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Chapter 1

Introduction

It is the purpose of an introduction to give an overview of thesis, review the literature as well as establish and
legitimise the gap in the current research which the thesis fills. In order to do this, we have chosen a rather
unusual structure for the introduction of the thesis as the author feels that it is best to have the issue of the thesis
demonstrated as opposed to just described. Furthermore, some of the concepts in the literature review are best
illustrated through numerical experiments on our test cases; after all that is why we chose the particular test-cases.
It is for this reason that we give a brief introduction to the thesis where we avoid citing any literature (Section 1.1).
Then we present our test cases (Section 1.2) and the derivations of first order approximations via WNLE. We then
review the literature (Section 1.3) using our test cases to demonstrate various concepts with numerical experiments.

Lastly, we give brief descriptions of the chapters of the thesis (Section 1.4).

1.1 Brief Introduction

To provide a mathematical description of open shear flows is an interesting and challenging task owing to the non-
self-adjointness inherent in the linear operator and also the nonlinearity present in equations such as the Navier-
Stokes equations and Ginzburg-Landau equation. It is also an important task when one considers the examples
of mixing layers, jets, wakes and boundary layers found in industrial and geoscientific applications. The flows de-
scribed by these equations can develop self-sustained oscillations in time, which have characteristic spatial distribu-
tions, saturation amplitudes and saturation frequencies. In the Fluid Mechanics community, these spatially-coherent
structures are called “Global Modes”. For marginally unstable systems, which are systems where the largest eigen-
value is zero and the rest are negative, there have been several attempts at approximating these global modes by
the spatial development of the leading eigenvector (the eigenvector that corresponds to the zeroth eigenvalue). The
spatial development is categorised by an amplitude equation derived via methods such as normal form theory or

weakly nonlinear expansions (WNLE). These methods are generally successful in the cases where the operator



is self-adjoint, but, for non-self-adjoint systems, only the early time characteristics are captured and the saturation
characteristics are under-estimated.

In this thesis, we have taken a closer look at this problem by looking at specifically why first order approximations
derived via weakly nonlinear expansions do not approximate the governing system well in non-self-adjoint cases.
This is a historic problem that has been tacked in various ways. For instance, authors have tried to build higher order
approximations including spatial structures different from the zeroth eigenvectors, but there is a problem regarding
the non-uniqueness of higher order terms. Other authors have also tried to build higher order amplitude equations,
i.e. more elaborate amplitude equations that describe the leading eigenvector. This approach can be seen as a way
to circumvent the non-uniqueness. However, by still only approximating with the leading eigenvector, even though
its temporal development is elaborated by a higher order amplitude equation, spatial structures different from the
leading eigenvector are neglected.

For our purposes, we have chosen two particular test-cases in order to study the failure of first-order weakly non-
linear expansions at approximating non-self-adjoint cases; the Real non-self-adjoint Ginzburg-Landau and Complex
non-self-adjoint Ginzburg-Landau equations (labelled RnsaGL and CnsaGL respectively). They have similar prop-
erties to the Navier-Stokes equations in the sense that they are non-self-adjoint and nonlinear, but are different in
the sense that the linear operators generate strongly-continuous semigroups (Cy-semigroups), which allow us to
write the equations in integral form and in this way derive error bounds. Also, in the real case, we have a quasi-
basis structure that allows us to expand our solutions into amplitude-eigenvector pairs, which cannot always be
done meaningfully for non-self-adjoint systems (completeness of eigenvectors guarantees an expansion, but the
amplitudes are not guaranteed to be finite). This is the first known application of the quasi-basis structure in Fluid
Mechanics.

We begin by consolidating the literature and giving an overview of different mathematical descriptions of Fluid
Mechanics. In the first chapter, we give an example of higher order amplitude equations regarding the RnsaGL;
this should be seen as an extension to the introduction, as it is not necessarily new. Nevertheless, it demonstrates
that for non-self-adjoint systems contributions from spatial structures different from the leading eigenvector are
significant and therefore cannot be neglected. We also see that for higher order amplitude equations that the radius
of convergence is very small thus limiting the utility of these higher order amplitude equations. We then derive higher
order approximations with additional spatial structures. The problem of non-uniqueness persists, but we combat
this using additional assumptions - these assumptions are different in comparison to the ones used by previous
authors. We notice for the RnsaGL, where there is a quasi-basis structure, we can normalise the higher order
spatial structures in two ways; we can either make them orthogonal to the zeroth direct eigenvector or the zeroth
adjoint eigenvector. We then derive error bounds for the discrepancy between the direct and adjoint eigenvectors.
A key part of the derivation of the error bounds is to transform the governing partial differential equations into

integral form, which is possible owing to the fact the linear operators generate Cy-semigroups. However, these error



bounds remain theoretical tools that show a radius of convergence exists as opposed to telling us what that radius
of convergence is. Lastly, we consider a stochastic homogenisation procedure, which is different from WNLE as it

does not neglect all stable eigenmodes as a first step.

1.2 Test Cases and Derivation of First Order Approximations via WNLE

In Fluid Mechanics, we generally want to study equations of the form

Ou
EZCU-FN(U)-F(;%L (1.1)

where L is a linear operator, AV is the nonlinear operator and 0 < § < 1 is the a constant perturbation from criticality.
In this thesis, we have chosen Ginzburg-Landau-type equations for our test cases. Ginzburg-Landau equations have
often been used as test cases in Fluid Mechanics (Cossu and Chomaz (1997) [28], Couairon and Chomaz (1999)
[29]; Huerre and Monkevitz (1990) [54] and Chomaz (2005) [25] to name a few) as they exhibit similar features to
the Navier-Stokes equations. A specificity of our Ginzburg-Landau-type equations is that increasing the advection
velocity, U, makes both equations more non-normal - in the sense that the direct and adjoint spatial structures of
eigenvectors move further apart - but the operator stays critical, meaning that the real part of the leading eigenvalue
remains zero for increasing U but the real part of all other eigenvalues remains negative.

We have chosen both a real and a complex case as they display different phenomena. In the real case, there
exists an unbounded transformation to transform the operator of the RnsaGL into a self-adjoint equation that allows
us to use concepts from Non-Hermitian Quantum Mechanics. In the complex case, we can consider both the
saturation frequency and the saturation amplitude. When we decompose the equation into the equation for the
frequency and amplitude, i.e. let u(z,t) = r(x,t)e’*™®*" where r(z,t) is the amplitude and ¢(x,t) is the frequency,
only the linear operator for the amplitude demonstrates strong transient growth. Therefore, the saturation frequency
is well captured as a first order expansion.

The real and complex test cases are respectively;

* Real non-self-adjoint Ginzburg-Landau equation

% = LECLy —u® 4 fu (RnsaGL)

where

0? 0 U?
RGL _ Y Y -z — 2
L = 502 Uam+<4+\/5 @x)

with boundary conditions |u| — 0 as © — +o0.



» Complex non-self-adjoint Ginzburg-Landau equation

ou

Frin LTy — |u)?u + du (CnsaGL)
where
LCGL—(l—')i—(U+02')£+ C1 + = (U% — 04U — 0.04) | — c3a?
N " 92 o ' . . @t

with C; = R{\/(1 — i)c2}, with boundary conditions |u| — 0 as x — +o0.

In the above equations, the real coefficient in front of the % is the diffusion constant, ¢; > 0 determines the
non-parallelism of the flow (throughout this thesis and in all numerical experiments co = 0.005) and U is the mean
advection velocity. The two-dimensional form of this equation has been used in order to model cylinder flow Rous-
sopoulous et al. (1996) [81].

WNLE is a procedure that combines the method of multiple scales and perturbation theory. It is often tailored to
the application at hand. Therefore, there is no rigorous definition. However, loosely the three main steps are, for a
problem of the form (1.17); firstly, introduce a diffusive scaling centered around a small parameter e that allows the
linear operator to remain dominant, secondly, introduce an expansion in terms of the small parameter, ¢, in order to
get a hierachy of equations, and, thirdly, use the Fredholm alternative repeatedly to obtain solvability conditions at
each order to elabourate the terms of the expansion. We have chosen the word elabourate on purpose, because
often it is not possible to determine the terms of the expansion fully owing to the Fredholm alternative.

Below, we give our two versions of the Fredholm alternative in order to reference them when we derive amplitude
equations in our test cases. The versions of the Fredholm alternative used in this thesis are tailor-made in order to fit
the decay boundary conditions and complexity of the equation in the case of the CnsaGL. The Fredholm Alternative
as given in Evans [44] (see Theorem 4, Chapter 6.2) is given on a fixed interval L where the solution is in the space
H}(L). In order to extend this to a real line for an elliptic PDE of non-constant coefficients, we considered the

following space

HE = {u e L2(R) : ||ul|z1 < oo} (1.2)
where
=2 0 and |2 =t o, (1.3)
ox L ’

HE" is compactly embeddecﬂ into L?(R). We give both versions of the theorem, because, even though they are

identical to look at, the complex version requires the Complex Lax-Milgram Theorem, so they are not identical in

"We have included key definitions such as “compact embedding” in the first section of the Appendix A before giving the proofs of in the real
and complex case in the second and third sections respectively.



proof.

« Theorem (Tailored Fredholm Alternative for L7%F). Given £L%Z as in RnsaGL defined as above

i Precisely one of the following statements holds:
either

(a) Foreach f € LQ(R)E], there exists a unique weak solution « of the equatiorﬂ
—LBRCLy = f in L2(R) (1.4)

or else

(8) There exists a weak solution, u # 0 of the homogeneous problem
—LRGLy =0 in L?(R) (1.5)

i Furthermore, should assertion () hold, the dimension of the subspace N C HE' of weak solutions of

1) is finite and equals the dimension of the subspace Nt ¢ HE' of weak solutions of
— (LR =0 in L*(R) (1.6)

where (LECL)T is the L2-adjoint of (LFCL), i.e. (LECL)Tu,v) = (u, (LEYE)v) where (-, -) is the L2-inner

product.

i Finally, the boundary-value problem (1.4) has a weak solution if and only if
(v,f) =0 forallv e NT. (1.7)

Proof. This theorem with proof is given in Appendix A.2.

» Theorem (Tailored Fredholm Alternative for LX), Given £LCCL as in the CnsaGL defined as above

i Precisely one of the following statements holds:
either

(o) For each f € L?(R), there exists a unique weak solution u of the equation

—LCOCy = f in L2(R) (1.8)

2This is owing to the fact that L2(R) C (Hﬁ1 )* where the * denotes the dual space.
3Note, we put the minus sign for the necessary ellipticity condition, the equation also takes on a minus sign when we consider the inhomoge-
neous problem in the weakly nonlinear expansions. We have added it to the other equations for the continuity of the presentation.



or else

(B) There exists a weak solution, u # 0 of the homogeneous problem

—L£CLy =0 in L?(R) (1.9)

Furthermore, should assertion () hold, the dimension of the subspace N C HE' of weak solutions of

1) is finite and equals the dimension of the subspace Nt c HE' of weak solutions of
—(L£C9N) Ty =0 in L2(R) (1.10)

where (LECE)T is the L2-adjoint of LECF ie. (LYY Tu,v) = (u, (LCCF)v) where (-,-) is the L2-inner

product.

i Finally, the boundary-value problem has a weak solution if and only if

(v, f)=0 forallv € NT. (1.11)

Proof. This theorem with proof is given in Appendix A.3.

We perform WNLE on the and the to illustrate this concretely in Example 1 and Example 2

respectively. In these examples, we have performed computations using a Hermite pseudo-spectral method for the
discretisation of the operator in space and a finite-difference method in time. Details of the numerics can be found
in the Appendix B. As we are always in situation (3) of the real or complex version of the Fredholm Alternative, i.e.

LEGLy, = 0 and LET = 0 have non-trivial solutions, we can never determine higher order terms uniquely.

» Example 1 (WNLE for the RnsaGL)

In this case, we put the equation on the diffusive timescale v = ezv(x, 7) where T = et. Furthermore, we let

§ = €0 where § = O(1). This gives the following equation

—LRGLy = e(g“ + 6v — v3>. (1.12)
T

We expand v = vy + ev1 + ... + €"v,, in order to get the following hierachy of equations

—LEGLy, = 0, (1.13)

(81}0 + dvo - v%) (1.14)

_ ARGL
£ v or

1

From (1.13), we let v = C(7)ey, where ¢, solves the equation £LF%Le, = 0 and C(7) is the corresponding



amplitude of this spatial structure.

We apply the Fredholm alternative to (1.14). By this take the inner product with (é,)T, which solves the following
equation

(LGl — 0 (1.15)

where (LFGI)T is the L2-adjoint of LSE given by

creryi —al s vl o (i o (1.16)
= Y2 Ox 4a acz et ), ’
in order to obtain the following amplitude equation
5 T3
dc —5C — <€$a€0>03. (1.17)
dr <60’ 60>

The first order approximation, u,,, to the solution of «, is given by
Uapp = 6%0(7)60 = B(t)eo (1.18)

where we have let B(7) = ¢zC(7). By doing this, we can write the amplitude equation (1.17) on the original

timescale
T3
1B _ g5 t0h) g (1.19)
dt <€Ov 80>
)\1

We call the constant in front of the cubic term A! as is customary (this will be discussed further in the literature

review). We obtain the saturation amplitude, B, by setting 22 in (1.19) to zero. This gives

0

Bsat = F

(1.20)
We illustrate the problem by comparing the difference ||u—uqy,|| > for different values of U in Figure 1. We see
that the approximation gets worse as U increases. However, for early time, in the linear regime we have that
the global mode is well approximated by u,,,. This suggests that the failure of approximation is a combination

of non-normality and nonlinearity.

The next order approximation would be of the form w,,, = ez (v + ev1 ). However, as we are in situation (3) of
the Fredholm alternative demonstrated in (1.5), we cannot determine v; uniquely. We will discuss additional

assumptions used to circumvent this problem in the literature review.
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[t = appl =

T T
1100 1200

T T T
1250 1500 1750 2000

Figure 1. A plot of ||u — wapp|| L2 fOr various values of U shown in plot, with § = 0.01

» Example 2 (WNLE for the CnsaGL)

We let u(z,t) = eotezv(z, 7,t) in the equation. )\ = iwo with wy € R is the largest eigenvalue
corresponding to eigenvector ¢y. The operator remains with this eigenvalue as the leading eigenvector as U

increases. As the real part of \q is zero, the operator is still critical.

<iw0—£CGL>v—e(—av+5v—|v|2fu>. (1.21)
or

Introducing the expansion v = vy + evy + ... + €™v,, in order to get the following hierarchy of equations

(mo—£CGL)UO = 0, (1.22)

(iUJO - ,CCGL) (A —%’UQ + S’UO - |’l}0|2’l}0 (1 23)

As before, from the (1.22) we approximate vy = C(7)ey Where ¢y solves the equation £L7%L¢y = 0. The

amplitude equation for C(7) is obtained similarly to previous case by applying the Fredholm alternative

~ 2
0T _ oy - Loleol™eo) 1oy o) (1.24)
or (eg, €0)
Al
where eI) solves the adjoint problem
(LCN)tel =0 (1.25)

11



where (LEI) T is the L2-adjoint of (LEGT) given by

2

1
(£C9NY — (1 + i)ia + (U - 0.2@)i + |C1 4+ < (U = 04U — 0.04) | — co2? (1.26)
ox? ox 3

We again label the coefficient of the cubic term A*.

We let B = ez¢™'C(r). Then the amplitude equation in terms of B is then

dB
o= (6 +iwo)B — |B|*B (1.27)

and the approximation is given by ugp,

Uapp = BeO~ (1 28)

We assume § to be real and consider the real and imaginary parts of B in polar coordinates, i.e. B = re'®.
Furthermore, we write A\! = A" 4 i\* We obtain the following two equations

dr _ 8 — A\, and %

_ = — — . 2
i 5r = wo AT, (1.29)

From the equations in we see that the saturation amplitude r 4 and saturation frequency ¢4 are given
by 74 = \/%and $a=wo— Nix

In order compare the solutions to the approximation. Firstly, we consider the solution difference in amplitude.
We decompose our solution as u = Re'®, and we consider ||R—r|| .- for different values of U. In Figure 2a, we
plot this. We see the same phenomena as last time where the amplitude is underestimated by the first order
approximation as the non-normality increases. Secondly, we look at the saturation frequency by considering
the time signal of the solution at a particular point . We choose x = —%, as this is the maximum point
of the spatial structure éy, so it is equally where we expect the signal to be the strongest. We obtain the
saturation frequency by performing the Fast Fourier transform on the signal between ¢ = 1500 and ¢t = 1750
where we assume the flow has saturated from looking at the graph. In Table 1, we give values from performing
the Fourier transform on the time signal of the solution and e*®4*. The values correspond to the frequency
of the single peak of the energy spectrum, which is computed via the numpy FFT package, We see that the

approximations capture the frequency well in all cases.

We comment as we did in the previous test case, at the next order of the expansion, the approximation would
be of the form ug,, = eze™ot(yy + evy). However, as we are in situation (8) of the Fredholm alternative

demonstrated in (1.9), we cannot determine v; uniquely.

The phenomena of the saturation frequency’s being well approximated and the saturation amplitude’s not

12



being approximated well can be seen in other cases; notably, in the case of cylinder flow, where Sipp and
Lebedev (2007) [92] use WNLE to determine saturation characteristics for cylinder flow whereas Carini et al.
(2015) [21] use the method of Coullet and Spiegel (1983) [30] that is based on normal form theory. In the
literature review, we perform numerical experiments on the CnsaGL to theorise why this is the case. We save
these for the literature review, as it requires a notion of transient growth that is built up in the literature review.
We expect these results extend to the linearised Navier-Stokes operator but this needs to be confirmed by

numerical experiments.

— U=0.0
0.012 A Uu=0.2
— U=04
0.010 - U=0.5
— U=0.28
— U=10
0.008 A Uu=1.2
=
=
I 4
« 0.006
0.004
0.002 ~
0.000 _—
T T T T T T T
0 200 400 600 800 1000 1200 1400

t

Figure 2. A plot of various ||R — r||.2 for various values of U shown in plot, with § = 0.01.

U

Frequency (Hz) 5502 04106 0.8 1.0 12
oAl 0.006 | 0.0004 | 0 | —0.006 | —0.0014 | —0.0022 | —0.0032
u 0.006 | 0.0004 | 0 | —0.006 | —0.0014 | —0.0022 | —0.0032

Table 1. A table of the frequencies in Hz corresponding to the single peak (as there is only one frequency) of

the energy spectrum of « and e*?4*. The values of v are shown in plot with § = 0.01

13



1.3 Literature Review

In order to provide a mathematical description of Fluid Mechanics, different approaches have been taken. In our
exploration of the issues with WNLE, we have notably connected different aspects of different linear descriptions
together. Therefore, to understand the relevance of this thesis, not only as a presentation of new results, but, also
as a pedagogical resource, it is important to understand what these linear approaches entail. The method WNLE
is one of many “nonlinear” approaches, and, as the thesis is focused on trying to improve this method, we have not
considered any of the other nonlinear methods. Examples of nonlinear approaches include the use of Lyapunov
functions to establish the stability of nonlinear systems; this removes the problem of the loss of information as a
result of linearisation. However, for us, the loss of information is exactly the issue we study.

We have therefore divided the literature review intro two sections to facilitate this; “The Mathematics of Linear
Approaches” and “Examples of Amplitude Equations in Fluid Mechanics and Elsewhere”. The first section brings
together the mathematics of linear approaches as the title would suggest, whereas the second section evaluates the
approaches that other authors have taken to deal with the loss of information demonstrated in the previous section.

The latter section also considers the following amplitude equation given by equation

%f =B - \|B|’B (1.30)

which is historical, (1.30) was firstly derived by Landau in the 1940s but with the form of the constant A! not explicitly
derived. In the 1960s, in the midst of new computational power, attempts were made to fit these coefficients for
various fluid flows, but the fitting only worked in the linear regime for very small 6. In this thesis, we build notions as

to why this is the case.

1.3.1 The Mathematics of Linear Approaches

The Linear Approaches to Fluid Mechanics problems loosely fit into three categories, the Local Framework, the
Global Framework and the Non-modal Framework. Each of these categories align themselves with a different math-
ematical object namely Green’s functions, Resolvent Operators and Eigenvalues. How these objects are connected
together is how the different descriptions are connected together. The reader may find it helpful to consider Figure 1,
where we have drawn a diagram that gives the framework and the corresponding mathematical objects the various
approaches and connects them together. In the following points, we elabourate on each of these approaches, citing

important works and definitions. Afterwards, we discuss how these objects are mathematically connected together.
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Figure 1. A pictorial representation of how different mathematical approaches to Fluid Mechanics, namely the

global approach, the local approach and the non-modal approach connect together.

» The Local Framework The local framework considers whether or not flows are absolutely or convectively un-
stable. We present the definitions of absolute and convective stability from the review article by Huerre and
Monkevitz (1990) [54]. These definitions, as remarked by Huerre and Monkevitz, originated in Plasma physics

before finding more general application (see Landau and Lifshitz (1954, 1959) [62],[63]). For these definitions,

9
(m—c)uﬂ), (1.31)

with initial condition u(t = 0) = uo. £ is a linear operator, ¢ is time and u is the unknown. The equation

we need the following reference equation

corresponding to the Green’s function G(z,t) on to the operator on the left-hand-side of (1.31) is given by

(gt - .c) G, 1) = 6(t)3() (1.32)

where § is the Dirac delta function.

The basic flow described by « is said to be

— linearly stable if lim; ., G(z,t) — 0 along rays % = constant,

— linearly unstable if lim; , ., G(x,t) — oo along at least one ray 7 = constant.
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From the linearly unstable flows, there are two types of impulse response. The basic flow is said to be

— absolutely unstable if lim;_, ., G(z,t) — oo along the ray ¥ = 0,

— convectively unstable if lim; ., G(x,t) — 0 along the ray ¥ = 0.

These are local phenomena as they are based on the behaviour along the ray 7. They can be contrasted with

the definition of global stability; the flow described by « is said to be
— globally unstable if lim;_, ., G(x,t) — oo for some z.

For illustration, we give the following diagrams from the book in Figure 2 by Schmid and Henningson (2002)

[83] that depict absolute and convective instability.

(a) 1 (b)

Figure 2. From Schmid and Henningson (2002), two diagrams illustrating absolute (left) and convective

instability (right). The impulse was applied at the origin of the (z — t) diagram.

These definitions allow us to describe a flow through the impulse response of the governing linear operator.
Furthermore, there are tools available that enable us see whether a flow described by the dispersion relation
is absolutely or convectively unstable. We invite the reader to consult the book by Schmid and Hen-
ningson (2002) [83], which gives a detailed explanation of the Briggs Method. Briggs (1964) [20] developed
the method of categorising instabilities via complex analysis originally for plasma physics. In order to apply
the Briggs criterion, the problem must be considered in (k — w)-space, which is achievable via Laplace

and Fourier transforms.

In the local framework, we have the restriction that the impulse occurred at precise point z. When one con-
siders parallel flows, this is not a problem as the linear operator £ does not change with respect to z. For

non-parallel flows, we can circumvent this problem by calculating the Green’s function at each position s. Now,
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for a spatially-varying operator, i.e. an operator with a well potential, we solve the following equation;

(gt - .c) G(x,s,t) = 6(x — 5)d(1). (1.33)

By using this approach, In Chomaz (1991) [26], demonstrated the necessary condition that, in order for global
instability to occur, there has to be a finite region of absolute instability. This condition was established using

WKB theory, see Schmid and Henningson (2002) [83] for more details.

The Global Approach Let the solution of (1.31) be decomposed as u = e*a. We then obtain the following

eigenvalue equation for 4.

Ni = Li (1.34)

This equation has multiple solutions that we will label @ = ,, for corresponding A = A,,. If any of the \,, are
such that ®{)\,} > 0, the solution then the solution « grows in time. This definition coincides with the definition
of a globally unstable flow that we defined in the last section. We will demonstrate this after giving a summary

of each approach.

This kind of linear stability analysis has a rather old basis that can be traced back to Poincaré’s work “On
the Curves defined by Differential Equations” (in French "Mémoire sur les courbes définies par une équation
différentielle”) (1882) [77]. In this work, he developed the field known as "the qualitative study of differential
equations”. That being said, efficient numerical calculation of the spectrum of two-dimensional and three-
dimensional systems continues to be a dynamic area of research. The author invites the reader to consider
the review article by Theofilus (2011) [96]. Furthermore, for the Navier-Stokes equations, there is the problem
of establishing the appropriate form form of £ such that a change of parameter leads to the flow becoming
globally unstable. This issue is discussed in the beginning of the article by Sipp and Lebedev [92] in the
context of whether £ should be taken as the linearisation of the Navier-Stokes operator around the base flow

or mean flow.

The Non-modal Approach The non-modal framework is characterised by considering the norm of the matrix

exponential ||e*~||. This quantity can be interpreted as the maximum response over all initial conditions, but
also coincides with the definition of the semigroup of a linear operator £. We will discuss this more when we
build the connections between these approaches. For a Fourier transformed system one can consider the
maximum frequency response that is given by the norm of the operator (iw — £)~!. Studying this quantity
for various values of w is at the heart of the field called “Resolvent Analysis”. The purpose of this non-modal
framework is to identify the transient growth of a system. The eigenvalues of a system provide the asymptotic
nature but may not capture the bump before decaying. The reader is invited to consider the article by Schmid

[82] for a passionate review of this subject explicitly arguing against the eigenvalue-based approach that we
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described in the last section.

We demonstrate the phenomenon of transient growth via the RnsaGL before relating this to the idea of pseu-
dospectra. In Figure 3, we plot the norm of the semigroup Het(‘RGL”)HLz for the critical case (§ = 0) and
sub-critical case (6 = —0.01) for two values of U; we choose U = 0 (the self-adjoint case) in Figure 3a and
U = 1 in the non-self-adjoint case (Figure 3b) respectively. We compute this matrix exponential using the
“expm” function in the NumPy package in Python. Note that in both of these cases, ||¢‘*||.> is not divergent,

so they are globally stable.
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Figure 3. The L? norm of ||e'( +9)|| for a) U = 0 (left) and b) U = 1 right respectively. In both figures, the

orange lines represent the case where § = —0.01 and the blue lines represent the case § = 0.

We notice that the “bump” only occurs in the non-self-adjoint case and also that the semigroup bound is much
larger. The physical interpretation of this is that the impulse excites the non-orthogonal modes, which forms
a wave packet or “bump” that eventually decay. For the full equation with the nonlinearity, this bump interacts
with the zeroth eigenvector via the non-linearity. In the self-adjoint case, there is no wave packet to interact
with the global mode hence the solution is predominantly the spatial development of the leading eigenvector.

The Figures 1 and 2 in the previous section (Section 1.3) showcase this property.

One can estimate the size of the bump shown in Figure 3a using pseudospectra; the definition of the pseu-

dospectra is given as follows

— Definition (e-pseudospectra). Let £ be a closed operator and let € > 0 be arbitrary. The ¢- pseudospectra

is the set of z € C defined by
IGz=L)7 = e (1.35)

Sometimes, the “¢” is dropped in the nomenclature and we refer to this as simply “pseudospectra”.

The pseudospectra is connected to the norm of the semigroup e** using the theorems in Chapter 4 in the

book “Spectra and Pseudospectra” by Trefethen and Embree (2005). A consequence of these theorems can
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be seen in Schmid (2007) [82], where the so-called “Kreiss Constant” is used to give a lower bound on the

norm of the semigroup

Computing the norm of the semigroup is non-self-adjoint cases more time-intensive, especially for multi-
dimensional systems in Fluid Mechanics. For self-adjoint operators, the L2-norm is given by ||et“||L: = eo?
where )\ is the biggest eigenvalue (E. B. Davies [33]). Hence, in the critical case we get ||e!(“+%)||;> = 1 and
the sub-critical case, we get ||e!(“+9)|| . = =001, In Cossu and Chomaz (1997) [28], similar plots are made
for their linear operator [28], which is similar to the CnsaGL but without the quality of remaining at criticality for
any advection velocity. Their plots however were done with respect to the supremum norm and they relied on
Hunt’s form of the Green’s function to calculate the semigroup norm. The author believes the choice of norm

may have been a result of the computational power available.

Non-modal theory, particularly regarding pseudospectra, has been developed further in the field of Non-
Hermitian Quantum Mechanics. The link between this work and Fluid Mechanics can be seen from the point
of view that the £~ and LG can be recast in the following way

d 2
L= (—idx—ka) + ba? (1.36)

where a and b are constants. This is can be recognised as a Schédinger operator. In particular with ¢ and
b to be purely real, the quantum-mechanics interpretation of (self-adjoint) £ would be that of an electron
interacting with the magnetic field of vector potential « and a harmonic-oscillator electric field of frequency b.
In the paper KrejCifik et al. (2015) [61], theorems were derived that allowed us to extract basis properties from
the pseudospectra of operators with a compact resolvent. It is meaningful to define what a Quasi-Hermitian
operator as well as give the theorems that relate the pseudospectra to the basis properties, as we can consider
the early Fluid Mechanics paper by Reddy et al. (1993) [79] where the pseudospectra for the Orr-Sommerfeld

operator was computed.

We firstly define a Quasi-Hermitian operator and a Riesz basis:

— Definition (Quasi-Hermitian Operator). Let H be a Hilbert Space and L, if there exists a positive operator

G such that for an operator £

LG =GL, (1.37)

where G is a positive operator called a metric operator where £t denotes the adjoint in the Hilbert space

‘H. The operator is said to be Quasi-Hermitian.

— Definition (Riesz or Unconditional Basis, as given in [61]). Let H be a Hilbert Space. Let {e,}?>, be a

collection of functions, normalised to 1 in #H. {e, }32, is a Riesz or unconditional basis if it forms a basis
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and for all functions ¢ € X the inequality
CTHIBIP <D Ken, O < CligI (1.38)
k=1

The Riesz basis ensures that all projections onto the collection of vectors are bounded, which is very powerful
for practical applications. Other notions of bases, such as the Abel-Lidskii basis are looser, often requiring
only completeness and are not as useful in practical applications. The following theorem connects the Riesz

basis to the existence of the metric operator;

— Theorem (Riesz Basis if and only if Bounded Metric Operator with Bounded Inverse). Let £ be an opera-

tor with a compact resolvent in a Hilbert space H. Then the eigenvectors of £ form a Riesz basis if and
only if £ is Quasi-Hermitian and possesses a bounded and boundedly-invertible metric operator.

Proof. See Proposition 4 in KrejCitik et al. (2015) [61]. O

We can use this theorem in conjunction with the following definition of “trivial pseudospectra” and the following

theorem that connects the quasi-hermiticity of the operator with implications about the pseudospecitra.

— Definition (Trivial Pseudospectra). We say that the pseudo-spectrum of L is trivial if there exists a fixed

constant C such that, for all € > 0,

(L) C{z € C|dist(z,0(L)) < Ce}. (1.39)

— Theorem (Quasi-Hermitian Implications for Pseudospectra). Let H be quasi-Hermitian with a positive,

bounded and boundedly-invertible metric. Then the pseudospectrum of H is trivial.

Proof. See Proposition 3 in Krejcifik et al. (2015) [61]. O

In Reddy et al. (1993) [79] the pseudospectra was used to estimate the size of the transient growth using
methods described earlier in this section. Furthermore, it was reinforced that the a sufficient condition for
no transient growth is that the numerical range of the linear operator is restricted to the left half plane - this
was established as the extension of the Hille-Yosida Theorem. In Figure 4, we give the pseudospectra plots
[74] for the Orr-Sommerfeld operator, Los as well as the Davies Oscillator £, (these operators are shown
in shot) that were given in the talk by Novak (2015) [74]. The former demonstrates an operator with trivial
pseudospectra and the latter demonstrates an operator with non-trivial pseudospectra. In Reddy et al. (1993)

[79], the projection coefficients, (e, ¢) in (1.39), were calculated and found to be large.
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Figure 4. Plots of the pseudospectra given in the talk by Novak [74]. The scale of the contour lines are on a

logarithmic scale (orange to green) from —8 to —2 in increments of 0.5.

This demonstrates how we can use the above theorems, namely solely in the reverse implication.

From

the computations regarding the Davies operator, one visualise what seems to be non-trivial pseudospecitra.

Often, the non-triviality of pseudospectra can be proven rigorously using semi-classical analysis and defining

the pseudomodes when the structure of the eigenmodes cannot be easily deduced - the reader is invited to

see Davies (2004) et al. [35], Dencker at al. (2003) [37] and Krejcifik et al. (2015) [61]. Many examples

concerning non-trivial pseudospectra are centred around the imaginary cubic oscillator, which has a complete

set of eigenvectors which do not form a Riesz basis; this can be established via the non-existence of trivial

pseudospectra. In contrast, we cannot determine the existence of a Riesz basis from the existence of trivial

pseudospectra, hence we cannot assume the eigenvectors of the Orr-Sommerfeld operator form a Riesz basis.

One can circumvent this problem by considering the metric operator directly, but establishing the form of the

metric operator is a highly non-trivial task. The interested reader is invited to consider Ergun (2013) [42] that

provides examples about how to establish the metric operator in particular cases. The reader is also invited to

consider the works of Shubov (1996, 2016, 2017, 2020) [87, 88l 189, [90], who looks at the basis properties for

mechanical systems including flutter, damped waves and energy harvesting.

We now relate these approaches together by considering the mathematical objects. We take special care to

emphasize where the non-normality creates difficulty. We will first describe these relationships with words before
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describing them mathematically. The Global Framework is related to the Local Framework by considering the
eigenvector expansion of the green’s function. This connection only requires that the eigenvectors are complete.
As previously discussed, some notions of basis only require completeness, and these bases sometimes are not
appropriate for expanding the functions in. The connection between the Global Framework and the Non-modal
Framework can be observed particularly with self-adjoint operators when considering the L2-norm of the semigroup
is ||et || = et where )\ is the biggest eigenvalue (E. B. Davies [33]). Thus in the self-adjoint case, the leading
eigenvector captures everything from the initial growth, to the transient growth as well as the asymptotic behaviour.
These three things are strongly differentiated in the non-self-adjoint case. The Non-modal Framework and the Local
Framework are connected by considering the relationship between Green’s function and semigroup.

Now, let us recreate these relationships mathematically. We firstly consider the eigenvalue equation
Len(x) = Apen(x) (1.40)

where {e, }52, are the eigenvectors of £ form a complete set and {\, }52, are the constant corresponding constant

eigenvalues. Now consider the eigenvalue equation for L2-adjoint of L,

Llel (z) = A el (x) (1.41)

n-n

where {e],}°, are the adjoint eigenvectors of LT, which also form a complete set, and {\]}22, are the corre-
sponding constant eigenvalues. We have that (\,,)* = A" where * denotes the complex conjugate. We assume
that {e,}>°, and {e] },,—o are bi-orthonormal to each other such that (e} ,e,) = d,.,. Therefore, considering the

expansion of w into (1.31) into amplitude-eigenvectors pairs 3~ a,e,. We then get the following equation

ioend;tn = io AnGn€n. (1 42)

We take the inner product of (1.42) with each ¢ in order to get the infinite-dimensional dynamical system,

day,

dt

= M@np, (1.43)

which should be solved with appropriate initial conditions, i.e a,(t = 0) = (], uo), thus uy = Yoo o an(t = 0)ey,.

Thus, the solution of (1.31) can be written as

u= Z et a,(t=0)e,(z) = / G(s,z,t) an(t = 0)e,(s)ds (1.44)
n—=0 ﬁ/_/ s1 ﬁ#

o
n=0

where the Green’s function is given by G(z, s,t) = Y02 e*tel (s)e,(z) (s; and s, are the endpoints of the boundary
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(in the case of the RnsaGl and CnsaGL will be s; = —oo and s; = o0). In this way, we have related the Global
Framework and the Local Framework together.
In order to relate the Global Framework to the non-modal approach one recognises that, provided the eigenvec-

tors form a complete set,
ot — Z etp, (1.45)
n=0

where P, is the projection operator onto each eigenvector of £ and \,, are the eigenvalues of L. In this case, it is
clear as to why an eigenvalue with positive real part equates to global instability. However, the additional difficulty
comes from the fact that completeness is not enough to ensure that the projection operators are bounded. One
needs a stronger notion of a basis that ensures the projection operators are bounded. The non-modal approach
relies on different representations of the semigroup e** when the projection operators are unbounded; these include

the same formula one uses for matrix exponentials when the linear operator is a bounded operator

o0 tn
e'uy = ety = eFuy = Z Eﬁ". (1.46)

n=0 "

and also the Cauchy integral formula which works in the case of unbounded operator

et = i eMR(N, L)d) (1.47)
2mi [ oy

where R(\, L) = (A — £)~! is the resolvent operator for A\ ¢ (L) where (L) is the spectrum of £ containing the
eigenvalues \,. For a full discussion of formulas through which the evolution operator ¢** can be expressed, the
author suggests Section 11.3.3 of the book “One parameter evolution semigroups for Linear Evolution Equations” by
Engel and Nagel (2000) [41]. In this way, the global approach and the non-modal approach are connected together.

Lastly, we related the non-modal approach and the local approach together. This is done by recognising that the

Green'’s function G(z, s, t) is the integral kernel of the semigroup e*~, i.e.
etfu = / G(z,s,t)u(s)ds. (1.48)

One can also see this from (1.44). As an example of the intersection between the different frameworks , we can con-
sider Cossu and Chomaz (1997) [28]. In Cossu and Chomaz (1997) [28], the global instability of a Ginzburg-Landau
operator (this was the same as the CnsaGL up to constants) was inferred from local properties by considering the
Green’s function, G(z, s,t) on each point of the domain. In this way, they essentially reconstituted the Green’s

function on the right-hand-side of (1.48) and then considered the following norm

%] =  sup /\G(Js,s,t)|d$. (1.49)

—oo<zr<oo J oo

23



They did not refer to the operator on the left-hand-side of as a semigroup but instead an evolution operator.
Global instability was then corresponds to the divergence of ||e“?||.. However, this technique of establishing global
instability via Green’s functions is not universal and the existence of the Green’s function for a non-self-adjoint
operator was specific to the case chosen in Cossu and Chomaz (1997) [28]. In Cossu and Chomaz (1997) [28], the
form of the Green’s function was deduced by Hunt and Crighton (1991) [55] using perturbation theory. Having an
analytical form for the Green’s function is somewhat unusual for operators in Fluid Mechanics, but this is precisely
why it was an elucidating test case.

In the author’s opinion, it is better to redefine global instability as when the quantity e** diverges. This is more
harmonious and does not force the definition of a Green’s function when there does not exist a Green’s function
as the integral kernel of e**. The difficulty is as e'* is an operator it has to be measured in terms of norm, so it is
possible that the quantity ||e**|| may be divergent in norms like the supremum norm or energy norm, but may be
convergent in more exotic norms.

Interestingly, we obtain the Green’s function derived by Hunt (1991) [55] by considering the eigenvalue expansion
as he does using perturbation theory. This exemplifies that often the definition of a basis can be adapted to fit for
a purpose, i.e. completeness for defining a Green’s function, but something stronger such as a Riesz basis for
expanding an arbitrary function in the eigenvectors. We demonstrate this in the following derivation. For references
on the construction of Green’s function of eigenvector expansions, the reader is invited to consider Dolph (1961)

[39], Greenlee (1982) [50] and Friedman and Mishoe (1956) [46].

 Derivation of Green’s Function for CnsaGL.

Recall the linear operator from the CnsaGL;

2

1
LGl =1 - i)% — (U + 0.21')% + |Cy + g(U2 — 04U — 0.04)} — co? (1.50)

where C7 = R{(1 — i)c2}.

The eigenfunctions and eigenvalues of LS~ are given by

{UQ + 04U — 0.04]

en = exp{—i(alx)Q—|—a2m}Hen(a1x) and A, =—(1+2n)\/(1 —i)ca—1 +C; (1.51)

8

where He,(a;x) are Probabilists’ Hermite polynomials where a; = (<)% and a, = g(ﬁ(if;

We denote the L2-adjoint linear operator of LEGL by (LE1) . (LG and its eigenvectors {ef }5° , are given

by

2

(LCCIT = (1—1—2’)%—1—(U—0.2i)%+ C’1—|—é(U2—O.4U—O.O4) and el = exp{—i(ﬁle)—ﬁgx}Hen(ﬁlm)

(1.52)
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where B; = a} and 3, = o} The eigenvalues of L' are the complex conjugates of A, i.e. Al = (\,)*. We
normalise the direct and adjoint eigenvectors such that (¢! ,é,) = 4,, where (-,-) is the L2-inner product on

the real line, i.e. for (f,g) = ff; fgdx where the bar, ~, denotes complex conjugatiorﬂ via the normalisation

constant é, = Le,, and é¢f = ¢l where Z,, = (niv2m)}

q
For the time-dependent operator (% —LYCL), generating a set eigenvectors with a corresponding set of adjoint

eigenvectors, the formula for the Green’s function is given by [105]

G(z,5,t) = Y e (el (5))(én(2)). (1.53)
n=0
_ c- —Ant__ 1
G(z,s,t) —nZ:;Je n!\/%Hen(als)Hen(ala:). (1.54)

We rearrange this in the following way

2 o0 ty/4(1—1)c2)\n
Gle.s.t) = Coxp{~ (2 1 22) + anfa - ) 3 )"

n=0

nl Hen(als)Hen(alx)a (155)

where the constant C' = - exp{—/(1 —i)c; — (U* + 0.4U — 0.04) + C1}. Let p(t) = e'V*I=9%. The

application of Mehler’'s formula (1866) [66] gives the following

G(z,s,t) =

1 { (Oéi)2

2 2 2 9 RV |
e | (5 + )0+ (0 + (e Pplt)as + el — 5)(1 - )] J3.56)

which is the same as the solution derived by Hunt (1991) [55] and used by Cossu and Chomaz (1997) [28].

Previously, we said that we would perform numerical experiments on the CnsaGL in order to showcase the
phenomena of the saturation frequency’s being well captured and the saturation amplitude’s not being well captured.
We have built up a notion of transient growth throughout this literature review, but now we hope to showcase it with
this example. As previously stated, the pseudospectra and the semigroup are closely related. We will start by
presenting plots of the pseudospectra for the operators £L7¢L and £¢“ before going more in-depth on the complex

case.

+ Pseudospectra of £LE¢L and £ECL. We plot the following pseudospectra for L7241 and £¢“L in Figure 5 and

Figure 6 respectively. Details of the numerics can be found in Appendix B. In all figures, the analytically-derived
eigenvalues are in orange and the numerically derived eigenvalues are in blue. The grey areas indicate the
positive real axis. We also note in all of our plots (apart from the self-adjoint case for the £LZ¢L when U = 0),

we have spectral pollution, which is the difference between the analytical eigenvectors and the numerically

“We use two notations for complex conjugation, namely the bar ~ for functions and the * for constants. Regarding spaces * denotes the dual
space.

25



computed eigenvectors. This is clear in Figure 5 and would be clear in Figure 6 if we showed a larger domain.
A discussion of spectral pollution, which is a particular problem for non-self-adjoint operators, can be found
in Aboud et al. (2020) [1]. Also, spectral pollution can also be a problem for certain classes of self-adjoint

operators, the interested reader is directed toward the paper by Davies et al. (2004) [35].

In Figure 5, left, we see pseudospectra of L% with U = 0, i.e. the self-adjoint case. We know for the RnsaGL
when U = 0, we have a basis as the operator is self-adjoint, hence the pseudospectra is trivial. We would
have to zoom in order to see the tubular neighbourhoods indicating trivial pseudospectra. We notice that in
the cases of U = 1 and U = 2, the pseudospectra extends to the right-hand-side hence in these cases we see
transient growth. For the case U = 0, we can see the smallest contour corresponding to 10° extending hence

we cannot interpret transient growth from this.
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Figure 5. A plot the pseudospectra for the RnsaGL with § = 0 for U = 0 (left), U = 1 (center) and U = 2
(right). The contour plots are presented on a logarithmic scale with 10° being the smallest contour and 10*¢
being the largest contour. The analytical eigenvalues are in orange and the numerically derived eigenvalues

are in blue. The grey areas indicate the positive real axis.

In Figure 6, left, we see pseudospectra of £LE¢L with U = 0, i.e. the self-adjoint case. We know for the RnsaGL
when U = 0, the operator is still not self-adjoint, but we see what we would call minimal transient growth. It
is not clear that we have the tubular neighbourhoods as we had in the real case. For U = 1 and U = 2, the

pseudospectra extends to the right-hand-side hence in these cases we see transient growth.
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Figure 6. A plot the pseudospectra for the CnsaGL with 6 = 0 for U = 0 (top left), U = 1 (bottom left) and
U = 2 (right). The contour plots are presented on a logarithmic scale with 10! being the smallest contour and
10° being the largest contour. The analytical eigenvalues are in orange and the numerically derived

eigenvalues are in blue. The grey areas indicate positive real axis.

« Transient Growth of Amplitude but not Frequency for the CnsaGL We let © = Re’® in the CnsaGL, separating

the equation into the real and imaginary parts gives the following two equations

OR

S = LrR— Nr(R.®)+0R (1.57)
and
00— Lot~ Na(R ) (1.58)
where
52 0 1, ., ) 82 0
OR\ (0 0P\ ” 52® OR a0 5
va=2(50 ) (5) () +n(Ge) - n(5) -o2n(5) -
and

1 (®R(x,t)\ | 2 (OR\ (0P 00\ 1 (0R
Vo= () 15 ) (5) + (52) +o2r(5)

We plot the matrix exponentials of Lz + 6 and L4 + ¢ in Figure 7 where 6 = —0.01. Again, we use a slightly
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sub-critical operator to demonstrate transient growth. In Figure 4b, we still see transient growth which can
be attributed to the superposition of non-orthogonal modes but it is only small. We notice also that with

appropriate boundary conditions L¢ is sub-critical unlike Lg.
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Figure 7. (Left) The L? norm of ||e!(£2+9)|| for a) U = 0 (blue) and U = 1 (orange). (Right) The L? norm of
||et(£2+9)|| for U = 0 (blue) and U = 1 (orange). The magnified figure is a zoomed view of what is in the box

at in the top left-hand corner of the figure.

1.3.2 Examples of Amplitude Equations in Fluid Mechanics and Elsewhere

In this section, we look specifically at amplitude equations as approximations to partial differential equations. We be-
gin with amplitude equations in Fluid Mechanics which takes us from Landau’s research in the 1940s to applications
of WNLE analysis in the last two decades. We then look at the approaches taken in other fields such as stochastic
mathematics. We also consider the evaluation of amplitude equations via error bounds, in particular cases involving
the Kuramoto-Sivashinsky equation and Swift-Hohenburg equation.

Landau (1945) [63] first described the amplitude of a single fluid instability using what we call the family Stuart-
Landau equation. The starting point is a flow v, being decomposed as v = vy + v; where vq is a steady solution to
the Navier-Stokes and vy, is a small unsteady perturbation. By what is now classical argument, he showed that a

small unsteady perturbation, v, could be written as

U1 = A(t)f(lvya Z)

where f(z,y, z) is a coherent structure. We have called f(x,y, ) deliberately a coherent structure because the

vocabulary of global modes was used later by Drazin [40] in 1974. A(t) satisfies

dA

—r = 0A(t) - MA®)2A() (1.60)
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where § is the distance to critical Reynolds number and \! is known as the A! constant or the “Landau” constant.
Landau did not work out the value of the constant constant, but it was firstly derived by Stuart (1960) [93] for
Poiseuille Flow. Numerical values of the A!'-constant derived by Stuart were calculated by Reynolds and Potter
(1967) [80] and Pekeris and Shkoller (1967) [76] who found that the amplitude equation was only valid for very small
§ and for early times onlyP| In essence, this is similar to what we saw in the examples for the RnsaGL and CnsaGL in
the last section (In Section 1.2, Figures 1 and 2 show that there is no difference in norm at early times between the
solution of the RnsaGL and the CnsaGL and their respective first order approximations.). The amplitude equations
approximated the solution well at early times.

It is for this reason that higher order approximations of the solution were sought. However, for higher order terms
there were issues of non-uniqueness when determining the higher order spatial coefficients; again this corresponds
how we had difficulty establishing v; in (1.14) and in the RnsaGL and CnsaGL owing to being in situation
5 of the real and complex Fredholm alternative. Therefore, additional assumptions were needed to specify these
coefficients. Herbert (1983) [52] circumvented the problem by introducing normalisation condition which ensured
that the A(¢) took a particular value at a particular reference point. This idea was used by subsequent authors
including Crouch (1993) [31] and Fujimura (1989) [47]. However, the higher order terms would differ depending on
where the reference point was taken. In Watson (1960) [102], a way of obtaining higher order amplitude equations
was introduced. This method was called the amplitude expansion method. The idea was with these new higher
order amplitude equations, one could describe the coherent structure f(z,y,z) more elaborately by having more
terms of the form | A|?>™ A on the right-hand-side of and therefore capture more of the flow. Fujimura (1989)
[47] showed that higher order amplitude equations derived via WNLE coincide with amplitude equations made such
as the amplitude expansion method (we demonstrate higher order amplitude equations made via WNLE in the next
chapter). Fujimura (1991) [48] also showed that approximations obtained via WNLE coincide with those obtained
through an application of centre manifold theory provided the disturbance amplitude is correctly defined in each
setting. Additionally, Coullet and Spiegel (1983) used normal form theory to make higher order amplitude equations
130].

Three of these methods, namely the amplitude expansion method, WNLE and the method of Coullet and Spiegel,
are conveniently connected together in later works by the same test case for cylinder flow. Sipp and Lebedev (2007)
[92] successfully approximated the saturation frequency of the first bifurcation of a cylinder flow via WNLE with a first
order expansion, but the saturation amplitude was underestimated. We should compare this to the transient growth
analysis performed in the last section on the CnsaGL where we considered the linear operator concerning the
frequency and the amplitude separately. We found that although non-self-adjoint, the transient growth was minimal
unlike the operator for the amplitude. Carini et al. (2015) [21] used the method of Coullet and Spiegel (1983) [30], a

method based on normal form theory, in order to derive a higher order amplitude expansion describing the flow past

5In this thesis, we do not consider a large range of parameters for &, but we will show that error bounds that we derive increase with § and U.
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a circular cylinder as well as codimension-two bifurcation arising in the flow past two side-by-side circular cylinders.
Concerning cylinder flow, the authors Sipp and Lebedev (2007) [92] and Carini et al. (2015) [21]) obtained the
same first order amplitude equation, which, when contrasted with numerical experiments of Giannetti and Luchini
(2007) [49], approximated well the dynamics at early times and not at saturation. Carini et al. (2015) explored the
convergence of the terms in the higher order amplitude equation and it was found to be vanishingly small. The
interpretation in this case was that the amplitude expansion was an asymptotic series as opposed to a convergent
one, and hence an appropriate truncation of the series provides a good physical approximation. A non-coincidence
at this point is the correspondence between the theoretical work of Sipp and Lebedev (2007) [92] and Carini et al.
[21] (2015) and the numerical experiments of Giannetti and Luchini [49] is the same as the validity as the Stuart-
Landau equation for Poiseuille flow, i.e. a slightly critical value of 6 and only at early times. Again, we reason that
the spatial development of the leading eigenvector approximates the early times well because the other modes have
not been strongly mixed by the nonlinearity yet.

An important article is Chomaz (2005) [25], in which a Ginzburg-Landau equation exhibiting the same features
as the CnsaGL (his version did not have the same constants to maintain the equation at criticality for any value
of U). He established that “when the non-normality is strong, the bifurcation is abrupt and the weakly nonlinear
analysis becomes invalid”. He also noticed that if one forces the equation by adding a term such as ef(z,t) to
the right-hand-side of the CnsaGL, the forcing response was inversely proportional to the quantity (e(T,, eo). For the
complex Ginzburg-Landau operator used in his equation, but also any operator where the non-normality manifests in
the direct and adjoint eigenvectors moving further apart, this quantity becomes smaller as the parameter governing
non-normality increases. He determined some physical consequences; the region where the direct and adjoint
modes overlap, sometimes called the wave-maker region, is crucial for determining the global mode frequency.
Therefore, the size of the spatial structures themselves[ﬂ does not affect the resulting saturation amplitude.

As a response to the failure of weakly nonlinear analysis, in the same article (Chomaz (2005) [25]), the author
considered the importance of “nonlinear global modes” and the adaptation of concepts like absolute and convective
instability to the nonlinear setting. We give these definitions so that the reader can see that they are similar to the
previous definitions, but the Green’s function structure has been replaced by the fully-nonlinear response. These
definitions were first introduced in Chomaz (1992) [24] and have since become part of the standard lexicon used
by various authors considering nonlinear global modes, some of which we will discuss afterwards. Let a system at

t = 0 be in the state s, we call this system the "basic state”, we define the following;

» The basic state of system is nonlinearly convective, if for all initial perturbations of finite extent and finite

amplitude, the system relaxes to the basic state everywhere in the laboratory frame.

» The basic state of a system is nonlinear absolute if for some initial condition of finite extent and amplitude, the

8In the case where the direct and adjoint eigenvectors are normalised with respect to themselves, i.e. for ey, (én,én) = Snm Where &pm, is
the Kronecker 6. Thus, é,, = H:—"H
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system does not relax to the basic state everywhere in the laboratory frame.

» The basic state of a system is nonlinearly stable if, for all initial perturbations of finite extent and amplitude, the

system relaxes to the basic state in any moving frame. It is nonlinearly unstable if it is not nonlinearly stable.

Systems under consideration are often explored by reducing the problem to the front or leading edge. The selection
problem for the front velocities that has been long explored via amplitude equations. The terminology of pulled
fronts and pushed fronts is used to describe the fronts when the selected frequency is associated with the linear
upstream region or nonlinear downstream region. In Chomaz (2005) [25], he cites different research on pushed and
pulled fronts in Ginzburg-Landau systems, but does not remark that the pulled front arises from a self-adjoint system
system (Dee and Lander (1983) [36]) whereas pushed fronts occur in various configurations of complex Schrédinger
equations (van Saarloos and Hohenberg (1992) [99]), which are non-self-adjoint. Furthermore, he concludes the
review article with the following statement; "the reason why the majority of open flows seem to follow linear front
velocity selection is still mysterious and it should ultimately be interpreted and modeled before concluding that the
present theory is complete”. By present theory, he means the analysis of nonlinear global modes (or fronts) with
the nonlinear generalisations of the definitions present. This statement summarises the other perspective to take,
i.e. why can so much be extrapolated via linear analysis from some equations and not others which have the same
nonlinear operators?

It is useful here to clarify here as to why the response the failure of WNLE in Chomaz (2005) [25] in a non-
self-adjoint setting is a fully nonlinear framework. Especially, as it has been the tendency over the years to make
strong distinctions between the effects of non-normality and nonlinearity in Fluid Mechanics (The reader is invited to
consider Waleffe (1995) [101] and Balasubramanian et al. (2008) [12]). At first glance, the saturation frequency and
saturation amplitude may seem to be more a feature of the full nonlinear operator as opposed to non-normal linear
operator because saturation occurs once all the modes have been mixed by the nonlinearity. However, there have
been many examples where the leading eigenvector and amplitude have approximated a system with a nonlinear
operator; the difference was that these systems had a normal linear operator (Collet and Eckmann (1990) [27],
Kirrman et al. (1992) [58] for the Swift-Hohenberg equation, and Schneider (1994) [85], where the Ginzburg-Landau
equation is derived as an approximation to the Kuramoto-Sivashinksy equation), thus reinforcing the conclusions
in Chomaz (2005) [25]. The reason why Chomaz’s response to non-normality was a fully nonlinear framework is
therefore not due to the nonlinearity itself but rather that in a nonlinear framework that nothing is "thrown away”.

In this thesis, we decided to explore the discrepancy by deriving error bounds between the solution and the
approximation. The validity of reduced order models for systems of PDEs has been explored in the examples with
normal linear operators was in the previous paragraph. However, in these cases, the linear operator generated a
strongly-continuous semigroup, and the error bounds were derived using the integral form of the PDE. We have

chosen the RnsaGL and the CnsaGL because the linear operators in both of these cases generate strongly contin-
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uous semigroups so we can follow the same methodology of to a large extent. In this thesis, we do follow the proof
by Kirrman et al. in [58]. The proof is achieved via bootstrap argumenﬂ In the literature, there are many results
deriving error bounds in this way, but, in this thesis, we continually emphasize that these are theoretical tools and
not practical ones. For instance, one cannot ascertain the minimum order that an expansion needs to go be within
a certain threshold or necessarily what values for ¢ the expansion v = vy + ev; + ...+ converges.

Similar error bounds were derived by Blomker et al. (2005) (2007) (2011) [14}, 15, [16] for SPDEs where the
stochastic PDE was derived via infinite-dimensional homogenisation. By similar we mean that, let « be the function
and uy4 be its corresponding approximation. In the deterministic case, the error bound is of the form ||u — ua|| < be,
where b is a constant. In the stochastic case, the error bound is of the form P(sup,¢(o 1) |[u(t) — uall = ce) < de,
where ¢ and d are constants. In all of these papers assumptions are made to ensure a mild solution. In Blémker
et al, i.e. the linear operator generates a Cy-semigroup and the nonlinearity is dissipative. In Bldmker (2005),
the Rayleigh-Bernard problem [14] was considered. In this problem, the linear operator is non-self-adjoint and a
corresponding first order approximation was derived. However, there are a no numerical experiments that explore
the validity of this approximation for different values of the perturbing parameter (analogous to the role of ¢ in our
equations). An intriguing point about stochastic homogenisation is that it does not discard all stable modes as a first
step but instead uses an invariant measure in order to average over all of them. In the last chapter of the thesis,
we do numerical experiments with noise on the RnsaGL where the quasi-basis structure exists to see if the first
order approximation derived via the infinite-dimensional stochastic homogenisation approximates the solution of the
governing equations well. We choose a strength of noise in particular that should not have any effect on the first
order amplitude equation (Mohammed et al. (2014) [71]), with the notion that this may yield a different result from
the Stuart-Landau equation in the deterministic system.

Furthermore, studying the convergence of v = vy+ewvy +...+ directly is useful but one cannot ascertain whether or
not the approximation converges towards the solution. In Vishik and Lyusternik (1960) [100], linear non-self-adjoint
elliptic operators were considered with elliptic perturbations. As the authors were studying the elliptic problem,
they did not have the non-uniqueness at higher terms which occurs in the parabolic problem. Additionally, the
authors proved convergence of their approximating expansion using results from Koshelev (1958) [59]. Although
many of Koshelev’s important works were translated into English, the paper that was cited had not been translated

and the author of this thesis struggled to retrace the argument. He proved the convergence of the sequence

"We give a small bootstrap argument, this can be found in Johnathan Ben-Artzi's lecture notes on diffusive equations
(https://jbenartzi.github.io/2015.Dispersive/index.html) and is extremely illustrative. Although bootstrap arguments are standard, the logic is
often unclear to the reader precisely the logic if they have never seen one before;

Example (Bootstrap Argument)
Theorem. Let f : [0, T) — [0, co) be continuous, where 0 < T' < oo, and fix a constant C' > 0. Suppose the following conditions hold:

1. f(0) <C.
2. f(t) <4C forsomet > 0, thenin fact f(t) < 2C.

Then, f(t) < 4C (and hence f(t) < 2C)forall ¢t € [0,T).

Proof. Let A := {t € [0,T)|f(s) < 4C forall 0 < s < t}. Note that A is non-empty, since 0 € A, and that A is closed, since f is continuous.
Now, if t € A, then the second assumption implies f(t) < 2C, so thatt + § € A for small enough 6 > 0. Thus A is a non-empty, closed and
open subset of the connected set [0, T") and hence, A = [0, T).
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v = v + evy + ... for the case where the problem was “off the eigenvalue” and therefore in situation («) of the
Fredholm alternative. It is not clear how to adapt this proof the nonlinear case, but also in the case where we are in
(B) of the Fredholm Alternative. One possibility for considering the nonlinear case where we are in situation («) of
the Fredholm alternative is to use the Adomian polynomials, but this is outside the scope of this thesis. The reader is
invited to consider Adomian (1994) for an overview [2] and Cherruault (1989) [22] for a criteria on the convergence
of the polynomials..

Lastly, we mention two areas of research for completeness, namely “non-modal nonlinear stability analysis” and
“weak convergence methods for nonlinear partial differential equations”. These topics do not fall under the purview
of this thesis, as we reiterate that the objective of the thesis is to understand where WNLE go awry, but nevertheless
they are important for contextualising the research in a broader sense.

Non-modal nonlinear stability analysis is the extension of non-modal analysis to nonlinear systems. It is important
to note that this is not a response to WNLE. The problem is stated as thus; given a nonlinear system (unlike what we
saw in the Linear Framework), what is the most dangerous initial condition in terms of energy. The most dangerous
initial condition can often result in new findings about solutions that have not previously been anticipated as it
is necessary to consider the whole parameter-space as opposed to just an expansion around a fixed point. In
our example, we restrict ourselves to a small perturbation 6. When § goes from negative to positive the leading
eigenvector crosses the imaginary axis resulting in a pitchfork bifurcation in the case of the RnsaGL and limit cycle
in the case of the CnsaGL. In more complicated systems, there could be different behaviours accessible by different
dangerous initial conditions. In comparison to finding the most dangerous initial condition in the case of (1.37),
the problem in the nonlinear case is a fully nonlinear optimisation problem. The interested reader can discover the
article by Kerswell (2018) [57].

Weak convergence methods of nonlinear partial differential equations deals with the following problem. Given
an equation with nonlinear operator A

Au= f (1.61)

where u is the unknown and f is a forcing function and a series of approximating problems

such that A, — A and f, — f. How can we guarantee that v, — «? Techniques for solving dealing with this
problem can be found in the book by Evans (1990) [43]. The approach of taking an additional timescale et (or spatial
scale ex), and comparing whether the homogenised valid is still relevant as ¢ — 0 forms the basis of "Two-Scale
Convergence”, which has been extensively studied by G. Allaire (1992) [3], Furthermore, a non-self-adjoint example
was studied by Allaire (2007) [4] on a periodic domain. In this work, the use of the two scales in space was justified

as e — 0. Another technique used to justify the convergence of a homogenised equation to the governing equation
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is the so-called energy method of Tartar, which is also applicable to non-self-adjoint operators. The author of this
recommends the book by Tartar (2009) [95] that goes over the subtleties of different types of convergence as well

as contextualising them historically.

1.4 Structure of Thesis

The reader can find below a summary of all of the core chapters after which follows a conclusion and appendices.
In each chapter, we have put an emphasis on derivations, so as to make this thesis useful for those in the Fluid

Mechanics community who want to recreate the derivations.

* In Chapter 2, “An Argument Against Higher Order Amplitude Equations”, we compute higher order amplitude
equations using WNLE on the RnsaGL. We perform numerical experiments that demonstrate as U increases
a smaller percentage of U is along the zeroth eigenvector. Thus reiterating that non-normality is a problem in

space instead of a problem in time.

* In Chapter 3, “Equations and their Properties”, we derive some properties of the RnsaGl and CnsaGL. We
show that the linear operators in the RnsaGL and CnsaGL generate strongly continuous one parameter (Cy-
semigroups). As also the nonlinearity in each case is dissipative, we can write the equations in integral form

and use this to prove the existence of local solutions.

« In Chapter 4, “Properties of the Eigenvectors of the £7L and LEL”, we prove that neither the eigenvectors
of the £LECGL or £LCCL for bases. We see in the case of £LE¢L that owing to the existence of a unbounded
metric operator, the eigenvectors of the linear operator form a quasi-basis. This means that we can express

functions that exist in a certain Hilbert-Space (embedded into the L2-Space) using the eigenvectors of LG,

* In Chapter 5, “Amplitude Equations - Derivations and Analysis”, we derive higher order approximations for the
RnsaGL and the CnsaGL. We then perform numerical experiments that showcase their validity. In particular,
the fact that the linear operator of the RnsaGL forms a quasi-basis allows us two possible normalisation

choices of higher order terms.

« In Chapter 6, “Error Bound Analysis”, we derive the amplitude equations via a bootstrapping argument. We
also use the results of Chapter 3, by writing the equation for the discrepancy in integral form. We then perform
numerical experiments in order to show that these error bounds grossly over estimate the difference between

the solution and the approximation.

* In Chapter 7, “Stochastic Amplitude Equations”, we consider a SPDE with noise strength such that the noise
should not effect the first order approximation. This has been justified via a theorem for self-adjoint SPDEs.

We add noise of the same strength to the RnsaGL and derive a first order approximation of the resulting
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system. Afterwards, we perform numerical experiments to see how noise affects the non-self-adjoint system
in comparison to the self-adjoint system. Furthermore, we adapt some stochastic notions to the quasi-basis

structure.
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Chapter 2

An Argument Against Higher Order
Amplitude Equations

In this chapter, we derive and analyse higher order amplitude equations for the RnsaGL using the method of multiple
scales, described in Fujimura (1989) [47], who showed that this method is equivalent to the amplitude expansion
method. This chapter should really be considered an extension of the introduction as it demonstrates to the reader
specifically why we neglect higher order expansions. As we only consider the RnsaGL, we have dropped on £LEGL,

so as to just have L.

2.1 Derivation

We introduce two new timescales 7 = et and 7; = €t in the RnsaGL and also introduce the diffusive scaling

u = e%w(ﬁ, T2). This yields the following PDE
e + € — = Lw — ew® + edw. (2.1)

We expand w = wq + ew; + 2wy + €3ws + ... in order to get the following hierachy of equations;

- 0(1)
—Lwy =0 (2.2)

gives wy = Cy(70,71)é0 Where Cy is the amplitude and é, is the eigenvector corresponding to A\g = 0.

* O(¢)



We input wy and then we apply the Fredholm alternative in order to obtain

()C’O = 13
=4 — 2.
) OO A CO ( 4)

where \! = (ég, é3). éf) is the solution to the adjoint eigenproblem that we previously defined in Section 1.2.
Note that we have normalised the direct and adjoint eigenvectors such that (¢f | é,,) = 6,,, where 6,,,, is the

Kronecker delta.

Putting (2.4) back into the equation (2.3), we establish that w; has the structure w; = C1éy + Cgin, where
(€0, 1) = 0. We can find @, by inverting the singular operator on the right-hand-side of [2.3|with the condition

(60, 101) = 0.

O(€?)

—Lwyg=—— — — — Swgwl + Swl (2.5)
We apply the Fredholm alternative in order to get the following equation

oC, n 0Cy

L 20— 2035(eh ) 4+ 3CSIN(Ed, ) — (el ined)] — 3C2ONt 460y (2.6)
019 on

We use (2.6) to remove the derivative terms from (2.5) from the above equation in order to get an expression

for v9. In this way, we obtain
—Lwy = 2036[(&], 1 Vo — ] + 3CI AN by — A (&), i Ve + (&), wre2)eq — é2in] + 3C2C1 [N eo — €3], (2.7)
Therefore, wy = Chég + 2(Co, C1, ) Where wy = 203503 + 3C5w4 + 3C3C1ws and the spatial terms g, w4

and @§ are obtained from (2.7) using the conditions (&g, w$) = 0, (é,w5) = 0 and {éy,w?) = 0. We can see

that S = 1.

—Lwz = ——" — — — —— — 3w(2)w2 — Swfwo + dws (2.8)



Applying the Fredholm alternative gives the following equation

0y 90y 00y _
87’0 87'1 67’2 a

(oo {6/\1<eo,w1> + 9 (el i) — 15<é5,é3w1>} —4C35% (), we) — 66C1C2 (), 1)
— 3020\ — 3C2CA 460y 4 003 {6)3(60, W) —12(e), w8 + 6(&), 1) — 6, égwgﬁ

+ 0 1o el - ox' el o >+9<$w<éo>2><é$,w1>—9<éo,éﬁws>—3<éo,éow%>] (2.9

In order to obtain a second order amplitude equation, it is not necessary to work out C, C, explicitly hence we

do not have to deal with the non-uniqueness. We define C' = €2 (C, + €Cy + €2C5...), and therefore

dc 3 0C) s (0C,  0Cy 0Cy, 0C;  0Cy
e s s 2L 70 == 210
dt ¢ 87’0+E (870+8T1> <8T0+8T1+87’2 ( )
We input the right-hand-side terms in brackets using (2.4), (2.6) and (2.9) and rewrite them in terms of C,
= 50— @ a0 — s @11)
where
pr = N oul 4 6%u? (2.12)
with
1 _ o7 2 _ q/st na
p1 = 2(ég, 1) and py = 4(ég,05), (2.13)
pio = iy + 0p13 (2.14)
with
py = 3NN (e, ) — 3(e), wnep) and g3 = 6M (], w8) — 12(e], wh) + 6(eh,n)* — 6(ef, egvg),  (2.15)
and lastly
s = 9(ed, E2w3) + 3(&l, eqv?)+IN (ef y)2 — 15X (e], %) — 9(ed, w1e2)(éo ', in ). (2.16)

Therefore, truncating (2.10), we obtain a first-order, second-order and third-order amplitude equation; respectively

given by
dclst
dt

_ 501815 o )\l(clst)S, (217)
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dc2nd
dt

= 507 — [N 4 ud](C2)° + [ud] (€2 )? (2.18)

and
dcsrd
dt

_ 503’rd _ Ml(cBrd)S + ’u2(037'd)5 _ lu3(037'd)7. (219)

where we have denoted the solutions to the first order amplitude equations, second order amplitude equations
and third order amplitude equations by C's*, C?"¢ and C3"¢ respectively. Just to clarify the notation, all of these
amplitude equations describe the evolution of the leading eigenvector ey, but the spatial development of ey happens
across the timescales 7, and 7. However, we label them after the order of € at which they are determined.

From these, we construct the following three approximations, uly = C'téy, u% = C*"d¢y and u? = C37¢, that

we analyse in the following section.

2.2 Analysis of Approximation Abilities

2.2.1 Radius of Convergence

We plot the approximation v}, u% and u3 as well as the PDE in Figure 1 at a point near the origin z = 0.22 for U = 0
(left)y and U = 1 (right) respectively. This is the closest point to the 0 in its discretisation. At this point, the eigenvector
éo(U = 0) ~ é9(U = 1). We firstly notice even in the normal case, C'*! is the better approximation but this is just
one spatial point, so is not really indicative of how well the approximation performs. However, we showcase these
plots not necessarily to evaluate the approximations, but discuss their radius of convergence. We notice from the

plot on the right in Figure 1, u}, diverges hence there is an underlying problem.
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0.02

0.00
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Figure 1. A plot of C'st (orange), C?"¢ (green), C®" (red) and u (blue) at = = 0.22, with § = 0.01 against ¢ for
different values of U, U = 0 (left) and U = 1 (right).
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In order to explore the underlying problem, we consider the radius of convergence as in [47] and [21], we apply
the uniform convergence criterion on the terms we have, i.e. finding a § that satisfies the following inequalities from

(2.12) and (2.14)

1 2 2
5'”—1' <1, 5@ <1, and 5@ <1 (2.20)
|A] |11 |15

We remark that tells us to what extent our finite approximations are valid, but it does not tell us whether an infinite
series expansion would be valid or not, as it may converge ultimately despite having some large coefficients in early
terms. This gives us the possibility of re-summing the terms in order to create an expansion with a larger radius
of convergence. The reader is invited to consider Bender and Orszag (2013) [13] for techniques concerning Borel
Resummation and Padé approximations. The table below (Table 2) gives values the smallest value of § satisfying

all three inequalities in (2.20).

U | Radius of Convergence

0 0.0746
1 0.0069
2 0.0001

Table 2. The radius of convergence defined by the smallest ¢ that satisfies the inequalities in (2.20).

Whilst, this is not indicative of the radius of convergence for the entire expansion, it is indicative of the upper bound
for the radius of convergence for the truncated expansions. Using Table 2, we safely assume why we did not have
convergence in the case of U = 1 as our value § was too large. Therefore, the approach of higher order amplitude

equations is limited if we want to model larger perturbations and larger values of 4.

2.2.2 Ability to Capture Spatial Structures Orthogonal to the Zeroth Eigenvector

When studying non-self-adjoint systems, it is reasonable question to ask is how much of the solution is along the

é0? We create the following quantity w,, which is the fraction of the overall solution that is along the unit vector T

[[éoll”

<Hé0€ﬁL27u>

[lull 2

(2.21)

Up:

Note that we do not take the inner product with the adjoint eigenvector, because this would be falsely assuming that

a basis property exists. In Figure 3, we plot the time evolution of w, for different values of U.
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Figure 1. A plot of uy against ¢ for different values of U, namely U = 0 (blue), U = 0.4 (orange), U = 0.8 (green),
U =1.2(red), U = 1.6 (purple) and U = 2 (brown).

We see that as the non-normality increases u, becomes smaller at saturation. This shows that to obtain good
approximations of the flow at saturation, it is important to take into consideration other spatial structures as opposed
to just the leading eigenvectors. Therefore a higher order approximation, no matter how elabourate, will not capture
the overall solution. We also see that at early times, regardless of the non-normality, the solution is totally projected

along éy. The physical interpretation of this is that it takes time for the modes to be mixed by the nonlinearity.

2.3 Summary of Chapter

In this chapter, we derived higher order amplitude for the RnsaGL equations and performed numerical experiments.
The first numerical experiments show the radius of convergence for a amplitude equation seemingly decreases as
the order increases, when comparing terms using the uniform convergence criterion. Therefore, the utility of the
amplitude equations for even describing the trajectory of the zeroth eigenvector is limited. This could potentially be
improved by re-summation. The second set of numerical experiments show the non-normality causes the overall

solution to contain significant spatial structures other than the zeroth eigenvector. Therefore, higher order amplitude
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equations, which solely describe the temporal development of the zeroth eigenvector, are unsuitable for modelling

a non-self-adjoint system.
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Chapter 3

Equations and their Properties

soul In the introduction, we gave the RnsaGL and the CnsaGL. We then cited examples where error bounds had
been derived to capture the difference between solutions and their approximations. These error bounds were
derived largely owing to the fact the solution could be written in integral form. Two components necessary to write
the solution to a PDE in integral form are, firstly the linear operator generates a strongly-continuous semigroup
and that nonlinearity is sufficiently well-behaved. In this chapter, we prove that we can write the RnsaGL and the
CnsaGL in integral form. We use the semigroup properties in order to prove also that the local solutions exist.

In the first section (Section 3.1), we give the definitions of the linear operators in the point of view of their domains.
As the linear operators have unbounded coefficients, we have to essentially use tailor made spaces as was done
in the case of Metafune et al. (2006) [67]. In second section (Section 3.2), we briefly give the motivation behind
strongly continuous one-parameter semigroups (Cy-semigroups) before proving that £Z¢L and £LY¢F as defined
in Section 3.1 generate Cy-semigroups. We prove that £Z¢L and £LCGL generate Cy-semigroups using different
strategies. In the former case, we rely heavily on the work of Metafune et al. (2005) [67], whereas in the latter
case we rely on standard theorems from the study of non-Hermitian operators [23]. Lastly, we prove in this case,
existence and uniqueness theorems for the the RnsaGL and the CnsaGL using the modern theory of semilinear
parabolic equations (Miklav¢i¢ (1998) [69], Henry (2006) [51], Yagi (2009) [104]). This relies us The uniqueness of

solutions is juxtaposed with the method of weakly nonlinear expansions in the next chapter.

3.1 Definitions of Linear Operators

In this thesis, we consider unbounded operators. The definition of an unbounded operator is given as follows by

Cheverry and Raymond (2009) [23];

+ Definition (Unbounded operator from Cheverry and Raymond (2019) [23]) Let F and F' be Banach spaces. An
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unbounded operator T': E — F'is a pair (D(T'),T) where

— D(T) is a linear subspace of E;

— Tis alinear map from D(T) to F.

It can be helpful to refer to D(T') as the “chosen domain” in contrast to the maximal domain given by, D™(T),

D™(T)={u€F:||Tul]lr < co}. (3.1)

It is often difficult to establish precisely what the maximal domain D™(T) is or characterise it in terms of a few
characteristics such as the existence of a certain number of weak derivatives. The domain D(T) is often chosen
with respect to these characteristics and this is what we have done in the case of the RnsaGL and CnsaGL. Let us
recall the £LE9L and LG in the context of their equations that we presented in the introduction. These are given

as follows;

* Real non-self-adjoint Ginzburg-Landau equation

% = [:RGLU — s + du (RnsaGL)

where

o2 0 U?
ﬁRGL:@—U%“F (44'\/072_021'2)

with boundary conditions |u| — 0 as © — +o0.

» Complex non-self-adjoint Ginzburg-Landau equation

% _ £OGLy _ Juffu+ bu (CnsaGL)
where
£t = (1—i)i2—(U+02¢)3+ o+ L(U? — 04U — 0.04)| — a0
Ox?  ox 'R ' ' E

with C; = R{\/(1 — 7)cz}, with boundary conditions |u| — 0 as z — +o0.

We consider the operators as unbounded operators in L2(R,R) and L?(R,C) in the case of the £LF“L and
complex case LY“. We determine their domains by firstly considering the boundary conditions v — 0 as |z| —
+o0o before dealing with the unbounded terms c,22 in the linear operator. We encode the boundary conditions by
considering domain of the operator to be a subsection of the space H?(R). To see why this satisfies our boundary

conditions, let us first consider the space H}(R), we mean the closure of the space C°(R) in the H'-norm. This
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means that for functions f € H}(R)

lim f=0 and lim f=0. (3.2)

Tr—>00 r—r—00

There is a subtlety that occurs on the real-line as opposed to finite intervals that means we do not need to specify that
the functions vanish at infinity; as the space C!(R) is dense in W1»(RY), W, *(RY) = W'»(RN) (as demonstrated
in Brezis (2011) [19], Chapter 9, 287). In this way, the function space H?(R) also encodes the boundary conditions,
u — 0 as |z| — oo. This viewpoint can be reinforced by considering that differentiability implies uniform continuity
(by Morrey’s inequality, see Evans (2010) [44] Theorem 4, Section 5.6.2) which implies on the real line the functions
vanish at infinity['}

We now consider the operators, LEGL and £LEGL

ARGL 0? 9 2
L8 = 3 U - (1 + coz®), (3.3)
and
LOGL = (1- )—2—( +0.2i) =— — (1 + co2?) (3.4)
" { 3 U 20 - cox”). .

These operators are similar to the operators L%~ and £Y“~, but instead we have removed the constant term and
moreover subtracted the identity operator. This is to put ensure that these operators are of the form of the operators
used in the theorems by Metafune et al. (2005) [67]. Later on we will prove that these operators are sectorial that
will allow us to prove our existence and uniqueness theorems. However, currently, we write them in this way in order

to motivate the form of the following potential V' = (1 + c,2?), and introduce the following space

HER) ={uc H*R): Vu e L*(R)}. (3.5)

We consider this space for the RnsaGL and the CnsaGL, but we remind the reader that in the real case the inner
product on L?(R, R) is without conjugation on the first argument as we only want to consider real-valued functions.

We can clarify this with the following notation

HE (R)={uc H*R,R): Vu € L*(R,R)} (3.6)

and

HZ.(R) = {u € H*R,C): Vuec L*(R,C)}. (3.7)

"These notions could possibly be formalised further by extending the real number line R = RU {—oo0, 0o}, s0 we have that f(co) = f(—o0) =
0.
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The spaces HZ, and H ., equipped with the respective norms

[l iy, = llulla2@r) + 11VullL2 @ p) (3.8)

and

lullay. = llulla2@.0) + VUl L2 @.0)s (3.9)

are Banach spaces. We use this spaces as the following operator domains,
D(LECLy .= HE | and D(LCCly .= HE, (3.10)

respectively. However, the distinction to such an extent between the real and complex case is not necessary.

We note that for all u € D(LECT)

0%u
ERS i3 = 1T 21 + U2 SuI s + il + 11 + eaa?)ul

8% 9
+ 261 (u, az> 201U (u a—;L)—ch(u,(l—l—chQ)u)

0%u Ou 0%u Ju
82
<52 2||L2 +U2||7||L2 +ctllullze + 11+ coa?)ul|Z2

—2U< (1—1—02:1:) )

+ 2cl||u‘|2L2HW||L2 + 2ClUHUIIL2|I*HL2 + 21 fullz2[(1 + c22”)ul | 2

2
+2UH8 2||L2|| HL2+2Ha 212 1(1 + co2 )UHL2+2UH HL2|I(1+02$ Jullz> < oo (3.11)

where on the right-hand-side we have used the Cauchy-Schwartz inequality as well as the abbreviation ¢; = %2 +
/2 + 1. A similar inequality holds for the £¢“ but with modified cross terms to suit the complexity. In this way, we
have that D(LRGL) € D™(LREE). It can be shown in the same manner that D(£C¢L) € D™(LCCL).

Thus we are in a position to formally define the operators as pairs as in the definition of an unbounded oper-
ator. We have that £R¢L . D(£FGL) — [2(R,R) and LY : D(£LYYE) — L2(R,C). From now on, we will
denote £FGE : D(LRGE) — L2(R,R) and LCCL . D(LYCE) — L2(R,C) by the pairs (D(LECL), LECL) and

(D(LCCL), LCGL) respectively.
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3.2 Semigroup Properties of the Linear Operators

In the introduction, we motivated the following form of the semigroup for a linear operator £
et =3 eM'p, (3.12)
n=0

where P, is the projection operator onto each eigenvector of £ and A, are the eigenvalues of £, but said that this
viewpoint is only valid providing the eigenvectors form a complete set. Nevertheless, this motivates regarding the
semigroup in this way as a generalisation of the exponential function; i.e. in the same way that u = e**uq solves the
following equation

du
I = au, u(t = 0) = uyg, (3.13)

where a is a constant, the definition of a Cy-semigroup gives meaning to the expression u = e*“uy for the following
abstract Cauchy problem

% = Lu, u(t = 0) = up, (3.14)
where L is a linear operator.

The definition of the Cy-semigroup and its generator (definitions can be found in MiklavCi¢ (1998) [69] but are

standard) are given by

+ Definition (Cy-semigroup). A family of bounded linear operators {T'(t)}:;>o on a Banach space X is called a

strongly-continuous semigroup (or Cy semigroup) if

1. T'(0) = I where I is the identity operator on X
2. Vt,s > 0:T(t+s) =T()T(s)

3. Vag € X : ||T(t)xo —x0l| — 0ast |0
Furthermore, a contraction is a Cy-semigroup such that ||7°(¢)|| < 1 for all ¢ > 0.

« Definition (Infinitesimal Generator of a Cy-semigroup). Let {Q(¢)}+>0 be a Cy semigroup on a Banach space

X. Define D(L) to be the set of all xinX for which there exists y € X such that

. 1 o
Jim |l = T()2) = yl| = 0 (3.15)

for such = and y define Az = y. The linear operator, — A, is called the generator (or the infinitesimal generator)

of the semigroup.

The theorem that we use to prove that the LZ¢ proves that the semigroup generated by £~ is not only a Cy-
p p

semigroup, but also an analytic semigroup. It is for this reason that we give the definition of an analytic semigroup
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as follows as well as the theorem connecting analytic semigroups to sectorial operators. Sectorial operators are
highly useful when determining the existence of solutions as they are easily bounded in norm. The definitions that
we use in this case can be found in Henry (2006) [51], but are again standard and align perfectly with those given in

other standard texts about semigroupsﬂ

« Definition (Sectorial Operator as given in Henry (2006) [51], (Definition 1.3.1)). We call a linear operator —L a

sectorial operator if it is closed, densely-defined operator such that, for some ¢ in (0, ) and some M > 1 and

real a,

(a) the sector

Sap = {6 <larg(A\ —a)| <m, A # a} (3.16)

is contained in the resolvent set p(—£), and

(b)
. M
HA=L)7| < noal for all A€ Sus (3.17)

+ Definition (Analytic Semigroup as given in Henry (2006) [51] (Definition 1.3.3)). An analytic semigroup on a

Banach space X is a family of continuous linear operators on X, {T'(t)}+>0, satisfying
1. T(0) = I where I is the identity operator on X
2. Vt,s > 0:T(t+s) =T(t)T(s)
3. Vag € X : ||[T(t)zo — w0l — O as ¢ | 0.

4. t — T(t)x is real analyticon 0 < t < oo for each z € X.

» Theorem (Analytic Semigroups and Sectorial Operators as given in Henry (2006) [51] (Theorem 1.3.4)). —L is

a sectorial operator if and only iﬂ an analytic semigroup {e~*¢},>¢, where

1
et = — /()\ + L) teMd (3.18)
Y

T 2w

where T'is a contour in p(—£) with arg A\ — +60 as [\| —> oo for some ¢ in (7, 7).

Proof. See Theorem 1.3.4 in Henry (2006) [51] and the references therein. [

We use the following theorem to prove that ﬁff‘GL generates an analytic semigroup and therefore — L% is a

sectorial operator by the theorem "Analytic Semigroups and Sectorial Operators”.

20ften on the topic of semigroups, the author's preference can effect what is given as a definition and what is given as a theorem. For
example, what are presented as theorems in Kato (2013) |[56] are presented as theorems in Pazy [75] (2012).

3In Henry (2006) [51], the author proves the forward implication and then cites the proves of the backward implication in Friedman (1969)[45]
and Hoppenstadt (1969) [53].
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» Theorem (Generation of Analytic Semigroup from Metafune et al. (2005) [67]). Consider the operator, T of the

following form

2 p
Tu v vy (3.19)

Tu=22
u 02 Oz

where V € C*(R) and U is a constant. Assume the following

(@) |55 < V2

(b) There exists a » such that U < xVz and (2)x + ()? < 1
then (T, HZ(R)) is closed and (T, HZ(R)) generates an analytic Co-semigroup T3(-) in L*(R), such that
Ty(z) < 1for |arg(z)| < ¢, and some ¢, > 0.

Proof. See Theorem 3.2 for the closedness and Theorem 3.4 for the generation of the analytic semigroup in

Metafune et al. (2005) [67[] O

« Corollary ((D(LFGL), LEGLY is a Sectorial Operator). (D(£LEGL), LEGL) is a sectorial operator.

Proof. We firstly use the theorem “Generation of Analytic Semigroup” from Metafune et al. (2005) [67] on the
operator (D(LRGL) LRGLY: we have (3.19) V = (1 + cp2?) and U = U. We can take v = 1 and x =
Therefore, we have that /:‘,ffGL generates an analytic semigroup. By the Theorem "Analytic Semigroups and

Sectorial Operators” it follows that L~ is a sectorial operator. [J.
Lastly, by the following theorem, it follows that £7#¢L generates a Cy-semigroup that we prove as a corollary;

» Theorem (Perturbations by Bounded Linear Operators as given in Pazy (2012) [75]). Let X be a Banach space

and let £ be the infinitesimal generator of a Cy-semigroup 7'(t) on X satisfying ||T'(¢)|] < Me“t. If B is a
bounded linear operator on X, then £ + B is the infinitesimal generator of Cy-semigroup S(¢) on X, satisfying

1S(t)|] < MelwtMIIBIDt Proof. See Chapter 3, Section 3.1, Theorem 1.1 of Pazy (2012) [75]. O

» Corollary ((D(LEGL), LRGL) generates a Cy-semigroup). (D(LECL), LRGL) generates a Cy-semigroup.

Proof. We can consider £7¢L — LEGL a5 a bounded perturbation. Therefore, that ((D(£RGE, LRGL) generates

a Cy-semigroup follows from “Perturbations by Bounded Linear Operators as given in Pazy (2012).

As the theorems by Metafune et al. (2005) [67] have the condition that the coefficient of 83—:2 is real-valued we
cannot use the same approach to prove that ﬁSGL is a sectorial operator. We instead use another approach that
uses theorems from non-hermitian quantum mechanics that can be found in Cheverry and Raymond (2019) [23] in

Appendix C.

4We have set M = 1, p = 2 in our presentation of this theorem as the theorem given in Metafune et al. (2005) [67] is more general.
5In this case, condition (b) gives the condition U < % but this can be compensated by adjusting the potential 1, i.e. we took V' = (1 + caz?)
but we can take also V = (a + caz2) where a is a constant chosen to create a more flexible condition.
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3.3 Integral form of the RnsaGL and CnsaGL and the Existence and Unique-

ness of Solutions

In the introduction to this section, we said that the two components necessary to write an equation in integral form
was that the operator generated a Cy-semigroup and that the nonlinearity was sufficiently well-behaved. There are
different ways to characterise how well behaved a nonlinearity is in terms of dissipativity and Lipschitz continuity.
For our intent and purpose, we consider nonlinearities in the space[ﬂ/\/(u) e C([0,T7), X).

We are in a position to prove the following theorem that allows us to write a PDE under certain assumptions
satisfied by the CnsaGL and RnsaGL in integral from. This theorem is an amalgamation of several theorems from
MiklavCic (1998) [69] that we have put together. In MiklavCi¢ (1998) [69], this combination of theorems was used as
the first step in Theorem 6.4.3, which gives conditions under which a semilinear parabolic equation has a solution

when the operator is sectorial (and therefore must generate a Cy-semigroup).

« Theorem (Integral form with Cy-semigroup and well-behaved nonlinearity). Assume up € X and u, N (u) €

C(]0,T),X) and L generates a C, semigroup on X. Then we can write the equation

%zﬁu—k/\/(u)—kéu u(t =0) =ug (8.21)
as
u=e“uy + / e (N (u(s)) 4 du(s))ds. (3.22)
0

Proof. Choose t € (0,T), and let v(s) = el*=*)%u(s) for 0 < s < t. Let s,s + h € (0,t], # 0. We want to find the

derivative of v(s) and then apply the fundamental theorem of calculus. To this end, we consider

M 20 ety gy - s
1
=3 [e(tSh)Eu(s +h)— e(ts)cu(s)}
1 1
+ E I:e(t—s—h)ﬁu(s) _ e(t—s—h)ﬁu(s):| + E [e(t—s—h)ﬁul(s) _ e(t—s)[,u/(s>
1
_ e(t—s—h)ﬁu/(s) - [e(t—s—h)ﬁ _ e(t—s)ﬁ} u(s) (3.23)

The first equality is simply by writing v(s) = e(*=*)%u(s), the second equality is from adding and subtracting the

6We clarify this notation as hybrid spaces C((0,T], X) are not used uniformly in the literature on semilinear parabolic equations [44]. We
define C((0,T], X) as the following

« Definition (C([0,T], X), as defined in [44]). Let X denote a Banach space with norm || - ||, then the space C(]0,T]; X) comprises of all
continuous functions « : [0, 7] — X with the norm

[lulleo,m);x) = OgltégTsupllu(t)H < oo. (3.20)

52



same terms in order to get the third inequality. Now, as £ generates a Cy-semigroup, for continuous function
f(s) we have the following limit

% {e(h)ﬁ — 1} e=IEf(s) = Lf(s) (3.24)

(this follows from (2) in the definition of a Cy semigroup). Therefore, may write in the limit h — 0

dv(s)
ds

= el {“%s) - msﬂ = e(IE (N (u(s) + bu(s)) (3.25)

Therefore, recognising that as s — 0, we have v(0) = e“uq (this follows from (3) in the definition of Cy-

semigroup), and that v(¢) = u(t). We can apply the fundamental theorem of calculus to obtain

u(t) = et*ug + / t BN (u(s) + du(s))ds (3.26)

0

and hence prove the theorem. [

Now, for us to write RnsaGL and CnsaGL in integral from we have to choose the space X in the theorem “Integral
form with Cp-semigroup and well-behaved nonlinearity”. We discuss to motivate the choice of this space. Firstly, a

solution « of equation (3.21) must satisfy the following equation
u= ®(u) (3.27)
where ®(u) is the mapping given by the integral form of the equation

®(u) = eCug + /0 e (N (u(s) + du(s))ds. (3.28)

In other words, we are looking to show that equation (3.27) has a fixed point. We can do this by considering Banach’s

fixed point theorem;

» Theorem (Banach’s Fixed-Point Theorem). Let (Y ||-||) be a non-empty complete metric space with contraction

mapping C : Y — Y. Then C admits a unique fixed-point z* in X.

In order to use Banach’s fixed point theorem, we need to establish, for a complete metric space X (this space
coincides with the space in the theorem “Integral form with Cy-semigroup and well-behaved nonlinearity”) that is
also the same space as in the theorem show that ®(u) : X — X and then show @ is a contraction. We have
shown that £E¢ and £LEG1 are sectorial operators in order to use the rich theory of semilinear parabolic equations
that uses the fractional powers of operators. The idea is to define the space X as a space that between the domain
defined in 3.1 and the range of the operator (L?(RR)) that provides the conditions of Banach'’s fixed point theorem.

Often an approach is to define the nonlinearity in an interpolation space, i.e. Hi(R), but in such spaces we often
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have issues with differential operator not commuting with the linear operator (and thereby the semigroup). Therefore,
it is difficult to make arguments about the relative size of semigroup in the interpolation space. Studying the sectorial

operators circumvents this problem as the fractional powers of the sectorial operators, £* are well defined, i.e.

» Definition (Fractional powers of Operators, as defined in [51]). Suppose —L is a sectorial operator and R(c (L)) <

0; then forany a > 0
1 o0
(L)%= — / tetektae. (3.29)
L(a) Jo
We define (—L£)* = inverse of A=% (a > 0), D(—L%) = R(A™%); A = 1.
We use these fractional powers of operators in to define the space where we prove the conditions of Banach’s fixed

point theorem. Let X be defined as the following space
X*={ue X :||ul|a < oo} (3.30)
where ||ul|o = ||(—£)*u||. Then the space
X(T)=C(0,T],X%) (8.31)

equipped with the norm || - |[x () = supg<,<r ||u/| IS @ complete metric space.
We now present the next two theorems that are useful when proving the existence of solutions. The first theorem
enables us to determine what restrictions there need to be on « in order to satisfy the conditions of Banach’s theorem

and the second theorem allows us to estimate the norm of the semigroup multiplied by the linear operator;

» Theorem (Useful Embeddings). Suppose Q2 C R™ is an open set having the C" extension property, 1 < p < oo,

and A is a sectorial operator in X = L,(Q) with D(A4) = X* c W™?(Q) for some m > 1. Then for 0 < a < 1.

X c wha(Q) when ke — % <ma-2, q>p, (3.32)
p
X CCv(Q) when 0<v<ma-— % (3.33)

Proof. See Theorem 1.6.1 in Henry (2006) [51]. O

» Theorem (Bounds on Semigroup in X<). Suppose (—£)¢ is sectorial and ®(—£)* > §; > 0. For a > 0, there

exists a C, < oo such that

I(=L£)*e™ |2 < Cot™ e (3.34)
for¢ > 0.

54



Proof. See Theorem 1.4.3 in Henry (2006) [51]. O

We are now in a position to prove the existence of local solutions to the RnsaGL and the CnsaGL. We prove only
the existence of local solutions RnsaGL; the CnsaGL follows in the same way as in Appendix C we prove that £~

is a sectorial operator.

» Theorem (Existence and Uniqueness of Solution to the RnsaGL). Let us define the two spaces X< and X(5)
as in (3.30) and (3.31) with X = L?(R), £ = —£F5" and a € (L,1). There exists a uniquef/| solution to the

u € X to the RnsaGL for initial data ug € X .

Proof. Let us begin by recasting the RnsaGL in the following way;

% = LECLy 4 N (u) (3.35)

where N (u) = (LRCL — LRGLYy 4 su — P,

From the theorem “Integral form with C-Semigroup and well-behaved nonlinearity”. We can write (3.35) in the
following way;

~ t CRGL ~
w= et g+ / et Ln" N (u)da. (3.36)
0

It remains to show that the map, ®(«) on the right-hand-side of (3.36)
o I t CRGL ~
d(u) = egﬁﬁc uo+/ e L% N (u)da (3.37)
0

maps X' (S) to X(S) and is a contraction. We split the proof up into two steps:

1. Firstly, we show that ®(u) : X(S) — X(S). Consider the following inequality
lu?llze < [[w’]| < Collullfn < Csllully (3.38)

where Cy, Cy and C3 are positive constants. The first and third inequality follow from (3.32) and the

second inequality comes from the product formula.

Therefore, we have that
A ARGL t ~ _s ARGL “
Il < 1665 wolla +C [ IRl ||<||u|a+|u|;1)ds (3.39)
0

where the constant C,, comes from (3.34) and the constant C' absorbs the constants (£R¢L — £RGL) 1§
and Cs.

7In our case, the uniqueness follows from Banach’s Fixed-Point Theorem, but there are cases where the initial data is rougher. The reader is
invited to consider Step 4 in the proof of Theorem 4.1 of Yagi (2009) [104] for a more intricate proof of uniqueness and also the discussion above
example 6.4.1 in Miklav¢i¢ (1998).
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We split the integral on the right-hand-side into two parts

9l < 162 ol + € [ 11-LE2) 22 (ull -+ ulf ) e
0

I

t ~ ARGL
+0 [Tyt e ||(||u||a+||u|z)dr (3.40)

Iz

We consider I, first. Let

M= sup (||u|a+|u||i) (3.41)
0<s<T

then

t 3 t
/ “<—ﬁf?“>“e“—ﬂ‘f“l(I|u|a+|u||i)dTSMca / (t— )~ t=gr
s S

t 3 (t _ S)l—a
<MC, [ (t—7)"%dr < MCo——"l— (3.42)
s (1 - Oé)
therefore I, is bounded.
For I, we consider the following quantity
Ag = sup to|(—LEOLy L"), (3.43)
0<r<T
then it follows that
° ARGL\o  (t—7)LEGL 3 ° —a (s)'=
b= [NEROR e S (ally + 2 )ar < M [ (s = r)7ar < Ma . 344
0 0 -
Moreover, we have that I; — 0 as s — 0.
Lastly,
[[(— LRyt en g || < (| || 1(= LRy uq || < luol - (3.45)

From (3.42), (3.44) and (3.45), we have &(u) : X(S) — X(8S).

. Now, we prove ®(u) : X(s) — X(s). We consider two functions u,v € X(S). We begin by stating the
inequality

u — 03 = (u—v)(u? +v* + w). (3.46)
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Therefore, we have
[u® = || < JJu’® = 0*|| g < u—oll g |ullFn + [lollF + ullgz lolla | < Onllu = la- (3.47)
0 0

By result (3.32), we have that the quantities ||u|| g1 and ||v|| g1 are bounded, hence we can contain them

in the constant Cj.

Suppose u and v have the same initial data, then

t
o A _s)/ARGL
H@M—¢@MaSCAHG£WW‘” | [Ju = vl|ds

t(1—a)
T—a)

¢
< C sup {||u—v\|}Aa/ ! ds <C (3.48)
0<s<t o (t—s)°

Therefore, providing S such that (0,¢] € S is sufficiently small, we have that ®(u) is a contraction.

As we have shown that the two conditions of Banach’s theorem are satisfied for &(u) in the complete metric
space X(S), there exists a unique fixed point of (3.27). It follows that there exists a unique solution to the
RnsaGL with initial data in X*. O

3.4 Summary of Chapter

In this chapter, we firstly defined fully the £7¢% and £ with the appropriate domains. These domains coincided
with the ones established by Metafune et al. (2005) [67] to prove regularity for elliptic problems with unbounded
coefficients. We proved that £~ generated a Cy-semigroup using the theorems of Metafune et al. (2005) [67]
(there is an analogous proof for LE¢ in Appendix C). As the nonlinearity is dissipative in the cases of the RnsaGL
and the CnsaGL, these equations can be written in integral form using the fact that the linear operators generate Cy-
semigroups. We used the integral form to prove existence and uniqueness for the RnsaGL when the initial condition
had appropriate regularity. The regularity condition can be relaxed somewhat and has been in the references Yagi

[104] (2009), Miklav¢i¢ (1998) [69] and Henry (2006) [51].

57



58



Chapter 4

Properties of the Eigenvectors of the £/¢L

and £¢GL

In this chapter, we explore to what degree the eigenvectors of the L% and L1 form a basis. In the first section,
we discuss different notions of a basis and prove that the eigenvectors of the £Z¢L and £ do not from bases
that allow us to meaningfully expand arbitrary L2-functions in eigenvector-amplitude pairs (except in the case of
U = 0 for the £ESL). In the following section, we recognise that £7“~ is a Quasi-Hermitian Operator with an
unbounded metric operator. We give the relevant definitions which define a Lattice of Hilbert Spaces (LHS). In
the third section, we define a quasi-basis that allows us to expand functions that are in a subset of L2, namely an
extremal space of the LHS, into eigenvector-amplitude pairs. This has ramifications in terms of the normalisation
choices with respect to higher order terms using WNLE. Furthermore, the quasi-basis structure allows us to perform

the infinite-dimensional homogenisation of Blomker et al. (2005, 2007, 2011) [14,[15, [16].

4.1 (Lack of) Basis Properties for £?¢ and £¢¢

A significant reason why we chose the RnsaGL and the CnsaGL as our test-cases was largely owing to knowing
what the form of the eigenvectors without computation. Furthermore, these eigenvectors have compact resolvents
that allows us to use the theorems from KrejCifik et al. (2015) [61]. We prove the fact that these operators have
compact resolvents in Appendix D.

Let us denote the direct and adjoint eigenvectors for the L7 are denoted by {e,,} and {e! } respectively. Let us
also denote the LG, we denote the direct and adjoint eigenvectors by {e¢} and {(e¢)'} respectively. This is the
only time that the £7%X and £¢~ will be considered in the same section. We describe the normalisation constant

in the real case by Z and the complex case by Z¢. The forms of {e,.}, {ef}, {e¢} and {el } are given as follows
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= Zin exp{—%(oqx)Q + %x}H@n(alx) (4.1)
| & = Zi exp{— HeE . %m}H@n(alx) (4.2)
| i, = 5 expl=(afn)? + e} He, (afr) (4.9)
| (@)1 = 5z espl-3(5fa)? - Bz} Heu(Bia) (4.4)

1 1
where we have real constant a; = (4¢;)7 and complex constants of = (42)7, af = Y02 ge — (46)*,

b5 = (a§)*. The normalisation constants Z,, and Z¢ are given by Z,, = (”"/7)2 and Z¢ = (%)5

Let us consider the following definitions of a basis before we prove that neither the eigenvectors of £Z¢L or
LCECGL form a basis. Below we give both the definitions of a conditional basis and an unconditional basis. These are
just two examples that exist in the literature. There are other definitions of a basis in the literature, some relying on

just completeness, but these are not appropriate for expanding functions in eigenvector-amplitude pairs.

is a Schauder basis or conditional basis if every e,, € X has a unique expansion in the vectors {e, }32,.

+ Definition (Riesz or Unconditional Basis, as given in Krej¢ifik (2015) [61]) Let X be a Banach space, {e,, }7° .

normalised to 1 in X, is a Riesz or unconditional basis if it forms a basis and for all functions ¢ € X the
inequality
oo
CTHIBIP < ) l{en, 0)? < CllgI? (4.5)
k=1

holds with a positive constant C independent of ¢.

We give the following two theorems (they are also presented in Section 2); the first is a theorem from Davies

implication to prove that the eigenvectors of the £LEGL and £°“ do not form a basis.

» Theorem (Biorthogonality of Basis vectors from Davies (2007) [34]). Let X be a Banach space and f be a

function in X. If {¢,,}52, is a basis in a Banach space X, then there exists a ¢,, € X* such that the Fourier
coefficients «,, are given by «,, := (f,¢,). The pair of sequences {¥,,}>2, {¢,}5°, is biorthogonal in the
sense that (f,,, ém) = 0p.m for all m, n,

Proof. See Lemma 3.3.1 from Davies (2007) [34].
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» Theorem (Condition of the Uniform Boundedness of Projections). Let X be a Banach space. Let £ be an

operator with a compact resolvent and let us denote that has a basis of eigenvectors by ¢,,. Let us denote the

associated one-dimensional projections as
) (I (4.6)

If {¢1)5° , is a basis, then both P, and 3" are uniformly bounded in X.

In the next two theorems, we prove that the the projections onto the eigenvectors are unbounded in both cases
thus proving that the eigenvectors of £E¢L and £9“L do not form bases. All the references of the expansion

polynomials formula that we use can be found in Mityagin et al. (2013) [7Q].

« Theorem (Divergence of Projections for eigenvectors of £¢1). Let ¢, and ¢ be defined as in 1) and <>

respectively with U # 0. These form a biorthogonal set. We define the projections

P, = (¢l Yen. (4.7)
We have that
Pll= S (140w *8)
nll = — (1 +0(n 2
1Pall = =TT
and hence diverge as n — oc.
Proof.
We have that
[1Pall = 111122 16nl | 2 (4.9)
Looking at the individual terms gives
. 1 > 1,,. U 41
[lénllLe = 72 7ooexp — 500 +Ex He,(anz)Hep(orx)dx. (4.10)

Note, we have that we have the formula for physicist polynomials
/ e~ @ H, (2)H, (x)dz = 2" w3 mly" "L (—24?), (4.11)

— 00

where L'~™(x) are the Laguerre polynomials. Therefore, firstly by noticing that He, (a1z) = 2—%Hn(%x).
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Then, we perform the change of variables y = %x in order to obtain

S 1 U
/ exp{ — —alz? + x}Hen(alx)Hen(Oéﬂ)d?C
a

oo 2
V2 e AN
=92 X p2af o? / eXp{ — (y — a) Hn(y)Hn(y)dy

(651 0o

We now use the following asymptotic formula for the Laguerre Polynomials,

[N

£ 2(—kx) .
Vz € C\ Ry, @)= (1+0(k"%)) (4.13)

2y/(~) 1k

Therefore, let C = 2(—=Y)? > 0 We have

a1

S

wm$=5£a55g0+om%» (4.14)

which diverges as n — o

We notice that by replacing U by —U, we obtain the same formula for ||ef ||:;

2(nC)

T 22 — ¢ — (1+0 -3 415
lebllfs = 5 = Tar 1+ 0 H) (4.15)
Therefore, we have that
P A (140 (4.16)
ni| = 11 + o2 .
1Pall = 5= Ty 1+ 0 8)

which diverges as n — oco. O

Theorem (Divergence of Projections for eigenvectors of LEGF). Let ¢¢ and (¢¢)' be defined as in (4.1) and

(4.2) respectively, which form a biorthogonal set. We define the projections

P, = <(éfx)T7 '>e$r (4.17)
Asn — oo .
e2(nC)2
1Pl 2 [-—= =77 (4.18)
2w (C)inz

thus || P, || .2 diverges as n — cc.
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Proof. We have that

[1Pall = 11(&5) 221 (€)1 2 (4.19)
Looking at the individual terms gives
5C L - 1 C )2 c c 2
lenllz = W |exp —1(%35) +asz e Hep(afz)?dz. (4.20)
By acknowledging that
[ @< [ aba (4.21)

we can proceed in the same way as last time, and prove that || P,,|| is bounded below by something divergent.

Note, we have that we have the formula for physicist polynomials

(o)
[ e @) Ha () = 2y L 2P, (4.22)

—0Q0

where Ln—m, are the Laguerre polynomials with complex argument. Therefore, firstly by noticing that

He,(afz) = 2*%Hn(%x). Then, we perform the change of variables y = “7159: and complete the square

a2 asv/?2 asv/?2 2(ag)?
7y2+2 2c :7(y272 2C ):7( o ZC )27 (32)2 (423)
aq ay ay (af)
We consider the following integral
*° 1
/ exp { — 5(&5)21’2 + 2(045)1:}Hen(aix)He”(aix)dx
D) (aﬁ)i 00 AW5) 2
=2 G [ e { - (v 2 Dy
aq —o00 aj
(«§)? c 2
=2" \/562 (ap? 7r2n'LO ( — 2((0@):/5) ) (4.24)
af (af)
We now use the following asymptotic formula for the Laguerre Polynomials,
¥z € C\R 10(x) = 2 o (1400 (4.25)
T € + p(@) = — 1+ .
2/ (—x)ik
Therefore, let C = 2(“2f) > 0 We have as n — oo
2(7LC)2
[ @l (4.26)
27 (C)in’
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In the case of (é¢)" we find that the same argument but we replace a by —a» on the grounds that | exp{—(afz)?—

asztHe,(afz)|? = |exp{—1(B{z)? — Bz} He, (B{z)|?. We see that this gives us the same formula as n — oo

< o2(n0) %
G (4.27)
oo Qﬁ(0)4n2
Therefore, from (@.20) and (4.2) we have that
1Pl P = [1(€5) 111715 |2 (4.28)
Therefore we have that as n — oo )
e2(nC)§
|1Pal? > |———— . (4.29)
2y/m(C)inz

Therefore, we have that

o2(n0)% o2(n0)%
(12211~ 1) (12l + e UE (4.30)
2/m(C)in> 2y/m(C)in>
which leads to ,
2(nC)?
1Pl > | ——=—=7— (4.31)
2y/m(C)in>

The right-hand-side diverges as n — oo, hence || P, ||z diverges. O

4.2 Quasi-Hermiticity of £7CL

In the following, we are going to define and motivate the lattice of Hilbert-spaces based around a generic metric
operator, GG, before defining G for £LF%L. Our construction is the same as that found in Antoine et al. (2015) [7]. For
a didactic reference on the construction of partial inner product spaces, the reader is invited to consider the book by
Antoine and Trapani (2012) [5].

We firstly define a Quasi-Hermitian Operator and the corresponding metric operator;

« Definition (Quasi-Hermitian Operator in the sense of Dieudonné (1960) [38]). A closed operator £, with dense

domain D(L) is called quasi-Hermitian if there exists a self-adjoint, positive operator GG, known as the metric

operator, with dense domain D(G) such that D(£) C D(G)F_'] and

(Lu, Gv) = (Gu, Lv), u,v € D(L). (4.32)

"The condition that D(£) c D(G) is imposed to make sure there are interesting things in D(G) to consider as opposed to just {0}.
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Now, let us considering the operator G2 in a Hilbert Space #, the domain of this operator is given by
D(G?) ={ueH:||Gully < o} (4.33)

We equip this space with various norms that can be induced by an inner product. For instance, equipping the space

D(G?) with the norm || - [|¢ = ||G= - || = \/(G2-, G2 ), yields a Hilbert Space that we denote #(G). Equipping the

space with the norm || - |[14¢ = |1+ G)z - || = \/<(1 +G)z-,(1+G)z"), yields a Hilbert Space that we denote
H(1+ G). It follows that H(1 + G) = H N H(G). Likewise, we consider the domain of the metric operator (Gz)~?,
D((Gz2)~!) defined as

D((G2) ™) = {u e H:[|(GZ) Mullx < o0} (4.34)

1

and define the spaces || - ||g-: and || - ||;q-1. It follows that 7(G) = D(Gz) and H(G~1) = D((G2)™Y).
Furthermore, the conjugate dual space, that we denote by a superscript X is given by H(G + 1)X is the space

H (11 )- Therefore, one gets the following triplet

H(1+G) CH c?—t(ﬁ). (4.35)

Likewise, these relations hold for the inverse, G~1. In this way, we can define the extreme spaces H(G) NH(G™ 1) =
H(1+G)NHA+G ') and H(G) + H(G™') = H(zg) + H(i55=r)- We equip the spaces H(G) N H(G~') and

H(G) + H(G~1) with the inductive norm and projective norm respectively. These are given by

1 fllreymmc— = Iflle + [ flla— (4.36)

and

1flluerrue— = mf {lglle +lhllg-1: 9 € H(G) h € H(GT)} (4.37)

These spaces together generate a Lattice of Hilbert Spaces (LHS) that is shown in Figure 1. This picture is the
same as the one in [5], but we have doctored the arrows to fit our notation. The arrows denote continuous and

dense embeddings.
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e HET

v HA+6™Y) 1
- # ()
B - - ‘ }I‘: ” - N
H(G 1){1%(6) T H(6™) + #H(G)
v
* H(1+6) 1+6

Figure 1. The lattice of Hilbert space as demonstrated in [5] [6] but adapted to the notation used. All of the arrows

represent continuous embeddings with dense range.

It follows that £R¢L is a Quasi-Hermitian operator with respect to the metric operator G = e~%%. We can

consolidate this in the following theorem so we can refer to it later;

« Theorem (Quasi-Hermiticity of £LRCL). £LRGL is Quasi Hermitian with respect to the metric operator G = e~ 2.

Proof. The proof follows from the definition of a "Quasi-Hermitian Operator” given at the start of this section. (I

We note that the eigenvectors of £LRGL and (£RSL)t form orthonormal bases in the spaces H(e~ = %) and H(e«®)
respectively. However, as the metric operator is unbounded, the spaces ’H(e‘%w) and H and H(e%m) are not
comparable as the norms induced by the inner product are not equivalent. Moreover, when one considers L1 in
the space H(e«*), one is considering a non-Hermitian realisation of the quantum oscillator Mostafazedeh (2010,

2013) [72, [73].

4.3 Quasi-Basis Structure for the £7¢L

The reason why we are interested in this construction is because the direct eigenvectors of LE¢L, {e, 1, and
the adjoint eigenvectors. {ef}>2,, can be used to describe functions from the space #(e«®) N H(e~=%). In the
following, we will describe this construction generally with a metric operator G before making precise to our case.
The reader is invited to consider the following papers by Bagarello et al. (2010, 2010, 2013) [8, (9, [10] in which the
mathematical aspects are developed more so than they are in this thesis. Quasi-bases in particular were motivated
by the need to describe coherent states for non-Hermitian systems with an underlying structure. The definition of

quasi-basis is given as follows

+ Definition (Quasi-Basis, as defined in [10]). Given a suitable dense subspace X; of a Hilbert space #H. Let

Er = {e, )22, and Eqt = {ef 15, be two orthogonal sets such that all e,, € X; and all ef, € X;. E; and E.:
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are X; quasi-bases if, for all f,g € X,

(f,9) =Y _(fren)eh,g) =Y (f.el)(en, 9)- (4.38)

n=0 n=0

We note that, although our choices of {e,,} and {e! } are derived from the direct and adjoint eigenvectors of LEGL,
The idea of a quasi-basis a much more general concept that need not be motivated by an operator £ and can just

exist based on a metric operator. This can be shown in the following theorem where there is no operator £;

« Theorem (The Existence of Quasi-Bases under certain conditions). Let £ = {¢,,}°° , be an orthonormal basis

in a Hiloert Space H. Consider the two sets £ = {e,}52,> and ET = {el}>°, such that for the metric
operator Gz where Gze, = ¢, and (G2) el = é,. Let the domain, D(G2) of G2 and D((G2)~!) be defined
as in (4.33) and (4.34). Given the following assumptions:
- E, and E,, are bi-orthogonal.
— If f € H(G) is orthogonal to all the e,, then f = 0.
— If f € H(G™) is orthogonal to all the e then f = 0.
The E, and E,, are quasi-basis for the space H(G~') N H(Q).

Proof. See Bagarello (2013) [10].

Furthermore, we can make it explicit as to why quasi-bases are useful for our application in the following theorem.

« Theorem (Expressing elements of H(G) N H(G~') in terms of non-orthogonal basis vectors). Let £ = {¢,,}°2,

be an orthonormal basis in a Hilbert Space #. Consider the two sets E = {¢,,}32,°> and ET = {e] }22, such
that for the metric operator G where Gzen = é,. Furthermore, (G )~lel = é, and G~ lel = e,. Then each
element of u € H(G) N H(G~1) (with the spaces H(G) and H(G~1) defined by and respectively)
can be expressed as u = Yo (e, u)el, = > 07 (el u)en.

Proof. Let f € H(G) N H(G™!). As é, is an orthonormal basis, we can write f = "> (é,, f)é,. We apply
Gz, which gives Gz f = 3200 (¢, G2 f)é, = Y200 (¢}, f)én. Then it follows that

1F =3 ew £)ebl] = G W(G%f—z«éf

n=0 n=0

NIl < IGH (64 - Z D)l (@39

Note, we have that for all f € #(G) NnH(G™1), G= is a unitary operator from H(G) on H, and likewise (G2)~*
is a unitary operator from H(G~!) on H. Therefore, we want to show that Gz f € #(G~1), provided that

f € H(G)NH(G™). In this way, we can use that (G2)~! : H(G~') — # and thus ||(G2)~Y|| = 1 in (4.39).
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Given that (Gz)~! : #(G~') — H is bounded, we have that

1G? fllaa-1) = (G2 72GE flla = || f| (4.40)

which is bounded as f € H(G) N H(G™1).

Therefore, it follows from (4.39)

If - Zen, el < (G - Z A )l 0 (4.41)

as higher and higher terms are taken in 307 (él,, f)é..

Thus we have shown that f can be written in the following way f = >">° (e, f)é},. Showing f can be written

as f =Y. ,(el, fe, follows the same pattern. O

Lastly, we can see that this is true for the direct and adjoint eigenvectors of the £7¢L;

» Theorem (Quasi-Basis Structure for RnsaGL). RnsaGL has a quasi-basis structure in the above set-up with

underlying Hilbert Space H = L% and G = ¢ .
Proof. We use the proof entitled "The existence of Quasi-Bases under certain conditions” that was just given.
We can see for the eigenvectors {e,, }>° , and {e! }> , are biorthogonal from their explicit form. Moreover, they

both form complete sets hence the second and third conditions of the theorem are met. O

4.4 Summary of Chapter

In this chapter, we considered the eigenvectors of the RnsaGL and the CnsaGL. We proved that neither of these
eigenvectors formed a useful basis because the projections on the sets of eigenvectors were unbounded. We could
prove this only as we had the forms of the eigenvectors. We saw that £#“% was a Quasi-Hermitian operator with
respect to the metric operator G = e~ <. We constructed a lattice of Hilbert spaces from an arbitrary metric operator
G, before discussing the ramifications of this underlying lattice operator for our unbounded metric operator. We have
that owing to the underlying quasi-basis structure we can use the direct and adjoint eigenvectors for £~ in order
expand the functions in the space H(e*%”ﬁ) N H(e%z) in terms of eigenvector-amplitude pairs where the amplitudes

are guaranteed to be finite.
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Chapter 5

Amplitude Equations - Derivations and

Analysis

In this chapter, we derive amplitude equations for the RnsaGL and the CnsaGL and then perform numerical exper-
iments to evaluate them. As we deal with each case separately, we have abbreviated L%~ and £L°“L to £ as it is
obvious which space we are considering. Regarding the real case, we have a quasi-basis structure that allows us
to have two normalisation choices for higher order terms. We verify these and compare them numerically. We also
perform WNLE in the space #(G) and thus show that the first order approximation provides a good approximation

of the solution in this space where the operator L1 is self-adjoint.

5.1 Real Case

5.1.1 Derivation

We begin by putting the RnsaGL equation on a dissipative timescale u = e%v(:c, 7) where 7 = et;

ov

e— = Lv — ev® + edv. (5.1)
or
We introduce the expansion
v = Cég +e [v1(C,z) + 71(C)éo] +€ [v2(C, x) +72(0)éo] +¢ [u3(C, ) + 73(C)eéo] +o(e®)... (5.2)
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to we obtain the following hierachy of equations

—Lvy =0, —Lv} = N'(vp), —Lvy = N* (v, vy),
where
o’ n n—i
1 T i 1
Nt (wg, .oy v)) = — 8: + ov), — (Z ez TNyl
i=0 k=0
foralln > 1.

We put the expansion (5.1) into the equation (5.2) and compare terms at like order;

+ O(1)
CLéy =0
* O(e)
7£1}1 = Nl(’UIO) = 7867?(%0 + SCéO - Cd(éo)d

We apply the Fredholm alternative to in order to get the amplitude equation

9¢ _ 5C — \'C?,
or

where \! = (ég, (e0)?). We substitute back into (5.6)) in order to obtain

—Lvy = C3[\ép — (é0)3).

_EU:L :Nn(v(/)avlla' U/)

o Up

)

(5.7)

(5.8)

We let v, (C, x) = C39; and we invert the singular operator £ with the normalisation condition (¢, ;) = 0 to

obtain o4, i.e. we consider the augmented system

L €o {)1

<é()7 > 0 C 0

(5.9)

where we treat c as an unknown. Upon inverting the matrix, we obtain ¢ = —\!. This provides a nice numerical

check that the inversion was performed properly.
« O(e?)

8[03171 + 71 (C)éo]
or

—Lvy = N (v}, v)) = —
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Applying the Fredholm alternative to this equation gives

~om(C) (5 -3C2)\Y) 20032 — 3C5(A1A2 — \3)

0= _ -
ac ~ (5c— 3" (5C —\1C?)

(5.11)

where A2 = (e], 01) and A3 = (&}, 1 (é0)?).

We integrate the above equation (5.11) using the integrating factor in order to obtain the following representa-

tion for 4, where D is a constant to be determined;

1 - - . .
1 (C) = ST (AAZ = 3X3)0C 4+ 3(AA2 — A3)(6C — A1C3) log(0 — ANLC?) | + D(6C — A1C3). (5.12)

We introduce an assumption to establish D. The assumption is that all of the linear behaviour is dealt with
at first order, and therefore there must be no contributions at higher order terms to the linear behaviour of
the approximation. This is an assumption based on the empirical results that we saw in the introduction,
where the first order approximation captured the behaviour well at early times. We consider the linearisation

of 31(C) ="(C)

n(C) =

S0)2 {(Al/\z —3X%)5C + 3(A1A2 — A3)(50) 1og(5>] + D(6C) (5.13)

and set this equal to zero in order to obtain

- _ L 142 _ 933 142 _ 43 <
D= (N2 [()\ A7 =3X)+3(A A=A )log(é)]. (5.14)
This gives the full version of 7, (C) as
1 14,2 3 1,3 14,2 3\ (% 1,3 Si}‘lce
71(0):2</\1)2 (AN =3X) (A C°) +3(A A = X)) (6C — A C?) log —5 )| (5.15)

Inserting 71 (C') into (5.10) gives the following representation of vo;

—Lwy = 2003 [\2¢y — 0] + 3C° [[/\1131 — M%) + [N — @1(é0)2]] + 3C%y, (C)[Méo — (é0)?). (5.16)

We let vy = 26C30§ + 30505 + 3C27,(C)1, and obtain 42 and 47 by solving the following augmented systems;

= (5.17)
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and
L e 02 Ao — AAZég] — 91(é9)?
0 b _ [ 1 0] 1( 0) 7 (518)
<é07 > 0 Cp 0

where we obtain ¢, = —\? and ¢, = —\3, which is consistent with (5.16).

« O(e?)

w2 (C,x) + 12 (C)éo] = =

— /3113(0, .Z‘) = — or + 6[112(0, JJ) + ’YQ(C)éo] — 3[?}1 (O, Jf) + 71 (C)éo}QC(éo)

= 3[v2(C, ) 4+ 72(C)é]C* (&) (5.19)

We will use this order to show that often we do not need to solve an ODE if we want to obtain the saturation
value of ,. Furthermore, for just working out the saturation amplitude, we remove the problem of non-
uniqueness at higher order terms, i.e. we do not need to determine another constant like D at the previous
order]

We firstly apply the Fredholm alternative to (5.19) and set all of the time derivatives equal to zero; this gives

1 < R . .
IYZ(Csat) = %<é$, 6”2(0511157 1’) - 3[Ul(csat7 .’E) + Wl(Csat)GOPCsat(eO) - 3[”2(050,157 x)cfat(€0)2>' (523)
Now, we change back to the original timescale u = ezu(z, et). We let B(t) = ezC(7). The governing amplitude
on this timescale is given by
dB

?%fzzéB——AlB3. (5.24)

We label the following approximations for the solutions of the RnsaGL as zeroth order, u°", first order, u'** and

second order approximation u22? (calculated at the saturated value) respectively;

ut = Béy, (5.25)

"We note that if we set % = 0 to zero in the governing equation we obtain an elliptic equation that was dealt with in Vishik and Lyusternik
(1960) [100]. We notice that there is no non-uniqueness in this case. We compute the first few terms on the stationary case below;

Lvg = 0 (5.20)
L1 = dug—ud (5.21)
Lvy = S(Ul +v1é0) + 3u(2) (v1 +v1é0) (5.22)

From applying first term, we obtain u = C1ép where C; is a constant. Applying the Fredholm alternative at second order we obtain C; =
%. At second order, we can let v; = (%)%ﬁl and obtain ¢; via the augmented system ID Lastly, in this case we would have
y= W % [ATAZ — 3)3], which coincides with the definition of at saturation.
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! = (B +71(B))éo + B (5.26)

and

ugm® = (Bsat + 71 (Bsat) + V5 (Bsat) )0 + Bag1 + vh(Bsat, ) (5.27)

where ~} (B), v4(B) and v4(Bsat) are given by;

1(B) = ! (A'AZ = 3X3)(A'B3) 4+ (0B — \'B?) log 0-NB (5.28)
TN 2()\1)2 5 ) -
vy (B, x) = 6 B0 (x) + 3B°05(x) + 3By, (C)iy () (5.29)
and
1
Vé(Bsat) = 7<é$> 6”2(Bsat7 l’) - 3[’01 (Bsat7 l‘) + Wl(Bsat)éO]QBsat(é0> - 37}2(Bsata m)Bsat(é0)2> (530)

20

where the addition of the primes is to distinguish the different timescales = and t.

5.1.2 Two normalisation choices

Note that owing to the underlying quasi-basis structure and the fact that our solution exists in the space H(G) N
H(G~1), we have two normalisation choices for our higher order terms. Previously, we chose to normalise v, 9%
and o5 such that (¢, 9,) = 0, (&),9%) = 0 and (e}, 83) = 0. As we are able to write u = Y.°° (&}, u)é,, owing to the
quasi-basis structure, we can use the normalisation conditions (ég, 01) =0, <é$,ﬁg> =0 and <é§),f;§> = 0, where we

have differentiated these normalisation conditions to the previous normalisation conditions by using tildes

Let us consider the O(¢) equation as an example,
—£U1 = 03[)\1é0 - (éo)g] (531)

We can let v; = C3%, and invert the equation 1» with the condition <é$751> = 0, i.e. the augmented system (5.32)
becomes
L e 0 —(el)3
N I (5.32)
@,y o) \e 0

where the inner product in the lower right-hand-corner now contains a é; instead of a éf).
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Note that applying the normalisation against the adjoint eigenvector ég results in different forms of o5, i.e.

F(B) = —2(??13)2 ((53 —A'B%)log (5_2182> + )\133>, (5.33)

- 3
VQ(Bsat) =——|B]

95 | P sat <é(];> (51)2é0> + Bsat(m (Bsat))Q)‘l + 2B§at71 (Bsat))‘3 + <ég)v U (Bsat, x)Bszat(éO)2> (5.34)

y(Bsat, ©) = 0B, (2) + 3B2,,05 () + 3B2471 (Bsat) 01 (2), (5.35)

where 4 (z), 7 (z), 1 («) are obtained from inverting the analogous equatiorf|to (5.16) with the conditions (&, 7 (z)) =
0and (&}, #3(x)) = 0.

We also denote the different approximations with tildes;

" = Béy, (5.38)
't = (B ++,(B))éy + By, (5.39)

and
ﬁggid ~ (Bsat + 'Vi(Bsat) + 75 (Bsat))éo + Bgatﬁl + 77/2 (Bsa‘u UU) (5.40)

where B is given by (5.24).

5.1.3 Numerical Experiments

In the previous two sections, we worked out the following approximations «°*", w's* and «?"?, where higher terms
were normalised to be orthogonal to the direct eigenvector and @°t", @?"¢ and @3¢ where higher order terms were
normalised with respect to the adjoint eigenvector; these equations can be found in (5.25), (5.26) and (5.27), and
(5.38), (5.39) and (5.40) respectively.

We firstly concentrate on the spatial structures o, ¢ and 95 with the direct normalisation and ©;, 7§ and @5 with

2The analogous equation to is given by
Lug = 6C38; 4+ 3C° [/\3é0 - (éo)%l} +3C2%4,(0) [Aléo - (éo)ﬂ (5.36)

We can see that it is the same as (5.16) but with A = 0, and also the coefficient of 5C341 is 1 instead of 2. We obtain #¢ by augmented matrix

on the left hand side of . )
e (V5 _ (D1+éo
(eor $)(2)=("5%) 637

where we get ¢ = 1; thus the mathematical trick of making this well-posed numerically is to &g to both sides.
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the adjoint normalisation. There are two fundamental points of interest that we deliver with relevant figures;

» As the non-normality increases, we see that the spatial structures normalised with respect to the direct eigen-

vector, 9, (Figure 1a), ©¢ (Figure 1b) and 5 (Figure 1c), as well as the spatial structures normalised with

respect to the adjoint eigenvectors, 9, (Figure 1d), ¢ (Figure 1e) and @5 (Figure 1f), become more distinct and

grow in size. This demonstrates that as the linear operator becomes more non-normal, higher order spatial

structures become more important as they exist.
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Figure 1a. (Left) A plot of ©; against x for various values of U shown in plot. The black box represents the zoomed

in area shown in the figure on the right. (Right) A zoomed in region of 9, against z.
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Figure 1b. (Left) A plot of ©¢ against « for various values of U shown in plot. The black box represents the zoomed

in area shown in the figure on the right. (Right) A zoomed in region of v5 against x.

75



— U=00 f/\
| — u=o02 /
20001 o — 6
— U=06 ,-" ‘-\ ff\\
— U=08 / \ [\ 4
10004+ — y=1.0 / \ ‘ \
— u=12 / \ ff \ 2
— —
a0 7‘- I 0
-1000 - \ f -2
o
~2000 - { f
‘\ /
U/‘ T _6 T T T T T
-15 -10 -5 0 5 10 15 20 -2 -1 0 1 2
X X

Figure 1c. (Left) A plot of #4 against « for various values of U shown in plot. The black box represents the zoomed

in area shown in the figure on the right. (Right) A zoomed in region of ¢4 against z.
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Figure 1d. (Left) A plot of o, against x for various values of U shown in plot. The black box represents the zoomed

in area shown in the figure on the right. (Right) A zoomed in region of #¢ against .
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Figure 1e. (Left) A plot of ©¢ against « for various values of U shown in plot. The black box represents the zoomed

in area shown in the figure on the right. (Right) A zoomed in region of ¢§ against «.
in area shown in the figure on the right. (Right) A zoomed in region of ©§ against .
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Figure 1f. (Left) A plot of © against z for various values of U shown in plot. The black box represents the zoomed

in area shown in the figure on the right. (Right) A zoomed in region of @ against z.

* We recall that v], = v,(C,z) + 7,(C)é. Let v, = o], + 4,(C)éo. We see that there is no difference in the

structures of v, and ¢;, no matter what the non-normality. We plot these spatial structures for time points

t =0, t = 1000 and t = 2000 for three different values of U, namely U = 0, U = 0.6 and U = 1.2 in Figure 2a,

Figure 2b and Figure 2c, respectively, and in each plot the figures overlap. We notice how the spatial structures

are exceedingly small for ¢t = 0 and ¢t = 1000. This is because the energy from the zeroth eigenvector has not

been transferred to the other modes by the nonlinearity yet. In Figure 3, we also plot v}, and ¢4 at saturation

for U =0, U = 0.6 and U = 1.2, and again they overlap completely.

Whilst it is perhaps not a surprising result that our two normalisation choices overlap, it reinforces the notion

that there exists a quasi-basis structure underneath. Furthermore, in our subsequent analysis. we only

consider one choice of normalisation as the results in terms of proximity to the real solution in norm are the

same for both.
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Figure 2a. The spatial structures of o] and o, for U = 0 at ¢t = 0 (left), ¢ = 1000 (center) and ¢ = 2000 (right).
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Figure 2b. The spatial structures of ©; and ¢; for U = 0.6 at t = 0 (left), ¢ = 1000 (centre) and ¢ = 2000 (right).
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Figure 2c. The spatial structures of ¢; and ¢, for U = 1.2 at t = 0 (left), ¢ = 1000 (centre) and ¢ = 2000 (right).
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Figure 3. A plot of v} (Bsat, ) and 04 (Bsat, z) for U = 0 (left), U = 1 (center) and U = 2 (right).

In this thesis, we are concerned with successfully approximating the saturation characteristics. After a certain
time, the solution starts converging to particular spatial structure asymptotically hence true saturation time is ¢t = oo,
but we are “asymptotically close” earlier in time. We choose T5,: as it is the last point in our time domain, 7' = 2000.

We firstly begin by comparing u with the approximations «"*" at T,; = 2000 in L? by considering the difference
given by ||u(Tsat) — u™(Tsat)||22 in Figure 4. The crosses refer to the highest order approximation we derived
u(Tsat) — u>(Tuar)|| 12 (u*"? is given by (5.27)), and the stars refer to [|u(Tsar) — u'* (Tsar)||z2 (u'** is given by
(5.26)). The circles refer to ||u(Tsat) — u®"(Tuar)| |22 (u®™ is given by (5.25)), which is the result that we were trying

to improve. In these plots 6 = 0.01. All plots are on a logarithmic scale and on the z axis, we have the value
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of the advection velocity. The squares refer to ||u||> and are there as a reference. From Figure 4, we can see
that the higher order terms give us the best approximations in all cases apart from U = 1.2, which we will discuss
imminently with regard to Figure 5. It should be noticed that also in all cases apart from U = 1.2 and U = 1, the
discrepancy reduced by at least one order of magnitude by going higher in order, i.e. the discrepancy for U = 0
given by |ju — u™*"|| 2 is of order 10~ for n = 0, 10~7 for n = 1 but nearly 10~'2 for n = 2. For the case of U = 1,
there is still significant improvement, but not as much, and the improvement is not so important considering the size

of  itself. Furthermore, in general, there is a concertina of the different approximations as we go higher in order.

0 4 -
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|| || 0
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L] k(3
—4 1 @ +
| 4
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i
-8 -
i +
i
—10 A
4
=12 A -
4
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0.0 0.2 0.4 0.6 0.8 1.0 1.2
u

Figure 4. A scatter plot of the following quantities at Ts,; = 2000 against U on a logarithmic scale; Red points:

l|lu||z> (square), ||u — u®"||.> (filled circle), ||u — u'st||.> (star), ||u — u?"?|| ;2 (cross).

In Figure 5, we plot the spatial profiles for u%*", v'**, and u?"? with u at T,,; for U = 0.6 and U = 1.2. We see
for U = 0.6. u!* and «>"* improve upon u and capture the solution. However, for U = 1.2, the order u'*! is a
better approximation of the solution than u?"¢. However, from the plot the solution « lies “in between” the first and
second approximation. This leaves open the possibility that the approximations will successively overestimate and
then underestimate before converging to the solution.

We now compare the values of supg<,<r, , [[u — u%*"||1> and supg<,<r, , [[u — u'**|| 2 in Figure 6. The key is

the same as in Figure 4, and also given in the figure label. This quantity gives us a notion of how the solutions work

79



over time. We plot this against supy<, <,

sat

[|ul|r2. This plot implies that the assumption regarding the preservation
of linear behaviour does not cause anything to go awry. For further evidence of this, we plot the difference between
llu — u'st|| > over time for a range of U values in Figure 7. We see for early times, the graph is flat suggesting
that the linear regime has not been contaminated. We see that there is a slight bump for higher order non-normal
terms, which suggests that the approximation does not capture well the transition between the linear regime and

the nonlinear regime. This feature becomes more exaggerated with non-normality.
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Figure 5. (Left) The spatial structures of ug, u!**, u*"® and u at T, for U = 0.6 with § = 0.01. (Right) The spatial

structures of ug, u'*, ©*"? and u at T, for U = 1.2 with § = 0.01.
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Figure 6. A scatter plot of supy< <7, |ul|r2 (square), supy< <., [[u — u"[ .2 (filled circle) and

SUPg<s<.., ||u—u'*||L2 (star) against U for § = 0.01
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Figure 7. A plot of ||u — u!'**|| . for different values of U shown in plot.

1200

In the next set of plots, we increase 4. This has some interesting effects on our approximations. For increased

0 and increased U, the higher order approximations are no longer reliable. In Figure 8a, we plot the differences in

norm given by ||u(Tsat) —u™" (Tsat)|| L2, but this time for 6 = 0.05. The key is the same as in Figures 4 and 6 and also

given in label. In Figure 8b, we plot the the supremum of the difference in norm given by supy<; <7, [[u — uOth| 2

and supg <7, |lu—u'*'|| 2. As before, all plots are on a logarithmic scale.
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(a) A scatter plot of the following quantities at 7,, = 2000 against U on a logarithmic scale; ||u/| 2

(square), ||u — u®*"|| ;> (filled circle), ||u — u'®t||z2 (star), ||u — u?"¢||.> (cross), with § = 0.05. (b) A scatter plot of

SUPg<i<7.,, ||ullL2 (square), supg< <., [lu — u™| .2 (filled circle) and supg< ;<1 , [lu — u'**|| > (star) againt U with

0 =0.05
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In Figure 9, we look more closely at U = 0.6 and U = 1.2 as we did previously in Figure 5. For U = 0.6, the
structure 2" is still the closest, but for U = 1.2, u?"¢ is the worst approximation. In order to explore this further, the

convergence of the expansion given by (5.2) must be explorecﬂ

—_— u
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0.30 - v
— u2nd
0.25 1
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0.15
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0.05 4

0.00

T
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Figure 9. (Left) The spatial structures of ug, u'**, u**¢ and u at T, for U = 0.6 with § = 0.01. (Right) The spatial

structures of ug, u'*t, ©?™¢ and v at Ty, for U = 1.2 with § = 0.01.

Lastly, we present a numerical experiment that shows how the solution behaves in the space H(G). In the
following, we plot ||ul|+ (), [[u’"||xc), |[ul|z2 and |[u®"|| for U = 1. We see in Figure 10 that the approximation
and the solution are much closer in the space H(G). However, one should be aware that this is a non-Hermitian

representation of a self-adjoint system. Thus, these norms are not comparable.
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Figure 10. A plot of ||ul[(c), |[u®"|l3(c), ||ul|2 and [|u’*"|| against time for U =1

3We do not explore the convergence in this thesis, but an example of the convergence of a series concerning a linear equation can be found
in the article by Vishik and Lyusternik (1960) [100] for an linear elliptic PDE, as mentioned in the literature review. It is not clear to the author how
to extend the methodology of Vishik and Lyusternik (1960) [100] to a nonlinear parabolic PDE.
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5.2 Complex Case

5.2.1 Derivation

As before, we put the solution on a diffusive timescale u = ¢*“°tczv(x, 7) but we include an ei“o! coefficient as the

zeroth eigenvector is iwg;

(iwp — L) = —6(81} + 6v — ’U3>. (5.41)
or
We then expand the solution as
v = eiPotedite®tat.)r |:7‘é0 + e(v1(r, ) 4+ y1(r)éo) + €2 (va(r, ) + Y2 (r)éo) + ... |. (5.42)
We compare terms at like orders

* 0(1)
(’iwo — £)é0 =0 (543)

* O(e)

) 0 00\, oz . L 124

(iwg — L)v1(ryz) = — ((9:_ + zraT())eo + orég — r3|eo\2eo (5.44)

Applying the Fredholm alternative gives

or 00y =+ A 1a (24
or + Wﬁ =or — <€Er)> |€o|*é0)r®. (5.45)

We let Al = (], |éo|2¢0), and consider also the real and imaginary parts A\! = AL +i\!. This gives us the real
0 T 7

and imaginary equations
or

— =r— A3 (5.46)
or
and
9 _ —\ir? (5.47)
or

respectively.

We put this back into the equation, letting v; (z) = r*#; and we get

(in - ,C)@l = )\1é0 - |é0|2é0. (548)

We invert this matrix to find ¢, using the condition (éy,9;) = 0.

« O(e?)
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, (06 . 9 o\ [9ui(r) o On(r) Or
(zwo—ﬁ)vz(r,x)——z<a7_reo+87_(”1(7"755)+71(T)60)) { or U1+ Or 560

- <2T2|é02(01(7”a @) +71(r)éo) + 1% (e)* (1 (r, ) + 71(7”)50)> +6(vi(r, ) + m(r)éo) (5.49)
Taking the Fredholm alternative and splitting real and imaginary parts gives us the following two equations

0y1(r) (5 —3r2)l) _27“3/\35 — Cyr®

- = = = 5.50
or (or — /\%3)71 ") (6r — ALr3) (5.50)
and
90, _ 252 A 4 1
a9 =\ 2070 4+ C1r® = 2r(A)n(r) (5.51)

where C; = (3X2A1 — A3 — A1A2) and O = [3A2ML + A201 — (\3)].
rT°or T 1 1 3 s A 1

Solving this equation by the same procedure as we did in the last section gives us the following form for ~; (),

1 A 132\ 1.3 | A (F 1.3 o — Alr?
v (r) = SN2 (C1 =22, X))\ r° 4+ C1(6r — A\pr?) log 5 , (5.52)

which we can substitute into (5.57).

Now, have to find an expression for vq, substituting v (r) in (56.49) gives us the following equation

(iwo — L)va(r, ) = 20r°[\2eo — 1]

+7P {)\?’éo — <2|é0|2©1 + (é0)251> + (3)\}, + iA}) (07 — )\2é0)} + 3y1(r)r?[Ateg — |éol?é0].  (5.53)

From this equation, we can choose an appropriate form of vy. We vy (r, ) = 26r3v¢ + r5v8 + 34, (r)r261. Then

the augmented systems that we consider are

(iwo — L) ég 03 _ 01 (5.54)
(€0, ) 0 -2 0
and
(iwg — L) éo 05 - (2|é02f)1 + (éo)%l) + (3/\,1‘ + M}) (01 — A%é)
_ (5.55)
<é07 > 0 —\3 0

Inverting these matrices on the left of (5.55) and (5.54) gives us the full form of 5.

« O(e?)
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9] oufo]- 22250

(iWO — E)’Ug = —i(vg + ’72(7“)@()) |:(900:| — i(’Ul + 7 (T)éo) |: oT or - ot | or or

or

- [[27’2|é0|2’02 T 52(e0)?] + 2lon + 7 (r)eolréo + (vr + 71 (r)eo)réo] — 3w<v~<Tsat>>|é02eo}

+6(v2 +72(r)éo)  (5.56)

By taking the Fredholm alternative and setting 4= = 0, we obtain the following equations for v, (r(Zs.)) and

#]
or ’
r(Tsat)
a6y

(0 (L)) = o] (], i (T )| 5

00,

—i(v1(r(Tsat), @) + 11(r)éo) [67] r(Toar)

:|T’(Tsm,)

- [[2T2|éo|202(7”(Tsat),x), +0a(r(Tsar), @) (e0)?]

+ 2|v1 (1(Tsat), ) + 11 (r)é0|2ré0 + (v1(r(Tsat), ) +m (r(Tsat))éo)zr(Tsat)éo} + Svg(r(Tsat), J:))} (5.57)
and

(2], = T2 T 0Tl 37

=i (L)) + T 5]

— |:[2’I"2(Tsat)|é0|2v2(r(Tsat)? ZL‘) + EQ(T(TSGtL x)(eO)Q]
+ 2‘7}1 (T(Tsat)a fE) + Y1 (T(Tsat))éOFT(Tsat)éO + (Ul (T(Tsat)v 1’) + 71 (T(Tsat))éO)zr(Tsat)éO:|

=3l (T léoleo + 302 + 2 (r)iw) | (558
We now present the following approximations where we have let r’ = ezr,

UOth(’l"/(t),t) _ ei[w0+90(r/)]t?",éo, (559)

ulst (T’(t), t) = eilwot0o(r")+6:1 (r)]t r'éy + (v1 (r,«’7 x)+ 7 (’I“/)éo) , (5.60)
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and

U2nd(T/(Tsat)7Tsat) — ilwotb0(r (Taar)) 401 (+ (Tear)) +2 (r' (Tear))]t T/(Tsa )éo

+ (01" (Tsar) @) + 91(r' (Taar) o] + [02(r' (Toar), ) + 71" (Tsar)] |, (5.61)

where r’ solves

dfr' _ / 1/,.7\3
i ar' = A.(r')°. (5.62)
We have also that
b1(r') = ("), (5.63)
Do (r') = 20(")30§ + (r')P0b + 3y (') ()20, (5.64)
1 A . 5 — AL(p/)2
W) = grarge (€ = A+ Cu(0(r) = Ak tog (220 (5.65)
and
1 (4 . 0 , o0
20" (T) = 3R (6 —iCn T | G2 —in L)+ )|
' (Tsat) ' (Tsat)

—[mﬂwd%xﬂa@ow»+@o%ﬂm»m@wﬂ

+ 2|U1 (r/(Tsat)a $) + Y1 (T/)éO‘QTIéO + (Ul (T/(Ts‘at)a JC) + Y1 (T/(Tsat))éO)QT,(Tsat)éo} + SUQ (T/(Tsat)y l’)>}, (566)

where
9 1,2
5 A; (") (5.67)
and
% = < —2026(r")2 + Oy (") — 27"’()\})71(7”)). (5.68)
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Furthermore,

86 =L gl it (Tour))é0) | 220
|: ot }W(Tsm) = T/(Tsat)‘s{<607 i(v2(r'(Tsat ), ) +72(r'(Tsat))€o) ot -

— i(Ul (T/(Tsat)v x) +m (r’(Tsat))éO) l:aaetli| T.

- [[2(T/)2(Tsat)|é02U2(T/(Tsat)v ) 4 Ua(r' (Tsat), 55)(60)2}

+ 2|’U1 (r/(Tsat), .’K) + Y1 (TI(Tsat))éOFT/ (Tsat)é() + (Ul (T'/ (Tsat)7 1') + Y1 (r/(Tsat))éO)2r/ (Tsat)éO:|

— 372 (1" (Tsar))| €0l ?e0 + 0(va(r' (Tsat), ) + 'yg(r’)é0)>}. (5.69)
We have that as t — oo, (the “value” of Ty.;),

0o ~ =1 (Tsar))?, (5.70)

01 ~ < —2026(r")2 + C1(r)* = 27 (A\D)m (r/)> (5.71)

and

[N D ’ 0|5
Oy ~ 7"(Tsat)°"{<e$7 —i(v2(r (Taat), ) + 72(r" (Taat) ) o) [3;]:@“

— i(Ul (T/(Tsat)’ l‘) +mn (T/(Tsat))é()) |:889t1:| T

- [[Q(T’)Q(Tsat)léosz(r'(Tmt)vx) +02(r' (Tsar), ) (e0)?]

+ 2|U1 (T/(Tsat)a JZ‘) + 71 (r/(Tsat))éOP'r/(Tsat)éO + (Ul (Tl(nat)a Z‘) + 71 (T/(Tsat))é0)2T/(Tsat)éO:|

— 372 (r' (Tsar))|€0|*e0 + 0 (va (7' (Tsar), ) + ’)/Q(T/)éo»} (5.72)

5.2.2 Numerical Experiments

In the previous section, we obtained the following approximations v, u'** and »?"¢. In this section, we test these
approximations against the solution.

We firstly begin by comparing saturation frequency. As addressed in the introduction, if we decompose the
solution as u = Rei®. We compute the fast Fourier transforms of ¢i""" at where the saturation frequencies 6™
given by 65" = wy + 0, 615t = wy + Oy + 61 and 0> = w + Oy + 0, + 6, as well as the Fast Fourier transform of the
solution at solution at a point in the domain where the signal was of significant strength. We computed the signal

between ¢ = 1750 and ¢ = 2000 as the flow is saturated during these times. In Table 1, we plot these frequencies.
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Frequency(Hz) U
0.0 0.2 04|06 0.8 1.0 1.2
it 0.006 | 0.0004 | O -0.006 | -0.0014 | -0.0022 | -0.0032
O 0.006 | 0.0004 | O —0.006 | —0.0014 | —0.0022 | —0.0032
e 0.006 | 0.0004 | O —0.006 | —0.0014 | —0.0022 | —0.0032
U 0.006 | 0.0004 | O —0.006 | —0.0014 | —0.0022 | —0.0032
giwot 0.006 | 0.0004 | O —0.006 | —0.0014 | —0.0022 | —0.0032

Figure 1. A table of the frequencies in Hz computed via the FFT in python. The values of » are shown in plot with

0 =0.01

We see that the frequency is well approximated no matter the order of the expansion. We relate this to the plots
shown in the introduction where the linear operator governing the frequency demonstrates less transient growth
when the norm of the semigroup is calculated.

In Figure 2, we consider the difference in amplitude, let 7"t = |u™*"|. We then compare ||R — 7"*"|| ;> where n
refers to the order of the approximation. In this way, we remove any difference in energy that may be attributed to the
graphs being out of phase. We begin by comparing this quantity at 7s,: = 2000, as in the last section. The crosses
refer to the highest order approximation we derived ||R(Tsa:) — 72" (Tsat)| |22 (r?" = |u?"?| where u?"? is given by
(5.61)), and the stars refer to ||r(Tsar) — R*!(Tsar)|| 22 (¥t = |ul*t| where u'*! is given by (5.60)). The circles refer
t0 [|7(Tsat) — O (Tsar)|| 2 (PO = |u®"| where %" (5.59)), which is the result that we were trying to improve. As
before, we have given the ||r||.= as a reference. We notice that there is generally an improvement between the
approximation r*" and the approximations r'** and r2"¢, but sometimes the approximation r'** is better that »27¢
on the logarithmic scale, but in these cases the differences are really minute. In Figure 3, we investigate this further
by plotting log(|r(Tsa:) — 75 (Tsat|) (blue) and log(|r(Tsat) — r2"%(Tsat)|) (orange) against x for U = 1 (left) and
U = 1.2. We see that we cannot tell the difference between plots in this case as they overlap. In Figure 4, we plot
supg<r.,, ||R—7""|| 2 for a variety of U-values where n = 0 and n = 1. This is a measure of how the approximation

performs over time. We see that u!* performs better that «°*" for all values of U considered.
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Figure 2. A scatter plot of the following quantities at T,; = 2000 against U on a logarithmic scale; Red points:

||R||z> (square), ||R — rO"|| - (filled circle), ||R — r'st||.> (star), || R — r2"¢||.> (cross). In both cases, § = 0.01.
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Figure 3. A plot of log(|7(Tsat) — 7% (Tsat|) (blue) and log(|7(Tsat) — 72" (Tsat)|) (orange) against z for U = 1 (left)
and U = 1.2. In both cases § = 0.01.
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Figure 4. A scatter plot of supy< <., |ul|r2 (square), supy< <., [[u — u®"[ 2 (filled circle) and

SUPg<i<r,,, || —u'*|[L2 (star) for various values of U with § = 0.01.

5.3 Summary of Chapter

In this chapter, we have showcased the derivation of higher order approximations for the RnsaGL and CnsaGL
using a method that has not been used before. We also showed a consequence of the quasi-basis structure
that exists for the RnsaGL, that we were able to normalise the higher order terms in the expansion in two ways,
namely for the terms to be orthogonal to the zeroth direct eigenvector or the zeroth adjoint eigenvector. We then
explored these approximations via numerical experiments. In the case of the RnsaGL, we found that the higher order
approximations generally provide an improvement to the first order WNLE expansions derived in the introduction.
The only suspect cases were the extreme values of U and ¢ that we considered; but, without considering the
convergence of the series expansion given by (5.2), we cannot know the nature of these suspect cases. i.e. is it the
case that the expansion will oscillate to the solution or whether or not we are outside of the radius of convergence. In
the complex case, we saw the phenomena outlined in the introduction as in that the frequency is well-approximated
no matter the non-normality. Lastly, it should be noted we do not have the two choices of normalisation in the case
of CnsaGL. The reader is invited to try the expansion for themselves and one can see the results are not particularly

useful. We suspect that this is basis property does not exist as the complexity is significant in the case of Krejcirik
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and Siegl (2019) [60]. E} An interpretation of the fact we get nonsensical results with by normalising @1, 05 etc. to
be orthogonal to é; is that this normalisation causes spatial contributions along ég to be missed. These will not be

compensated by the terms 1 (C)ép, 72(C)éo, etc. as they are in the case of the RnsaGL.

4A result that would ensure that a quasi-basis structure does not exist in the case of the CnsaGL would be to prove the non-existence of the
metric operator. Results that the non-existence of the metric operator for the imaginary cubic oscillator can be found in the paper by Krejcirik and
Siegl (2012) [91]. In the conclusion, we discuss this more in the context of a future project.
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Chapter 6

Error Bound Analysis

In this chapter, there are two sections. In the first section, we derive error bounds for the RnsaGL via a bootstrapping
argument. We restrict our studies to the RnsaGL (hence we drop the superscripts) in this case but the same
methodology can be applied to the CnsaGL. The process of deriving error bounds for amplitude equation is fairly
standard and based on a bootstrap argument. An interested reader can see the example of Kirrmann et al. (1992)
[58] for an example that follows ours extremely closely. However, there are other notable examples in Schneider
(1994a) [84], Schneider (1994b) [85] and Mielke et al. (1995) [68]. In the second section, we consider the practicality
of these error bounds. The need for this is based in the fact that error bounds between approximations and solutions
generally tell us that there exists a radius of convergence for the small parameter ¢ where an approximation is within
a fixed distance to the solution of the governing equation in norm, but not what the radius of convergence is[ﬂ We
explore the question that, given a solution and an means of calculating an approximation, can we tell how high we

need to go in the order of the approximation or what is the range of ¢ we can take using the error bounds?

6.1 Error Bound Derivation

In this section, we prove that there exists a radius of convergence for the parameter e for which. When the value of e
is with this radius, the difference between the solution and the approximation in norm is below a particular threshold.

For our purposes, we use the L2-norm, which shows that the are close in terms of energyﬂ

"For clarity, we distinguish two notions of the radius of convergence here. The first notion is the radius of convergence can be given by the
e chosen such that the series given by converges. We explored this using the uniform convergence criterion for higher order amplitude
equations in chapter two. The error bounds that we derive give a fixed distance between the approximation and the solution dependent on a
small parameter. For certain values of the small parameter, the difference between the solution and approximation is below a certain threshold.
Thus it is up to us what discrepancies are tolerable. We refer to values that the small parameter can take also as the radius of convergence and
that is what we will be considering in this chapter. Both of these criteria give conditions for the size of the small parameter, in our case e, but the
latter often comes from practical application.

2We remark that equally we could have used the L' norm which quantifies the difference between the solutions along the entire domain.
Semigroups bounds behave differently in different norms as demonstrated in Davies (2005) [33].
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We start by defining the following quantities
ul, — eatny . (6.1)
where the v/, are defined in (5.2). We then define the sum
N N
Z uj, = Z 2t (62)
We now derive the error bounds in the following theorem,

» Theorem (Traditional Error Bounds). Let u be a solution of the RnsaGL and Uy be the expansion defined in

(6.2). Let the initial data be such that |[u(0,2) — un(0,2)||« < de™. Then, for each ' > 0 and d > 0, there

exists an e € (0,¢9) and a C' > 0 such that the estimate
lu(t) = Un(Dllz2 < CeNY, ¥ (t,2) € [0,T] xR (6.3)

is satisfied.

Proof. The goal of this proof is to establish the size of the relative error u(t,z) — un(t,x) in norm. If we
substitute just uy (¢, z) we are left with a residual term, so it is simpler to take the next order expansion and

then use a further argument to infer the size of u(t, z) — un (¢, z). We let
u=Uxny +€"R, (6.4)

where R stands for the residual. We put this into the RnsaGL in order to get the following equation

dR

=5 = LR+ R+ N(Un11(6.1), R(1) (6.5)
where
_ 11 dUng1 N 3
N(UN+1(Ea t)7 R(t)) T N dt + 5UN+1 (UN+1 +€ R) (66)
1 8U/ N n n—i
= o |(- T e (S ) ) - 67)
n=0 1=0 k=0

where the square brackets contain terms of ¢V*! or higher. Importantly, in (6.5), we have no terms of order

N

€2.

We split the operator £ into £,, + (£ — £,,) where £,, was the sectorial operator defined in Section 3.1 of the
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thesis. We label C; = (£ — £,,) + 6. Then from the results of Section 3.3, we can write our equation in integral
form as

R(z,t) = e'“n R(z,0) + /O =92 [ClR + N(Un1(e,t), R(t))] ds. (6.8)

We consider the L? norm of the above equation in order to obtain
R t R
IR0l < € R0l + 1| [ = [Cur+ MU (e.0). 7(0) s 69)
0

Then, for every D; > 0, we have that sup <, {|[N(Un+1(e, 1), R(t))|[2} < M (e) for all [|R||z2 < Dy. As L, is

a contraction, we have the following inequality
t
el < |(a@+ 21000+ Cr [ 1RG0l 6.10)
0
We use Gronwall’s inequality to write the equation as
|R(xz,t)||z2 < (d+ M(e)t)e“rt. (6.11)

The bootstrapping occurs as follows; let e be chosen such that M(¢) < M. Let Dy = (d + Mt)e®*t. Then it
follows that ||R(x, t)||r2 < D2. However, the bound (6.11) is more strict, and so it follows that || R(x, t)||r2 < Ds.

Using the triangle inequality with u — Ux = u — Un 41 + v}y ;, We have that therefore the difference between

the approximation Uy and u is
lu(t) = Un(t)l|z2 < €¥(d+ Mt)e™ + ||uly .y (,1)]| 2, (6.12)

where we can write

lu(t) — Un(t)]|L2 < CeY (6.13)

with absorbing constant C' = (d + MT)e“*" + |july . (z,t)]] 2 for specific fixed T". O

6.2 Error Bound Functionality

In the last section, we established that there exists a radius of convergence. In this section, we focus on the utility
of error bounds, i.e. “can we use the error bounds derived in the last section to ascertain what values of ¢ or what

order we need to go to, so that the approximation works well?”.
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We begin by considering the following error bound that was derived in the last section;
lu(t) = Un1(B)]|22 < GN(OiuIit{HN(UN-&-l(Gat)vR(t))”L?}t)eClt (6.14)

where we have just replaced all of the quantities in (6.11) by there explicit forms and set d = 0 as the governing
equation and the approximation are initialised in the same way. As C; = %2 + /c2 + 0 + 1, we see from the
right-hand-side of (6.15) that the error bound is governed by the U and ¢, Ts,: (we do not vary cs). Also, we recall
§ = de.

We begin by defining the right-hand-side of (6.14) as F(¢).

F(N,e,t) =V ( sup {||[N(Uni1(e,t), R(t))||p2}t)eCrt. (6.15)

0<s<t

In the following numerical computations, we vary U and ¢ to see how F(N.¢,t) We also consider different values of

t. We fix N to obtain

[|N(Ui(e,t), R(t))|| 2 2—8871;/1+5u’1—|—u8—u3 (6.16)
for N =0 and
I atest) R =11 = G52+ 0+ + 3 — ) 6.17)
fof| N = 1.

3For the purposes of this section, we computed u) (z, t) = va(z, ) + v2(B)éo. v2(B) was given in the previous chapter, but 2 (B) was only
calculated at saturation. Applying our normalisation procedure gives

5
72(B) = “3007 {18(%, (€0)208) 4+ 6(C™A)2AY + Al[6(el, (60)2vg) — 18(&), v8) — 2(&], vg)A1] — 18CANIAZ + 3004 N3
+6CACE (A2 + 30BN 208 (A1) — 3ATA2 4+ 503 + 6(&], 61®1é0)] B3
3
2(A1)

{(3@5, 0€0vl) 4+ (CM)2A —5(e0 WB)Al + 220 (A1)? = 5(A1)(A2) 4 5A3)

+ CBAL2CB(A1)2 — 3(AN)(A2) +5X3) + (ég,fq@léo)ﬂ B?

36

O [6(@3, (20)208) 4 2(CA)2A! + 204 (CB (A1)2 — 3AIA2 4 50%) + 2(&), 9191 é0)

- §—A\1B2
+ AN [2(8), (e0)2v8) — 6(e), v3) — 2(ef, vg)At +2(CP)2 (A1) — 3CEAIA? + SCBAS]} (6B — X' B?)log ( 5 )

_\1p2
T 20 {CB(QCAAl +207(\1)? —5A1A2+5A3)} (6B — A'B%)B? log (6 ; . )
_ 30 cB 720A)\1+(3)\1)\275>\3) (537)\133) o 5,)\132) 2
4(A1)2 o .
3082 12 153 §—AlB2\12
+5(CP)2(0 = NC*)(6B — N BY)| log ; . (6.18)

where we have computed the terms using Wolfram Mathematica.
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In this section, we focus on the difference between log(||u — Un+1]|) and log(||F (N, €, t)||). We focus on different
features, namely how the norms change with 6 and U. In our first range of figures (Figure 1), we have fixed § = 0.01.
We plot log(||u —Un+1]]) (Uo with red stars and U; with blue stars) and log(||F(N,e = 0.01,t)||) for N =0and N =1
(red crosses and blue crosses respectively) increasing U for ¢ = 100, t = 1000 and ¢ = 2000 in Figures 1a, 1b and
1c respectively. We notice the error bound increases owing to the exponential dependence on T'. We notice also
that for ¢ = 100 and ¢ = 1000, that one approximation is not necessarily better as we are still in the linear regime.
For ¢t = 2000, the N = 1 approximation is slightly better. One could say this is reflected in the more conservative
error bound.

In our second range of figures (Figure 2), we have fixed § = 0.05. We plot log(||u— Un+1||) (Uo with red stars and
U, with blue stars) and log(||F(N,e = 0.01,¢)||) for N = 0 and N = 1 (red crosses and blue crosses respectively)
increasing U for t = 100, t = 1000 and ¢ = 2000 in Figures 2a, 2b and 2c respectively. In this case, we notice that
error bounds always present the first approximation as being better even when this is sometimes dubious. We find
that the approximation given by N = 0 is slightly better larger U. We attribute this to our approximations poorly
approximating the transitions from the linear regime to the saturated regime. One of the limitations of these error

bounds is that the error bound relating to U = 1 is uniformly better even though this may not be the case.
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Figure 1. Plots of log(||u — Uy||) (red stars) and log(||u — Ux]|) (blue stars) for § = 0.01 with log(||F(0, e = 0.01,¢)||
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(red crosses) and log(||F(1,e = 0.01, ¢)|| for the following times ¢ = 100 (a), t = 1000 (b) and ¢ = 2000 (c).

+ +
- + 4
10 IR S *'+*'+++j-::'+4+
T - - + i + + - + + + -
4 + + + b 80 4
+
+ + T
5 : + + + 4 *
T 60 4
0 40
_5 20
*
1 *
*
i*
—10 A Ta— 04 L *
« x % = # ¥ ¥ * 4 % * F % 0k & K % ¥
T T T T T T T T T T T T
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10
u u
a) b)
175 4 T ¥
t f f f+ & f ¥ ¥ B ¥
150
125 A
100 4
75 1
50
25
04 -
¥ ¥ ® *® # ¥ ¥ x o x *
T T T T T T
0.00 0.02 0.04 0.06 0.08 0.10
u
c)

Figure 2. Plots of log(||u — Uy||) (red stars) and log(]|uw — Uy||) (blue stars) for § = 0.05 with log(]|F(0,e = 0.01,¢)]|
(red crosses) and log(||F(1, e = 0.01, ¢)|| for the following times ¢ = 100 (a), t = 1000 (b) and ¢ = 2000 (c).

After a certain time the solution does not grow anymore but instead converges asymptotically to a particular
value. Therefore, if we pick a time point, T, when the solution is on this “asymptotic approach”, we can input this
value T.. into the formula for the error bound (6.74), and this error values will apply from for the entire time domain,
as F(N,¢,t) is an increasing function. This is especially useful when we increase § which reduces the saturation
time. In Figure 3, we plot the ||u|| .= for a range of §. From this value, it is shown that we could pick earlier times for

T, for increasing ¢ and thus make the error bounds tighter.
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Figure 3. A plot of ||u|| 2 against ¢ for a range of § shown in plot.

6.3 Summary of Chapter

In the first section of this chapter, we derived error bounds for the RnsaGL (error bounds for the CnsaGL can be
derived similarly). We did this via a bootstrapping argument that was facilitated by being able to write our operator in
integral form. The bootstrapping argument showed us that a radius of convergence existed, but did not elucidate the
what the radius of convergence was. These error bounds were importantly dependent on U and §. In the second
part of the chapter, we explored the error bound for various parameters. We saw that the error bound overestimates
the discrepancy between the approximation and the solution to an enormous extent, thus demonstrating that these
theoretical error bounds are not useful for providing guidance regard to what order to take the approximation up to
or how big ¢ should be. The error bounds can be improved by picking the earliest time point when the solution is
on the “asymptotic approach”. This would provide tighter more nuanced error bounds, particularly as the solution

saturates earlier for higher delta.
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Chapter 7

Stochastic Amplitude Equations

In the papers of Blémker et al. (2005, 2007, 2011) [14) 15 [16] and Mohammed et al. (2011) [71] as well as
Pradas et al. [78], the method of stochastic homogenisation was used to explore the effects of additive noise on
PDEs via amplitude equations. A key ingredient to this method was that the solutions could be expanded such that
u =) _,ane, Where a, and e, are amplitude-eigenvector pairs. As the RnsaGL gives rise to a quasi-basis, we
have tried to apply the same method of deriving amplitude equations in the case of additive noise. The noisy SPDE
that we consider is given by

% = LROLy 43 4 efu+ el ianﬂn(t)én (7.1)

n=1
where 3, is a standard Brownian motion and é,, are the eigenvectors for the non-self-adjoint operators. The «,, are
constants that determine the strength of the noise that we put along each mode; the sum starts at 1 as we want no
noise on the unstable mode. e is the distance from criticality and W is a Q-Wiener process on H(G) N H(G). We
choose a noise strength of €1, because in the paper by by Mohammed et al. (2014) [71], it was shown that additive
noise of the order ¢ along the stable eigenvectors results in a deterministic amplitude equation, namely the same
first order amplitude equation derived via WNLE. What is interesting is that this approach is fundamentally different

from our approach as no modes were discounted as a first step.

Before, we apply the averaging method, we begin by providing the key concepts from stochastic mathematics
(Section 6.1). For example, what it means for equation to have a solution and the definition of the Backward-
Kolmogorov equation. We particularly look at a sequence of proofs from Da Prato and Zabczyk (1992) [32] that
establish the existence of a mild solution for (7.1). We also prove that a Wiener process W in #(G) N H(G~!) can
be expanded using the quasi-basis of the RnsaGL. In Section 6.2 we derive the first order amplitude equation and

in Section 6.3, we perform numerical experiments.
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7.1 Definitions and Concepts

In this section, we briefly go over some of the concepts necessary to define and ensure that it has a solu-
tion. This section is very much analogous to the theorems that we generated in Section 3, but, as well as having
conditions such as £L%%’s being the generator of strongly continuous semigroup and a relatively well behaved non-
linearity, we also need conditions on the noise. This section is largely her for pedagogical reasons for the reader
who may not be au fait with stochastic mathematics, but furthermore the expansion of a Wiener process is a nice
result that promises to have applications elsewhere, for instance in the field of Non-Hermitian Quantum Mechanics.

We firstly define what we mean by “noise”. For this we need the following definitions; random variable, prob-
ability space, stochastic process, and Q-Wiener process, all of which we take from Da Prato and Zabczyk (1992)
[32]. These definitions and subsequent theorems form part of the apparatus for showing that has a solu-
tion, but moreover allow us to define the “Backward-Kolmogorov operator”, which we use to perform the stochastic

homogenisation.

+ Definition (Random Variable). A measurable space is a pair (€2, ) where 2 is a non-empty set and F is also

called a o-algebra of subsets of 2. This means that the family F contains the set 2 and is closed under the
operator of taking complements and countable unions of its elements. If (2, F) and (£, G) are two measurable
spaces, then a mapping X form Q into £ such that the set {w € Q : X(w) € A} = {X € A} belongs to F for

arbitrary A € G is called a measurable mapping or a random-variable from (Q2, ) to (&, G).

+ Definition (Probability Space). A probability measure on a measurable space ({2, F) is a o-additive function P

from F into [0, 1] such that P(c) = 1. The triple (Q, F,P) is called a probability space.

« Definition (Stochastic Process). Assume that £ is a separable Banach space and let B(€) be the o-field of its

Borel subsets. Let (2, F,P) be a probability space on an interval I of R*. An arbitrary family X = {X (¢) }+er

of £-valued random variables X (), t € I, defined on 2 is called a stochastic process.

« Definition (Q-Wiener Process). Assume H is a separable Hilbert space and @ is a non-negative trace class

operator on H. A H-valued stochastic processes W (t) is called a Q-Wiener process

2. W has independent increments: for every ¢ > 0, the future increments W (¢t + u) — W(t) are independent

of the past values W (s),s < t.

3. W has Gaussian Increments, mean that W (¢ 4+ u) — W (¢) is normally distributed with mean 0 and covari-

ance operator Q, i.e. u, W(t+s) — W(t) ~ N(0, (t — 5)Q)

4. W has continuous paths: W (¢) is continuous in ¢, a.s. in Q.
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We recall that as @ is defined as a trace class operator there exists a complete orthonormal system {ex} in H

and a bounded sequence of non-negative real numbers {\;} such that

Qek = )\kek. (7-2)

We consider now the following important proposition that follows form the definition of a Q-Wiener process.

* Proposition (Properties of Wiener Process in terms of Expansion in the Eigenvectors of Q). Assume W (t) is a

Q@-Wiener Process. Then the following statements hold.

1. W is a Gaussian process on H and

E(W(t)) =0, Cov(W (1)) = tQ, t>0. (7.3)

2. For arbitrary t > 0, W has the expansion

W)= VAiBi(t)e; (7.4)
j=1
where
1

<W(t)7ej>7 (75)

for all j € V. Furthermore, 3;(t) are all real valued Brownian motions mutually independent on (Q, F, P)

and the series in (7.4) is L?-convergent.
Proof. See Proposition (4.3) of Da Prato and Zabcyzk [32]. OJ

We use the same idea to justify the form of the noise in (7.1) into individual Brownian motions. As we want to
recreate the stochastic homogenisation method by putting noise down the non-orthogonal eigenvectors, we have to

show that we can decompose a general Wiener process W such as
W(t)=> (e, W(t))én (7.6)

n=0

We do this through the following theorem;

« Theorem (Expansion of noise in the eigenvectors of LE¢L). Let W be a H-valued Wiener process where H =

H(G) N H(G™1). Let &} be the eigenvectors of the RnsaGL when the equation is self-adjoint (U = 0). Let
these be the eigenvectors of @ such that

Qéx = My (7.7)
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thus the noise can be expanded as

W(t) =Y V/ABi(t)e) (7.8)

=0

where \%(éj% W (t)). Then the noise can also be expanded as

oo

W)= VABé;. (7.9)

Jj=0

where j3; = ﬁ(é},W(t».

Proof. The proof follows from the theorem “Expressing elements of H(G)N H(G~1) in terms of non-orthogonal

basis vectors” in Section 4.3.

In Section 3, we showed how the existence of a strongly continuous semigroup allowed us to write our solutions
in integral form. A key difference between stochastic equations and deterministic equations is that they must be
interpreted in integral form. Often this is the starting point of the definition of a “mild solution”. The full definition of

a “mild solution” can be given as follows

+ Definition (Mild Solution). Let H be a Hilbert-Space and consider the following stochastic differential equation

d dw

7 (7.10)

with £ is the linear operator, A (u) is the nonlinear operator and W is a Q-Wiener process. Then (7.10) has a

mild solution if it can be written in the following form

t t
u(t) = eFug + / =N (u)ds + / =LA (s) (7.11)

0 0
for arbitrary ¢ € [0, T) if all terms are “well-defined” in H.
We give the definition of the Stochastic integral in the Ito, as this provides meaning to the last term of (7.11);

« Definition (Ito Integral). Let v(z, t) be a smooth function of (z,t), then we define the Ito integral as

/0 WdW = lm Y ()W) - Wti) (7.12)

n—aoo
[ti—l -,tm]eﬂ'n
where ,, is a sequence of partitions of [0, ¢].
Given the definition of mild solution, we have the following theorem from Da Prato and Zabcyzk (1992) [32];

» Theorem (Existence and Uniqueness of SPDE with Dissipative Nonlinearity). Let H be a Hilbert space and let

£ be continuously and densely embedded in . Let us assume the following about the terms in (7.10):
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(a) Let £ generates a Cy semigroup in H.

(b) Let L¢ be “the part”of Lin &, i.e. Le: £ — &, and let L, also generate a Cy-semigroup on £ such that

e ]|y < et where w € R for all t > 0.
(c) Let the nonlinearity be uniformly continuous and dissipative on bounded sets of £.
(d)y W is a H-valued Q-Wiener process.
() ug € €.

then there exists a unique mild solution (7.11) in C([0, c0); E) to the equation (7.10).
Proof. See Theorem 7.11 Da Prato and Zabcyzk (1992) [32]. O

We can now prove that the (7.1) has a mild solution;

« Corollary (Mild solution to (7.1)). By the above definitions, let # = L?(R) and & = H*(R). The equation
has a mild solution.
Proof. We show that each assumption of the theorem “Existence and Uniqueness of SPDE with Dissipative
Nonlinearity” is satisfied. Let £ = £LFGL + ¢ and let N'(u) = —u®. Furthermore, let us assume that initial
condition ug € £ as a starting point, hence (