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DR
AF
T

2



DR
AF
T

Table des matières

Remerciements i

Curriculum vitæ iii

1 Document de synthèse 1
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ad astra, j’aurais aimé que tu puisses lire ce texte.

i



DR
AF
T

ii



DR
AF
T

Curriculum vitæ

Expérience professionnelle

§ Depuis 2009, Astronome-Adjoint au SYRTE, Observatoire de Paris, PSL Research Uni-
versity, CNRS, Sorbonne Universités, UPMC Univ. Paris 06, LNE.

§ Entre 2008 et 2009, ATER au SYRTE, Observatoire de Paris, PSL Research University,
CNRS, Sorbonne Universités, UPMC Univ. Paris 06, LNE.

§ Entre 2006 et 2008, Chercheur post-doctoral au Lohrmann Observatory, Dresde, Alle-
magne

Enseignements

Cours dispensés

§ Co-responsable avec Marie-Christine Angonin du cours Physique Fondamentale dans
l’Espace du M2 de l’Observatoire de Paris

§ TP de python en L3, Sorbonne Université.
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2006

80. P. Teyssandier et C. Le Poncin-Lafitte. « Relativistic astrometry and Synge’s
world function ». In : SF2A-2006 : Semaine de l’Astrophysique Francaise. Sous la dir. de

http://arxiv.org/abs/0810.2288
https://doi.org/10.1142/9789812834300_0462


DR
AF
T

xiii

D. Barret, F. Casoli, G. Lagache, A. Lecavelier et L. Pagani. Juin 2006, p. 309.
eprint : astro-ph/0610462

81. C. Le Poncin-Lafitte et S. B. Lambert. « Testing General Relativity with the ACES
Mission ». In : SF2A-2006 : Semaine de l’Astrophysique Francaise. Sous la dir. de D.
Barret, F. Casoli, G. Lagache, A. Lecavelier et L. Pagani. Juin 2006, p. 289.
eprint : astro-ph/0610463

82. J. Souchay et C. Le Poncin-Lafitte. « About relativistic close approaches between
Jupiter and quasars in the perspective of the GAIA mission ». In : SF2A-2006 : Semaine
de l’Astrophysique Francaise. Sous la dir. de D. Barret, F. Casoli, G. Lagache, A.
Lecavelier et L. Pagani. Juin 2006, p. 63

83. S. B. Lambert, C. Le Poncin-Lafitte et S. Bouquillon. « Radio-optical reali-
zations of celestial reference frames ». In : SF2A-2006 : Semaine de l’Astrophysique
Francaise. Sous la dir. de D. Barret, F. Casoli, G. Lagache, A. Lecavelier et L.
Pagani. Juin 2006, p. 33. eprint : astro-ph/0610710

84. S. Mathis et C. Le Poncin-Lafitte. « Effects of internal structure of gravitating
bodies on light deflection for accurate space missions ». In : SF2A-2005 : Semaine de
l’Astrophysique Francaise. Sous la dir. de F. Casoli, T. Contini, J. M. Hameury et
L. Pagani. Déc. 2005, p. 119

85. C. Le Poncin-Lafitte et P. Teyssandier. « Influence of the multipole moments of
a giant planet on the propagation of light : application to GAIA ». In : Journées 2004 -
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1 | Document de synthèse

Le secret d’un bon discours, c’est
d’avoir une bonne introduction et une
bonne conclusion. Ensuite, il faut
s’arranger pour que ces deux parties ne
soient pas trop éloignées l’une de
l’autre.

George Burns

1.1 Introduction

The General Theory of Relativity (GR) was developed by Albert Einstein more than one
century ago. Since its birth, GR has been tested in details, in particular in Solar System. The
first three tests, proposed by Einstein himself in 1915, concerned the anomalous precession
of Mercury perihelion, light deflection in gravitational fields and the gravitational redshift.
Even if the precession of Mercury was already known before GR, the theory was able to
explain it successfully. Experiments proving light bending was realized by Eddington in 1919,
and evidence for gravitational redshift was claimed to be detected in 1925 by astrophysical
measurement [2] and clearly confirmed by Pound & Rebka experiment in 1959 [144]. With the
beginning of space exploration in the 1960s, additional tests began to be made starting with
Shapiro’s measurement of the relativistic time delay in Viking ranging [154, 155]. In 1974, with
the discovery of binary pulsars, Hulse & Taylor [77] studied much stronger gravitational fields
than those found in the Solar System, enabling the first indirect detection of gravitational
waves. At the scale of the laboratory, the past few decades have seen dramatic progress in our
ability to manipulate and coherently control matter-waves, leading also to new applications
navigation and geophysics to tests of GR with an unprecedented sensitivity and accuracy [12].
Thus, GR is extremely well tested locally in both weak and strong field limit, and the story
of testing GR opened a new windows in February 2016 with the announcement of Advanced
LIGO & VIRGO teams of the direct detection of gravitational waves from a black hole merger
[1]. However, we know that GR can not be renormalized as quantum theory and it is an
ultimate goal to find a deviation in order to construct a new theory unifying all fundamental
interactions, as string theories and/or quantum loop theory are aimed to do.

During the last 30 years, observational techniques in fundamental astronomy have progressed
and we have seen a tremendous progress in technology. It has led to enormous improvements
of accuracy in the disciplines of astrometry and time. Indeed, focusing on astrometry, it is
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worth highlighting that between 1988 and 2013 we expected the same gain in accuracy (milli
to micro-arcsecond, so 4 orders of magnitude) as that have been done during the whole history
of astrometry, from Hipparchus until 1988. Other observation techniques like Interferometry,
high-precision atomic clocks, Lunar and Satellite Laser Ranging, GNSS, Very Long Baseline
Interferometry, Radio Science, etc., have also made progress in accuracy by several orders of
magnitude.

Beyond some threshold of accuracy, any astronomical problem has to be formulated within the
framework of Einstein’s theory. An illuminating example is the light deflection at the limb of
the Sun, which reaches 1.75as and decreases only as 1/r with increasing impact parameter r
of a light ray to the solar center. Thus, for light rays incident at about 90◦ from the Sun the
angle of light deflection still amounts to 4 mas and has to be compared to the accuracy of the
Gaia mission of several µas in positions, parallaxes and proper motions of billion stars [63].
It is the reason why the field of applied relativity has emerged about 40 years ago, when the
growing accuracy of observations and the new observational techniques have made it necessary
to take relativistic effects into account on a routine basis. Since that time applied relativity
has evolved into one of the basic ingredients of fundamental astronomy, the discipline that
includes celestial mechanics, astrometry, time scales and time dissemination etc. On the one
hand, that development required significant theoretical efforts. Triggered also by the needs
of applications at an engineering level, special theoretical techniques have been developed to
construct the so-called local reference system and to derive the equations of translational and
rotational motion of a system of N bodies having arbitrary composition and shape. On the
other hand, astronomers and engineers had to rethink and to reformulate their problems in
a language compatible with GR. The need to change the way of thinking from Newtonian
common sense to relativistic is probably the source of many of the difficulties that non-experts
have with relativity. In the same time the relativity itself is quite simple and elegant at least
in the post-Newtonian approximation.

The International Astronomical Union (IAU) discussed in details the construction of a GR
framework for modeling the high-accuracy astronomical observations, with a 20 years process
from 1990 to 2000. By adopting new conventions concerning the definition and use of a set
of relativistic reference systems [26, 157], IAU gave the essentials tools leading GR to become
the standard theory of gravitation in the field of Fundamental Astronomy, astrophysics and
experimental fundamental physics. It was the birth of the Fundamental Relativistic Astronomy
which is perfectly summarized in Figure (1.1), from the construction of relativistic reference
systems to their application to the determination of equations of motion, light propagation and
the construction of astronomical observables. Nowadays Fundamental Relativistic Astronomy
is essential for many practical goals in astrometry, deep space navigation, planetodesy, geodesy
and time & frequency metrology, that is to say in all fields requiring high precision in the Solar
System.
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Figure 1.1 – Scheme of Relativistic Fundamental Astronomy. Inspired from [81].

Furthermore, I constructed all along these last years my research with respect to the different
boxes of Figure (1.1), which allow me to decline the outline of the document along three kinds
of contributions :

— I will consider first the description of light rays in weak fields ; in almost all of the
theoretical studies devoted to this problem, the properties of light rays are determined
by integrating the differential equations of the null geodesics [82, 83, 87, 88, 89, 81, 41, 46,
40, 44, 182, 183, 184, 42]. This procedure is workable as long as one contents oneself with
analyzing the effects of relativistic first order of corrections. However, analytical solution
of the geodesic equations requires cumbersome calculations when terms of second order
are taken into account, even in the case of a static, spherically symmetric space-time [58,
147, 148]. It is why I introduced several formalisms allowing to determine the deflection
of light and the travel time of photons without integrating the geodesic equations. The
first method was constructed on a general post-Minkowskian expansion of the Synge
World Function [160] applied to light rays, leading to the determination of the so-called
Time Transfer Functions. Then I found a way to determine the Time Transfer Functions
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within a stand-alone method and obtained their general post-Minkowskian expansion.
Some applications of the formalism are given in the context of global space astrometry and
radioscience observables with example to the JUNO, BepiColombo and GRAIL missions.

— Then I will discuss my contributions dedicated to relativistic celestial mechanics. They
are focused on the motion of deep space probe and the construction of ephemerides
for planets and natural satellites. The concept of 4-dimensional ephemerides will be
described. Then I will focus on planetary tides and dissipation. Indeed, the signature of
tides and relativistic effects on the motion of the body are quite similar, a good example
being the Earth-Moon System : I will summarize some results on the dissipation of rocky
and fluid bodies, thanks to a new formalism I introduced in 2009.

— The last part of this report will be dedicated to the test of Fundamental Physics that one
can expect nowadays with Solar System data. I will consider planetary ephemerides, Very
Long Baseline Interferometry and Lunar-Laser Ranging. Two test phenomenologies will
be used, i.e. the traditional Parametrized Post-Newtonian formalism and the Standard
Model Extension, useful to study all kind of possible violations of the Lorentz symmetry.

As a Habilitation à Diriger les Recherches (HDR) is aiming at proving the capability to lead a
research group and/or supervise students, I will emphasize on this point all along the following.

1.2 Light propagation in curved spacetime

1.2.1 Definition and fundamental properties of Synge’s world func-
tion

During my PhD thesis and my post-doctoral position in Germany, so between fall 2002 and
spring 2009, I developed a new formalism to describe light propagation through Solar System.
Instead of solving, analytically and/or numerically, the equations of the null geodesics, we
focused on the Synge World Function [160] and found a way to determine the Synge World
Function as a general post-Minkowskian series, in the weak field approximation. From the
World Function, we show how to determine explicitly the coordinate time of flight of a photon
between two events located at finite distance from the origin of a coordinate frame. In contrast
with null geodesic determinations, The two main advantages of this method is first to evaluate
integrals along Minkowskian straight line, which is very simple, and second to be able to
consider difficult gravitational field beyond the traditional first post-Minkowskian order.

First, we briefly recall how its fundamental properties can be straightforwardly derived from the
variational principle defining the geodesic curves (for the characteristic function V =

√
2 |Ω |,

see e.g. Buchdahl [29, 27, 28] ). We begin with recalling some useful results concerning the
general variation of a functional defined as an action in classical mechanics.

Let xA and xB be two points of space-time connected by a differentiable curve CAB defined
by the parametric equations xα = xα(ζ), with ζA ≤ ζ ≤ ζB. Given a Lagrangian function

L(xα, ẋβ) with ẋβ(ζ) = dxβ(ζ)/dζ, one can define the functional S̃ by

S̃[CAB] =

∫ ζB

ζA

L(xα(ζ), ẋβ(ζ))dζ , (1.1)
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the integral being taken along CAB. Let us consider now an arbitrarily neighbouring curve
C ′A′B′ connecting points xA′ and xB′ , represented by parametric equations x′α = x′α(ζ ′), with
ζA′ ≤ ζ ′ ≤ ζB′ . Let xαA + δxαA = xαA′ and xαB + δxαB = xαB′ be the coordinates of xA′ and xB′
respectively. Putting δ̄xα(ζ) = x′α(ζ) − xα(ζ), one can define a one-to-one correspondance
between CAB and CA′B′ by the infinitesimal transformation

xα(ζ)→ x′α(ζ + δζ) = xα(ζ) + δxα(ζ) , (1.2)

where

δxα(ζ) = δ̄xα(ζ) + ẋα(ζ)δζ (1.3)

with the boundary conditions

δxα(ζA) = δxαA , δxα(ζB) = δxαB . (1.4)

Performing an integration by parts leads directly to the following expression for the quantity
δS̃ = S̃[CA′B′ ]− S̃[CAB] (see, e.g., [66])

δS̃ =

∫ ζB

ζA

[
∂L

∂xα
− d

dζ

(
∂L

∂ẋα

)]
δ̄xα(ζ)dζ + [pαδx

α −Hδζ]BA , (1.5)

where pα is the 4-momentum belonging to xα and H is the Hamiltonian :

pα =
∂L

∂ẋα
, H = pαẋ

α − L . (1.6)

In the following we assume that there exist domains D of space-time such that whatever
xA ∈ D and xB ∈ D, xA and xB are linked by a unique curve ΓAB realizing an extremum of
the functional S̃. Then, describing ΓAB by parametric equations xα = xα(ζ), we can associate
to any domain D a function S of xA, xB, ζA, ζB defined as

S(xA, xB, ζA, ζB) =

∫

ΓAB

L
(
xα(ζ), ẋβ(ζ)

)
dζ . (1.7)

Extending a terminology currently used in mechanics, we shall call S the characteristic (or
principal) function belonging to the Lagrangian L adapted to the domainD. Since the functions
xα(ζ) satisfy the Euler-Lagrange equations

∂L

∂xα
− d

dζ

(
∂L

∂ẋα

)
= 0 , (1.8)

the total variation of S(xA, xB, ζA, ζB) reduces to the boundary terms in equation (1.5). Conse-
quently, one has the relations

∂S

∂xαA
= −(pα)A ,

∂S

∂xαB
= (pα)B , (1.9)

∂S

∂ζA
= HA ,

∂S

∂ζB
= −HB . (1.10)
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Considering that H is a function of xα and pα, then substituting for (pα)A and (pα)B from
equations (1.9) into equations (1.10), it is easily seen that S(xA, xB, ζA, ζB) satisfies a Hamilton-
Jacobi equation both at xαA and at xαB

∂S

∂ζA
= H

(
xαA,−

∂S

∂xαA

)
,

∂S

∂ζB
= −H

(
xαB,

∂S

∂xαB

)
. (1.11)

Let us apply these results to space-time V4 endowed with a Lorentzian metric gµν and insert
in equation (1.1) the Lagrangian defined by

L =
1

2
gαβẋ

αẋβ . (1.12)

Each curve ΓAB parametrized by ζ for which S̃ has an extremum is a geodesic path joining xA
and xB. Parameter ζ is said to be affine. According to (1.6), we have now

pα = gαβẋ
β , H =

1

2
gαβpαpβ , (1.13)

from which it is easily deduced that H = L on any geodesic path. Owing to the fact that
L does not contain ζ as an explicit variable, this last equality implies that the Lagrangian L
defined by (1.12) is a constant of the motion.

We are only concerned here with a weak-field metric represented by equation (1.41) throughout
space-time. So we henceforth restrict our attention to the domains D = NxA , NxA being defined
in Introduction. Then whatever xB ∈ NxA , there exists a unique geodesic path ΓAB connecting

xA and xB. Let us denote by Ω̂ the characteristic function belonging to the Lagrangian (1.12)
adapted to NxA . According to (1.7) we have

Ω̂(xA, xB, ζA, ζB) =
1

2

∫ ζB

ζA

gαβẋ
αẋβdζ , (1.14)

the integral being taken along ΓAB. Since L = H is a constant of the motion, we have L =
HA = HB on ΓAB. Inserting these relations into equation (1.14) yields

HA = HB =
Ω̂(xA, xB, ζA, ζB)

ζB − ζA
. (1.15)

Substituting these expressions of HA and HB into equations (1.10), we get

∂Ω̂

∂ζA
=

Ω̂

ζB − ζA
,

∂Ω̂

∂ζB
= − Ω̂

ζB − ζA
. (1.16)

Integrating these equations, we find that Ω̂ may be written as

Ω̂(xA, xB, ζA, ζB) =
Ω(xA, xB)

ζB − ζA
, (1.17)

where Ω(xA, xB) is a function of xA and of xB. This two-point function, which is symmetric in
xA and xB, is called the world function. Denoting by λ the unique affine parameter such that
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λA = 0 and λB = 1, we infer from equations (1.14) and (1.17) that Ω(xA, xB) may be written
as

Ω(xA, xB) =
1

2

∫ 1

0

gµν(x
α(λ))

dxµ

dλ

dxν

dλ
dλ , (1.18)

the integral being taken along ΓAB. It can be easily seen that

Ω(xA, xB) =
1

2
εAB[sAB]2 , (1.19)

where εAB = 1, 0,−1 when ΓAB is a timelike, a null or a spacelike geodesic, respectively, and
sAB is the geodesic distance between xA and xB, i.e.

sAB =

∫

ΓAB

√
|gµνdxµdxν | .

The relevance of the world function in the problems related to the light deflection, the time
delay or the gravitational frequency shift is justified by the following properties, which are
easily deduced from the above-mentioned theory.

Property 1 The covariant components of the vectors tangent to the geodesic path ΓAB at xA
and xB respectively, are given by

(
gµν

dxν

dλ

)

A

= − ∂Ω

∂xµA
(xA, xB) , (1.20)

(
gµν

dxν

dλ

)

B

=
∂Ω

∂xµB
(xA, xB) . (1.21)

These fundamental formulae are immediately deduced from equations (1.9) and (1.13). They
show that the vectors tangent to the geodesic path ΓAB at xA and xB can be explicitly deter-
mined when the world function Ω(xA, xB) is known.

Any other affine parameter ζ along ΓAB is such that

ζ = (ζB − ζA)λ+ ζA , (1.22)

where ζA and ζB are the values corresponding to xA and xB, respectively. As a consequence,
we have for the tangent vector dxµ/dζ the general formulae

(
gµν

dxν

dζ

)

A

= − 1

ζB − ζA
∂Ω

∂xµA
(xA, xB) , (1.23)

(
gµν

dxν

dζ

)

B

=
1

ζB − ζA
∂Ω

∂xµB
(xA, xB) . (1.24)

It is clear that point xB may be replaced in (1.24) by any point x(ζ) on ΓAB which differs
from xA. Returning to λ for the sake of simplicity, we find that the covariant components of
the vector tangent to ΓAB at point x(λ) are given by

(
gµν

dxν

dλ

)

x(λ)

=
1

λ

∂Ω

∂xµ
(xA, x(λ)) , (1.25)
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where ∂Ω/∂xµ denotes the partial derivative of Ω(xA, x) with respect to xµ at point x. It
immediately follows from equations (1.25) that the system of equations

(
dxµ

dλ

)

x(λ)

=
1

λ
gµρ(x(λ))

∂Ω

∂xρ
(xA, x(λ)) , (1.26)

can be regarded as the first-order differential system governing the geodesic paths passing
through a given point xA. The regularity of this system at xA is a direct consequence of the
following property [160].

Property 2 The first-order partial derivatives of Ω(xA, x) may be expanded as

∂Ω

∂xµ
(xA, x) = gµν(xA)(xν − xνA) + Cµαβ(xA, x)(xα − xαA)(xβ − xβA) , (1.27)

where the functions Cµαβ(xA, x) remain bounded in the neighbourhood of xA.

It results from this property that ∂Ω/∂xµ(xA, x)→ 0 as x→ xA and that the r.h.s. of equations
(1.25) and (1.26) remains bounded as λ→ 0.

Now, the following statement can be straightforwardly derived from equations (1.11), (1.13)
and (1.15).

Property 3 The world function Ω(xA, xB) satisfies the Hamilton-Jacobi equations

1

2
gαβ(xA)

∂Ω

∂xαA
(xA, xB)

∂Ω

∂xβA
(xA, xB) = Ω(xA, xB) , (1.28)

1

2
gαβ(xB)

∂Ω

∂xαB
(xA, xB)

∂Ω

∂xβB
(xA, xB) = Ω(xA, xB) . (1.29)

As we shall see below, these equations and Property 2 enable to construct the world function
in any post-Minkowskian approximation.

Properties 1, 2 and 3 are valid whatever the nature of the geodesic curve joining xA ant xB.
In the case of null geodesics, (1.18) and L = HA = HB = 0 immediately lead to the following
statement.

Property 4 Two points xA and xB are joined by a light ray if and only if the condition

Ω(xA, xB) = 0 (1.30)

is fulfilled.
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1.2.2 Time Transfer Functions Formalism

Thus, Ω(xA, x) = 0 is the equation of the light cone CxA . It follows from Property 4 that if
Ω(xA, xB) is known in NxA , it is possible to determine the travel time tB − tA of a photon
connecting two points xA and xB as a function of tA, xA and xB or as a function of tB, xA and
xB. It must be pointed out, however, that solving the equation Ω(ctA,xA, ctB,xB) = 0 for tB
yields two distinct solutions t+B and t−B since the timelike curve xi = xiB cuts the light cone CxA
at two points x+

B and x−B, x+
B being in the future of x−B.

In the present document, we always consider xA as the point of emission of the photon and xB
as the point of reception, and we focus our attention on the determination of t+B − tA (clearly,
the determination of t−B − tA comes within the same methodology). For the sake of brevity, we
shall henceforth write tB instead of t+B.

In general, tB − tA may be considered either as a function of the instant of emission tA, and
of xA, xB, or as a function of the instant of reception tB and of xA, xB. So we are led to
introduce two distinct (coordinate) time transfer functions Te and Tr respectively defined by

tB − tA = Te(tA,xA,xB) , (1.31)

and
tB − tA = Tr(tB,xA,xB) . (1.32)

We shall call Te(tA,xA,xB) the emission time transfer function and Tr(tB,xA,xB) the reception
time transfer function.

There exist direct relations between the time transfer functions and the components of the
vector tangent to a null geodesic. Indeed, it results from equations (1.30) and (1.31) that
whatever xB, x0

A and xA, one has the relation

Ω
(
x0
A,xA, x

0
A + cTe(tA,xA,xB),xB

)
≡ 0 . (1.33)

Differentiating this identity with respect to x0
A, xiA and xiB, respectively, it is easily seen that

the relations
∂Ω

∂x0
A

(xA, xB) +
∂Ω

∂x0
B

(xA, xB)

[
1 +

∂Te
∂tA

(tA,xA,xB)

]
= 0 , (1.34)

∂Ω

∂xiA
(xA, xB) + c

∂Ω

∂x0
B

(xA, xB)
∂Te
∂xiA

(tA,xA,xB) = 0 , (1.35)

c
∂Ω

∂x0
B

(xA, xB)
∂Te
∂xiB

(tA,xA,xB) +
∂Ω

∂xiB
(xA, xB) = 0 , (1.36)

hold for any couple of points (xA, xB) connected by a null geodesic. Of course, analogous
relations may be derived from the identity

Ω
(
x0
B − cTr(tB,xA,xB),xA, x

0
B,xB

)
≡ 0 . (1.37)

Comparing these relations with equations (1.20)-(1.21), we get the following theorem for the
components of the vectors tangent to a light ray.
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Property 5 Consider a photon emitted at point xA = (ctA,xA) and received at point xB =
(ctB,xB). Denote by kµ the vector dxµ/dζ tangent to the photon path, ζ being any affine
parameter. Then, one has relations as follow for the covariant components of the vector tangent
at xA and xB (

ki
k0

)

B

= −c ∂Te
∂xiB

= −c ∂Tr
∂xiB

[
1− ∂Tr

∂tB

]−1

, (1.38)

(
ki
k0

)

A

= c
∂Te
∂xiA

[
1 +

∂Te
∂tA

]−1

= c
∂Tr
∂xiA

, (1.39)

(k0)B
(k0)A

=

[
1 +

∂Te
∂tA

]−1

= 1− ∂Tr
∂tB

, (1.40)

where Te and Tr are taken at (tA,xA,xB) and (tB,xA,xB), respectively.

These fundamental formulae show that all the theoretical problems related to the directions of
light rays or to the frequency shifts may be solved as soon as at least one of the time transfer
functions is explicitly determined. This property will be very useful in practice since extracting
the time transfer formulae (1.31) or (1.32) from equation (1.30), next using equations (1.63)-
(1.40) will be more straightforward than deriving the vectors tangent at xA and xB from
equations (1.20)-(1.21), next imposing constraint (1.30).

1.2.3 General Post-Minkowskian Expansion of the World and Time
Transfer Functions

With Pierre Teyssandier and Bernard Linet, I found a way in 2004 to express the World Func-
tion and the Time Transfer Functions as general post-minkowskian series in weak gravitational
field, where perturbation are evaluated along a line integral. Then, assuming that space-time
is globally regular with the topology IR × IR 3, i.e. without event horizon, we can admit that
the Lorentzian metric is represented at any point x by a series in ascending powers of G

gµν(x,G) = g(0)
µν +

∞∑

n=1

Gn g(n)
µν (x) , (1.41)

where

g(0)
µν = ηµν = diag (1,−1,−1,−1)

in any quasi Cartesian coordinates. Neglecting all terms involving g
(n+1)
µν , g

(n+2)
µν , ... defines the

so-called nth post-Minkowskian approximation.

Post-Minkowskian expansion of the World Function

Taking equation (1.41) into account, it is possible to assume that Ω(xA, xB) admits also an
expansion as follows

Ω(xA, xB) = Ω(0)(xA, xB) +
∞∑

n=1

GnΩ(n)(xA, xB) . (1.42)
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It is trivial to find the expression Ω(0)(xA, xB). In a Minkowskian background, the zeroth-order

light ray trajectory is simply a Minkowskian straight line, Γ
(0)
AB, connecting xA and xB which

can be parametrized as follow

xα(0)(λ) = (xαB − xαA)λ+ xαA , 0 ≤ λ ≤ 1 . (1.43)

Ω(0)(xA, xB) can be obtained by remplacing in Equation (1.18) g by η and xα by Eq. (1.43),
respectively. We get immediately

Ω(0)(xA, xB) =
1

2
ηµν(x

µ
B − xµA)(xνB − xνA) . (1.44)

In my 2004 paper [110], I found a recursive procedure for determining each term Ω(n)(xA, xB)
within the nth post-Minkowskian approximation without calculating the geodesic ΓAB, joining
xA and xB. Indeed, all along the null geodesics joining these two point-events, the Hamilton-
Jacobi are fulfilled ; if we suppose x = (ct,x) as a free parameter, a point-event belonging to
ΓAB, we can introduce a new world function Ω(xA, x) = Ω(x) between xA and x. Of course,
we can also assume that Ω(x) admits a post-Minkowskian expansion

Ω(x) =
∞∑

n=0

GnΩ
(n)

(x) with Ω(xA) = 0 . (1.45)

Ω(x) satifies the Hamilton-Jacobi in x, so we get

gαβ(x)
∂Ω(x)

∂xα
∂Ω(x)

∂xβ
= gαβ(x)∂µΩ(x)∂νΩ(x) = 2Ω(x) . (1.46)

I demonstrated that equation (1.46) can be replaced by an infinite set of ordinary differential
equations for the perturbation terms Ω(n)(xA, x) when x is constrained to move along the

zeroth-order geodesic Γ
(0)
AB defined by Eq. (1.43). As a consequence, each term Ω(n)(xA, xB)

is obtained in the form of a line integral along a straight line in the background Minkowski
metric. Thus, I obtained a recursive procedure which completely avoids the calculation of the
perturbation of the geodesic joining the given end points, leading to the following property :

Property 6 Assuming spacetime metric as a post-minkowskian expansion (1.41), the world
function between two point-events xA and xB is given by

Ω(xA, xB) = Ω(0)(xA, xB) +
∞∑

n=1

GnΩ(n)(xA, xB) ,
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where

Ω(1)(xA, xB) = −1

2
ηµρηνσ(xρB − xρA)(xσB − xσA)

∫ 1

0

gµν(1)(x(0)(λ))dλ , (1.47)

Ω(n)(xA, xB) = −1

2
ηµρηνσ(xρB − xρA)(xσB − xσA)

∫ 1

0

gµν(n)(x(0)(λ))dλ

−1

2

∫ 1

0

n−1∑

p=1

gµν(p)(x(0)(λ))

[
ηµρ (xρB − xρA)

1

λ

∂Ω(n−p)

∂xν
(xA, x(0)(λ))

+

n−p∑

q=1

1

λ2

∂Ω(q)

∂xµ
(xA, x(0)(λ))

∂Ω(n−p−q)

∂xν
(xA, x(0)(λ))

]
dλ

−1

2

∫ 1

0

n−1∑

p=1

1

λ2
ηµν

∂Ω(p)

∂xµ
(xA, x(0)(λ))

∂Ω(n−p)

∂xν
(xA, x(0)(λ))dλ , (1.48)

whatever n ≥ 2, all integrals being evaluated along the Minkowskian straight line defined by
Eq. (1.43).

Post-Minkowskian expansion of the TTF from the World Function

In 2004, the first method to determine the Time Transfer Functions was to deduce them from
the Synge World Function. Let be xA = (ctA,xA) et xB = (ctB,xB) two point-events on a
manifold endowed by a metric admitting the general post-Minkowskian expansion (1.41) and
supposing that Ω is also admitting an expansion as

Ω(xA, xB) = Ω(0)(xA, xB) + Ω(PM)(xA, xB) ,where Ω(PM)(xA, xB) =
∞∑

n=1

GnΩ(n)(xA, xB) ,

(1.49)
and Ω(0)(xA, xB) is the World Function in Minkowski spacetime as defined by (1.44), we can
easily deduce from (1.44)

Ω(0)(xA, xB) =
1

2
ηµν(x

µ
B − xµA)(xνB − xνA) = c2(tB − tA)2 −R2

AB , (1.50)

RAB being defined by R2
AB = δij(x

i
B − xiA)(xjB − xjA). Imposing Ω = 0 in (1.49) and substitu-

ting (1.50) to Ω(0)(xA, xB), Te and Tr to tB − tA, respectively, we get

c2T 2
e = R2

AB − 2
∞∑

n=1

GnΩ(n)(ctA,xA, ctA + cTe,xB) , (1.51)

and

c2T 2
r = R2

AB − 2
∞∑

n=1

GnΩ(n)(ctB − cTr,xA, ctB,xB) . (1.52)

The question is now to inverse Ω(n), depending themselves on Te et Tr. This kind of problems
have been treated by Lagrange in celestial mechanics, in particular concerning the Kepler
equation ; let us consider a function u(x, ε) defined by

u2 = x2 +
∞∑

n=1

εnhn(u) (1.53)
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satisfying
u(x, ε)|ε=0 = x , (1.54)

ε being a small parameter (which is the case for the Gravitational constant G) in order to
satify the convergence of the series. Using a MacLaurin expansion of u in the neighborhood of
ε = 0, the solution of (1.53) can be written

u(x, ε) = x+
∞∑

n=1

εnun(x) ,

where

un(x) =
1

n!

∂nu(x, ε)

∂εn

∣∣∣∣
ε=0

.

One has then to calculate successive derivatives of (1.53) with respect to ε whilst taking into
account (1.54). A straightforward calculation gives un(x) whatever n. The first elements can
be obtained as follows

u1(x) =
h1(x)

2x
,

u2(x) =
1

2x

[
h2(x) + h′1(x)u1(x)− u2

1(x)
]
,

u3(x) =
1

2x

[
h3(x) + h′2(x)u1(x) +

1

2
h′′1(x)u2

1(x) + h′1(x)u2(x)− 2u1(x)u2(x)

]
.

(1.55)

Applying this procedure to (1.51), it is possible to determine explicitly Te at all pos-Minkowskian
order of approximation. First, let us introduce two useful notations as follow

Ω̃(n)
e (tA,xA,xB) = Ω(n)(ctA,xA, ctA +RAB,xB) (1.56)

and

Ω̃
(n)
e | k(tA,xA,xB) =

∂kΩ(n)

(∂ctB)k
(ctA,xA, ctA +RAB,xB) (1.57)

with k = 1, 2, 3, .... Taking into account (1.55)-(1.57) and substituting Te to u, RAB to x and
Ω(n) to hn in (1.53), we obtain the following property

Property 7 At the third post-Minkowskian order of approximation, the Time Transfer Func-
tion in emission, characterizing the coordinate time of flight of a photon between a point-event
of emission xA and a point-event of reception xB is given by

Te(tA,xA,xB) =
1

c
RAB +

3∑

n=1

GnT (n)
e (tA,xA,xB) +O(G4) , (1.58)

where

T (1)
e = − Ω̃

(1)
e

cRAB

, (1.59)

T (2)
e = − 1

cRAB

[
Ω̃(2)
e + cT (1)

e Ω̃
(1)
e | 1 +

1

2
c2(T (1)

e )2

]
, (1.60)

T (3)
e = − 1

cRAB

[
Ω̃(3)
e + cT (1)

e Ω̃
(2)
e | 1 +

1

2
c2(T (1)

e )2Ω̃
(1)
e | 2 + cT (2)

e Ω̃
(1)
e | 1 + c2T (1)

e T (2)
e

]
,

(1.61)
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quantities Ω̃
(n)
e and Ω̃

(n)
e | k being defined by (1.56) and (1.57), respectively.

A similar reasoning can be performed for Tr.

Stand-alone post-Minkowskian expansion of the Time Transfer Functions

It is worth to say that the calculation of the Time Transfer Functions from the determination
of the Synge’s World Function Ω(xA, xB) and then deducing light travel time from the equation
Ω(xA, xB) = 0 is a procedure which works quite well, but presents an unpleasant drawback :
once the general post-Minkowskian expansion of the world function is known, obtaining the
corresponding expansion of light travel time still requires a lot of additional calculations, as
we demonstrated in [165].

It is why I reconsider the problem with Pierre Teyssandier in order to find a stand-alone method
which totally avoids the calculation of the World Function. Going back to the property 5, let
us focus on two particular relations, i.e.,

(
ki
k0

)

xA

= c
∂Tr(xA, tB,xB)

∂xiA
(1.62)

and (
ki
k0

)

xB

= −c ∂Te(tA,xA,xB)

∂xiB
. (1.63)

The covariant components of the vector tangent to ΓAB at xA satisfy the equation

(gµνkµkν)xA = 0. (1.64)

Dividing equation (1.64) side by side by [(k0)A]2, and then taking equation (1.62) into account
yield 1.

g00(x0
B − cTr,xA) + 2c g0i(x0

B − cTr,xA)
∂Tr
∂xiA

+ c2 gij(x0
B − cTr,xA)

∂Tr
∂xiA

∂Tr
∂xjA

= 0 (1.65)

The same reasoning using (gµνkµkν)xB = 0 and equation (1.63) leads to

g00(x0
A + cTe,xB)− 2c g0i(x0

A + cTe,xB)
∂Te
∂xiB

+ c2 gij(x0
A + cTe,xB)

∂Te
∂xiB

∂Te
∂xjB

= 0. (1.66)

Equations (1.65) and (1.66) are nothing else that Hamilton-Jacobi-like partial differential equa-
tion. In [163], I showed that these two relations can be rewritten as two integro-differential
equations on which a post-Minkowskian can be performed without difficulties. Indeed I ob-
tained a recursive procedure at the nth post-Minkowskian approximation which spares the
trouble of solving the geodesic differential equations and avoids determining Synge’s world
function, any nth-order perturbation term being an integral taken along a zeroth-order null
straight line.

1. The covariant component k0 of a null vector k cannot vanish in the chosen coordinate system since the
vector ∂/∂x0 is assumed to be timelike everywhere.
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1.2.4 Some applications with the TTF formalism

Several projects emerged from this work on TTF formalism. The first main idea was to develop
a complete relativistic ray tracing modeling based on TTF, dedicated to space astrometry. A
second idea was to consider the TTF formalism as the basic algebra to express accurately the
radioscience observables, used for deep space navigation and planeto-dynamics.

With a Ph.D. student, Stefano Bertone, I constructed a TTF-based astrometric model for
observable Gaia modeling when Solar System deflecting bodies are considered to be punctual in
uniform motion [16]. We compared our approach to the two ray tracing models commonly used
by the Data Processing and Analysis Consortium (DPAC) of the Gaia mission : GREM [81]
and RAMOD [43], validating our approach at the high level of 0.1µas. We continued this work
in a very close collaboration with the Torino Observatory, which hosts a Gaia data center. By
merging our 2014 model with the Italian astrometric data analysis pipeline called GSR (Global
Sphere Reconstruction) [170], we obtained a new pipeline, GSR-TTF, now fully operational in
Torino [17].

These years of work have taught me a very important lesson : all groups (mine, Torino and
Dresden) have noticed the emergence of divergent terms in their first-order relativistic for-
mulation. So we need to push our calculations to the second order of corrections in order to
construct a reliable model [84, 115], even if a priori the first order seems to be sufficient. By
analogy, it is a situation quite similar to perturbative work in celestial mechanics.

Furthermore, space astrometry is not the only very high precision technique currently avai-
lable. It is also the case for deep space navigation. Indeed Range accuracy improved by one
order of magnitude during the last 10 years (from 1 meter for the NASA Cassini probe to
10 cm for the ESA BepiColombo mission [127, 67]). Thanks to the development of X- and Ka-
band transponders, Doppler accuracy increased drastically from ≈ 10 mHz for Pioneer Venus
Orbiter [85] (at 60 s integration time) to the µHz level for BepiColombo and for Juno [64] at
1000 s integration time. Improvements in the technical accuracy of these observables result in
better constraints on their scientific interpretation and have consequences in several domains.
For this reason, a continuous effort is necessary to keep up the modeling with the increasing
accuracy of instruments and mission goals. It is of course the case for relativistic modeling of
light propagation in radioscience. I decided then to extend explicitly the TTF formalism to
the second and even the third order of post-Minkowskian order of corrections.

First of all, I completed with my students a complete post-Newtonian first-order theory in the
gravitational field of uniformly moving extended bodies (axisymmetric case). We obtained a
very general result that we applied to the JUNO mission, showing that the Jupiter quadrupole
moment (i.e. its flattening) has a significant influence on signal propagation [74]. Indeed, the
level of correction is of the same order of magnitude than the accuracy of the measurements
and must be considered in the data analysis. As illustrated on Figure (1.2), the Dopper signal
(left plot) can reach the level of several 10−5 m/s and the Range signal is roughly about
the centimeter level (right plot). I communicated this result to NASA experts involved in
the radioscience of JUNO (W. Folker and B. Jacobson at Jet Propulsion Laboratory) who
successfully implemented my new formula in their navigation data analysis.
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Shapiro correction from the Sun. These corrections are
standard.
Figure 2 represents the contributions of the mass

monopole of Jupiter on the range and on the range rate.
These contributions have been split into two parts: a part
related to the case where Jupiter is static and a contribution
proportional to Jupiter’s velocity βJup. The static part is
computed using (44) with the position of Jupiter taken at
the critical time t0 given by Eq. (39). The contribution
relative to the velocity is computed by taking the difference
between the relations (45) and (44). As one can see, the
contributions relative to the motion of Jupiter are 2 orders
of magnitude below the expected accuracy of Juno and can

safely be neglected in the modeling of the time transfer. A
similar conclusion holds for the motion of the Sun around
the Solar System barycenter, which is even smaller. Note
that the analytical results presented in these graphs have
been checked by numerically integrating the TTF (40).
Figure 3 represents the contributions of the quadrupole

of Jupiter (J2) on the range and on the range rate of Juno.
As above, we have split these contributions into two parts:
one related to the case where Jupiter is static and one
proportional to Jupiter’s velocity βJup. The static part is
computed using (52) with the position of Jupiter taken at
the critical time t0 given by Eq. (39). The contribution
relative to the velocity is computed by taking the difference
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FIG. 3 (color online). Representation of different contributions on the range (left panels) and range rate (right panels) between Juno
and Earth over one year. The contributions represented are the corrections produced by the J2 of Jupiter (top panels) and the
contributions produced by the fact that the J2 is moving (bottom panels).
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(a) Doppler Observable.

Shapiro correction from the Sun. These corrections are
standard.
Figure 2 represents the contributions of the mass

monopole of Jupiter on the range and on the range rate.
These contributions have been split into two parts: a part
related to the case where Jupiter is static and a contribution
proportional to Jupiter’s velocity βJup. The static part is
computed using (44) with the position of Jupiter taken at
the critical time t0 given by Eq. (39). The contribution
relative to the velocity is computed by taking the difference
between the relations (45) and (44). As one can see, the
contributions relative to the motion of Jupiter are 2 orders
of magnitude below the expected accuracy of Juno and can

safely be neglected in the modeling of the time transfer. A
similar conclusion holds for the motion of the Sun around
the Solar System barycenter, which is even smaller. Note
that the analytical results presented in these graphs have
been checked by numerically integrating the TTF (40).
Figure 3 represents the contributions of the quadrupole

of Jupiter (J2) on the range and on the range rate of Juno.
As above, we have split these contributions into two parts:
one related to the case where Jupiter is static and one
proportional to Jupiter’s velocity βJup. The static part is
computed using (52) with the position of Jupiter taken at
the critical time t0 given by Eq. (39). The contribution
relative to the velocity is computed by taking the difference
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(b) Ranging Observable.

Figure 1.2 – Simulation of impact of Jupiter flattening on the radioscience observables of the
Juno mission.
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Fig. 1.3 – Doppler difference for the nominal
MPO orbit around Mercury on 08/04/2025 for
different values of the transponder delay dt
(1 mHz ≈ 0.035 mm/s @ 8.4 GHz).

Moreover, I studied with S. Bertone the impact of trans-
ponder delay in the formulation of Doppler and Range [15].
We modified the standard approach developed by Théo
Moyer [128] by including a new term, modeling explicitly
the transponder internal delay, in the computation of the
light-time equation. We considered several interesting cases
such as an Earth swing-by, NASA GRAIL [185] and ESA
BepiColombo missions. We used the planetary extension
of the Bernese GNSS software [45] to simulate two-way X-
band Doppler for BepiColombo Mercury Planetary Orbiter
(MPO) nominal orbit retrieved from ESA Spice SPK for
08/04/2025. We first computed Doppler data as observed
by the Deep Space Network antennas following the stan-
dard formulation by [128]. Then, we included the transponder delay in the light-time modeling
used for the simulation. We computed the resulting Doppler signal for several values of trans-
ponder delay in the range 10−6 − 10−3 s and show the differences with respect to [128] in
Fig. 1.3.

example of how the equations presented in this paper can be
applied to a real measurement, we simulate a one year
Mercury-Earth Doppler link taking into account only the
gravitational contribution from the Sun. The Earth and
Mercury orbits used here come from the JPL ephemerides
[49,50] obtained using the SPICE toolkit [51].
Substituting for the metric, Δr, and its derivatives from

Eq. (57), Eq. (59) and Eq. (69), respectively, into Eq. (12),
one can write the expression of the Doppler around a
spherical mass as

νB
νA

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2 m

rA
þ 2 β m 2

r2A
− 3

2 β3
m 3

r3A
− v2A

c2 − 2 γ v2A
c2

m
rA
− 3

2 ε
m 2

r2A

v2A
c2

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2 m

rB
þ 2 β m 2

r2B
− 3

2 β3
m 3

r3B
− v2B

c2 − 2 γ v2B
c2

m
rB
− 3

2 ε
m 2

r2B

v2B
c2

r

×
qB
qA

; (70)

where we defined

qA ¼ 1 − NAB · vA
c

− ð1þ γÞm
crArBð1þ μÞ

½ðrA þ rBÞNAB · vA þ RABnA · vA&

þ κm 2

crArB

"
arccos μffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

p
#
−NAB · vA − RAB

rAð1 − μ2 Þ
ðnA · vA − μnB · vAÞ

$
− RAB

rAð1 − μ2 Þ
ðnB · vA − μnA · vAÞ

%

þ ð1þ γÞ2m 2

crArBð1þ μÞ

"
NAB · vA þ RAB

rAð1þ μÞ
ðnA · vA þ nB · vAÞ

%
(71a)

and

qB ¼ 1 − NAB · vB
c

− ð1þ γÞm
crArBð1þ μÞ

½ðrA þ rBÞNAB · vB − RABnB · vB&

þ κm 2

crArB

"
arccos μffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

p
#
−NAB · vB þ RAB

rBð1 − μ2 Þ
ðnB · vB − μnA · vBÞ

$
þ RAB

rBð1 − μ2 Þ
ðnA · vB − μnB · vBÞ

%

þ ð1þ γÞ2m 2

crArBð1þ μÞ

"
NAB · vB − RAB

rBð1þ μÞ
ðnA · vB þ nB · vBÞ

%
: (71b)

We use relation (64) and Eqs. (70)–(71) to estimate the
order of magnitude of the first and second PM con-
tributions to the Mercury-Earth range and Doppler as
illustrated in Fig. 2. The different peaks correspond to
Solar conjunctions in the geometry of the observation.

Moreover, we would like to stress the fact that the
expression of the time transfer used in the standard
modeling of radioscience measurements (see for exam-
ple [52]) is only an approximation of the relation (64)
given by
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FIG. 2 (color online). First and second post-Minkowskian contributions to the range and the Doppler for a one-year Mercury-Earth
radioscience link.
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Fig. 1.4 – 2PM Simulation of Mercury Range during Bepi-
Colombo mission.

Second-order of relativistic post-Minkowskian
corrections were considered with caution. My
goal was to obtain either new useful analytical
formulas and/or the simplest possible numerical
formulation. It is exactly what we did with my
students in [75]. After expressing TTF at second
PM order in the most simplest way possible, we
proposed a numerical scheme to calculate these
functions. We applied our result to the GAME
project [62] and the BepiColombo mission. We were able to highlight an interesting enhanced
term to be considered in the future data analysis of the radioscience BepiColombo MORE
experiment [78]. The accuracy of the MORE instrument being around 10cm, Figure (1.4) illus-
trates that, modulo particular orbital configurations of the probe, relativistic peaks of 2nd order
of 80cm can appear and therefore must be cleaned.

All of this works led me to be involved in several space projects. Indeed, in 2012, I was co-
Pi of the M3 GETEMME proposal [137]. This project was aimed to study in details the
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martian satellites, Phobos and Deimos, by using space geodesy techniques applied to the
martian system. This proposal was complementary with PHOBOS Grunt mission which was
not launched successfully and the spacecraft were lost quickly. I also became responsible for
the astrometric core processing workpackages of the Theia consortium [166] when answering to
ESA M4 and M5 calls. I am currently member of the Science Team of the E-GRASP proposal
to the ESA Earth Explorer 10 call.
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1.3 Celestial mechanics, ephemerides and tidal effects

The preparation of the Gaia mission led to a modification of planetary ephemerides. Indeed,
all available ray tracing modeling used as timescale TCB (Coordinate Barycentric Time) of
IAU conventional BCRS (Barycentric Celestial Reference System). Usually, planetary epheme-
rides realized their own timescale TDB (Dynamical Barycentric Time). An adequate timescale
transformation, from TDB to TCB, was then necessary. It was possible by using algorithms
developed in [48, 80, 71]. However these procedures were not fully satisfactory because they
are performed a posteriori from a given ephemeride, generally by using different gravitatio-
nal fields to calculate the time dilation. It led to an incoherence. In 2005 at the Institut de
Mécanique Céleste et de Calcul des Ephémérides (IMCCE), Jacques Laskar and collaborators
prepared a new numerical ephemeride called INPOP (Intégrateur Numérique Planétaire de
l’Observatoire de Paris). Dr. Laskar invited me to participate to this adventure during several
months between fall 2005 and Spring 2006, just before I got my post-doc position in Germany.
I participated to the project with several dedicated tasks concerning the relativistic modeling
used by INPOP : equations of motion, conservation laws and timescales.
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Table 1. Estimated numerical error in longitude in INPOP06 (step size
0.055 day) for all planets i (i = 3 stands for the Earth-Moon Barycenter,
and i = 10 for the Moon). The error εi is given in microarcseconds (µas)
or micrometers (µm) over 100 years and over 10 000 years.

100 yr 10 000 yr
i εi(µas) εi(µm) εi(µas) εi(µm)
1 3.3 × 10−4 93.3 1.5 × 10−1 41 288
2 1.4 × 10−5 7.5 9.3 × 10−3 4901
3 1.9 × 10−5 14.0 7.3 × 10−3 5335
4 3.0 × 10−6 3.4 4.2 × 10−4 461
5 1.5 × 10−7 0.6 9.0 × 10−6 34
6 2.7 × 10−8 0.2 5.3 × 10−6 37
7 3.9 × 10−7 5.5 1.7 × 10−6 23
8 1.4 × 10−7 3.1 1.3 × 10−6 29
9 7.7 × 10−8 2.2 1.3 × 10−6 38

10 5.1 × 10−4 1.0 1.3 2513

Fig. 2. Evolution of the roundoff error in the longitude of the Moon.
The error (in arcsec) is estimated as half of the difference after one way
and back over 10 000 years. The dashed line is obtained by least square
adjustment, with slope 1.46.

have built the INPOP05 ephemeris. Few elements differ between
INPOP05 and DE405.

2.3.1. Sun and Solar System barycenter

In JPL planetary ephemerides, the Sun is not integrated in the
same way as the planets. Its position and velocity are determined
from those of the planets and asteroids, assuming that the Solar
System barycenter (SSB) remains at the origin of the inertial ref-
erence frame. If ri is the barycentric position, ui the barycentric
velocity vector, and mi the mass of body i, it is assumed that (see
Le Poncin-Lafitte et al. 2006)
∑

i

µ∗i ri = 0 (1)

with µi = Gmi and up to order 1/c2,

µ∗i = µi

⎛⎜⎜⎜⎜⎜⎜⎝1 +
v2i

2c2 −
1

2c2

∑

j!i

µ j

ri j

⎞⎟⎟⎟⎟⎟⎟⎠· (2)

By derivation of (1) we have
∑

i

µ∗i ṙi + µ̇
∗
i ri = 0 (3)

Fig. 3. These curves show the drift of SSB in INPOP. We consider here
a simplified model, composed of the Sun, the planets from Mercury to
Pluto and the Moon (no asteroids), all considered as point-mass bod-
ies. At the time origin of integration (J2000), the origin O of the ref-
erence frame is at the barycenter G of the system (Eqs. (2, 4, 5)). The
curves show the drift of the barycenter G in the reference frame, that

is OG =
(∑
µ∗i

)−1∑
i µ
∗
i ri. Time interval is in years from J2000 and the

coordinates of G are in mm.

with, by derivation of (2) and up to order 1/c2,

µ̇∗i =
µi

2c2

⎛⎜⎜⎜⎜⎜⎜⎝
∑

j!i

µ j

(
r j − ri

)
·
(
ṙ j + ṙi

)

r3
i j

⎞⎟⎟⎟⎟⎟⎟⎠· (4)

In INPOP, we have taken the term µ̇∗i ri into account. Moreover,
the Sun is treated as the other planets without assuming a fixed
SSB. Indeed, because of the approximations that are still made
in the computation of µ∗i and µ̇∗i , there remains a small drift of the
SSB in the fixed reference frame centered on the SSB at J2000.
The determination of the SSB at the origin of time (J2000) is
obtained by solving the equations

{ ∑
i µ
∗
i ri = 0∑

i µ
∗
i ṙi + µ̇

∗
i ri = 0 (5)

where µ∗i and µ̇∗i are given by Eqs. (2) and (4). Because µ∗i and
µ̇∗i depend on the planet velocities, an iterative process is needed.
Contrarily to the JPL method, these equations are solved only at
the initial step of the planetary integration, at J2000. Once the
frame is centered on the SSB defined by Eqs. (5) at J2000, the
equations of motion of planets and Sun are integrated in this
fixed reference frame. Because of the approximations in 1/c2,
the positions and velocities of the SSB deduced at t still has a
very small displacement that can be neglected (Fig. 3).

If, as in the JPL model (Standish 2004), the µ̇∗i term is ne-
glected in the second equation of (5), a more important drift ap-
pears in the SSB motion (Fig. 4). Although this does not have
any impact on the precision of the solutions, we have preferred
to keep the µ̇∗i term in INPOP for better consistency.

Fig. 1.5 – The INPOP Center of mass drift in mm.

In consequence, I co-authored the publi-
cation of INPOP08 where my contribution
was first to check the relativistic equations
of motion used in INPOP and to deter-
mine exactly the motion of the barycentre.
I proposed also a way to calculate, simul-
taneously with the equation of motions,
the difference between TCB and TDB. It
led to the production of the first 4D plane-
tary ephemerides [53]. Fig. (1.5) shows the
quality of the stability of INPOP08 bary-
centre, which is constrained at a level bel-
low 0.1 millimeter over two centuries.

When I have been hired as an assistant as-
tronomer in 2009, Valéry Lainey contacted
me. At that time, he published a paper in Nature [99] demonstrating that the tidal dissipation,
traditionally called the Q factor [69], inside the Io-Jupiter system was substantial. The same
year, using Cartesian symmetric trace free tensor, I published with Stéphane Mathis a very
general paper on tidal effect going beyond the punctual approximation for the tidal pertur-
ber. I noticed indeed a strong correlation between relativistic and tidal effects when fitting
ephemerides. Having already in mind GR tests with Lunar Laser Ranging, I decided to study
more deeply tidal effects between two extended bodies and, more precisely, the interaction bet-
ween mass multipole moments of their gravitational fields and the associated tidal phenomena,
obtaining the most general formalism to study tides [120].

Dr. Lainey was interested by saturnian moons with an objective to combine ground optical
astrometry over long periods (i.e. centuries) and the Cassini data. He detected indeed for
the first time tidal dissipation in this system and his goal was to build an extremely accurate
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ephemeris of the Saturnian moons of Saturn to confirm this new result. Valéry therefore formed
a group of experts from different fields to study this discovery, the international group Encelade
2.0. In this collaboration, my role was to be his expert in GR and tide. I validated all modelings
concerning observation process and dynamical equations of motion, in order to avoid any a
conceptual mistake (or a missing term), in particular concerning GR effects. I co-authored the
articles of the collaboration where I had a substantial contribution [33, 102, 100].

We continued with Stéphane Mathis to study tidal dynamics, in particular by focusing on the
rheology of the bodies. We co-supervised Pierre Auclair-Desrotour during his M2 internship.
We asked P. Auclair-Desrotour to study the contribution of inertial and gravito-inertial waves
on the tide, so the answer of a superficial fluid layer. This led to the publication of several
papers [6, 5, 119]. We computed the tidal kinetic energy dissipated by viscous friction and ther-
mal diffusion in a rotating local fluid Cartesian section of a star, planet, or moon submitted
to a periodic tidal forcing. The properties of tidal gravito-inertial waves excited by the per-
turbation were derived analytically as explicit functions of the tidal frequency and local fluid
parameters (i.e. the rotation, the buoyancy frequency characterizing the entropy stratification,
viscous and thermal diffusivities) for periodic normal modes. We demonstrated the strong
impact of the internal structure and of the rheology of the central body on the orbital evolu-
tion of the tidal perturber : a smooth frequency-dependence of the tidal dissipation causing
a smooth orbital evolution while a peaked dissipation can produce erratic orbital behavior.

P. Auclair-Desrotour et al.: Understanding tidal dissipation in stars and fluid planetary regions

α

α
α

Fig. 1. Temporal evolution of the semi-major axis a for a class of tidal
models with k2/Q / ��↵ and with di↵erent values of the parameter ↵.
The abscissa represents time in years, the vertical axis measures the de-
viation of the semi-major axis from its initial value a0. Our plots serve to
compare realistic rheologies (↵ = 0.2, 0.3, 0.4) with less physical ones
– those with ↵ = 0 (Kaula 1964) and ↵ = �1 (Singer 1968; Mignard
1979).

gravito-inertial waves in stably stratified zones (e.g. Zahn 1977;
Ogilvie & Lin 2004, 2007). The excitation of these oscillation
eigenmodes by tides then leads to a highly resonant dissipation.

To illustrate our purpose, we consider from now that the cen-
tral body is completely convective and rotates rapidly so that
0  �  1, where � = �/ (2⌦A), which generates tidally excited
inertial waves. There clearly is a strong di↵erence between the
tidal quality factor adopted before for solid bodies that scale as
a smooth power-law of � and the one related to inertial waves.
Indeed, as demonstrated by Ogilvie & Lin (2004), using a lo-
cal approach, their viscous dissipation is expressed as a sum of
corresponding resonant terms3

D(�)=D0

X

{m,n}2N⇤⇥N⇤

(m2 + n2)
����̃2

��� + n2

���(m2 + n2) �̃2 � n2
���2

⇣
m2+n2

⌘
|n fmn�mhmn|2,

(6)

where �̃ = � + iE
⇣
m2 + n2

⌘
and E = ⌫/

⇣
2⌦AL2

⌘
is the Ekman

number of the fluid, ⌫ is the viscosity, and L a characteristic
length; m and n are the vertical and horizontal wave-vectors of
inertial waves, respectively; finally, fmn and hmn are the coe�-
cients of the Fourier series of the excitation. The tidal dissipation
is thus a complex set of resonant peaks depending on the viscos-
ity and on the rotation of the fluid. Since Q (�) / [D (�)]�1, we
coupled it with the dynamical Eqs. (3), (4) of our model.

4.2. Numerical integration

To evaluate the e↵ects of these resonances on dynamics, we
computed the evolution of the semi-major axis of the orbit with
the same parameters as for solid tides, but giving as input a syn-
thetic Q�1 (�) factor written as D (�) given in Eq. (6). Our fluid
is characterised by its Ekman number, E = 10�5, which is a
value often adopted in the literature for planetary convective lay-
ers, and which allows one to derive a peaked dissipation (see
Fig. 2)4. The maximal rank of the sum (Nmax) was chosen to be

3 Global models lead to the same behaviour.
4 The Eckman number depends on the modelling of the turbulent vis-
cosity (e.g. Ogilvie & Lesur 2012).

Fig. 2. Resonant tidal dissipation spectrum D resulting from inertial
modes as a function of the normalised tidal frequency � = �/(2⌦A)
assuming Nmax = 5.
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Fig. 3. Evolution of the semi-major axis a over time with a Q factor pro-
portional to inertial wave dissipation in fluids (green curve), and with a
constant Q factor (blue dashed curve). The abscissa represents time in
years, the vertical axis measures the evolution of the semi-major axis
from the initial value a0.

relatively low, with Nmax = 5, to increase the computation speed.
Following Ogilvie & Lin (2004), we describe the excitation with
the coe�cients

fmn =
1

mn2 , gmn = 0, and hmn = 0. (7)

The simulation clearly shows that, in contrast to solid tides,
where the power scaling law implies a smooth evolution of a, a
contrasted Q factor, that strongly depends on the tidal frequency,
enables abrupt changes of a (see Fig. 3). As the perturber comes
nearer to the central body, its mean motion increases. That is
why dissipation varies strongly during the evolution of the sys-
tem and, at each time it meets a resonance, there is a jump of a,
which is bounded to the properties of the peak: the higher and
wider the peak, the higher the amplitude of the jump. This is the
resonance-locking identified by Witte & Savonije (1999) in the
stellar case. However, we note that when � > 1, at the end of the
simulation, the evolution of a becomes smooth again. The reason
for this behaviour is that we are beyond the range of frequencies
where inertial waves are excited. Then, the tidal dissipation is
that of the equilibrium tide that corresponds to the non-resonant
background of D observed in Fig. 2. Finally, as demonstrated in

L7, page 3 of 4

Fig. 1.6 – Evolution of the Phobos semi-major axis a over time with
a Q factor proportional to inertial wave dissipation in fluids (green
curve), and with a constant Q factor (blue dashed curve). The abscissa
represents time in years, the vertical axis measures the evolution of
the semi-major axis from its actual value.

As shown on Figure (1.6), the influence of
the rheology of the dissipative body can be
very varied according to its internal struc-
ture. Indeed, this figure summarizes a Ge-
dankenexperiment where we imagined the
fall of Phobos on a rocky Mars (blue dot-
ted reference curve with constant Q fac-
tor) and on a completely fluid planet with
a similar mass than Mars (green curve).
In this situation, the upper enveloppe of
our fictitious planet is excited by Phobos
leading to the birth of inertial and gravito-
inertial waves with resonances at wave ex-
citation frequencies. It leads to shake the
evolution of Phobos semi-major axis with
erratic jumps. It is also worth highlighting
that in this case, when the Phobos orbital
period leaves the excitation interval of waves, the fall of Phobos stops. This is the difference
between equilibrium [180, 181] and dynamical [68] tides.

To obtain these results, I developed a numerical code called ESPER (Evolution Séculaire des
orbites Planétaires En Relativité) which has never been published. Post-Newtonian GR effects
are correctly taken into account up to second post-Newtonian order of correction. A complete
module for tide have been implemented. Recently, with S. Brun and S. Mathis, we supervised
Mansour Benbakoura during its M2 internship. Our objective was to implement magnetism
inside ESPER, following the interesting results presented in [159]. It led us to produce a patch
to ESPER called ESPEM (Evolution Séculaire des orbites Planétaires avec Magnétisme) which



DR
AF
T

20 1.3. CELESTIAL MECHANICS, EPHEMERIDES AND TIDAL EFFECTS

will be presented in a forthcoming publication [14].

All of this work gave me a solid approach to tidal effects necessary for GR tests with Lunar
Laser Ranging, which I started later with a PhD student, A. Bourgoin (see section 1.5.3).
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1.4 Tests with the Parametrized Post-Newtonian for-

malism

The post-Newtonian approximation of GR is a method to solve Einstein’s field equations
for physical systems in which motions are slow compared to the speed of light and where
gravitational fields, inside and around bodies, are weak. It is exactly the case for Solar System
bodies. The underlying idea is to treat spacetime as being that of flat Minkowski spacetime
as the zeroth approximation, and to modify it by successive corrections. This means that one
can characterize a gravitational system in question by a small parameter ε as

ε ∼ (v/c)2 ∼ GM/rc2 ∼ p/ρc2 , (1.67)

where v, M and r denote the characteristic velocity, mass and size or separation within the
system ; p and ρ are the characteristic pressure and density within the bodies, G and c being
Newton’s gravitational constant and the speed of light in a vacuum, respectively.

Consequently, the components of the metric tensor can be written as

gµν = ηµν + hµν (1.68)

where η is the Minkowki flat spacetime metric and, |hµν | � 1, a perturbation. A consistent
construction of h requires determination of h00 correct through O(ε2), h0i through O(ε3/2) and
hij correct through O(ε).

The only way that one metric theory differs from another is in the numerical values of the
coefficients that appear in front of the metric potentials. It is the purpose of the Parametrized
post-Newtonian Formalism (PPN) where one inserts parameters in place of these coefficients,
parameters whose values depend on the theory under study. PPN formalism was pioneered
by Kenneth Nordtvedt [131, 133], who studied the post-Newtonian metric of a system of
gravitating point masses, extending earlier work by Eddington, Robertson and Schiff. Will [168,
174, 175] generalized the framework to perfect fluids. A general and unified version of the PPN
formalism was developed by Will and Nordtvedt [177, 136]. The metric tensor can be expressed
as follows

g00 =− 1 + 2U − 2βU2 − 2ξΦW + (2γ + 2 + α3 + ζ1 − 2ξ)Φ1 + 2(3γ − 2β + 1 + ζ2 + ξ)Φ2

+ 2(1 + ζ3)Φ3 + 2(3γ + 3ζ4 − 2ξ)Φ4 − (ζ1 − 2ξ)A− (α1 − α2 − α3)w2U

− α2w
iwjUij + (2α3 − α1)wiVi,

g0i =− ½(4γ + 3 + α1 − α2 + ζ1 − 2ξ)Vi − ½(1 + α2 − ζ1 + 2ξ)Wi

− ½(α1 − 2α2)wiU − α2w
jUij ,

gij = + (1 + 2γU)δij,

where β, γ, ξ, α1, α2, α3, ζ1, ζ2, ζ3 et ζ4 are the PPN parameters, wi being the ith component
of velocity relative to a prefered frame, U the Newtonian gravitational potential, ΦW , Φ1, Φ2,
Φ3, Φ4, A, Uij, Vi and Wi being post-Newtonian potentials.

The parameters γ and β are the Eddington-Robertson-Shiff parameters used to describe classi-
cal tests as light deflection and perihelion precession, and are in some sense the most important.
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Table 1.1 – PPN parameters and significance. α3 is indicated twice since it is a measure of 2
effects.

Parameter What is measures relative Value in Value in semi- Value in fully
to GR GR conservative conservative

theories theories
γ How much space-curvature 1 γ γ

produced by unit rest mass ?
β How much nonlinearity in 1 β β

the superposition law for
gravity ?

ξ Preferred-location effects ? 0 ξ ξ
α1 Preferred-frame effects ? 0 α1 0
α2 0 α2 0
α3 0 0 0
α3 Violation of conservation 0 0 0
ζ1 of total momentum ? 0 0 0
ζ2 0 0 0
ζ3 0 0 0
ζ4 0 0 0

They are the only non-zero parameters in GR and scalar-tensor theories. The parameter ξ is
non-zero in any theory of gravity predicting preferred-location effects such as an anisotropy
in the local gravitational constant (the Whitehead effects) ; α1, α2 and α3 measure whether
or not theory predicting post-Newtonian preferred-frame effects ; α3, ζ1, ζ2, ζ3 and ζ4 measure
whether or notviolations of global conservation laws for momentum. I summarize in Table (1.1)
the values of these parameters in GR, in any theory that possesses 6 global conservation laws
for angular momentum, the fully conservative scenario and in any theory that possesses conser-
vation laws for angular momentum, the fully conservative scenario.
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Figure 1.7 – Actual constraints on PPN parameters.

Figure (1.7) gives an overview of the actual constraints on the PPN parameters. Fig. (1.7b) is a
table describing which what techniques the contraint has been obtained. Fig. (1.7a) is dedicated
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on the determination of PPN γ ; it illustrates the constant improvement of its determination
with time and the variety of techniques used, from optical light deflection, VLBI and radio-
science experiments.

1.4.1 Contributions with planetary ephemerides

The analysis of the motion of the planet Mercury around the Sun was historically the first
evidence in favor of GR with the explanation of the famous advance of the perihelion in 1915.
From there, planetary ephemerides have always been a very powerful tool to constrain GR and
alternative theories of gravitation.

When I collaborated with the INPOP team between 2006 and 2009, we used the INPOP08
ephemerides [55] to perfom some tests of gravitation. At that time, we considered the advance
of perihelion of a planet given by

∆ω =
2π(2γ − β + 2)GMsun

a(1− e2)c2
+

3πJ2R
2
sun

a2(1− e2)2
, (1.69)

where G and c are the Newtonian gravitational constant and the speed of light in a vacuum,
respectively ; J2 and Rsun are the Sun oblateness and equatorial radius ; a and e are the semi-
major axis and the eccentricity of the precessing planet. Nevertheless if γ plays a role in
the equations of motion, it is worth to note that light propagation is only sensible to that
parameter. PPN γ can be then estimated with high accuracy by light deflection measurements
by VLBI, by time delay during an interplanetary roundtrip and by Doppler tracking data of
a space mission. This is also why, in the following, we put γ = 1 in order to only test the
sensitivity of PPN β on the perihelion’s advance of planets. However, Eq. (1.69) demonstrates
that we can immediately suspect that it is not possible to do a relevant estimation of PPN β
without considering Sun J2. Furthermore, it may be not possible to decorrelate safely these
two quantities with only one planet, as Mercury.

With INPOP08 [55], MEX and VEX tracking data have lead to an important improvement of
Mars and Venus orbits, respectively. But their impact was not only limited to the improvement
of the planet dynamics, playing also a role in the determination of parameters such as asteroid
masses, the oblateness of the Sun and the PPN parameter β. It was then suitable to take
advantage of this new situation by attempting to decorrelate these parameters.

The ratio between the uncertainties of the observations and the sensitivity of the observed orbit
to the GR modifications was evaluated by dividing the cumulative advance of the perihelion
over a period of time corresponding to the time span of observations by the angle uncertainty
of INPOP and presented in table 1.2. If the amplitude of the advance of the perihelion on
Venus and Mars orbits is considered for a set of observations of equivalent accuracy, Venus
data will be seven times more efficient to test GR and to estimate the sun J2 than Mars. If
VEX mission is prolongated from 2 years to 4 years and if VLBI observations are done from
the tracking of the spacecraft with an accuracy of about 1 mas, VEX data will be then as
important for the PPN testing and Sun J2 estimations as the direct 800-meter accuracy radar
ranging on Mercury. Besides, the Mars data are still very important because of the long time
span of observations of very good quality obtained since the Viking mission in 1978.
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Table 1.2 – The first 2 columns give the a priori INPOP uncertainties in geocentric angles
and distances limited by the observation accuracies. In the third column, one may find the
estimation of the general relativity and sun oblateness effect of the advance in perihelion, ω̇,
on the Mercury, Venus and Mars perihelia per year. The fourth column gives the S/N ratio
estimated over the period of time given in years in column 5.

INPOP accuracy ω̇ S/N period
Planets angle distance ”/yr years
Venus 0.001” 4m 0.086 172 2

344 4
Mars 0.001” 2m 0.013 130 10

390 30
Mercury 0.050” 1km 0.43 300 35

However, The advance of the perihelion induced by GR and sun J2 has an impact very similar
to the advance induced by the main-belt asteroids on inner planet orbit. In INPOP08, a ring
was fixed to average the perturbations induced by the main-belt asteroids which cannot have
their signal fitted individually on tracking observations. This ring has its physical characteristics
(mass and distance to the sun) estimated independently from the fit by considering the albedos
and physical properties of 24635 asteroids [98].

Two different but complementary analysis and determination of PPN β and Sun J2 have been
done with a fixed model of asteroid perturbations (same values of asteroid and ring masses and
of densities as INPOP08). The first approach was based on a least square estimate of parameters
during the fit of planet equations of motion to observations. We estimated what was the impact
of each datasets in the determination of J2 and β : several fits of the initial condition of planets
and the parameters J2 and β hav been made using different sets of observations. This led to
32 adjustments based on INPOP08. For each fit, changes were made in the selection of Mars
and Venus data in order to estimate the impact of each important set of observations in the
fit of the Sun J2 and PPN β. We looked at the variations in the estimation errors of the 2
parameters and we use the 1-σ given by the least squares as indicator of this uncertainty. With
this method, we were then able to quantify the influence of each data sets on the determination
of the pair (β, J2) as well as the stability of the determinations of the parameters. Indeed these
variations in the error’s estimation of the pair (β, J2) are a relevant indicator of the uncertainty
of the fit of β and J2. To take into account the correlation between J2 and β, we used two
modes of adjustments : in the mode 1, β or J2 are fitted alone with the initial conditions of
planets ; in the mode 2, both parameters are fitted simultaneously with the initial conditions
of planets.

The results are summarized in table 1.3. One can first notice that the determinations of sun
J2 and β made separately (i. e. mode 1) give better σ than fits including simultaneous (β, J2)
determination (mode 2). This is obviously consistent with the expected result relative to the
determination of correlated parameters. The best results for a correlated determination of
J2 and β (mode 2) are then obtained when only the most accurate observations of Mars
(MGS/MO, MEX and Viking) and Venus (VEX) are used simultaneously.
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Table 1.3 – 1-σ least squares obtained for J2 and β using several sets of observations.

mode J2 (1− β) mode J2 (1− β)
×107 ×103 ×107 ×103

Modern Mars 1 0.181 Impact of VEX 1 0.144
MEX + MGS/MO 1 0.042 Mars + VEX 1 0.025

2 0.367 0.085 2 0.208 0.037

Impact of Vkg 1 0.161 Impact of old Venus 1 0.188
MEX + MGS/MO + Vkg 1 0.040 Mars + old Venus 1 0.040
= Mars 2 0.302 0.076 2 0.283 0.060

A second and original strategy to study the sensitivity of the planetary ephemerides to J2

and PPN β was to estimate how does an ephemeris built using different values for J2 and
PPN β and fitted on the same set of observations as INPOP08 differ from INPOP08. Such
differences give an indication on how observations are sensitive to these parameters and with
which accuracy we can estimate a parameter such as β.
To test such sensitivity, we focused our attention on the postfit residuals of the most accurate
dataset used in INPOP08 adjustment : the Mercury direct range, because of its sensitivity
to GR and to the Sun J2 ; VEX, MEX and MGS/MO data because of their high accuracy
and simulated S/N presented on table 1.2 ; Jupiter Galileo data and Saturn Cassini normal
point. These 2 latest data sets were selected because they induce a global improvement of the
planetary ephemerides and especially of the Earth orbit.
To estimate the sensitivity of these 7 most accurate sets of data used in INPOP08 adjustment
to the variations of values of J2 and PPN β, we estimated the ratio S/N defined as :

S/N =
σi,j − σ0,0

σ0,0

where σi,j is the 1-sigma dispersion of the postfit residuals of an ephemerides based on INPOP08
but with values of J2 and PPN β different from the ones used in INPOP08 and fitted on all
the INPOP08 data sets and σ0,0 is the 1-sigma dispersion of the postfit INPOP08 residuals.
We have used 9 values of J2 varying from 1.45 × 10−7 to 3.05 × 10−7 with a 0.2 step and 24
values of PPN β, building then 192 different ephemerides.

Table 1.4 – β intervals in which the residuals stay below the 5% limit. The value of β given
here is estimated for γ = 1.

Data β min β max Data β min β max Data β min β max
MGS/MO+MEX 0.99995 1.0002 Jupiter VLBI 0.9996 1.0002 Viking 0.9995 1.0002
VEX 0.99990 1.0002 Saturn Ranging 0.9998 1.0005 Mercury 0.9985 1.005

On Table (1.4), we have gathered minimum and maximum values of PPN β defining the
sensitivity interval of the different datasets. The sensitivity interval is the interval of PPN β
for which the S/N remains below 5%. Values of PPN β greater than the maximum value given
in table (1.4) or smaller than the minimum value cannot be seen as realistic in comparison to
modern observations. It appeared that the MGS/MO and MEX data provide the most narrow
interval of sensitivity with 0.99995 < β < 1.0002.

Nowadays, INPOP team is still pursuing this kind of experiment, by using new available data.
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For example, recently, by using the Messenger tracking data and introducing Monte-Carlo
method, they succeed to improve drastically the sensitivity to PPN β [171, 50].

Related Publications :

§ A. Fienga, J. Laskar, P. Kuchynka, C. Le Poncin-Lafitte, H. Manche et M.
Gastineau. « Gravity tests with INPOP planetary ephemerides ». In : IAU Symposium.
Sous la dir. de S. A. Klioner, P. K. Seidelmann, & M. H. Soffel. T. 261. IAU
Symposium. Jan. 2010, p. 159–169. doi : 10.1017/S1743921309990330. arXiv : 0906.
3962 [gr-qc]

1.4.2 Contributions with Very Long Baseline Interferometry

Very Long Baseline Interferometry (VLBI) is a geometric technique which measures the time
difference in the arrival of a radio wavefront emitted by a distant radio source (typically a
quasar) between at least two Earth-based radio telescopes, with a precision of a few picoseconds.
Knowing the group delay and the angular separation between the baseline between the antennas
of the telescopes and the line of sight of the observation, the distance between the telescopes
can be determined and consequently VLBI tracks the orientation of the Earth in an inertial
reference frame provided by the very distant quasars, determining accurate terrestrial and
celestial reference frames.

Geodetic VLBI observations are run daily since 1979 and the database contains nowadays
almost 6000 24hours sessions, corresponding actually to 10 millions group-delay observations,
with a present precision of a few picoseconds. One of the principal goals of VLBI observations is
the kinematical monitoring of Earth rotation with respect to a global inertial frame realized by a
set of quasars, the International Celestial Reference Frame [49], as defined by the International
Astronomical Union [157]. The International VLBI Service for Geodesy and Astrometry (IVS)
organizes sessions of observation, data storage and products distribution, in particular the
Earth Orientation Parameters. Because of this precision, VLBI is also a very interesting tool
to test gravitation in the Solar System [158]. Indeed, the gravitational fields of the Sun and the
planets are responsible of relativistic effects on the quasar light beam through the propagation
of the signal to the observing station. VLBI is able to detect these effects very accurately
through the gravitational group delay, given by [56]

τg = (γ + 1)
GM

c3
log

(
|~r1|+ ~r1.~k

|~r2|+ ~r2.~k

)
, (1.70)

where ~ri stands for the position vector of the ith station and ~k the unit vector pointing towards
the radio source, both referring to the center of mass of the deflecting body. For a typical
VLBI baseline between Westford (Massachusetts) and Wettzell (Germany) of ∼6,000 km, τg is
∼170 nanoseconds (ns) for a source at the Sun’s limb, rapidly decreases to ∼10 ns at 4◦ away
from the Sun, and remains close to the accuracy of VLBI measurements (nowadays around
10 ps), even for elongations close to 180◦ (see Fig. 1.8).
In the past years, VLBI data were used in various attempts to determine γ. Using less than 4
years of observations, [149] found γ consistent with GR within 0.005. Using 10 years of obser-
vations, [150] estimated a standard error of 0.002. [113] got 0.9996± 0.0017 after observations
of the relative deflection of 3C 273B and 3C 279. [156] obtained 0.99983± 0.00026 (statistical

https://doi.org/10.1017/S1743921309990330
http://arxiv.org/abs/0906.3962
http://arxiv.org/abs/0906.3962
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Figure 1.8 – Gravitational delay τg as a function of the elongation angle φ to the Sun for the
baseline Westford–Wettzell.

standard error) with VLBI observations before 1999. The current best estimate of γ, however,
was not obtained with VLBI : it is consistent with GR with an error of 2 × 10−5, and was
obtained by [18] who derived it from spacecraft tracking experiments.

A&A 529, A70 (2011)

1980 1985 1990 1995 2000 2005 2010
0

50

100

150

200

S
S

N

1980 1985 1990 1995 2000 2005 2010
0

5

10

15

20

25

30

E
lo

ng
at

io
n 

to
 th

e 
S

un
 (°

)

0 0.1 0.2 0.3 0.4
0

5

10

15

20

25

30

Deflection (")

Fig. 1. The main plot displays the observational history of the sources at less than 30◦ from the Sun (black: observations treated in LL09; red:
additional observations of routine experiments not processed in LL09 excluding VLBA+ and VLBA; blue: VLBA+; green: VLBA). The upper
plot gives the Sun spot number (SSN, Clette et al. 2007). The right plot displays the deflection angle predicted by General Relativity.

the International VLBI Service for Geodesy and Astrometry
(IVS, Schlüter & Behrend 2007). Earth orientation parameters,
their rates, and station coordinates were estimated once per
session. Loose no-net rotation (NNR) and translation constraints
per session were uniformly applied to the positions of all
stations excluding Fort Davis (Texas), Pie Town (New Mexico),
Fairbanks (Alaska), and the TIGO antenna at Concepción,
Chile because of strong non-linear displacements (the latter
two sites experienced post-seismic relaxation effects after large
earthquakes on the Denali fault in 2003, and between Talca and
Concepción in early 2010, respectively). Antenna thermal de-
formations were mapped using the values of Nothnagel (2009)
whereas antenna axis offsets were estimated as global parame-
ters over the full observational time span for a set of 66 stations.
The cut-off elevation angle was set to 5◦. Zenith wet delays
were estimated as a continuous piecewise linear function at
30-min intervals. Troposphere gradients were estimated as 6-hr
east and north piecewise functions at all stations except a set of
110 stations with poor observational history.

Station heights were corrected for atmospheric pressure and
oceanic tidal loading. The relevant loading quantities were de-
duced from surface pressure grids from the U. S. NCEP/NCAR
reanalysis project atmospheric global circulation model (Kalnay
et al. 1996; Petrov & Boy 2004) and from the FES 2004 ocean
tide model (Lyard et al. 2004). A critical change with respect
to LL09 is the use of atmospheric pressure loading coefficients

at diurnal and semi-diurnal frequencies computed with a non-
inverted barometer (NIB) hypothesis. In this hypothesis, oceans
do not react to any atmospheric pressure variations and any in-
crement in the atmospheric sea level pressure is fully and in-
stantaneously transmitted to the ocean bottom. The NIB ocean
is assumed to be static on time scales around and below a few
days (e.g., Willebrand et al. 1980; Wunsch & Stammer 1997). In
LL09, we assumed that the ocean reacted to balance atmospheric
pressure variations at the sea level.

We used a priori source coordinates of the second realiza-
tion of the International Celestial Reference Frame (ICRF2,
Fey et al. 2010), adopted by the International Astronomical
Union (IAU) in August 2009 as the fundamental realization
of the International Celestial Reference System (Feissel &
Mignard 1997) and a replacement of the ICRF (Ma et al. 1998).
The ICRF2 contains the coordinates of 3414 extragalactic
sources determined after VLBI observations at 8 GHz dur-
ing 1979–2009. With respect to the first ICRF, the noise floor
(40 µas) has improved by a factor of five, and the axis stability
(10 µas) by a factor of two. Nevertheless, in LL09, we men-
tioned that the a priori radio source catalogue does not influence
the results at a significant level since source coordinates are es-
timated during the analysis. Therefore, we do not expect the use
of the ICRF2 to be the source of the improvement yielded in
this paper. As in LL09, we loosely constrained the sources to the
ICRF2 catalogue. With respect to LL09, three sources identified

A70, page 2 of 4

Fig. 1.9 – The main plot displays the observational history of the
sources at less than 30◦ from the Sun (black : observations treated
in [104] ; red : additional observations of routine experiments not pro-
cessed in [104] excluding VLBA+ and VLBA ; blue : VLBA+ ; green :
VLBA)

Errors reported in the various papers are
often formal errors obtained from the pro-
pagation through the adjustment proce-
dure of an initial SNR-derived standard
error on the delays. They might there-
fore not directly compare to one another.
Though all these works, except [18], deal
with deflection of the radio waves by the
Sun, it must be mentioned that special
VLBI sessions were carried out to measure
the deflection close to Jupiter or other pla-
nets [151].

Since 1998, SYRTE maintains a VLBI
data analysis center, OPAR lead by Dr.
Sébastien Lambert. This center has mul-
tiple objectives : determination of Earth
Orientation Parameters and the realiza-
tion of terrestrial and celestial frames. Its operational activity is realized in the framework
of the International VLBI Service (IVS). OPAR is analyzing every day Intensive VLBI obser-
vations, enabling us to determine the rotation angle of the Earth, namely UT1. The astrometric
accuracy of these observations is roughly some dozen of microarcseconds, representing a pre-
cision of a few millimeters concerning the absolute positiong of the Earth pole. Between 2009
and 2011, I collaborated with S. Lambert to produce a new generation of GR tests with VLBI
data. In our works, we estimate γ from routine geodetic VLBI observations, using the additio-
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nal 1999-2008 time period with respect to [156]. We compared estimates and errors obtained
over several time spans and using various analysis schemes in order to address the accuracy
and to point out some systematics and limitations. In particular, we stressed the importance
of having new observations close to the sun, which had not been done roughly since 2000 as
shown in Fig. 1.9. Concerning our determination of PPN γ, it was possible to obtain a new
constraint, with the complete observations database, at the level of 1.2×10−4 [105, 106], which
is still today the best estimate possible with this technique. With S. Lambert, we have since
convinced IVS to make new observations close to the Sun ; since 2011, IVS decided to run new
observations close to the Sun and the first data are now available, their processing being under
study.

Related Publications :

§ S. B. Lambert et C. Le Poncin-Lafitte. « Improved determination of γ by VLBI ».
In : Astronomy & Astrophysics 529, A70 (mai 2011), A70. doi : 10.1051/0004-6361/
201016370

§ S. B. Lambert et C. Le Poncin-Lafitte. « Determining the relativistic parameter
γ using very long baseline interferometry ». In : Astronomy & Astrophysics 499 (mai
2009), p. 331–335. doi : 10.1051/0004-6361/200911714. arXiv : 0903.1615 [gr-qc]

1.5 Testing Lorentz symmetry

Lorentz invariance is one of the fundamental symmetry of relativity, one of the corner stones
of both GR and the Standard Model of particle physics. It states that the outcome of any
local experiment is independent of the velocity and of the orientation of the laboratory in
which the experiment is performed. If one considers non-gravitational experiments, Lorentz
symmetry is part of the Einstein Equivalence Principle (EEP). A breaking of Lorentz symmetry
implies that the equations of motion, the particle thresholds, etc... may be different when the
experiment is boosted or rotated with respect to a background field [38]. More precisely, it is
related to a violation of the invariance under ”particle Lorentz transformations” [38] which are
the boosts and rotations that relate the properties of two systems within a specific oriented
inertial frame (or in other words they are boosts and rotations on localized fields but not
on background fields). On the other hand, the invariance under coordinates transformations
known as ”observer Lorentz transformations” [38] which relate observations made in two inertial
frames with different orientations and velocities is always preserved. Considering the broad field
of applicability of this symmetry, searches for Lorentz symmetry breaking provide a powerful
test of fundamental physics. Moreover, it has been suggested that Lorentz symmetry may not
be a fundamental symmetry of Nature and may be broken at some level. While some early
motivations came from string theories [94, 95, 92], breaking of Lorentz symmetry also appears
in loop quantum gravity [65, 3, 124, 130], non commutative geometry [72, 31], multiverses [20],
brane-world scenarios [30, 61, 37] and others (see for example [162, 123]).

Tests of Lorentz symmetry have been performed since the time of Einstein but the last decades
have seen the number of tests increased significantly [93] in all fields of physics. In particular,
a dedicated effective field theory has been developed in order to systematically consider all
hypothetical violations of the Lorentz invariance. This framework is known as the Standard-
Model Extension (SME) [38, 39] and covers all fields of physics. It contains the Standard Model

https://doi.org/10.1051/0004-6361/201016370
https://doi.org/10.1051/0004-6361/201016370
https://doi.org/10.1051/0004-6361/200911714
http://arxiv.org/abs/0903.1615
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of particle physics, GR and all possible Lorentz-violating terms that can be constructed at the
level of the Lagrangian, introducing a large numbers of new coefficients that can be constrained
experimentally.

In this document, we focus on the gravitational sector of the SME which parametrizes de-
viations from GR. GR is built upon two principles [169, 176, 173] : (i) the EEP and (ii) the
Einstein field equations that derive from the Einstein-Hilbert action. The EEP gives a geo-
metric nature to gravitation allowing this interaction to be described by spacetime curvature.
From a theoretical point of view, the EEP implies the existence of a spacetime metric to which
all matter minimally couples [167]. A modification of the matter part of the action will lead to
a breaking of the EEP. In SME, such a breaking of the EEP is parametrized (amongst others)
by the matter-gravity coupling coefficients āµ and c̄µν [97, 161]. From a phenomenological point
of view, the EEP states that [176, 173] : (i) the universality of free fall (also known as the weak
equivalence principle) is valid, (ii) the outcome of any local non-gravitational experiment is
independent of the velocity of the free-falling reference frame in which it is performed and (iii)
the outcome of any local non-gravitational experiment is independent of where and when in
the universe it is performed. The second part of Einstein theory concerns the purely gravita-
tional part of the action (the Einstein-Hilbert action) which is modified in SME to introduce
hypothetical Lorentz violations in the gravitational sector. This section focuses exclusively on
this kind of Lorentz violations and not on breaking of the EEP.

1.5.1 Postfit analysis versus full modeling

Since the last decade, several studies aimed to find upper limits on SME coefficients in the
gravitational sector. A lot of these studies are based on the search of possible signals in post-fit
residuals of experiments. This was done with LLR [13], GPB [9], binary pulsars [152, 153] or
Solar System planetary motions [79, 73]. However, I proposed two new works focused on a
direct fit to data with LLR [25] and VLBI [109], which are more satisfactory.

Indeed, in the case of a post-fit analysis, a simple modeling of extra terms containing SME
coefficients are least square fitted in the residuals, attempting to constrain the SME coefficients
of a testing function in residual noise obtained from a pure GR analysis, where of course Lorentz
symmetry is assumed. It comes out correlations between SME coefficients and other global
parameters previously fitted (masses, position and velocity. . . ) cannot be assessed in a proper
way. In others words, searching hypothetical SME signals in residuals, i.e. in noise, can lead to
an overestimated formal error on SME coefficients, as illustrated in the case of VLBI [109], and
without any chance to learn something about correlations with other parameters, as for example
demonstrated in the case of LLR [25]. Let us consider the VLBI example to illustrate this fact.
The VLBI analysis is described in Section 1.5.2. Including the SME contribution within the full
VLBI modeling and estimating the SME coefficient s̄TT altogether with the other parameters
fitted in standard VLBI data reduction leads to the estimate s̄TT = (−5± 8)× 10−5. A postfit
analysis performed by fitting the SME contribution within the VLBI residuals obtained after
a pure GR analysis leads to s̄TT = (−0.6±2.1)×10−8 [109]. This example shows that a postfit
analysis can lead to results with overoptimistic uncertainties and one needs to be extremely
careful when using such results.

In the following, I am using a standard canonical frame used in the SME framework is a Sun-
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centered celestial equatorial frame [90], which is approximately inertial over the time scales of
most observations. This frame is asymptotically flat and comoving with the rest frame of the
Solar System. This special frame will help to deal with the different techniques presented below
(VLBI, LLR and planetary ephemerides), in order to compare all the corresponding results, we
need to report them in the same canonical inertial frame. The Cartesian coordinates related
to this frame are denoted by capital letters

XΞ = (cT,XJ) = (cT,X, Y, Z) . (1.71)

The Z axis is aligned with the rotation axis of the Earth, while the X axis points along the
direction from the Earth to the Sun at vernal equinox. The origin of the coordinate time T
is given by the time when the Earth crosses the Sun-centered X axis at the vernal equinox.
These conventions are depicted in Figure 2 from [11].

1.5.2 VLBI

Following what I have done previously with VLBI (see section 1.4.2), we tried with S. Lambert
and A. Hees to use VLBI group delay to constrain SME parameters. Our first concern was
about a formulation of light propagation in SME to construct the VLBI group delay in this
phenomenology. Indeed, the propagation time of a photon emitted at the event (cTe,Xe) and
received at the position Xr can be computed in the SME formalism using the time transfer
function formalism [111, 164, 112, 75, 74] and is given by [11, 8]

T (Xe, Te,Xr) =
Rer

c
+ 2

GNM

c3

[
1− 2

3
s̄TT − s̄TJNJ

er

]
ln
Re −Ner.Xe

Rr −Ner.Xr

+
GNM

c3

(
s̄TJP J

er − s̄JKNJ
erP

K
er

)Re −Rr

ReRr

(1.72)

+
GNM

c3

[
s̄TJNJ

er + s̄JKP̂ J
erP̂

K
er − s̄TT

]
(Nr.Ner −Ne.Ner) ,

where the terms a1 and a2 from [8] are taken as unity (which corresponds to using the harmonic
gauge, which is the one used for VLBI data reduction), Re = |Xe|, Rr = |Xr|, Rer = |Xr −Xe|
with the central body located at the origin and where we introduce the following vectors

K =
Xe

Re

, Nij ≡
Xij

Rij

=
Xj −Xi

|Xij|
, Ni =

Xi

|Xi|
, Per = Ner × (Xr ×Ner), (1.73)

and

P̂er =
Per

|Per|
, (1.74)

GN being the observed Newton constant, measured by considering the orbital motion of bodies,
and defined by [11, 9, 73]

GN = G

(
1 +

5

3
s̄TT
)
. (1.75)

Equation (1.72) is the generalization of the well-known Shapiro time delay including Lorentz
violation. VLBI is actually measuring the difference of the time of arrival of a signal received
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by two different stations. This observable is therefore sensitive to a differential time delay.
Assuming a radio-signal emitted by a quasar at event (Te,Xe) and received by two different
VLBI stations at events (T1,X1) and (T2,X2) (all quantities being expressed in a barycentric
reference frame), respectively, I obtained the VLBI group-delay ∆τ(SME) in SME formalism as
follows [109]

∆τ(SME) = 2
GNM

c3
(1− 2

3
s̄TT ) ln

R1 + K.X1

R2 + K.X2

+
2

3

GNM

c3
s̄TT (N2.K −N1.K) , (1.76)

where I only kept the s̄TT contribution (see Eq. (7) from [109] for the full expression) and we
use the same notations as in [57] by introducing three unit vectors

K =
Xe

|Xe|
, N1 =

X1

|X1|
, and N2 =

X2

|X2|
. (1.77)

Ten million VLBI delay observations between August 1979 and mid-2015 have been used to
estimate the s̄TT coefficient. First, VLBI observations are corrected from delay due to the radio
wave crossing of dispersive media by using 2 GHz and 8 GHz recordings. Then, we used only
the 8 GHz delays and the Calc/Solve geodetic VLBI analysis software, developed at NASA
Goddard Space Flight Center and coherent with the latest standards of the International Earth
Rotation and Reference Systems Service [141]. We added the partial derivative of the VLBI
delay with respect to s̄TT from Eq. (1.76) to the software package using the USERPART
module of Calc/Solve. We turned to a global solution in which we estimated s̄TT as a global
parameter together with radio source coordinates. We obtained

s̄TT = (−5± 8)× 10−5 , (1.78)

with a postfit root mean square of 28 picoseconds and a χ2 per degree of freedom of 1.15.
Correlations between radio source coordinates and s̄TT are lower than 0.02, the global estimate
being consistent with the mean value obtained with the session-wise solution with a slightly
lower error.

In conclusion, VLBI is an incredible tool to test Lorentz symmetry, especially the s̄TT coeffi-
cient. This coefficient has an isotropic impact on the propagation speed of gravitational waves
as can be noticed from Eq. (9) from [96] or Eq. (11) from [91]. The analysis performed in
[109] includes the SME contribution in the modeling of VLBI observations and includes the
s̄TT parameter in the global fit with other parameters. It is therefore a robust analysis that
produced the first reliable estimate on the s̄TT parameter. This constrain has been drastically
improved very recently with the observation by Advanced LIGO and Virgo detectors of the
gravitational-wave event GW170817 on 2017 August 17. With its electromagnetic counterpart,
in particular the gamma-ray burst GRB 170817A observed by Fermi, s̄TT has been constrained
at the level of 10−15 [64], so ten orders of magnitude better than with VLBI.

1.5.3 Lunar Laser Ranging

On August, 20th 1969, after ranging to the lunar retro-reflector placed during the Apollo 11
mission, the first LLR echo was detected at the McDonald Observatory in Texas. Currently,
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there are five stations spread over the world which have realized laser shots on five lunar retro-
reflectors. Among these stations four are still operating : Mc Donald Observatory in Texas,
Observatoire de la Côte d’Azur in France, Apache point Observatory in New Mexico and
Matera in Italy while one on Maui, Hawaii has stopped lunar ranging since 1990. Concerning
the lunar retro-reflectors three are located at sites of the Apollo missions 11, 14 and 15 and
two are French-built array operating on the Soviet roving vehicle Lunakhod 1 and 2.

LLR is used to conduct high precision measurements of the light travel time of short laser pulses
emitted at time t1 by a LLR station, reflected at time t2 by a lunar retro-reflector and finally
received at time t3 at a station receiver. The data are presented as normal points which combine
time series of measured light travel time of photons, averaged over several minutes to achieve a
higher signal-to-noise ratio measurement of the lunar range at some characteristic epoch. Each
normal-point is characterized by one emission time (t1 in universal time coordinate – UTC),
one time delay (∆tc in international atomic time – TAI) and some additional observational
parameters as laser wavelength, atmospheric temperature and pressure etc. According to [32],
the theoretical pendent of the observed time delay (∆tc = t3 − t1 in TAI) is defined as

∆tc =
[
T3 −∆τt(T3)

]
−
[
T1 −∆τt(T1)

]
, (1.79)

where T1 is the emission time expressed in barycentric dynamical time (TDB) and ∆τt is a
relativistic correction between the TDB and the terrestrial time (TT) at the level of the station.
The reception time T3 expressed in TDB is defined by the following two relations

T3 = T2 +
1

c

∥∥Xo′(T3)−Xr(T2)
∥∥+ ∆T(grav) + ∆τa, (1.80a)

T2 = T1 +
1

c

∥∥Xr(T2)−Xo(T1)
∥∥+ ∆T(grav) + ∆τa, (1.80b)

with T2 the time in TDB at the reflection point Xo and Xo′ are respectively the barycentric
position vector at the emitter and the reception point, Xr is the barycentric position vector
at the reflection point, ∆T(grav) is the one way gravitational time delay correction and ∆τa is
the one way tropospheric correction.

LLR measurements are used to produce the Lunar ephemeris but also provide a unique op-
portunity to study the Moon’s rotation, the Moon’s tidal acceleration, the lunar rotational
dissipation, etc [47]. In addition, LLR measurements have turn the Earth-Moon system into
a laboratory to study fundamental physics and to conduct tests of the gravitation theory.
Nordtvedt was the first to suggest that LLR can be used to test GR by testing one of its
pillar : the Strong Equivalence Principle [132, 134, 135]. He showed that precise laser ranging
to the Moon would be capable of measuring precisely the ratio of gravitational mass to inertial
mass of the Earth to an accuracy sufficient to constrain a hypothetical dependence of this
ratio on the gravitational self-energy. He concluded that such a measurement could be used to
test Einstein’s theory of gravity and others alternative theories as scalar tensor theories. The
best current test of the Strong Equivalence Principle is provided by a combination of torsion
balance measurements with LLR analysis and is given by [179, 178, 125]

η = (4.4± 4.5)× 10−4 , (1.81)

where η is the Nordtvedt parameter that is defined as mG/mI = 1 + ηU/mc2 with mG the
gravitational mass, mI the inertial mass and U the gravitational self-energy of the body. Using
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the Cassini constraint on the γ PPN parameter [19] and the relation η = 4β − γ − 3 leads to
a constraint on β PPN parameter at the level β − 1 = (1.2± 1.1)× 10−4 [178].

In addition to tests of the Strong Equivalence Principle, many other tests of fundamental
physics were performed with LLR analysis. For instance, LLR data can be used to search
for a temporal evolution of the gravitational constant Ġ/G [179] and to constrain the fifth
force parameters [129]. In addition, LLR has been used to constrain violation of the Lorentz
symmetry in the PPN framework. [129] deduced from LLR data analysis constraints on the
preferred frame parameters α1 and α2 at the level α1 = (−7± 9)× 10−5 and α2 = (1.8± 2.5)×
10−5.

Considering all the successful GR tests performed with LLR observations, it is quite natural
to use them to search for Lorentz violations in the gravitation sector. In the SME framework,
[13] used the lunar orbit to provide estimates on the SME coefficients. Using a perturbative
approach, the main signatures produced by SME on the lunar orbit have analytically been
computed in [11]. These computations give a first idea of the amplitude of the signatures pro-
duced by a breaking of Lorentz symmetry. Nevertheless, these analytical signatures have been
computed assuming the lunar orbit to be circular and fixed (i.e. neglecting the precession of
the nodes for example). These analytical signatures have been fitted to LLR residuals obtained
from a data reduction performed in pure GR [13]. They determined a “realistic” error on their
estimates from a similar postfit analysis performed in the PPN framework. The results obtai-
ned by this analysis are presented in Table 1.5. It is important to note that this analysis uses
projections of the SME coefficients into the lunar orbital plane s̄11, s̄22, s̄0i (see Section V.B.2
of [11]) while the standard SME analyses uses coefficients defined in a Sun-centered equatorial
frame (and denoted by capital letter s̄IJ).

Table 1.5 – Estimation of SME coefficients from LLR postfit data analysis from [13]. No
correlations coefficients have been derived in this analysis. The coefficients s̄ij are projections
of the s̄IJ into the lunar orbital plane (see Eq. (107) from [11]) while the linear combinations
s̄Ω⊕c and s̄Ω⊕s are given by Eq. (108) from [11].

Coefficient

s̄11 − s̄22 (1.3± 0.9)× 10−10

s̄12 (6.9± 4.5)× 10−11

s̄01 (−0.8± 1.1)× 10−6

s̄02 (−5.2± 4.8)× 10−7

s̄Ω⊕c (0.2± 3.9)× 10−7

s̄Ω⊕s (−1.3± 4.1)× 10−7

However, as discussed in Section 1.5.1 and in [109, 25], a postfit search for SME signatures into
residuals of a data reduction previously performed in pure GR is not fully satisfactory. First
of all, the uncertainties obtained by a postfit analysis based on a GR data reduction can be
underestimated by up to two orders of magnitude. This is mainly due to correlations between
SME coefficients and others global parameters (masses, positions and velocities, . . .) that are
neglected in this kind of approach.
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In addition, in the case of LLR data analysis, the oscillating signatures derived in [11] and
used in [13] to determine pseudo-constraints are computed only accounting for short periodic
oscillations, typically at the order of magnitude of the mean motion of the Moon around the
Earth. Therefore, this analytic solution remains only valid for few years while LLR data spans
over 45 years (see also the discussions in footnote 2 from [73] and page 22 from [11]).

Regarding LLR data analysis, a more robust strategy consists in including the SME modeling
in the complete data analysis and to estimate the SME coefficients in a global fit along with
others parameters by taking into account short and long period terms and also correlations
(see [25]). In order to perform such an analysis, a new numerical lunar ephemeris named
”Ephéméride Lunaire Parisienne Numérique” (ELPN) has been developed within the SME
framework, during the Ph.D. thesis of A. Bourgoin supervised by myself and M.-C. Angonin.
The dynamical model of ELPN is similar to the DE430 one [60] but includes the Lorentz
symmetry breaking effects arising on the orbital motion of the Moon. The SME contribution
to the lunar equation of motion has been derived in [11] and is given by

aJSME =
GNM

r3

[
s̄JKt rK− 3

2
s̄KLt r̂K r̂LrJ + 2

δm

M

(
s̄TK v̂KrJ − s̄TJ v̂KrK

)

+ 3s̄TK V̂ KrJ − s̄TJ V̂ KrK − s̄TK V̂ JrK + 3s̄TLV̂ K r̂K r̂LrJ
]
, (1.82)

where GN is the observed Newtonian constant defined by Eq. (1.75), M is the mass of the
Earth-Moon barycenter, δm is the difference between the Earth and the lunar masses ; r̂J

being the unit position vector of the Moon with respect to the Earth ; v̂J =vJ/c with vJ being
the relative velocity vector of the Moon with respect to the Earth ; V̂ J =V J/c with V J being
the Heliocentric velocity vector of the Earth-Moon barycenter and the 3-dimensional traceless
tensor defined by

s̄JKt = s̄JK − 1

3
s̄TT δJK . (1.83)

These equations of motion as well as their partial derivatives are integrated numerically in
ELPN. In addition to the orbital motion, effects of a violation of Lorentz symmetry on the
light travel time of photons is also considered. More precisely, the gravitational time delay
∆T(grav) appearing in Eq. (1.79) is given by the gravitational part of Eq. (1.72) [8].

Estimates on the SME coefficients are obtained by a standard chi-squared minimization : the
LLR residuals are minimized by an iterative weighted least squares fit using partial derivatives
previously computed from variational equations in ELPN. After an adjustment of 82 para-
meters including the SME coefficients a careful analysis of the covariance matrix shows that
LLR data does not allow to estimate independently all the SME coefficients but that they are
sensitive to the following three linear combinations :

s̄XX − s̄Y Y , s̄TY + 0.43s̄TZ , s̄XX + s̄Y Y − 2s̄ZZ − 4.5s̄Y Z . (1.84)

The estimations on the 6 SME coefficients derived in [25] is summarized in Table 1.6. In
particular, it is worth emphasizing that the quoted uncertainties are the sum of the statistical
uncertainties obtained from the least-square fit with estimations of systematics uncertainties
obtained with a Jackknife resampling method [116, 70].
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Table 1.6 – Estimation of SME coefficients from a full LLR data analysis from [25] and
associated correlation coefficients.

Coefficient Estimates

s̄TX (−0.9± 1.0)× 10−8

s̄XY (−5.7± 7.7)× 10−12

s̄XZ (−2.2± 5.9)× 10−12

s̄XX − s̄Y Y (0.6± 4.2)× 10−11

s̄TY + 0.43 s̄TZ (6.2± 7.9)× 10−9

s̄XX + s̄Y Y − 2s̄ZZ − 4.5 s̄Y Z (2.3± 4.5)× 10−11

Correlation coefficients

1
-0.06 1
-0.04 0.29 1
0.58 -0.12 -0.16 1
0.16 -0.01 -0.09 0.25 1
0.07 -0.10 -0.13 -0.10 0.03 1

In summary, LLR is a powerful experiment to constrain gravitation theory and in particular
hypothetical violation of the Lorentz symmetry. A first analysis based on a postfit estimations
of the SME coefficients have been performed [13] which is not satisfactory regarding the ne-
glected correlations with other global parameters as explained in Section 1.5.1. A full analysis
including the integration of the SME equations of motion and the SME contribution to the
gravitational time delay has been done in [25]. The resulting estimates on some SME coeffi-
cients are presented in Table 1.6. In addition, some SME coefficients are still correlated with
parameters appearing in the rotational motion of the Moon as the principal moment of inertia,
the quadrupole moment, the potential Stockes coefficient C22 and the polar component of the
velocity vector of the fluid core [25]. A very interesting improvement regarding this analysis
would be to produce a joint GRAIL (Gravity Recovery And Interior Laboratory) [86, 114, 4]
and LLR data analysis that would help in decorrelating the SME parameters from the lunar
potential Stockes coefficients of degree 2 and therefore improve marginalized estimations of
the SME coefficients. Finally, in [13] and [25], the effects of SME on the translational lunar
equations of motion are considered and used to derive constraints on the SME coefficients.
It would be also interesting to extend these analyses by considering the modifications due to
SME on the rotation of the Moon. A first attempt has been proposed in Section V. A. 2. of
[11] but needs to be extended.

1.5.4 Planetary ephemerides

A violation of Lorentz symmetry within the gravity sector of SME induces different types of
effects that can have implications on planetary ephemerides analysis : effects on the orbital
dynamics and effects on the light propagation. Simulations using TTF [164, 75, 74] based
on the software presented in [76] have shown that only the s̄TT coefficients produce a non-
negligible effect on the light propagation (while it has impact only at the next post-Newtonian
level on the orbital dynamics [11, 97]). On the other hand, the other coefficients produce non-
negligible effects on the orbital dynamics [11] and can therefore be constrained using planetary
ephemerides data. In the linearized gravity limit, the contribution from SME to the 2-body
equations of motion within the gravitational sector of SME are given by the first line of Eq.
(1.82) (i.e. for a vanishing V k). The coefficient s̄TT is completely unobservable in this context
since absorbed in a rescaling of the gravitational constant (see the discussion in [11, 9]).

Ideally, in order to perform a solid estimation of the SME coefficients using planetary epheme-
rides, one should include the full SME equations in the integration of the planets motion and fit
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them simultaneously with the other estimated parameters (positions and velocities of planets,
J2 of the Sun, . . .). This solid analysis within the SME formalism has not been performed so
far.

As a first step, a postfit analysis has been performed with A. Bourgoin and A. Hees [79, 73].
The idea of this analysis is to derive the analytical expression for the secular evolution of the
orbital elements produced by the SME contribution to the equations of motion. Using the
Gauss equations, secular perturbations induced by SME on the orbital elements have been
computed in [11] (see also [79] for a similar calculations done for the s̄TJ coefficients only). In
particular, the secular evolution of the longitude of the ascending node Ω and the argument of
the perihelion ω is given by

〈
dΩ

dt

〉
=

n

sin i(1− e2)1/2

[
ε

e2
s̄kP sinω +

(e2 − ε)
e2

s̄kQ cosω − δm

M

2naε

ec
s̄k cosω

]
(1.85a)

〈
dω

dt

〉
= − cos i

〈
dΩ

dt

〉
− n

[
− ε2

2e4
(s̄PP − s̄QQ) +

δm

M

2na(e2 − ε)
ce3(1− e2)1/2

s̄Q
]
, (1.85b)

where a is the semimajor axis, e the eccentricity, i the orbit inclination (with respect to the
ecliptic), n = (GNm�/a

3)1/2 is the mean motion, ε = 1− (1−e2)1/2, δm the difference between
the two masses and M their sum (in the cases of planets orbiting the Sun, one has M ≈ δm).
In all these expressions, the coefficients for Lorentz violation with subscripts P , Q, and k are
understood to be appropriate projections of s̄µν along the unit vectors P , Q, and k, respectively.
For example, s̄k = kis̄T i, s̄PP = P iP j s̄ij. The unit vectors P , Q and k define the orbital plane
(see [11] or Eq. (8) from [73]).

Instead of including the SME equations of motion in planetary ephemerides, the postfit analysis
uses estimations of supplementary advances of perihelia and nodes derived from ephemerides
analysis [143, 142, 52] to fit the SME coefficients through Eq. (1.85). In [73], estimations of
supplementary advances of perihelia and longitude of nodes from INPOP (see Table 5 from [52])
are used to fit a posteriori the SME coefficients. This analysis suffers from large correlations due
to the fact that the planetary orbits are very similar to each other : nearly eccentric orbit and
very low inclination orbital planes. In order to deal properly with these correlations a Bayesian
Monte Carlo inference has been used [73]. The posterior probability distribution function can
be found on Figure 1 from [73]. The intervals corresponding to the 68% Bayesian confidence
levels are given in Table 1.7 as well as the correlation matrix. It is interesting to mention that
a decomposition of the normal matrix in eigenvectors allows one to find linear combinations of
SME coefficients that are uncorrelated with the planetary ephemerides analysis (see Eq. (15)
and Table IV from [73]).

In summary, planetary ephemerides offer a great opportunity to constrain hypothetical viola-
tions of Lorentz symmetry. So far, only postfit estimations of the SME coefficients have been
performed [79, 73]. In this analysis, estimations of secular advances of perihelia and longitude
of nodes obtained with the INPOP planetary ephemerides [52] are used to fit a posteriori the
SME coefficients using the Eqs. (1.85). The 68% marginalized confidence intervals are given
in Table 1.7. This analysis suffers highly from correlations due to the fact that the planetary
orbits are very similar. A very interesting improvement regarding this analysis would be to
perform a full analysis by integrating the planetary equations of motion directly within the
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Table 1.7 – Estimations of the SME coefficients from a postfit data analysis based on planetary
ephemerides from [73]. The uncertainties correspond to the 68% Bayesian confidence levels of
the marginal posterior probability distribution function. The associated correlation coefficients
can be found in Table III from [73].

Coefficient

s̄XX − s̄Y Y (−0.8± 2.0)× 10−10

s̄XX + s̄Y Y − 2 s̄ZZ (−0.8± 2.7)× 10−10

s̄XY (−0.3± 1.1)× 10−10

s̄XZ (−1.0± 3.5)× 10−11

s̄Y Z (5.5± 5.2)× 10−12

s̄TX (−2.9± 8.3)× 10−9

s̄TY (0.3± 1.4)× 10−8

s̄TZ (−0.2± 5.0)× 10−8

Correlation coefficients

1
0.99 1
0.99 0.99 1
0.98 0.98 0.99 1

-0.32 -0.24 -0.26 -0.26 1
0.99 0.98 0.98 0.98 -0.32 1
0.62 0.67 0.62 0.59 0.36 0.60 1

-0.83 -0.86 -0.83 -0.81 -0.14 -0.82 -0.95 1

SME framework and by fitting the SME coefficients simultaneously with the other parameters
fitted during the ephemerides data reduction.
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1.6 Perspectives : Research Projects

With the direct detection of gravitational waves and especially the observation of their elec-
tromagnetic counterparts, the determination of the SME s̄TT parameter has been improved
by ten orders of magnitude with respect to my VLBI constrain. If it illustrates brilliantly the
impact of this emerging gravitational astronomy for fundamental physics, VLBI seems then
not any more competitive in the future. However, Gaia will bring a very large amount of accu-
rate data, covering at least a timespan of 5 years of observation. GSR-TTF astrometric sphere
reconstruction can be an interesting tool to test Lorentz invariance. I will therefore develop
the analytic model of the astrometric observable in minimal SME. In the forthcoming months,
It will be implemented inside GSR-TTF and used with the Gaia data, in particular those
concerning stars.

I will pursue studies of the minimal SME in its gravity-matter sector. I plan to strengthen my
collaboration with Valéry Lainey, actually senior fellow at JPL. Indeed, we agreed recently to
test Lorentz invariance with ephemerides of natural satellites. The rheological variety of natural
satellites is such that my LLR results, in the context of gravity-matter sector of minimal SME,
can be greatly improved. This work will be put into relation with the recent invitation of W.
Folkner, from JPL, in order to collaborate on DE planetary ephemerides.

1.6.1 Gaia data and Solar System Objects dynamics

The second release of the Gaia catalog (DR2) will be published end of April 2018. Observations
of more than 14 000 Solar System Object (SSO) will be published, with a very good astrometric
accuracy. During the last two years, with A. Hees, we developed a simulation pipeline of
SSO orbit propagation, whatever the metric theory of gravitation. My primary objective is to
perform fundamental physics tests with SSOs. The great interest of these objects is their wide
variety in semi-major axes, eccentricity and especially in inclination. With the large amount
of Gaia data, this interests is even stronger because it will improve de facto the statistics after
a global fit. Moreover, the variety in inclination ensures interesting results with respect to
planetary ephemerides in the context of the minimal SME in its gravity sector. Indeed, this
large variety of orbits can lead to a complete decorrelation of all the nine SME parameters of
the gravity sector, which will be done for the first time.

Some preliminary simulations have been already performed and the results are encouraging.
That is why I am actively collaborating with Daniel Hestroffer and Pedro David (IMCCE),
both responsible for part of the official SSOs Gaia pipeline, to implement our simulation tool
in data analysis.

Finally, I am interested with the Radar data from a long observation program at Arecibo
telescope, led by Prof. J.-L. Margot at UCLA. A collaboration, with A. Hees, is ongoing in
order to combine the Gaia and Radar data. I am expecting an improvement PPN parameter β
as well as a significative extension of the exclusion zone concerning the 5th force formalism [59].
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1.6.2 ACES-PHARAO

As part of my astronomer’s duties, I am participating in the implementation of the data analysis
software of the microwave link of the ACES-PHARAO mission. This links allows to compare
the PHARAO clock on board the International Space Station (ISS) with ground clocks located
in metrology laboratories involved in the project. We recently finalized an article describing
the data analysis algorithm [126] and the impact of the orbit error of the pallet on mission
specifications.

The near future is now to develop Einstein’s gravitational redshift test. It will be necessary
to take into account any possible noise on board the ISS, on the link microwave and on
ground. We already know that each metrology laboratory will be able to communicate in
direct view with the ISS during 5 minutes every 90 minutes. We must therefore quantify how
many laboratories and how many ISS passes be needed to perform the redshift test with the
best possible sensitivity, while ensuring the best control of systematics and biases. For example,
we have to study which adjustment algorithm, direct least squares or Monte-Carlo, is the most
convenient.

1.6.3 Satellite Laser Ranging

I used almost all astrometric and astro-geodesic techniques to constrain alternative phenome-
nologies to GR, except one of them : Satellite Laser Ranging (SLR) data. But, with the large
number of SLR satellites orbiting the Earth at different semi-major axes and inclination, the
large amount of data over decades, SLR techniques seems to be an interesting tool to test
gravity. It is worth to highlighting that SLR data, from LAGEOS satellite, has been used to
detect the Lense-Thirring effect [36]. The situation is even favorable with the recent launch of
LARES satellite in 2013 [35], aiming to improve this fundamental physics test.

As member of ILRS (International Laser Ranging Service) since 2013, I have access to SLR
data. In France, we have a powerful tool : the GINS software (Géodésie par Intégrations Numé-
riques Simultanées) which is developed and maintained by the CNES Space Geodesy team in
Toulouse. It is a precise orbit determination software. It includes on the one hand a process of
numerical integration of the differential equations of motion of a satellite or a constellation of
satellites in an inertial frame, taking into account all the gravitational and surface forces acting
on the satellite as well as its specified attitude thanks to a macro modeling. On the second
hand GINS allows a least-squares fitting procedure to produce a precise restituted orbit with
a simultaneous determination of global and local parameters (gravity field, radiation pressure,
etc.). GINS can deal with GNSS (GPS, Galileo, GLONAS, etc.), SLR, LLR, DORIS, altimetry
and even VLBI data. GINS is also a tool for planetary geodesy by calculating orbits of deep
space probes with Ranging and Doppler DSN (Deep Space Navigation) data.

In collaboration with Florent Deleflie (IMCCE) who is in charge of a SLR analysis center at
Paris Observatory, Pascal Rosenblatt and Jean-Charles Marty (GINS developers), I intend to
modify deeply the software, either on the dynamics and the processing of the data, to be able
to consider any alternative phenomenologies to GR, in particular the SME formalism. The first
steps will be to consider the equations of motion, light propagation and clocks in SME and 5th
force formalisms.
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1.6.4 Non-minimal SME

I presented previously my main results concerning a search for potential Lorentz symmetry
violations, by considering different sectors of SME. For the gravity sector, I got the best current
constraints. Is it sufficient ? Without going into theoretical details, in fact the community
has tried to accurately test the first-order corrections in SME, which corresponds to a linear
Lagrangian with the Riemann tensor. This is called the minimal SME and. It motivates me to
consider the second order of corrections, which is called the non-minimal SME. It is a question
here of taking into account terms in the Lagrangian that can be quadratic and/or proportional
to the covariant derivatives of the Riemann tensor. The first theoretical works, describing this
regime, just appeared in the literature, notably by Prof. Q. Bailey at Embry-Riddle University
in Arizona [7, 10].

In these pioneering works, Bailey does not yet conclude on the equations of motion of a N
bodies system. On the other hand, equations of light propagation have been obtained. As a
preliminary work, I used the spacetime interval proposed by Bailey to calculate TTF. I was
able to retrieve his result concerning the propagation delay of photons and I have extended
its result to the deflection of light rays. I am therefore considering, as a first step, to use these
preliminary results to theoretically construct the gravitational delay of VLBI observable and
to confront this new formulation with the IVS-OPAR data to constrain, for the first time, the
parameters of this new non-minimal gravity sector.

Then, a long-standing collaboration with Quentin Bailey being established, I plan to work with
his team to theoretically establish the equations of motion of N bodies system, ultimately to
confront them with the LLR data within the ELPN model.
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[37] J. M. Cline et L. Valcárcel. « Asymmetrically warped compactifications and gra-
vitational Lorentz violation ». In : Journal of High Energy Physics 3, 032 (mar. 2004),
p. 032. doi : 10.1088/1126-6708/2004/03/032. eprint : hep-ph/0312245.
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2 | Note d’accompagnement

Accompagner quelqu’un, c’est se placer
ni devant, ni derrière, ni à la place.
C’est être à côté.

Joseph Templier

2.1 Scientific and administrative responsabilities

Since my recruitment, I have been involved in the administration of research. Thus, between
2012 and 2016, I was member of Section 17 of the CNRS National Committee. This experience
first allowed me to discover the evaluation of CNRS research units and researchers. I was able
to appreciate the role of the section in recruiting young researchers. In 2014, I was proposed
by the director of SYRTE, Arnaud Landragin, as deputy director of the laboratory, which
was validated by the Council of the laboratory and then by INSU. I am primarily concerned
with the space division of the laboratory, that is to say, the supervisory of two teams : Earth
Rotation and Space Geodesy and Celestial Reference System. As SYRTE Deputy Director, I
am responsible for representing the laboratory at the DIM/ACAV+ Steering Committee. In
addition, I have been an evaluator for several funding proposals, for example french ANR and
american NSF. Finally, since 2016, I became member of the Fundamental Physics Group of
the CERES at CNES.

I am also involved in scientific society. Since 2012, I am a member of the International Astro-
nomical Union and since 2013 of the International Laser Ranging Service.

I have participated in the proposal of space projects and answered to calls for ESA-M missions.
So, in 2012, I was Co-PI of the GETEMME proposal to the M3 call. The objective of this project
was high-precision planetodesy in the Martian Moon system. In 2014 and 2016, I participated
in the Theia consortium in to the call M4 and M5. Theia is a high precision differential
astrometry project (sub-µas) and an open observatory. For the M5 call, I took charge of
workpackages concerning relativistic modeling of the astrometric observable. Unfortunately,
none of his answers were accepted by the European Space Agency. Finally, more recently, I
became a member of the Science Team of the E-GRASP mission proposal, which is submitted,
and still in competition, to the European Space Agency at the call Earth Explorer Mission
EE-10. In this context, I am in charge of workpackages concerning relativistic geodesy and
possible fundamental physics tests with E-GRASP.
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Some of my scientific activities are related to consortia. Thus, I belong to the DPAC consortium
of the Gaia mission since 2006 and I am member of the data analysis center of the ESA
ACES/PHARAO mission. I also participated in the international group Encelade 2.0, initially
funded by Sorbonne Université, which is now an ISSI international team.

2.2 Astronomer’s duties

Since 2006, I am member of the Data Processing and Analysis Consortium (DPAC) of the
Gaia mission of the European Space Agency (ESA).

Between 2008 and 2012, I was responsible for timescales on board the Gaia satellite, that is
to say observation time tagging thanks to an onboard rubidium clock. Given the astrometric
accuracy of the satellite of a few µas, the onboard timescale has to be maintained with a relative
stability of 1µs over the timespan of the mission. It led me to develop a relativistic modeling
of time transfer in order to calculate precisely the relation between proper and coordinated
time along the satellite orbit, as well as the management of the realization onboard timescale
thanks to the rubidium clock.

Since 2010, I am contributing to the data analysis pipeline of Solar System Objects. In colla-
boration with Daniel Hestroffer, who is responsible of a part of that pipeline, we are preparing
softwares needed to perform fundamental physics tests with these observations.

Finally, at the local scale of the Paris Observatory, I am member since 2011 of the Steering
Committee of the Gaia Specific Action, created by the Scientific Council of Paris Observatory.

Since 2009, I also joined the ACES group within SYRTE Theory and Metrology team. My
role is to participate in the PHARAO/ACES microwave link modeling and analysis code. To
do this, I studied and quantified the multi-path reflections between a ground station and the
ACES platform integrated on the Colombus module of the International Space Station. I also
contributed to the software for reference frames transformations, in particular the transforma-
tions between terrestrial (ITRF) and celestial (ICRF) frames. I also modeled the attitude of
the International Space Station using quaternion, as well as the precise positioning of the two
antennas (in S and Ku band) of the ACES payload.

Finally, since the end of 2016, I have taken the responsibility of the ANO1/PHARAO national
observation service.

2.3 Thesis supervisory

2009-2012 : Aurélien Hees.
Aurélien Hees realized his Ph.D. thesis under the direction of Peter Wolf, SYRTE, and Véro-
nique Dehant, Royal Observatory of Belgium. I took part at the level of 10% with a scientific
supervisory. My involvement was important concerning Aurélien’s learning of my TTF Forma-
lism, which was finally very useful to Aurélien’s work. After three post-docs, at JPL, at Rhodes
University in South Africa and at the University of Los Angeles (UCLA), Aurélien joined the
CNRS as permanent researcher in 2017. He is now one of my closest collaborator.
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Selected related Publications :

1. A. Hees, Q. Bailey, A. Bourgoin, H. Pihan-Le Bars, C. Guerlin et C. Le
Poncin-Lafitte. « Tests of Lorentz Symmetry in the Gravitational Sector ». In : Uni-
verse 2 (déc. 2016), p. 30. doi : 10.3390/universe2040030. arXiv : 1610.04682 [gr-qc]

2. C. Le Poncin-Lafitte, A. Hees et S. Lambert. « Lorentz symmetry and very long
baseline interferometry ». In : Phys. Rev. D 94.12, 125030 (déc. 2016), p. 125030. doi :
10.1103/PhysRevD.94.125030. arXiv : 1604.01663 [gr-qc]

3. A. Hees, Q. G. Bailey, C. Le Poncin-Lafitte, A. Bourgoin, A. Rivoldini, B.
Lamine, F. Meynadier, C. Guerlin et P. Wolf. « Testing Lorentz symmetry with
planetary orbital dynamics ». In : Phys. Rev. D 92.6, 064049 (sept. 2015), p. 064049.
doi : 10.1103/PhysRevD.92.064049. arXiv : 1508.03478 [gr-qc]

4. A. Hees, S. Bertone et C. Le Poncin-Lafitte. « Light propagation in the field of a
moving axisymmetric body : Theory and applications to the Juno mission ». In : Physical
Review D 90.8, 084020 (oct. 2014), p. 084020. doi : 10.1103/PhysRevD.90.084020.
arXiv : 1406.6600 [gr-qc]

5. A. Hees, S. Bertone et C. Le Poncin-Lafitte. « Relativistic formulation of coordi-
nate light time, Doppler, and astrometric observables up to the second post-Minkowskian
order ». In : Physical Review D 89.6, 064045 (mar. 2014), p. 064045. doi : 10.1103/
PhysRevD.89.064045. arXiv : 1401.7622 [gr-qc]

6. A. Hees, B. Lamine, S. Reynaud, M.-T. Jaekel, C. Le Poncin-Lafitte, V. Lai-
ney, A. Füzfa, J.-M. Courty, V. Dehant et P. Wolf. « Radioscience simulations
in general relativity and in alternative theories of gravity ». In : Classical and Quantum
Gravity 29.23, 235027 (déc. 2012), p. 235027. doi : 10.1088/0264-9381/29/23/235027.
arXiv : 1201.5041 [gr-qc]

2009-2012 : Stefano Bertone.

Stefano Bertone realized his Ph.D. thesis under the direction of Marie-Christine Angonin (50%)
and me (50%). The goal was to construct a new astrometric modeling, based on the TTF
formalism. Stefano was able to show the equivalence between this new modeling and the Gaia’s
DPAC modeling GREM. A close collaboration with Torino Observatory, which provided us
with a probe attitude model, led to build a complete celestial sphere reconstruction, named
GSR-TTF, which is today fully operational. Since 2013, Stefano is postdoctoral fellow at Bern
University in Switzerland, where he is developing new space geodesy methods for the study of
the Moon gravitational field with the GRAIL data.

Related Publications :

1. S. Bertone, C. Le Poncin-Lafitte, P. Rosenblatt, V. Lainey, J.-C. Marty
et M.-C. Angonin. « Impact analysis of the transponder time delay on radio-tracking
observables ». In : Advances in Space Research 61 (jan. 2018), p. 89–96. doi : 10.1016/
j.asr.2017.09.003. arXiv : 1708.00546 [astro-ph.EP]

2. S. Bertone, A. Vecchiato, B. Bucciarelli, M. Crosta, M. G. Lattanzi, L.
Bianchi, M.-C. Angonin et C. Le Poncin-Lafitte. « Application of time transfer
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functions to Gaia’s global astrometry. Validation on DPAC simulated Gaia-like observa-
tions ». In : A&A 608, A83 (déc. 2017), A83. doi : 10.1051/0004-6361/201731654.
arXiv : 1708.00541 [astro-ph.IM]

3. A. Hees, S. Bertone et C. Le Poncin-Lafitte. « Light propagation in the field of a
moving axisymmetric body : Theory and applications to the Juno mission ». In : Physical
Review D 90.8, 084020 (oct. 2014), p. 084020. doi : 10.1103/PhysRevD.90.084020.
arXiv : 1406.6600 [gr-qc]

4. A. Hees, S. Bertone et C. Le Poncin-Lafitte. « Relativistic formulation of coordi-
nate light time, Doppler, and astrometric observables up to the second post-Minkowskian
order ». In : Physical Review D 89.6, 064045 (mar. 2014), p. 064045. doi : 10.1103/
PhysRevD.89.064045. arXiv : 1401.7622 [gr-qc]

5. S. Bertone, O. Minazzoli, M. Crosta, C. Le Poncin-Lafitte, A. Vecchiato
et M.-C. Angonin. « Time transfer functions as a way to validate light propagation
solutions for space astrometry ». In : Classical and Quantum Gravity 31.1, 015021 (jan.
2014), p. 015021. doi : 10.1088/0264-9381/31/1/015021. arXiv : 1306.2367 [gr-qc]

2012-2016 : Adrien Bourgoin.

Adrien Bourgoin realized his Ph.D. thesis under the direction of Marie-Christine Angonin
(20%) and myself (80%), with the scientific participation of Sébastien Bouquillon and Gérard
Francou from Paris Observatory Lunar Analysis Center (POLAC at SYRTE). The purpose of
Adrien’s thesis was to construct, from scratch, a new dynamical modeling of the Earth-Moon
System in alternative theories to GR. The objective was to be able to simulate the Earth-
Moon distance in any metric theory of gravity. In a second step, Adrien deeply modified the
existing data analysis software of LLR measurements (CAROL, written actually in GR, using
IERS conventions). The goal was to be able to consider any light-time equation whatever the
gravitational theory used. When completed, Adrien attempted to consider a complete study
of Lorentz invariance with LLR data within the SME formalism. Two important articles have
been published in Physical Review Letters : the first concerns the gravitational sector and the
second a gravity-matter coupling. Adrien is since January 2017 in post-doc at the University
of Bologna.

Related Publications :

1. A. Bourgoin, C. Le Poncin-Lafitte, A. Hees, S. Bouquillon, G. Francou et M.-
C. Angonin. « Lorentz Symmetry Violations from Matter-Gravity Couplings with Lunar
Laser Ranging ». In : Physical Review Letters 119.20, 201102 (nov. 2017), p. 201102. doi :
10.1103/PhysRevLett.119.201102. arXiv : 1706.06294 [gr-qc]

2. A. Hees, Q. Bailey, A. Bourgoin, H. Pihan-Le Bars, C. Guerlin et C. Le
Poncin-Lafitte. « Tests of Lorentz Symmetry in the Gravitational Sector ». In : Uni-
verse 2 (déc. 2016), p. 30. doi : 10.3390/universe2040030. arXiv : 1610.04682 [gr-qc]

3. A. Bourgoin, A. Hees, S. Bouquillon, C. Le Poncin-Lafitte, G. Francou et
M. -C. Angonin. « Testing Lorentz Symmetry with Lunar Laser Ranging ». In : Phys.
Rev. Lett. 117 (24 déc. 2016), p. 241301. doi : 10.1103/PhysRevLett.117.241301.
url : http://link.aps.org/doi/10.1103/PhysRevLett.117.241301

https://doi.org/10.1051/0004-6361/201731654
http://arxiv.org/abs/1708.00541
https://doi.org/10.1103/PhysRevD.90.084020
http://arxiv.org/abs/1406.6600
https://doi.org/10.1103/PhysRevD.89.064045
https://doi.org/10.1103/PhysRevD.89.064045
http://arxiv.org/abs/1401.7622
https://doi.org/10.1088/0264-9381/31/1/015021
http://arxiv.org/abs/1306.2367
https://doi.org/10.1103/PhysRevLett.119.201102
http://arxiv.org/abs/1706.06294
https://doi.org/10.3390/universe2040030
http://arxiv.org/abs/1610.04682
https://doi.org/10.1103/PhysRevLett.117.241301
http://link.aps.org/doi/10.1103/PhysRevLett.117.241301
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4. A. Hees, Q. G. Bailey, C. Le Poncin-Lafitte, A. Bourgoin, A. Rivoldini, B.
Lamine, F. Meynadier, C. Guerlin et P. Wolf. « Testing Lorentz symmetry with
planetary orbital dynamics ». In : Phys. Rev. D 92.6, 064049 (sept. 2015), p. 064049.
doi : 10.1103/PhysRevD.92.064049. arXiv : 1508.03478 [gr-qc]

2.4 Licence/Master internships

Regularly, I have supervised students of licence and of first/second year master. For some of
them, it was even possible to enhance their internship with one (or even two) publication(s)
in rank A refereed journals.

§ 2017. M2 internship of Valentin Decouesnes. M1 internship of Julien Frank.

§ 2016. M2 internship of Mansour Benbakoura. L3 and M2 internships of Nicolas Blonski
and Valentin Decouesnes, respectively.
Related Publications :

(a) M. Benbakoura, V. Réville, A. S. Brun, C. Le Poncin-Lafitte et S. Ma-
this. « Evolution of star-planet systems under magnetic braking and tidal interac-
tion ». In : to be submitted to A&A (2018)

§ 2014. M2 internship of Luc Senecal.

§ 2013. M2 internship of Pierre Auclair- Desrotour (co-director : S. Mathis).
Related Publications :

(a) P. Auclair-Desrotour, C. Le Poncin-Lafitte et S. Mathis. « Impact of
the frequency dependence of tidal Q on the evolution of planetary systems ». In :
Astronomy & Astrophysics 561, L7 (jan. 2014), p. L7. doi : 10.1051/0004-6361/
201322782. arXiv : 1311.4810 [astro-ph.EP]

(b) P. Auclair-Desrotour, S. Mathis et C. Le Poncin-Lafitte. « Scaling laws
to understand tidal dissipation in fluid planetary regions and stars I. Rotation,
stratification and thermal diffusivity ». In : A&A 581, A118 (sept. 2015), A118.
doi : 10.1051/0004-6361/201526246. arXiv : 1506.07705 [astro-ph.EP]

§ 2012. M2 internship of Frédéric Pierret.

§ 2011. M2 internship of Mélody Sylvestre (co-director : D. Hestroffer).

§ 2010. M2 internships of Stefano Bertone and Kazuhisa Oyama.
Related Publications :

(a) S. Bertone, C. Le Poncin-Lafitte, P. Rosenblatt, V. Lainey, J.-C. Marty
et M.-C. Angonin. « Impact analysis of the transponder time delay on radio-
tracking observables ». In : Advances in Space Research 61 (jan. 2018), p. 89–96.
doi : 10.1016/j.asr.2017.09.003. arXiv : 1708.00546 [astro-ph.EP]

§ 2009. M2 internship of Meng-Hsun Chung.

2.5 Teaching

Since 2017, I co-supervised with Daniel Hestroffer a methodology in the Dynamics of Gravi-
tational Systems at M2 of the Observatory.

https://doi.org/10.1103/PhysRevD.92.064049
http://arxiv.org/abs/1508.03478
https://doi.org/10.1051/0004-6361/201322782
https://doi.org/10.1051/0004-6361/201322782
http://arxiv.org/abs/1311.4810
https://doi.org/10.1051/0004-6361/201526246
http://arxiv.org/abs/1506.07705
https://doi.org/10.1016/j.asr.2017.09.003
http://arxiv.org/abs/1708.00546
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Since 2016, I am in charge of TP of L3 numerical modeling for physics in python, whose head
is Pacôme Delva at Sorbonne Université.

Since 2015, I participate in the lectures Metrology and Fundamental Physics, whose head is
Marie-Christine Angonin, at M2 of Observatory.

Since 2009, I am teaching at M1 of the Observatory, responsible of the TD Relativity and Time.

From 2009 to 2016, I co-supervised with Valery Lainey a methodology in the Dynamics of
Gravitational Systems at M2 of the Observatory.

In addition, I am regularly invited to teach in national and/or international schools. For
example, I gave two lectures during the last GRGS (Groupe de Recherche en Géodésie Spatiale)
summer school in 2016 at Les Houches. I gave also a lecture in 2016 in Bad Honeff in Germany
on Time Transfer Functions and more recently, in September 2017, I gave two lectures at Gif
School of IN2P3. I also co-organized, with Jean Souchay, a CNRS school in 2008 in Barèges,
south part of France near the Pyrénées.

I also have teaching administration activities. Thus, since 2011, I co-organize all méthodologies
of the Dynamics of Gravitational Systems at M2 of the Observatory.

More recently, in September 2017, I am the new director of the Observatory Master’s Men-
tion, now endorsed by PSL, whose name being SUTS (Sciences de l’Univers et Technologies
Spatiales) and is one of the most important Master in Astronomy & Astrophysics in France.
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ABSTRACT

Aims. This study revisits the estimate of the post-Newtonian relativistic parameter γ reported previously. We use (i) improved geo-
physical and astronomical modeling in the analysis software package, and (ii) a higher number of observations, a large part of which
come from a relatively small number of VLBA experiments at 8 GHz.
Methods. We analyzed more than seven million group delays measured by very long baseline interferometry between August 1979
and August 2010. The parameter γ was least squares fitted to delays as a global parameter over the entire observational time period.
Results. The most complete solution of this study yielded γ = 0.99992 ± 0.00012, whereas it was 0.99984 ± 0.00015 in our 2009
paper. The item (i), which is recognized as important for geodesy and reference frame realization, provides estimates of |γ − 1| that
are smaller than 10−4. As expected, the formal error in γ decreases when additional sessions are processed. In particular, we demon-
strate that the inclusion of more than 1.7 million observations from the VLBA (mainly from the RDV and VLBA calibrator survey
experiments) in the analysis decreases the formal error in the estimate of γ by about 15% with respect to our previous determination.

Key words. astrometry – techniques: interferometric – gravitation

1. Introduction

In an earlier paper (Lambert & Le Poncin-Lafitte 2009, hereafter
LL09), we estimated the post-Newtonian parameter γ by analyz-
ing group delays recorded by astrometric and geodetic very long
baseline interferometry (VLBI) at 8 GHz with an accuracy of
1.5 × 10−4.

In a parallel study, Fomalont et al. (2009) found agree-
ment with General Relativity of 3×10−4 using phase-referenced
VLBA observations of 3C 279 and 3C 273 at 15, 23, and
43 GHz. Though the accuracy of their measurement does not
compete with other studies, the authors pointed out that the pre-
cision of the determination of γ could be improved by scheduling
specially designed VLBA experiments.

Since then, a number of efforts in the geodesy and astron-
omy communities led to the inclusion of substantially improved
geophysical and astrometric models in the VLBI data reduction.
Moreover, we completed the Paris Observatory VLBI analysis
center observational database by adding a large number of new
observations that had not been processed in LL09, and by up-
grading the analysis software to new models. For these reasons,
we thought that it was worthwhile to re-launch the LL09 analy-
ses to appreciate the impact of all the improvements listed above.

2. Analysis configuration

The session list now includes a number of sessions that were
not processed in LL09 (Fig. 1). Most of them are generally de-
signed for geodetic application such as Earth orientation param-
eter monitoring or station coordinate determination. After 2009,
most of the additional sessions are the IVS rapid turn around ex-
periments R1 and R4, scheduled every Monday and Thursday,
respectively, that are designed to provide twice weekly Earth

orientation parameters and continuity with the NEOS and CORE
sessions that were operated before 2002. A relatively small num-
ber of additional sessions after 1994 used of the 10-station North
American Very Long Baseline Array (VLBA). The observing
configuration of the VLBA network allows one to image sources
and determine highly accurate station and source positions (see,
e.g., Petrov et al. 2009). The VLBA can be used either alone
(these sessions will be referred to as VLBA sessions in the
following) or together with additional overseas antennas (de-
noted by VLBA+ sessions in the following) that push baseline
lengths to more than 10 000 km. The former category includes
the VLBA Calibrator Survey (VCS) programs 1 to 6 (Beasley
et al. 2002; Fomalont et al. 2003; Petrov et al. 2005, 2006;
Kovalev et al. 2007; Petrov et al. 2008) that were scheduled be-
tween 1994 and 2007. They contain observations as close as 1.4◦
to the Sun, which are indicated as green, vertical bands in Fig. 1.
In the latter category, one finds the sessions known as RDV ex-
periments using the VLBA plus up to ten additional geodetic
stations located worldwide (in blue in Fig. 1). It appears that
VLBA+ sessions stopped observing at less than 15◦ from the
Sun after 2002, like all other routine VLBI experiments. VLBA
and VLBA+ sessions usually have a number of observations
larger than 10 000 and a postfit rms delay in the range 5–30 ps.

The most complete solution in this study processed
5055 sessions between 3 August 1979 and 30 August 2010, to-
talling more than 7.3 millions ionosphere-free group delay
measurements at 8 GHz. The calculations used the
Calc 10.0/Solve 2010.05.21 geodetic VLBI analysis software
package1, developed and maintained at NASA Goddard Space
Flight Center, and were carried out at the VLBI analysis center
of the Paris Observatory (Gontier et al. 2006), which is part of

1 http://gemini.gsfc.nasa.gov/solve
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Fig. 1. The main plot displays the observational history of the sources at less than 30◦ from the Sun (black: observations treated in LL09; red:
additional observations of routine experiments not processed in LL09 excluding VLBA+ and VLBA; blue: VLBA+; green: VLBA). The upper
plot gives the Sun spot number (SSN, Clette et al. 2007). The right plot displays the deflection angle predicted by General Relativity.

the International VLBI Service for Geodesy and Astrometry
(IVS, Schlüter & Behrend 2007). Earth orientation parameters,
their rates, and station coordinates were estimated once per
session. Loose no-net rotation (NNR) and translation constraints
per session were uniformly applied to the positions of all
stations excluding Fort Davis (Texas), Pie Town (New Mexico),
Fairbanks (Alaska), and the TIGO antenna at Concepción,
Chile because of strong non-linear displacements (the latter
two sites experienced post-seismic relaxation effects after large
earthquakes on the Denali fault in 2003, and between Talca and
Concepción in early 2010, respectively). Antenna thermal de-
formations were mapped using the values of Nothnagel (2009)
whereas antenna axis offsets were estimated as global parame-
ters over the full observational time span for a set of 66 stations.
The cut-off elevation angle was set to 5◦. Zenith wet delays
were estimated as a continuous piecewise linear function at
30-min intervals. Troposphere gradients were estimated as 6-hr
east and north piecewise functions at all stations except a set of
110 stations with poor observational history.

Station heights were corrected for atmospheric pressure and
oceanic tidal loading. The relevant loading quantities were de-
duced from surface pressure grids from the U. S. NCEP/NCAR
reanalysis project atmospheric global circulation model (Kalnay
et al. 1996; Petrov & Boy 2004) and from the FES 2004 ocean
tide model (Lyard et al. 2004). A critical change with respect
to LL09 is the use of atmospheric pressure loading coefficients

at diurnal and semi-diurnal frequencies computed with a non-
inverted barometer (NIB) hypothesis. In this hypothesis, oceans
do not react to any atmospheric pressure variations and any in-
crement in the atmospheric sea level pressure is fully and in-
stantaneously transmitted to the ocean bottom. The NIB ocean
is assumed to be static on time scales around and below a few
days (e.g., Willebrand et al. 1980; Wunsch & Stammer 1997). In
LL09, we assumed that the ocean reacted to balance atmospheric
pressure variations at the sea level.

We used a priori source coordinates of the second realiza-
tion of the International Celestial Reference Frame (ICRF2,
Fey et al. 2010), adopted by the International Astronomical
Union (IAU) in August 2009 as the fundamental realization
of the International Celestial Reference System (Feissel &
Mignard 1997) and a replacement of the ICRF (Ma et al. 1998).
The ICRF2 contains the coordinates of 3414 extragalactic
sources determined after VLBI observations at 8 GHz dur-
ing 1979–2009. With respect to the first ICRF, the noise floor
(40 µas) has improved by a factor of five, and the axis stability
(10 µas) by a factor of two. Nevertheless, in LL09, we men-
tioned that the a priori radio source catalogue does not influence
the results at a significant level since source coordinates are es-
timated during the analysis. Therefore, we do not expect the use
of the ICRF2 to be the source of the improvement yielded in
this paper. As in LL09, we loosely constrained the sources to the
ICRF2 catalogue. With respect to LL09, three sources identified

A70, page 2 of 4

DR
AF
T



S. B. Lambert and C. Le Poncin-Lafitte: Improved determination of γ by VLBI (RN)

Table 1. Characteristics of the solutions and estimates of γ. Details of the various solutions are given in the text.

No. No. No. Postfit rms delay γ χ2/ f
sessions delays sources (ps)

1979–2008 LL09 3937 4 386 112 916 25.0 0.99984 ± 0.00015 0.86
1979–2008 S1 3937 4 400 315 913 24.8 1.00004 ± 0.00015 0.84
1979–2008 S2 4643 4 952 152 1022 24.8 0.99998 ± 0.00015 0.84
1979–2010 S3 4930 5 584 232 1077 24.8 1.00004 ± 0.00014 0.84
1979–2010 S4 5012 6 997 297 1343 23.3 0.99993 ± 0.00013 0.83
1979–2010 S5 5055 7 351 000 3706 23.2 0.99992 ± 0.00012 0.84

as gravitational lenses were removed: 0218+357 and a compo-
nent 0218+35A (observed in one session each), and PKS 1830–
211 (observed in two sessions).

In the new software release, the a priori precession and nu-
tation comply with the IAU 2000/2006 resolutions, which in-
corporate the nutation model of Mathews et al. (2002) in a way
that is consistent with the precession of Capitaine et al. (2003b)
and the non-rotating origin-based coordinate transformation be-
tween the terrestrial and celestial coordinate systems (Capitaine
et al. 2003a).

As a major change with respect to LL09, the Niell (1996)
mapping functions (NMF) were replaced by the Vienna map-
ping functions 1 (VMF1, Böhm et al. 2006), where two of the
three coefficients of the continued fraction expressing the hydro-
static mapping functions are computed from the 40-yr reanalysis
(ERA–40) of the European Center for Medium-Range Weather
Forecast (ECMWF) data. Unlike the previously available map-
ping functions (Niell 1996; Niell 2000; Böhm & Schuh 2004),
they depend on the day of the year, and are no longer symmet-
ric with respect to the equator. Tesmer et al. (2007) showed that
VMF1 lead to station height repeatability that is 5.7% better than
other mapping functions. They also mentioned that, compared
with NMF, the effect on the radio source declinations is ∼10 µas
for declinations below −20◦.

In the next section, we present various solutions designed to
test the influence of the changes with respect to LL09 as listed
above.

3. Analysis and results

Table 1 summarizes the solution information and displays esti-
mates of γ and the reduced χ2 of the solution. The first line of
Table 1 reproduces the most complete solution of LL09. In solu-
tion S1, we considered the same session list as in LL09 to check
the effects of the improved geophysical and astronomical model-
ing and the slight changes in the analysis configuration, as listed
in Sect. 2. The number of delays in S1 appears to be higher by
less than 0.005% than in LL09 because of the use of different
versions for a few sessions. It turns out that the formal errors in
γ are expected to be comparable, at about 1.5 × 10−4. However,
it appears that γ is closer to unity: |γ − 1| was 2 × 10−4 in LL09,
and less than 10−4 in S1.

Taken individually, none of the analysis configuration
changes listed in the previous section are able to fully explain
the small shift in the central value of γ toward unity. It results
from the combined effects of all the geophysical and astronomi-
cal model improvements.

Solution S2 included additional VLBI sessions between
1979 and 2008 that had not been processed in LL09 (exclud-
ing the VLBA and VLBA+ sessions). It therefore checked the

effect of completing the observational database, but not extend-
ing the observing time span. The next three solutions were based
on processed sessions until the end of August 2010. Solution S3
included additional VLBI sessions between 2008 and 2010, and
checked the ability of the current geodetic VLBI observations
(excluding the VLBA and VLBA+ sessions) to constrain γ if the
current observing strategy were continued in the future. As for
S1, the estimated values of |γ − 1| in S2 and S3 are well below
10−4. Solution S3 processed about 12% more observations than
S2. The formal error decreased by 6%. Routine VLBI sessions
scheduled every three days on average are only able to decrease
the error in γ at a rate of about 10−6 per year.

Solution S4 is similar to S3, except that it included an ad-
ditional 72 VLBA+ sessions (scheduled bi-montly in average).
The error was reduced to 1.3 × 10−4. Finally, solution S5, which
is the most complete solution considered in this study, included
both VLBA+ and VLBA sessions. We obtained γ = 0.99992 ±
0.00012. Although the lengths of the S3 and S5 session lists dif-
fer by less than 3%, the addition of the rather sparse VLBA ses-
sions increases the number of delays by 30% and the number
of sources by a factor of four. Compared with LL09 and other
solutions that used routine VLBI experiments only (S1 to S3),
solution S5 has the formal error that is smaller by ∼15%, where
|γ − 1| is below 10−4, and shows that the VLBA experiments,
although scheduled sparsely, have a good potential for General
Relativity tests.

4. Concluding remarks

Although we do not challenge the results of Bertotti et al. (2003)
from Cassini spacecraft measurements (γ = 1.00002±0.00002),
the small improvement presented in this study is notable be-
cause it illustrates the capability of certain geodetic/astrometric
VLBI networks and observing configurations to increase the sen-
sitivity to γ. The VLBI observational data base provides a very
flexible way to test General Relativity in the Solar System at the
level of 10−4 thanks to the public availability of the data and the
low CPU time taken by the solutions.

This data base is still increasing with new observations of
very good quality thanks to a great, joint effort of worldwide
radio astronomical observatories and space agencies. The up-
coming VLBI 2010 will be designed in particular to reduce sys-
tematic errors, including possible source structure corrections
thanks to faster antennas, larger networks, and higher data rates
resulting in a uv coverage that is much better than in the cur-
rent geodetic experiments (Petrachenko et al. 2008). This new
VLBI network will likely lead to improved ground-based tests of
General Relativity (Heinkelmann & Schuh 2010). We therefore
encourage VLBI observing program committees to schedule
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observations of sources close to the Sun as in the VLBA cali-
brator survey sessions.

Acknowledgements. We are grateful to Prof. Harald Schuh for his review that
helped in improving the paper. This study could not have been carried out with-
out the work of the International VLBI Service for Geodesy and Astrometry
(IVS) community that coordinates observations and correlates and stores geode-
tic VLBI data.
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Given the extreme accuracy of modern space science, a precise relativistic modeling of observations is
required. In particular, it is important to properly describe light propagation through the Solar System. For
two decades, several modeling efforts based on the solution of the null geodesic equations have been
proposed, but they are mainly valid only for the first-order post-Newtonian approximation. However, with
the increasing precision of ongoing space missions such as Gaia, GAME, BepiColombo, JUNO, and
JUICE, we know that some corrections up to the second order have to be taken into account for future
experiments. We present a procedure to compute the relativistic coordinate time delay, Doppler, and
astrometric observables avoiding the integration of the null geodesic equation. This is possible using the
time transfer function formalism, a powerful tool providing key quantities such as the time of flight of a
light signal between two point events and the tangent vector to its null geodesic. Indeed, we show how to
compute the time transfer functions and their derivatives (and thus range, Doppler, and astrometric
observables) up to the second post-Minkowskian order. We express these quantities as quadratures of some
functions that depend only on the metric and its derivatives evaluated along a Minkowskian straight line.
This method is particularly well adapted for numerical estimations. As an illustration, we provide explicit
expressions in static and spherically symmetric space-time up to second post-Minkowskian order. Then we
give the order of magnitude of these corrections for the range and Doppler on the BepiColombo mission
and for astrometry in a GAME-like observation.

DOI: 10.1103/PhysRevD.89.064045 PACS numbers: 04.20.Cv, 04.25.-g, 04.80.-y

I. INTRODUCTION

During the last 20 years, space science has made
stunning progress. Indeed, the accuracy on the tracking
of probes increased drastically. For example, the Cassini
spacecraft reached the level of a few meters for the range
and 3 × 10−6 m=s for the Doppler [1–3]. In the near future,
the BepiColombo mission should reach an accuracy of
10 cm and 10−6 m=s for range and Doppler, respectively
[4,5]. On the other hand, within the next few years, Gaia’s
astrometric catalogue is expected to get positions, paral-
laxes and proper motions of a billion celestial objects with a
precision of several microarcseconds [6], improving by a
factor of 1000 what was accomplished with HIPPARCOS
[7]. However, we know that these high-precision observa-
tions need to be reduced and interpreted in a complete
relativistic framework [8]. Several key points need to be
considered, in particular a precise modeling for the propa-
gation of the observed signal. In the limit of geometrical

optics, it is well known that light rays follow null geodesics.
Then radioscience (range & Doppler) and astrometric
observables are traditionally analyzed by determining the
full light trajectory, by solving the null geodesic equations.
This method works quite well within the first post-
Newtonian (1PN) and post-Minkowskian (1PM) approx-
imations, as it is shown by the results obtained in [9–16]. In
the context of the Schwarzschild-like geometry, a solution of
the null geodesic equations has beenderived at the post-post-
Minkowskian (2PM) order in [17,18]. The case of a static,
spherically symmetric space-time has also been considered
in [19] where a solution of the eikonal equation is found.
However, finding an analytical solution of the geodesic

equations is a challenging task that requires complex
calculations, in particular when one has to take into account
the presence of mass multipoles and/or the effects due to
the planetary motions. Moreover, calculations become
quite complicated in the 2PM approximation [20] espe-
cially when space-time is not stationary [21]. Nevertheless,
it has been recently demonstrated that this task is not at
all mandatory and can be replaced by another approach,
initially based on the Synge World Function [22] and then
on the time transfer functions (TTF) [23].
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Indeed, within the TTF formalism, the solution of
the null geodesic equation is advantageously replaced by
the determination of the TTF and its first derivatives.
In general, the determination of the TTF is as challenging
as the integration of the null geodesic equations.
Nevertheless, this task is really easier in a weak gravita-
tional field. In particular, an algorithmic method to compute
a PM expansion of the TTF at any order has been presen-
ted in [23], the determination of the TTF being done by
performing integrals of some functions of the space-time
metric evaluated along a Minkowskian segment between
the emitter and the receiver of the signal. Moreover, from a
computational point of view, the quadrature of a function
taken along a straight line is easier than the full determi-
nation of the photon trajectory, which is a boundary value
problem [24].
In this paper, we take advantage of the properties of

the TTF formalism in order to construct a straightforward
modeling of radioscience and astrometric observables.
We present here a method to compute the TTF and its
derivatives (and therefore coordinate time delay, frequency
shift and astrometric observables) at 2PM order. Our
method is particularly well adapted for numerical compu-
tation of radioscience and astrometric observables from
the space-time metric. It can be used in General Relativity
as well as in any alternative theories of gravity, where the
light propagation is described by the null geodesic equa-
tions at the geometric optic approximation, improving what
two of us presented up to 1PM order in [25].
The paper is organized as follows. In Sec. II, we present

the notations and the conventions used through this paper.
In Sec. III, we introduce briefly the TTF formalism
and recall how to determine the TTF when the emitter
and the receiver of the light ray are in motion. In Sec. IV, we
present a straightforward modeling of the radioscience and
astrometric observables from the TTF. At this point, no
expansion nor approximation is made and the observables
are expressed in terms of the TTF and its first derivatives.
In Sec. V, we show how to compute the TTF and its
derivatives up to 2PM order. In Sec. VI, we specify our
formulas for a static, spherically symmetric space-time and
apply them to a Schwarzschild-like geometry. We compute
the order of magnitude of the 2PM terms in two cases.
First we compute the values of the range and Doppler for
BepiColombo and compare our results with those obtained
in [26]. Second, considering a GAME-like observation
[27], we simulate absolute and relative astrometric obser-
vations near the limb of the Sun to make evident the 2PM
contribution to light deflection and aberration. In Sec. VII,
we give our conclusions.

II. NOTATION AND CONVENTIONS

In this paper c is the speed of light in a vacuum
and G is the Newtonian gravitational constant. The
Lorentzian metric of space-time V4 is denoted by g.

The signature adopted for g is ðþ − −−Þ. We suppose that
space-time is covered by some global quasi-Galilean
coordinate system ðxμÞ ¼ ðx0; xÞ, where x0 ¼ ct, t being
a time coordinate, and x ¼ ðxiÞ. We assume that the
curves of equation xi = constants are timelike, which
means that g00 > 0 anywhere. We employ the vector
notation a in order to denote ða1; a2; a3Þ ¼ ðaiÞ.
Considering two such quantities a and b we use a · b
to denote aibi (Einstein convention on repeated indices is
used). The quantity jaj stands for the ordinary Euclidean
norm of a. For any quantity fðxλÞ, f;α denotes the partial
derivative of f with respect to xα. In this paper, we are
dealing with post-Minkowskian (PM) expansions. We
suppose each quantity can be represented as a series in
ascending power of G. The indices in parentheses
characterize the order of perturbation. They are set up
or down, depending on the convenience. For example, the
space-time metric can be expanded as

gμν ¼ ημν þ
X∞
n¼1

gðnÞμν ; (1)

where gðnÞμν is of the order OðGnÞ.

III. TIME TRANSFER FUNCTION FORMALISM

Let us consider two observers OA and OB located at
points xA and xB, respectively. We suppose that the past null
cone at a given point xB ¼ ðctB; xBÞ intersects the world
line x ¼ xA at only one point xA ¼ ðctA; xAÞ (see Fig. 1).
The difference tB − tA is the coordinate travel time of a
light ray connecting the emission point xA with the
reception point xB. This quantity may be written as a time
transfer function [22,28–30],

tB − tA ¼ T rðxA; tB; xBÞ ¼ T eðtA; xA; xBÞ; (2)

where T r and T e are the time transfer functions (TTF) at
reception and at emission, respectively. In the following,

FIG. 1 (color online). Representation of the general geometry
studied in this paper: a light signal of frequencyνA is emitted byOA
with a wave four-vector of components kμA and received byOB at a
frequency νB and with a wave four-vector of components kμB.
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we consider only the case of the TTF at reception, but the
discussion can be done in the sameway by using the TTF at
emission. TTF directly gives the coordinate propagation
time of an electromagnetic signal and is therefore closely
related to the Range observable [25]. The determination of
the TTF is as challenging as the integration of the null
geodesic equation [11], but, in the weak field approxima-
tion, a general PM expansion of the TTF has been presented
in [23] and will be used in Sec. V to derive explicit
equations up to the 2PM order. Generally speaking, neither
the emitter OA nor the receiver OB of an electromagnetic
signal are static. Instead, they are following a trajectory
xAðtÞ and xBðtÞ usually parametrized by a coordinate time t.
In this case, Eq. (2) becomes an implicit relation since xA
depends on tA. In the weak field approximation, Eq. (2)
must then be read as

tB − tA ¼ T rðxAðtAÞ; tB; xBðtBÞÞ

¼ jxBðtBÞ − xAðtAÞj
c

þ 1

c
ΔrðxAðtAÞ; tB; xBðtBÞÞ;

(3)

with Δr=c the so-called “delay function” [23]. From an
experimental point of view, the position of the emitter OA
may be recorded at the time of emission tB rather than at the
time of reception tA, i.e. we may have more direct access to
xAðtBÞ rather than xAðtAÞ. Two approaches are possible.
First an analytical solution can be derived by following the
procedure presented in [31]. For any quantityQAðtÞ defined
along the world line of the observer OA, let us put
~QA ¼ QAðtBÞ. Thus we may write ~xA for xAðtBÞ, ~rA for
rAðtBÞ, etc. The idea is now to expand the position of OA
recorded at time tA with respect to coordinate time tB by a
Taylor expansion as follows,

xAðtAÞ ¼ ~xA þ ðtA − tBÞ~vA þ 1

2
ðtA − tBÞ2 ~aA

þ 1

6
ðtA − tBÞ3 ~bA þ � � � ; (4)

where ~vA ¼ vAðtBÞ ¼ dxA
dt jtB , ~aA ¼ aAðtBÞ ¼ d2xA

dt2 j
tB

and

~bA ¼ bAðtBÞ ¼ d3xA
dt3 j

tB
. The introduction of this expansion

in (3) leads to

tB − tA ¼
~DAB

c
þ ðtB − tAÞ

~vA · ~DAB

c ~DAB

þ ðtB − tAÞ2
2c ~DAB

�
~v2A − ~aA · ~DAB −

�
~vA · ~DAB

~DAB

�2�

þ ðtB − tAÞ3
2c ~DAB

�
1

3
~bA · ~DAB − ~vA · ~aA − ~v2A ~vA · ~DAB

~D2
AB

þ ð~vA · ~DABÞð~aA · ~DABÞ
~D2
AB

þ ð~vA · ~DABÞ3
~D4
AB

�
þ 1

c
Δrð~xA; tB; xBÞ

−
ðtB − tAÞ

c
∂Δrð~xA; tB; xBÞ

∂xiA ~viA þ ðtB − tAÞ2
c

�
1

2

∂Δrð~xA; tB; xBÞ
∂xiA ~aiA þ ∂2Δrð~xA; tB; xBÞ

∂xiA∂xjA
~viA ~v

j
A

�
þ � � � ; (5)

where ~DAB ¼ xBðtBÞ − xAðtBÞ, ~DAB ¼ j ~DABj and vA ¼
����νA

����. An iterative solution of Eq. (5) gives

T rðxAðtAÞ; tB; xBðtBÞÞ ¼
~DAB

c
þ ~vA · ~DAB

c2
þ

~DAB

2c3

�
~v2A þ

�
~vA · ~DAB

~DAB

�2

− ~aA · ~DAB

�

þ 1

c4

�
ð~vA · ~DABÞð ~v2A − ~aA · ~DABÞ þ

1

6
~D2
AB

~bA · ~DAB − 1

2
~D2
AB ~vA · ~aA

�
þ 1

c
Δrð~xA; tB; xBÞ

− ~DAB

c2
∂Δrð~xA; tB; xBÞ

∂xiA ~viA þ ~vA · ~DAB

c2 ~DAB

Δrð~xA; tB; xBÞ þOð1=c5Þ: (6)

Equation (6) is a post-Newtonian (PN) formula since
the TTF is expanded in terms of quantities such as ~vA=c,
ð ~DAB · ~aÞ=c2 that should be small in order to assure the
convergence of this series. It should be noted that for this
PN expansion Δð1Þ

r is considered of order G=c2. This
computation can be continued to higher orders if necessary.
This analytical expansion includes what is usually referred
to as Sagnac-like terms [12,32]. However, this expansion
has the disadvantage of being valid for small velocities/
accelerations only, which is not problematic in the Solar
System but can be limiting in other applications like binary

pulsars. Moreover, in this expansion, derivatives of Δr
appear (and higher derivatives appear at higher orders), and
these terms can become difficult to compute.
That is why a second approach, based on a numerical

iterative process, is more practical. This procedure is
standard and can be written as

Start : tð0ÞA ¼ tB − T rðxAðtBÞ; tB; xBðtBÞÞ (7a)

Loop : tðiþ1Þ
A ¼ tB − T rðxAðtðiÞA Þ; tB; xBðtBÞÞ (7b)

RELATIVISTIC FORMULATION OF COORDINATE LIGHT … PHYSICAL REVIEW D 89, 064045 (2014)

064045-3

DR
AF
T



End : whenjtðiþ1Þ
A − tðiÞA j < ε; (7c)

with ε the desired accuracy. Each step of this iterative
procedure requires one to evaluate the TTF. In practice, at
least for Solar System applications, this procedure con-
verges very quickly after two or three iterations. The main
advantages of this procedure are that no PN approximation
is done and it is easy to implement.
These two procedures allow us to compute tA, the

coordinate emission time of the signal emitted along the
world line xAðtÞ, from the reception coordinate time tB and
the coordinate of the receiver xB. The analytical expansion
(6) is a PN expansion of tA up toOð1=c4Þwhile the iterative
procedure (7) is valid up to any order.

IV. DOPPLER AND ASTROMETRIC
OBSERVABLES FROM THE TIME

TRANSFER FUNCTION

Here, we derive exact relativistic formulas to model the
Doppler and astrometric observables as functions of the
TTF and its partial derivatives. We consider three different
observers OA, OA0 and OB. We assume that OA and OA0

are emitting light rays at coordinates ðtA; xAÞ and ðtA0 ; xA0 Þ,
respectively. We assume also that these signals are received
by OB at coordinates ðtB; xBÞ. OB is equipped with a
comoving tetrad of components E. Figure 1 illustrates the
specific case of a light ray of frequency νA emitted by OA
with a wave four-vector of components kμA and received
by OB at a frequency νB and with a wave four-vector of
components kμB.

A. Frequency shift observables

First, we focus on the one-way frequency shift between
OA and OB. Let us define it as follows:

Δν
ν

����one-way
A→B

¼ νB
νA

− 1: (8)

It is well known that the ratio νB=νA can be expressed
as [33,34]

νB
νA

¼ uμBk
B
μ

uνAk
A
ν
¼ u0B

u0A

kB0
kA0

1þ βiBk̂
B
i

1þ βiAk̂
A
i

; (9)

where uμA ¼ ðdxμ=dsÞA and uμB ¼ ðdxμ=dsÞB are the four-
velocity of OA and OB, βiA ¼ dxiA=cdt and βiB ¼ dxiB=cdt
are their coordinate velocities, k̂Ai ¼ ðkAi =kA0 Þ and
k̂Bi ¼ ðkBi =kB0 Þ, while kAμ and kBμ are the wave vectors
tangents to the light ray at the point of emission xA and
at the point of reception xB, respectively.
The TTF formalism provides a direct way of defining the

ratio of the spatial and temporal covariant components of
the tangent vector to a photon trajectory kμ ¼ dxμ=dσ, σ
being an affine parameter, at OA and OB as [22]

ðk̂iÞA ¼
�
ki
k0

�
A
¼ c

∂T r

∂xiA ¼ −Ni
AB þ ∂Δr

∂xiA ; (10a)

ðk̂iÞB ¼
�
ki
k0

�
B
¼ −c ∂T r

∂xiB
h
1 − ∂T r

∂tB
i−1

¼ −
�
Ni

AB þ ∂Δr

∂xiB
�
×
h
1 − 1

c
∂Δr

∂tB
i−1

; (10b)

ðk0ÞB
ðk0ÞA

¼ 1 − ∂T r

∂tB ¼ 1 − 1

c
∂Δr

∂tB ; (10c)

where Ni
AB ¼ Ri

AB
RAB

with Ri
AB ¼ xiB − xiA and RAB ¼

jxB − xAj. Noting that

u0A=B ¼ ½g00 þ 2g0iβi þ gijβiβj�−1=2A=B ; (11)

it is then straightforward to define the one-way frequency
shift (8) as a function of Δr and its partial derivatives.
Substituting for k̂i from Eq. (10) and inserting it in relation
(9) using (11), one gets the exact expression [25,34,35]

νB
νA

¼ ½g00 þ 2g0iβi þ gijβiβj�1=2A

½g00 þ 2g0iβi þ gijβiβj�1=2B

×
1 − Ni

ABβ
i
B − βiB

∂Δr∂xiB − 1
c
∂Δr∂tB

1 − Ni
ABβ

i
A þ βiA

∂Δr∂xiA
: (12)

This modeling can be extended easily to a multiway
frequency shift. For example, let us consider a signal
emitted with a frequency νA by an observerOA, transmitted
by an observerOB and then received by an observerOC at a
frequency νC, which can eventually be OA for a two-way
frequency shift. The frequency shift betweenOA and OC is
defined in the same way as for the one-way,

Δν
ν

����
A→C

¼ νC
νA

− 1: (13)

The ratio νC=νA can be decomposed as follows,

νC
νA

¼ νC
νB;e

δνB
νB;r
νA

; (14)

where νB;r is the proper frequency received by the observer
OB, while νB;e is the proper frequency emitted by the same
observer. The factor δνB ≡ νB;e=νB;r stands for any fre-
quency shift, i.e. due to a transponder, introduced between
the reception and reemission of the signal. The computation
of the multiway frequency shift is straightforward: the two
terms νC=νB;e and νB;r=νA from (14) are one-way frequency
shifts and can be computed using (12). This procedure can
be generalized easily if more links are needed.
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B. Astrometric observables

The goal of astrometry is to determine the position of
celestial bodies from angular observations. We focus on
two main approaches. First, we consider the modeling of
the direction of incidence of a light ray in a given reference
frame, which gives an absolute positioning of the studied
object on a celestial sphere. Second, we consider the case of
the angular separation of two light sources.
One way to get a covariant definition of the absolute

positioning of a light source is to use the tetrad formalism
[36–39] thus giving the direction of observation of an
incoming light ray in a tetrad E comoving with the
observer OB (see Fig. 1). Let us note Eμ

hαi, the components
of this tetrad, where hαi corresponds to the tetrad index
and μ is a normal tensor index that can be lowered and
raised by use of the metric. The tetrad is assumed to be
orthonormal so that

gμνE
μ
hαiE

ν
hβi ¼ ηhαihβi: (15)

Vector Eν
h0i is chosen unit and timelike, and consequently

Eν
hii are unit and spacelike. The components of the tetrad

allow us to transform the coordinates of the wave vector
from the global coordinate frame to the tetrad frame,

khαi ¼ Eμ
hαikμ; (16)

where kμ are the coordinates of the wave vector in the
global frame (represented on Fig. 1) while khαi are
the coordinates of the same vector in the tetrad frame.
The incident direction of the light ray in the tetrad
frame (which is a relativistic observable) is given by the
normalization

nhii ¼ khiiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δjkkhjikhki

q ¼ khii

kh0i
¼ − khii

kh0i
; (17)

where we used the properties of the null-vector khii and the
fact that the metric tensor has a Minkowskian form in the
tetrad frame. Using the transformation law (16) into
Eq. (17), one gets

nhii ¼ − E0
hiik0 þ Ej

hiikj

E0
h0ik0 þ Ej

h0ikj
¼ − E0

hii þ Ej
hiik̂j

E0
h0i þ Ej

h0ik̂j
; (18)

where k̂j are the deflection functions at OB defined in
(10b). This expression is consistent with the one derived in
[40]. Using the relation (10b) one can then express the
incoming direction of the light ray in terms of the reception
delay function and its derivatives [41,42] as

nhii ¼ −
E0
hiið1 − 1

c
∂Δr∂tB Þ − Ej

hiiN
j − Ej

hii
∂Δr

∂xjB
E0
h0ið1 − 1

c
∂Δr∂tB Þ − Ej

h0iN
j − Ej

h0i
∂Δr

∂xjB
; (19)

which is an exact formula.

Let us now examine the second kind of astrometric
observations, namely the modeling of angular distance
between two celestial bodies. This observable can also be
computed within the TTF formalism. We assume that
two different light sources OA and OA0 are emitting a
light ray Γ and Γ0, respectively. These light rays are
received simultaneously by OB at coordinates ðtB; xBÞ.
We denote by k and k0 the wave vector of Γ and Γ0 at OB,
respectively. Using expression (10b), we construct the ratio
ðk̂jÞB corresponding to Γ and ðk̂j0ÞB describing Γ0, which
require an expression for the derivatives of the TTF whose
expression up to the 2PM order will be given in Sec. V.
It is straightforward to show that the angular distance ϕ
between OA and OA0 , as observed by a moving observer
OB, can be written as [43]

sin2
ϕ

2
¼−1

4

�ðg00þ2g0kβkþgklβkβlÞgijðk̂0i− k̂iÞðk̂0j− k̂jÞ
ð1þβmk̂mÞð1þβlk̂l

0Þ

�
B

;

(20)

where βiB ¼ ðdxi=cdtÞB is the coordinate velocity of OB at
coordinates ðtB; xBÞ.

V. POST-MINKOWSKIAN EXPANSION
OF THE TIME TRANSFER FUNCTION

AND ITS DERIVATIVES

In Sec. IV, we have presented a method to compute
Doppler and astrometric observables in an exact form
depending explicitly on the expression of the TTF and
its derivatives. In this section, we present a way to derive
these quantities up to 2PM order as integrals of some
functions of the space-time metric taken along a straight
line. In the weak field approximation, the expression of T r
as a formal PM series has been derived by [23] and can be
written in ascending powers of G as

T rðxA; tB; xBÞ ¼
RAB

c
þ 1

c

X∞
n¼1

ΔðnÞ
r ðxA; tB; xBÞ; (21)

where ΔðnÞ
r is of the orderOðGnÞ. The goal of this section is

then to derive analytical formulas for the delay functions
Δð1Þ

r , Δð2Þ
r and their derivatives [44] up to 2PM order.

A. Notations and variables used

In the following, we provide some useful notations used
throughout this paper. First of all, the Minkowskian path
between the emitter and the receiver (which is a straight
line) is parametrized by λ (whose values are between 0 and
1) and is given by

z0ðλÞ ¼ ctB − λRAB (22a)

zðλÞ ¼ xB − λRAB ¼ xBð1 − λÞ þ λxA: (22b)
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We introduce the derivatives of these expressions with
respect to the variables xA=B, i.e. the quantities

z0;ðAiÞðλÞ ¼
∂z0ðλÞ
∂xiA ¼ λNi

AB; (23a)

z0;ðBiÞðλÞ ¼
∂z0ðλÞ
∂xiB ¼ −λNi

AB; (23b)

zj;ðAiÞðλÞ ¼
∂zjðλÞ
∂xiA ¼ λδji ; (23c)

zj;ðBiÞðλÞ ¼
∂zjðλÞ
∂xiB ¼ ð1 − λÞδji ; (23d)

z0;ðAkÞðAlÞðλÞ ¼
∂2z0

∂xlA∂xkA ¼ λ

RAB
ðNk

ABN
l
AB − δklÞ; (23e)

z0;ðAkÞðBlÞðλÞ ¼
∂2z0

∂xlB∂xkA ¼ − λ

RAB
ðNk

ABN
l
AB − δklÞ: (23f)

We will use the functions p and pðnÞ defined from the PM
expansion of the space-time metric as follows,

pðnÞðλÞ ¼ p½gμνðnÞðzβðλÞÞ; Ni
AB; RAB�

¼ RAB

2
½g00ðnÞ − 2Nk

ABg
0k
ðnÞ þ Nk

ABN
l
ABg

kl
ðnÞ�zβðλÞ: (24a)

We also define a similar expression with the metric replaced
by its derivatives

pðnÞαðλÞ ¼ p½gμνðnÞ;αðzβðλÞÞ; Ni
AB; RAB�

¼ RAB

2
½g00ðnÞ;α − 2Nk

ABg
0k
ðnÞ;α þ Nk

ABN
l
ABg

kl
ðnÞ;α�zβðλÞ:

(24b)

It is worth noticing that the last definition corresponds to
the derivative of pðnÞðλÞ with respect to zβ, by keeping Ni

AB
and RAB constants,

pðnÞαðλÞ ¼
∂pðnÞðλÞ
∂zα

����
Ni

AB;RAB¼cst
: (25)

We will also use the functions qjðnÞ that are defined by the
derivative of pðnÞ with respect to x

j
A by keeping zβ constant,

qjðnÞðλÞ ¼
∂pðnÞ
∂xjA

����
zβ¼cst

¼ 1

2
½−Nj

ABg
00
ðnÞ þ 2g0jðnÞ − 2gjkðnÞN

k
AB

þ Nk
ABN

l
ABN

j
ABg

kl
ðnÞ�zβðλÞ: (26a)

It is then straightforward to show that

qjðnÞðλÞ ¼ −∂pðnÞ
∂xjB

����
zβ¼cst

: (26b)

We define a similar expression by replacing the metric by
its derivatives,

qjðnÞαðλÞ ¼
∂pðnÞα
∂xjA

����
zβ¼cst

¼ −∂pðnÞα
∂xjB

����
zβ¼cst

¼ 1

2
½−Nj

ABg
00
ðnÞ;α þ 2g0jðnÞ;α − 2gjkðnÞ;αN

k
AB

þ Nk
ABN

l
ABN

j
ABg

kl
ðnÞ;α�zβðλÞ: (26c)

Finally, the derivatives of qjðnÞ with respect to x
k
A by keeping

zβ constant are denoted by

sijðnÞðλÞ¼
∂qiðnÞ
∂xjA

����
zα¼cst

¼−qiðnÞ
∂xkB

����
zα¼cst

¼ 1

2RAB
½g00ðnÞðδij−Ni

ABN
j
ABÞþ2gijðnÞ−2Nk

ABðgikðnÞNj
AB

þgjkðnÞN
l
ABÞþgklðnÞN

k
ABN

l
ABð3Ni

ABN
j
AB−δijÞ�

zαðλÞ:

(26d)

B. Expansion at first PM order

The expression of Δð1Þ
r is given in [23] as an integral

taken along zαðλÞ of the components of the metric tensor,

Δð1Þ
r ðxA; tB; xBÞ ¼

RAB

2

Z
1

0

½g00ð1Þ − 2Ni
ABg

0i
ð1Þ

þ Ni
ABN

j
ABg

ij
ð1Þ�zαðλÞdλ: (27)

Using the notations (24), we rewrite Eq. (27) as

Δð1Þ
r ðxA; tB; xBÞ ¼

Z
1

0

p½gμνð1ÞðzβðλÞÞ; Ni
AB; RAB�dλ

¼
Z

1

0

pð1ÞðλÞdλ: (28)

The derivatives of Δð1Þ
r can then be computed from (28)

by inverting the integral and the partial derivative and by
using the chain rules,

∂Δð1Þ
r

∂xiA ðxA; tB; xBÞ ¼
Z

1

0

�∂pð1ÞðλÞ
∂zα

����
Ni

AB;RAB¼cst

∂zα
∂xiA

þ ∂pð1ÞðλÞ
∂xiA

����
zβ¼cst

�
dλ: (29)

This can be rewritten using relations (23), (25) and (26a) as
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∂Δð1Þ
r

∂xiA ðxA; tB; xBÞ ¼
Z

1

0

½pð1ÞαðλÞzα;ðAiÞðλÞ þ qið1ÞðλÞ�dλ;
(30a)

while a similar reasoning leads to

∂Δð1Þ
r

∂xiB ðxA; tB; xBÞ ¼
Z

1

0

½pð1ÞαðλÞzα;ðBiÞðλÞ − qið1ÞðλÞ�dλ;

(30b)

∂Δð1Þ
r

∂tB ðxA; tB; xBÞ ¼ c
Z

1

0

pð1Þ0ðλÞdλ: (30c)

Equations (29)–(30) are equivalent to those derived in [25].
When replaced into Eq. (12), Eq. (19) and Eq. (20), they
give a full description of Doppler and astrometric observ-
ables at 1PM.
Some other quantities will be useful for the computations

at the 2PM order. In particular, Δð1Þ
r ðzðλÞ; tB; xBÞ is defined

similarly to (27) as

Δð1Þ
r ðzðλÞ; tB; xBÞ ¼

RzB

2

Z
1

0

½g00ð1Þ − 2Ni
zBg

0i
ð1Þ

þ Ni
zBN

j
zBg

ij
ð1Þ�yαðμÞdμ

¼
Z

1

0

p½gμνð1ÞðyαðμÞÞ; Ni
zB; RzB�dμ; (31)

where the integral is performed over a straight line joining
zαðλÞ to xαB. This path is parametrized by yαðμÞ, whose
components are given by

y0ðμÞ ¼ ctB − μRzB ¼ ctB − μjxB − zðλÞj (32a)

yðμÞ ¼ xB − μðxB − zðλÞÞ: (32b)

Using the definition of zα given in Eq. (22), the last
expression becomes

yαðμÞ ¼ zαðμλÞ: (33)

Inserting this relation in (31) and noticing that

RzB ¼ λRAB (34a)

and

NzB ¼ NAB; (34b)

one gets

Δð1Þ
r ðzðλÞ; tB; xBÞ ¼

Z
1

0

p½gμνð1ÞðzβðλμÞÞ; Ni
AB; λRAB�dμ:

Since p is linear with respect to RAB, the last expression
becomes

Δð1Þ
r ðzðλÞ; tB; xBÞ ¼ λ

Z
1

0

p½gμνð1ÞðzβðλμÞÞ; Ni
AB; RAB�dμ

¼ λ

Z
1

0

pð1ÞðλμÞdμ: (35)

We shall also need the quantity ∂Δð1Þ
r ðzðλÞ;tB;xBÞ

∂xi (where the
derivative is taken with respect to the first argument). To
compute it, we apply the chain rules to Eq. (31) so that we
get

∂Δð1Þ
r ðzðλÞ; tB; xBÞ

∂xi

¼
Z

1

0

�∂p½gμνð1ÞðyβðμÞÞ; Ni
zB; Rzb�

∂yα
����
Ni

zB;RzB¼cst

∂yα
∂zi

þ
∂p½gμνð1ÞðyβðμÞÞ; Ni

zB; Rzb�
∂zi

����
yβ¼cst

�
dμ: (36)

The first part of the integrand gives

∂p½gμνð1ÞðyβðμÞÞ; Ni
zB; Rzb�

∂yα
����
Ni

zB;RzB¼cst

¼ p½gμνð1Þ;αðyβðμÞÞ; Ni
zB; Rzb�

¼ λp½gμνð1Þ;αðzβðλμÞÞ; Ni
AB; RAb� ¼ λpð1ÞαðλμÞ; (37)

while the derivative of yα is given by

∂y0ðμÞ
∂zi ¼ μNi

zB ¼ μNi
AB;

∂yjðμÞ
∂zi ¼ μδji :

The comparison of these expressions with (23a) and (23c)
gives then

λ
∂yαðμÞ
∂zi ¼ ∂zαðλμÞ

∂xiA ¼ zα;ðAiÞðλμÞ: (38)

The computation of the last quantity in the integrand is also
straightforward. We get

∂p½gμνð1ÞðyβðμÞÞ;Ni
zB;Rzb�

∂zi
����
yβ¼cst

¼ 1

2
½−Ni

zBg
00
ð1Þ þ 2g0ið1Þ − 2gikð1ÞN

k
zB þNk

zBN
l
zBN

i
zBg

kl
ð1Þ�yβðμÞ:

(39)

Using (34) and (33) into Eq. (39) and comparing to
Eq. (26), one can finally set
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∂p½gμνð1ÞðyβðμÞÞ; Ni
zB; Rzb�

∂zi
����
yβ¼cst

¼ qið1ÞðλμÞ: (40)

We can now use (37), (38) and (40) into (36) to get

∂Δð1Þ
r ðzðλÞ; tB; xBÞ

∂xi ¼
Z

1

0

½pð1ÞαðλμÞzα;ðAiÞðλμÞ þ qið1ÞðλμÞ�dμ:
(41a)

The next quantities of interest are the derivatives of
Δð1Þ

r ðzðλÞ; tB; xBÞ with respect to xiA=B and tB. Once again,
we apply the chain rules to (35) so that

∂Δð1Þ
r ðzðλÞ; tB; xBÞ

∂xiA ¼ λ

Z
1

0

½pð1ÞαðλμÞzα;ðAiÞðλμÞ

þ qið1ÞðλμÞ�dμ; (41b)

∂Δð1Þ
r ðzðλÞ; tB; xBÞ

∂xiB ¼ λ

Z
1

0

½pð1ÞαðλμÞzα;ðBiÞðλμÞ

− qið1ÞðλμÞ�dμ; (41c)

∂Δð1Þ
r ðzðλÞ; tB; xBÞ

∂tB ¼ cλ
Z

1

0

pð1Þ0ðλμÞdμ: (41d)

Finally, we make explicit the second derivatives of
Δð1Þ

r ðzðλÞ; tB; xBÞ using the chain rules from Eq. (41) as

∂2Δð1Þ
r

∂xiA∂xj ðzðλÞ; tB; xBÞ ¼
Z

1

0

½pð1Þαβzα;ðAjÞz
β
;ðAiÞ þ qið1Þαz

α
;ðAjÞ

þ pð1Þαzα;ðAjÞðAiÞ þ qjð1Þαz
α
;ðAiÞ

þ sjið1Þ�λμdμ; (42a)

∂2Δð1Þ
r

∂xiB∂xj ðzðλÞ; tB; xBÞ ¼
Z

1

0

½pð1Þαβzα;ðAjÞz
β
;ðBiÞ − qið1Þαz

α
;ðAjÞ

þ pð1Þαzα;ðAjÞðBiÞ þ qjð1Þαz
α
;ðBiÞ

− sjið1Þ�λμdμ; (42b)

∂2Δð1Þ
r

∂tB∂xj ðzðλÞ; tB; xBÞ ¼ c
Z

1

0

½pð1Þα0ðλμÞzα;ðAjÞðλμÞ

þ qjð1Þ0ðλμÞ�dμ: (42c)

To summarize, the expansion of the TTF and its derivatives
at 1PM order are given by (28) and (30). The quantities

(35), (41) and (42) will be useful in the calculation of the
2PM expansion of the TTF presented in the following.

C. Expansion at second PM order

The expression of Δð2Þ
r can also be derived from [23] and

rewritten with our notations as

Δð2Þ
r ðxA; tB; xBÞ ¼

Z
1

0

½I1ðλÞ þ I2ðλÞ þ I3ðλÞ�dλ (43)

with

I1ðλÞ ¼ pð2ÞðλÞ − Δð1Þ
r ðzðλÞ; tB; xBÞpð1Þ0ðλÞ

¼ pð2ÞðλÞ − λpð1Þ0ðλÞ
Z

1

0

pð1ÞðλμÞdμ; (44a)

where we have used (35),

I2ðλÞ ¼ ½RABg0ið1Þ − Rk
ABg

ik
ð1Þ�zαðλÞ ×

∂Δð1Þ
r

∂xi ðzðλÞ; tB; xBÞ
¼ ½RABg0ið1Þ − Rk

ABg
ik
ð1Þ�zαðλÞ

×
Z

1

0

½pð1ÞαðλμÞzα;ðAiÞðλμÞ þ qið1ÞðλμÞ�dμ; (44b)

where we have used (41) and

I3ðλÞ¼−RAB

2

X3
j¼1

�∂Δð1Þ
r

∂xj ðzðλÞ;tB;xBÞ
�2

¼−
RAB

2

X3
j¼1

�Z
1

0

½pð1ÞαðλμÞzα;ðAjÞðλμÞþqjð1ÞðλμÞ�dμ
�

2

;

(44c)

where we have used the relation (41).
Applying extensively the chain rules, we can now derive

the expression of the partial derivatives of Eq. (43) as

∂Δð2Þ
r

∂xiA=B ðxA; tB; xBÞ ¼
Z

1

0

� ∂I1

∂xiA=B ðλÞ þ
∂I2

∂xiA=B ðλÞ

þ ∂I3

∂xiA=B ðλÞ
�
dλ (45a)

∂Δð2Þ
r

∂tB ðxA; tB; xBÞ ¼
Z

1

0

�∂I1

∂tB ðλÞ þ ∂I2

∂tB ðλÞ þ ∂I3

∂tB ðλÞ
�
dλ;

(45b)

where the derivatives can be written as follows,

∂I1ðλÞ
∂xiA ¼ pð2ÞαðλÞzα;ðAiÞðλÞ þ qið2ÞðλÞ − Δð1Þ

r ðzðλÞ; tb; xBÞ½pð1Þ0αðλÞzα;ðAiÞðλÞ þ qið1Þ0ðλÞ� − pð1Þ0ðλÞ
∂Δð1Þ

r

∂xiA ðzðλÞ; tB; xBÞ; (46a)
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∂I1ðλÞ
∂xiB ¼ pð2ÞαðλÞzα;ðBiÞðλÞ − qið2ÞðλÞ − Δð1Þ

r ðzðλÞ; tb; xBÞ½pð1Þ0αðλÞzα;ðBiÞðλÞ − qið1Þ0ðλÞ� − pð1Þ0ðλÞ
∂Δð1Þ

r

∂xiB ðzðλÞ; tB; xBÞ; (46b)

and with Δð1Þ
r ðzðλÞ; tB; xBÞ and its derivatives given by (35), (41b) and (41c). Similarly, we also compute

∂I2ðλÞ
∂xiA ¼ ½−Ni

ABg
0j
ð1Þ þ gijð1Þ þ ðRABg

0j
ð1Þ;α − gjkð1Þ;αR

k
ABÞzα;ðAiÞ�zβðλÞ ×

∂Δð1Þ
r

∂xj ðzðλÞ; tB; xBÞ

þ ½RABg
0j
ð1Þ − Rk

ABg
jk
ð1Þ�zβðλÞ ×

∂2Δð1Þ
r

∂xiA∂xj ðzðλÞ; tB; xBÞ; (46c)

∂I2ðλÞ
∂xiB ¼ ½Ni

ABg
0j
ð1Þ − gijð1Þ þ ðRABg

0j
ð1Þ;α − gjkð1Þ;αR

k
ABÞzα;ðBiÞ�zβðλÞ ×

∂Δð1Þ
r

∂xj ðzðλÞ; tB; xBÞ

þ ½RABg
0j
ð1Þ − Rk

ABg
jk
ð1Þ�zβðλÞ ×

∂2Δð1Þ
r

∂xiB∂xj ðzðλÞ; tB; xBÞ (46d)

and

∂I3ðλÞ
∂xiA ¼ Ni

AB

2

X3
j¼1

�∂Δð1Þ
r

∂xj ðzðλÞ; tB; xBÞ
�2

− RAB

X3
j¼1

�∂Δð1Þ
r

∂xj ðzðλÞ; tB; xBÞ ·
∂2Δð1Þ

r

∂xiA∂xj ðzðλÞ; tB; xBÞ
�
; (46e)

∂I3ðλÞ
∂xiB ¼ −

Ni
AB

2

X3
j¼1

�∂Δð1Þ
r

∂xj ðzðλÞ; tB; xBÞ
�2

− RAB

X3
j¼1

�∂Δð1Þ
r

∂xj ðzðλÞ; tB; xBÞ ·
∂2Δð1Þ

r

∂xiB∂xj ðzðλÞ; tB; xBÞ
�
; (46f)

where the derivatives of Δð1Þ
r are given by (41) and the second derivatives are given explicitly in Eq. (42). Finally, the

derivatives of I jðλÞ with respect to tB are given by

∂I1

∂tB ¼ cpð2Þ0ðλÞ − cpð1Þ00ðλÞΔð1Þ
r ðzðλÞ; tB; xBÞ − pð1Þ0ðλÞ

∂Δð1Þ
r

∂tB ðzðλÞ; tB; xBÞ; (46g)

∂I2

∂tB ¼ c½RABg0ið1Þ;0 − Rk
ABg

ik
ð1Þ;0�zβðλÞ ×

∂Δð1Þ
r

∂xi ðzðλÞ; tB; xBÞ þ ½RABg0ið1Þ − Rk
ABg

ik
ð1Þ�zβðλÞ ×

∂2Δð1Þ
r

∂tB∂xi ðzðλÞÞ; (46h)

∂I3

∂tB ¼ −RAB

X3
j¼1

∂Δð1Þ
r

∂xj ðzðλÞ; tB; xBÞ ·
∂2Δð1Þ

r

∂tB∂xj ðzðλÞ; tB; xBÞdλ; (46i)

whereΔð1Þ
r is given by (35), its first derivatives by (41d) and

(41a), and where the expression of the second derivatives
are given by Eq. (42).
The relations given above provide the TTF and its deriv-

atives up to the 2PM order in an integral form particularly
adapted for a numerically evaluation from any metric. When
replaced into Eq. (12), Eq. (19) and Eq. (20), they give a full
description of Doppler and astrometric observables at 2PM.

VI. APPLICATIONS TO A STATIC, SPHERICALLY
SYMMETRIC SPACE-TIME

The results presented above will be illustrated through
the case of a static, spherically symmetric space-time. In
isotropic coordinates, the line element can be written

ds2 ¼ AðrÞc2dt2 − BðrÞδijdxidxj: (47)

As mentioned in [45], the light rays of metric (47) are
the same as the light rays of any d~s2 conformal to (47).
We can thus simplify the calculations by choosing
d~s2 ¼ A−1ðrÞds2 and deal with the following line
element:

d~s2 ¼ c2dt2 − BðrÞ
AðrÞ δijdx

idxj ¼ c2dt2 −UðrÞδijdxidxj:
(48)

We can now consider a PM expansion of the func-
tion UðrÞ ¼ 1þ Uð1ÞðrÞ þUð2ÞðrÞ þ � � �. This procedure
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will simplify the results shown in Sec. V. Let us assume
that a light ray is emitted by OA at coordinates ðctA; xAÞ
and received by an observer OB at coordinates

ðctB; xBÞ. Using Eqs. (28)–(30), the reception delay
function and its first derivatives at 1PM order can be
written as

Δð1Þ
r ðxA; xBÞ ¼

RAB

2

Z
1

0

Uð1ÞðzðλÞÞdλ; (49a)

∂Δð1Þ
r

∂xiA ðxA; xBÞ ¼ −
Uð1ÞðrAÞ

2
Ni

AB þ
�
RAB

2
xiB þ Ni

AB

4
ðr2A − R2

AB − r2BÞ
�
×
Z

1

0

λ

zðλÞ
∂Uð1Þ

∂r ðzðλÞÞdλ; (49b)

∂Δð1Þ
r

∂xiB ðxA; xBÞ ¼
Uð1ÞðrAÞ

2
Ni

AB þ RABxiB
2

Z
1

0

1

zðλÞ
∂Uð1Þ

∂r ðzðλÞÞdλ

−
�
RAB

2
xiB þ Ni

AB

4
ðr2A þ R2

AB − r2BÞ
�
×
Z

1

0

λ

zðλÞ
∂Uð1Þ

∂r ðzðλÞÞdλ; (49c)

where zðλÞ ¼ jzðλÞj, zðλÞ being given by Eq. (22) and
where we use the notations rA ¼ jxAj, rB ¼ jxBj, RAB ¼
jxB − xAj and Ni

AB ¼ ðxiB − xiAÞ=RAB. Similarly, using
(41a), one can show that

∂Δð1Þ
r

∂xi ðzðλÞ; xBÞ

¼ −Uð1ÞðzðλÞÞN
i
AB

2

þ λ

�
RAB

2
xiB þ Ni

AB

4
ðr2A − R2

AB − r2BÞ
�
VðλÞ; (50)

with

VðλÞ≡
Z

1

0

μ

zðλμÞ
∂Uð1Þ

∂r ðzðλμÞÞdμ: (51)

Substituting now for the metric tensor from Eq. (48) into
Eq. (43), the 2PM order of the reception delay function is
given by

Δð2Þ
r ðxA; xBÞ ¼

RAB

2

Z
1

0

½Uð2ÞðzðλÞÞ þ Ī3ðλÞ�dλ; (52)

where we defined Ī3ðλÞ≡ 2I3ðλÞ=RAB. Using Eq. (50),
one gets

Ī3ðλÞ ¼ −X3
j¼1

�∂Δð1Þ
r ðzðλÞÞ
∂xj

�2

¼ −
1

4

�
U2

ð1ÞðzðλÞÞ

þ V2ðλÞ
4

½4r2BR2
zB − ðz2ðλÞ − R2

zB − r2BÞ2�
�

(53)

with RzB ≡ jxB − zðλÞj. In the last relation, it can sometimes
be useful to replace zðλÞ2 − R2

zB − r2B ¼ λðr2A − R2
AB − r2BÞ

or 4R2
zBr

2
B−ðz2ðλÞ−R2

zB−r2BÞ2¼−λ2½ðrAþrBÞ2−R2
AB�×

½ðrA−rBÞ2−R2
AB� and use VðλÞ as defined by (51). From

Eqs. (45)–(46), the derivatives of Δð2Þ
r are then given by

∂Δð2Þ
r

∂xiA ¼ −Ni
AB

RAB
Δð2Þ

r þ RAB

2

Z
1

0

�
λziðλÞ
zðλÞ

∂Uð2Þ

∂r ðzðλÞÞ þ ∂Ī3

∂xiA ðλÞ
�
dλ; (54a)

∂Δð2Þ
r

∂xiB ¼ Ni
AB

RAB
Δð2Þ

r þ RAB

2

Z
1

0

�ð1 − λÞziðλÞ
zðλÞ

∂Uð2Þ

∂r ðzðλÞÞ þ ∂Ī3

∂xiB ðλÞ
�
dλ; (54b)

with

∂Ī3

∂xiA ðλÞ ¼ − 1

4

�
2λ

ziðλÞ
zðλÞ U

ð1ÞðzðλÞÞ ∂U
ð1Þ

∂r ðzðλÞÞ − λ2
VðλÞ
2

∂V
∂xiA ðλÞ½ðrA þ rBÞ2 − R2

AB�½ðrA − rBÞ2 − R2
AB�

− λ2V2ðλÞ½2r2BRi
AB þ ðr2A − R2

AB − r2BÞxiB�
�
; (55a)
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∂Ī3

∂xiB ðλÞ ¼ −
1

4

�
2ð1 − λÞ z

iðλÞ
zðλÞ U

ð1ÞðzðλÞÞ ∂U
ð1Þ

∂r ðzðλÞÞ − λ2
VðλÞ
2

∂V
∂xiB ðλÞ½ðrA þ rBÞ2 − R2

AB�½ðrA − rBÞ2 − R2
AB�

þ λ2V2ðλÞ½ðr2A þ r2B − R2
ABÞRi

AB þ ðr2A þ R2
AB − r2BÞxiB�

�
; (55b)

and where the derivatives of VðλÞ can be computed as

∂V
∂xiA ðλÞ ¼

Z
1

0

�∂2Uð1Þ

∂r2 ðzðλμÞÞ λμ
2ziðλμÞ
z2ðλμÞ − λμ2

∂Uð1Þ

∂r ðzðλμÞÞ z
iðλμÞ

z3ðλμÞ
�
dμ; (56a)

∂V
∂xiB ðλÞ ¼

Z
1

0

�∂2Uð1Þ

∂r2 ðzðλμÞÞ ð1 − λμÞμziðλμÞ
z2ðλμÞ − ð1 − λμÞμ ∂U

ð1Þ

∂r ðzðλμÞÞ z
iðλμÞ
z3ðλμÞ

�
dμ: (56b)

Let us now study a Schwarzschild-like metric, whose expansion in isotropic coordinates is

ds2 ¼
�
1 − 2

m
r
þ 2β

m2

r2
þ � � �

�
c2dt2 −

�
1þ 2γ

m
r
þ 3

2
ε
m2

r2
þ � � �

�
δijdxidxj; (57)

and UðrÞ is given by

UðrÞ ¼ 1þ 2ð1þ γÞm
r
þ 2κ

m2

r2
þ � � � ; (58)

where κ ¼ 2ð1þ γÞ − β þ 3
4
ϵ.

Introducing UðrÞ from Eq. (58) into (49) leads to

Δð1Þ
r ¼ RABð1þ γÞm

Z
1

0

dλ
zðλÞ

¼ ðγ þ 1Þm ln

�
rA þ rB þ RAB

rA þ rB − RAB

�
; (59a)

∂Δð1Þ
r

∂xiA ¼ −ð1þ γÞ m
rA

Ni
AB

þ
�
RAB

2
xiB þ Ni

AB

4
ðr2A − R2

AB − r2BÞ
�

×
−4ð1þ γÞm

rA½ðrA þ rBÞ2 − R2
AB�

¼ −
2ð1þ γÞm

ðrA þ rBÞ2 − R2
AB

�
RAB

rA
xiA þ Ni

ABðrA þ rBÞ
�
;

(59b)

∂Δð1Þ
r

∂xiB ¼ ð1þ γÞ m
rA

Ni
AB − RABxiB

2

�
4ð1þ γÞmð 1rA þ 1

rB
Þ

ðrA þ rBÞ2 − R2
AB

�

−
�
RAB

2
xiB þ Ni

AB

4
ðr2A þ R2

AB − r2BÞ
�

×
−4ð1þ γÞm

rA½ðrA þ rBÞ2 − R2
AB�

¼ −
2ð1þ γÞm

ðrA þ rBÞ2 − R2
AB

�
RAB

rB
xiB − Ni

ABðrA þ rBÞ
�
:

(59c)

One should note that Eq. (59a) is equivalent to the
expression of the time delay found by Shapiro [46], while
the two derivatives (59b) and (59c) are in agreement with
results found in [12].
The computation at the 2PM order is more cumbersome.

Substituting for UðrÞ from Eq. (58) into Eq. (52), one gets

Δð2Þ
r ¼ RABκm2

Z
1

0

dλ
z2ðλÞ þ

RAB

2

Z
1

0

Ī3ðλÞdλ; (60)

where, using VðλÞ as determined from Eq. (51),

VðλÞ ¼ −2ð1þ γÞm
Z

1

0

μ

z3ðλμÞ dμ

¼ − 4ð1þ γÞm
zðλÞ½ðzðλÞ þ rBÞ2 − λ2R2

AB�
; (61)

and substituting into Eq. (53), we obtain Ī3ðλÞ as

Ī3ðλÞ ¼ − 4ð1þ γÞ2m2rB
zðλÞ½ðzðλÞ þ rBÞ2 − λ2R2

AB�

¼ −4ð1þ γÞ2m2
d
dλ

�
λ

ðzðλÞ þ rBÞ2 − λ2R2
AB

�
: (62)

Replacing this expression in Eq. (60) and integrating, one
gets

Δð2Þ
r ðxA; xBÞ ¼ m2

RAB

rArB

�
κ arccos μffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − μ2
p − ð1þ γÞ2

1þ μ

�
; (63)

with μ ¼ ðnA:nBÞ and where nA=B ¼ xA=B=rA=B.
Substituting for Δr from Eqs. (49)–(63) into Eq. (21),
we finally get an expression for the TTF in a
Schwarzschild-like metric and up to 2PM as
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T rðxA; tB; xBÞ ¼ tB − tA

¼ RAB

c
þ ðγ þ 1Þm

c
ln

�
rA þ rB þ RAB

rA þ rB − RAB

�

þm2RAB

crArB

�
κ arccos μffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − μ2
p − ð1þ γÞ2

1þ μ

�
: (64)

We recover a result previously derived by different
approaches [19,20,22,23,45] (see also [47] in the case
where β ¼ γ ¼ ε ¼ 1).
We can now compute the derivatives of Δð2Þ

r . As an
example, we will only focus on the derivative with respect
to xiA; the other derivative (with respect to xiB) can be
computed similarly. Using Eq. (58) into Eq. (56), one gets

∂V
∂xiA ðλÞ ¼

8ð1þ γÞmλ

z3ðλÞ½ðzðλÞ þ rBÞ2 − λ2R2
AB�2

× f½z2ðλÞ þ 2zðλÞrB þ zðλÞ · xB�xiB
− λRi

AB½2zðλÞrB þ zðλÞ · xB�g: (65)

Replacing this result in Eq. (55a) then leads to

∂Ī3

∂xiA ¼ 4ð1þ γÞ2m2rBλ
z3ðλÞ½ðzðλÞ þ rBÞ2 − λ2R2

AB�2
× fxiB½r2B þ 4rBzðλÞ þ 3z2ðλÞ − λ2R2

AB�
− λRi

AB½r2B þ 4rBzðλÞ þ z2ðλÞ − λ2R2
AB�g; (66)

which, after some lengthy but straightforward calculations,
can be written as

∂Ī3

∂xiA ¼ 8ð1þ γÞ2m2
d
dλ

�
λ2

ðzðλÞ þ rBÞxiB − λrBRi
AB

zðλÞ½ðzðλÞ þ rBÞ2 − λ2R2
AB�2

�
:

(67)

Finally, one needs to compute the integral corresponding to
the second term of Eq. (54a), namely

RAB

2

Z
1

0

�
λziðλÞ
zðλÞ

∂Uð2Þ

∂r ðzðλÞÞ
�
dλ ¼ −2κRABm2

Z
1

0

λziðλÞ
z4ðλÞ dλ

¼ κm2RAB arccos μ

r2ArBð1 − μ2Þ3=2 ð−niA þ μniBÞ − κm2RAB

r2ArBð1 − μ2Þ ðn
i
B − μniAÞ: (68)

Now, substituting from Eq. (63), Eq. (67) and Eq. (68) into Eq. (54a), one gets

∂Δð2Þ
r

∂xiA ¼ κm2

rArB

�
arccos μffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

p �
−Ni

AB − RAB

rAð1 − μ2Þ ðn
i
A − μniBÞ

�
− RAB

rAð1 − μ2Þ ðn
i
B − μniAÞ

�

þ ð1þ γÞ2m2

rArBð1þ μÞ
�
Ni

AB þ RAB

rAð1þ μÞ ðn
i
A þ niBÞ

�
; (69a)

while a similar reasoning for ∂Δð2Þ
r∂xiB leads to

∂Δð2Þ
r

∂xiB ¼ κm2

rArB

�
arccos μffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

p �
Ni

AB − RAB

rBð1 − μ2Þ ðn
i
B − μniAÞ

�
− RAB

rBð1 − μ2Þ ðn
i
A − μniBÞ

�

þ ð1þ γÞ2m2

rArBð1þ μÞ
�
−Ni

AB þ RAB

rBð1þ μÞ ðn
i
A þ niBÞ

�
: (69b)

Some algebra allows us to put the last two results in the
same form as the one found in [48], which serves as
verification of our approach. Of course, in the case of the
Schwarzschild metric the analytical derivation of Eq. (63) is
much simpler than the above calculations to get Eq. (69)
and can be used to check our calculation. Nevertheless the
method presented here is very efficient for numerical
evaluations of the derivatives of the TTF, necessary
when using more complex metrics and for the test of
alternative theories of gravity, when the integrals are no

longer analytic. As an example, we will present in this
section several applications of our formulae to future space
missions.

A. Application to BepiColombo

The future BepiColombo mission will reach an impres-
sive level of accuracy on its measurements: 10 cm on the
range and 10−6 m=s on the Doppler [4,5]. Such an accuracy
needs a light propagation model that includes the influence
of some of the 2PM terms coming from the Sun [26]. As an
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example of how the equations presented in this paper can be
applied to a real measurement, we simulate a one year
Mercury-Earth Doppler link taking into account only the
gravitational contribution from the Sun. The Earth and
Mercury orbits used here come from the JPL ephemerides
[49,50] obtained using the SPICE toolkit [51].
Substituting for the metric, Δr, and its derivatives from

Eq. (57), Eq. (59) and Eq. (69), respectively, into Eq. (12),
one can write the expression of the Doppler around a
spherical mass as

νB
νA

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2 m

rA
þ 2β m2

r2A
− 3

2
β3

m3

r3A
− v2A

c2 − 2γ
v2A
c2

m
rA
− 3

2
ε m2

r2A

v2A
c2

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2 m

rB
þ 2β m2

r2B
− 3

2
β3

m3

r3B
− v2B

c2 − 2γ
v2B
c2

m
rB
− 3

2
ε m2

r2B

v2B
c2

r

×
qB
qA

; (70)

where we defined

qA ¼ 1 − NAB · vA
c

− ð1þ γÞm
crArBð1þ μÞ ½ðrA þ rBÞNAB · vA þ RABnA · vA�

þ κm2

crArB

�
arccos μffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

p �
−NAB · vA − RAB

rAð1 − μ2Þ ðnA · vA − μnB · vAÞ
�
− RAB

rAð1 − μ2Þ ðnB · vA − μnA · vAÞ
�

þ ð1þ γÞ2m2

crArBð1þ μÞ
�
NAB · vA þ RAB

rAð1þ μÞ ðnA · vA þ nB · vAÞ
�

(71a)

and

qB ¼ 1 − NAB · vB
c

− ð1þ γÞm
crArBð1þ μÞ ½ðrA þ rBÞNAB · vB − RABnB · vB�

þ κm2

crArB

�
arccos μffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

p �
−NAB · vB þ RAB

rBð1 − μ2Þ ðnB · vB − μnA · vBÞ
�
þ RAB

rBð1 − μ2Þ ðnA · vB − μnB · vBÞ
�

þ ð1þ γÞ2m2

crArBð1þ μÞ
�
NAB · vB − RAB

rBð1þ μÞ ðnA · vB þ nB · vBÞ
�
: (71b)

We use relation (64) and Eqs. (70)–(71) to estimate the
order of magnitude of the first and second PM con-
tributions to the Mercury-Earth range and Doppler as
illustrated in Fig. 2. The different peaks correspond to
Solar conjunctions in the geometry of the observation.

Moreover, we would like to stress the fact that the
expression of the time transfer used in the standard
modeling of radioscience measurements (see for exam-
ple [52]) is only an approximation of the relation (64)
given by
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FIG. 2 (color online). First and second post-Minkowskian contributions to the range and the Doppler for a one-year Mercury-Earth
radioscience link.
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T rðxA; tB; xBÞ ¼ tB − tA

¼ RAB

c
þ ðγ þ 1Þm

c

× ln

�
rA þ rB þ RAB þ ð1þ γÞm
rA þ rB − RAB þ ð1þ γÞm

�
: (72)

A comparison of range and Doppler simulations ob-
tained using expressions based on the approximation
(72) and on expression (64), which is complete up to
2PM order, is shown in Fig. 3 to quantify the accuracy
of the standard radioscience modeling. We get results
just below BepiColombo accuracy. Nevertheless, future
space missions will aim at increasing the level of
accuracy on radioscience measurements so that the
current modeling shall be improved to include the full
2PM correction on light propagation.

B. Direction of a light ray emitted by a star and
observed on Earth

In order to simulate an astrometric observable, one can
specify the reference frame used to give the incident
direction of a light ray. As shown in Sec. IV B, this
reference frame is mathematically modeled by a tetrad
Eμ
hαi, which explicitly appears in the computation of the

astrometric observables (19). We develop here the expres-
sion of a kinematically nonrotating tetrad comoving with an
observer in the case of a static spherically symmetric space-
time described by the metric (47). This tetrad is called
“kinematically nonrotating” in the sense that the spatial
coordinates’ transformation between the global and the
local coordinate frames does not depend on a time-
dependent orthogonal matrix [53]. This kind of local
coordinate system is currently used in the definition of

the Celestial Geocentric Reference System [54] and is
extensively used in the context of the Gaia mission [40].
Defining ∂α the vectors of the natural coordinate basis and
ehαi the basis vectors of the tetrad, the transformation
between these two bases is noted Eμ

hαi and is given by

ehαi ¼ Eμ
hαi∂μ: (73)

The great advantage of such a basis is that the tetrad is
locally orthonormal. This transformation physically corre-
sponds to a change of basis in the tangent space of the
differential manifold. From the point of view of the metric,
we can easily show the link between the gμν of the natural
coordinate basis and ηhαihβi using Eq. (73),

ηhαihβi ¼ gðehαi; ehβiÞ ¼ gðEμ
hαi∂μ; Eν

hβi∂νÞ
¼ Eμ

hαiE
ν
hβigð∂μ; ∂νÞ ¼ Eμ

hαiE
ν
hβigμν: (74)

All indexes related to the tetrad (between angle brackets)
are raised and lowered using Minkowski metric tensor,
while natural coordinate basis indexes are set up and down
using the gμν metric.
We can split the transformation between the natural

coordinate basis and the local comoving basis of the tetrad
into two parts λμhαi ¼ Λκ̂

hαi
~Λμ
κ̂ [37]. The first step (para-

metrized by ~Λμ
κ̂ ) consists in orthogonalizing the natural

coordinate basis to obtain a local orthonormal coordinate
basis static with respect to the coordinate system used. The
second part of the transformation (parametrized by Λκ̂

hαi)
consists in applying a Lorentz boost to this orthonormal
basis to make it comoving with the observer. Quantities
related to the final tetrad will be denoted with indices
between angle brackets while quantities expressed in the
intermediate tetrad will be denoted with a hat. Since the
space-time metric (47) is diagonal, it is straightforward to
orthonormalize the basis,

~Λ0
0̂ ¼

1ffiffiffiffiffiffiffiffiffi
AðrÞp ; ~Λi

0̂ ¼ ~Λ0
î ¼ 0; ~Λj

î
¼ δj

îffiffiffiffiffiffiffiffiffi
BðrÞp : (75)

The second step consists in a Lorentz boost of the previous
tetrad in order to make it comoving with the observer.
We will note the quadrivelocity of the observer (expressed
in the global coordinate system) by uα ¼ dxα=ds. This
velocity can also be expressed in terms of coordinates
related to the intermediate tetrad ûα̂ ¼ dx̂α̂=ds ¼ ~Λα̂

μuμ ¼
ð ffiffiffiffiffiffiffiffiffi

AðrÞp
u0;

ffiffiffiffiffiffiffiffiffi
BðrÞp

uiÞ. Finally, the coordinate velocity of
the observer will be denoted by βi ¼ 1

c
dxi
dt . The same

quantity expressed in the intermediate tetrad is

β̂i ¼ 1
c
dx̂i
dt̂ ¼

ffiffiffiffiffiffiffi
BðrÞ
AðrÞ

q
βi. The second matrix transformation is

thus simply given by a standard Lorentz transformation
matrix whose inverse is given by
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FIG. 3 (color online). Difference between the standard formu-
lation of the Range/Doppler used in radioscience modeling (72)
and the exact 2PM expression (64).
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Λ0̂
h0i ¼ γ̂; Λ0̂

hii ¼ Λî
h0i ¼ −γ̂β̂i; Λî

hji ¼ δij þ
γ̂2

γ̂ þ 1
β̂iβ̂j

(76)

with

γ̂ ¼ ð1 − β̂2Þ−1=2 ¼
�
1 − BðrÞ

AðrÞ β
2

�−1=2
: (77)

The combination of Eq. (75) and Eq. (76) gives

E0
h0i ¼

γ̂ffiffiffiffiffiffiffiffiffi
AðrÞp ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AðrÞ − BðrÞβ2
p ; (78a)

Ei
h0i ¼ −

γ̂β̂iffiffiffiffiffiffiffiffiffi
BðrÞp ¼ − βiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AðrÞ − BðrÞβ2
p ; (78b)

E0
hji ¼ −

γ̂β̂jffiffiffiffiffiffiffiffiffi
AðrÞp ¼ −

ffiffiffiffiffiffiffiffiffi
BðrÞ
AðrÞ

s
βjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AðrÞ − BðrÞβ2
p ; (78c)

Ei
hji ¼

δij þ γ̂2

γ̂þ1
β̂iβ̂jffiffiffiffiffiffiffiffiffi

BðrÞp ¼ δijffiffiffiffiffiffiffiffiffi
BðrÞp

þ
ffiffiffiffiffiffiffiffiffi
BðrÞp

βiβjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2ðrÞ − AðrÞBðrÞβ2

p
þ AðrÞ − BðrÞβ2 : (78d)

Equation (78) is the exact expression of a kinematically
nonrotating tetrad comoving with a given observer in a
static, spherically symmetric space-time. It can be
expanded to 2PM order if necessary using Eqs. (57)–(58).
We then consider a hypothetical star located far away

from the Solar System and nearly in the Earth’s orbital
plane. We compute the incident direction of the light ray
emitted by this star and observed on Earth. The reference
frame used to give the incident direction is given by a
comoving kinematically nonrotating tetrad. The only
gravitational interaction considered is the one of the Sun
described by the metric (57). The incident direction of the
light ray can be computed using Eq. (59c) and Eq. (69b)
into Eq. (19), and the expression of the tetrad (78). The
incident direction of the light ray with respect to the tetrad
is denoted by nðiÞ and can be parametrized by two angles α
and δ usually called right ascension and declination,

nðiÞ ¼ ðcos α cos δ; sin α cos δ; sin δÞ: (79)

Figure 4 represents the 1PM and 2PM contributions to α
and δ as well as the total deflection angle. As one can see
from relation (69b), the 2PM correction to the angular
measurement depends on two terms: a first term propor-
tional to κ and a second one proportional to ð1þ γÞ2, both
of them being formally of order 2PM. Nevertheless, it is
known that the term proportional to ð1þ γÞ2 can be
absorbed in the 1PM term by a change of variable and it
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FIG. 4 (color online). Contributions to the observed direction of an incident light ray coming from a star. Left: contributions expressed
for the right ascension and declination in the tetrad [see relation (79)]. Right: contribution to the total angular deflection. The
2PM contribution is the total formal 2PM contribution (including the so-called enhanced 2PN terms). The κ contribution represents the κ
term in (69b).
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is therefore usually called “enhanced 2PN term” (for further
details, see [18,48]). The enhanced 2PN term has a
contribution of the order of few milliarcseconds (mas)
while the second-order contribution proportional to κ has a
contribution of 10 microarcseconds (μas) only.

C. Angular distance between two stars as
measured from Earth

For this application, we consider two hypothetical stars
located far away from the Solar System nearly in the
Earth’s orbital plane and we compute the angular separation
between these two stars as measured from Earth. This
representation can be used as a very simplified model of the
GAME space mission [27,55–57]. The only gravitational
interaction considered here is the one due to the Sun.
Relation (20), giving the angular separation between two
incident light rays, can be simplified in the case of static
and spherically geometry described by the space-time
metric (47). The observed angle ϕ between two stars
can then be written as

sin2
ϕ

2
¼ 1

4

� ðAðrBÞ − BðrBÞβ2Þjk̂0 − k̂j2
BðrBÞð1þ βmk̂mÞð1þ βlk̂l

0Þ

�
B

; (80)

where ðk̂jÞB and ðk̂j0ÞB are the components of the deflection
functions of the two incident light rays expressed in global
coordinates that can be computed using the expression
(10b), AðrÞ and BðrÞ are the functions parametrizing the
metric (47) and βi ¼ vi=c is the coordinate velocity of the
observer. We apply the last expression in a Schwarzschild
geometry. The functions AðrÞ and BðrÞ are then given by
(57) and the k̂ vectors are determined by (10b), once
Eq. (59c) and Eq. (69b) have been introduced. Figure 5
represents the evolution of the angular separation (80) with
respect to time and the contribution of the 1PM and 2PM

corrections. As for the direction of the incident light ray
(see previous section), the 2PM correction to the angular
measurement depends on two terms: a first term propor-
tional to κ and a second one proportional to ð1þ γÞ2. In
this case too, the so-called “enhanced 2PN” term has a
contribution of the order of few mas, while the 2PM
contribution, proportional to κ, has a contribution of
10 μas only.
We shall recall that the accuracy aimed by modern

astrometric missions is about the μas level, so that most
2PM order effects are observable near the Sun, while the
“enhanced 2PN term” also needs to be taken into account
when observing near Jupiter or Saturn.

VII. CONCLUSIONS

In this paper, we use the time transfer function in order to
compute range, Doppler and two kinds of astrometric
observables: the absolute incident direction of light rays
in a given frame and the angular separation between two
incident light rays. The formulation presented in Sec. IV is
very general and can be used at any order. All the
observables depend on the TTF and its derivatives. We also
show how to numerically compute the TTF and its deriv-
atives up to 2PM order. This is done in the form of integrals
of functions of the metric and its derivatives taken along a
straight line. This method is particularly efficient from a
numerical point of view.On one hand, it does not require one
to numerically derive the TTF (which can lead to numerical
error). On the other hand, it does not require the computation
of the full trajectory of the photon in curved space-time,
which is a boundary value problem (see [24]). This approach
can be applied to anymetric and therefore can also be used to
determine observables in alternative theories of gravity (as
long as the light propagation is governed by a null geodesic).
We also present a version of the formalism valid in the case
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FIG. 5 (color online). Contributions to the angular separation between two incident light rays coming from two stars as observed from
Earth. The 2PM contribution is the total formal 2PM contribution (including the so-called enhanced 2PN terms). The κ contribution is
the contribution proportional to the κ term in (69b).
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of a static, spherically symmetric space-time.As a validation
of our method, we explicitly compute analytically the
TTF and its derivatives in the case of a Schwarzschild-
like geometry and compare our expressions with well-
established results from [48]. Finally, we apply our formulae
to compute the Range and Doppler for a BepiColombo-like
space mission and to simulate different configurations of a
Gaia-like and GAME-like astrometric observations. We
show that the standard model used for radioscience mea-
surements is accurate at a level just below BepiColombo
accuracy. We also highlight that modern μas-astrometry
needs to take into account second-order relativistic correc-
tions for observations near the limb of the Sun and of giant
Solar System planets.
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Light propagation in the field of a moving axisymmetric body:
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Given the extreme accuracy of modern space science, a precise relativistic modeling of observations is
required. We use the time transfer function formalism to study light propagation in the field of uniformly
moving axisymmetric bodies, which extends the field of application of previous works. We first present a
space-time metric adapted to describe the geometry of an ensemble of uniformly moving bodies. Then, we
show that the expression of the time transfer functions in the field of a uniformly moving body can be easily
derived from its well-known expression in a stationary field by using a change of variables. We also give a
general expression of the time transfer function in the case of an ensemble of arbitrarily moving point
masses. This result is given in the form of an integral that is easily computable numerically. We also provide
the derivatives of the time transfer function in this case, which are mandatory to compute Doppler and
astrometric observables. We particularize our results in the case of moving axisymmetric bodies. Finally,
we apply our results to study the different relativistic contributions to the range and Doppler tracking for the
Juno mission in the Jovian system.
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I. INTRODUCTION

In modern times, the accuracy of spacecraft tracking
requires a very detailed modeling of the light propagation
in order to compute range and Doppler observables. For
example, the Cassini spacecraft reaches the level of few
meters accuracy for the range and 3 × 10−6 m=s for the
Doppler [1–3], while the future BepiColombo mission
should reach an accuracy of 10cm on the range and
10−6 m=s on the Doppler [4,5]. Similar accuracies are
expected for the Juno mission [6], which will reach the
Jovian system by mid-2016.
The computation of radioscience observables, as well as

the determination of astrometric observables (very large
baseline interferometry tracking [7]) requires determining
the propagation of light in a curved space-time. In this
context, several approaches exist. Assuming that the metric
is known, solving the null geodesic equations [8] or the
eikonal equation [9] is the standard method allowing one to
get all the information about light propagation between two
point events. Many solutions have been proposed in the
post-Newtonian (PN) and in the post-Minkowskian (PM)
approximations when dealing with the bending effects due
to the mass multipole moments of the bodies in the Solar

System [10–17]. On the other hand, the effects of the motion
of monopoles on the light propagation have also been
studied [10,18–21]. A different approach is also available,
initially based on the Syngeworld function [22–24] and then
on the time transfer functions (TTFs) [25,26]. In this
formalism, the computation of the coordinate light time,
the frequency shift and the light deflection can be computed
as integrals of functions of the components of the metric
tensor over a straight line joining the emitter and the receiver
of the signal [25,26]. This method has already been
successfully used to compute the propagation of light in
different configurations. For example, the TTF in the field of
a stationary axisymmetric body has been determined at the
first post-Newtonian (1PN) approximation [22,27]. The light
propagation in the field of moving monopoles at 1.5 post-
Newtonian order has also been treated [28]. Finally, the
TTFs in the field of a static monopole up to the second and
third post-Minkowskian (3PM) approximation have also
been determined [26,29–31].
In this paper, we use the time transfer function formalism

to compute the coordinate propagation time, the frequency
shift and the deflection of light in the field of uniformly
moving axisymmetric bodies and in the field of arbitrarily
moving point masses. In Sec. III, we briefly review how
the radioscience and astrometric observables can be deter-
mined from the TTF and its derivatives. Then, in Sec. IV,
we determine the space-time metric describing the geom-
etry in the field of a uniformly moving axisymmetric body,
and we note the metric describing the field of arbitrarily
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moving point masses. In Sec. V, we use these metrics to
develop a general expression of the TTF. A general result is
given in the form of an integral that is computable
numerically. Moreover, an analytical result is developed
in the case of a uniform motion. The derivatives of the TTF
are also determined. In Sec. VI, we particularize our results
in the case of a uniformly moving axisymmetric body by
analytically determining the contribution of each multipole
to the TTF. Finally, in Sec. VII, we apply our results to
determine the different relativistic contributions to the
radioscience tracking of the Juno spacecraft in the
Jovian system. The contributions of the Sun and Jupiter
moving monopoles and of the Jupiter moving J2 are
identified. Finally, we give our conclusions and general
remarks in Sec. VIII.

II. NOTATION AND CONVENTIONS

In this paper, c is the speed of light in a vacuum and G is
the Newtonian gravitational constant. The Lorentzian
metric of space-time V4 is denoted by g. The signature
adopted for g is ðþ − −−Þ. We suppose that space-time is
covered by some global quasi-Galilean coordinate system
ðxμÞ ¼ ðx0; xÞ, where x0 ¼ ct, with t being a time coor-
dinate, and x ¼ ðxiÞ. We assume that the curves of
equations xi ¼ const are timelike, which means that g00 >
0 anywhere. We employ the vector notation a in order to
denote ða1; a2; a3Þ ¼ ðaiÞ. Considering two such quantities
a and b, we use a · b to denote aibi (Einstein convention on
repeated indices is used). The quantity jaj stands for the
ordinary Euclidean norm of a. For any quantity fðxλÞ, f;α
denotes the partial derivative of f with respect to xα.

III. TIME TRANSFER FUNCTION AND
OBSERVABLES

Let xA ¼ ðctA; xAÞ and xB ¼ ðctB; xBÞ be two events of
space-time that are supposed to be connected by a unique
light ray. They denote the emission and reception point
of the electromagnetic signal. The coordinate light time
of a photon connecting xA and xB is given by the TTF
[23,25,32,33] as

tB − tA ¼ T ðxA; tB; xBÞ ¼
RAB

c
þ 1

c
ΔðxA; tB; xBÞ; ð1Þ

where T ðxA; tB; xBÞ is the TTF,1 and RAB ¼ jxB − xAj and
ΔðxA; tB; xBÞ is the so-called “delay function.”2

As developed in detail in [26], the range, Doppler and
astrometric observables can all be computed from the TTF.
The range is directly related to the coordinate time of flight

of the photon through a coordinate transformation (see
also [34]).
The frequency shift is given by [24,34,35]

νB
νA

¼
½g00 þ 2g0iβi þ gijβiβj&

1=2
A

½g00 þ 2g0iβi þ gijβiβj&
1=2
B

×
1 − Ni

ABβ
i
B − βiB

∂Δ
∂xiB −

1
c
∂Δ
∂tB

1 − Ni
ABβ

i
A þ βiA

∂Δ
∂xiA

; ð2Þ

where βiA=B ¼ dxiA=B=cdt is the coordinate velocity.
The astrometric observables are directly related to the

TTF through the use of [23]

ðk̂iÞB ¼
!
ki
k0

"

B
¼ −c

∂T
∂xiB

#
1 −

∂T
∂tB

$−1

¼ −
!
Ni

AB þ ∂Δ
∂xiB

"
×
#
1 − 1

c
∂Δ
∂tB

$−1
; ð3Þ

where kμ are the covariant components of the tangent vector
to the photon trajectory ðkμÞB ¼ dxμ=dλjB (λ being an
affine parameter) at xB and NAB ¼ RAB

RAB
¼ xB−xA

RAB
.

Finally, the angular distance between two light rays
coming from two different sources can also be related to
ðk̂iÞB [26,36].
Therefore, the computation of the TTF (or equivalently

of the delay function) and its derivatives is crucial in order
to analyze different effects on observations that are done
using light propagation.

IV. METRIC AT FIRST POST-MINKOWSKIAN
APPROXIMATION

A. Uniformly moving axisymmetric body

Let us suppose that the gravitational field is generated by
an ensemble of axisymmetric bodies. We are interested in
calculating the contributions of the mass multipoles and of
the motion of the bodies on light propagation. The first step
is to consider the metric describing such a space-time. The
metric for each of the bodies at 1PM order in its own local
reference system is given by Gμν ¼ ημν þHμν, where Hμν
is given by [37]

H00 ¼ −2
WðXαÞ
c2

þOðG2Þ; ð4aÞ

H0i ¼ 0; ð4bÞ

Hab ¼ −2δab
WðXαÞ
c2

þOðG2Þ; ð4cÞ

with the spin multipoles being neglected. Let us stress
that the potential W depends on the local coordinate
Xα ¼ ðcT;XÞ.

1In this paper, we used the reception TTF. Similar results can
be obtained using the emission TTF, which depends on tA instead
of tB [25].

2In this paper, we call for simplicity ΔðxA; tB; xBÞ a “delay
function” even though it has the dimension of a distance.
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We can now perform a Poincaré transformation in order
to obtain the metric in the case of a uniformly moving body.
The procedure is similar to what is developed in [38]. The
coordinate transformation is given by

xμ ¼ bμ þ Λμ
αXα; ð5Þ

where xμ ¼ ðct; xÞ are the coordinates of the global
reference system and Λμ

α is given by

Λ0
0 ¼ γp; Λ0

i ¼ Λi
0 ¼ γpβip;

Λj
i ¼ δij þ

γ2p
1þ γp

βipβ
j
p; ð6Þ

where βip ¼ vip=c, vip is the coordinate velocity of the body

and γp ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2p

q
with βp ¼ jβpj. Note that bμ is a

constant four-vector that specifies the origin of the coor-
dinate system: it points from the origin of the global
reference system to the origin of the comoving frame at
T ¼ 0 [38]. We have

bi ¼ xipðt0Þ and b0 ¼ ct0; ð7Þ

and the trajectory of the moving body in the global frame is
given by

xpðtÞ ¼ xpðt0Þ þ cβpðt − t0Þ: ð8Þ

The inverse coordinate transformation is given by

Xα ¼ ~Λα
μðxμ − bμÞ; ð9Þ

where ~Λα
μ is the inverse of Λμ

α and is given by

~Λ0
0 ¼ γp; ~Λi

0 ¼ ~Λ0
i ¼ −γpβip;

~Λj
i ¼ δij þ

γ2p
1þ γp

βipβ
j
p: ð10Þ

The metric transformation is given by

gμν ¼ ημν þ hμν ¼ Λμ
αΛν

βG
αβ ¼ Λμ

αΛν
βðηαβ þHαβÞ; ð11Þ

which leads to

hμν ¼ Λμ
αΛν

βH
αβ: ð12Þ

From Eq. (4), we have3 Hαβ ¼ 2W
c2 δ

ab. The introduction of
this expression and the expression of Λμ

α given by Eq. (6)
into Eq. (12) leads to

h00 ¼ 2WðXαÞ
c2

γ2pð1þ β2pÞ þOðG2Þ; ð13aÞ

h0i ¼ 4WðXαÞ
c2

βipγ2p þOðG2Þ; ð13bÞ

hij ¼ 2WðXαÞ
c2

ðδij þ 2βipβ
j
pγ2pÞ þOðG2Þ: ð13cÞ

It is worth mentioning that this metric is a generalization of
the international astronomical union (IAU) metric [37]
which can be recovered in the limit of small βp. This limit
is explicitly developed in Appendix B 1. Let us also stress
that W still depends on the local coordinates Xα. Therefore,
we still need to use the coordinate transformation (9) to
express the potential W as a function of the global
coordinates xα. More precisely, we get

W ¼ WðXαÞ ¼ Wð ~Λα
μðxμ − bμÞÞ: ð14Þ

The metric (13) describes the geometry generated by a
uniformly moving body at 1PM. The metric describing the
geometry due to an ensemble ofN uniformly moving bodies
is then given by

h00 ¼
XN

p¼1

2Wp

c2
γ2pð1þ β2pÞ þOðG2Þ; ð15aÞ

h0i ¼
XN

p¼1

4Wp

c2
βipγ2p þOðG2Þ; ð15bÞ

hij ¼
XN

p¼1

2Wp

c2
ðδij þ 2βipβ

j
pγ2pÞ þOðG2Þ: ð15cÞ

In the case of an axisymmetric body, the Newtonian potential
can be decomposed in a multipolar expansion

WpðXiÞ ¼
GMp

R

#
1 −

X∞

n¼2

Jnp

!
rpe
R

"
n
Pn

!
kp · X
R

"$
;

ð16Þ

where kp denotes the unit vector along the symmetry axis of
the body p, Mp is the mass of the body p, Jnp are its mass
multipole moments, Pn are the Legendre polynomials, rpe is
the equatorial radius of body p and R ¼ jXj. In this paper,
we assume that the symmetry axis of the body kp is time
independent, which means we neglect the precession and
nutation of the body.

B. Arbitrarily moving point masses

The determination of the metric describing the geometry
around an arbitrarily moving extended body at the

3Notice that we define Hαβ ¼ Gαβ − ηαβ, which at the linear
order is given by Hαβ ¼ −ηαμηβνHμν.
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post-Minkowskian approximation is very complex. In
particular, one cannot simply use an instantaneous
Lorentz transformation, but a local accelerated reference
system has to be defined (see the discussion in the
conclusion of [38]). This is beyond the scope of this paper.
Nevertheless, the metric for arbitrarily moving point
masses at the post-Minkowskian approximation has already
been determined using the Liénard-Wiechert potentials
[18,19,38]. In Appendix A, we briefly note how to compute
this metric.
The space-time metric describing the geometry around

an arbitrarily moving point mass can be written as
[18,19,38] (see also Appendix A)

h00 ¼ 2WðXiÞ
c2

γ2prð1þ β2prÞ þOðG2Þ; ð17aÞ

h0i ¼ 4WðXiÞ
c2

βiprγ2pr þOðG2Þ; ð17bÞ

hij ¼ 2WðXiÞ
c2

ðδij þ 2βiprβ
j
prγ2prÞ þOðG2Þ; ð17cÞ

with WðXiÞ ¼ GM=R (since this metric is only valid for
point masses),

Xi ¼ −βiprγprrpr þ ripr þ
γ2pr

1þ γpr
βiprðβpr · rprÞ; ð18Þ

and where the index r denotes quantities that have to be
evaluated at the retarded time tr defined by

tr ¼ t −
jx − xpðtrÞj

c
¼ t −

rpr
c

; ð19Þ

where rpr ¼ jx − xpðtrÞj and xpðtrÞ is the position of the
body p at the retarded time. The expression of the potential
WðXiÞ can then be explicitly written as

WðXiÞ ¼ GM
jXij

¼ GM
γprðrpr − ðrpr · βprÞÞ

: ð20Þ

In the limit of small velocities, the expression of the IAU
metric is recovered (see Appendix B 2). Finally, the metric
for an ensemble of masses is the sum of the metrics
generated by each body.

V. TIME TRANSFER FUNCTION AT
GENERALIZED 1PM APPROXIMATION

In [24], a PM expansion of the TTF is presented. It
develops the TTF in terms of integrals of functions of the
metric components over a straight line between the emitter
and the receiver of a light signal. At 1PM order, the delay
function is given by Ref. [35] as

ΔðxA; tB;xBÞ

¼RAB

2

Z
1

0
½h00−2Ni

ABh
0iþNi

ABN
j
ABh

ij&zαðλÞdλþOðG2Þ;

ð21Þ

where the integral is taken along a straight line para-
metrized by

z0ðλÞ ¼ ct ¼ ctB − λRAB; ð22aÞ

zðλÞ ¼ xB − λRAB ¼ xBð1 − λÞ þ λxA: ð22bÞ

A. General expression in the case of uniform motion

As can be seen from the expression of the metric (15),
Δ can be written as a sum of delay functions generated
by each individual body Δ ¼

PN
p¼1 Δp. Replacing the

expression of the metric (15) in (21) gives

ΔpðxA; tB; xBÞ

¼ 2RAB

c2

Z
1

0
γ2pð1 − NAB · βpÞ2Wpð ~Λi

μðzμðλÞ − bμÞÞdλ:

ð23Þ

It is useful to express the argument appearing in the
expression of the potential Wp in the right-hand side of
(23) as

~Λi
μðzμðλÞ − bμÞ ¼ −βipγpcðt − t0Þ þ ziðλÞ − xip0

þ
γ2p

1þ γp
βipβp · ðzðλÞ − xp0Þ

¼ xiB þ
γ2p

1þ γp
βip½βp · ðxB − xp0Þ&

− xip0 − γpvipðtB − t0Þ − λRAB

× ½Ni
AB − γpβip þ

γ2p
1þ γp

βipðβp · NABÞ&;

ð24Þ

by using Eqs. (8), (10) and (22) and by denoting
xp0 ≡ xpðt0Þ. It is also possible to rewrite Eq. (24) in a
more compact form as

~Λi
μðzμðλÞ − bμÞ ¼ Ri

pB − λGi
AB ð25Þ

by setting

RpX ¼ xX þ
γ2p

1þ γp
βp½βp · ðxX − xp0Þ&

− xp0 − γpvpðtB − t0Þ; ð26aÞ
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GAB ¼ RAB

#
NAB − γpβp þ

γ2p
1þ γp

βpðβp · NABÞ
$

¼ RABgpAB ð26bÞ

and

gpAB ¼ NAB − γpβp þ
γ2p

1þ γp
βpðβp · NABÞ: ð26cÞ

Let us denote by I the integral appearing in the TTF
expression (23) in the case where the body p is static.
Therefore, I is given by

IðxpA; xpBÞ ¼ ~IðRAB; xpBÞ ¼
Z

1

0
WpðxpB − λRABÞdλ;

ð27Þ

where xpA ¼ xA − xp and xpB ¼ xB − xp. Usually, the
solution of this integral is given in terms of xpA and
xpB, but formally, the integral depends on RAB and xpB. The
transition between the two expressions of I and ~I in the
static case is trivial because xpA ¼ xpB − RAB. However,
this transition no longer applies in the moving case, and it
has to be replaced in Eq. (23) by

~IðGAB;RpBÞ ¼
Z

1

0
WpðRpB − λGABÞdλ ð28Þ

with the two variables defined by Eqs. (26) and similarly to
what was proposed in [28].
Therefore, all the results in the moving case can be

derived from the expressions used in the static case by
replacing xpB by RpB (26a) and RAB by GAB (26b). We can
use the conversions given below, where for each “static
case” quantity on the left we give the “moving case”
equivalent on the right. We get

xpB → RpB ¼ xB þ
γ2p

1þ γp
βp½βp · ðxB − xp0Þ&

− xp0 − γpvpðtB − t0Þ; ð29aÞ

rpB ¼ jxpBj → RpB ¼ jRpBj; ð29bÞ

npB → NpB ¼
RpB

RpB
; ð29cÞ

RAB → GAB ¼ RABgpAB

¼ RAB

#
NAB − γpβp þ

γ2p
1þ γp

βpðβp · NABÞ
$
;

ð29dÞ

RAB → RABγpð1 − βp · NABÞ; ð29eÞ

NAB →
gpAB
gpAB

¼
gpAB

γpð1 − βp · NABÞ
; ð29fÞ

xpA ¼ xpB − RAB → RpB − GAB ¼ RpA þ γpβpRAB;

ð29gÞ

rpA ¼ jxpAj → RpA ¼ jRpAj; ð29hÞ

nPA →
RpA þ γpβpRAB

jRpA þ γpβpRABj
; ð29iÞ

with

gpAB ¼ jgpABj ¼ γpð1 − βp · NABÞ; ð30Þ

and RpX given by Eq. (26a). Therefore, we can rewrite
Eq. (23) as

ΔpðxA; tB; xBÞ ¼
2RAB

c2
γ2pð1 − NAB · βpÞ2

×
Z

1

0
WpðRi

pB − λGi
ABÞdλ: ð31Þ

Then, using the definition of I from Eqs. (27) and (28)
and the correspondences (29), we are able to express
the exact form of the TTF in the field of moving bodies
as

ΔpðxA; tB; xBÞ ¼
2RAB

c2
γ2pð1 − NAB · βpÞ2

× IðRpA þ γpβpRAB;RpBÞ; ð32Þ

with RpX given by (26a). The last expression can also be
written as

ΔpðxA; tB; xBÞ ¼
γ2pð1 − NAB · βpÞ2

gpAB

× ~ΔpðRpA þ γpβpRAB;RpBÞ ð33Þ

¼ γpð1 − NAB · βpÞ

× ~ΔpðRpA þ γpβpRAB;RpBÞ; ð34Þ

where ~ΔðxpA; xpBÞ is the expression of the static TTF.
This particularly simple equation is very useful since it
allows one to determine the TTF of a uniformly moving
body from the corresponding static TTF.
The derivatives of the TTF, needed to compute the

frequency shift (2) and the astrometric direction (3), can
be computed from (34), keeping in mind Eq. (26). In the
case of a uniformly moving body, their expressions are
given by
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∂ΔpðxA; tB; xBÞ
∂xiA

¼ γpð1 − NAB · βpÞ ~Δp;jAðRpA þ γpβpRAB;RpBÞ
#
δij − γpβ

j
p

!
Ni

AB −
γp

1þ γp
βip

"$

þ γp
βip − Ni

ABβp · NAB

RAB

~ΔpðRpA þ γpβpRAB;RpBÞ; ð35aÞ

∂ΔpðxA; tB; xBÞ
∂xiB

¼ γpð1 − NAB · βpÞ
&
~Δp;jBðRpA þ γpβpRAB;RpBÞ

#
δij þ

γ2p
1þ γp

βipβ
j
p

$
þ γpβ

j
pNi

AB
~Δp;jAðRpA þ γpβpRAB;RpBÞ

'

− γp
βip − Ni

ABβp · NAB

RAB

~ΔpðRpA þ γpβpRAB;RpBÞ; ð35bÞ

∂ΔpðxA; tB; xBÞ
∂tB ¼ −cγ2pð1 − NAB · βpÞβip½ ~Δp;iAðRpA þ γpβpRAB;RpBÞ þ ~Δp;iBðRpA þ γpβpRAB;RpBÞ&; ð35cÞ

where ~Δp;iXðxA; xBÞ is the expression of the derivative of
the static TTF with respect to xX,

~Δp;iXðxA; xBÞ ¼
∂ ~ΔpðxA; xBÞ

∂xiX
: ð36Þ

It is worth mentioning that in the static case, we have the
relation

~ΔpðxA; xBÞ ¼ ~ΔpðxB; xAÞ ð37Þ

and consequently

~Δp;iBðxA; xBÞ ¼ ~Δp;iAðxB; xAÞ: ð38Þ

Therefore, the expression of the derivatives of the TTF in
the moving case is also obtained by inserting into Eqs. (35)
the static TTF and its derivatives. We present an application
in the field of moving axisymmetric bodies in Sec. VI.

B. Case of a nonuniform motion

The previous section gives the exact solution of the TTF
in the field of uniformly moving bodies. If the bodies
undergo acceleration, it is still possible to use the previous
formula, which corresponds to neglecting higher order
terms related to the acceleration of the body. In this case,
the choice of the parameter t0 introduced in Eq. (24)
becomes critical. It has been shown [10,12,21] that a good
choice of t0 (i.e. which minimizes the approximation error)
is given by the time of closest approach of the photon with
respect to the body, which is given by

t0 ¼ max
!
tA; tB −max

!
0;
g · ðxB − xpðtBÞÞ

cjgj2

""
ð39Þ

with g ¼ NAB − βpðtBÞ.

In the case of arbitrarily moving point masses, it is
possible to numerically integrate the TTF (21) using the
metric (17). This approach has the convenience to be
strictly valid at the 1PM order, whatever the motion of
the bodies. Inserting (17) in the expression (21) gives

ΔpðxA; tB; xBÞ ¼
2RAB

c2

Z
1

0
γ2prð1 − NAB · βprÞ2

×Wp

!
ziðλÞ − xipðtrÞ þ

γ2pr
1þ γpr

βiprβpr

· ðzðλÞ − xpðtrÞÞ − cβiprγprðt − trÞ
"
dλ;

ð40Þ

where γpr and βpr depend on the retarded time coordinate tr
that is related to t through (19). The integral in Eq. (40) can
then be evaluated numerically, whatever the motion of the
body xpðtÞ.

C. Moving emitter

In the previous sections, we handle the case where the
source of the gravitational field is moving. In general, the
emitter and the receiver of the electromagnetic signal are
also moving. In this case, the determination of the time
transfer requires solving Eq. (1), which is now implicit,

tB − tA ¼ T ðxAðtAÞ; tB; xBÞ

¼ jxB − xAðtAÞj
c

þ 1

c
ΔðxAðtAÞ; tB; xBÞ:

In practice, the solution of this implicit equation can be
determined by an iterative procedure to find tA [for
example, see Eq. (7) of [26]]. Another solution consists
in a post-Newtonian expansion of tA from the TTF [for
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example, see Eq. (6) of [26]]. Let us denote by t̄A the
Minkowskian coordinate time of the emission solution of

tB − t̄A ¼ jxB − xAðt̄AÞj
c

; ð41Þ

and then we can write, at first order in β̄A ¼ vAðt̄AÞ=c,

tB − tA ¼ R̄AB

c
þ ΔðxAðt̄AÞ; tB; xBÞ

−
R̄AB

c
β̄iA

∂ΔðxAðt̄AÞ; tB; xBÞ
∂xiA

; ð42Þ

where the “bar” denotes quantities evaluated at t̄A like
R̄AB ¼ jxB − xAðt̄AÞj. The contribution proportional to β̄A is
also known as a Sagnac term. It has the same form as the
contribution from the velocity of the source of the gravi-
tational field at first post-Newtonian order as can be seen
from Eq. (50). The order of magnitude of this contribution
can reach a few meters for a Juno-Earth signal, as can be
seen from Fig. 4. Therefore, when iteratively solving the
light-time equation, one needs to include the relativistic
perturbations or take into account the Sagnac terms to avoid
the risk of significant errors.

VI. CASE OF UNIFORMLY MOVING
AXISYMMETRIC BODIES

We can now use the general procedure presented in the
previous section in the case of uniformly moving
axisymmetric bodies whose potential is given by the
multipole expansion (16). The TTF in the case of a static
axisymmetric body has been computed in [27] and is
given by

ΔpðxpA; xpBÞ ¼ ΔMpðxpA; xpBÞ þ ΔJpnðxpA; xpBÞ; ð43Þ

where ΔMp represents the mass monopole contribution
and ΔJpn represents the mass multipole contribution.
The TTF corresponding to a static monopole is well

known [22] and is given by

~ΔMpðxpA; xpBÞ ¼ 2
GMp

c2
ln
rpA þ rpB þ RAB

rpA þ rpB − RAB
: ð44Þ

By inserting (44) into (34) and using the substitutions (29),
we obtain the TTF in the field of monopoles in uniform
motion as

ΔMðxA; tB; xBÞ ¼ 2
GMp

c2
γpð1 − NAB · βpÞ ln

jRpA þ γpβpRABjþ RpB þ γpRABð1 − βp · NABÞ
jRpA þ γpβpRABjþ RpB − γpRABð1 − βp · NABÞ

; ð45Þ

with RpX given by (26a). On the other hand, the mass multipole contribution ΔJpn has been computed in [27] as

~ΔJnpðxpA; xpBÞ ¼ Kpn

Xn

m¼1

#
1

ðrpA þ rpB − RABÞn−mþ1
−

1

ðrpA þ rpB þ RABÞn−mþ1

$
ΘnmðxpA; xpBÞ; ð46aÞ

with Kpn ≡ 2GMpJnprnpe=c2 and

ΘnmðxpA; xpBÞ ¼ ð−1Þn−m
X0

i1;…;im

ðn −mÞ!
i1!i2!…im!

Ym

l¼1

½SlðxpA; xpBÞ&il ; ð46bÞ

where the sum
P0

i1;…;im denotes the summation over the
sets of non-negative integers i1; i2;…; im satisfying the pair
of equations

&
i1 þ 2i2 þ 3i3 þ ' ' ' þmim ¼ n

i1 þ i2 þ ' ' ' þ im ¼ n −mþ 1
ð46cÞ

and where SlðxpA; xpBÞ is defined by

SlðxpA; xpBÞ ¼
1

rl−1pA
Cð−1=2Þ
l

!
kp · xpA
rpA

"

þ 1

rl−1pB
Cð−1=2Þ
l

!
kp · xpB
rpB

"
; ð46dÞ

with Cð−1=2Þ
l ðxÞ the Gegenbauer polynomial of degree l and

of parameter −1=2.
Therefore, the multipole term of the TTF for the case of

moving axisymmetric bodies is given by inserting (46) into
the relation (34) and using the substitutions (29),
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ΔJnpðxA; tB; xBÞ ¼
2GMpJnprnpe

c2
γpð1 − NAB · βpÞ

×
Xn

m¼1

#
1

ðjRpA þ γpβpRABjþ RpB − RABγpð1 − βp · NABÞÞn−mþ1

− 1

ðjRpA þ γpβpRABjþ RpB þ RABγpð1 − βp · NABÞÞn−mþ1

$
ΘnmðRpA þ βpRAB;RpBÞ; ð47Þ

with RpX given by (26a).
In order to compute the derivatives of the TTF in the case of moving bodies from Eq. (35), one also needs the derivatives

of the TTF in the static case. The derivative of the TTF in the case of a static monopole is known (see, for example, [39]),
and it is given by

~ΔMp;iAðxpA; xpBÞ ¼ −
4GMp

c2
Ni

ABðrpA þ rpBÞ þ RABnipA
ðrpA þ rpBÞ2 − R2

AB
; ð48aÞ

~ΔMp;iBðxpA; xpBÞ ¼ þ
4GMp

c2
Ni

ABðrpA þ rpBÞ − RABnipB
ðrpA þ rpBÞ2 − R2

AB
¼ ~Δp;iAðxpB; xpAÞ: ð48bÞ

Also, the derivatives of Eq. (46) can be computed as

~ΔJpn;iAðxpA; xpBÞ ¼ Kpn

Xn

m¼1

&
−ðn −mþ 1Þ

#
npA þ NAB

ðrpA þ rpB − RABÞn−mþ2
−

npA − NAB

ðrpA þ rpB þ RABÞn−mþ2

$
ΘðxpA; xpBÞ

þ
#

1

ðrpA þ rpB − RABÞn−mþ1
−

1

ðrpA þ rpB þ RABÞn−mþ1

$
ΥAjnmðxpA; xpBÞ

'
; ð49aÞ

~ΔJpn;iBðxpA; xpBÞ ¼ Kpn

Xn

m¼1

&
−ðn −mþ 1Þ

#
npB − NAB

ðrpA þ rpB − RABÞn−mþ2
−

npB þ NAB

ðrpA þ rpB þ RABÞn−mþ2

$
ΘðxpA; xpBÞ

þ
#

1

ðrpA þ rpB − RABÞn−mþ1
−

1

ðrpA þ rpB þ RABÞn−mþ1

$
ΥBjnmðxpA; xpBÞ

'
; ð49bÞ

where

ΥXjnmðxpA; xpBÞ ¼ ð−1Þn−m
X0

i1;…;im

ðn −mÞ!
i1!i2!…im!

Xm

l¼1

il½SlðxpA; xpBÞ&il−1

×
Ym

q¼1;q≠l
½SqðxpA; xpBÞ&iq

½Pl−1ðkp · npXÞkp − Plðkp · npXÞnpX&
rlpX

: ð49cÞ

The derivatives of the TTF function in the case of a moving axisymmetric body are then given by combining Eqs. (44) and
(49) with Eq. (43) and by using it together with the combination of Eqs. (48) and (49) with Eqs. (35) [using the
correspondences (29)].

A. Particular case: Post-Newtonian expansion

Section VA gives a way to compute the TTF in the field of uniformly moving bodies. The obtained expressions are exact
at any order in βp. Nevertheless, a post-Newtonian expression can sometimes be more practical to use in the case of slowly
moving bodies. Therefore, we present here an expansion of the previous results in terms of the small parameter βp. An
expansion of (32) gives

ΔpðxA; tB;xBÞ ¼ ð1− βp ·NABÞ ~ΔpðxpA;xpBÞ þ ðRAB − cðtB − t0ÞÞβip ~Δp;iAðxpA;xpBÞ− cðtB − t0Þβip ~Δp;iBðxpA;xpBÞ; ð50Þ

with xpX ¼ xX − xpðt0Þ. For example, the use of this formula in the case of the moving monopoles leads to
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ΔpðxA; tB; xBÞ

¼ 2
GMp

c2
ð1 − βp · NABÞ ln

rpA þ rpB þ RAB

rpA þ rpB − RAB

− 4
GMpRAB

c2
ðrpA þ rpBÞNAB · βp þ RABnpA · βp

ðrpA þ rpBÞ2 − R2
AB

þ 4
GMpRAB

c
ðtb − t0Þ

βp · ðnpA þ npBÞ
ðrpA þ rpBÞ2 − R2

AB
þOðc−4Þ;

ð51Þ

with npX ¼ xpX
rpX

¼ xpX
jxpX j

. This expression is equivalent to the
one given by Eq. (20) of [28]. Obtaining this result in such a
straightforward way illustrates the effectiveness of the TTF
approach.

B. Particular case: The quadrupolar term

An explicit calculation for each of the multipoles is
straightforward given the above formulas. As an example,

let us explicitly develop the expression for the quadrupolar
term J2. The only sets of integer solutions to Eqs. (46c) are
i1 ¼ 2 for m ¼ 1 and fi1 ¼ 0; i2 ¼ 1g for m ¼ 2. As
shown in [27], we obtain

~ΔJp2ðxpA; xpBÞ ¼
GMp

c2
Jp2r2pe
rpArpB

RAB

1þ npA · npB

×
#
1 − ðkp · npAÞ2

rpA
þ
1 − ðkp · npBÞ2

rpB

−
!

1

rpA
þ 1

rpB

" ½kp · ðnpA þ npBÞ&2

1þ npA · npB

$
:

ð52Þ

Therefore, inserting (52) into (34) and using the substitu-
tions (29), we obtain

ΔJp2ðxpA; xpBÞ ¼
GMp

c2
γ2pð1 − NAB · βpÞ2

Jp2r2pe
jRpA þ γpβpRABjRpB

RAB

1þ ~NA · NpB

×
#

1 − ðkp · ~NAÞ2

jRpA þ γpβpRABj
þ
1 − ðkp · NpBÞ2

RpB
−
!

1

jRpA þ γpβpRABj
þ 1

RpB

" ½kp · ð ~NA þ NpBÞ&2

1þ ~NA · NpB

$
ð53Þ

and
~NA ¼

RpA þ γpβpRAB

jRpA þ γpβpRABj
: ð54Þ

The derivative of (52) with respect to xpA can be computed using Eq. (49a) and is given by

~ΔJp2;iAðxpA; xpBÞ ¼ 2
GMp

c2
Jp2r2pe

&
½kp · ðnpA þ npBÞ&2

#
npA þ NAB

ðrpA þ rpB − RABÞ3
−

npA − NAB

ðrpA þ rpB þ RABÞ3

$

−
1

2

#
1 − ðkp · npAÞ2

rpA
þ
1 − ðkp · npBÞ2

rpB

$#
npA þ NAB

ðrpA þ rpB − RABÞ2
−

npA − NAB

ðrpA þ rpB þ RABÞ2

$

−
1

r3pA

RABðrpA þ rpBÞ
r2pB

kp · ðnpA þ npBÞ
ð1þ npA · npBÞ2

½kp − ðkp · npAÞnpA&

−
1

2r3pA

RAB

rpB

2ðkp · npAÞkp þ ½1 − 3ðkp · npAÞ2&npA
1þ npA · npB

; ð55aÞ

while the derivatives with respect to xpB can be obtained by symmetry as

~ΔJp2;iBðxpA; xpBÞ ¼ ~ΔJp2;iAðxpB; xpAÞ: ð55bÞ

In order to evaluate the contribution of the moving quadrupole to the derivatives of the time transfer, it is then sufficient to
combine Eqs. (55) and (52) as shown in Eqs. (35).
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VII. APPLICATION TO JUNO

As an example, we use the equations presented in
previous sections to give estimates of the relativistic
corrections on the observables for the Juno mission.
Juno is currently on its way to Jupiter, which it will reach
in 2016. The spacecraft will orbit Jupiter during one year.
Some of the relativistic perturbations on the Juno orbit have
been studied in [40,41]. The main goal of this section is to
assess the order of magnitude produced by different effects
due to the Sun and Jupiter on the time transfer. We shall use
the nominal orbit of the mission around Jupiter obtained
using the Naif SPICE toolkit [42] and kernels, as well as the
DE430 planetary ephemeris [43]. The expected accuracy
for Juno is of the order of 10 cm on the range and 10−6 m=s

on the Doppler [6]. In the following, we present different
relativistic contributions to the two-way coordinate light
time between Earth and Juno and the corresponding range
rate. The range rate has been computed with an integration
time of 10 seconds.
In the following figures, all the time scales are given in

terms of the coordinate time, which is similar to the
barycentric coordinate time introduced in the IAU conven-
tions (see [37]). The observations, done in terms of local time,
can be derived by a relativistic coordinate transformation,
which is conventional [37,44]. Nevertheless, this transforma-
tionwill not significantly change the figures presented below.
Figure 1 represents the lower order time transfer and

range rate between Juno and Earth, as well as the relativistic
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FIG. 1 (color online). Representation of different contributions on the range (left panels) and range rate (right panels) between Juno
and Earth over one year. The contributions represented are the lower order contribution (the actual value of the observables) and the
corrections produced by the Shapiro due to the monopole of the Sun.
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and Earth over one year. The contributions represented are the corrections produced by the Shapiro due to the monopole of Jupiter (top
panels) and the contributions due to the velocity of Jupiter (bottom panels).
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Shapiro correction from the Sun. These corrections are
standard.
Figure 2 represents the contributions of the mass

monopole of Jupiter on the range and on the range rate.
These contributions have been split into two parts: a part
related to the case where Jupiter is static and a contribution
proportional to Jupiter’s velocity βJup. The static part is
computed using (44) with the position of Jupiter taken at
the critical time t0 given by Eq. (39). The contribution
relative to the velocity is computed by taking the difference
between the relations (45) and (44). As one can see, the
contributions relative to the motion of Jupiter are 2 orders
of magnitude below the expected accuracy of Juno and can

safely be neglected in the modeling of the time transfer. A
similar conclusion holds for the motion of the Sun around
the Solar System barycenter, which is even smaller. Note
that the analytical results presented in these graphs have
been checked by numerically integrating the TTF (40).
Figure 3 represents the contributions of the quadrupole

of Jupiter (J2) on the range and on the range rate of Juno.
As above, we have split these contributions into two parts:
one related to the case where Jupiter is static and one
proportional to Jupiter’s velocity βJup. The static part is
computed using (52) with the position of Jupiter taken at
the critical time t0 given by Eq. (39). The contribution
relative to the velocity is computed by taking the difference
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FIG. 3 (color online). Representation of different contributions on the range (left panels) and range rate (right panels) between Juno
and Earth over one year. The contributions represented are the corrections produced by the J2 of Jupiter (top panels) and the
contributions produced by the fact that the J2 is moving (bottom panels).

1.8

2.0

2.2

2.4

2.6

S
ha

pi
ro

Ju
pi

te
r

2P
N

10
8

m

0 50 100 150 200 250 300 350
0

20

40

60

80

Time from 10 oct. 2016 day

E
ffe

ct
du

e
to

th
e

ac
c.

of
Ju

p.
10

12
m

2.0
1.5
1.0
0.5
0.0
0.5
1.0

S
ag

na
c

S
ha

pi
ro

S
un

m

0 50 100 150 200 250 300 350
2.0
1.5
1.0
0.5
0.0
0.5
1.0
1.5

Time from 10 oct. 2016 day

S
ag

na
c

S
ha

pi
ro

Ju
pi

te
r

m

FIG. 4 (color online). Representation of different contributions on the range between Juno and Earth over one year. Top left panel: The
2PN contribution from the monopole of Jupiter (contribution proportional to β2Jup). Bottom left panel: The contribution proportional to
the acceleration of Jupiter. Right panels: The Sagnac contributions (proportional to the Sun mass and to Jupiter mass) due to the motion
of Juno.

LIGHT PROPAGATION IN THE FIELD OF A MOVING … PHYSICAL REVIEW D 90, 084020 (2014)

084020-11

DR
AF
T



between the relations (53) and (52). As one can see, the
contributions relative to the J2 of Jupiter are of the same
order as the Juno’s expected accuracy. Therefore, the effect
of the J2 should be taken into account in the reduction of
the tracking data. The contribution related to the velocity of
the J2 is far beyond the current tracking accuracy. Once
again, the analytical results presented in these graphs have
been checked by numerically integrating the TTF (40). It is
important to notice that the curves highly depend on the
geometry of the probe orbit. Since Juno has a polar orbit
and is never in conjunction with Jupiter; the velocity effects
are not detectable. Therefore, the situation can be different
for another space mission like JUICE [45].
Figure 4 is given for illustrative purposes, and it shows

more effects on the range of Juno. First of all, the effects of
the second order in βJup are represented. They are computed
by making the difference between the formula valid at all
orders in βJup (45) and the 1PN expansion (50). This shows
that one can safely use the PN expansion presented in
Sec. VI A within the Solar System. The effect of the
acceleration of Jupiter on the range is also presented.
This is computed by making the difference between the
numerical integration of the TTF in which we are using the
real Jupiter trajectory (40) and the result valid at all orders
in the velocity (45). The small rapid oscillations come from
oscillations in Jupiter’s acceleration, which results from the
perturbations due to the Galilean satellites.
Finally, on the right of Fig. 4 the Sagnac effects due

to the motion of Juno are represented. The contributions
represented are due to the Shapiro of the Sun and Jupiter,
which has been computed using (42). These contributions
should be included in the analysis of Juno data either as a
perturbation or when solving the light-time iterations.

VIII. CONCLUSIONS

In this paper, we computed the TTF and its derivatives in
the field of uniformly moving axisymmetric bodies and in
the field of arbitrarily moving point masses, which is useful
in order to evaluate range, Doppler and astrometric observ-
ables. First, in Sec. IV, we computed a metric adapted to
describe the space-time geometry due to N bodies in a
global reference system by using a Poincaré transformation.
Then, we presented a general method to compute the

TTF and its derivatives in the case where the bodies
generating the gravitational field are in uniform motion.
We showed that the TTF in the case of uniform motion can
be directly derived from the static TTF, as can be seen from
Eqs. (34) and (35). This result is very powerful and valid for
any velocities. Moreover, in Sec. V B, we developed a
general expression of the TTF in the case where the
gravitational field is generated by arbitrarily moving point
masses. The result is given as an integral over a straight line
between the emitter and the receiver (40), which can be
computed numerically. This general formulation has been
used to numerically check our analytical derivations but is

also useful to assess the effects due to the acceleration of
the body on the light propagation.
Then, in Sec. VI, we showed how our method can be

easily applied to the metric presented in Sec. IV to
analytically compute the TTF and its derivatives (and thus
the range, frequency shift and astrometric direction) for a
light signal propagating in the field of one or more
axisymmetric bodies in uniform motion. The results of
this paper complete the work of [27,28] and, in general,
extend the field of applicability of the TTF formalism [25].
Finally, as an example of our method, we computed the

range and Doppler for the Juno mission during its orbit
around Jupiter and studied in detail the different perturba-
tions due to the Sun and Jupiter on light propagation. In
particular, we showed that in addition to the standard
Shapiro contributions due to the mass monopole of Jupiter
and of the Sun, the contribution of Jupiter J2 is also relevant
at the level of accuracy expected for Juno. The motion of
the Sun and of Jupiter produces effects that are too small
compared to Juno accuracy. Nevertheless, this conclusion
highly depends on the geometry of Juno orbit and it should
be assessed carefully for other space missions (JUICE, for
example [45]).
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APPENDIX A: METRIC OF ARBITRARILY
MOVING POINT MASSES

The standard way to compute the metric for an arbitrarily
moving point mass is to use the Liénard-Wiechert poten-
tials as in [18,19,38]. Based on the analogy between the
Maxwell equations and the linearized Einstein field equa-
tions [46], the guidelines of classical electromagnetism (see
Chapter 8 of [47]) follow. This procedure is described in
detail in [38]. According to the formulas for the retarded
potentials, the field at the point of observation at time t is
determined by the state of motion of the body at the earlier
time tr which is determined by (19) (in the following, the
index r denotes quantities evaluated at the retarded time tr).
We can introduce a reference system comoving with the

body at the retarded time, whose temporal origin coincides
with the retarded time. The coordinates with respect to this
frame will be denoted by Xα, and they can be derived by the
instantaneous Lorentz transformation

Xα ¼ ~Λα
rμðxμ − xμprÞ; ðA1Þ

where x0pr ¼ ctr and xpr ¼ xpðtrÞ are the coordinates of the
body at the retarded time. It is important to notice that the
Lorentz transformation is done at the retarded time [i.e.
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~Λα
rμ ¼ ~Λα

μðtrÞ]. The four-vector Xα is a null four-vector
[ηαβXαXβ¼ημνðxμ−x

μ
rÞðxν−xνrÞ¼c2ðt−trÞ2−jx−xpðtrÞj¼

0]. In this frame, the space-time metric is known,
Hαβ ¼ 2WðXiÞ

c2 δαβ, which can be written in a manifestly

covariant way as Hαβ ¼ 4WðXiÞ
c2 ðUα

prU
β
pr − 1

2 η
αβÞ with Uα

pr

the four-velocity of the body at the retarded time (in the
comoving frame Uα

pr ¼ δα0). Since the expression of
the metric is manifestly covariant, we can express it in
the global frame by using the local transformation (A1),

hμν ¼ 4WðXiÞ
c2

!
uαpru

β
pr −

1

2
ηαβ

"
; ðA2Þ

where the Xi are given by the transformation (A1) and
where uμrp is now given by uμrp ¼ γprð1; βprÞ with γpr ¼
γpðtrÞ and vpr ¼ dxp=dtjtr .
We can write the space-time metric as (17) with Xi given

by (A1), which can be explicitly written as (18). For
example, in the case of a point mass (W ¼ GM=R), one
gets

R ¼ jXij ¼ γprðrpr − ðrpr · βprÞÞ

and the metric can be written as

h00 ¼ 2GM
c2ðrpr − ðrpr · βprÞÞ

γprð1þ β2prÞ þOðG2Þ; ðA3aÞ

h0i ¼ 4GM
c2ðrpr − ðrpr · βprÞÞ

βiprγpr þOðG2Þ; ðA3bÞ

hij ¼ 2GM
c2ðrpr − ðrpr · βprÞÞγpr

ðδij þ 2βiprβ
j
prγ2prÞ þOðG2Þ:

ðA3cÞ

This expression is exactly the same as the one found in
[18,19,38]. In the limit of small velocities, the expressions
of the IAU metric are recovered (see Appendix B 2).

APPENDIX B: CORRESPONDENCE WITH
THE IAU METRIC

1. Case of uniformly moving bodies

In Sec. IVA, we derive the post-Minkowskian metric
related to uniformly moving bodies (13). It is interesting to
show that the post-Minkowskian limit of the IAU metric
[37] is recovered in the limit of the small velocities. In order
to show this, we first need to develop the argument
appearing in the potential W from Eq. (14) as

~Λi
μðxμ − bμÞ ¼ −γpβipcðt − t0Þ þ xi − xipðt0Þ

þ
γ2p

1þ γp
βipβ · ðx − xpðt0ÞÞ: ðB1Þ

Using the fact that the motion of the body is uniform, this
expression can also be written as

~Λi
μðxμ − bμÞ ¼ xi − xipðtÞ þ

γ2p
1þ γp

βipβ · ðx − xpðtÞÞ:

ðB2Þ

In the limit of the small velocities (βp ≪ 1), we have

~Λi
μðxμ − bμÞ ¼ xi − xipðtÞ þ

1

2
βipβp · ðx − xpðtÞÞ þOðβ4pÞ:

ðB3Þ

Using this expansion in the limit of small velocities, the
expression of the potential W appearing in the metric (13)
becomes

W½ ~Λi
μðxμ − bμÞ& ¼ W½xi − xipðtÞ& þ

1

2
W;j½xi − xipðtÞ&βjβp

· ðx − xpðtÞÞ þOðβ4pÞ; ðB4Þ

where W;j ¼ ∂W=∂Xj. Introducing this expression in the
metric (13) leads to

h00 ¼
2Wðxi − xipÞ

c2
þ 4

Wðxi − xipÞ
c2

β2p

þ
βp · ðx − xpðtÞÞ

c2
βjpW;jðxj − xjpðtÞÞ þOðG2Þ

þOðβ4p=c2Þ; ðB5aÞ

h0i ¼
4Wðxi − xipÞ

c2
βip þOðG2Þ þOðβ3p=c2Þ; ðB5bÞ

hij ¼
2Wðxi − xipÞ

c2
δij þOðG2Þ þOðβ2p=c2Þ: ðB5cÞ

For example, in the case of a point mass (W ¼ GM
R ), the

last expression becomes

h00 ¼ 2
GM
rpc2

þ 4
GM
rpc2

β2p −
GM
c2r3p

ðr · βpÞ2 þOðG2Þ

þOðβ4p=c2Þ; ðB6aÞ

h0i ¼ 4
GM
rpc2

βip þOðG2Þ þOðβ3p=c2Þ; ðB6bÞ

hij ¼ 2
GM
rpc2

δij þOðG2Þ þOðβ2p=c2Þ; ðB6cÞ
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with rp ¼ jrpj and rp ¼ x − xpðtÞ. This expression is
exactly the one recommended in the IAU conventions
[see Eqs. (8) and (51–55) from [37] or Resolutions B1.5. in
the Appendix of the same paper].

2. Case of arbitrarily moving point masses

The metric (17) or (A3) describes the space-time
geometry around an arbitrarily moving point mass at the
first post-Minkowskian approximation. It is interesting to
show that the post-Minkowskian limit of the IAU metric
[37] is recovered in the limit of the small velocities.
We need to express the quantities at the retarded time tr

as a function of the quantities at the time t. Since

tr − t ¼ −
rpr
c

; ðB7Þ

we have

rpðtÞ ¼ rp ¼ x − xpðtÞ

¼ x − xpðtrÞ − ðt − trÞvpðtrÞ −
ðt − trÞ2

2
apðtrÞ

þOððt − trÞ3Þ ðB8Þ

¼ rpr −
rpr
c

vpr −
r2pr
2c2

apr þOðc−3Þ: ðB9Þ

It is useful to notice that in the last term of this expression,
we can replace tr by t (this will introduce a higher order
correction). A simple calculation leads to

r2p þ ðβp · rpÞ2 ¼ ðrpr − ðβpr · rprÞÞ2 þ r2prβ2pr

−
r2p
c2

ap · rp þOðc−3Þ: ðB10Þ

This leads to

rpr−ðβpr ·rprÞ¼ rp

#
1−

β2pr
2

þ
ðβp ·rpÞ2

2r2p
þ
ap ·rp
2c2

$

þOðc−3Þ: ðB11Þ

Since

γpr ¼ γp þOðc−3Þ ¼ 1þ
β2p
2
þOðc−3Þ; ðB12Þ

we have

1

γprðrpr − ðβpr · rprÞÞ
¼ 1

rp

#
1 −

ðβp · rpÞ2

2r2p
−
ap · rp
2c2

$
:

ðB13Þ

Introducing Eq. (B13) in the space-time metric (A3) leads
to

h00 ¼ 2GM
c2rp

þ 4
GM
c2rp

β2p −
GM
c2r3p

ðrp · βpÞ2

−
GM
c4rp

ðap · rpÞ þOðG2Þ þ ð1=c5Þ; ðB14aÞ

h0i ¼ 4
GM
r2pc2

βip þOðG2Þ þOð1=c4Þ; ðB14bÞ

hij ¼ 2
GM
rpc2

δij þOðG2Þ þOð1=c3Þ: ðB14cÞ

The only additional term with respect to the metric (B6) is
the term proportional to the acceleration in g00. This term is
exactly the one appearing in the IAU metric [see Eq. (54) of
[37]] as already noticed in [48].
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Planetary ephemerides are a very powerful tool to constrain deviations from the theory of general
relativity (GR) using orbital dynamics. The effective field theory framework called the Standard-Model
Extension (SME) has been developed in order to systematically parametrize hypothetical violations of
Lorentz symmetry (in the Standard Model and in the gravitational sector). In this communication, we use
the latest determinations of the supplementary advances of the perihelia and of the nodes obtained by
planetary ephemerides analysis to constrain SME coefficients from the pure gravity sector and also from
gravity-matter couplings. Our results do not show any deviation from GR and they improve current
constraints. Moreover, combinations with existing constraints from Lunar Laser Ranging and from atom
interferometry gravimetry allow us to disentangle contributions from the pure gravity sector from the
gravity-matter couplings.

DOI: 10.1103/PhysRevD.92.064049 PACS numbers: 04.50.Kd, 04.80.Cc, 11.30.Cp

I. INTRODUCTION

The Solar System has proven to be an efficient laboratory
to discover new phenomena from gravitational observa-
tions. Historically, one can mention the discovery of “dark”
components [such as the planet Neptune predicted by Le
Verrier] or evidence towards non-Newtonian gravity the-
ories [for example the perihelion advance of Mercury
which pointed towards general relativity (GR)]. The
Solar System remains the most precise laboratory to test
the theory of gravity, that is to say GR.
Constraints on deviations fromGRcan only be obtained in

an extended theoretical framework that parametrizes such
deviations. The constraints that are obtained from observa-
tions are framework dependent. In the past decades, two
frameworks were widely used in the literature at the scale of
the Solar System, namely the parametrized post-Newtonian
(PPN) formalism [1] and the fifth force framework [2].
Stringent constraints have been obtained for these formal-
isms [1,3–8]. More recently, other phenomenological frame-
works have been developed like the Standard-Model
Extension (SME). The SME is an extensive formalism that
allows a systematic description of Lorentz symmetry viola-
tions in all sectors of physics, including gravity [9–11].
Violations of Lorentz symmetry are possible in a number of

scenarios described in the literature. While some early
motivation came from string theory [12], Lorentz violations
can also appear in loop quantum gravity, noncommutative
field theory and others [13,14]. The SME is an effective field
theory aiming at making phenomenological connections
between fundamental theories and experiments.
In particular, a hypothetical Lorentz violation in the

gravitational sector naturally leads to an expansion at the
level of the action [11,15] which in the minimal SMEwrites

Sgrav ¼
Z

d4x
ffiffiffiffiffiffi−gp

16πG
ðR − uRþ sμνRT

μν þ tαβμνCαβμνÞ

þ S0½sμν; tαβμν; gμν&; ð1Þ

with G the gravitational constant, g the determinant of the
metric, R the Ricci scalar, RT

μν the trace-free Ricci tensor,
Cαβμν the Weyl tensor and u, sμν and tαβμν the Lorentz
violating fields. To avoid conflicts with the underlying
Riemann geometry, we assume spontaneous symmetry
breaking so that the Lorentz violating coefficients need
to be considered as dynamical fields. The last part of the
action S0 contains the dynamical terms governing the
evolution of the SME coefficients. In the linearized gravity
limit, the metric depends only on ū and s̄μν which are the
vacuum expectation value of u and sμν [15]. The coefficient
ū is unobservable since it can be absorbed in a rescaling of
the gravitational constant. The so obtained post-Newtonian*a.hees@ru.ac.za
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metric differs from the one introduced in the PPN formal-
ism [15]. In addition to the minimal SME action given by
Eq. (1), there exist some higher order Lorentz-violating
curvature couplings in the gravity sector (nonminimal
SME) [16] that have been constrained by short range
experiments [17]. These terms are not considered in this
communication.
In addition to Lorentz symmetry violations in the pure-

gravity sector, violations of Lorentz symmetry can also
arise from gravity-matter couplings. In [18], it has been
shown that gravity-matter couplings violation of Lorentz
symmetry can be parametrized by the following classical
point mass action:

Smat ¼
Z

dλð−m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gμν þ 2cμνuμuν

p
− ðaeffÞμuμÞ; ð2Þ

where uμ is the four-velocity of the particle, m is its mass
and cμν and ðaeffÞμ are Lorentz violating fields. In this
action, spin-coupled Lorentz violation is effectively set to
zero. The new fields cμν and ðaeffÞμ depend on the
composition of the point particle [18]. This modification
of the action produces two different types of effects: (i) a
modification of the way gravity is sourced and (ii) a
violation of the three facets of the Einstein equivalence
principle. The first effect will result in a modification of the
space-time metric solution of the field equations.
Modifications of the metric in the linearized approximation
depend on ðāSeffÞ coefficients, the background values of the
coefficients ðaeffÞμ from the source body [18]. On the other
hand, the violation of the equivalence principle generated
by the action (2) leads to a deviation from the geodesic
motion depending at first order on the coefficients c̄μνT and
ðāTeffÞμ, the background values of the Lorentz violating
fields of the test mass.
Up to now, several studies have constrained the pure-

gravity SME coefficients s̄μν like for example Lunar Laser
Ranging [19], atom interferometry gravimetry [20,21], short
range experiment [22], planetary orbital dynamics [23],
Gravity Probe B [24] and recently binary pulsars [25]. The
ðāweffÞμ coefficients are currently poorly constrained by
[26–29]. On the opposite, some of the c̄μν coefficients are
severely constrained (see for example [26,27,30,31]).A list of
current constraints on all SME coefficients can be found in
[32]. In this study, we will concentrate on the impact of s̄μν

and ðāweffÞμ coefficients on planetary orbital dynamics and
neglect the c̄μν coefficients and leave them for future work.
In this communication, we show that planetary orbital

dynamics can be used to derive stringent constraints on the
SME coefficients. Indeed, SME modifications of gravity
induce a secular variation of some orbital elements [15,18]
such as the longitude of the ascending node and the
argument of perihelia. These variations are introduced in
Sec. II. In Sec. III, we compare these variations with the
present level of residuals coming from INPOP10a

(Intégrateur Numérique Planétaire de l’Observatoire de
Paris) ephemerides [33]. We use a Bayesian inversion to
infer the posterior probability density function (pdf) on the
SME coefficients. From the pdf, we estimate correlations
between the coefficients. We estimate realistic confidence
intervals and also determine linear combinations of the
SME coefficients that can be determined independently
from planetary orbital dynamics. In Sec. IV, we combine
our results with previous results obtained by Lunar Laser
Ranging analysis and atom interferometry gravimetry.
Finally, in Sec. V, we discuss our obtained results and
present several ideas that may improve the current analysis.

II. EFFECTS OF SME ON ORBITAL DYNAMICS

In the linearized gravity limit, the gravity sector of the
minimal SME is parametrized by a symmetric trace-free
tensor s̄μν and by a scalar ū that is unobservable since it
corresponds to a rescaling of the gravitational constant [15].
Furthermore, the matter-gravity coupling is parametrized
amongst others by the ðāeffÞμ coefficients which depend on
the composition of the different bodies. The components of
these coefficients depend on the observer coordinate
system. The standard frame used in the SME formalism
labeled by ðT; X; Y; ZÞ is comoving with the Solar System,
the spatial axes are defined by equatorial coordinates (see
Fig. 1 of [15]) and the origin of time is given by the time
when the Earth crosses the Sun-centered X axis at the
vernal equinox. The planetary orbital elements are defined
with respect to the ecliptic coordinate system. The two
coordinate systems differ by a rotation R of angle ε ¼
23.44° (the Earth obliquity) around the X axis. Therefore,
the transformation of the tensor s̄μν is given by s̄ij ¼
Ri

IR
j
Js̄

IJ and s̄0i ¼ Ri
I s̄

TI where capital letters refer to the
equatorial reference system and lower case letters refer to
the ecliptic one. Similarly, the transformation of the ðāeffÞμ
vector is given by ðāeffÞi ¼ Ri

IðāeffÞI.
SME modifications of gravity induce different types of

effects (for an extensive review, see [15,18]). Two important
effects can have implications on planetary ephemerides
analysis: effects on the orbital dynamics and effects on the
light propagation. Simulations using the time transfer for-
malism [34] based on the software presented in [35] have
shown that only the s̄TT and ðāeffÞT coefficients produce a
non-negligible effect on the light propagation (while it has
impact only at the next post-Newtonian level on the orbital
dynamics [15,18]). Since in this analysis we concentrate on
orbital dynamics, these coefficients are not considered and
will be neglected. This can safely be done since the signatures
from the s̄TT and ðāeffÞT coefficients on the light propagation
are similar to the logarithmic standard Shapiro delay, which
is not correlated to orbital dynamics effects.
The equations of motion in the SME formalism are given

in [15,18]. Neglecting the c̄μν contributions, the two-body
equation of motion reads
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d2rj

dt2
¼ −

GNM
r3

rj þ GNM
r3

"
s̄jkrk −

3

2
s̄kl

rkrl

r2
rj

þ 2
δm
M

#
s̄0k þ

X

w¼e;p;n

nw2
δm

αðāweffÞk
$
vkrj

−2
δm
M

#
s̄0j þ

X

w¼e;p;n

nw2
δm

αðāweffÞj
$
vkrk

%
; ð3Þ

where GN is the observed Newton constant,M ¼ m1 þm2

is the total mass of the two bodies, δm ¼ m2 −m1 is the
difference of the two masses, rj ¼ rj1 − rj2 is the relative
position of the two masses and

nw2 ¼ Nw
1 − Nw

2 ; ð4Þ

with Nw
1;2 the number of particles of species w in the

body 1, 2. The coefficient s̄TT is completely unobservable
in this context since absorbed in a rescaling of the
gravitational constant (see the discussion in [15,24]).
The coefficient ðāweffÞT can also be absorbed in a rescaling
of the gravitational constant that depends on the compo-
sition of each planet [18]. In this context, one would
observe a different GN with the different planets.
Nevertheless, this effect is expected to be very small
[18] and would not produce any supplementary advances
of the perihelia and of the nodes and therefore is neglected
in this analysis.
In Eq. (3), the sums on w need to be done on the

electrons, protons and neutrons. In the case of a Sun-planet
system, we have M ¼ mp þm⊙ ≈m⊙, δm ¼ m⊙ −mp ≈
m⊙ and nw2 ¼ Nw

p − Nw⊙ ≈ −Nw⊙. The fact that we are
neglecting Nw

p means that we are neglecting effects
produced by the violation of the universality of free fall.
Under these assumptions, the equations of motion
depend on

S̄0j⊙ ¼ s̄0j −
X

w

Nw⊙
m⊙

αðāweffÞj; ð5aÞ

≈ s̄0j − 0.9αðāeþp
eff Þj − 0.1αðāneffÞj; ð5bÞ

where we used a simple model for the composition
of the Sun characterized by Ne⊙=m⊙ ¼ Np

⊙=m⊙ ≈
0.9ðGeV=c2Þ−1 and Nn⊙=m⊙ ≈ 0.1ðGeV=c2Þ−1 as
described in [18] (with c the speed of light in vacuum).
In this paper, αðāweffÞj is always expressed in GeV=c2 and

ðāeþp
eff Þj ¼ ðāeeffÞj þ ðāpeffÞj: ð6Þ

Using the Gauss equations, secular perturbations
induced by SME on the orbital elements can be computed
similarly to what is done in [15,23]. The two orbital
elements needed for our analysis are the longitude of the

ascending node Ω and the argument of the perihelion ω.
The secular change in these two elements is given by

&
dΩ
dt

'
¼ n

sin ið1 − e2Þ1=2

"
ε
e2

s̄kP sinω

þðe2 − εÞ
e2

s̄kQ cosω −
2naε
ec

S̄k⊙ cosω
%
; ð7aÞ

&
dω
dt

'
¼ − cos i

&
dΩ
dt

'
− n

"
ðe2 − 2εÞ

2e4
ðs̄PP − s̄QQÞ

þ 2naðe2 − εÞ
ce3ð1 − e2Þ1=2

S̄Q⊙

%
; ð7bÞ

where a is the semimajor axis, e the eccentricity, i
the orbit inclination (with respect to the ecliptic),
n ¼ ðGNm⊙=a3Þ1=2 is the mean motion and ε ¼ 1−
ð1 − e2Þ1=2. In all these expressions, the coefficients for
Lorentz violation with subscripts P, Q, and k are under-
stood to be appropriate projections of s̄μν along the unit
vectors P,Q, and k, respectively. For example, S̄k⊙ ¼ kiS̄Ti⊙ ,
s̄PP ¼ PiPjs̄ij. The unit vectors P, Q and k define the
orbital plane

~P ¼ ðcosΩ cosω − cos i sinΩ sinωÞ~ex
þ ðsinΩ cosωþ cos i cosΩ sinωÞ~ey þ sin i sinω~ez;

ð8aÞ

~Q ¼ −ðcosΩ sinωþ cos i sinΩ cosωÞ~ex
þ ðcos i cosΩ cosω − sinΩ sinωÞ~ey þ sin i cosω~ez;

ð8bÞ

~k ¼ sin i sinΩ~ex − sin i cosΩ~ey þ cos i~ez; ð8cÞ

where ~ex;y;z define the basis of the ecliptic reference system.
The relations (7) are generalizations of Eqs. (168)–(171)
from [15] that do not include the ðāweffÞj terms.

III. ANALYSIS AND RESULTS

Planetary ephemerides analysis uses an impressive
number of different observations to produce high accurate
planetary and asteroid trajectories. The observations used to
produce ephemerides comprise radioscience observations
of spacecraft that orbited around Mercury, Venus, Mars and
Saturn, flyby tracking of spacecraft close to Mercury,
Jupiter, Uranus and Neptune and optical observations of
all planets [4,6,7,33,36–43]. Estimations of supplementary
advances of perihelia with the Russian Ephemerides of
Planets and the Moon (EPM) are presented in [6,42]. The
INPOP ephemerides have produced estimations of supple-
mentary advances of perihelia and nodes. Table I gives
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estimations obtained by INPOP10a [33] on supplementary
longitude of nodes _Ω and on supplementary argument of
perihelia1 _ω.
Since s̄TT and ðāweffÞT do not play any role in the orbital

dynamics and s̄μν is trace free, the observations depend on
eight independent fundamental coefficients: s̄XX − s̄YY ,
s̄Q ¼ s̄XX þ s̄YY − 2s̄ZZ, s̄XY , s̄XZ, s̄YZ and S̄TJ⊙ (these
coefficients will be denoted as pi in the following). In
this communication, we perform a Bayesian inversion to
infer knowledge on these eight independent coefficients
using a Monte Carlo Markov chain (MCMC) algorithm.
The approach is very similar to the one used for binary
pulsar data [25]. The observations are assumed to be
independent and the errors to be normally distributed.
The pdf describing the likelihood (i.e. the probability to
obtain observations Oi given certain values of the SME
coefficients pk) is given by

LðOijp1; p2;…pnÞ ¼ cste−χ
2=2 ð9Þ

where the χ2 is computed by

χ2 ¼
X

pl

ð _ωpl;SMEðpkÞ − _ωpl;INPOPÞ2

σ2_ωpl

þ
ð _Ωpl;SMEðpkÞ − _Ωpl;INPOPÞ2

σ2_Ωpl

; ð10Þ

where the index pl of the sum is running over the six
different planets from Table I, _Ωpl;INPOP, _ωpl;INPOP and the
corresponding σ are from Table I and where _ωpl;SMEðpkÞ
and _Ωpl;SMEðpkÞ are simulated values depending on the
SME coefficients by (7). The posterior pdf of the SME
coefficients is given by

Pðp1;p2;…pnjOiÞ¼ CLðOijp1;…pnÞπðp1;…pnÞ; ð11Þ

where πðp1;…pnÞ ¼ πðp1Þ…πðpnÞ is the prior pdf on the
SME coefficients pk and C a constant. We use a uniform
prior pdf on the SME coefficients and the MCMC algo-
rithm used is a standard Metropolis-Hasting algorithm [45].
We run the Metropolis-Hastings sampler until 106 samples
have been generated. The convergence of the MC is
ascertained by monitoring the estimated Bayesian confi-
dence intervals of the parameters. Finally, to diminish the
effect of the starting configuration, we discard the first 1000
samples.
The marginal pdf of a single SME coefficient pj is

given by

PðpjjOiÞ ¼
Z

dp1

Z
dp2…Pðp1;…; pnjOiÞ; ð12Þ

where the integrals are performed over all the SME
coefficients pk except pj.
A first run shows that the coefficients of our model are

highly correlated, see Fig. 1. We have used the correlation
matrix estimator to assess the strength of the parameters
correlations, see Table III. These correlations are mainly
due to the fact that all planets have very similar, low
inclination, orbital planes. Nevertheless, we can produce
marginal 1D posterior distribution for each of the eight
SME coefficients. The histograms corresponding to these

FIG. 1 (color online). 2D marginal posterior pdf (useful to
assess the correlations). On the 2D plots, the blue dotted contours
represent the 67% Bayesian confidence area, the red continuous
contour represent the 95% Bayesian confidence area and the
dashed green contours represent the 99.7% Bayesian confidence
area. The histograms represent the marginal pdf of the SME
coefficients.

TABLE I. Values of supplementary longitude of nodes and
argument of perihelia estimated by INPOP10a (see Table 5 from
[33]). These values are estimated in [33] as the interval in which
the differences of postfit residuals are below 5%.

Planet _Ω (mas × cy−1) _ω (mas × cy−1)

Mercury 1.4' 1.8 0.4' 0.6
Venus 0.2' 1.5 0.2' 1.5
EMB 0.0' 0.9 −0.2' 0.9
Mars −0.05' 0.13 −0.04' 0.15
Jupiter −40' 42 −41' 42
Saturn −0.1' 0.4 0.15' 0.65

1In [33], _ω is noted _ϖ which is commonly used for the
longitude of the perihelion but the estimated values correspond to
supplementary argument of perihelia and not to longitude of
perihelia (usually noted by ϖ) [44].
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distributions are presented in Fig. 1. The corresponding
Bayesian confidence intervals are presented in Table II.
Another approach (based on the first run) to avoid highly

correlated coefficients is to find the independent linear
combinations of the SME coefficients that can be deter-
mined by planetary ephemerides analysis. This can be done
numerically by performing a normalized Cholesky decom-
position of the covariance matrix,

C ¼ KTD2K; ð13Þ

where C is the covariance matrix of the SME coefficients
estimated from our first run, K is an upper triangular matrix
whose diagonal elements are unity and D is a diagonal
matrix. Then the linear combinations b of the fundamental
SME coefficients (noted p) given by

b ¼ K−Tp; ð14Þ

with K−T the inverse of the transpose of K, can be
determined completely independently by the analysis of
planetary orbital dynamics. In our case, this Cholesky
decomposition (K−T) is given by

b1 ¼ ðs̄XX − s̄YYÞ; ð15aÞ

b2 ¼ −1.37b1 þ s̄Q; ð15bÞ

b3 ¼ −0.15b1 − 0.31s̄Q þ s̄XY; ð15cÞ

b4 ¼ 0.013b1 þ 0.064s̄Q − 0.48s̄XY þ s̄XZ; ð15dÞ

b5 ¼ 0.26b1 − 0.31s̄Q þ 0.81s̄XY − 1.67s̄XZ þ s̄YZ ð15eÞ

b6 ¼ −35.5b1 þ 9.35s̄Q − 22.67s̄XY − 33.95s̄XZ

þ 7.83s̄YZ þ S̄X⊙; ð15fÞ

b7 ¼ 1641.4b1 − 2101.1s̄Q þ 4939.9s̄XY − 8846.8s̄XZ

þ 4810.6s̄XZ − 0.89S̄X⊙ þ S̄Y⊙; ð15gÞ

b8 ¼ 44.5b1 þ 47.1s̄Q − 580.1s̄XY þ 1041.3s̄XZ

þ 231.5s̄YZ þ 3.43S̄X⊙ þ 2.56S̄Y⊙ þ S̄Z⊙; ð15hÞ

with the expression of S̄J⊙ given by Eq. (5). We can now use
the linear combinations bi as fundamental parameters for
our analysis. Performing a new MC run (using the same
prior and likelihood as previously), we show that these
combinations can be estimated without any correlation.
This can be seen in Fig. 2 where the 2D marginal posterior
pdf on the bi combinations are presented. More quantita-
tively, the computation of the correlation matrix shows that
the bi combinations are completely decorrelated by plan-
etary ephemerides analysis since the absolute values of the
correlation parameters never exceed 0.03. The 1D posterior
pdf of the bi combinations are also represented in Fig. 2.
The estimated mean and standard deviation are given in
Table IV. The obtained uncertainties are much smaller than
those given in Table II.
We want to emphasize the fact that the results from both

approaches presented above are completely equivalent.
They are two ways to represent the same results. One is
free to choose which approach is more appropriate: to work
with the fundamental SME coefficients determined by
Table II at the price of including the covariance matrix

TABLE II. Estimations of the SME coefficients. These esti-
mations are still correlated and the correlation matrix is given in
Table III. The uncertainties correspond to the 68% Bayesian
confidence levels of the marginal pdf.

SME coefficients Estimation

s̄XX − s̄YY ð−0.8' 2.0Þ × 10−10

s̄Q ¼ s̄XX þ s̄YY − 2s̄ZZ ð−0.8' 2.7Þ × 10−10

s̄XY ð−0.3' 1.1Þ × 10−10

s̄XZ ð−1.0' 3.5Þ × 10−11

s̄YZ ð5.5' 5.2Þ × 10−12

S̄TX⊙ ð−2.9' 8.3Þ × 10−9

S̄TY⊙ ð0.3' 1.4Þ × 10−8

S̄TZ⊙ ð−0.2' 5.0Þ × 10−8

FIG. 2 (color online). 2D marginal posterior pdf (useful to
assess the correlations) of the linear combinations bi of the SME
coefficients given by Eq. (15). On the 2D plots, the blue dotted
contours represent the 67% Bayesian confidence area, the red
continuous contour represent the 95% Bayesian confidence area
and the dashed green contours represent the 99.7% Bayesian
confidence area. The 1D histograms represent the marginal pdf of
the SME linear combinations bi.
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(or equivalently the correlation matrix from Table III) in the
analysis or to work with uncorrelated linear combinations
of the SME coefficients that are determined by Table IV.
The results provided by both approaches describe the same
physical information. Therefore, they are completely
equivalent.

IV. COMBINATION WITH LUNAR LASER
RANGING AND ATOM INTERFEROMETRY

GRAVIMETRY

It is interesting to combine the results obtained in the last
section with constraints available in the literature. In
particular, Lunar Laser Ranging (LLR) data have been
used to constrain the pure gravity sector of SME [19].
Similarly, atomic gravimetry data have also been used to
constrain the s̄μν coefficients [20,21]. We will first combine
our results from Sec. III with LLR results to produce
constraints on the SME pure gravity sector alone. This will
highlight the improvement brought by the planetary eph-
emerides data. In a second step, we will consider both the
pure gravity sector and the gravity-matter couplings coef-
ficients. We will demonstrate that the combination of
planetary ephemerides data, LLR data and atom interfer-
ometry gravimetry data allows one to completely disen-
tangle all the SME coefficients s̄μν and ðāweffÞJ.

The procedure to combine different types of analysis is
standard and consists of performing a global least squares
fit of all the estimations available. Obviously, the planetary
estimations given by Table II are not independent. To take
into account the correlation between the coefficients
estimated in Sec. III, we use the parameter covariance
matrix from Table III as a weight in the least squares fit.
Similarly, the coefficients estimated in the LLR analysis are
weighted by their standard deviation in the least squares fit.
Since no covariance matrix can be found in the literature,
we assume these estimations to be independent (this
corresponds to a worst case scenario). Instead of working
with results given in Table II that are correlated, we can
equivalently use the linear combinations given by Eq. (15)
and we then use the estimated standard deviations from
Table IV to weight the least squares fit. In that approach, the
weight matrix in the fit is diagonal. We insist on the fact that
both approaches lead to the same results. In the following
we provide the mean and the standard deviation of the SME
coefficients as given from the least square fit.

A. Pure gravity sector

First, let us focus on the pure gravity sector alone and
neglect the ðāweffÞJ coefficients. It has been shown in [15]
that the main oscillations in the radial distance between the
Earth and the Moon due to the s̄μν coefficients depend on
six linear combinations: s̄11 − s̄22, s̄12, s̄01, s̄02, s̄Ω⊕c and
s̄Ω⊕s. They can be expressed in terms of the standard SME
coefficients expressed in an Earth equatorial frame and in
terms of the longitude of the ascending node α and of the
inclination β of the Moon’s orbit with respect to the
equator. These combinations are given by Eqs. (107) and
(108) from [15]. The longitude of the ascending node α
with respect to the equator oscillates around 0. This
oscillation is due to the secular advance of the longitude
of the ascending node with respect to the ecliptic. Similarly,
the inclination of the Moon’s orbit with respect to the
equator oscillates around β ¼ 23.44°. As a consequence,
the transformation of the LLR linear combinations to the
standard SME coefficients is given by

s̄ALLR ¼ s̄11 − s̄22 ¼ 0.92ðs̄XX − s̄YYÞ
þ 0.08ðs̄XX þ s̄YY − 2s̄ZZÞ − 0.73s̄YZ; ð16aÞ

s̄BLLR ¼ s̄12 ¼ 0.92s̄XY þ 0.40s̄XZ; ð16bÞ

s̄CLLR ¼ s̄02 ¼ 0.92s̄TY þ 0.40s̄TZ; ð16cÞ

s̄DLLR ¼ s̄01 ¼ s̄TX; ð16dÞ

s̄ELLR ¼ s̄Ω⊕c ¼ −3.21s̄TY − 1.39s̄TZ; ð16eÞ

s̄FLLR ¼ s̄Ω⊕s ¼ −3.50s̄TX: ð16fÞ

TABLE III. Estimations of the correlations coefficients be-
tween the different SME coefficients: s̄XX − s̄YY , s̄Q, s̄XY , s̄XZ,
s̄YZ, S̄TX⊙ , S̄TY⊙ and S̄TZ⊙ .

1
0.99 1
0.99 0.99 1
0.98 0.98 0.99 1

−0.32 −0.24 −0.26 −0.26 1
0.99 0.98 0.98 0.98 −0.32 1
0.62 0.67 0.62 0.59 0.36 0.60 1

−0.83 −0.86 −0.83 −0.81 −0.14 −0.82 −0.95 1

TABLE IV. Estimations of the independent linear combinations
bi of the SME coefficients. The expressions of the combinations
bi are given by Eq. (15). The uncertainties correspond to the 68%
Bayesian confidence levels of the marginal pdf.

SME linear combinations Estimation

b1 ð−0.8' 2.0Þ × 10−10

b2 ð2.3' 2.3Þ × 10−11

b3 ð3.0' 9.7Þ × 10−12

b4 ð0.2' 1.1Þ × 10−12

b5 ð−0.3' 2.4Þ × 10−13

b6 ð0.2' 1.1Þ × 10−9

b7 ð−0.6' 2.3Þ × 10−9

b8 ð0.3' 1.7Þ × 10−9
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Note that the above transformations are different from those
used in [21]. In that paper, the authors have used α ¼ 125°,
which corresponds to the transformation between the lunar
plane and the ecliptic plane at the date J2000 while the
reference frame used in the SME framework is the
equatorial plane (and not the ecliptic one). Therefore,
the value of α and β needs to be taken with respect to
the equatorial plane at the moment where the experiment
was performed, or as their average value if they vary during
the experiment.2

In [19], Battat et al. have fitted the amplitudes related to
the signature of the six SME combinations (16) on residuals
of LLR analysis. As a result, they obtained constraints
given in Table V.
Combining these constraints with those obtained in the

previous section from planetary ephemerides lead to
estimations of the pure gravity SME coefficients given
in Table VI. One can see that the s̄XX − s̄YY and the three
coefficients s̄JK (with J ≠ K) are improved by the

combinations of the data. This is mainly due to the fact
that the correlations are reduced. It is also worth mention-
ing that this combined analysis improves the combined
LLR and atom interferometry gravimetry analysis from
[21] by 2 to 3 orders of magnitude.

B. Gravity sector and matter-gravity couplings

In order to use LLR analysis to constrain simultaneously
the s̄μν and ðāweffÞJ coefficients, we need to identify the
contributions of the ðāweffÞJ coefficients to the amplitudes of
the Earth-Moon distance oscillations. The SME contribu-
tion to the equations of motion of the Moon-Earth system
can be found in [15,18] and is given by

d2rJ

dt2

((((
SME

¼ GNM
r3

"
s̄JKrK −

3s̄KLrKrLrJ

2r2
þ 3

#
s̄TK −

X

w¼e;p;n

2

3

nw3
M

αðāweffÞK
$
VKrJ − VKrKs̄TJ − VJs̄TKrK

þ 3VKs̄TLrKrLrJ

r2
þ 2

δm
M

#
s̄TK þ

X

w¼e;p;n

nw2
δm

αðāweffÞK
$
vKrJ − 2

δm
M

#
s̄TJ þ

X

w¼e;p;n

nw2
δm

αðāweffÞJ
$
vKrK

%
; ð17Þ

where M ¼ m☾ þm⊕, δm ¼ m⊕ −m☾ ≈m⊕, rJ is the
position of the Moon with respect to the Earth, vJ is the
relative velocity of theMoon with respect to the Earth, VK is
the heliocentric velocity of the Earth-Moon barycenter and

nw2 ¼ Nw
☾ − Nw

⊕ ≈ −Nw
⊕; ð18aÞ

nw3 ¼ M
#
Nw

☾
m☾

þ
Nw

⊕
m⊕

$
; ð18bÞ

whereNw
i is the number of particles of speciesw in the body i.

Following the approach described inAppendixAof [15] (see
also [46,47]), we expand the equations of motion around a
reference circular orbit and perform a Fourier analysis to
obtain the contributions of the ðāweffÞJ terms to the oscillations
of the Earth-Moon distance. The term proportional to VKrJ

in the first line of Eq. (17) leads to an oscillation at the Earth
orbital frequency Ω⊕. The ðāweffÞJ coefficient modifies the
expression of s̄Ω⊕;1 in Eq. (A20) from [15]. Similarly, the
modifications of the terms proportional to δm in Eq. (17)
change the expression for s̄01 and s̄02. To summarize, we find
that the ðāweffÞJ coefficients will modify the combinations
appearing in LLR oscillations as (s̄ALLR and s̄BLLR being
unchanged)

TABLE V. Estimations of the SME coefficients derived from
LLR analysis from [19].

SME linear combination Estimation

s̄ALLR ð1.3' 0.9Þ × 10−10

s̄BLLR ð6.9' 4.5Þ × 10−11

s̄CLLR ð−5.2' 4.8Þ × 10−7

s̄DLLR ð−0.8' 1.1Þ × 10−6

s̄ELLR ð0.2' 3.9Þ × 10−7

s̄FLLR ð−1.3' 4.1Þ × 10−7

TABLE VI. Estimated mean and 1σ uncertainty of the SME
coefficients s̄μν by combining planetary ephemerides analysis
from Sec. III and LLR analysis [19]. It has been assumed that the
ðāweffÞJ coefficients vanish.

SME coefficients Estimation

s̄XX − s̄YY ð9.6' 5.6Þ × 10−11

s̄Q ¼ s̄XX þ s̄YY − 2s̄ZZ ð1.6' 0.78Þ × 10−10

s̄XY ð6.5' 3.2Þ × 10−11

s̄XZ ð2.0' 1.0Þ × 10−11

s̄YZ ð4.1' 5.0Þ × 10−12

s̄TX ð4.3' 2.5Þ × 10−9

s̄TY ð1.1' 1.1Þ × 10−8

s̄TZ ð−3.8' 3.0Þ × 10−8

2Note that [15] advised caution on this point: “For definiteness
and to acquire insight, we adopt the values α ¼ 125° and
β ¼ 23.5°. However, these angles vary for the Moon due to
comparatively large Newtonian perturbations, so some caution is
needed in using the equations that follow”.

TESTING LORENTZ SYMMETRY WITH PLANETARY … PHYSICAL REVIEW D 92, 064049 (2015)

064049-7

DR
AF
T



s̄CLLR ¼ s̄02 þ
X

w

nw2
δm

αðāweffÞ2

≈ s̄02 −
X

w

Nw
⊕

m⊕
αðāweffÞ2; ð19aÞ

s̄DLLR ¼ s̄01 þ
X

w

nw2
δm

αðāweffÞ1

≈ s̄01 −
X

w

Nw
⊕

m⊕
αðāweffÞ1; ð19bÞ

s̄ELLR ¼ s̄Ω⊕c þ 2
X

w

nw3
M

ðcos ηαðāweffÞY þ sin ηαðāweffÞZÞ

¼ s̄Ω⊕c þ 2
X

w

#
Nw

☾
m☾

þ
Nw

⊕
m⊕

$
ðcos ηαðāweffÞY

þ sin ηαðāweffÞZÞ; ð19cÞ

s̄FLLR ¼ s̄Ω⊕s þ 2
X

w

nw3
M

αðāweffÞX

¼ s̄Ω⊕s þ 2
X

w

#
Nw

☾
m☾

þ
Nw

⊕
m⊕

$
αðāweffÞX; ð19dÞ

where s̄Ω⊕c and s̄Ω⊕s are given by Eq. (108) of [15] or by
Eqs. (16e) and (16f). A simple model for the composition
of the Earth leads to Ne

⊕=m⊕ ¼ Np
⊕=m⊕ ≈ Nn

⊕=m⊕ ≈
0.5ðGeV=c2Þ−1 [18]. Similarly, the model for the composi-
tion of the Moon from [48] leads to Ne

☾=m☾ ¼
Np

☾=m☾ ≈ Nn
☾=m☾ ≈ 0.5ðGeV=c2Þ−1. Using these values,

the combinations (16c)–(16f) appearing in LLR data analysis
are modified by the ðāweffÞJ coefficients as follow:

s̄CLLR ¼ 0.92ðs̄TY − 0.5αðāeþp
eff ÞY − 0.5αðāneffÞYÞ

þ 0.4ðs̄TZ − 0.5αðāeþp
eff ÞZ − 0.5αðāneffÞZÞ; ð20aÞ

s̄DLLR ¼ s̄TX − 0.5αðāeþp
eff ÞX − 0.5αðāneffÞX; ð20bÞ

s̄ELLR ¼−3.21s̄TY −1.39s̄TZþ1.84αðāeþp
eff ÞY

þ1.84αðāneffÞY þ0.8αðāeþp
eff ÞZþ0.8αðāneffÞZ; ð20cÞ

s̄FLLR ¼ −3.50s̄TX þ 2αðāeþp
eff ÞX þ 2αðāneffÞX: ð20dÞ

Atom interferometry gravimetry has also been used to
constrain SME coefficients [20,21]. A violation of Lorentz
symmetry induces periodic variations of the local acceleration
that can be measured by atom gravimetry. Amplitudes of

these oscillations have been partially computed in [15] for the
s̄μν coefficients (see Table IV) and in [18] for the ðāweffÞJ
coefficients (see Table IV). An improved calculation shows
that the ðāweffÞJ coefficientsmodify only two of the amplitudes
constrained in [20,21]:

Cω ¼ i4
2
s̄XZ sin 2χ − 2

VL

c
i5s̄TY

þ 4VL

3c

X

w¼e;p;n

"
i⊕

Nw
T

mT
þ 3

2

Nw
⊕

m⊕

%
αðāweffÞY

¼ i4
2
s̄AAI sin 2χ; ð21aÞ

Dω ¼ i4
2
s̄YZ sin 2χ þ 2

VL

c
i5s̄TX

−
4VL

3c

X

w¼e;p;n

"
i⊕

Nw
T

mT
þ 3

2

Nw
⊕

m⊕

%
αðāweffÞX

¼ i4
2
s̄BAI sin 2χ; ð21bÞ

where i⊕ ¼ I⊕=ðm⊕R2
⊕Þ ≈ 1=2 (with I⊕ the Earth

spherical inertial moment and R⊕ the Earth radius),
i4 ¼ 1 − 3i⊕ ≈ −1=2, i5 ¼ 1þ 2i⊕=3 ≈ 4=3, the subscripts
T refer to the test body, VL ¼ ω⊕R⊕ sin χ is the velocity of
the laboratory due to Earth rotation (ω⊕ being the angular
velocity of the Earth rotation) and χ is the geographical
colatitude of the location where the experiment is performed.
In the last expressions, we introduced two linear combina-
tions given by

s̄AAI¼ s̄XZ−
4

i4 sin2χ
VL

c
i5s̄TY

þ8VL

3c
1

i4 sin2χ

X

w¼e;p;n

"
i⊕

Nw
T

mT
þ3

2

Nw
⊕

m⊕

%
αðāweffÞY; ð22aÞ

s̄BAI¼ s̄YZþ 4

i4 sin2χ
VL

c
i5s̄TX

−
8VL

3c
1

i4 sin2χ

X

w¼e;p;n

"
i⊕

Nw
T

mT
þ3

2

Nw
⊕

m⊕

%
αðāweffÞX: ð22bÞ

For the experiment performed by [20,21], we have χ ¼ 42.3°
and VL=c ≈ 1.04 × 10−6. Moreover, numerical estimations
for a cesium atom interferometer lead to Ne

Cs=mCs ¼
Np

Cs=mCs¼ 0.44ðGeV=c2Þ−1, Nn
Cs=mCs¼0.63ðGeV=c2Þ−1.

Finally, the values for the Earth are given in [18] and are
mentioned above after Eq. (19). Using these values gives

s̄AAI¼ s̄XZþ1.12×10−5s̄TY

−5.43×10−6αðāeþp
eff ÞY−5.96×10−6αðāneffÞY; ð23aÞ
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s̄BAI¼ s̄YZ−1.12×10−5s̄TX

þ5.43×10−6αðāeþp
eff ÞXþ5.96×10−6αðāneffÞX; ð23bÞ

with ðāeþp
eff ÞJ given by Eq. (6).

Therefore, the experiment from [20,21] is sensitive to the
last two combinations and not to s̄XZ and s̄YZ alone. The
results from [21] are presented in Table VII.
In our final analysis, we combine the three analysis with

both the s̄μν and ðāweffÞJ coefficients: (i) planetary eph-
emerides analysis given by Table II with the correlation
matrix from Table III [or equivalently the results from
Table II on the linear combinations given by Eqs. (15)],
(ii) LLR data analysis from [19] summarized in Table V
with linear combinations given by Eqs. (16a), (16b), and
(20) and (iii) atom interferometry gravimetry analysis from
[20,21] presented in Table VII with the linear combinations
given by Eq. (23). The (marginalized) results of this fit are
presented in Table VIII.
The resulting estimations do not show any significant

deviations from GR. The combinations of the three data
analyses allow one to estimate each of the coefficients

individually. The spatial part of s̄JK is completely deter-
mined by the combination of planetary ephemerides and
LLR data. The atom interferometry gravimetry is not
accurate enough to provide any significative improvement
on the uncertainty of these coefficients. With an improve-
ment of 2 orders of magnitude, the atom gravimetry data
would become significative to estimate the s̄JK coefficients.
On the other hand, the three data sets are required in order
to decorrelate the s̄TJ and the ðāweffÞJ coefficients. The
uncertainties on s̄TJ are much larger than those shown in
Table VI where the coefficients ðāweffÞJ have been neglected.
This reflects the fact that the individual coefficients are still
highly correlated.

V. DISCUSSION

First of all, the accuracy of the constraints on the SME
coefficients obtained in Table II (planetary orbital dynamics
alone) are of the same order of magnitude as the binary
pulsars [25] constraints on the SME coefficients with an
improvement of 1 order of magnitude on the coefficients
s̄YZ. Nevertheless, it is known that nonperturbative effects
(similar to those computed in [49]) may arise in binary
pulsar systems. The nonperturbative effects depend highly
on the fundamental theory (for example, see [50] for
nonpertubative calculations in Einstein-Aether theory or
in Hořava gravity). In general, the results from [25] are
effective constraints on the strong field version of the s̄μν

that may include nonperturbative strong field effects and
one should be careful when comparing strong field
tests and weak field tests as the one performed in
Sec. III. The results shown in Table IV improve the current
Solar System constraints [32] by 1 to 3 orders of magni-
tude. Furthermore, the analysis combining planetary orbital
dynamics and LLR from Table VI improves by 2 to 3 orders
of magnitude the previous results that combined LLR and
atom interferometry. This shows the high impact provided
by planetary ephemerides analysis.
As mentioned in Sec. III, our results show that the

estimated SME coefficients are highly correlated. The
correlations are due to the similarity of the orbital planes
of all the planets. Therefore, one way to improve the results
by reducing the correlations is to use bodies with different
orbital planes like e.g. asteroids. This can be achieved for
example with Gaia observations similar to what is proposed
in [51].
The constraints obtained in Sec. III are mainly due to the

internal planets. For instance, Jupiter has absolutely no
influence on the results shown in Table II. This is a
consequence of its not so well-known orbit. An improve-
ment by a factor 10 on the knowledge of Jupiter’s orbit is
required for that planet to play a significant role in this
analysis. Therefore, the improvement of Jupiter’s trajectory
expected from the analysis of Juno’s radioscience and very
long baseline interferometry data [52] may improve the

TABLE VII. Estimations of the SME coefficients derived from
atom interferometry gravimetry by [20,21].

SME linear combination Estimation

s̄XX − s̄YY ð4.4' 11Þ × 10−9

s̄XY ð0.2' 3.9Þ × 10−9

s̄AAI ð−2.6' 4.4Þ × 10−9

s̄BAI ð−0.3' 4.5Þ × 10−9

s̄TX ð−3.1' 5.1Þ × 10−5

s̄TY ð0.1' 5.4Þ × 10−5

s̄TZ ð1.4' 6.6Þ × 10−5

TABLE VIII. Estimated mean and 1σ uncertainty of the SME
coefficients obtained with a fit combining results from Sec. III,
LLR data analysis from [19] and atom interferometry gravimetry
experiment [20,21].

SME coefficients Estimation

s̄XX − s̄YY ð9.6' 5.6Þ × 10−11

s̄Q ¼ s̄XX þ s̄YY − 2s̄ZZ ð1.6' 0.78Þ × 10−10

s̄XY ð6.5' 3.2Þ × 10−11

s̄XZ ð2.0' 1.0Þ × 10−11

s̄YZ ð4.1' 5.0Þ × 10−12

s̄TX ð−7.4' 8.7Þ × 10−6

s̄TY ð−0.8' 2.5Þ × 10−5

s̄TZ ð0.8' 5.8Þ × 10−5

αðāeeffÞX þ αðāpeffÞX ð−7.6' 9.0Þ × 10−6 GeV=c2

αðāeeffÞY þ αðāpeffÞY ð−6.2' 9.5Þ × 10−5 GeV=c2

αðāeeffÞZ þ αðāpeffÞZ ð1.3' 2.2Þ × 10−4 GeV=c2

αðāneffÞX ð−5.4' 6.3Þ × 10−6 GeV=c2

αðāneffÞY ð4.8' 8.2Þ × 10−4 GeV=c2

αðāneffÞZ ð−1.1' 1.9Þ × 10−3 GeV=c2
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result of our analysis. In particular, it will reduce some of
the correlations which will lead to an improvement of the
estimations of the SME coefficients. In the same spirit, the
influence of Saturn is weak but nevertheless highly
important to decorrelate the coefficients. Furthermore, an
improvement of Mercury’s orbit by a factor 10 (which can
be regarded as the improvement by Messenger’s data that
are not yet included in INPOP10a analysis [33]) will lead to
an improvement on the estimations of s̄YZ by a factor 2 and
to a 10% improvement on the coefficients S̄TY⊙ and S̄TZ⊙ (but
to no improvement at all on the other coefficients). In
summary, the best way to improve the current analysis is to
improve the trajectory of the “badly” determined planetary
orbits in order to improve the decorrelation instead of
improving more the planets that are already very well
determined.
As mentioned in Sec. II, the influence of the s̄TT and

the ðāweffÞT coefficients on the orbital dynamics only
appears at the next post-Newtonian order and these
coefficients are therefore not constrained by our analysis.
Nevertheless, these coefficients will play an important
role in the light propagation [53,54]. Therefore, planetary
ephemerides may potentially constrain this coefficient by
considering the effect of s̄TT on the light time of the
radioscience Range observables used in the analysis.
Other opportunities to constrain this coefficient are to
consider a conjunction experiment like the one performed
with the Cassini spacecraft [3] (or to analyze Cassini data
within the SME formalism as proposed in [55]) or to
consider Very Long Baseline Interferometry observations
similar to what has been done for the γ post-Newtonian
parameter [5].
The multiplication of the numbers of SME coefficients

that need to be considered leads to an increase in the
uncertainties on each individual coefficients. This is due to
the correlations between the different coefficients that
appear when their number is increased. Therefore, it is
highly important to increase the number of analyses to
constrain SME. In this communication, we have shown
how a combination of three analyses can disentangle the
different coefficients. Nevertheless, the coefficients shown
in Table VIII are still highly correlated, especially in the
ðāweffÞJ sector. One way to reduce these correlations is to use
more observations that are sensitive to other combinations
of the ðāweffÞJ coefficients. This can be done in two ways:
(i) to consider different source bodies that generate the
gravitational field and (ii) to use more orbital geometry like
e.g. asteroids dynamics as already mentioned. The first
point is related to the fact that the ðāweffÞJ coefficients enter
the equations of motion essentially through the properties
of the source body. In this communication, only two source
bodies have been used: the Sun (in the planetary orbital
dynamics analysis) and the Earth (in LLR and in atom
interferometry gravimetry). Considering more source
bodies with different compositions can help to reduce

correlations. In this sense, a test using the satellites around
the different planets would be highly relevant.
Finally, we would like to soften the results presented

here. First of all, we insist on the fact that the constraints
obtained in Sec. III correspond to the intervals in which the
differences of INPOP10a postfit residuals are below 5%, as
they are obtained directly from the limits of Table I coming
from [33]. As such, they do not directly represent the usual
1σ confidence interval. A cleaner approach would be to
include the SME equations of motion directly in the
planetary ephemerides software and to estimate the SME
coefficients directly from the raw data, which corresponds
to the approach usually used for estimating the PPN
coefficients [4,6,7] or more recently to constrain the
Modified Newtonian Dynamics theory [56]. Our analysis
demonstrates the impact of such an analysis and therefore,
provides a strong incentive.
In addition, the LLR data analysis has been performed by

fitting some oscillating signatures in the LLR data resid-
uals. This approach is not optimal since it suffers from two
drawbacks. First, the oscillating signatures derived in [15]
have been computed analytically using several approxima-
tions. They can be used to estimate an order of magnitude
on the different effects produced by SME but they are not
optimal for a real data analysis (furthermore, the signatures
used in [15] include only the dominant oscillations, several
other frequencies are produced by SME and ignored in the
data analysis). Second, fitting in the residuals is not optimal
since it does not allow one to analyze the correlations
between the SME coefficients and the other parameters that
are usually fitted in a standard LLR data analysis. For these
reasons, a cleaner analysis would include the SME equa-
tions of motion directly in the software used to reduce LLR
data. Results obtained in [19] and in this communication
give strong motivations to perform such an analysis.
Finally, the atom interferometry gravimetry analysis

should be interpreted with caution. The atom interferom-
etry gravimeter results from [20,21] assume a model of the
local solid Earth tides. While such models can be partly
analytically based, it is known that the many frequencies of
the Earth tides include all of the frequencies in the SME
signal [57]. If any aspect of the tidal model includes fitting
sinusoidal functions to local gravimetry measurements or
global measurements of, for example, the ocean heights
[58], the signal for the SMEmay be partly subtracted due to
the strong correlation with the tidal signal.

VI. CONCLUSION

In this communication, we have shown that the planetary
orbital dynamics allow one to constrain a violation of
Lorentz symmetry with an impressive accuracy. In Sec. III,
we use the current limits on supplementary advances of
perihelia and nodes provided by INPOP10a [33] to estimate
the SME coefficients s̄μν and ðāweffÞJ. In this analysis, the
coefficients c̄μν have been neglected since they are already
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constrained with a high level of accuracy [32] but they can
be considered in a future work. Our analysis has been
performed using a standard Bayesian inversion. Results on
the SME coefficients are given in Table II. No significative
deviation from GR is observed. As mentioned in Sec. III,
these estimations are highly correlated (see Table III or
Fig. 1). We have identified numerically the linear combi-
nations of the SME coefficients that can be estimated
independently from planetary ephemerides. The estima-
tions on these combinations are given in Table IV. These
two results are completely equivalent (as long as one uses
the correlation matrix with the first estimation). Our results
produce uncertainties similar to those obtained from binary
pulsars data [25] on most of the coefficients and improve
the constraints on s̄YZ by 1 order of magnitude. Moreover,
we improve the current best weak field tests by 2 to 3 orders
of magnitude.
We also perform a combined estimation of the SME

coefficients using results from three different analyses:
(i) the planetary ephemerides analysis performed in Sec. III,
(ii) the LLR data analysis performed in [19] and (iii) the
atom interferometry gravimetry analysis realized in
[20,21]. The combination of LLR and planetary ephemeri-
des leads to the best current estimations on the pure gravity
SME coefficients as shown in Table VI [when neglecting

the ðāweffÞJ coefficients]. In these three analyses, we also
take into account potential effects produced by a Lorentz
violation in the matter-gravity coupling which is para-
metrized by the ðāweffÞJ coefficients. Finally, the combina-
tions of the results from the three data analyses lead to the
first independent estimations of the s̄μν and ðāweffÞJ coef-
ficients. The results are presented in Table VIII. The
obtained uncertainties are relatively large, which is due
to the numbers of coefficients considered and to the
remaining correlations. Some ideas to reduce these corre-
lations are proposed in Sec. V.
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Lorentz symmetry violations can be described by an effective field theory framework that contains
both General Relativity and the Standard Model of particle physics called the Standard-Model
extension (SME). Recently, post-fit analysis of Gravity Probe B and binary pulsars lead to an upper
limit at the 10−4 level on the time-time coefficient s̄TT of the pure-gravity sector of the minimal
SME. In this work, we derive the observable of Very Long Baseline Interferometry (VLBI) in SME
and then we implement it into a real data analysis code of geodetic VLBI observations. Analyzing
all available observations recorded since 1979, we compare estimates of s̄TT and errors obtained
with various analysis schemes, including global estimations over several time spans and with various
Sun elongation cut-off angles, and with analysis of radio source coordinate time series. We obtain a
constraint on s̄TT = (−5 ± 8) × 10−5, directly fitted to the observations and improving by a factor
5 previous post-fit analysis estimates.

PACS numbers: 04.50.Kd,04.80.Cc,11.30.Cp

Historically, the measurement of the bending of light
due to the gravitational mass of the Sun is one of the
most important and precise test of General Relativity
(GR). Within the Parameterized Post-Newtonian (PPN)
formalism [1], this effect has been constrained by Very
Long Baseline Interferometry (VLBI) observations [2, 3],
space astrometry with Hipparcos [4] and the Cassini ra-
dioscience experiment [5], the latter being the most strin-
gent constraint on the PPN γ parameter.

The SME framework has been developed to be an ex-
tensive formalism that allows a systematic description of
Lorentz symmetry violations in all sectors of physics, in-
cluding gravity [6–8]. If the motivations came first from
string theory [9, 10] which can possibly produce Lorentz
violations, this statement appears also in loop quantum
gravity, non commutative field theory and others [11, 12].

A hypothetical Lorentz violation in the gravitational
sector naturally leads to an expansion at the level of the
action [8, 13] which in the minimal SME writes

Sgrav =

∫
d4x

√−g
16πG

(
R− uR+ sµνRTµν + tαβµνCαβµν

)

+S′[sµν , tαβµν , gµν ] , (1)

with G the gravitational constant, g the determinant of
the space-time metric gµν , R the Ricci scalar, RTµν the
trace-free Ricci tensor, Cαβµν the Weyl tensor and u,
sµν and tαβµν the Lorentz violating fields. To avoid con-
flicts with the underlying Riemann geometry, we assume
spontaneous symmetry breaking so that the Lorentz vi-
olating coefficients need to be considered as dynamical
fields [13]. The last part of the action S′ contains the
dynamical terms governing the evolution of the SME co-
efficients. In the linearized gravity limit, the metric de-
pends only on ū and s̄µν which are the vacuum expec-

tation value of u and sµν [13]. The coefficient ū is un-
observable since it can be absorbed in a rescaling of the
gravitational constant. The so obtained post-Newtonian
metric differs from the one introduced in the PPN for-
malism [13]. In addition to Lorentz symmetry violations
in the pure-gravity sector, violations of Lorentz symme-
try can also arise from gravity-matter couplings [14], but
we do not consider them in this work. Hence SME is an
effective field theory making possible confrontations of
fundamental theories and experiments. Indeed, since the
last decade, several studies aimed to find upper limit on
SME coefficients by searching possible signals in post-fit
residuals of experiments. This was done for pure-gravity
SME coefficients with Lunar Laser Ranging [15], atom
interferometry [16], Gravity probe B [17], binary pul-
sars [18], Solar System planetary motions [19, 20], cosmic
ray observations [21] or event very recently with gravita-
tional waves detection [22]. However, all these works are
post-fit analysis based originally on pure GR and con-
sequently their approach is not fully satisfactory in the
sense that correlations in the determination of SME co-
efficients and other global parameters (masses, position
and velocity. . . ) can not be assessed. Then in the best
case, a simple modeling of extra terms containing SME
coefficients are least square fitted in the residuals of the
experiment. In a more correct approach, SME model-
ing must be included in the complete data analysis and
its coefficients must be determined as global parameters.
It is exactly what we present here in the case of VLBI
observations.

VLBI is a geometric technique which measures the
time difference in the arrival of a radio wavefront emit-
ted by a distant radio source (typically a quasar) between
at least two Earth-based radio telescopes, with a preci-
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sion of a few picoseconds. Knowing the group delay and
the angular separation between the baseline between the
antennas of the telescopes and the line of sight of the
observation, the distance between the telescopes can be
determined and consequently VLBI tracks the orienta-
tion of the Earth in an inertial reference frame provided
by the very distant quasars, determining accurate terres-
trial and celestial reference frames.

Let us write the VLBI group delay in the International
Celestial Reference Frame (ICRF) as defined by the In-
ternational Astronomical Union (IAU) [23] with coordi-
nates (xµ) = (xT ,x), where xT = ct, t being a time
coordinate, and x = (xI) is the spatial position. We
consider a quasar as source with as coordinates of the
emission event (te,xe). This signal is received by two
different VLBI stations at events (t1,x1) and (t2,x2),
respectively. Using the same notations as in [24], we in-
troduce three units vectors

k =
xe
|xe|

, nij ≡
xij
rij

=
xj − xi
|xij |

, and ni =
xi
|xi|

.

(2)
We denote by tr − te = T (xe, te,xr) the coordinate

propagation time of a photon between an emission event
whose coordinates are given by (te,xe) and a reception
event whose coordinates are given by (tr,xr). We deduce
simply the VLBI group delay ∆τ from

∆τ(xe, te,x1,x2) = T (xe, te,x2)− T (xe, te,x1) . (3)

For the observation of a quasar, we then use the limit

re ≡ |xe| → ∞ and the VLBI time delay is given by

∆τ(k,x1,x2) = lim
re→∞

[T (xe, te,x2)− T (xe, te,x1)] .

(4)

The coordinate propagation time can be computed
from the linearized SME metric from [13, 25] using the
time transfer functions formalism [26]. In SME, it has
been computed in [27] (see Eq. (24)) for the pure gravity
sector and is given by

T (xe, te,xr) =
rer
c

+
GM

c3

(
s̄TJpJer − s̄JKnJerpKer

)re − rr
rerr

+ 2
GM

c3
[
1 + s̄TT − s̄TJnJer

]
ln
re − ner.xe
rr − ner.xr

(5)

+
GM

c3

[
s̄TJnJer + s̄JK p̂Jerp̂

K
er − s̄TT

]
(nr.ner − ne.ner)

where the terms a1 and a2 from [27] are taken as unity
(which corresponds to using the harmonic gauge, which
is the one used for VLBI data reduction) and where

per = ner × (xr × ner) = xr − (ner.xr)ner

= ner × (xe × ner) = xe − (ner.xe)ner, (6)

and where p̂er = per

|per| .

We can now give the expression of the group delay be-
tween two VLBI stations. We are using the assumptions
that the source is located at infinity (re →∞). We need
to introduce (5) into (4), which leads to

∆τ(grav)(k,x1,x2) = 2
GM

c3
[
1 + s̄TT + s̄TJkJ

]
ln
r1 + k.x1

r2 + k.x2

+
GM

c3

[
s̄TT − s̄JKkJkK

]
(n2.k − n1.k) (7)

+
GM

c3

[
s̄TJ + s̄JKkK

]
(nJ2 − nJ1 ) +

GM

c3

[
s̄JK p̂J1 p̂

K
1 (n1.k − 1)− s̄JK p̂J2 p̂K2 (n2.k − 1)

]
,

where the subscript (grav) refers to the gravitational part
of the group delay and where

pi = k × (xi × k) = xi − (k . xi)k , (8)

and p̂i = pi

|pi| . Moreover, a simplified formula can be

used for practical utilisation considering a typical accu-
racy of a VLBI observation of the order of 10 ps and
that GM/c3 ∼ 5 × 10−6 s. Since the coefficients s̄TJ

are already constrained and are smaller than ∼ 10−7

[20, 28], all terms GM/c3s̄TJ are too small to be detected
and can be neglected. The coefficients s̄IJ with I 6= J
are also constrained by previous studies and are smaller
than 10−10 [18, 20, 28]. Therefore, we can also neglect
terms that are proportional to GM/c3s̄IJ with I 6= J .

Finally, since we know that |s̄XX − s̄Y Y | < 10−10 and
|s̄XX + s̄Y Y − 2s̄ZZ | < 10−10 [28], we can safely say that
at the level of accuracy required s̄XX ≈ s̄Y Y ≈ s̄ZZ in
Eq. (7). Under these assumptions and using the fact that
s̄µν is traceless, the VLBI group delay can be written

∆τ(grav) = 2
GM

c3
(1 + s̄TT ) ln

r1 + k.x1

r2 + k.x2

+
2

3

GM

c3
s̄TT (n2.k − n1.k) . (9)

It is important to notice that the bare GM parameter
appearing in the post-Newtonian metric do not corre-
spond to the observed G̃M parameter measured with
orbital dynamics (using planetary motion for the Sun).
There is a rescaling between the two parameters given by
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G̃M = GM
(
1 + 5/3s̄TT

)
(see Sec. IV of [17] or [13, 20]).

Using the observed mass parameter leads to

∆τ(grav) = 2
G̃M

c3
(1− 2

3
s̄TT ) ln

r1 + k.x1

r2 + k.x2

+
2

3

G̃M

c3
s̄TT (n2.k − n1.k) .(10)

This last formula is the one used to fit the s̄TT coefficient
using VLBI observations.

From August 1979 to mid-2015, almost 6000 VLBI 24-
hr sessions (correspondingly 10 million delays) have been
scheduled for primary goal of monitoring the Earth’s
rotation and determining reference frames. The In-
ternational VLBI Service for Geodesy and Astrometry
(IVS) [29]1 imposed a minimal distance to the Sun of
15◦ after 2002 in order to avoid potential degradation of
geodetic products due to radio wave crossing of the Solar
corona. This limit was recently removed (Fig. 1).
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FIG. 1. Observational history of the sources at less than
20◦ to the Sun (blue dots) and Sun spot number (red curve,
rescaled to fit in the plot; [30]).

In our analysis, all VLBI delays were corrected from
delay due to the radio wave crossing of dispersive regions
in the signal propagation path in a preliminary step that
made use of 2 GHz and 8 GHz recordings. Then, we
only used the 8 GHz delays to fit the parameters listed
hereafter. We used the Calc/Solve geodetic VLBI anal-
ysis software developed at NASA Goddard Space Flight
Center, in which the astrometric modelling of VLBI time
delay is compliant with the latest standards of the Inter-
national Earth Rotation and Reference Systems Service
(IERS) [31]. We added the partial derivative of the VLBI
delay with respect to s̄TT from Eq. (10) to the software
package using the USERPART module of Calc/Solve.

1 The IVS operates regular geodetic VLBI since 1998.

We ran a first solution in which we estimated s̄TT , all
source and station coordinates and all five Earth orienta-
tion parameters once per session. A priori zenith delays
were determined from local pressure values [32], which
were then mapped to the elevation of the observation us-
ing the Vienna mapping function [33]. Wet zenith delays
and clock drifts were estimated at intervals of ten and
thirty minutes, respectively. Troposphere gradients were
estimated at intervals of 6 hours. Suitable loose con-
straints were applied to source and station coordinates
to avoid global rotation of the celestial frame and global
rotation and translation of the terrestrial frame. Sites
undergoing strong nonlinear motions due to, e.g., post-
seismic relaxation, were excluded from the constraint.
This preliminary solution allowed us to identify a half-
dozen of sessions with abnormally high postfit rms (gen-
erally higher than 1 ns). The distribution s̄TT scaled by
its error also reveals a few points clearly lying outside
the distribution (see Fig. 2). These data corresponds to
the 26 sessions of the CONT08 campaign (August 2008),
representing 1.1% of the dataset. Without the CONT08
sessions, we obtained s̄TT = (−5± 11)× 10−5. Keeping
the CONT08 sessions moves the mean value to 7× 10−5.
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FIG. 2. Session-wise estimates of s̄TT (Top) and s̄TT scaled
by its error (Bottom) for 5895 sessions (blue dots). The red
circles highlight the 26 CONT08 sessions.
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A spectral analysis of the time series revealed no signif-
icant peak. We computed s̄TT over 1000 random subsets
containing three quarters of the 5895 sessions to check the
stability of the mean value. s̄TT stays around 0 within
8 × 10−5. We also addressed the sensitivity to Solar ac-
tivity. To do so, we used the Sun spot number (SSN)
monthly data to separate VLBI sessions into two groups:
each group contains sessions occurring when the SSN is
higher or lower than its median value computed over our
observational time span, that is 2947 sessions in each
group. We obtained s̄TT = (3 ± 16) × 10−5 for the high
activity periods, and s̄TT = (−12 ± 15) × 10−5 for low
activity period, giving no clue on the influence of Solar
activity.

We turned to a global solution in which we estimated
s̄TT as a global parameter together with radio source co-
ordinates. Station coordinates were left as session param-
eters. Constraints remained unchanged. We obtained
s̄TT = (−5±8)×10−5, with a global postfit rms of 28 ps
and a χ2 per degree of freedom of 1.15. Correlations
between radio source coordinates and s̄TT remain lower
than 0.02. The global estimate is consistent with the
mean value obtained with the session-wise solution with
a slightly lower error.

In this letter, we have presented a test of Lorentz sym-
metry performed using 36 years of VLBI data. Contrarily
to previous studies of Lorentz symmetry in the gravity
sector, our work is not based on a post-fit analysis on
residuals obtained after a GR analysis but rather on a
full SME modelling in the VLBI data reduction process.
Our analysis leads to a constraint on the s̄TT coefficient
at the level of 10−5. This coefficient is particularly im-
portant since it controls the speed of gravity in the SME
framework [22]. Our result improves the best current
constraint on this coefficient [17, 18] by a factor of five. In
the future, the accumulation of VLBI data in the frame-
work of the permanent geodetic monitoring program let
us expect improvements of this constraint as well as ex-
tended tests.
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[9] V. A. Kostelecký and S. Samuel, Physical Review D 39,
683 (1989).
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Lorentz symmetry violations can be parametrized by an effective field theory framework that con-
tains both General Relativity (GR) and the Standard-Model of particle physics called the Standard-
Model-Extension (SME). We present new constraints on SME parameters of the pure gravity sector,
obtained analysing Lunar Laser Ranging (LLR) normal points. We have built a new numerical lunar
ephemeris computed in the SME framework and we have performed a LLR data analysis using a
set of 20603 normal points extended from August 1969 to December 2013. We found no evidence
for Lorentz violation at the level of 10−8, 10−12, 10−12, 10−11, 10−9, 10−7, 10−10 and 10−7 on
respectively s̄TX , s̄XY , s̄XZ , s̄A, s̄C , s̄D, s̄E and s̄F . Four parameter estimates are improve until
three order of magnitude compared to previous post-fit residuals analysis deduced on theoretical
grounds. This work is the first LLR experimental measurement computed in SME framework.

PACS numbers: 04.50.Kd,04.80.Cc,11.30.Cp

Since his establishment in 1915 by Einstein, GR has
survived one century of experimental and theoretical
scrutiny. During this century, foundations of the the-
ory have been tested spanning all scales, from the Solar
System to the edge of the early Universe. Currently, So-
lar System remains the most precise opened laboratory
to put constraints on GR. Those constraints can only be
computed in an extended framework parametrising devi-
ations to GR. In the past decades, two frameworks were
widely used in the literature at the scale of the Solar Sys-
tem, namely the Parametrized Post Newtonian (PPN) [1]
and the fifth force formalism [2]. However, some moti-
vations are given to look for deviations to GR in other
frameworks than the two extensively considered. One of
those is the SME framework [3–5] aiming at systemati-
cally parametrized any violation of the Lorentz symmetry
in all sectors of physics from particles physics to gravity.

Lorentz symmetry or Local Lorentz Invariance (LLI) is
a fundamental property of space-time following from the
special theory of relativity applied from particles physics
to GR. It states that the outcome of any local test experi-
ment (gravitational or not) is independent of the velocity
of the local freely falling frame, in which the experiment
is realised [1]. Considering the broad field of applicability
of the LLI, testing Lorentz symmetry violations provide a
powerful test of fundamental physics. In addition, many
scenarios in the literature expect some Lorentz violation
at different energy level. String theory, loop quantum
gravity and non-commutative fields theory are some ex-
amples of such scenarios [6, 7]. In this context, Colladay
and Kostelecký have built an effective fields theory mak-
ing possible confrontations between fundamental theories
and experiments called the SME.

Following from [5, 8], an hypothetical violation of the
Lorentz symmetry in the gravitational sector naturally

leads to an expansion at the level of the action which is
given in the minimal SME as

Sg =− c3

16πG

∫
d4x
√−g(R−uR+sµνRTµν+tαβµνCαβµν)

+ S′[sµν , tαβµν , gµν ]. (1)

Here, G is the gravitational constant, g is the determi-
nant of the metric tensor gµν , R is the Ricci scalar, RTµν
is the trace free Ricci tensor, Cαβµν is the Weyl confor-
mal tensor, u, sµν and tαβµν being the Lorentz violat-
ing fields. S′ contains the dynamical terms governing
the evolution of SME coefficients. From experimental
evidences the violating fields have to be small quanti-
ties, therefore we will work in the linearised gravity limit
where the metric depends only on ū and s̄µν which are
the vacuum expectation values of u and sµν [8]. The co-
efficient ū will be not take into account since it can be
absorbed in a rescaling of the gravitational constant. As
mentioned by [8], the so obtain post-Newtonian metric
differs from the one introduced in the PPN formalism.

Using this wide formalism, many studies aimed to con-
strain SME parameters of the pure gravity sector by
searching possible theoretical signals in post-fit residu-
als of experiments obtained in pure GR. This procedure
has been applied in many experiments such atom inter-
ferometry [9], Gravity Probe B [10], binary pulsars [11],
planetary ephemerides [12, 13], cosmic ray observations
[14], gravitational waves detection [15] and LLR [16].

However, this kind of approach is not fully satisfactory
since correlations between SME coefficients and others
global parameters (masses, positions and velocities, ...)
are neglected. Moreover, the first order analytical terms
characterising Lorentz violation, which are looked for in
this kind of post-fit residuals analysis, are always at the
same frequency than natural frequencies appearing in the
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fundamental problem governing the evolution of the ex-
periment. Consequently, after a fit in pure GR, signals at
the natural frequencies are absorbed in the redefinition
of initial conditions and physical constants. Therefore,
it could be problematic to look for first order analytical
Lorentz violating signal in post-fit residuals since it could
have been absorbed in a redefinition of one or more phys-
ical parameters. Finally, in the case of LLR data analy-
sis, the oscillating signatures derived in [8], are computed
only accounting for short periodic oscillations; typically
at the order of magnitude of the mean motion of the
Moon around the Earth. For instance, the precession
motion in 18.6 years, of the lunar orbit on the ecliptic
plane is neglected. Therefore, this analytic solution re-
mains only available for few years compared to the 45
years of LLR data span. Consequently, approach in [16]
is not the most fair to estimate SME coefficients. In a
more correct form, they have to be estimated in a global
fit with others parameters in data analysis. This ap-
proach, have been realized recently in a study using Very
Long Baseline Interferometry data [17] to improve s̄TT .
In this letter, we present the first global experimental
measurement in SME framework with LLR observations.

LLR is used to conduct high-precision measurements
of the round-trip travel time, or the separation between a
LLR station on Earth and a corner cube retroreflectors on
the lunar surface. Modifications of the round-trip travel
time contain a lot of informations about the Earth-Moon
system leading to many different fields of investigations
as astronomy, lunar science, geodesy, geodynamics and
gravitational physics. In addition, the determination of
physical or gravitational parameters benefits from the 45
years of LLR data span and from the technology im-
provement which leads the observational accuracy at the
sub-centimetric level.

The theoretical observable is defined in [18] as the light
travel time from a LLR station transmitter (ro) at time
T1 to a lunar retroreflector (rr) at T2 and then the way
back to a station receiver (ro′) at time T3. So, the com-
puted value is given as follow

∆tc =
[
T3 −∆τt(T3)

]
−
[
T1 −∆τt(T1)

]
(2)

with

T3 = T2 +
‖rr(T2)−ro′(T3)‖

c
+ ∆τs + ∆τa + · · · (3)

T2 = T1 +
‖rr(T2)−ro(T1)‖

c
+ ∆τs + ∆τa + · · · (4)

where ∆tc is the computed round-trip travel time in TAI
(International Atomic Time), ro is the barycentric posi-
tion vector of one of the 5 LLR stations (Mc Donald Ob-
servatory, Texas, Observatoire de la Côte d’Azur, France,
Haleakala Observatory, Hawäı, Apache point Observa-
tory, New Mexico and Matera, Italy), rr is the barycen-
tric position vector of one of the 5 lunar retroreflectors

(located at the Apollo 11, 14, 15 and Lunokhod 1, 2), Ti
with i = 1, 2 and 3 is the Barycentric Dynamical Time
(TDB) at epoch i, c is the speed of light in vacuum, ∆τs
is the one-way light time delay due to gravity (equal to
Shapiro effect at first order), ∆τa is the one-way time
delay due to the troposphere and ∆τt is a relativistic
time scale correction from TDB to TAI. Ellipses in the
second member of Eq. (3) and (4) represent some addi-
tional possible corrections to T3 and T2. In practice, ∆tc
is changed in a one-way length quantity defined as the
distance ρc = c

2∆tc.
In order to simulate ρc in the SME framework, we

have built a new numerical lunar ephemeris, ELPN
(Éphéméride Lunaire Parisienne Numérique) which com-
putes the orbital and the rotational motion of the Moon
and planets (published soon). In addition, ELPN com-
putes the relativistic time scale difference between the
TT (Terrestrial Time) and TDB and also the angular
velocity of the Moon’s liquid core considering a damp-
ing term between the core and the lunar mantle. More-
over, we integrate partials at the same time than the
equations of motion directly from variational equations
unlike a purely numerical method. These are approxi-
mately 6000 equations which are integrated at the same
time, during the computation. The dynamical model is
very closed to the one of DE430 [19] since the post-fit
difference, on the Moon’s orbit remains below 5cm on
the Earth-Moon distance and below 50cm on the lon-
gitude, during the time span of LLR data. The main
dynamical differences are the non-spherical potential of
the Earth and the Moon modelled only until the 5th de-
gree in ELPN and the number of accounted asteroids,
since only the 70 most massive are integrated in ELPN.

The most important difference, is the Lorentz violating
contribution arising from the Earth-Moon system alone,
implemented with the associated partials. The additional
SME acceleration to the Earth-Moon vector is given in
[8] (see Eq. (104)) and is expressed as

aJLV =
ḠM

r3

[
s̄JKt rK− 3

2
s̄KLt r̂K r̂LrJ + 3s̄TK V̂ KrJ

− s̄TJ V̂ KrK − s̄TK V̂ JrK + 3s̄TLV̂ K r̂K r̂LrJ

+ 2
δm

M

(
s̄TK v̂KrJ − s̄TJ v̂KrK

)]
, (5)

where Ḡ is the observed Newtonian constant, M is the
mass of the Earth-Moon barycentre, δm is the differ-
ence between the Earth mass and the lunar mass; r̂J

being the unit position vector of the Moon with respect
to the Earth; v̂J = vJ/c with vJ being the relative ve-
locity vector of the Moon with respect to the Earth;
V̂ J =V J/c with V J being the Heliocentric velocity vector
of the Earth-Moon barycentre. Latin indices represents
space-coordinate (X,Y, Z) and T represents the coordi-
nate time (TDB) as in Eq. (2). We have introduced
the 3-dimensional traceless tensor s̄JKt = s̄JK− 1

3 s̄
TT δJK
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which leads to a rescaling of the Newtonian constant as
Ḡ = G(1 + 5

3 s̄
TT ) [10]. From now until the end, we will

omit the subscript ”t”, when we will speak about sJKt .

The numerical ephemeris provides orientation, posi-
tions and velocities of bodie’s centres of mass, time
scales transformation and all the associated partials. The
remaining quantities needed for the evaluation of Eq.
(2) are computed using an existing software at PO-
LAC (Paris Observatory Lunar Analysis Centre) based
on IERS (International Earth Rotation System) conven-
tions 2003 [20]. This software has been uploaded in order
to integrate the SME time delay formulae (see [21], Eq.
(24)) of the pure gravity sector, expressed in standard
harmonic gauge (a1 = a2 = 1). This expression have to
take into account the rescaled Newtonian constant Ḡ, de-
fined previously in the orbital part. However, considering
that the current accuracy over the measured observable
is ρo & 1mm, and computing the largest value of ρc aris-
ing from time delay at 0 order, we conclude that only
|s̄TT | & 3× 10−4, |s̄TJ | & 5× 10−4 and |s̄JK | & 5× 10−4

are attainable with the LLR time delay derived in SME
framework. Considering the current available constraints
on s̄µν (see [22]), the SME time delay can be safely re-
duced to the well known Shapiro time delay in pure GR
(putting all the s̄µν = 0). However, the full expression
could help, decorrelating the s̄µν parameters since they
not only appear in the orbital part any more. So we kept
the full expression deduced from [21].

Therefore, integrating Eq. (5) and computing the time
delay, let to evaluate Eq. (2) in order to determine resid-
uals which are then minimised by chi-square fit using
analytical partials numerically integrated in ELPN.

First of all, we have built a reference solution computed
in pure GR by fitting a set of 76 parameters including
initial conditions as the geocentric positions of LLR sta-
tions, the selenocentric positions of lunar retroreflectors,
the barycentric Earth-Moon position and velocity vectors
at J2000, the lunar libration angles (Euler angles) with
their time derivatives at J2000, and the rotation vector
of the Moon fluid core at J2000. We estimated also, the
masses of the Earth-Moon barycentre and the one of the
Moon, the Earth rotational time-lag for diurnal and semi-
diurnal deformation, the potential Love number of degree
2, 3 and 4 of the Moon, the Moon time-lag for solid-body
tide of degree 2, the total moment of inertia of the Moon,
the ratio of polar moment of inertia of core to the mean
total moment of inertia of the Moon, the flattening of
the Moon core and the damping term between the solid
mantle and the fluid core of the Moon.

This new lunar solution constitutes the starting point
of the current analysis. From it, we have built a second
one by fitting the exact same parameters including the
following SME coefficients s̄TX , s̄XY , s̄XZ , s̄A, s̄C , s̄D, s̄E

and s̄F . Coefficients from s̄A to s̄F are linear combination

s̄XY

[10−11]

s̄A

[10−11]

None
M

c
D

onald

G
rasse

Haleakala

Apache-point

M
atera

FIG. 1. Estimations of s̄XY and s̄A as a function of 5 sub-
samples from data. Error bars are those provided by the
chi-square fit at 1 standard deviation (σ). The x-axis shows
the data of the corresponding LLR station which are deleted
from the sample, also ”None” means the all set of observa-
tions. The red line corresponds to the theoretical values of
the SME coefficients in GR framework.

of SME parameters, such

s̄A = s̄XX − s̄YY (6a)

s̄B = s̄XX + s̄YY − 2 s̄ZZ (6b)

s̄C = s̄TY + 0.43 s̄TZ (6c)

s̄D = s̄TZ − 0.43 s̄TY (6d)

s̄E = s̄YZ − 22.2 s̄B (6e)

s̄F = s̄B + 22.2 s̄YZ . (6f)

Evaluating s̄A and s̄B instead of s̄JK for J = K, let to
maintain the 3-dimensional traceless condition (s̄JJ =0),
after successive fits. Concerning the choice of fitting s̄C ,
s̄D, s̄E and s̄F instead of s̄TY , s̄TZ , s̄YZ , and s̄B , it is
related to high correlations arising between pure SME
coefficients and it will be discussed in the continuation.

As mentioned by [23] analysis of LLR data may suf-
fers from neglected systematic uncertainties in model
parameter-estimates. Such omissions may arise from ob-
servations or from modelling, for instance from individ-
ual data weights or from neglected correlation between
observations of each LLR stations. As a consequence,
the standard deviation reported by the chi-square fit so-
lution (labelled σ), could underestimates the true model
parameter-estimates uncertainties. Therefore, it is essen-
tial to quantify the order of magnitude of such ignored
systematics in the data analysis. Resampling methods,
as Jackknife [24], could let to determine bias using pa-
rameter estimators on subsamples from data.

In this study, we have assumed that neglected system-
atics may arise from observations and more specifically
from each LLR station. This assumption is highlighted
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SME Other works This work σr/σ

s̄TX (+0.5 ± 6.2) × 10−7 (−0.4 ± 1.2) × 10−8 4.9

s̄XY (−0.6 ± 1.5) × 10−9 (−7.5 ± 7.6) × 10−12 6.0

s̄XZ (−2.7 ± 1.4) × 10−9 (−1.7 ± 4.6) × 10−12 5.4

s̄A (−1.2 ± 1.6) × 10−9 (+1.0 ± 2.4) × 10−11 4.7

s̄C (−0.1 ± 2.9) × 10−6 (+3.7 ± 7.6) × 10−9 3.9

s̄D (−0.4 ± 4.6) × 10−6 (−3.5 ± 3.3) × 10−7 4.1

s̄E (−0.4 ± 8.5) × 10−7 (−6.4 ± 8.8) × 10−10 6.5

s̄F (+1.5 ± 6.9) × 10−8 (+0.3 ± 1.0) × 10−7 4.1

TABLE I. Table of estimated values of SME parameters of
the minimal SME with LLR. Second column : results de-
duced from [22] where authors mentioned the work of [16] and
[25] who provide estimations deduced on theoretical grounds.
Third column : results obtained from experimental measure-
ment by the current LLR data analysis. Uncertainties are
distributed at 1 realistic standard deviation (σr).

with Fig 1, since values of s̄XY and s̄A are strongly in-
fluenced by respectively Grasse and Mc Donald observa-
tions. However, SME coefficients are universal parame-
ters and should not depend on subsets. Therefore, for
these two coefficients we conclude that their estimation
are biased by respectively Grasse and Mc Donald LLR
stations.

Also, in order to estimate systematics arising from sta-
tions, we have built 5 subsamples labelled as X[i] for i = 1
to 5, each one deleting all observation of one LLR sta-
tion from the sample X, and we have computed the as-
sociated pseudovalues labelled as psji , for all the j SME
parameters. Pseudovalues are computed with parameter
estimators thanks data analysis as

psji = φj(X) + 4
[
φj(X)− φj(X[i])

]
, (7)

where φj(X) is the estimator of parameter j, defined for
sample X. Then, Jackknife recipe is to treat each pseu-
dovalues as if they were independent random variables
with mean φj(X). Also, with the central limit theorem,
we compute for each SME parameters, the mean and the
sample variance of psji (X) (labelled as σ′2), in order to
get a confidence interval accounting for bias. Finally, the
realistic error is given for each SME parameters by the
following expression : σr =

√
σ2 + σ′2. The resulting pa-

rameter values and their realistic errors, are reported in
Tab. I, with the corresponding ratio of σr/σ.

From the chi-square solution we are able to deduced
correlations between SME parameters and others global
parameters. First of all, let’s point out that fitting s̄C

and s̄D instead of s̄TY and s̄TZ is absolutely necessary,
since the anticorrelation between couple of coefficients
goes from -0.99 to -0.08 which is more acceptable. At
the same time, the correlation between s̄YZ and s̄B goes
from 0.99 to 0.07 once changed in s̄E and s̄F . Second of
all, while contribution of SME parameters have been in-
cluded only in the orbital part and in the time delay, s̄A

and s̄F are strongly correlated with parameters appear-
ing in the rotational motion of the Moon as the principal
moment of inertia, the quadrupole moment, the potential
Stockes coefficient C22 and the polar component of the
velocity vector of the fluid core. Those parameters have
an impact on the rotational motion of the Moon which
affects the orbital motion through the effect of the lunar
potential. Therefore, a possible explanation is that sig-
nature of SME coefficients s̄A and s̄F arise at the same
frequency than effect of the lunar potential.

In conclusion, we have analysed a set of 20603 data
spanning 44 years of LLR by evaluating the range thanks
ELPN a new numerical lunar ephemeris computed in
SME framework. We found no evidence for Lorentz vio-
lation and we have improved all the previous estimations
deduced on theoretical grounds, until 3 orders of magni-
tude for s̄XY , s̄XZ , s̄C and s̄E .
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