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Résumé

La théorie du codage algébrique sur les corps et les anneaux finis a une grande
importance dans la théorie de l'information en raison de leurs diverses applica-
tions dans les schémas de partage de secrets, les graphes fortement réguliers, les
codes d’authentification et de communication. Cette these aborde plusieurs sujets de
recherche selon les orientations dans ce contexte, dont les méthodes de construction
sont au cceur de nos préoccupations. Plus précisément, nous nous intéressons aux
constructions de codes optimaux (ou codes asymptotiquement optimaux), aux con-
structions de codes linéaires a "hull" unidimensionnelle, aux constructions de codes
minimaux et aux constructions de codes linéaires projectifs. Les principales contribu-
tions sont résumé comme suit. Cette these fournie une description explicite des car-
acteres additifs et multiplicatifs sur les anneaux finis (précisément F, + ulf, (u?> =0)
et F, +uF, (u*> = u)), utilise des sommes Gaussiennes, hyper Eisenstein et Jacobi
et fournit plusieurs classes de nouveaux codes optimaux (ou asymptotiquement opti-
maux) avec des parametres flexibles, propose des codes linéaires (optimaux ou quasi-
optimal) avec une "hull" unidimensionnelle sur des corps finis en utilisant des outils
de la théorie de la somme Gaussienne. De plus, cette these explore plusieurs classes
de codes linéaires binaires (optimaux pour la borne de Griesmer bien connue) sur des
corps finis basés sur deux constructions génériques utilisant des fonctions. Aussi, elle
détermine leurs parametres et leurs distributions de poids et en déduit plusieurs familles
infinies de codes linéaires minimaux. Enfin, elle étudie des constructions optimales de
plusieurs classes de codes linéaires binaires projectifs avec peu de poids et leurs codes
duaux correspondants.

Mots clés: Codebook, codes linéaires, codes minimaux, Hull, distributions de poid-
s, partage de secrets.
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Abstract

Algebraic coding theory over finite fields and rings has always been an important
research topic in information theory thanks to their various applications in secret shar-
ing schemes, strongly regular graphs, authentication and communication codes. This
thesis addresses several research topics according to the orientations in this context,
whose construction methods are at the heart of our concerns. Specifically, we are inter-
ested in the constructions of optimal codebooks (or asymptotically optimal codebooks),
the constructions of linear codes with a one-dimensional hull, the constructions of min-
imal codes, and the constructions of projective linear codes. The main contributions are
summarized as follows. This thesis gives an explicit description of additive and multi-
plicative characters on finite rings (precisely F, +uF, (1> = 0) and F, + uF, (u* = u)),
employees Gaussian, hyper Eisenstein and Jacobi sums and proposes several classes of
optimal (or asymptotically optimal) new codebooks with flexible parameters. Next, it
proposes(optimal or nearly optimal) linear codes with a one-dimensional hull over fi-
nite fields by employing tools from the theory of Gaussian sums. It develops an original
method to construct these codes. It presents sufficient conditions for one-dimensional
hull codes and a lower bound on its minimum distance. Besides, this thesis explores
several classes of (optimal for the well-known Griesmer bound) binary linear codes
over finite fields based on two generic constructions using functions. It determines
their parameters and weight distributions and derives several infinite families of mini-
mal linear codes. Finally, it studies (optimal for the sphere packing bound) construc-
tions of several classes of projective binary linear codes with a few weight and their
corresponding duals codes.

Keywords: Codebook, linear code, projective code, weight distribution, secret shar-
ing scheme.
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Introduction et apercu de la these (en Francais)

Avec le développement rapide de la communication et de la technologie informa-
tique, Internet a été intégré dans la vie des gens. L’Internet a grandement facilité
I’interaction de I’information des gens. Il a également favorisé le développement rapi-
de de I’économie, de la culture, de I’armée, de I’éducation, de la production et d’autres
domaines. En outre, il améliore également la qualité de vie des personnes modernes et
apporte une grande commodité a la vie des gens. La technologie de la communication
a également produit un développement sans précédent, et de nombreuses information-
s importantes sont transmises via le réseau. Le développement d’Internet étant global,
ouvert, partagé et dynamique, tout utilisateur peut facilement y accéder, mais certains
utilisateurs malveillants ne sont pas exclus. Par conséquent, la sécurité de I’information
est devenue de plus en plus ’'un des problemes importants a résoudre de toute urgence.
Parce que les informations dans le processus de transmission rencontreront diverses in-
terférences, entrainant des erreurs de transmission d’informations. Le systeme de com-
munication ne dispose toujours pas d’une capacité suffisante de correction d’erreurs; il
est nécessaire d’effectuer une correction d’erreur et un codage des informations. Assur-
er la fiabilité de I’information dans les canaux de communication est également devenu
I’un des enjeux majeurs auxquels les chercheurs s’intéressent.

En 1948, Shannon a proposé pour la premiere fois la tres célebre théorie du codage
dans son article historique "A Mathematical Theory of Communication". Cet article a
marqué le début de la théorie de I’information et de la théorie du codage. Depuis lors, la
théorie du codage algébrique a été largement étudiée, y compris 1’étude "codebooks",
I’étude des codes linéaires, etc.

De nombreux d’éléments mathématiques, tels que les sommes de caracteres sur des
corps finis ou des anneaux, jouent un role crucial dans la théorie du codage algébrique,
en particulier les sommes de caracteres spéciaux sur des corps finis ou sont plus large-
ment utilisés, par ex., sommes Gaussiennes, sommes de Jacobi, sommes d’Eisenstein et
sommes de Kloosterman. Dans les systemes de communication CDMA, les sommes de
caracteres peuvent €tre utilisées pour construire des "codebooks" et des séquences avec
de meilleures propriétés de corrélation; en théorie du codage, les sommes de caracteres
peuvent étre utilisées pour construire des codes linéaires spéciaux, tels que des codes L-
CD, des codes BCH, des codes linéaires a coque unidimensionnelle, des codes linéaires
minimaux, des codes projectifs, etc.; en mathématiques combinatoires, des sommes de
caracteres peuvent Etre utilisées pour construire des ensembles de différences; dans les
systemes de communication quantique, les sommes de caracteres peuvent étre utilisées
pour concevoir des codes quantiques (MDS) avec de meilleurs parametres. En cryp-
tographie, les sommes de caracteres peuvent €tre aussi utilisées pour construire cer-
taines fonctions booléennes ou vectorielles avec certaines propriétés cryptographiques
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spéciales, telles que les fonctions courbes et les fonctions semi-courbes, etc.

Les corps finis ou anneaux finis sont un outil de recherche important dans la théarie
du codage. Un "codebook" est un ensemble de signaux; en tant que forme de signal, il
a de bonnes propriétés de corrélation et peut étre utilis€é comme signal pour un radar, la
synchronisation et la mesure de systeme linéaire. Dans la transmission de signaux, la
séquence de signaux sera interférée par elle-méme et d’autres signaux associés dans une
certaine mesure. La force du signal est affaiblie, ce qui apportera de nombreuses diffi-
cultés et problemes a la communication réelle. En particulier, les "codebooks" MWBE
ont été utilisés dans un large éventail d’applications, telles que le codage de description
multiple sur des canaux d’effacement, les communications, la détection compressée,
les codes spatio-temporels, la théarie du codage, I'informatique quantique, etc. Un
"codebook" est appelé maximum-Welch-"codebooks" d’égalité lice (MWBE) s’il re-
specte une certaine limite, c’est-a-dire la limite de Welch ou la limite de Levenshtein,
¢galement appelée "codebook optimal". Cette classe de "codebooks" est utilisée pour
distinguer les signaux de différents utilisateurs dans les systeémes a acces multiple par
répartition en code (CDMA). Par conséquent, il est trés important de construire un
"codebook" optimal. Il est difficile de construire des "codebooks" optimaux pour at-
teindre la limite de Welch ou de Levenshtein. Par conséquent, de nombreux chercheurs
ont essayé de construire des "codebooks" asymptotiquement optimaux; ¢’est-a-dire que
la magnitude maximale atteint presque la borne de Welch ou la borne de Levenshtein.
En tant que classe spéciale de codes de correction d’erreurs, les codes linéaires ont un-
e structure algébrique spéciale qui les rend plus faciles a décrire, encoder et décoder
que d’autres types de codes. Par conséquent, de nombreux chercheurs se sont large-
ment préoccupés des codes linéaires. La plupart des codes correcteurs d’erreurs avec
de bonnes performances sont des codes lin€aires. Par exemple, les codes linéaires les
plus étudiés sont les codes de Hamming, les codes BCH, les codes Reed-Solomon, les
codes Golay, les codes Reed-Muller, les codes Goppa, les codes MDS, etc. La distance
de Hamming minimale d’un code linéaire est une mesure de la capacité de correction
d’erreur de ce code. Dans le méme temps, la distribution de poids de Hamming des
codes linéaires donne des informations importantes d’une importance a la fois pratique
et théorique. En particulier, les codes linéaires avec peu de poids non nuls ont été large-
ment étudiés en raison de leurs larges applications pratiques dans la communication, les
schémas de partage de secrets, le calcul bipartite sécurisé les schémas d’association, les
codes d’authentification et les graphes fortement réguliers. Par conséquent, la construc-
tion de codes linéaires pondérés avec de nouveaux parametres est devenue un sujet de
recherche briilant en théarie du codage algébrique. De nombreux chercheurs constru-
isent des codes linéaires optimaux en définissant des ensembles par rapport a certaines
fonctions cryptographiques spéciales, telles que les fonctions courbes, les fonctions
quadratiques, les fonctions courbes faiblement régulieres, les fonctions plateaux, les
fonctions APN ou PN, les fonctions deux vers un etc.

Ces dernieres années, de nombreux chercheurs ont suscité un grand intérét pour les
codes linéaires a "hull" de faible dimension, principalement en raison des excellentes
performances des codes linéaires a "hull" de faible dimension. Le "hull" d’un code
linéaire sur des corps finis est I’intersection du code et de son dual, qui peut étre vue
comme une généralisation des codes auto-duaux, des codes auto-orthogonaux et des
codes LCD. Il est clair que le "hull" des codes linéaires est également linéaire. A noter
que les coquilles des codes linéaires jouent un role essentiel dans la détermination de



la complexité des algorithmes de vérification de 1’équivalence de permutation de deux
codes linéaires. Le "hull" est un indicateur de la complexité des algorithmes de calcul
du groupe d’automorphismes du code linéaire. Ces algorithmes sont tres efficaces en
général si la taille du "hull" est petite. Par conséquent, les codes linéaires avec un
"hull" de faible dimension sur des corps finis jouent un role important dans la théorie
du codage algébrique. Un code linéaire avec la plus petite coque est un code LCD, qui
peut étre utilisé dans une technique de masquage de somme directe pour la prévention
des attaques par canaux cachés. Un code linéaire avec la deuxieme plus faible "hull"
est un code linéaire avec un "hull" unidimensionnelle, ce qui peut améliorer I’efficacité
de I’algorithme d’équivalence de permutation de deux codes linéaires. En général,
ces algorithmes sont plus efficaces lorsque la dimension du "hull" d’un code linéaire
est plus petite. Par conséquent, la construction de codes linéaires avec une coque de
faible dimension est fascinante et a des applications pratiques bénéfiques dans le codage
algébrique.

Cette these traite plusieurs sujets de recherche a la suite de directions existantes dan-
s ce domaine dont les méthodes de constructions sont au coeur de nos préoccupations.
Précisément, on s’intéresse aux constructions de codebooks optimaux (ou codebook-
s asymptotiquement optimaux), aux constructions de codes linéaires avec une coque
("hull" en anglais) unidimensionnelle, aux constructions de codes linéaires minimaux
avec peu de poids, aux constructions de codes linéaires projectifs et leurs applications
des les schémas de partage secret et ceux dit d’association.

En utilisant principalement les sommes de caracteres sur des corps finis et des an-
neaux finis comme outils de recherche, cette these construit des codes optimaux ou
asymptotiquement optimaux, des codes linéaires a coque unidimensionnelle et des
codes linéaires optimaux a faible poids avec de nouveaux parametres.

Pour comprendre nos réalisations techniques, nous introduisons brievement quelques
définitions de base et des résultats pertinents sur les codes linéaires que nous avons u-
tilisés et rappelés en Chapitre 1 de le these.

Soit [, le corps fini d’ordre g, et Fj désigne I’espace vectoriel de dimension n sur
F4. Chaque sous-ensemble € non vide de Fj est appelé un g-ary code. Un €élément de
C est appelé un mot de code en C. Le nombre de mots de code dans C, noté K = |C|, est
appelé la taille de C, ot 1 < K < ¢" . Un code de longueur 7 et de taille K est appelé
un code (n,K). Les "bit d’information" d’un code € de longueur n sont définis comme
k =log, K. Le rendement d’un code C de longueur n est défini comme % Lorsque le
sous-ensemble non vide C est un sous-espace vectoriel de [, le code C est appelé un
code linéaire de parametres [n,k| sur le corps fini [, ol k est la dimension du code
linéaire C et |C| = g~.

Dans ce qui suit, nous donnons la définition de base des codes duaux pour les codes
linéaires sur des corps finis. Avant cela, rappelons d’abord la définition du produit
scalaire euclidien. Soit IF, le corps fini d’ordre g, et ¢ une puissance d’un nombre pre-
mier. Pour deux vecteurs quelconques x = (x1,x2,...,X,) € Fgety= (Y1,¥2,--+sYn) €
F7, leur Le produit scalaire euclidien (x,y) sur F, est défini par

n
<x7y> = inyi-
i=1

Si C est un code linéaire de longueur n sur F,, alors le code dual de €, noté CL, est
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défini par
Ct={xcF,:(x,y)=0,VYyeC}.

Pour un code linéaire, sa distance minimale mesure la capacité de correction
d’erreur de ce code. Dans cette these nous utilisons la distance de Hamming qui est
directement liée aux poids de Hamming (dans le cas de traitement de codes linéaires,
comme le cas de cette these).

Soient x = (x1,%2,...,%;) ety = (y1,¥2,...,Yn) deux vecteurs dans Fy. Le poids de
Hamming du vecteur x, noté wy(x), est défini comme étant le nombre de coordonnées
non nulles dans x, c¢’est-a-dire ,

wr(x)={i: 1 <i<n,x;#0}|.

La distance de Hamming des vecteurs x et y, noté dy(x,y), est définie comme étant la
nombre d’endroits ou x et y différent, ¢’est-a-dire,

du(x,y) =|{i: 1 <i<nxi#yi}| =wn(x—y).

Soit € un code g-aire de longueur n. Le poids de Hamming minimum de C,
noté wy (C), est défini comme étant le plus petit des poids des mots de code non nuls
de C, c’est-a-dire,

wg(C) =min{wg(c) : 0 # ¢ € C}.

La distance de Hamming minimale de C, désignée par dp (C), est définie comme étant la
distance de Hamming minimale entre deux mots de code differents dans C, c’est-a-dire,

d =dy(C) = min{dy(c1,c2) : €1,¢2 € C,e1 # €2}

Soit A; (i =1,2,...,n) le nombre de mots de code de poids de Hamming i dans C.
Le énumérateur de poids de C est défini par 1 +A1z+Arz> + - +A,Z" et la séquence
(1,A1,As,...,A,) est appelée la distribution des poids de C. Le code € est dit étre un
t-poids code si le nombre de A; non nuls dans la séquence (Aj,A,...,A,) est égal at.
Nous notons (1,A7,...,A,) la distribution des poids du dual du code € de paramétres
[n,k,d]. Les cinq premiers Pless les moments de puissance sont donnés dans [54](voir
[Théoreme 7.3.1]).

Un code linéaire € est dit projectif si son dual a le minimum distance d’au moins
trois.

Soit € un code linéaire [n, k,d| de longueur n sur F, et son code dual noté €+ formé
par tous les mots de [, tels que le produit étoile avec les mots du code C soit nul (i.e.
orthogonal aux mots du code C). Le hull d’un code linéaire € sur un corps fini est défini
comme

Hull(@) := CNEt.

Il est clair que Hull(C) est également linéaire. La définition de Hull(C) a été introduite
en 1990 par Assmus et Key [59] pour classer les plans projectifs finis. Supposons que la
dimension de Hull(C) soit £. Si ¢ = 0, ¢’est-a-dire Hull(C) = {0}, alors le code linéaire
C est appelé linéaire Dual Complementary (LCD). Si ¢ = k, c’est-a-dire Hull(C) = C,
alors on dit que le code linéaire € est un code auto-orthogonal. De plus, si £ = 7 pour
n pair, alors C est appelé un code auto-dual.

Il est bien connu que les coquilles de codes linéaires jouent un rdle essentiel dan-
s la détermination de la complexité des algorithmes de vérification d’équivalence de
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permutation de deux codes linéaires. Par la suite, il a ét€ montré que la coque est un
indicateur de la complexité des algorithmes de calcul de I’automorphisme groupe d’un
code linéaire dans [63, 94]. Plus précisément, la plupart des algorithmes ne fonction-
nent pas si la taille du "hull" est grande.

Cependant, a I’inverse, ces algorithmes sont tres efficaces en général si la taille de la
coque est petite. donc I’étude de les codes lin€aires avec une petite coquille sont utiles
et intéressants pour ces calculs.

Pour mesurer 1’optimalité des codes que nous construisons dans la thése, nous nous
référons a plusieurs bornes connues dans la literature.

Pour tout code linéaire C avec des parametres [n,k,d| sur F,.

La borne bien connue de Singleton est donnée par

d<n—k+1.

En particulier, sid =n—k+ 1, alors € est appelé un code de distance maximale sépara-
ble (MDS). Un code est appelé presque MDS si sa distance minimale est un de moins
que le cas MDS.

La borne de Griesmer, qui s’applique spécifiquement aux codes linéaires sur des
corps finis est donnée par

k—1 d
i=0 14
ou [-] est la fonction partie entiere.
En particulier, le code C est appelé code de Griesmer s’il atteint la borne de Gries-

mer.
La borne appelée "Sphere Packing Bound" est donnée par

d—1
2">2’<LiJ "
N =0 I ’

ou L%J est le plus grand entier inférieur ou égal a %.

Un code [n,k,d] sur Fy est dit alors optimal-distance s’il n’y a pas de code [n,k,d’]
sur IF, avec d’ > d + 1 et presque optimal en distance si un code [n,k,d + 1] sur F, est
distance optimale.

Dans cette these, nous utilisons un certain nombre d’éléments de la théorie des corps
finis et de la théorie des nombres. Soit IF,, le corps fini avec g = p" éléments, ol p est un
nombre premier et n est un entier positif. Soit m | n et m un entier positif. La fonction

de trace de FFn a IFm est définie comme:

o_q
K im m 2m (E—1)m
Trpn/pm(X) = Z xp :x+xp +xp +...+xp ’
i=0

xEFq.

En particulier, si m = 1, alors la fonction de trace Tr,/,(-) est appelée absolue fonc-
tion trace. Nous rappellerons les définitions des caracteres additifs et multiplicatifs de
F,. Soit g = p", ou p est un nombre premier et n est un entier positif. Pour chaque
a € ¥y, le caractére additif x, de IF, est défini par

* Tr,/,(ax)
Xa: ]Fq — C aXa(x) = Cp " X € an
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E2iaVil B . o\ . "
where {, =e 7 , qui est une primitive p-iéme racine de I’unité.

Sia =0, alors xo(x) est appelé le caractere additif trivial de I, et xo(x) = 1 pour
tout x € Fy; Sia =1, alors x;(x) = x(x) est appelé le caractére additif canonique de
[F,; tous les autres caracteres additifs de F, sont dits non triviaux. De plus, le groupe

constitué€ de tous les caracteres additifs de IF, est désigné par ﬁq ={xa:aclF,}. Le
groupe de caracteres est isomorphe a (IF,,+). A chaque caractere additif y,(x) de Fy,
il y a un conjugué associé caracteére ¥, (x) défini par ), (x) = x,(x) = x4(—x) pour tout
x € F,. De plus, x,(0) = 1 pour tout a € IF,,.

Pour tout j =0,1,...,9—2, le caractére multiplicatif y; de I, est défini par

ik
yi:Fy — Cyi(e") = &2 k=0,1,...,4—2,
where §,_| =€ 4 r , qui est une primitive (¢ — 1)-ieéme racine de 1’unité, et g est un
€lément primitif fixe de [F,,.
Si j =0, alors Yy est appelé le caractere multiplicatif trivial de F,; Si j =1,

alors y est appel€ le caractére multiplicatif canonique de IF;; Si g estimpair et j = q L
alors g1 est appel€ le caractere quadratique de I, noté 1, ¢’est-a-dire eta(gh) Vaut
2

1 si gkest le carré d’un élément de [F, et —1 sinon. De plus, le groupe constitué de tous

les caracteres multiplicatifs de I, est noté @2‘1 ={y;:j=0,1,...,q—2}. Le groupe de
caracteres est isomorphe a (]Fjl, x). A chaque caractere multiplicatif y de Fy, il y aun
caractére conjugué associé ¥ défini par W(x) = w(x) = w1 (x),x € [Fy. Si y est triv-
ial, alors y(0) = 1; si y est non trivial, alors on définit y(0) = 0. Notons qu’il existent
des relations d’orthogonalité pour les caractéres multiplicatifs de F,,.

Dans cette these, nous utilisons plusieurs sommes que nous rappelons brievement
ci-dessous. A partir du caractere d’addition , et du caractere multiplicatif y de I,
nous donnons la définition de la somme Gaussienne sur le corps fini F, comme suit.
Soit ¥ un caractere multiplicatif et y, un caractere additif de IF,, ou a € IF,. Alors la
somme Gaussienne G(Y, x,) sur F, est définie par

GV, Xa) = ), W(x)xal(x

xGIF*

Sia =1, on écrit généralement G(y, x;) comme G(y).
Nous rappelons la définition des sommes hyper Eisenstein sur le corps fini F,. La
somme hyper Eisenstein Ex, (Y1,..., Wy; 1) est définie par

EIFq(l//l""?Wn) ::EFQ(Wla"'aWn;l): Z lljl(xl)"'llln(xn)7

X1 X EF G Try /) (X1 44200 ) =1
ol Wi, Vyh,..., ¥, sont des caracteres multiplicatifs de F,. Sin =1, alors E(y;1) =

Yy v (x) s’appelle la somme d’Eisenstein sur IF,. Si g = r, alors
x€lFy, Try /(x)=1

Z Wi (x1) - Y (oxn)
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est appelé€ la Jacobi somme sur F;, nous I’€crivons généralement simplement comme

IR, (W1, W3 1).
De plus, on définit

EIFq(lllla"'?Wn;s) = Z ‘lfl(xl)""l’n(xn)

xl,...,xnelFZ,
Trq/r(xl +etxp)=s

pour tout s € IF, , qui est appelée I'hyper-somme d’Eisenstein généralisée sur F,.
Sin=1,alors E(y;s) = Y y(x) s’appelle la somme d’Eisenstein général-

x€Fy,Try/(x)=s

isée sur IF,. A noter qu’il existe une relation entre les sommes hyper Eisenstein et
Gaussiennes sur [,

Les principaux apports se résume comme suit.

(1

2)

3)

Sur les "codebooks", cette these donne une description explicite des caracteres ad-
ditifs et des caracteres multiplicatifs sur I’anneau a chaine fini F, + ulF, (u*>=0),
et I’anneau non chainé fini F, + ulf, (u?> = u), et présente des sommes Gaussi-
ennes, des sommes hyper Eisenstein et des sommes de Jacobi sur ces deux an-
neaux. En termes d’application dans cet exe, cette these offre plusieurs classes de
"codebooks" optimaux (ou asymptotiquement optimaux) par rapport a la borne
de Welch (ou la borne de Levenshtein) a partir de ces sommes de caracteres. Les
parametres de ces "codebooks" sont nouveaux et flexibles.

Sur les codes linéaires a "hull" unidimensionnelle. Basée sur la théorie des
sommes Gaussiennes sur des corps finis, cette these offre des codes linéaires avec
une "hull" unidimensionnelle sur des corps finis. Certains d’entre eux sont des
codes linéaires optimaux ou presque optimaux par rapport a la base de données
en ligne de Grassl. Ces résultats généralisent les méthodes existantes de con-
struction de codes linéaires a hull unidimensionnelle utilisant la somme Gaussi-
enne quadratique et la somme Gaussienne dans le cas semi-primitif. De plus,
cette these développe une méthode originale pour construire des codes linéaires
avec "hull" unidimensionnelle en employant les analogues caractéristiques posi-
tives des sommes Gaussiennes. Certaines conditions suffisantes pour qu’un code
linéaire soit un code linéaire ayant un "hull" unidimensionnelle sont présentées.
Notamment, on y présente également une borne inférieure sur les distances mini-
males des codes linéaires construits.

Sur les codes linéaires minimaux avec peu de poids qui ont diverses applications
dans les schémas de partage de secrets, les graphes fortement réguliers, les codes
d’authentification et la communication, cette thése propose plusieurs classes de
codes linéaires binaires avec peu de poids non nuls basée sur deux constructions
génériques et une nouvelle construction et a partir de fonctions connues deux
a un sur des corps finis et détermine leurs parametres et distributions de poids.
Ces codes ont de nouveaux parametres, et certains sont optimaux par rapport a la
borne bien connue appelé "borne de Griesmer". En particulier, cette these dérive
plusieurs familles infinies de codes lin€aires minimaux. Par ailleurs, on résout
avec succes deux problemes ouverts proposés par Qu et al.
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(4) Enfin, sur les codes linéaires projectifs, on s’intéresse surtout a ceux de faible

poids sont tres précieux car ils sont étroitement li€s aux espaces projectifs finis,
aux schémas d’association, aux espaces normés fortement réguliers et aux con-
ceptions combinatoires, etc. En sélectionnant deux restrictions différentes sur la
définition des ensembles, cette these fourni des constructions de plusieurs class-
es de codes linéaires binaires projectifs avec peu de poids de fonctions deux a
un sur des corps finis de caractéristique paire. On y détermine leurs distributions
de poids en utilisant la transformée de Walsh des fonctions deux a un correspon-
dantes. Les parametres des duals des codes construits sont également déterminés.
En particulier, certains duals sont optimaux en distance par rapport a la borne con-
nue sous le nom de "the sphere packing bound". Outre, cette theése montre que
ces codes linéaires construits peuvent €tre utilisés pour construire des schémas
d’association et de partage de secrets avec des structures d’acces intéressantes.

Dans la suite, nous décrivons brievement le contenu de cette thése.

e Le chapitre 1 présente I’historique du développement, la motivation de la

recherche, le contexte de la recherche, le contenu de la recherche de la théorie
du codage algébrique. Le chapitre 2 fournit quelques notations de base, des défi-
nitions et des résultats sur la théorie des caracteres, les codes linéaires, la théorie
algébrique des nombres et les fonctions booléennes et vectorielles.

Dans le chapitre 3, on considere I’anneau Ry = F,+ulF, = {a+Bu: o,B €
F,}(«* = 0) ayant un unique idéal maximal M = (u). En fait, R; = F, ® uF, ~
]F?] est un espace vectoriel a deux dimensions sur F, et |[R;| = g°. Les éléments
inversibles de R; sont

R} =R\M =TF:+uF, = {a+pu:acF:,BcF,}.

Il est facile de savoir que |Rj| = g(¢ — 1). Nous introduisons alors la définition
du caractere quadratique sur R| comme suit. Soit ¢ un caractere multiplicatif de
Ri. Si (¢())?> = 1 pour tout t € R, alors ¢ est appelé le caractére quadratique
de Ry, noté p . De plus, Gg, (p,A) désigne la somme Gaussienne quadratique sur
Ri, ou A est un caractere additif de R;. Nous déterminons également la forme
du caractere quadratique p de R;. Soit N, Yy et o respectivement le caractere
quadratique, le caractere trivial multiplicatif et le caractere trivial additif du corps
fini IF,;,. Nous utilisons la convention y(0) = 0 pour un caractere multiplicatif non
trivial y de F,. Pour tout t = #o(1 + ut;) € R], si le caractere multiplicatif ¢ de
R est un caractére quadratique, alors il faut (¢(1))? = (w(to)x(t1))*> = 1. Nous
montrons un résultat tres utile pour la suite de nos constructions de "codebooks".

Soient @1, @, ..., ¢, des caracteres multiplicatifs de Ry et ¢; := y;* x4, (1 <i <
n), ou psi; et ), sont des caractéres multiplicatifs et additifs de I, respective-
ment. Alors
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(1) ERl((Pl;(PZ,---y(pn;O)

LEp, (y1,¥2,...,¥n0), ifa = =a,=0;
_ Lfl)w] (ar)---Wu(ay), ifay---a,#0,Trl(ay+ - +a,) =0et
(w1 -+ yy,)* is trivial;
0, sinon,

ot (y1---y,)" estlarestrictionde y;---y, a FF,.
(2) ERl((Pl,(PZ,---,(Pn§1)

LEr, (W1, ¥2,..., Vs 1), ifa) = =a,=0;
7 a RV G R T D
_ ) TWilma ey Y e lff;z an#oet)
Tri(ay +---+ay) #0;
0, sinon,

ou Ep q(l//l, Y2,..., Yy 1) désigne I'hyper somme d’Eisenstein de IF,.
(3) ER1 ((pla ®2,..., (pn;bt)

q—:EFq(llfl,llfz,---,llfn;O), ifaj=---=a,=0;
Tyn(ar) - Walan)Gr, (W1 W)*), ifar---a, #0et

Tl (ay + -+ +a,) =0;
0, sinon,

ou (W7 -y, )* est la restriction de ¥y -+ -y, a F,.

A T'aide de ces outils et d’autres sommes sur R; telle que la somme de Jacobi
et d’autres some plus générale comme celle de la some Eisenstein, nous constru-
isons des "codebooks" optimaux et asymptotiquement optimaux en étudiant la
somme de Gauss la somme de Jacobi et la somme d’Eisenstein sur I’anneau a
chaine fini F, +uF, (u* = 0).

Tout d’abord, nous construisons plusieurs familles de codes asymptotiquement
optimaux a partir de la somme de Gauss sur R| comme suit.

Soit ¢ 1= Yx X, and A := xp* X, ou a,b,c € Fy, Xa, Xb, Xe € ]?q and v € I@;
Supposons que ¢t = fo(1 + ut;) € R]. Ensuite, nous définissons un ensem-
ble Co(R},R} X R1) comme

¥ ¥ o 1 =~ ~
QR R xR = { oA 0)er 0 € R € R

1 A*
— {ﬁ(W(to)la(tl)Xb(to)%c(ton))zoezp;;,tleyq, y eF;,

Xas Xbs Xe € ﬁq}7

ou K = [Rj|=q(qg—1).
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Selon la définition de I’ensemble Cy (R}, R} X R} ), nous donnerons deux construc-
tions de codebooks sur R;. La premiere construction de "codebook" est donnée
comme suit.

Le "codebook" C; := Cy(R},Rt x R}) de longueur K| = |R| = g(q— 1) sur R,

N

est construit comme suit: Cj := {\/LKT(I//(IO) Xa(11) X6 (10) Xc(t011) ) 1yeF2 1y €, ¢ OU

V¥ est un caractere multiplicatif fixe sur F, et x4, X5, X sont des éléments de ﬁq.

A partir de cette construction du "codebook" Cj, nous montons le théoreme suiv-
ant.

Soit C; "codebook" défini comme ci-dessus. Alors C; estun (¢°,q(g—1)) "code-

book" ayant une amplitude de corrélation croisée maximale Iy (Cy) = L De

-1
plus, le "codebook C;" satisfait asymptotiquement la borne de Welch.

(S

La deuxieme construction de "codebook" est présentée ci-dessous.

Le "codebook" C, := Cz(RT,I/?\T X 1/2\1) de longueur K» = |R}| =¢g(¢g—1) sur Ry
est défini par

C = {\/%(W(tO)Xa(tl)Xb(IO)Xc(ZOII))IOE]FZ;JlGFq} avec y € %, y, est un carac-

tere additif fixé€ sur IFy, x4, % sont des éléments de @q.

Avec les notations ci-dessus, nous démontrons que C, est un (¢*(g—1),g(g—1))
codebook ayant un maximum amplitude de corrélation croisée Inax (Cr) = ﬁ.
De plus, le "codebook" C; satisfait asymptotiquement les bornes bien connues de

Welch.

Ensuite, nous présentons des "codebooks" asymptotiquement optimaux qui sont
construits par les sommes d’Eisenstein sur R;. Précisément, nous montrerons

d’abord que si G:={¢;: (r—1)|j,0<j<g—2} g@*, ou ¢j=¢{ et ¢ est

un générateur de @2‘1 avec 0 < j < g —2, alors G est un sous-groupe de I, et

|G| = ‘rl;ll. De plus, pour tout ¥ € @2, y* est trivial si et seulement si ¥ € G, ou

y* désigne la restriction de y a IF,..

Soit D= {r € R} : Tr(t) = 1} and K3 := | D|. Ici, nous considérons le cas ou m = 2
et ¢ = r>. Par conséquent, il est facile de vérifier que K3 = rZA. Supposons que H
est un sous-groupe de G :={¢;: (r—1)|j,0< j<g—2} CFetk=|H|. Alors
k| (r+1) puisque |G| = =5 = r+1.

Le "codebook" C3 := C3(D,H % ﬁq) de longueur K3 = r2 sur R; est construit
comme suit.

Cs = {\/%((W*%a)(t))1607 wEH, X, € @q}.

Nous montrons alors que C3 est un "codebook" (kr?,r?) ayant amplitude de cor-
rélation croisée maximale Inax (C3) = % De plus, le codebook C3 satisfait asymp-

totiquement la borne connue de Welch.

La quatrieme construction de "codebook" utilise des sommes de Jacobi sur Rj.
Nous considérons le cas ot n =2 et m = 1. Soit t; = 1{(1 +ut) et 1, =t}(1+
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uty) € Ry. Nous définissons D' = {t1,1p € R} : t; +1a = 1} = {t],1; € F, 1], 1] €
Y ! __ 1.0 Y/ . /

Fg:t) 41 = 1,0t + 667 =0} et Ky := |D'|.

Le "codebook" Cy := Cy(D’ ,R} X R}) de longueur K4 sur R; est défini comme

suit.

Cy = {\/%(‘Pl (tl)(P2(I2))t1,t2€D’a Q1 =VYi*Xa, P2 = W2*xa2}’ ol Y est un car-
actere multiplicatif fixé sur Fy, v € F5,xa,, Xa, sont des éléments de F,.

Avec les notations ci-dessus, nous monterons que Cy est un (¢*(g—1),q(g—2))
"codebook" ayant une amplitude de corrélation croisée maximale I (Cy) = 72
De plus, C4 satisfait asymptotiquement la borne de Welch.

Ensuite, nous étudions une classe de "codebooks" vérifiant la borne de Welch
qui peut €tre construit en utilisant des sommes Gaussiennes quadratiques sur
Ry =F,+uF, (u*> =0), ou ¢ =2". Nous considérons le "codebook" Cs :=
Cs(D",R;) de longueur Ks sur R; défini par

Cs := {ﬁ(l(t)),em,l ei?\]}. Et nous montrons que Cs est un (qz,@)

codebook ayant un maximum amplitude de corrélation croisée Inax(Cs) = L

q—1
De plus, Cs vérifie la borne de Welch.

Nous considérons €galement 1’anneau non-chain€ fini R, := I, + ulF, (u? = u).
Nous mettons en place une méthode pour construire des "codebook" ayant de nou-
veaux parametres et satisfaisant asymptotiquement la borne de Welch et la borne
de Levenstein. Nos constructions utilisent des sommes de Gauss, des sommes de
Jacobi et des sommes d’Eisenstein sur 1’anneau non-chainé R;. Pour cela, nous
donnons d’abord une relation entre la somme Gauss sur I’anneauR, et la somme
Gauss sur le corps fini F,. Plus précisément, si ¢ un caractere multiplicatif et A
un caractere additif de Ry, ot @ := @' *x@", A := yuxxp, 0, @" € @}»%a»%b € @q
et a,b € Fy. Alors la somme Gauss G, (¢, 1) sur R; satisfait

Gry (9, 4) = Gr, (9", Xa)Gr, (9", 25),

ot Gr,(¢', xa) et Gr, (9", xp) sont des sommes de Gauss sur I,

Ensuite, nous présentons la définition de I’hyper somme d’Eisenstein sur R,.

Précisément, si n un entier positif et @1, @y, ..., ¢, des caractéres multiplicatifs de
R>. Alors la somme hyper Eisenstein pour @y, @, ..., @, sur R, est définie par
ER2(¢1a(P27-'->(Pn;1) = Z (Pl(tl)%(ZZ)"'(Pn(tn)- (1)
ll,tz,...,tnERé,
Tr(ty 4ty +-+tn)=1
Comme extension, nous définissions Eg, (@1, @2, ..., @,;r) comme suit:
ER, (@1, P2, ..., @us7) = Y @1(11)P2(12) -+ - Pu(tn)

1512 tn €RS T (b oA+ Aty ) =7

pour chaque r € R(;). Nous calculons la valeur de Er,(@1,02,...,0n1):

ER2(¢17¢27"'?(PH;r) :EFq((p{?q)£7"'7(plfl;r1)EFq((p{/7(pé/7"'7(pr/l/;r2)?
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ol r =ur + (1 —u)rz € Ry).

Nous utilisons ces résultats et d’autres qui en découlent pour déduire des con-
structions spécifiques de trois "codebooks" asymptotiquement optimaux par rap-
port a la borne de Welch et une classe de "codebooks" optimaux par rapport a
la borne de Levenshtein en utilisant des sommes de caracteres sur 1’anneau fini
non chainé R, = F, +uF, (u* = u). Tout d’abord, nous construisons deux class-
es de "codebooks" asymptotiquement optimaux en Etilisant la somme de Gauss
sur Ry. Plus précisément, si ¢ := ¢'x 0" (¢, 0" € F}) et A := xux X (Xa, Xo €

F,,a,b € F,) est un caractere multiplicatif et un caractere additif de R, respec-
tivement. En supposant que ¢ = ut’ 4 (1 —u)t" € R}, nous définissions un ensem-

ble Co(R3, R} X Ry) comme

k A* oy 1 /\* ~
R R xR = { e (00A e 0 € Rod € Ra

1 ok
= {ﬁ((q)/(t/)q)//(t//))fa(t/)Xb(t”))t’,t”e]F;;» ¢, 9" €,

Xas Xb Eﬁq}v

ob K = |Rs| = (¢~ 1)7.

Nous présentons ensuite la premiere construction de "codebooks" Cy := C; (R3, I?; X
R>) de longueur K| = |R;| = (¢—1)? sur R,. Cy est construit comme suit.

1 7 F
C: = {\/—K—l(‘l/(f/)‘l’(t")%a(f/)Xb(t”))z’,z“eIFZ’ W EFg Xa Xb € Fq} - ()

Nous prouvons que C; est un codebook de longueur (¢*(q — 1), (g —1)?) ayan-

t une corrélation croisée maximale d’amplitude In.x(C1) = (qfll)Z' De plus, le

codebook C; satisfait asymptotiquement la borne de Welch.

Nous présentons également une deuxieme construction de "codebook" C; :=
C2(R%,R; X R}) de longueur K» = |R}| = (¢ — 1)? sur Ry. C; est défini comme
suit. o+ { S (0'(1)9" (")t ) Xa") )i iy, 050" € B o0 € By .

Avec cette construction, nous déterminons la magnitude maximale In.x(C2) et
nous montrons que C, est un (g(g — 1)?,(g — 1)?) codebook ayant une corréla-

tion croisée maximale d’amplitude Iyax(C2) = —L5. De plus, le codebook C;

(g=1)*
satisfait asymptotiquement la borne de Welch. Nous présentons également un-
e troisicme construction de "codebooks" optimaux qui sont construits par des
sommes de Jacobi sur Ry. Précisément, on considere t; = ut] + (1 —u)t{ ,tr =

ut) + (1 —u)t) € R; et on définit

D = {(tl,tz)E(R§)2:t1+t2:1}
= {(.0.11,5) € F)) e+ =11{ +15 =1}, (3)
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Le "codebook" C3 := C3(D', R x R3) de longueur K3 = |D'| = (g —2)? sur R; est
construit alors comme

1 %
Cy: = {\/—K—3(<P1 (1) P2(2))1y rep, PL = PL* O], 02 = Y W, 01,0, W € IF(,(})

Et nous prouvons que Cs est "codebook" de longueur ((g— 1)3, (g —2)?) ayant un
maximum corrélation croisée d’amplitude Iax (C3) = ﬁ. De plus, C3 satisfait
asymptotiquement la borne de Welch.

Enfin, nous présentons une quatrieme construction des "codebook". Précisément,
en supposant que A := y; x x; est le caractere additif canonique sur R, et = ut’ +
(1 —u)t" € Ry, ol x est le caractere additif canonique de F,, nous définissons
d’abord la relation d’équivalence "~" comme suit. sur I’anneau fini R, comme:
pour tout @ = uaj + (1 —u)az,b = uby + (1 —u)by € Ry, a simb si et seulement
si a; +ap = by +by. B:= R,/ ~. Nous considérons alors I’ensemble B comme
quotient de R, sous la relation d’équivalence "~" et nous définissons pour tout
x,y € Fy, C4(B) = {cyy:x,y € B}, ol iy = \/LZ](A((t +x)3 4+ yt))sep. On notant
Cy:=Cy (B)U&,, on montre que C4 un codebook de longueur (¢> +¢,¢) ayant une

~ ) ]

NG De plus, Cy satisfait la

amplitude de corrélation croisée maximale I« (Cs) =
borne de Welch.

Au final, nous présentons sept classes de "codebooks" asymptotiquement opti-
maux et deux classes de "codebooks" optimaux, qui ont été construits a partir
de somme de caracteres sur Ry et R,. Les résultats des calculs ont montré que
I’amplitude maximale de corrélation de ces "codebooks" codes satisfont la borne
de Welch ou la borne de Levenshtein (certains, seulement, asymptotiquement).
Les parametres des "codebooks" obtenus sont pertinents. En comparaison a la
littérature, nos "codebooks" possédent de nouveaux parametres, nous les avions
répertoriés dans le tableauen fin de chapitre 3. Les parametres de nos "codebook-
s" sont flexibles.

Le chapitre 4 étudie une méthode de construction des codes linéaires avec un
"hull" unidimensionnelle et généralise davantage la méthode de construction dan-
s [16, 70]. Premierement, les codes linéaires avec un "hull" unidimensionnelle de
[16, 70] construits en utilisant certaines sommes de Gauss sont généralisés pour
produire de tels codes linéaires en utilisant des sommes Gaussiennes générales
sur des corps finis. Deuxieémement, certaines propriétés similaires aux sommes
Gaussiennes sont obtenues en définissant deux applications homomorphes d’un
corps fini a un autre corps fini. Dans ce chapitre, nous présentons principale-
ment quelques méthodes de construction de codes linéaires avec un "hull" unidi-
mensionnelle sur des corps finis et généralisons les méthodes de construction de
[16, 70] a des méthodes plus générales. Précisément dans la Section 4.1, nous
définissons deux homomorphismes d’un corps fini dans un corps fini puis étu-
dions leurs propriétés, qui seront utiles pour construire des codes linéaires avec
un "hull" unidimensionnelle. Dans la Section 4.2, nous construisons plusieurs
classes de codes linéaires avec un "hull" unidimensionnelle en utilisant la somme
Gaussienne générale sur des corps finis, puis nous obtenons des codes linéaires
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optimaux ou presque optimaux. Ce résultat généralise les résultats de [16, 70].
Dans la Section 4.3, basées sur deux homomorphismes (4.12) et (4.13), des méth-
odes de construction de codes linéaires a "hull" unidimensionnelle sont présen-
tées. Nous utlisons un lemme utile qui stipule que si € un code linéaire [n, k| sur
[F, de matrice génératrice G = (I, P]. Alors le code € a un "hull" unidimension-
nelle si la matrice PPT a une valeur propre —1 avec une multiplicité (algébrique)
1. Avec ce lemme qui avait été prouvé dans [70] (Lemme 1.2.4), nous donnon-
s des conditions suffisantes sont données pour qu’un code linéaire sur des corps
finis soit un code linéaire avec un "hull" a une dimension. Plusieurs classes de
codes linéaires a "hull" unidimensionnelles ayant de nouveaux parametres son-
t construites. Enfin, une borne inférieure sur les distances minimales des codes
linéaires crées est présentée. Nous décrivons ci-dessous quelques résultats ma-
jeurs concernant les constructions de codes linéaires a "hull" unidimensionnelle a
partir de Sommes Gaussiennes sur des corps finis. Soit g une puissance de p, ou p
est un nombre premier. Supposons que § = [F,, ol r est un nombre premier et m
est un entier positif. Soit Y un caractere multiplicatif non trivial de F,m et N > 1
I’ordre de v (c’est-a-dire que N est le plus petit entier positif tel que y"¥ = yyp).
Soit p : § — C une fonction. La fonction p satisfait p|]F;sm =y, c’est-a-dire
pour tout x € F% , p(x) = y(x). Définissons la matrice " x " P = (p;;) par
pij = p(xj—x;). Nous savons que le multi-ensemble

hai= ¥ pWalr) L pZu() 0 € T

x€F,m x€F,m

présente toutes les valeurs propres de la matrice PPT . Nous utilisons entre autre ce
résultat clé pour caractériser et construire des codes de "hull" unidimensionnelle.
Pour cela, nous nous plagons en particulier dans [F,» un corps fini, ou r est un
nombre premier et m est un entier positif. Soit ¥ un caractere multiplicatif non
trivial d’ordre N sur [}, o N est un entier positif. Supposons qu’il existe un
corps de nombres K et un élément 8 € Qg satisfaisant certaines conditions. Nous

définissions p : F,m — C par

B, six=0;
p(x) = R
y(x), sixelF.

Nous définissons également P = (p;;) € M»(Qk) par p;j = p(x; —x;). Aussi,
P =(pij), ou pij = pij+P EF s, ou festle degré de P.

Avec ces notations, nous considérons le code linéaire C sur [F of de matrice généra-
trice [Im, P]. Soit w(—1) = 1. Ensuite nous montrons le résultat suivant.

(1) Si p =2 et r est impair, alors C est un code linéaire [27",r"| sur ]pr avec
"hull" unidimensionnelle.

(2) Si p > 3 est impair avec r et p premier entre eux et 2 + G(y, x,) /=
0 (mod P) pour tout a € [}, alors € est un code linéaire [27™,7"] sur F s
avec "hull" unidimensionnelle.
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Nous proposons aussi d’autres constructions de codes lin€aires a "hull" unidi-
mensionnelle. Nous présentons dans la suite d’un de nos résultats. Soit r un
nombre premier et m un entier positif. F,» désigne le corps fini d’ordre . Soit
F =Fm\{0} et F = (o), ol o est un élément primitif fixe de . Supposon-
s que N > 1 est un entier positif et N | (¥ —1). Soit g une puissance de p, ol
p est un nombre premier. Supposons que N | (¢ —1). Soit F, = (), ot B es-

—1
t un élément primitif fixe de F,. Par commodité on pose u = B ¥ . On définit la
fonction

@ :Fin — Fr (o) =",

ou 0 <k <7 —2. 1l est facile de savoir que ¢ est un homomorphisme d’ordre

N. Définissons le noyau de I’homomorphisme ¢ comme ker(¢) := {ak,0 < k <

P —2:o(af) =1} = (). On suppose que p et r sont premiers entre eux. Alors
r_

il existe un entier positif 7 tel que r | (¢" — 1). Soit Fro=(retl= }/%

un élément primitif fixe de ]F;,. Pour tout a € [, nous définissons

, ol yest

PR r— F:],xa(x) = T @)y B,

o Tr”" désigne la fonction de trace de IF,m vers IF,.. Il est facile de savoir que ¥,
est un homomorphisme. De plus, il découle de la définition de ¥, que g(®, Xup) =
@(b)g(@, Xa), pour a € Frm et b € F.

Fixons v € ;. Soit Fm = {x; : 1 <i <7"}. Définissons la matrice r”" x " P =
(pij) € My (F,) en définissant p;; = p(x; —x;), ol

o) = { Pl i 5

T

Pour tout a € F,», on définit 1, := (x4 (x1), Xa(x2), -+ -, Xa(xm))", o0 "T" désigne

I’opérateur de transposition. Alors le ieme composant de Pm, est rZ p(xj—
j=1
W)= L pr—x)2a(0) =L L pOta+x)= L pO)Xa()Xalx).

x€F,m yeF,m yeF,m

Ainsi, Pn, = ( Y p(V)xa (y)) TN €t 1, est un vecteur propre de P.

yeF,m
rﬂ’l
De méme, la ieme composante de PIn, est ¥ p(xi —x;)xa(x;) = ¥ p(xi—
j=1 xGFrm

Y o0 xaxi—y) = ¥ PO Xa(—y)Xalxi). Ainsi, PTn, =
yeF,m yeF,m

Yi=Xj—X

x)% (x)

( y p(y)xa(y)> Ne et M, est aussi un vecteur propre de P’. Ensuit-
yeF,m

e, nous prouvons que les " vecteurs {1, = (Xa(x1), Xa(x2),- .-, Xa(xm))T
a € Fm} sont linéairement indépendants sur F,. Par conséquent, les multi-

ensembles { Y pO)xay):ac Frm} and { Y o) xa(—y):ac ]Frm} présente
yeF,m yeF,m
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respectivement toutes les valeurs propres de la matrice P et PT. En conséquence,

PP, —P< ) P(y)xa(y)> Na = ( Y pMx(y) X P(y)xa(y)> Na-

yeF,m yeF,m yeF,m

Alors le multi-ensemble < A,:= Y p(Wx(y) ¥ pOy)xa(—y):ac€ ]Frm} présente

yeF,m y inF,m
toutes les valeurs propres de la matrice PPT et {n, : a € F,»} présente tous les
vecteurs propres de PPT.

Nous enduisons que

da = Y, PO)xa) Y, PO)xa(—Y)

yeF,m yeF,m

= v+ Y 00 | | v+ Y, 00)xa(—Y)

YEF m YEF
= (v+g(Q, %) (v+g(0, %))
= V480 xa) +v8(0. %) + 8(0, %a)8(0,7,)
= V4 vg(0, %) + 0(—1)vg(9, xa) + @(—1)(8(. xa))*
= VH+(1+o(=1))ve(, xa) + ¢(—1)(8(9, xa))*-

Ainsi, toutes les valeurs propres de PPT sont données par le multiensemble
{Aa =+ (1+0(=1))vg(9, %) + ¢(~1)(8(9, xa))* : @ € Fn}.

Enfin, nous considérons le code linéaire C := Cy, ) sur le corps fini [, de matrice
génératrice G = [I,», P]. Nous prouvons que C est un code linéaire [2r,r"] sur
[F,. Dans le cas particulier oul p = 2, nous obtenons facilement des codes a "hull"
unidimensionnelle. Plus précisément, si » un nombre premier impair et m un
entier positif. Supposons que N > 1 est un entier positif et N | (¥ — 1). Soit g
une puissance de p =2 et N | (¢ —1). Alors € := €, 1 est le code linéaire sur
[F, de matrice génératrice [I,», P] est de parametre 2/, "] sur F, avec un "hull"
unidimensionnelle.

Nous avons €étudié également le cas ou p > 3. Nous démontrons dans ce cas
I’existence d’un code de "hull" unidimensionnelle. Plus précisément, nous posons
[, = (B), ou B est un €lément primitif fixe de F;. Supposons que 4 | (g —1).

~1 -1 -1

Nous définissons p(0) =v =" . Alors 12 = ("% )2 =B"2 = —1. On ob-

tient alors une matrice " X " P = (p;;) par p;j = p(x; — x;) definit par une cer-
o | g-1 "1 g=1, P

taine matrice. Deplus, o(—1)=¢(a 2z )=u 2 =~ ) 2 =2 )V =
(—1)%. Quand ! est impair, ¢(—1) = —1; quand ! est pair, p(—1) = 1.

N
rm—1 : .
Lorsque N est mpair, on a

—1 sia=0;
;La: ’ . ; (6)
{ —1—(8((Pala))27 SlClEFrm;
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quand % est pair, on obtient

—1, sia=0;
- 1 + (2V+g((p7%a))g<¢79(a), Si ac ]F;{jm

Ces résultas nous permettent de déduire d’abord des conditions suffisantes pour

. e, . g . m__
construire des codes linéaires avec "hull" unidimensionnelle lorsque rN—l es-

t impair. Plus spécifiquement, si r un nombre premier et m un entier positif.
Supposons que N > 1 est un entier positif et N | (¥ —1). Soit ¢ une puis-
sance d’un nombre p premier et r premier avec r. Supposons que N | (g — 1)
et4|(qg—1). Soit C:=C 4,1 le code linéaire sur IF, avec matrice généra-

(98 47)
trice [I,m, P]. Lorsque % est impair, € est un code linéaire 27", "] sur F, avec

"hull" unidimensionnelle.

Ao = (7)

Soit € := €y un code linéaire sur IF, de matrice génératrice G = [I,n, P]. Soit
A un entier positif. Supposons que tous les vecteurs A dans {fly,,..., My, } sont
linéairement indépendants et que tous les vecteurs A dans {vx1 ey erm} sont é-
galement linéairement indépendants. Alors la distance minimale d,,;,,(C) du code
vérifie dyin(C) > A+ 1.

En rémumé dans ce chapitre, nous avons d’abord généralisé les résultats de
[16, 70] et utilisé des sommes Gaussiennes générales pour construire des codes
linéaires de "hull" unidimensionnelle via des outils de la théorie des nombres.
De plus, nous avons propos€¢ une méthode générale pour construire des codes
linéaires avec une "hull" unidimensionnelle en utilisant un analogue de sommes
Gaussiennes ou les caracteres additif et multiplicatif correspondants prennen-
t leurs valeurs dans un corps fini au lieu du des nombres complexes. De facon
remarquable, les constructions de codes linéaires a "hull" unidimensionnelle ont
été étudiées en caractérisant les valeurs propres de la matrice PP’ et en les com-
binant avec le lemme énoncé ci-dessus. Nous avons présenté quelques conditions
suffisantes pour qu’un code linéaire sur des corps finis de matrice génératrice
[Lm, P] soit un code linéaire avec une "hull" unidimensionnelle. En comparaison
avec [16, 70], les résultats obtenus dans ce chapitre présentent des avantages en
termes de généralisation et simplicité. En effet, les méthodes de constructions
proposées dans la littérature sont spécifiques mais aussi assez complexes tech-
niques, tandis que nos méthodes sont plus générales et directes. Elles se présen-
tent principalement par trois aspects:

(1) Les méthodes de construction sont plus générales. Dans [16, 70], les au-
teurs avaient besoin que la matrice P ait des propri€tés spéciales; par exemple,
la plupart d’entre eux sont symétriques. Cependant, nous pouvons déterminer
complétement toutes les valeurs propres de la matrice PPT pour n’importe quelle
matrice P. De plus, les auteurs ont construit des codes linéaires avec une coque u-
nidimensionnelle en utilisant les sommes Gaussiennes spéciales (par exemple, les
sommes Gaussiennes quadratiques et les sommes Gaussiennes dans le cas semi-
primitif). Cependant, nous avons utilisé des sommes Gaussiennes générales pour
construire des codes de coque linéaires avec des corps de nombres via unidimen-
sionnels. Notre méthode de construction de ce chapitre généralise davantage la
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methode de construction dans [16, 70], et les résultats pertinents dans [16, 70]
sont des cas particuliers des résultats de ce chapitre.

(2) Les méthodes de construction sont plus directes. Dans [16, 70], les auteurs
ont construit des codes linéaires avec une coque unidimensionnelle sur des corps
finis en utilisant la matrice génératrice sur des corps de nombres quadratiques ou
des corps cyclothymiques, tandis que nous les avons construits directement en u-
tilisant la matrice génératrice sur des corps finis. De plus, cette approche simple
peut conduire a des codes linéaires plus optimaux ou presque optimaux.

(3) Nous avons d’abord présenté une borne inférieure sur la distance minimale
du code linéaire C sur F, avec la matrice génératrice G = [,»,P| quand N = 2.
Dériver de taille borne assez générale n’est pas une tache facile.

Le chapitre 5 construit des codes linéaires binaires minimaux avec peu de poid-
s (non nuls) en utilisant les fonctions 2-vers-1 connues sur le corps finis Fo» a
2" éléments. Inspirées des travaux de [72], plusieurs familles de codes linéaires
a peu de poids sont construites a partir de deux constructions générales et d’une
nouvelle construction impliquant des fonctions 2-vers-1, et ces codes ont de nou-
veaux parametres. Les codes linéaires minimaux ont des applications importantes
dans la construction de schémas de partage de secrets (SSS). Ensuite, nous don-
nons la définition des codes linéaires minimaux.

Rappelons que le poids de Hamming, noté wt(a), d’'un mot de code a =
(ap,ai,...,an—1) estla cardinalité de son support défini comme Supp(a) = {0 <
i<n—1:a;#0}. Soient a et b des mots de code de C. Un mot de code b de C est
couvert par un autre mot de code a de C si Supp(a) contient Supp(b). Un mot de
code non nul a € C est appelé minimal s’il ne couvre que les mots de code ca pour
tout ¢ € I, mais pas d’autres mots de code non nuls de C. Un code linéaire € est
appelé code linéaire minimal si chaque mot de code non nul de € est minimal.

Un résultat tres connu due a Ashikhmin et Barg ([1]) donne une condition suff-
isante simple pour un code soit minimale. Plus précisément, ils montrent qu’un
code linéaire € est minimal si ses poids sont suffisamment proches I’un de I’autre;
précisément si € est un code lin€aire sur IF, et Wy, €t Wiyax indiquent le minimum
et le maximum Poids de Hamming des mots de code non nuls dans C, respective-
ment. On a
P_—l < Wmin’
P Wmax

alors C est minimal. Dans chapitre nous proposons plusieurs constructions de
codes linaires minimaux. Nous exploitons trois constructions génériques (ou
plutot deux et une variante d’une des deux).

— La premiere construction générique de codes linéaires binaires Cg est basée
sur la donnée d’une fonction booléenne vectorielle F. Le code Cr est alors
définit par Cp := {cqp = (Tra(ax+bF (x)))xers, : a,b € Fpr }, o Tr désigne
la fonction trace (souvent la trace absolue). Il est clair que la longueur et
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la dimension de Cgsont respectivement 2" — 1 et au plus 2n. Nous savons
que la dimension de Cr est 2n — dk,, ou dk, est la dimension de IF>-espace
vectoriel.

La deuxiéme construction générique des codes linéaires binaires Cp a partir
d’un ensemble de définition donné D := {d,d,,...,d;} suggere de définir
un code linéaire Cp = {¢;, = (Tr,(bd;), Tr,(bd3), ..., Tr,(bd))) : b € Fan}.
Pour établir une connexion avec les fonctions F (définies sur [F,x), nous
pouvons choisir D (ou plus approprié Dr), par exemple, comme ensem-
ble non nul de toutes les valeurs de F. Dans ce cas, nous notons le
code résultant par Cp,, qui sera défini précisément comme suit: Cp, =
{Cb = (Trn(bdl),Trn(bdz),...,Trn(bdl)) b € an}, ou Dr := {F(x),x €
Fon}\ {0} = {d,ds,...,d;}. 1l est évident que la longueur et la dimension
de Cp, sont [ = |Df| et au plus n, respectivement. De méme, nous savons
que la dimension de Cp,. est n — dk,, ou dk, est la dimension de [F>-espace
vectoriel.

La troisieme construction générique de codes linéaires binaires est plutdt
une variante de la deuxiéme. Les codes ainsi construits notés éDF son-
t définis par Cp, = {€up = (Tru(ad; +bd))) g ayenn. @b € Fn}, ol
Dr = {F(x) : x € Fn}\{0} := {d1,d>,...,d;}. De toute évidence, la
longueur et la dimension de éDF sont respectivement de /% et d’au plus

2n. Pour déterminer la dimension de éDF, il suffit de calculer le nom-
bre de a,b € Fy tels que Tr,(aF (x) + bF(y))) = 0 pour tout x,y € Fon

puisque le code est linéaire. C’est-a-dire que la dimension de Cp, es-
t 2n — dg,, ou dk; est la dimension de [F,-espace vectoriel qui se calcule via

x,yEFn

K3 = {(a,b) €F%,: ¥ (—1)TmlaF@+bF()) = 22”}. Le poids de Ham-

ming d’un mot de code ¢, , dans Cp, est égal a

wt(cap) = {1 <i,j<I1:Try(adi+bd;) =1}
_ 1 2 Tty (ad;+bd ;)
i x e
idj F
Posons Sp(a,b) = Y, (—1)T(@@+bF()) Notez que alors que
x,yEan

. (ad: . 1 t,(aF (x 1, (aF (x
Y (1Tl Z( Y (1)TaF@HED) o Y (- pyT(er)

d,’,deDF x,yE]an XGan

) Z (_1)Trn(bF(y)) + 4)

y€EFn

_ %Sp(a,b)—%(Wp(o,a)JrWF(O,b))Jrl.

ou Wr désigne la transformée de Walsh de F'.
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Le chapitre 5 est organis€ comme suit. La section 5.1 présente trois construction-
s de codes linéaires binaires par des fonctions 2-vers-1 sur [Fo». Nous proposons
trois constructions de codes linéaires binaires (minimaux) en utilisant des fonc-
tions 2-vers-1 sur des corps finis de caractéristique paire. Nos constructions sont
basées sur des constructions génériques de codes linéaires binaires Cp, via des
foncions booléennes vectorielles F. En particulier quand la fonction F' vaut 2-to-
1 sur Fo» avec F(0) = 0, alors le poids de Hamming d’un mot de code se calcule
comme suit: poids(€,) =23 —2""1—1Sr(a,b) + 1 (Wr(0,a)+Wr(0,)). On

peut également calculer la distance minimale du code dual de Cp,.. Plus précisé-
ment, si F' une fonction 2-vers-1 sur Fa» avec F(0) =0 et si Cp,. soit le code défini
comme ci-dessus. De plus, soit GL%F le code dual de Cp, et dk, définis comme
ci-dessus. Alors nous montrons que (E’I%F estun [(2" 1 —1)2, (2" 1 —1)2— (2n—
dk, )] code linéaire binaire avec la distance minimale d* satisfaisant 3 < d* < 4.

De plus, le dual de Cp, est projectif. La section 5.2 détermine les parametres et
les distributions de poids des codes linéaires construits a la section 5.1 en utilisant
le Walsh Hadamard transformée des fonctions correspondantes. Nous prouvons
en particulier que si n = 2m et F(x) = K2 22 4 g € Fom [x], ot m >3
est impair, et o € Fan tel que o2 1 = w avec w € F2\F2. Sinous définissons
trois codes linéaires Cr, Cp, et Cp, comme ci-dessus, respectivement. Alors,
(1) Cp est un code linéaire binaire a trois poids avec les parameétres [2" —
1.3m,2"~! — 2], et sa distribution de poids est donnée par le tableau (*);
(2) Cp, est un code linéaire binaire a trois poids avec des parametres [2n—1 —
1,n,2"~2 — 2™~ et sa distribution de poids est donnée par le tableau (**);

(3) éDF est un code linéaire binaire a neuf poids avec des paramétres [(2"~! —
1)2,2n,2%2=3 —2n=2 _pm=1(2n=1 _1)] et sa distribution de poids est donnée
par le tableau (**%*).

Table 0.0.1: La distribution de poids du code Cp (*)

Poids Fréquence
0 1
2n—1 _m 23m—3 T 2n—3 o 2m—2
2n—1 3. 23m—2 + 2n—2 —1
znfl om 23m73 —-3. 2n73 + 2m72

De plus, certains des codes construits sont optimaux concernant la borne de
Griesmer bien connue et optimale (ou presque optimale) pour la base de don-
nées de la base de Grassl. Certains des codes construits sont minimes et les
structures d’acces des schémas de partage de secrets basés sur leurs codes son-
t décrits. En particulier, deux problemes ouverts laissés dans [72] sont réso-
lus. A noter que Dans le cas ou n = 2m + 1, les codes linéaires binaires Cr
et Cp, dérivés des codes connus fonction 2-vers-1 (exploités dans la these)

et la fonction 2-vers-1 de la forme (xzt + x)¢ (avec t et n premiers entre eu-
x) ont été étudiés dans [72]. Nous étudions le code Cp, avec quelques poids
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Table 0.0.2: La distribution de poids du code Cp, (*%*)

Poids Fréquence

0 1
2n—2 o 2m—1 2n—3 + 2m—2
2n—2 3. 2n—2 —1
2n—2 + 2m—1 2n—3 . 2m—2

Table 0.0.3: La distribution de poids du code EDF (*%%)

Poids Fréquence
22n73 o 2n72 _Oszl (znfl _ 1) 2n72 _|1_ 2m71
22n73 _n__om (2n73 _ 2m72)2
22n—3 _pnyom (2n—3 + 2m—2)2
22n—3 o 2n—1 - 2m—1 (3 . 2n—2 . 1)(2n—2 o 2m—1)
22n—3 _ 211—1 (3 . 2n—2 _ 1)2
22n—3 o 2n—1 + 2m—1 (3 . 2n—2 o 1) (zn—Z + 2m—1)
22n73 o 2n72 3. 2n71 -2
2211—3 22n—5 . 2n—3
2211—3 . 2n—2 + 2m—l <2n—1 . 1)) 2n—2 o 2m—1

non nuls dérivés de ces fonctions 2-a-1. Nous montrons que si n = 2m+1 et
Flx)=x2"" 242" L 2 4 xou Fx) =22 442" 424 52 4 x € Foula,
ou m est un entier positif. Alors le code linéaire ép est un code linéaire bi-
naire 4 deux poids avec des parameétres [(2"! — 1){, 2n — 2,20 122 — 1),
et sa distribution de poids est donnée par le manuscrit. De plus, si F(x) =
K22 2 xou F(x) =T 22 2 fxou F(x) = (2 +x)°
et e étant I’un des exposants presque courbe donnée dans la table (Table X dans
[72]), o m > 1 soit un entier positif. Alors le code EDF est un code linéaire binaire
a huit poids avec des paramétres [(2"~! —1)2,2n,22" 3 — 22 27 2" —1)],
et sa distribution de poids est donnée par le tableau ci-dessous Maintenant si
n=3met F(x) = KL 2L 4 403, ot m > | est un entier positif

impair. Alors, nous prouvons que le code linéaire Cp, est un code linéaire bi-

naire de paramétres [(2"~! —1)?,2n,22" 73 — 272 2= (2=1 —1)], sa distri-

bution de poids est donnée par le tableau ci-dessous. De plus quand n = km et
F(x) = Te" (x*" 1) 4 x, ol k > 1 est un entier positif impair et m > 1 est un en-

tier positif. Alors, nous prouvons que le code Cp, est un code linéaire binaire

de paramétres [(2"~! —1)2,2n,22"3 — 22 25 (2"~1 —1)], sa distribution

de poids est donnée par le tableau ci-dessous. D’autres codes des fonctions 2-a-1
sont également étudiés ce chapitre. Nous avons montré que les codes obtenus
sont minimaux pour presque tous les cas. Prouver la propriété de minimalité de
chaque code prendrait beaucoup de temps. Pour cette raison et pour €viter la
redondance dans les preuves, nous présentons, a titre d’exemple, une preuve le
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Table 0.0.4: La distribution de poids du code EDF (*)

Poids Fréquence
0 1
22n73 _ 2n72 _ 2% (znfl _ 1) 2n71 4 m
22=3 _3.on-2_ "% (272 —pm1)2

223 30024 0"
n-3

2211—3 _ 2n—1 2%

22n—3 . 2n—1
22n=3 _on—1 933
22n73 2n72

2211 3 _on— 2_|_2 (Zn 1_1))

<2n72+2m71)2
(211—1 o 1)(2n—1 o zm)
(Zn—l _ 1)2
(znfl - 1)<2n71 +2m)
22n73 +3. 22m71 )
2n—l _om

Table 0.0.5: La distribution de poids du code éDF (*%)

Poids Fréquence
0 1
22}’1—3 . 2n_2 2n+2m 3 (2" 1 . 1) 2m_] + 2mT,1
22n—3 _on—1 _ on+2m-2 2% (2,,,72 _ 2,%3)2
22}1—3 _on— 1 2n+2m 2 + 2’”2’” 1 (zm—Z + 2’”53 )2
22n—3 _n— 1 (22m 1_ 1) sz_3 i 2m—2
22n73_2n71_2% (zn_szl_l)(szl_z’"Tfl)
22n73 _ 2n71 (2n _ szl o 1)2
22n—3_2n—1+2% (Zn_zm—l _ 1)(2m—1 _1_2’"7*1)
22n—3 2n—2 2n+1 _om_19
22}’1 3 2,1 2 +2n+2m 3 (2]’!—1 . 1) 2m_1 2m—l

Table 0.0.6: La distribution de poids du code éDF (F**)

Poids Fréquence
0 1
22n=3 _oyn=2 _ 2"+m 4 (2/1 1_ 1)
22n—3 . 2n—1 ontm— 3 2”*’3 2 (2n—m—1 2n—nz1—2 )2
22}’173_21’1 1 2n+m 3+2n+m 2 (2” — 1+2” ,3 2)
92n—3 _gn—1 _ "=t (21 —onm _1)(2n-m _p"5")
22n—3 o 2n—1 " (zn _on—m _ 1)2 _
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montrant que une famille de codes étudiés.

Nous décrivons donc les structures d’acces des systemes de partage de secrets
basés sur nos codes. La minimalité des autres codes peut étre montrée de la méme
maniere. Nous concluons que si m > 3 impair et n = 2m. Alors les affirmations
suivantes sont vraies.

(1) Le code Cr (*) est un code linéaire minimal de parametres [2" —1,3m, i g
2m;

(2) Le code Cp, (**) est un code lin€aire minimal de parametres [2"_1 —
1,n,2""2 —2m1];

(3) Le code épg (**%) est un code linéaire minimal de parametres [(2" 1 —
1)272’172211— _ 2n—2 _ 2m—1(2n—1 _ 1)]

Ensuite, nous étudions I’application des codes linéaires construits dans les sché-
mas de partage de secrets. Nous avons décrit la structure d’acces d’un schéma
de partage de secret basé sur le code dual d’un code linéaire minimal. Rap-
pelons qu'un schéma de partage secret (SSS) consiste en un croupier, un groupe
P={P,P,...,P} de participants ¢, un espace secret S, ¢ partage des espaces
S1,82...,8¢, une procédure de partage de calcul et une procédure de récupération
de secret. Le croupier choisit un secret s parmi S, calcule une part, qui appartient
a §; , de s (avec la procédure de partage de calcul) pour chaque participant P; et
puis donne la part a P, ou i = 1,...,£. Tout ensemble couvrant un ensemble de
participants qui peut récupérer le secret s peut également récupérer s. La procé-
dure informatique de partage et le secret s ne sont connus que du concessionnaire,
tandis que la procédure de récupération secrete est connue de tous les participants
en P.

Un ensemble de participants qui peuvent récupérer le secret s a partir de leurs
partages est appelé un acces Positionner. L’ensemble de tous les ensembles
d’acces est appelé la structure d’acces d’un schéma de partage de secret. An
I’ensemble d’acces est appelé un ensemble d’acces minimal si I’'un de ses sous-
ensembles appropriés ne peut pas récupérer s de leurs actions. Par conséquent,
nous ne nous intéressons qu’a 1’ensemble de tous les ensembles d’acces mini-
maux, qui est dit étre comme bonne structure d’acces d’un schéma de partage
secret.

Généralement, la structure d’acces du schéma de partage de secret construit par
des codes linéaires est difficile a déterminer, mais la structure d’acces du schéma
de partage de secret construit par nos codes linéaires minimaux est plus facile.
Nous pouvons savoir que les codes linéaires binaires construits dans ce chapitre
sont des codes linéaires minimaux dans la plupart des cas. Nous suivons ensuite
la méthode de construction de la structure d’acces du schéma de partage de secret
basé sur les codes duaux de codes linéaires minimaux.

Soit € un code linéaire minimal [N, k,d|, sur F, avec la matrice génératrice G =

(80.81,---,8y_1). Ensuite, dans le schéma de partage de secrets basé sur G, le
nombre de participants est N — 1 et le nombre d’ensembles d’acces minimaux est

pkfl.
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— Quand d* =2, si g;,0 <i <N — 1, est un multiple de g, alors participant
P; doit figurer dans tous les ensembles d’acceés minimauxé sinon, dans (p —
1)p*=2 sur p*~! acces minimal ensembles.

— Lorsque dt >3, pour tout 1 <¢ < min{k — l,dL — 2}, chaque ensemble de
t participants est impliqué dans (p —1)'p*~ (+1) sur p*~! ensembles d’acces
minimaux.

Dans le cas d- = 2, il y a des utilisateurs qui appartiennent & chaque coalition:
les "dictators". Dans le cas d- > 3, le schéma de partage secret est "democratic":
chaque utilisateur appartient au méme nombre de coalitions.

Nous savons que les codes duaux de Cr, Cp, et Cp, ont une distance minimale
d+ > 3. Cela implique que les schémas de partage de secrets des codes linéaires
binaires obtenus dans nos résultats ont des structures d’acces décrites comme ci-
dessus. Un tel systeme de partage secret est dit démocratique. A la fib du chapitre,
nous décrivons les schémas de partage de secrets liés a nos codes minimaux que
nous avons obtenu dans ce chapitre.

Finalement, dans ce chapitre, nous avons construit plusieurs classes de codes
linéaires binaires (et, plus important encore, codes minimaux) avec des parametres
flexibles a partir de fonctions 2-vers-1 connues. Basé sur un article tres récent
(2021) dG a Li et al. [72], nous avons réussi (pour la deuxieme fois) a construire
plusieurs familles infinies de codes avec peu de poids (a savoir, les codes a poids
1, les codes a poids 3 et les codes a poids 5). Il convient de souligner que nous
avons fourni une nouvelle construction dans ce chapitre, et sur la base de cette
construction, nous avons également obtenu plusieurs familles de codes a 2 poid-
s, de codes a poids 8 et de codes a poids 9, qui ont des parametres différents de
ceux existants dans la littérature. En outre, nous avons déterminé les distribution-
s de poids de ces codes en utilisant la transformée de Walsh des fonctions deux a
un correspondantes.

Les avantages des résultats de la recherche dans ce chapitre sont les suivants:

— Les codes linéaires binaires construits dans ce chapitre sont des codes
linéaires minimaux dans la plupart des cas. Nos codes linéaires peuvent
étre appliqués aux schémas de partage de secrets.

— Les parametres des codes linéaires binaires construits sont nouveaux (sauf
un) et optimaux. Notamment, certains d’entre eux sont optimaux par rapport
a la borne de Griesmer bien connue et optimale (ou presque optimale) par
rapport a la base de données en ligne de Grassl.

— Deux problemes ouverts de la littérature récente ont ét€ résolus. Plus précisé-
ment, dans ce chapitre, le probleme 2 dans [72] a été completement résolu,
et le probleme 1 dans [72] a été partiellement résolu.

e Le chapitre 6 construit plusieurs familles de codes linéaires binaires projec-
tifs et détermine leur distribution de poids. Certains des codes linéaires pro-
posés sont optimaux ou presque optimaux, et plusieurs classes de codes auto-
complémentaires sont obtenues. Dans ce chapitre, nous construisons plusieurs
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familles de codes linéaires binaires projectifs avec peu de poids non nuls en util-
isant des fonctions 2-vers-1 sur [Fo» et déterminons leurs distributions de poids. D-
ing et al. [33] a proposé une méthode générale pour construire des codes linéaires,
c’est-a-dire construire des codes linéaires en choisissant des sous-ensembles non
vides appropriés sur des corps finis. La sélection de I’ensemble de définition af-
fecte directement les parametres des codes linéaires. Ce chapitre, construit des
codes linéaires binaires projectifs de certaines formes ayant différentes restric-
tions sur la définition d’ensembles a partir de fonctions deux-a-un sur .. En
utilisant des sommes exponentielles sur des corps finis comme outil de recherche,
nous calculons la transformée de Walsh de la fonction deux a un, puis déterminon-
s complémement les parametres et les distributions de poids des codes linéaires
construits. Enfin, nous étudions la distance minimale du dual des codes constru-
its et obtenons que les duals sont optimaux en distance par rapport a la borne
"sphere packing bound" 1ié¢ La distance minimale du dual des codes construits est
discutée, et leurs duals sont optimaux en distance pour la borne "sphere packing
bound" . En tant qu’applications, certains des codes obtenus peuvent étre utilisés
pour construire des schémas d’association et des schémas de partage de secret-
s avec des structures d’acces intéressantes. Nous avons remarque que nos codes
satisfont la condition que Win/Wmax > % sous certaines conditions et peuvent
donc étre employés pour construire des structures d’acc’es intéressantes pour les
secrets. régimes de partage.

Pour finir, comme présenté dans le chapitre 7, nous synthétisons ci-dessous les
travaux réalisés et présentons des pistes de recherches futures. Dans cette these,
nous avons principalement €tudié la théorie du codage algébrique sur corps fi-
nis et anneaux finis et leurs applications, en particulier la construction de codes
optimaux ou asymptotiquement optimaux, la construction de codes linéaires a
"coque" unidimensionnelle, la codes linéaires avec peu de poids non nuls et
plusieurs constructions de codes linéaires projectifs. Les principaux travaux de
recherche et réalisations de cette these couvrent plusieurs axes dans ce contex-
t. Spécifiquement, la thése a construit plusieurs familles de codes optimaux ou
asymptotiquement optimaux en étudiant les sommes de caracteres sur I’anneau fi-
ni Ry =F,+uF, (u*> =0) et I’anneau non-chaine fini R, = F,+uF, (u*> =u). Sur
la base de la méthode de recherche de sommes de caracteres sur des corps finis,
nous avons d’abord donné les définitions des sommes Gaussiennes, des sommes
de Jacobi et des (hyper)sommes d’Eisenstein sur des anneaux finis et avons étudié
certaines propri€tés de ces sommes de caracteres. De plus, nous avons établi la
relation entre les sommes Gaussiennes et les sommes hyper Eisenstein sur les an-
neaux finis et les sommes Gaussiennes et les sommes hyper Eisenstein sur les
corps finis, respectivement. Cette relation permet de donner la valeur absolue
des sommes Gaussiennes et des hyper-sommes d’Eisenstein sur les anneaux fi-
nis. Pour leurs applications, nous avons construit plusieurs classes "codebooks"
optimaux et asymptotiquement optimaux par rapport a la borne de Welch et un-
e classe "codebooks" de codes optimaux. "codebooks" par rapport a la limite de
Levenshtein en utilisant ces sommes de caracteres sur R; et R;. Notamment, les
parametres de certains de ces "codebooks" sont nouveaux et flexibles.

Sur la base de nos réalisations, d’autres travaux de recherche peuvent étres menés
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dans la suite. Ci-dessous quelques exemples.

(1) Déinir de nouvelles sommes de caracteres sur des corps finis ou des anneaux
finis, puis étudier leurs propriétés et discuter des valeurs des nouvelles sommes
de caracteres.

(2) Construire les codes linéaires de "hull" de faible dimension en étudiant la matrice
génératrice spéciale (par exemple, matrice cyclique, matrice de symétrie, etc.)
et caracteriser certaines conditions suffisantes pour qu'un code linéaire soit un
code linéaire avec "hull" de faible dimension. Avec ces conditions, nous pouvons
construire des codes linéaires optimaux et quasi optimaux avec une "hull" de
faible dimension par Magma. En particulier, trouver de nouvelles applications
des codes de "hull" unidimensionnels.

(3) Construire de nouvelles fonctions cryptographiques sur des corps finis. Par ex-
emple, les nouvelles fonctions deux-vers-un, les fonctions n-vers-1, etc. A partir
de deux constructions générales de codes linéaires, il serait intéressant de présen-
ter de nouvelles constructions de codes linéaires utilisant de nouvelles fonctions
cryptographiques puis de construire codes linéaires avec de nouveaux parametres
sur des corps finis.

(4) La méthode de construction de codes linéaires sur des corps finis est étendue aux
anneaux finis, puis les codes linéaires optimaux avec de nouveaux parametres
sont construits par application de Gray sur des anneaux finis.
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Chapter 1

Introduction

1.1 Motivation

With the rapid development of communication and computer technology, the Internet
has been integrated into people’s lives. The Internet has greatly facilitated people’s
information interaction. It has also promoted the rapid development of the economy,
culture, military, education, production and other fields. In addition, it also improves
the quality of life of modern people and brings great convenience to people’s life. Com-
munication technology has also produced unprecedented development, and much im-
portant information is transmitted through the network. Since the Internet development
is global, open, shared and dynamic, any user can easily access it, but some malicious
users are not excluded. Therefore, information security has increasingly become one of
the significant problems to be solved urgently. Because the information in the transmis-
sion process will encounter various interference, resulting in information transmission
errors. The communication system still lacks sufficient error-correcting capability; it is
necessary to perform an error-correcting and encoding of the information. Ensuring the
reliability of the information in the communication channels has also become one of
the major issues that researchers pay attention to. Algebraic coding theory plays an es-
sential role in ensuring the security and reliability of the information in communication
channels, more and more researchers have devoted themselves to studying algebraic
coding theory.

In 1948, Shannon firstly proposed the very famous coding theory in his landmark
paper “A Mathematical Theory of Communication”. This paper signified the beginning
of both information theory and coding theory. Since then, algebraic coding theory has
been extensively studied, including the study of codebooks, the study of linear codes,
etc.

Character sums over finite fields or rings play a crucial role in algebraic coding
theory, especially special character sums over finite fields or are more widely used, for
example, Gaussian sums, Jacobi sums, Eisenstein sums and Kloosterman sums. In CD-
MA communication systems, character sums can be used to construct codebooks and
sequences with better correlation properties; in coding theory, character sums can be
used to construct special linear codes, such as LCD codes, BCH codes, linear codes
with a one-dimensional hull, minimal linear codes, projective codes, etc.; in combi-
natorial mathematics, character sums can be used to construct some difference sets; in
quantum communication systems, character sums can be used to design quantum (MD-
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S) codes with better parameters; in cryptography theory, character sums can be used to
construct some Boolean functions with some special cryptographic properties, such as
bent functions and semi-bent functions, etc. Therefore, character sums over finite fields
or finite rings are an important research tool in coding theory.

A codebook is a signal set; as a signal form, it has good correlation properties and
can be used as a signal for radar ranging, synchronization and linear system measure-
ment. In signal transmission, the signal sequence will be interfered with by itself and
other related signals to some extent. The signal strength is weakened, which will bring
many difficulties and problems to the actual communication. In particular, MWBE
codebooks have been used in a wide range of applications, such as multiple description
coding over erasure channels, communications, compressed sensing, space-time codes,
coding theory, quantum computing, etc. A codebook is called a maximum-Welch-
bound-equality (MWBE) codebook if it meets a certain bound, i.e., Welch bound, or
Levenshtein bound, which is also called optimal codebooks. This class of codebooks
is used to distinguish among the signals of different users in code-division multiple-
access (CDMA) systems. Therefore, it is very meaningful to construct the optimal
codebook. It is challenging to build optimal codebooks to achieve the Welch or Lev-
enshtein bound. Hence, many scholars have tried to construct asymptotically optimal
codebooks; namely, the maximum magnitude nearly achieves the Welch bound or Lev-
enshtein bound.

As a special class of error-correcting codes, linear codes have a special algebra-
ic structure that makes them easier to describe, encode and decode than other types
of codes. Therefore, many researchers have been widely concerned with linear codes.
Most error-correcting codes with good performance are linear codes. For example,
the most studied linear codes are Hamming codes, BCH codes, Reed-Solomon codes,
Golay codes, Reed-Muller codes, Goppa codes, MDS codes, etc. The main research
contents include the minimum Hamming distance of linear codes, the Hamming weight
distribution, etc. The minimum Hamming distance of a linear code is a measure of the
error-correcting capability of this code. At the same time, the Hamming weight dis-
tribution of linear codes gives important information of both practical and theoretical
significance. In particular, linear codes with few nonzero weights have been exten-
sively studied because of their wide practical applications in communication, secret
sharing schemes, secure two-party computation, association schemes, authentication
codes and strongly regular graphs. Therefore, constructing a few weight linear codes
with new parameters has become a hot research topic in algebraic coding theory. Many
researchers construct optimal linear codes by defining sets with respect to some special
cryptographic functions, such as bent functions, quadratic functions, weakly regular
bent functions, plateaued functions, APN or PN functions, two-to-one functions, etc.

In recent years, many researchers have aroused great interest in linear codes with
low-dimensional hulls, mainly because of the excellent performance of linear codes
with low-dimensional hulls. The hull of a linear code over finite fields is the intersection
of the code and its dual, which can be regarded as a generalization of self-dual codes,
self-orthogonal codes and LCD codes. It is clear that the hull of linear codes is also
linear. Note that the hulls of linear codes play a vital role in determining the complexity
of algorithms for checking the permutation equivalence of two linear codes. The hull
is an indicator of the complexity of algorithms for computing the automorphism group
of linear code. These algorithms are very effective in general if the size of the hull
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1s small. Hence, linear codes with a low-dimensional hull over finite fields play an
important role in algebraic coding theory. A linear code with the smallest hull is an
LCD code, which can be used in a direct-sum-masking technique for the prevention of
side-channel attacks. A linear code with the second smallest hull is a linear code with a
one-dimensional hull, which can improve the efficiency of the permutation equivalence
algorithm of two linear codes. In general, these algorithms are more efficient when the
hull dimension of a linear code is smaller. Therefore, the construction of linear codes
with a low-dimensional hull is fascinating and has beneficial practical applications in
algebraic coding.

1.2 Background

Coding theory originated with the 1948 publication of the paper “A mathematical the-
ory of communication” by Claude Shannon. After more than 70 years of development,
algebraic coding theory has grown into a discipline intersecting mathematics and engi-
neering with applications to almost every area of communication, such as information
transmission and data storage. The research topics of this thesis mainly include code-
books, linear codes with a one-dimensional hull, minimal linear codes and projective
codes, etc. The following is a detailed introduction of the research contents in these
aspects.

1.2.1 The introduction of codebooks

Let C = {cp,ci,...,cy_1} be a set of N unit-norm complex vectors ¢; € CK over an
alphabet A, where [ = 0,1,...,N — 1. The size of A is called the alphabet size of C.
Such a set C is called an (N,K) codebook (also called a signal set), where N is the
number of elements of the codebook C and K is the length of the codebook C. The
maximum cross-correlation amplitude, which is a performance measure of a codebook
in practical applications, of the (N, K) codebook C is defined as

Inax (C) = ogigzgv—lmcﬁ’

where c? denotes the conjugate transpose of the complex vector ¢;. For a certain
length K, it 1s desirable to design a codebook such that the number N of codewords is
as large as possible and the maximum cross-correlation amplitude I« (C) is as small
as possible. To evaluate a codebook C with parameters (N,K), it is important to find
the minimum achievable I« (C).

A codebook is a class of signal sets with low correlation, which has important ap-
plications in code-division multiple-access (CDMA) communication systems, quantum
coding theory and compressed sensing. Hence, it is one of the important research topic-
s in algebraic coding theory to construct the optimal codebook in which the parameters
of the codebook reach a specific bound. The Welch bound [118], a well-known lower
bound on Inax (C), is given as follows.
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Lemma 1.2.1 [118] For any (N,K) codebook C with N > K,

N—-K

Imax(C) > IW: m

(1.1)

Furthermore, the equality in (1.1) is achieved if and only if

N—-K

M o~ | N-K
cie; | (N— 1K

(1.2)

for all pairs (i, j) with i # j.

Particularly, the codebook C is referred to as a maximum-Welch-bound-equality
(MWBE) codebook [92] or an equiangular tight frame [61] if it meets the Welch bound
equality in (1.2). As early as 1999, Sarwate [92] gave a comprehensive introduction
to codebooks and pointed out that the construction of an MWBE codebook in an an-
alytic way is known to be extremely difficult in general. In addition, Sarwate [92]
successfully constructed a class of codebooks with parameters (N, N — 1) which meet-
s the Welch bound by using m-sequence and discrete fourier transform. In 2005, Xia
et al. [122] firstly constructed five families of optimal codebooks by utilizing Singer
difference sets, quadratic difference sets, Octic difference sets and twin-primes differ-
ence sets. Because difference sets have a good structure in combinatorial design, it is
helpful to construct optimal codebooks. In [27, 32], Ding and Feng further used (al-
most) difference sets to construct some optimal codebooks whose parameters reach the
Welch bound. Based on Xia et al. [122] using cyclic difference sets to construct sever-
al classes of optimal codebooks, Ding proposed a new construction method of optimal
codebooks in [27]. He not only obtained new optimal codebooks by using cyclic differ-
ence sets, but also obtained several families of optimal codebooks with new parameters
reaching the Welch bound by utilizing acyclic difference sets.

In 2003, Strohmer and Heath [111] have pointed out that the Welch bound cannot be
achieved when N is large compared with K. Specifically, there are no (N, K) real-valued

codebook C can meeting the Welch bound if N > @ and no (N, K) complex-valued

codebook C can achieving the Welch bound if N > K. When N is large, the following
Levenshtein bounds are better than the Welch bound.

K(K+1)

Lemma 1.2.2 [60, 65] For any real-valued codebook C with N > =—=—, we have
3N —K?-2K
L. (C) > I = . 1.3

For any complex-valued codebook C with N > K?, we have

2N —-K?—-K
Imax(C) > IL:\/(K—}—l)(N—K). (1-4)

Suppose the maximum cross-correlation amplitude of a codebook satisfies the Leven-
shtein bound. In that case, the codebook is said to be optimal. In [8, 119] and [131], the
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authors obtained two classes of optimal real-valued codebooks (22"~1 42 2™) with
respect to the Levenstein bound, generated from Kerdock codes and bent functions,
respectively. Moreover, Ding et al. [35], and Wootters et al. [119] constructed opti-
mal codebooks with parameters (¢ + ¢,¢) regarding the Levenshtein bound, which are
derived from planar functions. Inspired by the work of [131], Heng and Yue [51] intro-
duced a new construction of codebooks from generalized Boolean bent functions over
Zy4. In [123], Xiang et al. extended a few previous constructions. The proposed new
constructions of codebooks meet the Levenshtein bound from binary codes.

It is challenging to construct codebooks to achieve the Welch bound or Levenshtein
bound. Hence, many researchers began to construct asymptotically optimal codebooks;
that is, the maximum cross-correlation amplitude of codebooks asymptotically reach-
es the Welch bound, or Levenshtein bound. In [27, 32], Ding and Feng constructed
several families of asymptotically optimal codebooks with respect to the Welch bound
by using almost difference sets. Since then, the method of constructing asymptotical-
ly optimal codebooks using almost difference sets has attracted the attention of many
researchers. Zhang and Feng [129, 130] generalized the construction in [27, 32] and
used almost difference sets to construct several families of new codebooks asymptot-
ically reaching the Welch bound. In [133], Zhou and Tang designed several classes
of asymptotically optimal codebooks with respect to the Welch bound by using the
relative difference sets. Later, Li et al. [69] constructed a new class of almost differ-
ence sets using skew Hadamard difference sets and then utilized the constructed almost
difference set to obtain a family of asymptotically optimal codebooks with new param-
eters. Furthermore, they presented a general construction of complex codebooks from
partial differences sets. Several classes of nearly optimal codebooks with new param-
eters were obtained from the general construction. In [53], using difference sets and
the product of abelian groups, Hu et al. proposed new constructions of codebooks n-
early meeting the Welch bound with equality. Many researchers began to use binary
sequences to construct codebooks in recent years because binary sequences have good
cryptographic properties. In [125], Yu et al. studied the relationship between binary
sequences and P-transform and then obtained that constructing a codebook with a s-
mall magnitude of inner products is equivalent to finding a binary sequence where the
maximum magnitude of its ®-transform is as small as possible. From the discovery,
Yu et al. constructed several new classes of asymptotically optimal codebooks from
binary Sidelnikov sequences [62, 104], binary Golay complementary sequences [43],
multiplied binary m-sequences [47], and multiplied bent functions [47, 107]. In ad-
dition, Yu et al. also obtained a class of asymptotically optimal codebooks with the
parameter (N = K? — 1,K = 2%) by using a partial Fourier matrix constructed from
binary m-sequences. Based on binary row selection sequences, which are generated
by quadratic residue mapping of p-ary m-sequences, Hong et al. [52] proposed new
construction of codebooks from Hadamard matrices and then obtained a new class of
near-optimal partial Hadamard codebooks. In 2017, Cao et al. [10] generalized the
construction in [125] and used the general binary sequences to construct several fam-
ilies of asymptotically optimal codebooks having new parameters with respect to the
Welch bound.

It is well-known that the character sums over finite fields or finite rings are a very
useful mathematical tool in coding theory and have extremely wide applications. In re-
cent years, character sums over finite fields or finite rings have played an important role
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in calculating the maximum cross-correlation amplitude of codebooks. In 2012, Zhang
and Feng [129] used the Jacobi sums over finite fields to construct a class of code-
books asymptotically reaching the Welch bound and solve the open problem proposed
by Ding and Feng in [32]. Based on additive characters and multiplicative characters
of finite fields, Tan and Zhou [112] proposed several classes of asymptotically optimal
codebooks with respect to the Levenstein bound. In [49], Heng presented two new con-
struction methods of codebooks by using multiplicative characters of finite fields and
then obtained two families of asymptotically optimal codebooks with new parameters,
asymptotically meeting the Welch and Levenstein bound, respectively. In 2018, Heng
[48] also used the generalized Jacobi sum over finite fields to construct two classes
of asymptotically optimal codebooks, which are asymptotically the Welch bound and
Levenstein bound, respectively. Later, Luo and Cao firstly defined the hyper Eisenstein
sum over finite fields in [81] and studied its properties. Then, they constructed two
classes of asymptotically optimal codebooks concerning the Welch bound by the hyper
Eisenstein sum. In addition, they also used the Gaussian sum and the Eisenstein sum
over Galois rings to construct two classes of asymptotically optimal codebooks in [80].

1.2.2 The introduction of linear codes

Linear codes over finite fields have been studied extensively because of their linear
structures and practical implementations. It is the basis of the research of various kinds
of codes. Linear codes with few weights have diverse applications in communication
[54], secret sharing schemes (see e.g., [23, 38, 89, 95, 99, 101, 127] and the references
therein), secure two-party computation [21], association schemes [13], authentication
codes [34], strongly regular graphs [7].

In recent years, the construction of new linear codes with few weights has been a
fascinating research topic in error-correcting code theory. It is well-known that func-
tions and linear codes are closely connected. Cryptographic functions have been used
to construct linear codes for a long time ago. For instance, these two famous fami-
lies of binary codes (namely, Reed-Muller codes and Kerdock codes) were obtained by
Boolean functions from o= (m is a positive integer) to [,. In the past two decades, the
design of linear codes derived from (vectorial) Boolean functions has been a research
topic of increasing importance. Designing linear codes from (cryptographic) functions
has received much attention and success in the literature indisputably thanks to leading
techniques and the novel ideas introduced, mainly by Ding, many years ago. It is still a
hot and very attractive topic nowadays. A recent (2020) survey on results and problem-
s devoted to constructions of linear codes from cryptographic functions is [75]. Also,
a lengthy chapter on general linear codes from functions over finite fields published
in the very recent (2021) book “A Concise Encyclopedia of Coding Theory” is [86].
For complete knowledge of (vectorial) Boolean functions in particular oriented cod-
ing theory, we refer to the excellent, very recent (2021) book [11] of Carlet on Boolean
functions for cryptography and coding theory. Generally speaking, there are essentially
two generic constructions of linear codes from (vectorial) Boolean functions (see, e.g.,
[86] and the references therein). The others are their generalizations and variations us-
ing various algebraic techniques. Let p be a prime and ¢ = p™ (m is a positive integer).
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The first generic construction of linear codes is given by
Cr = {cap = (Trm(ax +bF (x)))xer, : a,b € Fy}. (1.5)

where g = p",IF, = F,\{0} and Tr,, denotes the trace function from F, to I, and F
is a function (where F(0) = 0) from I, to itself. It is clear that the resulting code
Cr from F is a linear code over I, of length ¢, and its dimension is upper bounded
by 2m. However, the research problems regarding this construction are how to select
F such that Cr has suitable parameters and how to determine the weight distribution
of this code. As proved by Mesnager in [85], the Hamming weight of a codeword of
the code Cr can be directly expressed through the Walsh transform of some absolute
trace functions over [F, involving the function F'. The Walsh transform of the function
F is generally difficult to settle. Subsequently, many researchers usually choose an
appropriate function (or a special function) for which it is not too difficult to determine
the weight distribution of Cr, notably, (weakly regular) bent functions [85], weakly
regular plateaued functions [87], quadratic functions [116], (almost) perfect nonlinear
(APN or PN) functions [67, 115, 124], characteristic functions [88], almost bent (AB)
functions [115, 116], two-to-one (shortly, 2-to-1) functions [72] and so on.

The second generic construction of linear codes (usually called the defining set
construction) consists of considering codes by appropriately employing trace function-
s. Ding and Niederreiter first introduced it in [33]. Specifically, this construction is
obtained firstly by fixing a set D over F; precisely D = {d},d,...,d;} CF, =TF,\{0}
(where g = p™). And next, by defining a linear code involving D over [, as

Cp = {(Trm(xd1), Trp(xd2), . .., Trn(xdy,)) : x € Fy}, (1.6)

where Tr,, denotes the trace function from I, to IF,. The set D is called the defining
set of the code Cp. Since the trace function is linear, the code Cp is linear. The result-
ing code Cp over I, has length / and dimension at most m. It is easy to see that this
approach can construct every p-ary linear code. This trace construction is equivalent
to the generator matrix (where the generator matrix is made of distinct columns) con-
struction, as every linear function from [, to IF, must be of the form Tr,,(xd) (where x
ranges over [F,). However, the research problems regarding this construction are how
to select D C F, such that the code Cp has good parameters and how to determine the
weight distribution of this code. Using the defining set construction, many linear codes
over [F,, with good parameters can be obtained by choosing the defining set D suitably
(see e.g., [37, 38, 50, 72, 83, 89, 91, 105, 113, 114, 132]). Based on the second con-
struction, Ding [30] set up a connection between the weight distributions of projective
binary linear codes and the Walsh spectra of Boolean functions. A lot of progress has
been made in this topic by selecting different defining sets with 2-designs [28], Boolean
functions [29, 50, 72, 83] and p-ary functions [89, 105, 113, 114, 132], and then many
linear codes over I, with few weights could be produced.

Later, many researchers generalized the construction methods of (1.5) and (1.6)
more generally, and obtained many linear codes with better parameters. In [68], Li et
al. generalized the first construction method in (1.5), and defined the p-ary linear code
by

Cp = {cup = (Trm(ax+by))yep: a,b €Fy}, (1.7)
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where D = {(x,y) € IF?I\{(O,O)} : Ty (A +y™2) = 0} (N1, N, are positive integers).
If N|,N, € {1,2,p? + 1}, then they obtained several classes of 2-weight and 3-weight
p-ary linear codes in (1.7) and completely determined their weight distributions. In
2019, based on the construction method in [68], Jian et al. [56] defined the defining
set D} = {(x,y) € IF%\{(0,0)} :Trp(x 4y *1) =0} and Dy = {(x,y) € Ff]\{(0,0)} :
T, (x> 4+yP"*1) = 0} (u is a positive integer) to construct several classes of 2-weight
and 3-weight linear codes and some of them are optimal or almost optimal with respect
to the Griesmer bound. In [121], Wu et al., inspired by [56, 68], selected two different
defining sets, as follows: The first defining set is defined as D = {(x,y) € Ff] xeCiye
C;}, where C;,C; are any two cyclotomic classes of order e and e is a positive integer.
By using the semiprimitive case of cyclotomic classes of order e, they showed that Cp is
a five-weight linear code and determined its weight distribution according to Gaussian
sums over finite fields; The second defining set is defined as D = {(x,y) € F2\{(0,0)} :
f(x)+g(x) =0}, and the following two cases are considered to construct linear codes:
(1) f(x) = Trp(x),g(x) is a weakly regular bent function; (2) f(x),g(x) are weakly
regular bent functions. By calculating Weil sums and using the properties of weakly
regular bent functions, a class of three-weight linear codes can be obtained from the
first case, and the second case will lead to both two-weight and three-weight linear
codes. In 2021, motivated by the work in [56, 68, 121], Zheng et al. [117] constructed
several classes of binary linear codes with few weights by choosing the following two
defining sets D = {(x,y) € F3.\{(0,0)} : f(x) + g(x) = 0, Tr,(x+y) = €} and D =
{(x,y) € F2,\{(0,0)} : f(x) +g(x) = 0,Tr,,(x) = 0,Tr,(y) = €}, where € € {0,1},
f(x),g(x) are Boolean functions from F» to [F, with at most three Walsh transform
values satisfying some additional conditions. Zhang et al. [116] generalized the second
construction method in (1.5) and defined the linear code C(F)p by

C(F)p = {cap = (Tru(ax+DbF(x)))rep :a,b € Foyn}, (1.8)

where D = {x € F5,, : Tr,,(AF (x)) =v} or D = {x € F5,, : Tr,,(x) = 1}, ve {0,1},1 €
[F%n, F(x) is an almost bent function from Fo» to itself. Based on this construction, they
obtained several families of binary linear codes with few weights, and their duals are
distance-optimal with respect to the sphere packing bound.

Based on the construction method of trace codes over finite fields, many researcher-
s extended the construction method in (1.6) from finite fields to finite rings. They
obtained some linear codes with optimal parameters. In particular, Shi et al. have done
a lot of research on trace codes over finite rings [78, 95-102]. By considering differ-
ent defining sets and using the Gray map over finite rings, they determined the weight
distribution of linear codes over finite rings using character sums and discussed their
practical applications in secret sharing schemes.

1.2.3 The introduction of linear codes with low-dimensional
hull

Let C be an [n, k,d] linear code of length n over I, and its dual code be denoted by eL.
The hull of a linear code C over a finite field is defined to be

Hull(€) := €N et
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It is clear that Hull(C) is also linear. The definition of Hull(C) was introduced in 1990
by Assmus and Key [59] to classify finite projective planes. Suppose that the dimension
of Hull(C) is £. If £ =0, i.e., Hull(C) = {0}, then the linear code C is termed as a linear
complementary dual (LCD) code. If £ =k, i.e., Hull(C) = C, then the linear code C is
said to be a self-orthogonal code. In addition, if £ = % for even n, then C is called a
self-dual code.

It is well-known that the hulls of linear codes play a vital role in determining the
complexity of algorithms for checking permutation equivalence of two linear codes in
[64, 93]. Subsequently, it has been shown that the hull is an indicator for the complex-
ity of algorithms for computing the automorphism group of a linear code in [63, 94].
Precisely, most of the algorithms do not work if the size of the hull is large. However,
conversely, these algorithms are very effective in general if the size of the hull is smal-
1. Consequently, the study of linear codes with a small hull is useful and interesting
for these computations. Hence, the construction of linear codes with low-dimensional
hulls has aroused the interest of many researchers due to their wide applications. At
present, a lot of research has been done on the construction of two types of linear codes
with low-dimensional hulls: one is an LCD code, and the other is a linear code with a
one-dimensional hull.

The linear codes with the smallest hull are LCD codes, which are widely studied. In
1992, Massey [84] first introduced LCD codes and showed the existence of asymptoti-
cally good LCD codes. In addition, a complete characterization of LCD codes via the
nonsingularity of their generator matrices was employed in [13, 85], which provides a
sufficient and necessary condition for a linear code to be an LCD code.

Lemma 1.2.3 [13, 85] Let C be an [n,k] linear code over F, with generator matrix
G = [I, P]. Then the code C is LCD if and only if I + PP is nonsingular, i.e., —1 is
not an eigenvalue of the matrix PPT, where PT denotes the transpose of P.

Inspired by the condition described in Lemma 1.2.3, Carlet et al. [16] constructed
LCD codes by employing character sums in semi-primitive case from cyclotomic field-
s and multiplicative subgroups of finite fields. In 2014, Bringer et al. [4] and Carlet et
al. [13] investigated an exciting application of binary LCD codes against side-channel
attacks (SCA) and fault injection attacks (FIA) and presented several constructions of
LCD codes. The study of LCD codes is thus becoming an interesting research topic.
There is a lot of research work on the constructions of LCD codes. Mesnager et al. [90]
gave a construction of algebraic geometry LCD codes, which could be good candidates
to be resistant against SCA. In [18], Carlet et al. first presented a new characterization
of binary LCD codes in terms of their orthogonal or symplectic basis and solved a con-
jecture proposed by Galvez et al. [42] on the minimum distance of binary LCD codes.
It is worth noting that the equivalence of LCD codes has been extensively studied. Car-
let et al. [17] showed that any MDS code is equivalent to an LCD code. Jin and Xing
[58] proved that an algebraic geometry code over Fom (m > 7) is equivalent to an L-
CD code. Whereafter, an outstanding result was presented in [20], which showed that
any linear code over F, (¢ > 3) is equivalent to an LCD code. For more research on L-
CD codes, the reader is referred to [14, 15, 19, 22, 39, 40, 46, 57, 66, 76, 103, 126] for
further understanding these codes.

We also have the following lemma on a linear code having one-dimensional hull,
which provides an idea to construct linear codes with one-dimensional hull by using
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the eigenvalues of the generator matrices.

Lemma 1.2.4 [70] Let C be an [n,k| linear code over F, with generator matrix G =
[Ix, P]. Then the code C has one-dimensional hull if the matrix PPT has an eigenvalue
—1 with (algebraic) multiplicity 1.

Inspired by the condition described in Lemma 1.2.4, Li et al. [70] constructed linear
codes with one-dimensional hull by utilizing quadratic Gaussian sums from quadrat-
ic number fields and obtained that some of them are optimal. Later, Carlet et al. [16]
employed the Gaussian sums in semi-primitive case and multiplicative subgroups of
finite fields to construct some linear codes with one-dimensional hull from cyclotom-
ic fields. Note that the value of the special Gaussian sum is known, which is helpful
for studying linear codes with low-dimensional hull. Recently, many researchers are
not limited to constructing linear codes low-dimensional hull by using special Gaus-
sian sums. In 2020, Sok also provided two construction methods of linear codes with
the one-dimensional hull in [108, 109]. The first method is to construct these codes by
using algebraic geometry codes of genus-zero in [108]. The second method is to de-
duce these codes by using algebraic curves over finite fields with even characteristic,
including elliptic curves, hyper-elliptic curves and Hermitian curves in [109]. In 2022,
Sok [110] provided a new method to construct linear codes having a one-dimensional
hull from self-orthogonal codes and then gave an application to EAQECCs. This new
method improves the parameters of the codes given in the recent results of [108, 109].
Because the generalized Reed-Solomon codes are closely related to the hull of MDS
codes [41, 82], Wu [120] constructed linear codes with a one-dimensional hull by us-
ing Reed-Solomon codes and showed that these codes are not monomial equivalent to
Reed-Solomon codes. In 2022, motivated by the work in [120], Singh et al. [106] used
multi-twisted Reed-Solomon codes to construct linear codes with a one-dimensional
hull and presented some necessary conditions for the existence of multi-twisted Reed-
Solomon codes with a one-dimensional hull.

1.3 Organization of the thesis

This thesis further studies the algebraic coding theory over finite fields and finite rings
and gives some significant results. Mainly using the character sums over finite fields
and finite rings as research tools, this thesis constructs optimal or asymptotically opti-
mal codebooks, linear codes with one-dimensional hull and optimal few-weight linear
codes with new parameters. We briefly describe the contents of this thesis as follows:

Chapter 1 introduces the development history, research motivation, research back-
ground, research contents of algebraic coding theory.

Chapter 2 provides some basic notation, definitions and results about character the-
ory, linear codes, algebraic number theory and Boolean functions.

Chapter 3 constructs optimal and asymptotically optimal codebooks by studying the
Gaussian sum, Jacobi sum and Eisenstein sum over finite chain ring F, + ulF, (u?> =0)
and finite non-chain ring F, + ulF, (u? = u). These codebooks meet or asymptotically
meet the Welch bound, and Levenstein bound. Some of the constructed codebooks
have new parameters.
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Chapter 4 investigates the construction method of linear codes with a one-dimensional
hull and further generalizes the construction method in [16, 70]. Firstly, the linear codes
with a one-dimensional hull of [16, 70] constructed by using certain Gaussian sums are
generalized to produce such linear codes by using general Gaussian sums over finite
fields. Secondly, some properties similar to Gaussian sums are obtained by defining
two homomorphic mappings from a finite field to another finite field. In addition, suf-
ficient conditions are given for a linear code over finite fields to be a linear code with a
one-dimension hull. Several classes of linear codes with one-dimensional hulls having
new parameters are constructed. Finally, a lower bound on the minimum distances of
the created linear codes is presented.

Chapter 5 constructs minimal binary linear codes with few nonzero weights by using
the known 2-to-1 functions over [Fo». Inspired by the work in [72], several families of
linear codes with few weights are constructed from two general constructions and a new
construction involving 2-to-1 functions, and these codes have new parameters. Some
of the constructed codes are minimal and the access structures of the secret sharing
schemes based on their dual codes are described. Particularly, two open problems left
in [72] are solved.

Chapter 6 constructs several projective binary linear codes families and determines
their weight distribution. Some of the proposed linear codes are optimal or almost
optimal, and several classes of self-complementary codes are obtained. The minimum
distance of the dual of the constructed codes is discussed, and their duals are distance-
optimal for the sphere packing bound. As applications, some of the obtained codes can
be used to construct association schemes and secret sharing schemes with interesting
access structures.

Chapter 7 summarizes the findings and suggests directions for future research.
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Chapter 2

Preliminaries

This chapter mainly introduces some basic concepts and results on characters over finite
fields, linear codes over finite fields, algebraic number theory, Boolean functions, etc.
This will be useful for our subsequent discussion. For more details, please refer to
[1, 3,6, 16, 24, 36, 48, 55, 59, 72-74, 77, 81, 128].

2.1 Character theory over finite fields

Let IF, be the finite field with g = p" elements, where p is a prime number and 7 is a
positive integer. Let m | n and m be a positive integer. The trace function from IF» to
IFm is defined as:

n
Z_1
n T 1\m

im m 2m (75
Trpn ) (x) = pr =x+x" +xP 4 4 xP xelF,.
i=0

Particularly, if m = 1, then the trace function Tr,/,(-) is called the absolute trace func-
tion.
The following lemma gives some basic properties of the trace function.

Lemma 2.1.1 [77, Theorem 2.23] Let K = Fm and F = F ,n, where m,n are positive
integers and m | n. Let o, € F and ¢ € K. Then the trace function Trp g (-) satisfies
the following properties:

(1) Trg /g (@ +B) = Tre g (@) + Trpx(B);
(2) TrF/K(coc) = cTrF/K(Oc);
(3) Trp/x(a”") = Trp g (@);
(4) Let E=TF . Ifm |k and k

n, then TI'F/K((X) = TI'E/K(TI'F/E(OC))

Next, we will recall the definitions of the additive and multiplicative characters of
Fy.
Definition 2.1.2 [77] Let g = p", where p is a prime number and n is a positive integer.
For each a € ¥y, the additive character x, of I, is defined by

* Tr,/,(ax)
Xa: ]Fq — C aXa(x) = Cp " X € an
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where {, =e v, which is a primitive p-th root of unity.

If a = 0, then Yo (x) is called the trivial additive character of I, and xo(x) = 1 for
all x € Fy; If a = 1, then ) (x) = x(x) is called the canonical additive character of
[F; all other additive characters of IF, are called nontrivial. Moreover, the group that
consists of all additive characters of I, is denoted by ]ﬁq :={Xa:a €F,}. The group
of characters is isomorphic to (IF,,4). With each additive character x,(x) of IF,, there
is an associated conjugate character ¥, (x) defined by ¥, (x) = x4(x) = xa(—x) for all
x € F,. In addition, x,(0) = 1 foralla € F,.

The following lemma gives the orthogonality relations for the additive characters of
F,.

Lemma 2.1.3 [77] Let x, be the additive character of ¥, where a € IF,. Then

(1)
q, ifa=0;
Xa(X) :{ ; *
xgl;«q 0, ifaecF,.

(2)
_J g, iftx=0;
Y Xa(x) —{ 0, ifxcF..

acl,

Definition 2.1.4 [77] For any j =0,1,...,q— 2, the multiplicative character y; of F,
is defined by
* * ik
ll/j : IF‘q — C )]l/j(gk) = qu_lvk:())la--'aq_za
2myv/—1
where ;1 = e U, which is a primitive (q — 1)-th root of unity, and g is a fixed
primitive element of I,

=1,
then y; is called the canonical multiplicative character of IFy; If g is odd and j q—gl,
then Y, is called the quadratic character of F,, denoted by 7, that is,

2

If j =0, then yp is called the trivial multiplicative character of F,; If j

1, if gkis the square of an elements of F’;
—1, otherwise.

n(g") :{

Moreover, the group that consists of all multiplicative characters of [, is denoted by
]ﬁ; ={y;:j=0,1,...,g—2}. The group of characters is isomorphic to (I, x). With
each multiplicative character y of ¥, there is an associated conjugate character Y
defined by W(x) = w(x) = y!(x),x € F;. If v is trivial, then y(0) = I; if v is
nontrivial, then we define y(0) = 0.

The following lemma gives the orthogonality relations for the multiplicative char-
acters of IF,.

Lemma 2.1.5 [77] Let y; be the multiplicative character of ¥, where j=0,1,...,q—
2. Then
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v I, if j=0
XEZF';%(X) - { 0, ifjzo.
(2)
q B TR I
E)Wj(x) - { g, ) giglé’;‘ and x # 1.
Based on the addition character y, and the multiplicative character y of IF,, we give

the definition of the Gaussian sum over the finite field IFq as follows.

Definition 2.1.6 [77] Let y be a multiplicative and ¥, an additive character of I,
where a € Fy. Then the Gaussian sum G(V, x,) over IF, is defined by

Gy, Xa) = Y, W) Xa(x

xEF*

If a = 1, we usually write G(y, x1) simply as G(y). The absolute value of G(y, x,) is
at most g — 1, but is in general much smaller, as the following lemma shows.

Lemma 2.1.7 [77, Theorem 5.11] Let ¥ be a multiplicative and X, an additive char-
acter of F,. Then the Gaussian sum G(y, ) satisfies

g—1, if y=ypand x, = Xo;
G(y,x)=<¢ —1, ify=ypand x, # Xo;
0, if v # wo and x, = 0.

1

If W # wo and Yq # Xo, then |G(, xa)| = q2.

Lemma 2.1.8 [77, Theorem 5.12] Gaussian sums for the finite field F, have the fol-
lowing properties:

(1) GV, xap) = W(a)G(y, 1) for a € F},b € Fy;
(2) Gy, X,) = v(=1)G(V¥,xa) foracF,

The following lemma, which is introduced in [77], gives a basic result about char-
acter sums.

Lemma 2.1.9 [77, Theorem 5.33] Let x be a nontrivial additive character of ¥, with
q odd, and f(x) = ayx* + ayx + ag € Fy[x] with a; # 0. Then

Y x(f x (a0 — aj(4ax) " )n(a2)G(n, %),

celfy

where M is the quadratic character of .
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Let r = p!, g = ™, where [(> 1) and m(> 1) is a positive integer. F,,F, and F,,
denote the finite field with p, r and g elements, respectively, and F, C F, C [F,. Let
Y1, Y2, ..., ¥, be multiplicative characters of IF,. For 1 <i < n, the restriction of y; to
IF, will be denoted by y;". In particular, if y; is a trivial character on [y, then ;" is a
trivial character on IF,. Now, we give the definition of hyper Eisenstein sums over the
finite field IF, as follows.

Definition 2.1.10 /81] The hyper Eisenstein sum EFq(wl, .oy W3 1) is defined by

Ep, (W1, W) = Er, (Y1, Ys 1) = Y i) ),

Trq/r(x1+w+xn):1

where Wi, Y, ..., ¥, are multiplicative characters of F,. If n =1, then E(y;1)
Y y(x) is called the Eisenstein sum over Fy. If g=r, then Y,  yi(xq)---

xEFZ,Trq/r(x)ZI XX €FG,
Xy b=
Wu(xn) is called the Jacobi sum over F;, we usually write it simply as Jg, (Y1, .., Wn; 1).
Moreover, we define
E]Fq(llfla---a‘l’n;s): Z Vi (x1) - W (xn)
X yeens xnqu

Trq/r(x1+~~~+xn)=s

for all s € I, which is called the generalized hyper Eisenstein sum over Fy. If n =1,

then E(y;s) = Y V(x) is called the generalized Eisenstein sum over F,.

x€Fy Try /. (x)=s

qlr
It is easy to see that
Ep, (W1, Wis) = (W1 W) ()Er, (W1, Y3 1) (2.1)

for each s € ;. If yq, ..., y, are all trivial, then

_1\n _1\n+1

r

by [81, Lemma 5]. If some, but not all, of the y; are trivial, without loss of generality,
we assume that yq, ...,y are nontrivial and Y, {,..., ¥, are trivial, where 1 < h <
n— 1. Then (see [81, Theorem 1])

Ex,(¥1,.... ¥ 1) = (=1)""Er,(v1,..., ¥ 1). (2.3)

In the following, we describe a relationship between hyper Eisenstein sums and
Gaussian sums over F,,.

Lemma 2.1.11 /81, Theorem 3] Let W1, VY», ..., ¥, be nontrivial multiplicative char-
acters on F,. Let (W1 ---y,)" be the restriction of Y --- Y, to F,. Then

Gr, (¥1)-Gr, (Yn)

=) G
E]Fq(ll[b'"all/n’l) B GIFq(Wl)l"'G]Fq(Wn) if (llfl R 1/ )* 1s trivial

if (y1---y,)" is nontrivial;
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From Lemma 2.1.11 and Eq. (2.1), we can determine the absolute value of the sum
Er,(y1,..., Wu;s) foreach s € F}.

Lemma 2.1.12 /81, Corollary 1] Let W1, Vs, ..., ¥, be nontrivial multiplicative char-
acters on . Let (y; - y,)* be the restriction of Y --- W, to F,. Then

mn—1

r 2

E yeee ) = mn—
|Fq(‘l/1 (Z] {r 22’ if (yy---y,)" is trivial,

, if (y1---y,)* is nontrivial;

for each s € ;.

The following result relates Er, (W1,.. ., W,;0) to the hyper Eisenstein sum Ep, (Y1,
LW 1),
Lemma 2.1.13 /81, Theorem 2] Let Y, V», ..., ¥, be multiplicative characters on IF,.
Let (W1 -+ W,)" be the restriction of Wy -+ Yy to Fy. Then Eg, (Y1, ..., ¥,30)

(g=D"+(=D"(—1) :

if yq,...,y, are all trivial;

)0, if (w1 ---y,)" is nontrivial;
—(r=1Er,(y1,..., W3 1), if yi,...,y, are not all trivial and (-~ y)* is
trivial.

2.2 Linear codes

In this section, we mainly introduces the basic definitions and relevant results about
linear codes.

Definition 2.2.1 [54] Let ¥y be the finite field of order q, and Fj denote the n-
dimensional vector space over ¥ . Each nonempty subset C of ¥} is called a g-ary
code. An element of C is called a codeword in C. The number of codewords in C, denot-
ed by K = |C|, is called the size of C, where 1 <K < ¢". A code of length n and size K
is called an (n,K)-code. The (information) bits of a code C of length n is defined to be
k =log, K. The (information) rate of a code C of length n is defined to be % When the
nonempty subset C is a vector subspace of I, the code C is called a linear code with
parameters [n, k] over the finite field F,, where k is the dimension of the linear code C
and |C| = ¢*.

In the following, we give the basic definition of dual codes for linear codes over

finite fields. Before that, we first recall the definition of the Euclidean inner product.

Definition 2.2.2 [54, 59] Let F, be the finite field of order q, and q be a power of a
prime number. For any two vectors X = (X1,X2,...,X,) € g andy = (Y1,¥2,---,Yn) €
Iy, their Euclidean inner product (x,y) on Fy is defined by

n
<x7y> = inyi-
i=1
If € is a linear code of length n over ¥y, then the dual code of C, denoted by CL, is

defined by
Ct={xeF:(x,y)=0,YyecC}.



18 Preliminaries

For a linear code, its minimum distance measures the error-correcting capability
of this code. Next, we give the basic concept of the minimum distance of a linear
code. Before that, we first introduce the Hamming weight and the Hamming distance
concepts.

Definition 2.2.3 [54] Let x = (x1,x2,...,x,) and y = (y1,¥2,--.,¥n) be two vectors
in ¥y. The Hamming weight of the vector x, denoted by wy (x), is defined to be the
number of nonzero coordinates in X, i.e.,

wg(x)=[{i: 1 <i<n,x;#0}|.

The Hamming distance of the vectors x and 'y, denoted by dy(x,y), is defined to be the
number of places at which x and y differ, i.e.,

du(x,y) = {i: 1 <i<nx; #yit| =wu(x—y).
Definition 2.2.4 [54] Let C be a g-ary code of length n. The minimum Hamming weight
of C, denoted by wy(C), is defined to be the smallest of the weights of the nonzero
codewords of C, i.e.,
wg(C) =min{wg(c) : 0 # ¢ € C}.
The minimum Hamming distance of C, denoted by dy(C), is defined to be the minimum
Hamming distance between any two different codewords in C, i.e.,

d= dH((:’) = min{dH(cl,cz) 1C1,6 € 8,61 7§ C‘z}.

Let A; (i =1,2,...,n) denote the number of codewords with Hamming weight i
in C. The weight enumerator of C is defined by 1 +Az+A72+ -+ A,7" and the
sequence (1,A1,A,...,A,) is called the weight distribution of C. The code C is said to
be a t-weight code if the number of nonzero A; in the sequence (A1, A»,...,A,) is equal
tot. We denote by (1,A7,...,A;") the weight distribution of the dual of the code € with
parameters [n,k,d]. Then the first five Pless power moments are given as follows [54,
Theorem 7.3.1]:

n

ZA,' = 2k;

i=0

n

Y idi=2"""(n—A7);
i=0

n
Y PA; =2n(n+1) —2nAy +245]; (2.4)
i=0

Y PA; =27 (n+3) — (3n® +3n—2)A] +6nAy — 6A3];
i=0

*A; =254 n(n+ 1) (n? +5n—2) —4n(n® +3n—2)A{ +4(3n> +3n—4)AS
i=0

—24nA5 +24A7).

A linear code C is said to be projective if its dual has the minimum distance at least
three.

Now, we have the following lemma, which presents the well-known Singleton
bound for linear codes over finite fields.

n
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Lemma 2.2.5 [54, Singleton Bound] For any linear code C with parameters [n,k,d|
over I, satisfy
d<n—k+1.

In particular, if d = n—k -+ 1, then C is called a maximal distance separable (MDS)
code. A code is called almost MDS if its minimum distance is one less than the MDS
case.

The next lemma introduces the Griesmer bound, which applies specifically to linear
codes over finite fields.

Lemma 2.2.6 [54, Griesmer Bound] Let C be a g-ary linear code with parameters
[N,k,d], where k > 1. Then

k—1 d
s
i=0 14
where |-] is the ceiling function.
In particular, the code C is called Griesmer code if it attains the Griesmer bound.

The following is a well-known Sphere packing bound for linear codes.

Lemma 2.2.7 [54, Sphere Packing Bound] Let C be a binary [n,k,d] code. Then

where L%J is the largest integer less than or equal to %.

An [n,k,d] code over F, is said to be distance-optimal if there is no [n,k,d'] code
over F, with d’ > d + 1 and almost distance-optimal if an [n,k,d + 1] code over I, is
distance-optimal.

Minimal linear codes have important applications in building secret sharing schemes
(SSS). Next, we gives the definition of minimal linear codes.

Definition 2.2.8 [1, 36] The Hamming weight, denoted by wt(a), of a codeword
a = (ap,ai,...,an—1) is the cardinality of its support defined as Supp(a) = {0 <i <
n—1:a; # 0}. Let a and b be codewords of C. A codeword b of C is covered by anoth-
er codeword a of C if Supp(a) contains Supp(b). A nonzero codeword a € C is called
minimal if it only covers the codewords ca for all ¢ € I, but no other nonzero code-
words of C. A linear code C is called minimal linear code if every nonzero codeword of
C is minimal.

The following lemma shows that a linear code € is minimal if its weights are close
enough to each other, which was proved by Ashikhmin and Barg [1].

Lemma 2.2.9 |1, Ashikhmin-Barg] Let C be a linear code over I ,, and wiin and Wimax
denote the minimum and maximum Hamming weights of nonzero codewords in C, re-
spectively. If

2 1 < Wmin
P Wmax

)

then C is minimal.
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2.3 Some results in algebraic number theory

In this section, we recall some classical results in algebraic number theory. For more
details on algebraic number theory, please refer to [55].

Let K be a finite extension over the rational numbers Q and n = [K : Q)] the di-
mension of K/Q. An element w in K is called an algebraic integer if it is a root of a
polynomial X" 4 by x* ! +- .- +b, € Z[x], where Z denotes the ring of ordinary integers.
It is clear that a rational number w € Q is an algebraic integer if and only if w € Z.

The set of all algebraic integers in K forms a Dedekind domain, which is denoted
by Q. It then follows that every nonzero ideal in Qg can be written as a product of
nonzero prime ideals. It is easy to see that Z C Q. For a prime p, pOg generated by
p is an ideal in Og. Then

pOg = PIPY - P,

where Pi,P,,..., P, are distinct nonzero prime ideals containing pOk and e; >
1 for 1 <i<g (P is also called the prime ideal in Qg over p); the P; and the e; are
uniquely determined; e; is called the ramification index of P;. Note that Ok is a D-
edekind domain. Then every prime ideal P; is maximal and thus Ok /P; is a field. In
fact, it is a finite field containing F, = Z/pZ. Write f; := [Ox/P; : F,]. Then f; is
called the degree of P;. In addition, we have i eifi=n.
i=1

Let N > 3 be an integer with N # 2 (mod 4) and {y = e an Nth primitive root
of unity. Let K = Q({y) be the cyclotomic field of Nth roots of unity. We then have
K : Q] = ¢(N) and Ok = Z[{n], where ¢ is the Euler function. It is known that K is
the splitting field of the polynomial xV — 1 over Q. Hence, K/Q is a Galois extension.
In this case, we have ¢ = e = =¢, =e and f; = f, =--- = f, = f and then
¢(N) =efs.

For the cyclotomic field K = Q({y), the following lemma shows how rational
primes p € Z split in O, which will be useful in the next section.

21/ —1
N

Lemma 2.3.1 [16, 55] Let N > 3 be an integer with N # 2 (mod 4). Let K = Q({x)
be the cyclotomic field and p € Z a prime.

(1) Then we have e = 1 if and only if p{ N. In this case, let f be the smallest positive
integer such that p/ := 1 (mod N). Then

POk = PPy Py,
where P; has degree f and g = ¢(N)/f.

(2) When p | N, write N = p*N', where p{N'. Let f be the smallest positive integer
such that p/ := 1 (mod N'). Then

POk = (P1P2---Pg)*,
where e = §(p*), each P; has degree f and g = ¢(N')/f.

Next, we recall the definition of the Jacobi symbol, which is a generalization of the
Legendre symbol.
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Definition 2.3.2 /3, 24] Let n be an odd positive integer with the prime factorization

n=pi'py o p
where the prime numbers pi, pa, ..., pi are distinct, and let x be an integer. The Jacobi
symbol (%) is defined as the product of the Legendre symbols corresponding to the

prime factors of n:
X x\4“ Y/ x\ " x \ %
G-G) G -G

where each (ﬁ) is a Legendre symbol. If n is prime, then the Jacobi symbol is the
same as the Legendre symbol.

The Legendre symbol <§) is defined for all integers x and all odd primes p by

0, ifx:=0 (mod p);
X 1, ifx#0 (mod p) and x is a square, i.e., there is an element y
( ) such that x 1= y* (mod p);

—1, ifx+# 0 (mod p) and x is a non-square.

2.4 Boolean functions

Many cryptographic properties of cryptographic functions are characterized by their
Walsh transform. Therefore, Walsh transform is a very important tool to study the
properties of cryptographic functions. In the following, we recall the definition of
Walsh transform.

Let F(x) be a function from [F,» into Fyn, where n is a positive integer. The Walsh
transform of F(x) at (a,b) € F3, is defined by

WF(a,b) — Z (_I)Trn(aerbF(x)),

)CEan

where Tr,(+) denotes the trace function from Fo» to IF5.
If Wg(a,b) =0 or £2"7 for any pair (a,b) € 3, with b # 0, then F(x) is called an
almost bent (AB for short) function. Almost bent functions exist only for odd n. Define

or = max{dr(a,b):a cFsu,becFu},

where 6p(a,b) = |{x € Fon : F(x+a)+ F(x) = b}|. If 0 = 2, then F(x) is called an
almost perfect nonlinear (APN for short) function. It is well-known that AB functions
and APN functions are special cryptographic functions that have important applications
in coding theory. For instance, AB and APN functions have been employed to construct
optimal linear codes over finite fields [12, 83].

Next, we give a lemma describing the relationship between AB functions and APN
functions.

Lemma 2.4.1 [6] Let Fn be a finite field with n a positive integer. If F(x) is an almost
bent function over Fon, then F (x) is an almost perfect nonlinear function over Fon.
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The following lemma is from [72, Subsection B], which will be useful for deter-
mining the Walsh transform of quadratic functions.

Lemma 2.4.2 [72] Let F be a quadratic function from Fon to itself. Let @, p(x) =
Trn(ax + bF (x)). For the associated bilinear mapping Bg,_,(X,y) = @ap(x +y) +
Pup(X) + Pap(y), its kernel Vo, is given by {y € Fon : B, (x,y) = 0 for V x € Fo }.
Then the Walsh transform of F at (a,b) € F3, is |

n+d,
+25",if Try(ax+bF (x)) = 0 for all x € Vi,

(2.5)
0, otherwise,

Wp(a,b) = {

where dy, is the dimension of the kernel Vo, of the bilinear mapping Bg, , over F».
We recall some two-to-one functions over [F» recently obtained in [72-74, 128].

Lemma 2.4.3 [73] Let n =2m, a® ' =wand w € Fy2\F2, where m is odd. Then
F(x) = K2 L 22 iy is 2-10-1 over Fon,

Lemma 2.4.4 [128] Let n = 2m and & € Fn, where m is even and Tr,(8) = 1. Then
the following functions are all 2-to-1 over Fon.

(1) F(x) = (®4+x+8)%"+ +x;
(2) F(x)= (2 +x+8)2" '+ 1
(3) F(x) = (2 +x+8)2" 2" 7 4 x

Lemma 2.4.5 [128] Let m,i € N, 0cFmandce F;m with n = 2m, gcd(m,i) = 1. Let
T (8% + 2" '8) #0. Then F(x) = (8" +x+8)> ! 4+ cx is 2-t0-1 over Fon.

Lemma 2.4.6 [128] Let m,i €N, 6 € Fon and ¢ € Fom with n =2m. Let Tr:;(5)2i+2 +
Tr (8) # 0. Then F (x) = (x*" + x4 8)2" T2+  cx is 2-to-1 over Fon.

Lemma 2.4.7 [128] Let m € N, § € Fon\Fom and ¢ € F5, with n = 2m. Let Tr, (L +
1) #0. Then F(x) = (x*" +x+8)" +2"-2"7 4 cx is 2-to-1 over Fan.

Remark 2.4.8 If F(x) is a 2-to-1 function of the form (xzk +x+ 0)° under certain
conditions, then F(x) + 8° is still a 2-to-1 function over Fon.

Lemma 2.4.9 [74] Let n = 2m with m being an odd positive integer and w € F,2\F».
n—1_-m_ m
Then F (x) = x5 22" 4w is 2-t0-1 over Fan.

Lemma 2.4.10 [74] Let n = 2m+ 1 and m be a positive integer. Then the following
quadrinomials are all 2-to-1 over Fypn.

(1) F(x) — 22 2 2

(2) F(x) :x2m+2+4 +x2m+1+2 +)C2 +x;
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(3) F(x) =x2"" 242" 4 2 4 x;
(4) F(x)=x""2""42 0 2"y 24y

Lemma 2.4.11 [74] Let n = 3m with m being a positive integer. Then the following
functions are all 2-to-1 over Fon.

(1) F(x) = 22" 42" 4 2" L xwith m # 1 (mod 3);
(2) F(x) = P 2" 4 3 ith m being odd.

Lemma 2.4.12 [72] Let n = km, where k is an odd positive integer and m is a positive
integer. Then F (x) = Tr" (x*"+1) 4 x is 2-to-1 over Fon.
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Chapter 3

Constructions of (asymptotically) optimal
codebooks

In this chapter, we construct several classes of optimal or asymptotically optimal code-
books with respect to the Welch bound or the Levenshtein bound by studying the char-
acter sums over the finite chain ring Ry = F, + uF, («> = 0) and the finite non-chain
ring Ry = F, +uF, (u*> = u). In Section 3.1, we first study the additive characters and
multiplicative characters of R; and some properties of character sums, including Gaus-
sian sums, hyper Eisenstein sums and Jacobi sums over R;. Using these character sums
over Ry, four classes of asymptotically optimal codebooks and a class of optimal code-
books with respect to Welch bound are obtained. In Section 3.2, we first investigate the
additive characters and multiplicative characters of R, and some properties of Gaus-
sian sums, hyper Eisenstein sums and Jacobi sums over R,. Furthermore, we construct
three classes of asymptotically optimal codebooks with respect to Welch bound and a
class of optimal codebooks for Levenshtein bound from these character sums. The pa-
rameters of some codebooks constructed in this chapter are flexible and different from
[9, 12,27, 31, 32,48, 49, 52, 53, 69, 71, 77, 79-82, 129, 130, 133].

3.1 Constructions of codebooks using character sums over
R1 = ]Fq —I—MIFq (I/l2 = O)

Let g be a power of a prime, and [F, denote the finite field with g elements. We con-
sider the chain ring Ry = F, + uF, = {a+ Bu: a, € F,}(u* = 0) having the unique
maximal ideal M = (u). In fact, R| =F,® uF, ~ ]F%I 1s a two-dimensional vector space
over F, and |R| = g°. The invertible elements of R are

Ri=R\M=F,+uF,={a+Pu:acF,BeclF,}.

It is easy to know that |Rj| = g(g —1). R} can also be represented as F x (1 +
M) (direct product).

3.1.1 Characters of R,

In this subsection, we describe the additive and multiplicative characters of the finite
chain ring Ry = F,, + uF, (u*> = 0).



26 Constructions of (asymptotically) optimal codebooks

A. Additive characters of R;

Define A : Ry — C* as the additive character of finite chain R, satisfying A (o +
B) = A(a)A(B) for any o, € R;. Then the group of additive characters of R; is

Ri={A:R — C" [ A(a+B)=A(a)A(B),a.B €Ri}.
For any ap +ua; € Ry, we have A(ag+ua;) = A(ap)A(ua;). Define two mappings
A" and A" as follows: The mapping A’ : F, — C* is defined as

A'(c) :=A(c)
for ¢ € F,;; and the mapping A" : F, — C* is defined as
A" (c) := A(uc)

for ¢ € F,. It is easy to check that A'(c; 4 ¢2) = A'(c1)A/(c2) and A" (c1 +¢2) =
A"(c1)A"(c2) for ci,co € Fy. We know that A’ and A" are both additive characters
of ;. Hence, there exist b, c € I, such that

Tt (bx) Tr} (cx)

A'(x) =8 " = xp(x) and A" (x) = " = xc(x)

2
for all x € F;, where Trj(-) denotes the trace function from Fyto F,and §, =e 7 is
a primitive p-th root of unity over If,. Therefore, we can express an additive character
of R; as follows:

Alag+ua)) = A(ag)A"(ar)
= Xp(ao)xc(ar).

Thus, there is an one-to-one correspondence:

T (R, 4+) — (Fpt)x (Fpt),
2, — (%1%%6)7

where ﬁq denotes the group of additive characters of IF,. It is easy to prove that the
mapping 7 is an isomorphism.
B. Multiplicative characters of R

The invertible elements of R; are can be represented as

Ry = {ao+uas:ap€Fya €F,}
{bo(1+uby) :by € Fz,bl eF,}.

Define ¢ : R — C* as the multiplicative character of finite chain R; satisfying
o(af)=o(o)p(B) for any o, B € R}. Then the group of multiplicative characters of

Riis Ry :={¢:Rj — C' | p(af) = ¢(x)p(B), &, B € R}}.
For any bo(1+ub;) € R}, we have ¢(bo(1+uby)) = ¢(bo) (1 +ub;). Define two
mappings ¢’ and ¢@” as follows: The mapping ¢’ : F;, — C* is defined as

¢'(c) == 9(c),
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for ¢ € IF;; and the mapping ¢” : F, — C* is defined as

¢"(c) == (1 +uc),

for ¢ € F,. It is easy to check that for any ci,c; € F}, we have ¢'(cic2) =
¢'(c1)¢'(c2) and

¢"(c1+c2) = o(l+ulcr+c2))
O((1+ucy)(1+ucy))

O(14+ucy)@(14+ucy)

¢"(c1)9"(c2).

It follows that ¢’ is a multiplicative character of F, and ¢"” is an additive character of
[F,. Then there exists a € F, such that " = y,.

Hence, we can represent a multiplicative character of R; as a product

@(bo(1+uby)) = @'(bo) xa(b1),

where @' € @Z and x, € ]P?q. Moreover, we have

A~

o: (R, x) — (ﬁ;,x)x(ﬂrq,ﬂ,
© — (W, Xa),

where ﬁ; denotes the group of multiplicative characters of F, and y = ¢ is the multi-
plicative character of IF,. One can show that the mapping ¢ is an isomorphism.

3.1.2 Character sums over R,

In this subsection, we introduce Gaussian sums, hyper Eisenstein sums and Jacobi sums
over R| and present some fundamental properties of these character sums.

Let Ry = Fy +ulF,; and R(,) = I, + ulF,, where u>=0,qg=r" risapower of a
prime p, and m is a positive integer. Then R; / R, 1s a Galois extension of rings and the
Galois group Gal(R; /R(,)) = (0;), where ©; is the R, -automorphism of R defined by

or(a+up) = o' +up’ (a,pelF,).
Then, we can define the trace mapping from R to R(,: Trgz) : Ri — Ry, satisfies
m—1
Tl‘g(l )(Oc +uP) =Trl(a) +uTri(B) = ¥ o'(o+uf), where Tr}(-) denotes the trace
! i=0

function from I, to .. Moreover, it is easy to show that Trk! (st) = sTrh! (¢) for each
1 Rr) Rer)

§ € R,y and t € R,. For convenience, Trg(1 : is abbreviated as Tr.

From Subsection 3.1.1, for any a,b,c € Fy, X4, Xp, Xc € ﬁq and y € F*, the additive
and multiplicative characters of R; can be expressed as @ := Y * X4, A := Xp * Xe.
Then, for any ¢ = to(1 +ut;) € Ry, we have ¢(t) = (v x,)(t) = w(to)x.(t1), and
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A1) = (xp* xe) (1) = xp(t0) X (t0t1)-
A. Gaussian sums over R

Let A and ¢ be an additive character and a multiplicative character of R}, respec-
tively. The Gaussian sum for A and ¢ over Ry = F, +ulF, (u? = 0) is defined by

Gr,(9,4) = ), (1A ().

%
TER]

The following theorem establishes the relation between the Gaussian sum over the
finite chain R and the Gaussian sum over the finite field I,,.

Theorem 3.1.1 Let ¢ be a multiplicative character and A be an additive character of

Ry, where @ := W Xq, A = Yp* X, W € @2 and a,b,c € F. Then the Gaussian sum
Gg, (@, A) satisfies

qGFq(W7Xb)7 ifa:O,C:();
Gr (@,A) = { qu(=9)x(—%2), ifa#0,c#0;
0, otherwise,

where Gy, (W, Xp) denotes the Gaussian sum over .

Proof:  Assume that ¢ = 1o(1 + ut;), where 1y € [, and #; € Fy.

Gr,(,4) = ) @(t)A(r)

tER}

= Y wlto)xa(t) xp(10) 2 (011

1o eIF,’;,tl €ly

= Y wto)x(bt) Y, xi((a+cto)t)

1€y nekF,
qGFq(W7Xb)7 ifa=0,c=0;
=q Y vo)ubo) =4 qu(—9x(—2L), ifaz#0,c#0;
lo€Fg.atcto=0 0, otherwise.
This completes the proof. [

Next, we introduce the definition of the quadratic character over R;.

Definition 3.1.2 Let ¢ be a multiplicative character of Ry. If (¢(t))* = 1 foranyt € R%,
then @ is called the quadratic character of Ry, denoted by p. Moreover, Gg,(p,A)
denotes the quadratic Gaussian sum over Ry, where A is an additive character of Ry.

In the following, we determine the form of the quadratic character p of R;. Let
N, Yo and Yo denote the quadratic character, the trivial multiplicative character and the
trivial additive character of the finite field I, respectively. We use the convention that
y(0) = 0 for a nontrivial multiplicative character y of IF,. For any t = to(1 +ut;) € R,
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if the multiplicative character ¢ of R; is a quadratic character, then we need (¢(t))? =

(w(to)xa(t1))? = 1. However,

(1) = (wlto)xa(nn))?

(w(t0))*x(2at1)

= (wlt)2g),

2my/—1
where {, =e 7 is a primitive p-th root of unity over IF,.

q
* If p =2, there is no quadratic character 1 of I, since 2{ (¢— 1) and C; p2a) _

Hence, when v is a trivial character and a # 0, we obtain that ¢ is a quadratic
character p of Ry, denoted by p := W * Xa.

o If p # 2, then @ is a quadratic character p of R when v = 1 and a = 0, denoted
by p := 1% Xo.

Based on Theorem 3.1.1, we have the following corollary.

Corollary 3.1.3 Let p be a quadratic character and A be an additive character of R;.

Let X, Xp, Xc € Fy, N denote the quadratic character of ¥, and ¥o denote the trivial
additive character of .

(1) If p =2, then

ab :
gx(—%), ifc#0;
GR‘(p’A)_{o o ife=0

where p := Yo * Xa, A := Yp* X and a € Fy,b,c € F,.
(2) If p # 2, then |Gg,(p,A)| = q% if b# 0 and Gg,(p,A) = 0 otherwise, where
p:=N*xXo, A:=Xp*Xcand b,c € F,.

B. Hyper Eisenstein sums over R
Now, we give the definition of hyper Eisenstein sums over Ry = F, +ulF, (u> =0).

Definition 3.1.4 Let n be a positive integer and @1, @, . .., @, multiplicative characters
of R1. Then the hyper Eisenstein sum for @1, @2, ..., @, over R is defined by

ER (@1, 92,03 1) = Y oit)ea(t2) - @altn). (3.1)

1 ,tz,...,tnERT,
Tr(t1+t2+'~+tn):1

Moreover, we can define Eg (@1, @2, ..., 9,;8) as follows: for each s € R,

ER (01,02, .., Pn;5) = ) @1 (11)P2(12) -+ Pu(tn)-

15125 tn ERY,Tr(t o+ +tn ) =5
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Ifs e Rz‘r), then

ER (@1,02,...,0n38) = )y @1(11)P2(12) -+ Pu(tn)

1,12, tn €RY T (1 1o+ Aty ) =5

128t Z 01 (5t1)(p2(5t2) cee (Pn(5tn)

511 75t2,...,5tn€R41‘,
Tr(st) +sty+---+sty)=s

= Q1 Qu(s) Y @1(11)P2(12) -+ Pu(tn)

[1,12,...,[n€RT,
Tr(t) +y++tn)=1

= Q1 Qu(S)ER (@1, 02, ., Pu3 1).
If s = ub € uF; (b € Ff C R}), then

ER (Q1,02,...,0038) = ) @1(t1)P2(t2) -+ Pu(tn)

1,12 tn €RY T (t 1o+ 4ty ) =5

tizbti Z ©1(bt1) P2 (bt2) - - - @y (D1y)

bty bty ....,btneR’l‘,

Tr(bt +bty+---+btn)=ub

= Q1 @u(D) Y @1(t11)P2(12) -+ Pu(tn)

tl,tz,...7tn€RT7
Tr(tl +l‘2+"'+tn):u

= @1 Qu(b)ER, (@1,02,...,Qnu).

Thus, it is sufficient to compute

ER (@1, ¢02,. .., 9n0) = Y @1(t1)P2(t2) - Pultn),

1,12 tn €RY T (t +12 - 41,) =0

ER, (01,02,...,0,) = ER, (01, 02,...,0p51) = Y Q1(t1)Q2(12) -+~ Qu(tn),

142, €RY,
Tr(t) +ty+++tn)=1

ER, (@1, 02, -, Pu3u) = Y P1(t1) @2(22) -~ Pu(tn)-

1,12 tn €RY T (t o+ 4ty ) =u

Before calculating the sums Eg, (@1, @2, ..., 9,;0),Eg, (@1, 92,...,@,; 1) and Eg, (@1, @2,
..., @p;u), we need to establish some preliminary results.

Lemma 3.1.5 Leta € F,, y e F, andt' € . Then

.

g, ifa=0,€F;andy=0;

0, ifa=0,t€F,andy+#0;
Y, x((a+y")i") =1 g, ifa#0,t €aF;andy=—4;
el 0, ifa#0,t' €cafyandy# —4;
L 0, ifa#0,//¢aFfandy€eF,.

Proof: The proof of the result is easy, so we omit it here. [
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Lemma 3.1.6 Let t,ty,...,t, € F; and ay,a, ...,a, € F,

(D) IfA:=A(ar,...,ant],... 1) = y Xa, )+ Xa, (2)), then
1 lnequ
Tq(titi/+ —+thi!)=0

n

T, fay=ar=--=a,=0;
¢ i a _ ... _ G o [
A=<+, ifay- an#Oand o €I

0, otherwise.

(2) IfB:= B(alv"'van;tir"atr/t) = Y Xm(t{,) o 'xan(tr/t/)’ then
1, ,lnG]Fq
Tq(titi’—&- Athth=1
T fag=a=---=a,=0;
ro 1 2 n
n .
B=4 TA(), ifaray#0and § = = f =z €F};
0, otherwise.

Proof: Letr/ € F>,a; € Fy, where 1 <i<n.

(Ha = Z Xay (1) Xay (81

1ty €F g,

T (¢} o]+ +thf])=0
= Tl +ta) s ¥ pOTAG )
t{’, WS yeIF
!

= —Z Y x(ai] + o Fant) Ay )

yEIF rt] sty €Fy

= —Z Y x((ar+ym)d))-- Y, x((an+yiy),)

yG]Frt S el
(Z%alﬁ Zxant”+z Z% (a1 +yr)e) -
'eF, ty€ly yeF; 1 eFy

), x((an+yt,2)f,2’)>-

1Ry
It is obvious that

g, ftag=a=-=a,=0;
Z_ t” —
Z xlarn) Z 2 (anty) { 0, otherwise.

S ek,

LetT=Y Y x((ai+y)t])--- ¥ x((an+yt,)t)). We divide the rest of the proof
yel; /el S

into two cases according to Lemma 3.1.5.

1) Assume thata;---a, = 0. Then T = 0.



32 Constructions of (asymptotically) optimal codebooks

2) Assume that a; - - -a, # 0, such that a; #0,...,a, # 0. The following is divided into
two cases to discuss the value of T

o If there exists #/ such that 7/ ¢ ¢;[F}, then T = 0.
o If1] € a\F} and - - and ¢, € a,FF}, such that %, t, € %, then
1

. C]n, if‘tl_{l:”.:%/;n;
0, otherwise.
To sum up, we can get the desired result.
(2B = Z Xay (1) Xay (1)

Tr‘rf(ti i’+ +t,’11;,’ )=1

= Y xl@t+--+an)- Zu (Y(Trd(¢1t) +---+1t)) — 1))

t{’, S yeIE‘r
= = Zu Y, (@] + A anty +y( 4+ )
yeIF tl .t eRy
= - Z w(=y) ¥ 2(a+yDi)- Y, x(an+yi)e)
" yeF, t{’ €F, 1/'eF,
= ( Y, x(ar))-- Y x(aut))+ Y, u(=y) Y, x((@+y)e)-- Y, x((an
S el yelFs; zi/eIFq S
+yt,'1)f/{)>-

It is easy to check that

Z X alﬁ Z X ant// {q, if a; 'az an

/eF, 0, otherwise.

LetT= Y u(—=y) ¥ x((ar+yt)t])--- ¥ x((an+yt,)ty). We will calculate T in
yelF: S el

the following two cases according to Lemma 3.1.5.
1) Assume thata;---a, = 0. Then T = 0.
2) Assume that a; - --a, # 0, such that a; #0,...,a, # 0.
e If there exists #/ such that 7/ ¢ ¢;[F}, then T 0.
o If 1] € a,FF} and - - and 7, € a,F*, such that ‘;ll, . t, € F%, then

1

. q”,u(z), ifﬂtl_}:...:?_;lnzz;
0, otherwise.

This completes the proof. |
Our next result relates the sums Eg (@1,¢2,...,9,;0),Eg, (@1,¢2,...,9,;1) and
ER (@1, @2, .., @n;u) to the sums Ex_ (Y1, Y2, ..., ¥,;0) and Ex, (y1, Y2, .., Yn; 1).
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Theorem 3.1.7 Let @1, ¢, ..., ¢, be multiplicative characters of Ry and @; := Y *
Xal-(l <i < n), where y; and Xa; are multiplicative and additive characters of Fy, re-
spectively. Then

(D) ERl((Pla(p27' . -;(Pn;o)

%Eyq(%,WL...,Wn;O), ifaj=---=a,=0;
_ &r_l)llfl(al)""l/n(an), ifa,---a, #0,Tr}(a; +---+a,) =0 and
(y1---y,)" is trivial;
0, otherwise,

where (Wi -+ W,)* is the restriction of Yy -y, to F,.

(2) ERI((pl,(P2,~~~,(Pn;1)

%qu(%,l//z,---,%;l), ifaj=---=a,=0;
= %Wl(m)”'l,t’n(m)a if aj---a, # 0 and Trf(a; + - - +a,) # 0;
0, otherwise,

where Ex (W1, V2, ..., Wy 1) denotes the hyper Eisenstein sum of .
(3) ER1 ((P17 (p27 ety (Pn’u)

%nEFq(WD Va,..., tho)

=1 L@ vl Ge, (FWa)"), ifar--a, #0and Tel(a ++-+a,) = 0;
0, otherwise,

ifa) = =a,=0;

where (Wi -+ W,)* is the restriction of Yy --- Y, to F,.
Proof: Lett),n,...,t, € R}, where ; = /(1 +ut!’), 1 <i<n. Then

(1) Eg, (@1,92,...,050) = Y @1(t1)P2(72) -+ Pu(tn)

zl7t2,...,tneRT,
Tr(t +tp+--+1tn)=0

. ! " / "
- Y WL (t) Xy (1) -+~ W (1) X, ()
1o €F Gt oty €Fg,
T (] -+ ) =0,Te] (¢] ] 411} )=0

= Y v Y xa () 2a ()

ti,...,tﬂ,eFfl, zi’,...,tﬁ,’qu,
T (¢] +++11) =0 e (¢} +-+ ) )=0
/ !
= Y v (1)) Wu(t,)A (By Lemma 3.1.6 (1)).
1t €FF
11"'7 n q7

elfa,=---=a,=0,then
n
Er(91.92,-050) = T ¥ wa()-wal)
1] tn€FG
T (] +++++1p)=0
n

= QTEFq(Wl,llfz,---,'l/n;O).
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o If a;---a, =0, but not all of them are zero, then Eg, (Y1, Y2,...,¥,;0) =0.
olfaj---a, #0,then Eg, (@1, ¢2,...,0,;0)

n

q
= = Y wi(t) - Walty)
r !/ / * g /
11 tn€F g, Try (t1+~~~+t,,):0,
1 n
q' t Iy
= — a a Let —_ = = ... = =
S L i) i) (L= dent
zTr?(a1+~<+an):0
qn
= vil@)vnla) ) (e wn)' @)
€,
zTr‘rj(a]ZerJran):O
0, if Trf(a; + - +a,) #0;
= @qﬁ (ar) - wu(ay), ifTrl(aj+---+a,) =0and (y---y,)* is trivial;
0, if Trl(ay +-+-+a,) =0and (- y,)* is nontrivial.
(2) Eg,(@1,02,...,0p51) = Y @1(11)P2(12) -+ Pu(tn)
15125t ERTTr(t o+t ) =1
= ) W1 (1) Xy (1) - W (1) X, (1)
ti,...,t{,eFf].,ti/,...,t,’{eIFq,
T (¢ ey = LT (1] ol o thtf] =0
= Z wi(r)) - wa(ty) Z Xay (1) -+ Xa, (1))
ti,...,t;leFZ, ti’,...,z;,’eIFq,
Trf (1] +-+e)=1 e (¢} o]+ +thf] =0
= Y wi(®) - v(,)A (By Lemma 3.1.6 (1)).
ti,m,t,geIFj;
Tr?(ti-i—m-l-t;,):l
elfa;=---=a, =0, then
) _q / /
ERI((Plv(pZa---a(Pn’l) — 7 Z lljl(tl)"'lllfl(tn)
1] n€FG

Tr?(zi+-»»+t,’,):1

q"
= 7EFq(w17 Yo, Yns 1)

e If a;---a, =0, but not all of them are zero, then Eg, (y1, Y2,..., Y1) =0.
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.Ifal"‘an #0’ thenER1((Pla(P27---a(Pn;1)

{

(3) Er, (@1,92,...,0u;1)

)

z€Fy,
zTri](al +-+ap)=1

0,
a a
4 (Tr?(a1+-~+an)

) Yl e

i (t) - Yn(ty)

€ T 1] +o41) =1,
JH==pery
1 n
t/
)3 Vi(a12) - Ya(anz) (Let 7=-L =
%k Cl 1
z€Fy,
ZTr?(a1+"'+a11):l
ql’l
i) @) ) (v v)@)

if Trl(a; + -+ +a,) =0;

an

),

)

5] ,tz,...,tnERT,Tr(tl +t2+---+tn):u

(!

yeey

(!

elfa;=---=a, =0, then

ER]((p17(P27"'7(Pn;u)

/ ! %
..... th€F gt

>

Gt s 1 eFyg,

() =0 Tel (1] 1 -+ ptf))=1

AGYRRACY

Tl G

1+---+t,/1):1

/
yi(n)-
t/
1
T (] ++-++1)=0
n

q
Ry

ety )=1

Wa(2,)

(Wlall/%' 7]11/}1,0)

if Trf (ay + -+ +ay) #0.

@1(11) P2(t2) - - Pu(tn)

W1 (1) Xy (1) -~ Wn () X, (1)

Xay (1) X, (8)

-y, (t))B (By Lemma 3.1.6 (2)).

o If a;---a, =0, but not all of them are zero, then Eg, (W1, V2, ..., Wy u) =0.
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OIf&ll"'an#O, thenERl((p17(p27"'7(Pn;u)

n

q
T )3 wi(t]) - Walt,)A(2)
oo th€F 5 Tl (6] ) =0,
q" al .
=5 L w)wEne
d z€Fy, Z z

Imid(ay+-+an)=0

= Typa)wla) Y W) QAQ

z€F¥,
L0 @y +-4an)=0
zr 1 n)—

0, if Trl(a; + - +ay) #0;
qul/l (a1) - Wu(an)Gr, (V1 W)"), if Tri(ay+ - +an) =0.

This completes the proof of this theorem. |

From the above theorem, we combine Eqs. (2.2), (2.3) with Lemma 2.1.11, then
we can calculate the exact value of the hyper Eisenstein sum Eg, (@1, @2, ..., @,; 1) over
R;. It is worth mentioning that we obtain a connection between hyper Eisenstein sums
of Ry and Gaussian sums of [, when vy, Y, ..., y, are not all trivial by [81, Theorem
3]. Therefore, we obtain the following corollary.

Corollary 3.1.8 Let ¢, Qs,..., @, be multiplicative characters of Ry and @; := y; %
Xa; (1 < i< n), where y; is a multiplicative character of ¥, and X, is an additive

character of F, with a; € IF,. We obtain the following three direct consequences.

(1) If y1,Y¥n,..., ¥, are all trivial, then

qn((fl—l)"rg—(—l)nﬂ)’ ifaj=---=a,=0;
Er/(@1,....,001) = % ifa---a, #0and Trl(a; +---+a,) #0;
0, otherwise.

(2) If y1,..., ¥y, are all nontrivial and Yy, 1, ..., Y, are all trivial for 1 <h <n—1,
then Eg (@1,...,@n;1)

[ (=1)""q" G, (y1)Gr, (Vi)

rGr, ((y1-¥)*) ’

ifaj=---=a,=0and

(y1---yy)* is nontrivial;

(~ 1) "Gy, (1) G, (W)
2 )

ifaj=---=a,=0and
(i ---yp)* is trivial;
%Wl(m)""lfh(m), ifay---a, #0and
Tri(a) + -+ +apn) # 0;

0, otherwise.

n
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(3) If 1,2, ..., W, are all nontrivial, then Eg, (@1, ..., Qn;1)

( 4"Gr,(Y1)-Gr, (V)
rGr, ((Y1-yn)*)

ifaj=---=a,=0and

(w1 y,)* is nontrivial;

2 ) ifaj=---=a,=0and
=9 ) (w1 yy,)* is trivial;
a n .
Trl(ay + - +ay,) #0;

0, otherwise.

\

Remark 3.1.9 Similarly, we can also calculate the exact value of the sums E (¢,
©2,...,0,50) and Eg, (@1, @2, ..., Qy;u) over Ry using Lemma 2.1.13.

In view of the fact that Eg (@1, ..., 0n;5) = @1 - @u(s)Eg, (@1, .., ¢y 1) and Corol-
lary 3.1.8(3), we can determine the absolute value of Eg (¢y,...,@,;s) forall s R’{r).

Corollary 3.1.10 Let ¢, @s,..., @, be multiplicative characters of Ry and @; := W; %
Xa; (1 <0< n), where y; is a nontrivial multiplicative character of Fy and ¥, is an
additive character of F, with a; € F,. Assume that (w1 y,)* is the restriction of
Y- Yy, to . Then

r%(’"”_l), ifaj=---=a,=0and (y; --- y,)" is nontrivial;
= ifa = =a,=0and (¥ - y,)* is trivial;
ER (@1,...,0n8)| =< " ; === Y ’
Eri(9 @1:5)| Pl ifarca, #0and Trl(ay + - +ay) # 0;
0, otherwise.
In fact, we can get the value of the sum Eg, (@1, ¢, ..., ®,;5) whenn =1 in Theorem

3.1.7. If s = 1 and n = 1, then the sum Eg, (¢;1) is usually called the Eisenstein sum
over Ry, where ¢ is a multiplicative character of Ry. Hence, we have the following
corollary as a special case of Theorem 3.1.7.

Corollary 3.1.11 Let ¢ be a multiplicative character of Ry and @ := W x X,, where ¢
is a multiplicative character of ¥, and X, is an additive character of ¥, with a € IF,.
Then

(1
1Er,(y;0), ifa=0;
Eg,(9;0) = ¢ 1“Uy(a), ifa+0,Tr!(a) =0 and y* is trivial;
0, otherwise,

where Ey (;0) denotes the sum Ex (y;s) over Fy with s = 0.
(2)
Ep,(y;1), ifa=0;
‘l’(Trqa(a)), if a # 0 and Tr(a) # 0;
0, if a # 0 and Tr{(a) =0

where Ex, (y;1) denotes the Eisenstein sum over I,

Eg (¢;1) =

)
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(3)
%E]Fq(q/;O), ifa=0;
Eg, (@;u) =< 0, if a # 0 and Tr(a) # 0;
2y (a)Gr,(y*), ifa#0and Trf(a) =0,

where Ex, (y;0) is the sum Ep, (y;s) over Fy with s = 0 and Gr,(y*) is a Gaus-
sian sum over IF,.

Remark 3.1.12 In view of the definition of Jacobi sum over ¥, in [130], we have the
Jacobi sums Jg, (1,92, ..., Qn; 1) defined by

Jr, (@1, 02, Pu31) = Y @1 (x1)P2(x2) - Pu(Xn).-

X1 ,xz,...,an]F;,xl +xp+-+xp=1

Similarly, we can define Jacobi sums over the ring Ry as follows:

JR (@1, 02, ., Q3 1) = Y @1(t1)P2(t2) - Pu(tn).

112, tn ERT 1 4+ =1

Let g=r"and r = p'. If m = 1 in Definition 3.1.4, Jacobi sums over R, are special
types of the hyper Eisenstein sums. Therefore, we have the following corollary, which
relates the Jacobi sum Jg(@1, @2, ..., Qp; 1) over the ring R.

Corollary 3.1.13 Let @1, s, ..., @, be multiplicative characters of Ry and @; := W;*
Xa;(1 < i < n), where y; and X, are multiplicative and additive characters of Fy, re-

spectively. Then Jg, (@1, @2,...,¢p;1)

qn_lfm‘q(ljll,ljlz,...,l’l/n;l), ifaj=---=a,=0;
= qn_1w1(al+c.z.l.+an)“'Wn(al+?.r.l+an)7 ifal"'an#Oandal+"'+an7é0;
0, otherwise.

where, the Jacobi sum JFq(wl, Vo,..., Wy 1)

([ (g=1)"+ (D™

7 , if y1,...,y, are trivial;
n—h(g=D)"+ (D" o il
(—1) S——— ify1,...,y, are nontrivial and Wy 1,. .., ¥, are trivial;
=4 G G , _
F‘IG(I;Ill()%mFlZ ()Wn), if yi1,..., ¥, and y1 - - -y, are nontrivial;
q n
G .G . . . . e
| - F"(%)q ]F"(w”), if y1,...,y, are nontrivial v - - -y, is trivial.

3.1.3 Constructions of several families of codebooks

In this subsection, we mainly study the applications of character sums over the local
ring Ry = F, + uF, (u*> = 0) to the construction of codebooks.

e Constructions of asymptotically optimal codebooks

Next, we present several families of asymptotically optimal codebooks constructed
using Gaussian sums, hyper Eisenstein sums and Jacobi sums over R;.
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Firstly, we construct several families of asymptotically optimal codebooks from the
Gaussian sum over R;.

Let @ := y* X, and A := Y, * X, where a,b,c € Fy, Xa, Xb, Xc € ]?q and y € ﬁ;.
Assume that t = 7o(1 +ut) € R}. Then we can define a set CO(RT,IQT x R) as

* ¥ e 1 ~ ~
GRLR xR) = { e (0OAD) ey 0 <R A <R}

1 .y ~
= {W((W(IO)XLI(II)Xb(tO)Xc(tOfl))toeF;,tl eFy> W € By Xas Xbs Xe € Fq} ,

where K = |RY| = g(g — 1). According to the definition of the set Co(R},R} X R}), we
will give two constructions of codebooks over Rj.
A. The first construction of codebooks

The codebook Cj := C; (R*{,I?*l‘ X 1/3\1) of length K; = |R}| = gq(q — 1) over Ry is
constructed as:

C = {\/%(W(tO)Xa(tl)Xb(ZO)XC(tOII))toeF;,tl €Fy»

V is a fixed multiplicative character over Iy, x4, Xp, Xc € ﬁq } (3.2)

Based on this construction of the codebook C;, we have the following theorem.

Theorem 3.1.14 Let C; be a codebook defined in (3.2). Then Cy is a (¢°,q(q—1))
codebook having maximum cross-correlation amplitude I, (C1) = ﬁ. Moreover, the
codebook C asymptotically meets the Welch bound.

Proof: From Eq. (3.2), it is obvious that C; has N; = ¢> codewords of length K| =
qq—1). Let e = —=(W(t0) Xay (11) X, (t0) Xe, (t011) )y e, €2 = = (W(t0) Xy (11)
X, (0) Xe, (011) )1yers 1, ek, be any two distinct codewords in €. Denote the trivial mul-
tiplicative character of I, by yy. Let a = ay; —az,b = by — by and ¢ = ¢; —cp. Set
Q= Yo*x, and A := xp* Xc. Then

Kieid = Y wlt0)xay (11) b, (0) Xey (01) W (20) Xay (11) Xy (10) Xy (011 )

t0€F 1 €F,

= Y. wolto)x((a1 —a2)ti 4 (b1 — ba)to+ (c1 — c2)iot)

toE]Fj]‘,t] €lfy,

= ) volto)x((b1 =b2)o) Y, x((a1—a2)ti + (c1 —c2)tot1)

toEIF; t€ly
= Y wolto)x(bto) Y, x((a+cto)n)
toEFZ rely

= Y o (f0) X5 (fo)

toEFZ,a+Ct0=0

= GR1((Pa)L)'
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Since ¢ # ¢, a,b and c¢ are not all equal to 0. In view of Theorem 3.1.1, we have

—q, ifa=0,c=0and b # 0;
Kieidd =< gqx(—%2), ifa#0andc#0;
0, otherwise.

Consequently, we infer that |c1c§ | € { =1 } for any two distinct codewords ¢, ¢, in
C). Hence, I (C)) = —

Next, we show that the codebook C; asymptotically meets the Welch bound. The
corresponding Welch bound of the codebook Cj is

Iy — 7 —qlq _ | g+l
N1—1K1 (¢°—1q ) - —q+1
Imax(C1) __ =g —q+1 Imax(C1) _ : : :
From = \/ P—ar (g1 Ve have qlg}noo = 1, which implies that C;
asymptotically meets the Welch bound. [

B. The second construction of codebooks
The codebook C; := Cz(R*l‘,ﬁi‘ x R}) of length K, = IR}| = g(g —1) over Ry is
defined by

G = {\/%(ll/(to)la(fl)Xb(IO)Xc(totl))toer,tlqua

(VA @2, Xp 1s a fixed additive character over F, X4, X € ﬁq}. (3.3)

Theorem 3.1.15 Let C; be a codebook defined in (3.3). Then Cy is a (q*(q —
1)) codebook having maximum cross-correlation amplitude I, (Cy) = ﬁ. Moreover,
the codebook Cy asymptotically meets the Welch bound.

Proof: According to Eq. (3.3), it is easy to see that C; has N, = ¢*>(¢ — 1) codewords
of length K> = (g — 1). Let €1 = = (1 (t0) Xa (11) 25 (10) Xe, (t011) ey 1y, and €2 =

\/%(llfz(l‘o))(az (1) (10) Xe, (t011) )1y 1, €, be any two distinct codewords in C). Set
Y= 'Vl'l_’zaa =a)—ap and ¢ = ¢ —cp. Then

Kxered = Y wi(10)Xa (1) 2(10) Xe, (f011) W2 (t0) Xay (11) X (£0) Xy (1011)

t()EIF:;,tl €lfy,

- Z ViV, (1) x (a1 —a2)ti + (c1 — c2)tot1)

t()EIF;,tl €lfy,

— Z 1//(1‘0) Z x((a—l—cto)tl)

t()EIF; 1€y

=q ) ¥

l‘oEFZ,a-ﬁ—CtO:O
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* If a=c =0, since ¢ # ¢, it follows that y is nontrivial. Then we have

Kxeicd =q ) ylt) =

3
10EFy

e Ifa=0,c#0o0ra##0,c=0, then Kr¢;ci =0.
 If a0 and ¢ # 0, then Kre ¢ = gy (—49).
" { Ly(—4), ifa#0andc#0;
cicy; =4 2 ‘ :
0, otherwise.

Hence, we infer that |¢;cf| € { T 1} for any two distinct codewords ¢j,¢; in C,.
Therefore, I (Ca) = L

q—1
The proof is similar to the proof of Theorem 3.1.14, and by calculating, we
have Iy = 3q_21 ,and lim hnax (C5) 1, 1.e., the codebook C; asymptotically meets
q°—q°—1 g—so 1w
the Welch bound. |

C. The third construction of codebooks

Next, we present the asymptotically optimal codebooks which are constructed by
Eisenstein sums over R. Based on this, we first give the following lemma.

Lemma 3.1.16 Let G := {¢;: (r—1)| j,0 < j < g—2} CF?, where ¢; = ¢! and ¢,
is a generator OfIF* with 0 < j < g—2. Then G is a subgroup of F, and G| = q ]

Moreover, for every y € Fr, y* is trivial if and only if ¥ € G, where y* denotes the
restriction of Y to I¥,.

Proof:  Assume that IF, = (6), i.e, let 6 be a primitive element of ;. Then F; =
(9%> We can further assume that ¢1(0) = {,—1. Then y* is trivial <= y (9%1) =
| — y(6)F =1 (¢ D = 1,0<j<g—2e=(g—1) | & = (r—1) | ).
|

Let
D={t€R]:Tr(t) =1} and K3 := |D|.
Here, we consider the case that m = 2 and ¢ = r>. Hence, it is easy to check that
K3 = r?. Assume that H is a subgroup of G:= {¢; : (r—1) | j,0< j<g—2} C [ and
= |H|. Then k | (r+1) since |G| = &4 = r+ 1.

The the codebook C3 := C3(D,H X @q) of length K3 = r% over R; is built as

G = {%{—S(W*xa)(ﬂ)zemwemh GE}- (3.4)

Theorem 3.1.17 Let C3 be the codebook defined in (3.4). Then Cs is a (kr*,r?) code-
book having maximum cross-correlation amplitude Inax (C3) = % Moreover, the code-
book Cy asymptotically meets the Welch bound.
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Proof: From Eq. (3.4), it is obvious that C3 has N3 = kr? codewords of length K3 =

2. Let ¢; and ¢, be any two distinct codewords in C3, where ¢; = \/LK?((% *Xa,)(t))ep

and ¢; = \/LK*S((‘I/Z * Xa,)(t))iep- Let @1 := Y1 % Y4, and @2 1= Yo x X4,. Set ¢ = Q1P
and ¢ := Yy * x,. Then

Kseied = ) (Wi Xa))(0)(W2x Xa,) (1)

teD

= Z ] (f)(Pz—(f)

teR],Tr(t)=1
= Eg, ((P; 1)
9, (y:1), ifa=0;
= %W(Trg“(a)), if a # 0 and Tr(a) # 0; (By Corollary 3.1.11 (2))
0, if a # 0 and Tr(a) = 0.

Since ¢; # ¢y, it follows that v and Y, are not all trivial. In view of Corollary
3.1.10 (n = 1,m = 2), we have

3 . ..
rz, ifa=0,y and y* are nontrivial;
Kileicd|=< 0, ifa #0,Tr!(a) = 0 and y is an arbitrary multiplicative character of F;
r,  otherwise.

Since H < G, which implies that y* is trivial (by Lemma 3.1.16), we infer that |¢;¢}| €
{o, %} for any ¢, ¢, € C3. Hence, Inax (C3) = -
An argument analogous to the one given in the proof of Theorem 3.1.14 establishes

that Iy = %, and then lim mx(©) — Hence, the codebook C3 asymptotically
\ 2= Pt
meets the Welch bound. |

D. The fourth construction of codebooks

In the following, we present the asymptotically optimal codebooks which are con-
structed using Jacobi sums over R;. Now, we consider the case that n =2 and m = 1.
Lett; =t;(1+ut]) and t, = t}(1 +ut}) € R}. We define

D' = {thheR :t1+6=1}

LT I I

= {ti,té EFq,tl,lz quti—f—lé:l tltl +t2t2 —0} andK4 = |D/|

The codebook Cy := Cy4(D’ ,R’l‘ X ﬁT) of length K4 over R; is assembled as

1
Cy = {\/—K_4(‘P1(l1)¢2(f2))t1t260’ P1=Vi*Kay, P2 = Vo Xay;

y1 is a fixed multiplicative character over F,, y» € E’;, Xays Xar € @q}(S.S)

Theorem 3.1.18 Let C, be the codebook defined in (3.5). Then Cyisa (q*(q—1),q(q—
2)) codebook having maximum cross-correlation amplitude I, (Cs) = Lz Moreover,

the codebook C4 asymptotically meets the Welch bound.
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Proof:  According to Eq. (3.5), it is obvious that C4 has Ny = ¢?(q — 1) codewords
of length Ky = g(q—2). Letc; = \/LKj(Wl (ti)xtn (til)WZ(té)xaz (tél))t{,téE]F;;Ji',té’GFq and
c = \/LKT‘( wi (8]) 2, (6] w3 (85) o, (2 ) e ' ek, be any two distinct codewords in
C4. Denote the trivial multiplicative character of I, by yp. Leta =a; — by and b =
ar —by. Set @1 = Yo * ¥, and @ = YL Y3 x Xp. Then

Kieidd = Y Wi (1) Xay (1) W2 (83) Xa () W1 (1) X, (27 W3 (2) 2, (7))
ti ,té eFZ,ti’,té’qu,
4t =16t +ih el =0
= ) wo (1)) x ((a1 — b1)ty ) va Wi (1) X (a2 — b2)13)
1 1y eFy il eFg,

Dol ]
t1+12_1,tlt1 +iyty =0

= Y o))

1.0 €RY,
t+ty=1

= JR1 ((Pl ) QDQ) .
According to Corollary 3.1.13 (n =2), we have

—q, if a = b = 0; (since ¢| # ¢, Y23 is nontrivial )
Kyeichl = Qa3 (75), ifa#0,b#0anda+# —b;
0, otherwise.

Consequently, we infer that |¢;c¥| € {0, qflz} for any two distinct codewords ¢, ¢, in
C4. Hence, Inax (Ca) = 1

q—2
The proof is similar to the proof of Theorem 3.1.14, and then obtain that the code-
book C, asymptotically meets the Welch bound. |

e Constructions of optimal codebooks

Next, we study a class of codebooks achieving the Welch bound that can be con-
structed using quadratic Gaussian sums over R; = F,, + uF, (u*> = 0), where g = 2.

From Subsection 3.1.2, when p = 2, we know that the quadratic character of R
iSp=yo*xx, (a€ IFZ) Assume that A := % X, t =to(1 +uty), where b,c,t; € Fy,
) € Fz; Let

D"={teR;:p(t)=—1}and Ks = |D"|,

where p := Yy * ¥, is the quadratic multiplicative character of R; with a € F and n (0)
is defined as O for convenience.

The codebook Cs := Cs(D” ,ﬁl) of length K5 over R is defined by

6 = { g rch} 36)

Theorem 3.1.19 Let Cs be a codebook defined in (3.6). Then Cs is a (q?, @) code-
book having maximum cross-correlation amplitude Iy,x(Cs) = 1

g Moreover, the
codebook Cs meets the Welch bound.
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Proof: In the light of the definition of Cs, it is easy to see that Cs has N5 = ¢> code-
words of length K5 = [D”| = —) Let ¢; and ¢, be any two distinct codewords in
¢5, where ¢ = \/LK—S(/M( ))ien” and c) = \/K—S(lz( ))sepr- Denote the trivial multiplica-
tive character of F, by yy. Let b = by —by and ¢ = ¢; — 2. Set p := Yo * X, and
A = Xp* Xc. Then

K5C1051 = Z)«ﬂl‘)%

1 — o (to) Xa(t1)
2

= Y 26 (10) e, (t011) Xy (f0) Xer (tot1)

10€F;.11€Fy

= Y 2((bi—b2)1o)x((c1 — c2)tot1)

10EFy.11€Fy

= ), X(to)xe(ton) 1 — Yo (to) Xa(t1)

1 — o (to) Xa(t1)
2

toe]F* 1 €F, 2
1
= 3 Z Z6(t0) ) xelton1) = SGr, (P, ).
toe]F* t €y

Since ¢ # ¢,, b and ¢ are not both equal to 0. Then we have

—q, ifb#0andc=0;
Xp(to) Y, Xe(tot) = { .
,ng,z ,E'Fq 0, ifc£0.

In view of Corollary 3.1.3, we have

QX(_@)a lfc#o,
G A) = ¢
7P A) {0, if ¢ =0.
Hence,
1 .
— 54, if c =0;
Ksclcg = 2 .
—3ax(=%), ifc#0.
Therefore, we get |c1c2 | = — for any two distinct codewords ¢y, ¢, in Cs. Hence,
Imax(CS) qlTl

Next, we prove that the codebook Cs meets the Welch bound. The corresponding
Welch bound of the codebook Cs is

fy— [ s =Ks ¢ —3qg—1) _ 1
Ns—DKs — \ (@~ Dlalg—1)  a—1
It follows that Im‘“v(v s . Obviously, Cs meets the Welch bound. |

Remark 3.1.20 (1) Let the set &, be the standard basis of the n-dimensional Hilbert
space which is given by the rows of the identity matrix I,. Let C;=CiU k., where i =
1,2,3,4. Then the codebooks C; are also asymptotically optimal and their parameters
are as follows.
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(i) Nl =N +K; ZQ(qz‘f’Q‘Fl),Izl =Ky =q(q—1)and Imax(gl) =Inax(C1) = q%l

(i) Ny =Ny + Ko = q(¢* — 1), Ka = K2 = q(q — 1) and Inax(C2) = Ipax (C2) = g
(iii) N3 = N3+ K3 = kr2 412, K3 = K3 = 12 and Inngx(C3) = Inax (C3) = L.

(iv) Na=Na+Ks = q(q* —2),Ka = Ka = q(q—2) and Inax(Ca) = Inax (Cs) = 5.

The parameters of the codebooks 61,63,64 are new. The proof of this result is similar
to the proof of [79, Theorem 4.1], so we omit the detail here.

(2) In Table 3.3.1, we list the parameters of some known classes of asymptotically
optimal codebooks with respect to the Welch bound. By a comparison, we find that the
parameters of codebooks obtained in Theorems 3.1.14, 3.1.17 and 3.1.18 are new.

3.2 Constructions of codebooks using character sums over
Ry =F,+uF, (u* = u)

Let IF, denote the finite field and F, = IF,\{0}, where g is a power of a prime p. Let
the non-chain ring Ry = F, +uF, = {a + Bu: a,B € F,}(u* = u) having maximal

F
<M§K]t>. In fact, R, =

uFy & (1 —u)F, ~F; is a two-dimensional vector space over F, and |R;| = ¢*. The
invertible elements of R, are

ideals (1 —u) and (u). The ring R, is equivalent to the ring

Ry = uF: e (1 —w)F: = {ua+ (1 —w)B : &, p € F}.

It is obvious that |R}| = (¢ — 1)

3.2.1 Characters of R,

In this subsection, we give the additive and multiplicative characters of R, which will
be helpful for us to employ some character sums over the ring R, in the sequel.

A. Additive characters of R,

Define A : R, — C* as the additive character of the finite non-chain R; satisfying
A(ri+ry) = A(r1)A(rp) for any r,r, € R,. Hence, the group of additive characters of
Ryis Ry :={A:Ry — C* | A(ri +1r2) = A(r1)A(r2),r1,r2 € R}

For any uao+ (1 —u)a; € Ry, we have A(uap+ (1 —u)a;) = A(uag)A((1 —u)ap).
Define two mappings A’ and A" as follows: The mapping A’ : F, — C* is defined as

A'(c) := A(uc)
for ¢ € IF;; and the mapping A" : F, — C* is defined as

A7) = A((1 —u)e)
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for ¢ € F,. Therefore, it is easy to prove that A’(c1 +c¢2) = A'(c1)A/(¢2) and A" (1 +
c2) = A"(c1)A"(c) for ¢1,cp € Fy,. It follows that A" and A” are additive characters of
[Fy. Thus, there exist a,b € I, such that

Tr (bx)

2 =67 = (0, A" () = &7 = (),

where Tr}(-) denotes the trace function from F,, to F), and {, =e 7 is a primitive

p-th root of unity over IF,. Therefore, we can express an additive character of R; as
follows:

Aluag+ (1 —u)a;) = A'(ag)A"(ay)

Thus, there is an one-to-one correspondence:

A~

T:(Ry,+) — (@qri‘) x (Fg,+),
A — (Xav%b);

where @q denotes the group of additive characters of IF,. It is easy to check that the
mapping 7 is an isomorphism.
B. Multiplicative characters of R;

The structure of the multiplicative group Rj is R = ulF, © (1 —u)F;. Then the
invertible elements of R, are can be represented as

Ry = {uap+(1—u)a:ap,ar €F,}
{(uao+ (1 —u))(u+ (1 —u)ay) : ag,a1 € F}.

Define ¢ : R; — C* as the additive character of the finite non-chain R, satisfy-
ing @(rir2) = @(r1)@(ry) for any ri,r, € R5. Therefore, the group of multiplicative
characters of Ry is R := {¢ : R5 — C* | @(r172) = @(r1)@(r2),r1,r2 € R}}.

For any (uag+ (1 —u))(u+ (1 —u)a;) € R, we have @((uag+ (1 —u))(u+(1—
u)ay)) = @(uao+ (1—u))@(u+ (1 —u)a;). Define two mappings ¢’ and ¢@” as follows:
The mapping ¢': F; — C* is defined as

¢'(c) == @(uc+ (1 —u))

*. 3 . * X 3
for ¢ € F; and the mapping ¢@" : Fj — C* is defined as

¢"(c) == @(u+(1-uc)

forc € FZ.
For any c1,c; € IF;, we have

¢'(cic2) = @(ucicr+(1—u))
= @(uci+(1—u))p(ucy + (1 —u))
= ¢'(c1)9'(c2),
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and

¢"(cic2) = @u+(1—u)cicy)

¢((u+ (1 —u)er)(u+ (1 —u)c2))
¢ (u+ (1—M)Cl) (u+(1—-u)c)
¢"(c1)9" (c2).

In view of these, we can obtain that ¢’ and ¢” are multiplicative characters of F,.
Hence, we can describe a multiplicative character of R; as follows:

¢((uap+ (1—u))(u+ (1-u)ar)) = ¢'(ao) 9" (ar).
Moreover, we have
o (Ry,x) — (Fpx)x (F, %),
¢ — (99",

where ]@f] denotes the group of multiplicative characters of IF,. One can show that the
mapping o is an isomorphism.

3.2.2 Character sums over R,

This subsection introduces Gaussian sums, Jacobi sums, and hyper Eisenstein sums
over the finite non-chain ring R, and presents some fundamental properties of these
character sums.

A. Gaussian sums over R»

Let A and ¢ be an additive character and a multiplicative character of R, = F, +
ulf, (u? = u), respectively. The Gaussian sum for A and @ of R, is defined by

Gr, (@A) = Y o)A

t€R2

Let ¢ := @' x " and A := x,* x,. From Subsection 3.2.1, we denote @ := @' * ¢”
and A := y,* xp, namely, for any t = uto+ (1 —u)t; € Ry, (p( ) = @' (t0) 9" (t;) and
A(t) = xa(t0)xp(11), where @', ¢" € F*,xa,xb € ]F and a,b € F,. Moreover, we have
Gr,(9,1) := Gry (9" * ", Xu* X)-

Next, we give the relationship between the Gaussian sum over the finite non-chain
ring R, and the Gaussian sum over the finite filed IF,,.

Theorem 3.2.1 Let ¢ be a multiplicative character and A be an additive character of

Ry, where @ := @' % @" A := xa* Xp, @', 0" € ]F*,xa,xb € F and a,b € F,. Then the
Gaussian sum Gg, (@, ) over R satisfies

GRz((Pvl) = GFq(¢/7Xa)GFq(¢//>Xb)7 (37)

where Gy (@', Xa) and Gr, (9", xp) are Gaussian sums over I¥,.
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Proof:  Assume that t = utg+ (1 — u)t;, where to, 1 € .

Gr,(9,4) = ), oA (1)

*
t€R2

= Y 9 (0)xato) Y, ¢"(t1)xs(11)

l‘()E]F; 3] E]F;
= GFq((p/aXa)GFq((PH)Xb)'
This completes the proof. |

Remark 3.2.2 In Theorem 3.2.1, Eq. (3.7) establishes the relationship between the
Gaussian sum over Ry and the Gaussian sum over Fq. From Lemma 2.1.7, we can
determine the absolute value of the Gaussian sum Gg,(@, 1) := G, (¢’ *x @", xa* Xp)
over Ry. Based on the hypothesis in Theorem 3.2.1, we have

;

(g—1)%,  if¢',¢" x,and y; are all trivial;
qg—1, if @', 0", x, are all trivial and ), is nontrivial

(or @', ¢", x;, are all trivial and y, is nontrivial);
(g—1)\/q, if ¢, x4 are all trivial and ¢”, y;, are all nontrivial
(or @', x, are all nontrivial and ¢”, y;, are all trivial);

Gy (@, 2)] = 4 1, if @', ¢ are all trivial and y,, X, are all nontrivial,
V4 if ¢’ is trivial and @”, x,, x5 are all nontrivial
(or ¢" is trivial and ¢’, x,, x5 are all nontrivial);
q, if o', 9", x, and ¥, are all nontrivial;
0, otherwise.

\

B. Hyper Eisenstein sums over R;

Let R, = F, +ulF,, Ryy = F, +ul; and ¢ = I"(m > 1 is a positive integer),

where u?> = u and [ is a power of a prime p. Any element & + uf3 in R» can be ex-

pressed in form ua + (1 — u) 3, define the trace mapping:
Ry .
TI‘R?Z) Ry — R(l)7
Trﬁ@) (wo+(1—u)B) = uTtd(a)+(1—u)Te!(B).
For convenience, Trgfl) 1s abbreviated as Tr.
Next, we present the definition of the hyper Eisenstein sum over R;.

Definition 3.2.3 Let n be a positive integer and @1, @, ..., ¢, be multiplicative char-
acters of Ry. Then the hyper Eisenstein sum for @1, @2, ..., @, over R> is defined by

ERz(‘Ph(Pb---a(Pn;l) = Z (Pl(tl)(PZ(Q)'”(Pn(tn)' (3.8)
Tr (tzll jr2t2 +’n i’;z )7: 1
As an extension, we can define Eg, (@1, @2, ..., Q,;1) as follows:
ERQ((PI,%;---;(Pn;r): Z (P1(t1)(P2(t2)---§Dn(tn)

112y tn €RY Tr(t o+ Aty ) =7

Jor eachr € R ;).
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In the following, we calculate the value of Eg, (@1, @2, ..., Q7).

Theorem 3.2.4 Let @1, ¢, ..., ¢, be multiplicative characters of Ry and @; := ¢! %
¢! (1 <i<n), where ¢ and @!" are multiplicative characters of F,. Then

ERZ((pl’%a"'?(Pn;r) :EFq((p{a(Pér-'7(pr/1;r1)EFq((P{/7(Pg7'-'7(pr/1/;r2)7

where r =ury + (1 —u)r, € R).

Proof: Lett),n,...,t, € R}, where t; = ut] + (1 —u)t!’, 1 <i<n. Then

ERy(@1,02,...,Qu51) = ) @1(t1)P2(12) -+ Pu(tn)
1512 tn €RS T (t o+t ) =7
= Y Q1)@ (1) - (1) 0 (1)
t’l,....t,QeIFZ‘I,ti’,...,t,@’er;,

o () +tth) =y T (0 4] ) =r

_ Y o) ety Y el

1] n€F G, 1t €Fg,
T (1] +-++h)=ry T (¢ 41 ) =ry

= Er, (91,02, 9 r))Er, (91, 05, ., 9,572).

Hence, the proof of this theorem is completed. |

Remark 3.2.5 In Theorem 3.2.4, it is easy to show the following four direct conse-
quences.

(1) If r € R}, then Eg, (@1, 92, ., @nir) = (@1 - @) (r1)(91 - 9) (r2) Ex, (9 -,
@ DER, (@], 93 1);

(2) If r = ury € ulF}, then Eg,(@1, 02, -, Qu;7) = (@] - @) (r1)Er, (@1, -, @3 1)
EFq((Pi/y--'a(pr/z/;O);

(3) Ifr=(1—u)ry € (1—-u)F}, then Eg,(¢1, 02, -, Qu;r) = (@) - - @) (r2) Er, (@], - -,
¢ 0)Er, (@], .., ¢/ 1);

(4) If r =0, then Eg,(@1,02,...,0u;7) = Er (@1, -, 91;0)Er, (9], .., 0,50).

Hence, according to Egs. (2.2), (2.3) and Lemmas 2.1.11, 2.1.13, we can get the exact
value OfERz((p17 ¢y (pn,r)

From Theorem 3.2.4, and combining Egs. (2.2), (2.3) with Lemma 2.1.11, we can
calculate the exact value of the hyper Eisenstein sum Eg, (@1, @2, ..., ¢,;1) over R;.

Corollary 3.2.6 Let ¢1,¢2,...,¢, be multiplicative characters of Ry and @; := ¢! x
¢! (1 <i<n), where ¢! and @]’ are multiplicative characters of F,. We obtain the
following several direct consequences.

(D)Ifo,...,o,and @), ... @) are all trivial, then Eg, (@i, ..., @y 1) = ((q—l)"v;g—l)"“)z.
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) If @1y O Qp s -+ @) are all trivial and @Y ..., @) are all nontrivial (1 <
h<n-—1), then Eg,(¢1,...,Qn;1) =

(1" (=1 +(~1)"* )G, (9])) G, (9]

o , if (@] --- @) is trivial;
_\n—h((,_1\no(_1\n+1 ... "

(3)If @1,..., @, are all trivial and @Y , ..., @, are all nontrivial, then
_ 1\ (_1\nt+1 "... "
e ED ;GFL](%) GFq((Pn), if (@1 -+ )" is trivial;
ERy (@15 @3 1) = 9 ((g-1)+(=1)"" )G, (9)Gz, ()
1Gy, (¢} 91))*) ’

if (@7 --- @)))* is nontrivial.

(4) If @|,..., ¢, are all nontrivial and @) ,,...,Q,,¢{,..., ¢, are all trivial (1 <
h<n-—1), then Eg,(Q1,...,0n;1) =

_1\n—htl 1y (1)t AV /
o s ,12) Gy (OG5 1) i (g ) s trivial;
(=" ((g=1)"+(=1)""")Gp, (9})-Gr, (9})

1Gr, ((91-9,)%) '

if (@] ---¢})* is nontrivial.

(S)If @1, @y, 01 s, @y, are all nontrivial and @y 1, Qp, @ 1 1,---, @y are
all trivial, then Eg,(Q1,...,Qn;1) =

;

Gr,(91)+Gr, (9, )Gr, (01)+Gr, (9},

VIR , if (@)~ ¢y, )" and (@7 -~ @} )" are trivial;
Gr,(91)Gry (9, )Gr, (91)Gry () e PN p 0ok s
(—1)h1+h2_llGF,(((P{’-"(P;,’z)*) , if (¢ --- gohl) is trivial and (@] ---goh2) is

nontrivial;
< Gr,(91)Gry (9, )Gr, (91)Gry (@),
(*1)}‘1”’2’11%1((90{~'<P;',1)*) ’

if (@] - (P;ll)* is nontrivial and (¢f - - - (p}/llz)*

1s trivial;
Gr,(91)+Gr, (9, )Gr, (01)Gr, (@),
| (C"17"2Gs (9] @5, )7)Gr, (9] 93,)")”

if (¢p -+ (P,'ql)* and ((p{’(p,;’z)* are nontrivial.

6) If @1,...,0,,0,...,9, are all nontrivial and @y ,,...,@, are all trivial (1 <
h<n—1), then Eg,(Q1,...,0n;1) =

( (—1)""Gg,(9])~Gr,(9;,)Gr, (¢])-Gr, (o))

B ;. if(@]-- @) and (@] --- ;)" are trivial;
_1)yn—h+l1 AV / ... "
Ll Ty S PG i (g g s wivial and (g7 97

18 nontrivial;
1 (0" Gr, (0])-Gr, (0})Gry (9])~G, (o))
1Gy, ((919,)%) ’

if (@] --- ¢})* is nontrivial and (@7 --- @, )*
18 trivial;

(—1)""Gr, (9})-Gr,(9,)Gr, (9])~Gr, (9}

L G, ((91-9,)*)Gr, (@1 ¢7)*) ’

if (@] ---¢},)* and (@ ---¢;/)* are nontrivial.
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(7)If ©1,..., @, are all nontrivial and @Y, ..., @) are all trivial, then

((g=1)"+(~1)™")Gr, (9})-~Gr, (9})

Er, (¢ Pn:1) - P ., if (@] --- )" is trivial,
R\ %)= ((g=1)"+(=1)""")Grg, (9]) G, (¢3) ) . . N
Gz, (9]~9})") ,  if (@{---@))* is nontrivial.

(S)If Q1,...,0,,01,...,9, are all nontrivial and @}, ,, ..., @, are all trivial (1 <
h<n—1), then Eg,(@1,...,¢0p;1) =

( (—1)"""Gy,(9})Gr, (9,)Gr, (9])-Gr,(9})

2 . if(@]---¢@,)* and (@] --- ;)" are trivial;
_1)n—h+1 AV / "... "
— GF“(EPG)F[(%?(%':(;E{’ OGO it (g - g))* s trivial and (¢ - gf)*

1s nontrivial;

< (_l)nchr]G]F ((P/)"'G ( ! "... "
¢\ P1 7y (0n)Gr, (9])+Gr, (9) PAYE . . "ok
G, (01— 0])") , if (@] ---¢,)" is nontrivial and (1 --- ¢}))

1s trivial;

(—1)""Gr, (9})-G, (9, G, (#])Gr, (9]
)

\ G, (99" 1Gz, (@0 . if (¢1---¢,)* and (@] --- @})* are nontrivial.

() If@l,....0,and @ ,... @) are all nontrivial, then Eg(®i,...,@,;1) =

( Gy, (¢))Gr,(9,)Gr,(¢])Gr, (o))

7 , if (o ---@,)" and (@ --- @))* are trivial;
_ Grg(91) ?g;(ﬁ”)%ﬁp(,f’;l; Gy (O ), if (@) ---@))* is trivial and (@] - -- @)* is nontrivial;
< n
_ Gryl9)- 721}7(((’)(”(/)) (p() )) "Gy (9n )7 if (@] ---@,)* is nontrivial and (¢ --- @;/)* is trivial;
1 n
G]Fq(q’i)“'GJFq((sz)GIFqUP{/)“'Gqu(‘PZ') ek PO s
L GJFZ((‘Pi"'(Prlz)*)G]Fl(((Pi/"“Pr/z,)*) ’ if (¢1 (Pn) and ((Pl (Pn) are nontrivial.

Combined the definition of hyper Eisenstein sums over R, with n = 1, we can get
the sum Eg,(¢;1) which is usually called the Eisenstein sum over R, where ¢ is a
multiplicative character of R,. From Corollary 3.2.6, we can determine the absolute
value of the Eisenstein sum Eg, (¢; 1) as follows.

Corollary 3.2.7 Let ¢ be a multiplicative character of Ry and @ := @' x ¢", where ¢’
and @" are multiplicative characters of F,. Then

(

(4)?, if ¢’ and @" are all trivial;
%ZI, if @' is trivial, @” is nontrivial and ¢"* is trivial
(or ¢’ is nontrivial, @” is trivial and @' is trivial);
%ZZ], if @' is trivial, @” is nontrivial and ¢"* is nontrivial
|ER,(@;1)| = < (or @’ is nontrivial, ¢” is trivial and ¢’* is nontrivial);
l%’ if @', @" are all nontrivial and ¢@"*, @"* are all trivial,
%, if @', @" are all nontrivial, @' is trivial and ¢"* is nontrivial

(or ¢', @" are all nontrivial, ¢’ is nontrivial and ¢’ is trivial);

~

-

if @', @" are all trivial and @’*, ¢""* are all nontrivial.
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Remark 3.2.8 Let g = 1" and | be a power of a prime p. If g =1 in Eq. (3.8), then the
hyper Eisenstein sum over R

ER, (@1, 02, -, O3 1) = Y @1(11)2(12) - Pu(tn). (3.9)
1,125 tn RSt At 44ty =1
According to the definition of Jacobi sums in [130], we call Eq. (3.9) a Jacobi sum over
R>. Combined with Theorem 3.2.4, we can get

‘]RZ((pla(Pza' s Pns 1) = JIE‘q((P{,(Pé, .- '7(pr/z; I)J]Fq((P{/a(Pé/a' . ~,(P,/1/; 1)

In Corollary 3.2.6, we have the exact value of the Jacobi sum Jg, (@1, @2,..., @, 1)
over R;. In the following corollary, we present the absolute value of the Jacobi sum
Jr, (@1, ¢2;1) over R, which is helpful to study asymptotically optimal codebooks in
next section.

Corollary 3.2.9 Letr @1, ¢, be multiplicative characters of Ry and @; := @ x @' (i =
1,2), where @] and ¢! are multiplicative characters of F,. Then

(1) If 91, 9} and @], @} are all trivial, then |Jg, (@1, ¢2;1)] = (¢ —2)%
(2) If @1, @} are all trivial, ¢f is trivial and @) is nontrivial (or @] is trivial, ¢} is
nontrivial and @f , @Y are all trivial), then
92 if @lf* is trivial (or @ is trivial);

JRz(wlvw;l){qﬁ, 1%

—2, if f* is nontrivial (or @}* is nontrivial).

(3) If @1, @5 are all trivial and @ , @} are all nontrivial (or @, @), are all nontrivial
and @, @} are all trivial), then
q—2, if (o @lf)* is trivial (or (@[ @5)* is trivial);

J ;1) = ) . . ) .
(02 {<qz>ﬂ, if (p{/@})" is nontrivial (or (¢]@})* is nontrivial).

(4) If @|, @ are all trivial and @', @ are all nontrivial, then

1 SF n/* 1% ‘vial-
2 T @y and @, are all trivial;
1 1%

Ura(on o 1) = 4 V@ if 5" is trivial and @)}
? (or @5* is nontrivial and @4 is trivial);
1, if @}* and @)* are all nontrivial.

is nontrivial
/1%

(5) If @1 is trivial and @Yy, @ , 9} are all nontrivial (or @ is trivial and @, @5, @5 are
all nontrivial), then

7> if 3" and (¢ @3)* are all trivial (or (¢} ¢})" and @3* are all trivial);
g, (01,023 1)| = V4, if @ and (@ @3)* are all nontrivial (or (@] ¢;)* and @5 are all
2T nontrivial);
1, otherwise.

(6) If @1, 95, ¢ and @} are all nontrivial, then

1, if ({9))* and (@] @))* are all trivial;
Ui 1) = V4, if (@1@3)* is trivial and (@7 @))* is nontrivial
R, \PL> P25 (or (@¢5)* is nontrivial and (¢@f @Y)* is trivial);
g, if (o{9)* and (@] @})* are all nontrivial.
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3.2.3 Constructions of several families of codebooks

This subsection presents specific constructions of three classes of asymptotically opti-
mal codebooks with respect to the Welch bound and a class of optimal codebooks with
respect to the Levenshtein bound by using character sums over the finite non-chain ring
Ry =F,+ulF, (u? = u).

e Constructions of asymptotically optimal codebooks with respect to the Welch
bound

Firstly, we construct two classes of asymptotically optimal codebooks by using the
Gaussian sum over R».

Let ¢ := @' %" (¢',¢" € F2) and A := xu* 2 (Xas X € Fyoa,b € F,) be a mul-
tiplicative character and an additive character of R, respectively. Assume that r =
ut' + (1 —u)t” € R5. Define a set Co(R%,R5 X Ry) as

~ ~ 1 ~ ~
3R xR)s = { e (0OA ) e p < Ry < R

1 ~
_ {ﬁ(((p’(t’)(p”(t”)xa(t')lb(ﬂ ))t’ 1" EF s (p (p € anXmXb S Fq} ,

where K = |R;| = (¢ — 1)2.
A. The first construction of codebooks

The codebook C; := Cy (R}, R} x R») of length K| = |R;| = (¢ — 1)? over R, is con-
structed as

1 =, -
C] .= {\/—K_l(l[/([/)W(I//)xa(II)Xb(t//))z/,t”GFf]7 /S qu%aa%b S Fq} . (310)

Theorem 3.2.10 Let C; be a codebook defined in (3.10). Then C is a (q ( 1),(g—
1)2) codebook having maximum cross-correlation amplitude Iy (Cy) = W More-

over, the codebook Cy asymptotically meets the Welch bound.

Proof:  From Eq. (3.10), it is easy to know that C; has N; = ¢*(¢ — 1) code-
words of length K; = (g —1)>. Let ¢ = \/LKfl(y/l(t’)wl(t”) Xay (") 2y (") 47z
c) = J+T1<W2 () (t") Xay (1) 2, (£ )i ew; be any two distinct vectors in Cy. Then

Kieid = Y it )wi(t”) xay () 2, ()W () W2 (1) 2y (1) X, (1)
t t”eIE‘*
= Y v (O (@ —a)t’ + (b —ba)t")
11" ey
= Y w(@)x(a') Y w()x(b") (Letw =y, ' a = a1 —ay, b= b1 —by)
t’eIF; z”e]F;;

Gr, (W, %a)Gr, (W, Xb)
Ggr,(®,A) (where @ = yx Y, A = ¥, xX») (By Theorem 3.2.1).
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Since ¢; # €2, W, X4, Xp are not all trivial. From Remark 3.2.2, we have

qg—1, if y,x, are all trivial and )} is nontrivial;
K |c1c12'1| _ I, if y is trivial and ), x5 are all nontrivial;

q, if ¥, x, and yx,, are all nontrivial;

0, otherwise.

Consequently, we infer that |¢;cf| € {0, . 4

q=17(g—1)*" (¢—1)?

q
(g—1)*
Next, we show that the codebook C; is asymptotically optimal. The correspond-

_ | _4Ag=D=(g=1)*> _
(¢*(g—=1)—1)(g—1)?

} for any two distinct vec-

tors ¢y, ¢ in Cy. Hence, I« (C1) =

ing Welch bound of the codebook Cj is Iy = N -DK

¢*—q+1 oy
\/ =D It follows from I« (C1) = e that

(@) _ [ P2 1)
Iy (4> —gq+1)(g—1)
Obviously, h_n} % = 1, which implies that C; asymptotically meets the Welch
q o0
bound. [

Remark 3.2.11 In Table 3.2.1, we present some explicit values of the parameters of
the codebook Cy in Theorem 3.2.10 for some given q and a numerical comparison to
the Welch bound for references. It is easy to see that the numerical results indicate the
codebook C| asymptotically meets the Welch bound.

Table 3.2.1: Parameters of the (N1, K, ) codebook of Theorem 3.2.10

q (N1, K1) Inax(C1) Iy ot
13 (2028, 144) 0.0902778 0.0803401 1.123695
23 (11638,484) 0.0475207 0.0445012 1.067852
52 (15000,576) 0.0434028 0.0408602 1.062227
7> (115248,2304) 0.0212674 0.0206241 1.031192
34 (524880,6400) 0.0126563 0.0124236 1.018730
103 (1082118, 10404) 0.00990004 0.00975668 | 1.014694
151 (3420150,22500) 0.00666667 0.00664470 1.003311
5% (243750000, 389376) 0.00160513 0.00160128 | 1.002404
7 (4.747279¢ + 12,282441636) | 0.0000595061 | 0.0000595008 | 1.000089

e denotes the scientific notation

B. The second construction of codebooks
The codebook C; := CZ(RE,I% X ﬁ;) of length K, = |R}| = (¢ — 1)? over R, is de-
fined as

1 ~ ~
Cr: = {\/—K—z((P/(l/)Qoll(t”)?(a(t/)%a(t//))t’,t”eIFga(Pla(P//EF(]’%“ EFq}-(&”)
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With this construction, we will figure up the maximum magnitude Iy (C5) as fol-
lows.

Theorem 3.2.12 Let C, be a codebook defined in (3.11). Then Cy is a (q(q — 1), (g —
1)2) codebook having maximum cross-correlation amplitude Iy (Cy) = ﬁ. More-

over, the codebook Cy asymptotically meets the Welch bound.

Proof: The proof of this theorem is similar to that of Theorem 3.2.10, then we omit
it here. [ |

Remark 3.2.13 In Table 3.2.2, we list some examples of the codebook C, generated
by Theorem 3.2.12 for some given q. As can be seen, the codebook C, asymptotically
achieves the Welch bound.

Table 3.2.2: Parameters of the (N2,K>) codebook of Theorem 3.2.12

q (N2, K>) Imax (C2) Iy g 22
17 (4352,256) 0.0664062 0.0606409 | 1.095074
37 (47952,1296) 0.0285494 0.0274001 1.041944
83 (558092,6724) 0.0123438 0.0121214 | 1.018347
117 (1742400, 14400) 0.00840278 | 0.00829883 | 1.012526
3° (14231052,58564) 0.00414931 0.00412372 | 1.006205
293 (24982352,85264) 0.00343639 | 0.00341881 | 1.005141
73 (40118652,116964) 0.00293253 | 0.00291971 | 1.004389
133 (1.05948¢ + 10,4822416) | 0.000455581 | 0.00045527 | 1.000683
5° (3.0498¢ 4 10,9759376) | 0.000320205 | 0.000320051 | 1.000480

e denotes the scientific notation

C. The third construction of codebooks

Next, we present a class of asymptotically optimal codebooks which are constructed
by Jacobi sums over R;.

Lets; = uti + (1 —u)t!,tr = uty + (1 —u)tj € R;. Define

= {(n,n) e (R)’:n+n=1}
{(tlvt27ti/ tél) (F;) ‘t1+t2: lati/—i_tg:l}' (312)
The codebook Cz := C5(D’ ,133 X I?;) of length K3 = |D/| = (¢ —2)? over R, is con-

structed as

1 ~
Cy: = {\/—K—3(<pl (1)92(12))1, 1yenr» 01 = Q1% O], Q2 = Yx Y, 01, 91, ¥ € IFP}JS)

Theorem 3.2.14 Let C3 be a codebook defined in (3.13). Then Cs is a ((q—1),(q —
2)?) codebook having maximum cross-correlation amplitude Inax (C3) = (q_q2)2' More-

over, the codebook C3 asymptotically meets the Welch bound.




56 Constructions of (asymptotically) optimal codebooks

Proof: According to Eq. (3.13), it is obvious that C3 has N3 = (¢ — 1) codeword-
s of length K3 = (¢ — 2)2. Let ¢; and ¢; be any two distinct vectors in C3, where ¢ =

\/% (‘P{ (ti ) (P{/(ti/) Yi (té) Y1 (té/))z{ ot R €2 = \/LK*S ((Pé (ti ) (Pg(ti/) Y2 (té) L2 (té/))tg oty 1y €Fge
Set 1 = Q1@ * Q1 @) = P15 3, 2 = ViV x Y1 W2 = $2 % ¢ Then

Kieidd = Y o)l () wi () wi () @y () @3 (1] ) wa (2 wa (1))
1] 2541 45 €Fg,
ti +té:1.ti’+té’:l
= Y eiet)el e () viva(n)yiva ()
1] 2541 45 €Fg,
=11 +5 =1
= )Y o) Y, ol ol ) wnvas)
tg ,tée]FZ‘], tg’ ,té’e[ﬁ‘fl.
1) +th=1 i+ =1

= JR2(¢17 (P2)

Since ¢; # ¢2, @1, ¢, and @3 are not all trivial. In view of Corollary 3.2.9 (n = 2), we
have the following results:

(1) If ¢, is trivial, we divide the rest of the proof into three cases.

q—2 e ke e e o
iz if @5 1s trivial;

o If ¢, is trivial and @3 is nontrivial, then Ks|¢ ¢ | = Va’ %
g—2, 1if ¢5 is nontrivial.

: .. . o Loif ¢, is trivial;
* If ¢ is nontrivial and ¢s is trivial, then K3|cjey | = ¢ 47 _ o
1, if ¢5 is nontrivial.

* If ¢ and ¢3 are nontrivial, then

\/%?, if ¢; and (¢2¢3)* are trivial;
1, if ¢; is trivial and (¢2¢3)* is nontrivial
(or ¢5 is nontrivial and (¢r¢3)* is trivial);

V4, if 5 and (¢2¢3)* are nontrivial.

Ksleiey| =

(2) If ¢y is nontrivial, we divide the rest of the proof into four cases.

o y 2 if ¢ is trivial;
* If ¢ and ¢5 are trivial, then K3|c;¢5 | = Vi
qg—2, if ¢; is nontrivial.

* If ¢, is trivial and @3 is nontrivial, then

é, if ¢ and ¢5 are trivial;
Kslerct| Lq, if ¢/ is trivial and @5 is nontrivial
3 1 2 - : . . . . .
(or ¢; is nontrivial and ¢5 is trivial);

1, if ¢ and ¢35 are nontrivial.
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* If ¢ is nontrivial and ¢3 is trivial, then

\/Lq, if (¢192)* and ¢; are trivial;

1, if (¢1¢2)" is trivial and ¢; is nontrivial
(or (¢1¢2)* is nontrivial and ¢ is trivial);

V4, if (¢1¢2)" and ¢; are nontrivial.

K3|c1c51| =

* If ¢ and ¢3 are nontrivial, then

1, if ¢; and (¢1¢3)* are trivial;

V4, if ¢ is trivial and (¢;¢3)" is nontrivial
(or ¢5 is nontrivial and (¢ ¢3)* is trivial);

g, if ¢5 and (¢;¢3)* are nontrivial.

K3‘Clclzq| =

Hence, In.x (C3) = —1

(q-2)*
Similar to the proof of Theorem 3.2.10, we can prove that the codebook C3 asymp-
totically meets the Welch bound. |

Remark 3.2.15 In Table 3.2.3, we provide some explicit examples of the codebook C3
in Theorem 3.2.14 for some given q. It is indicated that the codebook Cs is asymptoti-
cally optimal with respect to the Welch bound.

Table 3.2.3: Parameters of the (N3,K3) codebook of Theorem 3.2.14

q (N3, K3) Imax (C3) Iy I €]
19 (5832,324) 0.0657439 0.0573525 | 1.146314
59 (195112,3364) 0.0181594 0.0173972 | 1.043812
34 (512000, 6400) 0.0129787 0.0125809 | 1.031622
113 (1404928,12544) 0.00917133 | 0.00896942 | 1.022511
211 (9261000,44100) 0.00483048 | 0.00477339 | 1.011959
281 (21952000, 78400) 0.00360992 | 0.00357787 | 1.008959
54 (242970624,389376) 0.00161029 | 0.00160385 | 1.004013
113 (2.35264¢+9,1768900) | 0.000753578 | 0.000752163 | 1.001881
173 (1.18515e+ 11,24127744) | 0.000203707 | 0.000203604 | 1.000509

e denotes the scientific notation

e Constructions of optimal codebooks with respect to the Levenshtein bound

Assume that g is a power of an odd prime p and g > 3. Let the set &, be the
standard basis of the n-dimensional Hilbert space which is given by the rows of the
identity matrix I, and n a positive integer. Next, we give the concrete construction as
follows.

D. The fourth construction of codebooks

Suppose that A := ¥ x ¥ is the canonical additive character over R, and t = ut’ +
(1 —u)t" € Ry, where x is the canonical additive character of F,,. Before we give the
construction, we first define the equivalence relation as follows.



58 Constructions of (asymptotically) optimal codebooks

Define an equivalence relation “~ ” on the finite ring R; as: For any a = ua; + (1 —
u)az,b =uby + (1 — u)bz € Ry,a~bifand only if a; +ar = by + b;. Let

B: = Ry/~. (3.14)

In fact, the set B is the quotient set of R, under the equivalence relation “~ . It is
obvious that for every pair of two different elements by = ub’| + (1 —u)b',by = ub’, +
(1 —u)by in B, we have b + b} # b, + b5 and |B| =q. Let D := {t = ut’ + (1 —u)t" €
R |t ={"} and then |D| = ¢. Define a set of vectors as follows:

Ca(B) = {exy:x,y€ B}, (3.15)

where ¢, , = - (A((t +x)* +yt))rep. We denote Cy:=C4(B)U &, Then we have the

7

following result.

Theorem 3.2.16 Let q be a power of an odd prime, and Cs be a codebook defined in
(3.15). Then C4 is a (¢* + q,q) codebook having maximum cross-correlation amplitude
maX(C4) f Moreover, the codebook Cy, meets the Welch bound.

Proof: It follows from the definition of Cy = C4(B) U&, that the set C, has Ny =

g* + g codewords of length K4 = |D| = q. We will divide the rest of the proof into three
cases as follows.

Case 1: For any two distinct vectors d1,d; € &, it is obvious that |d;d5| = 0

Case 2: For any two distinct vectors d; € Cy4(B),d, € «ﬁq, it is easy to check that
daf| =

Case 3: For any two distinct vectors dy,d> € C4(B), then we write d; = ¢y, ,, and
dy = ¢y, y,, where x; = ux}+ (1 —u)x! € B,y; = uy}+ (1 —u)y! € B for i = 1,2. Then
we have

gdidy = Y A((t+x1)° +y10)A((t +x2)3 +yot)
teD

= Y A +250)  +)4) + (=) (¢ +27)° +317) -
teD

l(«ﬂ+%P+w%%+ﬂ—w«ﬂ+%P+w?D
= Y 0 (@ +x)° )0 (¢ + X)) +y) -

S
xl((f’+x'z)3+y/zf’)xl((f’+x'z')3+y'2'f’)
= ) 0B —x) % (3x7 =327 ) — o) A =25

el

21 (3(x} —x2) 2 (32 =352+ — ) + X —x5?)
= Z X (3 —xh +x] —x))1? + (B(xf —xF +x]> —x57)

el

)= = = =),
Since d| # dy € C4(B), we have (x; —x2,y1 —y2) = (u(x] —x5) + (1 —u)(x] —
x5),u(y] —y5) + (1 —u)(y{ —¥5)) # (0,0), which implies that at least one of these
four elements x| — x}, x —x5,y| —y5 and y| — /) is nonzero.
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o« If X = x5, % =),y =y, and y| # 4, then qd1d5 = ¥ x1((/ —y5)t") =0 by

/
t'elFy

= (. Because of the symmetry, it is the same thing for
the case x| = x5,x] = x5, y] #y, and y{ = 7.

If X} = x5, x{ # x5,y =, and y1 =}, then it follows from Lemma 2.1.9 that
gdidf = Y (0 -+ (3 )

t'elf,
= 00— = (37 = 3x3)2(12(] = x3)) "M B = 27))G(n. 20)-
Hence, we have |d d5 | = 5 V9= 721 according to Lemma 2.1.7. In view of the
symmetry, it is the same thing for the case x| # x5, x| =x.,y| =y} and y = y].

o If x| = X}, x| = X),y| #, and y{ # ), then qd1d§: Y (O =y, +y -

t'el,
Vi)t ) =0 by the fact y; = uy! + (1 —u)y! € B and y| + ! # y, + 5. Hence,
d1d3| =
o If x| =X, X # x5y, =5 and y| # )7, then it follows from Lemma 2.1.9 that
qd\dy = Z X (3] —x5) + (3x* = 3257 +y] =yt +x7 —x57)
t'clF,

= 0P =2 = (Bx? =37 )] —y))* (120 = 47)) )

nBE —x7))G(1n.x1)-
Therefore, we obtain that |dd% | = Cl] Va4 = \/Lq according to Lemma 2.1.7. Due
to the symmetry, it is the same thing for the case x| # x5,x{ =,y # ) and

i =s.
o If x| # X, x{ =x,y] =} and y| # ), then it follows from Lemma 2.1.9 that
qd\dy = Z X (3(x] —x5)t% + (37 = 3x5 +y] =yt +xf —F)
t'ely

= 0 (F =5 = (Bxf =305 +y] —35)7(12(+] —x3)) )
n(3(x1—x2))G(M, 11)-
Then |d,d5| = é V4 = \/Lq by Lemma 2.1.7. By the symmetry, it is the same
thing for the case x| = x5,x] # x,y] # ¥, and y{ = 7.

o If x| # xz,x | # x5,y} =, and y| =7, then it follows from Lemma 2.1.9 and
x; = ux;+ (1 —u)x! € B that
gdidy = Y i(3(x) —xh+x —x5)t" + (3xF — 3x5 + 3x]% — 3x5%)¢
t'ely
) = o )
= (P =B a0 =X — (Bx = 3x5 4+ 3x]2 = 3x5) 2 (12(x) — X
+x] —x3)) 1)71(3(x1—x’2+x1 —x3))G(n, x1).

Hence, we obtain |dd5 | = 1 \/_ \/Lq by Lemma 2.1.7.
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o If x| =x), x| # xz,y1 # v, and y | # ¥5, then it follows from Lemmas 2.1.7 and
2.1.9 that gdydy = ¥ x1(3(x] — )™ + (3> =32 +y) — 5+ 3 — ) +

t/eIE‘q
X3 —x3) and |dd¥| = \/— = \% Based on the symmetry, it is the same thing

for the case x| # x5, x] —xz,y1 # vy, and y| # 5.

« I #x, 6 # X4,y # vy and yf =Y, then qddY = Y x1(3(x) —xh +x7 —

t’e]F,,
X%+ (3xF — 3xF + 30 = 32+ — ) +xf — 5 ~|—x”3—x’2’3) It follows
from Lemma 2.1.9 and x; = ux} + (1 —u)x” € B that |dd5| = \/c_]: \L[ From

the symmetry, it is the same thing for the case x| # x5, x| # x5, y | =yhand y| #y).

o If x| # x5, x] #X),y| #, and y| # y5, then

gdidy = Y xa(3(x] —xy+x] — x5 + (3 —3x5 + 342 = 3x2 +
t'elF,

Y=Yy =) 4 =35+ = 2.

Hence, |d\d5 | = cl] +\/q = —= from Lemma 2.1.9 and x; = ux, + (1 — u)x{ € B.

Va

From what has been discussed above, we infer that |d; d | € { , \f} for any two
1

767.

For any complex valued (¢> + ¢,q) codebook Cy4, the Levenshtein bound in Lemma

1.2.21s
2Ny — K3 — K4
I =
(Na — K4)(Ks+1)
2(4>+q9)—q*—q
(®+q9—q)(g+1)

1

7

distinct vectors d,d; € C4. Hence, I (C4) =

Imax (64)
3

bound and then 54 is optimal.

In addition, we have = 1. Obviously, the codebook 54 meets the Levenshtein

This completes the proof. [ |

3.3 Conclusions

In this chapter, we firstly studied the characters (including additive characters and mul-
tiplicative characters) and character sums (including Gaussian sums, Eisenstein sums
and Jacobi sums) over the finite chain ring R, = F, + uF, (1> = 0) and the finite
non-chain ring R, = F, + ulF, (u?> = u). The specific values and absolute values of
these character sums were determmed by studying their properties and establishing
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Table 3.3.1: The parameters of codebooks asymptotically meet the Welch bound

(N,K) Imax References
(N1 No, ¥%2=1) where N := 3 (mod 4), i = 1,2 VD) sg)
(Ny -+ Ny, M=l where N =3 (mod 4), 1> 1 7\/(1\]};;3\};;(1:}#1) (53]
(p", ”T;l(p” +p3)+1), where p is an odd prime “”;}(pf [52]
k+1
(=D +¢""¢" "), k>2and g >4 e
((g— 1) +K,K), k > 2, where K = 4= ?(H [49]
s . n sypntspn
(2K +1,K), where K = 12200 > ) 50 > 1 22 [82]
s " R i .Y]Il+.Y2n+---+.Y1n
(2K + (—1)",K), where K = Z1=1 “'(25_(_1)1 N 2= W (82]
Ls;>1,1<i<I
(¢ —1)"+K,K),s>1landn> 1, where K = 71)"2(71)%1 (q&fl'),li’:ll)m [81]
(@ =1)"+¢" "¢ "), s>1andn > 1 L [81]
(¢ +4" ~a.9° —q) =1 [80]
(kp” +p*,p*), where k | (p+1) ’ [80]
(a(g+4), ) il [69]
) L [69]
@4 +4°.0) ‘ [79]
(=1 (g—1)q).(¢’ = 1,(¢—1)q) 1 [79]
(¢—Da*.(¢—1).(¢’ —2¢+1,(¢—1)%) (= [79]
((g—12q,(¢—1)D.(¢* —* —q+1,(g—1)%) = [79]
(q=1%q.(qa-1)(q-2)).(¢" ="~ 2q+2,(¢-1)(4-2)) | zifza [79]
((g—1%,(¢—2)".(¢’ 24" —q+3,(q—2)%) o [79]
(p" — 1,271, where p is an odd prime {,’Tfll [125]
(4°, "_21)2 ), where ¢ = p* and p is an odd prime (qqff)z [130]
¢ +4""—1,471),1>2 — [133]
o
(¢,q(qg—1)) q%, Theorem 3.1.14
(¢*(g—1),q(q—1)) T Theorem 3.1.15
(kr?,r?), where g = r* k| (r+1) L Theorem 3.1.17
(*(g—1),q(q—2)) =3 Theorem 3.1.18

the relationship between them. For their applications, we presented seven classes of
asymptotically optimal codebooks and two classes of optimal codebooks, which were
constructed from character sums over Ry and R,. The calculation results showed that
the maximum cross-correlation amplitude of these codebooks meets or asymptotical-
ly meets the Welch bound or the Levenshtein bound. Compared with the parameters
of the relevant codebooks in some references, some codebooks with new parameter-
s constructed in this chapter were listed in Table 3.3.1, and the parameters of these

codebooks are flexible. !

'The main content of this chapter has been published in Appl. Algebr. Eng. Comm. and Adv. Math.

Commun..



62

Constructions of (asymptotically) optimal codebooks




Chapter 4

Constructions of linear codes with one-
dimensional hull

In this chapter, we mainly present some methods for constructing linear codes with one-
dimensional hull over finite fields and generalize the construction methods in [16, 70]
to more general ones. In Section 4.1, we define two homomorphisms from a finite
field into a finite field and then study their properties, which will be useful for con-
structing linear codes with one-dimensional hull. In Section 4.2, we construct several
classes of linear codes with one-dimensional hull by using the general Gaussian sum
over finite fields and then obtain some optimal or almost optimal linear codes. This re-
sult generalizes the results of [16, 70]. In Section 4.3, based on two homomorphisms
(4.12) and (4.13), the construction methods of linear codes with one-dimensional hull
are presented. Combined with Lemma 1.2.4, we give some sufficient conditions for a
linear code to be a linear code with a one-dimensional hull. Finally, it is worth men-
tioning that we present a lower bound on the minimum distance of linear codes over I,
with generator matrix [[m, P].

4.1 Homomorphisms

Let IF,m denote the finite field of order 7, where r is a prime number and m is a positive
integer. Let F, = F,»\{0}. Let ¥, be the algebraic closure of the finite field IF,.

Let ¢ be a homomorphism from [, into F;, that is, a mapping from [, into F:]
with @(xy) = @(x)@(y) for all x,y € F%,. Define @(x) := @(x~!). Let ¢y be the trivial
homomorphism, which is defined by ¢o(x) =1 for all x € .

The following lemma gives the orthogonality relation of the homomorphism ¢.

Lemma 4.1.1 Let ¢ be defined as above. Then we have

r"— 1) if ¢ = Po;
¢(x) = .
x@%‘m { 0, if @ # @p.

Proof: The proof is similar to that of [77, Theorem 5.4] and omitted here. [
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Let ¥ be a homomorphism from F,» into F., that is, a mapping from [F,» into FZ
with y (x+y) = x(x)x(y) for all x,y € F,m. Define ¥ (x) := x(—x). Let xo be the trivial
homomorphism, which is defined by yo(x) = 1 for all x € F,mn.

We also have the following lemma, which presents the orthogonality relation of the
homomorphism %.

Lemma 4.1.2 Let ¥ be defined as above. Then we have

it x = xos
X\x)= .
x@%m ( ) { O’ lf% # XO'

Proof: The proof is similar to that of [77, Theorem 5.4] and omitted here. [
According to the definition of ¢ and ), we define the sums

g@.0)="Y ox)x(x)

%
xEFrm

and

g(0.x)=28@.7)= Y o x(-x).

x€F
The following results show the value of the sum g(¢, x).

Lemma 4.1.3 Let ¢ and ) be defined as above. Then the sum g(@, ) ) satisfies

rm—1, if ¢ =@ and ¥ = xo;
glo.x)=q — 1. if¢o=gandy # xo;
0, if ¢ # @ and x = 0.
Proof: The conclusion follows directly from Lemmas 4.1.1 and 4.1.2. [

Lemma 4.1.4 Let p be the characteristic of ¥,. Let ¢ and X be defined as above. If
O # @y and ) # Xo, then

8(@.x)8(@,x) =r" €Fp.
Proof: For ¢ # ¢y and } # o, we get

glo.0)ge.x) = Y o@xx) Y o0 Hx(-y)

x€F%y, YEFm

= Y oy Hx(x—y)

x,YEFm

== Y o(x)x(v(x—1))

x7y€IF;‘m

= o) Y x(O+ ) o) ) xOx-1))

ye]Fim xeFﬁm\{l} yEij

= M=1- ) ok

xe]ij\{]}
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This completes the proof of this lemma. |

The study of the behavior of the sum g(¢, x) under various transformations of the
¢ or X leads to a number of useful identities.

Lemma 4.1.5 Let ¢ and ) be defined as above. Then we have the following results.

(1) g(o,%) = o(—=1)g(@, x);

(2) (@, 2) = o(=1)g(@. %),
(3) (@ x)g(@, ) = @(=1)r" for ¢ # @ and x # xo;
(4) (g(@,x))" = g(@” ,x""), where p is the characteristic of F, and s is a positive

integer.

Proof: The results of (1)-(3) are obvious by the definition g(¢, ) and Lemma 4.1.4.
Next, we prove the result of (4). Combined with the definitions of ¢ and ), we have

S

(g((p,x))”s—< )3 <p(x)x(x)> = ¥ (e@)" (x(x)" = L o (x)x" (x)=

xEF x€F, x€F,

g(o” , xP). m

4.2 Constructions of the first class of linear codes with one-
dimensional hull

Let § = {x;: 1 <i<v} be a finite abelian group of order v. Define a v X v matrix
P = (pij) by

pij = pxj—xi),

where p : § — C is a function. Let y : § — C* be a character, i.e., a group homo-
morphism from § — C*. Then one can check that (see [5, 16, 70]):

X (x1) =1 P (% —x1)x (x;) x(x1)

» x(fcz) _ i:lp(xz:—xz)x(x,) ~ Y pz x(fcz) @)
: : = :
x(x) iy P (xi —xy) x (i) X (xv)

That is to say, (x(x1),x(x2),...,x(x,))T is an eigenvector of P with eigenvalue
Y p(x)x(x), where “T” denotes the transpose operator. It is well known that G has
xe§

v characters, each of which gives an eigenvector. In view of the orthogonality rela-

tions for characters, these eigenvectors are linearly independent. Let G be the group of
characters of G. Then the multiset

{Zp(x>x(x) X € §}

x€§
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presents all eigenvalues of the matrix P.
Similarly, we can obtain the following result:

x(x1) 1P (1 —xi)x (xi) x(x1)
pT x(?cz) _ Zf—lp(xz:—xi)x(x,-) Y I x(fcz) @2
x(x) Lo xzt) ) x(x)
That is to say, (x(x1),x(x2),...,x(x,))T is an eigenvector of PT with eigenvalue
Y p(x)x(x). Then the multiset

x€§
{Zpu)z(x) ¥ e§}
x€9

presents all eigenvalues of the matrix PT.
Combined Eq. (4.1) with Eq. (4.2), we have

x(x1) x(x1)

e I B W R

i) 2
x(x1) x(x1)
¥ pwzr | | = Loz et | *

X€S x€§ xe§ :
X(xv) %(xv)
Then the multiset
{ Y p)x(x) Y p(0)x(x): x € §} (4.3)
x€§ x€G

presents all eigenvalues of the matrix PPT .

Next, we describe constructions of linear codes with one-dimensional hull from
Gaussian sums over finite fields.

Throughout this section, let g be a power of p, where p is a prime number. Suppose
that G = [F,», where r is a prime number and m is a positive integer. Let ¥ be a nontrivial
multiplicative character of F,.» and N > 1 the order of y (that is, N is the least positive
integer such that " = yp). Let p : § — C be a function. The function p satisfies
Plrs, = V. ie., for any x € Fju, p(x) = y/(x). Define the 7 x r matrix P = (p;;) by
pij = p(xj —x;). By (4.3), we know that the multiset

{la =), P)xa(x) Y P(X)Za(X):aGFrm}

x€F,m x€F,m

presents all eigenvalues of the matrix PPT .
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Based on the discussion above, and combine with Lemma 2.1.8(2), we have

Ao =), pP0xa(x) ) p(x)

X€F,m xEIE‘,m
= [p(O)+ ) p (0 v(x)x,(x)
erF xGIF‘fm
= (P(0)+G(v, %) (P(0) + w, Za))
= (p(0)+G(v, %) (p(0) + w(—1)G(vy, 2a))
= p*(0)+G(y,xa) (p(0) + l/f( 1)p(0)+w(—1)G(¥, 24))-

Hence, we obtain

4 p%(0), if a = 0;
L PHO)+G(W, ) (P(0) + (= 1)p(0) + W(—1)G(W, %)), ifa€Fm
(4.4)

4.2.1 Thecase y(—1)=1

Assume that y(—1) = 1. Based on (4.4), for any a € ', we have

da = p*(0)+G(W,xa)(2p(0) + GV, xa)) (4.5)
= p*(0)+¥(a)G(y)(2p(0) + W(a)G(y)).(By Lemma 2.1.8(1))

Assume that there exists a number field K and an element 8 € Qg (O is the ring
of algebraic integers in K) satisfying the following conditions:

(i) &y € K (and then &y € Ok);
(if) G(y) € K (and then G(y) € Qk);
(iii) there exists a prime ideal P in Ok over p such that {y+P € F,and  (4.6)
G(y)+Pely
(iv) B> := —1 (mod P).

Let B € Ok/P be the image of B by the natural homomorphism Qg — Ok /P, i.e.,
Br— B =Pp+P. Let p(0) = € Q. Define P = (p;;), where p;; = pij+P. By
Conditions (i) and (iii), we have p;; € F,. It then follows that P € M»(F,), where
M,n(F,) denotes the ring of all square matrices of order " over F,. According to the

conditions (i), (if) and (iv), we have A, € Q. Define A, := A, +P. Then A, € F,.
Hence, the multiset

4.7
4Gy 1) 2B+ Gy, )+ P, ifacFh @7

presents all eigenvalues of the matrix PP’
Before giving the main conclusion, we first give the following lemma.
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Lemma 4.2.1 Let the symbols be the same as above. Let Y be a nontrivial multiplica-
tive character of order N over F,m and (r,p) = 1. Then for any a € Fn, we have

1+ G (Y, %) +P # —147,
ie, —1+G*(y,x.) # —1 (mod P).

Proof:  For any a € F%,, we have |G(y, x,)|* = r" by Lemma 2.1.7. Since (r,p) = 1,
then

|G(W7Xa)|2 =r" ¢ r‘Pﬂi‘e'?G(l%%a)G(w:Xa) =r" ¢ P.
Hence, G(, x.) ¢ P and G(w, x,) ¢ P. Based on this, we obtain that G>(y, x,) ¢ P.
Hence, we have —1 — G?(y, x,) # —1 (mod P). [
In summary, it is easy for us to draw the following theorem.

Theorem 4.2.2 Let F,m be a finite field, where r is a prime number and m is a positive
integer. Let ¥ be a nontrivial multiplicative character of order N over I, where N
is a positive integer. Assume that there exist a number field K and an element 3 € Qg

satisfying the four conditions in (4.6). Define p : F,m — C by

(B, ifx=0;
p<x>{l//(x), if x € .

Define P = (pij) € Myn(Qx) by pij = p(x;—xi). Define P = (pi;), where p;j = pij+P €
s, where f is the degree of P. Let C be the linear code over F »f With generator matrix
[Lm,P]. Let w(—1) = 1. Then we have the following.

(1) If p=2 and r is odd, then C is a [2r"",r"] linear code over F ,; with one-
dimensional hull.

(2) If p>3isodd, (r,p) =1and 2B+ G(y,x,) # 0 (mod P) for all a € Fn, then C
is a [2r",r™] linear code over I,y with one-dimensional hull.

Proof: Since y(—1) = 1, it follows from (4.7) that all eigenvalues of the matrix PPT
are

T =146V ) 2B+G(W, 2a) + P, ifacF.

.=

(1) If p=2 and r is odd, then 2 € P. So we obtain that the eigenvalues of
the matrix PPT are —1 and —1+ G?*(y, x,) +P. By Lemma 4.2.1, we claim that
—14+G?*(y, x4) # —1 (mod P). Therefore, the matrix PPT has an eigenvalue —1 with
multiplicity 1. It then follows from Lemma 1.2.4 that C is a [27",7"] linear code over
pr with one-dimensional hull.

(2) For a =0, we get A, = A9 := —1 (mod P). In view of (r,p) = 1, we have
G(V,xa) ¢ P by the proof of Lemma 4.2.1. Based on this and combined with 23 +
G(¥,x4) # 0 (mod P) for all a € F, we get A, # —1+ P for all a € F.. Hence, the
value distribution of eigenvalues of PP is given as follows:

1 {1+9>, if a = 0;

[T 1+P, occurs once;
| 1+ GW ) 2B+ Gy ) + P # —1+ P, others.
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Hence, —1 is an eigenvalue of the matrix PP’ with (algebraic) multiplicity 1. By
Lemma 1.2.4, Cis a [2r", "] linear code over IF »f With one-dimensional hull.

This completes the proof. |

In the following, we present some concrete examples. In addition, the computations
are carried out using Magma software [2].

Example 4.2.3 Let p=2,r=7,m =1 and N =3. Then K = Q({3). It is easy to
see from Lemma 2.3.1(1) that the degree of P over p is equal to 2. Let F;, = (@),
where o is a root of x> +x+ 1 € Fa[x|. Then € is a [14,7,6] linear code over Fy with
one-dimensional hull and its generator matrix [I7, P], where

1 1 o 1 a® a*> « \
1 1 o o> a 1
a a 1 o 1 o? 1
P=| 1 2 > 1 1 a o |,
o> a 1 1 1 o o
o> 1 o> a a 1 1
\a o2 1 o o 1 1 )

which is optimal according to the Database [45]. Its dual code C is also an optimal
[14,7,6] linear code over F4. Moreover, the hull of C is a [14,1, 14] cyclic code over Fy
with generator matrix

(1111111 1111111).

Example 4.2.4 Let p=3,r=17,m=1and N = 4. Then K = Q(&4). It is easy to see
from Lemma 2.3.1(1) that the degree of P over p is equal to 2. Let Fg = (), where
a is a root of x> +2x+2 € F3[x]. Then C is a [34,17,11] linear code over Fog with
one-dimensional hull, which is almost optimal in the sense that the minimal distance of
the optimal linear code with length 34 and dimension 17 is 12 over F9 according to the
Database [45]. Its dual code C~ is also an almost optimal [34,17,11] linear code over
F9. Moreover, the hull of C is a [34,1,34] quasi-cyclic code of index 2 over F.

Taking the multiplicative character y with the semi-primitive case (see [16]) in
Theorem 4.2.2, we obtain the result derived from [16, Theorem 2], which means that
the result in [16, Theorem 2] is a special case of our results, details are as follows.

Corollary 4.2.5 [16, Theorem 2] Let r be a prime number and N an odd positive inte-
ger. Assume that there exists a least positive integer s such that r* == —1 (mod N). Let
m = 2sY for some positive integer Y. Suppose that v is a multiplicative character of or-
der N over Fu. Let p be a prime and P a prime ideal in Qg over p, where K = Q(Ly).
Assume that exists B € Ok /P satisfying that B?=—1and let B € Ok be a preimage of
B by the natural homomorphism Qg — Qg /P, i.e., B —— B = B + P. Define p by

B, ifx=0;
px) = { w(x), ifxeF.
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Define P = (pij) € Myn(Qk) by pij = p(x;—x;). Define P = (pi;), where p;j = pij+P €
s, where f is the degree of P. Let C be the linear code over F »f With generator matrix

[, P).

(1) When p =2 and r is odd, C is a [2r'",r"] linear code over pr with one-
dimensional hull.

(2) When p :=3 (mod 4) and rZ := 1 (mod p), C is a [2"", "] linear code over For
with one-dimensional hull.

Proof: We claim that K = Q({y) satisfies the four conditions in (4.6):

() Ov € Q(Cv) =K

(i) G(y) = +r? = /¥ € Z C K; (By Lemma 1 in [16])

(111) CN"‘:P € @K/ip = pr and G(l//) +P=++Pec pr

(V) Ifp=2,wetake f=1¢ IF,r. Taking § € Ok such that B =B +P. If p:=
3 (mod 4), there exists an element B € Qk satisfying that 2 := —1 (mod P) by the
assumed condition.

We first prove that y(—1) = 1. If r= 2, then we have y(—1)=y(1)=1.If ris
an odd prime, one can check that N | r 1 . Assume that ¢ is a generator of },,. Then

—1 -1 rm—1
y(-1) =y(aT) = (y(a) T = (w(a))N' =1
Secondly, it is easy to check that (r, p) = 1.

When p =2 and r is odd, it then follows from Theorem 4.2.2(1) that C is a [2/", r'"]
linear code over [F of with one-dimensional hull.

Suppose now that p :=3 (mod 4) and r2 := 1 (mod p). In this case, we check
that 28 + G(y, Xa) /= 0 (mod P) for all a € F}... Suppose on the contrary that 23 +
G(¥, %) := 0 (mod P) for some a € F%,. Then 2 + ¥(a)r? := 0 (mod P). Since
r? :=1 (mod p), we get

2B+t y(a) := 0 (modP)
— Y(a) = =£2fB (mod P)

— §(a)?) = (£28)¥Y (mod P)
— y@P ) = (=1)"7 (mod P)
— 9@ = (=1)7N (mod P)
— 1 = (=1)"7" (mod P).
Since p := 3 (mod 4) and N is odd, we have (—1)pT_1N := —1 (mod P). Hence, 1 :=
(—1)p2;1N = —1 (mod P), a contradiction (since by the assumption that p is odd). From
this, we obtain that C is a [27™, 7] linear code over F,; with one-dimensional hull by
Theorem 4.2.2(2). [

Remark 4.2.6 In [16, Theorem 2], N is an odd prime. In fact, if we only claim that N
is an odd positive integer, the result is still true.
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When we take the multiplicative character y = 1), where 7 is the quadratic multiplica-
tive character of I, (see [70]), we can check that the results in [70, Theorems 3 and 4]
are a special case of our results, details as below.

Corollary 4.2.7 [70, Theorem 3] Let K = Q(\/r) and m a integer, where r =
1 (mod 4). Suppose that p is an odd prime such that p 1 (r'" +4). Let Qg be the
ring of algebraic integers in K and P a prime ideal in Qg over p. Assume that exist-
s B € Ok/P satisfying B> = —1 and let B € Ok be a preimage of B by the natural
homomorphism Ox — Qg /P, i.e., B — B = B+ P. Define p by

B B, if x=0;
pix) = { n(x), ifxelFh,

where 1 is the quadratic multiplicative character of F}u. Define P = (pi;) € M (QOk)
by pij = p(xj —x;). Define P = (p;;), where p;j = p;j+P € F,. Let C be the linear
code over IF, with generator matrix [In,P). Then we have the following.

(1)If p:=1 (mod 4) and p # r, then C is a [2r',r"] p-ary linear code with one-
dimensional hull.

(2) If (1—’7) = —1 and p :=3 (mod 4), then C is a [2r™,r™] p*-ary linear code with
one-dimensional hull.

Proof: We claim that K = Q(+/r) satisfies the four conditions in (4.6):

(i))Duetoy =n,weget{y=0L=-1€QCK;

(i)) G(y) = G(1)) = £V € K;

(i) {v +P € Ok /P and G(y) +P = G(n) + P € O /P;

(iv) If p := 1 (mod 4), then there exists B € I, such that 32 = —1. Taking § € O
such that B = B+ P. If (157) = —1 and p :=3 (mod 4), then O /P =TF ,» from [70,
Lemma 3(2)] and there exists 8 € IF 2 such that B% = —1. Taking B € Ok such that
B=B+2.

It is easy to check that (r, p) = 1. Since r := 1 (mod 4), we have " := 1 (mod 4)
and y(—1)=n(-1)=1.

Next, we need to check that 28 + G(n, x,) # 0 (mod P) for all a € . Suppose
on the contrary that 283 + G(n, x,) := 0 (mod P) for some a € F},. Then

G*(N,%.) = 4B* (mod P)
— 7%(a)G*(n) := —4 (mod P)
—r" = —4 (mod p),

which implies that p | (#" +4), a contradiction (Since by assumption p { (¥ + 4)).
Hence, 23 +G(N, xq) # 0 (mod P) for all a € F7,.

Above all, then C is a [2r", "] linear code with one-dimensional hull by Theorem
4.2.2. [

Similarly, we can easily verify that [70, Theorem 4] is a special case of our results
in Theorem 4.2.2.
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Remark 4.2.8 In [70, Theorem 3] and [70, Theorem 4], they need the condition “As-
sume that exists B € Qg /P satisfying that B> = —1” and this condition was assumed
at the beginning of the subsection.

4.2.2 The case y(—1)=—1

In this subsection, we assume that y(—1) = —1. In this case, » must be odd. According
to (4.4), for any a € F.,, we have
b = P2(0) =G (V1) (4.8)

= p%(0) - V*(a)G*(v) (By Lemma 2.1.8(1)).

Assume that there exist a number field K and an element 8 € Ok (O is the ring of
algebraic integers in K) satisfying the following conditions:

(i) &y € K (and then {y € Ok);
(i) G*(y) € K (and then G*(y) € Ok);
(iif) there exists a prime ideal P in Ok over p such that {y +P € Ox /P CF, (4.9)
andG*(y) +P € O /P C F;
(iv) B%:= —1 (mod P).
Let B € Ok/P be the image of B by the natural homomorphism O — Ok /%P, i.e.,
B+— P =p+P Let p(0) =B € Ok. Define P = (p;;), where p;; = p;j +P. By
Conditions (i) and (iii), we have p;; € F,. It then follows that P € M,»(F,), where

M,n(F,) denotes the ring of all square matrices of order " over F,. According to the
conditions (i), (ii) and (iv), we have A, € Ok and

da = —1=G(y.2) =1 -V (a)G(y). (4.10)
Define A, := A, +P. Then A, € [F,. Hence, the multiset
_ —14+P ifa=0;
Ao = ’ ’ 4.11
{ — 1 -V (a)G*(Y)+P, ifacTF, @1

presents all eigenvalues of the matrix PP’ . In summary, it is easy for us to draw the
following theorem.

Theorem 4.2.9 Let F,m be a finite field, where r is a prime number and m is a positive
integer. Let ¥ be a nontrivial multiplicative character of order N over I, where N
is a positive integer. Assume that there exist a number field K and an element 3 € Qg
satisfying the four conditions in (4.9). Define p : F,m — C by

(B, ifx=0;
p<x>{l]/(x), if x € Fn.

Define P = (pij) EMrm(@K) by Dij :p(xj—xi). DeﬁneP: (p_ij), where ﬁij :pij—l—ﬂ) -
F 7, where f is the degree of P. Let C be the linear code over ¥ ,; with generator matrix
(L, P]. If y(—1) = —1 and (r,p) = 1, then C is a [2r",r"] linear code over F ,; with
one-dimensional hull.
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Proof: It follows from (4.11) that all eigenvalues of the matrix PP’ are

i —1+7, ifa=0;
) —1-GHy,x)+P, ifacT.

Fora =0, we get A, = Ag := —1 (mod P). For a € F;, we obtain A, ;& —1 (mod P) by
Lemma 4.2.1. Hence, the value distribution of eigenvalues of PP is given as follows:

i —1+7P, occurs once;
“ _I_Gz(Pala)—l-iP?é—l—l—’P, others.

Hence, —1 is an eigenvalue of the matrix PPT with (algebraic) multiplicity 1. By
Lemma 1.2.4, Cis a [27, "] linear code over F ,; with one-dimensional hull.
This completes the proof. |

In the following, we give an example to illustrate Theorem 4.2.9. In addition, the
computations are carried out using Magma software [2].

Example 4.2.10 Let p=3,r=5m =1 and N = 4. Assume that K = Q({y),0 =
Z|&r0). Then Ok /P = Fgy by Lemma 2.3.1, where P is the prime ideal in Qg over p.
Let T}, = (), where @ is a root of x* +2x° +2 € F3[x]. Then C is a [10,5,4] linear
code over Fgy with one-dimensional hull and its generator matrix [Is, P], where

aZO aZO -1 _aZO 1
—OC20 aZO aZO 1 -1
P= 1 —a® o -1 g
aZO -1 1 aZO _aZO
-1 1 _aZO aZO aZO

Moreover, the hull of C is a [10, 1, 10] quasi-cyclic code of index 2 over Fg with gener-
ator matrix
(11111 a® o a a o).

In view of Theorem 4.2.9, we present a concrete result as corollary in the following.
Before this, we first give a lemma as follows, which will be useful in the sequel.

Lemma 4.2.11 Let ¢ be a generator of ﬁjm and Yy a multiplicative character of order
N over . If r and % are odd, then y(—1) = —1.

Proof: Inview of I@;‘m = (@), then all the multiplicative characters of order N have the

form (p#i , where ged(j,N) = 1. Since r and % are odd, then N is even. Because
ged(j,N) = 1, we obtain that j is odd. Hence, we have (p%j(—l) = ((p(—l))%j =

M1

(—1) v /= —1 for all odd number j. Since V is a multiplicative character of order N
over F%,, we get y(—1) = —1. [

Corollary 4.2.12 Let r be an odd prime number and m a positive integer. Let N |

(r'™ —1) and y be a multiplicative character of order N over F.,, where N is a positive
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integer. Assume that rmT_l is odd. Let p be an odd prime and (r,p) = 1. Assume
that q is a power of p and q satisfies 4 | (4— 1) and Nr | (q—1). Let K = Q({;—1)
and Qg = Z[Cq_l]. Let P be a prime ideal in Qg over p. Assume that there exists
B € Ok /P satisfying that B> = —1 and let B € Ok be a preimage of B by the natural
homomorphism Qg — Qg /P, i.e., B —— B =B +P. Let p : F,m — C be the function

defined by
) B, if x=0;
plx) = { y(x), ifxeFhn.

We obtain the r'™ x r'™ matrix P = (p;;) by pij = p(x; — x;). Define P = (p;;), where
pij = pij+P € Ox/P =TF,. It then follows that P € Mn(F,). Let C be the linear code
over F, with generator matrix [I,n, P|. Hence, C is a [2r"™,r"| linear code over F, with
one-dimensional hull.

Proof: ~ We claim that K = Q({,—) satisfies the four conditions in (4.9):

(i) Since N | (g — 1), we get {y € Q(Cy) C Q(¢y—1) =K;

(i) Due to r | (g — 1), we obtain ¢ € Q(¢,) € Q(&,—1) = K. Hence, G*(y) €
Q(Ew, 6r) = Q(Enr) € Q(&g-1) = K;

(iif) By the discussion in Section 2.3, we have Qg /P = F,. So {y +P € F, and
G*(y)+P eFy;

(iv) Due to 4 | (g — 1), there exists an element 3 € F,, such that 32 = —1. Since
Ok /P 2 F,, then there exists an element 3 € O such that B =  + P and B2 :=
—1 (mod P).

Since r and are odd, we get w(—1) = —1 by Lemma 4.2.11. Combining with
(r,p) =1 and by Theorem 4.2.9, we obtain that C is a 27", "] linear code over F, with
one-dimensional hull. |

rm—1

Next, we give a concrete example of Corollary 4.2.12. In addition, the computations
are carried out using Magma software [2].

Example 4.2.13 Let p =5,q =5>=25r=3,m =2 and N = 8. Then we get
q,1,N satisfying the conditions in Corollary 4.2.12. Let K = Q({p4), 0k = Z[{o4] and
Ok /P =TFos, where P is the prime ideal in Ok over p. Let F5s = (), where o is a root
of x*> +4x+2 € Fs[x]. Then C is a [18,9, 8] linear code over Fas with one-dimensional
hull and its generator matrix [ly, P|, where

o 1 of o o o o? o o \
a2 o o o o2 o8 1 a5 olf
a® o of of a2 1 o oF o
a® o2 o o o o o o2 1

Pl a® o 1 a2 of a2 a® of ol
O o o2 @ 1 of a5 o2 of
1 a2 o2 a5 o @ af o® o
2 o oS 1 a® o of of o
B of o a2 o o o 1 a6/
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Moreover, the hull of C is a [18, 1, 18] quasi-cyclic code of index 2 over Fys with gener-
ator matrix

(111111111222222222).

Comparing with the results in the reference [70], our results in Theorem 4.2.9 in-
cludes Theorem 5 in [70], specific as follows.

Corollary 4.2.14 [70, Theorem 5] Let K = Q(\/r) and m an odd integer, where r :=
3 (mod 4). Let Ok be the ring of algebraic integers in K. Let p be an odd prime number
and P a prime ideal in Ok over p. Assume that there exists B € Qg /P satisfying B? =
—1 and let B € Ok be a preimage of B by the natural homomorphism Qg — Qg /P,
ie., B — B =B +P. Define p by

) B, itx=0;
pix) = { n(x), ifxelFh,

where 1 is the quadratic multiplicative character of F. Define P = (p;;) € Mn(QOk)
by pij = p(xj —x;). Define P = (p;j), where p;j = pij+P € F,. Let C be the linear
code over F, with generator matrix I, P|. Then we have the following.

(1)If p:=1 (mod 4), then C is a [2r',r"] p-ary linear code with one-dimensional
hull.

(2) If (lﬁg) = —1 and p :=3 (mod 4), then C is a [2r", "] p*-ary linear code with

one-dimensional hull.

Proof: We claim that K = Q(/r) satisfies the four conditions in (4.9):

(i)Dueto w =n,weget {y =0 = —1 €K,

(ii) G*(y) = G*(n) = —r" € Z CK;

(iii) Oy + P € F, C Ok /P and G*(y) +P = G*(n) + P € F, C Ok /P;

(iv) If p:= 1 (mod 4), then there exists § € F, C Ok /P such that 2 = —1. Taking
B € Ok such that B = B+ P. If (1%) = —land p:=3 (mod 4), then Og /P =F > from
[70, Lemma 3(2)] and there exists 3 € IF > such that B2 = —1. Taking B € Ok such
that B = B+ P.

It is easy to check that (r,p) = 1. Since r := 3 (mod 4) and m is an odd integer, we
have " := 3 (mod 4) and y(—1) =n(—1) = —1.

Above all, then C is a [2r", "] linear code with one-dimensional hull by Theorem
4.2.9. |

Remark 4.2.15 In [70, Theorem 5], they need the condition “Assume that there exists
B € O /P satisfying that B> = —1” and this condition was assumed at the beginning
of the subsection.

Now, we take the multiplicative character v = 1), where 7 is the quadratic multi-
plicative character of IF},.. Then we have the following corollary.



76 Constructions of linear codes with one-dimensional hull

Corollary 4.2.16 Let K = Q(\/r) and p = 2. Let Ok be the ring of algebraic integers
in K and P a prime ideal in Ok over p. Assume that exists B € Qg /P satisfying that
B% = —1 and let B € Ok be a preimage of B by the natural homomorphism Qg —

Ok/?, i.e., B —— B = B +P. Define p by

] B, if x=0;
plx) = { nx), ifxeF,

where 1 is the quadratic multiplicative character of Fyn. Define P = (pij) € Mn(Ok)
by pij = p(xj—xi). Define P= (pij), where pij = pij + € Fy.

(1) When r:=5 (mod 8), then Cis a [2r"™,r"] 4-ary linear code with one-dimensional
hull.

(2) When r:=1 (mod 8) or r := 3 (mod 4), then C is a [2r',r"] 2-ary linear code
with one-dimensional hull.

Proof:  Since p =2, we can let B = 1 and thus P is a matrix with all entries 1. It
is easy to compute that the eigenvalues of PP are —1 with multiplicity 1 and 0 with
multiplicity 7" — 1.

If r:=1 (mod 4), we divide the rest of the proof into two cases.

When r:= 1 (mod 8), we have 20k = PP, and Qg /P = Ok /P, = I, according
to [70, Lemma 4(1)]. Hence, F, = Og/P = F; and P € M,n(F5). Therefore, C is a
[2F™, "] 2-ary linear code with one-dimensional hull.

When r:=5 (mod 8), we have 20k = P and Ok /P = F4 according to [70, Lemma
4(2)]. Hence, F, = Okx/P =F4 and P € M,n(Fy4). Therefore, C is a [2r",r"] 4-ary
linear code with one-dimensional hull.

If 7 := 3 (mod 4), we get 20k = P? and Qg /P = IF,. Hence, F, =0k/P =T, and
P € M, (IF,) according to [70, Lemma 4(3)]. Therefore, € is a [2r™, "] 2-ary linear
code with one-dimensional hull. ]

Remark 4.2.17 In Corollary 4.2.16, when r := 1 (mod 4) or r := 3 (mod 4) and m is
even, we get N(—1) = 1; when r := 3 (mod 4) and m is odd, we have n(—1) = —1.
Therefore, it is easy to prove that Corollary 4.2.16 is the special cases of Theorems
4.2.2 and 4.2.9 in two cases N(—1) = —1 and n(—1) = 1, respectively. Comparing
with [70, Theorem 2], our results generalize their results.

4.3 Constructions of the second class of linear codes with
one-dimensional hull

Let r be a prime number and m a positive integer. [¥,» denotes the finite field of order
r". Let Fi = Fm\{0} and F},, = (&), where « is a fixed primitive element of F,.
Assume that N > 1 is a positive integer and N | (©" — 1). Let g be a power of p, where p
is a prime number. Assume that N | (g —1). Let F, = (B), where 3 is a fixed primitive

—1
element of IF. For the sake of convenience, we let u = J3 ‘¥ . Define the function

¢ :Fin — Fp (o) =", (4.12)
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where 0 < k < " —2. It is easy to know that ¢ is a homomorphism of order N. Define
the kernel of the homomorphism ¢ as ker(¢) := {ak,0 <k <r"—2:¢(af) =1} =
(o).
Assume that (p,r) = 1. Then there exists a positive integer ¢ such that r | (¢" — 1).
r_
Let F, = (y) and § = },%’ where v is a fixed primitive element of F,. For any
a € F,m, we define

Xa:Fon — T salx) = £ @), x € Fom, (4.13)

where Tr,’:m denotes the trace function from F,~ onto F,. It is easy to know that y, is a
homomorphism. It follows from the definition of ), that

8(%%@) = a(b)g(q))Xa)) (414)

fora € Fm and b € .
Fix v e Fy. Let Fm = {x; : 1 <i <"}, Define the r” x v matrix P = (p;j) €
M,n(F,) by setting p;; = p(xj —x;), where

plxj—xi) = { o), i (4.15)
v, ifi=j.

For any a € F,m, set 1, := (a(x1), Xa(x2), ..., Xa(x,m))T, where “T” denotes the trans-
pose operator. Then the ith component of P, is

ZP — i) Xa(x;) = Z P (x —xi) Xa(x)
xG]Frm
== Y p0)xb+x)
yeF,m
= Z p(y ¥) Xa(Xi)-
yeF,m

Hence, Pn, = ( Y p(V)xa (y)) M. and 7, is an eigenvector of P.

yEF,m

Similarly, the ith component of PT 7, is

ZP —Xj)%a(x)) = Y pi—x)x(x)
xEIF,m
== Y p(xalxi—y)
yeF,m
= Y., PO Xa(—Y)Xa(xi).
yeF,m

Hence, PTn, = ( Y p(y) )(a(y)> N. and 1, is also an eigenvector of P .
yeF,m
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Next, we will prove that the 7 vectors {1, := (Xa(x1), Xa(x2),-- -, Xa(xm))T 1a €
[F,m} are linearly independent over [,

Suppose that Y, k,n, =0, where k, € Fq. Then

acF A

Z ka(Xa(x1), Xa(x2),- .- JCa(xrm))T =0,

aGF,m
T
— ( Z ka%a(XI)7 Z kaxa(XZ),..., Z kaxa(xrm)> :O.
S a€F,m aclF,m

Hence, Y kyxq(x;)=0forany 1 <i<r™

aGFrm
Given an element ag € [F,n, we have

Y kaXa(xi) Xao (—xi) = O,

aclF,m

= Z kax1((a—ao)x;) =0,
aclF,m

— Z Z kax1((a—ap)x) =0,
x€F,maclFm

— Z kq Z x1((a—ap)x) =0.

aclF,m  x€F,m

By Lemma 4.1.2, we obtain k,,+"" = 0 and then k,, = 0 by (r, ) = 1. Because
ap is arbitrary, we have ka = 0 for any a € F,». Hence, the " vectors {n, :=
(Xa(x1), Xa(x2), -+, Xa(xm))T : @ € Fym} are linearly independent over F,,.

Hence, the multisets { Y p0)xa(y):ac IFrm} and { Y o0 xa(—y):ac ]Frm}

yeF,m yEF ,m
present all eigenvalues of the matrix P and PT, respectively.
To sum up,

a—P< Y oy )na— ( Y px(y) Y, p(y)xa(y)> Ma-

yeF,m yeF,m yEF,m

Then the multiset {ka =Y p)xy) ¥ p)xa(—y) :aE]F,,m} presents al-

yeF,m yeF,m
1 eigenvalues of the matrix PPT and {1, : a € F,»} presents all eigenvectors of PP .
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Let the symbols be the same as above. According to Lemma 4.1.5(1), we obtain

da = Y p0)2B) Y PO)Xa(—y)

yeF,m yeF,m

= v+ Y o)) | | v+ Y, o) Xa(—Y)
YEF m YEF m
= (v+g(0, %) (v+g(9,%,))
=V +ve(@, %a) +v8(9. X,) +2(0, Xa)2(9, 7,
= V2 +v2(0, %)+ 0(—1)vg(@. xa) + @(—1)(8(¢. xa))*
= V+(1+0(=1))vg(@,xa) + 0(—1)(g(9, xa))*-

Hence, all eigenvalues of PP are given by the multiset
(A =V + (14 0(=1))ve(9,xa) + 0(=1)(8(9,Xa))* s a €Fm}. (4.16)

Let C:= €y ,) be a linear code over F, with generator matrix G = [I,m, P]. Then C
is a [2r", 7] linear code over IF,.

4.3.1 The case p =2

Define p(0) =v = 1. Then v’ = 1 = —1. We then obtain a 7" x " matrix P = (p;)
by pij = p(x; —x;), which is defined as (4.15). It follows from (4.16) that all eigenval-
ues of PPT are given by

—1, ifa=0;

Ay = , 417
{—1+<g<<p,xa>>2, ifa e F. &1

Theorem 4.3.1 Let r be an odd prime number and m be a positive integer. Assume that
N > 1 is a positive integer and N | (r™ —1). Let q be a power of p=2and N | (q—1).
Let C:= C(y 1) be the linear code over ¥, with generator matrix [Im,P]. Then Cis a
[2r", 1] linear code over F, with one-dimensional hull.

Proof: It follows from (4.17) that all eigenvalues of PPT are —1 when a = 0 and
—1+ (g(9,%4))* when a € F,. By using Lemma 1.2.4, we just have to prove that
—1+ (g(@,%4))* # —1 for any a € F%,. Note that the result g(¢, x.)g(Q, Xa) = "
for any a € F, from Lemma 4.1.4. Then g(¢, x,) # 0 and g(¢, x,) # 0 for any a €
F*.. Hence, (g(¢,%4))*> # 0 and —1+ (g(@,x4))* # —1 for any a € F%,. The desired
conclusion then follows. |

Here, we give a concrete example as follows.

Example 4.3.2 Let r = 13,m=1,N =3,p=2and g =4. Let F, = (B), where B is
a fixed primitive element of ;. It is easy to check that q,r,N satisfy the conditions in
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Theorem 4.3.1. Then C is a [26,13,8] linear code over F4 with one-dimensional hull
and its generator matrix [I13, P], where

R I N SR N B R
L1 1 B B B 1 BB BB P
Bl 11 B B B 1 BB 1 BB
BB 1 1 1 B B A1 1
B2 B B 1 1 1 B B 1 BB
LB B B 1 1 1 B B B1 B P
P=| g 1 BB B 1 1 1 B B 1
B2 B2 1 B2 B B 1 1 1 B B B
BB 1 BB B 1 1 1 B B P
R
BB LB LB Bl
s B B p s o1 1
AR A N

Moreover, the hull of C is a [26,1,26] cyclic code over F4 with generator matrix

(11111111111111111111111111).

4.3.2 The case p >3

In this subsection, we let I, = (), where f is a fixed primitive element of IF,. Assume
that4 | (g—1).

Define p(0) =v = Bqét;l Then V? = (Bqét;l)z = ,B% = —1. We then obtain a
" x ™ matrix P = (p;;) by pij = p(x; —x;), which is defined as (4.15). In addi-

tion, p(—1) = p(a” 7" ) =7 = (B%)"T = (B*7)F = (~1)"7". When Z!

is odd, ¢(— ):—l'when%iseven o(—1)=1.

Combining with (4.16), when “— is odd, we have
—1 ifa=0;
Aa = ’ (4.18)
¢ { —1—(8((P;Xa))27 lfaeFr’";

1 -

—1 ifa=0;
ha = ’ : . (4.19)
{ — 1+ (20 + 8(9: 2%a))&(P: Xa), ifa € Fn.

Collecting all discussions above, we first present the sufﬁ(nent conditions for con-
structing linear codes with one-dimensional hull when ~—— L is odd.

Theorem 4.3.3 Let r be a prime number and m be a positive integer. Assume that
N > 1is a positive integer and N | (r — 1). Let q be a power of prime p and (p,r) = 1.
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Assume that N | (q—1) and 4| (q—1). Let C:=C ﬁq;l) be the linear code over F
P 4

with generator matrix [Im,P|. When % is odd, C is a [2r",r"] linear code over IF,
with one-dimensional hull.

Proof: The proof is similar to that of Theorem 4.3.1 and then we omit it here. W
In the following, we present some concrete examples to explain Theorem 4.3.3.

Example 4.3.4 Let r =3,m =2,N=28,p="7 and q=49. Let F}y = (B), where B is
a fixed primitive element of Fyq. It is easy to check that q,r,N satisfy the conditions in
Theorem 4.3.3. Then C is a [18,9,8] linear code over Fa9 with one-dimensional hull
and its generator matrix [ly, P|, where

( ﬁlZ ﬁ42 ﬁ6 ﬁ30 1 ﬁ36 ﬁ18 ﬁlz 6
BIS ﬁlz 1 B12 B36 6 B42 6 /330
6 12 6 ﬁlS ﬁ42 ﬁlz 1 ﬁ36
B6 [336 1330 B12 Blz 6 1 BlS B42
P= 6 ﬁlz ﬁ42 ﬁ36 ﬁlZ [318 ﬁ30 ﬁ6 1
6

B12 B30 ﬁlS 1 B42 [312 B36 B6
'342 ﬁlS [336 6 ﬁ6 1 ﬁ162 ﬁ?(z) ﬂiz

36 1 6 B42 ﬁ30 BIZ [3 B
K 1 ﬁ6 ﬁlz BIS 6 '330 ﬁ36 ﬁ42 BIZ

Moreover, the hull of C is a [18, 1, 18] quasi-cyclic code of index 2 over F49 with gener-
ator matrix

(1 11111111 Blz ﬁlz BIZ B12 ﬁlZ [312 [312 BIZ BIZ).

Comparing with Example 2(2) in [70], the linear code C over [F 49 with one-dimensional
hull we obtained has better parameters than its parameters. In other words, the linear
code C of the length 18 with the dimension 9 has the minimal distance 8, while the
linear code C of the length 18 with the dimension 9 in [70, Example 2(2)] has the
minimal distance 7. That is to say, the linear code C over 49 with one-dimensional
hull we obtained is also considered new.

Example 4.3.5 Let r =7,m =1,N=6,p =5 and q =25. Let F5; = (B), where B is
a fixed primitive element of F55. It is easy to check that q,r,N satisfy the conditions in
Theorem 4.3.3. Then C is a [14,7,7] linear code over F»s5 with one-dimensional hull
and its generator matrix [I;, P, where

( 2 1 ﬁS ﬁ4 ﬁ16 ﬁZO 4 \
4 2 1 BS B4 B16 ﬁZO

'320 4 ) 1 ﬁ8 ﬁ4 ﬁ16
P= B16 BZO 4 2 1 BS ﬁ4 ,
'34 ﬁl6 ﬁQO 4 2 1 ﬁS
BS B4 ﬁ16 BZO 4 2 1
1 [38 B4 B16 ﬁZO 4 2
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which is an almost MDS code. Moreover, the hull of C is a [14,1,14] quasi-cyclic code
of index 2 over 5 with generator matrix

(1111111222222 2).

Next, we turn to the sufficient conditions for constructing linear codes with one-
dimensional hull when % is even.
Theorem 4.3.6 Let r be a prime number and m be a positive integer. Assume that N > 1
is a positive integer and N | (™ —1). Let q be a power of a prime p and (p,r) = 1.
Assume that N | (g—1) and 4| (q—1). Let C:=C E) be the linear code over IF,
iy

)

with generator matrix [I,m,P|. When ”n;\,—_l is even and 2v+g(@, xq) # 0 for all a € F,,
Cis a [2r', "] linear code over F, with one-dimensional hull.

Proof: It follows from (4.19) that all eigenvalues of PPT are —1 when a = 0 and
—1+(2v+2(9,Xa))8(@, Xa) when a € Ff,. According to Lemma 1.2.4, we just have
to prove that —1 + (2v+ (@, x4))g(®, xa) # —1 for all a € F.

By utilizing Lemma 4.1.4 and the proof of Theorem 4.3.1, we obtain that g(¢, x,) #
0 for any a € F. When 2v+ g(@,x,) # O for all a € F},, we have —1 + (2v +

g((PaXa))g((Pala) 7& —lforalla e F;fm

Therefore, the matrix PPT has an eigenvalue —1 with multiplicity 1. It then follows
from Lemma 1.2.4 that C is a [27", 7] linear code over [, with one-dimensional hull.
|

In Theorem 4.3.6, the condition “2v + g(@,x,) # 0 for all a € F%,” is not very
straightforward. Hence, we will present the following corollary as a concrete result.

Corollary 4.3.7 Let r be a prime number and m be a positive integer. Assume that
N > 1 is a positive integer and N | (r™ — 1). Let q be a power of odd prime p and
(p,r) = 1. Assume that N| (q—1) and 4 | (q—1). Let C:=C  ,1 be the linear

(9.8 %)
code over F, with generator matrix [I,m,P). Let % be even. If p(q) # 1, then Cis a
21", 7] linear code over F, with one-dimensional hull.

Proof:  Since % is even and it follows from (4.19) that all eigenvalues of PPT

are —1 when @ =0 and —1+ (2v+ g(@,X4))g(@, xs) When a € F?,.. Suppose that
2v+g(9,xa) = 0 for some a € F},. Then g(@, x.) = —2v € F, when p := 1 (mod 4)
and g(@, x.) = —2v € F ,» when p :=3 (mod 4). In addition,

q

(g(@. %) = [ )Y e(0)xa(x)
xEIij
= g((quCGCI)
= 8(9,Xaq)
= o(g g9, %)
= 0(q)"'g(¢. %)



4.3 Constructions of the second class of linear codes with one-dimensional hull 83

by N |(g—1) and (4.14). If 9(q) # 1, then (8(9, Xa))? # 8(@, Xa). i.., 8(@, Xa) & Fy.

When p :=1 (mod 4), F, CF,, which implies that g(¢, x,) ¢ F,. It is a contradic-
tion.

When p :=3 (mod 4), F . CF, by 4| (¢g—1), which implies that g(¢, %) ¢ F 2.
It is a contradiction.

Hence, 2v + g(@, x,) # 0. By using Lemma 4.1.4, we obtain that g(¢, x,) # 0.
Then —1+ (2v+ g(@,%4))g(®, xa) # —1 for all a € F%,. Thus the matrix PPT has an
eigenvalue —1 with multiplicity 1. It then follows from Lemma 1.2.4 that the desired
result then follows. u

We now employ Corollary 4.3.7 to present an example as follows.

Example 4.3.8 Let r =7,m =1,N =3,p =5 and q =25. Let F5; = (), where 3 is
a fixed primitive element of 3. It is easy to check that q,r,N satisfy the conditions in
Corollary 4.3.7. Then C is a [14,7,6] linear code over Fys5 with one-dimensional hull
and its generator matrix [I;, P], where

( ) 1 ﬁ16 ﬁS ﬁ8 ﬁ16 1
1 ) 1 B16 ﬁS ﬁ8 B16
16 1 2 1 ﬂ16 ﬁS ﬁS
P= BS B16 1 2 1 ﬁ16 BS
ﬁS [38 B16 1 2 1 ﬁ16
16 ﬁS BS B16 1 ) 1
\ 1 B1o BS g Bl 1 2 )
Moreover, the hull of C is a [14,1, 14] quasi-cyclic code of index 2 over Fys with gener-
ator matrix

(11111112222222).

Next, we discuss the lower bound on the minimum distance of linear code C :=
C(p,v) With generator matrix G = [[,m, P).

Assume that ¢ is a power of odd prime p and N =2. Let Fm = {x; : 1 <i <"},
where xp,---,x,m_; are non-zero squares in Fm, x,m.y,...,x,m_1 are non-squares in
F,m and x,» = 0. From Section 3, we have Pn, = Gazna for any a € IF,m, where 0, :=

Y p(¥)xa(y)and 1, := (Xa(m),xa(n),---,%a(xrm))T~ Let O := (Mx;, Mays -+ M ) -

yeF,m

Then
PQ = (PnXUanZv"')anrm)
= (le Tlxl 9 9)62 nXQa RN Oxrm nxrm)
- (nx17nx27' "7nxrm)A
OA,
where
O,
9)62 . . .
A= . is a diagonal matrix.

ex Fm
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Note that when v = 0,

g 10 if a =0;
C |l el@ s(e.), ifaeFm

Let’s just say g := g(¢, x1) for convenience.
It is easy to know that

g(e, 1) —1 : (4.20)

-1
0

It follows the definition of the linear code C that C can be expressed in the following
form:

C = {c(k)=kG,keF, } where k= (ki ko,...,km).

{
For any codeword ¢ (k) in C, we have
c(k) = kG
= k(Im,P)
(k,kP)
= (k,1),where l :=1(k) = kP
(k k27 rm ll 127 lrm)-

Multiply both sides of the equation I = kP by the matrix Q, we obtain
1Q =kPQ =kQA.

Based on the above discussion and combined with Eq. (4.20), we have the following
three equations:

(l] —gk1,...,lrm—gkrm)(nxl,...,nxrm;l) = 0; (421)
2

(11+8k1>---,lrm+gkrm)(7”lxrm+1,---777x,m,1) = 0 (4.22)

Li+-+Lm = 0.

In view of the above three equations, we present the following theorem. Before we
,uxl vxl
do that, let’s give some definitions. We define : = (Mx»->Mxm_, ) and
T
,uxrm erm
= (nxrm+1 IR nxrmfl)'
2
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Theorem 4.3.9 Let C := C(y o) be a linear code over ¥, with generator matrix G =
[Im,P]. Let A be a positive integer. Assume that any A vectors in {lx,,- - , x| are

linearly independent and any A vectors in {Vy,,- - , Vy,, } are also linearly independent.
Then din(C) > A+ 1.

Proof:  Suppose that c(k) is any codeword in C which satisfies that wt(c(k)) <A+ 1.
Note thatc(k) = (k,kP) = (k,l) = (kl, e kem . ,lrm). Set Q:= {(ll,kl), ceey (lrm,krm)}.
Let x = #{(l;,ki) € Q| (li,k;) = (0,0)}, y = #{(li,ki) € Q| Only one of /; and k; is 0}
and z =#{(l;,k;) € Q| l; # 0 and k; # 0}. Then we have

X+y+z ; (4.23)
2x+y>2r—A—1.
From (4.23), we obtain
x > rm—-A—1. (4.24)

Let u; = l; — gk; and w; = [; + gk;, where 1 <i <™. It follows Eqgs. (4.21) and (4.22)
that

Mo,
(ula“-a”rm) = UMy, Uy =0 (4.25)
.uxrm
and
Vi,
(Wiyeon,Wym) : =WiVy, - FwmVy, = 0. (4.26)
vxrm
According to (4.24), it is easy to know that there are at least ¥ — A zeros in uy, ..., umn.
Similarly, there are also at least 7" — A zeros in wy,...,w,n. Without loss of generality,
let’s assume that ug 1 = --- = u,m = 0. Since L, ..., Uy, are linearly independent, we
have u; = --- = uy = 0 according to Eq. (4.25). Hence, we obtain u; = --- = u,m = 0.
Similarly, we also deduce wy = --- = w,m = 0. Therefore, we get [y = --- =Lm =0
and k; = --- = k,m» = 0. Then c(k) is a zero codeword. That is to say, for any nonzero
codeword ¢ in C, we have wt(c) > A+ 1. So dyin(C) > A+ 1.
This completes the proof. |

4.4 Conclusions

In this chapter, we first generalized the results of [16, 70] and employed general Gaus-
sian sums to construct linear codes with a one-dimensional hull via number field-
s. In addition, we proposed a general method to construct linear codes with a one-
dimensional hull by using an analogue of Gaussian sums where both the corresponding
additive and multiplicative character take their values in a finite field instead of the com-
plex numbers. Remarkably, the constructions of linear codes with a one-dimensional
hull were studied by characterizing the eigenvalues of the matrix PP’ and combining
them with Lemma 1.2.4,
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we presented some sufficient conditions for a linear code over finite fields with
generator matrix [I,», P] to be a linear code with a one-dimensional hull.

Compared with [16, 70], the results obtained in this chapter have clear advantages
as follows:

(1) Construction methods are more general. In [16, 70], the authors needed the
matrix P to have some special properties; for example, most of them are symmetric.
However, we can completely determine all eigenvalues of the matrix PPT for any ma-
trix P. In addition, the authors constructed linear codes with a one-dimensional hull
by using the special Gaussian sums (for example, quadratic Gaussian sums and Gaus-
sian sums in the semi-primitive case). However, we employed general Gaussian sums
to construct linear codes with a one-dimensional hull via number fields. The construc-
tion method in this chapter further generalizes the construction method in [16, 70], and
the relevant results in [16, 70] are special cases of the results of this chapter.

(2) Construction methods are more direct. In [16, 70], the authors constructed lin-
ear codes with a one-dimensional hull over finite fields by using the generator matrix
over quadratic number fields or cyclotomic fields, while we constructed them direct-
ly by utilizing the generator matrix over finite fields. Furthermore, this straightforward
approach can lead to more optimal or almost optimal linear codes.

(3) We firstly presented a lower bound on the minimum distance of the linear code
C over F,, with generator matrix G = [I,n,P] when N = 2.

The main content of this chapter has been published in Des. Codes Cryptogr. and Cryptogr. Commun..



Chapter 5

Minimal binary linear codes and their ap-
plications

This chapter mainly constructs minimal binary linear codes with few nonzero weights
by using two-to-one functions over finite fields with an even characteristic. Section 5.1
presents three constructions of binary linear codes by two-to-one functions over Fon.
Section 5.2 determines the parameters and weight distributions of linear codes con-
structed in Section 5.1 by utilizing the Walsh Hadamard transform of the correspond-
ing functions. In addition, some of the constructed codes are optimal concerning the
well-known Griesmer bound and optimal (or almost optimal) for the online Database
of Grassl. In Section 5.3, we study the optimality of some binary linear codes obtained
in Section 5.2 and describe the access structures of the secret sharing schemes based on
their dual codes. Finally, two open problems in [72] are solved.

Throughout this chapter, let o= be the finite field with 2" elements and n be a
positive integer. Tr,(-) denotes the trace function from F,» to [F, and Tr);,(-) denotes the
trace function from Fy» to Fom, where m | n and m is a positive integer.

5.1 Constructions of binary linear codes

In this section, we mainly present three constructions of binary linear codes by two-to-
one functions over finite fields of even characteristic.

Let F(x) be a two-to-one function from Fy» to itself with F(0) = 0.

Construction 1:
The first generic construction of binary linear codes Cr is defined by

Cr = {cap = (Trn(ax+0bF(x)))rer;, : a,b € Fon}. (5.1)

It is obvious that the length and dimension of Cg in (5.1) is 2" — 1 and at most 2n,
respectively. From [72, Subsection A], we know that the dimension of Cr is 2n — dk,,
where dk, is the dimension of the [F>-vector space

K = {(a,b)ern: Y (1)Tfn<w‘+bF<X>>2"}. (5.2)

XGan
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The Hamming weight of a codeword ¢, in Cr is

1
wt(cap) = 201 - SWr(a,b). (5.3)
When the Walsh transforms of F take three nontrivial values vy, v,,v3 for (a,b) € IF%,,,
the value distribution of Wr(a,b) can be calculated by solving the following equations
derived from the first three power moment identities [11]

o Xi =27
YioviX; =2 (5.4)
Z?:o viX; =2,

where X; is the occurrences of Wr(a,b) =v; (i = 0,1,2,3) in the Walsh spectrum of F
with (Xo,vo) = (2%1,2"). If a value of Wr(a,b) occurs X; times in the Walsh spectrum

of F, then there are X;/ 29K1 codewords in € r with Hamming weight on—l_ %vi, and the

weight distribution of Cr can be determined.
Construction 2:

The second generic construction of binary linear codes Cp from a given defining set
D:={d\,d,,...,d;} suggests defining a linear code Cp = {¢; = (Tr,(bd, ), Tr,(bd>), ...,
Tr,(bd))) : b € Fon }. To make a connection with functions F (defined over F), we can
choose D (or more appropriate D), for example, as the nonzero set of all the values of
F. In this case, we denote the resulting code by Cp,., which will be defined precisely
as follows:

Cpr = {ep=(Tru(bd1), Tra(bdz), ..., Try(bdy)) : b € Fon}, (5.5)

where Dy := {F(x),x € Fon} \ {0} = {d1,d>,...,d;}.

It is obvious that the length and dimension of Cp,. in (5.5) is I = |Dr| and at most n,
respectively. Similarly, from [72, Subsection A], we know that the dimension of Cp, is
n —dk,, where dk, is the dimension of the [F,-vector space

K = {bern: Y (—1)Tfn<bF<X>>—2"}. (5.6)

xE]an

Now, if the function F is chosen to be 2-to-1 over F» with F(0) = 0, then the length
of Cp, is I = |Dr| = 2"=1 _1 and the Hamming weight of a codeword c;, in Cp, is

wt(cp) = 2”_2—%WF(0,b). (5.7)

The following lemma is from [72], which gives the parameters of the dual code of
Cp, in (5.5).

Lemma 5.1.1 [72, Theorem 1] Let F be a 2-to-1 mapping over Fon with F(0) = 0 and
let Cp,. be defined as in (5.5). Moreover, let (%F be the dual code of Cp,. and dk, be

defined as in (5.6). Then GﬁF is a 2" — 1,21 — 1 —n+dy,)| binary linear code
with the minimum distance d=- satisfying 3 < d*- < 4.
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Construction 3:
The third generic construction of binary linear codes Cp, is defined by

Cop = {Cap = (Tra(ad;+bd))) 4, 4 ycpp * @b € Fn}, (5.8)

where Dp = {F(x) : x € Fon }\{0} :={d1,ds,...,d;}.
Clearly, the length and dimension of EDF in (5.8) is [? and at most 2n, respectively.

To determine the dimension of Cp,, it suffices to compute the number of a,b € Fyn
such that Tr,(aF (x) +bF(y))) = 0 for any x,y € [F« since the code is linear. That is

to say, the dimension of Cp,. is 2n — dk,, where d, is the dimension of the [F>-vector
space

Ky = {(a,b)EIan: Y (1)Tfn<aF<X>+bF<y>>—22”}. (5.9)

x,yEFn

The Hamming weight of a codeword ¢, 5, in EDF is

wt(cap) = {1 <i,j<Il:Tr,(ad;+bd;) = 1}|
_ 1 Tty (adi+bd;)
- 3 (1 _d.dz (1) . (5.10)
i ]EDF

Set Sp(a,b) = Y (—1)Tm@F®)+bFG)) Note that

x,y€lFon

r,(ad; ; 1 r(al (x plal (x
Y (—1)Tladiibd) Z( Y (= 1)TaF@bF0) _p Y () Teular)

dl',dJ'GDF x,y€F2n xGan

) Z (_I)Trn(bF(y)) +4>

y€Fon

_ %Sp(a,b)—%(WF(O,a)—l—WF(O,b))—i-l.

Since the function F is 2-to-1 over Fo» with F(0) = 0, then

. 1 1
Wt(Cqp) = 2273 -2 = 5Sr(ab)+ 7 (Wr(0,0) + Wr(0,6)).  (5.11)

The next theorem describes the minimum distance of the dual code of éDF in (5.8).

Theorem 5.1.2 Let F be a 2-to-1 mapping over Fon with F(0) = 0 and let EDF be the
code defined as in (5.8). Moreover; let @ll)p be the dual code of Cp,. and dg, be defined

as in (5.9). Then ELL)F is a [(2"1 —1)2,(2"1 = 1)2 — (2n — dk,)] binary linear code

with the minimum distance d+ satisfying 3 < d+ < 4. Moreover, the dual of EDF is
projective.



920 Minimal binary linear codes and their applications

Proof:  Based on the above discussion, the code éDF is a [(2"71 —1)2,2n — dk;]
binary linear code. The length and dimension of GIL)F can be easily determined. Next,
we discuss the minimum distance of Aéll)F.

Clearly, d*- cannot be 1 since 0 ¢ Dr. By the definition of éDF, d* = 2 if and only
if there exist two distinct pairs (d;,d;) € D7 and (d],d};) € D7 such that

Tr,(ad; + bd;) + Tr,(ad; + bd;) = 0,

for every a,b € Fon. That is, Try(a(d; +d;) + b(d;j +d})) = 0 for every a,b € Fon,
which implies that d; +d] = 0 and d —|—a’} = 0. That is, (d;,d;) = (a’{,a’}) which is in
contradiction with the assumption. This confirms that d- > 3. Suppose that d- > 5.
Then

2 (znfl _ 1)2 .
Z( . )(2_1)122%5_23n2+7_22n3_3_2n1+2>22nd,(3,
i=0 l

which contradicts to the Sphere packing bound (see [54, Theorem 1.12.1]). Hence,
3<dt <4
The proof is completed. [

5.2 Weight distributions of binary linear codes

In this section, we investigate the weight distributions of binary linear codes Cr, Cp,

and EDF defined in (5.1), (5.5) and (5.8), respectively. We shall distinguish different
cases depending on the value of n. The constraints come from the two-to-one property.

5.2.1 The casen=2m

This subsection proposes several binary codes with few weights derived from the
known 2-to-1 functions given in Lemmas 2.4.3-2.4.7. Firstly, we construct two classes
of binary linear codes with 3-weight and a class of binary linear codes with 9-weight
from the 2-to-1 function presented in Lemma 2.4.3.

Theorem 5.2.1 Let n = 2m and F(x) = x2""'+4 4 x2"+2 4 qix € Fon[x], where m > 3
is odd, and o, € Fon such that &>~ = w withw € Fy2\F2. Define three linear codes

Cr, Cp, and EDF asin (5.1), (5.5) and (5.8), respectively. Then,

(1) Cr is a three-weight binary linear code with parameters [2" —1,3m,2"~1 —2™],
and its weight distribution is given by Table 5.2.1;

(2) Cp, is a three-weight binary linear code with parameters [21 —1,n,2"2 -
2m=1), and its weight distribution is given by Table 5.2.2;

(3) éDF is a nine-weight binary linear code with parameters [(2"~1 —1)2,2n,22"3 —
2n=2 _om=1(on=1 1)), and its weight distribution is given by Table 5.2.3.
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Table 5.2.1: The weight distribution of the code Cp in Theorem 5.2.1(1) (or Theorem 5.2.5(1))

Weight Frequency
0 1
2n—1 _m 23m—3 + 2n—3 o 2m—2
2n—1 3. 23m—2 + 2n—2 -1
2n71 4m 23m73 —3. 2n73 + 2m72

Table 5.2.2: The weight distribution of the code Cp, in Theorem 5.2.1(2) (or Theorem 5.2.5(2))

Weight Frequency

0 1
2n—2 _ 2m—1 2n—3 + 2m—2
2n—2 3. 2n—2 -1
2n—2 + 2m—1 2n—3 o 2m—2

Proof:  First of all, we shall determine the values of the Walsh transform Wg(a,b)
(and, particularly W (0,b),Wr(0,a)). For any a,b € Fon, we have

Wr(a,b) = Y (—1)Tnletbr)

XEan

_ Z (_1)Trn(ax—i—b(xzmH+4+x2m+2+2+ax))
XGan

-y (_1)Tr,,((a+ba)x+(bz’"+b)x2’"”+2)

XGan

If6*" +b=0,ie., b e Fym, then

Wetap) | 2 ifatba=0
a )
A 0, otherwise.

If b*" +b # 0, then b € Fan\Fon. Set @, 5(x)
form of ¢, ;(x) is given by

= Tr,(ax+ bF (x)). Then the bilinear

Bg,,(x,y) Qap(X+Y) + Qo p(x) + Qup(y)
= Tra (0" +5)(" 7y +25"))
= Tr, (0¥ +b)y* + (0" +5)%2 ")
= Tra(Lp(y)x®""),
where L, (y) = (b*" +b)y* + (b*" +b)2y23. Let ker(Ly) = {y € Fon : Ly(y) =0}. By a

computation, we have

kCI'(Lb) = {O,y()JOWJOWz}a



92 Minimal binary linear codes and their applications

Table 5.2.3: The weight distribution of the code éDF in Theorem 5.2.1(3) (or Theorem 5.2.5(3))

Weight Frequency
0 1
22n—3 _ 2n—2 _ 2m—l (zn—l _ 1) 2n—2 + 2m—l
2211—3 _on__om (2n—3 o 2m—2)2
22n—3 _on_gm (2n—3 + 2m—2)2
22n—3 o 2n—1 o 2m—1 (3 . 2n—2 o 1)(271—2 o zm—l)
22n73 o 2n71 (3 X 2n72 . 1)2
22n73 _ 2n71 + mel (3 . 2n72 _ 1)<2n72 + szl)
92n=3 _ yn—2 3.on=1_19
22n—3 22n—5 . 2n—3
22n73 . 2n72 + 2m71 (2n71 o 1)) 2n72 o szl

3
where yg = \/m Moreover,

90p(y0) = Tra(ayo +bf(0)) = Tra((a+ba)yo+(b+5>")f)
Tr,((a+ba)yp+1)
= Tr,((a+ba)yo) (Since n is even).

Similarly, we have

@a.5(Yow) = Tra(ayow +bf (yow)) = Tru((a+ba)yow +w)
Tr,((a+ba)yow) + Tra(Tr5(1)w)
Tr,((a+ba)yow) + Trz(w) (Since m is odd)
= Tr,((a+ba)yow) +

and @u,5(Yow?) = ap(¥0) + @ap(vow).
Hence, there must exist some (a,b) € Fon x (Fan\Fom) such that Tr, (ax + bF (x)) =
0 for all x € ker(Lp). From Lemma 2.4.2, for any a € Fy» and b € Fyn\[Fom, we have

Wi (a,b) = +271 " Tr,(ax+bF(x)) = 0 for all x € ker(Ly), ;
0 otherwise.

Having the above discussion regarding the values of Wr(a,b), we determine the
parameters and the weight distributions of Cr, Cp, and Cp,, respectively.

(1) For the linear code Cr, Wg(a,b) = 2" if and only if b € Fom and a+ b = 0.
Then, the dimension of K; = {(a,b) € F3, : Wr(a,b) = 2"} is m according to Eq. (5.2).
Thus, the dimension of Cr is 2n — m = 3m. Furthermore, for any a,b € For, Wr(a,b) €
{0,2", £2" 11 Set vi = -2 vy = 0,v3 = 2! According to Eq. (5.4), we obtain
the occurrences X; of Wr(a,b) = v; (i = 1,2,3) in the Walsh spectrum of F. Then
there are X;/2™ codewords in Cr with Hamming weight 2"~ ! — %vi, and the weight

distribution of Cr can be determined.

(2) For the linear code Cp,., Wr(0,b) = 2" if and only if » = 0. Then, the dimension
of Cp, equals n by Eq. (5.6). If b € Fon\{0}, then Wg(0,b) = 0. If b € Fon\Fon, from
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the proof of (1), we have Tr,(bF (o)) = Trn(batyo), Tr,(bF (yow)) = Trn(bayow) + 1
and Tr,, (bF (yow?)) = Tr,(bayow?) + 1. It is obvious that there exist some b € Fon\Fom
such that Tr,(bF(x)) = 0, for all x € ker(L,). Hence, for any b € Fy:\Fon, we have
Wr(0,b) € {0,421} by Lemma 2.4.2. According to Eq. (5.7), the Hamming weights
of the codewords ¢, in Cp,. satisfy wt(cp) € {2772,0,2%~2—2m~1 2n=2 4 2m=1} Define
wy =22 =2l =072 s = pn2  pme By Lemma 5.1.1, the dual of Cp,. has
Hamming weight no less than 3. From the Pless power moments in (2.4) lead to the
following system of equations:

Z?:lAWi - 211 - 1’
3 wid,, =271 (2nm 1), (5.12)
Z?:1W,~2Aw,~ _ 2n—2 . (211—1 o 1) '2n—1.

By solving Eq. (5.12), it is easy to determine the weight distribution of Cp,..

(3) We first determine the weight of the codewords ¢, 5, in Cp,, that is, we need to
calculate the values of Sg(a,b),Wr(0,a) and Wr(0,b) by Eq. (5.11). By the proof of
(2), we have Wr(0,a),Wr(0,b) € {0,2", £2™+1}. Next, we only determine the values
of SF (Cl, b) .

Sp(a,b) = Z (—1)TmlaF ()+bF ()
x,yE€Fn
— Y (=)@ ) Y () TaFO)
x€Fon yEFn
= WF (O,a) . WF (O,b)
(2%, if Wr(0,a) = Wr(0,b) =27,
427 tm L if W (0,a) = 2" and Wr(0,b) = +2m+!
= (or Wr(0,a) = £2"+! and Wr(0,b) = 2");
+272 if Wgr(0,a) = £2"+ and W (0,b) = £2F1;
L 0, otherwise.

For the linear code éDF, Sr(a,b) = 2" if and only if a = 0 and b = 0. Then, the

dimension of EDF equals 2n by Eq. (5.9). From Eq. (5.11) and by a simple calculation,
we have

(o3 _pn—1, if Wr(0,a) = Wr(0,b) = 0;
72n—3 _ 2n—2, if Wp(0,a) =0 and Wr(0,b) = 2"
(or Wr(0,a) = 2" and Wr(0,b) = 0);
72n=3 _on—1 2m—1’ if WF(O’a) = 0and Wg (O,b) = fpm+l
wt(Cap) = 4 .(OT Wr(0,a) = £2"" and Wr(0,b) = 0);
) 0, if WF(O,Cl) = WF(())b) =2"

22n=3 _pn=2 4 pm=1(on=1 1) if Wp(0,a) = 2" and Wr(0,b) = +2"*!

(or Wr(0,a) = £2"+1 and Wr(0,b) = 2);
223 _on4 07, if Wr(0,a) = £2"+1 and Wg(0,b) = £2F1;
22n=3, if Wr(0,a) = £2"+1 and Wg(0,b) = 721
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According to Table 5.2.2, we have

0, with 3-2"2 — 1 times;
on with 1 time;
Wr(0,a) = Wp(0,b) = ’ ’
F( 7a) F( ) ) 2m+1’ with 23 4 om—2 times;

— 2+l with 2773 — 272 times.

Hence, the value distribution of wt(c, ;) is obtained in Table 5.2.3.
This completes the proof. |

Remark 5.2.2 By comparing with [72], the linear code Cp, in Theorem 5.2.1(2) has
the same parameters as that in [72, Theorem 2(2)], but our linear code Cp,. is obtained
by the different 2-to-1 function.

Remark 5.2.3 The binary linear codes Cr and Cp,. derived from the 2-to-1 function in
Lemma 2.4.9 have been studied in [72, Theorem 2]. In a similar way to that of Theorem

5.2.1(3), the weight distributions of the linear code Cp, from the 2-to-1 function in
Lemma 2.4.9 can be determined. The results show that the weight distribution and

parameters of Cp,. are the same as those of the linear code in Theorem 5.2.1. Therefore,
its specification is omitted here.

In the following, we give a concrete example of Theorem 5.2.1.

Example 5.2.4 Let m = 3. The code Cr in Theorem 5.2.1(1) is a binary linear
code with parameters [63,9,24], and its weight enumerator is 1+ 707>* + 3997 +
427*0. The code Cpy in Theorem 5.2.1(3) is a binary linear code with parameters
961, 12,372], and its weight enumerator is 1 +20z°"% + 3670 +100z*6 4 5647476 +
22092*80 + 9407484 + 94749 1120212 4 12757,

Next, we present two families of 3-weight and a family of 9-weight binary linear
codes from the 2-to-1 functions listed in Lemma 2.4.4(2).

Theorem 5.2.5 Let n =2mand F(x) = (X2 +x+8)2" 2" 4 x4 527 142" with
0 € Fon, where m is even and Tr,(8) = 1. Define three linear codes Cr, Cp, and Cp,
asin (5.1), (5.5) and (5.8), respectively. Then,

(1) Cr is a three-weight binary linear code with parameters [2" —1,3m,2"~! —2™],
its weight distribution is given by Table 5.2.1;

(2) Cp, is a three-weight binary linear code with parameters [21 —1,n,2"2 -
2m=1), and its weight distribution is given by Table 5.2.2;

(3) éDF is a nine-weight binary linear code with parameters [(2"~! —1)? 2n,22" 73 —
2n=2 _pm=1(2n=1 1)), and its weight distribution is given by Table 5.2.3.
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Proof:  Since Tr,(b(x® +x + &)%" ' +2"") = Tr, 0" (2 + x + §)2"+1)2"") =
Tr, (bzm+1 (x> +x+6)>"T1), we have

Wr(a,b) = Y (—1)Tml@tbr)

x€Fyn
= X (—I)Tr"(‘”‘“’zmH (24 8)2" ppx—p?" T 52741
x€Fyn
= Y (—1)Toller P (22 2 5 2 2 2T 52" 52724 67" )

XG]an
Set @, (x) = Try(ax+ bF (x)). Then, the bilinear form of ¢, ;(x) is given by

Bo,,(%,Y) = @Qup(x+Y)+ @ap(x) + Pap(y)
= Tru((B*" Y+ 0%+ 02" y+b4y4+b2 VB b7 by
= Tr(((0* b2m+) + " 2B b2+ (B By
= Tra(((b+6"")* + (0" +5)* + (07" +0)H)% + (07" + b))
= Tr,(Lp(y)x 2m“)

where Ly, (y) = (b+b*")*y* + (b*" +b)*+ (b*" +b)*)y* + (b*" +b)?y
If b € Fym, then we have Tr, (ax+bF (x)) = Trp((a+b)x+ b>(x2"+2 4 x2"+1)) =
Tr,((a+ b)x) by b? (x2m+1+2 +x2"+1) € Fom and n is even. It is easy to check that

Wi (a,b) 2" ifa+b=0;
a) - .
F 0, otherwise.

If b € Fon\Fom, we letker(Ly) = {y € Fon : Ly(y) = 0}. From Lemma 2.4.2, we have

n+d
v (a,b) = 427" if Try(ax+ bF(x)) = 0 for all x € ker(Ly);
’ 0, otherwise,

where dj, is the dimension of ker(L;) over IF. From the expression of Ly, it is easy to
see dp < 2. Moreover, since n + dj, must be even and n is even, we have d, € {0,2}.
Since Ly(y) = (b+b*")4y* + ((B*" 4+b)* 4 (b*" +b)*)y* + (b*" +b)?y, it is obvious that
y =0, 1 are two solutions of L,(y) = 0 in Fp». Then dj, = 2 and the equation L,(y) =0
has exactly four solutions in Far. Set z = b" + b and it is easy to check that z € 5 by
b € Fyn\[Fom. Hence, we have

1422 1
Y+ —y+—>5 = 0.
z z

Clearly, there exist the other two solutions A and B of Lj(y) = 0 in [F,» such that

O0-1)(-A)—-B) = 0,
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and by comparing with the coefficient of y, we know that

A+B+1=0;
A+B+AB= 1“
AB =1

Then it is clear that A2+ A = and B2+ B= =

For x = A, we have
Trn(ax+bF(x)) — Trn((a+b)A+b2’"“(A2’"“(A2+A)+8A2’”+1 +A2m(A2 —I—A)—I—
SAY" +87"A2+57"A))
1 m m m m m
= Tru((a+b)A+b* (5 +8)"" (A2 +4) + 7" 82"A> + 7" 67" A)
Z

1 m 1 m m m
= To((@ 40+ 0 (5 +87) +b' (5 +6) Tpr e
2m+252m+1)A2).
Hence, we have Tr,(ax+ bF(x)) = 0 for x = A if a®> = b? 4—[92(Zi2 + 8% —|—b4(zl2 +

0 )2m+1 TN LA iy Similarly, we can prove that there exist (a,b) € Fan x
(F2n\Fom) such that Tr,(ax + bF(x)) = 0 for x = B. Thus, for any a € Fy» and b €
FZ” \]Fzm ’

b

Wr(a,b) € {0,£2m"1,

The rest of the proof is similar to that of Theorem 5.2.1, and then we omit the details
here. |

Remark 5.2.6 Although the linear codes in Theorem 5.2.1 and Theorem 5.2.5 have
the same form of parameters and weight distributions, the derived codes from both
statements are completely different (since m > 3 is odd in Theorem 5.2.1, whereas m is
even in Theorem 5.2.5), leading to inequivalent codes.

Remark 5.2.7 Here, we only give the proof of the weight distributions of Cr, GDF and

GDF derived from Lemma 2.4.4(2). The weight distributions of Cr,Cp, and GDF from
other 2-to-1 functions (i.e., Lemma 2.4.4(1)(3)) can be determined similarly and these
linear codes have the same weight distributions and parameters as that of Theorem
5.2.5. Hence, we omit the details here.

Example 5.2.8 Let m = 2. The code Cp in Theorem 5.2.5(1) is a binary linear code
with parameters [15,6,4], and its weight enumerator is 1 +9z* 45128 +37'2. The code
Cpy in Theorem 5.2.5(2) is a binary linear code with parameters [1,4,2], and its weight
enumeratoris 1 +3z%+ 1172 +2°, which is almost optimal in the sense that the minimum
distance of the optimal binary linear code with the length 7 and the dimension 4 is 3 by
the online Database [44]. The code Cp, in Theorem 5.2.5(3) is a binary linear code
with parameters [49,8,12), its weight enumerator is 1+ z'% 4 6z'% + 9720 22722 +
12127 + 66220 + 22778 + 6732 4+ 272,
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Table 5.2.4: The weight distribution of the code Cr in Theorem 5.2.10(1)

Weight Frequency
0 1
2n—1 _23"12_1 22m—2 _2m—2+2# —ZmT_S
211—1 23m _ 22m—1 _ 2m—l —1
22m=2 _pm=2 _p¥2 | Htd

Now, we consider binary linear codes derived from the 2-to-1 functions in Lemmas
24.5, 2.4.6 and 2.4.7. Before giving the main results, we first present the following
lemma, which is helpful for determining the Walsh coefficients.

Lemma 5.2.9 [66, Theorem 3] Let h > 1 and let a,l > 1 be integers. Then

1, if e d’gl 3 is odd and a is even;
ged(d +1,a"—1)={ 2, if gcd’& 7 1s odd and a is odd;
agedbh) 4 1 if e d’(ql,h) is even.

By taking ¢ = 1 in Lemma 2.4.5, we obtain four classes of binary linear codes
specified below, which are 1-weight, 2-weight, 3-weight and 5-weight, respectively.

Theorem 5.2.10 Let n=2m and F (x) = (x*" +x+ 8)2 ! 4 x+ 821 with ged(m, i) =
1, where m,i € N, 6 € Fon and Trﬁ1(52 +6) # 0. Define three linear codes Cr, Cp,. and
Cp, asin (5.1), (5.5) and (5.8), respectively. Then,

(1) Cr is a binary linear code with parameters [2" —1,3m|, and its weight distribution
is given as follows:

(a) ifm>3isodd, then Cr is a three-weight binary linear code with the minimal
weight 21 D , and its weight distribution is given by Table 5.2.4.

(b) if m > 4 is even, then Cr is a five-weight binary linear code with the minimal
weight 2" 1 — 2%, Moreover the weights of the codewords in Cp satisfy
{211—1707211—1 23 2n l+2 zn 1 237”'7211—1 _‘_237’"}

(2) Cp, is a one-weight binary linear code with parameters 271 —1,n—1,2"2],
and its weight enumerator is 1+ (2"~ — l)zznfz.

(3) éDF is a two-weight binary linear code with parameters [(2""' —1)?2n —
2,27 1(2"2 — 1)), and its weight distribution is given by Table 5.2.5.
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Table 5.2.5: The weight distribution of the code EDF in Theorem 5.2.10(3) (or Theorems 5.2.13 or
5.2.17)

Weight Frequency
0 1
2n—1 (2n—2 o 1) (2n—1 o 1)2
2n72(2n71 _ 1) omn_9

Proof:  First of all, we shall determine the value of Wr(a,b). For any a,b € Fon,

We(a,b) = Y (—1)Tml@tbF)

XEan

Z (~1 )Tr,,(ax+b((x2m k)2 82 1)
xEan

Z (_ 1 )Trn (ax+b(x2m+i+2m +x2m+i+1 +6x2m+i +x2i+2m +x2i+1 +6x21 +621x2m +821x+x))
x€Fsn

Y (~1)T (atbrb2" 82" 1582 Yt (02" 512+ (0" 1 5)2" 2 1 (02" 82" 158 )x2)

x€Fsn
If b € Fom, it follows from ged(27,2" — 1) = 1 that

Wr(a,b) = ), (—1)Tr"((a+b+b32i+m+b62i)x—i—(bézm+b6)x2i)
xE]an
Lt
xE]an
2 a4 87+ 87 £ b(5+67") =0
B {0, otherwise.

22i 22i+m

+6 )+b(8+82"))x)

If b € Fau\Fom, we let @ (x) = Try((a+b+b2" 82" + 682 )x+ (b¥" +b)x2 ! +
(6" +b)x*" T2 + (b*" 57" +b5)x*). Then the bilinear form of ¢, (x) is given by

Bgy,,(x,y) = Qup (x—i—y)—{—(pab( )+<Pab( )
= Trn((b )(X y—l—xy +x y _|_x y ))
= Tra((b+b"" )" + 67 + 02" (2 0+ (0 + b))
= Tr,(Ly(y) 2mﬂ)

Letker(Ly) = {y € Fon : Ly(y) = O}. From Lemma 2.4.2, we have

n+d,
Wr(a,b) = + 2%» if Tr,(ax+ bF (x)) = 0 for all x € ker(Ly);
7 0, otherwise,
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where d, is the dimension of ker(L;) over IF,. From the expression of L, we have

B+ +y"" )+ b+ (2 = 0. (5.13)

According to b+ b*" € F, and Eq. (5.13), we obtain

i 1
T (3) = 0 or (Te4 ()" =
Set T1 := {y € Fpn : Tr'(y) = 0} and T5 := {y € Fpn : (Tr%(y))**! = b+1132’”}'

Then ker(L,) = 71 U T5. It is easy to know that |Tj| = 2™. Next, we determine the
number of elements in the set 7. It follows from Lemma 5.2.9 and ged(m,i) = 1
that ged(2! —|—1 2" —1)=1 or 3. When m is odd | = 2™, when m is even,

15| =0if —m b+b2m ¢ (Fom)* +1 and T =3-2"if zm € (IF‘zm)2 +1. Hence, [ker(Ly)| =

2m 4 2m = 2+l when m is odd, and |ker(Ly)| = 2m +0=2"or 2M43.2m=mt2
when m is even. Namely,

g — m—+1, if m is odd;
b morm+2, if miseven.

In the following, we show that there exist some (a,b) € Fan x (Fyn\Fon) such that
Tr,(ax+bF (x)) = 0 for all x € ker(Lp) = T1 UT>.

For Tt”,(y) = 0, i.e., y € Fom, it follows from 52" 4b, b>" 8% + b8, b*" 82"+ b6 €
[Fom and n 1s even that

Try,(ax+bF (x)) = Try((a+b)x). (5.14)

Obviously, Tr,(ax+bF (x)) = 0 for all x € T} if a = b.
Now, we consider the equation

1
b+ b2

(T, () = (5.15)

If W € (Fym)?*1, there are solutions to Eq. (5.15) over Fu; otherwise there is no

solution. Suppose that yg is a solution of Eq. (5.15). Then we have yg+ yém = o, where
o is a prescribed constant. Hence

Try(ax+bF(x)) = Tru((a+b+b>" 82" +b8%)yo+ (¥ +b)yo? a+ (b¥" 8" +bS)yg
_ Trn((azt + bzt + b2m+16221+m + b215221 + (bzm + b)a + b2m52m + b5)y0

Obviously, if a® = b? + b*""82"™ + b 6% + (b*" + b)a + b*" %" + b8, then
Tr,(ax+ bF(x)) =0 for all x € T>.

Thus, for any a € Fyx and b € Fon\Fom,

3m+1

{0,425
{0, L2 407

2}, if m is odd;

3m+

Wp(a,b) S {

2}, if miseven.

2’)
2’).
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Next, we discuss the parameters of Cr, Cp, and éDF, respectively.

(1) For the linear code Cp, Wi (a,b) = 2" if and only if b € Fyn and a® +b* (1 +
82" + SZMM) +b(8+48%") =0. Then, the dimension of K; = {(a,b) € F3, : Wr(a,b) =

2"} is m according to Eq. (5.2). Thus, the dimension of Cr is 2n —m = 3m. When m
is odd, for any a,b € Fyn, Wr(a,b) € {0,27, 22757 }. Set v; = 275" vy = 0,v3 =
2% Similar to the proof of Theorem 5.2.1(1), we obtain the desired weight dis-

tribution of Cp in Table 5.2.4. When m is even, for any a,b € Fo, Wg(a,b) €
3m 3m+2

{0,2",£2%2°, 42727 }. By Eq. (5.3), the Hamming weights of the codewords ¢, in
Cr can be obtained.

(2) For linear code Cp,., Wr(0,b) = 2" if and only if

b (1487 +87 " +b(5+8%") = 0. (5.16)
It is obvious that 0 is a solution of Eq. (5.16). Since Tr". (8% 4 §) # 0, we have & +
52" £ 0and § + 62" # 1. Hence, from Eq. (5.16), we have b? ! = — 00’

Fu. Since ged(2/ — 1,2 — 1) = 28%d(m) _ 1 = 1 Eq. (5.16) has exactly one nonzero
solution. Then, the dimension of K, = {b € Fyn : Wr(0,b) = 2"} is 1 according to Eq.
(5.6).

Next, we will show that the Walsh transform Wy (0,b) = 0 when b € Fyn\Fom, so
we just need to prove that there exists x € ker(L;) such that Tr,(bF(x)) # 0. Note
that {y € Fon : Tr}),(y) = 0} C ker(Lp). It follows from Eq. (5.14) that Tr,(bF (x)) =
Tr,(bx) = Tr,,,(Tr" (b)x). Since Tt (b) = b+ b*" # 0, there must be some x € ker(Ly,)
such that Tr,(bF (x)) # 0. Hence, Wg(0,b) = 0 when b € Fp:\[Fon. Consequently, for
any b € Fon, Wp(0,b) € {0,2"}. Moreover, by Eq. (5.7), we know that the Hamming
weights of the codewords ¢, in Cp,. satisfy

wt(cp) € {0,2"7%}.

The desired weight distribution of Cp,. is easy to obtain.

(3) The proof is similar to that of Theorem 5.2.1(3), and then we omit the details
here. This completes the proof. [

Example 5.2.11 By taking i = 1 in Lemma 2.4.5. Let m = 3. The code Cg in Theorem
5.2.10(a) is a binary linear code with parameters [63,9,16|, and its weight enumerator
is 1421210 4+ 483732 + 778, The code Cpy in Theorem 5.2.10(2) is a binary linear
code with [31,5,16)], and its weight enumerator is 1+ 31z'%, which is optimal by the
online Database [44]. Let m = 4. The code Cf in Theorem 5.2.10(b) is a binary linear
code with parameters [255,12,64], and its weight enumerator is 1+ 1575 +100z% +
3915228 + 60x160 4+ 5x192. The code Cpy in Theorem 5.2.10(2) is a binary linear code
with parameters [127,7,64], and its weight enumerator is 1 +127z%, which is optimal
by the online Database [44]. Let m = 2. The code Cp,. in Theorem 5.2.10(3) is a binary
linear code with parameters [49, 6, 24], and its weight enumerator is 1 + 49724 414728,
which is also optimal by the online Database [44].

Remark 5.2.12 In a similar discussion in the proof of Theorem 5.2.10, we can de-
termine the weight distributions and parameters of Cr,Cp, and Cp, from the 2-to-1
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functions in Lemmas 2.4.6 (taking c = 1) and 2.4.7, and then we omit it here. Fur-
thermore, we obtain that these linear codes have the same weight distributions and
parameters as that of Theorem 5.2.10.

5.2.2 Thecasen=2m-+1

The binary linear codes Cr and Cp,. derived from the known 2-to-1 function in Lemma
2.4.10 and the 2-to-1 function of the form (x2 4 x)¢ with ged(r,n) = 1 have been in-
vestigated in [72]. In this subsection, we study the code éDF with few nonzero weights
derived from these 2-to-1 functions.

In the following, the binary linear code with 2-weight is derived from the 2-to-1
function in Lemma 2.4.10(1)(2).

Theorem 5.2.13 Let n = 2m+1 and F(x) = x"" 2 4+ x2""' 1 4 2 4 x or F(x) =
D R s Fon [x], where m is a positive integer. Define the linear

code GDF as in (5.8). Then, GDF is a two-weight binary linear code with parameters
(271 —1)%,2n—2,2""1(2"=2 — 1)), and its weight distribution is given by Table 5.2.5.

Proof: In view of [72, Theorem 5] and by utilizing a proof similar to that of Theorem
5.2.10(3), we can obtain the desired result. Hence, we omit it here. [ |

In the following, we present a concrete example, and the computations are carried out
using Magma software [2].

Example 5.2.14 By taking m = 2 in Theorem 5.2.13, the code EDF is a binary linear
code with parameters [225,8,112], and its weight enumerator is 1 +225z''2 430712,
which is optimal by the onlzne Database [44].

Next, we obtain the binary linear code with 8-weight derived from the 2-to-1 function
in Lemma 2.4.10(3)(4) and the 2-to-1 function of the form (xzt +x)°.

Theorem 5.2.15 Let n =2m+ 1 and F(x) = 2 2" L 2 xoor F(x) =
A2 L2 4 x o F(x) = (x +x)¢ with ged(t,n) = 1 and e being one of
the almost bent exponents in[72, Table~ X], where m > 1 be a positive integer. Define
the linear code Cp, as in (5.8). Then, Cp, is an eight-weight binary linear code with
parameters [(2"1 —1)2,2n,22173 —2n=2 27 (21— 1)), and its weight distribution
is given by Table 5.2.6.

Proof: According to [72, Theorems 3 and 11] and by using a proof similar to that of
Theorem 5.2.1(3), we can easily obtain the desired result. Therefore, we omit it here.
|

In the following, we present a concrete example to explain Theorem 5.2.15. In
addition, the computations are carried out using Magma software [2].

Example 5.2.16 By taking m = 2 in Theorem 5.2.15, the code éDF is a binary lin-
ear code with parameters [225,10,90], its weight enumerator is 1 +20z°° + 362100 4-
100z'%8 +180z!10 42252112 4300214 + 150220 + 12!
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Table 5.2.6: The weight distribution of the code éDF in Theorem 5.2.15

Weight Frequency
0 1
22n—3 . 2n—2 . 2% (2n—1 o 1) 2n—1 4om
22n73 —3. 2n72 o 2% <2n72 o 2m71)2
22n—3 3. 2n—2 + 2% (zn—Z T 2m—l)2
22n73 _ 2n71 _ 2% (znfl _ 1)<2n71 _ 2m)
22n73 _ 2n71 (znfl _ 1)2
22n—3 o 2n—1 + 2% (zn—l o 1)(271—1 _|_2m)
22n—3 . 2n—2 22n—3 +3. 22m—1 )
22n—3 _ 2n—2 _i_z% (zn—l _ 1)) 2n—l _om

5.2.3 The case n =3m

The binary linear codes Cr and Cp,. derived from the known 2-to-1 functions in Lem-
mas 2.4.11 and 2.4.12 have been studied in [72]. In this subsection, we investigate the

binary code ED ~ with few nonzero weights derived from these 2-to-1 functions.

In the following, the 2-weight and the 9-weight binary linear codes are derived from
the 2-to-1 function in Lemma 2.4.11.

Theorem 5.2.17 Let n = 3m and F(x) = x4+ 2" 4+ x2" 1 4 x where m :=
0 (mod 3) is a positive integer. Define the linear code Cp,, as in (5.8). Then, Cp, is
a two-weight binary linear code with parameters [(2"~' —1)%,2n—2,2""1(2""2 —1)],
and its weight distribution is given by Table 5.2.5.

Proof: According to [72, Theorem 6] and by using a proof similar to that of Theorem
5.2.10(3), we obtain the desired result. Therefore, we omit the proof here. [

In the following, we give an example to illustrate Theorem 5.2.17. In addition, the
computations are carried out using Magma software [2].

Example 5.2.18 By taking m = 3 in Theorem 5.2.17, the code éDF is a binary linear

code with parameters [65025,16,32512], its weight enumerator is 1 + 6502573212 +
50Z32640-

Remark 5.2.19 Although the linear codes in Theorems 5.2.10 (with n = 2m), 5.2.13
(with n =2m+1) and 5.2.17 (with n = 3m and m := 0 (mod 3)) have the same form
of parameters and weight distributions. The codes derived from these three theorems
are different and inequivalent. Note that n has not same parity in Theorem 5.2.10

and Theorem 5.2.13 and also, particularly, for m = 3 the corresponding codes from
Theorem 5.2.17 cannot be obtained from Theorem 5.2.10.

Theorem 5.2.20 Let n = 3m and F(x) = x> 142" 1 4 x4 153 where m > 1

is an odd positive integer. Define the linear code éDF as in (5.8). Then, éDF is a

binary linear code with parameters [(2"~1 —1)?,2n,22"=3 —2"=2 25 (21 —1)),

its weight distribution is given by Table 5.2.7.
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Table 5.2.7: The weight distribution of the code éDF in Theorem 5.2.20

Weight Frequency
0 i
2211—3 B Zn_z 2n+2m 3 (2]’! 1 1) 2m_1 I Zﬂ
92n—3 _on—1 _ on+2m—2 2% (2m72 mT3>2
22n—3 _n— 1 2n+2m 2 + 2’”2’” 1 (2m 2 —|—2mT3)2
22n—3 on— 1(22m 1 1) 22m 3 _pm— 2
22’1*3_2"*1_2% (2n_2m71_1)(2m l_zmT_l)
22n—3 _ 211—1 (zn _ 2m—l o 1)2
22n—3_2n—1+2% (zn_zm—l _ 1)(2m—1_{_2’”7*1)
22n73 2n72 2n+1 _om_19
72n=3 _ yn— 2_'_2’1+2m 3 (zn—l _ 1) om—1 _2%

Proof:  The proof of this result is similar to that of Theorem 5.2.1(3), and then we
omit the details here. [

Next, we give an example to illustrate Theorem 5.2.20.

Example 5.2.21 By taking m = 3 in Theorem 5.2.20, the code EDF is a binary linear
code with parameters [65025,18,16320|, and its weight enumerator is 1+ 66320 1

Z24192 + 9Z24448 + 6Z24832 + 1014Z32448 + 257049Z32512 + 3042Z32576 + 1014Z32640 4
2248960-

Next, we present a binary linear code with 9-weight derived from the 2-to-1 function
in Lemma 2.4.12.

Theorem 5.2.22 Let n = km and F (x) =Tr" (x*" T1) +x, where k > 1 is an odd positive

integer and m > 1 is a positive integer. Define the linear code Cp,. as in (5.8). Then, Cp,,
is a binary linear code with parameters [(2"~" —1)2,2n,223 —n=2 _ "4~ = (2" —

1)], its weight distribution is given by Table 5.2.8.

Table 5.2.8: The weight distribution of the code éDF in Theorem 5.2.22

Weight Frequency
0 1
27 22" ) 2oy 2
2211—3 _ 2}’1—1 2n+m 3 271+1£1 2 (zn_m_] 21171;172 )2
22n73_2n 1 _ ont+m— 3+2”+m 2 (2n m— 1+2” m— 2)
22”—3_2% 1 _2n+7£1 4 (21’1_271 m_ 1)(2}1 m 2112171)
22n—3 _ 2n—1 (2n _on—m _ 1)
22n=3 _on—1 + 2”*"2174 <2n _on—m _ 1)( n;m)
22n—3 _ 2n—2 2n+l _ 2n—m+l )
22n—3 o 2n—1 4 2n+m—3 22n—2m—1 o 2n—m—l
22n—3 _ 211—2 + 2n+m 4 (2n 1 1)) on—m _ 2n3m
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Proof: According to [72, Theorem 9] and by using a proof similar to that of Theorem
5.2.1(3), it is easy to obtain the desired result. [

In the following, we give an example to illustrate Theorem 5.2.22, and the compu-
tations are carried out using Magma software [2].

Example 5.2.23 By taking k = 3,m = 2 in Theorem 5.2.22, the code éDF is a binary
linear code with parameters [961,12,372), and its weight enumerator is 1 +20z7°"> +
362*0 4100247 + 5642470 +22097%0 4 940243 4 94240 + 1202712 4 125,

With the help of Lemma 2.2.6, we can obtain the following results. As an example,
we only give a simple proof for the optimality of the code in Theorem 5.2.10, and
similarly the others can be easily proved.

Theorem 5.2.24 Let n = 2m and m be a positive integer. Then both the code Cp, and
Cpy in Theorem 5.2.10 are optimal codes.

Proof:  Thanks to Theorem 5.2.10(2), we know that Cp,. is a constant weight
linear code, that is to say, Cp, is a binary simplex code. Obviously, the code Cp, is a
Griesmer code (i.e., length-optimal).

From Theorem 5.2.10(3), we have EDF isa [(2" 1 —1)2,2n—2,2""1 (22 — 1))

i=0
we classify the range of i to determine the value of |

k=1
binary linear code. We claim that Y, {dpi,]-‘ > N, violating the Griesmer bound. Then

Eat

« If0<i<n-—1,then [dziw =2 1=i(n=2 1) 41,

e If n <i<2n-—3, then {dzill-‘ _ 92n-3—i

Hence,

55 - B[S EN

i=0 i=0 i=n
n—1 ) 2n—3 .
— Z (2n—1—1(2n—2 . 1) + 1) + Z 2211—3—1
i=0 i=n
— 221’1—2 _ 21’1 _|_ n.

k—1
Note that }° [dziw ~N=2""2-2"4n— (2" =1)>=n—-1>0.
i=0
This completes the proof. [ |

Theorem 5.2.25 Let n = 2m+ 1 and m be a positive integer. Then the code éDF in
Theorem 5.2.13 is optimal.

Theorem 5.2.26 Let n = 3m and m := 0 (mod 3) be a positive integer. Then the code
Cpy in Theorem 5.2.17 is optimal.
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5.3 Applications

In this section, we first observe that the obtained codes in Section 5.2 are in fact mini-
mal. We, therefore, describe the access structures of the secret sharing schemes based
on their dual codes.

Firstly, using Lemma 2.2.9, we emphasize that the binary linear codes constructed
in this chapater are minimal for almost all cases. Proving the minimality property of
each code would be pretty long. For this reason and to avoid redundancy in the proofs,
we present, as an example, the proof showing that the codes from Theorem 5.2.1 are
minimal (the minimality of the other codes can be shown similarly).

Theorem 5.3.1 Let m > 3 be odd and n = 2m. Then the following statements hold.

(1) The code C in Theorem 5.2.1(1) is a minimal linear code with parameters [2"" —
1,3m, 21 —2m;

(2) The code Cp, in Theorem 5.2.1(2) is a minimal linear code with parameters
[zn—l _ 1’n72n—2 _2m—1]’.

(3) The code éDF in Theorem 5.2.1(3) is a minimal linear code with parameters
[(znfl o 1)2,21’1,22’173 . 2n72 o 2m71 (anl . 1)]

Proof: (1) By Theorem 5.2.1 (1) and Table 5.2.1, we know that the minimum nonze-
ro weight wiin = 2n=1_2m apnd the maximum nonzero weight wiax = 2n=1 4 2m Then
substituting these values into the inequality of Lemma 2.2.9, we get

2Wmin — Wmax = 22" 1 —2m)— (21 42m)
= 2" 1 -3)>0,

which is true for m > 3 odd.

(2) Note that wpin = 2" 2 — 2" ! and wiax = 22+ 2"~ in Table 5.2.2. Similar
to the proof of the case (1), the conclusion holds for m > 3 odd.

(3) From Table 5.2.3, we have wy, = 2%"73 —2"72 2"~ 1(2"=1 _ 1) and wyax =
p2n=3 _gn=2 y om=l(pn=1 _ 1) By using a proof similar to that of the case (1), we
obtain the desired result. [

As explained above, we shall present (successively without proof) the other minimal
codes derived in Section 5.2.

Theorem 5.3.2 Let m > 4 be even and n = 2m. Then the following statements hold.

(1) The code Cr in Theorem 5.2.5(1) is a minimal linear code with parameters [2" —
1,3m, 2"~ —2m;

(2) The code Cp, in Theorem 5.2.5(2) is a minimal linear code with parameters
[2}1—1 . l,n’zn—2 . 2m—1]’.

(3) The code éDF in Theorem 5.2.5(3) is a minimal linear code with parameters
[(211—1 _ 1)2,271,22”_3 _ 2n—2 _ 2m—1(2n—1 _ 1)]
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Theorem 5.3.3 Let n = 2m and m be a positive integer.

(1) If m > 5 is odd, then the code Cp in Theorem 5.2.10(a) is a minimal linear code

;s

(2) If m > 6 is even, then the code Cg in Theorem 5.2.10(b) is a minimal linear code
with parameters [2" —1,3m,2" 1 — 237"1]

with parameters [2" — 1,3m,2" 1 —2

(3) If m > 2, then the code éDF in Theorem 5.2.10(3) is a minimal linear code with
parameters [(2""' —1)%,2n—2,2""1(2"=2 - 1)].

Theorem 5.3.4 Let n =2m+ 1 and m > 2 be a positive integer. Then the following
statements hold.

(1) The code EDF in Theorem 5.2.13 is a minimal linear code with parameters
[(anl _ 1)2’2’1 _ 2’21171(21172 _ 1)])

(2) The code éDF in Theorem 5.2.15 is a minimal linear code with parameters
[(zn—l _ 1)272’172211—3 _ 2}1—2 _ 2"2;3 (2n—1 _ 1)]

Theorem 5.3.5 Let n = 3m and m be a positive integer.

(1) If m :=0 (mod 3), then the code éDF in Theorem 5.2.17 is a minimal linear code
with parameters [(2"' —1)2,2n—2,2""1(2"2 —1)];

(2) If m > 5 is odd, then the code éDF in Theorem 5.2.20 is a minimal linear code
with parameters [(2"~1 —1)2,2n,22"73 —2"2 25 21 —1)].

Theorem 5.3.6 Let n = km, and k be odd and m be a positive integer. If k > 3 and

m > 1, then the code Cp, in Theorem 5.2.22 is a minimal linear code with parameters
n+m—4

[(2n—1 _ 1)2,21’1,22”_3 _ 2n—2 277 (2n—1 _ 1)]

Next, we investigate the application of the constructed linear codes in secret sharing
schemes. The following proposition describes the access structure of a secret sharing
scheme based on the dual code of a minimal linear code.

A secret sharing scheme (SSS) consists of a dealer, a group P = {P,P>,..., P} of ¢
participants, a secret space S, £ share spaces 51,5 ...,S,, a share computing procedure
and a secret recovering procedure. The dealer chooses a secret s from S, computes
a share, which belongs to S; , of s (with the sharing computing procedure) for each
participant P; and then gives the share to P, , where i = 1,...,¢. Any set covering a set
of participants who can recover the secret s can also recover s. The sharing computing
procedure and the secret s are known only by the dealer, while the secret recovering
procedure is known by all the participants in P.

A set of participants who can recover the secret s from their shares is called an
access set. The set of all access sets is called the access structure of a secret sharing
scheme. An access set is called a minimal access set if any of its proper subsets cannot
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recover s from their shares. Hence, we take only an interest in the set of all minimal
access sets, which is said to be as the nice access structure of a secret sharing scheme

Generally, the access structure of the secret sharing scheme constructed by linear
codes is difficult to determine, but the access structure of the secret sharing scheme con-
structed by dual codes of minimal linear codes is easier. From Theorems 5.3.1-5.3.6,
we can know that the binary linear codes constructed in this chapter are minimal linear
codes in most cases. Then the following proposition recalls the method of constructing
access structure of the secret sharing scheme based on the dual codes of minimal linear
codes.

Proposition 5.3.7 Let C be a minimal linear [N, k,d|, code over F, with the generator
matrix G = [y, 81,---,8xv_1). Then, in the secret sharing scheme based on C*, the
number of participants is N — 1 and the number of minimal access sets is p*~1.

» Whend* =2, ifg;,0 <i<N—1, is a multiple of gy, then participant P, must be
in all minimal access sets; otherwise, in (p —1)p*=2 out of p*~! minimal access
sets.

» When d*+ >3, for any fixed 1 <t <min{k—1,d"* —2}, every set of t participants

is involved in (p—1)! pk_(’H) out of p*~! minimal access sets.

In the case d = 2, there are users who belong to every coalition: the “dictators”; In
the case d- > 3, the secret sharing scheme is “democratic”: every user belongs to the
same number of coalitions.

From [12, Theorem 5], Lemmas 5.1.1 and 5.1.2, we know that the dual codes of C,
Cp, and Cp, have minimum distance d* > 3. This implies that secret sharing schemes
based on the dual codes of the obtained binary linear codes in Theorems 5.2.1, 5.2.5,
5.2.10, 5.2.13, 5.2.15, 5.2.17, 5.2.20 and 5.2.22 have access structures described in
Proposition 5.3.7. Such a secret sharing scheme is said to be democratic.

In the subsequent corollaries, we describe the secret sharing schemes related to our
minimal codes in this chapter.

Corollary 5.3.8 Let m > 3 be odd (resp. m > 3 be even) and n = 2m.

(1) Let Cr be the minimal [2" —1,3m,2"~! —2™| code in Theorem 5.2.1(1) (resp.
Theorem 5.2.5(1)). Then, in the secret sharing scheme based on C’,% with d* >3,
the number of participants is equal to 2" — 2 and the number of minimal access

sets is equal to 2’1, For any fixed 1 <t < min{3m — 1,d* — 2}, every set of t
participants is involved in 2™~ minimal access sets.

(2) Let Cp, be the minimal [2"~1 —1,n,2"~2 —2"~1] code in Theorem 5.2.1(2) (resp.
Theorem 5.2.5(2)). Then, in the secret sharing scheme based on CLL)F with d+ >3,
the number of participants is equal to 2"~' —2 and the number of minimal access
sets is equal to 2"~'. For any fixed 1 <t < min{n —1,d*+ —2}, every set of t

participants is involved in 2"~ 1) minimal access sets.

(3) Let EDF be the minimal [(2"~' —1)2,2n,22"=3 —2n=2 _2m=1(2n=1 _1)] code in
Theorem 5.2.1(3) (resp. Theorem 5.2.5(3)). Then, in the secret sharing scheme
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based on GéF with d*+ > 3, the number of participants is equal to (2"~ —1)? — 1
and the number of minimal access sets is equal to 2*" 1. For any fixed 1 <t <
min{2n — 1,d+— 2}, every set of t participants is involved in 220=(+1) minimal
access sets.

Corollary 5.3.9 Let n = 2m and m be a positive integer.

(1)

(2)

(3)

Let m > 5 be odd and Cr be the minimal [2" —1,3m,2" ! — ZMT_]] code in Theo-
rem 5.2.10(a). Then, in the secret sharing scheme based on (‘3# with d+ > 3, the
number of participants is equal to 2" — 2 and the number of minimal access set-
s is equal to 2"~ For any fixed 1 <t < min{3m — 1,d* — 2}, every set of t
participants is involved in 23m=0+1) minimal access sets;

Let m > 6 be even and Cr be the minimal [2" —1,3m,2" ! — 237m] code in Theorem
5.2.10(b). Then, in the secret sharing scheme based on GI% with d* > 3, the
number of participants is equal to 2" — 2 and the number of minimal access sets

is equal to 2°"~1. For any fixed 1 <t < min{3m — 1,d*+ — 2}, every set of t
participants is involved in 23"~V minimal access sets;

Let m > 2 and éDF be the minimal [(2"~' —1)2,2n —2,2""1(2"=2 —1)] code in
Theorem 5.2.10(3). Then, in the secret sharing scheme based on (%F withd+ >3,

the number of participants is equal to (2"~' —1)> — 1 and the number of minimal
access sets is equal to 2*" 3. For any fixed 1 <t < min{2n — 3,d* — 2}, every
set of t participants is involved in 22n=1=(t+1) minimal access sets.

Corollary 5.3.10 Let n =2m+ 1 and m > 2 be a positive integer.

(1)

(2)

Let éDF be the minimal [(2"~' —1)2,2n —2,2"~1(2"=2 — 1)] code in Theorem
5.2.13. Then, in the secret sharing scheme based on C%F with d+ > 3, the number

of participants is equal to (2" —1)? — 1 and the number of minimal access
sets is equal to 22" 3. For any fixed 1 <t < min{2n—3,d* — 2}, every set of t
participants is involved in 22"\~ minimal access sets;

n—3

Let éDF be the minimal [(2"~' —1)%,2n,2?"=3 —2"=2 _ 277 (2"~ —1)] code in
Theorem 5.2.15. Then, in the secret sharing scheme based on CZL)F with d+ > 3,

the number of participants is equal to (2"~' —1)> — 1 and the number of minimal
access sets is equal to 2°"~'. For any fixed 1 <t < min{2n — 1,d* — 2}, every
set of t participants is involved in 22"~V minimal access sets.

Corollary 5.3.11 Let n = 3m and m be a positive integer.

(1)

Let m:= 0 (mod 3) and Cp,, be the minimal [(2"~' —1)2,2n—2,2~1(2-2 1))
code in Theorem 5.2.17. Then, in the secret sharing scheme based on GLL)F with

d+ > 3, the number of participants is equal to (2"~' —1)? — 1 and the number of
minimal access sets is equal to 2°"~3. For any fixed 1 <t < min{2n—3,d*+ -2},
every set of t participants is involved in 22" =01 minimal access sets;
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(2) Let m > 5 be odd and Cp, be the minimal [(2"~" — 1)2,2n,223 — 212 _
M (2"=1 —1)] code in Theorem 5.2.20. Then, in the secret sharing scheme

based on C’IL)F with d*+ > 3, the number of participants is equal to (21 —1)> —1
and the number of minimal access sets is equal to 2°"~!. For any fixed 1 <t <
min{2n— 1,d* —2}, every set of t participants is involved in 22 =1=04+1) minimal
access sets.

Corollary 5.3.12 Let n = km, k > 3 be odd and m > 1 be a positive integer. Let EDF be

n+m—4

the minimal [(2"~ ' —1)%,2n,2?"3 - 272272 (2"~ —1)] code in Theorem 5.2.22.
Then, in the secret sharing scheme based on GLL)F with d*+ > 3, the number of partic-

ipants is equal to (2"~ —1)?> — 1 and the number of minimal access sets is equal to
2271 For any fixed 1 <t < min{2n—1,d*+ —2}, every set of t participants is involved
in 22~ 1=+ mminimal access sets.

5.4 Solving two open problems

In this section, we mainly solve two open problems presented in [72]: (1) Let n be

odd. Prove that the exhibited function F (x) = x32"" +x2" 7+ 452" +1 4 x is indeed
2-to-1 over [Fpn; (2) Let n = 3m and m is odd. Determine the weight distribution of the

linear code Cr (defined in (5.1)) constructed from F(x) = KB 2 A3

Next, we give the concrete proof of the open problem (1). Before doing that, we
first recall the resultant of two polynomials over finite fields, which will be useful for
proving the theorem later.

n . m .

Definition 5.4.1 [26, 77] Let f(x) = ¥, aix"' € Fy[x] and g(x) = ¥, bix" ' € Fy[x] be
i=0 i=0

two polynomials of formal degree n resp. m with m,n € N. The resultant Res(f,g,x) of

the two polynomials is defined by the determinant

ap ap cee Ay O O )
0 ap ay --- ap O O
. m rows
0 0 a a e a
Res(f,g,x) = bO bl ! b; o -.-. On <
0 by by --- by, 0
. n rows
0 0 bo bl bm )

of order m+n.

Lemma 5.4.2 [26] Under the assumption in Definition 5.4.1, Res(f,g,x) has the fol-
lowing properties:

(1) There are two polynomials A,B € F,[x| such that Af + Bg = Res(f,g,x);
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(2) Res(f,g,x) =0 if and only if f(x) and g(x) have a common divisor in F4[x| of
positive degree;

(3) Fortwo polynomials F (x,y), G(x,y) € F4[x,y] of positive degree in y, the resultant
Res(F,G,y) with respect to y is a polynomial in x, and is in the elimination ideal
(F,G)NF,4[x]. So, Res(F,G,y) vanishes at any common solution of F = G = 0.

Theorem 5.4.3 [72, Problem 2] Let n =2m+ 1 and F be the function defined by
Fx) = 32" 4 2" 2" ¢ Then F is 2-to-1 over Fon.

Proof: It is easy to verify that F(x) = g(xszrl +x), where g(x) = K2 2y
x® 4+ x%+x. Since L(x) := x2""' £ xisa2-to-1 linearized function over F»», we now only
need to prove that g(x) is an injection from 7 := {L(x) | x € Fon} = {x € Fon | Tr,,(x) =
0} to Fy». Assume that there exist two elements x,X in T such that g(x) + g(X) =0,
ie.,

2 T B R e xTH  xT  x3  x2x =0 (5.17)
Lety =" and Y =X?""". Then Eq. (5.17) becomes
Fx,p,X,Y) =X+ DY+ X3+ X+ X> + ¥ +xy+ X +x+y=0. (5.18)

Taking 2"+!-power on both sides of Eq. (5.18) and simplifying it by yzm+1 = x?,

y2""! = X2, we have
G(x,y,X,Y):=Y>+V?>+ (X2+1)Y—{—yx2+y3—{—X2—{—x2—{—y2—{—y:O. (5.19)

From Eq. (5.18), we have

XXy + Xty

A(X =Y
( 7'x7y) X+1

(5.20)

Plugging Eq. (5.20) into Eq. (5.19) and multiplying by (X +1)3, we obtain

B(X,x,y) := (X +x)C(X,x,y)D(X,x,y) =0,
where C(X,x,y) := X* + (x2+y)X2+ (xy+x4+y+ DX +x* +y? +x2 +xy+x+y+
1);D(X,x,y) =X+ (x+ D)X+ (x+ ) X?+ (P + 2 +xy+y) X +x*+ 0 + 7 +xy+

y?+ 1. That is to say, we must have C(X,x,y) = 0 or D(X,x,y) = 0.
Case 1: If C(X,x,y) = 0. Taking 2"*!-th power on both sides of it, we have

C'(Y,x,y) =Y+ (P +32) Y2+ (o + 2 +y+ 1) Y +y22 +y o+ +y2 +y+ 1 =0,

and
C"(X,x,y) = (X +1)*C'(A(X,x,y),x,y) = D(X,x,y)E(X,x,y) =0,
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where
EY,xy): =X+ (x+ DX + (P +x+y+1) X+ (xy+x+y+1)X°
+ (yx2+x2—|—xy—l—y2+x—i—y—l—1)X4—l—(x3y+x3+yx2—|—x2—|—xy—|—y)X3
+ (x6+x4y+x4+x3y+y2x2+x3+yx2+xy+y2+y> X2
+ (x7+x6+x5y+x5—l—x4y—l—x4—l—x3y—l—yx2—l—xy—|—x—|—y—l—1>X
+ 8 xR R v a4 L
Now, we have D(X,x,y) =0 or E(X,x,y) = 0. If D(X,x,y) = 0, we calculate the
resultant of C(X,x,y) and D(X,x,y) in X,
Res(C(X,x,y),D(X,x,y),X) = (x+y+ 1)*x?>+y+ 1)*=0,

which is a contradiction to Tr,(x) = Tr,(y) = 0.
If E(X,x,y) =0, similarly, we have

Res(C(X,x,y),E(X,x,y),X) = (x+ 1)*(x+y+ 1)* (x> +y+1)* =0,

which is a contradiction, too.
Case 2: If D(X,x,y) = 0, it also leads to a contradiction by a similar analysis to
Case 1.
This completes the proof. |
In the following, we present the proof of the open problem (2).

Theorem 5.4.4 [72, Problem 1] Let n = 3m with m odd and F(x) = 2

2 3 3, Let Cr be the binary linear code defined as in (5.1). It is a
[2" —1,2n] binary linear code with five weights {2" ! — 2= 2n 1y M= 2l
"5 2l 2n+r372,2”_1}. Then the weight distribution of the linear code Cr is de-

termined in Table 5.4.1.

Table 5.4.1: The weight distribution of the code Cr in Theorem 5.4.4

Weight Frequency
0 1
A e om=l(pm _ 1)
2n—1 + 27’#'5’72 on—m (zn . zm)
2n71 22n . 2n+2m on 22m71 + 2m71 -1

Proof: For any (a,b) € F3,, we have
Welab) = T (e
XGan
Z (_ I)Tr” (a)c—}—b)czzm—i_lJrl +bx2m+1+1+bx4+bx3) -

X€F2n
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Let @, p(x) = Tr,(ax + bF (x)). It is clear that Wg(0,0) = 2". Since F is quadratic,
according to Lemma 2.4.2 and by a computation, we have

n+d,
+ 2%, if ¢, 5(x) = 0 for all x € ker(Lp);
0, otherwise,

Wp(a,b> = {

where d, is the dimension of ker(Ly). From the proof of [72, Theorem 10], we have

{y €Fp: Tr'(y) =0 or Vb 1}, if b € F5u;

ker(L;,) =
er(Ly) { {y € Fon : Tt (y) = Tr (by) =0}, if b € Fon\Fom.

Case 1: b € I3,
If Tt} (v) = 0, then

22mt1 4 2mtl 1

Pap(y) = Tra(ay+by + by +by* + by?)

= Tru(ay+b(y(Try,(y)* +5"))
Trn(ay+by )

T (ay) + Trm(b(Te),(y))*)

= Try(ay).
Note that {y € Fpn : T, (y) = 0} = {x*" +x:x € Fan}. Then @,;(y) = Try(ay) =
Tr,(a(x*" +x)) = Tr,((a+a>")x*") = 0 for all x € Fon if and only if a € Fom.
If T (y) = v/b~1, then

Pap(y) = Tra(ay+by (T () +y"))
= Tru(ay) + Tru(b(Tep(y))® +b(Tr(1))*)
Tr,,(a )+Trm(1—|—Tr"( )

Note that {y € Fon : Tt (y) = Vb~ 1} = {x*" +x+ o : x € Fpn }, where T/, (o) = Vb~ 1.
Hence, we have

Pap(y) = Tr((a+ 1) +x+a))+1
= Tr,((a® +a)x*" +(a+ 1)) +1.

Then @, 5(y) = 0, i.e., Tr,((@®" +a)x*" + (a+1)a) = 1 if and only if a € Fon and
Tra((a+1)a) = 1. Since Tr,((a+ 1)a) = Trp((a+ 1)Tr% () = Trp((a+ 1)VbT),
we have #{a € Fon : Tr,,((a+1)Vb~1) = 1} =271,

Therefore, the restriction of @, (y) = Tr,(ay + bF(y)) on ker(Ly) is the all-zero
mapping if and only if @ € Fon and Tr,,((a+1)v/b~1) = 1. Thus,

n+2m+l . 3 1\ 1.
We(ah) = {iZ , ifaeFmand Try((a+1)Vb~1) =1,

0, otherwise.

Hence, |{(a,b) € Fon X F : Trp((a+1)Vb~1) = 1} =21 (2" —1).
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Case 2: b € Fpn\[Fom

It follows from the proof of [72, Theorem 10] that ker(Ly) = {y € Fan|Tr,(y) =
Tt (by) = 0} = {(B+b)n : 0 € Fon'} with B = Tr!,(b). For x € Ker(Ly), @up(y) =
Try(ay+bF (y)) = Tr,, (T ((b+a*) (B + b)*))n*), where ) € Fam.

Therefore, the restriction of @, ,(y) = Tr,(ay + bF(y)) on ker(L;) is the all-zero
mapping if and only if T ((b +a*)(b*" + b22m)4) = 0. Thus,

Wg(a,b) =
r(a.b) 0, otherwise.

{ 2" T (b a®) (B2 + b2 = 0;
Note that the number of the set {(a,b) € Fan x (Fon\Fom) : Tt (b +a*) (b*" —|—b22m)4) =
0} equals to 2"~ (2" —2™).

For the linear code Cr, Wg(a,b) = 2" if and only if (a,b) = (0,0). Then, the dimen-
sion of Ky = {(a,b) € F3, : Wr(a,b) = 2"} is 0 according to Eq. (5.2). Thus, the dimen-

n+2m+1 n+m

sion of Cr is 2n. Moreover, for any a,b € Fon, Wr(a,b) € {0,2",£27 2 £272 }.

According to Eq. (5.3), the Hamming weights of the codewords ¢, in Cr satis-
n+2m—1 n+m—=2 n+2m—1

fy wt(cqp) €{2771,0,2"7 14272 277142727} Definew; =2""1-2"2  jwy =
on=l g M gl 9 on= 1 0" 0 on=1 . We now deter-
mine the number A,,; of codewords with weight w; in Cr. Based on the above dis-
cussion, we have A, +A4,, = 2" 1(2" — 1)/2% = 2m=1(2m — 1) and Ay, +A,, =
2n=m(n —2my /29K = 2n=m (2 —2™) Hence, Ay = 22" — 1 — (A, + Ay, + Ay, +
AW4) — 22n _22n7m 4on 22m71 +2m71 1.

This completes the proof. |

In the following, we give an example to illustrate Theorem 5.4.4. In addition, the
computations are carried out using Magma software [2].

Example 5.4.5 Let m = 3. The code Cr in Theorem 5.4.4 is a binary linear code
with parameters [511,18,128], and its weight enumerator is 1 +21z'2% + 18144724 +
2298597230 4 141127788 47734,

5.5 Conclusions

In this chapter, we constructed several classes of binary linear codes (and, more impor-
tantly, minimal codes) with flexible parameters from known 2-to-1 functions. Based
on a very recent (2021) paper due to Li et al. [72], we succeeded (for the second time)
in constructing several infinite families of codes with few weights (namely, 1-weight
codes, 3-weight codes, and 5-weight codes) from 2-to-1 functions. It is worth empha-
sizing that we provided a new construction in this chapter, and based on this construc-
tion we also obtained several families of 2-weight codes, 8-weight codes, and 9-weight
codes, which have different parameters from the existing literature. Meanwhile, we de-
termined the weight distributions of these codes by using the Walsh transform of the
corresponding two-to-one functions.

The advantages of the research results in this chapter are as follows:
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(1) The binary linear codes constructed in this chapter are minimal linear codes in
most cases. Based on their dual codes, these linear codes can be applied to the secret
sharing schemes.

(2) The parameters of binary linear codes constructed are new (except Theorem
5.2.1(2)) and optimal. Notably, some of them are optimal with respect to the well-
known Griesmer bound and optimal (or almost optimal) with respect to the online
Database of Grassl.

(3) Two open problems from recent literature were solved. Specifically, in this
chapter, Problem 2 in [72] was completely solved, and Problem 1 in [72] was partially
solved.



Chapter 6

Two families of projective codes and their
dual codes

In this chapter, we construct several families of projective binary linear codes with few
nonzero weights by using two-to-one functions over [F» and determine their weight dis-
tributions. Ding et al. [33] proposed a general method to construct linear codes, that is,
to construct linear codes by choosing suitable nonempty subsets over finite fields. The
selection of the defining set directly affects the parameters of linear codes. This chap-
ter construct projective binary linear codes of the form (1.6) and (1.8) having different
restrictions on defining sets from two-to-one functions over Fo». Using the exponen-
tial sum over finite fields as the research tool, we calculate the Walsh transform of the
two-to-one function, and then completely determine the parameters and the weight dis-
tributions of the constructed linear codes. Finally, we study the minimum distance of
the dual of the constructed codes and obtain that the duals are distance-optimal with
respect to the sphere packing bound.

In Egs. (1.6) and (1.8), we take ¢ = 2" (n is a positive integer). Let C(F)p and Cp, de-
note the linear codes defined in Eqs. (1.8) and (1.6), respectively. Throughout this
chapter, Tr, () denotes the trace function from Fy» to F, and Tr},(-) denotes the trace
function from Fy» to Fom, where m | n and m is a positive integer.

6.1 The first family of projective codes

In this section, we introduce the binary linear codes C(F)p from known two-to-one
functions over and determine their weight distributions.

Let F(x) be a 2-to-1 function over F» with F(0) = 0. Let
D = {xe€F5 :Tr,(x)=v}, (6.1)

where v € {0,1}. It is easy to know that |[D| = 2"~! — 1+ v. From the code C(F)p
defined in (1.8), we know that the length and dimension of C(F)p is 2"~! — 1+ v and
at most 2n, respectively.

Note that the dimension of the code C(F)p is 2n — dy,, where dy, is the dimension
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of the IF>-vector space

Vi = {(a,b)eFZn:Z( 1)Ten(@x+5F () D}

xeD
We have
Z(_I)Trn(ax+bF(x)) _ Z (_I)Trn(aerbF(x))
xeD x€F3,,
Trn(x) v
- Z Z 2(Try (x)—v)+Try (ax+bF (x))
ZEszGF
_ 1 Z (_1)Trn(aX+bF(X))_|_(_1)v Z (_1)Trn((1+a)x+bF(x))
2 x€F%, x€lF5n
1 ) 1+ (—1)
= L Welab) + (1)W1 +ap)) - L
Thus,

Vi = {(a,b) €F3:Wr(a,b)+(—1)"Wr(1+a,b) =2|D|+1+(-1)"}. (6.2)
The Hamming weight of a codeword ¢, 5, in C(F)p is

wt(cqap) = |{x €D :Try(ax+bF(x)) =1}
= |D|—|{x € D:Tr,(ax+bF(x)) = 0}

1 N[\ Tra(ax+bF(x)
= 2<D Y (—1)

xeD
= P O Weab) + () We(14ab)). (63)

For the linear code C(F)p, we present the main conclusions. We shall distinguish
different cases depending on the value of n. The constraints come from the two-to-one

property.

6.1.1 The casen =2m

The following projective binary linear codes are derived from the two-to-one function
given in Lemma 2.4.3.

Theorem 6.1.1 Let n = 2m and F(x) = KA 22 g € Fo [x], where m is
odd, a*" ' =wand w € Fy2\Fo. Let D be defined in (6.1). Then the following state-
ments hold.

(a) Ifv=0, then C(F)p is a five-weight binary code with parameters [2"~! —1,3m —
1,202 — 2™\, and its weight distribution is given by Table 6.1.1.
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Table 6.1.1: The weight distribution of the code C(F)p in Theorem 6.1.1(a)

Weight

Frequency

0
2n72j:2m
2n—2j:2m—1
2n72

1
23m75__22m74

23m—3
11'23m75_F22m74__1

Table 6.1.2: The weight distribution of the code C(F)p in Theorem 6.1.1(b)

Weight

Frequency

0
2n72j:2m
2n72j:2m71
2n72
2n—l

1
23m74__22m73

2&n72
11_23m74+_22m73__2
1

(b) Ifv=1, then C(F)p is a six-weight binary code with parameters [2"~',3m,2" 2 —
2™\, and its weight distribution is given by Table 6.1.2.

Proof:

In order to determine the weights of C(F)p, we first compute the Walsh trans-

forms Wr(a,b) and Wr (1 +a,b) for any a,b € Fyr. From Theorem 5.2.1, we have

if b € Fomand a+bo = 0;
if b € Fon\Fom, Tr, ((a+ba)yp) = 0 and Tr,,((a+ ba)yow) = 1;

ifbeFmand 14+a+ba=0;

if b € Fon\Fom, Tr, ((1+a+ba)yp) = 0 and
Tr,((14+a+bot)yow) = 1;

otherwise,

2",
Wr(a,b)=1{ +2m*1,
0, otherwise,
and
2",
+ 2m+1
Wr(14a,b) = ’
0,
where

V b+b?"

Y=
Tr,.(yo). Hence, we have

(

Wp(a,b)+(—1)"WF(1—|—a,b) =

\

L_ cT,. Itis not difficult to check that Tr,(yo) = 0 and Tr, (yow)

2", ifbelFmanda+ba =0;

(—1)v2", if b € Fom and 1 +a+ b = 0;

0or£2"+2 if b € Fou\Fom, Tr,((a+bat)yy) =0,
Tr,((a+ bot)yow) = 1 and Tr,,(yo) = O;

4 2m+l if b € Fon\Fom, Tr,,((a +bat)yg) =0

0,

and Tr,,(yo) = 1;
otherwise.
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(a) If v=0, it follows from Eq. (6.2) that Wg(a,b) + Wr(1+a,b) =2(|D|+1) =2"
if and only if b € Fom and a+ba =0 or b € Fym and 1 +a+ ba = 0. Hence, the
dimension of C(F)p is 2n— (m+1).

It follows from Eq. (6.3) that the weight wt(c, ) of the codeword ¢, in C(F)p
satisfies

1
Wt(ca,b) = 2n—2 - Z(WF(aab) +WF(1 +Cl,b))

e {0,272 224 pm pnm2 4 om- 1y

It will be proved that the minimum weight of the dual code C(F)3 is at least 3 (see
Theorem 6.3.1). Define wy = 2""2 — 2" wy =202 M=l o — =2y, — o024
2m=1 s =272 4 2™ We now determine the number A,,; of codewords with weight
w; in C(F)p. Note that |{(a,b) € Fon x Fon : Wr(a,b) + Wr(1 4+ a,b) = £2"+1}| =
[{(a,b) € Fyn x (Fan\Fom) : Tr,((a+bot)yo) =0, and Tr,, (yo) = 1} =2m"1.2m.2n=1 =
24m=2 Thus Ay, + Ay, =272/ 2% = p4m=2 jpmtl — 23m=3  The first three Pless
power moments in (2.4) lead to the following system of equations:

Liy =27

X3 widy, =222 1)
Y2 wiA,, =233t )2l
Ay, + Ay, =2°m73

(6.4)

Solving the system of equations in (6.4) yields the weight distribution of Table 6.1.1.

(b) If v = 1, then Wr(a,b) — Wr(1 +a,b) € {0,42",£2mF1 £27+21 Tt follows
from Eq. (6.2) that Wr(a,b) —Wr (1 +a,b) = 2|D| =2" if and only if b € Fp» and a +
ba = 0. Hence, the dimension of C(F)p is 2n —m. It follows from Eq. (6.3), the
weight wt (¢, ;) of the codeword ¢, , in C(F)p satisfies wt(c, ) € {0,2772,2"1 2772 &
2m 272 4 2m=11 Tt will be proved that the minimum weight of the dual code C(F)3
is 4 (see Theorem 6.3.1). Define w; = 2" 2 — 2" wy = =2 _ 2=l s = 2”*2,W4 =
2172 4 2m=1 s = 2172 4 2™ e = 21 We now determine the number A,,, of code-
words with weight w; in C(F)p. Note that Ay + Ay = 2472 /2 = p4m=2 jpm — p3m—2
and A,,, =2"/ 2% = 1. The first four Pless power moments in (2.4) lead to the follow-
ing system of equations:

(T A =21
YO wid,, =231l
) zgzl ngWl. = 23m=2.pn=l(pn=1 4 ));
° WiAWi — 93m=3 _22n72(2n71 4 3);
Ay, + Ay, =273,
Ay = L.

(6.5)

\

Solving the system of equations in (6.5) yields the weight distribution of Table 6.1.2.
This completes the proof. |

Next, we present a concrete example in Theorem 6.1.1. In addition, the computa-
tions are carried out using Magma software [2].
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Example 6.1.2 Let m =3 in Theorem 6.1.1. If v= 0, then the binary linear code C(F)p
has parameters [31,8,8] and weight enumerator 1+ 9z% 4 40z'% 4 179716 + 24720 +
37224 If v = 1, then the binary linear code C(F)p has parameters [32,9,8] and weight
enumerator 1 + 1278 4+ 64z'? + 35871 4 64720 + 12224 + 2.

6.1.2 Thecasen=2m+1

By utilizing the 2-to-1 function in Lemma 2.4.10, this subsection presents a class of
5-weight binary linear codes and a class of 6-weight binary linear codes.

Theorem 6.1.3 Letn=2m+ 1 and F(x) = 222 L2 x € B [x]. Let D be
defined in (6.1). Then the following statements hold.

(a) If v =0, then C(F)p is a five-weight binary code with parameters [2"~1 —1,2n —
1,22 — 2™\, and its weight distribution is given by Table 6.1.3.

(b) Ifv=1, then C(F)p is a six-weight binary code with parameters [2"~',2n,2" 2 —

2™\, and its weight distribution is given by Table 6.1.4.

Table 6.1.3: The weight distribution of the code C(F)p in Theorem 6.1.3(a)

Weight Frequency
0 1
2n—2 _om 24m—3 _ 22m—3 + 23m—2 _ 2m—2
2n—2 o 2m—1 24m—1 + 23m—1
211—2 3. 24m—2 + 22m—2 —1
211—2 + 2m—1 24m—1 o 23m—1
2n72 om 24m73 . 23m72 . 22m73 + 2m72

Table 6.1.4: The weight distribution of the code C(F)p in Theorem 6.1.3(b)

Weight Frequency
0 1
2n—2 _om 24m—2 . 22m—2
2n72 . 2m71 24m
2n72 3. 24m71 + 22m71 ]
2n72 +2m71 24m
2n—2 4om 24m—2 o 22m—2
2n—1 1

Proof:  We first determine the values of the Walsh transforms Wr(a,b) and Wg (1 +

a,b).
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For any a,b € [Fy», we have

Wr(a,b) = Z (—1)Tfn(wwrlm?"”l+2+bx2’"+1 +bx2+bx)
XGan
= ) (= I)Tfn(bzmxszr1+ L2+ (atb+b" )
XEan
e If b =0, then
2n ifa=0;
W b = ) ’
F(a7 ) {0’ 1fa7£0

o If b #0, we let @ (x) = Try (b"x2""' 1 + bx® 4 (a+b+b*")x). Then the bilin-
ear form of ¢, 5 (x) is given by

B(Pa,b<x7y) = Qap(X) + Oap(y) + Qap(x+y)
= Tr,(b? <2’”“y+xy2’"“>>

+1

= Tru((6"y+by")")
= To (L"),
where L, (y) = b>"y+by*. Letker(Ly) = {y € Fau : L,(y) = 0}. It is easy to know

that ker(Ly,) = {0,6*"~'}. For x = b*" ! Tr,(ax + bF (x)) = Tr,(1 +ab® ~' +
b*") = 0 if and only if Tr,(ab>"~' 4 b) = 1 since n is odd. According to Lemma

2.4.2, we have
42+ if Tr, (ab® ~ ' 4+b) = 1;
Wr(a,b) = ’ , ’
#(a.b) { 0, otherwise.
In a similar way, we have
2", ifa=1and b=0;
Wr(1+a,b) =14 £2" if Tr,(ab® ' +b+b*" 1) =1and b #0;
0, oterwise.

Therefore, by the above discussion and a simple calculation, we have Wr(a,b) +
(—1)"Wg(1+a,b) =

(

2", ifa=0,b=0;
(—1)v2n, ifa=1,b=0;
0or £272 if Tr,(ab* ' +b) = 1,Tr,(b*" ') =0and b # 0;
4 omHl if Tr,(ab®" ~' +b) =1, Tr,(b*" ") #0and b # 0
(or Try(ab® ~' +b) # 1,Tr,(b*"~1) # 0 and b # 0);
\ 0, otherwise.

(a) If v =0, it follows from Eq. (6.2) that Wg(a,b) +Wr(1+a,b) =2(|D|+1) =2"
if and only if a = 0,b =0 or a = 1,b = 0. Hence, the dimension of C(F)p is 2n — 1.
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It follows from Eq. (6.3) that the weight wt(c, ;) of the codeword ¢, in C(F)p
satisfies

1
wt(cap) = 2”_2—Z(Wp(a,b)+WF(1+a,b))e{0,2”_2,2”_2j:2m,2”_2:|:2m_1}.

Define wy =2"72,wy =272 =271 3 = 2072 4 2m1 gy = 2172 DM yps = 2172 4
2™ Therefore, from Theorem 6.3.1 and the first five Pless power moments in (2.4),

(
Ay, =211,

1

mﬂ‘Mm

WiAwi — 22n—2(2n—1 _ 1),
=1

5
q L wiA,, =223t -2l
=1

i
5

1

1=

5
W?Awi — 23n—6(2n—1 _ 1)((2}1—1 _ 1)2+5_2n—1 _7)’
=1

W?Awi — 22n—4(2n—1 . 1)2(211—1 +2);
1

\ !

we get the weight distribution in Table 6.1.3.

(b) If v = 1, then Wy (a,b) — Wr(1 +a,b) € {0,£2", £2m+1 £2m+21 Tt follows
from Eq. (6.2) that Wg(a,b) — Wg(1 +a,b) = 2|D| = 2" if and only if a = 0,0 = 0.
Hence, the dimension of C(F)p is 2n. It follows from Eq. (6.3), the weight wt(c, ;) of
the codeword ¢, 5 in C(F)p satisfies wt(c, ) € {0,2772,2"~1 2n=2 4. om pn=2 4 pm=1},
Define wy = 272wy = 2" 1wy =202 — 21y = 2072 4 2l g = 2172 —
2™ we = 2"~2 4 2™ Therefore, from Theorem 6.3.1 and the first five Pless power mo-
ments in (2.4),

)
Y Ay =221
i§1
Z WiAwi — 22n—1 . 2n—1;
i=1
6
\ ,Zl WizAwi =2%2.n (znil +1);
1=
6
L wihy, =202 P20 4 3);
1=
6
Z W?Awi — 23n—5 (2n—1 T 1)(2211—2 +5. 2n—1 _ 2)’
i=1
\ wo = 1)
This completes the proof of Theorem 6.1.3. |

Remark 6.1.4 Comparing with some related references, we found that the binary lin-
ear codes in Theorem 6.1.3 have the same parameters as that of [115, Theorem 3] and
[116, Corollary 12], but their weight distributions are different from that of the codes
in [115, Theorem 3], and [116, Corollary 12].
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In the following, we give some examples to illustrate Theorem 6.1.3, and the com-
putations are carried out using Magma software [2].

Example 6.1.5 Let m = 2 in Theorem 6.1.3. If v =0, then the binary linear code
C(F)p has parameters [15,9,4] and weight enumerator 1+ 45z* +160z° + 19578 +
967'0 4 15z'2. If v = 1, then the binary linear code C(F)p has parameters [16,10,4]
and weight enumerator 1+ 60z* 4+ 256z° + 39028 +256z'0 + 60z'% 4 z'6. These codes
are optimal by the online Database [44].

Example 6.1.6 Let m = 3 in Theorem 6.1.3. If v =0, then the binary linear code
C(F)p has parameters [63,13,24] and weight enumerator 1+ 630z>* 4 2304728 +
3087732 + 17927%6 4-3787%. If v = 1, then the binary linear code C(F)p has parame-
ters [64,14,24] and weight enumerator 1+ 1008z>* + 4096728 + 6174732 + 4096736 +
1008z* 4 254, These codes are optimal by the online Database [44].

6.1.3 The casen=3m

In this subsection, we consider binary linear codes from the 2-to-1 functions in Lemma
2.4.11, and then we obtain two families of 3-weight projective binary linear codes and
two families of 4-weight projective binary linear codes.

Theorem 6.1.7 Let n = 3m and F(x) = x> 2" 4 x2" 1 4 x2"+1 4 x € Fyu[x]. Let D
be defined in (6.1).

(a) Ifv=0, then C(F)p is a three-weight binary code with parameters [2"~! —1,n+
m—1,2""2 - 22"=2] and its weight distribution is given by Table 6.1.5.

(b) If v =1, then C(F)p is a four-weight binary code with parameters [2"~' n+
m,2"~2 —22"=2] and its weight distribution is given by Table 6.1.6.

Table 6.1.5: The weight distribution of the code C(F)p in Theorem 6.1.7(a)

Weight Frequency
0 1
2n72 . 22m72 anl . 2m71
2n72 2n+m71 _on 22m -1
2n—2 + 22m—2 2n—1 + 2m—l - 22m

Proof: To prove this theorem, we can proceed similarly as for Theorem 6.1.1. The
proof is therefore omitted. [ |

Next, we give some concrete examples in Theorem 6.1.7. In addition, the computa-
tions are carried out using Magma software [2].

Example 6.1.8 Let m =2 in Theorem 6.1.7. If v= 0, then the binary linear code C(F)p
has parameters [31,7,12] and weight enumerator 1+ 30z'2 47971 +187%0. Ifv =1,
then the binary linear code C(F)p has parameters [32,8,12] and weight enumerator
1 44872 4 158216 + 80720 + 232, These codes are almost optimal. For example, the
optimal one has parameters [31,7,13] by the online Database [44].
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Table 6.1.6: The weight distribution of the code C(F)p in Theorem 6.1.7(b)

Weight Frequency
0 1
2n—2 o 22m—2 on_ 22m
2n—2 ontm _ 2n+1 + 22m+1 )
2n72 _|_22m72 on +22m
21 1

Example 6.1.9 Let m =3 in Theorem 6.1.7. If v =0, then the binary linear code C(F)p
has parameters [255,11,112] and weight enumerator 1+252z'1% 415997128 4-1967'%4,
If v =1, then the binary linear code C(F)p has parameters [256,12,112] and weight
enumerator 1 44487112 431987128 44487144 4 7236,

The following result is obtained by proceeding similarly to Theorem 6.1.1.

Theorem 6.1.10 Letn=3m (m =1 (mod 3)) and F (x) = D R =

Fon[x]. Let D be defined in (6.1).

(a) Ifv=0, then C(F)p is a three-weight binary code with parameters [2"~' —1,2n —
m—1,2"=2 22"~V and its weight distribution is given by Table 6.1.7.

(b) If v =1, then C(F)p is a four-weight binary code with parameters [2"~! 2n —
m,2"2 — 22"~V and its weight distribution is given by Table 6.1.8.

Table 6.1.7: The weight distribution of the code C(F)p in Theorem 6.1.10(a)

Weight Frequency
0 1
2n—2 o 22m—1 24m—3 . 22m—3 + 23m—2 . 2m—2
2n—2 25m—1 _ 24m—2 4 22m—2 -1
2n—2 i 22m—1 24m—3 o 22m—3 o 23m—2 + 2m—2

Table 6.1.8: The weight distribution of the code C(F)p in Theorem 6.1.10(b)

Weight Frequency
0 1
2n—2 _ 22m—1 24m—2 _ 22m—2
2n72 25m o 24m71 + 22m71 )
2n72 + 22m71 24m72 - 22m72
2n-1 1

Remark 6.1.11 Comparing with some related references, we found that the binary
linear code in Theorem 6.1.10(b) has the same parameters as that of [116, Theorem
18], but our linear code C(F)p is obtained by considering a different function.
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In the following, we give some examples in Theorem 6.1.10, and the computations
are carried out using Magma software [2].

Example 6.1.12 Let m = 2 in Theorem 6.1.10. If v = 0, then the binary linear code
C(F)p has parameters [31,9,8| and weight enumerator 1 + 4578 4451716 15224, If
v =1, then the binary linear code C(F)p has parameters [32,10,8] and weight enu-
merator 1+ 60z% +90271® + 6072* + 732,

Example 6.1.13 Let m = 3 in Theorem 6.1.10. If v =0, then the binary linear code
C(F)p has parameters [255,14,96] and weight enumerator 1+ 630z°° 4 15375728 +
378710 If v = 1, then the binary linear code C(F)p has parameters [256,15,96] and
weight enumerator 1+ 1008z° +30750z'% 4 1008760 4 725¢,

6.2 The second family of projective codes

In this section, we introduce the binary linear codes Cp,. from known two-to-one func-
tions over [Fo» and determine their weight distributions.

Let F(x) be a 2-to-1 function over Fo» with F(0) = 0. Define
Dr = {F(x) : TI'n(F()C)) =V,Xxc ]an}\{()} = {d] o, ... ,dl}. (6.6)

From the code Cp, defined in (1.6), it is evident that the length and dimension of Cp,
is / = |Dp| and at most n, respectively. Set ng = [{x € Fyn : Tr,(F(x)) = v}|. Since F(x)
is a 2-to-1 function over Fy» with F(0) = 0, we have [ = |Dg| = tng — 1 +v. Note that

nyg = _Z Z Tr,,(F( ))—v)

ZEszEan
n— l ( 1)
= 2 5 Wr(0,1). (6.7)

We know that the dimension of the code Cp,. is n — dy,, where dy, is the dimension of
the [F,-vector space

V2 _ {Cl c an . Z (_I)Trn(ad) — l} .

deDp
Note that
Z (_1)Trn(ad) _ 1 Z (_1)Trn(aF(x))_1+V
deDp x€Fon,
Trn (F(x))=v
_ —Z Y (1@ E) gy,
ZEszEan
_ 1( y (—1)TonlaF () 4 () y (1>Trn((1+a)F(x))> 14y
4 XGan XGan
1

= Z(WF(O,a) +(=1)"Wr (0,1 +a)) — 1+
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Hence,
Vo = {a€Fm:Wr(0,a)+ (—1)"Wr(0,14a)=4(l+1—-v)}. (6.8)
The Hamming weight of a codeword ¢, in Cp, is

wt(e,) = {1 <i<l:Tr,(ad;) =1}
= [—|{1 <i<I:Try(ad;) =0}

%Q§:<umwv. (6.9)

deDp

According to the definition (1.6) of the linear code Cp,., we present several families
of projective binary linear codes with few weights in the following sequel. We shall
distinguish different cases depending on the value of n. The constraints come from
the two-to-one property. Before that, let us recall a result about the exponential sum
Si(a,b), which will help calculate the weight distribution of the constructed codes.

For any a and b in Fy», we define the following exponential sum

h
Sp(ab) = Y (~1)Tles T,

xEIan

Lemma 6.2.1 [25, Theorem 4.6] Let t = gcd(h,n) and n/t be odd. Then

2\ .
sty = () 2%

n/t

where (-) is the Jacobi symbol.

6.2.1 Thecasen=2m-+1

Next, we present projective binary linear codes with 2-weight and 3-weight from the
2-to-1 function in Lemma 2.4.10.

Theorem 6.2.2 Let n =2m+ 1 and F(x) = 22 L2 4 x € Fo [x]. Let Dp
be defined in (6.6).

(a) If v=0, then Cp,. is a two-weight binary code with parameters [27 2+ (%) X
1,n—1,2"34( (%) —1)2"=2], and its weight distribution is given by Table 6.2.1,
where (%) denotes the Jacobi symbol.

(b) If v =1, then Cp, is a three-weight binary code with parameters [272 —
(%) am=l oy on=3 ((%) +1)2™2), and its weight distribution is given by Table
6.2.2, where (%) denotes the Jacobi symbol.
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Table 6.2.1: The weight distribution of the code Cp, in Theorem 6.2.2(a)

Weight Frequency
0 1
2n—3+((2)_1)2m—2 22m—1+2m—1_%(<2)+1>
2n73_’_((%)+1)2m72 22m71_2m71_’_%((%) _1>

Table 6.2.2: The weight distribution of the code Cp, in Theorem 6.2.2(b)

Weight Frequency
0 1
2n—3_((%) +1)2m—2 22m_ 1
2n—3 . ((%) . 1>2m—2 22m 1
2n72_ (%) 2m71 1

Proof: From Eq. (6.7) and Lemma 6.2.1,

—1)Y
ng = 2"*1+QWF(0,1)

2
Y
_ 2n—1+( 2) Z (_I)Tr”(F(x))
X€F2n

_ 2n—1+ (_Zl)v Z (_I)Trn(x2’n+1+2+x2m+l+x2+x)

X Ean

= Lt
2 XE]an

—1y
=gty 2) Sm(1,1)

= 2" (=1) <%> 2,

n

where (2) is the Jacobi symbol (see Definition 2.3.2). Then, the length / of the code

n
Cpy is 1 = |Dp| = tng—1+v=2""2+(—1)"(2)2""! — 1 +v. For any a € Fa, we
have

We(0.0) = X (—1)™ero)
x€Fyn

) (_1)Trn(ax2’”+1+2+ax2’"+l+ax2+ax)
x€Fn

e I)Trn(aZ’”xW“ o +(ata® )

x€Fon
* If a = 0, it is obvious that Wg(0,a) = 2".

« If a = 1, itis easy to know Wr(0,a) = (%) 21
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« Ifa 0,1, we let @u(x) = Tr(a®"x®" '+ + ax> + (a+a*")x), Then the bilinear
form of ¢,(x) is given by

By, (x,y) = @a(x)+ @u(y) + @a(x+y)

m, om+ m—+1
= Tra(@ (" y+ "))

(
m m+1

= Tra((@® y+ay’)x® )

m+1

= Trp(La(y)x ? ),

where L, (y) = a*"y+ay?. Letker(L,) = {y € Far : L,(y) = 0}. It is easy to know

that ker(L,) = {0,a*" ~'}. Forx = a*"~!, Tr,(aF (x)) = Tr,(1 +a) = 0 if and only

if Tr,(a) = 1 since n is odd. According to Lemma 2.4.2, we have

W (0.0) +2mHif Tr,(a) = 1;
a) =
A 0, otherwise.

Similarly, we can obtain

(3)2mtl, ifa=0;

on ifa=1;
Wr(0,14+a) = ’ . X
r(0,14a) £2m+l if Tr,(a) = 0and a #0, 1;
0, otherwise.

Then,

204 (—1)V (%) 2+, ifa=0;
Wr(0,a) 4+ (—1)'Wr(0,1+a) = ¢ (3)2mH 14 (—1)2", ifa=1;
+m+l otherwise.

The rest of the proof is similar to that of Theorem 6.1.1, and then we omit the details
here. |

Next, we present some concrete examples in Theorem 6.2.2. In addition, the com-
putations are carried out using Magma software [2].

Example 6.2.3 Let m = 2 in Theorem 6.2.2. Then (2) = (3) = —1. Ifv=0, then

n
the binary linear code Cp, has parameters [5,4,2]| and weight enumerator 1 + 1022 +

5z% If v =1, then the binary linear code Cp, has parameters [10,5,4] and weight
enumerator 1 + 15z* + 1520 + 710, These codes are optimal by the online Database
[44].

Example 6.2.4 Let m = 3 in Theorem 6.2.2. Then (%) = (3) = 1. If v=0, then the

binary linear code Cp,. has parameters [35,6,16] and weight enumerator 1 + 35716 +
287%0. If v =1, then the binary linear code Cpy has parameters [28,7,12] and weight
enumerator 1 +63z'2 + 63219 + 213, These codes are optimal by the online Database
[44].
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6.2.2 The case n =3m

From the first 2-to-1 function in Lemma 2.4.11, this subsection presents a family of 3-
weight projective binary linear codes and a family of 4-weight projective binary linear

codes.

Theorem 6.2.5 Let n = 3m and F(
be defined in (6.6).

(a) If v =0, then Cp, is a three-weight binary code with parameters [272 4
—1)22m=3], and its weight distribution is

(—=1)m22m=2 —1,n—

given by Table 6.2.3.
(b) If v =1, then pr

(_1)m22m 2,

Table 6.2 4.

((=1)"

Table 6.2.3: The weight distribution of the code Cp, in Theorem 6.2.5(a)

X)=x

1,203 4+ ((=1)m

22m 4om

is a four-weight binary code with parameters [2"% —
+1)22"73), and its weight distribution is given by

Weight Frequency
0 1
2n—3+((_1)m_1)22m—3 22m—1_|_2m—1_ H‘(;])m
2n—3 4 (_1)m22m—3 23m—1 _ 22m
n—3 m 2m—3 2m—1 _Am—1 _ 1=(=D"
2034 ((=1)"+1)2 p2m—1_pm-1_ L

Table 6.2.4: The weight distribution of the code Cp, in Theorem 6.2.5(b)

Weight Frequency
0 1
2n73 _ ((_1>m + 1)22m73 22m -1
2n—3 _ (_1)m22m—3 23m _ 22m—|—1
2n—3 o ((_1>m o 1)22m—3 22m -1
2n—2 o (_ 1 )m22m—2 1

Proof:
(—

710 2}’! 1_|_

1)’
2
on—1 _|_ﬂ

(="
2

(=1

2n71 +

It follows from Eq. (6.7) and Lemma 6.2.1 that

~——Wg(0,1)

2 2
Z (_I)Trn(x2 ’"+2’”+x2 m+1+x2’”+1+x)

XEan

Sm(1,1)

2

211—1
+ 2

gcd(m,n) (m,n)
n+ged(m,n
I’I’L,I’l)

(

n/ ged(

2n—1 + (_ 1)m+v22m—1 )

X2 2" 4 ¢ € Foulx]. Let Dy
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Hence, the length [ of the code Cp, is | =|Dp| = sng—1+v=2""24(—1)m22m=2_

14

Next, we shall determine the values of the Walsh transforms Wr(0,a) and Wg(0, 1 +
a). For any a € Fo», we have

Wr(0,a) = Z (_1)Tr" (“x22m+2m+ax22m+l+ax2m+l+ax)
Y

XGan
_ Z (_1)Tr”((a22m+azm+a)x2m+1+ax)
XE]an
- Z (_1)Tr”(T m(a)xszrl—kax).
XGan
If a =0, then Wg(0,a) =2".
If a =1, then Wg(0,a) = (—1)"2%",
If Tt} (a) = 0 and a # 0, then Wr(0,a) = 0.
If T (a) # 0 and a # 0, 1. Let @,(x) = Tr,(Tr”, (a)x>" T' +ax). Then the bilinear
form of ¢,(x) is given by
B(Pa(x:y) = Qu(x) + @Qu(y) + Qa(x+)
= T (Tr (@) (Y +207"))
2m
= Tru((Tey, (a) 5" + )
2m
= Try(La(y)¥*"),
a) =

where L,(y) = Tr", (a)(y*" +). Let ker(L, {y € Fon: L,(y) = 0}. It is easy to
know that ker(L ) {n:ne Fzm} For any x = n € ker( a), Try(aF (x)) =
Tr,(an? +an) Trn((a—l—a )N?) = Tru((Trk(a +a?))n?) = 0 if and only if
Tt (a+a®) =0, i.e, Tr" (a) = 1 (since the assumption Tt (a) # 0). From Lemma

2.4.2, we have
422" if Tr (a) = 1
0, otherwise.

)

Similarly, we can obtain,

(=1)m22m if a = 0;

2" ifa=1,
Wr(0,14a) = ’ . ’
( ) 4221 if Tr’ (a) = 0;
0, otherwise.

Therefore, by a simple calculation, we have

214 (—1)mtvo2m if a = 0;
—1)2" 4 (—1)m2% ifa=1;
Wk (0, —1)"'Wg(0,1+a) = ( ’ ’
F(0.a)+ (ZDWr(0.1Ha) =4 pon ifa+0,1and Tr' (a) = 1;

0, otherwise.
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The rest of the proof is similar to that of Theorem 6.1.1, and then we omit it here. W

Next, we give some concrete examples in Theorem 6.2.5, and the computations are
carried out using Magma software [2].

Example 6.2.6 Let m = 2 in Theorem 6.2.5. If v =0, then the binary linear code
Cp, has parameters [19,5,8] and weight enumerator 1 + 978 + 16210 + 6712 Ifv =
1, then the binary linear code Cp, has parameters [12,6,4] and weight enumerator
14 15z* 43228 4 1528 4 2'%. These codes are optimal by the online Database [44].

Example 6.2.7 Let m = 3 in Theorem 6.2.5. If v = 0, then the binary linear code Cp,
has parameters [111,8,48] and weight enumerator 14 36z* 4-1927°0 42775, Ifv =1,
then the binary linear code Cp, has parameters [144,9,64] and weight enumerator

1 +6375% 4384772 + 63780 4 7144,

6.3 Dual codes

In this section, we will determine the parameters of the duals €(F); and C‘%F of the
binary linear codes C(F)p and Cp,..

Firstly, we consider the parameters of the dual code of C(F)p in (1.8).

Theorem 6.3.1 Let F be a 2-to-1 mapping over Fon with F(0) = 0 and the code C(F)p
be defined as in (1.8). Let C(F)3 be the dual code of C(F)p and dy, be defined as in

(6.2). Then C(F)3 is a 2" ' —14+v,2"" 1 —14+v— (2n—dy,),d"| binary linear code
with the minimum distance d* satisfying

e ifv=0, then 3 <d*- <6.
e ifv=1, then 4 < d+ <6.
In particular, if F is APN, then the minimum distance d* satisfies
e ifv=0, then 5 < d+ <6.
e ifv=1, then d- =6.

Proof:  According to the first construction in Section 6.1, the linear code C(F)p has
length 2"~! — 14 v and dimension 2n — dy,. Then it is easy to obtain the length and
dimension of its dual. Next, it suffices to consider the minimum distance.

Since D does not contain the zero element of Fyn, the minimum distance d- of
C(F)3 cannot be one. If d*+ = 2, then there exist two distinct elements x;,x; € D such
that Try,(a(x; +x2) +b(F(x1) + F(x2))) = 0 for any a,b € Fyn, i.e., x; +x, = 0 and
F(x1)+ F(x) = 0, which is a contradiction. Hence, the minimum distance of C(F)3

2 _
cannot be 2. Thus, d+ > 3. Suppose that - > 7. Then we have ) (2 l._HV) 2-1)=

l
1=

1+20 v+ 32 =1 +v) (2 =24 0) + 2 (2" T = 14 w) (27 =24 w) (271 —
3+v) > 22"=i | which contradicts the sphere packing bound. Therefore, 3 < d* < 6.
If v = 1, we can easily prove that d # 3 and then 4 < d+ < 6.
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In particular, if F is APN, we obtain that the dual of Cr (defined in (1.5)) has mini-
mum distance 5 by [12, Theorem 5]. Note that C(F)p is a punctured code. Therefore,
the dual of C(F)p has minimum distance d* > 5.

Next, we show that d # 5 when v = 1.

If d- =5, then there are five pairwise-distinct elements x1,x2,x3,x4 and x5 in D
such that

Tr,(x1) = Try(x2) = Trp(x3) = Trp(xa) = Try(xs5) = 15
Try(a Yy xi+bYi  F(x;) =0,

for any a,b € . Then

5
Zizlxi =0,

leading to a contradiction. Thus d- # 5 and then d* > 6.
This completes the proof. |

{ Try(X ) = 1

Remark 6.3.2 In view of the proof of Theorem 6.3.1, we notice that the dual code

C(F) IL) is distance-optimal with respect to the sphere packing bound when v =1 and F
is APN.

In the following, we present the parameters of the duals of the binary linear codes
defined in (1.8) obtained in Section 6.1.

Corollary 6.3.3 Let the code C(F)p be defined as in (1.8). We have the following
results.

(1) For the binary linear code in Theorem 6.1.1, if v =1, its dual has parameters
(271 27=1 —3m 4], and is distance-optimal with respect to the sphere packing
bound.

(2) For the binary linear code in Theorem 6.1.3, if v = 0, its dual has parameters
[27=1 —1,2""1 —2n,5); if v =1, its dual has parameters [2"~1,2"~! —2n,6), and
is distance-optimal with respect to the sphere packing bound.

(3) For the binary linear code in Theorem 6.1.7, if v =0, its dual has parameters
(21— 1,2 —n—m,3]; ifv=1, its dual has parameters 2", 2"~ —n—m, 4],
and is distance-optimal with respect to the sphere packing bound.

(4) For the binary linear code in Theorem 6.1.10, if v =0, its dual has parameters
271 — 1,21 —2n+m,3]; if v =1, its dual has parameters [2"~1,2"~1 —2n +
m, 4], and is distance-optimal with respect to the sphere packing bound.

Proof: = We prove the desired results for Cases (1) and (2) only. The results in Cases
(3) and (4) can be proved in a similar way.

(1) It follows from Theorem 6.1.1(b) that the linear code C(F)p has length 2"l and
dimension 3m. Then the length and dimension of the dual of C(F)p can be trivially
determined. Next, we consider the minimum distance. In view of Theorem 6.3.1, we
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know that the minimal distance of the dual of C(F)p is d+ > 4. Suppose d+ > 5, then
2 o .

we have Y (Zi l) 2—-1) =1+20"142m2(2"=1 —1) > 23" which contradicts the
=0

sphere packing bound. Thus d- = 4.

(2) If v = 0, from Theorem 6.3.1, we have A{ = Ay = A3 = Ay = 0. By the sixth
Pless power moment in (2.4), we get A= = (26"~1 —11.24=2 1 11.22"+1 _16) /120 #
0. Hence, the dual of C(F)p has parameters [2"~! —1,2"~! —2n, 5] by Theorem 6.3.1.
If v=1, since Wr(a,b) =0 or £2"5 = 40m+ for any pair (a,b) € F3, with b # 0, and
then F is APN, it is easy to determine the parameters of the dual of C(F)p by Theorem
6.3.1.

This completes the proof. |

In the following, we give some concrete examples of Corollary 6.3.3, and the com-
putation is verified by Magma [2].

Example 6.3.4 Let m = 3. For the binary linear code in Theorem 6.1.1, if v =0, its
dual has parameters [31,23,3] and is almost optimal, while the optimal binary code
has parameters [32,23,4]; if v =1, its dual has parameters [32,23,4] and is optimal.

Example 6.3.5 Let m = 2. For the binary linear code in Theorem 6.1.3, if v =0, its
dual has parameters [15,6,5] and is almost optimal, while the optimal binary code has
parameters [15,6,6]; if v=1, its dual has parameters [16,6,6] and is optimal.

Example 6.3.6 Let m = 2. For the binary linear code in Theorem 6.1.7, if v =20, its
dual has parameters [31,24,3] and is almost optimal, while the optimal binary code
has parameters [31,24,4]; if v =1, its dual has parameters [32,24,4| and is optimal.

Example 6.3.7 Let m = 3. For the binary linear code in Theorem 6.1.10, if v =0,
its dual has parameters [255,241,3] and is almost optimal, while the optimal binary
code has parameters [255,241,4]; if v =1, its dual has parameters [256,241,4| and is
optimal.

Next, we consider the dual code of Cp,. in (1.6) and investigate its parameters.

Theorem 6.3.8 Let F be a 2-to-1 mapping over Fyn with F(0) = 0 and the code Cp,,
be defined as in (1.6). Let Cé be the dual code of Cp,. and dy, be defined as in (6.8).

Then Cf isa [2% 24+ S Wr (0, 1) — 141,27 2+ W (0,1) — 14y — (n—dy, ), 4]
binary linear code with the minimum distance d- satisfying

e ifv=0,then3<d-<4
e ifv=1, then d+ =4

Proof: By the second construction in Section 6.2, the linear code Cp, has length

=24 (Gl ) Wg(0,1) — 1 4+ v and dimension n — dy,, and it, therefore, suffices to con-

sider the minimum distance. It is obvious that d* # 1. If d*- = 2, then there exist two
distinct elements d| = F (x),d» = F (x3) € D such that Tr,(aF (x1)) + Tr,(aF (x)) =0
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for any a € Fon, i.e., F(x1) + F(x2) = 0, which is a contradiction. Hence, d* > 3. Fur-

2 on—2, (= ) .
thermore, suppose that d- > 5. Then we have ¥ (2 B WF(O - 1+V) 2-1)=1+

i=0
224 W0, 1) — 14 v+ 227 24+ E W (0, 1) — 14+ v) (27 2+ S Wi (0, 1) —
24v) > 2” 4, which contradicts the sphere packing bound. Therefore, 3 <dt <4,

In the following, we will show that d* = 4 when v = 1. According to the above
discussion, it suffices to prove that d- # 3. Suppose that d* = 3. Then there are three
pairwise-distinct elements d; = F(x1),d» = F(x;) and d3 = F(x3) in D such that

Tr,(F(x1)) = Tr,(F(x2)) = Tr,(F(x3)) = 1;
Try(a(F(x1)+ F(x2)+F(x3))) =0,

for any a € o». Then

)
F(x1) 4+ F(x2) + F(x3) =0,

{ﬂﬂF@Q+F()ﬂm)—

which is a contradiction. Hence, d- = 4 when v = 1. [ |

Remark 6.3.9 In view of the proof of Theorem 6.3.8, we remark that the dual code CéF
is distance-optimal with respect to the sphere packing bound when v = 1.

Next, we give the parameters of the duals of the binary linear codes defined in (1.6)
obtained in Section 6.2.

Corollary 6.3.10 Let the code Cp,. be defined as in (1.6). We have the following results.

(1) For the blnary linear code in Theorem 6.2.2, if v =0, its dual has parameters
[2" 24 ( )2’“ 1 —1,2"" 24 ( )2’” 1_ ]; if v=1, its dual has parameters
[2n—2 (n) pm—1 on— 2 (n) om=l n,4], and is distance-optimal with respect to
the sphere packing bound.

(2) For the binary linear code in Theorem 6.2.5, if v =0, its dual has parameters
[2772 4 (—1)m22m=2 1,272 - (—1)"22m=2 —pn 3]; if v= 1, its dual has parame-
ters 272 — (—1)m22m=2 2n=2 _(—1)"22"=2 _p_ 4], and is distance-optimal with
respect to the sphere packing bound.

Proof: Using Lemma 2.2.7 and Theorem 6.3.8 and similar discussions in the proof
of Corollary 6.3.3, one can prove this corollary. |

In the following, we give some concrete examples of Corollary 6.3.10, and the
computation is verified by Magma [2].

Example 6.3.11 Let m = 2. For the binary linear code in Theorem 6.2.2, if v =0, its
dual has parameters [5,1,5] and is optimal; if v =1, its dual has parameters [10,5,4]
and is optimal.
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Example 6.3.12 Let m = 3. For the binary linear code in Theorem 6.2.5, if v =0,
its dual has parameters [111,103,3] and is almost optimal, while the optimal binary
code has parameters [111,103,4]; if v =1, its dual has parameters [144,135,4| and is
optimal.

Note that if the dual of a linear code has the minimum Hamming distance of at least
3, then the linear code is called a projective linear code. From Theorems 6.3.1 and
6.3.8, we obtain the following result.

Theorem 6.3.13 The binary linear codes C(F)p and Cp, constructed in Sections 6.1
and 6.2, respectively, are projective linear codes.

6.4 Conclusions

In this chapter, based on the constructions in (1.6) and (1.8), we succeeded in this
chapter in constructing large families of projective binary linear codes with few weights
(namely, 1-weight, 2-weight, 3-weight, 4-weight, 5-weight, and 6-weight) from 2-to-1
functions by selecting two different defining sets. Using the Walsh transform of the
corresponding 2-to-1 functions over F,», we determined the weight distributions of
these codes. The results show that the parameters of these linear codes are novel and
flexible. Notably, the minimum distance of the duals of the constructed codes was
discussed, and the dual codes of some linear codes are distance-optimal with respect
to the sphere packing bound. In addition, the linear codes constructed in this chapter
have two applications: Firstly, the projective binary linear codes with three-weight in
Theorems 6.1.7(a), 6.1.10(a), 6.2.2(b) and 6.2.5(a) may be used to construct association
scheme with three classes. As another application, some binary linear codes of this
paper may yield secret sharing schemes with interesting access structures:

e Let m be odd and n = 2m. Then for the linear code in Theorem 6.1.1(a), if m > 5,

we have
Wmin 2V 2=2m ]

= > —.
Wi 22 42m T 2

e Let m be a positive integer and n = 2m + 1. Then for the linear code in Theorem
6.1.3(a), if m > 3, we have

Wiin 2172 —2" !
Wmax 202 42m 7 2"

For the linear code in Theorem 6.2.2(a), if m > 3, we have

Wmin 2"+ ((3) 122 1

= > —.
Wmax 2" 3+ ((%) + 1)2m—2 2

e Let m be a positive integer and n = 3m. Then for the linear code in Theorem
6.1.7(a), if m > 2, we have

2n—2 _ 22m—2 1

Wmin > =
Wmnax 2n—2 + 22m—2 2'
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For the linear code in Theorem 6.1.10(a), if m > 3 and m ;= 1 (mod 3), we have

Wnin B 2n—2 _22m—1 . 1
Winax - on—2 4 92m—1 2"

For the linear code in Theorem 6.2.5(a), if m > 3, we have

Wmin _ 2"+ (=D"— 1)22m—3 > 1

Consequently, the linear codes presented in this chapter satisfy the condition that
Wnin/Wmax > % under certain conditions and can therefore be employed to construct
interesting access structures for secret sharing schemes.
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Chapter 7

Conclusions and Future Work

This chapter summarizes the completed work and presents the directions of further
research in the future.

7.1 Conclusions

In this thesis, we have mainly studied the theory of algebraic coding over finite fields
and finite rings and their applications, including the construction of optimal or asymp-
totically optimal codebooks, the construction of linear codes with a one-dimensional
hull, minimal linear codes with few nonzero weights, and the construction of projective
linear codes. The main research work and achievements of this thesis are as follows:

(1) This thesis constructed several families of optimal or asymptotically opti-
mal codebooks by studying the character sums over the finite chain ring Ry = F, +
uF, (u*> = 0) and the finite non-chain ring R, = F, + uF, (u> = u). Based on the re-
search method of character sums over finite fields, we first gave the definitions of Gaus-
sian sums, Jacobi sums and (hyper) Eisenstein sums over finite rings and investigated
some properties of these character sums. Moreover, we established the relationship be-
tween Gaussian sums and hyper Eisenstein sums over finite rings and Gaussian sums
and hyper Eisenstein sums over finite fields, respectively. This relationship allows us to
give the absolute value of Gaussian sums and hyper Eisenstein sums over finite rings.
For their applications, we constructed several classes of optimal and asymptotically
optimal codebooks with respect to the Welch bound and a class of optimal codebooks
with respect to the Levenshtein bound by using these character sums over R; and R;.
Notably, the parameters of some of these codebooks are new and flexible.

(2) This thesis constructed linear codes with one-dimensional hull by further extend-
ing the existing construction method and exploring new methods. Firstly, we construct-
ed several classes of linear codes with one-dimensional hull by using general Gaussian
sums over finite fields. In addition, sufficient conditions were given for a linear code
over finite fields to be a linear code with one-dimension hull and several classes of
linear codes with one-dimensional hull having new parameters were constructed by ex-
ploring two homomorphic mappings over finite fields. Furthermore, we presented a
lower bound on the minimum distances of the constructed linear codes.

(3) This thesis studied few-weight binary linear codes by using the known two-to-
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one functions over finite fields. Based on three constructions, we constructed several
families of linear codes with few weights and completely determined their weight dis-
tributions by using the Walsh transform of the corresponding two-to-one functions.
Besides, some of them are optimal with respect to the well-known Griesmer bound.
We also showed that the derived binary linear codes were minimal for most cases, and
described the access structures of the secret sharing schemes based on their dual codes.
In particular, we solved two open problems in [72].

(4) Based on the construction method of linear codes given by Qu et al. [72, 116],
we proposed two new construction methods and then obtained several classes of pro-
jective binary linear codes with new parameters. In addition, we showed that the du-
als of the constructed codes were distance-optimal with respect to the sphere packing
bound. As applications, some of the obtained codes can be used to construct association
schemes and secret sharing schemes with interesting access structures.

7.2 Future work

Based on the research on this thesis, further research work is given as follows:

(1) Define new character sums over finite fields or finite rings, and then study their
properties and discuss the values of the new character sums.

(2) Construct the linear codes with low-dimensional hull by studying the special
generator matrix (for example, cyclic matrix, symmetry matrix and so on) and char-
acterize some sufficient conditions for a linear code to be a linear code with low-
dimensional hull. With these conditions, we can construct some optimal and almost
optimal linear codes with low-dimensional hull by Magma. Particularly, finding new
applications of codes with one-dimensional hull.

(3) Construct new cryptographic functions over finite fields. For example, new two-
to-one functions, n-to-one functions and so on. Based on two general constructions
of linear codes, it would be interesting to present new construction of linear codes by
using new cryptographic functions and then construct linear codes with new parameters
over finite fields.

(4) The construction method of linear codes over finite fields is extended to finite
rings, and then the optimal linear codes with new parameters are constructed by the
Gray mapping over finite rings.
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