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. Research performed in the last two decades focused mainly on directional dependence, which was disregarded in previous approaches, and led to novel, more complex approaches. The most commonly

Objective 3: development of a method to provide raytracing results for building performance simulation

A method to deploy the information contained in the accurate and detailed results of the raytracing analysis shall be established. The method should allow thermal simulation methods, particularly dynamic building performance simulation tools, to exploit the raytracing results. While the determination of the scattering (i.e. absorption and transmission) characteristic of the analysed target object requires an elaborate and potentially multi-hour-long raytracing process, its results shall be provided in a form that allows a fast and accurate evaluation. This is crucial for dynamic simulation, as subhourly evaluation steps for multi-month-long periods are required in building performance simulation, resulting in a large number of necessary evaluations.

Scope

The RadiCal method developed in the course of this PhD aims to provide an alternative approach that can overcome the shortcomings of currently applied methods to model solar-induced energy flows in field of building science. The novel method is theoretically founded, designed, implemented, tested and validated. It aims to provide a unified and enhanced method for modelling energy flows induced by solar radiation. In order to overcome the limitations of current methods, it is necessary to follow a more general, higher-level approach that allows for more specialized modelling. This can be achieved if light's electrodynamic nature is considered by applying models of physical optics. At this fundamental level, relevant and seemingly complex processes, which state-of-the-art methods cannot adequately address, arise naturally, e.g. thin-film interference of coatings, angular dependencies or polarisation effects. However, beyond diving deeper into the physics of light, the method must also meet practical requirements enabling its use in building science frameworks. In particular, this means that on the "input side", it has to be able to import comprehensive geometries in standard CAD format efficiently. On the "output side", a straightforward way to integrate the accurate optical information determined within a raytracing process into thermal simulation frameworks is required. In order to achieve this, a novel operator is introduced. It allows the deployment of comprehensive optical data to other applications, particularly for dynamic building performance simulation. The operator's functionality enables simulation tools to compute solar-related energy flows with raytracing accuracy at virtually no computational costs. In order to prove the functionality, validity and usability of the novel method, a full software implementation of the RadiCal method is required. This step is essential to demonstrate the feasibility and validity of the developed method. The implemented modules are first applied to validation and test cases at different modelling levels. Afterwards, the method is validated against full-scale measurements on a typical shaded window with triple glazing. A dedicated measurement device and method were developed for this purpose as part of the PhD. Finally, a typical building simulation application case demonstrates the method's efficiency. This PhD focuses on the energetic modelling of active and static shading systems, façades and glazings, or, more generally, on calculating all intended and unintended solar-related energy flows relevant to buildings. However, the RadiCal method and the developed software tool can be used in applications beyond that field, e.g. for solar thermal collectors or photovoltaics and, in particular, also for lighting. Almost all methods and models applied here are relevant to the field of natural and artificial lighting. Visible light is, of course, nothing but a distinct range of the entire global radiation spectrum. Since the RadiCal method can consider distinct wavelengths or spectral bands, it is well suited for modelling and studying lighting-related processes. Hence, the method also provides a novel approach to addressing challenging topics in research and practical work in daylighting and artificial lighting. However, due to the considerable effort required to cover the energy-related modelling comprehensively, any daylighting aspects had to be excluded from this work. It will, however, be interesting to exploit this potential in subsequent research.
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Main methodological approaches

This chapter gives an overview of the main methodological approaches and fundamental principles pursued in this work. Since the work covers elements from various fields, specific methodologies are elaborated further in the relevant chapters.

Physical optics approach

The term physical optics is generally used to refer to optical effects that cannot be explained based on simplified geometrical optics. Alternatively, perhaps more appropriately, the term wave optics is used, as this refers to the nature of light as an electromagnetic wave. The most fundamental approach to optics would require solving Maxwell's equations with high spatial and temporal resolution. Since this level is usually not achievable for practical applications, a significant degree of abstraction and simplification is necessary. The methods applied in geometrical optics are, in fact, a result of farreaching abstraction. The present work attempts to improve the level of abstraction by enriching geometrical optics with the most relevant models of physical optics in a comprehensible and practically relevant way. The more fundamental level of physical optics allows more accurate models that potentially require significantly fewer input data than empirical models. Beyond that, more fundamentally based models are also more likely to meet future, yet unknown, requirements. The field of physical optics naturally covers a wide range of effects ranging from non-linear optics at high field strengths in laser physics, over interferometry or Doppler-shifts in astronomy to nanooptics in material science. The present work identifies the processes with the most significant impact on solar-related energy flows. For this purpose, suitable models are adapted for implementation. Explicitly, these are:

RadiCal, D. Rüdisser RadiCal, D. Rüdisser 30 the diffraction of light could finally be explained by Auguste Fresnel, who extended and refined Huygens's wave theory, even though it is unclear if he was aware of Huygens's work. James Clerk Maxwell established a new model which coupled electric and magnetic fields. His famous theory consists of four partial differential equations which allow a sinusoidal wave-like solution. Calculating the propagation velocity of these newly discovered electromagnetic waves, he found that it was almost equal to the speed of light. Remarkably, the speed of light had already been measured at that time. This led Maxwell to the significant conclusion stated in his publication in the year 1865:

The agreement of the results seems to show that light and magnetism are affections of the same substance, and that light is an electromagnetic disturbance propagated through the field according to electromagnetic laws. (Maxwell, 1865, p.499) RadiCal, D. Rüdisser 31 RadiCal, D. Rüdisser 58 4.6. Complex-valued index of refraction functions 4.6.1. Theoretic background and model
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Kurzfassung

Vor dem Hintergrund des Klimawandels gilt es Gebäude so zu gestalten, dass sie einerseits energieeffizient sind und andererseits die Gebäudenutzer:innen vor der zunehmenden Hitze schützen. Eine besondere Bedeutung kommt hierbei solarinduzierten Wärmeströmen zu. Sie stellen eine wichtige, vielfach die dominante, Komponente der Gebäudeenergiebilanz dar und wirken bestimmend für den Kühlenergiebedarf, Heizenergiebedarf sowie den thermischen Komfort. Im Gegensatz zu den genauen und detaillierten Modellen, welche zur Beschreibung der Energietransmission durch die Gebäudehülle angewendet werden, sind die Methoden zur Berücksichtigung der Solarstrahlung oft mit hohen Ungenauigkeiten verbunden. Energieströme, welche durch Sonneneinstrahlung hervorgerufen werden, resultieren aus einer Vielzahl von komplexen, optischen Prozessen, welche die existierenden vereinfachten Modelle nur unzureichend abbilden können. Um dieser Problemstellung zu begegnen, wird in der vorliegenden Dissertation eine neue Methode zur Modellierung von solarinduzierten Energieströmen entwickelt, implementiert und getestet. Die Methode ist als Alternative zu bestehenden Modellen zu sehen. Sie gestattet es, die energierelevanten Transmissions-und Absorptionseigenschaften von Gebäudekomponenten (Fenster, Fassadenelemente, Solarkollektoren) auf Basis detaillierter, dreidimensionaler Modelle und unter Berücksichtigung des gesamten solaren Spektrums zu ermitteln. Um die optischen Prozesse adäquat abbilden zu können, wurden moderne Modelle aus dem Gebiet der physikalischen Optik, welche aktuell vorwiegend in der Materialwissenschaft und Astronomie eingesetzt werden, ausgewählt und für den effizienten bauphysikalischen Einsatz adaptiert. Ein neu entwickelter Monte-Carlo-Raytracing-Algorithmus bildet die Plattform für die Anwendung der Modelle. Die Lichtausbreitung wird hierbei weiterhin gemäß Prinzipien der geometrischen Optik modelliert, die Streuprozesse werden jedoch vorwiegend auf Basis der relevanten elektrodynamischen Modelle abgebildet. Hierfür ist es notwendig, die Polarisation und die spektrale Verteilung des Lichtes zu berücksichtigen. Zentrale Bedeutung kommt der Lösung der Fresnel'schen Gleichungen in deren komplexwertigen Form zu. Der gewählte Ansatz ermöglicht insbesondere die Modellierung beschichteter Glasoberflächen. Dies ist essentiell, da bei modernen Verglasungen Dünnfilmtechniken zur Verbesserung der thermischen und optischen Eigenschaften eingesetzt werden. Neben den elektrodynamischen Modellen gestattet ein statistisches Oberflächenrauheitsmodell und ein generisches Subsurface-Streumodell die Abbildung praktisch relevanter Oberflächen. Zur effizienten Lösung der resultierenden Gleichungssysteme werden vorwiegend Monte-Carlo-Methoden angewendet. Neben der neuartigen optischen Modellierung beinhaltet die Dissertation eine neue Methode zur effizienten Weitergabe der detaillierten Raytracing-Ergebnisse an thermische Simulationsplattformen. Die Methode basiert auf Kugelflächenfunktionen und gestattet Drittanwendungen, solare Energieströme mit Raytracing-Genauigkeit zu berücksichtigen, jedoch ohne den damit verbundenen Rechenaufwand. Die Korrektheit der Modelle und Implementierung wird mit vielen Validierungsbeispielen auf unterschiedlichen Ebenen demonstriert. Schließlich wird der gesamte Workflow zur Modellierung eines beschatteten und nicht-beschatteten Fensterdetails mit Dreifachverglasung eingesetzt. Hierbei werden Messungen am realen Fenster nachgebildet, welche über einen Zeitraum von mehreren Monaten, unter unterschiedlichsten Einstrahlungsbedingungen und mit vier unterschiedlichen Sonnenschutztypen durchgeführt wurden. Für diesen Zweck wurde eigens eine neuartige Messeinrichtung und Messmethodik entwickelt. Die vorgeschlagene alternative Methode zur Modellierung solarer Energieströme konnte erfolgreich entwickelt, umgesetzt und getestet werden. Sie gestattet eine Vielzahl von Anwendungsmöglichkeiten, deren volles Potential in zukünftigen Arbeiten erst ausgelotet werden muss.
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We can scarcely avoid the inference that light consists in the transverse undulations of the same medium which is the cause of electric and magnetic phenomena. James Clerk Maxwell, 1862 1. Introduction

Motivation

In light of global warming and considering that in developed countries, buildings account for almost half of the total energy consumption (U.S. Department of Energy, 2015; European Commission Energy dept., 2020), it is essential to increase the energy efficiency of buildings. Solar-induced energy flows through the building envelope, particularly solar inputs through transparent surfaces, are highly relevant in this context. Due to the constantly rising proportions of glazed surfaces in modern buildings, the significance of this energy component has dramatically increased in recent decades. Solar gains through transparent surfaces can considerably lower the demand for heating and lighting energy in winter [START_REF] Zirnhelt | The potential energy savings from residential passive solar design in Canada[END_REF]Marino, Nucara et al., 2017a;[START_REF] Ménard | Passive solar heating through glazing: The limits and potential for climate change mitigation in the European building stock[END_REF] while often representing the predominant heat source in summer. Therefore, solar inputs are also directly linked to increased cooling energy demand, indoor discomfort or potentially hazardous overheating [START_REF] Hamdy | The impact of climate change on the overheating risk in dwellings-A Dutch case study[END_REF]Marino et al., 2017b;[START_REF] Mcleod | Chronic overheating in low carbon urban developments in a temperate climate[END_REF].

In order to increase the energy efficiency of buildings, it is essential to have suitable models for solarinduced energy flows available. Accurate and physically valid models can, on the one hand, be used to develop and optimise the energetic performance of glazings and shadings at the component level.

On the other hand, they are essential to enhance the accuracy of building performance simulation (BPS) for the entire building. BPS is applied to improve the energy efficiency of buildings on various levels ranging from the early design phase over design development to operation. Hence, the quality of the models used to determine solar energy flows has impacts on many levels ranging from cooling and heating capacity design over energy demand determination and optimisation to the assessment of the building's user comfort. However, in contrast to the detailed and elaborate calculation methods currently applied to describe heat transmission through the building envelope, the currently used methods to model solar-induced energy flows lack accuracy. The inaccuracies can be attributed to the fact that the related energy flows are linked to a large number of complex and multifaceted optical processes. Addressing this challenge with simple models requires a high level of abstraction that involves potentially significant errors. Performing full-system measurements of windows, shading devices or façade elements instead of using models is no viable alternative. The available empirical methods are time-consuming and costly on the one hand and can only be carried out for specific, individual configurations on the other hand. Due to the variety and a large number of potential combinations of materials and systems, it is virtually impossible to cover all relevant products empirically.

The currently most applied methods to model the energetic performance of shaded or unshaded glazed components have been laid down in international standards. These calculation methods are based on severe simplifications. E.g., the commonly used Venetian blinds are still modelled assuming indefinitely thin, planar and ideally diffuse reflecting elements (ISO 15099, 2003; ISO 52022 part 1, used modern methods to determine the optical properties and energetic performance of glazings rely on scientific models that are implemented in the Window software by Lawrence Berkeley National Laboratory (LBNL Windows and Daylighting Group, 2022b). The method allows excellent modelling of multi-layered glazing components based on an extensive database containing product-specific, measured spectral data for normal incidence. However, it utilizes two simple models to approximate the directional behaviour for incidence at oblique angles [START_REF] Curcija | WINDOW Technical Documentation[END_REF] and features only a few specific and simplified models for considering shading devices. In order to model shading elements with higher accuracy, additional raytracing software, mostly Radiance (Radiance Community, 2022), is used to provide directional scattering information (BSDF) in the form of Klems' matrices (Klems, 1994b). The resulting combined optical model is then commonly applied in an energy balance model to derive directional solar heat gain coefficients (DSHGC); see, e.g., the two-layer model [START_REF] Kuhn | Solar control: A general method for modelling of solar gains through complex facades in building simulation programs[END_REF][START_REF] Bueno | A general method to evaluate the thermal impact of complex fenestration systems in building zones[END_REF]. The derived DSHGC values can finally be used in energy performance simulation tools to determine the total transmitted power based on solar irradiance parameters. The modelled heat gains comprise directly transmitted radiation and secondary, transmissive heat flows. The entire workflow is complex, and its fragmentation causes inaccuracies that can be divided into two groups: on the one hand, the layered BSDF approach involves substantial limitations regarding its optical accuracy, particularly regarding spectral and angular selectivity, spatial information and polarisation. On the other hand, the derivation of DSHGC values requires the assumption of predefined thermal boundary conditions and thermal properties of all components. These parameters are mostly assumed as constant. However, they are, in fact, dynamic by nature and depend on the results of the final building simulation. As a consequence of the limitations of the existing methods for modelling solar gains of transparent surfaces in the building envelope, the calculated energy performance of the entire building may be significantly inaccurate. This involves potentially wrong planning decisions in all phases of the building's life cycle, ranging from early design to operation. Beyond that, the limitations of the currently applied models have adverse impacts on the evaluation and optimisation of existing shading or glazing elements and the development of innovative, new systems. The scientific work in the recent two decades has mostly focused on combining and enhancing the approaches described above and, in particular, on providing ways to integrate them into existing building performance simulation methods. In recent years, dedicated, stand-alone tools to dynamically simulate energy demand and daylighting aspects based on the approaches discussed above were added by research teams working in this field, see the Comfen tool by LBNL (Mitchel et al., 2019) or the Fener tool [START_REF] Bueno | Fener: A Radiance-based modelling approach to assess the thermal and daylighting performance of complex fenestration systems in office spaces[END_REF]. However, the fragmented DSHGC workflow and the underlying fundamental optical models, which mostly date back to the eighties, are rarely questioned, representing a current research gap. On the one hand, a more universal modelling approach must be able to consider the three-dimensional structure of building components with a high level of detail. On the other hand, it has to be able to model light scattering processes with the precision of microscopic laboratory tests, considering the spectral, angular and polarisation properties of the incidence light and the target. This high level of modelling is required to accurately model the interaction of light with objects combining coated or uncoated transparent and opaque materials. The thesis's main target is to develop a universal and unified method that meets these requirements to allow for accurate modelling of solar-induced energy flows for building science applications. The proposed method is based on a more fundamental level of light modelling, but is still able to provide its functionality in a comprehensible, robust and practical way.

Research question and objective

Based on the issues raised in section 1.1and further discussed in the state-of-the-art analysis (chapter 3), the following main research question and four sub-research questions are formulated and addressed in this work:

1. How can the accuracy of modelling solar-induced energy flows in building science be enhanced?

1.1. Which optical processes, beyond simple geometrical optics, are relevant, and how can they be considered? (e.g. thin-film interference, polarisation, surface roughness) 1.2. Is it possible to create a physical-optics-based raytracer that can be used to efficiently evaluate the solar properties of relevant building components, in particular combinations of glazings and shading devices?

1.3. Can the raytracer be designed in a way that allows a seamless transition or downgrading to existing models?

1.4. If and how can the highly accurate raytracing be deployed to practical application in dynamic building performance simulation?

In order to answer these questions, the work was subdivided into subtasks. The subtasks are addressed by following these primary objectives:

Objective 1: state of the art analysis

In order to understand how researchers and practitioners currently perform the modelling of solarrelated energy flows in building science, the current research and the international standards in force are reviewed. The impact and root causes of the limitations associated with the current models and workflows are analysed. Further, the relevance of optical processes and advanced physical optics models are analysed, and their adaption for use in building science is evaluated.

Objective 2: development of a physical-optics-based raytracer

Based on the knowledge and requirements gained in the first task, a suitable novel raytracing method is designed and implemented. The method shall be able to consider practically relevant effects of physical optics and cover the entire global radiation spectrum. Furthermore, the raytracer shall be implemented in an open design approach based on object-oriented programming methods in order to facilitate the seamless addition of new scattering and material models in the future. Further, the raytracer shall optionally be able to apply existing simple models in order to establish a consistent transition to current modelling approaches.

Objective 4: proof of concept and validation

Due to its complexity and novelty, the developed method's validity and feasibility, as well as its correct implementation, must be demonstrated transparently and comprehensively. For this purpose, several validation examples and application cases shall be performed. These validation steps shall be performed at different levels: physical optics modelling, application for building simulation and a full-scale empirical validation of the developed workflow.

Overview of thesis structure

Figure 1 Graphical overview of the thesis structure

Figure 1 provides a graphical overview of the thesis chapters with regard to the objectives formulated in section 1.2. Chapter 2 highlights the main methodological approaches followed in the course of the thesis. Due to the nature this PhD, the subsequent chapters also contain essential methodical elements. As the thesis comprises multiple, separate theoretical and empirical components (see Figure 2), it seemed more appropriate to include theory, methods, implementation and tests or validation as sub-chapters within the relevant chapters.

Chapter 3 discusses the current state-of-the-art. It focuses on the currently applied methods and models comprising modern approaches and the methods specified in international standards. The chapter also covers a discussion of the limitations that arise from the models used.

Chapter 4 covers all methods and models that are in this PhD used for modelling solar radiation, propagation of light and scattering of light. As mentioned above, the chapter contains not only the models but also the relevant theory, their implementation in the context of the developed method, as well as validation and testing results. In order to address the complexity of the field of optics and light, the chapter also provides a broader view of physical optics and discusses the relevance of scattering processes that are not part of the final method. Providing this broader context is essential to show the relevance and limitations of the applied light scattering models. The chapter starts with a brief summary of the history of light. It primarily addresses objective 2 of the thesis, but also objectives 1 and 4. Chapter 5 covers three essential components of the developed method that are not directly related to light and optics. First, a short overview of the principles of Monte-Carlo methods is provided. Afterwards, the related optimisation method, simulated annealing, which is applied for several tasks in this work, is briefly introduced. Finally, the chapter concludes with a description of the geometric Fibonacci algorithm and its implementation. The chapter addresses objectives 2 and 4. Chapter 6 addresses objective 4 by introducing a novel concept developed in the thesis and referred to as solar incidence operator (SIOP). The operator represents an efficient method to deploy raytracing results to other applications, particularly dynamic building performance simulation. The first part of the chapter introduces the definition of the operator, whereas the second part focuses on its application, i.e. its evaluation based on different irradiance models. In chapter 7, the physical models and methods of chapter 4 and the stochastic methods of chapter 5 are applied to establish a full-spectral Monte-Carlo raytracer. The raytracer is then used in an angular scanning mode to measure and extract all relevant optical characteristics of target objects (e.g. glazings) required to derive the corresponding accurate energetic models.

In chapter 8, the entire workflow of the developed method is validated against empirical data. The transmittance of a shaded triple-glazed window has been measured for several months in various configurations. The developed method is then applied to a detailed CAD model of the window to derive the corresponding solar incidence operators. In a digital-twin approach, these SIOPs are subsequently used to perform virtual measurements in the model. The computed transmittances are finally compared against the measured values.

Chapter 9 demonstrates the potential and performance of the method based on a typical application of dynamic thermal building performance simulation. A shaded window's energetic key performance figures are determined for various orientations and locations. All relevant energy flows are determined using a transparent simulation model designed explicitly for that purpose. Important aspects of the developed method, its potential and limitations as well as the results of the performed validations are discussed in chapter 10.

Chapter 11 finally provides a summary, key findings and an outlook regarding future work.

Overview of implemented modules

The method proposed here is called RadiCal as an acronym for the term radiation calculator but also to indicate its disruptive (radical) innovation character. The RadiCal method as well as the work performed in the course of the PhD, represent a framework comprising different functional modules. While the intended workflow of the method relies on most of these modules, the components are largely self-contained and can also be used independently or integrated into other frameworks.

Figure 2 provides an overview of the main components implemented in this thesis. For the sake of clarity, many additional modules implemented for the purpose of validation, testing, import and export were omitted in this overview. The dash-outlined areas indicate self-contained functional modules. The majority of modules were implemented for the physically based raytracer (covered in chapters 4 and 7). The main result of the raytracer scanning process is directionally sampled data. This data is stored and converted into a solar incidence operator SIOP (see section 6.1). The SIOP operator can be evaluated based on any provided irradiance model (see section 6.2). Finally, the feasibility and accuracy of the method are demonstrated in a full-system validation case (chapter 8) and in an application case (chapter 9). The measurement device and process developed for the validation step in the course of the PhD are also covered in chapter 8.

• consideration of global radiation spectrum and spectral dependencies • consideration of polarisation state • consideration of fundamental material properties (refractive indices)

• consideration of angular and spectral dependencies • consideration of surface roughness and subsurface scattering • consideration of coherence effects on thin-flims (coatings)

• consideration of attenuation in bulk materials

The reason to follow this fundamental approach is two-fold. First, only physically based models are able to capture a satisfyingly wide range of practically relevant optical phenomena. Due to the intrinsically complex nature of light-matter interactions, simple models are only valid within strictly limited boundaries. Consequently, there is a constant need to apply additional ad-hoc models or workarounds to cover effects beyond the scope of the simplified model (e.g. wavelength dependences, polarisations effects etc.). Second, physical models require significantly fewer input parameters to achieve the same level of accuracy as empirical, data-driven models, as essential information on the processes is contained within the models in the form of fundamental relations. Therefore even limited inputs or constant approximations can potentially provide spectrally resolved results with higher accuracy than the models used in international standards.

Fallback approach -generic models

This PhD aims to provide models that are capable of capturing light scattering phenomena at a more fundamental physical level compared to geometrical optics. The implemented physical optics models mostly rely on fundamental physical quantities, particularly on the complex-valued index of refraction. Even though these quantities are accessible to measurement, they might not be readily available for many materials. In order to still be able to use the method with insufficient data, a fallback approach is pursued. The implementation of fallback cases allows a gradual downgrade of the models, finally ending at the level of common geometrical optics. In the case of missing material information, an inversion approach can be used to derive the information based on available empirical data (see section 4.12). If, however, the required spectrally resolved data is unavailable, the implementation of the fallback approach allows a downgrade to simpler, generic models. For example, if a material's spectral refractive index function is unavailable, a reasonable constant value for the global radiation range can still be applied to achieve spectrally resolved results. If this approach seems inappropriate, the refractive index function alternatively can be set to unity. In this case, the subsurface reflectance function can be used to model ideal diffuse reflection. Again, any available spectrally resolved information can be used in this model, either highly resolved or integrated for specific wavelength ranges (e.g. visible, UV, IR). If even these spectrally resolved reflectance values are unavailable, a constant diffuse reflectance value can be assumed for the entire spectrum. This final and most simple generic model corresponds to the geometrical optics model that most standard approaches are based on.

Solar incidence operators -interface to other methods

Beyond the application of physical optics, the concept of solar incidence operators (SIOP) is an essential component of the novel method presented here. SIOPs allow accurate determination of a scalar target quantity from any given solar incidence profile. Most often, this quantity will be the power transmitted through the target object or absorbed by specific parts of it. However, SIOPs can be generated for any quantities that are induced by solar radiation and can be described by a scalar value (e.g. reflected power, degree of polarisation, luminous exitance, gloss etc.). The formulation of the SIOP relies on spherical harmonics commonly known from quantum mechanics ("orbitals"). In the SIOPs, three-dimensional scattering information gathered in the raytracing process can be stored with a high level of data compression. SIOPs can finally be evaluated in a straightforward way by third-party tools, such as dynamic building simulation, allowing them to perform solar radiation calculations with raytracing accuracy but virtually at no computational costs. 1. A detailed 3D model of the target to be analysed is imported in a CAD format (e.g. a shaded window or solar collector). 2. Physically based material models are assigned to all surfaces of the model. 3. The raytracer scanning process is carried out with the desired angular resolution and precision. 4. The targeted quantities for all relevant components (e.g. transmission, absorption, reflection) are virtually measured for all sampling directions. 5. The sampled data is converted into the functional SIOP form. 6. The SIOP data containing the detailed optical scattering information of the target is deployed to third-party simulation tools.

Validation

Throughout the implementation, many validations and testing steps are performed to verify and demonstrate the validity of the implemented algorithms. Validation is given high priority for several reasons. First, the implemented algorithms are complex and beyond the standard algebra usually applied. Therefore they require thorough verification. Apart from the extensive three-dimensional vector calculations, four-dimensional vectors and matrices are applied, and a large part of the calculation is based on complex-valued algebra. Beyond that, the main algorithms rely on the stochastic Monte Carlo approach, which also adds complexity to testing and validation. Finally, validation cases are essential to demonstrate the validity and suitability of the different modules and workflow in a comprehensive way. The field of physical optics is a rather special topic. Therefore, the availability of suitable validation data is limited. For this reason, published results of fields like astronomy and material science were used to demonstrate the functionality and validity of the implemented algorithms in the first step. The validation cases contained in section 4.9.3, are considered most important as they show the validity of the algorithms with high accuracy.

The more comprehensive and elaborate empirical validation covered in chapter 8 demonstrates the feasibility and effectiveness of the entire approach based on a typical object (tripled glazed shaded window). However, due to a lack of precise spectral optical measurements for the glazing and blind material, some generic assumptions are required. In the validation cases that replicate lab measurements on a singular surface (section 4.9.3), empirical data with high accuracy is available. In the case of full-system measurements, the calculation results must be compared with measured data containing a significantly higher error level. This must be taken into account, as full-system measurements under varying real-world conditions are challenging. Therefore, the validation of the physical optics modules (section 4.9.3) proves that the algorithm works accurately and precisely on the material surface level, while the system validation demonstrates that the method can handle complex objects consisting of many different materials and geometrical shapes. The latter also demonstrates how results with good accuracy can be achieved, even if the required spectrally resolved information is unavailable.

Further, the comparison of in-plane irradiance computed with the RadiCal/SIOP approach versus classical calculations performed in a dynamic building performance simulation represents an essential validation step (see section 6.2.6.). It proves that, although the RadiCal approach allows the consideration of complex optical scattering processes and complex geometries, it seamlessly and precisely transitions to the classical approach if a simple object is modelled.

No intermodal comparisons with the commonly applied calculation methods or tools are included in this work. The current state-of-the-art comprises different methods that can be performed at varying levels of detail (see chapter 3). The methods have different limitations and are often based on severe simplifications. Hence, a comprehensive intermodel comparison requires additional considerations and discussion beyond the scope of this work. Nonetheless, intermodel comparisons are considered essential and will be covered in subsequent publications. Beyond these quantitative validations, the generation of rendered images using the RadiCal algorithms for backward raytracing is an additional conclusive validation step. Renderings are a powerful method to identify model shortcomings, potential singularities or numerical instabilities in the equations used. They do not allow precise quantitive analysis. However, the eye can identify model shortcomings, as it is very sensitive to singular errors that might occur. The rendered image is only able to provide a flawless, realistic appearance if billions of light scattering events -involving a multitude of configurations regarding surface orientations, wavelengths and light paths -are computed correctly.

Separation of the optical and thermal domain

Any attempt to provide precomputed static directional solar heat gain coefficients (DSHGC) to calculate the total solar energy transmitted through a building component is linked to systematic errors. The total energy induced by solar radiation comprises optically transmitted energy and thermally transmitted secondary components. Deriving DSHGC values, therefore, implies solving a thermal balance equation with predefined thermal boundary conditions and thermal material properties. This means that in order to derive the commonly applied DSHGC values, it is necessary to anticipate the results and boundary conditions of the dynamic thermal simulations to which they will be applied. This actually constitutes a circular reference.

The DSHGC approach emerged from gradually adapting the constant total transmittance coefficient approach (g-value). It does, however, not seem reasonable to try to adapt this concept to assess the dynamic performance of glazings. The total transmittance coefficient was defined to provide a method for simple performance characterisation of windows and glazing systems and relies on standardized and stationary boundary conditions. The method is not designed to accurately model dynamic effects related to thermal mass in the glazing or façade under real-world irradiance. While some errors occurring on dynamic simulations will cancel out when integrated heating or cooling energy demands are analysed, others will not, as they will effectively change the heating and cooling load profiles.

Beyond that, dynamic effects significantly affect interior surface temperature profiles, which is relevant for thermal comfort assessment. In order to overcome these issues, the novel approach developed here follows a strict separation into solar radiation modelling (optical domain) and thermal modelling (thermal domain) (see Figure 4). The results provided by the RadiCal method allow for accurate calculation of all relevant absorbed and transmitted solar radiation components during the dynamic thermal simulation process, overcoming the shortcomings of the DSHGC approach and making its use obsolete.

Figure 4 Comparison of the workflow for modelling a shaded triple-glazed window DSHGC method (left) vs. RadiCal method (right) (red dotted: thermal domain, grey-dotted: optical domain)

Implementation

As the objective of the PhD is to provide an accurate and efficient calculation method based on raytracing and physical optics, the work performed in the course of the thesis reaches beyond the theoretical formulation of the novel approach. The method's feasibility can only be shown based on its actual implementation and application to practical use cases. In total, eighty-two individual modules comprising more than 46.000 lines of Pascal source code were written for the PhD. This does, of course, comprise much code that is not relevant for the final, functional code of the RadiCal method, such as testing and validation routines as well as obsolete implementations that were replaced with alternative approaches. Hence, regarding the work performed, the finally selected and presented models and code snippets can only be considered the tip of the iceberg. Although applying measures to software development productivity is challenging, an accepted standard publication [START_REF] Jones | Software Economics and Function Point Metrics / Thirty years of IFPUG Progress[END_REF] states a value of 615 lines of code per month as an industry average for pascal programming, which would total 75 months of programming for the code written during the thesis. The requirements for documentation in the software industry are higher, of course, and hardly comparable; however, the code implemented here was of a comparably complex nature, and apart from the actual coding, many test runs, validation cases and performance optimisation had to be performed. Due to the large extent of the written source code, presenting or discussing the entire implementation is impossible. Nonetheless, code snippets covering the implementation are essential elements of the thesis and are included in most sections. Their purpose is to provide insights regarding the implementation's structure and highlight essential algorithms or design choices. The validity of the implementation is proven based on carefully selected tests (see above).

Programming language

Most of this work was implemented in the programming language Pascal with the free compiler FPC3.2, embedded in the IDE (integrated development environment) Lazarus 2.2. The IDE allows cross-platform compilation for different operating systems and can be used freely under the GNU GPL license. Although the use of Pascal has been declining in recent years, several reasons led to the decision for this programming language. The most significant reason is performance. Since Pascal code is compiled into the machine language of the desired target platform, the code is very performant. As the RadiCal method relies on a stochastic Monte-Carlo approach that involves a large number of iterations, it is essential to strive for the lowest possible execution time. Parts of the implemented Monte-Carlo algorithm were implemented in Python and found to be running 50-70 times slower than in Pascal. This performance gap would make any Python implementation virtually impossible, as the currently multi-hour-long raytracing scan would take several days to weeks, making the method impractical. Another requirement for the choice of the programming language is its support of object-oriented programming (OOP). All relevant features of OOP, such as polymorphism, inheritance, abstraction and encapsulation, are available in Pascal and are crucial elements of the RadiCal implementation. In addition to these two mandatory requirements, further factors supported the choice. Pascal is considered to have good syntax readability in terms of clarity and consistency. Further, the operator overloading functionality allows straightforward implementation of the required algebra for complexvalued numbers as well as for three-and four-dimensional vectors and matrices. Finally, the author has been programming in Pascal-based languages (Turbo Pascal, Delphi, Lazarus) for several decades, significantly increasing the implementation's efficiency. Beyond using Pascal for the main modules, C++, PHP, JavaScript, HTML and SQL were used to implement the control, monitoring and evaluation software for the measurement process covered in chapter 8.

State-of-the-art analysis

The following sections cover a state-of-the-art analysis of modelling methods for the energetic performance of shaded or unshaded fenestration systems. The RadiCal method can also be applied to other applications that rely on the accurate calculation of solar-induced energy flows, such as all types of solar thermal collectors, photovoltaic modules or building integrated applications of these. However, a comprehensive description of the currently applied modelling methods for these applications would go beyond the scope of this work. Therefore, the following analysis focuses on the presently applied calculation methods for fenestration systems, as the RadiCal method was initially developed for this purpose. Due to its practical relevance, scientific research regarding the energy performance of windows and glazings is closely related to software tools and international standards. Consequently, this chapter contains many references to these tools and standards. Any research that involves the calculation of the thermal performance of windows has to rely on software, as the heat-balance equation has to be solved considering the glazing's specific spectral and thermal properties. Slightly simplifying, it can be stated that the essential results of the research performed before the year 2000 are laid down in the relevant international standards. These methods have in common that directional properties of the incidence light are generally neglected, as the direction of light is mostly assumed to be of normal incidence. As a result of research addressing the directional limitations, more sophisticated approaches have evolved after the year 2000. These methods are referred to as "modern approaches" in this chapter. The directional methods were gradually integrated into relevant tools, in particular into the commonly used Window software by Lawrence Berkeley National Laboratory (LBNL Windows and Daylighting Group, 2022b) and into EnergyPlus (U.S. Dept. of Energy, 2022) starting in the year 2011 (Lee and U.S. Dept. of Energy, 2017). More recent developments in the research field, like the Comfen tool by LBNL (Mitchel et al., 2019) or the Fener tool [START_REF] Bueno | Fener: A Radiance-based modelling approach to assess the thermal and daylighting performance of complex fenestration systems in office spaces[END_REF] concentrate on dynamic simulations to assess energy demand or daylighting aspects, allowing users to consider different devices and control strategies. However, all of these new methods are developed on the existing optical models and do not question or extend them.

General model and definitions

Figure 5 Components relevant for the total solar transmittance According to the applicable standards (see section 3.4), the total solar energy transmittance (or solar factor) 𝑔 𝑡𝑜𝑡 or (solar heat gain coefficient SHGC) describes the ratio of the total heat gains to the incident solar radiation. It can be written as the sum of two components:

𝑔 𝑡𝑜𝑡 = 𝜏 𝑒 + 𝑞 𝑖 (1) 
The first component 𝜏 𝑒 , referred to as solar direct transmittance, reflects the fraction of solar radiation which is directly, i.e. "optically", transmitted into the interior of a building in the form of shortwave radiation.

The second component 𝑞 𝑖 , referred to as secondary heat transfer factor represents the fraction of solar radiation which is absorbed by the individual layers of the fenestration system, transmitted to the innermost surface of the system and subsequently released to the interior by convection and thermal radiation. Just like 𝜏 𝑒 , the quantity 𝑞 𝑖 is dimensionless and not a unit of energy, as indicated by using the letter q.

While not explicitly stated in the formulation presented below, the relevant international standards (ISO 15099, 2003;ISO 9050, 2003;EN 410, 2011) implicitly define the secondary heat transfer factor 𝑞 𝑖 as:

𝑞 𝑖 = 𝛷 𝑞,𝑖𝑛𝑡 (𝐸 𝑆 ) -𝛷 𝑞,𝑖𝑛𝑡 (0) 𝐸 𝑆 (2)
Where 𝐸 𝑆 is the incident solar radiation flux density, i.e. irradiance, while 𝛷 𝑞,𝑖𝑛𝑡 (𝐸 𝑆 ) and 𝛷 𝑞,𝑖𝑛𝑡 (0) represent the heat flux densities to the interior with and without solar irradiance. The considered heat fluxes comprise components of thermal radiation, convection and conduction. While there are some differences regarding the components' definitions and calculation methods, the applicable standards define secondary heat transfer as the amount of additional heat flux induced by solar irradiance. This also comprises non-linear effects, such as the change of thermal conductivity of gas layers due to an increase in absolute temperature and temperature gradients.

The relevant standards (discussed in section 3.4) provide detailed information regarding the thermal modelling of the multi-layer system (e.g. consideration of ventilation, buoyancy, change of gas viscosity etc.). However, the major determining factor for all secondary effects is the absorption of solar radiation in the individual layers of the fenestration system. Reliable thermal performance values can, therefore, only be obtained based on a model that is able to provide accurate layerwise absorption and transmission values for any given incident solar radiation profile.

Modern approaches -BSDF and DSHGC

The Klems approach

The modern approaches mainly derived in the recent two decades are based on concepts that date back to earlier work. In his work of 1994 (Klems, 1994b(Klems, , 1994a)), Joe Klems presented a model that allows to describing the solar-optical properties of complex fenestration systems by characterising the layers via matrices that contain spatially averaged but angularly resolved bidirectional reflectance and transmittance values The work of Klems is based on earlier publications of Lawrence Berkely National Laboratory (LBNL), in particular on a paper in 1986 [START_REF] Papamichael | Solar-optical properties of multilayer fenestration systems[END_REF] introducing the matrix concept and a 1988 paper [START_REF] Papamichael | Determination and Application of Bidirectional Solar-Optical Properties of Fenestration Systems[END_REF] that proposes a scanning radiometer measurement method to acquire the necessary optical information for the method.

In the Klems matrix approach, the actual spatial (i.e. locational) information is averaged; however, the directional information is kept in an angularly resolved way. For this purpose, Klems introduced an angular segmentation of the hemisphere into 145 patches covering approximately equal solid angles. In order to describe the directional scattering properties of a layer comprehensively, the transmittance or reflectance values for the 145 outgoing directions have to be provided for all of the 145 potential incident directions (see Figure 6). Therefore, the entire set comprises 145 x 145 = 21,025 elements. The elements forming the matrices are, of course, not independent, as the fundamental laws of the underlying optical principles have to be obeyed, particularly: positivity, Helmholtz reciprocity and energy conservation. The Klems matrix is, therefore, a discrete representation of a more general concept known as bidirectional reflectance/transmittance distribution functions (BRDF/BTDF) or their combination, referred to as bidirectional scattering distribution functions (BSDF). The BSDF concept and terminology were introduced even earlier, e.g. by Nicodemus [START_REF] Nicodemus | Directional Reflectance and Emissivity of an Opaque Surface[END_REF] for analysis of longwave radiation and more comprehensively in 1980 by Bartell [START_REF] Bartell | The Theory And Measurement Of Bidirectional Reflectance Distribution Function (Brdf) And Bidirectional Transmittance Distribution Function (BTDF)[END_REF]. Klems mainly avoids this terminology but refers briefly to Nicodemus in his first work. However, in his two important publications in 1994, Klems derives a methodology for calculating solar-optical properties of multi-layer fenestration systems from their individual bi-directional layer properties. Klems begins with non-specular layers and gradually develops the model further to finally include specular layers and consider interreflection between the layers. Klems notes that his approach is based on two significant approximations: 1. Spectrally averaged optical properties:

The input and output reflectance and transmittance information are valid for integrated wavelength ranges, usually either the visible or global radiation spectrum.

Spatial averaging:

While the angular information is tracked, the actual spatial information is lost, as an averaging over all points of a layer is assumed in the model.

Beyond these two approximations raised by Klems, the author of this work believes a third one should be added, although it is related to the second point:

Infinite extension:

The layer model intrinsically assumes that all layers are infinitely extended, and any radiation transmitted by one layer will reach the next layer. Therefore, the model cannot cover any boundary effects.

In his work, Klems expressed most concerns regarding the first (spectral) issue and its practical limitations. In contrast, he argues that the second (spatial) issue has limited practical consequences, and he does not raise the third issue. The following section discusses some implications regarding the simplifications contained in the Klems method.

The angular transmittance (BTDF) and reflectance (BRDF) values necessary to define the Klems matrices of a fenestration component can either be determined by measurement or by modelling. In the empirical approach, measurements are mainly performed using spectrophotometers or goniophotometers [START_REF] Kohler | Simulation of complex glazing products; from optical data measurements to model based predictive controls[END_REF]. While goniophotometers are frequently used to determine optical properties for daylighting applications, their use to measure integrated values for the entire global radiation spectrum is still a matter of research [START_REF] Curcija | ICON final report Cloud-Based Semantic Structures , Verified Models and Advanced Experimental Methods for Optical and Thermal Characterization of Building Envelopes and their Components , including those inaccessible to current methods Cloud-Based Semanti[END_REF][START_REF] Ward | Daylight simulation workflows incorporating measured bidirectional scattering distribution functions[END_REF]. Since the commonly used silicon sensors cannot capture radiation with wavelengths beyond approx. 1000 nm, a combination with InGaAs or germanium sensors has to be used to extend the measurement capabilities into the near-infrared region. The modelling approaches to determine BSDF matrices are either based on analytical optical calculations, as applied in LBNL Window (LBNL Windows and Daylighting Group, 2022b) or raytracing. In the most commonly used method, however, a combination of measure and modelled data is used: the optical properties of the material's surfaces are determined empirically and subsequently used in a two-or three-dimensional model to determine the optical properties of the entire system. The reason for that is that, on the one hand, most goniophotometers cannot perform measurements on largely extended objects. On the other hand, the approach allows a more flexible and efficient workflow, as the measured material data can be used to model a variety of different systems.

The black-box or two-layer model

Independent of the BSDF approach, in 2006 [START_REF] Kuhn | Solar control: A general evaluation method for facades with venetian blinds or other solar control systems[END_REF] and, more specifically, in 2011 [START_REF] Kuhn | Solar control: A general method for modelling of solar gains through complex facades in building simulation programs[END_REF] propose a significant simplification for the modelling of a shaded glazing system by separating the fenestration system into a shading layer and a glazing system layer:

The proposed model for 𝑔 𝑡𝑜𝑡 introduces an additional simplification level and treats the whole glazing unit as one layer and the shading device as another. One advantage is that the angular dependence of the glazing and shading device can be characterized externally with the method that best meets the requirements for the system under consideration. Another advantage is that manufacturers of glazing and shading devices have to guarantee only for the properties of their product, not for the combination. [START_REF] Kuhn | Solar control: A general evaluation method for facades with venetian blinds or other solar control systems[END_REF] Providing accurate descriptions of the angular-dependent properties of the glazing and shading systems is still necessary for this approach. Kuhn proposes the use of a semi-empirical model suggested by Roos et al. for the glazing layer (2001). The Roos model and underlying models [START_REF] Montecchi | Hybrid equivalent model algorithm for the prediction of glazing angular properties[END_REF] are, in fact, based on physical optics models and consider Fresnel's equations and the polarisation state of light. However, finally simplified semi-empirical fitting models are derived.

Regarding the angle-dependent optical properties of the shading device layer, Kuhn suggests either (whole system) measurements or the use of 2D raytracing, as demonstrated in his earlier work [START_REF] Kuhn | Evaluation of overheating protection with sun-shading systems[END_REF]. Finally, a virtual two-layer model is used to calculate direct transmittance and solar absorptance in the two virtual layers to derive the secondary heat transfer. For this approach, it is necessary to define thermal boundary conditions, as the relevant thermal transfers leading up to the directional total transmittance values must be considered. For different applications and configurations (e.g. internal or external shading) several equations are provided on how the layerwise models can be integrated to finally derive angle-dependent relations for the total transmittance 𝑔 𝑡𝑜𝑡 , also referred to as the directional solar heat gain coefficient (DSHGC). The precomputed dataset can then be integrated as 'black-box' model into existing dynamic building performance simulation tools. The proposed method allows for a consideration of angular effects and therefore represents a significant improvement over the ISO standard methods. However, the newly introduced simplification made by assuming two independent layers poses a new potential source for inaccuracy. The approach does not sufficiently allow the modelling of specific spectral and angular filtering or conditioning of the solar radiation by the first layer. The angular and spectral profile of the radiation incident to the second layer will be significantly different from the "neutral" radiation profile that is assumed for the calculation of its optical properties. To mitigate some of these issues, analytic relations that mix the layer's solar and visible optical properties are presented. Furthermore, interreflections between the two layers cannot be modelled accurately, as a simplified model for diffuse radiation is assumed.

BSDF and the two-layer model

Regarding the simplified angular information contained in the Kuhn model, Bueno and others (see [START_REF] Bueno | Fener: A Radiance-based modelling approach to assess the thermal and daylighting performance of complex fenestration systems in office spaces[END_REF][START_REF] Bueno | A general method to evaluate the thermal impact of complex fenestration systems in building zones[END_REF] propose an improved approach, as the two-layer model of Kuhn is 'upgraded to accept BSDF data'. The method described is based on Kuhn's two-layer model; however, the directional solar heat gain coefficients DSHGC of the glazing unit and the BSDF of the glazing unit and the shading device are considered. The directional information for reflectance, transmittance, absorptance and total transmittance is used in the matrix form proposed by Klems.

Regarding modelling the resulting energy flows, the 'upgraded model' described by [START_REF] Bueno | A general method to evaluate the thermal impact of complex fenestration systems in building zones[END_REF] still applies the principles as suggested by Kuhn for the two-layer model. In turn, Kuhn's initial model is based on the simplified approach provided in the standard ISO 52022-1. In the equation proposed for modelling external Venetian blinds, three components are considered:

𝑔 𝑠𝑦𝑠 = 𝜏 𝑠𝑑 𝑔 𝑔𝑢 + 𝛼 𝑠𝑑  𝑒𝑥𝑡  2 + 𝜏 𝑠𝑑 (1 -𝑔 𝑔𝑢 )  𝑒𝑥𝑡  1 𝑤𝑖𝑡ℎ  𝑒𝑥𝑡 = [ 1 𝑈 𝑔𝑢 ⁄ + 1  1 ⁄ + 1  2 ⁄ ] -1 (3) 
(4)

𝑔 𝑠𝑦𝑠/𝑔𝑢 … 𝑡𝑜𝑡𝑎𝑙 𝑠𝑜𝑙𝑎𝑟 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚/𝑔𝑙𝑎𝑧𝑖𝑛𝑔 𝑢𝑛𝑖𝑡  𝑒𝑥𝑡 .  1 ,  2 … 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑖𝑡𝑖𝑒𝑠 [𝑊/(𝑚²𝐾)] 𝜏 𝑠𝑑 … 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑠ℎ𝑎𝑑𝑖𝑛𝑔 𝑑𝑒𝑣𝑖𝑐𝑒 𝛼 𝑠𝑑 … 𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑠ℎ𝑎𝑑𝑖𝑛𝑔 𝑑𝑒𝑣𝑖𝑐𝑒 𝑈 𝑔𝑢 … 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑔𝑙𝑎𝑧𝑖𝑛𝑔
The optical coefficients (𝜏, 𝛼) as well as the 𝑔 values in equation ( 3) are functions of the incident light direction; for reasons of clarity, the corresponding arguments were omitted in the above equations. The corresponding directional values are taken from the Klems matrices representing the BSDFs of the shading and glazing unit as well as the DSHGC values of the glazing unit.

The first term of equation ( 3) simply scales the 𝑔 value of the unshaded glazing unit by the transmittance of the shading. The two subsequent terms represent additional heat gains due to the presence of the shading device. While not explicitly stated in the ISO standard or Kuhn's or Bueno's publications, it is apparent that the additional two terms result from a simple heat transfer model comprising three resistors (conductors) in series, see Figure 7. The middle term of equation ( 3) represents the fraction of heat absorbed in the shading device and transmitted to the interior, while the last term represents an additional fractional amount of heat trapped in the glazing unit due to the presence of the shading device. The equation proposed for internal blinds follows a very similar approach but contains additional terms to consider interreflections.

LBNL Window and Radiance

In the currently most advanced and probably most commonly used approach for modelling the energetic performance of complex fenestration systems, the free tools However, regarding the important directional dependencies of the optical coefficients for the glass panes, LBNL Window makes use of simplified models that consider unpolarised radiation only. There are currently two different angular models implemented in the Window software [START_REF] Curcija | WINDOW Technical Documentation[END_REF]. The approach for uncoated glass utilizes the empirical transmittance and reflectance spectra, measured at normal incidence only, to estimate a spectrally resolved refractive index in the first step. Subsequently, this quantity is used in Fresnel's equations to derive the angular reflectance and transmittance of the glass. For coated glass panes, the angular properties are determined based on a regression fit. For the fitting process, two sets of fitting parameters are provided. A threshold value of 0.645 for the transmittance is used to determine if the coefficients for clear glass or bronze glass are used in the polynomial regression formula. The same approach for calculating angular properties is applied in the building performance simulation tool EnergyPlus (U.S. Dept. of Energy, 2022).

Regarding spectral resolution, LBNL Window allows various approaches. The spectral resolution of the calculation is mainly determined by the specular information available for the components. Systems containing exclusively glass layers usually allow spectrally resolved computation. If a shading layer is present, the calculations are primarily performed for integrated spectral ranges (e.g. the solar or visible range).

Shading devices are integrated into the calculation process in the form of shading layers. LBNL Window allows the following options (Mitchel et al., 2019): The software performs calculations based on analytical or geometrical methods for the first five options. The materials used for the shades are generally considered to be diffusely reflecting (Lambertian surfaces). For the simulation of Venetian blinds, LBNL Window has implemented a method that complies with the standard ISO 15099. However, a set of options and additional features are available that are beyond the scope of the standard and should be able to provide higher accuracy. For example, the geometry of the slats can be assumed as non-flat by providing a curvature radius, or the simplified modelling of diffuse radiation can be overruled by selecting a directional diffuse calculation method. In order to model more complex shading devices or to model shading devices in a more detailed way, Window allows the integration of externally computed BSDF data. The options Shade with XML data and THERM file are available for this purpose. The latter option allows the definition of the geometry and material using LBNL's THERM software (LBNL Windows and Daylighting Group, 2022a). In this approach, the actual BSDF information is not generated by LBNL Window, but with the external tool genBSDF [START_REF] Mcneil | genBSDF Tutorial[END_REF]. This program is a three-dimensional raytracing representing a spin-off of the powerful open-source daylighting tool Radiance (Radiance Community, 2022). An overview of the workflow is depicted in Figure 8. The illustration is taken from the technical documentation for LBNL Window [START_REF] Curcija | WINDOW Technical Documentation[END_REF]. [START_REF] Curcija | WINDOW Technical Documentation[END_REF]))

• Homogeneous diffusing shade • Perforated screen • Woven shade
The genBSDF tool offers no graphical user interface. It is a command line tool; the necessary input and output are provided as scripts and reports.

Since Radiance is a rendering software, it follows an RGB approach to achieve realistic visual representations. To still use the raytracer for energetic purposes, it is commonly recommended to apply Radiance material definitions of type plastic or translucent plastic and use identical values for the red, green and blue reflectance (or transmittance) values. The constant reflectance values provided should represent the measured spectrally integrated reflectance for either the solar or the visible band. The resulting BSDF files are then valid for the provided spectral range but do not contain any spectrally resolved information. This can be problematic for modelling systems that contain spectrally selective layers, as will be pointed out in the next section.

Limitations of BSDF and DSHGC approaches

Spectral accuracy

The most severe limitation that BSDF-based approaches share is probably the spectral simplification on which the methods are based. The values forming the Klems matrix are based on integrated spectral properties considering different bands, such as the global radiation spectrum or the visible light spectrum. In his work of 1994, Klems (1994b) himself already pointed out that the BSDF approaches focus on the 'spatial and angular aspects of systems rather than the spectral properties'. He even showed in the paper's appendix that his approach only works if the spectral selectivity is restricted to one layer at most. All other system layers have to be considered spectrally flat, i.e. having the same reflectance or transmittance value over the entire considered spectral range. Klems notes explicitly:

As the method is applied to progressively more complicated systems, such as colored blinds or shades combined with tinted or selective glazing, or multiple blind or curtain systems of different colors, the treatment could become less accurate and eventually inapplicable. (Klems, 1994b, p.4) Excluding rare special photonic applications that are able to perform wavelength conversion, generally, the wavelength of the incidence radiation will not change while propagating through the fenestration system, meaning that the initial spectral components will be absorbed, transmitted or reflected but not absorbed and reemitted with a different wavelength. Hence, the Klems approach can be multiplied into a series of independent, parallel calculations limited to appropriate spectral bands. However, this increases the complexity of the method significantly, and it is difficult or almost impossible to define an "all-purpose" segmentation of the global radiation spectrum that would be suitable for most applications. Internally, LBNL Window can use 15 different bands (17 wavelength points) to cover the global radiation spectrum. However, the approach is not fully implemented as the BSDF information of the shading device is not available in this format. The raytracing tool Radiance used to compute the BSDFs of shading uses only integrated values. Therefore, depending on the input data, either only the solar (=entire global radiation) or only the visible spectrum is usually considered in an integrated way. This separation into visible and solar radiation is also frequently found in standard building performance simulation tools. However, for energetic purposes, the use of such integrated values has to be questioned. Considering the entire radiation spectrum from ultraviolet to near-infrared, the assumption of 'flat' reflectance is not suitable, as even objects that appear white, grey, black or clear (transparent) in the visible light spectrum will usually be spectrally selective in the non-visible ranges. Hence, using the BSDF information of independent components to determine the properties of the entire system may imply a significant systematic error.

Spatial averaging

Generally, all currently applied methods are based on the Klems approach that captures angularly resolved information on the reflected or transmitted radiation but does not include any information regarding its spatial (i.e. locational) distribution. Therefore, the approach is intrinsically based on the assumption that each layer represented by BSDF information is homogeneous and infinitely extended. Consequently, the impact on any other layer caused by an inhomogeneously structured layer or geometric boundary effects cannot be modelled with this approach. Boundary effects are generally relevant for virtually every glazing, as the glazing is either embedded in a window reveal or interrupted by framing structures. The significance of the boundary effect will, of course, decrease when the undisturbed area is large relative to its boundary. The effect of the inhomogeneity of a layer is relevant in combination with boundary effects or any further inhomogeneous layer. Klems notes that the effect can be neglected as, typically, there will be no relevant spatial correlation between any two layers. This is true for small-scale structures, like fabric, grids or, to some extent, Venetian blinds. However, this will generally not be the case for devices with large-scale structures in the dimension of the glazing. Typical examples are horizontal louvres or overhangs mounted on top of a window, but also glazings or films with fritted or printed structures. More generally, it can be said that the effect is significant for all systems where the device's actual positioning relative to the glazing or any layer with structures of the same dimensions is relevant. Very apparent examples are provided by kinetic shading mechanisms where fritted or coated structures can be moved relative to each other to change the system's solar transmittance, e.g. of modern foil constructions [START_REF] Flor | Optical aspects and energy performance of switchable ethylenetetrafluoroethylene (ETFE) foil cushions[END_REF]. While the layerwise BSDF-based modelling would entirely break down for such applications, it can also lead to significant errors for more classical applications comprising large structures. This is the case for many vertically and horizontally oriented systems, as well as for fixed and movable devices, such as louvres, overhangs, hinged shading systems, canopies, fins, brise-soleis etc. In most of these applications, the spatial concentration of light shading or diffusing effects to specific regions is not an unintended or marginal side-effect but the actual intended effect. The geometric properties are usually specifically designed to exploit such behaviour. Therefore, it is essential that any methods used in the design or performance assessment process for such systems can capture such effects accurately.

Polarisation

At present, all commonly used methods for modelling fenestration systems that include shading devices do not consider the change of the polarisation state of the transmitted or reflected light beam.

On the one hand, the ISO standard methods (see section 3.4) exclude polarisation by definition, as they are restricted to near-normal incidence. In the case of near-normal incidence, polarisation effects are irrelevant. On the other hand, the BSDF methods, which were specifically developed to model transmittance and reflectance at oblique angles, implicitly assume that the provided coefficients are valid for the intensity (or flux density) of light beams with a neutral polarisation state. This neutral state can only be assumed (to some extent) for the radiation incident on the first layer. After the first scattering process, regardless of whether transmission or reflection, any ray with an oblique incidence angle will show a significant polarisation that will affect the outcome of any further scattering process (see sections 4.2.4 and 4.7).

In principle, it would be possible to include polarisation information in the BSDF approach using dual calculation paths for perpendicular polarisation states; however, this has not been proposed in the current publications. The reason for this might be a lack of calculation tools that are able to create the BSDF matrices for polarised radiation. At least for unshaded glazings, LBNL Window might be adapted quite easily for such purpose.

Angular dependence

As discussed, the angular dependence of the transmittance and reflectance are derived based on simplified models. In fact, the angular dependencies, in turn, depend on the wavelength of the incidence light. While the effect is limited in the visible spectral range for bulk materials, there is still a significant variation if the entire global radiation spectrum ranging from 300 nm to 2500 nm is considered. Furthermore, the effect is particularly pronounced if coatings are present, as spectral filtering is the designed function of these layers. Apart from these intended effects, exploited, e.g. for anti-reflective coatings, solar-protection coatings or low-E coatings, there can also be unintended effects that can, for example, lead to a colouring effect if coated materials are viewed at higher angles. All mentioned angular effects cannot be modelled appropriately based on simplified models. Valid results can only be achieved by solving Fresnel equations in a spectrally resolved way and by using the materials' accurate spectral properties.

Modelling of direct solar radiation

Another issue that is linked to the usually limited angular resolution of the Klems-matrix is the modelling of direct solar radiation. In the commonly applied 3-phase method, the contribution of direct radiation is included in the angular patch corresponding to the sun's incidence direction. This is also true for the outgoing Klems patch if the system does not diffuse the direct beam. Hence, on a clear day, the sun's radiance value is reduced by several orders of magnitude and instead distributed on a Klems patch covering a relatively large solid angle (see Figure 6 and Figure 75). As this averaging does not represent the true angular extent and radiance of direct solar radiation, it will cause significant inaccuracies if further BSDF layers are considered. This is especially true for the inhomogeneous structures discussed in the Spatial averaging section above.

Energetic model

The underlying thermal model of the two-layer method [START_REF] Bueno | A general method to evaluate the thermal impact of complex fenestration systems in building zones[END_REF] and previous DSHGC approaches are based on necessary simplifications. The thermal model does not consider the layered structure of the glazing itself, which appears essential as modern tripled-glazed units show high thermal resistance values that will cause significant temperature differences among the individual glass panes. On the one hand, the temperature deltas will directly affect the energy balance model applied in the approach. On the other hand, it will have a secondary effect, as the absolute and relative temperature changes will significantly impact the gas layers' thermal conductivities. Beyond this issue, the choice of the constant thermal conductivity parameters 𝐺 𝑖 that determine the additional heat flow from the two layers to the interior seems somewhat arbitrary. The recommended values are likely to have empirical origins, but no further explanations, options or models for adaption to different fenestration systems or climates are provided. Apart from these issues, assuming stationary thermal properties by applying constant thermal transmittance (U-value) to characterise the glazing system seems problematic. Though some fitting formulas to adjust the U-value for different boundary conditions (climates) are presented, these relations will usually strongly depend on the actual layering of the glazing systems and actual thermal boundary conditions. Hence, it is difficult to propose a generalised approach. All methods providing DSHGC values have to anticipate results and boundary conditions of the dynamic thermal simulations to which they will be applied. This constitutes a circular reference that can only be addressed with the assumption of constant standard values.

The integration of BSDFs created with LBNL Window (or otherwise) into EnergyPlus, referred to as 3-phase method, allows layer-wise energetic modelling similar to the method proposed here. However, the approach suffers from the BSDF-related issues discussed above, especially for fenestration systems containing shading layers.

Approaches of international standards

ISO 9050 and EN 410 for glazing systems

The standards ISO 9050 [START_REF] Weber | HANDBOOK OF OPTICAL MATERIALS[END_REF]EN 410 (2011) provide almost identical information on how to calculate the optical and energetic properties of glazings. In particular, they both provide equations and boundary conditions for the calculation of light transmittance and reflectance coefficients, as well as for the total solar energy transmittance g tot . Apart from the calculation instructions, both standards include a set of tables that provides the relevant spectral distributions necessary to model the spectral power distribution of the global radiation spectrum and visible light. EN 410 additionally contains spectral distributions relevant to colour rendering, colour perception and a standard illuminant light source. ISO 9050 does not explicitly contain this information but refers to the applicable CIE standards for that purpose. Instead, the supplemental spectral distributions provided in ISO 9050 can be used to evaluate the damaging properties of light for artwork or general purposes as well as for human skin.

To determine the optical and energetic behaviour of a glazing system consisting of one or multiple layers, the shortwave radiation and heat balance of the system is modelled and solved. The shortwave radiation balance considers reflection, absorption and transmission in all relevant components. Consequently, interreflections between the individual interfaces are also considered in the model. All calculations are performed taking into account the relevant spectral distributions. For calculation of the total solar energy transmittance, the global radiation spectrum ranging from 300 nm to 2500 nm is considered, whereas, for the visual light properties, the appropriate spectral distribution between 380 nm and 780 nm is applied. The detailed consideration of the spectral distributions is essential for the accurate modelling of solar radiation. However, concerning the angular profile of the incident solar radiation, both standards show a severe limitation as the scope of the model provided is restricted to 'quasi-parallel, near normal radiation incidence' (ISO 9050, 2003, p.2;EN 410, 2011, p.8). This poses a significant restriction as it reflects an idealised case that does provide benefits regarding calculation, spectral measurement or lab testing but has little relevance for the modelling of real-world applications.

Based on the proposed shortwave radiation model for normal incidence, a heat balance model is solved to determine the secondary internal heat gains caused by solar radiation. While the underlying equation systems can be solved for any number of layers, only the solutions for the cases of singleglazing, double-glazing and triple-glazing are provided in an explicit analytic form in both standards.

ISO 15099 approach for fenestration systems with a shading layer

The international standard ISO 15099 (2003) provides a methodology to calculate the thermal performance of fenestration systems. In order to consider the entire heat balance, the standard provides models for thermal transmission (i.e. conduction, convection and thermal radiation exchange), as well as for energy flows caused by solar irradiation. The models are based on the assumption of a layered quasi-parallel structure covering glass panes, air or gas gaps and shading layers. The thermal performance of the glazing is determined by setting up and solving the energy balance of the layered system. The standard provides many details regarding suitable calculation methods for modelling heat exchange via radiation (longwave), conduction and convection. However, regarding the solar (shortwave) irradiance components, it refers to ISO standard 9050 (2003) or applies its methods. As mentioned in the previous section, ISO 9050 and EN 410 do consider the spectral distribution of the incident radiation but are restricted to the case of near-normal incidence, which poses a significant restriction for accurate calculations relevant to real-world applications.

While the ISO standard 15099 does not provide additional information regarding the shortwave model of the glazed layers, it does contain specific information regarding the modelling of shading devices. The model is, however, restricted to shading devices 'which are or which may, by proper approximation, be treated as a layer parallel to the pane(s) of the window' (ISO 15099, 2003, p.31).

Figure 9 Separation into disturbed and undisturbed components according to ISO 15099

In order to integrate such a shading layer into the fenestration system, a separation into a disturbed and undisturbed component of the incident radiation is introduced. The disturbed part represents any radiation diffusely reflected or transmitted by the surfaces of a shading device (see Figure 9). This component is assumed to be perfectly diffusing (Lambertian). According to the model, both components, the direct (undisturbed) as well as the diffuse (disturbed), propagate through the fenestration systems independently. It is, therefore, necessary to provide diffuse transmittance and reflectance values for all layers contained in the system. The standard notes this fact; however, it does not state how these values should be calculated for glass panes or coatings, as the underlying standard ISO 9050, which it refers to, is restricted to 'quasi-parallel, almost normal radiation' (ISO 9050, 2003).

The standard ISO 15099 does, however, provide a detailed calculation method for the necessary coefficients for the case of idealised Venetian blinds. The model assumes an infinite array of tilted, parallel, infinitely extended, perfectly flat and ideally diffuse reflecting slats. Based on these assumptions, it is possible to derive the necessary reflectance, transmittance and absorption values for the shading layer for the three components direct→direct, direct→diffuse and diffuse→diffuse.

The view-factor-based calculation relies on a model defined by the input parameters slat angle 𝛾, front-and back-side slat reflectance (𝜌 𝑓 (), 𝜌 𝑏 ()), slat width and slat distance.

By introducing a shading layer, characterised by these reflectance, transmittance and absorption coefficients, into the energy balance of the entire fenestration system, it is possible to approximate the energetic effect of the shading layer.

Apart from the substantial simplifications necessary for the idealized Venetian blind model, several other significant issues have to be considered in the approach:

• unspecified determination of glass or film properties for diffuse radiation component

• assumption of perfectly diffused radiation caused by the shading layer

• assumption of normal incidence for the direct radiation component for the involved glass layers Despite these issues and the potentially significant errors associated with them, the ISO 15099 approach is widely used, even in modern building performance simulation tools.

Standard approach ISO 52022 series for fenestration systems with a shading layer

While ISO 15099 is widely used in the US, most European countries refer to the similar ISO 52022 (2018) standard series. The first part of the three-part series contains a method to estimate total solar transmittance, direct energy transmittance and light transmittance based on a simplified approach for various configurations. This simplified approach will not be discussed here. Similar to ISO 15099, the third part of the standard series contains a section which specifies how to implement a shading layer into the energy balance of a fenestration system. Instead of referring only to ISO 9050 for modelling the shortwave radiation exchange, the standard primarily refers to the EN 410 (2011) standard. The information contained in EN 410 is very similar to ISO 9050, and, in particular, the severe restriction to 'quasi-parallel, near-normal radiation incidence' is explicitly included again.

Regarding the reflective and transmissive properties of shading layers, the standard refers to EN 14500 (2018). This standard covers measurement methods for 'curtain elements of solar protection devices'. The definition of curtain elements includes metallic or glass slats as well as fabrics. The standard is mainly intended for measuring the optical properties of the materials that form the device but can also be applied to the 'whole product' if the 'equipment is sufficiently large' (EN 14500, 2018, p.12). The testing methods distinguish between diffuse and direct reflectance and transmittance; however, for calculating the product properties, several references to methods covered by the ISO 52022 series or unspecified, 'more accurate methods' are included. The proposed calculation method for Venetian blinds, as detailed in ISO 52022-3, however, uses the provided information for the diffuse and direct optical properties in a very limited manner.

In analogy to ISO 15099, Annex D of ISO 52022-3 provides a geometrical calculation model to calculate the transmittance, reflectance and absorption properties of a shading layer formed by Venetian blinds. Again, the slats are assumed to be ideally flat, infinitely extended and to show no specular reflection (i.e. perfectly diffuse reflecting Lambertian surfaces).

The first significant deviation from the approach provided in ISO 15099 is that ISO 52022 restricts the calculation of shading layers to cases where no direct transmittance of solar radiation is possible. Consequently, only the direct→diffuse transmittance and reflectance are provided in section D.3 Direct radiation (ISO 52022 part 3, 2018, p.24) and the diffuse→diffuse transmittance and reflectance formulae are provided in section D.4 Diffuse radiation, whereas the direct→direct component is excluded from the calculation method. The calculation is again based on the diffuse reflectance values for the front-(𝜌) and back-side (𝜌′) of the blinds. The calculation method for the determination of the view-factors is not specified. Only view-factors for the specific case of slats adjusted perpendicular to the solar beam with a spacing ratio of slat distance to slat distance of 𝑑/𝑙 = 1.0 are provided in tabular form (ISO 52022 part 3, 2018, p.25). Somewhat confusing, part two of the ISO 52022 standard series contains an 'informative' annex G (ISO 52022 part 2, 2018, p.23), that does consider direct→direct radiation and provides calculation adaption methods for pitched and vertical elements and additional view-factor tables. However, the Annex is not referred to in the standard and is denoted as 'informative' (instead of normative). While the model based on these additional equations extends the applicability of the method in a reasonable way, it is still based on the same model as presented in the actual standard method and, therefore, shares most of its limitations. The calculation of view factors for any configurations, as it is implied in the standard, is a task that can be solved rather easily, best by using simple 2D raytracing algorithms. The significant issues of the ISO 52022-3 method are, however, again related to the general assumption of normal incidence and the consideration of diffuse radiation. Nevertheless, there is a different approach regarding handling the diffuse component, representing the second significant difference between the two standards. Unlike ISO 15099, ISO 52022 does not suggest modelling the propagation of separate direct and diffuse components through the entire fenestration system. The additional diffuse component is solely considered for the radiation incident to the shading layer. Two individual calculation models are presented to model the effect of the diffuse and direct incidence radiation. A share of 85% direct and 15% diffuse radiation or other values 'suitable for the local climatic conditions' (ISO 52022 part 3, 2018, p.25)are then recommended as a ratio to calculate weighted averages of the two results. The finally generated "mixed" transmittance and reflectance values of the shading layer are then used in the radiation exchange model for direct normal incidence, as the general Scope section of the standard explicitly specifies: 'Diffuse irradiation or radiation diffused by solar protection devices is treated as if it were direct' (ISO 52022 part 3, 2018, p.1).

Limitations of approaches in international standards

The proposed method for modelling the performance of glazings with or without shading devices is unsatisfactory. Significant deviations to real-world performance values have to be expected due to the following issues:

• global radiation propagating through the system is modelled as quasi-parallel, near-normal incidence only (ISO 9050, EN 410)

• in combination with a shading layer, ISO 15099 suggests considering an additional perfectly diffused radiation component but does not specify how glazings and coatings should be modelled accordingly.

• ISO 52022 suggests the consideration of a diffuse component for shading devices but feeds the calculation results back into the direct-normal radiation model

• ISO 15099 and ISO 52022 provide calculation methods for shading devices only for the case of Venetian blinds.

• the Venetian blind model in both standards is oversimplified: perfectly flat, ideal diffusely reflecting, infinitely extended and infinitely thin slats are assumed.

Many issues may be caused by the fact that the initial purpose of the international standards was to provide a transparent, neutral and objective performance measure for windows and shading systems. The assumed boundary conditions, therefore, rather reflect a lab-like environment that does not reflect real-world conditions, as required for building performance simulation.

Light, sun and opticsapplied principles, models and methods

The currently applied methods to simulate the propagation and impact of solar radiation are mainly based on geometrical optics and strongly simplified models. Hence, often without explicitly noting it, they are based on a strong level of abstraction and approximation. While this might be reasonable and often necessary from a practical point of view, it is essential to explicitly point out the underlying assumptions and simplifications made. To address this issue -and even if this may seem unconventional -this chapter includes very general parts addressing essential principles of light and physical optics. The field of light and optics is, in fact, very complex, and many models are only valid within strictly limited boundaries. Therefore, embedding the actual implementation within a broader context seems appropriate. After a brief historical overview, significant optical phenomena and models are introduced, and their practical relevance is discussed. Subsequently, more specific models and methods are introduced. Each of these later sections already contains details regarding the actual implementation and testing of the relevant models.

A brief history of light

Basic laws of geometric optics were known and exploited in ancient times in the oriental as well as in the occidental parts of the world. There is evidence [START_REF] Sines | Lenses in Antiquity[END_REF]) that glass was used as a magnifying lens or burning glass in ancient times already. The most common theories of light assumed that light was associated with particles or corpuscles that were either emitted by objects and perceived by the eyes (intromission theory) or, reversely, cast by the eyes towards the objects (emission theory). Euclid already formulated basic laws regarding the nature of reflection and the propagation of light in straight lines, whereas Ptolemy even detected the effect of atmospheric light refraction based on accurate astronomic observations. A remarkably detailed and accurate model of light was introduced by Ibn al-Haytham, an Arabic physicist and mathematician. Al-Haytham supported the intromission theory and identified the sun as the original source of light. He analysed and described the refraction and reflection of spherical and parabolic surfaces. The discovery of the electromagnetic nature of light did not yet set an end to the famous misconception that light would require a medium to propagate, which was called the ether (or luminiferous aether). In fact, Maxwell inspired the famous Michelson and Morley experiment in the year 1881, which was designed to determine the speed of the earth relative to a stationary ether. The seemingly paradoxical null result of the experiment, showing that light emitted on the moving earth propagates into all directions with the same constant speed, left physicists baffled. It took another 24 years and the genius of Albert Einstein to resolve this supposed paradox in his Special Theory of Relativity. However, in the very same year, Einstein also revived the particle theory in his explanation of the photoelectric effect by introducing the concept of photons. Einstein's theoretical concept was based on the experimental results of Hertz, Lenard and others but also on the theoretical work of Max Planck. In 1900, Planck presented a theory that could predict the spectral distribution of black-body radiation by introducing discrete (quantized) energy states. The resulting new theory of quantum mechanics by Schrödinger, Heisenberg and others put an end to the particle/wave discussion, however, leaving us with a big paradox beyond our everyday perception of the world, as A.

Einstein noted:

But what is light really? Is it a wave or a shower of photons? There seems no likelihood for forming a consistent description of the phenomena of light by a choice of only one of the two languages. It seems as though we must use sometimes the one theory and sometimes the other, while at times we may use either. We are faced with a new kind of difficulty. We have two contradictory pictures of reality; separately neither of them fully explains the phenomena of light, but together they do. (Einstein and Infeld, 1938, p.278) Finally, the comprehensive field theory, called quantum electrodynamics and founded by Dirac, Bethe, Feynman and others, was able to combine special relativity, quantum mechanics and electrodynamics to provide a unified model, which is able to describe most light-matter interactions in a very accurate way. Richard Feynman's book QED-The Strange Theory of Light and Matter [START_REF] Feynman | QED: The Strange Theory of Light and Matter[END_REF] provides an introduction to the essentials of quantum electrodynamics in an accessible language.

Nature of light

Relevant spectral ranges and definition of "light"

For technical applications, it is a widespread convention to use the term "light" to refer to the visible light spectrum and "solar radiation" to refer to the entire global radiation spectrum. For the sake of readability, the more general convention is followed here: the term "light" is used to refer to the entire global radiation spectrum comprising ultraviolet, visible and near-infrared radiation (NIR), while the term "visible light" is used to exclude the non-visible spectral ranges explicitly.

Figure 11 Overview of the global radiation spectrum and relevant spectral ranges

Following another commonly used convention, the global radiation spectrum is limited to the spectral range from 300 nm to 2500 nm. While extraterrestrial radiation still comprises approx. 3% of the total power above the threshold of 2500 nm, most of it is absorbed in the atmosphere by water vapour and CO2 molecules, and, therefore, is not relevant. Compliant with the applicable standards (see e.g. EN 410, 2011), visible light is defined in the present work as radiation with a wavelength ranging from 380 nm to 780 nm. 

Linearity of light

Throughout this work, linearity of light is assumed, implying that light waves will not interact, i.e. light beams can cross without influencing each other. The superposition principle is a direct consequence of this linearity. It implies that two wave-functions 𝐸 1 and 𝐸 2 satisfying Maxwell's equations can simply be added to find their superposition 𝐸 𝑡𝑜𝑡 , which will itself be a solution of Maxwell's equations, i.e. it will satisfy the derived wave equation, see (31):

𝐸 𝑡𝑜𝑡 (𝑥, 𝑡) = 𝐸 1 (𝑥, 𝑡) + 𝐸 2 (𝑥, 𝑡) (5) 
Even though this might sound trivial, it is a rather particular property of Maxwell's equations (as well as of other wave equations). It means that the wave's propagation speed is entirely independent of its amplitude. If this does not hold, as is the case for many natural processes, then the principle of superposition cannot be applied. This, in turn, means that each particular wave or wave configuration has to be modelled individually. Such a model can, of course, only be defined for specific configurations considering only a limited number of wave components. Hence, linearity of light is the condition sine qua non, or better, a necessary assumption to perform raytracing on complex objects using a large number of rays. Linearity is assumed in most optical methods and models without being explicitly mentioned. The related field of optics is referred to as linear optics.

There is, however, a field of optics called nonlinear optics, which implies that light waves can interact. While Maxwell's equations mathematically lead to perfectly linear wave solutions, the contained electric and magnetic field constants within a medium are, in fact, (weakly) dependent on the field strengths. This means that the induced polarising effects of electromagnetic waves in a medium will alter its dielectric and magnetic susceptibility. Therefore, the presence of multiple electromagnetic waves, or generally stronger electromagnetic fields, will alter the electromagnetic properties of the material, which will usually lead to increased attenuation and some scattering effects. Hence in the real world, light waves do interact. However, usually, i.e. considering typical field strengths of global radiation, these non-linear effects are weak and can therefore be neglected.

For completeness, it should be added that nonlinear effects can even be observed in the absence of matter, i.e. in a vacuum. However, these effects are again significantly weaker and can only be explained based on quantum electrodynamics.

For the practical application of the presented method, linearity and the resulting principle of superposition is essential as it allows decomposing radiation processes in space, angularly, spectrally, as well as in time. Conversely, the individual components can later be superimposed in the evaluation process, considering any specific angular irradiance profiles or time frames. 

Coherence and interference

Coherence is an ideal property of waves allowing them to form stationary, or quasi-stationary, interference patterns in space or in time. In the present work, coherent as well as non-coherent superposition of light beams are assumed for modelling different processes. While this may sound inconsistent at first, it is not, as both processes play a role in the real world. A short introduction to coherence is given below to understand the criteria that decide which model has to be applied for a specific process.

It is often assumed that a light beam consists of many largely extended, or infinitely extended, monochromatic sinusoidal electromagnetic plane waves with different wavelengths. If that were the case, numerous interference effects, where light intensity is either amplified or suppressed, could be observed when light is reflected on surfaces or propagates through transparent materials. In fact, such behaviour can be observed when laser light is diffusely reflected off a surface. The micro-roughness of the surface causes specific phase shifts that result in a random granular pattern called speckles.

The principle of superposition is applied, as mentioned in the last section, to analyse the electric field formed by two identically polarised waves having the same wavelength and travelling along the same axis. Its superposition is written as:

𝐸 𝑡𝑜𝑡 (𝑥, 𝑡) = 𝐸 1 (𝑥, 𝑡) + 𝐸 2 (𝑥, 𝑡) (6) 
Using the complex representation, the sinusoidal waves are expressed as:

𝐸 𝑡𝑜𝑡 (𝑥, 𝑡) = 𝐴 1 𝑒𝑥𝑝[𝑖(𝑘𝑥 -𝜔𝑡 + 𝛿 1 )] + 𝐴 2 𝑒𝑥𝑝[𝑖(𝑘𝑥 -𝜔𝑡 + 𝛿 2 )] = ⋯ = 𝐴 𝑡𝑜𝑡 𝑒𝑥𝑝[𝑖(𝑘𝑥 -𝜔𝑡 + 𝛿 𝑡𝑜𝑡 )] (7) 
𝐴 … 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 [𝑉/𝑚] 𝑘 … 𝑤𝑎𝑣𝑒𝑛𝑢𝑚𝑏𝑒𝑟 [𝑚 -1 ] 𝜔 … 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 [𝑠 -1 ] 𝛿. . . 𝑝ℎ𝑎𝑠𝑒 𝑜𝑓𝑓𝑠𝑒𝑡
The resulting superposition is, therefore, itself a sinusoidal wave travelling at the same speed. Considering that the intensity (radiant flux) of the waves is proportional to the square of their amplitudes (𝐼 ∝ 𝐴²), the intensity of the superposition can be written as (see, e.g., Hecht, 2015;Bergmann, Schaefer, et al., 2019):

𝐼 𝑡𝑜𝑡 = 𝐼 1 + 𝐼 2 + 2√𝐼 1 𝐼 2 𝑐𝑜𝑠(∆𝛿) (8) 
Where ∆𝛿 = 𝛿 2 -𝛿 1 is the phase difference between the two initial waves. Hence, the resulting intensity of two interfering waves of the same wavelength and intensity 𝐼 1 = 𝐼 2 = 𝐼 0 can have any value ranging from 0 (destructive interference) to 4 • 𝐼 0 (constructive interference) depending on the actual phase difference ∆𝛿. Equation ( 8) can further be used to derive the intensity of non-coherent superpositions: for a large number of interfering waves with random phase differences, the average of the cosine in the cross-term of equation ( 8) will be equal to 0, and therefore the intensities will simply add up. Hence, to interfere, waves have to maintain a constant phase difference. In reality, they do this only over a certain specific length referred to as coherence length ∆𝑙 𝑐 . Since the "ideal" sinusoidal wave with a constant phase only exists within this spatial extent, the term wave packet is used to refer to this elementary light component. The spatially limited coherence is a direct consequence of the temporally limited atomic processes involved in the generation of light. Light in the spectral range of global radiation is created by transitions of the outer electrons. The wave's spatial and temporal extent, referred to as coherence time ∆𝑡 𝑐 , is, on the one hand, connected simply by the speed of light:

∆𝑙 𝑐 = 𝑐 ∆𝑡 𝑐 (9)
34 On the other hand, Fourier analysis can be used to show that a spatially limited wave packet can only be formed by a superposition of frequencies limited to a narrow band around the central frequency  0 . In fact, the wave packet again consists of numerous photon wave trains having the same spectral distribution. The frequency distribution, which can be measured using a spectrometer, is of Gaussian shape. Its Fourier transform is a sinusoidal wave packet which is as well modulated by a Gaussian envelope. The coherence length corresponds to the width of this Gaussian distribution (see Figure 13). Based on Fourier analysis, it is also apparent that the frequency bandwidth ∆ is reciprocally linked to the coherence time:

∆ ∝ 1 ∆𝑡 𝑐 (10)
Hence, light sources with a narrow frequency distribution, like Lasers, exhibit long coherence times, and their wave packets extend over large distances.

The actual coherence time of a light source is determined by the duration of electronic transitions and is affected by thermal effects. Table 1 gives an overview of coherence lengths and times for different light sources. Since the coherence of global radiation is relevant to the present work, values of three different sources are included. While the widely used values of Hecht et al. (Hecht, 2015) and Saleh et al. [START_REF] Saleh | Fundamentals of photonics / Bahaa E[END_REF] are simply calculated based on equation ( 10) and by considering the range of the visible spectrum only, [START_REF] Ricketti | The coherence time of sunlight in the context of natural and artificial light-harvesting[END_REF] recently have established an empirical method. This evaluation takes into account the entire global radiation spectrum. (Hecht, 2015) 3 fs 900 nm "Filtered sunlight 400-800nm" [START_REF] Saleh | Fundamentals of photonics / Bahaa E[END_REF] 2.67 fs 800 nm "atmospherically filtered sunlight" [START_REF] Ricketti | The coherence time of sunlight in the context of natural and artificial light-harvesting[END_REF] 1.120.04 fs 336 nm

Light-emitting diode (λo = 1 μm, Δλo = 50 nm) [START_REF] Saleh | Fundamentals of photonics / Bahaa E[END_REF] 

fs 20 µm

Low-pressure sodium lamp [START_REF] Saleh | Fundamentals of photonics / Bahaa E[END_REF] 2 ps 600 μm Single-mode He-Ne laser (λo = 633 nm) [START_REF] Saleh | Fundamentals of photonics / Bahaa E[END_REF] 1 µs 300 m

As can be seen, the coherence length of global radiation lies in the range of a few hundred nanometers up to a few micrometres if only a limited spectral range is considered, i.e. filtered. This is the essential threshold that determines if a coherent or non-coherent model has to be used. Consequently, in the present work, coherent processes are used for thin-film modelling (see section 4.7) and, of course, implicitly for all Fresnel calculations. In contrast, non-coherent superposition of light is assumed in the thick-slab model (see section 4.3.7), for scattering in the surface-roughness model and generally for the rest of the raytracing process. Further, it should be noted that the relations above cannot explain how the very distant atomic oscillators spread on the sun's surface, which have to be assumed to be locally incoherent, can create a coherent field at far distances. The phenomenon, which might seem somewhat counterintuitive, requires a deeper and more elaborate model of spatial coherence that cannot be covered here. In particular, the Cittert-Zernike theorem [START_REF] Van Cittert | Die Wahrscheinliche Schwingungsverteilung in Einer von Einer Lichtquelle Direkt Oder Mittels Einer Linse Beleuchteten Ebene[END_REF] describes how the covariance of waves coming from individual incoherent sources increases during their propagation to a remote location.

Following the theorem, a simple relation can be derived for the coherence of a distant, extended, incoherent light source. In the model, the measure coherence area 𝐴 𝑐 is used. It specifies the surface area in a plane normal to the optical axis in which points show high coherence. For a circular light source, like the sun, the relation is:

𝐴 𝑐 = 𝐷 2  2  𝑑 2 (11) 𝐷 … 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑡𝑜 𝑙𝑖𝑔ℎ𝑡 𝑠𝑜𝑢𝑟𝑐𝑒 [𝑚]  … 𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ [𝑚] 𝑑 … 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑙𝑖𝑔ℎ𝑡 𝑠𝑜𝑢𝑟𝑐𝑒 [𝑚]
By evaluating equation ( 11), a coherence area of the sun is in the range of a few 10 -3 mm² is obtained. Nonetheless, the value can reach a few square meters for distant stars. The corresponding high coherence of such light is extensively exploited in astronomical research.

Polarisation

The electric field of a monochromatic plane wave travelling in the z direction can always be expressed by a vector sum of two orthogonally oriented waves: Following geometrical considerations, it is obvious that, depending on the phase difference (or phase shift) of the two orthogonally oriented waves (∆𝛿 = 𝛿 𝑦 -𝛿 𝑥 ), different propagation modes of the resulting electric field vector 𝐸 ⃗ (𝑧, 𝑡) can be observed. These are referred to as polarisation states. The linear polarisation case is found for ∆𝛿 = 0 or ∆𝛿 = 𝜋. With this phase shift, the harmonic waves 𝐸 ⃗ 𝑥 (𝑧, 𝑡) and 𝐸 ⃗ 𝑦 (𝑧, 𝑡) will move in phase. Consequently 𝐸 ⃗ (𝑧, 𝑡) will be bound to a single plane, where the angle of the plane is defined by the ratio of 𝐸 0,𝑥 to 𝐸 0,𝑦 . A phase shift of ∆𝛿 = 𝜋 2 ⁄ and ∆𝛿 = 3𝜋 2 ⁄ will lead to a rotation of the resulting electric field vector 𝐸 ⃗ (𝑧, 𝑡) around the z-axis, forming a helix. If the amplitudes 𝐸 0,𝑥 and 𝐸 0,𝑦 are equal, the projection of this helix will form a circle. Therefore, this polarisation state is referred to as circular polarisation.

𝐸 ⃗ (
If the amplitudes are unequal, the z-projection will form an elliptical shape, with 𝐸 0,𝑥 and 𝐸 0,𝑦 36 defining the dimensions of the ellipse. This state is therefore referred to as unrotated elliptical polarisation.

In the general case, covering any other phase difference angles, a rotated elliptical pattern shape is formed. This case is referred to as elliptical polarisation. It can be represented as a superposition of linear and circular polarisation. Analysing the effect of the phase shift more closely, it is evident that that any angles in-between 0 and 𝜋 will lead to a left-hand oriented helix, while angles in-between 𝜋 and 2𝜋 will cause a right-hand rotation of the electric field vector along the z-axis. An overview of all polarization states resulting from the different phase shifts is depicted in Figure 14. While this model helps to understand the concept of polarization, it will, in general, not be applicable for practical modelling. Two essential aspects have to be considered additionally. First, the model relates to the electromagnetic field vectors of monochromatic waves. These fields, determined by the electric amplitudes, cannot be observed directly. Only the associated intensities, being proportional to the squared value of the amplitudes, are accessible for measurement. Second, light consists of a multitude of individual wave packets and wave trains. Hence, a "statistical" approach that uses average values and allows the description of partial polarization is required. Already in the nineteenth century, Sir George Gabriel Stokes developed a model that addresses both issues. This Stokes model is applied throughout the present work. Further details of the model and definitions are presented in section 4.8. For most light sources, like the sun or gas discharges, the light is emitted by electronic transitions of randomly oriented atomic emitters. While a specific polarisation can be assigned to each wave train, the resulting polarisation components of their superposition, forming the macroscopic light beam, will vanish and leave no preferential orientation. The term natural light or unpolarised light is commonly used to refer to this kind of radiation.

The ideal "boundary" states of fully polarised or unpolarised light are important concepts, but practically most often, partially polarised light will be observed. While light that is artificially polarised by a polarisation filter shows a very high degree of polarisation, a number of more natural processes can also lead to a significant partial polarisation of light.

"Natural" polarization

Considering solar radiation and following its path starting at its creation, the main mechanisms of "natural" polarisation can be identified. Shortly after the generation of the radiation on the sun, strong magnetic fields on the solar surface cause a partial polarisation of the solar radiation by the so-called Zeeman effect. While this effect is weak and has no practical significance for the radiation reaching the earth, it is essential for astronomy, as it allows the determination of strong magnetic field variations (e.g. at sunspots). While solar radiation reaches the earth and travels through its atmosphere, it is subject to scattering processes. This means that the radiation excites molecules in the atmosphere, which behave as dipole antennas that radiate secondary fields. While the molecules are randomly orientated, the dipole profile of the reemitted radiation will cause a polarisation effect, as the radiation of vertically oriented dipoles will not reach the earth's surface. Generally, the scattering profiles will lead to a polarisation maximum at sky regions oriented 90° towards the direction of solar incidence and to polarisation minima in the direction of the sun [START_REF] Schott | Fundamentals of Polarimetric Remote Sensing[END_REF].

Following the path of the solar radiation further, significant polarisation will be observed once the light is reflected off a surface. If the material is transparent, the portion of the beam that is not reflected will be refracted into the medium. This transmitted beam will again be polarised depending on its incidence angle. The significant polarisation of the reflected and the transmitted beam is of high practical relevance, as it will strongly affect the outcome of any further reflection or refraction event. While these effects are disregarded in most raytracing applications, they are captured by the method developed in this work.

Polarisation caused by reflection and refraction

As stated above, the polarisation state of a light beam can be projected on any arbitrarily oriented orthogonal coordinate system aligned perpendicular to the direction of propagation. To efficiently model the interaction of a light beam at a material interface, however, it is necessary to specify its polarisation state in a reference system aligned to the surface. The orthogonal directions forming this reference system are referred to as "s" and "p". The terminology originates from the German words "senkrecht" (perpendicular) and "parallel" and refers to the direction of the electric field vector relative to the surface normal vector.

If unpolarised light hits a surface at an oblique angle, the s-polarised components will be reflected significantly stronger. Conversely, the refracted beam will be predominantly p-polarised. The effect is often explained by the fact that the incoming radiation excites dipole oscillators in the material that cannot emit radiation along their axis. However, this can be shown more generally by solving Maxwell's equation for material interfaces demanding continuity of the electric and magnetic field at the boundary. The calculation shows that for any dielectric material, there is a specific angle at which the ppolarised component of the reflected beam will completely vanish. Correspondingly, and taking into account energy conservation, the entire p-polarised radiation will be refracted, i.e. transmitted into the medium. This angle is called the Brewster angle. Natural, unpolarised light will be entirely polarised on reflection at Brewster angle. If, however, the incoming beam is entirely p-polarised, no reflection on the surface will occur, and the beam will be transmitted without any loss. The latter effect is exploited in photonics when the output windows of lasers are tilted at Brewster angles to suppress reflection on the windows. Considering reflection on metallic surfaces, similar relations can be observed, though with significant quantitative deviations. Since the electrons' movement is less restricted in metals, they generally show stronger reflection and absorption but less polarisation. Instead of the Brewster angle, a pronounced maximum for the degree of polarisation at a particular angle can be found. However, the reflected beam never reaches total polarisation. As stated above, the reflectance and transmittance coefficients are always calculated individually for the s-and p-polarised components. The reflectance functions for s-/p-and unpolarised incident light are depicted in Figure 16. A window glass (soda-lime glass) surface represents the dielectric case, whereas gold is chosen as a metallic surface. The calculations were performed for a wavelength of 600 nm. As can be seen, the reflection of the dielectric glass surface causes a significant degree of polarisation, reaching a value of 100% at the Brewster angle of 57 degrees. The polarisation of the light refracted/transmitted into the glass is generally lower but increases with the incidence angle to reach a value of 40% at grazing angles.

The reflection off the metallic (golden) surface is stronger but generally induces less polarisation. However, the relation of the three components is similar, and while there is no actual Brewster angle for metallic materials, it can be seen that the degree of polarisation still shows a pronounced maximum at an angle of 73 degrees. The polarising effect of reflection can easily be demonstrated if a photo of a glass surface is taken at an angle close to the Brewster angle. Since the reflected light will be almost entirely polarised, a linear polarisation filter in front of the camera can be used to filter these reflections. The effect is illustrated in Figure 17. Since the picture was taken at a close distance, the viewing angle relative to the glass changes; therefore, the filtering is pronounced at the centre of the window only. When light, being an electromagnetic wave, reaches or penetrates matter, it starts to interact with the electrical charges of the material. The electromagnetic wave induces dipoles which reradiate an electromagnetic field. The induced field, or secondary wave, superposes with the incident field. Depending on the strength of the interaction and its geometry, the superposition of the fields will cause either reflection, transmission (and refraction) or diffraction of the incident light. Therefore, the most general definition of scattering is a redirection of light that is not absorbed. This definition, of course, includes the effects of refraction and reflection on surfaces. However, the term is often used to only refer to the processes that cause a redirection of light when it passes through a medium. The most important cases for this type of scattering are referred to as Mie-and Rayleigh-scattering. Rayleigh scattering occurs when light is scattered on particles that are significantly smaller than its wavelength. In this case, light is scattered equally in forward-and backward directions. Due to the strong inverse wavelength dependence (𝐼 ∝ 1  4 ⁄ ), Rayleigh scattering is responsible for the blue appearance of the sky but also for the red, yellow and violet colours frequently visible in the sky and clouds, mainly during sunset and sunrise. Mie scattering occurs when light is scattered on particles having a size close to its wavelength. Unlike Rayleigh scattering, Mie scattering shows dominant forward scattering characteristics and has only a limited wavelength dependence. As the dimensions of water droplets are roughly in the range of the visible light wavelengths, Mie scattering occurs there. Due to the limited wavelength dependence, all colours of the visible light spectrum are scattered equally; therefore, clouds usually appear white or grey.

Since the size of the scattering particle relative to the wavelength  is relevant, it is helpful to define a non-dimensional size parameter 𝑥 to determine the effective scattering mechanism. For spherical particles with radius r, this can simply be defined as [START_REF] Petty | A First Course in Atmospheric Radiation[END_REF]:

𝑥 = 2πr  (14)
An overview of the relevance of the differenz scattering regimes based on this relation is provided in Figure 18. [START_REF] Petty | A First Course in Atmospheric Radiation[END_REF] 

Specular reflection

If the incident light interacts with electrons that are relatively free to move, e.g. with unbound electrons in a metal, the electrons will begin to oscillate with a phase difference of 180°, inducing a secondary field. The interference of the incoming light with this secondary field will cause the extinction of the transmitted field and cause a distinct reflection of the incoming light on the surface. Following geometric considerations, it can be shown that the outgoing radiation will leave the surface at the same angle as the incidence occurred. This results in the law of reflection which states that the angle of incidence equals the angle of reflection. Consequently, pronounced specular reflections can be found mainly on the smooth (flat) surfaces of metals or glass. However, there is an important exemption to that rule, as many rough surfaces will exhibit specular reflections for higher incidence angles, known as gloss. A commonly known case is the reflection of sunlight on the rough street pavement close to sunset or sunrise. As a simple explanation, it can be stated that the "effective roughness" of the surface, "seen" from the incident light, decreases with higher angles of incidence for some surface topologies. While the intensity of the specular reflection is determined by the Fresnel coefficients (see section 4.7), the law of reflection has to be applied to determine the outgoing vector 𝑣 𝑜 of the incoming vector 𝑣 𝑖 and the surface normal 𝑛 ⃗ . Simple vector algebra can be used to derive a computationally very efficient relation. It can easily be comprehended if the tangential (𝑣 𝑖,𝑡 ) and normal component (𝑣 𝑖,𝑛 ) of the incoming vector is considered:

𝑣 𝑜 = 𝑣 𝑖,𝑡 -𝑣 𝑖,𝑛 = (𝑣 𝑖 -(𝑣 𝑖 • 𝑛 ⃗ ) • 𝑛 ⃗ ) -(𝑣 𝑖 • 𝑛 ⃗ ) • 𝑛 ⃗ = 𝑣 𝑖 -2 • (𝑣 𝑖 • 𝑛 ⃗ ) • 𝑛 ⃗ (15)
No additional nomalisation is required if the incoming vector is nomalised. This means that the algorithm is very efficient, as only a few basic arithmetic operations are required.

Diffuse reflection

The visible appearance of most objects is dominated by the diffuse reflection of light from their surfaces. While specular reflection relies on the fact that the secondary emitters are regularly aligned so that the induced radiation forms distinct interference patterns with the incident radiation, diffuse reflection represents the more general case of randomly arranged oscillators. The irregularity of the material can either be caused by a rough surface topology or by microscopic irregularities inside the material if the light is able to penetrate below the surface. The latter case is also known as subsurface scattering. It is the relevant mechanism to describe how paints work: generally, paint is formed of a binder containing microscopic pigments. The binder usually has a low index of refraction to allow light penetration below the surface. The randomly arranged pigments in the binder usually have higher refractive indices in specific wavelength ranges and scatter the incoming radiation in all directions. Usually, multiple scatterings will occur within the paint layer so that the direction of the light exiting the surface is randomly distributed. Corresponding to the random orientation of the directions, also the polarisation axis of the reflected wave trains are randomly oriented so that diffusely reflected light is largely unpolarised. Diffuse reflection usually is accompanied by specular reflection. While the specular reflection occurs in the uppermost regions of the binder or on additional coating layers, the diffuse reflection occurs on the submerged pigments. This behaviour can be modelled in the RadiCal method (see Figure 104). The specular reflections on the binder or coatings are usually not spectrally selective. This means that all colours are reflected with almost equal intensity. In sharp contrast, many pigments exhibit a pronounced spectrally selective behaviour. The combination of the "colourful" specular reflection and "monochromatic" diffuse reflection can be seen in the photo depicted in Figure 19. As discussed in section 4.2.4, a polarisation filter can be used to suppress the specular reflection, whereas the mainly unpolarised diffuse reflection will remain unaffected.

Lambert reflectance

The Lambertian model is a practically relevant and commonly used definition for an ideal diffusely reflecting surface. It represents the case in which the reflectance of a surface is constant for any given incidence and reflectance angle, implying that objects with Lambertian surfaces appear equally bright from all viewing angles. This is a good approximation for many surfaces and allows a significant level of simplification in many optical models. The characteristics of a Lambertian surface can be shown by deriving the corresponding bi-directional reflectance distribution (BRDF) function 𝑓 𝑟 ( 𝑖 ⃗⃗⃗⃗ ,  𝑜 ⃗⃗⃗⃗⃗ ) of the hemispherical-directional reflectance 𝜌 𝑑 , commonly also defined as the albedo of a surface. 𝜌 𝑑 is defined as the fraction of light scattered into a direction by a surface illuminated uniformly by hemispheric light (or vice versa):

𝜌 𝑑 = ∫ 𝑓 𝑟  ( 𝑖 ⃗⃗⃗⃗ ,  𝑜 ⃗⃗⃗⃗⃗ ) ( 𝑖 ⃗⃗⃗⃗ • 𝑛 ⃗ ) 𝑑 ( 𝑖 ⃗⃗⃗⃗ ) (16) 
 𝑖 ⃗⃗⃗⃗ … 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑖𝑛𝑐𝑜𝑚𝑖𝑛𝑔 𝑙𝑖𝑔ℎ𝑡  𝑖 ⃗⃗⃗⃗ … 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑜𝑢𝑡𝑔𝑜𝑖𝑛𝑔 𝑙𝑖𝑔ℎ𝑡 (𝑣𝑖𝑒𝑤𝑖𝑛𝑔) 𝑛 ⃗ … 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑛𝑜𝑟𝑚𝑎𝑙
Since 𝑓 𝑟 ( 𝑖 ⃗⃗⃗⃗ ,  𝑜 ⃗⃗⃗⃗⃗ ) = 𝑐𝑜𝑛𝑠𝑡. is demanded, the term can be excluded from the integration so that only the product of the incoming direction with the surface normal vector has to be integrated over the hemisphere.

𝜌 𝑑 = 𝑓 𝑟 ∫ ( 𝑖 ⃗⃗⃗⃗ ,  𝑜 ⃗⃗⃗⃗⃗ ) ( 𝑖 ⃗⃗⃗⃗ • 𝑛 ⃗ ) 𝑑 ( 𝑖 ⃗⃗⃗⃗ ) = 𝑓 𝑟 𝜋 → 𝑓 𝑟 = 𝜌 𝑑 𝜋  (17)
The constant BRDF function of any Lambertian surface can, therefore, be found by dividing its albedo by 𝜋.

Refraction

Refraction represents the change in direction that a light wave suffers on a boundary between two media with different indices of refraction. Since the refraction index measures the slowing of the phase speed of light in a medium, refraction can be explained using the Huygens-Fresnel principle, in which the wavefronts of light are described as a superposition of spherical wavelets.

Figure 20 illustrates how the slower propagation speed (i.e. higher index of refraction) in the second medium will cause the refracted beam to bend towards the surface normal. The same effect can be observed at beaches where the slower speed of waves in the shallow water will cause a swing of the wavefront towards the shoreline so that the waves will mostly reach them at a perpendicular angle. Snell's law defines the ratio of the angle of incidence to the angle of refraction:

sin 𝜃 1 sin 𝜃 2 = 𝑛 2 𝑛 1 sin 𝜃 1 𝑛 1 = sin 𝜃 2 𝑛 2 (18) 
For polychromatic light, refraction usually leads to a separation of colours as the refraction index is generally a function of wavelength. Typically, shorter wavelengths will suffer stronger refraction.

Based on equation ( 18), it can be seen that the transmitted beam will be refracted towards the surface normal. If, in contrast, the incidence medium is optically denser (𝑛 1 > 𝑛 2 ) the transmitted beam will be refracted away from the surface normal. Consequently, there is a critical angle 𝜃 𝑐 at which 𝜃 2 will reach 90°. At this angle, the transmitted beam will vanish, and all energy will be reflected off the interface.

sin 𝜃 𝑐 = 𝑛 2 𝑛 1 ( 19 
)
This case is referred to as total internal reflection. Although the reflection behaviour changes here, total internal reflection does not represent a discontinuity, as the intensity of the transmitted beam decreases continuously with the angle to reach 0 at the critical angle. For a more detailed analysis of refraction and reflection at interfaces, it is necessary to consider the polarisation state of light, as well as the intensities of the beam components. A comprehensive model covering these aspects implicitly has been implemented in the RadiCal method and is presented in detail in section 4.7. Similar to the case of refraction, the effect of diffraction can be explained using the Huygens-Fresnel principle. However, diffraction occurs in the same medium if a light wave passes nearby an obstacle. Diffraction will affect the linear propagation of light and generally causes a bending of the light beam around a barrier. Figure 21 shows how the bending effect can be explained based on the superposition of wavefronts of spherical wavelets. Diffraction cannot easily be integrated into a raytracing process, as it causes a "bending of light rays", or, respectively, of fractions of it. This is, of course, beyond the scope of geometrical optics, which is based on the linear propagation of light. Diffraction is, therefore, not contained in the RadiCal method. To assess the impact of diffraction or, respectively, its neglect, a short estimation of the diffraction angle for relevant wavelengths and dimensions is provided below. In order to analyse the impact of diffraction, two different cases have to be distinguished. In the first case, the diffraction caused by a small opening, a hole in 2D or a slit in 1D, is analysed. In the second case, the bending of light around an edge, i.e. the diffraction pattern caused by a semi-infinite screen is investigated ("knife edge diffraction").

Case 1 -Fraunhofer diffraction behind a slit

For this case, the Fraunhofer diffraction model has to be applied, as it describes the far-field diffraction pattern caused by a small finite opening.

In order to estimate the relevance of diffraction, it is sufficient to perform the calculation in one dimension, i.e. for the diffraction at a slit-like opening. The Fraunhofer diffraction model (Hecht, 2015) states that the angular intensity profile of the diffraction pattern behind a slit of dimension 𝑏 can be modelled according to:

𝐼() 𝐼(0) = ( sin   ) 2 (20)
While 𝐼(0) is the central intensity and 𝐼() is the oblique intensity, if the dimensionless length measure  is defined as

 = 𝜋𝑏  𝑠𝑖𝑛 (21)
The corresponding intensity profile of the diffraction pattern can be seen in Figure 22. As can be seen, roughly 90% of the total intensity is contained in the central maximum.

In order to obtain a meaningful analysis of the bending angle, an angle  ℎ is defined at which the intensity drops to half the central intensity value. = 0.5 and substituted into (21) to find that:

 ℎ = 1.39156 = 𝜋𝑏  𝑠𝑖𝑛 ℎ → 𝑠𝑖𝑛 ℎ = 1.39156  𝜋𝑏 (22)
Numerical integration of (20) up to  ℎ reveals that 72% of the total intensity lies within normal incidence and this angle. Equation ( 22) is used to calculate the bending angles for half intensity for different wavelengths and slit sizes. The calculation is performed for the boundary wavelengths of the global radiation spectrum, as well as for the boundaries of the visible spectrum. The tangent of the angles, which, of course, coincides with the deflection 𝑑 of the rays at a distance of 1 m, is depicted in Figure 23. As can be seen for openings of 1 mm, this deflection will range below 1 mm for most of the global radiation spectrum and will only reach 2.2 mm for the longest wavelength of the global radiation spectrum.

Case 2 -Fresnel diffraction behind a semi-infinite screen

While the Fresnel diffraction model is usually relevant for the near-field, in close proximity to the obstacle, it can be shown that it is also applicable to determine the diffraction at an edge, as in this case, the dimensions of the opening and screen are (semi-)infinite.

The derivation of the relation is elaborate and not covered here; it can be found in (Hecht, 2015). The result of a plane wave hitting an extended obstacle is analysed by calculating the intensity profile behind a semi-infinite screen located in the half-plane 𝑥 ≤ 0. The lights intensity on a screen at a distance 𝑟 0 can be described by: Again, the interference pattern on the screen is calculated for a screen at a distance of 1 m, so that the displacement on the screen corresponds to the tangent of the "bending angle" measured from the edge at 𝑥 = 0. The resulting intensity distribution is again calculated for the boundary wavelengths of the global radiation spectrum. The result is depicted in Figure 24.

𝐼(𝑥) = 𝐼 0 2 [( 1 2 -𝐶(𝑣(𝑥))) 2 + ( 1 2 -𝑆(𝑣(𝑥)))
As can be seen, a characteristic intensity profile with two specific features develops: Firstly, it is obvious that some light is bent behind the obstacle into the geometrically shaded area (visible at x < 0). Precisely at the edge in between the illuminated and shaded region, the intensity reaches a value 1 4 ⁄ , since the half-amplitude can be expected there. In the illuminated area subsequent to the edge, the intensity rises to reach a maximum value at a distance of approx. 0.5 mm for the UV radiation (300 nm) and approx. 1.5 mm for the infrared radiation (2500 nm). Subsequently, the intensity profile shows oscillations to finally converge to the expected value of 1 for unobstructed light incidence.

Coherence considerations

In the two cases evaluated above, coherent superposition of light waves is assumed. As specified in section 4.2.3, sunlight's temporal and spatial coherence is limited. Hence, the interference patterns of both cases will usually not fully develop as presented in the above charts when sunlight is being used as the source. While the effect can be observed, see, e.g., [START_REF] Greco | Edge diffraction in sunlight[END_REF], it is usually limited to minimal angles or induced by very small openings only. [START_REF] Divitt | Spatial coherence of sunlight and its implications for light management in photovoltaics[END_REF] have empirically shown that due to the limited spatial coherence of sunlight, strongly developed interference effects can only be observed for slit distances in the range of a few micrometres and below.

Supposed diffraction

Many of the observed optical effects in which small openings (e.g. keyholes) cause significantly broadened light beams are attributed to light diffraction, even in scientific literature. A typical example is shown in Figure 25-In fact, these effects are merely caused by the spatial extension of the sun. The angular solar diameter of 0.5 degrees will cause a beam broadening of 3.5 cm on a perpendicularly oriented screen at a distance of 4 m and significantly larger values on any tilted screen. Complementary, the extended blurry edge of shadows is a consequence of this effect and is as well not related to diffraction. The observation that no particular colouring effect is visible in these blurry edges further supports this: as can be seen in the two cases above, diffraction strongly depends on wavelength; consequently, real diffraction of sunlight will lead to a dispersive effect and, hence, usually result in a colourful appearance (see Figure 26). 

Conclusions regarding the consideration of diffraction

For light with wavelengths in the range of the global radiation spectrum, "bending effects" caused by diffraction at openings larger than approx. 1 mm are weak for coherent light sources (see Figure 23). This is especially true for the shorter wavelengths, which are energetically more relevant (see Table 2). If the limited coherence of sunlight is additionally considered, the relevance of diffraction effects is further reduced. Generally, it is relevant only for openings with dimensions in the micrometre range. The potential level of detail in modelling the raytracing targets will usually not allow a significant number of openings with widths or diameters below 1 mm; however, this will not be relevant for most practical applications.

Textile materials or fine metallic grids might, however, pose a significant exception to this. To overcome this issue, macroscopic surface scattering models, which intrinsically model the microscopic diffraction process, can be developed and implemented in the RadiCal method.

Note that even if a significant amount of diffraction starts to occur, the direction of maximum intensity for light passing any one-or two-dimensional openings will still correspond to the central, undeflected path as modelled in the geometrical optics approach. Only the laterally scattered fractions are neglected by the linear model.

Absorption and attenuation

While light propagates through a medium, it can be observed that its intensity decreases along its linear path. The terms extinction and attenuation are usually used to refer to this process; however, the terminology is ambiguous and depends on the scientific subject.

The reason for the attenuation of light is twofold. First, the electromagnetic wave interacts with matter and transfers energy to it, known as absorption. Second, light can be partially scattered in the medium due to irregularities in the electromagnetic properties of the medium. The irregularities can be either of microscopic nature with particle sizes below 1µm, e.g. aerosols, or larger, as water droplets in clouds or fat globules in milk (see section 4.3.1). Apparently, there is a fundamental difference between these two processes, as absorption leads to an actual weakening of the electromagnetic field, whereas pure scattering only redirects fractions of the initial light beam. The reason why both processes are often considered together as attenuation is of empirical nature, as the attenuation of light plays an essential role in spectroscopy or astronomy. In such applications, attenuation is simply a measure of the amount of light emitted by the source but not reaching the detector on a linear path, regardless of whether it is scattered away or absorbed.

In this work, only attenuation by absorption is considered. There are two reasons for that: firstly, the effect of scattering is negligible for most materials relevant in building science, while absorption ranges over several orders of magnitude and defines whether the material is transparent, partly transparent or opaque. Secondly, to appropriately consider scattering effects, they have to be integrated into the raytracing algorithm, as the energy of the scattered light is not lost but redirected. Hence, energy conservation can only be ensured if these redirection processes are modelled accordingly. While currently not implemented, the necessary scattering algorithm can quite easily be added in future, again based on the Monte-Carlo approach.

In order to quantify attenuation in a medium, a simple relation can be applied. By observation, Pierre Bouger (1760) and Johann Heinrich [START_REF] Lambert | Photometria Sive De Mensura Et Gradibus Luminis Colorum Et Umbrae[END_REF] found that equal parts of the same absorbing medium will absorb equal fractions of light:

𝑑𝐼 𝑑𝑥 = - 𝐼(𝑥) (24) 𝐼(𝑥) … 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 𝑎𝑡 𝑑𝑒𝑝𝑡ℎ 𝑥 [W/m²]  … 𝑎𝑡𝑡𝑒𝑛𝑢𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 [1/m] 𝑥 … 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [𝑚]
After integration, the fundamental equation for absorption is found. It was later formulated by [START_REF] Beer | Bestimmung der Absorption des rothen Lichts in farbigen Flüssigkeiten[END_REF] and is now commonly known as Beer-Lambert or Lambert-Beer-Bourguer law: Sometimes the reciprocal value of the attenuation coefficient  is used. It is referred to as attenuation length 𝜇 = 1 𝛼 ⁄ and defines the length at which the intensity has decreased to the fraction 1/𝑒 (37%) of the initial intensity (see Figure 27). If attenuation by absorption is considered only, Beer-Lambert's law can be derived from an electrodynamic point of view, i.e. by solving Maxwell's equation for an absorbing medium. This is demonstrated in section 4.6.1. However, looking ahead, the fundamental equation that links the "macroscopic" or empirical quantity attenuation coefficient  to the "atomic" extinction coefficient  (or imaginary part of the refractive index) is already presented here. Since generally  is a function of wavelength , it is stated as: In the thin-film model, it is assumed that the relevant path differences of the beams range below the coherence length of the light, which is in the range of a few micrometres for sunlight (see section 4.2.3). Hence, models of wave optics that consider the waves' phases must be applied to model such thin-film stacks (see section 4.7.1.). Since the optical path length relative to the wavelength determines if constructive or destructive interference occurs, thin-films show distinct spectrally selective properties.

𝐼(𝑥) = 𝐼 0 • 𝑒 - 𝑥 (25) 𝐼 0 … 𝑖𝑛𝑖𝑡𝑎𝑙 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 (𝑎𝑡 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒) [W/m²]
() = 4  () ( 
In contrast, the thick slab model has to be applied if the thickness of the layer ranges significantly above the coherence length. In this case, individual beams are no longer able to interfere. Hence, the resulting intensities of the transmitted or reflected beams are simply determined by summation of the intensities of the individual beams.

In the field of glazing, which is of particular importance for this work, the determination of thinflims and thick slabs is relatively straightforward. Coatings on glazings usually consist of layers having only a few nanometers of thickness, while thicknesses of typical glass panes are in the range of a few millimetres. Therefore, coatings must be modelled as thin-flims, considering interference effects, while the thick slab model has to be applied for glass panes (see section 4.12). In order to get the spectral radiant exitance 𝑀(, 𝑇) of extraterrestrial radiation, Planck's law for black-body radiation can be applied:

𝑀(, 𝑇) = 2 ℎ 𝑐²  5 1 exp ( ℎ𝑐 𝑘 𝐵  𝑇 ) -1 (29) 𝑇 … 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 [𝐾]  … 𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ [𝑚] 𝑐 … 𝑠𝑝𝑒𝑒𝑑 𝑜𝑓 𝑙𝑖𝑔ℎ𝑡 [𝑚/𝑠] 𝑘 𝐵 … 𝐵𝑜𝑙𝑡𝑧𝑚𝑎𝑛𝑛 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 [𝐽/𝐾] ℎ … 𝑃𝑙𝑎𝑛𝑐𝑘 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 [𝐽/𝐻𝑧]
Relevant for solar calculations, however, is the radiation reaching the earth's surface. In the earth's atmosphere, solar radiation is attenuated, i.e. absorbed and scattered by atmospheric gases. Mostly water vapour, carbon dioxide, ozone and oxygen molecules absorb in this wavelength range [START_REF] Finlayson-Pitts | Chemistry of the Upper and Lower Atmosphere[END_REF], leading to the characteristic absorption bands of the global radiation spectrum (see Figure 29). The optical path length through the atmosphere also has to be considered. This is generally done by referring to the air mass coefficient AM, whereby AM1 is used for the path length of a strictly vertical incidence angle (zenith angle). The quantity AM0 is sometimes used to refer to extraterrestrial radiation. Finally, AM1.5 is the commonly used case to characterise average irradiance at a typical incidence angle (48° zenith angle).

51 The actual spectral distribution and total irradiance fluctuate strongly and depend on many parameters, such as weather, pollution, solar angle etc. For reference purposes, standard spectra are used. The most commonly used spectrum is provided by NREL and the American Society for Testing and Materials and is called ASTM G-173 (ASTM, 2020). The spectrum reflects the irradiance on a 37° tilted surface, facing directly into the sun under clear sky conditions. Alternatively, the international standard EN 410 ( 2011) used to calculate the total solar transmittance of shaded and unshaded glazings provides the spectral distribution in normalised form. A comparison between the two spectral distributions can be seen in Figure 31.

Using the developed modules (see section 4.4.3), some statistical key figures characterising the global radiation spectrum are derived and presented in Table 2. The analysis was performed using the ASTM G-173 reference spectrum (ASTM, 2020). It can be seen that the relatively narrow visible wavelength range contributes more than half of the total energy of the entire spectrum and, therefore, also contains the wavelengths with the highest spectral irradiance values. Ultraviolet radiation plays a minor role, as wavelengths within this range are significantly scattered away or absorbed by atmospheric ozone and water molecules [START_REF] Finlayson-Pitts | Chemistry of the Upper and Lower Atmosphere[END_REF].
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Implementation

For further use, only the normalised spectral distribution of the global radiation is relevant. For later use in the Monte-Carlo raytracer, it is essential to be able to generate random wavelengths with a probability distribution function (PDF) matching the desired normalised spectrum. In order to achieve this, the spectrum's PDF() function is generated by normalising the spectrum, maintaining the discrete interval steps as provided in the specific standard. Also, based on the defined interval steps, the cumulated distribution function CDF() is found, simply by summation. Since this discrete function cannot be inverted to explicitly achieve CDF -1 , the inversion is carried out during the sampling algorithm: firstly, a random number r between 0 and 1 is created. The random number reflecting the CDF-function value is used to determine the function's argument, i.e. the associated wavelength interval. This is performed using a binary search algorithm. Finally, a random wavelength is selected within the interval, assuming an even distribution. For efficiency reasons, only one random number generation can be used to cover both steps. The implementation is contained in the function getSampleWL of module TGlobRad of the library rc_globalradiation. The desired spectrum (gsASTMtilt,gsASTMcircDir,gsEN 410) is specified in the call of the constructor method Create when an instance of the class is created. The additionally included method getSampleWLat function allows specifying a value for the CDF parameter instead of using a random number. Hence, the function can be used to pull a set of energetically equidistant sampling wavelengths of the global radiation spectrum. The method is applied in the inversion algorithm to determine refractive index functions (see section 4.12).

Testing and validation

In order to validate the implementation, one billion random wavelength samples are generated using the getSampleWL function (the calculation time required for this is approx. one minute on a single CPU). The distribution of the sampled data is visualised as a histogram with 5 nm intervals and compared against the normalised reference spectrum ASTM G173-03. Figure 31 shows the retrieved results for the gsEN 410 and gsASTMtilt spectrum, as well as the normalised ASTM G173-03 spectrum for reference. In general, the spectra show similar distributions; however, the ASTM spectra offer a higher resolution, as the EN 410 spectral distribution is provided in intervals ranging from 20 nm to 100 nm only. For most practical cases, the higher resolution will not be relevant, however. grey: spectral distribution according to ASTM G173-03, red: sampled data using gsEN 410 mode, , blue: sampled data using gsASTMtilt mode.

As can be seen in Figure 31, the implemented code is able to generate wavelength samples following the distribution of the global radiation spectrum. This is essential for its later application and proves the validity of the algorithm.

Light, sun and opticsapplied principles, models and methods 

RadiCal

. Theoretic background and model

Numerous algorithms are available for the purpose of calculating the solar position. The accuracy and computation time of the available algorithms vary greatly, however. In the present work, the SG2 algorithm of Ph. [START_REF] Blanc | The SG2 algorithm for a fast and accurate computation of the position of the Sun for multi-decadal time period[END_REF] has been implemented. The SG2 algorithm is a numerically significantly optimised version of the SPA algorithm provided by NREL [START_REF] Reda | Solar Position Algorithm for Solar Radiation Applications[END_REF]. The SPA algorithm, in turn, is based on the astronomical algorithms provided by Jean Meeus (1998) in his book first published in 1991. The SPA algorithm, based on Meeus work, has long been the gold standard as Reda and Afshin specify a maximum uncertainty of ±0.0003° for the years ranging from 2000 b.c. to 6000 a.d. Based on Blanc and Wald's numerical optimisations, the SG2 algorithm is several orders of magnitude faster than the original SPA algorithm and provides a maximum uncertainty of the solar vector of less than ±0.0025°. This value still exceeds by far the accuracy required for most practical applications, whereas computational performance is crucial for many practical purposes. For this reason, the SG2 algorithm has been implemented here.

Implementation

For the actual implementation in Pascal, the original publication [START_REF] Blanc | The SG2 algorithm for a fast and accurate computation of the position of the Sun for multi-decadal time period[END_REF] .366] of Double; approx_R_1 : TApproxSet; approx_L_10 : TApproxSet; approx_Dpsi_1 : TApproxSet; approx_Epsilon_1 : TApproxSet; approx_nu0_0 : TApproxSet; approx_M_0 : TApproxSet; approx_Dtau_cst : Double; function SetApprox10(v1,v2,v3,v4,v5,v6,v7,v8,v9,v10 : Double) : T10DoubleArray; function SetApprox10reci(v1,v2,v3,v4,v5,v6,v7,v8,v9,v10 The key method is the calcSunPos function, which returns the solar angles for a specified date. The function JulianD allows converting standard date and time values into a single numeric Julian-date value (of type double). Apart from the SG2 code, the class also contains functions for irradiance evaluation. These are covered in section 6.2.5.

Testing and validation

The validation has been done with multiple comparisons against free online tools using the SG2 algorithm. In particular, however, the validation example provided in the appendix of the SPA paper [START_REF] Reda | Solar Position Algorithm for Solar Radiation Applications[END_REF] is used here to demonstrate the validity of the implementation.

Table 3 Input parameters for the validation example taken of appendix A of NREL/TP-560-34302 [START_REF] Reda | Solar Position Algorithm for Solar Radiation Applications[END_REF] The code used to perform the solar position calculation for the given validation parameters in the present implementation is: JulianD(2003,10,17,EncodeTime(12,30,30,0), -7 {tz}), lat,lon,h,specialOpts); Log('Solar position'+#9 +format('azimuth:'#9'%0.5f°'#9'elevation:'#9'%0.5f°',[sp.alpha/Pi*180,sp.gamma/Pi*180]));

Table 4 shows the calculation result of the RadiCal implementation compared to the solar position stated in the SPA paper. As can be seen, the deviation ranges well below the specified uncertainty.

57 The following paragraphs cover some fundamentals of physical optics relevant to the implementation. The author chose the form and order of the relations presented so that their application in the later sections seems logical. There are, however, many approaches and ways to derive and formulate the presented relations. For further information, please refer to the standard works of optical theory, e.g. Hecht (2015), Bergmann-Schaefer (2019) or [START_REF] Saleh | Fundamentals of photonics / Bahaa E[END_REF]. Reformulating Maxwell's equations and applying them to an uncharged medium, the following differential equation is found:

𝜕²𝐸 ⃗ 𝜕𝑥² + 𝜕²𝐸 ⃗ 𝜕𝑦² + 𝜕²𝐸 ⃗ 𝜕𝑧² = 𝜇 𝑟 𝜖 𝑟 𝜇 0 𝜖 0 𝜕²𝐸 ⃗ 𝜕𝑡² + 𝜇 𝑟 𝜇 0 𝜎 𝜕𝐸 ⃗ 𝜕𝑡 (30) 𝐸 ⃗ … 𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 𝑓𝑖𝑒𝑙𝑑 𝑣𝑒𝑐𝑡𝑜𝑟 [𝑉/𝑚] 𝑥, 𝑧, 𝑦 … 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 [𝑚] 𝑡 … 𝑡𝑖𝑚𝑒 [𝑠] 𝜎 … 𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑎𝑙 𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑖𝑡𝑦 [𝑆/𝑚] 𝜇 𝑟 … 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 [1] 𝜖 𝑟 … 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑎𝑙 𝑝𝑒𝑟𝑚𝑖𝑡𝑡𝑖𝑣𝑖𝑡𝑦 [1] 𝜇 𝑜 … 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒/𝑣𝑎𝑐𝑢𝑢𝑚 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 [𝐻/𝑚] 𝜖 𝑜 … 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒/𝑣𝑎𝑐𝑢𝑢𝑚 𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 𝑝𝑒𝑟𝑚𝑖𝑡𝑡𝑖𝑣𝑖𝑡𝑦 [𝐹/𝑚]
The last term of the equation represents a damping force that leads to an exponential attenuation in the medium if the conductivity is not equal to zero. Following Clark Maxwell's approach leading to the pivotal discovery (see section 4.1), it is obvious that rest of the equation represents the classical wave equation:

𝜕²𝑢 𝜕𝑥² + 𝜕²𝑢 𝜕𝑦² + 𝜕²𝑢 𝜕𝑧² = 1 𝑣² 𝜕²𝑢 𝜕𝑡² (31) 
𝑢 … 𝑠𝑐𝑎𝑙𝑎𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑡𝑖𝑚𝑒 𝑎𝑛𝑑 𝑠𝑝𝑎𝑐𝑒 By comparison of the two equations, the phase speed of light 𝑣 in the medium can be found as:

𝑣 = 1 √𝜇 𝑟 𝜖 𝑟 𝜇 0 𝜖 0 (32)
Introducing the (measured) constant 𝑐 0 for the speed of light,

𝑐 0 = 1 √𝜇 0 𝜖 0 = 2,99792458 • 10 8 𝑚/𝑠 (33) 
a definition for the index of refraction 𝑛 is established:

𝑛 = 𝑐 0 𝑣 = √𝜇 𝑟 𝜖 𝑟 (34)
The index of refraction represents, therefore, simply the ratio of the vacuum speed of light to the speed of light in the medium.

In a very efficient -but surprisingly quite rarely applied -approach, this scalar definition of the index of refraction 𝑛 can be extended to the more general concept of a complex index of refraction 𝑛 ̃, which also includes an imaginary part, often referred to as the extinction coefficient . Since these coefficients show, in general, a dependence on the wavelength  [𝑛𝑚], it is stated as:

𝑛 ̃() = 𝑛() -𝑖() (35) 
In order to show this definition's usefulness but also to link the extinction coefficient to an empirically accessible quantity, it is substituted into the plane wave solution. It can be shown that a plane wave 59 is a solution to equation ( 30). In exponential form, a plane wave travelling in the x-direction can be written as:

𝐸 ⃗ = 𝐸 ⃗ 0 𝑒 𝑖(𝜔𝑡-𝑘𝑥) (36)  … 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑒 [𝑟𝑎𝑑/𝑠] 𝑘 … 𝑤𝑎𝑣𝑒𝑛𝑢𝑚𝑏𝑒𝑟
A complex wave-number 𝑘 ̃, complex phase speed 𝑣 ̃ is introduced, and equations ( 34) and ( 35) are used to bring the complex index of refraction into the wave equation:

𝑣 ̃ = 𝑐 0 𝑛 ̃ → 𝑘 ̃= 𝜔 𝑣 ̃= 𝜔𝑛 c0 = 𝜔 𝑐 0 (𝑛 -𝑖) 𝐸 ⃗ = 𝐸 ⃗ 0 𝑒 𝑖(𝜔𝑡-𝑘 ̃𝑥) = 𝐸 ⃗ 0 𝑒 𝑖(𝜔𝑡- 𝜔 𝑐 0 𝑛𝑥) - 𝜔 𝑐 0 𝑥 (37) (38) 
The real part of this equation equals:

𝐸(𝑥) = 𝐸 0 (𝑥) • 𝑒 - 𝜔 𝑐 0 𝑥 • 𝑐𝑜𝑠 (𝜔 (𝑡 - 𝑛 𝑐 0 𝑥)) (39) 
The solution now reflects a sinusoidal plane wave with a phase speed of 𝑐 0 𝑛 ⁄ (cosine term), which is exponentially attenuated in the medium (exponential term). At this point, the concept of attenuation and Beer-Lambert's law (see section 4.3.6) is recalled:

𝐼(𝑥) = 𝐼 0 • 𝑒 - 𝑥 (25) 𝐼(𝑥) … 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 𝑎𝑡 𝑑𝑒𝑝𝑡ℎ 𝑥 [W/m²] 𝐼 0 … 𝑖𝑛𝑖𝑡𝑎𝑙 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 (𝑎𝑡 𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒) [W/m²]  … 𝑎𝑡𝑡𝑒𝑛𝑢𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 [1/m]
Considering that irradiance is proportional to the square of the field amplitude 𝐸, and by comparing the exponential decay term of ( 39) with ( 25), it becomes obvious how the imaginary part of the complex index of refraction (or extinction coefficient)  can be determined empirically by attenuation measurements:

𝐼(𝑥) ∝ 𝐸(𝑥) 2 ∝ 𝑒 -2 𝜔 𝑐 0 𝑥 →  = 2𝜔 𝑐 0  = 4   →  =   4 (40) 
For further practical application in this work, equations ( 35), ( 25) and ( 40) are most relevant. In the RadiCal approach, all materials are described by their spectrally resolved, complex-valued index of refraction functions. The two components of this function, the real part, representing the index of refraction 𝑛() and the imaginary part reflecting the extinction coefficient (), are not independent of each other as both are results of the electromagnetic interaction of light with the medium, affecting its "speed 𝑛" and its "loss ". The fundamental link between them is provided in form of the Kramers-Kronig relation [START_REF] De | On the Theory of Dispersion of X-Rays[END_REF][START_REF] Kramers | La diffusion de la lumière par les atomes[END_REF][START_REF] Bohren | What did Kramers and Kronig do and how did they do it?[END_REF]. The connection between them also leads to dispersion relations that are essential for measuring and describing these properties. Dispersion relations for many types of materials can e.g. be found in the Handbook of optical materials [START_REF] Weber | HANDBOOK OF OPTICAL MATERIALS[END_REF].

Implementation

The implementation in the library rc_refractivityIndex features a base class TRIbaseclass that provides the 𝑛 and  values for any given wavelengths through the function getnk(const wl : Double;var n,k : Double). By applying polymorphism, an abstract base class is inherited to child classes, which carry the specific definitions. Table 5 provides an overview of the currently implemented classes and the definitions used to model the 𝑛 and  values as function of wavelength. 

𝑛 = 𝐶 1 + 𝐶 2 𝜆 2 + 𝐶 3 𝜆 2
spline defined with Nk knots (𝜆 𝑖 ,  𝑖 ) 

TRIformula1 "Sellmaier dispersion" 𝑛 2 -1 = 𝐶 1 + 𝐶 2 𝜆 2 𝜆 2 -𝐶 3 2 + 𝐶 4 𝜆 2 𝜆 2 -𝐶 5 2 + 𝐶 6 𝜆 2 𝜆 2 -𝐶 7 2 + 𝐶 8 𝜆 2 𝜆 2 -𝐶 9 2 + 𝐶 10 𝜆 2 𝜆 2 -𝐶 11 2 + 𝐶 12 𝜆 2 𝜆 2 -𝐶 13 2 + 𝐶 14 𝜆 2 𝜆 2 -𝐶 15 2 + 𝐶 16 𝜆 2 𝜆 2 -𝐶 17 2 tabular with linear interpolation TRIformula2 "Sellmaier-2 dispersion" 𝑛 2 -1 = 𝐶 1 + 𝐶 2 𝜆 2 𝜆 2 -𝐶 3 + 𝐶 4 𝜆 2 𝜆 2 -𝐶 5 + 𝐶 6 𝜆 2 𝜆 2 -𝐶 7 + 𝐶 8 𝜆

TRIformula6

"Gases"

𝑛 -1 = 𝐶 1 + 𝐶 2 𝐶 3 -𝜆 -2 + 𝐶 4 𝐶 5 -𝜆 -2 + 𝐶 6 𝐶 7 -𝜆 -2 + 𝐶 8 𝐶 9 -𝜆 -2 + 𝐶 10 𝐶 11 -𝜆 -2
tabular with linear interpolation

TRIformula7

"Herzberger"

𝑛 = 𝐶 1 + 𝐶 2 𝜆 2 -0.028 + 𝐶 3 ( 1 𝜆 2 -0.028 ) 2 + 𝐶 4 𝜆 2 + 𝐶 5 𝜆 4 + 𝐶 6 𝜆 6
tabular with linear interpolation

TRIlinTabN tabular with linear interpolation tabular with linear interpolation

TRIlinTabNK

tabular with linear interpolation
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The class TRIconst is used to create simplified generic materials; the two spline classes are used to approximate refractive index functions of transmittance and reflectance spectra by inversion (see section 4.12). The rest of the classes are used to import data provided by data sources in various formats. In the flexible implementation, only terms with defined values for the constants Ci are evaluated. Therefore, the omission of constants allows an even wider range of potential dispersion relations. The primary source for refractive index data is the excellent website and database Refrac-tiveIndex.INFO [START_REF] Polyanskiy | refractiveIndex.INFO, Refractive index database[END_REF]. The author M.N. Polyanskiy collects and provides data for a wide range of materials and spectral ranges. The information is provided for free access using YAML (Ben-Kiki, Evans and döt Net, 2021) format. The implemented TRIclasses allow a direct import of the provided data in the YAML files for use with the RadiCal method. 

Testing and validation

. Background and theory

The derivations and equations presented below are provided in different forms in various publications. A comprehensive derivation that starts with the Maxwell equations in vector form can be found in the book Thin-film Optical filters [START_REF] Macleod | Thin-Film Optical Filters[END_REF]. For the practical implementation, the publications by [START_REF] Craig | Method for analysis of the characteristic matrix in optical systems[END_REF] and [START_REF] Keller | Instrumentation for Astrophysical Spectropolarimetry[END_REF] were helpful. The commonly known Fresnel's equations are used as a starting point for reference. They can be derived by solving Maxwell's equations for non-absorbing media. They are commonly stated as:

𝑟 𝑠 = 𝑛 1 𝑐𝑜𝑠𝜃 1 -𝑛 2 𝑐𝑜𝑠𝜃 2 𝑛 1 𝑐𝑜𝑠𝜃 1 + 𝑛 2 𝑐𝑜𝑠𝜃 2 𝑟 𝑝 = 𝑛 2 𝑐𝑜𝑠𝜃 1 -𝑛 1 𝑐𝑜𝑠𝜃 2 𝑛 2 𝑐𝑜𝑠𝜃 1 + 𝑛 1 𝑐𝑜𝑠𝜃 2 𝑡 𝑠 = 2 𝑛 1 𝑐𝑜𝑠𝜃 1 𝑛 1 𝑐𝑜𝑠𝜃 1 + 𝑛 2 𝑐𝑜𝑠𝜃 2 𝑡 𝑝 = 2 𝑛 1 𝑐𝑜𝑠𝜃 1 𝑛 2 𝑐𝑜𝑠𝜃 1 + 𝑛 1 𝑐𝑜𝑠𝜃 2 (41) 𝑛 1 … 𝑟𝑒𝑓𝑟𝑎𝑐𝑡𝑖𝑣𝑒 𝑚𝑒𝑑𝑖𝑢𝑚 1 (𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑐𝑒) 𝑛 2 … 𝑟𝑒𝑓𝑟𝑎𝑐𝑡𝑖𝑣𝑒 𝑚𝑒𝑑𝑖𝑢𝑚 2 𝜃 1 … 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑐𝑒 [𝑟𝑎𝑑] 𝜃 2 … 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑟𝑒𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 [𝑟𝑎𝑑]
The ratio of the incidence angle 𝜃 1 and transmittance angle 𝜃 2 is determined by Snell's law, see eq. ( 18). The Fresnel coefficients 𝑟 𝑠,𝑝 and 𝑡 𝑠,𝑝 determine the amplitudes of the reflected and transmitted radiation for each polarisation state. The coefficients for the reflected and transmitted power, referred to as reflectance 𝑅 𝑠,𝑝 and transmittance 𝑇 𝑠,𝑝 are given by:

𝑅 𝑠,𝑝 = |𝑟 𝑠,𝑝 |² 𝑇 𝑠,𝑝 = 𝑛 2 𝑐𝑜𝑠𝜃 2 𝑛 1 𝑐𝑜𝑠𝜃 1 |𝑡 𝑠,𝑝 |² (42) 
This takes into account that the power is proportional to the square of the amplitude and that the angle as well as the impedance of the medium will change for the transmitted beam.

For normal incidence (𝜃 1 ≡ 𝜃 2 ≡ 0) the amplitude coefficients (𝑟, 𝑡) and power coefficients (𝑅, 𝑇) simplify to the elegant form:

𝑟 = 𝑛 2 -𝑛 1 𝑛 1 + 𝑛 2 𝑅 = ( 𝑛 2 -𝑛 1 𝑛 1 + 𝑛 2 ) 2 𝑡 = 2 𝑛 1 𝑛 1 + 𝑛 2 𝑇 = 𝑛 2 𝑛 1 ( 2 𝑛 1 𝑛 1 + 𝑛 2 ) 2 (43) 
By using complex-valued refraction indices and introducing the concept of effective refractive indices, more general expressions valid for absorbing media and oblique (=non-normal) incidence angles will be derived now. The finally obtained relations show a striking similarity to equations ( 43).

The derivation is carried out by solving Maxwell's equation for interfaces of materials and demanding continuity of the electric and magnetic field at the boundary. While this can be done by applying vector calculus in three dimensions, a more straightforward and more efficient approach is possible when the energy flow normal to the interface is considered. In this case, the relevant electric field vector 𝐸 ⃗ and the magnetic field vector 𝐻 ⃗ ⃗ are oriented parallel (tangential) to the boundary. It is, therefore, sufficient to consider the amplitudes only, denoted as 𝐸 ̃ and 𝐻 ̃. In order to include phase information, the amplitudes are represented by complex-valued numbers. The tilde in superscript is further used to indicate all quantities that are complex numbers. s and p subscripts are used in the following to indicate the direction of polarisation for which the relation is valid. If the letters for 63 both directions are indicated in an equation (separated by a comma), it will mean that the equation is separately valid for either polarisation state (using only s or only p polarised quantities throughout the equation).

Following the approach of considering the energy flows perpendicular to the boundary, it is helpful to introduce an effective index of refraction  ̃, which links the two tangential electromagnetic field components 𝐸 ̃ and 𝐻 ̃:

 ̃𝑠,𝑝 = 𝐻 ̃𝑠,𝑝 𝐸 ̃𝑠,𝑝 (44) 
In the applied approach considering the flow of energy perpendicular to the boundary, it can be shown that for the s-polarised and p-polarised components, the effective indices of refraction can be derived of the complex-valued index of refraction 𝑛 ̃ and the propagation angle 𝜃 ̃ by:

 ̃𝑠 = 𝑛 ̃ 𝑐𝑜𝑠(𝜃 ̃)  ̃𝑝 = 𝑛 c𝑜𝑠(𝜃 ̃) (45) 
It is important to note that the general propagation angle 𝜃 ̃ is now a complex quantity. Consequently, the angle of refraction 𝜃 ̃2 for the transmitted beam has to be derived from the angle of incidence 𝜃 ̃1 by solving Snell's law in the complex-valued form:

sin 𝜃 ̃1 𝑛 ̃1 = sin 𝜃 ̃2 𝑛 ̃2 (46) 
Unlike its real-valued counterpart, the complex-valued effective index of refraction  ̃ contains angular information, as well as information on the attenuation (through the complex-valued index of refraction 𝑛 ̃). The amplitude transmission coefficients for reflection (𝑟) and transmission (𝑡 ) and the resulting reflectance (𝑅) and transmittance (𝑇), at the boundary of two absorbing or non-absorbing media 1 and 2, can for any incidence angle be stated as:

𝑟 ̃1→2 𝑠,𝑝 =  ̃1 𝑠,𝑝 - ̃2 𝑠,𝑝  ̃1 𝑠,𝑝 +  ̃2 𝑠,𝑝 𝑅 1→2 𝑠,𝑝 = |𝑟 ̃1→2 𝑠,𝑝 | 2 𝑡 ̃ 1→2 𝑠,𝑝 = 2  ̃1 𝑠,𝑝  ̃1 𝑠,𝑝 +  ̃2 𝑠,𝑝 𝑇 1→2 𝑠,𝑝 =  ̃𝑠,𝑝 2  ̃𝑠,𝑝 1 |𝑡 ̃ 1→2 𝑠,𝑝 | 2 (47)
It can be seen how this very elegant and simple form of the generalized form of Fresnel equations results only through the introduction of the complex-valued effective index of refraction. The similarity to the earlier, non-complex-valued form is remarkable, see equation ( 43). However, taking the generalization a step further, a different definition for the amplitude coefficients is chosen to additionally consider the effect of potentially present thin-films in between the two media. It can be shown [START_REF] Macleod | Thin-Film Optical Filters[END_REF]) that they can be calculated by the tangential electric and magnetic field amplitudes in the incident medium:

𝑟 ̃1→2 𝑠,𝑝 =  ̃1 𝑠,𝑝 𝐸 ̃ 1 𝑠,𝑝 -𝐻 ̃ 1 𝑠,𝑝  ̃1 𝑠,𝑝 𝐸 ̃ 1 𝑠,𝑝 + 𝐻 ̃ 1 𝑠,𝑝 𝑡 ̃ 1→2 𝑠,𝑝 = 2 ̃1 𝑠,𝑝  ̃1 𝑠,𝑝 𝐸 ̃ 1 𝑠,𝑝 + 𝐻 ̃ 1 𝑠,𝑝 (48) 
If the incident field amplitudes 𝐸 ̃ 1 𝑠,𝑝 and 𝐻 ̃ 1 𝑠,𝑝 are determined by:

( 𝐸 ̃ 1 𝑠,𝑝 𝐻 ̃ 1 𝑠,𝑝 ) = 𝐶 ̅ 𝑠,𝑝 ( 1  ̃2 𝑠,𝑝) (49) 
Where 𝐶 ̅ 𝑠,𝑝 is the characteristic matrix of a thin-film assembly consisting of N thin-films.
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In the absence of thin-films, the matrix 𝑪 ̅ 𝑠,𝑝 can be omitted, i.e. replaced with the unity matrix. For this case, it is evident that equations (48) will turn into equations ( 47) again. Hence, the definition for the reflection and transmission coefficients provided by ( 48) is the most general, as it allows consideration of 0 to N thin-films at the boundary of two materials. For this reason, this definition has been chosen for the actual implementation.

In order to get the characteristic matrix of the thin-film the matrix multiplication is repeatedly applied using the characteristic matrix for each layer 𝑐 𝑗 :

𝐶 ̅ 𝑠,𝑝 = 𝐶 ̅ 𝑐𝑁 𝑠,𝑝 • … • 𝐶 ̅ 𝑐2 𝑠,𝑝 • 𝐶 ̅ 𝑐1 𝑠,𝑝 (50) 
It is crucial, of course, to keep the correct order of the layers, as matrix multiplication is not commutative. The coatings are counted starting at the 2 nd medium (see Figure 33). The characteristic matrix for every layer 𝑗 is given by:

𝐶 ̅ 𝑗 𝑠,𝑝 = [ 𝑐𝑜𝑠 𝛿 ̃𝑗 𝑖  ̃𝑗 𝑠,𝑝 𝑠𝑖𝑛 𝛿 ̃𝑗 𝑖  ̃𝑗 𝑠,𝑝 𝑠𝑖𝑛 𝛿 ̃𝑗 𝑐𝑜𝑠 𝛿 ̃𝑗 ] (51) 
The characteristic matrix transforms the complex amplitudes of the electric and magnetic field according to the layer's electrodynamic properties and thickness 𝑑 𝑗 . The phase factor 𝛿 ̃𝑗 results of the ratio of the effective optical thickness ∆ ̃𝑗 and the wavelength :

𝛿 ̃𝑗 = 2𝜋 ∆ ̃𝑗  ∆ ̃𝑗= 𝑑 𝑗 𝑛 ̃𝑗 cos 𝜃 ̃𝑗 (52)
The specific propagation angles 𝜃 ̃𝑗 and the corresponding effective refractive indices  ̃𝑗 𝑠,𝑝 for each layer j can again be found by applying Snell's law, eq. ( 46). Finally, the reflectance coefficient 𝑅 and transmittance coefficient 𝑇 to calculate the power of the reflected and the transmitted beam for each polarisation state can again be found by:

𝑅 = |𝑟| 2 𝑇 = 𝑅𝑒 [  ̃2  ̃1] |𝑡| 2 (53) 
The additional factor required to calculate the transmittance coefficient considers that the impedance, as well as the propagation direction, is generally different in the two media. In the further text, these coefficients will be referred to as generalized Fresnel coefficients. In the following application, it is essential to additionally consider the phase change 𝜖 of the reflected and transmitted beam. They are simply represented by the arguments of the complex coefficients 𝑟̃ and 𝑡 :

𝜖 𝑟 = arg(𝑟) 𝜖 𝑡 = arg(𝑡 ) (54) 
The corresponding coefficient for absorptance 𝐴 can be found by applying the law of energy conservation:

𝐴 = 1 -𝑅 -𝑇 (55) 
Note that, again, all relations in (53),( 54) and ( 55) are valid for each polarisation state separately; for the purpose of clarity, the indices s and p were omitted here. The module contains, on the one hand, private functions which perform the actual calculation in line with the relations given above. The operator overloading features of the Pascal language allows a convenient and transparent implementation of the relevant equations, as the complex-number algebra can be converted into programming code straightforwardly. On the other hand, the public functions of the module allow the initialisation of the materials and the direct calculation of the Müller matrices for reflection and transmission (see section 4.9). Alternatively, only the parameters required to derive the Müller matrices can be generated. These essential parameters are contained in the type definition TTRpolRecord and reflect the results of equations ( 48) and ( 53). In the actual implementation of the raytracing (see chapter 7), the function getRTandThetaS is called to perform the Fresnel calculations, while the function getRandTMuMat is called to establish the Müller matrices of the calculated parameters. 66

Testing and validation

The full validation is implicitly included in the Müller matrix section (4.9.3), as the Müller matrix elements rely on the Fresnel calculations. During the implementation, the Fresnel module was additionally tested based on commonly known material behaviours. Exemplary, Figure 34 illustrates the angular reflectivity for three different materials, resolved for three different wavelengths and the main polarisation states. As can be seen, the dielectric (i.e. nonconducting) glass exhibits limited wavelength dependence and a pronounced Brewster angle at 57° where only s-polarised light is reflected off the surface. Gold shows high reflectivity in the visual and infrared spectral range; however, less than half of the incident radiation is reflected in the UV range. Aluminium generally exhibits a high reflectivity for all wavelengths considered. 

. Background and theory

Basically, two different, complementary representations are used to describe the state of polarisation of light, i.e. electromagnetic waves. One is called the Jones vector representation, while the other is referred to as the Stokes vector representation. Since the Jones representation is based on the electric field vector, it can consider the coherent superposition of waves but is limited to representing fully polarised light. In contrast, the Stokes notation cannot be used to model interference effects but is inherently able to cover unpolarised or partially polarised radiation. As mentioned in the introduction, the RadiCal approach considers effects relying on coherence only for interactions at material boundaries (including thin-film effects) but not for propagation within a medium. Still, the state and angle of polarisation of the traced light beams are crucial information for the light-surface interactions and consequently have to be tracked during the raytracing process. The Stokes representation is the ideal model for this purpose and has, thus, been chosen for the implementation of the raytracer. The Stokes parameters are the four components 𝑆 𝑖 of the Stokes vector 𝑆 . Alternatively, they are often denominated as 𝐼, 𝑄, 𝑈, 𝑉. They can be defined as [START_REF] Kliger | Polarized Light in Optics and Spectroscopy[END_REF][START_REF] Bass | Handbook of Optics[END_REF]Hecht, 2015):

𝑆 = ( 𝑆 0 𝑆 1 𝑆 2 𝑆 3 ) = ( 〈𝐸 𝑥 2 〉 + 〈𝐸 𝑦 2 〉 〈𝐸 𝑥 2 〉 -〈𝐸 𝑦 2 〉 〈2𝐸 𝑥 𝐸 𝑦 𝑐𝑜𝑠𝛿〉 〈2𝐸 𝑥 𝐸 𝑦 𝑠𝑖𝑛𝛿〉 ) = ( 𝐼 0°+ 𝐼 90°𝐼 0°-𝐼 90°𝐼 45°-𝐼 135°𝐼 𝐶𝑅 -𝐼 𝐶𝐿 ) (56) 𝐼 0°, 𝐼 45°, 𝐼 90°, 𝐼 135°… (𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑) 𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑝𝑜𝑙𝑎𝑟𝑖𝑧𝑒𝑑 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 [𝑊/𝑚²] 𝐼 𝐶𝑅 , 𝐼 𝐶𝐿 … (𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑) 𝑟𝑖𝑔ℎ𝑡, 𝑙𝑒𝑓𝑡 ℎ𝑎𝑛𝑑 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟𝑙𝑦 𝑝𝑜𝑙𝑎𝑟𝑖𝑧𝑒𝑑 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 [𝑊/𝑚²] 𝐸 𝑥 , 𝐸 𝑦 … 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 𝑓𝑖𝑒𝑙𝑑 𝑣𝑒𝑐𝑡𝑜𝑟 [𝑉/𝑚] 〈. . 〉 … 𝑒𝑥𝑝𝑒𝑐𝑡𝑎𝑡𝑖𝑜𝑛 𝑣𝑎𝑙𝑢𝑒 / 𝑡𝑖𝑚𝑒 𝑎𝑣𝑒𝑟𝑎𝑔𝑒  … 𝑝ℎ𝑎𝑠𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑛𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝐸 𝑥 𝑎𝑛𝑑 𝐸 𝑦 [𝑟𝑎𝑑]
The definition based on the amplitudes of the electric field vector (〈𝐸 2 〉) links the Stokes parameters to the electrodynamic fundamentals. The second definition is based on irradiance values (𝐼), measured behind ideally linearly and circularly polarising filters. This definition reflects the empirical approach.

While the definition of the Stokes vector might seem impractical at first glance, it indeed provides a very efficient method to describe the polarising or depolarising effects to which light beams can be subjected, as is shown below. Based on its definition, the primary polarisation states are represented by the nomalised Stokes vectors provided in Table 6. 
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Additional (scalar) parameters used to describe the state of polarisation can easily be calculated from the Stokes parameters by [START_REF] Bass | Handbook of Optics[END_REF][START_REF] Garcia-Caurel | Advanced Mueller Ellipsometry Instrumentation and Data Analysis[END_REF]:

𝐷𝑂𝑃 = √𝑆 1 ² + 𝑆 2 ² + 𝑆 3 ² 𝑆 0 𝐷𝑂𝐿𝑃 = √𝑆 1 ² + 𝑆 2 ² 𝑆 0 (57)  𝑚𝑎𝑥 = 1 2 𝑎𝑟𝑐𝑡𝑎𝑛 ( 𝑆 2 𝑆 1 ) 𝐷𝑂𝑃 … 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑝𝑜𝑙𝑎𝑟𝑖𝑠𝑎𝑡𝑖𝑜𝑛 𝐷𝑂𝐿𝑃. . 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑜𝑙𝑎𝑟𝑖𝑠𝑎𝑡𝑖𝑜𝑛  𝑚𝑎𝑥 … 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑚𝑎𝑥. 𝑝𝑜𝑙𝑎𝑟𝑖𝑠𝑎𝑡𝑖𝑜𝑛
Since the Stokes parameters are usually provided in vector form, it is convenient to perform transformations of them by applying matrix multiplication (see the following chapter).

Ellipsometry is a powerful method to investigate the electrodynamic properties, i.e. the complex refractive index, of material surfaces or thin-flims. For this field, a third definition of the Stokes vector is provided by introducing the ellipsometric angles  [rad] and  [rad] as:

 = atan ( 𝐸 𝑥 𝐸 𝑦 )  =  𝑥 - 𝑦 𝐸 𝑥 , 𝐸 𝑦 … 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 𝑓𝑖𝑒𝑙𝑑 𝑣𝑒𝑐𝑡𝑜𝑟 [𝑉/𝑚]  𝑥 ,  𝑦 … 𝑖𝑛𝑖𝑡𝑎𝑙 𝑝ℎ𝑎𝑠𝑒𝑠 𝑜𝑓 𝐸 ⃗ 𝑥 , 𝐸 ⃗ 𝑦 [𝑟𝑎𝑑]  … 𝑝ℎ𝑎𝑠𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑛𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝐸 𝑥 𝑎𝑛𝑑 𝐸 𝑦 [𝑟𝑎𝑑] (58) 
 represents the amplitude ratio of the orthogonal components, whereas  is the phase difference between them. While the phase difference as already been introduced using the lowercase Greek letter, the capital letter will be used here to stay in line with ellipsometric conventions. Using the ellipsometric angles, equation ( 56) can be rewritten as:

𝑆 = ( 𝑆 0 𝑆 1 𝑆 2 𝑆 3 ) = ( 〈𝐸 𝑥 2 〉 + 〈𝐸 𝑦 2 〉 -𝑆 0 𝑐𝑜𝑠 (2) 𝑆 0 𝑠𝑖𝑛 (2) 𝑐𝑜𝑠 () -𝑆 0 𝑠𝑖𝑛 (2) 𝑠𝑖𝑛 () ) (59) 
The inversion of this definition allows to express the ellipsometric angles by the Stokes parameters. This reflects the empirical process, as the Stokes components are measured in ellipsometry:

 = 1 2 atan ( √𝑆 2 2 + 𝑆 3 2 𝑆 1 )  = atan ( -𝑆 3 𝑆 2 ) ( 60 
)
The nomalised Stokes vector 𝑆 ′, that describes the polarisation state independent of the total irradiance, is defined as:

𝑆 ′ = 1 𝑆 0 𝑆 = ( 1 𝑆 1 /𝑆 0 𝑆 2 /𝑆 0 𝑆 3 /𝑆 0 ) (61)

Implementation

The implementation of the Stokes vector definition is trivial. A new type called TStokesVect, representing an array of 4 scalar values (of type double), is defined in the rc_globals module. Additionally, the definitions for the basic polarisations states are included in the same module:

Type TStokesVect = array[0..3] of Double;

Const unpolStokes : TStokesVect = (1,0,0,0); Const horizStokes : TStokesVect = (1,1,0,0); Const vertStokes : TStokesVect = (1,-1,0,0); Const p45Stokes : TStokesVect = (1,0,1,0);Const m45Stokes : TStokesVect = (1,0,0);Const rightCircStokes : TStokesVect = (1,0,0,1);Const leftCircStokes : TStokesVect = (1,0,0, For the elementary manipulation of Stokes vectors and the calculation of characteristic parameters according to equations (57), the following methods have been implemented in the globally applied module rc_vectors. 

Testing and validation

Simple tests of the methods were performed during the implementation process. Extensive validation is included in the following section.

Müller matrix operations

Background and theory

Since the Stokes representation uses a 4D vector to describe the polarisation state, a 4x4 matrix can be used to model scattering events that alter the polarisation state of the beam. Generally, these matrices are referred to as Müller matrices (after Hans Müller, who introduced them in 1943). Müller matrices are primarily used for evaluating empirical data gathered with optical methods (e.g. by ellipsometry) or for designing optical systems when polarisation effects have to be considered. In such cases, the polarisation properties of the optical elements used (e.g. linear polariser) are characterised by their specific Müller matrices. For the RadiCal raytracer, currently, only two Müller matrices are relevant. However, these are able to cover a wide range of polarisations effects as the implemented, generalized approach for computing the Fresnel coefficients (see section 4.7.1) also provides information for the phase change occurring on the scattering event (𝝐 𝒑 , 𝝐 𝒔 ). The two implemented Müller matrices are used to calculate the polarisation states, as well as the intrinsically contained powers of the (specularly) reflected and transmitted beam at interfaces of materials. Additionally, coatings (e.g. low-E, antireflective) or naturally occurring thin-films (e.g. oxide layers) can be considered, as they can be modelled with the implemented approach to determine the generalized Fresnel coefficients and resulting phase shifts. In general, the reflection of an unpolarised beam on a surface will lead to a transmitted and reflected beam. The polarisation state, as well as the intensities of the incident, the reflected and transmitted beam are described by their Stokes vectors 𝑆 𝑖 , 𝑆 𝑟 and 𝑆 𝑡 . The Müller matrics to calculate the induced components (𝑆 𝑟 , 𝑆 𝑡 ) of the incident beam (𝑆 𝑖 ,), can be derived by demanding continuity of the electric field, as well as linear relations among the incident, reflected and transmitted beam governed by the generalized Fresnel coefficients, see Eq. ( 49). The derivation can, for example, be found in a general approach formulated by Chipman (see Bass et al., 1995, chapter "linear diattenuator and retarder") and Stenflo ( 1994a) or more specifically, and more recently, by [START_REF] Garcia | Boundary and interface Conditions for polarized radiation transport in a multilayer medium[END_REF]. Using the Müller matrix for reflection 𝑀 ̅ 𝑟 , the Stokes vector of the reflected beam 𝑆 𝑟 , based on the generalized Fresnel coefficients (see eq. ( 53) and ( 54)) can be found by: Likewise, by using the Müller matrix for transmission 𝑀 ̅ 𝑡 , the Stokes vector of the transmitted beam 𝑆 𝑡 is determined by:

𝑆 𝑟 = 𝑀 ̅ 𝑟 • 𝑆 𝑖 = ( 1 2 ⁄ (𝑅 𝑠 + 𝑅 𝑝 ) 1 2 ⁄ (𝑅 𝑠 -𝑅 𝑝 ) 0 0 1 2 ⁄ (𝑅 𝑠 -𝑅 𝑝 ) 1 2 ⁄ (𝑅 𝑠 + 𝑅 𝑝 ) 0 0 0 0 -√𝑅 𝑝 𝑅 𝑠 𝑐𝑜𝑠(𝜖 𝑝 -𝜖 𝑠 ) -√𝑅 𝑝 𝑅 𝑠 𝑠𝑖𝑛(𝜖 𝑝 -𝜖 𝑠 ) 0 0 √𝑅 𝑝 𝑅 𝑠 𝑠𝑖𝑛(𝜖 𝑝 -𝜖 𝑠 ) -√𝑅 𝑝 𝑅 𝑠 𝑐𝑜𝑠(𝜖 𝑝 -𝜖 𝑠 ) ) ( 𝑆 0 𝑆 1 𝑆 2 𝑆 3 ) (62)
𝑆 𝑡 = 𝑀 ̅ 𝑡 • 𝑆 𝑖 = ( 1 2 ⁄ (𝑇 𝑠 + 𝑇 𝑝 ) 1 2 ⁄ (𝑇 𝑠 -𝑇 𝑝 ) 0 0 1 2 ⁄ (𝑇 𝑠 -𝑇 𝑝 ) 1 2 ⁄ (𝑇 𝑠 + 𝑇 𝑝 ) 0 0 0 0 √𝑇 𝑝 𝑇 𝑠 𝑐𝑜𝑠(𝜖 𝑝 -𝜖 𝑠 ) √𝑇 𝑝 𝑇 𝑠 𝑠𝑖𝑛(𝜖 𝑝 -𝜖 𝑠 ) 0 0 -√𝑇 𝑝 𝑇 𝑠 𝑠𝑖𝑛(𝜖 𝑝 -𝜖 𝑠 ) √𝑇 𝑝 𝑇 𝑠 𝑐𝑜𝑠(𝜖 𝑝 -𝜖 𝑠 ) ) ( 𝑆 0 𝑆 1 𝑆 2 𝑆 3 ) (63) 
The Müller matrices 𝑀 ̅ 𝑟 and 𝑀 ̅ 𝑡 are a function of wavelength and incidence angle, as the generalized Fresnel coefficients used to calculate them are so. Consequently, they have to be computed individually for each scattering event.

While in the above formulation of the Müller matrix, the explicit dependence of the phase angles and amplitudes is easily accessible, an alternative formulation of the Matrix based on the complex amplitudes 𝑟̃ and 𝑡 ̃ allows a computationally more efficient evaluation.

𝑀 ̅ 𝑟 = ( 1 2 ⁄ (|𝑟 ̃𝑠|² + |𝑟 ̃𝑝|²) 1 2 ⁄ (|𝑟 ̃𝑠|² -|𝑟 ̃𝑝|²) 0 0 1 2 ⁄ (|𝑟 ̃𝑠|² -|𝑟 ̃𝑝|²) 1 2 ⁄ (|𝑟 ̃𝑠|² + |𝑟 ̃𝑝|²) 0 0 0 0 𝑅𝑒[𝑟 ̃𝑠𝑟 ̃𝑝 * ] 𝐼𝑚[𝑟 ̃𝑠𝑟 ̃𝑝 * ] 0 0 -𝐼𝑚[𝑟 ̃𝑠𝑟 ̃𝑝 * ] 𝑅𝑒[𝑟 ̃𝑠𝑟 ̃𝑝 * ] ) ( 64 
) 𝑀 ̅ 𝑡 = ( 1 2 ⁄ (|𝑡 ̃′𝑠 |² + |𝑡 ̃′𝑝 |²) 1 2 ⁄ (|𝑡 ̃′𝑠 |² -|𝑡 ̃′𝑝 |²) 0 0 1 2 ⁄ (|𝑡 ̃′𝑠 |² -|𝑡 ̃′𝑝 |²) 1 2 ⁄ (|𝑡 ̃′𝑠 |² + |𝑡 ̃′𝑝 |²) 0 0 0 0 𝑅𝑒 [𝑡 ̃′𝑠 𝑡 ̃′𝑝 * ] 𝐼𝑚 [𝑡 ̃′𝑠 𝑡 ̃′𝑝 * ] 0 0 -𝐼𝑚 [𝑡 ̃′𝑠 𝑡 ̃′𝑝 * ] 𝑅𝑒 [𝑡 ̃′𝑠 𝑡 ̃′𝑝 * ] ) (65) 
In order to consider the different angles of propagation and different impedance in the two media, a modified amplitude coefficient for transmission 𝑡 ′ is used here. It is defined as

𝑡 ′𝑠,𝑝 = 𝑅𝑒 [  ̃𝑠,𝑝 2  ̃𝑠,𝑝 1 ] 𝑡 ̃𝑠,𝑝 (66) 
The phase information is now contained in the complex-valued amplitudes. Hence, these alternative formulations of the Müller matrices do not rely on computationally expensive trigonometric functions (sine and cosine). Further, the explicit determination of the phase-angles (see ( 54)) can also be omitted now. This additionally increases the algorithm's performance, as the explicit evaluation of the two phase-angles requires the computationally expensive use of the arctangent function.

By definition, the generalized Fresnel coefficients are only valid for radiation polarised strictly parallel (𝑅 𝑝 , 𝑇 𝑝 ) and perpendicular (𝑅 𝑠 , 𝑇 𝑠 ) to the plane defined by the surface normal and the propagation direction. Hence, the Stokes vector for the incident radiation, defined for an arbitrary orthogonal coordinate system 𝑝 ′ , 𝑠 ′ , has to be provided in the aligned coordinate system 𝑝 , 𝑠 determined by the surface's normal vector 𝑛 ⃗ (see Figure 35). To perform this, the Stokes vector has to be transformed accordingly. After the corresponding (clockwise) rotation angle 𝜑 is determined, the aligned Stokes vector 𝑆 can simply be calculated by:

𝑆 = 𝑅(𝜑) • 𝑆 ′ = ( 1 0 0 0 0 𝑐𝑜𝑠(2𝜑) 𝑠𝑖𝑛(2𝜑) 0 0 -𝑠𝑖𝑛(2𝜑) 𝑐𝑜𝑠(2𝜑) 0 0 0 0 1 ) ( 𝑆 0 ′ 𝑆 1 ′ 𝑆 2 ′ 𝑆 3 ′) ( 67 
)
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The rotation matrix 𝑅(𝜑) is not referred to as Müller matrix here, as the actual polarisation state and the total intensity of the Stokes vector are invariant to this transformation. Solely the reference coordinate system of the Stokes vector is rotated.

Implementation

In the implementation, the Müller matrix class TMuMatModule in the library rc_mumat has been chosen to encapsulate all data and classes needed to perform the Fresnel and Stokes operations relevant for a specific material interface. As can be seen in the header, one instance of the TFresnel class (containing the methods to perform the Fresnel calculations), as well as several instances of TRIbaseclass (containing the material data), are included and used within the TMuMatModule class. While the methods getExplicitMuMatR and getExplicitMuMatT are used for validation purposes, the raytracer solely calls the key method getMuMatRTangle, which performs all necessary operations to finally provide the Stokes vectors for the reflected and transmitted beam. The method only performs the matrix multiplications (equations ( 62) and ( 63)) and, in turn, calls the method stokesCalcRT to get the required values for the Müller matrices in the form of a TTRpolRecord. As mentioned above, the necessary parameters for the evaluation of the Müller matrices are provided in complex-valued form. Further, to avoid redundant calculation and minimize the calculation time, the functions get-MuMatRTangle and stokesCalcRT pass additional parameters of the Fresnel calculations relevant for the raytracing process (see inline comments in the source): 

Testing and validation

While the standard tests during implementation have been performed with due care, extended validation tests were performed to ensure the validity and functionality of the implemented code. The calculation of the outgoing Stokes vectors by multiplication with the corresponding Müller matrices is trivial. However, the determination of the Müller matrices depends fundamentally on the material module TRIbaseclass and particularly on the TFresnel module, which provides the necessary coefficients. Hence, the following examples prove the validity of all three modules. As mentioned above, the detailed modelling of optics considering polarisation is currently mainly applied for advanced instrument design, astronomy and optical measurement systems (e.g. ellipsometry). Therefore the following examples are mainly of these fields. The complexity of the following validation cases gradually increases.

Validation Case 1 -Simple Silver Mirror [constant wavelength, constant angle, no thin-films)]

Figure 36 "Example 1" of Tetsu Anan working paper [START_REF] Anan | Derivation of Mueller matrix from Zemax Definition of Stokes Q[END_REF] with reference to Stenflo (Stenflo, 1994b) This example has been found in a working paper by Tetsu [START_REF] Anan | Derivation of Mueller matrix from Zemax Definition of Stokes Q[END_REF] in which he evaluates the validity of calculations performed with the Zemax OpticsStudio software, which is widely used for advanced optical instrumentation design and also offers polarimetric raytracing features. In the paper, the Müller matrix of a reflection on a 45° tilted mirror is calculated. The precise wavelength and refractive index are provided in the example (see Figure 36). In order to demonstrate how compact the validation can be done based on the implemented libraries, the entire source code is provided here: The resulting Müller matrix for reflection is: Considering the number of digits provided, the result perfectly matches the Zemax calculation results and Anan's verification thereof (see Figure 36).

Validation Case 2 -Aluminium mirror with an oxide layer [constant wavelength, variable angles, thin-film]

In a publication by [START_REF] Van Harten | Polarization Properties of Real Aluminum Mirrors, I. Influence of the Aluminum Oxide Layer[END_REF] the polarisation properties of a "real mirror" are modelled using the Müller matrix and thin-film approach as applied in RadiCal. In the paper, the effect of the (usually present) amorphous aluminium oxide layer and its thickness is investigated. Again, the complex refractive index values for the bulk material (Aluminium: 𝑛 ̃= 1.2 -6.85𝑖) and the thin-film (Aluminium oxide: 𝑛 ̃= 1.6 -0𝑖) is provided as a constant value for the wavelength used (600 nm).

The thickness of the oxide layer of the final mirror was determined as 𝑑 = 4.12𝑛𝑚. These parameters were used for the implementation of the model with RadiCal. The entire source code used for the validation is provided for this example as well: As can be seen, the RadiCal calculations show a perfect match with the calculations of van Harten et al.. Further. it is evident (see elements m12 and m21 in Figure 37) that the ability to include thinfilms increases the potential and accuracy of the model considerably (compare grey curve vs. red/black curves and dots in Figure 37).

Validation Case 3 -A space mirror (Sciamatchy on Envisat) [wavelength range, two angles, two layer thin-film]

In their publication 'Mirror contamination in space I: mirror modelling' J. [START_REF] Krijger | Mirror contamination in space I: Mirror modelling[END_REF] have extended the approach of [START_REF] Van Harten | Polarization Properties of Real Aluminum Mirrors, I. Influence of the Aluminum Oxide Layer[END_REF] by assuming an additional contamination layer in the form of an oil thin-film. The new model should be able to better predict the mirror's reflectance in the UV-range, where the simple model by van Harten showed the largest deviations. Based on their two-film model (oil and oxide), they provide reflectance data for the mirror for two angles of incidence and in a wavelength range from 300 nm to 1500 nm. The modelled data is compared against measurements performed by ESA for the calibration of the aluminium scan mirror of the Sciamatchy spectrometer of the Envisat satellite. Since they do not provide the entire information regarding the refractive index functions for oil, the amorphous aluminium oxide and the bulk aluminium in the relevant wavelength range, the RadiCal implementation is used to redo the work performed in the paper, i.e. based on the given refractive index functions, the optimal thin-film thicknesses for the two-layer model is determined. This approach also allows testing the TRIClasses used to import refractive index information from external sources. The datasets of Rakic (1995) for Aluminum, [START_REF] Malitson | Refractive Index of Synthetic Sapphire[END_REF] Of course, whether the chosen refractive index functions match the real thin-film properties is debatable, as thin-films of only a few nanometers usually show deviations from the behaviour of the 76 bulk material. However, this argument is also relevant to the assumptions regarding refractive index and layering in the publication by Krijger et al.. After optimisation, the surprisingly best fitting result, measured by the average RMS of all data points, is a thickness of 𝑑 = 5.3 𝑛𝑚 for the oil film and the elimination (𝑑 = 0 𝑛𝑚) of the oxide layer.

The dispersion curves of both thin-films are of similar shape; however, benzene shows a steeper rise of the refractive index towards the UV wavelengths, which seems to lead to better results in this region. Physically, the 5.3 nm thin-film of benzene represents the single layer of contaminated aluminium oxide but is not an actual homogeneous oil film.

Figure 38 Sciamachy scan mirror reflectance as a function of wavelength for two incidence angles (29° / 61°), for s-and p-polarisation. red dotted curves: RadiCal results, black dashed/solid curves: 2-film model (Krijger et al.), black dotted/dash-dotted curves: bulk aluminium model (Krijger et al.), markers: measured data (ESA) Again, the original chart is used to superimpose the data computed with RadiCal. As is shown in Figure 38, the results of the presented model match the results of Krijger et al. for wavelengths greater than 500 nm. Due to the different choices of film thickness and the different refractive index datasets, deviations can be seen in the UV range (300 nm measurement). While the S-61° measurement shows a good match, the other model results at 300 nm show a slight deviation to the upside, while the Krijger model generally shows deviations of the same scope to the downside. The validation case proves that the RadiCal method is implemented correctly and able to perform advanced optical calculations, as applied in space technology.

Validation Case 4 -Determination of thin-film layer thickness [thin-film with variable thickness, ellipsometry]

In the 'Ellipsometry' chapter of the 'Encyclopedia of Spectroscopy and Spectrometry [START_REF] Jellison | Ellipsometry[END_REF] shows how ellipsometric measurements can conveniently be used to determine the layers of thin films. He provides a commonly applied example for the measurement of silicon dioxide (SiO2) layer thicknesses on silicon wafers using a Helium-Neon laser ( = 633 𝑛𝑚). Since Jellison provides the complex refractive indices for SiO2 ( 𝑛 ̃= 1.46 -0𝑖 ) and silicon (𝑛 ̃= 3.86 -0.018𝑖) and the incidence angle (  𝑖 = 60°), the implemented libraries can be used to determine the ellipsometric angles and compare the results with the original results. Equations ( 60) are used to compute the ellipsometric angles  and .

Again, the original chart is presented, and the RadiCal calculation results are superimposed on it (see Figure 39). The results perfectly match the original calculations of Jellison. As can be seen, the characteristic variation of the ellipsometric angles  and  allows a very precise determination of the thin-flim layer thickness from 0 up to a thickness of 283 nm. For higher thicknesses, the results will be cyclically mapped on the same graph with a modulo of that value. In their publication 'The influences of roughness on film thickness measurements by Mueller matrix ellipsometry [START_REF] Ramsey | The influences of roughness on film thickness measurements by Mueller matrix ellipsometry[END_REF] have conducted research on the effect or layer thickness and roughness of various materials using a dual rotating-compensator Mueller matrix ellipsometer. [START_REF] Ramsey | The influences of roughness on film thickness measurements by Mueller matrix ellipsometry[END_REF] The measured data for the Müller matrix elements of three different angles of incidence and the angular variation of the elliptic angles for steel samples with five different coatings is replicated by performing "virtual ellipsometric measurements" using the RadiCal libraries. The computed data is then compared against the measurement data. The data of the five polished steel specimens 1A -1E coated with variable thickness of magnesium fluoride (MgF2) was used for this comparison. The wavelength of the laser (632.8 nm), the incidence angles as well as the complex index of refraction values of the materials (steel: 𝑛 ̃= 2.501 -3.408𝑖, MgF2: 𝑛 ̃= 1.38 -0𝑖) were defined in line with the parameters stated in the publication. First, the full Müller matrix is calculated and compared for the steel sample coated with 315 nm MgF2. The publication provides measured matrix elements for three different incidence angles. The original measured data, computed data and absolute deviation are presented in Table 7. It can be seen that the calculated data shows a good agreement with the empirical data. Since the polarisation axes are defined differently, the m12/m21 elements show the opposite sign. Further, the empirical data also shows non-zero elements in the upper-right and lower-left quadrants, since the measurement as well as the material exhibit nonideal properties. As stated in the original publication, the measurement results approach the ideal values for higher incidence angles. This is reflected in the mean absolute deviation of the matrix elements for each of the three incidence angles, which are 0.0057 for 45°, 0.0042 for 60° and 0.0011 for 75°. Further, the ellipsometric angles  (amplitude ratio) and  (phase difference) were determined from the Müller matrix for five different coatings in an angularly resolved way. Again, the results of the virtual ellipsometric measurements are compared against the measured data, and again, the calculated results are superimposed on the original chart by [START_REF] Ramsey | The influences of roughness on film thickness measurements by Mueller matrix ellipsometry[END_REF]. The comparison of the ellipsometric angle functions reveals a remarkably high level of agreement with the measured data (see Figure 41) as the ellipsometric angles are usually very sensitive to small changes of the influencing parameters (i.e. layer thickness, refractive indices, incidence angle). 

. Background and theory

Based on Fresnel's equations and Snell's law, the theory presented so far allows accurate modelling of reflection and refraction (transmission) for many opaque and transparent surfaces, such as glass, metal, marble and other polished surfaces. The models will provide an accurate description of the scattering of light at the surface of these materials and, therefore, will also allow a photorealistic appearance of the surface if used for raytracing. However, the majority of surfaces show significant diffuse reflection. This effect cannot be described (or modelled in raytracing) by only applying Fresnel's approach, as this would lead to a purely specular reflection. Mainly two processes are responsible for diffuse reflection: surface roughness and subsurface scattering. The latter process will be covered in the next section, while this section covers surface roughness. Surfaces can be modelled directly with the Fresnel approach as long as their boundary is ideally flat or ideally smooth, i.e. locally flat. While the production or finishing processes for glass and metals result in a smooth surface, most naturally occurring surfaces will not fulfil this condition. An important -and presumably the only -exception to this is the still surface of water, ice, or other liquids. While Fresnel's equation and Snell's law are still valid on a microscopic scale for most naturally rough surfaces, they cannot directly be applied by using the macroscopic orientation of the surface only. A statistical approach is required to model the uneven surface. If this distribution of the varying surface orientations is considered appropriately, most of the rough surfaces can still be modelled using the Fresnel approach. The implementation of diffuse reflection via microfacet modelling further allows considering the polarisation state of the diffusely reflected or refracted radiation, as the complete Fresnel calculation is applied for every micro-surface. However, it should be noted here that the Fresnel model can also break down for some regular or nanostructured surfaces with structural dimensions in the range of the wavelengths, as in the derivation of Fresnel's equations, homogeneous electromagnetic properties are assumed for the two media that form the interface.

Microfacet models

The adaptation required for rough surfaces is performed by replacing the constant normal vector of the macrosurface 𝑛 ⃗ with statistically distributed normal vectors 𝑚 ⃗⃗ describing the orientation of microsurfaces or microfacets (Figure 42). This approach is called the microfacet model. The model can, of course, not be used to reconstruct the actual topology of the surface accurately. It only provides distributions relevant for modelling the surface's directional reflection and transmission profiles, based on optical geometry assumptions. The model can therefore be regarded as randomly oriented, specularly reflecting facets (mirrors), whereby the orientations of the facets follow a distribution determined by a roughness parameter.

The microfacet model was introduced by [START_REF] Cook | A Reflectance Model for Computer Graphics[END_REF] for rendering in computer graphics. Based on this work, many authors have proposed variations or computationally cheaper implementations. Significant improvements were, e.g. provided by [START_REF] Ward | Measuring and modeling anisotropic reflection[END_REF], [START_REF] Schlick | An Inexpensive BRDF Model for Physically-based Rendering[END_REF], [START_REF] Walter | Microfacet models for refraction through rough surfaces[END_REF] as well as by [START_REF] Ashikhmin | Graphics Tools---The jgt Editors[END_REF]. Most of the early approaches, which are still widely used, do not satisfy energy conservation since the main purpose of the models is to allow computer graphics rendering with high computational efficiency.

Shadowing and masking

While the different versions show some alterations, usually, the microfacet models consist of three components: a distribution of microfacets surface normals 𝐷(𝑚 ⃗⃗ ), a shadowing function and a masking function. The distribution of surface normals 𝐷(𝑚 ⃗⃗ ) depends on a roughness parameter and describes the orientations of the microfacets. In order to determine the visible facets 𝐷(𝑚 ⃗⃗ ) has to be masked by a masking function, which depends on the viewing angle in backward raytracing. In the forward raytracing approach applied in the RadiCal method, this corresponds to the angle of the incident light 𝑣 𝑖 ⃗⃗⃗ . Applying this masking function 𝐺 1 (𝑣 𝑖 ⃗⃗⃗ , 𝑚 ⃗⃗ ) to the distribution of surface normals 𝐷(𝑚 ⃗⃗ ) the distribution of visible surface normal 𝐷 𝑣 (𝑚 ⃗⃗ ) is obtained. This distribution has to be sampled for any incoming ray to identify the correct orientation of the microfacet. The Fresnel coefficients are then determined for the reflection on the microfacet. If the ray is reflected, a second function, called the shadowing function, is applied to detect if another microfacet blocks the outgoing ray. Since in computer graphics, usually only one collision (or "bounce") of the ray on a surface is considered, the two functions are often combined to form a shadowing-masking function 𝐺 2 (𝑣 𝑖 ⃗⃗⃗ , 𝑣 𝑜 ⃗⃗⃗⃗ , 𝑚 ⃗⃗ ). This function depends on the incoming and outgoing direction and determines if the considered ray is unobstructed and, thus, should be used to sample the surface's appearance. In a simple approach, the masking function 𝐺 1 can be used to construct the shadowing-masking function

𝐺 2 (𝑣 𝑖 ⃗⃗⃗ , 𝑣 𝑜 ⃗⃗⃗⃗ , 𝑚 ⃗⃗ ) = 𝐺 1 (𝑣 𝑖 ⃗⃗⃗ , 𝑚 ⃗⃗ ) • 𝐺 1 (𝑣 𝑜 ⃗⃗⃗⃗ , 𝑚 ⃗⃗ ) (68) 
In this approach, the model is referred to as uncorrelated surface, as the orientations of neighbouring microfacets are assumed to show no correlation. On a more detailed look, it becomes evident that depending on the assumed topology, correlation relations must be considered. Therefore, the shadowing function for the outgoing ray has to depend on the orientation of the hit microfacet. For such correlated surfaces, equation (68) will not hold, and 𝐺 2 (𝑣 𝑖 ⃗⃗⃗ , 𝑣 𝑜 ⃗⃗⃗⃗ , 𝑚 ⃗⃗ ) has to be provided in closed form. In the implementation of the RadiCal raytracer, forward raytracing is applied. Contrary to the standard rendering approach using back-tracing, the masking function determines the illuminated microfacet, whereas the shadowing function determines if the reflection path is unobstructed. In the RadiCal approach, every ray is followed from "cradle to grave" to ensure energy conservation. Hence, unlike in the standard rendering methods, it is not possible to simply omit obstructed light paths as usually applied with shadowing-making functions. Since usually only the implicit shadowing-masking function and masking functions are provided, they are used to evaluate the shadowing function 𝐺 𝑠 :

𝐺 𝑠 (𝑣 𝑖 ⃗⃗⃗ , 𝑣 𝑜 ⃗⃗⃗⃗ , 𝑚 ⃗⃗ ) = 𝐺 2 (𝑣 𝑖 ⃗⃗⃗ , 𝑣 𝑜 ⃗⃗⃗⃗ , 𝑚 ⃗⃗ ) 𝐺 1 (𝑣 𝑖 ⃗⃗⃗ , 𝑚 ⃗⃗ ) (69)
Expressed in terms of probability, it can be stated that the probability of an obstruction in the outgoing direction (𝐺 𝑠 ) is obtained by dividing the probability of obstruction on either path (𝐺 2 ) by the probability of the obstruction for the incoming path (𝐺 1 ).

Implementation of the Heitz Smith GGX model

While many different BSDF models are available, most do not meet the requirements of the implemented Monte-Carlo method. For rendering purposes, usually, importance sampling is applied, i.e. many rays are computed and weighted, or rejected, according to the masking and shadowing functions. For the use in the RadiCal raytracer, however, it is essential to use a model which explicitly and always provides a statistically distributed surface normal orientation for any incident direction.

In the year 2014 Heitz andd'Eon (2014a, 2014b) introduced a very efficient method which allows direct sampling of the distribution of visible surface normals 𝐷 𝑣 (𝑚 ⃗⃗ ) for V-cavity or Smith surfaces. Instead of sampling the distribution of normals first and then weighting the normals according to the masking function, the weighted distribution can directly be sampled in a single step. Three years later Eric Heitz (2017) developed the method further and proposed a new algorithm, which not only simplifies the implementation but also significantly improves the algorithm's efficiency even further.

The suggested method has been implemented, and the widely used GGX distribution of normals has been used in this first version of the RadiCal raytracer. It allows to modelling of correlated and uncorrelated surface topologies defined by one isotropic () or two anisotropic ( 𝑥 ,  𝑦 ) dimensionless roughness parameters.

The corresponding masking function 𝐺 1 (𝑣 , 𝑚 ⃗⃗ ) for the Smith GGX surface is [START_REF] Heitz | Understanding the Masking-Shadowing Function in Microfacet-Based BRDFs[END_REF])

𝐺 1 (𝑣 , 𝑚 ⃗⃗ ) =  + (𝑣 ⃗ •𝑚 ⃗⃗⃗ ) 1+(𝑣 ⃗ ) 𝑤𝑖𝑡ℎ (𝑣 ) = -1+√1+ 1 𝑎 2 2 𝑎𝑛𝑑 𝑎 = 1 𝛼 𝑡𝑎𝑛 𝜃 𝑓𝑜𝑟 𝑖𝑠𝑜𝑡𝑟𝑜𝑝𝑖𝑐 𝑟𝑜𝑢𝑔ℎ𝑛𝑒𝑠𝑠 𝑜𝑟 𝑎 = 1 √𝑐𝑜𝑠²𝜑𝛼 𝑥 2 + 𝑠𝑖𝑛²𝜑𝛼 𝑦 2 𝑡𝑎𝑛 𝜃 𝑓𝑜𝑟 𝑎𝑛𝑖𝑠𝑜𝑡𝑟𝑜𝑝𝑖𝑐 𝑟𝑜𝑢𝑔ℎ𝑛𝑒𝑠𝑠 (70) 
 + is the positive Heaviside function which returns +1 for positive values and 0 for negative arguments. It is used to remove any back-facing normal of the distribution.

For the case of uncorrelated surface roughness, the related masking-shadowing function 𝐺 2 (𝑣 𝑖 ⃗⃗⃗ , 𝑣 𝑜 ⃗⃗⃗⃗ , 𝑚 ⃗⃗ ) can be written as

𝐺 2 (𝑣 𝑖 ⃗⃗⃗ , 𝑣 𝑜 ⃗⃗⃗⃗ , 𝑚 ⃗⃗ ) = 𝐺 1 (𝑣 𝑖 ⃗⃗⃗ , 𝑚 ⃗⃗ ) • 𝐺 1 (𝑣 𝑜 ⃗⃗⃗⃗ , 𝑚 ⃗⃗ ) =  + (𝑣 𝑖 ⃗⃗⃗ ,• 𝑚 ⃗⃗ ) 1 + (𝑣 𝑖 ⃗⃗⃗ , )  + (𝑣 𝑜 ⃗⃗⃗⃗ • 𝑚 ⃗⃗ ) 1 + (𝑣 𝑜 ⃗⃗⃗⃗ ) (71) 
For the correlated case, Heitz (2014) suggests the following relation, which considers height correlation:

𝐺 2 (𝑣 𝑖 ⃗⃗⃗ , 𝑣 𝑜 ⃗⃗⃗⃗ , 𝑚 ⃗⃗ ) =  + (𝑣 𝑖 ⃗⃗⃗ ,• 𝑚 ⃗⃗ )  + (𝑣 𝑜 ⃗⃗⃗⃗ • 𝑚 ⃗⃗ ) 1 + (𝑣 𝑖 ⃗⃗⃗ , ) + (𝑣 𝑜 ⃗⃗⃗⃗ ) (72) 
As mentioned above, the shadowing-function is explicitly in the RadiCal implementation. While the shadowing-function 𝐺 𝑠 matches the masking function 𝐺 1 in the uncorrelated case, equation ( 69) is used to derive 𝐺 𝑠 of 𝐺 1 and 𝐺 2 .

The distribution of visible surface normals 𝐷 𝑣 (𝑚 ⃗⃗ ) has been implemented based on the very efficient sampling algorithm provided by Heitz and D'Eon (2014a) and subsequently improved by [START_REF] Heitz | A Simpler and Exact Sampling Routine for the GGX Distribution of Visible Normals[END_REF]. Its implementation is provided in the next section. 

Testing and validation

In order to test the implemented algorithm, the reflection and transmission profile of float-glass and silver surfaces with different roughness values were analysed. Unpolarised light with a wavelength of 500 nm was used for incidence. The implementation and the calculation results were also briefly discussed with Eric Heitz, the author of the relevant publications. The following polar plot representations show the reflected and transmitted angularly resolved radiance values. To be able to present the results within a single chart, the square root of the radiance values is used as the radius parameter for the polar plots. For the polar plots, only the correlated model was applied. Figure 43 depicts the scattering of light for three different angles of incidence (grey: 10°, violet: 45°, red: 80°) and three different roughness values (left: 0.1, centre: 0.3, right: 1.0). It can be seen that most of the energy is transmitted below the surface. The surface roughness leads to a broadening of the transmitted and refracted beam, increasing with surface roughness. Likewise, the reflection on the surface is broadened/diffused. Consistent with the Fresnel equations, the reflectance generally rises with a higher angle of incidence. However, the effect is mitigated by a high roughness of the surface. This indicates that the secondary bounces enable an additional and even broader diffusion of the transmitted light into regions that would, due to the law of refraction, not be accessible on the first scattering process. However, from a quantitative point of view, the diffusion by multiple scattering events is very limited. Analysing the reflectance of the rough silver surfaces, a generally higher reflectance and, therefore, a weaker dependence of the reflectance on incidence angle and roughness is observed. The significant effect of the surface roughness is that the reflectance loses its directional component, as can clearly be seen in Figure 45. The roughest case (right) does not show any specular reflection. The reflected light is equally diffused in all directions. In order to analyse the difference between the correlated roughness model vs. the uncorrelated approach, the reflection on a silver surface with a roughness value of 1.0 (at an incidence angle of 45°) is analysed using both models. As shown in Figure 47, the consideration of correlation, on the one hand, reduces the intensity of the reflection towards the surface-normal, while the radiance in directions more parallel to the surfaces is increased. The uncorrelated model results in an ideal Lambertian reflection profile. The polar plot representation shows a perfect spherelike structure, as can be expected for a Lambertian surface. However, the root-square scaling approach in the presented figure slightly distorts the sphere. In order to quantify the simulation results the reflectance was integrated over the entire hemisphere to determine the spectral directional-hemispheric reflectance (SDHR). Table 8 provides the total reflectance values for all cases depicted above. Additionally, the SDHR values were determined as a function of the roughness parameter  for both surface materials and the six incidence cases each (see Figure 48). It can be seen that the reflectance of the surface is generally reduced with increasing roughness. This effect is particularly pronounced for the reflection off the glass with the high incidence angle (80°).

In this case, the reflectance reduces from approx. 40% for the flat surface to almost 5% for the rough surface ( = 1). The results further show that choosing either the correlated or uncorrelated surface model for the float-glass has little effect on the generally low reflectance.

On the highly reflective silver surface, the reflectance decrease with roughness is generally lower, albeit clearly visible. Choosing the correlated model leads to apparently higher reflectance values; however, the absolute reflectance increase is only 0.5% at most. The reason for this increase can be identified if the average number of bounces on the surface structure is evaluated (not listed here): for the rough surface ( = 1) and incidence angle 80° the average number of bounces for each ray is lowered from 1.66 to 1.36 if the correlated model is chosen. This indicates that the different distribution of microfacet orientations allows the ray of light to exit more easily, reducing potential absorption.
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Another less quantitative but powerful test for the validity of the implementation is the generation of rendered images, as the eye is very sensitive to inaccurate representations or singular errors. For this purpose, the raytracing algorithm is used in backward mode (see section 7.11). As can be seen in Figure 49, the microfacet algorithm provides a realistic appearance for transparent and opaque materials. It can also be seen that a roughness value  of 0.3 already provides a pronounced, "sandblasted" appearance of the surfaces. This indicates that higher values for  are less relevant for realistic modelling of surfaces. 

. Background and theory

In many rendering approaches, a three-component model is used to approximate the optical behaviour of surfaces. It involves specular reflection, diffuse surface reflection and diffuse subsurface reflection (see Figure 50). Specular reflection directly results from solving Fresnel's equations for flat surfaces. Diffuse reflection on the surface occurs due to its topology, i.e. roughness. In the RadiCal approach, microfacet models are used to model this effect. Therefore, the specular (A) and diffuse surface (B) reflection on the surface are implicit parts of the extended Fresnel model, and the relevant dependence on roughness and incidence angle arises intrinsically. This approach also allows considering the presence of thinfilms on the surface. Subsurface reflection (case C), however, has to be covered by an additional model. Subsurface reflection results from light rays penetrating through the (rough or flat) surface. If the material below the surface is a conglomerate showing a spatial variation of refractive indices, then the incoming light will suffer multiple scattering events, and finally, a fraction will exit beyond the surface again. The effect is, therefore, also referred to as 'subsurface scattering' or 'volume scattering'. Materials with significant subsurface scattering are sometimes called translucent to express that they are neither transparent nor opaque. Common materials with strong subsurface scattering are wax, milk, skin, leaves or minerals. These materials allow relatively deep penetration of light below the surface. However, in many materials, subsurface scattering occurs directly below the surface. For the indented technical application of the raytracer, paints represent the probably most relevant type of material requiring the modelling of subsurface scattering. Paints are made of a binder containing small particles referred to as pigments. Binder materials, e.g. oils, resins or gums, generally are transparent and have a low refractive index to allow the light to penetrate below the surface. In contrast, pigments exhibit very high refractivity in some parts of the spectrum and effectively scatter light of the corresponding wavelengths while other parts of the spectral range are absorbed. The Monte Carlo raytracing approach applied in the RadiCal method allows a detailed simulation of multiple scattering events within the volume of an object. This enables the implementation of specific models for a variety of layered or homogeneous translucent materials. In this first version, however, a simpler approach has been implemented. Based on a given spectrally resolved subsurface reflectance function 𝜌 𝑠𝑠 (), it is assumed that a fraction of light refracted below the surface is diffusely reflected to the outside again. This first implementation assumes a perfect diffuse directional distribution according to a Lambert reflector (see section 4.3.3). Further, it is assumed that the multiple scattering events lead to a full depolarisation of the reflected light. The two assumptions are approximations that are often applied. The implementation of the ideal diffuse and depolarised subsurface reflection, therefore, allows modelling surfaces in line with many existing approaches, including the current ISO standard approach for modelling shading devices. Additionally, more refined subsurface scattering models can be integrated in the future. The potential extension of the scattering models can be divided into two groups. On the one hand, commonly used BRDF scattering models, like the widely used Oren-Nayar model [START_REF] Oren | Generalization of Lambert's reflectance model[END_REF], can be added. However, it has to be considered that many effects that these models are based on are already covered by the microfacet approach. On the other hand, following the raytracing approach, new subsurface models could comprise explicit subsurface scattering models and consider effects occurring when the potentially rough surface is passed again from the backside. This approach would also allow tracking the reflected light's polarisation state.

Sampling the outgoing direction on a Lambert surface

The subsurface reflectance module needs to provide an outgoing direction for the reflected ray following the principles of Lambert reflectance. While the BRDF function of a Lambert surface, being constant throughout the hemisphere (see section 4.3.3), might indicate uniform sampling of the hemisphere, sampling from the perspective of radiance must be considered. Following the Lambert assumption, it is evident that the directions on the hemisphere must be sampled with a cosine weighting, as directions near the surface normal will contribute stronger. In order to obtain this distribution for the direction of the diffusely reflected light, the inversion method (see section 5.1.2) is applied to determine the 𝑧-coordinate. The 𝑃𝐷𝐹 that has to be proptional to 𝑐𝑜𝑠 𝜃 is integrated and subsequently inverted to obtain 𝐶𝐷𝐹 -1 . The 𝑥 and 𝑦 coordinates are determined by equally distributed points on the corresponding circle of the hemisphere. Two independent random numbers 𝑢 1 and 𝑢 2 are used in this process.

𝑃𝐷𝐹(𝑧) = 𝑐𝑜𝑠 𝜃 = 𝑧 → 𝐶𝐷𝐹(𝑧) = 𝑧 2 → 𝑧 = 𝐶𝐷𝐹 -1 (𝑢) = √𝑢 𝑧 = √𝑢 1 𝑥 = √ 1 -𝑧² 𝑠𝑖𝑛(𝑢 2 • 2𝜋) 𝑦 = √ 1 -𝑧² 𝑐𝑜𝑠(𝑢 2 • 2𝜋) (73) (74)
The actual implementation follows this method; however, some numerical optimisations are applied to increase the algorithm's efficiency (see next section).

Implementation

In analogy to the refractive index module, an abstract base class for the subsurface scattering function, which provides the subsurface reflection as a function of wavelength, is defined and inherited to child classes, which carry the specific models. Currently, three different models are available; additional models can be implemented straightforwardly. The class TssRhoConst allows the definition of a constant subsurface reflectance value for the entire wavelength range (grey or white material). The class TssRhoSpline can be used to define reflectance values based on spline functions with a variable number of knots. Currently, mainly this class is used as it corresponds to the reflectance behaviour of pigments, which usually show smooth and continuous variation rather than edges. Finally, to be able to import tabulated data, the TssRhoTableLinIP is available. It allows describing the reflectance curve using linear interpolation between given points. In order to generate the outgoing direction, a unit vector aligned to the local system (where the zaxis equals the macroscopic surface normal) is generated. The implementation follows equation ( 74); however, to avoid the time-consuming sine and cosine function calls the random points on the circle, providing the x-and y-coordinates are generated using a rejection sampling method. The approach is based on an algorithm commonly referred to as 'Malley's method' [START_REF] Malley | A Shading Method for Computer Generated Images[END_REF]. The implementation was found to be 44% faster than the original algorithm. In the algorithm, firstly, a random point within the unit square is chosen. If this point lies within the unit circle, its coordinates are scaled to match the radius of the unit sphere; otherwise, a new point is processed. This method provides points that are equally distributed on a circle. 

Testing and validation

In order to test the LocalLambert function, some basic statistical tests are performed on the distribution of the directions provided. The function is called for one billion times generating samples to perform two statistical tests. Firstly, the mean vector of all samples |𝑣 𝑖 | is calculated. Additionally, the result is segmented into one million subsamples of sample size 1000 to analyse the validity and convergence of the three coordinates of the mean vector. The calculation results for the average coordinates and standard deviation are:

|𝑣 𝑖 | = ( 0.000015 -0.000014 0.666668 ) ( 𝜎 𝑥 𝜎 𝑦 𝜎 𝑧 ) = ( 0.015812 0.015820 0.007455
) 𝑓𝑜𝑟 𝑛 = 1 000 000, 𝑚 = 1000

For the cosine-weighted hemisphere, the mean value is expected at (0,0, 2 3 ⁄ ), which can be shown by integration. In addition to that, the central limit theorem (see section 5.1.3) is applied to check for an error or bias in the result. For this purpose, the statistical error that has to be expected for the given number of samples is determined. Applying equation ( 91), the standard error of means for the three coordinates are:

𝜎 𝑆𝐸𝑀 = ( 0.000016 0.000016 0.000007 )
Therefore, the deviations of |𝑣 𝑖 | are well within the range that can be expected statistically. No bias or error in the results is detected.

For the second test, a histogram of the results is created to validate the cosine dependence of the directions. If valid, the density of the random directional samples has to increase with the cosine of the angle between the given direction and the surface normal vector. Since the generated directions are aligned to the local surface plane with 𝑛 ⃗ = (0,0,1) and the angle between the direction vector 𝑣 and 𝑛 ⃗ can be written as 𝑣 • 𝑛 ⃗ = (0,0, 𝑣 𝑧 ) = 𝑐𝑜𝑠 𝛼, a linear relationship between the density of the random directions and their z coordinate is expected. In order to test this, a billion directional samples were compiled in a histogram with 100 bins using the z-coordinates for classification. As shown in Figure 51 and Figure 52, the almost perfect correlation of the distribution of sampled directions with the z-coordinates confirms the cosine dependence and, therefore, the validity of the implemented Lambert algorithm.
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As stated above, it is essential to have knowledge of the complex-valued refractive index (cRI) functions of all materials used in physically-based raytracing. While it is possible to retrieve models or empirical data for some "bulk" materials, e.g. of the refractiveIndex database [START_REF] Polyanskiy | refractiveIndex.INFO, Refractive index database[END_REF], this data is unfortunately currently not available for many other materials. For building science applications, it is of particular importance to have models for coated and uncoated glass panes, to be able to model glazings accurately. While the necessary refractive index information is not available, Lawrence Berkley National Laboratories kindly maintains the freely accessible and continuously updated glazing database IGDB (LBNL Windows and Daylighting Group, 2021), containing spectral measurements for almost all relevant types of glass. The database provides transmittance and reflectance spectra for the global radiation range. The datasets typically include measured spectral functions for the frontside reflectance 𝑅 𝑓 , backside reflectance 𝑅 𝑏 and transmittance 𝑇. These measurements are generally provided for normal, i.e. near-normal, incidence only. The data is provided for uncoated as well as for coated glass panes.

A method has been developed to generate the required cRI functions based on these measured spectral data by inversion, i.e. appropriate parametric models for the cRI functions are varied until the modelled reflectance and transmittance spectra match empirical spectra provided by IGDB. The two real-valued components forming the complex-valued refractive index function, the refractive index 𝑛() and the extinction coefficient (), have to be determined for the entire global radiation spectrum. Due to the many resulting degrees of freedom, the inversion can only be performed using a multi-parameter optimisation algorithm.

Thick slab model

While the MC-raytracing approach could be used to determine the total reflectance and transmittance of the uncoated or coated glass panes, the optimisation algorithm to fit the refractive indices relies on fast computation. Since the total reflectance and transmittance of the glass panes, being the result of interreflections, can be solved analytically, there is no reason to apply the -for this application slower -Monte-Carlo method. Instead, the thick slab model is applied to efficiently model a coated or uncoated glass pane's front-and backside reflectances and transmittance. As discussed in section 4.3.7, this model assumes a non-coherent superposition of many interreflections within the glass pane. Figure 53 provides a schematic overview of the model. Since the measurements are performed with air contact, the media 0 and 2 are modelled as air (approximated as vacuum). Medium 1 is the actual glass material. Interfaces 01 and 12 are modelled using the generalized Fresnel approach (see section 4.7). At interface 01, a thin-film stack 53). Note that for the case of a thinfilm stack present at interface 01, any absorption within the thin-film will also be included in the model, as for this case 𝑇 01 + 𝑅 01 < 1 will apply.

Beyond the Fresnel coefficients, relevant for the scattering processes at the interfaces, the transmittance 𝑇 1 of the glass pane is required. It is obtained by applying Lambert-Beer's law (see section 4.3.6):

𝑇 1 = 𝐼 12 𝐼 01 = 𝐼 01 • 𝑒 - 𝑙 𝐼 01 = 𝑒 - 𝑑 1 𝑐𝑜𝑠𝜃 1 (75) 𝐼 01 , 𝐼 12 … 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 𝑎𝑡 𝑡𝑜𝑝 𝑎𝑛𝑑 𝑏𝑜𝑡𝑡𝑜𝑚 𝑜𝑓 𝑔𝑙𝑎𝑠𝑠 𝑝𝑎𝑛𝑒 [W/m²] 𝑙 … 𝑜𝑝𝑡𝑖𝑐𝑎𝑙 𝑝𝑎𝑡ℎ 𝑙𝑒𝑛𝑔𝑡ℎ [m] 𝑑 1 … 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑜𝑓 𝑔𝑙𝑎𝑠𝑠 𝑝𝑎𝑛𝑒 [m] 𝜃 1 … 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑔𝑙𝑒 𝑖𝑛 𝑔𝑙𝑎𝑠𝑠 𝑝𝑎𝑛𝑒 [𝑟𝑎𝑑]  … 𝑎𝑡𝑡𝑒𝑛𝑢𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 [1/m]
Whereas the attenuation coefficient  is calculated using equation ( 40), and the angle 𝜃 1 is calculated based on Snell's law (46). The derivation of the total reflectance and transmittance, being the superposition of all interreflections, can easily be comprehended if the coefficients R and T are understood as probabilities. In this view, the probabilities for each path have to be added, while the required probabilities forming a path have to be multiplied. A similar derivation, but with slightly different components, is, e.g., provided by Stenzel (2016, p. 131). The infinite summation of all reflection paths (see Figure 53) then leads to a geometric series, which can easily be evaluated into a simple fractional term: 

direct
In complete analogy, the total reflectance for the front side and, by flipping the direction and exchanging the interface indices correspondingly, the backside of the glass pane can be derived. Note that the expressions could further be simplified by expressing transmittance values by reflectivities and applying identities for transmittance values in reverse directions. However, since the coefficients are readily provided by the algorithms and in order to average out numerical inaccuracies, the expressions were implemented as stated in equations ( 76) and ( 77). Note also that all quantities applied principles, models and methods
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A parametric model for coated and uncoated glass panes

After some testing, the following models were identified as best suited to determine the cRI functions by inversion. As is always the case for such optimisation problems, it is critical to provide a physically appropriate model with as many variable parameters as required -but only as few as necessary, to avoid overtraining the model.

In the implemented method, mainly natural cubic spline functions (G., [START_REF] Press | Numerical Recipes in Pascal--The Art of Scientific Computing[END_REF] with N knots are used to individually approximate the real-valued functions 𝑛() and () that constitute the complex-valued refractive index function. Since () often ranges over several orders of magnitude, a logarithmic mapping of the spline was tested but was found not to perform better than the linear approach.

The following constraints were applied in the optimisation process:

• the wavelength ("x-coordinate") of the first knot of the spline was constrained to range within 0 nm and 300 nm.

• the wavelength ("x-coordinate") of the last knot of the spline was constrained to range within 2500 nm and 3000 nm.

• all  values for glazings were constrained in the range of [1E-8, 10].

• all  values for coatings were constrained in the range of [1E-8, 100].

• all 𝑛 values for glazings were constrained in the range of [1E-5, 4].

• all 𝑛 values for coatings were constrained in the range of [1E-5, 6].

Note that the actual 𝑛 and  functions for the coatings do not have to reflect the true physical properties if taken individually and, therefore, can seem entirely out of range. A two-layer substitute model is applied to approximate the behaviour of the thin-film stack, potentially consisting of a double-digit number of different materials, e.g. for a low-E coating [START_REF] Ding | Silver-Based Low-Emissivity Coating Technology for Energy-Saving Window Applications[END_REF]. The actual optical behaviour of the thin-film assembly is determined as the result of the multiplications of the individual characteristic matrices of each layer (see equations ( 50) -( 52)). This matrix multiplication relies on the cRI functions of the individual layers, as well as on their thicknesses 𝑑 𝑖 .

Therefore, physically not meaningful values for 𝑛,  and d achieved for the single layers of the twolayer model can still be suitable to resemble the correct physical behaviour of a multi-layer assembly.

While spline functions are used to model the refractive index and extinction coefficient functions of all coating layers, the refractive index of the glass can be modelled based on a less complex model.

The following dispersion formula (see TRIsimpleDispersionAndKspline of Table 5) has proven to be suitable to model the relevant uncoated glass pane types:

𝑛 = 𝐶 1 + 𝐶 2 𝜆 2 + 𝐶 3 𝜆 2 (79)
As can be seen, this function relies on three parameters only, while the natural cubic spline function has N degrees of freedom.

Since IGDB contains data for coated and uncoated glass panes, the uncoated panes' spectra are always used to determine the model parameters for the plain glass material. The given thickness of the glass pane is provided as a constant model parameter.
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In order to determine the model for coated glass panes, the model parameters of the uncoated glass, comprising three constants for the refractive index (eq. ( 79)) and a series of N spline knots for the extinction coefficient, are used as constant values. Only the parameters relevant for the two coating layers, comprising the thickness and the two series of knots coordinates for each coating layer, are the free parameters in the optimisation process to replicate the measured spectra of the coated glass pane.

An ideal optimisation cost function

Ideally, the optimisation should be controlled by applying transmittance and reflectance spectra for multiple incidence angles as the target quantity of the optimisation. Based on the experience gained when working with the optimisations, it seems likely that a number of only two to four different incident angles should be sufficient for this purpose.

The objective of the optimisation process is defined by providing a cost function that rates the optimality of a solution. For the present case, the following definitions are proposed: first, the deviations (∆𝑇, ∆𝑅 𝑓 and ∆𝑅 𝑏 ) of the model vs. the measurement for a specific incidence angle 𝜃 𝑛 and the wavelength  𝑚 are defined as:

∆𝑇(𝜃 𝑛 ,  𝑚 ) = 𝑇(𝜃 𝑛 ,  𝑚 ) -𝑇 ̂(𝜃 𝑛 ,  𝑚 ) ∆𝑅 𝑓 (𝜃 𝑛 ,  𝑚 ) = 𝑅 𝑓 (𝜃 𝑛 ,  𝑚 ) -𝑅 ̂𝑓(𝜃 𝑛 ,  𝑚 ) ∆𝑅 𝑏 (𝜃 𝑛 ,  𝑚 ) = 𝑅 𝑏 (𝜃 𝑛 ,  𝑚 ) -𝑅 ̂𝑏(𝜃 𝑛 ,  𝑚 ) (80)
Where 𝑇, 𝑅 𝑓 and 𝑅 𝑏 are the model results, according to ( 76) -( 78), and the corresponding values marked with the hat accent represent measurement values provided by the IGDB spectrum files. The global radiation spectrum is sampled in two dimensions. First, by using 𝑀 distinct, energetically equidistant wavelengths  𝑚 (see section 4.4.2), and second, for 𝑁 available incidence angles 𝜃 𝑛 .

The loss functions to assess the quality of the fitting are defined as:

𝑠𝑞𝑟_𝑒𝑟𝑟 = √ ∑ ∑ [∆𝑇(𝜃 𝑛 ,  𝑚 ) 2 + ∆𝑅 𝑓 (𝜃 𝑛 ,  𝑚 ) 2 + ∆𝑅 𝑏 (𝜃 𝑛 ,  𝑚 ) 2 ] 𝑀 𝑚=1 𝑁-1 𝑛=0 𝑁 • 𝑀 𝑚𝑒𝑎𝑛_𝑒𝑟𝑟 = ∑ ∑ [∆𝑇(𝜃 𝑛 ,  𝑚 ) + ∆𝑅 𝑓 (𝜃 𝑛 ,  𝑚 ) + ∆𝑅 𝑏 (𝜃 𝑛 ,  𝑚 )] 𝑀 𝑚=1 𝑁-1 𝑛=0 𝑁 • 𝑀 𝑚𝑎𝑥_𝑒𝑟𝑟 = 𝑚𝑎𝑥 𝑚,𝑛 [|∆𝑇(𝜃 𝑛 ,  𝑚 )|] + 𝑚𝑎𝑥 𝑚,𝑛 [|∆𝑅 𝑓 (𝜃 𝑛 ,  𝑚 )|] + 𝑚𝑎𝑥 𝑚,𝑛 [|∆𝑅 𝑏 (𝜃 𝑛 ,  𝑚 )|]
(81) The weighted loss functions finally determine the cost function for the optimisation process:

𝐶 = 𝒄 𝟏 • 𝑠𝑞𝑟_𝑒𝑟𝑟 + 𝒄 𝟐 • 𝑚𝑒𝑎𝑛_𝑒𝑟𝑟 + 𝒄 𝟑 • 𝑚𝑎𝑥_𝑒𝑟𝑟 (82)
The coefficients 𝒄 𝒊 can be used to balance the three components of the cost function. Unfortunately, this approach could not be applied and tested fully, as only spectra for one angle (near-normal incidence) were available. However, based on the presented definitions, an extended cost function is introduced below.

The pragmatic optimisation cost function

It turned out that applying spectral data only for one angle (near-normal incidence) was insufficient to perform a meaningful determination of the model parameters for the refractive index functions.

As the model offers a relatively large number of free parameters, overfitting occurs if insufficient fitting data is provided. Therefore, additional data or constraints are needed. Since no measurements for varying angles are available, two additional constraints are imposed: 1. the normal-incidence reflectance and transmittance spectra should also be valid for a specified low, but non-zero, incidence angle 𝜃 1 .

2. the ratio of the total transmittance for a specified higher oblique angle 𝜃 2 to the total transmittance at normal incidence should match a specified value.

Both constraints are physically reasonable. The first condition helps to avoid spectrally sensitive thin-film solutions that frequently occur if the constraint is not applied. Such solutions will provide the correct reflectance behaviour for the normal incidence but will show strong spectral and angular dependences for oblique angles, e.g. as the colourful "rainbow" interference known from thin oil or soap films. Such effects are, in fact, avoided in the production of glazings, as this would impair the visual quality of the glazing. Since the angular characteristics of glazing generally show very little change at incidence angles less than 10 to 20 degrees [START_REF] Rubin | Models for the angle-dependent optical properties of coated glazing materials[END_REF][START_REF] Roos | Angular-dependent optical properties of low-e and solar control windows -Simulations versus measurements[END_REF], an angle 𝜃 1 within this range can be chosen.

To further restrict the optimisation results to physically plausible solutions, a target value for the decrease of the transmittance with higher angles is specified in the second constraint. While the entire spectrally resolved reflectance and transmittance data is provided in the first constraint, here, only the total (=spectrally integrated) value of the transmittance is considered. Since the sampling wavelengths  𝑚 are provided for energetically equidistant intervals, the total transmittance can simply be calculated by averaging the values. Hence, the additional loss function can be written as:

𝑎𝑛𝑔_𝑑𝑒𝑐 = | ∑ 𝑇(𝜃 2 ,  𝑛 ) 𝑀 𝑚=1 ∑ 𝑇(𝜃 0 ,  𝑛 ) 𝑀 𝑚=1 -𝑓 𝑇 | (83) 
Where 𝑓 𝑇 represents the target value for the decay of the total transmittance. The other loss functions remain the same as stated above, however two angles are considered there now: 𝜃 0 representing near-normal incidence, and 𝜃 1 as low angle for which the normal-incidence spectra should still be valid.

𝐶 = 𝑐 1 • 𝑠𝑞𝑟_𝑒𝑟𝑟 + 𝑐 2 • 𝑚𝑒𝑎𝑛_𝑒𝑟𝑟 + 𝑐 3 • 𝑚𝑎𝑥_𝑒𝑟𝑟 + 𝑐 4 • 𝑎𝑛𝑔_𝑑𝑒𝑐 (84) 
In the practical implementation, the relevant angles and weighting-factors were defined as: 𝜃 0 = 10 -3 ° (nonzero for numerical stability), 𝜃 1 = 15 ° , 𝜃 2 = 70 ° and 𝑐 1 = 𝑐 2 = 𝑐 4 = 1, while 𝑐 3 = 0.5. 

Implementation

The implementation is contained in the module rc_fittrrspectrum3, whereby the version number indicates the evolution of the module. The class TfitTRRSpectrum contains all functions necessary for the optimisation process and additional tools used to import, export and report the optimisation results.

The progress of the potentially multi-hour-long optimisation can be monitored in text form, as well as in the form of an updating chart. The implementation is an application of the simulated annealing algorithm (see section 5.2), where equation ( 84) is used as a cost function. The relations for the thick slab model derived above, see ( 76) -( 78), are used to compute the analytic transmittance and reflectance values used for the fitting to the empirical data during the optimisation process. In the implementation, the ipfisn and ipfspn of the NumLib library (Free Pascal Team, 2021) are used to solve and evaluate the linear equation systems for the applied natural cubic spline fitting.

Testing and validation

In order to demonstrate the potential of the method, the complex-valued refractive index (cRI) functions of three different materials are determined from their transmission and reflection spectra. The objective of the test is two-fold: 1.) If applied in the raytracing (or thick-slab model), the determined cRI function should, with good accuracy, result in transmission and reflection spectra matching the measured data they were generated on. The match is quantified with three different parameters that are also applied during the optimisation process: a. Mean error of samples: as the wavelength samples are distributed according to the global radiation spectral density, the total mean error also coincides with the integrated total error considering the entire spectrum. b. Root-mean-square error of samples: this value is the best indicator for the average spectral deviation of the three spectra.

c. Max. error of samples: the maximum deviation for any sample in any of the three spectra (transmission, reflection-frontside, reflection-backside) is determined.

2.) The determined cRI functions should be physically correct, i.e. represent the "true" cRI functions.

The second point cannot fully be validated here, as a thorough validation would require the availability of measured transmission and reflection spectra, as well as of measured cRI functions (e.g. by applying spectroscopic ellipsometry). While this data is not available for the materials considered here, the plausibility of the data can still be assessed by comparison with available similar cRI functions.

Case 1 -determination of cRI functions for uncoated window pane

In this first case, the cRI of an uncoated pane used for insulated glazing units (IGU) is determined.

The result is later used in the full-system validation (chapter 8). The pane is of type Planibel Clearlite by the manufacturer AGC Glass Europe. The nominal thickness is 4 mm, while the actual thickness is 3,85 mm. The related spectra were exported from the IGDB database (LBNL Windows and Daylighting Group, 2021).

For the inversion process to determine the cRI of the uncoated glass, the dispersion relation stated in equation ( 79 [START_REF] Rubin | Optical properties of soda lime silica glasses[END_REF] Figure 56 shows the cRI as determined by [START_REF] Rubin | Optical properties of soda lime silica glasses[END_REF] for unspecified "clear glass". As Rubin notes in his publication, the absorptance and reflectance of the window glass are affected by the FeO concentration and further additives. This means that significant variations can be expected among different clear glasses. However, as can be seen by comparison of Figure 55 and Figure 56, the match between the values for a modern glass, determined with the novel method presented here and the values determined by Rubin in 1985, is remarkably high.
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The match of the transmission and reflection spectra is depicted in Figure 57. The precision of the reconstruction is very high, as the only visible deviation occurs in the transmission spectrum at approx. 2.2 µm. However, the deviation is still small, and the energetic impact of the deviation is even less significant, as this part of the global radiation spectrum exhibits a low spectral flux density.

The maximum sample error is 1.1% for the transmittance and less than 0.08% for the reflectance, and the root mean squared error is 0,4% for all transmittance and reflectance samples. The mean sample error is 0.09% for the transmittance and + 0.001% for the reflectance samples. Since mean sample errors are spectrally weighted, the errors are consistent with the total error for the entire global radiation spectrum. 

Case 2 -determination of cRI functions for low-E coated window pane

In this example, a low emissivity (low-E) coating (of type iplus Top 1.1) is applied to the previously considered uncoated glass pane. As discussed in the theory section, the coating, consisting of multiple layers, is approximated using a two-layer substitute model. The already determined cRI for the 3.85 mm thick glass pane is held constant in the optimisation process. The optimisation involves the 𝑛 and  functions of both layers, where each function is modelled using spline functions with 10 knots. Beyond that, the two thicknesses d of the layers are variables during the optimisation process.

As discussed above, an additional parameter for the total angular weakening of transmittance is required due to the lack of angular spectral measurements. The value was taken from measurement data contained in a publication by [START_REF] Rubin | Models for the angle-dependent optical properties of coated glazing materials[END_REF]. The transmission of the specimen 'double Ag 3mm clear' was found to decrease to 63.8% of its near-normal value at 70°. This value was used as a target for the optimisation process. The optimisation terminated after 12.3 million iterations.

The layer thicknesses for the substation model were determined as 9.0 nm for the first (=glass-sided) layer and 37.6 nm for the second (=top) layer, respectively.

101 As mentioned in the theory section, the two individual coating layers do not necessarily need to have physically meaningful cRI functions or thicknesses, as their effect is determined by applying the matrix method to the entire stack. However, it can clearly be seen that the method again captures relevant physical properties of the materials, as the cRI of layer 1 (n1, k1 in Figure 59) shows a clear qualitative and quantitative resemblance to the measured values [START_REF] Ciesielski | Controlling the optical parameters of self-assembled silver films with wetting layers and annealing[END_REF][START_REF] Polyanskiy | refractiveIndex.INFO, Refractive index database[END_REF] for a 20 nm thick silver coating deposited on a SiO2 substrate (see Figure 60). This is remarkable, as the optimisation process has only a few restrictions and is offered a large number of degrees of freedom available. While the actual layering of the low-E coating is not available to the author, it can be assumed that it comprises several different materials, including one to three silver layers. Due to production and durability aspects, the actual layering is usually complex and involves additional materials [START_REF] Ding | Silver-Based Low-Emissivity Coating Technology for Energy-Saving Window Applications[END_REF]. The comparison of the measured vs. the modelled spectra (Figure 61) shows that the applied twolayer model is able to replicate the transmittance and reflectance behaviour of the more complex layering very well. This is also supported by the error measures: transmission: max. sample error: 2.8%, mean sample error: <0.01%; reflection-frontside: max. sample error: 0.85%; mean sample-error: <0.01%; reflection-backside: max. sample error: 3.2%; mean sample-error: <0.01%;).

Figure 60 Measured cRI function of 20 nm-thick

silver film deposited on SiO2 substrate source: [START_REF] Ciesielski | Controlling the optical parameters of self-assembled silver films with wetting layers and annealing[END_REF][START_REF] Polyanskiy | refractiveIndex.INFO, Refractive index database[END_REF] 102 Figure 62 shows the angular dependencies for transmittance, frontside-and back-side reflectance as well as absorptance. Additionally, two references for the angular transmittance are depicted. The first is taken from [START_REF] Rubin | Models for the angle-dependent optical properties of coated glazing materials[END_REF] and represents measured data for a silver double-coated pane with a nominal thickness of 3 mm. Since the transmission ratio at 70° was an optimisation target, it shows a perfect match at this angle. However, a good match is also visible regarding the general shape of the curve. The second reference was taken from [START_REF] Roos | Angular-dependent optical properties of low-e and solar control windows -Simulations versus measurements[END_REF]. 

Case 3 -determination of cRI functions for ETFE membrane

In order to include a non-glass example of practical relevance, the cRI function of a clear ETFE membrane, as used for skylights in buildings, is determined. Transmission and reflection spectra for the relevant global radiation range were extracted from a chart provided by a manufacturer (Buitink Technology, 2022) ("standard foil" curves). The thickness of the sample that was used to determine the spectra is specified as 200 µm.

While an appropriate dispersion relation was used to model the 𝑛 function for the uncoated glass, the cRI of the ETFE membrane is now determined by optimising two spline functions. The number of available knots was set to 9 for the 𝑛-component and 19 for the -component, as more fluctuation in the absorption can be expected. Even though the optimisation is offered a very high number of degrees of freedom for the spline functions, remarkably smooth and plausible 𝑛 and  functions are determined in the optimisation process (see Figure 63). As can be seen in the 𝑛 function, the optimisation process concentrated most knots below 1 µm to capture the rise towards shorter wavelengths accurately.

103 As can be seen in the chart, three main absorption regions can be identified (indicated with blue arrows). These correspond to three absorption regions determined in the inversion, see Figure 63. Note that Figure 64 uses a linear scale, while the extinction coefficient in Figure 63 is depicted using a logarithmic scale. By converting the estimated absorption values using Beer-Lamberts law, eq. (26), it can be shown that the values match, at least in order of magnitude, being the relevant scope here.

Figure 65 demonstrates that the match between the measured and modelled transmission and absorption spectra (the optimisation process's target) is excellent: transmission: max. sample error: 1.8%, mean sample error: <0.01%; reflection: max. sample error: 0.4%; mean sample-error: <0.01%. The derived angular transmittance and reflectance for global radiation are depicted in Figure 66. 

. Background and theory

The following method is proposed to derive generic surface reflectance models for painted or coated opaque surfaces. The approach can be considered an intermediate model downgrade and follows the principle of fallback approaches (see section 2.2). While simplified assumptions are made for the complex-valued refractive index, the diffuse reflection based on subsurface scattering still contains spectrally resolved information. Beyond that, even the assumption of a constant refractive index is still able to model scattering events in a spectrally resolved way.

Highly resolved spectral measurement data is often unavailable for practically relevant, coated or painted materials, e.g. lammelas of shading elements. Nonetheless, the manufacturer will usually still provide integrated reflectance values for specific ranges of the global radiation spectrum. The reflectance values usually represent either the total diffuse or the total hemispherical reflectance, i.e. they exclude or include specular reflection. The values are usually determined by using incidence light with a low, near-normal direction. The commonly applied standard ASTM E 903 (ASTM E 903, 1996) advises using incidence angles in the 6 to 12 degrees range. In order to determine the solar reflectance value, the reflectance values are weighted based on a global radiation standard (see section 4.4).

As discussed in section 4.3.3, the diffuse reflection of painted or coated material is commonly the result of subsurface scattering processes on pigments submerged in a binder. It is, therefore, a reasonable approximation to apply a generic model for these materials, assuming a constant or smooth refractive index for the binder with little or no absorption. The subsurface scattering on the pigments, providing the characteristic absorption and colour of the surface, is then only modelled by using the subsurface reflectance function 𝜌 𝑠𝑠 (), see section 4.11.

The actual shape of the spectral reflectance function 𝜌 𝑠𝑠 () is determined in an optimisation process. Again, simulated annealing (section 5.2) is utilized for this purpose. In the optimisation process, the reflectance measurement is performed virtually and in accordance with the relevant standard [START_REF] Astm E | Standard Test Method for Solar Absorptance , Reflectance , and Transmittance of Materials Using Integrating Spheres 1[END_REF]. The spectral distribution of the incidence light is modelled according to the standard the measurement data refers to. The intensity and spectral distribution of the reflected rays are tracked, and the function 𝜌 𝑠𝑠 () is altered until the quantities measured in the model match the provided empirical data. The optimisation is performed by moving the knots of the implemented cubic-spline subsurface reflectance function (see section 4.11). The use of the spline functions to approximate the reflectance spectra takes into account that solid-state absorption (unlike gas absorption) usually exhibits a continuous and smooth spectral dependence.

The empirical reflectance data can be provided for hemispherical reflectance or for diffuse reflectance.

In the latter case, a filter is used to exclude the specular reflection (gloss) from the measurement. The same features are implemented in the method to ensure that the model measurement mimics the real-world measurement.

As the empirical data commonly only covers four different reflectance values (UV, visible, NIR and total) and the cubic spline has comparably many degrees of freedom, an additional optimisation objective is generated by setting a target for the colour of the surface. For this purpose, the spectrum of all diffusely reflected rays is converted into an RGB triple. This is performed by first converting the wavelengths into the XYZ colour space of CIE 1931 and then further into the RGB colour space 106 [START_REF] Fairman | How the CIE 1931 color-matching functions were derived from Wright-Guild data[END_REF][START_REF] Service | The Wright-Guild Experiments and the Development of the CIE 1931 RGB and XYZ Color Spaces[END_REF]Wikipedia, 2022). Since the brightness of the colour is already determined by the visible reflectance value, only the nomalised colour value is defined as the optimisation target. A third, less significant optimisation target measures the variability of the reflectance functions. It is simply defined as the average vertical distance between successive spline knots.

The three optimisation targets and an additional precision term are formulated as loss functions to assess the quality of the fitting.

They are defined as: The weighted loss functions determine the entire cost function for the optimisation process:

𝑅_𝑒𝑟𝑟_𝑟𝑚𝑠𝑞 = √ (∆𝑅 𝑈𝑉 ) 2 + 2 • (∆𝑅 𝑉𝐼𝑆 ) 2 + (∆𝑅 𝐼𝑅 ) 2 + 2 • (∆𝑅 𝑇𝑂𝑇𝐴𝐿 ) 2 6 𝑐𝑜𝑙_𝑒𝑟𝑟 = √ (∆𝑅 𝑟𝑒𝑑 ) 2 + (∆𝑅 𝑔𝑟𝑒𝑒𝑛 ) 2 + (∆𝑅 𝑏𝑙𝑢𝑒 ) 2
𝐶 = 𝑐 1 • 𝑅_𝑒𝑟𝑟_𝑟𝑚𝑠𝑞 + 𝑐 2 • 𝑐𝑜𝑙_𝑒𝑟𝑟 + 𝑐 3 • 𝑣𝑎𝑟𝑖 + 𝑐 4 • 𝑝𝑟𝑒𝑐_𝑝𝑒𝑛𝑎𝑙𝑡𝑦 (86) 
𝑅_𝑒𝑟𝑟_𝑟𝑚𝑠𝑞 represents the deviation for the reflectance in the given spectral ranges, 𝑐𝑜𝑙_𝑒𝑟𝑟 is the deviation of the nomalised colour value and 𝑣𝑎𝑟𝑖_𝑝𝑒𝑛𝑎𝑙𝑡𝑦 provides a penalty for strongly fluctuating functions. Finally, 𝑝𝑟𝑒𝑐_𝑝𝑒𝑛𝑎𝑙𝑡𝑦 adds a penalty related to the precision of the current solution. In order to increase the performance of the optimisation, the first optimisation cycles are performed with fewer samples. The potential statistical error of the results is considered by adding three times the standard error to the cost function. This very effectively prevents early solutions from being identified as optimal solutions. The coefficients 𝑐 𝑖 are used to balance the four components of the cost function. In the optimisations performed, the applied cost function weighting was: 𝑐 1 = 𝑐 2 = 𝑐 4 • = 1 and 𝑐 3 = 1 1000 ⁄ .

The method has proven to provide stable results matching the targeted reflectance quantities with good accuracy. However, given the limited restrictions for the optimisation process and the relatively high degree of freedom, the simulation results can certainly not be considered unique. In general, multiple different solutions will be able to meet the optimisation targets. Even if the generated subsurface reflection includes a certain degree of randomness and deviates from the actual spectral reflectance, it will still be a good approximation for the unknown function as it exhibits the same integrated reflectance values within the specific, provided spectral ranges and is based on a continuous reflectance function. In commonly applied alternative methods, a constant diffuse reflection coefficient 𝜌 𝑠𝑜𝑙 , which is integrated over the entire global radiation range, is generally used.

Implementation

The implementation is contained in the module rc_TsubsurfaceOpt. The method OPT_ASTM_E903_Reflectance can be called to perform an optimisation of subsurface reflectance function represented by a cubic spline with N Knots. As can be seen in the implementation, currently, an optimisation method performing virtual measurements according to the ASTM E 903 standard is implemented. In order to align the model with the empirical data, the optimisation method offers the same functionality as the "real-world measurement" method. The incidence direction, spectrum, size of the gloss filter and type of reflectance value can be defined freely. Beyond that, the colour target, the number of free knots for the spline optimisation and the polarisation state of the incidence beam have to be provided.

Testing and validation

The feasibility of the inversion method is demonstrated based on three different surface coatings for Venetian blinds. The materials reflect the materials of the actual testing specimens used in the full system validation (chapter 8).

Figure 67 Reflectance data as provided by the manufacturer

Figure 67 shows the material data as provided by the manufacturer. The table provides the integrated reflectance values for the total, UV, visible and NIR ranges for three different coatings/colours. The manufacturer also specifies the testing method and spectrum used. In the product data sheet, the 108 material of the coating is referred to as PE (polyester). The specifications are inconsistent, as PE is usually used for polyethylene and not polyester. As most polymers exhibit refractive indices in the range of 1.4 to 1.6 in the relevant spectral range, a constant value of 1.5 is commonly assumed to model polymers generically. Alternatively, additional information on the gloss at specified angles could be used to approximate the material's refractive index. A precise measurement of the gloss value can be used to narrow down the refractive index range for the applied spectral range, as the gloss value is a measure for the specular reflection (see sections 4.3.2 and 4.3.3). The generic value of 1.5 is assumed for the refractive index for the inversions performed here. The absorption of the material representing the binder of the coating is considered to be negligible; therefore, the complex-valued refractive index is defined as 𝑛 ̃= 1.5 -0𝑖. In order to model the diffuse subsurface reflection caused by the pigments, the subsurface reflectance functions 𝜌 𝑠𝑠 () are determined in the optimisation process described above. The results are depicted in Figure 68. As shown in Table 9, the integrated reflectance values for the different spectral ranges of optimised subsurface functions match the targeted values with reasonable accuracy. The deviations are in the range of a few tenths of a per cent. The reason for the deviation is that the optimisation based on smooth spline functions additionally has to consider the colour target. Without this objective, the optimisation would be able to provide almost perfectly matching reflectance values. Without additional color measurements available, the nomalised colour target was set to 𝑟𝑒𝑑 = 𝑔𝑟𝑒𝑒𝑛 = 𝑏𝑙𝑢𝑒 = 1.0 for all three materials, representing a desaturated colour (white or grey).

The subsurface reflectance function for the white coating shows strong fluctuations in the UV range. This is required to fulfil the steep drop from 80.9% reflectance in the visible to only 12.2% in the UV range (stated in the manufacturer's datasheet). In order to assess the quality and relevance of the optimised functions, it has to be considered that the visible and lower parts of the NIR spectral range are most relevant. The UV range contributes only 3%, and the range above 1460 nm accounts for only 10% of global radiation (see Table 2). 

Additionally applied methods

This chapter covers three topics that are essential components of the RadiCal method but are not directly related to light and optics. First, a short overview of the principles of Monte-Carlo methods is provided. Afterwards, the related optimisation method, simulated annealing, which is applied for several tasks in this work, is briefly introduced. Finally, the chapter concludes with a description of the geometric Fibonacci algorithm and its implementation for the RadiCal method.

Monte Carlo method

Overview

Monte-Carlo (MC) methods is a rather general term used for a variety of methods for different purposes. The methods share the approach that random numbers (samples) and the laws of probability theory are used to solve problems. The problems that are solved with MC methods in many fields, such as physics, chemistry, traffic, and economy, usually have in common that finding their analytic solution is either elaborate or impossible. They are usually hard to solve because they depend on a large number of variables that can be random or unknown to some extent. An (in)famous example is the solution of diffusion problems, as performed by Enrico Fermi and others while working on the concept of an atomic bomb at Los Alamos during world war II [START_REF] Metropolis | The Beginning of the Monte Carlo Method[END_REF]. This application represents the birth of the modern MC simulation and is also the origin of its name. "Monte-Carlo" was used as a code name that referred to the casinos of Monaco as a reference to the stochastic nature of the method [START_REF] Metropolis | The Beginning of the Monte Carlo Method[END_REF]. The MC approach is basically an application of the law of large numbers. This essential law of statistics states that when independent experiments subject to statistical variations are repeated a large number of times, the average of all outcomes converges to the expected value [START_REF] Bernoulli | On the law of large numbers -Ars Conjectandi Basileae, Impensis Thurnisiorum, Fratrum[END_REF][START_REF] Poisson | Probabilité des jugements en matière criminelle et en matière civile, précédées des règles générales du calcul des probabilitiés[END_REF][START_REF] Hsu | Complete Convergence and the Law of Large Numbers[END_REF].

In the present work, only basic Monte Carlo methods are required, and only these are covered briefly here. Even though only basic MC methods are applied here, the present application is a good example of a problem that can, in fact, not be solved in an analytic way. Determining the transmitted power behind a shaded window would require solving a complex and large set of nested spatial and spectral integrals representing the relevant scattering processes and the incidence radiation. Providing the analytic solution to such an equation system is virtually impossible. However, this task can be solved efficiently and straightforwardly by applying the MC method. Instead of considering the entire distributions that describe spectrally or angularly resolved flux densities, only single discrete samples matching the corresponding probabilities are used. These samples, which are random by nature but governed by distinct distributions, are fed as input parameters into a deterministic calculation. The results or output parameters are consequently subject to variation. However, by iterating this process for a large number of samples, the average of the results will converge to the desired expected value, and the measured variation can be used to assess the accuracy of the results. For the considered optical process, this means that the infinite number of continuous paths that energy flows follow are substituted by a large number of discrete random paths governed by probability functions. Consequently, a key task of MC simulation is the generation of random samples that follow given probability distribution functions (PDF). Three simple methods relevant to this work are briefly presented below.

Simple sampling strategies

Sampling discrete values

Choosing discrete outcomes based on given probabilities represents the simplest sampling case. A good example is the determination of powers going into reflection, absorption and transmission at a scattering event. Since the relevant coefficients are determined by Fresnel's equations and energy conservation demands that the absorption, reflection and transmittance coefficients add up to unity (𝐴 + 𝑅 + 𝑇 = 1), the MC implementation of the scattering can be performed using merely a single uniformly distributed random number: Instead of following all paths, one distinct path is determined based on its probability and followed further on.

Sampling continuous values -inverse transform method

Provided the targeted PDF can be integrated in order to determine its cumulated distribution function (CDF) and provided this function can be inverted (CDF -1 ), a random sample following the PDF can efficiently be generated by evaluating this CDF -1 for a random number 𝑟 in the range of 0 to 1, see, e.g., [START_REF] Robert | Monte Carlo statistical methods[END_REF]:

𝑟 ∈ [0,1] 𝑥 = 𝐶𝐷𝐹 -1 (𝑟) 𝐶𝐷𝐹(𝑥) = ∫ 𝑃𝐷𝐹(𝑥) 𝑑𝑥 𝑥 𝑥0 → 𝑋~𝑃𝐷𝐹(𝑥) (87) 
If either the analytic integration or inversion is impossible, a numerical solution can be applied instead. However, in this case, it has to be considered that only numerically efficient solutions are suitable for application in sampling methods. A numerical inversion is, e.g., applied in this work to generate wavelength samples following the global radiation spectrum (see section 4.4.2). An analytic form of the CDF -1 function is, e.g., used to determine the z component of the diffuse reflection in the method localLambert (see section 4.11.2) or the ray starting point on a triangle (see section 7.10.2).

Sampling continuous values -rejection method

This method is applied if the CDF -1 cannot be derived analytically or if solving it is computationally too expensive, but the targeted 𝑃𝐷𝐹 𝑓(𝑥) can be evaluated for any x easily; see e.g. [START_REF] Robert | Monte Carlo statistical methods[END_REF]. In this case, an alternative 𝑃𝐷𝐹 ℎ(𝑥) that allows drawing samples based on the inversion method is applied. This function ℎ(𝑥) should form an envelope on the targeted 𝑃𝐷𝐹 function and can be scaled using a constant 𝐶 so that:

𝐶 • ℎ(𝑥) ≥ 𝑓(𝑥) (88) 
In order to achieve high performance, the function 𝐶 • ℎ(𝑥) should cover 𝑓(𝑥) as narrow as possible.

To determine a random sample x following the 𝑃𝐷𝐹 𝑓(𝑥) the following steps are performed: More sophisticated sampling methods include, e.g. importance sampling and the metropolis algorithm [START_REF] Robert | Monte Carlo statistical methods[END_REF]. While these sampling methods were not required in the present work, a special variant of the metropolis algorithm was used for the required optimisation processes in the thesis (see section 5.2).

Sampling accuracy -the central limit theorem

Apart from generating random samples, the second essential task of MC applications is to evaluate the statistical accuracy of the results. As mentioned, the Monte Carlo method relies on stochastic input parameters fed into a deterministic process producing results that are subject to variation of initially unknown scale.

In order to assess the uncertainty of the result, the fundamental central limit theorem (CLT) can be applied. The essential theorem is presented in many forms. E.g. [START_REF] Kreyszig | Advanced Engineering Mathematics. Tenth[END_REF] state it as:

Let 𝑋 1 , … , 𝑋 𝑛 , …. be independent random variables that have the same distribution function and therefore the same mean 𝜇 and the same variance 𝜎.

Let 𝑌 𝑛 = 𝑋 1 + 𝑋 2 + ⋯ + 𝑋 𝑁 . Then the random variable

𝑍 𝑁 = 𝑌 𝑛 -𝑛𝜇
𝜎√𝑛 is asymptotically normal with mean 0 and variance 1; that is, the distribution function 𝐹 𝑁 (𝑥) of 𝑍 𝑁 satisfies

𝑙𝑖𝑚 𝑛→∞ 𝐹 𝑁 (𝑥) = 𝛷(𝑥) = 1 √2𝜋 ∫ 𝑒 -𝑢²/2 𝑥 -∞ (89) 
Expressed in simple words, this means that all distributions formed as a sum of distributions converge to a normal distribution centred around the expected value of all distributions. Note that the initial distributions can be of any "non-pathological" type, to put it casually, but their average, always converges to a normal distribution. More specifically, random, independent samples with finite expected values and variance are required; see e.g. [START_REF] Montgomery | Applied statistics and probability for engineers[END_REF].

In its practical application, subsamples of size 𝑚 of the MC results 𝑟 𝑖 are used to generate 𝑛 mean values µ 𝑠𝑠,𝑖 in parallel. The sample means are used to estimate the population mean µ 𝑒 , that converges to the targeted expected value µ of the result (see, e.g., [START_REF] Montgomery | Engineering Statistics, 5th Edition[END_REF]):

µ 𝑠𝑠,𝑖 = ∑ 𝑟 𝑖 𝑖0+𝑚-1 𝑖=𝑖0 𝑚 , µ 𝑒 = ∑ µ 𝑠𝑠,𝑖 𝑛 𝑖=1 𝑛 (90)
While dividing the samples into subsamples has no impact on the result of µ 𝑒 , it is relevant for monitoring the accuracy of the results. Since, unlike the r 𝑖 values, the µ 𝑠𝑠,𝑖 will be normally distributed according to the CLT, the standard error of the sample means (𝜎 𝑆𝐸𝑀 ) can be used to assess the accuracy of the estimate µ 𝑒 . It can be derived as (see, e.g., [START_REF] Montgomery | Engineering Statistics, 5th Edition[END_REF]):

σ 𝑆𝐸𝑀 2 = 𝑣𝑎𝑟(µ 𝑒 ) = 𝑣𝑎𝑟 ( ∑ µ 𝑠𝑠,𝑖 𝑛 𝑖=1 𝑛 ) = 1 𝑛 2 𝑣𝑎𝑟(∑ µ 𝑠𝑠,𝑖 𝑛 𝑖=1 ) = 𝑛𝑠² 𝑛² = 𝑠² 𝑛 → σ 𝑆𝐸𝑀 = 𝑠 √𝑛 ( 91 
)
113 This is the simple but fundamental relation used to assess the accuracy of MC results. Since based on a normal distribution, the expression σ 𝑆𝐸𝑀 can be used to state confidence intervals for the results. Note that the relation holds only for the case of independent sampling, as applied in the present method. If the samples are subject to correlation, like in the case of Markov chains, more complex approaches are required to assess the accuracy, see e.g. [START_REF] Robert | Monte Carlo statistical methods[END_REF]. The fundamental square root dependence on 𝑛 in equation ( 91) gives us crucial information regarding the convergence speed of any MC simulation based on uncorrelated sampling. It implies that in order to achieve twice the accuracy, the number of iterations must be quadrupled; to reduce the error to one tenth, the required iterations have to be increased a hundredfold, etc. Therefore, the convergence of MC is often perceived as fast in the beginning and slow in the end (see Figure 69). 

Simulated annealing

Simulated annealing is a probabilistic optimisation method proposed in 1983 by [START_REF] Kirkpatrick | Optimization by simulated annealing[END_REF]. However, the main idea behind the algorithm dates back significantly longer to a key paper by Nicholas Metropolis in the year 1953 [START_REF] Metropolis | Equation of state calculations by fast computing machines[END_REF]. The combinatorial optimisation method allows finding the minima (or maxima) of functions that depend on a large number of variables. Thermodynamical observations have inspired the method, and an actual annealing process can serve as an illustrative example to explain its principles. It is commonly known that perfectly symmetrical single crystals can be grown from a melt or a saturated solution. While we are used to this fact, it is actually quite astounding that trillions of molecules or atoms can arrange themselves in a way that their macroscopic arrangement reflects an energetically ideal shape. How is this possible? The answer to this question is the principle behind the simulated annealing optimisation algorithm: Firstly, excess energy determined a temperature measure is provided to the system to allow an efficient reconfiguration of its constituents. These reconfigurations also include transitions to energetically less optimal configurations. Second, the temperature, i.e. the associated excess energy, is slowly reduced, and the probability for less ideal configurations decreases along with it. In order to determine what configurations are possible in such a process, first some funamentals of thermodynamics, or statistical mechanics to be more precise, have to be considered. At thermal equilibrium the probability that a system with N potential states can be found in the state i having energy 𝐸 𝑖 , is described by the Boltzmann distribution:

𝑝 𝑖 = 𝑒 -𝐸 𝑖 𝑘𝑇 ∑ 𝑒 - 𝐸 𝑗 𝑘𝑇 𝑁 𝑗=1 (92)
Metropolis proposes an efficient way to populate these states numerically in his publication [START_REF] Metropolis | Equation of state calculations by fast computing machines[END_REF]. In order to generate configurations matching the Boltzmann distribution, the following strategy is applied: 0. start with state j and calculate its probability 1. create a new state i and calculate its probability 2. if 𝑝 𝑖 ≥ 𝑝 𝑗 (𝐸 𝑖 < 𝐸 𝑗 ): accept the new state always 3. if 𝑝 𝑖 < 𝑝 𝑗 : accept the new state with the probability given by 𝑝 𝑖 𝑝 𝑗 ⁄ 4. proceed to step 1 If the temperature is gradually reduced during this process, the system moves effectively to its ideal state, as the temperature dependence of 𝑝 𝑖 𝑝 𝑗 ⁄ increasingly rules out less ideal states (see Figure 70).

However, since at higher temperature levels, less optimal configurations are still accepted, it can be avoided that the optimiser gets trapped in local minima early. If the annealing process were given infinite time, it would reach the optimal solution, i.e. the absolute minimum of the cost function, as it would escape from any local minima again. In its practical application, with limited processing time, it cannot be guaranteed that the ideal state can be identified. However, simulated annealing is able to identify good solutions for such problems very efficiently.

In its practical implementation, the following four components need to be implemented to perform a simulated annealing optimisation (see, e.g., [START_REF] Ziegel | Numerical Recipes: The Art of Scientific Computing[END_REF], [START_REF] Penna | Fitting curves by simulated annealing[END_REF]):

Definition of a state

A concise and unambiguous structure containing all state parameters of the system has to be provided.

Cost function

A function that is used to evaluate the optimality of a state (its "energy"). The target of the optimiser is to find the absolute minimum of this function. Often the function is defined in negative values. However, only the difference between two evaluations of the cost function is considered in the algorithm. Therefore, its absolute value is irrelevant.

Alteration algorithm

An algorithm that is able to generate random new states is necessary. This function has a significant impact on the efficiency of the optimisation. While it is generally possible to create new states independent of the current state, it proved that an algorithm that is able to generate incremental adaptions of the current states is more efficient for most problems. Generally, a combination of both is applied.

Temperature and cooling schedule

Following the thermodynamic fundamentals, the cooling schedule usually provides a logarithmic temperature decay. However, the actual cooling schedule depends on the cost function and the nature of the optimisation task. In most cases, "phase changes" in the system can be observed. These represent temperature regions where the cost function remains constant to drop sharply afterwards. Since this implies that the system transitions into a path of new configurations, making it harder to access previous states, it is advisable to slow down the cooling at such critical temperature ranges. This can, e.g., effectively be achieved by tracking the average costs with two exponential moving averages of different period lengths. If the deviation of the two measures indicates a sharper decrease, the cooling speed should be reduced, whereas it can be increased if the ratio of the averages indicates little change.

In order to demonstrate how simple the core of the annealing algorithm is, a simple example is provided below. All applications of the algorithm used in this work follow the presented scheme.

Only the usually applied additional features to adjust the cooling schedule dynamically are omitted below for reasons of clarity. As can be seen, the algorithm described above can be simplified to calculating the difference of both cost functions and using it to determine the probability for a new, energetically less optimal state by calculating the probability exp(-delta/T) as this is equivalent to the ratio 𝑝 𝑖 𝑝 𝑗 ⁄ .

A Fibonacci hemisphere

Background and theory

In the method presented here, the scattering or absorption behaviour of the analysed system is not provided in a discrete form (like the Klems matrix) but in a functional form. However, in order to derive this functional form (SIOP, see section 6.1) it is necessary to provide discrete measurement samples of the target quantity for different incidence directions on the hemisphere. The most suitable distribution of incidence directions for the intended technical application should cover the hemisphere with equal spacing.

A regular angular pattern, as provided by the Klems segmentation, does not seem ideal for that purpose.

The reason for that is threefold: first, the two-axis symmetry (vertical/horizontal) of the angular Klems pattern will often lead to an inefficient sampling of redundant information, as the analysed object (e.g. shaded window), will often also show symmetry in the vertical and/or horizontal axis. In the case of a rotationally symmetric behaviour (e.g. of unshaded glazings or textile screens), the full Klems matrix can be derived from only nine incidence directions. Second, the regular spacing of the two angles is more prone to sampling issues, e.g. aliasing, since the analysed applications, like a window shaded by tilted Venetian blinds, will also show a pronounced regular angular pattern. Sampling this angularly equally spaced pattern at a few equally-spaced detection angles can easily lead to aliasing effects if these patterns are correlated. Finally, the angular resolution of the Klems matrix decreases for higher incidence angles 𝜃 and is therefore less able to capture gradients of shadings or reflectivity increases that are dominant at these angles (see below). Following these arguments, it seems more appropriate to distribute the sampling directions evenly on the hemisphere with little symmetry regarding its angular distribution. Providing an even distribution of directions (points) on a sphere is a theoretical topic with a long history and high relevance in various scientific disciplines.

Various approaches are available for that purpose, like the icosahedron algorithm and numerous methods based on numerical optimisation. Considering all requirements stated above, the Fibonacci sphere method seems to provide the ideal distribution of directions here:

a) it provides an almost perfect evenly spaced distribution on the sphere (hemisphere) b) it shows little symmetry regarding the vertical or horizontal axis c) it can be generated for any desired number of sampling directions N d) it is a direct and fast method (as it is not based on optimisation)

The angular or spatial patterns that are based on Fibonacci distributions are frequently found in nature, for example, the arrangement of seeds (e.g. sunflowers) or leaves (e.g. aloe plants). The frequent occurrence in nature is generally a good indication regarding the efficiency and optimality of the distribution. 

The Fibonacci sphere algorithm

In order to derive a Fibonacci sphere, firstly, a Fibonacci lattice on the unit square is considered. The coordinates for the corresponding vertices 𝑝 𝑖 can be written as [START_REF] Marques | Spherical fibonacci point sets for illumination integrals[END_REF]:

𝑝 𝑖 = (𝑖 𝐹 𝑚 𝐹 𝑚-1 %1, 𝑖 𝐹 𝑚 ) 𝑓𝑜𝑟 𝑖 = 1 .. 𝐹 𝑚 (93) 
Where 𝐹 𝑚 and 𝐹 𝑚-1 are the elements of the Fibonacci number series, and % stands for the modulo operator.

Using a Lambert cylindrical equal-area projection, the pattern can be mapped on a sphere. Additionally, the ratio

𝐹 𝑚 𝐹 𝑚-1
is substituted with the golden ratio 𝛷 = 1 2 ⁄ (1 + √5), as the ratio of consecutive Fibonacci numbers quickly converges to this ratio for higher 𝑚 values [START_REF] Graham | Concrete Mathematics: A Foundation for Computer Science. Second[END_REF]. Consequently, the vertices for a Fibonacci sphere with 𝑁 = 𝐹 𝑚 elements can be expressed in polar coordinates as:

𝑝 𝑖 = (𝜑 𝑖 , 𝜃 𝑖 ) = (𝑖 2𝜋 𝛷 , 𝑎𝑟𝑐𝑜𝑠 (1 - 2𝑖 𝑁 )) (94) 

A (slightly) optimised Fibonacci hemisphere

This canonical Fibonacci distribution can be optimised by inserting an offset ε at the beginning and the end of its vertical distribution (94). Further, the distribution is shifted in a way that it is symmetrical in its z coordinates, as the original distribution has its top vertex slightly offset (𝑧 = 2/𝑁) and its bottom vertex at the bottom pole (𝑧 = -1). Hence, the z coodinates of the 𝑁 points, that are initially equally spaced within the interval [-1, 1 -2/𝑁], are now mapped onto the interval [-1 + 𝜀, 1 -𝜀]. The distribution of the directions in polar coordinates can then be written as:

𝑝 𝑖 (𝜀) = (𝜑 𝑖 , 𝜃 𝑖 ) = (𝑖 2𝜋 𝛷 , 𝑎𝑟𝑐𝑜𝑠 (1 - 2(𝑖 + 𝜀) (𝑁 -1 + 2𝜀) )) 𝑓𝑜𝑟 𝑖 = 0 . . 𝑁 -1 (95) 
In Figure 72, it can be seen how the first vertex is offset from the pole along the helix formed by the vertices. The vertical distance of this offset is defined by the parameter 𝜀. The parameter 𝜀 can now be used to "fine-tune" the distribution of the directions. Deviating from the proposal made by Roberts (2020), a constant value 𝜀 0 for all 𝑁 values is sought here. This shall, on the one hand allow simple replicability of the distribution and on the other hand the value of 𝜀 converges quickly for -the here relevant -higher 𝑁 values anyway. The maximization of the average minimum distance 𝛼 ̅ of all vertices has been chosen as the criterion for the optimisation process:

𝛼 ̅ = 1 𝑁 ∑ 𝛼 𝑖 𝑁-1 𝑖=0 → 𝑚𝑎𝑥 ( 96 
)
Figure 72 Fibonacci sphere generation 𝜀 offset applied for optimised distribution with 𝛼 𝑖 being the minimum angle between the vertex 𝑖 and its closest neighbour. Additionally, since -for the application intended here -only the hemisphere is considered, a new constant 𝑁 ℎ𝑒𝑚𝑖 is introduced. 𝑁 ℎ𝑒𝑚𝑖 represents the number of Fibonacci vertices that are provided for the (upper) hemisphere. However, 𝑁 ℎ𝑒𝑚𝑖 does not need to be identical with the half of the 𝑁 . Rather, for any desired 𝑁 ℎ𝑒𝑚𝑖 , 𝑁 is determined in a way that precisely 𝑁 ℎ𝑒𝑚𝑖 vertices of the upper hemisphere are located above a certain threshold ξ. This threshold value is introduced to avoid grazing incidence angles, i.e. almost parallel directions. These grazing directions can be detrimental, as they can increase the calculation time or lead to numerical issues. The height threshold value, which applies to the cosine of 𝜃 (=z-coordinate), has been defined as ξ = 0.001. In the optimisation process, the optimal values for 𝜀 according to equation ( 96) for hemispheres with an increasing number of directions 𝑁 ℎ𝑒𝑚𝑖 (up to 10,000) were analysed. The results of the optimisation process are depicted in Figure 73. It can be seen that while there are different solutions for smaller 𝑁 ℎ𝑒𝑚𝑖 distributions, the value of 𝜀 converges for higher numbers. Therefore, a constant value of 𝜀 0 = 0.3613 is defined and universally applied in the following. Figure 74 and Figure 75 show the angular segmentation of the hemisphere according to the classical Klems approach and the implemented Fibonacci approach as polar plots and 3D representations. As can be seen, the Klems matrix shows high symmetry in multiple axes as well as angular correlations. Both features are not ideal for the RadiCal approach. By contrast, the Fibonacci segmentation shows no axial symmetries and little correlation. It can also be seen that due to the actual implementation, the first Fibonacci patch is slightly offset from the pole, which is intended. In the first part of the setup procedure, the correct value for the number of directions on the entire Fibonacci sphere 𝑁 is determined. 𝑁 is determined in a way that ensures that precisely the desired 𝑁 ℎ𝑒𝑚𝑖 are located above the height threshold. Afterwards, the angles and vectors that define the 𝑁 ℎ𝑒𝑚𝑖 directions are precomputed based on equation ( 95) and stored in the corresponding arrays.

Testing and validation

During the implementation of the algorithm and, in particular, during the optimisation of the parameter 𝜀 0 several tests and validations of the algorithm were performed. The distribution of solid angles and angles among the directions were computed and analysed for many different 𝑁 ℎ𝑒𝑚𝑖 values. Beyond that, the visual representations, as depicted in Figure 74 and Figure 75, are a reliable indicator for the validity of the implemented code.

Solar Incidence Operators

Definition, generation and evaluation 6.1. SIOP -Solar Incidence Operator

SIOP concept and motivation

In order to describe the scattering characteristic of a surface (or an object comprising multiple surfaces), usually a scalar function 𝑓(𝜃, 𝜑) of the zenith and azimuthal angle defined on the unit sphere's surface is used. The scalar function then represents either the transmittance coefficients or reflectance coefficients in an angularly resolved way. However, to capture the scattering characteristics comprehensively, it is necessary to consider the direction of the incoming, as well as of the outgoing light direction. For this purpose, the concept of the bi-directional scattering-distribution-function BSDF, which is then a four-dimensional function 𝑓(𝜃 𝑖 , 𝜑 𝑖 , 𝜃 𝑜 , 𝜑 𝑜 ), depending on the incoming as well as the outgoing direction, is applied. In practical application, the function is either defined by an idealized analytic expression or generated based on empirical data. For the latter, the measured data is provided as discrete samples, e.g. based on the Klems-matrix containing 145x145 elements (see section 3.2). In this approach, incoming and outgoing directions are only considered on the hemispheres, as this is sufficient for most (but not all) applications. The SIOP approach introduced here is primarily intended for energetic modelling and not for optical modelling. Therefore, the SIOP is a two-dimensional scalar function considering only the incident light's angular distribution. Consistent with the common approaches, only the incident radiation distributed on the hemisphere (𝜃 = 0 … 𝜋 2 ⁄ ) is considered, as this will be sufficient for most practical applications. The main objective of the SIOP definition is to overcome issues resulting from the discrete nature of sampled data. While transforming the data in the four-dimensional space of the Klems matrix into a smooth function is a hardly solvable task, the restriction of the SIOP definition to the two dimensions of the incidence light makes this much easier. Representing the scattering properties in a smooth, differentiable functional form provides significant benefits:

• integration: the SIOP can easily and precisely be integrated over any region resulting again in a smooth function (see section 6.2).

• differentiation: the smooth derivative of the function means that it can provide smooth time series at any resolution as optimal input for dynamic simulation

• interpolation: using suitable basis functions, optimal interpolation is possible

• fitting: the use of suitable basis functions allows optimal reconstruction of underlying functions that are provided in the form of "noisy" measurement samples

• data-compression: suitable basis functions allow a high level of data-compression

In the implementation, spherical harmonics have proven to represent a suitable set of basis functions for this purpose, as will be shown in the following sections. The developed method shows analogies to MP3 coding for audio data [START_REF] Musmann | Genesis of the MP3 audio coding standard[END_REF] or the JPEG coding algorithm for images [START_REF] Usevitch | A tutorial on modern lossy wavelet image compression: foundations of JPEG 2000[END_REF], as original sampled data is represented using a suitable set of basis functions.
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The SIOP function can be used to determine any physical quantity 𝑞 that represents a scalar value and depends on an incidence profile 𝐼(𝜃, 𝜑):

𝑞 = ∬ (𝑆𝐼𝑂𝑃 𝑞 • 𝐼) 𝑑 ℎ𝑒𝑚𝑖 = ∫ ∫ 𝑆𝐼𝑂𝑃 𝑞 (𝜃, 𝜑) • 𝐼(𝜃, 𝜑) sin(𝜃) 𝑑𝜑 𝑑 2𝜋 𝜑=0 𝜋/2 𝜃=0 𝜃 (97)
While the obvious application for the SIOP is the determination of transmitted, reflected and absorbed power using incidence profiles containing radiance information, SIOPs can also be used for other purposes. Exemplary applications of radiometry and photometry are provided in Table 10. Further applications can, e.g., involve evaluation of glare parameters, degree of polarisation, angle of polarisation, photosynthetically active radiation (PAR), colour temperature etc. 

(𝑊𝑚 -2 )/(𝑊𝑚 -2 ) = 1 radiance 𝑊𝑚 -2 𝑠𝑟 -1 Spectral flux density [𝑊𝑚 -3 ] (𝑊𝑚 -3 )/(𝑊𝑚 -3 ) =1 spectral radiance 𝑊𝑚 -3 𝑠𝑟 -1 Illuminance [𝑙𝑚 𝑚 -2 ] (𝑙𝑚 𝑚 -2 )/(𝑙𝑚 𝑚 -2 ) = 1 luminance 𝑐𝑑 𝑚 -2 = 𝑙𝑚 𝑚 -2 𝑠𝑟 -1
Luminance flux [𝑙𝑚] (𝑙𝑚 )/(𝑙𝑚 𝑚 -2 ) = 𝑚 2 luminance 𝑐𝑑 𝑚 -2 = 𝑙𝑚 𝑚 -2 𝑠𝑟 -1 Some remarks regarding the application of SIOPs: Time-integrated incidence profiles: Due to the linearity of light (section 4.2.2), it is always possible to compute time-integrated target quantities when the SIOP is evaluated for a time-integrated incidence profile. This means that, e.g., total energy values for any time interval (hour, day, month etc.) can be computed within a single SIOP evaluation step if time-integrated incidence profiles for that interval are applied. The resulting very short evaluation times in the order of Milliseconds allow for applying optimisation algorithms that rely on a large number of iterations.

SIOP configurations:

Apart from the different dimensionality, another important difference between the SIOP and Klems/BSDF calculation method lies in the fact that for the evaluation of any SIOP, always the initial, "undisturbed" incidence profile relevant to the entire system is used. In contrast, for evaluating a system comprising multiple BSDF layers, the undisturbed incidence profile is applied only on the first layer, whereas the further layers will be evaluated using the output of the preceding layer. Therefore, the BSDF/Klems approach allows using single-layer data individually or rearranging it into new configurations. However, the approach is linked to potential sources of error in the practical application (see section 3.3). In contrast, SIOPs of any layer should only be used in the context of the system they were calculated for.

Level of detail target object: the definition of the SIOP naturally does not contain any restrictions regarding the target objects. Since the SIOPs are not based on individual layers but are generated and evaluated within the context of layer systems, they are intended to contain detailed information Solar Incidence Operators Definition, generation and evaluation RadiCal, D. Rüdisser 125 about the system. For example, the SIOPs for a window detail can and should be modelled based on a model containing details regarding its frame and/or reveal instead of only considering the glazing layers. Of course, this means that a large number of configurations has to be covered. However, by scaling the SIOP results based on a reference area, which should be contained in the description of the SIOP, it is possible to interpolate and extrapolate results using the "nearest" suitable model.

SIOP database:

An intended open online database for SIOPs would allow users to share SIOPs for a wide variety of models and applications. If the models are provided with detailed information regarding their generation (model, reference area, material), they can straightforwardly be applied by any user and for any type of application.

SIOP for lighting application: on the first view, it seems that the limitation of SIOPs to a scalar value on the output side prevents the direct application of the concept in the lighting field, as directional information is usually required there. However, there are ways to overcome this limitation. The target quantity of the SIOP can, of course, also be subject to specific directional restrictions. For example, 145 SIOPs could be generated to represent the light transmitted in all directions of the KLEMS matrix. Alternatively, any other directional separation could be applied. Generally, any directional segmentation suitable for the used lighting software could be considered, e.g. separation into fewer directions, separation into diffuse and direct components only, etc. Likewise, the separation of wavelengths into any desired primary colour basis can be straightforwardly applied. However, lighting applications are not part of the present work.

SIOP definition and generation

Definition based on spherical harmonics

The SIOP representation relies on spherical harmonic expansion, see e.g. [START_REF] Abramowitz | Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables[END_REF][START_REF] Ziegel | Numerical Recipes: The Art of Scientific Computing[END_REF]. Spherical harmonics are well known for their use in quantum physics ("orbits").

As their German name "Kugelflächenfunktionen" (sphere-surface-functions) expresses, they represent a set of orthogonal functions defined on a sphere's surface and are therefore well suited to serve as basis functions for the expansion of a general function defined on a sphere. The method is similar to the Fourier expansion of functions in 1D. Since spherical harmonics are intrinsically based on circular functions, they have proven to be very well suited for the application described here, as scattering processes are largely governed by trigonometric functions. In a general, complex-valued form, the spherical functions can be written as [START_REF] Ziegel | Numerical Recipes: The Art of Scientific Computing[END_REF]:

𝑌 𝑙𝑚 (𝜃, 𝜑) = 𝐶 𝑙 𝑚 • 𝑃 𝑙 𝑚 (cos 𝜃) • 𝑒 𝑖𝑚𝜑 (98) 𝐶 𝑙 𝑚 = √ 2𝑙 + 1 4𝜋 (𝑙 -𝑚)! (𝑙 + 𝑚)! (99) 𝑙 ≥ 0 𝑎𝑛𝑑 -𝑙 ≤ 𝑚 ≤ +𝑙 (100)
Where 𝑃 𝑙 𝑚 are the associated Legendre polynomials [START_REF] Abramowitz | Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables[END_REF][START_REF] Kreyszig | Advanced Engineering Mathematics. Tenth[END_REF].

Hence, for every positive integer 𝑙 there is a subset of 2𝑙 + 1 independent functions that are iterated through by the sub-index m. Starting off with a constant function (i.e. a sphere) for l=0, the functions become increasingly complex and show an increasing number of local extrema with higher l values. As mentioned, the set of spherical harmonics possesses the remarkable (almost astounding) property of being orthonormal, i.e. the product of any two different functions will vanish, and the integral over squared function on the entire hemisphere equals one for any spherical harmonics:

126 ∬ 𝑌 𝑙 1 𝑚 1 • 𝑌 𝑙 2 𝑚 2 𝑠𝑝ℎ𝑒𝑟𝑒 𝑑 = { 1 𝑓𝑜𝑟 𝑙 1 = 𝑙 2 ˄ 𝑚 1 = 𝑚 2 0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 (𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙𝑖𝑡𝑦) (101) ∬ 𝑌 𝑙𝑚 2 𝑠𝑝ℎ𝑒𝑟𝑒 𝑑 = 1 (𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑠𝑎𝑡𝑖𝑜𝑛) (102)
For the definition of the real-valued SIOP function, it is sufficient to evaluate only the real part of the spherical harmonics, subsequently denoted here as 𝑌𝑅. Utilizing a complex conjugate identity for negative m values, the function can be written as [START_REF] Sommers | Cosmic ray anisotropy analysis with a full-sky observatory[END_REF]: This formulation allows a straightforward software implementation. An efficient recursion formula [START_REF] Ziegel | Numerical Recipes: The Art of Scientific Computing[END_REF] is used to evaluate the Legendre polynomials 𝑃 𝑙 𝑚 numerically.

𝑚
The scaling factors 𝐶 𝑙 𝑚 containing factorials (eq. ( 100)) are pre-computed to ensure fast evaluation. The shape of the first 12 functions is depicted in Figure 77.

For applying the functions as the basis for series expansions, it is helpful to enumerate them using a single index j. For this purpose, the two indices l and m are mapped onto a single series, using l as the first-order and m as the second-order enumerator [START_REF] Bielewicz | Low-order multipole maps of cosmic microwave background anisotropy derived from WMAP[END_REF]):

𝑗 = 𝑙 2 + 𝑙 + 𝑚 (104) 
This definition allows to represent the SIOP by using a single, one-dimensional vector 𝑠 , where the coordinates of the vector 𝑠 𝑗 represent the coefficients of the series-expansion.

The SIOP can then be evaluated as a weighted sum of the real-valued spherical harmonics functions: 

𝑆𝐼𝑂𝑃

Sampling data for SIOP generation

To generate a specific SIOP for an application, such as modelling the solar transmittance of a shaded window, angularly resolved information in the form of a discrete set of sample values (𝑑 𝑖 , 𝑣 𝑖 ) is used. The scalar values 𝑣 𝑖 represent the desired quantities (e.g. the transmitted power) for light restricted to a single incidence angle, i.e. a parallel beam from the discrete direction 𝑑 𝑖 = (𝜃, 𝜑) 𝑖 . Although the algorithm can be performed for any set of directions, a distribution of the sampling directions with a non-regular or non-uniform pattern in an angular sense is recommended. Unlike the angular distribution of the Klems matrix (see section 3.2), a distribution with less symmetry regarding the angles is less prone to aliasing effects. Considering these requirements, the Fibonacci sphere geometry seems to provide the ideal distribution of directions for this application, as discussed in section 5.3. The target output values 𝑣 𝑖 for the sampling directions will usually be generated based on virtual measurements, applying appropriate raytracing software as proposed in this work. However, provided a suitable measurement system is available, the input data could as well be of empirical nature.

Determination of SIOP coefficients

Even though the unique property of spherical harmonics of forming an orthonormal basis would allow direct calculation of the reconstruction coefficients by integration (see, e.g. [START_REF] Sommers | Cosmic ray anisotropy analysis with a full-sky observatory[END_REF] or [START_REF] Liu | Learning the Spherical Harmonic Features for 3-D Face Recognition[END_REF]), it has proven that indirect determination of the coefficients employing parameter optimisation leads to better results for the application intended here. The reason for preferring optimisation is that the measured samples 𝑣 𝑖 are subject to statistical errors. Even if these errors are minor, the direct method will lead to a precise reconstruction of all samples. This means that the locally contained noise will also be reconstructed. Therefore, direct reconstruction by integration tends to generate oscillating artefacts in between the given sampling points. Finding the coefficients based on parameter optimisation instead of using direct integration technically turns the interpolation method into a fitting method, or -ideally -into a quasi-interpolation of the unknown underlying function without any statistical errors. In order to find this smooth, continuous representation of the measurement using real-valued spherical harmonics, the non-linear parameter optimisation simulated annealing is used (see 5.2). The stochastic method is simple to implement but has proven to be very powerful in performing global optimisations on functions that depend on many parameters and have numerous local minima (nonconvex functions). For this application, the following cost function 𝑓 𝑜𝑝𝑡 is minimised during the optimisation process: The first factor of the cost function describes the squared deviation of the SIOP reconstruction vs. the measurement data 𝑣 𝑖 and represents the main optimisation target. The second factor represents a penalty in the optimisation process that increases with the number of non-zero expansion coefficients, denoted by 𝑘. The term is not essential to the optimisation process but has proven to be useful in reducing the amount of very small, and therefore negligible, coefficients during the optimisation. This ensures a more efficient (=faster) evaluation of the SIOP later on and tends to produce smoother representations if only little sampling information is available.

𝑓 𝑜𝑝𝑡 (𝑠 𝑗 ) = ( 1 𝑁 ∑ [𝑣 𝑖 -𝑆𝐼𝑂𝑃(𝜃 𝑖 , 𝜑 𝑖 )] 2 𝑖=1..𝑁 ) (1 + 6 𝑘 (𝑗 𝑚𝑎𝑥 + 1) ) → 𝑚𝑖𝑛 ( 
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Finally, the resulting SIOP can be written and deployed in the form of a vector containing the realvalued coefficients sj of the expansion:

𝑆𝐼𝑂𝑃(𝜃, 𝜑) = 𝑠 • 𝑌𝑅 ⃗⃗⃗⃗⃗ (𝜃, 𝜑) (107)
Since the vector usually contains mostly zero elements, it is practically more efficient to deploy (export) it in the form of an indexed array containing only non-zero coefficients ci and their indices ji (e.g. in XML or binary format):

{𝑆𝐼𝑂𝑃} = { (𝑗 1 , 𝑐 1 ), (𝑗 2 , 𝑐 2 ) … (𝑗 𝑛 , 𝑐 𝑛 )} (108)

SIOP reference system and polar plot representation

The data contained in the SIOP can best be depicted in the form of three-dimensional polar plots. For this purpose, the actual value of the SIOP determines the radius (measured from the origin) for the two spherical angles (𝜃, 𝜑) for any point on the hemisphere. By convention, the right-handed reference coordinate system for the SIOP is defined in a way that the z-axis points towards the direction of normal incidence and the y-axis is aligned to the vertical axis of the object (or any other reference axis, if not available). The xy-plane, therefore, reflects the reference plane of the object (e.g. the plane parallel to glazing). For consistency, any SIOPs should be generated using this orientation.

The z-axis, which points towards the direction of normal incidence to the reference plane, also represents the main symmetry axis for the evaluation of the spherical harmonics (corresponding to 𝜃 = 0°), whereas the azimuthal angle 𝜑 is defined on the xy-plane. The polar plot representation for the SIOP and the reference axis and angles are depicted in Figure 78 (the exemplary SIOP represents the transmission through a shaded window with 30° tilted blinds). 

Implementation

All data representing a SIOP is contained in the class TRCSIOP of the module rc_siop. The class TRCSIOP contains an instance of the class TFibonacciSphere that is initialised with the number of directions (ssNDir) representing the sampled angular distribution. This means that the sampling directions are not stored in the file but are regenerated using TfibonacciSphere. The class TRCSIOP also includes an instance of the class TSphericalHarmonics that provides the algorithms necessary to evaluate the spherical harmonics according to equations ( 103). Further, it temporarily contains the azimuthal and tilt angle of the SIOP used for the most recent evaluation process, as well as the associated vector transformation matrix. The class contains three types of information:

• sampling data: the original sampled data, that is usually determined in the virtual measurement, i.e. raytracing process or alternatively using empirical methods. This original data is always kept within the SIOP. The information can be used for extended analysis or regeneration of the functional form. Further, supplemental information regarding the source of the sampling data is contained here (e.g. target object name, reference area, type of SIOP etc.).

• functional data: this part contains all information required to construct/evaluate the functional form of the SIOP.

• cached evaluation data: variables necessary for evaluating a SIOP are stored here (see section 6.2.4). Since this data is mainly generated using numerical integration, it is cached in the SIOP. Reusing values computed on earlier occasions increases the performance of later evaluations with the same tilt angle. The data contains the orientation and coefficients of the most recent evaluation.

To actually evaluate a SIOP in a simulation run, the evaluation has to be initialised by calling initSIOPorientation (to define the SIOP orientation in the real-world coordinate system) and pre-calcHemiMeans to initialise the constants used for evaluation (see next section).

After that, the function evalSIOPWorld will return the value of the SIOP for any desired direction: The evaluation of the spherical harmonics series is performed in the function evalSIOPStdSYS: 

. Exemplary generation of SIOPs

In order to allow a better understanding of the method and to prove its efficiency, an exemplary application is provided here. The application does not focus on the quantitative results, as this is covered in later chapters. Instead, this example should demonstrate the process of SIOP generation. Four SIOPs describing the direct transmission of a fenestration detail comprising a triple-glazed insulated glass unit (IGU) shaded by external Venetian blinds, are generated. In the example, the state "unshaded window", as well as the states "fully-shaded" with three different slat angles, are analysed.

Based on the nature of the method, the evaluation also includes any reflections with the reveal or on the window sill. To generate the measurement samples for the SIOP generation, a (here unspecified) raytracing algorithm is applied to a detailed CAD model of the fenestration (Figure 79). Provided a suitable measurement method is available, the samples could also be of empirical nature. In this example, 1444 equally spaced sampling directions of the Fibonacci-hemisphere (see section 5.3) are used to measure the effect of different parallel-beam incidence profiles on the physical quantity of interest. In the case presented here, the power transmitted to the internal of the building is analysed. The sampled measurements are converted into SIOPs using the method described above. The annealing process for each sampling set, which determines the optimal reconstruction coefficients, lasts for about 15 minutes each (on a single average CPU). Each optimisation iterates through approximately 30 millions possible configurations. The available base of spherical harmonics has been restricted to 440 potential base functions by setting lmax=20.

The quality of the resulting reconstructions is quantified based on the absolute mean errors for the individual samples and the mean errors weighted by the (almost identical) solid angles for each sample. Geometrically this also corresponds to the volume of the SIOP if it is represented in polar plot representation (see Table 11), as the solid angles represented by the samples are almost equal (see section 5.3). Remarkably, the reconstruction's mean error (or total volume error) is exceptionally low, i.e. by several orders of magnitude lower than the absolute mean error for each sampling point. The higher mean absolute error is also a result of the somewhat "noisy" input data. As the samples are the results of a stochastic raytracing process, they are subject to a certain degree of statistical errors (see 5.1.3). However, since the (signed) mean error (or total volume error) is not an explicit optimisation criterion, the excellent match regarding this measure indicates that the spherical harmonics can capture the geometric nature of the underlying process rather than only reconstruct the individual samples. The high data compression rate also supports this interpretation: the information of each case, represented by 1440 sampling points, can be reconstructed by summation of less than 90 spherical harmonics, as shown in the first row of Table 11.

The polar plot representations for the sampling data as well as for the final functional SIOP, are depicted in Figure 81. It can be seen how the final shape of the SIOP matches the sampled data.

The polar plots presented in Figure 82 reveal the directional dependencies of the different shading states. The unshaded state is open to a broader angular range with a peak at normal incidence. Note that the ideal case of a simple planar absorber, governed only by the cosine law, would result in a perfectly spherical SIOP. However, due to the shading effects of the window reveal and the angular characteristics of the glazing, the SIOP of the unshaded window detail shows a rather balloon-like shape with smaller values for higher angles of incidence. Once the shading is closed, maintaining horizontally oriented slats, the SIOP is squeezed towards a lentil-like shape, as predominantly light from relatively horizontal directions can pass the blinds.

Compared to the unshaded state, the hemispherical mean value of transmittance is reduced to 57% for the horizontal (0°) slat angle, as can be seen in the polar plot by the decrease in size. Tilting the slats further reduces the hemispherical mean value to 24% (for 30° tilt) and 6%, respectively (for 60° tilt). It can also be seen how the direction of maximum transmission is tilted along with the slat angle. 

SIOP evaluation and incidence profiles

Evaluating the 𝑆𝐼𝑂𝑃 means to determine the quantity of interest 𝑞 represented by the 𝑆𝐼𝑂𝑃 for a given solar incidence profile. Based on the definition of the 𝑆𝐼𝑂𝑃 only a simple integration over the hemisphere is required for this purpose. The solar incidence profile will usually contain radiance information but could also contain time-integrated values for the radiance of unit 𝐽𝑚 -2 𝑠𝑟 -1 . In this case, the evaluation of the SIOP would also yield time-integrated quantities (e.g. energy instead of power). The equations derived below are valid for any type of incidence profile; however, for the sake of simplicity, the physical quantity radiance 𝐿(𝜃, 𝜑) [W/(m².sr)] is used for the incidence profile. The evaluation of the target quantity 𝑞 can then be written as:

𝑞 = ∬ (𝑆𝐼𝑂𝑃 𝑞 • 𝐼) 𝑑 ℎ𝑒𝑚𝑖 = ∫ ∫ 𝑆𝐼𝑂𝑃 𝑞 (𝜃, 𝜑) • 𝐿(𝜃, 𝜑) sin(𝜃) 𝑑𝜑 𝑑 2𝜋 𝜑=0 𝜋/2 𝜃=0 𝜃 (109) 
In order to perform the integration, the incidence profile in world coordinates has to be rotated into the local SIOP coordinate system according to the element's actual orientation (e.g. a window) first (or vice versa).

In practice, a sampling method is used to evaluate the integral. As equally-spaced, discrete directions are used, the solid angle can be pulled out of the integration, which results in an elementwise multiplication. Consequently, it is possible to state the discrete integration over the entire hemisphere as:

𝑞 = ∬ (𝑆𝐼𝑂𝑃 𝑞 • 𝐿) 𝑑 ℎ𝑒𝑚𝑖 = 2𝜋 𝑁 ∑ 𝑆𝐼𝑂𝑃 𝑞 (𝑖) • 𝐿(𝑖) 𝑁-1 𝑖=0 (110) 
In more general terms, the integration over any segment of the hemisphere can be formulated as:

𝑞 = ∬ (𝑆𝐼𝑂𝑃 𝑞 • 𝐿) 𝑑 𝑠𝑒𝑔 =  𝑠𝑒𝑔 𝑁 ∑ 𝑆𝐼𝑂𝑃 𝑞 (𝑗) • 𝐿(𝑗) 𝑀-1 𝑗=0 (111)
Again, it is required that the directions 𝑗 are distributed equally spaced in the relevant segment covering the evaluated solid angle  𝑠𝑒𝑔 .

Rarely the angular radiance distribution on the entire hemisphere is available. Instead, a generic incidence profile can be generated based on the commonly used direct and diffuse irradiance information. In such cases, the angular incidence profile is not explicitly calculated but implicitly contained in the evaluation process. In commonly used irradiance models, the diffuse radiance is assumed constant on specific angular segments; e.g. the most simple isotropic model assumes constant radiance values for the diffuse radiation from the sky and the ground-reflected radiation. In this case, the radiance is constant in the according integration areas but generally a function of time: 𝐼(𝑡, 𝑗) = 𝐼 0,𝑠𝑒𝑔 (𝑡). This allows to additionally pull the radiance out of the integration:

𝑞(𝑡) =  𝑠𝑒𝑔 • 𝐿 0,𝑠𝑒𝑔 (𝑡) ( 1 𝑁 ∑ 𝑆𝐼𝑂𝑃 𝑞 (𝑗) 𝑀-1 𝑗=0 ) (112)
Since the term in the brackets reflects the average value 𝑆 ̅ 𝑞,𝑠𝑒𝑔 of the 𝑆𝐼𝑂𝑃 𝑞 on a specific segment of the hemisphere, the evaluation can be written as:

𝑞(𝑡) =  𝑠𝑒𝑔 • 𝑆 ̅ 𝑞,𝑠𝑒𝑔 • 𝐿 0,𝑠𝑒𝑔 (𝑡) (113)
Utilizing this formulation for the evaluation has a significant advantage: in order to achieve high precision, the evaluation of the 𝑆𝐼𝑂𝑃 should be performed with a large number of directional samples, which requires quite some calculation time as trigonometric functions are involved. However, if the 135 radiance value is a constant for a specific fixed segment of the hemisphere, the value of 𝑆 ̅ 𝑞,𝑠𝑒𝑔 can be precalculated before the evaluation of the time series. Since this calculation must be performed only once, it is no longer time-critical. Consequently, any appropriate number of samples and any appropriate distribution of directions can be used for the numerical determination of the constants 𝑆 ̅ 𝑞,𝑠𝑒𝑔 . The subsequent evaluation of irradiance time series can now be performed very fast, as it merely consists of a couple of multiplications for each diffuse component. Only for the direct solar component, an evaluation of the SIOP has to be performed on every time step. However, this can now be performed for the precise location of the sun and, therefore, requires only a single evaluation. The process is explained in detail in the following sections.

Evaluation with angularly resolved measured data

For the case that measured data is available with high resolution for the entire hemisphere, the full evaluation according to equations ( 109) or ( 110) can be performed using a Monte Carlo method (see section 5.1). In practice, such angular-resolved data is more likely to be available with a lower resolution (e.g. based on the Klems segmentation). In such cases, the SIOP can be evaluated by applying equation ( 113) for each segment that represents a locally constant (modelled or measured) radiance value. The necessary coefficients, i.e. the solid angle  𝑠𝑒𝑔 and the SIOP average value for the segment 𝑆 ̅ 𝑞,𝑠𝑒𝑔 can again be precomputed based on the given segmentation. This allows a fast evaluation afterwards.

Evaluation using a generic isotropic incidence profile

In the simple but commonly used isotropic sky model (see [START_REF] Hottel | Performance of flat-plate solar-heat collectors[END_REF] or [START_REF] Loutzenhiser | Empirical validation of models to compute solar irradiance on inclined surfaces for building energy simulation[END_REF]), the solar irradiance is modelled based on three commonly used, measured (or modelled) components direct normal incidence DNI, global horizontal irradiance GHI and diffuse horizontal irradiance DHI. The model assumes that the radiance over the sky dome is constant in all directions. The model further assumes the radiance resulting from ground-reflected solar radiation is also a constant and can be modelled as a fraction of the global horizontal irradiance GHI. The relevant coefficient that determines this fraction is referred to as albedo value 𝛼. It is usually a constant representing the ground's bi-hemispherical reflectance value. Since the model is based on the assumption of perfectly diffuse Lambert behaviour (see section 4.3.3), the radiances for the sky and ground component of the horizontally measured irradiance quantities can be derived as:

𝐿 𝑠𝑘𝑦 (𝑡) = 𝐷𝐻𝐼(𝑡) 𝜋 𝐿 𝑔𝑛𝑑 (𝑡) = 𝑎𝑙𝑏𝑒𝑑𝑜 • 𝐺𝐻𝐼(𝑡) 𝜋 ( 114 
)
Based on these definitions, the time-series 𝑞(𝑡) for any quantity of interest represented as SIOP can easily be evaluated by applying equation ( 113). In addition to the two diffuse components, the direct normal irradiance is considered in a third term that evaluates the SIOP for the solar angles 𝜃(𝑡), 𝜑(𝑡) (relative to the SIOP orientation):

𝑞 𝑑𝑖𝑟 (𝑡) = 𝑆𝐼𝑂𝑃 𝑞 (𝜃(𝑡), 𝜑(𝑡)) • 𝐷𝑁𝐼(𝑡) (115)
Considering the two diffuse and the direct component, the evaluation can be written as:

𝑞(𝑡) =  𝑠𝑘𝑦 • 𝑆 ̅ 𝑠𝑘𝑦 • 𝐿 𝑠𝑘𝑦 (𝑡) +  𝑔𝑛𝑑 • 𝑆 ̅ 𝑔𝑛𝑑 • 𝐿 𝑔𝑛𝑑 (𝑡) + 𝑆𝐼𝑂𝑃 𝑞 (𝜃(𝑡), 𝜑(𝑡)) • 𝐷𝑁𝐼(𝑡) ( 116 
)
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The coefficients  and 𝑆 ̅ , relevant for the diffuse components, can again be precomputed, provided that the SIOP reference system is first rotated into the correct world position.

In the following, it is demonstrated how the RadiCal approach complies with the standard method by calculating the total irradiance incident on a vertically tilted plane using the 𝑆𝐼𝑂𝑃 approach. Assuming a planar, totally absorbing surface, the cosine law leads to an absorption 𝑆𝐼𝑂𝑃 that has the shape of a perfect sphere, extending to a value of 1.0 in the normal direction. It is crucial for further derivations and is hereinafter referred to as Lambert-SIOP. Its polar-plot representation is depicted in Figure 83. Following geometrical considerations, it is obvious that the precomputed coefficients for the determination of the diffuse components are:

𝑆 ̅ 𝑠𝑘𝑦 = 0.5, 𝑆 ̅ 𝑔𝑛𝑑 = 0.5,  𝑠𝑘𝑦 = 𝜋 𝑠𝑟,  𝑔𝑛𝑑 = 𝜋 𝑠𝑟
Substituting these coefficients into equation ( 116), the time-dependent total irradiance on the plane 𝐸(𝑡) can be written as:

𝐸(𝑡) = 𝜋 2 • 𝐿 𝑠𝑘𝑦 (𝑡) + 𝜋 2 • 𝐿 𝑔𝑛𝑑 (𝑡) + 𝑆𝐼𝑂𝑃(𝜃(𝑡), 𝜑(𝑡)) • 𝐷𝑁𝐼(𝑡) (117) 
By substituting the above radiances using eq. ( 114), and by utilizing the fact that the Lambertian, sphere-shaped 𝑆𝐼𝑂𝑃 (see Figure 83) can also be expressed simply by 𝑐𝑜𝑠(), with  being the angle of incidence relative to the plane, equation ( 117) can be written as:

𝐸(𝑡) = 𝐷𝐻𝐼(𝑡) 2 +  𝐺𝐻𝐼(𝑡) 2 + 𝑐𝑜𝑠((𝑡)) • 𝐷𝑁𝐼(𝑡) Q.E.D. ( 118 
)
This is the standard equation used to determine the irradiance based on the isotropic sky model for a plane tilted by 90°, which has been derived consistently using the SIOP approach. Of course, the same could be shown for any other tilt angle of the plane, as the coefficients for the sky and ground term determined on a tilted 𝑆𝐼𝑂𝑃 will change accordingly. 

The anisotropic Perez sky model

While the isotropic sky model is still frequently used, the assumption of constant radiance over the entire sky dome does not properly reflect the real-world irradiance profiles, leading to erroneous results. The actual radiance distribution over the sky dome and its dynamic diurnal and seasonal variation is complex. It depends on specific local meteorological conditions, in particular, of course, on the weather and cloud cover. Therefore, it is impossible to accurately describe a local irradiance situation by applying simple analytic models. Nonetheless, the isotropic model can be 'upgraded' by adding additional features. In order to achieve higher accuracy, [START_REF] Perez | The development and verification of the Perez diffuse radiation model[END_REF]1990) have identified two dominant non-isotropic components that can be modelled in an analytic way: circumsolar radiation and horizon brightening (or darkening). To be able to take local variations into account, the models are based on free parameters that can specifically be defined based on local conditions. The Perez model can, therefore, be considered a semi-empirical approach. While the direct normal irradiance and ground reflected irradiance is treated in the same way as in the isotropic sky model, the diffuse sky irradiance received by a tilted surface is now determined by [START_REF] Perez | The development and verification of the Perez diffuse radiation model[END_REF][START_REF] Perez | Modeling daylight availability and irradiance components from direct and global irradiance[END_REF]:

𝐸 𝑑𝑖𝑓𝑓,𝑠𝑘𝑦 = 𝐷𝐻𝐼 • [ (1 -𝐹 1 ) ( 1 + 𝑐𝑜𝑠𝛽 2 ) + 𝐹 1 𝑎 𝑏 + 𝐹 2 𝑠𝑖𝑛𝛽 ] 𝑤𝑖𝑡ℎ 𝑎 = 𝑚𝑎𝑥(0, 𝑐𝑜𝑠 ) 𝑎𝑛𝑑 𝑏 = 𝑚𝑎𝑥(𝑐𝑜𝑠 85°, 𝑐𝑜𝑠 𝜃 𝑧 ) (119) 𝛽 … 𝑡𝑖𝑙𝑡 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑝𝑙𝑎𝑛𝑒 (0°=horiz. plane) 𝐹 1 , 𝐹 2 … "𝑃𝑒𝑟𝑒𝑧 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠"  … 𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑐𝑒 𝑎𝑛𝑔𝑙𝑒 𝜃 𝑧 … 𝑠𝑜𝑙𝑎𝑟 𝑧𝑒𝑛𝑖𝑡ℎ 𝑎𝑛𝑔𝑙𝑒
For the application in RadiCal, it is essential to identify and separate the components of the Perez model: The first term in the square brackets of equation ( 119) represents the isotropic diffuse irradiance of the sky, excluding the circumsolar component. The second term, led by the coefficient 𝐹 1 , reflects the circumsolar component of the model, whereas the last term, led by 𝐹 2 , represents the horizon component of the model. The coefficients 𝐹 1 and 𝐹 2 are, in turn, determined based on the irradiance components 𝐷𝐻𝐼, 𝐷𝑁𝐼, the solar zenith angle 𝜃 𝑧 , as well as on the local pressure (for air mass calculation) and date, i.e. day of the year (for calculation of extraterrestrial radiation). Additionally, empirical parameters 𝑓 𝑖𝑗 , specific to the location, are required in the calculation process. The implementation performed here follows the often applied approach to use global values as provided in table 6 in the publication of [START_REF] Perez | Modeling daylight availability and irradiance components from direct and global irradiance[END_REF]. The relevant parameters 𝑓 𝑖𝑗 are provided in tabular form depending on the clearness parameter 𝜀, which depends on diffuse/direct irradiance ratio and the zenith angle. 

SIOP evaluation using the anisotropic Perez sky model

The necessary details for the implementation of the Perez model are available in the original publications [START_REF] Perez | The development and verification of the Perez diffuse radiation model[END_REF][START_REF] Perez | Modeling daylight availability and irradiance components from direct and global irradiance[END_REF] or, e.g., on the relevant page of the PV Performance Modeling Collaborative of Sandia National Laboratories (Sandia National Laboratories, 2018b). The application of the model in RadiCal basically follows these standards with two variations: first, the determination of the coefficients 𝑓 𝑖𝑗 based on the clearness parameter 𝜀 is not performed based on the discrete interval approach, as suggested. Instead, a linear interpolation method is applied (see implementation, section 6.2.5). Second, the three components forming the diffuse sky irradiance (eq. ( 119)) are calculated and applied separately. Based on Perez model radiance and irradiance components are defined subsequently used for the SIOP evaluation.

By following the principle of a Lambert receiver or by comparing with the equations in the previous section, the constant sky radiance value 𝐿 𝑠𝑘𝑦,𝑃𝑒𝑟𝑒𝑧 can be derived from the Perez model as:

𝐿 𝑠𝑘𝑦,𝑃𝑒𝑟𝑒𝑧 = 𝐷𝐻𝐼 𝜋 • (1 -𝐹 1 ) (120) 
Note that this definition still considers the entire sky dome, i.e. the upper hemisphere. The horizonband introduced by Perez does not reduce its extension, as the horizon radiance values are superimposed on the sky radiance value. Since these horizon radiance values can be positive and negative, they can either increase or reduce the original sky radiance values.

For the ground-reflected component, commonly, the standard approach for the isotropic model is used. It was introduced in the previous section:

𝐿 𝑔𝑛𝑑 = 𝑎𝑙𝑏𝑒𝑑𝑜 • 𝐺𝐻𝐼 𝜋 (114)
The Perez model assumes a horizon band that extends to an angle of 6.5° above the horizon. To be able to perform an evaluation analogue to the two diffuse components just introduced, a constant radiance is assumed for this region. The corresponding value for the related radiance can be found by inverting the Perez model, i.e. demanding that the irradiance evaluation of the Lambert-SIOP, representing a vertical plane, according to equation ( 113), has to equal the horizon irradiance component of the Perez model:

𝐸 ℎ𝑜𝑟𝑖𝑧𝑜𝑛 = 𝐷𝐻𝐼 • 𝐹 2 𝑠𝑖𝑛 90° ! =  0,ℎ𝑜𝑟𝑖𝑧𝑜𝑛 • 𝑆 ̅ 0,ℎ𝑜𝑟𝑖𝑧𝑜𝑛 • 𝐿 0,ℎ𝑜𝑟𝑖𝑧𝑜𝑛 (121) 
Consequently, the constant radiance value of the horizon 𝐿 0,ℎ𝑜𝑟𝑖𝑧𝑜𝑛 is obtained as:

𝐿 0,ℎ𝑜𝑟𝑖𝑧𝑜𝑛 = 𝐷𝐻𝐼 • 𝐹 2  0,ℎ𝑜𝑟𝑖𝑧𝑜𝑛 𝑆 ̅ 0,ℎ𝑜𝑟𝑖𝑧𝑜𝑛 = 𝐷𝐻𝐼 • 𝐹 2 0.3556 • 0.6353 = 𝐷𝐻𝐼 • 𝐹 2 • 4.426 (122)
The solid angle and average value of the Lambert-SIOP used represent constants. The value for the solid angle  0,ℎ𝑜𝑟𝑖𝑧𝑜𝑛 is achieved simply by integration over the 6.5 degrees extended horizon band, considering only the hemisphere in front of the plane. The average value 𝑆 ̅ 0,ℎ𝑜𝑟𝑖𝑧𝑜𝑛 is obtained by evaluating the SIOP for this same region. The determined constants ensure that the irradiance values resulting from the horizon brightening (darkening) align with the original definitions of the Perez model. The actual solid angles and average values are used in the evaluation process to perform a SIOP-based evaluation of the Perez model for a plane tilted at angles other than 90° (see below). However, the constants contained in equation ( 122) always remain unchanged.

Next, the second anisotropic component introduced by Perez et al. is considered. In their definition, the circumsolar component represents a part of the diffuse sky radiation. This is reasonable since it 139 scales with the diffuse irradiance DHI. However, for its evaluation, the sky's clearness, which is in turn linked to the direct normal component DNI, is also relevant. Further, to calculate the irradiance resulting from the circumsolar component, Perez introduced the parameter 𝑎, which by definition is nothing but the non-negative cosine of the incidence angle (𝑚𝑎𝑥(0, 𝑐𝑜𝑠 )). Hence, it is reasonable to consider the circumsolar component as directed and to handle it in the same way as the DNI component. Consequently, it is not represented as a radiance term [W/(m².sr)] but as an irradiance component [W/m²]. The related term can easily be found by replacing the parameter 𝑎 with the SIOP for the incidence direction, as the SIOP operator contains the angular profile in a more general way:

𝐸 𝑐𝑖𝑟𝑐,𝑃𝑒𝑟𝑒𝑧 = 𝑆𝐼𝑂𝑃 𝑞 (𝜃, 𝜑) • 𝐷𝐻𝐼 • 𝐹 1 • 1 𝑏 (123)
Alternatively, the SIOP operator could also be evaluated on the entire circumsolar disc as defined in Perez' model. In future work, it will be studied if this improves the accuracy. However, the simple approach based on a singular SIOP evaluation for the circumsolar and direct component is pursued for all evaluations performed in the present work for two reasons. First, it is more in line with the commonly performed evaluation of the Perez model. Second, the single evaluation of the SIOP for the incidence angle will generally be a good estimator for the average value of the circumsolar disk centred around it. Finally, only the direct component is missing. In analogy to the circumsolar term just derived, the irradiance resulting from direct normal irradiance 𝐷𝑁𝐼 is stated as:

𝐸 𝑑𝑖𝑟 = 𝑆𝐼𝑂𝑃 𝑞 (𝜃, 𝜑) • 𝐷𝑁𝐼 (124)
The general form for the evaluation of a SIOP using the Perez sky model can now be written as: 

𝐸(𝑡) =  𝑠𝑘𝑦 • 𝑆 ̅ 𝑠𝑘𝑦 • 𝐿 𝑠𝑘𝑦,𝑃𝑒𝑟𝑒𝑧 (𝑡) +  𝑔𝑛𝑑 • 𝑆 ̅ 𝑔𝑛𝑑 • 𝐿 𝑔𝑛𝑑 (𝑡) +  ℎ𝑜𝑟𝑖𝑧𝑜𝑛 • 𝑆 ̅ ℎ𝑜𝑟𝑖𝑧𝑜𝑛 • 𝐿

Irradiance on the vertical plane -consistency with standard approach

In analogy to the derivation performed for the isotropic model in the last section, the consistency of the Perez evaluation for the SIOP is demonstrated by explicitly calculating the irradiance on a vertically oriented plane. The solid angles for this orientation represent quarter spheres for the sky and ground component: (126)

 𝑠𝑘𝑦 =  𝑔𝑛𝑑 = 𝜋.
For the irradiance on a plane, the evaluation of the Lambert-𝑆𝐼𝑂𝑃 for the solar position is again substituted by 𝑐𝑜𝑠(). Further, equations ( 120) to ( 124) are substituted into the equation: This, again, demonstrates that the SIOP approach transitions into the standard model for a simple planar geometry. The evaluation of equation ( 125) for any other orientation simply requires the (pre)calculation of the solid angles and SIOP averages applying the actual tilt angle.

𝐸(𝑡) = 𝜋 • 0.5 • 𝐷𝐻𝐼(𝑡) 𝜋 • (1 -𝐹 1 (𝑡)) +𝜋 • 0.5 • 𝑎𝑙𝑏𝑒𝑑𝑜 • 𝐺𝐻𝐼(𝑡) 𝜋 + 0.3556 • 0.6353 • 𝐷𝐻𝐼 0.3556 • 𝐹 2 (𝑡) 0.6353 + 𝑐𝑜𝑠((𝑡)) • 𝐷𝑁𝐼(𝑡) + 𝐷𝐻𝐼(𝑡) • 𝐹 1 (𝑡) 𝑏(𝜃(𝑡)) 𝑐𝑜𝑠((𝑡)) = (1 -𝐹 1 (𝑡)) 𝐷𝐻𝐼(𝑡) •

Perez evaluation for a general tilt angle

In order to perform the SIOP evaluation for the Perez model according to equation ( 127), the three solid-angle and the three SIOP average values have to be provided. All values are specific for the tiltangle and do not depend on the azimuthal, i.e. compass orientation. The solid angles represent the fractional area of the particular regions (sky, ground, horizon band) visible to an observer on the tilted plane. Following this consideration, it is evident that the areas representing the sky and ground are spherical lunes. Hence the solid angles of the visible sky ( 𝑠𝑘𝑦 ) and ground ( 𝑔𝑛𝑑 ) are simply linear functions ranging from 0 to 2𝜋 (see Figure 85) The solid-angle of the visible horizon band ( ℎ𝑜𝑟𝑖𝑧𝑜𝑛 ) follows a slightly more complex function. For most tilt angles, it is close to 0.3556𝑠𝑟 as one half of the horizon will be visible. However, there is a slight slope, as additional wedges around the axis of rotation have to be considered. When the downwardpointing horizontal orientation is reached, the solid angle will diminish to zero as the horizon band moves out of view. In contrast, for the upright horizontal plane, the value reaches 0.7113𝑠𝑟, as the entire 6.5° extended band is visible.

While the solid angles used in the evaluation depend on the tilt angle but are generally valid for any SIOPs, the corresponding SIOP average values for the specific regions naturally depend on the actual SIOP shape. For reference and comparison with the standard model, the Lambert-SIOP, representing the irradiance on a plane, is once more evaluated. The SIOP averages as functions of tilt angle are determined by numerical integration and depicted in Figure 86. Note that the average for the horizon band (𝑆 ̅ ℎ𝑜𝑟𝑖𝑧𝑜𝑛 ) reaches its maximum when tilted slightly upwards (red arrow) and does not reach zero for the horizontal orientation (red line). In order to analyse the impact that the radiance of each component has on the resulting irradiance on the plane, the solid angles are multiplied by the relevant SIOP averages for each component. The results are depicted in Figure 87. As can be seen, the products for the sky and ground components result in cosine-and sine-shaped functions of the tilt angle. This corresponds perfectly to the standard Perez model, eq. ( 119). However, the irradiance resulting from the horizon radiance, determined by the product  ℎ𝑜𝑟𝑖𝑧𝑜𝑛 • 𝑆 ̅ ℎ𝑜𝑟𝑖𝑧𝑜𝑛 , follows a slightly different shape than the 𝑐𝑜𝑠𝛽 term considered in equation ( 119). Firstly, the maximum is offset by few degrees to the upside, which is reasonable based on geometrical considerations. Second, the impact of the horizon band radiance does not vanish for the (upright) horizontal orientation. From a geometric point of view, this is also reasonable. As stated above, the visible solid angle fraction of the horizon band increases to double the value for a horizontal plane. Even if the absorbed irradiance converges to zero for incoming light at grazing angles (according to Lambert's cosine law), there remains a non-zero contribution of the 6.5° extended horizon band on a horizontal plane. This is an interesting deviation of the SIOP-based Perez evaluation compared to the standard model. Even if the irradiance contribution of the horizon band might be limited for a planar surface, SIOPs can generally be used to model complex structures that could, intentionally or not, absorb or redirect light coming from these directions. For such cases, it is essential to accurately consider the impact of the radiance resulting from the horizon band. 

General approach for real-world environments

The evaluations discussed in the previous two sections assume that the view to the sky, horizon and ground is unobstructed. This represents a base case that is fundamentally important but rarely relevant for practical applications. Following theoretical considerations, as well as the results of the full system validation performed in this work (Chapter 8), it is evident that the constant albedo approach leads to significant inaccuracies. It assumes a ground-level horizontal plane with constant Lambert reflectance (section 4.3.3). In real environments, all three assumptions generally prove to be insufficient. First, relevant surfaces in the environment generally have varying orientations and rise significantly above ground level, e.g. facades, mountains or tilted roofs. Consequently, irradiance values vary considerably for each surface, depending on its orientation and shading by other objects. Second, many surfaces exhibit significant amounts of specular reflection, e.g. metallic roofs. Finally, the reflectance will change depending on the climate and weather, e.g. vegetation surfaces change their colour and precipitation like rain or especially snow will significantly alter the reflectance of surfaces. For practical application, individual radiance components reflected off all visible surfaces in the target's view have to be considered. In order to do this, the geometry of these objects is mapped onto the SIOP, i.e. a segmentation of the SIOP is performed in a way that the radiance of each segment is approximately constant. In such cases, the SIOP can be evaluated by applying equation ( 113) for each segment representing a locally constant (modelled or measured) radiance value. The necessary coefficients, i.e. the solid angle  𝑖 and the SIOP average value for the segment 𝑆 ̅ 𝑖 can again be precomputed based on the given segmentation. Finally, the solid angles and SIOP average values are calculated for the remaining visible regions of the sky and horizon band. These regions additionally determine if the sun is visible at its current location, i.e. if direct irradiance must be considered. If the Perez sky model is applied for this approach, the total irradiance can be written as: While the segmentation and evaluation of the SIOP based on the locally visible objects is a straightforward task, assigning suitable radiance values 𝐿 𝑖 (𝑡) to the different patches is more challenging. The time-resolved radiance values for each visible surface can be determined at various levels of detail. Some potential approaches, ordered by increasing complexity, are:

𝐸(𝑡) = ∑  𝑖 • 𝑆 ̅ 𝑖 • 𝐿 𝑖 (𝑡) 𝑁 𝑖=1 + ′ 𝑠𝑘𝑦 • 𝑆 ̅ ′ 𝑠𝑘𝑦 • 𝐿 𝑠𝑘𝑦,𝑃𝑒𝑟𝑒𝑧 (𝑡) +  ′ ℎ𝑜𝑟𝑖𝑧𝑜𝑛 • 𝑆 ̅ ′ ℎ𝑜𝑟𝑖𝑧𝑜𝑛 • 𝐿 ℎ𝑜𝑟𝑖𝑧𝑜𝑛,𝑃𝑒𝑟𝑒𝑧 (𝑡) +  ′ 𝑐𝑖𝑟𝑐 • 𝑆 ̅ ′ 𝑐𝑖𝑟𝑐 • 𝐿 𝑐𝑖𝑟𝑐,𝑃𝑒𝑟𝑒𝑧 (𝑡) + 𝛿 𝑠𝑢𝑛 𝐸 𝑑𝑖𝑟 (128)  𝑖 … solid angle of segment i 𝑆 ̅ 𝑖 … SIOP average of segment i 𝐿 𝑖 (𝑡) … locally constant radiance of segment i  ′ 𝑠𝑘𝑦 ,  ′ ℎ𝑜𝑟𝑖𝑧𝑜𝑛 ,  ′ 𝑐𝑖𝑟𝑐 …
• consideration of sky, horizon and ground radiance only, but with an arbitrarily shaped horizon line

• consideration of patches with varying albedo values (diffuse reflection, horizontal plane)

• consideration of plane irradiance on patches (diffuse reflection, oriented plane)

• consideration of plane irradiance on patches (diffuse reflection, oriented plane, shadowing)

• consideration of plane irradiance and directed reflection (direct reflection, diffuse reflection, oriented plane, shadowing)

• elaborate calculation of radiances using RadiCal raytracing and an adapted SIOP approach for the patches.

An efficient approach is currently being implemented and tested but cannot be detailed here as this would go beyond the scope of the PhD. This work focuses on the raytracing algorithm, physical optics, SIOP definition, and their validation. Future publications will, in particular, cover the handling of spatially resolved incidence profiles. However, it is important to stress that the SIOP concept does not impose any restrictions regarding the evaluation of a detailed radiance environment. On the contrary, SIOPs in particular allow and facilitate the implementation of such angularly resolved approaches. The significant advantage of the SIOP is that radiance distributions on an arbitrarily shaped segmentation can be evaluated very accurately and efficiently.

Testing and validation

While many consistency and plausibility tests were carried out during the implementation of the relevant modules, an explicit two-level test for evaluating the Perez module was performed. In the first step, the validity of the Perez module, providing the individual radiance and irradiance components, was tested by calculating the time series for two different days and orientations. Afterwards, the results of the SIOP-based evaluation for horizontal and vertical orientation were computed. All results were compared against irradiance values calculated with the building performance simulation software IDA ICE [START_REF] Equa | IDA ICE -Indoor Climate and Energy[END_REF] 

Validation of Perez module -comparison of diffuse components

First, the correct implementation of the Perez algorithm was tested. For this purpose, the diffuse sky components, and additionally the ground component, were compared. According to the Perez model, the diffuse sky irradiance depends on several parameters in a complex way, including direct normal irradiance and day-of-year. Consequently, comparing computed diffuse irradiance time series for different orientations represents a comprehensive and robust validation of the algorithms involved.

Since the RadiCal implementation contains an additional, optional interpolation feature, two calculations were tested. The results of the validation are shown in Figure 91. The comparison of the diffuse sky irradiance time series shows an excellent agreement between the RadiCal and IDA ICE calculations. The coefficients of determinations and errors are listed in Table 12. As can be seen, the calculation results are mostly identical. The singular, relatively high maximum error for the horizontal is likely caused by the different handling of time frames in connection with the strong short-term fluctuations. The irradiance data measured in one-second intervals have to be averaged to minute intervals. Since obviously different averaging methods or different reference times are applied here, strong short-term irradiance fluctuations lead to a deviation in the results. The small values for the mean error indicate this, as the fluctuations average out when mean values are calculated.
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Figure 91 Comparison of Perez diffuse sky irradiance top row: south orient., 14.6.2021, left: std. method, right: interpolation bottom row: horizontal orient., 17.7.2021, left: std. method, right: interpolation It is also apparent that the interpolation feature of RadiCal has no significant impact on the comparison regarding average errors or correlation. Nevertheless, the feature leads to noticeable smoothing. Albeit the quantitative effect is small, this represents an appropriate improvement of the calculation, as it leads to a more realistic dynamic behaviour. It removes the transient, step-like changes, benefiting dynamic thermal simulations. Figure 92 shows a zoomed detail of the comparison. It can be seen that the standard Perez model (grey) leads to step-like changes in the diffuse irradiance, whereas the interpolation feature leads to an unbiased, smoothed curve. 

Validation of SIOP evaluation vs. IDA ICE calculation

In this next step, the entire SIOP evaluation process is validated. Again, the Lambert-SIOP (see Figure 83) representing a planar absorber is used. Also, the same days as for the previous steps are used for the evaluation. The tests are performed for three vertical orientations (south, west, north) and the horizontal plane. The results of the evaluation are presented in Figure 93, Figure 94 and Table 13. It can be seen in the charts of Figure 93 and particularly Figure 94 that there are noise-like deviations at times with strongly fluctuating irradiance values. As mentioned in the previous section, these deviations are the results of different averaging processes or different time-frames used to generate minute interval data of the original measurement data with one-second time steps. This is confirmed by the mean errors (Table 13), as they show no significant bias. Apart from the fluctuations, the calculated irradiance values show an almost perfect match (see Figure 93 and Figure 94 -dashed red curve overlapping grey curve). The only significant systematic deviation can be found in the case north, 14.6.2021 (see Figure 93, bottom left). A systematic deviation of approximately 5 W/m² 153 occurs in the morning and -9 W/m² in the evening. Surprisingly, the direct normal irradiance components differ at these times. The results of the RadiCal implementation were cross-checked by comparison with the standard Perez model, where no error was detected. The reason for the deviating calculation of IDA ICE remains unclear. As the solar positions calculated were found to be almost identical, only a minor tilt of the northern plane could potentially explain the occurring deviation.

Validation of Lambert-SIOP evaluation vs. standard on-plane irradiance model

In a further validation step, the SIOP evaluation results for the Lambert-SIOP were compared with on-plane irradiance calculations using the Perez method. For the latter, the RadiCal Perez module was used, as this module has already been validated against the IDA ICE calculations in the first step (see above). As both calculations can now be performed using the same time frames, no sampling-related noise is affecting the comparison. The results of both calculations were found to be virtually identical, showing average deviations in the range of a few thousandths Watt per square metre. Consequently, the results are not presented in graphical form. The comparison of the Lambert-SIOP evaluation vs. the standard Perez algorithm seems trivial. Still, it is a robust and comprehensive proof of the implementation's validity, as the two calculation paths differ significantly.

While the standard calculation is based on trigonometric functions of the tilt angle and solar angle, the SIOP evaluation is based on numerical integrations and vector calculus. The perfect match of the resulting irradiance on planes with different orientations confirms, in particular, the validity of these evaluation steps:

• generation of SIOP

• evaluation of SIOP (for singular direction)

• integration on SIOP over segments (for average values)

• calculation of solid angles of segments (sky, horizon, ground)

• determination of radiance values for segments

• two-axis rotation into the world coordinate system

A full spectral polarisation Monte-Carlo Raytracer

Tracing a ray -overview

In the field of computer graphics, many different implementations of Monte-Carlo (MC) raytracing can be found. A good overview is provided by Jansen et al. (2003). The methods apply different advanced methods of MC sampling known as, e.g. Metropolis sampling, importance sampling or Russian roulette. All methods aim at providing realistic renderings of objects with the highest possible efficiency, i.e. the shortest possible calculation time. In order to achieve this, the methods cast rays (light particles) from the eye-point towards the viewed area. Since the light is traced against its natural direction, these methods are referred to as backward raytracing, while tracing the light in its natural direction is referred to as forward raytracing (unfortunately, some authors with computer graphics background use the terms with interchanged meanings).

Backward raytracing is very efficient on the first hand, as it guarantees that every cast ray hits an object in the visible area first and therefore provides valuable information for the rendering. The efficiency of the methods is then determined after this first hit when the light incident to this first collision point has to be sampled efficiently. The light incident to this point will generally show high spatial fluctuations, as usually distinct, angularly limited light sources, or reflections of these, are present. The various MC sampling strategies aim to solve this integration of the incoming light as efficiently as possible. Special requirements must be met in this sampling process, as the visual appearance of the object, and not the energy of the light, is the relevant measure. Reversing directions and using forward raytracing for image rendering is possible in theory but not from a practical point of view, as it is simply too inefficient. Forward raytracing, e.g. of an outdoor environment, would mean that every ray of light initiates from the sun's direction or some from the sky dome if scattering is considered. The rays are then scattered on objects, and only a very small fraction of them would finally reach the virtual camera lens to provide imaging information. However, most rays would either be absorbed or scattered in other directions. The overwhelming majority of cast rays would therefore be useless for the rendering process. However, a similar reasoning applies in reverse in the application presented here. The focus of this application is determining the paths that the energy (or power) carried by the incident light particles are taking. In this context, any light particle contributes equally relevant information, regardless of whether it is absorbed or transmitted through the object. Hence, an unbiased sampling strategy fulfils the requirements of this energetic analysis best. In the context of rendering and backward raytracing, this unbiased strategy would cause the appearance of some surfaces to be determined by very few samples only, leading to noise-like colour or brightness fluctuations in the image. In the energetic context, however, the number of samples absorbed by a surface is always related to the density of the incidence light. Therefore, the relative accuracy of the results is determined by the total of light particles cast and can, therefore, even be high for a surface absorbing no particles. Following this line of reasoning, an important design choice is that no recursive path splitting is applied during the raytracing process. This means that whenever light is scattered into different directions or simultaneously reflected, absorbed and transmitted, always one path is selected and followed further on, maintaining the full energy of the light particle. Since the probability of these paths is determined based on the underlying probabilities, the law of large numbers ensures that the 155 results converge to the expected value. Splitting the path into N sub-paths would lead to a recursive division, resulting in a large number of branched paths. On average, all of these paths would be computationally as expensive as the single path; however, most would carry little energy and, therefore, contribute little relevant information. Avoiding path splitting is, therefore, significantly more efficient for the intended application.

Rays and light particles

In a -not entirely accurate -analogy to quantum mechanics, the term "light particle" is used alongside the term "ray" below. It is helpful to have the concept of light particles in mind when scattering events are considered in raytracing, while the concept of rays is useful to describe linear propagation.

The term light particle does, however, not refer to a specific physical entity but to the sampling entity used in the implementation, as the ray is sequentially traced in the form of a sample from its generation over scattering events to absorption. The term photon is avoided, as it relates to the quantum dynamic nature of light, which can, of course, not be considered here in full. The energies of photons further depend on their wavelengths, whereas the introduced light particles are defined as being equienergetic, i.e. each sample represents the same constant flux density fraction, regardless of its wavelength. Beyond that, a Stokes vector is assigned to each light particle to describe its polarisation state. As discussed above (sections 4.2.4 and 4.8.1), the Stokes vector describes the polarisation state of a multitude of photons, or wave trains, in a statistical nature. Hence, the light particles introduced here can be best described as a fraction of a parallel light beam consisting of many photons with the same wavelength and a specified constant radiant flux density.

In the implementation, the following type definitions are used to describe the ray/light particle: In the implementation, a light particle or ray sample is defined by the type TStokesRay in the global module RC_Vects. It includes the current position and direction (rp, rdir), the polarisation state Stokes vector (pState) and reference axis (spol) and the wavelength (wl). It carries information on the current (curColl) and most recent scattering event (lastColl), as well as an ordinal counter that tracks the collisions (collCn). It further contains four variables that are used to increase the performance of the collision detection algorithm.
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The two encapsulated Tcollision instances contain information regarding the location, orientation and character of the two most recent object collisions representing scattering events (reflection or transmission).

3D model and geometry modules 7.3.1. OBJ file import

In order to maximize the potential application of the software, an import module allowing the import of standard CAD files was implemented. There are various common file formats used to store and deploy threedimensional CAD models. Because of its simplicity and widespread use as an exchange format, the OBJ format (The Library of Congress (USA), no date; Bourke, 2022) has been chosen for implementation. The format is clear-text-based, so it can be viewed with any text file editor. The following sample shows the data of a simple triangulated cube with a dimension of one located at the origin (see Figure 95). Firstly a list of vertices ("v") and normal vectors ("vn") is contained. In the bottom section, the indices of these elements are referenced ("f") to define 12 triangular surfaces. While the format allows additional features, see e.g. (Bourke, 2022), the data contained in this simple example covers all types that are required for importing geometry to the RadiCal method. Beyond the features contained in the above example, only the functionality to import texture coordinates is additionally implemented. The texture feature can potentially be used to define the directional system for non-isotropic surface roughness. However, this feature is currently not fully implemented in the raytracer. As shown in the class definitions above, the 3D data contained in the OBJ file is stored in a hierarchical structure that additionally contains pre-computed data to increase the performance of the raytracing algorithm. 

Collision detection

The objective of the collision detection algorithm is to determine the intersection of a ray with the geometric model. From a geometrical point of view, this means that the closest intersection point of the line representing the ray and any face of the model has to be determined (see Figure 97). In order to solve this efficiently, two components are required: first, an algorithm to calculate the intersection point between any face and the ray, i.e. a line, is required. Second, a partitioning algorithm is needed to reduce the number of necessary intersection tests.

Line triangle intersection

Only the line-triangle intersection algorithm is applied in the implementation, as already triangulated geometry is used. Models that do contain quad faces (consisting of four points in a plane) can trivially be split into two triangles for the test. There are many different approaches for calculating the intersection point. In the current implementation, the Müller-Trumbore algorithm [START_REF] Möller | Fast, Minimum Storage Ray-Triangle Intersection[END_REF] is applied. The test, on the one hand, has a high algorithmic efficiency and, on the other hand, can already provide essential information regarding the location of the intersection point relative to the ray origin point and in the coordinates of the face hit.

As can be seen in the implementation below, the algorithm is quite short if vector notation is used.

function TFaceTree.RayHitT(const rayP0, rayDir: TVect3d; const Tri: TRCface;var ipoint: TVect3d; var u_,v_,t : Double): Boolean; Const Eps = 0.0000001; // MÖLLER-TROMBORE test var h,s,q : TVect3d; a,f,u,v : Double; begin h:=VCrossProd(raydir,tri.edge2); a:=Vdot(tri.edge1,h); if (a>-eps)and(a<eps) then Begin Result:=false;Exit;End; // ray is parallel->leave f:=1/a; // scaling parameter s:=rayp0-tri.v0; u:=f*Vdot(s,h); if (u<0)or(u>1) then Begin Result:=false;Exit;End;// hit outside tri.area->leave q:=VCrossProd(s,tri.edge1); v:=f*Vdot(raydir,q); if (v<0)or((u+v)>1) then Begin Result:=false;Exit;End; // hit outside tri.area->leave t:=f*Vdot(tri.edge2,q); if t>eps then // distance origin->intersection point is positive Begin // hit provide barycentric coordinates and intersection point u_:=u; v_:=v; ipoint:=rayp0+t*raydir; Result:=true; End else Result:=false; end;

The parameters ray origin point (rayP0) and direction (rayDir) as well as the face (Tri) are passed as input to the function. The function is of boolean type and returns false if the triangle is missed. Otherwise, it returns true and passes the intersection point in world coordinates (ipoint) as well as ,v_). Beyond that, it outputs the parameter t that contains the distance between the ray origin and the intersection point. This information is crucial to determine the closest collision point along the ray's path and to avoid unnecessary calculations for further distances. As can be seen in the code, a part of the efficiency of the algorithms results from the integrated early termination tests. At various points, the execution is aborted if the current calculation results no longer allow an intersection.

Spatial partitioning -search tree

The triangle intersection test could simply be applied to all faces of the model to finally determine the closest intersection point based on the returned distance parameters t. However, this is a very inefficient approach that would require vast computational time. In a much more efficient approach, a spatial partition is applied to the model first. The partition is used to create a search tree for the faces that allows identification of potential target faces more easily -or conversely expressed, the exclusion of non-relevant regions from the test. The partitioning can be performed based on various algorithms. The most common ones are called uniform subdivision [START_REF] Cleary | Analysis of an algorithm for fast ray tracing using uniform space subdivision[END_REF], kd-tree [START_REF] Ooi | Spatial kd-tree: A data structure for geographic database[END_REF] and octree [START_REF] Meagher | Octree Encoding: A New Technique for the Representation, Manipulation and Display of Arbitrary 3-D Objects by Computer, Technical report[END_REF]. The latter two show significantly higher performance. While the actual performance depends on the specifics of the geometric model, a slightly higher performance can be expected of the kd-tree for many models [START_REF] Szirmay-Kalos | On the Efficiency of Ray-shooting Acceleration Schemes[END_REF]. However, since the octree method is less complex to implement and the performance difference is limited, the octree method was implemented here. It can easily be replaced or extended with other methods later on.

The implemented octree method is based on the initial ideas by [START_REF] Meagher | Octree Encoding: A New Technique for the Representation, Manipulation and Display of Arbitrary 3-D Objects by Computer, Technical report[END_REF] and many further implementations. The algorithm was, however, implemented from scratch for the RadiCal method, applying today's available modern programming features such as object-oriented programming and dynamic memory allocation. The method begins with a bounding box containing the entire model. This root box is then recursively subdivided into eight equally sized sub-boxes, and the number of faces contained in each sub-box is analysed. The subdivision is carried on recursively if the face count lies above a certain threshold. Otherwise, the subdivision is aborted, and a list with indices of the contained faces is created for the last element. As commonly applied for search trees, all elements containing face lists are referred to as "leafs", while all elements that refer to child boxes are referred to as "nodes" (see Figure 109). Both elements, contain the coordinates of the associated bounding box.

Figure 98 Octree partition of imported CAD model to increase efficiency of collision detection

destructor Destroy; override; end;

There are essentially only two functions relevant for the application of the module: createTree and nextRayCollRecursive. The first one is used to establish the octree. For this purpose, the geometry (geo_) and root bounding box (bb0) are passed to the module. In order to control the tree generation, the maximum number of faces per leaf is provided (maxLeafSize). During the implementation, two additional features were implemented and found to be useful for increasing the performance on some geometries: minDim_ allows defining a secondary recursion abortion criterion based on the volume of the bounding box. Finally, the isoScale parameters can be used to transform the root box into a cube. If this option is not chosen, the proportions of the initial bounding box will be maintained throughout the recursion. Since the tree generation can take up several minutes, the functions saveToFile and readFromFile can be used to store and reuse an already generated hierarchy. Finally, the function nextRayCollRecursive is the key function that performs the collision tests in the raytracing process. In the exceptional case of not detecting any collisions, it returns false; otherwise, it updates the currColl variable in the ray parameter with specific information regarding the detected collision. As shown in section 7.3.1, the collision structure contains comprehensive information for the face hit. Most of these parameters are provided by nextRayCollRecursive already. This increases the performance of the raytracing, as calculations results from the triangle intersection can be used for this purpose. Specifically, the following parameters of currColl are provided: cp : TVect3d; // collision point cn : TVect3d; // surface normal at collision point cxv,cyv : TVect3d; // local x,y axis at collision point cu,cv : Double; // barycentric (triangle) collision coordinates sprod : Double; // dot product at collision (incidence angle) oNo : UInt32; // object index of hit object fNo : UInt32; // face index of hit object mNo : UInt32; // material index of hit object

Periodic planes

In currently used approaches, both in the standard methods as well as in the BSDF-based methods, the surrounding objects of glazings, e.g. frames or rails for the shadings, are usually neglected. This can, on the one hand, lead to significant inaccuracies, but on the other hand, provides results of a more general nature, i.e. the results can later be used to model glazings of any size.

In order to be able to perform such calculations efficiently with the RadiCal method, a periodic-plane feature is implemented. Up to two sets of parallel planes can be included in the CAD drawing and defined as periodic planes. Each plane has a front and back side, defined by its surface normal vectors. Any rays intersecting these planes from the front side are relocated to the corresponding, opposite plane. All translations are performed parallel to the specified axis, i.e. two coordinates are held constant. Rays that reach the plane coming from the backside are not affected. This concept allows for efficient modelling of periodic elements, as only a single element (or any multiple) has to be modelled, provided it is surrounded by periodic planes that correctly reflect the periodic lengths of the structure. E.g. for modelling Venetian blinds (see Figure 100), the vertically aligned planes (Z+, Z-) have to be placed precisely at a distance matching the slat distances, while any distance can be chosen for the horizontally aligned periodic planes (X+,X-).

Figure 100 Principle of ray relocation at periodic planes

The concept of periodic planes can either be used to model "quasi-homogeneous" surfaces, e.g. glazings shaded by Venetian blinds, as shown in the example in Figure 100, or -more generally -to model structures that are composed of periodic structures, e.g. curtain wall façades or photovoltaic arrays.

Smooth shading

In order to be able to describe curved surfaces efficiently, a smooth shading feature is implemented in the RadiCal method. In the context of the RadiCal raytracer, the term smooth shading is somewhat misleading, as the surfaces are not actually shaded. However, the term mostly refers to the same principles when used in computer graphics. Technically, smooth shading is an interpolation method for surface normal vectors on curved surfaces. The idea dates back to an algorithm introduced by Henri Gouraud (1971) and is fairly simple: it assumes that the surface normal vectors on a smooth surface change continuously but are explicitly defined at the vertices of the surface mesh only. Linear interpolation is applied to derive the surface normal vector at any point of the given normal vectors of the surrounding vertices. A threshold value usually determines if smooth shading is applied on a face. It is defined as a maximum angle (dot product of surface normal vectors) that determines if the face is part of a curved surface or represents an edge of the object. In the latter case, no smooth shading is applied.

The integration into the RadiCal raytracing algorithm is simple, as the implemented collision detection algorithm (see above) already provides barycentric coordinates for the collision point inside a triangular face. Hence, the linearly interpolated surface normal vector 𝑛 ⃗ 𝑃 at the collision point 𝑃 (see Figure 101) can be found by:

𝑛 ⃗ 𝑃 ′ = (1 -𝑢 -𝑣) • 𝑛 ⃗ 𝑎 + 𝑢 • 𝑛 ⃗ 𝑏 + 𝑣 • 𝑛 ⃗ 𝑐 𝑛 ⃗ 𝑃 = 1 |𝑛 ⃗ 𝑃 ′ | 𝑛 ⃗ 𝑃 ′ (129) 𝑛 ⃗ 𝑎 , 𝑛 ⃗ 𝑏 , 𝑛 ⃗ 𝑐 … 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑎𝑡 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 𝐴, 𝐵, 𝐶 𝑢, 𝑣 … 𝑏𝑎𝑟𝑦𝑐𝑒𝑛𝑡𝑟𝑖𝑐 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑖𝑛 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝐴𝐵𝐶
The smooth shading feature is a simple but essential feature of the RadiCal method. It significantly improves the raytracer's performance (or accuracy), as considerably fewer vertices are required to accurately model the reflection of curved surfaces (e.g. the lamellae of shades). The method SetupMMM initialises the Müller matrix calculations (see section 4.9). For materials with high absorption, the Boolean parameter transparent can be set to true in order to absorb any rays transmitted below the surface immediately. Otherwise, the ray would be traced through the object and set to "absorbed" only at the next collision point. Therefore, defining the material as transparent increases the efficiency of the algorithm. By utilizing these models, the TRCMaterialInterface is able to model a large variety of opaque or transparent materials with different roughness and subsurface scattering behaviours. A typical scattering profile for an opaque material, representing a rough painted surface, that combines surface-roughness and subsurface scattering is depicted in Figure 104. As can be seen, the parameterized material model is able to generate typical BRDF functions, including specular and diffuse components. The Fresnel reflection on the microfacet surface results in a polarisation of the specularly reflected beam, while the diffuse subsurface reflection is unpolarised (see also section 4.3.3).

The material interface class is primarily used to initialise the associated surface scattering TLSISroughPol module (see below). So far, the options provided by the combined model have been sufficiently versatile to model all relevant materials (coated surfaces, painted surfaces, metallic surface, coated and uncoated glasses). If necessary, alternative material interface definitions can be added in future versions of the raytracer.

Scattering classes (TLightSurfaceInteractionStokes)

The implementation of the raytracer follows a strict object-oriented programming hierarchy. This means that an abstract base class defines the essential functionality that has to be provided, whereas the descendants of that base class carry the actual implementations based on different physical models. In order to perform the scattering of the traced ray at material interfaces, the abstract (=empty) base class TLightSurfaceInteractionStokes is introduced. Its straightforward definition is: As can be seen in the definition above, apart from an initialisation function, each descendant class of TLightSurfaceInteractionStokes essentially needs to implement a Process method. The method receives the current ray object, which, in turn, contains information on the current and previous collision point (see section 7.3.1). The Process function performs all evaluations and samplings processes that are required to determine the outcome of the current scattering event.

Depending on the three potential outcomes and result values of the function, the following manipulations of the current ray have to be performed by any implementation of the Process function: ▪ lsiAbsorbed. The ray is absorbed, and the raytracing can be terminated. No further calculations of the Process function have to be performed, as the collision object already contains all information required for further processing (e.g. material etc.).

▪ lsiReflected. The ray has been reflected off the surface. The ray origin point (rp) is set to the collision point, and the outgoing direction (rdir) is provided. Further, a new polarisation state defined by the Stokes vector (pState) and polarisation reference direction vector (spol), have to be set.

▪ lsiTransmitted. All information regarding the refracted ray's new origin, direction and polarisation has to be set. Beyond that, the entered medium's absorption coefficient has to be provided (enteredTransparentMediumAlpha).
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The currently implemented descendant classes of TLightSurfaceInteractionStokes are listed in Table 14. For reference, each class name begins with LSIS for Light Surface Interaction Stokes, as an early implementation of the raytracer did not consider polarisation. 

class name description

TLSISidealBlack Absorbs any incident ray. Mainly used for the transmittance measurement surfaces.

TLSISidealTransparent

Transmits any incident ray with unaltered direction and polarisation state. Mainly used for transmittance measurements.

TLSISsimpleLambert

Implementation of simple, ideally diffuse Lambert surface. Returns unpolarised radiation with cosine weighted directions. Controlled by a wavelength-independent reflectance parameter.

TLSISsimpleSchlickFresnel Implementation of the simple, in computer graphics often used, Schlick approximation [START_REF] Schlick | An Inexpensive BRDF Model for Physically-based Rendering[END_REF] that describes the angular dependence of the reflectance. The implementation allows an additional diffuse component but is wavelength independent.

TLSISsimpleGlass A wavelength-independent implementation that allows to describe the angular reflectance based on polynomial fits.

TLSISroughPol

The key scattering class for opaque and transparent materials covering Fresnel reflection, microfacet roughness and subsurface scattering considering spectral and angular dependencies. (see below)

Only the classes TLSISroughPol, TLSISidealBlack and TLSISidealTransparent are relevant for all validation and application cases covered in chapters 8 and 9. While the first is used to model any physical materials, the latter two are used to define surfaces used for measurement purposes (see section 7.10.4). The other classes were implemented for testing and additional validation purposes during implementation only.

Following the logic of object-oriented programming, further scattering classes can be implemented straightforwardly, inheriting definitions either from the base class or from its descendants.

The TLSISroughPol scattering class

The scattering class TLSISroughPol is currently the key class used to simulate scattering events. It was used to model all materials relevant to this work. It represents a generic surface model that is able to model many different types of material interfaces ranging from transparent glass materials to opaque, coated surfaces. The method is usually initialised by providing the material interface data in the form of a TRCMaterialInterface object (see section 0) and specifying the reference direction of incidence (frontside or backside). As discussed above, the model essentially comprises a Fresnel module, a microfacet roughness module and a subsurface scattering module.

169 (1) Using the parameters enteredTransparentMediumAlpha of the current ray (see section 7.3.1) and the distance between the current and the previous collision point, the probability for absorption is determined using equations ( 25) and ( 26). A potential absorption is sampled based on the integrated attenuation calculated along the path. In the case of absorption, the process halts (A1).

(2) The direction of the incoming ray and the reference vector for the polarisation state is rotated to the local (macroscopic) coordinate systems (see section 7.3.2) of the face hit. In the local system, the z-axis represents the surface normal vector 𝑛 ⃗ .

(3) If the roughness parameter of the surface is greater than zero, the orientation of a hit microfacet is sampled using the function sampleGGXVNDF. Based on the direction of the incoming ray and the surface roughness parameter, the function returns a random surface normal vector 𝑚 ⃗⃗ of the microfacet (see section 4.10.2). If the roughness parameter is zero, an ideally flat surface is assumed, applying 𝑚 ⃗⃗ ≡ 𝑛. ⃗⃗⃗ (4) To correctly perform the Müller matrix operations, the Stokes vector coordinates have to be transformed into the reference system of the microfacet (with 𝑚 ⃗⃗ as its z-axis). The Stokes vector transformation is performed by determining the rotation angle and then applying equation ( 67).

(5) The locally aligned Stokes vector of the incoming ray 𝑆 is multiplied with the Müller matrices for reflection and transmission (equations ( 64) and ( 65)) in order to determine the Stokes vectors of the reflected (𝑆 𝑅 ) and transmitted (𝑆 𝑇 ) ray.

(6) The total irradiance of the reflected and transmitted ray is contained in the first coordinate (𝑆 0 ) of the related Stokes vectors. The parameters represent the Fresnel coefficients. Following the MC approach, they are used as probabilities to sample the outcome of the scattering at the microfacet: probability for reflection: 𝑅 = 𝑆 𝑅 [0] probability for transmission: 𝑇 = 𝑆 𝑇 [0] probability for absorption: 𝐴 = 1 -𝑅 -𝑇 The absorption is determined based on energy conservation. It reflects the absorption occurring at the material interface and will, therefore, only have a non-zero value if thin-films are present.

(7) Using a uniformly distributed random number and the determined probabilities R, T and A, the outcome of the scattering event is determined.

(8) The direction of the reflected ray is determined by applying the law of reflection, considering the incidence direction and the orientation of the current microfacet.

(9) Since no path splitting is applied (see section 7.1), the reflection path is followed with the full initial intensity. Hence, the Stokes vector of the outgoing ray is defined as the nomalised Stokes vector of the reflected ray (equation ( 62)).

(10) By calling the shadowing function for the chosen, correlated or uncorrelated surface roughness model (see section 4.10), the probability for an unobstructed path in the outgoing direction is determined. If the sampling determines that a further microfacet obstructs the outgoing path, the process returns to step (3) and determines a new microfacet based on the current direction. If the path is unobstructed, the process exits with a reflection event (R1). In this case, the reflected beam is polarised.

(11) Based on the current wavelength and the applied subsurface reflection model (see section 4.11.2), it is determined if the ray is scattered back directly below the surface.

(12) The subsurface-scattered ray is assumed to be unpolarised and diffusely reflected. The outgoing direction is sampled accordingly, and the scattering process is terminated (R2). Further reflections or refractions on the microfacet structure are not considered, as it is assumed that the occurring subsurface scattering is the final result of multiple scattering events.

(13) If the material is defined as opaque by settings its transparent property to false, any ray penetrating below the surface is absorbed, and the raytracing terminated (A3).

(14) The new direction of the transmitted ray is determined, considering refraction at the microfacet. The angle of refraction is a by-product of the Müller-matrix generation in step (5). It is used to generate the direction vector of the outgoing ray.

(15) In the rather exceptional case that the microfacet refracts the light towards the incidence medium again, it is assumed that after one or more further scattering events, the ray will finally leaves the surface again. Therefore, this case is treated like the subsurface scattering event.

(16) In analogy to subsurface-scattering ( 12), the outwards refracted ray is assumed to leave the surface unpolarised with a direction following the ideal diffuse distribution.

(17) Since no path splitting is applied (see section 7.1), the transmission path is followed with the full initial intensity. Hence, the Stokes vector of the outgoing ray is defined as the nomalised Stokes vector of the reflected ray (equation ( 62)).

As can be seen in the diagram, the Process function can terminate in seven different ways:

(A1) The ray is (was) absorbed by attenuation in the medium on its path towards the current collision point.

(A2)

The ray is absorbed within the thin-flim stack applied on the surface.

(A3)

The ray is absorbed after being transmitted below the surface.

(R1)

The ray is reflected on the flat surface or a microfacet. The ray is polarised.

(R2)

The ray is reflected on multiple scattering events below the surface. The ray is fully depolarised and diffusely reflected.

(R3)

The ray is refracted towards the incidence medium within the microfacet surface. The ray is fully depolarised and diffusely reflected.

(T) The ray is transmitted, i.e. refracted into the second medium. The ray is polarised.

The function exits and returns the result value lsiAbsorbed, lsiReflected or lsiTransmitted. If the ray is reflected or transmitted, the polarisation, direction and origin of the TStokesRay object that was passed to the function are updated accordingly.

Directional scanning process

Overview

In the directional scanning process, the scattering characteristic of the target object is determined for various target quantities. For the applications addressed by this work, the target quantities will mostly be the power absorbed in various elements of the object as well as the power transmitted through the target object. Based on the principle of the linearity of light (see section 4.2.2), it is possible to capture the optical behaviour of the target object using parallel beams of light coming from different directions. This angularly resolved information can later be superimposed to determine the target quantities for any given radiance profile (see section 6.2).

Technically, the scanning process can be characterised as a Monte-Carlo forward raytracing process. This means that random rays, or light particles, are cast according to their actual direction of propagation. Following the Monte-Carlo approach, the wavelengths of the cast rays as well as all physical models governing the absorption and scattering of light are modelled as stochastic processes, i.e. random samples representing the underlying physics are used throughout to model all processes. In line with the Monte-Carlo approach, the raytracing process is iterated for a large number of samples, and the resulting mean values of the target quantities and their standard deviations are tracked. By applying the central limit theorem, see equation ( 91), these values can be used to determine the required number of iterations for achieving the results with specified precision. An overview of the process is depicted in Figure 106. Essentially, the process involves the following steps: A distinct direction of the incidence beam is determined using the Fibonacci hemisphere (section 5.1). A large number of rays/light particles are defined. Their wavelengths are determined based on the global radiation spectrum (see section 4.4), or any other given spectral density function. Their initial polarisation state is generally defined as unpolarised, but can also be set to a specific polarisation state.

The equienergetic light particles are cast from a caster object to impact the target with a specified and uniform flux density (see below).

The light particles are scattered, i.e. reflected or absorbed, on the surfaces of the target object. All scattering processes follow Monte-Carlo implementations of physical-opticsbased models (chapter 2). The particles always maintain their full initial energy (or flux density), or, in other words, the path of the light ray is not branched into different subpaths. Instead, at any scattering event that partially absorbs or reflects a ray, one potential outcome is chosen following the probability distributions of the underlying physical processes.

Since equienergetic particles are used throughout the process, the powers absorbed, reflected or transmitted by specific surfaces of the target objects can be determined merely by counting the particles. These values provide essential information for later modelling of the energy balance of the analysed object.

A catcher object finally captures any rays that are transmitted through the target object.

The catcher object can be seen as an ideally black surface that absorbs any light particles. However, due to its virtual nature, the power absorbed by the catcher is considered a transmitted power. Alternatively, a set of catcher surfaces can be used to capture the transmitted power's directional distribution (e.g. by again using the Fibonacci Hemisphere or a Klems segmentation).

Caster/Catcher concept

The caster concept

In the raytracing scanning process, the target is illuminated by parallel light beams coming from all sampling directions. In the raytracing approach, parallel light beams are represented by rays from randomly evenly distributed starting points with the same directional vector. The starting point distribution has to fulfil two criteria: first, the origin points must be uniformly distributed on a plane perpendicular to the direction with a predefined density. Second, the location of the starting points should guarantee that all relevant surfaces of the target are hit, but only a few, or in the best case, none, should miss the targeted area.

In order to achieve these goals efficiently, the caster concept was conceived. The caster represents an object that wraps around the targeted area of the target object. The caster object can be of random geometry as long as it fulfils certain criteria:

• the entire target area has to be covered • the target area, together with the caster object has to form a closed object • the caster object has to be convex so that it will not block itself, i.e. rays cast from any faces of the caster object that potentially hit the target area will not be obstructed by other faces of the caster.

• for identification, the object should be named "CASTER" in the CAD model • the surface normals of the faces that constitute the caster have to point towards the target, i.e. towards the inside of the caster object.

Some potential geometries of caster objects are depicted in Figure 107.
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.2. Generating starting points on the caster surface

As discussed above, the task is to generate randomly distributed starting points on the caster so that the associated flux density perpendicular to this direction is uniform and matches a defined value. Following these criteria and in the context of the MC approach, this transforms into two stochastic tasks:

1. face-sampling: randomly determine a face of the caster object 2. point-sampling: randomly choose a starting point on the face

In order to pick a random face efficiently, some auxiliary variables are determined before the distribution is generated. First, the probability of selecting a specific face 𝑖, with surface normal 𝑛 ⃗ 𝑖 and area 𝐴 𝑖 is calculated. The probability for this face is determined by the radiant flux Φ 𝑖 (or radiant power) that the face contributes to achieving a constant flux density 𝐸 in the specific direction 𝑣 :

Φ 𝑖 = 𝐸 • 𝐴 𝑖 • max(𝑛 ⃗ 𝑖 • 𝑣 , 0) (130) 
As 𝐸 is constant for all faces, the probability of selecting a face is proportional to the weighted projected area, or in this case more accurately, the projecting area of the face. The maximum function ensures that only faces pointing towards the direction of the light are considered. Using equation ( 130), the radiant fluxes are calculated for all faces forming the caster. The results are cumulated successively in an array. In the actual implementation, however, already the proportional quantity, density of rays per watt and square metre, denoted as 𝑃, is considered: The array rdFacePcum is part of the caster variable and now contains real values indicating the cumulated assigned numbers of rays per face resulting from the chosen direction and chosen numbers of rays per watt and square meter. The array would represent the cumulated distribution function if the results were normalised. The variable rdTotalP is identical to rdFacePcum of the last face and indicates the number of rays that have to be cast in total from the caster object to achieve a flux density of 1 W/m². A random real number t in the range of [0,rdTotalP] can now be used to randomly determine a face of the caster to initiate a ray. This is done by finding the corresponding bin number c of the array rdFacePcum so that rdFacePcum[c]<t< rdFacePcum [c].

Once the face is determined, the second task is to pick a randomly distributed point on its surface. Since a face can represent either a quad or a triangle, two different sampling algorithms are required. The algorithm for the quad is trivial. Based on two uniform random variables 𝑢 and 𝑣 and the face vector definitions (see Figure 96), the coordinates of the random point 𝑝 can be determined by:

𝑝 = 𝑣 0 + 𝑢 • 𝑒𝑑𝑔𝑒1 ⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗ + 𝑣 • 𝑒𝑑𝑔𝑒2 ⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗ (131) 
In order to uniformly sample triangular faces, a short derivation is required. 𝑢 and 𝑣 are again the coordinates of the point; however, they are no longer independent of each other. Firstly, the 𝑢 coordinate is considered. If the points should be distributed evenly, it is evident that the probability distribution function (𝑃𝐷𝐹) of 𝑢 is linearly decreasing to zero along the edge1 axis as the reachable points decrease towards the tip of the triangle (see Figure 109). Adding a factor of 2 for nomalisation, the 𝑃𝐷𝐹 function for 𝑢 is obtained, see equation ( 132). By integration, the cumulated distribution function (𝐶𝐷𝐹) is determined, see equation ( 133). This function is inverted in order to be able to determine 𝑢 based on a uniformly distributed random number  1 , equation ( 134). Once the 𝑢 coordinate is determined, the 𝑣 coordinate is uniformly distributed ( 2 ), but needs to be scaled down according to its location regarding the 𝑢 coordinate, equation (135).

𝑃𝐷𝐹(𝑢) = 2(1 -𝑢) (132) 𝐶𝐷𝐹(𝑢) = 2𝑢 -𝑢 2 (133) 𝑢 = 𝐶𝐷𝐹 -1 ( 1 ) = 1 -√ 1 - 1 (134) 𝑣 =  2 (1 -𝑢) (135) 
Based on these definitions for 𝑢 and 𝑣, a uniformly sampled point on the triangle can be found by using equation ( 131) again. Both sampling algorithms have been tested by using different caster geometries and analysing the uniform distribution of the rays when projected on a screen. 

The catcher object

The concept is completed by a second complementary object that is used to catch any rays not absorbed by the target object. The requirements for this object are, however, less complex. Actually, the only criterion is that it should wrap the geometry so that it can absorb any rays that were not absorbed by the target or the caster object. Of course, the catcher object should not penetrate or interfere with the target object or caster in a way that it captures rays that are still relevant for the raytracing process. Again, the face normals of the catcher object in the CAD model should be oriented inwards. The distinct face orientation allows raising warnings in case the catcher object is hit from the outside, which would then indicate an error in the geometry or raytracing process.

Incidence beam -starting a ray

The direction of the incidence beam is determined based on the chosen method: the N discrete sampling directions can either be provided by a Fibonacci hemisphere (see section 5.3) or, alternatively, by the Klems segmentation. On every iteration, the given direction is provided to a method called StartRayDir, which initialises the remaining parameters that are required to start a ray (light particle). The following steps are required to launch a single ray:

Determine starting point

This is done based on the algorithms explained in the preceding chapter (see 7.10.2). Firstly, a subsurface of the caster object is determined, and then a random point on the face is picked.

Initialise wavelength

In the standard process, the function getSampleWLat (see 4.4.2) is called to generate a random wavelength sample based on the global radiation spectrum. Alternatively, for special applications, any other spectral distribution could be considered. Beyond that, the scanning process could also be performed for monochromatic samples, particularly for three wavelengths representing the (R, G, B) values for lighting applications.

Initialise polarisation state

For most applications, the polarisation state will be set to the unpolarised Stokes vector (see Table 6). Again, alternative definitions for other application fields are possible (e.g. for performing virtual ellipsometric measurements, see, e.g. validation examples in section 4.9.3). Further, the polarisation reference system has to be initialised by providing an axis for spolarisation. In the case of unpolarised radiation, the axis can be randomly chosen but has to be defined perpendicular to the direction of light.

Initialise absorption coefficient

The volume absorption coefficient has to be provided for the first path of the light particle after its creation. Later this information will be provided by the light-surface interaction modules. Since no atmospheric absorption is considered and the rays will usually be launched in the air medium, the value is initially set to zero.

Initialise collision trackers

The trackers for the current and recent collision points have to be initialised. While the recent collision is defined as unset, the current collision point references the relevant surface of the caster object. This is necessary to exclude the starting surface from the first collision detection cycle. Otherwise, the starting face could be erroneously detected as the first collision.

The implementation of the ray initialisation routine is provided in full in the code snippet below. The initialisation steps are carried out in the same order as specified above. 

Measurement of target quantities

In order to provide a versatile method to perform measurements in the raytracing scan, measurement functions can be assigned based on the surface's material assignment. This allows a flexible approach, as the user can freely define measurement regions on any object by assigning specific materials. While these materials can still be based on identical physical properties, the separation allows for performing individual measurements. Currently, only energetically relevant measurement functions are implemented. However, the evaluation of other quantities, such as degree of polarisation, angle of polarisation or spectral properties, can easily be added in future. The intended measurements are defined in the initialisation of the scanning process using the function addPowerMeasurement. The function tracks the absorbed, transmitted or reflected power for either a single material or cumulated for two different materials. The data is stored as an array for all N directions of the scanning process. Later on, this sampled data is used to generate the SIOP (see section 6.1.2). Each measurement is initialised by providing the following arguments for the addPowerMeasurement function:

• mId[1,2]
The material identifier is used to assign the measurement function to a specific material. If the value -1 is passed for the second material, only one material is considered in the measurement.

• lsiType [1,2] Specifies the "light-surface-interaction" type that should be measured. The options lsi-Absorbed, lsiTransmitted or lsiReflected are used in order to determine which power should be tracked on the material.

• inciType [1,2] This parameter is used to specify the incidence direction for the measurements. If itFront or itBack is selected, only hits from either the frontside or backside will be considered. If itBoth is chosen, all hits of the surfaces are tracked.

• referenceArea A reference area can be provided to convert the measured powers into irradiance (flux density) values [W/m²]. If no reference area is provided, the results are considered to be of type power [W].

• filename

Finally, a filename for the sampled measured data is provided. The measured data, along with specifications regarding the scanning process, are stored in the specified file.

The function can best be explained with the help of an example. Below is a typical example for the initialisation of measurements used to evaluate the performance of a shaded window detail.

{1} addPowerMeasurement(mLib.MatByName('ABSORBER_INT') ,-1,lsiAbsorbed, lsiAbsorbed, masterName+'-ABS_INT', itFront,itFront,1); {2} addPowerMeasurement(mLib.MatByName('PROBE_CC'),-1,lsiTransmitted,lsiTransmitted, masterName+'-PROBE_CC',itFront,itFront,0.25*0.25);

{3} addPowerMeasurement(mLib.MatByName('SLAT'), -1, lsiAbsorbed, lsiAbsorbed, masterName+'-SLATS', itBOTH,itBOTH,1); {4} addPowerMeasurement(mLib.MatByName('PANE1_e'), mLib.MatByName('PANE1_i'), lsiAbsorbed, lsiAbsorbed, masterName+'-PANE1abs', itBOTH,itBOTH,1); {5} addPowerMeasurement(mLib.MatByName('PANE2_e'), mLib.MatByName('PANE2_i'), lsiAbsorbed, lsiAbsorbed, masterName+'-PANE2abs', itBOTH,itBOTH,1); {6} addPowerMeasurement(mLib.MatByName('PANE3_e'), mLib.MatByName('PANE3_i'), lsiAbsorbed, lsiAbsorbed, masterName+'-PANE3abs', itBOTH,itBOTH,1);

The sequence defines the measurement of the total transmitted power (1), the irradiance transmitted through a specific probe area with dimension 25 cm x 25 cm (2), the power absorbed by the slats of the shading (3), and the (bidirectionally) absorbed powers in the three panes of the window (4,5,6). A schematic overview of the six measurements is depicted in Figure 115.

As can be seen in the initialisation code, the type lsiTransmitted is used for the measurement in the probe area, as the material of the probe area is defined as TLSISidealTransparent (see Table 14). However, the type lsiAbsorbed is used for the internal absorber object (catcher), as its material is defined as TLSISidealBlack. Both measurements, however, are actually used to determine transmitted radiation. This approach ensures that the probe can be used for measurements restricted to a specific region but does not distort the results of the internal absorber. Furthermore, both types are limited to frontside incidence using the itFront specifier, as no incidence from the backside is expected.

In order to determine the absorption of the three window panes and slates, the specifier lsiAbsorbed is used. To further consider the absorption of any incidence direction, the specifier itBoth is chosen. While the slats are defined using a single material, two materials are used for each glass pane. In the example, the absorptions on each side of the panes are cumulated into one measurement by referencing the materials of both sides within a single measurement (PANE1_e and PANE1_i etc.).

While the provided example is kept simple, the material-based measurement concept can be used to perform refined measurements in specific areas, e.g. distinct parts of the window frame or segmented or stratified regions of the glazing.

Precision and convergence

In order to provide the desired accuracy for the raytracing results, the number of iterations, i.e. cast rays, is controlled and adapted for each direction individually. The statistical accuracy of the result can be determined by tracking the standard deviation of the result and applying the central limit theorem (see section 5.1.3). For this purpose, one relevant measurement (e.g. total transmitted power) has to be selected, and a precision target for this quantity has to be specified. The precision target is defined as a threshold value below which the determined standard error of the mean σ 𝑆𝐸𝑀 of the selected quantity must fall. It can be provided either as a target for the absolute error or as a target for the relative error. For most applications using absolute precision targets is more appropriate, as usually a suitable reference value for deriving the precision target, e.g. the power of the incidence radiation, is available. The latter approach, providing relative targets, can be problematic for some applications if the target quantity is marginal or zero for some directions. As discussed in section 5.1.3 the error estimators are derived from sampled means values. In order to achieve this, mean values of cycles with constant numbers of iterations are tracked. In the example depicted in Figure 111, each sampling cycle consists of 10,000 single raytracing processes. After each cycle, the mean value of all cycle results (𝑞) and the standard deviation (𝑠) are computed. Finally, equation ( 91) is used to evaluate the standard error of the mean σ 𝑆𝐸𝑀 , which is then compared against the precision target. The iteration is terminated if it falls below this threshold for four consecutive cycles. In the example provided in Figure 111, the precision target of 0.0025 was reached after 230 cycles, equivalent to 2.300.000 million single raytracing processes. A false, early termination can be triggered during the first few cycles when the statistical evaluation is still unreliable. In order to prevent this, the error tracking is suspended for an initial period with a constant number of iterations. 

Rendering and backward raytracing

Unlike tracing rays in their natural direction (forward raytracing), as applied for the RadiCal method, it is also possible to perform backward raytracing. As stated above, most raytracing applications actually perform backward raytracing, as their purpose is the generation of (more or less) photorealistic images of three-dimensional objects (renderings). Following the fundamental principle of the reversibility of light propagation, referred to as Helmholtz or Stokes-Helmholtz reversibility, it is always possible to reverse the path of light, applying the same models to describe any refractions or reflections along this path. This does include the detailed modelling based on polarisation states, as applied here. Therefore, the RadiCal raytracer can be used to generate images of the target objects if rays originating from a specific eye point are directed towards the target object. Unlike in common raytracing tools, no explicit light sources are included in the model. Instead, a high-contrast spherical environment provides illumination for the rendering. This is because considering light sources with a singular location (point light source) or a singular directional profile (sunlight) requires different sampling techniques. In such cases, biased sampling or correlated sampling strategies (e.g. Metropolis sampling) have to be applied to ensure that the relatively few relevant directions having high intensities are sampled adequately; see, e.g., [START_REF] Veach | Metropolis light transport[END_REF]. However, the forward raytracing approach implemented in the RadiCal method relies on unbiased, uncorrelated sampling, which is more efficient for the chosen forward raytracing approach. Since the main purpose of generating renderings with the Radi-Cal method is validating the applied algorithms, it would not be reasonable to implement alternative sampling strategies for backward raytracing. Nevertheless, the implementation has proven that unbiased sampling can still be used for rendering purposes if singular light sources are avoided. Instead, illumination is provided by a panoramic image in HDRI format. HDRI stands for high dynamic range image. Unlike in regular image formats, the RGB values are not stored as either 8 or 16-bit integer values but as 32-bit floating point values. While the colour channels with integer values are limited to 1:255 (8-bit) and 1:65535 (16-bit) contrast ratios, the floating-point exponent format allows almost infinite contrast ratios. This can be used to include extended bright regions that effectively provide illumination in the RadiCal rendering method. In order to optimise the efficiency of the sampling, i.e. the calculation time for the rendering, these illumination spots should still be extended over relatively large areas of the image. Consequently, the final renderings appear as photos taken under diffuse lighting conditions. The principle of the backward raytracing algorithm is depicted in Figure 113. A virtual screen is located between the eye point and the target object. The screen represents the final rendered images. Rays originating at the eye point are cast through the screen towards the object, successively scanning each pixel of the image. If the rays hit the target objects, the specific scattering functions (see section 7.8) are called to determine if the ray is absorbed, reflected or refracted. The process is repeated until the ray is absorbed or left without further intersection. The final direction of all rays that are not absorbed is used to determine a corresponding location on the environmental image (HDRI). The colour and brightness of the relevant location on the (HDRI) finally determine the contribution of this ray to the colour of the pixel in the screen.

Figure 114 and the related description provide additional information regarding the actual implementation of the algorithm. All parts of the algorithm were developed and implemented by the author. However, they cannot be presented in more detail here, as this would exceed the scope of this chapter.

(1) A sample ray originating at the eye point and going through the screen pixel (x,y) is generated. The polarisation state is generally assumed as unpolarised. The wavelength is randomly sampled on the global radiation spectrum but limited to the visible range.

(2) The collision detection algorithm is called (section 0) to detect intersections with target objects.

(3) If a surface is hit, the lightsurface-interaction class is called to determine the result of the scattering event. If the ray is refracted or transmitted, the collision detection is repeated. If the ray is absorbed, the tracing of the current ray is terminated, and a new ray is generated.

(4) The wavelength of the sampling ray is converted into an RGB vector. Note that the mapping of wavelengths into the RGB colour space is not unique. Therefore, the conversion provides just one plausible solution.

(5) Based on the final direction of the ray, a position on the environment HDRI is determined. The corresponding RGB colour vector is then determined by calculating a weighted average of the neighbouring four pixels (anti-aliasing).

(6) The components of the environment colour vector are weighted using the components of the 𝜆[𝑟, 𝑔, 𝑏] vector. The resulting RGB vector is cumulated on the screen pixel.

(7) The convergence is monitored by applying a simple colour metric for the standard errors of the RGB channels of the screen pixel. If the determined colour deviations fall below a specified threshold, the sampling for this pixel is terminated. The standard error of the colours is again determined by applying the CLT (section 5.1.3). The approach allows for minimizing the sampling steps required for each pixel.

The entire process is carried out for all pixels of the screen. The final image is further processed using commonly applied colour and brightness calibration as well as a gamma correction. These post-processing steps are not part of the description above.

Depending on the characteristics of the target object, the contrast of the selected HDRI environment and the targeted colour noise threshold, typically 100 to 1000 samples per pixel are required. Hence, the total number of scattering events that must be processed for a single image typically exceeds one billion operations. The occurring scattering events, therefore, cover an extensive range of potential wavelengths, angles and polarisation states. Any errors in the algorithms or numerical instabilities of the algebraic methods, such as algebraic singularities, would either cause a termination of the raytracing or faulty results in the final rendering. Generating rendered images by performing backward raytracing with the Radi-Cal algorithm is therefore considered a powerful validation step. In addition to validating the implemented algorithms, the renderings also allow indicate regions with pronounced refraction, interreflections and total internal reflection. Figure 116 shows a rendering of the validation window model that was used for the full-system validation (chapter 8). In Figure 117, only one material's complex-valued refractive index function is altered. The material is used for the panes of the left window, the shading slats of the right window and the octopus sculpture. It can be seen how the reflectivity, refractivity, transparency and colour change significantly. Note that no explicit RGB colour information is contained in any model. The colours arise naturally from the wavelength dependencies of the refractive index and Fresnel functions. Since the RadiCal method aims to accurately predict energy flows induced by solar radiation for "real-world" applications, the ultimate benchmark is empirical data gathered in natural conditions.

In order to perform a conclusive validation, empirical data should have the following features: variation of the shading system, variation of the shading state as well as variation of direct and diffuse irradiance components. The measured data must comprise high-quality data for internally and externally measured irradiance and resolved information regarding the sky diffuse and direct irradiance.

As no data fulfilling these requirements had been available, a dedicated measurement equipment and process was developed in the course of the PhD. The equipment was assembled with the kind support of the AEE INTEC measurement department (AEE INTEC, 2023). The author implemented the required software and firmware for the various components and performed all measurements. The equipment was later used for an alternative measurement method, covered in a separate publication [START_REF] Rüdisser | PyroScanner -efficient measurement of solar transmission of windows and complex fenestration systems relying on a moving pyranometer[END_REF].

Performing measurements under natural conditions is a valuable method to determine performance data; however, it is linked to challenging and elaborate tasks. The measurements depend on many external parameters that cannot be controlled but must be determined as accurately as possible. For the present case, it can be stated that the irradiance behind a window shaded by Venetian blinds depends on the foloowing external, not controllable parameters:

• solar elevation angle (𝜃)

• solar azimuth angle (𝜑)

• diffuse irradiance (𝐷𝐻𝐼)

• direct normal irradiance (𝐷𝑁𝐼)

• global irradiance (𝐺𝐻𝐼)

• albedo (𝑎𝑙𝑏𝑒𝑑𝑜)

The three irradiance parameters are not independent of each other when an irradiance model is used to derive a parameter from the others. The albedo can be approximated as a constant value, although it actually exhibits a seasonal dependence as well as a dependence on solar angles and irradiances (as discussed in sections 8.1.11 and 6.2.4). The model for the irradiance represents an idealised case, as the actual irradiance profile is significantly more complex. Deviations from the modelled irradiance profile can mainly be attributed to inhomogeneous cloud patterns, varying reflections from objects on the ground, absolute air temperature and humidity levels or gradients, as well as to the concentration of scattering particles in the atmosphere. Beyond these environmental factors, the irradiance behind the shaded window also depends on these controllable configuration parameters:

• shading type (𝑠ℎ𝑡)

• shading material (𝑚𝑎𝑡) As mentioned, the parameters albedo and window orientation are considered constants for each test case. Compared to the relevant definitions in the standards, the here-applied quantities of internally measured irradiance 𝐸 𝑖𝑛𝑡 and transmittance 𝜏 are based on a more complex definition, as any realworld effects (shading and reflection by the reveal and window frame) and the significant spatial inhomogeneity of the irradiance caused by Venetian blinds are taken into account. In order to address this adequately, a novel measurement device and evaluation method have been established.

Measurement location

The measurement device is installed at the roof-top testing facility of AEE INTEC in Gleisdorf (lat: 47.1097°N, lon:15.7097°E; see Figure 118). The local altitude is 361 m MSL. The bottom side of the windows is located 10 m above the ground level (371 m MSL).

The testing facility can be rotated into different compass directions. In south facing position, the distance between the testing window and the weather station is 9 m. The roof of the neighbouring building dominates the view to the south below the horizon (see Figure 120 top); however, the view on and above the horizon is mostly unobstructed, apart from one tree in close distance and a few trees at a further distance. Likewise, the west view (Figure 120 bottom left) offers a largely unobstructed view of the horizon. 

Measurement setup

The basic measurement setup consists of two window-based pyranometer units and an additional, nearby weather station (see Figure 119). The two window-related sensors comprise a stationary externally mounted pyranometer and a moveable internal pyranometer. The external sensor is of type CM11 (Kipp & Zonen, 2023a) and is mounted at a lateral distance of approx. 40 cm to the window. The device is oriented upright, i.e. parallel to the plane of the window element. The external sensor is used to determine the incident irradiance on a plane parallel to the window. Additionally, the high-performance sun tracker unit SOLYS2 (Kipp & Zonen, 2023b), part of the AEE INTEC weather station, monitors the incident diffuse and direct irradiance with high accuracy. All internal and external irradiance measurements are recorded with a 1-second resolution.

The unique feature of the PyroScanner is that the internal pyranometer is mounted on a platform that can move freely behind the window. This is realized by a self-developed, lightweight 3-axis leadscrew router platform, as used in CNC manufacturing. The necessary components were assembled in the AEE INTEC laboratory with the assistance of the measurement department. Many required components were created using a 3D printer. Table 15 provides an overview of the key hardware components used. To be able to perform the complex measurements, a framework of specialized software had to be implemented. The implementation was performed in several different programming languages: C++ for the microcontroller firmware, PHP for the web service used to control the measurement, JavaScript and HTML for the web client to monitor and launch the measurements and finally, Pascal (Lazarus) in combination with SQL for the evaluation and measurement database.

The PyroScanner features two different operation modes: a point-mode allowing stationary measurements for extended time spans at changing positions and a tracking-mode in which the internal pyranometer is constantly moving, and measurements are taken on the fly. The latter operation mode is not covered in the thesis, as it was later added for a different project [START_REF] Rüdisser | PyroScanner -efficient measurement of solar transmission of windows and complex fenestration systems relying on a moving pyranometer[END_REF]. The measurement sequences can be defined in a versatile way. The GRBL programming language, used in CNC manufacturing, was extended to additionally provide functions for controlling the pyranometer measurements. This allows the definition of specific measurement scripts to perform measurements at a series of defined locations automatically. The following parameters can be controlled individually:

• location of the pyranometer (x,y,z)

• speed and acceleration of the movement • interval between measurements (in milliseconds)

• duration of the measurement (in milliseconds) A co-location calibration was performed to calibrate the voltage signal of the internal sensor against the already calibrated irradiance values provided by the external pyranometer. The co-location calibration ensures that both pyranometers receive the same irradiance, in terms of absolute value, but importantly also regarding the spectral and angular distribution. For this purpose, the internal pyranometer is mounted on a 3Dprinted fixture to ensure that both pyranometers are aligned in the same plane and face in the same direction (see Figure 124).

The actual calibration turned out to be challenging, as the indoor pyranometer or its combination with the used A/D converter resulted in non-linear behaviour for low irradiance values. The values above 75 W/m², however, showed an excellent linear correlation with 𝑅² = 0.9997. In order to ensure that hysteresis effects or erroneous signal processing were not the origins of the observed, strongly non-linear behaviour, the calibration measurements were repeated for increasing (sunrise) and decreasing irradiance (sunset). Furthermore, additional measurements were taken using an artificial light source (tungsten lamp). All measurements confirmed that the calibration results were repeatable and unambiguous. Therefore, the measured data could be used to derive a calibration curve for the PyroScanner measurements. The calibration was split into a linear and a non-linear segment to account for the specific behaviour detected. The non-linear segment was extended to 125 W/m² to provide a continuous transition into the linear segment. Again, the knots of a cubic spline function were optimised to fit the underlying data by applying the simulated annealing algorithm (see section 5.2). The approach turned out to be appropriate since the established spline function is able to fit the measured calibration data with high precision. The coefficient of determination 𝑅 2 for the fit of the 3203 calibration points reached a value of 𝑅 2 = 0,99992. Hence, the sophisticated calibration is able to compensate for the severe non-linearity of the sensor. However, this was only possible by using a high-precision analogue-to-digital converter that allows to capture the voltages with high precision.

The steep slope of the signal in the range below 50 W/m² still increases the statistical errors of the measurements in this range. The time-resolved functions of the irradiance data measured by both pyranometers during the calibration process were subsequently used to analyse a potential time shift between the measurement signals. Correlation analysis revealed that the signal of the CM11 device trailed the SP-510 device signal at a mean time lag of 5.5 s. This is in good accordance with the exponential time responses stated by the data sheets of the two devices. The SP-510 specifications indicate a (not further specified) ˝time response˝ value of 0.5 s, which presumably reflects the time constant at which the sensor reaches 1 -1 𝑒 (≈ 63%) of the final value. The CM11 data sheet is more concise, as it specifies 15 s for the sensor to reach 95%. This can be converted into an exponential time constant of 5 s, thus validating the results of the correlation analysis. Consequently, the determined time lag was applied to compensate for the time lag between the two sensors in all measurements.

Prevention of internally scattered light

In order to focus on the window and shading, a black catcher plane (see section 7.10.2) is located directly behind the defined measurement area in the model. It ensures that any light passing the measurement plane is absorbed. A similar configuration is established for the empirical configuration by placing a black curtain behind the PyroScanner device. However, the curtain had to be located at an approximate distance of 1 m behind the window plane to allow free movement of the cable chains.

The remaining surfaces of the floor, walls and ceiling are covered with white boards. The light reflected from these bright surfaces is reflected back to the window or shading and further into the sensor, especially on measurements with a negative slat angle and high solar elevation (see Figure 126 right). Dark covers should be applied to these surfaces for future measurements. In addition, the metallic lead screw and rail of the PyroScanner reflect irradiance back to the window and shading and further into the sensor. Due to the limited area, this effect is considered to be less relevant for diffuse irradiance. However, it might occasionally affect some measurements if direct radiation is reflected at specific angles.

Determination and adjustment of slat angle

The slat angle is an essential parameter that must be determined accurately. In order to do this efficiently, a gauging tool was designed and realized using a 3D printer. The tool can be clipped tightly to the slats to indicate the plane that is formed by the slat's two edges. Photos taken at a further distance in the normal direction to the tool were then used to determine the angle of the slats by applying photogrammetry. The angles were measured against vertical elements of the window frame but are defined as angles relative to the global horizontal plane. Hence, the correct vertical alignment of the window had to be verified first by using a plummet. The angle determination was applied repeatedly to examine its accuracy and ensure that the position of the slat could be moved into the same position with sufficient accuracy. The total error of the method is estimated to be approximately 3 degrees. The process was carried out for several different angles to derive a function that provides the slat angle based on the motor's driving time. This function was individually determined for each slat mounted for the tests. In order to adjust the slats to a specific angle, the shading device was first fully opened, then closed (i.e. extended to full length) and finally rotated for the specific driving time provided by the determined function. The automation system of the testing facility allows controlling the motor driving time with a temporal resolution of Milliseconds.

Evaluation method for the empirical measurements

Evaluating the transmittance for homogenous irradiance profiles, e.g. behind unshaded windows, is trivial as the measured transmittance can simply be determined as the ratio of the internally and the externally measured irradiance values. The subscript 𝑐𝑜𝑔 indicates that the measurement has been performed at the centre of glass (further specified in sections 8.1.8.1 and 8.1.8.2), whereas the subscript 𝑠𝑦𝑠 indicates that the measurements consider the full system. The 𝑠𝑦𝑠 subscript distinguishes the quantity from the theoretical quantity as this is based on a calculation that assumes infinitely extended objects. By contrast, the measurements performed here include all effects related to the specimen's finite size (e.g. shading and reflections of the reveal). In order to determine the transmittance of objects causing an inhomogeneous distribution of the irradiance profile, a more sophisticated evaluation is required. To determine the transmittance of the entire window, many measurement locations can be evenly distributed in the entire internal reveal area, and a statistical evaluation method can be applied [START_REF] Rüdisser | PyroScanner -efficient measurement of solar transmission of windows and complex fenestration systems relying on a moving pyranometer[END_REF].

In order to validate the accuracy of the RadiCal method, it is more efficient to primarily focus on the light scattered by the shading device and the glazing. For this purpose, the just introduced centre-of-glass transmittance is generalized to be applicable for shading devices that cause a vertically periodic irradiance profile. The measurement comprises 𝑁 sequential measurements taken at vertically distributed equidistant locations in a short period of time. The spacing of the measurements is chosen in a way that 𝑀 measurements represent exactly one periodic length 𝑙, whereas 𝑁 ≥ 𝑀 (see Figure 128). The empirically determined transmittance 𝜏 𝑐𝑜𝑔,𝑠𝑦𝑠,𝑚𝑒𝑎𝑠 can then be written as: The applied averaging method creates a set of 𝑁 -𝑀 + 1 virtual submeasurements (see Figure 128). Each of these virtual measurements covers a distance representing the periodic length of the shading device. While these measurements cannot be considered independent because they are based, to varying degrees, on the same measurements, they still enhance the statistical quality of the results, as they cover slightly deviating spatial and temporal regions. Hence, all parameters relevant for the evaluation of the sub-measurements, i.e. the irradiance values measured by the weather station, the location of the sun and parameters derived from these values, are determined for each sub-measurements specifically and stored along with it. 

𝜏 𝑐𝑜𝑔,𝑠𝑦𝑠,𝑚𝑒𝑎𝑠 = 1 𝑁 -𝑀 + 1 ∑ 𝐸 𝑖𝑛𝑡,

. Centre-of-glass approach

A centre-of-glass approach was pursued in the validation measurements, applying to both the empirical and model measurements. This means that the measurements are located in the centre of the unobstructed, visible part of the glazing. The reason for choosing this approach is twofold. First, the measured data at this location allows, to some extent, comparison with results that are determined with the currently applied methods. Commonly used values are calculated based on the assumption of infinitely extended elements, neglecting boundary effects caused by surrounding elements. While the present measurements do consider these effects in both the model and the empirical measurements, their impact is least significant at the centre of the unobstructed glazing. Second, the virtual model measurements require the detection of the irradiance on a sufficiently large detector area. For efficiency reasons, it is not practical to perform model measurements on an area representing the actual size of the pyranometer detection area, as this would require significantly longer computation times. While the different dimensions of the detection areas have a limited impact on most measurements, a significant deviation occurs when the shadow boundary of the direct solar radiation passes the detection area. Therefore, these times, i.e. solar angles, were excluded from the evaluation (see shadow boundary filter in section 8.1.12). In order to optimise the times when this shadow boundary filter is active, the measurement region is located in the centre of the glazing. If the measurement areas is horizontally located near the window frame, the shadow boundary of the opposite side would hit the area at higher incidence angles, making its determination harder.

Measurement location and spatial resolution

For the reasons just stated, the measurement region is located in the horizontal centre of the visible glazing. Regarding the vertical position, the measurement region is positioned near the geometric centre of the glazing; however, slightly offset below the centre of the visible area by 85 mm (depicted as a red rectangle in Figure 129). The vertical offset takes the mean elevation of the sun into account, as most measurements were performed with relatively high solar elevation angles during the summer period with a south orientation. The unshaded area is, therefore, vertically offset to the bottom side. The dimensions of the model measurement region are 160 mm x 145 mm. It is essential that the height of the rectangular measurement region in the model equals exactly one vertical slat distance of the blinds or a multiple thereof. For the validation measurements, a height equalling two slat distances is chosen. The detected irradiance behind the blinds generally exhibits a pronounced periodic spatial variation. Hence, the model measurements have to detect the mean irradiance value for (integer) N slats in the vertical direction, as only this value correctly represents the average irradiance representing the extended system. The empirical measurement locations for the internal pyranometer, defined in the PyroScanner measurement script, are horizontally aligned with the centre of the glazing. Vertically they are centred around the model measurement region. It is not necessary to align the vertical extent of the measurement path to the slat distance, as the evaluation process considers the periodicity of the irradiance. Therefore, the PryoScanner was programmed to perform 80 measurements with a vertical spacing of 2 mm equaling a vertical track length of 160 mm (see the black track in Figure 129).

Temporal resolution and duration

Regarding temporal resolution, the programmed algorithm allows the definition of an idle lead interval before the measurement and an active interval in which the sensor data is recorded. The idle time was set to 400 ms to allow a mechanic and electric stabilization after the movement. The active measurement interval was set to 600 ms. Several hundred independent measurements are captured from the AD converter during this period. The mean value of all measurement readings and their standard deviation is stored in the database for each measurement spot.

The chosen interval parameters are a compromise, as they have to satisfy two conflicting requirements. On the one hand, the exponential response time of the pyranometer demands long measurement periods to allow for the stabilisation of the signal. On the other hand, the comparison against model measurements can be performed best if the conditions (solar angle, direct and diffuse irradiance) do not vary significantly over one measurement cycle. Regarding the typically delayed response of the sensor, it must be noted that even if the pyranometer might take several seconds to adapt from a shaded location to an exposed location, shorter measurement intervals can still be applied. The device's exponential response symmetrically lags on the rising and falling edges of the signal (see Figure 130). Hence, the integrated signal can still reflect the expected true value as the measurement errors made on the rising and the falling edge compensate. Consequently, the required condition is not that a single interval is sufficiently long but that the measurement period of subsequent samples is long enough to reach the "full" signal.

On top of the defined measurement intervals, the control and drive time of the PyroScanner has to be considered to determine the actual temporal resolution of the measurement. The relevant period can directly be derived from the recorded measurements, as every measurement reading is stored with a timestamp with sub-second precision. The average time interval between two neighbouring measurements is 4.16 seconds. Therefore, the total time required for one measurement cycle comprising 80 individual measurements is 333 seconds. The 3D model used for the raytracing process was generated with the tools FreeCAD (FreeCAD Project association (FPA), 2022) and Blender (The Blender Foundation, 2023). The window frame and glazing were modelled based on original 2D-CAD data provided by the window manufacturer [START_REF] Katzbeck Fenster | KATZBECK Fenster & Türen[END_REF]. The shading devices were modelled using 2D-CAD data provided by the shading manufacturer (Wo&Wo GmbH, 2022). The dimensions of the window reveal, as well as mounting specific parameters, were measured at the site. A rendering of the model performed with the RadiCal algorithm and the materials used for the SIOP generation is depicted in Figure 116. The relevant material assignments are provided in Table 25. In particular the materials of the glazing panes and shading slats are significant for the internal irradiance measured at the centre of the glazing. The materials of other surfaces have a minor impact. Therefore, generic material definitions were used to model these surfaces. The glazing's internal and external surfaces were modelled based on the specific spectral measurement data applying the inversion approach covered in section 4.12. Specific information regarding the material's spectral data and resulting refractive index functions for the coated and uncoated glazing are covered in the examples contained in section 4.12.3. The material of the polymer-coated slats was derived using the inversion approach for the subsurface reflectance function covered in section 4.13. Again, the material data of the slats correspond to the examples covered in section 4.13.3. All related information regarding the spectral input data and results of the inversions can be found in this section. 

The evaluation is an application of the method described in section 6.2.3. The irradiance values 𝐷𝑁𝐼, 𝐷𝐻𝐼, 𝐺𝐻𝐼 are the average values for the measurement interval of the corresponding measurement.

𝐹 1 , 𝐹 2 and 𝑏 are the Perez parameters.  𝑠𝑘𝑦 ,  𝑔𝑛𝑑 ,  ℎ𝑜𝑟𝑖𝑧𝑜𝑛 are the relevant visible solid angels.

For the vertical orientation of the windows, the solid angles are  𝑠𝑘𝑦 =  𝑔𝑛𝑑 = 𝜋 𝑠𝑟 and  ℎ𝑜𝑟𝑖𝑧𝑜𝑛 = 0.3556 𝑠𝑟. The SIOP average values 𝑆 ̅ 𝑠𝑘𝑦 , 𝑆 ̅ 𝑔𝑛𝑑 and 𝑆 ̅ ℎ𝑜𝑟𝑖𝑧𝑜𝑛 are precalculated, whereas the direct radiation term (𝑆𝐼𝑂𝑃 𝐸𝑐𝑜𝑔 (𝜃, 𝜑)) is evaluated for every measurements using the average values for solar angles 𝜃 and 𝜑 during the corresponding measurements. In analogy to equation ( 136), the modelled internal irradiance is related to the external radiance to determine the model transmittance 𝜏 𝑐𝑜𝑔,𝑠𝑦𝑠,𝑚𝑜𝑑𝑒𝑙 , measured at the center of glazing (𝑐𝑜𝑔) and considering the entire window system (𝑠𝑦𝑠):

𝜏 𝑐𝑜𝑔,𝑠𝑦𝑠,𝑚𝑜𝑑𝑒𝑙 = 𝐸 𝑖𝑛𝑡,𝑚𝑜𝑑𝑒𝑙 𝐸 𝑒𝑥𝑡,𝑚𝑜𝑑𝑒𝑙 (140) 
The external irradiance 𝐸 𝑒𝑥𝑡,𝑚𝑜𝑑𝑒𝑙 is the direct and diffuse irradiance on the window/façade plane calculated by applying the Perez model for the diffuse component, equation ( 119).

Albedo values

The albedo value characterising the reflectance of the environment remains the only undetermined quantity of the evaluation process based on equation ( 139). The evaluation can therefore be used to determine the albedo values empirically. It has been found that the sensitivity of the internally measured irradiance ranges from 0.1% to almost 1% per 1% change of albedo, depending on the test case. Since it would contradict the objective of the validation to individually optimise the albedo value for each case, three different constant average values were assigned to the 23 cases. It is important to note that the validation measurements and evaluations demonstrated well that the constant albedo approach is linked to significant inaccuracies, as already discussed in section 6.2.4.

In particular, the bright roof located in the immediate south neighbourhood of the testing facility and tilted towards it (see Figure 120 top) affected the results of the measurements by directing significant amounts of direct solar radiation towards the target. In contrast, the dark membrane on the lab roof (see Figure 120 bottom-right) exhibited a relatively low albedo value. Its albedo value was determined in another project to be 8%. In order to accurately model such an environment, an approach as proposed in section 6.2.4 has to be followed. Since the approach is currently not fully implemented and should be the subject of a future separate study, a crude model based on the same idea is applied: For all south-facing cases with a significantly "downward-looking" SIOP the albedo value of 8% is used. This reflects the fact that the tilted slats effectively filter radiation originating from the floor (lab roof). The downward-looking criterion is defined to be relevant for all shaded cases with at least 45 degrees tilt angle. For all other cases, the opposite roof's reflection must be considered; therefore, a value of 15% is applied for these cases.

Finally, an albedo value of 11% is applied for the single, unshaded west-facing case since meadows, trees and shrubbery dominate the environment in this direction. The three-value approach considers the conflicting requirements of the evaluation. The constant albedo values were derived from the overall measurement results; however, they are not optimised for each of the 23 cases, which would lead to better validation results. All determined albedo values lie within a plausible range.

8.1.12. Comparison of model measurements and empirical measurements 8.1.12.1. Definition of error measures

In order to assess the quality of the results achieved in the model measurements, the following parameters are derived and provided in tabular form for each test case:

1. Mean error of transmittance

𝑀𝐸 𝜏 = 1 𝑁 ∑ τ 𝑖 𝑁 𝑖=1 [1] (141) 
The mean error indicates the bias (or offset) of the model reconstruction vs. the measured transmittance. This quantity is considered the most important measure. It is dimensionless and effectively relates the error of internal irradiance to external irradiance. Using relative errors is less appropriate, as these increase inversely proportionally to the transmittance values.

Mean absolute error of transmittances

τ 𝑖 = τ 𝑐𝑜𝑔,𝑠𝑦𝑠,𝑚𝑜𝑑𝑒𝑙,𝑖 -τ 𝑐𝑜𝑔,𝑠𝑦𝑠,𝑚𝑒𝑎𝑠,𝑖 (142)

𝑀𝐴𝐸 𝜏 = 1 𝑁 ∑ |τ 𝑖 | 𝑁 𝑖=1 [1]
The mean absolute error of transmittance measures the average error of the model prediction vs. the measured values. Unlike the (signed) mean error, it also considers the statistical deviations resulting primarily from variations in the empirical values.

Standard deviation of error of transmittance

𝑆𝐸 𝜏 = √ 1 𝑁 ∑ (τ 𝑖 -𝑀𝐸 𝜏 ) 2 𝑁 𝑖=1 [1] ( 143 
)
The quantity is a measure of the variation of the observed errors around the mean error of transmittance.

Mean absolute error of internal irradiance

𝑀𝐴𝐸 𝐸 = 1 𝑁 ∑ |𝐸 𝑖𝑛𝑡,𝑚𝑜𝑑𝑒𝑙,𝑖 -𝐸 𝑖𝑛𝑡,𝑚𝑒𝑎𝑠,𝑖 | 𝑁 𝑖=1 [𝑊/𝑚²] (144) 
The mean error indicates the average absolute error of the modelled internal irradiance in comparison to the measured value. It considers statistical variation and a systematic offset.

Linear regression through the origin of internal irradiance values

A linear regression through the origin can be applied since both the calibrated and model measurements converge towards zero as the solar irradiance diminishes. In the evaluations, the slope of the fit line, as well as the coefficient of determination 𝑅² are provided.

Linear regression of internal irradiance values

Additionally, a standard linear regression is applied. In the evaluations, the slope and the intercept of the fit line, as well as the coefficient of determination 𝑅² are provided.

Note: It is essential to point out that the regression analysis on the irradiance measurements (5. and 6.) only allows relevant conclusions if sufficient data points are available and if their values are spread over a sufficiently large range. Only some of the test cases fulfil this requirement.

Treatment of unshaded cases

In order to apply the same evaluation process as for the shaded cases (section 8.1.7), the internal and external irradiance values, as well as the weather station data, were averaged for 1-minute time periods. Each of these averaged values was subsequently evaluated as an individual measurement.

Filtering

Before the comparison is performed, four different filters are applied to the data in order to improve the quality of the comparison. The function and purpose of each filter are described below.

Irradiance consistency filter

The model measurement results are generated based on a SIOP evaluation using the Perez irradiance model (see section 6.2.3). For this reason, it is necessary to provide the irradiance components 𝐷𝑁𝐼, 𝐷𝐻𝐼 and 𝐺𝐻𝐼. For the validation measurements, these values are provided by the weather station of the laboratory, based on the calibrated and highly accurate sun tracker device and the associated pyranometers. Apart from using the irradiance components for the SIOP evaluation, they are also used to determine the total on-plane irradiance for the incidence plane parallel to the glazing. The standard formula to determine the irradiance on a vertical plane is used for this purpose. As the external pyranometer of the PyroScanner directly measures this on-plane irradiance, the above equation was used to derive the initially unknown albedo value. By minimizing the mean errors of the calculation vs. the measurement, the average albedo value for the south-oriented unshaded case was determined as  = 0.15. Two additional values were applied in the evaluations (see section 8.1.11).

Beyond the determination of the albedo, the comparison of the calculated vs. the directly measured on-plane irradiance is performed for every measurement. Significant deviations between the two irradiance values can arise. They can be attributed to two different causes:

1. Reflection spots from highly reflecting surfaces on the laboratory roof or the surrounding environment can hit only one of the two sensors or both with varying irradiance. 2. The Perez diffuse sky model only inadequately describes the current irradiance profile (e.g.

due to pronounced broken cloud patterns).

As both cases do not allow a meaningful comparison of the Perez-based SIOP evaluation vs. the measurement, variations of the modelled to the measured on-plane irradiance are only accepted up to a specified threshold. In order to not exclude too many measurements from the evaluation, a threshold of 10% is defined. The irradiance consistency filter can, therefore, be stated as: It must be noted that the application of this filter is not a shortcoming of the model but a requirement that results from the chosen validation method based on real conditions. Since the SIOPs are evaluated using the Perez irradiance model, it has to be ensured that it adequately describes the current sky condition, as only these conditions allow meaningful validation. Alternative sky models or lab lighting conditions would be associated with different irradiance profiles that could as well be evaluated using the SIOP concept.

Minimum irradiance filter

Only measurements with global irradiance on the incidence plane greater than 10 𝑊/𝑚² were considered in the evaluation. The reason for that is that even pyranometers of class A typically show errors in the range of a few 𝑊/𝑚² that are related to environmental temperature change, thermal radiation and electronics. The relevant standard (ISO 9060, 2018) states an acceptable "total zerooffset of ±10 𝑊/𝑚²" for class A devices.

RadiCal, D. Rüdisser 201 8.1.12.6. Shadow boundary filter

As stated above, the slightly different definitions of measurement regions in the model and empirical measurement lead to systematic variations of the determined irradiance values in times when the shadow boundary of the direct radiation passes over them. It is important to point out that the shadow boundary filter does not have to be applied because one of the measurements provides faulty results but because the results of the model and empirical measurements do not correspond during these periods.

Based on geometric considerations, the shadow boundary filter was defined based on the incidence angle. In vector form, the filter can be written as:

0.104 < 𝑛 ⃗ • 𝑠 < 0.387 𝑛 ⃗ … 𝑛𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑔𝑙𝑎𝑧𝑖𝑛𝑔 𝑠 … 𝑣𝑒𝑐𝑡𝑜𝑟 𝑝𝑜𝑖𝑛𝑡𝑖𝑛𝑔 𝑡𝑜 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑢𝑛 (147) 
This effectively means that measurements are excluded when the incidence angle of direct sunlight ranges between 67.2° and 84.0°. Hence, all measurements with an incidence angle in the range of 0° to 67.2° (potential direct exposure) and 84.0° to 180° (diffuse exposure only) pass the filter.

Outlier filter

Outlier removal is only applied very cautiously, as significant outlier removal could cause an increase in the correlation measures. Outliers can, e.g., be caused by specular reflections on the internal or external pyranometer, shadings by staff working on the testing facility or electromagnetic interference. A 3-sigma approach was applied to filter such outliers:

|∆𝐸 𝑖𝑛𝑡 | < 3 • 𝜎 |∆𝐸 𝑖𝑛𝑡 | ∆𝐸 𝑖𝑛𝑡 = 𝐸 𝑖𝑛𝑡,𝑚𝑜𝑑𝑒𝑙 -𝐸 𝑖𝑛𝑡,𝑚𝑒𝑎𝑠 and 𝜎 |∆𝐸 𝑖𝑛𝑡 | = √ 1 𝑁-1 (∆𝐸 𝑖𝑛𝑡 ) 2 (148) 
In general, less than 2% of the data is effectively filtered based on this criterion. Hence, the impact on the correlation and error analysis is considered minimal. Figure 132 shows the 3D models used for the slats. The models as well as the actual shading devices were provided by WO&WO Sonnenlichtdesign GmbH & Co KG (Wo&Wo GmbH, 2022). The model K80 has the traditional C-shape, with folded edges on either side. The slat width is 80.0 mm, the total height is 11.7 mm, and the folded edges' external radius is 4.3 mm. The model VZ90 is a Zshaped profile with folded edges on either side. The slat width is 93.5 mm, the total height is 10.4 mm and the external folded edge radius is 3.0 mm. Both slats are modelled as 3D solids. The thickness of the coated aluminium profile of both slats is 0.44 mm.

Figure 132 3D models demonstrating the applied level of detail of slat types used

The wireframe models of the slats as depicted in Figure 132 are sufficiently detailed as they include information on the orientation of the surface normals. This information is used in the smooth-shading feature (see sections 7.3 and 0) to reconstruct the slat's reflectance smoothly. Three different coatings were tested for the K80 slat type and one coating for the VZ90 slat type. Figure 133 provides an overview of the four slat specimens that were used in the validation measurements. Several different slat positions were analysed in the tests. In order to gather more data for the validations, the tests were performed with and without the influence of the glazing. To perform measurements without glazing, the window sash was opened at an angle of 90° degrees into the room. The cases that could be evaluated do not cover the potential parameter range in a regular way. Some cases had to be discarded due to the unavailability of the testing facility. In other cases, the measurement readings were erroneous or missing, either from the weather station or the internal measurements. Many of the tests were controlled and monitored remotely, and all tests had been carried out before the evaluation method was implemented. Hence, it was not possible to repeat unusable measurements in the course of the project. Still, 1061 single measurements for 21 separate shadowed cases were evaluated. Additionally, the shading was fully retracted, and measurements were performed with a stationary internal pyranometer located at the centre of the glazing. The measurements were averaged over 1-minute periods to apply the same evaluation as for the shaded cases. These measurements were performed for two different orientations of the window (south and west facing). Based on this approach another 9438 measurement points were evaluated for the two unshaded cases. An overview of all validation test cases is provided in Table 17. 

Introduction

In the following sections, only the two unshaded cases and the four cases with horizontal slats (0°) of the total 23 test cases are presented in the main text. These cases were selected because they have the highest number of evaluated measurements. Hence, the results provide the highest statistical relevance. However, the results of all test cases are provided in the same way in Appendix A.

All evaluation results, as specified in section 8.1.12, are presented in tabular form for each test case.

In addition to the evaluation results, relevant specifications of the measurement conditions are provided in a statistical form. The resulting irradiances and transmittances depend on the actual irradiance profile and therefore cover a specific range. Since these parameters' mean or average values are of little relevance, the quantities minimum, first quantile, third quantile and maximum are provided only. Finally, two charts offer a graphical overview of the main results for each test case: a correlation chart shows the modelled irradiance values as a function of the measured values; a second chart depicts the determined transmittance values as a function of the solar azimuth angle. In both charts, colours are used to indicate the sky condition at the time of the measurement. The diffuse ratio that was used for this purpose relates the diffuse irradiance on the horizontal plane (𝐷𝐻𝐼) to the total irradiance (𝐺𝐻𝐼).

Additionally, the measured and modelled irradiance values are presented as time series for the two unshaded cases (see Figure 136 and Figure 139). Presenting the shaded cases as time series is less relevant, as the duration of a single measurement is longer and the temporal resolution is significantly more coarse. 

Case #1 -UNSHADED_SOUTH

Result overview and discussion

When assessing the comparison results, it must be considered that the virtual model measurements are not compared against an ideal standard but against a complex empirical measurement depending on many variables. While the modelled results can be considered noise-free, the empirical measurement contains significant noise. For this reason, the (signed) mean errors 𝑀𝐸 𝜏 , indicating systematic deviation, are considered most relevant to assess the quality of the model, provided the statistical errors are in an acceptable range. The latter can be assessed by the standard deviation of the errors 𝑆𝐸 𝜏 , as well as the regression analysis, provided that sufficient data points are available. Additionally, the values are provided in Table 24. Note that, based on their definition, the stated errors are absolute errors. Hence, like their base quantity transmittance, they are related to the incidence irradiance. 

Unshaded cases

It has to be noted that the evaluations for the unshaded case are not trivial, as they deviate significantly from the simple on-plane irradiance. As can be seen in Figure 135 and Figure 138, the determined transmittance values for the two unshaded cases vary significantly in the range of approx. 20% to 45%. This is a result of the strong angular dependence that the transmittance of the tripledglazed window exhibits. Beyond that, the shading of the reveal limits the amount of diffuse irradiance reaching the measurement area (located at the centre of the glazing). If only diffuse radiation reaches the window, either because direct sunlight originates from the opposite directions or due to cloud cover, the modelled transmittance converges to a constant value of around 34%. This represents the average value for all directions of the visible sky and ground segments. The convergence to a constant value for diffuse irradiance can also be observed in the following shadowed cases. The two unshaded test cases generally showed the highest level of variance. This can partly be attributed to the generally higher level of transmittance but also seems to indicate that reflections significantly impair the measurement. If no shading is present, specular reflections in the environment can directly reach the vertically oriented sensor. Considering the related, relatively high standard deviations of errors (4% each), the mean errors of determined transmittances were low, with only 1.3% for the south-facing case and 0.3% for the west-facing case.

Shaded cases with closed window

The results of these practically most relevant cases show good agreement of the modelled and measured transmittances. Most errors range well below 2%, with standard deviations in the same range.

Only one case (#9) indicates a systematic error, as the mean error exceeds the standard deviation. However, only 22 measurements were available for the related case. The determined transmittances again showed a strong variation depending on the slat angle, sun angle and sky condition. The resulting transmittances range from approximately 1% to 20%. The lowest values are achieved for the anthracite slats in a low-diffuse sky condition, whereas test cases with horizontal slats in diffuse conditions show the highest transmittance.

Shaded cases with an open window

The measurements taken with open windows generally exhibit the highest errors and variances.

Approximately half of the measurements show systematic deviations in the sense that the mean error exceeds the related standard deviation. Mainly two reasons could be the potential cause for the errors. Firstly, opening the window negatively impacted the internal scattering situation, as the black curtain behind the PyroScanner had to be partially retracted. An additional blanket was then used to cover the window sash, which was opened at an angle slightly greater than 90 degrees. The now visible parts of the window frame additionally contained some metallic parts that were left uncovered. Beyond the scattering, the open window also allowed external air to reach the measurement equipment leading to thermal gradients. Additional and more significant thermal gradients arose as the internal pyranometer and electronic equipment were exposed to the strongest direct solar irradiance in these cases. Accordingly, the highest deviations were observed in case #20 with a negative slat angle. In this shading configuration, the internal sensor was exposed to up to 900 W/m² direct normal irradiance with a strong temporal (spatial) fluctuation behind the tilted slats.

Albedo and ground reflected irradiance

The evaluation of the measurements showed that the combination of the bright metallic roof on the neighbouring building and the relatively dark floor is not captured appropriately by the idealised constant albedo approach. Performing adaptations of the albedo values used for the evaluation significantly improved the results regarding correlation and absolute error (not shown here). Nonetheless, for the purpose of validation, three constant albedo values (see section 8.1.11) were used for all evaluations performed here. The observed parameter sensitivity regarding the ground-reflected irradiance demonstrates the need for more detailed modelling of the surrounding environment, as discussed in section 6.2.4. Implementing such a refined approach that considers the geometry and reflectance values in the environment is potentially the most efficient method to increase the general accuracy of calculations for solar-induced energy components.

Conclusion PyroScanner measurements

Though the empirical measurements proved to be challenging, as they are influenced by many external factors, the comparison of the empirical measurement results with the model measurement results is satisfactory. The mean transmittance values that were determined in the measurement for each case ranged from approximately 1% (ANTHRA_wC_45) to approximately 75% (WHITE_wO_m45) depending on the material, slat type, slat angle and presence of the window. In addition, variations of the transmittance of 10 to 20 % and beyond (in terms of "absolute" transmittance) were recorded for the individual test cases. These variations depend on the actual irradiance profiles, mainly determined by cloud cover and solar angles.

The RadiCal method is able to predict the transmittances values that vary significantly depending on the shading type and configuration, as well as on the irradiance profile, mostly with accuracies in the range of 1 % to 2% in terms of "absolute" transmittance (see Table 24). Nevertheless, some cases show systematic deviations that would require further investigation. Potential sources for the errors can either be linked to the empirical measurements, e.g. in the form of thermal gradients (as "windowopen" measurements generally exhibited higher errors). They could, however, also be caused by reflections in the environment or testing facility that were not covered by the model. The simplification implied by the constant albedo model generally restricts the achievable (see section 8.2.8.4). Further, it must be considered that the detailed spectral and angular information, as required to apply the RadiCal method to its full extent, were not available, neither for the glazing nor for the materials of the shading devices. The inversion method developed in the PhD (sections 4.12 and 4.13) were applied to derive the required parameters of available data. Hence, the PyroScanner validation measurements prove that the method can be applied with limited data to predict the realworld performance of shaded or unshaded glazings with reasonable accuracy. It has already been demonstrated that the implemented optical models are able to provide high accuracy if the detailed data required to model the surface is available (see section 4.9.3).

Application case

In order to demonstrate the feasibility and potential of the method, a typical application case is presented in this chapter. The dynamic energy balance model of a triple-glazed IGU fenestration with Venetian blinds is established based on a detailed geometric model. The energy model is evaluated with a high temporal resolution, and the results are used to determine key performance figures for different boundary conditions. The calculation was presented and published at the ibpsa BauSim 2022 conference [START_REF] Rüdisser | Application of the RadiCal-method to model solar gains through the building envelope[END_REF].

Target object

The window model corresponds to the actual window used for the validation measurements of the method (see chapter 8). The model comprising the window-reveal, window-frame, triple-glazing and Venetian blinds represents a commonly used building detail of modern constructions. Despite appearing simple at first glance, the detail is, in fact, very complex from an optical point of view. The incoming direct and diffuse radiation is first scattered at the surfaces of the blinds, where a fraction of the irradiance is reflected towards the glazing. The glazing consists of three glass panes, the first and the last of which are coated with a low-E-film on the side facing towards the inner glass pane. The entire configuration, consisting of the blinds, two coated glass panes and one uncoated glass pane, gives rise to a series of interreflections among the different layers. Finally, a significant fraction of the irradiance is absorbed in the four layers, while a part is transmitted into the interior. In order to accurately determine the total transmitted power (or energy), a detailed knowledge of these five energy flows is essential, as not only the directly transmitted irradiance but also the secondary heat flows will contribute significantly (see also section 3.1). Therefore, the model is well suited to demonstrate the advantages of the RadiCal method, which allows for accurately determining transmittance and absorptance for any parts of the target objects. The window's specifications can be found in Table 25; a RadiCal rendering of the window is presented in Figure 116 (section 7.11). 

Model and workflow

A representation of the entire workflow and model is presented in Figure 150. In the first step to creating the window's energy model, all SIOPs relevant to the energy balance are generated. In the analysed case, the absorption-SIOPs for the three window panes, the SIOP for the solar direct transmission to the interior and the absorption SIOP of the blinds are required. The latter is used to model the blind's surface temperature, which is considered in the longwave radiative exchange with the first glazing surface. As mentioned, all SIOPs can be generated within a single raytracing scan of the object (see section 7.10). The fenestrations' dynamic thermal simulation model is established in the next step. In order to have full control over the simulation parameters and avoid any third-party-related issues, the author has implemented a simple nodal dynamic thermal simulation platform that is used for this application.

It allows setting up models based on thermal nodes and heat transfers based on a library containing a variety of classes. The simulation platform features thermal mass and heat input modelling. The latter is, of course, essential to model the solar inputs to the specific nodes. The dynamic simulation platform has been validated against other validated tools based on simple reference cases. The simulation model for the presented application case can consider the following boundary conditions: air temperature, sky and ground temperature (for longwave radiative heat exchange), wind speed (for convective heat exchange), and interior temperature. The model comprises seven variable thermal nodes. The first one represents the blind temperature, whereas the other six represent the internal and external surfaces of the three glass panes. While the solar inputs and view factors are based on detailed three-dimensional raytracing data, the energy model is set up in one dimension, i.e. one temperature is assigned to each layer. Due to the relatively high thermal conductivity of the glass panes, this approach is reasonable and commonly applied. However, the same approach can be used to create a spatially refined model, either by vertical stratification or two-dimensional segmentation.

All radiative, conductive and convective heat exchanges were modelled according to the specifications provided by the standards EN 673 (EN 673, 2011) andISO 6946 (EN ISO 6946, 2015). In order to determine the heat transfers of the IGU accurately, all relevant parameters, i.e. surface temperatures, gas temperatures and gas properties, were calculated dynamically for each time step. This leads to a significant variation in the heat flows within the IGU and, consequently, in the thermal transmittance of the entire glazing. In order to be able to model transient effects, thermal inertia is considered for each node based on the component's relevant mass and specific heat capacity. An overview of the simulation model with all relevant nodes and heat transfers is depicted at the bottom of Figure 150.

The SIOPs are evaluated using the Perez irradiance model as specified in section 6.2.3. The generic Perez incident profiles are created with irradiance data provided by weather data time series. As outlined in section 4.5, the local solar position is calculated using the SG2 [START_REF] Blanc | The SG2 algorithm for a fast and accurate computation of the position of the Sun for multi-decadal time period[END_REF] algorithm in the implemented module (section 4.5.2). Subsequently, the Perez irradiance components are determined based on the measured irradiance data (see section 6.2.5). Finally, the SIOPs can be evaluated to provide the power inputs to the specific nodes with high temporal resolution. The derived solar power input time series and additional time-series data relevant to the air body, i.e. air temperature and wind speed, are used to update the model's boundary conditions on each time step. Finally, the equation system is solved on every time step, and the resulting node temperatures are used to derive all relevant heat flows. The entire time series is processed twice, with all solar inputs set to zero in the first run. The resulting heat flows contained in this time series that excludes any solar inputs are further used as a reference to identify heat flows resulting from solar gains. This approach, therefore, follows the principles expressed in equation (2).

Evaluation with temporally highly resolved data

Typical climate reference data provides time series with hourly time intervals. To be able to perform dynamic simulations with sub-hourly intervals, the data is typically interpolated. However, this interpolated data usually does not reflect the true dynamic behaviour of the environmental parameters. This is especially true for irradiance parameters, where, e.g. broken cloud cover leads to characteristic time profiles with high gradients. In order to capture the reaction of the glazing in this environment, measured data of the AEE INTEC weather station (AEE INTEC, 2023) with a high temporal resolution of 1 min is used for the simulation. Figure 151 shows the related simulation results. The simulated case assumes a shading of the window with a horizontal (0°) slat position from December 22 th to December 25 th . It can be seen how the individual panes specifically absorb the incoming radiation. In the analysed period, 11.1% of the total incident irradiance is absorbed by pane 1, 3.2% by pane 2 and 3.8% by pane 3. The absorption of the inner two panes is significantly lower than that of the first pane, as the absorption in the glass and coating of the outer pane means that already spectrally filtered light will reach the inner panes. The centre pane shows less absorption than the inner pane, as only the latter has a low-E coating applied. The 18.1% of the incident irradiance absorbed by all three panes effectively leads to a solar-related (secondary) internal heat flux of 8.9%. It can be attributed directly to the absorbed radiation and the resulting increase of the related heat transfers. Correlation analysis reveals that the effective time lag between the incident solar radiation and the resulting internal heat flow due to the thermal masses involved is as long as 90 minutes on average. This represents an interesting finding of the analysis performed with high temporal resolution. 

Evaluation of energetic performance

In order to evaluate the total energetic performance of the single window element, two specific locations with very different irradiance profiles were selected as examples: Hamburg in Germany and Sevilla in Spain. Further, two orientations (south and west) and two different shading states were considered: unshaded and fully shaded with slats in a static horizontal position (0°). EPW files [START_REF] Lawrie | Development of Global Typical Meteorological Years (TMYx)[END_REF] representing typical meteorological years can be imported directly. Data of climate.OneBuilding.org [START_REF] Crawley | Repository of free climate data for building performance simulation[END_REF] was used to model the local climate for the chosen locations. The reference years DEU_HH_Hamburg-Fuhlsbuttel_101470_TRY2010_03_Jahr and ESP_AN_Sevilla.083900_TMYx were used to reflect the climate of Hamburg and Sevilla. For the sake of comparability and simplicity, a constant indoor temperature of 22 °C was assumed for the entire year. The annual simulation runs were processed with 1-minute time steps. The total calculation time for the whole year was less than one second on a single CPU. The simulation model's high performance is ideal for carrying out parametric studies or control-strategy optimisations efficiently. 

Determination of effective performance parameters

For further in-depth analysis, the simulation results are related to the incident irradiance to calculate relative transmittance values. By dividing the total transmitted power and the power of the solarinduced secondary heat-flows by the incident solar power, the coefficients solar direct transmittance , the secondary internal heat factor qi and their sum, representing the total solar energy transmittance or g-value can be determined. The coefficients are denoted with the subscript sys (system) to distinguish them from the corresponding coefficients as defined in the standard EN 410 (EN 410, 2011). In order to determine the incident power in this "system approach", a reference area must be defined. This could be either the area of the entire reveal, the area of the window (glazing and frame) or only the externally visible glazing area. Depending on the application and objective of the study, either approach may be appropriate. For the present analysis, the reference provided by the glazing area seems most suitable for comparison with the standard calculations. As pointed out in section 2.6, the standard values are calculated solely for the case of normal incidence and do not contain any shading or reflection of the window reveal. In contrast, the coefficients calculated here consider all relevant "real-world effects". Therefore, they show a significant deviation from the standard values.

In order to illustrate the magnitude of this deviation, average values for the coefficients were computed for the entire reference years on a daily basis. The results of this inversion approach to derive the effective performance parameters of the glazings using the simulation results are depicted in Figure 153. It can be seen that the solar direct transmittance , and consequently the total solar energy transmittance g, range significantly below the standard values of 0.47 and 0.53, respectively (see Table 25). This reduction was expected and can be attributed to two factors: first, high proportions of diffuse radiation cause a noise-like variation, which can be seen especially well for the Hamburg location. Second, higher incidence angles significantly reduce the transmittance, which can be seen well in the case 'Sevilla/south/unshaded', for example. Note that, unlike in the heat balances presented in Fig. 152, the geometric projection effect (cosine-law) is already compensated since the external irradiance on the reference plane is used to calculate coefficients. Hence, the observed incidence-angle-dependent reduction of the transmittance is solely a consequence of reveal-shading, increased reflectivity of the glazing surfaces and higher absorption within the window panes. Interestingly, in contrast to solar direct transmittance, the secondary internal heat factor shows only a limited variance and ranges relatively close to the normal incidence value calculated according to the standard (0.06). A comparison of the polar plot representation of the absorption SIOPs of glass panes vs. the transmittance SIOP for the entire glazing (not depicted here) reveals that relative to transmittance absorption increases with growing incidence angles. The longer optical paths and higher number of internal reflections within the glass panes cause this significantly higher absorption at higher angles. Therefore, the secondary heat flux is less sensitive to the angle of incidence, as the increased reflectivity that occurs at higher angles is partly compensated by the increased absorption.

Discussion

State-of-the-art methods and novel method

The state-of-the-art analysis, part of objective 1 and covered in Chapter 3, showed that the currently applied methods have various limitations. The methods proposed by the current standards are based on highly simplified models that can lead to significant inaccuracies. The main issues of the models used in the standards are their restriction to near-normal incidence and inadequate modelling of diffuse and direct radiation components (see sections 3.4 and 3.5). The methods were originally designed for performance benchmarking of building components under lab conditions. They should not be applied for real-world irradiance profiles, as required for building performance simulation. The application case presented in this work (see Figure 153) demonstrates that a constant total solar energy transmittance coefficient ("g-value") approach is not applicable, as g-values determined by inversion vary in the range of several tens of per cent depending on the solar angles and irradiance profile.

More advanced methods that consider the angular profile of the incidence light mostly rely on a combined approach. The properties of the glazings are determined based on empirical data and advanced models by applying the methods implemented in LBNL Window Software [START_REF] Curcija | WINDOW Technical Documentation[END_REF]. The combination of the glazing with the complex geometry of shading elements or surrounding parts is modelled with raytracing tools, particularly Radiance (Radiance Community, 2022). The resulting bidirectional scattering distribution data (BSDF) described in the form of Klems matrices (Klems, 1994a) is then further processed to directional solar heat gain coefficients (DSHGC) or directly evaluated in building performance simulation tools. The DSHGC method requires the assumption of thermal properties and boundary conditions that have to be anticipated for the application they are later applied to, which leads to inaccuracies, see e.g. [START_REF] Wermke | Simple versus Complex: Comparing the Accuracy of Cooling Energy Demands for Complex Fenestration Systems using BSDF and SHGC[END_REF]. Hence, a strict separation of the optical model and thermal domain should be followed (see section 2.5). However, beyond this issue, the BSDF/Klems approach shows some systematic limitations that arise from its definition. The limitations are related to simplifications regarding the spectral, spatial, angular and polarisation properties of the transmitted or reflected light beam. The impact of these limitations becomes more significant if a system involving two or more BSDF layers is modelled. This is a typical case, as the commonly used raytracing tools do not allow accurate modelling of glazings, while LBNL Window does not allow the modelling of detailed 3D shading layers or other relevant three-dimensional geometry. Hence, both methods are commonly applied to form a combined system of two or more BSDF layers.

The RadiCal method proposed here allows accurate, microscopic modelling of coated and uncoated transparent layers as part of a complex, detailed three-dimensional structure. This allows a unified approach as all relevant optical processes can be considered based on a single, comprehensive threedimensional model. The optical modelling of the glazings is potentially more accurate than the LBNL Window method, as the angularly and spectrally resolved model considers the entire global radiation spectrum and interference or polarisation effects on material boundaries are intrinsic parts of the model. This determines the angular and spectral properties of the scattering on the modelled surface, as well as the outcome of any further scattering events. However, the achievable accuracy relies on the quality of the available optical data for the modelled surfaces.

The RadiCal method proposes a strict separation of the thermal and optical domains. The newly introduced solar incidence operator (SIOP) provides an interface to pass the optical data to thermal simulations. The definition of the SIOP allows for an accurate modelling of transmitted and absorbed powers or energies. As the output of the SIOP is a scalar value, it cannot readily be used for lighting applications. For this purpose, the RadiCal raytracer can still be used to generate BSDF information based on a single comprehensive and detailed three-dimensional optical model.

Physical optics integration

Objective 2 of the PhD was to develop a raytracer that incorporates models of physical optics. The application of models based on fundamental laws of optics and electrodynamics allows for achieving more accurate results with a reduced demand for input parameters compared to data-driven models.

In addition, more fundamental, physically based models potentially allow easier adaptation to new materials, new material combinations or future requirements. The implementation of physical optics is achieved by applying more complex models for scattering events, while the propagation of light is still modelled based on geometrical optics, i.e. linear propagation of discrete rays. Modelling light propagation based on the principles of physical optics would require solving Maxwell's equations with high spatial resolution, which is virtually impossible for large objects with complex geometry. Deviating from classical geometrical optics, the polarisation state of the ray of light is tracked, and the attenuation in a medium is considered during light propagation.

In order to model scattering events occurring on material interfaces, the complex-valued Fresnel equations are solved. The solution of Fresnel's equations is embedded in Müller matrices and Stokes vector algebra to be able to consider and track the ray's polarisation state. Similar approaches are usually only applied on a microscopic scale, e.g. for ellipsometry in material science or on a macroscopic scale in astrophysics, but have not yet been applied in the field of building science. By applying this method, many important spectral and angular dependencies of reflection, absorption and refraction arise naturally. The accuracy of the approach relies, however, on the availability of spectrally resolved material data. If data containing the required information is unavailable, two inversion methods that allow deriving this data of available measurement data are proposed and implemented in the method. Alternatively, the application of estimated or generic constants in fallback cases allows for a gradual downgrading of the optical models. A matrix method for modelling one or more layers of thin-films applied to the surface is part of the implementation. The feature is required for modelling thin coatings that are applied on surfaces to alter their optical behaviour by exploiting interference effects. It is an essential part of the method as it is required to model coated glasses. Most modern glazings have spectrally selective coatings applied to one or more of its glass panes (e.g. low-E or solar control coatings). Polarisation of light is considered throughout all models. This is not a supplemental feature of the method, but an integral part, as solving Fresnel equations in the general form requires considering the state of polarisation. Any energetic impact of the occurring polarisations is, therefore, implicitly contained in the model. However, its quantitative significance has to be specifically analysed and demonstrated in future studies.

In order to implement the physical optics models, Monte-Carlo methods have to be applied. Finding analytic solutions to the models is impossible as this would require solving a complex set of nested multidimensional integrals. However, the stochastic Monte-Carlo approach allows for an efficient solution, considering all spectral, spatial, directional and polarisation dependencies.

Of the more commonly occurring and energetically relevant optical processes, only diffraction could not be integrated into the current raytracing model. As demonstrated in section 4.3.5, diffraction usually plays a minor role, with the important exception of microstructured materials, particularly textile materials. To still be able to model such surfaces, the scattering behaviour resulting from diffraction must be modelled on a macroscopic scale, e.g. by deriving models based on measured BSDF data.

Required material data and inversion approaches

Specific material data is required to apply the physical-optics-based modelling to its full potential. This is, in particular, the spectral complex-valued index of refraction (cRI) that combines information on the refractive index of the material and its absorption properties. While this information is used in many physical optics applications and material sciences, it is often not readily available for building components. Generally, it is possible to determine the complex-valued index of refraction in direct measurements by applying spectral ellipsometry. Nevertheless, the necessary measurement equipment is not very common. Therefore, measured cRI information can rarely be found for the relevant global radiation spectrum.

In order to address this issue, two inversion approaches have been developed in the course of the PhD (sections 4.12 and 4.13). The methods are able to derive the cRI functions of available measurement data providing spectral information. Such data is generally determined using UV-Vis-NIR spectrometers that, unlike ellipsometers, are quite common. Spectrometers are used to determine the absorption, reflection or transmittance of materials with high spectral resolution. The measured spectra are used to derive cRI functions in the proposed inversion methods. In essence, this is achieved by mimicking the measurement principle in virtual measurements. The unknown cRI function is parameterized and iteratively optimised until the measured reflectance, absorption or transmittance spectra match the empirically determined spectra.

In the test cases covered in this work (sections 4.11.3 and 4.12.3), the methods have proven to be able to fit the provided spectra with good precision. Moreover, the values determined in the numerical process are physically plausible and exhibit resemblance with available references. Nonetheless, the inversion will generally not have unique solutions. They will be able to reproduce the provided reflectance, absorption and/or transmittance spectra for near-normal incidence with high precision. But this does not imply that the modelled values for oblique angles correctly match the true behaviour of the material. The performed comparisons with known directional dependencies (sections 4.11.3 and 4.12.3) and the appearance of the materials in the renderings indicate that the angular behaviour is plausible. However, in order to achieve a higher level of accuracy, measurement data for oblique angles is required. The inversion results for uncoated and opaque materials will generally show a good agreement with the true behaviour, as the physical processes are less complex and the degrees of freedom in the optimisation are limited. However, the inversion results for coated materials should be treated cautiously, as the involved thin-film interference effects are linked to a spectrally and angularly selective behaviour. Beyond that, the required degrees of freedom in the optimisation are considerably higher, as the material parameters for all model layers must be determined. The discussed issues regarding the uncertainty of the material parameters must not be seen as a flaw of the RadiCal method but as a requirement arising from the potentially more accurate modelling. Simpler scattering models can be applied if the required data remains unavailable and the use of estimated values is inappropriate. The implemented fallback principle always allows the currently applied models to be degraded based on fewer, single or constant material parameters.

Results of validation steps

Since the underlying theory and implementation of the RadiCal method is multifaceted and complex, a high priority was given to validation steps and test cases. The performed tests should prove in a cumulative way that the applied models and equations, their implementation and their mostly numerical solutions are correct. The results of the Müller-matrix applications (6.) show that the modelling of optical scattering is able to reproduce empirical data with high precision on a microscopic scale. The accuracy is, of course, determined by the quality of the available material data that can be considered high for these tests. In contrast, the full-system validation (16.) demonstrates that the method can be applied at a large scale, involving multiple materials and objects, complex geometry and material data with limited quality. Beyond that, the full-system validation represents a typical application for which the method was designed. Both validation steps showed satisfactory results. The results of the Müller-matrix applications exceeded expectations, while the full-system validation showed some inaccuracies. Presumably, most of the issues are linked to the quality of the empirical data, as measuring transmittance values under natural conditions is challenging. Nevertheless, the significantly varying transmittance values for different shading configurations and environmental conditions were still predicted with satisfactory accuracy in the range of a few per cent and below. The results indicate that applying a more complex model for the ground-reflected irradiance is essential to achieve higher accuracy. The current definition of the SIOP allows the integration of such an approach straightforwardly (see 6.2.4).

Limitations

The implementation of the raytracer is performed based on object-oriented programming (OOP) models. The inheritance and polymorphism principles of OOP allow for efficiently replacing, adapting or enhancing the scattering models for new materials or surfaces. Currently, apart from a few auxiliary generic classes, only one scattering class (TLSISroughPol, see section 7.9) is used to model materials. While the integrated features allow modelling a wide range of opaque or transparent, coated or uncoated and rough or flat surfaces, it will still be necessary to add new models for modelling practically relevant surfaces realistically.

The statistical approaches used to model the surface's roughness as well as the implemented diffuse subsurface reflection model are based on the assumption of randomly distributed surface orientations or scattering particles. Consequently, the implemented models are unable to correctly describe scattering processes on surfaces that exhibit significant regular structures on the microscopic or nanoscopic scale.

The methods to derive new scattering classes can essentially be divided into three types, which can be referred to as white-, grey-and black-box approaches. The white box approach can be applied to model micro-structured surfaces, like coarse textiles or perforated metals. In this approach, light scattering is explicitly modelled based on a microscopic three-dimensional model of the surface. Apart from the three-dimensional model, these models generally require limited empirical data to calibrate their scattering properties to real-world materials. However, the validity of the approach is limited to geometric structures of larger scales, as diffraction becomes more significant when the relevant apertures are small. To model materials dominated by smaller-scale structures, appropriate statistical models can be applied to model the distribution and orientation of scattering events. Again, measured data can be used to calibrate the model parameters. Finally, in the black-box approach, scattering classes can be derived based on measured data only. The information from angular measurement samples (BSDF) can be used to model the related scattering events directly. However, polarisation information is generally disregarded in this approach, as it is usually not contained in BSDF measurements. Beyond the need for additional scattering classes, the demand for suitable material data can pose an issue. The topic is discussed in detail above (section 10.3). Another limitation is not related to the optical modelling but to the SIOP operator, which is used to pass the raytracing information to other applications. According to its definition, the output of the operator is limited to one dimension. Therefore, the concept cannot readily be used to replace the currently applied Klems matrices. The directionally resolved output information is a fundamental requirement for most lighting applications. It is, however, not relevant for the energetic simulations this work focuses on. However, since the RadiCal method intrinsically covers the visible spectrum of light, it may be well worthwhile to consider its application in this field. The RadiCal raytracer can be used to generate Klems matrices, allowing its immediate use for lighting applications. While this approach has the advantage of being compatible with the existing methods, it would be desirable to exploit the advantages of the SIOP definition in the lighting field as well. One potential approach involves generating a series of SIOPs covering the hemisphere for the outgoing light with the desired resolution. However, this would still correspond to a discrete distribution on the output side. A more complex solution would involve the development of a more complex, multidimensional representation still based on spherical harmonics. E.g., the resulting function values of the current approach could provide coefficients for another spherical harmonics expansion describing the directional distribution of the outgoing light.

Integration into current frameworks

A fundamental goal, not of this work but of potential subsequent developments, is providing the method to a broad group of potential users in research and industry. The immediate path for achieving this is to provide the method in the form of a tool that allows the generation of the Klems matrices in the commonly used format. This allows the immediate application of the RadiCal method for both lighting and thermal simulation. For the latter case, however, the application of the SIOP interface, as described in this work, is highly recommended, as it offers the discussed advantages.

The implementation required to evaluate SIOPs is concise and can be provided in multiple programming languages. An integration for Modelica (Dymola) simulations is already available and applied in a research project.

Discussion with respect to research questions

In the following, the research questions raised in section 1.2 are addressed in brief.

1. How can the accuracy of modelling solar-induced energy flows in building science be enhanced?

In the present work, the limitations of current models were identified and discussed, and suitable, more complex models were proposed, implemented and tested. Further, a new operator and workflow to integrate the optical simulation results into building performance simulation were developed and implemented. Finally, the validity and potential of the proposed method were demonstrated in validation cases and an exemplary application case.

1.1. Which optical processes, beyond simple geometrical optics, are relevant, and how can they be considered? (e.g. thin-film interference, polarisation, surface roughness)

A more general approach that is intrinsically able to cover significant optical effects was identified. Essentially, it is based on solving Fresnel's equations in their complex-valued form, considering the wavelength of light, its polarisation state, as well as electrodynamic properties of the materials (see section 10.2). Additional models are integrated in the approach to consider surface roughness and subsurface scattering of materials.

1.2. Is it possible to create a physical-optics-based raytracer that can be used to efficiently evaluate the solar properties of relevant building components, in particular for combinations of glazings and shading devices?

A full implementation of the raytracer was performed in the course of the PhD. The raytracer applies principles of physical optics and relies on Monte-Carlo simulation methods (see Chapter 7). Its capabilities for accurate modelling of coated (and uncoated) glazings allow unified modelling of shaded windows, façade elements or technical applications.

1.3. Can the raytracer be designed in a way that allows a seamless transition or downgrading to existing models?

For the case of missing material data, the implementation provides several fallback cases that allow a gradual downgrading of the model. Commonly applied constants or spectrally integrated values can be applied in these generic models.

1.4. If and how can the highly accurate raytracing be deployed to practical application in dynamic building performance simulation?

A novel method, referred to as SIOP -solar incidence operator, was developed for this purpose (see Chapter 6). Its feasibility and potential are demonstrated in application and validation cases in the present work. The operator allows efficient deployment of the detailed data gathered in the raytracing scans. It, therefore, enables dynamic thermal simulation tools to perform solarrelated calculations with raytracing accuracy at almost no computational cost. In order to improve the modelling of solar-related energy flows for building applications, a novel method has been developed, implemented and tested. First, the potential inaccuracies and limitations of the currently available and applied models and methods were analysed. Currently applied approaches to model solar gains through transparent surfaces of buildings mostly rely on combinations of at least two methods. Limitations are related to the individual methods but also arise from combining the methods. In order to overcome these restrictions, a unified approach that applies models of physical optics based on a single, detailed 3D CAD model was developed. Energetically significant optical processes were identified, and the related advanced optical models, primarily used in material science and astronomy, were adopted for their use in the building science context. A Monte Carlo raytracing method has been developed to incorporate the implemented optical models. While the propagation of light is still modelled based on the principles of geometrical optics, the scattering events, i.e. reflection, absorption and transmission, are modelled based on the relevant electrodynamic models. In order to do this, light's polarisation state and spectral distribution must be considered in all modelled processes. Further, a matrix-based thin-film method allows modelling interference effects on surfaces covered with one or multiple thin layers of different materials. The feature is essential to the method, as modern glazings rely on such spectrally selective coatings. In addition to the physical optics approach, which fundamentally relies on solving Fresnel's equations in their complex-valued form, a statistical roughness model and a generic subsurface-scattering model had to be added to allow for modelling of practically relevant surfaces. All optical models were implemented by applying the concepts of object-oriented programming. This allows straightforward future adaptation or extension of the models for specific surfaces or refined modelling.

In the applied physical optics models, the materials are characterised by their electrodynamic properties in the form of the spectrally resolved complex-valued index of refraction (cRI). Although the underlying physical quantities forming the cRI are accessible to measurement, they are often not readily available. To address this issue, two approaches allowing the application of the method if the required material data is initially unavailable were implemented. Firstly, two inversion methods were developed that allow deriving cRI functions of measured reflection, transmission or absorption spectra. Additionally, a fallback approach has been implemented if the required optical properties remain unavailable. It allows a gradual downgrading of the optical models to generic versions relying only on a single or a few parameters. The combination of in-depth optical modelling of different materials and consideration of detailed geometry constitutes a complex and multifaceted model that cannot be evaluated in analytical closedform. Nonetheless, it can still be solved efficiently by means of stochastic approaches. For this reason, a raytracer fundamentally based on Monte Carlo methods was developed, implemented and tested in the course of the PhD.

In addition to the novel method proposed for optical modelling, a new interface for deploying the detailed raytracing data to building performance simulation was developed. The method is called SIOP (solar incidence operator) and is based on spherical harmonics, known from quantum physics.

The SIOP concept allows providing the detailed optical data gathered in the raytracing process to thermal simulation in an efficient and comprehensive manner. Hence, SIOPs effectively enable sim-ulation tools to perform solar calculations with raytracing accuracy, but virtually at no computational costs. SIOPs are not only used to model solar gains resulting from irradiance directly transmitted through transparent surfaces but also provide information on the power absorbed in any relevant component of the façade or window. The combined information allows accurate dynamic simulation of all relevant temperatures and energy flows within a building component for any given boundary conditions. Thus, all temperature-related or thermal-mass-related dependencies can be modelled accurately. Many validation and test cases are contained throughout the work. The tests are performed at different levels of the model to prove and demonstrate the validity, not only of the models and equations but also of their algorithmic implementation. In an essential validation, advanced virtual optical measurements, e.g. ellipsometry, are compared against available empirical data. Further, the evaluation of the SIOP based on the Perez diffuse sky model is validated against the standard calculation performed with a building performance simulation tool. At the highest level, the entire RadiCal workflow is applied to perform virtual measurements of a triple-glazed window equipped with four different shading devices. Real-world measurements performed over several months with varying solar incidence profiles are compared with virtual measurements performed on the modelled window. A dedicated measurement device and method were developed in the course of the PhD specifically for this purpose. This was necessary in order to be able to measure the spatially highly inhomogeneous irradiance field behind the shaded window under real-world conditions. Considering the generally higher error level linked to such measurements, the comparison shows a good level of agreement. The deviation of the calculated from the measured effective transmittances for 22 different shading configurations with variable irradiance profiles is in the range of a few per cent and below. Finally, the application of the method is demonstrated in a typical use case. The thermal performance of a triple-glazed window is accurately determined for different locations and orientations.

The established novel method can be used to address a wide range of research and industrial applications, reaching beyond the standard task of building performance simulations. Its full potential must be explored in further studies.

Key findings

The work performed in the PhD demonstrates that more accurate modelling of solar-induced energy flows in building science is possible if optical processes are modelled on a more fundamental level, and a strict separation of optical modelling and thermal simulation is maintained. In detail, the most significant findings are:

Physical optics approach

In order to accurately determine solar-related energy flows, a detailed and spectrally resolved modelling of all relevant optical processes is required. The optical model needs to consider detailed threedimensional geometry and the materials' optical properties object. Hence, a raytracing process is required. Currently used raytracers are data-driven, as the optical properties of surfaces are mostly modelled based on empirical BSDF data. For building science applications, it is of essential importance that comprehensive and accurate models are available for the transparent surface, particularly for uncoated and coated glasses. Accurate modelling of such surfaces requires the consideration of the fundamental nature of light, i.e. its electrodynamic character. This can be performed most efficiently by solving Fresnel's equations in complex-valued form. Compared to currently applied methods, the approach relies on a different type of material specification. This information is often not readily available, which can hamper the application of the method. However, the use of physical optics models leads to significant advantages as many significant dependencies are intrinsically contained and do not require additional assumptions or models. These are, in particular, the angular and spectral dependencies of scattering processes, i.e. reflection, transmittance/refraction and absorption. Since the models are based on fundamental physical principles, they generally require less input data than data-driven models. Their application potentially leads to plausible and realistic approximations for the case that limited material data is available or generic values are used.

Modelling of coatings

Accurate modelling of coatings applied on surfaces is a challenging but essential task, as they are an integral component of modern glazings (e.g. low-E or solar protection layers). Interference effects in coatings are responsible for intended and unintended spectrally and directionally selective properties of these coatings. In order to model the related optical properties efficiently, it is necessary to apply an extended Fresnel approach that is able to consider thin-films.

Additionally required models

In order to model practically relevant surfaces, it is essential to additionally consider the surface's roughness as well as subsurface scattering processes. Two generic models are currently part of the method. The integrated parameters allow their adaptation for modelling a wide range of surfaces. However, it will be necessary to develop additional models to consider specific surfaces, e.g. microor nanostructured surfaces and metallic paints.

Consideration of polarisation

Polarisation is a fundamental, yet often neglected, property of light. Polarisation generally occurs on every scattering event at oblique incidence angles. In order to fully apply the Fresnel approach, the consideration of polarisation is a requirement. For the intended application, the concepts of the fourdimensional Stokes vectors and Müller matrices are well suited, as they allow efficient and straightforward integration of polarisation into the raytracing process and scattering models.

Inversion methods to determine optical properties

As the optical properties of materials are commonly not available in the required form, two inversion methods were implemented to derive them from available data. Although the methods rely on a stochastic optimisation of models with a relatively high degree of freedom, the results are consistent and indicate a plausible physical behaviour. The ambiguity of the results depends on the amount of input information provided. Spectral measurements at non-normal directions a rarely performed but would significantly increase the quality of the inversion results. If only near-normal measurements are available for the inversions, the results have to be treated cautiously. However, they potentially lead to an increased quality of the overall simulation results, as plausible spectral, angular and polarisation dependencies are intrinsically contained in the models.

Separation of optical and thermal domain

The concept of directional solar heat gain coefficients (DSHGC) is regarded as problematic, and its application should be questioned. The derivation of DSHGC values requires anticipation of results and boundary conditions of the dynamic thermal simulations that they will be applied to in later simulations. This constitutes a circular reference. From a fundamental point of view, it can be stated that the energy flows induced by solar radiation have significant thermal impacts, while temperatures or temperature gradients generally have little to no impact on the related solar processes. Based on this unilateral interaction, it is appropriate to separate the two domains entirely. The optical evaluations must be solved first, independent of any thermal considerations. The results of the optical model characterising only transmitted and absorbed energy flows induced by solar radiation should then be deployed to dynamic thermal simulation in an appropriate form.

SIOPs -representation of optical properties

The currently applied form to provide the results of the optical calculations in the form of 145 discrete values cannot satisfactorily cover the entire hemisphere. A smooth and continuous angular representation of the results is favourable as the temporal and spatial integrations and differentiations required in the evaluation processes also result in smooth and continuous functions. This increases both the accuracy and performance of the related dynamic thermal simulations.

A method that provides smooth and continuous functions on the hemisphere is proposed in this work. The representation is based on spherical harmonics expansion and allows a flexible and efficient way to store, deploy and evaluate the results of the optical calculations.

Variability and dependencies of solar-induced energy flows

The performed full-system validation cases and application examples demonstrate the remarkable variability of solar-induced energy flows, thus demonstrating the need for accurate modelling. Even for the supposedly trivial case of an unshaded triple-glazed window, the optical and solar total transmittance values generally exhibit diurnal and seasonal variations in the double-digit percentage range. The most significant dependencies are those on the solar angles and on the sky condition. However, the results also demonstrate that a more refined modelling of the local environment is necessary to increase the accuracy of solar calculations further.

Usefulness of rendering

While initially not an objective of the thesis, rendering via backward raytracing turned out to be a substantial component of the method. Creating visual representations of the target objects allows for validating and demonstrating the quality of light modelling and the level of detail the method achieves. The quality of the backward raytracing used for the renderings represents the quality of the forward raytracing applied for the energetic calculations. Creating a single rendering requires evaluating billions of scattering events covering an extensive range of spectral and directional cases. Hence, the creation of renderings is a valuable validation step regarding the models' accuracy, the implementation's functionality and the correctness of material assignments.

Further directions

The methods and tools developed in this PhD open up a wide field for further research and application. An essential and immediate goal is to engage the research community in this process. For this purpose, providing access to the method through transparent, easy-to-use and well-documented tools is a primary objective for the near future. Furthermore, the following tasks are planned for the foreseeable future:

• Intermodel comparisons As this work focuses primarily on empirical validation, it will be essential to perform comparative studies in which the results of the RadiCal method are compared against commonly used calculation methods. The comparisons should involve building performance simulation and also focus on the related heating and cooling energy deviations.

• Derivation of daylighting parameters Essential daylighting parameters, like luminance, daylight factor or glare measures, can be derived from the already implemented RadiCal simulation approach if the irradiance is weighted according to the luminous efficiency function and suitable detector surfaces are considered in the model.

• Studies on the modelling of coated glazings

In order to analyse and improve the accuracy and efficiency of the inversion method proposed in section 4.12, further research is necessary. Primarily angularly resolved measured data is required for this purpose.

• Studies of polarisation-related effects

The consideration of polarisation is a key distinguishing feature of the novel method and an intrinsic part of all calculations. In order to meet the already perceptible interest (and scepticism), it is important to transparently demonstrate light polarisation's qualitative and quantitative significance for various applications.

• Development/implementation of a refined model for reflected radiance Theoretical considerations and the results of the empirical measurements demonstrated the importance of detailed modelling for radiation reflected in the environment. A new feature will allow detailed modelling of this environment based on 3D models or photogrammetric information.

• New models for microstructured surfaces The object-oriented approach allows the seamless integration of new scattering models into the raytracer. New models can be derived by developing statistical models for the microscopic scattering events based on measured BSDF information. The models created in such a process also contain polarisation information, allowing a full application of the RadiCal method.

Textile surfaces and metallic paints should be the first new integrations.

• Volume scattering models Currently, only attenuation is considered during propagation in media. Additionally, the redirection, i.e. diffusion of light during its propagation in certain media, e.g. specific glasses and liquids, should be considered. While relevant only for special applications, the integration of volume scattering is easy to accomplish and will, therefore, be performed in the foreseeable future. 
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  and a validated implementation in C and Python provided by PSL university (O.I.E. Mines-ParisTech, 2022) have been used. The code has been implemented in the library rc_sunpos_sg2. It encapsulates the class TSunposIrradiance containing the following methods:

  : Double) : T10DoubleArray; function sg2_calc_approxS(j : Double; approx : TApproxSet) : Double; function sg2_jd_to_ymd(jd : Double) : Tymd; function sg2_setRange(x : Double) : Double; function sg2_setRange(x : Double;mode : Integer) : Double; function sg2_setRange(x : Double;mode : Integer; K : Double) : Double; function sg2_refract_correction(gamma_S0, P, T : Double; method : TRefractMethod) : Double; function isEmpty(d : Double) : Boolean; function sg2_calc_delta_t(y : Double) : Double; function sg2_ref_ellps(et : TEllpsType) : TEllps; function airMassKastenSandia(const costhetaz_, thetaz, locPressHpa: Double): Double; procedure preCalcSeasonalSolarConst; procedure InitApprox; public constructor Create; destructor Destroy; override; // solar position functions (SG2) function calcSunPos(j_ut, lat, lon, h : Double; var param_opt : TSG2optParams) : TsolarPos; function JulianD(y,m,d : Integer;daytime : Double;timeZone : Double) : Double; function getJulianDiff(time0, timeZone: Double): Double; // irradiance functions function getSolarConstGround(const elevationInRad: Real): Real; function getSeasonalExaSolarConst(const dt : TDateTime) : Double; procedure getPerezF1F2(const tim, locPressHPa: Double; const DHI, DNI,thetaz: Double; var F1, F2, b: Double); procedure getPerezF1F2interpol(const tim, locPressHPa: Double; const DHI, DNI,thetaz: Double; var F1, F2, b: Double); function getPerezIrradiance(const dt: Double; const DNI_, DHI_, GHI_: Double; const locAlbedo_, locPressHPa_, locLat_, locLon_, locAlt_: Double; const refPlaneV: Tvect3d; const refPlaneCosBeta, refPlaneSinBeta: Double; const UsePerezInterpolation: boolean; sunOpts: TSG2optParams; var irrDat: TIrradianceData): Boolean; function getReindlIdiffHorizFractionfd(const kt, sunEl, TaCelsius, humi: Double): Double; function getReindlIdiffHorizFractionSimplefd(const kt, sunEl: Double): Double; end;

  Each of the implemented classes has been tested by the import of sample data. The spectrally resolved 𝑛 and  values were then calculated based on the functions implemented in the specific classes. The results were plotted and compared with the charts and data provided on RefractiveIndex.INFO. Spectra in the global radiation wavelength range of relevant materials, imported to RadiCal in various formats, are presented in Figure 32.
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  SVect(const s0,s1,s2,s3 : Double) : TStokesVect; function SVadd(const s1,s2 : TStokesVect) : TStokesVect; function SVNormalize(const s : TStokesVect) : TStokesVect; function SVMult(const f : Double;const s : TStokesVect) : TStokesVect; function SVtotPolDegree(const s : TStokesVect) : Double; function SVtotPolIntensity(const s : TStokesVect) : Double; function SVlinPolDegree(const s : TStokesVect) : Double; function SVangleMaxPol(const s : TStokesVect) : Double; function SVrotPol(const s: TStokesVect;const negAngle : Boolean;const cosT : Double) : TStokesVect; function SVhorizPolIntensity(const s: TStokesVect) : Double; function SVvertPolIntensity(const s: TStokesVect) : Double; function SVp45PolIntensity(const s: TStokesVect) : Double; function SVm45PolIntensity(const s: TStokesVect) : Double; function SVellipsometryDELTAofStokes(const s: TStokesVect): Double; function SVellipsometryPSIofStokes(const s: TStokesVect): Double;
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  ) was used to model the refractive index function (𝑛), while a spline function with 10 knots was used to model the extinction coefficient function (). The knots are moved in both dimensions during the optimisation process. Only the wavelength coordinates of the first and last knot are held constant at the boundaries of the global radiation spectrum. The optimisation process comprised 35 million iteration steps and lasted a few hours. The finally determined cRI is depicted in Figure 55. The dots on the blue line indicate the knots of the spline function.
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 55 Figure 55 Determined complex-valued refractive index function of uncoated glass pane (Planibel Clearlite) Figure 56 Empirical complex-valued refractive index function of clear-glass determined by Rubin[START_REF] Rubin | Optical properties of soda lime silica glasses[END_REF] 
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 57 Figure 57 Uncoated window pane -measured T/Rspectra vs. model results using the derived cRI (at near-normal incidence) Figure 58 Uncoated window pane -angular dep. of transmittance and reflectance based on derived cRI (integrated over the entire global radiation spectrum) Figure 58 finally shows the angular dependence of the transmittance and reflectance of the glass pane for global radiation. As discussed in the state-of-the-art analysis (section 3.2), even the more advanced, commonly used modelling approaches apply simplified models in order to determine the angular dependence of transmittance and reflectance. The depicted angular dependencies are relevant for global radiation determined by spectrally weighted integration.
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 59 Figure 59 Determined cRI functions for the layers of the two-layer substitute model for the low-E coating (iplus Top 1.1)
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 61 Figure 61 Low-E coated window pane -measured T/Rf/Rb-spectra vs. model results (at near-normal incidence)

  Figure62shows the angular dependencies for transmittance, frontside-and back-side reflectance as well as absorptance. Additionally, two references for the angular transmittance are depicted. The first is taken from[START_REF] Rubin | Models for the angle-dependent optical properties of coated glazing materials[END_REF] and represents measured data for a silver double-coated pane with a nominal thickness of 3 mm. Since the transmission ratio at 70° was an optimisation target, it shows a perfect match at this angle. However, a good match is also visible regarding the general shape of the curve. The second reference was taken from[START_REF] Roos | Angular-dependent optical properties of low-e and solar control windows -Simulations versus measurements[END_REF]. Figure10of the cited publication provides a model fit for a silver-coated Planitherm pane with unspecified thickness and few angular measurements. The angular dependence modelled by Roos et al. shows slightly higher values than are determined here.
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 63 Figure 63 Determined complex-valued refractive index function of ETFE-membraneAgain literature was reviewed to assess the validity of the inversion result. A reference containing measurement data has been found in a publication on Optical properties of materials for concentrator photovoltaic systems[START_REF] French | Optical properties of materials for concentrator photovoltaic systems[END_REF]. The publication includes results of spectroscopic ellipsometer and spectrophotometer measurements performed on a clear ETFE membrane.
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 64 Figure 64 Measured index of refraction and absorption coefficients of ETFE membranes (blue lines)source[START_REF] French | Optical properties of materials for concentrator photovoltaic systems[END_REF] 
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 65 Figure 65 ETFE membrane -measured T/R-spectra vs. model results using the derived cRI (at near-normal incidence) Figure 66 ETFE-membrane -angular dependence of transmittance and reflectance based on derived cRI (integrated over the entire global radiation spectrum)
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function

  TRCSIOPSamples.evalSIOPStdSYS(const ph, cosTh_: Double): Real; // if cosTh_ is alreay provided in valid range [0,+1] it is used instead of th (; begin if cosTh_<0 then // BACKSIDE of SIOP hit, exit and return 0 Begin Result:=0;Exit; End; s:=0; with ssiop do for c:=0 to shCoeffCnt-1 do // evaluate sph.harm. series with non-zero coefficients 6.1.4
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Figure 83
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  Figure 84 The five irradiance components considered by the Perez model

  The 6.5° extended horizon results in:  ℎ𝑜𝑟𝑖𝑧𝑜𝑛 ≈ 0.3556. The average values over the related SIOP segments can be determined as 𝑆 ̅ 𝑠𝑘𝑦 = 𝑆 ̅ 𝑔𝑛𝑑 = 0.5 and 𝑆 ̅ ℎ𝑜𝑟𝑖𝑧𝑜𝑛 ≈ 0.6353. Substituting these values into the previous equation: 𝐸(𝑡) = 𝜋 • 0.5 • 𝐿 𝑠𝑘𝑦,𝑃𝑒𝑟𝑒𝑧 (𝑡) +𝜋 • 0.5 • 𝐿 𝑔𝑛𝑑 (𝑡) + 0.3556 • 0.6353 • 𝐿 ℎ𝑜𝑟𝑖𝑧𝑜𝑛,𝑃𝑒𝑟𝑒𝑧 (𝑡) + 𝑆𝐼𝑂𝑃 𝑞 (𝜃(𝑡), 𝜑(𝑡)) • [𝐷𝑁𝐼(𝑡) + 𝐷𝐻𝐼(𝑡) • 𝐹 1 (𝑡) 𝑏(𝜃(𝑡)) ]

1 2 ≙

 2 Perez sky on vert. plane +𝐹 1 (𝑡) • 𝐷𝐻𝐼(𝑡) • 𝑎((𝑡)) 𝑏(𝜃(𝑡)) ≙ Perez circum-solar on vert. plane +𝐹 2 (𝑡) • 𝐷𝐻𝐼(𝑡) ≙ Perez horizon on vert. plane + 𝑐𝑜𝑠((𝑡)) • 𝐷𝑁𝐼(𝑡) ≙ std. direct normal on vert. plane + 𝑎𝑙𝑏𝑒𝑑𝑜•𝐺𝐻𝐼(𝑡) 2 ≙ std. ground reflection on vert. plane (127)
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 88 Figure 88 Perez evaluation of SIOP orientation in world-coordinate for different tilt angles (0°, 30°, 90° vs. vertical) and compass orientation 220° (SSW)

  Figure 89 projection of radiance patches on located and oriented SIOP(here the Lambert-SIOP for irradiance on plane is depicted)
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 93 Figure 93 Comparison SIOP evaluation vs. IDA ICE (Perez model) clear sky; 14.06.2021

  name // reference to material defintion file // list of all object vertices // list of normal vectors for vertices // material identifier for following faces // smoothing activated for following faces // face definitions using // Vertex-IDs and Normal-vector IDs
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 95 Figure 95 Triangulated cube with normal vectors

  The three vertices provided by the OBJ face definition are converted into a face origin (v0) and two vectors (edge1, edge2). Based on the edge vectors, a local reference system is precomputed for every face(lxv, lyv, snv). The x-axis of the reference system is aligned to the edge1 vector, whereas the z-axis is aligned to the surface normal vector of the face. If the imported model contains normal vectors defined on the vertices (s0, s1, s2) the smooth shading function can be used to derive surface smooth normal vectors throughout the face (see 7.6). If no vertex normals are contained in the file, a single constant surface normal vector (snv) is generated by applying the cross-product of edge1 and edge2. The direction of the surface normal vector is used to distinguish the front and backside of the surface. The definition follows the convention of computer graphics: a counter-clockwise sequence of the vertices defines the front side of the surface, while the clockwise order defines its back side. Based on the ordinal variables frontID and backID, each side can be assigned a different surface material.
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 104 Figure 104 Typical scattering on an opaque, slightly rough painted surface (𝛼 = 0.1, 𝑛 = 1.5, 𝜌 𝑠𝑠 = 0.8) left: polar plot showing BRDF (bidirectional reflectivity), right: polar plot showing radiance of reflection
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 105 Figure 105 Process flow diagram of TLSISrouhPol showing the processing of a scattering event
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Figure

  Figure 108 Uniform sampling of quad face
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 111 Figure 111 Typical convergence during raytracing top: target quantity with confidence intervals bottom: standard deviation and standard error of the mean
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 112 Figure 112 Typical full-panoramic HDRI environment CC0 license (Poly Haven -public asset library, 2023)
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 114 Figure 114 Process flow diagram of the RadiCal backward raytracing/rendering algorithm
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 115 Figure 115 Glass/metal demo rendering using RadiCal raytracer Refractions, inter-refelections and total-internal reflection highlighted
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 117 Figure 117 Demo rendering "octopus" using RadiCal raytracing algorithm The refractive index of the material used for the sculpture, left window pane and shades is varied: top-left: fused silica glass; top-right: float-glass; bottom-left: gold-brass; bottom-right: silver (Octopus 3D model by Lukáš Marek; CC BY-ND 4.0)
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 121 Figure 121 left: PyroScanner indoor pyranometer unit on moveable platform; right: overview of PyroScanner 3-axis router platform
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  Figure 122 PyroScanner data and control flow diagram
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 125 Figure 125 Calibration curve used for evaluation irradiance measured at the external pyranometer (CM11) as a function of output signal of internal pyranometer (SP-510); dots: measured values; line: calibration curve; circles: cubic spline knots determined in the optimisation process.
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 126 Figure 126 Potential sources for internally scattered light left: metallic lead screw and rail; right: illumination of the floor with negative slat angle
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Table 1 Overview of coherence time and corresponding coherence lengths of different light sources light source coherence time ∆𝒕 𝒄

 1 

	coherence length
	∆𝒍 𝒄

  To get the values for unpolarised radiation, where the s-and pcomponents of the incident radiation are equal, the intensities of the reflected and transmitted polarisation components have to be averaged. The total reflectance 𝑅 and transmittance 𝑇 for unpolarised light are therefore simply determined by:

	𝑅 =	𝑅 𝑠 + 𝑅 𝑝 2	,	𝑇 =	𝑇 𝑠 + 𝑇 𝑝 2 𝑅 𝑠,𝑝 … 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑎𝑛𝑐𝑒 𝑓𝑜𝑟 𝑠/𝑝 -𝑝𝑜𝑙𝑎𝑟𝑖𝑧𝑒𝑑 𝑤𝑎𝑣𝑒 (13)
					𝑇 𝑠,𝑝 … 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑎𝑛𝑐𝑒 𝑓𝑜𝑟 𝑠/𝑝 -𝑝𝑜𝑙𝑎𝑟𝑖𝑧𝑒𝑑 𝑤𝑎𝑣𝑒

26) 4.3.7. Thin-films and thick slabs

  

	The term thin-film is generally used to
	refer to one or more thin, planar and par-
	allel layers in-between two bulk materi-
	als, usually air and optically denser ma-
	terial. Typical examples are low-E coat-
	ings on glazings, antireflective coatings
	on sunglasses or oil films on water. The
	defining characteristic of thin-films is the
	occurrence of interference effects. The
	varying refractive indices of the individ-
	ual layers cause a series of partial reflec-
	tions at the interfaces. The incoming
	light is therefore split into multiple paths
	of light. The superposition of the sepa-
	rate beams determines the thin-film
	stack's total transmittance or reflectance.

Figure 28 Coherent vs. non-coherent processes
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. Global radiation 4.4.1. Theoretic background and model

  

	The commonly used distinction between longwave radiation (thermal radiation) and shortwave radi-
	ation (global radiation or solar radiation) becomes obsolete if the source of the global radiation is
	considered. Global radiation is, of course, nothing but the thermal radiation of the sun reaching the
	earth's surface.						
	Therefore, the irradiance of the global radiation reaching the top of the earth's atmosphere (known
	as extraterrestrial radiation) can be calculated with surprising accuracy by only using Stefan-Boltz-
	mann's law and simple geometric considerations.			
	Using Stefan-Boltzmann's law and applying the effective temperature of the sun 𝑇 𝑠𝑜𝑙𝑠𝑢𝑟𝑓 = 5778 K
	(NSSDC, 1998) the radiant exitance of the sun's surface 𝑀 𝑠𝑜𝑙𝑠𝑢𝑟𝑓 can be determined as:
	𝑀 𝑠𝑜𝑙𝑠𝑢𝑟𝑓 = 𝜎 • 𝑇 𝑠𝑜𝑙𝑠𝑢𝑟𝑓	4 = 6.3206 • 10 7 𝑊/𝑚²			(27)
	Considering that the irradiance decreases with 1/𝑟 2 the radiant exitance at the sun's surface can be
	scaled by multiplying it by the ratio of the radius of the sun 𝑟 𝑠𝑜𝑙 (CNEOS NASA, 2022) to the
	average earth-sun distance, known as astronomical unit 𝐴𝑈 (CNEOS NASA, 2022), to determine
	the irradiance reaching the earth's atmosphere:			
	𝑀 𝑒𝑥𝑎𝑡𝑒𝑟𝑟. = 𝑀 𝑠𝑜𝑙𝑠𝑢𝑟𝑓 • ( 𝑟 𝑠𝑜𝑙 𝐴𝑈	) 2	= 6.3206 • 10 7 • (	6.96608 • 10 8 1.49598 • 10 11 )	2	= 1366 𝑊/𝑚²	(28)

/ use remaining fraction of random number as random number to save time if i1=0 then r

  

	The module can be initialised with different spectral distributions. Currently, the ASTM G173-03
	global tilt, ASTMG173-03 direct+circum solar and the EN 410 spectra are available.
	Type TGRType = (gsASTMtilt,gsASTMcircDir,gsEN 410);
	Type TGlobRad = class(TObject) { TGlobRad }
	private
		PDF : array of Double;
		CDF : array of Double;
	wlMin : array of Double;
	wlMax : array of Double;
	grType : TGRType;
	maxBin : Integer;
	cln : String;
	procedure readFromResFile(const fn : String);
	procedure AddEntry(const wmin,wmax,pdf_,cdf_ : Double);
	function splitDouble(const sept: String; const dmin, dmax: Double;var d: double): boolean;
	public
	constructor Create(const grType_ : TGRType);
	function getSampleWL : Double;
	function getSampleWLat(const cdfV: Double): Double;
	destructor Destroy; override;
	end;	
	function TGlobRad.getSampleWL : Double;
	var	r : Double;
	mid : Integer;
	i1,i2 : Integer;
	Label fnd;
	Begin	
	r:=random; // random number 0..1
	Begin
	i1:=0;
	i2:=maxBin;
	repeat // binary search loop
		mid := (i1+i2) div 2;
		if (r<=CDF[mid])and((mid=0)or(r>CDF[mid-1])) then
		begin // found interval
		i1:=mid;
		goto fnd;
		end
		else if (r>CDF[mid]) then i1 := mid+1
		else i2 := mid-1;
	until i2 < i1;
	end;	
	fnd:	
	/:=(r-0)/(cdf[0]-0) else r:=(r-cdf[i1-1])/(cdf[i1]-cdf[i1-1]);
	Result:=(1-r)*wlmin[i1] + r*wlmax[i1];
	end;	
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// Default values for optional SG2 parameters Const DefaultSG2opts

  

	lat:=39.742476; lon:=-105.1786;
	h:=1830.14;
	specialOpts:=DefaultSG2opts;
	specialOpts.P:=820;
	specialOpts.T:=11;
	sp:=sunPos.calcSunPos(sunPos.

: TSG2optParams = (TZ: 0; P: 1000; T: 10; ellps:etSPA; delta_t: 1.7E300; alpha: 0; beta: 0; atmos_refract: 0.5667; sun_radius: 0.2667; gamma_S_sunrise: -0.8333; corr_refract: true; corr_refract_method: rmSAE; ); // TEST CASE of Appendix A NREL NREL/TP-560-34302 "SPA PAPER"

Table 4

 4 Comparison of solar position: SG2 RadiCal implementation vs. SPA algorithm

		solar azimuth angle	solar elevation angle
	SG2 (RadiCal implementation)	194.33969 °	39.88815 °
	SPA	194.34024 °	39.88838 °
	difference	-0.00055 °	-0.00023 °

Table 5

 5 Currently implemented descendant classes of TRIbaseclass

	class name	𝑛 -definition	 -definition
	TRIconstNK "simple"	𝑛 ≡ 𝑛 0	𝑘 ≡ 𝑘 0
	TRIsplineNK "splines"	cubic spline defined with Nn knots (𝜆 𝑖 , 𝑛 𝑖 )	spline defined with Nk knots (𝜆 𝑖 ,  𝑖 )
	TRIsimpleDispersion-		
	AndKspline		
	"simple glass"		

  𝑛 2 = 𝐶 1 + 𝐶 2 𝜆 𝐶 3 + 𝐶 4 𝜆 𝐶 5 + 𝐶 6 𝜆 𝐶 7 + 𝐶 8 𝜆 𝐶 9 + 𝐶 10 𝜆 𝐶 11 + 𝐶 12 𝜆 𝐶 13 + 𝐶 14 𝜆 𝐶 15 + 𝐶 16 𝜆 𝐶 17 𝑛 = 𝐶 1 + 𝐶 2 𝜆 𝐶 3 + 𝐶 4 𝜆 𝐶 5 + 𝐶 6 𝜆 𝐶 7 + 𝐶 8 𝜆 𝐶 9 + 𝐶 10 𝜆𝐶 11 

								2
								𝜆 2 -𝐶 9
				+	𝐶 10 𝜆 2 𝜆 2 -𝐶 11	+	𝐶 12 𝜆 2 𝜆 2 -𝐶 13	+	𝐶 14 𝜆 2 𝜆 2 -𝐶 15	tabular with linear interpolation
				+	𝐶 16 𝜆 2 𝜆 2 -𝐶 17		
	TRIformula3							tabular with
	"polynomial"							linear interpolation
	TRIformula4 "RefractiveIndex.INFO"	𝑛 2 = 𝐶 1 +	𝐶 2 𝜆 𝐶 3 𝜆 2 -𝐶 4	𝐶 5 + + 𝐶 14 𝜆 𝐶 15 + 𝐶 16 𝜆 𝐶 17 𝐶 6 𝜆 𝐶 7 𝐶 9 + 𝐶 10 𝜆 𝐶 11 + 𝐶 12 𝜆 𝐶 13 𝜆 2 -𝐶 8	tabular with linear interpolation
	TRIformula5							tabular with
	"Cauchy"							linear interpolation

  The implementation of above formulae is performed in the module TFresnel of the library rc_fresnel:

	4.7.2. Implementation	
	type	
	TFresnel = class(TObject) { TFresnel }
	private	
	lambda : Double;	// wavelength
	nm,ns : complex;	// ref.index medium (med1) and substrate (med2)
	nLay : TeightLayerRIList;	// thin-film refract. (1..substrate side, N..medium side)
	layer-order	
	dLay : TeightLayerThicknessList; // thin-flim thickness (1..substrate side, N..medium side)
	layCnt : Integer;	// number of thin films considered
	function eta(const sPol : Boolean; const n : complex; const theta : complex) : complex; Figure 33 Thin-film assembly function deltaLayer(const n,d,theta : complex) : complex;
	function layerMat(const sPol : Boolean; const n,d,theta : complex) : T22cmat;
	function matMult(const a,b : T22cmat) : T22cmat;
	function unitMat : T22cmat;	
	function snellThetaT(n1,n2 : complex; thetaI : complex) : complex;
	public	
	constructor Create;	
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type T22cmat = record m11,m12,m21,m22 : complex;End; type TeightLayerThicknessList = array[1..8] of Double; type TeightLayerRIList = array[1..8] of Complex; type TTRpolRecord = record T,R : TSPDouble;tamp,ramp : TSPComplex;rcross,tcross : Complex;End; procedure setup(const layCnt_ : Integer); // initialize material interface procedure updateLambdaNmNs(const lambda_,nmn,nmk,nsn,nsk : Double); // set ref.indicies & WL procedure setLayThickness(const no : Integer; const d_ : Double); // thin-film thickness procedure updateLayNo(const no : Integer; const n_,k_ : Double); // thin-film ref.ind. procedure getRandTMuMat(const TRpol: TTRpolRecord; var RMM, TMM: TMuMat); procedure getRT(const thetaI : Double;var TRpol : TTRpolRecord); procedure getRTandThetaS(const thetaI: Double; var TRpol: TTRpolRecord; var thetaS: Complex); function reflectionMuMat(const TRpol : TTRpolRecord) : TMuMat; function transmissionMuMat(const TRpol : TTRpolRecord) : TMuMat; destructor Destroy; override; end;

get and n,k for material 1 (incidence) if

  

procedure TMuMatMap.getMuMatRTangle( const angle,wl : double; // input: incident angle, wavelength var RMM,TMM : TMuMat; // output: Müller matrices for refl. and trans. beam var thetaS : Complex; // output: outgoing/refracted angle var n1Divn2 : double; // output: fraction of n1/n2 var alphaAbs1,alphaAbs2 : Double); // output: (beer) attenuation coeff., both media var c : Integer; n,k : double; nm,km : double; TRpol : TTRpolRecord; ang : double; Begin // get and n,k for material 2 if matSubstrate=nil then Begin n :=NairConst;k :=0;End // use default air const else matSubstrate.getnk(wl*1E6,n,k); // matMedium=nil then Begin nm:=NairConst;km:=0;End // use default air const else matMedium.getnk(wl*1E6,nm,km); //

return additional parameters for further raytracing calculation n1divn2

  

:=nm/n; // medium to substrate for VRefract function alphaAbs1:=(4*pi*km)/wl; //

get attenuation coeff. acc. to beers law for mat1 alphaAbs2

  :=(4*pi*k)/wl; /

/ get attenuation coeff. acc. to beers law for mat2

  

	Fr.updateLambdaNmNs(wl,nm,km,n,k);
	For c:=1 to mathinFilmCnt do
	Begin
	MathinFilm[c].getnk(wl*1E6,n,k);
	Fr.updateLayNo(c,n,k);
	End;
	Fr.getRTandThetaS(angle,TRpol,ThetaS);
	Fr.getRandTMuMat(TRpol,RMM,TMM);
	End;

medium1: air interface // medium2: Silver, use constant model to provide apply the specified values directly

  

	Substrate:=TRIconstNK.Create('Silver const.','','',
		'n-const: 0.150160'+#13#10+'k-const: 3.4727');
	ThinFilmCnt:=0;	// no coating considered
	SetupMMM(false); // initialize Mueller matrix module
	RMuellerMat:=mmat.MMM.getMuMatRprecise(45*deg2rad,567E-9); // calculate MM for 45°/567nm
	Result:=dumpMuMat(normalizeMM(RMuellerMat));	// dump the normalized matrix
	end;	

mmat:=TRCMaterial.Create('Silver mirror'); // create a new material interface with mmat do Begin Medium:=nil; //

create a new material interface with mmat do Begin // medium1: air/vacuum interface Medium:=nil; // medium2: Aluminium, use constant model to provide apply the specified values directly Substrate

  

mmat:=TRCMaterial.Create('Al/AlO "real" mirror'); // :=TRIconstNK.Create('Al const.','','','n-const: 1.20'+#13#10+'k-const: 6.85'); ThinFilmCnt:=1; //

1 coating considered // thin-flim: AlxOx, use constant model to provide apply the specified values directly

  Since van Harten et al. have provided the Müller matrix elements in a commonly used table of charts representation, it is possible compare the results for the six non-zero matrix elements. For this purpose, the RadiCal calculation results are superimposed on the original charts. The red curves and grid lines represent the results of the RadiCal calculation; the black and grey elements are the original data of the publication.

	ThinFilm [1]:=TRIconstNK.Create('AlO porous','','','n-const: 1.6'+#13#10+'k-const: 0.0');
	ThinFilmD[1]:=4.12*1E-9;
	SetupMMM(false); // initialize Mueller matrix module
	for c:=0 to 89 do // iterate incident angles from 0° to 89°
	Begin
	// calculate MM for c° and 600nm
	RMuellerMat:=mmat.MMM.getMuMatRprecise(c*deg2rad,600E-9);
	//dump the normalized matrix inline
	Result:=Result+dumpMuMatInline(normalizeMM(RMuellerMat))+#13#10;
	end;
	end;
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-flim 1: Al2O3, Malitson et al.

  for Al2O3 and[START_REF] Moutzouris | Refractive, dispersive and thermo-optic properties of twelve organic solvents in the visible and near-infrared[END_REF] for benzene (based on corresponding RefractiveIndex.INFO[START_REF] Polyanskiy | refractiveIndex.INFO, Refractive index database[END_REF] database files) were applied. Only the implementation of the material definition, based on the imported datasets, is shown below:

	// medium1: air/vacuum interface
	Medium:=nil;	
	// medium2: Aluminium, Rakic dataset
	Substrate:= riLib.ReadRI('Al','\main\Al\Rakic.yml',err);
	ThinFilmCnt:=2;	// 2 coating considered
	// thin	

ThinFilm [1]:= riLib.ReadRI('Al2O3','\main\Al2O3\Malitson-o.yml',err); // thin-flim 2: benzene, Moutzouris et al. ThinFilm [2]:= riLib.ReadRI('Benzene','organic\C6H6 -benzene\Moutzouris.yml',err);

Table 7 Müller

 7 

matrices of specimen 1E -measured data vs. RadiCal calculation results

for anisotropic cases calculate effective alpha according to Heitz var

  

	if aV>=0 then sigV:=1 else sigV:=-1;
	lamV:=(-1+sigV*sqrt(1+(1/(aV*aV))))/2;
	Result:=(1+lamV)/(1+lamV+lamL);
	end;
	function TLSISRoughPol.SmithGGX_G1 : Double;
	// dotNV,denom : Double;
	lam : Double;
	tanth : Double;
	a : double;
	sig : Double;
	begin
	dotNV:=lout.z;
	tanth:=sqrt(1-dotNV*dotNV)/dotNV; // tan = (1-cosT²)^(1/2)/cosT
	if alpha_x=alpha_y then a:=1/(alpha_x*tanth) else
	a:=1/(alpha_i(lout)*tanth);
	if a>=0 then sig:=1 else sig:=-1;
	lam:=(-1+sig*sqrt(1+(1/(a*a))))/2;
	Result:=1/(1+lam);
	end;
	84

Table 8

 8 Spectral directional-hemispheric reflectance values for test cases

			float-glass surface			silver surface	
	case		roughness			roughness	
		0,1	0,3	1	0,1	0,3	1
	Incidence angle 10° -uncorr.	4,4%	4,1%	2,2%	98,1%	97,9%	96,0%
	Incidence angle 45° -uncorr.	5,5%	5,1%	2,7%	98,1%	97,8%	96,2%
	Incidence angle 80° -uncorr.	28,0%	13,8%	5,4%	98,2%	97,8%	96,9%
	Incidence angle 10° -corr.	4,4%	4,1%	2,2%	98,1%	97,9%	96,3%
	Incidence angle 45° -corr.	5,5%	5,2%	2,8%	98,1%	97,8%	96,6%
	Incidence angle 80° -corr.	28,2%	14,3%	5,9%	98,2%	97,9%	97,5%

  path + 1 st reflected path + 2 nd reflected path +… 𝑇 𝑝𝑎𝑛𝑒 = 𝑇 01 𝑇 1 𝑇 12 + 𝑇 01 𝑇 1 𝑅 12 𝑇 1 𝑅 10 𝑇 1 𝑇 12 + 𝑇 01 𝑇 1 𝑅 12 𝑇 1 𝑅 10 𝑇 1 𝑅 12 𝑇 1 𝑅 10 𝑇 1 𝑇 12 + ⋯ =

		∞	
	= 𝑇 01 𝑇 1 𝑇 12 • [∑(𝑅 10 𝑇 1	2 𝑅 12 ) 𝑛	]
		𝑛=0	
	𝑇 𝑝𝑎𝑛𝑒 =	𝑇 01 𝑇 1 𝑇 12 1 -𝑅 10 𝑇 1 2 𝑅 12

  The frontside reflectance 𝑅 𝑓,𝑝𝑎𝑛𝑒 and the backside reflectance 𝑅 𝑏,𝑝𝑎𝑛𝑒 are:

	𝑅 𝑓,𝑝𝑎𝑛𝑒 = 𝑅 01 +	𝑇 01 𝑇 1 1 -𝑅 10 𝑇 1 2 𝑅 12 𝑇 10 2 𝑅 12	(77)
	𝑅 𝑏,𝑝𝑎𝑛𝑒 = 𝑅 21 +	𝑇 21 𝑇 1 1 -𝑅 12 𝑇 1 2 𝑅 10 𝑇 12 2 𝑅 10	(78)

output optimisation progess to memo const masterName : String): String; // filename for optimisation result

  

	function TsubsurfOpt.OPT_ASTM_E903_Reflectance(var fmat : TRCMaterialInterface;
	const precTarget : Double;	// precision target of MC sampling
	const NSampleMax: Integer;	// emergency brake value for MC sampling
	const sampleSize : Integer;	// sub-sampling size for precision monitoring
	const theta0,phi0 : Double;	// incidence angles
	const specToUse : TGRType;	// incidence spectrum (global radiation standard)
	const incPolState: TStokesVect;	// incidence polarisation states (usually unpol.)
	const diffTargets: Boolean;	// true: provided reflectance data is diffuse
		reflection, excluding gloss
		false: provided reflectance data is
		hemispherical reflection, including gloss
	const glossAngleDeg: TStokesVect;	// angular size of gloss filter (°)
	const NCP : Integer;	// max spline knot index (number of knots-1)
	const Rtargets : array of Double;	// refl. targets for ranges: TOTAL, UV, VIS, IR
	const targetR,targetG,targetB : Double; // normalized target colour
	var logMemo_ : TMemo;	//

Table 9

 9 Analysis of optimisation results for generic coated surface models

				spectral ranges	
			total	UV	VIS	IR
			300-2500 nm	300-395 nm	400-720 nm	725-2500 nm
	target	anthracite	16,8%	6,7%	7,9%	25,2%
	diffuse	silver	59,9%	52,3%	55,6%	64,2%
	reflectance	white	74,2%	12,1%	80,9%	72,5%
	determined	anthracite	16,8%	7,1%	7,6%	25,5%
	diffuse	silver	60,3%	53,1%	55,7%	64,8%
	reflectance	white	74,3%	12,2%	81,0%	72,4%
		anthracite	0,0%	0,4%	-0,3%	0,3%
	deviations	silver	0,4%	0,8%	0,1%	0,6%
		white	0,1%	0,1%	0,1%	-0,1%

  106) 

	𝑠 𝑗 … 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐𝑠 𝑤𝑒𝑖𝑔ℎ𝑡𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠
	𝑁 … 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑝𝑜𝑖𝑛𝑡𝑠
	𝑣 𝑖 … 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑣𝑎𝑙𝑢𝑒 𝑎𝑡 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑑 𝑖
	𝑘 … 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑜𝑛-𝑧𝑒𝑟𝑜 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠
	𝑗 𝑚𝑎𝑥 … ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 𝑎𝑙𝑙𝑜𝑤𝑒𝑑 (𝑝𝑟𝑒𝑑𝑒𝑓𝑖𝑛𝑒𝑑)

standard error of means for samples // functional data shCoeffCnt

  All permanent data defining a SIOP, which is usually stored in a file, is structured in the TSiopData class. It covers the following information:

	Solar Incidence Operators	
	Definition, generation and evaluation	
	shHemiCosRelErr : Double; // cos. weighted relative error
	shHemiRelErr : Double;	// average relative error
	shItCnt : Integer;	// no. opt. iterations used for generation
	// cached data of most recent evaluation
	tiltAngleofMeans : Double; // tilt angle used for recent calculation
	meanLowerHemi : Double;	// SIOP avg. val gnd
	meanUpperHemi : Double;	// SIOP avg. val sky
	meanHorizBand : Double;	// SIOP avg. val horizon
	solidAngleDivPIhorizBand : Double; // vis. solid angle horizon
	solidAngleDivPIupperHemi : Double; // vis. solid angle sky
	solidAngleDivPIlowerHemi : Double; // vis. solid angle gnd
	End;
	type TRCSIOP = class(TObject) { TRCSIOP }
	private	
	spHarm : TSphericalHarmonics;
	fiboHemi : TFibonacciSphere;
	tilt,azi : Double;
	rotMat : array[0..2] of Tvect3d;
	procedure precalcHemiMeansStdSYS;
	function performanceTest : String;
	public	
	ssiop : TSiopData;
	constructor Create;
	procedure loadFromFile(const fn : String);
	procedure saveToFile(const fn : String);
	destructor Destroy; override;
	// export functions
		const tiltAngleForColoring: Double);
	// evaluation functions
	procedure initSIOPorientation(const tilt_,azi_ : Double);
	function evalSIOPWorld(const dir: Tvect3d; var frontSideHit: Boolean): Real;
	function evalSIOPWorldforDebugging(const dir: Tvect3d; var locOut: Tvect3d;
		var frontSideHit: Boolean): Real;
	procedure precalcHemiMeans(const forceRecalc: Boolean);
	function evalSIOPStdSYS(const ph, cosTh_: Double): Real;
	// aux. functions	
	procedure createCOSlambertSIOP(const sys: Integer);
	function dumpStats : String;
	function dumpSamples : String;
	End;	
	Type	
	TSiopData = record	{ TSiopData }
	// sampling data
	ssNDir : Integer;	// number of directions (Fibo.hemi)
	sslsiType : TLSIEvent;	// type of data transm.,abs..
	ssInciType : TinciType; // for abs. front/back/both
	ssSIOPname : String[48]; // name for SIOP
	ssGeoName : String[48]; // target name
	ssRefArea : Double;	// reference area (0=none)
	ssCalcTime : Double;	// timestamp of generation
	ssRaysPerm2 : Double;	// rays per m³ used for sampling
	RadiCal, D. Rüdisser	130

procedure saveSamplesAsPNG(const fn: string; const dim: Integer;const minValue: Double; const maxValue: Double; const palId: Integer;const numCols: Integer); procedure saveFuncAsPNG(const fn: string; const dim: Integer;const minValue: Double; const maxValue: Double; const palId: Integer;const numCols: Integer; const logScale : Boolean); procedure saveSamplesAsLobe(const fn: string; const objName: String;const dim: Integer; const maxValue, wallDim, scalingFct: Double;const palId, palCols: Integer; const asPolar, withWall: Boolean); procedure saveSIOPAsLobe(const fn: string; const objName: String;const dim: Integer; const maxValue, wallDim, scalingFct: Double;const palId, palCols: Integer; const asPolar, withWall: Boolean; ssDat : array of Double; // sample data ssSemDat : array of Double; // : Integer; // number of coefficients shCoeffs : array of TshCoeff; // coefficient list shMeanErr : Double; // mean error vs. samples shAbsMeanErr : Double; // abs mean error vs. samples shMaxErr : Double; // max error vs. samples

note for solar position: dir points INTO direction of sun var

  

	d : Tvect3d;
	ph,cosTh : Double;
	begin
	d.x:=VDot(dir,rotMat[0]); // rotate world direction to SIOP system
	d.y:=VDot(dir,rotMat[1]);
	d.z:=VDot(dir,rotMat[2]);
	cosTh:=d.z;
	// if backside of SIOP hit, exit and return 0:
	if d.z<=0 then Begin Result:=0;frontSideHit:=false;Exit;End;
	frontSideHit:=true;
	ph:=arctan2(d.x,d.y);
	Result:=evalSIOPStdSys(ph,cosTh);
	end;

function TRCSIOPSamples.evalSIOPWorld(const dir: Tvect3d;var frontSideHit : Boolean): Real; //

Table 11

 11 Key figures of generated SIOPs

		unshaded	shaded	shaded	shaded
		window	slats 0°	slats 30°	slats 60°
	number of non-zero coeff.	79	83	82	89
	mean abs. error (samples)	0.15%	1.08%	1.28%	1.47%
	(signed) mean error (volume)	0.0002%	-0.002%	-0.002%	-0.0005%
	SIOP avg. value upper hemisphere	0.2988	0.1704	0.0727	0.0191
	SIOP avg. value lower hemisphere	0.3400	0.1817	0.2408	0.1378
	SIOP reconstr. quality R²	0.9992	0.9992	0.9990	0.9978

  . The program features the Perez irradiance model and allows separate export of the irradiance components (diffuse sky, ground and direct) on different vertical planes and the horizontal plane ("roof"). Measured high-resolution (1 second time steps) irradiance values of the local weather station for two days were used as input data. The first day (14.6.2021) had a clear sky, while the second (17.7.2021) was mostly overcast. The location of the weather station is the rooftop of the AEE INTEC laboratory in Gleisdorf (latitude: 47.1097°, longitude: 15.7096°, altitude: 369 m). The albedo value was set to 10% in both calculations.

Table 12

 12 Error statistics, comparison of Perez diffuse sky irradiance RadiCal vs. IDA ICE

	case	𝐑²	mean error (bias) [W/m²]	𝐦𝐞𝐚𝐧 𝐚𝐛𝐬. 𝐞𝐫𝐫𝐨𝐫 [W/m²]	max abs. error [W/m²]
	south, 14.6.2021	0.99987	0.06	0.18	3.74
	south, 14.6.2021 with interpolation	0.99955	-0.03	0.47	3.28
	horiz., 17.7.2021	0.99863	0.16	2.29	30.6
	horiz., 17.7.2021 with interpolation	0.99864	0.15	2.29	30.6

Table 13 Error

 13 

statistics, comparison SIOP evaluation for plane vs. IDA ICE for irradiance on

plane case 𝐑² mean error (bias) [W/m²] 𝐦𝐞𝐚𝐧 𝐚𝐛𝐬. 𝐞𝐫𝐫𝐨𝐫 [W/m²] max abs. error [W/m²]

  

	horizontal, 14.6.2021	0.99997	2.4	2.5	13.3
	south, 14.6.2021	0.99993	2.7	2.8	9.1
	north, 14.6.2021	0.99370	-1.3	3.0	48.4
	west, 14.6.2021	0.99942	0.0	1.6	56.4
	horizontal, 17.7.2021	0.99084	-1.8	7.6	138.1
	south, 17.7.2021	0.99117	-0.3	2.9	72.9
	north, 17.7.2021	0.99862	-0.8	1.1	23.4
	west, 17.7.2021	0.98529	-1.1	7.3	203.8

material index of hit object enteredTransparentMediumAlpha : Double; // abs. coeff of mat. hit lsiR : TLSIevent; // type of scattering event scatterCnt : UInt32; // count of scattering events suffered End;

  

	Type Tcollision = record	
	cp : TVect3d; // collision point
	cn : TVect3d; // surface normal at collision point
	cxv,cyv : TVect3d; // local x,y vector at collision
	cu,cv : Double;	// barycentric collision coordinates
	sprod : Double;	// dot product at collision
	oNo : UInt32;	// object index of hit object
	fNo : UInt32;	// face index of hit object
	mNo : UInt32; // Type TStokesRay = record
	rp,rdir : TVect3d;	// starting point and direction
	pState : TStokesVect;	// polarisation state
	spol : TVect3d;	// direction of S-Polaritation unit vect,
		perpend. to rdir	(P-pol not explicit)
	wl : Double;	// wavelength in m
	curColl : TCollision;	// current collision
	lastColl : TCollision; // recent collision
	collCn : Integer;	// count of scatterings suffered
	rinvDir : Tvect3d;	// required for fast box-test
	xDirSign,yDirSign,zDirSign : Integer; // required for fast box-test
		0:positive, 1:negative
	End;	

Table 14

 14 Currently implemented descendant classes of TLightSurfaceInteractionStokes

speed up and avoid overflow/range check, check last bin first if

  

	procedure TRCScan.StartRayDIR;
	var t : Double;	
	c : Integer;	
	u,v : Double;	
	begin	
	With geo.radi do	
	Begin	
	t:=random*rdTotalP;	
	// (t>=rdFacePCum[high(rdFacePCum)-1]) then c:=high(rdFacePCum)
	else Begin // find bin=starting face on caster object (radiator)
	c:=0; while (t>=rdFacePcum[c]) do Inc(c);
	end;	
	with geo.target.obj[rdObjId].face[rdfaceid[c]] do
	Begin // uniformly sample starting face
	u:=random; v:=random; // two random numbers
	if is4p=false then	// triangle sampling
	Begin u:=(1-sqrt(u));v:=v*(1-u);End; // v=0..u;
	ray.rp:=v0+ (u*edge1) + (v*edge2);
	ray.rdir:=rdDir;	
	end;	
	with ray do Begin	
	// init coll. counter	
	curColl.oNo:=MaxUInt32; // init hit object no.
	curColl.cp:=ray.rp;	// set ray origin
	curColl.enteredTransparentMediumAlpha:=0;
	lastColl.sprod:=NoColl;	// int dot product
	lastColl.oNo:=rdObjId;	// point on caster, to avoid self-collision on start
	lastColl.Fno:=rdfaceid[c]; /

wl:=GR.getSampleWLat(random); // get sample of global rad. specttrum pState:=unpolstokes; // start with unpolarised stokes vector // chose initial reference axis for Stokes vector if abs(rdir.z)<0.99 then spol:=VNormalize(VCrossProd(ZAxis,rdir))

else spol:=VNormalize(VCrossProd(YAxis,rdir)); curColl.sprod:=NoColl; // init dot prod.

/ point on caster face, to avoid self-collision on start

  

	lastColl.enteredTransparentMediumAlpha:=0; // no absorbtion on first path
	CollCn:=0;
	end;
	end;
	end;

  The usually uncontrollable parameter window orientation is here controllable since the testing facility at AEE INTEC allows rotation around its vertical axis. Still, the window orientation is considered an environmental parameter, whereas the remaining controllable parameters define the model that has to be processed using the RadiCal method. Each combination of controllable parameters [𝑠ℎ𝑡, 𝑚𝑎𝑡, 𝑤𝑠𝑡, 𝑎𝑛𝑔] defines a specific test case, represented by a distinct 3D model. Following the empirical measurements, SIOPs derived for the specific test cases are used to perform virtual measurements based on the recorded environmental parameters. In order to analyse the accuracy of the model versus the measurement, the quantities of internal irradiance 𝐸 𝑖𝑛𝑡 and transmittance 𝜏 are determined based on the model and the measurements. The transmittance relates the internal irradiance to the external irradiance. Its definitions for the model and measurements are provided in the subsequent sections. While the two quantities are not independent, they allow different interpretations regarding the model's accuracy. Thus, for each test case, defined by a unique combination of controllable parameters, datasets represented by the two pairs form the basis to assess the quality of the RadiCal modelling:(𝐸 𝑖𝑛𝑡,𝑀𝐸𝐴𝑆,𝑠ℎ𝑡,𝑚𝑎𝑡,𝑤𝑠𝑡,𝑎𝑛𝑔 (𝜃, 𝜑, 𝐷𝐻𝐼, 𝐷𝑁𝐼, 𝑎𝑙𝑏𝑒𝑑𝑜, 𝑤𝑜𝑟), 𝐸 𝑖𝑛𝑡,𝑀𝑂𝐷𝐸𝐿,𝑠ℎ𝑡,𝑚𝑎𝑡,𝑤𝑠𝑡,𝑎𝑛𝑔 (… ))(𝜏 𝑀𝐸𝐴𝑆,𝑠ℎ𝑡,𝑚𝑎𝑡,𝑤𝑠𝑡,𝑎𝑛𝑔 (𝜃, 𝜑, 𝐷𝐻𝐼, 𝐷𝑁𝐼, 𝑎𝑙𝑏𝑒𝑑𝑜, 𝑤𝑜𝑟), 𝜏 𝑀𝑂𝐷𝐸𝐿,𝑠ℎ𝑡,𝑚𝑎𝑡,𝑤𝑠𝑡,𝑎𝑛𝑔 (… ))

	• window type or state (open/closed) (𝑤𝑠𝑡)
	• slat angle (𝑎𝑛𝑔)
	• window orientation (𝑤𝑜𝑟)
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  While the transmittance is now defined as a mean value, the added superscript lines indicate that the used irradiance values are, in turn, based on mean values. 𝐸 𝑖𝑛𝑡,𝑖 ̅̅̅̅̅̅ … 𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 𝑚𝑒𝑎𝑛 𝑣𝑎𝑙𝑢𝑒 𝑜𝑣𝑒𝑟 𝑜𝑛𝑒 𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 𝑙𝑒𝑛𝑔𝑡ℎ 𝐸 𝑖𝑛𝑡,𝑗 … 𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑟𝑒𝑎𝑑𝑖𝑛𝑔 𝑎𝑡 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑗 𝐸 𝑒𝑥𝑡,𝑖 ̅̅̅̅̅̅̅ … 𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 𝑚𝑒𝑎𝑛 𝑣𝑎𝑙𝑢𝑒 𝑐𝑜𝑛𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑤𝑖𝑡ℎ 𝐸 𝑖𝑛𝑡,𝑖 ̅̅̅̅̅̅ 𝐸 𝑒𝑥𝑡,𝑗 … 𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑖𝑟𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑟𝑒𝑎𝑑𝑖𝑛𝑔 𝑐𝑜𝑛𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑤𝑖𝑡ℎ 𝐸 𝑖𝑛𝑡,𝑗

				𝑁-𝑀+1 𝑖=1	𝑖 ̅̅̅̅̅̅ 𝐸 𝑒𝑥𝑡,𝑖 ̅̅̅̅̅̅̅	(137)
			𝑁 … 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑎𝑚𝑝𝑙𝑒𝑠
			𝑀 … 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑎𝑚𝑝𝑙𝑒𝑠 𝑐𝑜𝑣𝑒𝑟𝑖𝑛𝑔 𝑜𝑛𝑒 𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 𝑙𝑒𝑛𝑔𝑡ℎ
	𝐸 𝑖𝑛𝑡,𝑚𝑒𝑎𝑠 = 𝐸 𝑖𝑛𝑡,𝑖 ̅̅̅̅̅̅ =	1 𝑀	∑ 𝐸 𝑖𝑛𝑡,𝑗 𝑖+𝑀-1 𝑗=𝑖	𝐸 𝑒𝑥𝑡,𝑖 ̅̅̅̅̅̅̅ =	1 𝑀	𝑖+𝑀-1 𝑗=𝑖 ∑ 𝐸 𝑒𝑥𝑡,𝑗	(138)

Table 16

 16 Material assignments used for validation model

				Figure 131 3D model (sliced)
			Material		
	Object / surface	description	refractive index	subsurface reflectance	rough-ness α	trans-parent
	glass pane 1 ext. glass pane 2 ext. glass pane 3 int. glass pane 2 int.	float-glass	determined by inversion (see 4.12.3) based on spectral data	none	0	yes
	glass pane 1 int. glass pane 3 ext.	low-E coated float float glass	determined by inversion (see 4.12.3) based on spectral data	none	0	yes
	shading slat white	polymer coating with pigments white	generic, constant 𝑛 ̃= 1.5 -0𝑖	determined by inversion (see 4.13.3) based on spectral data	0	no
	shading slat anthracite	polymer coating with pigments anthracite	generic, constant 𝑛 ̃= 1.5 -0𝑖	determined by inversion (see 4.13.3) based on spectral data	0	no

10. Evaluation method for model measurement

  Following the principles of the RadiCal method, the model measurement can be performed by evaluating the corresponding SIOP for the measured irradiance profile. The evaluation of the SIOP is performed by applying the Perez diffuse sky model (see section 6.2.3). By applying equation (125) and denoting the SIOP that measures the irradiance behind the window at the centre-of-glass position (see Figure129) as 𝑆𝐼𝑂𝑃 𝐸𝑐𝑜𝑔 the internal irradiance 𝐸 𝑖𝑛𝑡,𝑚𝑜𝑑𝑒𝑙 behind the window can be determined by:

	𝐸 𝑖𝑛𝑡,𝑚𝑜𝑑𝑒𝑙 = 𝑆𝐼𝑂𝑃 𝐸𝑐𝑜𝑔 (𝜃, 𝜑) • (𝐷𝑁𝐼 + 𝐷𝐻𝐼 • 𝐹 1 •	1 𝑏	)	(direct and circumsolar irr.)
	+ 𝑠𝑘𝑦 • 𝑆 ̅ 𝑠𝑘𝑦 •	𝐷𝐻𝐼 𝜋	• (1 -𝐹 1 )	(diffuse sky irr. )
	+  𝑔𝑛𝑑 • 𝑆 ̅ 𝑔𝑛𝑑 •	𝑎𝑙𝑏𝑒𝑑𝑜 • 𝐺𝐻𝐼 𝜋	(diffuse ground irr. )
	+  ℎ𝑜𝑟𝑖𝑧𝑜𝑛 • 𝑆 ̅ ℎ𝑜𝑟𝑖𝑧𝑜𝑛 • 𝐷𝐻𝐼 • 𝐹 2 • 4.426 (diffuse horizon irr. )

  The following validation and testing steps are contained in the work: Validation of SIOP evaluation vs. standard model 14. Validation of SIOP evaluation vs. BPS software 15. Validation of complex models via backward raytracing/rendering 16. Full-system PyroScanner empirical validation Of these steps, steps 6 and 16 are considered of particular importance. Both tests cumulatively include many other tests, cover large parts of the entire work and are performed against empirical and practical data.

	1. Sampling of the global radiation spectrum
	2. Solar position algorithm
	3. Import and processing of spectral refractive index data
	4. Solution of complex-valued Fresnel equations
	5. Implementation of Stokes-Vector algebra
	6. Müller-matrix calculus
	7. Microfacet roughness model
	8. Lambert-diffuse subsurface scattering
	9. Inversion to determine spectral complex-valued refractive index function
	10. Inversion to determine spectral subsurface reflectance function
	11. Validation of Perez irradiance module
	12. Distribution of directions on Fibonacci hemisphere
	13.
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Implementation

The functions relevant to modelling the microfacets are contained in the core of the raytracer. In order to determine the orientation of the relevant microfacet, i.e. to sample the distribution of visible surface normal according to introduced algorithm (Heitz and D'Eon, 2014b;[START_REF] Heitz | A Simpler and Exact Sampling Routine for the GGX Distribution of Visible Normals[END_REF], the function sampleGGXVNDF is used. The function argument is the direction vector of the incident ray, while the function result returns the surface normal vector. The shadowing function is required to check if the outgoing ray is blocked. For the correlated surface the function SmithGGX_ShadowingCorr is used for that purpose. It is an implementation of equation ( 69) using ( 77) and (79). For the uncorrelated case, the masking function implemented in SmithGGX_G1 can be used directly. To increase computational performance, the tangent function call is replaced with an equivalent vector expression. Function SmithGGX_ShadowingCorr : Double; // get shadowing func. GS=G2/G1 for correlated case var G2,G1 : Double; dotNL,dotNV : Double; tanthL,tanthV : Double; lamL,lamV : Double; aL,aV : double; sigL,sigV : double; iso : boolean; begin dotNL := lout.z; // m=(0,0,1) dot product with surface normal dotNV := lin.z; // m=(0,0,1) dot product with surface normal iso:=alpha_x=alpha_y; // isotropic roughness? if abs(dotNL)<1E-7 then dotNL:=sign(dotNL)*1E-7; if abs(dotNL)>0.999999 then dotNL:=sign(dotNL)*0.999999; tanthL:=sqrt(1-dotNL*dotNL)/dotNL; // tan = (1-cosT²)^(1/2)/cosT if iso then aL:=1/(alpha_x*tanthL) else aL:=1/(alpha_i(lout)*tanthL); if aL>=0 then sigL:=1 else sigL:=-1; lamL:=(-1+sigL*sqrt(1+(1/(aL*aL))))/2; if abs(dotNV)<1E-7 then dotNV:=sign(dotNV)*1E-7; if abs(dotNV)>0.999999 then dotNV:=sign(dotNV)*0.999999; tanthV:=sqrt(1-dotNV*dotNV)/dotNV; // tan = (1-cosT²)^(1/2)/cosT if iso then aV:=1/(alpha_x*tanthV) else aV:=1/(alpha_i(lin)*tanthV); 

Analysis of distributions

In order to analyse the quality of the angular distributions, the corresponding solid angles are analyzed. For the Klems segmentation, these are explicitly provided in its definition, while for the Fibonacci hemisphere, they are computed based on a proximity criterion. The solid angles of the Klems distribution show a significant variation due to the regular segmentation in 𝜃. The solid angles of the angular patches increase with the incidence angle 𝜃. This was obviously a design choice of Klems, as the relevance of these directions will, for many applications, usually decrease proportionally with 𝑐𝑜𝑠(𝜃). On the other hand, it can be argued that higher gradients of the represented functions (such as the transmission of the window) can be expected mainly for these higher incidence angles. For example, the area shaded by protruding parts or the reveal will increase proportionally to 𝑡𝑎𝑛(𝜃). Hence, correctly capturing this characteristic requires higher sampling resolution for higher incidence angles. Considering both arguments, sampling with equally spaced directions, as provided by the Fibonacci hemisphere, seems to be the most appropriate approach. Figure 76 shows a comparison of the solid angles that correspond to the angular patches provided by three different distributions. It can be seen that the patches of the Klems distribution for the highest incidence angles (>75°) are approximately six times larger than the ones near normal incidence (0°). In contrast, the Fibonacci distributions provide almost perfect equally-spaced directions for most incidence angles. Only in regions near grazing incidence (close to 90°) a fluctuation of the patch sizes is apparent. The reason for this is the clipping effect by the surface plane and the threshold height criterion. 

Implementation

In the implementation, all algorithms relevant for setting up and evaluating the Fibonacci hemisphere are contained in the class TFibonacciHemiSphere of the library rc_fibonacci_sphere. The angular and vector-based data is precomputed to increase performance. The precalculation can either be performed directly by calling the procedure setupHemi or indirectly by calling getFiboHe-misphereAngles or getFiboHemisphereAngles for the first time, as they will, in turn, call the setup procedure.

The actual and remarkably simple Fibonacci algorithm is contained in the setup procedure. It is presented in full here: The coefficients of the spherical harmonics (equation ( 103)) are provided by the function Ysh function, which is implemented in the module TSphericalHarmonics.

The determination of the coefficients based on the simulated annealing optimisation method is performed by the class TRCSIOPanneal in the module rc_SIOPanneal.

The method anneal is called with the relevant parameters to convert any given SIOP samples into the functional form. 

Implementation Perez module

The program code relevant for the Perez evaluation are contained in the, already introduced, classes The function samples the average SIOP values for the relevant sections of the sphere (sky, ground, horizon band) until a given precision target is met. The central limit theorem is again applied to abort the sampling at the earliest possible iteration (see section 5.1.3). In order to sample the sphere's sections uniformly, again rejection sampling, referred to as 'Malley's method' [START_REF] Malley | A Shading Method for Computer Generated Images[END_REF]) is applied (compare section 4.11.2). This algorithm is approx. 30% faster than the standard code, which involves the evaluation of sine and cosine functions. Note that all solid angles are kept as dimensionless fractions (of quarter-spheres) by dividing them by 𝜋 𝑠𝑟. The four irradiance components circumI, diffSkyI, diffHorizonI, diffGndI are calculated as described in the previous section. However, the radiance values of the diffuse components (sky, ground, horizon) are already multiplied with a factor of 𝜋 𝑠𝑟. Consequently, they are already in units of irradiance and can directly be multiplied with the dimensionless solid angles, as specified on the previous page.

The Perez parameters F1 and F2,which (1.0000,1.0650,1.2300,1.5000,1.9500,2.8000,4.5000,6.2000);

Const epsCenter : array[1..8] of Double = (1. 0325,1.1475,1.365,1.725,2.375,3.65,5.35 

148 As depicted in Figure 90, a piecewise linear interpolation is applied in between the centres of the clearness 𝜀 intervals defined in the standard algorithm [START_REF] Perez | Modeling daylight availability and irradiance components from direct and global irradiance[END_REF]Sandia National Laboratories, 2018b). The standard Perez model's bin number representing integer values ranging from 1 to 8 is interpreted as a real number. Linear interpolation is used to replace the discrete eight values for the 𝑓 𝑥𝑥 parameters provided by Perez et al. with continuous values. The determination of the clearness index 𝜀 function getPerezF1F2interpol relies on the values of the air-mass and extraterrestrial radiation. In order to determine the extraterrestrial radiation, the commonly used Spencer approximation [START_REF] Spencer | Fourier series representation of the position of the sun[END_REF]Sandia National Laboratories, 2018a) was implemented. For performance reasons, the constants are precomputed on a daily base. The commonly used model of [START_REF] Kasten | A new table and approximation formula for the relative optial air mass[END_REF][START_REF] Kasten | Revised optical air mass tables and approximation formula[END_REF] was implemented to determine the air-mass. Both implementations are provided below: The presented algorithms provide all the required elements for evaluating the SIOP for any given irradiance profile. The actual evaluation, representing the implementation of equation ( 125), is now merely a matter of a few multiplications. The full code required to finally evaluate the irradiance considering the diffuse and direct components can simply be written as: 

. Implementation

The OBJ import is contained in class TimportOBJ of the module rc_OBJimport. The class contains solely the function ReadOBJ which performs the import. All required additional routines are contained within this function. The function returns the imported geometry (geo), extracted material list (mlib) and a list with errors or warnings (errList) that can potentially occur during the import.

Apart from the filename (fn) the function has two input parameters that are used to control the function of the smooth shading feature (see 7.6). Additionally, an optional array can be passed to the function triggering an automatic subdivision of the geometry during the import. This array provides the relevant material identifiers (as strings) and the subdivision limit that should be applied during the import for the specified material layer.

Internal geometry definitions

Internally, the imported geometry is stored in a hierarchical structure: The master node (TRCGeometry) contains a list of objects (TRCGeoObject), and each object contains a list of faces (TRCface). Along with the objects, the boundary boxes (relevant to collision detection) are included at each level. There are mainly two advantages resulting from this partitioning. First, the nested hierarchy efficiently excludes large parts of the model if the bounding boxes of higher-level nodes do not intersect with the ray. Second, the required box-line intersection tests, which are always performed before the final face intersection tests, can be performed very fast, as the rectangular bounding boxes are aligned to the axis of the coordinate system. More considerations regarding the algorithm can be found in Meagher's original publication (1980). A customized implementation has been written for use in the raytracer. It is contained in the class TFaceTree of the module rc_facetree. 

Material-Interface class

Material interface objects are assigned to the surfaces of the imported 3D model. The assignment is based on the material identifier already present in the CAD file. However, the front side and the back side of the surface are generally assigned differently (see 7.3.2). The internal faces of opaque objects can be omitted, as no ray should impact there. This allows raising exception warnings if inner faces are still accessible, which would then indicate an error in the geometry. The class definition of the TRCMaterialInterface is contained in the module TRCMaterial. As can be seen in the class definition, the material interface comprises the three main elements that allow the definition of a generic material based on the models discussed in Chapter 4 and depicted in the overview in Figure 103. The fundamental elements of the class are:

1. Fresnel module: the necessary parameters for the Fresnel approach are covered by the refractive index classes (TRIbaseclass) (section 4.6) of the two materials and any existing thinflims, as well as the müller matrix component TMuMatMap.

2. Subsurface scattering: the RhoDiff encapsulates the desired model and relevant parameters to perform the diffuse sub-subsurface reflection (section 4.11).

3. Surface roughness: the microfacet roughness model (section 4.10) is simply defined by the parameters Rcorrelated, Ralpha_x and Ralpha_y. A14. Case #14 -ANTHRA_wO_m45