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Abstract

sion (SIET) are studied from two perspectives: the asymptotic and non-asymptotic

block-length regimes. In the asymptotic block-length regime, the fundamental limits
on SIET in the two-user Gaussian interference channel (G-IC) with and without feedback are
characterized. More specifically, an achievable and converse regions in terms of information
and energy transmission rates (in bits per channel use and energy-units per channel use,
respectively) are identified. In both cases, with and without feedback, an achievability scheme
based on power-splitting, common randomness, rate splitting, block-Markov superposition
coding, and backward decoding is presented. Finally, converse regions for both cases are
obtained using some of the existing outer bounds on information transmission rates, as well as
a new outer bound on the energy transmission rate. For the finite block-length regime, the
case of a transmitter simultaneously sending information to a receiver and energy to an energy
harvester through the binary symmetric channel has been studied. Given a finite number
of channel uses (latency constraint) as well as tolerable average decoding error probability
and energy shortage probability (reliability constraints), two sets of information and energy
transmission rates are presented. One consists in rate pairs for which the existence of at
least one code achieving such rates under the latency and reliability constraints is proved
(achievable region). The second one consists in a set whose complement contains the rate
pairs for which there does not exist a code capable of achieving such rates (converse region).
These two sets approximate the information-energy capacity region, which allows analyzing
the trade-offs among performance, latency, and reliability in SIET systems.

I N this thesis, the fundamental limits of simultaneous information and energy transmis-



Résumé

mation et d’énergie sont étudiées sous deux perspectives : le régime asympto-

tique et le régime non-asymptotique. Pour le régime asymptotique, les limites
fondamentales de la transmission simultanée d’information et d’énergie dans le canal Gaussien
a interférence (G-IC) avec et sans voie de retour sont déterminées. Un ensemble des débits
atteignables de transmission d’information et d’énergie (en bits par utilisation du canal et
en unités d’énergie par utilisation du canal respectivement) est identifié. Pour les deux cas,
un schéma de faisabilité basé sur division de puissance, des variable aléatoire en commun,
division de débit, codage superposé en block du Markov , et décodage en arriére est présenté.
Finalement, une région converse pour les deux cas est obtenu en utilisant des techniques de
majoration dans la littérature pour les débits d’information et aussi un majorant pour le débit
d’énergie en utilisant la loi des grands nombres. Deuxiémement, le probleme d’introduction
d’un récepteur d’énergie dans le canal binaire symétrique est présenté. Pour ce probléeme, une
borne de faisabilité et une borne d’impossibilité sont obtenues dans le régime non-asymptotique.
Ces deux bornes caractérisent le nombre maximal de bits d’information et d’énergie qui peuvent
étre introduits de maniere furtive pour le canal binaire symétrique.

D Ans cette these, les limites fondamentales de la transmission simultanée d’infor-
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Notation

X. Random variables are denoted by uppercase letters, e.g., X. Denote by x

and X the realization and the set of events from which the random variable
X takes value, respectively. Denote by Px the probability distribution of X over the set X.
Denote by Pxy and Py|x the joint probability distribution of (X,Y’) and the conditional
probability distribution of Y given X, respectively. Let N be a fixed natural number. Denote
by X = (X1, X9,..., X N)T an N-dimensional vector of random variables and a corresponding
realization is denoted by & = (21, z2,...,2x5)". Given X = (X1, Xo,...,Xn)" and (a,b) € IN?,
with a < b < N, denote by X (44 = (Xa, Xat1,- - - , X3)T the (b — a + 1)-dimensional vector
of random variables formed by the components a to b of X. Denote by (-)™ = max(-,0) the
positive part operator. Denote by IEx|[-] the expectation with respect to the distribution of the
random variable X. The logarithm function is assumed to be base 2. Let x be a binary vector,
hence denote by N(0|x) and N(1|x) the number of zeros and ones in x, respectively. Given a
binary vector y, denote by d(x,y) the Hamming distance between « and y, which is given by

THROUGHOUT this thesis, sets are denoted with uppercase calligraphic letters, i.e.,

d(iL',y) = Z]l{ftt?éyt}' (1)
t=1

The complementary cumulative distribution function @ : R — [0, 1] of the standard Gaussian

distribution is
o = [Tew (L) e 2)
pu— X —_ s
2w Jt P 2

and the functional inverse of Q is Q7! : [0,1] — R. Given two integers n and ¢, the coefficient
of the term ' in the expansion of the binomial power (14 )" is denoted by (7}). Therefore,
for all £ < 0 or t > n, it is assumed that () = 0.



Présentation des contributions

majeures

simultanée d’information et d’énergie sont étudiées sous deux perspectives :

le régime asymptotique et le régime non-asymptotique. Pour le régime asymp-
totique, les limites fondamentales de la transmission simultanée d’information et d’énergie
dans le canal Gaussien a interférence (G-IC) avec et sans voie de retour sont déterminées.
Un ensemble des débits atteignables de transmission d’information et d’énergie (en bits par
utilisation du canal et en unités d’énergie par utilisation du canal respectivement) est identifié.
Pour les deux cas, un schéma de faisabilité basé sur division de puissance, des variable aléatoire
en commun, division de débit, codage superposé en block du Markov , et décodage en arriére
est présenté. Finalement, une région converse pour les deux cas est obtenu en utilisant des
techniques de majoration dans la littérature pour les débits d’information et aussi un majorant
pour le débit d’énergie en utilisant la loi des grands nombres. Deuxiemement, le probleme
d’introduction d’un récepteur d’énergie dans le canal binaire symétrique est présenté. Pour ce
probléme, une borne de faisabilité et une borne d’impossibilité sont obtenues dans le régime
non-asymptotique. Ces deux bornes caractérisent le nombre maximal de bits d’information et
d’énergie qui peuvent étre introduits de maniére furtive pour le canal binaire symétrique.

C Ette these a pour objet d’étude les limites fondamentales de la transmission

xi
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Syntheése des contributions

Cette these a pour objectif d’etudier les limites fondamentales de la transmission simultanée
d’information et d’énergie dans le canal Gaussien a interférence (G-IC) avec et sans voie
de retour en considérant le cas du regime asymptotique. Pour le régime non asymptotique,
la région atteignable et la région d’impossibilite sont characterisées pour le canal binaire
symmetrique. Voici les contributions principales de cette these :

e Pour le canal Gaussian a interference G-IC avec et sans voie de retour, les limites
fondamentales de la transmission simultanée d’information et d’énergie sont identifié.
Pour les deux cas, un schéma d’atteignabilité basé sur la division de puissance, exploitant
les technique d’en aléatoire commun, de la division du débit , de block-Markov codage
par superposition, et de décodage en sens inverse est présenté. Finalement, une région
d’imposibilite pour les deux cas est obtenue en utilisant des techniques de majoration de
la littérature pour les débits d’information et aussi une borne supérieure pour le débit
d’énergie en utilisant la loi des grands nombres.

e Pour le canal binaire symétrique, compte tenu d’un nombre fini d’utilisations du canal
(contrainte de latence), de la contrainte sur la probabilité moyenne d’erreur de décodage
sur la probabilité du seuil d’énergie tolérables (contrainte de fiabilité), deux ensembles du
débit de transmission d’information et d’énergie sont présentés. Le premier consiste en
des paires de débits pour lesquels 'existence d’au moins un code permettant d’atteindre
de tels débits sous les contraintes de latence est presenté (région atteignabilité). La
seconde consistes en un ensemble les paires de débits pour lesquelles il n’existe pas de
code capable d’atteindre de tels débits (région d’impossibilité) . Ces deux ensembles
permettent d’approximer la région de capacité d’information et d’energie, ce qui permet
d’analyser le compromis entre performance, latence et fiabilité dans les systemes SIET.

1.1 Canal Guassian a interférence avec récolte d’énergie
Considérons un canal d’interférence gaussien (G-IC) avec un collecteur d’énergie non colocalisé
représenté sur la figure sans voie de retour et sur la figure avec une voie de retour
canal-sortie parfaite. L’émetteur i, avec i € {1, 2}, vise a exécuter deux taches : (a) transmission
d’informations (b) transmission d’énergie.



1. Synthése des contributions

1.1.1 Transmission de I’information Du point de vue de la transmission d’information,
le but de I’émetteur i est de transmettre un indice de message W; € W; = {1,2,...,2NFi}
au récepteur 4 en utilisant N symboles d’entrée de canal X; 1, X;2,...,X; n. L’indice W; est
supposé étre uniformément distribué sur W. Le coefficient de canal entre I’émetteur k et le
récepteur ¢, avec k € {1,2}, est noté par h;, € Ry. Au récepteur 4, pendant I'utilisation du
canal n, le symbole d’entrée X; , est observé avec I'interférence produite par le symbole Xj;,,
envoyé par I'’émetteur j, avec j € {1,2}\ {¢}, et un bruit Gaussien additif réel Z; ,, de moyenne
nulle et de variance GZZ. Par conséquent, la sortie du canal au niveau du récepteur 7 pendant
I'utilisation du canal n, dénote par par Y; ,, est :

}/i,n - hi,iXi,n + hi,ij,n + Zi,n- (11)

Dans le cas sans voie de retour, a chaque utilisation du canal n, le symbole X; , envoyé
par 'émetteur ¢ dépend de I'indice de message W; et d’un indice généré aléatoirement 2 € IN
indépendant de Wy et Wy. Soit f;i\[) :W; x N — R la fonction de codage a I'utilisation du
canal n, telle que pour tout n € {17 2,...,N} est donné par :

Xin=f (Wi, Q). (1.2)

Dans le cas avec voie de retour, le symbole X;,, envoyé par I'’émetteur ¢ dépend des indices
W; et € et aussi de toutes les sorties de canal précédentes Y;1,Y;2,...,Y; 4, avec d € IN
le délai de rétroaction. De plus, on suppose que d est égal & 'utilisation d’un canal. Plus
précisément, pour tout n € {2,3,...,N}, fi(]lv) W, xIN = R etfi(g) W, x Nx R 5 R
sont des fonctions de codage telles que : 7 ,

Xz‘,lzfi(,]lv)(m, Q) et (1.3a)
Xifn: Z(7]7’:,[)(W17 Q; E,l? E,Q'} ce 7}/;,77,—1)- (13b)

Dans les deux cas, avec et sans voie de retour, I'indice aléatoire €2 est supposé étre connu par
tous les émetteurs et récepteurs. De plus, les symboles d’entrée du canal X; 1, X;2,..., X; N
sont soumis a une contrainte de puissance moyenne de la forme

1 N
v 2 Bx, [X0] < P (1.4)
n=1

ou P; désigne la puissance moyenne de ’émetteur ¢ en unités d’énergie par utilisation de
canal.

Le récepteur i observe les sorties du canal Y;1,Y;2,...,Y; v et utilise une fonction de
(N)

décodage ¢; ': IN x RN — W;, pour obtenir une estimation de l'indice des messages :

W; = o™ (Q, Y1, Yia,. ... Yin), (1.5)

1

ou ﬁ/\l est une estimation de l'indice du message W;. La probabilité d’erreur de décodage
d’un dictionnaire de longueur de bloc N, désignée par PI%), est donnée par



1.1. Canal Guassian a interférence avec récolte d’énergie

Récepteur 1 W,

A 4

:Récepteur 2 Vﬁl/z

Wa Emetteur 2

gcolteur | Energie
S T’ énergie
23,*

FIGURE 1.1. : Canal Guassian a interférence avec un collecteur d’énergie non-colocalisé a
I'utilisation du canal n.

P = max [Pr (W1 #Wh), Pr (Wa # Ws) ] (1.6)

Le rapport signal/bruit (SNR) au niveau du récepteur i est défini comme suit

hi 2P
SNR, & il B (1.7)
a;
De plus, Le rapport interférence/bruit (INR) au récepteur i est défini comme suit
h: =12 P
INR, 2 Pl B e j 4 (1.7b)
o

7

1.1.2 Transmission d’énergie Soit h3; € R est le coefficient de canal de I’émetteur ¢
au collecteur d’énergie (EH). Les symboles envoyés par les émetteurs pendant 1'utilisation du
canal n sont observés par le EH sous réserve d’un bruit Gaussien additif Z3,, de moyenne nulle
et de variance o2. Plus précisément, la sortie du canal au niveau de 'EH pendant 1'utilisation
du canal n, désignée par Y3, est :

Y3, =h31 X1+ h32Xon + Z3n. (1.8)

Du point de vue de la transmission d’énergie, I’objectif des deux émetteurs est de assurer
conjointement un débit suffisent d’énergie moyen & PEH. Soit BY) : RV — R, est une
fonction qui détermine 1’énergie obtenue a partir des sorties du canal Y31,Y32,...,Y¥3 y. Dans
la suite, cette fonction est choisie comme étant le débit d’énergie moyen (en unités d’énergie
par utilisation de canal) a la fin de N utilisations de canal. C’est-a-dire ,

1>

N
1
BN (Y31, Ys2,.... Yan) = 5 3 Vi, (1.9)
n=1

Le SNR de I'émetteur ¢ & I'EH est noté par



1. Synthése des contributions

Récepteur 1f A

w

L S P )

Récepteur 2

AA 4
I§ )

W2 | Emetteur 2
A
ﬁé,colteur Energie
'V_> énergle
5N
Y2,n—1 Y2:”

F1GURE 1.2. : Canal Guassian a interférence avec un collecteur d’énergie non-colocalisé a
I'utilisation du canal n avec voie de retour.

ha 2P
SNRg; = % (1.10)
03
Notez que le débit d’énergie moyen maximal, noté Biay, est :
Bmax = 0'% (1 + SNR31 + SNR3o + 2/ SNRglsNRg,g) . (111)

Bhax peut étre atteint dans le régime asymptotique lorsque les deux entrées de canal
présentent un coefficient de corrélation égal a un. Par conséquent, étant donné un débit

d’énergie B € [0, Bmax|, la probabilité de manque d’énergie, désignée par Péjsv), est :

Py £ Pr [BM(v3) < B]. (1.12)

1.1.3 Transmission simultanée d’informations et d’énergie Un triplet de débit d’in-
formation et d’énergie (R, Re,B) € Ri est réalisable lorsque les deux pairs émetteurs-
récepteurs utilisent un schéma de codage-décodage tel que : (i) une transmission fiable des
informations aux débit d’information R; et Rs est assurée; et (ii) une transmission fiable de
I’énergie au débit d’énergie B est assurée. Une définition plus formelle est donnée ci-dessous.

Definition 1 (débit atteignable). Le triplet (R, R, B) € R3 est réalisable si pour tout
(N)  £(N) f.(N)

i € {1,2}, il existe une séquence de fonctions de codage fix'sfia’s-- s fin et des fonctions
de décodage qng) et ngN) telles que la probabilité moyenne d’erreur de décodage P](D]]\é) et la
probabilité de manque d’énergie Ppqwv) tendent toutes deuz vers zéro lorsque la longueur de

bloc N tend vers Uinfini. C’est-a-dire ,

limsupP]()J]\é) =0 et (1.13a)

N—oo
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lim sup P = 0. (1.13b)
N—o0
En utilisant la définition [§] les limites fondamentales de la transmission simultanée d’infor-
mations et d’énergie dans le G-1C est décrites par la région de capacité de I'information et de
I’énergie, définie comme suit.

Definition 2 (Région de capacité d’information et d’énergie). La région de capacité d’in-
formation et d’énergie, désignée par E¥ dans le cas avec rétroaction et € dans le cas sans
rétroaction, correspond d la fermeture de tous les triplets de débit d’information et d’énergie
réalisables (R1, R, B).

1.1.4 Résultats Principaux Le résultat principal consiste en une description des régions
de capacité d’information et d’énergie avec rétroaction £F et sans rétroaction £. Une telle
description est présentée sous la forme d’une approzrimation au sens de la définition ci-dessous.

Definition 3 (Approximation d'un ensemble). Soit n € N fizé. Un ensemble X C R
est approximé par les ensembles X et X si X C X C X et Vo = (T1,...,2pn) € X alors 3

(1,82, ---,8n) € RY tel que <($1 —&) (2= &)t (T — 5n)+> eX

1.1.5 Cas sans voie de retour La région de capacité d’énergie d’information FE, est
approximée par les régions £ (Théoréme D qui représente une région réalisable d’information
et d’énergie , et £ (Théoréme D qui représente une région d’impossibilité d’information et
d’énergie.

Région atteignable Le théoréme suivant introduit une région d’énergie d’information
réalisable.

Theorem 1. La région de capacité énergétique d’information £ contient [’ensemble £ C Ri’_
de tous les tuples de débits (R, Ra, B) qui satisfont :

ngélog <1+(11:')>‘\12;)HS\11\PI:1{1), (1.14a)

o s (- 22
Ry +Ry < %log <1 (- Aleffi;;;g; A26’)INR1>+;1 (1 T fiﬁﬁ; ) J(1.14c)
Ri+Ry < %log ( 1+ - AzeliNiiI;&_ A1C)INR2>+;1 (1 + 2 fiﬂiﬁl) (1.14d)
ft fia = %log <1 . AIPSF f ;;I%R?Qe)mm) ; <1 AQPSF f 1;1%3216 — )4 ¢)
S e
—|—§ log (1 + T+ v INRL _):Z;\ii}N{;{l) (1.14f)



1. Synthése des contributions

1. (1+(1-\2)SNRs + (l—Ale)INR2> 1 (1 + ApSNRy + (l—Age)INR1>
Ri+2Ry < =1 ( =
praiesgle 1+ A, INR, oo 1+ Ay INR;
1 A2pSNR )
“log (14 w2 1.1
3 Og( T A, INR, /) (1-149)
B < 03 (1+ SNRg; + SNRap + 2v/SNRa1SNRio v/ Aredze ) (1.14h)

avec (Nip, Nie) € [0, 1)? tel que Xip + Aie < 1, pour tout i € {1,2}.

Région d’impossibilité Le théoréme suivant introduit la region d’impossibilite d’informa-
tion et d’énergie.

Theorem 2. La région de capacité d’information et d’énergie £ contient l’ensemble € C Ri
de tous les tuples de débits (R1, R, B) qui satisfont :

R < %log(l + B1SNRy), (1.15a)
Ry < %log(l + $2SNRy), (1.15b)
Ri+ Ry < %log(l + B1SNR; + B2INRy) + %log (1 + %) , (1.15¢)
Ri+ Ry < %log(l + B2SNRg + 1INRg) + %log (1 + m> , (1.15d)
Ryt Ry < %log (1 n P1SNR1 + /321111};111-;\15{12@11\1}{111\1}{2)

n %log <1 n B2SNRo + BlllliRﬂzl—;IgllﬁQINRllNR2> ’ (1.15¢)

2R + Ry < %log (1 + m> + %log(l + B1SNR; + 52INRy)
+% log <1 n B2SNRs + Bllﬂ_\ifzzg\lgllﬁﬂNRlINRZ) ’ (1.15f)

Ri+2Ry < %log (1 + 1%;21\;13;1) + %log(l + $2SNRg + 51INR2)
+% log <1 n B1SNR; + 5211if{81&§12621NR11NR2> ’ (1.15g)

B < 03 (1+SNRa + SNRgz + 2¢/SNRg1SNRo/(1 = 1) (1 = B2)) , (1.15h)

avec (1, Bo2) € [0, 1]

Le dictionnaire de I’émetteur i, avec i € {1,2}, est généré par la superposition de trois
couches de code différentes. La premiere couche de code est un sous-code généré dans le
but de la transmission d’énergie. Notez que cette couche de code peut étre choisie comme
étant la méme pour les deux émetteurs. Pour chaque mot de code de la premiére couche, un
nouveau sous-code est généré. Cet ensemble de sous-code est appelé la deuxiéme couche de
code et il est construit pour diffuser des informations aux deux récepteurs. Cependant, méme
si ce n’est pas 'objectif principale, ces mots de code transportent naturellement de 1’énergie
vers ’'EH également. Enfin, pour chaque mot de code de la deuxiéme couche, un nouveau
sous dictionnaire est généré. Cet ensemble de sous-code est appelé la troisieme couche du
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dictionnaire et il est construit dans I’objectif de transmettre exclusivement de I’ information

au récepteur 1.

Theorem 3 (Approximation de &). Soit £ C Ri et £ C ]Ri”r sont les ensembles de tuples
(Ry1, Ro, B) décrits par le théoréme et le théoréme respectivement, comme le suit :

ECECE, (1.16)

_ Binax "
et pour tout (Ry, Ry, B) € £ il s’ensuit que ((R1 —1/2)*,(Ry — 1/2)7, <B — %) > €f.

B-B 2h3.1h3 27/ P1 Ps (\/(1 —B1)(1 = B2) — \//\16)\2e)

Bumax 03 +h3,P1+ h3,Ps + 2|hsa||hs |V PL P2
< 2y/SNR31SNR32
~ 1+ SNRg3; + SNR32 + 2v/SNR3;SNR 32
- _ 2VSNR315NR3»
~ 1+ 44/SNR3;SNR32
<L
=2

1.1.6 Cas avec une rétroaction parfaite entre le canal et la sortie La région de
capacité d’information et d’énergie ¥ contient I’ensemble £F C Ri de tous les tuples de débit
(R1, R2, B) qui satisfont

Theorem 4.
1 1+ (1 — Ale)SNR1 + (1 — )\QE)INRl + 2pv/ SNRllNR1>
R <=1 ( 1.17
1Sg08 1+ AgpINR; (1.17a)
1 1+(1—(p+ /\16))INR2> 1 (1 + A\pSNR; + Ag INR1>
Ry <=1 < ~1 P P . (1.17
L=378 1+ A,INR, 3 1+ Xy INR, (1.17)
1 1+ (1= Ag)SN 1 — A1e)INR; + 2pv/SNRLIN
R2§10g< + ( 2¢)SNRo + ( 1e)INRg + 2p+/SNRo R2> (1.17¢)
2 1+ A,INR,
1 1+(1—(p+ /\26))INR1> 1 (1 + A2pSNR; + Ay INR1>
Ry < -1o ( ~1 P P 1.17d
=2 1+ XgpINR; PR 1+ A\,INR, (1.17d)
1 1+ ApSNR1 + A9, INR4
R R - < p p )
1= 1+ AgpINR;
1 1+ (1= Ag)SN 1 — A1e)INR; + 2pv/SNRZIN
+710g< +( 2¢)SNRg + ( 1)INR + 2py/SNRy R) (1.17)
2 1+ A,INR,
1 14+ A9, SNR7 + A, INR;
Ri+Ry <=1 < D 4 )
P s gl 1+ A, INR;
1 1+ (1= Ae)SNR; + (1 — Age)INR; + 2p/SNR;INR
—i—log( + ( le) 1+ ( 2¢)INR1 + 2p 1 1)7 (1.17)
2 1+ )\QpINRl
B < 03 (1+ SNR3; + SNRsz + 2/SNR31SNRaa(p + v/ Aredae) ) (1.17g)

ot (p, Nip, Aie) € [0,1]3 et p+ Nip + Nie < 1, pour tout i € {1,2}.
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Le dictionnaire de I’émetteur i, avec i € {1,2}, est généré par la superposition de quatre
sous code des codes différents. Cela contraste avec le dictionnaire a trois couches utilisé dans
le cas sans rétroaction. Cependant, les deux dictionnaires partagent de profondes similitudes.
La premiere couche dans le cas avec et sans voie de retour est identique et joue le méme réle.
La deuxieme couche du dictionnaire avec voie de retour est obtenue par I'union des deuxieémes
couches des deux émetteurs dans le cas sans voie de retour. Les troisieme et quatriéme couches
du dictionnaire avec voie de retour sont identiques aux deuxieme et troisieme couches du
dictionnaire sans rétroaction. Les roles de ces deux couches sont identiques dans le cas avec et
sans voie de retour.

Région d’impossibilité Le théoreme suivant décrit une région converse désignée par £ .

Theorem 5. La région de capacité d’information et d’énergie EY est contenue dans ’ensemble
E¥. € R3, qui contient tous les tuples de débit (Ry1, Ro, B) qui satisfont :

1
R < B log (1 + B1SNR; + B2INR; + 2p\/,318NR1,321NR1>, (1.18a)
L B1(1 — p?)SNR, ) 1 ( 5 >
< Z — — .
Ri<3lo ( 1+B1 1 P)INE, + 5 log 1+ B1(1 — p*)INR2 |, (1.18b)
1
Ry < B log (1 + B2SNRo + $1INRo + 2p\/,BQSNR2,311NR2> (1.186)
1 ﬂg 1 — 2)SNR2 ) 1 < 2 )
<= - — .
Ry < 5 log (1+ T+ (1 — p)INR, - 2log 1+ B2(1 = p”)INRy |, (1.18d)
1 51 1 — )SNR1 )
< —
Ri+ Rz < glo ( HEECN 1— p2)INR;
+§ lo (1 + B2SNRo + S1INRg + 2p\/ﬁQSNR2ﬁ11NR2>
(1.18¢)
1 B2(1 = p*)SNRy )
e
Ruv By < glog 1+ 10 A= oyiNg,
1
—|—§ log (1 + B1SNR1 + 52INR; + 2p\/513NR1521NR1)7
(1.18f)
B < a§(1 + SNR3; 4+ SNR32 + 21/SNR31SNR32(p/ 5152 + \/(1 - p1)(1 — 52))),
(1.18g)

avec (B1, B, p) € [0,1]3.

La preuve repose sur le faite que le dictionnaire n’est pas supposés étre formés par des
mots de code de moyenne nulle. En d’autres termes, le mot de code considéré peut avoir une
moyenne non nullee. Les limites supérieures des débit d’information s’appuient fortement sur
les limites des ensembles de coupures [5], I'inégalité de Fano [6] et les modeles assistés par
génie. La limite supérieure du débit de transmission d’énergie est une conséquence immédiate
de I'inégalité de Markov [7].
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Approximation de la région de capacité d’information et d’énergie FEn utilisant la

;. e s ;. s <F ;. . ;s
région intérieure EF et la région extérieure € , décrites respectivement par le théoréme [15] et
le théoreme la région de capacité d’énergie et d’information £ peut étre approximée au
sens de la définition [0l

Theorem 6 (Approximation de £¥). Soit Y C Ri et & Ri sont les ensembles de tuples
(R1, Ro, B) décrits par le théoréme et le théoréme respectivement. Alors,

EF ceF e, (1.19)

— Bmax *
et pour tout (Ry, R2, B) € g" il s’ensuit que <(R1 -1t (Re—1)T, <B - ) ) c&r.

1.1.7 Amélioration maximale du débit d’énergie avec la voie de retour Considé-
rons les ensembles suivants de débits d’énergie : B = {b € Ry : (Ry,R,b) € £}, B={b €
Ry : (Ri,Ro,b) €&}, Bp={b€ Ry : (R1,Ra,b) € EF), et Bp = {be Ry : (Ry,Ra,b) €& }.

On peut montrer que ’amélioration maximale que I’on peut obtenir sur le débit d’énergie
grace a la voie de retour est double que celle dans le cas sans voie de retour. La proposition

suivante montre ce resultat en majorant les limites supérieures des ratios
maxQF maxEF
max B max B

Proposition 1 (Amélioration du débit avec la voie de retour). Le débit d’énergie réalisable
dans le G-IC a deux utilisateurs avec une rétroaction parfaite du canal de sortie peut étre
le double du débit d’énergie réalisable dans le G-IC & deux utilisateurs sans rétroaction.
C’est-a-dire

max By

1< <2. (1.20)

~
max B
Toute amélioration au-dela d’un facteur deux n’est pas faisable, comme le montre I'inégalité
suivante,
max Bg

<. (1.21)
max B

1.2 Reécolte d’énergie avec des contraintes de fiabilité et de

latence
Considérons un systéme de communication a trois parties, ou I’ émetteur transmet simultané-
ment de 'information & un récepteur d’information (RI) et de ’énergie & un récepteur EH par
Iintermédiaire d’un canal symétrique binaire. Pour le cas non-asymptotique, la transformation
aléatoire pour ce systéme est donnée par

({0’1}n7{071}n X {O’l}nvPYZ|X)’ (1'22)

- A
oun € N présente la longueur du bloc. Etant donné une entrée = (z1, 2, ..., x,) € {0,1}",
A A
les sorties y = (y1,y2,...,yn) € {0,1}" et 2 = (21, 22,...,2,) € {0,1}" sont observés dans le

RI et dans I’EH, respectivement, avec la probabilité suivante
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n
Pyz1x(y, zlz) = ] Pyix Welze) Prx (z)2), (1.23)
t=1

otl pour tous les (z,y,z) € {0,1}3,

PY|X(y|$):a1]l{x7éy} + (1 - al)]l{a::y}> (1'24)
PZ|X(Z‘$):Q2]1{w7éz} + (1 - a2)]l{a::z}v (125)

et a1 € [0, 3) et as € (0, 3). Dans ce contexte, deux taches sont effectuées par I'émetteur : (a)
la transmission d’information ; et (b) la transmission d’énergie.

1.2.1 Transmission de I’information L’objectif de cette tache est d’envoyer un message
de I’émetteur vers le recepteur d’information (RI). L’indice du message est une réalisation d’une
variable aléatoire uniformément distribuée dans {1,2,..., M}, avec M € IN. Pour transmettre
I'information dans n utilisations de canaux, I’émetteur utilise un code (n, M) definit comme
suit

Definition 4 ((n, M)-code). An (n, M)-code pour la transformation aléatoire dans (6.1)) est
un systeéme

{(u(1)7D1)7(u(2)7D2)7”'7(U(M)7DM)}7 (1‘26)
ot1 pour tous les (i,5) € {1,2,..., M}?, avec i # j,

N A . . .

w(i) = (uq(4),uz(i), ..., un(2)) € {0,1}", (1.27a)
D;ND; =0, and (1.27b)

M
U i c {0, 13" (1.27¢)

i=1
Pour tout i € {1,2,..., M}, Iémetteur encode 'indice de message i, dans un mot de
code u(i) = (u1(i),...,un(7)). Au bout de n utilisations du canal, le RI observe la sortie

y=(y1,...,yn) et décide que le symbole i a été transmis s’il satisfait

(y1,92,---,yn) € D;. (1.28)

Dénotons par \; € [0,1] la probabilité d’erreur de décodage associée a la transmission du
message d’indice i, qui est donnée par

AN EPrY € D] X = uli)], (1.29)

ou la probabilité est prise par rapport a la distribution marginal Py |x, et Dj représente
I'ensemble complémentaire de D; par rapport a {0,1}"™. La probabilité moyenne d’erreur, notée
A est donnée par

1 M
A MZA“" (1.30)

m=1

1>

10
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1.2.2 Transmission d’énergie Soit g: {0,1} — R4 est une fonction positive a valeur
réelle qui détermine 1’énergie récoltée a partir des symboles de sortie du canal. Soit

bo 2 g(0), et (1.31a)
by 2 g(1) (1.31D)

sont ’énergie récoltée lorsque les sorties du canal au niveau de I’EH sont respectivement de
Oetl. A la fin de n utilisations de canaux, 1’énergie moyenne délivrée a I’'EH par les sorties du
canal z = (21, 22, ..., 2,) est donnée par la fonction B, : {0,1}" — R, avec

Z z) = (bo — by) ———

22 (O\Z)

1
— + by. 1.32
- 1 (1.32)

Une transmission fiable de ’énergie se produit lorsque B,,(z) > b, avec b > 0. Cependant,
un événement de manque d’énergie se produit lorsque B, (z) < b a la fin de la transmission.
Pour le reste de la section, I’hypothese suivante est adoptée sans perte de généralité

b1 < bg. (1.33)

1.2.3 Limites du débit de transmission de 1’énergie Cette section fournit quelques
limites supérieures sur le débit de transmission d’énergie pour tout code (n, M, ¢€,d,b) donné
avec des contraintes probabilité de manque d’énergie (ESP) maximales ou moyennes. Ces
limites sont exprimées en fonction des parameétres du code et des distributions d’entrée
empiriques induites par le code, definit comme suit

Definition 5 (Les distributions empiriques). Soit un code (n, M), pour touti € {1,2,..., M},
la distribution de probabilité empirique des symboles d’entrée du canal induits par le mot de

code u(i) est

él

PY0) 2 N (Ofu(i) =1 - PY(1), (1.34)

La distribution empirique des symboles induits conjointement par tous les mots de code est
défini comme suit

N(OJu(i)) = 1 — Px(1). (1.35)

;U\

=

IID
1 M:

nM

Souvent, le vecteur (F_’)((i) (0), 13)(?(1)) est appelé le type du mot de code u(7) [§].
En utilisant les distributions empiriques de la définition certaines limites supérieures du
débit de transmission de I’énergie peuvent étre décrites.

Proposition 2 (Approximation Gaussienne). Considérons un code (n,M,€,6,b) pour la
transformation aléatoire dans (6.1)) satisfaisant (6.12). Ensuite, soumis d’une contrainte ESP

maximale, il s’avére que pour tout i € {1,2,..., M},
(i bo — b1)2a(1— 1—a2)?+a3
b < (bo — b1)<(1—2a2) )(()(O)JrOQ)‘Fbl* \/( 0 1) 042( a2)Q_1 5+% (7]36’)
n 2¢/nas(l—as)

11
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et sous d’une contrainte d’ESP moyen, le débit d’énergie b satisfait a
b< B, (1.37)

ot B est le plus grand réel positif qui satisfait
1 M
7 29
i=1

Notez que la limite supérieure dans (6.30]), est valide lorsque la condition suivante est
satisfaite

n ((1 — QaQ)P)((i)(O) + ag — bBO_gll)) B (1—a2)? + a2

nag(l — ag)

< 6. 1.58
2/ nag(l — ag) (1.38)

1— 2 2
0<oq L2 Has (1.39)
2y/nas(l — ag)?

étant donné que le domaine de la fonction Q1 est (0, 1).

1.2.4 Limites du débit de transmission de l’information Etant donné un code
(n,M,e,d,b), le lemme suivant décrit une borne supérieur sur M, qui ne dépend pas de la
probabilité d’erreur de décodage €. Cependant, elle joue un role important lorsque b(n,d) <
b < b(n,?).

Lemma 1. Etant donné un (n, M, €, §, b)-code pour la transformation aléatoire dans (6.1]) qui
satisfait (6.12)). Ensuite, en supposant a une contrainte de probabilité de manque d’énergie
maximale, il s’avere que

n *
< (n—np*(®)]) '
M < (Mp*(bﬂ>2 , (1.40)

ot p*(b) est défini par
p"(b) £ min (1, 5% (b)) . (1.41)

avec pt i [b1,bo] = Ry est défini comme le suit

pt(b) A (b—b1) — aa(bo — b1) az(1l — a2)Q_1 (5 N (1— a2)? + a2 >

(bo —b1)(1 —202)  /n(1—2as) 2y/nas(1 — ag)

Notez que p*(b) est strictement croissante avec le débit d’énergie b. En faite, lorsque
p*(b) € (3,1], le coté droit de est monotone décroissant avec b. Cela met en évidence
le compromis entre la transmission d’informations et la transmission d’énergie. C’est-a-dire
que dans le régime dans lequel p*(b) € (%, 1], 'augmentation du débit d’énergie impliquerait
nécessairement la diminution du débit d’information.

1.2.5 Région de capacité de ’information et de I’énergie Etant donné une longueur
de bloc fixe n et une paire (¢,0) € [0,1]?, la région de capacité d’information et d’énergie
C(n,e€,9) de la transformation aléatoire dans soumise a est approximée par un
ensemble C(n, €, ) qui est contenu dans C(n, €,d) (Théoréme [18)) et un autre ensemble C(n, €, §)
qui contient C(n, €,§) (Théoréme [19)). Clest-a-dire ,

C(n,e,8) CC(n,e,0) CC(n,e,d). (1.42)

12
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Cette approximation est obtenue en considérant la contrainte de probabilité d’erreur de
décodage (DEP) moyenne et une contrainte de DEP maximumal. La notation suivante est
utilisée pour décrire ’ensemble C(n, €, §). Les functions ¢ : INx[0,1] — [0,1], et x : R4 x[0,1] —
[0, 1] sont définis comme suit,

n n  min{lo,l1} bg+01—205 {3
A n €0 n— ﬁg €0 n— ﬁg
= 1 —1 E E E E E
o) mm{ 7 (m )z =06,=0 £3=0 l5=0 £4=0 <€0> <€2> (51 - EQ) <€4> (63 - €4>
0=0/1= 2= 3= 1=

-a§°+€1_%2(1 _ al)nffo*€1+262p€3+3072€4+f1 (1 _ p)2n(€3+€02€4+f1)}7 (1.43)

et

A~ (n woi o (L= 202)t 0 (az — 25) (1—2)®+03
K =2 (t) A= < rord—a2) NN T e

Considérons les fonctions M7 : [0,1] — IN, et B*: [0,1] — R4 étre défini comme suit

meN , (145)

Ao 2 argmax ¢(m, p)
i0)= { s.t. @d(m,p) <e

et

B*(p) 2! sers . (1.46)

A [ argmaxx(s,p)
sit. x(s,p) <0

En utilisant cette notation, étant donné une longueur de bloc fixe n et une paire (¢, d) € [0,1]2,
le théoréme suivant introduit I'ensemble C(n, €, d), qui est contenu dans la région de capacité
d’information et d’énergie C(n, €, d).

Theorem 7. La région de capacité de l'information et de l’énergie C(n,€,d) de la transforma-
tion aléatoire dans (6.1) soumise a (6.12)), contient [’ensemble

C(n,e,0) 2 {(M, b) e Nx Ry :3pe0,1], M < Mi(p)eth < B*(p)}, (1.47)

avec My :[0,1] — IN est défini dans (6.45) et B* : [0,1] — R4 est défini dans (6.46)).

La description de I’ensemble C(n, €, §) utilise la notation suivante. Considérons la fonction
v :[0,1]% = [0,1], telle que

n n min{fy,f1} n o n —{g 61 n—t1 o (| n—Lo 1.48
02:: Z Z 0 P " — 0, P ( —p) q ( _Q) ( )

£1=0 l2=0

eo +01— 2@2 log

(Zo +41 72@2) log

+ A1
{

11111 +£€o log 1;q:L})

lal +4o log1 q>L}

ou A € [0,1] et L € R sont choisis pour satisfaire

n n min{¢ ,é
L Z Z {ZO: 1} n e() n — EO (1 o al)n—(€0+fl—2€2)afo+f172@2p€1(1 _ p)n—fl
o J \ls ) \ b1 — {5 !

lo=0£01=0 £2=0
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1. Synthése des contributions

}+/\]l{("0”1—2€2)10g = +éolog1qq=L}>'

1
( {(£0+Z1—2€2)10g 4o log 4> L —

1—aq
Considérons également la fonction I : [by, by] — R définie comme suit

A ) 1
= sup inf .
p>p*(b) qE[Oé] 7(p7 Q)

T'(b) (1.49)

Enfin, laissons aussi BT € R étre défini par,

Bt 2 (1— a)bo + asby — \/(bo —b)tas(l—az) g (5 L (1-0) +ad ) (1.50)

n 2/nas(l — a2)

En utilisant cette notation, étant donné une longueur de bloc fixe n et une paire (¢,9) € [0,1]?,
le théoréme suivant introduit un ensemble, désigné par C(n,€,d), qui contient la région de
capacité de l'information et de ’énergie C(n, €, 0).

Theorem 8. La région de capacité de l'information et de l’énergie C(n,€,d) de la transforma-
tion aléatoire dans (6.1) soumise a (6.12), est contenue dans l’ensemble

Clnye,8) 2 {(M,b) e Nx Ry : M <T(b) etb< B*}, (1.51)

avec T : Ry — [0,1] est défini dans (6.49) et BT est défini dans (6.50)).
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Introduction

2.1 Energy Harvesting

Energy, in physics, is the capacity for doing work. Work is defined by a force applied to an
object to change this object’s physical properties. In general, this ability exists in different
variations. Some of the variations are more abundant depending on the environment and
can be available in the form of solar light, kinetic, wind, mechanical, gravitational, sound,
nuclear or electromagnetic energy. The term "Energy Harvesting' refers to increasing the
amount of energy through the adoption of an alternative energy resource. This approach
would enable an energy-autonomous operation of low-energy consumption electronic devices.
Therefore, it plays an important role in providing energy to the IoT (Internet of Things),
in which billions of wireless sensor nodes are deployed. Accordingly, a transducer is used to
harvest the ambient energy available at different forms within the environment. Usually, the
amount of available energy is small and strictly depends on the environmental conditions. In
general, energy harvesting can be categorized into some basic categories, namely light, wind,
thermal, mechanical vibration, biochemical, and electromagnetic (RF) waves, among many
others. The fundamentals of each category will be shortly discussed in the following sections
to evaluate their feasibility as potential energy sources.

2.1.1 Solar Energy Harvesting Harvesting energy from solar light is the most common
alternative energy source. Basically, it consists of transmitting the light into electricity using
the advantage of the photovoltaic (PV) effect produced by semiconducting materials. A PV
system uses a solar module, which contains several solar cells to convert the solar light into
electrical energy. Due to their increased efficiency, decreasing cost and environmental concern,
photovoltaic installations have increased dramatically in recent years. A better description of
photovoltaic energy harvesters can be explained by examining a model of a solar cell. A PV
cell is modeled as a current source in parallel with a diode as well as a shunt and a series of
resistances to model non-ideality effects. Figure shows the electrical characteristics curve.
The red curve shows the relation between the current and voltage across the solar cell. It is
clear that increasing illumination has a positive effect on the extracted power by increasing
the short-circuit current. While the open-circuit voltage of a photovoltaic cell is not affected
too much for illumination variations, it is affected greatly by temperature variations [9]. The
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Figure 2.1.: Electrical characteristics of a solar cell model. Taken from [1].

power curve reaches a peak, known as the maximum power point at a particular voltage and
current. Hence, designing an efficient solar energy harvester requires a good understanding
of many factors such as illumination levels, daylight availability, photovoltaic cell properties,
probability of shading on photovoltaic cells and power supply requirements [10].

2.1.2 Wind Energy Harvesting Wind energy is considered as a reliable source of free
energy hundreds of years. Since the early 1980s, wind turbines played a significant role to
convert the kinetic energy into mechanical energy. These mechanical sources can be used
for particular purposes (such as or pumping water and pounding grain) and a generator can
harvest this mechanical energy into electricity. For instance, the wind turbine-generator is an
essential energy supplier for electrical grids and cellular base stations. Like solar energy, the
wind is considered to be part of the renewable energy sources.

2.1.3 Thermal-Based Energy Harvesting Thermal energy harvesting is the process of
scavenging heat which is either freely available in the environment or which is waste energy
given off by engines, machines, and other sources and putting it to use. Reports shows that
more than half of the energy produced from renewable and non-renewable energy sources
in the world is rejected to the environment, mostly in the form of waste heat. Technically
speaking based on the Seebeck effect, if two different metals joined in two junctions with a
temperature difference between the junctions, an open circuit voltage would be established
between them. Fundamentally, thermoelectric phenomena have been used for heating and
cooling applications. By reversing the process, a temperature gradient in a conducting material
results in heat flow which results in the diffusion of charge carriers.

2.1.4 Mechanical Energy Harvesting Mechanical energy harvesting is known also as

waste energy harvesting, which is the process of using vibrations and convert it into electricity.
This conversion can be performed in general using various mechanisms as electromagnetic,
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Figure 2.2.: RF scheme model for harvesting Energy. Taken from [2]

electrostatic and piezoelectric transductions. The most common one is the piezoelectric,
because of its large power densities. This property allows the material to produce voltage when
stimulated by mechanical stress. The main concept of an electromagnetic harvester is the use
of an inductive spring-mass to convert the vibration into electricity. An electrostatic harvester,
in general, takes place between the parallel plates of the capacitor on which electrical charge is
stored. The idea is to oppose those plates where one is fixed and the other is initially charged
and is moving, this allows the mechanical movement to be converted into electricity.

2.1.5 Biochemical Energy Harvesting This energy source includes also the energy that
can be harvested from the human body. Due to its richness, there is a lot of chemical energy
stored in the human body which can be converted into positive mechanical work. Harvesting
energy could be realized outside the body from everyday human actions or intentionally
generated by humans. Many devices could take advantage of the energy produced by the
human body, to produce electricity, such as hand-crank generators, radios, and mobile phone
chargers. However, devices could be implemented inside the body to harvest energy from
movement.

2.1.6 RF Energy Harvesting Radio Frequency (RF) signals are an alternative available
source for energy harvesting. Energy can be harvested from ubiquitous radio transmitters
used for TV broadcasting and cell phone network coverage and is essentially a free-energy. But
due to a factor like terrain, number of users, network congestion, there might be variations on
the energy level. In addition to that, in some cases, it is hard to distinguish the useful RF
signal and the waste RF signal. Through using a receiving antenna with a power conditioning
circuit as shown in Figure [2.2], this free-flowing energy can be harvested and converted into
DC voltage. Typical value for the energy transmitted through RF broadcasting reaches few
tens of watts for frequencies in the order of GHz. However, the harvester device has to be
close enough to the RF transmitter to harvest a useful amount of this power. Otherwise,
the power density level would be very low. Power density levels of 0.1-1 mW/m? would be
expected at distances of 25-100m away from a GSM base station [11]. Intel demonstrated a
prototype with an antenna of around 30 cm by 20 cm where 60uW has been harvested from a
TV tower station away from the harvester by 4.1km [12].
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2.2 Wireless Energy Transmission (WET)

Wireless energy transmission is the process of transmitting energy without any physical
contact between the source and the load. Specifically, it eliminates the need to connecting
the battery-depending devices to the power grid. Hence, it extends the battery lifetime and
ensures sustainability of wireless networks such as sensor networks since their batteries are
generally inaccessible and cannot be replaced. In this context, WET becomes an alternative to
eliminate the need for battery recharging. Different WET technologies have been implemented
and in the following sections, an overview of those technologies is given based on the work
in [13].

2.2.1 WET Technologies

Inductive Coupling This technology is based on the principle of Ampere’s law and Fara-
day’s law of induction, in which energy is transmitted between two properly aligned transmitter/
receiver coils by magnetic field. A time-varying magnetic field appears when an alternating
current passes through a receiving coil. A consequence of Faraday’s low, it induces an al-
ternating current in the receiving circuit, that could be served to create energy. An energy
transmission efficiency up to 90 percent could be achieved using this technology [13].

Magnetic resonant coupling Another WET technology, is the magnetic resonant coupling
that is based on the principle of resonant coupling. This principle states that two objects
operating at the same frequency, increases the efficiency of their coupling [13]. There is a huge
similarity between this technology and the previous one since they both use the magnetic field
as a medium for WET. However, Magnetic resonant coupling is more suitable than inductive
coupling over longer distances, since it attain higher energy efficiency.

Electromagnetic Radiation It is also known as radiative WET, and it has been especially
used for wireless communication, and it provides a promising technology for WET. In the
opposite, of the previous technologies, it is considered as a far-field wireless energy transmission
technology, where the energy absorption by the receiver is not related to the radiation of the
transmitter. In radiative WET, the main component is the rectifier, consists of a matching
circuit, a diode, and a low-pass filter. The rectifier, capture the designated radio frequency
signal and converted it into the usable direct current (DC).

Laser Power Beaming To achieve efficient energy delivery over long distances, this tech-
nology, uses highly concentrated laser light aiming at the energy receiver. Using the same
approach, as solar energy, the receiver makes use of the photovoltaic cells to convert the
received laser light into electricity. However, this technology has a limitation in practice,
since laser beaming requires line-of-sight link, in addition to an accurate pointing to the
photo-voltaic cell.

The table summarizes the different WET technologies.

2.2.2 History and Evolution Since Faraday discovered the electromagnetic induction
phenomenon in 1830 the physical wire is the main carrier of electricity transmission, but the
traditional methods cannot meet the requirements of modern needs. People ask for convenience
and safety. Besides, with the improvement of environmental protection consciousness, the

18



2.3. Simultaneous Information and Energy Transmission

Table 2.1.: Comparaison of the main technologies of WET. Taken from [13]

WPT Main Typical Typical Main advantages and limitations | Current and potential Representative
technology devices range frequency applications companies
Inductive Wire coils Millimeters Hz to High efficiency, require precise Electric tooth brush and razor Powermat,
coupling to MHz tx/rx coil alignment, very short battery charging, transcutaneous Delphi,
centimeters range, single receiver only charging of bio-medical implants, GetPowerPad,
electrical vehicle charging, cell WildCharge,
phone charging, factory Primove
automation
Magnetic Tuned wire A few kHz to High efficiency, safe, mid-range, Consumer electronics (e.g., cell PowerbyProxi,
resonant coils, meters, MHz large tx/rx size phones, laptops, household robots) | WiTricity,
coupling lumped typically 4 charging, biomedical implants WiPower,
element to 10 times charging, electrical vehicles Intel (Wireless
resonators the coil charging, RFID, smart cards, Resonant
diameter industrial applications Energy Link)
EM Dish Several MHz to Long range, small receiver form Wireless sensor charging, IoT, Intel (WISP),
radiation antenna, meters to dozens factors, flexible in deployment and | RFID, consumer electronics Energous
antenna hundreds of of GHz movement, support power charging, wireless-powered (Wattup),
array, kilometers multicasting, potential for SWIPT, aircrafts, solar power satellite PowerCast,
rectenna LoS link is not a must, low Ossia (Cota)
efficiency, safety and health issues
Laser power | Laser up to THz Compact size, high energy Laser-powered UAVs, LaserMotive
beaming emitter, kilometers concentration, no interference to laser-powered space elevator
photovoltaic existing communication systems climbers, laser-based solar power
receiver or electronics, laser radiation is satellite
hazardous, require LoS link and
accurate receiver targeting,
vulnerable to atmospheric
absorption and scattering by
clouds, fog, and rain

battery caused serious damage in the water and soil. These problems all contribute to the
exploration and thinking of the new method. In the early 1900s, Heinrich Hertz demonstrated
the existence of electromagnetic waves in free spaces, through his famous experience. He
uses the equivalent of a dipole antenna, to generate and detect a high-frequency power at
the receiver end. After, Nikola Tesla in 1899, came up with the idea of wireless transmitting
energy. He tried to use the earth itself and the atmosphere layer as conductors to achieve
wireless energy transmission. Nonetheless, he was limited by technical conditions at that time.
His experiment had failed to achieve the goal [14]. In the late 1950s, Goubau and Schweing
theoretically calculate the free space beam guided wave transmission efficiency can reach
almost 100 percent and verified it on the reflected beam guided wave system [15]. Followed by
these, Raytheon company, William Brown [16] and others as leaders, began to research this
technology. In 1964, they finished driving helicopters experiment with 2.45 GHz microwave.
In 1968, Peter Glaser imagined the construction of solar power stations in satellites [17]. In
the late 1980s, the Canadian communication research center established a service platform for
radio, television, communications and other applications, and used wireless methods to supply
energy to the platform [14]. Until the 1990s, the wireless transmitting energy technology
received widespread attention in close distance application, small and medium-sized power.

2.3 Simultaneous Information and Energy Transmission

The dual capability of RF signals for conveying both information and energy motivates the
unified study of wireless information and energy transmission systems and it is called SIET
systems [18]. The main interest of SIET systems is for low-power devices with no access for
wired energy supplies and interested in not only receiving information but also energy. Existing
technologies that already uses this principle are radio frequency identification (RFID) devices,
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Figure 2.3.: Time switching technique with one transmitter and one receiver. Taken from [3].

power line communications, wireless sensor networks, and wireless body sensor networks.
Beyond the existing applications, simultaneous energy and information transmission (SEIT)
appears as a promising technology for a variety of emerging applications including low-power
short-range communication systems, sensor networks, machine-to-machine networks, and
body-area networks, among others [19].

Despite the recent interest in SIET, the practical implementation remains a challenging task,
since the EH circuits in practical are not able yet to decode information. Hence, to operate
SIET, some practical receivers are proposed such that: time switching, power splitting, and
antenna switching.

2.3.1 Time Switching (TS) Architectures TS consists of dividing the transmission
block into two orthogonal time slots, one for transferring power and the other for data [20]. In
this case, signal splitting is performed in the time domain, and thus the entire signal received
in one-time slot is used either for information decoding or power transfer, see Figure
The TS technique allows for a simple hardware implementation at the receiver but requires
accurate time synchronization and information/energy scheduling. Especially, in [21], TS is
employed in the broadcast channel with SIET, to characterize the achievable rate region under
EH constraint at the receiver.

2.3.2 Power Splitting (PS) Architectures The power splitting (PS) technique consists
of splitting the received signal into two streams, where one stream with PS ratio 0 < p <1
is used for EH, and the other with power ratio 1 — p is used for information decoding [20],
see Figure The PS technique entails higher receiver complexity compared to TS and
requires the optimization of the PS factor p, however, it achieves instantaneous SIET, as the
signal received in one-time slot is used for both information decoding and energy transmission.
Therefore, it is more suitable for applications with critical information/energy or delay
constraints and closer to the information-theoretical optimum. The PS design has been widely
studied in the literature. In [22], a PS design adopted by the receiver, such that a fraction
of the received signal is used for channel estimation or data detection, while the rest is used
for energy harvesting. In [23], a water-filling algorithm is proposed for an effective PS ratio,
to reduce the computational complexity and to achieve the optimal performance bound for
SIET. There are some advantages and disadvantages in both these techniques, the power
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Figure 2.4.: Power splitting technique with one transmitter and one receiver. Taken from [3].

splitting method can achieve instantaneous SIET, therefore it is easier to manage applications
with delay constraints and has better performance. But because power splitting requires
high receiver complexity, it is more expensive and additional noise can be introduced in the
process of power splitting. So, although power splitting technique may be better in terms of
performance, time switching is often preferred because they are much cheaper and suitable for
mass production, and the relatively simple circuitry involved reduces the chance of mechanical
failure and unlike the power splitting circuit, it will introduce as much noise. However, both
techniques have been used simultaneously, for coordinating information decoding and energy
harvesting for OFDM systems with SIET [24].

2.3.3 Antenna Division Architecture The antenna switching (AS) technique dynam-
ically switches each antenna element between decoding/rectifying to achieve SIET in the
antenna domain. In the AS scheme, it assumes that each receiver acts as either an informa-
tion decoding (ID) receiver or an energy harvesting (EH) receiver [20]. The AS technique
requires the solution of an optimization problem in each communication frame in order to
decide the optimal assignment of the antenna elements for information decoding and energy
harvesting. In [25], a constrained energy efficiency optimization in MIMO system with SIET
is proposed for joint antenna selection and spacial switching. Since AS, introduces a high
computational complexity, a low-complexity AS techniques are proposed in [26] using the
principle of generalized selection combining (GSC).
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In this section, previous results on simultaneous information and energy transmission in
point-to-point channels and multiple access channels (MAC) are presented. In both cases a
trade-off between the information rate (bits per channel use) and the energy rate (energy units
per channel use) is shown.

3.1 Point-to-Point Channels

In a point-to-point scenario, by choosing a given modulation as in [27] a trade-off between
information rate (bits per channel use) and energy rate (energy units per channel use) is
observed. For instance, consider a 4-PAM codeword with alphabet {—2, —1,1,2}. If the energy
rate constraint is omitted, the transmitter can clearly convey up to 2 bits/ch.use by using all
symbols of the constellation. However, imposing a maximum energy rate constraint at the EH
receiver, the maximum information rate achieved is 1 bit/ch.use.

3.1.1 Discrete Memoryless Channels Consider a three-party communication system
in which a transmitter aims at simultaneously sending information to an information receiver
(IR) and energy to an energy harvester (EH) through a noisy communication medium. This
system can be fully characterized by a random transformation (X,Y x Z, Py z|x), where X
is the input alphabet set, ) x Z is the output alphabet set for the information and energy
receiver, and Py z|x is the transition probability kernel. That is, given an input = € &, the
output (y,z) € Y x Z is observed with probability Py 7 x(y, 2|z). A memoryless channel is a
random transformation given by

(X" V" x 2", Py z1x), (3.1)
where n € {1,2,...} is the block length and Y = (Y1,Y3,...,Y,)) € V" Z = (Z1,Z,...,Zy) €
Z" and X = (X1, Xo,...,X,) € X" are n-dimensional vectors of random variables, such that
given an input ® = (1, z2,...,Ty), the outputs y = (y1,42,...,y,) and z = (21,292,...,2y)

are observed with probability:

n
Pyzix (Y, z®) = [[ Pyzix (ve, ze|a). (3.2)
i1
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Within this context, two tasks are carried out by the transmitter: (a) the information trans-
mission task; and (b) the energy transmission task.

Information Transmission Task From the information transmission standpoint, the goal
of the transmitter is to convey an independent message index W € W = {1,2,... 2N R} to the
receiver using N channel input symbols X7, Xo,..., X. The message index W is assumed to
be uniformly distributed over W. Let fT(LN) : W — X be the encoding function at channel use
n, such that for all n € {1,2,..., N}, the following holds:

w=f (W), (3.3)

The decoder of receiver i observes the channel outputs Y7, Y, ..., Yy and uses a decoding
function ¢V : IN x YV — W, to get an estimate of the message indices:

W =o¢™ (Y1, Ya,...,Yy), (3.4)

where T is an estimate of the message index W. The decoding error probability of a codebook
of block-length N, denoted by Pl%), is given by

Piy =pPr(W#£W). (3.5)

Energy Transmission Task Let B®Y) : RV — R, be a function that determines the
energy obtained from the channel outputs Zi, Zo, ..., Zy. In the following, this function is
chosen to be the average energy rate (in energy-units per channel use) at the end of N channel
uses. That is,

BN (Z1, Zo, ..., I Q%ZB(N) (3.6)

Hence, given an energy rate B € [0, Byax]- Here Bmax is the maximum feasible energy rate.
The energy shortage probability, denoted by PES ( ), 1

Py 2 Pr [BM(2) < B]. (3.7)

Simultaneous Information and Energy Transmission The system is said to operate
at the information-energy rate couple (R, B) € IR%r when both transmitter-receiver pairs use
an encoding-decoding scheme such that: (i) reliable information transmission at rate R is
ensured; and (ii) reliable energy transmission at rate B is ensured. A formal definition is given
below.

Definition 6 (Achievable Rates). The couple (R, B) € R? is achievable if for all i € {1,2},

there exists a sequence of encoding functions f;; N 2(12\7)’ ceey 1(11\\[/) and a decoding function

#N) such that both the average decoding error probablhty ]gE) and the energy-shortage

probability P]és) tend to zero as the block-length N tends to infinity. That is,

limsup PSY) = 0 and (3.8a)

N—o0
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lim sup Péjsv) =0. (3.8b)

N—o0

The information and energy transmission task are often a conflicting tasks, this trade-off
can be characterized by the notion of information-energy capacity region.

Definition 7 (Information-Energy Capacity Function). Denote by b € [0, Bpax] the minimum
energy rate that must be guaranteed at the input of the EH and denoted by n the blocklength.
The information-energy capacity is defined as the following

CMMB L max I(X;Y),
X:B(V)>p

where I(X,Y) is the mutual information between X and Y .

Then, the information-energy capacity function is defined as the following:

|
C(b) £ limsup SN ). (3.9)

N—oo

Examples In the following, consider a three binary channels, in which the receiver and

the EH observe the same output sequence, i.e., Z, = Y,, for all n € {1,2,..., N}. For the

noiseless binary channel, using (3.9)), the information-energy capacity region for a minimum
energy rate b

1, if 0<b<

Cb) = { Hy(b), if L<b<

where Hsy(+) is the binary entropy function. For 0 < b < %, the energy transmission does
not impact the information transmission task, and the uniform distribution achieves the
information capacity. In the second regime when, % < b < 1, the optimal distribution is
characterized by a Bernouilli distribution with parameter b. Note that a trade-off between
both tasks is observed by increasing the energy rate beyond %

Consider now the general case, with a binary symmetric channel with cross-over probability
aq. Thus, the information-energy capacity function with a minimum energy rate b € [0, 1],

follows:

)

[ T

)

C(b) = { 1 — Ha(ax), if 0<b< i,
~ U Ha(b) — Ha(ew), if §<b<1.

The same analysis follows in this case as well. For any 0 < b < %, the uniform distribution
maximizes the information rate and satisfies the energy constraint. However, increasing the
energy demands beyond this point will force the transmitter to use the most energetic symbol
and it reduces the information rate.

The third example is the Z — channel, with 1-to-0 cross-over probability ¢, i.e, the binary

DMC with Py x = [1 1 2 J . The information capacity for a minimum energy rate b is
Cb) = C(0), if 0<b<(1—¢e)n,
T Ho(b) — 12 Ha(e), if (1—-e)m* <b<1—g¢
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where C'(0) denotes the capacity of this channel given by
C(0) = log, (1 e 4 ei> . (3.10)
The capacity achieving input distribution is Bernoulli with parameter
e

*

- Tasas (3.11)

The previous examples show that by increasing the energy rate constraints, the transmitter
choose the most energetic symboles at the expense of a lower information rate for the
information receiver.

3.1.2 The additive white Gaussian noise (AWGN) channels Consider a three-party
communication system, in which the transmitter aims to convey both information and energy
through a memoryless Gaussian channel. At each channel use ¢ € {1,..., N}, the transmitter
inputs a symbol X;. The channel output observed by the information decoder is

Y, = Xy + Zy, (3.12)
and the EH receiver observes
St = ho X + Q4, (3.13)

where hy and hg are the channel fading gains, which assumed to be constant and non-negative
satisfying the £o-norm condition: ||h||? < 1, with h = (hq, h2)T in order to satisfy the principle
of energy conservation. Z; and @)y are distributed according to a standard real Gaussian

. A . . .
variables. Define w(s) = s? as the output energy function. the input sequence {X;}& ; is
subjected to an average input power constraint given by

1 N
~ L EXI <P, (3.14)
t=1

with P the average transmit power in energy-units per channel use. The signal to noise ratios
(SNRs) defined as SNR; = "2 for i € {1,2}.

Note that without considéring the energy rate constraint, the information capacity is
C(0,P) = %logQ(l + SNR;) and the maximum energy rate that can be achieved at the input

of the EH is Buax = 03 (1 + SNRy).
For any 0 < b < 03(1 + SNRy), the information capacity function is

b, P) = I(X;Y). 1
C, P) X:E[X2]§I£z§dm[s2]>b (X5Y) (3.15)

Using the same arguments as 28] and [29], it can be shown that
1
C(b,P) = §log2 (1+SNR;), (3.16)

which is inline with expression for the case without energy constraints. Hence, for any feasible
energy rate 0 < b < 03(1 + SNR3) there is no trade-off between information and energy
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transmission. Nevertheless, a trade-off is observed in the Gaussian channel with peak power
constraint |29], and it was shown that the optimal input distribution is discrete with finite
number of mass point.

3.2 Multiple Access Channels

In the case of multi-user network SIET, to satisfy the minimum energy rate required at the
input of the EH, in some cases, the transmitters cooperate to increase the energy transmis-
sion. Consider a scenario in which the goal of the transmitter is to simultaneously transmit
information to the receiver and energy to an EH. Two cases are presented:

e The requested energy rate is less than what is able to deliver by only transmitting
information, in this case, no coordination between the transmitters is required and
the optimal strategy of the transmitter is to use the available power to maximize the
information transmission.

e The transmitter is required to deliver an energy rate that is higher than what it is able to
deliver by only transmitting information. In this case the transmitters might use different
policy to ensure a higher energy rate at the EH. For instance, a power splitting approach
is used to decompose the transmitted signal into two signal components, one that is
designed to transmit information and another that is designed to transmit energy. The
former carries both energy and information, however the latter is assumed to be known
by all devices and can be build such that the energy received at the EH is maximized.

Many scenarios of SIET in multi-user networks has been studied. An important case to look
at is the multi-access channel (MAC) with an EH. From an information theoretic standpoint,
the information-energy trade-off was characterized by Fouladgar et al. [30] in the discrete
memoryless two-user MAC. Recently, Belhadj Amor et al. studied SIET in the centralized
Gaussian MAC (G-MAC) with and without channel-output feedback [4], [31] as well as the
decentralized G-MAC [32]. In the following section a review of the results obtained in the
centralized case is presented.

3.2.1 System Model

Information Transmission From the information transmission standpoint, the goal of
transmitter 4, with i € {1,2}, is to convey a message index W; € W; = {1,2,..., [2VFi]}
to receiver ¢ using N channel input symbols X; 1, X;2,...,X; v. That is, information is
transmitted at rate R; > 0 bits per channel use. The channel coefficient from transmitter k£ to
receiver i, with k € {1,2}, is denoted by h; ; € R, where R4 denotes the positive reals. The
channel output at the receiver during channel use n, is denoted by Y7 ,, and

Yin =hi1 X0 +h12Xon + Zn. (3.17)

In the case without feedback, at each channel use n, the symbol X;, sent by transmitter
i depends upon the message index W; and a randomly generated index €2 € IN. Let figg) :

W; x N — R be the encoding function at channel use n, such that for all n € {1,2,..., N},
the following holds:

Xin=f1 (Wi, ). (3.18)
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Figure 3.1.: Two-user memoryless Gaussian MAC with feedback and energy harvester. Taken
from [4].

In the case with feedback as described in Figure the symbol X;, sent by transmit-
ter ¢ depends upon the indices W, and €2, but also upon all previous channel-outputs
Yi1,Y12,...,Y1 n—q, with d € IN the feedback delay. In the following, it is assumed that
d is equal to one channel use, without any loss of generality. Thus, the first channel input sym-
bol X; 1 depends only on the message index W; and §2. More specifically, fi(flv) :W; xIN — R.

Alternatively, for all n € {2,3,..., N}, the encoding functions are fég) Wy x N xR — R.
Essentially,

Xi,lzfi(,]lv) (W, 8), (3.19a)

and for all n > 1,
Xin= i(,g)(Wi,Q,Yl,l, o Y1), (3.20)
In both cases, with and without feedback, the random index €2 is assumed to be known

by all transmitters and receivers. Moreover, channel input symbols X; 1, X;2,...,X; v are
subject to an average power constraint of the form

1 N
v 2 Bxi (K] < B (3.21)
n=1

where P; denotes the average transmit power of transmitter ¢ in energy units per channel use.
The decoder of receiver i observes the channel outputs Y7 1,Y12,...,Y7 v and uses a decoding
function o) : IN x RN — W, to get an estimate of the message indices:

Wi =™ (Q, Y11, Y12,.... Y1), (3.22)

where ﬁ/\l is an estimate of the message index W;. The decoding error probability of a codebook
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of block-length N, denoted by PI%), is given by

P](Dj}\é) = max [Pr (17[/\1 # Wl) ] (3.23)

The G-MAC-F and G-MAC with an EH are fully described by the signal to noise ratios
(SNRs): SNRj;, with V(4,5) € {1,2}%. These SNRs are defined as follows
hjil*P;
SNR,, 2 il P
9j

(3.24)

Energy Transmission Task From the energy transmission standpoint, the goal of both
transmitters is to jointly guarantee an average energy rate at the EH. Let B®Y) : RN — R+ be
a function that determines the energy obtained from the channel outputs Y5 1,Y2,...,Y2 .
In the following, this function is chosen to be the average energy rate (in energy-units per
channel use) at the end of N channel uses. That is,

1>

1 N
BW)(Ya1,Ya9,...,YaN) NZY;W (3.25)
n=1

which implies that the energy carried by a given channel output Y2, with ¢t € {1,2,..., N}, is
Y22,t' Note that the maximum average energy rate, denoted by Bpax, is:

Buax = 03 (14 SNRy; + SNRaj + 21/SNR21SNRy, ) | (3.26)

which can be achieved in the asymptotic block-length regime when both channel inputs exhibit
a correlation coefficient equal to one. Hence, given an energy rate B € [0, Byax], the energy

shortage probability, denoted by P]éjsv)(B), is:

Py 2 Pr [BM(Y,) < B]. (3.27)

Simultaneous Information and Energy Transmission An information-energy rate
triplet (R1, Re, B) € Ri is said to be achievable, when both transmitter-receiver pairs use an
encoding and decoding scheme such that: (i) reliable information transmission at rates R;
and Ry is satisfied; and (ii) reliable energy transmission at energy rate B is satisfied.

3.2.2 Case Without Feedback The information-energy capacity region of the Gaussian
multiple access channel with EH (GMACB) is fully characterized by the following theorem.

Theorem 9 (Information-Energy Capacity Region of the GMACB [4]). The information-
energy capacity region £ (a%, SNR11,SNR12,SNRa;y, SNRQQ) of the GMACRB is the set of all
information-energy rate triplets (Ry, Ra, B) that satisfy

1

< R; §§ log, (1 + 51 SNRH) , (3.28@)
1

0< Ry §§ log, (1 + B SNR12) , (3.281))
1

0Lk + R2<§ log, (1 + 51 SNR11 + (o SNRlQ), (3.28¢)
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0< B <03 <1 + SNR2; + SNRg2 + 2\/(1 — B1)SNR21(1 — Bz)SNRm) , (5.28d)

with (81, B2) € [0,1)%

Comments: Note that §;, with ¢ € {1,2}, can be interpreted as the power splitting factor
dedicated to information transmission and the remaining fraction (1 — f3;) is dedicated to
energy transmission task. The proof of the achievability of :@}- is obtained by
using the same arguments as [33] or [34]. On the other hand, (3.28d)) is obtained by using a
non-information carrying signals (common randomness) that is known to both transmitters
and the receiver. Specifically, the common randomness does not carry any information and
does not produce any interference to the information-carrying (IC) signals and used to correlate
the transmitted signal. At the receiver, this knowledge is used for cancelling the interference
of the no-information carrying component.

Example: Fig. shows the intersection of the information energy capacity region
£(1,10,10,10,10), in the Cartesian coordinates (Ri, R2, B), with a plane B = b. Three
different regimes are observed based on the value of b:

e b cC {O,a% (1 +SNRg; + SNRgg) |. In this case, the intersection of the plan B = b

with & (0‘%, SNR11,SNR12, SNRo1, SNRQQ) forms a set, which is identical to the capacity
region of G-MAC without an EH. In this case, transmitting information is enough
to satisfy the energy constraints. For instance, all the points @2, @3, Q4, and Q5 are
achievable.

o b c [U% (1+ SNR2; + SNRg2) , 03 (1 4+ SNRg1 + SNR2z + 2v/SNR31SNR3;) } . In this

case the energy rate B required at the energy harvester is higher than what is strictly
necessary to guarantee reliable communication at the information sum-rate. In this
case, a trade-off is accruing between the two tasks: information and energy transmission.
For instance, the intersection of the volume £ (1,10, 10,10, 10) with the plane B = b; €
(03 (1 + SNRgj + SNRa2), 03(1 + SNRo; + SNRaos+ 2v/SNR51SNRgs)) in Fig. form
a subset of the information capacity region of the previous case.

e b c (a% (1 4+ SNRo1 + SNRag + 2\/(1 — 1)SNRo1 (1 — ﬁg)SNRgg) ,oo>. In this case,

no positive information rate could be achieved ( See for the instance the point @ in

Fig. .

3.2.3 Case With Feedback A complete characterization of the information-energy ca-
pacity region for the Gaussian multiple access channel with perfect channel output feedback
feedback is given by the following theorem.

Theorem 10 (Information-Energy Capacity Region of the GMACFB [4]). The information-
energy capacity region is characterized by the set of information-energy rate triplets (R, Ra, B)
that satisfy

o< Ry g%logQ (1 + 51 SNR11 (1 — p2)) , (3.29a)
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Figure 3.2.: Intersection of the planes B = by and B = b; with the information-energy capacity
region of the symmetric G-MAC without feedback. Taken from

1

0< Ry < logy (1+ B2 SNRy2 (1 - p?)), (3.29b)
1

0SBy + Ry<; logy (1+ B SNRy; + B2 SNRy2 + 2p1/B1SNR11525NR12), (3.29¢)

0< B <03 (1 + SNRa1 + SNRag

+2,0\/518NR21528NR22 + 2\/(1 — ﬂl)SNRgl(l — ,BQ)SNRm), (329d)

with (p, B1, B2) € [0,1]°.

Comments on the proof: The proof of the achievable information rates in Theorem
follows the same arguments with Ozarow’s capacity achieving scheme . The parameters 31
and [, present the power splitting ratio as defined in Theorem [9] above. The key difference
with respect to the case without feedback is an additive correlation, i.e., Pearson correlation
coefficient between the information-carrying signals (IC) transmitted by both transmitters.
The Pearson correlation coefficient between the no-information-carrying (NIC) signals doesn’t
appear in Theorem [I0] since it is unity in order to maximize the transmission of energy.
It is worth noting that both IC and NIC contribute to the total harvested energy in ,
where the IC signal convey at most o2 (ﬁlSNRgl + $2SNR22 + 2pv/B1SNR21 52SNR22) energy-
units per channel use, while the common randomness signals is able to deliver at most
o3 ((1—61)SNR21+(1—ﬂ2)SNR22 +2 \/(1 — B1)SNRo1 (1 — 52)SNR22) energy-units per channel

use.

The Role of Feedback In the previous sections, a full characterization of the information
energy capacity region is given for the case with and without feedback. From the shape of
both region, it can be seen that the feedback enhances the transmission of energy rate. By
fixing the information sum-rate as the information sum-capacity without feedback, it can be
shown analytically that feedback can at most double the transmission of energy by assuming
a symmetric G-MAC. Specifically, Byr and Bp denotes the maximum energy rate that can be
guaranteed at the EH in the G-MAC without and with feedback respectively. The following
theorem characterizes the energy rate enhancement by using a perfect channel feedback

Theorem 11 (Maximum Energy Rate enhancement with Feedback [4]). The energy rate
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enhancement due to the feedback is given by

1< Br

< =F <o 3.30
Bur (3.30)

As shown in Theorem feedback can at most double the energy transmission rate in the
case of the Gaussian multiple access channel.
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4

Gaussian Interference Channel

Consider a two-user Gaussian interference channel without channel output feedback. For this
setup, there are two transmitter-receiver pairs and each transmitter i, i € {1,2}, convey a
message index W; € W;, with W; = {1,2,...,2¥%} where N denotes the number of channel
uses and R; is the transmission rate in bits per channel use. The channel coefficient from
transmitter k to receiver i, with k € {1,2}, is denoted by h;; € Ry. At receiver i, during
channel use n, input symbol X; ,, is observed at receiver ¢ subject to the interference produced
by the symbol X ,, sent by transmitter j, with j # i € {1,2}, and a real additive Gaussian
noise Z; ,. Hence during channel use n, the channel output at receiver ¢ is given by :

Yin =hiiXin+hi;j Xjn+ Zin, (4.1)

where Z; ,, is a standard real AWGN random variables. Let f; : W; — &; and ; : ]R{V — W;
represent respectively the encoding and decoding function and it is assumed deterministic
in this section. Moreover, channel input symbols {X;1,...,X;,} are subject to an average
power constraint in the form

1 n
=Y BlXin) <1 (4.2)
n t=1
Wi, —» T$1 Ln ) @ Rxl —>W1
hio
ha1
Xon Yo _
W2 — T:L.Z : h + RIQ —>W2
22
ZQ n

Figure 4.1.: Gaussian interference channel with noisy channel-output at channel use n
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4.0.1 Case without Feedback Assessing the capacity region of the two-user Gaussian
interference channel (GIC) is an interesting problem in network information theory. The
capacity region is perfectly known in the very strong interference regime [36|, which is the
same capacity region of two non-interfering point to point links. In this case, the interference
in both receivers is stronger than the intended signals and therefore the interference can
be decoded and subtracted from the received signals to decode the intended signals in each
receiver (successive interference cancellation, SIC). The capacity region of the GIC is also
known in the case of strong interference regime and it was independently obtained by [37]
and [38]. The capacity region of the GIC for the case of strong interference regime in [38] is
obtained considering that each receiver must decode both messages. Thus, each transmitter
with both receivers can be seen as a multiple access channel (MAC) and the capacity region of
the GIC under strong interference can be obtained as the intersection of the capacity regions
of the two MACs [39]. This capacity region was initially introduced in [40]. This approach
considered the joint decoding instead of sequential decoding as in [36].

The best known achievable region for the two-GIC is given in [37]. This achievable region
is simplified in [41]. The strategy in [37] uses rate-splitting [42], which implies that the
transmitter possesses two indices to transmit: common index that can be decoded by receiver
7 and j and private index to be decoded only by the the corresponding receiver. This strategy
also implies to arbitrarily split the user signal power into the common and private parts of the
message. In reception, this strategy uses joint typical decoding. A more simplified achievable
bound was presented in [41], which uses rate-splitting [42] and superposition coding technique
for the broadcast channel [43]. The codebook of transmitter i, with i € {1,2}, is generated
by two different code layers. The set of sub-code is designed to broadcast the common index
denoted by W; ¢ to both receiver. For each codeword in the second layer, a new sub-codebook
is generated. This set of sub-codebooks is referred to as the second layer of the codebook
and it is designed for the exclusive transmitting the message index W; p to receiver i. Finally,
transmitter ¢ sends the codeword X; (W; ¢, W; p) using the superposing technique described
above. The proof of the simplified Han-Kobayashi achievable region [41] uses the observation
that receiver ¢ is not interested in decoding the common message i W; p, with j # i.

Since the capacity region of the GIC is still known problem in the literature, hence several
converse bounds are proposed in [44-48]. In [47], an outer bound of the capacity region of the
GIC is characterized for the strong interference regime. An interesting case was presented
in [46], where the interference is treated as noise and achieves the sum capacity of the GIC.
In addition, an outer bounds that achieves the capacity within one bit per channel was
proposed [44], which obtained by using genie-aided models. In the following, two lemmas are
presented that shows two outer bounds for the capacity region of the two-user GIC for the
weak and mixed interference regime

Lemma 2 (Outer bound for weak GIC |44, Theorem 3]). The capacity region of the GIC is
contained within the set of rate pairs (R1, Rg) € Ri that satisfy the following inequalities:

1
Ry < log (1+SNRy), (4.3a)
1
Ry<; log (1+SNRy), (4.3b)
1 1 SNR, )
<= = - = )
R1+R2\210g(1+SNR1)+ 2log <1+ [T INRy, ) (4.3¢)
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SNR1 )’ (4.3d)

1 1
<=1 1 N —1 <1 —_—
Ri 4+ Ry 2og( +S R2)+20g +1+INR12

Ry + R2<% log (1 + INR2 + %) + %log (1 + INRo; + 1_?;]15}2{12) , (4.3¢)
2Ry + Rzé% log (1 + SNR; + INRq2) + %log (1 + INRo; + 151;]1\1?}2{12)

#30 (1 g ) (4:3f)

+308 (1w (30

Lemma 3 (Outer bound for mixed GIC [44, Theorem 4]). Let C C R denote the capacity
region of the GIC. Then, C is contained within the set of rate pairs (Ry, Ra) € Ri that satisfy
the following inequalities:

1
ngilog <1+SNR1), (44@)
1
Rggilog (1+SNR2), (44[))
1 1 SNR» )
<= _ - - .
R1+Rg\210g(1+SNR1)+ 2log <1+ [ INRy, ) (4.4¢)
1
Ry + Rz<§ log (1 + SNR; + INR2), (4.4d)
1 1 SNR; )
<= — P— .
Ry + 2R2\2 log (1 + SNRs + INRQl) + 5 log (1 + INRq9 + 1+ INRy; (4 46)
1 SNR, )
—f—ilog <1+ TTINR,/ (4.4f)

4.0.2 Case with Perfect Channel-Output Feedback An approximation within two
bits per channel use for the case with perfect channel-output feedback is characterized in [49].
The proof of the achievable region in [49] is built using the following techniques: block Markov
superposition coding [43], rate-splitting [37,/42], and backward decoding |50]. The converse
region is obtained by using genie-aided models. For high SNR regime, it has been shown in [49)
that feedback provides multiple gain for the symmetric case. The achievable and converse
region for two-user GIC-F are presented in the following lemmas:

Lemma 4 (Achievable region two-user GIC-F [49, Theorem 2|). The capacity region of the
two-user GIC-F' contains all the rate pairs (Ry, Re) € ]R2+ that satisfy the following inequalities:

1 1
R1<5 log (1+ SNRy + INR1z +2py/SNR1INR1z) - . (4-50)
1 1 SNR, )
<z — - - .
Ri< 5 log (1+ (1 —p)INRgy) + 5 log (2 + INRy, 1, (4.50b)
1 1
<glog (1+ SNRy + INRy; + 2pv/SNRoINRy; ) — 5 (4.5¢)
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1 1 SNRQ)
<=log(1+ (1 —p)IN -1 <2 ~1, .5d
Ry 5 og (1+(1—p) R12)+2 0g +INR12 (4.5d)
1 L SNRiY) 1
B+ Ry log (24 G ) + 5 log (1+ SNRjy +INRa; + 20y/SNRoINRy1 ) — 1, (4.5¢)
1 SNR, 1
Ry + Ry log <2 + INR12> 5 log (14 SNR; +INR1s + 20v/SNRyINR12) — 1, (4.5f)

with p € [0, 1].

Lemma 5 (Converse Region two-user GIC-F, [49, Theorem 3]). The capacity region of the
GIC-F is contained within the set of rate pairs (Ry, Ra) € Ri that satisfy the following
inequalities:

1
R1<§ log (1 + SNR; + INRy2 + 2p SNRlINRl?) ’ (4-6a)
1 1 (1 — p2) SNRl
Ri<=log (1 + (1 — p)INR “log (1 ; -6b
1 2og( +(1-p) 21)+20g( +1+(1—p2)INR21 (4-6b)
1
Ry<5 log (1+ SNR; + INRa1 + 2p/SNRoINRo1 ) (4.6¢)
1 1 (L - p?) SNRy
<=log (1 1—p)IN =1 1 .6d
Ry 2og( +(1-p) R12)+20g<+1+( 2 TNRy, (4.6d)

Ry + Ry tlog (14 (L—F") SNRu
<=1o
LSy 08 1+ (1 — p?)INRa,

1
+3 log (1+ SNR; + INR2; + 2p/SNR2INRy; ) , (4.6¢)

1 (1 —p*) SNRy
<zl 1
Ry + Ry 2og( +1—|—(1—p2)INR12

1
+3 log (1 +SNR; + INRj5 + 2p\/SNR11NR12) , (4.6f)

with p € [0, 1].
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Energy Harvesting in the Gaussian

Interference Channel

In this chapter, the fundamental limits of simultaneous information and energy transmis-
sion for the two-user Gaussian interference channel (G-IC) with and without feedback are
presented. Specifically, an inner and an outer bounds in terms of information and energy
transmission rates (in bits per channel use and energy-units per channel use, respectively) are
fully characterized. In both cases, with and without feedback, an achievability scheme based
on power-splitting, common randomness, rate splitting, block-Markov superposition coding,
and backward decoding is presented. Finally, converse regions for both cases are obtained
using some of the existing outer bounds for information transmission rates, as well as a new
outer bound for the energy transmission rate.

5.1 Introduction

Battery dependency is a critical issue for modern communication system such as as low-power
short-range communication systems, sensor networks, machine-type networks, and body-area
networks. Harvesting energy from ambient sources presents a promising solution to power
up those devices. Specifically, simultaneous information and energy transmission (SIET) is a
technology that exploits the duality of the radio frequency (RF) signals, which can carry both
information and energy through appropriate co-design and engineering has gained an upsurge
of interest.

The idea of wireless energy transmission traces back to Tesla in the 20-th century [51].
However, only recently the idea of SIET has been formalized. For instance, the point-to-point
channel has been studied from the perspective of SIET in the asymptotic block-length regime
in [28,52,53] and [54]. In the non-asymptotic block-length regime, very little is known as
pointed out in [55] and [56]. The Gaussian multiple access channel with one non-colocated
energy harvester (EH) has been studied in [4]. The special case of a colocated EH was studied
in [30]. The Gaussian interference channel (G-IC) has been studied in the context of SIET
in [57,58] and [59]. A closely related result is the analysis of energy cooperation at the
transmitters [60]. Nonetheless, none of these works tackles the fundamental limits of SIET in
the G-IC. Other multi-user channels are studied in [19,27,/61H64] and references therein.

This chapter focuses on the case of the two-user G-IC under the following assumptions:
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(a) A non-colocated energy harvester (EH) recollects energy from the signals sent by the
transmitters; (b) a perfect channel-output feedback link might be available from each receiver
to the corresponding transmitter. The main results in the case with and without feedback
are twofold. First, a set of achievable information and energy transmission rates is presented.
That is, a subset of the information-energy capacity region [4] is characterized. Second, a
set that contains the information-energy capacity region is introduced. These two sets are
shown to be a constant gap approximation to the information-energy capacity region when
the energy rate is normalized by the maximum energy rate. Using these results, it is finally
shown that perfect channel-output feedback can at most double the energy rate in the G-IC.

This work builds upon existing results whose foci are exclusively on information transmission,
in particular [65-67] and [49]. For instance, in the proof of achievability with and without
feedback, the novelty lyes upon the use of power splitting to superimpose two signal components:
One that is designed to transmit information; and another that is designed to transmit energy.
Note that the former naturally carries both information and energy, whereas the latter
exclusively carries energy. From this perspective, the information-carrying component is built
up along the same lines of the achievability scheme presented in [66] and [49] in the case
with and without feedback, respectively. The non-information carrying component is built
along the lines of the scheme presented in [4] using the idea of common randomness. More
specifically, both the transmitters and the receivers know in advance the realization of a given
random variable. This realization is used by the transmitters to correlate their transmitted
signals in order to benefit the transmission of energy. At the receivers, this knowledge is
used for cancelling the interference of the no-information carrying component. The proof of
the converse, in the case with and without feedback, follows along the lines of [65] and [49],
respectively. The main difference relies on the fact that no constraint is imposed on the first
moment of codewords of a given feasible coding scheme. Note for instance that a codeword
with a strictly positive mean carries an amount of energy equal to its mean, i.e., direct current
(DC) component. Finally, new inner and outer bounds on the energy transmission rate are
obtained using Markov’s concentration inequality [68].

5.2 Gaussian Interference Channel with Energy Harvesting

Consider a Gaussian interference channel (G-IC) with a non-colocated energy harvester
depicted in Figure [5.I] without feedback and in Figure [5.2] with perfect channel-output feedback.
Transmitter ¢, with ¢ € {1,2}, aims to execute two tasks: (a) an information transmission task
and (b) an energy transmission task.

5.2.1 Information Transmission Task From the information transmission standpoint,
the goal of transmitter i is to convey an independent message index W; € W; = {1,2,...,2NFi}
to receiver ¢ using N channel input symbols X; 1, X;9,...,X; v. The message index W; is
assumed to be uniformly distributed over WW. The channel coefficient from transmitter & to
receiver ¢, with k € {1, 2}, is denoted by h;, € Ry. At receiver ¢, during channel use n, input
symbol X; ,, is observed at receiver ¢ subject to the interference produced by the symbol Xj,,
sent by transmitter j, with j € {1,2} \ {¢}, and a real additive Gaussian noise Z; ,, with zero
mean and variance 0. Hence, the channel output at receiver i during channel use n, denoted
by Y; ,, is:

Yvim = hi,iXi,n + h@ijyn + Zi,n- (5.1)
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In the case without feedback, at each channel use n, the symbol X; , sent by transmitter i
depends upon the message index W; and a randomly generated index €2 € IN independent of
W1 and Ws. Let fi(’g) : W; x IN — R be the encoding function at channel use n, such that for
all n € {1,2,..., N}, the following holds:

Xin=fin) (Wi, ). (5.2)

In the case with feedback, the symbol X;, sent by transmitter ¢ depends upon the indices
W; and €2, but also upon all previous channel-outputs Y;1,Y;2,...,Y;,_4, with d € IN the
feedback delay. In the following, without any loss of generality, it is assumed that d is equal
to one channel use. More specifically, fi(’]lv) :W; x N — R and for all n € {2,3,...,N}, fi’g) :
W; x N x R"~! = R are encoding functions such that:

Xi,l:fi(,zlv)(Wia Q) and (5.3a)
Xi,n: 7,(7]7:,])(W17 Qu }fi,b Yi,?7 cee 7}/’i,n—1)- (53b)

In both cases, with and without feedback, the random index 2 is assumed to be known by all
transmitters and receivers. Moreover, channel input symbols X; 1, X;2,..., X; y are subject
to an average power constraint of the form

1 N
~ 2 Bx, [Xi] < P (5.4)
n=1

where P; denotes the average transmit power of transmitter ¢ in energy units per channel use.
The decoder of receiver 7 observes the channel outputs Y; 1,Y;9,...,Y; v and uses a decoding

function (ﬁZ(N) :IN x RV — W, to get an estimate of the message indices:
W, = o™ (Q,Y;1,Y; Yin) (5.5)
) i y La, 1, X425 -5 Li N ) .

where W\Z is an estimate of the message index W;. The decoding error probability of a codebook
of block-length N, denoted by P](DAE[), is given by

P = max [Pr (W1 #Wh) Pr(Wa # Ws) } (5.6)

The signal to noise ratio (SNR) at receiver i is defined as follows

hii*P;
SNR, 2 [hal P (5.72)

2
g3

The interference to noise ratio (INR) at receiver ¢ is defined as follows

hi 2p.
iNg, 2 il P (5.7b)
g;

5.2.2 Energy Transmission Task Let hs; € Ry be the channel coefficient from trans-
mitter ¢ to the energy harvester (EH). The symbols sent by the transmitters during channel
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Figure 5.1.: Two-user Gaussian interference channel with a non-colocated energy harvester at
channel use n.
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Figure 5.2.: Two-user Gaussian interference channel with channel-output feedback and a
non-collocated energy harvester during channel use n.

use n are observed by the EH subject to an additive Gaussian noise Z3, with zero mean and
variance o3. More specifically, the channel output at the EH during channel use n, denoted
by Y3, is:

Y3, =h31 X1+ h3oXoyn + Z3p. (5.8)
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5.2. Gaussian Interference Channel with Energy Harvesting

From the energy transmission standpoint, the goal of both transmitters is to jointly guarantee
an average energy rate at the EH. Let BN) : RN — R, be a function that determines the
energy obtained from the channel outputs Y3 1,Y39,...,Y3 y. In the following, this function
is chosen to be the average energy rate (in energy-units per channel use) at the end of N
channel uses. That is,

1>

N
BW™M(Y31,Y32,...,Y3N) % PR (5.9)
n=1
which implies that the energy carried by a given channel output Yz, with ¢t € {1,2,..., N}, is
Y}ft. This assumption is very optimistic, and it is considered for the simplicity of the linear
model and it is used in many works in [28//52./69-76]. However the nonlinearity is a fundamental
propriety of the rectifier given the dependency of the delivered DC power on higher order
statistics of the channel input distribution [77-85]. Nonetheless, from the fundamental limits
point of view, the assumption in has the justification of the assumption of perfect channel
output feedback, i.e., any more realistic model would induce fundamental limits that would be
more pessimistic than the results presented in the following sections. The SNR of transmitter
1 at the EH is denoted by

hs |2 P;
SNRg; = % (5.10)
g3
Note that the maximum average energy rate, denoted by Bpax, is:
Buax = 03 (14 SNRg; + SNRs + 2/SNR3; SNR3y ) . (5.11)

which can be achieved in the asymptotic block-length regime when both channel inputs exhibit
a correlation coefficient equal to one. Hence, given an energy rate B € [0, Byax], the energy

shortage probability, denoted by Pé]SV), is:

Py 2 Pr [BM(v3) < B]. (5.12)

5.2.3 Simultaneous Information and Energy Transmission An information-energy
rate triplet (Rj, R, B) € ]R‘j’_ is achievable when both transmitter-receiver pairs use an
encoding-decoding scheme such that: (i) reliable information transmission at information rates
R; and Ry is ensured; and (ii) reliable energy transmission at energy rate B is ensured. A
formal definition is given below.

Definition 8 (Achievable Rates). The triplet (Ri, Ro, B) € R3 is achievable if for all

i € {1,2}, there exists a sequence of encoding functions fi(’le), Z-(’JQV), cee i(j\\[,) and a decoding

functions ¢§N) and d)éN) such that both the average decoding error probability PJ%) and the

energy-shortage probability P]EDJSV) tend to zero as the block-length N tends to infinity. That is,

lim sup P]%) =0 and (5.13a)
N—o00

: ) _

limsup Pgg’ = 0. (5.13b)
N—o00

Using Definition 8] the fundamental limits of simultaneous information and energy trans-
mission in the G-IC can be described by the information-energy capacity region, defined as
follows.
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5. Energy Harvesting in the Gaussian Interference Channel

Definition 9 (Information-Energy Capacity Region). La région de capacité information-
énergie, désignée par EY dans le cas avec rétroaction et £ dans le cas sans rétroaction, correspond
a la fermeture de tous les triplets du debit information-énergie réalisables (R1, Ra, B).

5.3 Main Result

The main result consists of a description of the information-energy capacity regions with
feedback £F and without feedback £. Such a description is presented in the form of an
approximation in the sense of the definition hereunder.

Definition 10 (Approximation of a Set). Letn € IN be fized. A set X C R} is approximated
by the sets X and X if X C X C X andVx = (x1,...,1,) € X then ((:cl —&), (z2— &),

(en—&)*) € X, for some (61,6, &) € RY.

5.3.1 Case without Channel-Output Feedback The information-energy capacity re-
gion &, is approximated by the regions £ (Theorem , which represents an information-energy
achievable region, and £ (Theorem. which represents an information-energy converse region.

An Achievable Region The following theorem introduces an achievable information-energy
region.

Theorem 12. The information-energy capacity region £ contains the set £ C Ri of all rate
tuples (Ry, R, B) that satisfy:

R < %log <1+(11;))\\12€;)HS\§;{1>, (5.14a)
e )
R+ Ry < ; log <1 (- AIGIS—FN)i;ILgl_ A2e)INRl>+;1 (1 e ffii; ) (5.14c)
Ry + Ry < %log (1 G AzeliNii&g; Ale)lNR?)%l (1 + fipliﬁl) (5.14d)
s (A )1 (L (o

1 1+ (1=XA1e)SN 1=MAg¢)IN 1 14+ A9, SN 1=XA1e)IN
2R1+R2§§10g< + (1=A1e)SNRy + (1-X2¢) Rl)—l—flog( + A2pSNRo + (1-Aqe) R2>

1+ AgpINR; 2 1+ A1, INR,
+% log (1 + TRy j—liiiii%) (5.14f)
R
+% log (1 + T+ )\ INRS f};\?;EZRQ) (5.149)
B < 03 (1+ SNRa; + SNRg; + 2¢/SNR31SNRaa v/ Aredae ) (5.14h)

with (Nip, Mie) € [0,1)% such that Aip + Nie < 1, for all i € {1,2}.
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5.3. Main Result

Proof: The proof of Theorem [12] is presented in Appendix [A] ]

A Converse Region The following theorem introduces an information-energy converse
region.

Theorem 13. The information-energy capacity region £ contains the set £ C ]Ri of all rate
tuples (R1, Re, B) that satisfy:

Ri < %log(l + 1SNRy), (5.15a)
Ry < %log(l + BSNRy), (5.15b)
Ri+ Ry < %log(l + B1SNR; + 2INRy) + %log (1 + %) , (5.15¢)
Ri+ Ry < %log(l + BSNRy + A1INRy) + %log (1 + %) , (5.15d)
Ryt Ry < %log <1 n B1SNR; + 5211111211;\I§12ﬁ21NR11NR2)

n %log (1 n B2SNRo + /81111_7_];;22;\15{1?211\”;{111\1}{2) ’ (5.15¢)

2R + Ry < %log (1 + %) + %log(l + B1SNR; + 52INR;)
+% log (1 n BaSNRo + 51111—7_1;221—;§11ﬂ21NR1INR2> ’ (5.15)

R+ 2Ry < %log (1 + %) + %log(l + B2SNR32 + B1INR2)
+% log <1 n B1SNR1 + 52111—7_1;111—;15{12BQINR11NR2> ’ (5.15g)

B < o? (1 + SNRy1 + SNRyz + 2/SNR3iSNRa /(1 = 51)(1 = 2) ) , (5.15h)

with (B, B2) € [0,1]2.

Proof: The proof of Theorem [13]is presented in Appendix [B] [ |

An Approximation to the Information-Energy Capacity Region Using the inner
region £ and the outer region &, described respectively by Theorem [12| and Theorem the
information-energy capacity region £ can be approximated in the sense of Definition

Theorem 14 (Approximation of £). Let £ C Ri and £ C ]Ri be the sets of tuples (R, Ro, B)
described by Theorem[19 and Theorem [13, respectively. Then,

ECECE, (5.16)

— Bmax *
and for all (Ry, Re, B) € € it follows that ((R1 —1/2)*,(Ry —1/2)7, <B — 2) ) eé.

Proof: et pour tout (R, Ry, B) € & il s’ensuit que ((R1 —1/2)*,(Ry — 1/2)*, (B —
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Bmax +>
=) e

B—B  2h3ih3ovVPi Py (\/(1 —B1)(1 = B2) — \//\1e)\2e)
Brax N 0'32) + h%?lpl + h§72P2 + 2|h3’1||h372|\/ PP
. 21/SNRy15\ Ry
~ 14 SNRg; + SNR32 + 2v/SNRg1SNR32
- _ 2VSNR315NR3»
~ 1+ 4v/SNR3;SNR3o
1

< -
-2

The proof that Ry — Rll < % and Ry — ng < % is presented in |65]. This completes the proof.
|

5.3.2 Case with Perfect Channel-Output Feedback The information-energy capacity
region EF, is approximated by the regions £F (Theorem j and EF (Theorem .

An Achievable Region The following theorem introduces an achievable information-energy
region.

Theorem 15. La région de capacité énergétique d’information EY contient I’ensemble E¥ C Ri
de tous les tuples de tauz (Ri, Re, B) qui satisfont :

1 1+ (1 — Ale)SNR1 + (1 — )\QE)INRl + 2pv/ SNRllNR1>
Ry <=1 ( 5.17
1=58 1+ Mgy INR; ’ (517a)
1. (14+(1—(p+ /\16))INR2> 1 (1 + AL,SNRy + Ay INR1>
Ry <=1 < -1 P P L (517
L=378 1+ A,INR, 3 1+ Xy INR, (5.17)
1. (14 (1= X2)SNRa+ (1 — A1.)INRy + 2p/SNRoINR
R2§10g< + ( %) 2+ ( le) 2+ 2p 2 2)7 (5.17c)
2 14 A,INR,
1, (1+(1—(p+ /\26))INR1> 1 (1 + AgpSNRy + Ay INR1>
Ry < -1 ( -1 P P 5.17d
2= 1+ XgpINR; PR 1+ A\,INR, (5.17d)
1 1+ ApSNR1 + A9, INR4
Ri+Ry <=1 ( P P )
LS g los 1+ Ay INR;
1. (1+(1=X)SN 1 — A1)INR; + 2p/SNR2IN
+710g< + ( 2¢)SNRo + ( 1e)INRg + 2pv/SNRo Rg)7 (5.17)
2 1+ A,INR;
1 14+ A9, SNR7 + A, INR;
Ri+ Ry <=1 < p P )
P s gl 1+ A, INR;
1. (14 (1=Xe)SNRy + (1 — M) INR; + 2p/SNR;INR
—i—log( + ( le) 1+ ( 2¢)INR1 + 2p 1 1)7 (5.17)
2 1 Jr)\gpINRl
B < 03 (1+ SNRg; + SNRg + 2¢/SNRg1 SNRaa (p + v/Arehac) ) (5.179)

where (p, Nip, Mie) € [0,1]2 and p + Xip + Nie < 1, for all i € {1,2}.
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5.3. Main Result

Proof: The proof of Theorem [15] is presented in Appendix [C| ]

A Converse Region The following theorem describes a converse region denoted by e

Theorem 16. The information-energy capacity region EY is contained into the set g e Ri,
which contains all rate tuples (R1, Ra, B) that satisfy:

1
R < 5 log (1 + B1SNR; + B2INR; + 2p\/,318NR1,321NR1>, (5.18a)
1 B1(1 — p?)SNR;, ) 1 ( 2 )
< Z Z — .
R < 2 ( 1—|—ﬂ1 1_ )INRQ —|-210g 1—|—ﬁ1(1 P )INRQ R (5 18[))
1
Ry < B log (1 + B2SNRo + $1INRs + 2p\/,BQSNR2,BlINR2> (5.186)
1 Ba(1 — p?)SNRy > 1 ( 2 )
<= - — .
Ry < 5 log (1 + 15 (1 — p2)INR, + 5 log ( 1+ 32(1 - p°)INRy ), (5.18d)
1 51 1 — )SNR1 )
< —
R+ Ry < glo ( T 1— 2)INR,
+§ (1 + 82SNRo + B1INRs + 2p\/ﬂQSNR2ﬂ11NR2>
(5.18¢)
1 B2(1 = p*)SNRy >
e
Ruv Ry < glog (1 1070 A= YN,
1
+§ log (1 + B1SNR1 + B2INR; + 2P\/518NR152INR1)7
(5.18f)
B < o2 (1 + SNR3; + SNR32 4 24/SNR31SNRaa(py/B1 52 + \/(1 = B1)(1 = 52)))7
(5.18q)
with (B1, B2, p) € [0, 1]3.
Proof: The proof of Theorem [16]is presented in Appendix [ |

An Approximation to the Information-Energy Capacity Region Using the inner

region EF and the outer region ?F, described respectively by Theorem |15f and Theorem
the information-energy capacity region £F can be approximated in the sense of Definition

Theorem 17 (Approximation of £F). Let EF ¢ ]R:j‘r and & ¢ Ri be the sets of tuples
(R1, Ro, B) described by Theorem and Theorem respectively. Then,

EF ceF e, (5.19)

_ Biax "
and for all (Ry, Re, B) € cr it follows that ((R1 -t (R — 1), (B - > ) € ébF.

Proof: Note that for all (Ry, Ry, B) € &" and for all (R|, Ry, B') € EF, there always exists
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5. Energy Harvesting in the Gaussian Interference Channel

a tuple (B1, B2, Ae, A2e, p) such that:

B-B _ 2h3 1h3 2V P1 Ps (\/(1 — B1)(1 = B2) + pV/BiB2—p — \/)\le)\Qe)

Brax — 0'32, + h%JPl + h§’2P2 + 2h?;,lhfﬂ,Z\/ PPy
< 2v/SNR31SNR32
~ 1+ SNR3; + SNR3s + 24/SNR3;SNR32
~ _ 2V/SNR515NR3p
~ 1+ 44/SNR31SNR32
<1
-2

The proof of the inequalities Ry — R} < 1 and Ry — Ry < 1 is presented in [49]. This completes
the proof. u

5.3.3 Maximum Energy Rate Improvement with Feedback Consider the following
sets of energy rates: B = {b € Ry : (Ry,R2,b) € £}, B = {b € Ry : (R, Ra,b) € &},
Br = {b € Ry : (R,R,b) € E¥}, and Br = {b € R, : (Ry, Ry,b) € EF}. The maximum
improvement that can be achieved on the energy rate due to feedback can be shown to be at

most a factor of two. The following proposition shows this by providing upper bounds on the

max By max Br
max B and B

ratios .
e max B

Proposition 3 (Rate improvement with Feedback). The energy rate achievable in the two-
user G-IC with perfect channel-output feedback can be twice the energy rate achievable in the
two-user G-1C without feedback. That is,

max Bp

< 2. 2
max B (5.20)

Any improvement beyond a factor of two is not feasible. That is,

1 maxBr (5.21)
max 5

Before presenting the proof of Proposition [3] the following auxiliary result is presented
Proposition 4. For all (x,y) € [0,1]%, it holds that
VT4 /(1 —2)(1—y) < 1. (5.22)
Proof: Given that (y/z — \/y)* =z +y — 2/Zy > 0, it holds that

r+y

Vry < 5 (5.23)

Using , it holds that
N <? —; Y. and (5.24)
Q-0 _y <22ty (5.25)

2

46



5.4. Numerical Analysis

Adding (5.24]) and (5.25)) yields the inequality in ([5.22)). This completes the proof. [ |
Proof of Proposition[3: The proof is divided into two parts. The first part presents the

proof of (5.20). The second part presents the proof of ([5.21))

1. Proof of (5.20): Let max By be written in terms of (p, Aip, A2p, A1, A2e) and let also
max B be written in terms of (p’, le, )\/21), Ao Ag,) such that:

sup EF . 1+ SNRg3; + SNR39 + 24/ SNRglsNRgg(p =+ 4/ )\16)\26)

— (5.26)
sup B 1+ SNR31 + SNRaz + 21/SNR31SNR3o A A,
< 1+ SNR3; + SNR32 4+ 24/SNR31SNR 3 (p + max()\le, >\26)) (5 27)
- 14 SNR31 + SNR32 '
24/SNR31SNR 39
<1 2
s+ 14+ SNRg31 + SNR3» (5.28)
SNR3; + SNR 39
1 5.29
s+ 1+ SNRa31 + SNR3s ( )
< 2. (5.30)

2. Proof of (5.21)) : Let max Br be written be written in terms of (p, 1, 52) € [0,1]> and
let also max B be written in terms of (8, 35) € [0, 1]? such that:

sup EF _ 1+SNR31+SNR32 + 2\/SNR318NR32(p\/,31ﬂ2—|—\/(1 — 61)(1 — ﬂg))

i (5.31)
sup B 1+ SNRg; + SNRgz + 24/SNR31SNRaa (1 — ) (1 — f)
24/SNR31SNR.
1+ SNRg3; + SNR3s + 2\/SNR318NR32(1 — ,31)(1 — ,32)
2v/SNR31SNR32
<1 5.33
=1t 1+ SNRg31 + SNR3» ( )
SNR31; + SNR 39
<1 5.34
=" 15 SNRs + SNRy (5:34)
<2, (5.35)
where (5.32)) follows from Proposition |4} This completes the proof.
|

5.4 Numerical Analysis

Consider the two-user G-ICs with and without channel-output feedback depicted in Figure
and Figure [5.2] with parameters SNR; = SNRo = 20 dB, INR; = INRs = SNR3; =
SNR3; = 10 dB, and 02 = 1. The corresponding achievable region £ and converse region &
are shown in Figure In the case with feedback, the corresponding achievable region £Y
and converse region £ are shown in Figure Note the strict inclusions £ ¢ € and EF ¢ ?F
(Definition . Note also that for all B < 21 energy units, the set of triplets E¥ and the set of
triplets & are prisms whose bases correspond to the inner and outer regions approximating
the information capacity region presented in [37] and [65] respectively. For all B > 21, the
trade-off between information transmission rates and the energy transmission rate becomes
evident as both regions £ and &" monotonically shrink when B increases (Remark 3). The
same observation can be made for the case without feedback.
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Figure 5.3.: Superposition of £ and &, with parameters SNR; = SNRy = 20dB, INR; =
INRs = SNR3; = SNR3z = 10dB, o3 = 1.

Figure [5.5| shows the pairs (Ro, B) that are in the sets {(R2, B) € R% : (r1, R2, B) € £} (solid
line) and {(R2, B) € R% : (r1,R2, B) € ?F} (dashed line), with r; = 0 and 7 = 3. Note that
thanks to feedback, the information rate Ry can be increased one bit per channel use while
keeping both the information rate R; and the energy rate B invariant.
Figure [5.6/shows the set of pairs (R, Rz) that are in the sets {(R1, R2) € R? : (Ry, R2,b) € £}
(solid line) and {(R1, R2) € R2 : (Ry, Ra,b) € EF} (dashed line), with b = 21 and b = 35.
Note that thanks to feedback, both the information rates R; and Ry can be increased more
than half a bit per channel use while keeping the energy rate B constant.

Figure shows the ratio %XBEF for different ratios of SNR at the EH, i.e., SNR3; =
SNRgp = SNR; 381 — SNR3; = SNR; and 28Est — SNRj, = SNR, respectively. Note that
the upper bound in Proposition [3|is tight in the case in the symmetric case.
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Figure 5.4.: 3-D superposition of £ and ?F, with parameters SNR; = SNRs = 20 dB,
INR; = INR2 = SNR3; = SNR32 = 10 dB and o3 = 1.
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Figure 5.5.: Convex hulk of pairs (Rs, B) that are in the sets {(R2, B) € R : (r1, R2, B) € £}

(solid line) and {(R2, B) € R? : (r1, R2, B) € ?F} (dashed line), with r; € {0, 3}.
Parameters SNR; = SNRy = 20 dB, INR; = INRy, = SNR3; = SNR3s = 10 dB,
and o3 = 1.
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Figure 5.6.: The ratio % for different ratios of SNR at the EH, i.e., SNR3; = SNR3y = SNR;

% = SNR32 = SNR; and % = SNRg3s = SNR, respectively. Parameters
SNR; = SNRs = 20 dB, INR; = INRy = SNR3; = SNR32 = 10 dB, and 02 = 1.
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Figure 5.7.: The ratio %XBEF for different ratios of SNR at the EH, i.e., SNR3; = SNR3y =
SNR; SN% = SNR32 = SNR; and SNl% = SNRg32 = SNR, respectively. Param-
eters SNR; = SNRy = 20 dB, INR; = INRy = SNR3; = SNR3, = 10 dB, and
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Energy Harvesting with Reliability and

Latency Constraints

In this chapter, the fundamental limits of simultaneous information and energy transmission
(SIET) are full characterized, when the system operate at the non-asymptotic block-length
regime. The focus is on the case of a transmitter simultaneously sending information to a
receiver and energy to an energy harvester through the binary symmetric channel. Given a
finite number of channel uses (latency constraint) as well as tolerable average decoding error
probability and energy shortage probability (reliability constraints), two sets of information
and energy transmission rates are presented. One consists in rate pairs for which the existence
of at least one code achieving such rates under the latency and reliability constraints is proved
(achievable region). The second one consists in a set whose complement contains the rate
pairs for which there does not exist a code capable of achieving such rates (converse region).
These two sets approximate the information-energy capacity region, which allows analyzing
the trade-offs among performance, latency, and reliability in SIET systems.

6.1 Introduction

Simultaneous information and energy transmission (SIET) refers to systems in which at least
one transmitter aims to simultaneously send information to a set of information receivers (IRs)
and energy to a set of energy harvesters (EHs). This idea traces back to Nikola Tesla, who
proposed SIET in 1914 [14]. In modern communications systems, SIET is one of the central
ideas for wirelessly powering up devices with low-energy consumption [86].

The fundamental limits of SIET are characterized by the information-energy capacity
region [61]. This region consists in the set of all information and energy transmission rates that
can be simultaneously achieved. In general, it can be characterized in two different regimes:
(1) the asymptotic block-length regime; and (i7) the non-asymptotic block-length regime. The
former refers to a case in which the block length is assumed to be infinitely long, while the
decoding error probability (DEP) and the energy-shortage probability (ESP) are assumed to
be arbitrarily close to zero. From this perspective, the asymptotic block-length regime does
not capture the constraints on latency. Essentially, these limits apply only to the scenarios in
which the duration of the transmission is arbitrarily long. The non-asymptotic regime, on the
other hand, refers to the case in which the block length is assumed to be finite and both the
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6. Energy Harvesting with Reliability and Latency Constraints

DEP and the ESP are bounded away from zero. In this case, the information-energy capacity
region is parametrized by a finite block length, an upper bound on the DEP, and an upper
bound on the ESP. This allows taking into account the constraints on latency in terms of
channel uses, and reliability in terms of DEP and ESP.

The information energy capacity region in the asymptotic regime was characterized for
point-to-point memoryless channels in [28,61], and [52]. Alternatively, in multi-user channels,
characterizations of the information-energy capacity region of multiple access channels were
presented in [30] and [4]. A characterization of this region in the context of the interference
channel was presented in [87]. In the non-asymptotic regime, however, the information-
energy capacity region in point-to-point channels is not well-investigated. A first attempt to
characterize it was made in [88], building upon the existing results on the fundamental limits
on information transmission in the non-asymptotic block-length regime in [89] and [90]. In
multi-user channels, a characterization of the information-energy capacity region is unknown.

The focus of this reseqrc is on a system in which a transmitter simultaneously sends
information to an information receiver and energy to an energy harvester through binary
symmetric channels. The main contribution is characterizing the information-energy capacity
region. This characterization is achieved by providing a set that is confined by the information-
energy capacity region and another set that contains it. The inner set contains the information
and energy transmission rates for which there always exists at least one code achieving such
rates (achievable region). The outer set is a set whose complement contains the information
and energy transmission rates that cannot be achieved by any code (converse region).

This chapter is organized as follows. The system model and the notion of the information-
energy capacity region in the non-asymptotic block-length regime are presented in Section [6.2
Section [6.3] presents the achievable and converse region for the binary symmetric channel in
the non-asymptotic regime.

6.2 System Model

Consider a three part communication system, where a transmitter aims simultaneously convey
information to an information receiver (IR) and energy to an EH receiver through a binary
symmetric channel. For the non-asymptotic case, the random transformation for such system
is given by

({0’1}n’{0,1}n X {O’l}napYZ|X)7 (6'1)

AN
where n € N presents the block length. Given an input @ = (z1,x9,...,z,) € {0,1}", the

A AN
outputs y = (y1,92,...,Yn) € {0,1}" and z = (21, 22,...,2,) € {0,1}" are observed at the IR
and at the EH, respectively, with probability

n
Pyz1x(y, zlz) = [ Prix Welze) Prx (z]2), (6.2)
t=1

where for all (z,v,2) € {0,1}3,

Py|X(y|x):a1]l{m¢y} + (1 — al)]l{z:y}, (6.3)
Pyix(z|z) =0l fyrzy + (1 — o)L p—.y, (6.4)

and a1 € [0, 3) and as € (0, 5). In this context, two tasks are carried out by the transmitter:
(a) the information transmission task; and (b) the energy transmission task.
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6.2. System Model

6.2.1 Information Transmission Task The purpose of this task is to send a message
from the transmitter to the IR. The message index is a realization of a random variable
uniformly distributed in {1,2,..., M}, with M € IN. To carry out this task within n channel
uses, the transmitter uses an (n, M)-code.

Definition 11 ((n, M)-code). An (n, M)-code for the random transformation in (6.1)) is a
system
{(u(l)apl)v(u(2)7D2)a7(u(M)aDM)}a (65)

where for all (i,7) € {1,2,..., M}?, with i # j,

w(i) 2 (w1 (i), us(i), . ., un (i) € {0, 13", (6.6)
D;,ND; = (), and (6.6b)
M
Ui € {o,1}". (6.6¢)
=1

Given the system in , for all i € {1,2,..., M}, the transmitter encodes the message
index 4, into a codeword (i) = (ui(7),...,un(i)). At the end of n channel uses, the IR
observes the output y = (y1,...,yn) and decides that the symbol i was transmitted if it
satisfies the rule

(Y1, Y25, yn) € Di. (6.7)

Denote by \; € [0, 1]by the decoding error probability associated with the transmission of
message index ¢, which is given by

ANEPrY € D] X = uli)], (6.8)

where the probability is taken with respect to the marginal Py |x, and Dj represents the
complement set of D; with respect to {0,1}". The average probability of error, denoted by A,
is

>

1 M
AS =3 A 6.9
g o

Information transmission is said to be reliable if the average or maximum DEP is controlled.
This leads to the following refinements of Definition

Definition 12 ((n, M, ¢)-code with maximum DEP). An (n,M)-code is said to be an
(n, M, €)-code with maximum DEP if \; <, for all i € {1,2,..., M}, for a given € € [0, 1].

Definition 13 ((n, M, €)-code with average DEP). An (n, M)-code is said to be an (n, M, €)-
code with average DEP if \; <, for all i € {1,2,..., M}, for a given € € [0, 1].

Note that any (n, M, €)-code with mazimum DEP is also a (n, M, €)-code with average DEP.
Nonetheless, the converse is not necessarily true.

6.2.2 Energy Transmission Task Let g:{0,1} — R be a positive real-valued function
that determines the energy harvested from the channel output symbols. Let

bo 2 g(0), and (6.10a)
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6. Energy Harvesting with Reliability and Latency Constraints

by 2 g(1) (6.10D)

be the energy harvested when the channel outputs at the EH are 0 and 1, respectively. At
the end of n channel uses, the average energy delivered to the EH by the channel outputs
z = (z1,22,...,2n) is given by the function B,, : {0,1}" — R4, with

Bu(2)2 Nﬁ‘i‘z)

1
— by. 6.11
. + 01 ( )

Zn:g(zt) = (bo — b1)
t=1

A reliable transmission of energy occurs when B, (z) > b, with b > 0. However, an energy-
shortage event occurs when B, (z) < b at the end of the transmission. For the rest of the
section, the following assumption is adopted without loss of generality

b1 < bg. (6.12)

Since for the case where by = by is trivial, it holds that B,(z) = by = b;. That is, the
average energy rate at the input of the EH is independent of the codebook, and either an
energy shortage is never observed if b > by = by; or the the system is always under energy
shortage if b < by = b;. Denote by 6; the probability of energy-shortage when transmitting
the message with index i € {1,2,..., M}, which defined as follows

0; 2 Pr[Bn(Z) < b| X = u(i)], (6.13)

where the probability is taken with respect to the marginal Pz x. Denote by 6, the average
probability of energy-shortage, which is given by

1
M -
(2

1>

M=

0 0;. (6.14)

1

It is worth noting that for all z € Z™, the average energy rate B, (z) is bounded according to

The inequalities in imply that there exists a case in which energy transmission might
occur with zero (maximal or average) ESP for all energy transmission rates b < b;. This is
because the event B, (Z) < by is observed with zero probability. Alternatively, any energy
transmission rate b > by cannot be achieved with an average or maximal energy-shortage
probability strictly smaller than one.

Energy transmission is said to be reliable if the average or maximum ESP is controlled.
This leads to the following refinements of Definition

Definition 14 ((n, M, ¢, 6,b)-code with maximum ESP). Let § € [0,1] and b > 0 be fized. An

(n, M, €)-code that satisfies 0; < 6, for alli € {1,2,..., M}, is said to be an (n, M, €, d,b)-code
with mazxzimum ESP.

Definition 15 ((n, M, ¢, d,b)-code with average ESP). Let 0 € [0,1] and b > 0 be fized. An
(n, M, €)-code that satisfies 0 < 0 is said to be an (n, M, e, d,b)-code with average ESP.
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6.3. Fundamental Limits

Note that any (n, M, €, d, b)-code with mazimum ESP is also a (n, M, €, d, b)-code with average
ESP. Nonetheless, the converse is not necessarily true.

6.3 Fundamental Limits

The non-asymptotic fundamental limits of the system described in Section are described
by the notion of information-energy capacity region. That is, the set of all information and
energy transmission rates that are achievable within a given block length subject to an average
or maximum DEP and an average or maximum ESP. Note that an average or maximum DEP
constraint leads to different definitions of the information-energy capacity region, and so does
an average or maximum ESP constraint.

Definition 16 (Information-Energy Capacity Region). The information-energy capacity
region C(n,€,0) with average or mazimum DEP and average or mazimum ESP of the random
transformation in 1s the set of all pairs (W, b) for which there exists an (n, M, €,d,b)-
code with average or maximum DEP and average or maximum ESP, respectively.

6.3.1 Bounds on the Energy Transmission Rate This section provides some upper-
bounds on the energy transmission rate for any given (n, M, e, 0, b)-code with either maximum
or average ESP constraints. These bounds are expressed in terms of the parameters of the
code (Definition , the parameters of the random transformation in and the empirical
input distributions induced by the code.

Definition 17 (Empirical Distributions). Consider an (n, M)-code described by the system
in (6.5). For alli € {1,2,..., M}, the empirical probability distribution of the channel input
symbols induced by the codeword u(i) is

>
S|

PY(0) = ~N(OJu(i)) = 1 - PY(1), (6.16)

The empirical distribution of the channel input symbols jointly induced by all codewords is
denoted by

IID

M
Z (0lu(i)) =1 — Px(1). (6.17)

Often, the vector (15)(2) (0), 15)(2)(1)) is referred to as the type of the codeword w(7) [8].

Using the empirical distributions in Definition some upper bounds on the energy
transmission rate can be described. These upper bounds are obtained from the analysis of the
ESP in . The following proposition provides the exact value of the ESP for any given
(n, M, e, 9, b)-code.

Proposition 5 (Ground-Truth ESP). Consider an (n, M, e, d,b)-code described by the sys-
tem in (6.5 for the random transformation in (6.1) satisfying (6.12). Then, for all i €
{1,2,..., M}, the ESP in (6.13) satisfies

n(b—by)
L bgl 5 Z ( e )) (N l(flkLS))) (1 — ag) N (Uu(@)—kt2s VO +h=2s 5 40)

Proof: The proof of Proposition [f] is presented in Appendix [F] [
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6. Energy Harvesting with Reliability and Latency Constraints

The equality in (6.18]) together with Definition 14| and Definition |15 provide the first bounds
on the energy transmission rate of any given code. The following corollary describes these
bounds.

Corollary 1. Consider an (n, M, ¢, d,b)-code described by the system in for the random
transformation in satisfying . Then, subject to a mazximal ESP constraint, it holds
that,

b<B (6.19)

where B is the largest real that satisfies for all i € {1,2,..., M},

o

3 i (N (0|U(i))> (N i:lktii))) (1 — ag)N(Uu)—k+2s, NOR@I =25 _ 5 5 09)
k=0 s=0

S

and subject to an average ESP constraint, the energy rate b satisfies

9

b<B (6.21)

where B is the biggest positive real that satisfies

=

]\14 gf: Z Z ( (0|u(i )) (N Sl_uii)))(l — ) V() k28 NOR) =25 _ g5 o)
P -

The bounds in Corollary [1| are not in closed-form and thus, are difficult to calculate.
Moreover, they bring very little insight to obtain a bound on the energy rate b at which
an (n, M, e,0,b) code can transmit energy. Therefore, it would be desirable to approximate
the individual ESP in order to obtain an upper bound on the energy transmission rate in a
closed form expression, probably, at the expense of some precision. The following proposition
provides some approximations on the ESP using tools from large deviations theory [91].

Proposition 6. Consider an (n, M, €,d,b)-code described by the system in (6.5)) for the random
transformation in (6.1)) satisfying (6.12). Then, for alli € {1,2,..., M}, the ESP in (6.13])

satisfies

_; 2
. (,;—_bgl ~ ((1-202) P (0)+a2) ) -
i >l —exp| —n N ((1_2a : _(i)(())—l—a ) ) (6.23)
bo b1 2/ X 2
and
_ 2
, (&5 = (1-202) PO (0)+02)) N
<exp 2((1—2a P00 e ) (6.24)
2 X 2
Proof: The proof of Proposition [f] is presented in Appendix [G] [ |

Using Proposition |§|, the energy transmission rate of an (n, M, €, d,b)-code can be upper-
bounded.
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6.3. Fundamental Limits

Proposition 7 (Large Deviation Bound). Consider an (n, M, ¢, d,b)-code described by the

system in (6.5)) for the random transformation in (6.1) satisfying (6.12)). Then, subject to a
mazimal ESP constraint, it holds that for alli € {1,2,..., M},

bo — b1

Jn \/_2 ((1—2042) _)((i)(o)-l-az) log(1 — 6)

log(1 — 8). (6.25)

b<(b0 — bl) ( (1—2&2) }@(0)—{—0&2) +b1 +
bo — b1

and subject to an average ESP constraint, the energy rate b satisfies
b< B, (6.26)

where B is the biggest positive real that satisfies

_ s 2
s 1 M <bl;:bl;11 — ( (1—20&2) )(;) (0)+a2>)
— < M Z:ZI exXp | —n b_by .

— (6.27)
it ((1-202) PP (0) +a2)
Proof: The proof of Proposition [7] is presented in Appendix [H] [

Another approximation to the ESP in (6.13]) is obtained from the Berry-Esseen theorem
(Theorem [20| in Appendix . The following lemma presents this approximation.

Lemma 6. Consider an (n,M,e¢,§,b)-code described by the system in (6.5)) for the random
transformation in (6.1)) satisfying (6.12). Then, for alli € {1,2,..., M}, the ESP in (6.13])

satisfies

n((1=202)PY(0) + a2 — £5)\ 0 fas(l — a2)® + (1 — an)ad]

0;>Q - 6.28
n()dg(l - Ozg) 2 (nag(l — a2))3/2 ( )
and
p(1) b—b
n((1—2a2)P5x" (0) + g — 77— 1— 3 1— 3
gl X0 i) | | mloa(l = a0+ 3/(;2)%} - (6.29)
naz(l — az) 2 (nag(1l — ag))
Proof: The proof of Lemma [6]is presented in Appendix [I| ]

Using Lemma |§|7 the energy transmission rate of an (n, M, ¢, d, b)-code can be upper-bounded.

Proposition 8 (Gaussian Approximation Bound). Consider an (n, M, e, d,b)-code described

by the system in (6.5)) for the random transformation in (6.1)) satisfying (6.12)). Then, subject
to a mazimal ESP constraint, it holds that for alli € {1,2,..., M},

b < (bO _ bl) ( (1_2a2) 7)(;)(0)_’_6!2) —H)1— \/(bo - 51)2042(1—042)6271 <5+2(1_0‘M>(ﬁ30)

n nag(l—ag)

and subject to an average ESP constraint, the energy rate b satisfies

b < B, (6.31)
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6. Energy Harvesting with Reliability and Latency Constraints

where B is the biggest positive real that satisfies

1 M n ((1 — 2(12)15)(;)(0) + a9 — 521)) (1—a)?+ Oz%
1 Q 0—b1 .
o

nos(l — ag)
Proof: The proof of Proposition [ is presented in Appendix [
Note that the upper bound in (6.30)), is valid when the following condition is satisfied

<. 6.32
2¢/nas(1l — a2) (6:52)

(1 —a2)? + a2

0<o+
2/nas(l — a9)

(6.33)

2 )

given that the domain of the function Q' is (0,1). In general, the bounds presented in
Proposition [§ are tighter than those presented in Proposition [7] for small values of the block
length n. Nonetheless, the bounds in Proposition [7] are easier to calculate and perform equally
well for large n.

It is worth noting that the uniform distribution [89]., i.e., ]5)(;)(0) = 1—]5;)(1) = 1 is optimal
for information transmission, without any energy constraint. By using this observation, the
following corollary provides an outer bound on the energy rate that can be transmitted by an
(n, M, €)-code that possesses an empirical input distribution that is uniform

Corollary 2. Given an (n, M, e, d,b)-code for the random transformation in (6.2) satisfying
(6.12)). Assume that such a code uses an information-rate optimal empirical distribution. Then,
it follows that b < b(n,d), with b: N x [0,1] — R, such that

2 n 2y/nas(l — asg)

Specifically, Corollary |2 characterizes a threshold on the energy rate b beyond which an
(n, M, €,0,b)-code, if it exists, exhibits a trade-off between the energy transmission task and
the information transmission task. More specifically, if there exists an (n, M, €, d, b)-code whose
energy transmission rate b is beyond the threshold b in Corollary [2] it exhibits an empirical
input distribution for which Px(0) > Px(1). This implies a zero is transmitted more often
than a one, which is not information-rate optimal.

bin, )20 0 \/(bo —hfosll Z 02) oo (5 y-cafraos ) (6.94)

Proposition [§| also provides upper bounds on the largest energy rate that can be transmitted
by any (n, M, e, J, b)-code. Note that the largest energy-transmission rate is achieved by a zero
information-rate code whose codewords contain only zeros, i.e., Px(0) =1 — Px(1) = 1. The
following corollary describes this observation.

Corollary 3. Consider an (n, M, €,9, b)-code for the random transformation in (6.1) satisfying
(6.12). Then, it follows that: b < b(n,d), with b: N x [0,1] — R, such that

b(n,6) 2 (1= as)bo + asby — \/(bo —b)Pas(l = az) o (5 L d-) +ad ) (6.35)

n 2/nas(1 — ag)

From Corollary [2] and Corollary [3] it is expected that a trade-off between the energy
transmission task and the information transmission task is occured.
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6.3. Fundamental Limits

Denote by p* : [b1,b9] — [0,1] as

p*(b) £ min (1,07 (b)), (6.36)

with p* : [b1,b9] — R4 such that

NOE (b= 1) = as(bo —br) , Veo(l — 0‘2)Q—1 5+ (1—a2)* + 03
(bo —b1)(1 —2a2)  /n(1—2a0) N

Note that for a fixed b > 0, p*(b) describes the empirical input distribution that saturates the
inequality in (6.30). The following corollary from Proposition |8 highlights this observation.

Corollary 4. Given an (n, M, €, d,b)-code described by the system in for the random
transformation in satisfying . Then, by assuming a mazimal energy-shortage
probability constraint, for alli € {1,2,..., M}, the empirical input distribution ]5)(;) satisfies
the following the inequality

P (0)=p" (1), (6.37)
where p*(b) is defined in ([6.36)).

Corollary 4| leads to an interesting observation by noticing that p*(b) is a lower bound on
the fraction of zeros in each codeword (maximal energy-shortage probability) when energy is
transmitted at an average energy rate b. This is inline with the assumption in , which
implies that the symbol zero carries more energy that the symbol one.

An interesting class of codes is that of homogeneous codes. A formal definition of these
codes is hereunder.

Definition 18 (Homogeneous Codes). A code C described by the system in (6.5)) is said to be
homogeneous if the following conditions hold:

—~~
=
g
—~~
[\
S~—
SN—
I

...=N(O|u(M)) and (6.38)
(1Ju(2)) = ... = N(1|u(M)). (6.39)

The interest in this class of codes stems from the fact that an average ESP constraint or a
maximum ESP constraint leads to the same fundamental limits on the energy rate.

Corollary 5. Given an (n, M, e, 0,b)-code described by the system in for the random
transformation in satisfying , and assume it is a homogeneous code. Then, the
bounds on the energy rate b subject to a mazrimum ESP and average ESP are identical. That
is, the bound in 1s identical to ; the one in 1s identical to ; and the
one in is identical to .

6.3.2 Bounds on the Information Transmission Rate Given an (n, M, ¢, d, b)-code,
the following lemma describes a loose bound on M, which does not depend on the decoding
error probability e. However, it plays an important role when b(n,d) < b < b(n,9).
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6. Energy Harvesting with Reliability and Latency Constraints

Lemma 7. Given an (n, M, €, 0, b)-code for the random transformation in (6.1)) which satisfies
(6.12)). Then by assuming to a maximal energy-shortage probability constraint, it holds that

n *
M < o(n—Trp* (5)]) 4
<mp*<bﬂ) ’ (6.40)

where p*(b) is defined by (6.36]).

Proof of Proposition[7: An approximation to the minimum number of zeros in each code-
word in any given (n, M, €, d,b)-code with maximal energy-shortage probability is characterized
in Corollary |4 That is, for all ¢ € {1,2,..., M} if follows that

N(0u(i)) = [np*(b)]. (6.41)

This an immediate result that provides an upper-bound on M given that all codewords must
contain at least [np*(b)] zero symbols. Hence, the right-hand side of is the maximum
number of codewords of length n for which at least [np*(b)] symbols are zeros. This completes
the proof. |

Note that p*(b) is monotonically increasing with the energy rate b. Interestingly, when
p*(b) € (%, 1], the right-hand sides of is monotonically decreasing with b. This highlights
the existing trade-off between the information transmission task and the energy transmission
task. That is, in the regime in which p*(b) € (1, 1], increasing the energy rate would necessarily
imply decreasing the information rate.

6.3.3 Information-Energy Capacity Region Given a fixed block length n and a pair
(¢,8) € [0,1]2, the information-energy capacity region C(n,¢,d) (Definition of the random
transformation in (6.1)) subject to (6.12]) is approximated by a set C(n, €, ) that is contained in
C(n,¢,6) (Theorem [18) and another set C(n, €, d) that contains C(n,e,d) (Theorem [19). That
is,

C(n,e,6) CC(n,e,8) CC(n,e€,0). (6.42)
This approximation is obtained by considering an average DEP constraint and a maximum

ESP constraint. The following notation is used to describe the set C(n,¢€,0). Let functions
¢:INx[0,1] — [0,1], and x : R4 x [0,1] — [0, 1] be defined as,

n  n min{lo,l1} lo+,—20o 03
2 mi n — {o Ly n — {
éo 06,=0 £>=0 l3=0 f4= 60 b =Ly )\ by ) \ U3 — U4

‘aio-&-fl—%z(l _ al)n*fo*f1+2€2p53+50*244+51 (1 _ p)2n(€3+€0254+51)}’ (6.43)

and

A~ (n) woon (= 202)t 40 (02 = 2 B0)\ (1= ay)? 4 0
X(s,p) = < >p (1-p)""Q ( mos T —a) ) + 2\/7m(-6-44)
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6.3. Fundamental Limits

Let the functions M7 : [0,1] — N, and B* : [0,1] — R4 be defined as

meN , (6.45)

argmax ¢(m, p)
Mi(p) = {
st. o(m,p) <e

and

B*(p) 2 sers . (6.46)
st x(s,p) <9

Note that functions ¢ in (6.43)), x in (6.44), M7 in (6.45)), and B* in (6.46)) depend on the
block length n, the parameters of the random transformation in (6.1)), i.e., @1 and s, and the

energy harvested from symbols 0 and 1, i.e., by and b; in . Nonetheless, none of these
parameters is put as an argument of these functions given that they remain constant during
this analysis. Using this notation, given a fixed block length n and a pair (e, §) € [0,1]?, the
following theorem introduces the set C(n,¢€,d), that is contained in the information-energy
capacity region C(n,¢€,0).

A { argmax x(s, p)

Theorem 18. The information-energy capacity region C(n,€,0) of the random transformation

in (6.1)) subject to (6.12)), contains the set

C(n,e,0) = {(M b) e Nx Ry :3pe0,1],M < My(p)andb < B*(p)}, (6.47)

where M7 : [0,1] — IN is defined in (6.45) and B* : [0,1] — Ry is defined in (6.46]).

Proof of Theorem[18: The proof of Theorem [18]is presented in Appendix [J} [ |

The description of the set C(n,e¢,d) uses the following notation. Consider the function
7 :[0,1]% — [0, 1], such that

n n  min{lo,l1} n 60 n— go ,
=2 Z > PHL=p)" g (- )" (6.48)
(om0 6120 69=0 bo J \ L2 ) \ 41 — {2

]

zo+el 202) log 721 +£o log 1 >L}

. )
+ {(e0+el_2eg) log 71— +o log %:L}

where X € [0,1] and L € R are chosen to satisfy
no & A N (e (n -t ( ) Lo-+r—20
1 —e= Z Z Z ( ) ( ) ( )(1 o al)n_ lo+E1—205 a10+ 1—2 2p£1(1 _ p)n—fl
£o=0¢1=0 £2=0 EO £2 61 - €2
' (1{(€o+zl—2£2)log oLt log 14> L} + )‘]l{(zo+zl—2z2)1og T2l +to log 1qq:L}> :
Consider also the function I' : [by, by] — R4 defined as

NOE

sup inf (6.49)

p>pr(b) a€l0,3] V(P Q)
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6. Energy Harvesting with Reliability and Latency Constraints

Finally, let also BT € R, be defined as,

BY 2 (1 - az)bo + azbs — \/(bo —hfeal Z02) o (5 PEScr Yo L ) - (6.50)

n 2\/nas(l — a2)

Using this notation, given a fixed block length n and a pair (e,0) € [0,1]?, the following

theorem introduces a set, denoted by C(n, €, d), that contains the information-energy capacity
region C(n, €, 6).

Theorem 19. The information-energy capacity region C(n,€,6) of the random transformation

in (6.1) subject to (6.12), is contained in the set
C(n,e,8) = {(M,b) € N x Ry : M < T(b) and b< B}, (6.51)
where T : Ry — [0,1] is defined in (6.49) and BY is defined in (6.50).

Proof: The proof of Theorem [I9 is presented in Appendix [K] [
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Conclusion

approximating the information-energy capacity regions of the two-user Gaussian

interference channel, with and without perfect output feedback by two regions, i.e.,
an achievable region and a converse region was introduced. When the energy transmission rate
is normalized by the maximum energy rate, the approximation of these information-energy
capacity regions is within a constant gap. In the proof of achievability, the key idea is the use
of power-splitting between two signal components: an information-carrying component and a
no-information component. Random coding arguments are used for the case of the information-
carrying component, whereas a deterministic sequence known by all transmitters and receivers
is used for the no-information component. The proof of the converse of the information rates
follows along the same lines of the case in which only information is transmitted. The difference
stems from lifting the constraints on the mean of the channel input signals. The proof of the
converse of the energy rate uses Markov’s concentration inequality. The results presented in
Chapter [p| are a first step in the study of the fundamental limits of simultaneous information
and energy transmission, nonetheless many questions are left open. On the one hand, there
exists sufficient evidence that the use of multiple antennas at either the transmitters or the
receivers enhances the energy rate [92]. However, very little is known from the perspectives
of fundamental limits. On the other hand, an interesting question is about the degradation
of energy rates due to noisy feedback or rate-limited feedback. Similarly, another interesting
question is about the benefits of other topologies of feedback, i.e., feedback from the receivers
to both transmitters.
Second, the fundamental limits of simultaneous information and energy transmission (SIET)
are studied in the non-asymptotic block-length regime. The focus is on the case of a transmitter
simultaneously sending information to a receiver and energy to an energy harvester through
the binary symmetric channel. Given a finite number of channel uses (latency constraint) as
well as tolerable average decoding error probability and energy shortage probability (reliability
constraints), two sets of information and energy transmission rates are presented. One consists
of rate pairs for which the existence of at least one code achieving such rates under the latency
and reliability constraints is proved (achievable region). The second one consists of a set whose
complement contains the rate pairs for which there does not exist a code capable of achieving
such rates (converse region). These two sets approximate the information energy capacity

IN THIS thesis two new problems have been introduced. First, the problem of
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7. Conclusion

region, which allows analyzing the trade-offs among performance, latency, and reliability in
SIET systems.
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A

Proof of Theorem (12

This proof is divided into two parts. The first part consists of the proof of (5.14al)-(5.14g)).
The second part consists of the proof of (5.14h)).

A.0.1 Proof of - Codebook Generation: Fix a strictly positive joint
probability distribution:

Pyi,v,818: (v, u1, u2, 51, 82) = Py (0) Py v (ua|v) Py v (u2|v) P, o, v (811, 0) Ps, v (s2|uz, v),
for all (v,u1,uz, s1,52) € X1 N Ay x (X1 x Ap)?. Let R, Ric, Ro.c, R1 p and Ry p be non
negative real numbers. Generate 2VF= ii.d N-length codewords v(w) = (v1(w),...,vN(w))
according to

N
Py(v(w)) = [] Pr(vm(w)), (A1)
m=1
with w € {1,2,... ,QNRE}. For encoder 1, for each codeword v(w), generate oNFe ijd.
N-length codewords u;(w, ) = (u1,1(w,),..., u;n(w,)) according to
N
Py, v (ui(w, d)|v(@)) = [T Poyy (wim(w, i)lvm(w)), (A.2)
m=1
with i € {1,...,2N1.0} For each pair of codewords u;(w,4) and v(w), generate 2VF1P ii.d.
N-length codewords s1(w,1,7) = (s1,1(w,4,7),...,s1,5(w,4,J)) according to
N
P.S’l\UlV(Sl(w7i7j)|u1(w7i)a 'v(w)) = H PS1|U1V(Sl7m<w7ivj)‘u17m(w7i)7vm(w))v (A?’)
m=1

with j € {1,...,2VFPY For encoder 2, for each codeword v(w), with w € {1,2,...,2NF=}

generate 2V22.¢ ii.d. N-length codewords ua(w, k) = (ug1(w, k), ..., us n(w,k)) according to
N
Py, v (uz(w, k)[v(w)) = T[ Poyjv (va,m(w, k)|vm(w)), (A.4)
m=1
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with k € {1,...,2N2.¢}. For each pair of codewords us(w, k) and v(w), generate 2V %27 ii.d.
N-length codewords s (w, k,1) = (s2,1(w, k,1), ..., s2.n(w, k,1)) according to

N
PSQ\UQV('S?(("}? k, l)‘uQ (wv k)? U(w)) = H PSQIUQV(SQJR(W? k, l)’u2,m(w7 ]C), Um(w))a <A5)
m=1
with [ € {1,...,2Nf2r},
Encoding: Denote by (W;,Q) € {1,2,...,2NWictRir)i (] 2 2NEe) the message index
and the random message index of transmitter ¢. Let W; be represented by the message index
Wice{l,2,..., 2NVEi.cl and the message index Wipe{l,2,..., 2NERi.pl. Transmitter i sends

the codeword x; = 9,~<v(Q),ui(Q, Wic),s:i(Q2, Wi e, Wi,P)>7 where 6; : (X1 N AL)N x XiN X

AN — XN is a function that transforms the codewords v (), u;(Q, W; ), and 8;(Q, W; o, W; p)
into a unique N-dimensional channel input vector x;. P
Decoding: Given the channel output y,, receiver 1 estimates the unique tuple (2, Wy ¢, Wi p)
that satisfies:

(U(Q)7 Uy (Qa /WI,C)a Sl(ﬂa Wl,C? Wl,P)a u2(Q7 WQ,C)) yl) c TXE'][\//:fs)'lU2Y17 (A6)

where () are assumed to be perfectly known by both transmitters and receivers. The set
7"5-][\]7121 U,y, represents the set of jointly typical sequences of the random variables V., Uy, 51, Uz,
and Y7, with € > 0. Finally, receiver 2 follows a similar decoding scheme.

Error Probability Analysis: an error might occur at receiver 1 if the indices W ¢ and
W1,p are not decoded correctly given that €2 is known by both transmitters and receivers.
These errors might arise for two reasons: (i) there does not exist a tuple (€2, WLC, WI, p), for
at least one /ch that satisfy (A.G), or (i) there exist several tuples (€2, /WLC, Wl, p), for at
least one ng that simultaneously satisfy . From the asymptotic equipartion property
(AEP) [93], the probability of an error due to (i) tends to zero when N grows to infinity.
Consider the error due to (i) and define the event E;j; that describes the case in which the
codewords v(Q), u(7,), s1(7, j,2), and ua(k, Q) are jointly typical with a given y;. Assume
now that the codeword to be decoded corresponds to the indices (4,7, k) = (1,1,1). This is
without loss of generality due to the symmetry of the code. Note that no error is declared when

codewords <'U(Q),u1(Q, 1),s1(,1, 1),u2(Q,IA€)>, where k # 1, are the only jointly typical

sequences with the received sequence y;. This is due to the fact that receiver 1 is interested
only on the indices i and j. Then, the probability of error P, due to the event (ii), can be
bounded as follows:

2NR27C
N
P](DE):Pr U U Eiji
(L3)#(11) k=1
< Z Pr (Ezjk-) + Z Pr (Ezjk:) + Z Pr (Ezjk)

i#1,§#1,k#1 i=1,j#1,k=1 i#1,j#1,k=1

i#1,j=1,k#1 i#l,5=1,k=1 1=1,7#1,k#1
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For all i € {2,3,...,2Vf1.c} the following holds

Pr[(Ei11)]=Pr {(V, Ui,8,Uz,Y) € T‘%ﬁﬂ]ﬂl (A.8a)
= > Pys,v(ui,81|v)Py,y, v (uz, yi[v) Py (v),  (A.8b)
(v,u1,81,u2, yl)eTVUls1 UgYi
<‘T(Jg121U2Y1 o—N(H(U1,51|V)+H(Uz,Y1|V)+H(V)-3€) (A.8¢)
<o~ N(HULSIV)+H(U2Y1|V)+H(V)=H(V.U1,81,U2,Y1)~4e) (A.8d)
_ 9~ N(H(U1,5:1|V)+H(U2,Y1|V)—H(U1,51,U2,Y1|[V)—4e) (A.8e)
o= N(I(U1,81;U2,Y3|V)~4¢) (A.8f)
— 9~ N (U1,51;Y1|U2,V)+1(U1,51;U2|V) —4e) (A.8g)
o~ NUI(U1,51;Y1[Us,V)~4e) (A.8h)
— o NU(Xi¥i[U2,V)~4e) (A.80)

where ([A.81]) follows from the fact that, for any three random variables X, Y, and Z it holds
that
I(X;Y|Z2)=H(X|Z2)+ HY|Z) - HX,Y|Z2); (A.9)

and follows from the fact that X; = 6;(S;,U;,V). Note that the probability oper-
ator Pr[.] in applies with a probability distribution Pyy,s,u,y, that factorizes as
Py Py, s,vPu,y, v given that all the codewords s; and u; are independent from the given
channel output y;.

For all j € {2,3,...,2NF1r} the following holds:

Pr(E;j1)=Pr [(v, UL, 51.U2 Y1) € Ty 2 v (A.10a)

= Z PSﬂUlV(Sl|u17 'U)PYl\UlUQV(yﬂul? Uz, 'U)PU1U2V(U‘17u27(1A710b)

(N,e)
(v, uhslyyl)eTVUl S1UaYq

<‘T(5121U2y1 o= N(H (S1|V,U1)+H (Y1|V,U1,U2)+H (V,U1,U2)—3¢) (A.10c)
<9~ NHSUVU)+H Y V,ULU2)+H(V,U1U2)—H(V,U1,81,U2,Y1)—4e) (A.10d)
—o—N(H(81|V,U1,U2)+H(Y1|V,U1,U2)—H(S1,Y1|U1,U2,V) —4e) (A.10e)
—9~NI(S1;Y1|U1,U2,V))—4e) (A.10f)

NI(X1:¥1|U1,U2,V)~4e) (A.10g)

where follows from ; and follows from the fact that X; = 6;(S;,U;, V).
Note that the probability operator Pr[.] in applies with a probability distribution
Pyu,s,u,y, that factorizes as Ps,|y,v Py, |v,u,vPu,u,v given that the codeword s; is
independent from the given channel output y;.

For all i € {2,3,...,2Vf.c} and j € {2,3,...,2V1.P} the following holds:

Pl"(Eijl):Pr (V, U, S.,Us, Y1) S T‘EJ[\JIIQIU2Y1 (A.lla)
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= Z PU151|V(U17 81|U)PU2Y1‘V(,U’27yl‘v)PV(v)7 (Al]'b)

(N,e)

(”:Ul»Slvu%yl)ET\/UlsleYl
<o~ NH(ULSIV)+HH (U2, Y1|V)+H(V)=H(V,U1,51,U2,Y1) —4e) (A.11c)
—9~N(H(U1,51|V)+H (U2,Y1|V)~H (U1,51,U2,Y1|V) ~4e) (A.11d)
N(I(U1,81;U2,Y1|V)—4e) (A.1le)
N(I(Ul,Sl;Yl|U2,V)+1(U1,51;U2|V)*4€) (A.11f)
N(I(U1,81;Y1|U2,V)—4e) (A.1lg)
—9— N(I(Xqu|U2:V)*4€)7 (A.11h)

where (A.11e€) follows from (A.9)); and (A.11h) follows from the fact that X; = 6;(S;,U;, V).
Note that the probability operator Pr[.] in (A.11a)) applies with a probability distribution
Pyy,s,u,y, that factorizes as Py Py s, |v Pu,y,|v given that all the codewords s; and u;

are independent from the output of the channel output y;.
For all i € {2,3,...,2Nf.c} and k € {2,3,...,2VF2.0} the following holds:

Pr(Ej1,)=Pr [(v, U1,51,Us, Y1) € Ty % v, (A.12a)
= > Py,s,vsv (w1, s1,u2|v) Py, v (y, [v) Py (v), (A.12b)
(01,910,829 ETL S, vy,
S‘Tvgfs)auyl o—N(H(U1,81,U2|V)+H(Y1|V)+H(V)~3e€) (A.12¢)
<9~ N(H(UL,S1Us|V)+H YA V) +H(V)=H(V,U1,51,U2,Y1)~4e) (A.12d)
o= N(H(U1,81,U2|V)+H (Y1 |V)— H(Y1,U1,81,Us| V) —4e) (A.12¢)
o= N(I(S1,U1,U5;Y|V)—4e) (A.12f)
:2—N(I(X1,U2;Y1|V)—4E), (A.12g)

where follows from ; and follows from the fact that X; = 0;(S;,U;, V).
Note that the probability operator Pr[.] in applies with a probability distribution
Pyu,s,u,y, that factorizes as Py, s,u, v Py, v Py given that all the codewords si, u; and
ug are independent from the given channel output y;.

For all i € {2,3,...,2V8.r} and j € {2,3,...,2VR2.0} the following holds:

Pr(Ejj,)=Pr {(v, U1, 51,Us, Y1) € Tio % v, (A.13a)

= Y Py s v(ui,81|v) Py, v (us, y1|v)Py(v),  (A.13b)

(v,u1,81,u2,y, ) €T

VU, S1UgYq
<9~ NHULSIV)+H (U2, 1|V)+H(V)—H (V,U1,51,U2,Y1) ~4e) (A.13c)
—9~N(H(U1,51|V)+H (U2,Y1|V)~H (U1,51,U2,Y1|V) ~4e) (A.13d)
N(I(U1,51;U2Y1|V)—4e) (A.13e)
N(I(Ul,Sl;Y1|U2,V)+I(U1,51;U2|V)—4€) (A.13f)
N(I(U1,51;Y1|U2,V)—4e) (A.13g)
—9— N(I(X17Y1|U27 )— 46)7 (A.13h)
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where follows from ; and follows from the fact that X; = 6;(S;,U;, V).
Note that the probability operator Pr[.] in applies with a probability distribution
Pyu,s,u,y, that factorizes as Py Py, g, v Py,y,|v given that all the codewords s; and uy
are independent from the output of the channel output y;.

Foralli € {2,3,...,2N0uc} e {23 ... 2NFPY and k € {2,3,...,2V 2.0} the following
holds
Pr(E,j,)=Pr [(V, U1,81,Us,Y1) € T % v (A.14a)

= > Pu,siuyv(u, s1,u20v) Py v (yy|v) Py (v),  (A.14b)

(v U17317u21y1)€TVU151U2y1

‘ x%fsleYl n(H(U1,81,U2|V)+H(Y1|V)+H(V)—3e) (A.14c)
<9~ N(HULSLU2|V)+HM|V)+H (V)= H(V,U1,81,U2,Y1)~4e) (A.14d)
:27N(H(U1,51,U2\V)+H(Y1|V)7H(Y1,U1,Sl,U2|V)74e) (A.14e)
:27N(I(51,U1,U2;Y1\V)74e) (A.14f)
— 9~ NU(X1,Uz¥1|V)~de) (A.14g)

where (A.14f]) follows from (A.9); and (A.14g) follows from the fact that X; = 6,(S;,U;, V).
Note that the probability operator Pr[.] in (A.14a)) applies with a probability distribution

Pyu,s,u,y, that factorizes as PU151U2|VPY1|VPV('U) given that all the codewords s1, u; and

uy are independent from the given channel output y;.
Using (A.8), (A.10), (A.11), (A.12), (A.13]), and (A.14)) in (A.7)), the following holds:

P](DJE) < 9N(Ric—I(X1;Y1|U2,V)+4e) 9N (R1p—1(X1;Y1|U1,U2,V)+4e)
49N (RictRip—I(X1;Y1|U2,V)+4e) | 9N (RictRoe—I1(Uz,X1;Y1]V)+4e)

N (Rip+Ree—1(U2,X1¥1|Ur, V) +4e) | gN(Rip+RictRee—1(U2,X1s¥1[V)+4e) (A 15)

The same analysis of the probability of error holds for transmitter-receiver pair 2. Hence in
general, from (A.15]), reliable decoding holds under the following conditions:

Rip < ay, (A.16a)

Rip + Ry < dy, (A.16b)

Rip + Roc < €1, (A.16¢)

Rip + Ric + Roc < g1, (A.16d)
—Ry <0, (A.16e)

—Ric <0, (A.16f)

Rop < ay, (A.16g)

Rap + Roe < da, (A.16h)

Ray + Ry < eg, (A.161)

Rip + Ric + Rac < g2, (A.16§)
—Ry, <0, (A.16k)
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—Ra. <0, (A.161)
where

a1=I1(Y1; X1|U1, U2, V), (A.17a)
di=1(Y1; X1|U2,V), (A.17Db)
e1=1(Y1; X1, U2|U1, V), (A.17c)
g1=1(Y1; X1, Us|V), (A.17d)
az=I(Ya; X|U1, U2, V), (A.17¢)
da=1(Ya; X5|U1, V), (A.17f)
ea=1(Ya; Xo,U1|Uz, V), and (A.17g)
92=I(Y2; X3, U1|V) (A.17h)

The proof continues by applying a Fourrier-Motzkin elimination process on (A.16]).
Set Ri, = R1 — Ri¢, Rap = R2 — Ry. and eliminate Ri,, Ra, from the set of inequalities (A.16))
to obtain

Ry — Ric < aq, (A.18a)

Ry < dy, (A.18Db)

Ry — Ric + Rac < ey, (A.18¢)
Ry + Rac < g1, (A.18d)

—Ri + Ri. <0, (A.18e)
—Ric <0, (A.18f)

Ry — Rac < ag, (A.18g)

Ry < dy, (A.18h)

Ry — Roc + Ric < e, (A.18i)
Ry + Ric < g9, (A.18j)

“ Ry + Ra. <0, (A.18K)
—Ry. < 0. (A.181)

Collect the inequalities in (A.18]) that do not include R;. to obtain:

Ry < dj, (A.192)

Ry + Rae < g1, (A.19Db)
Ry — Roe < ag, (A.19¢)
Ry < do, (A.194)

“Ro+ Rac <0, (A.19¢)
—Ro. < 0. (A.19f)

Also, collect the inequalities in (A.18) that include R;. with positive coefficients to obtain:

Ry — Roc + Ric < e, (A.20a)
Ry + Ric < g2, (A.20b)
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—Ry + Ry, <0. (A.20c)

Furthermore, collect the inequalities in (A.18) that include R;. with negative coefficients to
obtain:

—R1.<0, (A.21a)
Ri — Ri.<aq, (A.le)
R1 — Rlc + Rgcgel. (A.Zl(})

Eliminate R;. by summing each inequality in (A.20]) with (A.21) to obtain:

Ry — Ryc < e2, (A.22a)

Ry < g9, (A.22b)

—R; <0, (A.22¢)

Ri+ Ry — Roc < a1 + e, (A.22d)
Ri + Ry < a1 + g2, (A.22e)
0<a, (A.22f)

Ry + Ry < e1 + e, (A.22¢g)

Ry + Ry + Roc < €1+ g2, (A.22h)
Roc < e1. (A.22i)

Collect the inequalities in (A.19)) and (A.22) that do not include Ry, to obtain:

0<a, (A.23a)

Ry < di, (A.23b)

Ry < do, (A.23¢)

Ry < g2, (A.23d)

—Ry <0, (A.23e)

Ri + Ry < ajy + g9, (A.23f)
Ri+ Ry <ep + es. (A.23g)

Note that (A.23a)) is redundant due to the positivity of mutual information. The inequality
(A.23d)) is redundant with respect to (A.23c)), given that:

go=1(Y2; X2, U1|V)
=I(Yo; U1|V) + I(Ya2; X2|Up, V)
=dy + I(Y2; Uh|V)
>dy. (A.24)

Collect the inequalities in (A.19) and (A.22) that include Ry, with positive coefficients to
obtain:

Ry, < ey, (A.25a)
Ry + Rae < g1, (A.25D)
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—Ry + Ry < 0. (A.25d)

R + Ro + Ro. < e1 + g9, (A.25C)

Collect the inequalities in (A.19) and (A.22)) that include Ry, with negative coefficients to
obtain:

—R5.<0, (A.26a)
Ry — Ryc<ag, (A.26b)
Ry — Roc<es, (A.26¢)
Ri1 + Ry — Roc<aj + es. (A.26d)
The inequality (A.26¢)) is redundant with respect to (A.26b)), as shown hereunder:
ea=1(Ya; X2,U1|U2, V)
=1(Y2; U1|Us, V) + 1(Y2; X2|Us, U1, V)
=ag + 1(Y2; U1|U2, V)

Zag. (A27)

Eliminate Rs. by adding each inequality from (A.25) to each inequality (A.26)) to obtain
inequalities not including Ro.:

0< e, (A.28a)

Ry < g1, (A.28b)

R+ Ry < ey + g9, (A.28¢)
—Ry <0, (A.284)

Ry <as+eq, (A.28e)

Ry + Ry < as + g1, (A.28f)
Ri+2Ry < as+e1+ g2, (A.28g)
0 < as, (A.28h)

Ry + Ry < ai+ey+eq, (A.28i)
2Ri+ Ry < a1 +ex+g1, (A.28j)
2R1 + 2Ry < a1 + ez + e1 + ¢o, (A.28k)
R <aq+es. (A.28])

Note that (A.28a)) and (A.28hl) are redundant due to the positivity of mutual information.
The inequality (A.28b) is redundant with respect to (A.23b]), as shown hereunder:

g1=I1(Y1; X1,Us|V)
=I(Y1;Ua|V) + I(Y1; X1|U2, V)
—dy + I(Yi; Ua|V)
>d;. (A.29)

The inequality (A.28¢)) is redundant with respect to (A.23f)), since
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e1=1(Y1; X1,Us|U1, V)
=I1(Y1; U2|U1, V) 4+ 1(Y1; X1|U1, U2, V)
=ay + 1(Y1;U2|U1, V)
>aj. (A.30)

Note also that the inequality (A.28i]) is redundant with respect to (|A.23g)). Furthermore, the

inequality ([A.28k]) is redundant with respect to (A.23f) and (A.23g). Hence from (A.23]) and
(A.28)), the system of inequalities in (|A.16|) can be simplified as folllows:

Ry < di, (A.31a)

R <aq + e, (A.31b)

Ry < dy, (A.31c)

Ry <ag +eq, (A.31d)

R1 4+ Re < aj + g9, (A.31e)
Ri+ Rs < as + g1, (A.31f)
Ri+ Ry <e1 +eg, (A.31g)
2Ry + Ry < a1 + g1 + ea, (A.31h)
Ri 4+ 2Ry < as+go+e1. (A.31i)

Finally, following the result of [41], the inequalities ({A.31b)) and (A.31d) can be dropped. Let
k € {1,2} be fixed. Consider the following Gaussian input distribution for transmitter k:

where Xj, = Vv PppSk + VU + mv; and ()‘kpv )‘k:ca )\ke) € [07 1]3 and )\kp + Ake + Age < 1.

By symmetry, it suffices to prove (5.14al), (5.14d)), (5.14€) and (5.14f). The choice of the
Gaussian input distribution in (A.32)) yields:

I(X1;Y1|Uz, V)=h(Y1|U2, V) — h(Y1| X1, U2, V)
1 1
=3 log <27reVar[Y1\U2, V]> ~3 log (27reVar[Y1|X1, Us, V])

1
= log (27re (o + A3 (1= Ae) Py — B3 1 Mo ) )

1
—3 log (27‘1’6(0’% + hg,lAgpP2)>

1 (1- /\16)SNR1>
—log (14 L AR A.
2 Og( T, INR, /) (A.332)

I(X1, U3 Y1 |V)=h(V1|V) — h(Y1] X1, U2, V)
1
log (27reVar[Y1\V]> —5 log (27reVar[Y1|X1, Us, V])

log <27re(a% + hil(l — Ae) P+ h§72(1 — A26P2)>
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1
D) log <27T€(O’% + h%l)\gpPg))

1 <1 + (1= Ae)SNR; + (1 — Age)INR1>
2% 1+ Ay, INR; ’

: (A.33b)

I(X27 Y2|U1> U27 V):h(}/z‘U:l) UQ) V) - h(}/Q|U17 U27 XQ) V)
1 1
=5 log (QWeVar[Yg\Ul, Us, V]) —5 log <27reVar[Y2\U1, Us, Xo, V]>

1
=5 log (27re(a§ + B3 9o Pa + h%yl)\lpPl))

1
—3 log (27‘(’6(0’% + h%l)\lpPl))

1 (1 A2,SNR )
T2 % U T T AL INR, /)
I(Xl, UQ;Y1|U1,V):h(Yi|U1,V) — h(Y1|U1, UQ,Xl,V)

1 1
=3 log (27reVar[Y1\U1, V]> ~3 log (27reVar[Y1|U1, Us, X1, V])

(A.33¢c)

—_

=5 log (Qme(a% + A3 ApPr 4 b o(1 — A28)P2)>

1
~5 log (27‘1’6(0’% + hiQ}\QpPQ))

_1 o (1 + AlpSNR1 + (1 — AQG)INR:[)
28 1+ X INR; ’

: (A.33d)

I1(Xo,Ur; Ya|Us, V)=h(Y2|Us, V) — h(Y2|Us, U1, X2, V)
1 1
=5 log <27TeVar[Y2|U2, V]) —5 log (27reVar[Y2|U2, Ui, Xo, V])

1
=3 log <27T6(0’% + h%z)\gppg + h%l(l - Ale)P1)>

1
) log (271‘6(0‘% + h%71)\1pP1))

_} lo <1 + )\QpSNRQ + (1 — Ale)INRz)
2% 1+ A\,INR; ’

which proves (b.14a)), (5.14c) and (5.14€). Finally, using (A.33c)), (A.33d) and (A.33€), the
proof of ([5.141)) follows immediately .

(A.33e)

A.0.2 Proof of (5.14h) The choice of the channel input in (A.32) guarantees that the

random variables Y3 1,...,Y3, are independently and identically distributgd. For all n €
{1,2,...,N}, Y3, follows a zero-mean Gaussian distribution with variance B given by
B=E [Y7,]

=K [(h3,1X17n + h3oXop, + Z3,n)2]
=h3 B [XT,] + 53 o8 [X3,] + 2hs 1R o [X1,0 Xo ] + 03
=h3 1 Py + h3 o P + 2h3 13 0 [ X1 0 Xon] + 03
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§h§,1P1 + h§,2P2 + 2h3 1h3 2/ MePidoc Pa + 03

By the weak law of large numbers, it holds that

lim Pr(|B™ - B|>0) =0.
N—o0

Consequently,
lim Pr(B™ >B)=0 and
N—oo
lim Pr(B™) < B) =0.
N—oo

From (A.35b)), it holds that for any energy rate B which satisfies 0 < B < B

lim Pr (B(N) < B) =0.

N—o0

This proves (5.14hf) and completes the proof of Theorem

(A.34)

(A.35a)
(A.35b)

(A.36)
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B

Proof of Theorem (13

Fix an information-energy rate triplet (R;, Ra, B) achievable with a given coding scheme
(Definition . Denote by X1 and X the channel inputs resulting from transmitting the
independent message W7 and Wy using such a coding scheme. Denote by Y; and Y5 the
corresponding channel outputs. The bounds and on R; and Ry are trivial
and can be obtained by removing the interference from the other user and calculating the
point-to-point capacity:

hWE

NRy < h(Y1n|X2n) — Nh(Z1) + o(N) and (B.1)
n=1
N
NRy <Y h(Yon|X1n) — Nh(Z3) + o(N), (B.2)
n=1
where w tends to zero as N tends to infinity. Define the following random variables:
Ty = hon X1 + Zom, (B.3)
Ty =h2Xon + Z1n, (B.4)
U, = hQJXLn + Zé,nv and (B5)
Uy = h12X2, + Zi,m (B.6)

where, Z; and Z, are real Gaussian random variables with zero mean and variances o7 and o2,
respectively, independent of each other and of (X1, X9, Z1, Z5). Let Ty and T3 be the vectors:

T1 = (lel, TLQ, e 7T1,N) and (B?)
T2 = (Tg’l, Tg’l, N ’TQVN). (B8)

The outer bound is established by using a genie aided argument. For all j € {1,2}, by Fano’s
inequality, it follows that

NRj=H(Mj)
<I(Mj; Yj) + o(N)
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B. Proof of Theorem

<I(X;;Y;)+o(N). (B.9)

Using the definition of mutual information, yields:

I(X1;Y1)=h(Y1) — h(Y1|X1) (B.10a)
=h(Y1) — h(T2|X1) (B.10Db)
—h(Y) — h(T>) (B.10¢c)
N
<Y h(Yin) — h(T2). (B.10d)
n=1

Consider the genie-aided channel in which a genie provides U; and X to receiver 1, then
I(X1;Y 1) can be upper bounded as follows:

I(X1;Y1)<I(X1;Y1,U, X>) (B.11a)
:I(Xl; Ul) + I(Xl; XQ‘Ul) + I(Xl; Yl‘Ul, XQ) (Bllb)
:h(Ul) — h(UﬂXl) + h(YllUl,Xg) — h(Y1|X1, Ul,Xg) (B.llc)
:h(Tl) — h(U1|X1) + h(Y1|U1, XQ) — h(Y1|X1, Uy, XQ) (Blld)
:h(Tl) — h(U1|X1) + h(Y1|U1, XQ) — h(T2|X2) (Blle)

N
<h(T1) — W(Zy) + > h(Y1,0|Utn, Xo0) — h(Z1) (B.11f)
n=1
, N
:h(Tl) - Nh(ZQ) + Z h(}/i,n|U1,na X2,n) - Nh(Zl,n)v (B'llg)
n=1

where (B.11f) follows from the fact that conditioning does not increase the entropy.
Consider the genie-aided channel in which a genie provides U, to receiver 1, then I(X1;Y 1)
can be upper bounded as follows:

I(X1;Y1)<I(X1;Y1,U) (B.12a)
=I(X1;U1) + I(X1;Y1|U) (B.12b)
_h(UL) — h(U|X1) + h(Y1|UL) — h(Y1|X1,U) (B.12¢)
=h(T1) — h(U1|X1) + h(Y1|U1) — h(T2) (B.12d)
N
<h(Ty) = W(T2) — W(Z5) + > h(Y1|U1 ) (B.12e)
i=1
N
=h(T1) — h(T2) — NI(Zy) + > h(Y1,4|Us0). (B.12f)
n=1

where (B.12¢]) follows from the fact that conditioning does not increase the entropy.
Consider the genie-aided channel in which a genie provides X to receiver 1, then I(X1;Y 1)
can be upper bounded as follows:

I(Xl;Yl)ﬁf(Xl;Yl,Xg) (B.lSa)
:I(Xl;XQ) —|—I(X1;Y1‘X2) (B13b)
:h(Y1|X2) - h(Yl‘Xl,X2> (B13c)
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11X2) — h(Zy) (B.13d)

Y
N
Z (V10| Xo.0) — Nh(Z1). (B.13e)

By symmetry, similar bounds can be established for /(X 2;Y 2), namely,

N
I(X2;Y2) SZ (Y2,n) — W(T1), (B.14a)
=1 .
I(X2;Y2) <h(T2) — NM(Z)) + Y h(You|Usp, X1.n) — Nh(Z1), (B.14b)
n=1
, N
I(X2;Y32)<h(T2) — h(T1) — NW(Z)) + Y h(You|Usy), (B.14c)
n=1
N
I(X2:Y5) Z (You|Xon) — NW(Zy). (B.14d)

The key idea of the proof is to consider a linear combination of the inequalities in (B.10d)),

(B.11g), (B.12f), (B.13¢)), (B.14al), (B.14h), (B.14d), and (B.14d), where all the terms on h(T';)
and h(T3) are removed. Adding (B.10d)) and (B.14b|) and plugging into yields the first

bound on sum rate:

N N
N(Ry + Ry) < Z (Vi) + > W(Yau|Usp, X1.0) — Nh(Zs) — NW(Z)) +0(N).  (B.15a)
n=1 n=1

Adding (B.11g) and (B.14a)) and plugging into yields the second bound on sum rate:

N N
N(Ry + Rp) <Y h(Yan) + > b(Yiu|Un, Xo,n) — Nh(Z1) = Nh(Zy) + o(N).  (B.15b)
n=1 n=1
Adding (B.12f) and (B.14c|) and plugging into yields the third bound on sum rate:
N / ’
N(R; + Ro) < Z (YinlUin) + > h(You|Usn) — NA(Z)) — Nh(Zy) + o(N).  (B.15c)
n=1 n=1

Adding (B.10d)), (B.11g)) and (B.14c|) and plugging into yields the first bound for the
weighted sum rate:

N N N
NQ2Ry + R2)<>_ h(Yin) + > h(Yin|Uin, Xop) + Y h(Yan|Usyp)
n=1

n=1 n=1

—N (M(Z1) + h(Zs) + h(Z)) + h(Z3)) + o(N). (B.15d)

Adding (B.14a]), (B.12f) and (B.14b|) and plugging into yields the second bound for the

weighted sum rate :
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B. Proof of Theorem

N N N
N(Ry + 2R2)<Z h(Ya,) + Z h(Y25|U2n, X1m) + Z h(Y1n|Uin)

n=1 n=1 n=1

—N (M(Z1) + W(Za) + h(Zy) + h(Z5)) + o(N). (B.15¢)

Hence, the information rates can be upper bounded as follows:

N
NRy <Y h(YialXon) — Nh(Z1) + o(N), (B.16a)
n=1
N
NR2 < Z h()/é,n|X1,n) - Nh(ZQ) + O(N)v (B'16b)
n=1
N N ,
N(Ri+ Ry) <Y h(Yin)+ Y h(You|Usn, X1n) — Nh(Z2) — Nh(Z)) + o(N), (B.16¢)
n=1 n=1
N N ,
N(Ri+ Ry) <Y h(Yan)+ Y h(Yin|Uin, X2n) — Nh(Z1) = Nh(Z,) + o(N), (B.16d)
n=1 n=1
N N , ,
N(Ry + Ry) < h(Y1n|Uin) Z (Yau|Uzn) — NW(Zy) — Nh(Zy) + o(N), (B.16e)
n=1 n=1
N N N
N(2R1+ Ry) <Y h(Yin) + Y h(Y1ulUin, Xom) + Y h(Yan|Uzn)
n=1 n=1 n=1
— N (h(2Z1) + h(Z2) + h(Z)) + h(Zy) ) + o(N), (B.16f)
N N N
N(Ry +2Ry) <Y h(Yan) + Y h(You Uz, X10) + > M(Y1,0|Urn)
n=1 n=1 n=1
— N (h(2Z1) + h(Z2) + 1(Z,) + h(Z3) ) + o(N). (B.16g)

Using assumption ((5.13bf), for any n > 0 there exist Ny(n) such that for any N > Ny(n) it
holds that

Pr (BN < B) <. (B.17)
Equivalently,
Pr (BN > B)>1-1. (B.18)
From Markov’s inequality [94], the following holds:
Bpr (B™ > B) < E[BM)]. (B.19)
Combining (B.18]) and ( - B.19) yields
B(1—y) < BBV, (B.20)
which can be written as
(B —éx) < E[BWM)], (B.21)
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for some dx > 0 (for sufficiently large N).
In the following, for all n € IN, the bounds in (B.16]) and (B.21)) are evaluated assuming that
the channel inputs X, and X5, are arbitrary independent. Define the following parameters:

i 2 B [Xin] (B.22)
Vin = Var[ X »], (B.23)

for n € {1,...,N} and for ¢ € {1,2}. The input sequence must satisfy the input power
constraint in (5.4), which can be written, for ¢ € {1,2}, as

1 9 1 XN ) 1 N ,
;T;E [Xin] = <anlvn> + (anlun) <P (B.24)

Using these assumptions the following holds:
h(Yin) < = log (27T6V&I‘[Y;,n])

log  2me(o? + hﬁﬂgn + hi,ﬂf’n)) (B.25a)

/N

h(Y;,n’Uim7 Xj,n) < 27T€V&I‘[Y;7n|UZ‘7n, Xj,n])

1
2me |Covlhi i Xin + Zin, Uinl| ) —5 log (2776Var[Ui,n]>

._.
®)
o

S

2.2 12 2.2 12 2 2
o Vinhii + o1V b+ oio; ) n % log(27reai20]2-)

= N N = N N
—
o
0]
7~ N\

_.
o
09

VRS

2 132 2
VinPii + 0

hzzi’yzzn
oz 1
1 + ]7;21771
j
1
h(Y;n|Uin) < 5 log (QWeVar[Y;,n\Ui,n])
1 1

< 3 log | 2me |Cov [Yin, Uin]| | — 3 log ( 2meVar([U; ]

_ 1 log (032’)/7,2}%2,2 + 0—7,27z2,nh’§,z + h'?,jh?,z’)/z%np}l]%n + 0—7220-_?) + 1 log(27reo'~202-)
2 SR g (et
1 h?,z’;zn + h?,j;f]?ﬂ + ’Yizv’ﬂ’y]?vgh;j ?ﬂ 1

< 3 log| 1+ o? o? _ oio; + 3 log(27rea?a?),(B.25C)

Vil
1+ 70]2

Finally, plugging (B.25) in (B.16)), it yields:
N 2 12
1 h
NRy <3 glog (1 + %”2“) +o(N), (B.26a)
n=1

01
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B. Proof of Theorem

Y1 30l
NRy <)Y 5108 (1 - ’;‘2 ’ ) + o(N), (B.26b)
= 2
N h2 72 h N hz,ng,n
N(R1+ Ro) < Z ( 1’121’n+ 1222n)+210g 1—1—% + o(/NB.26¢)
n=1 o1 g1 n=1 1+ LZWL
91
h2 ,Y2n
o h% 2’7%71 hQ 1’71 n Lflffl
N(R; + Ry) < Z == 4 +Zflog 1+ —2—— | +0o(XB,26d)
n—1 0’2 0'2 n—=1 1+ h 1;171
2
N 1 h%,l’y%,n + h%,z'@,n + 712,n72 nhl 2h§,1
2 2 2 2
(Ri+Ry) <Y Zlog| 1+ —2 il % (B.26¢)
=l 2 1+ 71,n22,1
92
h2 2 h2 2 2 h h2
i 1 1 1 2,(2%2,71 + 2,(1%1,71 + 'Yl,n'Yz(;lQLUé 251 (N)
+ - log + 2 + o(V),
1 2 1+ 72,3%1,2
h2 ,YZ
N L1l 1n N 2 .2 2 .2
1 2 hiqy h3 57y
N@ERi+R) <Y clog| 14+ —T0—— |+ log 1+ —pmm 4 2227 (B 96)
n—1 2 1 + h2,171,n — Ul Ul
= B —
2
h2 02, h2 42, ¥2. N2 b2 ,h2
+§: 11 . 2,(27'372, + 2,;%1, + 1, 20%02;2 2,1 +O(N)
2 08 72,nh%,2 ’
n=1 1+ o'%
h2 .
N 222n N 2 .2
1 2 h5 57y h3 ’y
N(Ri+2Ry) < Zlog | 14+ —2—— | + 3 log 1+ 252" 4 2L LR 26g)
n—1 2 1 + hl,QZQ n n—=1 02 0‘2
91
h2 2 ]‘L2 2 2 h h2
N 1 1,(1711,71, + 1,(2722,71, + ”/1,n7207210%2 2,1
+3 Zlog | 142 L % +o(N)
1 2 1+ '71,n]212,1
92
The expectation of the average received energy rate is given by
1 N
E[BM]=E |3 ¥,
n=1
1 N N
:J§+h§,l (NZ(71n+Mln)> ( 27271—’_:“’271
n= n=1
+2h31h3 2+ Z P12, (B.27)

82



Using Cauchy-Schwarz inequality, the energy rate in (B.27) can be upper-bounded as follows:

N | XN
[ (N)} o3 +h3, ( Y (it i) > + 13, (N Z(’Y%,n‘FM%,n))

n=1 n=1

N 1/2 N 1/2
+2h3,1h32 ( Z pi n) (N Z u§n> ) (B.28)

Combining (B.21]) and (B.28]) yields the following upper-bound on the energy rate B:

N N
1 1
pect oty (o S0t o)) 4 s 3y S0 420

n=1 n=1
1 N 1/2 1 N 1/2
+2h3,1h3,2 (N Z ,Ua%,n> (N Z “%,n) + 5N~ (B.29)
n=1 n=1

In order to obtain a single-letterization of the upper-bound given by constraints (B.26) and

(B.29)), define also

Fo
>
2|~
hE

i
I

iz, i€ {1,2}, (B.30)

(2

72

>
=
M=

Il
_

Vin, 1€ {1,2}, (B.31)

n

Using these notations, the input power constraint in (D.12) can be rewritten as
v+ p2 < P, with i€ {1,2}. (B.32)

By the concavity of the mutual information, applying Jensen’s inequality to the bounds in
(B.26)) yields in the asymptotic blocklength regime:

1 2h2
Ry < B log (1 + 71021’1> ) (B.33a)
1
Ry < B log (1 + ,7202272) ) (B.33b)
2
h2 V5
h B2 A2 1 2(}22
Ri + Ry < L, ﬂl 1’2;2 +-log| 1+ —3— |, (B.33c¢)
oF] 2 1+ h1,2’Yz
o7
h? ”/f
h h2 2 1 1’12
Ri+ Ry < 2 272 + 22 4 Cleg [ 14— | (B334)
05 1+ 2,171
3
h%,17% h%,27§ ’YI’YQh% th 1
1 P s B
Ri+ Ry < 5 log | 1+ (B.33e)

212
71h2,1
1+ >

2
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B. Proof of Theorem

hg,27§ h§,17f V%'th%gh%,l
1 0_2 + 0_2 + 0_20,2
-1 1+ 2 2 192
+ — log ,

2 7§7nh%72
T+ =

hiai
1 (’72 h2 72 h2 72
2R + Ry < glog 1+ % + log <1 + 1’12 LIS 1’22 2 (B.33f)
14 217 oy oy
92
h2 2 h2 2 2 2h2 h2
1 25‘22’72 + 2(,71271 + 71720 223 2,1
+§ log 1 + 2 2 212 2 )
14+ ’72021,2
1
h3 275
1 =) h2 ,y2 h2 72
Ry +2Ry < glog | 1+ % + log <1 y 222 Bl (B.33g)
1+ 1,22 2 05 05
91
1 h%;;% + hi’fﬁ + V%Vi};igth
+>1o 1+ 1 1 192 ’
2 & 1+ 7%:2%,1
2
and the upper-bound on the energy rate (B.29)) yields
B <03+ h31 (0] + 113) + h3 (3 + p3) + 2h3,1hg 2| | pa- (B.33h)

To sum up, it has been shown so far that, in the limit when /N tends to infinity, any information-
energy rate triplet (R, Re, B) € £ can be bounded by the constraints in for some vy,
Yo, M1, M2 satisfying . Let R(v1,72, 41, 42) denote the set of information-energy rate
triplets satisfying for some 1, ¥2, p41, 2 such that is true. Thus, it holds that

Ec U RO, p2). (B.34)

0<yf+ui<Pr
0<Yy3+u3<Ps

In this union, it suffices to consider p; > 0, uo > 0, and 1, 2, @1, and po that saturate the
input power constraint (i.e., (B.32)) holds with equality). Thus,

° 2 2 2 2

&C U R(fylvnylehuQ) C U R(717727:u1>,u2)' (B35)
0 +pi<hy of+pui=P1
0<Y3+p3<P2 V5+us=P;

Let §; € [0, 1] be defined as follows:

P — u?
= P»MZ’ i€ {1,2). (B.36)

>
3=

Bi

With these notations, any region R(v?, 73, pt1, p12) in the union over all (1, p2,7v1,72) that
satisfy 42 + u? = Py and 43 + u3 = P,, can be rewritten as follows:

51P1h%1)

1
Ry < 3 log (1 + 2 (B.37a)

1
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1 BaPyh3
2
h3 ,B2Ps
hi 1 B1P1 hioBaPy 1 o2
Ri+ Ry <log| 1+ 1’12 + 1’22 + ~ log 1++5P , (B.37c)
01 0-1 2 1+ 1,2 22 2
971
h% 161P1
h3oB2Py  h3,B1P1 1 o2
Ri+ Ry <log (14220272 210 + 5 log L+ ——a 5 | (B.37d)
05 g5 1+ 2,1 21 1
93
h? 8P h?,B2P Py Pyh2 ,h2
. 1710,61;1 ! 4 1’2;;2 2 1 B152 257312 21
Ri+ Ry < §log 1+ L VTR (B.37e)
a5
. hg’gl?Pz T h§,1621P1 i 6152P112)2f;i2h§’1
+ =-1lo 1+ 92 93 9105
2 & 1+ /32P2h§’2 ’
0.2
h: PPy 1 B2 8P 2 By
1 2 141 217
2R+ Ry < glog | 14— o0 | +log <1+ Pt ) (B.37f)
2,1
1+ p 1 1
h%,zﬁsz h%ylﬁlﬂ 1 /31/32P1P2h%72h§,1
L4 L4 = P g
a Og P h2 9
2 1+ B2 022 1,2
1
Bafels W2 ,5sPy  h2.B1P
1 2 2179 1471
Ri+2Ry < Glog | 14— | + log (1+ P ) (B.37g)
1+ 70% 2 2
) h%,laﬁ;Pl I hiQf;PZ i ﬂ152P212320f§72h§,1
+§10g 1+ 1 L NN 172 ,
1+ 1 12 2,1
92
B < o03+h3, P+ h3,P + 2h31hs o \/(1 — B1)Pi(1 = 32) Py, (B.37h)

for some (31, B2) € [0,1]2. Hence, such a region contains all information-energy rate triplets
(R1, R2, B) satisfying the constraints of Theorem [13[ and this completes the proof of Theorem
13
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C

Proof of Theorem (15

This proof is divided into two parts. The first part consists of the proof of (5.17a))-(5.171).
The second part consists of the proof of (5.17g).

C.0.1 Proof of — Codebook Generation: Fix a strictly positive joint
probability distribution:

Pyuu, ;8,85 (v s w1, ug, s1, 82) = Py (v) Py (u|v) Py oy (ui|u, v) Py, oy (uzlu, v)
P51|UU1V(m1]u, ul,v)P52‘UU2V(32\u,u2,v), for all (v, u,uy, ug, x1,22) € X1 NXe X (X1 N A) X
(X1 x Xy). Let Rp, R1c, Rac, Ri1,p and Ry p be non-negative real numbers. For transmitter

1, generate 2VFE ii.d N-length codewords v(w) = (v1(w),...,vn(w)) according to
N
Py(v(w) = [T Pv(om(w)), (C.1)
m=1
with w € {1,2,...,2NV8}, For each codeword v(w), generate 2V(F1.c+l2.0) i i d. N-length
codewords u(w, s,7) = (ui(w, s,7),...,un(w, s, r)) according to
N
Py (uw(w,s,m)|vw)) = T Puv (um(w,s,r)|vm(w)), (C.2)
m=1
with s € {1,...,2NF.c} and r € {1,...,2¥R2.0} For transmitter 1, for each codeword
u(w, s,7), generate 2V%1.¢ iid. N-length codewords ui(w,s,r, k) = (ui1(w,s,rk),...,

u,n(w, s, 1, k)) according to

Py, juv (ul(w,s,r, k:)\u(s,r),v(w)) = IJ_V[ PUI‘UV<u1,m(w,s,7“, k)\um(w,s,r),vm(w)>,

m=1
(C.3)
with k& € {1,...,2N¥F1.¢}, For each tuple of codewords (v(w), u(w, s, r), ui(w, s, r, k)), gener-
ate 2NVf.P ii.d. N-length codewords s1(w, s, 7, k,1) = (s11(w,s,7,k,1),...,s1.n5(w,s,7 k1))
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C. Proof of Theorem

according to

Ps,\u,uv (sl(w, s,k Dur(w, s, r k), u(s, r), v(w)) =
N
H Ps,\u,uv <317m(w, s,k D) utm(w, 5,7, k), um(w, s,7), vm(w)> , (C.4)

m=1

with 1 € {1,...,2NFrY,
For encoder 2, for each codeword w(w,s,r), generate 2Vf2.¢ iid. N-length codewords

uz(w, s,7,q) = (u21(w, s,7,q), ..., u21(w, s,7,q)) according to
N
PU2|UV(u2(Qv 5T, Q)|u(s’ T)v 'v(w)) = H PUQ\UV (u2,m(wv 5,7, Q)|um(w’ S, T)) Um(w)>’ (05)
m=1
with ¢ € {1,...,2Vf2.c}. For each tuple of codewords (v(w), u(w, s,7), us(w, s,7,q)), gener-
ate 2VF2P i id. N-length codewords sa(w, s,7,q,2) = (521(w,8,7,¢,2), ..., 82.n(w, 8,7,¢q,2))

according to

PSQ|U2UV(82(W7 s, 7,4, Z)|U2(w, S, T, Q)a 'u'(wa S, T)’ 'v(w))
N

=TI Poav(san(.5,7,0, )izl 5,7,0) (0,57, 0m(@)), - (C6)

m=1

with z € {1,...,2NR2pP},
Encoding: Consider Markov encoding over T' blocks. Let W(t) be the message index transmit-
ted during block t. Let ¢ also be represented by the message index W C €{1,2,...,2Nf.c}

and the message index Wi(sl €{1,2,...,2NRiP1 The message index Q( ) is known by both
transmitters and receivers. At encoding step ¢, with ¢t € {1,2,..., T}, transmitter 1 sends the

codeword a;gt) =60 (v(t)(ﬂ(t)), u (Q(t), Wl(fgl), Wétgl)) , U (Q(t), Wl(fc_yl), Wéfgl), Wl(%),

s1 (O, wi'ZY wicY witl wi) ) where 61 : XN x (X U X)N x Xy x XN = &

a function that transforms the codewords v(*) (), u (Q(t), WI(C ) W(t 1)) , Uy (Q( ) W(t b,
Wz(t b Wf%) and s (Q(t) Wl(cl) Wz( 2 Wl(%,Wl(tl)g) into the N-dimensional vector :cgt).

The indices Wl(C)' = Wl(c) = s* and WQ(CZ = WQ( ) = = r*, and the pair (s*,7%) € {1,2,...,2Nf.c}x
{1,2,...,2NB2.0} are pre-defined and known by both receivers and transmitters. Transmitter

2 follows a similar encoding scheme.

Decoding: Both receivers decode their message indices at the end of block 7" in a backward
decoding fashion. At each decoding step ¢, with ¢ € {1,2,..., T}, receiver 1 obtains the indices

(Wl(T D Wz( c ), Wl(?];(tl))> from the given channel output y;.

The tuple (Wl(j;* D WQ(% D Wl(j;j (t= 1))) is the unique tuple that satisfy:

(U(Q(t))v (Q() Wl(T g WQ(C )) , Ul (Q(t)vwl(?é’it)’WQ(,C g Wl(T = 1)))7
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s (Qu)jwl( D L, W) Ty, () 0 0, Wil ),

T—(t— (N,e
yi" ) € TVUU)151U2Y1 (C.7)

T—(t-1))

where V[/1(7C and WQ(% (=1) are assumed to be perfectly decoded in the previous decoding

step t — 1. The set 7"%\]]51 5,0y, Tepresent the set of jointly typical sequences of the random

variables V,U, Uy, S1,Usy, and Y7, with € > 0. Finally, receiver 2 follows a similar decoding
scheme.

Probability of Error Analysis: An error might occur during encoding step ¢ > 2 at
transmitter 1 if the index /I/I72(t5 Y is not correctly decoded. Without any loss of generality,

let Wétgl) = 1 and /Wétgl) = 1. Define the event FEj that describes the case in which

there exists another message index k # 1 that satisfies: (v(Q(t)), u (Q(t), WI(C ) WQ(tCQ)),

(00D, W), o (00, W, A WD ), (00, 2,
WQ(fC_Z),k:)>E TVJ(\JI’ESIUQYI, with ¢t € {2,3,...,T} and W2(,C ) is assumed to be perfectly
decoded in the previous block ¢ — 1. Then, the probability of event Ej can be bounded as

follows:

Pr(E),)=Pr [(V, U,U1,81,Us Y1) € Tt sivuv:

= Y. Pv(v)Puu, s,y v(wui, s1,95/0) Py v (uslv), (C.8b)

(N,e)
(v, u,u1,81,91)ETV 00, 5,05y,

<’TVUU1S1U2Y1 o= N(H(U,UL,S1,Y1|V)+H (Ua|V)+H(V)~4e) (C.8¢)
<o~ N(HUULSI V) +H(U2|V)+H(V)=H(UU1,U2,51,Y1) —4€) (C.8d)
— 9~ N(H(UUL,S1.Y1|V)+H (U2|V)~H(U,U1,U2,51,Y1|V) ~4e) (C.8e)
_ o~ NI(UU1,81,Y1;Us| V) ~4e) (C.8f)
_o—N(I(U,X1,Y1;U|V)—4ec) (C.8¢)
9~ NU(Vila| X1, V.U)~4e) (C.8h)

where follows from (A.9)); and follows from the fact that X; = 0,(U,U;, S;, V).
Note that the probability operator Pr[.] in applies with a probability distribution
Pyuu,x,u,y, that factorizes as Py Py y, x,v,|v Pu, /v given that all the codewords us are
independent from the given channel output y;. The error probability becomes arbitrarily
small (as N goes to infinity) if

Rae SI(U27H|X17U7V) (CQ)

An error might occur during the (backward) decoding step ¢ if the indices /Wf%_t),/W§2_t) or

Wl(j;g_(t_l)) are not decoded correctly given that the indices W(T 1) and W( D) were
correctly decoded in the previous decoding step t — 1. These errors might arise for two reasons:

1) there does not exist a tuple , that satisfies (C.7)), or (¢z) there
here d le (WG Wie w9 fies (C-7) h

exist several tuples <I//[\/1(TC 2 WQ(TC 2 WI(TI; (= 1))> that simultaneously satisfy (C.7). From the
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C. Proof of Theorem

asymptotic equipartition property [93|, the probability of error due to (i) tends to zero when
N grows to infinity. Consider the error due to (i7) and define the event Ej,.; that describes

(t— 1))) ,51(20), 5,7,

the case in which the codewords v(Q®), u (Q( ), s T) uy (Q(t) 5,7, WI(C
Wl(?g(t*l)), l), and uo (Q( ), s, W(T (t= 1))) are jointly typical with yg

-

1)

during decod-

ing step t. Assume now that the codeword to be decoded at decoding step ¢ corresponds to the
indices (s,r,l) = (1,1,1). This is without loss of generality due to the symmetry of the code.
Then, the probability of error due to (i7) during decoding step ¢, can be bounded as follows:

Pr U Eg
(s, 1)#(1,1,1)

< Y Pr(Ea)+ Y Pr(Ea)+ Y. Pr(Ey)

s#1Lr#£1l1#1 s#lr#1,l=1 s#1,r=1,1#1

+ Y. Pr(Eq)+ >, Pr(Eq)+ >, Pr(Egy)
s#l,r=1,l=1 s=1,r#1,1#1 s=1,r#1,l=1

+ Z Pr(Esrl))

s=1,r=1,l#1

For all s € {2,3,...,2Nf1.c} the following holds

Pr[E,11|=Pr [(V, U,U1,81,Us, Y1) € Toot s.vav:

(C.10)

(C.11a)

= > Py(v)Pyu, s, u.v(u,ui, s1,u2v) Py, v (3, |v), (C.11b)

(Ne)
(v,u,u1,81,u2,91) €TV 51, 51007

(Ne 9= N(H(U,U1,U2,51|V)+H(Y1|V)+H(V)~4e)
VUU151U2Y1

<2— ( (UUl,U2,51|V)+H(Y1‘V)-I—H(V)—H(U,Ul,UQ,Sl,Y1,V)—4€)

N(H(U,U1,U2,81 V) +H(Y1|V)~H(U,U1,Uz2,51,Y1|V)—4e)
- N(I(UUl,Uz,S1,Y1|V) 4e)
—9—NU(UU2,X1;Y1|V)—4 )

where follows from ; and follows from the fact that X; = 0,(U,U;, S;, V).
Note that the probability operator Pr[.] in applies with a probability distribu-
tion Pyyu,s,u,y, that factorizes as Py Py y, 5,0, vPy v given that all the codewords
u,u1, 81, and ug are independent from the output of the channel output y, . For all

r€{2,3,...,2NR2.0} the following holds

Pr[E1p1]=Pr {(V, U,U.,81,U2 Y1) € T siv,

(C.12a)

= > Pv(v)Pyu,.s,vsv(u, w1, s1,u20v) Py v (y1|v), (C.12Db)

(v,u,u1,81 7U2’y1)€TVUU1 S1UsY

9~ N(HU,U1,U2,51|V)+H(Y1|V)+H(V)—4e)

,€
< )TVUUlslUQYl
<9~ N(H(U,U1,U2,51|V)+H(Y1|V)+H(V)—-H(U,U1,U2,51,Y1,V) —4e)

—o~NHU,U1,U2,5|V)+H(Y1|V)-H(U,U1,U2,51,Y1|V) —4e)
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—9—N{(U,U1,U2,51;Y1|V)—4e) (C.12f)
—9—N{I(UU2,X1;Y1|V)—4e) (C.12g)

where follows from ; and follows from the fact that X; = 0,(U, U;, S;, V).
Note that the probability operator Pr[.] in (C.12al) applies with a probability distribution
Pyuu,s,u,y, that factorizes as Py Py 7, s, U.,|v Py, |v given that all the codewords u, uy, s1,
and ugy are independent from the output of the channel output y;. Forall s € {2,3, ..., oNE1c }
and

r€{2,3,...,2NR2.0} the following holds

Pr{Eu|=Pr| (V. U, UL, 81,0, Y1) € T3 sy, (C.13a)

= > Pv(v)Pyu, s,usv (6, u1, s1,u2|v) Py v (y,|v), (C.13b)

(v,u u17517u27y1)€TVUU131U2Y1

‘TVUUlslUQYl o= N(H(U,U1,U2,81|V)+H(Y1|V)+H(V)—4e) (C.13¢)
<9~ NHUULU25|V)+HM|V)+H(V)-H(UU1,U2,51,Y1,V)—4e) (C.13d)
—9~N(H(U,U1,U2,51|V)+H(YV1|V)~H(U,U1,U2,51,Y1|V) —4e) (C.13¢)
—9~NI(U,U1,U2,51;Y1|V) —4e) (C.13f)
:2—N(I(U,U2,X1;Y1|V)—4e), (C.13g)

where follows from (A.9); and follows from the fact that X; = 0,(U,U;, S;, V).
Note that the probability operator Pr[.] applies in (C.13al) with a probability distribution
Pyuu,s,u,y, that factorizes as Py Py, 5, U,|v Py;|v given that all the codewords u, uy, s1,
and us are independent from the output of the channel output y,. Forall s € {2,3,...,2N.c}
and

1€{2,3,...,2NR.rY the following holds

Pr [ Sll] Pr |:(V U U17517U27Y1) S TVUU151U2Y1 (0148.)

= Z PV( )PU,U17517U2|V('U’7'U‘17317u2|v)PY1|V(y1|U)’ (C'l4b)
(v,u,ur,81,u2,y1 ) ETH)

VUU; S1UgYq

’TVUUlslUQYI o= N(H(U,U1,Uz2,51|V)+H(Y1|V)+H(V)~4e) (C.14c)
<9~ NHUULU2, S V)+H V) +H(V)=H(UU1,U2,81,Y1,V)~4e) (C.14d)
—9~N(H(U,U1,U2,51|V)+H(Y1|V)~H(U,U1,U2,51,Y1|V) —4e) (C.14e)
— 9~ NI(UU1,U2,51:Y1|V)—4e) (C.14f)
:2—N(1(U7U2,X1;Y1|V)—46)7 (C.14g)

where follows from ; and follows from the fact that X; = 6,(U, U;, S;, V).
Note that the probability operator Pr[.] in (C.14a)) applies with a probability distribution
Pyuu,s,u,y, that factorizes as Py Py, s, U,|v Py;|v given that all the codewords u, us, s1,
and uy are independent from the output of the channel output y;.
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C. Proof of Theorem

For all 7 € {2,3,...,2Nf2.¢c) and | € {2,3,...,2N¥R1P} | the following holds

Pr[Elrl]:PI‘ {(V, U, U, S5.,U;, Yl) S T‘%\flé)lSleyl (C.15a)

= Y. Pv(©)Puu, s, v (u, w1, 81,u2/v) Py v (yyv), (C.15b)

(v,u,u1,81, ug,yl)GTVUUISI UsYy

<‘7.(1(\]75)131U2Y1 9= N(H(UU1,U2,51|V)+H(Y1|V)+H(V)~4e) (C.15¢)
<9~ NHUULU25|V)+HY1V)+H(V)-H(UU1,U2,51,Y1,V)~4e) (C.15d)
— 9~ NH(UUL,U2,51|V)+H(Y1|V)—H(U,U1,U2,51,Y1|V)~4e) (C.15¢e)

NI (U,U1,U2,81;Y1|V)—4e) (C.15f)
o N(I(UUQ,Xl;Yl\V)%e), (C.15g)

where follows from ; and follows from the fact that X; = 0,(U,U;, S;, V).
Note that the probability operator Pr[.] in applies with a probability distribution
Pyuu,s,u,y, that factorizes as Py Py, s, U,|v Pyy|v given that all the codewords u, u1, s1,
and uy are independent from the output of the channel output y;.

For all s € {2,3,...,2NF1el rc {2,3,...,2VR20c) and [ € {2,3,...,2V 1P} the following
holds

Pr [ESTI] Pr |:(V U Ula 517 U27 Yl) S TVUU151U2Y1 (C16a)

= Z PV(U)PU,Ul,Sl,U2|V(U,U1,81,u2\U)PY1|V(y1|’U), (C.16b)

(N,e)
(v,u U1,81,u27y1)€TVUU1 S1UsY,

<)TVUU151U2Y1 9= N(H(UU1,U2,51|V)+H(Y1|V)+H(V)—4e) (C.16c¢)
<9~ NHUULU25|V)+HY V) +H(V)~H(U,U1,U2,51,Y1,V) ~4e) (C.16d)

N(H(U,U1,U2,51|V)+H (Y1|V)—H(U,U1,U2,51,Y1|V) —4e) (C.16e)
e N(I(U,Ul,UQ,Sl;Y1|V)—4€) (C.16f)
— 9~ NU(UU2,X1Y1|V)~4e) (C.16g)

where follows from ; and follows from the fact that X; = 0,(U,U;, S;, V).
Note that the probability operator Pr[.] in (C.16al) applies with a probability distribution
Pyuyu,s,u,y, that factorizes as PVPU,Ul,Sl,Ug\VPYl\V given that all the codewords u, w1, s1,
and ugy are independent from the output of the channel output y;.

For all I € {2,3,...,2N¥R1.P}  the following holds

Pr[Ey1)|=Pr [(V, U,U1,81,Us, Y1) € Tooe sivav: (C.17a)

= Y. Py(©)Puu, vy v(u, w1, uz,y1v) Ps, v (s1|v), (C.17b)

(v,u ul,sl,ug,yl)ETVUUlsl UsYy

Ne —4e
‘ \SUUiSleYl 9= N(H(UU1,U2 Y1 |V)+H (S$1|V)+H(V)—4e) (C.17c)
<9~ N(HUU, U Y1|V)+H (S1|V)+H(V)—H(U,U1,U2,51,Y1,V)—4e) (C.17d)
:2*N(I(S1;U,U1,U2,Y1|V)74E) (0176)
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:2—N(I(X1;Y1‘U,Ul,UQ,V)—ZlE)7 (Cl?f)

where (C.17¢]) follows from (A.9); and (C.17f)) follows from the fact that X; = 6;(U, U;, S;, V).
Note that the probability operator Pr[.] in (C.17al) applies with a probability distribution

Pyuu,s,u,y, that factorizes as Py Py, v,,v,|v Ps,|v given that the codewords s; is inde-
pendent from the output of the channel y;. Plugging into yields:
P, < 9N(RictRoo+Rap—1(UX1,U2iY1|V)+4e) | oN(Rio+Rac—1(U,X1,U2:Y1|V)+4e)
4 9N (Ric+Rip—1(U.X1,UY1V)+4e) | oN(Ric—I(U.X1,U2;Y1|V)+4e)
4 9N (Rac+Rip—I(UX1,U2Y1|V)+4e) | oN(Rac—I(U.X1,U2;Y1|V)+4e)
4 oNBip—I(X1Y1|U.U1,U,V)+4e) (C.18)

The same analysis of the probability of error holds for transmitter-receiver pair 2. Hence in
general, from ((C.9) and (C.18)), reliable decoding holds under the following conditions:

Roc < I(Uy: V1| X1,U, V), (C.19a)
Rip < I(X1;Y1|ULL, Up, U V), (C.19b)
Ric + Roc + Rip < I(U, X1, Us; Yi|V), (C.19¢)
Ric < I(Uy; Y| X2, U, V), (C.19d)
Rop < I(Xo: Ya|UL, Us, U, V'), (C.19¢)
Ric + Roc + Rop < I(U, X, Up; Ya|V'). (C.19f)

The proof continues by applying a Fourrier-Motzkin elimination process on (C.19)). Set
Rip = Ry — Ric, Rap = Ry — Roc. Eliminate Ryp, Rop from the inequalities in (C.19) to
obtain:

Roc < aq, (C.20a)

Ry — Ric < a, (C.20Db)
R1 + Rye < as, (C.20c)
Ric < by, (C.20d)

Ry — Roc < by, (C.20e)
Ro + Ric < bs, (C.208)
—Ric <0, (C.20g)
—Ry+ Ric <0, (C.20h)
—Ryc <0, (C.20i)

—Ry + Roc <0. (C.205)

Collect the inequalities in (C.20) that do not include Rjc among the above inequalities to
obtain:

Roc < ay, (C.21a)

Ry + Roc < as, (C.21b)
Ry — Rayc < by, (C.21c)
—Ryc <0, (C.21d)
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C. Proof of Theorem

—Ro + Roc < 0. (C.Zle)

Collect the inequalities in (C.20) that include Ry with positive coefficients to obtain:

Ric < b, (C.22a)
Ry 4+ Ric < b3, (C.22b)
—Ri1+ Ric <0. (0.220)

Collect the inequalities in (C.20)) that include Ry with negative coefficients to obtain:

Ry — Ric < ay, (C.23a)
“Ric <0. (C.23b)

Eliminate Rjc by adding each inequality from (C.22)) and each inequality from (C.23) to
obtain:

Ry < b1 + ao, (C.24a)

Ry < bs, (C.24b)

Ry + Rq < b3 + as, (C.24c)
—Ry <0, (C.24d)

Roc < aq, (C.24e)

Ri+ R oc < as, (C.24f)
—Ry + Roc <0, (C.24g)
Ry — Ry < by, (C.24h)
—Roc < 0. (C.24i)

Collect the inequalities in ((C.24)) that do not include Roc to obtain:

Ry < b1 + a9, (C.25a)

Ry < bs, (C.25b)

Ry + R < b3 + asg, (C.25¢)
“Ri <0. (C.25d)

Collect the inequalities in (C.24) that include Ry with positive coefficients to obtain:

Roc < ay, (C.26a)
—Ry+ Rac <0, (C.26b)
Ri+ R oc < as. (C.Qﬁc)

Collect the inequalities in ((C.24)) that include Roc with negative coefficients to obtain:

Ry — Roc < by, (C.27a)
“Ryc <0. (C.27b)
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Eliminate Roc by adding each inequality in ((C.26)) with each inequality in ((C.27)) to obtain:

Ry < as, (C.28a)
Ry < by + as, (C.28b)
Ry < bs, (C.28¢)
Ry < ay + b, (C.284)
Ri + Ry < b3, (C.28¢)
Ri+ Ro < as + bo. (C.281)

The proof of Theorem (15| continues as follows, let k& € {0, 1} be fixed and consider the following
Gaussian input distribution for transmitter k:

V ~ N(0,1); U~ N(0,p); Ug ~ N (0, Ake); and Si ~ N (0, Arp), (C.29)

where X, = vP.U + \/Pkap + VP.Ur + Ve PLV; and (p, )\kpa)\ka/\ke) € [0, 1]4 and

P+ Akp + Ake + Age < 1. By symmetry, it suffices to prove (5.17a)), (5.17b)) and (5.17¢). The
choice of the Gaussian input distribution in (C.28)) yields:

I(U, X1, Ug; Y1|[V) = h(V1|V) — h(V1|U, X1, U2, V)
1 1
=3 log (27reVar[Y1|V]> —5 log <27T6Var[Y1|U, X1, Uy, V])

1
= log (27re(a% + (1= Me)Prhi +(1— Age)PthQ))

1
-3 log (27?6(0% + )\2pP2h‘%,2)>

1 1+ (1 — Ale)SNRl + (1 — )\Qe)INRl + 2pv/SNR1INR;
= —log (C.30a)
1+ )\QpINRl

2
which proves ([5.17al). With the same power setting in (C.29)), the following holds
I(Uy; Y2 U, X2, V) = h(Y2|U, X2,V) — h(Y2|U, X2, U1, V)
1
= —log <27T@Var[Y2\U, Xo, V]) — §log (27TeVar[Y2]U, Xo, Uy, V]>

log (27re (03 +(1-(p+ Ale))Plh%J) )

log (27‘(’6(0% + Alpplh%,l))

1 1-— < ))IN

o ( + (1= (p+ Aie)) RQ),and
1+ A, INRs

I(X1;Y1|U, Uy, U, V) = K(Y1|U, Uy, U, V') — h(Y1|U, Uy, U, X1, V)

1 1
=3 log (27TeVar[Yl|U, Uy, Us, V]> ~3 log (27reVar[Y1|U, Uy, Us, X1, V]),

N~ NI~ N~ N -

(C.30b)

1
= 3 log (27re(a% + )\lpP1h%,1 + )\2pp2h%,2))
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C. Proof of Theorem

1
) log <27re(a% + Azpplh%,1)>

. l o (1 + AlpSNRl + )\2pINR1>
T2 1+ X, INR, '
This proves (5.17b)). Finally, using ((C.30b)) and (C.30d|), yields the proof of (5.17¢)).

C.0.2 Proof of (5.17g) The choice of the channel input in (C.29)) guarantee that the

(C.30c)

random variables Y31,...,Y3, are independently and identically distributed. For all n €
{1,2,...,N}, Y3, follows a zero-mean Gaussian distribution with variance B given by
B=E[vy,]

=FE [(h3,1X1,n + h3 o Xo, + ZS,n)Q]
= h3, B [XT,] + h3,.FE [X3,,] + 2hs1hsoF [X1 0 Xon] + 03
= h?,)’lPl + h§72P2 + 2hg1hg 2 [ X150 Xon] + 03

< hg,lpl + hg’QPQ + 2h3,1h372\/ P1P2(p =+ / )\1@>\2e) + O‘%, (0.31)

By the weak law of large numbers, it holds that

lim Pr(BY) < B) =0. (C.32)

n—0o0

From (C.32), it holds that for any energy B which satisfies 0 < B < B, it holds that
lim Pr(BY) < B) =0 (C.33)

n—o0

This proves (5.17g) and completes the proof of Theorem

96



Proof of Theorem (16

Fix an information-energy rate triplet (R;, Ra, B) achievable with a given coding scheme
(Definition . Denote by X1 and X the channel inputs resulting from transmitting the
independent messages (W7,Q) and (Ws, Q) using such coding scheme. Denote by Y1 and Yo
the corresponding channel outputs. Define the following random variables:

S = h271X1 + Z9 and (D.l)
Sy = h12Xo + 71, (D.2)

where, Z; and Zs are real Gaussian random variables independent of each other with zero
means and variances o and o3, respectively. Using assumption , considering Fano’s
inequality and following similar steps as in [49], it can be shown that the information rates R;
and Rp must satisfy the following inequalities

M=

NRi < S [(Yin) — h(Z1n)] + o(N), (D.3a)

3
I
—

hE

NR; < _1[h(Y27n)|X27n) — (Zan) + h(Y1,0| X2, S1,0) — h(Z1,0)] +0(N), (D.3b)
NRy, < i[h(yg,n) — 1(Z2n)] + 0(N), (D-3c)
NRy < ﬁ:l[h(YLn)!Xl,n) — (Z1n) + h(Yan| X1, S2.0) — h(Z2n)] +0(N), (D.3d)
N(Ri+ Rs) < ﬁ:l[h(Yl,nISLn, Xon) = MZ1n) + h(Yan) = h(Z2n)] + o(N), (D-3e)
N(Ri + R») < i[h(yg,n\sg,n, Xin) = M(Zop) + h(Y1) — h(Z10)] + o(N). (D.3¢)

3
Il
i

97



D. Proof of Theorem

Using assumption ((5.13b]), for any 1 > 0 there exists Ny(n) such that for any n > Ny(n) it
holds that
Pr(B™ < B) <n. (D.4)

Equivalently,
Pr(B™ > B) >1-n. (D.5)

Using Markov’s inequality, the probability in (D.5]) can be upper-bounded as follows:
BPr(B™ > B) < E[BW]. (D.6)

Combining (D.5)) and (D.6)) yields:

B(1-7y) < BB, (D.7)
which can be written as

(B — ™) < B[BM)], (D.8)

for some (V) > 0 (for sufficiently large N). The bounds in (D.3)) and are evaluated
assuming that the channel inputs X, and X5, are arbitrary correlated random variables

with
AN

Vin £ Var[Xi,), (D.10)
A £ Cov]X1pXonl, (D.11)

for all n € {1,..., N} and for all i € {1,2}. The input sequence must satisfy the input power
constraint which can be written, for ¢ € {1,2}, as follows:

1 X 1 X 1 N
~ 2 B[XG] = (N > %%) + (N > u?,n) < P, (D.12)
n=1 n=1

n=1
Using this asumptions, the following holds:
h(Y1,) < = log (27reVar[Y17n]>
2me( hl i n T h 2’72 nt2h11h1 2, + a%)), (D.13a)

h( 2mweVar[Ys n|X2,n]>

_.
Q
o

09

2
1 1
log <2 (% n 251 (VnVon — A%)) > — 5 log (2mevs.,) + 5 log(2meas)

A2 R\ 1 )
=log(1+42 n o 3 ) +3 log(2meos), (D.13b)
7 n72 n/) 92

N N
N = N N = M\HM\»—*M\H
—

og (2meVar[Y ,,| X2, S1.n])

98



h2
71 n’72 n )‘31) L 1 9
+ —log(2meoy)

log
h2 2
72n 71 n72n - >\2)
A2 h? 1
7]_ n '72 n2 ) 7é
inYon/ °1 1 9
lOg 2 " t3 log(2meoy).
1+71” V=% )

Given (X2, S1,), the variance of Y7 ,, is upper-bounded by

— T
Var[Y1,,| Xom, S1,n] < Kyp,, — KYl,n(Xz,n,Sl,n)K(X2 S n)KYI,n(XQ,naSI,n)’
where
2
KYl,n =0 nhl 1+ 03 nh 12+ 2M\nh1,1h 2 + o7,

Ky, (XomiStm) = b1 +h1273 s h2,1h1 1797, + Anho,1hi 2], and

{ Y3 n Anh2 1
V7 Dnhan 22,03, +1)°

Finally, the bounds in (D.3) can be rewritten as follows:

N 2 2 2 .2
1 h h v 2h11h1 2\
NR; < Z 21 ( 1,171,n 1,222,n 1,111,2

R n—i—l) +o(N),

n=1 1 o1 o7
N 2 2
Ly A2 R,
NR 5 1 2 (1— n S
1 2:: 2 ( + '71,71( in’@,n) 0_5
2 22 hf’l
N 1 ’Yl,n (1 — ’Yin’@,n) o%
t2 gl 1+ — | +ov),
= 14+~ (1 _ AR ) RY
Yin \} 75757, )
N
1 h3973,  h3173.  2hoshoiA
VR <3 o (Migte Mk Btk ) o),
n—1 2 0'2 0'2 0.2
N 2 2
1 A h3 4
NR - 1 1__"n ,
2 z:: 9 < + ’Y2 n ( ’Y%Jﬁ%n) J%
2 Y h3 5
N 1 ’)/2,n (1 'Y%,,ﬂ%’n) 0%
t2 gl 1+ — | +ov),
n=1 2 1 + 2 (1 _ )\% ) @
'727n ,yin,y;n cr%
N 2 .2 2 2
1 h327 h3 17 2hg oho 1\
(R1 + Ry) Z = log ( 2,222,n i 2,;21,71 n 2,2022,1 n
n=1 2 2 5
2 )\% h%,l
N 1 ’Yl,n (1 - ’Y%,n'yg,n) U%
t2 gl 1+ — | +ov),
=% 1442 (1— A3 )@
Yin \} 5758, )

(D.13c¢)

(D.14)

(D.15a)

(D.15d)

(D.15e)
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D. Proof of Theorem
N 2 2
1 hi1y hio%sn  2h11hia)
N(R1+R2)<Zlog( ploln g S22n o Z L AR
= 2 71 71 o1
n=1
A2 h3
N1 o8 (1-5)
+> Slog| 1+ . +o(N) (D.15f)
= 1192, (1- 2% ) e
Yo O T AR e

The average received energy rate is given by

1
+2h31h32 (N

1 1
(% S0t s) 22

N n

S (02, + u;,n>)

n=1 n=N

N

Z()\n + Hl,nﬂ?,n)) .

n=1

(D.16)

Using Cauchy-Schwarz inequality, the expected value on the energy rate in (D.16)) can be

upper-bounded as follows:

1 N
2
N Z Yv?),n
n=1

+2h371h3’2

1
< 0'32) + h§71 (N

N N

Y (it u?,n)> ( Z Vo + Ha )

n=1 =

1 N 1 1/2 1 N 1/2
n=1 n=1 n=1

Combining and (D.17) yields the following upper-bound on the energy rate B:

N

N

n=1

1
B} + 1, (
1 N

PR

n=1

+2h31h32 N

1
2 2 2
h _
Z(’h,n + M1,n)) + N3 (N

N

S (. + u%ﬂ)

n=1

( 1 N 1/2 1 N 1/2
N n=1 N n=1

In order to obtain a single-letterization of the upper-bound given by constraints (D.15)) and

(D.18)), define also

N
1 .
p? = NZH?,W i€ {1,2}, (D.19)
n=1
N
712 = N Z 7@'2,717 (&S {L 2}7 (DQO)
n=1
N
A n=1
= - D.21
7allvel (b2
With this notation, the input power constraint in (D.12)) can be rewritten as
V+u <P, ie{1,2}. (D.22)
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Note that

2 % hfi 2 2
N 1 %771 Vi Ui2 1 i (1 —p ) ;27«
Z 5 1+ )\2 h? S 5 log 1+ i
n=1 2 _ i 1 2(1 = p2) =gt

The proof of (D.23) is obtained using the fact that for all (o, 3) € RZ, log (1 + 1+,8x) is a
concave function on z, then it follows that

2 h2 .
Vin (1 - > .
) ’y ’)/ Ui

g: Log | 14 S
2 %) Ly
n=1 1+ %2,71 (1 o 72 '7 > Jé
h2 .
1 N Zn 1 ,‘YZ ,n ( n) : l
< 5log 1+ A2
1+N2n 17@”( 'anzjz
1 2
N 1 hi,
1 N Ln=1 Vin (1 DM - Z; L ) i
< *log 1+ N =1 1nN n=1_J.n (D24)
2 1+ 5 Zo. (1 R ) s > Z
N n=1 ’Y’L s % ij:l Vin% Z;\jzl ’yin O-J2
)
1 ’)/Zz (1 - p2) o‘.é/
= §log 1+ 3 ’ 2

h? .
L4197 (1= p?)
J

where (D.24)) follows from the fact that n € {1,2,...,N}, o7, (1 S > is a concave

'Yl n’yQ ,n
function on ’yim vg,n and A,; and for all (o, 8) € R2, Tipz 1s an increasing function on z.
By the concavity of the mutual information, applying Jensen’s inequality and (D.23)) in the
bounds (D.15]) yields, in the limit when N — oo,

1 B2 A2 R2.A2 B2 h2 . ~2~2
Ry <-1lo 1,12’}’1 i 1,22’72 +2p 1,1 1,5’7172 7 (D.26a)
2 o1 o o7
( ) i1
1 h3 1 il —p7) -
Ry < 3 log (1 + 251 'y% (1 — p2)) + 5 log| 1+ 1}12 , (D.26b)
2 1+73(1— p?) 2
93
1 h3 .73  h 0} ho o ho 172~2
Ry < -log < 2,2272 n 2,12 1 +2p 2,2 2,;7172 ’ (D.26c)
2 o5 o5 05
1 h2 1 7 (1-p%) A
Ry <glog (1 + 2252 (1 p2)) +glog | 1+ 21, (D.26d)
7 1493 (1 - %) 2
1

101



D. Proof of Theorem

1 h3 o5  h3 72 h3 5h3 v23 1 i1
R1+R2<§10g 2(,7222_1_ 201 Loy, 222 zi 172 —|—§log 14 6e)
2 2 2 1+ 3(
1 B2 72 h2 2 h2  h2 ,y2e2 1 ya(
But By < og [ M200 M2 ) [MaM002 ) 1y 261)
2 o7 oy ok 2 1+ 73

and the upper-bound on the energy rate (B.29)) :
B < o3+ h3y (7 + pd) + hi 5 (33 + 13) + 2haxhea(lpl lle| + lpallpel).  (D-26g)

In the limit when N tends to infinity, any information-energy rate triplet such that (R1, Ra, B) €

EF satisfies (D.26) for some 71, Yo, 1, p2 satisfying (D.22) and for some p € [—1,1]. Let
RY (v1, 72, 1, po, p) denote the set of information-energy rate triplets satisfying (D.26]), for

some 71, Y2, f1, p2 such that (D.22)) is true and for some p € [—1,1]. Thus, it holds that

erc U RUGEA s pap). (D.27)

0<’y1 +u1 <P
0<’72 +M2 <P2
—1<p<1

In this union, it suffices to consider 0 < p < 1 because for any —1 < p < 1, RF(’Y%, 722, M% /é? o)
C R¥ (41,143, 13, 43, |pl). Thus,

e U RUGEAG e S U RO, p1s 42, p)-

0Ky} +ui<Py N+ =P
0<V3+u3<P2 V3+u3=Ps
—1<p<1 0<p<1

Let f; € [0, 1] be defined as follows:

—L, ie{1,2}. (D.28)

Using (D.28)), any region R(v1, Y2, i1, f42, p) in the union over all (u1, u2,v1,72) that satisfy
Y2+ ud =P, v5+u3 = Pyand 0 < p < 1, can be rewritten as follows:

1 hi 1 B1P1 hi,BeP. h3 | hi PP
Ry < ;log 1’1521 c 1’2522 2 +2py [ —2 1’2%/82 e , (D.29a)
2 o1 o o1
2 h%l
h34 1 Brby(1 = p*) 5
R < log 1+ =1 BiPL(1—p%) | + glog| 1+ = |, (D.29b)
1+ BiP(1— p?) 52
1 h Py h3,5P hooh PP
Ry < llog 2252 2 B, 151 Loy, /122 2151821 P , (D.29¢)
2 o3 o5
2 h§2
1 ~)\ 1 Bl (1= p?) 25
Ry < §log 2 ﬂ2P2 (1-0p%) )+ 5log 1+ 2 ,(D.29d)

1+ B2Ps (1 —p?) 01*52

102



1
R Ry < =1
1+ 5 2 8 O'% o5 O'%

h3,62P | 3151 Py h3 2h3 1 5182 P1 Py
+ 5 +2p

2 h%1
AP (1—p?) >3

1
+§ log | 1+ 2 ) (D.29¢)
1+ 1P (1 —p?) %;1
1 hi 1 B1PL hiyfaPs h3 1h3 58152 P1 Py
R Ro < =1 J J 2 il
BRI = S B o!
2 h§2
1 BaPy (1= p°) 2
1,2

L+ BB (1= p?) 25
B < oj+hi  Prthi P + 2ha ko (|l 51P152P2+\/(1 — B1)(1 = B2) 1 P»),(D.29g)

for some (1, B2) € [0,1]2 and p € [0,1]. Hence, using the definitions in (5.7) and (5.10)), the
region ([D.29)) contains all information-energy rate triplets (R, Ro, B) satisfying constraints
(5.18)), which completes the proof of Theorem
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E

Preliminary Results

This section introduces some auxiliary results that play a key role in the following appendices.

Definition 19 (Moment Generating Function). Given a random variable X, its moment
generating function is denoted by ¢x : R — R and

Pox(A) =Ex [GAX} : (E.1)
The following lemmas highlight some properties of the moment generating function.

Lemma 8. Let Z = ;' | X; be a random variable formed by the sum of n independent
random variables X1, Xo,..., X,. Then , for all A € R,

6200 = [Lox.(V). (E2)
t=1
Proof:
¢pz(N) =Ez [eAZ} (E.3)
= EXl,Xg,...,XN [eAZLl Xt} (E4)
= EX1,X27-~7XN ﬁ eAXt (E5)
t=1

= [T Ex, ] (E6)

t=1
T éx 00 (5.7)

t=1
||

Lemma 9. Let X be a Bernoulli random variable with Px(1) =1 — Px(0) = p. Then, for all
AeR

dx(\) =1+p(e*—1). (E.8)
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E. Preliminary Results

Proof:
Ex [e*] = Px(1)e* + Px(0) (E.9)
= pe* + (1 —p) E.10)
=1+p(e*—1). E.11)
|
Theorem 20 (Berry-Esseen Theorem, [7]). Let Xy, Xo, ..., X,, be independent random
variables such that for allt € {1,2,...,n},
= EXz [Xt] ) (EZQ)
Gt2: EXt [XtQ} _:u?a (EL?)
¢i=Ex, [|X, — "] (E.14)
Then, it holds for all A € R that
Pr (zn:Xt—MtEUA) - Q) <%» (E.15)
=1 g
where
M:Zﬂta 02:203, and ¢—Z¢t (E.16)

The best value of the constant ¢y is ¢y = 0.4748.
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F

Proof of Proposition @

Consider the definition of the ESP in (6.13]). Hence, for all i € {1,2,..., M},

0;=Pr [Z Liz,— 0}<((b;:11)> 'X = u(i)] : (F.1)

Assume that the Transmitter uses an (n, M, €, d, b)-code and it aims at sending the message
index i € {1,2,..., M}. Then, for all t € {1,2,...,n}, the random variable 175, _¢; in (F.1)
follows a Bernoulli distribution and the probability of a “one” is

ag if (i) =

Pax O = { 12§ ) (.2)

This implies that the random variable >~} ; 1{z,—0} can be expressed as the sum of two random
variables with binomial distributions B (N (0|wu(7)),1 — a2) and B (N (1|u(7)), ae), respectively.
That is,

Zﬂ{zt:o} = Z Liz,=0y + Z L{z,=o0- (F.3)
t=1 te{m:um (1)=0} te{m:um (i)=1}

Hence,
o]
m=0
L"JS’Z’PJ

2 Xk: [ Y. Iz =s

te{m:um (1)=0}

> lzeg+ X ﬂ{zt—o}:m‘xzuu)]

te{m:um (1)=0} te{m:um (i)=1}

te{m:ium (3)

[ Z ]I{Zt:()}:k‘—SX:
(

n b— bl)

b b k .

0221 > N (0]u(4)) (1= a5 YO N (1|u(q) (1 ag) V() ks ks
k=0 s=0 § ? k—s ?
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F. Proof of Proposition @

n(b—by)
:L b(’il ) Xk: (N (OIU(i))> (N (Hu(i))) (1 ap) V) k425 NOR@ITh=2s (g
k=0

= s k—s

which completes the proof.

108



G

Proof of Proposition @

For all i € {1,2,..., M}, let V; be the following random variable:

Vi = ) Lz,=0y + > Lyz,=0y- (G.1)

te{m:unm (i)=0} te{m:um (1)=1}

From Lemma [§] and Lemma [9] the following holds,

¢‘/i ()\) = ﬁ 1+ (1 — 042)(6)‘ — 1) ﬁ 1+ 042(6/\ — 1) (G2)
te{m:um (1)=0} te{m:um (i)=1}
< [1  ep(dQ-a)-1) [1 ew(oa(er-1) (G3)
te{m:um (1)=0} te{m:um (i)=1}
< exp (N (0u(i))(1 — az)(e* — 1) + N(1|u(i))ag(e* — 1)) (G.4)
= exp ((e* — 1) (N (0[u(i))(1 — a2) + N(Llu(i))az) ) (G.5)
= exp (n(e = 1) (PP (0)(1 — az) + (1 — PY(0))as)) (G-6)
= exp (n(e/\ - 1)(P)((i)(0)(1 —2a3) + ag)) , (G.7)

where (G.3|) follows from the fact that for all x € R, 1+ x < e”. In order to ease the notation,
let p be

n=n (PY0)(1—202) +as). (G.8)
From Markov’s inequality, it holds that for all (),v) € R?,
Pr (Vi > (1+7)u) = Pr (eXVt > X1H0k) (G.9)
AV;
- e?g/fii\))u (G.11)
< e @12
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(. Proof of Proposition @

= exp ((e)‘ —Dp— A1+ ’y)u) (G.13)
= exp (,u(e/\ —1-X(1- ’y))) : (G.14)

Note that the choice of A can be improved to tight the bound in (G.14). Note that,

%eA—(l +)A=e— (1+7). (G.15)

Then, the optimal ) is the solution to e* — (1 + ) = 0. That is, A = log(1 + ). This implies:

Pr(Vi>(14+7)p) <exp(p(l+y—1—(1+7)log(1+7))) (G.16)
=exp (u(y—(1 +J) log(1 +7))) (G.17)
e/\
- ((1 +’y)(1+v)) (G.18)
2
< exp <—21 ’YM) , (G.19)

where (G.19) follows from the fact that

e)x ©
o (((lﬂ)(””) ) = plog(expy) — p(1 +7)log(1 +7) (G.20)
s H (7 N W) (G.21)
2
- (_217) ) (G.22)

and the inequality in (G.21) is due to the fact that for all z > 0, log(1 + x) > /= Hence, it
follows that

i n(b - bl)
Pr Liz—oy > 75—

NIES

- b— b
= Pr Lizi—oy > | 1+ | 7=; —1
; o ( (( )((Z)(O)(l—QOéQ)JrO@) (bob1)> )
n (P)(ci)(o)(l —20) + Oéz) (bo — bl)] (G.23)
( b—b ? ( 5(1) )
N\ =m — ; 1 - — - 1) PXZ (0)(1 — 2a2) + a2
< exp (PY(0)(1-2a2)+a2) (b b (@24
(PY (0)(1-2a2)+az ) (bo—b1)
i 2
=g [ Uit = (P01~ 200) + 0)) (25)
(8 + (PY(0)(1 = 202) + a2))

This completes the proof of (6.23)).
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On the other hand, from Markov’s inequality, it holds that for all (),v) € R2,

Pr(V; < (1 —v)p) = Pr (e Vs > = A0-7k) (G.26)
W (G.27)

_ M (G.28)

. expgi(:—;ml)u) (@.29)

=exp (p(e™ =1+ A1-7))). (G.30)

Note that the choice of A can be improved to tight the bound in (G.30]). Note that,

T (e @=m) = e+ (1), (G-31)

Then, the optimal \ is the solution to —e™* + (1 — ) = 0. That is, A = —log(1 — 7). This
implies:

Pr(V; < (1—7) exp (pe™ = 1+ A(1-7))) (G.32)
ol (o (r) o
— exp ( (= - f))) (G.34)
<o ( - ) (G.35)
Then,

" b— by
=Pr E 1iy_ 1—-11- .
Lzl {Z=0} < < ( (—)((z)(o)(172042)+a2) (bo bl)))

n (P)((Z)(O)(l — 2042) + 042) (bg — bl)

(]5)(;)(0)(1 —2a9) + az) (bo — b1) b—b 2
<exp| —n 1-— =)
2 (PX (0)(1 — 20&2) + 042) (bo — bl)

(- (PR - 200) + )
- < B (PL(0)(1 - 2a2) + az) ' (G.36)

This completes the proof of (6.24)).
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H

Proof of Proposition

From Proposition [6], it follows that
7: 2
) (- (PP~ 200) + a2))
Z]l{Zt =0} > < exp T G ,  (H.1)
0~ b1 (2 + (PP0)(1 — 202) + a2))
and thus subject to a maximal ESP constraint, it holds that for all i € {1,2,..., M},

0>0; >1—exp —n(%_ (P(i)( )(1—2a2)+a2))2 (H.2)
| (b%_—bbll + (P( J(0)(1 — 202) +a2)) | '

Hence, it follows that

b—b1 (2) 2% a 2
o (DAEEEEOO R )
(bo—bl + (PX (0)(1 = 2a2) + 02))

which implies

(bl; _bb11> - (2 (PY(0)(1 - 202) + ) — %log (1- 5)) (bl; _bb11> + (PP (0)(1 — 202) + az)
: ((P)(})(O)(l — 2a9) + az) + %log (1- 5)) <0. (H.4)

Denote I'1 and T'y the roots of the quadratic function in the left-hand side of (H.4]). Then,

T = % (2 (P}?(O)u —20) + ) — %log(l - 5))
+- \/—— V(1 —2a0) + 042) log(1—6) + % log(1 — §)? (H.5)
= (PY(0)(1 - 202) + ag) - % log (1 — &) (H.6)
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H. Proof of Proposition @

\/m\/z )(1 = 202) +az) — %log (1-4) (H.7)

Ty =5 ( 2 (PP (0)(1 — 200) +az) — — log (1— 5)) (H.8)
_;\/_i (PL(0)(1 - 2a2) + az) log(1 — ) + % log(1 — 6)? (FL9)
= (PY(0)(1 - 202) + a2) — % log (1 — &) (H.10)

_W\/Q (PY(0)(1 — 202) + a2) —%bg(l—fﬂ (H.11)

From , it follows that ( b _bbll) must satisfy:

I'y < (b[;_—bbll> <Ty. (H.12)
This implies that:
(blz)_—bljl) < (P(0)(1 — 202) + ) — —log (1-96) (H.13)
”—logl—5 \/ 1—2@2)+a2)—ﬁlog(1—5) (H.14)
Thus,
b< (PY(0)(1 -2 - _(Go=by) -
= \Ix az) + 042) (bo — b1) + b1 - log (1 — d)
+\/ ~o = b Tog(1 =9) \/ 2 (POO)(1 -~ 200) + ) (b~ br) ~ P 1og (1 - )
< (PY(0)(1 = 205) + ) (bo — b1) + by — (boz_nbl)log(l _5)
N \/ 2(PY(0)(1 - 202) +§2) (b0 — b1)?log(5) \/ (bo — b1)? 4(:;g () (H.15)
= (P (0)(1 = 202) + a2) (bo — by) + b1 — (bO;bl)log(l _5)
+(b°_\/ﬁbl)\/—2 (PY(0)(1 — 202) + a2 ) log (1 — ), (H.16)

and this completes the proof of (6.25). The proof of (6.26)) follows immediately from (6.14))

and (FL16)
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Proof of Lemma @

For all ¢ € {1,2,...,n}, consider the first moment, the second moment, and the third
absolute moment of the random variable 17 oy given that the channel input is u(i), with
ie{l,2,...,M}:

Ez|x=u.(i) []l{ztzo}] =Pz x (0]u(i)) (I.1a)
Vaixzuti) [Liz=0) =Bz ix=u) [1{z=0y) ~ Ezpx=ui) [Lizi=0)]”

=Ezx=u [Liz=0)] = Ezjx=uo [Liz=0)]”

=Pyx (0lut (i) — Pgx (0fu(i))?

=Pz x (0]us (i) (1 — Pzyx (0]u(i)))

=Pz x (0[ug(i)) Py x (1ue(i)), and (I.1b)
S21x=ui(i) [L{zi=0t] =Ez|x=u (i) [|(]l{zt—o} - PZ|X(0\Ut(')))|3]

=Py x (0]ue(9)) |1 — Py (0[ue(i))]” + Prix (Lue (i) Pyyx (0lue(i))®

=Py x (0lus () Pzyx (1w (i) + Pzx (1ue(d)) Pz x (Oug(i)®.  (L1c)

Using the equalities above, the following holds,

S Eux Lizeoy]  =nPax(010)PY(0) +nPyx (0]1)PY (1)
t=1
=n ((1 - 202)PY(0) + a2) (L.2a)
>V aixcu() [Lizimoy] = Prix (0[ug (i) Py x (1|ue (i)
= t=1

=N (0]u(2)) Pz x(0]0) Pz x (1{0) + N (1|u(i)) Pz x (0]1) Pz x (1]1)
=N(0u(2))(1 — az)az + N(1u(i))az(1 — az)
=n (az(1 — az)),and (I.2b)

> S 2wy [Lizi=0y] = Pryx (0]ue (i) Pryx (1ue (4))* + Pgyx (1w (i) Py x (0fue (7))
=1

=N (0]u(i)) (Pzx(00) Pz x (1]0)® + Pz x (1|0) Pz x(0/0)%)
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I. Proof of Lemma @

N(1|u(i)) (PZ|X(0|1)PZ|X(1’1) + Pzx(1]1) P7x (0]1)?)
=N( O|u i)) (a (1— )+ az(l— a2)3)
+N(1|u(2)) (ag’ 1— )+ as(l— a2)3)
=n (aQ(l —ag) + as(l — a2)3) : (I.2¢)

Using ([.2)), it follows that for all 7 € {1,2,..., M},

0;=Pr [B,(Z) < b| X = u(1)]

(b—"b1)

Z {Zk:0}<nbo:b1X:u(i)]

zn: 1{Z; = 0} = Pyix(0lus(3)))

t=1

n(b—b1) “n 20 7(1) o
< \/na2(1 ~ a2)< bo—b1 ((1 200) Py’ (0) + 2)) ‘X _ u(i)].

nag(l — ag)

=Pr

From the Berry-Esseen theorem (Theorem [20|in Appendix , it follows that

n((1=200)PY(0) +a2 = 25)\  nfas(l - as)* + (1 — as)a]

0i>Q
nag(l — 042) 2 (na2(1 - 062))3/2
i n((1=202)PY(0) + a2 = 2 )\  (as(1 —a9)) (1= a2)? + o) w3
nas(l — as) 21 (az(1 — ag))*?
0 ((1 — 2042)P( )(O) + g — b bb11) (1= a2)? + a3 (1.4)
nas(l — a2) 2/nas(l — az)’ '
and
(%) b—b
0<0 n (1= 200)PY(0) + o — 241 ) L (1-ap?+a}
= nos(l — ag) 2¢/nas(l — az)
This completes the proof.
I.1 Proof of Proposition
Using the fact that @~!(-) is a decreasing function, it follows from Lemma @ that
n (120 PO +00) = ) (L (1= 00+ od (L5)
nag(l — ag) g 2v/nag(l —an) ) '

From , it holds that

nb—>b —a9)?+a3
éobll)én((l—%)zg)]?( +042) Vnoe(l —a2)Q™ ( 2)” + 2).(1.6)

nag(l — ag)

116



L.1. Proof of Proposition @

Finally, the energy rate b is upper bounded as the following

(b(] - b1)2a2(1 — OéQ)Q_l (6 i (1 — 042)2 + Oé% )

n 2/nas(l — as9)

b < (b — br) (1 = 202) PY(0) + a2) + by — \/

which ends the proof of the energy bound (6.25)). The proof of (6.26]) follows immediately by
following the definition of 6 in (6.14) and using ([.4). This completes the proof. [ |
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Proof of Theorem (18

The proof of Theorem [18]is based on the random coding arguments.
Codebook Generation: Let p € [0, 1] be a fixed parameter. Consider a probability distri-
bution Px that satisfies

Let also M € IN and b € Ry be fixed parameters. An (n, M)-code is randomly generated as
follows: first, the codewords u(1),u(2),...,u(M) are realizations of a random variable X

following a distribution Px such that for all x € A'™,

P (@) = pNO) (1 — pyn=N ), (1.2)
Second, the decoding sets D1, D, ..., Dy are defined using the information density function
1: X xY — R, such that
Py x (y|z)
(x,y zlog(7>. J.3
(@) ) (13)

Using this notation, for all £ € {1,2,...,M — 1}:

-1
A n .
Dy = {y eY':lc€arg ke{?}f}f,M}Z (u(k),y) } \]91 Dj,and (J.4a)
N M-1
Dy ="\ |J Ds. (J.4Db)
j=1

Given a generated (n, M)-code, the transmitter inputs the symbol u;(i) at channel use ¢, with
t€{1,2,...,n} to transmit the message index i € {1,2,..., M}. After n channel uses, the IR
observes an n-dimensional channel output vector y. The IR decides upon the index i following

the rule in .

Decoding Error Probability Analysis: Let A be the average over all possible codebooks
of the DEP X in (6.9). An immediate consequence of the random coding union bound [89] is
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J. Proof of Theorem

that the average DEP X is upper bounded by:

) < Exy | min {1, (M —1)Pr ((X;Y) > u(X;Y)) }]
Z Z Px () Py | x (y|x) min {1 (M —1Pr (U(X;y) = u(z;y)) }, (J.5)
reXn yeyn

where the probability in (J.5) is with respect to the random variable X, whose probability
mass function is Px in (J.2)). Note that for all (x,y) € X™ x V", the following holds

L(@y)>uew)) :]l{lo Pyixwl® PY\X(ylm)}
E TPy~ TPy

= L{d(@,y) log a1+ (n—d(2,y)) log(1—a1) >d(x,y) log a1 +(n—d(y)) log(1—a1)}
= L@ ,y)~d(z.y)) log a1~ (d(@.y) ~d(z.y)) log(1—a1)}

]l{(d(a‘c y)—d(zy)) log(2L-)>0} (J.6)
= Uiz ,y)<d(zy)}- (J.7)

where (J.6]) follows from the fact that log (
holds that for all (x,y) € X" x Y™

) <0 for all a; € [0,3). Now, from (I77) it

Pr(uX;y) > uzy) = Y. Liyay)<dey) Px (@) (J.8)
rexn
=Pr (d ()_( y) < d(=x, y))
d(z,y)
Z Pr(d(X,y) =1), (J.9)

where,

Pr(d(X,y) = ))=Pr (zn: L) = z)

t=0
—Pr > Lt X Lgxg=(]), (110
te{m:ym=0} te{m:ym=1}
with £ € {0,1,...,n}. Note that for all y € {0,1}",
Z ]1{)_(,5:1} ~ Binomial(N(0|y),1 — p), and (J.11)
te{m:ym=0}
>, lyx,_q ~ Binomial(n — N(0]y), p). (J.12)
te{m:ym=1}

Therefore, it holds that

1
Pr(d(X,y)zf):;)Pr Z H{thl}:s Pr Z ]l{)-(t:()}:f—s

te{m:ym=0} te{m:ym=1}
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_ : (N(O‘y)) (1— p)spN(0|y)—s <n _KN(0|y)>p£—s(1 _ p)n—N(OIy)—K-i-s

s=0 -
0 N(O —2s n— —2s
_Z< 1Y) )( g_(s|y)>p£+N(0y) 2 1-p) (e+N(0ly)—2s) (J.13)
Plugging (J.13)) in (J.9)) yields
- d(z,y) -
Pr(u(X;y) > u(z;y)) = Z Pr(d(X,y) =)
£1=0
d(zy) ¢
B 21: < (Oly) )( N(O’y)>pK1+N(0|y)2€2(l _ )N Oy)—26s).
£1=0 £5=0 El o 62
(J.14)
The term Exy {Pr (UX;Y) > u(X; Y))} in (J.5) can be calculated as follows:
Exy [Pr (LUX;Y) > uX;Y)) } (J.15)
=Y > Pyix(ylz)Px(x)Pr ((X;y) > u(z;y))
YyeEYN xEXT
=Y I (1 )o@ VO (1 pn-NOIPy (4 (X, ) < d(e,y))
yeYn xeXn

There are 2™ vectors in X™ and such a number can be written as follows for all y € Y™:

on _ z":() z”: Z( Oy)( glN(Zly)) (7.16)
(=0 =0/¢2=0

where the second equality follows from the Vandermonde’s inequality. Hence, given an £ < n
(’g) can be interpreted as the number of vectors in X™ with ¢ zeros. Then, >~} (?) is the
number of all vectors in X™. To continue with this analysis, given a vector y € Y™ and a
vector € X", let £1 be the number of zeros in x; and let also £» be the number of zeros in x
that are in the same components in which the vector y also has zeros. Hence, the number
(N (gy)) ("_ef\i(gy)) can be interpreted as the number of vectors x that contain exactly ¢; zeros
among which /o zeros are placed on components in which y also contains zeros. Therefore,
2220 (N(E()Q‘y)) (”_Efv_(?ly)) = (Z) is the number of vectors in X" with exactly /1 zeros. Using
these interpretations, it holds that

N(O|x) = ¢; and (J.17)
d(z,y) = N(O]y) — b2+ €1 — £ (J.18)
:N(0|y)+€1 — 209, (J.lg)
and
Exy |Pr(u(X;Y) > (X;Y)) (J.20)
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n min{N(0|y),£
_ Z Z { (Zy) 1} O\y N(0ly) N(O\y)+€172£2(1 B al)n_N(o|y)_gl+252
zl —t )M

yeyn £,=0 £2=0
Pph(1— p)"_ﬁlPr( X,y) < N(Oly) + 61 — 265)

n min{N(0ly),¢
5 Z {ZW & O\y N\ N2y, yn=(0l) 426
el —t )™M

yeY™ b= £2=0
N(Oly)+£1—2¢2 ¢35
. O N(O — n— -
=0 £4=0
n n  min{fy Z}
_ Z Z > (Y () (1 )atort2e (g gyttt i gyt
— — o Eo £2 el - £2
=00,= 2=0
Eo-i—fl 252 L3
- Z ) ( i())pewo—m(l — p)n(tatto—2) (J.21)
l3=0 4
3= ly=

> ZZZZ( D)8 () (e)
lo=061=0 €o=0  f3=0 {4—0 Y AV AR

. €0+€1 242(1 _ Oél)n Lo— f1+2€2p€3+€0*254+51(1 _ ,0) n*(€3+€0*2€4+@1). (J.22)

Replacing (J.22) into (J.5), leads to A < ¢(m, p). This completes the proof of the bound on
the information rate. The proof continues with the proof of the bound on the energy rate.

Energy-Shortage Probability Analysis: Consider an (n, M)-code described by the
system in (6.5 generated using the probability mass function in (J.1). Hence, at an energy
transmission rate b, it follows from Lemma @] that for all i € {1,2,..., M},

((1 — 2a2) N (0]u(i)) —I—n(az - b% bb11)> N (1 - a2)? + a2

0,<Q

nag(l — as) 2¢/naz(1—az)

Let 0; be the average over all possible codebooks of the energy-shortage probability 6; in
(6.13]) while transmitting at an energy rate b. Hence, the following holds:

0i= >  Px(x)Pr[Bn(Z) <b| X = a]

reXn
(1 —2a2)N(0|x) +n (ag — b%jbgl) (1-a2)? + a2
<m§nPX($)Q ( nas(l — az) - 2y/naz(l — ag)

—Z() ) ntQ(ﬂ—?awn(aQ—5’5%))+ (1-a)? + a3

nag(l — ag) 2¢/nas(l — ag)

=x(b, p). (J.23)
Hence from (J.23)), it follows that for all i € {1,2,..., M}, 6 < x(b, p). This completes the
proof. [ |

122



K

Proof of Theorem (19

Consider an (n, M, €, d,b)-code with maximum ESP described by the system in (6.5) and
empirical input distribution

Px(0) =1— Px(1) 2 p, (K.1)

The proof is based on the notion of the meta converse introduced in [89]. Consider the
following hypotheses:

Ho: (X,Y) ~ PxQy and (K.2a)
Hi1:(X,Y) ~ PxPyx, (K.2b)
where for all (z,y) € X" x V"
Qy (y) = VOV (1 — )" VOV (K.3)
Px(z) = pV @) (1 — pyn=NO=) " ang (K.4)
Pyix(y|z) = af @Y (1 — ap)"— @), (K.5)

The goal of the binary hypothesis test in (K.2|) is to determine, based on the observation
of x € X" and y € X", whether these vectors are realizations of the random variables in
hypothesis Ho or H;. Consider a random transformation Ppxy from X™ x Y"* — {0,1}.
Note that this transformation can be a randomized test for the hypothesis test in (K.2). More
specifically, Prx y(1|z,y) =1 — Prx y(0|z,y) is the probability with which H; is accepted
given x and y. Define the function 8_ : A(X™ x Y")? — [0, 1] by

Bi—e(Pxy, PxQy) =

inf i Y Y Py (e ) Px(@)Qv ()|,
Prixy: O, Y. Prixy(llz, y)Pyix(ylz)Px(z) > 1 — € "yeyna exn
yeYyn xeXxn

(K.6)

that is, the minimum probability of falsely rejecting Hg given that the probability of successfully
accepting H; is lower bounded by 1 — e. Note that the corresponding log-likelihood ratio for
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K. Proof of Theorem

these hypotheses is for all (x,y) € X™ x Y™,

log = vix(yle) | (1- )@ w) o 1Y)
Qv (y) gN(0.y) (1 _ q) n—N(0,y)

=(n —d(z,y))log(1l — a1) + d(, y) log i — N(0ly)log (g) — (n — N(0ly))log (1 - q)

11— 1-—
=nlog ( 1 > +d(z,y) log + N(0|y) log
- aq

Hence, from the Neyman-Pearson lemma, it follows that the optimal test is of the form

0 if d(xz,y)log= - (0]y) log = <L
Pixy(lz.g) =4 A it d(zy) (Oly) log 124 = L &)
1 if  d(e, )1og1a1 +N(0|y)1og1 9>,

where the constants A € [0, 1], and L € R are chosen to satisfy:

l—e=) > P7*“|XY(1’way)PY|X(y|w)PX($)
yeYnr €xn

=5 T (1 ) @) gl y) pNOR) (1 _ )N (O)

yeynr exn

(K.8)

( {d 2,y)log 12—+ N (0]y) log 14> 1} +M{d( 2,y) log 721+ N (0]y) log 15 L})‘

The equality in (K.8|) can be rewritten by noting that there are 2" vectors in X™ and for all

yeym
n_ & (Oly) ) ( N(Oly)>
2 : K.9
() ZZ( bt (&9)

where the second equality follows from the Vandermonde’s inequality. Given a vector y € Y™
and a vector @ € X", let £1 be the number of zeros in x; and let also £5 be the number of zeros
in « that are in the same components in which the vector y also has zeros. Hence, the number
(N(gy)) (" Zf\i(0|y)) can be interpreted as the number of vectors @ that contain exactly ¢1 zeros
among which /5 zeros are placed on components in which y also contains zeros. Therefore,
2220 (N(e(;‘y)) ("_Ef\i(%'y)) = (Z) is the number of vectors in X" with exactly /1 zeros. Using
these interpretations, it holds that

N(O|x) = ¢; and (K.10)
d(z,y) = N(Oly) — o+ {1 — £ (K.11)
= N(0ly) + 61 — 265, (K.12)

and thus, the equality in (K.8) can be rewritten as follows:

(0 ~N@© . ) . .
1—e= Z Z Z ( ‘y > ( 0 —(Eiy)> (1 — 041> (N(0ly)+£1 242)0[{\7(0‘?!)'%1 2€2pf1<1 _ P) 141

yeYn £1=0/02=0

+ A1
{

'<]1{(N(0y)+€1 —20) log =1 +N(0]y) log 24 ‘1>L} (N (0]y)+£1—2£2) log 71 +N(O|y)logL})
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n n {1
_ Z Z Z n —{o (1- al)n—(fo-i-&—252)a€0+51—242p€1(1 _ p)n—ﬁl
0=0£1=0 2=

1 _ Al ) .
( {(fo+f1—2£2) log %-‘rfo log 1Tq>L} + {(fo—‘,-él—Qfg)lOg T—ay +£y 10g— L}

Plugging (K.7)) into (| - yields
Bie(Pxy, PxQy)=Y_ > Pixy(llz,y)Qy(y)Px(x)

yeynr exn

_Z Z p 0|90 —p)"~ N(O\ﬂf) (U\y)(l_q)n*N(Oly)

yeynx cAn

(1{d( ,y>log1“1 +N (0ly) log 54> 1} AL {dl@.)log 2L +N (0ly) log 15 L})

— Z i Z ( (Oly) ) < . _(Zy))pél(l _ p)nféqu(O\y) (1- q)n_N(OIy)

yeYn £1=042=0

(]l{( N(0ly)+1—2¢2) log t=1- +N(0ly) log 14 ‘1>L}

+>‘]l{(zv(o|y)+el 202) log 2L+ N (0]y) log 1-2= L}>
n n 01
n Eo n — 60 _ _
=2 2 <£)(£)(£ _g)p“(l—p)” g (1—g)"™"
0o=0£,=0£,=0 \"0 2 1= *2
]1{(eo+el —263) log 12— +£o log 11 ‘1>L} +)‘]1{(£0+el —265) log 12— +0o log 1=2= L})
27(p, 9)-
Finally, from Theorem 29 in [89], it follows that
M < T(b), (K.13)

where the function I is defined in and the optimization domain over p is due to Corollary
which requires that p > p*(b). This completes the proof of the information bound.

The proof continues with the proof of the bound on the energy rate. From Proposition
subject to a maximum ESP constraint, it follows that for any (n, M, €, d,b)-code described by

the system in (6.5)) for the random transformation in (6.1]) satisfying (6.12), it holds that for
allie{1,2,..., M}

bg(bo _ bl) ( (1—2042) ]5)((1')(0)—1—042) +b1— \/(bo - b1)2a2(1—a2)Q71 (5"‘2(1_(12)2_'_0[%)>K-14)

n nag(l—ag
—(1_ o= b))l —as) 4 (1 —a9)? + a2
_(1 Ozg)b() + aoby \/ - Q ((5 + 2m> (K.15)
=B". (K.16)

From (K.13) and (K.16), it follows that the information rate % and the energy rate b of
any (n, M, e, d,b)-code for the random transformation in (6.1]) satisfying (6.12)) subject to a

125



K. Proof of Theorem

maximum ESP constraint are such that, M < I'(b) and b < B*. This completes the proof of
Theorem 19 [
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