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Outline of the manuscript

This document presents and put in perspective my research work carried out after my Phd Thesis since my position
as an associate professor at the university Paris Diderot (Paris VII) started in September 2012.

This work consists in two topics that interact with one another. The first part concerns stochastic approximation
algorithm with some applications in mathematical finance. The second part focuses on Markovian perturbation of
stochastic processes with several applications such that probabilistic representation, unbiased Monte Carlo simulation,
density estimates, asymptotic expansions of some Markov semigroups, weak approximation error of some discretisation
schemes.

The first four chapters deals with stochastic approximation theory. The first chapter is an introduction. We briefly
present two problems arising in numerical probability. The first one deals with stochastic approximation algorithm,
also referred in the literature as Robbins-Monro algorithms, which are simulation based recursive schemes that are
widely used in stochastic optimization. We review results about a.s. convergence, strong and weak convergence rates
and present some applications in mathematical finance. The second one concerns several problems related to the
discretisation of stochastic processes. We present the main results available in the literature and the different tools to
obtain them, with a special emphasis on the weak discretisation error.

Chapter 2 deals with some contributions to risk management in financial and energy markets. It summarises the
results contained in [5] and [6]. First, we study theoretical and computational aspects of risk minimisation in financial
market models operating in discrete time [6]. To define the risk, we consider a class of convex risk measures defined
on Lp in terms of shortfall risk. A dynamic programming principle in a non-Markovian framework is established,
under mild assumptions, namely the absence of arbitrage opportunity and the non-degeneracy of the price process.
Moreover, we provide a probabilistic algorithm to compute the optimal dynamic strategy using optimal quantization
and analyse the global error between the true value function and the approximated one.

As an alternative method to simulation based recursive importance sampling procedure to estimate the optimal
change of measure for Monte Carlo simulations, we propose an algorithm which combines (vector and functional)
optimal quantization with Newton-Raphson zero search procedure [5]. We analyse the error induced by the proposed
procedure and illustrate its efficiency on several examples.

In Chapter 3, we focus on non-asymptotic concentration bounds, deviation estimates and related transport entropy
inequalities for stochastic approximation schemes [7], [8]. Our results include the deviation between the expectation
of a given function of an Euler like discretization scheme of some diffusion process at a fixed deterministic time and its
empirical mean obtained by the Monte-Carlo procedure as well as the deviation between the value at a given time of a
stochastic approximation algorithm and its target. Under suitable assumptions both concentration bounds turn out to
be Gaussian [7]. In order to obtain different non-Gaussian concentration regimes, one has to quantify the contribution
of the diffusion term to the concentration regime [8]. We also derive a general non-asymptotic deviation bound for the
difference between a function of the trajectory of a continuous Euler scheme associated to a diffusion process and its
mean. Finally, we obtain non-asymptotic bound for stochastic approximation with averaging of trajectories. Notably,
it is shown that averaging a stochastic approximation algorithm with a slow decreasing step sequence provide the
optimal concentration rate.

In Chapter 4, we present a class of multi-level and multi-step Richardson Romberg extrapolation methods for
stochastic approximation algorithms [9], [10]. In a first part, we extend the scope of the multilevel Monte Carlo
method recently introduced for the expectation of a given function of some diffusion process to the framework of
stochastic optimisation by means of stochastic approximation algorithm. A central limit theorem is proved and
the possible optimal choices of step size sequence are provided [9]. In a second part, we also extend the well-
known Richardson-Romberg extrapolation method for Monte Carlo linear estimator to the framework of stochastic
approximation algorithm [10]. We illustrate the method to the estimation of the quantile of diffusion processes.
For both methods, numerical results confirm the theoretical analysis and show a significant reduction in the initial
computational cost.

The next chapters are related to the second part of my research work which focuses on Markovian perturbation of
stochastic processes and its application.

Chapter 5 is dedicated to two approximation problems [12], [11]. We begin by a brief presentation of the parametrix
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method “à la Mc Kean and Singer” in the framework of diffusion processes. This perturbation method is a classical
technique in PDE theory to construct the fundamental solution to an elliptic or parabolic PDE. Our presentation here
is based on probabilistic arguments. We also briefly present its discrete counterpart when one considers discretisation
schemes of stochastic processes.

In the second part of this chapter, we consider a discrete version of the parametrix technique that we apply in order
to study the weak approximation error of a one-dimensional skew diffusion with bounded measurable drift and Hölder
diffusion coefficient by an Euler-type scheme, which consists of iteratively simulating skew Brownian motions with
constant drift. First, we establish two sided Gaussian bounds for the density of this approximation scheme. Then, a
bound for the difference between the densities of the skew diffusion and its Euler approximation is obtained under the
same assumption [12].

In the third part, we study the asymptotic expansion of a Markov semigroup with respect to a small parameter
[11]. The method proposed combines a perturbation approach of Markov semigroup and Malliavin’s calculus. We
study two applications. In the first one, heat kernel expansions of some hypo-elliptic diffusion processes are revisited.
In the second one, we obtain an asymptotic expansion of the transition density of a skew diffusion process with small
skew.

Chapter 6 is divided into two parts. In the first part, we focus on the regularity of the law associated to the
first hitting time of a threshold by a one-dimensional uniformly elliptic diffusion process and to the associated pro-
cess stopped at the threshold [13]. We present explicit expressions for the corresponding transition densities and
studies their regularity properties up to the boundary under mild assumptions on the coefficients. Some Gaussian
upper-estimates for these densities (and their derivatives) are also established. Our construction allows to obtain a
probabilistic representation that can be used for the construction of an unbiased Monte Carlo simulation method and
also to derive some integration by parts formula.

In the second part, we investigate the weak existence and uniqueness for some SDEs with coefficients depending on
some of its path-functionals. A general method is developed in order to deal with a process whose law is singular with
respect to the Lebesgue measure. We illustrate our approach on two examples: a diffusion process with coefficients
depending on its running local time and a diffusion process with coefficients depending on its running maximum. We
also construct the associated transition density and establish some Gaussian upper-estimates.
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Chapter 1

Introduction : On two problems arising in
numerical probability

In this introductory chapter, we briefly present two problems arising in numerical probability. The first part deals with
a brief presentation of the stochastic approximation algorithm theory. Since their introduction in the seminal paper of
H. Robbins and S. Monro [117] , these simulation based procedures are widely used in various fields such that stochastic
optimisation or zero search problems. The stochastic approximation theory provides various theorems that guarantee
the a.s., weak and/or strong convergence rates towards the desired target. We present here some results related to the
a.s. convergence, known as the Robbins-Siegmund theorem and the ordinary differential equation (ODE) method. We
provide the key points for their proofs. Then, we review strong and weak convergence rates. Such algorithm satisfies
a central limit theorem (CLT) with a rate that depends on the step sequence. Finally, we present some applications
in mathematical finance.

In the second part, we briefly present several problems related to the discretisation of diffusion-jump type stochastic
processes. We distinguish between strong and weak approximation since these two problems are of different nature
and require different mathematical tools for their study. We first investigate the strong approximation error which is
related to the error between the paths of the process and of its approximation scheme. Then, we focus on the weak
approximation error which is the error between the law of the process and of its approximation scheme. This error
is often estimated on a class of test functions. Since the pioneering paper of Talay and Tubaro [122], we know that
there is a strong connection between the weak approximation error and the solution of the underlying parabolic linear
partial differential equation (PDE) via the Feynman-Kac representation.

We try to gather major results obtained the past thirty years since they will be useful in order to understand some
of the next chapters.

We will focus on the weak approximation and the mathematical tools needed in order to study the resulting error.
More precisely, we will distinguish between the two following cases: when the test function and the coefficients of the
stochastic differential equation are smooth; when the process is non-degenerated. This will be the topic of Section 5.2
in Chapter 5 which deals with the weak approximation error of a skew diffusion by an Euler-type scheme.

We briefly present the Multi-level Monte Carlo method developed by Giles [48] which allows to significantly increase
the computational efficiency of the Monte Carlo method for the computation of the expectation of a non-simulatable
random variable. We extend the scope of this method to the framework of stochastic optimisation by means of
stochastic approximation algorithm in Chapter 4.

We conclude this chapter by presenting an unbiased simulation technique for stochastic differential equations based
on a probabilistic representation of the parametrix technique that has been recently developed Bally and Kohatsu-
Higa [7]. In Chapter 6, we will propose a similar probabilistic representation for hitting times and associated killed
process of one-dimensional elliptic diffusions.

1.1 Stochastic approximation algorithm

1.1.1 Introduction

In applied mathematics, one often has to numerically solve some optimisation or zero search problems. The former
problem can often be cast into the latter one when one faces a convex optimisation problem. Some commonly
encountered examples are the computation of the quantile at level α P p0, 1q of probability distribution, in mathematical
finance the extraction of implicit volatility or the minimisation of a convex function with respect to a parameter (e.g.
quantity of assets in a portfolio, minimisation of the variance, etc).
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CHAPTER 1. INTRODUCTION : ON TWO PROBLEMS ARISING IN NUMERICAL PROBABILITY

In a deterministic framework, the zero-search recursive procedure has the following dynamics

θn`1 “ θn ´ γn`1hpθnq, n ě 0 (1.1)

where h : Rd Ñ Rd is a continuous function satisfying a sub-linear growth assumption and pγnqně1 is a non-negative
non-increasing step sequence such that

ř

ně1 γn “ `8.
Under an appropriate mean-reverting assumption on the function h, one shows that the deterministic sequence

pθnqně1 defined by (1.1) is bounded and eventually converges toward a zero θ˚ of h. More precisely, assuming that
the following mean-reverting assumption

xθ ´ θ˚, hpθqy ě 0, @θ ‰ θ˚ (1.2)

and that th “ 0u “ tθ˚u, then one proves that pθnqně1 converges towards θ˚ as nÑ8. An example of such procedure
is the Newton-Raphson zero-search algorithm obtained by choosing h :“ Dh´1h and γn “ 1.

However, in a stochastic optimization framework as described in the examples mentioned above, one does not have
straightforward access to the value of hpθq because h is given by the expectation of some given random function, say

hpθq :“ ErHpθ, Uqs

where H : Rd ˆ Rq Ñ Rd is a measurable function and U is an Rq-valued random variable with law µ P PpRqq. Here
it is implicitly assumed that one can easily simulate according to the law µ and has direct access to the value of the
function H. One simple idea could be to simply approximate the above dynamics (1.1) by using at each iterate a
Monte Carlo approximation of hpθnq. A more interesting idea consists in doing both simultaneously by using on the
one hand Hpθn, U

pn`1qq instead of hpθnq and on the other hand by letting the step sequence goes to zero not too
fast to take into account the additional variance induced by this randomisation. Hence, one is led to introduce the
following dynamics

θn`1 “ θn ´ γn`1Hpθn, U
pn`1qq, n ě 0 (1.3)

where pU pnqqně1 is an i.i.d. sequence of random vector distributed according to µ on a given probability space pΩ,F ,Pq
and θ0 is an Rd-valued random vector independent of the sequence pU pnqqně1.

Example:
As a first simple example, consider the empirical average pŪnqně1 of i.i.d. and integrable samples pU pnqqně1 defined
by Ūn :“ 1

n

řn
k“1 U

pkq, Ū0 “ 0. We observe that it satisfies the following dynamics

Ūn`1 “ Ūn ´
1

n` 1

´

Ūn ´ U pn`1q
¯

“ Ūn ´
1

n` 1
HpŪn, U pn`1qq, n ě 0, (1.4)

where Hpθ, Uq :“ θ´U and hpθq :“ θ´ErU s, so that θ˚ “ ErU s. Moreover, it is well-known that the sequence pŪnqně1

given by (1.4) converges a.s. to the unique zero of h. When one knows how to sample from the distribution µ, this
procedure is easy to implement contrary to its deterministic counterpart (1.1). We see that stochastic approximation
appears as a natural extension of the Monte Carlo method to solve optimisation or zero search problems when the
function of interest h writes as the integral of some function against a law µ from which it is easy to sample.

Let us make an important remark. Writing Hpθn, U pn`1qq “ hpθnq `∆Mn`1 where ∆Mn`1 :“ Hpθn, U
pn`1qq ´

hpθnq is a martingale increment with respect to the natural filtration tFnu, Fn :“ σpθ0, U
p1q, ¨ ¨ ¨ , U pnqq, n ě 1 induced

by the algorithm, we observe that the dynamics (1.3) can be seen as a perturbed Euler scheme (with decreasing step)
of the ordinary differential equation (ODE)

9θ “ ´hpθq (1.5)

From this connection it may be motivating to use some ODE techniques such that existence of a Lyapunov function
in order to study the asymptotic behaviour of the recursive scheme (1.3). A Lyapunov function for the ODE (1.5) is
a function L : Rd Ñ R` such that any solution t ÞÑ θptq satisfies t ÞÑ Lpθptqq is non-increasing. Assuming that L is
continuously differentiable, it is mainly equivalent to the condition x∇L, hy ě 0 since dLpθptqq “ x∇Lpθptqq, θptqy “
´x∇L, hypθptqqdt. Finding a Lyapunov function may be a difficult task and there is no result that guarantees its
existence! Usually it requires a deep knowledge and understanding of the underlying dynamic (1.5). However, if
such function does exist, the system (1.5) is said to be dissipative. We will have in mind two commonly encountered
situations:

• when one faces a convex optimisation problem, the recursive scheme (1.3) is usually a stochastic gradient algo-
rithm. The function L is the object of interest that is one has h “ ∇L and one is computing a minimum of
L.

• Unfortunately, as is so often the case when dealing with stochastic approximation algorithm, the function L is
not identified a priori and one has to find a Lyapunov function associated to the function h, if such function
exists!
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CHAPTER 1. INTRODUCTION : ON TWO PROBLEMS ARISING IN NUMERICAL PROBABILITY

1.1.2 Standard a.s. convergence results
We now turn our attention to results related to the a.s. and/or Lp convergence of the recursive procedure (1.3). We
first provide a general result known as Robbins-Siegmund Lemma based on the existence of an a priori Lyapunov
function from which we will deduce two corollaries that ensures the a.s. (and Lp) convergence of the sequence pθnqně1.
We refer the interested reader to the monographs of Benveniste and al. [19], Duflo [39] and Kushner and Yin [81]
among others for developments and a more complete overview in stochastic approximation theory.

Theorem 1.1.1 (Robbins-Siegmund Lemma). Assume that there exists a continuously differentiable function L :
Rd Ñ R` such that ∇L is Lipschitz-continuous and

|∇L|2 ď Cp1` Lq (1.6)

and such that the mean-reverting assumption holds

x∇L, hy ě 0. (1.7)

Assume furthermore that H satisfies the following sub-linear growth assumption

@θ P Rd, Er|Hpθ, Uq|2s
1
2 ď Cp1` Lpθqq

1
2 , (1.8)

for some positive constant C.
Let pγnqně1 be a positive step sequence satisfying the following decreasing step assumption

ÿ

ně1

γn “ 8 and
ÿ

ně1

γ2
n ă 8. (1.9)

Finally assume that θ0 is independent of the innovation sequence pU pnqqně1 and satisfies ErLpθ0qs ă 8. Then, the
sequence pθnqně1 defined by the recursive procedure (1.3) satisfies the following properties:

1. the sequence pθn ´ θn´1qně1 converges a.s. and in L2pPq to zero as n goes infinity,

2. the sequence pLpθnqqně1 is L1pPq-bounded,

3. Lpθnq Ñ L8 P L
1pPq a.s. as nÑ8.

4.
ř

ně1 γnx∇L, hypθn´1q ă 8 a.s.

Proof. The key ingredient of the proof is the convergence theorem for non-negative super-martingale. We only sketch
the proof. Since ∇L is Lipschitz-continuous, by the fundamental theorem of calculus, one has

Lpθn`1q ď Lpθnq ` γn`1x∇Lpθnq, θn`1 ´ θny ` C|θn`1 ´ θn|
2

“ Lpθnq ´ γn`1x∇L, hypθnq ´ γn`1x∇Lpθnq,∆Mn`1y ` Cγ
2
n`1|Hpθn, U

pn`1q|2 (1.10)

where we recall that ∆Mn`1 “ Hpθn, U
pn`1qq ´ hpθnq is an tFnu-martingale increment. Using the above inequality

together with assumptions (1.7), (1.8) and (1.9), one proves that Lpθnq P L1pPq so that ∆Mn`1 P L
2pPq, n ě 0. The

key idea is to introduce the following sequence

Sn :“
Lpθnq `

řn
k“1 γkx∇L, hypθk´1q ` C

ř

kěn`1 γ
2
k

śn
k“1p1` Cγ

2
kq

, n ě 1

with S0 “ Lpθ0q. From assumption (1.7) and using (1.10), one proves that pSnqně0 is a non-negative super-martingale
so that it converges a.s. toward an integrable random variable S8. As a by-product of this convergence, one deduces
the L1-boundedness of pLpθnqqně0 and that

ř

ně1 γnx∇L, hypθn´1q ă 8 a.s. Then one proves that Lpθnq Ñ L8, a.s.
and

ř

ně0 Er|θn`1 ´ θn|
2s ă 8.

Remark 1.1.1. We also want to mention that when the innovation sequence pU pnqqně1 is not i.i.d. but only tFnu-
adapted, the recursive procedure (1.3) can be written

θn`1 “ θn ´ γn`1hpθnq ´ γn`1p∆Mn`1 ` rn`1q

where rn`1 :“ hpθnq ´ ErHpθn, U pn`1q|Fns is an Fn`1-measurable remainder term. In this case, assuming that
ÿ

ně1

γn|rn|
2 ă 8, a.s.

one still proves that the conclusions of the Robbins-Siegmund Lemma hold.
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The next result allows one to conclude that the recursive scheme (1.3) converges toward its target θ˚.

Corollary 1.1.2 (Robbins-Monro & Stochastic gradient algorithms).

(1) [Robbins-Monro algorithm] Assume that the function of interest h satisfies

@θ ‰ θ˚, xθ ´ θ˚, hpθqy ą 0, (1.11)

and
@θ P Rd, Er|Hpθ, Uq|2s

1
2 ď Cp1` |θ|q (1.12)

with θ0 P L
2pPq independent of the innovation sequence pU pnqqně1. Assume that the step sequence pγnqně1 satisfies

(1.9). Then, the sequence pθnqně1 defined by (1.3) converges a.s. to θ˚, which satisfies th “ 0u “ tθ˚u.

(2) [Stochastic Gradient algorithm] Assume that h “ ∇L for a convex and continuously differentiable function L
satisfying (1.6), lim|θ|Ñ8 Lpθq “ 8, t∇L “ 0u “ tθ˚u. Assume that Er|Hpθ, Uq|2s ď Cp1 ` Lpθqq and that Lpθ0q P

L1pPq. Assume that the step sequence pγnqně1 satisfies (1.9). Then, θ˚ “ arg minθPRd hpθq and pθnqně1 converges a.s.
toward θ˚.

Remark 1.1.2. There is also an alternative to the stochastic gradient algorithm known as the Kiefer-Wolfowitz (K.W.)
procedure. In this approach, the function of interest h is given by hpθq “ ErBθHpθ, Uqs. In some practical implemen-
tations, the local gradient BθHpθ, Uq may be difficult to simulate because of Malliavin weights, log-likelihood ratio,
etc, whereas the computation of Hpθ, Uq is easy. The K.W. algorithm combines the recursive stochastic approximation
algorithm with a finite difference approach to differentiation. Based on the following approximation of the local gradient

BθiHpθ, Uq «
Hpθ ` ηiei, Uq ´Hpθ ´ η

iei, Uq

2ηi

where peiq1ďiďd denotes the canonical basis of Rd and |η| ăă 1, pηiq1ďiďd P Rd, one introduces the following recursive
scheme

θin`1 “ θin ´ γn`1
Hpθn ` η

i
n`1, U

pn`1qq ´Hpθn ´ η
i
n`1, U

pn`1qq

2ηin`1

, 1 ď i ď d, (1.13)

where pγnqně1 is a step sequence satisfying (1.9) and pηinqně1, 1 ď i ď d, are d non-negative step sequences satisfying
for 1 ď i ď d,

ηin Ñ 0,
ÿ

ně1

ηin “ 8 and
ÿ

ně1

pγn{η
i
nq ă 8.

We refer to the monograph Benveniste and al. [19] for a result about the a.s. convergence of (1.13).

We conclude by the ODE method which establishes a link between the recursive procedure (1.3) and the underlying
ODE (1.5) as mentioned above. The main improvement provided by the ODE method is to study the asymptotic
behaviour of the sequence pθnqně0 (assumed to be bounded a priori) from a sequence function pθpkqqkěn, n ě 1 defined
by linear interpolation. Importantly, we will not require the mean reverting assumption (1.11) or the existence of a
Lyapunov function that separates the target θ˚. However, the convergence of the procedure will be related to the
asymptotic behaviour of the underlying ODE.

We set Γ0 “ 0 and Γn “
řn
k“1 γk. Then we define the cádlàg step function pθp0qt qtě0 by

θ
p0q
t :“ θn, t P rΓn,Γn`1q.

and the sequence of time shifted function
θ
pnq
t :“ θ

p0q
Γn`t

, t P R`.
For every t P R`, we also set Nptq :“ max tk : Γk ď tu. For every t P rΓn,Γn`1q, the dynamics (1.3) can be written

as follows

θ
p0q
t “ θ

p0q
0 ´

ż Γn

0

hpθp0qs qds´
n
ÿ

k“1

γk∆Mk

which in turn satisfies

@t P R`, θ
p0q
t “ θ

p0q
0 ´

ż ΓNptq

0

hpθp0qs qds´

Nptq
ÿ

k“1

γk∆Mk

“ θ
p0q
0 ´

ż t

0

hpθp0qs qds`

ż t

ΓNptq

hpθp0qs qds´

Nptq
ÿ

k“1

γk∆Mk.
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Now by the definition of the shifted function θpnq, one gets

θ
pnq
t “ θ

p0q
Γn
` θ

p0q
Γn`t

´ θ
p0q
Γn

“ θ
p0q
Γn
´

ż Γn`t

Γn

hpθp0qs qds`Rnptq

where Rnptq :“
şΓn`t

ΓNpΓn`tq
hpθ

p0q
s qds´

řNpΓn`tq
k“n`1 γk∆Mk is a remainder term.

The next result establishes a connection between the asymptotic behaviour of pθnqně0 and the asymptotic of the
sequence of functions pθpnqqně0.

Proposition 1.1.3. Let L : Rd Ñ R` be a continuously differentiable function such that ∇L is Lipschitz-continuous,
lim|θ|Ñ`8 Lpθq “ `8 and satisfying (1.6). If |h| ď Cp1 ` Lq

1
2 and x∇L, hy is a non-negative lower semi-continuous

function then the limiting values of pθnqně1 is a connected component of tx∇L, hy “ 0u.

1.1.3 Convergence rate
We now present some results related to the convergence rate of the recursive scheme (1.3) in the i.i.d. framework.
In standard settings, a stochastic algorithm converges to its target at rate ?γn, which suggests to choose γn “ γ{n,
γ ą 0, under assumption (1.9). Under a strong mean-reverting assumption, we will see that this is a sharp non-
asymptotic L2pPq, which is consistent with the Monte Carlo method. In Chapter 3, we will see that this rate also
appears when one investigates concentration inequalities, that is non-asymptotic deviation estimates between pθnqně1

and its target. Then, we present the standard central limit theorem (CLT) which establishes that the renormalised
sequence

a

γ´1
n pθn´θ

˚q converges in distribution to a normal distribution with mean 0 and a covariance matrix based
on ErHpθ˚, UqHpθ˚, Uqts.

Proposition 1.1.4. Assume that the assumptions of Corollary 1.1.2 (1) (Robbins-Monro algoirthm) are satisfied.
Assume that there exists α ą 0 such that the strong mean reverting assumption holds

@θ P Rd, xθ ´ θ˚, hpθqy ě α|θ ´ θ˚|. (1.14)

Then, there exists a positive constant C, such that one has

Er|θn ´ θ˚|2s ď Cγn, n ě 1,

for the two following step sequences:

• γn “ γ{nβ, β P p1{2, 1q, n ě 1.

• γn “ γ{n, with γ ą 1
2α . n ě 1.

The above result suggests a weak rate given by
a

γ´1
n . The study of the asymptotic distribution of the renormalised

sequence
a

γ´1
n pθn ´ θ

˚q led to a considerable and expanding literature starting from some pioneering (independent)
works by Bouton and Kushner in the early 1980 until recently, see e.g. Fort [43] or Lelong [90]. We give here a result
obtained by Pelletier [113] which has as the main advantage to be local in the sense that the CLT holds on the set
of convergence of the algorithm to an equilibrium which makes possible a straightforward application to multi-target
algorithms.

Theorem 1.1.5 (Central limit theorem). Consider the sequence pθnqně1 defined by (1.3) and let θ˚ P th “ 0u be one
possible target. Assume that the following assumptions hold:

(1) Attractivity: θ˚ is a strong attractor for the underlying ODE, that is h is twice continuously differentiable at
θ˚ and Dhpθ˚q is an Hurwitz matrix, i.e. all its eigenvalues have positive real parts. We denote by λm the
eigenvalue with the lowest real part.

(2) Regularity of H: The function H satisfies the following regularity and growth control property

θ ÞÑ ErHpθ, UqHpθ, Uqts is continuous at θ˚ and θ ÞÑ Er|Hpθ, Uq|2`δs is locally bounded on Rd

for some δ ą 0.

(3) Non-degenerate asymptotic variance: The covariance matrix

Σ˚ :“ ErHpθ˚, UqpHpθ˚, Uqqts

is a positive definite matrix.
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(4) Choice of the step sequence: The step sequence is given by

γn “
γ

a` nβ
, a, γ ą 0

for some β P p 1
2 , 1s, with the additional constraint, when β “ 1,

γ ą
1

2Repλmq
. (1.15)

Then, the a.s. convergence is ruled on the event tθn Ñ θ˚u by the following stable central limit theorem

γ´1{2
n pθn ´ θ

˚q ñ N p0,Γq, (1.16)

where

Γ :“

ż 8

0

pe´pDhpθ
˚
q´

Id
2c qsqtΣ˚e´pDhpθ

˚
q´

Id
2c qsds

with c “ 8 if β ‰ 1 and c “ γ if β “ 1. Moreover, the convergence is stable, that is, for every bounded continuous
function f and every A P F8, one has

ErItθnÑθ˚uXAfp
b

γ´1
n pθn ´ θ

˚qqs Ñ ErItθnÑθ˚uXAfpΓ
1
2 ζqqs, nÑ8

where ζ „ N p0, Idq.

We see that the best rate of convergence is achieve for β “ 1 but we have an additional constraint (1.15) on the
constant γ depending on the unknown matrix Dhpθ˚q. In practical implementations, one does not “observe” such
constraint but we remark that the algorithm (1.3) spends most of its time exploring the state space. The CLT regime
occurs when the algorithm gets trapped after the mentioned search phase.

In order to circumvent this (theoretical) constraint on the step sequence, one can use the averaging principle, also
known as Ruppert & Polyak principle in stochastic approximation community, in order to achieve (for free!) the best
convergence rate. The original motivation was to smoothen the behaviour of the original procedure by considering
the empirical mean of the past values up to the nth iteration rather than the computed value at the nth iteration. If
one devices this averaging procedure with a slow decreasing step sequence pγnqně1 then one reaches for free the best
possible rate of convergence.

More precisely, we consider the step sequence γn “ pγ{pa ` nqqβ , with β P p1{2, 1q and n ě 1 and define the
empirical mean

θ̄n :“
θ0 ` ¨ ¨ ¨ ` θn

n` 1
“ θ̄n´1 ´

1

n
pθ̄n´1 ´ θnq, n ě 1,

of the sequence pθnqně0 defined by (1.3). We observe that by Cesàro’s lemma, one has θ̄n Ñ θ˚ a.s. if θn Ñ θ˚ a.s.
as nÑ8. Then, under the assumptions p1q, p2q, p3q of Theorem 1.1.5, one has

?
npθ̄n ´ θ

˚q ñ N p0,Γ˚q, nÑ `8

where
Γ˚ :“ Dhpθ˚q´1Σ˚pDhpθ˚qtq´1

is the optimal asymptotic covariance matrix.
From a practical point of view, one should not start averaging the initial procedure at the very beginning but wait

until the exploration phase is finished.
We have seen some basic results related to a.s. convergence and convergence rate of stochastic approximation,

whilst other interesting aspects have purposely not been cited. For instance, we will mention traps, that is parasitic
equilibrium such saddle points local maxima, see e.g. Brandière and Duflo [25], Pemantle [114] for some aspects on how
an excited enough parasitic equilibrium point is a.s. not a possible limit point for a stochastic approximation algorithm.
We also mention stochastic approximation with averaging innovation where the innovation sequence pU pnqqně1 is no
longer i.i.d. but satisfies some mild ergodic or simply averaging assumption, thus allowing for deterministic sequence
Quasi Monte Carlo stochastic approximation or to plug exogenous data, like market data, see Laruelle & Pagès [87]
and the references therein.

Example: A Robbins-Monro algorithm for quantile estimation
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We conclude this section by a simple illustration of the mentioned results to the recursive computation of the
α-quantile (or VaRα) of a real-valued random variable X, with law µ, defined as a solution θ˚ to the equation:

PpX ď θq “ α ô hpθq :“ ErHpθ,Xqs “ 0, α P p0, 1q

with Hpθ, xq :“ Itxďθu ´ α and hpθq “ PpX ď θq ´ α. Since X is finite, a solution to the above equation always
exists. If the probability distribution function of X is increasing, this solution is unique. For sake of simplicity, we
will assume that this is case. Let pγnqně1 be a deterministic positive step sequence satisfying (1.9). The dynamics of
the Robbins-Monro algorithm is given by

θn`1 “ θn ´ γn`1Hpθn, X
pn`1qq, n ě 0

where θ0 P L
2pPq and is independent of the i.i.d. innovation sequence pXpnqqně1 (with common law µ). We introduce

the Lyapunov function Lpθq :“ 1
2 |θ ´ θ

˚|2 and remark that

x∇L, hypθq “ pθ ´ θ˚qpPpX ď θq ´ PpX ď θ˚qq ą 0, @θ ‰ θ˚

since θ ÞÑ PpX ď θq is increasing. Moreover, the function H being bounded assumption (1.8) is clearly satisfied.
Hence, by Corollary 1.1.2 the sequence pθnqně1 converges a.s. toward its target θ˚.

In order to investigate the weak rate of convergence, we assume that X admits a continuously differentiable density
pX satisfying pXpθ˚q ą 0. Our aim is to apply Theorem 1.1.5. Assumptions p1q and p2q are clearly satisfied. Moreover,
by the very definition of θ˚, one has Σ˚ “ ErHpθ˚, Xq2s “ αp1´ αq ą 0. In order to achieve the optimal asymptotic
rate we set γn “ γ{pa` nq, with a ą 0 and γ ą 1{p2pXpθ

˚qq. From Theorem 1.1.5, one gets
?
npθn ´ θ

˚q ñ N p0,Γq, nÑ8

with

Γ :“ αp1´ αq
γ2

2γpXpθ˚q ´ 1
.

This asymptotic variance is minimal for γ “ 1
pXpθ˚q

with an optimal value Γ “ αp1 ´ αq{p2
Xpθ

˚q. However, in
practical implementations, one does not have access to the value of θ˚ or the density of X. As a consequence, one
is naturally led to consider the averaged form of the algorithm although it is completely satisfactory for a practical
point of view. When one tries to implement the stochastic approximation scheme pθnqně1, one observes a chaotic
behaviour with a slow convergence, specially when α « 1, say α ą 95%. In [1] and [2], we proposed a R.M. algorithm
to compute the quantile and the expected shortfall and improved its performance by combining it with a stochastic
approximation based importance sampling technique.

In Chapter 2, we propose an application to the recursive computation of the shortfall Lp-risk of a financial portfolio
and the recursive computation of risk minimising strategies.

We refer the interested reader to the Phd dissertation of Laruelle [86] for some applications of the stochastic
approximation theory to the optimal splitting of orders across liquidity pools such that dark pools, to multi-arm
clinical trials by urn models. We also mention the monograph of Pagès [110] for stochastic approximation based
procedures for parameter implicitation and calibration of financial models, or the computation of optimal quantizers
by e.g. the Competitive Learning Vector Quantization (CLVQ) method.

1.2 Discretisation and simulation of stochastic processes

1.2.1 Motivation

In this section, we consider an Rd-valued stochastic differential equation (SDE in short) with dynamics

Xt “ x`

ż t

0

bps,Xs´qds`

ż t

0

σps,Xs´qdZs, t ě 0, (1.17)

where the coefficients b : R`ˆRd Ñ Rd, σ : R`ˆRd Ñ RdbRq are bounded measurable in time, Lipschitz-continuous
in space (uniformly in time) and where pZtqtě0 is a q-dimensional Lévy process with Lévy-Khintchine decomposition
given by

Erexppixu, Ztyqs “ expptψpuqq, ψpuq “ expp´
|u|2

2
`

ż

Rq
pexppixu, zyq ´ 1´ ixu, zyIt|z|ď1uqνpdzqq. (1.18)
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In other words, the SDE (1.17) is driven by a process Z that is given by the sum of a q-dimensional Brownian
motion and pure jump process N of Lévy measure ν.

Such dynamics appears in various fields. This is so because of the strong connection between SDEs and PDEs (see
e.g. Bass [14], Friedman [45]) via Feynman-Kac representation formulas. In various situations, the unique classical
solution of a linear parabolic or elliptic PDE can be expressed as the expectation of a (path) functional of the SDE
(1.17).

When Z is a q-Brownian motion, the diffusion process (1.17) is commonly used to provide probabilistic represen-
tation of the heat equation in non-homogeneous media. It is also commonly used to model the dynamics of assets in
financial and energy markets. In [4], we proposed a joint model of Gas and electricity spot prices based on Ornstein
processes with parameterized diffusion coefficients that captures the most salient statistical properties observed on
data. When Z is a pure jump process, the dynamics (1.17) allows to reproduce some stylised features observed in
energy markets such that spikes in the spot prices, see e.g. Benth and al. [18]. In mathematical finance, the price of
an option is usually seen as the solution of a parabolic PDE in which the terminal condition is given by the payoff.

In order to compute a quantity related to the law of the process with dynamics (1.17), which is not known in
most applications, one usually considers a discrete approximation scheme. A natural scheme that can be implemented
very easily is the Euler-Maruyama scheme that we now describe. On the interval r0, T s, T ą 0, for a given time step
h “ T {N ą 0, N P N˚, we introduce the time grid ti “ ih, i “ 0, ¨ ¨ ¨ , N and the continuous Euler scheme pXh

t qtPr0,T s
defined for t P r0, T s by

Xh
t “ x`

ż t

0

bpφpsq, Xh
φpsqqds`

ż t

0

σpφpsq, Xh
φpsqqdZs, t ě 0, (1.19)

where φpsq “ sup tti : ti ď su. In other words, the Euler scheme is obtained by freezing the coefficients to the current
discretisation point in each small interval rti, ti`1s. Let us mention that in the case where Z has Brownian and jump
parts, it is not always possible to simulate the increments pZt ´Zsq0ďsďtďT of the innovation process so that it is not
always possible to implement the scheme (1.19). However, it is still possible to provide an analysis of the error, see
Section 1.2.3. In many important cases, one can implement this scheme for instance when Z is a stable process or
Gamma process, etc.

We will present two different results related to the approximation of pXtqtPr0,T s solution to the SDE (1.17) by the
scheme pXh

t qtPr0,T s given by (1.19). Approximation of stochastic processes goes back to the works of Stroock and
Varadhan. They investigated approximation of the distribution of solutions to martingale problems by Markov chains.
We refer the interested reader to Chapter 11 in [120] and to [119] for Dirichlet boundary problems.

The pionnering works of Milstein [103], [104] investigated the strong approximation error, that is the Lp-error
between the path of pXtqtPr0,T s and the path of its approximation pXh

t qtě0. Then, Misltein [105] and Talay [121]
proved that the weak error, that is the error between the law of the random variable XT and the law of Xh

T , is of
order h under some regularity assumptions.

1.2.2 Strong error

The strong error associated to the process (1.17) and its approximation scheme (1.19) is the quantity Ersup0ďtďT |Xt´

Xh
t |
ps

1
p for p ą 0. When the underlying innovation process Z is an Rq-valued Brownian motion, one has the following

result:

Proposition 1.2.1. Suppose that the coefficients b and σ of the SDE (1.17) satisfy the following regularity condition:

@ps, tq P r0, T s2, @px, yq P Rd, |bpt, xq ´ bps, yq| ` }σps, xq ´ σpt, yq} ď Cp|t´ s|α ` |x´ y|q (1.20)

where α P r0, 1s and for some positive constant C. Then, for all p ą 0, there exists a positive constant Cp such that

Er sup
0ďtďT

|Xt ´ X̄
h
t |
ps

1
p ď Cpp1` |x|qh

α^ 1
2 . (1.21)

As a consequence, we remark that the Hölder regularity time exponent α rules the strong convergence rate of the
Euler approximation scheme as soon as α ă 1{2. The key ingredient for the proof of Proposition 1.2.1 is to use a
Gronwall Lemma to upper-bound Ersup0ďtďT |Xt ´ X̄h

t |
ps1{p by the Lp-norm of the increments Xs ´ Xφpsq of the

diffusion. As a straighforward corollary, we deduce that the Euler approximation scheme (1.19) converges a.s. toward
the diffusion process at a rate β P r0, α^ 1

2 q, namely

@β P r0, α^
1

2
q, h´β sup

0ďtďT
|Xt ´ X̄

h
t | Ñ 0, a.s.

as h Ó 0. The proof follows from the Lp-convergence Proposition 1.2.1 and an argument using Borel-Cantelli Lemma.
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In order to compensate this slow convergence rate Milstein introduced in [104] a new scheme in order to achieve
the usual strong error of order h that appears in the deterministic framework. In dimension d “ q “ 1 its expression
is simple and it can be easily implemented provided that b and σ have enough regularity. In higher dimension, some
theoretical and simulation problems make its use more questionable. The key idea is to use an Itô-Taylor formula in
the stochastic integral between to discrete times of the grid (which behaves like

?
h and is the leading term in the

strong approximation error) in order to introduce higher order terms in the dynamics of the scheme (1.19). We refer
to the book of Kloeden and Platten [71] for an overview about higher order schemes.

Similar arguments can be used in order to quantify the strong error with the same rate of convergence when the
innovation process Z is a square integrable Lévy process, see e.g. Kohatsu-Higa and Protter [72]. We also mention
the work of Bruti Liberati and Platen [27] where the authors investigate the strong approximation error for pure jump
SDEs, propose jump-adapted time discretizations and higher order scheme (in the strong sense) when the intensity of
the jump process is finite νpRqq ă 8.

1.2.3 Weak error

In many situations, like the pricing of European options in mathematical finance, an Euler discretisation scheme
pXh

t qtPr0,T s such that (1.19) is introduced to evaluate quantities writing as ErF ppXtqtPr0,T sqs where F : CpR`,Rdq Ñ R
is a path functional. In order to evaluate such quantities, one is led to use the Monte Carlo estimator

EhM :“
1

M

M
ÿ

i“1

F ppXh,i
t qtPr0,T sq, M ě 1

where ppXh,i
t qtPr0,T sq1ďiďM are i.i.d. samples of the path of the Euler scheme pXh

t qtPr0,T s defined by (1.19).
The global error between ErF ppXtqtPr0,T sqs, the quantity to estimate, and its implementable approximation EhM

can be decomposed as follows:

Eglob :“ pErF ppXtqtPr0,T sqs ´ ErF ppXh
t qtPr0,T ssq ` pErfppXh

t qtPr0,T sqs ´ E
h
M q

:“ EhW ` EMS . (1.22)

The term EMS corresponds to the statistical error. If F ppXh
t qtPr0,T sq P L

2pPq, the statistical error is of order σh{
?
M

in L2pPq and the renormalised statistical error satisfies a CLT. One may also be interested in non-asymptotic deviation
estimates of this quantity in order to device non-asymptotic confidence interval. We will come back to this particular
topic in Chapter 3.

The term EhW corresponds to the weak error and has been widely investigated in the literature since the seminal
work of Talay and Tubaro [122] for the case F ppXtqtPr0,T sq “ F pXT q. One may be interested in quantifying this error
for other type of functionals. We will briefly present some results related to the two functionals:

1. F ppXtqtPr0,T sq “ F pXT q

2. F ppXtqtPr0,T sq “ F pτ ^ T,Xτ^T q, where τ :“ inf tt ě 0 : Xt R Du for a domain D Ă Rd.

The first case corresponds to the standard Cauchy problem since the quantity to estimate is related to the unique
classical solution of linear parabolic PDE with terminal fonction F .

The second case corresponds to the Cauchy-Dirichlet problem since the quantity to estimate is related to the
solution of linear parabolic PDE with Dirichlet conditions.

Other type of functional can be discussed such that F pmax0ďtďT Xt, XT q or F p
şT

0
ItXtě0udt,XT q both in dimension

d “ q “ 1.
Still in the one-dimensional diffusion case d “ q “ 1, we mention the works of Alfonsi, Jourdain and Kohatsu-

Higa [2], [3] where the Wasserstein distance between the laws of pXtqtPr0,T s and pXh
t qtPr0,T s defined by

W1pLpXq,LpXhqq :“ sup
F :Cpr0,T s,RqÑR, LippF qď1

|ErF pXhqs ´ ErF pXqs|

is investigated by means of a pathwise optimal transport technique. Here LippF q denotes the Lipschitz constant of F
(with respect to the sup norm on Cpr0, T s,Rq). It is proved that this quantity is upper-bounded by h

2
3´ε, @ε ą 0, which

is an intermediate rate between the strong error and the usual weak error rates. In the multi-dimensional diffusion
case, when the coefficients b and σ are time-homogeneous C2, bounded together with their derivatives up to the order
2 and uniform ellipticity holds, the ρ-Wasserstein distance is shown to be of order

a

logpNq{N .
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The Cauchy problem for diffusion processes

For the standard continuous Euler scheme (1.19), the weak discretisation error is of order h, provided the coefficients
b, σ and the test function F are C4 with the same polynomial growth assumption. The key idea [121], [122] consists
in observing that the function upt, xq “ ErF pXT q|Xt “ xs “ ErF pXt,x

T qs (note that pXtqtPr0,T s is a Strong Markov
process under this assumption) is a classical solution to the parabolic linear PDE

"

pBt ` Ltqu “ 0, pt, xq P r0, T q ˆ Rd
upT, xq “ F pxq,

(1.23)

where Lt is the infinitesimal generator associated to (1.17), namely LtF pxq “ xbpt, xq,∇F pxqy ` 1
2Trpapt, xqD

2
xF pxqq,

for F P C80 pRdq, where apt, xq “ pσσ˚qpt, xq. Under the mentionned assumption on the coefficients and test function
F , one gets that u P C2,4pr0, T sˆRdq with the following controls on the derivatives: @pt, xq P r0, T sˆRd, |BitBjxupt, xq| ď
CT p1` |x|

pi,j q. We remark that the last controls allow to deduce that |BitBjxupti, Xh
tiq| P L

ppPq for any p ě 1. The next
step is to introduce the solution of the PDE (1.23) as follows

EhW :“ ErF pXT qs ´ ErF pXh
T qs “ ´pErupT,Xh

T qs ´ up0, xqq “ ´
N´1
ÿ

i“0

Eh,iW

with Eh,iW :“ Erupti`1, X
h
ti`1
q´upti, X

h
tiqs. From these representation, one applies Itô-Taylor formula around the point

pti, X
h
tiq for i “ 0, ¨ ¨ ¨ , N ´ 1 using the regularity of u. In order to prove that Eh,iW “ Oph2q, it is necessary to obtain

an expansion of order two in time and 4 in space, the term of order 3 in space vanishes because of the third moment
of the underlying noise is zero.

Let us also mention here that when the Gaussian increments of the scheme are replaced by more general (possibly
discrete) random variables having the same covariance matrix and odd moments up to order 5 as the standard Gaussian
vector of Rq, it can be checked that the error expansion at order h still holds for b, σ, F smooth enough.

If we keep on that direction by doing an expansion at order 3 in time and 6 in space, observing that the odd
moments of the underlying Gaussian vector vanishes, one gets

EhW “ C1
Th`Oph2q,

where C1
T is an explicit constant independent of h. According to Talay and Tubaro [122], when b, σ are C8 with

bounded derivatives of all orders and F is C8 with polynomial growth together with its derivatives, then for each
integer L ě 1, the expansion

EhW “

L
ÿ

`“1

C`Th
` `OphL`1q (1.24)

holds.
On can take advantage of the previous expansion in order to perform a Richardson-Romberg extrapolation. This

idea was originally introduced in [122] and then deeply investigated by Pagès in [109]. One considers the strong
solution X2 of a “copy” of equation (1.17), driven by a second Brownian motion W 2 defined on the same probability
space pΩ,A,Pq. One may always choose such a Brownian motion by enlarging the space Ω if necessary.

Then one considers the continuous Euler scheme with a twice smaller step h{2, denoted by pX2,h{2
t qtPr0,T s of the

diffusion X2. Then combining the two time discretisation error expansions associated to X1,h (related to the first
Brownian motion W 1) and X2,h{2, we get

ErF pXT qs “ Er2F pX2,h{2
T q ´ F pX1,h

T qs ´
C2
T

2
h2 `Oph3q

so that the global quadratic error becomes

E

»

–

˜

ErF pXT qs ´
1

M

M
ÿ

i“1

2F pX
2,h{2,piq
T q ´ F pX

1,h,piq
T q

¸2
fi

fl “ p
C2
T

2
h2q2 `

V arp2F pX
2,h{2
T q ´ F pX1,h

T qq

M
`Oph5q

If one follows a naive approach by simulating X2,h{2 and X1,h{2 independently, this corresponds to two independent
Brownian motion W 1, W 2, then one increases the variance by a factor 5 (asymptotically) since V arp2F pX2,h{2

T q ´

F pX1,h
T qq “ 4V arp2F pX

2,h{2
T q ` V arpF pX1,h

T qq Ñ 5V arpF pXT qq as h Ó 0. It is shown in [109] that the consistent
choice W 1 ”W 2 leading to consistent Brownian increments for the two schemes is asymptotically optimal among all
possible choice of Brownian motions W 1 and W 2. We will see in Chapter 4 an extension of the Richardson-Romberg
extrapolation method to stochastic optimisation by means of stochastic approximation algorithm.
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Anyway in order to analyse the weak discretisation error we will always proceed this way. As mentioned above
the key ingredient is to have controls on u and its derivatives and to proceed using Itô-Taylor’s formula. This is for
that reason that we require regularity on b, σ and F . However, in practical situations the test function F is not
regular. For instance, in mathematical finance, one often deals with payoff F that are not regular, e.g. Call option
F pxq “ px´Kq` or digital option F pxq “ ItxěKu.

One can weaken the regularity assumption on F if one can benefit from the smoothness of the underlying transition
density. More precisely, if the process pXtqtPr0,T s solution to (1.17) admits a smooth transition density, one can relax
the smoothness assumption on F . Indeed, in this case one has upt, xq “

ş

Rq F pyqppt, T, x, yqdy where y ÞÑ ppt, T, x, yq

is the density function of the random vector Xt,x
T . When the coefficients are time homogeneous, the density is given

by ppT ´ t, x, yq.
However, in order to benefit from this regularising property one has to assume that the operator L satisfies some

non-degeneracy assumption. One usually considers two type of assumptions: the Hörmander assumption (H) and
uniform ellipticity assumption (UE) of a “ σσt.

The Hörmander condition is a sufficient (and is known to be nearly necessary) condition for a second-order linear
Kolmogorov PDE with smooth coefficients to be hypoelliptic, that is, PtCbpRd,Rq Ď C8b pRd,Rq, for all t P p0,8q,
where pPtqtě0 denotes the associated Markov semigroup. Note that in the non-hypoelliptic regime, even in the case
of smooth coefficients, there exist counterexamples to regularity preservation. In Hairer, Hutzenthaler, Jentzen [59],
the roughening effect of the noise for non-hypoelliptic linear PDE is exhibited. From the perspective of numerical
probability, this has the consequence that numerical approximations may converge (in the strong and weak sense)
without any arbitrarily small polynomial rate.

Assumption (H): The coefficients b and σ are C8 and time homogeneous, with bounded derivatives of order larger
than 1 (importantly the functions b and σ are not supposed to be bounded). Let A0 “ b ´ 1

2σ.∇σ and Ai “ σi,
i “ 1, ¨ ¨ ¨ , q where σ “ pσ1, ¨ ¨ ¨ , σqq. For a multi-index α “ pα1, ¨ ¨ ¨ , αrq P t0, ¨ ¨ ¨ , qu

r we define the vector fields Aαi
by AHi “ Ai for 1 ď i ď q and Apα,jqi “ rAj , A

α
i s for 0 ď j ď q where for two smooth Rd-valued vector fields V,W ,

rV,W s “ ∇WV ´ ∇VW , ∇V “ pBjV
iq1ďi,jďd, stands for their Lie bracket. The Hörmander condition holds if the

vector space spanned by Aαi , 1 ď i ď q, α being a multi-index, at the point x is Rd.
Under (H), the density function y ÞÑ ppT ´ t, x, yq of Xt,x

T exists and is smooth. Moreover, if the vector fields
A0, ¨ ¨ ¨ , Aq satisfies the uniform Hörmander assumption (UH), that is if there exists an integer L and λ ą 0 such
that

@x P Rd, inf
uPSd´1

ÿ

|α|ďL

xAαpxq, uy2 ě λ (1.25)

Kusuoka and Stroock [83] provided the following controls on the density. For any integers m, k and any multi-index
α and β such that 2m ` |α| ` |β| ď k, there exist an integer M and a non-decreasing function T ÞÑ CpT q such that
the following inequality holds:

|Bmt B
α
x B

β
y ppt, x, yq| ď

CpT qp1` |x|M q

tqp1` |y ´ x|2qk
expp´c

|y ´ x|2

tp1` |x|2
q. (1.26)

Moreover, the inverse of the Malliavin covariance matrix denoted by Γtpxq is bounded in any LppPq. More precisely,
for any p ě 1, there exists a non-decreasing function CpT q and an integer k such that

Er}Γt}ps
1
p ď CpT q

1` |x|k

tdL
(1.27)

In [10], Bally and Talay take benefit from (1.26) and (1.27) in order to extend (1.24) for hypo-elliptic diffusions
without any regularity on the test function F , which is supposed to be measurable with exponential growth at infinity.
The main quantities that appears in the expansion of the weak discretisation error are Qhi “ ErBαxupti, Xh

tiqGpX
h
tiqs

for a smooth function G with polynomial growth. Roughly speaking, when ti is close to 0, say i ď N{2, then one
uses (1.26) in order to control Qhi . When ti is close to T , one has to use Malliavin’s integration by parts formula
with respect to the random variable Xh

ti which is expected to be non-degenerated with high-probability. We are led
to compare Γht and Γt, where Γht is the inverse of the Malliavin covariance matrix of Xh at time t. This can be done
using a localisation argument.

Let us also mention that in general the Euler scheme does not admit a density under assumption (UH). In [11],
Bally and Talay introduced a perturbed Euler scheme which admits a transition density ph and proved an expansion
of the error p´ ph.

Assumption (UE): The diffusion matrix a is bounded and uniformly elliptic, that is there exists ā such that
@pt, xqr0, T s ˆ Rd,@u P Rd, ā´1|u|2 ď xapt, xqu, uy ď ā|u|2.

When b and σ are Hölder continuous in space (uniformly in time) and bounded, the unique (weak) solution
to (1.17) (driven by a Brownian motion W ) satisfies the following Gaussian bound @T ą 0, DC ą 1, @pt, x, yq P
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r0, T q ˆ Rd ˆ Rd, |ppt, T, x, yq| ď C expp´C´1|y ´ x|2{tq. The latter bound follows from the parametrix method, see
Friedman [44] or McKean and Singer [95]. The parametrix technique is a classical perturbation method used in
PDE theory that was originally formulated in order to give an expansion in infinite series of iterated kernels of the
fundamental solution of an elliptic or parabolic PDE of order 2p, p P N˚, with time inhomogeneous coefficients. More
precisely, one has

ppt, T, x, yq “
ÿ

ně0

pp̃bHnqpt, T, x, yq (1.28)

where p̃pt, T, x, yq is the Gaussian density of the system (1.17) where we removed the drift b and fixed the diffusion
coefficient to the terminal point y. This system is often referred to the frozen or parametrix process. The space-time
convolution operator b is defined by pf b gqpt, T, x, yq :“

şT

t
ds

ş

Rd dzfpt, s, x, zqgps, T, z, yq and H is a kernel. The
keystone of this approach is that the underlying parametrix kernel H enjoys a regularising property in the sense that
pp̃ b Hnqpt, T, x, yq is explicitly controlled by the term of an absolutely (and uniformly) convergent series times a
Gaussian density. We will come back to this point latter on in the second part of this manuscript in Chapter 5.

This method has been successfully applied to many equations and various situations. Its merit and success are due
to its flexibility as it can be invoked for a wide variety of PDEs both for theoretical goals such as density estimates [34],
martingale problems [97], strong existence and uniqueness for SDE [29] and for numerical approximations [75]. Let us
be more precise on the latter topic since it will be used in Chapter 5. If we replace in the dynamics of the continuous
Euler scheme (1.19) the Brownian increments by a sequence of i.i.d. random variables with common law µ which
admits a density with respect to the Lebesgue measure (with the same moments as the Gaussian density up to a
certain order), then the new scheme admits a transition density pN which admits a representation in infinite series

pN pt, T, x, yq “
ÿ

ně1

pp̃bN HN,nqpt, T, x, yq (1.29)

where y ÞÑ p̃N pt, T, x, yq is the density of the recursive scheme where we removed the drift b and fixed the diffusion
coefficient to the terminal point y. The kernel HN and the operator bN are discrete version of the kernel H and the
space time convolution operator b. In [75], Konakov and Mammen followed these approach. By comparing the two
series (1.28) and (1.29) they obtained local limit theorems for the difference pp´ pN qpt, T, x, yq at a rate h

1
2 .

When one considers the true continuous Euler scheme with Brownian increments, an expansion of the error for
p´ pN can be obtained. More precisely, Konakov and Mammen in [76] proved the following expansion

@L P N˚, pp´ pN qpt, T, x, yq “
L
ÿ

`“1

πN` pt, T, x, yq

N `
`

1

NL`1
RN pt, T, x, yq (1.30)

with the following Gaussian controls

DCT´t ą 1, @px, yq P pRdq2, |πN` pt, T, x, yq| ` |RN pt, T, x, yq| ď CT´t expp´c
|y ´ x|2

T ´ t
q

under the assumptions (UE) and assuming that the coefficients b, σ are C8 with bounded derivatives of all order.
We will present in Chapter 5 some results related to the weak approximation error of a skew diffusion with bounded
measurable drift and Hölder diffusion coefficient by an Euler-type scheme. We obtained a similar error bound for the
difference between the densities of the skew diffusion and its Euler approximation under mild smoothness assumption
on the coefficients.

Under stronger smoothness assumption on the coefficients, Gobet and Labart [53] quantified the small time asymp-
totics of the difference p ´ pN . More precisely, using Malliavin Calculus techniques, they established the bound
|pp´ pN qpt, T, x, yq| ď ChpT ´ tq´

d`1
2 expp´c|y ´ x|2{pT ´ tqq, where C, c ą 1 are constants independent of t, T .

The main advantage of (1.30) compared to the previous approach is that one can considerably weaken the assump-
tion on the test function F . Guyon [58] proved that (1.24) holds if F is a tempered distributions, e.g. a Dirac mass or
derivatives of a Dirac mass. We will see in Chapter 4 that this point is very important in order to obtain an expansion
of the implicit discretisation error for solutions to inverse problems. It is also important to quantify this kind of error
when one considers the computation of greeks in option hedging.

Recent research works have shown a rising interest in weak higher order approximation schemes starting with the
pioneering work of Kusuoka [82]. The method relies on the splitting of the infinitesimal generator in order to use
composition techniques of ODEs flow see Ninomiya and Victoir [107] and very recently Bally and Rey [9]. In the latter
work, the authors obtained estimates of the error in total variation distance for the Ninomiya Victoir scheme using
Malliavin calculus techniques under a Doeblin’s condition on the underlying noise.

An interesting problem, which has not been investigated (to the best of our knowledge), will be to study the
existence of a transition density for higher order scheme like the Ninomiya scheme (as well as Gaussian lower and
upper-bounds) and to see if expansions similar to (1.30) holds. For instance, one may try to follow the approach
initiated by Konakov and Mammen [76].
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The Cauchy problem in the case of SDE driven by jump process

The approach of Talay and Tubaro [122] still works when one adds jumps in the innovation process Z appearing in
the dynamics (1.17). The key idea still consists in controlling the derivatives of the function u, the unique classical
solution to linear integro-differential PDE

$

&

%

pBt ` Ltqupt, xq`
ş

Rq pupt, x` σpt, xqz ´ upt, xq ´ x∇upt, xq, σpt, xqzyIt|z|ď1uq “ 0, pt, xq P r0, T q ˆ Rd
upT, xq “ F pxq,

(1.31)

Like in the Brownian case, under regularity assumptions on the coefficients and terminal condition F and under
integrability condition of the Lévy measure, Protter and Talay [115] derived an expansion of the weak discretisation
error similar to (1.24).

One important issue that does not appear in the Brownian framework is the simulation of the increments of the
Lévy process Z. In many cases such that stable, Gamma, compound poisson process, one knows how simulate the
increments but in general one does not know how to do. Jacod and al. [66] proposed an implementable Euler scheme
where the increments pZti`1 ´ Ztiq0ďiďN´1 are approximated by a sequence pUhi q0ďiďN´1 of i.i.d random variables
satisfying |ErgpZhq ´ gpUh1 qs| ď Chεh for g P C4pRqq. Under some integrability conditions on ν, they obtained the
bound |ErF pXT q ´ F pXh

T qs| ď Cpεh _ hq and derived an expansion of the error similar to (1.24) under stronger
smoothness assumption on the coefficients b and σ.

When the innovation is a non-degenerated stable process, Konakov and Menozzi in [77] extended the parametrix
machinery developed in [76] and successfully derived an error expansion similar to (1.30).

Let us also mention the work of Kohatsu-Higa and Tankov [74] where the authors study the weak approximation
for a jump-adapted discretisation scheme of Lévy driven SDEs. The approach consists in building upon adaptive
non-uniform discretisation based on the jump times of the driving process coupled with suitable approximations of
the solutions between these jump times.

The Cauchy-Dirichlet problem for diffusion processes

For a Brownian driven SDE with dynamics (1.17), let us consider the first exit time τ of the domain D Ă Rd defined
by τ “ inf tt ě 0 : Xt R Du. The computation of ErF pτ^T,Xτ^T qs is an important issue that appears in various fields
such as mathematical finance for the pricing and hedging of look-back options. More generally, it is the probabilistic
representation of the classical solution of the following Cauchy-Dirichlet problem

"

pBt ` Ltqupt, xq “ 0, pt, xq P r0, T q ˆD,
upt, xq “ F pt, xq, pt, xq P r0, T q ˆ BD Y tT u ˆ D̄

(1.32)

One is naturally led to consider the approximation ErF pτh ^ T,ΠD̄pX
h
τh^T qqs where τ

h :“ inf
 

ti : Xh
ti R D

(

and
ΠD̄ is the projection on D̄. Then, using the same decomposition as in the standard Cauchy problem, one has

EhW “ ErF pτh ^ T,ΠD̄pX
h
τh^T qs ´ ErF pτ ^ T,Xτ^T qs “ Erupτh ^ T,ΠD̄pXτh^T qqs ´ up0, xq.

Then, following a similar strategy as in the standard Cauchy problem, one has to apply Itô-Taylor formula and
use the regularity of the solution u to (1.32).

If the domain D is sufficiently smooth and under non-degeneracy assumption (namely (UE) or (H)), one is able
to prove that EhW is of order h

1
2 . More precisely, Gobet [50], [51] proved that EhW “ Oph 1

2 q under some regularity
assumption on F . Then, Gobet and Menozzi [54] sharpened this result by proving a lower bound of order h1{2 and a
first order expansion that writes EhW “ C1h

1{2 ` oph1{2q.

1.2.4 Multi-level Monte Carlo simulation

The multi-level Monte Carlo method introduced by Heinrich [61] for parametric integration and recently developed
by Giles [48] for Monte Carlo simulation as an extension of the two level method of Kebaier [70] allows to minimise
the simulation cost of the quantity ErY s where Y is an R-valued random variable that can only be approximated
by a sequence pY nqně1 of easily simulatable random variables as the bias parameter n goes to infinity with a weak
discretisation error or bias ErY s ´ ErY ns of order n´α, α ą 0.

This method is now very popular, notably in mathematical finance where as mentioned in the previous sections the
random variable of interest is given by a functional of an SDE with dynamics (1.17). However, it has been widely applied
to various problems of numerical probability, see Giles [47], Dereich [36], Giles, Higham and Mao [49] among others.
We refer the interested reader to the webpage: http://people.maths.ox.ac.uk/gilesm/mlmc_community.html for
further developments.
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Let us be more specific. In this context, the standard Monte Carlo method uses the statistical estimator M´1 ˆ
řM
j“1 Y

n,pjq where the pY n,pjqq1ďjďM are M independent copies of Y n. Given the order of the weak error, a natural
question is to find the optimal choice of the sample size M to achieve a global error. If the weak discretisation error
is of order n´α (for instance α “ 1 for the standard Cauchy problem and α “ 1

2 for the Cauchy Dirichlet problem)
then for a total error of order n´α (α P r1{2, 1s), the minimal computation necessary for the standard Monte Carlo
algorithm is obtained for M “ n2α, see Duffie and Glynn [38]. So, if the computational cost required to simulate one
sample of Y n is of order n (as it is the case for the Euler scheme (1.19)) then the optimal computational cost of the
Monte Carlo method is CMC “ C ˆ n2α`1, for a positive constant C ą 0.

In order to reduce the complexity of the computation, the principle of the multi-level Monte Carlo method intro-
duced by Giles [48] consists in using the telescopic sum

ErY m
L

s “ ErY 1s `

L
ÿ

`“1

ErY m
`

´ Y
m`´1

s,

for an integer m ą 1 satisfying mL “ nα. For each level ` P t1, ¨ ¨ ¨ , Lu the numerical computation of ErY m` ´ Y m`´1

s

is achieved by the standard Monte Carlo method using N` independent samples of pY m
`´1

, Y m
`

q. An important point
is that the random samples Y m

`

and Y m
`´1

are perfectly correlated. Then the expectation ErY ns is approximated by
the following multi-level estimator

EMLMC :“
1

N0

N0
ÿ

j“1

Y 1,pjq `

L
ÿ

`“1

1

N`

N
ÿ̀

j“1

´

Y m
`,pjq ´ Y m

`´1,pjq
¯

,

where for each level `, pY m
`,pjqq1ďjďN` is a sequence of i.i.d. random variables with the same law as Y m

`

. The variance
of the new estimator is the sum of the local variance:

V arpEMLMCq “

L
ÿ

`“0

N´1
` V`, V` :“ V arpY m

`

´ Y m
`´1

q, ` “ 0, ¨ ¨ ¨ , L

with the convention Y m
´1

” 0. The computational cost is proportional to
řL
`“0N`m

´`.
A simple optimisation problem shows that the variance of the multi-level estimator is minimised for a fixed com-

putational cost by choosing N` proportional to
a

V`m´`. In the case we have in mind corresponding to the Euler
discretisation scheme with Lipschitz-continuous coefficients, one has Y m

`

“ F pXm`

T q for a Lipschitz continuous func-
tion F so that V` “ Opm´`q and N` is proportional to the variance V` (at least asymptotically). This leads us
to choose N` satisfying N´1

` V` “ Opn´2αpL ` 1q´1q. Then the variance of EMLMC is Opn´2αq and the biais is
still n´α! Moreover, in order to achieve a global error of order n´α, the computational cost of the new estimator
is Opn´2αL2q “ Opn´2αplogpnqq2q. Based on this heuristic, we clearly see that the new multi-level Monte Carlo
estimator outperforms the basic Monte Carlo estimator in terms of computational complexity.

More recently, Ben Alaya and Kebaier [1] proposed a different analysis to obtain the optimal choice of the parameters
that relies on a Lindeberg-Feller CLT for the multi-level Monte Carlo algorithm.

More importantly, Lemaire and Pagès [93] proposed a multi-level Richardson-Romberg estimator which combines
the higher order bias cancellation of the multi-step Richardson Romberg method investigated in [109] and the variance
control of the multi-level Monte Carlo method briefly exposed above. Notably, in standard frameworks like the
discretisation of diffusion processes, for a global error of order n´α, the computational cost is of order Opn´2α logpnqq.

In Chapter 4, we extend the scope of the multi-level Monte Carlo method to the framework of stochastic optimi-
sation by means of stochastic approximation algorithm. The optimal choice of the parameters is done by proving a
CLT for the new estimators. We also present some numerical results that confirm the theoretical analysis and show a
significant reduction in the initial computational cost.

1.2.5 Unbiased simulation of SDE
Unbiased simulation methods of SDEs offers an alternative to the Multi level Monte Carlo for the computation of
ErF pXT qs where pXtqtPr0,T s is solution to (1.17). We differentiate here between exact methods and unbiased methods.
Exact methods allows to sample a path, at a finite set of points, with the exact distribution of the SDE, while unbiased
means that we can estimate ErF pXT qs without any bias, which is enough for many applications such that the pricing
and hedging of financial claims.

An example of an exact simulation method is given in Beskos and al. [20] in dimension d “ q “ 1 based on the
Lamperti transform of the original SDE. For some extensions to the SABR and the Heston models we refer the reader
to Broadie and Kaya [26], Chen and al. [30]. However, all these methods cannot be easily extended to a general SDE.
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The unbiased simulation technique for the multi-dimensional SDE has been introduced by Bally and Kohatsu-
Higa [7] and developed by Anderson and Kohatsu-Higa [4] for multi-dimensional diffusions with hölder continuous
coefficients. This method is based on a probabilistic interpretation of the parametrix method introduced by E. Lévi
to construct the fundamental solution of elliptic and parabolic PDE. The proposed method is also based on the Euler
scheme although in the proposed simulation scheme the time partition is random.

We now briefly expose the main guidelines for multi-dimensional diffusion processes with infinitesimal general
L “ 1

2

ř

i,j ai,jBi,j `
ř

i biBi where a is assumed to be uniformly elliptic. The coefficients a and b are smooth, say
ai,j P C2

b pRdq and bi P C1
b pRdq. We know that the unique solution to (1.17) defines a strong Markov semigroup pPtqtě0

defined for all bounded measurable maps by Ptfpxq “ ErfpXtqs. Under these assumptions it is also known that
Ptf P C2

b pRdq for all t ą 0, see e.g. Friedmann [44].
We introduce the approximation process X̄ defined by X̄t “ x` bpxqt` σpxqWt, that is the process obtained from

(1.17) by freezing the drift and the diffusion coefficients at the initial point x. We introduce accordingly the collection of
linear maps pP̄tqtě0 defined for all bounded measurable functions f by P̄tfpxq “ ErfpX̄tqs “

ş

fpyqgpapxqt, y´bpxqt´xq,
where, for a symmetric positive definite matrix a, gpa, xq is the probability density function of N p0, aq taken at x. In
particular, one has BtP̄tfpxq “ P̄tL̄f for every t ą 0. As a consequence, using an integration by parts formula the
following one step formula holds

Ptfpxq “ P̄tfpxq `

ż t

0

BspP̄t´sPsfpxqqds “ P̄tfpxq `

ż t

0

P̄t´spL´ L̄qPsfpxqds “ P̄tfpxq `

ż t

0

St´sPsfpxqds (1.33)

where we introduced the operator Stfpxq “
ş

Rd fpyqθtpx, yqgpapxqt, y ´ bpxqt´ xqdy with

θtpx, yq “
1

2

d
ÿ

i,j“1

κi,jt px, yq ´
d
ÿ

i“1

ρitpx, yq,

κi,jt px, yq “ B
2
i,jai,jpyq ` Bjai,jpyqH

ipapxqt, y ´ x´ bpxqtq ` Bia
i,jpyqHjpapxqt, y ´ x´ bpxqtq

` pai,jpyq ´ ai,jpxqqH
i,jpapxqt, y ´ x´ bpxqtq,

ρitpx, yq “ Bib
ipyq ` pbipyq ´ bipxqqHipapxqt; y ´ x´ bpxqtq.

Here Hipa, xq “ ´pa´1xqi and Hi,jpa, xq “ pa´1xqipa´1xqj ´ pa´1qi,j are the Hermite polynomials of order 1 and
2 associated to the Gaussian density gpa, xq. From the space-time inequality @x P R, |x|pe´qx2

ď ppp{p2qeqqp{2, valid
for any p, q ą 0, one easily gets |St´sf |8 ď Cpt ´ sq´

1
2 |f |8, for a constant C depending only on the coefficients a, b

and their derivatives.
Iterating the first step expansion (1.33), one proves that the following expansion holds

Ptfpxq “
ÿ

ně0

ż

∆˚n ptq

dsn

n´1
ź

j“0

Ssj`1´sj P̄t´snfpxq, (1.34)

where ∆˚nptq :“ tsn “ ps1, ¨ ¨ ¨ , snq P r0, ts
n : 0 ă s1 ă ¨ ¨ ¨ ă sn ă tu and s0 “ 0.

In order to provide a probabilistic representation of the above series, for a time partition π : 0 “ s0 ă s1 ă ¨ ¨ ¨ ă

sn ă sn`1 “ t, we introduce the following discrete time process

Xπ
si`1

“ Xπ
si ` bpX

π
siqpsi`1 ´ siq ` σpX

π
siqpWsi`1 ´Wsiq, i “ 0, ¨ ¨ ¨ , n.

Then, the following intermediary probabilistic representation holds

Ptfpxq “
ÿ

ně0

ż

∆nptq

dsnErfpXπ
t q

n´1
ź

i“0

θsj`1´sj pX
π
sj , X

π
sj`1

qs, (1.35)

and it remains to provide a probabilistic interpretation of the time integrals. To this end, we let Nptq be a Poisson
process with intensity parameter λ ą 0 and define N ” Nptq. Let τ1, ¨ ¨ ¨ , τN be the event times of the Poisson
process and set τ0 “ 0 and τN`1 “ t. Since, conditional on N , the event times are distributed as a uniform statistic,
PpN “ n, τ1 P ds1, ¨ ¨ ¨ , τn P dsnq “ λne´λt, for sn P ∆˚nptq and the following probabilistic representation holds

Ptfpxq “ ErfpXtqs “ eλtErfpXπ
t q

N´1
ź

i“0

θτj`1´τj pX
π
τj , X

π
τj`1

qs. (1.36)

Let us note that the right-hand side of (1.36) can be sampled exactly, this gives us an unbiased simulation method
for the computation of ErfpXT qs. The simulation algorithm consists in independently simulating the event times
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CHAPTER 1. INTRODUCTION : ON TWO PROBLEMS ARISING IN NUMERICAL PROBABILITY

of a Poisson process and an Euler scheme with a time partition given by the simulated random times. However,
the method suffers from a poor convergence rate since the variance of the associated estimator may be infinite. An
importance sampling on the time steps using a Beta or Gamma distribution is proposed in [4] which allows to achieve
finite variance.

Another method is proposed in [7] and [4] which relies on a backward Euler scheme. The backward method can be
applied for Hölder continuous coefficients. In this case, the Euler scheme is ran backward on the random time grid.

In Chapter 6, we will extend the above probabilistic representation to the one dimensional Cauchy-Dirichlet
problem. More precisely, we obtain probabilistic representation of the process pτ ^ t,Xτ^tqtě0 and obtain partial
integration by parts formula that can be explicitly simulated without any bias.

We also mention the work of Henry-Labordère and al. [62] where the authors proposed a probabilistic representation
for a class of semi-linear parabolic PDEs using a branching process. Usually this class of PDEs is solved using
probabilistic numerical schemes of Backward SDEs. Here the algorithm is forward and backward regressions are no
longer needed.
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Chapter 2

Some contributions to risk management in
financial and energy markets

In this chapter we present the two research works [5] and [6].
In [6], which can be seen as a continuation of [3], we study the theoretical and computational aspects of risk

minimisation in financial and energy market models operating in discrete time. The risk is defined by considering
a class of convex risk measures defined on LppPq in terms of shortfall risk [6]. Existence of an optimal strategy is
proved under the absence of arbitrage and the non-degeneracy of the price process in a non-Markovian framework.
We propose a Robbins-Monro algorithm to compute the shortfall risk of a given real-valued random variable. Then,
we propose and analyse a Newton-Raphson optimisation algorithm to compute the optimal static risk minimising
strategy. Finally, in a dynamic framework a quantisation based stochastic approximation algorithms to compute the
corresponding risk measures as well as the optimal dynamic strategies is proposed.

In the research work [5], in collaboration with A. Sagna of University Evry Val d’ Essonne, we study a quantisa-
tion based Newton-Raphson algorithm to compute the optimal importance sampling (IS) parameter. The approach
proposed here can be seen as a robust and automatic deterministic counterpart of recursive IS (by translation of the
mean) by means of stochastic approximation algorithm, as proposed by Lemaire and Pagès [92] which may require
tuning of the step sequence and a good knowledge of the payoff function in practice.

2.1 Risk minimisation in financial or energy markets operating in discrete
time

In [6], we investigate the risk minimisation problem of a portfolio loss with maturity T described by an R-valued
random variable L which contains an observable but non-tradable source of risk. More precisely we consider an energy
market operating at discrete trading dates t0 “ 0 ă t1 ă ¨ ¨ ¨ ă tN “ T . We have d assets available for trade with
price process X “

`

X1, ¨ ¨ ¨ , Xd
˘

and Xi “
`

Xi
`

˘

0ď`ďM
for i “ 1, ¨ ¨ ¨ , d.

In our framework, the source of market incompleteness comes from the presence in L of a state process Z that is
observable but not available for trade. Thus, it induces a source of risk that is not completely hedgeable. Typically,
in the electricity market, the loss L suffered by an energy company may be due to an anormal annual electricity (or
gas) consumption. This consumption depends on the temperature, which is an observable but non tradable source of
risk. In this example the process pZ`q1ď`ďM can be considered as the temperature which may influence not only the
loss but the assets available for trade, i.e. electricity prices of spot and forward contracts (which are in this example
the only assets available for hedge). The probability space is equipped with a filtration F “ pF`q0ď`ďM . Intuitively,
F` represents the observable information at time t` by all investors, so that F` “ σ tXi, Zi; 0 ď i ď `u.

The gains from a trading strategy θ with an initial investment of 0 are described by the discrete stochastic
integral

řN
`“1 θ`´1.∆X`, where we denote by ∆X` the increments X` ´ X`´1 and θ “ pθ`q0ď`ăM P AF , where

AF “
 

θ “ pθ`q0ď`ďM´1 | θ` P L
0
Rd pF`,Pq , ` “ 0, ¨ ¨ ¨ , M ´ 1

(

is the set of admissible strategies, L0
Rd pF`,Pq denoting

the space of all F-mesurable and P ´ a.s. finite random variables with values in Rd. In order to measure the risk,
we consider a class of risk measures defined on LppPq in terms of shortfall risk. It is a standard class of convex risk
measure as mentioned by Föllmer and Schied [41] and Kaina and Rüschendorf [69].

To be more precise about this risk measure, let ` : RÑ R` be a non-decreasing convex loss function, not identically
constant, hence satisfying limxÑ`8 `pxq “ `8. Assume that limxÑ´8 lpxq “ l ă lpx0q. For some x0 P R, we define
the acceptance set

A :“ tL P Lp : E r`p´Lqs ď `px0qu ,
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CHAPTER 2. SOME CONTRIBUTIONS TO RISK MANAGEMENT IN FINANCIAL AND ENERGY MARKETS

and the corresponding shortfall convex risk measure ρ : LppPq Ñ RY t`8u

ρpLq :“ inf tξ P R : L` ξ P Au “ inf tξ P R : E r`p´L´ ξqs ď lpx0qu , (2.1)

Under the assumption on the function `, the infimum in (2.1) exists. Assuming that @M ą 0, E rlp´L`Mqs ă `8,
one has ρpLq P R. Moreover, it is the lowest solution of the equation:

E r`p´L´ ξqs “ lpx0q. (2.2)

Classical examples are the entropic risk measure defined by setting `pxq “ eλx, x P R, λ ą 0, x0 P R, ρpLq “
1
λ logE

“

e´λpL`x0q
‰

and the Lp-shortfall risk measure, defined by setting `pxq “ xpItxě0u, x P R, p ě 1, x0 ą 0.
The basic problem for the investor with a given portfolio loss L is to minimise the risk

inf
θPAF

ρ

˜

L´
N
ÿ

n“1

θn´1.∆Xn

¸

“ inf
θPAF

inf

#

ξ P R : E

«

`p´L`
N
ÿ

n“1

θn´1.∆Xn ´ ξq

ff

ď `px0q

+

. (2.3)

The main difference between the CVaR risk minimisation problem investigated in [3] and the shortfall risk min-
imisation problem (2.3) is that a shortfall risk measure does not write as an expectation contrary to the CVaR but
appears as the level of a function which can be written as the expectation of a loss. Hence the arguments developed
in [3] do not work.

Under the absence of arbitrage, we prove that the following two steps strategy works:

• the first step consists in solving for every ξ P R, the following stochastic control problem,

inf
θPAF

E

«

`p´L`
N
ÿ

n“1

θn´1.∆Xn ´ ξq

ff

(2.4)

By performing a non-trivial dynamic programming argument and using a measurable selection theorem, see e.g.
p. 266 Lemma 5 in Jacod and Shiryayev [67] or Dellacherie and Meyer [35] Theorem 82, p. 252, we prove the
existence of optimal strategies for the risk minimisation problem (2.4) under the absence of arbitrage property
(NA). 1The optimal strategy is computed by a backward induction

ϕN pξ, θ1, ¨ ¨ ¨ , θN´1q :“ `p´L`
N
ÿ

n“1

θn´1.∆Xn ´ ξq, a.s.

for all ξ P R, θ P AF ; for 0 ď t ă N and for all ξ P R, pθ1, ¨ ¨ ¨ , θtq P L
0
F0
pPq ˆ ¨ ¨ ¨ ˆ L0

Ft´1
pPq,

ϕtpξ, θ1, ¨ ¨ ¨ , θtq :“ ess inf
θt`1PΘt

E rϕt`1pξ, θ1, ¨ ¨ ¨ , θtq|Fts , a.s. (2.5)

• once an optimal solution to (2.4) is computed (if any), say θ˚pξq, ξ P R, the second step consists in finding the
lowest solution ξ˚ of the following equation

inf
θPAF

E

«

`p´L`
N
ÿ

n“1

θn´1.∆Xn ´ ξq

ff

“ E

«

`p´L`
N
ÿ

n“1

θ˚n´1pξq.∆Xn ´ ξq

ff

“ `px0q. (2.6)

Then we are concerned by the problem of computing the shortfall risk (2.1) of a random variable X and the optimal
strategy for the risk minimization problem (2.3). In order to estimate the shortfall risk, which is a solution to equation
(2.2), we propose a Robbins-Monro stochastic algorithm. Assuming that there exists a positive function ϕ such that
E
“

`2p´L´ ξq
‰

ď Cp1` ϕpξqq, ξ P R, we implement

ξn`1 “ ξn ` γn`1Hpξn, L
pn`1qq, n ě 0, Hpξ, xq :“

`p´x´ ξq ´ lpx0q

p1` ϕpξqq
1
2

(2.7)

where pLpnqqně1 is an i.i.d. sequence of random variables with the same distribution as L, independent of ξ0 P L2pPq
and pγnqně1 is a step sequence satisfying the classical condition (1.9). We prove that the sequence pξnqně0 a.s.
converges to a random variable ρpLq taking values in the set T ˚ :“ tξ : E r`p´L´ ξqs “ ´`px0qu as nÑ8.

1

Denoting V v,θt “ v `
t
ÿ

`“1

θ`.∆X`, one has (NA) : @θ P AG ,
´

V 0,θ
M ě 0 a.s. ùñ V 0,θ

M “ 0 a.s.
¯
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CHAPTER 2. SOME CONTRIBUTIONS TO RISK MANAGEMENT IN FINANCIAL AND ENERGY MARKETS

Moreover, if one implements the recursive scheme (2.7) with a step sequence γn “ a
pb`nqβ

, a, b ą 0, 1
2 ă β ă 1

and computes the empirical mean ξ̄n`1 “
1

n`1

řn
k“0 ξk, n ě 0 then according to the Ruppert and Polyak averaging

principle one has

?
npξ̄n ´ ρpXqq

L
ñ N

`

0, σ2
˚

˘

, σ2
˚ :“

E
”

p`p´L´ ρpLqqq
2
ı

´ `2px0q

E r`1p´L´ ρpLqqs2
.

Similarly to CVaR hedging we first investigate the case of static hedging, that is, the holder of the portfolio only
uses one step strategy. In this case, the problem (2.4) and (2.6) can be written

inf
θPRd

E r`p´L` θ.X ´ ξqs “ `px0q, with X :“ XN ´X0. (2.8)

which amounts to the computation of pξ˚, θ˚q P R ˆ Rd of the unique solution (for simplicity ` is assumed to be
increasing and strictly convex) to the following systems of d` 1 non-linear equations of d` 1 unknowns

E r`p´H ` θ.X ´ ξqs “ `px0q, E
“

X`1 p´H ` θ.X ´ ξq
‰

“ 0. (2.9)

In order to solve this system, we implement the following Newton-Raphson’s optimisation algorithm

zk`1 “ zk ´Dhnpzkq
´1hnpzkq, k ě 0, z0 :“ pξ0, θ0q (2.10)

where we approximated h and Dh using Monte Carlo simulation with n samples

hnpξ, θq “

˜

1

n

n
ÿ

k“1

`p´Lpkq ` θ.Xpkq ´ ξq ´ lpx0q,
1

n

n
ÿ

k“1

Lpkq`1
´

´Lpkq ` θ.Xpkq ´ ξ
¯

¸

and

Dhnpξ, θq “

ˆ

´ 1
n

řn
k“1 `

1p´Lpkq ` θ.Xpkq ´ ξq 1
n

řn
k“1X

pkq`1
`

´Lpkq ` θ.Xpkq ´ ξ
˘

´ 1
n

řn
k“1X

pkq`2p´Lpkq ` θ.Xpkq ´ ξq 1
n

řn
k“1X

pkqpXpkqqT `2
`

´Lpkq ` θ.Xpkq ´ ξ
˘

˙

pLpkq, Xpkqq1ďkďn being an i.i.d. sequence of random vectors having the distribution of pH,Xq. The recursive algorithm
(2.10) is known to converge to pξ˚n , θ˚nq unique solution to hnpξ, θq “ 0 if z0 :“ pξ0, θ0q is sufficiently close to pξ˚n , θ˚nq.
Moreover, we prove that pξ˚n , θ˚nqně1 a.s. converges to pξ˚, θ˚q as nÑ8.

Finally, in the dynamic framework we propose a probabilistic algorithm to compute the optimal strategy using
optimal Markovian quantization. As argued in Bally and Pagès [8] and Pagès and al. [111], Markovian quantization
algorithms are suited for stochastic control problem in high dimensions. It consists in approximating the underlying
Markov process by a process taking its values in optimized finite grids which take into account the fine structure of
the Markov dynamics. We suppose that Ft :“ σppXs, Zsq, s ď tq, t “ 1, ¨ ¨ ¨ , N and restrict consideration to cases
of strategies taking values in a bounded domain A Ă Rd. Like in the CVaR hedging framework, the process Z is
observable but not available for trade. We also assume that the loss is given by L “ φpxq, x P Rd`q. We introduce the
notation Vt “

řt
n“1 θn´1.∆Xn, t ě 1 and V0 “ ´ξ.

The dynamics of the discretized process X :“ pXt, Ztq0ďtďN is given by a Gaussian Euler scheme with step h that
is

Xt`1 “ Xt ` bpXtqh` σpXtqh
1{2εt`1 :“ GhpXt, εt`1q, t “ 0, ¨ ¨ ¨ , N ´ 1, (2.11)

where εt`1 “ h´
1
2 pWt`h ´Wtq „ N p0, Id`qq independent of Ft. Given a strategy θ P AF , the dynamics of pVtqtě0 is

given by:
Vt`1 “ Vt ` θt.pXt`1 ´Xtq “ Vt ` θt.BpXt`1 ´Xtq :“ HhpXt, Vt, θt, εt`1q, (2.12)

where B “ pId, 0dˆqq. The dynamic programming principle that we established can be solved recursively by the
backward algorithm:

ϕN px, vq “ lp´φpxq ` vq, px, vq P Rd`q ˆ R, (2.13)

ϕtpx, vq “ inf
θPA

E
”

ϕt`1pX
x
t`1, V

x,v,θ
t`1 q

ˇ

ˇ

ˇ
pXt, Vtq “ px, vq

ı

, px, vq P Rd`q ˆ R (2.14)

for t “ 0, ¨ ¨ ¨ , N´1, whereXx
t`1 :“ Ghpx, εt`1q and V

x,v,θ
t`1 :“ Hhpx, v, θ, εt`1q. At step 0, one has to solve ϕ0pX0,´ξq “

lpx0q. In the spirit of the (multi-dimensional) Markov chain approximation method for solving non-linear problems
(see e.g. [8], [111]), we consider an approximating dynamic of pXt, Vtq0ďtďN by a process pX̂t, V̂tq0ďtďN taking its
value in a finite grid.

Let ΓV :“ p2δqZX B̄p0, Rq “ tv P R : v “ 2δz, for some z P Z, |v| ď Ru be a fixed bounded lattice grid on R. The
projection on ΓV according to the closest neighbour rule is denoted πV . At each time t, we consider a finite grid
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Table 2.1: Shortfall risk estimation and One Step risk hedging of Spark Spread option

l No hedging One step hedging θ˚

lexp -18.60 ˘0.02119 -21.71 ˘0.01809 15.98
l2 -2.79 ˘0.00349 -5.83 ˘0.01440 4.68
l3 -2.05 ˘0.00197 -3.69 ˘0.01253 2.56
l4 -1.73 ˘0.00132 -2.71 ˘0.00983 1.54

Γt “
!

x1
t , ¨ ¨ ¨ , x

Nt
t

)

on the state space Rd`q, for the uncontrolled process X. The projection on the grid Γt will be

denoted πt. We consider a quantized Euler scheme X̂ and a finite state space Markov chain V̂ both defined by

X̂t`1 “ πt`1

´

GhpX̂t, εt`1q

¯

, V̂t`1 “ πV

´

HhpX̂t, V̂t, θt`1, X̂t`1

¯

, t “ 0, ¨ ¨ ¨ , N ´ 1

and following [111], we approximate (2.13) and (2.14), by the following stochastic control problem

ϕ̂N px, vq “ lp´φpxq ` vq, px, vq P ΓN ˆ ΓV , (2.15)

ϕ̂tpx, vq “ inf
θPA

E
”

ϕ̂t`1pX̂t`1, V̂
θ
t`1q

ˇ

ˇ

ˇ
pX̂t, V̂tq “ px, vq

ı

“ inf
θPA

E
”

ϕ̂t`1pX̂
x
t`1, V̂

x,v,θ
t`1 q

ı

, px, vq P Γt ˆ ΓV (2.16)

where X̂x
t`1 “ πt`1 pGhpx, εt`1qq and V̂

x,v,θ
t`1 “ πV

´

Hhpx, v, θ, X̂
x
t`1q

¯

, t “ 0, ¨ ¨ ¨ , N ´ 1.
Now, using the optimal dispatching of the grid sizes pNtq1ďtďN for the Markovian quantization of the process X

and Theorem 3.1 in Pagès and al. [111], under some mild assumptions on the coefficients b and σ, for all v P ΓV one
has

|ϕ0pvq ´ ϕ̂0pvq| ď C1
N2´ 1

p̂

pM{Nq1{pd`qq
` C2Nδ ` C3pp̄q

N

Rp̄´1
, (2.17)

where M :“ N1`¨ ¨ ¨`NN , p̂ :“ maxp2, p1` 1q, p̄ ą 1, C1, C2 and C3pp̄q are positive constants. Therefore, we deduce
the convergence of the value function approximated by optimal quantization toward the value function of the original
control problem and the convergence of ξ̂˚ toward ξ˚ as 1{M , Nδ and N{Rp̄´1 go to zero.

As a simple numerical illustration of our approach we consider a portfolio composed of an exchange option between
gas and electricity (called Spark Spread) of maturity T “ 1 year. The payoof of such option is defined by L “

pSeT ´ hRS
g
T ´ Cq`. Since Electricity has very limited storage possibilities, the holder of this option hedges by trading

only a gas forward contract of maturity T . We choose to model the price pSet q0ďtďT of the electricity spot contract
and the price pF gt,T q0ďtďT of the gas forward contract of maturity T by two correlated geometric Brownian motions,
the correlation factor between the two Brownian motions is ρ “ 0.5. The parameters are: heat rate hR “ 4BTU/kWh
(BTU: British Thermal Unit), the generation costs C “ 3$/MWh, the two volatilities σg “ 0.4, σe “ 0.8, the
correlation factor ρ “ 0.5 and the electricity and gas initial spot prices are Se0 “ 40$/MWh, Sg0 “ 3$/MMBTU. In
this section, we only consider the one-step hedging and we refer the reader to [6] for numerical results in the dynamic
framework. Results about shortfall risk estimations and one step hedging are summarised in Table 2.1. The first
column corresponds to the loss function. Four loss functions are considered: lexppxq “ eλx, λ “ 1{50 and x0 “ 0;
lppxq “ xpItxě0u, x0 “ 1. The second column corresponds to the risk without any hedging using the Robbins-Monro
algorithm (2.7) with its confidence interval at level 95%. The third column is the estimate of the shortfall risk with a
one step risk minimization strategy and the fourth is the estimate of the optimal strategy θ˚.

2.2 Quantisation based recursive importance sampling
In this section, we present [5] related to a quantisation based recursive importance sampling (IS) technique. We follow
the idea of Pagès and Lemaire [92] who proposed a recursive IS stochastic gradient algorithm for the computation of
ErF pXqs where X : pΩ,A,Pq Ñ pE, |.|Eq is a random vector taking values in a Banach space E and F : E Ñ R is a
Borel function such that F pXq P L2pPq. We present briefly the procedure proposed in [92]. For sake of simplicity we
confine the presentation to the case E “ Rd. Note that one can also consider a functional space of paths of a process
X “ pXtqtPr0,T s solution to the SDE (1.17).

The IS is done by translating the distribution of the underlying random vector. The main idea of importance
sampling by translation applied to the computation of ErF pXqs is to use the invariance by translation of the Lebesgue
measure, for every θ P Rd,

ErF pXqs “ E
„

F pX ` θq
ppX ` θq

ppXq



, (2.18)
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where p : Rd Ñ R is probability density function of X. Among all these random variables with the same expectation
we want to select the one with the lowest variance, i.e. the one with lowest quadratic norm

Qpθq :“ E
„

F 2pX ` θq
p2pX ` θq

p2pXq



“ E
„

F 2pXq
ppXq

ppX ´ θq



, θ P Rd. (2.19)

Assuming that θ ÞÑ log ppx´ θq is log-concave, x P Rd, and lim|θ|Ñ8 ppx´ θq “ 0 then one shows that Q is convex
and goes to infinity at infinity so that arg minQ is non-empty. Assume now that p is differentiable on Rd. Under
additional growth and integrability conditions that we do not detail here, Q is differentiable on Rd with a gradient
given by

∇Qpθq :“ E

»

—

—

—

—

—

–

F pX ´ θq2
p2pX ´ θq

ppXqppX ´ 2θq

∇ppX ´ 2θq

ppX ´ 2θq
l jh n

W pθ,Xq

fi

ffi

ffi

ffi

ffi

ffi

fl

. (2.20)

Now if the growth of the function F is controlled by G (say G grows exponentially), under some integrability
assumption, setting

ĂW pθ,Xq :“
e´2ρ|θ|b

1`Gp´θq2c
W pθ,Xq, Kpθ,Xq :“ F pX ´ θq2ĂW pθ,Xq, (2.21)

where ρ and c are some positive constants, one proves that the function K satisfies the linear growth assumption
(1.12) of the Robbins-Monro theorem, see Corollary 1.1.2.

For instance, when X „ N p0, Idq, taking ρ “ 1
2 , b “ 2, one gets

Kpθ, xq “
1

1`Gp´θq2c
F 2px´ θqp2θ ´ xq.

Coming back to the general case, the mean function of K has the same zeroes as ∇Q, namely one has
 

θ P Rd | E rKpθ,Xqs “ 0
(

“
 

θ P Rd | ∇Qpθq “ 0
(

.

Since Q is convex h :“ ∇Q satisfies (1.11) and the same holds for the function h : θ ÞÑ hpθq “ ErKpθ,Xqs. Hence,
according to the Robbins-Monro algorithm the sequence pθnqně0 defined by

θn`1 “ θn ´ γn`1Kpθn, X
pn`1qq, θ0 P Rd, (2.22)

a.s. converges to an arg minQ-valued (square integrable) random variable θ˚.
In the infinite dimensional setting when E “ Cpr0, T s,Rdq (equipped with the supremum norm) in order to deal

with the case where X is a continuous path-dependent diffusion process, a recursive scheme similar to (2.22) is proposed
in [92]. However, one relies on the Girsanov theorem instead of the invariance by translation of the Lebesgue measure
in order to derive a representation similar to (2.18).

From a numerical point of view, the procedure (2.22) suffers from several drawbacks. First the tuning of the
algorithm needs a good knowledge of the behaviour of F at infinity. Moreover, in practical implementations, recursive
importance sampling methods using stochastic approximation algorithm need specific tuning of the step sequence and
the convergence may be slow even when the dimension of the underlying random vector X is low. As a consequence,
sometimes one may prefer deterministic optimisation procedures when it is possible.

In [5], we propose a deterministic version of the IS algorithm investigated in [92]. The main idea can be summed up
as follows. Assume that X with probability density function p, supposed to be two times continuously differentiable,
can be approximated by a discrete random variable taking N values and whose distribution is known. Let us denote
by pxkq1ďkďN its possible values and by ppkq1ďkďN the associated probabilities. For every θ P Rd, the function Q
given by (2.19) as well as ∇Q and ∇2Q can be easily approximated by

QN pθq “
N
ÿ

k“1

pk F
2pxkq

ppxkq

ppxk ´ θq
, ∇QN pθq “

N
ÿ

k“1

pk F
2pxkq

ppxkq

p2pxk ´ θq
∇ppxk ´ θq,

∇2QN pθq “
N
ÿ

k“1

pk F
2pxkq

ppxkq

ppxk ´ θq

ˆ

2
∇ppxk ´ θq∇ppxk ´ θqt

p2pxk ´ θq
´
∇2ppxk ´ θq

ppxk ´ θq

˙

. (2.23)

Hence, one may devise a classical Newton-Raphson algorithm, namely

θNk`1 “ θNk ´∇2QN pθ
N
k q
´1∇QN pθNk q, θ0 P Rd, k ě 0 (2.24)
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to approximate the optimal (variance) minimiser θ˚ of Q. Starting from that idea, Jourdain and Lelong [68] proposes
to replace X, where X is assumed to be a d-dimensional standard normal random vector, by a close discrete random
variable obtained by a Monte Carlo simulation. The (unique) minimum of Q is approximated by the (unique) zero
θN of ∇QN which can be computed using the deterministic Newton-Raphson algorithm (2.24) involving ∇QN and
∇2QN . Moreover, several asymptotic properties are addressed.

Here, we propose to replace the Monte Carlo phase by a vector or functional quantization phase of X. Optimal
quadratic quantisation of the random vector X consists basically of finding the best approximation (in L2pPq) of X by
a discrete random variable pXN (the quantization of X) taking at most N values. When X takes its values in Rd, one
speaks about vector quantization. When X takes its values in an infinite dimensional Hilbert space like L2 pr0, T s, dtq

endowed with the usual norm |u|2 “
´

şT

0
uptq2dt

¯
1
2

, one speaks about functional quantization.

For N ě 1 and x :“ px1, ¨ ¨ ¨ , xN q P E
N (E will either be Rd or L2 pr0, T s, dtq in what follows) an N -tuple referred

as an N´ quantizer, we let Projx : E Ñ tx1, ¨ ¨ ¨ , xNu be a Borel projection following the nearest neighbour rule.
Then, the Borel partition C “ tC1, ¨ ¨ ¨ , CNu of E defined by Ck :“Proj´1

x pxkq, k “ 1, ¨ ¨ ¨ , N and satisfying

Proj´1
x ptxkuq Ă

"

y P E, |xk ´ y|E “ min
1ďjďN

|xj ´ y|E

*

, 1 ď k ď N,

is called a Voronoi tessellation of E induced by x and one defines accordingly the Voronoi quantization of X induced
by x as follows

pX “ Projx pXq “
N
ÿ

k“1

xkItXPCku.

Note that the discrete random variable pX is the best LppPq-approximation of X among all measurable random
variable taking values in x :“ tx1, ¨ ¨ ¨ , xNu. For any fixed N -quantizer x, we associate the LppPq-mean error Er|X ´

pX|ps1{p induced by x and computing an optimal quantization of X consists in finding an N´tuple x P EN which
minimises the Lp-mean error over EN . It amounts to minimising the function ΛXN : px1, ¨ ¨ ¨ , xN q ÞÑ Er|X ´ pX|ps1{p “
Erpmin1ďiďN |X ´ xi|Eq

ps1{p.
One shows that, if X P LpEpPq, the function QXN reaches its minimum (at least) at one N -tuple x˚ called an optimal

N -quantizer. This minimum is in general not unique, except in some cases, e.g. when d “ 1 and the density of X
is log-concave. Moreover, the Lp-mean quantization error eXN,p :“ minEN Q

X
N converges toward 0 as N Ò 8 and for

“non-singular” Rd-valued random vectors, the rate of convergence of eXN,p is ruled by the so-called Zador Theorem (see

Graf and Luschgy [57]) which asserts that limNÑ`8N
1{deXN,p “ qppdq

`ş

fpxqd{pd`pqdx
˘pd`pq{dp

if X P Lp`δRd pPq where
f denotes the density of the absolutely continuous part of PX and qppdq a positive constant depending on p and d.

The main idea now is that we know that pX is close to X in distribution and if one has a numerical access to the
optimal N -quantizer x with the associated weights sequence ppk “ P pX P Ckpxqqq1ďkďN of the quantisation pX then
the computation of the functions QN , ∇QN and ∇2QN are dramatically faster compared to any other simulation based
approach. For instance, a sharply optimised database of quantizers of standard univariate and multivariate Gaussian
distributions is available on the web site www.quantize.maths-fi.com [112] for download. To an N -quantizer x we
associate the unique minimum θ̂N of QN , that is, the unique solution to the equation ∇QN pθq “ 0. One expects that
θ̂N Ñ θ˚ as the size N of its associated N-quantizer x goes to infinity.

Under the assumptions that the payoff function F is Lipschitz-continuous, the density p is strictly log-concave with
lim|x|Ñ`8 ppxq “ 0 then under some growth condition on the first and second derivatives of p that we do not detail
here, one gets

pθN Ñ θ˚, QN ppθ
N q Ñ Qpθ˚q asN Ñ `8

as soon as Er|X ´ pXN |2s Ñ 0 as N Ñ `8.
In order to obtain a convergence rate, we assume that ∇p{p is η-Hölder. For instance, for the multi-dimensional

Gaussian law η “ 1. Under these additional assumption, one obtains the following convergence rate |pθN ´ θ˚| “

O
´
›

›

›
X ´ pXN

›

›

›

α

2

¯

as N Ñ8. For instance, when X is a d-dimensional Gaussian vector, one has |pθN ´ θ˚| ď CN´1{d.
We also extend our approach to the infinite dimensional setting, i.e. the case of path-dependent diffusion. Instead

of the invariance by translation of the Lebesgue measure, we rely on the Girsanov transform to play the role of mean
translator. To be more precise, we consider a d-dimensional Itô process X solution to the SDE

Xt “ x`

ż t

0

bps,Xsqds`

ż t

0

σps,XsqdWs (2.25)

where W “ pWtqtPr0,T s is a q-dimensional Brownian motion and where Xt :“ pXt^sqsPr0,T s (with X “ XT ) is the
stopped process at time t. We assume that a strong solution to the SDE (2.25) exists. In order to devise a quantized
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IS procedure for E rF pXqs, F being a Borel map defined on C
`

r0, T s,Rd
˘

we consider a translation functional given
by θ P L2

T,q :“ L2pr0, T s,Rqq which is slightly less general than the one used in [92]. From the Girsanov Theorem it
follows that for every θ P L2

T,q

E rF pXqs “ E
„

F pXpθqqe
´

şT
0
xθs,dWsy´

1
2 }θ}

2

L2
T,q



where Xpθq denotes the unique strong solution to (2.25) with drift b ` σθ. Among all these estimators we want to
select the one with the lowest quadratic norm so that we want to solve the following minimization problem

min
θPL2

T,q

Qpθq where Qpθq :“ E
„

F 2pXpθqqe
´2

şT
0
xθs,dWsy´}θ}

2

L2
T,q



“ E
„

F 2pXqe
´

şT
0
xθs,dWsy`

1
2 }θ}

2

L2
T,q



.

Note that Q is strictly convex and lim}θ}2
L2
T,q
Ñ8Qpθq “ `8 so that it admits a unique minimum. Moreover, Q is

twice differentiable at any θ P L2
T,q and xDQpθq, ψyL2

T,q
, pD2Qpθqψ, φq, for ψ, φ P L2

T,q admit a representation as an
expectation.

In view of a numerical implementation of Newton-Raphson’s algorithm to estimate a minimum of Q, we are led to
consider a (non-trivial) finite dimensional subspace E of L2

T,p spanned by an orthonormal basis pe1, ¨ ¨ ¨ , emq. Like for
the finite dimensional framework, our procedure will be based on the representation (as an expectation) of the first
and second differential of Q on E combined with functional quantization of the solution to (2.25).

The functional quantization of (2.25) is based on the Karhunen-Loève (K-L) decomposition W
L2
T
“

ř

ně1

?
λnξnen

where penqně1 is the K-L orthonormal basis, λn are the corresponding eigenvalues of the covariance operator associated
to the one-dimensional Brownian motionW and

 

ξn :“ xW, eny {
?
λn, n ě 1

(

, is an i.i.d. sequence of random variables
with standard normal distribution. One considers an optimal Nn-quantization (Nn ě 1) of ξn, denoted ξ̂n where
ξ̂n :“ Projxn pξnq, xn :“

´

xNn1 , ¨ ¨ ¨ , xNnNn

¯

is the unique optimal Nn-quantizer of the normal distribution and N1 ˆ

¨ ¨ ¨ ˆNn ď N , with N1, ¨ ¨ ¨ , Nn ě 1. For large enough n, we set Nn “ 1, ξ̂n “ 0 (which is the optimal 1-quantization
of N p0, 1q) and we define the product quantizer by (the finite sum) xWt “

ř

ně1

?
λnξ̂nenptq. The product quantizer

χ that produces the above Voronoi quantization xW is defined by χiptq “
ř

ně1

?
λnxinenptq, i “ pi1, ¨ ¨ ¨ , in, ¨ ¨ ¨ q P

ś

ně1 t1, ¨ ¨ ¨ , Nnu in the sense that P
´

xW “ χi

¯

“
ś

ně1 P pξn P Cinpxnqq with an approximation rate
›

›

›
W ´xWN

›

›

›

2
ď

CT plogNq´
1
2 . Then, for each i, one solves the following ODEs

dxiptq “

ˆ

bpxiptqq ´
1

2
σσ1pxiptqq

˙

dt` σpxiptqqdχiptq, (2.26)

and set rXN
t “

ř

i xiptqItCipχqupW q, N ě 1. Assuming that b, σ are continuously differentiable, this non-Voronoï

N -functional quantization of (2.25) produces an error rate
›

›

›
X ´ rXN

›

›

›

2
ď CT plogNq´

1
2 . We approximate Q by rQN ,

the m-tuple xDQpθq, eiyL2
T,q

by Jpθqi “
A

D rQN pθq, ei

E

L2
T,q

, 1 ď i ď m and the m ˆ m symmetric positive definite

matrix
`

D2Qpθqei, ej
˘

by Hpθqi,j :“
´

D2
rQN pθqei, ej

¯

, 1 ď i ď m, 1 ď j ď m, for every θ P E where we replaced the

random variables pX,W q by their quantized version p rXN ,xWN q in the representation as an expectation of Q, DQ and
D2Q. Hence, we compute the minimum rθN of rQN by devising the following Newton-Raphson algorithm

rθNk`1 “
rθNk ´Hp

rθNk q
´1JprθNk q, k ě 0, rθN0 P E given. (2.27)

We briefly illustrate the performance of the algorithm in the infinite dimensional setting by considering three
different basis of L2pr0, 1s,Rq

• a polynomial basis composed of the shifted Legendre polynomials pP̃nqně0 defined by

@n ě 0, @t P r0, 1s, P̃nptq “ Pnp2t´ 1q where Pnptq “
1

2nn!

dn

dtn
``

t2 ´ 1
˘˘

. (ShLeg)

• the Karhunen-Loève basis defined by

@n ě 0, @t P r0, 1s, enptq “
?

2 sin

ˆˆ

n`
1

2

˙

πt

˙

. (KL)
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• the Haar basis which is defined by

@n ě 0, @k “ 0, ..., 2n ´ 1, @t P r0, 1s, ψn,kptq “ 2
k
2ψp2kt´ nq, ψptq “

$

&

%

1 if t P r0, 1
2 q

´1 if t P r 12 , 1q
0 otherwise.

(Haar)

We consider a Down&In Call option of strike K and barrier L. This option is activated when the underlying
process X moves down and hits the barrier L. The payoff function at maturity T is defined by

F pXq “ pXT ´Kq`1tmin0ďtďT XtďLu.

A standard approach to price the option is to consider the continuous Euler scheme X̄ of step tk “ k TM obtained by
extrapolation of the Brownian Motion between two instants of discretization. For every t P rtk, tk`1s, we can write

X̄t “ X̄tk ` bpX̄tkqpt´ tkq ` σpX̄tkqpWt ´Wtkq, X̄0 “ x0 P R.

By pre-conditioning,

E
”

pX̄T ´Kq`1tmin0ďtďT X̄tďLu

ı

“ E

«

pX̄T ´Kq`

˜

1´
M´1
ź

p“0

ppX̄tp , X̄tp`1
q

¸ff

, (2.28)

where ppxp, xp`1q “ P
`

mintpďtďtp`1 X̄t ě L
ˇ

ˇ

`

X̄tp , X̄tp`1

˘

“ pxp, xp`1q
˘

is the probability of non-exit from rL,`8q of
some Brownian bridge. Using the law of the Brownian bridge (see e.g. Gobet [52]), we can write

ppxp, xp`1q “ 1´ P
ˆ

min
tPr0,t1s

Wt ď
L´ xp
σpxpq

ˇ

ˇ

ˇ

ˇ

Wt1 “
xp`1 ´ xp
σpxpq

˙

“

$

’

&

’

%

1´ e
´

2pL´xpqpL´xp`1q

ptp`1´tpqσ
2pxpq , L ď minpxp, xp`1q,

0 , otherwise.
(2.29)

Hence we run ou algorithm with the probabilistic representation appearing in the right-hand side of (2.28). We
consider the local volatility model bpxq “ rx, σpxq “ σx1`β{p1 ` x2q

1
2 , with r “ 4%, σ “ 5, x “ 100, β “ 0.5. The

number of Monte Carlo simulations n is 5.104 in every case. We set the optimal product quantizer at level dN “ 966
which corresponds to the optimal decomposition N1 “ 23, N2 “ 7, N3 “ 3, N4 “ 2 for the product quantization
pξ̂1, ξ̂2, ξ̂3, ξ̂4q. The numerical results are summarised in Table 2.2. In Figure 2.1, the optimal variance reducers for the
local volatility model are depicted

Basis m Price MC Variance MC Price QIS Variance QIS
Constant 1 0.684 25.80 0.673 15.33
Legendre 2 0.711 27.92 0.662 4.58
(ShLeg) 4 0.683 25.66 0.684 3.46

8 0.686 26.59 0.685 3.35
Karhunen-Loève 2 0.680 25.38 0.696 5.22

(KL) 4 0.702 26.39 0.683 6.53
8 0.687 26.39 0.688 5.80

Haar 2 0.648 24.90 0.673 8.15
(Haar) 4 0.671 25.15 0.692 5.46

8 0.709 30.17 0.700 5.29

Table 2.2: Down&In Call option in Local volatility model with X0 “ 100, K “ 115, L “ 65, T “ 1, σ “ 5, r “ 4%, β “ 0.5, dN “ 966,
n “ 5.104, M “ 100.
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Figure 2.1: Down & In Call option: Optimal θN obtained by our algorithm in the case of the Local Volatility model for different basis
and several values of m (m “ 2 for the left upper curves, m “ 4 for the right upper curves and m “ 8 for the lower curves).
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Chapter 3

Concentration inequalities and deviation
estimates for stochastic approximation
schemes

In this chapter, we present [7] which is a joint work with S. Menozzi from the university of Evry Val d’Esonne
and [8] which is a joint work with M. Fathi from the university Paul Sabatier of Toulouse. Both works are related to
concentration inequalities and deviation estimates for stochastic approximation schemes. Here we are interested in two
kinds of discrete stochastic approximation schemes. The first one refers to the law of an Euler like discretisation scheme
of a diffusion process at a fixed deterministic date and the second one concerns the law of a stochastic approximation
algorithm at a given time-step.

Concentration inequalities consists in establishing a non-asymptotic Gaussian [7] or sub-Gaussian [8] control of the
probability that the law of the scheme deviates from its target. More precisely, we consider the deviations between the
expectation of a given function of an Euler like discretisation scheme of some diffusion process at a fixed deterministic
time and its empirical mean obtained by the Monte Carlo procedure. We then consider some estimates concerning
the deviation between the value at a given time-step of a stochastic approximation algorithm and its target.

Much work on non asymptotic deviation estimates for the law of the Euler discretisation scheme has now been
conducted. In the ergodic framework and for a constant diffusion coefficient Gaussian controls have been obtained
by Malrieu and Talay [94]. For the standard Euler scheme, a first attempt to establish two-sided Gaussian bounds
for the statistical error can be found in Lemaire and Menozzi [91] under some non-degeneracy conditions and up to
a systematic bias. Very rencently, Honoré, Menozzi and Pagès [63] obtained non-asymptotic Gaussian concentration
bounds for the difference between the invariant measure ν of an ergodic Brownian diffusion process and the empirical
distribution of an approximating scheme with decreasing time step along a suitable class of smooth enough test
functions f such that f ´ νpfq is a coboundary of the infinitesimal generator of the process.

Such concentration inequalities are strongly connected to transport-entropy inequalities. In Section 3.1, we present
this connection and recall basic definitions and properties. For a complete overview and recent developments in the
theory of transport inequalities, the reader may refer to the recent survey of Gozlan and Leonard [56] and the book
of Villani [126]. We establish Gaussian concentration inequalities in [7] for the two specific problems mentioned
above under suitable assumptions. The key tool consists in exploiting accurately the concentration properties of the
increments of the schemes and proving that this concentration transfers to the law of the scheme. We will explain this
point in Section 3.2. Finally, in Section 3.3 we explain the results obtained in [8] which improve and complete those
obtained in [7]. The key point is to properly quantify the contribution of the diffusion term to the concentration regime.
We also derive a non-asymptotic bound for stochastic approximation with averaging of trajectories, in particular we
prove that averaging a stochastic approximation algorithm with a slow decreasing step sequence gives rise to optimal
concentration rate.

3.1 A brief presentation of transport inequalities and concentration in-
equalities

In this section, we present the connection between transport inequalities and concentration inequalities. We also recall
some basic definitions and properties that will be needed in the two next sections. We denote by PpRdq the set of
probability measures on Rd.

For p ě 1, we consider the set PppRdq of probability measures with finite moment of order p. The Wasserstein
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APPROXIMATION SCHEMES

metric Wppµ, νq of order p between two probability measures µ, ν P PppRdq is defined by

W p
p pµ, νq “ inf

"
ż

RdˆRd
|x´ y|pπpdx, dyq : π P PpRd ˆ Rdq, π0 “ µ, π1 “ ν

*

where π0 and π1 are two probability measures standing for the first and second marginals of π P PpRd ˆ Rdq. For
µ P PpRdq, we define the relative entropy w.r.t ν P PpRdq as

Hpµ, νq “

ż

Rd
log

ˆ

dµ

dν

˙

dµ

if µ ! ν and Hpµ, νq “ `8 otherwise. We are now in position to define the notion of transport-entropy inequality.
Here as below, Φ : R` Ñ R` is a convex, increasing function with Φp0q “ 0.

Definition 3.1.1. A probability measure µ on Rd satisfies a transport-entropy inequality with function Φ if for all
ν P PpRdq, one has

ΦpW1pν, µqq ď Hpν, µq.

For the sake of simplicity, we will write that µ satisfies TΦ.

The following proposition comes from Corollary 3.4. in Gozlan and Leonard [56].

Proposition 3.1.1. The following propositions are equivalent:

• The probability measure µ satisfies TΦ.

• For all 1-Lipschitz function f : Rd Ñ R, one has

@λ ě 0,

ż

exppλfqdµ ď exp

ˆ

λ

ż

fdµ` Φ˚pλq

˙

,

where Φ˚ is the monotone conjugate of Φ defined on R` as Φ˚pλq “ supρě0 tλρ´ Φpρqu. Note that since Φ is
a non-negative convex function which is non-decreasing with Φp0q ă 8, the monotone conjugate of Φ˚ is Φ.

As an important example we will say that µ satisfies the Gaussian concentration property if there exists β ą 0
such that Φpλq “ λ2{β, λ ě 0 so that Φ˚pλq “ λ2β{4. In this chapter we will simply say that µ satisfies GCpβq.

From the Markov exponential inequality and GCpβq, one derives PrfpY1q´ErfpY1qs ě rs ď expp´λr` βλ2

4 q,@λ, r ě

0. An optimisation over λ gives that this probability is bounded by expp´ r2

β q.
A practical criterion forGCpβq to hold is given by Bolley and Villani [24]. If there exists ε ą 0 s.t.

ş

exppε|y|2qµpdyq ă
8, then µ satisfies GCpβq for some β :“ βpεq. The two claims are actually equivalent.

In [7] and [8], GCpβq is the only crucial property we require on the underlying innovations of the approximation
schemes.

Such transport-entropy inequalities are very attractive especially from a numerical point of view since they are
related to the concentration of measure phenomenon which allows to establish non-asymptotic deviation estimates. In
particular, some non-asymptotic confidence intervals can be explicitly computed. This can be very useful in practice
when the computational ressources are constrained.

The three next results put an emphasis on this point. Suppose that pXpnqqně1 is a sequence of i.i.d. Rd-valued
random variables with common law µ.

Corollary 3.1.2. If µ satisfies TΦ then for all 1-Lipschitz function f : Rd Ñ R and for all r ě 0, for all M ě 1, one
has

P

˜

|
1

M

M
ÿ

k“1

fpXpkqq ´ ErfpXp1qqs| ě r

¸

ď 2 expp´MΦprqq

Deriving non-asymptotic deviation bounds for W1pµM , µq is of interest for many applications in the fields of
numerical probability and statistic. In its present form, next result is due to Gozlan and Leonard [55], Theorem 12.

Proposition 3.1.3. If µ satisfies TΦ then the empirical measure µM defined as µM “ 1
M

řM
k“1 δXpkq satisfies the

following concentration bound

P pW1pµM , µq ě ErW1pµM , µqs ` rq ď exp p´MΦprqq .

where for x P Rd, δx stands for the Dirac mass at point x.
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The quantity ErW1pµM , µqs will go to zero as M goes to infinity, by convergence of empirical measures, but we
still need quantitative bounds. The next result is an adaptation of Theorem 10.2.1 in [116] on similar bounds but for
the distance W2. A proof can be found in the appendix of [8].

Proposition 3.1.4. Assume that µ has a finite moment of order d` 3. Then, one has

ErW1pµM , µqs ď Cpd, µqM´1{pd`2q

where

Cpd, µq :“ 4
?
d` 2

d

ż

Rd
p1` |x|d`1q´1dx

d

2´2d ` 23´d

ż

|y|d`3µpdyq ` 23´ddpd` 3q!.

This bound is not optimal in general, but has the advantage of having very explicit constants. In the case of a
distribution with compact support, it has been shown in [12], Section 7, that ErW1pµM , µqs is of order OpM´1{dq, and
that this is the optimal exponent in d when d ě 3.
In view of Kantorovich-Rubinstein duality formula, namely

W1pµ, νq “ sup

"
ż

fdµ´

ż

fdν : rf s1 ď 1

*

where rf s1 denotes the Lipschitz-modulus of f , the latter result provides the following concentration bounds

@r ě 0, @M ě 1, P

˜

sup
f :rfs1ď1

˜

1

M

M
ÿ

k“1

fpXpkqq ´ ErfpXp1qqs

¸

ě Cpd, µqM´1{pd`2q ` r

¸

ď exp p´MΦprqq .

Similar results were first obtained for different concentration regimes by Bolley, Guillin and Villani [23] relying on
a non-asymptotic version of Sanov’s Theorem. Some of these results have also been derived by Boissard [22] using
concentration inequalities, and were also extended to ergodic Markov chains up to some contractivity assumptions in
the Wasserstein metric on the transition kernel.

Some applications are proposed in Bolley, Guillin and Villani [23]. Such results can indeed provide non-asymptotic
deviation bounds for the estimation of the density of the invariant measure of a Markov chain. Let us note that the
(possibly large) constant Cpd, µq appears as a trade-off to obtain uniform deviations over all Lipschitz functions.

In the two next sections we will present some transport-entropy inequalities and, as a consequence, some non-
asymptotic deviation estimates for the laws at a given time step of two kinds of discrete-time and d-dimensional
stochastic evolution scheme of the form

Xn`1 “ Xn ` γn`1Hpn,Xn, Un`1q, n ě 0, X0 “ x P Rd, (3.1)

where pγnqně1 is a deterministic positive sequence of time steps, pUiqiPN˚ is an i.i.d. Rq-valued sequence of random
variables defined on some probability space pΩ,F ,Pq with law µ and the function H : NˆRdˆRq Ñ Rd is a measurable
function satisfying for all x P Rd, for all n P N, Hpn, x, .q P L1pµq, and µpduq-a.s., Hpn, ., uq is continuous. We will
also assume that µ satisfies the Gaussian concentration property GCpβq.

As a consequence of the transport-entropy inequalities obtained for the laws at a given time step of Euler like
schemes and stochastic approximation algorithm, we will derive in Section 3.3 non-asymptotic deviation bounds in
the Wasserstein metric.

3.2 Gaussian concentration inequalities
In this section, we present the results obtained in [7] in collaboration with S. Menozzi from the university of Evry Val
d’Essonne related to Gaussian concentration inequalities for two kinds of recursive scheme with dynamics (3.1). In
Section 3.3, we will extend those results to other regimes ranging from exponential to Gaussian.

We consider the unique strong solution X to the SDE (1.17) where the underlying innovation process Z is a q-
dimensional Brownian motion pWtqtě0. In [7], we assume that the coefficients satisfy the mild smoothness condition:

(A) The coefficients b, σ are uniformly Lipschitz continuous in space uniformly in time, σ is bounded.

Note that we do not assume any non-degeneracy condition on σ in (A).
We do not consider the associated continuous Euler Maruyama scheme (1.19) but rather define an Euler like

scheme. For a fixed time step ∆ “ T {N, N P N˚, and the time grid ti :“ i∆, for all i “ 0, ¨ ¨ ¨ , N , we consider the
following dynamics

X∆
0 “ x, X∆

ti`1
“ X∆

ti ` bpti, X
∆
ti q∆` σpti, X

∆
ti q∆

1{2U pi`1q, i “ 0, ¨ ¨ ¨ , N ´ 1 (3.2)
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where pU piqqiPN˚ is a sequence of Rq-valued i.i.d. random variables with law µ satisfying: ErU p1qs “ 0q, ErU p1qpU p1qq˚s “
Iq, where pU p1qq˚ denotes the transpose of the column vector U p1q and 0q, Iq respectively denote the zero vector of
Rq and the identity matrix of Rq b Rq. We also assume that µ satisfies GCpβq for some β ą 0. The main advantage
of such a situation is that it includes the case of the standard Euler scheme where U p1q d

“ N p0, Iqq and the case of
the Bernoulli law where U p1q d

“ pB1, ¨ ¨ ¨ , Bqq, pBkq1ďkďq are i.i.d random variables with law µ “ 1
2 pδ´1 ` δ1q, both

satisfying GCpβq with β “ 2.
As already mentioned, for practical purposes, we are interested in non-asymptotical controls of the statistical error,

which is given by 1
M

řM
i“1 fpX

∆,piq
T q ´ ErfpX∆

T qs where the ppX∆,piq
T qiq1ďiPďM are independent copies of the scheme

(3.2) starting at x at time 0 and evaluated at time T . Precisely, for a fixed M and a given threshold r ą 0, one would
like to give bounds on the quantity Pr| 1

M

řM
i“1 fpX

∆,piq
T q ´ ErfpX∆

T qs| ą rs.
Our first main result obtained in [7] shows that when the innovations satisfy GCpβq, the Gaussian concentration

property transfers to the statistical error.

Theorem 3.2.1 (Concentration Bounds for an Euler-like scheme). Denote by X∆
T the value at time T of the scheme

(3.2). Assume that the common law of the i.i.d. sequence pUiqiPN˚ in (3.2) satisfies GCpβq for some β ą 0 and that
the coefficients b, σ satisfy (A). Let f be a real valued uniformly Lipschitz continuous function on Rd. For all M P N˚
and all r ě 0, one has

Pr|
1

M

M
ÿ

i“1

fpX
∆,piq
T q ´ ErfpX∆

T qs| ě rs ď 2 expp´
r2M

TΨpT, f, b, σ, qq
q,

ΨpT, f, b, σ, qq :“ 4βrf s21|σ|
2
8 exp p2prbs1 ` crσs1p1_ crσs1qqT q ,

where q is the dimension of the underlying Brownian motion W and c :“ cpqq.

Note that contrary to Lemaire and Menozzi [91] we do not need any non-degeneracy condition on the diffusion
coefficient and we got rid off the systematic bias.

The strategy to prove the above concentration inequality is similar to the first step of the analysis of the dis-
cretisation error of Talay and Tubaro [122] presented in Section 1.2.3. Indeed, introducing the functions v∆pti, xq :“
ErfpX∆

T q|X
∆
ti “ xs, 0 ď i ď N , x P Rd, we use the Markov property satisfied by the scheme and the following telescopic

sum

fpX∆
T q ´ ErfpX∆

T qs “

N
ÿ

i“1

v∆pti, X
∆
ti q ´ Erv∆pti, X

∆
ti q|X

∆
ti´1
s

“

N
ÿ

i“1

f∆
i pX

∆
ti´1

,
?

∆U piqq ´ Erf∆
i pX

∆
ti´1

,
?

∆U piqq|X∆
ti´1
s (3.3)

where f∆
i px, uq :“ ErfpX∆

T q|X
∆
ti “ x ` bpti´1, xq∆ ` σpti´1, xqus, 1 ď i ď N , px, uq P Rd ˆ Rq. In Talay and

Tubaro [122], v∆pti, X
∆
ti q is replaced by vpti, X∆

ti q “ ErfpXT q|Xti “ xs|x“X∆
ti
, that is the expectation involving the

diffusion at time T starting from the current value of the scheme at ti. Direct computations based on B-D-G inequality
and Gronwall’s Lemma show that u ÞÑ f∆

i px, uq is Lipschitz-continuous with rf∆
i px, .qs1 ď pΨpT, f, b, σ, qqq

1{2, x P Rd.
Since U piq satisfies GCpβq, from Proposition 3.1.1 it follows that

Erexppλpf∆
i pX

∆
ti´1

,
?

∆U piqq´Erf∆
i pX

∆
ti´1

,
?

∆U piqq|X∆
ti´1
sqq|X∆

ti´1
s ď exppβprf∆

i pX
∆
ti´1

, .qs1
?

∆λq2{4q, i “ 1, ¨ ¨ ¨ , N.
(3.4)

Now using the Markov exponential inequality, the decomposition (3.3) and the tower property of condition expec-
tation one proves Theorem 3.2.1 for M “ 1. The bound for all positive integer M follows from a simple tensorization
argument for independent random variables satisfying the Gaussian concentration property.

Besides our consideration for the Euler scheme, we also consider a Robbins-Monro algorithm with dynamics

θn`1 “ θn ´ γn`1Hpθn, U
pn`1qq, n ě 0, θ0 P Rd, (3.5)

where pU pnqqně1 is an i.i.d. Rq-valued sequence of random variables with law µ satisfying GCpβq for some β ą 0 and
pγnqně1 is a sequence of non-negative deterministic steps satisfying the usual assumption (1.9). We assume that the
following conditions on the function H and the step sequence pγnqně1 in (4.1) are in force:

(HL) The map pθ, uq P Rd ˆ Rq ÞÑ Hpθ, uq is uniformly Lipschitz continuous.

(HUA) The map h : θ P Rd ÞÑ ErHpθ, Uqs is continuously differentiable in θ and there exists λ ą 0 s.t. @θ P Rd, @ξ P
Rd, λ|ξ|2 ď xDhpθqξ, ξy (Uniform Attractivity).
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As we have seen in Section 1.1.3 of the introductory chapter, in order to derive a Central Limit Theorem for the
sequence pθnqně1 as described in Duflo [39] or Kushner and Yin [81], it is commonly assumed that the matrix Dhpθ˚q
is uniformly attractive. In our current framework, this local condition on the Jacobian matrix of h at the equilibrium
is replaced by the uniform assumption (HUA). In the framework of stochastic gradient algorithm, this assumption is
also known as uniform convexity.

Here the global error between the stochastic approximation procedure θn at a given time step n and its target θ˚
can be decomposed as follows:

zn :“ |θn ´ θ
˚| “ p|θn ´ θ

˚| ´ Er|θn ´ θ˚|sq ` Er|θn ´ θ˚|s
:“ EEmppγ, n,H, λ, αq ` δn (3.6)

where δn :“ Er|θn ´ θ˚|s.
The term EEmppγ, n,H, λ, αq corresponding to the difference between the absolute value of the error at time n and

its mean can be viewed as an empirical error. The term δn is an intrinsic bias coming from the non-linear nature of
the algorithm. Note that from Proposition 1.14 in Section 1.1.3 under (HL) and (HUA) one has

δN ď Er|θN ´ θ˚|
2
s

1
2 ď CpγN q

1
2 , N ě 1

for the two following step sequences: γn “ c{nβ , β P p1{2, 1q, and γn “ c{n, with c ą 1{p2λ, n ě 1.
An explicit expression for the constant C is provided in [7]. As for the Euler scheme, we prove that the Gaussian

concentration property transfers to the empirical error under (HL) and (HUA).

Theorem 3.2.2 (Concentration Bounds for Robbins-Monro algorithms). Assume that the function H of the recursive
procedure pθnqně0 (with starting point θ0 P Rd) defined by (4.1) satisfies (HL) and (HUA), and that the step sequence
pγnqně1 satisfies the usual step assumption (1.9). Suppose that the law of the innovation satisfies GCpβq, β ą 0. Then,
for all N P N˚ and all r ě 0,

P p|θN ´ θ˚| ě r ` δN q ď exp

˜

´
r2

βrHs21ΠN

řN
k“1 γ

2
k{Πk

¸

where ΠN :“
śN´1
k“0

`

1´ 2λγk`1 ` rHs
2
1γ

2
k`1

˘

.

Concerning the choice of the step sequence pγnqně1 and its impact on the concentration rate and bias, we obtain
the following results:

• If we choose γn “ c
n , with c ą 0. Then, ΓN “

řN
k“1 γk “ c logpNq ` c11 ` rN , c11 ą 0 and rN Ñ 0, so that

ΠN “ pN
´2cλq.

– If c ă 1
2λ , we obtain ΠN

řN
k“1 γ

2
k{Πk “ OpN´2cλq.

– If c ą 1
2λ , a comparison between the series and the integral yields ΠN

řN
k“1 γ

2
k{Πk “ pN

´1q.

• If we choose γn “ c
nρ , c ą 0, 1

2 ă ρ ă 1, then one has ΠN

řN
k“1 γ

2
kΠ´1

k “ opN´ρ`εq, ε P p0, 1´ ρq.

As for the Euler like scheme, the strategy consists in introducing again a telescopic sum of conditional expectations.
Denoting for all i P N, Fi :“ σpU pjq, j ď iq, i.e. pFiqiPN is the natural filtration of the algorithm, we write for all
n P N˚:

EEmppγ,N,H, λ, αq “ |zN | ´ Er|zN |s “

N
ÿ

i“1

Er|zN ||Fis ´ Er|zN ||Fi´1s

“

N
ÿ

i“1

vγi pθiq ´ Ervγi pθiq|Fi´1s,

“

N
ÿ

i“1

fγi pθi´1, U
piqq ´ Erfγi pθi´1, U

piqq|Fi´1s,

where we used the Markov property for the second equality and we introduced the notations vγi pθq :“ Er|θn´θ˚||θi “ θs,
1 ď i ď n, θ P Rd, fγi pθ, uq “ vγi pθ ´ γiHpθ, uqq. The stability of the Gaussian concentration property is then derived
using that the fγi are Lipschitz with respect to the variable u and similar arguments to those employed for the Euler
like scheme.
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3.3 From Exponential to Gaussian concentration regimes
In [7], we obtained Gaussian concentration inequalities for the law of an Euler like scheme of a diffusion process and
for the deviation of a Robbins-Monro algorithm from its target. It should be noted that it is the boundedness of
the diffusion coefficient σ and the uniform Lipschitz continuity of the function u ÞÑ Hpθ, uq, θ P Rd, that give rise
to the Gaussian concentration regime for the deviation of the empirical error. In this section, we present the results
obtained [8] in collaboration with M. Fathi from the university Paul Sabatier that extend and complete those exposed
in the previous section. The key point is to quantify to properly quantify the contribution of the diffusion term
to the concentration regime. We also obtain non-asymptotic bound for stochastic approximation with averaging of
trajectories, in particular we prove that averaging a stochastic approximation algorithm with a slow decreasing step
sequence gives rise to optimal concentration rate.

We consider the Euler-like scheme pX∆
ti q0ďiďN with dynamics (3.2). The innovation sequence pU piqq1ďiďN satisfies

GCpβq for some β ą 0. In [8], we replace assumption (A) by the following smoothness and domination assumptions

(HS) The coefficients b, σ are uniformly Lipschitz continuous in space uniformly in time.

(HDα) There exists a C2pRd,R˚`q function V satisfying DCV ą 0, |∇V |2 ď CV V, η :“ 1
2 supxPRd

›

›∇2V pxq
›

› ă `8 and
Dα P p0, 1s, such that for all x P Rd,

DCb ą 0, sup
tPr0,T s

|bpt, xq|2 ď CbV pxq, , DCσ ą 0, sup
tPr0,T s

Trpapt, xqq ď CσV
1´αpxq.

where a “ σσ˚.

The idea behind assumption (HDα) is to parameterize the growth of the diffusion coefficient in order to quantify its
contribution to the concentration regime. Indeed, under (HS) and (HDα), with α P r1{2, 1s we derive non-asymptotic
deviation bounds for the statistical error ranging from exponential (if α “ 1{2) to Gaussian (if α “ 1) regimes.

Theorem 3.3.1 (Transport-Entropy inequalities for Euler like schemes). Denote by X∆
T the value at time T of the

scheme (3.2) and by µ∆
T its law. Denote the Lipschitz modulus of b and σ by rbs1 and rσs1 respectively. Assume that the

common law of the innovation sequence pU piqq1ďiďN in (3.2) satisfies GCpβq for some β ą 0 and that the coefficients
b, σ satisfy (HS) and (HDα) for some α P r 12 , 1s.

Then, µ∆
T satisfies TΦ˚α

with Φ˚αpλq “ supρě0 tλρ´ Φαpρqu and one has:

• If α P p 1
2 , 1s, for all ρ ě 0

Φαpρq “ ΨαpT,∆, b, σ, xqpρ
2 _ ρ

2α
2α´1 q,

• If α “ 1
2 , for all ρ P r0, ϕpT, b, σ,∆q´1{2λ3.2q

Φ1{2pρq “ K3.2
pρϕpT, b, σ,∆q1{2{λ3.2q

2

1´ pρϕpT, b, σ,∆q1{2{λ3.2q
.

Moreover, we have ΨαpT,∆, b, σ, xq “ K3.1pϕpT, b, σ,∆q
2_ϕpT, b, σ,∆q

α
2α´1 q, ϕpT, b, σ,∆q “ Cσβ

p1`Cp∆q∆q
4Cp∆q e3Cp∆qT ,

Cp∆q :“ 2rbs1 ` rσs
2
1 `∆rbs21 where K3.1, λ3.2 and K3.2 are explicit constants.

• In the case α P p 1
2 , 1s, one easily gets the following explicit formula:

– If λ P r0, 2Ψs, then Φ˚αpλq “
1

4Ψλ
2;

– If λ P r 2α
2α´1Ψ,`8q, then Φ˚αpλq “

1
2α

`

2α´1
2αΨ

˘2α´1
λ2α;

– If λ P p2Ψ, 2α
2α´1Ψq,then Φ˚αpλq “ λ´Ψ.

Let us note that the linear behavior of Φ˚α on a small interval is due to the fact that Φα is not C1.

• In the case α “ 1{2, tedious but simple computations show that

Φ˚1{2pλq “

˜

ˆ

1`
λ3.2

K3.2ϕpT, b, σ,∆q1{2
λ

˙
1
2

´ 1

¸2

.

We also consider the Robbins-Monro algorithm with dynamics (4.1) under the assumption that the innovation
sequence pU piqq1ďiďN satisfies GCpβq for some β ą 0. Instead of (HL) we will make the following assumptions:
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(HL) For all u P Rq, the function Hp., uq is Lipschitz-continuous with a Lipschitz modulus having linear growth in the
variable u, that is:

DCH ą 0, @u P Rq, sup
pθ,θ1 qPpRdq2

|Hpθ, uq ´Hpθ
1

, uq|

|θ ´ θ1 |
ď CHp1` |u|q.

(HLS)α (Lyapunov Stability-Domination) There exists a C2pRd,R˚`q function L satisfying DCL ą 0, |∇L|2 ď CLL, η :“
1
2 supxPRd

›

›∇2Lpxq
›

› ă `8 such that

@θ P Rd, x∇Lpθq, hpθqy ě 0, and DCh ą 0, @θ P Rd, |hpθq|2 ď ChLpθq.

and Dα P p0, 1s,

DCα ą 0, @θ P Rd, sup
pu,u1 qPpRqq2

|Hpθ, uq ´Hpθ, u
1

q|

|u´ u1 |
ď CαL

1´α
2 pθq.

Assumption (HLS)α is similar to assumption (HD)α for the Euler like scheme and allows to quantify the contribu-
tion of the diffusion term to the concentration regime of the empirical error EEmppγ,N,H, λ, αq of the Robbins-Monro
scheme.

Theorem 3.3.2 (Transport-Entropy inequalities for stochastic approximation algorithms). Let N P N˚. Assume that
the function H of the recursive procedure pθnq0ďnďN (with starting point θ0 P Rd) defined by (4.1) satisfies (HL),
(HUA) and (HLS)α for α P r 12 , 1s, and that the step sequence γ “ pγnqně0 satisfies (1.9). Suppose that the law of
the innovation satisfies GCpβq, β ą 0. Denote by µγN the law of θN .

Then, µγN satisfies TΦ˚α
with Φ˚α,N pλq “ supρě0 tλρ´ Φα,N pρqu and one has:

• If α P p 1
2 , 1s, for all ρ ě 0

Φα,N pρq “ ϕαpγ,H, θ0qpC
γ
Nρ

2 _ Cγ,αN ρ
2α

2α´1 q.

• If α “ 1
2 , for all ρ P r0, λ4.1{s̃N q,

Φ1{2,N pρq “ 2ϕ1{2pγ,H, θ0qC
γ
N

pρ{λ4.1q
2

1´ pρs̃N{λ4.1q
.

Moreover the three concentration rate sequences are defined for N P N˚ by

CγN :“
N´1
ÿ

k“0

γ2
k`1

Π1,N

Π1,k
,

Cγ,αN :“
N´1
ÿ

k“0

γ
2α

2α´1

k`1 p
Π1,N

Π1,k
q

2α
2α´1 ppk ` 1q log2

pk ` 4qq
1´α
2α´1

s̃N :“ max
0ďkďN´1

pk ` 1q1{2 logpk ` 4qγk`1

ˆ

Π1,N

Π1,k

˙
1
2

expp
N´1
ÿ

p“0

1

pp` 1q log2
pp` 4q

q

with Π1,N :“
śN´1
k“0 p1´ 2λγk`1 ` CH,µγ

2
k`1q and where CH,µ and ϕ :“ ϕαpγ,H, θ0q are explicitly constants.

As in the case of Euler like schemes, for α P p 1
2 , 1s, we have:

• if λ P r0, 2ϕpCγN{pC
γ,α
N q2α´1q

1
2p1´αq s, then Φ˚α,N pλq “ λ2{p4ϕCγN q;

• If λ P r 2α
2α´1ϕpC

γ
N{pC

γ,α
N q2α´1q

1
2p1´αq ,`8q, then Φ˚α,N pλq “

1
2α

´

2α´1
2αϕ

¯2α´1

pλ2α{pCγ,αN q2α´1q;

• If λ P p2ϕpCγN{pC
γ,α
N q2α´1q

1
2p1´αq , 2α

2α´1ϕpC
γ
N{pC

γ,α
N q2α´1q

1
2p1´αq q, then Φ˚α,N pλq “ p

CγN
Cγ,αN

q
2α´1

2p1´αqλ´ ϕ
pCγN q

α
1´α

pCγ,αN q
2α´1
1´α

.

For α “ 1
2 , we obtain the following explicit bound for the Legendre transform of Φ1{2,N

@λ ě 0, Φ˚1{2,N pλq “
2ϕCγN
s̃2
N

˜

ˆ

1`
s̃Nλ4.1λ

2ϕCγN

˙
1
2

´ 1

¸2

Hence, for N ě 1 being fixed, the following simple asymptotic behaviours can be easily derived:
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• When λ is small, Φ˚1{2,N pλq „ λ2
4.1λ

2{p2ϕCγN q;

• When λ goes to infinity, Φ˚1{2pλq „ λ4.1λ{s̃N .

Concerning the choice of the step sequence pγnqně1 and its impact on the concentration rate and bias, we obtain
the following results:

• If we choose γn “ c
n , with c ą 0.

– If c ă 1
2λ , one has CγN “ OpN´2cλq, Cγ,αN “ OpN´

2α
2α´1 cλq, s̃N “ pN´cλq.

– If c ą 1
2λ , one has CγN “ OpN´1q, Cγ,αN “ OpplogpNqq2

1´α
2α´1N´

α
2α´1 q, s̃N “ OplogpNqN´

1
2 q.

• If we choose γn “ c
nρ , c ą 0, 1

2 ă ρ ă 1, then one has CγN “ opN´ρ`εq, ε P p0, 1 ´ ρq, Cγ,αN “ opN´
pρ´p1´αqq

2α´1 ´ε
q

and s̃N “ O
´

logpNqN´pρ´
1
2 q

¯

.

We see that the optimal convergence rate OpN´1q and OpplogpNqq2
1´α
2α´1N´

α
2α´1 q is obtained by choosing γn “ c{n

for c ą 1{p2λq. Let us notice that we find the same critical level for the constant c as in the CLT for stochastic
algorithms, see Theorem 1.1.5. Indeed, if c ą 1

2Repλminq where λmin denotes the eigenvalue of Dhpθ˚q with the
smallest real part then we know that the optimal rate

?
N is achieved in the CLT.

In order to get rid of this constraint, we also proved in [8] a transport entropy inequality for the law µ̄γN of the
empirical mean pθ̄nq0ďnďN of the sequence pθnq0ďnďN defined by (4.1) when the step sequence is given by γn “ c{nρ,
1
2 ă ρ ă 1. In particular, we prove that averaging the original Robbins-Monro dynamics with this slow decreasing step
allows to achieve for free the optimal concentration rates, that is, the one obtained with γn “ c{n with c ą 1{p2λq.

We briefly explain the strategy used in [8] to prove this new transport entropy. The first step is similar to the
one presented in the previous section. We consider the telescopic sum (3.3). However, under (HDα) the bound (3.4)
becomes

Erexppλpf∆
i pX

∆
ti´1

,
?

∆U piqq´Erf∆
i pX

∆
ti´1

,
?

∆U piqq|X∆
ti´1
sqq|X∆

ti´1
s ď exppβΨαpT,∆, b, σ, xq∆

λ2

4
V 1´αpX∆

ti´1
qq, i “ 1, ¨ ¨ ¨ , N.

(3.7)
Let MN “

řN
i“1 v

∆pti, X
∆
ti q´Erv∆pti, X

∆
ti q|X

∆
ti´1
s, N ě 1 and M0 “ 0. From (3.7) and Hölder inequality, one gets

ErexppλMN qs ď ErexppλMN´1q exppβΨαpT,∆, b, σ, xq∆
λ2

4
V 1´αpX∆

tN´1
qqs

ď ErexppλpMN´1qs
1
pErexppqβΨαpT,∆, b, σ, xq∆

λ2

4
V 1´αpX∆

tN´1
qqs

1
q

ď

N´1
ź

k“0

˜

E
„

exp

ˆ

ΨαpT,∆, b, σ, xqβ

4
λ2qp2k∆V 1´αpX∆

tN´k´1
q

˙
1
q

¸

1

pk

where we used an induction argument for the last inequality. Hence, since pp, qq are conjugate, one gets

E
“

exppλpfpX∆
T q ´ E

“

fpX∆
T q

‰

q
‰

ď exp

ˆ

sup
0ďnďN

log
´

E
”

e
Cσβ

4 λ2∆qp2N
p1`Cp∆q∆qNV 1´α

pX∆
tn
q
ı¯

˙

.

Finally, by stability arguments on the dynamics (3.2) with an innovation sequence satisfying GCpβq, β ą 0 one
gets

sup
0ďnďN

log
`

E
“

exppλ2V 1´αpX∆
tnqq

‰˘

ď

#

K3.1pλ_ λ
α

2α´1 q α P p 1
2 , 1s,

K3.2
pλ{λ3.2q

2

1´pλ{λ3.2q
, α “ 1

2 .

A suitable choice of p and q allows to conclude. The strategy of proof for the Robbins-Monro algorithm follows
similar lines of arguments.

3.4 Perspective
An interesting problem is to investigate the case of non-regular test function f . In practical situations, notably in
mathematical finance, one often has to deal with an irregular payoff function f such as indicator functions. One
possibility to address this problem is to allow σ to be non-degenerated so that the Euler scheme admits a smooth
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density. Then, one has to investigate the connection between the lack of regularity of f , the regularity of the density
of the scheme and the resulting Lipschitz modulus of the function y ÞÑ f∆

i px, yq.
Another interesting problem is to investigate concentration inequalities for the multi-level Monte Carlo estimator

presented in Section 1.2.4. One expects that if the test function f is Lipschitz-continuous then the Gaussian concen-
tration regime still holds for this estimator but with a convergence rate given by the CLT established in [1]. The same
problem may be considered for the multi-level stochastic approximation schemes presented in the next chapter.
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Chapter 4

Improving the computational efficiency of
stochastic approximation algorithms

In this chapter, we present [9] and [10], the latter being a joint work with L. Huang from the engineering school INSA
of Toulouse. Both works aim to improve the computational efficiency for stochastic approximation schemes when one
does not know how to directly sample from the exact distribution of the underlying innovation sequence. We extend
the scope of the multi-level Monte Carlo and the multi-step Richardson Romberg methods briefly presented in Section
1.2.4 and Section 1.2.3.

The paradigm for both methods is described in Section 4.1. In Section 4.2 we present the results obtained in [9]
related to multi-level methods for stochastic optimisation by means of stochastic approximation schemes. Contrary
to the L2pPq analysis initiated by Giles [48], our methodology is based on establishing CLT for the proposed multi-
level stochastic approximation estimators as proposed by Ben Alaya and Kebaier [1] in the standard Monte Carlo
framework. In Section 4.3 we present the results obtained in [10] where we show that the principle of the multi-
step Richardson-Romberg extrapolation method for Monte Carlo linear estimator as investigated in Pagès [109] can
be extended to the framework of stochastic optimisation by means of stochastic approximation algorithm. For both
methods we will see in particular that the new estimator outperforms the standard stochastic approximation estimator
in terms of computational cost. Numerical results are presented in order to confirm the analysis.

4.1 Motivation
As was already mentioned in Section 1.1 of the introductory chapter, in many fields of applied mathematics such as
computational finance, one often has to face some stochastic optimisation or zero search problems. We have seen some
of them in Chapter 2. The stochastic approximation theory provides some recursive schemes in order find the zero of
the function h : Rd Ñ Rd defined by hpθq :“ ErHpθ, Uqs, H : Rd ˆ Rq Ñ Rd, based on i.i.d. samples of the Rq-valued
random vector U .

Now assume, as it is the case of the Monte Carlo method, that the random vector U is not directly simulatable (at
a reasonable cost) but can only be approximated by another sequence of easily simulatable random vectors ppUnqpqpě1,
which strongly approximates U as nÑ `8 with a standard weak discretization error (or bias) ErfpUqs´ErfpUnqs of
order n´α for a specific class of functions. The computational cost required to simulate one sample of Un is assumed
to be of order n that is CostpUnq “ K ˆ n for some positive constant K. One standard situation corresponds to the
case of a discretization of an SDE by means of an Euler-Maruyama scheme with n time steps.

The important point here is that the function h is generally neither known nor computable (at least at reasonable
cost) and since the random variable U cannot be simulated, estimating θ˚ using a Robbins-Monro algorithm is not
possible. Therefore, two steps are needed to compute θ˚:

- the first step consists in approximating the zero θ˚ of h by the zero θ˚,n of hn defined by hnpθq :“ ErHpθ, Unqs,
θ P Rd. It induces an implicit weak error which writes

EDpnq :“ θ˚ ´ θ˚,n.

Let us note that θ˚,n appears as a proxy of θ˚ and one would naturally expect that θ˚,n Ñ θ˚ as the bias parameter
n tends to infinity.

- the second step consists in approximating θ˚,n by M P N˚ steps of the following SA scheme

θnp`1 “ θnp ´ γp`1Hpθ
n
p , U

n,pp`1qq, 0 ď p ďM ´ 1, (4.1)
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where pUn,ppqq1ďpďM is an i.i.d. sequence of random variables with the same law as Un, θn0 is independent of the
innovation of the algorithm with supně1 Er|θn0 |2s ă `8 and γ “ pγpqpě1 is a sequence of non-negative deterministic
and decreasing steps satisfying the usual step assumption (1.9). This induces a statistical error which writes

ESpn,M, γq :“ θ˚,n ´ θnM .

The global error between θ˚, the quantity to estimate, and its implementable approximation θnM can be decomposed
as follows:

Eglobpn,M, γq “ θ˚ ´ θ˚,n ` θ˚,n ´ θnM

:“ EDpnq ` ESpn,M, γq.

Concerning the asymptotic behaviour of the implicit weak error EDpnq, the following result is established in [9].

Proposition 4.1.1 (Implicit discretisation error). For all n P N˚, assume that h and hn satisfy the mean reverting
assumption (1.11) of Corollary 1.1.2. Moreover, suppose that phnqně1 converges locally uniformly towards h. Then,
one has

θ˚,n Ñ θ˚ as nÑ `8.

Moreover, suppose that h and hn, n ě 1, are continuously differentiable and that Dhpθ˚q is non-singular. Assume
that pDhnqně1 converges locally uniformly to Dh. If there exists α P R˚ such that

@θ P Rd, lim
nÑ`8

nαphnpθq ´ hpθqq “ Eph, α, θq,

then, one has
lim

nÑ`8
nαpθ˚,n ´ θ˚q “ ´Dh´1pθ˚qEph, α, θ˚q.

Hence we see that the standard weak rate of convergence transfers to the implicit weak error under mild assump-
tions. The above proposition is the first step toward an expansion of θ˚,n´θ˚ in powers of n´α. This will be discussed
in further details in Section 4.3 for the development of a multi-step Richardson-Romberg method.

Regarding the statistical error ESpn,M, γq :“ θ˚,n ´ θnM , it is well-known that under standard assumptions, the
Robbins-Monro theorem, guarantees that limM ESpn,M, γq “ 0 a.s. for each fixed n P N˚, see Corollary 1.1.2. More-
over, under mild technical conditions, a CLT holds at rate γ´1{2pMq, that is, for each fixed n P N˚, γ´1{2pMqESpn,M, γq
converges in distribution to a normally distributed random variable with mean zero and finite covariance matrix, see
Theorem 1.1.5. In particular if we set γppq “ γ0{p, γ0 ą 0, p ě 1, the weak convergence rate is

?
M provided that

2Repλminqγ0 ą 1 where λmin denotes the eigenvalue of Dhpθ˚q with the smallest real part. Moreover, the Ruppert
and Polyak averaging principle allows one to achieve the optimal rate of convergence for free by devising a standard
Robbins-Monro algorithm with step sequence γppq “ γ0{p

ρ, 1
2 ă ρ ă 1 and computing the empirical mean of the

trajectory pθnp q1ďpďM .
Given the order of the implicit weak error and a step sequence γ satisfying (1.9) a natural question is to find the

optimal balance between the value of n and the number M of steps in the recursive scheme (4.1) in order to achieve
a given global error. This problem was originally investigated by Duffie and Glynn [38] for the standard Monte Carlo
method. The error between θ˚ and the approximation θnM writes θnM ´ θ

˚ “ θnM ´ θ
˚,n` θ˚,n´ θ˚ suggesting to select

M “ γ´1p1{n2αq, where γ´1 is the inverse function of γ, when the weak error is of order n´α.
However, due to the non-linearity of the SA algorithm (4.1), the methodology developed in [38] does not apply in

our context. The key ingredients to tackle this question consists in linearising the dynamic of pθnp q1ďpďM around its
target θ˚,n, quantifying the contribution of the non linearities in the space variable θnp and the innovations and finally
exploiting stability arguments from SA schemes. The next result is established in [9].

Theorem 4.1.2 (Optimal tradeoff). Suppose that the assumptions of Proposition 4.1.1 are satisfied and that h satisfies
the assumptions of Theorem 1.1.5. Assume that hn is twice continuously differentiable with Dhn Lipschitz continuous
uniformly in n and that it satisfies the strong mean-reverting assumption (1.14) with a constant λ (instead of α) that
does not depend on n. Then, under some additional assumptions that we omit for sake of simplicity, one has

nα
´

θnγ´1p1{n2αq ´ θ
˚
¯

ùñ ´Dh´1pθ˚qEph, α, θ˚q `N p0,Σ˚q ,

where

Σ˚ :“

ż 8

0

exp p´spDhpθ˚q ´ ζIdqq
T ErHpθ˚, UqHpθ˚, UqT s exp p´spDhpθ˚q ´ ζIdqq ds (4.2)

with ζ “ 0 if γpnq “ γ0{n
ρ, 1

2 ă ρ ă 1 and ζ “ 1{p2γ0q if γpnq “ γ0{n, γ0 ą 1{p2λq.
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Define the empirical mean sequence pθ̄np qpě1 of the sequence pθnp qpě1 by setting

θ̄np “
θ0 ` θ

n
1 ` ¨ ¨ ¨ ` θ

n
p

p` 1
“ θ̄np´1 ´

1

p` 1

`

θ̄np´1 ´ θ
n
p

˘

,

with a the step sequence γp “ γ0{p
ρ with ρ P p1{2, 1q. Then, one has

nα
`

θ̄nn2α ´ θ˚
˘

ùñ ´Dh´1pθ˚qEph, α, θ˚q `N
`

0, Dhpθ˚q´1ErHpθ˚, UqHpθ˚, UqT spDhpθ˚q´1qT
˘

, nÑ8.

Optimising with respect to the usual choice of the step sequence, the minimal computational cost (to achieve an
error of order n´α) is given by CSA “ Kˆnˆγ´1p1{n2αq and is optimal for γppq “ γ0{p, p ě 1, provided that γ0 ą

1
2α

or for the Ruppert and Polyak averaged algorithm, leading to a complexity of order n2α`1. In this case, we see that
the computational cost is similar to the one achieved by the classical Monte Carlo algorithm for the computation of
ErfpXT qs

In Section 4.2, we present a multi-level estimator which allows to significantly increase the efficiency the standard
stochastic algorithm designed according to the optimal tradeoff.

4.2 Multi-level stochastic approximation algorithm

The multi-level stochastic approximation method uses the following decomposition θ˚,n “ θ˚,1`
řL
`“1pθ

˚,m`´θ˚,m
`´1

q

with mL “ n, m ě 2, and implements L` 1 stochastic schemes with a sequence of bias parameter pm`q0ď`ďL. More
precisely, the target θ˚ is estimated by the quantity

Θml
n “ θ1

M0
`

L
ÿ

`“1

´

θm
`

M`
´ θm

`´1

M`

¯

.

It is important to point out here that for each level ` the couple pθm
`

M`
, θm

`´1

M`
q is computed using M` i.i.d. copies

of pUm
`´1

, Um
`

q. Moreover the random variables Um
`´1

and Um
`

use two different bias parameter but are perfectly
correlated. Finally, for two different levels, the SA schemes are based on independent samples.

Theorem 4.2.1. Suppose that h and phnqnPN satisfy the assumptions of Theorem 4.1.1. Assume that hn is twice
continuously differentiable in a neighbourhood of θ˚, with Dhn Lipschitz-continuous uniformly in n. Assume that the
following CLT holds:

m`ρpUm
`

´ Um
`´1

q
stably
ùñ V m as `Ñ `8

where V m is an Rq-valued random variable eventually defined on an extension pΩ̃, F̃ , P̃q of pΩ,F ,Pq.
Suppose that ẼrpDxHpθ

˚, UqV m´ẼrDxHpθ
˚, UqV msqpDxHpθ

˚, UqV m´ẼrDxHpθ
˚, UqV msqT s is a positive definite

matrix. Assume that the step sequence is given by γp “ γppq, p ě 1, where γ is a positive function defined on r0,`8r
decreasing to zero, satisfying one of the following assumptions:

• γ varies regularly with exponent p´aq, a P p1{2, 1q, that is, for any x ą 0, limtÑ`8 γptxq{γptq “ x´a.

• for t ě 1, γptq “ γ0{t and γ0 satisfies λγ0 ą 1.

Suppose that ρ satisfies one of the following assumptions:

• if ρ P p0, 1{2q, then assume that α ą 2ρ, λγ0 ą α{pα´ 2ρq (if γptq “ γ0{t) and

Dβ ą ρ, @θ P Rd, sup
ně1

nβ}Dhnpθq ´Dhpθq} ă `8.

In this case we set:

M0 “ γ´1p1{pn2α logpnqqq, Ml “ γ´1pm`
p1`2ρq

2 pm
1´2ρ

2 ´ 1q{pn2αpn
p1´2ρq

2 ´ 1qqq, ` “ 1, ¨ ¨ ¨ , L.

• if ρ “ 1{2, then assume that α “ 1, θm
`

0 “ θ0, ` “ 1, ¨ ¨ ¨ , L, with Er|θ0|
2s ă `8 and

Dβ ą 1{2, @θ P Rd, sup
ně1

nβ}Dhnpθq ´Dhpθq} ă `8.

In this case we set

M0 “ γ´1p1{pn2 logpnqqq, Ml “ γ´1pm` logpmq{pn2 logpnqpm´ 1qqq, ` “ 1, ¨ ¨ ¨ , L.
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Then one has

nαpΘml
n ´ θ˚q ùñ ´Dh´1pθ˚qEph, 1, θ˚q `N p0,Σ˚q, nÑ `8

with

Σ˚ :“

ż 8

0

´

e´spDhpθ
˚
q´ζIdq

¯T

Ẽ
„

´

DxHpθ
˚, UqV ´ ẼrDxHpθ

˚, UqV s
¯´

DxHpθ
˚, UqV ´ ẼrDxHpθ

˚, UqV s
¯T



e´spDhpθ
˚
q´ζIdqds.

Remark 4.2.1. The previous CLT for the multi-level stochastic approximation estimator of θ˚ holds if the standard
weak error (and thus the implicit weak error), is of order 1{nα and the strong rate error is of order 1{nρ with α ą 2ρ or
α “ 1 and ρ “ 1{2. Due to the non-linearity of the scheme, which leads to annoying remainder terms in the Taylor’s
expansions used in the proof, those results do not seem to easily extend to a weak discretisation error of order 1{nα

with α ă 1 and ρ “ 1{2 or a faster strong convergence rate ρ ą 1{2. Moreover, for the same reason this result does
not seem to extend to the empirical sequence associated to the multi-level estimator according to the Ruppert & Polyak
averaging principle.

The assumption related to the CLTs satisfied by the two sequences pU pnq ´ Uqně1 and pUm
`

´ Um
`´1

q`ě1 includes
the case of the value at time T of a SDE, namely U “ XT approximated by its continuous Euler-Maruyama scheme
Un “ Xn

T with n steps. Under mild assumption on the coefficients of the SDE, one has ρ “ 1{2. Moreover, U may
depend on the whole path of the process. For instance, one may have U “ L0

T pXq, the symmetricc local time at level
0 of the one-dimensional continuous diffusion process X and the approximations may be given by

Un “

rnts
ÿ

i“1

f
´

unX i´1
n
,
?
n
´

X i
n
´X i´1

n

¯¯

.

Then under some assumptions on the function f and the coefficients b, σ, the weak and strong rate of convergence
are ρ “ 1{4, see Jacod [65] for more details. Let us note that we do not know what happens in our results when ρ ą 1{2
which includes the case of higher order schemes for discretisation schemes of SDE, like the Milstein scheme.

The CLT presented in Theorem 4.2.1 shows that in order to obtain an error of order 1{nα, one has to set M0 “

γ´1p1{n2αq and Ml “ γ´1pm`
p1`2ρq

2 pm
1´2ρ

2 ´ 1q{pn2αpn
p1´2ρq

2 ´ 1qqq, if ρ P p0, 1{2q or M0 “ γ´1p1{n2q and Ml “

γ´1pm` logpmq{pn2 logpnqpm´ 1qqq if ρ “ 1{2, ` “ 1, ¨ ¨ ¨ , L with L “ logpnq{ logpmq. In both cases the complexity of
the multi-level stochastic approximation method is given by

CML-SApγq “ C ˆ

˜

γ´1p1{pn2α logpnqqq `
L
ÿ

`“1

M`pm
` `m`´1q

¸

. (4.3)

In order to compute this complexity, we distinguish the two following cases:

• If γppq “ γ0{p then the optimal complexity is given by

CML-SApγq “ C

˜

n2α logpnq `
n2pn

p1´2ρq
2 ´ 1q

m
1´2ρ

2 ´ 1

L
ÿ

`“1

m´
p1`2ρq

2 `pm` `m`´1q

¸

“ Opn2αn1´2ρq,

if ρ P p0, 1{2q under the constraint λγ0 ą αpα´ 2ρq and

CML-SApγq “ C

ˆ

n2 logpnq ` n2plog nq2
m2 ´ 1

mplogmq2

˙

“ Opn2plogpnqq2q,

if ρ “ 1{2 under the constraint λγ0 ą 1. These computational costs are similar to those achieved by the multi-
level Monte Carlo method for the computation of ErfpXT qs, see Giles [48] and Ben Alaya and Kebaier [1]. As
discussed in Giles [48], this complexity attains a minimum near m “ 7.

• If we choose γppq “ γ0{p
a, 1

2 ă a ă 1 then simple computations show that the computational cost is given by

CML-SApγq “ C

˜

n
2α
a log

1
a pnq ` n

2
a pn1´2ρ ´ 1q

1
a

L
ÿ

`“1

m´
p1`2ρq
a `pm` `m`´1q

¸

“ Opn 2α
a n

1´2ρ
a q,

if ρ P p0, 1{2q and

CML-SApγq “ C ˆ

˜

n
2
a log

1
a pnq ` n

2
a plog nq

1
a
pm´ 1q

1
a pm` 1q

mplogmq
1
a

L
ÿ

`“1

m´`p
1
a´1q

¸

“ Opn 2
a plog nq

1
a q

if ρ “ 1{2.
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Hence we see that the optimal complexity is achieved for γppq “ γ0{p under a constraint on γ0 involving λ.
We also obtained a CLT for the statistical Romberg stochastic approximation estimator that is defined by Θsr

n “

θn
β

M1
` θnM2

´ θn
β

M2
. The couple pθnM2

, θn
β

M2
q is computed using i.i.d. copies of pUn

β

, Unq, the random variables Un
β

and Un being perfectly correlated. Moreover, the random variables used to obtain θn
β

M1
are independent to those

used for the computation of pθnM2
, θn

β

M2
q. The optimal parameters are M1 “ γ´1p1{n2αq and M2 “ γ´1p1{pn2α´2ρβqq.

When γppq “ γ0{p, a constraint on γ0 involving λ appears. Here we can circumvent this issue by considering the
averaged version of the last estimator namely Θ̄sr

n “ θ̄n
β

M3
` θ̄nM4

´ θ̄n
β

M4
, with M3 “ n2α and M4 “ n2α´2ρβ , for any

β P p0, 1q (note that ρ ď α so that ρβ ă α). The optimal choice is β˚ “ 1{p1` 2ρq leading to an optimal complexity
CSR-SApγq “ CSR-RPpγq “ C 1n2α` 1

1`2ρ .
As a numerical illustration of these results we consider the following toy example. We turn our attention to the

computation of the level of the function θ ÞÑ e´rTEpXT ´ θq` (European call option), XT “ x expppr´ σ2

2 qT `σWT q,
which is given by the Black-Scholes formula.

Therefore, we first fix a value θ˚ (the target of our procedure) and compute the corresponding level ` “ e´rTEpXT´

θ˚q` by the Black-Scholes formula. Accordingly, we set hpθq “ ErHpθ,XT qs with Hpθ, xq “ ` ´ px ´ θq`. We use
the following values for the parameters: x “ 100, r “ 0.05, σ “ 0.4, T “ 1. We plot in Figure 4.1 the behaviors of
nhnpθ˚q and npθ˚,n ´ θ˚q for n “ 100, ¨ ¨ ¨ , 500. The value of hnpθ˚q is approximated by its Monte Carlo estimator
and θ˚,n is estimated by θnM , both estimators being computed with M “ 108 samples. The variance of the Monte
Carlo estimator ranges from 9.73ˆ 106 for n “ 100 to 9.39ˆ 107 for n “ 500.

To compare the three methods in terms of computational costs, we compute the different estimators, namely
θnγ´1p1{n2q

where pθnp qpě1 is given by (4.1), Θsr
n and Θml

n for a set of N “ 200 values of the target θ˚ equidistributed on
the interval r90, 110s and for different values of n. For each value n and for each method we compute its complexity
as the number of operations and the root-mean-squared error which is given by

RMSE “

˜

1

N

N
ÿ

k“1

pΘn
k ´ θ

˚
k q

2

¸1{2

where Θn
k “ θnγ´1p1{n2q

, Θsr
n or Θml

n is the considered estimator. For each given n, we provide a couple pRMSE,Complexityq
which is plotted on Figure 4.2. Let us note that the multi-level SA estimator has been computed for different values of
m (ranging from m “ 2 to m “ 7) and different values of L. We set γppq “ γ0{p, with γ0 “ 2, p ě 1, so that β˚ “ 1{2.

We briefly comment Figure 4.2. The curves of the statical Romberg SA and the multi-level SA methods are
displaced below the curve of the SA method. Therefore, for a given error, the complexity of both methods are much
lower than the one of the crude SA. The difference in terms of computational cost becomes more significant as the
RMSE is small, which corresponds to large values of n. The difference between the statistical Romberg and the
multi-level SA method is not significant for small values of n, i.e. for a RMSE between 1 and 0.1. For a RMSE lower
than 5.10´2, which corresponds to a number of steps n greater than about 600-700, we observe that the multi-level
SA procedure becomes much more effective than both methods. For a RMSE fixed around 1 (which corresponds to
n “ 100 for the SA algorithm and Statiscal Romberg SA), one divides the complexity by a factor of approximately 5
by using the statistical romberg SA. For a RMSE fixed at 10´1, the computational cost gain is approximately equal
to 10 by using either the statistical romberg SA algorithm or the multi-level SA one. Finally, for a RMSE fixed at
5.5.10´2, the complexity gain achieved by using the multi-level SA procedure instead of the statistical Romberg one
is approximately equal to 5.

4.3 Multi-step Richardson-Romberg for stochastic approximation algo-
rithm

This section is devoted to the work [10] related to a Multi-step Richardson-Romber method for the stochastic ap-
proximation algorithms introduced in [9]. Our first result is an expansion of the implicit discretisation error θ˚,n´ θ˚
presented in the previous expansion. We will denote by [H-k] the following set of assumptions:

1. For all θ P Rd,

hpθq ´ hnpθq “
Λ0

1pθq

nα
` ¨ ¨ ¨ `

Λ0
kpθq

nαk
` o

ˆ

1

nαk

˙

. (4.4)

2. h, hn P CkpRd,Rdq and for all l ď k ´ 1, for all θ P Rd,

Dlhnpθq ´Dlhpθq “
Λl1pθq

nα
` ¨ ¨ ¨ `

Λlk´lpθq

nαpk´lq
` o

ˆ

1

nαpk´lq

˙

. (4.5)
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Figure 4.1: On the left: Weak discretization error n ÞÑ nhnpθ˚q. On the right: Implicit discretization error n ÞÑ
npθ˚,n ´ θ˚q, n “ 100, ¨ ¨ ¨ , 500.

where for all θ P Rd, Λl1pθq, ¨ ¨ ¨ ,Λ
l
k´lpθq and opn

´αpk´lqq are multilinear maps from pRdql to Rd.

3. For all 1 ď l ď k, pDlhnqně1 converges locally uniformly towards Dlh.

4. Dhpθ˚q is invertible.

Under (H-1) we have seen in Proposiiton 4.1.1 that a first order expansion of θ˚,n´ θ˚ holds, that is, θ˚,n´ θ˚ “
C1n

´α ` opn´αq. In [10], we obtained a generalisation of this first result.

Theorem 4.3.1. Assume that θ˚,n Ñ θ˚, n Ñ `8, and that [H-p] holds for some p P N˚. Then, θ˚,n ´ θ˚ has an
expansion up to order p, that is, the following expansion holds:

θ˚,n ´ θ˚ “
C1

nα
` ¨ ¨ ¨ `

Cp
nαp

` o

ˆ

1

nαp

˙

.

From the previous expansion, one is able to develop a multi-step Richardson-Romberg extrapolation method for
stochastic approximation algorithm. The idea is the same as for the Richardson-Romberg method in the context of
Monte Carlo linear estimator for the computation of ErfpXT qs, see Section 1.2.3 for a brief description and Pagès [109]
for a complete overview.

We proceed as follows. Let R ě 2 be an integer. To devise a SA estimator whose target has an implicit discretisation
error of order n´αR as nÑ `8, we introduce a sequence of R random vectors tUrn, 1 ď r ď Ru, n P N˚. It is assumed
that this sequence satisfies Urn P

ÝÑ Ur with Ur d
“ U , 1 ď r ď R, all variables being defined on the same probability

space. If assumption [H-R] holds then for r “ 1, ¨ ¨ ¨ , R one gets

θ˚,rn “ θ˚ `
R´1
ÿ

p“1

Cp
rαp

1

nαp
`
CR
rαR

1

nαR
p1` εrpnqq , εrpnq Ñ 0.

By solving a Vandermonde system, one finds an Rdˆd weight matrix w “ pw1, ¨ ¨ ¨ ,wRq
T , wi being a dˆd matrix

i “ 1, ¨ ¨ ¨ , R such that
řR
r“1 wr “ Id and

R
ÿ

r“1

wrθ
˚,rn “ θ˚ ` CR

1

nαR
p´1qR´1

R!α
p1` εR`1pnqq (4.6)

Hence, we removed the R ´ 1 first terms of the expansion by considering a suitable linear combination of the
pθ˚,rnq1ďrďR. We now approximate the new target

řR
r“1 wrθ

˚,rn, by means ofM P N˚ steps of R stochastic algorithms
with dynamics

θrnp`1 “ θrnp ´ γp`1Hpθ
rn
p , Urn,pp`1qq, 0 ď p ďM ´ 1, r “ 1, ¨ ¨ ¨ , R, (4.7)
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where pUrn,ppq, r “ 1, ¨ ¨ ¨ , Rq1ďpďM is an i.i.d sequence with the same law as pUrn, r “ 1, ¨ ¨ ¨ , Rq, θrn0 , r “ 1 ¨ ¨ ¨ , R are
the initial conditions independent of the innovation sequence satisfying supně1 E|θn0 |2 ă `8 and the sequence pγpqpě1

satisfies (1.9). Now the new statistical error of the Richardson-Romberg extrapolation estimator writes

ER´RS pn,Mq :“
R
ÿ

r“1

wrpθ
˚,rn ´ θrnM q.

Under mild assumptions, we prove that this statistical error satisfies

Er|ER´RS |s ď νRγ
1{2pMq

`

1` φR1 pnq ` φ
R
2 pMq

˘

where νR :“ CE
„

ˇ

ˇ

ˇ

řR
r“1 wrHpθ

˚, Urq
ˇ

ˇ

ˇ

2
1{2

, φR1 , φR2 are two positive functions satisfying: φR1 pnq Ñ 0 and φR2 pMq Ñ 0

respectively as M Ñ `8, n Ñ `8 and φR2 is non-increasing. Hence, the global error of the Richardson-Romberg
estimator is bounded by Er|ER´Rglob |s ď µRn

´αR p1` |εR`1pnq|q ` νRγ
1{2pMqp1` φR1 pnq ` φ

R
2 pMq with µR :“ |CR|

pR!nRqα
.

In practical situations, one is looking for an efficient estimator among the family
!

řR
r“1 wrθ

rn
M , pn,Mq P pN˚q2

)

.
To be more precise, one is interested in minimising the computational cost for a given L1pPq-error ε ą 0. We assume
that the cost of a single simulation of Un is proportional to n and is given by K ˆ n, where K is a generic positive
constant independent of n. It notably corresponds to the case of discretisation schemes of a stochastic process. In the
case of the Richardson-Romberg method for SA, at each step p “ 1, ¨ ¨ ¨ ,M of the procedure, for r “ 1, ¨ ¨ ¨ , R, one
has to simulate the random vector pUn, U2n, ¨ ¨ ¨ , URnq so that the global computational cost is given by

Cost(R-R) :“ KM
R
ÿ

r“1

rn “ KMn
RpR` 1q

2
.

Hence the problem of interest writes

pnpεq,Mpεqq “ arg min
µRn´αRp1`|εR`1pnq|q`νRγ1{2pMqp1`φR1 pnq`φ

R
2 pMqďε

Cost(R-R).

We solve the above computational optimisation problem asymptotically. More precisely, if γppq “ γ0{p
β , γ0 ą 0,

p ą 0, β P p1{2, 1s. The multi-step Richardson-Romberg estimator of order R satisfies

inf
µRn´αRp1`|εR`1pnq|q`νRγ1{2pMqp1`φR1 pnq`φ

R
2 pMqqďε

Cost(R-R) „ K
RpR` 1q

2
γ

1
β

0 ν
2
β

Rµ
1
αR

R

1

ε
2
β`

1
αR

ˆ

1`
2αR

β

˙
1
αR

ˆ

1`
β

2αR

˙
2
β

as εÑ 0. Eventually this asymptotically optimal bound may be achieved with parameters satisfying:

npεq „

ˆ

2αR

β
` 1

˙
1
αR

µ
1
αR

R ε´
1
αR and Mpεq „ γ

1
β

0 ν
2
β

R

ˆ

1`
β

2αR

˙
2
β

ε´
2
β as εÑ 0. (4.8)

Let us note that when one decides to implement the Richardson-Romberg extrapolation scheme with an innovation
satisfying Ur “ U a.s. r “ 1, ¨ ¨ ¨ , R then one has Hpθ˚, Urq “ Hpθ˚, Uq a.s. for every r “ 1, ¨ ¨ ¨ , R which in turn
yields

E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

R
ÿ

r“1

wrHpθ
˚, Urq

ˇ

ˇ

ˇ

ˇ

ˇ

2
fi

fl “ E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

p

R
ÿ

r“1

wrqHpθ
˚, Uq

ˇ

ˇ

ˇ

ˇ

ˇ

2
fi

fl “ E
”

|Hpθ˚, Uq|
2
ı

.

Hence we clearly see that this choice leads to a control in the L1-norm of the statistical error of the multi-step
Richardson-Romberg SA estimator. On the opposite considering mutually independent innovations Ur lead to an
explosion of the previous control with respect to R. Using the exact expression of the weights, one has

E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

R
ÿ

r“1

wrHpθ
˚, Urq

ˇ

ˇ

ˇ

ˇ

ˇ

2
fi

fl “

˜

R
ÿ

r“1

r2αR

śr´1
j“0pr

α ´ jαq2
śR
j“r`1pj

α ´ rαq2

¸

E
”

|Hpθ˚, Uq|
2
ı

ě

ˆ

RR

R!

˙2α

E
”

|Hpθ˚, Uq|
2
ı

„

ˆ

eR
?

2π
?
R

˙2α

E
”

|Hpθ˚, Uq|
2
ı

as RÑ `8,
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For instance when one is concerned with the discretisation of a Brownian diffusion, the first aforementioned case
consists in implementing the Richardson-Romberg method with R Euler schemes devised with the same Brownian
motion W namelyW r “W, r “ 1, ¨ ¨ ¨ , R whereas the second case consists in implementing the method with mutually
independent Brownian motions W r. The optimality of this choice is discussed in Pagès [109].

Finally, we illustrate our results by applying the Richardson-Romberg method to the estimation of the `-quantile
(` P p0, 1q) θ˚ “ inftθ P R : PxpXd

1 ď θq ě `u where X is a d-dimensional stochastic process solution to a stochastic
differential equation (1.17) where the underlying process Z is a symmetric α-stable, for α P p0, 2s. Note that the case
α “ 2 corresponds to the standard Brownian motion.

The mean function h is defined by hpθq “ ErHpθ, Uqs, Hpθ, uq “ Ituďθu and U “ Xd
1 . We approximate U by

Un “ Xn,d
1 where Xn is the continuous Euler scheme associated to X.

In order to prove an expansion in powers of 1{n for the implicit discretisation error we first remark that ph´hnqpθq “
PxpXd

1 ď θq ´ PxpXn,d
1 ď θq so that dk

dθk
hpθq ´ dk

dθk
hnpθq “ B

k´1

Bθk´1 p
Xdp0, 1, x, θq ´ B

k´1

Bθk´1 p
Xn,d

n p0, 1, x, θq. Hence, one has
to rely on the smoothness of the law of Xd

1 and Xn,d
1 in order to verify [H-k].

We rely on the parametrix expansion for the error pXp0, 1, x, θq´pX
n

n p0, 1, x, θq between the densities of the process
X and its Euler approximation Xn obtained by Konakov and Mammen [76] in the case of Brownian SDEs and by
Konakov and Menozzi [77] in the case of stable SDEs (see Section 1.2.3 for a brief presentation) when the coefficients
b, σ of the SDE are assumed to be smooth and bounded. Moreover, we assume that the diffusion matrix is uniformly
elliptic and the spectral measure of Z when α ă 2 is non-degenerated. When α ď 1, we put b “ 0.

Note that we require more than an expansion of the error between the two densities since we also need an expansion
of their derivatives in order to verify [H-k]. As a simple extension of the results of Theorem 1.1 in Konakov and
Mammen in [76], for the Brownian case, and Theorem 21 in Konakov and Menozzi in [77], for the Stable case, we
derive in [10] an expansion in powers of n´1 for BθpXp0, 1, x, θq ´ BθpX

n

n p0, 1, x, θq. Hence, [H-k] is satisfied and we
obtain an expansion of θ˚,n ´ θ˚ in powers of n´1 at any order. Our result notably extend the error bound for the
computation of the quantile of a diffusion process obtained by Talay and Zheng [123].

To illustrate the method we consider a geometric Brownian motion pXtqtPr0,T s. Its dynamics and `-quantile are
given by

@t P r0, T s, Xt “ x0 expppr ´ σ2{2qt` σWtq, θ˚ “ x0 expppr ´ σ2{2qt` σ
?
tφ´1p`qq

where W is a one dimensional standard Brownian motion, φ is the distribution function of the standard normal
distribution N p0, 1q. We use the following values for the parameters: x0 “ 100, r “ 0.05, σ “ 0.4, T “ 1, ` “ 0.7.
The reference Black-Scholes quantile is θ˚ “ 119.69. We set γppq “ γ0{p with γ0 “ 60.

We plot in Figure 4.3 the behaviours of
řR
r“1 wrθ

˚,rn´ θ˚ for R “ 2, 3, 4 and n “ 2, ¨ ¨ ¨ , 15. We estimate θ˚,rn by
θrnM , with M “ 106 samples for R “ 2 and M “ 108 samples for R “ 3, 4 using consistent Brownian increments, that
is, the same Brownian motion for each R. We clearly see that the Richardson-Romberg estimator efficiency increases
with R and the method gives satisfying results with R “ 3, 4 for small values of n.
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Figure 4.3: Richardson Romberg SA estimators:
řR
r“1 wrθ

˚,rn ´ θ˚ with respect to n “ 2, ¨ ¨ ¨ , 15 for R “ 2, 3, 4.

In order to illustrate the computational efficiency of the Richardson-Romberg estimator we set the optimal param-
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Target accuracy: ε L1-error time (s) R n M
5.00ˆ 10´1 3.21ˆ 10´1 0.9ˆ 101 2 14 8.69ˆ 105

2.50ˆ 10´1 4.80ˆ 10´2 5.15ˆ 101 2 20 3.48ˆ 106

1.25ˆ 10´1 4.32ˆ 10´2 1.70ˆ 102 3 8 1.21ˆ 107

6.25ˆ 10´2 3.48ˆ 10´2 7.92ˆ 102 3 10 4.85ˆ 107

Table 4.1: Richardson-Romberg SA estimators for the quantile at level ` of a geometric Brownian motion with a target
accuracy ε “ 2´p, p “ 1, ¨ ¨ ¨ , 4.

Target accuracy: ε L1-error time (s) n M
5.00ˆ 10´1 2.09ˆ 10´1 1, 09ˆ 102 235 1.25ˆ 106

2.50ˆ 10´1 3.84ˆ 10´2 8.18ˆ 102 469 5.01ˆ 106

1.25ˆ 10´1 3.48ˆ 10´2 7.09ˆ 103 938 2.00ˆ 107

6.25ˆ 10´2 2.91ˆ 10´2 5.25ˆ 104 1876 8.01ˆ 107

Table 4.2: Crude SA estimators for the quantile at level ` of a geometric Brownian motion with a target accuracy
ε “ 2´p, p “ 1, ¨ ¨ ¨ , 4.

eters according to (4.8), namely

npεq “ r

ˆ

2αR

β
` 1

˙
1
αR

µ
1
αR

R ε´
1
αR s and Mpεq “ rγ

1
β

0 ν
2
β

R

ˆ

1`
β

2αR

˙
2
β

ε´
2
β s.

The target accuracy ε for the L1-error has been set at ε “ 2´p, p “ 1, ¨ ¨ ¨ , 4. The L1-error is estimated using 400
runs of the algorithm. The results are summarized in Table 4.1 for the Richardson-Romberg extrapolation SA method
and in Table 4.2 for the crude SA method.1 Note that as expected the L1-error is always lower than the specified ε for
our estimators. Using the Richardson-Romberg SA scheme instead of the crude SA method leads to a gain in terms
of CPU-time varying from 12 (for ε “ 5.00ˆ 10´1) to 66 (for ε “ 6.25ˆ 10´2).

4.4 Perspective
From a theoretical point of view it would be interesting to obtain a CLT for the multi-level Robbins-Monro algorithm
when one uses the averaging principle of Ruppert-Polyak since we only obtain the optimal computational cost under
a constraint on γ0 when γppq “ γ0{p. One expects to remove this constraint by devising a Robbins-Monro algorithm
devised with a low decreasing step sequence γppq “ γ0{p

a, 1
2 ă a ă 1 and computing the empirical mean along its

trajectories.
From a practical point of view, we investigated multi-level and multi-step Richardson-Romberg methods. It

would be interesting to combine them in order to obtain a multi-level Richardson-Romberg method for stochastic
approximation as it is done by Pagès and Lemaire [93] for the estimation of ErfpUqs by the Monte Carlo method.
One expects to achieve a complexity of order Opn2 logpnqq with a target accuracy of order Opn´1q, that is, to remove
a logpnq factor in the multi-level optimal complexity.

1The computations were performed on a computer with 4 multithreaded(16) octo-core processors (Intel(R) Xeon(R) CPU E5-4620 @
2.20GHz).
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Chapter 5

Weak approximation and asymptotic
expansion of some Markov semigroups

In this chapter we present [11] and [12]. The first work, in collaboration with A. Kohatsu-Higa, deals with asymptotic
expansions of Markov semigroups with respect to a small parameter. The key tools are the parametrix method and
Malliavin’s calculus. We revisit heat kernel expansions of some hypo-elliptic diffusion processes. We also discuss some
extensions to skew diffusions with non-regular coefficients.

In the second work, we are interested in the weak approximation error of a skew diffusion with bounded measurable
drift and Hölder continuous diffusion coefficient by an Euler-type scheme which consists of iteratively simulating skew
Brownian motions with constant drift. Here, we rely on a discrete version of the parametrix method “à la McKean
and Singer” [95]. This approach has been successfully applied in the Brownian case by Konakov and Mammen [75]
in order to derive some local limit theorems for Markov chain approximations and to establish weak approximation
expansions for the Euler scheme of a diffusion [76] when the coefficients of the underlying scheme are smooth. We
also refer to Konakov and Menozzi [77] for an extension to stable driven SDEs still in the case of smooth coefficients.
However, little attention has so far been given to the case of SDEs with non-smooth coefficients.

We first briefly present in Section 5.1.1 a probabilistic point of view of the parametrix method “à la McKean and
Singer”. For simplicity of the presentation, we consider the case of time-homogeneous diffusion process. In Section
5.1.2, we present a discrete version for the approximation of Lévy driven SDEs.

In Section 5.2, we illustrate the effectiveness of the parametrix method for the weak approximation of a skew
diffusion with non-smooth coefficients. In Section 5.3, we present a general approach for asymptotic expansion of a
Markov semigroup pP εt qtě0 with respect to the small parameter ε by means of the parametrix method and Malliavin’s
calculus and illustrate it on two examples.

5.1 A brief presentation of the parametrix method “à la Mc Kean and
Singer”

5.1.1 The case of diffusion processes

Let T ą 0. We consider the (strong) time-homogeneous Markov process pXtqtPr0,T s taking values in Rd with infinites-
imal generator defined by:

Lfpxq “ xbpxq,∇fpxqy ` 1

2
TrpapxqD2

xfpxqq, x P Rd (5.1)

where b : Rd Ñ Rd and σ : Rd Ñ RdbRq are bounded measurable functions, ap.q “ pσσ˚qp.q is η-Hölder continuous and
uniformly elliptic, that is, @px, ξq P pRdq2, xapxqξ, ξy ě a|ξ|2. Under these assumptions, its is known that the related
martingale problem is well-posed, see Stroock and Varadhan [120], in other words, the SDE with L as infinitesimal
generator admits a unique weak solution. We denote by pPtqtě0 the Markov semigroup defined on bounded measurable
functions f : Rd Ñ R by Ptfpxq “ ErfpXtq|X0 “ xs where pXtqtě0 is the unique weak solution to the SDE with
L as infinitesimal generator. The idea of the parametrix method is to approximate the dynamics of X by a simple
process X̄z, referred as parametrix process, obtained by removing the drift and freezing the diffusion coefficient to a
fixed point z P Rd. More precisely, one has X̄z

t “ x` σpzqWt, where pWtqtPr0,T s stands for a q-dimensional Brownian
motion, with infinitesimal generator L̄zfpxq “ 1

2TrpapzqD
2
xfpxqq. We denote by pP̄ zt q0ďtďT the associated Markov

semigroup. For t ą 0, the (transition) density of the parametrix process taken at time t starting from x at time 0 is
y ÞÑ p̄zpt, y ´ xq, where p̄zpt, xq is the Gaussian density with mean 0 and covariance matrix apzqt taken at x. We also
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denote by pδzε qεą0 a sequence of positive mollifier converging weakly to the Dirac mass at z. For instance, one may
consider δzε pyq “ gpε, y´ zq with the notation gpc, xq :“ p2πcq´

d
2 expp´|y´ z|2{p2cqq. Let r, ε ą 0 and f P CbpRdq. By

Itô’s lemma, for s P r0, ts, one has

P̄ zt´sP̄
z
r δ

z
εfpXsq “ P̄ zt`rδ

z
εfpxq `

ż s

0

pBv ` LqP̄ zt´v`rδzεfpXvqdv `Ms

“ P̄ zt`rδ
z
εfpxq `

ż s

0

pL´ L̄zqP̄ zt´v`rδzεfpXvqdv `Ms (5.2)

where pMsqsPr0,ts is a square integrable martingale. Taking expectations in both sides of the previous equality and
letting sÑ t and then integrating with respect to z, one gets

ż

PtP̄
z
r δ

z
εfpxqdz “

ż

P̄ zt`rδ
z
εfpxqdz `

ż t

0

Er
ż ż

δzε pyqfpyqSzt´v`rpXv, yqdzdysdv. (5.3)

where we introduced the notations:

Szt fpxq :“

ż

fpyqSzt px, yqdy, Szt px, yq :“

"

1

2
pai,jpxq ´ ai,jpzqqH

i,j
2 papzqt, y ´ xq ´ bipxqH

i
1papzqt, y ´ xq

*

gpapzqt, y ´ xq

with Hi,j
2 pa, xq “ pgpa, xqq

´1B2
xi,xjgpa, xq, H

i
1pa, xq “ pgpa, xqq

´1Bxigpa, xq. Passing to the limit as ε Ó 0 then in r Ó 0
and omitting technical details, we get

Ptfpxq “ P̂tfpxq `

ż t

0

PvŜt´vfpxqdv, t P r0, T s (5.4)

with P̂tfpxq :“
ş

fpyqgpapyqt, y ´ xqdy and Ŝtfpxq :“
ş

fpyqŜtpx, yqdy, Ŝtpx, yq :“ Ŝyt px, yq. Importantly, using the
η-Hölder regularity of a, one has the following control: @t P p0, T s, |Ŝtpx, yq| ď Ct´1` η2 gpct, y ´ xq for some positive
constants C :“ Cpa, b, T q, c :“ cpaq.

The above lines of reasoning allows to select the point z where the coefficients of the parametrix process are fixed
as the terminal point where the transition density is evaluated. This argument will be referred as the diagonalisation
argument. In Section 6.2 of Chapter 6, we will see that this argument still works when the probability measure of the
parametrix process is not absolutely continuous with respect to the Lebesgue measure. Assuming that b is continuous,
one may iterate the first step expansion (5.4):

Ptfpxq “
N´1
ÿ

n“0

Int fpxq `RN
t fpxq (5.5)

where Int fpxq :“
ş

∆nptq
P̂sn Ŝsn´1´sn ¨ ¨ ¨ Ŝt´s1fpxqdsn, I0

t fpxq :“ P̂tfpxq and RN
t fpxq :“

ş

∆N ptq
PsN ŜsN´1´sN ¨ ¨ ¨ Ŝt´s1fpxqdsN .

Using repeatedly the previous control on the kernel Ŝtpx, yq, one gets

|RN
t fpxq| ď |f |8

ż

∆N ptq

dsN

N´1
ź

n“0

CT psn ´ sn`1q
´p1´ η2 q “ |f |8C

N
T t

Nη{2 Γpη{2qN

Γp1`Nη{2q
,

where Γ denotes the Gamma function. From the asymptotics of the Gamma function, one may let N goes to infinity
in (5.5) and deduces that the series

ř

ně0 I
n
t fpxq converges absolutely and uniformly for t P r0, T s. From the previous

expansion, one may prove the existence of the transition density for the process pXtqtPr0,T s. Indeed, from Fubini’s
theorem, one has

Ptfpxq “
ÿ

ně0

Int fpxq “

ż

fpz0q
ÿ

ně0

˜

ż

∆npT q

dsn

ż

pRdqn
dzn gpapznqsn, zn ´ xq Ŝz0t´s1pz1, z0q

n´1
ź

i“1

Ŝzisi´si`1
pzi`1, ziq

¸

dz0

so that the transition density pt, x, yq ÞÑ ppt, x, yq associated to pPtqtě0 exists and is given by

ppt, x, yq “
ÿ

ně0

ż

∆npT q

dsn

ż

pRdqn
dzn gpapznqsn, zn ´ xq Ŝz0t´s1pz1, yq

n´1
ź

i“1

Ŝzisi´si`1
pzi`1, ziq. (5.6)

Moreover, from the asymptotics of the Gamma function, one deduces the Gaussian upper-bound: DC :“ Cpa, |b|8, T q, c :“
cpaq ą 0 such that @pt, x, yq P p0, T s ˆ pRdq2, ppt, x, yq ď Cgpct, y´ xq. The case of a bounded measurable drift can be
handled by an approximation argument: take pbnqně0 such that bn is continuous, supně1 |bn|8 ď |b|8 and bn Ñ b a.e.
Denote by pPnt qtě0 the semigroup associated to this approximation. By a compactness argument and uniqueness of
the martingale problem,

 

pXn
t qtPr0,T s, n ě 0

(

converges weakly to pXtqtě0 and one can pass to the limit in the corre-
sponding parametrix series. When b is Hölder continuous, one can prove that the series expansion for pt, xq ÞÑ ppt, x, yq
satisfies the Backward Kolmogorov equation, namely: pBt ` Lqppt, x, yq “ 0 with ppt, ., yq Ñ δyp.q as t Ó 0, see e.g.
Friedman [44].
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5.1.2 A discrete version of the parametrix method
In the previous section, we have exposed a probabilistic point of view of the parametrix method of McKean and
Singer [95] for a time-homogeneous diffusion process. We illustrate now its robustness by showing that it can be easily
adapted for approximation schemes. In this section, we consider an Rd-valued process pXtqtPr0,T s with generator L
given by (5.1).

For a positive integer N , we define the time step h “ T {N and the corresponding uniform time grid ti “ ih,
i “ 0, ¨ ¨ ¨ , N . A natural approximation scheme of the dynamics of pXtqtPr0,T s by a Markov chain is given by the
following scheme:

XN
ti`1

“ XN
ti ` bpX

N
ti qh` σpx

1qζNi`1, i “ 0, ¨ ¨ ¨ , N ´ 1, XN
0 “ x (5.7)

where pζNi q1ďiďN are i.i.d. random variables such that their common law approximate the law of the true increments
Wh and such that ζN1 has a density. If σ is non-degenerated then the one step transition admits a density and so does
XN
ti for i “ 1, ¨ ¨ ¨ , N . The density of the Markov chain approximation scheme taken at time tj1 starting from x at

time tj will be denoted y ÞÑ pN ptj , tj1 , x, yq. In the spirit of the previous section, we introduce a parametrix process
denoted by pX̃N,x1

ti qjďiďj1 associated to pXN
ti qjďiďj1 which consists in removing the drift part and freezing the diffusion

coefficient in the dynamics of (5.7) at the terminal point x1 where the density of pXN
ti qjďiďj1 is evaluated. Its dynamics

is given by
X̃N,x1

ti`1
“ X̃N,x1

ti ` σpX̃N,x1

ti qζNi`1, i “ j, ¨ ¨ ¨ , j1 ´ 1, X̃N,x1

j “ x (5.8)

and its transition density is denoted by p̃x
1

N . To simplify the notations, we will write p̃N ptj , tj1 , x, x1q for p̃x
1

N ptj , tj1 , x, x
1q.

We also introduce the discrete counterpart of the infinitesimal generators considered so far. For g : CbpRdq, j “
0, ¨ ¨ ¨ , j1 ´ 1, we define

LNtj gpxq “
ErgpXN

tj`h
q|XN

tj “ xs ´ gpxq

h
, and L̃Ntj gpxq “

ErgpX̃N,x1

tj`h
q|X̃N

tj “ xs ´ gpxq

h
(5.9)

for 0 ď j ă j1 ď N , the discrete kernel HN ptj , tj1 , x, x
1q “

´´

LNtj ´ L̃
N
tj

¯

p̃N ptj ` h, tj1 , ., x
1q

¯

pxq and finally the
discrete time-space convolution type operator bN as follows

pg bN fqptj , tj1 , x, x
1q “

j1´1
ÿ

i“j

h

ż

Rd
gptj , ti, x, zqfpti, tj1 , z, x

1qdz

with the convention that
řj1´1
i“j ¨ ¨ ¨ “ 0 if j ě j1. From (5.9), it is easily seen that

HN ptj , tj1 , x, x
1q “ h´1

ż

Rd
ppN ´ p̃

tj1 ,x
1

N qptj , tj`1, x, zqp̃N ptj`1, tj1 , z, x
1qdz.

After some simple computations that we omit, see e.g. Lemma 3.6 in Konakov and Mammen [75], for 0 ď j ă j1 ď
N , the following expansion holds

@px, x1q P pRdq2, pN ptj , tj1 , x, x1q “
j1´j
ÿ

r“0

´

p̃N bN H
prq
N

¯

ptj , tj1 , x, x
1q (5.10)

where we define the convolution as follows: g bN H
p0q
N “ g and for r ě 1, g bN H

prq
N “ pg bN H

pr´1q
N q bN HN and

use the convention p̃ptj1 , tj1 , ., x1q “ p̃ptj1 , tj1 , ., x
1q “ δx1p.q in the computation of p̃ bN H

prq
N . From (5.10) and (5.6),

the densities of Xt and of its approximation scheme share a similar representation. In order to control the weak
approximation error p´ pN between the two densities, one has to quantify the following errors:

1. the error coming from the approximation of the “true” Brownian increment by the sequence pζNi q1ďiďN , in other
words the error p̃´ p̃N .

2. the error coming from the discretisation of the space-time convolution operator appearing in (5.6).

3. the contribution when one replaces the continuous kernel Ŝt´sp., .q by its discrete counterpart HN ps, t, ., .q.

When the coefficients are smooth and time-inhomogeneous, following these steps, Konakov and Mammen [75]
proved an error bound for the difference p ´ pN , namely |pp ´ pN qp0, t, x, x

1q| ď Ch1{2t´d{2p1 ` p|x1 ´ x|{t1{2qSq´1

for some S depending of the integrability properties of the underlying innovation sequence pζNi q1ďiďN . It is the
approximation coming from step 1 that dominates in the error bound.
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When one directly samples the sequence pζNi q1ďiďN according to the true law h
1
2N p0, Idq, that is, when one removes

the error coming from step 1, one obtains an error bound of order h. An expansion of the error in powers of h has
been established by Konakov and Mammen [76], as mentioned in equation (1.30) in Section 1.2.3. All these results
are obtained under enough regularity on the coefficients b and σ.

When the coefficients b and σ are not smooth, there are only few results. Very recently, in the diffusion case,
Konakov and al. [78] derived an upper bound for p´ pN of order h

η
2´Cψphq, where ψphq is a slowly varying factor that

goes to zero as h Ñ 0 under the assumption that the coefficients b and σ are η-Hölder continuous. Their strategy
consists in introducing perturbed dynamics of the considered SDE and its scheme by suitably mollifying the coefficients
of both dynamics and to quantify the distance between the densities and their respective perturbations.

We also mention the work of Mikulevicius and Platen [101] who established an error bound for the weak approxi-
mation error ErfpXT q´ fpX

N
T qs of order h

η{2 provided f P C2`ηpr0, T sˆRdq and the coefficients b and σ are η-Hölder
continuous in space and η{2-Hölder continuous in time. We also refer the reader to [100] and [102] for some recent
extensions of this result to the case of Lévy driven SDEs.

In the next section we present the results obtained in [12] where we proved an error bound for the difference
between the densities of the skew diffusion and its Euler approximation of order hη{2 under the assumption that b is
bounded measurable and σ is η-Hölder continuous and uniformly elliptic.

5.2 Weak approximation of a skew diffusion by an Euler-type scheme
We consider the unique weak solution of the following R-valued SDE pXtqtě0 with dynamics

Xt “ x`

ż t

0

bpXsqds`

ż t

0

σpXsqdWs ` p2α´ 1qL0
t pXq, α P p0, 1q (5.11)

where W “ pWtqtě0 is a one dimensional Brownian motion defined on a filtered probability space pΩ,F , pFtqtě0,Pq
satisfying the usual assumptions and L0pXq is the symmetric local time of X at the origin.

When b “ 0 and σ “ 1, the solution to (5.11) is called the skew Brownian motion. Harrison and Shepp [60] proved
that if |2α ´ 1| ď 1 then there is a unique strong solution and if |2α ´ 1| ą 1, there is no solution. The case α “ 1
corresponds to reflecting Brownian motion.

Here we assume that the coefficients of the SDE (5.11) satisfies the following assumptions:

(HR) The drift b is bounded measurable and a “ σ2 is η-Hölder continuous, for some η P p0, 1s. That is, there exists
a positive constant L such that

sup
xPR

|bpxq| ` sup
px,yqPR2,x‰y

|apxq ´ apyq|

|x´ y|η
ă L.

(HE) The diffusion coefficient is uniformly elliptic that is there exists λ ą 1 such that for every x P R, λ´1 ă apxq ă λ.
Since σ is continuous, without loss of generality, we may assume that σ is positive.

The previous assumptions guarantee the existence of a unique weak solution to (5.11). Moreover, for any pt, xq P
R˚` ˆ R, Xt admits a density y ÞÑ pp0, t, x, yq, which is continuous on R˚ and satisfies a Gaussian upper-bound. We
refer to Kohatsu-Higa and al. [73] for more details, see also Le Gall [88]. We also refer the interested reader to the
recent survey of Lejay [89] and the references therein for various applications of such equation.

In particular, in [73], a representation of the transition density pp0, t, x, yq by means of the parametrix method “à
la McKean and Singer” similar to the expansion (5.6) is obtained. However, the parametrix process is chosen to be
the skew Brownian motion, that is, X̄z

t “ x` σpzqWt ` p2α´ 1qL0
t pX̄

zq for which the transition density p̄zp0, t, x, yq
is defined by

Case 1: For x ě 0, one has

p̄zp0, t, x, yq “ tgpapzqt, y ´ xq ` p2α´ 1qgpapzqt, y ` xqu Ityě0u ` 2p1´ αqgpapzqt, y ´ xqItyă0u.

Case 2: For x ă 0, one has

p̄zp0, t, x, yq “ tgpapzqt, y ´ xq ` p1´ 2αqgpapzqt, y ` xqu Ityă0u ` 2αgpapzqt, y ´ xqItyě0u.

Note also that the infinitesimal generators L of (5.11) and L̄z of X̄z are respectively given by L “ 1
2apxqB

2
x`bpxqBx

and L̄zfpxq “ 1
2apzqB

2
x acting on Dpαq the set of bounded continuous functions f : R Ñ R with bounded continuous

derivatives f 1 and f2 on R˚ such that f 1p0`q and f 1p0´q exists, are finite and satisfies αf 1p0`q “ p1 ´ αqf 1p0´q.
Instead of Itô’s lemma, one has to use the Itô-Tanaka formula in (5.2).
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To approximate equation (5.11) on the time interval r0, T s, T ą 0, we introduce the Euler type scheme pXN
t qtPr0,T s

associated to the time step h “ T {N , N P N˚ and time grid ti “ ih, i “ 0, ¨ ¨ ¨ , N , defined by XN
0 “ x and for all

ti ď t ď ti`1

XN
t “ XN

ti ` bpX
N
ti qpt´ tiq ` σpX

N
ti qpWt ´Wtiq ` p2α´ 1qL0

t´tipX
N pti, X

N
ti qq. (5.12)

Observe that the above scheme does not correspond to a standard Euler-Maruyama approximation scheme since
we do not discretise the part corresponding to the local time in the dynamics (5.11). However, its computation only
requires to be able to simulate exactly the skew Brownian motion with a constant drift at time t ´ ti. This process
is known to be exactly simulatable and we refer to Etoré and Martinez [40] for the exact expression of its density. In
partiular, under assumptions (HR) and (HE), the transition between ti and t P pti, ti`1s admits a positive density
so that the discretisation scheme (5.12) admits a positive transition density between two times ti and tj , that we will
denote pN pti, tj , x, yq, for any 0 ď ti ă tj ď T , px, yq P R ˆ R˚. In particular, a Gaussian upper-bound has been
established in [73] for the transition density of the skew diffusion (5.11) under (HR) and (HE). Our first result is to
prove similar Aronson’s estimate, that is a Gaussian upper estimate but also a lower bound hold for the discretisation
scheme (5.12).

Theorem 5.2.1. (Two sided Gaussian estimates for the scheme) Under (HR) and (HE), there exist two constants
C :“ CpT, b, σq, c :“ cpλ, ηq ą 1 such that for every 0 ď j ă i ď N ,

@px, yq P Rˆ R˚, C´1gpc´1pti ´ tjq, y ´ xq ď pN ptj , ti, x, yq ď Cgpcpti ´ tjq, y ´ xq.

The proof relies on a parametrix expansion of the density pN ptj , ti, x, yq as explained in the previous sections. In
particular, one proves that the series representation (5.10) holds for the transition density of the scheme (5.12) with
p̃N ptj , tj1 , x, x

1q “ p̃ptj , tj1 , x, x
1q “ p̄x

1

ptj , tj1 , x, x
1q. The lower bound is obtained by a chaining argument as usually

done in this context, see Chapter VII in Bass [14], Kusuoka and Stroock [84] and Lemaire and Menozzi [91] in the
case of discretisation schemes of uniformly elliptic diffusions and of some degenerate Kolmogorov processes.

Our second result is an error bound for the difference between the densities of the skew diffusion (5.11) and its
approximation scheme (5.12).

Theorem 5.2.2 (Error bound on the difference between the densities). Assume that (HR) and (HE) hold. Then,
there exists a constant c :“ cpλ, ηq ą 1 such that, for all 0 ď tj ă ti ď N , one has

@px, yq P ˆRˆ R˚, |pp´ pN qptj , ti, x, yq| ď CpT, b, σqhη{2gpcpti ´ tjq, y ´ xq

where T ÞÑ CpT, b, σq is a non-decreasing positive function.

Observe that the weak rate hη{2 is coherent with previous results obtained in the literature for the weak approx-
imation error ErfpXT q ´ fpXN

T qs where X is given by a Brownian SDE and XN is its Euler scheme when b and σ
are η-Hölder continuous in space and η{2-Hölder continuous in time, see [101]. In Konakov and al. [78], the error
bound on the densities is proved to be of order h

η
2´Cψphq, ψphq “ log3ph

´1q{ log2ph
´1q when the coefficients b and σ

are η-Hölder continuous. Moreover, in their results, the singularity in time is given by Cpti ´ tjq
´p1´η{2qη{2 whereas

this quantity does not appear in the previous theorem so it is tighter in this sense. For α “ 1{2, which corresponds
to the case of (time homogeneous) diffusion process (since the local time part vanishes), compared to [78], our result
notably removes the slowly varying factor ψphq and shows that the drift plays no role in the approximation of the
density since we only require b to be a bounded measurable function. This phenomenon is not surprising since one
of the advantages of the parametrix method is the removal of the drift part in the analysis. Eventually, it should be
possible to extend our strategy of proof to the case of multi-dimensional Brownian diffusion.

In order to prove the error bound of Theorem 5.2.2, our strategy is the following. The main point is to compare the
parametrix series of the transition pptj , ti, x, yq obtained in [73] and the parametrix series of the Euler scheme (5.12)
which differs on account of the discrete nature of time-space convolution operator bN and the discrete smoothing
kernel HN . In order to do this, we introduce for 0 ď j ă j1 ď N ,

@px, x1q P Rˆ R˚, pdN ptj , tj1 , x, x1q “
ÿ

rě0

p̃bN Hprqptj , tj1 , x, x
1q. (5.13)

Arguments similar to those used in Section 5.1.1 show that the series (5.13) converge absolutely and uniformly on
Rˆ R˚ and that pdN satisfies the following Gaussian upper-bound:

@px, x1q P Rˆ R˚, pdN ptj , tj1 , x, x1q ď CpT, |b|8, aqgpcptj1 ´ tjq, x
1 ´ xq. (5.14)

Indeed, by induction on r, one proves that

@px, x1q P Rˆ R˚, |p̃bN Hprqptj , tj1 , x, x
1q| ď Crptj1 ´ tjq

rη{2
r
ź

i“1

B

ˆ

1`
pi´ 1qη

2
,
η

2

˙

gcptj1´tjqpx
1 ´ xq (5.15)
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where C :“ Cpλ, ηqp|b|8T
1´η

2 ` 1q and Bpm,nq “
ş1

0
dvp1´ vqm´1vn´1 is the Beta function. Then, (5.14) follows

from the previous bound. We omit technical details.
The idea is now to decompose the global error as follows:

pp´ pN qptj , ti, x, yq “ pp´ p
d
N qptj , ti, x, yq ` pp

d
N ´ pN qptj , ti, x, yq.

A similar decomposition has been used in [76] when the coefficients b and σ are smooth. The smoothness of the
coefficients notably allows to use Taylor expansions to express the transition density p as the fundamental solution
of the underlying parabolic PDE and to use integration by parts (that may be expressed as the duality relation
satisfied by the infinitesimal generator when seen as a differential operator) in order to equilibrate time singularities.
Obviously, these arguments do not work here under the mild smoothness assumption (HR) so that computations
become more delicate. In a first step, we express the difference pdN ´ pN in an infinite parametrix series that involves
the difference between the two kernels H and HN . Then, the symmetric Itô-Tanaka formula allows to express the
difference H ´ HN as the difference of the kernel H between two consecutive discretisation times plus a remainder
term RN . We then study the weak approximation rate induced by RN . The delicate point here lies in the non-
differentiability of x ÞÑ Bxp̃ptj , tj1 , x, x

1q at zero caused by the presence of the local time part in the dynamics of XN

and X̃N which prevents us to use (again) the Itô-Tanaka formula. In a second step, in order to study p´pdN , we express
this difference as an infinite parametrix series that involves the difference between the two convolution operators b
and bN . Then, we notably use a (kind of) Lipschitz property in time for the transition density p and a smoothing
procedure for the drift part.

5.3 Asymptotic expansion of Markov semigroups and application to dif-
fusion processes

In this section, we present the results obtained in [11] in collaboration with A. Kohatsu-Higa. We develop a general
framework for asymptotic expansion of a Markov semigroup pP εt qtě0 with respect to a small parameter ε based on
the parametrix technique and Malliavin’s calculus. The main idea can be summed up as follows. Assume that a first
order expansion for the infinitesimal generator Lεt of pP εt qtě0 holds, that is Lεt “ L0

t ` εL1,ε
t , t ě 0, where L0

t is the
infinitesimal generator of some strongly continuous Feller semigroup pP 0

s,tq0ďsďt, which will be referred to as the proxy
semigroup. The basic argument in order to obtain the expansion in powers of ε consists in writing

P ε0,tfpxq ´ P
0
0,tfpxq “

ż t

0

BspP
ε
0,sP

0
s,tqfpxqds “

ż t

0

P ε0,spLεs ´ L0
sqP

0
s,tfpxqds “ ε

ż t

0

P ε0,sL1,ε
s P 0

s,tfpxqds (5.16)

where we assumed that P 0
s,tf P DompLεsq for f P DompL0

sq and s P r0, ts. In order to iterate the above expansion,
one needs an expansion of Lε, namely we assume Lε “ L0 ` εL1 ` ¨ ¨ ¨ ` ε``1L``1,ε. More precisely, for every
f P C8c pRdq Ă Xtě0DompLεt q XDompL0

t q ¨ ¨ ¨ XDompL``1,ε
t q, we assume that

Lεtfpxq “ L0
tfpxq ` εL1

tfpxq ` ¨ ¨ ¨ ` ε
``1L``1,ε

t fpxq. (5.17)

Then, under some integrability conditions that we omit, for all pt, xq P R` ˆ Rd, the following expansion holds

P ε0,tfpxq “ P 0
0,tfpxq `

ÿ̀

p“1

εpIppfqpxq ` ε
``1pR1,ε

` `R2,ε
` q (5.18)

with

Ippfqpxq :“
p
ÿ

k“1

ÿ

α“pα1,...,αkq

}α}“p

ż

∆kptq

dskP
0
0,sk
Lαksk P

0
sk,sk´1

¨ ¨ ¨P 0
s2,s1L

α1
s1 P

0
s1,tfpxq

and lim supεÑ0

!

|R1,ε
` | ` |R

2,ε
` |

)

ă 8. The norm of the index α “ pα1, ¨ ¨ ¨ , α`q, αi P t1, ¨ ¨ ¨ , `u, is defined as }α} “
ř`
j“1 αj .
The main application discussed in this work concerns semigroups generated by diffusion processes which are defined

as solutions of SDEs. In order to extend the expansion of P ε0,tf to the class of bounded Borel functions, we will rely
on some integration by parts formula on the Wiener space. We now explain the main idea. We will use the standard
notations of Malliavin calculus. We refer to Ikeda and Watanabe [64] and Nualart [108] for a complete exposition of
this topic. We consider the unique strong solution Z of the following SDE

Zt “ Zs `

ż t

s

bpu, Zuqdu`

ż t

s

σ`pu, ZuqdW
`
u; Z0 “ z P Rd, ps, tq P r0, T s2 (5.19)
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with coefficients bpt, .q, σ`pt, .q P C8pRd,Rdq, t P r0, T s, ` “ 1, ¨ ¨ ¨ , q, with bounded derivatives of all orders greater than
one. We also assume that bpt, 0q, σ1pt, 0q, ¨ ¨ ¨ , σqpt, 0q are bounded on r0, T s. The corresponding time inhomogeneous
Markov semigroup is given by Ps,tfpxq :“ ErfpZtps, xqqs, 0 ď s ď t ď T , for any given bounded measurable function
f .

It is well known that the above non-homogeneous diffusion defines a C8 non-homogeneous stochastic flow, see e.g.
Kunita [80]. Therefore we may define flow derivatives of the type Bk

Z
α1
s1
,...,Z

αk
sk

Zt for any sk P r0, ts
k and any multi-index

α P t1, ¨ ¨ ¨ , du
k, k P N˚. Similarly, we also define accordingly the multilinear form BiZsZt, i P N. Notice that we can

therefore understand Bk
Z
α1
s1
,...,Z

αk
sk

Zt as a (random) function of the vector pZs1 , ¨ ¨ ¨Zskq.

For j P N, s P r0, T s, ε P r0, 1s, we consider coefficients Bjspε, .q P C8pRd,Rdq and Ajspε, .q P C8pRd, SdpRqq such
that for any multi-index α of elements of t1, ¨ ¨ ¨ , du and any j P N,

sup
sPr0,T s,εPr0,1s

 

|BαB
j
spε, xq| ` |BαA

j
spε, xq|

(

ď Qαp|x|q (5.20)

for some polynomial function Qα. We also define the corresponding non-homogeneous derivative operators

Lj,εs fpxq “ Bjspε, xq∇xfpxq `
1

2
Ajspε, xqB

2
xfpxq (5.21)

and note that we are using product notation: b∇xfpxq “
řd
i“1 biBxifpxq and AB2

xfpxq “
řd
i,j“1Ai,jB

2
xi,xjfpxq for

f P C2pRdq, b P Rd and A P SdpRq. With this notation together with the existence of smooth flows the interchange of
derivatives and expectations is straightforward, that is for any f P C8b pRdq, one has

Lj,εs Ps,tfpxq “ E
”

Lj,εZsfpZtq
ˇ

ˇ

ˇ
Zs “ x

ı

, with Lj,εZsfpZtq “ Bjspε, Zsq∇ZsfpZtq `
1

2
Ajspε, ZsqB

2
ZsfpZtq (5.22)

Clearly, this formula transfers derivatives operators applied to semigroups into differentiation along the flow gen-
erated by the diffusion. From here, we can also obtain the following generalised transfer formula:

y ÞÑ Lαp,εsp Psp,sp´1
¨ ¨ ¨Ps2,s1Lα1,ε

s1 Ps1,tfpyq “E
”

Lαp,εZsp
¨ ¨ ¨Lα1,ε

Zs1
fpZtq|Zsp “ y

ı

with

Lαp,εZsp
¨ ¨ ¨Lα1,ε

Zs1
fpZtq “

ÿ

βPA0p2pq

BβfpZtqΘ
β,α
ε psp, Zspq.

We use the notation A0ppq for the set of multi-indices α “ pα1, ¨ ¨ ¨ , α`q P t1, ¨ ¨ ¨ , du
`, with length ` P t1, ¨ ¨ ¨ , pu. Also

 

y ÞÑ Θβ,α
ε psp, yq, β P A0p2pq, ε P r0, 1s

(

is a family of smooth functions such that for any β P A0p2pq, ε P r0, 1s and
any tuple γ of elements of t1, ¨ ¨ ¨ , du, Θβ,α

ε : ∆pptq ˆ Rd Ñ D8 satisfies

1. Θβ,α
ε psp, .q P C8pRdq and rBγΘβ,α

ε {Byγsp., .q is continuous on ∆pptq ˆ Rd a.s.

2. @pk, pq P Nˆ r1,8q, there exists a polynomial Qk,p function such that

@y P Rd, sup
spP∆pptq,εPr0,1s

›

›rBγΘβ,α
ε {Byγspsp, yq

›

›

k,p
ă Qk,pp|y|q.

Moreover, if one assumes that the Malliavin covariance matrix ΓZT of ZT is invertible and that detpΓZT q
´1 has

moments of all orders. Then, making use of the Malliavin integration by parts formula, for any multi-index α of length
p and any sp P ∆ppT q, one has

P0,spLαp,εsp Psp,sp´1
¨ ¨ ¨Ps2,s1Lα1,ε

s1 Ps1,T fpxq “
ÿ

βPA0p2pq

ErfpZT pxqqHβpZT pxq,Θ
β,α
ε psp, Zsppxqqqs. (5.23)

We apply this approach to a d-dimensional diffusion processes pXε
t qtě0 solution of an SDE with dynamics:

Xε
t “ x0 `

ż t

0

bpε,Xε
s qds` ε

ż t

0

σ`pX
ε
s qdW

`
s , pε, tq P r0, 1s ˆ r0, T s, (5.24)

where pWt “ W 1
t , ¨ ¨ ¨ ,W

q
t qtPr0,T s is a q-dimensional Brownian motion, σ “ pσ1, ¨ ¨ ¨ , σqq is a system of Rd-valued

functions all defined on Rd and b : r0, 1s ˆ Rd Ñ Rd and ε P r0, 1s. Our aim is to derive an asymptotic expansion of
the density pεp0, T, x0, yq of (5.24) starting from x0 at time 0 and evaluated at terminal point y at time T as ε Ó 0.
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Small noise as well as short time asymptotics can be derived from the heat kernel expansion of (5.24). As the first
part of our main results, we obtain the expansion at any order of pεp0, T, x0, yq by combining the parametrix approach
exposed above with Malliavin’s calculus techniques.

Short time expansions, that is, the case bpε, .q “ ε2bp.q, have been investigated by Molchanov [106] and Azencott [6]
for elliptic operators. An application of the Malliavin calculus to this problem was first discussed by Bismut [21] under
the so-called (H2) assumption which is weaker than the ellipticity assumption. Then, Watanabe [127] obtained a similar
expansion through the asymptotics of generalized Wiener functionals. Following [6] and [21], Ben Arous [16], [17],
combined the Laplace method on Wiener space with the Malliavin calculus to derive short-time asymptotics for
hypo-elliptic diffusion processes.

A first order expansion for the transition density of (5.24) has already been considered in Deuschel and al. [37]
using the Laplace method on Wiener space, as initially developed by Ben Arous in [16] and [17] in the small time
case. Here, following our approach, we derive the full expansion of pεp0, t, x0, yq at any order under mild conditions,
including unicity of the minimiser and a non-degeneracy condition (ND) (see below for precise statement) in the spirit
of Bismut’s hypothesis.

In the sequel we will suppose that the following assumption is in force:

(H1) bi P C8pr0, 1s ˆRd,Rq and σi,j P C8pRd,Rq, pi, jq P t1, ¨ ¨ ¨ , duˆ t1, ¨ ¨ ¨ , qu. Moreover, for all ε P r0, 1s and for all
integer n, the functions Bnε bipε, .q, σi,jp.q have bounded derivatives of all orders greater or equal to one.

(WH) spantσipx0q, i “ 1, ¨ ¨ ¨ , q; rσi, σjspx0q, 0 ď i, j ď q; ¨ ¨ ¨ u “ Rd, where we set σ0p.q “ bp0, .q for convenience.

We consider the process pXε,h
t qtPr0,T s with dynamics

@pε, tq P r0, 1s ˆ r0, T s, Xε,h
t “ x0 `

ż t

0

bpε,Xε,h
s qds` ε

ż t

0

σ`pX
ε,h
s qdW `

s `

ż t

0

σ`pX
ε,h
s q 9h`sds (5.25)

where h is an element of the Cameron-Martin space H. Under (H1), for fixed x and h P H, for all integer N , Xε,h
t

has the asymptotic expansion

Xε,h
t “ X0,h

t `

N
ÿ

k“1

εk∆k
0X

¨,hptq ` εN`1∆N`1
ε X ¨,hptq (5.26)

with ∆k
0X

¨,hptq “
1

k!
BkεX

ε,h
t |ε“0, residue ∆N`1

ε X ¨,hptq “
1

N !

ż 1

0

dλp1´ λqNBN`1
α Xα,h

t |α“λε and the convention
ř0
k“1 ... “

0.
Moreover, from the previous definition, for all integer N , for all integer p ě 1, one has

sup
rPr0,1s

Er sup
0ďtďT

|∆N`1
r X .,h

t |
ps ă 8. (5.27)

In particular, the limit equation as ε goes to zero of the previous system is given by

X0,h
t “ x0 `

ż t

0

bp0, X0,h
s qds`

ż t

0

σ`pX
0,h
s q 9h`sds,

X1,h
t “

ż t

0

Y ht pY
h
s q
´1Bεbp0, X

0,h
s qds`

ż t

0

Y hr pY
h
s q
´1σ`pX

0,h
s qdW `

s ,

Y ht “ Id `

ż t

0

Bxbp0, X
0,h
s qY hs ds`

ż t

0

Bxσ`pX
0,h
s qY hs

9h`sds.

A crucial assumption to derive the expansion of the density is that the set Kx0,y :“
!

h P H : X0,h
T “ y

)

is non-
empty. It is satisfied under the strong Hörmander condition (see e.g. Coron [31])

(SH) @x P Rd, Lie tσ1, ¨ ¨ ¨ , σqu pxq “ Rd,

Now let h̄ P Kx,y which minimises the norm that is }h̄}2H “ infhPKx,y }h}
2
H . A standard weak-compactness argument

shows that such an h̄ always exists (see e.g. Bismut [21] or Watanabe [127]). In the spirit of Bismut [21], we introduce
the following non-degeneracy assumption:

(ND) For every u P Rq,

L tσ1px0q, ¨ ¨ ¨ , σ`px0q, rσ1, V spx0q, ¨ ¨ ¨ , rσ`, V spx0qu “ Rd, for V px0q “

q
ÿ

`“1

u`σ`px0q ` bp0, x0q
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Assuming that (H1) and (ND) are satisfied and that h P H X C2pr0, T sq then the Malliavin covariance matrix
Γ∆1

εX
ε,h
T

is uniformly non degenerate in the sense that

lim sup
εÑ0

} detpΓ∆1
εX

ε,h
T
q´1}p ă 8. (5.28)

Once we have fixed the minimiser on the set Kx0,y of }h̄}2H and in the interests of simplifying notations we
omit the variable denoting this element of the Cameron-Martin space in all processes. Therefore, we will have, e.g.,
Xε,h̄ ” X̄0,ε ” X̄ε, ∆i

εX̄
¨,h̄ ” X̄i,ε, for ε P r0, 1s, X0,h̄ ” X̄0, ∆i

0X̄
¨,h̄ ” X̄i and Y h̄ ” Ȳ .

In particular, the “deterministic” Malliavin covariance matrix ΓX̄1
T
of X̄1

T defined by

pΓX̄1
T
qi,j “

q
ÿ

`“1

ż T

0

pȲT pȲsq
´1σ`pX̄

0
s qqipȲT pȲsq

´1σ`pX̄
0
s qqjds, pi, jq P t1, ¨ ¨ ¨ , du

2 (5.29)

is invertible under (ND).
Moreover, in order to characterise some properties of the minimiser, one uses the Lagrange multiplier method

which ensures that

Dλ P Rd s.t. for a.a. t P r0, T s, 9̄h`t “ xλ, ȲT pȲtq
´1σ`pX̄

0
t qy, ` “ 1, ¨ ¨ ¨ , q. (5.30)

Using the dynamics of pX1,h
t qtPr0,T s with (5.30), we deduce the following crucial identity

ż T

0

x 9̄hs, dWsy “ xλ,

ż T

0

ȲT pȲsq
´1σ`pX̄

0
s qdW

`
s y “ xλ, X̄

1
T y ´ xλ,

ż T

0

ȲT pȲsq
´1Bεbp0, X̄

0
s qdsy. (5.31)

Finally we introduce the following condition

(H2) E
“

expxλ, X̄2
T y|X̄

1
T “ 0

‰

ă 8.

We now give a guideline of the arguments to prove the main result (Theorem 5.3.1) of this section. Let δ ą 0 to
be fixed later on. Under (WH), the density of Xε

T may be decomposed as follows

pεp0, T, x0, yq “ ErδypXε
T qs “ ErψδpZ1,ε

T qδypX
ε
T qs ` Erp1´ ψδpZ1,ε

T qqδypX
ε
T qs (5.32)

where ψ P C8pRq is a bump function such that 0 ď ψpxq ď 1, ψpxq “ 1 on |x| ď 1{2 and ψpxq “ 0 for |x| ą 1,
for δ ą 0, ψδpxq :“ ψpx{δq and we introduced the following process Z1,ε

t “
şt

0
|Xε

s ´ X̄0
s |

2ds, t P r0, T s. The above
decomposition is necessary in order to deal with the remainder terms in the expansion in powers of ε of the first term
appearing in the right-hand side of (5.32).

Using Malliavin’s integration by parts and a large deviation arguments, one can prove that 0 ď Erp1´ψδpZ1,ε
T qqδypX

ε
T qs ď

C expp´p}h̄}2H ` cq{p2ε
2qq, for some positive constant c, C, so that, as it will be clear later on, this term only appears

in the remainder of the asymptotic expansion (at any order).
We now focus on the first term appearing in the right hand side of (5.32). By the Girsanov Theorem with drift

equals to h̄{ε, h̄ P Kx0,y, (5.26) with N “ 0, 1 and (5.31), one successively deduces

ErψδpZ1,ε
T qδypX

ε
T qs “ exp

ˆ

´
}h̄}2H
2ε2

˙

E

«

exp

˜

´
1

ε

ż T

0

xh̄s, dWsy

¸

ψδpZ̄
1,ε
T qδypX̄

ε
T q

ff

“ ε´d exp

ˆ

´
}h̄}2H
2ε2

˙

E

«

exp

˜

´
1

ε

ż T

0

xh̄s, dWsy

¸

ψδpZ̄
1,ε
T qδ0pX̄

1,ε
T q

ff

“ ε´d exp

ˆ

´
}h̄}2H
2ε2

˙

E

«

exp

˜

´
1

ε

ż T

0

xλ, ȲT pȲsq
´1σ`pX̄

0
s qdW

`
s y

¸

ψδpZ̄
1,ε
T qδ0pX̄

1
T ` εX̄

2,ε
T q

ff

“ ε´d exp

ˆ

´
}h̄}2H
2ε2

˙

exp

˜

1

ε
xλ,

ż T

0

ȲT pȲsq
´1Bεbp0, X̄

0
s qdsy

¸

E
„

e´
xλ,X̄1

T y

ε ψδpZ̄
1,ε
T qδ0pX̄

1
T ` εX̄

2,ε
T q



“ ε´d exp

ˆ

´
}h̄}2H
2ε2

˙

exp

˜

1

ε
xλ,

ż T

0

ȲT pȲsq
´1Bεbp0, X̄

0
s qdsy

¸

E
”

exλ,X̄
2,ε
T yψδpZ̄

1,ε
T qδ0pX̄

1,ε
T q

ı

.

(5.33)

In the above formula, we extracted the main term of the asymptotic expansion. To conclude we prove that
E
”

exλ,X̄
2,ε
T yψδpZ̄

1,ε
T qδ0pX̄

1,ε
T q

ı

admits an expansion in powers of ε using the framework developed above. Roughly
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speaking we introduce the Markov semigroup pP εt qtPr0,T s associated to the trivariate process pX̄1,ε
t , Z̄1,ε

t , X̄2,ε
t qtPr0,T s.

We prove that its infinitesimal generator admits an expansion in powers of ε. We use the integration by parts formula
(5.23) w.r.t the non-degenerate process X̄1 in order to get rid of the derivatives on the test function. In order to deal
with the remainder term in the expansion, one has to use a localised version of the usual Malliavin’s integration by
parts and the asymptotic non-degeneracy (5.28). Finally we obtain the following expansion.

Theorem 5.3.1. Let x0, y P Rd. Assume that (H1), (WH), (H2) and (ND) hold. Suppose that Kx0,y ‰ H (which
is guaranteed under (SH)) and that the minimizer h̄ “ arg minhPKx0,y

}h}2H is unique. Then, for all ` P N, one has

pεp0, T, x, yq “ ε´d exp

ˆ

´
}h̄}2H
2ε2

˙

exp

˜

1

ε
xλ,

ż T

0

ȲT pȲsq
´1Bεbp0, X̄

0
s qdsy

¸

`

c0px, yq ` εc1px, yq ` ¨ ¨ ¨ ` ε
`c`px, yq `Opε``1q

˘

.

We can compute the exact expressions of the coefficients. One notably has

c0px, yq “ E
”

δ0pX̄
1
T qe

xλ,X̄2
T y
ı

,

c1px, yq “ E

«

δ0pX̄
1
T qe

xλ,X̄2
T y

2d
ÿ

β1“1

#

λβ̃1H̃β̃1
pX̄1

T ,Θ
β1ps1, X̄s1q, xλ, X̄

2
t yq `

2d
ÿ

β2“1

λβ̃2H̃β̃pX̄
1
T ,Θ

βps1, X̄s1q, xλ, X̄
2
T yq

+ff

.

where, ps, xq ÞÑ Θβ1ps, xq, Θβps, xq are two explicit smooth random functions and we interpret β̃1 “ H if β1 P

td` 1, ¨ ¨ ¨ , 2du and that HH ” 1.
As a second application we consider a one dimensional Markov semigroup with singular coefficients for which we

derive an asymptotic expansion with respect to a small parameter ε. We consider the following skew diffusion with
small skew

Xε
t “ x`

ż t

0

bpXε
s qds`

ż t

0

σpXε
s qdWs ` εL

0
t pX

εq, ε P r0, 1q. (5.34)

where W “ pWtqtě0 is a one-dimensional standard Brownian motion and L0pXεq “ pL0
t pX

εqqtě0 is the symmetric
local time of Xε at the origin. We work under assumptions (HR) and (HE) presented in Section 5.2 which guarantees
the existence of a unique weak solution to (5.34). The first order approximation is the semigroup pP 0

t qtě0 associated
to L0

s “ L0 “ 1
2aB

2
x ` bBx. For f P C8c pRq, we prove the following first step expansion

P εt fpxq “ P 0
t fpxq ` ε

ż t

0

ż

R

pεp0, s, x, 0`q ` pεp0, s, x, 0´q

2
Bxp

0ps, t, 0, yqfpyqdyds

or equivalently,

pεp0, t, x, yq “ p0p0, t, x, yq ` ap0qε

ż t

0

ds1
pεp0, s1, x, 0`q ` p

εp0, s1, x, 0´q

2
Bxp

0ps1, t, 0, yq.

We understand that the expansion (5.17) is satisfied in a generalised sense with L1,ε “ L1 “ ap0qδ0Bx. Then, using
some sharp estimates on limηÓ0

1
2 pBxp

0ps1, t, 0, ηq`Bxp
0ps1, t, 0,´ηqq, we prove that we can iterate the above first step

expansion.

Theorem 5.3.2. Under (HR) and (HE), for all ε P r0, 1q, the transition density of (5.34) can be expressed as

@pt, x, yq P R˚`ˆRˆR˚, pεp0, t, x, yq “ p0p0, t, x, yq`
ÿ

pě1

pap0qεqp
ż

∆pptq

dsp

p´1
ź

`“1

Bxp
0ps``1, s`, 0, 0qp

0p0, sp, x, 0qBxp
0ps1, t, 0, yq

with s0 “ t. Alternatively, for all positive integer n, one has

@pt, x, yq P R˚` ˆ Rˆ R˚, pεp0, t, x, yq “ p0p0, t, x, yq `
n
ÿ

p“1

pap0qεqp
ż

∆pptq

dsp

p´1
ź

`“1

Bxp
0ps``1, s`, 0, 0qp

0p0, sp, x, 0qBxp
0ps1, t, 0, yq

` εn`1tpn`1q η2´
1
2R1,ε

n

with lim supεÑ0 |R
1,ε
n | ă `8.
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Chapter 6

One-dimensional elliptic diffusions and some
of their path-functionals

In this last chapter we present the results of [13] in collaboration with A. Kohatsu-Higa from Ritsumeikan university
and L. Li from the university of New South Wales and [14] in collaboration with L. Li. In both works we are interested
in Markov perturbation problems related to some path-functionals of a one-dimensional elliptic diffusion.

In Section 6.1, we expose the results obtained in [13] related to the joint law of the first hitting time of a threshold
by a one-dimensional uniformly elliptic diffusion process and to the associated process stopped at the threshold. Our
methodology relies on the parametrix method that we apply to the associated Markov semigroup. In the spirit of
Bally and Kohatsu-Higa [7], see Section 1.2.5 for a brief account, we obtain a probabilistic representation that may be
useful for the construction of an unbiased Monte Carlo path simulation method. Some integrations by parts formula
are also established under mild assumptions on the coefficients.

In Section 6.2, we present the results obtained in [14] related to the weak existence and uniqueness as well as
density estimates for SDEs with coefficients depending on some path-functionals of the process. We consider two
examples: a diffusion process with coefficients depending on its running symmetric local time and a diffusion process
with coefficients depending on its running maximum. In each example, we also prove the existence of the associated
transition density and establish some Gaussian upper-estimates.

6.1 Hitting time and killed process associated to a one-dimensional dif-
fusion

In this section, we expose the results obtained in [13] in collaboration with A. Kohatsu-Higa and L. Li related to the
first hitting time of a one-dimensional diffusion process with dynamics

Xx
t “ x`

ż t

0

bpXx
s qds`

ż t

0

σpXx
s qdWs, x P R (6.1)

where pWtqtě0 stands for a one-dimensional Brownian motion on a given filtered probability space pΩ,F , pFtqtě0,Pq.
We denote by τx :“ inf tt ě 0, Xx

t ě Lu the first hitting time of the level L (or equivalently the exit time of the open
set p´8, Lq) by the one-dimensional process X and by pXx

τxt
qtě0 the associated killed process. Here we introduced

the notation τxt :“ τx ^ t. In order to study the joint law of pτxt , Xx
τxt
qtě0, we introduce the collection of linear maps

pPtqtě0, acting on BbpRq, as follows

@pu, xq P R` ˆ R, Pthpu, xq “ E
”

hpu` τxt , X
x
τxt
q

ı

. (6.2)

In a multi-dimensional setting and for a domain D such that BD is smooth and noncharacteristic, Cattiaux [28]
developed a Malliavin’s calculus approach to prove that the semigroup associated to a process killed when it hits the
boundary BD admits an infinitely differentiable kernel under a restricted Hörmander condition on the vector fields.
Gaussian bounds on this kernel are also established in small time. We also refer the reader to Ladyzenskaja and
al. [85], Friedman [44] and Garroni and Menaldi [46] for constructions of Green functions related to a class of Cauchy-
Dirichlet value problems in a uniformly elliptic setting using a partial differential equation framework. In particular,
in Chapter IV in the latter reference, the authors introduced the notion of Poisson and Green functions related to a
similar Cauchy-Dirichlet problem and in Chapter VI existence and Gaussian upper-bounds are established when the
coefficients b and σ are Hölder continuous and a “ σ2 is uniformly elliptic. As a slight extension of the latter result, in
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[13], we prove the existence of a transition density for pPtqtě0, thus proving existence of a density for pτxt , Xx
τxt
q, t ą 0,

under the assumption that b is bounded measurable and σ is Hölder continuous and a is uniformly elliptic. Some
Gaussian upper-bounds for both densities are also established. In this section, we rather focus on the probabilistic
representation for pPtqtě0.

The fundamental idea in order to obtain a probabilistic representation for the joint law pτxt , X
x
τxt
q is to see the

operator Pt as a perturbation of the operator P̄t defined by P̄thpu, xq “ Erhpu` τ̄xt , X̄x
τ̄xt
qs where pX̄tqtě0 is obtained

from (6.7) by removing the drift and freezing the diffusion coefficient to the initial point x, namely X̄x
t “ x` σpxqWt

and τ̄x is its associated first hitting time. Note that from the reflection principle of Brownian motion, the kernel
associated to P̄t is given by

P̄thpu, xq “ ItxěLuhpu, xq ` Erhpu` t, X̄x
t qItτ̄xątus ` Erhpu` τ̄x, LqItτ̄xďtus

“ ItxěLuhpu, xq ` S
x
t hpu, xq `K

x
t hpu, xq

“ ItxěLuhpu, xq ` ItxăLu

ż u`t

u

ż L

´8

hps, zq rfxτ̄ px, s´ uqδLpdzqds` q̄
x
t px, zqdzδu`tpdsqs .

with

Kx
t hpu, xq “ ItxăLu

ż t

0

hpu` s, Lqfxτ̄ px, sqds, fyτ̄ px, sq :“ BsPpτ̄x ď sq “
L´ x

a

2πapyqs3{2
exp

ˆ

´
pL´ xq2

2apyqs

˙

ItxďLu

Sxt hpu, xq “ ItxăLu

ż L

´8

hpu` t, zqq̄xt px, zqdz, q̄yt px, zq :“ pgpapyqt, z ´ xq ´ gpapyqt, z ` x´ 2Lqq ItxďLuItzďLu,

and gpa, xq “ p2πaq´
1
2 expp´ 1

2a
´1x2q. A direct application of Itô’s lemma allows to characterise the infinitesimal

generators L of Pt and L̄x of P̄t, namely for h P C1,2
b pR` ˆ p´8, Lsq and pu, xq P R` ˆ R

Pthpu, xq ´ hpu, xq

t
Ñ Lhpu, xq :“ ItxăLu

ˆ

bpxqB2hpu, xq `
1

2
apxqB2

2hpu, xq ` B1hpu, xq

˙

,

P̄thpu, xq ´ hpu, xq

t
Ñ L̄xhpu, xq “ ItxăLu

ˆ

1

2
apxqB2

2hpu, xq ` B1hpu, xq

˙

as t Ó 0. We assume that a P C2
b pRq, b P C1

b pRq. Roughly speaking, the first step of the forward parametrix method
writes as follows

Pthpu, xq “ P̄ hpu, xq `

ż t

0

BspP̄t´sPshpu, xqqds “ P̄ hpu, xq `

ż t

0

P̄t´spL´ L̄xqPshpu, xqqds

where pL ´ L̄xqhpv, yq “ 1
2 papyq ´ apxqqB2

2hpv, yq ` bpyqB2hpv, yq. Now, by an integration by parts formula, one can
remove the derivatives on Psh and put them on the kernel of P̄t´s. Taking care of border terms, one gets

PThpu, xq ´ P̄Thpu, xq “

ż T

0

`

K̄T´sPshpu, xq ` S̄T´sPshpu, xq
˘

ds. (6.3)

with

K̄thpu, xq “ K̄tpx, Lqhpu` t, Lq, K̄tpx, Lq “ ItxăLu
papLq ´ apxqq

2

2pL´ xq

apxqt
gpapxqt, L´ xq “ ItxăLu

papLq ´ apxqq

apxq
fxτ̄ px, tq,

S̄thpu, xq “

ż L

´8

hpu` t, zqS̄tpx, zqdz, S̄tpx, zq “ ItxăLu

"

1

2
B2
z rpapzq ´ apxqqq̄

x
t px, zqs ´ Bz rbpzqq̄

x
t px, zqs

*

.

Moreover, one has the following controls of the two kernels: |K̄tpx, Lq| ď C |L´x|
2

t gpapxqt, L´xqItxăLu ď CItxăLugpct, L´

xq and |S̄tpx, zq| ď CT ItxăLu
1

t
1
2
gpct, z ´ xq. In order to iterate the first step expansion (6.3), we remark that

K̄shpu, Lq “ S̄shpu, Lq “ 0 so that K̄T´s1K̄s1´s2hpu, xq “ K̄T´s1 S̄s1´s2hpu, xq “ 0. We also define the following
family of operators for ps0, u, xq P r0, T s ˆ R` ˆ p´8, Ls :

Ins0hpu, xq “

#

ş

∆nps0q
dsn

!´

śn´1
i“0 S̄si´si`1

¯

P̄snhpu, xq `
´

śn´2
i“0 S̄si´si`1

¯

K̄sn´1´snhpu, xq
)

if n ě 1,

P̄s0hpu, xq if n “ 0,
(6.4)

where dsp “ ds1 ¨ ¨ ¨ dsp and for a fixed time t ě 0, we denote by ∆pptq “ tsp P r0, ts
p : sp`1 :“ 0 ď sp ď sp´1 ď ¨ ¨ ¨ ď s1 ď t “: s0u.
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In [13], we prove that the series
ř

ně0 I
n
Thpu, xq converges absolutely and uniformly and iterating (6.3) one obtains

@h P C1,2
b pR` ˆ p´8, Lsq, Pthpu, xq “

ÿ

ně0

Int hpu, xq, pt, u, xq P r0, T s ˆ sR` ˆ R. (6.5)

Actually we will work with the following expression of Int hpu, xq. By Fubini’s theorem and the change of variable
ti “ t´ si, i “ 0, ¨ ¨ ¨ , n, one has

Int hpu, xq “

ż

∆nptq

dsn

˜

n´1
ź

i“0

S̄si´si`1

¸

P̄snhpu, xq “

ż

∆˚n ptq

dtn

˜

n´1
ź

i“0

S̄ti`1´ti

¸

P̄t´tnhpu, xq

where we used the notation ∆˚p ptq “ tsp P r0, ts
p : s0 :“ 0 ď s1 ď s2 ď ¨ ¨ ¨ ď sp ď t “: sp`1u. We begin by providing a

probabilistic interpretation of each kernel appearing in (6.4). First one has,

S̄tpx, zq “ ItxăLu

"

B2
z

„

1

2
papzq ´ apxqqq̄xt px, zq



´ Bz rbpzqq̄
x
t px, zqs

*

“ ItxăLu

"

p
1

2
a2pzq ´ b1pzqqq̄xt px, zq ` pa

1pzq ´ bpzqqBz q̄
x
t px, zq `

1

2
papzq ´ apxqqB2

z q̄
x
t px, zq

*

“ θ̄tpx, zqgpapxqt, z ´ xq. (6.6)

θtpx, zq :“ ItxăLuΛtpx, zq

"ˆ

1

2
a2pzq ´ b1pzq

˙

` pa1pzq ´ bpzqqµ1
t px, zq `

1

2
papzq ´ apxqqµ2

t px, zq

*

,

µ1
t px, zq :“ H1papxqt, z ´ xq ´

1

apxqt

2pL´ xq

pexpp´ 2pz´LqpL´xq
apxqt q ´ 1q

,

µ2
t px, zq :“ H2papxqt, z ´ xq `

1

a2pxqt2
4pz ´ LqpL´ xq

pexpp´ 2pz´LqpL´xq
apxqt q ´ 1q

,

Λtpx, zq :“ P
´

max
0ďvďt

Wv ď
L´ x

σpxq

ˇ

ˇWt “
z ´ x

σpxq

¯

“

"

1´ exp

ˆ

´2
pL´ xqpL´ x´ pz ´ xqq

tapxq

˙*

ItxďLuItzďLu.

From the expression above, for h P BbpR`ˆp´8, Lsq, one gets S̄Thpu, xq “ Erhpu`T, X̄x
T qθ̄T px, X̄

x
T qs. For a given

time partition π : 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tN ă tN`1 “ T , we introduce the Euler scheme X̄π “ pX̄π
tiq0ďiďN`1 with the

following dynamics

X̄π
ti`1

“ X̄π
ti ` σpX̄

π
tiqpWti`1

´Wtiq, X̄π
t0 “ x

which in turn allows us to write the following (partial) probabilistic representation
˜

n´1
ź

i“0

S̄ti`1´ti

¸

P̄T´tnhpu, xq “ Erhpu` T, X̄π
T qIttn`τ̄

X̄πtnąT u
θ̄tn´tn´1

pX̄π
tn´1

, X̄π
tnq ¨ ¨ ¨ θ̄t1px, X̄

π
t1qs

` Erhpu` tn ` τ̄ X̄
π
tn , LqI

ttn`τ̄
X̄πtnďT u

θ̄tn´tn´1pX̄
π
tn´1

, X̄π
tnq ¨ ¨ ¨ θ̄t1px, X̄

π
t1qs

“ Erhpu` ptn ` τ̄ X̄
π
tn q ^ T, X̄π

ptn`τ̄
X̄πtn q^T

qθ̄tn´tn´1pX̄
π
tn´1

, X̄π
tnq ¨ ¨ ¨ θ̄t1px, X̄

π
t1qs,

where τ̄x is a Lévy distributed random variable with scale parameter c “ pL´ xq2{apxq and location parameter µ “ 0
which is independent of the underlying Brownian motion W . Similarly, for the second term appearing in (6.4), after
noting that

ż sn´1

0

K̄sn´1´snhpu, xqdsn “ Erhpu` τ̄x, Lq
papLq ´ apxqq

apxq
Itτ̄xďsn´1us “: qKsn´1hpu, xq

we can write
ż

∆npT q

dsn

˜

n´2
ź

i“0

S̄si´si`1

¸

K̄sn´1´snhpu, xq “

ż

∆˚n´1pT q

dtn´1

˜

n´2
ź

i“0

S̄ti`1´ti

¸

qKT´tn´1hpu, xq.

Similarly to the previous term, one obtains the following partial probabilistic representation
˜

n´2
ź

i“0

S̄ti`1´ti

¸

qKT´tn´1
hpu, xq “ Erhpu` tn´1 ` τ̄

X̄πtn´1 , LqI
tτ̄
X̄πtn´1ďT´tn´1u

papLq ´ apX̄π
tn´1

qq

apX̄π
tn´1

q

ˆ θ̄tn´1´tn´2
pX̄π

tn´2
, X̄π

tn´1
q ¨ ¨ ¨ θ̄t1px, X̄

π
t1qs.
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Finally, in the spirit of Bally and Kohatsu-Higa [7], we let pNptqqtě0 be a simple Poisson process with intensity
parameter λ ą 0 and define N ” Nptq for t P r0, T s. Let ζ1 ă ζ2 ă ¨ ¨ ¨ ă ζN be the jump times of the Poisson process
and set ζ0 “ 0, ζN`1 “ T . We still denote by π the random time partition π : ζ0 “ 0 ă ζ1 ă ¨ ¨ ¨ ă ζN`1 “ T and
denote by X̄π “ pX̄π

ζi
q0ďiďN`1 its associated Euler scheme. In [13], we obtain the following theorem.

Theorem 6.1.1. Let T ą 0. Assume that a P C2
b pRq, b P C1

b pRq and a is uniformly elliptic. Define the two sequences
pΓN pxqqNě0 and pΓ̄N pxqqNě0 as follows

ΓN pxq “

"
śN´1
j“0 λ´1θ̄ζj`1´ζj pX̄

π
ζj
, X̄π

ζj`1
q if N ě 1,

1 if N “ 0,

and

Γ̄N pxq “

$

&

%

papLq´apX̄πζN´1
qq

apX̄πζN´1
q

śN´2
j“0 λ´1θ̄ζj`1´ζj pX̄

π
ζj
, X̄π

ζj`1
q if N ě 1,

0 if N “ 0.

Then, for all h P BbpR` ˆ Rq, for all pu, xq P R` ˆ R, the following probabilistic representation holds

Erhpτxt , Xx
τxt
qs “ eλtE

«

hppζNptq ` τ̄
X̄πζNptq q ^ t, X̄π

pζNptq`τ̄
X̄π
ζNptq q^t

qΓNptqpxq

ff

` eλtE
„

hpζNptq´1 ` τ̄
X̄πζNptq´1 , LqI

tτ̄
X̄π
ζNptq´1ďt´ζNptq´1u

Γ̄Nptqpxq



.

Similarly, for all ps, x, zq P p0, ts ˆ p´8, Ls2, the following probabilistic representation for the probability law of
pτxt , X

x
τxt
q is satisfied

ptp0, x, ds, dzq “ pDt px, zqdzδtpdsq ` p
Kpx, sqδLpdzqds

with, for all,

pDt px, zq “ eλtE
„

q̄
X̄πζNptq
t´ζNptq

pX̄π
ζNptq

, zqΓNptqpxq



,

pKpx, sq “ eλtE
„

f
X̄πζNptq
τ̄ pX̄π

ζNptq
, t´ ζNptqqItsěζNptquΓNptqpxq ` f

X̄πζNptq´1

τ̄ pX̄π
ζNptq´1

, s´ ζNptq´1qItsěζNptq´1u
Γ̄Nptqpxq



.

As a corollary, we also obtain the following integration by parts formula.

Corollary 6.1.2. Suppose that the assumptions of the previous theorem hold. Let h P C1pp´8, Lsq satisfying: there
exist c ą 0, such that for all z P p´8, Ls, |hpzq| ` |h1pzq| ď c exppc|z|q. Then, for all x P p´8, Lq, one has

Erh1pXx
t qItτxątus “ ´e

λTE
”

hpX̄π
t qΛT´ζNptqpX̄

π
ζNptq

, X̄π
t qµ

1
t´ζNptq

pX̄π
ζNptq

, X̄π
t qΓNptqpxq

ı

.

An unbiased Monte Carlo method for evaluating Erhpτxt , Xx
τxt
qs, Erh1pXx

t qItτxątus or the probability law pT p0, x, dt, dzq

of pτxt , Xx
τxt
q stems from the probabilistic representations obtained in Theorem 6.1.1 and Corollary 6.1.2. The explosion

of the variance may be an important issue that can induce poor convergence rate of the method as pointed out in [4]
for unbiased simulation of multi-dimensional diffusions. In these situations, an importance sampling method on the
time steps using a Beta or Gamma distribution may be used. In short, it would seem that this approximation will
work well in the case of small parameters. A very close analysis could be carried out here but we do not intend to
develop importance sampling schemes and refer the interested reader to [4] for some developments in the diffusion
case.

6.2 Weak uniqueness and density estimates for SDEs with coefficients
depending on some path-functionals

In this section, we expose the results obtained in [14] in collaboration with L. Li related to the weak existence and
uniqueness as well as density estimates of SDEs with dynamics

Xt “ x`

ż t

0

bpXs, AspXqqds`

ż t

0

σpXs, AspXqqdWs, t P r0, T s (6.7)

where pWtqtě0 stands for a one-dimensional Brownian motion and pAtpXqqtě0 is an Rd´1-valued functional depending
on the path X, d ě 2. Some examples include its local and occupation times, its running maximum or minimum,
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its first hitting time of a level, its running average, etc. From the point of view of applications, systems of the type
(6.7) appear in many fields. Let us mention stochastic Hamiltonian systems where AtpXq “

şt

0
F ps,Xsqds, see e.g.

Soize [118] for a general overview, Talay [124] for convergence to equilibrium or Barucci and al. [13] for an application
to the pricing of Asian options. We also mention the work of Forde [42], where the author constructs a weak solution
to the SDE (6.7) with b ” 0 and AtpXq “ max0ďsďtXs is the running maximum of X and investigates an application
in mathematical finance.

In order to prove weak uniqueness for the SDE (6.7), we follow the recent approach of Bass and Perkins [15] for
proving uniqueness for the martingale problem and illustrated it in the framework of non-degenerate, non-divergence
and time-homogeneous diffusion operators under the assumption that the diffusion matrix is strictly positive and
Hölder continuous. It has also been recently extended by Menozzi [98] for a class of multi-dimensional degenerate
Kolmogorov equations that is the case of a multi-dimensional path functional A “ pA1

t , ¨ ¨ ¨ , A
N
t qtě0 given by: A1

t pXq “
şt

0
F1pXs, AspXqqds, A2

t pXq “
şt

0
F2pA

1
s, ¨ ¨ ¨ , A

N
s qds, ¨ ¨ ¨ , ANt pXq “

şt

0
FN pA

N´1
s , ANs qds, under an assumption of weak

Hörmander type on the functions pF1, ¨ ¨ ¨ , FN q. The main new feature added here compared to previous works on
this topic is that our technique enables us to deal with a process whose probability law is absolutely continuous with
respect to a σ-finite measure.

For instance, if one considers the couple pXt, AtpXqqtě0, AtpXq “ L0
t pXq being the symmetric local time at point

0 accumulated by X up to time t, it is easy to see that on tT0 ą tu, T0 being the first hitting time of 0 by X, one
has L0

t pXq “ 0 whereas on tT0 ď tu, the process may accumulate local time so that the probability law of the couple
pXt, L

0
t pXqq consists in two parts, one being singular with an atom in the local time part, the other one (hopefully)

being absolutely continuous with respect to the Lebesgue measure on RˆR`. Hence, we see that for such dynamics the
situation is more challenging than in the standard diffusion setting. This new difficulty will be overcome by choosing
two independent parametrix kernels, one for each part, and then by proceeding with a non-trivial selection of the
freezing point according to the singular measure induced by the approximation process.

We first provide a general framework in order to establish weak uniqueness for SDEs with dynamics (6.7). The
contribution of this part compared to the existing literature on this topic lies in the fact that we identify the main
assumptions, namely (H1) and (H2) see below, needed to establish weak uniqueness, thus allowing for a general
treatment.

We assume that there exists a weak solution pX,W q, tFtu to (6.7) and that the process Y :“ pXt, AtpXqqtě0,
starting from the initial point x at time 0, lives on a closed space J Ă Rd. The process Y induces a probability
measure Px (or simply denoted P) on Ω “ Cpr0,8q,J q which is endowed with the canonical filtration pFtqtě0. We
consider the collection of linear maps pPtqtě0 defined by Ptfpxq :“ ErfpXt, AtpXqqs for f P BbpJ q.

We denote the approximation or the proxy process by X̄, that is the solution of (6.7) with b “ 0 and the diffusion
coefficient σ evaluated at some fixed point z P J . Without going into details at this point, the key idea is to consider
the process Y as a perturbation of the proxy Ȳ “ pX̄t, ApX̄tqqtě0 whose law is denoted by p̄tpx, dyq “ p̄zt px, dyq.
Accordingly, we define the collection of linear maps pP̄tqtě0 by P̄tfpxq :“ ErfpX̄t, AtpX̄qqs “

ş

fpyqp̄tpx, dyq for
f P BbpJ q.

We work under the following set of assumptions:
Assumptions (H1): Given the initial and frozen point x, z P J .

(i) (a) The proxy process Ȳ z is a Markov process with infinitesimal generator L̄z.
(b) There exists a σ-finite measure νpx, .q such that for all t ą 0, the law of Ȳ zt is absolutely continuous with

respect to νpx, .q. More specifically, there exists a νpx, dyq-integrable function pt, x, yq ÞÑ p̄zt px, yq satisfying

p̄zt px, dyq “ p̄zt px, yqνpx, dyq (6.8)

and P̄ zt fpxq “
ş

fpyqp̄zt px, yqνpx, dyq for all f P BbpJ q.

(ii) There exists a class of functions D Ă DompL̄zq X CbpJ q and a linear operator L acting on D such that:

(a) For all g P C8b pJ q, P̄ zt g P D.
(b) For all functions h such that: s ÞÑ hps, .q P C1pR`,Dq, the process

hpt, Ytq ´ hp0, xq ´

ż t

0

tB1hps, Ysq ` Lhps, Ysqu ds, t ě 0

is a continuous square integrable martingale under Px.
(c) There exists a parametrix kernel θ̄t with respect to the measure ν, that is a measurable map pt, z, x, yq ÞÑ

θ̄zt px, yq such that for all g P C8b pJ q

pL´ L̄zqP̄ zt gpxq “
ż

gpyqθ̄zt px, yqνpx, dyq, t ą 0. (6.9)
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(iii) For all x, y P J , the maps pt, zq ÞÑ p̄zt px, yq and pt, zq ÞÑ θ̄zt px, yq are continuous on p0,8q ˆ J .

(iv) For all t ą 0, there exists some νpx, dyq-integrable functions p˚t px, yq, θ˚t px, yq, a constant ζ̄ “ ζ̄pzq P R and a
positive constant C, eventually depending on t but in a non-decreasing way, such that

|p̄zt px, yq| ď p˚t px, yq, |θ̄zt px, yq| ď θ˚t px, yq, and

ż

|θ˚t px, yq|νpx, dyq ď Ctζ̄ . (6.10)

For the case z “ y, we assume that the parametrix kernel enjoys the following smoothing property: there exists
ζ ą ´1 and a positive constant C, eventually depending on t in a non-decreasing way, such that

@t ą 0, @x P J ,
ż

|θ̄yt px, yq|νpx, dyq ď Ctζ . (6.11)

(v) For any g P CbpJ q, one has

lim
tÓ0

ż

gpyqp̄yt px, yqνpx, dyq “ gpxq.

For notational simplicity, we define for t ą 0,

p̂tpx, yq :“ p̄yt px, yq,

P̂tfpxq :“

ż

fpyqp̂tpx, yqνpx, dyq “

ż

fpyqp̄yt px, yqνpx, dyq,

Stgpxq :“

ż

gpyqθ̂tpx, yqνpx, dyq “

ż

gpyqθ̄yt px, yqνpx, dyq.

Theorem 6.2.1. Let T ą 0. Assume that (H1) holds. Then, for any g P CbpJ q and any t P r0, T s, one has

Ptgpxq “ P̂tgpxq `

ż t

0

PsSt´sgpxq ds.

Moreover, if for t ą 0, the function x ÞÑ Stg, g P CbpJ q, belongs to CbpJ q. Then one may iterate the first order
formula

Ptgpxq “ P̂tgpxq `
ÿ

ně1

Int gpxq, with Int gpxq “
ż

∆nptq

dsnP̂snSsn´1´sn ¨ ¨ ¨St´s1gpxq (6.12)

Moreover, the series (6.12) converges absolutely and uniformly for x P J . The notation ∆nptq has been defined in
the previous section, just after equation (6.4).

We consider two weak solutions of the SDE (6.7) starting at time 0 from the same initial point x P J . Denote by
P1 and P2 the two probability measures induced on the space pCpr0,8q,J q, BpCpr0,8q,J qqq. Define for f P BbpJ q,
λ ą 0 and i “ 1, 2

Siλfpxq :“ Eir
ż 8

0

e´λtfpYtqdts “

ż 8

0

e´λtEirfpYtqs dt, S∆
λ fpxq :“ pS1

λ ´ S
2
λqfpxq, }S∆

λ } :“ sup
}f}8ď1

|S∆
λ f |.

We notice that by (H1) (ii) b), Siλpλ ´ Lqfpxq “ fpxq, @f P D, i “ 1, 2. For z P J , the resolvent of the process
with frozen coefficients is defined by

R̄λfpxq “

ż 8

0

e´λtP̄tfpxqdt, @f P BbpJ q (6.13)

and for f P D one has R̄λpλ´ L̄qf “ f . We make the following assumptions:
Assumption (H2): For all λ ą 0, one has R̄λD Ă D and for f P D,

pλ´ L̄qR̄λf “ R̄λpλ´ L̄qf and pL´ L̄qR̄λfpxq “
ż 8

0

e´λtpL´ L̄qP̄tfpxq dt. (6.14)

Theorem 6.2.2. Assume (H1) and (H2) are satisfied, then weak uniqueness holds for the SDE (6.7).
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We sketch the proof and omit some technical details. Let z P J and r ą 0. We consider a sequence of non-negative
mollifiers δzε , ε ą 0, converging to the Dirac mass at z as ε Ó 0. Let us first observe that if g P C8b pJ q then P̄rg P D,
and by (H2) one has

pλ´ LqR̄λP̄rδzεgpxq “ pλ´ L̄qR̄λP̄rδzεgpxq ´ pL´ L̄qR̄λP̄rδzεgpxq “ P̄rδ
z
εgpxq ´ pL´ L̄qR̄λP̄rδzεgpxq. (6.15)

We integrate both sides of (6.15) with respect to dz and apply S∆
λ . For i “ 1, 2, applying Fubini’s theorem, one

gets

Siλ

ż

pλ´ LqR̄zλP̄ zr δzεg dz “
ż 8

0

e´λtEir
ż

pλ´ LqR̄zλP̄ zr δzεgpYtqdzsdt “
ż

Siλpλ´ LqR̄zλP̄ zr δzεgdz

so that
S∆
λ p

ż

P̄ zr δ
z
εg dzq ´ S

∆
λ p

ż

pL´ L̄zqR̄zλP̄ zr δzεg dzq “ 0. (6.16)

Passing to the limit as ε Ó 0 and r Ó 0, one gets S∆
λ g “ S∆

λ p
ş8

0
e´λtStg dtq and one can pick λ such that

|
ş8

0
e´λtStgdt| ď |g|8

ş8

0
e´λttζdt “ |g|8

Γpζq
λ1`ζ ă

1
2 |g|8. Hence, from the definition of }S∆

λ }, we find that |S∆
λ g| “

|S∆
λ p

ş8

0
e´λtStg dtq| ď 1

2}S
∆
λ }|g|8. Taking the supremum over |g|8 ď 1 yields }S∆

λ } ď
1
2}S

∆
λ } and, since }S

∆
λ } ă 8,

we conclude that S∆
λ “ 0. By the uniqueness of the Laplace transform together with continuity w.r.t the variable t,

E1rgpYtqs “ E2rgpYtqs for all t ě 0 if g is bounded measurable. Now one can use the standard argument based on regular
conditional probabilities to show that the finite dimensional distributions of the process pYtqtě0 “ pXt, AtpXqqtě0 agree
under P1 and P2.

In [14], we considered the two following examples: AtpXq “ L0
t pXq where L0

t pXq is the symmetric local time at
0 accumulated by X at time t with state space J “ Rˆ R` and AtpXq “ Mt :“ m0 _max0ďsďtXs, m0 ě x0, with
state space J “

 

px,mq P R2 : x ď m
(

. We work under the following mild assumptions:

(R-η) The coefficients b and a “ σ2 are bounded measurable functions defined on J . The diffusion coefficient a is
η-Hölder continuous on J .

(UE) There exists some constant a ą 0 such that @z P J , a ď apzq.

In the following we detail the computations for the first case only, namely the diffusion process with its symmetric
local time at zero. A similar analysis for the SDE with its running maximum is done in [14]. The set D is the
class of function f P C2,1

b pRzt0u ˆ R`q X CbpR ˆ R`q such that B1fp0`, `q “ limxÓ0
fpx,`q´fp0,`q

x and B1fp0´, `q “

limxÒ0
fpx,`q´fp0,`q

x exist, are finite and satisfy the following transmission condition:

@` P R`,
B1fp0`, `q ´ B1fp0´, `q

2
` B2fp0, `q “ 0. (6.17)

We define the linear operator L by Lfpx, `q “ bpx, `qB1fpx´, `q `
1
2apx, `qB

2
1fpx´, `q, px, `q P R ˆ R`. As we need a

chain rule formula for the process pXt, AtpXqqtě0, we rely on the following generalisation of Itô’s Lemma:

fpt,Xt, L
0
t pXqq “ fp0, x, 0q `

ż t

0

 

B1fps,Xs, L
0
spXqq ` Lfps, .qpXs, L

0
spXqq

(

ds

`

ż t

0

"

B2fps, 0`, L
0
spXqq ´ B2fps, 0´, L

0
spXqq

2
` B3fps, 0, L

0
spXqq

*

dL0
spXq

`

ż t

0

σpXs, L
0
spXqqB2fps,Xs´, L

0
spXqqdWs a.s.

for f P C1,2,1pR` ˆ Rz t0u ˆ R`q X CpR` ˆ R ˆ R`q such that B2fpt, 0`, `q “ limxÓ0pfpt, x, `q ´ fpt, 0, `qq{x and
B2fpt, 0´, `q “ limxÒ0pfpt, x, `q ´ fpt, 0, `qq{x exist and are finite. This chain rule formula allows one to associate a
martingale problem to the SDE (6.7) with AtpXq “ L0

t pXq. This connection provides a natural way to establish weak
existence by a compactness argument when b and σ are continuous, see e.g. Stroock and Varadhan [120]. Remark
that one can remove the continuity assumption on b when σ is uniformly elliptic via the Girsanov transform method.

We now introduce the proxy process X̄t :“ x0 ` σpz1qWt, t ě 0, z1 “ px1, `1q P R ˆ R`. For f P CbpR ˆ R`q,
simple computations show that P̄tfpx0, `0q “ ErfpX̄t, `0 ` L0

t pX̄qqs “
ş

RˆR` fpx, `qp̄tpx0, `0, x, `qνpx0, `0, dx, d`q with
p̄tpx0, `0, x, `q :“ f̄tpx0, xqIt`“`0u ` q̄tpx0, `0, x, `qIt`0ă`u and

f̄tpx0, xq :“ gpapz1qt, x´ x0q ´ gpapz1qt, x` x0q,

q̄tpx0, `0, x, `q :“
p|x| ` |x0| ` `´ `0q

a
3
2 pz1qt

gpapz1qt, |x| ` |x0| ` `´ `0q,

νpx0, `0, dx, d`q :“ It`0ă`udxd`` Itx0xě0udxδ`0pd`q.
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and f̂tpx0, xq :“ gpapx, `0qt, x´ x0q ´ gpapx, `0qt, x` x0q, q̂tpx0, `0, x, `q :“ p|x|`|x0|``´`0q

a
3
2 px,`qqt

gpapx, `qt, |x| ` |x0| ` `´ `0q.

We also observe that the measure νpx0, `0, dx, d`q satisfies an important convolution type property in the sense
that

νpx0, `0, dx
1, d`1qνpx1, `1, dx, d`q “ upx0, `0, x, `, dx

1, d`1qνpx0, `0, dx, d`q (6.18)

As an application of the general methodology developed above, we obtain the following result.

Theorem 6.2.3. If (R-η) and (UE) are satisfied for some η P p0, 1s then weak uniqueness holds for the SDE (6.7)
with AtpXq “ L0

t pXq, t ě 0.

Moreover, the first step expansion obtained in Theorem 6.2.1 holds. However, since px0, `0q ÞÑ Bx0 q̄tpx0, `0, x, `q
is not continuous at zero, the function px0, `0q ÞÑ Stgpx0, `0q shares the same property unless the drift b satisfies
bp0, `q “ 0, ` P R`. Unfortunately, one cannot iterate the first step expansion. We first remove the drift. Now the
function Stg is continuous. Applying repeatedly (6.18) and Fubini’s theorem, one gets

ż

∆npT q

dsnP̂snSsn´1´sn . . .St´s1gpx0, `0q “

ż

RˆR`
gpx, `qpnt px0, `0, x, `qνpx0, `0, dx, d`q

with

pnt px0, `0, x, `q :“

$

’

’

&

’

’

%

ş

∆nptq
dsn

ş

pRˆR`qn p̂snpx0, `0, x1, `1qˆ
”

śn
i“1 θ̂sn´i´sn´i`1pxi, `i, xi`1, `i`1qupx0, `0, xi`1, `i`1, dxi, d`iq

ı

n ě 1,

p̂tpx0, `0, x, `q n “ 0

(6.19)

where we omit the exact expression of θ̂tpx0, `0, x, `q.
As our second main result, we prove that the transition density of pXt, `0`L

0
t pXqqtě0 exists and satisfies a Gaussian

upper bound.

Theorem 6.2.4. Let T ą 0. Assume that (R-η) and (UE) hold for some η P p0, 1s. For pt, x0, `0q P p0, T s ˆRˆR`,
define the probability measure

ptpx0, `0, dx, d`q :“ ptpx0, `0, x, `qνpx0, `0, dx, d`q “ p1
t px0, `0, x, `q It`0ă`udxd`` p

2
t px0, `0, xq Itxx0ě0udxδ`0pd`q

with ptpx0, `0, x, `q :“
ř

ně0 p
n
t px0, `0, x, `q, p1

t px0, `0, x, `q :“
ř

ně0 p
n
t px0, `0, x, `q, p2

t px0, `0, xq :“
ř

ně0 p
n
t px0, `0, x, `0q.

Then, both series defining p1
t px0, `0, x, `q and p2

t px0, `0, xq converge absolutely and uniformly for px0, `0q, px, `q P
pRˆ R`q2. Moreover for h P CbpRˆ R`q the following representation for the semigroup holds,

Pthpx0, `0q “

ż

RˆR`
hpx, `q ptpx0, `0, x, `qνpx0, `0, dx, d`q.

Therefore, for all px0, `0q P R ˆ R`, the function px, `q ÞÑ ptpx0, `0, x, `q is the probability density function of the
random vector pXx0

t , `0`L
0
t pX

x0qq with respect to the σ-finite measure νpx0, `0, dx, d`q, where Xx0
t is the solution taken

at time t of the SDE (6.7) (with AtpXq “ L0
t pXq) starting from x0 at time 0, L0

t pX
x0q being its running symmetric

local time at time t.
Finally, there exists some constants C, c ą 1 such that for all px0, `0q, px, `q P R ˆ R`, the following Gaussian

upper-bounds hold

p1
t px0, `0, x, `q ď Ct´1{2gpct, |x| ` |x0| ` `´ `0q and p2

t px0, `0, xq ď Cgpct, x´ x0q. (6.20)

The proof is done in several steps. First, we assume that b “ 0 and obtain the above series expansion. Then, we
prove the existence of a transition density in the presence of a bounded measurable drift via Girsanov transform. This
allows us to extend Theorem 6.2.1 for a non-continuous function g. Finally we repeat the same argument as above.

We point out that the proof of the convergence of the asymptotic expansion for the transition density is not
standard in the current setting. Indeed, in the classical diffusion setting, the parametrix expansion of the transition
density converges since the order of the singularity in time induced by the parametrix kernel θ̂t is of order t´1` η2 , which
is still integrable near 0. The main difficulty that appears here is when one wants to control the whole convolution
appearing in the right-hand side of (6.19). More precisely, it lies in the cross-terms which are of a different nature,
for instance when one convolutes the non-singular part in the convolution kernel θ̂T´s1 with the singular part in the
convolution kernel θ̂s1´s2 . Standard arguments similar to those used in the standard diffusion case do not guarantee
the convergence of the integral defining (6.19). To overcome this difficulty and show that the parametrix expansion for
the transition density converges, one has to make use of the symmetry in the initial and terminal point of the density
of the killed proxy process, in order to retrieve the integrability in time of the underlying convolution kernel.
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6.3 Perspective
In [13], we considered probabilistic representations for the first hitting time and the associated killed process of a one
dimensional elliptic diffusion. We obtain some integration by parts for the killed diffusion process for the first derivative
of a test function. One may be interested in establishing higher order integration by parts and also integration by
parts formulas for the first hitting time. This is not a simple extension of Corollary (6.1.2) where we performed an
integration by parts in the last interval rζN , T s. If we want to keep the Malliavin weights in L2pPq, one has to perform
the integration by parts on the whole time interval r0, T s using the whole underlying noise.

One may be interested in establishing a probabilistic representation as well as integration by parts formulas for other
path functionals such as the local time, the running maximum, the occupation time, etc as considered in Section 6.2.
Using the parametrix expansions of the transition densities of pXt, AtpXqqtě0, one can prove that the corresponding
semigroup Pth is smooth when a and b are Hölder continuous. Then, one may proceed using the forward parametrix
method as presented in Section 6.1.

More challenging extensions could include other type of processes. One may notably consider the case of a skew
diffusion with path-dependent coefficients involving its local and occupation times, see Appuhamillage & al. [5] for an
expression of the trivariate density pBpαqt , L0

t pB
pαqq,Γ0

t pB
pαqqq, t ě 0, where pBpαqt qtě0 is an α-skew Brownian motion

or reflected SDEs. We are working on this topic with L. Li.
Another interesting point to investigate in that direction is to weaken the assumption on the coefficients, notably

on a by assuming only uniform ellipticity and continuity, in order to establish weak uniqueness for the martingale
problem using Calderón-Zygmund estimates, see Menozzi [99] for some degenerate equations of Kolmogorov type.
Another related issue concerns pathwise uniqueness for the SDE (6.7). A possible strategy could be to extend the
results of Zvonkin [128] and Veretennikov [125], Krylov and Röckner [79] established in the diffusion case to the case
of a diffusion with a path-functional.

On may study a class of Hörmander equations with non-regular coefficients. The structure of the irregularity has
to be carefully chosen so that the approximation process satisfies a uniform Hörmander condition or even a UFG
condition. We refer to the work of Kusuoka and Stroock [84] for a careful analysis of the regularity properties of
the unique solution to the related linear parabolic PDE by probabilistic tools. We also refer to the work of Crisan
and Delarue [32] for an extension to degenerate semi-linear PDE. For instance, one may consider an equation of the
form: V0 ` p1{2q

řN
i“1 V

2
i , V0, ¨ ¨ ¨ , VN being first order differential operators and the drift term V0 being irregular.

One simple example is V0 `
řN
i“1 ϕiVi `

ř

αPA0p2q
ϕαVrαs, where V0 P C88pRdq and pϕiq1ďiďN are bounded measurable

functions, pϕαqαPA0p2q are C1
b pRdq. Questions of interests are: pathwise uniqueness, density estimates, regularity of

the solution of the PDE, etc.

A challenging problem is to investigate probabilistic representation such as the one obtained in Section 6.1 for
McKean-Vlasov equations. These equations exhibit a dependence w.r.t to the law of the process in its coefficients.
Unlike the two examples investigated in [14], the law of the underlying process is a deterministic object so that it is
not natural to expect a regularising property w.r.t. this variable. We refer to the P.h.d. of Murray [96] and the recent
work of Crisan and Murray [33] for some integration by parts formula and density estimates for such equations.
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