N
N

N

HAL

open science

Invariants of the Legendrian lift of an exact Lagrangian
submanifold in the circular contactization of a Liouville
manifold
Adrian Petr

» To cite this version:

Adrian Petr. Invariants of the Legendrian lift of an exact Lagrangian submanifold in the circular
contactization of a Liouville manifold. Symplectic Geometry [math.SG|. Nantes Université, 2022.

English. NNT': 2022NANU4070 . tel-03793906v2

HAL Id: tel-03793906
https://hal.science/tel-03793906v2
Submitted on 7 Apr 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/tel-03793906v2
https://hal.archives-ouvertes.fr

I\ Nantes

W Université

SE DE DOCTORAT DE

Rapporteurs avant soutenance :

Mihai DAMIAN Maitre de conférences, Université de Strasbourg
Alexandru OANCEA Professeur, Sorbonne Université

Composition du Jury :

Président : Frédéric BOURGEOIS Professeur, Université Paris-Saclay

Examinateurs : Claire AMIOT Maitre de conférences, Université Grenoble Alpes
Georgios DIMITROGLOU RIZELL Professeur, Université d’'Uppsala
Agnés GADBLED Maitre de conférences, Avignon Université

Dir. de thése : Vincent COLIN Professeur, Nantes Université

Co-dir. de these :  Paolo GHIGGINI Chargé de recherches CNRS, Nantes Université






REMERCIEMENTS

Ce mémoire de these vient clore une longue aventure qui a finalement été tout sauf soli-
taire. J’aimerais remercier ici toutes les personnes qui y ont participé, et qui 'ont rendu
si spéciale.

Evidemment le directeur de thése joue un role essentiel durant ces trois années. Merci
Paolo de m’avoir fait découvrir de belles mathématiques, de m’avoir introduit dans la com-
munauté des chercheurs en topologie symplectique, et de m’avoir emmené avec toi jusqu’en
Suede ot j’ai pu travailler dans un cadre exceptionnel. Merci surtout de m’avoir patiem-
ment écouté, semaine apreés semaine, sombrer un peu plus dans ’algebre sans d’autres
plaintes que tes légendaires "Povero Paolo". Merci Vincent pour ta disponibilité et ta
bienveillance a chaque fois que j’en avais besoin ; merci aussi de nous avoir aidé a surmon-
ter les problemes administratifs. Je remercie Mihai Damian et Alexandru Oancea d’avoir
accepté d’étre rapporteurs pour cette these. Merci a Claire Amiot, Frédéric Bourgeois,

Georgios Dimitroglou Rizell et Agnes Gadbled d’avoir accepté d’étre membre du jury.

J’aimerais consacrer quelques lignes aux chercheurs que j’ai rencontré durant ces trois
années et qui ont eu un role dans cette these, a commencer par les rapporteurs et membres
du jury. Merci Georgios pour ton intérét envers mon probléme de these ; merci d’avoir tou-
jours pris le temps de répondre a mes questions malgré ton emploi du temps surchargé ;
merci enfin pour tous les moments moins formels passés a Uppsala et a Nantes. Merci
Alexandru de t’étre intéressé a mon travail de these et de m’avoir plusieurs fois écouté
en parler. Merci Mihai pour les remarques qui ont permis d’améliorer le mémoire. Merci
Frédéric pour le regard bienveillant que tu as porté sur mon travail, en particulier pendant
les réunions du CSI. Merci Agnes pour ton écoute des doctorants pendant les conférences.
Passons maintenant aux chercheurs du laboratoire Jean Leray. Merci a Baptiste Chan-
traine pour les tres nombreuses discussions que nous avons eues ; merci en particulier de
m’avoir encouragé a étudier la localisation des catégories A, qui joue finalement un role
tres important dans ma these. Je remercie aussi Marco Golla pour sa bienveillance et
son soutien au laboratoire, Erwan Brugallé pour sa bonne humeur aux déjeuners du sémi-
naire TGA, Francois Laudenbach pour ses nombreux conseils et sa disponibilité, Stéphane

Guillermou pour avoir essayé de m’expliquer a quoi servent les faisceaux en géométrie de



contact, Gilles Carron pour l'attention portée a mon CSI, Gabriel Riviere pour la gen-
tillesse qu’il a eu de répondre aux questions un peu "annexes' que Antoine et moi nous
sommes posés. Merci aux algébristes du LMJL, en particulier Friedrich Wagemann, Salim
Riviere et Johan Leray pour m’avoir donné une vision plus large des objets algébriques que
je manipulais. Enfin, je remercie Tobias Ekholm et Vivek Shende pour les conversations

enrichissantes que j’ai eu avec eux lorsque j’étais a l'institut Mittag-Leffler.

Durant ces trois années, je ne peux compter le nombre de fois ou j’ai dii demander
I’aide des secrétaires du laboratoire. Merci a Brigitte, Alexandra, Caroline, Stéphanie,
Anais, Béatrice pour leur gentillesse et leur incroyable efficacité. Merci a Eric et Said
pour leur aide lors des soucis informatiques. Merci a Anh et Claude, grace a qui nous
avons acces aux livres et articles du CRDM. Merci enfin aux personnels d’entretien qui

nous permettent de travailler dans des locaux propres.

J’aimerais maintenant me livrer aux traditionnels remerciements des doctorants, post-
docs et ATER. Tout au long de I'aventure que constitue la these, il est évident que ces
derniers jouent un role tres particulier. Ils contribuent a la formidable ambiance qui regne
chaque jour au rez-de-chaussée (sous-sol?) du LMJL, et jaurais du mal a dire a quel
point leur présence a été importante pour moi. Il me semble difficile de ne pas com-
mencer par remercier mon inimitable co-bureau. Merci Antoine d’avoir été un soutien
sans faille durant ces trois longues années. Il est probablement impossible de chiffrer le
nombre d’heures qu’on a passé a discuter de maths, de cours, de la recherche, de la vie.
Tout comme il est impossible de chiffrer le nombre de cafés pris ensemble. J’espere que
I’expression "étre dans le bidual" aura une postérité dans le labo. Merci aussi a Céline
pour avoir magnifiquement décoré notre bureau et avoir amené un peu de folie dans nos
soirées entre doctorants. Merci Claire et Arthur d’avoir été mes premiers co-bureaux et
de m’avoir si bien accueilli; vous m’avez tout de suite fait me sentir a I’aise dans ce nou-
vel environnement. Merci Solene de m’avoir laissé ton bureau et de m’avoir appris que
Hanabi est un jeu plus addictif qu’il n’y parait. Merci Matthieu pour m’avoir appris a
jouer a la tarouinche (j'espére que ga s’écrit comme ¢a) et pour ton esprit critique sur
le monde de la recherche. Merci Caroline pour ta bonne humeur et tes histoires invrai-
semblables du college ou tu enseignais. Merci Hélene pour ton accueil dans ton bureau,
c’était toujours tres agréable d’arriver le matin et de discuter avec toi (avec seulement
la lumiere du lampadaire). Merci Zeinab pour tous ces moments ou tu nous as fait rire,
en particulier autour de la machine & café (on se demande toujours qui a bien pu arréter

le nettoyage de la machine en plein milieu) ou de ton fameux café libanais. Merci Maha

4



pour tous tes conseils, que ce soit pour la these ou les cours, c¢’était toujours tres agréable
de discuter avec toi. Merci Come de m’avoir patiemment accompagné dans la découverte
du monde de I’homologie de contact Legendrienne, j’espere qu’on continuera longtemps a
discuter de maths; merci surtout pour la phrase introductive de ta these dont je suis tres
jaloux. Merci Germain pour m’avoir tant rassuré sur le déroulement de la these, sur les
cours a donner et les corrections de copies ; merci pour toutes les discussions qu’on a pu
avoir, j’avais toujours envie de venir m’asseoir quelques minutes (ou plus) sur le fauteuil
de ton bureau pour échanger avec toi. Merci Thomas G., figure incontournable du labo,
pour tous les conseils que tu m’as donné et pour avoir si bien intégré tous les nouveaux
doctorants. Merci Mohamad pour ta gentillesse et ton calme rassurant. Merci Meissa pour
ton humour et tes anecdotes incroyables. Merci Trung pour les chansons qui parvenaient
parfois jusqu’a mon bureau. Merci Mael d’avoir partagé le bureau avec Antoine et moi,
merci pour nos discussions souvent droles sur les copies de nos étudiants. Merci Anh pour
ta gentillesse, pour toutes nos discussions aux déjeuners du séminaire TGA ou en de-
hors, pour t’étre confronté avec moi aux aspects administratifs de la these ; merci enfin de
nous avoir fait découvrir le plumfoot, j'espere que cette tradition restera au labo. Merci
Alexandre L. pour tes énigmes mathématiques, ta connaissance encyclopédique des jeux
de société et surtout pour ta gentillesse qui rendaient les pauses dans le labo et les soirées
en dehors du labo tres agréables. Merci Fabien pour ta capacité a t’intéresser a chacun
des doctorants du LMJL, je pense que chacun de nous apprécie sincerement de discuter
avec toi; merci pour les falafels du mercredi soir ou on discutait de tout et n’importe
quoi, merci surtout de nous avoir fait penser a payer ’addition. Merci Samuel pour avoir
imprimé (en 3D!) des objets mathématiques trés bizarres, et pour tes jolis exposés au
séminaire des doctorants. Merci Anthony pour avoir partagé avec moi tes réflexions sur
la these, la recherche et la science en général tout au long de ces trois années ; merci aussi
de m’avoir fait croire des choses invraisemblables. Merci Flavien pour ta gentillesse, ton
humour et ta passion pour Civilization (67). Merci Adrizn avec z € {a,e} \ {a} pour
avoir fait vivre le groupe des doctorants en période de Covid, merci pour nos discussions,
mathématiques ou non, et pour tes tétes mémorables au plumfoot. Merci aussi a Lisa pour
savoir si bien imiter les accents en anglais. Merci Silvere pour avoir si souvent accepté
de discuter d’algebre avec moi; merci aussi de m’avoir souvent accueilli dans ton bureau
lorsque j’étais épuisé par ’écriture de la these et que j’avais besoin de parler d’autre chose.
Merci Jean et Lucas D. pour les moments agréables passés autour des pots de these. Merci

Ludovic M. pour ta participation assidue au séminaire des doctorants et pour les discus-



sions qu’on a pu avoir dans notre bureau. Merci Hai pour m’avoir offert des gateaux tres
bons mais a la texture surprenante. Merci Ludovic G. pour nous avoir motivé (forcé?) a
aller a la piscine, et pour nous avoir fait faire des exercices aussi improbables que le grand
chien et le petit chien. Merci Hanine pour ta gentillesse et ta capacité a si bien expliquer
des mathématiques difficiles. Merci Michele pour avoir réfléchi avec moi sur la preuve
du théoreme de Bennequin. Merci Fabrice pour ton avis éclairé sur ’enseignement et le
monde de la recherche, et pour ton aide précieuse avec I’agreg. Merci Destin pour m’avoir
appris ce qu’était un réseau de neurones. Merci Charbella pour ton sourire communicatif.
Merci Khaled pour ta bonne humeur a chaque fois que 1'on se croise dans les couloirs.
Merci Gaspard pour ton investissement dans la vie du labo, discuter avec toi est toujours
tres agréable. Merci Gurvan pour ta sérénité a toute épreuve (qui te donne un style inimi-
table au baby foot), merci pour m’avoir embarqué dans un probleme de dénombrement
lorsque j'avais besoin de me changer les idées. Merci Thomas C. pour ton humour, pour
nous avoir permis de jouer au baby foot avec une balle dédicacée par un joueur célebre
et pour tes prouesses au plumfoot (j'espere que vous récupérerez celle qui est sur le toit
un jour). Merci Damien pour ton calme et ta gentillesse, vous formez avec Thomas un
sacré binome! Merci de m’avoir accueilli dans votre bureau lorsque je n’en avais plus,
j'espere Damien que tu prendras le dessus au tableau des scores échiquéen. Merci Klervi
(alias responsable du comité d’animation) pour ta bonne humeur et 'ambiance que tu
mets dans le groupe des doctorants, merci aussi de m’avoir prété ton appartement. Merci
Lucile pour m’avoir encouragé dans la derniére ligne droite avant la soutenance, j’étais
tres content de te revoir apres ces trois ans loin de 'ENS Rennes. Malgré le peu de temps
que nous avons passé ensemble, merci a tous les nouveaux doctorants que j’ai rencontré :
Alexandre P., Lucas M., Clément, Paul, Giovanny, Elric... Merci également Noémie pour
avoir accepté de partager ton bureau a Uppsala, et pour les nombreux moments agréables
passés avec Paolo et Georgios. Enfin, merci a Cyril, Ella et Simon avec qui j’étais toujours

impatient de discuter lors des séminaires Nantes-Orsay.

Ces trois années de these auraient sans doute été completement différentes sans la
présence de mes amis et ma famille en dehors du laboratoire. Merci Jérémy pour ton calme
et ton humilité qui m’ont toujours impressionné, nos trajets en bus pendant lesquels on
discutait de tout et de rien me manquent. Merci Mégane pour ta gentillesse et ton humour,
j'espere que j’aurai encore beaucoup d’occasions de te parler de fonctions propres. Il est
clair que faire des mathématiques avec vous deux, au dernier étage de 'IRMAR pendant

I’agreg, a fortement contribué a ma maniere de faire des mathématiques aujourd’hui. Merci



Rudy et Roméo d’avoir été présents depuis la premiere année de 'ENS Rennes, pendant
laquelle on faisait des diners a Bruz village avec Camille, jusqu’a cette derniére année
de theése ou 'on s’est retrouvé encore récemment sur les quais de la Seine. J’espére de
tout coeur qu’on arrivera a rallonger notre liste de souvenirs dans les années qui viennent.
Merci aussi & Michel, Corentin et Emeric pour tous les bons moments passés, et aussi
toutes les mathématiques apprises ensemble. Merci enfin & tous mes autres camarades
de 'ENS Rennes qui m’ont fait vivre quatre années formidables et enrichissantes. Merci
Titouan d’avoir été le meilleur des compagnons de route lors des trajets Rennes-Nantes
que nous faisions en M2, merci surtout pour ta gentillesse et nos discussions sur la science
en général que je trouve toujours aussi passionnantes. Merci Raissa, Medhi, Maryane et
Karoline pour avoir formé un groupe d’amis aussi exceptionnel. Le fait d’étre aussi soudé
apres tant d’années est un grand bonheur. Votre soutien constant durant ces trois années,
ainsi que nos parties de bowling, de pétanque, de ping-pong (ol nous n’avons pas toujours
brillé par notre niveau), ont été tres important pour moi. Je voudrais enfin remercier les
formidables familles que j’ai la chance d’avoir autour de moi. Merci aux Peudevin avec qui
j’ai passé d’excellents moments, que ce soit a I’escrime ou ailleurs. Merci surtout pour toute
I’aide que vous nous avez apporté dans les moments difficiles. Merci aux Goullencourt
avec qui j'ai passé une grande partie de ma vie, et qui m’accueillent encore aujourd’hui
pour diner lorsque je suis seul de 'autre coté de la rue. Nul doute que vous étes une
famille tres spéciale pour moi. Merci aux Moreno, avec qui j’ai fété tant d’éveénements
importants. C’est toujours un immense plaisir lorsqu’on se retrouve tous pour manger,
présence d’Alexis oblige, une raclette. Merci aux Philippon qui n’ont cessé de me soutenir
pendant ces trois années de these. J’ai toujours trouvé du réconfort chez vous, pres de vos
inimitables bébés chiens. Merci Maman et Lora pour tout 'amour que vous me donnez
(et, il faut bien le dire, pour avoir préparé le pot de these). J’aime a penser que Janine et
Papa seraient heureux de nous voir tous réunis pour cette occasion.

Enfin, pour toi qui a été pres de moi pendant les moments les plus heureux et les plus
difficiles, quelques lignes ne suffiront pas a exprimer tout ce que je te dois. En bref, pour

m’avoir soutenu, rassuré, et fait grandir a tes cotés, merci Amandine.






TABLE DES MATIERES

Introduction

Géométrie symplectique et géométrie de contact . . . . . . . ...

Invariants algébriques . . . . . . . ...

Main results and organization of the thesis . . . . . . ... ... ... ... ...

1 Algebra

1.1

1.2

1.3

DG-(co)algebras . . . . . . ..
1.1.1 Basic definitions . . . . . . . . ... L
1.1.2  Triangular DG-algebras . . . . . . .. .. .. ... ... ...
1.1.3 Mapping cylinder of a DG-map . . . . .. ... ... ... .....
1.1.4 Quasi mapping cylinder of an elementary DG-isomorphism . . . . .
Aso-(co)algebras . . . . . ..o
1.2.1 Basic definitions . . . . . . ... oo oL
1.2.2 Bar, cobar, graded dual and Koszul dual . . . . ... .. ... ...
1.2.3 Coneof an Aoc-map . . . . . . . ...
Aso-categories . . . ...
1.3.1 Basic definitions . . . . . . ... oo L
1.3.2  From Adams-graded to non Adams-graded and back . . . .. ...
1.3.3 Quotient and localization . . . . . . . . ... ... ... ... ...,
1.34 Modules . . . . . ..
1.3.5 Grothendieck construction and homotopy colimit . . . . . ... ..

1.3.6  Cylinder object and homotopy . . . . . . . . . ... ... ... ...

2 Mapping torus of a quasi-autoequivalence

2.1

2.2
2.3

Definitions and main results . . . . . . ... ... ...
2.1.1 Definitions . . . . . . . ..
2.1.2 Mainresults . . . . . ...
Results about specific modules . . . . . . ... ... ... ... .. .....

The A,.-category and modules for the mapping torus . . . . . . . .. ...

9

13
14
23
33

39
39
39
41
42
44
46
47
20
25
57
o8
29
61
63
73
76



TABLE DES MATIERES

2.3.1 The Ay-category G . . . . . . .. 92
2.3.2 Modulesover G . . . . . .. 94

2.4 Proof of the first result . . . . . . . ... oo 98
2.5 Proof of the second result . . . . . .. .. ... oo 102
2.5.1 Generalized homotopy . . . . . . . . .. ... L. 102
2.5.2 Relation between G and A" . . . . . . . ... 104
2.5.3 End of the proof . . . . . ... 110

3 Legendrian invariants 113
3.1 Definitions . . . . . . . ... 113
3.1.1 Conley-Zehnder index . . . .. .. ... .. ... .. ... ..... 113
3.1.2 Moduli spaces . . . . . ... 115
3.1.3 Chekanov-Eliashberg DG-algebra . . . . . . .. .. ... ... ... 118

3.2 Invariance and homotopies . . . . . . . . ..o 119
321 Mainresult . . . . ... 119
3.2.2 Constructionsin VxT*R . . . ... ... . ... ... ....... 120
3.2.3 Construction of the tame DG-isomorphism . . . . . . . . . ... .. 125
3.2.4 Mapping cylinder as Chekanov-Eliashberg algebra . . . . . . . . .. 133
3.2.5  Proof of the mainresult . . . .. .. ... ... ... ... ..... 137

4 Legendrian lift of an exact Lagrangian in the circular contactization 139

4.1

4.2

4.3

4.4

Setting and Legendrian invariants . . . . . . . . .. ... ... ... .. .. 139
411 Reebchords . . . . . .. ... 140
4.1.2 Conley-Zehnder index . . . . . ... .. ... ... ... ... 142
4.1.3 Mainresult . . . .. ..o 143
Lift to R X P . . . . . e 147
4.2.1 The Ayp-category A. . . . . . . .. 147
4.2.2 The quasi-autoequivalence 7 . . . . . . .. ..o 148
4.2.3 Relation between LA* (A°) and (A, 7). . . . . .. .. .. ... ... 149
Rectification of the contact form . . . . . . . . .. ... ... ... 151
4.3.1 The Ap-category Ay . . . . . . . 153
4.3.2 The quasi-autoequivalence 74 . . . . . . . ... ... L. 154
4.3.3 Relation between (A, 7) and (A, 7)) . . .. ... 155
Back to the original almost complex structure . . . . . .. . ... ... .. 157
4.4.1 The Ax-category Ay . . . . . . oL 157



TABLE DES MATIERES

4.4.2 The quasi-autoequivalence 7o . . . . . .. ... 158
4.4.3 Relation between (Ay,7) and (A2, 72) . . . . . L 158

4.5 Projection to P . . . . ... 160
4.5.1 The Ax-category O . . . . . . .. 160
4.5.2 The quasi-autoequivalence v . . . . . . . ... ... 161
4.5.3 Relation between (A, ) and (O,7) . . . . ... .. ... .. ... 163

4.6 Mapping torusof v . . . . ... 165
4.6.1 Continuation elements . . . . . . .. . ... ... ... ... ... 165
4.6.2 The O-bimodule map . . . . ... .. .. ... ... ........ 166
4.6.3 Proof of the mainresult . . . .. ... ... ... ... .. .. ... 172
Perspectives 175
5.1 First generalizations . . . . . . .. ... oL 175
5.2 Circular contactizations . . . . . . . . . .. . ... ... 178
5.3 Subcritically fillable contact manifolds . . . . . . . . ... ... ... ... 179
5.4 Boothby-Wang contact manifolds. . . . . . . .. ... ... ... ... ... 180
5.5 Contact mapping tori and contact manifolds with open book decomposition 182
Extended Legendrian A.-algebra 183
A1 Setting . . . . . . 183
A.2 Some A.-categories and A-algebras . . . .. ... 184
A.3 Relations between A..-categories and A -algebras . . . . . . .. ... ... 186
Ekholm-Lekili revisited 191
B.1 Setting . . . . . . . 191
B.2 Some A, -categories . . . . . . .. .. 192
B.3 Results. . . . . . . 193
Bibliography 197

11






INTRODUCTION

L’homologie de contact Legendrienne est un invariant des sous-variétés Legendriennes in-
troduit par Chekanov [19] et Eliashberg [34], qui de plus s’inscrit dans la Théorie Symplec-
tique des Champs de [35]. L’algebre différentielle graduée de Chekanov-Eliashberg, dont
I’homologie est précisément cet invariant, a été rigoureusement définie dans la contacti-
sation d'une variété de Liouville par Ekholm, Etnyre et Sullivan dans [28] et [26]. Son
importance va au-dela des applications a la classification des Legendriennes : elle a ainsi
été utilisée par Bourgeois, Ekholm et Eliashberg dans [16] pour calculer des invariants
symplectiques des variétés de Weinstein, mais aussi d’'une maniere différente par Chan-
traine, Dimitroglou Rizell, Ghiggini et Golovko dans [18] afin de prouver un résultat de

génération pour la catégorie de Fukaya enroulée des variétés de Weinstein.

La motivation pour cette these est I’étude de 'homologie de contact Legendrienne dans
les variétés de contact munies d’un remplissage sous-critique et dans les variétés dites de
Boothby-Wang, qui sont les espaces totaux des fibrés de préquantifications. Cette étude
a été menée en dimension 3 par Ekholm et Ng dans [33] pour le cas sous-critiquement
remplissable, et par Sabloff dans [56] pour le cas Boothby-Wang. L’importance des es-
paces du premier type vient du fait que toute variété de Weinstein est obtenue a partir
d’une variété sous-critique (de la forme C x P pour une certaine variété de Weinstein
P) par attachement d’anses le long de sous-variétés Legendriennes dans son bord a l'in-
fini. L’importance du second type d’espaces vient d’un théoréeme de Donaldson dans [24],
qui énonce que toute variété symplectique entiére (X,w) admet une sous-variété sym-
plectique D C X de codimension 2 telle que X \ D est une variété de Liouville dont le
bord a l'infini est une variété de Boothby-Wang. La premiere étape pour étudier les deux
situations présentées ci-dessus est de s’intéresser a I’homologie de contact Legendrienne
dans la contactisation circulaire S* x P d’une variété de Liouville P. En effet, les variétés
de contact remplissables par une variété sous-critique et les espaces de Boothby-Wang

peuvent étre vus comme des compactifications de contactisations circulaires.

Le chapitre 1 contient les définitions des objets algébriques, ainsi que quelques ré-
sultats de base, qu’on utilise dans la theése. Dans le chapitre 2, on utilise les colimites

homotopiques de catégories A, introduites par Ganatra, Pardon et Shende dans [37] et
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Géométrie symplectique et géométrie de contact

[38] pour définir le tore d’application associé & une quasi-autoéquivalence de catégorie
As. On démontre ensuite les Théoremes A et B, qui sont les contributions algébriques
principales de la these. Ils permettent de calculer ce tore d’application dans certaines si-
tuations. Notons que ces théoremes ne nécessitent pas de contexte Legendrien, et peuvent
étre vus comme des résultats algébriques généraux sur les catégories A,.. Le chapitre
3 est consacré a l'algebre différentielle graduée (DG) de Chekanov-Eliashberg d’une Le-
gendrienne dans une variété munie d’'une forme de contact hypertendue. En adaptant
des arguments de [28], et en utilisant la notion de cylindre d’application comme dans
[53], on prouve le Théoréeme C, qui explicite le comportement de cette algebre DG sous
certaines modifications de la Legendrienne et de la structure presque complexe. Dans le
chapitre 4, on étudie les relations entre une sous-variété Lagrangienne exacte L dans une
variété de Liouville (P, A) et un relevé Legendrien A° de L dans la contactisation circu-
laire (S* x P,df — ). Contrairement au cas de la contactisation standard R x P, chaque
point d'une Legendrienne dans S' x P donne lieu & une infinité dénombrable de cordes
de Reeb pour la forme de contact standard, et on est dans une situation dite dégénérée.
Le Théoreme D, qui peut étre vu comme le résultat central de la these, relie I'algebre
Ao de Floer de L et I'algebre DG de Chekanov-Eliashberg de A°. Ce résultat a de fortes
similitudes avec la Conjecture 6.3 de Seidel dans [57], dont une preuve est esquissée par
Ganatra et Maydanskiy dans I’Appendice de [16]. Notre approche est cependant différente
de celles qui apparaissent dans les références citées ci-avant. En résumé, on applique une
succession d’opérations géométriques a la situation initiale, et on utilise les Théoréemes A,
B et C pour comprendre comme les objets algébriques correspondants sont reliés les uns

aux autres.

Avant d’énoncer les résultats principaux de la theése, on donne une introduction aux
domaines dans laquelle cette derniere s’inscrit, c’est a dire la géométrie symplectique et

la géométrie de contact.

Géométrie symplectique et géométrie de contact

On commence par définir et donner des exemples des objets de base en géométrie symplec-
tique et en géométrie de contact. On présente ensuite brievement les notions de variétés

de Liouville et variétés de Weinstein.
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Définitions et exemples

On renvoie a [51] (pour la partie symplectique) et [39] (pour la partie contact) pour un

exposé détaillé de ces deux domaines.

Géométrie symplectique

Définition. Une variété symplectique (X, w) est la donnée d’une variété différentielle X

et d'une 2-forme w fermée et non-dégénérée, appelée forme symplectique.

La condition de non-dégénérescence sur la forme symplectique implique qu’une variété

symplectique est nécessairement de dimension paire.
Exemples. On donne quelques exemples de variétés symplectiques.

1. La 2-forme
wo =dxy Ndy; + -+ - + dx, N\ dy,

est une forme symplectique sur C”.

2. La restriction de wy sur la sphére unité S?"~! C C" est invariante par I'action de S*
(par multiplication). Elle induit ainsi une forme symplectique wpg sur le quotient
S2n=1/891 — CP™ !, appelée forme de Fubini-Study.

3. Soit M une variété différentielle. Notons 7 : T*M — M la projection. On appelle

forme de Liouville sur T*M la 1-forme Aj; définie par

M (q,p) v = (p, Dm(q)v)
pour tout p € Ty M et v € T(y,)T*M. Alors wy = —dAy est une forme symplectique
sur T*M.

Définition. Soit (Xi,w;) et (Xo,wq) deux variétés symplectiques. Un symplectomor-

phisme f : (X1,w;) — (X3, ws) est un difféomorphisme f : X — X, qui vérifie f*wy = w;.

Remarque. L’application

cn — T*R"
(@1 y1)s s (@nyn) = (x,(y:7)

(ou (-,-) désigne le produit scalaire usuel sur R") définit un symplectomorphisme de
(C™,wp) vers (T*R™, wgrn).
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Un aspect frappant de la géométrie symplectique est qu’elle n’a pas d’invariant local.

Plus précisément on a le résultat suivant, appelé Théoreme de Darboux.

Théoréme. Soit (X,w) une variété symplectique. Tout point de X admet un voisinage

symplectomorphe d un voisinage de 0 dans (C",wy).
On définit maintenant la notion de Lagrangienne.

Définition. Soit (X,w) une variété symplectique de dimension 2n. Une immersion i :
M — X est dite isotrope si t*w = 0. Dans ce cas, la dimension de M est nécessairement
inférieure ou égale a n. Si dim(M) = n, on dit que i est Lagrangienne. Enfin, une sous-

variété L de X est dite Lagrangienne si L est I'image d'un plongement Lagrangien.
Exemples. On donne quelques exemples de sous-variétés Lagrangiennes.

1. Le sous-espace

R"={(z1,...,2,) €C" | z1,...,2, € R}

et le tore (S1)", on S désigne le cercle unité dans C, sont des sous-variétés Lagran-

giennes de (C", wy).

2. L’espace projectif réel
RP" ={[z1:...: 2,41] € CP" | 2z1,...,2, € R}
et le tore de Clifford
Lor=A{lz1:...: 2pi1] €ECP" | |21 =+ = |z}

sont des sous-variétés Lagrangiennes de (CP", wgg).

3. La O-section 0y = {(¢,0) € T*M | ¢ € M} est une sous-variété Lagrangienne de
(T*M,wyy). Plus généralement, I'image d'une 1-forme différentielle n : M — T*M
sur M est une sous-variété Lagrangienne de (T*M,w)ys) (par exemple, la 0-section

0ps est 'image de la 1-forme nulle).

4. Pour tout point qo de M, la fibre T M est une sous-variét¢ Lagrangienne de
(T*M,wyy). Plus généralement, si S est une sous-variété de M, alors son fibré co-

normal
Ls ={(¢q,p) € T*M | g € S et (p, T,5) = 0}
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est une sous-variété Lagrangienne de (T*M,wys) (par exemple, la fibre T M est le

fibré conormal du point q).

On termine ce paragraphe en énoncant le théoreme de Weinstein sur les voisinages des

Lagrangiennes.

Théoréme. Soit (X,w) une variété symplectique, et i : M — X un plongement Lagran-
gien d’image L. Alors il existe un voisinage U de L dans X, un voisinage V de 0y dans

T*M, et un symplectomorphisme f :U — V tel que

(foi)(q) = (q,0)

pour tout q € M.

Géométrie de contact

Définition. Une variété de contact (Y,&) est une variété différentielle Y munie d’un
champ d’hyperplans € C T'Y, appelé structure de contact, vérifiant la condition suivante :
pour tout point a € Y, il existe un voisinage V de a dans Y, et une 1-forme « sur V), telle
que &y = ker(a) et (dov)|ker(a) €st non-dégénérée.

Une forme de contact sur une variété différentielle Y est une 1-forme sur Y dont le
noyau est une structure de contact. Etant donné une structure de contact £ sur Y, il existe
une forme de contact sur Y dont le noyau est & si et seulement si £ est co-orientable (c’est
a dire que le fibré en droites 7Y/ est orientable).

Remarque. Notons que si f est une fonction qui ne s’annule jamais, et si da est non-

dégénérée sur ker(a), alors d(fa) est non-dégénérée sur ker(fa) = ker(a).

Comme en géométrie symplectique, la condition de non-dégénérescence implique que
les hyperplans de la structure de contact sont nécessairement de dimension paire. Autre-

ment dit, une variété de contact est nécessairement de dimension impaire.

Définition. Soit o une forme de contact sur une variété Y. Le champ de Reeb de « est

le champ de vecteurs R, défini par les relations
tr,da=0¢et a(R,) =1.

Exemples. On donne quelques exemples de variétés de contact.
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1. La 1-forme
ap = df — (yidzy + -+ + ypday,)

est de contact sur Ry x C". Le champ de Reeb de ag est R,, = 0p.

2. Considérons la 1-forme

1

Ao = 2 ((yrdzy — z1dyr) + -+ - + (Yndzn — Tadyn))

sur C". Alors o := (—\g)s2o—1 est une forme de contact sur la sphere unité S~

de C". Le champ de Reeb de a est donné par
Ry (21, oy 2n) =2 (121, ..., 12,) .
De plus, la fibration de Hopf
Hropy - S#l 5 CP™ Y (21,0, 20) = 21t 2

vérifie

H;Iopwas = da.
3. Soit M une variété différentielle, et 3 I'une des variétés Ry ou Ry/Z. La 1-forme
Apr = df — H**M/\M

(ot Hpsps @ X x T*M — T*M est la projection) est de contact sur ¥ x T*M. Le
champ de Reeb de aps est R,,, = 0yp. La variété (R x T*M, aypy) est I'espace des
1-jets de M.

4. Soit M une variété Riemannienne. La restriction de (—\ys) sur le fibré cotangent
unitaire

UM = {(q,p) € T"M | [|pl| = 1}

est une forme de contact sur U*M. Le champ de Reeb associé engendre le flot

géodésique sur U* M.

5. Soit M une variété différentielle. Notons PT*M le projectivisé du fibré cotangent,
et m: PT*M — M la projection. Si (g, ¢) est un élément de PT*M (c’est a dire que
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¢ est une droite dans T M), on note H(q,¢) C T,M le noyau d'une forme linéaire

non nulle dans ¢ (elles définissent toutes le méme hyperplan) et on pose
¢(g,0) = Dr(q)" H (¢,0) C TjgyPT"M.

Alors & = (£(q, 1)) (¢p) €St une structure de contact sur PT*M, qui en général n’est

pas co-orientable. La variété (PT*M, &) est 'espace des éléments de contact de M.

Définition. Soit (Y7,&;) et (Ys, &) deux variétés de contact. Un contactomorphisme f :
(Y1,&) — (Y2,&) est un difféomorphisme f : Y] — Y, qui vérifie f*& = &. Si (Y1,&)
et (Y3, &) sont munies de formes de contact oy et ap, un contactomorphisme strict f :
(Y1, 1) — (Ys, ae) est un contactomorphisme f : (Y7,&) — (Y2, &) qui satisfait f*ap =

aq.

Remarque. L’application

R x C" — R xT*R"
(‘97 (xb?/l)w"?(xmyn)) = (97 (X7 <Y7>>>

(ou (-, ) désigne le produit scalaire usuel sur R") définit un contactomorphisme strict de
(R x C" ) vers (R x T*R™, agn).

Exactement comme en géométrie symplectique, il n’y a pas d’invariant local en géo-

métrie de contact.

Théoréme. Soit (Y,£) une variété de contact. Tout point de Y admet un voisinage

contactomorphe d un voisinage de 0 dans (R x C™, ker(ay)).
On définit maintenant la notion de Legendrienne.

Définition. Soit (Y,¢) une variété de contact de dimension 2n + 1. Une immersion ¢ :
M — 'Y est dite isotrope si im(Di) C £. Dans ce cas la dimension de M est nécessairement
inférieure ou égale a n. Si dim(M) = n, on dit que ¢ est Legendrienne. Enfin, une sous-

variété A de Y est dite Legendrienne si A est I'image d’un plongement Legendrien.

Exemples. On donne quelques exemples de sous-variétés Legendriennes.
1. Le sous-espace
{0} x R" ={(0,21,...,2,) ERXC" | z1,...,2, € R}
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est une sous-variété Legendrienne de (C", ker(ay)).
2. Le sous-espace
R"N S 1 = {(zl,...,zn) €Sz, .,z € R}
est une sous-variété Legendrienne de (S***! ker ()g)).

3. La O-section {0} x 0p; est une sous-variété Legendrienne de ¥ x T*M (rappelons

que ¥ est I'une des variétés Ry ou Ry/Z). Plus généralement, le 1-jet

7 () ={(f(a), (¢.df (q))) €2 x T"M | q € M}

d’une fonction f : M — ¥ est une sous-variété Legendrienne de (X x T* M, ker (ayy))

(par exemple, la O-section est le 1-jet de la fonction nulle).

4. La fibre U; M est une sous-variété Legendrienne de (U*M, ker (Ay)). Plus généra-

lement, si S est une sous-variété de M, alors son fibré conormal unitaire
As={(¢,p) € UM |qe S et (p,T,S) =0}

est une sous-variété Legendrienne de (U*M, ker (Ay)) (par exemple, la fibre Uy M

est le fibré conormal du point q).

5. Pour tout point qo de M, la fibre PT; M est une sous-vari¢té¢ Legendrienne de
PT*M. Plus généralement, si S est une sous-variété de M, alors le projectivisé du

conormal
As ={(q,0) e PT*"M | q € S et (p,T,S) = 0 pour tout p € ¢}

est une sous-variété Legendrienne de PT*M (la fibre PT; M est le projectivisé du

conormal de {go}).

On présente maintenant une autre classe d’exemples de Legendriennes, généralisant

celle des 1-jets de fonctions.

Exemple. Soit 7 : F — M une submersion. Soit f : F — R une fonction sur F telle que
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df : E — T*E est transverse a ’application
7 'T*"M = T*E, pe T, M — (p,Dn(z)) € T,E.
Alors I'application

E x M = R x T*M, (z,p) — (f(z), (7(x),p))

est une immersion Legendrienne, et on dit que f est une famille génératrice pour cette
Legendrienne.
Notons que si 2y € 7 '{go} est un extremum local de Jim=1{qo}> alors il existe un unique

po € T, M, appelé multiplicateur de Lagrange, tel que

df (zo) = (po, D (x)),

c’est & dire tel que (zg,po) € E x 7 'T*M.
T“E

On termine ce paragraphe en énoncant un théoreme sur les voisinages des Legen-

driennes.

Théoréme. Soit (Y, &) une variété de contact, et i : M — Y un plongement Legendrien
d’image \. Alors il existe un voisinage U de A dans Y, un voisinage V de {0} x 0p; dans

R xT*M, et un contactomorphisme f :U — V tel que

(foi)(q) =(0,(q,0))

pour tout q € M. Si de plus §y admet une forme de contact, le contactomorphisme peut

étre pris strict (avec la forme de contact standard apy sur'V).

Variétés de Liouville et variétés de Weinstein

On présente ici les notions de variétés de Liouville et variétés de Weinstein. On renvoie

au livre [21] pour un exposé détaillé.

Variétés de Liouville

Définition. Une variété symplectique exacte (X, \) est une variété différentielle X munie

d’une 1-forme A telle que (X, —d\) est une variété symplectique. On appelle alors champ

21



Géométrie symplectique et géométrie de contact

de Liouville de (X, A) le champ de vecteurs Z, défini par la relation
Lz, AN = .

Un symplectomorphisme exact f: (X1, A1) = (X2, A2) est un difféomorphisme f : X; —
X, tel que la 1-forme (f*Ay — A1) est exacte.

Exemple. Si Y est une variété munie d’une forme de contact «, alors (R, x Y, e’a) est

une variété symplectique exacte, appelée symplectisation de (Y, «).

Définition. Un domaine de Liouville est une variété symplectique exacte (X, \) qui est
compacte a bord et dont le champ de Liouville est transversalement sortant au bord. Dans

ce cas, la restriction de (—A) au bord de X est une forme de contact sur 0.X.

Définition. Une variété de Liouville est une variété symplectique exacte (X, ) (non
compacte et sans bord) dans laquelle il existe un compact Xy C X tel que (Xo, \|x,) est

un domaine de Liouville, et le flot du champ de Liouville sur X induit un difféomorphisme
R.o x 0Xg — X\ Xo, (t,20) = ¢ (x0)-

Si Xy et X satisfont les propriétés ci-dessus, le flot de Liouville induit un contactomor-
phisme entre 90X, et 0X|. Il y a donc une variété de contact bien définie (0 X, £), appelée
“bord a 'infini de X

Exemples. On donne des exemples de variétés de Liouville.

1. L’espace (C", \g) est une variété de Liouville, et

1

Z)\o - 5 (xlaasl + ylayl +- x"ax" + ynay”) )

Par ailleurs, le bord a I'infini de (C™, \g) est contactomorphe a la sphére (S2"71, \g).

2. Soit M une variété différentielle. Rappelons qu’on a définit une 1-forme \,; sur T*M
dans la section précédente. Alors (T*M, Ays) est une variété de Liouville, et Z,,, est

le champ de vecteurs défini par

Z)\M (f) = <apfa p>
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pour tout f : T"M — R (notons que 0,f(q,p) € (Tq*M)*) Par ailleurs, le bord
a U'infini de (T*M, A\p) est contactomorphe au fibré cotangent unitaire (U*M, A\y/)

(une fois qu’on a choisi une métrique sur M).

Variétés de Weinstein

Définition. Une variété de Weinstein, est une variété de Liouville (X, \) munie d’une
fonction de Morse ¢ : X — R qui est propre, minorée, et Lyapunov pour Z,, c’est a dire

qu’il existe une métrique sur X et 6 > 0 tels que

do (2,) = 6 (|2, + [ldo|*) -
En particulier, ¢ est croissante le long du flot de Z,, et les points critiques de ¢ sont
exactement les zéros de 2.
Exemple. Les espaces (C™, \g) et (T*M, Apr) sont des variétés de Weinstein.
La proposition suivante montre que la topologie dune variété de Weinstein est contrainte.

Proposition ([21] Proposition 11.9). Soit (X, \, ¢) une variété de Weinstein de dimen-
ston 2n. Les variétés stables des points critiques de ¢ sont isotropes. En particulier, l’indice

d’un point critique de ¢ est toujours inférieur ou égal da n.

Le résultat suivant, di a K. Cieliebak, décrit la topologie symplectique des variétés de

Weinstein sans anse d’indice maximal.

Théoréme ([20] Théoréme 1.1). Soit (X, \, ¢) une variété de Weinstein de dimension
2n. Si ¢ n’a pas de point critique d’indice n, alors il existe une variété de Weinstein

(X", N, @) et un symplectomorphisme exact
(X,0) = (C x X', o @ N).

Pour finir, mentionnons le fait important suivant. Si (X, \) est une variété de Wein-
stein, et si A est une sous-variété Legendrienne de 0,, X, alors on peut construire une

nouvelle variété de Weinstein en attachant une anse d’indice maximal sur A.

Invariants algébriques
Dans toute cette section, le corps de base est F = Z/27Z.
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Invariants Legendriens classiques

On commence par présenter les invariants dits “classiques” des Legendriennes. On suit
I'exposition donnée par T. Ekholm, J. Etnyre et M. Sullivan dans [27]. Dans la suite, on

se donne une variété Y de dimension (2n + 1) munie d’une forme de contact a.

Classe de rotation On commence par introduire la notion de structure presque com-

plexe sur £ = ker(a).

Définition. Une structure presque complexe sur & est une section J de End (§) — Y telle
que
J(a)2 == —idg(a)

pour tout a € Y. On dit que J est compatible avec (da)j¢ si (da) (-, J-) est un produit

scalaire sur £.
On a le résultat classique suivant.

Proposition. L’espace des structures presque complexes sur & compatibles avec (da)e est

non-vide et contractile.
On peut maintenant définir la classe de rotation d’une immersion Legendrienne.

Définition. Soit i : M — Y une immersion Legendrienne. Soit J une structure presque
complexe sur § compatible avec (da)e. On note Dic : C® TM — i~ '¢ Pisomorphisme

de fibrés complexes défini par
Dic(q) ((a+ib) @ v) = (a+ bJ (i(q))) Di(q)v.

La classe d’homotopie de Dic dans 'espace des isomorphismes de fibrés complexes de
C ® TM vers i€ est appelée classe de rotation de i et notée (i) (ou r(A) si i est

I'inclusion d'une sous-variété Legendrienne A dans (Y, §)).

En raison du h-principe pour les immersions Legendriennes (voir [41]), deux immer-
sions Legendriennes ont la méme classe de rotation si et seulement s’il existe un chemin

d’immersions Legendriennes entre les deux.

Remarque. Examinons ce qu’est la classe de rotation d’une immersion Legendrienne dans

(R x C™, & = ker (ag)). Choisissons la structure presque complexe J sur &, définie par

S (0, (x,5)) (95 +y;05) = 0y, et J (0, (x,y)) (Oy;) = — (z; + y;5) -
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Alors la projection Lagrangienne [Ign : R X C" — C” induit un isomorphisme complexe
& — C™. On peut donc voir Dic comme une trivialisation C ® TM — C™. De plus, on
peut choisir des métriques hermitiennes sur C ® T'M et C™ de sorte que Dic soit une
isométrie complexe. On peut vérifier que 'espace [M, U(n)] des applications continues de
M dans le groupe unitaire U(n) agit librement et transitivement sur I’espace des isométries
complexes de C ® T'M dans C”, donc la classe de rotation de ¢ peut étre vue comme un
élément de [M,U(n)]. Dans le cas ou M = S™, r(i) est un élément de m, (U(n)), qui est

trivial si n est pair, et isomorphe a Z si n est impair. On parle alors de nombre de rotation.

Invariant de Thurston-Bennequin On définit maintenant I'invariant de Thurston-
Bennequin d’une sous-variété Legendrienne. Il a été définit indépendamment par Benne-
quin (dans sa theése [11]) et Thurston lorsque n = 1, puis généralisé par Tabachnikov dans
[61].

Notons que, comme & = ker(a) est une structure de contact, a A (da)” ne s’annule

jamais, et donc définit une orientation sur Y.

Définition. Soit A une sous-variété Legendrienne connexe et orientée dans Y. On sup-
pose que la classe d’homologie dans H, (Y') définie par A est triviale. Il existe alors une
chaine C telle que 0C' = A. L’invariant de Thurston-Bennequin ¢b(A) de A est le nombre
d’intersection de C' avec une petite perturbation de A dans la direction du champ de Reeb
de a. Autrement dit, tb (A) est le nombre d’enlacement de A et d’une variété obtenue en

poussant A par R,. Si (At)y<,<; est un chemin lisse de sous-variétés Legendriennes, alors

th (Ao) = th (A,).

Dans le cas ou (Y, «) est l'espace standard (R x C", ), 'invariant de Thurston-
Bennequin peut étre calculé de la maniere suivante. Soit A une sous-variété Legendrienne
de R x C". Une corde de Reeb de A est un chemin ¢ : [0,7] — R x C" tel que

c(0),¢(T) € A et (t) = Ry, (c(t))

pour tout ¢ € [0,7]. Supposons que A soit corde générique, c’est a dire que pour toute
corde de Reeb ¢ : [0,7] — R x C™ de A, Dgo%ao (¢(0)) Ty 0)A est un sous-espace de &(c(T'))

transverse a Tyr)A. Ici, cela équivaut a dire que les sous-espaces Lagrangiens
Vi) = Dllc (Tuo)A) et Viry = Dllc (Tur)A)
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sont transverses dans C". On définit le nombre signe(c) comme étant (+1) si 'orientation

de V(o) ® V(r) coincide avec celle de C", et (—1) sinon. Alors

th(A) = > signe(c)

ceR(A)

ot R (A) désigne 'ensemble des cordes de Reeb de A.

Homologie de contact Legendrienne

On présente maintenant un invariant plus “sophistiqué”. L’homologie de contact Legen-
drienne a d’abord été introduite par Chekanov dans [19] et par Eliashberg dans [34], et
fait plus généralement partie de la théorie symplectique des champs exposée dans [35].
Elle a été rigoureusement définie dans la contactisation (R x P,df — IIH\) d’une variété
de Liouville (P, \) dans [26] et [28].

Soit Y une variété différentielle de dimension (2n + 1) munie d'une forme de contact
a. On suppose que « est hypertendue, c’est a dire que les orbites périodiques du champ
de Reeb de « ne sont pas contractiles. Comme expliqué dans [22] section 3, I'homologie
de contact Legendrienne est bien définie dans cette situation.

Soit A une sous-variété Legendrienne de (Y, & = ker(«)). Une corde de Reeb de A est
un chemin ¢ : [0, 7] = Y tel que

c(0),¢(T) € A et (t) = Ra(c(t))

pour tout ¢t € [0,7]. On suppose que A est corde générique, c’est a dire que pour toute
corde de Reeb ¢ : [0,T] — Y de A, Dy}, (TC(O)A) est un sous-espace de £(¢(T')) transverse
a TC(T)A.

Indice de Conley-Zehnder On définit I'indice de Conley-Zehnder d’une corde de Reeb
de A qui commence et termine sur la méme composante connexe. On suppose que H;(Y)
est libre, que la premiere classe de Chern de ¢ (munie d’une structure presque complexe
compatible) est de 2-torsion, et que le nombre de Maslov m(A) de A (qu’on définira plus
bas) est nul.

On commence par définir brievement 'indice de Maslov d’un lacet dans la Grassma-
nienne des sous-espaces Lagrangiens de C™ (voir [51] Théoréeme 2.3.7 pour une description

plus détaillée de I'indice de Maslov). On utilise le résultat suivant.
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Lemme. Tout sous-espace Lagrangien K de C™ s’écrit
. X
K =im
Y

Pour définir 'indice de Maslov, on considere ’application

avec X + 1Y dans U(n).

p: K —det(X+iY)’ e S!

(ou (X,Y) et associé & K comme dans le lemme) et on pose, pour tout lacet I' dans la

Grassmannienne des sous-espaces Lagrangiens de C",
p () :==deg(pol).

Rappelons qu’on a supposé Hp (Y) libre. On choisit une famille (A4, ..., h,) de cercles
plongés dans Y qui représentent une base de H;(Y), et une trivialisation symplectique de
& au-dessus de chaque h;. Si v est un lacet dans A, il existe une unique famille d’entiers
(aq,...,a,) telle que la classe [y, — >; a;h;] est nulle dans H; (Y'). On choisit une surface

Y, dans Y tel que
827 =79 — Zazhz

Il existe une unique trivialisation de £ au-dessus de X, qui étend les trivialisations fixées
au-dessus des h;. On obtient ainsi une trivialisation y71¢ ~ S1 x C™ (ot n est la dimension
de A). On note I' le lacet de plans Lagrangiens dans C™ correspondant, via cette triviali-
sation, au lacet ¢ — T,y A. L’indice de Maslov de I' ne dépend pas du choix de X, parce
qu’on a supposé 2¢1(€) = 0. Cette construction définit un morphisme Hy (A,Z) — Z, et
le nombre de Maslov m(A) de A est le générateur de son image. Dans la suite, on suppose
que m(A) = 0.

Soit maintenant ¢ : [0, 7] — Y une corde de Reeb de A. On fixe un chemin . dans A qui
relie ¢(T") a ¢(0). On note 7, le lacet obtenu par concaténation de v et c. Soit (ay,...,a,)
I'unique famille d’entiers telle que la classe [y, — >°; a;h;] est nulle dans H; (Y'). On choisit

une surface ¥, dans Y telle que
826 == 7c - Z alhz
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Il existe une unique trivialisation de £ au-dessus de Y. qui étend les trivialisations fixées
au-dessus des h;. On obtient ainsi une trivialisation 7, '¢ ~ S x C". On note T, le chemin
de sous-espaces Lagrangiens de C" correspondant a la concaténation de t +— T, ,HA et
t— Dyl (TC(O)A). Comme A est corde générique, I'. n’est pas un lacet : on le ferme de
la maniere suivante. On choisit une structure complexe I sur C" qui est compatible avec
wo et qui envoie I'x(1) sur I'.(0). On note alors T, la concaténation de I'. et du chemin
t — exp (t1) T'.(1). L’indice de Conley-Zehnder de ¢ est I'indice de Maslov de T :

CZ(c) = u(T).

L’indice de Conley-Zehnder d’une corde de Reeb ne dépend pas du choix de Y. parce que
2¢1(€) = 0, et il ne dépend pas non plus du choix de 7, parce que le nombre de Maslov
de A est nul.

Espaces de modules

Définition. Un disque Riemannien avec (d + 1) points marqués est un triplet (D, j,{)

tel que

1. D est une variété a bord difféomorphe au disque unité fermé de C,
2. j est une structure presque complexe intégrable sur D,

3. ¢ =(Co,C1,---,Cq) est une famille de points distincts sur 9D, cycliquement ordonnée

par rapport a l'orientation induite par j.

Si (D, 7,¢) est un disque Riemannien, on note A := D\ {(p,...,{s}. Un isomorphisme
¢:(D,j,¢) — (D', 5,¢") est un biholomorphisme ¢ : (D, j) — (D', j') qui envoie ¢ sur
¢

Définition. Soit (D, j,¢) un disque Riemannien avec (d + 1) points marqués. Un choix

de coordonnées pres des pergures pour (D, 7,¢) est une famille d’applications
€o . RZO X [0, 1] — A, (Gk . RSQ X [0, 1] — A)lgkgd

telle que pour tout 1 < k <d

1. €y et €, sont des plongements tels que

€0 (RZO X {O, 1}) C 0D et €L (RSO X {0, 1}) c oD
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2. €y et € sont holomorphes,

3. on a

€0 (Svt) - CO et €k (Sat) Sjoo Ck

s—+00

Dans la suite on fixe un choix de coordonnées pres des pergures pour chaque disque
Riemannien avec points marqués. On peut maintenant définir les espaces de modules qui

nous intéressent.

Définition. Soit J une structure presque complexe sur & compatible avec (da)‘g. Soit
a: [0,Tp] = Y et b = (b :[0,T}] = Y) 4y des cordes de Reeb de A. On note
Ma,b (R x A, J, a) 'ensemble des classes d’équivalences de familles (D, j, ¢, u) telles que

1. (D,7,¢) est un disque Riemannien avec (d + 1) points marqués et u est une ap-
plication lisse de A = D\ {(p,...,(4} dans R x Y qui envoie le bord de A dans
R x A,

2. u est pseudo-holomorphe pour la structure presque complexe sur R, x Y qui envoie

0, sur R, et dont la restriction a £ est égale a J,

3. il existe des coordonnées pres des percures €, (€;); <,y Pour (D, 7, ¢) telles que

(uoe€g)(s,t) — (+00,a(Tpt)) et (woeg)(s,t) — (—o0,br(Tit)),

S——+00 §——00

ou deux familles (D, j,{,u) et (D', j',¢’,u') comme ci-dessus sont dites équivalentes s’il
existe un isomorphisme ¢ : (D, j,¢) — (D', 5, ¢’) tel que uo ¢! = u'. Notons que R agit

sur /f\/lva,b (R x A, J, ) par translation dans la coordonnée R,. On pose

Map (R x A, J,a) = M, (R X A, J,a) /R.

On a le fait important suivant : pour des structures presque complexe génériques dites
régulieres (par rapport a A et «), les espaces de modules M, (R x A, J, ) sont des

variétés lisses de dimension
d
dimM,, (R x A, J,a) =CZ (a) — <Z cZ (bk)> +d—2.
k=1

De plus, M, (R x A, J, ) est compacte lorsque sa dimension est nulle, donc consiste en

un nombre fini de points.
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Algebre différentielle graduée de Chekanov-Eliashberg On fixe, pour chaque
corde de Reeb de A, un chemin dans A reliant le point d’arrivée de la corde a son point de
départ. On choisit aussi une structure presque complexe J sur £ compatible avec (da)e qui
soit réguliere. Rappelons que cela implique que les espaces de modules M, (R x A, J, «)
sont des variétés lisses, et qu’ils sont compacts lorsqu’ils sont de dimension 0. On note
CFE, (A) = CE, (A, J,«a) lalgebre graduée unitaire libre engendrée par les cordes de Reeb

de A, ou le degré d’une corde de Reeb ¢ de A est donné par
le| =CZ (¢) — 1.
Par ailleurs, si a est une corde de Reeb de A, on pose

da =Y #Myp(RxA Ja)b
b

ou #M € F désigne le nombre d’éléments modulo 2 dans M si dim (M) = 0, et 0 sinon.
Finalement, on étend 0 a C'E, (A) de sorte que

d(zy) = (0z)y + x (y)

pour tous z,y € CE, (A).

Résumons : étant donné une variété de contact (Y, &) avec Hy(Y) libre, 2¢1(€) = 0, et
1. une sous-variété Legendrienne A de (Y, &) avec m(A) = 0,
2. une forme de contact hypertendue a sur (Y, &) pour laquelle A est corde générique,

3. une structure presque complexe J sur £ compatible avec (da)e et réguliere (par

rapport a A et «),

on définit une algebre graduée C'E, (A) et une application linéaire 0 : CE, (A) — CE, (A).
Le résultat essentiel de la construction est que d o d = 0 (voir [26] pour le cas des contac-
tisations et [25], [22] pour le cas général), et donc CE_, (A) est une algebre différentielle
graduée (algebre DG). Son homologie, qui est une algebre graduée, est appelée homologie
de contact Legendrienne de A.

De plus, au moins dans le cas des contactisations (voir [26]), un chemin (A¢),.,., de
sous-variétés Legendriennes induit un morphisme d’algebres DG CE_, (Ag) — CE_, (Ay)
inversible a homotopie pres. L’algebre DG de Chekanov-Eliashberg a permis d’exhiber des
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T f(/w
Q/

M L

FIGURE 1 : Projections Lagrangiennes des noeuds de Chekanov-Eliashberg

sous-variétés Legendriennes non-isotopes mais avec des invariants classiques identiques.
Le premier exemple a été donné par Chekanov dans [19] : les noeuds Legendriens dans
R x C dont les images par la projection Il : R x C — C sont représentées sur la Figure
1 ont mémes invariants classiques, mais leurs algebres DG ne sont pas équivalentes. En

particulier, il n’existe pas d’isotopie Legendrienne reliant I'un a l'autre.

Catégories de Fukaya

On présente ici tres brievement les catégories de Fukaya compactes et enroulées associées
a un domaine de Liouville X. On renvoie a [59], [3] et [37] pour un exposé détaillé de
ces notions. L’objectif est de montrer un lien entre ces catégories A, et 'algebre DG de
Chekanov-Eliashberg qui motive le travail de cette these.

On commence par définir ce qu’est une catégorie A.,. Une présentation plus complete

de cette notion est donnée dans le chapitre 1.
Définition. Une catégorie A, C est la donnée de
1. une collection d’objets obC,

2. pour tout couple d’objets (X, Y'), un espace vectoriel gradué de morphismes C (X,Y),
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3. une famille d’applications linéaires de degré (2 — d)
pt: C(Xo, X1) ® -+ ®C (Xa-1,Xa) = C (Xo, Xa)
indéxée par les suites d’objets (Xo, ..., Xy), telle que

Z ,ud—(j—z‘)—l—l o (1i QUi 1d—j) -0

0<i<j<d
pour tout d > 1.
Une algebre A, est une catégorie A,, avec un seul objet.
Remarque. Soit C une catégorie A..

1. La relation A, pour d = 1 s’écrit

donc (C(X,Y), u') est un complexe de chaines pour tout couple d’objets (X,Y).

2. La relation A, pour d = 2 s’écrit
plop? + 2o (1op') +p?o (b e1) =0,

donc p! satisfait la régle de Leibniz par rapport a p?.

3. La relation A, pour d = 3 s’écrit
#10#34‘#20(M2®1)+#20(1®M2>
+uto(pe1el)+pto(1op' ®1)+po (101@u!) =0,
donc p? est “associatif & homotopie prés”.

Remarque. Une algébre DG est une algébre A, avec p¢ = 0 pour d > 3.

Avant de définir les catégories de Fukaya compactes et enroulées, on donne la définition

suivante.
Définition. Soit (X, \) une variété de Liouville.
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1. Une sous-variété Lagrangienne exacte de (X, \) est une sous-variété L de X telle

que la 1-forme Az est exacte (en particulier, L est une sous-variété Lagrangienne de

(X, —d))).

2. Une sous-variété Lagrangienne exacte cylindrique de (X, \) est une sous-variété
Lagrangienne exacte de (X, \) a laquelle le champ de Liouville Z) est tangent en

dehors d’un compact de X.

La catégorie de Fukaya compacte Fuk(X) d’'une variété de Liouville (X, \) est une
catégorie A, dont les objets sont les sous-variétés Lagrangiennes exactes compactes de
X. L’espace des morphismes entre deux Lagrangiennes transverses dans X est engendré
par leur intersection (l’espace des morphismes entre deux objets non transverses est plus
compliqué a définir), et les opérations A, sont définies en considérant des disques pseudo-
holomorphes percés dans X, a bord sur les Lagrangiennes considérées, et asymptotiques
a des points d’intersections aux pergures. On renvoie a [59] pour une définition détaillée.

La catégorie de Fukaya enroulée W Fuk(X) d’une variété de Liouville (X, \) est une
catégorie A, dont les objets sont les sous-variétés Lagrangiennes exactes cylindriques
de X. L’espace des morphismes entre deux objets est plus compliqué a définir, mais les
opérations font toujours intervenir des disques pseudo-holomorphes pergés dans X. On
renvoie a [3] et [37] pour des définitions précises.

Le résultat que nous voulions présenter est le suivant. Il illustre le lien entre catégories
de Fukaya et algebre de Chekanov-Eliashberg, et motive I’étude de I’homologie de contact

Legendrienne dans la contactisation circulaire d'une variété de Liouville.

Théoreme ([16], [18], [37]). Soit P une variété de Weinstein. Considérons la variété de
Weinstein X = C x P. Soit A un entrelac de sphéres Legendriennes dans OxX . Notons
X la variété de Weinstein obtenue a partir de X par chirurgie sur A. Alors la catégorie

de Fukaya enroulée de X, se plonge dans la catégorie des DG-modules sur l’algébre de

Chekanov-Eliashberg de A.

Main results and organization of the thesis

Algebra In chapter 1, we give definitions of the algebraic objects we are using, which
basically are Adams-graded DG-algebras, A..-(co)algebras and A.-categories, and we

prove basic facts about them. In addition to standard notions, we discuss some less studied
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(to our knowledge) objects, such as the mapping cylinder of a DG-map (introduced in
[53]), the cone of an A.,-map (we learned about this in [42]), or the homotopy colimit of
Ao-categories (defined in [38]). Moreover, we introduce two new notions. The first one
is called “quasi mapping cylinder of an elementary DG-isomorphism” and is defined only
because it appears naturally in the proof of Theorem C. We call the second one “cylinder
object for an A..-category” because it is supposed to mimic the corresponding notion in

homotopy theory. We use it for the proof of Theorem B.

Mapping torus of a quasi-autoequivalence In chapter 2, we introduce the notion
of mapping torus for a quasi-autoequivalence of an A.-category (see Definition 2.1).
Observe that this terminology was also used in [45] but we do not know if the two notions
coincide. When considering a quasi-autoequivalence 7 of an A.-category A, we always
assume that A is equipped with a Z-splitting of ob(A) compatible with 7, which is a
bijection
ZxESob(A), (n,E)— X"(E).
such that
T(X"(B)) = X" (E)

for every n € Z and E € & (see Definition 2.5).

We give a first result which computes the mapping torus of a quasi-autoequivalence
7 : A — A when 7 is strict (see Definition 1.51) and acts bijectively on hom-sets. This
allows us to define a new Adams-graded A..-category A, (see Definition 2.7).

Theorem A. Let 7 be a quasi-autoequivalence of an As-category A equipped with a
compatible Z-splitting of ob (A). Assume that T is strict and acts bijectively on hom-sets.

Then the mapping torus of T is quasi-equivalent to A, .

Then we give a second result which computes the mapping torus of a quasi-autoequivalence
but in a different situation. We denote by F [¢] the augmented Adams-graded associa-
tive algebra generated by a variable ¢ of bidegree (2,1), and by F[t] its augmentation
ideal (or equivalently, the ideal generated by t). Besides, we use the functors C — C’ and
D — F [t|®D introduced in Definitions 1.53 and 1.54 respectively (see also Remark 1.55).
Finally, if C is an A, -category equipped with a Z-splitting of ob (C), we denote by C° the
full A-subcategory of C whose set of objects corresponds to {0} x &.

Theorem B. Let 7 be a quasi-autoequivalence of an A -category A directed with respect

to some compatible Z-splitting of ob (A). Assume that there exists a closed degree 0
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bimodule map f: A'(—,—) = A" (—,7(—)) (see Definitions 1.63 and 1.64) such that for
every i < j < k, for every E, E' € £, the chain maps

{Miv (= flexim)) = AXUE),XI(E)  — A(X(E),XT(E))
13 (Flexsm) =)+ A(XTFUE), XMUEY)) — A (XI(E), X5Y(E))

are quasi-isomorphisms. Then the mapping torus of T is quasi-equivalent to the As-

category (A’ @ <F[t] ® A [f (units)l}o).

Remark. In this thesis, we will apply Theorems A and B to A.-categories equipped with
Z-splittings such that £ has only one element. We chose to state and prove Theorems A

and B in the more general case where £ is arbitrary for future applications.

Invariance and homotopies in Legendrian contact homology In chapter 3, we
study the Chekanov-Eliashberg DG-algebra of a Legendrian in a hypertight contact man-
ifold. We refer to section 3.1 for the definitions. In section 3.2, we generalize techniques
from [28] (for the invariance) and [53] (for the homotopies) in order to prove a result on
the behavior of the Chekanov-Eliashberg DG-algebra under change of data. In particu-
lar, we use the notion of mapping cylinder associated to a DG-map. However, we restrict
ourselves to what we call good paths of data (see Definition 3.7). This is unfortunately a
strong assumption, as Legendrians are assumed to always have finitely many Reeb chords,
and we do not treat birth-death of Reeb chords phenomena.

Let (V) be a contact manifold equipped with a hypertight contact form «. In order
for the Chekanov-Eliashberg algebras of the Legendrians to be Z-graded, we assume that
H, (V) is free and that the first Chern class of ¢ (equipped with any compatible almost
complex structure) is 2-torsion. We denote by L the space of chord generic compact
Legendrian submanifolds in (V,¢) with Maslov number 0 and with finitely many Reeb

chords with respect to a.

Theorem C. There is a way to associate, to each good path (As, Ji)o<i<1 (see Definition

3.7), a tame DG-isomorphism
0 : CE_, (A, Jo,a) = CE_, (A1, Jy, )
such that the following holds:
1. if ¢ is the DG-map associated to a good path (A, Jy)o<i<i, if x1 : [0, 1] — [0,%0] and
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X2 : [0, 1] = [to, 1] are two non-decreasing functions satisfying

x1(0) =0, x1(1) = to = x2(0), x2(1) =1,

then ¢ = @9 0 1, where @y, is the DG-map associated to (Ay, ), Jy.t))o<t<1,

2. if p* are the DG-maps associated to good paths (AF, JiF)o<i<1 satisfying
(Mg, Jo) = (AT, J0), (A, Jr) = (A, J7),
and if there is a family (Ast)o<si<1 such that for every s,t
Asi € L, (Moo, M) = (MG AT, (Ao Ary) = (A7, A),
then o~ and ¢ are DG-homotopic.

Legendrian lift of an exact Lagrangian in the circular contactization In chapter
4, we start with a compact, connected, exact Lagrangian submanifold L in a Liouville
manifold (P, ), and we study a Legendrian lift A° of L in the circular contactization
(S' x P,ker(df — \)). In order for the Floer complex of L and the Chekanov-Eliashberg
algebra of A° to be Z-graded, we assume that H;(P) is free, that the first Chern class of
P (equipped with any almost complex structure compatible with (—d\)) is 2-torsion, and
that the Maslov class of L vanishes. We refer to section 4.1 for a description of the Floer
Ax-algebra C'F* (L), the Chekanov-Eliashberg Adams-graded DG-algebra C'E_, (A°) and
the Adams-graded A..-algebra LA* (A°). The latter is the endomorphism algebra of the
trivial augmentation of C'E_, (A°) in the unital version of the augmentation category
Aug_ (A°) introduced in [17] (see [15] for the non unital version).

As above, we denote by F [t] the augmented Adams-graded associative algebra gener-
ated by a variable ¢ of bidegree (2,1), and by F [t] its augmentation ideal (or equivalently,
the ideal generated by t). We also denote by F[t.] the coaugmented Adams-graded
associative coalgebra generated by a variable t, of bidegree (—2,1), and by m its
coaugmentation ideal. Finally, we use the cobar construction C' — QC' and the Koszul

dual construction A — F(A) introduced in Definitions 1.32 and 1.39 respectively.

Theorem D. There is a quasi-isomorphism of augmented Adams-graded A, -algebras
LA*(A) ~F o (Fl] @ CF* (L)).
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Moreover, Koszul duality holds for CE_, (A°), and E (CE_, (A°)) ~ LA* (A°). In partic-

ular, there are quasi-isomorphisms of Adams-graded DG-algebras
CE.(N°)~E(Fa (F]oCF (L)) ~Q(Fa (Flty @ CF.(L))).

If B is a (unpointed) space, we consider its one-point compactification B* and view
it as a pointed space (with base point the point at infinity). If moreover X is a pointed

space, we consider the half-smash product of B and X,
XxB:=XAB"

(where A denotes the smash product of pointed spaces).

Corollary. There is a quasi-isomorphism of augmented (non Adams-graded) Ay -algebras
LA* (A°) ~C*" (CP* x L),
and a quasi-isomorphism of augmented (non Adams-graded) DG-algebras

CE_, (A°) ~C_, (Q(CP™ x L)).
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CHAPTER 1

ALGEBRA

In this chapter, we give definitions about the algebraic objects we are using. We recall
the notions of DG-(co)algebras, A-(co)algebras and A..-categories in sections 1.1, 1.2
and 1.3 respectively. In addition to basic facts, we discuss some less studied (to our
knowledge) objects, such as the mapping cylinder of a DG-map (that we will use as in
[53]), the cone of an A.-map (we learned about this in [42]), or the homotopy colimit
of A-categories (defined in [38]). Moreover, we introduce two new notions. We call the
first one “quasi mapping cylinder of an elementary DG-isomorphism”. We define it only
because it appears naturally in the proof of Theorem C. We call the second one “cylinder
object for an A..-category” because it is supposed to mimic the corresponding notion in
homotopy theory. We use it for the proof of Theorem B.
In the following, F' denotes the field Z/27Z.

1.1 DG-(co)algebras

The goal of this section is to give the basic definitions of DG-(co)algebras, and to intro-
duce a mapping cylinder construction considered in [53]. All our DG-(co)algebras and
(co)maps will be strictly unital unless otherwise stated. Besides, we give the definitions
in the Adams-graded setting, which is a bigraded setting: the first grading is called the
cohomological degree while the second grading is called the Adams degree. The non

Adams-graded counterpart should be transparent.

1.1.1 Basic definitions

Definition 1.1. An Adams-graded DG-algebra is a bigraded associative algebra A to-
gether with a bidegree (1,0) linear map 0 : A — A (called the differential) such that

000 =0and 0 (ab) = (0a)b+ a(0b)
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for every a,b € A.
A DG-map f: A} — Ay between two Adams-graded DG-algebras is a bidegree (0, 0)
algebra map such that

fods, =04,0f.

We say that f is a quasi-isomorphism if it induces an isomorphism in homology.

Definition 1.2. Let f,g: A; — Ay be two DG-maps. A DG-homotopy between f and g
is a bidegree (—1,0) linear map H : A; — A, such that

g=/f+Ho0a +04,0H and H(zy) = H(x)g(y) + f(z)H(y)

for every x,y € A;.

Definition 1.3. Let A be an Adams-graded DG-algebra, and consider F as an Adams-
graded DG-algebra concentrated in bidegree (0,0) with trivial differential. An augmen-
tation of A isa DG-mape: A — F. .

A DG-map f : (A1, €61) — (Ag, €2) between augmented Adams-graded DG-algebras is
required to satisfy €; = €5 o f.
Definition 1.4. An Adams-graded DG-coalgebra is an associative coalgebra C' together
with a bidegree (1,0) linear map 0 (called the codifferential) such that

jod=0and Aod=(®1)cA+(1®F) oA

where A : C' — C ® C' denotes the coproduct of C.
A DG-comap f : C7 — C5 between two Adams-graded DG-coalgebras is a bidegree
(0,0) coalgebra map f : Cy — Cy such that

fod=dof.

We say that f is a quasi-isomorphism if it induces an isomorphism in homology.

Definition 1.5. Let C' be an Adams-graded DG-coalgebra, and consider F as an Adams-
graded DG-coalgebra concentrated in bidegree (0,0) with trivial codifferential. A coaug-
mentation of C' is a DG-comap n: F — C.

A DG-comap f : (Cy,m1) = (Cy, 1) between coaugmented Adams-graded DG-coalgebras
is required to satisfy fon; = ns.
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1.1.2 Triangular DG-algebras

In the following, we follow closely the presentation given in [53] section 2.2.

Definition 1.6. A based algebra is a free associative graded algebra together with a
family (ay,...,a,) of pairwise distinct homogeneous elements of A which generate A.

An elementary automorphism of a based algebra A with generating family (ay, ..., a;,)
is an algebra map ¢ : A — A for which there exists 1 < ¢ < m and b in the sub-DG-algebra
of A generated by {ay,...,a;_1} such that

o(a;) = a; + b and p(a;) = a; if j # 1.

A tame isomorphism of based algebras ¢ : Ay — A, is an algebra map which can be

written as a composition

Q=@ro---0p 01

where 7 : Ay — As extends an order-preserving bijection of generating sets and each ¢; is

an elementary automorphism of A,.

Definition 1.7. A triangular differential on a based algebra (A, (x1,...,2,,)) is a differ-
ential 0 such that dz; belongs to the sub-DG-algebra of A generated by {x1,...,z;_1} for
every 1 <i < m. We say that (A, 0) is a triangular DG-algebra.

Let 0, and 0, be two triangular differentials on a based algebra A. An elementary
DG-isomorphism ¢ : (A4,0;) — (A, 0:) is a DG-isomorphism which is an elementary
automorphism of A.

A tame DG-isomorphism of triangular DG-algebras ¢ : A} — Ay is a DG-isomorphism

which is a tame isomorphism between the underlying based algebras.

Definition 1.8. A stabilization of a triangular DG-algebra A is a triangular DG-algebra
such that

1. as a free associative graded algebra, it is of the form A S (* denotes the coproduct
in the category of free associative algebras), where S is a free associative graded

algebra generated by x1, v, ..., %, y, with |z;| = |y;| — 1,

2. the differential satisfies
8\,4 = 8A and 8:(:1 = Y-
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Proposition 1.9. Let A be a triangular DG-algebra with generating family (ay, ..., amy).
Assume that for some 1 <i < j <m,

8aj =a; + b,

with b in the sub-DG-algebra of A generated by {ai,...,a;_1}. Denote by I the ideal of A
generated by {a;,0a;} and by p: A — A/I the projection. Then the following holds:

1. the differential O induces a differential &' on A/I such that &' op = po 0, and
(A/I,0") is a triangular DG-algebra with generating family

(p(a1), ..., plai-1),p(air1), - -, plaj-1), p(ajzr), - . ., plam))

2. there is a tame DG-isomorphism from A to a stabilization of A/I which sends ay,

Proof. This follows from Proposition 2.3 in [53].

1.1.3 Mapping cylinder of a DG-map

In the following, we follow closely the presentation given in [53] sections 2.3-2.6. We also
cite results from [30] section 7.
If A is a based algebra with generating family (as, ..., a,,), we denote by A the based

algebra generated by (ay, ..., a,), where |a;| = |a;| — 1.

Definition 1.10. Let f : A — B be a DG-map between two triangular DG-algebras
A and B with generating families (a1, ...,a,) and (b, ..., b,) respectively. A mapping
cylinder DG-algebra for f is a triangular DG-algebra C' such that

1. asa based algebra, C' = AxAxB with generating family (b1, ybpyar, oo Ay Gy ey ),
2. the differential satisfies (0c)ja = 04, (Oc);p = OB, and for every generator a € A,
da=a+ f(a)+ O(1),
where O(1) denotes a sum of terms containing at least one hat-generator.
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Proposition 1.11. Let f : A — B be a DG-map between two triangular DG-algebras.
Denote by I' : A — Ax A% B the unique linear map such that I'(a) = a for every generator
a€ A and

[ (zy) = L(x)y + f(x)I'(y)

for every z,y € A. Define d: AxAxB — Ax Ax B to be the unique derivation satisfying
Oa = 0a, O = Op, and for every generator a € A,

da =a+ f(a) +TI'(0a).

Then Cyl(f) = (A *x A % B, 8) is a mapping cylinder DG-algebra for f, called the standard
mapping cylinder of f.

Proof. This is Proposition 2.7 in [53], and also Lemma 7.1 in [30].
[

Proposition 1.12. Let C be a mapping cylinder for a DG-map f : A — B. There is a
tame isomorphism 1 : C' — Cyl(f) which restricts to the identity on A and B.

Proof. This follows from Proposition 2.8 in [53].
[

Proposition 1.13. Let f : A. — Ay and g : Ay — A, be two DG-maps between

triangular DG-algebras with generating families

(a’{,...,a:‘n*), x € {—,0,+}.

Let C =A_xA_ %Ay, D = Agx Ag x AL be mapping cylinder DG-algebras for f and g
respectively. Observe that Ay is a DG-subalgebra of both C' and D. We denote by C Zco D
the fibered coproduct (in the category of semi-free DG-algebras) of C and D over Ag: this
is the semi-free DG-algebra obtained by first taking the disjoint union of C' and D, and
then identifying, for each generator a® € Ay, the corresponding generators a® € C' and

a’ € D. We make C * D a triangular DG-algebra by specifying the generating family
0

+ + 0 0o - - 0 0 —
(al,...,am+,a1,...,am0,a1,...,amal,...,amo,al,...,am).

There is a tame isomorphism from C *x D to a stabilization of a mapping cylinder

0
DG-algebra for g o f which restricts to the z'(dentz'ty on Ax.
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Proof. According to Proposition 1.12, we can assume that C' and D are standard mapping
cylinders. Then the result follows from [30] Lemma 7.3.
O

Proposition 1.14. Let Cy, Cy be two mapping cylinders for DG-maps f; : A — B,
fo : A — B respectively. If there is a DG-map 1 : C7 — Cy which restricts to the identity
on A and B, then f1 and fy are DG-homotopic in the sense of Definition 1.2.

Proof. This follows from Proposition 2.12 in [53].
[

1.1.4 Quasi mapping cylinder of an elementary DG-isomorphism

As in the previous section, if A is a based algebra with generating family (aq, ..., a;), we

denote by A the free based algebra generated by (a3, ..., an), where |@;| = |a;| — 1.

Definition 1.15. Let 0_ and 0, be two triangular differentials on a based algebra A
with generating family (a1, ..., a,), and let ¢ : (A,0-) — (A, 0;) be an elementary DG-
isomorphism. A quasi mapping cylinder DG-algebra for ¢ is a triangular DG-algebra C'
such that

1. as a based algebra, C' = A_xA” *x A, (where Ay are two copies of A) with generating

o~

family is (af,...,at,a7,...,a ,a7,...,a;),

» Y'm » 'm » 'm

2. the differential satisfies (0c)ja_ = 0, (0c)ja, = O, and for every generator a € A,

o = a”+at+0(1) if p(a) =a
| aFat+e+0(1) ifpla) £a

where O(1) denotes a sum of terms containing at least one hat-generator, and e is
a sum of terms without hat-generator such that ¢(a) is obtained from (a™ + €) by

changing the generators a* into a.

Lemma 1.16. Let Cy, = (Ao*zzl\o*/h_, Oo+) be a quasi mapping cylinder DG-algebra for
an elementary DG-isomorphism ¢ : (A, 8y) — (A,0,), and let C_y = (A_xA_xAq, D_g) be
a mapping cylinder DG-algebra for the identity map id : (A,0-) — (A, ) (in particular,
0_ = 0y). There is a tame DG-isomorphism from C_ Zl(o Cos+ to a stabilization of a
mapping cylinder DG-algebra (C_, = A_ x A« Ay ,0_4) for ¢ which restricts to the
identity on Ai.
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Proof. We inductively cancel the generators (ao, @) starting from (a?n, 59;) until (a?, (;6).

See the proof of [30] Lemma 7.3 where the same argument is used.

Since ¢ is an elementary automorphism, there exists 1 < 7y < m and b in the sub-DG-

algebra of A generated by {ai,...,a;,—1} such that
o(a;,) = a;, + b and p(a;) = a; if @ # ip.

Let Cy be the triangular DG-algebra C'_ * Coy with generating family
0

+ + 0 (I - 0 o - -
(al,...,am,al,...,am,al,... a al,...,am,al,...,am>

and denote by A its differential.

Let Iy be the ideal of C generated by c;gn and Ay (@n), and let
Cl = CQ/I().

According to Proposition 1.9, C has a natural structure of triangular DG-algebra with
generating family
< + + 0 0 - - 0 0 = A)

Al ooy Qs Ay ey Qo 15 QY e ey Gy Ay e vy Ay, Q7 5o e G

and there is a tame DG-isomorphism from Cy to a stabilization of C; which restricts to
ida, on Ay. Observe that the differential A, on C basically equals A, on every generator,

except that

_ a +at +0(1) if  an, # a;
Al (a,—n) = B .
a. +ab+e+0(1) if a,=a;
because
— al +af +0(1 it an, # a;
Ao () =1 (1) | 7# i
a), +af +e+0(1) if a,=a;
and

Ag (cﬁ) =a, +a, +0(1).
We inductively build like this DG-algebras (C, A) by setting

Ck+1 = Ck/Ik
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where I} is the ideal of Cy generated by a2 _, and Ay (a%_k . For every k, there is a
tame DG-isomorphism from Cj to a stabilization of Cj which restricts to ids, on Ay,

and it is not hard to see that
(O_+7 8_4_) = (Cm, Am>

actually is a mapping cylinder DG-algebra for ¢, as we explain now.

First, the DG-algebra C, has generating family

+ + 0 0 0 o - = -
(al,...,am,al,...,am_k,al,...,am,al,...,amk,al,...,am>

Then, observe that

Vk Sm—io, Ak (alz) — az +a/z + ( ) 1 1 _m
a; +af +0O(1) if i>m—k

and
a; +al 4+ 0 (1) it <1
Am—igt1 (GZ) =9 ag +al+e+0(1) if i=ip
a; +a +0O(1) it > .

Then, continuing the induction progressively replaces the generators a” into terms of the
form a®™ + O (1), so that in the end

)

—~ a; +af +0(1) if i+
A, (CL~ > = _ _ . . .
a, +al +f (aio) +0(1) if i=1ip.

This concludes the proof.

1.2 A.-(co)algebras

We refer to [47] for a detailed exposition on A..-(co)algebras, and to [32] section 2.3,
[49] for results about Koszul duality in the context of A..-(co)algebras. All our A-
(co)algebras and (co)maps will be strictly unital unless otherwise stated. Besides, we give
the definitions in the Adams-graded setting, which is a bigraded setting: the first grading

is called the cohomological degree while the second grading is called the Adams degree..
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The non-Adams-graded counterpart should be transparent.

1.2.1 Basic definitions

Algebras

Definition 1.17. An Adams-graded A..-algebra is the data of a bigraded vector space
A, a bidegree (0,0) element e € A, and a family of bidegree (2 — d,0) linear maps p¢ :
A®d s A indexed by the positive integers d, such that

Z Iud—(j—i)—f—l o (1i ® Iuj—i ® 1d—j> -0

0<i<j<d
for all d > 1, and

proe®@1)=p’o(l®e)=1
plo(@em11) =0 foralld #£2,0<i<d—1.

Remark 1.18. An Adams-graded DG-algebra is an Adams-graded A,.-algebra with u¢ = 0
for all d > 3.

Definition 1.19. Let A;, As be two Adams-graded A.-algebras. An A,-map f: A; —
Ay is a family of bidegree (1 — d,0) linear maps f : A?Y — A, indexed by the positive
integers d, such that

Z pl-G=iH (1i 2 /L{ﬂ' 2 1dfj>

0<i<j<d

= > uZO(f“*"O®--~®f“*“fl)

0=ip< - <ir=d

for all d > 1, and

{ fle) = e

flo(1®@er @14 1) =0 foralld>2,0<i<d-1.
We say that f is a quasi-isomorphism if the chain map f! is a quasi-isomorphism.

Definition 1.20. Let f; : A} — As and f5 : Ay — Az be two A,-maps between Adams
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graded A..-algebras. The composition fyo f; : A; — Aj is the A, -map defined by

(hof)'= X fo(fie-0f )

0=ig<-<ir=d
for all d > 1.

Definition 1.21. Let A be an Adams-graded A..-algebra, and consider F as an Adams-
graded A,.-algebra concentrated in bidegree (0,0) with uf = 0 when d # 2 and p is the
multiplication of F. An augmentation of A is an A,-map € : A — F. We say that € is
strict if €? = 0 when d > 2. In this case, the augmentation ideal of A is A := ker(e).

An A,-map f: Ay — A, between augmented Adams-graded A,-algebras is required

to satisfy €; = €5 o f.
Definition 1.22. Let A be an augmented Adams-graded A..-algebra.

1. We say that A is connected if its augmentation ideal A is concentrated in positive
cohomological degrees, and we say that A is simply connected if its augmentation

ideal A is concentrated in cohomological degrees strictly greater than 1.
2. We say that A is Adams connected if its augmentation ideal A is concentrated in
positive Adams degrees.
Coalgebras

Definition 1.23. An Adams-graded quasi-A.-coalgebra is the data of a bigraded vector
space C, a bidegree (0,0) linear map € : C' — F, and a family of bidegree (2 — d, 0) linear
maps 0% : C' — C®? indexed by the positive integers d, such that

Z (11' Q §i—i Q 1d—j) o 6d—(j—z')+1 -0

0<i<j<d

for all d > 1, and

(e®1)0d?=(1®e)o0d?*=1
(1ee®1tit)ost=0 foralld #2,0<i<d— 1.

We say that C'is an A..-coalgebra if moreover the map

C—J[c®, zw— (5d ((17))

d>1
d>1 -
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factors through the inclusion @ C®¢ — [] C®“.
a>1 a>1

Remark 1.24. An Adams-graded DG-coalgebra is an Adams-graded A.-coalgebra with
¢ =0 for all d > 3.

Definition 1.25. Let C;, C5 be two Adams-graded quasi-A,.-coalgebras. An A,,-comap
f:Cy — Oy is a family of bidegree (1 — d,0) linear maps f?: C; — C$¢ indexed by the
positive integers d, such that

Z (1i Q 5%—i ® 1d—j) o fd—(j—i)+1

0<i<j<d

= Z (filfio R ® fir*ir—l) o &,

0=ip<--<ir=d

for all d > 1, and

o fl=¢g
(1i®62®1d*i*1)ofd:0 foralld>2,0<i<d—1.

We say that f is a quasi-isomorphism if the map f! (which induces a map on homology)

is a quasi-isomorphism. If Cy, Cy are true A,-coalgebras, we moreover require that the

map
Cr— [[C5Y z— (fd (SC))d>1
d>1 =
factors through the inclusion @ C®? — [ C®.
d>1 d>1

Definition 1.26. Let f; : C; — Cy and f5 : Cy — C5 be two A,-comaps between Adams
graded quasi-A.-coalgebras. The composition fyo f; : C7 — Cj3 is the A,-comap defined
by

(fao fl)d = Z (fgil_iﬂ R ® féT*ir—l) o fr

O=ig<+<ip=d

for all d > 1.

Definition 1.27. Let C be an Adams-graded A..-coalgebra, and consider F as an Adams-
graded A,-coalgebra concentrated in bidegree (0,0). A coaugmentation of C'is an A-
comap 7 : F — C. We say that n is strict if ¥ = 0 when d > 2. In this case, the
coaugmentation ideal of C'is C' := coker(n).

An A, -comap f : C7; — Cy between coaugmented Adams-graded A..-coalgebras is
required to satisfy fon; = ns.
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Definition 1.28. Let C' be a coaugmented Adams-graded A..-coalgebra.

1. We say that C is cohomologically connected if its coaugmentation ideal C is con-
centrated in negative cohomological degrees, and we say that C' is cohomologically
simply connected if its coaugmentation ideal C is concentrated in cohomological

degrees strictly less than —1.

2. We say that C' is Adams connected if its coaugmentation ideal C' is concentrated in

positive Adams degrees.

1.2.2 Bar, cobar, graded dual and Koszul dual

Bar construction

Definition 1.29. Let A be an augmented Adams-graded A..-algebra. The bar construc-

tion BA of A is a coaugmented DG-coalgebra. Its underlying graded vector space is

BA=Fa (@ (A[l])®d)

where A = ker(e) and
Alll= @ Ar+1k)

(n,k)EZXZ
(we only shift the cohomological degree). The differential 6' is defined by

6 (o @ @) = Z $0®"'®$z‘—1®Mi;_i(17i7~-,95j—1)®$j®"'®$d—1
0<i<j<d

and the coproduct §2 by

P (@ Qra1)= D (2@ @x1) @ (2, Q@ Tg_1).

1<i<d—1

Finally, the strict coaugmentation F — BA is given by the inclusion.
Any A, -map f: A; — Ay between augmented Adams-graded A..-algebras induces a
DG-comap Bf : BA; — BA, defined by

Bf(xg® - ®@xq-1) = > SO (o, oy ) ©@ - @ fi T (%T,lw--,xd—l) :

0=ig<-<ip=d
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Proposition 1.30. Let Ay, Ay be two augmented Adams-graded A -algebras. If f : A1 —
As is a quasi-isomorphism, then the naturally induced DG-comap Bf : BA; — BAy is

also a quasi-isomorphism.

Proof. This is Proposition 2.2.4 in [48].
O

Remark 1.31. Let A be a locally finite augmented A, -algebra. If A is cohomologically
simply connected or Adams connected (see Definition 1.22), then BA is locally finite (each

fixed bidegree component is finite dimensional).

Cobar construction

Definition 1.32. Let C be a coaugmented Adams-graded A,-coalgebra. The cobar

construction Q2C' of C' is an augmented DG-algebra. Its underlying graded vector space is

OC=Fa (@ (C [_1])®d>

d>1

where C' = coker(n) and
Cl-1= @ Cm-1k

(n,k)EZXZ

(we only shift the cohomological degree). The differential u' is defined by

(@ ®@za-1)= Y. DR QT @ (1) ®Tip1 @ @ Ty

0<i<d—1,j>1

observe that this is well defined because 67 (2;) vanishes for j large enough) and the
c

product u? by
PP (@  @Ti 1,7 @ @Tg_1) =To @+ @ Tg_1.

Finally, the strict augmentation (2C' — F is given by the natural projection.
Any As-comap f : C7; — C5 between coaugmented Adams-graded A..-coalgebras
induces a DG-map Q1 f : QC; — QC,5 defined by

Qf (.’L‘o - xdfl) = Z fio (33'0) X ® fid*l (xd,l) .

105--es iq—1>0
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In general, the cobar functor does not preserve quasi-isomorphisms. However, it does
in certain situations: we will consider two of them. The first one is summarized in the

following result.

Lemma 1.33. Let f : C7 — Uy be an As-comap between two coaugmented Adams-
graded A -coalgebras. Assume that Cy and Cy are locally finite and cohomologically simply
connected (see Definition 1.28). If f is a quasi-isomorphism, then Qf : QCy — QC5 is a

quasi-isomorphism.

Proof. For i € {1,2}, consider the decreasing, exhaustive, bounded above filtration
QCZ:_F;OD.F;} BDERE

given by
F=@(@l-1) . pz1

d>p
F; is degree-wide bounded because C; is assumed to be locally finite and cohomologically
simply connected. Therefore, the spectral sequence associated to F; converges to H* (2C})
(see for example [13] Theorem 14.6). Moreover, Qf sends F; to F, and induces a quasi-
isomorphism on the corresponding graded objects when f is a quasi-isomorphism. This
concludes the proof.
O

The second situation in which cobar preserved quasi-isomorphisms is the filtered set-

ting, as explained in [47] section 1.3.2 for the DG-coalgebra case.

Definition 1.34. Let C' be an A.-coalgebra. Let F = (F?) -, be an increasing filtration
of the graded chain complex C. Following the terminology of [47] section 1.3.2, we say
that

1. F is admissible if F is exhaustive and F° = 0,

2. (C,F) is a filtered Ay-coalgebra if

& (FHY e P Fre---@F«

Q1+t t94=p

for every d > 1 and p > 0.
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Moreover, we say that an A.-comap f : C; — Cy between filtered A.-coalgebras (Cy, Fi)
and (Cy, F») is a filtered quasi-isomorphism if f sends F; to F, and induces a quasi-

isomorphism between the corresponding graded objects.
Then we have the following result.

Proposition 1.35. If f is a filtered quasi-isomorphism between admissible filtered As-

coalgebras, then Q) f is a quasi-isomorphism.

Proof. The exact same proof as that of Lemma 1.3.2.2 in [47], which is the desired result
in the DG case, works here as well.
O

Remark 1.36. Let f : C7 — C5 be a quasi-isomorphism between two coaugmented Adams-
graded A.-coalgebras. If C and Cy are Adams-connected, then the DG-map Qf : QC; —

Q5 is a quasi-isomorphism. Indeed, we can consider the filtrations
p JE—
f? = @{SL’ € C’L | ’x|Adams = ]{7}, pE N7
k=0

of C; for i € {1,2}. Then

L. for each i € {1,2}, the filtration F; = (F}),cn is admissible because C; is Adams-

connected,
2. for each i € {1,2}, (C;, F;) is a filtered A..-coalgebra, and

3. the map f is a filtered quasi-isomorphism from (Cy, F;) to (Cy, F3) because it pre-

serves the Adams-degree and it is assumed to be a quasi-isomorphism,

and therefore we can apply Proposition 1.35.

Graded dual

Definition 1.37. If V' is an Adams-graded vector space, its graded dual is the Adams-
graded vector space V# whose bidegree (n, k) component is the space of linear forms on
the bidegree (—n, k) component of V.

The map C — C# defines a functor from Adams-graded A..-coalgebra to Adams-
graded A..-algebra. Besides, A — A% defines a functor from locally finite (each fixed

bidegree component is finite dimensional) Adams-graded A.-algebra to Adams-graded
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quasi-A,-coalgebra. Moreover, A — A% defines a functor from locally finite, cohomolog-
ically simply connected or Adams connected, augmented Adams-graded A..-algebra to
coaugmented Adams-graded A.-coalgebra (the connectivity assumption guarantees that

the large order coproducts of an element are zero).
Proposition 1.38. The functors C +— C# and A — A" preserve quasi-isomorphisms.

Proof. This follows from the facts that, over a field, cohomology commutes with graded
dual and quasi-isomorphisms have quasi-inverse.
m

Koszul dual

Definition 1.39 (See Definition 13, Proposition 14 in [32] and the beginning of section
2 in [49]). Let A be an augmented Adams-graded A,.-algebra. Its Koszul dual is the
DG-algebra E (A) = (BA)*.

Proposition 1.40. Let Ay, Ay be two quasi-isomorphic augmented Adams-graded A -
algebras. Then their Koszul dual E (A1) and E (Ag) are also quasi-isomorphic.

Proof. This follows from Propositions 1.30 and 1.38.
[

Remark 1.41. If C' is a coaugmented Adams-graded DG-coalgebra, then there is a natural
DG-map QC — B(C#)# which sends x € C[—1] to

(0 p(@)) € (CF1))* c B(c#).

Besides, if A is an augmented Adams-graded A..-algebra, there is a natural A.-map
A — Q(BA) which sends (z1,...,24) € A? to

T ® - ®@xg € BA[-1] C Q(BA).

Thus, if A is an augmented Adams-graded A..-algebra, there is a natural A,,-map A —
E (FE (A)) which is the composition

A= Q(BA) - B((BA*) = E(E(4).
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Definition 1.42 (See Definition 17 in [32]). Let A be an augmented Adams-graded A.-
algebra. We say that Koszul duality holds for A if the natural A,-map A — E(E (A))

(see Remark 1.41) is a quasi-isomorphism.

Proposition 1.43. If A is an augmented Adams-graded Ao, -algebra such that BA is
locally finite, then Koszul duality holds for A. In particular, Koszul duality holds for
locally finite, cohomologically simply connected or Adams connected, augmented Adams-

graded As-algebras according to Remark 1.31.

Proof. This is Theorem A in [49].
[

Proposition 1.44. Let A be a locally finite, cohomologically simply connected or Adams

connected, augmented Adams-graded As-algebra. Then there is a quasi-isomorphism
Q(A*) = E(4).

Proof. This follows from Lemma 10 in [32] and Remark 1.31.

1.2.3 Cone of an A, -map

Definition 1.45 (See [42] Definition 3.1.3). Let f : A; — As be an A -map between two
Aso-algebras. The cone of f is the non-unital A,-algebra with underlying graded vector
space

Cone (f) = A1 & (Az [-1]),

and with operations given by
:u(éone(f) ((l’% ZE(Q)), R (xf_lv xg_l)> = (lutli (‘r(l)v s 7x(il_1) 7fd (l’?, s 7?[7(11_1>

r+1 11—10 0 i1—1 T —Tpr—1 ir—1 d—2 d—1
+ > 145 (f (xl,...,xl ),...,f’“ " (xl yee ey T ),x2 ))

0=ip<--<ip=d—1

Remark 1.46. In this Remark, we will use the version B of the bar construction for
non-unital (and thus non-augmented) A, -algebras. Its definition is easily adapted from
Definition 1.29 (it is also defined in [46] section 3.6). Observe that if A is a non unital
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A-algebra, then (F @ A) is naturally an augmented A,-algebra and

FoBA=B(FaA).

Let f: Ay — Ay be an A,-map between A..-algebras. Consider the projections p; :
BCone(f) — Ay [1], p2 : BCone(f) — Ag, m : BAy — Ay [1], ma : BAy — Ay [1], and the
degree (—1) map s : Ay — Ay [1]. Besides, observe that the projection p : Cone(f) — A,
is an A,-map, and let G : BCone(f) — BA, be the unique linear map such that

my 0 G = s 0 py and 5%A20G: (E(fOp)®G+G®O) 062
Then the A.-operations on C':= Cone(f) translate as

plo(%c = Wloé%AloEp
s0pyods, = 7T20<§(f0p)+(%AZOG>.

Since p; = 7 o Bp, and s o py, = m 0 G, we get

moBpodr, = 7T1051§A10§p
moGody, = WQO(E(fop)—i—dlEAzoG).
It follows that B B
Bpodg, = dp, oBp
Godhe = B(fop)+dh, oG
In particular, G is an homotopy between B (f op) and 0 (see [54] Lemma 4.2), which
implies that (f o p) is homotopic to 0.

Remark 1.47. Let M be a compact manifold with boundary, and let ¢ : OM — M be the
inclusion. If we see Q* (M) and Q* (OM) as A-algebras, then the cone of i* : Q* (M) —
Q* (OM) (in the sense of Definition 1.45) is the graded vector space

C* = (M) & 0~ (OM)

with differential
pt (o, B) = (da, —dB +i*)
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(compare with [13] Relative de Rham theory), product

M2 ((a1, B1), (a2, B2)) = (al N i, (‘D‘all oy A 52) )

and zero higher operations, so that C* can be seen as a non-unital DG-algebra. Moreover,

if we consider the non-unital DG-algebra
(M, 0M) ={a € Q" (M) |i*a =0},

then the map
Q" (M, 0M) - C*, aw— (,0)

is a quasi-isomorphism of non-unital DG-algebras.
Proposition 1.48. Consider the following commutative diagram of As-algebras

AlLAQ

bl

AL 4

Then the collection of maps (qbd : Cone(f)®? — Cone(f’)>d>1 defined by

¢d ((mcl)7 x%)’ et (x(li717xgil)) = (gil (:C(1]7 tee 7'Til71) Y

r+1 11—10 0 71—1 T —Tp—1 ir—1 d—2 d—1
Z 95 (f (a:l,...,:zcl ),...,fT r (;1:1 N >,$2 >)

O0=ip<---<ir=d—1

defines an Aso-map ¢ : Cone(f) — Cone(f"). If moreover g and gy are quasi-isomorphisms,

then ¢ is a quasi-isomorphism.

Proof. This is a straightforward verification.

1.3 A,-categories

We refer to [59] for a detailed exposition on A..-categories, and to [37], [38] for the

localization of A..-categories and more specific results about modules over A.-categories.
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All our A.-categories will be strictly unital. We give the definitions in the Adams-graded

setting, which is a bigraded setting: the first grading is called the cohomological degree

while the second grading is called the Adams degree.. The non-Adams-graded counterpart

should be transparent.

1.3.1 Basic definitions

Definition 1.49. An Adams-graded A.-category C is the data of

1.

2.

3.

a collection of objects obC,
for every objects X,Y, a bigraded vector space of morphisms C (X,Y),

for every object X, a bidegree (0,0) element ex € C (X, X), and

. a family of bidegree (2 — d,0) linear maps

pt:C (X, X1)® - ®C (Xg_1, Xa) — C(Xo, Xa)
indexed by the sequences of objects (Xj, ..., Xy4), such that

Z Iudf(jfi)Jrl o (1¢ Q Iujfi & 1dfj> -0

0<i<j<d
for all d > 1, and
p* o (ex ® 1c ) (1c xy)® €Y> =lexy)
pd (... =0 for all d # 2.

Remark 1.50. An Adams-graded A, .-algebra is an Adams-graded A,-category with only

one object.

Definition 1.51. Let C, D be two Adams-graded A,.-categories. An A.-functor ® : C —
D is the data of

1.

2.

amap ¢ : obC — obD, and
a family of bidegree (1 — d,0) linear maps
P C (X, X1)® - ®C(Xg_1,Xa) = D (®Xp, PX,)

o8
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indexed by the sequences of objects (Xo, ..., Xy), such that

Z Ha-G—)+1 (1i ® Mj—i ® 1d—j>

0<i<j<d

= Z HJT o ((I,h—io R ® q)ir—i,«_l)

O=ig<-+<ip=d

for all d > 1, and
(I)1<€X):€<I>X
dd(...,ex,...)=0 foralld>2.

We say that ® is strict if ®? = 0 for every d > 2. Moreover, we say that ® is a quasi-

equivalence if the induced functor between the cohomological categories is an equivalence.

Definition 1.52 (See [59] section (1h)). Let ®, ¥ : C — D be two A-functors acting in
the same way on objects. A homotopy between ® and W is a family of bidegree (—d,0)

linear maps
T:C (X0, X))@ ®C(X4_1,Xy) = D(®Xy, UX,),

indexed by the sequences of objects (X, ..., Xy), such that

S+ =S"T(..,uc(...),...)
Y up (@) @) T ()T () T ().

1.3.2 From Adams-graded to non Adams-graded and back

If V' is an Adams-graded vector space, we denote by V' the graded vector space whose
degree n component is the direct sum of the bidegree (m, k) components of V', where the

sum is over the set of couples (m, k) € Z x Z such that m — 2k = n.
Definition 1.53. If C is an Adams-graded A,.-category, we denote by C’ the (non Adams-
graded) A.-category obtained from C by changing the grading so that

C/ <X07 Xl) =C (XOa Xl)/

Observe that any As-functor ® : C; — C; between two Adams-graded A..-categories
induces an A..-functor from C{ to C}, (that we still denote by ®) which acts exactly as
on objects and morphisms. This defines a functor C +— C’ from the category of Adams-

graded A.-categories to the category of (non Adams-graded) A.-categories.
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We denote by F [t] the augmented Adams-graded associative algebra generated by a

variable t of bidegree (2, 1), and by F [t] its augmentation ideal (or equivalently, the ideal
generated by t).

Definition 1.54. If D is a (non Adams-graded) A,-category, we denote by F [t] ® D the
Adams-graded A..-category such that

1. the objects of F [t] ® D are those of D,

2. the space of morphisms from Y; to Y5 is F [t] @ D (Y1, Y3), and if y € D (Y1,Y3) is of
degree j, t* ® y is of bidegree (j + 2k, k),

3. the operations send any sequence (tko & Yo, - - - a1 ® yd,l) of morphisms to

HF[eD (tko ® Yo, .., 14 ® yd—l) =ttt @ up (yo, .. Y1) -

Observe that any A..-functor ¥ : D; — D, between (non Adams-graded) A..-categories
induces an A -functor F [t|@D; — F [t]@D, which acts as ¥ on objects, and which sends
any sequence (tko ® Yo, ..., tH1® yd_1> of morphisms to t"oki-1@W (y,, ... yq_1). This
defines a functor D — F [t] ® D from the category of (non Adams-graded) A,.-categories
to the category of Adams-graded A..-categories.

Remark 1.55. If D is a (non Adams-graded) A..-category, we can define a non unital

Adams-graded A..-category F [t] ® D exactly as in the definition above.

Definition 1.56. Let C be an Adams-graded A..-category concentrated in non-negative
Adams-degree, and let D be a (non Adams-graded) A..-category. To any A.-functor
U C'" — D, we associate an A,-functor ¥ : C — F[t] ® D which sends a sequence

(20, ...,%4-1), where z; is of bidegree (i}, k;), to
v (.To, ‘e ,xd_l) = tkOerJrkd*l ® ‘I// (xo, “en ,.Z‘d_1> .

This defines an adjunction between the category of Adams-graded A..-categories con-
centrated in non-negative Adams-degree and the category of (non Adams-graded) A..-

categories.
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1.3.3 Quotient and localization

Quotient of A, -categories Let C,D be two Adams-graded A.-categories, and let
A, B be two full subcategories of C, D respectively.

Definition 1.57. The A, -quotient C/A is the Adams-graded A..-category such that
1. the objects of C/A are those of C,
2. the space of morphisms from X to Y are

CIAX,Y)= @@ C(X,A)DC(ALA)[1]@- ®C(Ayy,Y)[1]

(by convention, the term p = 1is C (X,Y)), and

3. the operations send any sequence

xi = (.., a0 ) €C/A(X;, Xipa) (0<i<d—1)

(3 a2

to

ficja (Xos - -+ Xd-1) =
> w@ e ®pue (v 00) @0k, © @

0<i<po,1<j<pg—1
i<j if d=1

Remark 1.58. We have (C/A)" = C'/ A’ (see Definition 1.53 for the meaning of the “prime”
symbol).

Definition 1.59 (See [50] section 3). Let ® : C — D be an A, -functor such that ® (A)
is contained in B. Then there is an induced A,-functor @ : C/.A — D/B which sends any
sequence

X; = (m(.) xf‘.’i—l) €C/A(X:, Xiy1) (0<i<d-1)

(3 a2

to
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where

L(po,. .. pa-1) = U{(ih---,ir)GZ;o|is=po+"'+pt—1 iff s =r and t = d}
r>1

and

0 po+-+pg_1—1) __ 0 po—1 0 pa—1—1
(x,...,x >_(:z:0,...,x0 N I DU et i

Remark 1.60. Let ® : C — D be an A, -functor, and let ¥ : D — £ be another A..-
functor towards a third A.-category £. Assume that ® (A) is contained in B. Then
TVod=Uod:C/A— E/T(B) as Ax-functors (see [50] section 3).

Localization of A, -categories

Definition 1.61 (See [9] section 3.2). We denote by Tw C the Adams-graded A,.-category
such that:

1. the objects of Tw C are the twisted complexes (X, d) of C, which consist in

(a) afinite family X = (X, ki), ., y Where X; is an object of C and k; is an integer,

(b) a strictly upper triangular matrix 6 = (0, ;) where 0, ; is a bidegree

1<i<j<N’

(k; — k; +1,0) morphism in C (X;, X;), such that

ST pd(s,...,8) =0

d>1
(in matrix notation),

2. a bidegree (s,¢) morphism from X to X' is a matrix (), ;< y1<j<nr, Where z;; is
a bidegree (s + K — ki, 6) morphism in C (X;, X;),

3. the operations send any sequence
(xo, . ,xd_l) € TwC (Xg,X1) X -+ x TwC (X4_1,%X0)

to
0 d—1\ _ jo .0 i1 .1 d—1 ¢ja
,uTWc(x,...,x )— E uc(éo,x,él,x,...,x ,5d>

J0se-2Ja=0

(in matrix notation).
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Definition 1.62. Let W be a set of closed bidegree (0,0) morphisms in C. We denote by
Cone W the full subcategory of Tw C whose objects are the twisted complexes

Conew := (((X1,1),(X2,0)),w: X; = X»)
for w in . The localization C [W~!] of C at W is the full subcategory of (Tw C) / (Cone W)

whose objects are those of C.

1.3.4 Modules

Let C,D be two Adams-graded A..-categories, and let A, B be two full subcategories of
C, D respectively.

As-bimodules
Definition 1.63. A (C, D)-bimodule M consists of the following data:
1. for every pair (X,Y) € ob(C) x ob (D), an Adams-graded vector space M (X,Y),

2. a family of bidegree (1 —p — ¢,0) linear maps

pim : C(Xo, X1) ® - @ C (X1, Xp) © M (X, Yg)
@D (Y, Y, 1) ®---@D(Y1,Yy) = M (X, Y0)

indexed by the sequences
(Xo,..., X, Yo, ..., Y,) €ob(C)P" x ob(D)"*,
which satisfy the relations

SpmCepe o) u ) Y i i () )
+ZMM(7U77M’D()7):O

A degree (s, /) morphism ¢ : My — M, between two (C, D)-bimodules consists of a
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family of bidegree (s — p — ¢, ) linear maps

t:C(Xo, X1)®-- ®C(Xp1,X,) @ My (X, Yg)
®D(}/(17Yq—1)®®D(Yia%)_>M2(XO7%)

indexed by the sequences
(X0, X,, Yo, ..., Y,) €ob(C)P" x ob (D))",
The differential of such a morphism is defined by

oo (0 (vt )
=> t(pel..),. DA ey () )
—i—Zt.. Uy .oy pip ( —|—ZuM2..., ey Uy ) )

Definition 1.64. Let &1, P, : C — D be two A, -functors. Then there is a C-bimodule
D (®1(—), Po(—)) defined as follows:

1. on the objects, it sends (X1, X3) to D (P1X;, P2X5),

2. on the morphism, it sends a sequence (...,y,...) in

C (Xo,Xl) X--xC (Xp_l,Xp) x D (q)lX (I)QXP_H)
X C (Xpt1, Xpra) X -+ X C(Xpig, Xprgr1)

to

D@y (<) @2(-) (-3 Yy )
=S i (@ () B () B () B ().

As-modules In the following, we will focus on left C-modules, which correspond to

(C, F)-bimodules.

Definition 1.65 (See [59] section (1j)). A C-module M is an A.-functor from C°? to
Ch. In other words, there is a chain complex M (X) for every object X in C, and, for
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each sequence of objects (X, ..., Xy), there is a bidegree (1 — d,0) linear map
M e C (Xo,Xl) ®:---xC (Xd—lde) QR M (Xd) - M (Xo) .
Besides, the operations satisfy the relations

S ta (oot (o) o) paa o piaa (-22)) = 0.

A degree (s, ¢) morphism ¢ : M; — M between two C-modules consists of a bidegree

(s — d, ?) linear map
C (X0, X1)® -+ ®C(Xag-1, Xgq) ® My (Xg) = M3 (Xo)

for every sequence (X, ..., Xy) of objects. The differential of such a morphism is defined
by

Htoae (1) = Y2t (oo pic >..>+t<...,m<...>>

Finally, the composition of t; : My — My and ty : My — Mj is given by

ta oty —MModC (t1,t2) =D o (.. ).

We denote by Mod¢ the Adams-graded DG-category of (left) C-modules.

Definition 1.66. Let t : M; — M, be a degree 0 closed C-module map. We say
that t is a quasi-isomorphism if the induced chain map ¢ : M;(X) — My (X) is a
quasi-isomorphism for every object X in C. (See [38] section A.2 for a discussion on

quasi-isomorphisms between A..-modules).

Definition 1.67. Let t,t : M; — M,y be two degree 0 closed morphisms of C-modules.
A homotopy between ¢t and ¢’ is a C-module map h : M; — M such that

b+t = o (h)-
Definition 1.68 (See [59] section (11) and [38] section A.1). There is an A,.-functor

C—Mode, Y—C(—Y),
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called the Yoneda A..-functor, defined as follows. For every object X,
C(—Y)(X)=C(X,Y).
Besides, a sequence
(2o, .-y xq-1) € C(Xo, X1) X -+ X C(Xg_1,Xy)
acts on an element v in C (Xg4,Y') via the operations

He(—y) ($0> <oy Ld—1, U) = Uc ($0> <oy Ld—1, U) .

Finally, let
y = (y()a"'ayp—l) € C(}/E)a}/l) X X C(}/ZD—h}/;J)
be a sequence of morphisms in C. Then the Yoneda functor gives a morphism of C-modules

ty : C(—,Yy) = C(—,Y,) which sends every sequence (zo, ..., Zq4_1,u) as above to

e (x()v <oy Td—1, Uy Yo, - - - 7yp71) cC (X(]?}/;)) .

We have the following important result.

Proposition 1.69 (Yoneda lemma). The Yoneda A..-functor
C — Mode, Y —C(—Y)

is cohomologically full and faithful.

Proof. This is Lemma 2.12 in [59], and also Lemma A.1 in [38].
[

The Yoneda lemma has the following easy consequence. We state it for future reference.

Corollary 1.70. Every closed C-module map f : C(—,X) — C(—,Y) is homotopic to
the C-module map ty.) induced by f(ex) € C(X,Y). (see Definition 1.68).

Proof. According to the Yoneda lemma, f is homotopic to ¢, for some closed z in C (X, Y').
Thus, there exists a C-module map h:C(—,X) — C(—,Y) such that

f = tw + lull\/lodc (h) .
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Evaluating the latter relation at the unit ex € C (X, X) gives

fex) =z + pg (hex) .

Therefore, = is homotopic to f (ex), and this implies that ¢, is homotopic to ¢y by the
Yoneda lemma. Finally, we have that f is homotopic to ts..
m

Cone of module maps

Definition 1.71. Let t : M; — M, be a degree 0 closed morphism of C-modules. We
denote by

M,
Cone (./\/ll AN ./\/lg) = Jt

M
the C-module M defined as follows. For every object X in C,

M (X) =M, (X)[1] & Mz (X)
as graded vector space, and any sequence
(2o, xq-1) € C(Xo, X1) X -+ X C(Xg_1,Xy)
acts on an element u; @ uy in M (X,) via the operations

Hm (._'E[), ceey Xg—1,U1 @Ug) =

Ky (ZE(), ey g1, ul) S (H’MQ (3:07 sy L1, U’Q) +1 (3:07 sy Tg—1, U’l)) :

If we have two C-module maps ¢t : M; — My and t' : M; — My, then we set
M,

M,
A O e
M, M,

My & M,
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Proposition 1.72. Consider a diagram of C-modules

MILMZ

!

t

MIZ*Q>M3

where all the morphisms are of degree O and closed. Then any homotopy h : My — M3

between
b= t3toae (L, t2) and t':= piRpoq, (11,15)

induces a degree 0 closed C-module map

M
ty % 1 X/lj — Msj
Mo M,

defined by

!/
th (:E07"'axd—1au1 D ug @UQ) =

h(!L’g, Ce ,CEd_l,U1) + tg ($0, Ce ,$d_1,U2) + t/2 ($0, . ,xd_l,u;) .

Proof. The only thing to check is that 3.4 . (tn) = 0, which is straightforward.

Pullback of A.,-modules

Definition 1.73 (See [59] section (1k)). Let ® : C — D be an A-functor. Then there
is a DG-functor
®* : Modp — Mode, N +— ®*N.

We describe this functor more precisely. Let N' be a D-module. For every object X,
PN (X) =N (9X).
Besides, a sequence
(2o, ..y xq-1) € C(Xo, Xq) X -+ X C(Xg_1,Xy)
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acts on an element u € ®*N (X)) via the operations

pan (o, .., g1, 1) :ZMN(CD (Toy ooy Tiy—1) o, P (Tagiy ooy Tao1) )

Finally, let ¢ : N7 — N5 be a D-module map. Then the above functor gives a C-module

map ®*t : P*N; — d*N, which sends every sequence (z, ..., x4 1,u) as above to
(I)*t(l'o,...,.%d,l,u) = Zt(q)($0,...,xi1,1),...,(I)(de,iT,...,de,l),U) .

Remark 1.74. Let ® : C — D be an A, -functor, and let ¥ : D — & be another A -functor
towards a third A -category €. Then ®* o U* = (¥ o ®)" as DG-functors.

Definition 1.75. Let Y be an object of C, and let ® : C — D be an A, -functor. Then
there is a degree 0 closed C-module map tg : C (—,Y) — ®*D (—, ® (Y')) which sends any

sequence
(113'0, S 7$d—17u> eC (X07X1) X XC (Xd—laXd) xC (Xd7Y)

to
te (fo, e ,xd_l,u) = (l’o, e ,xd_l,u) S D((I)XO,CI)Y) .

Quotient of A, -modules

Definition 1.76 (See [37] section 3.1.3). There is a DG-functor
Mod¢ — MOdc/A, M — A\M.

We describe this functor more precisely. Let M be a C-module. For every object X,

AM(X) =

Besides, a sequence

X; = (SZJQ xf.’rl) €C/A(X;, Xip1) (0<i<d-—1)

(3 a2
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acts on an element
u= (mg, o ,xfld_l, u) € aM(Xy)

via the operations

[ 4 M (X0, .+, Xg_1,1) =
> TR ®@Th @ e (mf),...,xé—l> QTR @ Qu
Ti<j it d=0
+ Y e @ @ (ah 2l )

0<i<po

Finally, let t : My — M be a C-module map. Then the above functor gives a C/.A-
module map 4\t : o M; — 4 Ms which sends every sequence (Xo, . ..,X4-1,u) as above
to

A\t(Xo,...,Xd_l,u> = Z l’8®"'®$6_1®t<1187---7x§d717u)'

0<i<po

Remark 1.77. If t : My — M is a degree 0 closed C-module map, then
A\Cone (./\/ll i) MQ) = Cone (A\Ml A—\t> A\Mz) .
Proposition 1.78. Let M be a C-module. If A is some object in A, then s M (A) is

acyclic.

Proof. This is Lemma 3.12 in [37].
O

Proposition 1.79. Let M be a C-module. If M (A) is acyclic for every A in A, then
the inclusion M (X) — oM (X) is a quasi-isomorphism for every object X.

Proof. This is Lemma 3.13 in [37].

Relations between pullback and quotient of A, -modules

Definition 1.80. Let ® : C — D be an A,-functor such that ® (A) is contained in B,
and let X be a fixed object of C. Then, for each D-module N, there is a chain map
A\ (P*N) (X) = p N (PX) which sends an element

u= (xo,...,xp’l,u) € a (P*N) (X)
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to
Z@(wo,...,x“_l) ®---®(I><xi7',...,a:p_1) Que pN (PX).

This defines a natural transformation between the functors N’ — 4 (®*N) (X) and
N = pN (®X) from Modp to Ch. In other words, for every D-module map ¢ : Nj — N,

the following diagram of chain complexes commutes

A\ ((I)*N1> (X) E— B\Nl (@X)

J{A\(‘D*t) J{B\t

A (P*N) (X) —— s No (PX)

Remark 1.81. Let Y be an object of C, and let & : C — D be an A, -functor such that
® (A) is contained in B. Let ® : C/A — D/B be the A, -functor induced by ® (see
Definition 1.59). Localize the morphism tg : C(—,Y) — ®*D (—, ®Y') of Definition 1.75

at A and evaluate at X to get a chain map
CIAX,Y) = 4C(=Y)(X) 25 4 ("D (-, ®Y)) (X).
Then the composition of this map with the chain map
A (D (=, 2Y)) (X) = gD (-, QYY) (®X) = D/B(PX, DY)
of Definition 1.80 is the chain map @ : C/A(X,Y) — D/B(®X, Y.

Proposition 1.82. Let ® : C — D be an A-functor such that ® (A) is contained in B,
and let ® : C/ A — D/B be the Au-functor induced by ® (see Definition 1.59).

Now let Y be a fized object of C. Assume that we have a C-module M¢, a D-module
Mop, a degree 0 closed C-module map te : C(—,Y) — Mec, a degree 0 closed D-module
map tp : D (—,PY) — Mp and a degree 0 closed C-module map tg : Mc — ®*Mp such

that the following diagram of C-modules commutes

C(—Y) -2 &D(—,dY)

ltc J{CD* tp

Me —"— &*Mp
(see Definition 1.75 for the map ts). Then for every object X in C, there is a chain
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map u @ pMec (X) = g Mp (PX) such that the following diagram of chain complexes
commutes

C/A(X,Y) —* s D/B(OX, DY)
A\te ls\to

AMe (X) —— pMp (PX)

T T

Me (X) —2— Mp (PX)

(the two lowest vertical maps are the inclusions). If moreover the following holds:
1. for every objects A, B in A, B, the complexes Mc (A) and Mp (B) are acyclic,

2. the morphisms ate : aC(=,Y) = aMc and p\tp : pD(—,PY) = g Mp are

quasi-isomorphisms, and
3. the morphism ty : M¢e — ®* Mp is a quasi-isomorphism,

then the map ® : C/A(X,)Y) — D/B(PX,PY) is a quasi-isomorphism for every object
X inC.

Proof. We apply the functor P — 4\ P to the first diagram, we evaluate at X and we
use the natural map of Definition 1.80 to get the following commutative diagram of chain

complexes

A\te

AC (=) (X) —= 4 (PP (=, 8Y)) (X) —— »D (=, ¢Y) (2X)

L‘\\tc lA\(q’*tv) JB\tD

A\to

AaMe (X) ———— 4 (" Mp) (X) ———— s Mp (X)

Then we compose the horizontal maps and we use Remark 1.81 to get a commutative

diagram of chain complexes

CIA(X,Y) —2 D/B(X, DY)

lA\ te ls\tv

AMe (X) —— pMp (PX)
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This proves the first part of the Proposition because the following diagram of chain com-

plexes commutes

AMe (X) —— pMp (PX)

J J

Me (X)) —2 Mp (BX)

The second part of the Proposition follows directly with Proposition 1.79.

1.3.5 Grothendieck construction and homotopy colimit

An exposition on Grothendieck constructions and homotopy colimits in the context of
Ax-categories can be found in [38] appendix A. We recall here definitions and basic facts

that will serve us in the following.

Definition 1.83. Consider a diagram of Adams-graded A.-categories

CLDl

|

D,

The Grothendieck construction of this diagram is the Adams-graded A..-category G such
that

1. the set of objects is ob (C) U ob (D;) U ob (Ds),

2. the space of morphisms between two objects X and Y is given by

C(X,Y) if XY €ob(C)
D;(®;X,Y) if X €ob(C) and Y € ob (D;)

0 otherwise.

Gg(X,Y)=

3. the operations involving only objects of C, respectively of D;, are the same as in C,
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respectively in D;, and for every sequence

(Toy -y Tp1, Y5 205 -+ 2g-1) € C (X0, X1) ®@ - @ C (Xpo1, Xp)
®Q(Xp7%)®pz (%7Y1)®®DZ (}/;1—17}/;1)a

we have

pg (Toy -y Tpo1,Y, 20, - -+ Zg—1) =

Zupi (D (zos -y Tig—1) 5o i (@piys ooy Tpm1)  Ys 205 - - -5 Zg—1) -

We will call adjacent unit of G any morphism in G (X, ®; (X)) which corresponds to
the unit in D; (®; (X),P; (X)). The homotopy colimit H of the above diagram is the

localization of G at its adjacent units (see Definition 1.62).

Proposition 1.84. Let G be the Grothendieck construction of a diagram

CL)Dl

.

D,.

Then any strictly commutative square

CLDl

o |w

v
Dy —2—

induces a functor o : G — & defined as follows. On the objects, o acts on D; as V;, and on
Cas V0P = Vy0dy ; on the morphisms, o acts on D; as V;, onC as V0P, = Uy0d,,

and it sends any sequence

(o, Tp1, Y, 20, - -+ Zq—1) € C (X0, X1) ® -~ ®C(Xp_1, X))
®g(Xp7%)®Dz (%7Y1)®®DZ (}/q—la}/;»a
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to

O(x07"'7xp—17y7207‘-'7zq—1) =

Z\Ij’ ((1)7, (l’o, c ,Iil_l) N ,(I)i (wp—iy-a ce ,Ip_l) , Y, 20, - - .,Zq_l) .

Proof. This is a straightforward verification.

Proposition 1.85. A strictly commutative diagram of A, -categories

B A B
L
D, C D,

induces an Ao-functor from the Grothendieck construction of the top line to the Grothendieck
construction of the bottom line which preserves adjacent units. If moreover each vertical

arrow 18 a quasi-equivalence, then the induced functor

A— B C —— Dy
hocolim l — hocolim l
B D,

s a quasi-equivalence.

Proof. This is Lemma A.5 in [38].

Proposition 1.86. Consider two diagrams of A -categories

C L Dl C L Dl
%J and \p{
Dg D2-

If ®; and V; (for i € {1,2}) are homotopic (see Definition 1.52), then the homotopy

colimits of the diagrams above are quasi-equivalent.

Proof. Let Gy and G, the Grothendieck constructions of the above diagrams.
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Let T; be an homotopy from ®; to ¥;. This means that

We consider the functor s : Gg — G; such that
"<‘:|C = idCa K\Di = id’Dm

and which sends every sequence

(...,y,...)GC(X07X1)X“‘XC(prl,Xp)Xg()(Xp

XDZ(%?E) Xoeee XDi(}G*l?}C])7
to

Kooy yy.on) =

if p is positive, and to
¢ (y,...)=1idp, (y,...)

otherwise. Using the facts that ®;, U; are A -functors, that T; is an homotopy from &;
to ¥;, and gathering the terms depending on if they contain 7% (...

that r satisfies the A..-relations. This proves the result because x is a quasi-equivalence

sending the adjacent units of Gy onto those of G;.

1.3.6 Cylinder object and homotopy

Let A,, A; and A+t be three copies of an A.-category A. We denote by C be the

Grothendieck construction of the following diagram

AILAT

idJ{ 9

AL
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and we let ¢, ¢7,t7 : A — C be the strict inclusions with images A, A;, At respectively.
Finally, we denote by W the set of adjacent units in C, and we let Cylq = C [Wc_l] be
the homotopy colimit of the diagram above. We say that Cyl4 is a cylinder object for A.

We denote by 7 : C — A the A,-functor induced by the following commutative square

./4 id

A
id lid
A

A id

(see Proposition 1.84).

Proposition 1.87. The following diagram of A, -categories commutes

AUA LTS 0 A
\_/'

iduid

Moreover, m sends We to the set of units in A, and the induced Ao -functor 7 : Cylq —

A [units™!] (see Definition 1.59) is a quasi-equivalence.

Proof. The facts that o (¢, Uet) =idUid and that 7w sends We to the set of units in .4

are clear. We now show that 7 : Cyl4 — A [units™!] is a quasi-equivalence.

We first observe that it is enough to show that the map
7:Cyla (X, X') = A {{units}_l} (r X, 7X")

is a quasi-isomorphism for every object X in C and X’ in A, U A+ C C. Indeed, we can
deduce from this that 7 : Cyl (X, X') — A[{units} '] (7 X, 7X’) is a quasi-isomorphism

when X' = ¢;(Z) is in A; as follows. Consider the commutative diagram of C-modules

C(—,u(2)) -2 7 A(=, Z)

| =

C (= w(2))

(the vertical arrow is composition with the morphism ¢;(Z) — ¢, (Z) in W, and the other

arrows are the ones of Definition 1.75). If we localize at W, and then evaluate at some
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object X, we get a commutative diagram of chain complexes

1t
W17r

Cyla (X,1(2)) —— o (T A(=, Z)) (X)

l /
We

Cyla (X, 11(Z)).

Now using the natural map of Definition 1.80 and Remark 1.81, we get the following

commutative diagram of chain complexes

Cyla (X, u(2)) —— {uitsy—1A(—, Z) (nX) = A[{units} '] (71X, Z)
Cyla(X,01(2)).
Thus, knowing that the map 7 : Cyls (X, 01 (Z)) — A[{units} '] (7 X, Z) is a quasi-

isomorphism implies that 7 : Cyla (X,¢;(Z)) — A[{units} '] (7 X, Z) is also a quasi-

isomorphism.

It remains to show that @ : Cylg (X,:a(Z)) — A[{units}™ ! (7X,Z) is a quasi-
isomorphism when A € {1, T}. Our strategy is to apply Proposition 1.82. For the

C-module we take

LI

(2))
Mc \ R
C(=er(2))

C(
/
(2))

C(_,[/J_
where
tin 1 C(—,u(2)) = C(—a(2)), AL e{l, T}

is the C-module map induced by the adjacent unit in C (¢;(Z),ta(Z)) (see Definition
1.68)). For the A-module we simply take A(—, Z). Besides, we let t¢ : C(—,a(Z)) —
M be the C-module inclusion, and we let t4 : A(—,Z) — A(—, Z) be the identity map.
We now define the morphism ¢, : M¢ — 7*A(—, Z). Consider the following diagram of
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C-modules
C(—u(2)) " C (=, 1(2))

o |-

C(—1.(2) = 7 A(—, Z).

Observe that this diagram is commutative, and thus it induces a strict C-module map
to : M¢ — 7 A(—, Z) according to Proposition 1.72. It is then easy to see that the

following diagram commutes

C(—,n(2)) -2 7 A(—, Z)

ltc J,ﬂ-*tA

Me —2 s 7 A(—, Z).

To conclude the proof, it suffices to check the three items of Proposition 1.82. Observe
that the pair (A (—, Z),t4) trivially satisfies the two first items.

We check that (Mg, t¢) satisfies the first item of Proposition 1.82. Let Y be an object
in A and let w be the adjacent unit in C (¢;(Y), ¢, (Y)) (the proof is the same for the
adjacent unit in C (¢7(Y), ¢7(Y)) N We). Then

M. (Conew) = Cone </\/lc (L (Y)) M M (LI(Y))>

= Cone (C (L (Y),1(2)) M K) :
where

C(u(Y),u(Z))
K = trT

tri

C(r(Y),0L(2)) C(u(Y),e1(2))

Observe that p2 (w, —) : C (t.(Y),t1(Z)) — K is injective so its cone is quasi-isomorphic
to its cokernel, which is the cone of t;1 : C (¢/(Y),t1(Z)) = C (¢1(Y),t1(Z)). The latter

map is a quasi-isomorphism, so M¢ (Cone w) is acyclic.

We now check that (Me,tc) satisfies the second item of Proposition 1.82. Observe
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that

W€ (= u(2))

ngMc - AL \WGU&IT
(z) °

ngc(_aLL ngc(_aLT(Z>>

and Wc—ltc : WC—1C (—,n(2)) — WC—IMC is the inclusion. Thus if X is some object of C,
the cone of wite : Cyla (X, in(2)) — Wt M (X) is quasi-isomorphic to the cone of the
multiplication in Cyl4 by an element of W, which is a quasi-isomorphism. Thus the map
woite : WC—1C (—,ta(2)) — WC—IMC indeed is a quasi-isomorphism.

It remains to check the third item of Proposition 1.82, which is that the map t; :
M (X) = 1A (—, Z) (X) is a quasi-isomorphism for every object X. This is clear when
X isin A; UA~, and it can be deduced when X = ¢;(Y") using the following commutative
diagram

to

Me (u(Y)) —— 7 A(=, 2) (u(Y))

l H

to

M (11 (Y)) —— 7 A(=,Z) (L (Y)).

This concludes the proof.
]

Remark 1.88. Proposition 1.87 can be thought as saying that Cyl_4 is a cylinder object for
A.

Proposition 1.89. If two A-functors &,V : A — B are homotopic (see Definition
1.52), then there is an As-functor nn: C — B which sends the adjacent units of C to the

units in B and such that the following diagram commutes

Proof. On the objects, we set n(Xa) = ®(X) = ¥ (X) for every object X of A and
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A € {L,1, T}. On the morphisms, we set
May = nay, =V, nar =@
and ask for the restriction of n to
A (Xo, X1)®@- - - @Ay (Xp-1, Xp)&C (Xp, Xpi1) QAL (Xpi1, Xpi2)®- - QAL (Xpig, Xpigi1)
to be W. It remains to define n for

(...,{L‘,...) eA; (XO,Xl) ®--- QA (Xp_17Xp)
®C (Xpa Xp-i-l) ® At (Xp-i-lv Xp+2) ® - @At (Xp+q7 Xp+q+1) :

For this we take a homotopy T" between ® and ¥, which means that

P+U=>T(..,pa(--.),...)
+Y (@), () T (), T, T ().

Then we let

n(..,xz,...)=
S (@C. ), )T )T ), T ), U, )P (L), ()

if p is positive, and n(x,...) = ¥ (x,...) otherwise.
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CHAPTER 2

MAPPING TORUS OF A
QUASI-AUTOEQUIVALENCE

In this chapter, we introduce the notion of mapping torus for a quasi-autoequivalence of
an A,-category, by analogy with the mapping torus associated to an automorphism of
a topological space. This terminology was also used in [45], but we do not know if the
two notions coincide. The two main theorems of this chapter allow us to compute this
mapping torus under different hypotheses. We will then use these results in the next

chapter in order to prove Theorem D.

2.1 Definitions and main results

In this section, all the A-categories will be assumed to be small, i.e. to have a set of

objects.

2.1.1 Definitions

Definition 2.1. Let 7 be a quasi-autoequivalence of an Adams-graded A.-category A.

The mapping torus of 7 is the homotopy colimit of the following diagram

AU A 2997, 4
iduidJ{
A

(see Definition 1.83).

Remark 2.2. We use the terminology “mapping torus” by analogy with the analogous

situation in the category of topological spaces. Indeed, if f is an automorphism of some
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topological space X, then the mapping torus of f

My = (X x[0,1]) / ((z,0) ~ (f(x), 1))
is the homotopy colimit of the following diagram

Xux %, x

iduidl

X.

Remark 2.3. The terminology “mapping torus of an autoequivalence of A, -categories”
also appears in [45], and it is used in [44] in order to distinguish open symplectic mapping
tori. We do not know if the two notions (the one of [45] and the one of Definition 2.1)

coincide.

Remark 2.4. The mapping torus of a quasi-autoequivalence is also Adams-graded, because

it is the localization of an Adams-graded A..-category at morphisms of Adams-degree 0.

Definition 2.5. Let A be an A.-category. A Z-splitting of ob (A) is a bijection
ZxE&Sob(A), (n,E)— X"(E).

If such a splitting has been chosen, we define the Adams-grading of an homogeneous
element x € A(X"(E), X?(E)) to be (j —4). This turns A into an Adams-graded A..-
category.
Let 7 be a quasi-autoequivalence of A. We say that a Z-splitting of ob (\A) is compat-
ible with 7 if
T(X"(E)) = X" (E)

for everyn € Z and F € £.
We say that A is weakly directed with respect to a Z-splitting of ob (\A) if

A(X/(E), X'(E) =0

for every i < j and E, E' € £ (we use the term “weakly directed” A..-category because
the notion is slightly more general than that of directed A..-category defined by Seidel in
[59] section (5m)).
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Remark 2.6. Compatible Z-splittings naturally arise in the context of Z-actions. A strict
Z-action on an A-category A is a family of A.-endofunctors (7,), ., such that 7o = id4
and 7;4; = 7; 0 7; (see [59] Paragraph (10b)). If the induced Z-action on ob (A) is free,
then any section o of the projection ob(A) — &£, where £ is the set of equivalence classes

of objects in A under the Z-action, gives a Z-splitting
ZxESob(A), (nE)—1,(0(F))

which is compatible with the automorphism 7.

2.1.2 Main results

First result

Definition 2.7. Let 7 be a quasi-autoequivalence of an A..-category A equipped with a
compatible Z-splitting of ob (A). Assume that 7 is strict (see Definition 1.51) and acts
bijectively on hom-sets. In this case, we define an Adams-graded A.-category A, as

follows:

1. the set of objects of A, is &,
2. the space of morphisms A, (F, E’) is the Adams-graded vector space given by

A (E,E") = (@ A(X(E) Xj(E’)))/(T(a:)Nx)

i,jEZ
3. the operations are the unique linear maps such that for every sequence
(@0, wa1) € A (X0 (EBo), X (B)) x - x A (X' (Bg_y), X (Ea)) |
we have

o, ({0l [eas]) = [ (@020 0)]
where [] : A(X"(E), X’ (FE')) = A, (E, E') denotes the projection. (It is not hard

to see that such operations exist and satisfy the A,-relations.)

Theorem 2.8 (Theorem A in the Introduction). Let T be a quasi-autoequivalence of an
Ao-category A equipped with a compatible Z-splitting of ob (A). Assume that T is strict

and acts bijectively on hom-sets. Then the mapping torus of T is quasi-equivalent to A..
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Remark 2.9. In Theorem 2.8, the A,.-category A, is the (ordinary) colimit of the following

diagram
AUA 495 4
iduidl
A.

Thus Theorem 2.8 can be seen as a “ homotopy colimit equals colimit” result.

Second result We denote by F [t] the augmented Adams-graded associative algebra
generated by a variable ¢ of bidegree (2,1), and by F [¢] its augmentation ideal (or equiv-
alently, the ideal generated by t). Besides, we use the functors C +— C’ and D — F [t] @ D
introduced in Definitions 1.53 and 1.54 respectively (see also Remark 1.55).

Finally, if C is an A..-category equipped with a Z-splitting of ob (C), we denote by C°

the full A,-subcategory of C whose set of objects corresponds to {0} x &.

Theorem 2.10 (Theorem B in the Introduction). Let 7 be a quasi-autoequivalence of an
Aoo-category A equipped with a compatible Z-splitting of ob (A). Assume that the following
holds:

1. A is weakly directed with respect to the Z-splitting of ob (A) (see Definition 2.5),

2. there exists a closed degree 0 bimodule map f: A (—,—) — A" (—,7(—)) (see Def-
initions 1.63 and 1.64) such that for every i < j < k and for every E,E' € &, the

chain maps
{ 1w (= flexsmy)) © A(XUE),XI(E) = A(XU(E),X7H(E))
12y (f(eX,-(E)), —) - A (Xj+1(E),Xk+1<E/)> — A (XJ(E),Xk+1(E/)>

are quasi-isomorphisms.
— 0
Then the mapping torus of T is quasi-equivalent to (.A')O B (F [t @ A {f (units)_l} )

Remark 2.11. In [36], the chain complex of A-bimodule maps from the diagonal bimodule
A (—,—) to some A-bimodule B is called the two-pointed complex for Hochschild coho-
mology of A with coefficients in B. Proposition 2.5 in [36] shows that this complex is
quasi-isomorphic to the (ordinary) Hochschild cochain complex of A with coefficients in
B. In particular, the bimodule map f in Theorem 2.10 defines a class in the Hochschild
cohomology of A" with coefficients in A’ (—, 7(—)).
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Remark 2.12. The A,-category which computes the mapping torus in Theorem 2.10 is

very similar to the curved A..-categories studied by Seidel in [57].

Outline of the chapter In section 2.2, we consider an A, -category A equipped with a
Z-splitting of ob (A) and a choice of a closed degree 0 morphism ¢, (E) € A(X™(E), X" (E))
for every n € Z and every E € £. We give technical results about specific modules associ-
ated to this data. This will be used in the proof of Theorem 2.10 with ¢, (E) = f (eXn(E)).

In section 2.3, we consider the Grothendieck construction G of a slightly different dia-
gram than the one in Definition 2.1, together with a set Wy of closed degree 0 morphisms.
The idea is that the localization H = G [Wg 1} is the homotopy colimit of a diagram
obtained from the one in Definition 2.1 by a cofibrant replacement of the diagonal functor
AUA — A. Thus it is not surprising that H is quasi-equivalent to the mapping torus of
7. Moreover, we prove technical results about specific modules over G that will be used
in the proofs of Theorems 2.8 and 2.10.

In section 2.4, we prove Theorem 2.8. We first define an A, -functor ® : G — A,
which sends Wy to the set of units in .4,. Then we prove that the induced A.-functor
d:H - A [{units}~!] is a quasi-equivalence. To do that, our strategy is to apply

Proposition 1.82 using the results of section 2.3 about the specific G-modules.

In section 2.5, we prove Theorem 2.10. We use the fact that G is “big enough”
(there are more objects and morphisms than in the Grothendieck construction of the
diagram in Definition 2.1) in order to define an A.-functor V' : G" — A’ (see Definition
1.53 for the meaning of the “prime” symbol). This induces an A.-functor U H -
Flt]® A { f ({units})_l}. Then we prove that for every Adams degree j > 1, and for
every objects X,Y in H, the map

VM (X,Y), = (Fl] @A [f ({units}) ™)) (BX, ¥Y),

is a quasi-isomorphism (if V' is an Adams-graded vector space, V; denotes the subspace
of Adams degree j elements). To do that, we apply once again Proposition 1.82 using the
results of sections 2.2 and 2.3 about the specific modules over A" and G respectively. This

allows us to finish the proof of Theorem 2.10.

87



Mapping torus of a quasi-autoequivalence

2.2 Results about specific modules

In this section, we give technical results that will allow us to apply Proposition 1.82 in
the proof of Theorem 2.10.

Let A be an A, -category equipped with a Z-splitting of ob (A). Assume that we chose,
for every n € Z and every E € &, a closed degree 0 morphism ¢, (E) € A (X"(E), X"T1(E)).
Moreover, assume that we chose a set W4 of closed degree 0 morphisms which contains

the morphisms ¢, (FE).
Remark 2.13. According to Definition 2.5, the Z-splitting of ob (A) naturally induces an

Adams-grading on A. However in this section, we do not consider A as being Adams-

graded.

In the following, we fix some element E, € £. When we write an object X" or a
morphism ¢, without specifying the element of £, we mean X"(E,) or ¢, (E,) respectively.
Recall that t., : A(—, X") — A(—, X"*1) denotes the .A-module map induced by ¢, €
A(X™, X" (see Definition 1.68).

Definition 2.14. We set M 4 to be the A-module

AR A= X1
My = \_Z lid & Jid tey
A(_7XO) A(_le)

(see Definition 1.71). Besides, we set t4 : A(—, X") = M4 to be the A-module inclusion

for every n € Z.
The first result highlights a key property of the module M 4.

Lemma 2.15. For every n € Z, the closed A-module map tgot., : A(—, X") = My is
homotopic to t4: A(—, X") = M.

Proof. Consider the degree (—1) strict A-module map s : A (—, X") — M4 which sends
a morphism in A (X, X™) to the corresponding shifted element in A (X, X") [1]. Then an

easy computation gives

[\oa,, (8) =ta 0 te, +ta.

This concludes the proof.
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In the proof of the two results below, we will use specific A-modules. If p is a fixed

non negative integer, we set

A(—, X771 A(—, XP)
Kp = th—Q lld Y Jld
A(—,Xp_1> A(_uXp>
and
A(—, XP) A (=, XP)
fkp - \tcp) Jid bep+1
A (_7 Xerl)
Moreover, we will consider the sequences of A-modules (Fg)qzo’ (qu)qZO starting at
FO F0 = 0 and with
Xp q+1

t
F]? “1 X‘l
—, XP~ q+1 —, XP)

and
A(—, XP)
g _ ¢ boptg—1
Fp = N \
A (—, XPta)
for ¢ > 1.

The following Lemma is mostly technical. It will be used in the proofs of Lemmas
2.17 and 2.30.

Lemma 2.16. Assume that for every i < j, for every E € &, the chain map
A (=, 0)  A(XU(E), X7) — A(X(B), X7
A ’<3) - ) )

is a quasi-isomorphism. Then for every k < n, for every E € &, the inclusion A (Xk(E), X”) —
My (Xk(E)) is a quasi-isomorphism.

Proof. The cone of the inclusion A (X ME), X ") — My (X k (E)) is quasi-isomorphic to
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its cokernel, which is K,_, (X*(E)) & K, (X*(E)).
We have to show that these complexes are acyclic. Observe that (Ff;’_l (X K (E)>>qzo
and (Fg (X k<E)))qzo are increasing, exhaustive, and bounded from below filtrations of
K, (Xk(E)> and K, (Xk(E)) respectively. For every ¢ > 1, we have
A(XE(E), X"1)
Fi_y (XM(E)) /P (XM(E)) = [

A(XE(E), X"1)

and

A (Xk(E), XnJrqfl)

Fl (XME)) /R (XM(E)) = \

A(XE(E), XH)

The first of the two latter complexes is clearly acyclic, and the second one is acyclic by
assumption on the morphisms ¢;. Thus the entire complex K,,_; (X K (E)) oK, (X K (E))
is acyclic, which is what we needed to prove.

m

The following Lemma will be used later in order to apply Proposition 1.82.

Lemma 2.17. Assume that for every i < j < k, for every E € £, the chain maps

{ pa(=c) +  AX(E),XY) = AX(E), X
A ((E), =)+ A(XITHE), XM A(XI(E), X*1)

are quasi-isomorphisms. Then the following holds for every n € Z:

1. the chain complex M 4 (Cone c,(E)) is acyclic for every E € &, and

2. the A-module map WthA : WzlA(—,X”) — W;lMA is a quasi-isomorphism.
Proof. We have

1 (en(E),-)

M (Conec, (E)) = Cone (MA (X”H(E)) A My (X”(E))) :
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so we have to prove that p3,, (cp(E), =) : My (X"THE)) = M4 (X"(E)) is a quasi-

isomorphism. Observe that we have the following commutative diagram

#%A(Cn(E)a_)

Ma(X"H(E)) M (X™(E))

T |

A(X™(E), X+2) #a(en(B),-) A(XM(E), X"+2) .

The bottom horizontal map is a quasi-isomorphism by assumption on the morphisms
¢;(E). Moreover, the vertical maps are quasi-isomorphisms according to Lemma 2.16.

This implies that yi3,, (cn(E), —) is indeed a quasi-isomorphism.

Now let X be some object of A. We want to prove that the chain map W;1t A
W;A (X, X") — W;M A (X) is a quasi-isomorphism. Observe that

. AW (X, X0) AW (X, X1 .
W,ZlMA (X) = \ lid \ lid x}t{
_ Awgxxo) 7 Aw X |

and the chain map 114 : W:A (X, X") — W:.MA (X) is the inclusion. The cone of
the latter is then quasi-isomorphic to its cokernel, which is wi Ko (X) & W;lf(/n (X).
Observe that <W,Z1 Fl (X )>q20’ (W;\lﬁg (Xl) 50 are increasing, exhaustive, and bounded
from below filtrations of wi Ko (X), Wit K, (X) respectively. For every ¢ > 1, we have

AW (X, xm9)
W;\ng—l (X) /W;ng (X) = Jid

AW (X, xm9)

and

AW (x, xm=tta)

~ ~ 71tcn,1+q
wi b (X) [ B (X) = L

AW (x, x7a)

91



Mapping torus of a quasi-autoequivalence

The first of the two latter complexes is clearly acyclic, and the second one is acyclic
because ¢,,—144 belongs to the set W4 by which we localized. Thus the entire complex
wi Ko (X)® Wil K, (X) is acyclic, which is what we needed to prove.

O

2.3 The A, -category and modules for the mapping

torus

In this section, we consider an A,-category G, together with a set Wy of closed degree
0 morphisms. We prove that H = G {Wg_ 1} is quasi-equivalent to the mapping torus of
7, and we prove technical results about specific G-modules that will allow us to apply
Proposition 1.82 in the proofs of Theorems 2.8 and 2.10.

Let 7 be a quasi-autoequivalence of an A..-category A equipped with a compatible
Z-splitting of ob (A). If Ax is a copy of A, we denote by X7% (E) the object of A
corresponding to (n, E) € Z x £.

2.3.1 The A, -category G

The A,-category G will be the Grothendieck construction of a slightly different diagram
than the one in Definition 2.1. The idea is to introduce an A..-category C together with
a set of closed degree 0 morphisms W such that the localization C [WC_ 1] is a cylinder
object for A. If this enlargement might looks weird at first sight, we will need it in the
proof of Theorem 2.10.

Definition 2.18. Let A,, A; and A+ be three copies of A. We denote by C be the

Grothendieck construction (see Definition 1.83) of the following diagram

AILAT

¥

AL

and we let ¢, ¢7,07 1 A — C be the strict inclusions with images A, A;, At respectively.
Finally, we denote by W the set of adjacent units in C, and we let Cyly = C {WE 1} be

the homotopy colimit of the diagram above.
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Definition 2.19. Let A_, A, , A, be three copies of A. We denote by G the Grothendieck

construction of the following diagram

A_UA, 2T A,

LLHLTJ

C.
Besides, we denote by W the union of W, and the set of adjacent units in G, and we set
H:=G [Wg’ 1} .
According to Proposition 1.87, Cyl4 can be thought as a cylinder object for A. There-
fore, the following result should not be surprising.

Lemma 2.20. The mapping torus of T is quasi-equivalent to H.

Proof. Let m:C — A be the A, -functor induced by the following commutative diagram

AILAT

b

A 9 A
(see Proposition 1.84). We get a commutative diagram

C &2 A UA A4, 4,

A

A iduid AU A, iduT A

which induces an A.-functor x from G to the Grothendieck construction of the bottom
line (see Proposition 1.85). Observe that x sends We to the set U of units in .A. Now,
according to Proposition 1.87, the A,.-functor 7 : Cyly = C {WC_I} — A[U71] is a quasi-
equivalence. According to Lemma A.6 in [38] (called “localization and homotopy colimits

commute”), this implies that the A,-functor induced by x

A_UA, T 4, - A_U AL T4,
hocolim lb Ll {WE 1} % hocolim JidUid {Uﬁl}
C A
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is a quasi-equivalence. This completes the proof because the source of y is exactly H, and

its target is quasi-equivalent to the mapping torus of 7.

2.3.2 Modules over G

In the following, we fix some element E, € £ When we write an object X} without

specifying the element of £, we mean X} (F,). Moreover, we denote by

oG (= X8) = G (= X5")

n+dA0

the G-module map induced by the adjacent unit in G (XZ, Xn ) (see Definition 1.68),

where
{1 if (A,0) = (+,0)
ono =

0 otherwise.

Definition 2.21. We denote by Mg the G-module defined by

G(-x)  Gex)  G(-x)  g(-x)

—1
t 0 0 0
Mg = e ty trr t 1
= 0 - 0 0 te 1 t
g \ thc \ ltll J/t+T \ Jti. -1

g(_vXE)) g(_vXﬁ) g(_aX'(I)') g(_7X01)

(see Definition 1.71). For practical reasons, we also consider the G-modules

g <_>X}1)

M = / \“ﬁ ., necZ.
7,

g(_7Xﬁ) g(_>X'I7£)

Besides, we denote by tg : G (—,XZ) — Mg the G-module inclusion for every A €
{L,T,e} and n € Z.
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Remark 2.22. We can write

@ (9(~x) o6 (- x1))
Mo — n g(t'j,@ti.)
’ /EB(tL@t’iT) \
g 800X

The following Lemma is an analog of Lemma 2.16. It will be used later in order to

apply Proposition 1.82.
Lemma 2.23. The pair (Mg, tg) satisfies the following

1. for every w in Wg, the chain complex Mg (Conew) is acyclic, and

2. the H-module map ngtg ; ngg (—,XZ) — W;Mg is a quasi-isomorphism for
every A € {L, T,e} andn € Z.

Proof. We begin to prove the first item of the Lemma. We have to treat different cases.
Let w be the morphism in Wg NG (Xf(E),X-’f—(E)) (the proof is analogous for the
morphism in Wg NG (X}“(E),Xf(E))) Then

2 _
NMg(w: )

Mg (Conew) = Cone <./\/lg (X—?(E)) —— Mg (X}“(E)))

/’Lg\/lg (wvf)

= @ Cone (g (XE(E), X7) ——— M (X}f(E))) .

We want to prove that u3,, (w, ) : G (X-’?(E), X?) — M7 (X}“(E)) is a quasi-isomorphism
for every n. Observe that the following diagram of chain complexes is commutative

2 _
'U’Mg(w’ )

G (Xh(E), X7) ——— M (X}(E))

| ]

.““%(w7_)

G (XE(E), X1) ————— G (X}(E), X7).

The rightmost vertical arrow is injective, so its cone is quasi-isomorphic to its cokernel,
which is the cone of ¢}, : (X}‘(E),X?) -G (X}“(E),Xﬁ). Since the latter map is a
quasi-isomorphism, the cone of u3,, (w, =) : G (X—’F(E),X?) — M7 (X}“(E)) is quasi-
isomorphic to the cone of g (w, =) : G (X—kr(E), X%) -G (X}“(E), X?). The latter map
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is a quasi-isomorphism, so we conclude that 13, (v, —) : G (X—’F(E), X%) — M (X}“(E))
is a quasi-isomorphism for every n, and thus Mg (Cone w) is acyclic.

Now let w be the morphism in W; NG (XJ’“F(E),X—’?(E)) (the proof is analogous for
the morphism in Wg NG (Xf(E),Xf(E))) Then

iAg (w’_)

Mg (Cone w) = Cone (Mg (X-]F(E)) #—> Mg (X_'ﬁ(E)))
— P Cone (g (X% (E), X7) g, K”) .
where

G (Xt(E), X2)

K" = / \“
i
)

G (Xt(B), X2 G (Xt(B), x2*)

Observe that pi,, (w,—) : G (X—’?(E),X—?) — K" is injective, so its cone is quasi-
isomorphic to its cokernel, which is the cone of t7}, : G (X_’ﬁ(E), Xﬁ) -G (X_’ﬁ(E), X?H).
The latter map is a quasi-isomorphism because 7 is a quasi-equivalence. This implies
that the cone of p%,, (w,—) : G (X—’F(E),X?) — K" is acyclic for every n, and thus
Mg (Cone w) is acyclic.
It remains to consider a morphism w in WgNg (X k(E), Xf“(E)) (the proof is anal-
ogous for the morphism in Wg NG (Xﬁ(E), Xf(E))) Then
ﬂ?\/lg (w,—)

Mg (Conew) = Cone <./\/lg (XfH(E)) — Mg (Xﬁ(E)))

2

('LU,—)
= P Cone (g (XE(E), X7) Mo ™, K"> .
where

G (Xk(B), x17)

G (Xt (E), x7") G (X*(E), X7

KTL
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Observe that ui,, (w,—) : G (XfH(E),XI‘) — K™ is injective, so its cone is quasi-
isomorphic to its cokernel, which is the cone of 7' : G (X_’ﬁ(E), Xﬁ_l) -G (X_’i(E), X?_l).
The latter map is a quasi-isomorphism, so we conclude that the cone of u3, . (w,—) :
g (Xf“(E), X.") — K™ is acyclic for every n, and thus Mg (Conew) is acyclic.

We now prove the second part of the Lemma. A priori, we also have to treat different
cases depending on if A equals L, T or e, but it turns out that the proofs are almost
identical in every cases, so we will only do one, for example when A = T. We fix an
object X in G, and we want to prove that wyts Wg—1g (X, X?1) — Wg—lMg (X) is a

quasi-isomorphism. Observe that

o G () gt (X
b \ | W\ JWX
_ wp My gt (= X)) _

and that the chain map wyte : Wg_lg (X, X%}) — Wg—lMg (X) is the inclusion. The cone

of the latter is then quasi-isomorphic to its cokernel, which can be written K’ & K" with

G [wg'] (x.x7) G [Wg'] (X, Xx7)
K= \ e T, e
_ G [wg'] (x,x2) gwg'j x|
and _ -
Glws'] (xxz)  glwgt] (x.xm0)

K- Tt gt
woithe o
g
G [wg'] (x, xat) .

Observe that the maps defining the chain complexes structures in K’ and K” are all
quasi-isomorphisms. Thus it is not difficult to show using an increasing exhaustive and
bounded from below filtration of K’ and K” that these complexes are acyclic (compare
the end of the proof of Lemma 2.17). This implies that the map wyite W;g (X, X%}) —

ngMg (X) is a quasi-isomorphism.

]
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2.4 Proof of the first result

Let 7 be a quasi-autoequivalence of an A, -category A equipped with a compatible Z-
splitting of ob (A). Assume that 7 is strict and acts bijectively on hom-sets.

Observe that there is a strict Ay-functor o : A — A, which sends X"(F) to F, and
which sends z € A (X' (E,), X?(F,)) to [z] € A, (E1, E). Besides, let 7 : C — A be the
A .-functor induced by the following commutative diagram

id
—_—

b

-
Q.

id
—

A
Jo
A

=

(see Proposition 1.84). Then the diagram of Adams-graded A.-categories

AU A, 2T A,

LJ_L‘LTJ/ J{o’

C oo AT

is commutative because o o 7 = o. Moreover, the induced A, -functor ® : G — A, is
strict, and it sends Wy to the set of units in A,. Let

O:H = A, [{units}’l}

be the A-functor induced by ® (see Definition 1.59).

According to Lemma 2.20, H is quasi-equivalent to the mapping torus of 7. Moreover,
A [{units} '] is quasi-equivalent to A,. Thus, Theorem 2.8 will follow if we prove that

d is a quasi-equivalence. Our strategy is to apply Proposition 1.82.

In the following, we fix some element F, € £. When we write an object X} without
specifying the element of £, we mean X} (E,). We consider the corresponding G-module

Mg, and the G-module maps
tg:G (= XR) > G, Ac{lTe}
of Definition 2.21. Moreover, we set

M, = A (= By) and ty :=id: A, (—, E,) = My,

-
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Lemma 2.24. There exists a quasi-isomorphism to : Mg — ®* M 4_ (see Definition 1.73
for the pullback functor) such that the following diagram of G-modules commutes

G(—Y) -2 oA, (—, E,)

J/tg J{‘b*tAT =id

Mg * CI)*M_AT

(see Definition 1.75 for the map te) for every object Y = X3° with A\ € {1, T, e}.

Proof. Observe that the diagram of G-modules

G(—,X7) —1s G (=, X2)

J{t?l Jté

G (= X]) —*= My,

is commutative, so that it induces a morphism of G-modules M? — ®* M 4_ (see Propo-

sition 1.72). Now observe that the following diagram of G-modules commutes

@ (v ot1,)
& (6(-x7) 06 (- x1)) T @ g(x
J?é (tn o) ltq)
o M} D* My,

neZ

We let ty : Mg — ®*M 4, be the induced G-module map. It is then easy to verify that

the following diagram of G-modules is commutative

G(—Y) 2 O A, (—, E,)

J{tg J{CI)* ta,=id

Mg L (I)*MAT

for every object Y = XX° with A € {1, T,e}.

It remains to prove that t; is a quasi-isomorphism. First observe that it is easy to
check that ¢, : Mg (XE(E)) — D* My, (Xf(E)) = A, (E, E,) is a quasi-isomorphism

99



Mapping torus of a quasi-autoequivalence

when [0 € {1, T, e} because in this case

Mg (XE(E)) = @D G (XE(E), XB) = D A (X*(E), X")

n

and

ty: Mg (X5(E)) = @ A (XH(E), X") = &My, (XE(E)) = A (E, E,)

n

is the projection. Then we deduce that
to: Mg (XE(E)) = &My, (X}(E)) = A, (B, E.)

is a quasi-isomorphism using the commutative diagram

to

Mg (XE(B)) —— & My, (XE(B))

l H

Mg (XEV(E)) —2 "My, (XEFH(E))

(the leftmost vertical arrow is the action of the adjacent unit in G (X _’ﬁ(E),XfH(E)),
which is a quasi-isomorphism by Lemma 2.23). Finally, when X = X*(F) or X = X¥(E),
we prove that ¢y : Mg (X) — ®* My, (X) is a quasi-isomorphism using the following

commutative diagram

to

Mg (X)) ———— P* My, (X)

l |

Mg (XE(E)) — &M, (X5(E)) .

This concludes the proof.

Lemma 2.25. For every objects X and Y = X° in H, the chain map
O H(X,Y) = A, [{units} '] (DX, BY)

s a quasi-isomorphism.
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Proof. We first observe that it is enough to show that the chain map d:H (X,)Y) —
A, [{units} '] (®X, @Y) is a quasi-isomorphism for every object X in H and Y = X3° with

A e {1, T,e}. Indeed, we can deduce from this that ® : H (X,Y) — A, [{units} '] (DX, Y

is a quasi-isomorphism when Y = X}° or Y = X° as follows. First, let

Sl X Y =X"orY =X
| Xt ify = X7,

Then consider the commutative diagram of G-modules

(the vertical arrow is composition with the adjacent morphism Y — Z in Wy, and the
other arrows are the ones of Definition 1.75). If we localize at W3 and then evaluate at

some object X, we get a commutative diagram of chain complexes

w-1te

HX,)Y) —T— 1 (DA, (—, E,)) (X)

g
J{ %
Wg

(X, Z).

Now, using the natural map of Definition 1.80 and Remark 1.81, we get the following

commutative diagram of chain complexes

HX,Y) 2 funits}—1Ar (—, Bo) (2X) = A, [{units} 1] (®X, E,)

[

H(X,Z).
Thus, knowing that the map @ : H (X, Z) — A, [{units} '] (®X, E,) is a quasi-isomorphism
implies that ® : H (X,Y) — A, [{units} '] (X, E,) is also a quasi-isomorphism.

We now fix an object Y = XX° with A € {1, T, e}, and we want to prove that the
map

O :H(X,Y) =G |[Wg'| = A[{units} ] (X, E,)
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is a quasi-isomorphism for every object X in H. According to Lemmas 2.23 and 2.24, the
assumptions of Proposition 1.82 are satisfied. This concludes the proof.

[]

As explained above, Theorem 2.8 follows from Lemma 2.25 since H is quasi-equivalent

to the mapping torus of 7 (see Lemma 2.20) and A, [{units} ] is quasi-equivalent to A..

2.5 Proof of the second result

Let 7 be a quasi-autoequivalence of an A.-category A equipped with a compatible Z-
splitting of ob (A). Assume that the following holds:

1. A is weakly directed with respect to the Z-splitting of ob (LA) (see Definition 2.5),

2. there exists a closed degree 0 bimodule map f : A'(—,—) — A (—,7(—)) (see
Definitions 1.63 and 1.64) such that for every i < j < k, for every E, E' € &, the

chain maps
{ui/ (= flexim)) = AX(E)LXI(E) = AX(E),XT(E)
1w (Flexam), =)+ A (XTHU(E), XHU(E)) — A (XI(E), X"MU(E))

are quasi-isomorphisms.

In the following, we set
cn(E) = f (€Xn(E)>

for everyn € Z, E € £, and

Wy = {c,(F)|ne€Z Ee&}U{units of A'}.

2.5.1 Generalized homotopy

Recall that we introduced a functor D — D’ from the category of Adams-graded A..-
categories to the category of (non Adams-graded) A..-categories. Also, recall that we

introduced Adams-graded A..-categories C and G in Definitions 2.18 and 2.19 respectively.
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Observe that C’ and G’ are the Grothendieck constructions of the diagrams

A — Ay AL DA, 255 A,
idl and LLLILT\L
Al C’

respectively. We denote by We: the set of adjacent units in C’; and by Wg the union of
Wer and the set of adjacent units in G'.
We would like to define an A..-functor ¥’ : G — A’ which sends Wg to W4 . Accord-

ing to Proposition 1.84, it is enough to prove the following result.

Lemma 2.26. There exists an As-functor n : C' — A’ which sends Wer to Wy, and
such that

not =nou, =id, noir =T7.

Proof. We first define 7 to be id on A’|, A}. and to be 7 on A%. Observe that this
completely defines 1 on the objects. Besides, we ask for n to act as the identity on the
sequences involving an adjacent morphism from A; to A, .

It remains to define 17 on the sequences involving an adjacent morphism from A; to

A-+. Consider a sequence of morphisms

(%0, Tprg) € C (X[ (Fo), X} (Ey)) x -+ x C' (X7 (Bpes), X[ (E,))
0 (XP(E) X5 (Ey)
x C’ (leH(Eerl)a X?H(EerZ)) - x (leﬂ (Ep+q)v X‘ilerqH(EerqH)) :

Observe that
C' (Xi(E), X{(E") = C' (X{(E), XH(E)) = C' (XH(E), X4 (E")) = A' (X'(E), X/ (E)).
Then we set

N (20, Tptg) = F (T0,- s Ty, T Tpis -+, Tpyger) € A (XO(Bo), TX 700 (Eppg41))

The functor n we defined satisfies the A, -relations because f: A" (—, —) — A" (—,7(—))
is a closed degree 0 bimodule map. Moreover, n sends W to W4 by construction.
O
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Remark 2.27. First observe that, according to Remark 1.58, we have

/!

Cylaw =C' [We']| = (c[We']) = (Cyla)-

According to Lemma 2.26, the functor n induces an A,-functor 7 : Cyly — A’ [Wj}}.

Moreover, Lemma 2.26 implies that the following diagram commutes

A,Jr Ayr0T
/\C/OLTJ \

Cyla —" A (W3]

)\c/OLJ_
Aar

A

A A — A [W;}} and A¢r : C' — (' [WC_,I] denote the localization functors). Since
Cyl 4 should be thought as a cylinder object for A’ (see Proposition 1.87), we should think
that the functors A4 and A4 o7 are homotopic (even if they do not act the same way on
objects) and that 77 is a generalized homotopy between them (see Proposition 1.89 for a

justification of this terminology).

2.5.2 Relation between G and A’

Using the A -functor n: C" — A’ of Lemma 2.26, we get a commutative diagram of (non

Adams-graded) A.-categories

idU
AU A, AT,

L] ULT\L Jid

¢ ——— A
and the induced Ay -functor W' : G' — A’ (see Proposition 1.84) sends Wy to Wy (see
Lemma 2.26). Let
ViH =G W' - AW
be the A-functor induced by U’ (see Definition 1.59). Observe that, since A is assumed to
be weakly directed and since the Adams-degree of A comes from the Z-splitting of ob (\A)

(see Definition 2.5), H is concentrated in non-negative Adams-degree. In particular, we
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can apply the adjunction of Definition 1.56 to ‘IN/’, which gives an A.-functor
ViH=G W' > Fl)e A [Wy].

We would like to prove that for every Adams degree 7 > 1, and for every objects X, Y
in ‘H, the map

VH(XY), = (Rl @A [Wi']) (UX,0Y), = @ A [W'] (1X, 1Y)

is a quasi-isomorphism (if V' is an Adams-graded vector space, V; denotes the subspace
of Adams degree j elements). Our strategy is once again to apply Proposition 1.82.

In the following we fix some element £, € £. When we write an object X} or ¢,
without specifying the element of £, we mean X} (E,) or ¢,(E,) respectively. We consider

the corresponding G-module Mg, and the G-module maps
tg:G(— X2) =G, Ae{lT,e}
of Definition 2.21. Moreover, we consider the A’-module M 4 and the A’-module maps
taw: A (= X") - My, nez,

associated to the morphisms (c,), .5 as in Definition 2.14.
The following result is a first step in order to define a G’-module map ¢, : Mg —
U™ M 4 as in Proposition 1.82.

Lemma 2.28. The diagram of G'-modules

tn
g/ <_7 X}I) — g/ <_7 XZII')
J{t?l J/\If’*t_AOt\I,/
g/ (_7 ij_) Ut g0ty \IJ,*MA/

(see Definition 1.73 for the pullback functor) commutes up to homotopy.

Proof. First observe that t;G' (—, X}) = A" (—, X"), and (;¥"* M o = M 4 because ¥’ o

1y = id (see Remark 1.74). Moreover, it suffices to show that the A’-modules maps
v (Wt oty oty ) =ta oy (teroty ) A (= X") = My
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and
G (U 0 by 0 ty) = L o 0} (bwr 0 837) A (=, X") = Moy

are homotopic because
g (X5 X7)=0if A£L
On the one hand,
b o 0} (b o ],) = tar

On the other hand, ¢f (ty: o t7¢) : A (—, X") — A’ (—, X"*) is closed (as composition

and pullback of closed module maps), and

v (twr o tyr) (exn) =n(exn) = cn

according to Lemma 2.26. Therefore, ¢} (ty o t}1) is homotopic to t., according to Corol-
lary 1.70, and thus ¢4 o ¢f (ty o t+) is homotopic to t4 o t.,. But according to Lemma

2.15, t g o't,, is homotopic to ¢ 4. This concludes the proof.

O

We can now state the result establishing the existence of a G’-module map t; : Mg —
U™* M 4 as in Proposition 1.82.

Lemma 2.29. There ezists a G'-module map t(, : Mg — V™* M 4 such that the following

holds. The following diagram of G'-modules commutes

G (—,Y) —s O A (—, 1Y)

th/ lq//*tA/

t/
MY — " T My,

for every object Y = XX with A € {L,T,e}, and the G-module map ty : Mg —
F [t]@U"™* M 4 (see Definition 1.56) is a quasi-isomorphism in each positive Adams-degree.
Proof. Using Lemma 2.28 and Proposition 1.72, we get a G’-modules map 7 : (M?) —
U M 4 for every n € Z (see Definition 2.21 for the G-modules M”). Observe that the
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diagram of G’-modules

D (n.ot1.)
@ (0 (-xr)egd (-x1) =—— &7 (- X
© (M) U My

nez

is commutative (the composition is id for —-terms and 7 for +-terms), so that it induces
a morphism of G’-modules ¢, : Mg — U™ M 4. It is then easy to verify that the following

diagram of G’-modules is commutative
G (—Y) s U A (-, TY)

ltg/ l\I"*t_A/

/
tO

L UMy

It remains to show that the map t, : Mg (X), — t/ @ M (¥'X) is a quasi-
isomorphism for every object X and every j > 1. We will first do it when X = XE(F) is
in A, U A, L At. Observe that

Mg (Xé(E))j =G (X&(E), XE7) = A(XH(E), X*)

and the maps

A(XE(E), XM) = Mg (X (E))j

A(XHE), X*T) = Mg (Xf(E))j

ot @ Ma (XHE))
@ M (XHE))

are the inclusions, whereas the map

A(XH(E), XY = Mg (XE(B)) % 1 o Mo (XH1(B))

is induced by 7. We will only prove that the latter is a quasi-isomorphism, the proof for

the two former being almost the same (and easier). Observe that the following diagram
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of chain complexes commutes

A’ (Xk(E>, XkJrj) to i ® MA/ (Xk+1(E>)

| ]

A (XH(E), XM) P2 40 @ A (XM (), X

The map 7 : A’ (Xk(E),Xkﬂ) — A (XkH(E),Xk““) is a quasi-isomorphism by
assumption, and the inclusion A’ (XkJrl(E),Xk““) — My (X’““(E)) is a quasi-
isomorphism according to Lemma 2.16 (observe that it is important here that j is strictly
greater than 0). Therefore the map ¢y : A’ (Xk(E),XkH) — @ M (Xk“(E)) is a
quasi-isomorphism, which is what we needed to prove. Finally, we deduce that the map
to : Mg (Xi)j — @ My (Xj"[) and the map to : Mg (Xf)j — Q@ My (X}“) are

quasi-isomorphisms using the commutative diagrams

Mg (XE) Ltj(}@./\/l/v (Xk) Mg (X_IT_) Ltj(}?MA/ (Xk)

1 N |
Mg (Xf) ‘ Mg (X-'F> ‘

J J
and

Mg (Xf) . RN ® M (Xf)

J

NT /

Mg (Xj)j

respectively (each vertical arrow is the action of the corresponding element in Wy, which

is a quasi-isomorphism by Lemma 2.23).
]

Lemma 2.30. Let j > 1 be a fized positive Adams degree. For every objects X and
Y = XX in H, the map

VH(X,Y), = (F oA W) (0X,0Y), =t @ A [W'] (1X, 9Y)
is a quasi-isomorphism (if V is an Adams-graded vector space, V; denotes the subspace of
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Adams degree j elements).

Proof. We first observe that the same type of argument given at the beginning of the
proof of Lemma 2.25 shows that it is enough to prove that the map U H (X,Y) i
th @ AW (VX,¥Y) is a quasi-isomorphism for every object X and Y = X}° with
A e{Ll, T, e}.

We now fix an object Y = XX° with A € {L, T, e}, and we want to prove that the
map V¥ : H (X,Y), — @ AW (UX,TY) is a quasi-isomorphism for every object
X in ‘H. Using Lemma 2.29 and Proposition 1.82, we know that for each object X of
G’, there exists a chain map u’ : W Mg (X) — W;}M A (U'X) such that the following

diagram of chain complexes commutes

H(XY) Y A W] (9, 0Y)

—1 tg/ 1t 4

Wt Mg (X) —— 1 Moy (V'X)

| T

t/

My (X) — s My (W'X).

Now observe that

H (X,Y) = H(X, Y)’
Wg—,lM/g (X) = Wg—lMg (X),
My(X) = Mg(X)

Applying the adjunction of Definition 1.56 to the last diagram, we get the following

commutative diagram of Adams-graded chain complexes

H(X,Y) —— Fl] oA W] (1X, 9Y)

—1tg Ve 1t
lwg l W

W;Mg (X) —“— F[{] D2 My (V'X)

| |

to

Mg(X) ————— Ft]e My (VX).
Specializing to the components of fixed Adams degree j, we get the following commutative
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diagram of chain complexes

HX,Y), —Y 1 @ A [Wy'] (UX, 0Y)
lwg”g 7w gt
ngMQ (X); —— t/ Ow ) My (V'X)

| |

Mg (X); ——— 11 @ M (V'X).

Using Lemma 2.23, respectively Lemma 2.17, and Proposition 1.79, we know that all
the vertical maps on the left, respectively on the right, are quasi-isomorphisms. Besides,
Lemma 2.29 implies that the lowest horizontal map is a quasi-isomorphism. Thus, the
chain map U : H (X, V), =t @ AW (UX,¥Y) is a quasi-isomorphism.

m

2.5.3 End of the proof

We end the section with the proof of Theorem 2.10. Now that we have proved Lemma 2.30
which takes care of the positive Adams-degrees, we have to treat the zero Adams-degree
part (recall that H is concentrated in non-negative Adams-degree because A is assumed
to be weakly directed).

Let Z be the full A, -subcategory of ‘H with

ob(Z) = {XJ(E)| E € £}

and

I(XJ(E),X(E)) =6 (XJ(E), X (E)) @ (@% (X2 (B), X2(E)) )

i>1 I

recall that if V is an Adams-graded vector space, we denote by V; its component of
g Y Vi

Adams-degree j).
Lemma 2.31. The inclusion T — H is a quasi-equivalence.

Proof. Observe that the inclusion Z — H is cohomologically essentially surjective because

every object of H can be related to one of Z by a zigzag of morphisms in Wy, which are
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quasi-isomorphisms in H. Therefore, it suffices to show that the inclusion

G (XJ(B), XJ(E.)) = H (X (B), X! (E,))

0

is a quasi-isomorphism for every E, F, € £.

Let E, be an element of £. When we write an object X' without specifying the
element of £, we mean X}'(E,). Recall that we introduced a pair (Mg, tg) in Definition
2.21. According to Lemma 2.23 and Proposition 1.79, the inclusion Mg (X2(FE)) <
wy Mg (X2(E)) and the map wiilg H(XE), X?) — wy Mg (X2(E)) are quasi-

isomorphisms for every E € £. Besides, observe that
0 _ 0 0
Mg (XE)), =G (XAE), X7).
The result then follows from the commutativity of the following diagram

G(XJ(E), X)) =——= G(XJ(E), X)) —— G (X (E), X))

| |

Mg (XU(E))y — i Mg (XU(E))y « 2 H(XI(E), XD), .

—1tg
Yo

Recall that if C is an A..-category such that there is a splitting ob (C) ~ Z x &, then
we denote by C° the full A,.-subcategory of C whose set of objects corresponds to {0} x .

The following diagram of Adams-graded A.,-categories is commutative

H—" o Fl|o A Wy
[ 3 — 0
725 A e (F t] @ A’ [W;}} ) :
Moreover, since A is assumed to be weakly directed with respect to the Z-splitting of

ob (A), Lemma 2.30 implies that the bottom horizontal A,-functor is a quasi-equivalence.

Therefore we have

Mo (A) @ <F[t} ® A [W;}}O) .
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Recall that Wy = f (units) U {units}, so that
A [W;,l] ~ A’ {f (units)_l} .

This concludes the proof of Theorem 2.10, since H is quasi-equivalent to the mapping

torus of 7 (see Lemma 2.20).
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CHAPTER 3

LEGENDRIAN INVARIANTS

In this chapter, we study the Chekanov-Eliashberg DG-algebra of a Legendrian in a
hypertight contact manifold. We begin to give definitions in section 3.1. Then in section
3.2, we generalize techniques from [28] and [53] in order to prove results on the behavior of
the Chekanov-Eliashberg DG-algebra under change of data. However, we restrict ourselves
to what we call good paths of data (see Definition 3.7). This is unfortunately a strong
assumption, as Legendrians are assumed to always have finitely many Reeb chords, and
we do not treat birth-death of Reeb chords phenomena. We will use Theorem C in the
proof of Theorem D.

In the following, (V,¢) is a contact manifold of dimension (2n + 1) equipped with a
hypertight contact form «, which means that the Reeb vector field of a has no contractible

periodic orbits.

3.1 Definitions

Let A be a Legendrian submanifold in (V). We assume that A is chord generic with

respect to a, which means that the following holds:

1. for every Reeb chord ¢ : [0,T] — V of A, the space Dy}, (TC(O)A> is transverse to
TC(T)A in f s

2. different Reeb chords belong to different Reeb trajectories.
As explained in [22] Section 3.2 for example, chord genericity can be achieved after an

arbitrarily C'-small Legendrian perturbation.

3.1.1 Conley-Zehnder index

In the following, we define the Conley-Zehnder index of a Reeb chord of A starting and

ending on the same connected component (such chords are called pure). We will assume
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that Hy (V) is free, that the first Chern class of £ (equipped with any compatible almost
complex structure) is 2-torsion, and that the Maslov number m(A) of A (which we will

define below) vanishes.

We briefly recall what is the Maslov index of a loop in the Grassmanian of Lagrangian
subspaces in C". We refer to [55] for a precise exposition. Fix a Lagrangian subspace K,
and denote by Xy (K) the set of Lagrangian subspaces in C™ whose intersection with K

is k dimensional. Consider the Maslov cycle
Y= (K)U---U%, (K).

This is an algebraic variety of codimension one in the Lagrangian Grassmanian. Now if
[ is a loop in the Lagrangian Grassmanian, its Maslov index p (I') € Z is the intersection
number of I' with 3. The contribution of an intersection instant tq is computed as follows.
Choose a Lagrangian complement W of K in C™. Then for each v in I'(ty) N K, there
exists a vector w(t) in W such that v 4+ w(t) is in I'(¢) for every t near t,. Consider the

quadratic form
d
Qv) = P (v, w(t)) 1=,
on ['(tg) N K. Without loss of generality, ) can be assumed non-singular and the contri-

bution of ¢y to p(T") is the signature of Q.
Recall that H; (V') is assumed to be free. We choose a family (hq, ..., h,) of embedded

circles in V' which represent a basis of H;(V'), and a symplectic trivialization of £ over
each h;. If v is some loop in A, there is a unique family (aq, ..., a,) of integers such that
[Ye — 25 a;hy] is zero in Hy(V'). Choose a surface 3, in V' such that

827 =7 — Zazhz

There is a unique trivialization of £ over X, which extends the chosen trivializations over
h;. Thus we get a trivialization y~1¢ ~ S'x C™ (where n is the dimension of A). We denote
by I' the loop of Lagrangian planes in C™ corresponding, via the latter trivialization, to
the loop t = T,y A. The Maslov index of I" does not depend on the choice of the surface
¥, because we assumed 2¢; (§) = 0. This construction defines a morphism H, (A, Z) — Z,
and the Maslov number m(A) of A is the generator of its image. In the following, we

assume that the Maslov number of A is zero.

Now, let ¢ be a pure Reeb chord of A. We choose a path ~, : [0,1] — A which starts
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at the endpoint of ¢, and ends at its starting point (7, is called a capping path of ¢). We
denote by 7, the loop obtained by concatenating v and c¢. Let (aq,...,a,) be the unique
family of integers such that [y, — 3, a;h;] is zero in Hy(V'), and choose a surface ¥, in V'
such that

820 = 76 — Z azhz

There is a unique trivialization of £ over X, which extends the chosen trivializations over
h;. Thus we get a trivialization 7, ¢ ~ S'x C™ (where n is the dimension of A). We denote
by I'. the path of Lagrangian planes in C" corresponding, via the latter trivialization, to
the concatenation of ¢t — T,y A and t — Dyl (TC(O)A>. Since A is chord generic, T, is
not a loop: we close it in the following way. Let I be a complex structure on C" which
is compatible with the standard symplectic form on C™ and such that I (I'.(1)) = I'.(0).
Then we let ', be the loop of Lagrangian subspaces obtained by concatenating I'. and
the path t — e“T',(1). The Conley-Zehnder index of ¢ is the Maslov index of T',:

CZ(c) = u (Tc) :

The Conley-Zehnder index of a Reeb chord does not depend on the choice of Y. because
the first Chern class of £ is 2-torsion, and it does not depend on the choice of 7, because

the Maslov number of A vanishes.

3.1.2 Moduli spaces

In the following, we introduce the moduli spaces needed to define the Chekanov-Eliashberg

algebra of A.

Definition 3.1. A Riemann disk with (d + 1) marked points is a triple (D, 7, {) such that
1. D is a smooth manifold-with-boundary diffeomorphic to the closed unit disk in C,
2. j is an integrable almost complex structure on D,

3. ¢ = (Co0,C1y---,Cq) is a family of distinct points on 9D, cyclically ordered with

respect to the orientation induced by j.

If (D,j,¢) is a Riemann disk, we denote by A := D\ {(y,...,{s} the corresponding
punctured disk.
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Definition 3.2. Let (D, j,¢) and (D', 7',¢{’) be two Riemann discs with (d + 1) marked
points. An isomorphism (D, j,¢{) — (D’,7',¢’) is a map ¢ : D — D’ such that

1. ¢ is a diffeomorphism,
2. ¢j =17,

3. (6(G0), -, 0(Ca)) = (G5 - - Co)-

Definition 3.3. Let (D, j,¢) be a Riemann disk with (d 4 1) marked points. A choice

of strip-like ends for (D, j,¢) is a collection of maps
€ - RZO X [0, 1] — A, (Ek : RSO X [0, 1] — A>1§k§d

such that

1. €9 and ¢, are embeddings such that

€0 (RZO X {0, 1}) C 0D and €L (RSO X {0, 1}) C 8D,

2. € and ¢ are (4, j)-holomorphic, where i is the standard complex structure on C,

3. we have

€0 (s, 1) el Co and € (s, 1) T G
In the following, we fix a choice of strip-like ends for each Riemann disk.

Definition 3.4. Let J be an almost complex structure on ¢ compatible with (da)|§. Let
a:[0,T] = V and b = (by : [0,T}] = V)44 be Reeb chords of A. We denote by

Map (R x A, J, a) the set of equivalence classes of tuples (D, j, ¢, u) such that

1. (D,j,¢) is a Riemann disk with (d 4 1) marked points and u is a smooth map from
A =D\ A{,...,l} to R x V which maps the boundary of A to R x A,

2. wu is pseudo-holomorphic with respect to the unique almost complex structure on
R, x V which sends 0, to R, and which restricts to J on &,

3. with the choice of strip-like ends €q, (€x), ;<4 for (D, ,¢) we have

(uoe) (s, t) — (+o0,a(Tpt)) and (uoeg) (s,t) — (—o0,bp(Tkt)),

s——+400 §——00
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where two tuples (D, j, ¢, u), and (D', j',{’,u’) as above are said to be equivalent if there
exists an isomorphism ¢ : (D, j,¢) — (D', 5/, ¢’) such that uo ¢~! = «’. Observe that R
acts on .//\/vla,b (R x A, J, ) by translation in the R,-coordinate. We set

Mo (R XA J,a) := M,p (R XA, J,a) /R.

The moduli spaces ./(/lva,b (R x A, J, &) might not be compact, but their lack of com-
pactness can be understood. Since we will not use this notion in detail, we refer to [14]
and [1] for the definitions and main results about compactness in symplectic field theory.

What we need can be roughly stated as follows.

Proposition 3.5. Any sequence in Mva,b (R x A, J,a) has a subsequence converging to a

broken holomorphic curve.

Proof. This follows from the compactness results in [14] and [1]. See in particular Theorem
3.20 in [1].

]

The moduli spaces ./ﬁa,b (R x A, J, «) can be seen as the zero-set of a section 0 : B — &

of a Banach bundle & — B (see for example [26]). We say that My, (R x A, J, @) is

transversely cut out if 0 is transverse to the 0-section.

Proposition 3.6. There is a Baire set of almost complex structures J on & for which the

moduli spaces Mu,b (R x A, J,a) are transversely cut out smooth manifolds of dimension
N d
dimM,p (R x A, J,a) = CZ (a) — (Z ¢z (bk)> +d—1
k=1

(such almost complex structures will be called regular). Moreover, the moduli spaces

Map (R X A, J ) may be supposed to be transversely cut out after a perturbation of

J supported in an arbitrarily small neighborhood of the chord a.

Proof. This is Proposition 3.13 in [22].
[

In particular, for J regular, the moduli spaces M, 1, (R x A, J, @) are smooth manifolds

of dimension
- d
dimM,, (R x A, J,a) =CZ (a) — <Z cz (bk)> +d—2,
k=1

117



Legendrian invariants

and they are compact if their dimension is 0.

3.1.3 Chekanov-Eliashberg DG-algebra

Choose a regular almost complex structure J on £&. We denote by CE, (A) = CE, (A, J, «)
the free unital graded algebra generated by the Reeb chords of A, where the grading of a

Reeb chord c is given by
le| =CZ (¢) — 1.

Besides, if a is a Reeb chord in C'E, (A), we set

da=> #M.p (R x A, Ja)b

b,A

where #M € F denotes the number of elements modulo 2 in M if dim (M) = 0, and
0 otherwise. Finally, we extend 0 to C'E, (A) so that it satisfies the Leibniz rule with
respect to the concatenation product.

Let us sum up: given a contact manifold (V&) with Hy(V) free, 2¢;(§) = 0, and
1. a Legendrian submanifold A of (V,¢) with m(A) =0,
2. a hypertight contact form a on (V,§) for which A is chord generic,

3. an almost complex structure on { compatible with (da)|e and regular (with respect
to A and «),

we defined a graded algebra CE, (A) = CE, (A, J,«), and a linear map 0 : CE, (A) —
CE, (M) satisfying the Leibniz rule. Tt follows from Propositions 3.6, 3.5 (and a gluing
result) that 0 o 9 = 0, and O decreases the grading by 1. As a result, CE_, (A) is a
DG-algebra (see Definition 1.1).

Augmentations and Legendrian A,-(co)algebra Recall from Definition 1.21 that
an augmentation of an A .-algebra A is an A,-map from A to the base field F. Assume
now that we have an augmentation € : CE_, (A) — F of the Chekanov-Eliashberg DG-
algebra. Denote by ¢. the algebra automorphism of C'E_, (A) defined by

o-(c) =c+e(c)
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for every Reeb chord ¢ of A. We denote by C'E®, (A) the DG-algebra whose underlying
graded algebra is the same as for CE_, (A), but the differential is 9. = ¢. 0 d o ¢ . Now
let LC% (A) be the graded vector space generated by the Reeb chords of A, where the
grading of a chord ¢ is (—C'Z(c)). Observe that, as a graded algebra, we have

d>1

CE*,(A)=F& (@ (ZC: ) [_1])®d) .

If we write

(0:) 7o = S0 0 with 92 : LCE () — LC= (A)™

LCE(A )
d>0

then ° = €00 = 0. Moreover, the operations (Gg)d>1 make LCS (A) a non-counital
A-coalgebra (see Definition 1.23). We define the coaugmented A.,-coalgebra of (A, ¢)
to be

LC; (A) :==F @ LC: (A)
(the A..-cooperations are naturally extended so that ep is a counit). Observe that, as a
DG-algebra,

CE=. (A) = Q(LCE (1)

(see Definition 1.32 for the cobar construction). Finally, we define the augmented A..-
algebra (see Definition 1.17) of (A, €) to be the graded dual (see Definition 1.37) of LC% (A):

LA* (A) = LCE (M),

3.2 Invariance and homotopies

3.2.1 Main result

Let (V,€) be a contact manifold equipped with a hypertight contact form a. Assume
that H{(V) is free and that the first Chern class of £ (equipped with any compatible
almost complex structure) is 2-torsion. In the following, we denote by L the space of
chord generic compact Legendrian submanifolds in (V,§) with Maslov number 0 and with
finitely many Reeb chords with respect to a. In order to state the main result of this

section, we give the following definition.
Definition 3.7. We say that a path (A, Jt)ogtgp where A, is a Legendrian submanifold
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of (V,£) and J; is an almost complex structure on &, is good if the following conditions
hold:

1. forevery 0 <t <1, A;isin L,

2. there exists a partition 0 = ¢y < --- < ty11 = 1 such that for every 0 < i < N,
either Ay = Ay, for every t € [t;,t;11], or J; = J;, for every t € [t;, ti11].

The rest of the section is devoted to the proof of the following result.

Theorem 3.8. There is a way to associate, to each good path (A, Ji)o<i<1, a tame DG-

isomorphism (see Definition 1.7)
(Yol CE,* (A(], Jo, Oé) :> CE,* (Al, Jl, Oé)

such that the following holds:

1. if ¢ is the DG-map associated to a good path (A, Ji)o<t<1, if x1 : [0,1] — [0,%] and

X2 : [0, 1] = [to, 1] are two non-decreasing functions satisfying

x1(0) = 0, x1(1) =ty = x2(0), x2(1) = 1,

then ¢ = @9 0 1, where @y, is the DG-map associated to (Ay, ), Jy.t))o<t<1,

2. if p* are the DG-maps associated to good paths (AF, Jti)ggtgl satisfying
(Ao Jo) = (Ag, o), (Ar,Jr) = (AL ),
and if there is a family (As;)o<si<1 such that for every s, t
Mg €L, (Ao, Msn) = (AT, AY), (Rog, Aiy) = (A7 AY),

then ¢~ and ¢ are DG-homotopic (see Definition 1.2).

3.2.2 Constructions in V x T*R

We describe constructions of Legendrians and almost complex structures in the manifold

V x T*R, equipped with the contact form

a:=a—ydr.
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Py t
1+1/k J
z = fr () t=1’(z)
1 —12 /lo 172
T
-1 0 1
-

Figure 3.1: Functions f; (on the left) and 7° (on the right)

We fix a family (7}‘5 ‘R, — Rt)5>o of non-decreasing functions such that

n° (0) = 0 and 7’ (+2) = £ for z > 1/2.

We also consider a family (f; : R, — R.,) k1 such that the only two local minima of f; are
at +1, the only local maximum of f; is at 0, the image of fj is contained in [1,1+ 1/k],

and
fr (£) =1,£(0)=1+1/k.

We moreover require that all the derivatives of fy vanish at +1 (we will need this assump-
tion later, see Remark 3.31). See Figure 3.1.
In the following, we fix a good path (A, J;)o<i<1 and some instant t° € (0, 1).

Legendrians Let (¢, : M — V)te[O,l] be a family of Legendrian embeddings such that
im(¢;) = A;. We describe Legendrian embeddings @fgé : M xR — V x T*R obtained

from (¢t0+n6(x)>weR and fk
We first choose a function h : M — R such that for every Reeb chord of A, going
from ¢y (g_) to ¢(qy), we have

h(g-)=0,h(qy) >0 and dh(gs) =0

(observe that such a function exists because we assumed A, has finitely many Reeb
chords). We let ¢ : (N (Ap),a) = (J' (M) ,dz — pdq) be a strict contact embedding of
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a neighborhood of A inside the one-jets of M such that ¢ o ¢ is the one-jet of h.
For 6 small enough, (@/} o ¢to+na(x)) (q) is in NV (Ap) for every (¢, ), and we set

(22(9), (a3(q),3(0)) ) == (¥ © b)) (g) € R x TM.

Observe that

) o (0. (0. 00). (2 5 50 - 0200, etla)))

defines a Legendrian embedding of M x R inside R x T*M x T*R when equipped with
the contact form (dz — pdq — ydx). Moreover,

(g,7) = (fi(@)22(9), (a3(q), fie(@)b(q)) ,
(i) (200 = 02000 el ) + £ 00 )

also defines a Legendrian embedding of M x R inside R x T*M x T*R.
Then we define

b’ < (g, x) = (07 (fil@)22(a), (ad (@), ful@)(a)))
(.50 (12800 - 0@ okt ) + A1) )
which is a Legendrian embedding of M x R inside V' x T*R. Observe that
oy’ (q,2) = (¥ (FA@)h(q), (¢, fil@)dh(q))) , (z, Fi(x)h(q)))

and
q)fdé (Q7 j:]') = (itoﬂ:ls(Q)v (j:lu O)) :

Example 3.9. Assume that V =R,, M ={¢_,q.}, and ¢y = ¢ : M — V with
¢(g-) =0and ¢ (¢+) = 1.

Choose h : M — R such that
h(g-) =0 and h(g;) =1
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z
14 1/k
Mg (@2”“)
e (8°) 1 0 1
1 o 1 v

Figure 3.2: Front (on the left) and Lagrangian (on the right) projections of PO
and ¢ : N (A) — J' (M) = R x M such that

Y (2) = (2,qx) if 2 € N (d(qs)) -

Then
o5 (g, ) = (0, (x,0)) and &5 (g4, ) = (fu(x), (z, fi(x))).

See Figure 3.2.

Lemma 3.10. For every Reeb chord ¢ : [0,T] — V of A going from ¢o(q_) to ¢dw(qy),
for every x € R and for every k large enough, there is a Reeb chord c,, of the Legendrian

{07 (e@)h(a), (g, fe(w)dh(@)) ¢ € M} C V

which starts at ¢(q_) = v (fulx)h(q-), (¢, fr(x)dh(q_))) and which ends at the point
O (fr(@)h(as)s (g4, fr(2)dh(gy)))-

Proof. Let v : R — V be the Reeb trajectory such that v, = ¢. We have

{7(0) = ¢w(q) = ¥ (h(g ), (g, dh(q"))) = ¥ (0,(q,0))
YT) = éwlgr) = 1 (hlgy), (¢4,dR(q1))) = ¥ (h(gy), (g4,0)).

First observe that, since h(g-) = 0 and dh(q-) = 0, we have

¥(0) = v~ (fu(@)h(q-), (g-, fu(x)dh(q-))) -

123



Legendrian invariants

Then observe that, since h(q;) > 0 and dh(qy) = 0, and because 1) sends the Reeb vector
field of V' to the one of J' (M), it follows that for every x € R and for every k large
enough, there exists 7}, ; > 0 such that

’Y(Tx,k) = ¢_1 (fk(x)h(c”), (q4,0) = ¢_1 (fe(w)h(qy), (a4, fk(x)dh(qu)))) .

The result follows by setting ¢, j := Vo, k]"

Almost complex structures We describe compatible almost complex structures Jt‘so on

5’ = ker (@) obtained from (Jto_ma(x)) R Observe that there is a symplectic isomorphism

o~

¢(a,(z,y) > &a)@C,  (v,Q) = (v —ydx () Ra, () -

We denote by J3 (a, (x,y)) the almost complex structure on € (a, (z,y)) which is the
pullback of (Jto+ns(x) (a) @ z) by this isomorphism.

Remark 3.11. Let A be a punctured Riemann disk (see Definition 3.1). A map
u:A—=>RXVXTR, zw (7(2),v(2),(x(2),y(2)))

is pseudo-holomorphic for the the structure induced by Jfo and a@ = o — ydx if and only if

dr oi = ydr — v«
(dv— Ry @v'a)oi = Joimep o (dv— Ry ®@v'a)
(dz,dy) o = io(dz,dy).

In particular, the projection of such a map to 7*R is holomorphic. Moreover, if the map

z — x(z) constantly equals +1, then the map
A—=RxV, z—(1(2),v(2))
is pseudo-holomorphic for the structure induced by Jyo1s and a.
Lemma 3.12. Let A be a punctured Riemann disk (see Definition 3.1). A map
u: A —=RxVxTR, 2z~ (7(2),v(2),(x(2),y(2)))
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is pseudo-holomorphic for the the structure induced by Jy and & = o — ydz if and only if

the following two conditions hold:

1. the map
A=RxV, ze (1(2) = y(2)?/2,0(2))

is pseudo-holomorphic for the structure induced by Jyo and .,

2. the map
ASTR, 20 (2(2),5(2)

is holomorphic.

Proof. The map u is pseudo-holomorphic if and only if

droi = ydr — v«
(dv— Ry ®@v*a)oi = Jpo(dv— R, ®v )
(dx,dy) oi = o (dz,dy).

Besides, a map
A—-RxV, zm(0(2),v(2))

is pseudo-holomorphic if and only if

dooi = V'«
(dv— Ry ®@v*a)oi = Jo(dv—R,®v*a).

The result follows from the fact that
d(y*/2) +ydroi =0

when the map

A—=TR, z~(2(2),y(2))

is holomorphic.

3.2.3 Construction of the tame DG-isomorphism

We mimic the construction made in [28]. Observe that if (A;),.,., is a path in £, then

the Reeb chords of A; are naturally identified with those of Ag for every t. Therefore, we

125



Legendrian invariants

will consider that the DG-algebras CE_,(A;) and CE_.(Ay) have the same underlying
associative graded algebra.

If (A, Jt)g<i<; 18 @ good path, we consider the parametrized moduli space
MO = {(ut) | u € Moy (R x Ay, Jp, )}

(see Definition 3.4).

Lemma 3.13 (Analog of Proposition 2.9 in [28]). The following holds for generic good
paths (As, Ji)o<y<y- If @, b are such that

d:=la| — [b] < 1.

then Mg?ﬁ] s a transversely cut out manifold of dimension d. Besides, there exists t; <

.-+ < t,, called handle slide instants, and Reeb chords (ai?bi>1§j§r such that

|_| Mt[zo,i)” = |_| Mai,bi (R X Ati? Jtl) X {tz}
la]—[b|=0 i=1
Moreover, Mgy, p, (R x Ay,, Jy,) contains exactly one point, and M.qa (R X Ay, Jy,) is a

transversely cut out manifold of dimension 0 whenever |c| — |d| = 1.

Proof. This follows from Lemma B.8 in [25] (recall from Definition 3.7 that in a good
path, we can partition [0, 1] so that in each piece either the Legendrian or the almost

complex structure is changing but not both).
O

Lemma 3.14 (Analog of Proposition 2.10 in [28]). Let (A4, Ji)o<,<, be a good path. Any

. 0,1 .
sequence in ML b] has a subsequence that converges to a broken holomorphic curve.

Proof. This follows from the compactness results of [14] and [1]. See also [25] Appendix
B.
[

Lemma 3.15 (Analog of Lemma 2.11 in [28]). Let (A4, Ji)o<y<, be a generic path of
compatible almost complex structures on &. Lett < t' be such that there is no handle slide

instants in [t,t']. Then the identity map induces a DG-isomorphism:

CE_, (At7 Jt) ~CFE_, (Atu Jt’) .
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Proof. As in [28], this follows from the smoothness and compactness of the parametrized
moduli space, which here correspond to Lemmas 3.13 and 3.14.

O

We now fix a generic path (J;)y.,, of compatible almost complex structures on {. We
denote by t; < --- < t, the handl_e _slide instants of Lemma 3.13, and we look at what
happens at an handle slide instant ¢;. To do that, we consider the Legendrians embeddings
(@fi’a)kx and the almost complex structures (Jt‘i_ )5>0 described in Section 3.2.2.

Observe at this point that the analogs of Lemmas 10.1, 10.2 and 10.3 in [28] remain

true in our context using the same arguments. We recall them for completeness.

Lemma 3.16 (Analog of Lemma 10.1 in [28]). Let u be a disk in M (R X q)fi"s, Jt‘i) with
one positive puncture converging to a Reeb chord t — (c(t), (x(t),y(t))). If t — x(t)
constantly equals £1, then the image of u lies in {x = £1}.

Proof. The same proof as in [28] works here because the projection to T*R of a disc in
M (R X CIDZ";, JP ) is holomorphic (see Remark 3.11).
m

Lemma 3.17 (Analog of Lemma 10.2 in [28]). The image of every disk in M (R x O, Jt‘i)

is contained in the region {|x| < 1}.

Proof. Once again, the same proof as in [28] works here because the projection to T*R
of a disc in M (R X @i’é, JP ) is holomorphic (see Remark 3.11).
O

Lemma 3.18 (Analog of Lemma 10.3 in [28]). There is a well defined Chekanov-Eliashberg
DG-algebra associated to (@Z"S, Jti_).

Proof. According to Proposition 3.6, transversality of the moduli spaces can be achieved
by a perturbation of the almost complex structure near the positive puncture of a disk.
Moreover, although the Legendrian (IDZ’(S is not compact, Lemma 3.17 implies that the
differential 0 defined as in Section 3.1.3 satisfies 9 o 0 = 0.
O

We also state and prove the analog of Lemma 10.4 in our context.
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Lemma 3.19 (Analog of Lemma 10.4 in [28]). For every k large enough, the Reeb chords
ke,
of ®;° are of the form

clzo] == (Cugk, (0, 0))

where ¢ is a Reeb chord of Ay, vo € {—1,0,1}, and ¢y, is the chord defined in Lemma
3.10. Besides, for every Reeb chord ¢ we have

lc[0]] = |e| + 1 and |c[£1]| = |¢]|.
Proof. Since the Legendrians

{07 (u@)hla), @ fula)dhla)) | g € M} C v

converge to A;, when k goes to 400, their Reeb chords are exactly the ones described in
Lemma 3.10 for k large enough. Now let v be a Reeb chord of @Z"s. There exists a Reeb
chord ¢ of Ay, and (zg,yo) in T*R such that

W(t) = (Cxo,k<t)7 ($07 yO)) :
If ¢ goes from ¢y, (q_) to ¢, (qy) we get
Yo = fr(wo)h(q-) = fr(zo)h(qs).

Since h(g-) = 0 and h(g;) > 0, it follows that f;.(zo) = 0 and thus yo = 0.

We now deal with the important Lemmas 10.5, 10.6 and 10.7 of [28].

Lemma 3.20 (Analog of Lemma 10.5 in [28]). There exists ko such that for all k > ko,
there exists a positive 0y, such that for every § in [0, 0x] and any Reeb chord ¢ the following
holds. The moduli space M ] c[+1] (R X @Z’é, Jg) consists of exactly one point which is a

transversely cut out rigid disk.

Proof. We first prove that the moduli space M o) (41 (R X CIDZ’O, Jfg) contains an element.
In the following, ¢ : [0,7] — V goes from ¢y, (q—) to ¢,(q+). According to Lemma 3.12,

it suffices to find a pseudo-holomorphic map
R [0,1] = R XV, (s,1) = (0(s,t),0(s,1))
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and an holomorphic map
Rx[0,1] = T"R, (s,t) = (x(s,1),y(s, 1))

such that the map

y(s,t)?
2

u:Rx[0,1] > RxV xT*R, (s,t)+— (0(8,75) + ,0(s,1), (x(s,t),y(s,t)))

has the appropriate asymptotic and boundary properties. We first pick the only (up to

reparametrization) holomorphic map

R x [0,1] = T*'R, (s,t) = (xx(s,t),yr(s, 1))

such that
(xk(sv 0)7 yk(sv O)) < [O’ 1] X {O}a (xk(sa 1)7yk:(3a 1)) S {y = fé(x)h(q-i-)}
(xk(sa t)? yk(57 t)) sjoo (ilv 0) ’ (Jik(S, t>7 yk<s7 t)) s~>—+>oo (07 0) .

Then we look for the map
Rx[0,1] =R xV, (s,t)— (o(s,t),v(s,t)).

Let v : R — V be the Reeb trajectory satisfying v(0) = ¢y, (¢_). Welet p, : Rx[0,1] = R

be the unique harmonic function such that

pi(s,0) =0 and pi(s, 1) = Togs)h

where 17, (51),%x is the unique positive number satisfying

V(To(syk) = 0" (frlz(s, 1))h(qy), (a4, fu(zr(s, 1))dh(qy)))

(see Lemma 3.10). Let o3 : R x [0,1] — R be a conjugate of p; (meaning that doy, =
dpy o). Then the map

Rx[0,1] = R xV, (s,t)— (ok(s,t),vk(s,t)) = (ox(s,t), v (pr(s,1)))
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is pseudo-holomorphic because
dvg = Ry, (vg) ® dpy, and via = dpy = —doy, o i.

Moreover, the map

yk(37 t>2
2

up : Rx[0,1] = RxV xT*R, (s,t)— <O‘k(8, t) + L Uk(8, 1), (zr(s, 1), yk(s, t)))

has the appropriate asymptotic and boundary properties.

We now explain why the latter disk is transversely cut out. Recall that the maps
(g, yk) : R x [0,1] = C and (of,v) : R x [0,1]] = R x V

are (pseudo-)holomorphic. Besides, (o, vx) goes to the standard strip over the Reeb chord
¢ when k goes to +o0o. The latter is transversely cut out because A is chord generic. This

implies that uy is transversely cut out.

We now explain why wuy is the unique element of M. g] c[11] (R X CIDZ’O, Jg ) for k large
enough. Recall from Lemma 3.12 that if

u:A—=RXxVXT'R, zw (7(2),v(2),(x(2),y(2)))
is in M) e[+1] (R X (IDZ’O, Jtoi), then
u:A—=RxXxV, z—(7(2),0(2))

is pseudo-holomorphic for the structure induced by J;, and a. Besides, observe that <I>f0’0
goes to Ay x Og when k goes to +00. Therefore, there exists v > 0 such that for every &

large enough, for every u in Mo c/41] (R X @Z’O, Jg ), the area

A(ﬂ):/Aﬂ*d(e”oz):/c[o]oz—/CHHQ

of @ is either greater than v or 0. Since the lengths of ¢[0] and ¢[£1] converge to the
length of ¢ when k goes to oo, it follows that A () is actually 0 for every k large
enough and u € Mg ¢[41] (R X <I>Z.’O, Jtoi). This implies that wu; is the unique element
of Mo],c[+1] (R x O}, Jp ) for k large enough.
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]

Let (a;,b;) be the chords such that M,, 1, (R x A4, J;,) contains a handle slide disk
(see Lemma 3.13).

Lemma 3.21 (Analog of Lemma 10.6 in [28]). There exists ko such that for all k > ky,
there exists a positive O such that for every ¢ in [0,0x] and any Reeb chord ¢ # a; the
following holds. If e # c[£1] is a word without [0]-generator, and if |c[0]| — |e| — 1 = 0,
then the moduli space Mo e (R X @Z’é, in) is empty.

Proof. The proof is almost the same as in [28]. We reproduce it here with the necessary
modifications.

We show that the following holds for every ¢ # a; and e without [0]-generator: if
|c[0]] — |e] =1 = 0, then the moduli space Mge (R x o), Jg) is empty for k large
enough. The result will follow because emptiness of a moduli space is an open condition.

We prove the contraposition. Consider a sequence (ug); such that
k0 70
U € Mc[O],e (R X q)ti JJti)

for every k. Write uy = (7%, vg, (T, yx)) : A = R x V x T*R.. According to Lemma 3.12,

the map
wp ARV, 20 (u(2) = ge(2)?/2, 0k(2))

is pseudo-holomorphic with respect to the almost complex structure induced by .J;, and
a. Taking k — +o0o, we have ®;° — A, x Og and (a subsequence of) (wy) converges
to a broken disk (w’)i1<j<, with boundary on R x A;, (see Remark 3.22). For a disk
wl_, let 4/ be its positive puncture, and €’ the word of its negative punctures. Since the
positive puncture of uy is its only [0]-puncture, we have

m

0] — le] = 1 =|c| — le| = 3" (V| = €’]) -

j=1

Now observe that w?_ either has formal dimension || — |€7| — 1 at least 0, or equals the
handle slide disk (in this case recall that |a;| — |b;| = 0). Besides, there is exactly one jg
such that 770 = ¢. Since ¢ # a, w’® is not the handle slide disk and thus

Yl = [e”] =1 > 0.
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Finally we have

c[0]] = lel = 1= (1] = l¢]) > 1.

j=1

]

Remark 3.22. The convergence of the sequence (wy), in the proof of Lemma 3.21 might
seem unusual because wy has boundary on R x Iy, (CIDZ’O), and IIy (CDZ’O) typically is not
a Legendrian submanifold of V. However, a careful reading of [1] section 3.3 shows that
the SFT compactness result holds in our context because the limit A;, of (HV (CIDZ’()))k is

a chord generic Legendrian submanifold of (V, «).

Lemma 3.23 (Analog of Lemma 10.7 in [28]). There exists ko such that for all k > ko,
there exists a positive 0y such that for every 6 in [0,0;] the following holds. If e #
a; [£1] is a word without [0]-generators, and if |a;[0]| — |e| — 1 = 0, then the moduli space
M, [0),e (R X @Z’(s, in) is either empty, or b; is obtained from e by changing the letters
c[£1] into c.

Proof. As for the proof of Lemma 3.21, the proof of Lemma 3.23 is almost the same as
in [28] using Lemma 3.12.
]

We choose k > 1 large enough and § > 0 small enough so that the last three Lemmas
hold. We denote by A the differential of C'E, (@Z"S, in ) We have

Aa;[0] = a;[1] + a;[-1] + €+ O(1),

where O(1) denotes a sum of terms with at least one [0]-generator, and € is a sum of terms
without [0]-generator. Besides, there exists m; € F such that m;b; is obtained from e by
changing the generators c¢[£1] into ¢. We denote by ¢; : CE, (A,—s5) — CE, (A, +s) the

elementary isomorphism (see Definition 1.6) defined on generators by
vi(a;) = a; + m;b; and ¢(c) = ¢ if ¢ # a;.

We can now write the analog of Lemma 10.8 in [28].

Lemma 3.24 (Analog of Lemma 10.8 in [28]). The map ¢; is an elementary DG-
isomorphism

2 CE_. (Ati*tsu Jti*5) = CE_, (Ati+57 Jti+5) :
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Proof. In [28], this is an algebraic consequence of the Lemmas numbered from 10.1 to
10.7. The proof in our context is identical, using the corresponding Lemmas numbered
from 3.16 to 3.23.

m

We can now define the DG-isomorphism of Theorem 3.8.

Definition 3.25. Let (At7<]t)te[o,1] be a generic good path. Let t; < --- < ¢, be the
handle slide instants of Lemma 3.13. Choose £ > 1 large enough and 6 > 0 small
enough so that Lemmas 3.19, 3.20, 3.21 and 3.23 hold for every handle slide instant.
For every 1 < j < r, we denote by ¢; : CE_, (Ay,_s, J1,—5) — CE_, (Ay,4s, J1,+6) the
elementary DG-isomorphism of Lemma 3.24. According to Lemma 3.15, CE_, (A, J;)
and CE_, (Ay, Jy) are trivially identified when there is no handle slide instants between ¢
and t'. Thus, the map ¢ = @, 0-- -0y defines a tame DG-isomorphism from CFE_, (Ag, Jo)
to CE_, (A1, Jp).

3.2.4 Mapping cylinder as Chekanov-Eliashberg algebra

This section gathers results in order to prove that the DG-isomorphisms defined in Defi-
nition 3.25 satisfy the second item of Theorem 3.8.

Let (Jt)te[o,l] be a generic path of compatible almost complex structures on £. We
use the notations of Definition 3.25. Our goal is to show that the mapping cylinder DG-
algebra (see Definition 1.10) of the tame DG-isomorphism ¢ = ¢, o --- 0 ¢; can be seen
as the Chekanov-Eliashberg DG-algebra of some Legendrian. The starting point is the

following observation.

Lemma 3.26. For every 1 <1 <r, CE_, (CDZ";, Ji) s a quast mapping cylinder DG-

algebra for the elementary DG-isomorphism
pi: CE_, (Ati—5> Jti_(s) — CE_, (Ati+6’ Jti+6>

(see Definition 1.15).

Proof. We denote by A the differential of CE, (@Z’é, th_). Observe that CE_, (Ay,—s, Ji,—s)
and CE_, (At 45, Ji,+5) are sub-DG-algebras of CE_, (@Z"S, in) using Remark 3.11 and

Lemma 3.16. Moreover, according to Lemmas 3.20 and 3.21, we have
Acl0] = c[1] + ¢[-1] + O(1)
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(where O(1) denotes a sum of terms with at least one [0]-generator) for every Reeb chord
¢ # a;, and
Aa;[0] = a;[—1] + a;[+1] + e+ O(1),

where € is a sum of terms without [0]-generator. Moreover, as explained in the paragraph
above Lemma 3.24, p;(c) = c if ¢ # a, and ¢;(a) is obtained from (a[+1] + ¢) by changing
the generators c¢[£1] into ¢. Thus, CE_, (q)g, Jf]) is a quasi mapping cylinder for the

elementary DG-isomorphism
Pi - CE** (Atifcﬂ Jtifé) — CE** (Ati+57 Jtl+6> .

O

We now have to treat the non handle slide instants. To do that we need two preliminary

Lemmas.

Lemma 3.27. There exists {y such that for all £ > ly, there exists a positive €y such that
for every € in [0,g4], for everyt in [0,1)\ U (t; — d,t; + ) and for every Reeb chord c the
i=1

Jollowing holds. The moduli space Mo cj+1] (R X @f’g, Jf) consists of exactly one point
which is a transversely cut out rigid disk.
Proof. The proof is the same as for Lemma 3.20 using that [0,1] \ LTJ (ti —6,t;+0) is

i=1
compact.

O

Lemma 3.28. There exists £y such that for all £ > ly, there exists a positive €y such that

for every e in [0,g,], for every t in [0,1]\ U (t; — 0,t; + 6) and for every Reeb chord c the
i=1

following holds. If e # ¢ [£1] is a word without [0]-generators, and if |c[0]| —|e| —1 =0,

then the moduli space M) e (R X CI)f’E, Jf) is empty.

Proof. Here, the proof is the same as for Lemma 3.21 using that [0, 1] \ O (ti —6,ti+0)

=1
1s compact.

O

Choose ¢y > k so that for every ¢ > £y, there exists €, > 0 such that Lemmas 3.27 and
3.28 hold for every € € [0,¢]. Fix £ > £y, and choose s, large enough so that

(tiz1 —0) — (L +9) <
2s -
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for every s > sp and 0 < i <r. Now we fix s > sg, and forevery 0 < <r, 1 <j < s we

set
tivi —0)—(t; +0 .
E; = ( 1 )25 ( + ), ti,j = (tz + (5) + (2] — 1)51

(by convention, to+d =0 and ¢t,.; — 6 = 1).

Lemma 3.29. Forevery 0 <1 <r, 1 <53<s, CE_, (be’af JZIJ) is @ mapping cylinder

i,

DG-algebra for the identity map
ld . CE_* (Ati,j_5i7 Jti,j_ai) — CE_* (Ati,j+8i7 Jti,j+5i> .

Proof. We denote by A the differential of C'E, ((bfi, Jflﬂ) Observe that CE_, (Atm._el., Jti,j—ai)
and CE_, (Atm%i, Jti,ﬁei) are sub-DG-algebras of CE_, <(I)f£ii= Jti’J) using Remark 3.11
and Lemma 3.16. Moreover, according to Lemmas 3.27 and 3.28, we have

Ac[0] = ¢[1] 4+ ¢[-1] + O(1)

(where O(1) denotes a sum of terms with at least one [0]-generator) for every Reeb chord
c. Thus, CE_, (@f?s."

1,5

ijj) is a mapping cylinder for the identity map
id : OE_* (Ati,]’—EN Jti,j—fi) — CE_* (Ati,j+€i7 Jti,j+€i> i

[]

Now that we have treated handle slide instants (see Lemma 3.26) and non handle slide

instants (see Lemma 3.29), we want to “glue” the data together.

Definition 3.30. To each couple (i,7) € ({0,...,7} x {0,...,s}) \ {0,0}, we associate
the positive integer
zij=1i(s+1)+]

(observe that (i, j) — x; ; preserves the lexicographic order). Now we define a Legendrian
embedding ® : M x [0, 2z, ;] = V xT* [0, 2z, s] and an almost complex structure .J on the
restriction of € to V x T* [0, 2z, as follows. For every (i,5) € ({0,...,r} x {0,...,5})\
{0,0}, for every = € [2(x;; — 1), 2x; ], we set

By (g0 — (2255 — 1)) 1f j #0
O (g, — (2059 — 1)) ifj=0

<I>(q7:v)={
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1+ 1/k

. An @
WAWAN

0 21’0’1 233'0’2 2[L’1’0 21’171 21’1,2

Figure 3.3: Front projection of ® when r =1 and s = 2

and

J (a,(z,y)) = { JZ (a, (z — (21;1.70 —1),y)) if 7=0.

Remark 3.31. Observe that ® is smooth because we required all the derivatives of f; to
vanish at 1 in Section 3.2.2.

Example 3.32. Assume that V =R,, M = {q_,q+}, and ¢, = ¢ : M — V with

¢(q-) =0and ¢ (qy) = 1.

Make the same choices as in Example 3.9. Then for every (i, j) € ({0,...,7}x{0,...,s})\
{0,0}, for every x € [2(x;; — 1), 2w, 4],

P (q77 x) = (07 (:IZ‘, 0))

and

(fe(w), (z, fi())) it j # 0

Pl )= { (ful@), (@, fi(2)) i j = 0.

See Figure 3.3.
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Lemma 3.33. Let (®,J) be as in Definition 3.30. We have

CE,(®,]) =CE. (22, J3

to,1

) x--%x OB, ((I)f;ff, Jf&) * CE, (‘I’fl’é» Jfl)

x CE, (O, J5 ) %o % CE (947 5 ) CE. (03, J7)

.

K OB, (70 J5) ) %o OB, (0070 Ji L )« OB, (987, 7))
x OB, (77, Jir ) %+ CE, (007 J5r )

where x always denotes the fibered coproduct (in the category of semi-free DG-algebras)

over the common DG-subalgebra of both terms.

Proof. This follows from Lemmas 3.16 and 3.17.

We can now state the desired result.

Lemma 3.34. Let (P, J) be as in Definition 3.30. There is a tame DG-isomorphism from
CE_.(®,J) to a stabilization of a mapping cylinder DG-algebra for ¢ which restricts to
the identity on CE_, (Ao, Jo) and CE_, (A1, Jy).

Proof. Look at the decomposition of CFE_, (®,J) given by Lemma 3.33. According to
Lemmas 3.29 and 3.26, each DG-algebra in this decomposition is either a mapping cylinder
for a DG-map given by an identity map, or a quasi mapping cylinder for an elementary
DG-isomorphism ;. Therefore, the result follows using Lemma 1.16 and Proposition
1.13.

O

3.2.5 Proof of the main result

It is easy to see that the DG-isomorphisms defined in Definition 3.25 satisfy the first item
in Theorem 3.8. We now prove that they satisfy the second item.

Let Ay, Ay be two chord generic Legendrian submanifolds, and let Jy, J; be two
compatible almost complex structures on £. Let (Af, Jf)
with

seo.] be two generic good paths

(Ag, Joi) = (Ao, Jo) , <A%> Jf[) = (A1, J1).
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Let t7 < --- < t_ and tf < --- < % be the corresponding handle slide instants of

Lemma 3.13. Adding non handle slide instants if necessary, we can assume that

ro=rt=rand (... t) = (... t) =t 1)

rur

Choose k£ > 1 large enough and 6 > 0 small enough so that Lemmas 3.19, 3.20, 3.21
and 3.23 hold for both (Ji¥)

te(0,1]

by of : CE_, (Af‘;_(s, Jff_(;) = CE_, (Aiﬂi’ th+5) the DG-isomorphism of Lemma 3.24

(if ¢; is not an handle slide instant of (Af, Jf) ,

te(0,1]

tame DG-isomorphisms CFE_, (Ag, Jo) — CE_, (A1, J;) induced by (Ati, Jti) are

te(0,1]

at every instant ¢;. For every 1 < ¢ < r, we denote
then @i is the identity map). The

©t = pFo---0pr (see Definition 3.25).
Now choose ¢y so that for every ¢ > ¢y, there exists €, > 0 such that Lemmas 3.27

and 3.28 hold for every ¢ € [0, g] for both (Af, Jti)te[o " Fix ¢ > {y, and choose sq large

enough so that
(tix1 — 6) — (ti +0)
<
2s -

for every s > sg and 0 <7 < r. Now we fix s > sp, and for every 0 <i <r, 1 <j <s we

€

set
_ (i1 = 0) = (i +9)

5T 25 ’
(by convention, ¢ty + & = 0 and t,,; — & = 1). We denote by ®*, J* the Legendrian

embeddings and almost complex structures of Definition 3.30.

Assume that there is a family (As¢)o<s <1 such that for every s, ¢
As,t € £7 (AS,Oa AS,I) - (Af)ta Ait)7 (AO,ta Al,t) - (At_a A?—)

Since moreover the space of compatible almost complex structure is contractible, this
implies that there exists a generic good path from (®~,J7) to (®*, JT) which is fixed
on the extremities. According to the construction made in Section 3.2.3, we get a tame
DG-isomorphism CE_, (®~,J") — CE_, (®*,J"). Moreover, since the homotopy has
fixed extremities, the DG-map CE_, (®~,J) — CE_, (®*,J") restricts to the iden-
tity on CE_, (Ao, Jo) and CE_, (A1, J1). We conclude the proof using Lemma 3.34 and
Proposition 1.14.
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CHAPTER 4

LEGENDRIAN LIFT OF AN EXACT
LAGRANGIAN IN THE CIRCULAR
CONTACTIZATION

In this chapter, we start with a compact, connected, exact Lagrangian submanifold L
in a Liouville manifold (P, \), and we study a Legendrian lift A° of L in the circular
contactization S x P. For the standard contact form (df — \), each point of A° gives
rise to a (countable) infinite set of Reeb chords, and thus the situation is degenerate. In
section 4.1, we explain how we perturb the contact form, and we state our central result,
which computes invariants of A° in term of the Floer A..-algebra of L. In order to prove
Theorem D, we apply a sequence of geometric modifications to the situation. Each of the
section numbered from 4.2 to 4.5 explains one of these modifications and describes how
the algebraic invariants change accordingly. Observe that we use Theorem 2.8 (Theorem
A in the introduction) in section 4.2, and Theorem 3.8 (Theorem C in the introduction) in
section 4.4. Finally, we end the proof of the main result in section 4.6, mainly by showing

that we can apply Theorem 2.10 (Theorem B in the introduction).

4.1 Setting and Legendrian invariants

Let (P, A) be a Liouville manifold, and let L be a compact, connected and exact Lagrangian
submanifold of P. We fix f: L — R such that

AL = df.
We consider the manifold
Ve =S'x P, where S' = Ry/Z,
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Legendrian lift of an exact Lagrangian in the circular contactization

with contact structure
&% =kera®, where a° = df — ),

and the Legendrian submanifold

A ={(f(q),q) | g€ L} C (V°,&°).

In order for the Floer complex of L and the Chekanov-Eliashberg algebra of A° to be
Z-graded, we assume that H;(P) is free, that the first Chern class of P (equipped with
any almost complex structure compatible with (—d\)) is 2-torsion, and that the Maslov

class of L vanishes.

4.1.1 Reeb chords

Observe that A° is not chord generic for a° (see section 3.1). We will choose a compactly

supported function H : P — R, and consider the perturbed contact form

The Reeb vector field of aj; is then

R ol 1+ A (Xn)
OcH XH )

where Xy is the unique vector field on P satistying tx, d\ = —dH.

We fix a compact neighborhood K of L which is contained in a Weinstein neighborhood
of L in P. It is not hard to see that for every positive integer N, the space of smooth
functions H on P supported in K, such that the R,e -chords of A° with action less than N
are generic, is open and dense in C° (P). Therefore, the space of functions H € C% (P)
such that A° is chord generic with respect to ag; is a Baire subset of C5¢ (P). In particular,
the latter is dense in C° (P). In the following, we choose H € C¢ (P) such that

1. A° is chord generic with respect to ay;,
2. H is sufficiently close to 0 so that
d9 (Rag,) = ¢ ™ (1+ A (Xg)) > 1/2.
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Legendrian lift of an exact Lagrangian in the circular contactization

Figure 4.1: Reeb chords (in blue) of A° = {0} x 0g1 for a° (on the left) and for a9, (on
the right)

Example 4.1. Assume that we are in the case
(P,\) = (T"M,pdq), L =0y, and H (q,p) = h(q),
where h : M — R is a Morse function (we present this example in order to see what

happens, even if H is not compactly supported in 7*M). The Reeb vector field of a; is

R, =e " 0 ,

o
H

and therefore the Reeb flow satisfies

Pre (0,(0,0) = (0+ 1”@, (¢,p— te™"@dn (q))).

%
Thus, the R,e -chords of A° are the paths c: [0, 7] — St x T*M of the form

C(t) = (te_h(q0)7 (C]m 0)) N Wlth Te—h(qo) - Z21 and qo € Crlt h

Observe that these Reeb chords are transverse but lie on top of each others. See Figure

4.1, where we illustrate this perturbation when M = S*.
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Legendrian lift of an exact Lagrangian in the circular contactization

4.1.2 Conley-Zehnder index

In order to define the Conley-Zehnder index (see section 3.1.1), we need to choose a family
(ho, hi, ..., h,) of embedded circles in V° = S! x P which represent a basis of H;(V°),
and a symplectic trivialization of £° over each h;. We let hy = S* x {ag} be some fiber
of S' x P — P, and we fix (hy,...,h,) to be any family of embedded circles in P which
represent a basis of Hi(P). We choose a symplectic isomorphism v : (T,,P, —d)\,,) —

(C™,dx A dy), and then we choose the symplectic trivialization

(& d0°) = (ho x C"dz Ady),  ((0,00) , (Aay(v),v)) = ((60, a0) , €™ 1h(v))
Finally, we choose some trivialization of £° over each h;, 1 <1 <.

Remark 4.2. We chose this trivialization of hg = S x {ag} because it is compatible with
the one induced by the filling D? x P of S! x P.

Example 4.3. We compute the Conley-Zehnder index of a Reeb chord in the case of

example 4.1, i.e. when
(P7 )\) = (T*M7pdq>7 L= OM7 and H(q7p) = h(Q)7
where h : M — R is a Morse function . In this case, the Reeb flow is given by

Pre (0,(0,0) = (0+te™@, (¢,p— te"Ddn (q))).

Let ¢ : [0,7] — V° be a Reeb chord of A°. Then there exists a positive integer k and a
critical point gy of h such that

e(t) = (1™ (go,0)) and Te ™" = k.

Observe that ¢(0) = ¢(T), and thus there is no need to choose a capping path for c.

Besides, for every w in T, M, we have

S

Froe, (€(0)) (0,u,0) = (0,u, —te @ D (go) u).

In order to compute the index of ¢, we first choose coordinates (1, ..., x,) around gy € M
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Legendrian lift of an exact Lagrangian in the circular contactization

in which
1 dim (M)
h =h(q)+ 3 > oja?, where 0; = +1,
j=1
and we extend it to symplectic coordinates (z1,...,Zn, Y1, ..., Yn) around (qo,0) € T*M
by setting

v (0.0) = (b j%<q>>.

Our choice of trivialization for a fiber of S x P — P induces the trivialization
T (A +idy) - c1e° 5 (R/TZ) x C"

(observe that &5,y = {0} x T4 0) (1" M)). Accordingly, the path ¢ — Dyf, | (TC(O)AO)
“H

induces a path of Lagrangians

Fe:tel0,T]— {(emwm/T (uj — ite_h(q‘))ajuj)) | u e R"} c Ccn.

1<j<n
We close this path using a counterclockwise rotation I', and call the resulting loop I',. In
order to compute the Conley-Zehnder index of ¢, we have to look at how T', intersects the
Lagrangian iR" (as explained in [28] section 2.2). Observe that I, intersects iR™ positively
2k times, so that ['. contributes 2k to the Conley-Zehnder index of ¢. Moreover, since I’

is a counterclockwise rotation bringing
{(uj - iTe’h(qO)ajuj)lgjgn | u e R”} to R",

the contributions to the intersection between I' and iR"™ come from the negative eigen-
values o;. The computation done in [27] Lemma 3.4 implies that I" contributes ind(go) to

the Conley-Zehnder index of ¢. We conclude that the Conley-Zehnder index of ¢ is

CZ(c)=pu <Ii) = 2k + ind(qo).

4.1.3 Main result

Legendrian invariants Let j be an almost complex structure on P compatible with
(—=dX), and let J° be its lift to a complex structure on £°. Recall from section 3.1.3
the definition of the Chekanov-Eliashberg DG-algebra of a Legendrian. In our situation,
CE_,(N°) = CE_,(A°, J° a%) is an Adams-graded DG-algebra (see Definition 1.1),
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Legendrian lift of an exact Lagrangian in the circular contactization

where the Adams-degree of a Reeb chord ¢ is the number of times ¢ winds around the fiber.
Besides, the algebra map CE_, (A°) — F which sends every Reeb chord to zero defines
an augmentation of CE_, (A°). We denote by LC, (A°) the corresponding coaugmented
A-coalgebra of A° (see the last paragraph of section 3.1.3). LC\ (A°) inherits an Adams-
grading from C'E_, (A°) (the same), and we denote by LA*(A°) its graded dual with
respect to the bigrading (see Definition 1.37). In our situation, LA* (A°) is an augmented
Adams-graded A.-algebra (see Definition 1.17) whose augmentation ideal is generated
by the Reeb chords of A° (and the Adams-degree of a Reeb chord ¢ is the number of times

¢ winds around the fiber).

Remark 4.4. In the case of example 4.1, the cohomological degree of a Reeb chord ¢

corresponding to a positive integer k and a critical point qq is
1-CZ(c) =1-2k —ind(q)

when viewed in CE_, (A°), and CZ(c) = 2k + ind(qy) when viewed in LA* (A°) (see
example 4.3).

Lagrangian invariants We denote by C'F* (L) a finite-dimensional model for the Floer
Ao-algebra of L, as defined for example in [59]. We denote by CF_, (L) its graded dual.
Observe that CF_, (L) in general is not an A..-coalgebra, but only a quasi-A..-coalgebra
in the sense of Definition 1.23. As pointed out in [32] section 4, CF_, (L) is a true

As-coalgebra when L is simply connected.

Result Let F [t| be the augmented Adams-graded associative algebra generated by a
variable ¢ of bidegree (2,1). We denote by

F[t] := Vectp {t" | k > 1}

its augmentation ideal (or equivalently, the ideal generated by t). Besides, we let F [t]
be the graded dual of F [t], which is a coaugmented Adams-graded associative coalgebra
generated by a variable ¢4 of bidegree (-2, 1). Finally, we denote by m its coaugmen-
tation ideal.

If A is an augmented A..-algebra, then F & (Fi[t]@) A) is naturally an augmented

Adams-graded A,.-algebra, where the Adams degree of t* @ is defined to be k. Moreover,
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Legendrian lift of an exact Lagrangian in the circular contactization

it C'is a coaugmented quasi- A -coalgebra, then F@ (F [ts] ® C) is a coaugmented Adams-

graded A.-coalgebra (the finiteness condition is forced by the operations on F [t4]).

The rest of the section is devoted to the proof of the following result.

Theorem 4.5 (Theorem D in the Introduction). There is a quasi-isomorphism of aug-

mented Adams-graded A, -algebras
LA*(N°)~F o (F[]@ CF*(L)).

Moreover, Koszul duality holds for CE_, (A°) (see Definition 1.42), and E (CE_, (A°)) ~
LA* (A°). In particular there are quasi-isomorphisms of Adams-graded DG-algebras

CE..(N)~E(F& (FloCF* (L)) ~Q(Fa (Fiil© CF_. (L))

Remark 4.6. Let f : Cy — C5 be a quasi-isomorphism between two quasi-A.-coalgebras
(see Definition 1.25). It naturally induces a quasi-isomorphism of coaugmented Adams-

graded A..-coalgebras
F.F& (Fli®C) > Fa (Fliy )
defined as follows. Choose a basis B of Cs and, if x € C, write
fiz) = Y om(zy, oY) Q- ®@ya € s,
where m (z;y1,...,y4) € F. Then

Fd(t’;&@m): Z m(:x;yl,...,yd)(ti;®y1>®---®(ti§®yd>.
Y1,--,Yd€B
Jit-+ja=k

Moreover, the coaugmented Adams-graded A..-coalgebras F & (F [ts] ® Ci> are Adams
connected (see Definition 1.28). Thus, according to Remark 1.36, F' induces a quasi-

isomorphism
OF :Q(Fa (FliJo0)) = Q(Fe (Fli] o).

If B is a (unpointed) space, we consider its one-point compactification B* and view

it as a pointed space (with base point the point at infinity). If moreover X is a pointed
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Legendrian lift of an exact Lagrangian in the circular contactization

space, we consider the half-smash product of B and X,
X xB:=XAB",
where A denotes the smash product of pointed spaces.

Corollary 4.7. There is a quasi-isomorphism of augmented (non Adams-graded) As-

algebras

LA* (A°) = C* (CP*® x L),

and a quasi-isomorphism of augmented (non Adams-graded) DG-algebras
CE,(A°) ~C, (2(CP* x L)).
Proof. Let xy be the base point of CP* and set P := CP* \ {z(}. Observe that
(PxL)"=P"ANL*=CP®AL"=CP> x L.

On the one hand, we have

Fo (F]oCF (L)) ~Fa (F[]®C* (L)) ~C* (P x L)) ~ C* (CP® x L).
Thus, it follows from Theorem 4.5 that

LA (A°) ~C* (CP* x L).

On the other hand, we have

Fo (Fltg @ CF.(L) ~Fo (Fltg] @ C. (L)) ~ C_. (P x L)) = C_.(CP* x L).

Moreover, F & (m(@ CF_, (L)) and C_, (CP> x L) are locally finite and cohomo-
logically simply connected (see Definition 1.28). Therefore, Theorem 4.5 and Proposition
1.33 imply that

CE_,(AN°)~Q(C_,(CP*x1L)).

Now, since CP*> x L is simply connected, Adams result (see [4], [5] and also [32]) yields
QC_.(CP*xL))~C_,(2(CP>*xL)).
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Legendrian lift of an exact Lagrangian in the circular contactization

]

4.2 Lift to R x P

In the following we will consider the manifold
V=RyxP

with contact structure
¢ = kera, where o = dfl — A,

and the Legendrian submanifold

A= || A", where A? = {(f(q) +0.q) | g € L} C (V. ).

neZz

Recall from section 4.1.1 that we chose a compactly supported function H : P - R
such that

1. A° is chord generic with respect to ay,

2. H is sufficiently close to 0 so that

dO (Rag,) = e (14 A (Xn)) > 1/2.

We consider the contact form

ag = eHa,
with Reeb vector field
1+ 22X
RQH:e_H< +A( H))
X

Moreover, we denote by J the lift of J° to an almost complex structure on &.

4.2.1 The A -category A

Definition 4.8. We consider the A,-category A defined as follows
1. the objects of A are the Legendrians A", n € Z,
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Legendrian lift of an exact Lagrangian in the circular contactization

2. the space of morphisms from A’ to A’ is either generated by the R,,-chords from

ANto N ifi<j,orFifi=j, or0ifi>j, and

3. the operations are such that exn € A (A", A™) is a strict unit, and for every sequence

of integers ig < - - - < ig, for every sequence of Reeb chords
(cr, - ea) € R(A©,A™) 5 +ov xR (Al Al )
we have

palc .. ca) = Y, H#Macpo RXA Jag)a
a€R(A%,Aa)

(see Definition 3.4 for the moduli spaces).

4.2.2 The quasi-autoequivalence 7

We introduce an A..-endofunctor of A that will be important in the following.
Definition 4.9. We denote by 7 : A — A the A, -functor defined as follows:
1. on objects, 7 sends A" to A"*!,
2. on morphisms, the map
T A (A A ) @@ A (A AT) 5 A (A AT

is obtained by dualizing the components of the tame DG-isomorphism

n=tg n=ig

iq iq
cE. (u A aH) Lok ( A aH)

induced by the good path < ﬁ A=t J) (see Theorem 3.8).
0<t<1

n=tg
Lemma 4.10. The Ay -functor 7 : A — A is a quasi-equivalence.
Proof. Consider the A, -functor 7: 4 — A defined as follows:
1. on objects, 7 sends A" to A" !,
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Legendrian lift of an exact Lagrangian in the circular contactization

2. on morphisms, the map
ToA(NAY) @@ A (A A o A (AP A

is obtained by dualizing the components of the inverse of the tame DG-isomorphism

iq iq
cE.. (u A aH) Lop ( A aH>

n=tg n=tg

iq
induced by the path ( L] Ar+i=t J) .
0<t<1

n=tg

Then ToT=7To7 =idy.

Here the Z-splitting
Z = ob(A), n— A"

is compatible with the quasi-autoequivalence 7 in the sense of Definition 2.5. As explained
there, this turns A into an Adams-graded A..-category: the Adams-degree of a morphism
ce AN N is (j —1).

4.2.3 Relation between LA* (A°) and (A, 1)

We now explain how LA* (A°) and (A, 7) are related. See Figure 4.2, where we illustrate

the action of the projection Ilgi, p in the case
(PN = (T*Sl,pdq> , L =0s1, and H (q,p) = h(q),

where h : ST — R is a Morse function.

Lemma 4.11. The Ay -functor T is strict, and it sends a Reeb chord t — (0 (t),x (1)) in
A (A", A?) to the Reeb chord t — (0 (t) + 1,z (t)) in A(A, NI, In particular, T acts
bijectively on hom-sets.

Proof. Recall that ay = e, with H a function defined on the base manifold P. In
particular, the flow gotag of 0y is a strict contactomorphism of (V, a). Moreover, since J

is the lift of an almost complex structure 57 on P, the map

u=(o,v) (a, ©5, ov)
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Legendrian lift of an exact Lagrangian in the circular contactization

HSIXT*Sl (C) = Hsl xT*S1 (TC)

—
c g1y =g
AO
(R x T*S%, aur, J) (ST x TS, 0%, J°)

Figure 4.2: Action of the projection Ilgi 7+ g1

induces a bijection

id Z.cl
n+1—t ~ n+1
Macg...c (R x L AT OéH) = Mt (@), (ca)-ieh (1) (R x L AT aH)
n=ig n=wo
for every t. Thus, there is no handle slide moment to consider for the isomorphism of
Theorem 3.8. This implies the result.
O

We denote by A, the Adams-graded A..-category associated to 7 as in Definition 2.7.
Observe that here A, has only one object, and thus can be seen as an Adams-graded

Aso-algebra.

Lemma 4.12. There is a quasi-isomorphism of Adams-graded As-algebras
LA* (A°) ~ A,.

Proof. Consider the map which sends a Reeb chord ¢ € R (A%, A7) to the corresponding
chord TTgi, p (¢) € R (A°) (where IIgi,p : R x P — S x P is the projection). According
to Lemma 4.11, Ig1.p (7¢) = Hgixp (¢), and thus the map ¢ — Ilgi,p (¢) induces a linear

map ¢ : A, — LA*(A°). Moreover, observe that 1 is a bijection. It remains to prove
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Legendrian lift of an exact Lagrangian in the circular contactization

that ¢ is an A,-map. This follows from the fact that the map
u=(o,v) = (0,Tlg14p 0 0)
induces a bijection
Moot RXA T an) = My piea)..ote) (R X A% J° ag).

]

Lemma 4.13. The Adams-graded A-algebra LA* (A°) is quasi-equivalent to the mapping
torus of T : A — A (see Definition 2.1).

Proof. This follows directly from Theorem 2.8 using Lemmas 4.11 and 4.12.

4.3 Rectification of the contact form

Now that we are in the usual contactization, we have the following result.

Lemma 4.14. There exists a contactomorphism ¢y of (V,€) such that

Gy = Q.

Proof. Recall that ay = ef’a, with H a compactly supported function on the base man-
ifold P such that e (1 + X\ (Xy)) > 1/2.
Assume that there is a contact isotopy (¢), <i<1 such that ¢y = id and

prounm = (4.1)
for every t. Let (F}), be the family of functions on V' such that
d
£¢t = YF, o ¢,
where Y7 is the contact vector field on V satisfying

tyzda = dF (Ry)a—dF.
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Taking the derivative of equation (4.1) with respect to ¢, we get
H+d (e F,) (Ra,) =0 (4.2)

because Yr satisfies

g (YF) = 6tHF
typdoy = d (etHF) (Royy) e — d (etHF) .

Besides, we deduce from

14+ tA (X
Ry, =e ( 12 (Xn) ) . ix,d\ = —dH,

tXn
that
dH (R,,,,) = 0.
Then equation (4.2) gives
dF; (Ra,,) = —He ™. (4.3)

Conversely, if (F}), is a family of functions on V' satisfying equation (4.3), then the

t
contact isotopy (¢;), defined by

6o =idand %0 =i 0 0,

satisfies 4
% (¢:§katH) = 07

and thus ¢y := ¢ gives the desired result.

Therefore, it remains to find a family (F}), satisfying equation (4.3). First recall that

R — e—tH 1 +t)\ (XH)
aH X g .

By assumption on H, the function df (R,,, ) is greater than 1/2 for every t € [0, 1]. Thus,
for every t € [0, 1] and every (0, x) in V| there exists a unique real number p; (¢, ) such
that

o) (0,3) € {0} x P,

ot

152
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Then we let
F, = —ptHe_tH.

For every real number ¢, we have
Fpo 903«2%1 = (Pt o QOfR%H) He ™ because dH (R,,,) = 0.

pto@%%H +

But the map 901_%& takes its values in {0} x P by definition of p;, so by uniqueness

tH
we have

pt © @Eam = pr + L.

Then we have
Ft © Spg%azH == (pt + t) HeitHu

and thus
dF; (R,,,) = —He

This concludes the proof.

Example 4.15. Assume that we are in the case
(P,A) = (T"M,pdq), L = Onr, and H (g, p) = h(q),
where h : M — R is a Morse function. Then the diffeomorphism ¢ defined by
o' (0, (¢,p)) = (0", (q,e"Vp + 0e"@dh(q)) )
satisfies ¢j;ap = . With this choice of ¢, we have in particular

on' ({0} x Oar) = 5" (eeh) CR xT*M.

4.3.1 The A -category A;

In the following, we fix a contactomorphism ¢y as in Lemma 4.14. We define an A-

category Ay, which is roughly obtained by pulling back the data of A by ¢g.
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Definition 4.16. Let

A = oF! <A9> ,Ap = | | A}, and Jy = ¢}, J.

nez

We consider the A.-category A; defined as follows

1. the objects of A; are the Legendrians A}, n € Z,

2. the vector space A; (A%, A%I) is either generated by the R,-chords from A% to qu
ifir<j,orFifi=75 or0ifs> 75, and

3. the operations are such that eyn € Ay (A}, A}) is a strict unit, and for every

sequence of integers ig < --- < i4, for every sequence of Reeb chords
(cr, . vea) € R (ARG, Ay ) x -+ x R (A% A})
we have

lu.A1 (Cly LI acd) - Z #M&Cd---cl (R X AH7 JH? O{) a

a€R (A}g Ag)
(see Definition 3.4 for the moduli spaces).

4.3.2 The quasi-autoequivalence 7

Definition 4.17. We denote by 71 : A1 — A; the A -functor defined as follows:
1. on the objects, 7 (A%) = A4,

2. on the morphisms, the map
Tld - Ay ( 39[,/\?1) R A (AE’I,A?}) — Ay (A?IﬂaA?IH)

is obtained by dualizing the components of the tame DG-isomorphism
iq iq
CE_.| || A Jua| = CE_. | || Al Ju,a
n=tg n=ig

induced by the good path < ﬁ AR JH> (see Theorem 3.8).
0<t<1

n=to
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Ay
I
c H
A” Ay
(R x T*S', ag, J) (R x T*SY a, Jg)

Figure 4.3: Action of the contactomorphism ¢

Lemma 4.18. The Ao -functor 11 : A1 — Ay is a quasi-equivalence.

Proof. This follows because 7 is defined by dualizing the components of a DG-isomorphism
(see the proof of Lemma 4.10).
O

Here the Z-splitting
Z%Ob(Al), TL'—)A?I,

is compatible with the quasi-autoequivalence 7; in the sense of Definition 2.5. As explained

there, this turns A into an Adams-graded A..-category.

4.3.3 Relation between (A, 7) and (A, 1)

We now explain how the pairs (A, 7) and (A, 1) are related. See Figure 4.3 where we

illustrate the action of the contactomorphism ¢z' in the case
(P, = (T*Sl,pdq) , L =0g, and H (q,p) = h(q),
where h : S — R is a Morse function.
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Legendrian lift of an exact Lagrangian in the circular contactization

Lemma 4.19. There is a strict As-isomorphism (; : A — A defined as follows:

1. on the objects, (1 (A™) = Ay,

2. on the morphisms, (; sends a Reeb chord ¢ in A (A", N) to the Reeb chord

Gi(0) = 65t oc
in A (A’H, Ag)
Proof. This follows from the fact that the map
u=(o,v) — (0, b o U)

induces a bijection

Mavcd---cl (R X A, J, aH) 1> qu;[l(a)v(b;ll(cd)"'(t);[l(Cl) (R X j‘[—[7 JH,O{) .

O

Lemma 4.20. We have

m=CoTo( "
Proof. This follows from the fact that the map
u=(o,v) (0, b o U)
induces a bijection
iq N iq
Ma,cd...q R x |_| An+1_t7 J7 g | — M(ﬁf{l(a),¢;11(cd)...¢>;{1(c1) R x |_| A%—i—l—t’ JH7 Q
n=to n=ig

for every t € [0,1].

O

Lemma 4.21. The mapping torus of 7 : A — A is quasi-equivalent to the mapping torus
of m : Ay = Ay (see Definition 2.1).
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Proof. According to Lemma 4.20 the following diagram of Adams-graded A..-categories

1s commutative
A iduid ./4 |_| ./4 idur ./4

Jﬁ lClUCl lﬁ

idulid idLT
A & AT UA —5 AL

Moreover, each vertical arrow is a quasi-equivalence according to Lemma 4.19. Thus the
result follows from Proposition 1.85.
m

4.4 Back to the original almost complex structure

In this section, we introduce an A, -category A5 which has same objects and morphisms as
A1, but whose operations count punctured discs in R x V' which are pseudo-holomorphic

for the almost complex structure induced by « and J (instead of Jg).

4.4.1 The A -category A,

Recall that we chose a contactomorphism ¢y as in Lemma 4.14, and recall that

Ay =05t (A), A= [] A%

nez

Definition 4.22. We consider the A-category A, defined as follows
1. the objects of Aj are the Legendrians A}, n € Z,

2. the vector space Ay (Aﬁq, qu) is either generated by the R,-chords from A% to A%
ifi<j,orFifi=75 or0ifs>j, and

3. the operations are such that exn € Ay (A%, Af) is a strict unit, and for every

sequence of integers ig < - -+ < 14, for every sequence of Reeb chords
(cr, - vea) € R (AR, A ) x -+ x R (A%, Aj)

we have

KAy (Cla s 7Cd) = Z #Ma,cd...cl (R X AH7 J7 O./) a.

i Aid
aG'R(A}?,AH)
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4.4.2 The quasi-autoequivalence 7
Definition 4.23. We denote by 75 : A1 — A; the A -functor defined as follows:

1. on the objects, 7, (A}) = A4,

2. on the morphisms, the map

7'2d - Ay (A%, A%) R A (AE‘I,A%) — Ay (A?[Ha A%IH)
is obtained by dualizing the components of the tame DG-isomorphism
iq id
CE_.| || Ay Ja| = CE_ | || A} J«
n=to n=ig

induced by the good path ( |_d| A ) (see Theorem 3.8 or [26] Proposition
=t 0<t<1
2.6).
Lemma 4.24. The Ay -functor 7o : Ay — Ay is a quasi-equivalence.

Proof. This follows from the fact that 7 is defined by dualizing the components of a
DG-isomorphism (see the proof of Lemma 4.10).
0

Here the Z-splitting
Z = ob(As), nw— A}

is compatible with the quasi-autoequivalence 75 in the sense of Definition 2.5. As explained

there, this turns A, into an Adams-graded A..-category.

4.4.3 Relation between (A;,71) and (As, )

Lemma 4.25. Choose a generic path (J}?)o<i<1 such that J;> = J and J}* = Jy. There
is an As-isomorphism (1o : Ay — Ay defined as follows

1. on the objects, (12 (A}y) = A%,
2. on the morphisms, the map
Cia s Ay (A?],Aiﬁ[) R QA (A%*I,Aéf}) — Ay (A%},Aﬁf})
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s obtained by dualizing the components of the tame DG-isomorphism

iq iq
CE_. ( || A, a) S CE._, (|_| AT;,,JH,a)

n=tg n=tg

induced by the good path ( ZI_dI A% T o<i<1 (see Theorem 3.8).

n=wo
Proof. We have to prove that (1o is an isomorphism. This follows from the fact that it
is defined by dualizing the components of a DG-isomorphism (see the proof of Lemma
4.10).
O

Lemma 4.26. The A -functor 7, is homotopic to (1507 o (15 (see Definition 1.52).
Proof. First recall that 7; is obtained by dualizing the components of the DG-map

id id
CE_, <|_| AT;,“,JH,a) - CE_, ( | ] Ag,,JH,a)

n=tg n=to

n=tg

induced by the path ( |Zj| A JH> . Thus, (12 o 77 is obtained by dualizing the
0<t<1

components of the composition
CE_. | || AV Ja| — CE_, | ] A Jg ol = CE_, LAY Ju, o]
n=io n=io n=tg
On the other hand, 75 is obtained by dualizing the components of the DG-map

iq iq
CE_, (|_| AR, a) — CE_, ( || A%, J, oz)

n=ig n=tg

n=ig

induced by the path < |Z_d| AR J) . Thus, 7 o (12 is obtained by dualizing the
0<t<1

components of the composition

id ’id id
CE_, ( || A%, a) — CE_, <|_| Ay, J, a> — CE_, (|_| A”H,JH,a) :

According to Theorem 3.8, the DG-maps used to define (15 0 74 and 7 o (35 are DG-
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Legendrian lift of an exact Lagrangian in the circular contactization

homotopic. This implies that the A, -functors (15 o 71 and 7 o (35 are homotopic in the
sense of Definition 1.52. This implies the result.
O

Lemma 4.27. The mapping torus of 7 : A1 — Ay is quasi-equivalent to the mapping
torus of 7o : Ay — Ay (see Definition 2.1).

Proof. Let T3 := (1307 0 (;5. Consider the following commutative diagram of Adams-
graded A..-categories

iduid idlUT
.Al # A1 L ./41 41> A1

J{CIQ JC12UC12 J{Cl2

iduid idlT
Ay ¢ AU Ay — A,

Each vertical arrow is a quasi-equivalence according to Lemma 4.25, so it follows from
Proposition 1.85 that the mapping torus of 77 is quasi-equivalent to the mapping torus of
T12. Now according to Lemma 4.26, 715 is homotopic to 5. Thus the result follows from
Proposition 1.86.

O

4.5 Projection to P

4.5.1 The A -category O

In order to define the A, -category O, we need to introduce moduli spaces of pseudo-
holomorphic discs in P. We fix a choice of strip-like ends for each Riemann disk (see
Definition 3.3).

Definition 4.28. Let L = (L"), ., be a family of pairwise transverse exact Lagrangian
submanifolds in P. Consider a sequence of integers ig < --- < ig4, and a family of

intersection points (xo, 21, ..., x4), where
zg € LN L4 and 2, € L* N L% 1<k <d.

We denote by My, »,..2, (L, j) the set of equivalence classes of tuples (D, i, {, u) such that

1. (D,i,¢) is a Riemann disk with (d + 1) marked points and u is a smooth map from
A =D\ {C,-..,¢s} to P which maps the boundary arc ((_1,(x) of A to Lia—k+1,
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Legendrian lift of an exact Lagrangian in the circular contactization

2. u is pseudo-holomorphic with respect to (i, 5),

3. with the choice of strip-like ends €, (€x), <4 for (D, 7, ) we have

(uoe€)(s,t) T o and (uoe)(s,t) T Tdkt1s
where two tuples (D, i,{,u), and (D',7',{’,u') as above are said to be equivalent if there
exists an isomorphism ¢ : (D,4,¢) — (D’,7,¢’) such that wo ™' =u'.

Recall that we chose a contactomorphism ¢y as in Lemma 4.14. We set

L?I =1Ip (A%) C P and Ly := (Lrﬁ)

nez *

Definition 4.29. We denote by O the A.-category defined as follows:
1. the objects of O are the Lagrangians L, n € Z,
2. the space of morphisms from L, to L}, is either generated by L%, N L7, if i < j, or
Fifi=7 0or0ifi> j, and

3. the operations are such that ez» € O (L, L) is a strict unit, and for every sequence

of integers ig < - - - < ig, for every sequence of intersection points
(T1,...,2q) € ( %HL%) X - X (Llﬁlf1 ﬂL?j),

we have

|%%6; (1’1, cee 7~Td) = Z #Mxo,xd...xl (LHa]) Zo-

zoeL9NL Y
4.5.2 The quasi-autoequivalence v

In order to define the A, -functor v : O — O, we use Legendrian contact homology as
defined in [26]. To each generic Legendrian A in R x P, the authors associate a semi-
free DG-algebra A = A (A, j) generated by the self-intersection points of IIp (A), with a
differential 0 : A — A defined using j-holomorphic discs in P. In our case, the differential
of A (I_Ik A’}{,j) on a generator zo € L'S N L' is given by

8950 = Z #Mxoﬂﬁd"-m (LH73> Zq++- T

(xly"'zxd)

161



Legendrian lift of an exact Lagrangian in the circular contactization

where the sum is over the sequences
(w1, 7a) € (L O L) x -+ x (L™ N Lig).

Moreover, for each generic Legendrian isotopy (A¢)y«,; such that A, is chord generic for

every t, there is a tame DG-isomorphism
A(A07]> % A <A17j>

defined by studying handle slide instants in a family of moduli spaces. In our case, the

tame DG-isomorphism

) o)

k

induced by the Legendrian isotopy (le AI;I+1_t>O<t<1 is defined by studying handle slide

instants in the family
Mgy (LE), 3), 0<t<L

Remark 4.30. According to [23] Theorem 2.1, Legendrian contact homology as defined in
[26] coincides with the version exposed in chapter 3. Here we introduce the framework of
[26] for two reasons: the first one is that it makes clearer the fact that the A..-functor
v : O — O is defined using pseudo-holomorphic discs in the base symplectic manifold
P, and the second one is that we will use later analytical results from [29] which are

formulated in this setting.
Definition 4.31. We denote by v : O — O the A, -functor defined as follows
1. on the objects, v (L%) = L'y,
2. on the morphisms, the map
v: 0 (L, L) @ @0 (L, Lg) — O (Ly™, Ly™)

is obtained by dualizing the components of the tame DG-isomorphism

k=ig k=ig

iq iq
A (u A@H,j) %A(u Az,j)
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Legendrian lift of an exact Lagrangian in the circular contactization

induced by the Legendrian isotopy ( [_dl A’I“fl_t) (see [26] Proposition 2.6).
0<t<1

k=ig

Lemma 4.32. The Ay -functor v: O — O is a quasi-equivalence.

Proof. This follows from the fact that + is defined by dualizing the components of a

DG-isomorphism (see the proof of Lemma 4.10).
[l

Here the Z-splitting
Z = ob(0), ne— LY

is compatible with the quasi-autoequivalence ~y in the sense of Definition 2.5. As explained

there, this turns A into an Adams-graded A..-category.

4.5.3 Relation between (Ay, 75) and (O,~)

We now explain how the pairs (A, 73) and (O, ) are related. See Figure 4.4, where we

illustrate the action of the projection Ilp in the case
(PN = (T*Sl,pdq) , L =0s1, and H (q,p) = h(q),
where h : St — R is a Morse function.
Lemma 4.33. There is a strict Ay-isomorphism (5 : Ay — O defined as follows:
1. on the objects, (s (N}) = LY,
2. on the morphisms, (s sends a Reeb chord ¢ in A, (Aﬁq, Aﬁ) to the intersection point
G2 () =1Ip (c)
in O (Ly, L),
Proof. Since J = (DHP)Tg 7, it follows from [23] Theorem 2.1 that the map
u=(o,v)—Ipowv
induces a bijection
Ma,cd...cl (R X AH; Ja Oé) % MHp(a,),Hp(cd)...Hp(q) (LH7J) .
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Ajy
c _—
]._.[T*Sl
S oy
T Liy
(RXT*Sl,Oé, J) (T*Sl,j)

Figure 4.4: Action of the projection Ilz« g

This implies the result.

[

Lemma 4.34. We have

y=Comol;y
Proof. Since J = (Dl_[p)rf Jj, it follows from [23] Theorem 2.1 that the map
u=(o,v) = (0,1Ipov)
induces a bijection
Macy.cr (R X kI:dIO AR, a) = Mitp (@) 115 (cq). 11 p(c1) ((Ll;{+1_t)i0<k - J)

for every ¢ € [0, 1]. This implies the result.

[

Lemma 4.35. The mapping torus of 7o : Ay — As is quasi-equivalent to the mapping
torus of v : O — O (see Definition 2.1).
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Proof. According to Lemma 4.34 the following diagram of Adams-graded A..-categories

1s commutative
idLid idLiT
Ay &< A, LA — A

l@ l@ e l@

O AU oo A 0,

Moreover, each vertical arrow is a quasi-equivalence according to Lemma 4.33. Thus, the

result follows from Proposition 1.85.

]

4.6 Mapping torus of v

In this section, we show that we can apply Theorem 2.10 (Theorem B in the introduction)
in order to compute the mapping torus of v : O — . This allows us to finish the proof
of Theorem 4.5.

Recall that we fixed a contactomorphism ¢y of V' such that ¢j;ay = «. Also recall

that if 6 is some real number, then
A ={(f(g)+0.q9) | g€ L}, AY = ¢3! (A?), and LY =TIp (A%) .

4.6.1 Continuation elements

We denote by O the A,.-category obtained from O by applying the functor of Definition
1.53. Besides, we denote by I' the set of continuation elements in O’ (see for example [37]

section 3.3).
Lemma 4.36. For every i < j < k, the chain maps
,u??’ (Cj7 _) O (Lj};rla LIIC—I+1> - O (L}% L];IJrl)
ph(—c) o O'(Liy, L) = O (Ly, L)
are quasi-isomorphisms.

Proof. This follows from Lemma 3.26 in [37].
[l

Recall from section 4.1.3 that we fixed a finite-dimensional model C'F* (L) for the
Floer A-algebra, as defined in [58].
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Legendrian lift of an exact Lagrangian in the circular contactization

Lemma 4.37. The Ay-algebra Endo/r-1) (LY) is quasi-isomorphic to CF* (L).

Proof. This is explained in [60] Lecture 10.

4.6.2 The O'-bimodule map

In order to apply Theorem 2.10, we need a degree 0 closed O"-module map f : O’ (—, —) —
O’ (=, (—)) such that the elements in f (units) satisfy certain hypotheses. As usual, we
would like to find such an f “geometrically”, i.e. using some Lagrangian (or Legendrian)
isotopy. However, here the unit e k€ O (L’};, L’f{), which is not a “geometric” morphism,
is supposed to be sent by f to something in O (L’fq, L’}{H), which is generated by the
“geometric” elements of L% N LY. Therefore, we need to somehow replace this unit by
some intersection point between Lagrangians. The idea is that we will slightly perturb L%,
to L'}f‘;, and then replace e Lk by the continuation element in the vector space generated
by L¥ N LEF.

Observe that if § is small enough, L%™ is a small perturbation of L¥,. Therefore, in
a Weinstein neighborhood of L%, the Lagrangian L%™ is the graph of dhs i, where hgsy, is
some Morse function on L. In particular, the intersection points between L% and L%
correspond to the critical points of hs;. Moreover, the continuation element in the vector

space generated by L% N L’;jré corresponds to the sum of the minima of hs .
Example 4.38. Assume that we are in the case
(P, A) = (T"M,pdq), L = On, and H (q,p) = h(q),
where h : M — R is a Morse function. As explained in example 4.15, in this case we have
LY =TIy (jl ((96h>> = graph (d ((96h>> :
Thus, L% is the graph of d (5eh> over L%,

The following result will allow us to “replace” the units by geometric morphisms as

explained above. We denote by g = —dA(—, j—) the metric on P induced by j and (—dA\).

Lemma 4.39. For every positive integer n, there exists 6, > 0 such that the following
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holds for every 6 € 10,9,]. For every sequence of integers
—n<Go< < Jp<lby<---<lg<n, pqg=0,
the rigid j-holomorphic discs in P with boundary on
Lgu---ULBuLyg™u- uLE®

are

1. in bijection with the rigid j-holomorphic discs in P with boundary on
PU---ULPULRU---ULY

if jp < Lo, or

2. in bijection with the rigid j-holomorphic discs in P with boundary on
LOu-.uLlr ooy ULy

with a flow line of (—Vyhsy) attached on the component in L'y if j, = {o.

Proof. The case j, < £y follows from transversality of the moduli spaces in consideration.
The case j, = £, follows from the main analytic Theorem of [29] (Theorem 3.6).
[

In order to define the O@’-bimodule map f properly, we will use Lemma 4.39 to modify
the A,.-category . In the following, we fix a decreasing sequence of positive numbers

(6n),>1 such that, for every n,

1. Lemma 4.39 holds with ¢,,, and

2. 0, is small enough so that there is no handle slide instant in the Legendrian isotopy

|| At e0,1].

{=—n

We define two families of A, -categories (Onk)nk and (@”k)n

i indexed by the couples
(n,k), where n > 1 and —n < k < n. The A, -category O, is basically obtained from

O’ by restricting to objects Li;, —n < i < n, and adding a copy of the object L.
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Definition 4.40. For every j € Z, let E be a copy of L]I'{. We denote by O, the

Aso-category defined as follows:

1. the set of objects of O, is

0b(Onx) = {Ly | -n <j <k} U{Lf [k << n},

)

2. the spaces of morphisms in O, are the corresponding spaces of morphisms in O’

when we replace [E, k < <n, by L%, except that
On,k (Ea L’;{) = {0}7

3. the operations are the same as in O'.

The A.-category @nk is obtained from O, by perturbing the objects E, kE<tl<n,
H .

Definition 4.41. Let

Onp = {-n,... .k} U{l+6, |k < <n}CR, and Ly := (Lf)

)

0€0, 1
We denote by (5nk the A,.-category defined as follows:
1. the objects of @nk are the Lagrangians LY, 6 € ©,,4,

2. the space of morphisms from LY to LY is either generated by L% N LY if < @', or
Fifd=0 or0if 6> ¢,

3. the operations are such that ero € @nk (L%,, L%) is a strict unit, and for every

sequence 0y < --- < 84 in O, , for every sequence of intersection points
(@1, 7a) € (LR NLE) x -+ x (L nLY),

we have

’u5n,k (1’1, U ’xd) - Z #M$07$d"'$1 (f-‘\;{v]) Zo-

zoeL%nLd
These A.-categories being defined, Lemma 4.39 implies the following result.
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Lemma 4.42. There is a strict As-functor pyj : Opp — @nk defined as follows:
1. on the objects, pn (L]H> = qu if —=n < j <k and p, (%) = Lf}L‘;" if k </{<n,

2. on the morphisms, p, i sends the unit of O, (L’}},@) = F to the continuation
element in @nk (L'}{, Ll}f‘s"), and it sends any other morphism of O, to the corre-

sponding one in O, k.

Proof. Consider a sequence (zo, ..., Z4—1) of morphisms in O, ;. If in this sequence there

is no morphism from L% to L%, then the relation

IU“(FQVH’,g (Pn,kifoa cee 7pn,k:xd) = pn,k,uo,m (.To, . ,.Z'd)

follows directly from the first item of Lemma 4.39. Now assume that there is p €
{0,...,d — 1} such that z, = ers € Ong (L'}I,E) Recall that the continuation ele-
ment in @nk (L'}{, L’}{””) corresponds to the sum of the minima of hs, . Then the second

item of Lemma 4.39 implies that

pnit1 fd=1landp=0
1, , (P05 - - PrgTd) = porto ifd=1andp=1
0 otherwise.

Thus, the Ay-relation for p, j is still satisfied according to the behavior of the operations

(o, With respect to the unit e .
O

Now that we have in some sense “replace” the unit erk € Onk (LZ,@) by the
continuation element in (5nk (L’;{,L]?‘S"), we can define geometrically an A, -functor
that will finally allow us to define the O’-bimodule map f.

Definition 4.43. We denote by v, : O, — O’ the A -functor defined as follows:
1. on the objects, v, (LJH) = Ljﬁ it —n <j <k, and v, (L%"sn) = ijl ifk </t<n,

2. on the morphisms, v, is obtained by dualizing the components of the tame DG-
isomorphism
n+1 ) k ) n
Al L) Ay | S AL Ayul]ay-].
i=—n j=—-n l=k
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induced by the Legendrian isotopy
k ) n
|_| AJH L <|_| Aﬁ_l_t(l_an)> , te [07 1]
j=—n =k

(see [26] Proposition 2.6).

Remarks 4.44. We point out some properties of the A -functors
Onk = VUnk O Pnik - On,k — 0.

1. Let m < n be two positive integers, and let k € {—m, ..., m}. Recall that we chose

0, small enough so that there is no handle slide instant in the Legendrian isotopy

|| A o<t<l.

{=—m

Since §,, < d,,, neither is there any handle slide instant in the Legendrian isotopy

|| At 0<t<1.

l=—m

Therefore, 0, agrees with o, on O, C O k.

2. Consider a sequence of integers
n<Jo<- - <gp <k <k <ly<---<ly<m,
and a sequence of morphisms

(s Tpe1, U, Y, - - - s Yg—1) € Oni; (L}S, Lﬁ) X - X Opi, (L;Tl, LZ)

X On,ki (Lg,?@) X On,ki (7%7 7%) X X On,ki (Lglv L%) :

Since the Legendrian isotopy defining v, i, is

k; ) n
({3 o (<) et

j=—n l=k;
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we have
Un,kl (I‘(), C.e ,$p_1) = 51p$0
On,ko (90, cee 73/(]*1) =7 (y07 cee ayqfl)
Ty (05« s Tpo1, Uy Y0, - - 3 Yge1) = Onky (T0s -y Tpe1s U Yoy - - - 5 Yg—1) -

3. By construction, the A.-functor v, j sends the continuation element in (5nk (L’;I, L’}f‘s")
(corresponding to the sum of the minima of hs, ;) to the continuation element ¢y in
O’ (L’fq, L'}}H). In other words, o0, sends the unit ek € Onk (L’E,E) to cg.

We can now state and prove the desired result.

Lemma 4.45. There exists a degree 0 closed O'-bimodule map f : O' (—, =) — O' (—,v(—))
(see Definitions 1.63 and 1.64) which sends the unit ek € o’ (L]f{, L’}_I) to the continua-
tion element ¢ € O (L’f{, L?l) NT.

Proof. Consider a sequence of integers
j0<...<jp§]§:£0<...<€q7
and a sequence of morphisms

(s oy Tpe1, Uy Yoy -+ -, Yg1) € O (L%,L{L}) X o x O (L%‘I,Li}’)
x O (L, L) < O (LY, L) x - x O (L™ L)

We choose n > 1 such that —n < jo < ¢, < n, and we set
j L
f (x(]v s Tp—1,U5 Yo, - - - >yq71) = Onk (x(b s Tp—1,U, Yo, - - - 7yq71> € o (Lﬁa’YLﬁ) ’

where on the right hand side we consider that

(33'0, s Tp—1,U; Yo, - - - 7yq71) € On,k (Lg'—?a L]];) X X On,k (Lg_la Lg)

X On,k (Lg,E) X On,k (E, ?%) X X On,k (L%_l, L%) .

Observe that f is well defined (it does not depend on the choice of n) according to the
first item of Remark 4.44.
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We now verify that f is closed. According to Definition 1.63, we have

ntodee (F) (oy o Tp 1,0, 90, -+, Yg1)
= opp (oot (o))
+ > Ong, (st (Tyy oo T 1, U Y0s e Y1) )
+> g (st o (L))
—|—Z,uo/(...,an,k(...,u,...),7(...),...,7(...)).

Now according to the second item of Remark 4.44, we have

degs (coosppor (Ty o Tp1, U Yoy - -y Ys—1) 5o - )
:ngk(-"a,uo’ (xr7"'7$p—17u7y07"'7?/5—1)7"')

and

o (oo (o) )y ()
:ZNO/(Un,k<---)>-"aan,k(-")70n,k(--'7u>---)70n,k(---);--'ao—n,k(-"))'

Therefore, we get

/l’ll\/lodc’c (f) (ajO? <oy Tp—1, Uy Yo, - - - 7ytI*1) =0

from the fact that o, is an A.-functor. Finally, f sends the unit e k€ o’ (L’f{, L’;I) to
the continuation element ¢ € O’ (L’}i[, L'}fl) NI according to the third item of Remark
4.44.

O

4.6.3 Proof of the main result

We end the section with the proof of Theorem 4.5 (Theorem D in the Introduction).
Recall that we denote by F [¢] the augmented Adams-graded associative algebra gener-

ated by a variable ¢ of bidegree (2,1), and by F [t] its augmentation ideal (or equivalently,
the ideal generated by t). The key result is the following.

Lemma 4.46. The mapping torus of v is quasi-equivalent to the Adams-graded A -
category F @ (F [t] @ CF* (L))
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Proof. Let f: O (—,—) = O (—,7v(—)) be the degree 0 closed bimodule map of Lemma
4.45. Recall that f sends the units of O’ to the set I'.  According to Lemma 4.36,
the continuation elements ¢, = f(er» ) satisfy the assumptions of Theorem 2.10. Thus
the mapping torus of v is quasi-equivalent to the Adams-graded A.-algebra (O )0 &
(TM ® O [F’1]0> (recall that if C is an A..-category equipped with a Z-splitting Z x £ ~
ob (C), we denote by C° the full A,-subcategory of C whose set of objects corresponds to
{0} x &). Here we have

(0)" = Endor (LY) = F and O/ [r-l}o = Endorr— (L) -
The result follows from Lemma 4.37, which gives

Endosr—y (L) ~ CF* (L).

The quasi-equivalence
LA*(N°)~Fo (F[]@ CF* (L))

now follows directly from Lemmas 4.13, 4.21, 4.27, 4.35 and 4.46.

Now observe that, according to Proposition 1.43, Koszul duality holds for the aug-
mented Adams-graded DG-algebra C'E_, (A°) because it is locally finite and Adams con-
nected (see Definition 1.22). Indeed, recall from section 4.1.3 that the Adams-degree in
CE_, (A°) of a Reeb chord ¢ is the number of times ¢ winds around the fiber. Thus, there
is a quasi-isomorphism

CE_, (A°) ~ E(E(CE_, (A°))).

Besides, recall from section 4.1.3 that there is a coaugmented Adams-graded A..-coalgebra
LC, (A°) such that

CE_, (A°) = Q(LC, (A°)) and LA* (A°) = LC, (A°)*

where the graded dual (see Definition 1.37) is taken with respect to the bigrading. Since
there is a quasi-isomorphism B (QC) ~ C for every A,-coalgebra C' (see [32] section
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2.2.2), it follows that
E(CE_, (\°) = B(CE_, (A°))* ~ LC, (A°)* = LA* (A°)

(graded dual preserves quasi-isomorphisms, see Proposition 1.38). Moreover, the Koszul

dual construction preserves quasi-isomorphisms (see Proposition 1.40), so we deduce
CE_, (\°) ~ E(E(CE_. (A°))) ~ E(LA* (\°)) ~ E (Fa (Ft] @ CF* (L))).

Finally, recall that C'F* (L) is a finite-dimensional model for the Floer A -algebra of L.

Moreover, recall that F[t] is the ideal of F[t] generated by the variable ¢ of bidegree (2, 1).
Therefore, the augmented A.-algebra F & (F [t @ CF* (L)) is locally finite and Adams

connected. According to Proposition 1.44, we get the remaining quasi-isomorphism

E(Fe (FileCF (L)) ~Q(Fe (Fli o CF (L))
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CHAPTER 5

PERSPECTIVES

In this chapter, we present some possible applications of the techniques developed during

the thesis to other problems.

5.1 First generalizations

Several exact Lagrangians 1 believe that the proof of Theorem D can be easily
adapted to the case of several Lagrangians. Let Ly, ..., Ly be connected exact Lagrangian
submanifolds in a Liouville manifold P, and let A, ..., Aj be corresponding Legendrian
lifts in S! x P. Assume that their projections to S! are cyclically ordered disjoint arcs

and set

A= ASU- LA

Let B C Fuk (P) be the full A,-subcategory with objects Ly,..., Ly, and let A C B be

its directed version.

Conjecture 5.1. There is a quasi-isomorphism of augmented Adams-graded A, -algebras
LA (N°)~ Ao (Fl] e B).

Moreover, Koszul duality holds for CE_, (A°), and E (CE_. (A°)) ~ LA* (A°). In partic-
ular,
CE..(\°)~E(Aa (F[]2B)).

Extended invariants We could also consider Legendrian invariants with loop space
coefficients as defined in [32] (such coefficients were used in the context of Lagrangian
Floer cohomology before in [10]). Let L be a connected exact Lagrangian submanifold in
a Liouville manifold P, and let A° be a Legendrian lift to S* x P. Denote by CE*, (A°) the
Chekanov-Eliashberg DG-algebra of A° with coefficients in C'_, (Q2A). In our setting, it is
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augmented and Adams-graded. We also consider the augmented A.-algebra LA% (A°),
which is Adams-graded in our setting. It should be thought of as the endomorphism
algebra of the trivial augmentation of C'E_, (A°) in the positive augmentation category
Augy (A°) introduced by [52] in dimension 3 and by [17] in higher dimensions. See
Appendix A for a precise definition. I believe that the proof of Theorem D can be easily
adapted in order to compute LA* (A°), yielding the following conjecture.

Conjecture 5.2. There is a quasi-isomorphism of augmented Adams-graded A, -algebras
LAY (A°)~Ftjo CF*(L).

If moreover L is simply connected, Koszul duality holds for CE*, (A°), and E (CEf* (AO)) ~
LA% (A°). In particular,

CET,(AN°)~E(F[t]@ CF* (L)) ~Q(F[ty] ® CF_,(L)).

Remark 5.3. Observe that using the same arguments as in the proof of Corollary 4.7,

Conjecture 5.2 would implies that

LAY (A°) ~C" (CP* x L).
and, when L is simply connected, that

CES (A°)~C. (S"xQL).

We expect that, using different arguments than those developed for Theorem D, one

can prove the following result.
Conjecture 5.4. There is a quasi-isomorphism of augmented DG-algebras
CES (A°) ~C. (S" x QL)
(even if L is not simply connected).
Sketch of proof. We first observe that it should be enough to prove the statement when
(P,\) = (T"M,pdq) and L = 0y,
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thus when
Ve =S'x T*M and A° = {pt} x 0.

Then, we see V° = S' x T*M as part of the boundary at infinity of the Liouville
manifold W = T*S* x T* M, and we view A° = {pt} x 05s as a Legendrian stop. Following
the surgery perspective described in [32] section 1, we denote by Wix. the completion
of the Liouville sector obtained from W by attaching a cotangent cone 7 (R>g x A°)
along A°. Now, according to Conjecture 3 in [32] (see also Theorems 1.1 and 1.2 in [8]),
CE™, (A°) is quasi-isomorphic to the wrapped Floer cohomology of the Lagrangian disk
Do :=T0, 4oy (R0 X A%) C Wi, where 2o = (pt, qo) € A° and ¢y > 0. But here we have

i * ol *
Wae = (T78") < T"M,
and
Do = Téo,pt,qo) (Rzo X {pt} X OM)
= T pty R0 x {pt}) x Ty M
= Dp X Tq*OM
Thus we get

CE*, (A°) ~ CW* (Do, Do)y,

~ CW* (Dpt X Tq*OM, Dpt X T;OM)(T*Sl)thT*M

~ CW* (Dyt, Dyt) gy, @ OW* (To M Ty M),

where the last quasi-isomorphism follows from the the Kiinneth formula of [38] (Theorem

1.5). By a famous result of Abouzaid ([2]), we have

CW* (Tp M, Ty M)~ C_, (QM),

77490

and CW* (Dpta Dpt)
indeed get

(res1y, 18 easily seen to be C_, (S1) (see Figure 5.1). Finally, we

CET, (A°)~C., (S") @ C_, (M) ~ C_. (5" x QM).
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wrapping of D,

{pt}

T*Sl (T*Sl)pt

Figure 5.1: Before (on the left) and after (on the right) surgery on the stop {pt} in T*S*

5.2 Circular contactizations

After studying the Legendrian lift of an exact Lagrangian submanifold, it seems natural to
look at the Legendrian lift of an exact Lagrangian immersion in the circular contactization.
I already started to think at this case, and I believe that the methods developed during
my PhD thesis will work as well in this setting. Indeed, in the case of the Legendrian lift
A° of an exact Lagrangian immersion ¢ : L. — P, we can still lift the picture to R x P
and use the technology of localization and homotopy colimits. However, this time the
A.-categories involved should be related to the immersed Lagrangian Floer theory of ¢
defined by Akaho and Joyce in [6], and also studied by Alston and Bao in [7]. I can make

the following conjecture.

Conjecture 5.5. Let L be a compact connected manifold, P a Liouville manifold, and
t: L — P an exact Lagrangian immersion. Let A C Rx P and A° C S*x P be Legendrian
lifts of 1. Assume that the projection of A° to S* is an arc. Then LA* (A) can be seen as
an As-subalgebra of CF* (1), and

CE_,(A°) ~ E (LA (N e (F @ CF* (1))

In another direction, I plan to study Legendrian lifts of Bohr-Sommerfeld Lagrangian
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submanifolds in the circular contactization, which are exactly those who lift to Legendrian
submanifolds in the circular contactization (they are not necessarily exact). One first case
to look at might be the one of monotone Lagrangian submanifolds in the Liouville manifold
P, which seems to be easier than the general case.

Of course, the goal is to understand Legendrian contact homology of all Legendrian
submanifolds in the circular contactization, which in general are lifts of Bohr-Sommerfeld
Lagrangian immersion in P. Observe that it should also be possible to study the case
when the Legendrians are not compact but have a suitable behavior at infinity using the

sutured Legendrian contact homology defined by Céme Dattin in his Ph.D. thesis.

5.3 Subcritically fillable contact manifolds

A subcritically fillable contact manifold is the boundary at infinity of a Weinstein man-
ifold X = C x P, where P is a Weinstein manifold. Legendrian contact homology in
subcritically fillable contact manifolds of dimension 3 has been studied combinatorially
by Ekholm and Ng in [33]. More recently, Karlsson studied the higher dimensional analog
in [43].

Observe in particular that a subcritically fillable contact manifold V' splits as

v

(s'xP) U (D*x0xP).

§1x 800 P
Thus, it seems likely that Legendrian contact homology in circular contactization can
be used to understand Legendrian contact homology in the subcritically fillable case.
I recently observed that this is the kind of strategy which has been used by Ganatra
and Maydanskiy in the Appendix of [16], where they show how the results of Bourgeois,
Ekholm and Eliashberg imply Seidel’s Conjectures 6.2 and 6.3 of [57]. To illustrate the

relation with my results, I reproduce here the following conjecture.

Conjecture 5.6. (Conjecture 6.3 in [57])

Let Ly, ..., Ly be exact Lagrangian spheres in a Weinstein manifold P. Let Ay, ..., A4
be corresponding Legendrian lifts in (0X) N (S* x P) (recall that X = C x P), and
assume that their projections to S* are cyclically ordered disjoint arcs. Let B C Fuk (P)
be the full Ay -subcategory with objects L, ..., Ly, and let A C B be its directed version.
Let D be the curved Ay -category obtained from A & (F [[t]] ® B) by adding a curvature
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term pu° = tey. Then

Since the methods I used to prove Theorem D should be easily adapted to the case of
several exact Lagrangians (and thus Legendrians), I expect to be able to prove Conjecture
5.6 with the techniques of my thesis. According to the philosophy of [16], the Chekanov-
Eliashberg algebra of A = Ay U --- U Ay knows about the wrapped Fukaya category of
the Weinstein manifold X, obtained from X by Legendrian surgery on A. In particular,
there is a cohomologically fully faithful embedding of W (X,) into the DG-category of
Ao-modules over C'E, (A). Since the categories of A,.-modules over an A-algebra A and
over its Koszul dual E(A) are closely related (see for example [49]), Conjecture 5.6 allows
us to relate the wrapped Fukaya category of X, to the DG-category of A,-modules over
AD (m ® B), which has been especially studied in [57].

Here are some directions that I would like to explore. The first one is that there
is probably a generalization of Conjecture 5.6 for Lagrangians which are not necessar-
ily spheres, and the methods of Theorem D should apply to this case. The second is
that Conjecture 5.2 can possibly be used to give an analog of Conjecture 5.6 relating the
Chekanov-Eliashberg algebra CEJ (A) of A = A~ U AT (components of A~ should be
spheres while components of A™ can be arbitrary) with coefficients in C, (QA™) to the
categories A and B (I have no specific Conjecture yet). According to the philosophy of
[31], this could be used to study the partially wrapped Fukaya category of X,- with stop
AT. The third is that Conjecture 5.5 might be upgraded to the case of subcritically fillable
contact manifolds, and that this would involves an A..-algebra obtained from the pair
(LA*(A),CF* (1)) as in [57]. The last (and most speculative) is that a generalization of
Theorem D to monotone Lagrangians submanifolds might have a counterpart in subcriti-
cally fillable contact manifolds, which will introduce the monotone Fukaya category of P

in the story.

5.4 Boothby-Wang contact manifolds.

A Boothby-Wang contact manifold is a pair (V, a), where V' is the total space of a circle
bundle 7 : V' — W over an integral symplectic manifold (W,w), and « is a contact
form on V whose Reeb vector field generates the fibers of m and such that da = 7*w.
Legendrian contact homology in Boothby-Wang manifolds of dimension 3 has been studied

combinatorially by Sabloff in [56].
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The strategy to understand Legendrian contact homology in a Boothby-Wang manifold
V' 5 W from the circular contactization case is to use a theorem of Donaldson in [24],
which allows us to find in W a codimension 2 symplectic submanifold K C W such that
P := W\ N (K) is a Liouville manifold. Since 7! (P) ~ S* x P, the contact manifold

V splits as
V=($"xP) J mW(K)).

SIxoP
Thus, we can hope to use the methods of the circular contactization case to understand
the Boothby-Wang case. More precisely, I would have to understand how the pseudo-
holomorphic discs passing through the divisor K induce a deformation of the Chekanov-

Eliashberg algebra. can make the following conjecture.

Conjecture 5.7. Let V. — W be a Boothby-Wang contact manifold over a monotone
symplectic manifold (W,w). Let K be a codimension 2 symplectic submanifold of W
whose Poincaré dual is an integral multiple of w. Let L be a Bohr-Sommerfeld monotone
Lagrangian submanifold of W which doesn’t intersect K and which is exact in the Liouville
manifold W\ K. Let A° be a Legendrian lift of L in V. Then

CE_.(N°)~E (F @ ker (CF{;V’K) (L) = CFyn g (L)>>

where CFy, ) (L) is the endomorphism algebra of L in the relative Fukaya category
Fuk (W, K) (see [58]), and CFyy\ i (L) is the endomorphism algebra of L in the Fukaya
category Fuk (W \ K) (there is a strict As-functor Fuk (W, K) — Fuk (W \ K)).

A possible application of the Boothby-Wang case is the following. Let (X,w) be a
symplectic manifold whose symplectic form belongs to the integer lattice of H? (X, R),
and let D C X be a Donaldson divisor such that X \ D is Weinstein. Then the wrapped
Fukaya category of X \ D is generated by the cocores of its critical handles. The boundary
at infinity of a cocore is a Legendrian submanifold of 0, (X \ D), which is a Boothby-
Wang contact manifold over D, and thus it is the lift of a Bohr-Sommerfeld Lagrangian
immersion in D. Besides, the wrapped Floer cohomology of a cocore C' is closely related
to the Legendrian contact homology of its boundary at infinity A (at the chain level,
CW*(C) is the cone of a map from the linearized Legendrian contact homology of A to
CF, (C)). Therefore, this will allow us to relate the wrapped Fukaya category of X \ D
to the Fukaya category of D.
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5.5 Contact mapping tori and contact manifolds with

open book decomposition

Let ¢ be an exact symplectomorphism of a Liouville manifold (P, \) which is the identity
outside a compact subset of P. The contact mapping torus Vj is obtained from the
usual contactization of P by identifying (¢£,2) € R x P with (¢ + f(z), #(x)), where
f: P — R is a primitive of (¢*A — A) (the contact form (dt — X) on R x P descends
to a contact form on this manifold). Observe that the contact mapping torus of idp is
exactly the circular contactization S' x P. I believe that my results can be adapted to
this more general situation by considering the A.-subcategory of Fuk(P) formed by the
Lagrangians ¢™ (L), n € N, instead of CF* (L) only.

The importance of contact mapping tori comes from the work of Giroux [40], who
developed the use of open books in contact topology. Indeed, an open book decomposition

of a contact manifold V' allows us to split it as

V=(D*xB) U Vy
S'xB
where B is a contact submanifold of V' of codimension 2 (called the binding), and V, is the
contact mapping torus associated to the monodromy ¢, which is a symplectomorphism of
a page P of the open book. Then, we could use Legendrian contact homology in contact
mapping tori to study Legendrian contact homology in contact manifolds endowed with
an open book decomposition if one can understand the pseudo-holomorphic curves passing

through the symplectization of the binding.
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APPENDIX A

EXTENDED LEGENDRIAN A,,-ALGEBRA

In this appendix, we study the endomorphism A-algebra LA* (A) of an augmentation
e: CE_, (A) — F in the positive augmentation category Aug, (A) defined by Chantraine
in [17] (it was first introduced by Ng, Rutherford, Shende, Sivek and Zaslow in [52] for
Legendrians in R?). The goal is to prove Proposition A.5, which shows that there is a
quasi-isomorphism of non-unital A.-algebras between LA* (A) (which is the endomor-
phism algebra of ¢ in the augmentation category Aug_ (A) defined in [15]) and the cone
of an A,-map from LAY (A) to some A,-algebra LAf (A) generated by Morse type gen-

erators.

A.1 Setting

Let (V, &) be a contact manifold of dimension (2n+ 1) equipped with a hypertight contact
form «a, and let A be a connected compact Legendrian submanifold in (V) which is
chord generic with respect to a (see chapter 3). In the following we fix an augmentation
e:CE_,(A) = F.

Choose a positive Morse function f; : A — R with a unique minimum. We denote by
U a small open neighborhood of f; in C*° (A) with the following property: for every f in
U, f is positive, Morse, and its critical points and gradient trajectories are in bijection
with those of fi. Then we choose a family (f,),s, of functions in ¢. We also choose a

decreasing sequence (dy),~, of small enough positive numbers so that the family

hnzzékfk’a TLEN,
k=1

has the following property: for every i < j, (h; — h;) lies in the cone over U (this can
be easily achieved by induction on n). Finally, we let A,, C V be the Legendrian corre-
sponding to the one-jet of h, in a Weinstein neighborhood of A = Ajy. Observe that if
the numbers d;, are small enough, the Chekanov-Eliashberg DG-algebra of A,, is naturally
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identified with CE_, (A) for every n. In particular, ¢ = ¢¢ induces an augmentation
en: CE_, (A,) — F for every n.

Remark A.1. Let n be the length of the smallest Reeb chord of A. The set R (A;, A;) of

Reeb chords starting on A; and ending on A; splits as
R (Azy Aj) = 7?flong (Aza AJ) L Rshort (Aza A]) ;

where Riong (Ai, Aj) is the set of chords with length greater than 7/2 (and Rgnere (A, A;)
is the complementary set). In the following, we choose the numbers ¢ small enough so
that the maximum of h,, is very small compare to 7. In particular, the set Rgpore (A, Aj)

is empty when i > j, and it is in bijection with Crit (h; — h;) when ¢ < j.

A.2 Some A.-categories and A,.-algebras

In the following, we fix a regular almost complex structure J on £ (see section 3.1.2). We
define three A.-categories An, for A € {++,4,0}. A, corresponds to the directed
A-category used in [17] section 3.3 in order to define the endomorphism algebra of ¢ in
Augy (A), Ay is a non-directed version of A, ,, and A is an A,-category whose spaces

of morphisms are generated by short Reeb chords.

Definition A.2. Let
A= |_| A,.
neN
We consider the A, -categories An, A € {++,+,0}, defined as follows:
1. the set of objects of Ax is {A, | n € N},

2. the space of morphisms from A; to A; is

An (A, A\)) = (R (Ai, M) if Ae{+,++}
: R <Rsh0rt (Au AJ)> ifA=0
if ¢ < 7,
Apn (Mg, A) = F it A € {++,0}
A\ 3g) = Fo <R (A,,Az» if A =+,
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3. the operations are such that ey, € Aa (An, Ay,) is a strict unit, and for every se-

quence of generators
($17 o 7xd) S AA (Ai07Ai1> X X AA (A’id,NAid) )
we have

BAn (xh s ,ZL’d)
= Z #M&Ndfd’m—lﬂ?dqmml’}’o (R X A7 J) Eig (’70) <&y (711) a,

@505+ Yd

where in the sum, a is a generator of Aa (A;,, A;,) and =, is a word of Reeb chords
in R (Aij, Aij) (see Definition 3.4 for the moduli spaces).

Moreover, we let W be the set made of the generators ¢,, € A (A, A, 41) corresponding
to the minimum of (h,41 — hy,) for n € N. We define

LA*A (A) = EndAA [Wﬁl] (A) .

AN

Lemma A.3. For every integer j, for every A € {++,+,0} the morphism c; € Aa (Aj, Aj11)N
W satisfies the following. For every i < j < k, the chain maps

pa, (=) o Aa(AAy) = Aa (A A
/'L?‘\A (Cj?_> : AA (Aj+l>Ak+l) — AA(Aj,AkJrl)

are quasi-isomorphisms.  Moreover, if we denote by Aiong (Am,\,) the subcomplex of
Ay (A, Ay) generated by Riong (Am, Ay), then the induced chain maps

/134_,_ (_7 Cj) : Along (Az7 A]) — Along (Aza AjJrl)
#?44_ (Cj7 _) : Along (Aj+17 Ak—i—l) — Along (Aja Ak-l—l)

also are quasi-isomorphisms.

Proof. When the contact manifold is V' = R x P, the result follows from the main analytic
theorem of [29] (Theorem 3.6). Indeed, this result implies that (when the perturbation
functions h,, are small enough) the 3-punctured pseudo-holomorphic discs with boundary
on R x |, A, asymptotic to ¢; at one of their punctures, correspond to trivial cylinders

with boundary on R x A.
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The general case is part of a work in progress of Chantraine, Dimitroglou-Rizell and
Ghiggini.
O

A.3 Relations between A, -categories and A,.-algebras

Observe that the inclusion ¢ : A, , — A, defines a strict A.-functor which sends W,
to W,.

Lemma A.4. The A, -functor
P A++ [W_:_il_} l> A+ |:W_;1:|
induced by v (see Definition 1.59) is a quasi-equivalence.

Proof. Fix an object Y = A,, in A, ,. We want to prove that the map
DAL W (XY) = Ay W] (0,

is a quasi-isomorphism for every object X. Our strategy is to apply Proposition 1.82.
We consider the modules M 4, , M4, . and module maps ¢4, : Aiy (—, Ap) = Ma, .,
ta, Ay (—, Am) = My, of Definition 2.14. Observe that the diagram of A -modules

@ ten

n>0

D Ay (—A) — n@OA++ (— Ani1)

n>0
lid lh

@ Ay (- M) s My,

commutes up to the homotopy h: @ A4 (—,A,) = *M 4, which is the strict module
n>0

map sending = € A,y (Ag, A,) to
h(z) = sv € Ay (Mg, Ay) [1] C UM, (Ay)

(s Ay (Ag, An) — Ay (Mg, Ay) [1] is the usual degree (—1) map). According to Propo-
sition 1.72, this induces a closed A, (-module map ty : M4, , — t*M 4, . Moreover, the
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following diagram of A, -modules is commutative

A++ <_7 Y) L) L*AJr (_7 LY)

Jtv‘\++ J‘*td‘w

It remains to check the three items of Proposition 1.82. The first two items are satisfied
according to Lemmas A.3 and 2.17. We now have to prove that o : M4, , — "My, is
a quasi-isomorphism. Let X = A be some object in A,,. Observe that the following

diagram of chain complexes is commutative

M. (Ak) S UMy, (Ax) = My, (Ax)

| |

At (Mg, A1) ——— Ay (Mg, Agya) -

Each vertical map is a quasi-isomorphism according to Lemma 2.16, and the bottom
horizontal map is the identity map. This implies that ¢y is a quasi-isomorphism, which is

what we needed to prove.

]

Observe that the projection 7 : A, — Ag defines a strict A,.-functor which sends W,
to Wy. Thus it induces a strict A,-functor 7 : A, [WJ: 1} — Ao [WJ 1} (see Definition
1.59). Besides, let LA* (A) be the augmented ideal of

LA*(A) = Endy, (A)

(LA* (A) is the endomorphism algebra of ¢ in the A.-category Aug_ (A) defined in
[15], see section 3.1.3). The inclusion LA* (A) — A, (A, A) induces a strict A,-map
LA*(A) — LA% (A) whose image is contained in ker (7). Since ker (7) is an Au-
subalgebra of Cone (LAj (A) R LA (A)) (see Definition 1.45), we get a strict A,-map

¢ : TA" (A) — Cone (LA: (A) 5 LA (A)) .
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Proposition A.5. The A, -map
6 : TA (A) — Cone (LA: (A) 5 LA (A)>

s a quasi-isomorphism.

Proof. We will apply Proposition 1.82 to the A, .-functor 7 : A, — Ay and the object
Ao = A of A,. We consider the modules M 4,, M4, and module maps t4, : Ay (—,A) —
Mu,, ta, Ao (=, A) = My, of Definition 2.14. Observe that the diagram of A,-
modules

D ten

n>0

D A+ (_7An) — @D -A+ (—,An+1)

n>0 n>0

o -

d A (- A) L, SN T M4,

n>0
commutes up to the homotopy h : @ A, (—,A,) = 7 My, which is the strict module
n>0
map sending = € Ay (Ag, A,,) to

h(z) = sm(x) € Ag (A, Ay) [1] C 7" My, (Ag)

(s : Ao (Ax, Ay) = Ao (Ag, Ay) [1] is the usual degree (—1) map). According to Proposition
1.72, this induces a closed A -module map ¢y : M 4, — 7" M 4,. Moreover, the following

diagram of A -modules is commutative

Ay (= A) —— 7 Ay (—, A)

ltAJr lﬂ*tAO

t
MA+ —_— W*MAO-

Now according to Proposition 1.82, there is a chain map u : Wt My, (A) — W My, (A)
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such that the following diagram of chain complexes commutes

A WY (A A) —— Ao W] (AL A)

—1ta —1ta

W;lMA+ A —— wtMa, (A)

| T

to

Mu, (A) —————— My, (A)
(the two vertical maps on the bottom are the inclusions). Moreover, the inclusions
LA* (A) — LAY (A), LA*(A) — W+_1M,4+ (A), LA* (A) = M4, (A)
make the following diagram commutes

LA (A) —— LA* (A\) — T LA;(A)

—1ta _1ta,
| [0 lwo )

LA (A) —— W;lMA+ (A) —— wytMa, (A)

\ | T

to

LA (A) ——— My, (A) ——— My, (A).

According to Lemma A.3, A, and Ay satisfy the hypotheses of Lemma 2.17. Thus, using
Lemma 2.17 and Proposition 1.79, we know that the vertical maps are quasi-isomorphisms.

Therefore, we get the following commutative diagram of chain complexes

A (A) — - Cone (LAi (A) 5 LA (A))

LA* (A) —— Cone (WIIM 4 () 5 i My, (M)
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Therefore, in order to show that

6 : TA (A) — Cone (LA: (A) 5 LA (A)>
is a quasi-isomorphism, it suffices to show that

Wt LA (A) — Cone (M., (A) © My, ()

is a quasi-isomorphism. Observe that the inclusion ker (¢5) < Cone(ty) is a quasi-
isomorphism because t is surjective. Thus it suffices to show that the inclusion LA* (A) <
ker (o) is a quasi-isomorphism. Recall that we denote by Ajppng (A, Ay,) the subcomplex
of Ay (Am, Ay) generated by Riong (Am, An). Then observe that LA* (A) = Ajgng (A, A)

and

Along (A, AO) Along <A7 Al)
ker (to) = J{id feo lid ey
Along (A7 AO) Along <A> Al)

Thus the result follows from Lemmas A.3 and 2.16.
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APPENDIX B

EKHOLM-LEKILI REVISITED

In this appendix, we revisit some of the results of [32] using localization of A,.-categories.

B.1 Setting

Let X be a Weinstein manifold. Now let L be a connected cylindrical exact Lagrangian
submanifold of X. We denote by A = 0L C Y the corresponding Legendrian subman-
ifold. We will assume that A is connected and chord generic with respect to a. Finally,
we denote by e, : CE_, (A) — F the augmentation induced by L.

We fix two positive Morse functions F; : L — R and f; : A — R with a unique

minimum and a unique maximum, and such that in the ends
Fi(t,q) =a1(t+ fi(q)) + by for 0 < a; < 1 and b; > 0.

We denote by U a small open neighborhood of (Fi, f1) in C°° (L) x C* (A) with the
following property: for every pair (F, f) in U, the functions F', f are positive, Morse,
and their critical points and gradient trajectories are in bijection with those of F, f;

respectively. Then we choose a family (F,, f,),, of pairs in & such that in the ends,
F,(t,q) =a, (t+ fn(q)) + b, for 0 < a, <1 and b, > 0.

We also choose a decreasing sequence (0),~, of small enough positive numbers so that

the family
<Hn =Y 6uFihy =) 5k:fk)
=1 k=1

has the following property: for every i < j, the pair (H; — H;, h; — h;) lies in the cone

neN

over U (this can be easily achieved by induction on n). Finally, we let L, C X be the
Lagrangian corresponding to the graph of dH,, in a Weinstein neighborhood of L = Ly,
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and we let A,, C Y be the Legendrian corresponding to the one-jet of h, in a Weinstein
neighborhood of A = Ag. Observe that we do not require the copies to be parallel in the
sense of the third item of Lemma 31 (or Theorem 76) in [32].

B.2 Some A, -categories

We denote by A, , A,,, Ay the A,-categories associated to A and ey in Definition A.2.

We now associate an A..-category to L.

Definition B.1. Let
L:=(L,)

nez -’

We denote by O the A, -category defined as follows:
1. the objects of O are the Lagrangians L,, n € Z,

2. the space of morphisms from L; to L; is either generated by L; N L; if ¢« < j, or
F if i = j, or 0 if i > j ; the bigrading of an intersection point ¢ € O (A%, A7)
corresponding to qo € Crit hg is (2 (j —¢) +ind (go)), and

3. the operations are such that e, € O (L, L,,) is a strict unit, and for every sequence

of integers ig < --- < i4, for every sequence of intersection points
(ml,. .. ,xd) € (Llo ﬂL“) X X (Lidfl N le>

we have

Ho (Ila oo ,.’Iid) - Z #M:ro,xd...xl (L,j) Zo

IOGLiO ﬂLid

(see Definition 4.28). Besides, let Wy, be the set made of the morphisms u" €
O (L, Lyy1) corresponding to the minimum of (H,,; — H,) for n € N. We define

CF* (L) = EndO[WL_I] (L) .

There are natural A-functors ¢ : O — A, (see [32] section 5), ¢ : A,y — A, (the
inclusion) and 7 : A, — Ay (the projection). The composition ¢ = morop: O — Ay
sends W, to Wy, and thus it induces an Ao-map ¢ : CF* (L) — LAZ (A).
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Definition B.2. The Floer complex of L relative to its boundary A is the non unital

A-algebra
CF*(L,A) := Cone (CF* (L) & LA (A))

(see Definition 1.45).

B.3 Results

Recall that we are considering A, functors ¢ : O — A, (as in [32] section 5) and
t: Ay — Ay (the inclusion). Moreover, the composition t o : O — A, sends Wy, to
W,

Theorem B.3. (Part of Theorem 63 in [32])
If HW* (L) = 0, then the As-map

Loty OF* (L) — LA* (A)
induced by 1o is a quasi-isomorphism.

Proof. On the objects, 1 (L,) = A, and, on the morphisms, v is defined using the exact
same count of pseudo-holomorphic curves than in [32] Theorem 63 (the corresponding

As-map is denoted e there). In [32] Theorem 63, the authors prove that for every i < j,
,17[) # —
Cone (O (Ll, L]) — A++ (A’u AJ)> ~ CW* (L“ LJ)

where IT] is a negative wrapping of L; across L;. By hypothesis, CW* (L) is acyclic,
which implies that ¢! is a quasi-isomorphism. Thus, v is a quasi-equivalence, and since
it sends Wy, into W4 the induced functor ¢ : O [WE 1} — A,y (Wﬁ")l] is also a
quasi-equivalence (see Lemma 2.4 in [38]). This concludes the proof according to Lemma,
A4

]

Theorem B.4. (Part of Theorem 63 in [32])
If HW* (L) = 0, then there is a quasi-isomorphism of A..-algebras

F @ COF* (L,A) = LA* (A).
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Proof. First recall that the projection to the space of short Reeb chords induces an A..-
functor 7 : A, — Ay which sends W to Wy, and Proposition A.5 gives

TA (A) ~ Cone (LA; (A) 5 LA (A)) .

Then, recall that the composition ¢ = Trorov : O — Ay sends Wy, to Wy, and thus
it induces an Ag-map ¢ : CF* (L) — LA% (A). Now observe that we have the following

commutative diagram

CF* (L) —=Y LA* (A2y)
g F
LAS (A, €L) = LAS (A, 5L) .

The top horizontal arrow is a quasi-isomorphism by Theorem B.3. According to Propo-

sition 1.48, we get a quasi-isomorphism of non unital A..-algebras

CF*(L,A) = LA*(A\).
This concludes the proof because

LA*(A) =F @ LA (A).

Theorem B.5. (Theorem 51 in [32])
If A is simply connected, then

E(CE*, (A)) ~ LAY (A).

Idea of proof. Assume that we can choose the copies to be parallel. In [32] section 3.5,
the authors define a quasi-isomorphism ¢ : CET, (A) — CE!, (A). Applying first bar
and then graded dual, we get a quasi-isomorphism B (C’EL (A))# — B (CEf* (A))#.
Besides, recall that

CE!, (A)=QLC! (A).
There is a natural quasi-isomorphism B (QLC,U (A)) — LCY(A) (see section 2.2.2 in
[32]), which induces a quasi-isomorphism LA (A) — B (QLCJJ (A))# As a result, we get
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a quasi-isomorphism

LA} (A) = B(CE_, (A)*.

Now going back to the case where the copies are not parallel, we should still be able
to define an A-functor ® : A, — B(CE_, (A,C_, (QA)))* which mimic the map we
just described. This functor should look like this. Take sequences

(C(]?"';Cd*l) € R(‘Ano)Anl) X X R<And717And)
(l’o, .. ,ZEr_l) S CEi_* (A)r

such that none of the Reeb chords ¢; correspond to the minimum of the Morse function
f1, and each z; is a word in elements of C_, (QA) UR (A). If r is positive, then

(D (coy.vyCi1),8T0® - Q sx,_1) =0.

Assume now that » = 0. Let (yi,...,y,) be the family of short Reeb chords appearing in

Co- -+ Cq—1. Then
P

(@ (co, ..., Ca-1),5T0) = H T (03, y4) |

i=1
(the moduli spaces T (o;,y;) are defined in [32] section 3.5) if xq is obtained from ¢g - - - ¢4_1
by replacing each y; by o;, and 0 otherwise.

It remains to show that ® sends W, to the unit (this should follow from Lemma
38 in [32]), and that the induced functor & : A, [W;l] — B (C’Ef* (A))# 171 is a
quasi-equivalence.

]
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Invariants du relevé Legendrien d’'une sous-variété Lagrangienne exacte dans la contac-

tisation circulaire d’'une variété de Liouville

Mot clés : Contactisation circulaire, Homologie de contact Legendrienne Morse-Bott, Algébre

différentielle graduée de Chekanov-Eliashberg, Cylindre d’application d’'un morphisme entre

algebres différentielles graduées, Localisation de catégories A.,, Colimite homotopique de

catégories A,

Résumé : On étudie les relations entre une
sous-variété Lagrangienne exacte L dans une
variété de Liouville P et un de ses relevés Le-
gendriens A° dans la contactisation circulaire
S x P. Contrairement au cas bien étudié de
la contactisation standard R x P, chaque point
d’'une Legendrienne dans S! x P donne lieu a
une infinité (dénombrable) de cordes de Reeb
pour la forme de contact standard, et on est
dans une situation dite Morse-Bott.

On démontre d’abord des propriétés ho-
motopiques générales de I'’homologie de
contact Legendrienne en utilisant les cylindres

d’applications de morphismes entre algebres
différentielles graduées. Ensuite, on intro-
duit la notion de tore d’application associé
a une quasi-autoéquivalence d’une catégorie
As comme colimite homotopique d’un dia-
gramme. On montre comment calculer cette
colimite dans certaines circonstances en tra-
vaillant avec des localisations de catégories
As. Enfin, on utilise les résultats précédents
pour relier l'algébre A, de Floer de L et
I'algebre différentielle graduée de Chekanov-
Eliashberg de A°.

Invariants of the Legendrian lift of an exact Lagrangian submanifold in the circular con-

tactization of a Liouville manifold

Keywords: Circular contactization, Morse-Bott Legendrian contact homology, Chekanov-Eliashberg

differential graded algebra, Mapping cylinder of a morphism between differential graded alge-

bras, Localization of A..-categories, Homotopy colimit of A..,-categories

Abstract: We study the relations between an
exact Lagrangian submanifold L in a Liouville
manifold P and one of its Legendrian lift in
the circular contactization S* x P. Unlike the
well-studied case of the standard contactiza-
tion R x P, each point of a Legendrianin S x P
gives rise to a (countable) infinite set of Reeb
chords for the standard contact form, and we
are in a so-called Morse-Bott situation.

We first demonstrate general homotopi-
cal properties of Legendrian contact homol-

ogy using mapping cylinders of morphisms
between diffrential graded algebras. Then, we
introduce the notion of mapping torus asso-
ciated to a quasi-autoequivalence of an A..-
category as homotopy colimit of some dia-
gram. We show how to compute this col-
imit in certain circonstances by working with
localizations of A..-categories. Finally, we
use the previous results in order to relate the
Floer A.-algebra of L and the Chekanov-
Eliashberg differential graded algebra of A°.
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