forme

f̂N = 1
N + 1

N∑
i=0

f(Yi) ,

où (Yi)i∈N est une suite de variables aléatoires. Les différentes méthodes de Monte Carlo
proposent différentes hypothèses sur la suite (Yi)i∈N pour s’assurer que f̂N est un bon
estimateur.

La méthode traditionnelle de Monte Carlo repose sur la loi forte des grand nombres,
puisqu’elle considère une suite (Yi)i∈N de variables aléatoires indépendantes et identique-
ment distribuées (i.i.d. pour faire court) de loi π. Dans ce cadre, la loi forte des grands
nombres établit que f̂N converge presque sûrement, lorsque N tend vers l’infini, vers∫

E f(x)π(dx). De plus, si f2 est intégrable par rapport à π, on sait que l’erreur asympto-
tique est de l’ordre de O(1/

√
N) en faisant appel au théorème central limite. La simplicité

de cette méthode entraîne un coût : il faut un tirage de N variables aléatoires i.i.d. de loi
π. On peut citer la méthode de inverse transform sampling et l’algorithme d’acceptation-
rejet parmi les plus connues de la littérature de méthodes classiques (voir [RC10, Section
2.1.2] et [RC10, Section 2.3]).

Un problème de ces méthodes est qu’elles souffrent du fléau de la dimension. Un autre
est que parfois on n’a accès à la densité π qu’à une constante multiplicative près. Par
exemple, en inférence bayésienne, où π admet pour densité

x 7→ L(w|x)
fX(w) ,

par rapport à la loi a priori (A.11), où w sont les observations. En effet, sauf quand la loi
a priori et la vraisemblance sont des lois conjuguées, la loi marginale qui apparaît dans
(A.12) n’a pas de forme close. Ceci pose un sévère problème, en limitant l’applicabilité
des méthodes ci-dessus.

Une solution pour certains de ces problèmes est d’utiliser des méthodes de Monte
Carlo par chaînes de Markov (on utilise l’abréviation anglaise MCMC). L’idée est de ne
plus recourir à des observations i.i.d., mais plutôt de générer une suite (Yi)i∈N par une
chaîne de Markov qui a pour loi invariante π. Lorsque les hypothèses classiques sont
satisfaites sur π et la chaîne, on obtient un équivalent de la loi forte des grands nombres
pour la chaîne de Markov (voir [MT09, Chapter 17]). Plus précisément [MT09, Theorem
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17.1.7] montre que si le noyau de Markov P est Harris récurrent et admet π comme loi
invariante, alors pour tout n ∈ E,

lim
N→∞

1
N + 1

N∑
i=0

f(Yi) =
∫

E
f(y)dy , Px-almost surely ,

où Px est la loi induite par le noyau de Markov P avec la loi initiale δx sur (EN, E⊗N)
et (Yi)i∈N est la chaîne canonique sur (EN, E⊗N,Px). Pour implémenter ces méthodes,
on a besoin de construire un noyau de Markov qui admet π comme loi invariante. Une
procédure générique pour y arriver est d’utiliser l’algorithme de Metropolis-Hastings, ou
une de ses variantes. Présentons cet algorithme.

A.3.3 L’algorithme de Metropolis-Hastings pour simuler une loi cible

La première apparition de cet algorithme dans la littérature remonte à [Met+53], puis
l’algorithme a été amélioré dans [Has70] et [Tie98]. Soit ν une mesure sur (E, E) qui
domine π et soit x, y ∈ E2 7→ q(x, y) la densité conditionnelle de y sachant x, autrement
dit, pour tout x ∈ E, y 7→ q(x, y) est une densité par rapport à ν sur E et pour ν-presque
tout y ∈ E, x 7→ q(x, y) est mesurable. Ensuite, étant donné une initialisation X0 ∈ E
mesurable sur (E, E), on définit la chaîne de Markov (Xn)n∈N pour tout n ∈ N par

Xn+1 = Yn+11{Un+1 < α(Xn, Yn+1)}+Xn1{Un+1 ≥ α(Xn, Yn+1)}, (A.13)

où Yn+1 est une variable aléatoire qui, conditionnellement à la tribu engendrée par les
n+ 1 premiers termes de la chaîne Fn = σ(X0, . . . , Xn), est distribuée selon la densité de
probabilité y 7→ q(Xn, y) et (Un)n∈N∗ est une suite i.i.d. de variables aléatoires uniformes
sur [0, 1]. La fonction α : E × E → [0, 1] est supposée mesurable et on l’appelle le taux
d’acceptation. Soit P : E × E → [0, 1] le noyau de Markov de la chaîne (Xn)n∈N. On
remarque que le noyau de Markov P , associé à la chaîne de Markov définie en (A.13) est
donné par, pour tout x ∈ E et tout A ∈ E ,

P (x, A) =
∫

A
α(x, y)q(x, y)ν(dy) + δx(A)

∫
E
(1− α(x, y))q(x, y)ν(dy) .

Cette procédure d’acceptation-rejet permet de simuler une chaîne de Markov avec noyau
de Markov P en utilisant la famille de lois y 7→ q(x, y) dites lois des propositions. On note
aussi π la densité de la loi cible π par rapport à ν. On rappelle que ce qui nous intéresse
est de montrer que la chaîne que l’on vient de construire admet π comme loi invariante.
Cependant, on a même une propriété plus forte puisque P est réversible par rapport à la
loi π si et seulement si pour toute fonction mesurable et bornée g : E2 → R,∫

E2
g(x, y)π(x)P (x,dy)ν(dx) =

∫
E2
g(x, y)π(y)P (y,dx)ν(dy) .

Mais, en remarquant la présence de la mesure de Dirac sur la deuxième partie de P , ceci
équivaut à : pour ν-presque tout x, y ∈ E,

α(x, y)π(x)q(x, y) = α(y, x)π(y)q(y, x) .
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Cette dernière condition est vérifiée en particulier si le taux d’acceptation est donné par

α(x, y) =

min
(
1, π(y)q(y,x)

π(x)q(x,y)

)
si π(x)q(x, y) > 0 et π(y)q(y, x) > 0

0 sinon .
(A.14)

L’algorithme de Metropolis-Hastings est particulièrement utile lorsqu’il est facile de simuler
la loi de la proposition admettant pour densité y 7→ q(x, y).

Si on cherche le choix le plus simple pour la proposition, on peut prendre pour tout
x, y ∈ E2, q(x, y) = q(y), de façon à ce que la proposition ne dépende pas sur l’état courant
de la chaîne. Ceci donne la forme suivante pour le taux d’acceptation α,

α(x, y) = 1 ∧ π(y)q(x)
π(x)q(y) .

Cette version de l’algorithme de Metropolis s’appelle la méthode de Metropolis par simu-
lation indépendante, puisque la proposition ne dépend pas du point courant x. Un autre
choix très classique pour la loi de proposition repose sur la structure de groupe abélien de
E et sur le fait que ν soit une mesure invariante par translation. Dans ce cas, on considère
la marche aléatoire symétrique sur (E, E), où les incréments ont pour densité q̃ par rapport
à ν. Ceci entraîne que la suite de propositions est donnée par

Yk+1 = Xk + Zk+1 ,

où la variable aléatoire Xk est l’état courant de la chaîne à l’étape k et les variables
aléatoires (Zi)i≥1 sont i.i.d. et admettent pour densité q̃ par rapport à ν. De plus, il existe
une relation directe entre la densité de proposition q et la densité de l’incrément q̃: pour
tout x, y ∈ E q(x, y) = q̃(x − y). L’exemple par excellence dans ce cadre est l’algorithme
de Metropolis par marche aléatoire symétrique. On le définit sur Rd avec la mesure de
Lebesgue comme mesure de référence, et la loi de l’incrément est une loi gaussienne centrée
de matrice de covariance σ2 Id, où σ2 > 0.

On termine cette partie en parlant de l’algorithme de Langevin ajusté par Metropolis
(on utilise l’abréviation anglaise MALA). On considère E = Rd muni de sa tribu borélienne
B(Rd). De plus, supposons que π admet une densité strictement positive et lisse par
rapport à la mesure de Lebesgue Leb, on la notera encore π et soit U = − log π. MALA
est basé sur la diffusion de Langevin qui est une équation différentielle Stochastique (EDS)
définissant un semigroupe de Markov réversible par rapport à π. Cependant, simuler une
solution exacte de cette EDS en temps continu n’est pas possible en général. Ainsi, on
considère plutôt la discrétisation d’Euler Maruyama associée à cette EDS, qui s’écrit

Yk+1 = Yk − γ∇U(Yk) +
√

2γZk+1 , (A.15)

où γ > 0 est la taille du pas de la discrétisation et (Zk)k≥1 est une suite de variables aléa-
toires d dimensionnelles, i.i.d. de loi gaussienne centrée réduite. Cette chaîne de Markov
est une approximation discrète de la diffusion de Langevin. Il est important de remarquer
qu’elle admet une loi invariante πγ – qui dépend du choix du pas γ – et que sous des
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hypothèses assez faibles sur U , la chaîne est aussi ergodique. Et même si πγ est différent
de π la plupart des fois, la différence est parfois suffisamment petite comme pour prendre
ceci comme chaîne approchant π. Cet algorithme a été introduit par [Erm75] et [Par81]
pour des application en dynamique moléculaire. Il a reçu de plus de plus d’attention par la
communauté d’apprentissage statistique grâce à [Gre83], [GM94a] et dans la communauté
de statistique computationnelle grâce à [Nea93] et [RT96a].

Néanmoins, il existe des cas où simuler une loi proche de π n’est pas suffisant, puisque
cela va biaiser les estimateurs (f̂N )N∈N, et même ça leur fera perdre la propriété de con-
sistance puisqu’ils ne convergeront plus vers

∫
fdπ en général. L’idée de [RDF78] et de

[RT96a] est d’utiliser la chaîne de Markov (Yn)n∈N définie en (A.15) comme la proposition
dans l’algorithme de Metropolis-Hastings. On l’appelle, d’après [RT96a], Algorithme de
Langevin ajusté par Metropolis (MALA).

A.4 Analyse asymptotique des algorithmes de Metropolis-
Hastings : échelonnement optimal

On s’intéresse ici à l’analyse d’algorithmes de Metropolis-Hastings lorsque la dimension
tend vers l’infini. L’échelonnement optimal, inventé par [RGG97a], fournit des outils pour
comprendre les propriétés de convergence des méthodes MCMC en grande dimension.

Lorsqu’on utilise l’algorithme de Metropolis par marche aléatoire symétrique ou MALA
sur Rd, il faut bien choisir le paramètre dans la loi de proposition. Dans le cas du premier
algorithme, il s’agit de la variance de la loi gaussienne, et dans le cas de MALA c’est le
pas de la discrétisation. Le choix du paramètre va avoir une influence sur la variance de
la proposition et donc sur le comportement de la chaîne de Markov : de petits incréments
exploreront lentement le support de π avec un taux d’acceptation élevé, tandis que des
incréments plus grands se déplaceront plus vite sur tout le support de π mais ils seront
rejetés plus souvent. L’échelonnement optimal construit un cadre pour formuler la question
“Quel est le choix optimal pour ce paramètre σ2?” et y répond en fonction de la dimension
d. Nous présentons maintenant les résultats classique de ce domaine.

A.4.1 Introduction à l’échelonnement optimal : l’algorithme de Metropo-
lis par marche aléatoire symétrique

Comme on vient de dire, l’étude de l’échelonnement optimal a commencé avec les travaux
de [RGG97a], où ils ont étudié l’algorithme de Metropolis par marche aléatoire symétrique
(on prendra l’abréviation anglaise RWM) sur Rd. Pour une densité cible strictement
positive πd sur Rd, rappelons l’expression de la chaîne de Markov créée par l’algorithme
RWM, qui est de la forme (A.13). Pour toute valeur initiale Xd

0 ∈ Rd et pour tout k ∈ N,

Xd
k+1 = Xd

k + σdZ
d
k+11{Ud

k+1 < αd(Xd
k , X

d
k + σdZ

d
k+1)} ,

où σd > 0, (Zd
k+1)k∈N est une suite de variables aléatoires i.i.d. de loi gaussienne centrée et

réduite sur Rd et (Ud
k+1)k∈N est une suite de variables aléatoires i.i.d. uniformes sur [0, 1],
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de plus (Zd
k+1)k∈N, (Ud

k+1)k∈N et X0 sont indépendantes. De plus, le taux d’acceptation αd

est donné par, pour tout x, y ∈ Rd,

αd(x, y) = 1 ∧ π
d(y)
πd(x) .

L’utilisateur peut choisir le paramètre σd i.e. la variance de la loi de proposition. Une
question assez naturelle est “comment bien choisir σd?” En effet, une grande variance
permet d’explorer plus vite le support de πd, mais au prix d’un taux d’acceptation faible,
ce qui ultimement ralentit l’exploration. Dans le cas d’une distribution initiale différente
de πd, le choix de σd aurait une influence aussi sur le temps de mélange de la chaîne. Le
point de départ de l’échelonnement optimal consiste à trouver des valeurs de σd telles que
l’acceptation-rejet ne soit pas asymptotiquement trivial, c’est-à-dire que l’on veut que le
taux d’acceptation converge à l’intérieur du segment ]0, 1[, i.e.

lim
d→+∞

Eπd

[
αd

(
Xd

0 , X
d
0 + σdZ

d
1

)]
∈]0, 1[ .

Pour répondre à cette question, il nous faut un cadre pour chaque d ∈ N, et le choix de
πd par rapport à la dimension d a une forte influence sur le comportement de la chaîne de
Markov. La première hypothèse, faite dans [RGG97a], repose sur une construction de πd

en tant que mesure produit de la forme suivante. Pour tout xd = (xd
1, · · · , xd

d) ∈ Rd,

πd(xd) =
d∏

i=1
exp

(
−U(xd

i )
)
, (A.16)

où U : R → R est une fonction qui définit une loi unidimensionnelle π(x) = exp(−U(x)).
On suppose que ces fonctions vérifient les propriétés suivantes,
H 1 U est trois fois continûment différentiable et U′ est Lipschitz.

H 2 E[(U′(W ))8] et E[(U′′(W ))4] sont finis, où W est une variable aléatoire réelle de loi
π.

[RGG97a] propose de prendre σd = ℓd−α/2 comme forme générale pour σd avec ℓ, α ∈
R∗

+. Ensuite, [RGG97a, corollary 1.2] démontre que si pour tout d ∈ N, Xd
0 est de loi πd,

alors on a pour α = 1

lim
d→+∞

Eπd

[
αd

(
Xd

0 , X
d
0 + ℓd−1/2Zd

1

)]
= 2Φ(−ℓ

√
K/2) ,

où Φ est la fonction de répartition d’une loi gaussienne centrée réduite et

K =
∫

R
(U′)2(x)π(x)dx . (A.17)

Ayant trouvé l’échelonnement de σd = ℓd−α/2 tel que l’algorithme a une acceptation
limite non-dégénérée, on peut maintenant s’intéresser au choix de la constante ℓ. [RGG97a]
continue dans cette direction en étudiant le processus à temps continu (Vd

t )t≥0 défini par

Vd
t = Xd

Γd
t ,1 , (A.18)
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où (Γd
t )t≥0 est un processus de Poisson de paramètre d. Une explication intuitive de ce

choix est que, puisque le processus de Poisson saute td fois en moyenne sur un intervalle
de temps t, Vd

t est approximativement la première composante de la chaîne de Markov
Xd à l’instant ⌊td⌋. Dans [RGG97a, Theorem 1.1], les auteurs prouvent que si U satisfait
les conditions H1 et H2, alors la suite de processus (Vd)d∈N∗ converge faiblement, dans la
topologie de Skorokhod, vers un processus V qui satisfait les hypothèses suivantes : V0
est de loi π et pour tout t ≥ 0, V est solution de l’équation différentielle stochastique
suramortie de Langevin,

dVt =
√

h(ℓ)dB1
t −

1
2h(ℓ)U′(Vt)dt ,

où (B1
t )t≥0 est un mouvement brownien unidimensionnel, h(ℓ) est souvent appelée la vitesse

de la diffusion et est donnée pour tout ℓ > 0 par

h(ℓ) = 2ℓ2Φ
(
−ℓ
√
K

2

)
,

et K est défini par (A.17). Pour comprendre comment ce résultat nous aide à choisir le
paramètre ℓ, on commence par définir un rééchelonnement du processus limite. Soit pour
tout t ∈ R+, Ṽt = Vh(ℓ)t. Alors Ṽ est la diffusion de Langevin avec vitesse unitaire :

dṼt = dB1
t −

1
2U′(Ṽt)dt .

On comprend maintenant qu’en augmentant la vitesse h, la chaîne de Markov explore plus
vite les trajectoires de Ṽ et donc Rd, ce qui finit par être plus efficace pour notre problème
initial de simulation de lois. Ainsi, on veut trouver la valeur de ℓ qui maximise h. On trouve
dans [RGG97a] un critère assez direct pour trouver un tel ℓ. Soit a(ℓ) = 2Φ(−ℓ

√
K/2)

la limite du taux d’acceptation, alors, par [RGG97a, Corollary 1.2] on peut exprimer
h(ℓ) comme une fonction de a(ℓ) en inversant l’expression de a(ℓ). Leur conclusion est que
choisir ℓ0 tel que a(ℓ0) = 0.234 (précision à quatre chiffres significatifs) maximise la vitesse
de la diffusion V. Une autre façon d’interpréter la vitesse de la diffusion est par le fait
que limd→∞(d/2)E[(Xd

0 −Xd
1 )2] = h(ℓ), où E[(Xd

0 −Xd
1 )2] exprime la distance moyenne au

carré faite à chaque itération.
Dans le même cadre, l’article [Dur+17] considère des hypothèses plus générales pour

U, en particulier ils considèrent que la fonction est différentiable en norme L-p.

H 3 Il existe une fonction mesurable U̇ : R→ R telle que :

(i) Il existe p > 4, C > 0 et β > 1 tels que pour tout θ ∈ R,(∫
R

∣∣∣U(x+ θ)−U(x)− θU̇(x)
∣∣∣p π(x)dx

)1/p

≤ C|θ|β .

(ii) La fonction U̇ vérifie ∫
R

(
U̇(x)

)6
π(x)dx <∞ .
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La fonction U̇ est appelée la dérivée faible de U. Avec ces hypothèses, les auteurs dé-
montrent dans [Dur+17, Theorem 2] la convergence du taux d’acceptation vers a(ℓ) =
2Φ(−ℓ

√
K/2) lorsque σd = ℓd−1/2. Ensuite, dans [Dur+17, Theorem 3] ils démontrent

qu’avec ces mêmes hypothèses, le processus V est solution de la même EDS que l’on a vu
plus haut, avec en particulier la même expression pour la vitesse de la diffusion h(ℓ). Ces
résultats sont intéressants pour ce manuscrit puisque les contributions faites au chapite 4
sont un parallèle de ces résultats, mais pour l’algorithme MALA.

A.4.2 Échelonnement optimal de MALA

On peut se poser à nouveau la question “qu’est-ce qu’un bon choix pour σd ?” pour
MALA. Rappelons les notations pour cet algorithme. On a une densité cible πd sur Rd

qui s’écrit comme un produit de la forme (A.16) avec U : R → R qui est continûment
différentiable et étant donnée une initialisation Xd

0 ∈ Rd, la chaîne de Markov est donnée,
pour tout k ∈ N, par

Xd
k+1 = Xd

k + Z̃d
k+11{Ud

k+1 < αd(Xd
k , X

d
k + Z̃d

k+1} ,

où Z̃d
k+1 = σ2

d∇ log πd(Xd
k ) +

√
2σdZ

d
k+1 est l’incrément de la proposition, σd ∈ R∗

+ et
(Zd

i )i≥1 est une suite de variables aléatoires i.i.d. de loi gaussienne centrée réduite sur Rd.
En remarquant que conditionnellement à Xd

k , la loi de Z̃d
k+1 est une gaussienne d’espérance

σ2
d∇ log πd(Xd

k ) et de variance 2σ2
d, on peut simplifier αd, défini en (A.14). Pour tout

x, y ∈ Rd, on écrit αd ainsi,

αd(x, y) = 1 ∧
πd(y) exp

(
−
∥∥∥x− y − σ2

d∇ log πd(y)
∥∥∥2
/(4σ2

d)
)

πd(x) exp
(
−
∥∥y − x− σ2

d∇ log πd(x)
∥∥2
/(4σ2

d)
) .

Les objets étudiés sont très proches de ceux de RWM, où σd demeure le seul paramètre
à choisir. En écrivant σd = ℓdα/2, on se demande quelle valeur de α permet de faire
converger Eπd [αd(Xd

0 , X
d
0 + Z̃d

1 )], lorsque d→ +∞, dans ]0, 1[ ? Le résultat a été apporté
par [RR98a], où les auteurs montrent que pour α = 1/3, le taux d’acceptation converge
dans ]0, 1[. Voici les hypothèses de ce résultat.

M 1 U est continûment différentiable huit fois sur on R et il existe un polynôme à coeffi-
cients réels P tel que pour tout i ∈ {0, · · · , 8} et x ∈ R,

∣∣∣U(i)(x)
∣∣∣ ≤ P(x).

M 2 Pour tout p ≥ 1,
∫

R |x|
p π1(x)dx <∞.

Voici le résultat [RR98a, Theorem 1] tel qu’il y est énoncé.

lim
d→+∞

Eπd

[
αd
(
Xd

0 , X
d
0 + ℓ2d−1/3∇ log πd(Xd

0 ) +
√

2ℓd−1/6Zd
1

)]
= 2Φ(−ℓ3

√
J/2) ,

(A.19)
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où Φ est encore la fonction de répartition empirique de la loi gaussienne centrée réduite
et la nouvelle constante J est donnée par

J = (48)−1
∫

R

{
5(U(3)(x))2 − 3(U(2)(x))3

}
π(x)dx > 0 . (A.20)

Dans un second temps, les auteurs de [RR98a] démontrent qu’un processus limite
satisfait aussi l’EDS de Langevin. Soit encore une fois le processus unidimensionnel (Vd

t )t≥0
défini par (A.18), mais avec (Γd

t )t≥0 un processus de Poisson de paramètre d1/3. Le résultat
[RR98a, Theorem 2] énonce que si U vérifie M1 et M2, alors la suite de processus (Vd)d∈N∗

converge faiblement, dans la topologie de Skorokhod, vers un processus V qui vérifie les
propriétés suivantes : la loi de V0 est π et pour tout t ≥ 0, V est solution de l’EDS
suramortie de Langevin,

dVt =
√

h(ℓ)dB1
t −

1
2h(ℓ)U′(Vt)dt ,

où (B1
t )t≥0 est un mouvement brownien réel, h(ℓ) est souvent appelée la vitesse de la

diffusion et est donnée pour tout ℓ > 0 par

h(ℓ) = 2ℓ2Φ
(
−ℓ

3√J
2

)
,

et J est défini par (A.20).

On interprète ce résultat avec les mêmes outils que pour l’algorithme de Metropolis
par marche aléatoire symétrique, c’est à dire que la limite diffusive nous dit que maximiser
la vitesse de diffusion h correspond au choix optimal pour ℓ. En utilisant (A.19) et en
exprimant h en fonction du taux d’acceptation limite, on trouve que maximiser ℓ 7→ g(ℓ)
revient à avoir un taux d’acceptation limite (donné en (A.19)) égal à environ 0.574.

Il y a deux différences majeures par rapport à l’algorithme RWM. Les interpréter
nous permettra de comparer les deux algorithmes. La première est que pour MALA, il
est optimal de prendre σd = ℓd−1/6 tandis que pour RWM, on avait σd = ℓd−1. Cette
différence veut dire qu’en général, on peut utiliser des valeurs de σd plus grandes pour
MALA que pour RWM. Comme on peut construire un processus de saut à partir de ces
chaînes de Markov qui convergent faiblement vers la même limite (quitte à échelonner pour
avoir la même vitesse de diffusion), on sait que MALA aura besoin d’environ O(Td1/3)
itérations pour arriver au temps T de la trajectoire, tandis que RWM en aura besoin de
O(Td). Ainsi, on peut conclure que MALA est plus efficace dans le sens de l’échelonnement
optimal. La deuxième différence entre les deux algorithmes est qu’à l’optimum, le taux
d’acceptation est plus élevé pour MALA que pour RWM. En résumé, lorsque les hypothèses
nécessaires pour la convergence de MALA sont satisfaites, MALA est un meilleur choix
que RWM. Dans ce manuscrit, on s’intéresse à l’échelonnement optimal de MALA avec
la loi Laplace pour cible, qui a pour densité x 7→ e−|x|/2. C’est intéressant parce que
l’hypothèse M1 n’est pas vérifiée puisque x 7→ |x| n’est pas dérivable en zéro.
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A.5 Cadre de la Thèse et Contributions

A.5.1 Schémas riemanniens

Dans le chapitre 2, on étudie le schéma standard géodésique (A.6) avec la possibilité
supplémentaire d’avoir un terme de biais en plus de l’estimateur non biaisé H, ce qui veut
dire que l’on a

θn+1 = Expθn
[ηn+1 (Hθn (Xn+1) + bθn(Xn+1))] ,

où b : Θ×X→ TΘ est une fonction bi mesurable. On pense être les premiers à permettre
ce terme de biais en approximation stochastique riemannienne. On a choisi d’avoir un biais
uniformément borné, i.e. supθ,x)∈Θ×X ∥bθ(x)∥θ ≤ b∞– voir A3. On s’est aussi intéressés à
des schéma de rétraction plus généraux, de la forme (A.7). L’analyse de ces schémas est
très important parce que les rétractions sont souvent plus simples à calculer en pratique et
ils font partie de la littérature depuis longtemps – voir [AM12]. L’exemple le plus commun
est d’analyser un schéma de projection en tant que rétraction comme dans (A.5) pour la
sphère.

On contribue à l’analyse des schémas de rétraction dans la Section 2.3.1 en considérant
des rétraction de premier et second ordre (voir R 2 et R 3 respectivement). Pour ces
deux types de rétractions, on quantifie l’erreur qui provient de la rétraction. Comme les
rétractions sont des approximations de l’exponentielle riemannienne, on considère la notion
de fonction d’erreur de rétraction dans (2.13). Il s’agit de la fonction Φθ = Exp−1

θ ◦Retθ :
TθΘ→ TθΘ définie pour tout θ ∈ Θ. Ces applications définissent un morphisme de fibrés
Φ : TΘ → TΘ, que l’on compare à l’identité. Dans les Lemmes 2.7 et 2.17, on borne
uniformément θ 7→ ∥Φθ − Idθ∥θ en bornant les termes du développement de Taylor. On
vérifie aussi que les rétractions usuelles sur la sphère et la variété de Grassmann sont des
rétractions d’ordre un et deux : voir l’exemple 2.8 et la proposition 2.18 pour la sphère et
l’exemple 2.9 et la proposition 2.10 pour la variété de Grassmann.

Dans le chapitre 3, on s’intéresse au cas du pas constant, avec l’hypothèse nouvelle
de considérer un schéma projectif sur une variété riemannienne sur un ensemble fermé et
géodésiquement convexe en utilisant un opérateur de pseudo-projection : voir (3.2) et A
6. Ceci contient le cas du schéma géodésique standard (1.6) sous les hypothèses A6-(ii).

A.5.2 Hypothèses sur le bruit

L’hypothèse classique sur le bruit est le cas de différence de martingale (que l’on choisir
de raccourcir en cas martingale). L’hypothèse A22 se réécrit agréablement dans le cas
riemannien.

A24 (Martingale difference setting). La suite (eθn(Xn+1))n∈N est une différence de mar-
tingale par rapport à la filtration (Fn)n∈N∗, i.e.E[eθn(Xn+1)|Fn] = 0θn pour tout n ∈ N.
De plus, il existe σ2

0, σ
2
1 ≥ 0 tel que pour tout n ∈ N

E
[
∥eθn(Xn+1)∥2θn

∣∣∣Fn

]
≤ σ2

0 + σ2
1 ∥h(θn)∥2θn

.
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Dans les chapitres 2 et 3, on étudie ce cas A24. Cependant, dans le chapitre 2, on est
les premiers à généraliser l’hypothèse markovienne au cadre riemannien.

A25 (Cas markovien). Il existe un noyau de Markov P sur (Θ×X)×X tel que pour tout n ∈
N et toute fonction mesurable et bornée φ : X→ R+, E[φ(Xn+1)|Fn] =

∫
X φ(y)Pθn(Xn,dy).

De plus, pour tout θ ∈ Θ, Pθ admet une unique loi invariante πθ, qui vérifie en plus
h(θ) =

∫
X Hθ(y)dπθ(y).

Dans ce contexte, le bruit (Xn)n∈N∗ est une chaîne de Markov, avec un contrôle sur les
transitions à travers le paramètre courant θn. Dans beaucoup d’applications concrètes, on
ne peut pas tirer des variables aléatoires indépendantes de loi πθ, définie en (3.1). En tout
cas, il reste possible de simuler des échantillons avec une chaîne de Markov ergodique, de
loi invariante πθ. Nos hypothèses dans le cadre markovien sont MA2(w), et on présente
deux cas pratiques où ces conditions sont vérifiées. On rappelle qu’une partie C ∈ X est
appelée small set pour un noyau de Markov Q sur X × X quand il existe m > 0 et une
mesure non triviale νm sur X telle que pour tout x ∈ C, B ∈ X on a Qm(x,B) ≥ νm(B).

A 26 (w). La famille de noyaux de Markov (Pθ)θ∈Θ et la fonction mesurable w : X →
[1,+∞) vérifient l’une des deux hypothèses suivantes :

(a) La famille (Pθ)θ∈Θ est uniformément ergodique avec une constante uniforme en θ,
i.e. il existe εP ∈ (0, 1) et CP ≥ 0 tel que pour tout θ ∈ Θ, Pθ admet une unique loi
invariante πθ et pour tout x, x′ ∈ X et k ∈ N, on a ∥δxP

k
θ −δx′P k

θ ∥TV ≤ CP (1−εP )k.
De plus, il existe C ≥ 0 tel que pour tout θ0, θ1 ∈ Θ, x ∈ X et toute courbe géodésique
γ : [0, 1]→ Θ reliant θ0 et θ1, on a ∥δxPθ1 − δxPθ0∥TV ≤ Cℓ(γ).

(b) Pour tout θ ∈ Θ, Pθ = P , où P est un noyau de Markov sur X × X . De plus,
il existe w : X → [1,+∞), λ ∈ (0, 1), bw ≥ 0 tel que pour tout x ∈ X, Pw(x) ≤
λw(x) + bw1C(x) avec C ∈ X un small set pour P .

Dans la proposition 2.6, on démontre que sous des hypothèses raisonnables, si A26-(a)
sont vérifiées – i.e. la chaîne est uniformément ergodique, avec une constante d’ergodicité
uniforme en θ ∈ Θ – alors MA2(w) est vraie aussi, avec une fonction w constante w :
x 7→ 1. Par ailleurs, si A26(w)-(b) sont vraies – i.e. le noyau de Markov P ne dépend pas
de θ et il y a une condition de drift – alors l’hypothèse MA2(w) est vérifiée. On pense
que cette hypothèse sur le bruit est intéressante puisqu’elle permet de modéliser des cas
de figure en dehors du cas martingale.

Pour chaque hypothèse de bruit, on fait attention à ne pas supposer que les itérations
restent dans un compact arbitraire K, contrairement à [Bon13; ZS16], pour les raisons
mentionnées dans Appendix A.2.2.

A.5.3 Techniques de convergence

Dans le chapitre 2, on généralise la deuxième méthode de Lyapunov – voir [LaS60] – dans
le cadre riemannien. Notre hypothèse A2 est vérifiée si la fonction de Lyapunov V est
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gradient Lipschitz ou elle a une hessienne riemannienne bornée en norme d’opérateur –
voir le lemme 2.38.

On utilise les mêmes hypothèses dans le chapitre 3, où l’on échange A7 avec A6-A7. Le
problème avec les fonctions de Lyapunov sur les variétés riemanniennes et que le candidat
par défaut θ 7→ ρ2

Θ(θ, θ⋆) – la distance à la solution au carré – n’est pas gradient Lipschitz
lorsque Θ n’a pas une courbure nulle ou n’est pas compact. On propose une réponse à ce
problème dans la Section 3.2.2, où on introduit une nouvelle fonction de Lyapunov, dite
“Huberisée” – voir la proposition 3.5.

A.5.4 Résultats des Chapitres 2 et 3

Dans le but d’enseigner la géométrie riemannienne pour l’approximation stochastique à
la communauté d’apprentissage statistique, pour reformuler des formules existant dans
d’autres contextes et pour utiliser des preuves simples et utilisant un minimum d’outils,
mes coauteurs et moi avons écrit des exemples, définitions et théorèmes sur la géométrie
riemannienne dans les chapitres 2 et 3. On conseille à tout lecteur qui souhaite se fa-
miliariser avec les concepts et les notations de géométrie riemannienne utilisés dans cette
thèse de commencer par lire le préliminaire écrit point par point en Section 2.11.

Dans la Section 2.6.2, on détaille le cas de la sphère qui a été exposé dans les exemples
A.6 et 2.8. On utilise les notions introduites en Section 2.11 pour vérifier que la rétraction
projective sur la sphère vérifie les hypothèses R1-R2-R3 – see Proposition 2.18.

Deux des concepts que l’on a dû manipuler minutieusement sont les formules de Taylor
(voir les théorèmes 2.37 et 3.29) et le calcul du cut locus dans le cas de la variété de
Grassmann (voir la Proposition 2.26). La construction de formules de Taylor a été à
la fois difficile et précieuse pour notre technique d’analyse. On a écrit la Section 3.11.2
pour démontrer la formule de Taylor (3.96) du théorème 3.29, en particulier parce qu’on
avait besoin de la Proposition 3.30 que l’on n’a pas trouvé dans la littérature. Il s’agit
d’une formule de Taylor à l’ordre n avec reste intégral, pour des champs de vecteurs
lisses le long d’une géodésique. On a utilisé la notion de dérivée totale covariante d’ordre
quelconque pour l’établir. Une grande partie de la Section 3.11.2 a été écrite en adaptant
les résultats classiques des connexions au cadre particulier des champ de vecteurs le long
d’une géodésique. Si le lecteur n’est pas habitué à travailler avec des champs de tenseurs
et des connexions, on conseille de lire [Lee19, Chapter 4], puisqu’on s’en est inspirés pour
écrire la Section 3.11.2. Après avoir démontré cette formule de Taylor, on l’a adaptée
au cadre plus simple des formules de Taylor pour des fonctions à valeurs réelles dans la
Section 2.11.9 et le théorème 2.37.

Nos dernières contributions qui concernent uniquement la géométrie riemannienne sont
dans la présentation auto contenue de la variété de Grassmann. Notre but principal était
d’exprimer les formules de l’exponentielle riemannienne décrites dans [AMS04; BZA20;
EAS98] et en plus de calculer le cut locus. Pour faciliter la tâche du lecteur, voici le
résumé de la Section 2.7.2. On commence par donner la définition de la variété de Grass-
mann comme un quotient de la variété non-compacte de Stiefel par l’action du groupe
linéaire. Ensuite, pour donner la structure différentielle de cette variété, on commence
par construire la fonction dite de cross section σB décrite dans le lemme 2.21. L’inverse
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de cette application est utilisée pour écrire explicitement la famille des paramétrisations
– ou de façon équivalente l’atlas lisse – qui définit la structure différentielle de la variété
de Grassmann, voir la Proposition 2.22.

On continue cette partie en décrivant l’espace tangent en utilisant la décomposition
canonique des variétés quotient. On rappelle la définition d’une connexion au sens de
[KN96, Chapter II, Section 1] dans la définition 2.24, et on vérifie que (2.71) est une
connexion dans ce sens et, avec Proposition 2.23, on obtient une description de l’espace
tangent. Avec ces outils, on donne une formulation alternative de l’exponentielle rieman-
nienne dans le lemme 2.25. Cette formule est utilisée pour le dernier résultat de la section,
la Proposition 2.26, dans laquelle on calcule le cut locus de la variété de Grassmann. Cette
preuve est le résultat d’un long travail et malgré la difficulté et la longueur des preuves,
il reste plus simple que l’autre preuve que l’on connaît de ce résultat – voir [Sak76]. En
effet, la preuve de [Sak76] utilise des outils plus compliqués de géométrie riemannienne.

Dans le chapitre 2, on calcule des taux de convergence non asymptotiques globaux sous
différentes hypothèses sur le bruit et la fonction de Lyapunov, données plus haut. Pour
le schéma géodésique étudié dans la Section 2.2, on montre les théorèmes 2.4 et 2.5 qui
affirment qu’après n itérations, E[∥h(θIn)∥2θIn

] = O(b∞ + logn/
√
n), où b∞ est la borne

uniforme sur le biais de H et In est une variable aléatoire discrète à valeurs sur {1, . . . , n}.
Une discussion plus fine sur le choix des pas et leurs conséquences est donnée après les
énoncés de ces théorèmes. Pour les schémas de rétraction étudiés dans la Section 2.3.2,
on montre dans les théorèmes 2.11, 2.12 et 2.29 qu’après n itérations, comme dans le cas
géodésique, E[∥h(θIn)∥2θIn

] = O(b∞ + logn/
√
n). L’intérêt de cette analyse comparée à

celle de [ZS16] est que 1) on n’a pas besoin que les itérations restent dans un compact, 2)
on montre ces bornes pour l’algorithme d’approximation stochastique, qui est plus général
que le cas de descente de gradient stochastique et 3) les hypothèses faites sur la fonction
de Lyapunov permettent de traiter des fonctions qui ne sont pas convexes.

de Base sur le Schéma sur le Bruit
A1-A2-A3 Géodésique (2.3) Cas martingale MD1 Theorem 2.4

Hypothèses
Résultat

A1-A2-A3 Géodésique (2.3) Cas markovien
MA1-MA2(w) Theorem 2.5

A1-A2-A3
A4

Rétraction (2.12)
R1 et (R2 ou R3)

Cas martingale MD1
et (MD2(4) ou MD2(6)) Theorem 2.11

A1-A2-A3
A4

Rétraction (2.12)
R1 et (R2 ou R3)

Cas markovien
MA1-MA2(w)-MA4(w) Theorem 2.12

Table A.1: Résumé des résultats non asymptotiques avec toutes les hypothèses possibles.

Finalement, on considère deux exemples d’applications pour ces résultats. Première-
ment, on introduit un problème d’ACP en ligne, similaire au problème introduit dans
l’exemple 1.10 mais dans le cas général r ≥ 1. Dans la Section 2.4.1, on montre que les
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schémas itératifs (2.19) et (2.20) vérifient les conditions de nos théorèmes – voir le théorème
2.13. On complète cette analyse par des simulations numériques – voir la Section 2.4.3.
Deuxièmement, on s’intéresse à un problème d’estimation de barycentre en ligne dans la
Section 2.4.2. Dans cette application, on examine et raffine l’idée initiale de l’exemple 1.1
pour définir le concept de barycentre riemannien robuste pour une loi de probabilités sur
une variété de Hadamard. On démontre l’existence et l’unicité de ce barycentre dans la
Proposition 2.14 et on en déduit un schéma itératif pour le calculer (2.23), qui vérifie les
conditions générales de nos théorèmes – voir la Proposition 2.15.

Dans le chapitre 3, on regarde de plus près le cas du pas constant. On commence par
trouver des bornes non asymptotiques dans le théorème 3.1, qui ressemble au théorème
2.4. Néanmoins, on trouve une meilleure borne pour le cas particulier (3.6), où l’on ob-
serve l’oublie à vitesse exponentielle des conditions initiales, comme pour la plupart des
fonctions fortement convexes dans le cadre euclidien. Dans le théorème 3.2, on montre que
la suite (θn)n∈N est une chaîne de Markov géométriquement ergodique, avec une unique
loi invariante µη qui dépend du choix du pas η. À partir de là, on cherche à comprendre
le comportement de µη lorsque η→ 0, avec des résultats asymptotiques et non asympto-
tiques. Le premier pas dans cette direction est le théorème Theorem 3.3, où l’on démontre
que (µη)η∈(0,η] converge faiblement vers la mesure de Dirac en θ⋆, où θ⋆ est l’unique so-
lution du problème (3.1). Dans la Section 3.3, en étudiant le schéma non contraint (1.6),
on quantifie la convergence trouvée dans le théorème 3.3-(b). Tout d’abord, on montre
un développement asymptotique du biais

∫
Θ g(θ)dµη(θ)− g(θ⋆) par rapport au pas η pour

toute fonction g dans une certaine classe de fonctions lisses de Θ vers R – voir le théorème
3.6. En appliquant ce résultat à la descente de gradient stochastique (h = −grad f),
on trouve un développement asymptotique de

∫
Θ ∥grad f(θ)∥2θdµη(θ). Deuxièmement, on

montre que la convergence établie dans le théorème 3.3-(b) se fait à une vitesse η1/2,
en démontrant un théorème central limite pour (µη)η∈(0,η] – voir le théorème 3.7. Ces
deux résultats peuvent être vus comme une décomposition biais-variance dans laquelle
les deux termes sont d’ordre η. Il s’agit donc d’une contrepartie plus faible de [DDB17,
Proposition 3, Theorem 5] et [Pfl86, Theorem 1] dans le cadre riemannien. Ensuite,
dans la Section 3.4, on applique ces résultats pour la descente de gradient stochastique.
On considère deux hypothèses sur la fonction f . Lorsque f est fortement géodésique-
ment convexe – voir la définition 1.12 et l’hypothèse F2 – on a les résultats du corolaire
3.9. On voit que, comme dans le cas euclidien, il faut O(log(1/ε)ε−1) étapes pour avoir
une précision de taille ε, i.e. E[f(θn) − f(θ⋆)] ≤ ε. Par ailleurs, on considère aussi le
cas où f est géodésiquement quasi convexe, ce qui veut dire dans le cas euclidien que
⟨grad f(θ), θ − θ⋆⟩ ≥ τ [f(θ) − f(θ⋆)], comme défini dans [HMR19]. On obtient des ré-
sultats plus faibles dans la Proposition 3.11. Ils sont plus faibles non seulement parce
que le membre de droite de l’inégalité est C + O(n−1) – ce qui ressemble beaucoup aux
résultats du chapitre 2 – mais aussi parce que le membre de gauche s’exprime avec la
fonction “pseudo distance” définie en (3.14). L’aspect plus novateur du résultat est dans
ce deuxième cas, où nous ne nécessitons pas d’hypothèses de borne sur Θ. Pour finir,
on applique ces résultats au problème d’estimation de barycentre. Pour utiliser les deux
hypothèses de convexité, on s’intéresse à l’estimation du barycentre d’une loi discrète – ce
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qui définit une fonction fortement convexe f – et d’une loi continue – ce qui définit une
fonction géodésiquement quasi convexe. Le deuxième cas est nouveau dans le domaine
puisqu’il n’y a pas d’hypothèses de borne sur le support de la loi. Pour le deuxième cas,
on introduit un nouveau schéma (3.17), pour lequel on montre des bornes non asympto-
tiques dans le théorème 3.13. L’estimation de barycentres est illustré par des simulations
numériques dans la Section 3.5. On utilise les deux jeux d’hypothèses présentés ci-dessus.

A.5.5 Résultats du chapitre 4

Dans le chapitre 4, on s’intéresse à une généralisation de MALA, qui a été étudiée pour la
première fois dans [Per16]. Cette généralisation veut affaiblir l’hypothèse de dérivabilité
de la loi cible π, lorsqu’elle s’écrit sous la forme (A.16). Si π ∝ exp(−G), alors on suppose
que la fonction G : Rd → R est convexe, propre et semi continue inférieurement. Au lieu
d’utiliser le vrai gradient de G dans la proposition, on approxime G par son enveloppe de
Moreau-Yoshida Gλ : Rd → R, définie pour tout λ ≥ 0 par

Gλ(x) = min
u∈Rd

[G(u) + ∥u− x∥2 /(2λ)] .

En posant πλ = exp(−Gλ), on obtient une approximation lisse de π, où λ contrôle la
régularité de de πλ. Sous ces hypothèses, Gλ est continûment différentiable et on peut
donc utiliser MALA pour la cible πλ, où la proposition est de la forme

ξk+1 = ξk −
σ2

2 ∇G
λ(ξk) + σZk+1 ,

voir (4.4) pour une expression du gradient de Gλ. Notre but est de produire des résul-
tats théoriques sur cette classe d’algorithmes, que l’on appelle proximal MALA, d’étudier
son comportement asymptotique lorsque la dimension d tend vers l’infini. Nos résultats
apportent aussi des conseils pour l’implémentation de ces algorithmes proximaux.

On commence par s’intéresser au cas particulier où π est différentiable – voir la Sec-
tion 4.3.1 – pour comparer les algorithmes qui utilisent le gradient (comme MALA) avec
les algorithmes proximaux. Pour notre analyse, on fait dépendre le pas de discrétisation σ2

et le paramètre de régularisation λ de la dimension d de la cible. Le théorème 4.1 énonce
qu’il y a deux possibilités d’échelonnement. Le premier, dans les cas (b) et (c), arrive
lorsque λ tend vers 0 au moins aussi vite que σ2. Dans ce cas, l’échelonnement est équiv-
alent à celui de MALA, avec σ2 proportionnel à d−1/3. Cependant, lorsque λ tend vers
0 plus lentement que σ2, on trouve un nouvel échelonnement, dans lequel σ2 est propor-
tionnel à d−1/2 – voir (a). Dans ce deuxième cas, proximal MALA est moins efficace que
MALA. Dans les deux cas, la convergence du taux d’acceptation ad(ℓ, r) →

d→∞
a(ℓ, r) est

accompagnée de la convergence faible de l’interpolation linéaire de la première composante
de la chaîne (Xd

k )k≥0, définie par

Ld
t = (

⌈
d2αt

⌉
− d2αt)Xd

⌊d2αt⌋,1 + (d2αt−
⌊
d2αt

⌋
)Xd

⌈d2αt⌉,1 , (A.21)
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vers la diffusion de Langevin

dLt = h(ℓ, r)1/2dBt −
h(ℓ, r)

2 g′(x)dt ,

où (Bt)t≥0 est le mouvement brownien standard sur R et h(ℓ, r) = ℓ2a(ℓ, r) est la vitesse
de la diffusion. Bien que proximal MALA soit au mieux aussi efficace que MALA, comme
parfois il est plus simple de calculer l’opérateur proximal que de calculer ∇ log π pour
certaines lois π [CP11; PB14; Per16], il nous semble qu’il y a des cas où un bon choix de
λ permet à proximal MALA d’être un concurrent de MALA en termes de temps de calcul
pour une même précision. Ensuite, nous étudions proximal MALA pour une cible parti-
culière qui n’est pas lisse en tout point, la loi de Laplace de densité x 7→ 2−1 exp(−|x|).
Même si nous démontrons nos résultats pour le cas particulier de la loi de Laplace, notre
technique de preuve peut s’adapter à d’autres lois, tant que l’on soit capable de calculer
certaines intégrales bien choisies – voir la Section 4.10. On choisit cette loi en partic-
ulier parce qu’elle est utilisée en pratique, par exemple en déconvolution d’images image
deconvolution [DMP18; Per16; VDC19], pour le LASSO, et la régression creuse [Atc15;
GSS21; ZCZ22]. On obtient la convergence du taux d’acceptation dans le théorème 4.4.
On observe qu’un seul point de non dérivabilité est suffisant pour changer l’échelonnement
par rapport à MALA pour des cibles lisses. En effet, pour la loi de Laplace, le pas σ2

doit être proportionnel à d−2/3 (tandis que MALA pour des cibles lisses nécessite d−1/3)
pour obtenir une limite non triviale du taux d’acceptation. Cet échelonnement optimal est
nouveau parmi les algorithmes MCMC, se trouvant entre le taux d−1 de RWM et le taux
d−1/3 de MALA (pour des cibles lisses). Pour cette étude, on s’intéresse uniquement au cas
où λ converge vers 0 au moins aussi vite que σ2. Comme d’habitude pour l’échelonnement
optimal, on poursuit l’étude avec la convergence faible de l’interpolation de la première
composante de la chaîne (Ld

t )t≥0, définie en (A.21), vers la diffusion de Langevin. On
procède en deux étapes, en montrant d’abord la tension de la suite de lois des processus
{(Ld

t )t≥0 : d ∈ N} – voir la 4.5, et ensuite on démontre que la seule limite possible pour
cette suite est effectivement solution de la diffusion de Langevin

dLt = [hL(ℓ)]1/2dBt −
hL(ℓ)

2 sgn(Lt)dt .

On a trouvé ce résultat en utilisant le problème de martingale associé à la diffusion – voir
la Proposition 4.6. Notre dernier résultat, le théorème 4.7, combine ces deux énoncés pour
trouver l’échelonnement optimal de l’algorithme proximal MALA avec cible Laplace. Il est
important d’insister que l’on peut étendre la définition de proximal MALA au cas λ = 0,
ce qui transforme proximal MALA en MALA sous-gradient (que l’on raccourcit en sG-
MALA). Tous nos résultats sur la cible Laplace sont vrais aussi pour cette généralisation.

On complète nos résultats avec une discussion sur les implications pratiques de nos
théorèmes – voir la Section 4.4 – ainsi que par des expériences numériques afin d’illustrer
l’échelonnement de cibles différentiables et Laplace pour proximal MALA, avec différents
choix des taux de convergence vers zéro des paramètres σ2 et λ.
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Titre: Analyse d’Algorithmes Stochastiques pour l’Echantillonnage et l’Approximation Riemannienne

Mots clés: Variété riemannienne, optimisation stochastique, approximation stochastique, échantillonage par
chaı̂ne de Markov, échelonnement optimal

Résumé: Cette thèse porte sur l’analyse de
deux algorithmes stochastiques : l’approximation
stochastique sur une variété riemannienne et une
méthode de Monte Carlo par chaı̂ne de Markov.
Pour les deux algorithmes, nous étendons la théorie
existante pour une meilleure compréhension de
l’efficacité de ces méthodes. Dans une première
partie, nous nous intéressons à deux cadres
pour l’approximation stochastique sur une variété
riemannienne. D’une part, nous examinons le taux
de convergence, en mettant en place des majorations
non-asymptotiques avec des hypothèses plus faibles
qu’auparavant, ainsi qu’avec une modélisation plus
souple du bruit. D’une autre part, on s’intéresse
de près au cas du pas constant, dans lequel on
s’intéresse à la convergence de la loi stationnaire

de la chaı̂ne de Markov définie par le schéma
stochastique. On effectue une décomposition
asymptotique avec un équilibre biais-variance, ainsi
qu’un théorème central limite. Nous apportons
des applications de nos résultats sur des exemples
classiques du domaine. Dans une deuxième partie,
on s’intéresse au comportement en grande dimension
d’une méthode de Monte Carlo par chaı̂ne de Markov
qui approche la distribution cible de façon lisse, afin
d’utiliser le gradient pour accélérer la convergence.
Dans le contexte classique de l’échelonnement
optimal, nous trouvons des comportements similaires
à la théorie existante pour des distributions lisses
mais nouveaux pour des distributions ayant une
dérivée discontinue en un point. Nous illustrons ces
résultats par des simulations.

Title: Analysis of Stochastic Algorithms for Sampling and Riemannian Approximation

Keywords: Riemannian manifold, stochastic optimisation, stochastic approximation, Markov chain sampling,
optimal scaling

Abstract: This thesis deals with the analysis of
two stochastic algorithms: stochastic approximation
on Riemannian manifolds and a Markov chain Monte
Carlo method. For both algorithms, we extend the
existing theory for a better understanding of the
efficiency of these methods. In a first part, we focus
on two frameworks for stochastic approximation on
Riemannian manifolds. On the one hand, we examine
the rate of convergence, by proving non-asymptotic
bounds with weaker assumptions than before, as
well as with a more flexible set of assumptions for
the noise. On the other hand, we take a close
look at the constant step-size case, in which we are
interested in the convergence of the stationary law of

the Markov chain defined by the stochastic scheme.
We perform an asymptotic decomposition with a bias-
variance equilibrium, and a central limit theorem.
We provide applications of our results on classical
examples of Riemannian stochastic approximation.
In a second part, we focus on the high dimensional
behavior of a Markov chain Monte Carlo method
which approximates the target distribution smoothly,
in order to use its gradient to accelerate convergence.
In the classical context of optimal scaling, we find
behaviors similar to the existing theory for smooth
distributions but new ones for distributions with a
discontinuity in their derivative. We illustrate these
results with simulations.
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