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INTRODUCTION

L’homologie de contact Legendrienne est un invariant des sous-variétés Legendriennes in-
troduit par Chekanov [19] et Eliashberg [34], qui de plus s’inscrit dans la Théorie Symplec-
tique des Champs de [35]. L’algèbre différentielle graduée de Chekanov-Eliashberg, dont
l’homologie est précisément cet invariant, a été rigoureusement définie dans la contacti-
sation d’une variété de Liouville par Ekholm, Etnyre et Sullivan dans [28] et [26]. Son
importance va au-delà des applications à la classification des Legendriennes : elle a ainsi
été utilisée par Bourgeois, Ekholm et Eliashberg dans [16] pour calculer des invariants
symplectiques des variétés de Weinstein, mais aussi d’une manière différente par Chan-
traine, Dimitroglou Rizell, Ghiggini et Golovko dans [18] afin de prouver un résultat de
génération pour la catégorie de Fukaya enroulée des variétés de Weinstein.

La motivation pour cette thèse est l’étude de l’homologie de contact Legendrienne dans
les variétés de contact munies d’un remplissage sous-critique et dans les variétés dites de
Boothby-Wang, qui sont les espaces totaux des fibrés de préquantifications. Cette étude
a été menée en dimension 3 par Ekholm et Ng dans [33] pour le cas sous-critiquement
remplissable, et par Sabloff dans [56] pour le cas Boothby-Wang. L’importance des es-
paces du premier type vient du fait que toute variété de Weinstein est obtenue à partir
d’une variété sous-critique (de la forme C × P pour une certaine variété de Weinstein
P ) par attachement d’anses le long de sous-variétés Legendriennes dans son bord à l’in-
fini. L’importance du second type d’espaces vient d’un théorème de Donaldson dans [24],
qui énonce que toute variété symplectique entière (X,ω) admet une sous-variété sym-
plectique D ⊂ X de codimension 2 telle que X \ D est une variété de Liouville dont le
bord à l’infini est une variété de Boothby-Wang. La première étape pour étudier les deux
situations présentées ci-dessus est de s’intéresser à l’homologie de contact Legendrienne
dans la contactisation circulaire S1 ×P d’une variété de Liouville P . En effet, les variétés
de contact remplissables par une variété sous-critique et les espaces de Boothby-Wang
peuvent être vus comme des compactifications de contactisations circulaires.

Le chapitre 1 contient les définitions des objets algébriques, ainsi que quelques ré-
sultats de base, qu’on utilise dans la thèse. Dans le chapitre 2, on utilise les colimites
homotopiques de catégories A∞ introduites par Ganatra, Pardon et Shende dans [37] et
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[38] pour définir le tore d’application associé à une quasi-autoéquivalence de catégorie
A∞. On démontre ensuite les Théorèmes A et B, qui sont les contributions algébriques
principales de la thèse. Ils permettent de calculer ce tore d’application dans certaines si-
tuations. Notons que ces théorèmes ne nécessitent pas de contexte Legendrien, et peuvent
être vus comme des résultats algébriques généraux sur les catégories A∞. Le chapitre
3 est consacré à l’algèbre différentielle graduée (DG) de Chekanov-Eliashberg d’une Le-
gendrienne dans une variété munie d’une forme de contact hypertendue. En adaptant
des arguments de [28], et en utilisant la notion de cylindre d’application comme dans
[53], on prouve le Théorème C, qui explicite le comportement de cette algèbre DG sous
certaines modifications de la Legendrienne et de la structure presque complexe. Dans le
chapitre 4, on étudie les relations entre une sous-variété Lagrangienne exacte L dans une
variété de Liouville (P, λ) et un relevé Legendrien Λ◦ de L dans la contactisation circu-
laire (S1 × P, dθ − λ). Contrairement au cas de la contactisation standard R ×P , chaque
point d’une Legendrienne dans S1 × P donne lieu à une infinité dénombrable de cordes
de Reeb pour la forme de contact standard, et on est dans une situation dite dégénérée.
Le Théorème D, qui peut être vu comme le résultat central de la thèse, relie l’algèbre
A∞ de Floer de L et l’algèbre DG de Chekanov-Eliashberg de Λ◦. Ce résultat a de fortes
similitudes avec la Conjecture 6.3 de Seidel dans [57], dont une preuve est esquissée par
Ganatra et Maydanskiy dans l’Appendice de [16]. Notre approche est cependant différente
de celles qui apparaissent dans les références citées ci-avant. En résumé, on applique une
succession d’opérations géométriques à la situation initiale, et on utilise les Théorèmes A,
B et C pour comprendre comme les objets algébriques correspondants sont reliés les uns
aux autres.

Avant d’énoncer les résultats principaux de la thèse, on donne une introduction aux
domaines dans laquelle cette dernière s’inscrit, c’est à dire la géométrie symplectique et
la géométrie de contact.

Géométrie symplectique et géométrie de contact

On commence par définir et donner des exemples des objets de base en géométrie symplec-
tique et en géométrie de contact. On présente ensuite brièvement les notions de variétés
de Liouville et variétés de Weinstein.
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Définitions et exemples

On renvoie à [51] (pour la partie symplectique) et [39] (pour la partie contact) pour un
exposé détaillé de ces deux domaines.

Géométrie symplectique

Définition. Une variété symplectique (X,ω) est la donnée d’une variété différentielle X
et d’une 2-forme ω fermée et non-dégénérée, appelée forme symplectique.

La condition de non-dégénérescence sur la forme symplectique implique qu’une variété
symplectique est nécessairement de dimension paire.

Exemples. On donne quelques exemples de variétés symplectiques.

1. La 2-forme
ω0 = dx1 ∧ dy1 + · · · + dxn ∧ dyn

est une forme symplectique sur Cn.

2. La restriction de ω0 sur la sphère unité S2n−1 ⊂ Cn est invariante par l’action de S1

(par multiplication). Elle induit ainsi une forme symplectique ωFS sur le quotient
S2n−1/S1 = CPn−1, appelée forme de Fubini-Study.

3. Soit M une variété différentielle. Notons π : T ∗M → M la projection. On appelle
forme de Liouville sur T ∗M la 1-forme λM définie par

λM (q, p) v = ⟨p,Dπ(q)v⟩

pour tout p ∈ T ∗
qM et v ∈ T(q,p)T

∗M . Alors ωM = −dλM est une forme symplectique
sur T ∗M .

Définition. Soit (X1, ω1) et (X2, ω2) deux variétés symplectiques. Un symplectomor-
phisme f : (X1, ω1) → (X2, ω2) est un difféomorphisme f : X1 → X2 qui vérifie f ∗ω2 = ω1.

Remarque. L’application

Cn −→ T ∗Rn

((x1, y1), . . . , (xn, yn)) 7→ (x, ⟨y, ·⟩)

(où ⟨·, ·⟩ désigne le produit scalaire usuel sur Rn) définit un symplectomorphisme de
(Cn, ω0) vers (T ∗Rn, ωRn).
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Un aspect frappant de la géométrie symplectique est qu’elle n’a pas d’invariant local.
Plus précisément on a le résultat suivant, appelé Théorème de Darboux.

Théorème. Soit (X,ω) une variété symplectique. Tout point de X admet un voisinage
symplectomorphe à un voisinage de 0 dans (Cn, ω0).

On définit maintenant la notion de Lagrangienne.

Définition. Soit (X,ω) une variété symplectique de dimension 2n. Une immersion i :
M → X est dite isotrope si i∗ω = 0. Dans ce cas, la dimension de M est nécessairement
inférieure ou égale à n. Si dim(M) = n, on dit que i est Lagrangienne. Enfin, une sous-
variété L de X est dite Lagrangienne si L est l’image d’un plongement Lagrangien.

Exemples. On donne quelques exemples de sous-variétés Lagrangiennes.

1. Le sous-espace
Rn = {(z1, . . . , zn) ∈ Cn | z1, . . . , zn ∈ R}

et le tore (S1)n, où S1 désigne le cercle unité dans C, sont des sous-variétés Lagran-
giennes de (Cn, ω0).

2. L’espace projectif réel

RPn = {[z1 : . . . : zn+1] ∈ CPn | z1, . . . , zn ∈ R}

et le tore de Clifford

LCl = {[z1 : . . . : zn+1] ∈ CPn | |z1| = · · · = |zn|}

sont des sous-variétés Lagrangiennes de (CPn, ωFS).

3. La 0-section 0M = {(q, 0) ∈ T ∗M | q ∈ M} est une sous-variété Lagrangienne de
(T ∗M,ωM). Plus généralement, l’image d’une 1-forme différentielle η : M → T ∗M

sur M est une sous-variété Lagrangienne de (T ∗M,ωM) (par exemple, la 0-section
0M est l’image de la 1-forme nulle).

4. Pour tout point q0 de M , la fibre T ∗
q0M est une sous-variété Lagrangienne de

(T ∗M,ωM). Plus généralement, si S est une sous-variété de M , alors son fibré co-
normal

LS = {(q, p) ∈ T ∗M | q ∈ S et ⟨p, TqS⟩ = 0}
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est une sous-variété Lagrangienne de (T ∗M,ωM) (par exemple, la fibre T ∗
q0M est le

fibré conormal du point q0).

On termine ce paragraphe en énonçant le théorème de Weinstein sur les voisinages des
Lagrangiennes.

Théorème. Soit (X,ω) une variété symplectique, et i : M → X un plongement Lagran-
gien d’image L. Alors il existe un voisinage U de L dans X, un voisinage V de 0M dans
T ∗M , et un symplectomorphisme f : U → V tel que

(f ◦ i) (q) = (q, 0)

pour tout q ∈ M .

Géométrie de contact

Définition. Une variété de contact (Y, ξ) est une variété différentielle Y munie d’un
champ d’hyperplans ξ ⊂ TY , appelé structure de contact, vérifiant la condition suivante :
pour tout point a ∈ Y , il existe un voisinage V de a dans Y , et une 1-forme α sur V , telle
que ξ|V = ker(α) et (dα)| ker(α) est non-dégénérée.

Une forme de contact sur une variété différentielle Y est une 1-forme sur Y dont le
noyau est une structure de contact. Etant donné une structure de contact ξ sur Y , il existe
une forme de contact sur Y dont le noyau est ξ si et seulement si ξ est co-orientable (c’est
à dire que le fibré en droites TY/ξ est orientable).

Remarque. Notons que si f est une fonction qui ne s’annule jamais, et si dα est non-
dégénérée sur ker(α), alors d(fα) est non-dégénérée sur ker(fα) = ker(α).

Comme en géométrie symplectique, la condition de non-dégénérescence implique que
les hyperplans de la structure de contact sont nécessairement de dimension paire. Autre-
ment dit, une variété de contact est nécessairement de dimension impaire.

Définition. Soit α une forme de contact sur une variété Y . Le champ de Reeb de α est
le champ de vecteurs Rα défini par les relations

ιRαdα = 0 et α (Rα) = 1.

Exemples. On donne quelques exemples de variétés de contact.
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1. La 1-forme
α0 = dθ − (y1dx1 + · · · + yndxn)

est de contact sur Rθ × Cn. Le champ de Reeb de α0 est Rα0 = ∂θ.

2. Considérons la 1-forme

λ0 = 1
2 ((y1dx1 − x1dy1) + · · · + (yndxn − xndyn))

sur Cn. Alors α := (−λ0)|S2n−1 est une forme de contact sur la sphère unité S2n−1

de Cn. Le champ de Reeb de α est donné par

Rα (z1, . . . , zn) = 2 (iz1, . . . , izn) .

De plus, la fibration de Hopf

ΠHopf : S2n−1 → CPn−1, (z1, . . . , zn) 7→ [z1 : . . . : zn]

vérifie
Π∗
HopfωFS = dα.

3. Soit M une variété différentielle, et Σ l’une des variétés Rθ ou Rθ/Z. La 1-forme

αM = dθ − Π∗
T ∗MλM

(où ΠT ∗M : Σ × T ∗M → T ∗M est la projection) est de contact sur Σ × T ∗M . Le
champ de Reeb de αM est RαM

= ∂θ. La variété (R × T ∗M,αM) est l’espace des
1-jets de M .

4. Soit M une variété Riemannienne. La restriction de (−λM) sur le fibré cotangent
unitaire

U∗M = {(q, p) ∈ T ∗M | ∥p∥ = 1}

est une forme de contact sur U∗M . Le champ de Reeb associé engendre le flot
géodésique sur U∗M .

5. Soit M une variété différentielle. Notons PT ∗M le projectivisé du fibré cotangent,
et π : PT ∗M → M la projection. Si (q, ℓ) est un élément de PT ∗M (c’est à dire que

18



Géométrie symplectique et géométrie de contact

ℓ est une droite dans T ∗
qM), on note H(q, ℓ) ⊂ TqM le noyau d’une forme linéaire

non nulle dans ℓ (elles définissent toutes le même hyperplan) et on pose

ξ (q, ℓ) := Dπ(q)−1H (q, ℓ) ⊂ T(q,ℓ)PT ∗M.

Alors ξ = (ξ(q, ℓ))(q,ℓ) est une structure de contact sur PT ∗M , qui en général n’est
pas co-orientable. La variété (PT ∗M, ξ) est l’espace des éléments de contact de M .

Définition. Soit (Y1, ξ1) et (Y2, ξ2) deux variétés de contact. Un contactomorphisme f :
(Y1, ξ1) → (Y2, ξ2) est un difféomorphisme f : Y1 → Y2 qui vérifie f ∗ξ2 = ξ1. Si (Y1, ξ1)
et (Y2, ξ2) sont munies de formes de contact α1 et α2, un contactomorphisme strict f :
(Y1, α1) → (Y2, α2) est un contactomorphisme f : (Y1, ξ1) → (Y2, ξ2) qui satisfait f ∗α2 =
α1.

Remarque. L’application

R × Cn −→ R × T ∗Rn

(θ, (x1, y1), . . . , (xn, yn)) 7→ (θ, (x, ⟨y, ·⟩))

(où ⟨·, ·⟩ désigne le produit scalaire usuel sur Rn) définit un contactomorphisme strict de
(R × Cn, α0) vers (R × T ∗Rn, αRn).

Exactement comme en géométrie symplectique, il n’y a pas d’invariant local en géo-
métrie de contact.

Théorème. Soit (Y, ξ) une variété de contact. Tout point de Y admet un voisinage
contactomorphe à un voisinage de 0 dans (R × Cn, ker(α0)).

On définit maintenant la notion de Legendrienne.

Définition. Soit (Y, ξ) une variété de contact de dimension 2n + 1. Une immersion i :
M → Y est dite isotrope si im(Di) ⊂ ξ. Dans ce cas la dimension de M est nécessairement
inférieure ou égale à n. Si dim(M) = n, on dit que i est Legendrienne. Enfin, une sous-
variété Λ de Y est dite Legendrienne si Λ est l’image d’un plongement Legendrien.

Exemples. On donne quelques exemples de sous-variétés Legendriennes.

1. Le sous-espace

{0} × Rn = {(0, z1, . . . , zn) ∈ R × Cn | z1, . . . , zn ∈ R}
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est une sous-variété Legendrienne de (Cn, ker(α0)).

2. Le sous-espace

Rn ∩ S2n−1 =
{
(z1, . . . , zn) ∈ S2n−1 | z1, . . . , zn ∈ R

}
est une sous-variété Legendrienne de (S2n+1, ker (λ0)).

3. La 0-section {0} × 0M est une sous-variété Legendrienne de Σ × T ∗M (rappelons
que Σ est l’une des variétés Rθ ou Rθ/Z). Plus généralement, le 1-jet

j1 (f) = {(f(q), (q, df(q))) ∈ Σ × T ∗M | q ∈ M}

d’une fonction f : M → Σ est une sous-variété Legendrienne de (Σ × T ∗M, ker (αM))
(par exemple, la 0-section est le 1-jet de la fonction nulle).

4. La fibre U∗
q0M est une sous-variété Legendrienne de (U∗M, ker (λM)). Plus généra-

lement, si S est une sous-variété de M , alors son fibré conormal unitaire

ΛS = {(q, p) ∈ U∗M | q ∈ S et ⟨p, TqS⟩ = 0}

est une sous-variété Legendrienne de (U∗M, ker (λM)) (par exemple, la fibre U∗
q0M

est le fibré conormal du point q0).

5. Pour tout point q0 de M , la fibre PT ∗
q0M est une sous-variété Legendrienne de

PT ∗M . Plus généralement, si S est une sous-variété de M , alors le projectivisé du
conormal

ΛS = {(q, ℓ) ∈ PT ∗M | q ∈ S et ⟨p, TqS⟩ = 0 pour tout p ∈ ℓ}

est une sous-variété Legendrienne de PT ∗M (la fibre PT ∗
q0M est le projectivisé du

conormal de {q0}).

On présente maintenant une autre classe d’exemples de Legendriennes, généralisant
celle des 1-jets de fonctions.

Exemple. Soit π : E → M une submersion. Soit f : E → R une fonction sur E telle que
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df : E → T ∗E est transverse à l’application

π−1T ∗M → T ∗E, p ∈ T ∗
π(x)M 7→ ⟨p,Dπ(x)⟩ ∈ T ∗

xE.

Alors l’application

E ×
T ∗E

π−1T ∗M → R × T ∗M, (x, p) 7→ (f(x), (π(x), p))

est une immersion Legendrienne, et on dit que f est une famille génératrice pour cette
Legendrienne.

Notons que si x0 ∈ π−1{q0} est un extremum local de f|π−1{q0}, alors il existe un unique
p0 ∈ T ∗

q0M , appelé multiplicateur de Lagrange, tel que

df(x0) = ⟨p0, Dπ(x)⟩,

c’est à dire tel que (x0, p0) ∈ E ×
T ∗E

π−1T ∗M .

On termine ce paragraphe en énonçant un théorème sur les voisinages des Legen-
driennes.

Théorème. Soit (Y, ξ) une variété de contact, et i : M → Y un plongement Legendrien
d’image Λ. Alors il existe un voisinage U de Λ dans Y , un voisinage V de {0} × 0M dans
R × T ∗M , et un contactomorphisme f : U → V tel que

(f ◦ i) (q) = (0, (q, 0))

pour tout q ∈ M . Si de plus ξ|U admet une forme de contact, le contactomorphisme peut
être pris strict (avec la forme de contact standard αM sur V).

Variétés de Liouville et variétés de Weinstein

On présente ici les notions de variétés de Liouville et variétés de Weinstein. On renvoie
au livre [21] pour un exposé détaillé.

Variétés de Liouville

Définition. Une variété symplectique exacte (X,λ) est une variété différentielle X munie
d’une 1-forme λ telle que (X,−dλ) est une variété symplectique. On appelle alors champ
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de Liouville de (X,λ) le champ de vecteurs Zλ défini par la relation

ιZλ
dλ = λ.

Un symplectomorphisme exact f : (X1, λ1) → (X2, λ2) est un difféomorphisme f : X1 →
X2 tel que la 1-forme (f ∗λ2 − λ1) est exacte.

Exemple. Si Y est une variété munie d’une forme de contact α, alors (Rσ × Y, eσα) est
une variété symplectique exacte, appelée symplectisation de (Y, α).

Définition. Un domaine de Liouville est une variété symplectique exacte (X,λ) qui est
compacte à bord et dont le champ de Liouville est transversalement sortant au bord. Dans
ce cas, la restriction de (−λ) au bord de X est une forme de contact sur ∂X.

Définition. Une variété de Liouville est une variété symplectique exacte (X,λ) (non
compacte et sans bord) dans laquelle il existe un compact X0 ⊂ X tel que (X0, λ|X0) est
un domaine de Liouville, et le flot du champ de Liouville sur X induit un difféomorphisme

R>0 × ∂X0 → X \X0, (t, x0) 7→ φtZλ
(x0) .

Si X0 et X ′
0 satisfont les propriétés ci-dessus, le flot de Liouville induit un contactomor-

phisme entre ∂X0 et ∂X ′
0. Il y a donc une variété de contact bien définie (∂∞X, ξ), appelée

“bord à l’infini de X”.

Exemples. On donne des exemples de variétés de Liouville.

1. L’espace (Cn, λ0) est une variété de Liouville, et

Zλ0 = 1
2 (x1∂x1 + y1∂y1 + · · · + xn∂xn + yn∂yn) .

Par ailleurs, le bord à l’infini de (Cn, λ0) est contactomorphe à la sphère (S2n−1, λ0).

2. Soit M une variété différentielle. Rappelons qu’on a définit une 1-forme λM sur T ∗M

dans la section précédente. Alors (T ∗M,λM) est une variété de Liouville, et ZλM
est

le champ de vecteurs défini par

ZλM
(f) = ⟨∂pf, p⟩
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pour tout f : T ∗M → R (notons que ∂pf(q, p) ∈
(
T ∗
qM

)∗
). Par ailleurs, le bord

à l’infini de (T ∗M,λM) est contactomorphe au fibré cotangent unitaire (U∗M,λM)
(une fois qu’on a choisi une métrique sur M).

Variétés de Weinstein

Définition. Une variété de Weinstein, est une variété de Liouville (X,λ) munie d’une
fonction de Morse ϕ : X → R qui est propre, minorée, et Lyapunov pour Zλ, c’est à dire
qu’il existe une métrique sur X et δ > 0 tels que

dϕ (Zλ) ≥ δ
(
∥Zλ∥2 + ∥dϕ∥2

)
.

En particulier, ϕ est croissante le long du flot de Zλ, et les points critiques de ϕ sont
exactement les zéros de Zλ.

Exemple. Les espaces (Cn, λ0) et (T ∗M,λM) sont des variétés de Weinstein.

La proposition suivante montre que la topologie d’une variété de Weinstein est contrainte.

Proposition ([21] Proposition 11.9). Soit (X,λ, ϕ) une variété de Weinstein de dimen-
sion 2n. Les variétés stables des points critiques de ϕ sont isotropes. En particulier, l’indice
d’un point critique de ϕ est toujours inférieur ou égal à n.

Le résultat suivant, dû à K. Cieliebak, décrit la topologie symplectique des variétés de
Weinstein sans anse d’indice maximal.

Théorème ([20] Théorème 1.1). Soit (X,λ, ϕ) une variété de Weinstein de dimension
2n. Si ϕ n’a pas de point critique d’indice n, alors il existe une variété de Weinstein
(X ′, λ′, ϕ′) et un symplectomorphisme exact

(X,λ) ≃ (C ×X ′, λ0 ⊕ λ′) .

Pour finir, mentionnons le fait important suivant. Si (X,λ) est une variété de Wein-
stein, et si Λ est une sous-variété Legendrienne de ∂∞X, alors on peut construire une
nouvelle variété de Weinstein en attachant une anse d’indice maximal sur Λ.

Invariants algébriques

Dans toute cette section, le corps de base est F = Z/2Z.
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Invariants Legendriens classiques

On commence par présenter les invariants dits “classiques” des Legendriennes. On suit
l’exposition donnée par T. Ekholm, J. Etnyre et M. Sullivan dans [27]. Dans la suite, on
se donne une variété Y de dimension (2n+ 1) munie d’une forme de contact α.

Classe de rotation On commence par introduire la notion de structure presque com-
plexe sur ξ = ker(α).

Définition. Une structure presque complexe sur ξ est une section J de End (ξ) → Y telle
que

J(a)2 = −idξ(a)

pour tout a ∈ Y . On dit que J est compatible avec (dα)|ξ si (dα)|ξ (·, J ·) est un produit
scalaire sur ξ.

On a le résultat classique suivant.

Proposition. L’espace des structures presque complexes sur ξ compatibles avec (dα)|ξ est
non-vide et contractile.

On peut maintenant définir la classe de rotation d’une immersion Legendrienne.

Définition. Soit i : M → Y une immersion Legendrienne. Soit J une structure presque
complexe sur ξ compatible avec (dα)|ξ. On note DiC : C ⊗ TM → i−1ξ l’isomorphisme
de fibrés complexes défini par

DiC(q) ((a+ ib) ⊗ v) = (a+ bJ (i(q)))Di(q)v.

La classe d’homotopie de DiC dans l’espace des isomorphismes de fibrés complexes de
C ⊗ TM vers i−1ξ est appelée classe de rotation de i et notée r(i) (ou r(Λ) si i est
l’inclusion d’une sous-variété Legendrienne Λ dans (Y, ξ)).

En raison du h-principe pour les immersions Legendriennes (voir [41]), deux immer-
sions Legendriennes ont la même classe de rotation si et seulement s’il existe un chemin
d’immersions Legendriennes entre les deux.

Remarque. Examinons ce qu’est la classe de rotation d’une immersion Legendrienne dans
(R × Cn, ξ0 = ker (α0)). Choisissons la structure presque complexe J sur ξ0 définie par

J (θ, (x,y)) (∂xj + yj∂θ) = ∂yj
et J (θ, (x,y)) (∂yj) = − (∂xj + yj∂θ) .
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Alors la projection Lagrangienne ΠCn : R × Cn → Cn induit un isomorphisme complexe
ξ0

∼−→ Cn. On peut donc voir DiC comme une trivialisation C ⊗ TM → Cn. De plus, on
peut choisir des métriques hermitiennes sur C ⊗ TM et Cn de sorte que DiC soit une
isométrie complexe. On peut vérifier que l’espace [M,U(n)] des applications continues de
M dans le groupe unitaire U(n) agit librement et transitivement sur l’espace des isométries
complexes de C ⊗ TM dans Cn, donc la classe de rotation de i peut être vue comme un
élément de [M,U(n)]. Dans le cas où M = Sn, r(i) est un élément de πn (U(n)), qui est
trivial si n est pair, et isomorphe à Z si n est impair. On parle alors de nombre de rotation.

Invariant de Thurston-Bennequin On définit maintenant l’invariant de Thurston-
Bennequin d’une sous-variété Legendrienne. Il a été définit indépendamment par Benne-
quin (dans sa thèse [11]) et Thurston lorsque n = 1, puis généralisé par Tabachnikov dans
[61].

Notons que, comme ξ = ker(α) est une structure de contact, α ∧ (dα)n ne s’annule
jamais, et donc définit une orientation sur Y .

Définition. Soit Λ une sous-variété Legendrienne connexe et orientée dans Y . On sup-
pose que la classe d’homologie dans H∗ (Y ) définie par Λ est triviale. Il existe alors une
chaine C telle que ∂C = Λ. L’invariant de Thurston-Bennequin tb(Λ) de Λ est le nombre
d’intersection de C avec une petite perturbation de Λ dans la direction du champ de Reeb
de α. Autrement dit, tb (Λ) est le nombre d’enlacement de Λ et d’une variété obtenue en
poussant Λ par Rα. Si (Λt)0≤t≤1 est un chemin lisse de sous-variétés Legendriennes, alors
tb (Λ0) = tb (Λ1).

Dans le cas où (Y, α) est l’espace standard (R × Cn, α0), l’invariant de Thurston-
Bennequin peut être calculé de la manière suivante. Soit Λ une sous-variété Legendrienne
de R × Cn. Une corde de Reeb de Λ est un chemin c : [0, T ] → R × Cn tel que

c(0), c(T ) ∈ Λ et c′(t) = Rα0(c(t))

pour tout t ∈ [0, T ]. Supposons que Λ soit corde générique, c’est à dire que pour toute
corde de Reeb c : [0, T ] → R ×Cn de Λ, DφTRα0

(c(0))Tc(0)Λ est un sous-espace de ξ(c(T ))
transverse à Tc(T )Λ. Ici, cela équivaut à dire que les sous-espaces Lagrangiens

Vc(0) = DΠC
(
Tc(0)Λ

)
et Vc(T ) = DΠC

(
Tc(T )Λ

)
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sont transverses dans Cn. On définit le nombre signe(c) comme étant (+1) si l’orientation
de Vc(0) ⊕ Vc(T ) coincide avec celle de Cn, et (−1) sinon. Alors

tb (Λ) =
∑

c∈R(Λ)
signe(c)

où R (Λ) désigne l’ensemble des cordes de Reeb de Λ.

Homologie de contact Legendrienne

On présente maintenant un invariant plus “sophistiqué”. L’homologie de contact Legen-
drienne a d’abord été introduite par Chekanov dans [19] et par Eliashberg dans [34], et
fait plus généralement partie de la théorie symplectique des champs exposée dans [35].
Elle a été rigoureusement définie dans la contactisation (R × P, dθ − Π∗

Pλ) d’une variété
de Liouville (P, λ) dans [26] et [28].

Soit Y une variété différentielle de dimension (2n + 1) munie d’une forme de contact
α. On suppose que α est hypertendue, c’est à dire que les orbites périodiques du champ
de Reeb de α ne sont pas contractiles. Comme expliqué dans [22] section 3, l’homologie
de contact Legendrienne est bien définie dans cette situation.

Soit Λ une sous-variété Legendrienne de (Y, ξ = ker(α)). Une corde de Reeb de Λ est
un chemin c : [0, T ] → Y tel que

c(0), c(T ) ∈ Λ et c′(t) = Rα(c(t))

pour tout t ∈ [0, T ]. On suppose que Λ est corde générique, c’est à dire que pour toute
corde de Reeb c : [0, T ] → Y de Λ, DφTRα

(
Tc(0)Λ

)
est un sous-espace de ξ(c(T )) transverse

à Tc(T )Λ.

Indice de Conley-Zehnder On définit l’indice de Conley-Zehnder d’une corde de Reeb
de Λ qui commence et termine sur la même composante connexe. On suppose que H1(Y )
est libre, que la première classe de Chern de ξ (munie d’une structure presque complexe
compatible) est de 2-torsion, et que le nombre de Maslov m(Λ) de Λ (qu’on définira plus
bas) est nul.

On commence par définir brièvement l’indice de Maslov d’un lacet dans la Grassma-
nienne des sous-espaces Lagrangiens de Cn (voir [51] Théorème 2.3.7 pour une description
plus détaillée de l’indice de Maslov). On utilise le résultat suivant.
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Lemme. Tout sous-espace Lagrangien K de Cn s’écrit

K = im
X
Y


avec X + iY dans U(n).

Pour définir l’indice de Maslov, on considère l’application

ρ : K 7→ det (X + iY )2 ∈ S1

(où (X, Y ) et associé à K comme dans le lemme) et on pose, pour tout lacet Γ dans la
Grassmannienne des sous-espaces Lagrangiens de Cn,

µ (Γ) := deg (ρ ◦ Γ) .

Rappelons qu’on a supposé H1 (Y ) libre. On choisit une famille (h1, . . . , hr) de cercles
plongés dans Y qui représentent une base de H1(Y ), et une trivialisation symplectique de
ξ au-dessus de chaque hi. Si γ est un lacet dans Λ, il existe une unique famille d’entiers
(a1, . . . , ar) telle que la classe [γc −∑

i aihi] est nulle dans H1 (Y ). On choisit une surface
Σγ dans Y tel que

∂Σγ = γ −
∑
i

aihi.

Il existe une unique trivialisation de ξ au-dessus de Σγ qui étend les trivialisations fixées
au-dessus des hi. On obtient ainsi une trivialisation γ−1ξ ≃ S1 ×Cn (où n est la dimension
de Λ). On note Γ le lacet de plans Lagrangiens dans Cn correspondant, via cette triviali-
sation, au lacet t 7→ Tγ(t)Λ. L’indice de Maslov de Γ ne dépend pas du choix de Σγ parce
qu’on a supposé 2c1(ξ) = 0. Cette construction définit un morphisme H1 (Λ,Z) → Z, et
le nombre de Maslov m(Λ) de Λ est le générateur de son image. Dans la suite, on suppose
que m(Λ) = 0.

Soit maintenant c : [0, T ] → Y une corde de Reeb de Λ. On fixe un chemin γc dans Λ qui
relie c(T ) à c(0). On note γc le lacet obtenu par concaténation de γ et c. Soit (a1, . . . , ar)
l’unique famille d’entiers telle que la classe [γc −∑

i aihi] est nulle dans H1 (Y ). On choisit
une surface Σc dans Y telle que

∂Σc = γc −
∑
i

aihi.
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Il existe une unique trivialisation de ξ au-dessus de Σc qui étend les trivialisations fixées
au-dessus des hi. On obtient ainsi une trivialisation γ−1

c ξ ≃ S1 ×Cn. On note Γc le chemin
de sous-espaces Lagrangiens de Cn correspondant à la concaténation de t 7→ Tγ(t)Λ et
t 7→ DφtRα

(
Tc(0)Λ

)
. Comme Λ est corde générique, Γc n’est pas un lacet : on le ferme de

la manière suivante. On choisit une structure complexe I sur Cn qui est compatible avec
ω0 et qui envoie Γc(1) sur Γc(0). On note alors Γc la concaténation de Γc et du chemin
t 7→ exp (tI) Γc(1). L’indice de Conley-Zehnder de c est l’indice de Maslov de Γc :

CZ(c) = µ(Γc).

L’indice de Conley-Zehnder d’une corde de Reeb ne dépend pas du choix de Σc parce que
2c1(ξ) = 0, et il ne dépend pas non plus du choix de γc parce que le nombre de Maslov
de Λ est nul.

Espaces de modules

Définition. Un disque Riemannien avec (d + 1) points marqués est un triplet (D, j, ζ)
tel que

1. D est une variété à bord difféomorphe au disque unité fermé de C,

2. j est une structure presque complexe intégrable sur D,

3. ζ = (ζ0, ζ1, . . . , ζd) est une famille de points distincts sur ∂D, cycliquement ordonnée
par rapport à l’orientation induite par j.

Si (D, j, ζ) est un disque Riemannien, on note ∆ := D \ {ζ0, . . . , ζd}. Un isomorphisme
ϕ : (D, j, ζ) → (D′, j′, ζ′) est un biholomorphisme ϕ : (D, j) → (D′, j′) qui envoie ζ sur
ζ′.

Définition. Soit (D, j, ζ) un disque Riemannien avec (d+ 1) points marqués. Un choix
de coordonnées près des perçures pour (D, j, ζ) est une famille d’applications

ϵ0 : R≥0 × [0, 1] → ∆, (ϵk : R≤0 × [0, 1] → ∆)1≤k≤d

telle que pour tout 1 ≤ k ≤ d

1. ϵ0 et ϵk sont des plongements tels que

ϵ0 (R≥0 × {0, 1}) ⊂ ∂D et ϵk (R≤0 × {0, 1}) ⊂ ∂D
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2. ϵ0 et ϵk sont holomorphes,

3. on a
ϵ0 (s, t) −→

s→+∞
ζ0 et ϵk (s, t) −→

s→−∞
ζk.

Dans la suite on fixe un choix de coordonnées près des perçures pour chaque disque
Riemannien avec points marqués. On peut maintenant définir les espaces de modules qui
nous intéressent.

Définition. Soit J une structure presque complexe sur ξ compatible avec (dα)|ξ. Soit
a : [0, T0] → Y et b = (bk : [0, Tk] → Y )1≤k≤d des cordes de Reeb de Λ. On note
M̃a,b (R × Λ, J, α) l’ensemble des classes d’équivalences de familles (D, j, ζ, u) telles que

1. (D, j, ζ) est un disque Riemannien avec (d+ 1) points marqués et u est une ap-
plication lisse de ∆ = D \ {ζ0, . . . , ζd} dans R × Y qui envoie le bord de ∆ dans
R × Λ,

2. u est pseudo-holomorphe pour la structure presque complexe sur Rσ ×Y qui envoie
∂σ sur Rα et dont la restriction à ξ est égale à J ,

3. il existe des coordonnées près des perçures ϵ0, (ϵk)1≤k≤d pour (D, j, ζ) telles que

(u ◦ ϵ0) (s, t) −→
s→+∞

(+∞, a(T0t)) et (u ◦ ϵk) (s, t) −→
s→−∞

(−∞, bk(Tkt)) ,

où deux familles (D, j, ζ, u) et (D′, j′, ζ′, u′) comme ci-dessus sont dites équivalentes s’il
existe un isomorphisme ϕ : (D, j, ζ) → (D′, j′, ζ′) tel que u ◦ϕ−1 = u′. Notons que R agit
sur M̃a,b (R × Λ, J, α) par translation dans la coordonnée Rσ. On pose

Ma,b (R × Λ, J, α) := M̃a,b (R × Λ, J, α) /R.

On a le fait important suivant : pour des structures presque complexe génériques dites
régulières (par rapport à Λ et α), les espaces de modules Ma,b (R × Λ, J, α) sont des
variétés lisses de dimension

dim Ma,b (R × Λ, J, α) = CZ (a) −
(

d∑
k=1

CZ (bk)
)

+ d− 2.

De plus, Ma,b (R × Λ, J, α) est compacte lorsque sa dimension est nulle, donc consiste en
un nombre fini de points.
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Algèbre différentielle graduée de Chekanov-Eliashberg On fixe, pour chaque
corde de Reeb de Λ, un chemin dans Λ reliant le point d’arrivée de la corde à son point de
départ. On choisit aussi une structure presque complexe J sur ξ compatible avec (dα)|ξ qui
soit régulière. Rappelons que cela implique que les espaces de modules Ma,b (R × Λ, J, α)
sont des variétés lisses, et qu’ils sont compacts lorsqu’ils sont de dimension 0. On note
CE∗ (Λ) = CE∗ (Λ, J, α) l’algèbre graduée unitaire libre engendrée par les cordes de Reeb
de Λ, où le degré d’une corde de Reeb c de Λ est donné par

|c| = CZ (c) − 1.

Par ailleurs, si a est une corde de Reeb de Λ, on pose

∂a =
∑

b
#Ma,b (R × Λ, J, α) b

où #M ∈ F désigne le nombre d’éléments modulo 2 dans M si dim (M) = 0, et 0 sinon.
Finalement, on étend ∂ à CE∗ (Λ) de sorte que

∂ (xy) = (∂x) y + x (∂y)

pour tous x, y ∈ CE∗ (Λ).
Résumons : étant donné une variété de contact (Y, ξ) avec H1(Y ) libre, 2c1(ξ) = 0, et

1. une sous-variété Legendrienne Λ de (Y, ξ) avec m(Λ) = 0,

2. une forme de contact hypertendue α sur (Y, ξ) pour laquelle Λ est corde générique,

3. une structure presque complexe J sur ξ compatible avec (dα)|ξ et régulière (par
rapport à Λ et α),

on définit une algèbre graduée CE∗ (Λ) et une application linéaire ∂ : CE∗ (Λ) → CE∗ (Λ).
Le résultat essentiel de la construction est que ∂ ◦ ∂ = 0 (voir [26] pour le cas des contac-
tisations et [25], [22] pour le cas général), et donc CE−∗ (Λ) est une algèbre différentielle
graduée (algèbre DG). Son homologie, qui est une algèbre graduée, est appelée homologie
de contact Legendrienne de Λ.

De plus, au moins dans le cas des contactisations (voir [26]), un chemin (Λt)0≤t≤1 de
sous-variétés Legendriennes induit un morphisme d’algèbres DG CE−∗ (Λ0) → CE−∗ (Λ1)
inversible à homotopie près. L’algèbre DG de Chekanov-Eliashberg a permis d’exhiber des
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Figure 1 : Projections Lagrangiennes des noeuds de Chekanov-Eliashberg

sous-variétés Legendriennes non-isotopes mais avec des invariants classiques identiques.
Le premier exemple a été donné par Chekanov dans [19] : les noeuds Legendriens dans
R × C dont les images par la projection ΠC : R × C → C sont représentées sur la Figure
1 ont mêmes invariants classiques, mais leurs algèbres DG ne sont pas équivalentes. En
particulier, il n’existe pas d’isotopie Legendrienne reliant l’un à l’autre.

Catégories de Fukaya

On présente ici très brièvement les catégories de Fukaya compactes et enroulées associées
à un domaine de Liouville X. On renvoie à [59], [3] et [37] pour un exposé détaillé de
ces notions. L’objectif est de montrer un lien entre ces catégories A∞ et l’algèbre DG de
Chekanov-Eliashberg qui motive le travail de cette thèse.

On commence par définir ce qu’est une catégorie A∞. Une présentation plus complète
de cette notion est donnée dans le chapitre 1.

Définition. Une catégorie A∞ C est la donnée de

1. une collection d’objets ob C,

2. pour tout couple d’objets (X, Y ), un espace vectoriel gradué de morphismes C (X, Y ),

31



Invariants algébriques

3. une famille d’applications linéaires de degré (2 − d)

µd : C (X0, X1) ⊗ · · · ⊗ C (Xd−1, Xd) → C (X0, Xd)

indéxée par les suites d’objets (X0, . . . , Xd), telle que

∑
0≤i<j≤d

µd−(j−i)+1 ◦
(
1i ⊗ µj−i ⊗ 1d−j

)
= 0

pour tout d ≥ 1.

Une algèbre A∞ est une catégorie A∞ avec un seul objet.

Remarque. Soit C une catégorie A∞.

1. La relation A∞ pour d = 1 s’écrit

µ1 ◦ µ1 = 0,

donc (C(X, Y ), µ1) est un complexe de chaines pour tout couple d’objets (X, Y ).

2. La relation A∞ pour d = 2 s’écrit

µ1 ◦ µ2 + µ2 ◦
(
1 ⊗ µ1

)
+ µ2 ◦

(
µ1 ⊗ 1

)
= 0,

donc µ1 satisfait la règle de Leibniz par rapport à µ2.

3. La relation A∞ pour d = 3 s’écrit

µ1 ◦ µ3 + µ2 ◦
(
µ2 ⊗ 1

)
+ µ2 ◦

(
1 ⊗ µ2

)
+ µ3 ◦

(
µ1 ⊗ 1 ⊗ 1

)
+ µ3 ◦

(
1 ⊗ µ1 ⊗ 1

)
+ µ3 ◦

(
1 ⊗ 1 ⊗ µ1

)
= 0,

donc µ2 est “associatif à homotopie près”.

Remarque. Une algèbre DG est une algèbre A∞ avec µd = 0 pour d ≥ 3.

Avant de définir les catégories de Fukaya compactes et enroulées, on donne la définition
suivante.

Définition. Soit (X,λ) une variété de Liouville.
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1. Une sous-variété Lagrangienne exacte de (X,λ) est une sous-variété L de X telle
que la 1-forme λ|L est exacte (en particulier, L est une sous-variété Lagrangienne de
(X,−dλ)).

2. Une sous-variété Lagrangienne exacte cylindrique de (X,λ) est une sous-variété
Lagrangienne exacte de (X,λ) à laquelle le champ de Liouville Zλ est tangent en
dehors d’un compact de X.

La catégorie de Fukaya compacte Fuk(X) d’une variété de Liouville (X,λ) est une
catégorie A∞ dont les objets sont les sous-variétés Lagrangiennes exactes compactes de
X. L’espace des morphismes entre deux Lagrangiennes transverses dans X est engendré
par leur intersection (l’espace des morphismes entre deux objets non transverses est plus
compliqué à définir), et les opérations A∞ sont définies en considérant des disques pseudo-
holomorphes percés dans X, à bord sur les Lagrangiennes considérées, et asymptotiques
à des points d’intersections aux perçures. On renvoie à [59] pour une définition détaillée.

La catégorie de Fukaya enroulée WFuk(X) d’une variété de Liouville (X,λ) est une
catégorie A∞ dont les objets sont les sous-variétés Lagrangiennes exactes cylindriques
de X. L’espace des morphismes entre deux objets est plus compliqué à définir, mais les
opérations font toujours intervenir des disques pseudo-holomorphes perçés dans X. On
renvoie à [3] et [37] pour des définitions précises.

Le résultat que nous voulions présenter est le suivant. Il illustre le lien entre catégories
de Fukaya et algèbre de Chekanov-Eliashberg, et motive l’étude de l’homologie de contact
Legendrienne dans la contactisation circulaire d’une variété de Liouville.

Théorème ([16], [18], [37]). Soit P une variété de Weinstein. Considérons la variété de
Weinstein X = C × P . Soit Λ un entrelac de sphères Legendriennes dans ∂∞X. Notons
XΛ la variété de Weinstein obtenue à partir de X par chirurgie sur Λ. Alors la catégorie
de Fukaya enroulée de XΛ se plonge dans la catégorie des DG-modules sur l’algèbre de
Chekanov-Eliashberg de Λ.

Main results and organization of the thesis

Algebra In chapter 1, we give definitions of the algebraic objects we are using, which
basically are Adams-graded DG-algebras, A∞-(co)algebras and A∞-categories, and we
prove basic facts about them. In addition to standard notions, we discuss some less studied
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(to our knowledge) objects, such as the mapping cylinder of a DG-map (introduced in
[53]), the cone of an A∞-map (we learned about this in [42]), or the homotopy colimit of
A∞-categories (defined in [38]). Moreover, we introduce two new notions. The first one
is called “quasi mapping cylinder of an elementary DG-isomorphism” and is defined only
because it appears naturally in the proof of Theorem C. We call the second one “cylinder
object for an A∞-category” because it is supposed to mimic the corresponding notion in
homotopy theory. We use it for the proof of Theorem B.

Mapping torus of a quasi-autoequivalence In chapter 2, we introduce the notion
of mapping torus for a quasi-autoequivalence of an A∞-category (see Definition 2.1).
Observe that this terminology was also used in [45] but we do not know if the two notions
coincide. When considering a quasi-autoequivalence τ of an A∞-category A, we always
assume that A is equipped with a Z-splitting of ob(A) compatible with τ , which is a
bijection

Z × E ∼−→ ob (A) , (n,E) 7→ Xn (E) .

such that
τ (Xn (E)) = Xn+1 (E)

for every n ∈ Z and E ∈ E (see Definition 2.5).
We give a first result which computes the mapping torus of a quasi-autoequivalence

τ : A → A when τ is strict (see Definition 1.51) and acts bijectively on hom-sets. This
allows us to define a new Adams-graded A∞-category Aτ (see Definition 2.7).

Theorem A. Let τ be a quasi-autoequivalence of an A∞-category A equipped with a
compatible Z-splitting of ob (A). Assume that τ is strict and acts bijectively on hom-sets.
Then the mapping torus of τ is quasi-equivalent to Aτ .

Then we give a second result which computes the mapping torus of a quasi-autoequivalence
but in a different situation. We denote by F [t] the augmented Adams-graded associa-
tive algebra generated by a variable t of bidegree (2, 1), and by F [t] its augmentation
ideal (or equivalently, the ideal generated by t). Besides, we use the functors C 7→ C ′ and
D 7→ F [t]⊗D introduced in Definitions 1.53 and 1.54 respectively (see also Remark 1.55).
Finally, if C is an A∞-category equipped with a Z-splitting of ob (C), we denote by C0 the
full A∞-subcategory of C whose set of objects corresponds to {0} × E .

Theorem B. Let τ be a quasi-autoequivalence of an A∞-category A directed with respect
to some compatible Z-splitting of ob (A). Assume that there exists a closed degree 0
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bimodule map f : A′ (−,−) → A′ (−, τ(−)) (see Definitions 1.63 and 1.64) such that for
every i < j < k, for every E,E ′ ∈ E, the chain maps

 µ2
A′

(
−, f(eXj(E))

)
: A′ (X i(E ′), Xj(E)) → A′ (X i(E ′), Xj+1(E))

µ2
A

(
f(eXj(E)),−

)
: A′

(
Xj+1(E), Xk+1(E ′)

)
→ A′

(
Xj(E), Xk+1(E ′)

)
are quasi-isomorphisms. Then the mapping torus of τ is quasi-equivalent to the A∞-
category (A′)0 ⊕

(
F [t] ⊗ A′

[
f (units)−1

]0)
.

Remark. In this thesis, we will apply Theorems A and B to A∞-categories equipped with
Z-splittings such that E has only one element. We chose to state and prove Theorems A
and B in the more general case where E is arbitrary for future applications.

Invariance and homotopies in Legendrian contact homology In chapter 3, we
study the Chekanov-Eliashberg DG-algebra of a Legendrian in a hypertight contact man-
ifold. We refer to section 3.1 for the definitions. In section 3.2, we generalize techniques
from [28] (for the invariance) and [53] (for the homotopies) in order to prove a result on
the behavior of the Chekanov-Eliashberg DG-algebra under change of data. In particu-
lar, we use the notion of mapping cylinder associated to a DG-map. However, we restrict
ourselves to what we call good paths of data (see Definition 3.7). This is unfortunately a
strong assumption, as Legendrians are assumed to always have finitely many Reeb chords,
and we do not treat birth-death of Reeb chords phenomena.

Let (V, ξ) be a contact manifold equipped with a hypertight contact form α. In order
for the Chekanov-Eliashberg algebras of the Legendrians to be Z-graded, we assume that
H1(V ) is free and that the first Chern class of ξ (equipped with any compatible almost
complex structure) is 2-torsion. We denote by L the space of chord generic compact
Legendrian submanifolds in (V, ξ) with Maslov number 0 and with finitely many Reeb
chords with respect to α.

Theorem C. There is a way to associate, to each good path (Λt, Jt)0≤t≤1 (see Definition
3.7), a tame DG-isomorphism

φ : CE−∗ (Λ0, J0, α) ∼−→ CE−∗ (Λ1, J1, α)

such that the following holds:

1. if φ is the DG-map associated to a good path (Λt, Jt)0≤t≤1, if χ1 : [0, 1] → [0, t0] and
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χ2 : [0, 1] → [t0, 1] are two non-decreasing functions satisfying

χ1(0) = 0, χ1(1) = t0 = χ2(0), χ2(1) = 1,

then φ = φ2 ◦ φ1, where φk is the DG-map associated to (Λχk(t), Jχk(t))0≤t≤1,

2. if φ± are the DG-maps associated to good paths (Λ±
t , J

±
t )0≤t≤1 satisfying

(Λ−
0 , J

−
0 ) = (Λ+

0 , J
+
0 ), (Λ−

1 , J
−
1 ) = (Λ+

1 , J
+
1 ),

and if there is a family (Λs,t)0≤s,t≤1 such that for every s, t

Λs,t ∈ L, (Λs,0,Λs,1) = (Λ±
0 ,Λ±

1 ), (Λ0,t,Λ1,t) = (Λ−
t ,Λ+

t ),

then φ− and φ+ are DG-homotopic.

Legendrian lift of an exact Lagrangian in the circular contactization In chapter
4, we start with a compact, connected, exact Lagrangian submanifold L in a Liouville
manifold (P, λ), and we study a Legendrian lift Λ◦ of L in the circular contactization
(S1 × P, ker(dθ − λ)). In order for the Floer complex of L and the Chekanov-Eliashberg
algebra of Λ◦ to be Z-graded, we assume that H1(P ) is free, that the first Chern class of
P (equipped with any almost complex structure compatible with (−dλ)) is 2-torsion, and
that the Maslov class of L vanishes. We refer to section 4.1 for a description of the Floer
A∞-algebra CF ∗ (L), the Chekanov-Eliashberg Adams-graded DG-algebra CE−∗ (Λ◦) and
the Adams-graded A∞-algebra LA∗ (Λ◦). The latter is the endomorphism algebra of the
trivial augmentation of CE−∗ (Λ◦) in the unital version of the augmentation category
Aug− (Λ◦) introduced in [17] (see [15] for the non unital version).

As above, we denote by F [t] the augmented Adams-graded associative algebra gener-
ated by a variable t of bidegree (2, 1), and by F [t] its augmentation ideal (or equivalently,
the ideal generated by t). We also denote by F [t#] the coaugmented Adams-graded
associative coalgebra generated by a variable t# of bidegree (−2, 1), and by F [t#] its
coaugmentation ideal. Finally, we use the cobar construction C 7→ ΩC and the Koszul
dual construction A 7→ E(A) introduced in Definitions 1.32 and 1.39 respectively.

Theorem D. There is a quasi-isomorphism of augmented Adams-graded A∞-algebras

LA∗ (Λ◦) ≃ F ⊕
(
F [t] ⊗ CF ∗ (L)

)
.
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Moreover, Koszul duality holds for CE−∗ (Λ◦), and E (CE−∗ (Λ◦)) ≃ LA∗ (Λ◦). In partic-
ular, there are quasi-isomorphisms of Adams-graded DG-algebras

CE−∗ (Λ◦) ≃ E
(
F ⊕

(
F [t] ⊗ CF ∗ (L)

))
≃ Ω

(
F ⊕

(
F [t#] ⊗ CF−∗ (L)

))
.

If B is a (unpointed) space, we consider its one-point compactification B∗ and view
it as a pointed space (with base point the point at infinity). If moreover X is a pointed
space, we consider the half-smash product of B and X,

X ⋊B := X ∧B∗

(where ∧ denotes the smash product of pointed spaces).

Corollary. There is a quasi-isomorphism of augmented (non Adams-graded) A∞-algebras

LA∗ (Λ◦) ≃ C∗ (CP∞ ⋊ L) ,

and a quasi-isomorphism of augmented (non Adams-graded) DG-algebras

CE−∗ (Λ◦) ≃ C−∗ (Ω (CP∞ ⋊ L)) .
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Chapter 1

ALGEBRA

In this chapter, we give definitions about the algebraic objects we are using. We recall
the notions of DG-(co)algebras, A∞-(co)algebras and A∞-categories in sections 1.1, 1.2
and 1.3 respectively. In addition to basic facts, we discuss some less studied (to our
knowledge) objects, such as the mapping cylinder of a DG-map (that we will use as in
[53]), the cone of an A∞-map (we learned about this in [42]), or the homotopy colimit
of A∞-categories (defined in [38]). Moreover, we introduce two new notions. We call the
first one “quasi mapping cylinder of an elementary DG-isomorphism”. We define it only
because it appears naturally in the proof of Theorem C. We call the second one “cylinder
object for an A∞-category” because it is supposed to mimic the corresponding notion in
homotopy theory. We use it for the proof of Theorem B.

In the following, F denotes the field Z/2Z.

1.1 DG-(co)algebras

The goal of this section is to give the basic definitions of DG-(co)algebras, and to intro-
duce a mapping cylinder construction considered in [53]. All our DG-(co)algebras and
(co)maps will be strictly unital unless otherwise stated. Besides, we give the definitions
in the Adams-graded setting, which is a bigraded setting: the first grading is called the
cohomological degree while the second grading is called the Adams degree. The non
Adams-graded counterpart should be transparent.

1.1.1 Basic definitions

Definition 1.1. An Adams-graded DG-algebra is a bigraded associative algebra A to-
gether with a bidegree (1, 0) linear map ∂ : A → A (called the differential) such that

∂ ◦ ∂ = 0 and ∂ (ab) = (∂a)b+ a(∂b)
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for every a, b ∈ A.
A DG-map f : A1 → A2 between two Adams-graded DG-algebras is a bidegree (0, 0)

algebra map such that

f ◦ ∂A1 = ∂A2 ◦ f.

We say that f is a quasi-isomorphism if it induces an isomorphism in homology.

Definition 1.2. Let f, g : A1 → A2 be two DG-maps. A DG-homotopy between f and g
is a bidegree (−1, 0) linear map H : A1 → A2 such that

g = f +H ◦ ∂A1 + ∂A2 ◦H and H(xy) = H(x)g(y) + f(x)H(y)

for every x, y ∈ A1.

Definition 1.3. Let A be an Adams-graded DG-algebra, and consider F as an Adams-
graded DG-algebra concentrated in bidegree (0, 0) with trivial differential. An augmen-
tation of A is a DG-map ϵ : A → F. .

A DG-map f : (A1, ϵ1) → (A2, ϵ2) between augmented Adams-graded DG-algebras is
required to satisfy ϵ1 = ϵ2 ◦ f .

Definition 1.4. An Adams-graded DG-coalgebra is an associative coalgebra C together
with a bidegree (1, 0) linear map δ (called the codifferential) such that

δ ◦ δ = 0 and ∆ ◦ δ = (δ ⊗ 1) ◦ ∆ + (1 ⊗ δ) ◦ ∆

where ∆ : C → C ⊗ C denotes the coproduct of C.
A DG-comap f : C1 → C2 between two Adams-graded DG-coalgebras is a bidegree

(0, 0) coalgebra map f : C1 → C2 such that

f ◦ δ = δ ◦ f.

We say that f is a quasi-isomorphism if it induces an isomorphism in homology.

Definition 1.5. Let C be an Adams-graded DG-coalgebra, and consider F as an Adams-
graded DG-coalgebra concentrated in bidegree (0, 0) with trivial codifferential. A coaug-
mentation of C is a DG-comap η : F → C.

A DG-comap f : (C1, η1) → (C2, η2) between coaugmented Adams-graded DG-coalgebras
is required to satisfy f ◦ η1 = η2.
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1.1.2 Triangular DG-algebras

In the following, we follow closely the presentation given in [53] section 2.2.

Definition 1.6. A based algebra is a free associative graded algebra together with a
family (a1, . . . , am) of pairwise distinct homogeneous elements of A which generate A.

An elementary automorphism of a based algebra A with generating family (a1, . . . , am)
is an algebra map φ : A → A for which there exists 1 ≤ i ≤ m and b in the sub-DG-algebra
of A generated by {a1, . . . , ai−1} such that

φ(ai) = ai + b and φ(aj) = aj if j ̸= i.

A tame isomorphism of based algebras φ : A1 → A2 is an algebra map which can be
written as a composition

φ = φr ◦ · · · ◦ φ1 ◦ i

where i : A1 → A2 extends an order-preserving bijection of generating sets and each φi is
an elementary automorphism of A2.

Definition 1.7. A triangular differential on a based algebra (A, (x1, . . . , xm)) is a differ-
ential ∂ such that ∂xi belongs to the sub-DG-algebra of A generated by {x1, . . . , xi−1} for
every 1 ≤ i ≤ m. We say that (A, ∂) is a triangular DG-algebra.

Let ∂1 and ∂2 be two triangular differentials on a based algebra A. An elementary
DG-isomorphism φ : (A, ∂1) → (A, ∂2) is a DG-isomorphism which is an elementary
automorphism of A.

A tame DG-isomorphism of triangular DG-algebras φ : A1 → A2 is a DG-isomorphism
which is a tame isomorphism between the underlying based algebras.

Definition 1.8. A stabilization of a triangular DG-algebra A is a triangular DG-algebra
such that

1. as a free associative graded algebra, it is of the form A⋆S (⋆ denotes the coproduct
in the category of free associative algebras), where S is a free associative graded
algebra generated by x1, y1, . . . , xr, yr with |xi| = |yi| − 1,

2. the differential satisfies
∂|A = ∂A and ∂xi = yi.
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Proposition 1.9. Let A be a triangular DG-algebra with generating family (a1, . . . , am).
Assume that for some 1 ≤ i < j ≤ m,

∂aj = ai + b,

with b in the sub-DG-algebra of A generated by {a1, . . . , ai−1}. Denote by I the ideal of A
generated by {aj, ∂aj} and by p : A → A/I the projection. Then the following holds:

1. the differential ∂ induces a differential ∂I on A/I such that ∂I ◦ p = p ◦ ∂, and
(A/I, ∂I) is a triangular DG-algebra with generating family

(p(a1), . . . , p(ai−1), p(ai+1), . . . , p(aj−1), p(aj+1), . . . , p(am)) ,

2. there is a tame DG-isomorphism from A to a stabilization of A/I which sends ak
to p(ak) if k ̸= i, j.

Proof. This follows from Proposition 2.3 in [53].

1.1.3 Mapping cylinder of a DG-map

In the following, we follow closely the presentation given in [53] sections 2.3-2.6. We also
cite results from [30] section 7.

If A is a based algebra with generating family (a1, . . . , am), we denote by Â the based
algebra generated by (â1, . . . , âm), where |âi| = |ai| − 1.

Definition 1.10. Let f : A → B be a DG-map between two triangular DG-algebras
A and B with generating families (a1, . . . , am) and (b1, . . . , bn) respectively. A mapping
cylinder DG-algebra for f is a triangular DG-algebra C such that

1. as a based algebra, C = A⋆Â⋆B with generating family (b1, . . . , bn, a1, . . . , am, â1, . . . , âm),

2. the differential satisfies (∂C)|A = ∂A, (∂C)|B = ∂B, and for every generator a ∈ A,

∂â = a+ f(a) +O(1),

where O(1) denotes a sum of terms containing at least one hat-generator.
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Proposition 1.11. Let f : A → B be a DG-map between two triangular DG-algebras.
Denote by Γ : A → A⋆Â⋆B the unique linear map such that Γ(a) = â for every generator
a ∈ A and

Γ (xy) = Γ(x)y + f(x)Γ(y)

for every x, y ∈ A. Define ∂ : A⋆ Â ⋆B → A⋆ Â ⋆B to be the unique derivation satisfying
∂|A = ∂A, ∂|B = ∂B, and for every generator a ∈ A,

∂â = a+ f(a) + Γ(∂a).

Then Cyl(f) :=
(
A ⋆ Â ⋆ B, ∂

)
is a mapping cylinder DG-algebra for f , called the standard

mapping cylinder of f .

Proof. This is Proposition 2.7 in [53], and also Lemma 7.1 in [30].

Proposition 1.12. Let C be a mapping cylinder for a DG-map f : A → B. There is a
tame isomorphism ψ : C → Cyl(f) which restricts to the identity on A and B.

Proof. This follows from Proposition 2.8 in [53].

Proposition 1.13. Let f : A− → A0 and g : A0 → A+ be two DG-maps between
triangular DG-algebras with generating families

(
a∗

1, . . . , a
∗
m∗

)
, ∗ ∈ {−, 0,+}.

Let C = A− ⋆ Â− ⋆ A0, D = A0 ⋆ Â0 ⋆ A+ be mapping cylinder DG-algebras for f and g

respectively. Observe that A0 is a DG-subalgebra of both C and D. We denote by C ⋆
A0
D

the fibered coproduct (in the category of semi-free DG-algebras) of C and D over A0: this
is the semi-free DG-algebra obtained by first taking the disjoint union of C and D, and
then identifying, for each generator a0 ∈ A0, the corresponding generators a0 ∈ C and
a0 ∈ D. We make C ⋆

A0
D a triangular DG-algebra by specifying the generating family

(
a+

1 , . . . , a
+
m+ , a

0
1, . . . , a

0
m0 , a

−
1 , . . . , a

−
m− â

0
1, . . . , â

0
m0 , â

−
1 , . . . , â

−
m−

)
.

There is a tame isomorphism from C ⋆
A0
D to a stabilization of a mapping cylinder

DG-algebra for g ◦ f which restricts to the identity on A±.
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Proof. According to Proposition 1.12, we can assume that C and D are standard mapping
cylinders. Then the result follows from [30] Lemma 7.3.

Proposition 1.14. Let C1, C2 be two mapping cylinders for DG-maps f1 : A → B,
f2 : A → B respectively. If there is a DG-map ψ : C1 → C2 which restricts to the identity
on A and B, then f1 and f2 are DG-homotopic in the sense of Definition 1.2.

Proof. This follows from Proposition 2.12 in [53].

1.1.4 Quasi mapping cylinder of an elementary DG-isomorphism

As in the previous section, if A is a based algebra with generating family (a1, . . . , am), we
denote by Â the free based algebra generated by (â1, . . . , âm), where |âi| = |ai| − 1.

Definition 1.15. Let ∂− and ∂+ be two triangular differentials on a based algebra A

with generating family (a1, . . . , am), and let φ : (A, ∂−) → (A, ∂+) be an elementary DG-
isomorphism. A quasi mapping cylinder DG-algebra for φ is a triangular DG-algebra C
such that

1. as a based algebra, C = A−⋆Â−⋆A+ (where A± are two copies of A) with generating
family is (a+

1 , . . . , a
+
m, a

−
1 , . . . , a

−
m, â

−
1 , . . . , â

−
m),

2. the differential satisfies (∂C)|A− = ∂−, (∂C)|A+ = ∂+, and for every generator a ∈ A,

∂â− =

 a− + a+ +O(1) if φ(a) = a

a− + a+ + ϵ+O(1) if φ(a) ̸= a

where O(1) denotes a sum of terms containing at least one hat-generator, and ϵ is
a sum of terms without hat-generator such that φ(a) is obtained from (a+ + ϵ) by
changing the generators a± into a.

Lemma 1.16. Let C0+ = (A0 ⋆ Â0 ⋆A+, ∂0+) be a quasi mapping cylinder DG-algebra for
an elementary DG-isomorphism φ : (A, ∂0) → (A, ∂+), and let C−0 = (A−⋆Â−⋆A0, ∂−0) be
a mapping cylinder DG-algebra for the identity map id : (A, ∂−) → (A, ∂0) (in particular,
∂− = ∂0). There is a tame DG-isomorphism from C−0 ⋆

A0
C0+ to a stabilization of a

mapping cylinder DG-algebra (C−+ = A− ⋆ Â− ⋆ A+, ∂−+) for φ which restricts to the
identity on A±.
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Proof. We inductively cancel the generators
(
a0, â0

)
starting from

(
a0
m, â

0
m

)
until

(
a0

1, â
0
1

)
.

See the proof of [30] Lemma 7.3 where the same argument is used.

Since φ is an elementary automorphism, there exists 1 ≤ i0 ≤ m and b in the sub-DG-
algebra of A generated by {a1, . . . , ai0−1} such that

φ(ai0) = ai0 + b and φ(ai) = ai if i ̸= i0.

Let C0 be the triangular DG-algebra C−0 ⋆
A0
C0+ with generating family

(
a+

1 , . . . , a
+
m, a

0
1, . . . , a

0
m, a

−
1 , . . . , a

−
m, â

0
1, . . . , â

0
m, â

−
1 , . . . , â

−
m

)

and denote by ∆0 its differential.

Let I0 be the ideal of C0 generated by â0
m and ∆0

(
â0
m

)
, and let

C1 := C0/I0.

According to Proposition 1.9, C1 has a natural structure of triangular DG-algebra with
generating family(

a+
1 , . . . , a

+
m, a

0
1, . . . , a

0
m−1, a

−
1 , . . . , a

−
m, â

0
1, . . . , â

0
m−1, â

−
1 , . . . , â

−
m

)

and there is a tame DG-isomorphism from C0 to a stabilization of C1 which restricts to
idA± on A±. Observe that the differential ∆1 on C1 basically equals ∆0 on every generator,
except that

∆1
(
â−
m

)
=

 a−
m + a+

m +O (1) if am ̸= ai0

a−
m + a+

m + ϵ+O (1) if am = ai0

because

∆0
(
â0
m

)
=

 a0
m + a+

m +O (1) if am ̸= ai0

a0
m + a+

m + ϵ+O (1) if am = ai0

and
∆0

(
â−
m

)
= a−

m + a0
m +O (1) .

We inductively build like this DG-algebras (Ck,∆k) by setting

Ck+1 := Ck/Ik
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where Ik is the ideal of Ck generated by â0
m−k and ∆k

(
â0
m−k

)
. For every k, there is a

tame DG-isomorphism from C0 to a stabilization of Ck which restricts to idA± on A±,
and it is not hard to see that

(C−+, ∂−+) := (Cm,∆m)

actually is a mapping cylinder DG-algebra for φ, as we explain now.
First, the DG-algebra Ck has generating family(

a+
1 , . . . , a

+
m, a

0
1, . . . , a

0
m−k, a

−
1 , . . . , a

−
m, â

0
1, . . . , â

0
m−k, â

−
1 , . . . , â

−
m

)
.

Then, observe that

∀k ≤ m− i0, ∆k

(
â−
i

)
=

 a−
i + a0

i +O (1) if i ≤ m− k

a−
i + a+

i +O (1) if i > m− k

and

∆m−i0+1

(
â−
i

)
=


a−
i + a0

i +O (1) if i < i0

a−
i0 + a+

i0 + ϵ+O (1) if i = i0

a−
i + a+

i +O (1) if i > i0.

Then, continuing the induction progressively replaces the generators a0 into terms of the
form a+ +O (1), so that in the end

∆m

(
â−
i

)
=

 a−
i + a+

i +O (1) if i ̸= i0

a−
i0 + a+

i0 + f
(
a−
i0

)
+O (1) if i = i0.

This concludes the proof.

1.2 A∞-(co)algebras

We refer to [47] for a detailed exposition on A∞-(co)algebras, and to [32] section 2.3,
[49] for results about Koszul duality in the context of A∞-(co)algebras. All our A∞-
(co)algebras and (co)maps will be strictly unital unless otherwise stated. Besides, we give
the definitions in the Adams-graded setting, which is a bigraded setting: the first grading
is called the cohomological degree while the second grading is called the Adams degree..
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The non-Adams-graded counterpart should be transparent.

1.2.1 Basic definitions

Algebras

Definition 1.17. An Adams-graded A∞-algebra is the data of a bigraded vector space
A, a bidegree (0, 0) element e ∈ A, and a family of bidegree (2 − d, 0) linear maps µd :
A⊗d → A indexed by the positive integers d, such that

∑
0≤i<j≤d

µd−(j−i)+1 ◦
(
1i ⊗ µj−i ⊗ 1d−j

)
= 0

for all d ≥ 1, and µ2 ◦ (e⊗ 1) = µ2 ◦ (1 ⊗ e) = 1
µd ◦

(
1i ⊗ e⊗ 1d−i−1

)
= 0 for all d ̸= 2, 0 ≤ i ≤ d− 1.

Remark 1.18. An Adams-graded DG-algebra is an Adams-graded A∞-algebra with µd = 0
for all d ≥ 3.

Definition 1.19. Let A1, A2 be two Adams-graded A∞-algebras. An A∞-map f : A1 →
A2 is a family of bidegree (1 − d, 0) linear maps fd : A⊗d

1 → A2 indexed by the positive
integers d, such that

∑
0≤i<j≤d

fd−(j−i)+1 ◦
(
1i ⊗ µj−i1 ⊗ 1d−j

)
=

∑
0=i0<···<ir=d

µr2 ◦
(
f i1−i0 ⊗ · · · ⊗ f ir−ir−1

)

for all d ≥ 1, and f 1 (e1) = e2

fd ◦
(
1i ⊗ e1 ⊗ 1d−i−1

)
= 0 for all d ≥ 2, 0 ≤ i ≤ d− 1.

We say that f is a quasi-isomorphism if the chain map f 1 is a quasi-isomorphism.

Definition 1.20. Let f1 : A1 → A2 and f2 : A2 → A3 be two A∞-maps between Adams
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graded A∞-algebras. The composition f2 ◦ f1 : A1 → A3 is the A∞-map defined by

(f2 ◦ f1)d =
∑

0=i0<···<ir=d
f r2 ◦

(
f i1−i0

1 ⊗ · · · ⊗ f
ir−ir−1
1

)

for all d ≥ 1.

Definition 1.21. Let A be an Adams-graded A∞-algebra, and consider F as an Adams-
graded A∞-algebra concentrated in bidegree (0, 0) with µdF = 0 when d ̸= 2 and µ2

F is the
multiplication of F. An augmentation of A is an A∞-map ϵ : A → F. We say that ϵ is
strict if ϵd = 0 when d ≥ 2. In this case, the augmentation ideal of A is A := ker(ϵ).

An A∞-map f : A1 → A2 between augmented Adams-graded A∞-algebras is required
to satisfy ϵ1 = ϵ2 ◦ f .

Definition 1.22. Let A be an augmented Adams-graded A∞-algebra.

1. We say that A is connected if its augmentation ideal A is concentrated in positive
cohomological degrees, and we say that A is simply connected if its augmentation
ideal A is concentrated in cohomological degrees strictly greater than 1.

2. We say that A is Adams connected if its augmentation ideal A is concentrated in
positive Adams degrees.

Coalgebras

Definition 1.23. An Adams-graded quasi-A∞-coalgebra is the data of a bigraded vector
space C, a bidegree (0, 0) linear map ϵ : C → F, and a family of bidegree (2 − d, 0) linear
maps δd : C → C⊗d indexed by the positive integers d, such that

∑
0≤i<j≤d

(
1i ⊗ δj−i ⊗ 1d−j

)
◦ δd−(j−i)+1 = 0

for all d ≥ 1, and (ϵ⊗ 1) ◦ δ2 = (1 ⊗ ϵ) ◦ δ2 = 1(
1i ⊗ ϵ⊗ 1d−i−1

)
◦ δd = 0 for all d ̸= 2, 0 ≤ i ≤ d− 1.

We say that C is an A∞-coalgebra if moreover the map

C →
∏
d≥1

C⊗d, x 7→
(
δd (x)

)
d≥1
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factors through the inclusion ⊕
d≥1

C⊗d → ∏
d≥1

C⊗d.

Remark 1.24. An Adams-graded DG-coalgebra is an Adams-graded A∞-coalgebra with
δd = 0 for all d ≥ 3.

Definition 1.25. Let C1, C2 be two Adams-graded quasi-A∞-coalgebras. An A∞-comap
f : C1 → C2 is a family of bidegree (1 − d, 0) linear maps fd : C1 → C⊗d

2 indexed by the
positive integers d, such that

∑
0≤i<j≤d

(
1i ⊗ δj−iD ⊗ 1d−j

)
◦ fd−(j−i)+1

=
∑

0=i0<···<ir=d

(
f i1−i0 ⊗ · · · ⊗ f ir−ir−1

)
◦ δrC

for all d ≥ 1, and ϵ2 ◦ f 1 = ϵ1(
1i ⊗ ϵ2 ⊗ 1d−i−1

)
◦ fd = 0 for all d ≥ 2, 0 ≤ i ≤ d− 1.

We say that f is a quasi-isomorphism if the map f 1 (which induces a map on homology)
is a quasi-isomorphism. If C1, C2 are true A∞-coalgebras, we moreover require that the
map

C1 →
∏
d≥1

C⊗d
2 , x 7→

(
fd (x)

)
d≥1

factors through the inclusion ⊕
d≥1

C⊗d → ∏
d≥1

C⊗d.

Definition 1.26. Let f1 : C1 → C2 and f2 : C2 → C3 be two A∞-comaps between Adams
graded quasi-A∞-coalgebras. The composition f2 ◦f1 : C1 → C3 is the A∞-comap defined
by

(f2 ◦ f1)d =
∑

0=i0<···<ir=d

(
f i1−i0

2 ⊗ · · · ⊗ f
ir−ir−1
2

)
◦ f r1

for all d ≥ 1.

Definition 1.27. Let C be an Adams-graded A∞-coalgebra, and consider F as an Adams-
graded A∞-coalgebra concentrated in bidegree (0, 0). A coaugmentation of C is an A∞-
comap η : F → C. We say that η is strict if ηd = 0 when d ≥ 2. In this case, the
coaugmentation ideal of C is C := coker(η).

An A∞-comap f : C1 → C2 between coaugmented Adams-graded A∞-coalgebras is
required to satisfy f ◦ η1 = η2.
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Definition 1.28. Let C be a coaugmented Adams-graded A∞-coalgebra.

1. We say that C is cohomologically connected if its coaugmentation ideal C is con-
centrated in negative cohomological degrees, and we say that C is cohomologically
simply connected if its coaugmentation ideal C is concentrated in cohomological
degrees strictly less than −1.

2. We say that C is Adams connected if its coaugmentation ideal C is concentrated in
positive Adams degrees.

1.2.2 Bar, cobar, graded dual and Koszul dual

Bar construction

Definition 1.29. Let A be an augmented Adams-graded A∞-algebra. The bar construc-
tion BA of A is a coaugmented DG-coalgebra. Its underlying graded vector space is

BA = F ⊕

⊕
d≥1

(
A [1]

)⊗d


where A = ker(ϵ) and
A [1] =

⊕
(n,k)∈Z×Z

A (n+ 1, k)

(we only shift the cohomological degree). The differential δ1 is defined by

δ1 (x0 ⊗ · · · ⊗ xd−1) =
∑

0≤i<j≤d
x0 ⊗ · · · ⊗ xi−1 ⊗ µj−iA (xi, . . . , xj−1) ⊗ xj ⊗ · · · ⊗ xd−1

and the coproduct δ2 by

δ2 (x0 ⊗ · · · ⊗ xd−1) =
∑

1≤i≤d−1
(x0 ⊗ · · · ⊗ xi−1) ⊗ (xi ⊗ · · · ⊗ xd−1) .

Finally, the strict coaugmentation F → BA is given by the inclusion.
Any A∞-map f : A1 → A2 between augmented Adams-graded A∞-algebras induces a

DG-comap Bf : BA1 → BA2 defined by

Bf (x0 ⊗ · · · ⊗ xd−1) =
∑

0=i0<···<ir=d
f i1−i0 (x0, . . . , xi1−1) ⊗ · · · ⊗ f ir−ir−1

(
xir−1 , . . . , xd−1

)
.
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Proposition 1.30. Let A1, A2 be two augmented Adams-graded A∞-algebras. If f : A1 →
A2 is a quasi-isomorphism, then the naturally induced DG-comap Bf : BA1 → BA2 is
also a quasi-isomorphism.

Proof. This is Proposition 2.2.4 in [48].

Remark 1.31. Let A be a locally finite augmented A∞-algebra. If A is cohomologically
simply connected or Adams connected (see Definition 1.22), then BA is locally finite (each
fixed bidegree component is finite dimensional).

Cobar construction

Definition 1.32. Let C be a coaugmented Adams-graded A∞-coalgebra. The cobar
construction ΩC of C is an augmented DG-algebra. Its underlying graded vector space is

ΩC = F ⊕

⊕
d≥1

(
C [−1]

)⊗d


where C = coker(η) and
C [−1] =

⊕
(n,k)∈Z×Z

C (n− 1, k)

(we only shift the cohomological degree). The differential µ1 is defined by

µ1 (x0 ⊗ · · · ⊗ xd−1) =
∑

0≤i≤d−1,j≥1
x0 ⊗ · · · ⊗ xi−1 ⊗ δjC (xi) ⊗ xi+1 ⊗ · · · ⊗ xd−1

(observe that this is well defined because δjC (xi) vanishes for j large enough) and the
product µ2 by

µ2 (x0 ⊗ · · · ⊗ xi−1, xi ⊗ · · · ⊗ xd−1) = x0 ⊗ · · · ⊗ xd−1.

Finally, the strict augmentation ΩC → F is given by the natural projection.
Any A∞-comap f : C1 → C2 between coaugmented Adams-graded A∞-coalgebras

induces a DG-map Ωf : ΩC1 → ΩC2 defined by

Ωf (x0 ⊗ · · · ⊗ xd−1) =
∑

i0,...,id−1>0
f i0 (x0) ⊗ · · · ⊗ f id−1 (xd−1) .
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In general, the cobar functor does not preserve quasi-isomorphisms. However, it does
in certain situations: we will consider two of them. The first one is summarized in the
following result.

Lemma 1.33. Let f : C1 → C2 be an A∞-comap between two coaugmented Adams-
graded A∞-coalgebras. Assume that C1 and C2 are locally finite and cohomologically simply
connected (see Definition 1.28). If f is a quasi-isomorphism, then Ωf : ΩC1 → ΩC2 is a
quasi-isomorphism.

Proof. For i ∈ {1, 2}, consider the decreasing, exhaustive, bounded above filtration

ΩCi = F0
i ⊃ F1

i ⊃ · · ·

given by
Fp
i =

⊕
d≥p

(
Ci [−1]

)⊗d
, p ≥ 1.

Fi is degree-wide bounded because Ci is assumed to be locally finite and cohomologically
simply connected. Therefore, the spectral sequence associated to Fi converges to H∗ (ΩCi)
(see for example [13] Theorem 14.6). Moreover, Ωf sends F1 to F2 and induces a quasi-
isomorphism on the corresponding graded objects when f is a quasi-isomorphism. This
concludes the proof.

The second situation in which cobar preserved quasi-isomorphisms is the filtered set-
ting, as explained in [47] section 1.3.2 for the DG-coalgebra case.

Definition 1.34. Let C be an A∞-coalgebra. Let F = (Fp)p≥0 be an increasing filtration
of the graded chain complex C. Following the terminology of [47] section 1.3.2, we say
that

1. F is admissible if F is exhaustive and F0 = 0,

2. (C,F) is a filtered A∞-coalgebra if

δdC (Fp) ⊂
⊕

q1+···+qd=p
F q1 ⊗ · · · ⊗ F qd

for every d ≥ 1 and p ≥ 0.
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Moreover, we say that an A∞-comap f : C1 → C2 between filtered A∞-coalgebras (C1,F1)
and (C2,F2) is a filtered quasi-isomorphism if f 1 sends F1 to F2 and induces a quasi-
isomorphism between the corresponding graded objects.

Then we have the following result.

Proposition 1.35. If f is a filtered quasi-isomorphism between admissible filtered A∞-
coalgebras, then Ωf is a quasi-isomorphism.

Proof. The exact same proof as that of Lemma 1.3.2.2 in [47], which is the desired result
in the DG case, works here as well.

Remark 1.36. Let f : C1 → C2 be a quasi-isomorphism between two coaugmented Adams-
graded A∞-coalgebras. If C1 and C2 are Adams-connected, then the DG-map Ωf : ΩC1 →
ΩC2 is a quasi-isomorphism. Indeed, we can consider the filtrations

Fp
i :=

p⊕
k=0

{x ∈ Ci | |x|Adams = k}, p ∈ N,

of Ci for i ∈ {1, 2}. Then

1. for each i ∈ {1, 2}, the filtration Fi = (Fp
i )p∈N is admissible because Ci is Adams-

connected,

2. for each i ∈ {1, 2}, (Ci,Fi) is a filtered A∞-coalgebra, and

3. the map f is a filtered quasi-isomorphism from (C1,F1) to (C2,F2) because it pre-
serves the Adams-degree and it is assumed to be a quasi-isomorphism,

and therefore we can apply Proposition 1.35.

Graded dual

Definition 1.37. If V is an Adams-graded vector space, its graded dual is the Adams-
graded vector space V # whose bidegree (n, k) component is the space of linear forms on
the bidegree (−n, k) component of V .

The map C 7→ C# defines a functor from Adams-graded A∞-coalgebra to Adams-
graded A∞-algebra. Besides, A 7→ A# defines a functor from locally finite (each fixed
bidegree component is finite dimensional) Adams-graded A∞-algebra to Adams-graded
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quasi-A∞-coalgebra. Moreover, A 7→ A# defines a functor from locally finite, cohomolog-
ically simply connected or Adams connected, augmented Adams-graded A∞-algebra to
coaugmented Adams-graded A∞-coalgebra (the connectivity assumption guarantees that
the large order coproducts of an element are zero).

Proposition 1.38. The functors C 7→ C# and A 7→ A# preserve quasi-isomorphisms.

Proof. This follows from the facts that, over a field, cohomology commutes with graded
dual and quasi-isomorphisms have quasi-inverse.

Koszul dual

Definition 1.39 (See Definition 13, Proposition 14 in [32] and the beginning of section
2 in [49]). Let A be an augmented Adams-graded A∞-algebra. Its Koszul dual is the
DG-algebra E (A) = (BA)#.

Proposition 1.40. Let A1, A2 be two quasi-isomorphic augmented Adams-graded A∞-
algebras. Then their Koszul dual E (A1) and E (A2) are also quasi-isomorphic.

Proof. This follows from Propositions 1.30 and 1.38.

Remark 1.41. If C is a coaugmented Adams-graded DG-coalgebra, then there is a natural
DG-map ΩC → B(C#)# which sends x ∈ C[−1] to

(φ 7→ φ(x)) ∈
(
C#[1]

)#
⊂ B

(
C#

)#
.

Besides, if A is an augmented Adams-graded A∞-algebra, there is a natural A∞-map
A → Ω (BA) which sends (x1, . . . , xd) ∈ Ad to

x1 ⊗ · · · ⊗ xd ∈ BA[−1] ⊂ Ω (BA) .

Thus, if A is an augmented Adams-graded A∞-algebra, there is a natural A∞-map A →
E (E (A)) which is the composition

A → Ω (BA) → B
(
(BA)#

)#
= E (E (A)) .
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Definition 1.42 (See Definition 17 in [32]). Let A be an augmented Adams-graded A∞-
algebra. We say that Koszul duality holds for A if the natural A∞-map A → E (E (A))
(see Remark 1.41) is a quasi-isomorphism.

Proposition 1.43. If A is an augmented Adams-graded A∞-algebra such that BA is
locally finite, then Koszul duality holds for A. In particular, Koszul duality holds for
locally finite, cohomologically simply connected or Adams connected, augmented Adams-
graded A∞-algebras according to Remark 1.31.

Proof. This is Theorem A in [49].

Proposition 1.44. Let A be a locally finite, cohomologically simply connected or Adams
connected, augmented Adams-graded A∞-algebra. Then there is a quasi-isomorphism

Ω
(
A#

)
→ E (A) .

Proof. This follows from Lemma 10 in [32] and Remark 1.31.

1.2.3 Cone of an A∞-map

Definition 1.45 (See [42] Definition 3.1.3). Let f : A1 → A2 be an A∞-map between two
A∞-algebras. The cone of f is the non-unital A∞-algebra with underlying graded vector
space

Cone (f) = A1 ⊕ (A2 [−1]) ,

and with operations given by

µdCone(f)

(
(x0

1, x
0
2), . . . , (xd−1

1 , xd−1
2 )

)
=
(
µd1
(
x0

1, . . . , x
d−1
1

)
, fd

(
x0

1, . . . , x
d−1
1

)
+

∑
0=i0<···<ir=d−1

µr+1
2

(
f i1−i0

(
x0

1, . . . , x
i1−1
1

)
, . . . , f ir−ir−1

(
x
ir−1
1 , . . . , xd−2

1

)
, xd−1

2

) .
Remark 1.46. In this Remark, we will use the version B of the bar construction for
non-unital (and thus non-augmented) A∞-algebras. Its definition is easily adapted from
Definition 1.29 (it is also defined in [46] section 3.6). Observe that if A is a non unital
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A∞-algebra, then (F ⊕ A) is naturally an augmented A∞-algebra and

F ⊕BA = B (F ⊕ A) .

Let f : A1 → A2 be an A∞-map between A∞-algebras. Consider the projections p1 :
BCone(f) → A1 [1], p2 : BCone(f) → A2, π1 : BA1 → A1 [1], π2 : BA2 → A2 [1], and the
degree (−1) map s : A2 → A2 [1]. Besides, observe that the projection p : Cone(f) → A1

is an A∞-map, and let G : BCone(f) → BA2 be the unique linear map such that

π2 ◦G = s ◦ p2 and δ2
BA2

◦G =
(
B (f ◦ p) ⊗G+G⊗ 0

)
◦ δ2.

Then the A∞-operations on C := Cone(f) translate as
 p1 ◦ δ1

BC
= π1 ◦ δ1

BA1
◦Bp

s ◦ p2 ◦ δ1
BC

= π2 ◦
(
B (f ◦ p) + δ1

BA2
◦G

)
.

Since p1 = π1 ◦Bp, and s ◦ p2 = π2 ◦G, we get
 π1 ◦Bp ◦ δ1

BC
= π1 ◦ δ1

BA1
◦Bp

π2 ◦G ◦ δ1
BC

= π2 ◦
(
B (f ◦ p) + δ1

BA2
◦G

)
.

It follows that  Bp ◦ δ1
BC

= δ1
BA1

◦Bp
G ◦ δ1

BC
= B (f ◦ p) + δ1

BA2
◦G.

In particular, G is an homotopy between B (f ◦ p) and 0 (see [54] Lemma 4.2), which
implies that (f ◦ p) is homotopic to 0.

Remark 1.47. Let M be a compact manifold with boundary, and let i : ∂M ↪→ M be the
inclusion. If we see Ω∗ (M) and Ω∗ (∂M) as A∞-algebras, then the cone of i∗ : Ω∗ (M) →
Ω∗ (∂M) (in the sense of Definition 1.45) is the graded vector space

C∗ = Ω∗ (M) ⊕ Ω∗−1 (∂M)

with differential
µ1 (α, β) = (dα,−dβ + i∗α)

56



Algebra

(compare with [13] Relative de Rham theory), product

µ2 ((α1, β1) , (α2, β2)) =
(
α1 ∧ α2, (−1)|α1| i∗α1 ∧ β2

)
,

and zero higher operations, so that C∗ can be seen as a non-unital DG-algebra. Moreover,
if we consider the non-unital DG-algebra

Ω∗ (M,∂M) = {α ∈ Ω∗ (M) | i∗α = 0},

then the map
Ω∗ (M,∂M) → C∗, α 7→ (α, 0)

is a quasi-isomorphism of non-unital DG-algebras.

Proposition 1.48. Consider the following commutative diagram of A∞-algebras

A1 A2

A′
1 A′

2

f

g1 g2

f ′

.

Then the collection of maps
(
ϕd : Cone(f)⊗d → Cone(f ′)

)
d≥1

defined by

ϕd
(
(x0

1, x
0
2), . . . , (xd−1

1 , xd−1
2 )

)
=
(
gd1
(
x0

1, . . . , x
d−1
1

)
,

∑
0=i0<···<ir=d−1

gr+1
2

(
f i1−i0

(
x0

1, . . . , x
i1−1
1

)
, . . . , f ir−ir−1

(
x
ir−1
1 , . . . , xd−2

1

)
, xd−1

2

)
defines an A∞-map ϕ : Cone(f) → Cone(f ′). If moreover g1 and g2 are quasi-isomorphisms,
then ϕ is a quasi-isomorphism.

Proof. This is a straightforward verification.

1.3 A∞-categories

We refer to [59] for a detailed exposition on A∞-categories, and to [37], [38] for the
localization of A∞-categories and more specific results about modules over A∞-categories.
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All our A∞-categories will be strictly unital. We give the definitions in the Adams-graded
setting, which is a bigraded setting: the first grading is called the cohomological degree
while the second grading is called the Adams degree.. The non-Adams-graded counterpart
should be transparent.

1.3.1 Basic definitions

Definition 1.49. An Adams-graded A∞-category C is the data of

1. a collection of objects ob C,

2. for every objects X, Y , a bigraded vector space of morphisms C (X, Y ),

3. for every object X, a bidegree (0, 0) element eX ∈ C (X,X), and

4. a family of bidegree (2 − d, 0) linear maps

µd : C (X0, X1) ⊗ · · · ⊗ C (Xd−1, Xd) → C (X0, Xd)

indexed by the sequences of objects (X0, . . . , Xd), such that

∑
0≤i<j≤d

µd−(j−i)+1 ◦
(
1i ⊗ µj−i ⊗ 1d−j

)
= 0

for all d ≥ 1, and µ2 ◦
(
eX ⊗ 1C(X,Y )

)
= µ2 ◦

(
1C(X,Y ) ⊗ eY

)
= 1C(X,Y )

µd (. . . , eX , . . . ) = 0 for all d ̸= 2.

Remark 1.50. An Adams-graded A∞-algebra is an Adams-graded A∞-category with only
one object.

Definition 1.51. Let C,D be two Adams-graded A∞-categories. An A∞-functor Φ : C →
D is the data of

1. a map Φ : ob C → ob D, and

2. a family of bidegree (1 − d, 0) linear maps

Φd : C (X0, X1) ⊗ · · · ⊗ C (Xd−1, Xd) → D (ΦX0,ΦXd)
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indexed by the sequences of objects (X0, . . . , Xd), such that

∑
0≤i<j≤d

Φd−(j−i)+1 ◦
(
1i ⊗ µj−i ⊗ 1d−j

)
=

∑
0=i0<···<ir=d

µr ◦
(
Φi1−i0 ⊗ · · · ⊗ Φir−ir−1

)

for all d ≥ 1, and  Φ1 (eX) = eΦX

Φd (. . . , eX , . . . ) = 0 for all d ≥ 2.

We say that Φ is strict if Φd = 0 for every d ≥ 2. Moreover, we say that Φ is a quasi-
equivalence if the induced functor between the cohomological categories is an equivalence.

Definition 1.52 (See [59] section (1h)). Let Φ,Ψ : C → D be two A∞-functors acting in
the same way on objects. A homotopy between Φ and Ψ is a family of bidegree (−d, 0)
linear maps

T d : C (X0, X1) ⊗ · · · ⊗ C (Xd−1, Xd) → D (ΦX0,ΨXd) ,

indexed by the sequences of objects (X0, . . . , Xd), such that

Φ + Ψ =
∑

T (. . . , µC (. . . ) , . . . )

+
∑

µD (Φ (. . . ) , . . . ,Φ (. . . ) , T (. . . ) ,Ψ (. . . ) , . . . ,Ψ (. . . )) .

1.3.2 From Adams-graded to non Adams-graded and back

If V is an Adams-graded vector space, we denote by V ′ the graded vector space whose
degree n component is the direct sum of the bidegree (m, k) components of V , where the
sum is over the set of couples (m, k) ∈ Z × Z such that m− 2k = n.

Definition 1.53. If C is an Adams-graded A∞-category, we denote by C ′ the (non Adams-
graded) A∞-category obtained from C by changing the grading so that

C ′ (X0, X1) = C (X0, X1)′

Observe that any A∞-functor Φ : C1 → C2 between two Adams-graded A∞-categories
induces an A∞-functor from C ′

1 to C ′
2 (that we still denote by Φ) which acts exactly as Φ

on objects and morphisms. This defines a functor C 7→ C ′ from the category of Adams-
graded A∞-categories to the category of (non Adams-graded) A∞-categories.
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We denote by F [t] the augmented Adams-graded associative algebra generated by a
variable t of bidegree (2, 1), and by F [t] its augmentation ideal (or equivalently, the ideal
generated by t).

Definition 1.54. If D is a (non Adams-graded) A∞-category, we denote by F [t] ⊗ D the
Adams-graded A∞-category such that

1. the objects of F [t] ⊗ D are those of D,

2. the space of morphisms from Y1 to Y2 is F [t] ⊗ D (Y1, Y2), and if y ∈ D (Y1, Y2) is of
degree j, tk ⊗ y is of bidegree (j + 2k, k),

3. the operations send any sequence
(
tk0 ⊗ y0, . . . , t

kd−1 ⊗ yd−1
)

of morphisms to

µF[t]⊗D
(
tk0 ⊗ y0, . . . , t

kd−1 ⊗ yd−1
)

= tk0+···+kd−1 ⊗ µD (y0, . . . , yd−1) .

Observe that any A∞-functor Ψ : D1 → D2 between (non Adams-graded) A∞-categories
induces an A∞-functor F [t]⊗D1 → F [t]⊗D2 which acts as Ψ on objects, and which sends
any sequence

(
tk0 ⊗ y0, . . . , t

kd−1 ⊗ yd−1
)

of morphisms to tk0+...kd−1⊗Ψ (y0, . . . , yd−1). This
defines a functor D 7→ F [t] ⊗ D from the category of (non Adams-graded) A∞-categories
to the category of Adams-graded A∞-categories.

Remark 1.55. If D is a (non Adams-graded) A∞-category, we can define a non unital
Adams-graded A∞-category F [t] ⊗ D exactly as in the definition above.

Definition 1.56. Let C be an Adams-graded A∞-category concentrated in non-negative
Adams-degree, and let D be a (non Adams-graded) A∞-category. To any A∞-functor
Ψ′ : C ′ → D, we associate an A∞-functor Ψ : C → F [t] ⊗ D which sends a sequence
(x0, . . . , xd−1), where xj is of bidegree (ij, kj), to

Ψ (x0, . . . , xd−1) = tk0+···+kd−1 ⊗ Ψ′ (x0, . . . , xd−1) .

This defines an adjunction between the category of Adams-graded A∞-categories con-
centrated in non-negative Adams-degree and the category of (non Adams-graded) A∞-
categories.
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1.3.3 Quotient and localization

Quotient of A∞-categories Let C,D be two Adams-graded A∞-categories, and let
A,B be two full subcategories of C,D respectively.

Definition 1.57. The A∞-quotient C/A is the Adams-graded A∞-category such that

1. the objects of C/A are those of C,

2. the space of morphisms from X to Y are

C/A (X, Y ) =
⊕
p≥1

A1,...,Ap−1∈A

C (X,A1) ⊗ C (A1, A2) [1] ⊗ · · · ⊗ C (Ap−1, Y ) [1]

(by convention, the term p = 1 is C (X, Y )), and

3. the operations send any sequence

xi =
(
x0
i , . . . , x

pi−1
i

)
∈ C/A (Xi, Xi+1) (0 ≤ i ≤ d− 1)

to

µC/A (x0, . . . ,xd−1) =∑
0≤i≤p0,1≤j≤pd−1

i<j if d=1

x0
0 ⊗ · · · ⊗ xi−1

0 ⊗ µC
(
xi0, . . . , x

j−1
d−1

)
⊗ xjd−1 ⊗ · · · ⊗ x

pd−1−1
d−1 .

Remark 1.58. We have (C/A)′ = C ′/A′ (see Definition 1.53 for the meaning of the “prime”
symbol).

Definition 1.59 (See [50] section 3). Let Φ : C → D be an A∞-functor such that Φ (A)
is contained in B. Then there is an induced A∞-functor Φ̃ : C/A → D/B which sends any
sequence

xi =
(
x0
i , . . . , x

pi−1
i

)
∈ C/A (Xi, Xi+1) (0 ≤ i ≤ d− 1)

to

Φ̃ (x0, . . . ,xd−1) =
∑

(i1,...,ir)∈L(p0,...,pd−1)
Φ
(
x0, . . . , xi1−1

)
⊗ · · · ⊗ Φ

(
xir−1 , . . . , xir−1

)
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where

L (p0, . . . , pd−1) =
⋃
r≥1

{(i1, . . . , ir) ∈ Zr
>0 | is = p0 + · · · + pt−1 iff s = r and t = d}

and (
x0, . . . , xp0+···+pd−1−1

)
=
(
x0

0, . . . , x
p0−1
0 , . . . , x0

d−1, . . . , x
pd−1−1
d−1

)
.

Remark 1.60. Let Φ : C → D be an A∞-functor, and let Ψ : D → E be another A∞-
functor towards a third A∞-category E . Assume that Φ (A) is contained in B. Then
Ψ̃ ◦ Φ̃ = Ψ̃ ◦ Φ : C/A → E/Ψ (B) as A∞-functors (see [50] section 3).

Localization of A∞-categories

Definition 1.61 (See [9] section 3.2). We denote by Tw C the Adams-graded A∞-category
such that:

1. the objects of Tw C are the twisted complexes (X, δ) of C, which consist in

(a) a finite family X = (Xi, ki)1≤i≤N where Xi is an object of C and ki is an integer,

(b) a strictly upper triangular matrix δ = (δi,j)1≤i<j≤N , where δi,j is a bidegree
(kj − ki + 1, 0) morphism in C (Xi, Xj), such that

∑
d≥1

µdC (δ, . . . , δ) = 0

(in matrix notation),

2. a bidegree (s, ℓ) morphism from X to X′ is a matrix (xi,j)1≤i≤N,1≤j≤N ′ , where xi,j is
a bidegree

(
s+ k′

j − ki, ℓ
)

morphism in C (Xi, Xj),

3. the operations send any sequence

(
x0, . . . , xd−1

)
∈ Tw C (X0,X1) × · · · × Tw C (Xd−1,Xd)

to
µTw C

(
x0, . . . , xd−1

)
=

∑
j0,...,jd≥0

µC
(
δj00 , x

0, δj11 , x
1, . . . , xd−1, δjdd

)
(in matrix notation).
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Definition 1.62. Let W be a set of closed bidegree (0, 0) morphisms in C. We denote by
ConeW the full subcategory of Tw C whose objects are the twisted complexes

Conew := (((X1, 1) , (X2, 0)) , w : X1 → X2)

for w inW . The localization C [W−1] of C atW is the full subcategory of (Tw C) / (ConeW )
whose objects are those of C.

1.3.4 Modules

Let C,D be two Adams-graded A∞-categories, and let A,B be two full subcategories of
C,D respectively.

A∞-bimodules

Definition 1.63. A (C,D)-bimodule M consists of the following data:

1. for every pair (X, Y ) ∈ ob (C) × ob (D), an Adams-graded vector space M (X, Y ),

2. a family of bidegree (1 − p− q, 0) linear maps

µM : C (X0, X1) ⊗ · · · ⊗ C (Xp−1, Xp) ⊗ M (Xp, Yq)

⊗ D (Yq, Yq−1) ⊗ · · · ⊗ D (Y1, Y0) → M (X0, Y0)

indexed by the sequences

(X0, . . . , Xp, Y0, . . . , Yq) ∈ ob (C)p+1 × ob (D)q+1 ,

which satisfy the relations

∑
µM (. . . , µC (. . . ) , . . . , u . . . ) +

∑
µM (. . . , µM (. . . , u, . . . ) , . . . )

+
∑

µM (. . . , u, . . . , µD (. . . ) , . . . ) = 0.

A degree (s, ℓ) morphism t : M1 → M2 between two (C,D)-bimodules consists of a
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family of bidegree (s− p− q, ℓ) linear maps

t : C (X0, X1) ⊗ · · · ⊗ C (Xp−1, Xp) ⊗ M1 (Xp, Yq)

⊗ D (Yq, Yq−1) ⊗ · · · ⊗ D (Y1, Y0) → M2 (X0, Y0)

indexed by the sequences

(X0, . . . , Xp, Y0, . . . , Yq) ∈ ob (C)p+1 × ob (D)q+1 .

The differential of such a morphism is defined by

µ1
ModC,D

(t) (. . . , u, . . . )

=
∑

t (. . . , µC (. . . ) , . . . , u, . . . ) +
∑

t (. . . , µM1 (. . . , u, . . . ) , . . . )

+
∑

t (. . . , u, . . . , µD (. . . ) , . . . ) +
∑

µM2 (. . . , t (. . . , u, . . . ) , . . . ) .

Definition 1.64. Let Φ1,Φ2 : C → D be two A∞-functors. Then there is a C-bimodule
D (Φ1(−),Φ2(−)) defined as follows:

1. on the objects, it sends (X1, X2) to D (Φ1X1,Φ2X2),

2. on the morphism, it sends a sequence (. . . , y, . . . ) in

C (X0, X1) × · · · × C (Xp−1, Xp) × D (Φ1Xp,Φ2Xp+1)

× C (Xp+1, Xp+2) × · · · × C (Xp+q, Xp+q+1)

to

µD(Φ1(−),Φ2(−)) (. . . , y, . . . )

=
∑

µD (Φ1 (. . . ) , . . . ,Φ1 (. . . ) , y,Φ2 (. . . ) , . . . ,Φ2 (. . . )) .

A∞-modules In the following, we will focus on left C-modules, which correspond to
(C,F)-bimodules.

Definition 1.65 (See [59] section (1j)). A C-module M is an A∞-functor from Cop to
Ch. In other words, there is a chain complex M (X) for every object X in C, and, for
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each sequence of objects (X0, . . . , Xd), there is a bidegree (1 − d, 0) linear map

µM : C (X0, X1) ⊗ · · · ⊗ C (Xd−1, Xd) ⊗ M (Xd) → M (X0) .

Besides, the operations satisfy the relations

∑
µM (. . . , µC (. . . ) , . . . ) + µM (. . . , µM (. . . )) = 0.

A degree (s, ℓ) morphism t : M1 → M2 between two C-modules consists of a bidegree
(s− d, ℓ) linear map

C (X0, X1) ⊗ · · · ⊗ C (Xd−1, Xd) ⊗ M1 (Xd) → M2 (X0)

for every sequence (X0, . . . , Xd) of objects. The differential of such a morphism is defined
by

µ1
ModC

(t) =
∑
t (. . . , µC (. . . ) , . . . ) + t (. . . , µM1 (. . . ))

+
∑

µM2 (. . . , t (. . . )) .

Finally, the composition of t1 : M1 → M2 and t2 : M2 → M3 is given by

t2 ◦ t1 = µ2
ModC

(t1, t2) =
∑

t2 (. . . , t1 (. . . )) .

We denote by ModC the Adams-graded DG-category of (left) C-modules.

Definition 1.66. Let t : M1 → M2 be a degree 0 closed C-module map. We say
that t is a quasi-isomorphism if the induced chain map t : M1 (X) → M2 (X) is a
quasi-isomorphism for every object X in C. (See [38] section A.2 for a discussion on
quasi-isomorphisms between A∞-modules).

Definition 1.67. Let t, t′ : M1 → M2 be two degree 0 closed morphisms of C-modules.
A homotopy between t and t′ is a C-module map h : M1 → M2 such that

t+ t′ = µ1
ModC

(h) .

Definition 1.68 (See [59] section (1l) and [38] section A.1). There is an A∞-functor

C → ModC, Y 7→ C (−, Y ) ,
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called the Yoneda A∞-functor, defined as follows. For every object X,

C (−, Y ) (X) = C (X, Y ) .

Besides, a sequence

(x0, . . . , xd−1) ∈ C (X0, X1) × · · · × C (Xd−1, Xd)

acts on an element u in C (Xd, Y ) via the operations

µC(−,Y ) (x0, . . . , xd−1, u) = µC (x0, . . . , xd−1, u) .

Finally, let
y = (y0, . . . , yp−1) ∈ C (Y0, Y1) × · · · × C (Yp−1, Yp)

be a sequence of morphisms in C. Then the Yoneda functor gives a morphism of C-modules
ty : C (−, Y0) → C (−, Yp) which sends every sequence (x0, . . . , xd−1, u) as above to

µC (x0, . . . , xd−1, u, y0, . . . , yp−1) ∈ C (X0, Yp) .

We have the following important result.

Proposition 1.69 (Yoneda lemma). The Yoneda A∞-functor

C → ModC, Y 7→ C (−, Y )

is cohomologically full and faithful.

Proof. This is Lemma 2.12 in [59], and also Lemma A.1 in [38].

The Yoneda lemma has the following easy consequence. We state it for future reference.

Corollary 1.70. Every closed C-module map f : C (−, X) → C (−, Y ) is homotopic to
the C-module map tf(eX) induced by f (eX) ∈ C (X, Y ). (see Definition 1.68).

Proof. According to the Yoneda lemma, f is homotopic to tx for some closed x in C (X, Y ).
Thus, there exists a C-module map h : C (−, X) → C (−, Y ) such that

f = tx + µ1
ModC

(h) .
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Evaluating the latter relation at the unit eX ∈ C (X,X) gives

f (eX) = x+ µ1
C (heX) .

Therefore, x is homotopic to f (eX), and this implies that tx is homotopic to tf(eX) by the
Yoneda lemma. Finally, we have that f is homotopic to tf(eX).

Cone of module maps

Definition 1.71. Let t : M1 → M2 be a degree 0 closed morphism of C-modules. We
denote by

Cone
(
M1

t−→ M2
)

=


M1

M2

t


the C-module M defined as follows. For every object X in C,

M (X) = M1 (X) [1] ⊕ M2 (X)

as graded vector space, and any sequence

(x0, . . . , xd−1) ∈ C (X0, X1) × · · · × C (Xd−1, Xd)

acts on an element u1 ⊕ u2 in M (Xd) via the operations

µM (x0, . . . , xd−1, u1 ⊕ u2) =

µM1 (x0, . . . , xd−1, u1) ⊕ (µM2 (x0, . . . , xd−1, u2) + t (x0, . . . , xd−1, u1)) .

If we have two C-module maps t : M1 → M2 and t′ : M1 → M′
2, then we set


M1

M2 M′
2

t

t′

 :=


M1

M2 ⊕ M′
2

(t,t′)

 .
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Proposition 1.72. Consider a diagram of C-modules

M1 M2

M′
2 M3

t1

t′1 t2

t′2

where all the morphisms are of degree 0 and closed. Then any homotopy h : M1 → M3

between
t := µ2

ModC
(t1, t2) and t′ := µ2

ModC
(t′1, t′2)

induces a degree 0 closed C-module map

th :


M1

M2 M′
2

t1

t′1

 → M3

defined by

th (x0, . . . , xd−1, u1 ⊕ u2 ⊕ u′
2) =

h (x0, . . . , xd−1, u1) + t2 (x0, . . . , xd−1, u2) + t′2 (x0, . . . , xd−1, u
′
2) .

Proof. The only thing to check is that µ1
ModC

(th) = 0, which is straightforward.

Pullback of A∞-modules

Definition 1.73 (See [59] section (1k)). Let Φ : C → D be an A∞-functor. Then there
is a DG-functor

Φ∗ : ModD → ModC, N 7→ Φ∗N .

We describe this functor more precisely. Let N be a D-module. For every object X,

Φ∗N (X) = N (ΦX) .

Besides, a sequence

(x0, . . . , xd−1) ∈ C (X0, X1) × · · · × C (Xd−1, Xd)
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acts on an element u ∈ Φ∗N (Xd) via the operations

µΦ∗N (x0, . . . , xd−1, u) =
∑

µN (Φ (x0, . . . , xi1−1) , . . . ,Φ (xd−ir , . . . , xd−1) , u) .

Finally, let t : N1 → N2 be a D-module map. Then the above functor gives a C-module
map Φ∗t : Φ∗N1 → Φ∗N2 which sends every sequence (x0, . . . , xd−1, u) as above to

Φ∗t (x0, . . . , xd−1, u) =
∑

t (Φ (x0, . . . , xi1−1) , . . . ,Φ (xd−ir , . . . , xd−1) , u) .

Remark 1.74. Let Φ : C → D be an A∞-functor, and let Ψ : D → E be another A∞-functor
towards a third A∞-category E . Then Φ∗ ◦ Ψ∗ = (Ψ ◦ Φ)∗ as DG-functors.

Definition 1.75. Let Y be an object of C, and let Φ : C → D be an A∞-functor. Then
there is a degree 0 closed C-module map tΦ : C (−, Y ) → Φ∗D (−,Φ (Y )) which sends any
sequence

(x0, . . . , xd−1, u) ∈ C (X0, X1) × · · · × C (Xd−1, Xd) × C (Xd, Y )

to
tΦ (x0, . . . , xd−1, u) = Φ (x0, . . . , xd−1, u) ∈ D (ΦX0,ΦY ) .

Quotient of A∞-modules

Definition 1.76 (See [37] section 3.1.3). There is a DG-functor

ModC → ModC/A, M 7→ A\M.

We describe this functor more precisely. Let M be a C-module. For every object X,

A\M (X) =

M (X)
⊕ ⊕

p≥1
A1,...,Ap∈A

C (X,A1) [1] ⊗ · · · ⊗ C (Ap−1, Ap) [1] ⊗ M (Ap)

 .

Besides, a sequence

xi =
(
x0
i , . . . , x

pi−1
i

)
∈ C/A (Xi, Xi+1) (0 ≤ i ≤ d− 1)
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acts on an element
u =

(
x0
d, . . . , x

pd−1
d , u

)
∈ A\M (Xd)

via the operations

µA\M (x0, . . . ,xd−1,u) =∑
0≤i≤p0,1≤j≤pd
i<j if d=0

x0
0 ⊗ · · · ⊗ xi−1

0 ⊗ µC
(
xi0, . . . , x

j−1
d

)
⊗ xjd ⊗ · · · ⊗ xpd−1

d ⊗ u

+
∑

0≤i≤p0

x0
0 ⊗ · · · ⊗ xi−1

0 ⊗ µM
(
xi0, . . . , x

pd−1
d , u

)
.

Finally, let t : M1 → M2 be a C-module map. Then the above functor gives a C/A-
module map A\t : A\M1 → A\M2 which sends every sequence (x0, . . . ,xd−1,u) as above
to

A\t (x0, . . . ,xd−1,u) =
∑

0≤i≤p0

x0
0 ⊗ · · · ⊗ xi−1

0 ⊗ t
(
xi0, . . . , x

pd−1
d , u

)
.

Remark 1.77. If t : M1 → M2 is a degree 0 closed C-module map, then

A\Cone
(
M1

t−→ M2
)

= Cone
(

A\M1
A\t−−→ A\M2

)
.

Proposition 1.78. Let M be a C-module. If A is some object in A, then A\M (A) is
acyclic.

Proof. This is Lemma 3.12 in [37].

Proposition 1.79. Let M be a C-module. If M (A) is acyclic for every A in A, then
the inclusion M (X) ↪→ A\M (X) is a quasi-isomorphism for every object X.

Proof. This is Lemma 3.13 in [37].

Relations between pullback and quotient of A∞-modules

Definition 1.80. Let Φ : C → D be an A∞-functor such that Φ (A) is contained in B,
and let X be a fixed object of C. Then, for each D-module N , there is a chain map
A\ (Φ∗N ) (X) → B\N (ΦX) which sends an element

u =
(
x0, . . . , xp−1, u

)
∈ A\ (Φ∗N ) (X)
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to ∑
Φ
(
x0, . . . , xi1−1

)
⊗ · · · ⊗ Φ

(
xir , . . . , xp−1

)
⊗ u ∈ B\N (ΦX) .

This defines a natural transformation between the functors N 7→ A\ (Φ∗N ) (X) and
N 7→ B\N (ΦX) from ModD to Ch. In other words, for every D-module map t : N1 → N2,
the following diagram of chain complexes commutes

A\ (Φ∗N1) (X) B\N1 (ΦX)

A\ (Φ∗N2) (X) B\N2 (ΦX)
A\(Φ∗t) B\t .

Remark 1.81. Let Y be an object of C, and let Φ : C → D be an A∞-functor such that
Φ (A) is contained in B. Let Φ̃ : C/A → D/B be the A∞-functor induced by Φ (see
Definition 1.59). Localize the morphism tΦ : C (−, Y ) → Φ∗D (−,ΦY ) of Definition 1.75
at A and evaluate at X to get a chain map

C/A (X, Y ) = A\C (−, Y ) (X) A\tΦ−−−→ A\ (Φ∗D (−,ΦY )) (X) .

Then the composition of this map with the chain map

A\ (Φ∗D (−,ΦY )) (X) → B\D (−,ΦY ) (ΦX) = D/B (ΦX,ΦY )

of Definition 1.80 is the chain map Φ̃ : C/A (X, Y ) → D/B (ΦX,ΦY ).

Proposition 1.82. Let Φ : C → D be an A∞-functor such that Φ (A) is contained in B,
and let Φ̃ : C/A → D/B be the A∞-functor induced by Φ (see Definition 1.59).

Now let Y be a fixed object of C. Assume that we have a C-module MC, a D-module
MD, a degree 0 closed C-module map tC : C (−, Y ) → MC, a degree 0 closed D-module
map tD : D (−,ΦY ) → MD and a degree 0 closed C-module map t0 : MC → Φ∗MD such
that the following diagram of C-modules commutes

C (−, Y ) Φ∗D (−,ΦY )

MC Φ∗MD

tC

tΦ

Φ∗tD

t0

(see Definition 1.75 for the map tΦ). Then for every object X in C, there is a chain
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map u : A\MC (X) → B\MD (ΦX) such that the following diagram of chain complexes
commutes

C/A (X, Y ) D/B (ΦX,ΦY )

A\MC (X) B\MD (ΦX)

MC (X) MD (ΦX)

A\tC

Φ̃

B\tD

u

t0

(the two lowest vertical maps are the inclusions). If moreover the following holds:

1. for every objects A,B in A,B, the complexes MC (A) and MD (B) are acyclic,

2. the morphisms A\tC : A\C (−, Y ) → A\MC and B\tD : B\D (−,ΦY ) → B\MD are
quasi-isomorphisms, and

3. the morphism t0 : MC → Φ∗MD is a quasi-isomorphism,

then the map Φ̃ : C/A (X, Y ) → D/B (ΦX,ΦY ) is a quasi-isomorphism for every object
X in C.

Proof. We apply the functor P 7→ A\P to the first diagram, we evaluate at X and we
use the natural map of Definition 1.80 to get the following commutative diagram of chain
complexes

A\C (−, Y ) (X) A\ (Φ∗D (−,ΦY )) (X) B\D (−,ΦY ) (ΦX)

A\MC (X) A\ (Φ∗MD) (X) B\MD (ΦX)

A\tC

A\tΦ

A\(Φ∗tD) B\tD

A\t0

.

Then we compose the horizontal maps and we use Remark 1.81 to get a commutative
diagram of chain complexes

C/A (X, Y ) D/B (ΦX,ΦY )

A\MC (X) B\MD (ΦX)

A\tC

Φ̃

B\tD

u
.
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This proves the first part of the Proposition because the following diagram of chain com-
plexes commutes

A\MC (X) B\MD (ΦX)

MC (X) MD (ΦX)

u

t0
.

The second part of the Proposition follows directly with Proposition 1.79.

1.3.5 Grothendieck construction and homotopy colimit

An exposition on Grothendieck constructions and homotopy colimits in the context of
A∞-categories can be found in [38] appendix A. We recall here definitions and basic facts
that will serve us in the following.

Definition 1.83. Consider a diagram of Adams-graded A∞-categories

C D1

D2

Φ1

Φ2 .

The Grothendieck construction of this diagram is the Adams-graded A∞-category G such
that

1. the set of objects is ob (C) ⊔ ob (D1) ⊔ ob (D2),

2. the space of morphisms between two objects X and Y is given by

G (X, Y ) =



C (X, Y ) if X, Y ∈ ob (C)
Di (X, Y ) if X, Y ∈ ob (Di)
Di (ΦiX, Y ) if X ∈ ob (C) and Y ∈ ob (Di)
0 otherwise.

3. the operations involving only objects of C, respectively of Di, are the same as in C,
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respectively in Di, and for every sequence

(x0, . . . , xp−1, y, z0, . . . , zq−1) ∈ C (X0, X1) ⊗ · · · ⊗ C (Xp−1, Xp)

⊗G (Xp, Y0) ⊗ Di (Y0, Y1) ⊗ · · · ⊗ Di (Yq−1, Yq) ,

we have

µG (x0, . . . , xp−1, y, z0, . . . , zq−1) =∑
µDi

(Φi (x0, . . . , xi1−1) , . . . ,Φi (xp−ir , . . . , xp−1) , y, z0, . . . , zq−1) .

We will call adjacent unit of G any morphism in G (X,Φi (X)) which corresponds to
the unit in Di (Φi (X) ,Φi (X)). The homotopy colimit H of the above diagram is the
localization of G at its adjacent units (see Definition 1.62).

Proposition 1.84. Let G be the Grothendieck construction of a diagram

C D1

D2.

Φ1

Φ2

Then any strictly commutative square

C D1

D2 E

Φ1

Φ2 Ψ1

Ψ2

induces a functor σ : G → E defined as follows. On the objects, σ acts on Di as Ψi, and on
C as Ψ1 ◦Φ1 = Ψ2 ◦Φ2 ; on the morphisms, σ acts on Di as Ψi, on C as Ψ1 ◦Φ1 = Ψ2 ◦Φ2,
and it sends any sequence

(x0, . . . , xp−1, y, z0, . . . , zq−1) ∈ C (X0, X1) ⊗ · · · ⊗ C (Xp−1, Xp)

⊗G (Xp, Y0) ⊗ Di (Y0, Y1) ⊗ · · · ⊗ Di (Yq−1, Yq) ,
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to

σ (x0, . . . , xp−1, y, z0, . . . , zq−1) =∑
Ψi (Φi (x0, . . . , xi1−1) , . . . ,Φi (xp−ir , . . . , xp−1) , y, z0, . . . , zq−1) .

Proof. This is a straightforward verification.

Proposition 1.85. A strictly commutative diagram of A∞-categories

B1 A B2

D1 C D2

induces an A∞-functor from the Grothendieck construction of the top line to the Grothendieck
construction of the bottom line which preserves adjacent units. If moreover each vertical
arrow is a quasi-equivalence, then the induced functor

hocolim


A B1

B2

 → hocolim


C D1

D2


is a quasi-equivalence.

Proof. This is Lemma A.5 in [38].

Proposition 1.86. Consider two diagrams of A∞-categories

C D1

D2

Φ1

Φ2 and
C D1

D2.

Ψ1

Ψ2

If Φi and Ψi (for i ∈ {1, 2}) are homotopic (see Definition 1.52), then the homotopy
colimits of the diagrams above are quasi-equivalent.

Proof. Let G0 and G1 the Grothendieck constructions of the above diagrams.
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Let Ti be an homotopy from Φi to Ψi. This means that

Φi + Ψi =
∑

Ti (. . . , µC (. . . ) , . . . )

+
∑

µDi
(Ψi (. . . ) , . . . ,Ψi (. . . ) , Ti (. . . ) ,Φi (. . . ) , . . . ,Φi (. . . )) .

We consider the functor κ : G0 → G1 such that

κ|C = idC, κ|Di
= idDi

,

and which sends every sequence

(. . . , y, . . . ) ∈ C (X0, X1) × · · · × C (Xp−1, Xp) × G0 (Xp, Y0)

× Di (Y0, Y1) × · · · × Di (Yq−1, Yq) ,

to

κ (. . . , y, . . . ) =∑
µDi

(Ψi (. . . ) , . . . ,Ψi (. . . ) , Ti (. . . ) ,Φi (. . . ) , . . . ,Φi (. . . ) , y, . . . )

if p is positive, and to
Φ (y, . . . ) = idDi

(y, . . . )

otherwise. Using the facts that Φi,Ψi are A∞-functors, that Ti is an homotopy from Φi

to Ψi, and gathering the terms depending on if they contain T ki (. . . ) or y, we conclude
that κ satisfies the A∞-relations. This proves the result because κ is a quasi-equivalence
sending the adjacent units of G0 onto those of G1.

1.3.6 Cylinder object and homotopy

Let A⊥, AI and A⊤ be three copies of an A∞-category A. We denote by C be the
Grothendieck construction of the following diagram

AI A⊤

A⊥

id

id ,
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and we let ι⊥, ιI , ι⊤ : A → C be the strict inclusions with images A⊥, AI , A⊤ respectively.
Finally, we denote by WC the set of adjacent units in C, and we let CylA = C

[
W−1

C

]
be

the homotopy colimit of the diagram above. We say that CylA is a cylinder object for A.
We denote by π : C → A the A∞-functor induced by the following commutative square

A A

A A

id

id id

id

(see Proposition 1.84).

Proposition 1.87. The following diagram of A∞-categories commutes

A ⊔ A C A.ι⊥⊔ι⊤

id⊔id

π

Moreover, π sends WC to the set of units in A, and the induced A∞-functor π̃ : CylA →
A [units−1] (see Definition 1.59) is a quasi-equivalence.

Proof. The facts that π ◦ (ι⊥ ⊔ ι⊤) = id ⊔ id and that π sends WC to the set of units in A
are clear. We now show that π̃ : CylA → A [units−1] is a quasi-equivalence.

We first observe that it is enough to show that the map

π̃ : CylA (X,X ′) → A
[
{units}−1

]
(πX, πX ′)

is a quasi-isomorphism for every object X in C and X ′ in A⊥ ⊔ A⊤ ⊂ C. Indeed, we can
deduce from this that π̃ : CylA (X,X ′) → A [{units}−1] (πX, πX ′) is a quasi-isomorphism
when X ′ = ιI(Z) is in AI as follows. Consider the commutative diagram of C-modules

C (−, ιI(Z)) π∗A (−, Z)

C (−, ι⊥(Z))

tπ

tπ

(the vertical arrow is composition with the morphism ιI(Z) → ι⊥(Z) in WC, and the other
arrows are the ones of Definition 1.75). If we localize at WC and then evaluate at some
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object X, we get a commutative diagram of chain complexes

CylA (X, ιI(Z)) W−1
C

(π∗A (−, Z)) (X)

CylA (X, ι⊥(Z)) .

W −1
C

tπ

∼
W −1

C
tπ

Now using the natural map of Definition 1.80 and Remark 1.81, we get the following
commutative diagram of chain complexes

CylA (X, ιI(Z)) {units}−1A (−, Z) (πX) = A [{units}−1] (πX,Z)

CylA (X, ι⊥(Z)) .

π̃

∼ π̃

Thus, knowing that the map π̃ : CylA (X, ι⊥(Z)) → A[{units}−1] (πX,Z) is a quasi-
isomorphism implies that π̃ : CylA (X, ιI(Z)) → A[{units}−1] (πX,Z) is also a quasi-
isomorphism.

It remains to show that π̃ : CylA (X, ι△(Z)) → A[{units}−1] (πX,Z) is a quasi-
isomorphism when △ ∈ {⊥,⊤}. Our strategy is to apply Proposition 1.82. For the
C-module we take

MC =


C (−, ιI(Z))

C (−, ι⊥(Z)) C (−, ι⊤(Z))

 ,

where
tI△ : C (−, ιI(Z)) → C (−, ι△(Z)) , △ ∈ {⊥,⊤},

is the C-module map induced by the adjacent unit in C (ιI(Z), ι△(Z)) (see Definition
1.68)). For the A-module we simply take A (−, Z). Besides, we let tC : C (−, ι△(Z)) →
MC be the C-module inclusion, and we let tA : A (−, Z) → A (−, Z) be the identity map.
We now define the morphism t0 : MC → π∗A (−, Z). Consider the following diagram of
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C-modules
C (−, ιI(Z)) C (−, ι⊤(Z))

C (−, ι⊥(Z)) π∗A (−, Z) .

tI⊥

tI⊤ tπ

tπ

Observe that this diagram is commutative, and thus it induces a strict C-module map
t0 : MC → π∗A (−, Z) according to Proposition 1.72. It is then easy to see that the
following diagram commutes

C (−, ι△(Z)) π∗A (−, Z)

MC π∗A (−, Z) .

tC

tπ

π∗tA

t0

To conclude the proof, it suffices to check the three items of Proposition 1.82. Observe
that the pair (A (−, Z) , tA) trivially satisfies the two first items.

We check that (MC, tC) satisfies the first item of Proposition 1.82. Let Y be an object
in A and let w be the adjacent unit in C (ιI(Y ), ι⊥(Y )) (the proof is the same for the
adjacent unit in C (ιI(Y ), ι⊤(Y )) ∩WC). Then

MC (Conew) = Cone
(

MC (ι⊥(Y ))
µ2

C(w,−)
−−−−→ MC (ιI(Y ))

)
= Cone

(
C (ι⊥(Y ), ι⊥(Z))

µ2
C(w,−)

−−−−→ K
)
.

where

K =


C (ιI(Y ), ιI(Z))

C (ιI(Y ), ι⊥(Z)) C (ιI(Y ), ι⊤(Z))
tI⊥

tI⊤

 .

Observe that µ2
C (w,−) : C (ι⊥(Y ), ι⊥(Z)) → K is injective so its cone is quasi-isomorphic

to its cokernel, which is the cone of tI⊤ : C (ιI(Y ), ιI(Z)) → C (ιI(Y ), ι⊤(Z)). The latter
map is a quasi-isomorphism, so MC (Conew) is acyclic.

We now check that (MC, tC) satisfies the second item of Proposition 1.82. Observe
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that

W−1
C

MC =


W−1

C
C (−, ιI(Z))

W−1
C

C (−, ι⊥(Z)) W−1
C

C (−, ι⊤(Z))
W −1

C
tI⊥

W −1
C

tI⊤


and W−1

C
tC : W−1

C
C (−, ι△(Z)) → W−1

C
MC is the inclusion. Thus if X is some object of C,

the cone of W−1
C
tC : CylA (X, ι△(Z)) → W−1

C
MC (X) is quasi-isomorphic to the cone of the

multiplication in CylA by an element of WC, which is a quasi-isomorphism. Thus the map

W−1
C
tC : W−1

C
C (−, ι△(Z)) → W−1

C
MC indeed is a quasi-isomorphism.

It remains to check the third item of Proposition 1.82, which is that the map t0 :
MC (X) → π∗A (−, Z) (X) is a quasi-isomorphism for every object X. This is clear when
X is in A⊥ ⊔A⊤, and it can be deduced when X = ιI(Y ) using the following commutative
diagram

MC (ιI(Y )) π∗A (−, Z) (ιI(Y ))

MC (ι⊥(Y )) π∗A (−, Z) (ι⊥(Y )) .

t0

∼

t0

This concludes the proof.

Remark 1.88. Proposition 1.87 can be thought as saying that CylA is a cylinder object for
A.

Proposition 1.89. If two A∞-functors Φ,Ψ : A → B are homotopic (see Definition
1.52), then there is an A∞-functor η : C → B which sends the adjacent units of C to the
units in B and such that the following diagram commutes

A

C B

A.

ι⊤

Φ

η

ι⊥ Ψ

Proof. On the objects, we set η (X△) = Φ (X) = Ψ (X) for every object X of A and
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△ ∈ {⊥, I,⊤}. On the morphisms, we set

η|A⊥ = η|AI
= Ψ, η|A⊤ = Φ

and ask for the restriction of η to

AI (X0, X1)⊗· · ·⊗AI (Xp−1, Xp)⊗C (Xp, Xp+1)⊗A⊥ (Xp+1, Xp+2)⊗· · ·⊗A⊥ (Xp+q, Xp+q+1)

to be Ψ. It remains to define η for

(. . . , x, . . . ) ∈AI (X0, X1) ⊗ · · · ⊗ AI (Xp−1, Xp)

⊗ C (Xp, Xp+1) ⊗ A⊤ (Xp+1, Xp+2) ⊗ · · · ⊗ A⊤ (Xp+q, Xp+q+1) .

For this we take a homotopy T between Φ and Ψ, which means that

Φ + Ψ =
∑

T (. . . , µA (. . . ) , . . . )

+
∑

µB (Φ (. . . ) , . . . ,Φ (. . . ) , T (. . . ) ,Ψ (. . . ) , . . . ,Ψ (. . . )) .

Then we let

η (. . . , x, . . . ) =∑
µB (Φ(. . . ), . . . ,Φ(. . . ), T (. . . ),Ψ(. . . ), . . . ,Ψ(. . . ),Ψ(. . . , x, . . . )Ψ(. . . ), . . . ,Ψ(. . . ))

if p is positive, and η (x, . . . ) = Ψ (x, . . . ) otherwise.
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Chapter 2

MAPPING TORUS OF A

QUASI-AUTOEQUIVALENCE

In this chapter, we introduce the notion of mapping torus for a quasi-autoequivalence of
an A∞-category, by analogy with the mapping torus associated to an automorphism of
a topological space. This terminology was also used in [45], but we do not know if the
two notions coincide. The two main theorems of this chapter allow us to compute this
mapping torus under different hypotheses. We will then use these results in the next
chapter in order to prove Theorem D.

2.1 Definitions and main results

In this section, all the A∞-categories will be assumed to be small, i.e. to have a set of
objects.

2.1.1 Definitions

Definition 2.1. Let τ be a quasi-autoequivalence of an Adams-graded A∞-category A.
The mapping torus of τ is the homotopy colimit of the following diagram

A ⊔ A A

A

id⊔τ

id⊔id

(see Definition 1.83).

Remark 2.2. We use the terminology “mapping torus” by analogy with the analogous
situation in the category of topological spaces. Indeed, if f is an automorphism of some
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topological space X, then the mapping torus of f

Mf = (X × [0, 1]) / ((x, 0) ∼ (f(x), 1))

is the homotopy colimit of the following diagram

X ⊔X X

X.

id⊔f

id⊔id

Remark 2.3. The terminology “mapping torus of an autoequivalence of A∞-categories”
also appears in [45], and it is used in [44] in order to distinguish open symplectic mapping
tori. We do not know if the two notions (the one of [45] and the one of Definition 2.1)
coincide.

Remark 2.4. The mapping torus of a quasi-autoequivalence is also Adams-graded, because
it is the localization of an Adams-graded A∞-category at morphisms of Adams-degree 0.

Definition 2.5. Let A be an A∞-category. A Z-splitting of ob (A) is a bijection

Z × E ∼−→ ob (A) , (n,E) 7→ Xn (E) .

If such a splitting has been chosen, we define the Adams-grading of an homogeneous
element x ∈ A (X i(E), Xj(E)) to be (j − i). This turns A into an Adams-graded A∞-
category.

Let τ be a quasi-autoequivalence of A. We say that a Z-splitting of ob (A) is compat-
ible with τ if

τ (Xn (E)) = Xn+1 (E)

for every n ∈ Z and E ∈ E .
We say that A is weakly directed with respect to a Z-splitting of ob (A) if

A
(
Xj(E), X i(E ′)

)
= 0

for every i < j and E,E ′ ∈ E (we use the term “weakly directed” A∞-category because
the notion is slightly more general than that of directed A∞-category defined by Seidel in
[59] section (5m)).
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Remark 2.6. Compatible Z-splittings naturally arise in the context of Z-actions. A strict
Z-action on an A∞-category A is a family of A∞-endofunctors (τn)n∈Z such that τ0 = idA

and τi+j = τi ◦ τj (see [59] Paragraph (10b)). If the induced Z-action on ob (A) is free,
then any section σ of the projection ob(A) → E , where E is the set of equivalence classes
of objects in A under the Z-action, gives a Z-splitting

Z × E ∼−→ ob (A) , (n,E) 7→ τn (σ (E))

which is compatible with the automorphism τ1.

2.1.2 Main results

First result

Definition 2.7. Let τ be a quasi-autoequivalence of an A∞-category A equipped with a
compatible Z-splitting of ob (A). Assume that τ is strict (see Definition 1.51) and acts
bijectively on hom-sets. In this case, we define an Adams-graded A∞-category Aτ as
follows:

1. the set of objects of Aτ is E ,

2. the space of morphisms Aτ (E,E ′) is the Adams-graded vector space given by

Aτ (E,E ′) =
⊕
i,j∈Z

A
(
X i (E) , Xj (E ′)

) / (τ(x) ∼ x)

3. the operations are the unique linear maps such that for every sequence

(x0, . . . , xd−1) ∈ A
(
X i0 (E0) , X i1 (E1)

)
× · · · × A

(
X id−1 (Ed−1) , X id (Ed)

)
,

we have
µAτ ([x0], . . . , [xd−1]) = [µA (x0, . . . , xd−1)] ,

where [·] : A (X i (E) , Xj (E ′)) → Aτ (E,E ′) denotes the projection. (It is not hard
to see that such operations exist and satisfy the A∞-relations.)

Theorem 2.8 (Theorem A in the Introduction). Let τ be a quasi-autoequivalence of an
A∞-category A equipped with a compatible Z-splitting of ob (A). Assume that τ is strict
and acts bijectively on hom-sets. Then the mapping torus of τ is quasi-equivalent to Aτ .
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Remark 2.9. In Theorem 2.8, the A∞-category Aτ is the (ordinary) colimit of the following
diagram

A ⊔ A A

A.

id⊔τ

id⊔id

Thus Theorem 2.8 can be seen as a “ homotopy colimit equals colimit” result.

Second result We denote by F [t] the augmented Adams-graded associative algebra
generated by a variable t of bidegree (2, 1), and by F [t] its augmentation ideal (or equiv-
alently, the ideal generated by t). Besides, we use the functors C 7→ C ′ and D 7→ F [t] ⊗ D
introduced in Definitions 1.53 and 1.54 respectively (see also Remark 1.55).

Finally, if C is an A∞-category equipped with a Z-splitting of ob (C), we denote by C0

the full A∞-subcategory of C whose set of objects corresponds to {0} × E .

Theorem 2.10 (Theorem B in the Introduction). Let τ be a quasi-autoequivalence of an
A∞-category A equipped with a compatible Z-splitting of ob (A). Assume that the following
holds:

1. A is weakly directed with respect to the Z-splitting of ob (A) (see Definition 2.5),

2. there exists a closed degree 0 bimodule map f : A′ (−,−) → A′ (−, τ(−)) (see Def-
initions 1.63 and 1.64) such that for every i < j < k and for every E,E ′ ∈ E, the
chain maps
 µ2

A′

(
−, f(eXj(E))

)
: A′ (X i(E ′), Xj(E)) → A′ (X i(E ′), Xj+1(E))

µ2
A′

(
f(eXj(E)),−

)
: A′

(
Xj+1(E), Xk+1(E ′)

)
→ A′

(
Xj(E), Xk+1(E ′)

)
are quasi-isomorphisms.

Then the mapping torus of τ is quasi-equivalent to (A′)0 ⊕
(

F [t] ⊗ A′
[
f (units)−1

]0)
.

Remark 2.11. In [36], the chain complex of A-bimodule maps from the diagonal bimodule
A (−,−) to some A-bimodule B is called the two-pointed complex for Hochschild coho-
mology of A with coefficients in B. Proposition 2.5 in [36] shows that this complex is
quasi-isomorphic to the (ordinary) Hochschild cochain complex of A with coefficients in
B. In particular, the bimodule map f in Theorem 2.10 defines a class in the Hochschild
cohomology of A′ with coefficients in A′ (−, τ(−)).
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Remark 2.12. The A∞-category which computes the mapping torus in Theorem 2.10 is
very similar to the curved A∞-categories studied by Seidel in [57].

Outline of the chapter In section 2.2, we consider an A∞-category A equipped with a
Z-splitting of ob (A) and a choice of a closed degree 0 morphism cn(E) ∈ A (Xn(E), Xn+1(E))
for every n ∈ Z and every E ∈ E . We give technical results about specific modules associ-
ated to this data. This will be used in the proof of Theorem 2.10 with cn (E) = f

(
eXn(E)

)
.

In section 2.3, we consider the Grothendieck construction G of a slightly different dia-
gram than the one in Definition 2.1, together with a set WG of closed degree 0 morphisms.
The idea is that the localization H = G

[
W−1

G

]
is the homotopy colimit of a diagram

obtained from the one in Definition 2.1 by a cofibrant replacement of the diagonal functor
A ⊔ A → A. Thus it is not surprising that H is quasi-equivalent to the mapping torus of
τ . Moreover, we prove technical results about specific modules over G that will be used
in the proofs of Theorems 2.8 and 2.10.

In section 2.4, we prove Theorem 2.8. We first define an A∞-functor Φ : G → Aτ

which sends WG to the set of units in Aτ . Then we prove that the induced A∞-functor
Φ̃ : H → Aτ [{units}−1] is a quasi-equivalence. To do that, our strategy is to apply
Proposition 1.82 using the results of section 2.3 about the specific G-modules.

In section 2.5, we prove Theorem 2.10. We use the fact that G is “big enough”
(there are more objects and morphisms than in the Grothendieck construction of the
diagram in Definition 2.1) in order to define an A∞-functor Ψ′ : G ′ → A′ (see Definition
1.53 for the meaning of the “prime” symbol). This induces an A∞-functor Ψ̃ : H →
F [t] ⊗ A′

[
f ({units})−1

]
. Then we prove that for every Adams degree j ≥ 1, and for

every objects X, Y in H, the map

Ψ̃ : H (X, Y )j →
(
F [t] ⊗ A′

[
f ({units})−1

])
(ΨX,ΨY )j

is a quasi-isomorphism (if V is an Adams-graded vector space, Vj denotes the subspace
of Adams degree j elements). To do that, we apply once again Proposition 1.82 using the
results of sections 2.2 and 2.3 about the specific modules over A′ and G respectively. This
allows us to finish the proof of Theorem 2.10.
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2.2 Results about specific modules

In this section, we give technical results that will allow us to apply Proposition 1.82 in
the proof of Theorem 2.10.

Let A be an A∞-category equipped with a Z-splitting of ob (A). Assume that we chose,
for every n ∈ Z and every E ∈ E , a closed degree 0 morphism cn(E) ∈ A (Xn(E), Xn+1(E)).
Moreover, assume that we chose a set WA of closed degree 0 morphisms which contains
the morphisms cn(E).

Remark 2.13. According to Definition 2.5, the Z-splitting of ob (A) naturally induces an
Adams-grading on A. However in this section, we do not consider A as being Adams-
graded.

In the following, we fix some element E⋄ ∈ E . When we write an object Xn or a
morphism cn without specifying the element of E , we mean Xn(E⋄) or cn(E⋄) respectively.
Recall that tcn : A (−, Xn) → A (−, Xn+1) denotes the A-module map induced by cn ∈
A (Xn, Xn+1) (see Definition 1.68).

Definition 2.14. We set MA to be the A-module

MA :=


. . . A (−, X0) A (−, X1) . . .

. . . A (−, X0) A (−, X1) . . .

tc−1
id

tc0
id tc1


(see Definition 1.71). Besides, we set tA : A (−, Xn) → MA to be the A-module inclusion
for every n ∈ Z.

The first result highlights a key property of the module MA.

Lemma 2.15. For every n ∈ Z, the closed A-module map tA ◦ tcn : A (−, Xn) → MA is
homotopic to tA : A (−, Xn) → MA.

Proof. Consider the degree (−1) strict A-module map s : A (−, Xn) → MA which sends
a morphism in A (X,Xn) to the corresponding shifted element in A (X,Xn) [1]. Then an
easy computation gives

µ1
ModA

(s) = tA ◦ tcn + tA.

This concludes the proof.
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In the proof of the two results below, we will use specific A-modules. If p is a fixed
non negative integer, we set

Kp =


. . . A (−, Xp−1) A (−, Xp)

. . . A (−, Xp−1) A (−, Xp)

tcp−2
id

tcp−1
id


and

K̃p =


A (−, Xp) A (−, Xp+1) . . .

A (−, Xp+1) . . .

tcp
id tcp+1

 .

Moreover, we will consider the sequences of A-modules
(
F q
p

)
q≥0

,
(
F̃ q
p

)
q≥0

starting at
F 0
p = F̃ 0

p = 0 and with

F q
p =


A (−, Xp−q+1) . . . A (−, Xp)

A (−, Xp−q+1) . . . A (−, Xp)

id tcp−q+1
tcp−1

id


and

F̃ q
p =


A (−, Xp) . . .

. . . A (−, Xp+q)

tcp

tcp+q−1


for q ≥ 1.

The following Lemma is mostly technical. It will be used in the proofs of Lemmas
2.17 and 2.30.

Lemma 2.16. Assume that for every i < j, for every E ∈ E, the chain map

µ2
A (−, cj) : A

(
X i(E), Xj

)
→ A

(
X i(E), Xj+1

)
is a quasi-isomorphism. Then for every k < n, for every E ∈ E, the inclusion A

(
Xk(E), Xn

)
↪→

MA
(
Xk(E)

)
is a quasi-isomorphism.

Proof. The cone of the inclusion A
(
Xk(E), Xn

)
↪→ MA

(
Xk(E)

)
is quasi-isomorphic to
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its cokernel, which is Kn−1
(
Xk(E)

)
⊕ K̃n

(
Xk(E)

)
.

We have to show that these complexes are acyclic. Observe that
(
F q
n−1

(
Xk(E)

))
q≥0

and
(
F̃ q
n

(
Xk(E)

))
q≥0

are increasing, exhaustive, and bounded from below filtrations of

Kn−1
(
Xk(E)

)
and K̃n

(
Xk(E)

)
respectively. For every q ≥ 1, we have

F q
n−1

(
Xk(E)

)
/F q−1

n−1

(
Xk(E)

)
=


A
(
Xk(E), Xn−q

)

A
(
Xk(E), Xn−q

)id


and

F̃ q
n

(
Xk(E)

)
/F̃ q−1

n

(
Xk(E)

)
=


A
(
Xk(E), Xn+q−1

)

A
(
Xk(E), Xn+q

)
tcn+q−1

 .

The first of the two latter complexes is clearly acyclic, and the second one is acyclic by
assumption on the morphisms cj. Thus the entire complex Kn−1

(
Xk(E)

)
⊕ K̃n

(
Xk(E)

)
is acyclic, which is what we needed to prove.

The following Lemma will be used later in order to apply Proposition 1.82.

Lemma 2.17. Assume that for every i < j < k, for every E ∈ E, the chain maps µ2
A (−, cj) : A (X i(E), Xj) → A (X i(E), Xj+1)

µ2
A (cj(E),−) : A

(
Xj+1(E), Xk+1

)
→ A

(
Xj(E), Xk+1

)
are quasi-isomorphisms. Then the following holds for every n ∈ Z:

1. the chain complex MA (Cone cn(E)) is acyclic for every E ∈ E, and

2. the A-module map W−1
A
tA : W−1

A
A (−, Xn) → W−1

A
MA is a quasi-isomorphism.

Proof. We have

MA (Cone cn(E)) = Cone
(

MA
(
Xn+1(E)

) µ2
MA

(cn(E),−)
−−−−−−−−→ MA (Xn(E))

)
,
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so we have to prove that µ2
MA

(cn(E),−) : MA (Xn+1(E)) → MA (Xn(E)) is a quasi-
isomorphism. Observe that we have the following commutative diagram

MA (Xn+1(E)) MA (Xn(E))

A (Xn+1(E), Xn+2) A (Xn(E), Xn+2) .

µ2
MA

(cn(E),−)

µ2
A(cn(E),−)

The bottom horizontal map is a quasi-isomorphism by assumption on the morphisms
cj(E). Moreover, the vertical maps are quasi-isomorphisms according to Lemma 2.16.
This implies that µ2

MA
(cn(E),−) is indeed a quasi-isomorphism.

Now let X be some object of A. We want to prove that the chain map W−1
A
tA :

W−1
A

A (X,Xn) → W−1
A

MA (X) is a quasi-isomorphism. Observe that

W−1
A

MA (X) =


. . . A

[
W−1

A

]
(X,X0) A

[
W−1

A

]
(X,X1) . . .

. . . A
[
W−1

A

]
(X,X0) A

[
W−1

A

]
(X,X1) . . .

id
W −1

A
tc0

id W −1
A

tc1


and the chain map W−1

A
tA : W−1

A
A (X,Xn) → W−1

A
MA (X) is the inclusion. The cone of

the latter is then quasi-isomorphic to its cokernel, which is W−1
A
Kn−1 (X) ⊕ W−1

A
K̃n (X).

Observe that
(
W−1

A
F q
n−1 (X)

)
q≥0

,
(
W−1

A
F̃ q
n (X)

)
q≥0

are increasing, exhaustive, and bounded
from below filtrations of W−1

A
Kn−1 (X), W−1

A
K̃n (X) respectively. For every q ≥ 1, we have

W−1
A
F q
n−1 (X) /W−1

A
F q−1
n−1 (X) =


A
[
W−1

A

]
(X,Xn−q)

A
[
W−1

A

]
(X,Xn−q)

id


and

W−1
A
F̃ q
n (X) /W−1

A
F̃ q−1
n (X) =


A
[
W−1

A

]
(X,Xn−1+q)

A
[
W−1

A

]
(X,Xn+q)

W −1
A

tcn−1+q

 .
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The first of the two latter complexes is clearly acyclic, and the second one is acyclic
because cn−1+q belongs to the set WA by which we localized. Thus the entire complex

W−1
A
Kn−1 (X) ⊕ W−1

A
K̃n (X) is acyclic, which is what we needed to prove.

2.3 The A∞-category and modules for the mapping
torus

In this section, we consider an A∞-category G, together with a set WG of closed degree
0 morphisms. We prove that H = G

[
W−1

G

]
is quasi-equivalent to the mapping torus of

τ , and we prove technical results about specific G-modules that will allow us to apply
Proposition 1.82 in the proofs of Theorems 2.8 and 2.10.

Let τ be a quasi-autoequivalence of an A∞-category A equipped with a compatible
Z-splitting of ob (A). If A△ is a copy of A, we denote by Xn

△ (E) the object of A△

corresponding to (n,E) ∈ Z × E .

2.3.1 The A∞-category G

The A∞-category G will be the Grothendieck construction of a slightly different diagram
than the one in Definition 2.1. The idea is to introduce an A∞-category C together with
a set of closed degree 0 morphisms WC such that the localization C

[
W−1

C

]
is a cylinder

object for A. If this enlargement might looks weird at first sight, we will need it in the
proof of Theorem 2.10.

Definition 2.18. Let A⊥, AI and A⊤ be three copies of A. We denote by C be the
Grothendieck construction (see Definition 1.83) of the following diagram

AI A⊤

A⊥

id

id

and we let ι⊥, ιI , ι⊤ : A → C be the strict inclusions with images A⊥, AI , A⊤ respectively.
Finally, we denote by WC the set of adjacent units in C, and we let CylA = C

[
W−1

C

]
be

the homotopy colimit of the diagram above.
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Definition 2.19. Let A−, A+, A• be three copies of A. We denote by G the Grothendieck
construction of the following diagram

A− ⊔ A+ A•

C.

id⊔τ

ι⊥⊔ι⊤

Besides, we denote by WG the union of WC and the set of adjacent units in G, and we set

H := G
[
W−1

G

]
.

According to Proposition 1.87, CylA can be thought as a cylinder object for A. There-
fore, the following result should not be surprising.

Lemma 2.20. The mapping torus of τ is quasi-equivalent to H.

Proof. Let π : C → A be the A∞-functor induced by the following commutative diagram

AI A⊤

A⊥ A

id

id id

id

(see Proposition 1.84). We get a commutative diagram

C A− ⊔ A+ A•

A A− ⊔ A+ A•

π

ι⊥⊔ι⊤ id⊔τ

id id

id⊔id id⊔τ

which induces an A∞-functor χ from G to the Grothendieck construction of the bottom
line (see Proposition 1.85). Observe that χ sends WC to the set U of units in A. Now,
according to Proposition 1.87, the A∞-functor π̃ : CylA = C

[
W−1

C

]
→ A [U−1] is a quasi-

equivalence. According to Lemma A.6 in [38] (called “localization and homotopy colimits
commute”), this implies that the A∞-functor induced by χ

hocolim


A− ⊔ A+ A•

C

ι⊥⊔ι⊤

id⊔τ

[
W−1

C

]
χ̃−→ hocolim


A− ⊔ A+ A•

A
id⊔id

id⊔τ

[
U−1

]
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is a quasi-equivalence. This completes the proof because the source of χ̃ is exactly H, and
its target is quasi-equivalent to the mapping torus of τ .

2.3.2 Modules over G

In the following, we fix some element E⋄ ∈ E . When we write an object Xn
△ without

specifying the element of E , we mean Xn
△(E⋄). Moreover, we denote by

tn△□ : G
(
−, Xn

△

)
→ G

(
−, Xn+δ△□

□

)
the G-module map induced by the adjacent unit in G

(
Xn

△, X
n+δ△□
□

)
(see Definition 1.68),

where

δ△□ =

 1 if (△,□) = (+, •)
0 otherwise.

Definition 2.21. We denote by MG the G-module defined by

MG =


. . . G

(
−, X0

−

)
G (−, X0

I ) G
(
−, X0

+

)
G
(
−, X1

−

)
. . .

. . . G (−, X0
• ) G (−, X0

⊥) G (−, X0
⊤) G (−, X1

• ) . . .

t−1
+•

t0−•

t0−⊥ t0I⊥

t0I⊤
t0+⊤

t0+•
t1−•

t1−⊥


(see Definition 1.71). For practical reasons, we also consider the G-modules

Mn
⋆ :=


G (−, Xn

I )

G (−, Xn
⊥) G (−, Xn

⊤)
tnI⊥

tnI⊤

 , n ∈ Z.

Besides, we denote by tG : G
(
−, Xn

△

)
→ MG the G-module inclusion for every △ ∈

{⊥,⊤, •} and n ∈ Z.
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Remark 2.22. We can write

MG =



⊕
n∈Z

(
G
(
−, Xn

−

)
⊕ G

(
−, Xn

+

))

⊕
n∈Z

Mn
⋆

⊕
n∈Z

G (−, Xn
• )

⊕
n∈Z

(tn−⊥⊕tn+⊤)

⊕
n∈Z

(tn−•⊕tn+•)


.

The following Lemma is an analog of Lemma 2.16. It will be used later in order to
apply Proposition 1.82.

Lemma 2.23. The pair (MG, tG) satisfies the following

1. for every w in WG, the chain complex MG (Conew) is acyclic, and

2. the H-module map W−1
G
tG : W−1

G
G
(
−, Xn

△

)
→ W−1

G
MG is a quasi-isomorphism for

every △ ∈ {⊥,⊤, •} and n ∈ Z.

Proof. We begin to prove the first item of the Lemma. We have to treat different cases.
Let w be the morphism in WG ∩ G

(
Xk
I (E), Xk

⊤(E)
)

(the proof is analogous for the
morphism in WG ∩ G

(
Xk
I (E), Xk

⊥(E)
)
). Then

MG (Conew) = Cone
(

MG
(
Xk

⊤(E)
) µ2

MG
(w,−)

−−−−−−→ MG
(
Xk
I (E)

))

=
⊕
n

Cone
(

G
(
Xk

⊤(E), Xn
⊤

) µ2
MG

(w,−)
−−−−−−→ Mn

⋆

(
Xk
I (E)

))
.

We want to prove that µ2
MG

(w,−) : G
(
Xk

⊤(E), Xn
⊤

)
→ Mn

⋆

(
Xk
I (E)

)
is a quasi-isomorphism

for every n. Observe that the following diagram of chain complexes is commutative

G
(
Xk

⊤(E), Xn
⊤

)
Mn

⋆

(
Xk
I (E)

)

G
(
Xk

⊤(E), Xn
⊤

)
G
(
Xk
I (E), Xn

⊤

)
.

µ2
MG

(w,−)

µ2
G(w,−)

The rightmost vertical arrow is injective, so its cone is quasi-isomorphic to its cokernel,
which is the cone of tnI⊥ : G

(
Xk
I (E), Xn

I

)
→ G

(
Xk
I (E), Xn

⊥

)
. Since the latter map is a

quasi-isomorphism, the cone of µ2
MG

(w,−) : G
(
Xk

⊤(E), Xn
⊤

)
→ Mn

⋆

(
Xk
I (E)

)
is quasi-

isomorphic to the cone of µ2
G (w,−) : G

(
Xk

⊤(E), Xn
⊤

)
→ G

(
Xk
I (E), Xn

⊤

)
. The latter map
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is a quasi-isomorphism, so we conclude that µ2
MG

(w,−) : G
(
Xk

⊤(E), Xn
⊤

)
→ Mn

⋆

(
Xk
I (E)

)
is a quasi-isomorphism for every n, and thus MG (Conew) is acyclic.

Now let w be the morphism in WG ∩ G
(
Xk

+(E), Xk
⊤(E)

)
(the proof is analogous for

the morphism in WG ∩ G
(
Xk

−(E), Xk
⊥(E)

)
). Then

MG (Conew) = Cone
(

MG
(
Xk

⊤(E)
) µ2

MG
(w,−)

−−−−−−→ MG
(
Xk

+(E)
))

=
⊕
n

Cone
(

G
(
Xk

⊤(E), Xn
⊤

) µ2
MG

(w,−)
−−−−−−→ Kn

)
.

where

Kn =


G
(
Xk

+(E), Xn
+

)

G
(
Xk

+(E), Xn
⊤

)
G
(
Xk

+(E), Xn+1
•

)tn+⊤

tn+•

 .

Observe that µ2
MG

(w,−) : G
(
Xk

⊤(E), Xn
⊤

)
→ Kn is injective, so its cone is quasi-

isomorphic to its cokernel, which is the cone of tn+• : G
(
Xk

+(E), Xn
+

)
→ G

(
Xk

+(E), Xn+1
•

)
.

The latter map is a quasi-isomorphism because τ is a quasi-equivalence. This implies
that the cone of µ2

MG
(w,−) : G

(
Xk

⊤(E), Xn
⊤

)
→ Kn is acyclic for every n, and thus

MG (Conew) is acyclic.
It remains to consider a morphism w in WG ∩ G

(
Xk

+(E), Xk+1
• (E)

)
(the proof is anal-

ogous for the morphism in WG ∩ G
(
Xk

−(E), Xk
• (E)

)
). Then

MG (Conew) = Cone
(

MG
(
Xk+1

• (E)
) µ2

MG
(w,−)

−−−−−−→ MG
(
Xk

+(E)
))

=
⊕
n

Cone
(

G
(
Xk+1

• (E), Xn
•

) µ2
MG

(w,−)
−−−−−−→ Kn

)
.

where

Kn =


G
(
Xk

+(E), Xn−1
+

)

G
(
Xk

+(E), Xn−1
⊤

)
G
(
Xk

+(E), Xn
•

)tn−1
+⊤

tn−1
+•

 .

96



Mapping torus of a quasi-autoequivalence

Observe that µ2
MG

(w,−) : G
(
Xk+1

• (E), Xn
•

)
→ Kn is injective, so its cone is quasi-

isomorphic to its cokernel, which is the cone of tn−1
+⊤ : G

(
Xk

+(E), Xn−1
+

)
→ G

(
Xk

+(E), Xn−1
⊤

)
.

The latter map is a quasi-isomorphism, so we conclude that the cone of µ2
MG

(w,−) :
G
(
Xk+1

• (E), Xn
•

)
→ Kn is acyclic for every n, and thus MG (Conew) is acyclic.

We now prove the second part of the Lemma. A priori, we also have to treat different
cases depending on if △ equals ⊥, ⊤ or •, but it turns out that the proofs are almost
identical in every cases, so we will only do one, for example when △ = ⊤. We fix an
object X in G, and we want to prove that W−1

G
tG : W−1

G
G (X,Xn

⊤) → W−1
G

MG (X) is a
quasi-isomorphism. Observe that

W−1
G

MG :=


. . . G

[
W−1

G

] (
−, X0

+

)
G
[
W−1

G

] (
−, X1

−

)
. . .

. . . W−1
G

M0
⋆ G

[
W−1

G

]
(−, X1

• ) . . .

W −1
G

t0+⊤

W −1
G

t0+•

W −1
G

t1−• W −1
G

t1−⊥


and that the chain map W−1

G
tG : W−1

G
G (X,Xn

⊤) → W−1
G

MG (X) is the inclusion. The cone
of the latter is then quasi-isomorphic to its cokernel, which can be written K ′ ⊕K ′′ with

K ′ =


. . . G

[
W−1

G

] (
X,Xn

−

)
G
[
W−1

G

]
(X,Xn

I )

. . . G
[
W−1

G

]
(X,Xn

• ) G
[
W−1

G

]
(X,Xn

⊥)

W −1
G

tn−•

W −1
G

tn−⊥

W −1
G

tnI⊥


and

K ′′ =


G
[
W−1

G

] (
X,Xn

+

)
G
[
W−1

G

] (
X,Xn+1

−

)
. . .

G
[
W−1

G

]
(X,Xn+1

• ) . . .
W −1

G
tn+•

W −1
G

tn+1
−• W −1

G
tn+1
−⊥

 .

Observe that the maps defining the chain complexes structures in K ′ and K ′′ are all
quasi-isomorphisms. Thus it is not difficult to show using an increasing exhaustive and
bounded from below filtration of K ′ and K ′′ that these complexes are acyclic (compare
the end of the proof of Lemma 2.17). This implies that the map W−1

G
tG : W−1

G
G (X,Xn

⊤) →

W−1
G

MG (X) is a quasi-isomorphism.
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2.4 Proof of the first result

Let τ be a quasi-autoequivalence of an A∞-category A equipped with a compatible Z-
splitting of ob (A). Assume that τ is strict and acts bijectively on hom-sets.

Observe that there is a strict A∞-functor σ : A → Aτ which sends Xn(E) to E, and
which sends x ∈ A (X i(E1), Xj(E2)) to [x] ∈ Aτ (E1, E2). Besides, let π : C → A be the
A∞-functor induced by the following commutative diagram

A A

A A

id

id id

id

(see Proposition 1.84). Then the diagram of Adams-graded A∞-categories

A− ⊔ A+ A•

C Aτ

id⊔τ

ι⊥⊔ι⊤ σ

σ◦π

is commutative because σ ◦ τ = σ. Moreover, the induced A∞-functor Φ : G → Aτ is
strict, and it sends WG to the set of units in Aτ . Let

Φ̃ : H → Aτ

[
{units}−1

]
be the A∞-functor induced by Φ (see Definition 1.59).

According to Lemma 2.20, H is quasi-equivalent to the mapping torus of τ . Moreover,
Aτ [{units}−1] is quasi-equivalent to Aτ . Thus, Theorem 2.8 will follow if we prove that
Φ̃ is a quasi-equivalence. Our strategy is to apply Proposition 1.82.

In the following, we fix some element E⋄ ∈ E . When we write an object Xn
△ without

specifying the element of E , we mean Xn
△(E⋄). We consider the corresponding G-module

MG, and the G-module maps

tG : G
(
−, Xn

△

)
→ G, △ ∈ {⊥,⊤, •},

of Definition 2.21. Moreover, we set

MAτ := Aτ (−, E⋄) and tAτ := id : Aτ (−, E⋄) → MAτ .
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Lemma 2.24. There exists a quasi-isomorphism t0 : MG → Φ∗MAτ (see Definition 1.73
for the pullback functor) such that the following diagram of G-modules commutes

G (−, Y ) Φ∗Aτ (−, E⋄)

MG Φ∗MAτ

tG

tΦ

Φ∗tAτ =id

t0

(see Definition 1.75 for the map tΦ) for every object Y = Xn0
△ with △ ∈ {⊥,⊤, •}.

Proof. Observe that the diagram of G-modules

G (−, Xn
I ) G (−, Xn

⊤)

G (−, Xn
⊥) Φ∗MAτ

tnI⊤

tnI⊥ tΦ

tΦ

is commutative, so that it induces a morphism of G-modules Mn
⋆ → Φ∗MAτ (see Propo-

sition 1.72). Now observe that the following diagram of G-modules commutes

⊕
n∈Z

(
G
(
−, Xn

−

)
⊕ G

(
−, Xn

+

)) ⊕
n∈Z

G (−, Xn
• )

⊕
n∈Z

Mn
⋆ Φ∗MAτ

⊕
n∈Z

(tn−•⊕tn+•)

⊕
n∈Z

(tn−⊥⊕tn+⊤) tΦ
.

We let t0 : MG → Φ∗MAτ be the induced G-module map. It is then easy to verify that
the following diagram of G-modules is commutative

G (−, Y ) Φ∗Aτ (−, E⋄)

MG Φ∗MAτ

tG

tΦ

Φ∗tAτ =id

t0

for every object Y = Xn0
△ with △ ∈ {⊥,⊤, •}.

It remains to prove that t0 is a quasi-isomorphism. First observe that it is easy to
check that t0 : MG

(
Xk

□(E)
)

→ Φ∗MAτ

(
Xk

• (E)
)

= Aτ (E,E⋄) is a quasi-isomorphism
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when □ ∈ {⊥,⊤, •} because in this case

MG
(
Xk

□(E)
)

=
⊕
n

G
(
Xk

□(E), Xn
□

)
=
⊕
n

A
(
Xk(E), Xn

)

and

t0 : MG
(
Xk

□(E)
)

=
⊕
n

A
(
Xk(E), Xn

)
→ Φ∗MAτ

(
Xk

• (E)
)

= Aτ (E,E⋄)

is the projection. Then we deduce that

t0 : MG
(
Xk

+(E)
)

→ Φ∗MAτ

(
Xk

+(E)
)

= Aτ (E,E⋄)

is a quasi-isomorphism using the commutative diagram

MG
(
Xk

+(E)
)

Φ∗MAτ

(
Xk

+(E)
)

MG
(
Xk+1

• (E)
)

Φ∗MAτ

(
Xk+1

• (E)
)

t0

∼

t0

(the leftmost vertical arrow is the action of the adjacent unit in G
(
Xk

+(E), Xk+1
• (E)

)
,

which is a quasi-isomorphism by Lemma 2.23). Finally, when X = Xk
−(E) or X = Xk

I (E),
we prove that t0 : MG (X) → Φ∗MAτ (X) is a quasi-isomorphism using the following
commutative diagram

MG (X) Φ∗MAτ (X)

MG
(
Xk

⊥(E)
)

Φ∗MAτ

(
Xk

⊥(E)
)
.

t0

∼

t0

This concludes the proof.

Lemma 2.25. For every objects X and Y = Xn0
△ in H, the chain map

Φ̃ : H (X, Y ) → Aτ

[
{units}−1

]
(ΦX,ΦY )

is a quasi-isomorphism.
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Proof. We first observe that it is enough to show that the chain map Φ̃ : H (X, Y ) →
Aτ [{units}−1] (ΦX,ΦY ) is a quasi-isomorphism for every objectX in H and Y = Xn0

△ with
△ ∈ {⊥,⊤, •}. Indeed, we can deduce from this that Φ̃ : H (X, Y ) → Aτ [{units}−1] (ΦX,ΦY )
is a quasi-isomorphism when Y = Xn0

± or Y = Xn0
I as follows. First, let

Z =

 Xn0
⊥ if Y = Xn0

− or Y = Xn0
I

Xn0+1
• if Y = Xn0

+ .

Then consider the commutative diagram of G-modules

G (−, Y ) Φ∗Aτ (−, E⋄)

G (−, Z)

tΦ

tΦ

(the vertical arrow is composition with the adjacent morphism Y → Z in WG, and the
other arrows are the ones of Definition 1.75). If we localize at WG and then evaluate at
some object X, we get a commutative diagram of chain complexes

H (X, Y ) W−1
G

(Φ∗Aτ (−, E⋄)) (X)

H (X,Z) .

W −1
G

tΦ

∼
W −1

G
tΦ

Now, using the natural map of Definition 1.80 and Remark 1.81, we get the following
commutative diagram of chain complexes

H (X, Y ) {units}−1Aτ (−, E⋄) (ΦX) = Aτ [{units}−1] (ΦX,E⋄)

H (X,Z) .

Φ̃

∼ Φ̃

Thus, knowing that the map Φ̃ : H (X,Z) → Aτ [{units}−1] (ΦX,E⋄) is a quasi-isomorphism
implies that Φ̃ : H (X, Y ) → Aτ [{units}−1] (ΦX,E⋄) is also a quasi-isomorphism.

We now fix an object Y = Xn0
△ with △ ∈ {⊥,⊤, •}, and we want to prove that the

map
Φ̃ : H (X, Y ) = G

[
W−1

G

]
→ Aτ [{units}−1] (ΦX,E⋄)
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is a quasi-isomorphism for every object X in H. According to Lemmas 2.23 and 2.24, the
assumptions of Proposition 1.82 are satisfied. This concludes the proof.

As explained above, Theorem 2.8 follows from Lemma 2.25 since H is quasi-equivalent
to the mapping torus of τ (see Lemma 2.20) and Aτ [{units}−1] is quasi-equivalent to Aτ .

2.5 Proof of the second result

Let τ be a quasi-autoequivalence of an A∞-category A equipped with a compatible Z-
splitting of ob (A). Assume that the following holds:

1. A is weakly directed with respect to the Z-splitting of ob (A) (see Definition 2.5),

2. there exists a closed degree 0 bimodule map f : A′ (−,−) → A′ (−, τ(−)) (see
Definitions 1.63 and 1.64) such that for every i < j < k, for every E,E ′ ∈ E , the
chain maps
 µ2

A′

(
−, f(eXj(E))

)
: A′ (X i(E ′), Xj(E)) → A′ (X i(E ′), Xj+1(E))

µ2
A′

(
f(eXj(E)),−

)
: A′

(
Xj+1(E), Xk+1(E ′)

)
→ A′

(
Xj(E), Xk+1(E ′)

)
are quasi-isomorphisms.

In the following, we set
cn(E) := f

(
eXn(E)

)
for every n ∈ Z, E ∈ E , and

WA′ := {cn(E) | n ∈ Z, E ∈ E} ∪ {units of A′} .

2.5.1 Generalized homotopy

Recall that we introduced a functor D 7→ D′ from the category of Adams-graded A∞-
categories to the category of (non Adams-graded) A∞-categories. Also, recall that we
introduced Adams-graded A∞-categories C and G in Definitions 2.18 and 2.19 respectively.
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Observe that C ′ and G ′ are the Grothendieck constructions of the diagrams

A′
I A′

⊤

A′
⊥

id

id and
A′

− ⊔ A′
+ A′

•

C ′

id⊔τ

ι⊥⊔ι⊤

respectively. We denote by WC′ the set of adjacent units in C ′, and by WG′ the union of
WC′ and the set of adjacent units in G ′.

We would like to define an A∞-functor Ψ′ : G ′ → A′ which sends WG′ to WA′ . Accord-
ing to Proposition 1.84, it is enough to prove the following result.

Lemma 2.26. There exists an A∞-functor η : C ′ → A′ which sends WC′ to WA′, and
such that

η ◦ ιI = η ◦ ι⊥ = id, η ◦ ι⊤ = τ.

Proof. We first define η to be id on A′
⊥, A′

I . and to be τ on A′
⊤. Observe that this

completely defines η on the objects. Besides, we ask for η to act as the identity on the
sequences involving an adjacent morphism from AI to A⊥.

It remains to define η on the sequences involving an adjacent morphism from AI to
A⊤. Consider a sequence of morphisms

(x0, . . . , xp+q) ∈ C ′
(
X i0
I (E0), X i1

I (E1)
)

× · · · × C ′
(
X
ip−1
I (Ep−1), X ip

I (Ep)
)

× C ′
(
X
ip
I (Ep), X ip+1

⊤ (Ep+1)
)

× C ′
(
X
ip+1
⊤ (Ep+1), X ip+2

⊤ (Ep+2)
)

× · · · × C ′
(
X
ip+q

⊤ (Ep+q), X ip+q+1
⊤ (Ep+q+1)

)
.

Observe that

C ′
(
X i
I(E), Xj

I (E ′)
)

= C ′
(
X i
I(E), Xj

⊤(E ′)
)

= C ′
(
X i

⊤(E), Xj
⊤(E ′)

)
= A′

(
X i(E), Xj(E)

)
.

Then we set

η (x0, . . . , xp+q) := f (x0, . . . , xp−1, xp, xp+1, . . . , xp+q+1) ∈ A′
(
X i0(E0), τX ip+q+1(Ep+q+1)

)
.

The functor η we defined satisfies the A∞-relations because f : A′ (−,−) → A′ (−, τ(−))
is a closed degree 0 bimodule map. Moreover, η sends WC′ to WA′ by construction.
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Remark 2.27. First observe that, according to Remark 1.58, we have

CylA′ = C ′
[
W−1

C′

]
=
(
C
[
W−1

C

])′
= (CylA)′ .

According to Lemma 2.26, the functor η induces an A∞-functor η̃ : CylA′ → A′
[
W−1

A′

]
.

Moreover, Lemma 2.26 implies that the following diagram commutes

A′
+

CylA′ A′
[
W−1

A′

]

A′
−

λC′ ◦ι⊤

λA′ ◦τ

η̃

λC′ ◦ι⊥
λA′

(λA′ : A′ → A′
[
W−1

A′

]
and λC′ : C ′ → C ′

[
W−1

C′

]
denote the localization functors). Since

CylA′ should be thought as a cylinder object for A′ (see Proposition 1.87), we should think
that the functors λA′ and λA′ ◦ τ are homotopic (even if they do not act the same way on
objects) and that η̃ is a generalized homotopy between them (see Proposition 1.89 for a
justification of this terminology).

2.5.2 Relation between G and A′

Using the A∞-functor η : C ′ → A′ of Lemma 2.26, we get a commutative diagram of (non
Adams-graded) A∞-categories

A′
− ⊔ A′

+ A′
•

C ′ A′

id⊔τ

ι⊥⊔ι⊤ id

η

and the induced A∞-functor Ψ′ : G ′ → A′ (see Proposition 1.84) sends WG′ to WA′ (see
Lemma 2.26). Let

Ψ̃′ : H′ = G ′
[
W−1

G′

]
→ A′

[
W−1

A′

]
be the A∞-functor induced by Ψ′ (see Definition 1.59). Observe that, since A is assumed to
be weakly directed and since the Adams-degree of A comes from the Z-splitting of ob (A)
(see Definition 2.5), H is concentrated in non-negative Adams-degree. In particular, we
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can apply the adjunction of Definition 1.56 to Ψ̃′, which gives an A∞-functor

Ψ̃ : H = G
[
W−1

G

]
→ F [t] ⊗ A′

[
W−1

A′

]
.

We would like to prove that for every Adams degree j ≥ 1, and for every objects X, Y
in H, the map

Ψ̃ : H (X, Y )j →
(
F [t] ⊗ A′

[
W−1

A′

])
(ΨX,ΨY )j = tj ⊗ A′

[
W−1

A′

]
(ΨX,ΨY )

is a quasi-isomorphism (if V is an Adams-graded vector space, Vj denotes the subspace
of Adams degree j elements). Our strategy is once again to apply Proposition 1.82.

In the following we fix some element E⋄ ∈ E . When we write an object Xn
△ or cn

without specifying the element of E , we mean Xn
△(E⋄) or cn(E⋄) respectively. We consider

the corresponding G-module MG, and the G-module maps

tG : G
(
−, Xn

△

)
→ G, △ ∈ {⊥,⊤, •},

of Definition 2.21. Moreover, we consider the A′-module MA′ and the A′-module maps

tA′ : A′ (−, Xn) → MA′ , n ∈ Z,

associated to the morphisms (cn)n∈Z as in Definition 2.14.
The following result is a first step in order to define a G ′-module map t′0 : M′

G →
Ψ′∗MA′ as in Proposition 1.82.

Lemma 2.28. The diagram of G ′-modules

G ′ (−, Xn
I ) G ′ (−, Xn

⊤)

G ′ (−, Xn
⊥) Ψ′∗MA′

tnI⊤

tnI⊥ Ψ′∗tA◦tΨ′

Ψ′∗tA◦tΨ′

(see Definition 1.73 for the pullback functor) commutes up to homotopy.

Proof. First observe that ι∗IG ′ (−, Xn
I ) = A′ (−, Xn), and ι∗IΨ′∗MA′ = MA′ because Ψ′ ◦

ιI = id (see Remark 1.74). Moreover, it suffices to show that the A′-modules maps

ι∗I (Ψ′∗tA′ ◦ tΨ′ ◦ tnI⊥) = tA′ ◦ ι∗I (tΨ′ ◦ tnI⊥) : A′ (−, Xn) → MA′
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and
ι∗I (Ψ′∗tA′ ◦ tΨ′ ◦ tnI⊤) = tA′ ◦ ι∗I (tΨ′ ◦ tnI⊤) : A′ (−, Xn) → MA′

are homotopic because
G ′
(
Xk

△, X
n
I

)
= 0 if △ ≠ I.

On the one hand,
tA′ ◦ ι∗I (tΨ′ ◦ tnI⊥) = tA′ .

On the other hand, ι∗I (tΨ′ ◦ tnI⊤) : A′ (−, Xn) → A′ (−, Xn+1) is closed (as composition
and pullback of closed module maps), and

ι∗I (tΨ′ ◦ tnI⊤) (eXn) = η (eXn) = cn

according to Lemma 2.26. Therefore, ι∗I (tΨ′ ◦ tnI⊤) is homotopic to tcn according to Corol-
lary 1.70, and thus tA′ ◦ ι∗I (tΨ′ ◦ tnI⊤) is homotopic to tA′ ◦ tcn . But according to Lemma
2.15, tA′ ◦ tcn is homotopic to tA′ . This concludes the proof.

We can now state the result establishing the existence of a G ′-module map t′0 : M′
G →

Ψ′∗MA′ as in Proposition 1.82.

Lemma 2.29. There exists a G ′-module map t′0 : M′
G → Ψ′∗MA′ such that the following

holds. The following diagram of G ′-modules commutes

G ′ (−, Y ) Ψ′∗A′ (−,Ψ′Y )

M′
G Ψ′∗MA′ .

tG′

tΨ′

Ψ′∗tA′

t′0

for every object Y = Xn0
△ with △ ∈ {⊥,⊤, •}, and the G-module map t0 : MG →

F [t]⊗Ψ′∗MA′ (see Definition 1.56) is a quasi-isomorphism in each positive Adams-degree.

Proof. Using Lemma 2.28 and Proposition 1.72, we get a G ′-modules map tn⋆ : (Mn
⋆ )′ →

Ψ′∗MA′ for every n ∈ Z (see Definition 2.21 for the G-modules Mn
⋆ ). Observe that the
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diagram of G ′-modules

⊕
n∈Z

(
G ′
(
−, Xn

−

)
⊕ G ′

(
−, Xn

+

)) ⊕
n∈Z

G ′ (−, Xn
• )

⊕
n∈Z

(Mn
⋆ )′ Ψ′∗MA′

⊕
n∈Z

(tn−•⊕tn+•)

⊕
n∈Z

(tn−⊥⊕tn+⊤) ⊕
n∈Z

Ψ′∗tA◦tΨ′⊕
n∈Z

tn⋆

is commutative (the composition is id for −-terms and τ for +-terms), so that it induces
a morphism of G ′-modules t′0 : M′

G → Ψ′∗MA′ . It is then easy to verify that the following
diagram of G ′-modules is commutative

G ′ (−, Y ) Ψ′∗A′ (−,Ψ′Y )

M′
G Ψ′∗MA′ .

tG′

tΨ′

Ψ′∗tA′

t′0

It remains to show that the map t0 : MG (X)j → tj ⊗ MA′ (Ψ′X) is a quasi-
isomorphism for every object X and every j ≥ 1. We will first do it when X = Xk

□(E) is
in A• ⊔ A⊥ ⊔ A⊤. Observe that

MG
(
Xk

□(E)
)
j

= G
(
Xk

□(E), Xk+j
□

)
= A

(
Xk(E), Xk+j

)
and the maps

A
(
Xk(E), Xk+j

)
= MG

(
Xk

• (E)
)
j

t0−→ tj ⊗ MA′

(
Xk(E)

)
A
(
Xk(E), Xk+j

)
= MG

(
Xk

⊥(E)
)
j

t0−→ tj ⊗ MA′

(
Xk(E)

)
are the inclusions, whereas the map

A
(
Xk(E), Xk+j

)
= MG

(
Xk

⊤(E)
)
j

t0−→ tj ⊗ MA′

(
Xk+1(E)

)
is induced by τ . We will only prove that the latter is a quasi-isomorphism, the proof for
the two former being almost the same (and easier). Observe that the following diagram
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of chain complexes commutes

A′
(
Xk(E), Xk+j

)
tj ⊗ MA′

(
Xk+1(E)

)

A′
(
Xk(E), Xk+j

)
tj ⊗ A′

(
Xk+1(E), Xk+j+1

)
.

t0

tj⊗τ

The map τ : A′
(
Xk(E), Xk+j

)
→ A′

(
Xk+1(E), Xk+j+1

)
is a quasi-isomorphism by

assumption, and the inclusion A′
(
Xk+1(E), Xk+j+1

)
↪→ MA′

(
Xk+1(E)

)
is a quasi-

isomorphism according to Lemma 2.16 (observe that it is important here that j is strictly
greater than 0). Therefore the map t0 : A′

(
Xk(E), Xk+j

)
→ tj ⊗ MA′

(
Xk+1(E)

)
is a

quasi-isomorphism, which is what we needed to prove. Finally, we deduce that the map
t0 : MG

(
Xk

±

)
j

→ tj ⊗ MA′

(
Xk

±

)
and the map t0 : MG

(
Xk
I

)
j

→ tj ⊗ MA′

(
Xk
I

)
are

quasi-isomorphisms using the commutative diagrams

MG
(
Xk

−

)
j

tj ⊗ MA′

(
Xk

)

MG
(
Xk

⊥

)
j

t0

∼
t0 ,

MG
(
Xk

+

)
j

tj ⊗ MA′

(
Xk

)

MG
(
Xk

⊤

)
j

t0

∼
t0 ,

and
MG

(
Xk
I

)
j

tj ⊗ MA′

(
Xk
I

)

MG
(
Xk

⊥

)
j

t0

∼
t0

respectively (each vertical arrow is the action of the corresponding element in WG, which
is a quasi-isomorphism by Lemma 2.23).

Lemma 2.30. Let j ≥ 1 be a fixed positive Adams degree. For every objects X and
Y = Xn0

△ in H, the map

Ψ̃ : H (X, Y )j →
(
F [t] ⊗ A′

[
W−1

A′

])
(ΨX,ΨY )j = tj ⊗ A′

[
W−1

A′

]
(ΨX,ΨY )

is a quasi-isomorphism (if V is an Adams-graded vector space, Vj denotes the subspace of
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Adams degree j elements).

Proof. We first observe that the same type of argument given at the beginning of the
proof of Lemma 2.25 shows that it is enough to prove that the map Ψ̃ : H (X, Y )j →
tj ⊗ A′[W−1

A′ ] (ΨX,ΨY ) is a quasi-isomorphism for every object X and Y = Xn0
△ with

△ ∈ {⊥,⊤, •}.

We now fix an object Y = Xn0
△ with △ ∈ {⊥,⊤, •}, and we want to prove that the

map Ψ̃ : H (X, Y )j → tj ⊗ A′[W−1
A′ ] (ΨX,ΨY ) is a quasi-isomorphism for every object

X in H. Using Lemma 2.29 and Proposition 1.82, we know that for each object X of
G ′, there exists a chain map u′ : W−1

G′
M′

G (X) → W−1
A′

MA′ (Ψ′X) such that the following
diagram of chain complexes commutes

H′ (X, Y ) A′
[
W−1

A′

]
(ΨX,ΨY )

W−1
G′

M′
G (X) W−1

A′
MA′ (Ψ′X)

M′
G (X) MA′ (Ψ′X) .

W −1
G′

tG′

Ψ̃′

W −1
A′

tA′

u′

t′0

Now observe that 
H′ (X, Y ) = H (X, Y )′

W−1
G′

M′
G (X) = W−1

G
MG (X)′

M′
G (X) = MG (X)′ .

Applying the adjunction of Definition 1.56 to the last diagram, we get the following
commutative diagram of Adams-graded chain complexes

H (X, Y ) F [t] ⊗ A′
[
W−1

A′

]
(ΨX,ΨY )

W−1
G

MG (X) F [t] ⊗W−1
A′

MA′ (Ψ′X)

MG (X) F [t] ⊗ MA′ (Ψ′X) .

W −1
G

tG

Ψ̃

tj⊗
W −1

A′
tA′

u

t0

Specializing to the components of fixed Adams degree j, we get the following commutative
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diagram of chain complexes

H (X, Y )j tj ⊗ A′
[
W−1

A′

]
(ΨX,ΨY )

W−1
G

MG (X)j tj ⊗W−1
A′

MA′ (Ψ′X)

MG (X)j tj ⊗ MA′ (Ψ′X) .

W −1
G

tG

Ψ̃

tj⊗
W −1

A′
tA′

u

t0

Using Lemma 2.23, respectively Lemma 2.17, and Proposition 1.79, we know that all
the vertical maps on the left, respectively on the right, are quasi-isomorphisms. Besides,
Lemma 2.29 implies that the lowest horizontal map is a quasi-isomorphism. Thus, the
chain map Ψ̃ : H (X, Y )j → tj ⊗ A′[W−1

A′ ] (ΨX,ΨY ) is a quasi-isomorphism.

2.5.3 End of the proof

We end the section with the proof of Theorem 2.10. Now that we have proved Lemma 2.30
which takes care of the positive Adams-degrees, we have to treat the zero Adams-degree
part (recall that H is concentrated in non-negative Adams-degree because A is assumed
to be weakly directed).

Let I be the full A∞-subcategory of H with

ob (I) =
{
X0

• (E) | E ∈ E
}

and

I
(
X0

• (E) , X0
• (E ′)

)
= G

(
X0

• (E) , X0
• (E ′)

)
⊕

⊕
j≥1

H
(
X0

• (E) , X0
• (E ′)

)
j


(recall that if V is an Adams-graded vector space, we denote by Vj its component of
Adams-degree j).

Lemma 2.31. The inclusion I ↪→ H is a quasi-equivalence.

Proof. Observe that the inclusion I ↪→ H is cohomologically essentially surjective because
every object of H can be related to one of I by a zigzag of morphisms in WG, which are
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quasi-isomorphisms in H. Therefore, it suffices to show that the inclusion

G
(
X0

• (E) , X0
• (E⋄)

)
↪→ H

(
X0

• (E) , X0
• (E⋄)

)
0

is a quasi-isomorphism for every E,E⋄ ∈ E .
Let E⋄ be an element of E . When we write an object Xn

• without specifying the
element of E , we mean Xn

• (E⋄). Recall that we introduced a pair (MG, tG) in Definition
2.21. According to Lemma 2.23 and Proposition 1.79, the inclusion MG (X0

• (E)) ↪→

W−1
G

MG (X0
• (E)) and the map W−1

G
tG : H (X0

• (E), X0
• ) → W−1

G
MG (X0

• (E)) are quasi-
isomorphisms for every E ∈ E . Besides, observe that

MG
(
X0

• (E)
)

0
= G

(
X0

• (E), X0
•

)
.

The result then follows from the commutativity of the following diagram

G (X0
• (E) , X0

• ) G (X0
• (E) , X0

• ) G (X0
• (E) , X0

• )

MG (X0
• (E))0 W−1

G
MG (X0

• (E))0 H (X0
• (E), X0

• )0 .
∼ ∼

W −1
G

tG

Recall that if C is an A∞-category such that there is a splitting ob (C) ≃ Z × E , then
we denote by C0 the full A∞-subcategory of C whose set of objects corresponds to {0}×E .
The following diagram of Adams-graded A∞-categories is commutative

H F [t] ⊗ A′
[
W−1

A′

]

I (A′)0 ⊕
(

F [t] ⊗ A′
[
W−1

A′

]0)
.

Ψ̃

∼

Ψ̃

Moreover, since A is assumed to be weakly directed with respect to the Z-splitting of
ob (A), Lemma 2.30 implies that the bottom horizontal A∞-functor is a quasi-equivalence.
Therefore we have

H ≃ (A′)0 ⊕
(

F [t] ⊗ A′
[
W−1

A′

]0)
.

111



Mapping torus of a quasi-autoequivalence

Recall that WA′ = f (units) ∪ {units}, so that

A′
[
W−1

A′

]
≃ A′

[
f (units)−1

]
.

This concludes the proof of Theorem 2.10, since H is quasi-equivalent to the mapping
torus of τ (see Lemma 2.20).
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Chapter 3

LEGENDRIAN INVARIANTS

In this chapter, we study the Chekanov-Eliashberg DG-algebra of a Legendrian in a
hypertight contact manifold. We begin to give definitions in section 3.1. Then in section
3.2, we generalize techniques from [28] and [53] in order to prove results on the behavior of
the Chekanov-Eliashberg DG-algebra under change of data. However, we restrict ourselves
to what we call good paths of data (see Definition 3.7). This is unfortunately a strong
assumption, as Legendrians are assumed to always have finitely many Reeb chords, and
we do not treat birth-death of Reeb chords phenomena. We will use Theorem C in the
proof of Theorem D.

In the following, (V, ξ) is a contact manifold of dimension (2n + 1) equipped with a
hypertight contact form α, which means that the Reeb vector field of α has no contractible
periodic orbits.

3.1 Definitions

Let Λ be a Legendrian submanifold in (V, ξ). We assume that Λ is chord generic with
respect to α, which means that the following holds:

1. for every Reeb chord c : [0, T ] → V of Λ, the space DφTRα

(
Tc(0)Λ

)
is transverse to

Tc(T )Λ in ξ,

2. different Reeb chords belong to different Reeb trajectories.

As explained in [22] Section 3.2 for example, chord genericity can be achieved after an
arbitrarily C1-small Legendrian perturbation.

3.1.1 Conley-Zehnder index

In the following, we define the Conley-Zehnder index of a Reeb chord of Λ starting and
ending on the same connected component (such chords are called pure). We will assume
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that H1 (V ) is free, that the first Chern class of ξ (equipped with any compatible almost
complex structure) is 2-torsion, and that the Maslov number m(Λ) of Λ (which we will
define below) vanishes.

We briefly recall what is the Maslov index of a loop in the Grassmanian of Lagrangian
subspaces in Cn. We refer to [55] for a precise exposition. Fix a Lagrangian subspace K,
and denote by Σk (K) the set of Lagrangian subspaces in Cn whose intersection with K

is k dimensional. Consider the Maslov cycle

Σ = Σ1 (K) ∪ · · · ∪ Σn (K) .

This is an algebraic variety of codimension one in the Lagrangian Grassmanian. Now if
Γ is a loop in the Lagrangian Grassmanian, its Maslov index µ (Γ) ∈ Z is the intersection
number of Γ with Σ. The contribution of an intersection instant t0 is computed as follows.
Choose a Lagrangian complement W of K in Cn. Then for each v in Γ(t0) ∩ K, there
exists a vector w(t) in W such that v + w(t) is in Γ(t) for every t near t0. Consider the
quadratic form

Q(v) = d

dt
ω (v, w(t))|t=t0

on Γ(t0) ∩K. Without loss of generality, Q can be assumed non-singular and the contri-
bution of t0 to µ(Γ) is the signature of Q.

Recall that H1 (V ) is assumed to be free. We choose a family (h1, . . . , hr) of embedded
circles in V which represent a basis of H1(V ), and a symplectic trivialization of ξ over
each hi. If γ is some loop in Λ, there is a unique family (a1, . . . , ar) of integers such that
[γc −∑

i aihi] is zero in H1(V ). Choose a surface Σγ in V such that

∂Σγ = γ −
∑
i

aihi.

There is a unique trivialization of ξ over Σγ which extends the chosen trivializations over
hi. Thus we get a trivialization γ−1ξ ≃ S1×Cn (where n is the dimension of Λ). We denote
by Γ the loop of Lagrangian planes in Cn corresponding, via the latter trivialization, to
the loop t 7→ Tγ(t)Λ. The Maslov index of Γ does not depend on the choice of the surface
Σγ because we assumed 2c1(ξ) = 0. This construction defines a morphism H1 (Λ,Z) → Z,
and the Maslov number m(Λ) of Λ is the generator of its image. In the following, we
assume that the Maslov number of Λ is zero.

Now, let c be a pure Reeb chord of Λ. We choose a path γc : [0, 1] → Λ which starts
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at the endpoint of c, and ends at its starting point (γc is called a capping path of c). We
denote by γc the loop obtained by concatenating γ and c. Let (a1, . . . , ar) be the unique
family of integers such that [γc −∑

i aihi] is zero in H1(V ), and choose a surface Σc in V
such that

∂Σc = γc −
∑
i

aihi.

There is a unique trivialization of ξ over Σc which extends the chosen trivializations over
hi. Thus we get a trivialization γ−1

c ξ ≃ S1×Cn (where n is the dimension of Λ). We denote
by Γc the path of Lagrangian planes in Cn corresponding, via the latter trivialization, to
the concatenation of t 7→ Tγ(t)Λ and t 7→ DφtRα

(
Tc(0)Λ

)
. Since Λ is chord generic, Γc is

not a loop: we close it in the following way. Let I be a complex structure on Cn which
is compatible with the standard symplectic form on Cn and such that I (Γc(1)) = Γc(0).
Then we let Γc be the loop of Lagrangian subspaces obtained by concatenating Γc and
the path t 7→ etIΓc(1). The Conley-Zehnder index of c is the Maslov index of Γc:

CZ(c) := µ
(
Γc
)
.

The Conley-Zehnder index of a Reeb chord does not depend on the choice of Σc because
the first Chern class of ξ is 2-torsion, and it does not depend on the choice of γc because
the Maslov number of Λ vanishes.

3.1.2 Moduli spaces

In the following, we introduce the moduli spaces needed to define the Chekanov-Eliashberg
algebra of Λ.

Definition 3.1. A Riemann disk with (d+ 1) marked points is a triple (D, j, ζ) such that

1. D is a smooth manifold-with-boundary diffeomorphic to the closed unit disk in C,

2. j is an integrable almost complex structure on D,

3. ζ = (ζ0, ζ1, . . . , ζd) is a family of distinct points on ∂D, cyclically ordered with
respect to the orientation induced by j.

If (D, j, ζ) is a Riemann disk, we denote by ∆ := D \ {ζ0, . . . , ζd} the corresponding
punctured disk.
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Definition 3.2. Let (D, j, ζ) and (D′, j′, ζ′) be two Riemann discs with (d + 1) marked
points. An isomorphism (D, j, ζ) → (D′, j′, ζ′) is a map ϕ : D → D′ such that

1. ϕ is a diffeomorphism,

2. ϕ∗j = j′,

3. (ϕ(ζ0), . . . , ϕ(ζd)) = (ζ ′
0, . . . , ζ

′
d).

Definition 3.3. Let (D, j, ζ) be a Riemann disk with (d+ 1) marked points. A choice
of strip-like ends for (D, j, ζ) is a collection of maps

ϵ0 : R≥0 × [0, 1] → ∆, (ϵk : R≤0 × [0, 1] → ∆)1≤k≤d

such that

1. ϵ0 and ϵk are embeddings such that

ϵ0 (R≥0 × {0, 1}) ⊂ ∂D and ϵk (R≤0 × {0, 1}) ⊂ ∂D,

2. ϵ0 and ϵk are (i, j)-holomorphic, where i is the standard complex structure on C,

3. we have
ϵ0 (s, t) −→

s→+∞
ζ0 and ϵk (s, t) −→

s→−∞
ζk.

In the following, we fix a choice of strip-like ends for each Riemann disk.

Definition 3.4. Let J be an almost complex structure on ξ compatible with (dα)|ξ. Let
a : [0, T0] → V and b = (bk : [0, Tk] → V )1≤k≤d be Reeb chords of Λ. We denote by
M̃a,b (R × Λ, J, α) the set of equivalence classes of tuples (D, j, ζ, u) such that

1. (D, j, ζ) is a Riemann disk with (d+ 1) marked points and u is a smooth map from
∆ = D \ {ζ0, . . . , ζd} to R × V which maps the boundary of ∆ to R × Λ,

2. u is pseudo-holomorphic with respect to the unique almost complex structure on
Rσ × V which sends ∂σ to Rα and which restricts to J on ξ,

3. with the choice of strip-like ends ϵ0, (ϵk)1≤k≤d for (D, j, ζ) we have

(u ◦ ϵ0) (s, t) −→
s→+∞

(+∞, a(T0t)) and (u ◦ ϵk) (s, t) −→
s→−∞

(−∞, bk(Tkt)) ,
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where two tuples (D, j, ζ, u), and (D′, j′, ζ′, u′) as above are said to be equivalent if there
exists an isomorphism ϕ : (D, j, ζ) → (D′, j′, ζ′) such that u ◦ ϕ−1 = u′. Observe that R
acts on M̃a,b (R × Λ, J, α) by translation in the Rσ-coordinate. We set

Ma,b (R × Λ, J, α) := M̃a,b (R × Λ, J, α) /R.

The moduli spaces M̃a,b (R × Λ, J, α) might not be compact, but their lack of com-
pactness can be understood. Since we will not use this notion in detail, we refer to [14]
and [1] for the definitions and main results about compactness in symplectic field theory.
What we need can be roughly stated as follows.

Proposition 3.5. Any sequence in M̃a,b (R × Λ, J, α) has a subsequence converging to a
broken holomorphic curve.

Proof. This follows from the compactness results in [14] and [1]. See in particular Theorem
3.20 in [1].

The moduli spaces M̃a,b (R × Λ, J, α) can be seen as the zero-set of a section ∂ : B → E
of a Banach bundle E → B (see for example [26]). We say that M̃a,b (R × Λ, J, α) is
transversely cut out if ∂ is transverse to the 0-section.

Proposition 3.6. There is a Baire set of almost complex structures J on ξ for which the
moduli spaces M̃a,b (R × Λ, J, α) are transversely cut out smooth manifolds of dimension

dim M̃a,b (R × Λ, J, α) = CZ (a) −
(

d∑
k=1

CZ (bk)
)

+ d− 1

(such almost complex structures will be called regular). Moreover, the moduli spaces
M̃a,b (R × Λ, J, α) may be supposed to be transversely cut out after a perturbation of
J supported in an arbitrarily small neighborhood of the chord a.

Proof. This is Proposition 3.13 in [22].

In particular, for J regular, the moduli spaces Ma,b (R × Λ, J, α) are smooth manifolds
of dimension

dim M̃a,b (R × Λ, J, α) = CZ (a) −
(

d∑
k=1

CZ (bk)
)

+ d− 2,
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and they are compact if their dimension is 0.

3.1.3 Chekanov-Eliashberg DG-algebra

Choose a regular almost complex structure J on ξ. We denote by CE∗ (Λ) = CE∗ (Λ, J, α)
the free unital graded algebra generated by the Reeb chords of Λ, where the grading of a
Reeb chord c is given by

|c| = CZ (c) − 1.

Besides, if a is a Reeb chord in CE∗ (Λ), we set

∂a =
∑
b,A

#Ma,b (R × Λ, J, α) b

where #M ∈ F denotes the number of elements modulo 2 in M if dim (M) = 0, and
0 otherwise. Finally, we extend ∂ to CE∗ (Λ) so that it satisfies the Leibniz rule with
respect to the concatenation product.

Let us sum up: given a contact manifold (V, ξ) with H1(V ) free, 2c1(ξ) = 0, and

1. a Legendrian submanifold Λ of (V, ξ) with m(Λ) = 0,

2. a hypertight contact form α on (V, ξ) for which Λ is chord generic,

3. an almost complex structure on ξ compatible with (dα)|ξ and regular (with respect
to Λ and α),

we defined a graded algebra CE∗ (Λ) = CE∗ (Λ, J, α), and a linear map ∂ : CE∗ (Λ) →
CE∗ (Λ) satisfying the Leibniz rule. It follows from Propositions 3.6, 3.5 (and a gluing
result) that ∂ ◦ ∂ = 0, and ∂ decreases the grading by 1. As a result, CE−∗ (Λ) is a
DG-algebra (see Definition 1.1).

Augmentations and Legendrian A∞-(co)algebra Recall from Definition 1.21 that
an augmentation of an A∞-algebra A is an A∞-map from A to the base field F. Assume
now that we have an augmentation ε : CE−∗ (Λ) → F of the Chekanov-Eliashberg DG-
algebra. Denote by ϕε the algebra automorphism of CE−∗ (Λ) defined by

ϕε(c) = c+ ε(c)
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for every Reeb chord c of Λ. We denote by CEε
−∗ (Λ) the DG-algebra whose underlying

graded algebra is the same as for CE−∗ (Λ), but the differential is ∂ε = ϕε ◦ ∂ ◦ ϕ−1
ε . Now

let LCε
∗ (Λ) be the graded vector space generated by the Reeb chords of Λ, where the

grading of a chord c is (−CZ(c)). Observe that, as a graded algebra, we have

CEε
−∗ (Λ) = F ⊕

⊕
d≥1

(
LCε

∗ (Λ) [−1]
)⊗d

 .
If we write

(∂ε)|LCε
∗(Λ) =

∑
d≥0

∂dε with ∂dε : LCε
∗ (Λ) → LCε

∗ (Λ)⊗d
,

then ∂0
ε = ε ◦ ∂ = 0. Moreover, the operations

(
∂dε
)
d≥1

make LCε
∗ (Λ) a non-counital

A∞-coalgebra (see Definition 1.23). We define the coaugmented A∞-coalgebra of (Λ, ε)
to be

LCε
∗ (Λ) := F ⊕ LCε

∗ (Λ)

(the A∞-cooperations are naturally extended so that eF is a counit). Observe that, as a
DG-algebra,

CEε
−∗ (Λ) = Ω (LCε

∗ (Λ))

(see Definition 1.32 for the cobar construction). Finally, we define the augmented A∞-
algebra (see Definition 1.17) of (Λ, ε) to be the graded dual (see Definition 1.37) of LCε

∗ (Λ):

LA∗
ε (Λ) = LCε

∗ (Λ)# .

3.2 Invariance and homotopies

3.2.1 Main result

Let (V, ξ) be a contact manifold equipped with a hypertight contact form α. Assume
that H1(V ) is free and that the first Chern class of ξ (equipped with any compatible
almost complex structure) is 2-torsion. In the following, we denote by L the space of
chord generic compact Legendrian submanifolds in (V, ξ) with Maslov number 0 and with
finitely many Reeb chords with respect to α. In order to state the main result of this
section, we give the following definition.

Definition 3.7. We say that a path (Λt, Jt)0≤t≤1, where Λt is a Legendrian submanifold
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of (V, ξ) and Jt is an almost complex structure on ξ, is good if the following conditions
hold:

1. for every 0 ≤ t ≤ 1, Λt is in L,

2. there exists a partition 0 = t0 < · · · < tN+1 = 1 such that for every 0 ≤ i ≤ N ,
either Λt = Λti for every t ∈ [ti, ti+1], or Jt = Jti for every t ∈ [ti, ti+1].

The rest of the section is devoted to the proof of the following result.

Theorem 3.8. There is a way to associate, to each good path (Λt, Jt)0≤t≤1, a tame DG-
isomorphism (see Definition 1.7)

φ : CE−∗ (Λ0, J0, α) ∼−→ CE−∗ (Λ1, J1, α)

such that the following holds:

1. if φ is the DG-map associated to a good path (Λt, Jt)0≤t≤1, if χ1 : [0, 1] → [0, t0] and
χ2 : [0, 1] → [t0, 1] are two non-decreasing functions satisfying

χ1(0) = 0, χ1(1) = t0 = χ2(0), χ2(1) = 1,

then φ = φ2 ◦ φ1, where φk is the DG-map associated to (Λχk(t), Jχk(t))0≤t≤1,

2. if φ± are the DG-maps associated to good paths (Λ±
t , J

±
t )0≤t≤1 satisfying

(Λ−
0 , J

−
0 ) = (Λ+

0 , J
+
0 ), (Λ−

1 , J
−
1 ) = (Λ+

1 , J
+
1 ),

and if there is a family (Λs,t)0≤s,t≤1 such that for every s, t

Λs,t ∈ L, (Λs,0,Λs,1) = (Λ±
0 ,Λ±

1 ), (Λ0,t,Λ1,t) = (Λ−
t ,Λ+

t ),

then φ− and φ+ are DG-homotopic (see Definition 1.2).

3.2.2 Constructions in V × T ∗R

We describe constructions of Legendrians and almost complex structures in the manifold
V × T ∗Rx equipped with the contact form

α̂ := α− ydx.
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0

1 + 1/k

x

z

z = fk (x)

−1 1

1 0

δ

x

t

t = ηδ (x)

−1/2 1/2

−δ

Figure 3.1: Functions fk (on the left) and ηδ (on the right)

We fix a family
(
ηδ : Rx → Rt

)
δ≥0

of non-decreasing functions such that

ηδ (0) = 0 and ηδ (±x) = ±δ for x ≥ 1/2.

We also consider a family (fk : Rx → Rz)k≥1 such that the only two local minima of fk are
at ±1, the only local maximum of fk is at 0, the image of fk is contained in [1, 1 + 1/k],
and

fk (±1) = 1, fk (0) = 1 + 1/k.

We moreover require that all the derivatives of fk vanish at ±1 (we will need this assump-
tion later, see Remark 3.31). See Figure 3.1.

In the following, we fix a good path (Λt, Jt)0≤t≤1 and some instant t0 ∈ (0, 1).

Legendrians Let (ϕt : M → V )t∈[0,1] be a family of Legendrian embeddings such that
im(ϕt) = Λt. We describe Legendrian embeddings Φk,δ

t0 : M × R → V × T ∗R obtained
from

(
ϕt0+ηδ(x)

)
x∈R

and fk.
We first choose a function h : M → R such that for every Reeb chord of Λt0 going

from ϕt0(q−) to ϕt0(q+), we have

h (q−) = 0, h (q+) > 0 and dh (q±) = 0

(observe that such a function exists because we assumed Λt0 has finitely many Reeb
chords). We let ψ : (N (Λt0) , α) ↪→ (J1 (M) , dz − pdq) be a strict contact embedding of
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a neighborhood of Λt0 inside the one-jets of M such that ψ ◦ ϕt0 is the one-jet of h.
For δ small enough,

(
ψ ◦ ϕt0+ηδ(x)

)
(q) is in N (Λt0) for every (q, x), and we set

(
zδx(q),

(
aδx(q), bδx(q)

))
:=
(
ψ ◦ ϕt0+ηδ(x)

)
(q) ∈ R × T ∗M.

Observe that

(q, x) 7→
(
zδx(q),

(
aδx(q), bδx(q)

)
,

(
x,

d

dx
zδx(q) − ⟨bδx(q),

d

dx
aδx(q)⟩

))

defines a Legendrian embedding of M × R inside R × T ∗M × T ∗R when equipped with
the contact form (dz − pdq − ydx). Moreover,

(q, x) 7→
(
fk(x)zδx(q),

(
aδx(q), fk(x)bδx(q)

)
,(

x, fk(x)
(
d

dx
zδx(q) − ⟨bδx(q),

d

dx
aδx(q)⟩

)
+ f ′

k(x)zδx(q)
))

also defines a Legendrian embedding of M × R inside R × T ∗M × T ∗R.
Then we define

Φk,δ
t0 : (q, x) 7→

(
ψ−1

(
fk(x)zδx(q),

(
aδx(q), fk(x)bδx(q)

))
,(

x, fk(x)
(
d

dx
zδx(q) − ⟨bδx(q),

d

dx
aδx(q)⟩

)
+ f ′

k(x)zδx(q)
))

which is a Legendrian embedding of M × R inside V × T ∗R. Observe that

Φk,0
t0 (q, x) =

(
ψ−1 (fk(x)h(q), (q, fk(x)dh(q))) , (x, f ′

k(x)h(q))
)

and
Φk,δ
t0 (q,±1) = (it0±δ(q), (±1, 0)) .

Example 3.9. Assume that V = Rz, M = {q−, q+}, and ϕt = ϕ : M → V with

ϕ (q−) = 0 and ϕ (q+) = 1.

Choose h : M → R such that

h(q−) = 0 and h(q+) = 1
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0

1 + 1/k

x

z

ΠRz×Rx

(
Φk,0

0

)
−1 1

1 0 x

y

−1 1

ΠT ∗R
(
Φk,0

0

)

Figure 3.2: Front (on the left) and Lagrangian (on the right) projections of Φk,0
0

and ψ : N (Λ) → J1 (M) = R ×M such that

ψ (z) = (z, q±) if z ∈ N (ϕ(q±)) .

Then
Φk,0

0 (q−, x) = (0, (x, 0)) and Φk,0
0 (q+, x) = (fk(x), (x, f ′

k(x))) .

See Figure 3.2.

Lemma 3.10. For every Reeb chord c : [0, T ] → V of Λt0 going from ϕt0(q−) to ϕt0(q+),
for every x ∈ R and for every k large enough, there is a Reeb chord cx,k of the Legendrian

{
ψ−1 (fk(x)h(q), (q, fk(x)dh(q))) | q ∈ M

}
⊂ V

which starts at ϕt0(q−) = ψ−1 (fk(x)h(q−), (q−, fk(x)dh(q−))) and which ends at the point
ψ−1 (fk(x)h(q+), (q+, fk(x)dh(q+))).

Proof. Let γ : R → V be the Reeb trajectory such that γ|[0,T ] = c. We have
 γ(0) = ϕt0 (q−) = ψ−1 (h(q−), (q−, dh(q−))) = ψ−1 (0, (q−, 0))
γ(T ) = ϕt0 (q+) = ψ−1 (h(q+), (q+, dh(q+))) = ψ−1 (h(q+), (q+, 0)) .

First observe that, since h(q−) = 0 and dh(q−) = 0, we have

γ(0) = ψ−1 (fk(x)h(q−), (q−, fk(x)dh(q−))) .
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Then observe that, since h(q+) > 0 and dh(q+) = 0, and because ψ sends the Reeb vector
field of V to the one of J1 (M), it follows that for every x ∈ R and for every k large
enough, there exists Tx,k > 0 such that

γ(Tx,k) = ψ−1
(
fk(x)h(q+), (q+, 0) = ψ−1 (fk(x)h(q+), (q+, fk(x)dh(q+)))

)
.

The result follows by setting cx,k := γ|[0,Tx,k].

Almost complex structures We describe compatible almost complex structures Jδt0 on
ξ̂ = ker (α̂) obtained from

(
Jt0+ηδ(x)

)
x∈R

. Observe that there is a symplectic isomorphism

ξ̂ (a, (x, y)) ∼−→ ξ(a) ⊕ C, (v, ζ) 7→ (v − ydx (ζ)Rα, ζ) .

We denote by Jδt0 (a, (x, y)) the almost complex structure on ξ̂ (a, (x, y)) which is the
pullback of

(
Jt0+ηδ(x) (a) ⊕ i

)
by this isomorphism.

Remark 3.11. Let ∆ be a punctured Riemann disk (see Definition 3.1). A map

u : ∆ → R × V × T ∗R, z 7→ (τ (z) , v(z), (x(z), y(z)))

is pseudo-holomorphic for the the structure induced by Jδt0 and α̂ = α− ydx if and only if


dτ ◦ i = ydx− v∗α

(dv −Rα ⊗ v∗α) ◦ i = Jt0+ηδ(x) ◦ (dv −Rα ⊗ v∗α)
(dx, dy) ◦ i = i ◦ (dx, dy) .

In particular, the projection of such a map to T ∗R is holomorphic. Moreover, if the map
z 7→ x(z) constantly equals ±1, then the map

∆ → R × V, z 7→ (τ (z) , v(z))

is pseudo-holomorphic for the structure induced by Jt0±δ and α.

Lemma 3.12. Let ∆ be a punctured Riemann disk (see Definition 3.1). A map

u : ∆ → R × V × T ∗R, z 7→ (τ (z) , v(z), (x(z), y(z)))
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is pseudo-holomorphic for the the structure induced by J0
t0 and α̂ = α− ydx if and only if

the following two conditions hold:

1. the map
∆ → R × V, z 7→

(
τ(z) − y(z)2/2, v(z)

)
is pseudo-holomorphic for the structure induced by Jt0 and α,

2. the map
∆ → T ∗R, z 7→ (x(z), y(z))

is holomorphic.

Proof. The map u is pseudo-holomorphic if and only if
dτ ◦ i = ydx− v∗α

(dv −Rα ⊗ v∗α) ◦ i = Jt0 ◦ (dv −Rα ⊗ v∗α)
(dx, dy) ◦ i = i ◦ (dx, dy) .

Besides, a map
∆ → R × V, z 7→ (σ(z), v(z))

is pseudo-holomorphic if and only if dσ ◦ i = −v∗α

(dv −Rα ⊗ v∗α) ◦ i = J ◦ (dv −Rα ⊗ v∗α) .

The result follows from the fact that

d
(
y2/2

)
+ ydx ◦ i = 0

when the map
∆ → T ∗R, z 7→ (x(z), y(z))

is holomorphic.

3.2.3 Construction of the tame DG-isomorphism

We mimic the construction made in [28]. Observe that if (Λt)0≤t≤1 is a path in L, then
the Reeb chords of Λt are naturally identified with those of Λ0 for every t. Therefore, we
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will consider that the DG-algebras CE−∗(Λt) and CE−∗(Λ0) have the same underlying
associative graded algebra.

If (Λt, Jt)0≤t≤1 is a good path, we consider the parametrized moduli space

M[0,1]
a,b := {(u, t) | u ∈ Ma,b (R × Λt, Jt, α)}

(see Definition 3.4).

Lemma 3.13 (Analog of Proposition 2.9 in [28]). The following holds for generic good
paths (Λt, Jt)0≤t≤1. If a, b are such that

d := |a| − |b| ≤ 1,

then M[0,1]
a,b is a transversely cut out manifold of dimension d. Besides, there exists t1 <

· · · < tr, called handle slide instants, and Reeb chords (ai,bi)1≤j≤r such that

⊔
|a|−|b|=0

M[0,1]
a,b =

r⊔
i=1

Mai,bi
(R × Λti , Jti) × {ti} .

Moreover, Mai,bi
(R × Λti , Jti) contains exactly one point, and Mc,d (R × Λti , Jti) is a

transversely cut out manifold of dimension 0 whenever |c| − |d| = 1.

Proof. This follows from Lemma B.8 in [25] (recall from Definition 3.7 that in a good
path, we can partition [0, 1] so that in each piece either the Legendrian or the almost
complex structure is changing but not both).

Lemma 3.14 (Analog of Proposition 2.10 in [28]). Let (Λt, Jt)0≤t≤1 be a good path. Any
sequence in M[0,1]

a,b has a subsequence that converges to a broken holomorphic curve.

Proof. This follows from the compactness results of [14] and [1]. See also [25] Appendix
B.

Lemma 3.15 (Analog of Lemma 2.11 in [28]). Let (Λt, Jt)0≤t≤1 be a generic path of
compatible almost complex structures on ξ. Let t < t′ be such that there is no handle slide
instants in [t, t′]. Then the identity map induces a DG-isomorphism:

CE−∗ (Λt, Jt) ≃ CE−∗ (Λt′ , Jt′) .
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Proof. As in [28], this follows from the smoothness and compactness of the parametrized
moduli space, which here correspond to Lemmas 3.13 and 3.14.

We now fix a generic path (Jt)0≤t≤1 of compatible almost complex structures on ξ. We
denote by t1 < · · · < tr the handle slide instants of Lemma 3.13, and we look at what
happens at an handle slide instant ti. To do that, we consider the Legendrians embeddings(
Φk,δ
ti

)
k≥1

and the almost complex structures
(
Jδti

)
δ≥0

described in Section 3.2.2.
Observe at this point that the analogs of Lemmas 10.1, 10.2 and 10.3 in [28] remain

true in our context using the same arguments. We recall them for completeness.

Lemma 3.16 (Analog of Lemma 10.1 in [28]). Let u be a disk in M
(
R × Φk,δ

ti , J
δ
ti

)
with

one positive puncture converging to a Reeb chord t 7→ (c(t), (x(t), y(t))). If t 7→ x(t)
constantly equals ±1, then the image of u lies in {x = ±1}.

Proof. The same proof as in [28] works here because the projection to T ∗R of a disc in
M

(
R × Φk,δ

ti , J
δ
ti

)
is holomorphic (see Remark 3.11).

Lemma 3.17 (Analog of Lemma 10.2 in [28]). The image of every disk in M
(
R × Φk,δ

ti , J
δ
ti

)
is contained in the region {|x| ≤ 1}.

Proof. Once again, the same proof as in [28] works here because the projection to T ∗R
of a disc in M

(
R × Φk,δ

ti , J
δ
ti

)
is holomorphic (see Remark 3.11).

Lemma 3.18 (Analog of Lemma 10.3 in [28]). There is a well defined Chekanov-Eliashberg
DG-algebra associated to

(
Φk,δ
ti , J

δ
ti

)
.

Proof. According to Proposition 3.6, transversality of the moduli spaces can be achieved
by a perturbation of the almost complex structure near the positive puncture of a disk.

Moreover, although the Legendrian Φk,δ
ti is not compact, Lemma 3.17 implies that the

differential ∂ defined as in Section 3.1.3 satisfies ∂ ◦ ∂ = 0.

We also state and prove the analog of Lemma 10.4 in our context.
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Lemma 3.19 (Analog of Lemma 10.4 in [28]). For every k large enough, the Reeb chords
of Φk,δ

ti are of the form
c [x0] := (cx0,k, (x0, 0))

where c is a Reeb chord of Λti, x0 ∈ {−1, 0, 1}, and cx0,k is the chord defined in Lemma
3.10. Besides, for every Reeb chord c we have

|c[0]| = |c| + 1 and |c[±1]| = |c|.

Proof. Since the Legendrians

{
ψ−1 (fk(x)h(q), (q, fk(x)dh(q))) | q ∈ M

}
⊂ V

converge to Λti when k goes to +∞, their Reeb chords are exactly the ones described in
Lemma 3.10 for k large enough. Now let γ be a Reeb chord of Φk,δ

ti . There exists a Reeb
chord c of Λti and (x0, y0) in T ∗R such that

γ(t) = (cx0,k(t), (x0, y0)) .

If c goes from ϕti(q−) to ϕti(q+) we get

y0 = f ′
k(x0)h(q−) = f ′

k(x0)h(q+).

Since h(q−) = 0 and h(q+) > 0, it follows that f ′
k(x0) = 0 and thus y0 = 0.

We now deal with the important Lemmas 10.5, 10.6 and 10.7 of [28].

Lemma 3.20 (Analog of Lemma 10.5 in [28]). There exists k0 such that for all k ≥ k0,
there exists a positive δk such that for every δ in [0, δk] and any Reeb chord c the following
holds. The moduli space Mc[0],c[±1]

(
R × Φk,δ

ti , J
δ
ti

)
consists of exactly one point which is a

transversely cut out rigid disk.

Proof. We first prove that the moduli space Mc[0],c[+1]
(
R × Φk,0

ti , J
0
ti

)
contains an element.

In the following, c : [0, T ] → V goes from ϕti(q−) to ϕti(q+). According to Lemma 3.12,
it suffices to find a pseudo-holomorphic map

R × [0, 1] → R × V, (s, t) 7→ (σ(s, t), v(s, t))
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and an holomorphic map

R × [0, 1] → T ∗R, (s, t) 7→ (x(s, t), y(s, t))

such that the map

u : R × [0, 1] → R × V × T ∗R, (s, t) 7→
(
σ(s, t) + y(s, t)2

2 , v(s, t), (x(s, t), y(s, t))
)

has the appropriate asymptotic and boundary properties. We first pick the only (up to
reparametrization) holomorphic map

R × [0, 1] → T ∗R, (s, t) 7→ (xk(s, t), yk(s, t))

such that (xk(s, 0), yk(s, 0)) ∈ [0, 1] × {0}, (xk(s, 1), yk(s, 1)) ∈ {y = f ′
k(x)h(q+)}

(xk(s, t), yk(s, t)) −→
s→−∞

(±1, 0) , (xk(s, t), yk(s, t)) −→
s→+∞

(0, 0) .

Then we look for the map

R × [0, 1] → R × V, (s, t) 7→ (σ(s, t), v(s, t)) .

Let γ : R → V be the Reeb trajectory satisfying γ(0) = ϕti (q−). We let ρk : R×[0, 1] → R
be the unique harmonic function such that

ρk(s, 0) = 0 and ρk(s, 1) = Tx(s,1),k

where Txk(s,1),k is the unique positive number satisfying

γ(Txk(s,1),k) = ψ−1 (fk(xk(s, 1))h(q+), (q+, fk(xk(s, 1))dh(q+)))

(see Lemma 3.10). Let σk : R × [0, 1] → R be a conjugate of ρk (meaning that dσk =
dρk ◦ i). Then the map

R × [0, 1] → R × V, (s, t) 7→ (σk(s, t), vk (s, t)) = (σk(s, t), γ (ρk(s, t)))
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is pseudo-holomorphic because

dvk = Rα (vk) ⊗ dρk and v∗
kα = dρk = −dσk ◦ i.

Moreover, the map

uk : R × [0, 1] → R ×V ×T ∗R, (s, t) 7→
(
σk(s, t) + yk(s, t)2

2 , vk(s, t), (xk(s, t), yk(s, t))
)

has the appropriate asymptotic and boundary properties.

We now explain why the latter disk is transversely cut out. Recall that the maps

(xk, yk) : R × [0, 1] → C and (σk, vk) : R × [0, 1] → R × V

are (pseudo-)holomorphic. Besides, (σk, vk) goes to the standard strip over the Reeb chord
c when k goes to +∞. The latter is transversely cut out because Λ is chord generic. This
implies that uk is transversely cut out.

We now explain why uk is the unique element of Mc[0],c[+1]
(
R × Φk,0

ti , J
0
ti

)
for k large

enough. Recall from Lemma 3.12 that if

u : ∆ → R × V × T ∗R, z 7→ (τ (z) , v(z), (x(z), y(z)))

is in Mc[0],c[+1]
(
R × Φk,0

ti , J
0
ti

)
, then

ũ : ∆ → R × V, z 7→ (τ̃ (z) , ṽ(z))

is pseudo-holomorphic for the structure induced by Jti and α. Besides, observe that Φk,0
t0

goes to Λt0 × 0R when k goes to +∞. Therefore, there exists ν > 0 such that for every k
large enough, for every u in Mc[0],c[+1]

(
R × Φk,0

ti , J
0
ti

)
, the area

A (ũ) =
∫

∆
ũ∗d (eσα) =

∫
c[0]
α−

∫
c[+1]

α

of ũ is either greater than ν or 0. Since the lengths of c[0] and c[±1] converge to the
length of c when k goes to ∞, it follows that A (ũ) is actually 0 for every k large
enough and u ∈ Mc[0],c[+1]

(
R × Φk,0

ti , J
0
ti

)
. This implies that uk is the unique element

of Mc[0],c[+1]
(
R × Φk,0

ti , J
0
ti

)
for k large enough.
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Let (ai,bi) be the chords such that Mai,bi
(R × Λti , Jti) contains a handle slide disk

(see Lemma 3.13).

Lemma 3.21 (Analog of Lemma 10.6 in [28]). There exists k0 such that for all k ≥ k0,
there exists a positive δk such that for every δ in [0, δk] and any Reeb chord c ̸= ai the
following holds. If e ̸= c [±1] is a word without [0]-generator, and if |c[0]| − |e| − 1 = 0,
then the moduli space Mc[0],e

(
R × Φk,δ

ti , J
δ
ti

)
is empty.

Proof. The proof is almost the same as in [28]. We reproduce it here with the necessary
modifications.

We show that the following holds for every c ̸= ai and e without [0]-generator: if
|c[0]| − |e| − 1 = 0, then the moduli space Mc[0],e

(
R × Φk,0

ti , J
0
ti

)
is empty for k large

enough. The result will follow because emptiness of a moduli space is an open condition.
We prove the contraposition. Consider a sequence (uk)k such that

uk ∈ Mc[0],e
(
R × Φk,0

ti , J
0
ti

)
for every k. Write uk = (τk, vk, (xk, yk)) : ∆ → R × V × T ∗R. According to Lemma 3.12,
the map

wk : ∆ → R × V, z 7→
(
τk(z) − yk(z)2/2, vk(z)

)
is pseudo-holomorphic with respect to the almost complex structure induced by Jti and
α. Taking k → +∞, we have Φk,0

ti → Λti × 0R and (a subsequence of) (wk)k converges
to a broken disk (wj∞)1≤j≤m with boundary on R × Λti (see Remark 3.22). For a disk
wj∞, let γj be its positive puncture, and εj the word of its negative punctures. Since the
positive puncture of uk is its only [0]-puncture, we have

|c[0]| − |e| − 1 = |c| − |e| =
m∑
j=1

(
|γj| − |εj|

)
.

Now observe that wj∞ either has formal dimension |γj| − |εj| − 1 at least 0, or equals the
handle slide disk (in this case recall that |ai| − |bi| = 0). Besides, there is exactly one j0

such that γj0 = c. Since c ̸= a, wj0 is not the handle slide disk and thus

|γj0 | − |εj0| − 1 ≥ 0.
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Finally we have
|c[0]| − |e| − 1 =

m∑
j=1

(
|γj| − |εj|

)
≥ 1.

Remark 3.22. The convergence of the sequence (wk)k in the proof of Lemma 3.21 might
seem unusual because wk has boundary on R × ΠV

(
Φk,0
ti

)
, and ΠV

(
Φk,0
ti

)
typically is not

a Legendrian submanifold of V . However, a careful reading of [1] section 3.3 shows that
the SFT compactness result holds in our context because the limit Λti of

(
ΠV

(
Φk,0
ti

))
k

is
a chord generic Legendrian submanifold of (V, α).

Lemma 3.23 (Analog of Lemma 10.7 in [28]). There exists k0 such that for all k ≥ k0,
there exists a positive δk such that for every δ in [0, δk] the following holds. If e ̸=
ai [±1] is a word without [0]-generators, and if |ai[0]| − |e| − 1 = 0, then the moduli space
Mai[0],e

(
R × Φk,δ

ti , J
δ
ti

)
is either empty, or bi is obtained from e by changing the letters

c [±1] into c.

Proof. As for the proof of Lemma 3.21, the proof of Lemma 3.23 is almost the same as
in [28] using Lemma 3.12.

We choose k ≥ 1 large enough and δ > 0 small enough so that the last three Lemmas
hold. We denote by ∆ the differential of CE∗

(
Φk,δ
ti , J

δ
ti

)
. We have

∆ai[0] = ai[1] + ai[−1] + ϵ+O(1),

where O(1) denotes a sum of terms with at least one [0]-generator, and ϵ is a sum of terms
without [0]-generator. Besides, there exists mi ∈ F such that mibi is obtained from ϵ by
changing the generators c[±1] into c. We denote by φi : CE∗ (Λti−δ) → CE∗ (Λti+δ) the
elementary isomorphism (see Definition 1.6) defined on generators by

φi(ai) = ai +mibi and φ(c) = c if c ̸= ai.

We can now write the analog of Lemma 10.8 in [28].

Lemma 3.24 (Analog of Lemma 10.8 in [28]). The map φi is an elementary DG-
isomorphism

φi : CE−∗ (Λti−δ, Jti−δ)
∼−→ CE−∗ (Λti+δ, Jti+δ) .
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Proof. In [28], this is an algebraic consequence of the Lemmas numbered from 10.1 to
10.7. The proof in our context is identical, using the corresponding Lemmas numbered
from 3.16 to 3.23.

We can now define the DG-isomorphism of Theorem 3.8.

Definition 3.25. Let (Λt, Jt)t∈[0,1] be a generic good path. Let t1 < · · · < tr be the
handle slide instants of Lemma 3.13. Choose k ≥ 1 large enough and δ > 0 small
enough so that Lemmas 3.19, 3.20, 3.21 and 3.23 hold for every handle slide instant.
For every 1 ≤ j ≤ r, we denote by φi : CE−∗ (Λti−δ, Jti−δ)

∼−→ CE−∗ (Λti+δ, Jti+δ) the
elementary DG-isomorphism of Lemma 3.24. According to Lemma 3.15, CE−∗ (Λt, Jt)
and CE−∗ (Λt′ , Jt′) are trivially identified when there is no handle slide instants between t
and t′. Thus, the map φ = φr◦· · ·◦φ1 defines a tame DG-isomorphism from CE−∗ (Λ0, J0)
to CE−∗ (Λ1, J1).

3.2.4 Mapping cylinder as Chekanov-Eliashberg algebra

This section gathers results in order to prove that the DG-isomorphisms defined in Defi-
nition 3.25 satisfy the second item of Theorem 3.8.

Let (Jt)t∈[0,1] be a generic path of compatible almost complex structures on ξ. We
use the notations of Definition 3.25. Our goal is to show that the mapping cylinder DG-
algebra (see Definition 1.10) of the tame DG-isomorphism φ = φr ◦ · · · ◦ φ1 can be seen
as the Chekanov-Eliashberg DG-algebra of some Legendrian. The starting point is the
following observation.

Lemma 3.26. For every 1 ≤ i ≤ r, CE−∗
(
Φk,δ
ti , J

δ
ti

)
is a quasi mapping cylinder DG-

algebra for the elementary DG-isomorphism

φi : CE−∗ (Λti−δ, Jti−δ) → CE−∗ (Λti+δ, Jti+δ)

(see Definition 1.15).

Proof. We denote by ∆ the differential of CE∗
(
Φk,δ
ti , J

δ
ti

)
. Observe that CE−∗ (Λti−δ, Jti−δ)

and CE−∗ (Λti+δ, Jti+δ) are sub-DG-algebras of CE−∗
(
Φk,δ
ti , J

δ
ti

)
using Remark 3.11 and

Lemma 3.16. Moreover, according to Lemmas 3.20 and 3.21, we have

∆c[0] = c[1] + c[−1] +O(1)
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(where O(1) denotes a sum of terms with at least one [0]-generator) for every Reeb chord
c ̸= ai, and

∆ai[0] = ai[−1] + ai[+1] + ϵ+O(1),

where ϵ is a sum of terms without [0]-generator. Moreover, as explained in the paragraph
above Lemma 3.24, φi(c) = c if c ̸= a, and φi(a) is obtained from (a[+1] + ϵ) by changing
the generators c[±1] into c. Thus, CE−∗

(
Φℓ, J

εi
ti,j

)
is a quasi mapping cylinder for the

elementary DG-isomorphism

φi : CE−∗ (Λti−δ, Jti−δ) → CE−∗ (Λti+δ, Jti+δ) .

We now have to treat the non handle slide instants. To do that we need two preliminary
Lemmas.

Lemma 3.27. There exists ℓ0 such that for all ℓ ≥ ℓ0, there exists a positive εℓ such that
for every ε in [0, εℓ], for every t in [0, 1] \

r⋃
i=1

(ti − δ, ti + δ) and for every Reeb chord c the

following holds. The moduli space Mc[0],c[±1]
(
R × Φℓ,ε

t , J
ε
t

)
consists of exactly one point

which is a transversely cut out rigid disk.

Proof. The proof is the same as for Lemma 3.20 using that [0, 1] \
r⋃
i=1

(ti − δ, ti + δ) is
compact.

Lemma 3.28. There exists ℓ0 such that for all ℓ ≥ ℓ0, there exists a positive εℓ such that
for every ε in [0, εℓ], for every t in [0, 1] \

r⋃
i=1

(ti − δ, ti + δ) and for every Reeb chord c the
following holds. If e ̸= c [±1] is a word without [0]-generators, and if |c[0]| − |e| − 1 = 0,
then the moduli space Mc[0],e

(
R × Φℓ,ε

t , J
δ
t

)
is empty.

Proof. Here, the proof is the same as for Lemma 3.21 using that [0, 1] \
r⋃
i=1

(ti − δ, ti + δ)
is compact.

Choose ℓ0 ≥ k so that for every ℓ ≥ ℓ0, there exists εℓ > 0 such that Lemmas 3.27 and
3.28 hold for every ε ∈ [0, εℓ]. Fix ℓ ≥ ℓ0, and choose s0 large enough so that

(ti+1 − δ) − (ti + δ)
2s ≤ ε
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for every s ≥ s0 and 0 ≤ i ≤ r. Now we fix s ≥ s0, and for every 0 ≤ i ≤ r, 1 ≤ j ≤ s we
set

εi = (ti+1 − δ) − (ti + δ)
2s , ti,j := (ti + δ) + (2j − 1)εi

(by convention, t0 + δ = 0 and tr+1 − δ = 1).

Lemma 3.29. For every 0 ≤ i ≤ r, 1 ≤ j ≤ s, CE−∗
(
Φℓ,εi
ti,j
, Jεi

ti,j

)
is a mapping cylinder

DG-algebra for the identity map

id : CE−∗
(
Λti,j−εi

, Jti,j−εi

)
→ CE−∗

(
Λti,j+εi

, Jti,j+εi

)
.

Proof. We denote by ∆ the differential of CE∗
(
Φℓ,εi
ti,j
, Jεi

ti,j

)
. Observe that CE−∗

(
Λti,j−εi

, Jti,j−εi

)
and CE−∗

(
Λti,j+εi

, Jti,j+εi

)
are sub-DG-algebras of CE−∗

(
Φℓ,εi
ti,j
, Jεi

ti,j

)
using Remark 3.11

and Lemma 3.16. Moreover, according to Lemmas 3.27 and 3.28, we have

∆c[0] = c[1] + c[−1] +O(1)

(where O(1) denotes a sum of terms with at least one [0]-generator) for every Reeb chord
c. Thus, CE−∗

(
Φℓ,εi
ti,j
, Jεi

ti,j

)
is a mapping cylinder for the identity map

id : CE−∗
(
Λti,j−εi

, Jti,j−εi

)
→ CE−∗

(
Λti,j+εi

, Jti,j+εi

)
.

Now that we have treated handle slide instants (see Lemma 3.26) and non handle slide
instants (see Lemma 3.29), we want to “glue” the data together.

Definition 3.30. To each couple (i, j) ∈ ({0, . . . , r} × {0, . . . , s}) \ {0, 0}, we associate
the positive integer

xi,j := i(s+ 1) + j

(observe that (i, j) 7→ xi,j preserves the lexicographic order). Now we define a Legendrian
embedding Φ : M× [0, 2xr,s] → V ×T ∗ [0, 2xr,s] and an almost complex structure J on the
restriction of ξ̂ to V × T ∗ [0, 2xr,s] as follows. For every (i, j) ∈ ({0, . . . , r} × {0, . . . , s}) \
{0, 0}, for every x ∈ [2(xi,j − 1), 2xi,j], we set

Φ (q, x) =

 Φℓ,εi
ti,j

(q, x− (2xi,j − 1)) if j ̸= 0
Φk,δ
ti (q, x− (2xi,0 − 1)) if j = 0
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0

1 + 1/ℓ

x

z

2x0,1

1

1 + 1/k

2x0,2 2x1,0 2x1,1 2x1,2

ΠRz×Rx (Φ)

Figure 3.3: Front projection of Φ when r = 1 and s = 2

and

J (a, (x, y)) =

 Jεi
ti,j

(a, (x− (2xi,j − 1), y)) if j ̸= 0
Jδti (a, (x− (2xi,0 − 1), y)) if j = 0.

Remark 3.31. Observe that Φ is smooth because we required all the derivatives of fk to
vanish at ±1 in Section 3.2.2.

Example 3.32. Assume that V = Rz, M = {q−, q+}, and ϕt = ϕ : M → V with

ϕ (q−) = 0 and ϕ (q+) = 1.

Make the same choices as in Example 3.9. Then for every (i, j) ∈ ({0, . . . , r}×{0, . . . , s})\
{0, 0}, for every x ∈ [2(xi,j − 1), 2xi,j],

Φ (q−, x) = (0, (x, 0))

and

Φ (q+, x) =

 (fℓ(x), (x, f ′
ℓ(x))) if j ̸= 0

(fk(x), (x, f ′
k(x))) if j = 0.

See Figure 3.3.
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Lemma 3.33. Let (Φ, J) be as in Definition 3.30. We have

CE∗ (Φ, J) =CE∗
(
Φℓ,ε0
t0,1 , J

ε0
t0,1

)
⋆ · · · ⋆ CE∗

(
Φℓ,ε0
t0,s
, Jε0

t0,s

)
⋆ CE∗

(
Φk,δ
t1 , J

δ
t1

)
⋆ CE∗

(
Φℓ,ε1
t1,0 , J

ε1
t1,0

)
⋆ · · · ⋆ CE∗

(
Φℓ,ε1
t1,s
, Jε1

t1,s

)
⋆ CE∗

(
Φk,δ
t2 , J

δ
t2

)
⋆ · · ·

⋆ CE∗
(
Φℓ,εr−1
tr−1,0 , J

εr−1
tr−1,0

)
⋆ · · · ⋆ CE∗

(
Φℓ,εr−1
tr−1,s

, J
εr−1
tr−1,s

)
⋆ CE∗

(
Φk,δ
tr , J

δ
tr

)
⋆ CE∗

(
Φℓ,εr
tr,1 , J

εr
tr,1

)
⋆ · · · ⋆ CE∗

(
Φℓ,εr
tr,s
, Jεr

tr,s

)
where ⋆ always denotes the fibered coproduct (in the category of semi-free DG-algebras)
over the common DG-subalgebra of both terms.

Proof. This follows from Lemmas 3.16 and 3.17.

We can now state the desired result.

Lemma 3.34. Let (Φ, J) be as in Definition 3.30. There is a tame DG-isomorphism from
CE−∗ (Φ, J) to a stabilization of a mapping cylinder DG-algebra for φ which restricts to
the identity on CE−∗ (Λ0, J0) and CE−∗ (Λ1, J1).

Proof. Look at the decomposition of CE−∗ (Φ, J) given by Lemma 3.33. According to
Lemmas 3.29 and 3.26, each DG-algebra in this decomposition is either a mapping cylinder
for a DG-map given by an identity map, or a quasi mapping cylinder for an elementary
DG-isomorphism φi. Therefore, the result follows using Lemma 1.16 and Proposition
1.13.

3.2.5 Proof of the main result

It is easy to see that the DG-isomorphisms defined in Definition 3.25 satisfy the first item
in Theorem 3.8. We now prove that they satisfy the second item.

Let Λ0, Λ1 be two chord generic Legendrian submanifolds, and let J0, J1 be two
compatible almost complex structures on ξ. Let

(
Λ±
t , J

±
t

)
t∈[0,1]

be two generic good paths
with (

Λ±
0 , J

±
0

)
= (Λ0, J0) ,

(
Λ±

1 , J
±
1

)
= (Λ1, J1) .
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Let t−1 < · · · < t−r− and t+1 < · · · < t+r+ be the corresponding handle slide instants of
Lemma 3.13. Adding non handle slide instants if necessary, we can assume that

r− = r+ = r and
(
t−1 , . . . , t

−
r

)
=
(
t+1 , . . . , t

+
r

)
= (t1, . . . , tr) .

Choose k ≥ 1 large enough and δ > 0 small enough so that Lemmas 3.19, 3.20, 3.21
and 3.23 hold for both

(
J±
t

)
t∈[0,1]

at every instant ti. For every 1 ≤ i ≤ r, we denote

by φ±
i : CE−∗

(
Λ±
ti−δ, J

±
ti−δ

) ∼−→ CE−∗
(
Λ±
ti+δ, J

±
ti+δ

)
the DG-isomorphism of Lemma 3.24

(if ti is not an handle slide instant of
(
Λ±
t , J

±
t

)
t∈[0,1]

, then φ±
i is the identity map). The

tame DG-isomorphisms CE−∗ (Λ0, J0) → CE−∗ (Λ1, J1) induced by
(
Λ±
t , J

±
t

)
t∈[0,1]

are
φ± = φ±

r ◦ · · · ◦ φ±
1 (see Definition 3.25).

Now choose ℓ0 so that for every ℓ ≥ ℓ0, there exists εℓ > 0 such that Lemmas 3.27
and 3.28 hold for every ε ∈ [0, εℓ] for both

(
Λ±
t , J

±
t

)
t∈[0,1]

. Fix ℓ ≥ ℓ0, and choose s0 large
enough so that

(ti+1 − δ) − (ti + δ)
2s ≤ ε

for every s ≥ s0 and 0 ≤ i ≤ r. Now we fix s ≥ s0, and for every 0 ≤ i ≤ r, 1 ≤ j ≤ s we
set

εi = (ti+1 − δ) − (ti + δ)
2s , ti,j := (ti + δ) + (2j − 1)εi

(by convention, t0 + δ = 0 and tr+1 − δ = 1). We denote by Φ±, J± the Legendrian
embeddings and almost complex structures of Definition 3.30.

Assume that there is a family (Λs,t)0≤s,t≤1 such that for every s, t

Λs,t ∈ L, (Λs,0,Λs,1) = (Λ±
0 ,Λ±

1 ), (Λ0,t,Λ1,t) = (Λ−
t ,Λ+

t ).

Since moreover the space of compatible almost complex structure is contractible, this
implies that there exists a generic good path from (Φ−, J−) to (Φ+, J+) which is fixed
on the extremities. According to the construction made in Section 3.2.3, we get a tame
DG-isomorphism CE−∗ (Φ−, J−) → CE−∗ (Φ+, J+). Moreover, since the homotopy has
fixed extremities, the DG-map CE−∗ (Φ−, J−) → CE−∗ (Φ+, J+) restricts to the iden-
tity on CE−∗ (Λ0, J0) and CE−∗ (Λ1, J1). We conclude the proof using Lemma 3.34 and
Proposition 1.14.

138



Chapter 4

LEGENDRIAN LIFT OF AN EXACT

LAGRANGIAN IN THE CIRCULAR

CONTACTIZATION

In this chapter, we start with a compact, connected, exact Lagrangian submanifold L

in a Liouville manifold (P, λ), and we study a Legendrian lift Λ◦ of L in the circular
contactization S1 × P . For the standard contact form (dθ − λ), each point of Λ◦ gives
rise to a (countable) infinite set of Reeb chords, and thus the situation is degenerate. In
section 4.1, we explain how we perturb the contact form, and we state our central result,
which computes invariants of Λ◦ in term of the Floer A∞-algebra of L. In order to prove
Theorem D, we apply a sequence of geometric modifications to the situation. Each of the
section numbered from 4.2 to 4.5 explains one of these modifications and describes how
the algebraic invariants change accordingly. Observe that we use Theorem 2.8 (Theorem
A in the introduction) in section 4.2, and Theorem 3.8 (Theorem C in the introduction) in
section 4.4. Finally, we end the proof of the main result in section 4.6, mainly by showing
that we can apply Theorem 2.10 (Theorem B in the introduction).

4.1 Setting and Legendrian invariants

Let (P, λ) be a Liouville manifold, and let L be a compact, connected and exact Lagrangian
submanifold of P . We fix f : L → R such that

λ|L = df.

We consider the manifold

V ◦ = S1 × P, where S1 = Rθ/Z,
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Legendrian lift of an exact Lagrangian in the circular contactization

with contact structure
ξ◦ = kerα◦, where α◦ = dθ − λ,

and the Legendrian submanifold

Λ◦ = {(f(q), q) | q ∈ L} ⊂ (V ◦, ξ◦) .

In order for the Floer complex of L and the Chekanov-Eliashberg algebra of Λ◦ to be
Z-graded, we assume that H1(P ) is free, that the first Chern class of P (equipped with
any almost complex structure compatible with (−dλ)) is 2-torsion, and that the Maslov
class of L vanishes.

4.1.1 Reeb chords

Observe that Λ◦ is not chord generic for α◦ (see section 3.1). We will choose a compactly
supported function H : P → R, and consider the perturbed contact form

α◦
H = eHα◦.

The Reeb vector field of α◦
H is then

Rα◦
H

= e−H

 1 + λ (XH)
XH

 ,
where XH is the unique vector field on P satisfying ιXH

dλ = −dH.
We fix a compact neighborhood K of L which is contained in a Weinstein neighborhood

of L in P . It is not hard to see that for every positive integer N , the space of smooth
functions H on P supported in K, such that the Rα◦

H
-chords of Λ◦ with action less than N

are generic, is open and dense in C∞
K (P ). Therefore, the space of functions H ∈ C∞

K (P )
such that Λ◦ is chord generic with respect to α◦

H is a Baire subset of C∞
K (P ). In particular,

the latter is dense in C∞
K (P ). In the following, we choose H ∈ C∞

K (P ) such that

1. Λ◦ is chord generic with respect to α◦
H ,

2. H is sufficiently close to 0 so that

dθ
(
Rα◦

H

)
= e−H (1 + λ (XH)) ≥ 1/2.
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Legendrian lift of an exact Lagrangian in the circular contactization

Λ◦

T ∗S1

S1 × T ∗S1

Λ◦

T ∗S1

Figure 4.1: Reeb chords (in blue) of Λ◦ = {0} × 0S1 for α◦ (on the left) and for α◦
H (on

the right)

Example 4.1. Assume that we are in the case

(P, λ) = (T ∗M, pdq) , L = 0M , and H (q, p) = h(q),

where h : M → R is a Morse function (we present this example in order to see what
happens, even if H is not compactly supported in T ∗M). The Reeb vector field of α◦

H is

Rα◦
H

= e−h


1
0

−dh

 ,

and therefore the Reeb flow satisfies

φtRα◦
H

(θ, (q, p)) =
(
θ + te−h(q),

(
q, p− te−h(q)dh (q)

))
.

Thus, the Rα◦
H

-chords of Λ◦ are the paths c : [0, T ] → S1 × T ∗M of the form

c(t) =
(
te−h(q0), (q0, 0)

)
, with Te−h(q0) ∈ Z≥1 and q0 ∈ Crith.

Observe that these Reeb chords are transverse but lie on top of each others. See Figure
4.1, where we illustrate this perturbation when M = S1.
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Legendrian lift of an exact Lagrangian in the circular contactization

4.1.2 Conley-Zehnder index

In order to define the Conley-Zehnder index (see section 3.1.1), we need to choose a family
(h0, h1, . . . , hr) of embedded circles in V ◦ = S1 × P which represent a basis of H1(V ◦),
and a symplectic trivialization of ξ◦ over each hi. We let h0 = S1 × {a0} be some fiber
of S1 × P → P , and we fix (h1, . . . , hr) to be any family of embedded circles in P which
represent a basis of H1(P ). We choose a symplectic isomorphism ψ : (Ta0P,−dλa0) ∼−→
(Cn, dx ∧ dy), and then we choose the symplectic trivialization

(
ξ◦

|h0 , dα
◦
) ∼−→ (h0 × Cn, dx ∧ dy) , ((θ, a0) , (λa0(v), v)) 7→

(
(θ, a0) , e2iπθψ(v)

)
.

Finally, we choose some trivialization of ξ◦ over each hi, 1 ≤ i ≤ r.

Remark 4.2. We chose this trivialization of h0 = S1 × {a0} because it is compatible with
the one induced by the filling D2 × P of S1 × P .

Example 4.3. We compute the Conley-Zehnder index of a Reeb chord in the case of
example 4.1, i.e. when

(P, λ) = (T ∗M, pdq) , L = 0M , and H (q, p) = h(q),

where h : M → R is a Morse function . In this case, the Reeb flow is given by

φtRα◦
H

(θ, (q, p)) =
(
θ + te−h(q),

(
q, p− te−h(q)dh (q)

))
.

Let c : [0, T ] → V ◦ be a Reeb chord of Λ◦. Then there exists a positive integer k and a
critical point q0 of h such that

c(t) =
(
te−h(q0), (q0, 0)

)
and Te−h(q0) = k.

Observe that c(0) = c(T ), and thus there is no need to choose a capping path for c.
Besides, for every u in Tq0M , we have

DφtRα◦
H

(c(0)) (0, u, 0) =
(
0, u,−te−h(q0)D2h (q0)u

)
.

In order to compute the index of c, we first choose coordinates (x1, . . . , xn) around q0 ∈ M
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Legendrian lift of an exact Lagrangian in the circular contactization

in which

h = h (q0) + 1
2

dim(M)∑
j=1

σjx
2
j , where σj = ±1,

and we extend it to symplectic coordinates (x1, . . . , xn, y1, . . . , yn) around (q0, 0) ∈ T ∗M

by setting
yj (q, p) = ⟨p, ∂

∂xj
(q)⟩.

Our choice of trivialization for a fiber of S1 × P → P induces the trivialization

e2iπkt/T (dx+ idy) : c−1ξ◦ ∼−→ (R/TZ) × Cn

(observe that ξ◦
c(t) = {0} × T(q0,0) (T ∗M)). Accordingly, the path t 7→ DφtRα◦

H

(
Tc(0)Λ◦

)
induces a path of Lagrangians

Γc : t ∈ [0, T ] 7→
{(
e2iπkt/T

(
uj − ite−h(q0)σjuj

))
1≤j≤n

| u ∈ Rn
}

⊂ Cn.

We close this path using a counterclockwise rotation Γ, and call the resulting loop Γc. In
order to compute the Conley-Zehnder index of c, we have to look at how Γc intersects the
Lagrangian iRn (as explained in [28] section 2.2). Observe that Γc intersects iRn positively
2k times, so that Γc contributes 2k to the Conley-Zehnder index of c. Moreover, since Γ
is a counterclockwise rotation bringing{(

uj − iTe−h(q0)σjuj
)

1≤j≤n
| u ∈ Rn

}
to Rn,

the contributions to the intersection between Γ and iRn come from the negative eigen-
values σj. The computation done in [27] Lemma 3.4 implies that Γ contributes ind(q0) to
the Conley-Zehnder index of c. We conclude that the Conley-Zehnder index of c is

CZ (c) = µ
(
Γc
)

= 2k + ind(q0).

4.1.3 Main result

Legendrian invariants Let j be an almost complex structure on P compatible with
(−dλ), and let J◦ be its lift to a complex structure on ξ◦. Recall from section 3.1.3
the definition of the Chekanov-Eliashberg DG-algebra of a Legendrian. In our situation,
CE−∗ (Λ◦) = CE−∗ (Λ◦, J◦, α◦

H) is an Adams-graded DG-algebra (see Definition 1.1),
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Legendrian lift of an exact Lagrangian in the circular contactization

where the Adams-degree of a Reeb chord c is the number of times c winds around the fiber.
Besides, the algebra map CE−∗ (Λ◦) → F which sends every Reeb chord to zero defines
an augmentation of CE−∗ (Λ◦). We denote by LC∗ (Λ◦) the corresponding coaugmented
A∞-coalgebra of Λ◦ (see the last paragraph of section 3.1.3). LC∗ (Λ◦) inherits an Adams-
grading from CE−∗ (Λ◦) (the same), and we denote by LA∗ (Λ◦) its graded dual with
respect to the bigrading (see Definition 1.37). In our situation, LA∗ (Λ◦) is an augmented
Adams-graded A∞-algebra (see Definition 1.17) whose augmentation ideal is generated
by the Reeb chords of Λ◦ (and the Adams-degree of a Reeb chord c is the number of times
c winds around the fiber).

Remark 4.4. In the case of example 4.1, the cohomological degree of a Reeb chord c

corresponding to a positive integer k and a critical point q0 is

1 − CZ(c) = 1 − 2k − ind(q0)

when viewed in CE−∗ (Λ◦), and CZ(c) = 2k + ind(q0) when viewed in LA∗ (Λ◦) (see
example 4.3).

Lagrangian invariants We denote by CF ∗ (L) a finite-dimensional model for the Floer
A∞-algebra of L, as defined for example in [59]. We denote by CF−∗ (L) its graded dual.
Observe that CF−∗ (L) in general is not an A∞-coalgebra, but only a quasi-A∞-coalgebra
in the sense of Definition 1.23. As pointed out in [32] section 4, CF−∗ (L) is a true
A∞-coalgebra when L is simply connected.

Result Let F [t] be the augmented Adams-graded associative algebra generated by a
variable t of bidegree (2, 1). We denote by

F [t] := VectF {tk | k ≥ 1}

its augmentation ideal (or equivalently, the ideal generated by t). Besides, we let F [t#]
be the graded dual of F [t], which is a coaugmented Adams-graded associative coalgebra
generated by a variable t# of bidegree (−2, 1). Finally, we denote by F [t#] its coaugmen-
tation ideal.

If A is an augmented A∞-algebra, then F ⊕
(
F [t] ⊗ A

)
is naturally an augmented

Adams-graded A∞-algebra, where the Adams degree of tk⊗x is defined to be k. Moreover,
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Legendrian lift of an exact Lagrangian in the circular contactization

if C is a coaugmented quasi-A∞-coalgebra, then F⊕
(
F [t#] ⊗ C

)
is a coaugmented Adams-

graded A∞-coalgebra (the finiteness condition is forced by the operations on F [t#]).
The rest of the section is devoted to the proof of the following result.

Theorem 4.5 (Theorem D in the Introduction). There is a quasi-isomorphism of aug-
mented Adams-graded A∞-algebras

LA∗ (Λ◦) ≃ F ⊕
(
F [t] ⊗ CF ∗ (L)

)
.

Moreover, Koszul duality holds for CE−∗ (Λ◦) (see Definition 1.42), and E (CE−∗ (Λ◦)) ≃
LA∗ (Λ◦). In particular there are quasi-isomorphisms of Adams-graded DG-algebras

CE−∗ (Λ◦) ≃ E
(
F ⊕

(
F [t] ⊗ CF ∗ (L)

))
≃ Ω

(
F ⊕

(
F [t#] ⊗ CF−∗ (L)

))
.

Remark 4.6. Let f : C1 → C2 be a quasi-isomorphism between two quasi-A∞-coalgebras
(see Definition 1.25). It naturally induces a quasi-isomorphism of coaugmented Adams-
graded A∞-coalgebras

F : F ⊕
(
F [t#] ⊗ C1

)
→ F ⊕

(
F [t#] ⊗ C2

)
defined as follows. Choose a basis B of C2 and, if x ∈ C1, write

fd(x) =
∑

y1,...,yd∈B
m (x; y1, . . . , yd) y1 ⊗ · · · ⊗ yd ∈ C⊗d

2 ,

where m (x; y1, . . . , yd) ∈ F. Then

F d
(
tk# ⊗ x

)
=

∑
y1,...,yd∈B
j1+···+jd=k

m (x; y1, . . . , yd)
(
tj1# ⊗ y1

)
⊗ · · · ⊗

(
tjd# ⊗ yd

)
.

Moreover, the coaugmented Adams-graded A∞-coalgebras F ⊕
(
F [t#] ⊗ Ci

)
are Adams

connected (see Definition 1.28). Thus, according to Remark 1.36, F induces a quasi-
isomorphism

ΩF : Ω
(
F ⊕

(
F [t#] ⊗ C1

))
→ Ω

(
F ⊕

(
F [t#] ⊗ C2

))
.

If B is a (unpointed) space, we consider its one-point compactification B∗ and view
it as a pointed space (with base point the point at infinity). If moreover X is a pointed
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space, we consider the half-smash product of B and X,

X ⋊B := X ∧B∗,

where ∧ denotes the smash product of pointed spaces.

Corollary 4.7. There is a quasi-isomorphism of augmented (non Adams-graded) A∞-
algebras

LA∗ (Λ◦) ≃ C∗ (CP∞ ⋊ L) ,

and a quasi-isomorphism of augmented (non Adams-graded) DG-algebras

CE∗ (Λ◦) ≃ C∗ (Ω (CP∞ ⋊ L)) .

Proof. Let x0 be the base point of CP∞, and set P := CP∞ \ {x0}. Observe that

(P × L)∗ = P ∗ ∧ L∗ = CP∞ ∧ L∗ = CP∞ ⋊ L.

On the one hand, we have

F ⊕
(
F [t] ⊗ CF ∗ (L)

)
≃ F ⊕

(
F [t] ⊗ C∗ (L)

)
≃ C∗ ((P × L)∗) ≃ C∗ (CP∞ ⋊ L) .

Thus, it follows from Theorem 4.5 that

LA∗ (Λ◦) ≃ C∗ (CP∞ ⋊ L) .

On the other hand, we have

F ⊕
(
F [t#] ⊗ CF−∗ (L)

)
≃ F ⊕

(
F [t#] ⊗ C−∗ (L)

)
≃ C−∗ ((P × L)∗) ≃ C−∗ (CP∞ ⋊ L) .

Moreover, F ⊕
(
F [t#] ⊗ CF−∗ (L)

)
and C−∗ (CP∞ ⋊ L) are locally finite and cohomo-

logically simply connected (see Definition 1.28). Therefore, Theorem 4.5 and Proposition
1.33 imply that

CE−∗ (Λ◦) ≃ Ω (C−∗ (CP∞ ⋊ L)) .

Now, since CP∞ ⋊ L is simply connected, Adams result (see [4], [5] and also [32]) yields

Ω (C−∗ (CP∞ ⋊ L)) ≃ C−∗ (Ω (CP∞ ⋊ L)) .
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4.2 Lift to R × P

In the following we will consider the manifold

V = Rθ × P

with contact structure
ξ = kerα, where α = dθ − λ,

and the Legendrian submanifold

Λ =
⊔
n∈Z

Λn, where Λθ = {(f(q) + θ, q) | q ∈ L} ⊂ (V, ξ) .

Recall from section 4.1.1 that we chose a compactly supported function H : P → R
such that

1. Λ◦ is chord generic with respect to α◦
H ,

2. H is sufficiently close to 0 so that

dθ
(
Rα◦

H

)
= e−H (1 + λ (XH)) ≥ 1/2.

We consider the contact form
αH = eHα,

with Reeb vector field

RαH
= e−H

 1 + λ (XH)
XH

 .
Moreover, we denote by J the lift of J◦ to an almost complex structure on ξ.

4.2.1 The A∞-category A

Definition 4.8. We consider the A∞-category A defined as follows

1. the objects of A are the Legendrians Λn, n ∈ Z,
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2. the space of morphisms from Λi to Λj is either generated by the RαH
-chords from

Λi to Λj if i < j, or F if i = j, or 0 if i > j, and

3. the operations are such that eΛn ∈ A (Λn,Λn) is a strict unit, and for every sequence
of integers i0 < · · · < id, for every sequence of Reeb chords

(c1, . . . , cd) ∈ R
(
Λi0 ,Λi1

)
× · · · × R

(
Λid−1 ,Λid

)
,

we have
µA (c1, . . . , cd) =

∑
a∈R(Λi0 ,Λid)

#Ma,cd...c1 (R × Λ, J, αH) a

(see Definition 3.4 for the moduli spaces).

4.2.2 The quasi-autoequivalence τ

We introduce an A∞-endofunctor of A that will be important in the following.

Definition 4.9. We denote by τ : A → A the A∞-functor defined as follows:

1. on objects, τ sends Λn to Λn+1,

2. on morphisms, the map

τ d : A
(
Λi0 ,Λi1

)
⊗ · · · ⊗ A

(
Λid−1 ,Λid

)
→ A

(
Λi0+1,Λid+1

)
is obtained by dualizing the components of the tame DG-isomorphism

CE−∗

 id⊔
n=i0

Λn+1, J, αH

 → CE−∗

 id⊔
n=i0

Λn, J, αH



induced by the good path
(

id⊔
n=i0

Λn+1−t, J

)
0≤t≤1

(see Theorem 3.8).

Lemma 4.10. The A∞-functor τ : A → A is a quasi-equivalence.

Proof. Consider the A∞-functor τ : A → A defined as follows:

1. on objects, τ sends Λn to Λn−1,
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2. on morphisms, the map

τ : A
(
Λi0 ,Λi1

)
⊗ · · · ⊗ A

(
Λid−1 ,Λid

)
→ A

(
Λi0−1,Λid−1

)
is obtained by dualizing the components of the inverse of the tame DG-isomorphism

CE−∗

 id⊔
n=i0

Λn+1, J, αH

 → CE−∗

 id⊔
n=i0

Λn, J, αH



induced by the path
(

id⊔
n=i0

Λn+1−t, J

)
0≤t≤1

.

Then τ ◦ τ = τ ◦ τ = idA.

Here the Z-splitting
Z ∼−→ ob (A) , n 7→ Λn

is compatible with the quasi-autoequivalence τ in the sense of Definition 2.5. As explained
there, this turns A into an Adams-graded A∞-category: the Adams-degree of a morphism
c ∈ A (Λi,Λj) is (j − i).

4.2.3 Relation between LA∗ (Λ◦) and (A, τ)

We now explain how LA∗ (Λ◦) and (A, τ) are related. See Figure 4.2, where we illustrate
the action of the projection ΠS1×P in the case

(P, λ) =
(
T ∗S1, pdq

)
, L = 0S1 , and H (q, p) = h(q),

where h : S1 → R is a Morse function.

Lemma 4.11. The A∞-functor τ is strict, and it sends a Reeb chord t 7→ (θ (t) , x (t)) in
A (Λi,Λj) to the Reeb chord t 7→ (θ (t) + 1, x (t)) in A (Λi+1,Λj+1). In particular, τ acts
bijectively on hom-sets.

Proof. Recall that αH = eHα, with H a function defined on the base manifold P . In
particular, the flow φt∂θ

of ∂θ is a strict contactomorphism of (V, αH). Moreover, since J
is the lift of an almost complex structure j on P , the map

u = (σ, v) 7→
(
σ, φt∂θ

◦ v
)
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Λ0

Λ1

Λ2

(R × T ∗S1, αH , J)

T ∗S1

ΠS1×T ∗S1
Λ◦

T ∗S1
c

τc

ΠS1×T ∗S1 (c) = ΠS1×T ∗S1 (τc)

(S1 × T ∗S1, α◦
H , J

◦)

Figure 4.2: Action of the projection ΠS1×T ∗S1

induces a bijection

Ma,cd...c1

R ×
id⊔

n=i0
Λn+1−t, J, αH

 ∼−→ Mφt
∂θ

(a),φt
∂θ

(cd)...φt
∂θ

(c1)

R ×
id⊔

n=i0
Λn+1, J, αH


for every t. Thus, there is no handle slide moment to consider for the isomorphism of
Theorem 3.8. This implies the result.

We denote by Aτ the Adams-graded A∞-category associated to τ as in Definition 2.7.
Observe that here Aτ has only one object, and thus can be seen as an Adams-graded
A∞-algebra.

Lemma 4.12. There is a quasi-isomorphism of Adams-graded A∞-algebras

LA∗ (Λ◦) ≃ Aτ .

Proof. Consider the map which sends a Reeb chord c ∈ R (Λi,Λj) to the corresponding
chord ΠS1×P (c) ∈ R (Λ◦) (where ΠS1×P : R × P → S1 × P is the projection). According
to Lemma 4.11, ΠS1×P (τc) = ΠS1×P (c), and thus the map c 7→ ΠS1×P (c) induces a linear
map ψ : Aτ → LA∗ (Λ◦). Moreover, observe that ψ is a bijection. It remains to prove
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that ψ is an A∞-map. This follows from the fact that the map

u = (σ, v) 7→ (σ,ΠS1×P ◦ v)

induces a bijection

Ma,cd...c1 (R × Λ, J, αH) ∼−→ Mψ(a),ψ(cd)...ψ(c1) (R × Λ◦, J◦, α◦
H) .

Lemma 4.13. The Adams-graded A∞-algebra LA∗ (Λ◦) is quasi-equivalent to the mapping
torus of τ : A → A (see Definition 2.1).

Proof. This follows directly from Theorem 2.8 using Lemmas 4.11 and 4.12.

4.3 Rectification of the contact form

Now that we are in the usual contactization, we have the following result.

Lemma 4.14. There exists a contactomorphism ϕH of (V, ξ) such that

ϕ∗
HαH = α.

Proof. Recall that αH = eHα, with H a compactly supported function on the base man-
ifold P such that e−H (1 + λ (XH)) ≥ 1/2.

Assume that there is a contact isotopy (ϕt)0≤t≤1 such that ϕ0 = id and

ϕ∗
tαtH = α (4.1)

for every t. Let (Ft)t be the family of functions on V such that

d

dt
ϕt = YFt ◦ ϕt,

where YF is the contact vector field on V satisfying α (YF ) = F

ιYF
dα = dF (Rα)α− dF.
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Taking the derivative of equation (4.1) with respect to t, we get

H + d
(
etHFt

)
(RαtH

) = 0 (4.2)

because YF satisfies αtH (YF ) = etHF

ιYF
dαtH = d

(
etHF

)
(RαtH

)αtH − d
(
etHF

)
.

Besides, we deduce from

RαtH
= e−tH

 1 + tλ (XH)
tXH

 , ιXH
dλ = −dH,

that
dH (RαtH

) = 0.

Then equation (4.2) gives
dFt (RαtH

) = −He−tH . (4.3)

Conversely, if (Ft)t is a family of functions on V satisfying equation (4.3), then the
contact isotopy (ϕt)t defined by

ϕ0 = id and d

dt
ϕt = YFt ◦ ϕt,

satisfies
d

dt
(ϕ∗

tαtH) = 0,

and thus ϕH := ϕ1 gives the desired result.

Therefore, it remains to find a family (Ft)t satisfying equation (4.3). First recall that

RαtH
= e−tH

 1 + tλ (XH)
tXH

 .
By assumption on H, the function dθ (RαtH

) is greater than 1/2 for every t ∈ [0, 1]. Thus,
for every t ∈ [0, 1] and every (θ, x) in V , there exists a unique real number ρt (θ, x) such
that

φ
−ρt(θ,x)
RαtH

(θ, x) ∈ {0} × P.
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Then we let
Ft := −ρtHe−tH .

For every real number t, we have

Ft ◦ φtRαtH
= −

(
ρt ◦ φtRαtH

)
He−tH because dH (RαtH

) = 0.

But the map φ
−ρt◦φt

RαtH
+t

RαtH
takes its values in {0} ×P by definition of ρt, so by uniqueness

we have
ρt ◦ φtRαtH

= ρt + t.

Then we have
Ft ◦ φtRαtH

= − (ρt + t)He−tH ,

and thus
dFt (RαtH

) = −He−tH .

This concludes the proof.

Example 4.15. Assume that we are in the case

(P, λ) = (T ∗M, pdq) , L = 0M , and H (q, p) = h(q),

where h : M → R is a Morse function. Then the diffeomorphism ϕH defined by

ϕ−1
H (θ, (q, p)) =

(
θeh(q),

(
q, eh(q)p+ θeh(q)dh(q)

))
satisfies ϕ∗

HαH = α. With this choice of ϕH , we have in particular

ϕ−1
H ({θ} × 0M) = j1

(
θeh

)
⊂ R × T ∗M.

4.3.1 The A∞-category A1

In the following, we fix a contactomorphism ϕH as in Lemma 4.14. We define an A∞-
category A1, which is roughly obtained by pulling back the data of A by ϕH .

153



Legendrian lift of an exact Lagrangian in the circular contactization

Definition 4.16. Let

Λθ
H := ϕ−1

H

(
Λθ
)
, ΛH :=

⊔
n∈Z

Λn
H , and JH := ϕ∗

HJ.

We consider the A∞-category A1 defined as follows

1. the objects of A1 are the Legendrians Λn
H , n ∈ Z,

2. the vector space A1
(
Λi
H ,Λ

j
H

)
is either generated by the Rα-chords from Λi

H to Λj
H

if i < j, or F if i = j, or 0 if i > j, and

3. the operations are such that eΛn
H

∈ A1 (Λn
H ,Λn

H) is a strict unit, and for every
sequence of integers i0 < · · · < id, for every sequence of Reeb chords

(c1, . . . , cd) ∈ R
(
Λi0
H ,Λi1

H

)
× · · · × R

(
Λid−1
H ,Λid

H

)
we have

µA1 (c1, . . . , cd) =
∑

a∈R
(

Λi0
H ,Λ

id
H

)#Ma,cd...c1 (R × ΛH , JH , α) a

(see Definition 3.4 for the moduli spaces).

4.3.2 The quasi-autoequivalence τ1

Definition 4.17. We denote by τ1 : A1 → A1 the A∞-functor defined as follows:

1. on the objects, τ1 (Λn
H) = Λn+1

H ,

2. on the morphisms, the map

τ d1 : A1
(
Λi0
H ,Λi1

H

)
⊗ · · · ⊗ A1

(
Λid−1
H ,Λid

H

)
→ A1

(
Λi0+1
H ,Λid+1

H

)
is obtained by dualizing the components of the tame DG-isomorphism

CE−∗

 id⊔
n=i0

Λn+1
H , JH , α

 → CE−∗

 id⊔
n=i0

Λn
H , JH , α



induced by the good path
(

id⊔
n=i0

Λn+1−t
H , JH

)
0≤t≤1

(see Theorem 3.8).
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Λ0

Λ1

Λ2

(R × T ∗S1, αH , J)
T ∗S1

c

τc

Λ0
H

Λ1
H

Λ2
H

T ∗S1

ϕ−1
H (c)

ϕ−1
H (τc) = τ1

(
ϕ−1
H (c)

)

ϕ−1
H

(R × T ∗S1, α, JH)

Figure 4.3: Action of the contactomorphism ϕ−1
H

Lemma 4.18. The A∞-functor τ1 : A1 → A1 is a quasi-equivalence.

Proof. This follows because τ1 is defined by dualizing the components of a DG-isomorphism
(see the proof of Lemma 4.10).

Here the Z-splitting
Z ∼−→ ob (A1) , n 7→ Λn

H ,

is compatible with the quasi-autoequivalence τ1 in the sense of Definition 2.5. As explained
there, this turns A into an Adams-graded A∞-category.

4.3.3 Relation between (A, τ) and (A1, τ1)

We now explain how the pairs (A, τ) and (A1, τ1) are related. See Figure 4.3 where we
illustrate the action of the contactomorphism ϕ−1

H in the case

(P, λ) =
(
T ∗S1, pdq

)
, L = 0S1 , and H (q, p) = h(q),

where h : S1 → R is a Morse function.
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Lemma 4.19. There is a strict A∞-isomorphism ζ1 : A → A1 defined as follows:

1. on the objects, ζ1 (Λn) = Λn
H ,

2. on the morphisms, ζ1 sends a Reeb chord c in A (Λi,Λj) to the Reeb chord

ζ1 (c) = ϕ−1
H ◦ c

in A1
(
Λi
H ,Λ

j
H

)
.

Proof. This follows from the fact that the map

u = (σ, v) 7→
(
σ, ϕ−1

H ◦ v
)

induces a bijection

Ma,cd...c1 (R × Λ, J, αH) ∼−→ Mϕ−1
H (a),ϕ−1

H (cd)...ϕ−1
H (c1) (R × ΛH , JH , α) .

Lemma 4.20. We have
τ1 = ζ1 ◦ τ ◦ ζ−1

1 .

Proof. This follows from the fact that the map

u = (σ, v) 7→
(
σ, ϕ−1

H ◦ v
)

induces a bijection

Ma,cd...c1

R ×
id⊔

n=i0
Λn+1−t, J, αH

 ∼−→ Mϕ−1
H (a),ϕ−1

H (cd)...ϕ−1
H (c1)

R ×
id⊔

n=i0
Λn+1−t
H , JH , α


for every t ∈ [0, 1].

Lemma 4.21. The mapping torus of τ : A → A is quasi-equivalent to the mapping torus
of τ1 : A1 → A1 (see Definition 2.1).
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Proof. According to Lemma 4.20 the following diagram of Adams-graded A∞-categories
is commutative

A A ⊔ A A

A1 A1 ⊔ A1 A1.

ζ1

id⊔id id⊔τ

ζ1⊔ζ1 ζ1

id⊔id id⊔τ1

Moreover, each vertical arrow is a quasi-equivalence according to Lemma 4.19. Thus the
result follows from Proposition 1.85.

4.4 Back to the original almost complex structure

In this section, we introduce an A∞-category A2 which has same objects and morphisms as
A1, but whose operations count punctured discs in R × V which are pseudo-holomorphic
for the almost complex structure induced by α and J (instead of JH).

4.4.1 The A∞-category A2

Recall that we chose a contactomorphism ϕH as in Lemma 4.14, and recall that

Λθ
H = ϕ−1

H

(
Λθ
)
, ΛH =

⊔
n∈Z

Λn
H .

Definition 4.22. We consider the A∞-category A2 defined as follows

1. the objects of A2 are the Legendrians Λn
H , n ∈ Z,

2. the vector space A2
(
Λi
H ,Λ

j
H

)
is either generated by the Rα-chords from Λi

H to Λj
H

if i < j, or F if i = j, or 0 if i > j, and

3. the operations are such that eΛn
H

∈ A2 (Λn
H ,Λn

H) is a strict unit, and for every
sequence of integers i0 < · · · < id, for every sequence of Reeb chords

(c1, . . . , cd) ∈ R
(
Λi0
H ,Λi1

H

)
× · · · × R

(
Λid−1
H ,Λid

H

)
we have

µA2 (c1, . . . , cd) =
∑

a∈R
(

Λi0
H ,Λ

id
H

)#Ma,cd...c1 (R × ΛH , J, α) a.

157



Legendrian lift of an exact Lagrangian in the circular contactization

4.4.2 The quasi-autoequivalence τ2

Definition 4.23. We denote by τ2 : A1 → A1 the A∞-functor defined as follows:

1. on the objects, τ2 (Λn
H) = Λn+1

H ,

2. on the morphisms, the map

τ d2 : A1
(
Λi0
H ,Λi1

H

)
⊗ · · · ⊗ A1

(
Λid−1
H ,Λid

H

)
→ A1

(
Λi0+1
H ,Λid+1

H

)
is obtained by dualizing the components of the tame DG-isomorphism

CE−∗

 id⊔
n=i0

Λn+1
H , J, α

 → CE−∗

 id⊔
n=i0

Λn
H , J, α



induced by the good path
(

id⊔
n=i0

Λn+1−t
H , J

)
0≤t≤1

(see Theorem 3.8 or [26] Proposition

2.6).

Lemma 4.24. The A∞-functor τ2 : A2 → A2 is a quasi-equivalence.

Proof. This follows from the fact that τ2 is defined by dualizing the components of a
DG-isomorphism (see the proof of Lemma 4.10).

Here the Z-splitting
Z ∼−→ ob (A2) , n 7→ Λn

H

is compatible with the quasi-autoequivalence τ2 in the sense of Definition 2.5. As explained
there, this turns A2 into an Adams-graded A∞-category.

4.4.3 Relation between (A1, τ1) and (A2, τ2)

Lemma 4.25. Choose a generic path (J12
t )0≤t≤1 such that J12

0 = J and J12
1 = JH . There

is an A∞-isomorphism ζ12 : A1 → A2 defined as follows

1. on the objects, ζ12 (Λn
H) = Λn

H ,

2. on the morphisms, the map

ζ12 : A1
(
Λi0
H ,Λi1

H

)
⊗ · · · ⊗ A1

(
Λid−1
H ,Λid

H

)
→ A2

(
Λi0
H ,Λ

id
H

)
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is obtained by dualizing the components of the tame DG-isomorphism

CE−∗

 id⊔
n=i0

Λn
H , J, α

 → CE−∗

 id⊔
n=i0

Λn
H , JH , α



induced by the good path (
id⊔

n=i0
Λn
H , J

12
t )0≤t≤1 (see Theorem 3.8).

Proof. We have to prove that ζ12 is an isomorphism. This follows from the fact that it
is defined by dualizing the components of a DG-isomorphism (see the proof of Lemma
4.10).

Lemma 4.26. The A∞-functor τ2 is homotopic to ζ12 ◦ τ1 ◦ ζ−1
12 (see Definition 1.52).

Proof. First recall that τ1 is obtained by dualizing the components of the DG-map

CE−∗

 id⊔
n=i0

Λn+1
H , JH , α

 → CE−∗

 id⊔
n=i0

Λn
H , JH , α



induced by the path
(

id⊔
n=i0

Λn+1−t
H , JH

)
0≤t≤1

. Thus, ζ12 ◦ τ1 is obtained by dualizing the

components of the composition

CE−∗

 id⊔
n=i0

Λn+1
H , J, α

 → CE−∗

 id⊔
n=i0

Λn+1
H , JH , α

 → CE−∗

 id⊔
n=i0

Λn
H , JH , α

 .
On the other hand, τ2 is obtained by dualizing the components of the DG-map

CE−∗

 id⊔
n=i0

Λn+1
H , J, α

 → CE−∗

 id⊔
n=i0

Λn
H , J, α



induced by the path
(

id⊔
n=i0

Λn+1−t
H , J

)
0≤t≤1

. Thus, τ2 ◦ ζ12 is obtained by dualizing the

components of the composition

CE−∗

 id⊔
n=i0

Λn+1
H , J, α

 → CE−∗

 id⊔
n=i0

Λn
H , J, α

 → CE−∗

 id⊔
n=i0

Λn
H , JH , α

 .
According to Theorem 3.8, the DG-maps used to define ζ12 ◦ τ1 and τ2 ◦ ζ12 are DG-
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homotopic. This implies that the A∞-functors ζ12 ◦ τ1 and τ2 ◦ ζ12 are homotopic in the
sense of Definition 1.52. This implies the result.

Lemma 4.27. The mapping torus of τ1 : A1 → A1 is quasi-equivalent to the mapping
torus of τ2 : A2 → A2 (see Definition 2.1).

Proof. Let τ12 := ζ12 ◦ τ1 ◦ ζ−1
12 . Consider the following commutative diagram of Adams-

graded A∞-categories
A1 A1 ⊔ A1 A1

A2 A2 ⊔ A2 A2.

ζ12

id⊔id id⊔τ1

ζ12⊔ζ12 ζ12

id⊔id id⊔τ12

Each vertical arrow is a quasi-equivalence according to Lemma 4.25, so it follows from
Proposition 1.85 that the mapping torus of τ1 is quasi-equivalent to the mapping torus of
τ12. Now according to Lemma 4.26, τ12 is homotopic to τ2. Thus the result follows from
Proposition 1.86.

4.5 Projection to P

4.5.1 The A∞-category O

In order to define the A∞-category O, we need to introduce moduli spaces of pseudo-
holomorphic discs in P . We fix a choice of strip-like ends for each Riemann disk (see
Definition 3.3).

Definition 4.28. Let L = (Ln)n∈Z be a family of pairwise transverse exact Lagrangian
submanifolds in P . Consider a sequence of integers i0 < · · · < id, and a family of
intersection points (x0, x1, . . . , xd), where

x0 ∈ Li0 ∩ Lid and xk ∈ Lik−1 ∩ Lik , 1 ≤ k ≤ d.

We denote by Mx0,xd...x1 (L, j) the set of equivalence classes of tuples (D, i, ζ, u) such that

1. (D, i, ζ) is a Riemann disk with (d+ 1) marked points and u is a smooth map from
∆ = D \ {ζ0, . . . , ζd} to P which maps the boundary arc (ζk−1, ζk) of ∆ to Lid−k+1 ,
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2. u is pseudo-holomorphic with respect to (i, j),

3. with the choice of strip-like ends ϵ0, (ϵk)1≤k≤d for (D, i, ζ) we have

(u ◦ ϵ0) (s, t) −→
s→+∞

x0 and (u ◦ ϵk) (s, t) −→
s→−∞

xd−k+1,

where two tuples (D, i, ζ, u), and (D′, i′, ζ′, u′) as above are said to be equivalent if there
exists an isomorphism ψ : (D, i, ζ) → (D′, i′, ζ′) such that u ◦ ψ−1 = u′.

Recall that we chose a contactomorphism ϕH as in Lemma 4.14. We set

LnH := ΠP (Λn
H) ⊂ P and LH := (LnH)n∈Z .

Definition 4.29. We denote by O the A∞-category defined as follows:

1. the objects of O are the Lagrangians LnH , n ∈ Z,

2. the space of morphisms from LiH to LjH is either generated by LiH ∩ LjH if i < j, or
F if i = j, or 0 if i > j, and

3. the operations are such that eLn
H

∈ O (LnH , LnH) is a strict unit, and for every sequence
of integers i0 < · · · < id, for every sequence of intersection points

(x1, . . . , xd) ∈
(
Li0H ∩ Li1H

)
× · · · ×

(
L
id−1
H ∩ LidH

)
,

we have
µO (x1, . . . , xd) =

∑
x0∈Li0

H ∩Lid
H

#Mx0,xd...x1 (LH , j)x0.

4.5.2 The quasi-autoequivalence γ

In order to define the A∞-functor γ : O → O, we use Legendrian contact homology as
defined in [26]. To each generic Legendrian Λ in R × P , the authors associate a semi-
free DG-algebra A = A (Λ, j) generated by the self-intersection points of ΠP (Λ), with a
differential ∂ : A → A defined using j-holomorphic discs in P . In our case, the differential
of A

(⊔
k Λk

H , j
)

on a generator x0 ∈ Li0H ∩ LidH is given by

∂x0 =
∑

(x1,...,xd)
#Mx0,xd···x1 (LH , j)xd · · ·x1

161



Legendrian lift of an exact Lagrangian in the circular contactization

where the sum is over the sequences

(x1, . . . , xd) ∈
(
Li0H ∩ Li1H

)
× · · · ×

(
L
id−1
H ∩ LidH

)
.

Moreover, for each generic Legendrian isotopy (Λt)0≤t≤1 such that Λt is chord generic for
every t, there is a tame DG-isomorphism

A (Λ0, j) ∼−→ A (Λ1, j)

defined by studying handle slide instants in a family of moduli spaces. In our case, the
tame DG-isomorphism

A

(⊔
k

Λk+1
H , j

)
→ A

(⊔
k

Λk
H , j

)

induced by the Legendrian isotopy
(⊔

k Λk+1−t
H

)
0≤t≤1

is defined by studying handle slide
instants in the family

Mx0,xd...x1

((
Lk+1−t
H

)
k
, j
)
, 0 ≤ t ≤ 1.

Remark 4.30. According to [23] Theorem 2.1, Legendrian contact homology as defined in
[26] coincides with the version exposed in chapter 3. Here we introduce the framework of
[26] for two reasons: the first one is that it makes clearer the fact that the A∞-functor
γ : O → O is defined using pseudo-holomorphic discs in the base symplectic manifold
P , and the second one is that we will use later analytical results from [29] which are
formulated in this setting.

Definition 4.31. We denote by γ : O → O the A∞-functor defined as follows

1. on the objects, γ (LnH) = Ln+1
H ,

2. on the morphisms, the map

γ : O
(
Li0H , L

i1
H

)
⊗ · · · ⊗ O

(
L
id−1
H , LidH

)
→ O

(
Li0+1
H , Lid+1

H

)
is obtained by dualizing the components of the tame DG-isomorphism

A

 id⊔
k=i0

Λk+1
H , j

 → A

 id⊔
k=i0

Λk
H , j
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induced by the Legendrian isotopy
(

id⊔
k=i0

Λk+1−t
H

)
0≤t≤1

(see [26] Proposition 2.6).

Lemma 4.32. The A∞-functor γ : O → O is a quasi-equivalence.

Proof. This follows from the fact that γ is defined by dualizing the components of a
DG-isomorphism (see the proof of Lemma 4.10).

Here the Z-splitting
Z ∼−→ ob (O) , n 7→ LnH

is compatible with the quasi-autoequivalence γ in the sense of Definition 2.5. As explained
there, this turns A into an Adams-graded A∞-category.

4.5.3 Relation between (A2, τ2) and (O, γ)

We now explain how the pairs (A2, τ2) and (O, γ) are related. See Figure 4.4, where we
illustrate the action of the projection ΠP in the case

(P, λ) =
(
T ∗S1, pdq

)
, L = 0S1 , and H (q, p) = h(q),

where h : S1 → R is a Morse function.

Lemma 4.33. There is a strict A∞-isomorphism ζ2 : A2 → O defined as follows:

1. on the objects, ζ2 (Λn
H) = LnH ,

2. on the morphisms, ζ2 sends a Reeb chord c in A2
(
Λi
H ,Λ

j
H

)
to the intersection point

ζ2 (c) = ΠP (c)

in O
(
LiH , L

j
H

)
.

Proof. Since J = (DΠP )∗
|ξ j, it follows from [23] Theorem 2.1 that the map

u = (σ, v) 7→ ΠP ◦ v

induces a bijection

Ma,cd...c1 (R × ΛH , J, α) ∼−→ MΠP (a),ΠP (cd)...ΠP (c1) (LH , j) .
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Λ0
H

Λ1
H

T ∗S1

c

(R × T ∗S1, α, J) (T ∗S1, j)

L0
H

L1
H

ΠT ∗S1

ΠT ∗S1 (c)

Figure 4.4: Action of the projection ΠT ∗S1

This implies the result.

Lemma 4.34. We have
γ = ζ2 ◦ τ2 ◦ ζ−1

2 .

Proof. Since J = (DΠP )∗
|ξ j, it follows from [23] Theorem 2.1 that the map

u = (σ, v) 7→ (σ,ΠP ◦ v)

induces a bijection

Ma,cd...c1

R ×
id⊔
k=i0

Λk+1−t
H , J, α

 ∼−→ MΠP (a),ΠP (cd)...ΠP (c1)

((
Lk+1−t
H

)
i0≤k≤id

, j
)

for every t ∈ [0, 1]. This implies the result.

Lemma 4.35. The mapping torus of τ2 : A2 → A2 is quasi-equivalent to the mapping
torus of γ : O → O (see Definition 2.1).
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Proof. According to Lemma 4.34 the following diagram of Adams-graded A∞-categories
is commutative

A2 A2 ⊔ A2 A

O O ⊔ O O.

ζ2

id⊔id id⊔τ2

ζ2⊔ζ2 ζ2

id⊔id id⊔γ

Moreover, each vertical arrow is a quasi-equivalence according to Lemma 4.33. Thus, the
result follows from Proposition 1.85.

4.6 Mapping torus of γ

In this section, we show that we can apply Theorem 2.10 (Theorem B in the introduction)
in order to compute the mapping torus of γ : O → O. This allows us to finish the proof
of Theorem 4.5.

Recall that we fixed a contactomorphism ϕH of V such that ϕ∗
HαH = α. Also recall

that if θ is some real number, then

Λθ = {(f(q) + θ, q) | q ∈ L} , Λθ
H = ϕ−1

H

(
Λθ
)
, and LθH = ΠP

(
Λθ
H

)
.

4.6.1 Continuation elements

We denote by O′ the A∞-category obtained from O by applying the functor of Definition
1.53. Besides, we denote by Γ the set of continuation elements in O′ (see for example [37]
section 3.3).

Lemma 4.36. For every i < j < k, the chain maps
 µ2

O′ (cj,−) : O′
(
Lj+1
H , Lk+1

H

)
→ O′

(
LjH , L

k+1
H

)
µ2

O′ (−, cj) : O′
(
LiH , L

j
H

)
→ O′

(
LiH , L

j+1
H

)
are quasi-isomorphisms.

Proof. This follows from Lemma 3.26 in [37].

Recall from section 4.1.3 that we fixed a finite-dimensional model CF ∗ (L) for the
Floer A∞-algebra, as defined in [58].
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Lemma 4.37. The A∞-algebra EndO′[Γ−1] (L0
H) is quasi-isomorphic to CF ∗ (L).

Proof. This is explained in [60] Lecture 10.

4.6.2 The O′-bimodule map

In order to apply Theorem 2.10, we need a degree 0 closed O′-module map f : O′ (−,−) →
O′ (−, γ (−)) such that the elements in f (units) satisfy certain hypotheses. As usual, we
would like to find such an f “geometrically”, i.e. using some Lagrangian (or Legendrian)
isotopy. However, here the unit eLk

H
∈ O

(
LkH , L

k
H

)
, which is not a “geometric” morphism,

is supposed to be sent by f to something in O
(
LkH , L

k+1
H

)
, which is generated by the

“geometric” elements of LkH ∩ Lk+1
H . Therefore, we need to somehow replace this unit by

some intersection point between Lagrangians. The idea is that we will slightly perturb LkH
to Lk+δ

H , and then replace eLk
H

by the continuation element in the vector space generated
by LkH ∩ Lk+δ

H .
Observe that if δ is small enough, Lk+δ

H is a small perturbation of LkH . Therefore, in
a Weinstein neighborhood of LkH , the Lagrangian Lk+δ

H is the graph of dhδ,k, where hδ,k is
some Morse function on L. In particular, the intersection points between LkH and Lk+δ

H

correspond to the critical points of hδ,k. Moreover, the continuation element in the vector
space generated by LkH ∩ Lk+δ

H corresponds to the sum of the minima of hδ,k.

Example 4.38. Assume that we are in the case

(P, λ) = (T ∗M, pdq) , L = 0M , and H (q, p) = h(q),

where h : M → R is a Morse function. As explained in example 4.15, in this case we have

LθH = ΠT ∗M

(
j1
(
θeh

))
= graph

(
d
(
θeh

))
.

Thus, Lk+δ
H is the graph of d

(
δeh

)
over LkH .

The following result will allow us to “replace” the units by geometric morphisms as
explained above. We denote by g = −dλ(−, j−) the metric on P induced by j and (−dλ).

Lemma 4.39. For every positive integer n, there exists δn > 0 such that the following
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holds for every δ ∈ ]0, δn]. For every sequence of integers

−n ≤ j0 < · · · < jp ≤ ℓ0 < · · · < ℓq ≤ n, p, q ≥ 0,

the rigid j-holomorphic discs in P with boundary on

Lj0H ∪ · · · ∪ L
jp
H ∪ Lℓ0+δ

H ∪ · · · ∪ L
ℓq+δ
H

are

1. in bijection with the rigid j-holomorphic discs in P with boundary on

Lj0H ∪ · · · ∪ L
jp
H ∪ Lℓ0H ∪ · · · ∪ L

ℓq
H

if jp < ℓ0, or

2. in bijection with the rigid j-holomorphic discs in P with boundary on

Lj0H ∪ · · · ∪ L
jp−1
H ∪ Lℓ0H ∪ Lℓ1H ∪ · · · ∪ L

ℓq
H

with a flow line of (−∇ghδ,k) attached on the component in Lℓ0H if jp = ℓ0.

Proof. The case jp < ℓ0 follows from transversality of the moduli spaces in consideration.
The case jp = ℓ0 follows from the main analytic Theorem of [29] (Theorem 3.6).

In order to define the O′-bimodule map f properly, we will use Lemma 4.39 to modify
the A∞-category O′. In the following, we fix a decreasing sequence of positive numbers
(δn)n≥1 such that, for every n,

1. Lemma 4.39 holds with δn, and

2. δn is small enough so that there is no handle slide instant in the Legendrian isotopy

n⊔
ℓ=−n

Λℓ+δnt
H , t ∈ [0, 1] .

We define two families of A∞-categories (On,k)n,k and
(
Õn,k

)
n,k

indexed by the couples
(n, k), where n ≥ 1 and −n ≤ k ≤ n. The A∞-category On,k is basically obtained from
O′ by restricting to objects LiH , −n ≤ i ≤ n, and adding a copy of the object LkH .
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Definition 4.40. For every j ∈ Z, let LjH be a copy of LjH . We denote by On,k the
A∞-category defined as follows:

1. the set of objects of On,k is

o̊b (On,k) =
{
LjH | −n ≤ j ≤ k

}
∪
{
LℓH | k ≤ ℓ ≤ n

}
,

2. the spaces of morphisms in On,k are the corresponding spaces of morphisms in O′

when we replace LℓH , k ≤ ℓ ≤ n, by LℓH , except that

On,k

(
LkH , L

k
H

)
= {0},

3. the operations are the same as in O′.

The A∞-category Õn,k is obtained from On,k by perturbing the objects LℓH , k ≤ ℓ ≤ n,
to Lℓ+δn

H .

Definition 4.41. Let

Θn,k := {−n, . . . , k} ∪ {ℓ+ δn | k ≤ ℓ ≤ n} ⊂ R, and L̃H :=
(
LθH

)
θ∈Θn,k

.

We denote by Õn,k the A∞-category defined as follows:

1. the objects of Õn,k are the Lagrangians LθH , θ ∈ Θn,k,

2. the space of morphisms from LθH to Lθ′
H is either generated by LθH ∩Lθ′

H if θ < θ′, or
F if θ = θ′, or 0 if θ > θ′,

3. the operations are such that eLθ
H

∈ Õn,k

(
LθH , L

θ
H

)
is a strict unit, and for every

sequence θ0 < · · · < θd in Θn,k, for every sequence of intersection points

(x1, . . . , xd) ∈
(
Lθ0
H ∩ Lθ1

H

)
× · · · ×

(
L
θd−1
H ∩ Lθd

H

)
,

we have
µÕn,k

(x1, . . . , xd) =
∑

x0∈Lθ0
H ∩Lθd

H

#Mx0,xd···x1

(
L̃H , j

)
x0.

These A∞-categories being defined, Lemma 4.39 implies the following result.
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Lemma 4.42. There is a strict A∞-functor ρn,k : On,k → Õn,k defined as follows:

1. on the objects, ρn,k
(
LjH

)
= LjH if −n ≤ j ≤ k and ρn,k

(
LℓH

)
= Lℓ+δn

H if k ≤ ℓ ≤ n,

2. on the morphisms, ρn,k sends the unit of On,k

(
LkH , L

k
H

)
= F to the continuation

element in Õn,k

(
LkH , L

k+δn
H

)
, and it sends any other morphism of On,k to the corre-

sponding one in Õn,k.

Proof. Consider a sequence (x0, . . . , xd−1) of morphisms in On,k. If in this sequence there
is no morphism from LkH to LkH , then the relation

µÕn,k
(ρn,kx0, . . . , ρn,kxd) = ρn,kµOn,k

(x0, . . . , xd)

follows directly from the first item of Lemma 4.39. Now assume that there is p ∈
{0, . . . , d − 1} such that xp = eLk

H
∈ On,k

(
LkH , L

k
H

)
. Recall that the continuation ele-

ment in Õn,k

(
LkH , L

k+δn
H

)
corresponds to the sum of the minima of hδn,k. Then the second

item of Lemma 4.39 implies that

µÕn,k
(ρn,kx0, . . . , ρn,kxd) =


ρn,kx1 if d = 1 and p = 0
ρn,kx0 if d = 1 and p = 1
0 otherwise.

Thus, the A∞-relation for ρn,k is still satisfied according to the behavior of the operations
µOn,k

with respect to the unit eLk
H

.

Now that we have in some sense “replace” the unit eLk
H

∈ On,k

(
LkH , L

k
H

)
by the

continuation element in Õn,k

(
LkH , L

k+δn
H

)
, we can define geometrically an A∞-functor

that will finally allow us to define the O′-bimodule map f .

Definition 4.43. We denote by νn,k : Õn,k → O′ the A∞-functor defined as follows:

1. on the objects, νn,k
(
LjH

)
= LjH if −n ≤ j ≤ k, and νn,k

(
Lℓ+δn
H

)
= Lℓ+1

H if k ≤ ℓ ≤ n,

2. on the morphisms, νn,k is obtained by dualizing the components of the tame DG-
isomorphism

A

 n+1⊔
i=−n

Λi
H

 ∼−→ A

 k⊔
j=−n

Λj
H ⊔

n⊔
ℓ=k

Λℓ+δn
H

 .
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induced by the Legendrian isotopy k⊔
j=−n

Λj
H

 ⊔
(

n⊔
ℓ=k

Λℓ+1−t(1−δn)
H

)
, t ∈ [0, 1]

(see [26] Proposition 2.6).

Remarks 4.44. We point out some properties of the A∞-functors

σn,k := νn,k ◦ ρn,k : On,k → O′.

1. Let m ≤ n be two positive integers, and let k ∈ {−m, . . . ,m}. Recall that we chose
δm small enough so that there is no handle slide instant in the Legendrian isotopy

m⊔
ℓ=−m

Λℓ+δmt
H , 0 ≤ t ≤ 1.

Since δn ≤ δm, neither is there any handle slide instant in the Legendrian isotopy

m⊔
ℓ=−m

Λℓ+δnt
H , 0 ≤ t ≤ 1.

Therefore, σn,k agrees with σm,k on Om,k ⊂ On,k.

2. Consider a sequence of integers

−n ≤ j0 < · · · < jp ≤ k1 < k2 ≤ ℓ0 < · · · < ℓq ≤ n,

and a sequence of morphisms

(x0, . . . , xp−1, u, y0, . . . , yq−1) ∈ On,ki

(
Lj0H , L

j1
H

)
× · · · × On,ki

(
L
jp−1
H , L

jp
H

)
× On,ki

(
L
jp
H , L

ℓ0
H

)
× On,ki

(
Lℓ0H , L

ℓ1
H

)
× · · · × On,ki

(
L
ℓq−1
H , L

ℓq
H

)
.

Since the Legendrian isotopy defining νn,ki
is

 ki⊔
j=−n

Λj
H

 ⊔

 n⊔
ℓ=ki

Λℓ+1−t(1−δn)
H

 , t ∈ [0, 1] ,

170



Legendrian lift of an exact Lagrangian in the circular contactization

we have
σn,k1 (x0, . . . , xp−1) = δ1px0

σn,k2 (y0, . . . , yq−1) = γ (y0, . . . , yq−1)
σn,k2 (x0, . . . , xp−1, u, y0, . . . , yq−1) = σn,k1 (x0, . . . , xp−1, u, y0, . . . , yq−1) .

3. By construction, theA∞-functor νn,k sends the continuation element in Õn,k

(
LkH , L

k+δn
H

)
(corresponding to the sum of the minima of hδn,k) to the continuation element ck in
O′
(
LkH , L

k+1
H

)
. In other words, σn,k sends the unit eLk

H
∈ On,k

(
LkH , L

k
H

)
to ck.

We can now state and prove the desired result.

Lemma 4.45. There exists a degree 0 closed O′-bimodule map f : O′ (−,−) → O′ (−, γ(−))
(see Definitions 1.63 and 1.64) which sends the unit eLk

H
∈ O′

(
LkH , L

k
H

)
to the continua-

tion element ck ∈ O′
(
LkH , L

k+1
H

)
∩ Γ.

Proof. Consider a sequence of integers

j0 < · · · < jp ≤ k = ℓ0 < · · · < ℓq,

and a sequence of morphisms

(x0, . . . , xp−1, u, y0, . . . , yq−1) ∈ O′
(
Lj0H , L

j1
H

)
× · · · × O′

(
L
jp−1
H , L

jp
H

)
× O′

(
L
jp
H , L

k
H

)
× O′

(
LkH , L

ℓ1
H

)
× · · · × O′

(
L
ℓq−1
H , L

ℓq
H

)
.

We choose n ≥ 1 such that −n ≤ j0 ≤ ℓq ≤ n, and we set

f (x0, . . . , xp−1, u, y0, . . . , yq−1) := σn,k (x0, . . . , xp−1, u, y0, . . . , yq−1) ∈ O′
(
Lj0H , γL

ℓq
H

)
,

where on the right hand side we consider that

(x0, . . . , xp−1, u, y0, . . . , yq−1) ∈ On,k

(
Lj0H , L

j1
H

)
× · · · × On,k

(
L
jp−1
H , L

jp
H

)
× On,k

(
L
jp
H , L

k
H

)
× On,k

(
LkH , L

ℓ1
H

)
× · · · × On,k

(
L
ℓq−1
H , L

ℓq
H

)
.

Observe that f is well defined (it does not depend on the choice of n) according to the
first item of Remark 4.44.
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We now verify that f is closed. According to Definition 1.63, we have

µ1
ModC,C

(f) (x0, . . . , xp−1, u, y0, . . . , yq−1)

=
∑

σn,k (. . . , µO′ (. . . ) , . . . , u, . . . )

+
∑

σn,ℓs (. . . , µO′ (xr, . . . , xp−1, u, y0, . . . , ys−1) , . . . )

+
∑

σn,k (. . . , u, . . . , µO′ (. . . ) , . . . )

+
∑

µO′ (. . . , σn,k (. . . , u, . . . ) , γ (. . . ) , . . . , γ (. . . )) .

Now according to the second item of Remark 4.44, we have

∑
σn,ℓs (. . . , µO′ (xr, . . . , xp−1, u, y0, . . . , ys−1) , . . . )

=
∑

σn,k (. . . , µO′ (xr, . . . , xp−1, u, y0, . . . , ys−1) , . . . )

and

∑
µO′ (. . . , σn,k (. . . , u, . . . ) , γ (. . . ) , . . . , γ (. . . ))

=
∑

µO′ (σn,k (. . . ) , . . . , σn,k (. . . ) , σn,k (. . . , u, . . . ) , σn,k (. . . ) , . . . , σn,k (. . . )) .

Therefore, we get
µ1

ModC,C
(f) (x0, . . . , xp−1, u, y0, . . . , yq−1) = 0

from the fact that σn,k is an A∞-functor. Finally, f sends the unit eLk
H

∈ O′
(
LkH , L

k
H

)
to

the continuation element ck ∈ O′
(
LkH , L

k+1
H

)
∩ Γ according to the third item of Remark

4.44.

4.6.3 Proof of the main result

We end the section with the proof of Theorem 4.5 (Theorem D in the Introduction).
Recall that we denote by F [t] the augmented Adams-graded associative algebra gener-

ated by a variable t of bidegree (2, 1), and by F [t] its augmentation ideal (or equivalently,
the ideal generated by t). The key result is the following.

Lemma 4.46. The mapping torus of γ is quasi-equivalent to the Adams-graded A∞-
category F ⊕

(
F [t] ⊗ CF ∗ (L)

)
.
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Proof. Let f : O′ (−,−) → O′ (−, γ(−)) be the degree 0 closed bimodule map of Lemma
4.45. Recall that f sends the units of O′ to the set Γ. According to Lemma 4.36,
the continuation elements cn = f(eLn

H
) satisfy the assumptions of Theorem 2.10. Thus

the mapping torus of γ is quasi-equivalent to the Adams-graded A∞-algebra (O′)0 ⊕(
F [t] ⊗ O′ [Γ−1]0

)
(recall that if C is an A∞-category equipped with a Z-splitting Z×E ≃

ob (C), we denote by C0 the full A∞-subcategory of C whose set of objects corresponds to
{0} × E). Here we have

(O′)0 = EndO′

(
L0
H

)
= F and O′

[
Γ−1

]0
= EndO′[Γ−1]

(
L0
H

)
.

The result follows from Lemma 4.37, which gives

EndO′[Γ−1]
(
L0
H

)
≃ CF ∗ (L) .

The quasi-equivalence

LA∗ (Λ◦) ≃ F ⊕
(
F [t] ⊗ CF ∗ (L)

)
now follows directly from Lemmas 4.13, 4.21, 4.27, 4.35 and 4.46.

Now observe that, according to Proposition 1.43, Koszul duality holds for the aug-
mented Adams-graded DG-algebra CE−∗ (Λ◦) because it is locally finite and Adams con-
nected (see Definition 1.22). Indeed, recall from section 4.1.3 that the Adams-degree in
CE−∗ (Λ◦) of a Reeb chord c is the number of times c winds around the fiber. Thus, there
is a quasi-isomorphism

CE−∗ (Λ◦) ≃ E (E (CE−∗ (Λ◦))) .

Besides, recall from section 4.1.3 that there is a coaugmented Adams-graded A∞-coalgebra
LC∗ (Λ◦) such that

CE−∗ (Λ◦) = Ω (LC∗ (Λ◦)) and LA∗ (Λ◦) = LC∗ (Λ◦)# ,

where the graded dual (see Definition 1.37) is taken with respect to the bigrading. Since
there is a quasi-isomorphism B (ΩC) ≃ C for every A∞-coalgebra C (see [32] section
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2.2.2), it follows that

E (CE−∗ (Λ◦)) = B (CE−∗ (Λ◦))# ≃ LC∗ (Λ◦)# = LA∗ (Λ◦)

(graded dual preserves quasi-isomorphisms, see Proposition 1.38). Moreover, the Koszul
dual construction preserves quasi-isomorphisms (see Proposition 1.40), so we deduce

CE−∗ (Λ◦) ≃ E (E (CE−∗ (Λ◦))) ≃ E (LA∗ (Λ◦)) ≃ E
(
F ⊕

(
F [t] ⊗ CF ∗ (L)

))
.

Finally, recall that CF ∗ (L) is a finite-dimensional model for the Floer A∞-algebra of L.
Moreover, recall that F[t] is the ideal of F[t] generated by the variable t of bidegree (2, 1).
Therefore, the augmented A∞-algebra F ⊕

(
F [t] ⊗ CF ∗ (L)

)
is locally finite and Adams

connected. According to Proposition 1.44, we get the remaining quasi-isomorphism

E
(
F ⊕

(
F [t] ⊗ CF ∗ (L)

))
≃ Ω

(
F ⊕

(
F [t#] ⊗ CF−∗ (L)

))
.
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Chapter 5

PERSPECTIVES

In this chapter, we present some possible applications of the techniques developed during
the thesis to other problems.

5.1 First generalizations

Several exact Lagrangians I believe that the proof of Theorem D can be easily
adapted to the case of several Lagrangians. Let L1, . . . , Ld be connected exact Lagrangian
submanifolds in a Liouville manifold P , and let Λ◦

1, . . . ,Λ◦
d be corresponding Legendrian

lifts in S1 × P . Assume that their projections to S1 are cyclically ordered disjoint arcs
and set

Λ◦ := Λ◦
1 ⊔ · · · ⊔ Λ◦

d

Let B ⊂ Fuk (P ) be the full A∞-subcategory with objects L1, . . . , Ld, and let A ⊂ B be
its directed version.

Conjecture 5.1. There is a quasi-isomorphism of augmented Adams-graded A∞-algebras

LA∗ (Λ◦) ≃ A ⊕
(
F [t] ⊗ B

)
.

Moreover, Koszul duality holds for CE−∗ (Λ◦), and E (CE−∗ (Λ◦)) ≃ LA∗ (Λ◦). In partic-
ular,

CE−∗ (Λ◦) ≃ E
(
A ⊕

(
F [t] ⊗ B

))
.

Extended invariants We could also consider Legendrian invariants with loop space
coefficients as defined in [32] (such coefficients were used in the context of Lagrangian
Floer cohomology before in [10]). Let L be a connected exact Lagrangian submanifold in
a Liouville manifold P , and let Λ◦ be a Legendrian lift to S1×P . Denote by CE+

−∗ (Λ◦) the
Chekanov-Eliashberg DG-algebra of Λ◦ with coefficients in C−∗ (ΩΛ). In our setting, it is
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augmented and Adams-graded. We also consider the augmented A∞-algebra LA∗
+ (Λ◦),

which is Adams-graded in our setting. It should be thought of as the endomorphism
algebra of the trivial augmentation of CE−∗ (Λ◦) in the positive augmentation category
Aug+ (Λ◦) introduced by [52] in dimension 3 and by [17] in higher dimensions. See
Appendix A for a precise definition. I believe that the proof of Theorem D can be easily
adapted in order to compute LA∗

+ (Λ◦), yielding the following conjecture.

Conjecture 5.2. There is a quasi-isomorphism of augmented Adams-graded A∞-algebras

LA∗
+ (Λ◦) ≃ F [t] ⊗ CF ∗ (L) .

If moreover L is simply connected, Koszul duality holds for CE+
−∗ (Λ◦), and E

(
CE+

−∗ (Λ◦)
)

≃
LA∗

+ (Λ◦). In particular,

CE+
−∗ (Λ◦) ≃ E (F [t] ⊗ CF ∗ (L)) ≃ Ω (F [t#] ⊗ CF−∗ (L)) .

Remark 5.3. Observe that using the same arguments as in the proof of Corollary 4.7,
Conjecture 5.2 would implies that

LA∗
+ (Λ◦) ≃ C∗ (CP∞ × L) .

and, when L is simply connected, that

CE+
∗ (Λ◦) ≃ C∗

(
S1 × ΩL

)
.

We expect that, using different arguments than those developed for Theorem D, one
can prove the following result.

Conjecture 5.4. There is a quasi-isomorphism of augmented DG-algebras

CE+
∗ (Λ◦) ≃ C∗

(
S1 × ΩL

)
(even if L is not simply connected).

Sketch of proof. We first observe that it should be enough to prove the statement when

(P, λ) = (T ∗M, pdq) and L = 0M ,
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thus when
V ◦ = S1 × T ∗M and Λ◦ = {pt} × 0M .

Then, we see V ◦ = S1 × T ∗M as part of the boundary at infinity of the Liouville
manifold W = T ∗S1 ×T ∗M , and we view Λ◦ = {pt}×0M as a Legendrian stop. Following
the surgery perspective described in [32] section 1, we denote by WΛ◦ the completion
of the Liouville sector obtained from W by attaching a cotangent cone T ∗ (R≥0 × Λ◦)
along Λ◦. Now, according to Conjecture 3 in [32] (see also Theorems 1.1 and 1.2 in [8]),
CE+

−∗ (Λ◦) is quasi-isomorphic to the wrapped Floer cohomology of the Lagrangian disk
DΛ◦ := T ∗

(t0,x0) (R≥0 × Λ◦) ⊂ WΛ◦ , where x0 = (pt, q0) ∈ Λ◦ and t0 > 0. But here we have

WΛ◦ =
(
T ∗S1

)
pt

× T ∗M,

and

DΛ◦ = T ∗
(t0,pt,q0) (R≥0 × {pt} × 0M)

= T ∗
(t0,pt) (R≥0 × {pt}) × T ∗

q0M

= Dpt × T ∗
q0M

Thus we get

CE+
−∗ (Λ◦) ≃ CW ∗ (DΛ◦ , DΛ◦)WΛ◦

≃ CW ∗
(
Dpt × T ∗

q0M,Dpt × T ∗
q0M

)
(T ∗S1)pt×T ∗M

≃ CW ∗ (Dpt, Dpt)(T ∗S1)pt
⊗ CW ∗

(
T ∗
q0M,T ∗

q0M
)
T ∗M

where the last quasi-isomorphism follows from the the Künneth formula of [38] (Theorem
1.5). By a famous result of Abouzaid ([2]), we have

CW ∗
(
T ∗
q0M,T ∗

q0M
)
T ∗M

≃ C−∗ (ΩM) ,

and CW ∗ (Dpt, Dpt)(T ∗S1)pt
is easily seen to be C−∗ (S1) (see Figure 5.1). Finally, we

indeed get
CE+

−∗ (Λ◦) ≃ C−∗
(
S1
)

⊗ C−∗ (ΩM) ≃ C−∗
(
S1 × ΩM

)
.
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{pt}

T ∗S1 (T ∗S1)pt

Dpt

wrapping of Dpt

Figure 5.1: Before (on the left) and after (on the right) surgery on the stop {pt} in T ∗S1

5.2 Circular contactizations

After studying the Legendrian lift of an exact Lagrangian submanifold, it seems natural to
look at the Legendrian lift of an exact Lagrangian immersion in the circular contactization.
I already started to think at this case, and I believe that the methods developed during
my PhD thesis will work as well in this setting. Indeed, in the case of the Legendrian lift
Λ◦ of an exact Lagrangian immersion ι : L → P , we can still lift the picture to R × P

and use the technology of localization and homotopy colimits. However, this time the
A∞-categories involved should be related to the immersed Lagrangian Floer theory of ι
defined by Akaho and Joyce in [6], and also studied by Alston and Bao in [7]. I can make
the following conjecture.

Conjecture 5.5. Let L be a compact connected manifold, P a Liouville manifold, and
ι : L → P an exact Lagrangian immersion. Let Λ ⊂ R×P and Λ◦ ⊂ S1×P be Legendrian
lifts of ι. Assume that the projection of Λ◦ to S1 is an arc. Then LA∗ (Λ) can be seen as
an A∞-subalgebra of CF ∗ (ι), and

CE−∗ (Λ◦) ≃ E
(
LA∗ (Λ) ⊕

(
F [t] ⊗ CF ∗ (ι)

))
.

In another direction, I plan to study Legendrian lifts of Bohr-Sommerfeld Lagrangian
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submanifolds in the circular contactization, which are exactly those who lift to Legendrian
submanifolds in the circular contactization (they are not necessarily exact). One first case
to look at might be the one of monotone Lagrangian submanifolds in the Liouville manifold
P , which seems to be easier than the general case.

Of course, the goal is to understand Legendrian contact homology of all Legendrian
submanifolds in the circular contactization, which in general are lifts of Bohr-Sommerfeld
Lagrangian immersion in P . Observe that it should also be possible to study the case
when the Legendrians are not compact but have a suitable behavior at infinity using the
sutured Legendrian contact homology defined by Côme Dattin in his Ph.D. thesis.

5.3 Subcritically fillable contact manifolds

A subcritically fillable contact manifold is the boundary at infinity of a Weinstein man-
ifold X = C × P , where P is a Weinstein manifold. Legendrian contact homology in
subcritically fillable contact manifolds of dimension 3 has been studied combinatorially
by Ekholm and Ng in [33]. More recently, Karlsson studied the higher dimensional analog
in [43].

Observe in particular that a subcritically fillable contact manifold V splits as

V =
(
S1 × P

) ⋃
S1×∂∞P

(
D2 × ∂∞P

)
.

Thus, it seems likely that Legendrian contact homology in circular contactization can
be used to understand Legendrian contact homology in the subcritically fillable case.
I recently observed that this is the kind of strategy which has been used by Ganatra
and Maydanskiy in the Appendix of [16], where they show how the results of Bourgeois,
Ekholm and Eliashberg imply Seidel’s Conjectures 6.2 and 6.3 of [57]. To illustrate the
relation with my results, I reproduce here the following conjecture.

Conjecture 5.6. (Conjecture 6.3 in [57])
Let L1, . . . , Ld be exact Lagrangian spheres in a Weinstein manifold P . Let Λ1, . . . ,Λd

be corresponding Legendrian lifts in (∂∞X) ∩ (S1 × P ) (recall that X = C × P ), and
assume that their projections to S1 are cyclically ordered disjoint arcs. Let B ⊂ Fuk (P )
be the full A∞-subcategory with objects L1, . . . , Ld, and let A ⊂ B be its directed version.
Let D be the curved A∞-category obtained from A ⊕

(
F [[t]] ⊗ B

)
by adding a curvature
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term µ0 = teA. Then
CE−∗ (Λ1 ⊔ · · · ⊔ Λd) ≃ E (D) .

Since the methods I used to prove Theorem D should be easily adapted to the case of
several exact Lagrangians (and thus Legendrians), I expect to be able to prove Conjecture
5.6 with the techniques of my thesis. According to the philosophy of [16], the Chekanov-
Eliashberg algebra of Λ = Λ1 ⊔ · · · ⊔ Λd knows about the wrapped Fukaya category of
the Weinstein manifold XΛ obtained from X by Legendrian surgery on Λ. In particular,
there is a cohomologically fully faithful embedding of W (XΛ) into the DG-category of
A∞-modules over CE∗ (Λ). Since the categories of A∞-modules over an A∞-algebra A and
over its Koszul dual E(A) are closely related (see for example [49]), Conjecture 5.6 allows
us to relate the wrapped Fukaya category of XΛ to the DG-category of A∞-modules over
A ⊕

(
F [[t]] ⊗ B

)
, which has been especially studied in [57].

Here are some directions that I would like to explore. The first one is that there
is probably a generalization of Conjecture 5.6 for Lagrangians which are not necessar-
ily spheres, and the methods of Theorem D should apply to this case. The second is
that Conjecture 5.2 can possibly be used to give an analog of Conjecture 5.6 relating the
Chekanov-Eliashberg algebra CE+

∗ (Λ) of Λ = Λ− ⊔ Λ+ (components of Λ− should be
spheres while components of Λ+ can be arbitrary) with coefficients in C∗ (ΩΛ+) to the
categories A and B (I have no specific Conjecture yet). According to the philosophy of
[31], this could be used to study the partially wrapped Fukaya category of XΛ− with stop
Λ+. The third is that Conjecture 5.5 might be upgraded to the case of subcritically fillable
contact manifolds, and that this would involves an A∞-algebra obtained from the pair
(LA∗ (Λ) , CF ∗ (ι)) as in [57]. The last (and most speculative) is that a generalization of
Theorem D to monotone Lagrangians submanifolds might have a counterpart in subcriti-
cally fillable contact manifolds, which will introduce the monotone Fukaya category of P
in the story.

5.4 Boothby-Wang contact manifolds.

A Boothby-Wang contact manifold is a pair (V, α), where V is the total space of a circle
bundle π : V → W over an integral symplectic manifold (W,ω), and α is a contact
form on V whose Reeb vector field generates the fibers of π and such that dα = π∗ω.
Legendrian contact homology in Boothby-Wang manifolds of dimension 3 has been studied
combinatorially by Sabloff in [56].
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The strategy to understand Legendrian contact homology in a Boothby-Wang manifold
V

π−→ W from the circular contactization case is to use a theorem of Donaldson in [24],
which allows us to find in W a codimension 2 symplectic submanifold K ⊂ W such that
P := W \ N (K) is a Liouville manifold. Since π−1 (P ) ≃ S1 × P , the contact manifold
V splits as

V =
(
S1 × P

) ⋃
S1×∂P

π−1 (N (K)) .

Thus, we can hope to use the methods of the circular contactization case to understand
the Boothby-Wang case. More precisely, I would have to understand how the pseudo-
holomorphic discs passing through the divisor K induce a deformation of the Chekanov-
Eliashberg algebra. can make the following conjecture.

Conjecture 5.7. Let V → W be a Boothby-Wang contact manifold over a monotone
symplectic manifold (W,ω). Let K be a codimension 2 symplectic submanifold of W
whose Poincaré dual is an integral multiple of ω. Let L be a Bohr-Sommerfeld monotone
Lagrangian submanifold of W which doesn’t intersect K and which is exact in the Liouville
manifold W \K. Let Λ◦ be a Legendrian lift of L in V . Then

CE−∗ (Λ◦) ≃ E
(
F ⊕ ker

(
CF ∗

(W,K) (L) → CF ∗
W\K (L)

))
where CF ∗

(W,K) (L) is the endomorphism algebra of L in the relative Fukaya category
Fuk (W,K) (see [58]), and CF ∗

W\K (L) is the endomorphism algebra of L in the Fukaya
category Fuk (W \K) (there is a strict A∞-functor Fuk (W,K) → Fuk (W \K)).

A possible application of the Boothby-Wang case is the following. Let (X,ω) be a
symplectic manifold whose symplectic form belongs to the integer lattice of H2 (X,R),
and let D ⊂ X be a Donaldson divisor such that X \D is Weinstein. Then the wrapped
Fukaya category of X \D is generated by the cocores of its critical handles. The boundary
at infinity of a cocore is a Legendrian submanifold of ∂∞ (X \D), which is a Boothby-
Wang contact manifold over D, and thus it is the lift of a Bohr-Sommerfeld Lagrangian
immersion in D. Besides, the wrapped Floer cohomology of a cocore C is closely related
to the Legendrian contact homology of its boundary at infinity Λ (at the chain level,
CW ∗ (C) is the cone of a map from the linearized Legendrian contact homology of Λ to
CF∗ (C)). Therefore, this will allow us to relate the wrapped Fukaya category of X \ D
to the Fukaya category of D.
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5.5 Contact mapping tori and contact manifolds with
open book decomposition

Let ϕ be an exact symplectomorphism of a Liouville manifold (P, λ) which is the identity
outside a compact subset of P . The contact mapping torus Vϕ is obtained from the
usual contactization of P by identifying (t, x) ∈ R × P with (t+ f(x), ϕ(x)), where
f : P → R is a primitive of (ϕ∗λ− λ) (the contact form (dt− λ) on R × P descends
to a contact form on this manifold). Observe that the contact mapping torus of idP is
exactly the circular contactization S1 × P . I believe that my results can be adapted to
this more general situation by considering the A∞-subcategory of Fuk(P ) formed by the
Lagrangians ϕn (L) , n ∈ N, instead of CF ∗ (L) only.

The importance of contact mapping tori comes from the work of Giroux [40], who
developed the use of open books in contact topology. Indeed, an open book decomposition
of a contact manifold V allows us to split it as

V =
(
D2 ×B

) ⋃
S1×B

Vϕ

where B is a contact submanifold of V of codimension 2 (called the binding), and Vϕ is the
contact mapping torus associated to the monodromy ϕ, which is a symplectomorphism of
a page P of the open book. Then, we could use Legendrian contact homology in contact
mapping tori to study Legendrian contact homology in contact manifolds endowed with
an open book decomposition if one can understand the pseudo-holomorphic curves passing
through the symplectization of the binding.
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Appendix A

EXTENDED LEGENDRIAN A∞-ALGEBRA

In this appendix, we study the endomorphism A∞-algebra LA∗
+ (Λ) of an augmentation

ε : CE−∗ (Λ) → F in the positive augmentation category Aug+ (Λ) defined by Chantraine
in [17] (it was first introduced by Ng, Rutherford, Shende, Sivek and Zaslow in [52] for
Legendrians in R3). The goal is to prove Proposition A.5, which shows that there is a
quasi-isomorphism of non-unital A∞-algebras between LA∗ (Λ) (which is the endomor-
phism algebra of ε in the augmentation category Aug− (Λ) defined in [15]) and the cone
of an A∞-map from LA∗

+ (Λ) to some A∞-algebra LA∗
0 (Λ) generated by Morse type gen-

erators.

A.1 Setting

Let (V, ξ) be a contact manifold of dimension (2n+1) equipped with a hypertight contact
form α, and let Λ be a connected compact Legendrian submanifold in (V, ξ) which is
chord generic with respect to α (see chapter 3). In the following we fix an augmentation
ε : CE−∗ (Λ) → F.

Choose a positive Morse function f1 : Λ → R with a unique minimum. We denote by
U a small open neighborhood of f1 in C∞ (Λ) with the following property: for every f in
U , f is positive, Morse, and its critical points and gradient trajectories are in bijection
with those of f1. Then we choose a family (fn)n≥2 of functions in U . We also choose a
decreasing sequence (δk)k≥1 of small enough positive numbers so that the family

hn =
n∑
k=1

δkfk, n ∈ N,

has the following property: for every i < j, (hj − hi) lies in the cone over U (this can
be easily achieved by induction on n). Finally, we let Λn ⊂ V be the Legendrian corre-
sponding to the one-jet of hn in a Weinstein neighborhood of Λ = Λ0. Observe that if
the numbers δk are small enough, the Chekanov-Eliashberg DG-algebra of Λn is naturally
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identified with CE−∗ (Λ) for every n. In particular, ε = ε0 induces an augmentation
εn : CE−∗ (Λn) → F for every n.

Remark A.1. Let η be the length of the smallest Reeb chord of Λ. The set R (Λi,Λj) of
Reeb chords starting on Λi and ending on Λj splits as

R (Λi,Λj) = Rlong (Λi,Λj) ⊔ Rshort (Λi,Λj) ,

where Rlong (Λi,Λj) is the set of chords with length greater than η/2 (and Rshort (Λi,Λj)
is the complementary set). In the following, we choose the numbers δk small enough so
that the maximum of hn is very small compare to η. In particular, the set Rshort (Λi,Λj)
is empty when i ≥ j, and it is in bijection with Crit (hj − hi) when i < j.

A.2 Some A∞-categories and A∞-algebras

In the following, we fix a regular almost complex structure J on ξ (see section 3.1.2). We
define three A∞-categories A△, for △ ∈ {++,+, 0}. A++ corresponds to the directed
A∞-category used in [17] section 3.3 in order to define the endomorphism algebra of ε in
Aug+ (Λ), A+ is a non-directed version of A++, and A0 is an A∞-category whose spaces
of morphisms are generated by short Reeb chords.

Definition A.2. Let
Λ :=

⊔
n∈N

Λn.

We consider the A∞-categories A△, △ ∈ {++,+, 0}, defined as follows:

1. the set of objects of A△ is {Λn | n ∈ N},

2. the space of morphisms from Λi to Λj is

A△ (Λi,Λj) =

 ⟨R (Λi,Λj)⟩ if △ ∈ {+,++}
⟨Rshort (Λi,Λj)⟩ if △ = 0

if i < j,

A△ (Λi,Λi) =

 F if △ ∈ {++, 0}
F ⊕ ⟨R (Λi,Λi)⟩ if △ = +,

and A△ (Λi,Λj) = 0 if i > j.
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3. the operations are such that eΛn ∈ A△ (Λn,Λn) is a strict unit, and for every se-
quence of generators

(x1, . . . , xd) ∈ A△ (Λi0 ,Λi1) × · · · × A△
(
Λid−1 ,Λid

)
,

we have

µA△ (x1, . . . , xd)

=
∑

a,γ0,...,γd

#Ma,γdxdγd−1xd−1...x1γ0 (R × Λ, J) εi0 (γ0) . . . εid (γd) a,

where in the sum, a is a generator of A△ (Λi0 ,Λid) and γj is a word of Reeb chords
in R

(
Λij ,Λij

)
(see Definition 3.4 for the moduli spaces).

Moreover, we let W△ be the set made of the generators cn ∈ A△ (Λn,Λn+1) corresponding
to the minimum of (hn+1 − hn) for n ∈ N. We define

LA∗
△ (Λ) := EndA△[W−1

△ ] (Λ) .

Lemma A.3. For every integer j, for every △ ∈ {++,+, 0} the morphism cj ∈ A△ (Λj,Λj+1)∩
W△ satisfies the following. For every i < j < k, the chain maps

 µ2
A△

(−, cj) : A△ (Λi,Λj) → A△ (Λi,Λj+1)
µ2

A△
(cj,−) : A△ (Λj+1,Λk+1) → A△ (Λj,Λk+1)

are quasi-isomorphisms. Moreover, if we denote by Along (Λm,Λn) the subcomplex of
A+ (Λm,Λn) generated by Rlong (Λm,Λn), then the induced chain maps

 µ2
A+ (−, cj) : Along (Λi,Λj) → Along (Λi,Λj+1)
µ2

A+ (cj,−) : Along (Λj+1,Λk+1) → Along (Λj,Λk+1)

also are quasi-isomorphisms.

Proof. When the contact manifold is V = R×P , the result follows from the main analytic
theorem of [29] (Theorem 3.6). Indeed, this result implies that (when the perturbation
functions hn are small enough) the 3-punctured pseudo-holomorphic discs with boundary
on R × ⊔

n Λn, asymptotic to cj at one of their punctures, correspond to trivial cylinders
with boundary on R × Λ.
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The general case is part of a work in progress of Chantraine, Dimitroglou-Rizell and
Ghiggini.

A.3 Relations between A∞-categories and A∞-algebras

Observe that the inclusion ι : A++ → A+ defines a strict A∞-functor which sends W++

to W+.

Lemma A.4. The A∞-functor

ι̃ : A++
[
W−1

++

] ∼−→ A+
[
W−1

+

]
induced by ι (see Definition 1.59) is a quasi-equivalence.

Proof. Fix an object Y = Λm in A++. We want to prove that the map

ι̃ : A++
[
W−1

++

]
(X, Y ) → A+

[
W−1

+

]
(ι̃X, ι̃Y )

is a quasi-isomorphism for every object X. Our strategy is to apply Proposition 1.82.
We consider the modules MA+ , MA++ and module maps tA++ : A++ (−,Λm) → MA++ ,
tA+ : A+ (−,Λm) → MA+ of Definition 2.14. Observe that the diagram of A++-modules

⊕
n≥0

A++ (−,Λn) ⊕
n≥0

A++ (−,Λn+1)

⊕
n≥0

A++ (−,Λn) ι∗MA+

id

⊕
n≥0

tcn

tι

tι

commutes up to the homotopy h : ⊕
n≥0

A++ (−,Λn) → ι∗MA+ which is the strict module

map sending x ∈ A++ (Λk,Λn) to

h(x) = sx ∈ A+ (Λk,Λn) [1] ⊂ ι∗MA+ (Λk)

(s : A+ (Λk,Λn) → A+ (Λk,Λn) [1] is the usual degree (−1) map). According to Propo-
sition 1.72, this induces a closed A++-module map t0 : MA++ → ι∗MA+ . Moreover, the
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following diagram of A++-modules is commutative

A++ (−, Y ) ι∗A+ (−, ιY )

MA++ ι∗MA+ .

tA++

tι

ι∗tA+

t0

It remains to check the three items of Proposition 1.82. The first two items are satisfied
according to Lemmas A.3 and 2.17. We now have to prove that t0 : MA++ → ι∗MA+ is
a quasi-isomorphism. Let X = Λk be some object in A++. Observe that the following
diagram of chain complexes is commutative

MA++ (Λk) ι∗MA+ (Λk) = MA+ (Λk)

A++ (Λk,Λk+1) A+ (Λk,Λk+1) .

t0

ι

Each vertical map is a quasi-isomorphism according to Lemma 2.16, and the bottom
horizontal map is the identity map. This implies that t0 is a quasi-isomorphism, which is
what we needed to prove.

Observe that the projection π : A+ → A0 defines a strict A∞-functor which sends W+

to W0. Thus it induces a strict A∞-functor π̃ : A+
[
W−1

+

]
→ A0

[
W−1

0

]
(see Definition

1.59). Besides, let LA∗ (Λ) be the augmented ideal of

LA∗ (Λ) = EndA+ (Λ)

(LA∗ (Λ) is the endomorphism algebra of ε in the A∞-category Aug− (Λ) defined in
[15], see section 3.1.3). The inclusion LA∗ (Λ) ↪→ A+ (Λ,Λ) induces a strict A∞-map
LA∗ (Λ) → LA∗

+ (Λ) whose image is contained in ker (π̃). Since ker (π̃) is an A∞-
subalgebra of Cone

(
LA∗

+ (Λ) π̃−→ LA∗
0 (Λ)

)
(see Definition 1.45), we get a strict A∞-map

ϕ : LA∗ (Λ) → Cone
(
LA∗

+ (Λ) π̃−→ LA∗
0 (Λ)

)
.
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Proposition A.5. The A∞-map

ϕ : LA∗ (Λ) → Cone
(
LA∗

+ (Λ) π̃−→ LA∗
0 (Λ)

)

is a quasi-isomorphism.

Proof. We will apply Proposition 1.82 to the A∞-functor π : A+ → A0 and the object
Λ0 = Λ of A+. We consider the modules MA0 , MA+ and module maps tA+ : A+ (−,Λ) →
MA+ , tA0 : A0 (−,Λ) → MA0 of Definition 2.14. Observe that the diagram of A+-
modules

⊕
n≥0

A+ (−,Λn) ⊕
n≥0

A+ (−,Λn+1)

⊕
n≥0

A+ (−,Λn) π∗MA0

id

⊕
n≥0

tcn

tπ

tπ

commutes up to the homotopy h : ⊕
n≥0

A+ (−,Λn) → π∗MA0 which is the strict module

map sending x ∈ A+ (Λk,Λn) to

h(x) = sπ (x) ∈ A0 (Λk,Λn) [1] ⊂ π∗MA0 (Λk)

(s : A0 (Λk,Λn) → A0 (Λk,Λn) [1] is the usual degree (−1) map). According to Proposition
1.72, this induces a closed A+-module map t0 : MA+ → π∗MA0 . Moreover, the following
diagram of A+-modules is commutative

A+ (−,Λ) π∗A0 (−,Λ)

MA+ π∗MA0 .

tA+

tπ

π∗tA0

t0

Now according to Proposition 1.82, there is a chain map u : W−1
+

MA+ (Λ) → W−1
0

MA0 (Λ)
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such that the following diagram of chain complexes commutes

A+
[
W−1

+

]
(Λ,Λ) A0

[
W−1

0

]
(Λ,Λ)

W−1
+

MA+ (Λ) W−1
0

MA0 (Λ)

MA+ (Λ) MA0 (Λ)

W −1
+

tA+

π̃

W −1
0

tA0

u

t0

(the two vertical maps on the bottom are the inclusions). Moreover, the inclusions

LA∗ (Λ) ↪→ LA∗
+ (Λ) , LA∗ (Λ) ↪→ W−1

+
MA+ (Λ) , LA∗ (Λ) ↪→ MA+ (Λ)

make the following diagram commutes

LA∗ (Λ) LA∗
+ (Λ) LA∗

0 (Λ)

LA∗ (Λ) W−1
+

MA+ (Λ) W−1
0

MA0 (Λ)

LA∗ (Λ) MA+ (Λ) MA0 (Λ) .

W −1
+

tA+

π̃

W −1
0

tA0

u

t0

According to Lemma A.3, A+ and A0 satisfy the hypotheses of Lemma 2.17. Thus, using
Lemma 2.17 and Proposition 1.79, we know that the vertical maps are quasi-isomorphisms.
Therefore, we get the following commutative diagram of chain complexes

LA∗ (Λ) Cone
(
LA∗

+ (Λ) π̃−→ LA∗
0 (Λ)

)

LA∗ (Λ) Cone
(
W−1

+
MA+ (Λ) u−→ W−1

0
MA0 (Λ)

)

LA∗ (Λ) Cone
(
MA+ (Λ) t0−→ MA0 (Λ)

)
.

ϕ

∼

ψ

∼
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Therefore, in order to show that

ϕ : LA∗ (Λ) → Cone
(
LA∗

+ (Λ) π̃−→ LA∗
0 (Λ)

)

is a quasi-isomorphism, it suffices to show that

ψ : LA∗ (Λ) → Cone
(
MA+ (Λ) t0−→ MA0 (Λ)

)
is a quasi-isomorphism. Observe that the inclusion ker (t0) ↪→ Cone(t0) is a quasi-
isomorphism because t0 is surjective. Thus it suffices to show that the inclusion LA∗ (Λ) ↪→
ker (t0) is a quasi-isomorphism. Recall that we denote by Along (Λm,Λn) the subcomplex
of A+ (Λm,Λn) generated by Rlong (Λm,Λn). Then observe that LA∗ (Λ) = Along (Λ,Λ)
and

ker (t0) =


Along (Λ,Λ0) Along (Λ,Λ1) . . .

Along (Λ,Λ0) Along (Λ,Λ1) . . .

id
tc0

id tc1

 .

Thus the result follows from Lemmas A.3 and 2.16.
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EKHOLM-LEKILI REVISITED

In this appendix, we revisit some of the results of [32] using localization of A∞-categories.

B.1 Setting

Let X be a Weinstein manifold. Now let L be a connected cylindrical exact Lagrangian
submanifold of X. We denote by Λ = ∂∞L ⊂ Y the corresponding Legendrian subman-
ifold. We will assume that Λ is connected and chord generic with respect to α. Finally,
we denote by εL : CE−∗ (Λ) → F the augmentation induced by L.

We fix two positive Morse functions F1 : L → R and f1 : Λ → R with a unique
minimum and a unique maximum, and such that in the ends

F1 (t, q) = a1 (t+ f1 (q)) + b1 for 0 < a1 ≪ 1 and b1 > 0.

We denote by U a small open neighborhood of (F1, f1) in C∞ (L) × C∞ (Λ) with the
following property: for every pair (F, f) in U , the functions F , f are positive, Morse,
and their critical points and gradient trajectories are in bijection with those of F1, f1

respectively. Then we choose a family (Fn, fn)n≥2 of pairs in U such that in the ends,

Fn (t, q) = an (t+ fn (q)) + bn for 0 < an ≪ 1 and bn > 0.

We also choose a decreasing sequence (δk)k≥1 of small enough positive numbers so that
the family (

Hn =
n∑
k=1

δkFk, hn =
n∑
k=1

δkfk

)
n∈N

has the following property: for every i < j, the pair (Hj −Hi, hj − hi) lies in the cone
over U (this can be easily achieved by induction on n). Finally, we let Ln ⊂ X be the
Lagrangian corresponding to the graph of dHn in a Weinstein neighborhood of L = L0,
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and we let Λn ⊂ Y be the Legendrian corresponding to the one-jet of hn in a Weinstein
neighborhood of Λ = Λ0. Observe that we do not require the copies to be parallel in the
sense of the third item of Lemma 31 (or Theorem 76) in [32].

B.2 Some A∞-categories

We denote by A+, A++, A0 the A∞-categories associated to Λ and εL in Definition A.2.
We now associate an A∞-category to L.

Definition B.1. Let
L := (Ln)n∈Z .

We denote by O the A∞-category defined as follows:

1. the objects of O are the Lagrangians Ln, n ∈ Z,

2. the space of morphisms from Li to Lj is either generated by Li ∩ Lj if i < j, or
F if i = j, or 0 if i > j ; the bigrading of an intersection point c ∈ O (Λi,Λj)
corresponding to q0 ∈ Crith0 is (2 (j − i) + ind (q0)), and

3. the operations are such that eLn ∈ O (Ln, Ln) is a strict unit, and for every sequence
of integers i0 < · · · < id, for every sequence of intersection points

(x1, . . . , xd) ∈ (Li0 ∩ Li1) × · · · ×
(
Lid−1 ∩ Lid

)
we have

µO (x1, . . . , xd) =
∑

x0∈Li0 ∩Lid

#Mx0,xd...x1 (L, j)x0

(see Definition 4.28). Besides, let WL be the set made of the morphisms un ∈
O (Ln, Ln+1) corresponding to the minimum of (Hn+1 −Hn) for n ∈ N. We define

CF ∗ (L) := EndO[W−1
L ] (L) .

There are natural A∞-functors ψ : O → A++ (see [32] section 5), ι : A++ → A+ (the
inclusion) and π : A+ → A0 (the projection). The composition ϕ = π ◦ ι ◦ ψ : O → A0

sends WL to W0, and thus it induces an A∞-map ϕ̃ : CF ∗ (L) → LA∗
0 (Λ).
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Definition B.2. The Floer complex of L relative to its boundary Λ is the non unital
A∞-algebra

CF ∗ (L,Λ) := Cone
(
CF ∗ (L) ϕ̃−→ LA∗

0 (Λ)
)

(see Definition 1.45).

B.3 Results

Recall that we are considering A∞ functors ψ : O → A++ (as in [32] section 5) and
ι : A++ → A+ (the inclusion). Moreover, the composition ι ◦ ψ : O → A+ sends WL to
W+.

Theorem B.3. (Part of Theorem 63 in [32])
If HW ∗ (L) = 0, then the A∞-map

˜ι ◦ ψ : CF ∗ (L) → LA∗
+ (Λ)

induced by ι ◦ ψ is a quasi-isomorphism.

Proof. On the objects, ψ (Ln) = Λn and, on the morphisms, ψ is defined using the exact
same count of pseudo-holomorphic curves than in [32] Theorem 63 (the corresponding
A∞-map is denoted e there). In [32] Theorem 63, the authors prove that for every i < j,

Cone
(

O (Li, Lj)
ψ−→ A++ (Λi,Λj)

)#
≃ CW ∗

(
Li, L̂j

)

where L̂j is a negative wrapping of Lj across Li. By hypothesis, CW ∗ (L) is acyclic,
which implies that ψ1 is a quasi-isomorphism. Thus, ψ is a quasi-equivalence, and since
it sends WL into W dir

+ , the induced functor ψ̃ : O
[
W−1
L

]
→ A++

[(
W dir

+

)−1
]

is also a
quasi-equivalence (see Lemma 2.4 in [38]). This concludes the proof according to Lemma
A.4.

Theorem B.4. (Part of Theorem 63 in [32])
If HW ∗ (L) = 0, then there is a quasi-isomorphism of A∞-algebras

F ⊕ CF ∗ (L,Λ) ∼−→ LA∗ (Λ) .
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Proof. First recall that the projection to the space of short Reeb chords induces an A∞-
functor π : A+ → A0 which sends W+ to W0, and Proposition A.5 gives

LA∗ (Λ) ≃ Cone
(
LA∗

+ (Λ) π̃−→ LA∗
0 (Λ)

)
.

Then, recall that the composition ϕ = π ◦ ι ◦ ψ : O → A0 sends WL to W0, and thus
it induces an A∞-map ϕ̃ : CF ∗ (L) → LA∗

0 (Λ). Now observe that we have the following
commutative diagram

CF ∗ (L) LA∗
+ (Λ, εL)

LA∗
0 (Λ, εL) LA∗

0 (Λ, εL) .

ι̃◦ψ

ϕ̃ π̃

The top horizontal arrow is a quasi-isomorphism by Theorem B.3. According to Propo-
sition 1.48, we get a quasi-isomorphism of non unital A∞-algebras

CF ∗ (L,Λ) ∼−→ LA∗ (Λ) .

This concludes the proof because

LA∗ (Λ) = F ⊕ LA∗ (Λ) .

Theorem B.5. (Theorem 51 in [32])
If Λ is simply connected, then

E
(
CE+

−∗ (Λ)
)

≃ LA∗
+ (Λ) .

Idea of proof. Assume that we can choose the copies to be parallel. In [32] section 3.5,
the authors define a quasi-isomorphism ϕ : CE+

−∗ (Λ) → CE
∥
−∗ (Λ). Applying first bar

and then graded dual, we get a quasi-isomorphism B
(
CE

∥
−∗ (Λ)

)#
→ B

(
CE+

−∗ (Λ)
)#

.
Besides, recall that

CE
∥
−∗ (Λ) = ΩLC∥

∗ (Λ) .

There is a natural quasi-isomorphism B
(
ΩLC∥

∗ (Λ)
)

→ LC
∥
∗ (Λ) (see section 2.2.2 in

[32]), which induces a quasi-isomorphism LA∗
∥ (Λ) → B

(
ΩLC∥

∗ (Λ)
)#

. As a result, we get
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a quasi-isomorphism
LA∗

∥ (Λ) → B (CE−∗ (Λ))# .

Now going back to the case where the copies are not parallel, we should still be able
to define an A∞-functor Φ : A+ → B (CE−∗ (Λ, C−∗ (ΩΛ)))# which mimic the map we
just described. This functor should look like this. Take sequences (c0, . . . , cd−1) ∈ R (Λn0 ,Λn1) × · · · × R

(
Λnd−1 ,Λnd

)
(x0, . . . , xr−1) ∈ CE+

−∗ (Λ)r

such that none of the Reeb chords ci correspond to the minimum of the Morse function
f1, and each xi is a word in elements of C−∗ (ΩΛ) ∪ R (Λ). If r is positive, then

⟨Φ (c0, . . . , cd−1) , sx0 ⊗ · · · ⊗ sxr−1⟩ = 0.

Assume now that r = 0. Let (y1, . . . ,yp) be the family of short Reeb chords appearing in
c0 · · · cd−1. Then

⟨Φ (c0, . . . , cd−1) , sx0⟩ =
p∏
i=1

|T (σi,yi) |

(the moduli spaces T (σi,yi) are defined in [32] section 3.5) if x0 is obtained from c0 · · · cd−1

by replacing each yi by σi, and 0 otherwise.
It remains to show that Φ sends W+ to the unit (this should follow from Lemma

38 in [32]), and that the induced functor Φ̃ : A+
[
W−1

+

]
→ B

(
CE+

−∗ (Λ)
)#

[1−1] is a
quasi-equivalence.
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Titre : Invariants du relevé Legendrien d’une sous-variété Lagrangienne exacte dans la contac-
tisation circulaire d’une variété de Liouville

Mot clés : Contactisation circulaire, Homologie de contact Legendrienne Morse-Bott, Algèbre

différentielle graduée de Chekanov-Eliashberg, Cylindre d’application d’un morphisme entre

algèbres différentielles graduées, Localisation de catégories A∞, Colimite homotopique de

catégories A∞

Résumé : On étudie les relations entre une
sous-variété Lagrangienne exacte L dans une
variété de Liouville P et un de ses relevés Le-
gendriens Λ◦ dans la contactisation circulaire
S1 × P . Contrairement au cas bien étudié de
la contactisation standard R×P , chaque point
d’une Legendrienne dans S1 ×P donne lieu à
une infinité (dénombrable) de cordes de Reeb
pour la forme de contact standard, et on est
dans une situation dite Morse-Bott.

On démontre d’abord des propriétés ho-
motopiques générales de l’homologie de
contact Legendrienne en utilisant les cylindres

d’applications de morphismes entre algèbres
différentielles graduées. Ensuite, on intro-
duit la notion de tore d’application associé
à une quasi-autoéquivalence d’une catégorie
A∞ comme colimite homotopique d’un dia-
gramme. On montre comment calculer cette
colimite dans certaines circonstances en tra-
vaillant avec des localisations de catégories
A∞. Enfin, on utilise les résultats précédents
pour relier l’algèbre A∞ de Floer de L et
l’algèbre différentielle graduée de Chekanov-
Eliashberg de Λ◦.

Title: Invariants of the Legendrian lift of an exact Lagrangian submanifold in the circular con-
tactization of a Liouville manifold

Keywords: Circular contactization, Morse-Bott Legendrian contact homology, Chekanov-Eliashberg

differential graded algebra, Mapping cylinder of a morphism between differential graded alge-

bras, Localization of A∞-categories, Homotopy colimit of A∞-categories

Abstract: We study the relations between an
exact Lagrangian submanifold L in a Liouville
manifold P and one of its Legendrian lift in
the circular contactization S1 × P . Unlike the
well-studied case of the standard contactiza-
tion R×P , each point of a Legendrian in S1×P
gives rise to a (countable) infinite set of Reeb
chords for the standard contact form, and we
are in a so-called Morse-Bott situation.

We first demonstrate general homotopi-
cal properties of Legendrian contact homol-

ogy using mapping cylinders of morphisms
between diffrential graded algebras. Then, we
introduce the notion of mapping torus asso-
ciated to a quasi-autoequivalence of an A∞-
category as homotopy colimit of some dia-
gram. We show how to compute this col-
imit in certain circonstances by working with
localizations of A∞-categories. Finally, we
use the previous results in order to relate the
Floer A∞-algebra of L and the Chekanov-
Eliashberg differential graded algebra of Λ◦.
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