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Part 1
Introduction et Résultats

1 Introduction

1.1 Théorie KAM

La théorie de Kolmogorov-Arnold-Moser (KAM) montre la persistence de solutions
quasipériodiques dans les systemes hamiltoniens presque intégrables. Cette théorie
est intéressante, surtout en ce qui concerne les applications dans les problemes
classiques de mécanique céleste, comme par exemple le probleme a n-corps. Nous
renvoyons a [Bos86], [P601] [DILO1] et [Fé17] pour de tres bonnes introductions.
Nous notons qu’un systeme hamiltonien est intégrable si des variables action-angle
appropriées existent de telle sorte que le hamiltonien ne dépend que des variables
d’action. Nous faisons référence a [Arnl3].

Soit B C R™ une boule centrée a l'origine et 0 < ¢ < 1 un petit parametre
approprié. Nous considérons les hamiltoniens de la forme

H:T"x B —R, H(qp)=hp) +ef(q,p), (H)

ol p € B sont les actions, alors que ¢ € T" sont les angles conjuguées variant sur
le tore T = R"/Z".
Nous associons au hamiltonien H le suivant systeme hamiltonien

Xr(q,p) = (0,H(q,p), —0,H(q,p)),

ol 0, et J, représentent respectivement les dérivées partielles par rapport a p et
q. Les équations du mouvement prennent la forme suivante

q = apH(Q7p)7 p = _aqH<q7p)7

ol le point indique la dérivée par rapport au temps t.
Si € = 0, le hamiltonien H coincide avec le hamiltonien non perturbé h. Dans
ce cas, les équations du mouvement sont de telle forme

oll w = J,h(p). Nous pouvons facilement intégrer ce dernier et pour tout (go, po) €
™ x B

q(t) = qo +w(po)t, p(t) =po
c¢’est la solution du systeme précédent. Nous observons que chaque solution donne

lieu a un flot linéaire et, a cause de l'identification des coordonnées ¢ modulo 1,
chaque orbite tourne autour du tore invariant

71’(1’0) =T" x {pO}



1 Introduction

avec vecteur fréquence w(pg) constant. Soit @ = dp A dq la forme symplectique
standard associée a l’espace de phase T" x B C T™ x R", alors ces tores sont la-
grangiens. Cela signifie que leur dimension est n = %dim (T™ x R™) et la restriction
de la forme symplectique a a ’espace tangent s’annule.

Plus précisément, dans ce cas particulier, I’espace de phase est feuilleté en une
famille & n parametres de tores lagrangiens invariants 7;,,) supportant des flots
linéaires avec vecteurs fréquence constants w(py).

La question suivante s’ensuit naturellement. Parmi cette famille de tores in-
variants, lesquels persistent si nous considérons une petite perturbation ¢f(q, p)
du hamiltonien non perturbé h? Dit autrement, combien de ces tores invariants
persistent si 0 < e < 17

A. N. Kolmogorov a été le premier a répondre a cette question et, en 1954, il a
prouvé ce qui est maintenant généralement connu comme le théoreme KAM [Kol54]
(dans le cadre des hamiltoniens analytiques réels). La preuve repose sur deux idées
principales. La premiere consiste a prouver la persistance des tores invariants
avec une dynamique quasipériodique dont le vecteur fréquence satisfait certaines
conditions arithmétiques. La deuxiéme concerne la convergence. L’auteur a prouvé
ce résultat avec un schéma itératif basé sur ’algorithme de Newton caractérisé par
une convergence quadratique.

A cette fin, nous introduisons la définition de vecteur (v, 7)-diophantien.

Définition. Pour v > 0 et 7 > 0, un vecteur w € R"™ est (v, 7)-diophantien si

k- w| > # pour tout k € Z"/{0},

ou |k| = k1| + ... + |kn|.

Pour tout v > 0 et 7 > 0, soit D] I'ensemble de tous les vecteurs w € R" qui
satisfont cette infinité de conditions. En outre, nous définissons les ensembles de

vecteurs suivants
D,=|Jp;, D =JDI
>0 >0

Si 7 < n—1, alors D7 est vide. Nous devons assumer 7 > n — 1 afin d’avoir
D™ # (. De plus, quand 7 > n — 1, alors D7 est un ensemble de mesure de
Lebesgue totale. D’un autre coté, 7 = n — 1 implique que D7 est un ensemble de
mesure de Lebesgue nulle mais la dimension de Hausdorff est maximale.

Nous supposons n > 2, parce que les systéemes a un degré de liberté sont
toujours intégrables. Soit Q2 = d,h(B) l'ensemble des fréquences, nous définissons

Q, ={weQnD,:dw,i0) >~}
I’ensemble des vecteurs diophantiens avec au moins une distance v du bord de €.

Théoreme (KAM). Soit H le hamiltonien défini par . Nous supposons que H
est analytique réel et U'application fréquence Oph : B — Q) est un difféomorphisme.
Alors il existe une constante ¢ > 0 telle que si

£ < v’

tous les tores invariants T, du systéme non perturbé avec w € )., persistent comme
tores lagrangiens invariants, n’étant que légerement déformés.



1.1 Théorie KAM

Plus précisément, pour tout w € €2, il existe un plongement analytique @ :
T" — T" x B tel que I'image Im®: = 77 est un tore invariant par H et &
conjugue la restriction de Xy a 7 au champ de vecteurs constant w sur T". De
plus, le déplacement des variables action du tore perturbé par rapport a celui non
perturbé on peut l'estimer comme O(1/¢).

Cette formulation du théoreme KAM est due a Poschel et nous nous référons
a [Po01] pour la preuve.

En ce qui concerne l'acronyme KAM, en 1963, Arnold a publié une autre
démonstration du théoreme de Kolmogorov [Arn63a] avec une hypothese de non-
dégénérescence differente pour les systemes hamiltoniens analytiques réels. La
meéme année, il a appliqué cette théorie aux questions de stabilité pour le probleme
a n-corps. Il a démontré 'existence d’un ensemble de mesure positive des condi-
tions initiales dans I’espace de phase donnant lieu a des mouvements quasipériodiques
proches a des trajectoires képlériennes non perturbées, circulaires et coplanaires [Arn63b).
En 1962, Moser a démontré un théoreme sur la persistance des courbes invariantes
pour twist maps du plan [Mos62]. C’était surprenant parce que, en mélangeant
les idées de Kolmogorov et Nash, I'auteur a prouvé ce résultat en différentiabilité
finie, remplacant 'hypothese analytique assumée par Kolmogorov.

La théorie KAM a connu de nombreux développements au cours des années.
Pour une preuve détaillée du théoreme de Kolmogorov basé sur ses idées, nous
renvoyons a [BGGS84]. Plusieurs autres preuves et raffinements sont apparus
dans la littérature. Concernant un travail plus récent, celui de Péschel [P601] est
remarquable. Tenant compte de 'idée de Moser [Mos67], l'auteur introduit les
fréquences w = d,h comme des parametres indépendants, donnant un énoncé tres
subtil et une preuve élégante du théoreme.

D’autre part, une série de preuves sont données par l'introduction d’un théoreme
des fonctions implicites adapté dans une échelle d’espace de Banach qui remplace
le systeme itératif inauguré par Kolmogorov. Nous renvoyons aux travaux de
Zehnder [ZehT5], [Zeh76], Herman [Bos86|] et Féjoz [FE04].

Salamon et Zehnder [SZ89] proposent une autre approche au théoréme KAM en
utilisant le formalisme lagrangien au lieu du formalisme hamiltonien afin d’éviter
la composition dénombrable de changement de coordonnées.

Nous concluons avec quelques remarques sur les hypotheses du théoreme KAM.
Tout d’abord, nous savons déja que ce résultat peut étre prouvé pour des hamil-
toniens en différentiabilité finie [Mos62]. Il suffit de supposer que le systeme soit
de classe C* avec k > 2(7 + 1) > 2n (voir [P682], [Sal04], [Bou20], [Kou20]).

Nous mentionnons également le théoreme KAM dans le cas Gevrey [Pop04] et
ultra différenciable [BE21].

Riissmann a un role important dans la théorie KAM avec plusieurs contri-
butions remarquables. Pour ce qui concerne I'hypothese de non-dégénérescence,
dans le cas analityque, il suffit de supposer que localement 'image de ’application
fréquence n’est pas contenue dans aucun hyperplan de R™ [Ri89]. Par ailleurs,
en utilisant des résultats d’approximation tres précis de fonctions analytiques par
des polynomes, il a amélioré la condition diophantienne sur le vecteur fréquence
en supposant la plus générale qui est maintenant appelée condition Bruno-Riiss-
mann [Rii01]. Dans ce contexte, nous faisons référence au résultat de Bounemoura-
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1 Introduction

Fischler [BE14]. Tls donnent une preuve du théoreme KAM, qui, en utilisant des
approximations rationnelles, ne comporte pas des estimations des petits diviseurs
et des expansions en séries de Fourier. Il s’agit d'une autre approche a la preuve du
théoreme KAM ou la condition Bruno-Riissmann mentionnée ci-dessus remplace
la condition diophantienne sur le vecteur fréquence.

Maintenant, nous prenons un peu de recul et proposons un probleme, résolu
par Arnold [Arn61], sur les petites perturbations des champs de vecteurs constants
sur le tore (théoreme de forme normale d’Arnold pour les champs de vecteurs sur
le tore). Soit 0 < ¢ < 1 un parametre suffisamment petit, nous considérons le
champ de vecteurs sur T" suivant

Z:T"—R", Z(qg) =w+ef(q) (Z)

avec w € R™. 1l est légitime de se demander s’il existe un difféomorphisme ¢ de
T" ¢ =id + v avec v : T" — R", qui conjugue le champ de vecteurs Z avec le
champ de vecteurs constant w. C’est-a-dire,

Zop(q) = Vo(qw

pour tout ¢ € T", ou Vi est la différentielle de ¢. En général, ce n’est pas possible.
Meéme si f est constante et € arbitrairement petit, nous ne pouvons pas conjuguer
w+ef a w avec un difféfomorphisme homotope a I'identité. Cela a forcé Arnold a
prouver un théoreme légerement différent et plus artificiel.

Théoréme (Arnold). Soit Z comme dans . Nous supposons que Z est analy-
tique réel et w € DT. Alors, pour e suffisamment petit, il existe un vecteur o € R"
et un difféomorphisme analytique réel ¢ : T™ — T" tel que

(Z + @) op(q) = Ve(qw
pour tout q € T".

Dans la preuve de ce théoreme nous retrouvons certains problemes similaires
a ceux du théoreme KAM. Alors que dans le théoreme KAM nous recherchons un
tore invariant avec une dynamique quasipériodique, ici nous cherchons seulement
une conjugaison au champ de vecteurs constant w.

1.2 Théorie KAM non-autonome

En ce qui concerne cette these, nous nous sommes intéressés aux perturbations
non autonomes satisfaisant de bonnes propriétés de décroissance lorsque t — +oc.
Dans ce cas, nous ne cherchons pas des solutions quasipériodiques, mais des
différents types de solutions qui sont encore liées a des solutions quasipériodiques.

Pour étre plus précis, introduisons la définition du tore KAM asymptotique
analytique. Pour certains s > 0, nous définissons les domaines complexes suivants

Ty = {qeC"/Z":|Im(q)| < s}
B, = {peC":|p|l <s},
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et pour tout v > 0, nous introduisons l'intervalle qui suit
Jp = [v,+0) C R.

Pour chaque fonction f définie sur T x B x J, et pour t € J, fixé, soit f* la
fonction définie sur T? x Bj telle que

f'a.p) = flg.p.t).

Nous gardons cette notation pour le reste de ce travail, également lorsque T% x B;
est remplacé par T" x B ou une variété lisse appropriée.

Soit P égal & T" x B, T™ ou & un sous-ensemble ouvert de R?*. Nous considérons
les champs de vecteurs analytiques réels dépendant du temps X* et X{ sur P, pour
tout t € J,,, et un plongement analytique de T" sur P tel que

. t_ oyt
Jlim_ [~ X{J, =0, ()
Xo(¥o(q),t) = Oyp0(q)w pour tout (¢,t) € T" x J,, (1.2)

olt w € R et | - |5 est la norme analytique (voir Appendix [B]). Par souci de clarté,
nous précisons que Jypo(q)w est 'élément de R*™ ayant la composante j égale a

(Guro(a)w) = uposa) - w
j
pour tout j = 1, ..., 2n. Autrement dit, nous considérons un champ de vecteurs X*
convergent asymptotiquement dans le temps vers un champ de vecteurs X§ ayant
un tore invariant supportant une dynamique quasipériodique de vecteur fréquence
w.

Définition 1.1. Nous supposons que (X, Xg, o) satisfont (1.1) et (1.2). Une
famille de plongements analytiques réels @' : T™ — P est un tore KAM (positif)
asymptotique analytique associé a (X, Xo, o) s'il existe 0 < 8 < setv' >v >0
tel que

X(p(g,t),t) = Ogp(q, t)w + 9yp(q, 1), (1.3)
tLieroo ¢ = wols =0, (1.4)

pour tout (q,t) € T"x J,. Lorsque P est une variété symplectique avec diimP = 2n,
alors nous disons que @' est lagrangien si @' (T™) est lagrangien pour tout t.

Si nous définissons J,, = (—oo, —v] et nous remplagons (|1.1]) et ((1.4]) avec

lim [ X" — X}, =0, lim [p' — pglsy =0,
t——00 t——00
nous obtenons la définition du tore KAM (négatif) asymptotique analytique associé
a (X, Xo,¢0). Dans ce qui suit, nous discutons le cas pour les temps positifs
(t € RT). Des résultats similaires sont vrais pour les temps négatifs.
Cette définition est due a M. Canadell et R. de la Llave (see [CdIL15]). Dans
cet article, ils utilisent I'expression tore KAM non-autonome. Nous préférons tore
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KAM asymptotique pour souligner les propriétés asymptotiques de cette famille
de plongements. La définition originale est pour des champs de vecteurs définis sur
des variétés lisses. Cependant, dans ce travail nous nous intéressons aux champs
de vecteurs hamiltoniens ou aux champs de vecteurs sur le tore. C’est pour cette
raison que P est égal & T" x B, T" ou & un sous-ensemble ouvert de R?". Dans ce
qui suit, nous faisons une série de remarques sur la définition précédente toujours
due a M. Canadell et R. de la Llave.

Nous observons que nous pouvons réécrire en termes du flot de X. En
fait, soit 1%7 + le flot au moment ¢ avec un temps initial ¢, de X.

Proposition 1.1. Si le flot @/)fo,x est défini pour tout t, ty € Jy, alors (1.3) est
équivalent a

Uiy, x © 9" (q) = ¢ (g + w(t — 1)), (1.5)
pour tout t, to € J et g € T".

Démonstration. Nous nous référons a la Section B.11 O
Grace a la proposition précédente, il est facile a voir que ([1.3)) est trivial.

Proposition 1.2. 5% 7,0;’07)( est défini pour tout t, ty € J, il est toujours possible
de trouver une famille de plongements satisfaisant (1.3]).

Démonstration. Soit ¢ : T" — P un plongement alors, pour tout ¢, ty € J, et
q € T™, nous considerons

©'(q) = ¥y, x © Plg — w(t — to)).

I1 s’agit d’une famille de plongements satisfaisant (1.5). En effet, par la précédente
définition de ¢’ nous avons que ¢ (q) = ¢(q) pour tout ¢ € T". Ensuite, par

construction, ' satisfait (1.5)) et donc (1.3)). O
Une autre conséquence importante de ([1.5]) est la suivante.

Proposition 1.3. Nous supposons que @D;o,x est défini pour tout t, to € R. 57l
eriste un tore KAM asymptotique analytique ©' défini pour tout t > v', alors nous
pouvons étendre ’ensemble de définition pour tout t € R.

Démonstration. Pour tout ¢ € T", nous considerons

t /
¢©'(q) pour tout t > v
o'(a)=14", o , , (1.6)
Vo x 0 9¥ (@ —w(t—12")) pour tout t <o’
Il s’agit d’une famille de plongements qui vérifie (1.3]) et (1.4)). O

Malheureusement, nous ne pouvons déduire aucune information asymptotique
pour la famille de plongements quand t — —oo.

Pour ce qui concerne la dynamique associée a un tore KAM asymptotique ana-
lytique, nous introduisons la définition de solution asymptotiquement quasipériodique
et discutons certaines propriétés de ces orbites.
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1.2 Théorie KAM non-autonome

Définition 1.2. Nous supposons que (X, Xo, @o) satisfont (1.1) et (1.2). Une
courbe intégrale g(t) de X est une solution asymptotiquement quasipériodique (pos-
itive) associée a (X, Xo, po) s’il existe ¢ € T™ de telle sorte que

li t) — t—t = 0.
JimJg(t) — ol + wlt — to))

La proposition suivante prouve que si ¢! est un tore KAM asymptotique an-
alytique associé a (X, Xo, ¢o), alors chaque point initial ¢ (g) donne lieu & une
solution asymptotiquement quasipériodique associée a (X, X, ¢o).

Proposition 1.4. Soit ¢' un tore KAM asymptotique analytique associé a (X, Xo, o).
Alors, pour tout q € T™ et ty € J,,

9(t) = ¥4, x °¥"(q)
est une solution asymptotiquement quasipériodique associée a (X, Xo, o).

Démonstration. Grace a ([1.5))

g(t) = ¥f, x 0" (q) = ¢'(q +w(t —to))
et donc, par (1.4]), nous obtenons ce qu’on voulait démontrer. O

Nous concluons cette section avec une propriété importante concernant le cas
dans lequel X et X sont des champs de vecteurs hamiltoniens. Soit P = T" x B
et nous supposons que ¢’ est un tore KAM asymptotique analytique associé a
(X, Xo,¥0). Dans le cas particulier des systémes hamiltoniens, si le tore invariant
o est lagrangien, alors ¢! est lagrangien pour tout ¢. Plus concrétement, nous
avons la proposition suivante

Proposition. Soit o' un tore KAM asymptotique analytique associé a (X, Xo, @o).
Si g est lagrangien, alors @' est lagrangien pour tout t € J,.

M.Canadell et R. de la Llave le prouvent dans le cas discret. Dans la Section
3.1, nous le prouvons dans le cas continu.

Le premier résultat concernant 'existence d’un tore KAM asymptotique ana-
lytique associé a des hamiltoniens dépendants du temps est di a A. Fortunati et
S. Wiggins [FW14]. Ils considerent des hamiltoniens analytiques réels dépendant
du temps de la forme suivante

(H : T" x BxRT — R,

1
H((vat) =w p+ §Fp2 +€f(q7p7t>7

N——————
h

we DY, (FW)
[' est réelle, symétrique et non-singulaire,

f est quadratique en p,
LIf!]s < Ce™™ pour tout t € RT,




1 Introduction

pour certains s > 0, une constante positive C' et a € (0,1). Nous soulignons que
- p? représente le vecteur p donné deux fois comme argument de la forme bilinéaire
symétrique T'.

Soit g le plongement trivial suivant

o :T" = T" x B, ¢o(q) = (g,0).

Théoréeme (Fortunati-Wiggins). Soit H comme dans (FW)). Alors, si e est suff-
isamment petit, il existe un tore KAM asymptotique analytique associé a (X, Xn, ¢o).

Rappelons que Xy représente le champ de vecteurs hamiltonien associé au
hamiltonien H. Dans la preuve, ils convertissent le hamiltonien H en un hamil-
tonien autonome en introduisant n € R comme le momentum conjugué a & = .
La preuve repose sur un schéma a la Kolmogorov avec des modifications appro-
priées. La partie intéressante consiste en la solution de I’équation homologique
correspondante, qui est résolue en utilisant des estimations des petits diviseurs et
des expansions en séries de Fourier.

Environ un an plus tard, M. Canadell and R. de la Llave [CdIL15] ont publié un
résultat qui généralise celui de Fortunati-Wiggins. Dans cet article, ils travaillent
en différentiabilité finie. Ils considerent des champs de vecteurs dépendant du
temps qui convergent dans le temps a des champs de vecteurs autonomes ayant un
tore invariant supportant une dynamique quasipériodique. A cette fin, introduisons
la définition de C?-tore KAM asymptotique qui est la version a différentiabilité
finie de la Définition [L.1]

Etant donné ¢ > 0 et un entier positif £ > 0, nous considerons les champs
de vecteurs dépendant du temps X! et X! de classe C°™* sur une variété lisse P,
pour tout t € J,, et un plongement ¢y de T" sur P de classe C tel que

. t oyt _
t£+moo | X" — Xglgo+x =0, (1.7)
Xo(¥o(q),t) = Oyp0(q)w pour tout (¢,t) € T" x J,, (1.8)

ou w € R™, C7 est 'espace des fonctions Holder et |- |¢co est la norme Hélder (voir
Appendix [A]).

Définition 1.3. Nous supposons que (X, Xy, o) satisfont (L.7) et (1.8)). Une
famille de C°-plongements @' : T — P est un C?-tore KAM asymptotique associé
a (X, Xo, o) sl existe v' > v >0 tel que

lim |¢" — pglee = 0,

t——+o0

X(p(g,1),t) = 040(q, t)w + 9rp(g, 1),

pour tout (q,t) € T"x J,. Lorsque P est une variété symplectique avec diimP = 2n,
alors nous disons que @' est lagrangien si @' (T™) est lagrangien pour tout t.

Toutes les remarques et considérations faites ci-dessus pour ce qui concerne
des tores KAM asymptotique analytique restent également vrai pour des C?-tores
KAM asymptotiques.
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1.2 Théorie KAM non-autonome

Pour revenir au travail de Canadell-de la Llave, soit P une variété lisse arbi-
traire et ¢ > 1. Nous considérons un champ de vecteurs dépendant du temps X*
de classe C*! sur P, un champ de vecteurs autonome X, de classe C°*! sur P et
un plongement de T™ sur P de classe C? tel que

{| Xt — Xg|cosr < £X* pour tout t € R (CdIL)

Xo 0 ¢o(q) = Ogtp0(q)w pour tout g € T"

pour des parametres positifs appropriés € et 0 < A < 1. Soit (;53(0 le flot de X et
D¢, son différentiel.

Théoréme (Canadell-de la Llave). Soit X comme dans (CdIL)). Nous supposons
qu’il existe p > 0 tel que

|D¢%, © @0 - - - D, © polco < Cp (1.9)
PN < 1 (1.10)

pour tout d € N et une constante positive appropriée C'. Alors, pour e suffisamment
petit, il existe un C7-tore KAM asymptotique associé a (X, X, @o)

Les auteurs considerent un champ de vecteurs dépendant du temps convergeant,
avec une vitesse exponentielle par rapport au temps, vers un champ de vecteurs
autonome ayant un tore invariant supportant une dynamique quasipériodique. Ils
ont besoin d’un certain controle, donné par le parametre p, sur la dynamique trans-
verse au tore invariant . Ce parametre est en competition avec le parametre A
qui mesure la vitesse de décroissance du champ de vecteurs dépendant du temps
X', IlIs démontrent aussi que le C7-tore KAM asymptotique trouvé converge avec
une vitesse exponentielle par rapport au temps vers le plongement autonome .
Cela signifie que, pour tout ¢t € RT,

" — @olce < ON

pour une costante appropriée C' qui peut différer de celle dans I’énoncé du théoreme.
La preuve repose sur le théoreme des fonctions implicites.

Ce théoreme généralise celui de Fortunati-Wiggins. Tout d’abord, Fortunati-
Wiggins prouvent un théoreme concernant des systemes hamiltoniens dépendant
du temps, tandis que Canadell-de le Llave travaillent avec des champs de vecteurs
plus généraux sur des variétés lisses. Nous notons que Canadell-de la Llave
ne supposent aucune hypothese de non dégénérescence sur X, et aucune con-
dition arithmétique sur le vecteur fréquence w. Par contre, ils maintiennent la
décroissance exponentielle par rapport au temps du champ de vecteurs dépendant
du temps X*. Concernant et , nous avons quelques considérations a
faire. Rappelons le hamiltonien H considéré par Fortunati et Wiggins

1
H:T"xBxR" =R, H(gpt)=w-p+ §F~p2+€f(q,p,t)
—_—

h(p)



2  Résultats Principaux

ou I' est une matrice réelle, symétrique, non-singulaire et h est le hamiltonien non
perturbé. Par ailleurs, pour un certain s > 0

|ft|s S Ce—at

pour tout ¢ € R*, oll a est un parametre positif pris conventionnellement plus
petit que 1. Soit ¢th le flot du hamiltonien X, associé au hamiltonien A, alors
pour tout (g,p) € T" x B

o, (¢,p) = (¢ + (w+Tp)t, p).

Donc, en prenant la différentielle de ¢,

Id I't
D¢, (a.p) = (0 Id) :
Cela signifie que, pour tout d € N

dd+1
|D¢§l{h opg - Dqﬁg(h o poleco < C(1+ ...+ d)|T'| = C‘F]%,

ou |I'| = max;<; j<n [[';;| et C est une constante qui ne dépend pas de d. Dans ce
cas, nous observons que la norme précédente est controlée par le terme d(d+1) qui,
quand z > 1, diverge plus lentement que u? si d — +oo. Alors, dans cette situation
particuliere, nous pouvons remplacer avec A < 1. Cela équivaut a supposer
a > 0 dans le résultat de Fortunati-Wiggins. Autrement dit, si nous considérons
des perturbations dépendant du temps des systemes hamiltoniens intégrables, il
suffit de supposer que la perturbation decroit avec une vitesse exponentielle par
rapport au temps, sans aucune hypothese sur le taux de décroissance. Cela se
traduit en @ > 0 dans le théoreme de Fortunati-Wiggins et A < 1 dans celui de
Canadell-de la Llave.

Cela nous amene a nous poser la question suivante. Est-il possible de re-
laxer I'hypothese de décroissance exponentielle par rapport au temps dans le
cas de perturbations dépendant du temps des systemes hamiltoniens intégrables?
En d’autres termes, si nous considérons une perturbation dépendant du temps
d’un systéeme hamiltonien ayant un tore invariant supportant une dynamique
quasipériodique, est-il possible de prouver un résultat similaire lorsque la per-
turbation decroit avec une vitesse plus faible qu’exponentielle? C’est bien cette
question qui a motivé le début de ce travail.

L’intérét pour ce genre de perturbations n’est pas artificiel. Ces types de
systemes seraient intéressants en astronomie. L’exemple qui a motivé ce travail
est celui d'un systeme planétaire perturbé par une comete provenant et retournant
a I'infini, sur une orbite asymptotiquement hyperbolique. Dans la partie suivante,
nous présenterons les principaux résultats contenus dans cette these.

2 Reésultats Principaux

Les résultats principaux de cette these sont organisés en quatre parties. La
premiere partie, appelée Asymptotic Motions Converging to Quasiperiodic Dynam-
ics (voir [II), traite certains résultats qui améliorent les théoremes de Fortunati-
Wiggins et Canadell-de la Llave dans le cas des champs de vecteurs hamiltoniens et
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champs de vecteurs sur le tore dépendant du temps. La décroissance exponentielle
par rapport au temps est relaxée et I’hypothese de petitesse sur la perturbation
est supprimée.

Dans la deuxieme partie, Biasymptotic Motions Converging to Quasiperiodic
Dynamics (voir [[TI)), en utilisant une version différente du résultat mentionné ci-
dessus, nous prouvons l’existence de solutions biasymptotiquement quasipériodiques
pour des champs de vecteurs hamiltoniens dépendant du temps. Plus précisément,
nous montrons l’existence de certaines orbites convergeant vers une dynamique
quasipériodique caractérisée par un certain vecteur fréquence w, € R™ dans le
futur (t — +o00) et vers une dynamique quasipériodique de vecteur fréquence
w_ € R™ dans le passé (t - —o0).

La troisieme partie, Applications to Celestial Mechanics (voir, est consacrée
a I'étude de 'exemple d’un systéme planétaire (le probleme a trois corps dans le
plan) perturbé par une comete donnée provenant et retournant a 'infini, asymp-
totiquement le long d’une orbite képlérienne hyperbolique. Nous démontrons qu’il
existe des solutions ou la comete attire le centre de masse du systeme planétaire
avec une vitesse asymptotiquement nulle quand le temps tend vers +oo. En outre,
si nous considérons un repere attaché au centre de masse du systeme planétaire, les
mouvements des planetes convergent vers certaines dynamiques qui sont proches
(dans un sens que nous préciserons plus tard) de certains mouvements
quasipériodiques associés au hamiltonien du probleme a trois corps dans le plan,
dont 'existence est garantie par [Arn63b]

La partie Asymptotic Motions Converging to Arbitrary Dynamics (voir
conclut cette these. Nous prouvons certains résultats qui sont une variation
du théoreme de Canadell-de la Llave dans les cas particuliers des champs de
vecteurs hamiltoniens et champs de vecteurs sur le tore dépendant du temps.
Plus précisément, nous considérons des champs de vecteurs dépendant du temps
appropriés X convergeant avec une vitesse exponentielle par rapport au temps vers
des champs de vecteurs X, ayant un tore invariant ¢, supportant une dynamique
quelconque. La nouveauté repose sur le fait que la dynamique sur ¢, est arbitraire
(donc, en général, pas quasipériodique). La décroissance exponentielle par rapport
au temps est maintenue, mais nous n’avons pas besoin d’hypotheses de petitesse.

Dans ce qui suit, nous examinerons plus en profondeur ce qui a été dit jusqu’a
présent. Plus précisément, la derniere partie de ce chapitre est divisée en qua-
tre sections. Chacune d’elles est consacrée a une partie de cette these, ou nous
énoncerons et commenterons chaque résultat contenu dans ce travail.

Nous rappelons que B C R” est une boule centrée a I'origine et, pour un certain
v > 0, nous introduisons l'intervalle suivant

Jp = [v,+00) C R.

Pour chaque fonction f définie sur T" x B x J, et pour t € J, fixé, soit f! la
fonction définie sur T" x B tel que

f'(a,p) = flg,p,t)

pour tout (¢,p) € T" x B. Par ailleurs, pour py € B fixé, soit f,, la fonction
définie sur T" x .J,, tel que

fp()(q,t) = f(Q7p7 t)
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2  Résultats Principaux

pour tout (¢, t) € T" x J,. Nous gardons cette notation aussi dans le cas ou T" x B
est remplacé par un voisinage complexe T? x By de T™ x B ou une variété lisse
appropriée. De plus, nous utilisons cette notation également dans le cas ou J,, est
remplacé par R.

2.1 Mouvements Asymptotiques Convergeant vers une
Dynamique Quasipériodique

Cette section est divisée en deux sous-sections. La raison de cette division est

que nous prouvons les mémes résultats dans le cadre a différentiabilité finie et

analytique. Nous sommes intéressés a des perturbations dépendant du temps de

certains hamiltoniens non autonomes et des champs de vecteurs constants sur le

tore. Plus précisément, nous considérons les hamiltoniens dépendant du temps de
la forme

H:T"xBxJy—R, H(qgp,t)="h(qgpt)+ flg,p1),

ou h est dans la w-forme normal de Kolmogorov, avec w € R™. Cela signifie que,
pour tout (g,t) € T" x Jy

Mg, 0,t) = ¢, Oph(q,0,1) = w,
avec ¢ € R. Soit g le plongement trivial suivant
¥o T — T XB> @O(Q):(Q7O>7

alors ¢y est un tore lagrangien invariant pour Xj, supportant une dynamique
quasipériodique de vecteur fréquence w. Nous rappelons que Xj est le champ
de vecteurs hamiltonien associé au hamiltonien h. Nous définissons I, comme
étant ’ensemble des Hamiltoniens A : T™ x B x J; — R sous la w-forme normale
de Kolmogorov.

D’autre part, nous considérons les champs de vecteurs sur le tore dépendant
du temps Z de telle sorte que

Z:T"x Jy—R", Z(q,t) =w+ P(q,t)

avec w € R"™.

2.1.1 Cas a Différentiabilité Finie

Nous nous intéressons aux fonctions holderiennes C'?. Nous nous référons a Ap-
pendix [A] pour une petite introduction. Plus précisément, afin de quantifier la
régularité des fonctions, nous introduisons 'espace suivant. Etant donné o > 0,
v > 0 et un entier positif £ > 0, nous avons la définition suivante

Définition. Soit 5}7’7,{ I’espace de fonctions f définies sur T™ x B x J,, tel que, pour
tout t € J,

ffeCTMT x B) et 9,,f € C(T" x Bx.J,)

pour tout 0 <1 < k.
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2.1 Mouvements Asymptotiques Convergeant vers une
Dynamique Quasipériodique

Conventionnellement f = 88”)) f. En d’autres termes, f € SY, si f' €
CotF(T™ x B), pour tout t € J,, et f est continue et ses dérivés partielles par
rapport a (g,p) le sont aussi jusqu'a l'ordre k. Nous utiliserons cette notation
également pour des applications définies sur T" x J,. Ceci sera spécifié par le
contexte.

Pour mesurer la décroissance par rapport au temps des perturbations, nous
introduisons des fonctions positives, décroissantes et intégrables u sur Jy et nous
notons

i(t) = /t m u(r)dr

pour tout t € Jy.

Maintenant, nous avons tout ce dont nous avons besoin pour énoncer le théoreme
suivant. Etant donné w € R" et o > 1, nous considérons I’hamiltonien dépendant
du temps H de la forme

(H:T"x BxJ,— R

H(q,p,t) = h(q,p,t) + f(q,p, 1),

h eI,

Y Jos D fo, 02H € 32, (+4)

sup | filcoz < 00, sup |07 H"|cot2 < 00,
teJo teJo

[0y fSlcor < alt), |0pflco+2 < b(t) pour tout t € Jy,

ou a et b sont des fonctions positives, décroissantes et intégrables sur Jy. Nous
supposons qu’il existe v > 0 tel que a et b satisfont les conditions suivantes

{a(t) <b(t)

a(t)b(t) < a(t)b(t) (#)

pour tout t € J,,.

Théoréme A. Soit H comme dans avec a et b qui satisfont . Alors, il ex-
iste h € IC,, et un C?-tore KAM asymptotique lagrangien ¢* associé a (X, Xj, o).

Nous commengons avec deux exemples des fonctions a et b qui vérifient (#)).
Tout d’abord, nous considérons le cas a décroissance exponentielle. Soient a et b
les fonctions suivantes

— Aot

A

e

a(t)=e™M, b(t)=

pour certains parametres positifs A\; > Ay > 0. Nous pouvons vérifier facilement
que est satisfait pour tout t € Jy.
L’exemple suivant est plus intéressant que le précédent. Il s’agit de décroissance
polynomiale. Nous considérons
1 1
a(t) = g b(t) = o
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pour un parametre réel positif [ > 1. Ce couple de fonctions satisfait pour
tout ¢t € Jj.
Le théoréme précédent prouve l'existence d’'un C7-tore KAM asymptotique
de la forme
¢'(q) = (q+u'(q),v"(q))
pour tout ¢ € T" et t suffisamment grand, ot id + ' est un difféomorphisme du

tore pour tout ¢ fixé. En outre, nous obtenons également des informations sur la
décroissance par rapport au temps de u et v. Plus précisément

[u'|ce < Ob(t), [v'|er < Ca(t),

pour tout ¢ assez grand et pour une constante appropriée C'.

Ce théoreme généralise celui de Canadell-de la Llave dans le cas des champs de
vecteurs hamiltoniens dépendant du temps. Concernant la preuve, elle est basée
sur le théoreme des fonctions implicites. Par ailleurs, une partie importante repose
sur la résolution du probleme linéaire associé. Etant donné o > 0,v>0ectwe R,
il consiste dans la solution de I’équation suivante d’inconnu s : T" x J, =& R

w - (9({%((], t) + Ose(q,t) = g(q,t),
g€ 85,07 (HEA)
lg"|ce < g(t), forallteJ,

ou g(t) est une fonction positive, décroissante et intégrable sur J, et g : T" x
J, — R est donnée. Nous pouvons facilement trouver une solution a 1’équation
précédente par intégration grace a un changement de coordonnées approprié qui
rectifie la dynamique sur le tore. Cette solution ¢ existe et satisfait

|5'|ce < (t) pour tout t € J,,.

Dans un premier lieu, nous observons que s a la méme régularité que g (elle est
de classe C7). Si g(t) = e * avec A > 0 (comme dans le théoréme de Canadell-de

la Llave), alors g(t) = e~ *. Par conséquent, dans ce cas particulier, la solution

)
2 décroit avec une vitesse exponentielle et le méme taux de décroissance A de g.
Maintenant, si nous considerons g(t) = 3 avec [ > 1, alors 3 décroit comme iy
11

(g(t) = =y =) Dans ce cas, nous perdons en décroissance par rapport au temps.

En retournant & la preuve du Théoreme [A] nous considerons a(t) = 7+ et
b(t) = & avec | > 1. Nous savons que (#]) sont satisfaits. Le probleme de perte
de décroissance par rapport au temps est résolu dans la partie non linéaire. Les
solutions de I’équation homologique, caractérisées par une lente décroissance dans
le temps (c’est-a-dire tll et tl%l), sont toujours multipliées par d’autres termes
satisfaisant de bonnes propriétés de décroissance (tl% ou tll) Donc, grace a une
série de multiplications, nous pouvons regagner ce que nous perdons en matiere de
décroissance par rapport au temps. De méme que dans le cas général (a(t) et b(t)
sont comme en (#)). Ici, 'hypothese assure que cette série de multiplications
dans la partie non linéaire résolve la perte de décroissance par rapport au temps.

Contrairement au théoreme de Canadell-de la Llave, nous n’avons pas besoin
d’assumer une condition de petitesse sur la perturbation. Nous introduisons v" > 0

afin d’avoir

|aqf(§’(1"+1v |apf(§’(1"+2
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suffisamment petit pour tout ¢ > o'. Par conséquent, nous étudions H pour
tout t > v’ et nous prouvons l'existence d'un tore KAM asymptotique associé
a (X, Xj, o) défini pour tout ¢ > v'. Alors, grace a la Proposition nous
pouvons étendre le domaine de définition pour tout ¢t € Jy.

Pour ce qui concerne les perturbations dependant du temps des champs de
vecteurs constants sur le tore, étant donné ¢ > 1 et w € R", nous considérons le
champ de vecteurs dépendant du temps suivant

Z T x Jy — R”

Z(q,t) = w+ P(g,t)

Pesy,,

|P|co+1 < P(t) pour tout t € Jp,

ou P est une fonction positive, décroissante et intégrable sur Jj.

Corollaire A. Soit Z comme dans (Z4)). Alors, il existe un C?-tore KAM asymp-
totique V' associé a (Z,w,1d).

De fagon similaire & comment nous avons procédé dans le Théoreme [A] nous
prouvons le résultat ci-dessus. Nous concluons cette partie en observant que
I’hypothese d’intégrabilité sur P est optimale. Etant donné Z le champ de vecteurs
dépendant du temps défini sur T! x J, de la forme

A A

Z(q,t) =w+ P(t),

ouw € R et 15(25) > 0 pour tout £ > 0. Nous supposons que
too
/ P(r)dr = +00,
to

pour tout o > 0. Soit ¢y y le flot au moment ¢ avec un temps initial ¢y de Z.
Alors, pour tout g € T" et t > 0

to+t .
@/Jﬁﬁ?(q) =q+wt+ / P(r)dr
) to
et donc, pour tout ¢ € T"
to+t
to+t N _ 5
W) — g —wt] = /t P(r)dr

Par conséquent, en prenant la limite pour ¢ — 400, le coté droit de 1'égalité
précédent diverge a +oo. Cela signifie qu’il n’existe pas une solution asympto-
tiquement quasipériodique associée a (Z ,w, 1d) et donc, grace a la Proposition ,
il n’existe pas un C?-tore KAM asymptotique associé a (Z ,w, Id).
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2.1.2 Cas Analytique Réel

Comme mentionné ci-dessus, nous présentons la version analytique réelle des résultats
précédents. Etant donné s > 0 et v > 0, nous introduisons ’espace de fonctions
suivant

Définition. Soit AY l’espace des fonctions f définies sur T? x By x J, tel que
f € C(T? x By x J,,) et, pour tout t € J,,, f* est analytic réel sur T? x Bi.

Nous utilisons cette notation aussi pour des applications définies sur T% x .J,,.
Etant donné w € R"™ et un parametre réel positif s > 0, nous considérons le
hamiltonien dépendant du temps H suivant

(H:T" x B x J, — R

H(q,p,t) = h(q,p,t) + f(q,p, 1),

h e K,

hf € A

SUD¢e g, |f(§|50 < 00,  SUPyey, ’agHt|SO <00

0, fElso < alt), 10pftlse < b(t), pour tout t € Jy

ou a, b sont des fonctions positives, décroissantes et intégrables sur Jj.
Théoreme B. Soit H comme dans avec a et b qui satisfont . Alors, il

existe h € K, et un tore KAM asymptotique analytique lagrangien o' associé q
(XH7 Xin 900) :

Comme dans Théoreme [A] nous prouvons 'existence d’un tore KAM asymp-
totique analytique ¢! de la forme

©'(q) = (¢ +u'(g),v'(q))

pour tout ¢ € T" et t suffisamment grand, otll, pour chaque ¢ fixé, id + u® est un
difféomorphisme du tore. En outre, pour une constante appropriée C

u'|: < Cb(t), |']: < Ca(t),

pour tout ¢ suffisamment grand. La preuve de ce théoreme est essentiellement
la méme que celle du Théoreme [A] avec des petites modifications. De méme que
le cas a différentiabilité finie, nous résolvons le probleme linéaire associé par un
changement de coordonnées approprié qui dépend du flot linéaire sur le tore généré
par le champ de vecteurs constant w. En outre, si t est réel, nous pouvons résoudre
I’équation homologique sans réduire le domaine ou la solution est analytique. Pour
cette raison, nous trouvons un tore KAM asymptotique analytique ¢! qui est juste
continu par rapport au temps.

Encore une fois, nous prouvons un résultat analogue pour des perturbations
analytiques réelles dépendant du temps des champs de vecteurs constants sur le
tore. Soit Z le champ de vecteur non autonome sur T" x Jy de la forme

Z T x Jg — Rn’
Z(q,t) =w+ P(q,t)
Pe Al

S0?

|Ptl,, < P(t) pour tout t € Jy
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ouw € R" et 0 < sp < 1. Nous supposons que P est une fonction positive,
décroissante et intégrable sur Jj.

Corollaire B. Soit Z comme dans (Zg|). Alors il existe un tore KAM asympto-
tique analytique Y' associé d (Z,w,1d).

Nous démontrons ce résultat comme conséquence du Théoreme [B]

2.2 Mouvements Biasymptotiques Convergeant vers
une Dynamique Quasipériodique

Ici, nous nous intéressons aux systémes non autonomes X! definis pour tout ¢t € R.
En particulier, cette section vise a prouver l'existence de solutions définies pour
tout ¢t € R et convergeant vers certaines solutions quasipériodiques dans le futur
(t — 400) et dans le passé (t — —o0). Pour cette raison, introduisons la définition
de C7-tore KAM biasymptotique.

Etant donné o > 0 et un entier positif £ > 0, nous considerons les champs de
vecteurs dépendant du temps X', X{ ,, X§ _ de classe C7* sur T" x B, pour tout
t € R, et des plongements g 1, po_ de T" sur T" x B de classe C tel que

. t oyt _
tl}linoo |X X01i|ca+k 0, (21)
Xo,+(0,4(q),t) = Ogp0.+(q)ws pour tout (¢,t) € T x R, (2.2)

ol wy, w_ € R™

Définition 2.1. Nous supposons que (X, Xo 1, o+ ) satisfont (2.1)) et (2.2). Pour
tout t € R, une famille continue de C?-plongements @' : T" — T™ x B est un C-
tore KAM biasymptotique associé a (X, Xo+, po+) s'il existe v > 0 tel que

. t L=
tl}inoo l" — @o+|ce =0,

X(p(g,t),t) = 0yp(q, t)ws + Opp(q, t), pour tout (q,t) € T" x (v, +00)
X(p(q,t),t) = 0yp(q, t)w— + Opp(q,t), pour tout (q,t) € T" x (—o0, —v).

De plus, nous disons que @' est lagrangien si @' (T™) est lagrangien pour tout t.

Malheureusement, nous ne sommes pas en mesure de prouver l'existence de
C?-tores KAM biasymptotiques sans faire I'hypothese que w; = w_ = w et que
les hamiltoniens H : T" x B x R — R satisfont des symétries tres fortes. Plus
précisément, nous devons supposer que

H(q+ wt,p,t) = —H(q — wt, p, —t)

pour tout (¢,p,t) € T" x B x R et un certain w € R"™. Alors, nous pouvons
démontrer 'existence d'un C?-tore KAM biasymptotique avec w, = w_ = w.

Dans ce qui suit, nous démontrerons des résultats plus faibles. Pour cette
raison, nous avons la définition suivante.
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Définition 2.2. Nous supposons que (X, Xo 1, o+) satisfont (2.1) et (2.2). Une
courbe intégrale g(t) de X est une solution biasymptotiquement quasipériodique
associée a (X, Xoxrpox) s'il existe q_, g € T de telle sorte que

lim |g(t) = ¢o.+(qx +wst)] = 0. (2.3)

t—=o0

Donc, nous ne prouverons pas 'existence de C?-tores KAM biasymptotiques
mais plutot des solutions biasymptotiquement quasipériodiques associées a certains
systemes hamiltoniens dépendant du temps.

Dans ce qui suit, nous analyserons deux cas. Dans le premier, nous considérons
des perturbations dépendant du temps des hamiltoniens intégrables. Le second
concerne des perturbations dépendant du temps des hamiltoniens ayant un large
(au sens de la mesure) sous-ensemble des tores invariants.

Tout d’abord, nous rappelons que, pour tout (p,t) € B x R fixé, nous con-
sidérons flt, comme la fonction définie sur T™ telle que

fy(@) = flg,p,t)

pour tout ¢ € T".

2.2.1 Cas Intégrable

Etant donné un parametre réel positif ¢ > 1, nous considérons I’espace de fonctions
suivant.

Définition. Soit B, l'espace des fonctions f définies sur T™ x B x R tel que f,
Opf € C(T" x B xR) et f} € C7(T") pour tout (p,t) € B x R.

Nous introduisons une norme spéciale qui joue un role central dans cette partie.
Pour tout f € B, and [ > 1, nous définissons

[floa = sup |filos(L+1t)+  sup [ (8pf), leo(1+ [¢[71). (2.4)
(pt)EBXR (p,t)EBXR

Définition. Etant donné o > 1 et un entier positif k > 0, nous définissons Bmk
comme [’espace des fonctions f tel que

J € Boyy, et 8;f € Boiri
pour tout 0 <1 < k.

Dans la définition précédente, 8; f indique les dérivés partielles d’ordre ¢ par
rapport aux variables ¢ = (¢i, ...,¢,) de f. Nous utilisons la convention 82 f=1f.

Evidemment, nous avons 1’5’070 = B,. Pour tout f € Bmk et [ > 1, nous concluons
cette partie avec l'introduction de la norme suivante

”f”a,k,l = ggfgi |a¢§f|o+k—i,l-

Soit B, C R™ une boule centrée a l'origine de rayon r > 0. Si une fonction
f définie sur T" x B, x R appartient a B,, nous considérons que f satisfait les
propriétés dans la définition précédente avec B remplacée par B,.
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Etant donné o > 1,1 >1et 0 <e <1, nous considérons le hamiltonien suivant

(H:T"x B xR—R

H(g,p,t) = h(p) + f(q,p,1)

f7 apf S Ba,Qa

|f|0+270 + ||aqf||a'71’l+2 + ||8pf||o"27l+1 <g, (*C)
O7H' € C°P*(T" x By) pour tout t € R fixé

9i, (02H) € C(T" x By x R) pour tout 0 < i < 3.

SUpP; g [OpH' otz < 00.

{
Pour chaque p € By, nous considérons le plongement trivial suivant

wop: T" = T" x B, wop(q) = (¢,p)-

Théoreme C. Soit H comme dans . Alors il existe un hamiltonien dépendant
du temps h tel que, si € est suffisamment petit, pour tout (q,p) € T" x B% il existe

p—, p+ € By et une solution biasymptotiquement quasipériodique g(t) associée a
(Xn, X, o) tel que g(0) = (g, p).

En ce qui concerne la régularité de H, nous soulignons que si nous prenons
I’hypothese plus forte

feCT(T" x By xR) et 2H € C77*(T" x By x R),

alors les hypotheses de régularité du théoreme précédent sont satisfaites.

Pour chaque p € B 3, IIOUS Prouvons Pexistence d'un C?-tore KAM asympto-
tique ', , associé a (Xg, X, ¢o,) défini pour tout ¢ > 0. En plus, soit ¢ (¢, p) =
¢ ,(q) pour tout (¢,p) € T" x B%, nous vérifions que

sup |’ — Id|cr < Ce, (2.5)
>0

pour une constante appropriée Cy qui dépend de n, [, sup,cg ]8§H loo+2 et |Oph|cn.
De la méme maniere, pour tout ¢ < 0, il existe une famille de C?-tores KAM
asymptotiques ¢! définie sur T" x B3 qui satisfont

sup [t — Id|e1 < Cpe. (2.6)

£<0
Les estimations précédentes, (2.5)) et (2.6)), sont les clés pour prouver que
mn 0 n
T" x B% C goi(’]l‘ X B%).

Ceci conclut la preuve. En effet, si nous nous rappelons des proprié¢tés des C-
tores KAM asymptotique, chaque (¢,p) € T" X B% donne lieu a des solutions
biasymptotiquement quasipériodiques associées a H.

Comparé au Théoreme [A] nous supposons ici une décroissance par rapport au
temps plus forte. Cela est di au controle sur les variables p obtenu par ({2.5))
et (2.6). Par contre, ce théoreme est perturbatif parce que nous avons besoin que
|o'. — Id|c1 soit petit pour ¢t = 0 et pas seulement pour |¢| grand.
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2.2.2 Cas Presque Intégrable

Soit A C R™ un ensemble fermé et E égal a T" x B ou T", pour chaque fonction
f: E x A — R nous définissons la norme suivante

| flLa) = sup ( sup [f(z,2) — f(z9)]

z€B \z,yceA,x#y ’x - y’

) + ‘flCO-

Etant donné un parametre positif réel ¢ > 1 et A C R", nous avons la définition
qui suit.

Définition. Soit D, [’espace de fonctions f définies sur T" x A x R tel que f €
C(T" x AxR) et f} € C7(T") pour tout (p,t) € A x R.

Comme dans le cas précédent, nous définissons la norme suivante. Pour tout
fE€D,etl>1,

[floary = sup |fplee (L+[t]") 4+ sup [ f*rea (1 + 7). (2.7)
(p,t)EAXR teR

Soit f € B, (ou B, est 'espace défini précédemment). Pour chaque A C B
fermé, évidemment f € D, et si |f|,; < oo alors

|f|0,l,L(A) S ‘f'a,la

ou | - |,; est la norme définie par (2.4)).

Définition. Etant donné o > 1 et un entier positif k > 0, nous définissons @g,k
comme [’espace de fonctions f tel que

f € Doy, et 8éf € Dyip—i
pour tout 0 <1 < k.

De plus, pour tout f € D, et | > 1, nous considérons la norme qui suit

||fHa,k,l,L(A) = (}2?22 |aéf|a+k—i,l,L(A)7

Dans ce cas aussi, le hamiltonien suivant et ses composants sont des fonctions
définies sur T" x B, x R, pour certains r > 0. Ensuite, si une fonction f appartient
a D,, nous considérons que f satisfait la régularité démandée dans la définition
précédente avec A remplacé par B,.

Ici, nous considérons le cas ou le hamiltonien intégrable h(p) est remplacé par
un hamiltonien autonome ayant un large ensemble des tores invariants.
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Etant donné o > 1,0 >1,0<e<1letpu>0. Nous considérons le hamiltonien
suivant

(H:T"x B, xR — R

H(q,p,t) = h(p) + R(q,p) + f(g,p,1)

f,0,f € 750,2,

|f|0+2,0,L(Bl) + ||aqf||o"17l+27L(B1) + ||apf||o"27l+1’L(Bl) <ég,
D cC By, Leb(B\D) < p,

R e C*(T" x By)

R(q,p) = 0,R(q,p) = 0 pour tout (¢,p) € T" x D,
O2H' € C°"*(T" x By) pour tout t € R fixé

8;1) (65[-]) € C(T" x By x R) pour tout 0 <7 < 2.

SUp; g |0 H' |cota < 00,

\

Théoreme D. Soit H comme dans . Alors il existe un hamiltonien dépendant
du temps h tel que, si e est suffisamment petit, nous avons l’existence d’un ensemble
W C T" x By de telle sorte que, pour tout (q,p) € W, il existe p_, py € D et
une solution biasymptotiquement quasipériodique g(t) associée a (X, Xj, ©opy)
tel que g(0) = (q,p). De plus, nous avons

Leb ((T" x By)\W) < 4pu.

L’hypothese sur le hamiltonien précédent H, concernant la partie autonome
h + R, n’est pas artificielle. Poschel, dans son travail [P682], considere une petite
perturbation H; et C*° d’un hamiltonien intégrable analytique réel non-dégénéré
H, de la forme

H:T"x B—R, H(q,p) = Ho(p) + Hi(q,p).
L’auteur démontre 1'existence d’un symplectomorphisme ¢ de classe C'* tel que
Ho¢:T'x B— R, H(q,p)=h(p)+ Rlq,p),

ou h est proche de Hj et le jet infini de R est nul sur T" x D,. Danc ce travail,
D, est un sous-ensemble approprié de B tel que

Leb(B\D,) < Cy?,

pour une certaine constante C'. En faisant référence a cet article de Poschel, dans
le Théoreme @, nous prenons D = D, et p = Cy2.

Concernant la preuve du Théoréme [D] nous définissons D' C D comme les
éléments de D suffisamment loin du bord de B;. Ensuite, pour chaque p € D’, nous
démontrons I'existence d'un C?-tore KAM asymptotique (p’jﬁp (resp. gpt_p) associé
a (X, X, o) défini pour tout ¢ > 0 (resp. ¢ < 0). En posant % (q,p) = ¢4 ,(q)
pour tout (g,p) € T" x D', nous vérifions que

sup \goi —Id|prexp < Coe, sup |’ —Id|pmaxp < Coe (2.8)
>0 <0
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pour une constante appropriée Cyy qui dépend de n, [, sup;cp yagﬂ Yoz et [Oph| (D).
Maintenant, soit W le suivant sous-ensemble de T" x B;

W =@ (T" x D) N ” (T" x D).
Donc, la conclusion du théoreme précédent est due a (2.8) et Leb(B;\D) < p.

2.3 Applications a la Mécanique Céleste

Dans cette partie, nous étudions l'existence d’orbites pour un systeme planétaire
(probleme a trois corps dans le plan) perturbé par une comete donnée, venant et
revenant a I'infini asymptotiquement le long d’une orbite képlérienne hyperbolique.
Sur un espace de phase approprié, nous considérons le hamiltonien H = Hy + H.,
ou Hy joue le role du hamiltonien du probleme a trois corps dans le plan et H,
I'interaction avec la comete donnée. Malheureusement, la perturbation H. ne
satisfait pas de bonnes propriétés de décroissance lorsque t — +oo. Dans une
norme appropriée, |HZ| ~ tll avec [ = 2, alors que nous avons besoin de [ > 2 pour
appliquer le Théoreme [A] Pour résoudre ce probléme, nous sommes obligés de
démontrer un autre théoreme abstrait qui est une version plus faible du Théoreme
[Al

Nous introduisons les définitions de C'?-cylindre faiblement asymptotique et de
solution faiblement asymptotiquement quasipériodique. A cette fin, nous définissons
B C R"™ comme une boule centrée a l'origine et nous notons g € T" x R™ et
p € B. Soit P égal & T" x R™ x B ou & un sous-ensemble ouvert de R2™+™) et
J=11,400) CR.

Etant donné o > 0 et un entier positif £ > 0, nous considérons les champs de
vecteurs dépendant du temps X!, X! de classe C7** sur P, pour tout t € J, un
plongement g de T" x R™ sur P de classe C'? et un champ de vecteurs dépendant
du temps " de classe C7 sur T" x R™, pour tout t € .J, tel que

. t oyt _

Jim |X! = Xflorn =0, (2.9)

Xo(wo(q),t) = O0(q) (@ + (g, t)) pour tout (¢,t) € T x R™ x J, (2.10)
lim |4t|ce =0, (2.11)

t——+o0

oll @ = (w,0) € R"™ avec w € R™.

En d’autres termes, X' — X} converge vers zéro lorsque t — +o00. De plus,
le champ de vecteurs X possede un cylindre invariant ¢q et la restriction de X
est conjuguée au champ de vecteurs non-autonome w + vy, qui est un champ de
vecteurs dépendant du temps convergeant vers @ lorsque ¢ — +00.

Définition 2.3. Nous supposons que (X, X, po) satisfont (2.9), (2.10) et (2.11)).
Une famille de C°-plongements @' : T x R™ — P est un C°-cylindre faiblement

asymptotique associé a (X, Xg, po) il existe un champ de vecteurs dépendant du
temps I't de classe C° sur T™ x R™, pour tout t € J, tel que

lim |p" — @olce = 0, (2.12)
t—+o00
X(p(g,t),t) = Oyp(q, 1) (w + T'(q, 1)) + Oip(g, 1), (2.13)
lim |[I|ce =0, (2.14)
t——4o00
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pour tout (q,t) € T" x R™ x J. De plus, ¢' est lagrangien si ¢'(T™ x R™) est
lagrangien pour tout t.

Cette définition est une version plus générale de celle du C?7-tore KAM asymp-
totique (Définition . En effet, en prenant m = 0, v = 0 et I' = 0, nous
obtenons la Définition [1.3] Par ailleurs, nous observons que si m = 0 et |I'|go+1
est intégrable sur J, alors, grace au Corollaire [A] on peut prouver I'existence d’un
C?-tore KAM asymptotique associé a (X, Xo, ¢o).

Ici, P est égal & T" x R™ x B ou & un sous-ensemble ouvert de R2"+™)  Par
contre, nous nous intéressons a une famille de cylindres plongés et non a une famille
de tores plongés. Ceci est du a 'exemple en mécanique céleste que nous étudierons
dans la section suivante.

Contrairement a la définition de C?-tore KAM asymptotique, nous recherchons
ici des familles ¢! de plongements de classe C? définis pour tout ¢ € J et non
seulement t grand. Toutefois, il ne s’agit pas d’une différence substantielle. Nous
verrons que, comme pour des C?-tores KAM asymptotique, si ¢! est un C?-cylindre
faiblement asymptotique défini pour tout ¢ suffisamment grand, alors nous pouvons
étendre I'ensemble de définition pour tout ¢ € R.

Nous avons une série de propriétés en commun avec les C?-tores KAM asymp-
totiques. Dans ce cas également, nous pouvons réécrire en termes du flot de
X. En fait, soit 1f, x le flot au moment ¢ avec un temps initial ¢, de X et ¥f ., p
le flot au moment ¢ avec un temps initial ¢ty de w + I'. Nous supposons que z/ﬂtto’ X
et 1y, ,p sont définis pour tout t , ¢, € J. Alors, est équivalent &

wlfg,X © SOtO - (Ipt © ¢€0,D—|—F (2]‘5)

pour tout t, ty € J. Nous faisons deux remarques importantes par la suite. La
premiere est que est triviale. Il est toujours possible de trouver une famille
des plongements satisfaisant cette équation. Soit ¢ : T" x R™ — P un plongement,
alors, pour tout ¢, to € J

t t ” t
Y = %O,X cpo wt?owr

est une famille des plongements qui satisfont (2.15)) et donc (2.13]).
Si 4f, x est défini pour tout ¢ , £y € R et §'il existe un C?-cylindre faiblement

asymptotique ¢! défini pour tout ¢ > 1, alors nous pouvons étendre ’ensemble de
définition pour tout ¢ € R. Plus précisément, nous définissons

ot = ¢! pour tout ¢t > 1
Ut xoptotl . pour tout t < 1.

Nous observons que ¢' est un C?-cylindre faiblement asymptotique défini pour
tout t € R.

Maintenant, afin de donner quelques informations concernant la dynamique
associée a un C'?-cylindre faiblement asymptotique, nous introduisons la définition
de solution faiblement asymptotiquement quasipériodique.

Définition 2.4. Nous supposons que (X, Xo, o) satisfont (2.9), (2.10) et (2.11)).

Une courbe intégrale g(t) de X est une solution faiblement asymptotiquement
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quasipériodique associée a (X, Xo, po) $’il existe un champ de vecteurs dépendant
du temps IT' : T" x R™ x J — R ¢t g € T" x R™ tel que

Jim {g(t) = @0 0 ¥f 5ar(9)] = 0.

Nous observons que ce type d’orbites de X ne convergent pas vers les mouve-
ments associés a X sur ¢y mais vers la dynamique sur ¢g générée par le champ
de vecteurs dépendant du temps w + I', d’ou le terme faiblement. Evidemment,
en prenant m = 0, v = 0 et ' = 0, on obtient la définition de solution asympto-
tiquement quasipériodique (Définition . De maniere similaire a la Définition
m, sim =0 et [['*|go+1 est intégrable sur J, alors on peut prouver I'existence de
solutions asymptotiquement quasipériodiques associées a (X, Xy, ¢o).

Comme on peut s’y attendre, nous avons la proposition suivante, dont la preuve
est similaire a la Proposition [1.4}

Proposition 2.1. Soit ©' un C7-cylindre faiblement asymptotique associé a (X, Xo, o).
Alors, pour tout g € T" x R™ et ty € J,

9(t) =1, x 0" (q)
est une solution faiblement asymptotiquement quasipériodique (X, Xo, o).

Cette proposition, et notamment ces orbites, jouent un role important en par-
ticulier dans la partie consacrée au hamiltonien du probleme a trois corps plus
comete dans le plan.

Nous divisons ce qui suit en deux sous-parties. La premiere est consacrée a
I’énoncé d’une version plus faible du Théoreéme [A] tandis que la seconde est dédiée
aux applications en mécanique céleste.

2.3.1 Le Théoréme Abstrait

Nous commencons par l'introduction de 'espace de fonctions suivant. Etant donné
un parametre réel positif ¢ > 0, nous avons la définition suivante

Définition. Soit S, l’espace de fonctions f définies sur T™ x R™ x B x J tel que
ft e C°(T" x R™ x B) pour tout t € J fixé et 8fq7p)f € C(T"* x R™ x B x J) pour
tout 0 < i < [o].

Dans la définition précédente, 8E D) représente les dérivés partiels par rapport
a (q,p) d’ordre 7 et [o] est la partie entiere de 0. Conventionnellement Q?qm) f=1r
Comme d’habitude, nous utilisons cette notation également pour les fonctions
définies sur T" x R™ x J. Ceci sera spécifié par le contexte. Contrairement au
Théoreme [A] nous considérons des fonctions qui sont continues et dont les dérivés
partielles par rapport a (g, p) le sont également jusqu’a l'ordre [¢]. En outre, pour
tout f € S, et un parametre positif [ > 0, nous introduisons la norme suivante

| flos = sup | f!|cot'.
te]
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2.8 Applications a la Mécanique Céleste

Maintenant, soient s, A, p, 8 et « des parametres positifs qui satisfont les
conditions suivantes

1<p<A<s,

« a
s>max{a_1,)\—|—6_1}, 1<f8<2, a>1, (#5)
26 A=p
A>— <
o—p F
Etant donné w € R™ et des parametres positifs réels 6 > 0 et € > 0, nous con-
sidérons le hamiltonien dépendant du temps suivant

(H.T"xR"x Bx.J—R
H(g,p,t) =w-p+alq,t)+ (bo(q,t) + be(q, ) -p + m(q,p,t) - p°
b(at)
a,bo,br,(?ﬁH € Ssn1 (*5)
bolo1 < 0, |bolss1,1 < 00,

’CL|A+1,0 + |8qa\m <g, \br|A+1,1 <§g,

lalst10 +10gals2 < 00, [bylsrin <00, [05H]s41,0 < 00.
Soit g le plongement trivial suivant
wo:T" xR™ = T" xR™ x B, ¢o(q) = (g,0).
De plus, nous considérons le hamiltonien i : T" x R™ x B x J — R tel que

Théoreme E. Soit H comme dans . Alors, pour & suffisamment petit et
pour € assez petit par rapport a 9, il existe un CP-cylindre faiblement asymptotique
associé a (Xu, Xj,, ¢o).

Ici, by joue le role de v dans la Définition [2.3] De plus, nous observons que les
termes perturbatifs d,a et b, (avec des normes appropriées) décroissent par rapport
au temps comme tlz et %, respectivement. Méme en prenant by = 0 et m = 0, le
hamiltonien H ne satisfait pas les hypotheéses du Théoreme [A] L’idée de trouver
des solutions localisées dans 1’espace de phase pour ces types de systemes donne
lieu au théoreme précédent. Cependant, le prix a payer est une conclusion plus
faible que celle du Théoréme [A] parce que nous perdons quelques informations sur
la dynamique des orbites trouvées. De plus, a cause de la décroissance plus lente
par rapport au temps des termes perturbatifs, nous avons besoin d’'un hamiltonien
H plus régulier et des conditions de petitesse sur les termes perturbatifs.

La preuve repose sur une version du théoreme de Nash-Moser due a Zehn-
der [Zeh75]. Les conditions sont une conséquence de ce théoreme (Theo-

rem [6.1). Par souci de clarté, nous donnerons un exemple de parametres satis-

faisant (#gl).
4 2

7 3 7
A= == ==, A A= —.
s>max{7, +3}, 16 5 O & >0, p< 5 5
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2  Résultats Principaux

Notamment, nous pouvons prendre p suffisamment grand au prix de prendre s et
A assez grands. Zehnder dans son travail a prouvé que 'ordre minimum requis par

s, afin de satisfaire (#g]), est s > 8 (Corollaire [6.1]). Cela se traduit par

7 7 14
8287 /8:1+_7 o= -, A:2—+__7 p:]-
35 6 s

pour les autres parametres.

Concernant la preuve du Théoréme[E] nous commengons par étudier le probléme
linéaire associé. Etant donné o > 1, o > 0 et w e R" cela consiste a résoudre
I’équation suivante d’inconnu s : T" x R™ x J — R*t™

9y(q,t) (@ + f(gq,1)) + Op3e(q, ) + g(q, 1) (g, 1) = 2(q, 1)
f,9,2 €S,,

|flia <wp Aglhin <p, [2]o2 < oo,

|floa <00 |glo1 < o0

(HER)

avec W = (w,0) € R"™™. Les fonctions f : T"xR™xJ — R", 2z : T"XR™ x J —
R"et g: T"xR™xJ — M, 1, sont données, ou M, ,, est 'ensemble des matrices
de dimension (n + m).

Si =0, celle-ci prend la forme beaucoup plus simple

0y7(q, t)w + Op3e(q,t) = 2(q, 1)
2€8,, |zloa < o0.

Quand m = 0, il s’agit du probleme linéaire résolu dans la preuve du Théoreme
[Al Cependant, également dans le cas m # 0, suivant les lignes de la preuve du
Théoréme[A] une solution de I'équation précédente existe et satisfait |5, < 2[00

En revenant au cas général . > 0, semble plus compliqué que ce dernier.
Nous devons supposer que g soit suffisamment petit pour pouvoir le résoudre.
Plus précisément, si i est assez petit, nous trouvons une solution de par
intégration grace a un changement de coordonnées approprié ¢ (qui consiste a
rectifier le flot sur le cylindre). La partie la plus laborieuse consiste a trouver une
bonne estimation de la solution, qui vérifient

’2‘02 |f|01+|g|01
- < O ) C ) k]
o < Clo)— oo T (U)—(l )’ |2]1,2

pour des constantes appropriées C'(0) et ¢ dépendant de o. Dans ce cas également,
la solution s est moins réguliére (en termes de décroissance par rapport au temps)
que z. Comme dans le Théoréme [A] nous résolvons ce probleme dans la partie non
linéaire. Les solutions des équations homologiques sont toujours multipliées par
d’autres termes satisfaisant de bonnes propriétés de décroissance dont la multipli-
cation nous permet de retrouver ce que nous perdons en termes de décroissance
par rapport au temps. Malheureusement, nous avons une perte de dérivés a cause
des nouveaux termes v et I' (les deux sont égaux a zéro dans le Théoreme .
Pour cette raison, nous ne sommes pas en mesure de prouver ce théoreme par
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2.8 Applications a la Mécanique Céleste

le théoreme des fonctions implicites, mais nous devons faire recours a une des
variantes du théoreme de Nash-Moser.

Cette preuve ne marche pas si nous travaillons avec des hamiltoniennes an-
alytiques réels parce que le changement de coordonnées ¢, utilisé pour résoudre
I’équation homologique, dépend du flot de w + f. Le terme f est responsable
d’une perte de régularité pour la solution de qui s’ajoute a la perte de
décroissance par rapport au temps, ce qui fait que notre preuve est sans espoir de
fonctionner.

Cette démonstration ne marche pas dans le cas des hamiltoniens C'*° parce que
plus o est grand et plus nous devons prendre p petit afin de résoudre .

Nous concluons cette partie avec une remarque concernant ’hypothese de pe-
titesse sur les termes perturbatifs. Il semble raisonnable de penser que cette hy-
pothése n’est pas essentielle et, en raisonnant comme dans le Théoreéme [A] on de-
vrait étre en mesure de la supprimer. Par contre, I’exemple d'un systeme planétaire
perturbé par une comete donnée est un probleme perturbatif. Donc, le Théoreme
[E] suffit pour Papplication.

2.3.2 Le Probleme a Trois Corps plus Comete

Nous considérons trois points de masses fixes mg, m; et ms subissant une attraction
gravitationnelle dans le plan et une comete de masse fixe m.. La comete provient
et retourne a 'infini le long d’une orbite képlérienne hyperbolique. Nous supposons
que le mouvement de la comete est une fonction donnée ¢(t) et que seul le systéme
planétaire est influencé par la comete. Nous supposons

d
E|C<t>| —t—4o00 U > 0.

|lc(t)] =400 00,
d
. . . e ’ dt
limite. Mais nous n’utiliserons pas cette hypothese plus forte.
Etant donné 0 < e <1 et J = [1,+00) 'espace de phase est I'espace

Si la comete est sur une orbite képlérienne hyperbolique, %¢(t) lui-méme a une

. VO<i<j<2 x; #x;
{((fﬁivyﬁogsmt) € (R?xR*)’ x J | o <€ J}
c(t

de covecteurs de quantité de mouvement (yo, y1, y2) et vecteurs de position (xg, x1, )
de chaque corps. Le hamiltonien du probleme a trois corps plus la comete dans le
plan (P3BP+C de l'anglais “planar three body problem plus comet”) est

2
il i e
H(z,y,t) = - G 2.6
(l',y, ) : 277% Z ‘xz —LL’j| Z |$z _C(t>|’
i=0 0<i<j<2 =0 .
Ho?;y) He(:t)

ou G est la constante universelle de gravitation que nous pouvons supposer égale a
1. Comme mentionné précédemment, H est la somme du hamiltonien du probleme
a trois corps dans le plan Hy et du hamiltonien H, qui est responsable de I'interaction
avec la comete.
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Soit g une famille & 1-parametre de tores invariants pour Hy supportant une
dynamique quasipériodique avec quatre fréquences et @bfo g le flot au moment ¢
avec un temps initial ¢y de H.

Théoréme F. Soit H le hamiltonien de P3BP+C. Alors, si |c(1)| et v sont suff-
1samment grands par rapport a €, pour € assez petit, il existe un sous-ensemble
owvert W C (R% x R2*)’ tel que, pour tout z € W, Y1 () est une solution faible-
ment asymptotiquement quasipériodique associée a (Xg, Xy, ¢o)-

Concernant ¢, en 1963, Arnold a prouvé I'existence de solutions quasipériodiques
pour le hamiltonien du probleme a trois corps dans le plan [Arn63b]. Ici, nous suiv-
ons Féjoz [Fé02], qui fournit des solutions plus générales. Dans un repere rotatif,
Iauteur prouve l'existence d’orbites quasipériodiques a trois fréquences pour le
hamiltonien du probléme a trois corps dans le plan. Avant la réduction sym-
plectique par la symétrie des rotations, ces mouvements quasipériodiques ont une
fréquence supplémentaire, qui est la vitesse angulaire de la rotation simultanée de
trois ellipses. De plus, avant la réduction symplectique par la symétrie des trans-
lations, chacune de ces tores invariants se traduit par une famille a 1-parametre
de tores invariants paramétrés par le centre de masse du systeme planétaire.

La preuve du Théoréme [F]repose sur [Fé02] et le Théoreéme [E] La premiere par-
tie est dédiée au hamiltonien Hy. Nous commencons par introduire un changement
symplectique linéaire de coordonnées ¢y. Dans ces nouvelles variables {(X;, Y;) }izo.1.2,
nous pouvons diviser le hamiltonien Hy du probleme a trois corps dans le plan
comme suit

|Yo|®

2M

ou K est le hamiltonien du probleme a trois corps dans le plan apres la réduction
par la symétrie des translations, X, est le centre de masse du systeme planétaire,
Yy est le moment linéaire du systeme planétaire et M = mqg + mq + mo.

Comme mentionné précédemment, K possede un tore invariant supportant
une dynamique quasipériodique avec quatre fréquences. Grace a , ce tore
invariant se traduit en une famille a 1-parametre de tores invariants paramétrés
par le centre de masse du systeme planétaire.

La seconde partie de la preuve est dédiée a la perturbation H.. Nous prouvons
que dans un certain sous-ensemble de I’espace de phase, ol nous nous attendons
a ce que les orbites d’intérét aient lieu, la perturbation H,. satisfait de bonnes
propriétés de décroissance lorsque t — +o00, mais pas toutes les hypotheses du
Théoréme [E] Afin de résoudre ce probleme, nous introduisons une extension lisse
appropriée H du hamiltonien H et nous prouvons lexistence d’un C'-cylindre
faiblement asymptotique pour cette extension. Donc, nous concluons la preuve
du Théoreme [F] vérifiant ’existence d’un sous-ensemble ouvert de points initiaux
donnant lieu a des solutions faiblement asymptotiquement quasipériodiques pour
X, qui sont également des orbites pour Xp.

Soit w € R* la fréquence d’une solution quasipériodique pour le hamiltonien du
probleme a trois corps dans le plan. Ce résultat (Théoreme [F|) garantit I'existence
d’orbites ol le centre de masse du systeme planétaire est attiré par la comete avec
une vitesse asymptotiquement nulle quand le temps tend a +oo. De plus, dans

HO (@] (bo(X, Y) =

+K(X17X27}/17}/2)7 (217)
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un repere de référence attaché au centre de masse du systeme planétaire, les mou-
vements des planetes convergent vers certaines dynamiques qui sont conjuguées a
des orbites générées par une petite perturbation dépendant du temps du champ
de vecteurs constant sur le tore w.

2.4 Mouvements Asymptotiques Convergeant vers une Dy-
namique Arbitraire

Nous considérons des champs de vecteurs dépendant du temps convergeant avec
une vitesse exponentielle par rapport au temps vers des champs de vecteurs ayant
un tore invariant supportant une dynamique arbitraire. Nous prouvons des résultats
qui sont des variations du théoreme de Canadell-de la Llave dans le cas particulier
des champs de vecteurs hamiltoniens et des champs de vecteurs sur le tore.

Etant donné B C R" une boule centrée a origine et P égal & T" x B ou a T".
Pour v > 0, on rappelle que J, = [v,4+00) C R.

Commencons par la définition de C?-tore asymptotique. Etant donné o > 0,
v > 0 et d’un entier positif & > 0, nous considérons les champs de vecteurs
dépendant du temps X et X% de classe C°* sur P, pour tout ¢ € J,,, un plonge-
ment g de T" sur P de classe C? et un champ de vecteurs sur le tore W de classe
C” tel que

. t oyt _
Jim |X! = Xfloro =0, (2.18)
X (¢o(q),t) = 0yp0(q)W (q) pour tout (g,t) € T™ x J,. (2.19)

Cela signifie que X* — X[ converge vers zéro lorsque ¢t — +00. De plus, le champ
de vecteurs X, possede un tore invariant ¢y supportant une dynamique générée
par le champ de vecteurs autonome W.

Définition 2.5. Nous supposons que (X, Xo, 0, W) satisfont (2.18)) et (2.19).
Une famille de C7-plongements @' : T" — P est un C°-tore asymptotique associé
a (X, Xo, po, W) s’il existe v > v >0 tel que

Jim o = oles =0, (2.20)
X(p(q,t),t) = 0gp(q, )W (q) + Dup(q, t), (2.21)

pour tout (q,t) € T™ x Jy. Lorsque dimP = 2n, alors nous disons que @' est
lagrangien si @' (T™) est lagrangien pour tout t € J,.

Contrairement a la définition de C?-tore KAM asymptotique (Définition ,
ici, nous ne supposons pas W constant. En effet, si W (q) = cst, nous obtenons la
définition de C?-tore KAM asymptotique.

En ce qui concerne certaines propriétés des C'?-tores asymptotiques, si X est
complet, alors, de la méme maniere que pour des C?-tores KAM asymptotiques,
nous pouvons réécrire en termes du flot de X. De plus, est trivial
et si o' est un C7-tore asymptotique défini pour tout ¢ > o', alors nous pouvons
étendre I'ensemble de définition pour tout ¢ € R. Par ailleurs, comme on peut s’y
attendre, concernant la dynamique dans la projection sur ’espace de phase P, les
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trajectoires convergent asymptotiquement par rapport au temps vers les orbites
de X, générées par W sur le tore invariant .

Etant donné o > 0, v > 0 et un entier positif k& > 0, nous rappelons la définition
suivante

Definition. Soit 5’;’7,@ I’espace de fonctions f définies sur T™ x B x J,, tel que, pour
tout t € J,

ffeCTMTM x B) et 9,,f € C(T" x B x J,)
pour tout 0 <1 < k.

Maintenant, nous considérons le hamiltonien suivant A : T" x B x J; — R tel
que, pour tout (q,t) € T" x Jy,

h(q,0,t) =¢, 0,h(q,0,t) =W(q) (2.22)

pour certains ¢ € R et W € C°T%(T"). Soit Ky l'ensemble des hamiltoniens
h:T" x B x Jy — R qui satisfont (2.22)).
Nous observons que, pour tout h € Ky, le plongement trivial ¢y, donné par

2 : T — T" X87 @O(q):(Q7O>7

est un tore invariant pour X, et le champ de vecteurs restreint est W.
Etant donné o > 1 et A > 0, nous considérons le hamiltonien H suivant

(H:T" x BxJy—R

H(q,p,t) = h(q,p,t) + f(g,p, 1)

h e Ky, W eC T,

fo,0, f0,82H 65’0

| folosa0 +104folgr1 <00, [Opfolgian <00
\|8pH|o+2,0 < Q.

Théoreme G. Soit H comme dans . Alors, il existe un hamiltonien h € Ky,
et une constante C(o) qui dépend de o tel que si

A > C(0)]0,W]co. o
il existe un C7-tore asymptotique lagrangien associé a (X, X;, po, W).

Contrairement au théoreme de Canadell-de la Llave, ici, le champ de vecteurs
W n’est pas constant. De plus, nous observons que si W = cst nous obtenons
A > 0, ce qui est ’hypothese de Canadell-de la Llave dans le cas des systemes
hamiltoniens. Ev1demment le Théoreme |Al . prouve que dans ce cas nous n’avons
pas besoin de décroissance exponentielle.

Nous démontrons lexistence d'un C?-tore asymptotique ¢ de la forme

©'(q) = (¢ + u'(q),v'(q))
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pour tout ¢ € T" et t suffisamment grand, ol id + ' est un difféomorphisme du
tore pour chaque t fixé. Concernant u et v, nous avons

u'|oe < Ce™, |oflee < Ce™,

pour tout ¢ assez grand et pour une constante appropriée C.

La preuve est essentiellement la méme que celle du Théoréme [A] La principale
différence repose sur la solution du probleme linéaire associé. Résoudre ce prob-
leme, dans ce cas, est plus compliqué. Etant donné o > LA>0etv >0,il
consiste a résoudre 1’équation suivante d’inconnu s : T" x J, — R”

0y7¢(q, )W (q) + Op3¢(q,t) + O, W (q) (g, t) = 2(q, 1)
W e Cot(T™), ze 82, (HEg)

Supge s, |2tcreM < oo.

Quand W(q) = W € R™ est constante, l'expression précédente prend la forme
suivante plus simple

Dyoe(q, )W + Oy5¢(q,t) = 2(q, )
A= 5;’70,

supey, |#t|ceeM < .

Ce systeme est un cas particulier de et nous savons déja comment le
résoudre. En ce qui concerne le cas général, nous pouvons trouver une solution
pour par intégration grace a un changement de coordonnées approprié,
dépendant du flot de W, qui rectifie la dynamique sur le tore. Plus précisément,
nous prouvons l'existence d'une constante ¢, dépendant de o, de telle sorte que
si

A > 210, W oo,
alors une solution de (H E¢l) existe et

1
sup |st|cee™ < Clo ( ) sup |2t o™
tEJI3| lc < C(o) N 0o tEJIZ| lc

0,W o + [0gW 1|0y W | o
(A= czl0,W]e0)” (A= ¢z10,W o)

sup |2'|coeM
tedy

+ C(o) (
pour une constante C'(o) qui dépend de o. Contrairement au Théoreme , la
solution s a la méme régularité que z.

De méme que pour le Théoreme[A] nous n’avons pas besoin que la perturbation
soit petite pour tout t € Jy. Nous recherchons plutoét un C7-tore asymptotique
associé & (Xpg, Xj,, po, W) défini pour tout ¢ suffisamment grand tel que |9, f¢|co+1
et |0, f4|co+2 soient suffisamment petits.

Comme le Théoreme [E], cette preuve ne marche pas dans le cadre analytique.
En effet, le changement de coordonnées utilisé dans la solution de ’équation ho-
mologique dépend du flot de W.

Cette preuve ne fonctionne pas non plus dans le cas des hamiltoniens C'*° parce
que plus o est grand, plus nous devons prendre A grand afin de résoudre .
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Nous avons également un résultat concernant les perturbations dépendant du
temps des champs de vecteurs autonomes sur le tore. Etant donné o > 1, soit Z
un champ de vecteurs non autonome sur T" x Jy de la forme

Z(q,t) = W(q) + P(q,t)
W e CotT"), PeS,, (Zc)

|P|2+17/\ < 00.

Corollaire C. Soit Z comme dans (Zc)). Alors, il existe une constante C(o)
dependant de o telle que st

A > C(0)10,W]co.
alors il existe un C7-tore asymptotique ' associé a (Z, W,1d, W).
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Part 11
Asymptotic Motions Converging
to Quasiperiodic Dynamics

This part is devoted to a series of results which improve those of Fortunati-
Wiggins [FW14] and Canadell-de la Llave [CdIL15] in the case of time-dependent
Hamiltonian vector fields and time-dependent vector fields on the torus. The de-
cision to work with these systems has allowed us to relax the exponential decay in
time in view of the possible applications in celestial mechanics.

We do not need the perturbation to be small for all times but just for times
large enough. This led us to prove the existence of a C?-asymptotic KAM torus
defined for all ¢ sufficiently large.

This part is divided into two chapters. First, we prove the existence of a C7-
asymptotic KAM torus for finite differentiable time-dependent Hamiltonian vector
fields and for time-dependent vector fields on the torus. Then, in the second
chapter, we prove the same results for real analytic systems.

3 Finitely Differentiable Case

This chapter is divided into four sections. We begin with a part where we recall
and explain the definition of C7-asymptotic KAM torus (Section . We continue
with a section (Section dedicated to the main results of this chapter (Theorem
and Corollary [A)). The last sections contain the proofs of these results (Sections

5.3 and )

3.1 (“7-asymptotic KAM torus

We begin with the definition of C7-asymptotic KAM torus. Let B C R™ be a ball
centred at the origin, P equal to T" x B or T™ and, for allv > 0, J,, = [v, +00) C R.

Given ¢ > 0, v > 0 and a positive integer £ > 0, we consider time-dependent
vector fields X! and X of class C°** on P, for all t € J,,, and an embedding ¢,
from T™ to P of class C? such that

. t oyt _
tLlfrnoo | X — X{lgo+r = 0, (3.1)
Xo(o(q),t) = Ogp0(q)w for all (¢,t) € T™ x J,, (3.2)

where w € R".

Definition (Définition [1.3)). We assume that (X, Xy, o) satisfy (3.1)) and (3.2).
A family of C7 embeddings @' : T" — P is a C?-asymptotic KAM torus associated
to (X, Xo, po) if there exists v > v > 0 such that

Jim (6" = oles =0, (3.3)
X(p(q,t),t) = Ogp(q, t)w + Opp(q, 1), (3.4)

33



3 Finitely Differentiable Case

for all (q,t) € T" x J,. When dimP = 2n, then we say that ¢' is Lagrangian if
O (T™) is Lagrangian for all t.

For all ¢ € T" and t, ty € Jy, let 1  be the flow at time ¢ with initial time
to of X and vf, ,(q) = ¢+ w(t —ty). We assume that ¢; x is defined for all ¢,
to € J. Then, we can rewrite in terms of the flow of X. That is to say,
that is equivalent to

Yipx ©9°(0) = ¢ 0 Uy, ,(a) (3.5)
for all ¢ € T" and t, tg € J,». For the sake of clarity, we prove it.
Proposition (Proposition . If the flow wfo,x is defined for all t, tg € J, then
(3.4) is equivalent to (3.5)).

Proof. In this proof, we denote the time dependence by indexes. We assume (|3.4))
and we prove (3.5)). For fixed ¢y, let =" be the inverse map of ¢'. It suffices to
show that ¢; y and @' o4 o™ verify the same differential equation. For all
z € ' (T")

d
o (o ,op™™(x) = 040" (Vi (9" (x

)
+ 0" (Yr0 (97" (2)))
= 0g¢" (V1 (¢7°(@)) w + 0" (Ui (77 (2)))
= X'oployy 090 (),

77Z)150 w ( —to )

where ﬁo’w stands for the derivative with respect to ¢ of ¢y, it is obviously equal
to w. The last equality is a consequence of . This concludes the first part of
the proof.

Now, we assume and we prove . We fix ty € J,, for all t € J,, and
z € ' (T")

d
(90 ¢t0w _to(x)) = 1/)t0X() O%)X() X! OSO o¢tow _t0<17>‘
dt

On the other hand, by the chain rule

& (1 0l 0070 (@)) = Bt (P (572 (0) 0+ 008 (9 (7))

We know that ¢ is an embedding, then there exists ¢ € T™ such that ¢ (q) = .
Thanks to the above equations

X' o' oty () = 0" (Vi (a) w + 0ug" (¥1,.(a))
for all ¢ € T™ and for all t € J,». Letting t = t;, we have the claim. m

We observe that is trivial and if ¢ is a C7-asymptotic KAM torus defined
for all t > v/, then we can extend the set of definition for all ¢t € R.

Concerning the dynamics associated to a C?-asymptotic KAM torus, we recall
the definition of asymptotically quasiperiodic solution and discuss some properties
of these motions.
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3.1 C7-asymptotic KAM torus

Definition 3.1. We assume that (X, Xo, o) satisfy (3.1) and (3.2). An integral
curve g(t) of X is an asymptotically quasiperiodic solution associated to (X, Xo, o)
if there exists ¢ € T™ in such a way that

i lg(t) = o 0 04, (@) = 0.

As mentioned in the introduction of this work, the following proposition pro-
vides an evident link between a C'?-asymptotic KAM torus and the above-mentioned
motions.

Proposition 3.1. Let ¢' be a C7-asymptotic KAM torus associated to (X, Xo, @o).
Then, for all g € T" and ty € J,,

g(t) = wfo,x © @tO(Q)
is an asymptotically quasiperiodic solution associated to (X, Xo, o).

Let X, Xy and ¢ in such a way that (X, Xy, ¢o) satisfy and . We
consider the case when X and X, are Hamiltonian vector fields. Letting P = T" x
B, we assume that, for all t € J,,, ¢’ is a C- asymptotic KAM torus associated
to (X, Xo, o). We prove the following property mentioned in the introduction of
this thesis. Canadell-de la Llave prove it in the discrete case. Here, we prove it in
the continuous case.

Proposition 3.2. Let ¢' be a C7-asymptotic KAM torus associated to (X, Xo, @o).
If o(T™) is Lagrangian, then ¢'(T™) is Lagrangian for all t € J,.

Proof. Let o = dp A dgq be the standard symplectic form on (¢,p) € T" x B. For
all fixed t, to € J,, the map w;)’ ¢ 1s a symplectomorphism. This means that

(Y7, x) a = a for all fixed ¢, ty € Jyv. Since (3.5), for all ¢y € J,» and t >0
wto-‘y—t o (pt() — SOto—‘rt o wto-‘y—t (36)

to,X to,w

and, taking the pull-back with respect to the standard form « on both sides of the
latter, we obtain
(") (k) = (W) (") a.

We know that 1/Jt°+t is symplectic then, replacing ( fg?)*a = « on the left hand

side of the above equation, we have

(¢") o = (g ) (@)

We want to prove that for all ¢ € T", ((¢™)*a), = 0, where ((¢")*a), stands for
the symplectic form calculated on ¢ € T". The idea consists in verifying that,
for all fixed ¢ € T", the limit when ¢ — 400 on the right-hand side of the above
equation converges to zero. Then, taking the limit for ¢ — 400 on both sides of
the latter, we have the claim.

We introduce the following notation

©'(q) = (U(q),V(q), wolq) = (Us(q), Vo(q))
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3 Finitely Differentiable Case

for suitable families of functions U?, V! : T" — R™ and Uy, V5 : T" — R™. One
can see that, for all ¢ € T™

(Wt (e yra), = > alt*(q)dg; Adg;,

1<i<j<n
where forall 1 <i<j<n

at0+t(q) — (8qivt()+t . 8qj- Uto+t _ a Vt0+t a Ut()—l—t) o 77tho—‘rt( )

1,7 to,w
We observe that, for all ¢ € T" and for all fixed 1 <i<j<n
9q:Vo(q) - 94,Uo(q) — 9g;Vo(q) - 04,Us(q) = 0

because g is Lagrangian. Then,

t0+t to+t to+t tot+t | to+t
[ |0, VIt 9, U g, VIOrt - 0, U

— ‘(aqivto-f—t . 8qut0+t . aqjvto-‘rt 5 8qutO+t) o (aql% . aquO . aqj‘/() . aquO)
+ ‘aqjvto+t . aqutoth . aqj% . aquO

< |8 Vit 9, Ut — 8,V - 0, Uy

oo

and we can estimate each term in the last line of the latter by

[VIOr L JU = Us| oy + [Uolen [V = Vol

o

multiplied by a suitable constant C'. This concludes the proof of this proposition
because, by (3.3)), the latter converges to 0 if ¢ — +o0. O

3.2 Results

This section is dedicated to the main results of this chapter. First, we need to
introduce some notations. Given positive real parameters ¢ > 0 and v > 0, we
have the following definition

Definition 3.2. Let S¢ be the space of functions f defined on T™ x B x J,, such
that f € C(T™ x B x J,) and, for allt € J,, ft € C°(T" x B).

We use this notation also for functions defined on T™ x .J,,, this will be specified
by the context. Furthermore, for a positive integer £ > 0, we have the following
space of functions

Definition 3.3. Let S};k be the space of functions f such that

fesS, . and 8qp)f€ ok

i

for all 0 < i <k.

We conventionally let f = G?q,p) f. In other words, f € &7, if f € &7, and
Nyl € C(T" x B x J,) for all 0 < i < k. That is, f* € C"H"(T” x B) for all

t € J, and the partial derivatives of f with respect to (¢, p) are continuous until
the order k. It is straightforward to verify that Sy, = S,
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3.2  Results

In order to measure the decay in time of the perturbations, we introduce posi-
tive, decreasing, integrable functions u on J; and we denote

i(t) = /t m u(r)dr

for all t € Jy.
We recall that IC, is the set of the Hamiltonians in w-Kolmogorov normal form
and we consider the following trivial embedding

0o : T — T" x B, ¢o(q) = (¢,0).

Given w € R" and ¢ > 1, we consider a time-dependent Hamiltonian H of the
form

(H:T"x Bx J;,— R
H(q,p,t) = h(q,p,t) + f(q,p,1),

h e K,

o %
fo. Opfo, 021 € 82, (x4)
sup | f§lco+2 < 00, sup |02H"|co+2 < 00,
teJo teJo

L |8qfé|co+1 < a(t), |8pfé|ccr+2 < b(t) for all t € Jy,

where a, b are positive, decreasing, integrable functions on Jy.
We assume that there exists v > 0, such that a and b satisfy the following
conditions

{a(t) < b(t) )

a(t)b(t) < a(t)b(t)
forall t € J,,.

Theorem A. Let H be as in with a and b satisfying . Then, there exist
h € K, and a Lagrangian C-asymptotic KAM torus ¢ associated to (X, Xj, o).

About time-dependent perturbations of constant vector fields on the torus,
given ¢ > 1 and w € R", we consider the following time-dependent vector field

Z T x Jg — R”

Z(q,t) =w+ P(q,1)

Pes,

|Ptcor1 < P(t) forall t € Jp,

(Za)

where P is a positive, decreasing, integrable function on .Jy.

Corollary A. Let Z be as in (Za). Then, there exists a C?-asymptotic KAM
torus Y associated to (Z,w,1d).
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3 Finitely Differentiable Case

3.3 Proof of Theorem [A]

This section is devoted to the proof of Theorem [A] To this end, we expand the
Hamiltonian H in in a small neighbourhood of 0 € B,

1
h(g,p,t) = h(q,O,t)+3ph(q,0,t)-p+/ (1 —=7)02h(q, Tp, t)dr - p?
0

flapt) = @ 0.0+0,0@0.0-p+ [ (1= D5 famp.00dr -1

we can assume without loss of generality that h(q,0,t) = 0 for all (¢,t) € T™ x Jj.
Letting

w = 0yh(q,0,1)
) = f(g,0,1)
) = apf(Q7 07 t)
)

- / (1= 1) (05n(q, Tp,t) + O, f(q, TP, t)) dT
0

1
= / (]‘ - T)a;H((L P, t)dT7
0

for a positive real parameter T > 1, we can rewrite the Hamiltonian H in the
following form

(H:T"xBx.J,—R

H(g,p,t) =w-p+alg,t) +b(g,t) - p+ mlq,p, 1) - p*,

a,be Sy, (%%4)
SUpe g, |a'| o2 < 00, SUPey, |8§Ht|ca+2 <7,

[0, [corr < aft), [b'|go+2 <b(t), forallte Jy

where 92H € 82, and a(t), b(t) are the functions introduced in satisfying (#]).
This Hamiltonian is our new starting point. Furthermore, let i be the following
Hamiltonian

1
h(q,p,t) = h(q,p;1) +/ (1—=7)02f (g, p, t)dr - p?
0
for all (¢, p,t) € T" x Bx Jy. Obviously h € K,,. Moreover, X and X verify (3.1]).

3.3.1 Outline of the Proof of Theorem [A]

We are looking for a C7-asymptotic KAM torus ¢ associated to (X, X;, ¢o),
where H is the Hamiltonian in (#x4), h is the Hamiltonian previously defined and
@ is the trivial embedding ¢q : T" — T" X B, vo(q) = (¢,0). More specifically,
for given H, we are searching for v/ > 0 sufficiently large and suitable functions wu,
v:T" x J, — R" such that

¢(g,t) = (¢ +ulg,t),v(q,1))
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3.8  Proof of Theorem

and in such a way that ¢, u and v satisfy the following conditions

Xu(p(g,t),t) — Ogp(q, t)w — Oip(g, ) = 0, (3.7)
lim |u'lce =0, lim [vf|ce =0, (3.8)
t—4o00 t—4o00

for all (¢,t) € T™ x J,». The parameter v’ is free and it will be chosen large enough
in Lemma [3.5] below.

The proof rests on the implicit function theorem. To this end, we need to
introduce a suitable functional F given by (3.7). We consider

m(q,p,t)p = (/01 O2H (q,7p, t)dT> p=20, (m(q,p, t) ~p2>-

This is well defined because

3p(m(q,p, t) ‘p2) = 9, (/01(1 —7)0,H(q,7p, t)dr 'pQ)
_ g, ( / - £>a§H<q,f,t>d5)
— /01 02H (g, t)dE = (/01 O2H (q,7p, t)dT> P

where the second equality of the latter is due to the change of variables & = 7p.
Going back to the definition of the functional F, we observe that the Hamiltonian
system associated to the Hamiltonian H is equal to

B w + b(q, t) +m(q, p, t)p
Xu(q,p,t) = (_aqa(q, t) — 9,b(q, t)p — dym(q, p,t)p* )’

where we recall that H is the Hamiltonian defined by . We introduce
P(q,t) = (g +ulg,t),v(q, 1), 1), (g t) = (q+ulg 1)),

for all (¢,t) € T" x J,. Composing the Hamiltonian system Xy with ¢, we can
write Xy o ¢ in the following form

XHOgE(q,t) _ < w-i—bofL(q,t)—i—mo@(q?t)v(q?f) >

for all (¢,¢) € T" x J,» and moreover,

(JJ+(9U >tw+@u ,t
Fple B+ Ola 8} = ( 8qv%q,(1(f])w)+ &véq,(tq) ))

for all (¢,t) € T" x J,,. We define
VU’(Qv t)Q = aqu<Qa t)w + atu(q> t)v VU(Qv t)Q = aqv(qa t)w + aﬂ)(q, t)
for all (¢,t) € T™ x J,». Then, we can rewrite (3.7)) in the following form

(—62“ o —b(%’itglvo—@()az;% S;)L)- 82 — (V) Q) - (8) - (3.9)
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3 Finitely Differentiable Case

This is composed of sums and products of functions defined on (¢,t) € T"™ X J,r,
we have omitted the arguments (g, t) in order to achieve a more elegant form. We
keep this notation for the rest of this proof. Over suitable Banach spaces, that we
will specify later, let F be the following functional

F(a,b,m,m,u,v) = (Fy(b,m,u,v), Fy(a,b,m,u,v))
with

Fi(b,m,u,v) = bou+ (mo@)v— (Vu),
Fy(a,b,m,u,v) = O,ao0i+ (9boa)v+ (9ymop) v+ (Vv)Q.

The latter is obtained by (3.9) and we observe that for all m and m,
F(0,0,m,m,0,0) = 0.

We can reformulate our problem in the following form. For fixed m and m in a
suitable Banach space and for (a,b) sufficiently close to (0,0), we are looking for
some functions u, v in such a way that F(a, b, m,m,u,v) = 0 and the asymptotic
conditions are satisfied.

Concerning the associated linearized problem, the differential of F with respect
to the variables (u,v) calculated on (0,0,m,m,0,0) is equal to

D) F(0,0,m,1m,0,0)(a, 0) = (med — (Vi) Q, (Vo) Q)

where, in according to the notation previously introduced, for all (g, t) € T™ X J,,
we let mg(q,t) = m(q,0,t).

The proof of this theorem is a straightforward application of the implicit func-
tion theorem if we assume the following norm

t 040" | ¢+ |0 cose
sup |a |go+2 + SUp ———~—— .
teo e e alt)  ies b(t)

to be sufficiently small. To avoid this smallness assumption, we study the problem
from another point of view. We are looking for a C'7-asymptotic KAM torus
defined for ¢ sufficiently large in such a way

040" g1, |00 | ¢

are sufficiently small. It suffices for proving the existence of functions (u,v) satis-
fying and .

The following four sections are devoted to the proof of Theorem [A] In the first,
we introduce suitable Banach spaces on which the previous functional is defined.
The second is dedicated to solving the homological equation, which is the main
tool to prove that Dy, ,)F (0,0, m,m,0,0) is invertible. In the penultimate section,
we verify that F is well defined and satisfies the hypotheses of the implicit function
theorem. Finally, the last section concludes the proof of this theorem.
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3.8  Proof of Theorem

3.3.2 Preliminary Settings

Given positive real parameters ¢ > 0, v > 0 and a positive integer £ > 0, we recall
that SY and ‘S_’Z;’,k are respectively the spaces of functions defined by Definition
and Definition [3.3] We introduce the following norm that we will widely use in the
rest of this section. For every f € SY and for a positive real function u(t) defined
on J,, we let

= sup Iftlcg.

te, u(t)

Furthermore, we recall that for all positive, decreasing, integrable functions u on
J,, we let 4 be

|£15
o,u

(3.10)

i(t) = /t m u(r)dr

for all t € J,.

Now, let ¢ > 1, v > 0 and T > 1 be the positive parameters introduced
in and . For v > v > 0 that will be chosen later, we consider the
following Banach spaces (A, |- |), (B,[-]), U,[-]), (V.| ]), (2 >| ) and (G, ] - )
(see Appendix |C)

A = {a (T x Jy — R|a €S and |a| = a5, + [04a]2 10 < OO}
= {6 T X Jy S R b e Sy, and b = bl o, < 00}
u = {u:’]l‘" X Sy —>R”|u,(Vu)Q€S;’,
and Ju] = max{|ul5, | (Vu) Q2 } < oo
Vo= {0 T x gy 2R v, (Vo) 2 € SY
and [v] = max{ o2z, | (V0) mzia} < oo}
z = {z T"x J, > R"[2€8

and |z| = |z[§,b < oo}

o

= {g:']I‘”xJvr%R]gESgland|g|:|g\g:a<oo}

where, in the definition of A, the norm |a|Y,,, = sup,, , [a’|co+2. This means
that 1 stands for the function identically equal to 1 for all't € Jyor. Let M, be the
set of the n-dimensional matrices. We introduce another Banach space (M, |- )
in such a way that

/\/l:{m:’JI‘”><B><JU/—>Mn|m€S“2and|m| |m|0+21§T}

where T is the positive parameter in . Now, we have everything we need to
define more precisely the functional F introduced in the previous section. Let F
be the following functional

FAXBXMXMxUXY —ZxG
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3 Finitely Differentiable Case

F(a,b,m,m,u,v) = (Fy(b,m,u,v), Fy(a,b,m,u,v))
with

Fi(b,m,u,v) = bou+ (mo@)v— (Vu),
Fy(a,b,m,u,v) = O,ao0i+ (9bot)v+ (9ymop) v+ (Vu)Q.

3.3.3 Homological Equation

Given 0 > 0, v > 0 and w € R", in this section, we solve the following equation
for the unknown s : T" x J, - R

{w - 0y5e(q, t) + Die(q,t) = g(q, 1), (HE4)

g€S) |glyg < o0

where g(t) is a positive, decreasing, integrable function on J, and g : T" x J, — R
is given.

Lemma 3.1 (Homological Equation). There ezists a unique solution »x € SY

of (HE4|) such that
lim |s'|co = 0. (3.11)

t—+o00
Moreover,
#log < 19l6g

0’7@ -

Proof. Existence: Let us define the following transformation
h:T"x J,—T" x J,, h(q,t) = (q—wt,t),

that is the key to solve the homological equation.
We claim that it is enough to prove the first part of this lemma for the much
simpler equation
Ok = g(q + wt, t). (3.12)

As a matter of fact, if s is a solution of the latter satisfying the asymptotic condi-

tion (3.11)), then x = ko h is a solution of (H F 4| satisfying the same asymptotic
condition and viceversa. For the sake of clarity, we prove this claim. Let s be a

solution of ((H E|) satisfying the asymptotic condition (3.11)), then
O(scoh™)=0x0h™ - w+xoh™ =goh™!,

where the last equality is due to (HE]). This implies that k = scoh™! is a solution
of (3.12)) and by

N
|/it|(;o = | (%o h 1) lco < |%t|co

k = o h~! satisfies the asymptotic condition because s¢ does. Viceversa, let k be
a solution of (3.12)) satisfying the asymptotic condition (3.11)), then

Oy(koh) - w+0O(koh)=0koh -w—0;xoh-w+dkoh=g.
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3.8  Proof of Theorem

By (3.12), we have the last equality of the latter and hence x o h is a solution
of (HFE4). Moreover, thanks to

|5 o = | (K 0 h)" oo < |']co

» = k o h satisfies the asymptotic condition (3.11f). This proves the claim.
For all ¢ € T™ a solution of (3.12)) exists and

k(g,t) =e(q) + / 9(q + wr,T)dT

with a function e defined on the torus. We have to choose e in such a way that s
satisfies the following asymptotic condition for all fixed ¢ € T™

+o0
0= lim k(q,t)= e(q)+/ 9(q + wr, 7)dr.

t—+o00

There is only one possible choice for e, that is

e(q) = — /+oo g(q + wr, T)dr.

This implies that
+o0
k(g,t) = —/ 9(q +wr, T)dr
t

is the solution of (3.12)) we are looking for. Therefore, e is well defined, indeed

+o0 +oo
/ M+mwmsm&/ g(r)dr = 9|2 &(v) < oo.

Moreover,

+00 +o0
|m@s/ Mwmﬁm&/ g(r)dr = 9|2 &),
t t

since g(t) converges to 0 when ¢ — +oo, taking the limit for ¢ — +o0 on both
sides of the latter, we have that |k'|co — 0 when ¢ — +o0o. This concludes the
first part of the proof because

+oo
Aat)=roblg.) =~ [ gla+alr b))
t
is the unique solution of (H E4|) satisfying (3.11) that we are looking for.

Regularity and Estimates: We observe that g € &Y implies k € S and hence
»n =rkroheS). Moreover, for all fixed t € J,

‘%t‘c" < ’gyagg( )

Multiplying both sides of the latter by = t and taking the sup for all ¢t € J,,, we
prove the second part of this lemma. O]
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3 Finitely Differentiable Case

3.3.4 Regularity of F
We recall the definition of the functional F,

FAXBXMXMxUXY —ZxG

F(a,b,m,m,u,v) = (Fy(b,m,u,v), Fy(a,b,m,u,v))
with

Fi(b,m,u,v) = bou+ (mop)v— (Vu),
Fy(a,b,m,u,v) = Jgaot+ (Gbot)v+ (G;mop)-v?+ (Vov)Q.

We verify that the functional F satisfies the hypothesis of the implicit function
theorem. The proof consists of three lemmas. We prove that F is well defined, F is
differentiable with respect to the components (u, v) and this differential calculated
on (0,0,m,m,0,0) is invertible. In what follows, we will widely use the properties
contained in Proposition (see Appendix . For this reason, we recall it. Let
D be equal to T" or T" x B. To avoid a flow of constants, let C(-) be constants
depending on n and the other parameters in brackets. On the other hand, C'
stands for constants depending only on n.

Proposition (Proposition |A.2)). We consider f, g € C?(D) and o > 0.

1. For all 3 € N if ||+ s = o then

18l
i omn ) | < floe

2. |fgles < C(a) (Ifleolgles + | fleelgleo).

Now we consider composite functions. Let z be defined on D; C R™ and takes its
values on Dy C R™ where f is defined.
Ifo <1, feCYDy), z€ Co(Dy) then foze C?(Dy)

8. |fozlce < C(|flerl|zler + | floo)-

Ifo <1, f€C(D,y), z€ CYDy) then foze C?(Dy)
4. |fozlee <C(flee|V2|Zo + | flco).

[fo>1and feCo(Dy), = € CO(Dy) then f oz € C7(Dy)
5. |fozles < C0) (IflerV2IGo + [ fler|Vzloo-1 + | fleo).

Upon choosing v large enough, we can assume b(v') < 1 and b(v') < 1. We
will take a stronger restriction after. Therefore, for all (u,v) € U x V, thanks
to , we have the following estimates

Wlce < |ulls,  [v'ler < J0lYa (3.13)
for all t € J,,.

Lemma 3.2. F is well defined.
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3.8  Proof of Theorem

Proof. We begin by proving that for all (b, m, u,v) € BXMxXU XV, Fi(b,m,u,v) €
Z. Concerning the regularity F;(b,m,u,v) is the sum of functions in S¥ then
Fi(b,m,u,v) € SY. We have to find an upper bound for |Fy(b, m,u,v)|g:b, then
forall t € J,

‘F1<b7muuav>t|c’” < |(b )t|ca

ol | oo
) < ) 2 (3.14)

[(mo@) |,  |(Vu)Q
+ bt +

) b(t)
Now, we have to estimate each member on the right-hand side of the latter. The

last one is obviously bounded, we have to estimate the others. Concerning the
member in the middle of the previous inequality,

}(mogb)tvtlca

< _ ot [v'|ce
b(1) < Clo)|mog)]c, b(t)
|Ut|CG o
< CONT LT (141069 2 + 10,6 leo-)
‘Ut‘cd o \7 v’ v’ o\
< — — — —
< Ol (14 (L ulds) + Julls + 1ol + (1ol3a) )

< CloTlola (1 (1 lulp) + [l + lola+ (1vla) )

for all t € J,,. We observe that the first and the second line of the latter are
due, respectively, to properties 2. and 5. of Proposition [A.2] The third line is
a consequence of the first condition in , the form of ¢' and . The last
inequality follows by the definition of the norm |- |§/5 (see (3.10)). Similarly to the

previous case, by Proposition and ((3.13))

[(boa),, b o
b(t) = b(t)

< OOl o (14l + (14 ul) )

C(O’) (1 + ’aqut|ca—1 + (1 + ’aqut|co)g)

for all ¢t € J,,. Taking the sup for all ¢ € J,, on the left-hand side of the above
estimates, we prove the existence of an upper bound for the first two terms on the
right-hand side of (3.14)). This implies that |Fy (b, m, u, v) g:b < oo and hence, for
all (b, m,u,v) € BXMxUxV, Fi(b,m,u,v) € Z. Similarly, for all (a, b, m,u,v) €
AXBXMxUXV, Fy(a,b,m,u,v) € G. We point out that in this case we use
both conditions in (#)). O

This proves that F is well defined, moreover, one can prove that it is continuous.
As we mentioned before, in the following lemma, we show that F is differentiable
with respect to the variables (u,v). Let D, ) F be the differential with respect to

(u, v)
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3 Finitely Differentiable Case

Lemma 3.3. F is differentiable with respect to (u,v) with

Dy Fi(b,m,u,v)(0,0) = Dy Fi(b,m,u,v)t+ D,Fy(b,m,u,v)v
= (Opou)u+ v (Omo@)i+vl (9ymo@)d

+ (Mo d)d— (Va)Q

Dy Fa(a,b,m,u,v)(0,0) = Dy Fs(a,b,m,u,v)i+ DyFs(a,b,m,u,v)v
= (02 aou)u—l—v (qbou)u—l— "2 (82mo @)
+ (Ogpou)d+ (v1) (Ohmo @) o+ 20" (9ymo @) b
+ (Vo) Q,

where T' stands for the transpose of a vector and D,, D, are respectively the dif-
ferentials with respect to u and v.

Proof. We begin by proving that F} is differentiable with respect to v with
Dy Fy(b,m,u,v)i = (O,b o @)t + v (Oymo @) — (Vi) Q.
First, let us introduce the following notation

(g, t) +ilg,t) = (q+ulg,t)+7ilg,1),)
95+Tﬁ(Q7 t) = (q + u(Qa t) + Tﬁ(qa t)? U(qa t)? t)a

for all (¢,t) € T" x J,» and 7 € (0,1). Now, thanks to Taylor’s formula

F1<bvmvu+ﬂ7v)_Fl(b7m7u7v) _(aqboﬂ)ﬂ_vT(aqu@)ﬂ—i_(Vﬁ’)Q

1 1
:</ 0qbo(il+r7l)—8qbovld7')fL—i—UT(/ ﬁqmogEJrTﬁ—atho@dT)ﬁ
0 0

This implies the claim because, for all fixed ¢ € J,., by the property 2. of Propo-

sition , the first condition in and ((3.13))

~ t
' (Fi(b, 0w+ @, 0) = Fy(b,10,u,0) = (@b o @) i — o (9o §) i+ (Vi) Q)

Co

b()

L1 (Obo (u+ Tu) —Obou .
”)< | b(1) e dT) lc-

Wleo ([T1a o - L .
-I—C(U)T% /0}(5qmogp+m—8qmogo)t‘cad7 '
1
o) (/ |0gbo (a+70) —0,bo ﬂ|§/b dT) |ﬂ|gl5
( |v|aa (/ | a"TLOQD—H'u 6mo<p) ‘ dT) |u|ab

Co

and, by the regularity of b and m, we have the claim. Similarly F} is differentiable
with respect to v and F} is differentiable with respect (u,v). O]
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3.8  Proof of Theorem

This shows that F is differentiable with respect to the variables (u,v). Fur-
thermore, one can show that D, ,).F is continuous. This differential calculated on
(0,0, m,m,0,0) is equal to

D) F(0,0,m,m,0,0)(t,0) = (me0 — (V) 2, (V1) Q). (3.15)

In the following lemma, we verify that for all fixed m, m € M, the latter is
invertible.

Lemma 3.4. For all (z,9) € Z x G there exists a unique (4, 0) € U x V such that
D(W)]-'(O, 0,m,m,Q0, O) (ﬂ, f)) = (z, g).

Moreover, there exists a suitable constant C' such that

4] < CYlgloa +12lon: 10 < lglya: (3.16)
where we recall that |u| = max{|ﬁ|g/5, | (V) Q|g:b} and |0 = max{|27|f;:5, | (VD) Q|g’a}

Proof. The proof of this lemma rests on Lemma . By (3.15]), we can reformulate
the problem in the following form. Given (z,9) € Z x G, we are looking for the
unique solution (u,0) € U x V of the following system

{(V@)Q = g — 2
(Vo)Q =g.

By Lemma the unique solution v for the last equation of the latter system
exists and satisfies

(3.17)

0178 < 1916,
Moreover, by | (V) QY = [g]V,, we have the second estimate in (3.16)
6] = max{[o]; 5, | (V0) Q) < |9l (3.18)

Now, it remains to solve the first equation of (3.17]) where v is known. For all fixed
t € J, and thanks to property 2. of Proposition , the first condition of

and (3.1
[0%)co | |20

(700 — 2)']r e | e
b = o T S Tan e

< OY[0)05 + |2 < CTlglon + 2[00,

for a suitable constant C'. Taking the sup for all ¢ € J,» on the left-hand side of
the latter, we obtain

g0 — 2|2 < CT|glYs + 1212
and hence
| (V) Qyy, = [mod — 2[J < CT[gla + 2[5
Thanks to Lemma the unique solution @ of the first equation of exists
verifying
|@|$:5 < |mg? — Z|g:b(t) < CT|9|§:a + |Z|g:b'
This concludes the proof of this lemma with C' = C' because

i = max{|a|7g, [ (V@) Qf;p} < CTlgl7, + 2[5 p-
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3 Finitely Differentiable Case

3.3.5 (“7-asymptotic KAM torus

In the previous section, we proved that the functional F satisfies the hypotheses
of the implicit function theorem. Here, we prove the existence of a C'?-asymptotic
KAM torus associated to (X, Xj, po) and we conclude the proof of Theorem .
Let z = (a,b), where a and b are those defined by (fx4]). Obviously (a,b) €

A x B and
0l 10 <1, bl 0p < 1. (3.19)

We introduce the Banach space (), |-|) where Y = U xV and for all y = (u,v) € ),
ly| = max{|u|, |v|}. Let m, m € M be as in and we consider

F(x,m,m,y) = D F(0,0,m,m,0,0)y + R(x,m,m,y).
The aim is to find y € Y in such a way that
‘F(ZL‘7 m7 m? y) = 07

where we recall that we have fixed x, m and m. This is equivalent to find y € Y
such that

y = —DuwF(0,0,m,m,0,0) " "R(z,m,m,y)
= y - D(U,U)F(O7 07 m, m7 07 0)_1‘F("L‘7 m, m) y)

This is well defined because we have already proved that D, . (0,0,m,m,0,0)
is invertible (see Lemma [3.4)). To this end, we introduce the following functional

£<I,m,m,‘) :y — y
in such a way that
L(.T, m7m7 y) =Y—- D(u,v)‘/—:(oa 07m7 m? 07 0)_1.7:(1‘,771, m7y) (ﬁ)

This is well defined and, by the regularity of F, we deduce that £ is continuous,
differentiable with respect to y = (u,v) with differential D,L continuous. The
proof is reduced to find a fixed point of the latter. For this purpose, we introduce
the following lemma.

Lemma 3.5. There exists v’ large enough with respect to n, o, T and b, such
that, for all y.,y € Y with |y.| <1,

_ 1

Proof. The proof relies on Lemma . By , for all y,,y € YV
Dy£($7 ma m7 y*)y
= D, F(0,0,m,m,0, 0)~* (D(um)]-'((), 0,m,m,0,0) — D F(x,m,m, y*)>y.

We can reformulate this problem in terms of estimating the unique solution § =
(a,0) € Y of the following system

D(u,v)]:<o7 0,m,m,0,0)§ = <D(u,v)"t(07 0, m,m, 0, O) - D(u,v)}-(x’ m,m, y*)>y (3'21)
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3.8  Proof of Theorem

Now, it suffices to estimate the right-hand side of the latter and apply Lemma/3.4]
First, let us introduce the following notation. We observe that y, = (u.,v.) € Y
and, for all (¢,t) € T™ x J,, we let

(g, t) = (¢ + us(g, 1), 1), @ulq: 1) = (g + uilq, 1), vi(q, 1), 1)
By Lemma the right-hand side of (3.21]) is equal to

mov — (Vu) Q — Dy ) F1(b,m, y*)y>

<D(U,W)I(O7 0’ m, m7 07 0)_D(U,U)F('x’ m, m) y*)>y = ( (VU) Q . D(u,v)FQ (,I, m’ y*)y

where
mov — (Vu) Q — Doy Fi(b,m,y)y = (Mo —mo@)v— (Ogbot)u
— v (Omo @) u—vl (9,mo P, v
(Vo) Q = Dy Fo(z,m,y)y = — (05aot)u—v (92boi,)u
— (W)?(92mo @) u— (9gbo i) v
— (v1)? (azqm o @) v —2v] (O;mo @,)v.

Thanks to property 2. of Proposition [A.2] we can estimate the first member on
the left-hand side of the latter as follows

t

’(mov — (V) Q = Dy Fi (b, 110, 4. )y)

< clo)(| s —mo)| 10/l
+ ‘@qb © ﬁ*)t}CG t‘cv
+ ltlor |0m o 5.

lold
|u

‘Co‘ ‘uth“

+ [otles | @m0 @) | [0l )
for all ¢ € J,». We point out that |y.| = max{|u.|, |v.|} <1 and we find an upper

bound for each member on the right-hand side of the previous inequality. For all
te Jy

(s —mo )| lor < Clo)(logmtia + rus, el leo
+ |0,m (1d+7'u*,7'v* |Ca>| "o
< C(0)Y (14 b V) ] oo [0 o
+ C)Y (1+B() +a(0)) [ol o'
< C(o)Y (|u*|b<>+|v*|a<t>) vla(t)
< C(a)Th(v)|yb(t) + C(o)Tb(v')|y|b(t)

The first line of the latter is a consequence of the mean value theorem for a suitable

€ [0,1]. Concerning the second inequality, it is due to properties 2. and 5. of
Proposition . Moreover, we use also that, thanks to (#|) and for v/ large
enough, we may assume b(v') < 1 and a(v’) < b(v') < 1. In the penultimate line
on the right-hand side of the previous inequalities, we apply the following estimate
1+b(v)+a() <3forallt €.y Inthe last line, we use the first condition

in (#).
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3 Finitely Differentiable Case

Similarly to the previous case, thanks to property 5. of Proposition the
first condition in (#), (3.19) and b(v') < 1, a(v') < 1, we obtain

(00 @) | o U] e < C(0)[bl5 2 pb(1) (1 +b(")) Julb(t)
< C(o)b(v)ylb(t)
[viles @m0 ¢.)'| o u'ler < Clo)|unfa(t)T (1 + b(v') +a(v)) [ulb(t)
< C(o)Yh(V)|ylb(t)
[viler [@pmo )| oo [Wler < Clo)lofa()T (1 +b() +a()) [ufa(t)
< C(o)Tb()y[b(t),

for all t € J,». Now, for v large enough, the previous estimates imply

t

~ _ 1
[(mov = (Vu) @ = Doy Fa(b,mw)y)'| < lulb()

Cco

for all t € J,». Multiplying both sides of the latter by b and taking the sup for
all t € J,,, we obtain

_ _ v’ 1
|[mov — (Vu) Q — Dy Fi (b, 1, y*)y‘avb < Z\y| (3.22)

Similarly to the previous case,

(70) Q2 = Do Palwmopy)'| < Co)(|@aoa)|  Ju'],
+ [ol] e [@200 )| 0]
+ [l [@mo )| s
+ (0gbo )| o |V o
+ e | @2me )| e
b et 10 o 8. 1] ).

for all t € J,s. Therefore, we have to estimate each member on the right-hand side
of the latter. We begin with the element in the second line. For all t € J,,

Vi o

~ \t v —
(@0 i) lu'lc- Ot (1) (1-+ B(w) bl

C(0)a(t)[bly s, b(®)|ulb(t)
C(o)b(v')?[yla(t).

The first line of the above estimate is due to property 5. of Proposition [A.2| and

b(v') < 1. In the second line we use |[vl|ce < a(t) and |uf|ce < |ulb(t) for all

t € J,. The last inequality is a consequence of the second condition of .
Thanks to property 5. of Proposition , #H. and b(v') < 1,a(v') <1,

ININ TN
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3.8  Proof of Theorem

in the same way we have

IN

C(0)|04al2 1 aa(t)lulb(t)

(o)
C(o)b(v")yla(t),
C(o)lv.[*a(t)*Ylulb(t)
C(U)T?}() (£)b(t)]ul
(@)Tb(v')*|yla(t)
()bl 2 pb()]0[E(E)
(o)b(v")[yla(t)
(o)
(o)
(o)
(o)
(o)
(o)

IN

—
.5}
[ )
3
[e)
RS
*
SN—
=
Q.
3
[\

Q

C

VAN VAN VAN VAN

Q

o)lv.|*a(t)*Tlv[a(t)

—
o))
no
3
@)
ASY!
*
~—
=,
=
3
VAN
Q

) Th(t)*|v[a(t)

o)Tb

(t
(v )b(v")]yla(t)
C(o)|v.|a
(t
(v

()Y [vla(?)
)lvla()
lyla(t)

‘Ut{c*o

v Cco ‘(aqm ° @*)t|ca

C(o)Tb(t
C(o)Tb

VAN VAN VAN VAR VAN

for all ¢t € J,». Then, for v/ large enough

1
- 4C’T

for all t € J,,. We recall that C is the constant introduced in Lemma [3.4 Mul-
tiplying both sides of the latter by and taking the sup for all t € J,, we
obtain

(70) 2 = D Polar.mop)y)| < = lwlalt)

t

1

‘((VU)Q_D(u,v)F2(377muy*)y’07a < 107

lyl. (3.23)

This concludes the proof of this lemma because, thanks to Lemma [3.4] the unique

solution of (3.21)) exists and by ([3.22)), (3.23))
”EL‘ S }mo?}— (VU)Q_D(M,U)F1<ba m>y* y‘vb

+ CT|((Vv) Q= Dy Fa(z, m, )y - 2|y|

o] < (Vo) Q= Dguy Ba(,m, 9. )yl s !yl-

ca = 40T’y
0

We observe that the choice of the constant 1 in the ball |y.| <1 is completely
arbitrary. One can choose another threshold provided to take v’ sufficiently large.

Now, the previous lemma proves that £(x, m,m,-) is a contraction of a com-
plete subset of )). Then, there exists a unique fixed point y € Y with |y| < 1. This
concludes the proof of Theorem [A]
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3 Finitely Differentiable Case

3.4 Proof of Corollary [A]

The proof is essentially the same as that of Theorem[A] Because of that, we will not
give all the details. However, we will provide the necessary elements to reconstruct
the proof.

We are looking for a C7-asymptotic KAM torus ¢' associated to (Z,w,Id),
where Z is the vector field defined by . This means that, for given Z, we are
searching for v/ > 0 sufficiently large and a suitable function u : T" x J,, — R"™
such that

P(g,t) = g+ ulq,1)
and in addition, ¢ and u satisfy

Z(¢(Q7 t)v t) - aq,’vb(% t)w - 8t,¢}(Q7 t) = O’ (324)
tl}grnoo |u|ce = 0. (3.25)

for all (¢,t) € T" X J,». We will choose v’ sufficiently large in Lemma(3.6] Similarly
to the proof of Theorem [A] we introduce a suitable functional F given by (3.24)).
To this end, we define

¥(g.t) = (g +ulg, 1), 1),
for all (¢,t) € T™ x J,». The composition of Z with ¥ is equal to

Zo;@(q,t):w—i—Pol/;(q,t)

and
aqw(qv t)w + at¢(£]a t) =w + (3qu(q, t)w + 8tu(q7 t)

for all (¢,t) € T" x J,». We recall the notation introduced in the previous section
Vu(gq, t)Q2 = dyu(q, t)w + du(g, t)
for all (¢,t) € T™ x J,». Then, we can rewrite in the following form
Poy— (Vu)Q=0. (3.26)

This is the sum of functions defined on (¢,t) € T" x J,s, we have omitted the
arguments (q,t) in order to achieve a more elegant form.

Before the introduction of the functional F, let v > 0 and o > 1 be the positive
parameters defined in Corollary [Al For v/ > v > 0 that will be chosen later, we
introduce the following Banach spaces (P, |- |), (U, ]|-]) and (Z,]-])

- {P T x Jy > R | P eS8y, and [P = [PV, p < oo}
U = {u:T"x Ty — R |u, (Va)Q € S
and Ju] = max{|ulZp, | (Vu) Ql5p} < 00}

o

z2 = {5 T xJy o R |z €8, and 2] = |2]Yp < o0}
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3.4 Proof of Corollary

Let F be the following functional
F:PxU—2Z

F(P,u) = Pot— (Vu) Q.
This is obtained by (3.26]) and we observe that

F(0,0) = 0.

We can reformulate our problem in the following form. For P € P sufficiently
close to 0, we are looking for u € U in such a way that F(P,u) = 0.
Regarding the differential of F with respect to the variable u calculated in
(0,0), this is equal to
D,F(0,0)a = — (Va) 2.

The functional F is well defined, continuous, differentiable with respect to u
with D, F (P, u) continuous. Moreover, as a straightforward consequence of Lemma
3.1l D,F(0,0) is invertible. Then, F satisfies the hypotheses of the implicit func-
tion theorem.

Now, similarly to the proof of Theorem [A] we fix P as in Corollary [A] and we
introduce the following functional

LP):U—U

in such a way that
L(P,u) =u— D,F(0,0) ' F(P,u).

We recall that P is fixed and the proof of Corollary [A] is reduced to find a fixed
point of the latter. To this end, we have the following lemma

Lemma 3.6. There exists V' large enough with respect to n, o and P, such that,
for all u,,u € U with |u. <1,

1
| Dy L(P, uy)u| < §\u|

Therefore, L(P, ) is a contraction of a complete subset of P and this concludes
the proof of Corollary [A]
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4 Real Analytic Case

4 Real Analytic Case

This chapter contains the analytic version of the results proved in the previous
chapter. However, in order to simplify the reading and the comparison with the
previous results, we keep almost the same structure.

This chapter is divided into three sections. We begin by introducing the defini-
tion of analytic asymptotic KAM torus (Section [4.1]). The second section (Section
is dedicated to stating and analysing the main results (Theorem [Bland Corol-
lary . This section contains the proof of the result concerning time-dependent
perturbations of constant vector fields on the torus. We dedicate the last (Sections
to the proof of the theorem about time-dependent Hamiltonian vector fields.
The proof of this result is essentially the same as that contained in the previous
chapter of this work. Here, we pay special attention to the modifications in the
proof due to the different classes of functions.

4.1 Analytic Asymptotic KAM Torus

For some s > 0, we define the following complex domains

Ty = {q¢eC"/Z" :[Im(q)| < s},

S

By, = {peC":|p| <s}.

We recall the definition of analytic asymptotic KAM torus. Let P be equal to
T™ x B or T". We consider time-dependent real analytic vector fields X* and X
on P, for all t € J,, and a real analytic embedding ¢y from T™ to P such that

lim | X' — X}|, =0 (4.1)
t—+o0
Xo(o(q),t) = Oyp0(q)w, for all (q,t) € T™ x J,, (4.2)

where w € R™ and | - |5 is the analytic norm (see Appendix [B]).

Definition (Définition [1.1)). We assume that (X, Xo, o) satisfy (4.1)) and ([4.2).
A family of real analytic embeddings o' : T™ — P is an analytic asymptotic KAM
torus associated to (X, Xo, o) if there exist 0 < 8’ < s and v/ > v > 0 such that

thfrn " = wols = 0, (4.3)
X(p(g,t),t) = 0gp(q, t)w + Oyp(q, 1), (4.4)

for all (q,t) € T" x J,. When dimP = 2n, then we say that ¢' is Lagrangian if
©'(T™) is Lagrangian for all t.

We conclude this section with the introduction of a suitable space of functions.
For some s > 0 and v > 0, we have the following definition

Definition 4.1. Let AY be the space of functions f defined on T? x B x J,, such
that f € C(T™ x Bs X J,,) and, for allt € J,, f* is real analytic on T™ X Bi.
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4.2 Results

We use this notation also for functions defined on T? x J,. For all k € Z*
with |k| > 1, we let

ki Akn kn Fan
@ (e:p) — 8 - a‘Zn apl o apj
where |k| = |ki| + ... + |k2,|. The follovvlng proposition is about an important

property concerning each f € AY, which we will widely use in the rest of this
chapter.

Proposition 4.1. Let f € AY, then, for all k € Z*™ with |k| > 1, 8 € Ay for
all0 < ¢ < s.

Proof. For all t € J,, 8@42) f* is real analytic on T? x B, (see [Rud87]) and hence
on T7 x By. It remains to prove that 8é“q’p)f € C(T? x By x J,,). For all (q1,p1,t1),
(q1,p1,t1) € T? x By x J,, by Cauchy’s inequality

‘8£€q,p)f(QI7p17t1) - a?q,p)f(q27p27t2)‘ < |aé€q,p)f(q17p17t1) - aégq,p)f(Q17p17t2)|

+ |8k (qlvplth)_8£§q,p)f(q27p27t2)|
k! krgn t ta

S P )Wlf = J7ls

+ }3 2(qu,p1) — aégq,p)ftz(%,pz)‘

and hence by the continuity of f with respect to ¢ and the continuity of 8& ») f
with respect to (¢, p), we have the claim. ]

4.2 Results

Given w € R™ and positive real parameters s; > 0, we consider the following
time-dependent Hamiltonian H

(H:T"xBxJ,—R

H(q,p,t) = h(q,p,t) + f(q,p, 1),

h e IC,

h,feAY

SUPq¢ g, ’f(ﬂSO < 00,  SUPyey, |613Ht‘80 <0

10, fElse < alt), |0pflse < b(t), forallte Jy

A
—~
*
s
~

where a, b are positive, decreasing, integrable functions on Jy.
We assume that there exists v > 0 such that

(1) < b()
{a(t)b(t) < a(Ob(Y) (#)

for all t € J,. Let ¢y be the following trivial embedding ¢, : T" — T" x B,
©vo(q) = (¢,0), we have the following theorem.

Theorem B. Let H be as in with a and b satisfying (# . Then, there
exist h € K, and a Lagrangian analytic asymptotic KAM torus o' associated to

(XH> Xm 900)~
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4 Real Analytic Case

As a consequence of the above theorem, we have the following result concerning
time-dependent perturbations of constant vector fields on the torus. Let Z be a
non-autonomous vector field on T" x J, of the form

Z:T" x Jy — R,
Z(q,t) = w+ P(q,t)
Pe A,

|P's, < P(t) forallte

(ZB)

where w € R" and 0 < s9 < 1. We assume that P is a positive, decreasing,
integrable function on Jj.

Corollary B. Let Z be as in (Zg|). Then, there exists an analytic asymptotic
KAM torus " associated to (Z,w,1d).

Proof. The proof is a straightforward application of Theorem . Let ;L(p) =w-p,
we consider the Hamiltonian H defined on T" x B x J; of the form

H(q,p,t) =w-p+ P(q,t) - p.

The latter satisfies the hypotheses of Theorem [B] Then, there exists an analytic
asymptotic KAM torus ¢" associated to (X, Xj, o), where ¢ is the trivial em-
bedding previously introduced. Moreover, ¢! = (id 4+ ', v") and, for all fixed ¢,
id + u! is a diffeomorphism of the torus. This concludes the proof of this theorem
with ¢! = id + ul. O

4.3 Proof of Theorem

We expand the Hamiltonian H in in a small neighbourhood of 0 € B. Then,
thanks to Proposition and for a positive parameter T > 1, we can rewrite the
Hamiltonian H in the following form

(H:T"x B xJ,— R

H(q,p,t) =w-p+alg,t) +b(g,t) - p+mlgp,t)-p?

Qa,b,0°H € A, (**p)
supey, la'ls < 00,  sup,e, |(9[2)Ht|s <T,

| [0,0]s < a(t), [V, <b(t), forallte

where s = % and a(t), b(t) are the functions introduced in satisfying (#).

We consider the following Hamiltonian
R 1
hla.p.t) = hap.t)+ [ (1= )02 (0, e -
0

for all (q,p,t) € T" x B x Jy. It is obvious that h € K, and Xp, X; satisfy (&.1)).
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4.8 Proof of Theorem@

4.3.1 Outline of the Proof of Theorem

We are looking for an analytic asymptotic KAM torus ¢" associated to (X, Xj,, o),
where H is the Hamiltonian in , h is the Hamiltonian previously defined and
©o the trivial embedding ¢g : T" — T" x B, ¢o(q) = (¢,0). More specifically, for
given H, we are searching for v’ > 0 sufficiently large and suitable functions u,
v:T" x J,, — R" such that

¢(g,t) = (¢ +ulg,t),v(q,1))

and in such a way that ¢, u and v satisfy

XH(QO((L t), t) - 84¢(Q7 t)w - at90<Q7 t) - 07 (45)
lim |u|s =0, lim |v'|s =0, (4.6)
2 t—+o00 2

t——+o0

for all (q,t) € T™ x J,. Similarly to Theorem |[A] we will choose v' large enough
in Lemma (v" will be already required large in Lemma 4.2)).

The proof of this theorem rests on the implicit function theorem. For this
reason, we begin by defining a suitable functional F given by . Similarly to
the proof of Theorem , we can rewrite in the following form

bou+ (mog@)v— (Vu)Q 0

(—6qa ot — (9bou)v— (ymop)-v*— (Vv) Q) - (O) ' (4.7)
Thanks to the latter, over suitable Banach spaces that we will specify later, we
define the functional F in such a way that

F(a,b,m,m,u,v) = (Fy(b,m,u,v), Fy(a,b,m,u,v))

with

Fi(b,m,u,v) = botu+ (mog)v—(Vu),

Fy(a,b,m,u,v) = Jgaot+ (Obot)v+ (O;mop)-v?+ (Vov)Q.
Moreover, we observe that for all m and m,
F(0,0,m,m,0,0) = 0.

We reformulate our problem in the following form. For fixed m and m in a suit-
able Banach space and for (a,b) sufficiently close to (0,0), we are looking for
some functions u, v in such a way that F(a,b, m,m,u,v) = 0 and the asymptotic
conditions are satisfied.

We can see that, the differential of F with respect to the variables (u,v) cal-
culated in (0,0,m,m,0,0) is equal to

D(u,v)-/r(oa Oa m,m, 07 0) (ﬁ, ®> = (mg’{] - (Vﬁ) Q? (Vﬁ) Q)?

where, for all (¢,t) € T™ x J,, mo(q,t) = m(q,0,1t).

Also in this case, the proof of Theorem [B|is developed in the following four
sections. In the first, we introduce suitable Banach spaces on which the previous
functional is defined. These Banach spaces are the analytical version of those used
in the proof of Theorem [A] The second is dedicated to solving the homological
equation. In the third section, we verify that F is well defined and satisfies the
hypotheses of the implicit function theorem. In the last section, we conclude the
proof of this theorem.
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4 Real Analytic Case

4.3.2 Preliminary Settings

Given s > 0 and v > 0, for every f € AV and for positive real functions u(t)
defined on J,,, we introduce the following norm
£l

= su

Tl =320 ey

where | - |5 is the analytic norm and AY is the space of functions of Definition

[4.1] Tt is the analytic version of the norm defined in the finitely differentiable case

by (B-10).

Let v > 0, s > 0 and T > 1 be the positive parameters introduced by

and . For v/ > v > 0 that will be chosen later, we consider the following

Banach spaces (A’ | ) ‘)7 (87 | ’ |)7 <u7 | ) |)7 (V’ | ) ‘)7 (Z’ | ) |>7 (g7| ) |) and (M7 | ) |>

A = {a T x Jy = R|ae A and [a] = [a]”) + [0,a]", < oo}

= {b TnXJ/%Rn’bGAS7and‘b|:‘b|g,/b<oo}

U = {u:T”xJU/%R”]u,(Vu)QGAg

and |u| = max{|u|¥ 5, | (Vu) Q
5
V = {U;Tn X Ty %R”\v,(Vv)QEAZ/

glav | (Vv) Q

and |v| =

z = {z T”XJ/—>]R”|z€As,and]|

)
2a<oo}

M = {m T B o My [ me A and m| = |ml2, < T}

G = {g:']I‘”xJU/—>]R|g€Ag and |g| = |g

The risk of mixing the Banach space A with the space of functions AY is small.
Concerning A, we have that |a|?; = sup,, , [a'|,, similarly for M. Regarding
the last Banach space M, we recall that M, is the set of n-dimensional matrices.
These are the analytic version of the Banach spaces introduced in the finitely
differentiable case (see Section [3.3.2)).

Contrary to the previous chapter, we have to define the functional F on a
suitable subspace X of A x B x M x M x U x V. This is because we have to
control the domain of analyticity of the components of F. Let X be equal to

X = {(a,b,m,m,u,v) EAXBXMXMXUXYV:
0galty <1, B <L, |m| <Y, | <Y, ful <1, ] <1}

Let F be the following functional

F: X —2Z2xG
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4.8 Proof of Theorem@

F(a,b,m,m,u,v) = (Fy(b,m,u,v), Fy(a,b,m,u,v))
with
Fi(b,m,u,v) = botu+ (mo@)v— (Vu)Q,
Fy(a,b,m,u,v) = a0+ (9boa)v+ (9;mop) v+ (Vv)Q.

4.3.3 Homological Equation

Given s > 0, v > 0 and w € R", we are looking for a solution of the following
equation for the unknown s : T? x J, - R

w - 0y2¢(q, t) + Op2(q, t) = g(q, 1), (HEp)
ge Ay, |glig <oo

where g(t) is a positive, decreasing, integrable function on J, and g : T? x J, — R
is given.

Lemma 4.1 (Homological Equation). There exists a unique solution »x € AY

of (HEg|) such that

. t o
tBEloo |% ‘CO =0

Moreover,

)0 g < lglig

Proof. The proof of this lemma is essentially the same as that of Lemma |3.1].

FExistence: Let us define the following transformation

hg,t) = (¢ — wt, 1),

then h : T} x J, — T% x J, because w € R", ¢ € J, C R and thus ¢ —wt € T,
if and only if ¢ € T?. The fact that ¢ is real and not complex is of fundamental
importance. This ensures that the latter transformation is well defined.

It is enough to prove the first part of this lemma for the much simpler equation

Ok = g(q + wt, t).

The unique solution of the above equation satisfying the asymptotic condition is

+o00
k(g,t) = —/ g(q +wr, 7)dr
t
and hence e
s, ) = Ko hlg 1) = — / 9q +w(r — ), 7)dr
t

is the unique solution of (H Eg|) that we are looking for.

Regularity and Estimates: g € AY implies k € AY and hence » = ko h € AY.
Moreover, for all fixed t € J,

5|5 < 1glsgB(1).
We prove the second part of this lemma by multiplying both sides of the latter by
ﬁ and taking the sup for all t € J,. m
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4 Real Analytic Case

4.3.4 Regularity of F

Here, we verify that the functional F is well defined and satisfies the hypotheses of
the implicit function theorem. We begin with a quantitative lemma fundamental
to verify that F is well defined. In the second part of this section, we state,
without proving, that F is differentiable with respect to the variables (u,v) and this
differential calculated in (0,0, m,m,0,0) is invertible. The proofs are essentially
the same as that in Section|3.3.4] The following lemma imposes the first restriction
on v'. We will take a stronger one after.

Lemma 4.2. For v’ large enough with respect to s and b, if (u,v) € U XV satisfies
the following estimates |u| <1 and |v] <1, then

5

t s t
sup [u'|s < -, sup |v'|s < .
ted, 8 ted 8

Proof. If Ju| <1 and |v| < 1, then by

N|w

u'ls <b(t) <b(W), [v']s <a(t) <b(t) < b().

for all t € J,,. Now, for v’ large enough, we have the claim. O
Lemma 4.3. F is well defined.

Proof. We prove that, for all (a,b,m,m,u,v) € X, Fi(b,m,u,v) € Z. By the
estimates in Lemma4.2] the compositions bo(q, t) and mo@(g, t) are well defined
for all (¢,t) € T% X Jy. Concerning the regularity, thanks to Proposition ,
Fi(b,m,u,v) € Ag. It remains to prove that |F; (b, m, u,v)
remind that

Z’b < 0o. First, let us
27

’ |Fl(b7m7u> U)t

Y. = su
b = P b()

Moreover, for all (a,b, m,m,u,v) € X, we have the following estimates

s
2

|Fy (b, m, u,v)

0gale < 1L Pl =[BS, <1, |ml=|m|S <L, |m|=|m]), <7,
Vol (Vo) QY < 1, o = max{|o[{ 4, [ (Vo) Q¥ .) < L.

lu| = max{|u

Then, for all t € J,»

Fabm.u, o)y (Goa)|, [(mo@) v, |(Vut)Ql,
b(1) S Th@ T b b

(4.8)

We have to estimate each member on the right-hand side of the latter. The last
one is obviously bounded, we have to find an upper bound for the others. Thanks

to Lemma and the properties contained in Appendix

‘(boa>t . b, <pl<1
b(t)y = b))~ =7

[mod)y vy _ Climosy]. 8 < o s 2 oy < ov
b < el g = Il gy = v o
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4.8 Proof of Theorem@

for all ¢ € J, and a suitable constant depending on n. As a consequence of
the latter, taking the sup for all ¢ € J,» on the left-hand side of (4.8]), we prove
|Fy (b, m,u,v) %’:b < oo. Similarly, for all (a,b, m,m,u,v) € X, Fy(a,b,m,u,v) €

g. ]

We proved the previous lemma because F defined on A" translates into a slightly
different proof from that of Lemma [3.2}

Furthermore, one can prove that F is continuous and, similarly to the proof
of Theorem [A] F is differentiable with respect to the variables (u,v) and this
differential Dy .F(a,b,m,m,u,v) is continuous. Moreover, for all fixed m, m €
M, Dy F(0,0,m,m,0,0) is invertible. More specifically, we have the following
lemma

Lemma 4.4. For all (z,9) € Z x G there exists a unique (u,0) € U x V such that
D(M)]-"(O, 0,m,m,0, O) (ﬂ, f)) = (z, g).
Moreover, for a suitable constant C

la| < CTlg

Yotz [0l <lg

’U/
S
PR

Vel (Vi) QI )

where we recall that |0 = max{|v %/," | (V1) Q %:a} and |4 = max{|a

Proof. The proof is essentially the same as that of Lemma It relies on Lemma
4.1l O

4.3.5 Analytic Asymptotic KAM Torus

This part is extremely similar to that of the differentiable case (see Section [3.3.5|).
Let a and b be the functions introduced by . It is straightforward to verify
that (a,b) € A x B and

040l <1, [bl2y < 1. (4.9)

We introduce the Banach space (), ] - |), such that ) = U x V and for all y =
(u,v) € Y, |y| = max{|ul,|v|}. Following the lines of the differentiable case
(Section (3.3.5)), we fix m, m € M as in (xxg|), we let z = (a,b) and we introduce
the following functional

L(x,m,m,-):Y — Y
in such a way that
L(ZU, m, mu y) =Yy—- D(u,v)]:<07 O) m, m) 07 0)_1]:<CU, m, m? y) (E)

This is well defined and, by the regularity of F, we deduce that £ is continuous,
differentiable with respect to y = (u,v) with differential D,L continuous. The
proof is reduced to find a fixed point of the latter. For this purpose, we state the
following lemma, which is the analytic version of Lemma [3.5]
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4 Real Analytic Case

Lemma 4.5. There exists v' large enough with respect to s, T and b, such that,
for all y.,y € Y with |y.| <1,

3 1
|Dy£<x> m,m, y*)y| S _|y|

Proof. The proof of this lemma is extremely similar to that of Lemma (3.5} For
this reason, it is omitted. O

The above lemma proves that £(x,m,m,-) is a contraction and this concludes
the proof of Theorem [B]
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Part 111
Biasymptotic Motions Converging
to Quasiperiodic Dynamics

5 Biasymptotic Motions for Time Dependent Hamil-
tonians

In this chapter, we prove the existence of biasymptotically quasiperiodic solutions
for time-dependent Hamiltonian vector fields. We consider two different cases. In
the first, we work with time-dependent perturbations of integrable Hamiltonians
and in the second with time-dependent perturbations of autonomous Hamiltonians
having a large (in the sense of measure) subset of invariant tori. The proofs rely on
different versions of Theorem [A] We need to require more conditions, with respect
to Theorem [A] to obtain more information.

In the integrable case, we prove the existence of biasymptotically quasiperiodic
solutions for every initial condition. Concerning the other case, when the unper-
turbed Hamiltonian has a large subset of invariant tori, we show the existence of
a large subset of initial conditions giving rise to biasymptotically quasiperiodic
solutions.

This chapter has seven sections. We begin by stating and explaining the defini-
tion of biasymptotically quasiperiodic solutions (Section . Afterwards, we con-
tinue with a part dedicated to the introduction of the result about time-dependent
perturbations of integrable Hamiltonians (Section . The following two sections
are dedicated to the proof of this theorem (Section and Section [p.4)). Then,
in the fifth section, we state the result concerning time-dependent perturbations
of autonomous Hamiltonians having a large (in the sense of measure) subset of
invariant tori (Section [5.5). The proof of this theorem is contained in the last

sections (Section and Section

5.1 Biasymptotically quasiperiodic solutions

In the previous chapters, we focused on non-autonomous Hamiltonian systems de-
fined for positive times. Here, we consider time-dependent Hamiltonian systems
defined for all t € R. According to that, it makes sense to distinguish between pos-
itive C'?-asymptotic KAM tori and negative C?-asymptotic KAM tori, as well as
introduce the definition of C?-biasymptotic KAM torus (we refer to the introduc-
tion of this thesis for this series of definitions). Unfortunately, we are not able to
prove the existence of a C?-biasymptotic KAM torus. But, we prove some weaker
results concerning the existence of biasymptotically quasiperiodic solutions asso-
ciated with suitable time-dependent Hamiltonian systems. To this end, we recall
the following definition.

Given o > 0 and a positive integer £ > 0, we consider time-dependent vector
fields X*, X§ ,, X{ _ of class C°"* on T" x B, for all t € R, and embeddings g+,
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5 Biasymptotic Motions for Time Dependent Hamiltonians

¢o,— from T" to T" x B of class C such that

. t oyt _
i X X oo =0, 65.)
Xo+(p0+(q),t) = Ogpo+(qws, forall (¢,t) € T" x R (5.2)

where w;, w_ € R™.

Definition (Définition[2.2). We assume that (X, Xo 1, po,+) satisfy (5.1)) and (5.2).
An integral curve g(t) of X is a biasymptotically quasiperiodic solution associated
to (X, Xo+po+) if there exist ¢, qr € T" in such a way that

lim [g(t) — o+ (qx +wst)| = 0. (5.3)

t—+oo

Roughly speaking, a biasymptotically quasiperiodic solution ¢ is an orbit of
the time-dependent vector field X, which converges to a quasiperiodic motion of
frequency vector w, € R™ in the future and to a quasiperiodic motion of frequency
vector w_ € R™ in the past. Therefore, we conclude this section with an obvious
property concerning these motions. Let X, Xo 1, Xo_, o+ and ¢ _ be as in the
previous definition

Proposition 5.1. We assume the existence of a positive C?-asymptotic KAM
torus @', associated to (X, X 1po0+), a negative C7-asymptotic KAM torus o'
associated to (X, Xo o) and q;, q¢— € T" in such a way that

0 (q4) = ¢ (q-).

Then, letting

(1) = 0 (g +wyt) forallt >0
T ¢ (q- +w-t) forallt <0,

g is a biasymptotically quasiperiodic solution associated to (X, Xo+¢o.+).

5.2 Result (Integrable Case)

We recall that, for every function f defined on T" x B x R and, for fixed t € R,
we let f! be the function defined on T" x B in such a way that

fa.p) = flg.p.t).

In addition, for all fixed py € B, we let f,, be the function defined on T" x R such
that

fool@:t) = f(q,p0, 1)

Given a positive real parameter ¢ > 1, we have the following definition.

Definition 5.1. Let B, be the space of functions f defined on T" x B x R such
that f, 0,f € C(T" x B x R) and f} € C°(T") for all (p,t) € B x R.
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5.2 Result (Integrable Case)

For all f € B, and [ > 1, we define

[flog=sup |filoo(L+[t]) +  sup [ (Gpf), |oo(1+ e[, (5.4)
(pt)EBXR (p,t)EBXR

[floo=sup |files+ sup [(,f), lco. (5.5)
(p,t)EBXR (p,t)eBXR

In what follows, we provide a series of properties of the previous norms that we
will widely use in the rest of this chapter. Nevertheless, first, we recall that C(-)
stands for constants depending on n and the other parameters in brackets. On the
other hand, C' stands for constants depending only on n.

Proposition 5.2. Given 0 > 1, for all f, g € B, and positive [, m > 1
a. |flog < |flsy foralll <o <s,

b. |f|a,l S C(lam)|f|a,l+m

c. ’fg‘a,ler < C(U) (|f’0,l‘g|a,m + ‘f’a,l’gyo,m)-
Moreover, we consider g € B, such that, for all (q,p,t) € T" x B xR, g(q,p,t) =
(g(Qap7t)7pa t) Then f O§ S Bo’ and

d. |f o Glogrm < C0) (|floalglTm + 1F111lglom + | Flogim)-
Before the proof, we observe that the previous properties are still verified when
Il =m = 0 or only one of the two parameters [ and m is zero.

Proof. The proof rests on Proposition (see Appendix . Properties a. and b.
are obvious. Then, we verify the others.
c. For all fixed (p,t) € B x R, by property 2. of Proposition

gl (L1 < C0) (1 fileslgbler + 1 lerlgblon) (1-+ 1) (1+ 14™)
C()(1ftleo (1++ [¢") lgble (14 [¢7)

[Filee (1417 lgbleo (1+1™) )
C(@) (1 loalloom + Flodlglo.m)

where in the second line we use (1 + [¢["™™) < (1 + [t|') (1 + [¢|™). Taking the sup
for all (p,t) € B x R on the left-hand side of the latter, we obtain

sup | fy9pl oo (14 [87) < C(0) (| Flolglom + 1 floilglom) -
(p,t)eBXR

IN

IN +

It remains to prove that the second term of the norm (see the right-hand side
of (5.4)) also satisfies the same estimate. For all fixed (p,t) € B x R

(@ (|, (L4 157 = @) g+ 13 O], (1[4 7)
(‘((%f); g, oo 5 (8pg); CO) (1+ |t|l+m—1)
Cl @], (4 1) Lol 14 117)

Cl @0, (14 1) [ ol o (L5121
C (|f‘07l’g’07m + |f‘a,l‘g‘07m)

oo

IN

+

IN

IN +
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5 Biasymptotic Motions for Time Dependent Hamiltonians

and taking the sup for all (p,t) € B x R on the left-hand side of the latter, we
prove the estimate.
d. For all fixed (p,t) € B x R and thanks to property 5. of Proposition

froghler (117 < C@) (16l |9l + 172l 195 o + Fpl o) (14 147)
< ) (15loo (L4 1) lgpla (14 1™y
Ul (U 1) [ghl o (1 117)
il (L2 )
< C(0) (I floalglT o + | fl1119lom + | flogsm)

where in the second line we use (1 + |¢[™) < (1+ [¢|/™)?. Taking the sup for all
(p,t) € By x R on the left-hand side of the latter,

sup | fp o gyples (1+1H*™) < C(0) (If10alglT m + [ F11019lom + | Flossm) -
(p,t)eBXR

Concerning the second term of the norm (see (5.4))), for all fixed (p,t) € B x R

6y (7o, () = @ @] (1 i)
+ |@f), 095, (L4 )
< cl@u], 1)@, a4
+ @)y, (L)

S C(|f‘17l’g’07m + |f|0,l+m) :

Taking the sup over (p,t) € B x R on the left-hand side of the latter,

sup (8, (f 2 9)),

(p,t)eBxR

o (1 + |t|l+m_1) S C (|f|1,l|g|a,m + |f|0,l+m) :

This concludes the proof of this lemma. O
Now, we recall the following space of functions.

Definition 5.2. Given 0 > 1 and an integer k > 0, we define B, the space of
functions f such that .
f € Boyr, and (%f € Boji—i

for all 0 <i<k.

We observe that B, is the space of functions introduced by Definition [5.1}
Furthermore, for all f € B, and [ > 1, we consider the following norm

||f||o’kl = max |a f|0’+k‘ 0y (56)

0<i<k

where | - |,; is the norm defined by (/5.4)

66



5.2 Result (Integrable Case)

In the previous definition and Definition [5.1, B € R™ is a ball with some
unspecified radius. In what follows, we will pay attention to the radius of B.
Let B, C R™ be a ball centred at the origin with radius » > 0. If a function f
defined on T" x B, x R belongs to B,, we consider that f satisfies the properties
in Definition [5.1| with B replaced by B,.

Now, we have everything we need to state the main result of this first part.
Let 0> 1, T>1,1>1and 0 < e < 1. We consider the following Hamiltonian

(H:T"x B, xR — R
H(q,p,t) = h(p) + f(g,p:1)
fa apf € 80,27
|f|0+2,0 + ||aqf||o'7]_7l+2 + ||apf||g'727l+]_ <g, (*C)
O2H' € C°T*(T" x By) for all fixed t € R
Qgp (85]-]) € C(T" x By xR) forall 0 <i < 3.
| Supyer |05 H |gore < T

For each p € By, we consider the following trivial embedding

wop: T = T" x Bi, @op(q) = (q,p).

Theorem C. Let H be as in . Then, there exists a time-dependent Hamil-
tonian h such that, if € is small enough with respect to n, I, T and |0,h|c1, for
all (q,p) € T" x B% there exist p_, py € By and a biasymptotically quasiperiodic

solution g(t) associated to (Xg, Xj, pop.) such that g(0) = (q,p).

Instead of proving this theorem directly, we are going to deduce it from another
theorem. Let 0 > 1, T > 1,1 >1and 0 < ¢ < 1. We consider the following family
of Hamiltonians

(H:T" x Bi xRx Bs — R
H<97 Iat7p0> = €<p0) + w(p()) I
+a(0,t;po) + (0, t;po) - T +m(0,1,t;po) - I?
w e Cl(B%), a,b € By,
sz + 1900l 12 < & [Blly s < 2
OFH' € C7T2(T" x B x B%) for all fixed t € R
Dprp (07H) € C(T" x Bi xR x Bg) for all 0 < ¢ < 3.
(supyen [0l croz < T

We define the following family of trivial embeddings
Yo T % B% — T" x Bi’ o(0, po) = (6,0) (5.7)

and we consider the following family Hamiltonians i : T" x B 1 X R x B s = R
such that 3
h(8,1,t;po) = e(po) +w(po) - I +m(8, I,t;pp) - I”.
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5 Biasymptotic Motions for Time Dependent Hamiltonians

Theorem 5.1. Let H be as in (ED Then, if € is sufficiently small with respect
ton, l, T and |w|c1, for all fixed py € B%, there exists a positive C?-asymptotic
KAM torus @Dipo and a negative C?-asymptotic KAM torus W_po associated to
(XHPO,X;LPO,prO). Moreover, letting

Uy T" x Bs — T" x B1,  ¢4(q,po) = VL, (a),
there exists a constant Cy depending on n, [, T and |w|ct such that

sup \wi — Yolcr < Coe,  sup |¢i — Poler < Che. (5.8)
>0 <0

5.3 Proof of Theorem [C|] assuming Theorem

In this section, we assume Theorem and we deduce Theorem [C] First, we
introduce the following well-known property.

Proposition 5.3. Givenr >0 and 0 <e < <r, let ¢ be a map
(b : Br — Br+5

of class C such that |¢ — Id|c1 < €. Then, for € small enough, ¢ is a diffeomor-
phism onto its image and

B,._s C ¢(BT)

For all po € B 3, we let p = py + I and we expand the Hamiltonian around
po so that

h(p) = hipo) + dph(ps) - T + /01(1 — 7)O2h(p,)dr - I2

1
f(Q7p7t) = f(q7p07t)+apf(Q7p07t)[+/0(1_7)a§f((bp’rat)d7-]2

where p, = pg+ 71 and [ € B%. For any py € B%, we define

(po) = h(po)
w(po) = Gph(po)
a(q,t;po) = f(q,po,t)
b(q,t;p0) = Opf(q,po,t)
m(q, I,t;p0) = /0(1—7') (8§h(p7)+8§f(q,p7,t)) dr

1
- / (1 — 7)O2H (g, pr. t)dr,
0

for all (¢, I,t) € T" x B:1 x R. Writing 6 instead of ¢ for the angular variables, we
can rewrite H in the foﬂowmg form as a family of Hamiltonians parametrized by
Po € B%a

H:THXB%XRXB%—)R
H(0,1,t;p0) = e(po) +w(po) - 1 (5.9)
+ a0, t;po) + b(0, t;po) - I +m(0,1,t;po) - I”.
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5.8  Proof of Theorem@ assuming Theorem [5.1

We consider the following family of Hamiltonians

h(0,1,t;po) = e(po) +w(po) - I +m(0, 1, po) - I”
for all (0,1,t;p9) € T" x B% x R x B%. For each fixed py € B%, Xy and Xj,
satisfy (5.1). Furthermore, for all py € B 3, it is obvious that A has an invariant
torus supporting quasiperiodic dynamics.

It is straightforward to verify that the Hamiltonian H defined by (j5.9)) satis-
fies the hypotheses of Theorem Then, there exists a family of positive C-
asymptotic KAM tori

wi:T”xB%HT”xBi
associated to (Xy, Xj,10) and a family of negative C7-asymptotic KAM tori
wt_:']l‘”xB%—f]I‘”xBi
associated to (Xg, X7, %0), where vy is the family of trivial embeddings introduced
by (5.7). Moreover, we have

sup |wi —1hgler < Coe,  sup [pr — Pyl < Coe,
>0 <0

where Cj is a constant depending on n, [, T and |w]|c.
Therefore, by the latter, there exist u., v/ : T" x Bs — R" such that we can

rewrite ¢, and ¢* in the following form

77Z)f|:(0ap0> = (9 + in»pO),Ul(e,pO))
for all (6,po) € T" X Bs with

sup |ul |1 < Coe,  sup|vl | < Coe, sup|ul|c < Coe, sup|v’|o < Coe.
>0 £>0 £<0 £<0

By construction, an orbit (6(t), I(t)) for the previous Hamiltonian at the pa-
rameter value pg € Bs translates into a trajectory (q(t),p(t)) = (O(t),po + L(t))
for the Hamiltonian in (g, p)-coordinates. Then, letting

po:T" x Bs — T" x B1,  @o(q,p0) = (4,p0), (5.10)
the following family of maps
¢L " x Bs — T" x By,
' (. po) = (g + uli(q. po), po + v (g, o))

is a family of positive (resp. negative) C7-asymptotic KAM tori associated to
(X, X5, %0). In other words, for all py € B, ¢!, (resp. @' ) is a positive
(resp. negative) C7-asymptotic KAM torus associated to (X, Xj, ¢o,p,). Thanks
to Proposition 5.3}

T" x By C ¢4 (T" x Bs).
This concludes the proof of the theorem because, for all (¢,py) € T" x B 1 there
exist (¢4, po+), (¢—,po—) € T" x B% such that

" (q4,p0+) = (¢:10) = ¢° (g, po_)-

Then, by Proposition there exists a biasymptotically quasiperiodic solution
g(t) associated to (Xp, Xj,, @op,.) such that g(0) = (g, po).
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5 Biasymptotic Motions for Time Dependent Hamiltonians

5.4 Proof of Theorem [5.1]

The proof of Theorem is essentially the same as Theorem [A] with suitable
modifications, especially in the section dedicated to the homological equation. In
the third chapter of this thesis, we show the existence of a positive C'?-asymptotic
KAM torus for a suitable time-dependent Hamiltonian. Here, the Hamiltonian
in @ consists of a family of Hamiltonians parametrized by py € B 3. This section
aims to prove the existence of a positive C?7-asymptotic KAM torus for each p, €
B 8. Similarly, we have the claim concerning the existence of a family of negative

C7-asymptotic KAM tori. Therefore, we need these families to satisfy (5.8). This
control on the variables (0, py) is the reason why we need to assume a stronger
time decay for a and b in (ED than that of Theorem .

5.4.1 Outline of the proof of Theorem

We are looking for a family of positive C?-asymptotic KAM tori ' associated to
(X, Xj,10), where we drop the subscript + in order to obtain a more elegant
form. Here, H is the Hamiltonian in @ and v is the following family of trivial
embeddings

o : T X B% — T" x Bi’ o(0,p0) = (6,0).

More specifically, we are looking for u, v : T" x Rt x B% — R™ such that

¢<07t;p0> = (0 + U(Q,t;po),l}(07t;p0))

and, for all fixed py € B 3 ¥, u and v satisfy the following conditions

Xu(¥(0,t;p0), t;po) — 01 (0,; po)w(po) — Ox30(0,t;p0) =0 (5.11)

: t _ : t _
tginoo |t lce =0, tlg-noo vy, loe =0, (5.12)

for all (0,t) € T" x R*.

As mentioned before, this proof relies on the implicit function theorem. As we
did in the previous chapters, we introduce a suitable functional F given by .
To this end, we recall the following definitions. For all (0,1,t;py) € T" x B 1 X

R* x B%,

1
m(0,1,t;po)l = (/ 8§H(9,p0 —I—T],t)dT) I = 81<m(9,],t;p0) . ]2))
0

(0, t;po) = (¥(0, % po), tpo) = (6 +u(0,t; po), v(6, L5 po), t: po),

(0, t;po) = (6 + u(f, ¢ po), t; po)

Voeu(0,t;00)2(po) = deu(0,t; po)w(po) + Opu(b, t; po),

Vo (0, t;p0)2po) = Gpv(0,t; po)w(po) + Orv(6, L po).
Similarly to the proof of Theorem [A] we can rewrite in the following form
(see Section

boit (mod)v = (Vau)Q .
—Opa 0t — (Gpboi)v — <8emod?> W (V) Q) ( ) (513)

70



5.4 Proof of Theorem

This is composed by sums and products of functions defined of (0,¢;pg) € T™ x
R x Bs we have omitted the arguments (0,¢;py) in order to achieve a more
elegant form Over suitable Banach spaces, that we will specify later, let F be the
following functional

F(a,bym,m,u,v) = (Fi(b,m,u,v), Fs(a,b,m,u,v)),
with
Fy(b,m,u,v) = botu-+ (mo@ v — (Vgu) 0,
Fy(a,b,m,u,v) = 0Opaot+ (Jgbot)v+ (89m o z/;) 0+ (V) Q

which is obtained by . We can reformulate our problem in the following
form. For fixed m and m in a suitable Banach space and for (a,b) sufficiently close
0 (0,0), we are looking for u, v : T" x RT x B; — R" satisfying such that
F(a,b,m,m,u,v) =0.

Here, contrary to Theorem [A] we can not get rid of the smallness assumption
over a and b (see (). This is because we are looking for solutions u and v with
|ut|c1 and |v'|c1 sufficiently small for all ¢ € RT and not only for ¢ sufficiently
large.

Concerning the associated linearized problem, the differential of F with respect
to the variables (u,v) calculated in (0,0, m,m,0,0) is equal to

D) F(0,0,m,m,0,0)(0,0) = (Mo — (V1) 2, (V:0)82),

where, for all (0,t,py) € T™ x Bi x Bs, we let mo(0,t; po) = mo(60,0,t;pg). As one
can expect, this differential is 1nvert1ble

In the following four sections we prove Theorem [5.1] First, we introduce suit-
able Banach spaces on which the functional F is defined. In the second section, we
solve the homological equation, which is the key to prove that the latter operator
is invertible. In the third section, we verify that F satisfies the hypotheses of the
implicit function theorem. Finally, we verify the estimates and we conclude the
proof of the theorem.

5.4.2 Preliminary Settings

We begin this section by introducing some notations, spaces of functions and
suitable norms. Given o > 1, we have the following definition

Definition 5.3. Let B be the space of functions f defined on T™ x Rt x Bs such
that f, Op, f € C(T" x RT x Bs) and f, € C7(T") for all (t,po) € R X Bs.

For all f € Bf and [ > 1, we define the following norms

|f|0l = sup \f;o\ca(l + tl) + sup | (8p0f);0 lco(1 + tl’l),
(t,po)ERT XB% (t,po)ERT XB%
co=sup  |filee+  sup [(Bpf)) leo
(t,po)€R+XB% (tvpo)GEUXB%

These norms satisfy the properties in Proposition[5.2] As one can expect, we define
the following subset of B}
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5 Biasymptotic Motions for Time Dependent Hamiltonians

Definition 5.4. Given ¢ > 1 and an integer k > 0, we define B;k the space of
functions f such that ‘
feBl,, and 9,f € Bf,,_,

forall0 <i <k.

We conclude this part of settings with the following norm. For all f € B;k and
[ > 1, we define

N .
“f”a,k,l = %1?56 |a;f|:+k7i,l'

Now, let ¢ > 1 and [ > 1 be the positive parameters introduced by @ We
consider the following Banach spaces (A, |- |), (B,]-]), U,|-1]), V,|-1]), (Z,]-])
and (G, 1)

= {a :T" x R x By = R|a € Bj,and |a] = |a]f,5, + 100all )0 < oo}
_ {b (T x R* x Ba - R" |be B, and o] = [Bl|%,,,, < oo}
U — {u:T"xRerB% R | u, (Voru) Q € BE
and fu] = max{lul? . | (Vo) Q1) < 00}
y = {U:T"XRJFXB% SR | v, (Vo) Q € BF
and |o] = max{vf} 11, | (Vorw) QS 0} < 00}
Z = {Z:T"XR+XB%—>Rn|Z€B;_, and|z|:|z|;l+1<oo}
= {g:']I‘”xIE&*><B%—>]R"\gEBJr and]g]:\g\;l+2<oo}

o

Similarly to what we did in Appendix [C], it is straightforward to verify that the
previous normed spaces are Banach spaces. Let M,, be the set of the n-dimensional
matrices and T > 1 the positive parameter in (ED We introduce another Banach
space (M, ] - ), such that

M = {m:T"xB% x RY x By — M, | 95,,m € C(T" x By x RY x Bs)
for all 0 <4 <3, m' € C7T*(T" x Bi x Bs) for all fixed t € R*

and |m| = sup |m'|ge+e < T}
teR*

Let F be the following functional
F AXBXMXMxUXYVY —ZxG
F(a,b,m,m,u,v) = (Fy(b,m,u,v), Fy(a,b,m,u,v))
with
Fi(b,m,u,v) = bou-+ (ﬁ”m@) v — (Vgu) Q,

Fy(a,b,m,u,v) = 0Jpaot+ (Ogbou)v+ (&;m o zﬁ) 0% 4+ (Vo) Q.



5.4 Proof of Theorem

The following section is devoted to the solution of the homological equation.
Meanwhile, in the last part of the proof, we verify that F is well defined and it
satisfies the hypotheses of the implicit function theorem.

5.4.3 Homological equation

Before analyzing the homological equation, let us prove the following estimates

Lemma 5.1. Given m > 1,

/+OO LI _C(m) /+OO Tt g _C(m) (5.14)

L4+7m = 14 L+7mtl o = 14 ¢m-l

for all t > 0 and some constants C(m) depending on m.

Proof. We define the following function f,, : Rt — R such that

fu() = (144771 / e

14+7mm
It is straightforward to verify that f is continuous. We will prove the existence
of a constant C'(m), depending on m, such that f,,(t) < C(m) for all t > 0,
which implies the first estimate in (5.14)). It suffices to prove that there exists
limy ., fm(t) and it is finite. Thanks to I’'Hopital’s rule

dr.

d (t© 1 112
lim f,(f) = lim wh TemdT = lim (L+ ) _ :
t—+o0 t——+00 %m% t——+o00 (m _ 1)tm—2 (1 + tm) m—1

Concerning the second inequality in ([5.14)), similarly to the previous case, we define
the following function g,, : Rt — R such that

(t)=(1+tm) /+OO il 2y 5
Im - . 1+ 7mtl ’

One can see that g, is continuous. We have to verify that there exists lim;_, o g (%)
and it is finite. Applying 'Hopital’s rule twice

d [t  r—t +oo 1 d (too 1
i)y eedr J; dr @i edr

. . m+1 . m .
lim ¢,(t) = lim y e = lim T — Jim —
t—+00 t—+00 a4a__1 totoo  (m=1)t ttoo 4 (m—-1)t
dt 14+tm—1 (1tm—1)2 dt (14¢m—1)2
C1\4
L+t

1
tSroo (14 ¢ 1) 3m—, (1)

where

hon(t) = (m — 1) <2(m ) <tm1_1 4 1> —(m—2) <tml_1 4 1>2> |

Then, by the latter

4
. . (14 ¢m1)* _ (5 +1) 1
lm gn(t) = 1 _ t _ |
A onlt) = ey w1 1) o) mm = 1)
]
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5 Biasymptotic Motions for Time Dependent Hamiltonians

Given ¢ > 1 and [ > 1, we consider the following equation in the unknown
%:T”XRJ“XB%—)R

w(po) - Og2(0,t;p0) + Oy (0, t;p0) = g(0,t;p0),
g€BE, gl < o0, (HEc)
w B% — R", we Cl(B%).

Lemma 5.2 (Homological Equation). There exists a unique solution » € B

of (HEc| such that, for all fized py € B%,

. t .
tlgrnoo |55, lco = 0.

Moreover,
|7l < Clgliin (5.15)

for a suitable constant C' depending on n, | and |w|c:1.

Proof. Existence: We sketch this first part because it is similar to Lemma (see
Section |3.3.3)). Let us define the following transformation

h:T" x Rt x By — T" x R x Bs, h(0,t;p0) = (0 — w(po)t, t; po)-
It is enough to prove the first part of this lemma for the much simpler equation
Oek(8, 15 po) = g(0 + w(po)t, t; po)-

The unique solution of the above equation satisfying the asymptotic condition is
equal to

+oo
K(0,t;po) = —/ 9(0 + w(po)7, 75 po)dr
t
and hence composing k£ with A
+o00
A0.m) = ko h@.6p0) =~ [ g0 +w(m)r - mmdr  (516)
t
is the unique solution of (H E¢|) that we are looking for.

Regularity and Estimates: g € B} implies k € B} and thus » = ko h € B}.
Now, we have to verify the estimate ((5.15). By (5.16) and Lemma

54| </+OO|T| dr < lgl; /+OO—1 i < o2t
polCo S t IpolCo T = |G(5 144 ] 147+ = 1+

for all fixed (¢,pg) € R x Bs. Multiplying both sides of the latter by 1 + ¢ and
taking the sup for all R* x B3, we obtain

sup s los (1 +1) < C)Igld -
(t,po)ER"’ XB%
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5.4 Proof of Theorem

It remains to estimate the second member of the norm |- [},. The partial derivate
of 2 with respect to py is equal to

O 72(0, tipo) = —Z+W%M@d%ﬂ9+w@®ﬁ—¢%ﬂmﬂT—ﬂm
- /tJrOO Opo9(0 +w(po)(T —t), 75 po)drT.

Then, thanks to Lemma , we can estimate the norm C° on the left-hand side
of the latter as follows

+oo
|8p0%;20|00 S / |g;;0|01|(,<.}|01 (T — t) + |0pog7—|00d7
t

+00 (7_ _ t) +00 1
< |g|fl+1’(MIcl / ﬁdT + ‘QHFJH/ ——dr,
t t

|g|1+,z+1

S C(l, ‘(.U‘Cl) 1 n tl—l'

Similarly to the previous case, by multiplying both sides of the previous inequality
by 1+ ¢~ and taking the sup for all RT x B3, we have

sup |Gy 220 (1 +171) < O [wlen) gl 41
(t,po) ERT X By

Moreover, reminding that |g]7,,; < |g]5,,;, We conclude the proof of this lemma.
O]
5.4.4 Regularity of F

The content of this section is essentially the same as that of Theorem [A] (see
Section . By Proposition , F is well defined, continuous, differentiable
with respect to the variables (u,v) and this differential D, . F is continuous. As
we have already seen, D, ) F calculated in (0,0,m,m,0,0) is equal to

D) F(0,0,m,m,0,0) (0, 0) = (1m0 — (V1) 2, (Vs 0)82). (5.17)
It remains to verify that, for all fixed m, m € M, the latter is invertible.
Lemma 5.3. For all (z,9) € Z x G there exists a unique (u,0) € U x V such that
D) F(0,0,m,m,0,0)(t,0) = (2, 9).

Moreover, for a suitable constant C' depending on n, | and |w|c

@l < C (Iolfolgldes + 12001 ) - 101 < Clolfin, (5.18)

where we recall that [u] = max{|ul},, | (Veu) QT 1}
+

and |v] = max{|v|g,l+1, | (Vorv) Q|¢—;l+2}'
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5 Biasymptotic Motions for Time Dependent Hamiltonians

Proof. The key of the proof is Lemma[5.2] By (5.17)), the proof consists in searching

for the unique solution to the following system

{moﬁ — (Vo) = 2 (5.19)

(V@t@)Q =4.
Thanks to Lemmal5.2}, a unique solution v for the last equation of the above system

exists and
’{) c—;l+1 < C(’w’(}la l)|g|¢—;l+2' (5'20)

Moreover, by |(Vg0) Q.o = |91 112, We obtain the following estimate

0] = max{[0]5 41, [ (Vord) Qg 140} < Cllwlor, Dlglgiga-

Now, it remains to solve the first equation of the system ([5.20)) where v is known.
We can rewrite this equation in the following form

(Vorit)Q = 1o — . (5.21)

By Proposition [5.2]and ((5.20]), we can estimate the norm ||, ;41 on the right-hand
side of the latter as follows

+
o,l+1

j,l+1 + ‘Z|;z+1 < C(lwler, 1) ‘molio ’9’Il+2 + ’z|;r,l+1 :

[mod — 2| < || [0
This implies
[(Vori) Qg 1y = Imod — 2|5,40 < Cllwler, 1) Imolgg 1913500 + 121500

and thanks to Lemma [5.2] a unique solution of (5.21)) exists satisfying

@l < Cllwlen, 1) (1ol lolse + 12151 ) -
This concludes the proof of this lemma because

@] = max{|alf, | (Voud) QL) < Cllwles, 1) (Imo

o,

+ +
a,0 g f—;l-i—? + |Z|cr,l+1> :

5.4.5 Families of C'?-asymptotic tori

The functional F satisfies the hypotheses of the implicit function theorem. Then,
for € small enough, there exists a family of positive C'?-asymptotic KAM tori

Iﬁi:TnXB%—)TnXBi
associated to (Xp, Xj, ), where 9y is the following family of trivial embeddings
'QZ)()ZTnXB% %TnXBiv Q1D0((97p()):(070)

Similarly, for negative times. It remains to verify the estimates (5.8). Let us state
a quantitative version of the implicit function theorem.
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5.4 Proof of Theorem

Theorem 5.2 (Implicit Function Theorem). Let (X,|-1]), (I,]-|) and (Z,|-]) be
Banach spaces. For some (xo,y0) € X XY and e, pn > 0, we introduce the following
spaces

Xy={recX:|lv—u|<ec}, No={yed:ly—yol<pu}
We assume that

F XQ X ))0 — Z

is continuous and has the property that D,JF exists and is continuous at each point
of Xo x Yo. Moreover, D,JF(xg,yo) is invertible and

sup | DyF (0, y0) ' F (2, 40)| < £ (5.22)
TEX) 2
_ 1
sup ||Id — Dy F(z0,yo) 1Dy]-"(azz',y)” < 3 (5.23)
(I7y)6X0XyO
where Id € M,, is the identity matriz and ||-|| stands for the operator norm. Then

there exists a unique g € C(Xo, Vo) such that
g(xo) =y and F(g(z),z)=0
for all x € Ay.
Proof. We refer to |Chi97]. O
We observe that condition tells us how to choose p as a function of

€. Then (5.23)) determines a threshold for €. In order to conclude the proof of
Theorem [5.1] we have to establish the relation between € and p.

Lemma 5.4. The estimates (5.8]) are satisfied.

Proof. The proof relies on Lemma [5.3]and (5.22). For all fixed m, m € M and for
all (a,b) € Ax B,
D(uﬂ))f(o’ O’ m’ m’ O’ O>71‘F(a7 b? m; m) O) O) = D(U,U)-F(Oa 07 m7 m: 07 0)71 (aba) '
o

We want to estimate the right-hand side of the latter. Therefore, we can refor-
mulate this problem in terms of estimating the unique solution (u, ) € ) of the
following system

_ . b
D(U:U)‘F(()? 07 m,m, 07 O)(U, U) — (39(1) .
By Lemma this solution exists and
|a| S é (T|8@CL|IZ+2 + |b|j’,l+l) S OTE
0] < Clogalf,,, < Ce,

where C is a constant depending on n, [ and |w|c1. Using the notation of Theorem

, by (5.18)), we can choose p = 2CYe.

Now, we observe that for all fixed m, m € M
Id — Dy, F (0,0, m,m,0, 0)_1D(u,v).7-"(a, b, m,m,u,v)

is continuous with respect to (a, b, u,v) € Ax B xU x V. Then, thanks to Lemma
, there exists €9 depending on n, [, T and |w|c1 such that, for all £ < g, (5.23))
is satisfied. ]
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5 Biasymptotic Motions for Time Dependent Hamiltonians

5.5 Result (Near Integrable Case)

Let A C R"™ be a closed set and F equal to T" or T" x B, for every function
f:ExACR"xR" — R we recall the definition of the following norm

(s VERZICDY, 0,

sup

|flLcay = sup
zycAzty ’95 - y[

z€B
We consider a real parameter ¢ > 1 and A C R"™.

Definition 5.5. Let D, be the space of functions f defined on T™ x A x R such
that f € C(T" x A x R) and f, € C7(T") for all (p,t) € A x R.

For all f € D, and [ > 1, we define

[flosnay = sup | fyleo (14 [t]") +sup [ £y (1 + [¢7), (5.24)
(pt)EAXR teR

|flooay = sup | fylee +sup | f*ra)- (5.25)
(p,t)EAXR teR

Similarly to the previous case, the following proposition contains several properties
of the previous norms.

Proposition 5.4. Given 0 > 1, for all f, g € D, and positive [, m > 1
a. |f|o—,l,L(A) < |f‘s,l,L(A) foralll <o <s,

b. | flogcay < CUmM)| floirm,ria)

. | f9losrmrcay < C@) (Iflogray|glomriay + [ flosriaglomray)-

Moreover, we consider g € D, such that, for all (q,p,t) € T" x AX R, g(q,p,t) =
(g(Qap7t)vpa t) Then f O§ S Do’ and

d. | fogleism,ra) < C(o) (|f|a,z,L(A)|9|‘17,m,L(A) + [ fl10,24)|9lom,Lia) + |f|0,l+m,L(A)>-

The previous properties are still verified when | = m = 0 or only one of the
two parameters [ and m is zero.

Proof. The proof is quite similar to that of Proposition|5.2] The first two properties
a. and b. are obvious. Hence, we prove c¢. and d.
c. Similarly to Proposition [5.2], one has

sup | frgh| oo (L4 [EF™) < C(0) (|flonria|glom.zia) + | Flosrialglom.ria) -
(p,t)EAXR

We want to prove that the same estimate is also verified for the second term of
the norm (see the right-hand side of (5.24))). For all fixed ¢t € R and x, y € A such
that = # y

| fH(q, )¢ (q, :‘2 - ;”"*(q, ¥)9'(¢, )| (14 [ty

N fH g, )9 (g, 2) — fa,9)9' (q,x) + fH(q,v)9'(q, %) — faq,v)9"(q, )| (14 -1y
B |z -y

C(1f peay (L4171 Ighlco (L4 11™) + 19" eay (L4 [H™71) [ fpleo (1+12))

C (|f|o,l,L(A)|9|a,m,L(A) + |f\a,l,L(A)|9|o,m,L(A)) .

<
<
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5.5 Result (Near Integrable Case)

Taking the sup for all ¢ € T" and =, y € A with x # y on the left-hand side of the
latter and then for all ¢ € R, we prove c.

d. Also in this case, similarly to Proposition [5.2} one has

sup |fhoghles (141" < ClO)flowpia|gl mria
(p,t)EAXR

+ C(o) (’f|1,l,L(A)|g|o,m,L(A) + |f\o,l+m,L(A)) .

Now, we estimate the second term of the norm (see (5.24)). For all fixed t € R
and z, y € A such that z # y

|f' (g (q, ), 2) — f'(9"(q, v), )]

P— (1+ [t )
_ (g, %), %) — f'(g'(q, ), 312 J_r gf(gt(q, 7),y) = '(9'(¢,9). 9| (14 1)
< Ift(gt(q,x),ff; - ir(gt(q,rﬁ),y)l(1 ey
|f*(g"(q, ), ?/:z - ;‘;(gt(q,y), y)l (1+ |t+m1)

C (I ey X+ 1N + 1 fher (L 18) 19" neay (1 + [E™71))
C (|f|o,z+m,L(A) + \f’l,z,L(A)|9|a,m,L(A)) ;

IN N+

where we used | f'(¢'(¢,2),y) — f'(¢"(¢,9), v)| <1(8,f);, lcolg'|Liaylz — y|. Taking
the sup for all ¢ € T" and x, y € A with & # y on the left-hand side of the latter
and then for all £ € R, we conclude the proof of this lemma. n

Now, let us define the following space of functions.

Definition 5.6. Given o > 1 and an integer k > 0, we define D, the space of
functions f such that

f € Dyyr, and aéf € Dyiri

forall 0 <i < k.
Furthermore, for all f € Z_)U,k and [ > 1, we consider the following norm

||fHa,k:,l,L(A) = Orgfgc ‘8;f|a+k7i,l,L(A)a (5.26)

where | - |5 1(a) is the norm defined by

Now, we state the main theorem of this section. Here, the Hamiltonian and
its components are functions defined on T™ x B, x R, for some r > 0. Then, if a
function f belongs to D,, we consider that f satisfies the properties in Definition
.1 with A replaced by B,. Let 0 > 1, T > 1,1 > 1 and 0 < ¢ < 1. We consider
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5 Biasymptotic Motions for Time Dependent Hamiltonians

the following Hamiltonian

(H:T"x B xR — R

H(q, p,t) = h(p) + R(q,p) + f(q,p, 1)

fa apf € 150‘,2;

|f‘cr+2,0,L(Bl) + Haquo—71,l+27L(Bl) + Hapro—727l+17L(Bl) <ég,
D C By, Leb(B\D) < p,

R € C*(T" x By)

R(q,p) = 0,R(q,p) = 0 for all (¢,p) € T" x D,

OH' € C7P(T" x By) for all fixed t € R

9i, (02H) € C(T" x By x R) for all 0 <i < 2.

sup;eg |05 H [orz < T,

\

Theorem D. Let H be as in . Then, there exists a time-dependent Hamilto-
nian h such that, for e small enough with respect to n, I, T, |Oph|rpy and p, we
have the existence of a set W C T™ x By in such a way that, for all (q,p) € W,
there exist p_, py € D and a biasymptotically quasiperiodic solution g associated
to (X, Xj, wopy) such that g(0) = (¢,p). Moreover,

Leb ((T" x By) \W) < 4p.

Also in this case, we are going to deduce the latter from another theorem. Let
c>1,T>11>1,0<e<1l,u>0and 0<d<1with § < pu. We consider the
following family of Hamiltonians

’H:T”ngxRxD’—>R
H(0,1,t;po) = e(po) + w(po) - I

+a(0,t;po) + b(0,t;po) - I +m(0,1,t;pg) - I?
w € O(D/), \w\L(D/) < 00
a,b e 75072,
|alov2,0,0(0) + 1000l 111010y < € ||b||a,2,z+1,L(D') <& (%)
O7H! € C7P(T" x Bs) for all fixed (t,po) € R x D'
Oh; (07H) € C(T" X Bs x R x D) for all 0 <i < 2.
SUD (1 po)erx v [07 HY lot2 < T,

| SWo<i<2 (SupteR |0 (07 H t)|L(D’)> <.

We define the following family of trivial embeddings
Yo : T" x D' — T" x Bs, (0, p0) = (6,0)

and we consider the following family Hamiltonians & : T" x Bs x R x D' — R such
that

E(ea I, t;po) = e(po) + w(po) - I +m(0,1,t;po) - I*.
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5.6 Proof of Theorem @ assuming Theorem

Theorem 5.3. Let H be as in @ Then, if € is sufficiently small with respect
ton, 1, T and |w|rp, for all fived py € D', there exists a positive C7-asymptotic
KAM torus wipo and a negative C°-asymptotic KAM torus @bt_po associated to
(XHmeﬁpywomo)' Moreover, letting

YL T" x D' — T" x Bs, '.(q,po) = T/th,po@)a

there exists a constant Cy depending on n, I, T and |w|ppry such that

Sl>1](;)) |77Di — ¢O|L(T”><D’) < 0067 Sl<1£) |77Z)t_ — 77Z)0|L(T"><D’) < 005. (527)
t> t<

5.6 Proof of Theorem D] assuming Theorem [5.3

Here, we assume Theorem [5.3]and we prove Theorem [D] The following well-known
property is the Lipschitz version of Proposition [5.3

Proposition 5.5. Givenr >0 and 0 < e < <r, let ¢ be a Lipschitz map
¢ : Br — Br—i—é

such that |¢ —1d|s,) < €. Then, for € small enough, ¢ is a lipeomorphism onto
its image and
B,_5 C ¢(B,45).

We define § = 2Cpe, where Cj is the constant introduced in Theorem [5.3]
Therefore, we consider
D'=B, sND.

Now, for all py € D', we let p = pg + I. Similarly to the proof of Theorem |C| we
expand the Hamiltonian H in around pg in such a way that

h(p) = h(po) + Oph(po) - I + /O 1(1 — 7)02h(p,)dr - I?
R(q,p) = R(q,po) + GpR(q,po) - I + /01(1 — 7)02R(q, ps, t)dr - I?
- /01(1 —)RR(g, prt)dr -
flg,p,t) = f(q,po,1) +0pf(q,po,t)-l+/01(1 — 7)02f(q. pr, t)dr - I”.

where p, = po+ 71 and I € Bs. For all py € D', we define

e(po) = h(po)

w(po) = aph(po)
a(g,t;po) = f(q,po,t)
b(g;t;p0) = Opf(q:po,t)

1
m(q,1,t;po) = /(1—7) (82h(p) + O2R(q, pr,t) + 02 f (q,pr, 1)) dT
0
1
- [ a-nenap.ndr
0
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5 Biasymptotic Motions for Time Dependent Hamiltonians

for all (q,1,t) € T" x Bs x R. Writing € instead of ¢ for the angular variables, we
rewrite the Hamiltonian H, restricted to T" x Bs x R x D’, in the following form
as a family of Hamiltonians parametrized by py € D/,

H:T"x BsxRxD —R (5.28)
such that
H(9,1,t;po) = e(po) +w(po) I+ a(®,t;po)+b0,t;p0) - I+m(0,1,tpo)- 17

As in the proof of Theorem , for all (0,1,t;pg) € T" x Bs x R x D', let h be the
following family of Hamiltonians

h(0,1,t;po) = e(po) + w(po) - I +m(0,1,t;po) - I°.

Obviously, for each fixed py € D', Xy and Xj, satisfy (5.1) and, for all p, € D', h
has an invariant torus supporting quasiperiodic dynamics.

The Hamiltonian H in (5.28)) satisfies the hypotheses of Theorem [5.3] Then,
similarly to the proof of Theorem , there exist u, v, : T" x D’ — R™ such that,
in the (g, p)-coordinates, the following family of embeddings

¢\ :T" x D' — T" x By,
¢! (4, p0) = (g + vy (¢ po), po + v' (¢, po))
is a family of positive C7-asymptotic KAM tori associated to (Xp, Xj, ¢o) and

o T x D' — T" x By,
gpi(QapO) = (q + ui(Q?Z)O)’pO + Ui(q7p0>>

is a family of negative C”-asymptotic KAM tori associated to (X, Xj,, ¢o), where
©o is the family of trivial embeddings defined by ([5.10)). Moreover,

t t
sup |ul | (rmxpry < Coe, sup v} |« < Coe,
>0 >0

t t
sup ’u_’L(T"xD’) < Coe, sup |U_|L(TnxD') < Coe,
£<0 <0

where Cj is a constant depending on n, [, T and |w|p.
Now, there exist @/, v : T" x B;_s — R™ such that @, 9% extend u’,, vl
without affecting their Lipschitz constant. This means that,

t

~ _ .t ~t .t
u:l: Trx D! uj:? /U:I: Trx D!~ U:i:a

~1 _ t ~t _ t
SUp [ | (B, 5) = Sup [ul[rernxpy  Sup UL [Lrnxm,_y) = Sup [uy |Lere o).
>0 >0 >0 >0
Therefore, letting

gbti T x 31,5 — T" % Bh
@l(anO) = (q + ail:(va())va + 6;((]7]30))
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5.6 Proof of Theorem @ assuming Theorem

we have

sup |Q52: — Id|L(T”><B1,5) = sup |(,0§: — Id|L(T”><D’) < 005.
>0 <0

Now, we recall that Leb(B;\D) < p,

Leb (@i(rﬂm X By_s)\¢4(T" x D,)) = Leb (@Oi(r]rn x By_s)\@%(T" x D/))
C.Leb (By_s\D")

C.Leb (B1_5\ (B1_s N D))

C.Leb (B,\D) < C.pu (5.29)

IA

IN

where C. is a constant converging to 1 if ¢ — 0.
We observe that

(T" x B))\@L(T" x D) = (T" x By) \@L(T" x By_y)
+ GLUT™ x By_s)\pL(T" x D). (5.30)

Thanks to Proposition and the special form of @Y
T" x By 95 C ¢ (T" x By_5).
Then, by the latter, (5.29)) and (5.30))

Leb ((T" x By) \@L(T" x D')) = Leb ((T" x B) \@L(T" x Bi_5)) + Cept
Leb ((T™ x By) \(T™ x By_95)) + Ceps
241 (5.31)

<
<
for e sufficiently small. Now, let us introduce the following set
W= (T" x D) N’ (T" x D)
and by

Leb ((T" x B;)\W) < Leb ((T" x By) \¢"(T" x D"))
+ Leb ((T" x By) \@2(T" x D)) < 4.

This concludes the proof of this theorem because, for all (¢,po) € W = % (T" x
D) N2 (T" x D'), there exist (q+,po+), (¢-,po-) € T" x D' such that

¢ (¢4, pot) = (¢,p0) = ¥ (q-,po-)-
Therefore, by Proposition [5.1] there exists a biasymptotically quasiperiodic solu-
tion g(t) associated to (X, Xj, ¢op..) such that g(0) = (¢,po), where ¢q is the
family of trivial embeddings defined by (/5.10]).
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5 Biasymptotic Motions for Time Dependent Hamiltonians

5.7 Proof of Theorem [5.3l

The proof of this theorem is the same as Theorem [5.1] However, we have some
obvious differences in the estimation of the solution of the homological equation.
Here, we prove the existence of a family of positive C”7-asymptotic KAM tori ¢,
parametrized by py € D’. Similarly, we have the claim concerning negative times.
In what follows, we drop the subscript + to obtain a more elegant form.

We are looking for u, v : T" x D’ x RT — R™ such that letting

(0, t;p0) = (0 +u(0,t;p0),v(0,t;p0)),

1, u and v satisfy the following conditions

Xu((0,t;p0), t;p0) — Opb(0,; po)w(po) — b (0,5 po) = 0 (5.32)
lim |u, |ce =0, t1i+m vy, loe =0, (5.33)

t——+o0

To this end, given o > 1, let us introduce the following definitions

Definition 5.7. Let D} be the space of functions f defined on T™ x Rt x D" such
that f € C(T" x R* x D') and f; € C°(T") for all (t,p) € R* x D'.

For all f € Df and | > 1, we define the following norms

[flogoioy = sup | filer (14 [t") + sup | f* ooy (1 +1E71),
(t,p)ERT x D’ teR+

‘f’a,O,L(D’) = sup |f£|ca =+ sup |ft|L(D’)~
(t,p)ERT x D’ teR+

These norms satisfy the properties in Proposition[5.4} As one can expect, we define
the following subset of D}

Definition 5.8. Given o > 1 and an integer k > 0, we define D+k the space of
functions f such that

feDf,,. and 8lf€DU+k ;

for all 0 <i<k.

Therefore, for all f € D, and [ > 1, we define

”f”ale(D’ = gglag;la f|a+k i, L(D")"

Now, let ¢ > 1 and [ > 1 be the positive parameters introduced by (ED We
define the following Banach spaces (A, | - |), (B,|-|), U,]|-]), V,|-|), (Z,]|-]) and

G:1-D
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5.7  Proof of Theorem

A = {a;T”xR+xD’—>R\aeﬁ;Z

and |al = [af3 5,01y + 1001131 15, 000) < 20}

_ {b T" xR x D' - R |be Dby, and || = b} 51100 < oo}

U = {u:']l‘”xR+xD’—>R”|u,(V9tu)QEDj

and fu] = max{lul?, ;| (o) Q4 o} < 00}
V = {U:T"xw xD’%R”M,(VGtv)QeD‘j

and Jo] = max{[v]} .y 5oy, | (o) UL o} < 00
Z = {z T"xR+xD’—>R”|zeDa,and|z| |z|al+1L(D,)<oo}

g = {g T" xRt x D' - R" lg € DU, and |g| = ’g’(;l+2,L(D’) < OO}

Similarly to what we did in Appendix [C] one can prove that the previous
normed spaces are Banach spaces. Let M, be the set of the n-dimensional matrices
and T > 1 the positive parameter in (ED We introduce another Banach space
(M, ]| -]), such that

M = {m:’ﬂ‘"xngR+xD’—>Mn\6§,meC(TangxR*><D’)
for all 0 <i <2, m, € C7"(T" x Bj) for all fixed (¢,py) € RT x D’

and |m| = sup  |my, |cor2 + sup (sup |9pm’ ‘L ) < QT}
(t,po)ERT x D’ 0<i<2 \teR+

Let F be the following functional
F AXBXMxXMxUXxYVY —ZxG
Fla,b,m,m,u,v) = (F(b,m,u,v), Fy(a,b,m,u,v))
with
Fi(b,m,u,v) = bou-+ (mo@> v — (Vgu) Q,
Fy(a,bm,u,v) = Oaoi+ (@bod)v+ (aymod) - v* + (Vo).

It is obtained by (5.32). For fixed m, m € M and for (a,b) sufficiently close to
(0,0), we are looking for (u,v) € U XV satisfying such that F(a,b, m,m,u,v) =
0. Following the lines of the proof of Theorem one can prove that F is well
defined, continuous, differentiable with respect to the variables (u,v) with D, F
continuous. Moreover, for all fixed m, m € M

D) F(0,0,m,m,0,0) (a1, 0) = (Mod — (Vert) 2, (Vs 0)2).
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5 Biasymptotic Motions for Time Dependent Hamiltonians

is invertible. The proof relies on the solution of the following homological equation.
Given ¢ > 1 and [ > 1, we consider the following equation in the unknown

x:T'"xRtx D — R
w(po) - 0g2(0,t;p0) + 0,20, ;p0) = g(0,L; po),
g €Dy, |g|;l+1,L(D’) < 09,
w:D — R,
weCD), |wlipy < oo.

(HED)

Lemma 5.5 (Homological Equation). There ezists a unique solution s € D)
of (HEp|) such that, for all fivred py € D,
lim |5, [co = 0. (5.34)

t—+o00
Moreover,

’%’;l,L(D’) < C|g|;z+1,L(D/)
for a suitable constant C' depending on n, I and |w|ppr).
Proof. We know that

#(6,tipo) = = /:OO 9(0 +w(po)(1 —1), 75 po)dr

is the unique solution of (H Ep|) satisfying (5.34)). Concerning the estimates, sim-
ilarly to the proof of Lemma [5.2] we have

sup |%;O|CU(1 + tl) < C(l)‘g‘;r,l-}-l,L(D’)‘
(t,p0)ER+ x D’

It remains to estimate the second member of the norm. By Lemma [5.1] for all
(07tap01)7 (0at7p02) € T" x R* x D' with Po, # Do,

|72(0,¢; po,) — >(6, ¢; po,)|

[P0, — Pos|
< /+OO 19(0 + w(po,) (T — 1), 1, po,) — g(0 + w(po,) (T — t)’t’p01)|d7
J |P01 —p02’

o [0l =0 tn) 60 i)t
e ’p01 - pOQ’
. . +oo 1

< C| su N1+t / dr

N (tERIJ)F 9120 ( )) e

+C sup  |gblor (1467 | |wlen /+OO T—_th

(t,po)ER x D’ P t e AR

< C(l, |w| 1)—|g 00

>~ 5 C 1 +tl_1 .
Taking the sup for all § € T, po,, po, € D' with py, # po,, and then for all t € RT
on the left hand side of the latter, we conclude the proof of this lemma. m

We proved that the functional F satisfies the hypotheses of the implicit function
theorem. Therefore, following the lines of the proof of Theorem we conclude
the proof of Theorem [5.3]
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Part IV
Applications to Celestial
Mechanics

We consider the example of a planetary system (planar three-body problem) per-
turbed by a given comet coming from and going back to infinity, asymptotically
along a hyperbolic Keplerian orbit. We prove the existence of orbits in such a way
that the center of mass of the planetary system is attracted by the comet with zero
asymptotic velocity when ¢ — 400. Moreover, in a frame of reference attached to
the center of mass of the planetary system, the motion of the planets converges
to some dynamics that are close (in the sense that we will recall later) to suitable
quasiperiodic solutions associated to the Hamiltonian of the planar three-body
problem.

The Hamiltonian of the planar three-body problem plus comet (P3BP+C) is
H = Hy+ H., where Hy is the Hamiltonian of the planar three-body problem and
H. is the perturbation given by the interaction of the planets with the comet. On
a suitable subset of the phase space, the Hamiltonian H,. does not satisfy good
decay properties. This makes Theorem [A] useless for this particular case. For this
reason, we begin this part by proving another abstract theorem, a weaker version of
Theorem [A] This is the content of the following chapter. The consecutive chapter
is devoted to the application in celestial mechanics.

6 The Abstract Theorem

This chapter is divided into three sections. The first is devoted to the definition of
C?-weakly asymptotic cylinder (Section [6.1]). The above-mentioned weak theorem
is introduced in the second section (Section [6.2)) and the last section contains its

proof (Section [6.3).

6.1 (C“-weakly asymptotic cylinder

Let B C R™™ be a ball centred at the origin. We denote ¢ € T" x R™ and p € B.
Let P be equal to T” x R™ x B or an open subset of R2™*™) and J = [1, +00) C R
be a real interval.

Given ¢ > 0 and a positive integer k > 0, we consider time-dependent vector
fields X, X} of class Ct* on P, for all fixed t € J, an embedding ¢, from T" x R™
to P of class C? and a time-dependent vector field 7* of class C? on T" x R™, for
all fixed ¢t € J, such that

. t oyt _

i 1 X" — Xgloosr =0, (6.1)

Xo(wo(q):t) = Ogpo(q)(@ + (g, 1)) for all (¢,t) € T" x R™ x J, (6.2)
lim |y|ce =0, (6.3)
t——+o0

where W = (w,0) € R™™™ with w € R™.
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6 The Abstract Theorem

Definition (Définition[2.3). We assume that (X, Xo, o) satisfy (6.1), and (6.3).
A family of C7 embeddings o' : T" x R™ — P is a C7-weakly asymptotic cylinder
associated to (X, Xy, po) if there exists a time-dependent vector field T'* of class C°
on T™ x R™, for all fized t, such that

Jdim l¢" — @olce =0, (6.4)
X(p(g,t),t) = 0gp(q, 1) (0 +T'(q,t)) + Oip(q, 1), (6.5)

lim [I*ce =0, (6.6)
t—+o00

for all (q,t) € T"xR™xJ. Moreover, ¢ is Lagrangian if ¢'(T™ xR™) is Lagrangian
forallt e J.

We observe that taking m = 0, v = 0 and I' = 0, we obtain Definition As
one can expect, all the properties and considerations discussed for C'?-asymptotic
KAM tori remain true for C?-weakly asymptotic cylinders with suitable modifica-
tions. We can rewrite in terms of the flow of X. Let ¢; x and ¢ ., be the
flow at time ¢ with initial time ¢q of X and @ + I, respectively. We assume that
Vg, x and ¢p o are defined for all ¢, ty € J. Then, is equivalent to

wzo,x © gpto = th ° w£07(21+r' (67)

Moreover, we can always find a family of embeddings satistying . Furthermore,
if ! is a C?-weakly asymptotic cylinder defined for all ¢ large, we can extend the
set of definition for all t € R. Regarding the dynamics, we recall the definition of
weakly asymptotically quasiperiodic solution.

Definition (Définition[2.4). We assume that (X, Xo, o) satisfy (6.1), (6.2) and (6.3).

An integral curve g(t) of X is a weakly asymptotically quasiperiodic solution asso-
ciated to (X, Xo, @o) if there exist a time-dependent vector field ' : T* x R™ x J —
R™™ and ¢ € T" x R™ such that

lim [g(t) — o © ¥}, o4r(@)] = 0.

t——+o0

The latter is a weakly version of the definition of asymptotically quasiperiodic
solutions (Definition . Indeed, taking m = 0, v = 0 and I' = 0, we obtain
Definition 3.1} We conclude by recalling the following proposition.

Proposition (Proposition . Let o' be a C°-weakly asymptotic cylinder asso-
ciated to (X, Xo,¢0). Then, for all ¢ € T" x R™ and ty € J,

g(t) = p, x " (a)
is a weakly asymptotically quasiperiodic solution associated to (X, Xo, o).
6.2 Result

Given a positive real parameter o > 0, we have the following definition
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6.2 Result

Definition 6.1. Let S, be the space of functions f defined on T xR™ x B x J such
that f* € C7(T" x R™ x B), for all fized t € J, and 9, f € C(T" x R™ x B x J)
for all0 <i < [o].

We point out that 82 stands for the partial derivatives with respect to (g, p)
of order i and [o] for the integer part of 0. Given ¢ > 0 and [ > 0, for every
f € S,, we introduce the following norm

[ flog = sup | |oet'. (6.8)
S

The following proposition proves some properties of this norm.

Proposition 6.1. We consider f, g € S, and positive [, m > 0.

a. For all B € N if |B] + s < o, then ol f y <\ flos,

Aq1 1.0y Br Op, Pt 1. apy, Pan

b.

s S ’f|a,l+m;

¢ |fglosrm < C0) ([floalglom + [ floilglom)-

Ifo>1and f, z€ S, then foz e S,,

d. |f o zlopim < C0) (| floal V2G4 [ F111IV2lo—1m + | Flogsm) -

Proof. The proof consists of a straightforward application of Proposition (see
Appendix . Properties a. and b. are obvious, we verify the others
c.

|f9loiem = S;U? |f'g'|cet!t™ < C(0) s;u? (|f'colg'lce + | fee|g!|co) 7
c c

C(O’) Stll‘I]) (‘ft‘cotl‘gt‘catm + ‘ft‘oatl‘gt‘cotm)
S

C(a) (Ifloalglom + [ floilglom)

IN

IN

d.

f 0 2loptm = sup|ffoz|at™tm
ted

C(0)sup (|f]or V[ + 1 cr| V' ors +|floo) 47
te

IN

IA

C(o)sup (|f oot V2 |Zot ™t =™ 4| fHoat! |V 2 coat™ + | floot'*™)
teJ
C(0) (|flot| V2[5 )

notice that ¢t > 1 and 1 — o < 0 imply t(=9™ < 1. O

IA
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6 The Abstract Theorem

Now, we state the main theorem that we shall prove in this chapter. Let s, A,
p, B and a be positive parameters satisfying the following conditions

1<p<A<s,

« o
s>max{a_1,)\+ﬂ_1}, 1<pB<2, a>1, (#n)
2p A=p
A> —— <
2 _ ﬁ’ p 52
Given w € R™ and real positive parameters 06 > 0, ¢ > 0 and T > 1, we consider
the following time-dependent Hamiltonian

(H:T"xR"x Bx.J—R
H(g,p,t) =w-p+alq,t)+ (bo(q,t) + be(q, ) -p + m(q,p,t) - p°
b(at)
aabOab’r‘aazH € S5t (*5)
ol <6, [bolsy11 <X,
|alx10 +10alre <& |beasin <e,

L |alsy10 +104als2 <, |bplsp1n < T, |3§H|s+1,0 <T,

Let g be the following trivial embedding ¢q : T" x R™ — T" x R™ x B, ¢o(q) =
(¢,0). Furthermore, we consider the Hamiltonian A : T" x R™ x B x J — R such
that

h(q,p,t) =w-p+m(q,p,t)-p°. (6.9)

Theorem E. Let H be as in and we assume that s, A, p, B and « satisfy .
Then, for § small enough with respect to s, there exists eqg, depending on 0, s, A,
B, a and T, such that for all ¢ < g there exists a CP-weakly asymptotic cylinder
associated to (X, X3, o).

6.3 Proof of Theorem [E
6.3.1 The Nash-Moser Theorem (Zehnder)

The proof of Theorem [Ef relies on a version of the Nash-Moser theorem proved by
Zehnder (see [Zeh75]). For the sake of clarity, we dedicate this section to explaining
this result.

We consider a one-parameter family of Banach spaces {(X7,] - |,)}o>0 and we
assume that for all 0 < o' <o < 0

XOQXU’;XUQXOO:(]XU

>0

|z]or < |7y

for all z € X?. Now, we introduce the definition of C*°-smoothing, which plays a
very important role in the proof of the Theorem.
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Definition 6.2. A C*°-smoothing in {(X?,| - |s)}o>0 s a one-parameter family
{S:}r=0 of linear mappings S; : X° — X together with constants C(m,d), for
positive integers m and d, satisfying the following conditions:

Sl < 7" 7C(m, d) |4 (S1)

forallz € X% and 0 < d < m,
(S> = Dzlg < 7 "=DC(m, d)|z],m (52)

forallx € X™ and 0 < d < m.

The existence of a C*°-smoothing implies the following well-known convexity
property.

Lemma 6.1. We assume that {(X7,||s)}o>0 has a C*°-smoothing. Then, for all
0< M <)\, a€0,1] and xz € X2,

2]y < Cla, A, Aoy 15,
with A = (1 — @)A1 + aXs.
Proof. We refer to [Zeh75] for the proof. O

In what follows, we report the hypotheses of the Zehnder theorem. We consider
three one-parameter families of Banach spaces {(X7, |- |5)}o>0, {(V7, | |s)}o>0 and
{(Z7,| - |s) }o>0 each with a C*°-smoothing, which we denote by the same letter
{S;}+>0. Let F be the following functional

F X%V — 20

and we assume that
.F (Uo, U(]) = O

for some (ug,v9) € X° x VY. Given a positive parameter 0 < ¢ < 1, we define
O = {(z,v) € X7 x V7 : |2 — Tolo, |v — vo|s < (} (6.10)

and we consider F : Of — Z° to be continuous. In his work, Zehnder takes ¢ = 1.
We will see that this does not really change the proof. But, as we shall see in the
proof of Theorem [E], we need ( to satisfy a suitable smallness condition to define
the right inverse of our functional F.

For given z € X°N (’)2, the aim of the Zehnder theorem is to solve the equation
F(z,v) = 0 assuming z sufficiently close to zg. The author makes the following
hypotheses.

Hypotheses H.1-H.4

H.1 Smoothness: We assume that F(z,-) : V® — Z° is two times differentiable
with the uniform estimate

‘va(xav)ba |D12},/—"(aj,2})‘0 < C
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for all (x,v) € O and for some constant C' > 1, where D, is the differential with
respect to the second component.

H.2 F is uniformly Lipschitz in X°: For all (z1,v), (12,v) € (’)g,

|]:(I1,U) — ,F([L‘Q,’U”O S C|l‘1 — ZL'2|0.

H.3 Existence of a right-inverse of loss v, 1 <~y < s (s will be specified later):
For every (z,v) € O] there exists a linear map 7(z,v) : 27 — V? such that, for
all z € Z7,

D,F(x,v)on(xz,v)z =z
In(z,v)zlo < Ozl (n1)

Moreover, for all v < o < s, if (z,v) € OZ N (X7 x V7), then the linear map
n: 27 — V77 is well defined and if |x — z¢|,, |v — vy, < K, then

In(z,v)F(z,v)|p—y < C(o)K. (n2)

H.J Order: The triple (F, o, vg) is of order s, s > v > 1. Here, Zehnder uses
the following

Definition 6.3. (F,xg,vg) is called of order s, 1 < s < oo, if the following three
conditions are satisfies:

1. (1’0,1)0) € X xV?,
2. F(OIN (X7 x V7)) C 27, 1<0<s

3. there exist constants C(0), 1 < o < s, such that if (z,v) € (X7 x V7) N O}
satisfies |x — zolq, |V — vole < K then

| F(x,v)], < C(o)K.

Zehnder, in his paper, assumes the existence of an approximate right-inverse.
The reason is that, in his works [Zeh75] and [Zeh76], he wants to apply generalized
implicit function theorems to solve some small divisor problems. In particular, to
prove Arnold’s normal form theorem for vector fields on the torus and the KAM
theorem. In the proof of the previous theorems, the author defines a functional F
which does not admit a right-inverse but just an approximate right-inverse. Here,
we do not have this problem; hence we prefer to write H.4 in this form.

Theorem 6.1 (Zehnder). Let o, 8, A, p, v and s be positive real numbers satisfying
the following set of inequalities:

1<f<2, 1<a 1<y<p<A<s, (6.11)
20

A > max{ _”B,ﬁmpﬂ)} (6.12)

s > max{ Sl }. (6.13)

a—1’ B—1
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Let (F,xo,v0) be of order s and satisfy H.1-H.4 with a loss of v. Then there ezists
€0, depending on a, B, A\, v, s and (, such that for all e < g9 we have the existence
of an open neighborhood D* C X* of xyg, D = {x € X* : |[x — 24|\ < €} and a
mapping 1 : D* — VP such that

F(a,9(x)) =0, z €D
where C is the positive parameter defined by ([6.10]).

Proof. The statement of the theorem is slightly different from the original. As
mentioned before, Zehnder considers ( = 1. For the sake of clarity, in what
follows, we will report the parts that differ from the original proof.

The proof uses an iteration technique similar to the Newton algorithm modified
by a double C*-smoothing. The first is introduced in V° to regain the loss of
derivatives v at each iteration step. The second approximates elements in D* C X
with smoother ones to keep the loss of regularity minimal in the X° space. Zehnder
makes great use of Lemma , he estimates the lowest norms | - |o very carefully
to keep them down and the highest norms |- |, are left to grow. Then, he uses the
aforementioned Lemma [6.1] to estimate the intermediate norms.

Let ¢ = veg for some 0 < v < 1 and a sufficiently small parameter 9 to be
determined later. We define

D ={x € X : |z — x|\ < vep}.

Following the lines of the proof of Zehnder, we define a sequence {¢;},>o of linear
mapping ¢; : D* — X* in such a way that,

do(z) = 0
(bJ(x) — Ty = ST].(SL'_.TO),
for all j > 1, where 7; = Q% for some @ > 1 sufficiently large to be chosen later.

Since # > 1 then 7; — +o00 if 7 — +00. By the latter, we write ¢;(z) — = in the
following form

¢j(x) —x = (S, — 1) (x — x0).
Thanks to , forall 0 < p< A

6,(2) — ol = | (S5, = 1) (& = o) < C )| — w0l < 74O e

and taking the limit for j — +o00, we have lim; , . |¢;(z) — x|, = 0 for all 0 <
p < A. We construct inductively a sequence of mapping {1;};50, ¥; : D* — V>
such that

Yo(z) = v
ipa () —i(x) = Sy (@i (x), ¥;(2) F(ju(x), 15(x))
for all j > 0, with t; = 77" = Q7. We use two different rates of approximations,
Sy, and Sy, for the family of Banach spaces {(X7,|-|,)}s>0 and {(V7,] - |s)}o>0,
respectively. We shall show by induction that, if ¢ is sufficiently small with respect

to a, B, \, 7, s and ¢, and @ € X* satisfies |z — x|y < veg, then the following
statements S(d) hold for d > 1:
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S(d, 1) (¢al(x), ¢alx)) € OF N (X x V=) and |F(¢a(x), a())]o < 50Q

S(d,2) |tha(x) — a1 (2)]o < CoQ- A=
S(d,3) [ta() — ta1(x)]s < 0QENE

for a suitable constant C. The only difference compared to the proof of Zehnder
is in S(d, 1), where he considers ( = 1. In what follows, we verify only the first
part of S(d,1). The rest follows from the original proof.

We introduce the abbreviated notation

z; = ¢j(x) and  v; = ;(x).

We claim that x; € Ozﬂé\?o" if €o is sufficiently small. We remind that 1 <y < A,
then, by the definition of z; and ,

|zj — w0y = |Sr; (x — w0)|y < Ol — w0y < Clz — oA

for a suitable constant C'. Letting Cey < (, we have the claim.

Zehnder proves the totality of the three statements S(d) by induction. Letting
d =1, S(1) follows from the smallness condition by choosing ¢, sufficiently small
with respect to a, 3, A, v, s and {. Now, we assume S(d) for 1 < d < j and we
prove S(j 4+ 1). We do not provide any details concerning the proofs of S(j + 1,2)
and S(j + 1,3) because they coincide with the original proof. We verify that
[vj41 — voly < ¢. By S(j+1,2), S(j +1,3) and Lemma [6.1]

1-3 5 —£B7
Vi1 —vily Oy, 8)|vjrr —vilo *|vj —vils <00Q

for a suitable constant C' and with

£ = A=B(y+87)+
> A=B(y+By) >

(A(B* = 1) + Bv)
— B(y + Bp)

PV )

where we have used v < p and § > 1. This means that,

J
|vj41 — voly < Z Vg1 — Valy < CUZQ_g’Bd <.

d=0 d>0

for () large enough. O]

Zehnder distinguishes between the order of (F, g, vg) and the smoothness as-
sumption quantified by A. In his work, Zehnder states that the minimal order for
which we can apply the previous theorem, and thus the minimal order which as-
sures the convergence of the algorithm, is s > 8, where we point out that s < oo.
Moreover, concerning the corresponding minimal smoothness assumption for A,
one has 3y < A < 4~.
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Corollary 6.1. For all s > 8y, the following holds: let \(s) = 2y + 14%, there
exists in X a neighborhood DM = {x € X 9 : |z — zo|ye) < e(s,¢)} and a
mapping s : DM — VY such that, for all x € DM,

Tz, vs(x)) = 0,
WJS(I) - UO"Y S C

Proof. Taking o = g, b=1+ ;—Z, p=r",and A = 2y + 14"’?2, these numbers satisfy
the inequalities (6.11]) - (6.13)) if s > 8y and hence the result follows from Theorem
6. 1] O

6.3.2 Outline of the Proof of Theorem [E]

We are looking for a CP-weakly asymptotic cylinder ¢ associated to (X, Xj, o),
where H is the Hamiltonian defined by , h the Hamiltonian in and (g the
trivial embedding ¢g : T" x R™ — T™ x R™ x B, ¢o(q) = (q,0). More concretely,
for given H, we are searching for v, I' : T" x R™ x J — R"™™ such that for all
(g, t) e T" xR™ x J

o(q,t) = (q,v(q,t))

and in such a way that ¢, v and I' satisfy

Xu(p(g,t),t) — Ogp(gq, 1) (@ + (g, 1)) — dip(q,t) = 0, (6.14)
lim |[v'|ce =0, lim [[¥c =0,
t—4o00 t—4o00

for all (¢,t) € T" x R™ x J. The vector @ = (w,0) € R"" where w € R" is
the frequency vector introduced by . As mentioned above, the proof rests on
Theorem [6.1] To this end, we need to introduce a suitable functional F given

by (6.14]). First, we recall that

m(q,p,t)p = (/01 95H (q, Tp, t)dT) p=0 (m(q,p, t) -p2>-

However, concerning the definition of the functional F, the Hamiltonian system
associated to the Hamiltonian H is equal to

B @+ b(q,t) +miq,p,t)p
Xn(g,p,t) = (_aqa(q, t) — 0yb(q, t)p — dygm(q, p, t)p* )

where H is the Hamiltonian defined by . Let
¢(a,t) = (¢, v(g: 1), )

for all (¢,t) € T x R™ x J, then Xy o ¢ takes the following form

Xp o @lg,1) = ( @+ (g, 0)+ (M0 ¢(a,0))ola, ) )
—d,a(q,t) — 9,b(q, t)v(g,t) — ym o p(q, t)v*(q, 1)
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for all (¢,t) € T™ x R™ x J. Moreover, for all (¢,t) € T x R™ x J,

00p(q:) (© +T(q, 1)) + Oup(q, 1) = (aqv(q, t)(ww++F1;(]<j] t’)t))+ dv(g, t)) ’

and hence, we can rewrite (6.14)) in the following form

—b—(mop)v (0 (6.15)
dga+ (0,b)v+9mop-v?—Ju(w+T)—0gw)  \0)° ‘

This is composed of sums and products of functions defined on (g,t) € T" xR™ x J.
We have omitted the arguments (q,t). We keep this notation for the rest of the
proof. We define

(Vv) Q = (0,0) @ + Oy
and over suitable Banach spaces that we will specify later, let F be the following
functional

Fla,b,m,m,v) = (Vo) @+ 8,0 (b+ (m 0 §)v) + dya+ (9,b) v+ dym o 3 - 07,

This is obtained by the second equation of (6.15]), where we have replaced I' with
b+ (m o @)v. This is our starting point. We observe that, for all b, m and m,

F(0,b,m,m,0) = 0.

Therefore, we can reformulate our problem in the following form. For fixed m and
m, for a suitable by and for (a,b) sufficiently close to (0, by), we are looking for a
function v : T" x R™ x J — R™™ in such a way that F(a,b,m,m,v) = 0 and
limy 4o [!]ce = 0. Once we have v, we let I' = b+ (m o ¢) v and this concludes
the proof.

As one might expect, because of the term d,v (b + (m o ¢)v), which does not
appear in the proof of Theorem [A] we are not able to prove Theorem [E| with the
implicit function theorem.

The most technical part of the proof consists in showing that the differential
of F with respect to the variable v admits a right-inverse. Let

f = btmod)w,
g = aqb‘i_aqv(apmo@)v"“aqv(mogé)+UT(a;qmo§5)U+2(aqu¢)U7

where T denotes the transpose. Over suitable Banach spaces, the differential of F
with respect to the variable v is equal to

D, F(a,b,m,v)o = (Vo) Q+ (9,0) f + gb.

We will see that, assuming f and g sufficiently small, we are able to find a right
inverse of the latter.

The proof of Theorem [E] is split up into the following four sections. The first
is dedicated to introducing the special one-parameter families of Banach spaces
on which the functional F is defined. The second is about the solution of the
homological equation. In other words, we prove the existence of a right-inverse for
the latter differential. In the third section, we verify that the functional F satisfies
the hypotheses of the Nash-Moser theorem proved by Zehnder (Theorem and
in the last section, we conclude the proof.
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6.3.3 Preliminary Settings

Given o > 0, we recall the following definition

Definition. Let S, be the space of functions f defined on T x R™ x B x J such
that ft € C7(T" x R™ x B) for all fivred t € J and 0€q7p)f e C(T" xR™ x B x J)
for all 0 <i < [o].

We use this notation also for functions defined on T? x R™ x J. Given ¢ > 0
and [ > 0, for every f € S,, we recall the definition of the following norm

| flo = sup |ft|Cotl.
teJ

Some properties of this norm are contained in Proposition [6.1]
Now, we consider the following families of Banach spaces {(A?, ||s }s>0, {(B7, |-
o) Yos0 AV, |- |o) o0, {(27, ] 1) o0 (see Appendix[C)) such that, for all o > 0,

A% = {a :T" xR™ x J = R|a€ Spq1 and |aly = |alos1,0 + [040]02 < oo}
B = {b ST X R™ x J = R™™ | be S, and by = by < oo}
Voo o= {v;’]r" X R™ x J = R™™ |y €Sy, (VO)Q ES,

and [v], = max{|v]y111, | (Vo) Qo) < oo}

Z° = {z T" X R™ x J R |2 €8, and |2], = |2]p2 < oo}
It is straightforward to verify that, for all 0 < ¢’/ < o < o0,

AOQAUIQAUQAOOZHAU, 80280_1260260020807

>0 >0

|a|0’ < |a|0 |b|0’ < |b|0

VOQVU,QVUQVOOZHVU, ZO;ZUIQZUQZOOZHZU,

o>0 o>0
[v]or < 0o |z]or < |20

foralla € A,, b€ B,, v eV, and z € Z,.

This part aims to prove the existence of a C*°-smoothing, see Definition |6.2]
for these families of Banach spaces. This is not surprising because the behaviour
of these norms is very similar to that of the Holder norms.

Lemma 6.2. There exists a C'°°-smoothing for the latter families of Banach spaces.

Proof. We begin by proving the existence of a C*°-smoothing for the family of
Banach spaces {(Z7,] - |,) }o>0. Following the lines of [Zeh75|], we take a function
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§ € C{°(R™™) vanishing outside a compact set and identically equal to 1 in a
neighbourhood of 0. Let s be its Fourier transform then, for all z € S,

52000 = o [ s (1) sto0av,

For all fixed t € J, S;2" € C®(T" xR™) = (1,5, C7(T" x R™) (see [ZehT75]). Now,
we verify that 0} (Srz) € C(T" x R™ x J) for all i > 0. We observe that, for every
m > 0 and p > 0, there exists a constant C'(m,p) > 0 such that

0" s(x)| < C(m,p)(1+ |z])77,

where 0™ stands for partial derivatives of order m. The claim is a consequence of
the regularity of z and the latter. Indeed, for all (q1,t1), (¢g2,t2) € T" x R™ x J
and 7 > 0,

0, (S72) (a1, t1) — 0, (S72) (g2, 2)

1 i @ —v 1 ; g — U
T /Rn+ d's ( . ) (0, t1)dv) — m/[wm d's ( - ) z(ﬁ,tz)dﬁ'

1 )
== / aZS(P)(Z(Ch — p7,t1) — 2(q2 — pr, tg))dp‘
T Rn+m
1
<5 ‘az H — p7t1) — 2(q2 — pT, t3) ’dp
T Rnt+m

where |- | stands for the standard Euclidean norm and, in the last line of the latter,
we did the following change of coordinates “— = p for i = 1,2. This implies the
claim.

It remains to prove and (S2)). For all z € 24,0 < d <m and fixed t € J
S, [om < 770 (m, d)|2| ca
(always look at [ZehT5]), then

1S 2|m = sup 1S, 2t emt? < 7740 (m, d) sup | 2| cat? = 77 74C (m, d) |24
teJ

and is verified. For all z € 2™, 0 <d <m and fixed t € J

(S, — 1)2t|ca < 77 DC(m, d)|2*

cm

(always see [ZehT5]), then

1(S; — 1)zlq = sup|(Sy — 1)2'|cat? < T‘(m‘d)C’(m, d) sup | 2| omt”
ted teJ

< T_(m_d)C'(m,d)|z|m

and is also verified. This implies the existence of a C'*°-smoothing for {(Z7, |-
ls)}o>0- Remembering that S; commutes with partial differential operators, sim-
ilarly, we have the claim for the family of Banach spaces {(A7%,]| - |,)}s>0 and

{(B%, ] |o)}oz0-
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It remains to prove the existence of a C*-smoothing for {(V7, |- |,)}o>0. Sim-
ilarly to the previous case, because of S, commutes with partial differential oper-
ators, S, : VO — Y=,

Now, we verify and . We begin by remembering that, for all v € V°

0]y = max{[o]s11, | (V0) 22},
Similarly to the previous case, for all v € V¢, 0 < d < m and fixed t € J
1S 0t [ gmer < T™7AC (m, d) [0 et
which implies

1S 0] my11 = sup | Syvt|gmiat < 7M7UC(m, d) sup [vf|carit < 77AC (M, d)|v] g
teJ teJ

Noting that S, commutes with partial differential operators, for fixed ¢t € J,
IV (S:0") Qem = |5, (VO'Q) [om < 777C(m, d)| V' Q) ca.
Multiplying both sides of the latter by ¢* and taking the sup for all t € J
IV (S:0) Qo = sup|V (S;0") Qlemt? < 7774C(m, d) sup | Vo' Q| at?
teJ teJ
< 0 (m, d)|vlg.
This implies because
1S 0] = max{|S:v]mit1, [V (S70) Qma} < 77740 (m, d)|v]q.
Concerning , forallv e V™, 0<d<m and fixed t € J,
(S, — 10| cass < 7~ DC(m, d) [0t cmsr .
Multiplying both sides by ¢ and taking the sup for all ¢ € J,
(S; = Dolayrn = sup|(Sy — 1)o'|gant < 77" =DC(m, d) sup [v!|cmirt
ted teJ
< T_(m_d)C’(m,d)|v|m+1,1 < 77D (m, d)|v],,.

The operator S, commutes with partial differential operators, then for fixed t € J,

IV ((S; = 1)v") Qloa = |(S: — 1) (VV'Q) |ga < 77 DO (m, d)| V' Q| om
and hence
IV ((S- =)o) Qluz = sup |V ((S- = 1)v') Qlcat®
< 7= IC(m, d) ilel? VUi omt?

< 7D (m, d)|[VoQ o < 77" DC(m, d)|v] .-
This concludes the proof of this lemma because

(S, = Dol = max{|(S, — Dol [V (S, — Do) Qa)
< 7 NC m, d) o
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6.3.4 Homological Equation

We introduce some fundamental Gronwall-type inequalities that we widely use in
this section.

Proposition 6.2. Let J be an interval inR, ty € J, and a, b, u € C(J) continuous
positive functions. If we assume that

[ spisras

to

u(t) < af(t) + . Vteld

then it follows that

u(t) < a(t) + / ta(s)b(s)elfi bl gs| vt e . (6.16)

to

If a is a monotone increasing function and we assume that
t

u(t) < a(t) +/ b(s)u(s)ds ¥t > to,
to

then we obtain the estimate
u(t) < a(t)elo "™, i > 4. (6.17)

Proof. We refer to [Ama90)] for the proof of (6.16). Concerning the other, by (6.16)

u(t) < alt) + /t a(s)b(s)ef; br)dr g

to

for all ¢ > ty. Therefore, a is a monotone increasing function, then

¢ t
u(t) < a(t) (1 + / b(s)els b(T)des) = a(t)eo M)

to

for all t > t,. O

Given ¢ > 1, u > 0 and w € R"”, this section is devoted to the solution of the
following equation for the unknown s : T" x R™ x J — R™**™

(9,52(q,t) (@ + f(g,1)) +03e(q,t) + g, t) (g, 1) = 2(q, )

- F(q.t)
f € Scr+1,1> g,z S Sm (HEE)

Iflir <p lghs <p, |2]o2 < oo,
k|f|a,1 < o0 |g|a,1 < 00

where @ = (w,0) € R™™ and | - |, is the norm defined by (6.8). The functions
fiT"xR™xJ — R""™ 2 : T"xR™xJ — R*"™ and g : T"XR"™XJ — M,im
are given, where M,, ., is the set of (n 4+ m)-dimensional matrices. For the sake of
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clarity, we recall that 0,s¢(q,t) (w + f(g,t)) is a vector in R"*™ with j component
equal to

(Pupeta.t) @+ T@.0)) = Dpeyla.t) - (@ + F(a.1)
forall1 <7 <n+m.
If 1 = 0, the problem takes the easier form

2€S8,, |zlo2 < o0. '

When m = 0, this is the homological equation we have already studied in the third
chapter of this thesis (Lemma . Letting m # 0, following the lines of the proof
of Lemma |3.1] we have the following lemma

Lemma. There exists a unique solution »x € S, of (6.18)) such that

. t _
tl}-‘rmoo |% ‘CO N O

Moreover,
|%|0',1 g ’2‘0,2-

We begin with several estimates. We define ¢f as the flow at time t with
initial time ¢y of F'(q,t). We continue to use the notation previously introduced
where C(-) means constants depending on n, m and we indicate in brackets the
other parameters on which these constants depend. On the other hand, C' stands
for constants depending only on n + m. We recall that ¢ > 1 and we have the
following estimates.

Lemma 6.3. For allt, to € J, if t >t

Oyt Joo s < C(0) (1 1 floa In (i>) (i) (6.19)
to t

whereas if t < t

outlors < 0o (1+17am (2)) (%) (6.20)

with a positive constant ¢, depending on n+m and o.

Before the proof of this lemma, we observe that when ¢ = 1 and t > t,,

by (6.19), we have
t e\
1 In(— —
(i () ()

(@) 2 )"

for a suitable constant C' depending on n+m and ¢; > ¢;. Similarly, when ¢y > ¢,

|04 |co < C (1),

IN

|aq¢§0 |CO

IN
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6 The Abstract Theorem

Proof. For all ¢ € T" x R™, we can write ¢ in the following form

Uy (q) = q+/ F7 oy (q)dr

to
as a consequence of the fundamental theorem of calculus. Taking the derivative
with respect to ¢

Ot (q) = 1d + / 9, (f o vy () dr.

to
where Id stands for the identity matrix. We assume t > ¢y, and then the norm
C°~1 of the left-hand side of the latter can be estimated as follows

t
|04ty loo—1 < 1 +/ [T oup | dr. (6.21)
to

Case 0 = 1. By Proposition

t t
O oo < 1+ C / Fleodr +C / 7l |00 [codr
to to

for a suitable constant C'. We can easily estimate the first integral of the latter
t t 1 t 12
|fTcodT < —dr=In | —
to to T tO

t Cu t
0 Joo < 1+1n (t—) e / 7o 9,07 | dr
to

We know that |f|;1 < p and thus by Gronwall’s inequalities (6.17)

£\ " _—
0405, lo0 < (1 +In <t_> ) I T
0
Cn : \CH C1pb
< (1 +1In <i> ) G5 < o <i>
to I

for a suitable constant ¢; > 1.

and hence

Case o > 1. Similarly to the previous case, by Proposition

t t t
9,00 Joo 1 < 14C(0) ( / | loodr + / 7 loe |0t [Endr + / |fT|cl|aqwzo|caldT).
to to to

We have to estimate the first two integrals. We have already calculated the first

one,
t i N\ @on
/|f7|co|aq¢;|god7 < 0(0)/ o (t_) i
fo to T 0

()| flos (%) /t ldr
Clol
- ol (1) (£) -

IN
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6.3 Proof of Theorem@

In the second line of the latter, rather than directly integrating the member in

CiO ClOl
the first line, we prefer using the trivial inequality <%) < <%) to avoid

the term ﬁ because we do not assume that p is not zero. Thus, we can estimate
10,01, |co1 as follows

K C1ol
stles < e () ol () (3)

0 to
t
© Clo) / 7l |0, cndlr
to

Furthermore, thanks to Gronwall’s inequality (6.17))

040ty lor1 < <1 + C(0)In (i)u + C(0)|flo1In (i) (i) Cwu) L) Ji 1T crdr
tO t() to i
< <1+C’(0) In (i)M+C’(U)| Floaln (i) (i) 1 “) M)
tO t() t()
t\" t £\ 7\ /4 Clm
co (i) 1 (5) () ) @)
t t\ "
< (o) (1+ loa In (_)) (_) ,
to to

for a suitable constant ¢, > ¢;o. This concludes the proof when t > ¢y. Similarly,
we have the other case. O]

IN

We can see that the constant ¢, > c;0. This means that ¢, goes to infinity
when o — oc.

We consider R : T" x R™ x J x J — M,.,,, where M, ,, is the set of the
(n 4+ m)-dimensional matrices. For all (¢, 7,t) € T" x R™ x J x J, let R(q,t,7) =
{ri;(¢.t,7) }1<ij<ntm. We define the following family of norms

|7

Cs,

s = 12’2});“ |7“7;j (q, t, T)

for positive real parameters s > 0. We consider the following system

{R(q,t,f) = —g(¥i,(q), t)R(q,t,7)

R(q,7,7)=1d (R)

where ¢ is introduced in (H Fg|). In what follows, for fixed ¢, 7 € J, we denote
R(q) = R(q,t,7). The following lemma is dedicated to studying the latter system
and providing proper estimations of the solutions.

Lemma 6.4. The latter system admits a unique solution. Moreover, for all T,
t € Jwitht > t, letting R(q,t,7) = R(Y™(q),t,T), we have the following estimates

Rl < (D) (62
Rl < @) (1 U+l (D) (D)™ 629
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6 The Abstract Theorem

with a positive constant c® depending on n and o, where o and u are those defined

by (TE).

Also in this case, before the proof, we observe that when o = 1, by (6.23)), we
have the following estimate

Bl < (14 0rha+lahom (5) (5)

< (D)) ()" ()

for a suitable constant C' depending on n +m and ¢t > cf.

Proof. For all ¢ € T" x R™, by the theorem of existence and uniqueness, a unique
solution of @ exists. It remains to prove the estimates. We begin with the first
and then we verify the other. Similarly to the proof of the previous lemma, by the
fundamental theorem of calculus, we can write R in the following form

R =1+ [ (oo i 0) Belo)ds (6.24)

for all ¢ € T" x R™ and t, 7 € J with 7 > t. Taking the norm C° on the left-hand
side of the latter, we obtain

Rieo <1+ [ 190 v, Reloods < 14.C [ [gflool Bolends,
t t

for a suitable constant C' depending on n + m. Thanks to Gronwall’s inequal-
ity (6.17) and remembering that |g|11 < p,

T T C/'L
IR |oo < eCmI 3 < (;) .

Hence, letting ¢! = C, (6.22) is proved. It remains to prove ([6.23)). The composi-
tion of RL with ¢!°(q) is

Rlob(q) = Ri(q) =1 + / (g7 0 v (e)) B2 (q)ds (6.25)

for all g € T" x R™ and t, 7 € J with 7 > t. For ¢ > 1, we can estimate the C
norm of the right-hand side of the latter as follows

Rl <14 / (g° 02) Relonds. (6.26)
t

First of all, we estimate the norm into the integral. To this end, we use the
properties in Proposition [A.2]

(" 0u) Bolor < C(0) (19" 0 ¥5low | Bileo + 1" 0 wleol B lov )
9 0 Uiler < Clo) (19%lcr 1053120 + |9l 03l o + 19| co)
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6.3 Proof of Theorem@

and, thanks to the latter and (6.26)), we can estimates | R%|c- in the following way

Rler < 140(0) [ lgfler 0031zl Belends + Clo) [ Ig*lonlonilon | lcods
t t

+

o) / 6|0 | B2 oods + C(o) / 19°| ol B2 oo ds.
t t

Now, by (6.22) and Lemma , we can find upper bounds for the first three
integrals on the right-hand side of the previous inequality

/ 19° 0o |03 |70 | RS | cods <
t

IN

/’gs|01|aq¢f.’cal|éﬂcods <
t

r

16°|co | RE|gods <

<

ctols [+ (5 ()"
s (5) 7 [

C(@)lgloa1n (%) G)(wcﬁ)u

C(U)/t \QLM <1+|f|011n<8>> <£>(cg+c§)#ds
clon [L(5) e

C(o)|floapIn (%) /t ’ % (g) G
()

i) floaln < >(G>(%+eg)y_1>
/ cou

%(@%“—1).

Similarly to the previous lemma, in the second line of the latter, we use the trivial

estimate (E) (

Cc1 U+COR ) "

< ()l

Therefore, remembering that ¢io < ¢,,

- Colalatn (F) (1) e (7)1 1)

|[Riloe <

+

t t

C(o)[flon In (%) ((%) (oo _ 1) + C(0) ((%)C& — 1)

0) [ 197 ool el ds
t

C(o) (1 + (| flo1 + 19lo1) In (%)) (‘

t
]c<o> [ 19l Bl

Ty
t
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6 The Abstract Theorem

Now, let

alt) = 1) (14 ([ floa -+ oo (7)) (5) 79"

t t
we can rewrite the latter as follows

t
Rler < alt) + |Clo) / 9%l Rl cods|

We observe that a is a monotone decreasing function, and thus by the more general

inequality ((6.16)

Ries < alt) +Clo)

t
/ a<8)|gs‘00€’0(0—) f: |96|00d5’d8

< alt) + C(0)alt) / ' Ran()"™" s = a(t) + Co)alt) / g (;)C(")“ ds
— () (1 +C(o) ((%)CW - 1)) < C(o)a(t) (%)C(a)“
< @) (14l + 1l (D)) (5)™

for a suitable ¢ > ¢, + c%. m

As for ¢, of the previous lemma, we note that the constant cf goes to infinity
if 0 — 0o. To solve the homological equation, we must counter the growth of cZ
and ¢, taking u sufficiently small. It will be clear from the following lemma.

Lemma 6.5 (Homological equation). There exists a solution » € S,, (V) Q €
Sy_1 of (HEE|). Moreover, letting ¢z = max{cl + o, c® + c10,c + ¢, }, if

1

s

then

|Z|02 |f|al+|g|01
#lo1 < Clo)——— + C(o)——"|z|10. 6.28
o < Clo) g4 (o) HL g (6.29

o

Proof. FExistence: For fixed ty € J, let us define the following transformation
h:T"xR™xJ—T"xR"™ xJ
h(g,t) = (¢°(q). 1)
where 1 is the flow at time ¢ with initial time ¢y of F(q,t) previously defined. We
claim that it is enough to prove the first part of this lemma for the much simpler
equation
Oits(q,t) + g o h™ (g, t)r(q,t) = 20 h™ (g, ). (6.29)
If k is a solution of the latter, then 3 = ko h is a solution of (H Eg|) and viceversa.
For the sake of clarity, we prove this claim. Let ¢ be a solution of (H Eg|),
(o™ + (goh™) (seoh™) = (Ogcoh™!) Oy, + O o ht
+ (g o h_l) (% o h_l)
= (aq% o h_l) (F o h_l) + Ooh!
+ (go h_l) (50 h_l)
((0g7) F + Opse+g)oh™' = zoh™h,
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6.3 Proof of Theorem@

Since , we have the last equality of the latter. This implies that sco A1 is
a solution for (6.29). Let us first show that O F + 0:° = 0. We consider the
following trivial equality

Ui, 0¥ (q) = g (6.30)

for all ¢, tg € J and ¢ € T". Differentiating both sides of the latter with respect
to the variable ¢ € T", we obtain

Agr, 0 Vi (q) 0,01 (q) = 1d

and by the above equation

-1
041 (q) = (O, 0 ¥1°(9)) - (6.31)
Taking the derivative with respect to ¢ on both sides of ([6.30)

d
0= — (U4, 0 ¥*(9)) = Igthy, © U (@)0r’ (g) + Dudf, 0 ¥1°(a)-
Hence, 9yi°(q) is equal to

-1
0 (q) = — (0gt, 0 ¥ (@) Dy, 0 ¥ (a). (6.32)
Therefore, thanks to (6.31)) and (6.32), we can rewrite 9,10;°F + 9;1}° = 0 in the

following form

D (q) F g, t) + Dbl (q) = (940%, 0 vi(q)) " (Fla,t) — 8t o 41 (q))

for all t, tg € J and ¢ € T". This implies the claim because

F(q,t) — iy, o (q) = Flq,t) — F(¢y, 0¥ (q),t) =0

for all ¢, tg € J and q € T™.
Now, let x be a solution of (6.29))

Og(koh)F + 9y(koh)+g(koh) = (Jgkoh) (Oghi°F + 0pbi°) + ko h
+ g(koh)
= Okoh+g(koh) =z

Hence k o h is a solution of (HFEg|), where the last equality of the latter is a
consequence of (6.29)).

Now, we can reduce the proof of the first part of this lemma by studying the
existence of a solution for the easier equation (6.29). For all (¢,%y) € T" x R™ x J,
let R(q,t,ty) be the unique solution of (]ED Then, a solution x of the above
equation exists and

w(@t) = Rt to)e(g) - / R(g.t.7)z 0 h™\(g, 7)dr

to

— R(g.tt) <e(q) - / t R(q,to,T)zohl(q,T)dT>

to
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6 The Abstract Theorem

with a function e defined on T" x R™.

Estimates: We choose e in such a way that

+oo
)= [ Rlator)zoh g
to
It is well defined because by Lemma and ((6.27)),
+0o0o
< [ RSl oodr

to

400 C(I){M
T Z
C’/ <—> | |g’2 dr
to 2(:0 T

“+00
/ R(g,to, )z 0 ™\ (q, 7)dr

to

<
“+o0o
— C’|Z|IS’2 / T2 s
tgo . to
_ [2lo2 1
1—cliuty
Furthermore,
~+o0 .
#(q,;t) = kKobh(qt)=— R. o4 (q)2" o Wf (q)dr

t

+o00 oo
. / R 04t 0 47 (q)2" o 47 (g)dr = / R o4 ()" o 97 (q)dr

is the solution of (H Eg|) we are looking for.

The estimate ((6.28]) is a consequence of Proposition , the two previous
lemmas and ((6.27)). For all ¢ € J and by Proposition , we can estimate |s'|co
as follows

+o0 B
]er < C(o) / IRL|ol =™ 0 0 ]oe + | B 04|l | codr.
t

Moreover,

o ufles < C(0) (|27 lor 07 120 + 17|t 10uT oot + |7]eo)
R0 wflos < C0) (1R e |07 [0 + | R e |07 oo 1 + [ RE oo

and replacing the latter into the above integral
+o0 o0
#ler < o) [ IRl ler 007 odr + (o) [ [Reloole7lcn 0y o
t t
+oo +oo
) [ R er 007 o lendr +C(0) [ IR cn oy o | |ovdr
t t
+o00
+ C(U)/ |Ri|cO|ZTlcodT.
t
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6.3 Proof of Theorem@

Now, we have to estimate each integral on the right-hand side of the latter. First,
we observe that, for allt € Jand z < 1

It is obtained by integrating by part. Then, using Lemma [6.3, Lemma [6.4] (6.27)

and the latter

+o0
| IRl o o
t

+oo
/ |Rf_|co|ZT|Cl|aq¢z—|CafldT
t

+o0
/ IR | ol =7 |oodr
t

+oo _
/ (B | 007 |0l " codr
t

IN

IN

C(o)
C(o)

C(o)

/+oo |Z|U’2 <7—) (céﬁ-éur)u d
¢ T2 \t

T

+
|Z|a,2 ) / 00 T(c§+510)‘u72d7
mJy

t(c(l)?'—i—élo

|2]02 1

1—(cft+co)pt

co) [ (1 iam (7)) () a

C(o)
(o)
C(o)
(o)

C(o)

of

cto) [ <1+(|f|01 gl n (7)) oz (2yF52

C(o)

C@) (o +llon) [ (F) 22 (1)
C(o)

C(o)

T 2]y 7 (cf+ea)n
/t () !
()G

+o0o |Z|1 5
f
[

T

dr

T > (cfiteo )

t

“+o0o
/ Fleies)u=2,
t

’2\1,2‘f|a,1

|2 |1,2 1
1—(cff+c,)pt
|z|1,2|f|0,1 1
1 — (cB + cp)p (et +ealn
|2]1,2 1
: -+ C(o
1—(clt+co)ut ( )(
[zhoa @ = o
1

|z[o2 1

1
-
L= (g +eo)p)” 1

—cltut

T2 \{

+oo ‘2102 T (c§+510),u
== d
/t T2 (t) T

|2]o,2 1
1—(cB+copt

72 \t
12|02 (I floq + 19l01)

T

(1~ (B + o))’
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6 The Abstract Theorem

/t+oo!Ri\cﬂ@qwﬂco—l\zflcoch < C(a)/tm |ZT|gv2 (14 1floatn (3)) G)(Eﬁ%)ﬂd

- o [

T2 \t
too |z N /7 (efi+eo)n
+ C(a)/ | |g’2|f|0711n <—> (—) ' dr
‘ T t t
20,2 1 1Zloa|flog 1
= C(o — -+C(o ’ : -
( )1—(C?+Ca)ut ( )(1—(5{?+ca)u)2t
Then, thanks to the latter
2] |2]1,2 |2[1,2]f o
et < C(o) 24 : + 21/ lo,
L—(cff +ao)p  1—(cff+c)u (1 (cf+co)p)
. |2]0,2 |2]0,2 . 2[o2 (/o1 + [9o1)
L—cin  1=(cF+ao)p  (1—(f+eo)p)
+

’Z|0,2 . |Z‘0,2‘f’0,1 )

L—(eff +co)p (1= (R +co)p)

|2].2 (Lf o1 + 19lo,1)
< C 5 + C ) )
— (a>1 - Cg/,l/ (0) (1 o C:;ILL)Q ’2‘12

for all t € J, where we recall that ¢ = max{c{’ + ¢,,cf + ¢,0,clt + ¢, } . Taking
the sup for all £ € J on the left-hand side of the latter, we conclude the proof. [

6.3.5 Regularity of F

We begin this part by reminding the following families of Banach spaces introduced

in Section [6.3.3] {(A%, | - | }oz0, {(B%, | o) }oz0 ANV, |- |o)}oz0, {(25, 1 |6)}oz0
such that, for all o > 0,
A7 = {a T xR x J = R | a € Syp and |aly = |alosro + |9galos < oo}
B = {b T x R™ x J — R™™ | be S,pp and |bly = [blosrs < oo}
Vo= {U;T" X R™ % J 5 R™™ |y e Sy, (Vo) R ES,
and [v], = max{[v]ps11, | (V0) Qo) < oo}

Z° = {Z:T” XR"x J=R"™|z€S8,, and |z|, = |2],2 <oo}

where (Vv) Q = (0,v) 0+ 0. Let s and T be the positive parameters introduced
by , we define the following Banach space

M = {m:T”mexBxJ—>Mn+m|m685+1and|m|:|m|s+1,0§T}
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6.3 Proof of Theorem@

where M, is the set of (n+m)-dimensional matrices. We consider an additional
family of Banach spaces {(X7,] - |5)},~, such that, for all ¢ > 0, X7 = A7 x B
and for all x € X?, |z|, = max{|al,, |b|,}. Now, we have everything we need to
define the functional F more precisely. Let F be the following functional

F:XXMx Mx VYV — 20

F(z,m,m,v) = (Vo) Q+ 0,0 (b+ (Mo @)v) + dya+ (9,b) v+ Iym o p - v°.

Thanks to Proposition [6.1] it is straightforward to verify that F is well defined.
We observe that, for all (b,m,m) € B x M x M, letting 2° = (0, b),

F(2°,m,m,0) = 0.

Let § and by be as in . Obviously, by € B* C B°. Moreover, we recall that
by satisfies the following estimate

|bo|1 < 4.

We fix z¢p = (0,b9). For all ¢ > 0 and for a suitable parameter 0 < ¢ < 1, that
we will choose sufficiently small with respect to ¢ in Lemma [6.6] we define the
following subset of X7 x V?

OZ = {(SL’,’U) c X% x V- |.§C —1‘0‘07 |U’G < C} C X% x)Ve.
Let m, m € M be as in , we consider the following functional
.Fm’m . Og — ZO

such that, for all (z,v) € OY,

‘Fm:m(‘r7v) = .F(:C,m,m,v).

It is well defined, continuous and F,, (2o, 0) = 0, where xy = (0, by) is the element
of X0 previously introduced. This section aims to prove that F,, satisfies hy-
potheses H.1-H.4 of Theorem [6.1] Then, Zehnder’s Theorem ensures the existence
of a CP-weakly asymptotic cylinder associated to (Xu, X, ¢o).

In the proof of the following lemma, we widely use the properties contained in
Proposition [6.1] without specifying them each time.

Lemma 6.6. F,,  satisfies hypotheses H.1-H.4 of Theorem [6.1]

Proof. H.1. Smoothness: Fm(z,+) : VO — Z% is two times differentiable with
respect to the variable v and

Dv]-"mm(a:,v)@ = (V) Q-+ (8qf)) f+ g0,
D2 Fpi(m,0)(0,8) = (9,0) fo + (0,0) fo + 07 g0,
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6 The Abstract Theorem

with
[ = b+mod)y,
g = b+ 0 (Fpmo@)v+du(mog)+or (8zqmog5)v+2(aqm0g5)v,
.f mogﬁ—l—(@pﬁ’LO@)v,
f = (Opymo@)v+mog,
g = 04 (@%m 0 @) v+ 20,0 (dpmo @)+ v (a;aqm °o@)v

+ 4 (8§qm o gé) v+ 20,m o @,
where T denotes the transpose. We have to verify that
’vam,m('xav)l[h |D3Fm,m<xa7})‘0 S C

for all (z,v) € O and some C > 1.

In the latter, we consider the norm corresponding to the Banach space (29, - |o).
Referring to the notation introduced by (6.8)), this norm coincides with | - | 2. For
all o € V°,

| Dy Fonm (1, 0)0]0,2 | (V9) Qo2+ C (| floalolia + lgloa|lo)

<
< [0lo (L4 C (| flog + 1glo1))

where we recall that [0]g = max{|0]11, | (V) Q|o2}. Moreover, for all (z,v) € OF
and m € M,

[floa < C([blog + [v]o,1lmloo) < C([blo + [vlo[m]o,0)
< C(|bolo + b —bolo) + C (|v|o]mlooe) < C(d+¢) +CYC

l9lon < C (|b|1,1 + |v]o1|ml10lv]11 + V)11 + (|U|o,1)2 Im|2,0 + |U|0,1|m|1,0) )
< O (Iblo + (Jv]o +[v[5)T) < OB +¢) + CTC.

This implies the claim for D, F,, 5 (z,v). Similarly, we have the claim for D F,, ;(z,v).

H.2. Fm is uniformly Lipschitz in X°%: For all (x1,v), (z2,v) € OF, remem-
bering that |z|o = max{|alo, |b]o},

|0,0(by — ba) + (Oga1 — Oyaz) + (Oyby — O4b2)v]0 2
C|b1 - b2|0,1|U|1,1

C (19401 = Oqa20,2 + [br — ba|1,1]v]o,1)

C (|br = bao|v|o + |a1 — azfo + b1 — bao[v]o)
C(1+¢)|x1 — 2o,

| Fonm(21,v) — Fm,fn(x% U)|0,2

ININ + A

which proves H.2. Now, we verify H.4 before H.3.
H.j4. Order: The first two conditions of Definition [6.3| are satisfied, meaning

(29,0) € X* x V* and F,, (O?ﬂ (X7 x V")) C Z% for all 1 <o <s. We verify
the tame estimate.
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6.3 Proof of Theorem@

Forall1 <o < sand (z,v) € O (X7 x V), we rewrite the functional Fp, 7
in the following form

Fom(z,0) = (Vo) Q+ 00 (bo + (b —by) + (Mo @) v) + Jya
+ (Oybo) v+ 0y (b—by) v+ Oymo @ -v>.
We assume |x — z¢),, |[v|o < K, then
|}—m,ﬁz($a U)|U,2 < | (Vv) Q|U,2 + | (aqv) b0|a,2 + | (6,11)) (b - bO) |072 + |aqv (m © 95) U|U,2
|a|g.2 + | (Do) v]s2 + 10y (b = bo) Vo2 4 |Ogm 0 @ - v?],2.

We have to estimate each term on the right-hand side of the latter. The terms
lal,2 and | (Vv) Q|,.2 are bounded by K. We estimate the others

100 (04v) |52
| (9gv) (b —bo) |02

o)|bols+1,1|v|o11,1 < C(0)]bols|v]o < C(0)|bols K

) (|0qvo,1[6 = bola,1 + 9]0 — bolo,1)

o) (|v]1,1[b = bolo1 + [V]o11,1[b = bolo,1)

) ([v]o[b = bols + [v]o]b = bolo)

o)(K < C(0)K
) ([0gv (M 0 @) [o1[v]o,1 + |Fgv (M 0 @) [o.1]v]5,1)
)vlo ([m o @laolvlo + [mfoolv]s) + C(o)|v]s|Mloo]v]o
Mvlolmloo(L + [v]§ + |v]s)|v]o + C(o)( v,

o)TK
)
)
)
)
)
)
)
)

Q Q Q

C

Q

|00 (1M © ) V]2 o

Q

o

Q

Q

Q

| (O4bo) V5,2
104 (b — bo) o2

o)|bolst1,1[v]|on < C()|bo|s K

o) ([vl0,116 = bolo+1,1 + V][0 — bol1,1)

) ([v]o[b = bolo1 + [v]4]b — bolo)

o)CK < C(0)K

o) (| (Ogm o @) v]o1|v]er + | (Fgm o @) v]s1v]o1)
o)|mliolvfofv]s

Q Q Q

C
C
C(a)|vlo (19m 0 @laplvlon + [9gm o Gloo|v]s)
C(o)CTK + C(o)[vfo|m|er1,0(1 + [v]7 + [v]o)v]o
C(o)TK

Therefore, H.4 is satisfied. Now, we fix § < X, where s is the positive parameter
defined by (kg|) and ¢X is the constant in Lemma . Furthermore, we choose ¢
depending on ¢ in such a way that

|0;mo @ - v2|072

C(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

AN AN VAN VAN VAN AN VAN AN VAN VAN VAN VAN VAN VANRN VAN VAN VAN
Q

5+ CYC < clx (5¢)

for a suitable constant C' depending on n + m. This hypothesis is crucial if we
want to define a right-inverse of F.

H.3. Emistence of a right-inverse of loss 1: In this part, we prove that for
all (z,v) € Of N (X7 xV7) with 1 < o < s, a right-inverse of loss 1 is well
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defined. This means that, for all (z,v) € Of N (X7 x V7), there exists a liner map
Nmm » 2° — V71 such that D, F, (2, 0)mm(x,v)z = 2z for all z € Z7. In other
words, for all z € Z7, we have to solve the following equation in the unknown v

Dy Fonm(,0)0 = (VO) Q+ (9,0) f + gb = 2, (6.33)
where f and g are defined at the beginning of the proof of this lemma. If
[flia <6+CYC gl <0+ CYC, (6.34)

thanks to Lemma and , a solution to the above equation exists. It remains
to verify the estimate on |f|;; and |g|1 1.
For all 1 <o < s and (x,v) € O,

[ flog < [bloa + [ (Mo @)vler < [bloy + C(a) (|m o Ploolvlon + Mo @loo|vls)
< Jblo—r 4+ C(0) (Y (1 + (0] + [v]on) [v]on + T|v]s1)
< blo—1 + C(0)T|v]oa

9loa < [bloyra + 1050 (8ym 0 @) v]oa + [Ogv (M0 @) |oa + [0 (02, 0 @) voa
+ [ (Ogmo @) vl
< [blo + C(a)T|v],.

Taking o = 1, we obtain

|flin < [blo + CYvlo < |bolo + |b— bolo + CY|v|o

< (040 +0CTC<o+07C (6.35)
lglin < bl +C(o)Y|v]i < [boli + |b— boly + CY|vlo,

< (6+QO+0YTC<o+0TC (6.36)

This implies the claim. The second part of this proof is dedicated to verifying
and . In what follows, we drop the indexes m,m from F and 7 to achieve a

more elegant proof.
For all (z,v) € O} and z € Z*

In(z,v)z]o = max{|n(x,v)z|11, |V (n(z,v)z) Q|0,2}-

By Lemma (more specifically (6.28])), and the previous estimates concern-
ing [fl11 and |g11

In(z,v)z[1,1 < C(6, ¢)l2]1,2 = C(6, Q)| 21
Moreover, as a consequence of ((6.33)), the latter estimate, (6.35]), (6.36)) and

IV (n(z,v)2) Qo2 = |2 =09, (n(z,v)z) f — g (m(z,v)2) oz
< zlo + C|flogln(z,v)z|i1 + Clgloa|n(z,v)2]o1
< [zfo + n(z,v)z|11 < O, Q)21

This implies because

(2, v)2lo = max{|n(z, v)z}11, |V (1(2,v)2) Qo2} < C(6,¢)|2]1-
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6.3 Proof of Theorem@

Conserning ([72)), for all 1 < o < s and (z,v) € O} N (X7 x V7), we assume
|x — z0l,, |v|s < K and we recall that

(2, v)F (2, 0)|o-1 = max{|n(z, v) F(z,v)le1, |V (n(z,0) F(2,0)) Qlo1.2}.

We shall prove that the two norms on the right-hand side of the latter are smaller
or equal to K multiplied by a suitable constant.
We consider the estimates of | f|,1 and |g|,1 calculated above

[flog < [blo—1 + C(0)T|v|o—1

< bolos + |b— bolos + C(@)L|0]o—r < |bo]s + C(0)TK
9lon < [ble + C(0)Yvl,,

< bolo + [b— bols + C(0)Y]0]s < [bols + C(0)TE.

Furthermore, by and
[floa <1, lglog < 1.
Moreover, thanks to H.4 and
| F(z,0)|12 <CYC <1, |F(z,v)]p2<C(0)TK.
Now, by and the above estimates

|77(J],U)J—'.(ZE,U)|U71 C JvTa(;?C
C(o,71,9,¢

( (@, 0)lo2

(
C(0,7,6,¢

(

(

(

(Flon + 1glo) |F (2, 01,2

[ F (2, 0)]0.0

(Ibols + C(o)TK) | F (2, 0)[1,2

(14 [bols) [F (2, v)]o,2
K|F(z,v)|12 < C(o, |byls, T,0,0) K

C(o,7,0,¢
C(o,7,0,¢
C O-aT757C

~— N N~ N

+ IAN F+ IAN F+ A

and by (6:33)

IV (n(z,0)F(2,0)) Aoz = |[F(2,0) = 0y (n(z,0)F(z,v)) f = g (n(z,0)F(2,0)) [o-12
< F@,0)lo2 + 10, (n(z, v) F(2,v)) flo-12
+ |g (77(5570)}—(3%“)) ’072'

It remains to prove that each term on the right-hand side of the latter can be
estimated by K multiplied by a suitable constant. By H.4, this is true for the first
term |F(z,v)|s2. We will prove it for the others using the estimates previously
verified

|05 (i, 0) F(z,0)) flo-1,2 C(o) (In(z, ) F(z,v)|eal flox + [n(z, v) F(z, v)[11]flen)
C(Ua |b0|87 T7 67 C)K‘f|0,1 + C<6> C)’f(uv U)|1,2|f‘0,1

C(Ua |b0|sa T? 57 C)K

IA A IA
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and similarly

g (n(z, v)F(2,0)) o2 < Clo) (9loaln(z, v) F (@, v)|on + |gloi|n(@, v) F(z,v)|01)
< C(o) (In(z,v) F(z,v)lo1 + [9loaC (8, O F (2, 0)]12)
< Cos|bols, 1,6, Q) K + C(0,6,¢) (bo|s + C(o)TK) [F(z,v)]1,2
< Cfo, |bols, T, 0, Q) K + C(0,6,C) bols| F(z,v)]02
< C(0bols 1,8, Q) K.
This concludes the proof of H.3 and also of this lemma. n

6.3.6 (C’”-Weakly Asymptotic Cylinder

We proved that, for fixed m, m € M as in (kg)), the functional F,,  satisfies the
hypotheses of Theorem [6.1} Then, there exists v : T x R"™ x J — R™*™ such that

¢ = (id,v")

is a CP-weakly asymptotic cylinder associated to (Xp, X}, wo). We recall that H
is the Hamiltonian defined by , h is the Hamiltonian in and (g is the
trivial embedding g : T" x R™ — T™ x R™ x B"™™ ©y(q) = (¢,0). Moreover,

letting I' = b+ (m o @) v (see Section [6.3.2)),

G,

[blp1 + [ (M0 @) v],n

bo]p,1 4 |b = bo|p1 + | (Mo @) V],

b0l p1 + 16— bola1+ | (Mo @)v]|,1 < |bolpn + &+ CYC

|U|p71
|F|p,1

VAN VAR VARRVAN

for a positive constant C' > 1 depending on n + m. It remains to prove that ¢! is
Lagrangian for all ¢ € J. First, we observe that

Tlia < |bolig+e+CYC<I+e+ CYC.

Letting ¢ ;. be the flow at time ¢ with initial time ¢, of @ + T, we have the
following proposition

Proposition 6.3. For allt, ty € J, if t >ty

)

£\ CO+e+CT10)
’aqwfo@+r‘co < C (t_)

0

for a suitable positive constant C'.

Proof. Similarly to the proof of Lemma [6.3] we have the claim. We observe that
the constant C' in this proposition may differ from that in the estimate of |I'|; ;
previously calculated. [

Let ¢;, 5 be the flow at times ¢ with initial time #, of H, the following lemma
concludes the proof of Theorem [E]
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6.3 Proof of Theorem@

Lemma 6.7. ©% is Lagrangian for all ty € J

Proof. Let o« = dp A dq be the standard symplectic form associated to (¢,p) €
T xR™ x B"x B™. For all fixed ¢, ty € J, the flow @/Jt i 1s a symplectomorphisms.
This means that, for all fixed ¢, tg € J, (¢7,)*a = a. By 6.7,

1/);5(())-"[-{15 o (,Dto — sDto-‘rt o Qp:g;ﬁrp (637)

and taking the pull-back with respect to the standard form « on both sides of the
latter, we obtain

(") (rg ) @ = (Y Gar) (¥ 7).
We remind that wt“t is symplectic, then letting (¢;°"")*a = o on the left-hand
side of the above equation, we have

(P = (Y 5sr) (7 e

We want to prove that, for all ¢ € T" x R™, ((¢")*a), = 0, where ((¢')*a),
stands for the symplectic form calculated on ¢ € T x R™. The idea is to prove
that, for all ¢ € T™ x R™, the limit for ¢ — +00 on the right-hand side of the
above equation converges to zero. We know that ¢ (q) = (¢, v"**(q)), then for
all g e T" x R™

((?ﬁfﬁfﬂr) (o) 0‘) = Z Z af,j,k,d(Q)ko A dqq

/ 1<i<j<n+m 1<k<d<n+m
where
t to+t to+t to+t to+t
ai,j,k,d(Q) = (ainjO ° ¢t§,w+r(Q) 0g; ;""" 0 %? w+F( ))

X (aqk¢§8;ir,i(Q)aqdwfgﬁrnj( )_8Qd¢€8:gt+l—‘ () qﬁﬁfg,fﬂrj( ))

In the latter x stands for the usual multiplication in R. Then, for ¢ > 0 and fixed
1<i<j<n+m,1<k<d<n+m,by Proposition [6.3

IN

to+t i tott to+t 1 to+t
|al}ivj © wto,mr - 8‘1]‘ v, © ¢to,w+r o
to+t to+t to+t to+t
X |611kwt0@+l",iaq(iwto 4T — deto,@JrF,ianwto,@JrF,j‘CO
to+t to+t
(‘afﬁ”j }00 + ’aqﬂ’z ’00>

to+t to+t to+t to+t
<‘a(Ikwt0,(I)+F,i|Co }afIdwto,(DvLF,j‘CO + }aqdwto,wﬂ“,i‘co |af1kwto,w+1“,j‘00)

¢ 1o + 1\ CE++CTO)
m+t(t0>

t
|O‘z’,j,k7d}co

IN

X

< CPo e (|00, Hleo) < C

to,w+I

for a suitable constant C' > 1. Thanks to and for € small enough, taking the
limit for ¢ — 400 on both sides of the latter, the term in the last line converges
to zero. This concludes the proof of this lemma. ]
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7 The Three-Body Problem plus Comet

7 The Three-Body Problem plus Comet

This chapter studies the existence of suitable motions for a planetary system (pla-
nar three-body problem) perturbed by a given comet coming from and going back
to infinity, asymptotically to a hyperbolic Keplerian orbit.

In [Arn63b] Arnold proves the existence of quasiperiodic motions for the Hamil-
tonian of the planar three-body problem. In this work, we follow the setting of
Féjoz [Fé02], which provides more general solutions. In a rotating frame of refer-
ence, the author proves the existence of quasiperiodic orbits with three frequencies
for the Hamiltonian of the planar three-body problem. Before the symplectic
reduction by the symmetry of rotations, these quasiperiodic motions have one ad-
ditional frequency, which is the angular speed of the simultaneous rotation of the
three ellipses. Furthermore, before the symplectic reduction by the symmetry of
translations, each of these invariant tori translates into a 1-parameter family of
invariant tori parametrized by the center of mass of the planetary system.

In a neighbourhood of these quasiperiodic orbits, we want to perturb the Hamil-
tonian of the planar three-body problem with a time-dependent Hamiltonian that
quantifies the interaction of the planets with the given comet. In this chapter,
we prove the existence of orbits which are close (in a sense that we will specify
later) to the quasiperiodic motions associated with the Hamiltonian of the pla-
nar three-body problem. The proof relies on Theorem [E| proved in the previous
chapter.

7.1 Reduced Problem and Result

Consider three points of fixed masses mg, m; and msy undergoing gravitational
attraction in the plane and a comet of fixed mass m.. The comet comes from and
goes to infinity, along a hyperbolic Keplerian orbit. We assume that the motion
of the comet is a given smooth function ¢(t) and that only the planetary system
is influenced by the comet. We assume,

d

E|C<t>| —t—4o00 U > 0.

|c(t)] =t5400 00,

By the latter, there exists ¢y > 0 such that

d

<
—dt

le(t)] < 2v (7.1)

N <

for all t > tg. At the risk of replacing t by t + to — 1, we can take tyg = 1.
Let J = [1,+00), for a positive parameter 0 < ¢ < 1, the phase space is the
space

(7.2)

. VO<i<j <2 x; #x;
{((xiayi)0<i<2:t) € (R* xR® )3 xJ ‘ ||-?i)|‘ e ]}
c(t

of linear momentum covectors (o, y1,y2) and position vectors (xg, z1,x2) of each
body. The Hamiltonian of the planar three-body problem plus comet (P3BP+C)
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7.1  Reduced Problem and Result

is

where G is the universal constant of gravitation that we may suppose equal to 1.
It is the sum of the Hamiltonian of the planar three-body problem H, and the
Hamiltonian of the interaction with the comet H,.. Let ¢y be a 1-parameter family
of invariant tori for H, supporting quasiperiodic dynamics with four frequencies
and v{ 5 be the flow at time ¢ with initial time ¢, of H

Theorem F. Let H be the Hamiltonian of the P3BP+C. Then, there exist con-
stants C(Hy, o) depending on Hy, @9 and C(H) depending on H such that if
C(Hy, ¢v) C(H)

()] > - 0 VT (cv)

for € small enough, there exists an open subset W C (R? x ]R2*)3 such that, for
all x € W, w{H(:r;) 15 a weakly asymptotically quasiperiodic solution associated to

(XH7 XHo? ()00) .

As mentioned before, we observe that the existence of ¢y is guaranteed by [Fé02].
Furthermore, we will see that the constants in are specified in Proposition ,
Lemma [7.3 and Lemma [7.9]

Before going into the details of the proof, we will prove the following property

Proposition 7.1. If

1 2
D > - > — 7.3
()] > 2, v, (7.3
then ;
sup —— < €. 7.4
RAED] (74)

Proof. By (7.1) and the fundamental theorem of calculus

k@ﬂ+g@—i)§kﬂﬂﬁkﬂﬂ+2wﬁ—U (7.5)
for all ¢ > 1. Thanks to the latter, we can estimate @ as follows
t 1+ (t—1)

@]~ le(D)] + 5 —1)°

for all ¢ > 1. Thanks to ([7.3)), the claim is true for ¢ = 1. Now, we suppose that
there exists ty > 1 such that

14 (to—1)
D+ 21 =

We can rewrite the latter in the following form
1—ele(1)] > (gv - 1) (to — 1)

and this is a contradiction because, by (7.3)), 1—¢[c(1)| < O and (v — 1) (to—1) >
0. [l
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7 The Three-Body Problem plus Comet

7.2 Proof of Theorem [F
7.2.1 Quasiperiodic Motions in the Planar Three-Body Problem

This part is dedicated to a very brief introduction to the work of Féjoz [Fé02]
concerning the existence, in a rotating frame of reference, of quasiperiodic motions
with three frequencies for the Hamiltonian of the planar three-body problem. This
result is an important element for the proof of Theorem [F]

In this work, the author splits the dynamic into two parts: a fast, called Kep-
lerian dynamic, and a slow, called secular dynamic. The first describes the motion
of the bodies along three ellipses as if each body underwents the attraction of
only one fictitious center of attraction. The slow dynamic describes how the mu-
tual attraction of each planet deforms these Keplerian ellipses. There is a natural
splitting

Hy = HKep + Hper

of the Hamiltonian when one uses the Jacobi coordinates.

The author defines the perturbing region contained in the direct product of
the phase and parameter spaces. In this region, the Hamiltonian of the planar
three-body problem is C*-close to the dynamically degenerate Hamiltonian of two
decoupled two-body problems. In order to get rid of the degeneracy of the Kepler
Hamiltonian Hyep, in a suitable open subset of the above-mentioned perturbing
region, he introduces the secular system. It is obtained by an averaging process.
It consists in averaging along the Keplerian ellipses parametrized by the mean
anomalies \; and Ay of the two fictitious Kepler problems where the Keplerian
frequencies are non-resonant. We thus obtain an integrable approximation.

After the reduction by the symmetry of rotation and far from elliptic singu-
larities, the phase space of the secular Hamiltonian contains a positive measure of
Lagrangian diophantine invariant tori.

The claim relies on a sophisticated version of KAM theorem, which is proved
using a normal form theorem due to Herman.

Jacobi’s Splitting and Keplerian Dynamics. Let three points of masses mg, mq
and mo undergoing gravitational attraction in the plane. We consider the following
phase space

{(xiayi)OSiSQ € (R* x RQ*)S |0<i<j<2 m# %‘} :
The Hamiltonian of the planar three-body problem is

2

’yi|2 m;ms;
H, = — —rJ
e =Y b 5

- — Z;
=0 0<i<y<2

In order to carry out the reduction by the symmetry of translations, he chooses
the following symplectic change of variables

Xo = 29 Yo=yo+uy1 + 1
X1 =x1 — 29 Yi =y +01y2
Xo = X9 — 00T9 — 0171 Yo =1
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7.2 Proof of Theorem@

where op = mo’i(;m and oy = mo’ilml The coordinates {(X;,Y;)}izo12 are the well-
known Jacobi coordinates. In these variables, the Hamiltonian Hy does not depend
on X (because of the symmetry by translations). This means that, considering the
frame of reference attached to the center of mass and if Xy # 0, the system is then
described by the 4 Jacobi coordinates {(X;,Y;)}iz12. The reduced Hamiltonian

can be written as

HO = HKep + Hpera

where Hpep, is the degenerate Hamiltonian of two decoupled two-body problems
and H,., is the perturbation. More specifically, Hg., is the completely integrable
Hamiltonian of two fictitious bodies which revolve along ellipses around a fixed
center of attraction without mutual interaction.

Now, we introduce some notations concerning the Keplerian dynamics. This
part is necessary in order to be able to define the above-mentioned perturbing
region. For the ith fictitious body, with ¢ = 1 or 2, the mean longitude will be
designated by \;, the semi-major axis by a;, the eccentricity by e;, the ”centricity”
\/1 — €2 by €;, the argument of the pericenter by g;, the mean motion by v; and the
difference of the arguments of the pericenter by g = g; — go. We also introduce the
well-known Poincaré coordinates (A;, \;, &, 7;), where we refer for example to the
notes of A. Chenciner and J. Laskar [Che89, Las89] or the work of J. Féjoz [Fé13].

Perturbing Region. To measure how close the outer ellipse is from the inner
ellipses when they are in opposition, the author defines

| X1
A — max maxy0g9,01 7= — IMaxX 0y, O
(A1,A2,9)€T3 { 0 1}|X2| { 05 1}

a;(1+e)
a2(1 — 62)‘

He assumes that A < 1. This means that the outer ellipse does not meet the other
two, whatever the difference g of the arguments of the pericenters. Moreover, the
eccentricity ey of the outer ellipse cannot be arbitrarily close to 1. He also assumes
that the eccentricity of the inner ellipses is upper bounded from 1.

Let B be the reduced symplectically by translations phase space and 9t be the
space described by the three mass parameters mg, m; and ms.

Definition 7.1. For a positive parameter 6 and a mon negative integer k, the
perturbing region 1% of parameters 6 and k is the open subset of P x M defined
by the following inequality

3
mo aj \ 2 [Ll\/M aq 2 1 5 76
max Mo\ ) 3 - B24K) 1 A\Zkt1 <0, (7.6)
1\ 02 Mp N2/ ) & (1= AR

momi
mo+my°

where My = mqg+my, M =mg+ mq + ms and 1y =

Féjoz writes in his work that this inequality is not optimal and the given
powers are not meaningful. He justifies this definition by proving that, inside
the perturbing region, the perturbating function is d-small in a suitable C*-norm.
Another remark is that ﬁ prevents the outer body from getting too close

€2

from collisions with the fictitious center of attraction (X, = 0) and the factor
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7 The Three-Body Problem plus Comet

W prevents the two outer bodies from getting too close from each other

(zo = x¢ or z1). For the proof of Theorem [F] where the masses are fixed, note
that the inequality may be satisfied merely by assuming that (;—12 < 1 and
€5 < Cst < 1. This is the so-called lunar or hierarchical regime.

If z; and z; are two quantities, let 2 = min{z, 20}. When 6 — 0, let

I} = (T x R?) N {A = O(\g)} N {0 = O(th)}

be open sets of IT§ x R?, where (A, ©)) stands for coordinates of R?. These open
sets can be thought of as fiber bundles over the parameter space 9 x R?. The
additional parameters (A, 0j) are meant to localize the particular region on which
we focus in the phase space.

Elimination of Fast Angles. In order to get rid of the degeneracy of the Ke-
plerian Hamiltonian and hence apply the well-known KAM theorem, the secular
Hamiltonian is introduced. Let d and k be suitable positive integers. On a suitable
open set H’g of 1:[{}, the author proves the existence of a C*°-symplectomorphism
¢¢ which is d-close to the identity in a suitable C*-norm. The Hamiltonian Hy o ¢¢
can be split as follows

Hyo¢?=H?+ H¢

comp’

where H Cdomp is of size O(§%%1) on ﬂ’;+d(7+4 . The secular Hamiltonian is H?, which
is Poschel integrable. It can be split into an integrable part HZ, and a resonant
part HZ_ of size O(6). The infinite jet of H_ vanishes along a suitable Cantor set.
In what follows, we only give an idea of the proof. It consists of a finite iterating
procedure. The symplectomorphism ¢¢ is the composition of d time-one maps '
of a sufficiently small (on a suitable C* norm) autonomous Hamiltonian vector
field. To this end, let F' be a Hamiltonian to be determined. We denote X as its
vector field and 1! as its flow. To describe the transformed Hamiltonian H o 9!,
we recall that for a function K
d t t
—KO¢ - {KaF}Owa
dt
where the right-hand side of the latter stands for the Poisson bracket of K and
F evaluated at ¢*. Coming back to the work of Féjoz, he defines the (first order)

complementary part H!  of H by the equality

comp
Hyo ¢1 = HKep + (Hper + {HKGIH F}) + H(}omp

We remind that we need to eliminate the fast angles from Hpe, modulo a comple-
mentary part previously defined. Letting

(Hyr) = 15

/ HperdAyd

be the average of Hpe,, this is equivalent to solve the following homological equation
in the unknown F

{F, Hiep} = Hyper — (Hyper) -
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7.2 Proof of Theorem@

This partial differential equation has a unique solution on a suitable Cantor set
of diophantine tori. The Hamiltonian F'is of class Whitney-C'* and thus can be
extended into a C'*°-function which is rotating-invariant. Then, the Hamiltonian
Hy is conjugated to

Hyo (bl = Hxep + (Hper) + a,

comp*

Iterating by induction, the claim is proved.

Secular Dynamics As mentioned before, in a rotating frame of reference, Féjoz
proves the existence of three-dimensional invariant tori supporting quasiperiodic
dynamics for the Hamiltonian of the planar three-body problem. This means that,
before the symplectic reduction by the symmetry of rotations, these quasiperiodic
motions have one additional frequency, namely the angular speed of the simultane-
ous rotation of the three ellipses. More specifically, the author proves the following
theorem

Theorem 7.1. In a rotating frame of reference, there are integers k > 1 and d > 1
and real numbers 6 > 0 and T > 1 such that inside the perturbing region nger(TH)
a positive measure of quasiperiodic Lagrangian tori of He survive in the dynamics
of the planar three-body problem]

Far from elliptic singularities and in the rotating frame of reference, the sec-
ular Hamiltonian HY possesses a family of Lagrangian invariant tori supporting
diophantine quasiperiodic dynamics. As mentioned before, the proof of this theo-
rem is a consequence of a sophisticated KAM theorem proved by using a normal
form theorem due to Herman.

Introducing secular dynamics is the key to get rid of the degeneracy of the
Hamiltonian of two decoupled two-body problems. Furthermore, investigating the
secular dynamics allows us to find a series of solutions for the Hamiltonian of the
planar three-body problem.

In what follows, we will not provide other information concerning the proof of
the above theorem. Instead, we will only use Theorem |7.1| as a blackbox to prove
the existence of weakly asymptotically quasiperiodic solutions associated to the
Hamiltonian of the planar three-body problem plus comet (see Theorem .

7.2.2 Outline of the proof of Theorem

Our proof relies on [Fé02] and Theorem [E| proved in the previous chapter. We
observe that we do not prove the existence of a weakly asymptotic cylinder but
only a set of initial points giving rise to weakly asymptotically solutions associated
to the Hamiltonian H of the planar three-body problem plus comet.

The proof is divided into five parts. The first two concern the Hamiltonian of
the planar three-body problem Hj. In the first part, which we call Splitting, we in-
troduce a linear symplectic change of variable ¢g. Letting (X, Y;)i—012 be the new

'Moreover, for any fixed masses, the set of quasiperiodic Lagrangian tori has positive Lebesgue
measure.
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7 The Three-Body Problem plus Comet

variables, which should not be confused with the Jacobi coordinates introduced in
the previous section, we can split the Hamiltonian Hj in such a way that

Yol

Hoo(bo(X,Y) = 2M

+ K(X17 X27 }/17 }/2>7

where K is the Hamiltonian of the planar three-body problem after the reduction
by the symmetry of translations, X is the center of mass of the planetary system,
Y} is the linear momentum of the planetary system and M = mg + mq + mo.

We call the second part Quasiperiodic Dynamics Associated to K. Here, Theo-
rem ensures the existence of Lagrangian four-dimensional invariant tori in the
phase space after the symplectic reduction by the symmetry of translations. As
mentioned before, Féjoz proves the existence of quasiperiodic solutions with three
frequencies for the Hamiltonian of the planar three-body problem in a rotating
frame of reference. The additional frequency is given by the angular speed of the
simultaneous rotations of the three ellipses. Therefore, we prove the existence of
a symplectic change of variables ¢ in such a way that

Ko¢p:T'x B* 2R, Ko¢p0,r)=c+w r+Ro(0,r) 1’

where ¢ € R, w € R* and Ry(6,r) - r? stands for the vector given twice as an
argument of the symmetric bilinear form Ry(6,r).

We lift the above symplectic transformation ¢g(6,r) to a symplectic transfor-
mation ¢z (0,7, n) defined on T* x R x B* x B2, for some balls B* ¢ R* and
B? C R? of small radius, such that

éF(‘gv 57 T, 77) - (57 7, ¢F<07 T’)),

where £ = Xy and n = Y. Letting ¢ = ¢ o ¢p, we can rewrite the Hamiltonian
of the planar three-body problem Hj in the following form

Hyo¢:T* xR? x B* x B2 — R,

Inl*

Hooﬁb(eafﬂ"an) :C+W'T+RO(07T)'TQ+ 2M

The third part of the proof is devoted to the perturbing function and, for this
reason, we call it Perturbing Function. We introduce a suitable open subset U of
T4 x R? x B* x B? x J characterized by the orbits of H that stay sufficiently far
from the comet. Letting

¢(07 57 T? TI7 t) - (¢(07 §7 T? 77)’ t)?

H.o¢ : U — R is well defined and satisfies good time-dependent estimates.
Unfortunately, the Hamiltonian H o g% = Hyo¢p+ H.o0 gz~5 : U — R does not satisfy
the hypotheses of Theorem . This is because H o ¢ is not defined in the whole
phase space T x R? x B* x B2 x J but only on a subset. To solve this problem, in
the fourth part called Smooth Extension of the Perturbing Function, we introduce
the Hamiltonian H,

H:-TxR’xB*xB*’xJ—R
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7.2 Proof of Theorem@

in such a way that H coincides with H o QB on a suitable subset U1 1 of U where

one expects the motions to take place, and H satisfies the same estlmates of Ho qb
outside U1 L. We will see that H o ng satisfies the hypotheses of Theorem I Letting
o be the followmg trivial embedding

o TV x R? — T* x R? x BYx B2, 0(6,€,7,1) = (6,£,0,0),

we prove the existence of a C''-weakly asymptotic cylinder ¢! associated to

(XH7 XH00¢7 900)'
In the last part, called Weakly Asymptotically Quasiperiodic Solutions, we con-
clude the proof of Theorem [F] We define

Bl/2={¢ e R : |¢| < Zle(V)] } C B2

where |¢(1)] stands for the distance of the comet from the origin when ¢ = 1.
Therefore, we show that, for all z € p! (T* x B?/2),

for all t € J. This is a consequence of . (t)| ~ vt and [£(t)] = | Xo(t)| ~ Int.
Then, by the definiton of H, for all z € ¢ (T4 x Bi/2),

Li(2) =Y s(2)

for all t € J. Now, because of ¢ is symplectic, we conclude the proof verifying
that for all w € W = ¢ o o' (T* x B}/2),

is a weakly asymptotically quasiperiodic solution associated to (X, Xg,, ¢ 0 ¢o).

7.2.3 Splitting

The phase space and the Hamiltonian of the planar three-body problem are re-
spectively

{(xi7yi>0§i§2 € (R* x R2*)3 |0<i<j<2 2 # xj},

and

2
lyil? mim;
Hy(z,y) = — _
=0 0<i<y<2
We would like to split the dynamics into the absolute motion of the center of

mass and the relative motion of the three bodies. For this purpose, let us introduce
the following linear symplectic change of coordinates ¢

Xo = Ffxo + G171 + 72 Yo=vo+y1+vo

X1 =z — 1 V) = %y — Mmofmag, 4 By, (7.7)
Xo =x9 — T Yy = B2yo 4 Gy — Moy,
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7 The Three-Body Problem plus Comet

where M = mgy + my + mq. The left-hand side of the latter recalls the well-known
heliocentric coordinates (see for exemple [Las89]). We will see that, in these new
coordinates, the Hamiltonian H is split into a Hamiltonian depending on Yy and
a Hamiltonian depending on the variables {X;,Y;};,—12 (see ) In these new
coordinates, if X; # 0, Xy # 0 and X; # Xs, the Hamiltonian of the planar
three-body problem Hj is equal to

2
Hyoa(X.y) = Do (7.9

N (IYll2 mom1)+(\Yz\2_momz)+(lﬁ-Y2_ mims )
\ 2 | X, | 242 Re mo Xy — X4| )

VvV
K(X1,X2,Y1,Y?)

where pp = 2 and py, = T2

P e We observe that H, is the sum of two
independent Hamiltonians. The first is responsible for the motion of the center of
mass Xy and the linear momentum Yj, the Hamiltonian K plays the role of the
Hamiltonian of the planar three-body problem after the reduction by the symmetry

of translations.

7.2.4 Quasiperiodic Dynamics Associated with K

For suitable integers £k > 1, d > 1 and real numbers 6 > 0 and 7 > 1, inside the
perturbing region HHd(TH) (see Definition , Theorem ﬂ proves the existence
of three- dlmensmnal invariant tori for the Hamiltonian of the planar three-body
problem K in a rotating frame of reference. As mentioned above, these quasiperi-
odic motions have one additional frequency before the symplectic reduction by
the symmetry of rotations. This frequency plays the role of the angular speed of
the simultaneous rotation of the three ellipses. Here, we fix mg, m; and my as in
Theorem [E] and we introduce the slice

cktd(r44)  prktd(r+4)

15, I oL -yt
where 3 is the phase space after the symplectic reduction by the symmetry by
translations. In other words, H§7fnd(T+4) is the subset of P obtained by HHd(TH)
once we have fixed the masses mg, m; and ms.

We begin this second section with the following lemma concerning the dynamics

of the Hamiltonian of the planar three-body problem K with the frame of reference
attached to the center of mass.

Lemma 7.1. There ewists a symplectic transformation ¢r defined on T* x B*,
where B* is a 4-dimensional ball with some small unspecified radius, with ¢p(T* x
B*) C B such that the Hamiltonian K o ¢p : T* x B* — R can be written in the
following form

Ko¢p(0,r)=c+w-r+ Ry(0,7) 1’

for some ¢ € R and w € R*.

Proof. By Theorem [7.1] there exists a 4-dimensional Lagrangian invariant torus
T C Hk+d(7+4 for K supporting quasiperiodic dynamics. These tori form a set of
pOSlthQ Lebesgue measure, but we use only one such torus.
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7.2 Proof of Theorem@

Due to the Weinstein Lagrangian neighbourhood theorem (see e.g. McDuff-
Salamon [MS17]), there exists a neighbourhood N(7) of 7 and a symplectomor-
phism

¢p : T* x B* — N(T) such that o(T* x {0}) =T.

We observe that ¢r(T* x {0}) = T is a Lagrangian invariant torus for K. Hence
Ko ¢F(07 0) =C

for all § € T* and a suitable constant ¢ € R. Moreover, ¢p(T* x {0}) = T support
a quasiperiodic dynamics with some frequency vector w € R?, so

Oy (K 0o ¢r) (0,0) = w.
[

In order to obtain suitable coordinates for the Hamiltonian Hj of the planar
three-body problem, we need to lift the symplectic change of variables ¢ intro-
duced in the previous lemma. Let QEF(Q, &, r,m) be the symplectic transformation
defined on T* x R? x B* x B? in such a way that

¢F(67£7T7 77) = (57777¢F(977“)) (79)

with £ = Xy and n = Y. We recall that (X, Yy) are respectively the center of
mass and the linear momentum of the planetary system defined in the previous
section (see ([7.7)). Letting

¢ = do 0 or, (7.10)

we have the following lemma

Lemma 7.2. We can write the Hamiltonian of the planar three-body problem H,
in the following form

Hyo¢:T* x R* x B* x B2 — R,

Inl®

HOO¢(97£7T7T]) :C+w'T+R0(0,T)-T2—|— 2M

Proof. The proof of this lemma is a consequence of ([7.8) and Lemma m

However, if the planetary system is composed of only two bodies, we can ex-
plicitly construct the change of coordinates ¢ (see Appendix @[)

We conclude this part dedicated to the Hamiltonian H, with a property that
plays an important role in the following section. First, we observe that, for all
1=0,1

sup | X;(0,r)| < o0
(6,r)€T4x B
where X; are the coordinates defined in ([7.7]). This is because, for all i = 1,2, X,
as a function of (6,r) € T* x B*, is continuous and 1- periodic with respect to 6;
for all 0 < 5 < 4.
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7 The Three-Body Problem plus Comet

Lemma 7.3. We assume that

e(1)] > max ((a s yXi(e,r)\) 3 (7.11)

=12 €T4x B4 3

where ¢ is the positive real parameter introduced in Section [7.1. Then, for all
(0,7) € T x B and i = 1,2
‘X1(07r)|

EOIRE

forallt > 1.

Proof. The proof is a straightforward computation. For all 1 = 1,2

sup X;(0,r
| X;(0,7)| (9,r)eT4xB4| (8.7l €
2 < <<

[S0] N— |e(1)]

for all t > 1. Therefore, thanks to (|7.11]), we conclude the proof of this lemma. [

7.2.5 Perturbing Function

We begin this section with the introduction of a suitable neighbourhood U of
T* x {0} x BS x J C T* x R? x B% x J where we expect the motions of interest
to take place.

For all fixed t € J, we define

Bf:{geRQ;ﬂ<

|e(®)]

We consider U as the following subset of T* x R? x B* x B? x J,

1. (7.12)

U= J(T"x B} x B* x B> x {t}). u)
te
Let )
¢(07€7 T? 777 t) = (¢(07 6’ r7 /’7)7t)7 (7'13)

where ¢ is the symplectic transformation defined by (7.10). This part aims to
prove that the Hamiltonian H.o ¢ : U — R satisfies suitable estimates. First, let
us show that H.o ¢ : U — R is well defined

Lemma 7.4. For allt € J and (0,&,7,n) € T* x B? x B* x B?,

|xz(97 57 T)|

— 0 <€

()]
forallt=0,1,2.
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7.2 Proof of Theorem@

Proof. The proof is a straightforward computation. Because of ([7.7) and Lemma
7.1, we can rewrite the cartesian coordinates (g, 1, z3) as follows

230(0,6, T) - 5 + %X1(97T) + %X2(97T)
1’1(9, 57 T) = f - %Xl(ea 7") + %X2<97 T) (714)
]32(9,5, T) = 5 + %Xl(eﬂn) - %XQ(ea T)a

for all t € J and (0,€,7,m) € T! x B? x B* x B2. By the latter, @ and Lemma
[7.3 for all t € J and (0,&,7,m) € T* x B? x B* x B?

w061 _ |6+ BXa(0,1) + B Xo(0,7)]
o = [Z0]
1, m X0, ma |X(0,7)
SOl M @] M Jefo)
€100 [X06.7)]

< <e
|c(2)] |c(t)] |c(t)]
for all £ € J. We recall that M = mg + my + my, which implies T4 < 1 for all
0 <4 < 2. Similarly, we have the claim for z1(60,&,r) and x(, ¢, ) ]

The previous lemma ensures that H,. o ¢~5 is well defined on Y. Moreover,
by ((7.14)), it is straightforward to verify that H.o¢ does not depend on the variable
7. The following lemma provides time-dependent estimations of H..

Lemma 7.5. For all k € Z with k > 0 and a suitable constant C(k) depending on

k
sup’Hﬂck < C(k)Mm.e,
>1
sup |9, H! ‘C’v 2 < C(k)Mm.e.
t>1

For all t € J, the above norms | - |cx are taken on ¢ (T* x B? x B? x B*), where

¢ 1s defined by (7.10]).

Proof. For all t € J and (0,&,7,n7) € T* x B} x B* x B*, let us rewrite the
Hamiltonian H,. o ¢ in the following form

HO¢9£7T77’ Z|x 9§,T)_C<t>’

For the rest of this proof, x; = z;(0,£,r) for all 0 < ¢ < 2. We drop the coordinates
(0,€,7) to obtain a more elegant form.
Using Legendre polynomials, we have that

T T e e (M)

n>0

= 1 COS$/C\ |xZ| '
= ) (”ZP"( Z(t>)(|c<t>|)) (719

n>1




7 The Three-Body Problem plus Comet

for all 0 < ¢ < 2, where P,, means the nth Legendre polynomial. This expansion
hold if ||Cg€;)|| < 1 and this prerequisite is verified by Lemma .

Now, we can conclude the proof of this lemma. We recall that C(-) means
constants depending on some parameters indicated in brackets. Therefore, thanks

to ((7.15)), Lemma and Proposition , for all ¢ € J and
(.fll',y) = (5507551,552,3407191,3/2) € ¢<T4 X BtQ X B4 X B2>,

2
m;me
[He(@)| = )
‘ Zz_; i — c(t)]
2 n
mime — [ |zl
= 14+ Pu(cosz;c(t)) (—)
ZZ; |e()] ( nz;: |e()]
2\ mymet
< Ztc <1+Zan> < CMmye.
— [e(t)] e
In the last line, ¢ > 1 implies supy 1 < SUPis o and, letting 0 < e < 3,

we can estimate (1 + D 1 6”) with a suitable constant C'. Taking the sup on
¢(T* x B} x B* x B?) and then for all t € J on the left-hand side of the latter, we
obtain

sup }Hé
t>1

|0 < CMmee. (7.16)

Now, forall 0 <¢ <2, k>1,t€ J and
(z,y) = (z0, 21, T2, Yo, Y1, y2) € ¢(T* x Bf x B* x B?)

m;met>
|z — c(t)[FH

) ) - o] \" k+1
_ C(l{:)mimcw (HZP"(CO”"C@)) (!c(t)\) )

0 H(@)|t? < C(k)

k+1 ] — zi \" -
< C(k)mimc# (1 + an(cosxic(t» (’L(;h) )
<

k1
C (k)" mm, (1 + Z 6") < O (k)ymme..,

n>1

< MO (k)Mm,

where ¢ > 1 and kK + 1 > 2 imply ¢*> < ¢! in the third line. Similarly to the
previous case, because of 0 < ¢ < %, we can estimate (1 +> o 5”)k+1 by a
suitable constant depending on k. Similarly to the previous case, taking the max
for all 0 < ¢ < 2 on the left-hand side of the latter we have

sup |04 H.
>1

Now, thanks to ((7.16)), (7.17]) and remembering the definition of Holder’s norm (A.1)),
we conclude the proof of this lemma. O

| o t? < C(k)Mmee™. (7.17)
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7.2 Proof of Theorem@

7.2.6 Smooth Extension of the Perturbing Function

This §ection is dedicated to the introduction of a suitable smooth extension of
H.o ¢. First, we consider the following subset of /. For all fixed ¢ € J, we define

276 _ 2. €| € 2
Bf/2={¢€R .w<6}th. (7.18)

Let Z/{% be the following subset of U,

U, = J(T* x (B}/2) x B* x B> x {t}) cU. U.)

1 1
2
teJ

2

Lemma 7.6. There exists
He, :T"xR*x B'x B*xJ—R
such that H., does not depend on n and
= H.o ¢. (7.19)

Moreover, If |c(1)| > L and v > 2, then for all k € Z with k > 0 and some
constants C(k) depending on k, we have the following estimates

sup |H! |ox < C(k)Mm.e, (7.20)
>1

sup [OperyHlylont? < C(k)Mmee, (7.21)
t>1

where the previous norms are taken on T* x R? x B* x B2,

Before the proof, we have some comments. First, for the sake of clarity, ((7.19))
means that, for all (6,&,r,n,t) € Ll%, H.,(0,€,7,m,t) = H,op(0,€,7,n,t). Further-
more, we observe that the constants in the last estimates may differ from those in
Lemma and they depend on the chosen extension.

Proof. For all fixed t € J, we consider the following family of functions

ol R? — R?,
p' € C*(R?),
pH(&) = ¢ for all [¢] < £l

pH(€) = 0 for all ¢] > W,

Hence, we define the following map
T:T'XR*x B*x B*x J > T*xR*x B* x B> x J
w0, . t) = (0,0'(€), 7., 1)
It is straightforward to verify that
T(T*xR*x B*x B*x J) CclU

= Id.
1

W’u
2
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7 The Three-Body Problem plus Comet

Now, we define .
H.,,=H.o¢pom. (7.22)

Obviously, (7.19) is satisfied because W}ul = Id. This proves the first part of this

lemma. Concerning the second part, we ojbserve that, for all fixedt € Jand k € Z

with £ >0
t C(k) t "
e = ey =W (e\cw) <O

for a suitable constant C'(k) depending on k. We point out that the second in-
equality of the previous estimate is due to t > 1 and the last is a consequence of
Proposition [7.1} Thanks to the latter, one can see that

sup |V7t|er < oo.
teg

Now, we have everything we need to prove the second part of this lemma. We
begin with the case k = 0. For all t € J, we observe that by (7.22) and Lemma
s

~ t
‘Hé:c’CO(T‘*XRQxBff) = ‘(HCOQSOW)

CO(T4xR2x BY)
t
S |Hc|00(¢(T4xfoBG)) < CMm.e
where B? is defined by (7.12)). For the sake of clarity, we have specified the domain

where the Holder norms are taken. Now, concerning the case k > 1, for all t € J

(HCOQEOW))&

|H£a:|0k(T4XR2><B6) =

CF(T*xR2 x BS)

< [Helon (g(rixB2x89))

+ |H£|ck(¢(1r4x3§x36))’VWt‘IE*O(WxR?xB*S)
+ |H£|Ck(¢(T4th2xBe))’th‘ckq(wxﬂpxgq
< C (k’, StlElLI]) |V7Tt|0k1(T4XR2XB6)) Mmce.

We note that the first inequality (second line) is due to property 5. of Proposi-
tion , while the last line is a consequence of Lemma . This proves ([7.20)).

Similarly, one can prove . m
The rest of this section is devoted to showing that the Hamiltonian
H:T*xR?>x B*x B> — R,
H=Hyo¢+ H,

satisfies the hypothesis of Theorem [E] where Hy is the Hamiltonian of the planar
three-body problem. Obviously, by the previous lemma

H\M% = H o ¢. (7.23)
First, let us recall some definitions introduced at the beginning of this chapter.
Let ¢ > 0 be a positive real parameter
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7.2 Proof of Theorem@

Definition. Let S, be the space of functions f defined on T* x R?2 x B* x B? x .J
such that ft € C7(T* x R? x B* x B?) for all fivred t € J and qu@f € C(T* x
R? x B* x B? x J) for all 0 <i < [o].

For every f € S,, we define the following norm
|flou = sup | f*]cot’
ted

for a real positive parameter {. Obviously, for all ¢ € J, the above norm | - |¢o is
taken on T* x R? x B* x B2.

Lemma 7.7. We can rewrite H., in the following form
Hel‘(07§7 T? t) - a(07 57 t) + b<87§’ t) ' T+ RC<07§7 r7 t) ' r27 (7‘24)
for all (6,&,r,t) € T x R? x B* x J. Moreover, for all k € Z with k > 1

|alkr10 + O galke < C(k)Mmee,

‘b|k+172 < C’(k:)Mmce,
02 He,y, < C(k)Mmee,
for some constants C' depending on k.

Proof. Expanding H., in a small neighborhood of r = 0
Hex(97€> r?n) t) = Hex(0757 07 t) +8TH€I(07 67 07 t) -r

1
+ / (1 = 7)02H (0, &, 77, t)dT - 12
0
and letting

CL(e?g?t) = Hem(97£707t)7
b<0757t) = 87“He:1:(97£70at)(97€707777t)7

1
R.(0,&,1,t) = /(1—7’)83H6x(9,§,7'r,t)d7'
0

we prove the first part of this lemma. The second part is a straightforward conse-
quence of Lemma [7.6] More specifically,

lalkir0 < osup [HE [ern,
t>1
Oe.oalke < Sgglaw,s)ﬂéxlmﬂtz,
t>
bliire < sup |9, H,|ownt?,
t>1
: t>1
and thanks to ((7.20) and (7.21]) we conclude the proof of this lemma. O]
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7 The Three-Body Problem plus Comet

Summarizing the contents of the previous sections, we conclude this part with
the following lemma

Lemma 7.8. We can rewrite H in the following form

H: TxR*xB'xB*xJ—R

2
ﬁ(@,g,r,n,t) =Cc+uw '7’-}-&(9,6,{?) +b(0>€at) 'T+m(9>€arat) ’ (:;)
where

’ 2
m(07§77ﬂ’t). (;) = RC(07§7T7t>'T2+RO(9)T)'T2+%.
We note that ¢, w and Ry are defined in Lemma while a, b and R. are in-

troduced in Lemma and M = mg + my + mo. Moreover, for all k € Z with
k>1,

|a|k+1,0+|8(975)a|k72 < C(k‘)Mch-I, (7.25)
blesie < C(k)Mmee, (7.26)
afr,n)ﬁf‘mo < Ok, M,me, e, |0y Ho 0 dlewsz, [Vlersz), (7.27)

for some constants C(k) depending on k and C(k, M, m., €, |0 ) Hood|cr+2, |V @|cni2)
depending on k, M, mc, |0y Ho 0 ¢|crv2 and |V é|cre.

Proof. The first part of this lemma is due to Lemme and Lemma [7.7] Con-
cerning the estimates, the first two are proved in Lemma[7.7 It remains to prove
the last one. First, we claim that for all £ € Z with £ > 1, the symplectic change
of coordinates ¢ satisfies

V@l < oo, (7.28)

where V¢ = (Vé1, ..., Vgg) is the transposed of the Jacobian of ¢. We will use
this notation also for Vgy and Vgr. By Proposition concerning the properties
of the Holder norms and recalling that ¢ = ¢g o ¢ (see (7.10)))

IVoler = ‘V <¢0 OéF)‘Ck = ‘V% o b (VQEF>T

Ck
< CB)IVoolerVorlor (IVrlorr + [Vrltn +1).

where T stands for the transpose of a matrix. We know that ¢q is a linear trans-
formation (see (7.7))), then |V¢yo|cr < oo. On the other hand, b is C°°- function,
1-periodic with respect to 6; for all 0 < ¢ < 4, the variables r vary on a bounded
subspace and it is the identity with respect to (§,7) (see Lemma and (7.9)).
This implies |Vér|cr < 0o and hence the claim.

Now, concerning the inequality ((7.27)), by Lemma

|02H., < C(k)Mmee.

‘k+1,2
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Now, we have to estimate |02 (Ho © ¢)|, 1 o- By the chain rule, (7.28) and proper-
ties 2. and 5. of Proposition

‘@2 (Ho o ¢)}ck+1 < C (|a(a?,y)H0 © ¢|C’“+1‘03¢‘C"‘+1 + ‘a(Qx,y)HO 0 Plew+ ’ar¢‘20k+1)
< C(k, [Volcrr2) |0ay) Ho © lewsa.

We observe that 0 ) Ho o ¢ does not depend on £. Moreover, it is C°, 1-periodic
with respect to 6; for all 0 < ¢ < 4 and the variable (r,n) vary on B* x B? that is
bounded. This implies |9z Ho 0 ¢|cr+2 < 00.

Now summarizing the previous estimates we obtain

2 [ 2
0% | < |02H,,

’k+1,0 - }83 (Hoo¢
< O(k‘, M, Me, &, ‘8($7y)Hg o ¢|Ck+2, ]V¢|Ck+2).

k+1,0 )|k+1,0

7.2.7 Weakly Asymptotically Quasiperiodic Solutions

In the previous section, for k sufficiently large, Lemma ensures that H satisfies
the hypotheses of Theorem . Then, letting ¢q : T* x R? — T4 x R? x B* x B2
be the trivial embedding ¢o(0,£) = (6,£,0,0), for € small enough, there exist
v : T xR? x J = R* and vy : T* x R? x J — R? such that

'(0,€) = (0, & v1(0, ), v3(0,€)) (7.29)

is a C'-weakly asymptotic cylinder associated to (X, Xy04, 90). This means that
there exist I’y : T x R? x J — R* and I'y : T* x R? x J — R? such that, letting
= (T',Ty) and v = (vy, v9), for all (0,&,t) € T x R? x J,

Xirog(0(0,8,1),1) = 0600, &, 1) (w + (0, &, 1)) + 9pp(0, €, 1), (7.30)

whin <¢ Phy <e+C¢ (7.31)

for a suitable constant C' and a small parameter 0 < ¢ < 1 depending on k and
o2 H .
)™ t1,0

We recall that Bf/2 is defined in (7.18). Letting t{ ;; be the flow at time ¢
with initial time 1 of H, we have the following lemma.

Lemma 7.9. We assume

v > 12(1+C) (7.32)

Then, for allw € W = ¢ o' (T* x (B}/2)), ¥} y(w) is a weakly asymptotically
quasiperiodic solution associated to (X, Xp,, ® 0 o).

Proof. Let 1! - be the flow at time ¢ with initial time 1 of H. For all (6,¢) e
T* x (B?/2), we define

(65(0,€),1(0,€),71(0,€).1m(0,€)) = ¥ 5 09" (0,€).
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We begin by proving that, for all (6,&) € T* x (B}/2), ¥| ; 0 ¢'(0,§) € Uy for

all t € J, where L{% is defined in . This is equivalent to show that, for all

(6,6) € T* x (B{/2)

0.0 _ <
e®)] 6

for all ¢ € J. Let 9] ;. be the flow at time ¢ with initial time 1 of @ 4+ T'. We

know that (7.30)) is equivalent to

Lroe =9 oty (7.34)

(r1(0,€),m(0.€)) € B* x B,

(7.33)

forall t € J.
Now, for all t € J, ¢" is the identity with respect to (0,€) (see (7.29))). Then,

by
(65(0,€),1(0,€),71(0,€),1m(0,€)) = ¥} 509" (8,€) = 9" 0y 5, 1(0,€)
for all ¢ € J. Hence, thanks to the special form of ¢
ri(0,€) = vi(61(6,€),£1(0,6)),  n1(6,8) = v3(61(6,€),£1(6,€))
for all t € J. Then, by

|

MO, < fler < 5 <C MB.O] < ubler < & < ¢

for all t € J. This proves the first part of (7.33). Concerning the second part,
thanks to (7.29)) and (7.34]), ££(0, &) is the unique solution of the following system

£1(0,8) =¢
where £1(6,¢) stands for the derivative with respect to t of ££(0,¢), Ty is defined
by (7.30) and ¢ € (B?/2). Now, thanks to (7.31)) and the latter

1€8(0,6)] < 1€1(0,€)] +/1 T7|crdr < |€]+ (e + C) Int < €]+ (14 C) Int

for all t € J. We claim that
0.0 _le+(1+C)mr e

e~ feM]+5(¢-1) 6

for all t € J. It is true for ¢t = 1. If we suppose the existence of ty > 1 in such a
way that -

€]+ (1+C) Inty N

DI +3k-1) ~ 6

We can rewrite the latter in the following way

6l = Zle(W)] = vlte = 1) = (1+C) Into
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we observe that this is a contradiction because & € (B}/2) implies [¢] — £[¢(1)| < 0
and by (7.32) one can prove Sv(t —1) — (1+C)Int > 0 for all ¢ € J. This
concludes the proof of (7.33). Then, for all (0,&) € (T* x (B}/2)),

Lpow (0.6 el

1,H

for all ¢ € J. Hence, thanks to Lemmal7.6} for all (6, &) € (T* x (B%/2)),

Lo 0.6) = 500 (0,)

for all t € J.

Now, for all w € W = ¢ o ¢! (T* x (B}/2)) there exists (0,&) € T* x (B?/2)
such that w = ¢op!(6,£) and, because of ¢ is symplectic, by and the latter,
we can rewrite ¢ ;(w) in the following way

l/ﬁ,H(w) = Wi,HO¢OS@1(97§):¢O¢1Ho¢;o<ﬂl(9>§):¢O¢igo@l(97§)
= ¢O¢to¢i,w+r(975)-

Moreover, for all t € J

}@%H(w) —¢opyo wi,wﬂ“(e) 5)‘ ‘Qﬁ © ‘Pt © ¢§,Q+F(9> §) —¢ogpgo wi,m—r(a 5)‘
909" — ¢ 0 w|n

C |v¢’01 ‘Sot - (100‘00

for a suitable constant C. Therefore, reminding that |V¢|., < oo and taking the
limit for ¢ — 400, thanks to ([7.31)), we conclude the proof of this lemma. O

INIA A

This concludes the proof of Theorem [F]
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Part V
Asymptotic Motions Converging
to Arbitrary Dynamics

This last chapter contains a variation of the result of Canadell-de la Llave [CdIL15]
for time-dependent Hamiltonian vector fields and time-dependent vector fields on
the torus. In the first case, we consider a time-dependent Hamiltonian vector
field X converging exponentially fast in time to a Hamiltonian vector field X
having an invariant torus ¢, supporting arbitrary dynamics generated by the vector
field W. Unlike [CdIL15], we do not assume the dynamics associated with Xy
on ¢o to be quasiperiodic. This situation already appears in Part [V] where the
dynamics associated with X, on ¢ are generated by time-dependent perturbations
of constant vector fields on the torus.

Here, we maintain the exponential decay but do not assume any smallness con-
dition. We prove the existence of a C”-asymptotic torus associated to (X, Xo, o, W)
and thus the existence of solutions that asymptotically converge to the arbitrary
dynamics associated to Xy on ¢g. Similarly, we have an analogous result con-
cerning the case of time-dependent vector fields on the torus. The proofs are
essentially the same as those of Theorem [A] and Corollary [A] They rely on the
implicit function theorem, where we look for a C'?-asymptotic torus defined for
all ¢ sufficiently large. Unlike the above-mentioned theorem, the solution of the
associated homological equation is more complicated.

8 Asymptotic Motions for Time Dependent Hamit-
lonians

This chapter is divided into four sections. The first (Section [8.1)) contains the
definition of C7-asymptotic torus. The above mentioned results (Theorem |G| and
Corollary |C]) are stated in the second section (Section [8.2)). The last two (Section

and Section contain the proofs.

8.1 (“?-Asymptotic Torus

We recall the definition of C'?-asymptotic torus that generalizes that of C7-asymptotic
KAM torus (see Definition [1.3). Let B C R™ be a ball centred at the origin, P be
equal to T™ or T" x B and, for all v > 0, J, = [v,+00) C R.

Given o > 0, v > 0 and a positive integer £ > 0, we consider time-dependent
vector fields X! and X! of class C7** on P, for all t € J,,, an embedding ¢, from
T™ to P of class C'7 and a vector field on the torus W of class C'” such that

. t t o
thJfrnoo | X" — Xglgo+r = 0, (8.1)
X(o(q),t) = Oyp0(q)W (q) for all (q,t) € T" x J,,. (8.2)
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Definition (Définition[2.5). We assume that (X, Xo, o, W) satisfy (8.1) and (8.2)).
A family of C7 embeddings p' : T" — P is a C°-asymptotic torus associated to
(X, Xo, po, W) if there ezists v' > v > 0 such that

i " — @olce =0, (8.3)
X(p(q,t),t) = 0gp(q, )W (q) + Dip(q, t), (8.4)

for all (q,t) € T" x J,. When dimP = 2n, then ¢' is Lagrangian if @'(T™) is
Lagrangian for all t.

First, we observe that if W(q) = cst, then we obtain Définition [I.3] As one
can expect, we can rewrite in terms of the flow of X. Let ¢; x and ¢ y be
the flow at time ¢ with initial time tg of X and W, respectively. We assume that
wﬁm « is defined for all ¢, ¢y € J,». Then is equivalent to

¢£0,X © gpto - Spt © wlfo,W (85)

for all ¢, ty € J,v. By the latter, (8.4)) is trivial and if there exists a C'7-asymptotic
torus ¢! defined for all ¢ large, then we can extend the set of definition for all
teR.

8.2 Results

As usual, we begin with some definitions

Definition. Let S¢ be the space of functions f defined on T™ x B x J,, such that
f e C(T" x B x J,) and, for allt € J,, ft € C°(T" x B).

We use this notation also for functions defined on T" x J,,. For every f € S
and for fixed A > 0, we define the following norm

f

ox = Sup |ffcoe. (8.6)
ted,

We conclude this first part with the following proposition, which contains a series of

properties of the previous norm. As one can expect, there is a significant similarity
with those enumerated in Proposition (see Appendix |A]).

Proposition 8.1. For all f, g € S and positive parameters m, d > 1, we have
the following properties.

on 918l v
a. For all B € N*" if |B| +r < o then ‘aql,glmaqnﬂnaplanﬂmapna% f‘m < |flya

b. |f

ox S |f‘g,m

c. |f9|§,d>\+m,\ < (o) (|f|8,d>\|9 g,m)\ + |f|§,d,\|9|3,m,\)-

Given o > 1, for all f, z € S} then foz e S}
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8.2 Results

d. [foz oIAmA < C(o) (|f|§,m (|VZ|10J,mA)U +|f 11),k)\|vz|g—1,m)\ + |f|8,k>\+m)\)7

Proof. The proof is a straightforward application of Proposition [A.2] Properties
a. and b. are obvious. We verify the others.

c.
|f9lokrtmy = sup | fLgt| oo eRATmVE
tEJU
< C(@)sup (If'leolg'low + 11 levlgflco) "
ey
< Clo)sup (|f'coe™lg'lome™ + |f'lcne™|g!coe™)
ey
< C(o) (|f|1o},m‘9‘g,m>\ + \f|g,m‘9‘8,mA)
d.
|f ¢} Z|g,k)\+m)\ = sup |ft o Zt|CU€(l€)\+mA)t
ted,
< C(o)sup (| f|ore™ (V2] oe™ )7 elt=oImAt)
tedy
+ C(U) sup (|ft|clek”|Vzt|ca—1em’\t + ’f|co€(k)\+m>\)t)
ted,
< Cfo) (‘f‘g,k)\ (‘szg,mk)a + el V2o + ’f’g,kaA)
where we observe that if £ > 0 and ¢ > 1 then e('=™M < 1. 0

Given o, v > 0 and an integer £k > 0, we conclude this part of set-up by
reminding the following definition

Definition. Let 5;’7k be the space of functions f such that
fes, . and 8;pf €S i
forall0 <i<k.

In other words, we recall that this is the space of functions f € &7, , with
partial derivatives with respect to (g, p) continuous until the order k.

Let W € C7"2(T"), we recall that Ky is the set of the Hamiltonians h :
T™ x B x Jy — R such that, for all (¢,t) € T™ x Jj,

h(g,0,t) = ¢,  9ph(g,0,t) = W(q)
for some ¢ € R. Therefore, for all A € Ky, the trivial embedding g given by
wo: T" = T" x B, ¢o(q) = (¢,0),
is an invariant torus for X and the restricted vector field is W.
Given ¢ > 1 and A > 0, let H be the Hamiltonian of the following form
(H:T"x Bx Jy— R
H(q,p,t) = h(q,p,t) + f(q,p.t)
h €Ky, W eC (T,
f078pf0782H € 52,2,
| fo 2+2,o + [0y fo g+1,,\ < 00, |8pf0|2+2,,\ <00
J@?H!%zo < 0
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Theorem G. Let H be as in . Then, there exists a Hamiltonian he Ky and
a constant C(o) depending on o such that if

A > C(0)[0,W o, (#c)
there exists a Lagrangian C?-asymptotic torus associated to (X, Xj, o, W).

We will see that (#¢]) plays a crucial role in the section dedicated to the solution
of the homological equation. Furthermore, we will see that the previous constant
C(0) is defined in Lemma

Therefore, we have the following result concerning time-dependent vector fields
on the torus. Given o > 1, let Z be a non-autonomous vector field on T" x .Jy of
the form

Z(q,t) = W(q) + P(q, 1)
We Co-i-l(']rn)’ Pe Sg,la (ZC)
|P|g+1,>\ < 0.

Corollary C. Let Z be as in (Zc|). Then, there exists a constant C(o) depending
on o such that if

A > C(0)|0,W o,

there exists a C-asymptotic torus V' associated to (Z, W,1d, W).

8.3 Proof of Theorem

As in Theorem [A] the proof rests on the implicit function theorem. As mentioned
before, it is essentially the same as that of Theorem [A] Following the ideas in the
third chapter of this thesis, we are looking for a C'?-asymptotic torus defined for ¢
sufficiently large so that the perturbative terms are small enough. To this end, by
expanding the Hamiltonian H in in a small neighbourhood of 0 € B, we can
rewrite H in the following form

(H:T"xBxJ,—R
H(q,p,t) =W(q)-p+algt)+blgt) -p+m(qp,t)-p°,
a,b,02H € §2,, W e C*? (**¢)
lal) o0+ |aqa|g+1,>\ <7, |b’2+2,A <7
0ZH () 00 < T

for a suitable T > 1. In the latter, we consider h(q,0,t) = 0 for all (¢,t) € T" x Jo.
We can do it without loss of generality. Let h be the following Hamiltonian

h(g,p,t) = W(g) - p+mlg,p,t) - p*
for all (¢,p,t) € T" x B x Jy. Obviously Xy and Xj, satisfy (8.1).
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8.3.1 Outline of the Proof of Theorem

We are looking for a C7-asymptotic torus ¢' associated to (Xg, Xj, ¢o, W). More
concretely, for given H, we will choose v/ > 0 sufficiently large and we search for
some functions u, v : T" x J,» — R™ such that

©(q,t) = (¢ +ulq,t),v(g, 1)),

and to satisfy the following conditions

Xu(p(a,t),t) — 0gp(q, )W (q) — dpp(q, t) = 0, (8.7)
lim |u'|ce =0, lim [v'|ce = 0. (8.8
t——+o00 t—+o00

for all (¢,t) € T" x J,». The parameter v’ is free and we will fix it large enough in
Lemma [R.5]

As expected, we introduce a suitable functional F given by (8.7). To this end,
we define

m(q,p,t)p = (/ 05H (q,7p,t dT)p 8( (q,p,t)-pQ),

H(q
= Q+u 7t)vv( ) )
t)

¢(q,t)

u(g,t) = (q+ulgt),?),
Vu(g, )W(q) = dgulq, )W (q) + du(g,t),
Vu(g, )W (q) = dqulg,t)W(q) + du(g,t).

for all (¢,p,t) € T" x J,. Similarly to Section [3.3.1, we define the following

functional
Fa,bym,m, W, u,v) = (Fi(b,m, W,u,v), Fy(a,b,m, W,u,v))
with
Fi(b,m, W,u,v) = Wo(id+u)—W+bota+ (mop)v— (Vu)W
,Fo(a,bym,W,u,v) = 0Oyaotu+ (O,W o (id +u) + dbou)v

+ (Oymo@)-v* + (Vo) W,
It is defined over suitable Banach spaces, which we will specify later. We observe
that for all m, m and W,

F(0,0,m,m,W,0,0) = 0.

As one can expect, we reformulate this problem in these terms. For fixed m, m
and W in suitable Banach spaces and for (a,b) sufficiently close to (0,0), we are
looking for some functions u, v such that F(a,b, m,m, W, u,v) = 0 and in order
to satisfy the asymptotic conditions (8.8).

Concerning the associated linearized problem, the differential of F with respect
to the variables (u,v) calculated in (0,0, m,m, W,0,0) is equal to

oW — (Vi) W + m0@>

D) F(0,0,m, m, W,0,0)(t,0) = < 0, W6 + (Vo) 7

The proof preserves the same structure as that of Theorem [A]
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8.3.2 Preliminary Settings

Let o, A and T be the positive parameters introduced by . For v/ > 0 that
we will specify later, we consider the following Banach spaces (A, |- 1), (B,]-]),

@D, V1D, (2,]-1) and (G, ] - ) (see Appendix[C)

A = {a T x Jy - RJac 5;’:2 and |a| = |a‘g/+2,o + |aqa|g/+1,,\ < OO}
B = {b (T % Jy = R" [0 € S5, and [B] = [bly55 < oo}
Uu = {u:T” X JU/%R"\U,(VU)WES;’/
and fu] = max{lul?, | (Vu) W25} < oo}
Vo= {0 T x gy 5 R v, (Vo) W € 87
and |o] = max{|v]y, | (Vo) W]2,} < oo}
Zz = {z T x Jy - R"|z€8Y, and |2| = ]z\f,’//\ < oo}

= {g:"JI‘”xJU/—>]R\g€5fj/and]g]:|g|§:/\<oo}

where we recall that the norm | - ng is defined by (8.6). Let M, be the set of
the n-dimensional matrices. We introduce two other Banach spaces (M, |- |) and

W11

M = {m :T" X B x Jy — M, |me 5;1:2 and |m| = ]m|g/+271 < T}

W o= {W T S R W€ ¢ and [W] = [Wgrse < oo}.

where T is the positive parameter in . Now, we can correctly introduce the
previous functional F. Let F be the following functional

F AXBXMXMXWXxUXYV —ZxG

Fla,b,m,m, W, u,v) = (F1(b,m, W,u,v), Fy(a,b,m, W,u,v))
with

Fi(bym,W,u,v) = Wol(id+u)—W+bou+ (mop)v—(Vu)W
yFola,bym, Wiu,v) = Jpaotu+ (0,W o (id+u)+Jdbou)v
+ (9ymo @) -v* + (V) W.

8.3.3 Homological Equation

We begin this section by reminding Proposition |6.2| concerning some fundamental
Gronwall-type inequalities.
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Proposition (Proposition . Let J be an interval in R, ty € J, and a, b,
u € C(J) continuous positive functions. If we assume that
u(t) < a(t) +

/t b(s)u(s)ds|, VteJ

to

then it follows that

It b(’T‘)dT| ds

ult) < alt) + , Vel (8.9)

/t:a<s>b<s>e

If a is a monotone increasing function and we assume that

u(t) < alt) + /t b(s)u(s)ds Yt > to,

to

then we obtain the estimate
u(t) < a(t)elo ™, i > 4. (8.10)

Given o > 1, A > 0 and v > 0, this section aims to solve the following equation
for the unknown s : T" x J, — R"

9y7¢(q, )W (q) + Or5¢(q,t) £ 9, W (q) (g, t) = 2(q, 1)
W e Ccoti(T"), zeS8Y, (HEg)

|z]g’A < 00.

If W(q) =W € R" is constant, then the latter translates into the following easier
problem

z €8], 2[5, < oo

{8q%(q, W + 0y5(q,t) = 2(q,t)

In the third chapter of this thesis (Section |3.3.3), we proved the existence of a
unique solution to the above system satisfying suitable asymptotic conditions (see

Lemma [3.1)).
We observe that (H E¢|) is quite similar to the homological equation solved

in the sixth chapter of this thesis (Lemma . The proof resembles that in
Section with suitable modifications. Therefore, we begin by proving several
estimates. Let ¢!, be the flow at time ¢ of W(g). As usual, C(-) stands for
constants depending on n and the other parameters into brackets. On the other
hand, C' means constants depending on n.

Lemma 8.1. For allt € R
10,04 oot < C(a) (1 + [0,W]|go-1]t]) e %W lcoli] (8.11)
By (8.11)), we note that when o0 =1 and t € R

|aq¢€v|co < C(l + |an|CO|t|)€C1I8qucoltl < C'ef119aWlcolt|

with a positive constant ¢, > 1 depending on n and o.

for a suitable ¢; > ¢;.
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Proof. The proof is quite similar to that of Lemma (see Section [6.3.4). By the

fundamental theorem of calculus, we can write ¢}, in the following form

B(a) = g + / W o éiy (g)dr.

Therefore, taking the derivative with respect to g

0,0 (q) = 1d + / W 0 87 (q)0y6T (),

where Id stands for the identity matrix. We assume ¢ > 0. Then, we can estimate
the norm C?~! of the left-hand side of the latter as follows

t
laq(b%/v‘oa—l S 1 +/ ’an ¢) (ﬁ;vaq(zs;v|c<f—ld7—. (812)
0

Case 0 = 1. By Proposition

t
’aq(b%/kao S 1 + C/ ’an‘Co|aq¢7‘;V’00dT,
0

for a suitable constant C'. Then, thanks to (8.10))
|0y iyl co < e lcot (8.13)

for a suitable constant ¢; > 1.
It remains to verify (8.11) when o > 1. By Proposition (A.2), we can estimate
the norm on the right-hand side of (8.12)) as follows

[0,W 0 @10,y |co-1 < C(a) (|9,W 0 ¢y |co-110,03 |co + |0W | ol Oy iy co-1) -

Hence, we can rewrite (8.11)) in the following form
t
10,00 |co—1 <1 +C(0)/ |0,W 0 oy |co—1|0,04 |codT
0

t
+ C(U)/ |an|Co|aq¢‘T/V|Cafl,dT. (8.14)
0

Unlike the proof of Lemma [6.5] we need to treat cases 1 < ¢ < 2 and 0 > 2
separately.

Case 1 < 0 < 2. Thanks to Proposition (A.2]),
W © Gyl < C(0) (10,W]cr 10,67 125" + [0,W o)

Replacing the latter into (8.14)), we can rewrite it in the following way
t
bl < 14 c(a)/ 10, | 0|0y |codr
0
t t
+ C(U)/ |0, W | co-1]0,07 | ZodT + C(a)/ |0, W | co |0y iy | co—1dT.
0 0
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Now, (8.13)) allows us to find an upper bound for the first two integrals on the
right-hand side of the latter

661|8qW‘Cot _ 1

t t
/ ’an|Coyaq(b;V|COdT < |an|CO / eél‘aqwlconT = —
0 0

C1

t t
/ |an|CU*1|aq¢IT/V|gvod7' < |8qW|CUl/ ecw\ﬁqW\CordT < |8qW|Caflt6610‘8qW|COt.
0 0

In the second line of the latter, rather than calculating the integral, we prefer using
the trivial estimate ec191%Wlcom < ee1o1%Wicot £ ayoid a division by |9, |co since
we do not assume it is not zero.

Hence, we can estimate |0,¢%|co-1 as follows

eél‘an|Cot -1 I
0,00 |lco1 < 1+C(0)———— + C(O_)|an’Co-flteclo—| aWlcot
C1

t
L (o) / 10, 0|0y o1 dr.
0
t
< C(0) (1 + |0, |co-1t) e71%Wlcot 1 C(q) / 10, W | 0|0y 0Ty | 0o, d.
0
Then, thanks to the Gronwall inequality (8.10])

10,80y |lco1 < C(0) (1 + |0,W|co-rt) €110 WlcoteC0) Jo 10aW I codr
< C(0) (14 [0, |co1t) elPaWlcot

for a suitable constant ¢, > ¢;0. This concludes the proof for the case 1 < o < 2.
The general case o > 2 is quite similar to the previous one. The main difference
lies in the estimation of |9,V o ¢f|co-1.

Case o > 2. By Proposition
0 0 Giylorr < C(0)(10,W|or110,63y 125" + 10, W |cr 046y o2 + 0,V oo )

and replacing the latter into (8.14)), we can estimate |0,¢%|c--1 as follows
t t
iyl < 1+C10) [ 0Wlcol0ydiylondr + Co) [ 10,Wlewa[0,6% eud
0 0
t
+ o) [ 10 lor|0uylov-210,6% oo
0

t
+ C(O')/ |8qW|CO|aq¢€V|CafldT.
0

We have already estimated the first two integrals on the right-hand side of the
latter. It remains the integral in the second line. By the convexity property of the
Holder norms (Proposition [A.1)), for all fixed 7

=2 1 1 -2
olologile: < clo) (1ogvEtioian, ) (1oenlanonit

147



8 Asymptotic Motions for Time Dependent Hamitlonians

and hence
o2 N

|an‘Cl|aq ;V|C"*2|8q €V|C° < C(U) (|aqVV|C°|aq¢IT/V|C"*1)[’_1 (|an’CU*1|aq¢W|CO)”_1 .

From a*b'=* < C(a + b) for 0 < A < 1, we have that

|an‘Cl|aq ;V|C"*2|8q €V|C° < C(U) (’an|CO|aq¢IT/V|CU*1 + |8qW|CU*1|aq¢;V’gO)'

Furthermore, replacing the latter in the previous estimate of |9,¢%; |co-1, we obtain
t
Odivlos < 14C0) [ 10,Wleo oy lovdr
0

t t
+ o) [ 10Wlco |04 fendr +C(o) [ 10,Wlcol0ydTy oo
0 0

Now, similarly to the previous case (1 < o < 2), we conclude the proof of ({8.11))
also in this general case.
Similarly, we have the claim when ¢ < 0. O]

Now, we consider R : T" x J, x J, — M,,, where M, is the set of the n-
dimensional matrices. For all (¢,7,t) € T" x J, x J,, R(q,t,7) is the matrix
having elements equal to r;;(g, t, 7) for all 1 <4, j < n. In other words, R(q,t,7) =
{rij(¢.t,7) }1<ij<n- We define the following family of norms

|7,

Cs = ISI}?}SCH |Tij(Q7t77—)

1 s,

for positive real parameters s > 0. We consider the following system that plays
an important role in the solution of the homological equation (H Eq))

R(q,t,7) = FO,W o ¢fy (q)R(g, t,7)
R(q,7,7) =1d.

where W is defined in (H E¢|). For all fixed 7, ¢t € J,, in what follows we denote

R7(q) = R(gt, 7).

Lemma 8.2. The latter system admits a unique solution. Moreover, for all T, t €
Jy, with T > t, letting R(q,t,7) = R(¢y/ (¢),t,7), we have the following estimates

|R.|co
|R.|co

(R)

€c§|6qw|co(7_t) (815)
C(o) (14 10,W e (1 — t)) e P leol=0 (8.16)
£ C(0)|0W |1 [0, W | oms (7 — 12100 oot

with positive constants ci > 0 and ¢ > c,. We point out that c, is the positive
constant introduced in the previous lemma.

<
<

Before the proof, we observe that when o = 1, thanks to (8.16|),
\Rﬂcl < C (1 + [0, W | (T —t) + |0,W 1 |0,W | co (T — t)2) eC110aW | o (T—t)

< C (1 + |8qW|Cl (7’ — t)) ec¥|an|CO(T_t)
+ CloW]er (T — t)e\an\co(T—t)ec{ﬂan|co(T_t)
< C(1+[0,W]en (1 — 1)) e 1aWlcoT=0

for a suitable ¢t > c£.
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Proof. We prove this lemma in the case R(q,t,7) = I, W o ¢ty (q)R(q,t, 7). The

other case (R(q,t,7) = —0,W o ¢l,(¢)R(q,t, 7)) can be proved similarly. For all
q € T", a unique solution of (]ED exists by the theorem of existence and uniqueness.
It remains to prove the estimates.

By the fundamental theorem of calculus, we can write R as follows

Rila) =1~ [ W o 03y () R2(0)ds. (5.17)

for all g € T" and t, 7 € J, with 7 > t. Then, thanks to the latter, we can estimate
|R%|co in the following way

|R! o < 1+C’/ |0,W | co| RE | cods.
t
Therefore, by the Gronwall inequality (8.10)), we have
|Rf_|co < €ftT ClogW|ods < ec%|6qW\Co(‘rft)

for a suitable positive constant cl. This concludes the proof of (8.15). Now, we
prove (8.16). By (8.17)), we can write R. in the following form

Ria) = oo/ () =1~ [ W o6t (@R a)ds.
t
Hence, we can estimate |R.|c in such a way that
Bl <14 / 0, 0 6557 RS | ds. (8.18)
t

We will estimate the norm into the integral on the right-hand side of the latter
using Proposition |[A.2| and (8.15). The claim is a consequence of the Gronwall

inequality .
As a consequence of Proposition [A.2]

0V 0 63 Reler < C(0) (10,W 0 637 e [ B |co +10,W |eo| B o )
W 0 9357 lon < C(0) (10, |oo 04637120 + |0, W 110,635 o + 10, W | o)

and replacing the latter into ({8.18])
Rlor < 14C(0) [ 0,W]co 0,08 7ol Bolcnds
t
s Clo) [ 10nVIer o405 oo | o lcnds
t
+ C(a)/ |an|Co|Rj|Cods+0(a)/ 18, W |co| RS | on ds.
t t
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Now, by (8.15) and Lemma [8.1] we can estimate the first three integrals on the
right-hand side of the latter

IN

/ |an|Cd|aq¢8W_T‘go|Ri|codS C(g)|an’CU / 6610‘8‘7W|CO(T_S)ec§|8qw\co(T—s)ds
t t
C(U)|an|C’U (’7' — t)e(510+c§)|8qw‘co (t—1)

C(0)|0,W |en / (o e oW Igo (=) g

t

IN

IN

[ 100 icn 0,657 o v
t

+

C(o-)|an|Cl|8qW|Co'l/ (’7’ — S)G(CU+C§)‘8qW|CO(7_5)d8
t

O(U)|an|Cl (7’ — t)e(c"+cg)‘aqw|co(7—t)
O(U) |an|Cl |8qW|Co'71 (T — t)26(60+5§)|8qw|00 (T—t)

RO
t

IN + IA

/ yan‘CO|Ri|COdS
t
1

— <€c§|an|Co<r—t> _ 1) .
0

Similarly to the previous lemma, in the first two integrals on the left-hand side of
the latter, we use some trivial inequalities to avoid the division by |0, |co.
Then, by the above estimations and remembering that ¢,o < ¢,

Rlee < 14 C(0) (&c’flf’%wlc@ (=) _ 1) + C(0)|0,W |ge (7 — t)elerotedIaWIco(r=0)

C(a)|oW e (T — t)e(c(’*C(})%)'an\co (r—t)
(0)|0gW |c1|0,W |1 (7 — t)2eler Fe)IOWlco (=)
@) [ 10V |col il cods

t

)
)

() (L 10,1V cn (= 1)) el lco 7=

()10 V|10, W |1 (7 — t)2eler e eatr—0

<
_|_
+
+

IA

C
C
C
C

+
t
+ ‘O(U)/ 10,W | o | RE ||

Similarly to the proof of Lemma [6.4, we define the following function

a(t) = C(0) (1+|0,W|co(r —t)) elcrte0aWlco(=t
+ C(0)|0,W 1[0, W o (7 — 1) el Tt IaWlco (=)

and we rewrite the latter in the following way

t
Reler < alt) +[Clo) [ W leolRelonas|-

However, it is straightforward to verify that a is a monotone decreasing func-
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tion. Hence, by the more general inequality (6.16])

|R|ce <

(1)

a(t) +
CL(t) <1 + O<U)’an|co / GC(U)anCO(St)dS>

t
(1 + (ec(a)‘anbO(T—t) _ 1))
(1 + eC@NaWleo(r=1))
) )

! t
C(o) / a(s)]aqw‘coe\c(a)fs 10Wlcods|

IN

a
C(O (]- + |an|Co (T —t )€C§|aqw\co(7—t)
C(o |8QW|01 |an’CJ—1(T — t)2€c§|an|C0(T7t)

IN A

+

for a suitable constant ¢ > ¢, + cft. m

We observe that the constant c%, as for ¢,, goes to infinity if o — oo. This
means that, in order to solve the homological equation, we must counter the growth
of ¢ and ¢, assuming \ sufficiently large.

Lemma 8.3 (Homological equation). There exists a solution », (V)W € SY
of (HEG). Moreover, letting ¢ = max{c, + c&t,c® + &, e + ¢, }, if

A > cZ0,W]co (8.19)
then,
iy < Clo) ! 22 (8.20)
Hloa = AN 0, W0 ) 7o ‘

+ C(O’) |8¢IW|C" 5 |an|Cl|an|C"*3l ‘Z|g)\.
(>‘_C§[|aqw|00) (A_Cﬂan’CO)

Proof. Ezxistence: Let us define the following transformation
h:T'x J, — T" x J,
h(g,t) = (6w (a). 1)

where ¢t is the flow of W previously introduced. We claim that it suffices to
prove the first part of this lemma for the much easier equation

Oik(q,t) £ 9, W o by (q)k(q,t) = 20 h g, 1). (8.21)

If x is a solution of the latter, then s = ko h is a solution of (H Eg|) and viceversa.
We prove this claim. Let s be a solution of (HEg]),

O (o ™) £ (9 Wodly) (seoh™) = (9greoh™) dly + Opscoh™ £ (9,W 0 dly) (sc0h™h)
(Ogscoh™ ") (W oly) + Opseoh™
£ (0,W 0 dy) (0 h7)

= zoh™ !

where ¢tW stands for the derivative of ¢}, with respect to t. It is obviously equal
to Wogl,. Furthermore, the last equality is a consequence of (HEg]). This proves
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8 Asymptotic Motions for Time Dependent Hamitlonians

that scoh~! is a solution of (8.21)). Let us first show that d,¢;/W = gzﬁ‘},t . We know
that ¢!} is the flow of W, then ¢,;f = W o ¢yf. However, for all (¢,t) € T" x J,,

W o éy(q) = 0y (W (q)-
This is because the pull-back of W by ¢;Vt is equal to W. In others words,
(65))" W = W where (¢3})" W = (9,03) " W o ¢t Then, 9,65t W = it
Now, let x be a solution of (8.21)), then

Dy (Ko h)W 48, (koh) £9,W (koh) = (D40 h)dputW — (dyk 0 h) oyt
+ Okoh+0,W (koh)
= Okoh+0,W (koh) ==z

Hence k o h is a solution of , where the last equality of the latter is a
consequence of . This proves the claim.

For all ¢ € T", let R(q,t,v) be the unique solution of (R). For all (¢,t) € T"x J,
a solution k of exists and

w(a.t) = Rig,t,0)elq) - / R(g.t,7)z 0 h™\(g, 7)dr

~ R(g.t,0) (e(q) _ / "Rig.o.m)zo h Vg, T)d7>

where e is a function defined on the torus.

Estimates: We choose e equal to

+oo
e(q) = / R(q,v,7)z0h™(q,7)dr

for all ¢ € T™. It is well defined because, by Lemma and ,

+00
/ R(q,v,T)z 0 h_l(q,T)dT

“+o0o
< ¢ IRl |ovdr
v

+oo R
< oy [ e,
%

_ Clz[5 . o (10aW o =AY
A = c'|0gW | co
Therefore, for all (¢,t) € T" x J,,,
o0
#(q,t) = Koh(q,t)=— Rl o (b;‘}(q)zT o (b;V’t(q)dT

t

“+o00

- _/ RZ o ¢yl o ¢y (q)27 0 ¢y (q)dr
+oo

N _/ R. o ¢5 ' (9)27 0 ¢y (q)dr

152



8.8  Proof of Theorem@

is the solution of (H E¢|) we are looking for.
The estimate (8.20)) is a consequence of Proposition , Lemma Lemma

and (8.19). For all fixed t € J,, by Proposition , we can estimate |»!|co as
follows

+<x>~
p#woschy/ IR 0 67 e |27 oo + [Rleol2” o 635 |ondr.
t

Always using Proposition

1270 9Tt |oe < C(0)|2|oo (10465 %0 + 0y0% ot +1)
7005 or < Cl0) (|Rblcr 10,63 20 + 1R ot 0467 |owr + [ RE|oo

and replacing the latter into the above integral
+00 +oo
#lor < C) [ IRl lor 0,65 fodr + Clo) [ IR enls7 e 0,07 v
t t
+oo +oo
+ Co) [ IR er 0,87 eolTlondr +Clo) [ 1R l0465 v |7 lcndr
t t
+o00
+ C’(a)/ IR ol 27| oo
t

It remains to estimate each integral on the right-hand side of the latter. But, first,
we note that for all t € J, and z < 0

+o0 eztt +o0o ea:t
/ eIt —t)dr = / e (1 — t)%dr = —2—
t t z

o
1-2

where the latter is obtained by integrating by part. Now, thanks to Lemma [8.],

Lemma [8.2] (8.19) and the latter

+o00
| IRl ou67y e
t

+o0 B |Z v
< C(o)zY e(cla—&-cé%)\an|Co(T—t)ef)\7dT — Olo a,A e}\t
< Clo)l ‘M/t ) =G0+ ) 10, Wleo

+o00
/ |RL| ol 27| o |0407y | comrdT
t
+oo
= C<U)|Z‘Z,)\/ (14 [8,W |eor (7 — 1)) eleote) W lon(r=t) o=A7 g
t
+oo "
= C(O-”Z‘g)\/ e(Ca"rCO )|8qW‘Co(T—t)ef/\7—d7_
7 t

+00
F OO0Vl [ el a0~ ar
t

2[00, W |-
(A= (co + ) 10,W]co)?

|Z|g,>\ At At
= C’(o))\ By P |an|COe + C(0)
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+oo
| Ro 10,6 eal7londr
t
+00 R
SCOLl [ (@ 10V |en(r — 1)) lF o)A o0y
t

+o0o
+ C(U) ’Z‘;)\ / ‘an’Cq |an|Co—1 (7_ _ t)2e(c§’+c1o)\3qW|co (T—t)e—)\rdT
t

2[5 N 2[5 A 0,W | co
=C(o Z e+ CO(o z At
O @ ao) e’ OB+ o) V)
v 8 W 1 a W o—1
+C(0) |Z|a,)\| oWl |o,W e AL

(A= (cf +10) |9, |co)’

+oo
| IR l0,65 oo lovdr
t
—+o00
< C(0)|212, / (1 4+ 10,W e (7 — £)) (1 + [0, |cor (7 — 1)) ele4ee) W lca =) =37 g
t

+
< C(U)\Z|§7A/ oo6(65‘”“)‘3QW|00(T—t)e—ATdT

t

+oo
-+ C(U)|Z!Z,A\an|01 / (7‘ — t)e(Efa-&-cU)|8qW|cO(T—t)€f)\7-d7_
t
+o0 R
+ C(0)]2]5 A0 | o / (1 — t)e(cl o ) 10aWleo (=) o =AT g
t

+o0
+ C(0) 2120, W |1 |0, [ oo / (1 — t)2e(EFer)0aWico(r=t) =37 g0
t
|Z|g)\ M\t

: C
N Tt e’ T
<AV a0, W loms
(A = (&t + ) |0,W] o)’

|Z|g,>\ ([0Wlcr + [0,W |co-1) A
(A = (e + ¢0) [0,W |co)”

t

= C(o)

t

+ C(o)

+o0o
/ ‘Ri’colZT’CodT
t

< Clz|Y /+0<> €0 10aWlco (=) o= g C(o) 2]z e,
= TleA A — ck|0,W ] co

Now, we remind that ¢ = max{c, + c&, c® + clf, c¢lt + ¢, }. Hence, thanks to the
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8.8  Proof of Theorem@

latter
1 1
t - At < C
7o < C(o) ()\ o ) e 5 e T ) 0V ]es
+ ‘an’CJfl + 1
A= (co + ) |0,W|0) A= (cB+¢10)[0,W]co
+ 10,W o 0,W | c1|0gW [ gor
(A= (cB+a0)[0W]eo)® (A= (cB +10) [, W |eo)’
N 1 |0, W1 + [0,W o1
A= (@ +co)[0Wlco (A= (8 + cp) [0,V ]co )
n |0, W 1|0, W | o1 1 T
(A= (R +¢) |0, W]co)® A — oW ]co )17
1 oW | e oW |1 |OW | o1
< O(U) . + ‘q ’C 2+|q ‘C|q |C3 ‘Z|g>\
A = ¢5|0,W o (A = ¢z]0,W|co) (A = cz10,W|co)

for all ¢t € J,. Furthermore, taking the sup for all ¢ € J, on the left-hand side of
the latter, we conclude the proof. O]

We observe that we do not find a unique solution to the homological equation
in this case, unlike when W is constant. That is why we prove only the existence
of a right inverse of the differential of F introduced in Section [8.3.1]

The following two sections conclude the proof of Theorem [G] As mentioned
before, the proof is quite similar to that of Theorem [A]

8.3.4 Regularity of F

We begin this section by reminding the definition of the functional F,

F AXBXMXMXWxUXYV —ZxG

Fl(a,b,m,m, W, u,v) = (Fi(b,m,u,v), Fy(a,b,m, W, u,v))
with
Fy(b,m,W,u,v) = Wo(id+u)—W +bota+ (mo@)v— (Vu)W
, = (/lan(id—i—Tu)dT)u—i—boﬂ—i—(mo@)v—(VU)W
Fy(a,b,m, W,u,v) = 8an0 a+ (OW o (id4+wu)+0bow)v
+ (9ymop)-v?+ (Vo) W,

where the second line of the latter is a consequence of the Taylor formula. Thanks
to Proposition [8.1], the functional F is well defined and continuous. Moreover, F
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is differentiable with respect to the components (u, v), with

D Fi(b, m, W, u,v)(0,0) = DyFi(b,m, W,u,v)t~+ DyFy(b,m, W, u,v)0

= (O,Wo(id+u)+dbot) i+ v (Omo@)a
v (Oymo @) i+ (mo )i — (Vi) W
Dy Fy(a,b,m, W,u,v)t + D, Fy(a,b,m, W, u,v)0
(62aoa)ﬁ+vT(82Wo(id—i—u)—i—@%oﬁ)A
(W) (82mo @) @+ (O,W o (id + u) + dgbo ) ¥
(v )( mogp)v—l—?v (Oymo@)0
(Vo) w

where T' stands for transpose. These differentials are continuous. Furthermore,
the differential D(, . F calculated in (0,0,m,m, W,0,0) is equal to

+

D(u,v)FZ(aa b> m, VV? u, ’U)(ﬁ’ ’0)

+ o+ o+

D) F(0,0,m,m, W,0,0)(t,0) = (anu — (Va)W + mo’u) ,

9,Wo + (Vo) W (8.22)

where for all (¢,t) € T" x J,» we let mg(g,t) = m(q,0 t). The following lemma
proves that, for all fixed m, m € M and W € W, D, »F(0,0,m,m,W,0,0)

admits a right inverse.

Lemma 8.4. For all (z,9) € Z x G, there ezists (4,0) € U x V such that
D 4,0)F (0,0, m,m, W,0,0)(a,0) = (2,9). (8.23)

Moreover, for a suitable constant C' depending on o, T, X, |9,W|co and |0,W|co
@l < C (Igly + 121, ) 191 < Clalzi

where, we recall that |4 = max{]u\g)\, | (V@) W\g')\} and
[0 = max{[o]y,, | (VO) W2}

Proof. The proof of this lemma relies on Lemma [8.3] Thanks to (8.22)), we can
rewrite equation ({8.23)) in terms of the following system in the unknown (a, 0)

{(Vu) W —o0,Wi =m0 — z (8.24)

(Vo)W +9,Wd = g.

These equations are decoupled, and hence we can study them separately. We begin
by solving the last one. Then, we replace the found solution ¢ in the first equation,
which now can be solved, and we conclude the proof of this lemma.
By Lemma a solution v of the second equation of the above system exists
and satisfies
612y < C(o A, |8, W]co, 10,V =) g1

Moreover, thanks to Proposition [8.1] (8.24) and the latter

| (VD) VV|§)\ lg — O,Woly\ < lglys + C(a)|0,W e |05

< O(o, N, [0,W o, 10,W |eo) gl
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As a consequence of the previous estimates, we obtain
0] = max{[0[; , [ (Vo) Wi, } < C(0, A, |0,W]co, [0,W]ew) gl as

which proves the first estimate of this lemma. Now, we can solve the first equation
of (8.24]) where v is known. Thanks to Proposition and the previous estimate

[mod — Z|5/A < C(o)Y[o g:/\ + |Z|glx < C(o, A\, [0,W o, |an|C")T|9|g:A + |Z|glx
< C<07 /\7 T? |al1W|CO7 |al1W|C°) <|g‘g:)\ + |Z|g:)\> :

By Lemma a solution of the first equation of (8.24]) exists and we have that

,U/
g\

It remains to estimate | (V) WY, to conclude the proof of this lemma. This is a
consequence of the previous estimates and (|8.24))

@l < Cloy 010, oo, 10,W |ew) g — 215
< OO 0,W |eo, 0,W[cx) (Igln + |2

(V) Wy = limgd — =+ 0, Wl < imgd — 2105 + C(0)]0,W |ee il
< Ol 10,W o, 10, =) (Iglin + 1212)

and thus
@] = max{[dl, | (V@) W3} < Clo, A, T, 10,W o, 10,W o) (191 + 1212

O

8.3.5 (“7-Asymptotic Torus

Following Section [3.3.5 this part is devoted to proving the existence of a C7-
asymptotic torus associated to (X, Xj, ¢o, W). To this end, we fix z = (a,b),
where a and b are those defined by . It is straightforward to verify that
(a,b) € A x B. Moreover, we define the following Banach space (), | - |) such that
Y =UXxYV and, for all y = (u,v) € Y, ly| = max{|u|,|v|}. Let m, m € M and
W € W be as in (kx4)), we rewrite F in the following form

Flz,m,m,W,y) = DwuunF(0,0,m,m,W,0,0)y+R(x,m,m,y). (825)
For fixed z, m, m and W, the purpose of this section is to find y € Y such that
F(x,m,m,W,y) =0.
Let n(m,m, W) be the right inverse of D, . F(0,0,m,m,W,0,0) whose existence
is guaranteed by Lemma [8.4 Therefore, we are looking for y € ) in such a way

that
y=vy—- n(mama W).F(:E,m,m,VV,y)
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To this end, we define the following functional
L(x,m,m,W,-): Y —Y
where
L(x,m,m,W,y) =y —n(m,m, W)F(x,m,m, W,y). (L)

As one can expect, it is well defined, and by the regularity of F, we deduce that
L is continuous and differentiable with respect to y = (u,v) with differential D, L
continuous. The proof is reduced to find a fixed point of the latter.

In what follows, we will widely use Proposition (see Appendix [A]). Then,
we recall it. Let D be equal to T" or T" x B.

Proposition (Proposition |A.2)). We consider f, g € C?(D) and o > 0.

1. For all 3 € N", if |B| + s = o then

18l
i d| . < fle-

2. [fglce < Clo) (I fleolglos + 1 flerlgleo).

Now we consider composite functions. Let z be defined on D; C R™ and takes its
values on Dy C R™ where [ is defined.
[fO' < ]., f S Cl(D2>, z € CU(Dl) then f oz € CU(Dl)

3. |f o zloe < C|fler|zler + | fleo).
Ifo <1, f€C(Dy), z€ CYDy) then foze C? (D)
4- |fozlee < C(flee|Va[go + [fleo).
Ifo>1 and f € C7(Dy), z € C?(Dy) then foz e C7(Dy)
5. |fozler < C(0) (Ifle-|Valzo + 1 fler[Vzloo-r + [ fleo).
The following lemma is the main tool to conclude the proof of Theorem [G]

Lemma 8.5. There exists V' large enough with respect to n, o, X, |0,W|ce+1 and
T, such that, for all y.,y € Y with |y.| <1,

_ 1
1D, L, mm, W90l < 5ol (320

Proof. The proof of this lemma is similar to that of Lemma |3.5| with some modi-
fications due to the different homological equations. As one can expect, the proof

rests on Lemma . By , for all y, y* € Y
D, L(x,m,m,W,y.)y = (Id —n(m,m, W)DynF(x, m,m, W, y*)) Y.

We can reformulate the problem in terms of estimating the solution § = (4, 9) €
of the following system

D) F (0,0, m,m, W,0,0)g (8.27)
= (D(uﬂ,)}"(O, 0,m,m, W,0,0) — D F(x,m,m, W, y*))y.
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8.8  Proof of Theorem@

In what follows, we estimate the right-hand side of the latter. Then, by Lemma
8.4 we conclude the proof. We point out that y. = (us,v.) € Y and for all
(q,t) € T" x Jv, we let

U(q,t) = (g +us(q, 1), 1), Pula,t) = (¢ +ulq, 1), v:(q, 1), 1)
Thanks to (8.22), we can rewrite the right-hand side of (8.27)) in the following form

OWu — (Vu) W + MoV — D) F1(b,m, W, ys)y
anU + (V'U) W — D(u,v)FZ(x7 m, W7 y*)y

(see Section [8.3.4)), moreover

OWu — (Vu) W + 1mov — Doy Fr (b, m, W,y )y = (o —mo @) v— (9bo ) u
+ (3W O,W o (id + uy)) u
T (0o B u— T (Bymo )
OWv + (Vo)W — Doy Fo(z,m, W,y )y = (6 W —0,W o (id + u,)) v
(Ghuo )
vl (O2W o (id + u,) + 92bo i) u
(VT2 (3m o 3.) u— (Bybo ) v
- (U*T) ( g1 © 90*)
— 2l (9,mo @) v.

Now, thanks to property 2. of Proposition [A.2]

)(anu — (Vu) W + mov — Dy F1 (b, 0, W, y*)y)t . < C(O‘)( ‘ (m§ —mo @)t - ‘vt’Co
+ ‘(8qboﬁ*)t|00 |ut‘cg
+ [ (0,W = 0,W o (id + u.))" |co|uf| e
+ [viles |90 @) o [u'lcr
okl | @m0 8. g o] )

for all ¢ € J,». We have to estimate each term on the right-hand side of the latter.
We begin with the third because it is the only term that does not appear in the

proof of Lemma [3.5]

| (8, W — 0,W o (id + u.)) oo |u'|cr < C(0)|02W o (id + Tu,) ul | co [u'| oo
C(0)|0yW |costlyele ™ (1 + (1 + [04ulleo)” + |0gullco) lyle ™
C(O-)|an|Ca+l€_>\U/|y|€_)\t

for all ¢t € J,,. The first line of the latter is due to the mean value theorem for a
suitable 7 € [0,1]. In the second line, we use properties 2. and 5. of Proposition

A.2l The last line is due to |y.| < 1. Similarly to the previous case and to the
estimates in Lemma thanks to the mean value theorem, properties 2. and 5.
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8 Asymptotic Motions for Time Dependent Hamitlonians

of Proposition and |y.| < 1, we obtain

(70 — 0 3.)!| oo [0 ]er < C(U)<|6qmt(id+Tu*,Tv*)uﬂco
+ lapmt(id+Tu*,Tv*)vi]ca>]vt]ca
< C0)Y (Juiler + [viler) [0']ce
< C(o)Te ™ [yle™

[(0b 0 i)' | 0 U] e < CO)BISane ™ Tyle™
< C(o)Te Myle™

[olloe [(Bgmo @.)| o [6flos < C(0)|y.le™ lyle™
[olloe [(Bpm 0 @) | oo [0 |er < C(0)[yale™™ T]yle™

for all t € J,,. Therefore, for v’ large enough, the above estimates imply

‘ (anU — (VU) W + mov — D(u,'u)F1<b7 ma W? y*)y)t c

]‘ — At
—yle
C|y\

for all t € J,. We point out that C is the constant introduced in Lemma .
Multiplying both sides of the latter by e* and taking the sup for all t € J,,, we
obtain

_ v 1
|0, Wu — (VU)W+m0v—D(u,v)Fl(b,ﬁ’L,I/V,y*)ylm < E|y|-
Similarly to the previous case, for v’ large enough, we have
_ o 1
|0 W v + (Vo) W = Dy Fo(, m, W, y*)y|(LA < E\y[.

This concludes the proof of this lemma. Thanks to Lemma [8.4] a solution y € )
of (8.27)) exists satisfying

4| < é( 10, — (V) W+ 11290 — Dy Fa (b0, W, )y
_ o 1
+ |0,Wu — (Vu) W + 1o — Dy Fi (b, m, W, )y A) <5y
5] < C|oWu— (Vu) W + mgv — D) F1 (b, m, W, y, y| L < 4\3/;

and hence )
]

We proved that £(x,m,m,-) is a contraction of a compact subset of J. Then,
there exists a unique fixed point y € Y with |y| < 1.
More specifically, there exists (u,v) € U x V such that, for all (¢,t) € T™ X J,

©'(q) = (g +u(g, t),v(q, 1))

is a C7-asymptotic torus associated to (Xg, Xj, ¢o, W). We conclude the proof
by verifying that ¢! is a Lagrangian C?-asymptotic torus.
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8.4 Proof of Corollary@

Lemma 8.6. ¢% is Lagrangian for all ty € J,.

Proof. Let o« = dp A dgq be the standard symplectic form associated to (q,p) €
T™ x B. Similarly to Proposition by ({8.5)

(¢")"a = (g )" (¥ )

for all fixed tg € J, and t > 0. We want to prove that, for all ¢ € T" x R™,
((¢')*a), = 0. The proof rests on the same ideas of Proposition and Lemma
0.

We observe that, for all ¢ € T™, we can rewrite the right-hand side of the latter
as follows

(W) @), = > > aljnaa)da A dga

1<i<j<n 1<k<d<n

where

of (@) = (90" -0y, (id 4 u') — 90" - 9, (id + u')) 0 L 1 (q)

X (anwfg,—g/'L( ) deig,—;{i]( ) anwig,—;é'z( ) kafg,—{_/lt/y( ))

and x stands for the usual multiplication in R. Then, for fixed 1 <1 < j < n,
1 <k <d<n,by Lemma 8.1
< [ (0g 0™ - 9y, (Id + ufott) — 00" F" - 8y, (Id + u't")) o 21 (q)
X }a%wfgtlt/zaqcl¢€8%,j - aqfizﬁ:g;[iza%@bzgfl/;j{co
<

0,0 0, (1d + o) — 0,0 -9, (1d + u'o™)

t
}O‘i,j,k,d‘co ’co

oo

to+t to+t to+t to+t
x <‘6‘1kwt0,W,i‘CO [0t co + 190t il co }aqmtowﬂco)
. to+t to+t to+t to+t to+t to+t
= }6’%1)]» + Oy vt Gy 't — 9y vt — 9, vt Ot oo
to+t to+t to+t to+t
X (‘aqk¢to,W,i‘oo ’aqd¢to,W,j‘oo + |aqd1/)to,W,i|oo }aqkwto,W,j|00>

to+t |2
< Clo" ™| o (14 |0gu" ™| o) [0 3 o
< C ‘Uto+t|01 (1 + |uto+t‘01) mqw;eg;‘t/ 20 < Cle—Mtott) o261104W | cot
for a suitable constant C' > 1. Thanks to (#]), taking the limit for ¢ — +o00 on

both sides of the latter, the term in the last line converges to zero. This concludes
the proof of this lemma. O

8.4 Proof of Corollary [C|

The proof is quite similar to that of Theorem [G] and Corollary [A] We are looking
for a C7-asymptotic torus ¢ associated to (Z,W,1d, W). More specifically, for
given Z, we are searching for v/ > 0 sufficiently large and a suitable function
u:T" x J, — R™ such that

U(g,t) = q +ulq,t)
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8 Asymptotic Motions for Time Dependent Hamitlonians

and in addition ¢ and u satisfy

Z(Y(q,t),t) — 0¥(q, )W (q) — Oib(q,t) = 0, (8.28)
tginoo [u'|ce =0 (8.29)

for all (¢,t) € T" x J,». We introduce a suitable functional F given by (8.28]). To

this end, we define

¥(g,t) = (¢ + ulg,1),t),
for all (¢,t) € T" x J,». The composition of Z with 1; is equal to

Zot(q,t) =W on(q.t) + Poi(qt)
for all (¢,t) € T™ x J,», moreover
0 (q, )W (q) + 9 (g, 1) = W (q) + Ogulq, )W (q) + Drulq, 1)
for all (¢,t) € T™ x J,». Then, we can rewrite as follows
Potp+ (Wotp—W)— (Vu)W = 0. (8.30)

This is the sum of functions defined for all (¢,t) € T" x J,» or ¢ € T™. As usual, we
have omitted the arguments (¢q,t) and ¢ in order to achieve a more elegant form.
For the sake of clarity, we recall that, during the proof of Theorem [G] we have
introduced the following notation

(Vu) W = (0,u) W + Oyu.

Before the introduction of the functional F, letting ¢ > 1 be the positive
parameter defined in Corollary [C] For a suitable positive parameter v/ > 0 that
we will choose large enough in Lemma [8.7] we introduce the following Banach
spaces (Pv | ’ |)7 (Z/[, | ) |)7 (Za | ’ |) and (W7 | ) |)

— {P LT x Jy — R | P e &Yy, and [P = |P|Y,, , < oo}
- {u:']r” X Jy = R |u, (Vu)Q € SV
and [u| = max{Ju[{,, | (Vu) Q[,} < 0o}
zZ = {z T x Jy - R"|2€ 8, and |2| = ]z|§/,\ < oo}
— {W T 5 R | W € COFYT™) and [W] = |[W]eos1 < oo}.

Now, thanks to (8.30) and the previous Banach spaces, we have everything we
need to introduce the functional F. Let F be the following functional

F: PxWxU—Z
F(P,W,u)=Poi+ (Wop — W) — (Vu) W.
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8.4 Proof of Corollary@

We observe that for all W € W
F(0,W,0) = 0.

Therefore, we can reformulate our problem in the following form. We fix W € W
and for P € P sufficiently close to 0, we are looking for u € U in such a way that
F(P,W,u) =0.

Concerning the associated linearized problem, the differential of F with respect
to the variable u calculated in (0, W, 0) is equal to

D F(0,W,0)a = 9,Wa — (Va) W.

The functional F is well defined, continuous, differentiable with respect to the
coordinate u with D,F (P, W,u) continuous. Moreover, by Lemma [8.3 for all
fixed W € W, D,F(0,W,0) admits a right inverse n(W). Then, F satisfies the
hypotheses of the implicit function theorem.

We fix P € P and W € W as in Corollary [C] and we define the following
functional

L(PW,):U—U

in such a way that

The proof of Corollary [C]is reduced to find a fixed point of the latter. Similarly
to the proof of Lemma [8.5] we have the following lemma

Lemma 8.7. There exists V' large enough with respect to n, o, A and |0,W|c-,
such that, for all u,,u € U with |u,| <1,

1
| Dy L(P, W, u,)u| < §]u\

This concludes the proof of Corollary [C]
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A Holder classes of functions

A Holder classes of functions

This part is dedicated to a very brief introduction to Holder classes of functions
C?. Let D be equal to T" x B, T" or an open subset of R". For integers £ > 0,
we denote by C*(D) the spaces of functions f : D — R with continuous partial
derivatives 9*f € C°(D) for all @ € N" with |a| = a3 + ... + o, < k. We define
the norm

| flor = sup |9° f|co,
| <k
where [0%f|co = sup,ep [0%f(x)| denotes the sup norm. For ¢ = k + p, with
ke€Z,k>0and 0 < pu <1, the Holder spaces C?(D) are the spaces of functions
f € C¥(D) such that |f|cs < 0o, where

| flce = sup |0%f|co + sup |0°f () — aaf(y”.

la| <k o=k |z — y|#

(A.1)

In the case of functions f = (fi, ..., fn) with values in R", we set | f|ce = maxi<i<y, | filco-
Moreover, in agreement with the convention made above, if M = {m;;}1<i j<n is a
n x n matrix, we set | M |co = maxi<; j<p |[Mij|co.

In what follows, we have some properties of these norms that we widely use
in this thesis. First, we recall that C(-) stands for constants depending on n and
other parameters into brackets.

Proposition A.1. For all f € C7*(R"), then
|f1ds 70 < Clo)| flEae | fIGa® for all0 < op <o <oy,
Proof. We refer to [H&76] for the proof. O

This is a fundamental property that plays a substantial role in this thesis.
Furthermore, we have the following Proposition.

Proposition A.2. We consider f, g € C°(D) and o > 0.

1. For all 5 € N, if ||+ s = o then M#ﬁf o <|flce-

2. |fglee < C(o) (|flcolglor + [ fleelgleo).

Now we consider composite functions. Let z be defined on Dy C R"™ and takes its
values on Dy C R™ where f is defined.
Ifo <1, feCYDy), z€ C7(Dy) then foze C?(Dy)

3. |f o zlee < C(|flerlzlee +fleo).
Ifo <1, f € C(Dy), 2 € CY(Dy) then foze C7(Dy)
4. 1f o zler < C(flee|V2|go + [ flco)-
Ifo>1and f € C?(Dy), z € C?(Dy) then foze C?(Dy)
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5. |f ozlce < C(0) (Iflea|Vzl&e + | fler [Vzloet + [ fleo).

Proof. The proofs of the properties contained in this proposition are similar to
those in [H676]. The first is obvious. For the second, we refer to [H576]. Properties
3. and 4. are quite trivial. We prove the last property. By (A.1)),

Ifozlee < |fleo +|(Vfoz)Vz|co, (A.2)

where T stands for the transpose and (V fo2)TVz is the vector having i component
equal to ((Vfo z)TVz)i =Vfoz-0,z Thanks to the property 2.
|fleo +(Vf o 2)Vz|gos

|fozlee <
S |f|Co + C(O’)|Vf (¢] Z|0071|VZ|CO + C(O’)|Vf (¢] Z|CO|VZ|0071.

The last term of the latter is bounded by |f|c1|Vz|go-1, it remains to estimate
IVfozlge1|Vz]eo. I o <2, |Vfozlger < |flee|Vz|lo' + |flcr thanks to 4..
Then

IVfozlge|Vzlco < Clo) (IflerVz[Eo + | flor [V 2 co)
< C0) (fles|V2lgo + [ flor|V2ge)

whence the property holds in this case. If ¢ > 2, assuming that 5. is already
proven for o — 1, we find

|VfOZ|Cafl|VZ|CO < C(J) (\Vf|0071]Vz|go + ’f|cz|VZ|ca72|VZ|Co + |f|Cl|VZ|Co) .

It remains to find a good estimate for the central term. By Proposition

o2 1 1 -2
flea|Veloo 2| V2o < C(0) (|f|511|f|831) (|Vz|gal|w|5;:) V2o

< CO) (Ifler|Vzler1) 71 (| fler V2] 5) 7T

since a*b'~* < C(a +b) for 0 < A < 1, we have the claim. O

B Real analytic classes of functions

This section will collect some well-known facts about real analytic functions. For
some s > 0, we begin with the introduction of complex domains

Ty = {qeC"/Z":|Im(q)| < s}
B, = {peC":|p| <s},

with T" = R"/Z" and B C R" a sufficiently large neighborhood of the origin.
Let D be equal to T™ x B or T" and we consider a real analytic function in a
neighborhood of D

f:D—R

Let Dy be equal to T% x B, or T7, for a suitable small s. It is known that f extends
to a function

f:Ds—C
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C'  Banach spaces

that is real, holomorphic and bounded. We define the following norm

|fls = sup [f(z)].

ZGDS

In the case of vector valued functions f = (f1,..., f,) with values in C", we set
|f|s = max; |fi|s. Moreover, if C' = {Cj;}1<ij<n 1S @ n X n matrix, we let |C|; =
max;; |C;j]s. We define Ay as the space of such functions. The rest of this section
is devoted to a series of general well-known properties.

Proposition B.1. Let f, g € A, then the product fg € A and

|fgls < 1flslgls-
Let f € Ay and 0 < o < s. Then 0,f € As and we have

1
100 fls—o < =[fls-
o

Let fe A, 0<o<sandp € A,_, such that ¢ : Dy_; — Ds. Then fop € A,;_,
and

|fodls—o < |fls.

C Banach spaces

Here, we prove that the normed spaces, introduced in the third chapter of this the-
sis, are Banach spaces. Similarly, we have the claim for those defined in the other
chapters of this work. First, however, for clarity, let us remind some definitions.

For a positive parameter v > 0, we define a real interval J, = [v, +00) C R.
For every function f defined on T" x J, and for fixed t € J,, we let f* be the
function defined on T™ in such a way that

fHa) = f(g.0).

Given o > 0, we have the following definition

Definition. Let S be the space of functions f defined on T" x J, such that
fe (T x J,) and for all t € J,, f' € C7(T™).

For all f € S and a positive real function u(t) defined on J,,, we recall the
definition of the following norm

| flo.u = sup OR

tedy
We conclude this first part with the following subset of S7.

Definition. Given o, v > 0 and an integer k > 0, we let 3;’7,6 be the space of
functions f such that

fesS, . and 8E’q7p)f S

forall 0 <i<k.
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Now, let b be a positive, decreasing, integrable function on J,. We define

b(t) = /t+oo b(7)dr.

We may assume

b(t) <1, b(t)<1

for all ¢t € J,. For fixed ¢ > 1 and an integer £ > 0, we consider the following
spaces (G, |- |) and W, ||-]|) such that

gz{g:T”vaﬁR:gES;ik and |9|:|9|§+k,b<00}
W":{w:T”vaéR”:w,(Vw)QESg

and [Jwll, = max{jullg, | (Vi) 22} < 0o

We recall that, for all (¢,t) € T" x J,, Vw(q,t)Q = d,w(q, t)w + dww(q,t) with
w € R™. We prove that these spaces are complete. We begin with the first. Let
{ga}ta>0 C G be a Cauchy sequence. This means that, for all ¢ > 0 there exists
D € N such that for all d, m > D, [g4— gm|y 1 < € For all fixed t € J,,, we claim
that the sequence {g}}a>o contained in the Banach space (C7*(T"), | - |go+r) is a
Cauchy sequence. This is because for all fixed t € J,,

t t
9d — Imlco+k v
’93 - gfn’ca+k < % < lga— gm‘a-&-kz,b'

Then, for all fixed ¢ € J,, there exists g € C°** such that

. tt _

dETOO 194 — 9'lco+r = 0.
We have to verify that g € G (that is g € S¥, and |g|2, 1, < c0) and
lima o0 (92 — 9510 = 0

We prove that g € S?,. Obviously, for all fixed t € J,, g € C7TF(T"). It
remains to verify that dig € C(T" x J,) for all 0 < i < k. For all (q1,t1),
(QQ,tg) e T" x JU

009" (@) — 0ig"(@2)] < 10hgit (@) — Obg™ (qu)| + |0Lg (qr) — Dlg (a2)]
+ 10ig%7 (a2) — 0.g™ (q2)]

for all 0 <17 < k. Now, for all € > 0 there exists D € N such that, for all d > D,
the first and the last term on the right-hand side of the latter are smaller than
. This is because, for all fixed t € J,, gf converges to ¢' in the norm C7*".
Concerning the second term, we know that g4 € S; ;. Hence, by the definition of
Sl 0iga € C(T™ x J,) for all 0 < i < k. Then, there exists § > 0 such that if
|(q1,t1) — (go,t2)| < 0 also the second term on the right-hand side of the latter is

smaller than £. This proves the claim.
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C'  Banach spaces

We prove that dlim |9a— 9lo+np = 0. Let gi, be a subsequence of g4 such that
— 400 ’

1 d
|gk‘d+1 - gk‘d|g+k,b < <§>

for all d € N. We claim that it suffices to prove the above property for gi,. Indeed,
we assume that dhrf |9ky — 9losxp = 0. Then, for all d € N
— 400 ’

190 = 910k < 19a = Gralorrn + |9k — 9losrp-

Therefore, for all e > 0, there exists D € N such that, (g4 — gr,ly. 1 < 5 and
|Gk, — g|0+,€,O < 5 for all d > D. Because gq is a Cauchy sequence, we have the
first inequality. The second follows because we assumed that g, converges to g in
the norm |- [}, ;. This implies dli)riloo |94 — 9|5+ 1 = 0 and hence the claim.

Now, for all fixed t € J,

|gkd 9'|co+r Z ’9k i, +1|CJ+’€ = 1 ‘ 1\¢
_— ¢ E < = 2 —

i=d 7

+

Il
B

and hence taking the sup for all t € J,,, we obtain

1\ ¢
|gkd - g|g+k,b <2 (5) :

Then, for every ¢ > 0 there exists D € N such that |gy, —g[o,,, < eforalld > D.
We prove that |g|}, .y, < oo. For all d € N we can estimate |g|7,, , as follows

9losrp <192 — 9lo ik T 19al5 1 1p

For d sufficiently large, [ga—g; 1, < 00 because dli)anoo |9a— 94+ = 0. Moreover,

|9aly 1k p < 00 because gq € G. Then (G, |- [) is a Banach space.

In the second part of this section we prove that (W, ||||) is a Banach space.
Let {wg}a>0 € W be a Cauchy sequence. Similarly to the previous case, there
exist w € §) and f € S? such that

Jim jwg —wlgg =0, lim [(Vws) @~ flo, = 0. (C.1)
We have to verify that Vw(q,t)Q2 = f(q,t) for all (¢,t) € T" x J,. Let us denote
z = (q,t) and we remind that Q = (w,1). We will prove that for all £ > 0 there
exists 0 > 0 such that

w(z 4+ 7Q) —w(z)

T

—f(z)| <e
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for all |7| < 0. Thanks to the triangle inequality

w(z + 7)) —w(z)

Dowle) gy < [metrovds)wltolou
‘wd(z +70) —wa(z) o

[Vwa(2)2 = f(2)].

By there exists D > 0, depending on € and 7, such that the first and the
third terms on the right-hand side of the latter are smaller than £ for all d > D.
Now, thanks to Taylor’s formula, we can rewrite the second term on the right-hand
side of the latter as follows

'wd(z +70Q) — wy(2)

1
- de(z)Q‘ = / Vwy(z + 7s2)Q — Vwy(2)2ds
0

and using the triangle inequality

1
/ Vwgy(z + 75Q2)Q — Vwy(2)2ds
0

< /\dez+TsQ)Q f(z+ 7sQ)| ds
+ /\fz%—mQ f(2)|ds
" / /() - V(=)0 ds.

0

We know that f is continuous, then there exists § such that for all |7| < ¢ the
second term on the right-hand side of the latter is smaller than §. Since the
uniform convergence of (Vw,) €2 there exists D > 0, depending on ¢ and 7, such
that the first and the third terms on the right-hand side of the latter are smaller

than §. This concludes the proof.

D Planar two body problem plus comet

We consider the Hamiltonian of the planar two-body problem H,. We verify that,
in this case, we can explicitly construct the symplectic transformation ¢ of Section

[7.2.4, We consider two points of masses mg and m; undergoing gravitational
attraction in the plane. The phase space is the space

{(:L“j,yj)ogjg S (R2 X RQ*)Q | zg # 91}

of linear momentum covectors (yo, 1) and position vectors (zg,z1) of each body.
The Hamiltonian of the planar two-body problem is equal to

Z |yz momny
om;  |wo — x|
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D Planar two body problem plus comet

We introduce the following symplectic change of variable ¢q defined by

Xo = o000 + 0171 Yo=v+wn
X1 =20 — 11 Y1 = o1yo — ootn

where 1/09 = 1+ my/my and 1/0; = 1+ mgy/my. It is symplectic because

dYi NdXy +dYo NdXy = d(o1yo — ooyr) A d(xg — x1)

d (yo + y1) N d(ooxo + 0121)

= o1dyy N dxg — o1dyy A dxy — oody; A dxg + ogdy; A daq
oodyo A dxg + o1dyy A dzy + oodyy A dzg + o1dy; N dxy
= dyo N\ dxy + dyy N dx;.

+

+

In the new coordinates, the Hamiltonian of the planar two-body problem is equal

to

Yol? | Yil?  pM
H, XY)= -

00 G(X,Y) oM ' 2u |X]

with M = my+m; and 1/ = 1/mg+1/my. Now, we introduce polar coordinates
X1 = x9 — x1 = r(cos p,sin ). The variables (r, p) do not depend on the center
of mass Xy. This suggests the introduction of the following change of coordinates

Pol : R™* x T x R* — R** x R?  Pol(r, p, Xo) = (rcos ¢, 7sin ¢, Xp).

Letting (Xo, Yo) = (£, 1), in order to get a symplectic transformation, one is led to
the symplectic map

bpe : RT™* x Rx T x R x R* — R?* x R? x R*,
. P . , P
Gpe((r, R), (0, @), (§,m)) = ((rcos p,rsinp), (Rcosp — — sing, Rsing + — cos ©),(§1m))-

There are many references concerning the two-body problem and these kinds of
symplectic transformations. We propose the work of Féjoz [Fé13]. In the new
variables

R @ uM

H, (r R0, ® &) = L 0 _ B D.1
—_—

The variables ¢ and £ are cyclic (this means that 0, (Hpo ¢po ¢p.) = 0 and
Or (Hpo¢go ) = 0, so that & = cst, n = cst). Then, Hy o ¢y o ¢y is one
degree-of-freedom and thus integrable.

Now, we let

2
HO(T7 R7 @, @) = HO o ¢0 o ¢pC<T7 R7 2 @757 77) - %

Drawing from the work of Chenciner [Che89] or that of Celletti-Chierchia [CCOT7]
about the variables of Delaunay, there exists a symplectic change of coordinates
¢p defined on

{(z,L,g,G) € (T x R*)? | 0<G<L}
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such that 3072
H _.
5[z = h(L).

The angles ([, g) are respectively the mean anomaly and the argument of the
perihelion of the fictitious body xg — x;. Let a be the semi-major axis and e the

eccentricity, then
L = puvMa, G = uv/Ma(1l — €?).

The symplectic transformation ¢p is generated by

]:IO o ¢D(Z7L797G) =

So(L,G,rop) =/ 2#/ . \/h(L) — Verp(p; G)dp + G

T AMZ M G2
v (h(L)) L p p

where V. is the effective potential defined in (D.1)) and r_(h(L)) is a root of the
equation h(L)—V.sf(p; G) = 0. The previous generating function Sy is independent
of . In particular, the symplectic change of variables ¢p is defined by the following

conditions 95 oS S 9S
0 0 0 0
=— &o=—|=— = —.

R=5" 9o o 7~ oG

Going back to the Hamiltonian Hy o ¢ o ¢, we define
S(La G7 e, 5) = SO(L> Ga T, 90) + 5 /E

It is the generating function of a symplectic transformation ¢p defined on

{(z,L,g,G,g,n) € (T x R*)? x R? x R? | 0<G<L}

by

oS oS oS oS oS oS

R:_a (I):_a n= = l:—7 9= 745 = 5

or Op o0& oL oG an

Moreover, in these new variables, the Hamiltonian takes the following form
30/2 2
i M=)
HOO¢Oo¢pco¢D(l7LagaG7§7n) - - 27,2 +W (DQ)

¢

This concludes this slight digression.
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RESUME

Dans cette thése, nous nous intéressons aux systémes hamiltoniens dépendant du temps. Plus précisément, nous

¢étudions I’existence d’orbites convergeant, quand t — =0, vers des solutions quasipériodiques. Apreés la premiére
partie consacrée a I’introduction, les résultats de cette thése sont divisés en quatre parties.

Dans la premiére partie, nous analysons quand ce genre d’orbites existent pour des hamiltoniens dépendant du temps
convergeant asymptotiquement dans le temps (t — +o0) vers des hamiltoniens ayant un tore invariant supportant des
solutions quasipériodiques.

Une deuxieéme partie est consacrée a ’étude des conditions d’existence des orbites définies pour tous les temps et
convergeant asymptotiquement dans le temps vers certaines solutions quasipériodiques dans le passé (t — +oo) et dans
le futur (t — +o0).

La troisiéme partie est dédiée aux applications en mécanique céleste. Nous considérons I’exemple d’un systéme
planétaire perturbé par une comeéte venant et revenant a 1’infini asymptotiquement le long d’une orbite képlérienne
hyperbolique. Ici, le hamiltonien qui décrit ce systéme ne satisfait pas des bonnes propriétés de décroissance par
rapport au temps. Par conséquent, les résultats des parties précédentes ne s’appliquent pas. Donc, nous sommes
obligés de prouver un autre théoréme abstrait pour montrer 1’existence d’orbites appropriées associées a ce systéme.
Nous concluons cette thése en étudiant des hamiltoniens dépendant du temps convergeant asymptotiquement par
rapport au temps (t — +o) vers des hamiltoniens ayant un tore invariant supportant une dynamique arbitraire. Ici, nous
prouvons I’existence de certaines orbites convergeant asymptotiquement dans le temps (t — +o0) vers la dynamique
arbitraire associée au tore invariant précédent.

MOTS CLES
Systéme dynamique, tores KAM, dépendance du temps

ABSTRACT

In this thesis, we are interested in time-dependent Hamiltonian systems. More specifically, we study the existence of
orbits converging, when t — +oo0, to some quasiperiodic solutions. After the first part dedicated to the introduction, the
results of this thesis are divided into four parts.

In the first part, we analyze when the above-mentioned orbits exist for time-dependent Hamiltonians converging
asymptotically in time t — +co to Hamiltonians having an invariant torus supporting quasiperiodic solutions.
A second part is devoted to studying the conditions of existence of orbits defined for all times and converging
asymptotically in time to some quasiperiodic solutions in the past t — —co and in the future t — +oo.

The third part is dedicated to the applications in celestial mechanics. We consider the example of a planetary system
perturbed by a comet coming from and going back to infinity asymptotically along a hyperbolic keplerian orbit. Here,
the Hamiltonian which describes this system does not satisfy good time decay properties. Hence, the results of the
previous parts do not apply. Therefore, we are forced to prove another abstract theorem to show the existence of
suitable orbits associated with this system.

We conclude this thesis by studying time-dependent Hamiltonians converging asymptotically in time t — +oo to
Hamiltonians having an invariant torus supporting arbitrary dynamics. Here, we prove the existence of some orbits
converging asymptotically in time t — +oo to the arbitrary dynamics associated with the above-mentioned invariant
torus.

KEYWORDS

Dynamical systems, KAM tori, time-dependence
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