N
N

N

HAL

open science

Some results on the stabilization of elastic / viscoelastic
transmission problems with Kelvin-Voigt or fractional
Kelvin-Voigt damping

Ibtissam Issa

» To cite this version:

Ibtissam Issa. Some results on the stabilization of elastic / viscoelastic transmission problems with
Kelvin-Voigt or fractional Kelvin-Voigt damping. Mathematical Physics [math-ph]. Aix-Marseile

Université, 2021. English. NNT: . tel-03757620

HAL Id: tel-03757620
https://hal.science/tel-03757620

Submitted on 22 Aug 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/tel-03757620
https://hal.archives-ouvertes.fr

Aix:-Marseille
universite

Socialement engagée

00000000000000000000000000000000000000000000 NNT/NL:2020A|X|\/|000’|/OO']EDOOO

Soutenue a Aix-Marseille Université
le 07 Décembre 2021 par

Ibtissam ISSA

Some results on the stabilization of elastic / viscoelastic
transmission problems with Kelvin-Voigt or fractional
Kelvin-Voigt damping

Discipline Composition du jury

Mathématiques )
M. Zhuangyi LIU Rapporteur

Prof., University of Minnesota
Mrs Emmanuelle CREPEAU  Rapporteure
Prof., Université de Grenaoble

Spécialité
Mathématiques

Ecole doctorale M. Kais AMMARI Examinateur
Prof., Université de Monastir
ED 184 MATHEMATIQUES ET INFOR- M. Lahcen MANIAR Examinateur
MATIQUE Prof, Université Cadi Ayyad
Laboratoire/Partenaires de recherche Marrakech o
Institute de Mathématiques de Mar- Mrs. Zaynab SALLOUM Examinatrice
seille MC., Université Libanaise
et Université Libanaise-KALMA Labora- M. Michel MEHRENBERGER Directeur de thése
toire Prof., Aix-Marseille Université
M. Ali WEHBE Directeur de these
Prof.,, Université Libanaise
M. Mohammad AKIL Membre invité
Dr., Université Polytechnique
Hauts-de-France
(Aix Marseille I!i.‘ ( AnciMarsellle
Hy{qj’\é?l?ﬂi/}y” Socialement engagée




Affidavit

Je soussigné, Ibtissam Issa, déclare par la présente que le travail présenté dans
ce manuscrit est mon propre travail, réalisé sous la direction scientifique des Prof.
Michel Mehrenbergerr et Prof. Ali Wehbe, dans le respect des principes d’honnéteté,
d’intégrité et de responsabilité inhérents a la mission de recherche. Les travaux de
recherche et la rédaction de ce manuscrit ont été réalisés dans le respect a la fois
de la charte nationale de déontologie des métiers de la recherche et de la charte
d’Aix-Marseille Université relative a la lutte contre le plagiat.

Ce travail n’a pas été précédemment soumis en France ou a I’étranger dans une
version identique ou similaire a un organisme examinateur.

Fait a Marseille le 20/08/2021

[@0ile)

Cette ceuvre est mise a disposition selon les termes de la Licence Creative Commons
Attribution - Pas d’Utilisation Commerciale - Pas de Modification 4.0 International.


https://creativecommons.org/licenses/by-nc-nd/4.0/deed.fr
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.fr

Liste de publications et
participation aux conférences

Liste des publications réalisées dans le cadre du projet de
these:

1. Stability Results of an Elastic/Viscoelastic Transmission Problem of Locally Cou-
pled Waves with Non Smooth Coefficients. In: Acta Applicandae Mathematicae
[94](doi: https://doi.org/10.1007/s10440-021-00384-8, Ali wehbe, Ibtis-
sam Issa, and Mohammad Akil)

2. Energy Decay of some boundary coupled systems involving wave/ Euler-Bernoulli
beam with one locally singular fractional Kelvin-Voigt damping (https://arxiv.
org/abs/2102.12732, Mohammad Akil, Ibtissam Issa, and Ali Wehbe)

3. A N-dimensional elastic/viscoelastic transmission problem with Kelvin-Voigt
damping and non smooth coefficient at the interface (https://arxiv.org/
abs/2107.13785, Mohammad Akil, Ibtissam Issa, and Ali Wehbe)

Participation aux conférences et écoles d’été au cours de la
période de these:
1. Attending mini courses in the Conference of Center for Advanced Mathematical
Sciences (CAMS), American University of Beirut, Lebanon.

2. Participation in Discrete Mathematics and Computer Science, DIMACOS’19,
Tunis.

3. Participation in the Lebaneses International Conference on Mathematics and
Applications (LICMA'19).

4. Participation in Centre International de Mathématiques Pures et Appliquées
(CIMPA).


https://doi.org/10.1007/s10440-021-00384-8
https://arxiv.org/abs/2102.12732
https://arxiv.org/abs/2102.12732
https://arxiv.org/abs/2107.13785
https://arxiv.org/abs/2107.13785

Résume

Cette these est consacrée a I’étude de la stabilisation de certains systemes locale-
ment couplés. Tout d’abord, nous étudions la stabilité d’équations d’onde couplées
unidimensionnelles avec deux amortissements visqueux intérieurs non lisses ol1 nous
établissons une stabilité exponentielle. Dans un second temps, nous étudions la
stabilisation d’équations d’onde localement couplées avec un seul amortissement
viscoélastique interne de type Kelvin-Voigt. Lamortissement et les coefficients de
couplage ne sont pas lisses. En utilisant une approche spectrale, nous démontrons la
stabilité non uniforme du systeme. Ensuite, en utilisant une approche du domaine
fréquentiel, combinée a une technique de multiplicateur par morceaux et a la con-
struction d’'un nouveau multiplicateur satisfaisant quelques équations différentielles
ordinaires, nous montrons que I’énergie de la solution lisse du systeme décroit poly-
nomiale.

Troisiemement, nous étudions la décroissance énergétique de systémes hyperboliques
de type onde-onde, onde-Euler Bernoulli et faisceau-faisceau. En effet, les deux équa-
tions sont couplées par liaison limite avec un seul amortissement fractionnaire Kelvin
Voigt localisé non lisse. En utilisant I’approche du domaine fréquentiel, combinée a la
technique du multiplicateur et a certaines inégalités d’interpolation, nous établissons
différents types de taux de décroissance d’énergie polynomiale qui dépendent de
I'ordre de la dérivée fractionnaire et du type de 'équation amortie dans le systéme.
Enfin, nous étudions la stabilité d'un systeme multidimensionnel de deux équations
d’onde couplées par des vitesses avec un seul amortissement Kelvin-Voigt localisé non
lisse. En utilisant une analyse spectrale, nous prouvons la stabilité non uniforme du
systeme. De plus, en utilisant une approche du domaine fréquentiel combinée a une
technique de multiplicateur, nous établissons des résultats de stabilité polynomiale
en considérant différentes conditions géométriques sur les domaines de couplage et
d’amortissement. De plus, en 'absence de toute condition géométrique, nous établis-
sons deux taux de décroissance polynomiale de I"énergie du systeme sur un domaine
carré ou 'amortissement et le couplage sont localisés dans une bande verticale

Mots clés: Cy-semi-groupe, Stabilité forte, Stabilité exponentielle, Stabilité polyno-
miale, Méthode du domaine fréquentiel, Méthode du multiplicateur, Analyse spec-
trale, Condition géométrique



Abstract

This thesis is devoted to study the stabilization of some locally coupled systems.
First, we study the stability of a one-dimensional coupled wave equations with two
interior non smooth viscous dampings where we establish exponential stability. Sec-
ond, we study the stabilization of a locally coupled wave equations with only one
internal viscoelastic damping of Kelvin-Voigt type. Both the damping and the coupling
coefficients are non smooth. Using a spectrum approach, we prove the non-uniform
stability of the system. Next, using a frequency domain approach, combined with a
piecewise multiplier technique and the construction of a new multiplier satisfying
some ordinary differential equations, we show that the energy of the smooth solution
of the system decays polynomially.

Third, we investigate the energy decay of hyperbolic systems of wave-wave, wave-
Euler Bernoulli beam and beam-beam types. Indeed, the two equations are coupled
through boundary connection with only one localized non smooth fractional Kelvin
Voigt damping. By using frequency domain approach, combined with multiplier tech-
nique and some interpolation inequalities, we establish different types of polynomial
energy decay rate which depend on the order of the fractional derivative and the type
of the damped equation in the system.

Finally, we study the stability of a multidimensional system of two wave equations
coupled by velocities with only one localized non-smooth Kelvin-Voigt damping. By
using a spectral analysis, we prove the non uniform stability of the system. Further, us-
ing a frequency domain approach combined with a multiplier technique, we establish
some polynomial stability results by considering different geometric conditions on
the coupling and the damping domains. In addition, in the absence of any geometric
condition, we establish two polynomial energy decay rates of the system on a square
domain where the damping and the coupling are localized in a vertical strip.

Keywords: Cy-semigroup, Strong Stability, Exponential Stability, Polynomial Sta-
bility, Frequency domain method, Multiplier method, Spectral analysis, Geometric
Condition
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Introduction

The word control has a double meaning. First, controlling a system can be under-
stood simply as testing or checking that its behavior is satisfactory. In a deeper sense,
to control is also to act, to put things in order to guarantee that the system behaves as
desired. S. Bennett starts the first volume of his book [25] on the history of Control
Engineering quoting the following sentence of Chapter 3, Book 1, of the monograph
'politics’ by Aristotle: ". . . if every instrument could accomplish its own work, obeying
or anticipating the will of others.. . . if the shuttle weaved and the pick touched the lyre
without a hand to guide them, chief workmen would not need servants, nor masters
slaves". This sentence by Aristotle describes in a rather transparent way the guiding
goal of Control Theory: the need of automatizing processes to let the human being
gain in liberty, freedom, and quality of life.

Control theory is applied in a diverse range of scientific and engineering disciplines,
such as the reduction of noise, the vibration of structures like seismic waves and earth-
quakes, the regulation of biological systems like the human cardiovascular system,
and the design of robotic systems.

Stability and controllability are among the fundamental concepts in modern mathe-
matical control theory. They are qualitative properties of control systems and are of
particular importance in control theory.

In this thesis, we study the stabilization of certain problems with different types of
damping and by considering different positions of the damping by using the semi-
group theory. The thesis is divided into five chapters.

In Chapter 1, we present some results and theorems in semigroup theory. Also, we
present some theorems that acknowledge us about the stabilization of some systems
of differential equations including some theorems on strong, exponential, polynomial
and analytic stability of a Cp-semigroup. In addition, we present the definition of
some geometric conditions.

In Chapter 2, we study the stability of a one-dimensional coupled wave equations

13



Introduction -

with two interior viscous dampings. The system is given as follows

Pre = apxx+ (Lia,p) (Dpr+ (XY, =0, (x,2) € (0,1) xR",
Vit =Wz + (Lap) @V — c(x)p; =0, (x,1) € (0,L) xR*,
4 (0.0.1)
90,0 =¢(L, ) =0, t>0,
w0, =w(, 1) =0, r>0.
where
[ if xe(ay)
c(x) = { 0 otherwise 0.0.2)
and0<a<f<y<L,a>0and ¢y € R* and with the following initial data
9,00 =@o(), 9:(,0) =1(), w(-,0) =yo() and w(,0)=y1(). (0.0.3)

First, we start by studying the existence, uniqueness and regularity of the solution of
the system using the semigroup approach. Let (¢, ¢+, ¥, %) be a regular solution of
(0.0.1)-(0.0.3), its associated total energy is defined by

1 L
Ba) = [ (lod +alipsl +wif + lwi ) ax

By direct computation, we obtain

d L L
= Eal®) :—fo (]l(a,ﬁ))(x)|(pt|2dx—f0 (Liap) 0| [*dx<o0.

Thus, System (0.0.1)-(0.0.3) is dissipative in the sense that its energy is a non-increasing
function with respect to the time variable t. Next, we define the energy space #, by

F, = (Hy (0,L) x L*(0, 1))>.

We denote by 7 = ¢, and ¢ = y,. The energy space #, is endowed with the following
norm
D12, = 011 + allp + 117 + 1w,

where | - || denotes the norm of L?(0,L) and ® = (¢,n,v,¢) in #,. We define the
unbounded linear operator </, : D (<f,;) € S, — S, by

D(s4,) = ((H?(0,1) n Hy(0, 1)) x H{(0,D))°, (0.0.4)

and for all ® = (¢, n,w,&) € D (o4,),

Ao @0, 9,8 = (0, aprx — (Lig,p) (ON = cEEWar— (Lia,p) WE+cn) . (0.0.5)

14
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Ifo= ((p, n,v,¢ ) is the state of System (0.0.1), then this system is transformed into a
first order evolution equation on the Hilbert space /£, given by

D=, 0, D0) =D, (0.0.6)

where @ = ((PO’ N0, Yo, 60)

It is easy to prove that the operator </, is m-dissipative on ./, and consequently, gen-
erates a Co—semigroup of contractions (e"#) _, following Lumer-Phillips Theorem
1.2.8 (see in [73] and [82]). Then, the solution of the evolution Equation (0.0.6) admits
the following representation

O(1) = e'ady, >0,

which leads to the well-posedness of (0.0.6). Using the semi-group theory we have the
following existence and uniqueness theorem.

Theorem 0.0.1. Let ® € A,. Then, Problem (0.0.6) admits a unique weak solution ®
that satisfies
(1) € C°(R™, A,).

Moreover, if ®g € D(«4,;) then, Problem (0.0.6) admits a unique strong solution ® that
satisfies
(1) € C' (RY, #,) N C°R*, D(A,)).

Next, we prove the strong stability of the system by using a general criteria of Arendt
and Batty. The result is given by the following theorem

Theorem 0.0.2. The Cy—semigroup of contractions (e'%)

i.e. forall®y € A, the solution of (0.0.6) satisfies

+=0 1 strongly stable in F,;

lim ||’ ®|| 4, = 0.
t—+00

The proof of this theorem is done by proving that </, has non pure imaginary
eigenvalues. Since D(«/,;) is compactly embeded in ./, </, is maximal dissipative,
/4 has no pure imaginary eigenvalues, and </, has a compact resolvent. Then, using
Arendt-Batty Theorem 1.3.3, we reach that the Cy-semigroup (e’”#),s is strongly
stable.

Now, we prove the energy decay rate by using a frequency domain approach combined
with a piecewise multiplier technique. The main result is represented in the following
theorem.

Theorem 0.0.3. The Cy—semigroup of contractions (eM“) />0 1S exponentially stable,
i.e. there exists constants M = 1 and t > 0 independent of ®( such that

|e @0 <MeI0gll, 120,V oe
The proof of this theorem is done by using the result of Huang and Priiss (see Theorem

1.3.5).

15



Introduction -

In Chapter 3, we study the stabilization of a locally coupled wave equations with only
one internal viscoelastic damping of Kelvin-Voigt type. Both the damping and the
coupling coefficients are non smooth. The system is described by

Urr — (Auy +b(X) ) +c(x) yr = 0, (x,0)€(0,L)xR", (0.0.7)
Vie—Vex—C@) u; = 0, (x,0)€(0,L)xR", (0.0.8)
with fully Dirichlet boundary conditions,
u©,0)=ull,)=y0,0)=yL1)=0, VieR", (0.0.9)
where
0= 0" e M9 = 5 G 0010

and a > 0, by > 0 and ¢y € R*, and where we consider 0 < a; < as < a3z < a4 < L. This
system is considered with the following initial data

u(,0 =uo(), ur(-,0) =u1 (1), y(,0) =yo() and y;(-,0)=y:10). (0.0.11)

The main novelty in this chapter is that it generalizes the work in [50] by considering
the damping and the coupling coefficients to be non-smooth, the damping to be
internally localized and by improving the polynomial energy decay rate of the system.
First, using a semigroup approach we establish the well posedness of the system
(0.0.7)-(0.0.11). The energy of System (0.0.7)-(0.0.11) is given by

1 L
B = Efo (el + @luexl? + yel? + 1ysl?) dx.

Let (&, ut, y, y:) be aregular solution of (0.0.7)-(0.0.11). Multiplying (0.0.7), (0.0.8) by
Uz, ¥, respectively, then using the boundary conditions in (0.0.9), we get

L
E'(n= —f b(x)|uxldx,
0
using the definition of the function b(x), we get that E’(¢) < 0. Thus, System (0.0.7)-

(0.0.11) is dissipative in the sense that its energy is a non-increasing function with
respect to the time variable ¢. We define the energy space ./ by

A = (H}(0,L) x L*(0,L))%.

The energy space ./ is equipped with the inner product defined by

L L L L
(U, U1>Jg:f vildx+af ux(ﬁl)xdx+f zEldx+f yx(@)xdx,
0 0 0 0

16
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forall U = (u,v,y,2z) and Uy = (uy, v1,y1,21) in #. We use ||U|| # to denote the cor-
responding norm. We define the unbounded linear operator « : D («f) € /£ — S
by
U=(uuvyz e ye H (0,L)n Hy(0,L)
D(«) =
v,z € Hy (0,L), (auy+b(x)vy), € L*(0,1)

and forall U = (u,v,y,2) € D (),
o (u,v,y,2) = (v, @y + b(x)vx) x — €(X) 2, Z, Yxx + €(X) V)T

IfU = (u, uy, y, yy) is the state of System (0.0.7)-(0.0.11), then this system is transformed
into the first order evolution equation on the Hilbert space ./ given by

Ui=«4U, U(0)=U,, (0.0.12)

where Uy = (ug, t1, Yo, y1)-

It is easy to check that the operator < is m-dissipative on / and consequently,
it generates a Cp—semigroup of contractions (eM ) +>0 following Lumer-Phillips The-
orem. Then, the solution of the evolution Equation (0.0.12) admits the following
representation

Ut)=e™ Uy, t=0,

which leads to the well-posedness of (0.0.12). Hence, using the semigroup theory we
have the following existence and uniqueness result

Theorem 0.0.4. Let Uy € A then, problem (0.0.12) admits a unique weak solution U
satisfying
U e C'(R", 7).

Moreover, if Uy € D(«) then, problem (0.0.12) admits a unique strong solution U
satisfying
Ut e C' (R, #)n C°'RY, D(o)).

Next, we study the strong stability of system (0.0.7)-(0.0.11) in the sense that its
energy converges to zero when ¢ tends to infinity for all initial data in /. It is easy to
see that the resolvent of &/ is not compact, then we use a general criteria of Arendt-
Batty Theorem 1.3.3 (see [17] ), in which a Cy-semigroup of contractions (e ) =0
in a Banach space is strongly stable, if «/ has no pure imaginary eigenvalues and
o (/) N iR contains only a countable number of continuous spectrum of <. We have
the following stability result :

Theorem 0.0.5. The Cy—semigroup of contractions (e')
i.e. for all Uy € A, the solution of (0.0.12) satisfies

i=0 IS strongly stable in A;

lim [e™ Uyl = 0.
t—+o00

The proof of this theorem relies on the following two Lemmas

17
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Lemma 0.0.6. For A € R, we haveill — & is injective i.e.
ker iAl—«)={0}, VAeR.
Lemma 0.0.7. Forall A € R, we have
RUAI - of) = F.

Using Lemma 0.0.6, we have that o/ has non pure imaginary eigenvalues. According

to Lemmas 0.0.6, 0.0.7 and with the help of the closed graph theorem of Banach, we
deduce that o(«/) N iR = @. Thus, we get the result by applying Theorem 1.3.3 of
Arendt and Batty.
Now, our aim is to prove that the system (0.0.7)-(0.0.11) is not uniformly stable. Here,
we prove the lack of uniform stability using two different approaches: The first ap-
proach is when the Kelvin-Voigt damping is global and the other approach when the
damping is localized. First, we assume that

b(xX)=by>0 and c(x)=cpeR*, V xe(0,L). (0.0.13)
Our main result here is the following theorem.

Theorem 0.0.8. Under hypothesis (0.0.13), for € > 0 small enough, we cannot expect
the energy decay rate —— for all initial data Uy € D(s#) and for all £ > 0.

2
t2-¢

In the second approach, we assume that

. 1
< =
0 if 0<x=<j3, , and c(x) =ceR*. (0.0.14)

1 if J<x=<1.

a=1, bx) = {
Our main result here is the following theorem.
Theorem 0.0.9. Under condition (0.0.14). The semigroup of contractions (em“ )
by the operator < is not exponentially stable in the energy space F€.

>o8enerated

This result relies on the fact that there exists a subsequence of eigenvalues of < close
to the imaginary axis. Thus, under the condition (0.0.14), we prove that there exists
no € N sufficiently large and two sequences (1,,,) and (A2,n) 2, Satisfying the
following asymptotic behavior:

Case 1. If sin (£) # 0, then

|nl=ng n|=n

1 it ZSinz(ﬁ)(l—isign(n)) 0(1) (0.0.15
=2nmi+in— +0|— .0.
b e (3+cos($)) Vinln n
and
] 1
Az,n=2nni+iarccos(cosz(£))— 14 +iszgn(n)y+o(_), (0.0.16)
477 /Inln Vinln n
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where

2

4/~ cost (§) cos el tE))

(Cos(g) sin (arccos(cosz(;i)) ) +sin (3arccos(2c052(;i)) ))

’)/:

Case 2. If sin (£) = 0, then

o ic2 (@+imc? 1
Mup=2nmi+inm+ - +0|— (0.0.17)
32nn  647%n? In|?
and
. 1
Ao =2nmi+0O|—|. (0.0.18)
n

Now, in the absence of the uniform stability we aim to establish a polynomial decay
rate for the system. Using a frequency domain approach, combined with a piecewise
multiplier technique and using the exponential stability result of the system in Chapter
2, we establish a polynomial energy decay rate given in the following theorem.

Theorem 0.0.10. There exists a constant C > 0 independent of U, such that the
energy of system (0.0.7)-(0.0.11) satisfies the following estimation:

C
E(t)s7||U0||§DM, V>0, YUy € D(sf). (0.0.19)

We prove this theorem using the result of Borichev-Tomilov 1.3.10 (see [27]), by taking
¢ =2, the polynomial energy decay (0.0.19) holds if the following conditions

iR p(sd), (H1)

and

limsup iz 1GAT =)™ ) <00, (H2)
AeR A —oo 1A

are satisfied. Condition (H1) is already proved in Lemma 0.0.6. We prove condition
(H2) using an argument of contradiction. For this purpose, we suppose that (H2) is
false, then there exists {()Ln, U, = (un, Un» Yo zn))} cRx D (gf) and

n=1
Ap— +0o, |Unllwe=1, (0.0.20)

such that
A,zq( iUy —Uy) = (fl,n,gl,n;fz,n,gz,n) =F,—0inA. (0.0.21)

We check the condition (H2) by finding a contradiction with (0.0.20) by showing that
Ul 7 = o(1). Hence, we reach that the condition (H2) holds and, consequently, that
the polynomial energy decay (0.0.19) holds.

In Chapter 4, the main interest in this chapter is that the results here improve that in
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[47] in the case when the damping acts on the wave equation only. Also, the result, in
this chapter, when considering the coupled wave and Euler-Bernoulli beam equations
with the damping acting on the beam equation shows that the boundary conditions
play a critical role in the energy decay rate of the system (compared to that in [47] ).
In this chapter, we investigate the stability results of five models of systems with a
non-smooth localized fractional Kelvin-Voigt damping where the coupling is made
via boundary connection. In the first model (EBB)-Wgky, we investigate the stability
of coupled Euler-Bernoulli beam and wave equations. The coupling is via boundary
connections with localized non-regular fractional Kelvin-Voigt damping where the
damping acts through the wave equation only. The system that describes this model
is as follows

ure— (auy +d(x)07 " uy) =0, (x,1) €(0,L) x (0,00),
Yir + bYxxxx =0, (x, 1) € (=L, 0) x (0,00),
u(lL,t)=y(=L,t)=yx(-L, 1) =0, t € (0,00),

§ aux(0,1) +Dbyxxx(0,1) =0,yxx(0,£) =0, 1€ (0,00), ((EBB)-Wprkv)
u(0,1) =y(,0n, t€(0,00),
u(x,0) = up(x), us(x,0) = up (x), xe(0,L),
Y(x,0) = yo(x), y:(x,0) = y1(x), x€(=L,0).

The coefficients a, b are strictly positive constant numbers, a € (0,1) and = 0. We
suppose that there exists 0 < [y < [; < L and a strictly positive constant d, such that

do; X € (lO) ll))
d(x) = (0.0.22)
0, X € (0, lo)U(ll,L).

The Caputo’s fractional derivative 6?'77 of order a € (0, 1) with respect to time variable ¢
defined by

1
I'l-a)

a amn ! —a —n(t—s) AW
[D*w](t) =0, " w(t) = f (t—s) %" a(s)ds, (0.0.23)
0

where I' denotes the Gamma function.
First, we need to reformulate the system into an augmented model. For this purpose,
we recall theorem 2 stated in [3, 79].

Theorem 0.0.11. Leta €(0,1),n=0 and u(¢) = Ifl% be the function defined almost
everywhere on R. The relation between the ‘input’ V and the 'output’ O of the following
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system

w06, & 1)+ (E +Mwx, &, ) - V(x, 0IE T

0,(x,&, )€ (0,L) xRxRY, (0.0.24)

w(x,¢E0 = 0,(x,8)€e0,L) xR, (0.0.25)
O(x, 1) —K(a)f |E|%w(x,€, t)df = 0,(x,0)€e(0,L)x Rj_, (0.0.26)
R
is given by
O=r1"%", (0.0.27)
where
U*MV](x, 1) = Ta )f (t— )% 1,—n(i- S)V(s)ds and x(a )_sm(an)'

By taking the input V(x, ) = Vd(x)ux:(x, t) in Theorem 0.0.11 , we deduce that
system ((EBB)-Wrgy) can be recast into the following augmented model

Upr — aux+\/d(x)1<(a)f IflzaT_lw(x,f, nd¢| =0, (x,1) € (0,L) xR,
R X
Vit +bYxxxx =0, (x,1) € (—L,0) x XRI,
wl’(x)é’ t)+(|€|2+n)w(x)€) t)_ Vd(x)uxt(x t)lél 0 (x)é‘) t)E(O)L) XRXRI;
(0.0.28)
with the following transmission and boundary conditions

M(L’ t) :y(_L) t) :J/x(_L, t) :0) tE(0,00),

aux(O, t) + b,Vxxx(O: t) = 0) yxx(oy t) = 0: t € (0’ OO), (0029)

u(0,1) =y(0,1), t€ (0,00),

and with the following initial conditions

u(x,0) =up(x), us(x,0)=u;(x), wx,£0=0 xe(0,L),{eR,
(0.0.30)
Y(x,0) = yo(x), y:(x,0)=y1(x), x€(=L,0).

We define the energy of the system (0.0.28)-(0.0.30) by

1 L
El(t)zifo (luel* + alugl?) dx+= f (|yt| +b|yxx d +—f flw(x(f ni2dédx.

Let U = (u, us, y, yt, w) be aregular solution of the System (0.0.28)-(0.0.30). By some
direct computations we deduce that the energy E () satisfies the following estimation

L
LN S— f f E+mlwx,é nlPdédx. (0.0.31)
dt o Jr

d
Since a € (0, 1), then x(a) > 0, and then EEI(I) < 0. Thus, system (0.0.28)-(0.0.30) is
dissipative in the sense that its energy is a non-increasing function with respect to
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time variable ¢. Now, we define the following Hilbert energy space ., by
76 ={(u, v, y,z,0) € HL(0,1) x L*(0, L) x Hf (=L,0) x L*(~L,0) x W; u(0) = y(0)},

where W = L2 ((0, L) x R) and

{ Hp(0,L) ={ue H'(0,L); u(L) = 0},
(0.0.32)

H#(~L,0) = {y € H*(~L,0); y(—~L) = y(~L) = 0}.

We note that the space ), is a closed subspace of H}? (0,L) x L2(0,L) x Hf(—L, 0) x
L2(—L,0) x W.
The energy space # is equipped with the inner product defined by

0

L L 0
(U, Un) 7 =f vurdx+ af ux(u_l)xdx+f zz1dx + bf Vxx(Y1) xxdx
0 0 —-L

-L (0.0.33)

L
+1<(a)f fw(x,é)w_l(x,cf)dcfdx,
0 R

forall U = (u,v,y,z,w) and Uy = (u1, v1, y1,21,w1) in #,. We use || Ul , to denote the
corresponding norm. We define the unbounded linear operator </ : D(<f;) € A —
(jfl by

U=(u,v,Yy,z0)€H; (1,2) € Hy(0,L) x H*(~L,0), y€ H*(~L,0),

aux+\/d(x)1<(a)f|€I2a2_1w(x,€)d6 € L*(0,L),
R x \

—(IER +n) 0(x,&) + VAW vLlE] T, (Elo(x,&) e W,

D(ef1) = 1

auy(0) + byxxx(0) =0, yxx(0) =0, and v(0) = z(0)
and for all U = (u, v, y, z,w) € D(#}),

v
aux+\/d(JC)K(a)fR|<fl%w(x,<f)dc,t
X
(WU, y,z,0) = z
_b,Vxxxx
— (€2 +1) w(x,8) + VA vilé] T

If U = (u, us, y, yr, w) is a regular solution of system (0.0.28)-(0.0.30), then the system
can be rewritten as evolution equation on the Hilbert space .#7 given by

U,=ehU, U®)=Up, (0.0.34)
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where Uy = (uy, U1, yo, y1,0). It’s easy to prove that the operator «/ is m-dissipative
on ., consequently it generates a Co-semigroup of contractions (e?“1) s, following
Lumer-Phillips Theorem 1.2.8 (see in [82] and [73]). Then, the solution of the evolution
Equation (0.0.34) admits the following representation

U =e"U,, t=0,

which leads to the well-posedness of (0.0.34). Hence, we have the following result.

Theorem 0.0.12. Let Uy € A, then problem (0.0.34) admits a unique weak solution U
that satisfies
U eC’ (R, 7).

Moreover, if Uy € D(«f), then problem (0.0.34) admits a unique strong solution U that
satisfies
Ut e C' (R, 74) n C° (R, D(«))).

Second, we prove the strong stability of the system in the sense that its energy
converges to zero when ¢ goes to infinity for all initial data in /. It is easy to see that
the resolvent of o is not compact. For this aim, we use a general criteria of Arendt-
Batty [17], in which a Cyp-semigroup of contractions (") ,20 in a Banach space is
strongly stable, if /) has no pure imaginary eigenvalues and o (&) N iR contains
only a countable number of continuous spectrum of «/;. Our main result here is the
following theorem.

Theorem 0.0.13. Assume thatn = 0, then the Co—semigroup of contractions e*” is

strongly stable on A6, in the sense that

t—+o00

lim HetdlUO“ =0 V Uye A.
3

In order to proof Theorem 0.0.13 we need the following Lemmas

Lemma 0.0.14. Assume thatn = 0. Then, for all A € R, we have iAI — <, is injective, i.e.
ker (iAI — ofp) = {0}.

Lemma 0.0.15. Assume thatn = 0. Then, the operator —<, is not invertible and
consequently 0 € o ().

Lemma 0.0.16. If(n>0and A €R) or (n =0 and A € R*), then i A\] — <f; is surjective.

Thus, using Lemma 0.0.14, we directly deduce that «#; has no pure imaginary eigenval-
ues. Next, using Lemmas 0.0.15, 0.0.16 and with the help of the closed graph theorem
of Banach, we deduce that o («/;) NiR = {@} if n > 0 and o (/) N iR = {0} if n = 0. Hence,
we get the conclusion by applying Arendt-Batty Theorem 1.3.3. Third, we study the
polynomial stability of the system (0.0.28)-(0.0.30) in the case 1 > 0. For this purpose,
we will use a frequency domain approach method, and the result of Borichev-Tomilov
in [27]. Our main result in this part is the following theorem.
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Theorem 0.0.17. Assume thatn > 0. The Cy—semigroup (") ;s is polynomially
stable; i.e. there exists constant Cy > 0 such that for every Uy € D(sf)), we have

C
E1(0) s — 1 Uoll% sy, £>0, VU € D). 0.0.35)

[2-a
According to Theorem 1.3.10 of Borichev-Tomilov by taking ¢ = 1-%, the polynomial
energy decay (0.0.35) holds if the following conditions
iR c p(ef), (H1)

and
1

-7

limsup

AR |M—’OO|A,| ||(l/1[—-9¢1)_1||$((]£1) <00, (Hz)

are satisfied. Since Condition (H;) is already proved in Lemma 0.0.6. We will prove
condition (Hy) by an argument of contradiction. For this purpose, we suppose that
(Hy) is false, then there exists {(An, Uy := (tn, Un, Yn, 20, @n (- E) )} € R* x D(a#y) with

|/ln| — +00 and ”Un”Jf] = ”(um Ul’l! J/n» Zn’wn('yé))”ﬁl = 17 (0036)
such that

A "2 (iAnI = ) Un = F:= (Fons fors for fams fon(E)T — 0 in 78, (0.0.37)

We check the condition (H») by finding a contradiction with (0.0.36) by showing that
|Ull.7, = o(1). Hence, we reach that the condition (H) holds and thus we establish
the desired polynomial energy decay rate.

Next, in the second part of this chapter we consider the model W-Wgky, which rep-
resents the system of two wave equations coupled through boundary connection
with a localized non-regular fractional Kelvin-Voigt damping acting through one wave
equation only. The system that describes this model is as follows

U — (auyx + d(x)af’nux)x =0, (x,0)€(0,L)x(0,00),

Vit =byxx =0, (x, 1) € (=L, 0) x (0,00),
ull,t)=y(-=L,t)=0, t € (0,00),

{ aux(0,7) = byx(0,1), t € (0,00), (W-Wgkv)
u(0, 1) = y(, 1), t € (0,00),

u(xy 0) = uo(x)) ul’(x) 0) =UuU (x)) X € (0) L)y

Y(x,0) = yo(x), y:(x,0) = y1(x), x€(-L,0).
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We reformulate the system (W-Wrgy ) into the following augmented model

Urr — aux+\/d(x)1<(a)f IflzaT_lw(x,cf, ndé| =0, (x,1) € (0,L) xR},
R X
J/tt_byxx:()» (x) t)E(—L,O)X XRI)
056D+ (1ER+1) 0, & 1) - VA@ ug (x, DIET =0, (%1€ 0,L) xRxRY,
(0.0.38)

with the following transmission and boundary conditions

u(L) t) = y(_L) t) = 0) re (0,00),
auy(0,1) = by.(0,t), te(0,00), (0.0.39)
u(0, 1) =y(0, 1), t €(0,00),

and with the following initial conditions

u(x,0) =up(x), us(x,0)=u(x), wx,£0=0 xe(,L), R,
(0.0.40)
Y(x,0) = yo(x), y:(x,0)=y1(x), x€(=L,0).

The energy of the system (0.0.38)-(0.0.40) is given by

1 L
Ez(t):zfo (luel* + alugl?) dx+= f (|yt| +b|yx d +—f fla)(x{ H?dédx.

By doing some computations, we obtain

L
iEz(t) = —K(a)f f(52+77)|w(x,<f, t)lzdfdx. (0.0.41)
dt 0 JR

d
Since a € (0,1), then x () > 0, and therefore EEg(t) < 0. Thus, system (0.0.38)-(0.0.40)

is dissipative in the sense that its energy is a non-increasing function with respect to
time variable ¢. Now, we define the following Hilbert energy space ./, by

76, ={(u,v,y,2,0) € Hy(0,L) x L*(0, L) x Hj (~L,0) x L*(~L,0) x W; u(0) = y(0)},
where W = L2 ((0, L) x R) and

{ HE0,L) = {ue H'(0,L); u(L) = 0},
(0.0.42)

H}(-L,0)={ye H'(-L,0); y(~L) = 0}.

25



Introduction -

The energy space # is equipped with the inner product defined by

L L 0 0
(U, Un) z, :f vv_ldx+af ux(u_l)xdx+f zz_ldx+bf Yx(YDxdx
0 0 —L —L

L
+x(a) f f ol OoT (% ) dédsx,
0 R

forall U = (u, v,y,z,w) and Uy = (uy, v1, ¥1,21,w1) in #>. We use ||U|| », to denote the
corresponding norm. We define the unbounded linear operator <, : D(af) € A —
2 by

U= (u,v,y,z0)€H; (1,2) € Hy(0,L) x H} (-L,0), y € H*(~L,0),

aux+\/d(JC)1<(a)f|<f|2°’2__1w(x,cf)dgr € L*(0, L),
R x \

— (€2 +1) (%, &) + VAD vl T, [Elo(x, ) e W,

D(etr) =3

auy(0) = by,(0), and v(0) = z(0)
and forall U = (u, v, y, z,w) € D(b),

v
aux+\/d(x)K(a)fRIEIMT_Iw(x,f)d&
(U, 1,y,2,0) = z

bex
— (€ +n) 0(x,&) + VAD v, lE| T

If U = (u, uy, y, yr, w) is a regular solution of system (0.0.38)-(0.0.40), then the system
can be rewritten as evolution equation on the Hilbert space ./, given by

Ui=o,U, U(0)=Uy, (0.0.43)

where Uy = (uo, U1, ¥o, ¥1,0).
It is easy see that the unbounded linear operator o is m-dissipative in the energy
space /. Also, the Cy-semigroup of contractions (e'2) ;5 is strongly stable on ./ in

the sense that tliI_P H ey, H]f = 0. Further, we establish a polynomial energy decay
— 400 2

rate presented in the following theorem.

Theorem 0.0.18. Assume thatn > 0. The Cy—semigroup (e"%2),sq is polynomially
stable; i.e. there exists constant C, > 0 such that for every Uy € D(<f>), we have

C
Ex() < — Ul >0, YUy € D(sto). (0.0.44)

4
[2-a
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Next, in the third part of this chapter we consider the third model W-(EBB) gxv,
where we consider a system of coupled Euler-Bernouli beam and wave equations.
These two equations are coupled through boundary connection. In this case, the
localized non-smooth fractional Kelvin-Voigt damping acts only on the Euler-Bernoulli
beam. The system that represents this model is given as follows

Usr— AUy =0, (x,t) € (—L,0) x (0,00),
Vee+ (byxx+dx)07 yxy) . =0, (x, 1) € (0,L) x (0,00),
u(=L,t)=y(L, 1) = yx(L, ) =0, t€(0,00),
§ aux(0,1) +byxxx(0,1) =0,yxx(0,£) =0, £€(0,00), (W-(EBB) pxv)
u(0, ) = y(, 1), t € (0,00),
u(x,0) = ug(x), us(x,0) = up (x), x € (—L,0),
y(x,0) = yo(x), y:(x,0) = y1(x), x€(0,L).

Firstly, we recast the system into the following augmented model

Upr — AUyy =0, (x,1) € (=L,0) x R},

Yee + byxx+\/d(x)1<(a)f|<fl 2 w(ch ndé =0, (x,1) € (0,L) xRY,

0 (X, E D+ (IE°+1) & 1) = Vd(X) Y (X, t)lcfl =0, (x,¢,0)€(0,L)xRxRY,
(0.0.45)

with the following transmission and boundary conditions

u(_L) t):y(L) t):_)/x(L; t) :0) tE(0,00),
aux(O, t) + bJ’xxx(O; t) = 0! ,Vxx(oy t) = 0) t € (0) OO), (0046)
u(0,1) =y(,0, t €(0,00),

and with the following initial conditions

u(x,0) = up(x), u(x,0)=up(x) x€e(=L,0)

Y(x,0) = yo(x), y:(x,0)=y1(x), w(x,{,00=0 x€(0,L),¢eR.

(0.0.47)

We define the energy of the system (0.0.45)-(0.0.47) by

1 0
Eg(t):sz(lut|2+a|ux| )dx+= f (|yt| +b|yxx d +—f flw(xé DI*dédx.

By doing some computations, it is easy to see that the energy E3(¢) satisfies the follow-
ing estimation

L
diEs(t) =—K(a)f f(§2+n)|w(x,cf, Hi2dédx. (0.0.48)
r 0 Jr
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d
Since @ € (0, 1), then x(a) > 0, and therefore aEg(l’) < 0. Thus, system (0.0.45)-(0.0.47)

is dissipative in the sense that its energy is a non-increasing function with respect to
time variable ¢. Now, we define the following Hilbert energy space /% by

763 =1{(u,v,y,z,0) € H} (~L,0) x L*(~L,0) x H4(0,L) x L*(0, L) x W; u(0) = y(0)},
where W = L2 ((0, L) x R) and

{ H}(-L,0) = {ue H' (-L,0); u(-L) =0},
(0.0.49)

HZ(0,L) = {y € H*(0,L); y(L) = yx(L) = 0}.

The energy space #3 is equipped with the inner product defined by

0 0 L L
(U, Un) ze, :vav_ldx+afLux(u_1)xdx+f zz_ldx+bf Yxx (V1) xxdx
- - 0 0

L
+1<(a)f fw(x,f)w_l(x,é)dcfdx,
0 R

forall U = (u,v,y,z,w) and Uy = (u1, 11, y1, 21, w1) in A%. We use || U || z, to denote the
corresponding norm. We define the unbounded linear operator «/3 : D(af3) € A3 —
A3 by

U=(uv,Y,z0)€Hs; (1,2) € H (-L,0) x HZ(0,L), ue H*(-L,0),

byxx+\/d(x)K(a)leflzﬁ__lw(x,é)dé € L*(0,L),
XX
’

D(d?)) :< 2a—1
—(IEP+n) 0x, &) + VA zxxlé] 2, [Elw(x,&) € W,

auy(0) + byxxx(0) =0, yxx(0) =0, and v(0) = z(0)
and forall U = (u, v, y, z,w) € D(a#3),

v

<
AU, v,y,2,0) =

- 17J/xx+\/0l(x)1<(a)f[R|<f|Zaz__lw(x,(f)alet

P

— (€2 +1) 0(x,8) + VAX®) 241 T

If U = (u, us, y, yr, w) is a regular solution of system (0.0.45)-(0.0.47), then the system
can be rewritten as evolution equation on the Hilbert space .#3 given by

U, =asU, U0)=Up, (0.0.50)
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where Uy = (up, U1, yo, y1,0).
It is easy to prove that the operator <73 is m-dissipative on .#3, consequently it gener-
ates a Cp-semigroup of contractions (e'%) 120 following Lumer-Phillips Theorem 1.2.8
(see in [73] and [82]). Then, the solution of the evolution Equation (0.0.50) admits the
following representation

U(t) = e'*U,, t=0,

which leads to the well-posedness of (0.0.50). Hence, we have the following result.

Theorem 0.0.19. Let Uy € A3, then problem (0.0.50) admits a unique weak solution U
that satisfies
U e C°(RT, 7).

Moreover, if Uy € D(«#3), then problem (0.0.50) admits a unique strong solution U that
satisfies
U(t) e C' (R, #4) n C° (R, D(o#3)).

Theorem 0.0.20. Assume thatn = 0, then the Co—semigroup of contractions e** is

strongly stable on /&5 in the sense that lim H ey, H =0.
t—+o00 T3
The proof of this result is based on Arendt-Batty Theorem 1.3.3 and similar to that
in the first model given in (0.0.28). Now, we study the polynomial stability of system
(0.0.45)-(0.0.47) in the case n > 0. This is established by using specific multipliers,
some interpolation inequalities and by solving differential equations of order 4. Our
main result here is the following theorem.

Theorem 0.0.21. Assume thatn > 0. The Co— semigroup (e"%) ;¢ is polynomially
stable; i.e. there exists constant C3 > 0 such that for every Uy € D(s#3), we have

C3
2

[3-«a

E3() <

10015y ¥ £>0,V Up € D(st). (0.0.51)

According to Theorem 1.3.10 of Borichev-Tomilov, by taking ¢ = 3 — a, the polynomial
energy decay (0.0.51) holds if the following conditions

iR c p(afs), (R1)

and

) 1
limsup

AER,|A|—00 A3~ ” (AT = 'Qf?’)_l ”f(iﬁs) <00, (R»)

are satisfied. Since condition (R;) is already proved, we still need to prove condition
(Ro). For this purpose we will use an argument of contradiction. Suppose that (R») is
false, then there exists {(A,, Uy := (Un, Un, Yn, 2n, @n (- ) )} € R* x D(efs) with

|Anl — +oo and ”Un”]& = || (up, Uns» Yns Zn’wn('yf))”]fg =1, (0.0.52)
such that

(/13’1_“) (iﬂnl_d?») Up=Fy:= (fl,n’f2,n,f3,n;f4,n;f5,n(',f))—r —0 in %3- (0.0.53)
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Here we will check the condition (R;) by finding a contradiction with (0.0.52) by
showing that || U||», = o(1). Hence, we reach that the condition (Ry) holds and that
the energy of smooth solution of system (0.0.45)-(0.0.47) decays polynomial to zero as
t goes to infinity.

Next, in the fourth part of this chapter, we consider the model ((EBB)gxy) where a
system of Euler-Bernoulli beam with a non-regular localized fractional Kelvin-Voigt
damping is considered. The system is as follows

Vie+ (byex +d®)0; T yxx) ., =0, (x, 1) € (0,L) x (0,00),
¥(0,8) = yx(0,8) = yxx(L, 1) = Yxxx(L, 1) =0, € (0,00), ((EBB) pkv)
Y(x,0) = yo(x), y¢(x,0) = y1(x), x€(0,L).

We recast the system into the following augmented model

Ver + byxx+\/d(x)1<(a)f IEI 2 w(xvf ndé =0, (x,1) €(0,L) x xR{,
w6, & D+ (IEP+1) w(x, & 1) = Vd(X) Yaxe(x, t)lfl =0, (x,¢,0)€(0,L)xRxRY,
(0.0.54)

with the boundary conditions

Y0,8) = yx(0,8) =0, yxx(L, 1) =0, yxxx(L, ) =0, € (0,00), (0.0.55)
and with the following initial conditions

y(x,0) = yp(x), ys(x,0) = y1(x), w(x,¢,0) =0, x € (0,L),¢ €R. (0.0.56)

The energy of the system (0.0.54)-(0.0.56) is given by

1 L
E4(t)=§f0 (|J’t|2+b|J’xx| d +—f flw(xf niPdédsx.

By doing some computations, we get that the energy E4(t) satisfies the following
estimation

L
iE4(t):—1<(a)f f(€2+7])|w(x,€, HI?dédx <0. (0.0.57)
dt 0o Jr

Now, we define the following Hilbert energy space . by
F6y = H2(0,L) x [*(0, L) x W,

where W = L?((0,L) x R) and H#(0, L) = {y € H*(0, L); y(0) = y«(0) = 0}.
The energy space . is equipped with the inner product defined by

L L L
U, U = fo ZZidx+b fo Ve D xxdx +x (@) fo fR o(x, O@T (%, ) dédsx,
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for all U = (y,z,w) and U; = (y1,21,w1) in #. We use ||U| 7, to denote the corre-
sponding norm. We define the unbounded linear operator <, : D(fy) € S — S,
by

U=(y,zw) €7z H/0,L),

byxx+\/d(x)1<(a)fIflzaz__lw(x,f, ndé| e L*(0,L),
R

xx b,

— (1€ +1) 0%, &) + VAD 22 17T, [Eloo(x,8) € W,
J’xx(L) = 0; andyxxx(L) = 0

D(efy) =

and for all U = (y, z,w) € D(<4y),

z

2a-1
d4(y’z,w)T: - bex+\/d(x)K(a)A|f| T w(x, & Ndé

xx |

— (€2 +1) 0(x,) + VAX) 244 17T

If U = (y, ys, w) is a regular solution of system (0.0.54)-(0.0.56), then the system can be
rewritten as evolution equation on the Hilbert space .#, given by

Ui =<,U, U(0) = Uy, (0.0.58)

where Uy = (yo, y1,0).
It is easy to see that the unbounded linear operator <7, is m-dissipative in the energy
space .#. Also, the Cy-semigroup of contractions e’ is strongly stable on .#; in the

sense that lim “e“"‘*UO)
t—+o00

presented in the following theorem

= 0. Now, we establish a polynomial energy decay rate
4

Theorem 0.0.22. Assume thatn > 0. The Cy—semigroup (e"%*) ;¢ is polynomially
stable; i.e. there exists constant C4 > 0 such that for every Uy € D(4y), we have

C
E4(1) < t—i 1Uol%yyr ¥ >0,V Up€ D(cty). (0.0.59)
l1-a

Finally, we study the stability of the model (EBB)-(EBB) rxv, that represents a system
of two Euler-Bernoulli beam equations coupled through boundary connection. The
localized non-smooth fractional Kelvin-Voigt damping acts only on one of the two
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equations. The system that represents this model is as follows

Ut + AUxxxx = 0’ (xr t) € (_L, 0) X (O)OO))
Vee+ (byxx + A0, yxx) . =0, (x, 1) € (0,L) x (0,00),
u(_L) t) = ux(_Ly t) = y(L} t) = J/x(L» t) = 0) re (0,00),

{4 AUxxx(0,8) = bYxxx(0,2) =0, uxx(0) = yxx(0,2) =0, 1€ (0,00),

u(0,1) =y(0,0n, t € (0,00),
u(x,0) = up(x), ur(x,0) = up (x), xe (-L,0),
y(x,0) = yo(x), y:(x,0) = y1(x), x€(0,L).

((EBB)-(EBB)rxv)
We recast the system into the following augmented model

Ut + Alyxxxx = 0, (x,8) € (=L,0) x RI,
Vie + | DYxx + \/d(x)K(a)f |€| = w(x, ¢, ndg =0, (x,1) € (0,L) xR,
(Ut(x,é, t)+(|€|2+’r’)w(x!€y t) Vd(x J/xxt(x l‘)lél 0 (x)f) t)E(O;L) XRXRI;
(0.0.60)
with the following transmission and boundary conditions

u(_L’ t) = ux(_L; t) :y(L) t) :J/x(L, t) :0) re (0,00),

AUyxx(0,8) = bYxxx(0,1) =0, uyxx(0, 1) = yxx(0,£) =0, € (0,00), (0.0.61)

u(0, 1) = y(0, 1), t € (0,00),

and with the following initial conditions

u(x,0) = up(x), u(x,0)=u;(x) x€(=L,0)
(0.0.62)
¥(x,0) =yo(x), y:(x,0)=y1(x), w(x,{,00=0 x€(0,L),¢€R.

The energy of the system (0.0.60)-(0.0.62) is given by

1 r0
B =3 [l s )3 [ (I olvesf?) e 52 [ [ ot 0P aga

L

It is easy to see that the energy E5(?) satisfies the following estimation

L
iEr,(t) :—K(a)f f(§2+17)|a)(x,g‘, N?dédx <0. (0.0.63)
dt 0 JR

We define the Hilbert energy space .#5 by

765 ={(u,1,,2,0) € H (~L,0) x L*(~L,0) x H5(0,L) x L*(0,L) x W; u(0) = y(0)},
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where W = L2 ((0, L) x R) and
{ H}(-L,0) = {u€ H*(-L,0); u(~L) = ux(~L) = 0},
H%(0,L) = {y € H*(0,L); (L) = yx(L) = 0}.

The energy space /5 is equipped with the inner product defined by

0 0 L L
(U, U1) 7, =vav_1dx+afLuxx(u_1)xxdx+f zz_ldx+bf Vex(Y1)xxdx
- - 0 0

L
+1<(a)f fw(x,s”)w_l(x,f)dfdx,
0 R

forall U = (u,v,y,z,w) and Uy = (u1, 11, y1, 21, w1) in A. We use || U ||, to denote the
corresponding norm. We define the unbounded linear operator «#; : D(af5) € A5 —
A5 by

U=(uv,Yy,z0)€HHs; (v,2) € Hi (-L,0) x Hz(0,L), ue H*(-L,0),
byxx+\/d(x)K(a)fwlflzﬂ__lw(x,é)dé € L?(0,L),

XX >
’

— (€ +0) 0(x, &) + VAD 22 61T, [Elo(x,E) € W,

D(st5) = <

Alyyx(0) — byxxx(o) =0, Uxx(0) = yxx(0) =0, and v(0) = z(0)

and for all U = (u, v, y, z,w) € D(sf5),

v
—AUxxxx

V4
As(u,1,y,2,0) =

- byxx+\/d(X)K(a)fRIs‘lzaz__lw(x,f)alst

XX

— (€12 +0) 0(x, &) + VA 25 €T

If U = (u, uy, y, yr, w) is a regular solution of system (0.0.60)-(0.0.62), then the system
can be rewritten as evolution equation on the Hilbert space .#% given by

Ui =0, U(0) = Uy, (0.0.64)

where Uy = (g, U1, 0, ¥1,0).

The operator «/; is m-dissipative on .7 (in a similar way as in the first part of this
chapter), consequently it generates a Cy-semigroup of contractions (e'%) t=0 following
Lumer-Phillips Theorem 1.2.8 (see in [73] and [82]). Then, the solution of the evolution

33



Introduction -

Equation (0.0.64) admits the following representation
U =e" U, t=0,

which leads to the well-posedness of (0.0.64). Using the frequency domain approach
we have the following polynomial energy decay result.

Theorem 0.0.23. Assume thatn > 0. The Cy— semigroup (%)= is polynomially
stable; i.e. there exists constant Cs > 0 such that for every Uy € D(s#5), we have

C

Es5(1) < —25|| UOII%MS), Yt>0,VYUye D(sfs). (0.0.65)
t3-a

In Chapter 5, we study a multidimensional system of coupled wave equations with

a localized Kelvin-Voigt damping under different types of geometric conditions. Let

Q < RY be a bounded open set with Lipschitz boundary I'. The system is described as
follows:

Uy —diviavVu+b(x)Vuy) +c(x)y; =0 in Qx R,
(0.0.66)
Vir—Ay—c(xX)u; =0 in QxR
with the following initial conditions:
u0 =uo (), y-,0=y00), ue(-,00 =u; (), y:(,00=y1 () inQ, (0.0.67)
and the following boundary conditions:
ulx,)=yx =0 onlxR". (0.0.68)

The functions b,c € L*(Q) such that b : Q — R; is the viscoelastic damping and
c:Q — R* is the coupling function. The constant a is a strictly positive constant.
The main interest in this chapter is that we consider the system of wave equations
coupled through velocity with non-smooth coupling and damping coefficients and by
considering several geometric conditions (see (H1), (H2), (H3), (H4), and (H5) below).
In addition, this chapter is a generalization of the third chapter ([94]) in this thesis.
Moreover, in the absence of any geometric condition, we study the stability of the
system on the 2-dimensional square domain.

First, using semigroup approach we study the existence, uniqueness and regularity
of the solution of the system. Let (u, u;, ), y;) be a regular solution of the system
(0.0.66)-(0.0.68). The energy of the System (0.0.66)-(0.0.68) is given by

1
E(t) = Efg (luel® + 1ye* + alVul® + |Vy*) dx. (0.0.69)
Then, a straightforward computation gives

E'(1) =—f b(x)|Vu,?dx <0.
Q
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Thus, the System (0.0.66)-(0.0.68) is dissipative in the sense that its energy is a non
increasing function with respect to the time variable . We define the energy Hilbert
space / by

76 = (HH Q) x L2()

equipped with the following inner product
(U,0) = f (aVu-Vi+Vy-Vj+vi+zZ)dx,
Q

forallU = (u,v,y, z2)TeAand U = (i1, 7, ¥, 2T e . Finally, we define the unbounded
linear operator <« by

{ U=(u,vyzw0) e divia(x)Vu+b(x)Vv) € L*(Q), }
D(<f) =

v,z€ Hy(0,L),y € H*(Q) n Hy (Q)
andforall U = (u,v,y,z,w) € D(&),

v
diviaVu+ b(x)Vv) —c(x)z

T_
A (u,v,y,2) = z

Ay+c(x)v

If U= (u,us,y,y:) " is a regular solution of system (0.0.66)-(0.0.68), then we rewrite
this system as the following evolution equation

U=«4U, U(0)=Uy (0.0.70)

where Uy = (uo, ui, Yo, yl)T. It is easy to check that the operator &« is m-dissipative on
€ and consequently, it generates a Cy—semigroup of contractions (ew ) />0 following
Lumer-Phillips Theorem. Then, the solution of the evolution Equation (0.0.70) admits
the following representation

U =e“U, t=0,

which leads to the well-posedness of (0.0.70). Hence, using the semigroup theory we
have the following existence and uniqueness result.

Theorem 0.0.24. Let Uy € S then, problem (0.0.70) admits a unique weak solution U
that satisfies
U e C° (R, 7).
Moreover, if Uy € D(«f) then, problem (0.0.70) admits a unique strong solution U that
satisfies
U eC' (R, #)nC°R*, D()).
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Second, we study the strong stability of system (0.0.66)-(0.0.68) in the sense that
its energy tends to zero when ¢ tends to infinity for all initial data in /. We study
the strong stability in the absence of the compactness of the resolvent and without
any geometric condition. The proof of the stability result is done by using the unique
continuation theorem based on a Carleman estimate and a general criteria of Arendt-
Batty Theorem 1.3.3 ([17]). For this aim, we assume that there exists constants by > 0
and ¢p > 0 and two nonempty open sets w;, < Q2 and w. < (2, such that

b(x)=by>0, Vxewp, (0.0.71)

c(x)=zcy>0, Vxew,. (0.0.72)
Here, we prove that the energy of the system (0.0.66)-(0.0.68) decays to zero as t tends
to infinity if one of the following assumptions hold:

(Al) Assume that wj, and w, are non-empty open subsets of Q such that w, c wy
and meas (wp, NT) >0 (see Figures 5.1, 5.2, 5.3).

(A2) Assume that wj, and w. are non-empty open subsets of Q such that w =
wpNw:# @. Also, assume that w satisfies meas(w N T’) > 0 (see Figures 5.4, 5.5, 5.6).

(A3) Assume that wj, and w, are non-empty open subset of Q such that w = wpNw, #
@ , meas (w, NT) >0 and w, not near the boundary (see Figure 5.7).

(A4) Assume that w}, is non-empty open subsets of Q and c¢(x) = ¢y € R* in Q. Also,
assume that wy, is not near the boundary (see Figure 5.8).

We give the strong stability result in the following theorem.

Theorem 0.0.25. Assume that either (Al), (A2), (A3) or (A4) holds. Then, the Cy—semigroup
(€"?) s is strongly stable in #; i.e, for all Uy € A, the solution of (0.0.70) satisfies

lim [|e*? Uyl = 0.
t—o0

For the proof of Theorem 0.0.25, the resolvent of </ is not compact. Then, in order to
prove this Theorem we will use a general criteria of Arendt-Batty. We need to prove
that the operator « has no pure imaginary eigenvalues and o («/) N iR contains only
a countable number of continuous spectrum of «/. The argument for Theorem 0.0.25
relies on the subsequent lemmas.

Lemma 0.0.26. Assume that (A1), (A2), (A3) or (A4) holds. Then, we have
ker(ilMl-—<f)={0}, VAeR.
Lemma 0.0.27. Assume that either (Al), (A2), (A3) or (A4) holds. Then, we have

R(IAM-A)=A, V AeR.
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Using Lemma 0.0.26, we have that « has non pure imaginary eigenvalues. Accord-
ing to Lemmas 0.0.26, 0.0.27 and with the help of the closed graph theorem of Banach,
we deduce that o(</) N iR = @. Thus, we get the conclusion by applying Arendt Batty
Theorem 1.3.3. The proof of the theorem is thus complete. Now, our aim is to prove
the non-uniform stability of the system (0.0.66)-(0.0.68).

For this aim, assume that

b(x)=beR, and c(x)=ceR". (0.0.73)
Our main result in this part is the following theorem.

Theorem 0.0.28. Under condition (0.0.73). Then, the energy of the system (0.0.66)-
(0.0.68) does not decay uniformly in the energy space #.

This result relies on the fact that there exists a subsequence of eigenvalues of </
close to the imaginary axis. Thus, we prove that there exists ky € N* sufficiently large
and two sequences (A1 k) =x, and (A2k) =y, Satisfying the following asymptotic
behavior:

2 1
/11,]6: il,l,k— ¢ > +O(—3) (0074)
2bui H
and
c? 1
Ao =—Iilk— > +to|—|. (0.0.75)
2bp Hi

where (1 is the sequence of the eigenvalues of the Laplace operator with fully Dirichlet
boundary conditions in (, i.e,

—-Ap=pigr in Q,
{ @Yr=0 on T. (0.0.76)

In the absence of exponential stability, we aim to establish a polynomial stability for
the system. We study the polynomial stability under several geometric conditions.
The geometric assumptions on wy, W, and w = Wy Nw, # @ are as follows:

(H1) The open subset w verifies the GCC (see Figure 5.6 and Figure 5.9).

(H2) Assume that meas(w.NT") >0 and meas(w, NT) > 0. Also, assume that w, € wy
and w, satisfies the GCC (see Figure 5.3).

(H3) Assume that w, € Q, w; < wy such that Q) is a non-convex open set and w, satis-
fies GCC (see Figure 5.10).

(H4) Assume that Q = (0, L) x (0, L), w. € wp such that

wp=1{(x,y) ER%e; <x<egand0< y< L} andw, = {(x,y) €R% e < x<ezand0< y < L},
forO0<e) <€y <ez<eyg <L (seeFigure5.11).

(H5) Assume that Q = (0, L) x (0, L), w. < wp such that

wp={(x,y) eR}0<x<erand0< y< L} andw, ={(x,y) eR*}0< x<eyand0 < y < L},
for 0 < &) <€ < L (see Figure 5.12).

In order to study the polynomial stability of the system (0.0.66)-(0.0.68) such that the
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assumption (H1) holds and such that c € W1°(Q) we need to use the exponential
energy decay of the coupled wave equations via velocities with two viscous dampings.
We consider the following system

Qit—alQ+d(X)@;+c(X)y,;=0 in QxRT,
V- Ay +dx)y,—c(x)@;=0 in QxRT,
{
px,)=yx1)=0 on I xR,
((x,0),9(x,0)) = (po,¥o) and (@:(x,0),9(x,0)) = (¢1,¥1) in Q.
(0.0.77)
where d € W1*°(Q) such that
dx)=dy>0 on w.cwc.
The energy of the system (0.0.77) satisfies the following estimate
Equx(t) < Me 9'E(0), VYit>0. (0.0.78)

such that M =1 and 6 > 0, for all initial data Uy € #£,,,x.
Now, we will state the main theorems in this part.

Theorem 0.0.29. Assume that the boundaryT is of class C3. Also, assume that assump-
tion (H1) holds and that c € WY (Q). Then, for all initial data Uy € D (<), there exists
a constant C > 0 independent of Uy, such that the energy of the system (0.0.66)-(0.0.68)
satisfies the following estimation

C
E(t,U) < 7||U0||§)(d), V> 0. (0.0.79)

According to Theorem 1.3.10 of Borichev and Tomilov, by taking ¢ = 2, the polynomial
energy decay (0.0.79) holds if the following conditions

iRc p(sf), (C1)
and

1

limsup z

AeR,[Al—oo 14 “(illl_‘d)_l”c%(ﬁ) <00, (C2)

are satisfied. Since Condition (C1) is already given in Lemma 0.0.26. We will prove
condition (C2) by an argument of contradiction. For this purpose, suppose that (C2)
is false, then there exists {(A,, Uy := (Un, Un, Y, 2n) ')} € R* x D(f) with

[Anl = +oo and |Upllz = I (up, vy, J’n;Zn)“Jﬁ =1, (0.0.80)
such that

An)? (Al =) Uy = Fy:= (fum for fon fan) | — 0 in . (0.0.81)
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By using the exponential stability of the system (0.0.77) and by proving that the so-
lution of the system (0.0.66)-(0.0.68) satisfies several asymptotic behaviors, we reach
that ||U, |l 7 = o(1). Hence, we reach that the condition (C2) holds and thus we deduce
the polynomial energy decay estimate (0.0.79).

Now, one of the main tools to prove the polynomial stability of the system (0.0.66)-
(0.0.68) when one of the assumptions (H2), (H3), (H4) or (H5) holds is to use the
exponential or polynomial decay of the wave equation with viscous damping. We
consider the following system

=0 in I x(0,+00) (0.0.82)

{ Pr—Ap+1y ()p,=0 in Qx(0,+00)
(P(',O) :(PO; (Pt(‘;O) = (pl'

Now, we state the polynomial stability results when the assumption (H2), (H3), (H4)
or (H5) holds.

Theorem 0.0.30. Assume that assumption (H2) or (H3) holds. Also, assume that the
energy of the system (0.0.82) is exponentially stable. Then, for all initial data Uy € D(<f),
there exists a constant Cy > 0 independent of Uy, the energy of the system (0.0.66)-
(0.0.68) satisfies the following estimation

E(t,U) < 7” UOIIDM), Vi>0. (0.0.83)
Theorem 0.0.31. Assume that assumption (H4) or (H5) holds. Then, for all initial data

Uy € D(), there exists a constant C3 > 0 independent of Uy, the energy of the system
(0.0.66)-(0.0.68) satisfies the following estimation

C
E(t,U) s —— 0ol V>0, (0.0.84)
1 2+4P

where
2 if (H5)holds,

B= 5 (0.0.85)
> if (H6)holds.

The proof of these two theorems is based on the frequency domain approach,
namely we will use Theorem 1.3.10 combined with a multiplier method and by using
the stability results of system (0.0.82).
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1 Preliminaries

As the analysis in this thesis is based on the semigroup and spectral analysis theories,
in this chapter we will present some well-known results about semigroups, including
some theorems about strong, exponential, and polynomial stability of a Cy- semigroup.
Also, we recall some geometric conditions used in our work . All of the theorems are
stated without proofs, but the relevant references are given. The reader may skip this
chapter in the first reading, then refer to it as a reference of related. For more details
see [17, 24, 27, 28, 38, 53, 55, 57, 71, 75, 85].

Sommaire
1.1 Bounded and Unbounded linear operators . . . . ... .......... 40
1.2 Semigroups, Existence and uniqueness of solution . . ... ... . ... 43
1.3 Stability of semigroup . . ... ... ... ... .. . .. 44
1.4 Geometric Conditions . . ... ... ... .. ... .. ... .. ... 47

1.1 Bounded and Unbounded linear operators

We start this chapter by giving some well known results about bounded and un-
bounded operators. We are not trying to give a complete development, but rather
review the basic definitions and theorems, mostly without proof ([28, 55, 57]).

Let (E, |- llg) and (F, || - ||r) be two Banach spaces over C, and H will always denote a
Hilbert space equipped with the scalar product (-, -) y and the corresponding norm

-1l
Alinear operator T : E+— F is a transformation which maps linearly E in F, that is
T(au+pv)=aT(w)+pT(v), Yu,veEanda,feC.

Definition 1.1.1. A linear operator T : E — F is said to be bounded if there exists C =0
such that
|Tullp<Cllulg Y ucE.

The set of all bounded linear operators from E into F is denoted by Z(E, F). Moreover,
the set of all bounded linear operators from E into E is denoted by £ (E).
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1 Preliminaries — 1.1 Bounded and Unbounded linear operators

Definition 1.1.2. A bounded operator T € £ (E,F) is said to be compact if for each
sequence (xp)nen € E with ||x,llg = 1 for each n € N, the sequence (T x,)nen has a
subsequence which converges in F.

The set of all compact operators from E into F is denoted by £ (E, F). For simplicity
one writes £ (E) = X (E, E).

Definition 1.1.3. Let T € £ (E, F), we define
e Rangeof T by
R(T)={Tu: ue E}cF.

e Kernel of T by
ker(T)={ueE: Tu=0}cE.

Theorem 1.1.4. (Fredholm alternative) see Theorem 6.6 in [28]. If T € X (E), then
e ker (I - T) is finite dimension (I is the identity operator on E).
e R(I-T) is closed.
e ker(I-T)=0%(I-T)=E.

Definition 1.1.5. An unbounded linear operator T from E into F is a pair (T, D (T)),
consisting of a subspace D (T) c E (called the domain of T) and a linear transforma-
tion.

T:D(T)cE—F.

In the case when E = F then we say (T, D (T)) is an unbounded linear operator on E. If
D(T)=EthenTe X (E,F).

Definition 1.1.6. Let T: D (T) c E — F be an unbounded linear operator.
o Therange of T is defined by

R(T)={Tu: ue D(T)}cF.
e The Kernel of T is defined by
ker(T)={ueD(T): Tu=0}cCE.
o Thegraph of T is defined by
G(T)={(u,Tu): ue D(T}<cExF.

Definition 1.1.7. Amap T is said to be closed if G (T) is closed in E x F. The closedness
of an unbounded linear operator T can be characterized as following

ifupe D(T) suchthatu, — uinE and Tu, — vinF, thenue D(T) and Tu = v.

Definition 1.1.8. Let T: D (T) c E— F be a closed unbounded linear operator.
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1 Preliminaries — 1.1 Bounded and Unbounded linear operators

o The resolvent set of T is defined by
p(T)={AeC: AI-T isbijective from D (T) onto F}.
e The resolvent of T is defined by
RAT={QAI-T)': Lep(D}.
e The spectrum set of T is the complement of the resolvent set in C , denoted by
o(T)=Clp(T).

Definition 1.1.9. Let T : D(T) c E — F be a closed unbounded linear operator. We
can split the spectrum o (T) of T into three disjoint sets, given by

o The ponctuel spectrum of T is defined by
op(T)={AeC: ker(AI-T) # {0}}

in this case A is called an eigenvalue of T.

o The continuous spectrum of T is defined by
o.(T) = {/1 eCkerAM[-T)=0, Z#AI-T) =F and (AI-T)"" is not bounded}.

o The residual spectrum of T is defined by
o,(T)={AeC: ker(AI-T)=0and Z(AI—T) is not dense in F}.

Definition 1.1.10. Let T: D (T) c E— F be a closed unbounded linear operator and
let A be an eigevalue of A. A non-zero element e € E is called a generalized eigenvector
of T associated with the eigenvalue A, if there exists n € N* such that

AI-T)"e=0 and (AI-T)"'e#0.
Ifn =1, then e is called an eigenvector.

Definition 1.1.11. Let T : D(T) c E — F be a closed unbounded linear operator.
We say that T has compact resolvent, if there exist Ay € p (T) such that (Aol — T)™' is
compact.

Theorem 1.1.12. (see [55]). Let (T, D (T)) be a closed unbounded linear operator on H
then the space (D (T), || pcry) where llull pcay = | Tull g + lully ¥ ue D(T) is Banach
space .

Theorem 1.1.13. (see [57]). Let (T, D (T)) be a closed unbounded linear operator on H
then, p (T) is an open set of C.
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1 Preliminaries — 1.2 Semigroups, Existence and uniqueness of solution

1.2 Semigroups, Existence and uniqueness of
solution

In this section, we introduce some basic concepts concerning the semigroups. The
vast majority of the evolution equations can be reduced to the form

Ut = AU, r>0,
(1.2.1)

u = U,

where A is the infinitesimal generator of a Cy-semigroup S (t) over a Hilbert space H.
Let’s start by basic definitions and theorems (see [28, 82]).

Let (X, |-l x) be a Banach space, and H be a Hilbert space equipped with the inner
product (:,-) gy and the induced norm ||-|| g.

Definition 1.2.1. A family (S (1)) >0 of bounded linear operators in X is called a strong
continous semigroup (in short, a Cy-semigroup) if

e S(0) =1 (I isthe identity operator on X).
e S(t+8)=S8S@)S(s), Vis=0.

e Foreachue H, S(t) u is continuous in t on [0, +oo|.
Sometimes we also denote S (¢) by el

Definition 1.2.2. For a semigroup (S (t)):=0, we define an linear operator A with do-
main D (A) consisting of points u such that the limit

. SHu-u
Au:= lim ——, ueD(A)
t—0* t

exists. Then A is called the infinitesimal generator of the semigroup (S (t)) t=o.

Proposition 1.2.3. (See Theorem 2.2 in [82]). Let (S(1)) >0 be a Cy—semigroup in X.
Then there exist a constant M =1 and w = 0 such that

IS(Dl ¢ x) < Me®!, Vt=0.

If w = 0 then the corresponding semigroup is uniformly bounded. Moreover, if M =1
then (S (7)) ;>0 is said to be a Cy—semigroup of contractions.

Definition 1.2.4. An unbounded linear operator (A, D (A)) on H, is said to be dissipa-
tive if
Re{Au,uyy <0, VYueD(A).
Definition 1.2.5. An unbounded linear operator (A,D (A)) on X, is said to be m-
dissipative if
e Aisadissipative operator.
e 3 Ag>0 such that %Ayl — A) = X.
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1 Preliminaries — 1.3 Stability of semigroup

Theorem 1.2.6. (See Theorem 4.5 in [82]). Let A be a m-dissipative operator, then
e Z(AI-A)=X, VA1>0.
e 10,00[S p(A).
Theorem 1.2.7. (Hille-Yosida see Theorem 3.1 in [82]). An unbounded linear opera-

tor (A, D (A)) on X, is the infinitesimal generator of a Cy—semigroup of contractions
(S() =0 if and only if

e Aisclosed and D (A) = X.
o The resolvent set p (/) of «f containsR*, and for all A > 0,

lAr- 4" ||$(X) <A™

Theorem 1.2.8. (Lumer-Phillips see Theorem 4.3 in [82]). Let (A,D (A)) be an un-
bounded linear operator on X, with dense domain D (A) in X. A is the infinitesimal
generator of a Cy—semigroup of contractions if and only if it is a m-dissipative operator.

Theorem 1.2.9. (see Theorem 4.6 in [82]). Let (A, D (A)) be an unbounded linear oper-
ator on X. If A is dissipative with Z (I — A) = X, and X is reflexive then D (A) = X.

Corollary 1.2.10. Let (A,D(A)) be an unbounded linear operator on H. A is the
infinitesimal generator of a Cy—semigroup of contractions if and only if A is a m-
dissipative operator.

Theorem 1.2.11. Let A be a linear operator with dense domain D (A) in a Hilbert
space H. If A is dissipative and 0 € p (A), then A is the infinitesimal generator of a
Co—semigroup of contractions on H.

Theorem 1.2.12. (Hille-Yosida see Theorem 7.4 in [28]). Let (A,D(A)) be an un-
bounded linear operator on H. Assume that A is the infinitesimal generator of a
Co—semigroup of contractions (S (1)) ¢>o-

1. For Uy € D (A), the problem (1.2.1) admits a unique strong solution
U =StUyeC’(R*,D(A))nC' (R, H).
2. ForUy € H, the problem (1.2.1) admits a unique weak solution

Ut eC’ (R, H).

1.3 Stability of semigroup

In this section, we introduce some definitions about strong, exponential, polynomial
and analytic stability of a Cy-semigroup. Then, we give some results about the stability
of Cy-semigroup. For more details see [17, 24, 27, 38, 53, 71, 75, 85].

Let (X, |-l x) be a Banach space, and H be a Hilbert space equipped with the inner
product (:,-) gy and the induced norm ||-|| .
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1 Preliminaries — 1.3 Stability of semigroup

Definition 1.3.1. Assume that A is the generator of a strongly continuous semigroup of
contractions (S (1)) ;=9 on X. We say that the Cy-semigroup (S (1)) ¢>¢ is

o Strongly stable if
[lirp IS(Hullx=0, VuelX.

e Uniformly stable if
IEIEIOO IS (D)l £x) = 0.

o Exponentially stable if there exist two positive constants M and € such that

1S(H) ullx < Me ullxy, Vt>0 VueX.

o Polynomially stable if there exist two positive constants C and a such that

ISHulx<Ct *lulx, Yt>0 VuelX.

The Cy-semigroup (S(t)) s>o is said to be polynomially stable with optimal decay rate
t~% (with a > 0) if it is polynomially stable with decay rate t~% and, for any € > 0 small
enough, the semigroup (S(t)) ;=0 does not decay at a rate t~(*~9,

Proposition 1.3.2. Assume that A is the generator of a strongly continuous semigroup
of contractions (S (1)) =0 on X. The following statements are equivalent

e (S(1) =0 is uniformly stable.

e (5(1) =0 is exponentially stable.

To show the strong stability of a Cy—semigroup of contraction (e‘4),;~, we rely on the
following result due to Arendt-Batty [17].

Theorem 1.3.3. (Arendt and Batty) Assume that A is the generator of a strongly con-
tinuous semigroup of contractions (S (t)) ;=0 on a reflexive Banach space X. If

» A has no pure imaginary eigenvalues.

e 0(A)NiIR is countable.
Then S (t) is strongly stable.

Remark 1.3.4. Ifthe resolvent (I - T)™! of T is compact, then o (T) = 0p (T). Thus, the
state of Theorem 1.3.3 lessens to o (/) N iR = @.

Next, when the Cp-semigroup is strongly stable, we look for the necessary and suf-
ficient conditions of exponential stability of a Cy-semigroup. In fact, exponential
stability results are obtained using different methods like: multipliers method, fre-
quency domain approach, Riesz basis approach, Fourier analysis or a combination of
them. In this thesis we will review only two methods. The first method is a frequency
domain approach method which was obtained by Huang-Priiss (see [53, 85]).

Theorem 1.3.5. (Huang-Priiss) Assume that A is the generator of a strongly continuous
semigroup of contractions (S (t)) =0 on H. S(t) is uniformly stable if and only if
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1 Preliminaries — 1.3 Stability of semigroup

e iIRcp(A).

e sup |l (iBI—A) "l < +oo.
BeR
The second one is a classical method based on the spectrum analysis of the operator
A (see [38, 75]) .

Definition 1.3.6. Let (A, D (A)) be an unbounded linear operator on H. Assume that A
is the infinitesimal generator of a Cy—semigroup of contractions (S (1)) s>o-

o The growth bound of A is defined by
wo (A) =inf{w e R: I N, € R such thatV t >0 we have ||S(1)|| < Nye®'}.
e The spectral bound of A is defined by
s(A)=sup{Re(1): Leo (A)}.

Proposition 1.3.7. Let (A, D (A)) be an unbounded linear operator on H. Assume that
A is the infinitesimal generator of a Cy—semigroup of contractions (S(t));>9. Then
(S (1) ¢=0 is uniformly exponentially stable if and only if its growth bound wq (A) < 0.

Proposition 1.3.8. Let (A, D (A)) be an unbounded linear operator on H. Assume that
A is the infinitesimal generator of a Cy—semigroup of contractions (S (t));=o. Then, we
have

S(A) =wo(A).

Corollary 1.3.9. Let (A, D(A)) be an unbounded linear-operator on H. Assume that
$(A) =0, then (5(1)) ¢>¢ is not uniformly exponentially stable.

In the case when the Cy-semigroup is not exponentialy stable we look for a polynomial
one. In general, polynomial stability results are obtained using different methods
like: multipliers method, frequency domain approach, Riesz basis approach, Fourier
analysis or a combination of them. In this thesis we will review only one method. The
frequency domain approach method which was obtained by Batty [24], A.Borichev
[27] and Y.Tomilov, Z. Liu and B. Rao [71].

Theorem 1.3.10. (Battﬁy, A.Borichev and Y.Tomilov, Z. Liu and B. Rao.)Assume that
A is the generator of a strongly continuous semigroup of contractions (S (t)) ;=0 on H. If
iR c p (A), then for a fixed ¢ > 0 the following conditions are equivalent

1
li —lAI- At <+ 1.3.1
am sup 7l ( ) g < +oo (1.3.1)
C
IS () Upllg < - I UO”D(A) V>0, Uye D(A)forsomeC > 0. (1.3.2)
17

Also, the analytic property of a Cy—semigroup of contraction (S (#)) ;> is characterized
in the following theorem due to Arendt, Batty and Hieber [18].
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Theorem 1.3.11. Assume that A is the generator of a strongly continuous semigroup of
contractions (S (1)) ;=0 on H. Assume that
iR < p(A). (Al)

Then, (S (1)) >0 is analytic if and only if

1
|—1

limsup

AeR Al —co |2 [GA= A7 gy < 00 (A2)

1.4 Geometric Conditions

In this section, we recall some definitions of the geometric conditions that we
encounter in our work.

Definition 1.4.1. For a subset w of Q and T > 0, we shall say that (w, T) satisfies the Ge-
ometric Control Condition (GCC in short) if there exists T > 0 such that every geodesic
traveling at speed one in Q) meetsw in timet<T.

Definition 1.4.2. (see [5]) For a subset w of Q), we shall say that w satisfies the Strictly
Geometric Control Condition (SGCC in short) if there exists an open subset @ included
strictly inw (i.e. ® c w) and satisfying the GCC.

Definition 1.4.3. Saying that w satisfies the I'—condition if it contains a neighborhood
inQ of the set
{xel; (x—xp)-v(x) >0},

for some xy € R", wherev is the outward unit normal vector toT = 6Q).
Definition 1.4.4. A subset w satisfies the Piecewise Multiplier Geometric Condition
(PMGC in short) if there exist:
» Q; € Q having Lipschitz boundaryT ;.
e x;eRN, j=1,---M.
such that
1. QinQ;=¢@ forj#i.

2. w contains a neighborhood in Q) of the set

Q\LAij)

M
Uyixpu
. =

j=1

wherey j(xj) ={x€lj; (x—x;)-v;j(x) >0} and v is the outward unit normal vector to
T
].
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2 Stabilization of coupled wave
equations with two interior
viscous damping
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2.1 Well posedness and strong stability

In this Chapter, we consider a system of coupled wave equations with two interior
viscous dampings with fully Dirichlet boundary conditions. The system is given as
follows

@1 — aPsx+ (Lia,p) D@+ cX)y, =0, (x,£) € (0,L) x RY,
Vie—Wax+ (Lgp) QW —c(x)@; =0, (x, ) € (0,L) x RY,
{ 2.1.1)
@0,1)=¢(L,1)=0, t>0,
v(0,1)=w(L, 1) =0, t>0.
where ;
_J o if xe(ay)
c(x) = { 0 otherwise 2.1.2)

and 0 < a < f <y < L. This system is considered with the following initial data

9,0 =@o(), 9:(,0)=@1(), w(, 00 =wo() and w(,0) =vy1(). (2.1.3)

2.1.1 Well-Posedness

Firstly, we reformulate System (2.1.1)-(2.1.3) into an evolution problem in an appro-
priate Hilbert state space.
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The energy of System (2.1.1)-(2.1.3) is given by

1 L
Ea0) =3 [ (lod+ aloal < vl + [y .

Let (¢, ¢:, ¥, ¥,) be a regular solution of (2.1.1)-(2.1.3). Multiplying the first and the
second equations of (2.1.1) by u;, y;, respectively, then using the boundary conditions,
we get

dt

Thus, System (2.1.1)-(2.1.3) is dissipative in the sense that its energy is a non-increasing
function with respect to the time variable t. Let us define the energy space %, by

d L 2 L 2
—Ea(t):—fo (La,p) ()| ] dx—fo (Lia,p) 0)|w:| dx=<o0.

F, = (Hy (0,L) x L*(0, 1))>.

We denote by 1 = ¢, and ¢ = y,. The energy space #, is endowed with the following
norm

D12, = N1l + allp ) + 117 + 1w,

where | - || denotes the norm of L?(0,L) and ® = (¢,n,v,¢) in #,. We define the
unbounded linear operator </, : D (<f,;) € S, — S, by

D(ely) = ((H?(0,1) n HY 0, 1)) x HY (0,1))°, (2.1.4)
and for all ® = (@, n,v,&) € D (o4,),

Aa(p,n,y,8) = (77» aPxx — (]l(a,ﬁ)) (xX)N—c(x)&, & Pxx— (]l(a,ﬁ)) )&+ C()C)T])—r . (2.1.5)

If ® = (p,n,y,¢) is the state of System (2.1.1), then this system is transformed into a
first order evolution equation on the Hilbert space ., given by

;= D, D(0) =Dy, (2.1.6)

where ®j = ((po,ﬂo,lllo,fo)-

Proposition 2.1.1. The unbounded linear operator </, is m-dissipative in the energy
space JE,.

Proof. Forall® = (¢,n,v,&) € D (4,), we have

L L
Re ((£,U, U) ,) :_fo (]1(a,ﬁ))(x)|<pt|2dx—f0 (L) O|w:| dx <0,

which implies that <7, is dissipative. Now, let F = (f1, f>, f3, f1), we prove the existence
of ® = (¢,n,9,&) € D (s4,), solution of the equation

- A, P=F (2.1.7)
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Equivalently, one must consider the system given by

-n = f, (2.1.8)
—a@yx+ (Liap) XN+c(x)E = fo, (2.1.9)
- = f3 (2.1.10)
“Yxxt (]l(a,ﬁ)) (xX)—cxX)n = fa, (2.1.11)
with the boundary conditions
p0)=¢(L)=0, and w(0)=w(L)=0. (2.1.12)

Let (h, g) € H& (0, L) x Hé (0, L). Multiplying Equations (2.1.9) and (2.1.11) byﬁ and g
respectively, integrating over (0, L), we obtain

L _ L _ L —
f agoxhxdx+f (]l(a_ﬁ))(x)nhdx+f c(x)éhdx
0 0 0

L o_
f fohdx, (2.1.13)
0

L L L L
fo Vg, dx+ fo (Le,p) (X)Egdx— fo c(x)ngdx fo figdx. (2.1.14)

Inserting Equations (2.1.8) and (2.1.10) into (2.1.13) and (2.1.14), we get

L _ L _ L _ L _
f aphydx f fghdx+f (]l(a,ﬁ))(x)flhdx+f c(x) fshdx, (2.1.15)
0 0 0 0

L

L L
fo f4§dx+f0 (]l(a,ﬁ))(x)fggdx—fo c(x)figdx. (2.1.16)

L —
L Wxgx dx
Adding Equations (2.1.15) and (2.1.16), we obtain

a(lp,y),(h,g)=L(hg), Y (@ y) eH,0,L) x H,(0,L), (2.1.17)

where . .
a((<p,1//),(h,g)):afo <pxﬁxdx+f0 Vg, dx (2.1.18)

and

L L

L _ _ _ L
L(h,g):f fzhdx+f (]l(a,ﬁ))(x)flhdx+f c(x)fghdx+f fagdx+
0 0 0 0

L

L (2.1.19)
fo (Lie,p) (x) f58dx _fo c(x)figdx.
Thanks to (2.1.18), (2.1.19), we have that a is a bilinear continuous coercive form on
(H,(0,L) x H} (O,L))Z, and L is a linear continuous form on Hy (0, L) x H, (0, L). Then,
using Lax-Milgram Theorem, we deduce that there exists (¢, ) € H& (0, L) x Hé (0,L)
unique solution of the variational problem (2.1.17). Applying the classical elliptic
regularity we deduce that ® = (¢,n,¥,¢) € D («4,) is the unique solution of (2.1.7). The
proof is thus complete. O
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From Proposition 2.1.1, the operator </, is m-dissipative on ./, and consequently,
generates a Cy—semigroup of contractions (etd“) +>0 following Lumer-Phillips Theo-
rem 1.2.8. Then, the solution of the evolution Equation (2.1.6) admits the following
representation

O(1) = e'a®y, >0,

which leads to the well-posedness of (2.1.6). Hence, we have the following result.

Theorem 2.1.2. Let ®( € /€, then, problem (2.1.6) admits a unique weak solution ®
that satisfies
(1) € C°(RT, ).

Moreover, if ®y € D(,;) then, problem (2.1.6) admits a unique strong solution ® that
satisfies
(1) € C* (RY, #,) N C°R*, D(4,)).

2.1.2 Strong Stability

Theorem 2.1.3. The Cy—semigroup of contractions (et‘%) +=0 18 strongly stable in F,;
i.e. forallUy € A, the solution of (2.1.6) satisfies

lim [’ ®| 4, = 0.
t—+o00
Lemma 2.1.4. For A€ R, we haveill — <, is injective i.e.
ker (iAl— ;) ={0}, VAeR.

Proof. From Proposition 2.1.1, we have 0 € p(«Z,). We still need to show the result
for A € R*. Suppose that there exists a real number A # 0 and ® = ((p,n,u/, 5) € D(<4,),
such that

A D =i)D.
Equivalently, we have
n = i\, (2.1.20)
apxx— (Liap) XN—c(x)¢ = iAn, (2.1.21)
& = iy, (2.1.22)
Vix— (Liap) 0E+c0n = QAL (2.1.23)

Next, a straightforward computation gives

L L
ozRe(<mq>,q>>%):Re(<,sz¢ac1>,q>>%):—fo (1(a,ﬁ))(x)|n|2dx—fo (1(a,p) (X)IE1Pdx,
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consequently, we deduce that

n=¢(=0 on (a,p), (2.1.24)

then
p=9v=0 on (a,p). (2.1.25)

Substituting Equations (2.1.20), (2.1.22) in Equations (2.1.21), (2.1.23), we get

229+ apyy—iA(Lgp) D@ —ilcx)y = 0, in (0,L) (2.1.26)
Py + P —id (Lgp) Oy +ide(x)p = 0, in (0,L) (2.1.27)

with the boundary conditions
@(0) = (L) =y (0) =y() =0. (2.1.28)

Our goal is to prove that ¢ =y =0 on (0, L). For simplicity, we divide the proof into
three steps.

Step 1. The aim of this step is to show that ¢ =¥ = 0 on (0, ). We have that c(x) =0
on (0, &), then we obtain the following system

/lz(p +apy, = 0 over (0,a),
{ MPy+wyey = 0 over (0,a). (2.1.29)
Since (¢, ) € C1([0, L]) and the fact that ¢ =y = 0 on (a, 8), we get
¢(@) = px(@) =y(@) =px(a@) =0. (2.1.30)

It is easy to see that System (2.1.29) admits only a trivial solution on (0, @) under the
boundary condition (2.1.30).

Step 2. The aim of this step is to show that ¢ = ¢ = 0 on (f,y). Using the Equation
(2.1.25) and the fact that (p,y) € C 1(10, L)), we obtain the boundary conditions

eB)=px(B) =y (B)=w,(B) =0. (2.1.31)

Using the fact that c(x) = ¢y then, system (2.1.26)-(2.1.27) becomes

AMp+apc—ilcoy = 0 over (B,y)
) . (2.1.32)
Ay +ysx+ilcpp = 0 over (B,7).
Combining the Equations of system (2.1.32), we get
aPxxx + @+ DA @y + A2 (A2 = c3) p = 0. (2.1.33)

The characteristic equation of system (2.1.33) is

P(r):=ar*+(a+DA*r* + A2 (A2 -c3).
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Setting
Po(m) := am* + (a+ DA*m+ A% (A* - c3).

The polynomial Py has two distinct real roots m; and m; given by:

“AVa+1)- \//14(61 —1)2+4aciA? “Aa+1)+ \/)L4(a— 1)? +4aciA?
my = and my = .

2a 2a

It is clear that m; < 0 and the sign of m, depends on the value of A with respect to .
We distinguish the following three cases: A% < ¢, A* = ¢ and A* > ¢;.
Casel.If 1% < cg, then my > 0. Setting

rn=+v—-m and r,=+/mo.

Then P has four simple roots iry, —iry, 12 and —r», and hence the general solution of
system (2.1.32), is given by

@(x) = cisin(r;x) + ¢z cos(ryx) + czcosh(rax) + ¢4 sinh(rax),
A2—ar?) (A?+ar3) .
Y(x) = —————(c1sin(r1x)+ cacos(r1x)) + ———— (c3cosh(rax) + ¢4 sinh(ryx)),
idcy iAco

where cj € C, j =1,---,4. In this case, the boundary condition in Equation (2.1.31),
can be expressed by

C]
Ml K = 0)
C3
C4
where
sin(r18) cos(r18) cosh(r2p) sinh(r2f3)
ry cos(r1B) —rysin(r; ) rpsinh(r2f) r2 cosh(rzf)
My=| (AP-ard) (A2 —ar?) (A*+ar3) (A*+ar2)
R e hdds i 272 osh hddiies i
e sin(r ) e cos(r1B) e cosh(r2B) e
(A% - arlz) A% - arlz) A%+ arzz) A%+ arzz)
_W—arp) Wrary)  on
e ry cos(r1 ) e rysin(r ) e rzsinh(r2p) e

The determinant of M is given by

riraa® (ré + r22)2

2.2
}Lco

det(Ml) =

System (2.1.32) with the boundary conditions (2.1.31), admits only a trivial solution
¢ = =0if and only if det(M;) # 0, i.e. M, is invertible. Since, rl2 + r_% =my—my £0,
then det(M;) # 0. Consequently, if 1% < ¢Z, we obtain ¢ =y =0 on (5, 7).
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Case 2. If 12 = cg, then my = 0. Setting

Then P has two simple roots iry, —ir; and 0 is a double root. Hence the general
solution of System (2.1.32) is given by

p(x) = c18in(r1x)+ cxcos(rix) + c3x + ¢y,
(A% —ar?) . A
Y(x) = ————(c1sin(r1x)+cxcos(r1x)) +— (c3x+cq),
idcy 1Co

where ¢; € C, for j =1,---,4. Also, the boundary condition in Equation (2.1.31), can be
expressed by

C]
C2|
M, o |~ 0,
Ca
where
sin(r1 ) cos(r1B) g1
ry cos(r1 ) —rysin(r1 ) 1 0
My=| (A*—ar?) | (A2 —arf) Ap A
e sin(r18) e cos(r1) o e
A% - arlz) ( ) (A2 - arlz) ) ( ) A 0
i rycos\r1f Y. risin(r f .
The determinant of M, is given by
—ary
det(M,) = )12(:3 .

Since r; = \/—my #0, then det(M>) # 0. Thus, System (2.1.26), (2.1.27) with the bound-
ary conditions (2.1.31), admits only a trivial solution ¢ =¥ =0 on (8,7).
Case 3. If A? > ¢, then m, < 0. Setting

rn=v-m; and r=+/—-mo.

Then P has four simple roots iry, —iry, ir, and —ir,, and hence the general solution
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of System (2.1.32) is given by

@(x) = c18in(r1x) + ¢z cos(r1x) + c3sin(r2x) + ¢4 cos(rax),
(A?—ar? . A*—ar?) .
Y(x) = ————(c18in(r1x)+ cxcos(r1x)) + ———=— (c3sin(rox) + ¢4 cos(rax)),
idcy iAco

where ¢; € C, for j =1,---,4. Also, the boundary condition in Equation (2.1.31), can be
expressed by

1
C2|
M; el ™ 0,
Cy
where
sin(r18) cos(r1B) sin(r2) cos(r2p)
ry cos(r1 ) —r1sin(r1B) r2 cos(r2f) —r2sin(r2f)
My=| A*-ard) . (A?—ar?) (A*—ar?) | (A% +ar?)
e sin(r B) e cos(r1B) e sin(r2 ) e cos(r2p)
(A2 —ar?) A2—ard) (A2 —ar?) A2—ard)
er cos(r1 ) —Wn sin(r1 ) W"g cos(r2p) —Wrg sin(r28)

The determinant of Mj is given by

2012 _ .22
rreas(ry —ry)

det(Mg) = - /102
0

Since rZ —ry = my—my #0, then det(Ms) # 0. Thus, System (2.1.32) with the boundary
condition (2.1.31), admits only a trivial solution ¢ =y = on (B, y). Consequently, we
obtain ® =0 on (f,7).

Step 3. The aim of this step is to show that ¢ =¥ =0 on (y, L). From Equations (2.1.32)
and the fact that c(x) = 0 on (y, L), we obtain the following system

Mp+apey = 0 over (y,L)
{ AZU/ +¥xx = 0 over (y,L). (2.1.34)
Since (¢, v) € C'([0, L]) and the fact that ¢@=v=00n(6,y), we get
@) =@x(y) =yw(y) =wy(y) =0. (2.1.35)

Finally, it is easy to see that System (2.1.34) admits only a trivial solution on (y, L)
under the boundary condition (2.1.35).
Consequently, we proved that @ = 0 on (0, L). The proofis thus complete. O

Proof of Theorem 2.1.3. Using Lemma 2.1.4, we have that </, has non pure imaginary
eigenvalues. Since D(«/,;) is compactly embeded in ./, </, is maximal dissipative,
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/4 has no pure imaginary eigenvalues, and </, has a compact resolvent. Then, using
Arendt-Batty Theorem 1.3.3, the Cy-semigroup (e’?#) ¢ is strongly stable.

2.2 Exponential Stability

The main result of this section is to show the exponential stability of System (2.1.1).

Theorem 2.2.1. The Cy—semigroup of contractions (ewﬂ) />0 1S exponentially stable,

i.e. there exists constants M = 1 and 1 > 0 independent of ®, such that
|e%eao| < Me™ 1Dl ¥ r=0.
Ha

According to Huang [53] and Priiss [85] result 1.3.10, we have to check if the following
conditions hold:
iR< p(y,) (HD)

and

sup | GAI — )" 2, = OQ1). (H2)
AER

By using the same argument of Lemma 2.1.4, the operator </, has no pure imaginary
eigenvalues. Then, condition (H1) holds. We will prove condition (H2) using an
argument of contradiction. Indeed, suppose there exists

{(Anrq)n = ((Pn»nn;Wnrfn))}nzl < Rj. x D ()

such that
Ap—+oo and |[|Dyllz, =1 2.2.1)

and there exists a sequence Fy, = (fi,n, f2,n, f3,n, fa,n) € #4 such that
Detailing (2.2.2), we get the following system

idpp—nn = fin in Hy(0,L), (2.2.3)
iMn—a(pn)  +(Lap) ONu+c0é = fon in L20,1), (2.2.4)
iMy,—&n = fan in Hy(0,L),  (2.2.5)
iAn—(Wn) gyt (Lip) En—cNn = fan in L°OD.  (22.6)

In what follows, we will check the condition (H2) by finding a contradiction with (2.2.1)
such as [|®,l.7, = o(1). For clarity, we divide the proof into several lemmas. From now
on, for simplicity, we drop the index n.

Lemma 2.2.2. The solution (¢,n,v,¢) € D (o4,) of Equations (2.2.3)-(2.2.6) satisfies the
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following asymptotic behavior estimations

B, B )
f |n| dx=o0(1) and f IE1°dx = o(1).
a a

Proof. Taking the inner product of (2.2.2) with ® in .#,, then using the fact that @ is
uniformly bounded in /,, we get

p p
f mfdx+f E°dx = —Re (e, @, @) 7, = Re((iA] — od,) D, D) = o(1).
a a

Thus, the proof of the Lemma is complete. O

Substituting n and ¢ by iA@ — f1 and i Ay — f3 respectively in (2.2.4) and (2.2.6), we get
the following system

—iAfi—(La,p) X)fi— fo—c(x) f3, (2.2.7)
—iAfs—(Lia,p) (X) f3— fa+c(x) fr. (2.2.8)

M@+ aprx—id(Lg,p) Dp—ilc(x)y
P2y +Yax—id (Lig,p) (W +idc(x)g

Lemma 2.2.3. Let0< 6 < ﬁ;—a The solution (¢,n,v,¢) € D(s4,) of Equations (2.2.3)-(2.2.6)
satisfies the following asymptotic behavior estimations

p-6 2 B-6 ,
f |(px| dx=o0(1) and f |1//x| dx=o0(1).
a+o a+d

Proof. First, we define the cut-off function 6 € C Lo,L) by
0<6<1, O8=1on (@+6,6-06) and 6=0 on (0,a)uU(B,L). (2.2.9)

Multiplying Equations (2.2.7) and (2.2.8) by 8¢ and 0y respectively, integrating over (0, L) and
using the fact that A¢ and Ay are uniformly bounded in L?(0, L) and | F|| — 0 in /%, and taking
the real part, we get

L L L B
f 9|/1(p|2dx—af 9|(px|2dx— a[ G'E(pxdx—Re(Mcof Hwﬁdx) =o(1) (2.2.10)
0 0 0 a

and
L ) L ) L B
f 0| Ay | dx—f 0y« dx—f 9’1//wxdx+Re(i/lcof G(pwdx):o(l). (2.2.11)
0 0 0 «a

Using the fact that A¢ and Ay are uniformly bounded in L?(0, L), in particular in L? (a, §), and
the definition of 8, we get

B B
Re(i)tcof Hwﬁdx) =o0(1) and Re(i/lcof G(pwdx) =o(1). (2.2.12)

On the other hand, using the fact that Ag, Ay, ¢, and v are uniformly bounded in L?(0, L),
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we get
L L
af 0'pp,dx=o0(1) and f Oy dx=o(1). (2.2.13)
0 0

Furthermore, using Lemma 2.2.2, Equations (2.2.3), (2.2.5) and the definition of the function 6
in Equation (2.2.9), we get

L L
f9|/1(p|2dx:0(1) and f9|/1w|2dx:0(1). (2.2.14)
0 0

Inserting Equations (2.2.12)-(2.2.14) in Equations (2.2.10) and (2.2.11), we get the desired
results. Thus, the proof of this Lemma is complete . O

From Lemma 2.2.2 and Lemma 2.2.3, we get | ®|| 7, = o(1) on (a+06, f—6). In order to complete
the proof, we need to show that ||®|| 7, = o(1) on (a + 6, f—6)°.

Lemma 2.2.4. Let h € C1(0,L). The solution (p,n,v,&) € D(s4,) of Equations (2.2.3)-(2.2.6)
satisfies the following asymptotic behavior estimation

L L L
(1 el 168 ) dx—re [l ] | e [ ]
L L L
+2Re (f c(x)hf@xdx) —2Re (f c(x)hn@xdx) = 2[ hoyfrdx (2.2.15)
0 0 0

L L L
+2f hn(fl)xdx+2f h%f4dx+2f hé(f3)xdx + o(1).
0 0 0

Proof. Multiplying Equations (2.2.4) and (2.2.6) by 2h, and 2hy , respectively, integrate over

(0, L) and using the fact that ¢, v, are uniformly bounded in L2(0,L) and || F|| 7, — 0and
Lemma 2.2.2, we get

L L L L

2[ i/lhn@xdx—Zaf h(pxx@dx+2f c(x)hép,dx 2[ hoxfodx+o0(1) (2.2.16)
0 0 0 0
L B L . L . L

2] Mh&//xdx—zf thxdeX—Zf c(x)hny,dx = 2[ hyy fadx+o(1). (2.2.17)
0 0 0 0

From Equations (2.2.3) and (2.2.5), we have
—iAp, =T, + (ﬁ)x and —ily, =&+ (ﬁ)x.

Inserting the above equations in Equations (2.2.16) and (2.2.17) and by taking the real part, we
obtain

L L L L L
—f h|n|§dx—af h|<px|§dx+2Re(f c(x)hf@xdx)zzf h@fgdx+2f hn(f)xdx+o(1),

0 0 0 0 0
(2.2.18)

L L L L L
—f hlélidx—f h|1//x|idx—2Re (f c(x)nhwxdx) :2f h%ﬁ;d}ﬁzf hé(f3) ydx+o(1).
0 0 0 0 0
(2.2.19)
Using by parts integration in Equations (2.2.18) and (2.2.19), we get the desired results. O

Lemma 2.2.5. Let0 <6 < ﬁ‘T"‘. The solution (¢,n,v,§) € D(s4,) of Equations (2.2.3)-(2.2.6)
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satisfies the following asymptotic behavior estimation
a+o
fo (Inl? + algl® +16 + [w[*) dx = o).
Proof. Define the cut-off function 6 in C'([0, L)) by
0<f<1, O=1on (0,a+8), 6=0on (B-5,L). (2.2.20)
Take h = x0(x) in Equation (2.2.15), we get
L B0
f n (|n|2 + a|(px|2 +1E% + |1/Jx|2) dx+2coRe (f fo@xdx)
0 @ (2.2.21)

p-8
—2¢oRe (f x@nwxdx) =0(1).

a

Using Lemma (2.2.2) and that ¢, and v are uniformly bounded in L?(0, L) and in particular
in Lz(a,ﬁ —-0), we get

p-0

-6 -
2¢coRe (f xefaxdx) =o0(1) and 2c¢yRe (f andex) =o(1).

Inserting the above equations in Equation (2.2.21), and using Lemmas (2.2.2), (2.2.3) and the
definition of the function 0, we get the desired result. O

From the preceded results of Lemmas 2.2.2, 2.2.3 and 2.2.5, we deduce that
[®ll.7,=0(1) on (0,-06).

Now, our goal is to prove that |®| %, = o(1) on (-6, L). For this aims, let g€ C' ([-6,7])
such that

= — —6 :1, = d ! = ’
gy)=-g(B-0) xg}%]Ig(x)l cg an xrg%%]lg(x)I cg

where cg and cg are strictly positive constant numbers.

(y—x)m )

Remark 2.2.6. It is easy to see the existence of g (x). For example, we can take g(x) = cos (W
’y —

10getg(y)=~g(p-0)=1,g C (I6-8,y1), |g)| <1 and|g' )| = ;.

Lemma 2.2.7. Let0 <6 < ﬁ;—a The solution (¢,n,v,¢) € D(s4,) of Equations (2.2.3)-(2.2.6)
satisfies the following asymptotic behavior estimation

Inp|? =0, [nB-6|° =00, |Ey|°=0Q) and |&B-8)]* = 0q).
Proof. From Equations (2.2.4) and (2.2.6), we have

idpx—ne=(fi), and idy—&.=(f3),. (2.2.22)
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Multiplying the first equation and the second equation of (2.2.22) respectively by 2g(x)n and
2g(x)¢, integrating over (5 —6,7y) and using the fact that || F|| 7, — 0 and n and ¢ are uniformly
bounded in I2(0, L) in particular in 2 (B-96,7), we get

a7 — L4 2
Re(ZZ/lf g(pxndx)—f g(x)(|n| ) dx
p-6 B-o o

Y _ Y
Re (Zi/lf gwxfdx)—f g(x) (1€1%)  dx
p-5 p—o

o(1), (2.2.23)

o(1). (2.2.24)
Using integration by parts in Equations (2.2.23) and (2.2.24), we get

In P+ [nB-8)|* + o), (2.2.25)

Y, e v
f g (x)|17| dx+Re (21'/1[ g(pxndx)
-8 p-o6

lEfP +|EB-6)F +o(1). (2.2.26)

Y Y -
f g (x)1E>dx +Re (zm f gwx(fdx)
p-o p-6
Multiplying Equations (2.2.4) and (2.2.6) by 2g(x)p, and 2g(x)y , respectively , integrating

over (f—0,7), using the fact || F|l », — 0, ¢ and v, are uniformly bounded in I%(0,L) and
Lemma 2.2.2 and taking the real part, we get

Y Y Y
Re (Zi/lf g(x)n@xdx)—af g(x)(|(px|2) dx+2Re (Cof g(x)f@xdx) = o(l),
B-6 B-6 x B-6

Y _ Y Y —
Re (Zi/lf g(x)&//xdx)—f g(x)(|1/,x|2) dx—2Re (cof g(x)nu/xdx) = o(l).
p-o6 p-6 x p-o6
Using integration by parts in the second terms of the above Equations, we obtain
oy _ r o ) Y _
Re (21/1[ g(x)ntpxdx)+af g (0|4 dx+2Re(cof g(xquﬂxdx)
ps’ Jb-s ) (2.2.27)
=alpx)|" +alpx(B-8)| + o)
and
oy _ Y 2 Y _
Re(Zlf g(x)(fu/xdx)+f g (x)|1//x| dx—ZRe(cof g(x)nu/xdx)
ps” g5 ) (2.2.28)
=|w(y|”+ |y (B-8)|"+0(1).
Adding Equations (2.2.25)-(2.2.28), we get
Y
M=)+ N, p-0)= [ g/ (Inf’ + aleal + 16t + i) dx
p-o (2.2.29)

Y Y
+2Re (Cof g(x)f@xdx) —2Re (Cof g(x)nwxdx) +o0(1)
p-6 p-6

where

In)|> +|nB-8)| +alpxm)|* + alex(B-5)",
KN +]|EB=0) + ||+ |wx(B-6).

M(y,B-06)
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From Equation (2.2.29), we get

Y
M(y,B-0)+N(y,p-0) < cgrfl6 6(|17|2 +a|(px|2 +1E12 + |wx|2) dx

+eocgliSlizo,nll@xlrzo,n + cocglnlzo,plxllrzo,n) + 0o(1).

Using the fact that ||®|| is uniformly bounded in #,, we obtain the desired result. The proof of
this Lemma has been completed. O

Lemma 2.2.8. Let0< 6 < @ The solution (¢,n,v,&) € D(s4,) of Equations (2.2.3)-(2.2.6)
satisfies the following asymptotic behavior estimation

L
f (Inl? + ala]® +16 + [w[*) dx = o).
p-o

Proof. Define the cut-off function  in C! ([0, L]) by

N

0<0<1, 6=1on (B-6,L), and 0=0 on (0,a+5). (2.2.30)
Take h = (x — L)é in Equation (2.2.15), using Lemmas (2.2.2), (2.2.3) and the definition of the
function 6, we get
L 2 2 2 2 Y A
fﬁ 5 (|n| +a|@x|”+I1E7 + |y )dx+200Re (fﬁ 6(x—L)9<f<pxdx

. A (2.2.31)
—2¢oRe (f (x—L)HnExdx) =0(1).
p-6

Using the fact that { = iAy — f3 and n = iA@ — fi in the second and third term of Equation
(2.2.31) and that ¢, ¥ are uniformly bounded in [2(0, L) and the fact that | Fll 7, — 0, we get

Y R Y ~ Y ~
2¢oRe (f (x—L)BE@xdx) —2¢oRe (f (x—L)Bandx) =2coRe (/ iAMx—L0yp,dx
p-o p-6

Y ~
—2¢oRe (f i/l(x—L)B(prdx) +o(1).
p-5

Using integration by parts in the first term of the right hand side of the above equation and the
fact that Ag and Ay are uniformly bounded in L2(Q), we obtain

Y N Y ~
2coRe (f (x—L)Bf@xdx) —2c¢oRe (f (x—DOny,dx|=
B-o B-o

(2.2.32)
2coRe ([iAGx— Ly} _y) +o(D).
Inserting Equation (2.2.32) in Equation (2.2.31), we obtain
L 2 2 2 2
fﬁ . (|77| + ||+ 1E7 + |y ) dx=A(y) +B(B-8)+o(1), (2.2.33)
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where

Aly)
B(f—-6)

2coRe (IML-Py o),
2coRe(iA(B-6- Ly (B-8p((B-90)).

On the other hand, from Equations (2.2.3) and (2.2.5), we have

[Aps)| < |n©)|+]fi(s)] and |[Aw ()| <IEG)+]|f09)| for se{B-6,7}. (2.2.34)

S S
Using the fact that |f1 (s)| < Sfo |(f1)x|2dx < sa_IIIFlléfa and |f3(s)| < sfo |(f3)x|2dx < s||F||25fa
forall se {f—6,y}, and using Lemma 2.2.7 in Equation (2.2.34), we obtain

|[Ap(s)|=0(1) and |Ay(s)|=0@), for se{f-6,v}.

Its follow that
A(y)+B(B-9) =o0(1). (2.2.35)

Using Equation (2.2.34) in Equation (2.2.33), we obtain

L
[ (I + alel? 12 + yo]2) = ot
B-6

Thus, the proof has been completed. O

Proof of Theorem 2.2.1 Using Lemmas 2.2.2, 2.2.3, 2.2.5 and 2.2.8, we get | @] 7, = o(1) on
[0, L], which contradicts Equation (2.2.1). Therefore, (H2) holds, by Huang [53] and Priiss [85]
we deduce the exponential stability of the System (2.1.1).
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3.1 Introduction

3.1.1 Motivation and aims

There are several mathematical models representing physical damping. The most often
encountered type of damping in vibration studies are linear viscous damping and Kelvin-
Voigt damping which are special cases of proportional damping. Viscous damping usually
models external friction forces such as air resistance acting on the vibrating structures and
is thus called "external damping", while Kelvin-Voigt damping originates from the internal
friction of the material of the vibrating structures and thus called "internal damping". In
1988, E Huang in [54] considered a wave equation with globally distributed Kelvin-Voigt
damping, i.e. the damping coefficient is strictly positive on the entire spatial domain. He
proved that the corresponding semigroup is not only exponentially stable, but also is analytic
(see Definition 1.3.1, Theorem 1.3.5 and Theorem 1.3.11 below). Thus, Kelvin-Voigt damping
is stronger than the viscous damping when globally distributed. Indeed, it was proved that
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the semigroup corresponding to the system of wave equations with global viscous damping is
exponentially stable but not analytic (see [36] for the one dimensional system and [22] for the
higher dimensional system). However, the exponential stability of a wave equation is still true
even if the viscous damping is localized, via a smooth or a non smooth damping coefficient,
in a suitable subdomain satisfying some geometric conditions (see [22]). Nevertheless, when
viscoelastic damping is distributed locally, the situation is more delicate and such comparison
between viscous and viscoelastic damping is not valid anymore. Indeed, the stabilization of
the wave equation with local Kelvin-Voigt damping is greatly influenced by the smoothness of
the damping coefficient and the region where the damping is localized (near or faraway from
the boundary) even in the one-dimensional case. So, the stabilization of systems (simple or
coupled) with local Kelvin-Voigt damping has attracted the attention of many authors (see the
Literature below for the history of this kind of damping). From a mathematical point of view, it
is important to study the stability of a system coupling a locally damped wave equation with
a conservative one. Moreover, the study of this kind of systems is also motivated by several
physical considerations and occurs in many applications in engineering and mechanics. In
this direction, recently in 2019, Hassine and Souayeh in [50], studied the stabilization of a
system of global coupled wave equations with one localized Kelvin-Voigt damping. The system
is described by

Urr— (Ux + D(X)Usy) x + v =0, (x,0) e (-1,1) xR,
Vit — CUxx— U =0, (x,0) € (-1,1) xR*,
< u0,)=v0,0)=0,ul,)=v1,)=0, >0, (3.1.1)
u(x,0) = ug(x), us(x,0) = up (%), xe(-1,1),
v(x,0) = vo(x), v¢(x,0) = v1 (%), xe(-1,1),

where ¢ >0, and b € L*°(—1, 1) is a non-negative function. They assumed that the damping
coefficient is given by b(x) = d1,1;(x), where d is a strictly positive constant. The Kelvin-
Voigt damping (b(x)uy), is applied at the first equation and the second equation is indirectly
damped through the coupling between the two equations. Under the two conditions that the
Kelvin-Voigt damping is localized near the boundary and the two waves are globally coupled,
they obtained a polynomial energy decay rate of type ¢7%. Then the stabilization of System
(3.1.1) in the case where the Kelvin-Voigt damping is localized in an arbitrary subinterval of
(=1,+1) and the two waves are locally coupled has been left as an open problem. In addition,
we believe that the energy decay rate obtained in [50] can be improved. So, we are interested
in studying this open problem.

The main aim of this chapter is to study the stabilization of a system of localized coupled
wave equations with only one Kelvin-Voigt damping localized via non-smooth coefficient in a
subinterval of the domain. The system is described by

, (x,0€e(0,L) xR, (3.1.2)
, (x,0e(L) xR, (3.1.3)

Il
o

Urr— (@Uyx + (X Usx) x + €(X) Yt

Vet — Yxx — €(X) Uy

Il
o
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with fully Dirichlet boundary conditions,

u©,0=ul,n=y00=yLn=0, ¥reR", (3.1.4)
where
_ | bo it x€(a,as) _f e if xe(azaq)
bl = { 0 otherwise and c(x) = { 0 otherwise (3.1.5)

and a > 0, by > 0 and ¢y € R*, and where we consider 0 < @) < @, < a3 < a4 < L (see Figure 3.1).
This system is considered with the following initial data

u,0)=up(), us(-,0) =u1 (), y,0) =yo(-) and y;(-,0) = y1("). (3.1.6)

bo

Co

Figure 3.1 — The localization of the damping and coupling coefficients

3.1.2 Literature

The wave is created when a vibrating source disturbs the medium. In order to restrain
those vibrations, several dampings can be added such as Kelvin-Voigt damping which is
originated from the extension or compression of the vibrating particles. This damping is a
viscoelastic structure having properties of both elasticity and viscosity. In the recent years,
many researchers showed interest in problems involving this kind of damping (local or global)
where different types of stability have been showed. In particular, in the one dimensional case,
it was proved that the smoothness of the damping coefficient affects critically the studying of
the stability and regularity of the solution of the system. Indeed, in the one dimensional case
we can consider the following system

Uty — (Ux + D1 (X) Usx) =0, -1=x=<1,t>0,
u(l,n)=u(-1,1 =0, >0, (3.1.7)
u(x,0) = up(x), us (x,0) = u1 (x), —-1=x<1,

with b; € L*°(-1,1) and
0 if x€(0,1),

a(x) if xe(-1,0), (3.1.8)

by (x) 2{

where the function a, (x) is non-negative. The case of local Kelvin-Voigt damping was first
studied in 1998 [66, 70], it was proved that the semigroup loses exponential stability and
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smooth property when the damping is local and a; =1 or b; (+) is the characteristic function of
any subinterval of the domain. This surprising result initiated the study of an elastic system
with local Kelvin-Voigt damping. In 2002, K. Liu and Z. Liu proved that system (3.1.7) is
exponentially stable if b} (.) € C%1([-1,1]) (see [67]). Later, in [95], the smoothness on b; was
weakened to by (-) € C!([-1,1]) and a condition on a; was taken. In 2004, Renardy’s results
[87] hinted that the solution of the system (3.1.7) may be exponentially stable under smoother
conditions on the damping coefficient. This result was confirmed by K. Liu, Z. Liu and Q.
Zhang in [74]. On the other hand, Liu and Rao in 2005 (see [71]) proved that the semigroup
corresponding to system (3.1.7) is polynomially stable of order almost 2 if a;(.) € C(0,1) and
ai(x) = a; =0 on (0,1). The optimality of this order was later proved in [7]. In 2014, Alves and
al., in [8], considered the transmission problem of a material composed of three components;
one of them is a Kelvin—Voigt viscoelastic material, the second is an elastic material (no
dissipation) and the third is an elastic material inserted with a frictional damping mechanism.
They proved that the rate of decay depends on the position of each component. When the
viscoelastic component is not in the middle of the material, they proved exponential stability of
the solution. However, when the viscoelastic part is in the middle of the material, the solution
decays polynomially as t~2. In 2016, under the assumption that the damping coefficient has a
singularity at the interface of the damped and undamped regions and behaves like x* near
the interface, it was proven by Liu and Zhang [72] that the semigroup corresponding to the
system is polynomially or exponentially stable and the decay rate depends on the parameter
a € (0,1]. In [12], Ammari and al. generalized the cases of single elastic string with local Kelvin-
Voigt damping (in [14, 67]). They studied the stability of a tree of elastic strings with local
Kelvin-Voigt damping on some of the edges. They proved exponential/polynomial stability of
the system under the compatibility condition of displacement and strain and the continuity
condition of damping coefficients at the vertices of the tree.

In [48], Hassine considered the longitudinal and transversal vibrations of the transmission
Euler-Bernoulli beam with Kelvin-Voigt damping distributed locally on any subinterval of the
region occupied by the beam. He proved that the semigroup associated with the equation for
the transversal motion of the beam is exponentially stable, although the semigroup associated
with the equation for the longitudinal motion of the beam is polynomially stable of type 2.
In [47], Hassine considered a beam and a wave equation coupled on an elastic beam through
transmission conditions with locally distributed Kelvin-Voigt damping that acts through one
of the two equations only. He proved a polynomial energy decay rate of type t~2 for both cases
where the dissipation acts through the beam equation and through the wave equation. In
2016, Oquendo and Sanez studied the wave equation with internal coupled terms where the
Kelvin-Voigt damping is global in one equation and the second equation is conservative. They
showed that the semigroup loses speed and decays with the rate 71 and they proved that this
decay rate is optimal (see [84]).

3.1.3 Description of the chapter

This chapter is organized as follows: In Subsection 3.2.1, we reformulate the system (3.1.2)-
(3.1.6) into an evolution system and we prove the well-posedness of our system by semigroup
approach. In Subsection 3.2.2, using a general criteria of Arendt and Batty, we show the strong
stability of our system in the absence of the compactness of the resolvent. In Section 3.3, we
prove that the system lacks exponential stability using two different approaches. The first case
is by taking the damping and the coupling terms to be globally defined, i.e b(x) = by > 0 and
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c(x) = cp € R* and we prove the lack of exponential stability using Borichev-Tomilov results.
The second case is by taking only the damping term to be localized and we use the method
which was developed by Littman and Markus. In Section 3.4, we look for a polynomial decay
rate by applying a frequency domain approach combined with a multiplier method based on
the exponential stability of the system in chapter 2 , where we establish a polynomial energy
decay for smooth solution of type ™! .

3.2 Well-Posedness and Strong Stability

In this section, we study the strong stability of System (3.1.2)-(3.1.6). First, using a semigroup
approach, we establish well-posedness result of our system.

3.2.1 Well-Posedness

Firstly, we reformulate System (3.1.2)-(3.1.6) into an evolution problem in an appropriate
Hilbert state space.
The energy of System (3.1.2)-(3.1.6) is given by

1 L
E(t) = Efo (el + aluexl? + 1yel? + 1yol?) dx.

Let (u, us,y,y:) be a regular solution of (3.1.2)-(3.1.6). Multiplying (3.1.2), (3.1.3) by u;, ys,
respectively, then using the boundary conditions (3.1.4), we get

L
E' ()= —f b(x)|usy*dx,
0

using the definition of the function b(x), we get E'(f) < 0. Thus, System (3.1.2)-(3.1.6) is
dissipative in the sense that its energy is a non-increasing function with respect to the time
variable ¢. Let us define the energy space ./ by

F€ = (Hy(0,L) x L*(0, 1))>.

The energy space # is equipped with the inner product defined by

L L L L
(U, Ul)]f:f vuirdx+ a/ ux(ﬁl)xdx+f zEldx+f Y@ )xdx,
0 0 0 0

forall U = (u,v,y,2) and Uy = (u1,v1,y1,21) in #. We use ||U|| # to denote the corresponding
norm. We define the unbounded linear operator « : D («f) € A — J by

U= (u,v,y2) €H; ye H (0,L) N Hy(0,L)
D(f) =
V,ZE€E H& (0, L), (auy + b(x)vy) € L*(0, L)

and forall U = (u, v, y,2) € D (o),

o (u,v,y,2) = (v,(@ux + b(X)Vy) x — €(X) 2, Z, Yxx + €(X) v)T .
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If U = (u, us, y, yr) is the state of System (3.1.2)-(3.1.6), then this system is transformed into the
first order evolution equation on the Hilbert space /# given by

Ui=«U, U(0)=U,, (3.2.1)

where Uy = (up, U1, Yo, y1)-
Proposition 3.2.1. The unbounded linear operator <f is m-dissipative in the energy space 7 .

Proof. ForallU = (u,v,y,z) € D(«), we have
L as
Re (LU, U) z) = —f b(x)|vy|*dx = —f bolvy?dx <0,
0 a

which implies that «f is dissipative. Here Re is used to denote the real part of a complex
number. Now, let F = ({1, f5, f3, fa), we prove the existence of U = (u, v, y, z) € D(&/), solution
of the equation

-AU=F. (3.2.2)

Equivalently, one must consider the system given by

-v = fi, (3.2.3)
—(aux+b(xX)v)x+c(X)z = fo, (3.2.4)
—z = f3, (3.2.5)
“Yxx—c(Vv = fa, (3.2.6)
with the boundary conditions
u@)=u(l)=0, and y(0)=y(L)=0. 3.2.7)

Let (¢, 9) € H}(0,L) x Hy (0,L). Multiplying Equations (3.2.4) and (3.2.6) by ¢ and y respec-
tively, integrating over (0, L), we obtain

L L
f (auy + b(x) vx)Exdx+f c(x)zpdx
0 0

L
f fopdx, (3.2.8)
0

L L L
f yxwxdx—f c(xX)vydx = f fawdx. (3.2.9)
0 0 0

Inserting Equations (3.2.3) and (3.2.5) into (3.2.8) and (3.2.9), we get

L L L
fofgadyﬁ—fo b(x)(fl)xﬁxdx+f0 c(x) f3pdx, (3.2.10)

L
f auyp  dx
0

L —_—
j; yxl//xdx

L L
f ﬁ;@dx—f c(x) fiydx. (3.2.11)
0 0
Adding Equations (3.2.10) and (3.2.11), we obtain
a(w,y), @) =L(p,y), Y (pw) eHy0,L) xHyO,L), (3.2.12)

where L L
a((w,y),(@w)= afo u;@xdx+f0 VW, dx (3.2.13)
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and

L L L L L
Lip,yv) = f frpdx +f b(x)(f1)xp,dx +/ c(x) fspdx+ f fawdx —f c(x) fiyvdx.

° ° ° ’ ° (3.2.14)

Thanks to (3.2.13), (3.2.14) , we have that a is a bilinear continuous coercive form on (H(} (0,L)x
H& (0,L1))%, and L is a linear continuous form on H& (0,L) x H(} (0,L). Then, using Lax-Milgram
theorem, we deduce that there exists (1, y) € Hé (0,L) x H& (0, L) unique solution of the varia-
tional problem (3.2.12). Applying the classical elliptic regularity we deduce that U = (1, v, y, z) €
D(<f) is the unique solution of (3.2.2). The proof is thus complete. O

From Proposition 3.2.1, the operator «f is m-dissipative on ./ and consequently, generates
a Co—semigroup of contractions (e’”),_ following Lumer-Phillips Theorem (see Theorem
1.2.8). Then the solution of the evolution Equation (3.2.1) admits the following representation

Uw=e“U, t=0,
which leads to the well-posedness of (3.2.1). Hence, we have the following result.

Theorem 3.2.2. Let Uy € S then, problem (3.2.1) admits a unique weak solution U that
satisfies
U(t) e C°(RY, 7).

Moreover, if Uy € D(<f) then, problem (3.2.1) admits a unique strong solution U that satisfies

Ut e C (R, #)n C°R*, D(4)).

3.2.2 Strong Stability

This part is devoted for the proof of the strong stability of the Co-semigroup (e )50 TO
obtain strong stability of the Cy-semigroup (et‘d ) (>0 We use the theorem of Arendt and Batty
in [17] (see Theorem 1.3.3).

Theorem 3.2.3. The Co—semigroup of contractions (e*)
Uy € A, the solution of (3.2.1) satisfies

1=0 IS strongly stable in F; i.e. for all

lim (™ Uyl = 0.
—+00

For the proof of Theorem 3.2.3, since the condition (u, v, y, z) € D(<f) implies only u € H& 0,L).
Therefore, the embedding from D(«f) into / is not compact and the resolvent (—<f )7L of
the operator & is not compact in general. Then according to Theorem 1.3.3, we need to
prove that the operator </ has no pure imaginary eigenvalues and o (/) N iR contains only a
countable number of continuous spectrum of «f. The argument for Theorem 3.2.3 relies on
the subsequent lemmas.

Lemma 3.2.4. For A €R, we have ill — < is injective i.e.

ker(idl—<f) ={0}, VAeR.
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Proof. From Proposition 3.2.1, we have 0 € p(«/). We still need to show the result for A € R*.
Suppose that there exists a real number A # 0 and U = (&, v, y, z) € D(<f), such that

LU =iAU.
Equivalently, we have
v = ilu, (3.2.15)
(auy+b(X)v)—c(x)z = iy, (3.2.16)
z = ily, (3.2.17)
Yxxtc(X)v = ilz. (3.2.18)

Next, a straightforward computation gives
L as
0=Re(iAU,U) 7 =Re( U, U) 7 = —f b(x)|vy|*dx = —f bolvx|*dx,
0 a,

consequently, we deduce that
b(x)vy=0 in (0,L) and v,=0 in (aj,asz). (3.2.19)
It follows, from Equation (3.2.15), that
u,=0 in (a, as). (3.2.20)
Using Equations (3.2.16), (3.2.17), (3.2.19), (3.2.20) and the definition of c(x), we obtain
Yx=0 in (az as). (3.2.21)

Substituting Equations (3.2.15), (3.2.17) in Equations (3.2.16), (3.2.18), and using Equation
(3.2.19) and the definition of b(x) in (3.1.5), we get

Vu+ auyxx—ilc(x)y = 0, in (0,L) (3.2.22)
Ay+ysx+ile@u = 0, in (0,L) (3.2.23)

with the boundary conditions
u0) =u(L)=y(0)=y(L)=0. (3.2.24)

Our goal is to prove that u = y = 0 on (0, L). For simplicity, we divide the proof into three steps.
Step 1. The aim of this step is to show that u = y =0 on (0, a3). So, using Equation (3.2.20), we
have

u,=0 in (a,az).

Using the above equation and Equation (3.2.22) and the fact that c(x) = 0 on (a7, a2), we obtain

u=0 in (aaz). (3.2.25)
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In fact, system (3.2.22)-(3.2.24) admits a unique solution (u, y) € CL ([0, L]), then

uay) = uy(ay) =0. (3.2.26)
Then, from Equations (3.2.22) and (3.2.26) and the fact that c(x) =0 on (0, a;), we get

u=0 in (0,ay). (3.2.27)
Using Equations (3.2.20) and (3.2.25) and the fact that u € C'([0, L]), we get

u=0 in (a;,as). (3.2.28)

Now, using Equations (3.2.20), (3.2.21) and the fact that c¢(x) = ¢y on (a2, @3) in Equations
(3.2.22), (3.2.23) , we obtain

icp .
u= Ty in (az, as). (3.2.29)
Using Equation (3.2.28) in Equation (3.2.29), we obtain
u=y=0 in (a2, asz). (3.2.30)

Since y € C([0, L]), then
Y(az) = yx(az) = 0. (3.2.31)

So, from Equations (3.2.23) and (3.2.31) and the fact that c(x) = 0 on (a;, a»2), we obtain

y=0 in (a,a). (3.2.32)
Using the same argument over (0, @;), we get

y=0 in (0,a). (3.2.33)

Hence, from Equations (3.2.25), (3.2.27), (3.2.28), (3.2.30), (3.2.32) and (3.2.33), we obtain
u=y=0on (0, as3). Consequently, we obtain

U=0 in (0,as).

Step 2. The aim of this step is to show that u = y =0 on (a3, @4). Using Equation (3.2.30), and
the fact that (1, y) € C'([0, L]), we obtain the boundary conditions

u(as) = ux(az) = y(as) = yx(as) = 0. (3.2.34)
Combining Equations (3.2.22), (3.2.23), and the fact that c(x) = ¢y on (a3, a4), we get
Allyyxx + @+ DA Uy + A2 (A2 = ) u=0. (3.2.35)
The characteristic equation of system (3.2.35) is
P(r):=ar* + (a+DA*r* + A*(A* - ¢5).

Setting
Po(m) := am?® + (a+ DA’ m + A2 (/12 - cg) )
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The polynomial Py has two distinct real roots m; and m, given by:

—A%a+1) - \/14(61— 12 +4aci)? “A%a+1)+ \/14(61— 12 +4aci)?
my = and mp = .

2a 2a

It is clear that m; < 0 and the sign of m, depends on the value of A with respect to ¢y. We
distinguish the following three cases: 12 < cg, A2 = cg and A2 > 0(2).
Case 1. If 1% < ¢2, then my > 0. Setting

rn=+v-m; and r;=ms.

Then P has four simple roots iry, —ir, r» and —r,, and hence the general solution of system
(3.2.22), (3.2.23), is given by

u(x) = cpsin(ryx)+ cycos(r;x) + c3cosh(rpx) + ¢4 sinh(rp x),
(A2 — arlz) ) (A% + arzz) .
y(x) = —————(c18in(r1x)+ cycos(r; x)) + ————= (c3 cosh(rz x) + ¢4 sinh(r»x)),
ilcy ilcy
where c¢j € C, j =1,---,4. In this case, the boundary condition in Equation (3.2.34), can be
expressed by
C1
Ml e = 0)
C3
C4
where
sin(ryas) cos(rias) cosh(ryas) sinh(rpa3)
ricos(rias) —r1sin(ryas) rpsinh(rpas) 1o cosh(ras)
My =| (A*-ar?) | A2 —ar?) (A*+ar3) A*+ar?)
————sin(ras) ———cos(rnas) ———=cosh(ras) ———sinh(r;az3)
idcy ilcy idlcy ilcy
(A% - arlz) (A% - arlz) . A%+ arzz) . A%+ arzz)
————rncos(raz) —————rnsin(naz) ———=—rysinh(rnaz) ————=—rscosh(ras)
ilcy idlcy ilcy ilcy

The determinant of M, is given by

rirpa? (ré + r22)2

2.2
/lco

det(M;) =

System (3.2.22), (3.2.23) with the boundary conditions (3.2.34), admits only a trivial solution
u =y =0 if and only if det(M;) # 0, i.e. M; is invertible. Since, r‘l2 + r22 =my—my # 0, then
det(M,) # 0. Consequently, if 1> < ¢3, we obtain u =y =0 on (a3, a4).

Case 2. If 1 = ¢2, then my = 0. Setting

(a+1)ch

n=v—m=

a

Then P has two simple roots irq, —ir; and 0 is a double root. Hence the general solution of
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System (3.2.22), (3.2.23) is given by

u(x) = cysin(rix)+cecos(rix) + c3x+ ¢y,
(A% - arlz) . A
y(x) = ————(c1sin(r;x)+cacos(r1x)) + — (c3x + ca),
idcy 1Co

where c; € C, for j = 1,---,4. Also, the boundary condition in Equation (3.2.34), can be
expressed by

C1
C2
M. =0,
2 cs
C4
where
sin(ryas) cos(riasg) a3 1
ricos(ryas) —rysin(ryas) 1 0
Mp=| (A*-ar}) . (A*—arf) Aas A
———sin(r;as) —————cos(naz) — ——
idlcy ilcy icp ico
(A2 —ar) A2—ar?) y)
—————rncos(naz) —-——/———rnsin(naz) — 0
idcy idcy 1Co
The determinant of M, is given by
_ 2r15
det(Mg) = 5 3 -
A2c§

Since r; = \/—my # 0, then det(M;) # 0. Thus, System (3.2.22), (3.2.23) with the boundary
conditions (3.2.34), admits only a trivial solution u =y =0 on (a3, a4).
Case 3. If 1 > ¢, then my < 0. Setting

rn=+v-m and r,=\/-m;.

Then P has four simple roots ir;, —iry, i and —ir, and hence the general solution of System
(3.2.22), (3.2.23) is given by

u(x) = ci1sin(r1x)+ cxcos(ry1x) + c3sin(rax) + c4 cos(ra x),
A2—ar?d) A2—ard)
y(x) = ————(c1sin(r1x)+cycos(r1x)) + ————(c38in(rax) + ¢4 cos(r2x)),
iley idco

where c; € C, for j = 1,---,4. Also, the boundary condition in Equation (3.2.34), can be
expressed by

G

2

C3

Cq
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where
sin(r;as) cos(rias) sin(r,as) cos(r,as)
ricos(ryas) —rysin(ryas) o cos(roas) —rysin(raas)
Ms=| (A*-ar?) | (A?—ar?) A?—ar3) (A*+ar2)
——sin(ryas) —————cos(ras) ———sin(raas) ————cos(ras)
idcy idcy idcy idcy
(A% - arlz) (A% - arlz) . (A% — arzz) (A% - arzz) .
————rcos(riag) —————rsin(rjag) —————rpco0s8(rpa3) —————rpsin(ras)
ilcy idlcy ilcy ilcy

The determinant of M3 is given by

det(Ms) = — rira?(ré —r3)?

Ack
Since rl2 - r22 = my—m # 0, then det(M3) # 0. Thus, System (3.2.22)-(3.2.23) with the boundary
condition (3.2.34), admits only a trivial solution © = y = 0 on (a3, @4). Consequently, we obtain
U=0on (as,ay).
Step 3. The aim of this step is to show that u = y = 0 on (a4, L). From Equations (3.2.22),
(3.2.23) and the fact that c¢(x) = 0 on (a4, L), we obtain the following system

NMu+au,, = 0 over (as,L)
{ Ay+yxe = 0 over (agl). (3.2.36)
Since (1, y) € C1([0, L]) and the fact that u = y = 0 on (a3, a4), we get
u(ay) = ux(ag) = ylag) = yxlayg) =0. (3.2.37)

Finally, it is easy to see that System (3.2.36) admits only a trivial solution on (a4, L) under the
boundary condition (3.2.37).
Consequently, we proved that U = 0 on (0, L). The proof is thus complete. O

Lemma 3.2.5. Forall A € R, we have
RN - o) = A.

Proof. From Proposition 3.2.1, we have 0 € p(</). We still need to show the result for A € R*.
Set F = (f1, f>, f3, f1) € A, we look for U = (u, v, y, z) € D(&f) solution of

(AI-«)U=F. (3.2.38)
Equivalently, we have
v = ilu-fi, (3.2.39)
iAv—(aux+b(x)v)x+c(X)z = fo, (3.2.40)
z = iAy—fs (3.2.41)
iMz—yex—c(X)Vv = fa. (3.2.42)

Let (¢,¥) € Hy (0, L) x H; (0, L), multiplying Equations (3.2.40) and (3.2.42) by ¢ and ¥ respec-
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tively and integrate over (0, L), we obtain

L L L L L
f ixll@derf au;@xdx+f b(x)vxaxderf c(x)z@dx=f fodx, (3.2.43)
0 0 0 0 0
L L L . L
f ixlzu/dx+f yxu/xdx—f c(x)vu/dxzf fiwdx. (3.2.44)
0 0 0 0

Substituting v and z by ilu— fj and i1y — f3 respectively in Equations (3.2.43)-(3.2.44) and
taking the sum, we obtain

a(w,y), (@) =Lg,yw), Y(p,y) eH)0,L) x Hy0,L), (3.2.45)
where
a((w, ), @) =a (W), @) +a(wy, @)

with . .

ar ((w, ), (@) :fo (auxp, +yxy,)dx+ Mfo b(x)uxp, dx,

L L

az ((w,y), (@, ) = —/12f0 (ugp+yy)dx+ Mfo cx) (yo—uy)dx,

and

L L L
L((p,u/):fo (f2+c(x)f3+i/1f1)¢dx+fo (f4—c(x)f1+i)Lf3)7dx+fO b(x)(fi), P dx.

Let V= H}(0,L) x H}(0,L) and V' = H"'(0, L) x H"'(0, L) the dual space of V. Let us consider
the following operators,

{A:V - Vv {A1:V - Vv {AZ:V - Vv
(w,y) — Alwy) (wy) — Ay (w,y) — Aw,y)
such that
(Aw, ) @) =a(wy),@y), Y,y eH0,L) x Hy(0,L),
(A1, 1) (@) = a1 (W, ), (@, ),  Y(@,¥) € Hy(0,L) x Hy(0,L), (3.2.46)
(A2 (w, ) (@, ) = a2 ((w, 1), (@, ¥)), Y (@, 9) € H}(0,L) x Hy(0,L).

Our goal is to prove that A is an isomorphism operator. For this aim, we divide the proof into
three steps.

Step 1. In this step, we prove that the operator A; is an isomorphism operator. For this goal,
following the second equation of (3.2.46) we can easily verify that a, is a bilinear continuous
coercive form on H}(0,L) x H} (0, L). Then, by Lax-Milgram Lemma, the operator A; is an
isomorphism.

Step 2. In this step, we prove that the operator A, is compact. According to the third equation
of (3.2.46), we have

laz ((w, ), (@, )| = Cll(w, Wl 200, I @, W) 1 120, 1) -
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Finally, using the compactness embedding from H& (0, L) to L%(0, L) and the continuous em-
bedding from L?(0, L) into H~'(0, L) we deduce that A, is compact.

From steps 1 and 2, we get that the operator A = A; + A is a Fredholm operator of index zero.
Consequently, by Fredholm alternative, to prove that operator A is an isomorphism it is enough
to prove that A is injective, i.e. ker {A} = {0}.

Step 3. In this step, we prove that ker{A} = {0}. For this aim, let (ﬁ, 37) € ker{A}, i.e.

a((@, ), @) =0, Y(p,w)eHy,L)x Hy0,L).

Equivalently, we have

L L L
-2 f (dp+jy)dx+ild f c(x) (o — tw) dx + f (aitp, + jxw,)dx
0 0 0
I (3.2.47)
+i/1f b(x)iiyp,dx =0.
0

Taking ¢ = @t and ¥ = j in equation (3.2.47), we get
L Lo, L Lo, L _ L
—Azf Iﬂlzdx—ﬂtzf |7] dx+af |ﬁx|2dx+f |7x|"dx—2A1m U c(x)yadx)+mf b(x)|fix|*dx = 0.
0 0 0 0 0 0
Taking the imaginary part of the above equality, we get

L
0= f b(x)|ii,|%dx,
0

we get,
iy =0, in (a;,as). (3.2.48)

Then, we find that

~A2ii—aily, +idc(x)j = 0, in (0,L)
“A2J—ajex —ile(x)ii = 0, in (0,L)
Uy = Jx = 0. in (a, a3)

Therefore, the vector U defined by
U=(a,ila,7,ily)
belongs to D(<f) and we have
iANU-«U=0.

Hence, U € ker (i1l — &), then by Lemma 3.2.4, we get U = 0, this implies that i = y = 0.
Consequently, ker {A} = {0}.

Therefore, from step 3 and Fredholm alternative, we get that the operator A is an isomorphism.
It is easy to see that the operator L is continuous from V to L2(0,L) x L2(0,L). Consequently,
Equation (3.2.45) admits a unique solution (u, y) € H(} (L) x H(} (0,L). Thus, using v =ilu— fi,
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z=1Ay— f3 and using the classical regularity arguments, we conclude that Equation (3.2.38)
admits a unique solution U € D («f). The proof is thus complete. O

Proof of Theorem 3.2.3. Using Lemma 3.2.4, we have that o/ has non pure imaginary eigen-
values. According to Lemmas 3.2.4, 3.2.5 and with the help of the closed graph theorem of
Banach, we deduce that o(«/) N iR = @. Thus, we get the conclusion by applying Theorem
1.3.3 of Arendt Batty. The proof of the theorem is thus complete.

Remark 3.2.6. For the case when supp(b) Nnsupp(c) = @ it remains as an open problem.

3.3 Lack of the exponential Stability

In this section, our goal is to show that system (3.1.2)-(3.1.6) is not exponentially stable.

3.3.1 Lack of exponential stability with global Kelvin-Voigt
damping.
In this part, assume that
b(x)=by>0 and c(x)=cpeR*, Vxe(0,L). (3.3.1)
We introduce the following theorem.

Theorem 3. 3 1. Under hypothesis (3.3.1), for € > 0 small enough, we cannot expect the energy
decay rate for all initial data Uy € D(«¢) and for all ¢ > 0.

L
t2-¢

Proof. Following Theorem 1.3.5 of Huang and Priiss it is sufficient to show the existence of a
real sequences (1,), with 1, — +oo, (Up)y, € D(&f), and (F,), € A such that (id, I - <) U, =
F,, isbounded in # and )L;2+5 |U, |l = +oo. For this aim, take

Fn_(OOO sm( Z )) Un—(AnSIIl(an) il Ansm( 7 ) anm(”zx) i/lansin(%)),

where ) )
1 nm iL inbpn a-1
n=—/ n= n=- - .
L’ conm’ L c

Clearly that U, € D(«), and F,, is bounded in #. Let us show that (i1,] — «)U, = F,.
Detailing (i1, — «/)U,, we get

(iAnT =) Uy = (0,D) sin (%) 10, D2y sin (?)) :

where

— (1222 - an®n? - in*byApn?) Ay

By (20 — [272)
12 '

LZ

+iBpcoA,, and D, =—-iAjcody+

1,n =
Inserting A,,, Ay, B, in Dy, and D, ,, we get Dy ,, = 0 and D-,, = 1. Hence we obtain

(A I —t) U, = (0,0, 0,sin (?)) -F,.
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Now, we have

nmnx

1Unl% = fOL 12 ysin (22" ax= LA,

2 g4
2" |Bpl= ~ A5,

Therefore, for € > 0 small enough, we have

-2+
AN Ul e ~ A% — +oo.

el =

t2-¢

Then, we cannot expect the energy decay rate

3.3.2 Lack of exponential stability with Local Kelvin-Voigt
damping.

In this part, under the equal speed wave propagation condition (i.e. a = 1), we use the
classical method developed by Littman and Markus in [64] (see also [38]), to show that system
(3.1.2)-(3.1.6) with local Kelvin-Voigt damping and global coupling is not exponentially stable.
For this aim, assume that

0 if O<x<

1
1 i l<x<21,' and c(x) =ceR*. (3.3.2)
5 <1.

a=1, b(x)={

Our main result in this part is following theorem.

Theorem 3.3.2. Under condition (3.3.2). The semigroup of contractions (e')
the operator & is not exponentially stable in the energy space 7€ .

generated by

t=0

According to Theorem 2.1.6 and Lemma 2.1.11 in [38], one has that
s(ef1) = wo (o).

By the previous results, one clearly has that s («/) < 0 and the theorem would follow if equality
holds in the previous inequality. It therefore amounts to show the existence of a sequence of
eigenvalues of « whose real parts tend to zero.

Since « is dissipative, we fix @( > 0 small enough and we study the asymptotic behavior of the
eigenvalues A of & in the strip

S={1€C:—ap<Re(l) <0}.

First, we determine the characteristic equation satisfied by the eigenvalues of <¢. For this aim,
let A € C* be an eigenvalue of o/ and let U = (u, Au, y, 1y) € D(</) be an associated eigenvector.
Then, the eigenvalue problem is given by

Vu— 1+ b)) gy + cly
A2y = yix—cAu

0, xe€(0,1), (3.3.3)
0, x€(0,1), (3.3.4)

with the boundary conditions

u(0) = u(1) = y(0) = y(1) = 0.
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We define
{ U ():=ux), y(@):=yx) xe(0d),
ut):=ul), y*x):=yx) xeli.

Then, system (3.3.3)-(3.3.4) becomes

Au"—ug +cdy” = 0, x€(0,1/2), (3.3.5)
ANy —yo—cdum = 0, x€(0,1/2), (3.3.6)
Aut—Q+MNul, +cdyt = 0, xe[l/2,1), (3.3.7)
Nyt —yio—clut = 0, xell/2,1), (3.3.8)
with the boundary conditions
u 0=y (0=0, (3.3.9)
=y 1)=0, (3.3.10)
and the continuity conditions
u (1/2) =u*(1/2), (3.3.11)
u (1/2)= 1+ Mut1/2), (3.3.12)
y (1/2)=y*(1/2), (3.3.13)
¥y (1/2) = y5 (1/2). (3.3.14)

Here and below, in order to handle, in the case where z is a non zero non-real number, we
denote by y/z the square root of z; i.e., the unique complex number whose square is equal to z,

Our aim is to study the asymptotic behavior of the largest eigenvalues A of o in S. By taking A
large enough, the general solution of system (3.3.5)-(3.3.6) with boundary condition (3.3.9) is
given by

122 2_ 2
d; 1 sinh(r; x) + do 2 sinh(r, x),
cA cA

u (x)

¥ (x) d; sinh(r; x) + do sinh(r» x),

and the general solution of system (3.3.5)-(3.3.6) with boundary condition (3.3.10) is given by

2_¢2 22— 2
+ 1 .. 2
ut(x) = -D; sinh(s1(1 —x)) — Dy sinh(sz(1 — x)),

cA cA

y*(x) = —Djsinh(s;(1-x))— D,sinh(sy(1 - x)),

where dq,dy, D1,D5 € C,
ic ic
r1=/1 1+7, TZZA 1—7 (3.3.15)
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and

2 _4c® _ 4c? _ _4c® _ 4c?
1+5+ T Vi A+2-24/1 YR

) , = 3.3.16
S1 $2 2(1 N %) ( )

The boundary conditions in (3.3.11)-(3.3.14), can be expressed by M(d, d, D, Dz)T =0, where

sinh (%) sinh (%) sinh($) sinh(2)
ricosh(3) rpcosh(%) —sicosh(3) —spcosh(2)
M= rZsinh(%) rZsinh(%) s?sinh($) s2sinh(%)
ricosh(3) rjcosh(%) —si(s5—A(A%—s2)cosh(F) —s2(s5— A(A* - 53)) cosh(3)

System (3.3.5)-(3.3.14) admits a non trivial solution if and only if def(M) = 0. Using Gaussian
elimination, det(M) = 0 is equivalent to det(M;) = 0, where M, is given by

sinh(%) sinh(%) sinh(3}) 1—e %

2 2
ricosh(%) rpcosh(%) —s1 cosh(3) —s(l+e™ %)
M= ré sinh(3) ra sinh (%) s? sinh(3) s5(1—e™%)
ricosh(%) rjcosh(%) —s1(s2—AA%—sP)cosh(F) —s2(s5—AA%—s3))(1+e %)
Then, we get
det(My) = F, + Fe™ ™, (3.3.17)
where

Fi= —siso(r2—12) (2= 2) (A + l)sinh(%)sinh(%)cosh(%)
+r152 (15 = 57) (A% = 55) A+ 11 — 53) cosh (%) sinh(%) sinh(%)
—roso (12— 82) (A2 = $2) A+ 12— §2) sinh(%) cosh(%) sinh(%)
—rir (17 = r3) (s _Sg)COSh(%)COSh(%)sinh(%)
+1281 (rf = 55) (A% = sD) A+ 75 = 57) sinh(%) Cosh(%) cosh(%)
—r151(rf = s5) (A% = sp) A+ r{ = s7) cosh (%) sinh(%) cosh (%)
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d
o Fo= —s15 (rl2 - r22) (sf - S%) (A+1) sinh(%) sinh(%) cosh(%)
+1182 (15 = 85) ((A* = $5) A+ 17 — 53) cosh (%) sinh (%) sinh(s1 )

~125; (P = s3) (A* = s3) A+ 715 — s%)sinh(%)cosh(%)sinh(si—l)
+rirp (17 = 13) (st —Sg)cosh(%)cosh(%)sinh(%)

—rpsi (F = s2) (W= D) A+ 12— 52) sinh(%) cosh(%) cosh(%)
+ris (12 -2) (A2 =) A+r2 - sf)cosh(%)sinh(%)cosh(%),

Lemma 3.3.3. Let A € C be an eigenvalue of «#. Then, we have Re(A) is bounded.

Proof. Multiplying equations (3.3.5)-(3.3.8) by u™, y~, u*, y* respectively, then using the bound-
ary conditions, we get

I 12 + g 12+ IAY T I2 + 1y I1F+ 1At 1%+ A+ ReW) lud 12+ IIAY T 12+ 1 yE 12 = 0. (3.3.18)

Since the operator < is dissipative then the real part of 1 is negative. It is easy to see that
ui # 0, hence using the fact that || U|| # = 1 in (3.3.18), we get that Re(1) is bounded below.
Therefore, there exists a > 0, such that

—a <Re(1) <0.
O

Proposition 3.3.4. Assume that the condition (3.3.2) holds. Then there exists ng € N suffi-
ciently large and two sequences (1, ")I nlzn, @0d (A2,n) , of simple root of det(M)) satisfy-
ing the following asymptotic behavior:

Case 1. If sin (£) # 0, then

|nl=n,

1 i 4 ZsinZ(i)(l—isign(n)) 0(1) (3.3.19)
=2nmi+in— +0[— .3.
L (3+cos(§)) Vinln n
and () )
.. c Y .sign(n)y
A, = 2n7i + iarccos[cos? (= || - +1i +O(—), (3.3.20)
2n ( (4)) Vinin Vinin n
where . ).
(COS(%) sin(arccos(;os (Z))) +sin(3arccosgcos (Z))))
Y: 2(C
41/1—-cos*(£)cos (—arcms(;os (4)))
Case 2. If sin () = 0, then
o ic®2 @+inc? 1
Mp=2nmi+in+ - + - 3.3.21)
32nxn  64n%n? In|?
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and
Ao =2nmi+ 0O

1
—) . (3.3.22)
n

The proof of Proposition 3.3.4, is divided into two lemmas.

Lemma 3.3.5. Assume that condition (3.3.2) holds. Let A be largest eigenvalue of <7, then A is
large root of the following asymptotic behavior estimate

L) L) A fuh)

-5/2
27 e Te Tiaez TO ) (3.3.23)

FA):= fo(l) +

where
h) = Cosh(%)—cosh(%)cos(g),
A = sinh(%)mnh(g cos (£),
L) = czsinh(%)—4cosh 37)+4(cosh(§)cos(g)+csmh(§) n(g)),
< £ = -8sinh(%] +c?cosh(%] - 12ccosh (3] sin(§) - 8sinh (§) cos ($),
A = ~d0ctsinh )+ (¢t 4726+ 48) cosh 3+ 32¢c cos() + 7sin(£))sinh 3]
~ (8¢? +8¢”sin (§) + 16(4¢? + 3) cosh (§)) cosh (3 ).

(3.3.24)

Proof. Let A be a large eigenvalue of </, then A is root of det(M;). In this Lemma, we give
an asymptotic development of the function det(M,) for large A. First, using the asymptotic
expansion in (3.3.15)-(3.3.16), we get

=1+ g; 16022 +OA3), p=A-L%+ 81 + 16/12 +0(73),
=A- & 0 /1—5 _ \/X__ 4c*+3 oA~ -3/2 (3.3.25)
1= 2/1‘}' ( )752— 2\/"" 3 + ( )
From (3.3.25), we get

2icAsisa(s - DA+1) = icA12 (2- 3+ 2L 4 017Y),
52 = s (A2 = sHA+ 17— 53) = —icA!2 (1 ( Loic 4 ScBtldic O(A—3)),
rasa(ré —s9) (A* = s5)A+ 12 —s5) = ic/ln/z( Licy 5c2+3-1dic *g’/{zl‘”” + 0(1‘3)),

4 (3.3.26)
2icAriry (s§—s5) = icAtl/2 (\/_Z - W +0(A~ 5/2))
rosi(r? = (A2 = sHA+ 7% = $2) = —icAlV2 (L 28 4 0(17572)),
rsi(r2 = s9)((A% = sHA+r2 —s3) = icAl/? (\/II Ztg,’f +0~ 5/2))
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From equation (3.3.26) and using the fact that Re(A) is bounded, we get

icfﬁ = —[(2—%+4TT:3)smh(El)smh( 5 )cosh( 5 )

_i + 5;2;2-3)( (%)smh( > ) +smh( 5 )cosh( > ))smh( 5 )
2.—1 + IZTE) (cosh(%) sinh(%) - smh( 5 )cosh(%))sinh(%)
S1

2

+

+

7 - %) cosh( 5 )COSh(%) sinh(

% - #) (sinh (%) cosh (%) + cosh (%) sinh (%)) cosh (%)

+ (23;—;2) (sinh (%) cosh (%) —cosh (%) sinh (%)) cosh (%) +0(A753) ]
(3.3.27)

+

From equation (3.3.26) and using the fact that Re(A) is bounded, we get
11/2 S1
FE=-icA [ZSlnh(z)smh(z)cosh(z)

+(cosh( 5 )smh( 5 ) +smh( 5 )cosh(%))smh( 5 ) +0(A” 1/2)!3 -
Since the real part of v/ is positive, then -

lim A~52eVA =y,

[Al—oc0

hence
eV = 01752, (3.3.29)

then,
Fre = —icA12 (0(175/2)). (3.3.30)

Inserting (3.3.27) and (3.3.30) in (3.3.17), we get

detM;) = —icA'Y2F (),

where,
F(/1)=(1—%+4i;:3)(c h(ﬁ; 2) cosh(h;rz))cosh(%)
+ 1—%Jr5:‘;—;3)Sinh(rlzrz)sinh(%)—(;—;+%)sinh(n;rz)sinh(%)

+ % - #) (cosh(r1 ; rg) +cosh(r1 ; rz))sinh(%)

1 1 . r+rs S1 3ic ) . r—rs _5/2

+ ﬁ —m)smh( 5 )COSh(E) + (2/13/2)51nh( 5 )cosh( 5 ) +0(17°9).
(3.3.31)
Therefore, system (3.3.9)-(3.3.14) admits a non trivial solution if and only if det(M;) = 0, if and
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only if the eigenvalues of «f are roots of the function F. Next, from (3.3.25) and the fact that
real A is bounded, we get

ri+r h(A * cosh(A -
172) = cosh(A) + S 4 Leoshd) 4 (3-3),

cosh

[\S)

(
cosh (152) = cos(§) + <sins) L o3,

2 1612
sinh (23%2) = sinh(4) + ¢t Cgih(/l) 4 13212%/1) +0(13),
< sinh (252) = isin (5) - 1 222 4 019, (3.3.32)
sinh (%) = sinh(2) - %) | o1,
cosh(3}) = cosh(%)_ CZSZ;};(%) + 0.
Inserting (3.3.32) in (3.3.31), we get (3.3.23). -

Lemma 3.3.6. Under condition (3.3.2), there exists ng € N sufficiently large and two sequences
(A1,1) iz, A (A2,n) 12, OF Simple roots of F satisfying the following asymptotic behavior

Mp=2inn+in+e€y,, where | |hm €1,,=0 (3.3.33)
nj—+oo
and
.. 2(C
Ao,n =2nmi+iarccos (cos (—)) +€2,, Where lim e, =0. (3.3.34)
4 |n|—+oo

Proof. First, we look at the roots of fy. From (3.3.24), we deduce that f can be written as
fo(A) =2cosh (&) (cosh()l) - cos?® (E)) ) (3.3.35)
2 4

Then, the roots of fj are given by

t,n=2nmi+in, nelz,
Li2,n = 2n7i + i arccos (cos® (£)), neZ.

Now, with the help of Rouché’s Theorem, we will show that the roots of F are close to fy. Let us
start with the first family y; ,. Let B, = B((2n+ 1)7i, r,) be the ball of centrum (27 + 1)#i and
radius r,, = Inl‘i and L€ dB,;i.e. 1, =2nmi+in+rpe?, 6 €[0,2n[. Then

1 1) i
cosh(z) % O(r?), and cosh(1) = -1+ 0(r2). (3.3.36)

Inserting (3.3.36) in (3.3.35), we get
; c
fol) = —i(=1)"r,e' (1 + cos? (Z) + O(rf’l)) .
It follows that there exists a positive constant C such that

YA€dB,, |foM|=Cry,= Cln|™.
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On the other hand, from (3.3.23), we deduce that
|F(1) f(}t)|—0( ! )—o( ! )
- fo —ol—=—|=z0|—1.
VA vin|

It follows that, for |n| large enough
VA€dBy, |FV)- o)< |foW].

Hence, with the help of Rouché’s Theorem, there exists ny € N* large enough, such that
V|nl| = ny, the first branch of roots of F denoted by 1, , are close to u, 5, thatis

M =M,n+in+e;,, where lim €, =0. (3.3.37)
|n|—+oo

Passing to the second family p; ,,. Let B,=B (uz,n, rn) be the ball of centrum p» , and radius
L if sin(
Ip:= Inl®

)=0,
) #0,

- if sin(

S [

such that A € dB; i.e. A, = o, + 1%, 6 € [0,27[. Then,
cosh(A) — cos® (2) = cosh (Znni + i arccos (cos2 (2) + rneig)) - cos® (2) .

It follow that,

o r2cos? (€)%
cosh(A) — cos® (2) =iry/1-cos? (é—i)e’g + % +0(r)), (3.3.38)

and
A arccos (cos? (¢ ir,elf(—1)" arccos (cos? (¢
cosh(—) _ (_l)ncos( ( (4)))+ irme 1" (cos (£)) +o0)
2 2 2
(3.3.39)
Inserting (3.3.38) and (3.3.39) in (3.3.35), we get
fol) =Ry e, + Ry e?9r2 + O(r3), (3.3.40)
where
2(c
Ri=i(-1)"/1-cos? (ﬁ)cos(w),
Ry = ~(-1)" /1~ cos? (§) sin (T2 4 (1y7cos? (£) cos (L2l lE)

We distinguish two cases:
Case 1. If sin (£) = 0, then
Ri=0 and R,=(-1)"#0.

85



3 Stability results of an elastic/viscoelastic transmission problem of locally coupled
waves with non smooth coefficients — 3.3 Lack of the exponential Stability

It follows that there exists a positive constant C such that
VA€0B,, |fob)|=Cri=Clnl5.
Case 2. If sin (%) #0, then Ry # 0. It follows that, there exists a positive constant C such that

VA€0B,, |fo(M)]=Cry=Clnl™%,
On the other hand, from (3.3.23), we deduce that

|FO) - fo)] = o(%) - o(\/%).

In both cases, for |n| large enough, we have
VA€dBy, |FW)-fob)|<[foW)].

Hence, with the help of Rouché’s Theorem, there exists ny € N* large enough, such that
V|n| = ny, the second branch of roots of F, denoted by A, , are close to u, , that is defined in
equation (3.3.34). The proof is thus complete. O

We are now in position to conclude the proof of Proposition 3.3.4.
Proof of Proposition 3.3.4. The proof is divided into two steps.

Calculation of €, ,. From (3.3.37), we have

31 3e 31 3e
cosh( 1’n):—i(—l)”sinh( 1’"), sinh( 1'n):—i(—l)"cosh( 1’”),
2 2 2 2
A € A €
cosh(ﬂ) =i(-D" sinh(ﬁ), sinh(ﬂ) =i(-D" cosh( 1’”),
2 2 2 2
1 i i 1 1
=— + +0(e on3)+0(n3), —=—-———+0(n"3
! Ton ™ "zwn g F Ol )+ 007 A2 4nZn? (™) (3.3.42)
1 1-isign(n) i-sign(n) _3/2 _5/2
= + +0(ernlnl™"?)+0(InI™>"%),
A,n 2y/m|n| 8v/m|nl3 "
1 —1-isign(n) _ 1 _
_ 8 +0(InI™"?), = 0(1n*2).
/A3 4/m3|np3 A2
Ln 1,n
On the other hand, since | |lim €1,n = 0, we have the asymptotic expansion
n|—+oo
3e 3e 3e e
sinh( 21") = % +0(€ ), cosh( 21") =1+ —" 10} ),
. . . . (3.3.43)
. 1,n 1,n 3 1,n 1,n 4
smh( 5 ) = - + O(elln), cosh(T) =1+ Y + O(el'n).
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Inserting (3.3.43) in (3.3.42), we get

31 3i(-n" 31 9i(-1)"
Cosh( 21’"):_ i 2) L L 06, Sinh( 1’"):_i(—1)"—u+0(ein),
A [ (—1)" A (—1)"
cosh( 1’”)=’( ) L L o6 ), sinh(ﬂ)=i(—1>”+m+0(e‘%nx
2 2 ’ 2 ’
1 i i 1 1
=——4 +0 403, —=———+0(n3
{ Mn 27n 4nn? (e1nn™)+0(n™) A2 AmPn? (n™)
1 1—isign(n) i-sign(n) _3/2 _5/2
= +O|(eLn|nl +O||n| ,
T oV ayame O En) 01
1 —1—isign(n) _ 1 _
_ g +0(Inl 5/2), =0(nl 5/2)_

\/E_ 4\/m3|nP3 \/E

Inserting (3.3.44) in (3.3.23), we get

(3.3.44)

€1n (3+cos(£)) (1+ i )+ (1-isign(n)) (1-cos($)) . ic(4sin(§)-c)
2 2 4 n 2v/m|n| 16mn
@+ im) (1+isign(n)) (1—-cos($)) . 4c(7-2im)sin(§) + c2im+5+4cos (£)
8v/73|n3 6472n?

+0(Inl™"?) + O (e1,nInl">%) + O(€} ,InI""?) + O(e3 ,,) = 0.

(3.3.45)
We distinguish two cases.

Casel. If sin(%) #0,then 1 - cos (g) =2sin® (L—i) # 0, then from (3.3.45), we get

41 (31 cos( £+ 2 LT

+0(e ) +0(n™"%e2 ) +0om™) =0,

hence, we get
2sin® (£) (1 - isign(n))

(2+cos (%))

€1,n=

+0(n™h. (3.3.46)

Inserting (3.3.46) in (3.3.37), we get (3.3.21).

Case 2. If sin (£) =0,

1-—cos (g) =2sin® (A_i) =0, sin(g) = 23in(4£) cos (2) =0,

then, from (3.3.45), we get

+0(1nl™") + 0 (e1,ulnl3?)

i ) ic2  cRin+9)
- +
167n 64712n? (3.3.47)

2€ 1+
Ln( 4dnn

+0 (€] ,Inl ™%+ 0(e3 ) = 0.
By a straightforward calculation in equation (3.3.47), we get

ic?2  (A+imc?

T 327n 64n2n2

€1,n +0(In™%?). (3.3.48)
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Inserting (3.3.48) in (3.3.37), we get (3.3.20).
Calculation of €, ,,. From (3.3.34), we have

1 1-1isign(n) _3/2 1 1
= + O(|n| and — =0(n""). (3.3.49)
/12,11 2V nlm ( ) Az,n

Inserting (3.3.34) and (3.3.49) in (3.3.23), we get

cosh (%) (cosh(/lg,n) — cos® (2))

(1-isign(n)) (sinh (3/122'" ) +sinh (AZ'" ) cos (%)) (3.3.50)
+ +0(m™h=0.
4/ |n|x
On the other hand, we have
cosh(Az,,) —cos®(£) = cosh(2nmi+i arccos(cos? (£)) +€2,,) — cos? (£)

= cos?(£)cosh(ez,) +iy/1—cos*(£)sinh(ez ) — cos? (£)

_ 2
= ieyp 1—cos4(49)+0(62’n),

(3.3.51)
" cosh(%2) = (-1 cos ()4 ey ),
sinh(lg") - i(—l)”sin(w)+0(eg,n), (3.3.52)
sinh(¥22) = i(—1)"sin(—3ar°°05(2°"sz(f)))+O(ez,,,).
Inserting (3.3.51) and (3.3.52) in (3.3.50), we get
ezyncos(w) 1-cos*(£)+0(22)+0(2)
. (1-i sign(n)) (sin (3—““03(;052(5))) +cos (&) sin (—am"s(;“z(i)) )) . (3.3.53)
4y/Tnlm '

We distinguish two cases.
Case 1. If sin (%) # 0, then from (3.3.53), we get

(cos(%) sin (M) +sin (M)) (1-isign(n))

2(C
41/1—cos*(£)cos (W) VT[na]

Inserting (3.3.54) in (3.3.34), we get (3.3.20).
Case 2. If sin (£) = 0, we get

+0n™YH. (3.3.54)

€2n=—

€2,=0(n""h. (3.3.55)

Inserting (3.3.55) in (3.3.34), we get (3.3.22). Thus, the proof is complete.

Proof of Theorem 3.3.2. From Proposition 3.3.4, the operator &« has two branches of eigen-
values such that the real parts tending to zero. Then the energy corresponding to the first and
second branch of eigenvalues is not exponentially decaying. Then the total energy of the wave
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equations with local Kelvin-Voigt damping with global coupling are not exponentially stable
in the equal speed case.

3.4 Polynomial Stability

From Section 3.3, System (3.1.2)-(3.1.6) is not uniformly (exponentially) stable, so we look
for a polynomial decay rate. As the condition iR c p(«#) is already checked in Lemma 3.2.4,
following Theorem 1.3.10, it remains to prove that condition (1.3.1) holds. This is made with
the help of a specific multiplier and by using the exponential decay of the system considered
in chapter 2. Our main result in this section is the following theorem.

Theorem 3.4.1. There exists a constant C > 0 independent of Uy, such that the energy of
system (3.1.2)-(3.1.6) satisfies the following estimation:

C
E(I)S7||U0||%M Vit>0, VU € D). (3.4.1)

))
According to Theorem 1.3.10, by taking ¢ = 2, the polynomial energy decay (3.4.1) holds if the
following conditions

iRc p(A), (H1)

and

limsup iz||(i11—&¢)—1||$w)<oo, (H2)
AeR 1Al —oo |41

are satisfied. Condition (H1) is already proved in Lemma 3.2.4. We will prove condition (H2)
using an argument of contradiction. For this purpose, suppose that (H2) is false, then there
exists {(An, Un = (Un, Vn» Yn» 2n))} 21 € R x D (of) and

Ap— +oo, IUnllze=1, (3.4.2)

such that
A2 (iAnUp — 4 Up) = (fi,n 81,10 forns 82n) := Fp — 0 in . (3.4.3)

For simplicity, we drop the index n. Detailing Equation (3.4.3), we obtain

idu-v = A%fiin Hy(0,L), (3.4.4)
iAv—(aug+bxX)v)+c(x)z = A72g in L?(0,L), (3.4.5)
idly—z = A%f, in HL0,D), (3.4.6)

idz—yux—c(X)v = A%gy in [*(0,L). (3.4.7)

Here we will check the condition (H2) by finding a contradiction with (3.4.2) such as | U]l # =
o(1). For clarity, we divide the proof into several lemmas. By taking the inner product of (3.4.3)
with U in ¢, we remark that

L
f b(x)|vx*dx=—-Re (LU, U) ) = Re (GAM - L) U, U) ) = 0(17?).
0
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Then,
as
f lugl*dx =0(172). (3.4.8)
a

1

Remark 3.4.2. Since v and z are uniformly bounded in L?(0, L), then from equations (3.4.4)
and (3.4.6), the solution (u, v, y, z) € D() of (3.4.4)-(3.4.7) satisfies the following asymptotic
behavior estimation

lul = o), (3.4.9)

Il

o)
—

=

Iyl (3.4.10)

Using equation (3.4.4), and equation (3.4.8) we get

as
f lugl?dx=o0(17%). (3.4.11)
a

1

Lemma 3.4.3. Let & < 77, the solution (&, v, y, z) € D(«f) of the system (3.4.4)-(3.4.7) satis-
fies the following estimation

a3—¢& a3—¢&
f lv|*dx=o0(1) and [Aul*dx = o(1). (3.4.12)
a)+e€ at+e
Proof. We define the function p € C§°(0, L) by
1 if xe€(a;+e,a3—¢),
px) = 0 if xe€(0,a;)u(as,L), (3.4.13)
0<sp=1 elsewhere.

1
Multiply equation (3.4.5) by 1 pv, integrate over (0, L), using the fact that || gy [l ;2 (o,) = 0(1) and
v is uniformly bounded in L?(Q), we get
Lo 1 rL o 1 rL 3 .
f iplv®dx+ Zf (aux+b(x)vy) (0" T+ pUy) dx + Xf c(x)zpvdx=0(A""). (3.4.14)
0 0 0

Using Equation (3.4.8), Remark 3.4.2 and the fact that v and z are uniformly bounded in I2(Q),
we get

L L
%f (auy+bX)vy) (0'T+pVy)dx=0(1"%) and %f c(x)zpvdx = o(1). (3.4.15)
0

0
Inserting Equation (3.4.15) in Equation (3.4.14), we obtain

L
f iplv>dx=o(1). (3.4.16)
0

Hence, we obtain the first estimation in Equation (3.4.12). Now, multiplying Equation (3.4.4)
by Apu integrating over (0, L) and using the fact that || fi || Hi@ = o) and Remark 3.4.2, we get

L L
f ipl/lulzdx—f p/lvﬁdx=o(l_2).
0 0
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Using Equation (3.4.16), we get
L
f iplAul>dx=o(1).
0

Then, we obtain the desired second estimation in Equation (3.4.12). O

Inserting equations (3.4.4) and (3.4.6) respectively in equations (3.4.5) and (3.4.7), we get

AN u+ (auy +b(x)vy)x—idc(x)y F, (3.4.17)

Ay + yex+ide(®u b, (3.4.18)

where
Fi=-A2g—iA ' i-c)A%f, and B=-A2g—-id lfi+c(x)A2fi.  (3.4.19)

Lemma 3.4.4. Let ¢ < %3%, the solution (u, v, , z) € D(«/) of the system (3.4.4)-(3.4.7) satis-

fies the following estimation

a3—2¢ 2 az—2¢
f |Ay|"dx=01) and f |lzI*dx = 0(1). (3.4.20)
A a>

Proof. We define the function { € C3°(0, L) by

1 if x€ (a1 +2¢,a3 — 2¢),
((x)= 0 if x€,a1+&)u(az—¢,L), (3.4.21)
0=(=<1 elsewhere.

Multiply equations (3.4.17) by Ay and (3.4.18) by A{u respectively, integrate over (0, L), using
Remark 3.4.2 and the fact that | Fll 7 = | (f1, 81, f2, &)l # = 0(1), we get

L L L
f A%uﬁdx—f Alauy +b(x)vy) ((’y+cyx)dx—if c(x)((x)|)ty|2dx: oA™Y (3.4.22)
0 0 0
and
L

L L L
f A3¢yudx— f Ayl Trdx - f Ay lUcdx+i f c)¢@) A ulfdx=0A"Y. (3.4.23)
0 0 0 0

Using Remark 3.4.2, Lemma 3.4.3 and the fact that y, is uniformly bounded in L?(0, L), we get

L L L
f Alauy + b(x)vy) ('Y+{y,)dx = 0(1), —f Ayx{Uydx=0(1) and f Ayx(Tydx = o(1).
0 0 0 (3.4.24)

Using Lemma 3.4.3, we have that

L
f c(x) | ul? dx = o(1). (3.4.25)
0

Inserting Equations (3.4.24) and (3.4.25) in Equations (3.4.22) and (3.4.23), and summing the
result by taking the imaginary part, and using the definition of the functions c and {, we get
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the first estimation of Equation (3.4.20).
Now, multiplying equation (3.4.6) by z, integrating over (a2, @3 —2¢) and using the fact that
I f2 ”Hé .0 = o) and z is uniformly bounded in I%(0,L),in particular in L*(as, a3 —2¢), we get

az—2¢ az—2¢€

f i/lyde—f Izlzdx=0(/1_2).
ap az

Then, using the first estimation of Equation (3.4.20), we get the second desired estimation of

Equation (3.4.20). O

Now, we will construct a new multiplier satisfying some ordinary differential systems.

Lemma3.4.5. Let0 < a; < ay < a3 < a4 < L and suppose that € < “3;“1 , and c(x) the function

defined in Equation (3.1.5). Then, for any A € R, the solution (¢, ) € ((H*(0,L) N H(} (0,1))% of
system

/12<p +apyx— il (]l(az,as_gg)) xX)p—ilc(x)y=u, x€(0,L)

P2y + @ — A (Liay as-20)) ()W +idc(X)p =, x€(0,L)
X (3.4.26)
@(0)=¢(L) =0,

y(0)=y(L)=0,

satisfies the following estimation

2 2 2 2 2 2
IA@NZ2 01y + 100 1y + 1AWz 0y + 02 1y < M (1012 )+ V1)) (B427)

Proof. Following Theorem 2.2.1, the exponential stability of System (2.1.1) proved in Chapter
2, and by taking a = a», f = a3 —2¢ and y = a4, implies that the resolvent of the operator <7,
defined by (2.1.4)-(2.1.5) is uniformly bounded on the imaginary axis i.e. there exists M > 0
such that
supll (iAI - o2y) ™" | (e, < M < +00 (3.4.28)
AeR
where 7, = (HL(0, L) x I2(0,1))?. Now, since (1, y) € H}(0,1) x H}(0, 1), then (0, —1,0, - ) be-
longs to /¢, and from (3.4.28), there exists (¢, n, ¥, ) € D(«f,) such that (iAl — <f,) (o, n,¥,&) =
0,-u,0,—-y) " i.e.

idp-n = 0, (3.4.29)
iAM) = a@x+ (Liaya5-20) (I +c(X)E = —u, (3.4.30)
ily-& = 0, (3.4.31)
IAE = Wax + (Liaya5-20)) =)y = -, (3.4.32)
such that
@, 0,9, Oz, < M(lulzon + 1Y 20.5)- (3.4.33)
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From equations (3.4.29)-(3.4.33), we deduce that (¢, ) is a solution of (3.4.26) and we have

2 2 2 2 2 2
AP 0 1) + 10 1y + 1AW 0 1y + W 1y < M (el 1+ 1Yz 1))
Then, we get our desired result. O

Lemma 3.4.6. Let £ < “;%L. Then, the solution (u, v,y,2) € D(<f) of (3.4.4)-(3.4.7) satisfies
the following asymptotic behavior estimation

L
f IAul?dx =o(1), (3.4.34)
0

and
L 2
f |Ay|"dx = o(1). (3.4.35)
0
Proof. The proof of this Lemma is divided into two steps.
Step 1.

Multiplying equation (3.4.17) by 1?9, integrating over (0, L), and using Equation (3.4.27) and
the facts that u is uniformly bounded in L?(0, L) and || F|l 7 = || (f1, &1, 2, &2) | 7 = 0(1), we get

L L L
f (A9 +ap,,) A udx - f Ab(x) vy, dx— f iAc(x)ypdx=o(A71). (3.4.36)
0 0 0
Using Equations (3.4.8) and (3.4.27), we get
L
f A2b(x) v @ dx = o(1). (3.4.37)
0
Combining Equations (3.4.36) and (3.4.37), we obtain
L L
f (A2 +ap,,) A udx— f iA3c(x)ypdx=o(1). (3.4.38)
0 0
From System (3.4.26), we have

Vo+ap,,=—id(Lgyas-20) 0P — iAc(O)P + . (3.4.39)

Substituting (3.4.39) in (3.4.38), we get

L L L L
f I/lulzdx—f i23 (L(ap,a5-26)) (X) u@dx—f M%(x)@udx—f iA3c(x)ypdx=o(1).
0 0 0 0
(3.4.40)
Using Remark 3.4.2, Lemma 3.4.3 and Equation (3.4.27), we obtain
Los

fo N (Liay,as-20)) (X updx = o(1). (3.4.41)

Inserting Equation (3.4.41) in Equation (3.4.40), we get

L L . L
f |Aul® dx—f i/13c(x)wudx—f iAc(x)ypdx=o(l). (3.4.42)

0 0 0

93



3 Stability results of an elastic/viscoelastic transmission problem of locally coupled
waves with non smooth coefficients — 3.4 Polynomial Stability

Step 2.
Multiplying equation (3.4.18) by A2, integrating over (0, L), and using Equation (3.4.27) and
the facts that y is uniformly bounded in L%(0,L) and || Fllz = | (f1,81, f2, 82) 2 = 0(1), we get

L L
f A2y +y, ) A ydx+ f ide(x)uydx=o0(A7Y). (3.4.43)
0 0
From System (3.4.26), we have
VW +ay . = —iA (L, as-20)) OV +idc()P+7. (3.4.44)

Substituting (3.4.44) in (3.4.43), we get

L L L L
f |/1y|2dx—f ir3 (1(a2,a3_2£))(x)dex+f i/lgc(x)Eydx+f iAc(x)uydx=o0(A™)).
0 0 0 0

(3.4.45)
Using Remark 3.4.2, Lemma 3.4.4 and Equation (3.4.27), we obtain
Lo .
fo i (Liay as—20)) X ypdx = o(1). (3.4.46)
Inserting Equation (3.4.46) in Equation (3.4.45), we get
L , L L .
/ |/1y| dx+f M3c(x)¢ydx+f i)L3c(x) uydx=o(1). (3.4.47)
0 0 0
Finally, summing up equations (3.4.42) and (3.4.47) we get
L L ,
f JAul?dx=0(1) and f |Ay|"dx=o0(1).
0 0
Hence,
L L
f lv?dx=0(1) and f |zI>dx = 0(1). (3.4.48)
0 0
Then, the proof has been completed. O

Lemma 3.4.7. The solution (u,v,y,z) € D(<f) of the (3.4.4)-(3.4.7) satisfies the following
asymptotic behavior estimations

L L
fluxlzdxzo(l) and f|yx|2dx=0(1). (3.4.49)
0 0

Proof. Multiplying (3.4.17) by i, integrating over (0, L), using the fact that | F|l_z = | (f1, 81, f2, &)l # =
0(1) and u is uniformly bounded in L?(0, L), we get

L L L L
f IAulzdx—f aluxlzdx—f b(x) vxﬁxdx—f ile(x)yudx = o(A72). (3.4.50)
0 0 0 0

Using equations (3.4.8) and (3.4.34), we get

L
f qul2 dx =o(1).
0
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Similarly, multiply (3.4.18) by y and integrate, we get

L 2
fo |yx| dx=o0(1).

The proof has been completed. O

Proof of Theorem 3.4.1.. Consequently, from the results of Lemmas 3.4.6 and 3.4.7, we obtain
L
f (101 +121 + aluel +1y:*) dx = o (D).
0

Hence || U|l# = o(1), which contradicts (3.4.2). Consequently, condition (H2) holds. This
implies, from Theorem 1.3.10, the energy decay estimation (3.4.1). The proof is thus complete.

3.5 Conclusion

In this chapter, we have studied the stabilization of a system of locally coupled wave equa-
tions with only one internal localized Kelvin-Voigt damping via non-smooth coefficients. We
proved the strong stability of the system using Arendt-Batty criteria. Lack of exponential
stability results has been proved in both cases: The case of global Kelvin-Voigt damping and
the case of localized Kelvin-Voigt damping, taking into consideration that the coupling is
global. In addition, if both coupling and damping are localized internally via non-smooth
coefficients, we established a polynomial energy decay rate of type t~!. We can conjecture
that the energy decay rate ¢~ is optimal. However, if the intersection between the supports of
the domains of the damping and the coupling coefficients is empty, the nature of the decay
rate of the system will be unknown. This question is still an open problem.
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4.1 Introduction

4.1.1 Literature

In recent years, many researches showed interest in studying the stability and controllability
of certain system. The wave equation with different kinds of damping was studied extensively.
The wave is created when a vibrating source disturbs the medium. In order to restrain those
vibrations, several dampings can be added such as Kelvin-Voigt damping. Many researchers
were interested in problems involving this kind of damping (local or global) where different
types of stability have been showed. We refer to [8, 12, 22, 36, 54, 66, 70, 72, 95] and the rich
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references therein.

The beam, or flexural member, is frequently encountered in structures and machines, and

its elementary stress analysis constitutes one of the most interesting facts of mechanics of
materials. For beams, there was an extensive studying, since 80’s, on the stabilization of the
beam equations (see [37, 58] for the one dimensional system, and [23] for n-dimensional
system). Also, the studies considered the linear and nonlinear boundary feedback acting
through shear forces and moments [59-61] and the case control by moment has been studied
in [56].
The studying of the beam equation with different types of damping was extensively considered.
In 1998, the author in [66] considered the longitudinal and transversal vibrations of the Euler-
Bernoulli beam with Kelvin-Voigt damping distributed locally on any subinterval of the region
occupied by the beam. It was shown that when the viscoelastic damping is distributed only on
a subinterval in the interior of the domain, the exponential stability holds for the transversal
but not for the longitudinal motion. In [86], they considered a transmission problem for the
longitudinal displacement of a Euler-Bernoulli beam, where one small part of the beam is
made of a viscoelastic material with Kelvin-Voigt constitutive relation and they proved that
the semigroup associated to the system is exponentially stable.

Another type of damping which was studied extensively in the past few years is the fractional
damping. It is widely applied in the domain of science. The fractional-order type is not only
important from the theoretical point of view but also for applications. They naturally arise in
physical, chemical, biological, and ecological phenomena see for example [77], and the rich
references therein. They are used to describe memory and hereditary properties of various
materials and processes. For example, in viscoelasticity, due to the nature of the material
microstructure, both elastic solid and viscous fluid-like response qualities are involved. Using
Boltzmann’s assumption, we end up with a stress strain relationship defined by a time convolu-
tion. The viscoelastic response occurs in a variety of materials, such as soils, concrete, rubber,
cartilage, biological tissue, glasses, and polymers (see [19, 20, 76, 93]). Fractional computing in
modeling can improve the capturing of the complex dynamics of natural systems, and con-
trols of fractional order type can improve performance not achievable before using controls
of integer-order type. For example, systems in many quantum mechanics, nuclear physics
and biological phenomena such as fluid flow are indeed fractional (see for example [76, 83, 93]).

Fractional calculus includes various extensions of the usual definition of derivative from
integer to real order, including the Hadamard, Erdelyi-Kober, Riemann-Liouville, Riesz, Weyl,
Griinwald-Letnikov, Jumarie and the Caputo representation. A thorough analysis of fractional
dynamical systems is necessary to achieve an appropriate definition of the fractional derivative.
For example, the Riemann-Liouville definition entails physically unacceptable initial condi-
tions (fractional order initial conditions); conversely, for the Caputo representation, which is
introduced by Michele Caputo [34] in 1967, the initial conditions are expressed in terms of
integer-order derivatives having direct physical significance; this definition is mainly used
to include memory effects. Recently, in [33] a new definition of the fractional derivative was
presented without a singular kernel; this derivative possesses very interesting properties, for
instance the possibility to describe fluctuations and structures with different scales. The case
of wave equation with boundary fractional damping have been treated in [78, 79] where they
proved the strong stability and the lack of uniform stabilization. However, the case of the plate
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equation or the beam equation with boundary fractional damping was treated in [1] where
they showed that the energy is polynomially stable. In [4], they considered a multidimensional
wave equation with boundary fractional damping acting on a part of the boundary of the
domain. They established a polynomial energy decay rate for smooth solutions, under some
geometric conditions. Ammari et al., in [9], studied the stabilization for a class of evolution
systems with fractional-damping. They proved the polynomial stability of the system.

Over the past few years, the coupled systems received a vast attention due to their potential
applications. The coupled systems have many applications in the modeling and control of
engineering, such as: aircraft, satellite antennas and road traffic(see [26] for example). Most of
the work in the coupled system considers the stability of the system with various coupling,
damping locations, and damping types. Many researches studied coupling systems with a
Kelvin-Voigt damping such as wave-wave system, heat-wave system, Timoshinko (see [94, 97]).
In 2012, Tebou in [92] considered the Euler-Bernoulli equation coupled with a wave equation
in a bounded domain. The frictional damping is distributed everywhere in the domain and
acts through one of the equations only. For the case where the dissipation acts through the
Euler-Bernoulli equation he showed that the system is not exponentially stable and that the
energy decays polynomially was proved. For the case where the damping acts through the
wave equation polynomial stability was proved.

Benaissa et al., in [6], considered the large time behavior of one dimensional coupled wave
equations with fractional control applied at the coupled point. They showed an optimal decay
result.

In [47], Hassine considered a beam and a wave equations coupled on an elastic beam through
transmission conditions where the locally distributed damping acts through one of the two
equations only. The systems are described as follows

Urr — (Ux + Dglix) x =0, inQyq, Yee+ (Yxx + DpYxxt)xx =0, inQ;,
Vet + YVxxxx =0, inQy, U — Uxy =0, inQy,
ul,t)=yl,), t>0, ul,t)=yW,u), t>0,

) ¥, 1) =0, t>0, and 4 ¥, 1) =0, t>0,
Ux(l, 1) + Yxxx(€,£) =0, t>0, Ux(l, 1) + Yxxx (€, £) =0, t>0,
u,) =y, t) =y«(L, 1) =0, t>0, u,) =y, t) =yx(L, 1) =0, t>0,
u(x,0) = ug(x), ur(x,0) = u; (x), x€(0,90), u(x,0) = upg(x), ur(x,0) = u; (x), x€(0,90),
¥(x,0) = yo(x),y:(x,0) = y1(x), x€ (L) ¥(x,0) = yo(x), y:(x,0) = y1(x), x€ (L)

(4.1.1)

where Q; = (0,0) xR, Q = (£,L) xR* , Dy = a(x) Y (e,f) and Dy = b(X) x(e,f) WithO < e < f <
¢ < Land a(x),b(x) = ¢y >01in (e, f). The author proved that for both cases when the dissipa-
tion acts through the wave equation or through the beam equation, the energy of this coupled
system decays polynomially with a decay rate of type ¢~2.

The case of a Euller-Bernoulli beam and a wave equations coupled via the interface by trans-
mission conditions was considered by Hassine in [49], where he supposed that the beam
equation is stabilized by a localized distributed feedback. He reached that sufficiently smooth
solutions decay logarithmically at infinity even the feedback dissipation affects an arbitrarily
small open subset of the interior.

In [42], the authors studied the stabilization system of a coupled wave and a Euler-Bernoulli
plate equation where only one equation is supposed to be damped with a frictional damping
in the multidimensional case. Under some assumption about the damping and the coupling
terms, they showed that sufficiently smooth solutions of the system decay logarithmically at
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infinity without any geometric conditions on the effective damping domain.

In [15], Ammari and Nicaise, considered the stabilization problem for coupling the damped
wave equation with a damped Kirchhoff plate equation. They proved an exponential stability
result under some geometric condition. In 2018, the authors considered in [63], a system of 1-d
coupled string-beam. They obtained two kinds of energy decay rates of the string-beam system
with different locations of the frictional damping. On one hand, if the frictional damping is
only actuated in the beam part, the system lacks exponential decay. Specifically, the optimal
polynomial decay rate ¢! is obtained under smooth initial conditions. On the other hand,
if the frictional damping is only effective in the string part, the exponential decay of energy
is presented. In 2020, the authors in [45], considered a system of two-dimensional coupled
wave-plate with local frictional damping in a bounded domain. The frictional damping is
only distributed in the part of the plate’s or wave’s domain, and the other is stabilized by the
transmission through the interface of the plate’s and wave’s domains. They showed that the
energy of the system decays polynomially under some geometric condition when the frictional
damping only acts on the part of the plate, and the energy of the system is exponentially stable
when the frictional damping acts only on the other part of the wave.

In 2018, Guo and Ren in [44], studied the stabilization for a hyperbolic-hyperbolic coupled
system consisting of Euler-Bernoulli beam and wave equations, where the structural damping
of the wave equation is taken into account. The coupling is actuated through boundary weak
connection. The system is described as follows

Wit + Wyxxx =0, (x,0) € (0,1) xR",

Upr — Uxx — SUxxs =0, (x,1) € (0,1) x R*,

w(l,1) = wxx(1,8) = w(0,1) =0, >0,

4 Wxx(0,18) =rus(0,1), u(l, t) =0, x€(0,1), (4.1.2)
Sux(0, 1) + ux(0,1) = —rwy,(0,8), x€(0,1),

w(x,0) = wo(x), ws(x,0) = w1 (x), x€(0,1),

u(x,0) = up(x), us(x,0) = uy (x), x€(0,1),

where (wy, w1, up, 11) is the initial state and r # 0, s > 0 are constants. They concluded the
Riesz basis property and the exponential stability of the system.

In [11], the authors considered a stabilization problem for a coupled string-beam system.
They proved some decay results of the energy of the system. Moreover, they proved, for the
same model but with two control functions, independently of the length of the beam that the
energy decay with a polynomial rate for all regular initial data. In [13], the authors considered
a stabilization problem for a string-beams network and proved an exponential decay result. In
[16], the author considered a boundary stabilization problem for the transmission Bernoulli-
Euler plate equation and proved a uniform exponential energy decay under natural conditions.
In [88], a coupled system of wave-plate type with thermal effect was studied and exponentially
stability was proved. In [40], the authors considered the transmission problem for a coupled
system of undamped and structurally damped plate equations in two sufficiently smooth
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and bounded subdomains. They showed, independently of the size of the damped part, that
the damping is strong enough to produce uniform exponential decay of the energy of the
coupled system. In 2019, Liu and Han [46], considered a system of coupled plate equations
where indirect structural or Kelvin-Voigt damping is imposed, i.e., only one equation is directly
damped by one of these two damping. They showed that the associated semigroup of the
system with indirect structural damping is analytic and exponentially stable. However, with
the much stronger indirect Kelvin-Voigt damping, they proved that the semigroup is even not
differentiable and that the exponential stability is still maintained.

4.1.2 Physical interpretation of the models

In the first model (EBB)-Wgky, we investigate the stability of coupled Euler-Bernoulli beam
and wave equations. The coupling is via boundary connections with localized non-regular
fractional Kelvin-Voigt damping, where the damping acts through the wave equation only (see
Figure 4.1). The system that describes this model is as follows

ure— (aux +dx)9; "uy) =0, (x,1) € (0,L) x (0,00),
Vit + byxxxx =0, (x, 1) € (=L, 0) x (0,00),
ulL,t)y=y(-L,t)=yx(-L, 1) =0, t € (0,00),

{ aux(0,1) + Dyxxx(0,2) =0, yxx(0,£) =0, t€(0,00), ((EBB)-WFrkv)
u(0,1=y(,1n), t € (0,00),
u(x,0) = up(x), ur(x,0) = up (x), x€(0,L),
y(x,0) = yo(x), y:(x,0) = y1(x), x€(=L,0).

The coefficients a, b are strictly positive constant numbers, a € (0,1) and 1 = 0. We suppose
that there exists 0 < [y < [; < L and a strictly positive constant d, such that

dOr X € (IOrll)y
d(x) = (4.1.3)
0, x € (0, lo)U(ll,L).

The Caputo’s fractional derivative 0?'” of order «a € (0,1) with respect to time variable ¢ is

defined by

1

t
[DYw](t) =07 w(f) = f (=299 o (4.1.4)
—a)Jo ds

ra

where I" denotes the Gamma function.
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FKV-damping

Beam Part Wave Part

Figure 4.1 — (EBB)-Wrgy Model

In the second model W-Wgky, we investigate the stability of two wave equations coupled
through boundary connection with localized non-regular fractional Kelvin-Voigt damping
acting through one wave equation only (see Figure 4.2). The system that describes this model
is as follows

U — (auy+d(x)0; ux) =0,  (x,1) €(0,L) x (0,00),

Vit =byxx =0, (x,1) € (=L,0) x (0,00),
ulL,)=y(-L,1)=0, t € (0,00),

{ aux(0,1) = byx(0, 1), t € (0,00), (W-Wrkv)
u0,1 =y(,n), t € (0,00),

u(x,0) = up(x), ue(x,0) = u1(x), xe€(0,L),

y(x,0)=yo(x), y:(x,0) = y1(x), x€(-L,0).

FKV-damping

Wave Part Wave Part

Figure 4.2 - W-Wgxy Model

In the third model W-(EBB) rx v, we consider a system of coupled Euler-Bernouli beam and
wave equations. These two equations are coupled through boundary connection. In this case
the localized non-smooth fractional Kelvin-Voigt damping acts only on the Euler-Bernoulli
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beam (see Figure 4.3). The system that represents this model is as follows

Usr— AUyxx =0, (x,1) € (—L,0) x (0,00),
Vir+ (byxx + d(007  yxx) =0, (x,1) € (0,L) x (0,00),
u(=L,t)=y(L,t) = y,(L, ) =0, t € (0,00),
{ aux(0,1) +Dbyxxx(0,1) =0, yxx(0,1) =0, t€(0,00), (W-(EBB) pxv)
u(0,1=y(,n, t € (0,00),
u(x,0) = ug(x), us(x,0) = up(x), x€(-L,0),
y(x,0) = yo(x), y:(x,0) = y1(x), x€(0,L).

FKV-damping

2
2
2
I 2
1 Lyoe

77
- — 9/
77

Wave Part Beam Part

Figure 4.3 - W-(EBB) pxv Model

In the fourth model ((EBB) rxv), we study a system of Euler-Bernoulli beam with a non-regular
localized fractional Kelvin-Voigt damping (see Figure 4.4). The system is as follows

Ve + (byxx +d(0)07  yxx) . =0, (x, ) € (0, L) x (0,00),
Y0, = yx(0,) = yxx(L, 1) = yxxx(L, ) =0, 1€ (0,00), ((EBB)pxv)
y(x,0) = yo(x), y¢(x,0) = y1(x), x€ (0,L).

FKV-damping

Beam Part

Figure 4.4 — (EBB) rxv Model

In the last model (EBB)-(EBB) rx v/, we consider a system of two Euler-Bernoulli beam equations
coupled through boundary connection. The localized non-smooth fractional Kelvin-Voigt
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damping acts only on one of the two equations (see Figure 4.5). The system that represents
this model is as follows

Ut + AUxxxx = O! (xr t) € (_Ly O) X (0,00),

Ver + (byxx +d(0)07 " yxx) ., =0, (x,0) € (0,L) x (0,00),

u(=L,t)=ux(-L, 1) =0, 1€ (0,00),
v(L,t) = yx(L, 1) =0, t € (0,00),
{ AUxxx(0,1) = Dyxxx(0,1) =0, t€(0,00), ((EBB)-(EBB)rxv)
Uxx(0,7) = yxx(0,2) =0, t€(0,00),
u 0,1 =y(,n, 1€ (0,00),

u(x,0) = up(x), ur(x,0) =u1(x), xe(-L,0),

Y(x,0) = yo(x), y:(x,0) = y1(x), x€(0,L).

FKV-damping

e — ;
———————————— o ---¢6—— o ---¢
—— ;

Beam Part Beam Part

Figure 4.5 — (EBB)-(EBB) rxv

We give the physical meaning of the following variables.

y = vertical displacement,  u, = the stress of the wave.

Yy = rotation,

Yxx = Bending moment, (4.1.5)
Vxxx = Shear Force,

Vxxxx = Loading.

The way the beam supported is translated into conditions on the function y and its derivatives.
These conditions are collectively referred to as boundary conditions. They are meaningful
in physics and engineering. The boundary conditions in the model ((EBB) rxy) signifies the
following

e ¥(0, ) = 0: This signifies that the beam is pinned to its support, which means that the beam
cannot experience any deflection at x = 0.

e y4(0, 1) = 0: It signifies that the rotation at the pinned support is zero.

e yxx(L, 1) = 0: It means that there is no bending moment at the free end of the beam.

e VYxxx(L, 1) = 0: This boundary conditions gives the assumption that there is no shearing
force acting at the free end of the beam.

This kind of models, supported at one end with the other end free, described in the above four

103



4 Energy Decay of some boundary coupled systems involving wave\ Euler-Bernoulli
beam with one locally singular fractional Kelvin-Voigt damping — 4.1 Introduction

conditions can be referred to as a cantilever beam. A good example on the cantilever beam is
a balcony, it is supported at one end only, the rest of the beam extends over the open space.
Other examples are a cantilever roof in a bus shelter, car park or railway station. We give some
of the advantages and disadvantages of the cantilever beam.
Advantages:

— Cantilever beams do not require support on the opposite side.

— The negative bending moment created in cantilever beams helps to counteract the

positive bending moments created.

— Cantilever beams can be easily constructed.

— These beam enables erection with little disturbance in navigation.
Disadvantages:

— Cantilever beams are subjected to large deflections.

— Cantilever beams are subjected to larger moments.

— A strong fixed support or a backspan is necessary to keep the structure stable.
In a cantilever beam, the bending moment at the free end always vanishes. In fact, if we
connect the beam with a wave (see ((EBB)-Wrky), (W-(EBB)rxv)) at the free end, the bending
moment will be zero and this induces a shear force on the end of the beam. Consequently, the
fourth boundary condition above is no longer valid, and itis replaced by au (0, 1)+ byxxx(0, t) =
0. This condition signifies that the shear force of the beam and the stress force of the wave are
such that one cancels the other.

4.1.3 Description of the chapter

In this chapter, we investigate the stability results of five models of systems with a non-
smooth localized fractional Kelvin-Voigt damping where the coupling is made via boundary
connection. In the first model ((EBB)-Wggy) we consider the coupled Euler-Bernoulli beam
and wave equation with the damping acts on the wave equation only. In Subsection 4.2.1,
we reformulate ((EBB)-Wrgy) into an augmented model and we prove the well-posedness
of the system by using semigroup approach. Moreover, using a general criteria of Arendt
and Batty, we show the strong stability of our system in the absence of the compactness of
the resolvent. In section 4.2.2, using the semigroup theory of linear operators and a result
obtained by Borichev and Tomilov we show that the energy of the System ((EBB)-Wrgy) has
a polynomial decay rate of type t%. In the second model (W-Wggy), we consider two wave
equations coupled through boundary connection with a non-smooth localized fractional
Kelvin-Voigt damping actin4g only on one of the two equations. We establish a polynomial
energy decay rate of type t2z-«. In the third model (W-(EBB)rxy), we consider Euler-Bernoulli
beam and wave equations coupled through boundary connection with the damping to act
through the Euler-Bernoulli beam equation only. For this model, we show that the energy of
the System (W-(EBB) rxv) has a polynomial decay rate of type t7% . For the model ((EBB)rkv)
we consider the Euler-Bernoulli beam with a non-smooth localized fractional Kelvin-Voigt
damping. We prove that the energy of the system decays polynomially with a decay rate
tﬁ. Finally, for the fifth model ((EBB)-(EBB)rxv), we study the polynomial stability of two
Euler-Bernoulli beam equations coupled through boundary connection with damping actinzg
only on one of the two equation. We establish a polynomial energy decay rate of type ¢3-«.
The table below (Table 4.1) summarizes the decay rate of the energy for the five models. Also,
it gives the decay rate of the same five models but with Kelvin-Voigt damping (as ¢ — 1).
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Model
Model Decay Rate a—1
(EBB)-Wrky t7a ¢4
W-Wriy t7a 4
W-(EBB) pxv t7a £
(EBB) pxv tTa Exponential
(EBB)-(EBB) pxv t7a ¢!

Table 4.1 — Decay Results

Some significant implications on the energy decay rate are given below:

» From the decay rate of the models ((EBB)-Wggy) and (W-(EBB)rxy) we can deduce that
if we want to choose the place where the fractional Kelvin-Voigt damping acts it is better to
choose the damping on the wave. Since the energy of this model decays faster compared with
that of (W-(EBB) pxy) model.

 For the model ((EBB)-Wgkv), if we replace the condition of the null bending moment
(¥xx(0) = 0) at the connecting boundary by taking the rotation to be zero (y,(0) = 0), we get the
same decay rate. So, this result improves the work in [47] where they reached energy decay
rate of type =2, however in our work we proved an energy decay rate of type t#(as a — 1)(
see Section 4.2).

« For the model ((EBB)-Wrgv), we established an energy decay rate of type 4 (asa—1).
By comparing this energy decay rate with that in [94], where the authors considered two
wave equations coupled through velocity with localized non smooth Kelvin-Voigt and they
established an energy decay rate of type ¢~ !. We can see that, by comparing the energy decay
rate of these two systems that it is better, when considering Kelvin-Voigt damping, to consider
the coupling through the boundary connection rather through the velocity.

Remark 4.1.1. We note that in the upcoming sections, the letters used to denote the variables
are independent from each other in each section.

4.2 (EBB)-W,x, Model

In this section, we consider the ((EBB)-Wgky) model, where we study the stability of the
system of a Euler-Bernoulli and wave equations coupled through boundary connection with a
localized fractional Kelvin-Voigt damping acting on the wave equation only.

4.2.1 Well-Posedness and Strong Stability

In this subsection, we study the strong stability of the system ((EBB)-Wrggy) in the absence of
the compactness of the resolvent. First, we will study the existence, uniqueness and regularity
of the solution of the system.
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4.2.1.1 Augmented model and Well-Posedness.

In this part, using a semigroup approach, we establish the well-posedness for the system
((EBB)-Wgkv). First, we recall theorem 2 stated in [3, 79].

Theorem 4.2.1. Leta €(0,1),n=0and u(¢) = || gt be the function defined almost everywhere
onR. The relation between the 'input’ V and the output’ O of the following system

0w (x,&, 1) + (€ +now(x,& 1) - V(x, DigIE 0,(x,¢,1) €(0,L) xR x (0,00), (4.2.1)
w(x,6,00 = 0,(x¢8)e€(0L)xR, (4.2.2)

O(x,l‘)—K(a)f|5|%w(x,€,t)d€ = 0,(x,1) € (0,L) x (0,00), (4.2.3)
R
is given by
0=1"7%", (4.2.4)
where X . .
I*V](x, 1) = — f (-9 MV (9 ds and k(@) = S
I'(a) Jo p

In the above theorem, taking the input V(x, ) = vd (x)uy;(x, t), then using Equation (4.1.4),
we get that the output O is given by

</ t
Ox, 1) =V dx) [ %My, (x, 1) = F(ld(ti) f (t—5) "% 195 .u,(x,s)ds = \/d(x)a‘;’"ux(x, 1.
-a)Jo

Therefore, by taking the input V(x, t) = vVd(x) uy;(x, t) in Theorem 4.2.1 and using the above
equation, we get

al‘w(x’é! t)+(62+77)w(x,£, t)_ \% d(x)uxt(x) t)lé'lZQZ;I = Or (x)é) t) € (O)L) XRXRI»
w(x,¢,0) = 0, (x,6€(0,L)xR,

\/6l(x)<9‘,f""ltx(x,t)—1<(cr)fI'fl%w(x,cf,t)dc,r 0, (x,0)€(0,L)xR].
R

(4.2.5)
From system (4.2.5), we deduce that system ((EBB)-Wrgy) can be recast into the following
augmented model

e~ i+ VAGK@ [ 167 w0nd 0dg) =0, (x, )€ 0,1) x RY,
Vit + DYxxxx =0, ’ ) (x,1) € (=L,0) x xR},
01 (x5,& 0 + (1P +0) w06, ) — VAR s (6, DT =0, (1,60 € (0,1) xR xR,
with the following transmission and boundary conditions -
ulL,t)=y(=Lt)=yx(-L, 1) =0, t € (0,00),
auy(0,1) + byxxx(0,1) =0, yxx(0,£) =0, € (0,00), (4.2.7)
u(0,1 =y(,1), t € (0,00),
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and with the following initial conditions
u(x,0) = up(x), ur(x,0)=ui(x), w(xE0=0, x€(0,L),€R,
(4.2.8)
y(x,0) = yo(x), y:(x,0)=y1(x), x€(-L,0).
The energy of the system (4.2.6)-(4.2.8) is given by
1 L 1 k(@)
Ei(n) = Efo (Iueel? + aluyl?) dix + 2[ (Iyel? + Blysel?) @ f f w(x, &, DPdédx.

Lemma 4.2.2. LetU = (u, uy, y, ¥, w) be a regular solution of the System (4.2.6)-(4.2.8). Then,
the energy E; (1) satisfies the following estimation

d L
B0 =K@ f f & + o & n2dédx. 4.2.9)
t 0 JR

Proof. First, multiplying the first and the second equations of (4.2.6) by u; and y, respectively,
integrating over (0, L) and (—L, 0) respectively, using integration by parts with (4.2.7) and taking
the real part Re, we get

14 L(|u|2+a|u|)dx+——/ | +b| |)
2dtJo t X d yr Vxx

L
+Re(1<(a)f0 VA(X) Uy (f[lelzw(x,f, t)df) dx) =

(4.2.10)

Now, multiplying the third equation of (4.2.6) by x (a)w, integrating over (0, L) x R, then taking
the real part, we get

k(@ d [t 2 Lo 2
5 dtf flw(x,rf,t)l dédX+K(a)f f(f +1)lw(x,¢, 0| dédx
" L 0 R (4.2.11)
=Re(1<(a)f0 \/d(x)uxx(leflzw(x,é, t)dé)dX)-
Finally, by adding (4.2.10) and (4.2.11) we obtain (4.2.9). The proof is thus complete. O

d
Since a € (0,1), then x(a) > 0, and therefore EEI(” < 0. Thus, system (4.2.6)-(4.2.8) is

dissipative in the sense that its energy is a non-increasing function with respect to time
variable t. Now, we define the following Hilbert energy space ] by

76 ={(u,v,y,z,0) € Hy(0,L) x L*(0, L) x H7(~L,0) x L*(=L,0) x W; u(0) = y(0)},
where W = L2 ((0, L) x R) and

{ Hy(0,L) = {ue H' (0, L); u(L) =0},
(4.2.12)

H#(~L,0) = {y € H*(~L,0); y(-L) = yx(-L) = 0}.

We note that the space .7, is a closed subspace of Hy(0,L) x L*(0, L) x H#(—L,0) x L*(—L,0) x W.
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The energy space # is equipped with the inner product defined by

L L 0 0
W00 = [ voidvea [ wdes [ zzmdeh [ yaGads
0 0 —-L —-L
L
+1<(a)f fw(x,f)w_l(x,é)dédx,
0 JR

forall U = (u4,v,y, z,w) and Uy = (u1, v1, y1,21,w1) in #. We use || U]l #, to denote the corre-
sponding norm. We define the unbounded linear operator < : D(&f;) € A1 — /6 by

U=(uvY,zw0)€f; (v,2) € Hy(0,L) x H:(-L,0), y€ H*(~L,0),

(aux+\/d(x)1<(a)fIflzﬁlw(x,é)df € L2(0, L),
R X

-
—(IEP +n) 0(x, &) + VAD v 17T, 1Elw(x,&) € W,

D(sfy) = 1

auy(0) + bYxxx(0) =0, yxx(0) =0, and v(0) = z(0)
and for all U = (u, v, y, z,w) € D(sf}),
v

atiy + v/ AOK(@) fR " w(x, E) de
X

A (u,0,y,z,0) = z
_b.}’xxxx
— (1€ +1) 0(x, &) + VAD vlE] T

Remark 4.2.3. The condition |¢|w(x, &) € W is imposed to insure the existence of the integral

L 2a-1
f f E +n)lw(x,O*dédx in (4.2.9) and \/d(x) f 1E177 w(x,&)dé € L2(0, L).
0 R R

If U = (u,us,y,y:,w) is a regular solution of system (4.2.6)-(4.2.8), then the system can be
rewritten as evolution equation on the Hilbert space ./ given by

Ui=o1U, U(0)=U,, (4.2.13)
where UO = (u()) ul»J/O,J/l,O)-

Lemma4.2.4. Leta € (0,1),n =0, then the following integrals

g2t &2t
Iin,a) ZK(CZ)]Rmdf , IZ(n’a):[Rmd{
(4.2.14)
+00 €2a+1
and Is(n,a)—fo mdf

are well defined.
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Proof. First, I(n, a) can be written as
+00 2a—1
Ti(n, @) =2 ’;i“) f ¢ e (4.2.15)
nJo 1+ m
Thus equation (4.2.15) can be simplified by defining a new variable y =1+ % Substituting ¢

by (y — 1)%(1 +17)% in equation (4.2.15) , we get

I,(.a) = K (@) f+°° 1 d
TMO= )y yy-pre ™

Using the fact that a € (0, 1), its easy to see that y~'(y — 1)*! € L (1, +o0), therefore I;(n, a) is
well defined. Now, for I,(n, @), usingn =0 and «a € (0, 1), we get

Pt L)
IZ(T"“)<[R1+52+nd€_ (@ < 400

Then, I,(n, a) is well-defined.
Now, for the integral I3(n, a), since

£2a+1 €2a+1 €2a+1 1
~ d ~ ,
A+ +m2 0 (+m? 0 Q48+ +o0 320

and the fact that a € (0,1), we get I3(n, @) is well-defined.
The proofis thus complete.
O

Proposition 4.2.5. The unbounded linear operator < is m-dissipative in the energy space 7€) .

Proof. Forall U = (u,v,y,z,w) € D(s), one has

L
Re ((/ U, U) ) = —x () fo fR E+nlox,dPdédx <0,

which implies that «f; is dissipative. Now, let F = ({1, f>, f3, fa, f5) € #1, we prove the existence
of U = (u,v,y,z,w) € D(«), solution of the equation

(I-</)U=F.

Equivalently, one must consider the system given by

u-v = fi, (4.2.16)

v-— auﬁ@K(d)leél%w(x,ﬁ)df o f2, (4.2.17)
y-z = f3 (4.2.18)

2+ bYxxxx = fa (4.2.19)

L+ 4+ -Vd@ull T = fx0. (4.2.20)
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Using Equations (4.2.16), (4.2.20) and the fact that n = 0, we get
w6y = P& VAR u T VAR ()lE T
1+ E 4y 1+&2 47 1+&+n
Inserting the above equation and (4.2.16) in (4.2.17) and (4.2.18) in (4.2.19), we get
u—(aux+dX0Iima)uc+J), = F, (4.2.21)
Y+ byixxx = B (4.2.22)
where I, (n, @) is defined in Equation (4.2.14), Fy = fi + f>, F» = f3 + f4, and
"7 f5(x,¢)
J=dx)Ii(n,a)(fi)x— Vdx)x(a) M dg,
R 1+&<+7
and with the following boundary conditions
(L) =y(=L) = yx(=L) = yxx(0) =0, au,(0) + byxxx(0) =0, and u(0) = y(0). (4.2.23)

Now, we define
={(p,w) € Hy(0,L) x H7(~L,0); ¢(0)=(0)}.

The space V is equipped with the following inner product

L 0
<((er)»((l)17w1)>V = aﬁ (pxmxdx"‘bfLWxx(m)xxdx-

Let (¢, y) € V. Multiplying equations (4.2.21) and (4.2.22) by ¢ and v, and integrating respec-
tively on (0, L) and (—L,0), then using by parts integration, we get

a((w,y), (@, w) =L, y) Y(pw)eV, (4.2.24)

where

L L 0 0 L
a((w,y), (@) :fo updx + af() uxaxdx+fLy¢dx+bfLyxxWxxd)H Il(n,a)fo d(x)uxp dx
and

€177 f5(x,0) d{)

L L L
L(g,y) =/ Fipdx+ Il(n,a)f d(x)(fl)x@dx—K(a)f Vdx)e, 5
0 0 0 R 1+¢5+7

0
+ f szdx.
-L

Using the fact that I, (n, a) > 0, we get that a is a bilinear, continuous, and coercive form on
V x V. Next, by using Cauchy-Schwartz inequality and the definition of d(x), we get

_ | d
f\/d(x (f I fs(xf)dg)dx's F;)\/Ig(n,a)ll(pxlle(lo,ll)||f5||W, (4.2.25)

1+¢&2

where I,(n, a) is defined in Equation (4.2.14). Hence, L is a linear continuous form on V.
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Then, using Lax-Milgram theorem, we deduce that there exists unique (u, y) € V solution
of the variational problem (4.2.24). Applying the classical elliptic regularity, we deduce that
y € H*(~L,0), and

aux+\/d(x)1<(a)f 6% w(x, & DdéE| e I2(0, D).
R

X

Defining
visu—-fi, ,z:=y—f3 sot 2a-1
£(5,8) A uxlél™s  VdX)(fxlél T (4.2.26)
w(x,&) = B '
1+E2+7 1+&%+7 1+¢%+n

It is easy to see that (v, 2) € Hy(0,L) x H2(~L,0) and v(0) = z(0).
In order to complete the existence of U € D(«;), we need to prove w(x,¢) and [{|w(x, &) € W.
From equation (4.2.26), we obtain

s h 2
[ [oorax=s [ [ ey e+ 3o Lan,a) | (1l i) v

Using Lemma 4.2.4, the fact that (u, fi) € H}I? (0,L) x H}? (0, L), we obtain

I )
Iz(n,a)fl (qu|2+’(f1)x| )dx<oo.

On the other hand, using the fact that f; € W, we get

|f5(x f)| 1 L )
f ‘["@(1+€2+77)2 dxsmfo \[R|f5(xyf)| dédx < +oo.

It follows that w(x,¢) € W. Next, using equation (4.2.26), we get

L L& fsx )| L 2
2 ’ 2
fo fmww(x,fn dédxssfo R—(Hfz+m2d€dx+6dols(n,a) Ul (lux| +|(f)x] )dx),

52a+1

+00
here I3(n, a) = —_——
where I3(n,a) [0 1+ 2177
Now, using the fact that f5(x,¢) € W and

dé. Using Lemma 4.2.4 we get that I3(n, @) is well-defined.

&2 1 1

max = < -,
tek (1+E2+m? 4(1+n) 4

we get

fL fzifs(x,5)| &

R (1+¢2+m)? dodx = TR (1+§2+17)2f f|f5(x €)| dédx <~ f f|f5(x 5)| dgdx < +oo.

It follows that |{|w € W. Finally, since w, f5 € W, we get

— (€2 +n) w(x,8) + VA@ vxlE1 T = w(x,E) — f3(x,E) € WL
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Therefore, there exists U := (1, v, , z,w) € D(<#) solution of (I — «#1)U = F. The proof is thus
complete. O

From proposition 4.2.5, the operator < is m-dissipative on ./}, consequently it generates
a Cy-semigroup of contractions e 120 following Lumer-Phillips Theorem 1.2.8. Then the
solution of the evolution Equation (4.2.13) admits the following representation

U =eU, =0,

which leads to the well-posedness of (4.2.13). Hence, we have the following result.

Theorem 4.2.6. Let Uy € A, then problem (4.2.13) admits a unique weak solution U that
satisfies
U eC(RY, 7).

Moreover, if Uy € D(<f), then problem (4.2.13) admits a unique strong solution U that satisfies

U eCH(RY,7#)nC° (R, D(«#))).

4.2.1.2 Strong Stability

This part is devoted to study the strong stability of the system. It is easy to see that the resolvent
of o) is not compact. Here, we will use Theorem 1.3.3 to obtain the strong stability of the
Co-semigroup (e ;>0. Our main result in this part is the following theorem.

Theorem 4.2.7. Assume thatn = 0, then the Cy—semigroup of contractions e*" is strongly
stable on A6, in the sense that
lim et =0, ¥ Upem.
t—+00 JO
In order to prove Theorem 4.2.7 we need to prove that the operator < has no pure imaginary

eigenvalues and o («/1) N iR is countable, where o («#;) denotes the spectrum of <. For clarity,
we divide the proof into several lemmas.

Lemma4.2.8. Leta€(0,1),n=0,AcRand fs€ W. For(n>0and A €R) or (n=0and A € R*),
we have

. g2 _ ¢!
IiAna) = l/lK(a)med§<OO, Is(A,n,a) = K(a)f[R mdﬁ <00,
and .
L |§| 2 f5(x)€) 2
Is(x, A1, ) '_K(a)fqu—iﬂt+§2+n déeL“(0,L)

Proof. The integrals I, and I5 can be written in the following form
I4 (/1’ mn, a) = /12]:7(2«) mn, a) + 1/118(20 m, a)» and IS(/’{*) n, a) = 1/117(1) 1, a) + IS(A’ m, a)

where

B |£|2a-1 E12471(E2 + 1)
I;(An,a) = 1<(a)/[R 12 A2 + (&2 +1)2

Wdé, andIg(A,n,a) :K(a)[l‘%

dé.
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So, we need to prove that I7(A,n,a) and Ig(A,n, @) are well defined.
First, we have
62@—1 5205—1 +00 520:—1
I-(A,n,a) =2 ———d&=2 ———dé+2 —_
7,1, @) K(a)fo r @an)? ¢ K(a)fo Pt @) $+ 1<(oz)f1 s @an)?

Hence in the both cases where (7 > 0 and 1 € R) or (7 =0 and A € R*), we have
2a-1 2a-1 2a-1
¢ ~ ¢ and d ~ L .

Since 0 < a < 1 then I7(A,n, a) is well-defined. Now, we have

+00 62& 1(52 (a)f 620: 1(62 n)

Is(A,n, ) :21<(a)f 12+(52+77)2 A2+ (E2+

d<f+21<(a)f FEINTZRRE

Similar to I, in both cases when (7> 0and A € R) or (n =0 and A € R*), we have

6‘2(1—1(62 +,,7) N 620{—1(624_77) an 6205—1({2 +n) ~ 1

Since 0 < a < 1, then Ig(A,n, a) is well-defined. For I, using Cauchy-Schwarz inequality and
the fact that f5 € W and that I7 < oo, we get

L L
2 B 2 €172 f5(x,¢)
fo |Te(x, A,n, )| dx —K(a)f ‘R—z/1+£2+17 dg| dx
€21 L 2
<x(a)? (f /12"‘(52"'77)2 )fo [I‘Q|f5(X,f)| dédx < +oo.
The proof is thus complete. O

Lemma4.2.9. Leta € (0,1),n=0,A€R. For(n>0andA€R) or (n=0and A €R*), we have

|€|2a’+1

gt
»VAZE @ P

Ig(A!nra): dé and IlO(A’n’a):fAZ d&

R A%+ (% +1)?
are well-defined.
Proof. We have

5204 1 +00 EZa—l

Is(A, ,a)=2 +2 —d{
oV /12+(£2+17)2 1 A2+ (E2+m)2

Hence in the both cases where (7 > 0 and A € R) or (n = 0 and A € R*), we have

€2a—1 52&—1 éZa—l 1
~ and ~
\//12"‘(62"'77)2 0 \/;Lz_,_nz //12_,_(62_'_1])2 +oo I~

Since 0 < a < 1 then I9(A,n,a) is well-defined. Using the same argument to show that
I,0(A,n, a) is well-defined. The proof is thus complete.

O
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Lemma 4.2.10. Assume thatn =0. Then, forall A € R, we have iAl — < is injective, i.e.
ker (iAl —ofh) = {0}.

Proof. Let A € R, such thatiA be an eigenvalue of the operator «#; and U = (1, v, y, z,w) € D(sf})
a corresponding eigenvector. Therefore, we have

U =ilU. (4.2.27)
Equivalently, we have
v = iluy, (4.2.28)
aux+MK(a)f|E|2a2;1w(x,f)df = ily, (4.2.29)
’ : - i1y, (4.2.30)
~byrxxx = i)z, (4.2.31)

VA@) v, e (4.2.32)

(iIA+ 1P +n) w(x, O

with the boundary conditions

u(l) =y(=L)=yx(=L) =0,
(4.2.33)
J/xx (0) = Oy
and with the continuity transmission conditions
u(0) = y(0),
(4.2.34)
au_x(o) - _byxxx(o).
A straightforward calculation gives
L
0=Re((IAU,U) ) =Re ((c/U,U) 7,) = —1<(oc)f0 fR(éz +n)lw(x,&)|*dédx.
Consequently, we deduce that
w(x,&) =0 a.e. in (0,L) x R. (4.2.35)
Inserting Equation (4.2.35) into (4.2.32) and using the definition of d(x), we get
Uy = 0 in (lo, ll). (4.2.36)
It follows, from Equation (4.2.28), that
Auy=0 in (I, 1). (4.2.37)

Here we will distinguish two cases.
Casel.If1=0:
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From (4.2.28) and (4.2.30) we get
v=z=0 on (0,L).
Using Equations (4.2.29), (4.2.31) and (4.2.35) we get

Uxx = Yxxxx = 0.
Using the boundary conditions in (4.2.33) we can write u and y as

( L) q (x?) L2 L3)
u=c(x- an =C3|———X——
1 y=a 6 2 3

where c1, c3 are constant numbers to be determined. Now, using conditions in (4.2.34) we get

2 (4.2.38)

L2
Then, c3 (a? + b) = 0. Since a,b > 0, we deduce that ¢; = ¢c3 =0. Then we get u = y = 0.

Hence, U = 0. In this case the proof is complete.
Case2.If A #0:
From Equation (4.2.37), we get
uy=0 in (lo, ). (4.2.39)

Using Equations (4.2.35) and (4.2.39) in (4.2.29), and using Equation (4.2.28) we get
u=0 in (lo, ll). (4.2.40)

Substituting equations (4.2.28) and (4.2.30) into Equations (4.2.29) and (4.2.31) and using
Equation (4.2.35), we get

A u+au,, =0, over (0,L), (4.2.41)
A2y —Dbyrrxx =0, over (—L,0), (4.2.42)

From Equations (4.2.40) and (4.2.41) and using the unique continuation theorem (see [62]) we
get
u=0 in (0,L). (4.2.43)

From Equations (4.2.42), (4.2.33)-(4.2.34), and using (4.2.43) we get the following system
)Lzy —byxxxx =0, over (—L,0)
Y(0) = yxx(0) = ¥xxx)(0) =0, (4.2.44)

Y(=L) = yu(-L)=0.

It’s easy to see that y = 0 is the unique solution of (4.2.44). Hence U = 0. The proof is thus
completed. O
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Lemma 4.2.11. Assume thatn = 0. Then, the operator —<f; is not invertible and consequently
0eo(af).
-x* 4

Proof. LetF = (x2 -1%0, 3z ng —I2,0,0| € #, and assume that there exists U = (1, v, , 2, w) €

D(gf)) such that —of4 U = F. It follows that

ve=2x in (0,1) and &Ew(x,d)—2xV/dX)IET =o0.

2a—!
2

From the above equation, we deduce that w(x, £) = 2|¢| ’ xv d(x) ¢ W, therefore the assump-
tion of the existence of U is false and consequently the operator —«; is not invertible. The
proof is thus complete. U

Lemma4.2.12. If(n>0and A€R) or (n =0 and A € R*), then i Al — of; is surjective.

Proof. LetF = (f1, fo, f3, f1, f5) € #1, we look for U = (u, v, y, z,w) € D(gf;) solution of

(iAl—<)U =F. (4.2.45)
Equivalently, we have
ilu-v = fi, (4.2.46)
ilv—|auy+ MK(a)flflmflw(x,é)df = fo (4.2.47)
" i]Ly—; = f, (4.2.48)
iAz+bYieex = fa (4.2.49)

(id+E+n) 0 - Vd@ e T fs(x,9). (4.2.50)

Using Equations (4.2.46) and (4.2.50) and the fact that n = 0 we get

2a-1

fad) | VARl VA (f)xlél
iA+&+n iA+&%+1 iA+&+n

a)(x,f) = (4.2.51)

Substituting v and z in (4.2.46) and (4.2.48) into Equations (4.2.47) and (4.2.49), and using
(4.2.51) we get

AMu+ (aux+d0)IsA,n, @)ux—g(x,A,n,a)), (4.2.52)
Azy_ b_Vxxxx = F, (4.2.53)

[
=

such that
f==(f+idfi)eL?0,LD),

g(xAna)=IsA,n,a)dx)(fi)x - Vdx)Isx, A0, q),

F=-(fa+ilfs) € [3(-L,0),

and I,(A,n, @), I5(A,n, @) and I5(A,n, a) are defined in Lemma 4.2.8.
Now, we distinguish two cases:
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Case 1: 7> 0 and A =0, then system (4.2.52)-(4.2.53) becomes

(auyx—g(x,0,m,a))x —f2
b_Vxxxx = f4-

By applying Lax-Milgram theorem, and using Lemma 4.2.8 it is easy to see that the above
system has a unique strong solution (u, y) € V.

Case 2: =0 and A € R*. Then system (4.2.52)-(4.2.53) becomes

N2 u+ (aug+d®)I4A,n0, @) uy)x G, (4.2.54)
Azy_ byxxxx = F, (4.2.55)

such that
G=f+g:(x,A,n ).

We first define the linear unbounded operator & :H:= H }? (0,L) x HI%(—L, 0) — H' where H' is
the dual space of H by

—(aux +d®0) 14,0, @) uy)
U= , VUeH.
byxxxx

Thanks to Lax-Milgram Theorem, it is easy to see that £ is isomorphism. The system (4.2.54)-
(4.2.55) is equivalent to

AV '-NU=2"'%, whereU= (4, and ¥ = (G,F)". (4.2.56)

Since the operator £ ~! is isomorphism and I is a compact operator from H to H'. Then,
271 is compact operator from H to H. Consequently, by Fredholm’s alternative, proving
the existence of U solution of (4.2.56) reduces to proving ker (122_1 - I) = {0}. Indeed, if
(@, 7) eker (A2~ 1), then A%(&, ) — £ (@, ) = 0. It follows that,

AN i+ (aiix+d(x)14(A,n, @) dix) . =0, (4.2.57)
A2§ = bJxcx =0, (4.2.58)

i(L) = J(=L) = Jx(=L) = xx(0) =0, (4.2.59)
atix(0) + byxx(0) = 0,7(0) = y(0). (4.2.60)

Multiplying (4.2.57) and (4.2.58) by i and j respectively, integrating over (0,L) and (-L,0)
respectively and taking the sum, then using by parts integration, the boundary conditions
(4.2.59)-(4.2.60), and taking the imaginary part we get

L
dOIm(I4(A,a,n))/ liiyl*dx = 0.
lo

From Lemma 4.2.8 we have Im (I14(A, a,1)) = 1I(A,n, @) # 0, we get i, = 0 in (I, [y).
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Then, system (4.2.57)-(4.2.59) becomes
AMi+aiiy, = 0 over (0,L), (4.2.61)
A2J—bjerxxx = 0 over (—L,0), (4.2.62)
iy =0 over (lp,11). (4.2.63)

It is now easy to see that if (i, y) is a solution of system (4.2.61)-(4.2.63), then the vector U
defined by U := (i, iA#i, 7,iA§,0) belongs to D (1), and iAU — «#,U = 0.

Therefore, U € ker (i Al — <), then by using Lemma 4.2.10, we get U = 0. This implies that
system (4.2.56) admits a unique solution due to Fredholm’s alternative, hence (4.2.56) admits
aunique solution in V. Thus, we define v:=ilu— f1, z:=ily— f; and

fsx8) | VAW ilu, &) ) VAT (1), 615

R W s iA+E 11

(4.2.64)
Since F € 74, it is easy to see that v € H}(0,L), z€ H2(~L,0), v(0) = z(0) and

(dux+\/d(x)1<(a)fIflmzlw(x,f, t)df) € I%(0,L).
R

X

It is left to prove that w and |€|w € W (for the both cases). From equation (4.2.64), we get

(x,¢) b
f [oxoiacarss f [ AJ]E(52+|m2d5d“3d°(fzo (Al + () [Hx| 21,1, ).

Using the fact that fs € W and (n>0and 1 € R) or (=0 and A € R*), we obtain

Lo o)
f R/12+(§2+n)2d€ Az_}_n f f|f5(x £)| dédx < +oo.

Using Lemma 4.2.8, it follows that w € W. Next, using equation (4.2.64), we get

ff|£w|2d5<3f f el ol dcfdx+3dof0L(l/lux|2+|(f1)x|2)110(/1,n,a),

A%+ (&2 +m)?
|6|2a+1
=] — i 4.2.9. L usi
where I19(A,n, a) o 2+ @12 d¢ < +oo by using Lemma 9. Now, using the fact that
fs € Wand
e & _ V2 + A2 )
2 2 2 2 10
AT 2 (ViEE A2 )
we get
& fs(x, f)l L
ff/12+(€2+n)2 édx<f0 max —Az+(52+n)zf|f5(x o)2de =ca, n)f flfs(x &2 dedx < +oo.

It follows that ||w € W. Finally, since w € W, we get

@+ &)+ VAX UE T = idw(x, &) - fy(x,E) e W.
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Thus, we obtain U = (4,7, y,z,w) € D(«f) solution of (i1l —«/)U = F. The proof is thus.
complete. O

Proof of Theorem 4.2.7. First, using Lemma 4.2.10, we directly deduce that «f; has no pure
imaginary eigenvalues. Next, using Lemmas 4.2.11, 4.2.12 and with the help of the closed
graph theorem of Banach, we deduce that o (/) NiR = {@} if n > 0and o (/) NiR = {0} if n = 0.
Thus, we get the conclusion by Applying Theorem 1.3.3 of Arendt Batty.

4.2.2 Polynomial Stability in the case >0

In this section, we study the polynomial stability of the system (4.2.6)-(4.2.8) in the case 1 > 0.
For this purpose, we will use a frequency domain approach method, namely we will use
Theorem 1.3.10. Our main result in this section is the following theorem.

Theorem 4.2.13. Assume thatn > 0. The Cy—semigroup (e"") s is polynomially stable; i.e.
there exists constant Cy > 0 such that for every Uy € D(sf)), we have

C
E (D)< —ilnuouﬁ)(dﬂ, t>0,VUy € D(ty). (4.2.65)

{2-a

According to Theorem 1.3.10, by taking £ = 1 - ¢, the polynomial energy decay (4.2.65) holds
if the following conditions
iRc p(eh), (Hy)

and

limsup

GAI—ofy) <o, (Hy)
AeR,|A|—oo A ”‘Z(‘]ﬁ)

a
1-3

are satisfied. Since Condition (H;) is already proved in Lemma 4.2.10. We will prove condition
(H») by an argument of contradiction. For this purpose, suppose that (H») is false, then there
exists {(An, Up := (tn, Un, Yn, 2n, 05 (, )T )} <R x D(s#y) with

[Anl — 400 and ”Un”Jf] = ||(Un, U, Yns Zn;wn(‘;é))lljfl =1, (4.2.66)
such that
(Al’l)l_% (ZAI’lI_'Q{l) Un = Fn = (fl,nyfz,mﬁi,n’ﬁl,n;fS,n(':f))T — 0 in %L (4-2-67)

For simplicity, we drop the index n. Equivalently, from (4.2.67), we have

Au-v = I in H(0,L), (4.2.68)
A2
iAv=(Sa)y = A{—f in L*(0, ), (4.2.69)
2
. .
ily—z = pree in H2(~L,0), (4.2.70)
ildz+byxxex = A{—f in L*(~L,0), 4.2.71)
2
(A+E +Mox,&) —VAd@vlel' T = f;(l’f‘f) in W, (4.2.72)
2
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where S; = au, + \/d(x)K(a)f Ifl w(x §)dg.

Here we will check the condition (Hy) by finding a contradiction with (4.2.66) by showing
U7, = o(1). For clarity, we divide the proof into several Lemmas

Lemma4.2.14. Leta € (0,1),n>0and A €R, then

5

III(A,T],(X)=[ ﬂdé=cl (|/1|+7])%_Z,
(|/1|+€2+17)

4112(1,17)2(/ TreZam2 ) z—
(I |+§ +1) 2(|/1|+1])4

1
(IM+62+17 4 (AM+mi

0o -1 %_
where c; =f %
1 y

Proof. I;; canbe written as

N

dy.

2 o) §a+%
Inn = o fo i de (4.2.73)
+
n ( [Al+n
Thus, equation (4.2.73) may be simplified by defining a new variable y =1+ f—;} Substituting
Eby (y- 1)% A+ n)% in equation (4.2.73), we get

=

a_5 [ -1 %_
InA,na) =(A+n)2 ifl &

)2 dy.

a_1
Using the fact that a €]0, 1], it is easy to see that y™2(y—1)2 % € L}(1, +o0). Hence, the last
integral in the above equation is well defined. Now, I2(A,7n) can be written as

2 oo 1 2 oo 1 2 T
ot | et
(T12( 77)) A+n)? ¢ (

P 3 ZdS: SX_:LS»
(1+( e\ A+m2Jo (1+52) A+mz 4 2(A+m):
VA+n

1
Therefore, I12(1,7n) = \/E - Finally, I13(A,n) can be written as
2 A+ ng 3

2 00 &2 2 o 2 2 T
I3(A4,1n) f aé = 5] ds= —
(T1s 77) A+mt (e 2,4 A+mido

A+n

5 X .
1+52)* A+mz 32
=. The proof has been completed.
A+n)

Then I3(A,n) = vz
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Lemma 4.2.15. Assume thatn > 0. Then, the solution (u, v, y, z,w) € D(f}) of system (4.2.68) -
(4.2.72) satisfies the following asymptotic behavior estimations

L ll a l1 a
f f(|5|2+n)|w(x,cf)|2dg‘dx:0(/1_“%),f valzdxzo(/l_f)andf qulzdxzo(it_z_f).
0 JR Iy I
(4.2.74)

Proof. For clarity, we divide the proof into several steps.
Step 1. Taking the inner product of F with U in /7, then using (4.2.66) and the fact that U is
uniformly bounded in /7, we get

L
K(a)fo fR(f‘ZHﬂ lw(x,&)Pdédx = —Re (A U, U) ) = Re ({GAL — o)) U, U ) = O(A_“'E).

Step 2. Our aim here is to prove the second estimation in (4.2.74).
From (4.2.72), we get

VA@IET gl < (IM+E +1) lo0, O+ A2 | f(x, 6.
Multiplying the above inequality by (A + &2 + n)_z |1, integrate over R, we get
VA I na)lve < Ii,n) (/[erfw(x,f)lzdé)z AT ET (A, ) UR|fs(x,6)|2d5)2,
(4.2.75)

where I;;(A,7n,a),I12(A,7)andI3(A,n) are defined in Lemma 4.2.14. Using Young’s inequality
and the definition of the function d(x) in (4.2.75), we get

h 2, o 2, o1
[ wiax <ot 20 sp 2 00
lo Iar-z I 1Al

It follows from Lemma 4.2.14 that

I 1 1 1 1
f lvyl?dx < — ol )a +—\/ﬁ 2 0(2_) .
X alM+m* A=z = 4 ¢ (Al+n)" A7

(4.2.76)

Since «a € (0,1), we have min(%,Z) = %, hence from the above equation, we get the second
desired estimation in (4.2.74).
Step 3. From Equation (4.2.68) we have

AUy = Uy — A_lJr% (f1) x-

It follows that
Cl4@ o(1) o(1)
|MMX||L2(lo,l1) < llvxllz2y,1,) + Al 1+2 [ (fl)x”LZ(lo,ll) S—w t 7z
A4 A2
Since a € (0,1), we have min (1+ §,2 - §) = 1+ ¢, hence from the above equation, we get

l] 1
f |ux|2dx: o) .
lo

/12+%
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The proofis thus completed. O

Lemma 4.2.16. Let0 < a <1 andn > 0. Then, the solution (u,v,y,z,0) € D(a1) of system
(4.2.68)-(4.2.72) satisfies the following asymptotic behavior

ll 1
f 1542 dx =20 4.2.77)
Iy A2

Proof. Using the fact that |P + Q|? < 2P? + 2Q?, we obtain
2a-1 2
avy + \/d(x)K(a)f I51 7 w(x,¢)dé| dx
R

L L
f 1S41? dx :f
o b 2a-1 2
L L L= /x2
Szazf qulzdx+2d01<(a)2 (f Mw(x,g‘)df) dx
h \JrR /& +n

Iy

1 1

sza2fll|ux|2dx+cz[l lfR(é%nnw(x,énzdfdx
0 0

2a—-1
where ¢, = dOK(a)?‘ Tia(a,n) and Iy(a,n) = |§I2 dé. We have
RISIT+7
o R 4 g2t 1
~ an ~ .
EP+n 0 7 €17 +7 +oo |32

Since 0 < ¢ < 1andn >0, then I4(a,n) is well defined. Using the first and the third estimations
in (4.2.74), we get our desired result. O

Lemma 4.2.17. Assume thatn > 0. Let g € C'([ly, I1]) such that
l = — l = 1, = d ! = ’
g(h) =-g() max lg)|=mg an Joax |g'(x0)| = mg

where mg and mg are strictly positive constant numbers. Then, the solution (u,v,y, z,w) €
D(ef) of system (4.2.68)-(4.2.72) satisfies the following asymptotic behavior

1-4 L 1
- +2mgf)f |v|2dx+% (4.2.78)
0

A
() ? + vl ? < (

and
1+3

I
1S4 +184 )1 < f lvi2dx + o(1). (4.2.79)
lo

Proof. First we will prove Equation (4.2.78). From Equation (4.2.68), we have
Ve = iduy — A2 (f)y. (4.2.80)

Multiply Equation (4.2.80) by 2gv and integrate over (ly, [1), we get

L L e h
|u(11)|2+|y(10)|2:f g’|v|2dx+Re(2mf uxgvdx)—Re(m—“zf (fl)xg?dx). (4.2.81)
lO l() lO
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Then,

h I . fh
Iv(ll)|2+|v(lo)|25mgrf Ivlzdx+2/1mg/ |ux||v|dx+zmgﬂt‘“ff || [7]dx. 4.2.82)
/! lo

lo 0

Using Young’s inequality we have

(4
2

i a
2Amgluyl|7| < lv> +2A1"2 méluxlz,

m2 (4.2.83)
—1+2 — — 2
2mgA 2| (f)x|[7] < mg v+ —E 272 (fi), .
g
Using Equation (4.2.83), then Equation (4.2.82) becomes
2 2 _[AE hooo e o [
lv(I)]* + lv(ly)|“ < +2mg f lv|“dx+22 +5mgf luy|“dx
) o b (4.2.84)

m I
+_g1—2+“fl [N
0

Mg/

Using the third estimation in Equation (4.2.74) and the fact that [|(f1) <[l 2 Iy = 0(1), we obtain

A2 h o(l) o)
2 2 2
[v(I)I” + vl s( 5 +2mgr)flo |v] dx+T+)LZ—a' (4.2.85)
Since a € (0,1), hence
M2 h 1
Iv(ll)|2+|v(lo)|25( — +2mg,)f viPdx+ % (4.2.86)
lo

Now, we will prove (4.2.79). For this aim, multiply Equation (4.2.69) by —2gS, and integrate
over (lp, [1), we get

l] ll —_ a ll —
1S4 +1S4Ip)? = f g'1Sql*dx +Re (21'/1[ ngddx) —Re (21_“2 f fgngdx).
I I I
’ ’ ’ (4.2.87)
Then,

l] l] a ll
ISd(ll)|2+|Sd(lo)|25mgr[ |sd|2dx+2/1mgf IUIISdIdx+2mg/1_1+5f | f2]1Sald x.
lO lo lO

(4.2.88)
Using Young’s inequality and Equation (4.2.77) we obtain

1+ R A1+32
[l +2mi A2 1S4 <

A
2/lmglvl‘8d‘ < 12+ 0(1). (4.2.89)

Using Cauchy-Schwarz inequality, Equation (4.2.77) and the fact that || f2ll ;2(;,,1,) = 0(1), we
obtain

_1+a h 1 o(1)
2mgA 1+2f | f2|ISaldx < =7 12l 2o, iy 1Sall 2,1y = =32 (4.2.90)
Iy ATz A27 2
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Using Equations (4.2.77), (4.2.89) and (4.2.90) in (4.2.88), and using the fact that a € (0,1) we

get
h

1Sq(I)I? +1S4(Ip)1? < lvi2dx + o(1). 4.2.91)

Iy

O

Lemma 4.2.18. Let0 < a <1 andn > 0. Then, the solution (u,v,y,z,0) € D(<f1) of system
(4.2.68)-(4.2.72) satisfies the following asymptotic behavior

ll 1
f wi2dx =23 (4.2.92)
I /11+§

Proof. Multiply Equation (4.2.69) by —i A7 and integrate over (ly, [;), we get

a ll
N fzvdx) ) (4.2.93)

Iy

ll ll
f |u|2dx:Re(m—1f sdvxdx)— [m—lsdv]§;+Re
lo lO

Estimation of the term Re (1/1 f Sav xdx) Using Cauchy-Schwarz inequality, the second

estimation in (4.2.74) and the estimation in (4.2.77), we get

1 1
L 1 L 2 L 2 1
Re(iﬂt‘lf Sﬂxdx) S—(f |Sd|2dJC) (f valzdx) =0(3). (4.2.94)
Io VRWIA lo 12

a h
Estimation of the term Re (i/l_2+2 f fg?dx). Using Cauchy-Schwarz inequality, v is uni-
lo

formly bounded in L?(ly, [1) and || f2ll 12, 1,y = 0(1), we get

1 1
p ll « l] 2 ll 2 1
Re(m—2+z fzvdx) s;t—z+z(f |f2|2dx) U |v|2dx) o ) (4.2.95)
lo lo lo A*72
Inserting Equations (4.2.94) and (4.2.95) in (4.2.93), using the fact that min(3,2 — )= % nd

using Young’s inequality on the second term of (4.2.93) we get

ll 2 A—1+* ) _1_7 ) 0(1)
fl w2dx < o2+ 1w 2] + 2 5 [SaP+isauP]+ 22 @296)

3
2

Now;, inserting (4.2.78) and (4.2.79) in (4.2.96), we get

h 1 «) (h 1 1
f lv2dx < (—+mg//1_1+2)f Ivlzdx+L1+ o 1 (4.2.97)
lo 2 lo Atz Q22

Since « € (0,1) then min(1 + ,2— %) = 1+ 5. Then Equation (4.2.97) becomes

1 «) [0 o(1
(— - mg,rln)f lvdx < ( ) ) (4.2.98)
2 lO Al"—z
1
Using the fact that || — +0c0, we can take A = 4ﬁ é and we get our desired result. The
proof is thus complete. U
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Lemma 4.2.19. Assume thatn > 0. Let h e c(o0,L) and Qe C2([-L,0)), then the solution
(u,v,y,z,w) € D(af) of system (4.2.68)-(4.2.72) satisfies the following estimation

0
-L
+bp(=D)| yxx(=D[* + RO w0 = ah(D)ux (D) + ah(0)] 1 (0) (4.2.89)
+Re (2bYxxx (0)0(0)7,.(0) — 9(0)|z(0) = 0(1).

L 0
f n (1vl? +a‘1|8d|2)dx+f <p’(|z|2 +3b|yxx|2) dx+2bf Vix @V dx
0 L

Proof. The proofis divided into several steps.
Step 1. Multiplying Equation (4.2.69) by 2a~' hS,; and integrating over (0, L), we get

L L
Re(Za_li)Lf vhdex)+a_1f ISP dx—a'h(L)|Sy(L)?
0 0

L (4.2.100)
+a ' h(0)|S4(0)* = Re (Za‘lﬂlﬁ“? fo fzhEddx).
From Equation (4.2.68) we have
AT =—Tx— A" (f)s.
Then
ida 'Sy =—Te— A2 (f)e+ iAa‘l\/MK(a)fR 1% @(x, &) dE. (4.2.101)

Then, the first term of (4.2.100) becomes

L L L _
Re(Za_li)Lf vhgddx):[ h’|u|2dx—h(L)|u(L)|2+h(0)|y(0)|2—Re(2/r“‘z'f vh(fl)xdx)
0 0 0

L 2a-1
+Re(2i/1a_11<(a)f hvyvd(x) (f Iélza(x,cf)dé) dx).
0 R

(4.2.102)
Inserting Equation (4.2.102) into (4.2.100), and using the fact that v and S; are uniformly
bounded in L?(0, L) and || f2ll 20,1y = 0(1) and || fi 5 (0,1) = 0(1), we obtain

L
fh’(|v|2+a‘1|sd|2)dx+h(O)lv(O)F—h(L)|ux(L)|2+h(0)a|ux(0)|2
0
L 2a—1
2Ma‘11<(a)f hv/dx) (f |£|zw(x,€)d5) dx)—ﬂ.
0 R

A2

(4.2.103)
+Re

L _
Estimation of the term Re (Zixla_lk(a)f hvv/d(x) (f |§|lew(x, é)df) dx). Using the defi-
0 R

nition of d(x) and Cauchy-Schwarz inequality, the fact that 0 < @ < 1, > 0, and using the first
estimation in (4.2.74) and Equation (4.2.92), we obtain

L 2a-1
Re(ZiAa_IK(a)fO hvy/d(x) (leg*IZE(x,f)df)dx)

=o(1). (4.2.104)
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Inserting Equation (4.2.104) in Equation (4.2.103), and using the fact that «a € (0, 1) we obtain
L
f W (1v* + a™1S41%) dx + h(0)|v(0)]* — ah(L)|uy (DI + ah(0)|uy(0)]* = o(1).  (4.2.105)
0

Step 2. Multiplying Equation (4.2.71) by 2¢y , and integrating over (—L,0), we get

0 0 0
Re (Zi/lf Z(p?xdx) —be J/xxxw'?xdx_be Vixx @Y AdX
-L L 0 -L (4.2.106)
— 10 _ —1+¢ —
+Re([2byxxx(pyx]_L) =Re (2/1 2 fLﬁ;(pyxdx).

Integrating by parts the second and third terms of the above equation we get

0 0 0
Re (Zixlf z<p7xdx) +2b[ (P’|yxx|2dx+2bf V'V, dx
_L/— 0 0 /_L 2 ;LO
—[2byrxp yx]_L+bfL(,0 | Vx| dx - [b(p|yxx| ]_L (4.2.107)
_ o
+Re (2bYxxx(09(0)7,(0)) = Re (ZA‘“2 f Lf4<p7xdx).
From Equation (4.2.70), we have
Ay, =—Zx— A7 2 () (4.2.108)

By inserting Equation (4.2.108) into the first term of (4.2.107), we get

0 0 0o __
Re (Ziﬂtf (pz?xdx) =Re (—2[ (szxdx—Z/l_“?f (fg)x(pzdx)
-L -L -L

ol (4.2.109)
=chp’|z|2dx—<p(0)|z(0)|2—Re(u‘“?fL(fg)x<pzdx).

Inserting Equation (4.2.109) into (4.2.107), and using the boundary conditions we get

0 0
fL(Pl(|Z|2+3b|J’xx|2) dx+2bfL(pNyxx?xdx+b(P(_L)|J’xx(_L)|2

0
+Re (2b¢p(0) yxxx(0)7,(0)) — ¢(0)|2(0)|* = Re (2/1‘“2 f ¥ f47xdx) (4.2.110)

o _
+Re ZA_1+2fL(p(f3)xzdx).

W« [0
Estimation of the term Re (2/1_”2 f 0 f4?xdx). Using Poincaré inequality, Cauchy-Schwarz
-L

inequality, the definition of ¢, the fact that y, is uniformly bounded in L?(~L,0), and that
Il fallz2(-1,0) = 0(1), we get

IA

A2yl 2o, fall 2201

0
Re (za—”z f_ i fﬁxdx)

o(1) (4.2.111)

Al

—1+4
AT 2 epllyexll 2o, I fall 20,y =

IA
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a 0 —_
Estimation of the term Re (2/1_“2 f o(f3) xzdx). Using Cauchy-Schwarz inequality, the
-L
definition of ¢, the fact that z is bounded in L?(—L,0), and that || (f3) |l 12(-1,0) = 0o(1) we get

L 1(rL 2
<At ([ Izlzdx) (/ |(f3)x|2dx) = 0(11 . (4.2.112)
0 0 A2

Inserting (4.2.111) and (4.2.112) into (4.2.110), we get

0o _
Re (2/1_“; f ch(fg)xzdx)

0 0
fLw’ (Izl2 + 3b|J’xx|2) dx+ be L(P"yxx%cdx +bp(~L)|yxx (D[

- (4.2.113)
_ , o(l
+Re 2600y x 07 (0) = OI2OF = =5
2
Now, summing Equations (4.2.105) and (4.2.113), we get our desired result. O

Lemma 4.2.20. Assume thatn > 0. The solution (u, v, y, z,w) € D(g#)) of system (4.2.68)-(4.2.72)
satisfies the following estimation
U7 = o(1). (4.2.114)

Proof. The proof of this Lemma is divided into several steps.

Step 1. In this step we will prove that [|v|l;2¢ 1) = 0(1) and [ ux|lz2¢0,1) = 0(1).

Taking h(x) = x6; (x) + (x — L)8»(x) and ¢(x) = 0 in Equation (4.2.99), where 81, 6, € cl(o,LD
are defined as follows

1 if  xel0,l],
0:(x) = 0 if xel[l, 1], (4.2.115)
0<6;<1 elsewhere,
and
1 if xelly, L],
0,(x) = 0 if  x€]0,l], (4.2.116)
0<6,<1 elsewhere,
we get

L L
[(91+92)(|v|2+a_1|8d|2)dx+f (X0 + (x - 0)0y) (Ilvl* +a'1S1*) dx = 0(1).  (4.2.117)
0 0

Using Equations (4.2.77), (4.2.92) and the definition of 6, and 6,, we get

L
f(91+92)(|v|2+a_1|8d|2)dx:0(1). (4.2.118)
0
Hence, we deduce that
l() 2 l() 2
f lv|“dx=0(1) and a[ lugl“dx=0(1) (4.2.119)
0 0
and
L L
lvlPdx=o0(1) and a[ lugl?dx = o(1). (4.2.120)
l1 ll

Using (4.2.119), (4.2.120), (4.2.77) and (4.2.92), we get the desired result of Step 1.
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Step 2. Taking h(x) = x— L and ¢(x) = 0 in Equation (4.2.99), we get

L
f (I +at1S1*) dx — LIv(0)* — aLlux(0)]* = o(1). (4.2.121)
0
By using Step 1, we get
v(0)]*=0(1) and |u.(0)* = o(1). (4.2.122)

Step 3. The aim of this step is to prove that | z[ ;2_1,0) = 0(1) and | yxxllz2(-L,0) = 0(1).
Taking h(x) = 0 and ¢(x) = x + L in Equation (4.2.99), we get

0
fL (128 +3b| y.e ) dox + Re (2Lby . (07 (0) ~ LIZ(0)* = 0(1). (4.2.123)
Using (4.2.122) and the transmission conditions, we obtain
b|yexx (0] = alux ()=o) and 20 = v =0(1). (4.2.124)
Inserting Equation (4.2.124) in Equation (4.2.123) and using the fact that | y,(0)| < V'L|| x| [2(-L0) =
O(1) we get
0 0 )
f |zI°dx=0(1) and bf |yxx|“dx = o(1). (4.2.125)
-L -L

Finally, using Equations Step 1. and Equation (4.2.125), we get that [|U ||z, = o(1). O

Proof of Theorem 4.2.13. From Lemma 4.2.20 we get that |U|| », = o(1), which contradicts
(4.2.66). Consequently, condition (Hy) holds. This implies, from Theorem 1.3.10, the energy
decay estimation (4.2.65). The proof is thus complete.

4.3 W-W;r Model

In this section, we consider the (W-Wgky) model, where we study the stability of a system
of two wave equations coupled through boundary connection with a localized fractional
Kelvin-Voigt damping acting on one equation only.

By taking the input V(x, t) = Vd(X) Uy (x, t) in Theorem 4.2.1, we get that the output O is given
by

\/ t
O(x, ) =V d() "™ My (x, 1) = mduz) f (t=9)"% M 901, (x, s)ds = V/d(x)07 " uy(x, 1).
- 0

Then system (W-Wry) can be recast into the following augmented model

Urr— AUy + V d(x)K(a)f |€|%w(x»€» t)df) = 0) (x) t) € (0) L) X RI)
R

X

Vit —byxx =0, (x,1) € (—L,0) x xRY,

06,6 0+ (IER+n) 0(x, &, 1) = VAD Uy (x, DIET =0, (x,&, 1) € (0,L) xRx R,
(4.3.1)
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with the following transmission and boundary conditions

u(L’ t) = J/(—L, t) = 0’ e (0,00),
aux(0,1) =by,(0,1), te(0,00), (4.3.2)
u0,1) =y(0,1), 1 €(0,00),
and with the following initial conditions
u(x,0) = up(x), us(x,0)=u(x), w(x,§0=0, xe(0,L), eR,
(4.3.3)
y(x,0) = yo(x), y:(x,0) = y1(x), xe(-L,0).

The energy of the system (4.3.1)-(4.3.3) is given by

1 L
Eg(t)ZEfO (luel? + aluyl*) dx + = f (|yt’ +b|yx d +—f flw(xcf D?dédx.

Using similar computations as in Lemma 4.2.2, we obtain

d L
2 B = (@) f f & + o, & n2dédx. (4.3.4)
dt 0o Jr

. d .
Since a € (0,1), then x(a) > 0, and therefore EEZ(” < 0. Thus, system (4.3.1)-(4.3.3) is

dissipative in the sense that its energy is a non-increasing function with respect to time
variable t. Now, we define the following Hilbert energy space %% by

6 ={(u,v,,2,w) € HL(0,L) x L*(0,L) x Hy (~L,0) x L*(—L,0) x W; u(0) = y(0)},
where W = L2 ((0, L) x R) and

Hp(0,L) = {ue H'(0,L); u(L) = 0},
{ (4.3.5)

H}(-L,0)={ye H'(-L,0); y(-L) = 0}.
The energy space # is equipped with the inner product defined by
L L 0 0
(U, Un) z, =f voidx+ a[ uy (U xdx+f zz1dx+b Yx(1)xdx
0 0 -L -L
L

x(@) f f w(x, O@T (%, ) dédsx,
0 R

forall U = (u4,v,y, z,w) and Uy = (u1, v1, y1,21,w1) in A, We use || U] #, to denote the corre-
sponding norm. We define the unbounded linear operator o : D(efy) € #A» — A by
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U=(u,1Yy,zw0) € (v,2) € Hy(0,L) x H; (~L,0), y € H*(~L,0),

aux+\/d(x)1<(a)f Ifl%w(x,f)df € L2(0,L),
D(stp) = 4 " o
—(IEP +n) w(x, &) +VAX vilé1 "7, [Elo(x, &) e W,

auy(0) = by«(0), and v(0) = z(0)
and forall U = (u, v, y, z,w) € D(af),
v

auy + \/d(x)K(a)fRIsfl%w(x,f)df

Ao (U, 1,y,2,0) " = z
b}/xx
— (1€ +n) 0(x, &) + VAD vilé1 T

If U = (4, us, ¥, yr,w) is a regular solution of system (4.3.1)-(4.3.3), then the system can be
rewritten as an evolution equation on the Hilbert space ./, given by

U, =obbU, U(0)=Uy, (4.3.6)

where Uy = (up, U1, ¥0, ¥1,0).
In a similar way to Section 4.2.1, we can see that the unbounded linear operator « is m-
dissipative in the energy space .#%. Also, the Cy-semigroup of contractions e*? is strongly
stable on ./ in the sense that lim ” el Uy ” =0.

t—+o00 Ty
Theorem 4.3.1. Assume thatn > 0. The Cy—semigroup (e'2) o is polynomially stable; i.e.
there exists constant C» > 0 such that for every Uy € D(sf»), we have

G
_4
[2-a

Ex(t) < — 0o, Vt>0,YUp€ D(ct). 4.3.7)

According to Theorem 1.3.10 of Borichev-Tomilov, by taking ¢ = 1- %, the polynomial energy
decay (4.3.7) holds if the following conditions

iRc p(ath), (G1)

and

limsup I

iA — o)} < 00, G
AeR, A —oo A" 72 ( 2) ||$(Jf2) 0 (Gy)

are satisfied. Since Condition (G;) is satisfied (similar way as in Section 4.2.1). We will prove
condition (Gy) by an argument of contradiction. For this purpose, suppose that (G») is false,

then there exists {(A,, Up := (Un, Un, Yn, Zn, @n (- E) T)} € R* x D(of) with

[Anl — +0c0 and 1Unll 72, = | (Un, v, Yo Zn;wn(‘,f))njfz =1, (4.3.8)
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such that

A "2 (ApI = o) Uy = Fr = (FLm foorvs foums fams fon(E) T — 0 in 76. (4.3.9)

For simplicity, we drop the index n. Equivalently, from (4.3.9), we have

ilu-v = Aﬁé’ in H(0,L), (4.3.10)

ilv—(Sq), = /1{33 in L2(0, L), (4.3.11)

ily—z = A{—fz in H} (-L,0), (4.3.12)

idz—by., = /1{%3’ in L?(-L,0), (4.3.13)
(iA+E+nw ) —Vd@vdé T = f;(if) in W, (4.3.14)

where S; = auy + / d(x)K(a)f IElzaT_lw(x, Hdé.

Here we will check the Condiufion (G2) by finding a contradiction with (4.3.8) by showing
IUll 7, = o(1). In order to get this contradiction, we follow similar arguments as in Section
4.2.2. We get the same results as in Lemmas 4.2.14, 4.2.15, 4.2.16, 4.2.17, 4.2.18.

Using the same computations as in Lemma 4.2.19, we get that the solution (u, v, y, z, w) € D(<f)
of system (4.3.10)-(4.3.14) satisfies the following estimation

L 0
fh'(lv|2+a_1|8d|2)dx+f ¢' (122 + b|y: ) dx + RO O
0 —L
—ah(D)ux (D)% + ah(0)|ux(0) 1 = p(0)|2(0)* = bp(0) |y (0| (4.3.15)
+bp(=D)|yx(-D)|* = o(1).

Next, we proceed in a similar way to Lemma 4.2.20.
Step 1. Taking h(x) = x0;(x) + (x — L)82(x) and ¢(x) = 0 in Equation (4.3.15), where 61, 6, €
CY([0, L)) are defined in Lemma 4.2.20, yields

lvlizz0,) = 0(1) and uxllzz(,) = o(1).

Step 2. Taking h(x) = x— L and ¢(x) = 0 in Equation (4.3.15), we obtain

L
f (Ilvl* +a '1S41?) dx — LIv(0)* — aLlux(0)]* = o(1). (4.3.16)
0

By using Step 1, we get
WO = |ug () = o(1). (4.3.17)

Step 3. Taking h(x) = 0 and ¢(x) = x + L in Equation (4.3.15), we get

0
f (128 + B|yo*) dx - LIz - L]y ()" = 0(0). (4.3.18)
-L
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Using (4.3.17) and the transmission conditions we have
blyx(0)] = alux(0)=0(1) and [z(0)]*=[v0)*=0(1). (4.3.19)
Inserting Equation (4.3.19) in Equation (4.3.18), we get
0 0 )
f lz|?dx=0(1) and bf lyx|“dx = o). (4.3.20)
-L -L

Proof of Theorem 4.3.1. From Step 1. and Step 3. we deduce that |Ull 7, = o(1), which
contradicts (4.3.8). Consequently, condition (Gz) holds. This implies, from Theorem 1.3.10,
the energy decay estimation (4.3.7). The proofis thus complete.

4.4 W-(EBB); ., Model

This section is devoted to study the stability of the model (W-(EBB)rxv), where we consider
the Euler-Bernoulli beam and wave equations coupled through boundary connection. We
take the fractional Kelvin-Voigt damping to be a localized internal damping acting on the
Euler-Bernoulli beam only.

4.4.1 Well-Posedness and Strong Stability

In this subsection, we give the strong stability result of the system (W-(EBB) rxv). First, using
a semigroup approach, we establish the well-posedness result of the system (W-(EBB) rxvy).
In Theorem 4.2.1, taking the input V(x,t) = \/Myxx[(x, 1), then using (4.1.4), we get the
output O is given by

vd(x)
I'l-—a)

t
Ox, 1) = Vd(X) "My, (x, 1) = fo (t=8)"%e M98,y (x, 9)ds = Vd (x0T yyx(x, D).

Therefore, by taking the input V(x, t) = vVd(X) yxxt(x, t) in Theorem 4.2.1 and using the above
equation, we get

0,w(x, &, 1)+ (E +nw(x, &, 1) = Vd(X) Yt (%, nerT 0, (x,¢,0)€(0,L)xRx(0,00),
w(¢,0) = 0, (x,€(0,L)xR,

\/ d(x)a?'nyxx(x’ t) _K(a)\[ﬂQlélm%w(x)f) t)dé 0) (x’ t) € (0’ L) X (O;OO)-

(4.4.1)
From system (4.4.1), we deduce that system (W-(EBB)rxy) can be recast into the following
augmented model

U — AUxx = 0! (xv t) € (_L) 0) X RI)
yl’l’+ byxx + V d(x)K(a)f |€|%w(xr6r t)d€ = Or (x, t) € (0, L) X RI)

R XX
wt(x) é‘) t) + (lé‘lz +T’) (,U(x, 5) t) -V d(x)yxxt(X, t)'é-'% = 07 (xvé-v t) € (Ov L) X R X RI}

(4.4.2)
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with the following transmission and boundary conditions
u(=L,t) =y, t)=yx(L ) =0, t€(0,00),
auy(0,1) + byxxx(0,1) =0, yxx(0,£) =0, € (0,00), (4.4.3)
u(0, 1) = y(0,1), t€(0,00),
and with the following initial conditions
u(x,0) =ug(x), us(x,0)=u;(x) xe€(—L,0)
(4.4.4)

y(x,0) = yo(x), y:(x,0)=y1(x), w(x¢0=0 xe(0,L),{cR.

The energy of the system (4.4.2)-(4.4.4) is given by

1 0
Eg(t)zifL(lut|2+a|ux| Jdx+= f (|yt| +b|yxx| d LY f flw(x{ DI*dédx.

By using similar computations as in Lemma 4.2.2, it is easy to see that the energy E3(?) satisfies
the following estimation

d L
d—Es(t) = —K(a)f f(€2+77)|w(x,rf, nl*dédsx. (4.4.5)
t 0 JR

d
Since a € (0,1), then x(a) > 0, and therefore EEg(l’) < 0. Thus, system (4.4.2)-(4.4.4) is

dissipative in the sense that its energy is a non-increasing function with respect to time
variable t. Now, we define the following Hilbert energy space 3 by

6 =1{(u,v,y,z,0) € H} (-L,0) x L*(~L,0) x H4(0,L) x L*(0,L) x W; u(0) = y(0)},

where W = L2 ((0, L) x R) and

H}(-L,0)={ue H'(-L,0); u(-L) = 0},
{ (4.4.6)

H%(0,L) ={y € H*(0,L); (L) = yx(L) = 0}.
The energy space A3 is equipped with the inner product defined by

0 0 L L
<U,U1>J€3:f vv_ldx+af ux(u_l)xdx+f zzidx+D | yxx(Y)xxdx
—-L -L 0 0

L
+1<(a)[ fw(x,é)w_l(x,f)dédx,
0 JR

forall U = (u,v,y,z,w) and U; = (u1, 11, y1,21,w1) in #3. We use || U]z, to denote the corre-
sponding norm. We define the unbounded linear operator /3 : D(af3) € A3 — /3 by
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U=(u,1Yy,zw0) € s (v,2) € H (—L,0) x H5(0,L), ue H*(-L,0),

byyx + d(x)K(a)f Ifl%w(x,ﬁ)df € L2(0,L),
D(s3) = 4 i L )
—(IEP +n) w(x, &) +VAdX) zxxE] 7, Elw(x,&) € W,

auy(0) + byxxx(0) =0, yxx(0) =0, and v(0) = z(0)

and for all U = (u, v, y, z,w) € D(sf3),

AlUyx

<
v, y,2,0) = -
— by + VAGIK(@) fR €15 Wi, £)de

XX

— (€% +1) 0(x, &) + VA@ 252 |E] T

If U = (4, us, 3, yr,w) is a regular solution of system (4.4.2)-(4.4.4), then the system can be
rewritten as evolution equation on the Hilbert space /#3 given by

U, =otsU, U(0)=Uy, 4.4.7)

where Uy = (up, U1, ¥0, ¥1,0).

Similar to Proposition 4.2.5, the operator <73 is m-dissipative on 3, consequently it generates
a Cyp-semigroup of contractions (e"5) 150 following Lumer-Phillips Theorem 1.2.8. Then, the
solution of the evolution Equation (4.4.7) admits the following representation

U =e"%U,, t=0,
which leads to the well-posedness of (4.4.7). Hence, we have the following result.

Theorem 4.4.1. Let Uy € S, then problem (4.4.7) admits a unique weak solution U that
satisfies
U eC®(RY, 7).

Moreover, if Uy € D(s#3), then problem (4.4.7) admits a unique strong solution U that satisfies
U eC' (R, #3)n C° (RY, D(s#3)).
Theorem 4.4.2. Assume thatn = 0, then the Cy—semigroup of contractions e*?* is strongly

stable on A3 in the sense that lim ” el s UO“” =0, YUy € A;.
3

t—+o00

Proof of Theorem 4.4.2. The proof of this theorem follows by proceeding with similar
arguments as in Subsection 4.2.1, and using Theorem 1.3.3 of Arendt-Batty.
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4.4.2 Polynomial Stability in the case >0

The aim of this part is to study the polynomial stability of system (4.4.2)-(4.4.4) in the case
1> 0. As the condition iR c p(«#) is already checked in the subsection 4.4.1, it remains to
prove that condition (1.3.1) holds (see Theorem 1.3.10). This is established by using specific
multipliers, some interpolation inequalities and by solving differential equations of order 4.
Our main result in this part is the following theorem.

Theorem 4.4.3. Assume thatn > 0. The Co— semigroup (e"%)s¢ is polynomially stable; i.e.
there exists constant Cs > 0 such that for every Uy € D(s#3), we have

2

C
Es(0) <= —Uol%y,, V>0,V Upe D(cts). (4.4.8)
[3-a

According to Theorem 1.3.10, by taking ¢ = 3 — «, the polynomial energy decay (4.4.8) holds if
the following conditions

iR c p(af3), (Ry)
and

limsup

A€R,[A|—o00 ||(iM_d3)_li|$(‘]f3) oo ()

1
M|3—a

are satisfied. Since condition (R;) is already checked (see Subsection 4.4.1), we still need to
prove condition (Ry). For this purpose we will use an argument of contradiction. Suppose that
(Ryp) is false, then there exists {(An, Uy, := (Un, Vn, Yn, Zn, @n (-, E) T)} € R* x D(s#3) with

[Anl — +oo and 1Unll 7 = 1 (tn, Ui, yns Zn;wn("é))”(%’g; =1, (4.4.9)
such that
(/1:31_“) (iAnI —83) Uy = Fp:= (fun foor fom fan fon(E) T — 0 in A5, (4.4.10)

For simplicity, we drop the index n. Equivalently, from (4.4.10), we have

ilu—v = ,1261 in H} (~L,0), (4.4.11)

iAV—auy, = /J—fd in L>(-L,0), (4.4.12)

ily-z = aﬁa in H3(0, L), (4.4.13)

ildZ+Syx = A{fa in I2(0,L), (4.4.14)
((A+E+ Mo, —VAd@zulEl T = f;g)?f) in W, (4.4.15)

where S = by, + \/d(x)K((x)f Ifl%w(x, &)d¢. Here we will check the condition (Ry) by

R
finding a contradiction with (4.4.9) by showing || U]l 7, = o(1). For clarity, we divide the proof
into several Lemmas.

Lemma 4.4.4. Assume thatn > 0. Then, the solution (u,v,y, z,w) € D(sf3) of system (4.4.11)-
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(4.4.15) satisfies the following asymptotic behavior estimations
h o(l
f f €17 +n) lo(x,&) P dédx /13(61 fz |zxx|2dx:%,
f yeePdx=22  ana "SR dx= o) 4419
Iy Yex /14 I )13—05'

Proof. For the clarity we divide the proof into several steps.
Step 1. Taking the inner product of F with U in /7, then using (4.4.9) and the fact that U is
uniformly bounded in /3, we get

K(a)f f +n)lox,O1Pdédx = —Re ((/5U, U) z,) = Re ((GAL — ) U, U) z,) = 0 (A7>9).

Step 2. Our aim here is to prove the second estimation in (4.4.16).
From (4.4.15), we get

VADIET |zl < (1A +E +0) 10, O+ A3 fi.(x,6) .

Multiplying the above inequality by (A + &2 + 17)_2 |é], integrating over R and proceeding in a
similar way as in Lemma 4.2.15 (Subsection 4.2.2), we get the second desired estimation in
(4.4.16).

Step 3. From Equation (4.4.13) we have that

-3
IA Yl z2010,1) < N Zxxll 2y, 1) + 1A TN el 2200, 1)

Using Step 2, the fact that | f5| H0,0) = o(1), and that a € (0, 1), we get the third estimation in
(4.4.16).
Step 4. Using the fact that |P + Q|? < 2P? + 2Q?, we obtain

h h 2a-1
fl ISPdx = fl byex + VAWK (@) fR &%

2a-1 2
L L T\ /&2
Sszf |yxx|2dx+2d07<(a')2f fuw(x,f)df dx
Iy L \JrR /& +7

ll ll
<20 [ fyafdvre [ [ @ +nloxordids
lo l() R

2
dx

where ¢, = dox (@) I14(a,n) is defined in Lemma 4.2.16. Thus, we get the last estimation in
(4.4.16). Hence, the proof is complete. O

Lemma 4.4.5. Assume thatn > 0. The solution (u,v,y, z,w) € D(sf3) of system (4.4.11)-(4.4.15)
satisfies the following asymptotic behavior

o(l) o(1) o(1)
2l 21,1y = T IVl 22,1, = 22 and |Sxllz2q,,1,) = e,

(4.4.17)

Proof. The proof of this Lemma will be divided into two steps.
-1
0. We define h e C*°([0,L]),0<h<1on|[0,Ll,h=10on (ly+¢,1; —¢),

and h=0on (0, lp) U (I3, L). Also, we define max |h'(x)| = m} and max |h"(x)| = m}, where
x€[0,L] x€[0,L]

l
Stepl.Let0O<e< !
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m! and m/' are strictly positive constant numbers. Multiply equation (4.4.14) by —iA~!hZz and

/
h
integrate over (ly, [1), we get
h
hizlPdx=iA"Y | S(W'Z+2h 2, + hzy)dx—id ™4t f hfizdx (4.4.18)
l() l() lO
Using Nirenberg inequality Theorem (see [81]), Equations (4.4.9) and (4.4.16), we obtain
N2l 2o 1 < N2xxl 28y oy 120555 1+ 1202y < O (4.4.19)
h
Estimation of the term (i A f n ’SE). Using Cauchy Schwarz inequality, last estimation in
Iy
(4.4.16) and the fact that z is uniformly bounded in L[2(0,L) and that 0 < a < 1, we get
h m) rh o(1
m—lf n'Szdx| < —”f iSlizldx < 20, (4.4.20)
Iy Iy 277
L
Estimation of the term (l/l f hSzxxdx). Using Cauchy Schwarz inequality, the second and
the last estimations in (4.4.16), we get
m' L 1/2 L 1/2 o(1
<—h(f |S|2dx) (/ szxlzdx) = 7( ) (4.4.21)
A Uy, Io Ai™%

h
ir! f hSZydx| <
lo
Estimation of the term (l/l f h Szxdx) Cauchy Schwarz inequality, the last estimation in

(4.4.22)

(4.4.16), Equation (4.4.19) and the factthat 0 < a < 1, we get
m;, h o(l
<—”f 1Sl|zldx < g)
Iy Az

L
W Sz.dx|<

ir!
lo
hfizd x) Using Cauchy-Schwarz inequality, the fact that

Estimation of the term ( it
Iy
I fallz2¢0,1) = 0(1) and the fact that z is uniformly bounded in L2(0,L), we get
_ o(1)
i f hfizdx| = T (4.4.23)
Thus, using Equations (4.4.20)-(4.4.23) in (4.4.18), we get
l1 1 l] —£ 1
hlzlzdx = 0573 and Izl?‘dx = %. (4.4.24)
AT lp+¢€ AT

Iy
Step 2. Applying the interpolation theorem involving compact subdomain ([2], Theorem 4.23),

lZxll 221,10y < NZxxll 22 (20,1) + 120 L2946, 1,—6)
(4.4.25)

we obtain

Then, by using (4.4.24) and that 0 < @ < 1, we get
o(1)
22l 2220, 1,) = 1
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Also, using the same theorem we get that

o(1)
”Z”Lz(loyh) = —. (4.4.26)
A
Thus, using the first estimation in (4.4.16), (4.4.25) and (4.4.26), we obtain the first estimation
in Lemma 4.4.5.

Now, from Equation (4.4.13) we have ily —z = /1_3+“fg, then

1 1
TN A VU Sty mrd NELVCUNAR

using the fact that a € (0,1), || 3l g2 (,,1,) = 0(1), and the first estimation in Lemma 4.4.5, we
obtain the second estimation of Lemma 4.4.5. Using Nirenberg inequality Theorem (see [81]),
Lemma 4.4.4, (4.4.14) and the first estimation in (4.4.26), we get

o(1)

ISl 200 = IS 1 ISUZ g )+ 1Sz = et (4.4.27)
4

Thus, the proofis completed. O

Lemma 4.4.6. Assume thatn > 0. The solution (u, v, y, z,w) € D(sf3) of system (4.4.11)-(4.4.15)
satisfies the following asymptotic behavior

1 1 1 1
(o) = %»l)’x(lo” = 0;2),|y(11)| =2 |y = 2 ). (4.4.28)
Moreover, .
|yxxx(lo )l = 0( ) |yxxx(ll )| = ( ) . (4.4.29)

Proof. For the proof of (4.4.28). Slnce vzeH 2(0, L), Sobolev embeddlng theorem implies that
y,z € C'[0,L]. Then, using the second estimation in Lemma 4.4.5 we get (4.4.28).
Define

1 L pL
](z)(x)zls—_af f z(m)dtds (4.4.30)

and
1
X= a[—8+](f4)]. (4.4.31)

From (4.4.14) and (4.4.31), we get
Xy = 2. (4.4.32)

From (4.4.31), Lemma 4.4.4 and using the fact that || f4]| ;29 1) = 0(1), we have that

o(1)
IAX 20,1 = WSzt + WD ) < Tz (4.4.33)
2
It follows that,
o(1)
||X||L2(l0 L= . (4.4.34)
/17
Using Equation (4.4.32) and Lemma 4.4.5, we get
o(1) o(1) o(1)
I Xax ll 22 20,10) = I | Xaxx 22 tg,1) = I and I Xoexxxllz2(20,1) = 1 (4.4.35)
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Now, using the interpolation inequality theorem ( see in [81]), and « € (0, 1), we get
! ! o)
I Xl z210,1) < ”Xxx”Lz(lo,ll)”X”LZ(lo,ll) + 1 X z2(0,1) = /1777(1. (4.4.36)
By using Equations (4.4.34)-(4.4.36), we get
o(1)
I XM £ 2,1, = 1 (4.4.37)
From the interpolation inequality (see Theorem 4.17 in [2]), we have
1 1 o(1)
1/2 1/2 vy 2 1/2 vy 2 _
IAMEX Nt S W2 X WA 2K = o (4.4.38)

We note that S = by, on (0, lp) U (I1, L). Also, we have that y € H*(0,y) and y € H*(I}, L).
From (4.4.31), we have

byxxx(g) = (J(fd) —iAX) (lo) and by.(I) = (J(fa) —iAX) , (I). (4.4.39)

Dividing Equation (4.4.39) by Az , and using Equation (4.4.38) and the fact that || f3 [l ;2 (o,) = 0(1),
we get Equation (4.4.29). Thus, the proof of the Lemma is complete. O

Lemma 4.4.7. Assume thatn > 0. The solution (u, v, y, z,w) € D(sf3) of system (4.4.11)-(4.4.15)
satisfies the following asymptotic behavior for every h € C?([0, L]) and h(0) = h(L) = 0, and for
every g € C! [—L,0]

L L 2 Iy 2
[h’lzlzdx+2bf | Yex] dx+bf B | yxx| dx
0 0 0

L 2 L L
+bf I |yxx| dx+Re (2[ h”S?xdx) —Re (2

1 0
' o(1)

hSxy .. d x) (4.4.40)
lo

—bh(l)|y2xU)|* + BRI |y )] =

A3—a
and
O o 2 2 2 5 o(l)
ng (1v1” + aluxl“dx) — g(0)|v(0)|° — ag(0)|ux(0)|° + ag(—L)|ux(=L)|” = TBoar (444D
Proof. Multiply Equation (4.4.14) by 2hy, and integrate over (0, L), we get
L L L
Re (zm f zhﬁdx) +Re (2 f thxﬁdx) =Re (21‘3” f ﬁhﬁdx). (4.4.42)
0 0 0
From Equation (4.4.13) we have
iV, =T = A3 (f3).
Then
L L L —
Re (21‘1 [ zhﬂdx) = f H'|z>dx - Re (2/1‘3”‘ f hz( fg)de). (4.4.43)
0 0 0

L _
Estimation of the term Re (2/1_3+“ f hz(f3) xdx). Using Cauchy-Schwarz inequality, the
0

139



4 Energy Decay of some boundary coupled systems involving wave\ Euler-Bernoulli
beam with one locally singular fractional Kelvin-Voigt damping — 4.4 W-(EBB)rxv
Model

definition of £, the fact that || f3|| g2, 1) = 0(1), and that z is uniformly bounded in L%(0,L), we
get

L 1/2 L 1/2
S 1_ |z*dx |(f)x]"dx :0(}). (4.4.44)
|/1|3 @ \Jo 0 A3—a@

Then, using Equation (4.4.44) in Equation (4.4.43) we get

L _
Re(2/r3+“ fo hz(fg)xdx)

. L _ L o2 o(1)
Re (Zzﬂtf zhyxdx) =f hlzl“dx + B (4.4.45)
0 0

L
Estimation of the term Re (2/1_3“" f fahyxd x). Using Cauchy-Schwarz inequality, the defini-
0
tion of h, the fact that || f41l;2(o,1) = 0(1), and that || yxll;2¢0,1) S 1Vxxll120,1) = O(1), we get
1/2

R -3+a L _— < 1 L 2 1z L 2 0(1)
el21 | fihyedx| S 5| | | faldx A | yxx|“dx <5 (4446

For the second term of Equation (4.4.42), integrating by parts we get

L L
2[ h’S?xxdx)—Re(Zf th?xxdx).
0 0
(4.4.47)

L L
Re (2[ thxﬁdx) =Re (2[ h”S?xdx) +Re
0 0

L
For the term Re (2[ h’S?xxdx), we have
0

L L L 2a-1
Re(2 f h'syxxdx)zzb f h’|yxx|2dx+Re(2 f WY, VaA@K(@) f |<f|2w(x,€)d<fdx).
0 0 0 R
(4.4.48)

L _
Estimation of the term Re (2 f h’?xx vVdx)x(a) f 1€ = w(x,&dé dx). Using Cauchy-Schwarz
0 R

inequality, the definition of the functions d(x) and h, and using Lemma 4.4.4, we get

L a- 1
Re(2 f WY VA (@) f Iflzzlw(x,g‘)dfdx) _ o) (4.4.49)
0 R Az
This yields that,
L ! o— L ! 2 0(1)
Re 2[ WSy, dx =2bf B |yex| dx+ —. (4.4.50)
0 0 A2
L
For the term —Re (2[ th?xxdx). We have
0
L lU L ll
—Re (2[ th?xxdx) =-Re (Zb hyxxx?xxdx-kbe hyxxx?xxdx) —Re (2 thyxxdx).
0 0 h lo
(4.4.51)
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Integrating the above Equation by parts, we get

Lo b ) L ) )
—Re (2[ thyxxdx) = bf B |yex| dx+ bf R |yxx|”dx = bh(lp)| yxxlo)|
0 0 h (4.4.52)

b
+bh(ll)|yxx(ll)|2—Re(2 fl hsxyxxdx).
0

Then, substituting Equation (4.4.50) and (4.4.52) in Equation (4.4.47), we get

L L / L
Re(zf hsxxﬁdx):zz;f h’|yxx|2dx+bf0h’|yxx|2dx+bf W |yl dx
0 0 0 I3

L
—bh(lo)|J/xx(lo)|2+bh(ll)|yxx(ll)|2—Re zfl hsxyxxdx) (4.4.53)
0

o(1)
/13_“'

L
+Re (zfo h”S?xdx) +

Therefore, substituting Equations (4.4.45), (4.4.46), and (4.4.53) into (4.4.42), we get our de-
sired result.

Now, we will prove Equation (4.4.41). For this aim, multiply Equation (4.4.12) by 2gu, and
integrate over (—L,0), we get

0 0 0
Re (21%[ vgﬁxdx) —Re (Zaf guxxﬁxdx) =Re (2/1_3””[ fggﬁxdx). (4.4.54)
—L L —L

We have iAli, = -V, — A">"%(f1)x. Then,

0 0 0 —
Re (Zilf vgﬁxdx) =f g'lvi>dx—g0)|v(0)*> —Re (2/1_3“"[ vg(fl)xdx). (4.4.55)
-L -L L

0 —
Estimation of the term Re (21_3“" [ vg(fi)xd x). Using Cauchy-schwarz inequality;, || fi | HA(-L0) =

0(1), and the fact that v is bounded in L2(0, L), we get

o(1)

0 —
Re (21—3+afLyg(f1)xdx) < Ta (4.4.56)
Then, using the above equation, (4.4.55) becomes
- O e 2, o)
Re(ZMvaguxdx) :[Lg lv|“dx — g(0)|v(0)]~ + B (4.4.57)

Integrating the second term of Eqaution (4.4.54), we get

0 0
—Re (Zaf guxxﬁxdx) = a/ g'luxl?dx — g(0)|uy(0)> + ag(—L)|ux(-L)|. (4.4.58)
-L -L

0
Estimation of the term Re (21_3“" f 2 gﬁxdx). Using Cauchy-Schwarz inequality, || f2ll ;2(-1,0) =
-L
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o(1), and the fact that u, is bounded in L?(—L,0), we get
Re[24-3 [ fgmiedx|| = 20 4.4.59
e _Lfggux X =B (4.4.59)
Thus, summing Equations (4.4.57), (4.4.58) and (4.4.59) we obtain our desired result. O

Lemma 4.4.8. Assume thatn > 0. The solution (u, v, y, z,w) € D(sf3) of system (4.4.11)-(4.4.15)
satisfies the following asymptotic behavior

|Ay©@]=0), |yux(lg)|=0Q) and |yx(I)|=00Q). (4.4.60)
Proof. Take g(x) = x+ L in Equation (4.4.41), we get

o(1)
A3-a’

0
f (Iv1* + aluyl*dx) — LIv(0)* — aLluy(0)|* = (4.4.61)
-L

From the above Equation and using the fact that v and u, are uniformly bounded in L?(-L,0),
we get
[v(0)|=0() and [uy(0)|=0(). (4.4.62)

From Equation (4.4.13) we have

ilu=v+A73Tf.

Then, using (4.4.62) and the fact that || fi [l ;2(—1,0) = 0(1), we get
IAu(0)] < 10O+ A7 A0)] < 1vO)+ A VLI Al 21,0 = OQ). (4.4.63)

From the continuity condition (#(0) = y(0)), we deduce that |}L y(0)| = O(1). In order to prove
the second term in the Equation (4.4.60) we proceed as follows. From Equation (4.4.13) we
have

z=idly— A3ty

Substituting the above Equation into Equation (4.4.14), we get
~ A2y +byrxx=F on (0,1p)u(ly, ), (4.4.64)

where F= A3 9(fy + iAfy).
Multiply Equation (4.4.64) by 2{y,, where ( € C?10, o], C(0) = '(lp) = 0 and {(lp) = 1, and
integrate over (0, ly), we get

Iy Iy Iy
—Re(m2 f (yyxdx)JrRe(zza cyxxxxyxdx):Re(z;t—3+“ f (fa+idf)(V dx|. (4.4.65)
0 0 0

Iy
Estimation of the term Re (2/12 f Cyy,d x). Integrating by parts and using Equation (4.4.28),
0

we get
o(1)

I/ /
_Re(zazfoocyyxdx)=fooc’|;ty|2dx+7. (4.4.66)
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Integrating by parts the second term in Equation (4.4.65), and using Lemma 4.4.6, we get

l(] lO lO
Re(2b A (yxxxx?xdx) =—Re(2b[0 ('yxxx?xdx)—Re(Zb ) (J’xxx?xxdx)
+Re (2by12x(15)7 (1))
l() l()
=Re (be (”yxx?xdx) +3b[ (/|yxx|2dx
0 0

1
— b (1) | yxx )| + ;”

(4.4.67)

Integrating by parts the last term of Equation (4.4.65) and using (4.4.28) and the fact that
|0 Sl 0,1 = 0(1), we get

lO l()
Re(z/l_3+“ fo (f4+i1f3)(?xdx):Re(2/1_3+“ fo filT dx

I I (4.4.68)
—Re (21'/1_3“" fo fgc’wdx) —Re (zm—m fo ( fg)xmydx) +

o(1)
/14—51 :

Substituting Equations (4.4.66), (4.4.67), and (4.4.68) in Equation (4.4.65), and using the fact
that [Ullsz =1, lyxllzz0,1) < ¢pll yxxll 20,y = O(1) and || f3 ||H§(0’L) = 0(1), we obtain our desired
term. For the last term in Equation (4.4.60), we proceed in a similar way as above and thus the
proof of the Lemma is complete. O

Lemma 4.4.9. Assume thatn > 0. The solution (u, v, y, z,w) € D(af3) of system (4.4.11)-(4.4.15)
satisfies the following asymptotic behavior

_ o(l o(1
xx\tg )| = an YaxUq )| = —. 4.
Vxx(ly) W d (A W (4.4.69)
A A
Proof. Equation (4.4.64) can be written as
a . \(0 .\[?¢ , 1
a—z,u a-l—l/.l %—u yzzF, on (0, lp) u (L}, L). (4.4.70)

where p=4/—.
Vb

On the interval (0, lp):

0 0°
Let Yli = (a +1i /,t) (@ - ,uz) y- Solving on the interval (0, ly) the following Equation

(i—i )Yl—lF
ox HnTy

we get
. 1 rx .
Y} = Kyt 4 — f e IF(2)dz, (4.4.71)

0 = I
where
K1 = YaxxUg) = 2 yxo) + ipyexy) — it y(lo).
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02
Let Yli = (ﬁ - uz) y. We will solve the following differential equation
X
9 L ip|v2=v! (4.4.72)
3 Hik) Y=Y 4.
By using the solution Yi, we obtain the solution of the differential equation (4.4.72)
—iu(x—1p) Ky n2s—x-2z)
Y) = Kpe MR 4 — " L sin((x - Io) ) o F(z)dzds. (4.4.73)
Integrating by parts the last term of the above Equation, we get
L 0 in@2s—x—2z) _ L e _
e F(z)dzds = sin((x— 2)p)F(2)dz.
bl-l lo lo bl'l lO
Inserting the above Equation in (4.4.73), we get
2 —ipte-1y) . K1 [
Y, = Kze + F sin((x— lo)p) + b_ﬂ l sin((x—2)p)F(2)dz (4.4.74)
0
where
Kz = yxx(ly) = 2y (o).
0
Let Yli = (a - ,u) y- The solution of the following differential equation
Y 2
x +ulY, Ylo (4.4.75)
is given by
3 _ w(x—1) —ip(x—1lp) _ ,—pulx—1p)
Y, ng o4 2 u 2 e J—e o]
j;o f et~ sm((s— 2)p)F(2)dzds (4.4.76)
_ﬂ [cos((x lo)p) —sin((x— o)) —e —Hx— l")]
where
K3 = yx(lo) — uy(lo).
Take x = 0 in (4.4.76) and multiply the equation by e *©, we get
5 _ _ _
\/glyxx(lo)i < |y @ ]e o+ |2 y(0)|e o + |y (o) | + |y o)
1 _ 1 _ 1 _
= Prexlo)] [267#0 +1] + 5 |Wytio)| (2e#h+1)+ > |yt (2e70+1)
K (4.4.77)

1 2 —ply
+E|u y(lo)|(e H +1)+ 1+

1 rl s
+ Ef Of e~ sin((s — 2)u)F(2)dzds|.
o Jip

1 -
E) |yxx(lo )|e #lo
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For the integral in the above Equation, we have

l() N
%[ fe“(s_l‘))sin((s—z)u)F(z)dzds— R af fe‘” W sin((s—2)p) fa(2)dzd's

f fe“(s l")sm((s )il fz(z)dzds.

A3 a
(4.4.78)

Estimation of the first integral in the right side of Equation (4.4.78), using the fact that
Il fallz2(0,) = 0(1), we get

l3/2 o(1)

Ve f |fa2)|? dz= g (4479)

f fe“(s l")sm((s ) fa()dzds| <

‘bAS a

Estimation of the second term in the second side of Equation (4.4.78). Integrating by parts,

using the fact that | f30)| S I1(f5)xll 20,y = o), | U0 | S 1) xll 20,1y = 0(1) and |l f3ll 20,1y =
o(1), we get

’b/ﬁ a/ f e sin((s— 2)p) i fz(2)dzds

lAe HZO l() ]
T e fo ( fo e‘”sm((s—z)u)ds)fs(z)dz
ile Ml
- gbu/l?)—aﬁ (cos(uz) +sin(uz) — %) f3(2)dz
A Iy lo
< sh g |2, 1p@ldz+| [z
1 o(1)
< spories 2, 1@laz+ S0+ O e s
Hence, l
L A e o(1)
— w(s—lo) o _ _
‘bfo floe sin((s—2)u)F(z)dzds Ta- (4.4.80)

1 2
Since e\/z = g(z, and taking { = A—\/l% VA€ R}, and using Lemmas 4.4.6 and 4.4.8, and Equation
(4.4.80) in Equation (4.4.77), we get that

1
|J/xx(lo )| = E

On the interval (/1, L):
Proceeding with a similar computation as on (0, [y), we get

. K 1 X
Y} =Kpe M 4 71 sin((x—I)p) + b_pf sin((x — 2)u)F(2)dz (4.4.81)
h

where
Ki = Yorx () = 12y () + iy () — i y (1)
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and
Kz = yxx (1) = 2y ().
We will solve the following differential Equation
0
SRV =Y (4.4.82)
3 (0 . .
where Y}’ = P + 11| y. The solution of (4.4.82) is
Y3 =K u(x—11) Ki : u(x—11)
;= Kse ~5 7 [cos((x— L) +sin((x—1)p)—e ]
K | # L xops (4.4.83)
-—— [e"“(’“ll) - e"‘(x_ll)] + —f f e" " sin((s - 2)u)F(2)dzds
1+1 buJi, Ji,
where
Ks = yx(l) + py(lh).
Taking x = L in Equation (4.4.83) and multiplying by ge =1 we get
+ 'U(L_ll) + w(lL-1hL)
—_— 1
Iyxx(l )| < [y ()] + |y U] + = |yex ()| + Iu Vel (e 4 1)
”|yxxx(ll )| (2@ pl=h) +1) |/,tyx(ll)| (2@‘““_11) +1) +2|yxx(l1 )|e‘”(L h
+|u vy (Ze pIL-h) 4 1 f e His=h) sin((s — 2)u)F(z)dzds|.
nJi
Y (4.4.84)
Using the same computation in Equation (4.4.78), we get
1 /s 1
Efll fll e M~ Wsin((s - 2)u)F(2)dzds = ;3(_‘)1. (4.4.85)

1
Since e\/z > ECZ and taking { = A(L-11)?, and using Lemmas 4.4.6, 4.4.8, and Equation (4.4.85)

in (4.4.84), we get

0(1)
|y xx(ll ) | -

Thus the proof of this Lemma is complete. O

Lemma 4.4.10. Assume thatn > 0. The solution (u, v, y, z,w) € D(s#3) of system (4.4.11)-(4.4.15)
satisfies the following asymptotic behavior

L o(1) o(1)
j(;|Z|2dx=? and bf |yax|?dx= =5 TR (4.4.86)

Proof. Taking h(x) = x60; (x) in Equation (4.4.40), where 0; € C'([0, L]) is defined as follows
1 if  x€]0,l],
01(x) = 0 it xell,L], (4.4.87)

0<6;=<1 elsewhere.
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Estimation of the term Re (2 f h'Sy.d x) Using Cauchy-Schwarz inequality, the definition
of h, Lemmas 4.4.4 and 4.4.5, we get

Re( f h”Syxdx)

hSyy,.d x). Using Cauchy-Schwarz inequality, the definition

(4.4.88)

T—a *

/IT

L
Estimation of the term Re (2

0
of h, Lemmas 4.4.4 and 4.4.5, we get
1/2 1/2

l] ll 1
< ( f |Sx|2dx) ( f | yxx|2dx) _ o (4.4.89)
Iy Iy y

Using Lemma 4.4.9, Equations (4.4.88) and (4.4.89) in (4.4.40), we get

h
hsxyxxdx)
b

Re (2

1
f hlzlzdx+2bf B |ysx] dx+bf B |yx] dx+bf | yx| dx—oiz). (4.4.90)
By using the definition of /, we obtain
lo o(1) o(1)
ﬁ |Z|2dx=? and bf |J/xx| dx = AZ . (4.4.91)

Now, taking h(x) = x62(x) in Equation (4.4.40), where 8, € CL([0, L)) is defined as follows
1 if xelly, L],
0,(x) = 0 if  xel0,l], (4.4.92)
0<6,<1 elsewhere.

Proceeding in a similar way as above we get

L o(1)
l Izlzdx:? and bf |yxx| dx
1

0(1)

=~ (4.4.93)

Therefore, using the third estimation of (4.4.16), Lemma 4.4.5 and combining Equations
(4.4.91), and (4.4.93) we get our desired result. O

Lemma4.4.11. Assume thatn > 0. The solution (u, v, y, z,w) € D(<#3) of system (4.4.11)-(4.4.15)
satisfies the following asymptotic behavior

|¥xxx(0)| = 0(D). (4.4.94)

Proof. From the interpolation inequality Theorem (see [81]), and using the fact that y €
H*(0,1y), I fall z2(0,5,) = (1), Equation (4.4.14) and Lemma 4.4.10, we get

1/2
”yxxx”LZ(o,lO) < ”yxxxx”Lz(O Io) ”yxxlle(O l ) + ||yxx||L2(0 lo)

0(1)

(4.4.95)

Aolzlig ) + 3,,||f4||Lz(0” el +17siz0 =
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Using Equation (4.4.14) and the definition of S on (0, /) and Lemma 4.4.10, we get
I Yxxxxllz20,19) = 0(1). (4.4.96)
Then, from (4.4.95) and (4.4.96), we get
Il Yxxxll m1 0,1 = 0(1).
Since H'(0, ly) < C([0, ly]), then we get the desired result. Thus, the proof is complete. O

Lemma4.4.12. Assume thatn > 0. The solution (u, v, y, z,w) € D(s#3) of system (4.4.11)-(4.4.15)
satisfies the following asymptotic behavior

0
fL (Iv* + aluxl*) dx = o(1). (4.4.97)

Proof. Using the transmission condition and Lemma 4.4.11, we have
1 (0)] = | yxxx (0)] = 0(1). (4.4.98)

Now, let g € C?([0, [p]) such that g(ly) = g.(ly) = 0, g(0) = 1. Multiply Equation (4.4.64) by
qy . and integrate over (0, /p), and using the fact that || f3 ||H§(0,L) =o(), l fallz20,1) = 0(1), and
||J/x||L2(o,10) = ||J/x||L2(o,L) f, ||yxx||L2(o,L) =0(1), we get

1 [h lo _ 1
Ef q’(|/1y|2+3|yxx|2) dx+ bf q" yxxy dx+ §|)Ly(0)|2

0 o) 0 (4.4.99)
—Re (bJ/xxx(O)yx(O)) = )LZ_—oc'

By using Lemmas 4.4.10, 4.4.11 and the fact that |y (0)| < I yxxll 120,y = O1) and [l yxllz2(0,1,) <
1yxllzz0.0) S 1Yxxl 20,y = O(1) in Equation (4.4.99), we obtain

Ay = o(1). (4.4.100)
From the transmission conditions we have
IAu©)] = [Ay©0)] = o(1).
It follows from the above Equation and Equation (4.4.11) that
[v(0)] = o(1). (4.4.101)

Thus, by taking g(x) = x+ L in Equation (4.4.41), and using Equations (4.4.98) and (4.4.101)
we get our desired result. O

Proof of Theorem 4.2.13. From Lemmas 4.4.10 and 4.4.12, we get that |U|| 7, = o(1), which
contradicts (4.4.9). Consequently, condition (Ry) holds. This implies, from Theorem 1.3.10,
the energy decay estimation (4.4.8). The proof is thus complete.

Remark 4.4.13.  The result in [47] can be improved. Indeed, in [47], Fathi considered a
Euler-Bernoulli beam and wave equations coupled through transmission conditions. The
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damping is locally distributed and acts on the wave equation, and the rotation vanishes at the
connecting point (y.(€) = 0). The system is given in the left side of Equation (4.1.1). He proved
the polynomial stability with energy decay rate of type t 2. By using similar computations as
in Section 4.2 by taking a = 1, and by solving the ordinary differential equations in Section 4.4
we can reach that | yxx(€)| = 0(1). Thus, with the same technique of the proof of Section 4.2, we
can reach that energy of the system (the left system in Equation (4.1.1)) of the mentioned paper
satisfies the decay rate t™*.

o In [47], when the damping acts on the beam equation the energy decay rate reached was t=>
(the left system in Equation (4.1.1)), when taking the condition y,(¢) = 0 at the connecting point.
However, in this paper, we proved in section 4.4 the polynomial energy decay rate of type t !,
when taking y.x(0) = 0 at the connecting point. From this comparison, we see that the boundary
conditions play a critical role in the energy decay rate for the system (4.4.2).

4.5 (EBB);xy Model

In this section, we consider the Euler-Bernoulli beam with localized fractional Kelvin-Voigt
damping. We study the polynomial stability of the system ((EBB)rxy). In Theorem 4.2.1,
taking the input V(x, t) = v d (x) yxx: (%, 1), then using (4.1.4), we get the output O is given by

t
) f (t=5)"%e 190,y (x, 9)ds = \/d(x)07 T yrx (x, ).

=1/ 1—05,17 =
O(-xy t) d(x)-[ J’xxt(x; t) F(]—a) 0

Then, we deduce that system ((EBB) rxy) can be recast into the following augmented model

Vit + | bYxx + \/d(x)K(a)f €17 0 (x,€, t)df) =0, (x, 1) € (0,L) x xR,
R XX
we(,& 0+ (€2 +0) 0, E, )~ VAR Yare (6, DIEIT =0, (5,6, €(0,1) xR xR,
(4.5.1)
with the boundary conditions
YO0, =yx(0,8) =0, yxx(L, 1) =0, yxxx(L, 1) =0, 1€(0,00), (4.5.2)
and with the following initial conditions
y(x,0) = yo(x), y:(x,0) = y1(x), w(x,¢,0) =0, x€ (0,L),§ €R. (4.5.3)

The energy of the system (4.5.1)-(4.5.3) is given by

Es(t) == f (|y[| +b|yxx| dx+ f f| (x, & t)*dédx.

Lemma 4.5.1. Let U = (y, y;, w) be a regular solution of the System (4.5.1)-(4.5.3). Then, the
energy E,(t) satisfies the following estimation

d L
B0 =K@ f f (& + o & n2dédx. (4.5.4)
t 0 JR

d
Since a € (0,1), then x(a) > 0, and therefore EE‘l(t) < 0. Thus, system (4.5.1)-(4.5.3) is
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dissipative in the sense that its energy is a non-increasing function with respect to time
variable t. Now, we define the following Hilbert energy space -, by

FEy = H?(0,L) x L*(0,L) x W,
where W = L2 ((0, L) xR) and H2(0,L) = {y € H*(0,L); y(0) = y.(0) = 0}.
The energy space # is equipped with the inner product defined by

L L L
U, U, = f ZZdx+b f Vax D) sedx + k(@) f f o, O@T(x, ) dédx,
0 0 0 R

forall U = (y,z,w) and U; = (y1,21,w1) in #,. We use |[U| #, to denote the corresponding
norm. We define the unbounded linear operator <, : D(<y) € Ay — H4 by

U=(y,z0)eHyz€ H (0,L),

(b}/xx+ V d(x)K(a)f |£|%w(x»§» t)df) ELZ(O»L)’
R

D(y) = < xx >
— (€2 +1) 0(x,&) + VAD 22 EI°T,  [Elw(x,&) € W,

Vxx(L) =0, and yxx.(L) = 0.

and for all U = (y, z,w) € D(s4y),

V4

d4(y,z,w)T: - byxx+\/ d(x)K(a)fR|f| 2 w(x,é"t)dé‘

xXx |*

— (1€ +n) w(x,&) + VA® 2061 T

If U = (y, y;,w) is aregular solution of system (4.5.1)-(4.5.3), then the system can be rewritten
as evolution equation on the Hilbert space ./ given by

Ui =<,U, U(0)=U,, (4.5.5)

where U() = (yo,yl,()).
We can see that (in a smiliar way as in Section 4.2) the unbounded linear operator <7, is m-
dissipative in the energy space .. Also, the Cy-semigroup of contractions e’ is strongly
stable on ./ in the sense that lim ”et‘d“ Uy ” =0, VUy € H.

t—+00 Ty
Theorem 4.5.2. Assume thatn > 0. The Cy—semigroup (e'“*) ;s is polynomially stable; i.e.
there exists constant C4 > 0 such that for every Uy € D(,), we have

Cy
2

fi-a

E () <

1003y, ¥ 1>0,V U € Disty). (4.5.6)

According to Borichev-Tomilov Theorem 1.3.10, by taking ¢ = 1 — «, the polynomial energy
decay (4.5.6) holds if the following conditions

iR < p(ty), (P1)
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and

limsup —— GAL— oty < 00, (P2)
AeR | A|—oo A1 ” Iz

are satisfied. Since condition (P;) is satisfied (similar way as in Subsection 4.4.1), we still need
to prove condition (P;). For this purpose we will use an argument of contradiction. Suppose
that (Py) is false, then there exists {(An, Uy := (¥, 2n, 0, ) T )} € R* x D(s4y) with

|Anl = +oo and |Upllz, =1, (4.5.7)

such that
(ALY GAI = ) Up = Fy:= (fin, fonr fn(E) T — 0 in 7. (4.5.8)

For simplicity, we drop the index n. Equivalently, from (4.5.8), we have

) h . .o
ily-z = Sy inH;OL), (4.5.9)
idz+S,, = A{fa in I2(0, L), (4.5.10)
(A +E +Mo(x,d) - VA zelE] T = fi(f_’f) inw, 4.5.11)

where S= by + vV d(x)K(a)f Ifl w(x &)d¢&. Here we will check the condition (P») by find-

ing a contradiction with (4.5.7) by showing [|Ull 7, = o(1). In order to reach this contradiction,
we proceed in a similar way as in Subsection 4.4.2. We give the estimation results directly con-
sidering that the proof of these results can follow using similar computations as in Subsection
4.4.2.

Assume that 1 > 0. Then, the solution (y, z,w) € D(<,) of system (4.5.1)-(4.5.3) satisfies the
asymptotic behavior estimations mentioned below.

Similar to Lemma 4.4.4, we obtain

dede=2D [ Pdr=o) and dx =20
Iél +1) lo(x, 617 dé = e ), |zxel*dx=0(1) an |yxx| x= =5
(4.5.12)
Similar to Lemma 4.4.4, we obtain
h o(1)
S?dx= ) 4.5.13
flo S dx= 2= (4.5.13)
Similar to Lemma 4.4.5, we get
”Z”Hz(lo,ll) = 0(1). (4.5.14)

Similar to Lemma 4.4.6, we obtain that the solution of the system (4.5.1)-(4.5.3) satisfies the
following estimations

1 1 1 1
ly(lo)| = 0( ) yello)| = 0( ) |y =— 0( ) Ny = 0( ) (4.5.15)
and 1 1) 1 1)
0 0]
— Vo) | = % and —|yex()| = - (4.5.16)
A2 A1 7 A2 Ai" 1
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Similar to Lemma 4.4.9, we obtain
lyexg)|=01) and |yxx()]=o0(D). (4.5.17)

Finally, by proceeding in a similar way as in Lemma 4.4.10, we reach our desired result

L L
f lz|?dx=0(1) and bf |yxx|2dx =0(1) (4.5.18)
0 0

Proof of Theorem 4.5.7. From the first estimation in Equation (4.5.12) and Equation (4.5.18),
we get that | U], = o(1), which contradicts (4.5.7). Consequently, condition (P,) holds. This
implies, from Theorem 1.3.10, the energy decay estimation (4.5.6). The proof is thus complete.

4.6 (EBB)-(EBB)rxy Model

In this section, we consider a system of two Euler-Bernoulli beam equations coupled via
boundary connection with a localized non-regular fractional Kelvin-Voigt damping acting on
one of the two equations only. In this part, we study the polynomial stabilty of the system.
In Theorem 4.2.1, taking the input V(x,t) = \/myxxt(x, 1), then using (4.1.4), we get the
output O is given by

O(x, ) =V dX) "™y (x, 1) =

t
Ta- 01) fo (t-5)"%e M0,y (x, )ds = Vd(x)07 Ty (x, 1).

Then, we deduce that system ((EBB)-(EBB) rxv) can be recast into the following augmented
model

Ut + AUyxxx =0, (x,1) € (-L,0) xR},
Yo+ | byxx + mk(a)lefl%w(x,f, t)df)xx =0, (x,0) € (0,L) xRy,
06,80+ (€2 +0) 0068 )~ VAR Yt (6, DET =0, (6,6, € (0,1) xRxRE,
with the following transmission and boundary conditions .
u=Lt)=ux(=L,t) =y(L,t) = yx(L,t) =0, t € (0,00),
Atxxx(0, ) = bYxxx(0,1) = 0, uxx(0,1) = yxx(0,1) =0, 1€ (0,00), (4.6.2)
u0,1=y(,n, t € (0,00),
and with the following initial conditions
u(x,0) = up(x), us(x,0)=up(x), xe(=L,0),
(4.6.3)

y(x,0)=yo(x), y:(x,00=y1(x), w(x,¢,00=0 x€(0,L),¢{€eR.

The energy of the system (4.6.1)-(4.6.3) is given by

1 0
E5(t)=5fL(|ut|2+a|uxx| Jdx+ = f (|yt| +b|yxx| d + f flw(x5 D?dédx.
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By similar computation to Lemma 4.2.2, it is easy to see that the energy E5(t) satisfies the
following estimation

d L
B0 = K (@) f f &+ plox, &, n2dédx. (4.6.4)
t 0 JR

d
Since a € (0,1), then x(a) > 0, and therefore EES(” < 0. Thus, system (4.6.1)-(4.6.3) is

dissipative in the sense that its energy is a non-increasing function with respect to time
variable t. Now, we define the following Hilbert energy space 5 by

F65=1{(u,v,y,z,0) € Hi (~L,0) x L*(=L,0) x H5(0,L) x L*(0,L) x W; u(0) = y(0)},
where W = L2 ((0, L) x R) and

HZ(-L,0) = {u € H*(—L,0); u(~L) = u,(~L) = 0},
{ (4.6.5)

HZ%(0,L) = {y € H*(0,L); y(L) = yx(L) = 0}.

The energy space /5 is equipped with the inner product defined by

0 0 L L
(U,Uy) 7, :vav_ldx+ afLuxx(u_l)xxdx+f zz1dx+ bf Vxx (Y1) xxd x
- - 0 0

L
(@) f f 0(x, OTT(x, &) dédx,
0 R

forall U = (u,v,y,z,w) and U; = (u1, 11, y1,21,w1) in #5. We use ||U|| #, to denote the corre-
sponding norm. We define the unbounded linear operator /5 : D(af5) € A5 — & by

U=(u,1,Yy,zw0)€Hs; (v,2) € HA(—L,0) x H5(0,L), ue H*(-L,0),

(byxx+ d(x)K(a)f IEIZ‘IZ;lw(x,g*)dE € L2(0,L),
D(st5) = 4 i L )
—(IEP +n) w(x, &) +VAdX) 222l 72, Elw(x,&) € W,

Alxxx(0) = DYxxx(0) =0, Uy (0) = yxx(0) =0, and v(0) = z(0)

and for all U = (u, v, y, z,w) € D(sfs),

—AUxxxx

Ve
'52{5(”) v, Z)w)T =

- byxx+\/d(x)K(a)fRIEI%w(x,E)df

XX

— (1€ +1) (x, &) + VA@ 22 |E] T
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If U = (4, us, y, yr,w) is a regular solution of system (4.6.1)-(4.6.3), then the system can be
rewritten as evolution equation on the Hilbert space /% given by

Ui =<0, U(0) =Uy, (4.6.6)

where U() = (Lt(), ul,yo,yl,O).

Similar to Proposition 4.2.5, the operator «f; is m-dissipative on 5, consequently it generates
a Cyp-semigroup of contractions (e"%) =0 following Lumer-Phillips Theorem 1.2.8. Then the
solution of the evolution Equation (4.6.6) admits the following representation

U =e"%U, t=0,
which leads to the well-posedness of (4.6.6). Hence, we have the following result.

Theorem 4.6.1. Let Uy € S5, then problem (4.6.6) admits a unique weak solution U that
satisfies
U e CO(RY, ).

Moreover, if Uy € D(s#5), then problem (4.6.6) admits a unique strong solution U that satisfies
U e C' (R, #)n C° (RY, D(sts)).

Theorem 4.6.2. Assume thatn > 0. The Co— semigroup (e"%) ;=g is polynomially stable; i.e.
there exists constant Cs > 0 such that for every Uy € D(sf5), we have

Cs
2
[3-a

Es(f) <

1003y ¥ 1>0,Y U € Dists). (4.6.7)

According to Theorem 1.3.10, by taking ¢ = 3 — «, the polynomial energy decay (4.6.7) holds if
the following conditions
iR < p(afs), Q1)

and

limsup

|GAT = 285) || o) < 00, Q2)
AER,|A|—00

1
e |

are satisfied. Since condition (Q;) is satisfied (similar to Subsection 4.4.1), we still need to
prove condition (Q2). For this purpose we will use an argument of contradiction. Suppose that
(Qy) is false, then there exists {(An, Uy := (tn, Un, Y, 20, 0n (-, 6)) T)} € R* x D(ofs) with

[Anl — +oo and ”Un”JfS = |[(Un, Un, Yns Zn»wn(‘,f))”ﬂf’s =1, (4.6.8)
such that

(A3 (iAnI — 45) Up = Fp = (fim fon fom fam fon(E) T — 0 in . (4.6.9)
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For simplicity, we drop the index n. Equivalently, from (4.6.9), we have

1 _h s
ilu—v = B in Hy (-L,0), (4.6.10)
IAV+ QUyyey = 2 [2(~L,0), (4.6.11)

/13—a

il _ fS . 2
iINy—-z = T in Hp(0,L), (4.6.12)
Az+S, = b i 12(0,L) (4.6.13)

iNz+ Sy = Ta in L), .6.
. ca—1 (x; ) .

(GA+E + Mo, — VAW zle) T = fis_f in W, (4.6.14)

where S = by, + \/d(x)K(a)f IEI w(x &)d¢. Here we will check the condition (Q2) by

finding a contradiction with (D}i.6.8) by showing |Ull7, = o(1). We need to prove several
asymptotic behavior estimations for the solution to obtain this contradiction. Here, we give
the estimations directly since the proof can be done in a smiliar way as in Subsection 4.4.2.
Assume that 7 > 0. Similar to Lemma 4.4.4, the solution (u«, v, , z, w) € D(<a#5) of system (4.6.10)-
(4.6.14) satisfies the following asymptotic behavior estimations

1 h 1
ff|é|2+n Jlo(x, &) dedx —;’;i [Neatar=22,

o(1) 2 o(1)
d = — d S d = .
flo |J’xx| X 214 an I | " dx A3-«a

(4.6.15)

Similar to Lemma 4.4.5, we have that the solution of the system (4.6.10)-(4.6.14) satisfies

o(1) o(1) o(1)
Izl === Wl =57 and ISellzqyn = 5= (4.6.16)
25

Similar to Lemma 4.4.6, we get that the solution (u, v, y, z, w) € D(s#5) of system (4.6.10)-(4.6.14)
satisfies the following asymptotic behavior

1 1 1 1
|y (o) = 0( D lyxtio)] = "A(z),ly(ll)i E "(2), and |yx()] = % ). (4.6.17)
Moreover,
1 1 1
F|J/xxx(l(;)| = % Iyxxx(l+)| = :( ) (4.6.18)

Similar to Lemma 4.4.7, by multiplying Equatlon (4.6.13) by 2hy,, where h € C?([0,L]) and
h(0) = h(L) = 0 and proceeding as Lemma 4.4.7, we obtain

L L 9 lo 9 L 9 L
fh’|z|2dx+2bf W |yx| dx+bf W |yx| dx+bf W |yx| dx+Re(2[ h”syxdx)
0 0 0 I 0

o(1)

L
—Re (2] hsxyxxdx) — bh(o)|yex U] + bR |yex (D)) = o=

Iy

(4.6.19)

155



4 Energy Decay of some boundary coupled systems involving wave\ Euler-Bernoulli
beam with one locally singular fractional Kelvin-Voigt damping — 4.6 (EBB)-(EBB)rxvy
Model

Similar to Lemma 4.4.8, we get that
72| =00) and |y ()] = 0Q). (4.6.20)

Similar to Lemma 4.4.9, we obtain that the solution (, v, y, z,w) € D(«#5) of system (4.6.10)-
(4.6.14) satisfies the following asymptotic behavior
-y o) o(1)
lyex()| = == and |y«(])]=—. (4.6.21)
A A
Similar to Lemma 4.4.10, we have that the solution (u, v, y, z, w) € D(s#5) of system (4.6.10)-
(4.6.14) satisfies the following asymptotic behavior

L o(1) L o(1)
A |Z|2dX: ? and bL |yxx|2dx = ? (4.6.22)
Similar to Lemma 4.4.11, we reach that
|¥xxx(0)| = 0(D). (4.6.23)

Using the transmission condition (atyxx(0) — byxxx(0) = 0) and Equation (4.6.23), we obtain
[Uxxx(0)] = 0(1). (4.6.24)

Similar the computations in Equations (4.4.99) and using the fact that | yx(0)| < llyxxllz2(0.0) =
O(1), we obtain
Ay = o(1). (4.6.25)

By using the transmission conditions and Equation (4.6.25), we get
Au()? = |1y = o(D). (4.6.26)
Substituting v = ilu — A2 into Equation (4.6.11), we get
AP Ut QU = AT H AT, (4.6.27)

Now, multiply Equation (4.6.27) by 2(x+ L)u, and integrate over (—L,0), and by using boundary
conditions and the fact that || f ||H§(—L,0) =0(), I fall2—r,0) = 0(D), |ux(O)] < Nuxxllz2(-1,0) =
OM), lluxllz2(-r,0) < cplluxxllz2(-1,0) = O(1) , we get

0 2 2 2 — o(1)
f (IAul® + 3| uxxl®) dx — LIAy(0)|” + Re (2aLuxxx (0)Ux (0)) = (4.6.28)
-L

- A2-a’
By using equations (4.6.24) and (4.6.26), and the fact that |u,(0)| < ltxxllz2(-1,0) = O1) in
Equation (4.6.28), we obtain

0 0
f lv?dx=o0(1) and af luel2dx = 0(1). (4.6.29)
L L

Proof of Theorem 4.6.8. From the first estimation in Equation (4.6.15) and Equations (4.6.22)
and (4.6.29), we get that |U|| #, = o(1), which contradicts (4.6.8). Consequently, condition
(Q2) holds. This implies, from Theorem 1.3.10, the energy decay estimation (4.6.7). The proof
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is thus complete.

4.7 Conclusion

We have studied the stabilization of five models of systems. We considered a Euler-Bernoulli
beam equation and a wave equation coupled through boundary connection with a localized
non-regular fractional Kelvin-Voigt damping that acts through the wave equation only. We
proved the strong stability of the system using Arendt-Batty criteria. In addition, we established
a polynomial energy decay rate of type t7a. Also, we considered two wave equations coupled
via boundary connections with localized non-smooth fractional Kelvin-Voigt damping. We
showed a polynomial energy decay rate of type t7a. Moreover, we studied the system of
Euler-Bernoulli beam and wave equations coupled through boundary connections where the
dissipa‘gion acts through the beam equation. We proved a polynomial energy decay rate of
type t3-«. In addition, we considered the Euler-Bernoulli beam alone with the sagne localized
non-smooth damping. We established a polynomial energy decay rate of type t1-«. In the last
model, we studied the polynomial stability of a system of two Euler-Bernoulli beam equations
coupled through boundary conditions with a localized non-regular fractional Kelvin-Voigt
damping azcting only on one of the two equations. We reached a polynomial energy decay rate
of type t3-a.

157



5 A N-dimensional
elastic\viscoelastic transmission
problem with Kelvin-Voigt
damping and non smooth
coefficient at the interface

Sommaire
5.1 Introduction . ... ... .. ... .. e 158
5.2 Well-Posedness and Strong Stability . .. ...................... 161
52.1 Wellposedness . . . .. ... ..t 161
5.2.2 StrongStability . ... ... ... 163
5.3 NonUniform Stability . . . . .. ... ... .. .. . .. . e 171
5.4 Polynomial Stability . .. ... ... ... ... .. ... . 173

5.1 Introduction

Let Q < RY be a bounded open set with Lipschitz boundary I'. We consider the following
two wave equations coupled through velocities with a viscoelastic damping:

usr—diviaVu+b(x)Vuy) +c(x)y; =0 in QxR*,
{ Vie—Ay—c(xX)u; =0 in QxR*, 11
with the following initial conditions:
u(x,0) = up(x), y(x,0) = yo (x), us(x,0) = uy (x), y:(x,0)=y1(x) x€Q, (6.1.2)
and the following boundary conditions:
ux, =y nH=0 onIxR". (5.1.3)

The functions b, ¢ € L*(Q) such that b: Q — R, is the viscoelastic damping coefficient and
c:Q — R* is the coupling function. The constant a is a strictly positive constant.

The stabilization of the wave equation with localized damping has received a special atten-
tion since the seventies (see [22, 39, 41, 91]). The stabilization of a material composed of two
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parts: one that is elastic and the other one that is a Kelvin-Voigt type viscoelastic material was
studied extensively. This type of material is encountered in real life when one uses patches to
suppress vibrations, the modeling aspect of which may be found in [21]. This type of damping
was examined in the one-dimensional setting in [66, 67, 71]. Later on, the wave equation with
Kelvin-Voigt damping in the multidimensional setting was studied. Let us consider the wave
equation with Kelvin-Voigt damping given in the following system

uy —div(avVu+b(x)Vu,;) =0, in QxR},
u(x, 1) =0, on T xR}, (5.1.4)
u(;o) = uOr ut('ro) =Uu, ln Q

In [54], the author proved that when the Kelvin-Voigt damping div(b(x)Vu;) is globally dis-
tributed, i.e. b(x) = by > 0 for almost all x € Q, the wave equation generates an analytic
semi-group. In [69], the authors considered the wave equation with local visco-elastic damp-
ing distributed around the boundary of Q. They proved that the energy of the system decays
exponentially to zero as t goes to infinity for all usual initial data under the assumption that
the damping coefficient satisfies: b e C LI(Q), Ab e L®(Q) and |Vb(x)|?> < Myb(x) for almost
every x in Q where M is a positive constant. On the other hand, in [91], the author studied the
stabilization of the wave equation with Kelvin-Voigt damping. He established a polynomial
energy decay rate of type t~! provided that the damping region is localized in a neighbor-
hood of a part of the boundary and verifies certain geometric condition. Also, in [80], under
the same assumptions on b, the authors established the exponential stability of the wave
equation with local Kelvin-Voigt damping localized around a part of the boundary and an
extra boundary with time delay where they added an appropriate geometric condition. Later
on, in [10], the wave equation with Kelvin-Voigt damping localized in a subdomain w far
away from the boundary without any geometric conditions was considered. The authors
established a logarithmic energy decay rate for smooth initial data. In [35], the authors proved
an exponential decay of the energy of a wave equation with two types of locally distributed
mechanisms; a frictional damping and a Kelvin—-Voigt damping where the location of each
damping is such that none of them is able to exponentially stabilize the system. Under an
appropriate geometric condition, piecewise multiplier geometric condition in short PMGC
introduced by K. Liu in [65], on a subset w of Q where the dissipation is effective, they proved
that the energy of the system decays polynomially of type ¢~! in the absence of regularity of
the Kelvin—Voigt damping coefficient b. In [4], the authors considered a multidimensional
wave equation with boundary fractional damping acting on a part of the boundary of the
domain and they proved stability results under geometric control condition (GCC in short, see
Definition 1.4.1). In [5], the author established a polynomial energy decay rate of type ¢! for
smooth initial data under some geometric conditions. Also, they proved a general polynomial
energy decay estimate on a bounded domain where the geometric conditions on the localized
viscoelastic damping are violated and they applied it on a square domain where the damping
is localized in a vertical strip. Recently, in [89], the authors analyzed the long time behavior of
the wave equation with local Kelvin-Voigt damping where they showed the logarithmic decay
rate for energy of the system without any geometric assumption on the subdomain on which
the damping is effective. Further, in [31], the author showed how perturbative approaches and
the black box strategy allow to obtain decay rates for Kelvin-Voigt damped wave equations
from quite standard resolvent estimates (for example Carleman estimates or geometric control
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estimates). Recently, in [30], the authors studied the energy decay rate of the Kelvin-Voigt
damped wave equation with piecewise smooth damping on the multi-dimensional domain.
Under suitable geometric assumptions on the support of the damping, they obtained an
optimal polynomial decay rate. In 2021, in [32], they studied the decay rates for Kelvin-Voigt
damped wave equations under a geometric control condition. When the damping coefficient
is sufficiently smooth they showed that exponential decay follows from geometric control
conditions.

Over the past few years, the coupled systems received a vast attention due to their potential
applications. The system of coupled wave equations with only one Kelvin-Voigt damping was
considered in [84]. The authors considered the damping and the coupling coefficients to be
constants and they established a polynomial energy decay rate of type ¢~'/2 and an optimality
result. In [68], exponential stability for the wave equations with local Kelvin—Voigt damping
was considered where the local viscoelastic damping distributed around the boundary of the
domain. They showed that the energy of the system goes uniformly and exponentially to zero
for all initial data of finite energy. In [96], the author considered the wave equation with Kelvin-
Voigt damping in a non empty bounded convex domain Q with partition Q = Q; N Q, where
the viscoelastic damping is localized in Q,, the coupling is through a common interface. Under
the condition that the damping coefficient b is non smooth, she established a polynomial
energy decay rate of type t~! for smooth initial data. Also, in [43], the authors studied the
stability of coupled wave equations under Geometric Control Condition (GCC in short) where
they considered one viscous damping. Finally, in [51], the authors considered a system of
weakly coupled wave equations with one or two locally internal Kelvin-Voigt damping and
non-smooth coefficient at the interface. They established some polynomial energy decay
estimates under some geometric condition. The stability of wave equations coupled through
velocity and with non-smooth coupling and damping coefficients is not considered yet. Also,
the study of the coupled wave equations under several geometric condition is not covered.
In this work, we consider the coupled system represented in (5.1.1)-(5.1.3) by considering
several geometric conditions (H1), (H2), (H3), (H4), and (H5) ( see Section 5.4) where the
coupling is made via velocities and with non smooth coupling and damping coefficients. In
addition, this work is a generalization of the work in Chapter 3 to a multidimensional case and
we study the stability of the system (5.1.1)-(5.1.3) under several geometric control conditions.
We establish polynomial stability when there is an intersection between the damping and the
coupling regions. Also, when the coupling region is a subset of the damping region and under
Geometric Control Condition GCC. Moreover, in the absence of any geometric condition, we
study the stability of the system on the 2-dimensional square domain.

The chapter is organized as follows: first, in Section 5.2, we show that the system (5.1.1)-
(5.1.3) is well-posed using semi-group approach. Then, using a unique continuation result
based on a Carleman estimate and a general criteria of Arendt-Batty, we prove the strong
stability of the system in the absence of the compactness of the resolvent and without any
geometric condition. In Section 5.3, using a spectral analysis, we prove the non uniform
stability of the system in the case where b(x) = b € Ry and c(x) = c € R*. In Section 5.4, we
establish some polynomial energy decay rates under several geometric conditions by using a
frequency domain approach combined with a multiplier method. In addition, we establish
two polynomial energy decay rates on a square domain where the damping and the coupling
are localized in a vertical strip.
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5.2 Well-Posedness and Strong Stability
5.2.1 Well posedness

In this part, using a semigroup approach, we establish the well-posedness result for the
system (5.1.1)-(5.1.3).
Let (1, us, y, y:) be aregular solution of the system (5.1.1)-(5.1.3). The energy of the system is
given by

1
E(f) = zfg(lutlz+Iyt|2+a|Vu|2+|Vy|2)dx. (5.2.1)

A straightforward computation gives
E'(r) = —f b(x)|Vu,?dx <0.
Q

Thus, the system (5.1.1)-(5.1.3) is dissipative in the sense that its energy is a non increasing
function with respect to the time variable ¢. We define the energy Hilbert space ./ by

76 = (HL Q) x L2())
equipped with the following inner product
(U,0) = fQ (aVu-Vi+Vy-Vy+vi+zz)dx,
foralU = (u,v,y, z2)T e #and U = (i1, 0, 7, 2T ez Finally, we define the unbounded linear
operator &/ by
D) ={ U=(u,vy,zw0) eH: vzeH(Q),div(ax)Vu+bx)Vv) € [*(Q), ye H* Q) n Hy () }
and forall U = (1, v,y, z,w) € D(),

v
div(iaVu+ b(x)Vv) —c(x)z

A, v,y,2)" = 2

Ay+c(x)v

fU=(uuy, y[)T is a regular solution of system (5.1.1)-(5.1.3), then we rewrite this system
as the following evolution equation

U=«U, U)=U, (5.2.2)
where UO = (MO) ui, Yo, yl)T-
Proposition 5.2.1. The unbounded linear operator <f is m-dissipative in the energy space 7 .

Proof. ForallU = (u,v,y,2) € D(«£), we have

Re (LU, U) 7 = —f b(x)|Vv?dx <0, (5.2.3)
Q

161



5 A N-dimensional elastic\viscoelastic transmission problem with Kelvin-Voigt
damping and non smooth coefficient at the interface — 5.2 Well-Posedness and
Strong Stability

which implies that < is dissipative. Now, let F = (f1, f5, f3, f4)T € /€, we prove the existence of
U=w1y,2" €D()

unique solution of the equation
—o4U=F (5.2.4)

Equivalently, we have the following system

-v = fi, (5.2.5)
—div(aVu+bx)Vv)+c(x)z = [, (5.2.6)
-z = f3, (5.2.7)
-Ay—cx)v = fi. (5.2.8)
Inserting (5.2.5), (5.2.7) into (5.2.6) and (5.2.8), we get
—div(aVu—-b(x)Vf1) = fo+cx)fs, (5.2.9)
-Ay = fa-—cX)fi. (5.2.10)

Let (p,y) € HO1 Q) x H& (). Multiplying (5.2.9) and (5.2.10) by ¢ and vy respectively, and
integrating over (2, we obtain

a((w, v), () = Lip,y), VY (p,y) € Hy(Q) x Hy (<), (5.2.11)
where
a((u, l/),((p,l//)):fQ(aVu-V¢+Vy-VE)dx (5.2.12)
and
L(p,y) = fQ (fa+c(x)f3)pdx+ fQ b(x)Vfi-Vodx+ fQ (fa—cx) fi) wdx. (5.2.13)

Thanks to (5.2.12), (5.2.13), we have that a is a sesquilinear, continuous and coercive form
on (H(} Q) x Hé ()2, and L is a antilinear continuous form on H& (Q) x H& (Q). Then, us-
ing Lax-Milgram theorem, we deduce that there exists (u,y) € Hy(Q) x Hj () unique so-
lution of the variational problem (5.2.11). By using the classical elliptic regularity, we de-
duce that (5.2.9)-(5.2.10) admits a unique solution (, y) € H} (Q) x (H?(Q) n H; () such that
div(aVu—-b(x)Vfi) € I2(Q). By taking F = (0,0,0, 0)" in (5.2.4) itis easy to see that ker{</} = {0}.
Consequently, we get U = (u,— f1,,— f3) | € D(«/) is a unique solution of (5.2.4). Then, < is
an isomorphism and since p(<f) is open set of C (see Theorem 6.7 (Chapter III) in [57]), we
easily get R(AI — «f) = A for a sufficiently small A > 0. This, together with the dissipativeness
of o/, imply that D(«/) is dense in # and that «f is m-dissipative in ./ (see Theorem 4.5, 4.6
in [82]). The proof is thus complete. O

According to Lumer-Phillips Theorem 1.2.8, Proposition 5.2.1 implies that the operator </
generates a Cyp—semigroup of contractions (e') ;>0 in A which gives the well-posedness of
(5.2.2). Then, we have the following result
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Theorem 5.2.2. For any Uy € A, Problem (5.2.2) admits a unique weak solution U that satisfies
U(t) e COR*;.2).
Moreover, if Uy € D(<f), then Problem (5.2.2) admits a unique strong solution U that satisfies

U(t) € CLRY, #)nCO'RT, D(«1)).

5.2.2 Strong Stability

This subsection is devoted to study the strong stability of System (5.1.1)-(5.1.3) in the sense
that its energy converges to zero when ¢ goes to infinity for all initial data in /. The proof
will be done using the unique continuation theorem based on a Carleman estimate and a
general criteria of Arendt-Batty (see Theorem 1.3.3). For this aim, we assume that there exists
constants by > 0 and ¢y > 0 and two nonempty open sets w;, € Q and w, < Q, such that

b(x)=by>0, Vxewp, (5.2.14)

c(x)=cy>0, Vxew,. (5.2.15)

In this part, we prove that the energy of the System (5.1.1)-(5.1.3) decays to zero as ¢ tends to
infinity if one of the following assumptions hold:

(A1) Assume that w;, and w, are non-empty open subsets of Q such that w. < w;, and
meas (w, NI') > 0 (see Figures 5.1, 5.2, 5.3).

(A2) Assume that wj;, and w. are non-empty open subsets of Q such that w = wp Nw,. Also,
assume that w satisfies meas(wnT’) > 0 (see Figures 5.4, 5.5, 5.6).

(A3) Assume that w; and w, are non-empty open subsets of Q such that w = v Nw, ,
meas (wp NT) > 0 and w, not near the boundary (see Figure 5.7).

(A4) Assume that wj, is non-empty open subset of Q and c(x) = ¢y € R* in Q. Also, assume
that w is not near the boundary (see Figure 5.8).

02 ]

Figure 5.1 Figure 5.2
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Before stating the main theorem of this section, we will give the proof of a local unique
continuation result for a coupled system of wave equations.
We define the following elliptic operator P defined on a product space by

P:H2(V)x H2(V) — I2(V)xL3(V)

(5.2.16)
(wy)  — (duAy)
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and the following function g defined by

g:L2(V)xL2(V) — L*>(V)xL2(V)

(wy) — (&(-A2u+c@ily),-A2y—c(x)ilu) (5.2.17)

Lemma 5.2.3. (See [52] also [51]) Let V be a bounded open set in RN and let ¢ = eV with

w e CP[RY, >0 and p > 0 large enough. Then, there exist T large enough and C >0
such that
lle™ ulfy gy, + Tl Vul 7o, < Cle™Aul?, ), forallue Hy(V) andt >1o.  (5.2.18)

Proposition 5.2.4. LetQ be a bounded open set inRY and xo be a point in Q. In a neighborhood
V of xo € Q, we take a function f such thatV f #0 in V. Moreover, let (u, y) € H>(V) x H>(V)
be a solution of P(u,y) = g(w,y). Ifu=y=0in{xe V;f(x) = f(xp)} thenu=y=01ina
neighborhood of xy.

Proof. We call W the region {x € V; f(x) = f(x0)}. We choose V' and V" neighborhoods of
xo such that V" < V' < V, and we choose a function y € C2°(V’) such that y =1 in V". Set
4 =yuand j = yy. Then, (&,7) € H5(V) x H2(V). Let y = f(x) — c|x — xo|* and set ¢ = e”¥..
Then, apply the Carleman estimate of Lemma 5.2.3 to iz and j respectively, then sum the two
inequalities we obtain

r3f ezr‘p(lﬁlz+|y|2)dx+rf eZ“"(IvaIZ+’VJ7|2)dstf 2“"( 2+ A7 )
4] v’
As V"<V’ and y € C°(V') such that y = 1in V", we get

Tsf ezrtp(|u|2+|y|2)dx+rf ezr‘p(IVu|2+|Vy|2)dstf eZT"’(IAu|2+|AJ/|2)dx
" VI/ V”

+C[ 2”"( |Ay| )dx
V!\V”
(5.2.19)
This implies that,
Tsf ezw(|u|2+|y|2)dxscf ezT‘p(IAu|2+|Ay|2)dx+ cf eZT"’(lAa|Z+|Ay|2)dx
V” V” V’\VU

We have that, aAu = —1%u + c(x) ilyand Ay = —A2%u—c(x)idu. Then, there exists Circa>0
such that

(r°- C/l,c,a)f i (Iul2 + |y|2) dx < Cf
V”

- ™ (1aa +|A7[) dx. (5.2.20)

Then, there exists 7 > 0 large enough and C > 0 such that

73 f & (jul? +|y[) dx=c f & (1aaf + |agf) dx. (5.2.21)
VH V!\VH

By using that u = y = 0in W, we obtain

Tsf ezw(lu|2+|y|2) dstf eZ“”(lAa|2+|AJ7|2)dx. (5.2.22)
" S
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where S=V'\ (V"uWw).

For all € € R, we set V; = {x€ V;p(x) < ¢(xo) —¢€} and V{ = {x € V;9(x) = ¢(x0) - §}. There
exists € such that S c V. Then, choose a ball By with center x, such that By « V' n V/. Hence,
using (5.2.22), we have

o
f(|u|2+|y|2)dxsce3 f(|Aa|2+|Ay|2)dx. (5.2.23)
By T S

Letting 7 tends to infinity, we obtain u = y = 0 in By. Hence, we reached our desired result. [

Theorem 5.2.5. (Calderdon Theorem) Let Q) be a connected open set in RN and let w < Q, with
w#@. If(u,y) € H*(Q) x H*(Q) satisfies P(u,y) = g(u,y) inQandu=y =0 inw, then u and y
vanishes in Q.

Proof. By setting F = supp u U supp y and using Proposition 5.2.4 instead of Proposition 4.1 in
the proof of the Theorem 4.2 in [62] the result holds. O

Theorem 5.2.6. Assume that either (Al), (A2) (A3) or (A4) holds. Then, the Cy—semigroup
(€)= is strongly stable in /€ in the sense that for all Uy € /€, the solution U(t) = et Uy of
(5.2.2) satisfies

lim [|e"? Up|| 7 = 0.

t—o00

For the proof of Theorem 5.2.6, the resolvent of < is not compact. Then, in order to prove
this Theorem we will use a general criteria Arendt-Batty. We need to prove that the operator
</ has no pure imaginary eigenvalues and o (<) N iR contains only a countable number of
continuous spectrum of «/. The argument for Theorem 5.2.6 relies on the subsequent lemmas.

Lemma 5.2.7. Assume that (Al) holds. Then, we have
ker(iAM]-<«/)=1{0}, VAeR.

Proof. From Proposition 5.2.1, 0 € p(«/). We still need to show the result for 1 € R*. Suppose
that there exists a real number A 0 and U = (u,v,y,2) " € D(«/) such that

AU =ilU. (5.2.24)
From (5.2.3) and (5.2.24), we have
0=Re(iMlUI%,) =Re((/U, U) ) = —fQ b(x)|Vv|dx. (5.2.25)
Using the condition (5.2.14) and Poincaré’s inequality implies that
b(x)Vr=0in Q and v =0in wy. (5.2.26)

Detailing (5.2.24) and using (5.2.26), we get the following system

v = ilu in Q, (5.2.27)
aAu—-c(x)z = ilv in Q, (5.2.28)
z = iy in Q, (5.2.29)
Ay+cx)v = ilz in Q. (5.2.30)
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From (5.2.26), (5.2.27) and (5.2.28) with the assumption (Al), we get
z=0o0on w,. (5.2.31)
Inserting (5.2.27) into (5.2.28), and using (5.2.26) we get
Au+alu=0 in Q,
{ wracu=oom (5.2.32)
u=0 in wp.
Using the unique continuation theorem, we get
u=0 on Q. (5.2.33)

Now, substituting (5.2.29) in (5.2.30), using (5.2.31) and the definition of c(x), we get

{ ;zzy(;— Ay=0 E 30 (5.2.34)

Using the unique continuation theorem, we get
y=0 on Q. (5.2.35)
Therefore, U = 0. thus the proof is complete. O

Lemma 5.2.8. Assume that either (A2), (A3) or (A4) holds. Then, we have
ker(idl—<f)={0}, VAeR.

Proof. From Proposition 5.2.1, 0 € p(«/). We still need to show the result for 1 € R*. Suppose
that there exists a real number A #0and U = (u,v,y,2) " € D(«/) such that

AU =ilU. (5.2.36)
From (5.2.3) and (5.2.36), we have
0=Re(iMlUI%,) =Re((/U, U) ) = —fQ b(x)|Vv|*dx. (5.2.37)
Condition (5.2.14) implies that
Vv=0 in wyp. (5.2.38)

Detailing (5.2.36) and using (5.2.38), we get the following system

v = ilu in Q, (5.2.39)
aAu—c(x)z = idv in Q, (5.2.40)
z = ily in Q, (5.2.41)
Ay+cx)v = ilz in Q. (5.2.42)

Now, we will distinguish between the following three cases:
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Case 1. If (A2) holds. Then, by using Poincaré’s inequality we get
v=00n w. (5.2.43)
From (5.2.40), (5.2.43) and using (5.2.41) we get
y=0o0n w. (5.2.44)
Inserting (5.2.39) and (5.2.41) into (5.2.40) and (5.2.42) respectively, we get
Au+alu— ilc(x)y=0 in Q,
MPy+Ay+ide(x)u=0 in Q, (5.2.45)

u:y:o in w.

Then, using Theorem 5.2.5 we get that u = y = 0 in Q. Thus, we deduce that U = 0 in Q and we
reached our desired result.
Case 2. If (A3) holds. Then, by using Poincaré’s inequality we get

v=0o0n wp. (5.2.46)
Proceeding in the same way as in Case 1., we get
AMu+alu—ilc(x)y=0 in Q,
AMy+Ay+idle(x)u=0 in Q, (5.2.47)
u=y=0 in w.

Then, using Theorem 5.2.5 we get that u = y = 0 in Q. Thus, we deduce that U = 0 in Q and we
reached our desired result.
Case 3. Assume that (A4) holds. By differentiating (5.2.40) and using the fact that c(x) = ¢y in
Q, we obtain

0jy=0 in wp Vj=1---,N.

Then, forall j =1,---, N, we have the following system
A*0ju+aldju—ilcd;jy=0 in Q,
A*0jy+Adjy+ilcdju=0 in Q, (5.2.48)
dju=0;y=0 in w.

By applying Theorem 5.2.5, we obtain
dju=0;y=0 in Q, Vj=1---,N.

Using the fact that u = y=0onT, we get u = y = 0in Q. Consequently, U =0 in Q.

Lemma 5.2.9. Assume that either (Al), (A2), (A3) or (A4) holds. Then, we have

RGAI-of) =7, forall AeR.
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Proof. From Proposition 5.2.1, we have 0 € p(«#). We still need to show the result for A € R*.
Set F = (f1, fo, f3, fa) € #, we look for U = (u, v, y, z) € D(<f) solution of

(iAl-</)U=F. (5.2.49)
Equivalently, we have
v = iAlu-fi, (5.2.50)
ilv—diviaVu+bx)Vv)+c(x)z = fo, (5.2.51)
z = ily—f; (5.2.52)
ildz—Ay—c(x)v = fi. (5.2.53)

Let (¢, y) € H} (Q) x H; (), multiplying Equations (5.2.51) and (5.2.53) by ¢ and ¥ respectively
and integrating over 2, we obtain

fi/ll@d)ﬁf aVuV@dx+[ b(x)VvV@dx+f c(x)z@dxszgwdx, (5.2.54)
Q Q Q 0 Q
fi)tz@dx+/ Vvadx—f c(x)vwdx:fﬁ;de. (5.2.55)
Q Q Q Q

Substituting v and z in (5.2.50) and (5.2.52) into (5.2.54) and (5.2.55) and taking the sum, we
obtain

a((w,y), @) =Lg,w), Yy e Hy(Q) x Hy(Q, (5.2.56)
where
a((w, ), (@) =a (W), @) +a(wy), @)

with

a ((u,y),((p,y/))zf (aVuv¢+Vyv@dx+mf b(x)VuVedx,

Q Q

az ((u, ), (@, 9) = —Azfg(u¢+ yy)dx+ i/lfﬂc(x) (yop—uy)dx,

and

L((p,u/):fQ(f2+c(x)f3+i/1f1)¢dx+/g(f4—c(x)f1+i/lfg)@dx+fgb(xwf@xdx.

Let V= H}(Q) x H}(Q) and V' = H™1(Q) x H™!(Q) the dual space of V. Let us consider the
following operators,

{A:V - VvV {Al:V - VvV {AZ:V - VvV
(w,y) — A,y (w,y) — Ai1(u,y) (uw,y) — A,y

such that
(A, ) @, w)=a(wy), @), Yy e H) Q) x H} (),
(A1, 1) (@) = a1 ((w, 1), (@, ),  V(p,w) € Hy(Q) x Hy (), (5.2.57)
(A2 (w, 1)) (@, 9) = a2 ((w, 1), (@, ), VY (@, W) € Hy (Q) x Hy ().

Our goal is to prove that A is an isomorphism operator. For this aim, we divide the proof into
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three steps.

Step 1. In this step, we prove that the operator A; is an isomorphism operator. For this aim,
following the second equation of (5.2.57) we can easily verify that a, is a bilinear continuous
coercive form on Hé (Q) x H(} (). Then, by Lax-Milgram Lemma, the operator A; is an isomor-
phism.

Step 2. In this step, we prove that the operator A, is compact. According to the third equation
of (5.2.57), we have

|d2 ((w,y), ((P,U/)” < Cll(u, M 2o 1@, W) 12y -

Finally, using the compactness embedding from H& (Q) to L?(Q) and the continuous embed-
ding from L?(Q) into H~1(Q) we deduce that A, is compact.

From steps 1 and 2, we get that the operator A = A; + A, is a Fredholm operator of index zero.
Consequently, by Fredholm alternative, to prove that operator A is an isomorphism it is enough

to prove that A is injective, i.e. ker {A} = {0}.

Step 3. In this step, we prove that ker{A} = {0}. For this aim, let (&, y) € ker{A}, i.e.
a((@ ), @) =0, V(p,y)e Hy(Q) x Hy(Q).

Equivalently, we have

—Azf (dp + j9) dx+i)tf c(x) (jp - iip) dx+f (aVave + Vyvy)dx
Q Q Q

(5.2.58)
+i/1f b(x)VitVedx = 0.
o)

Taking ¢ = @t and ¥ = y in equation (5.2.58), we get
2 2 2 2 2 L 2 =
-2 f lal*dx— A f |7|"dx+ af Vil dx+f |V dx—Z/Hm(f c(x)j/ﬂdx)
Q Q Q 0 Q
+ Mf b(x)|Val*dx =0.
Q
Taking the imaginary part of the above equality, we get

f b(x)|Vial’dx =0,
Q

we get,
Vii=0, in wp. (5.2.59)

Then, we find that

-AMfi—alu+ilc(x)j = 0, in Q
“AVj-Ay—ide(x)ic = 0, in Q
a=y = 0. in w

Now, it is easy to see that the vector U defined by U = (i, i1, 7,iA§) belongs to D(«/) and
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we have iAU — /U = 0. Therefore, U € ker iA] — «f), then by Lemmas 5.2.7 and 5.2.8, we get
U = 0, this implies that # = j = 0. Consequently, ker { A} = {0}. Thus, from step 3 and Fredholm
alternative, we get that the operator A is an isomorphism. It is easy to see that the operator
L is continuous from V to L?(Q) x L?(Q2). Consequently, Equation (5.2.56) admits a unique
solution (u,y) € H& Q) x H& (Q). Thus, using v =ilu— fi, z=idly — f3 and using the classical
regularity arguments, we conclude that Equation (5.2.49) admits a unique solution U € D («/).
The proof is thus complete. O

Proof of Theorem 5.2.6. Using Lemma 5.2.7 and 5.2.8, we have that < has non pure imaginary
eigenvalues. According to Lemmas 5.2.7, 5.2.8, 5.2.9 and with the help of the closed graph
theorem of Banach, we deduce that o(«/) N iR = @. Thus, we get the conclusion by applying
Arend-Batty Theorem 1.3.3. The proof of the theorem is thus complete.

5.3 Non Uniform Stability

In this section, our aim is to prove the non-uniform stability of the system (5.1.1)-(5.1.3).
For this aim, we assume that

b(x)=beR; and c(x)=ceR". (5.3.1)
Our main result in this section is the following theorem.

Theorem 5.3.1. Under condition (5.3.1). The energy of the system (5.1.1)-(5.1.3) does not decay
uniformly in the energy space 7.

For the proof of Theorem 5.3.1, we aim to study the asymptotic behavior of the eigenvalues of
the operator «f near the imaginary axis. First, we will determine the characteristic equation
satisfied by the eigenvalues of <f. So, let A € C be an eigenvalue of « and let U = (u, v, , 2T e
D(«/) be an associated eigenvector, i.e,

AU =AU,
Equivalently,
v = Au, (5.3.2)
divi(aVu+bVv)—cz = Ay, (5.3.3)
z = Ay, (5.3.4)
diviVy)+cv = A=z (5.3.5)
Inserting (5.3.2) and (5.3.4) into (5.3.3) and (5.3.5) respectively, we get
ANu—(a+Ab)Au+cly = 0, (5.3.6)
Ay—Ay—clu = 0. (5.3.7)
From (5.3.7), we have )
U= [Ay—2A%y]. (5.3.8)
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Substitute (5.3.8) in (5.3.6), we get
(a+Ab)A%y— 1+ @)A* +bA3| Ay + A% (A2 +a?)y=0, in Q
(5.3.9)

Now, let (1, @) be, respectively, the sequence of the eigenvalues and the eigenvectors of the
Laplace operator with fully Dirichlet boundary conditions in Q, i.e,

—App=p2gr in Q,
Pk = HyPr 1D (5.3.10)
¢r=0 on TI.

Then by taking y = ¢ in (5.3.9), we deduce the following characteristic equation
P = A"+ A’ + [(L+ @) + P ] A* + bz A + au;. = 0. (5.3.11)

Proposition 5.3.2. There exists ko € N* sufficiently large and two sequences (Al,k)| Ki=ko and
(A2,k) ki=k, Of simple roots of P satisfying the following asymptotic behavior

_ c? 1
Al'k:lﬂk_ﬂ+o(u_§’c) (5.3.12)
and
_ c? 1
AZ’kz_luk_ZbHi +0(’u—:_;c) (5313)

Proof. Seté = Hik and {j = ﬁk in (5.3.11), we obtain

h() =bE + b+ al i+ CEG + L+ a) e +E = 0. (5.3.14)

Now, in order to find the eigenvalues of the operator «/ we need to give the roots of h. For this
aim, we will proceed in the following two steps.
Step 1. Let

fO=bE+8& and fi(d) = alp+EG+ A +a) X +E
We look for r. sufficiently small such that
|f|>|h-f|=|fi] on oD,

where D = {£ € 6;|E —i| < i)
Let & € D(i, i), then & = i + rre’? with 0 < 6 < 27. We have

FE =bE+& =bérg (giei9 n rkezie),

But, if rks%then
1
Z[1-rel ==
1§l =1 kl 2
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and
3
—TIe==.

|2iei9 + rk92i9| = ’2iei9 3

This implies that
3br . 1
|f|:|b(€3+f)|ZTk, if rkSE.

On the other hand, since ¢ is bounded in D and ¢; — 0 we have,
\fl (f)| <c(k, forsome constant c¢>0.

So, itis enough to choose ri = g—gfk.
Similarly, we can find r sufficiently small such that

|f|>|h=f|=|fi] on OD'=0{eC;lé+il<ri}.

Step 2. By using Step 1. and Rouché’s Theorem, there exists ky large enough such that for all
|k| = ko the roots of the polynoimal & are close to the roots of the polynomial f (&) = b(&3 +¢).
Then,

¢i=i+e; and & =-i+e;, with lim £i=0. (5.3.15)

| k|—o00

Inserting Equation (5.3.15) in Equation (5.3.14) and using the fact that /li = uré ;C—’, we get

1
eL=0 (—) and A; =+iug+&, where lim &.=0. (5.3.16)
M | k|—+00

Multiplying Equation (5.3.11) by %, we get
k

1 b 1+ 2
_4/14+_2/13+( 2a)12+c—4/12+b/1+a=0. (5.3.17)
:uk 'uk 'uk I'Lk

Inserting Equation (5.3.16) in Equation (5.3.17), we get

g ¢ +0(1) (5.3.18)

k=——-> — 1. 0.
2bpy -k

The proofis thus complete. O

Proof of Theorem 5.3.1. From Proposition 5.3.2 the large eigenvalues in (5.3.12)-(5.3.13)
approach the imaginary axis and therefore the system (5.1.1)-(5.1.3) is not uniformly stable in
the energy space /.

5.4 Polynomial Stability

In this section, we will study the polynomial energy decay rate of the system (5.1.1)-(5.1.3).
In order to study the energy decay rate of the system, we consider the following geometric
assumptions on wp, W, and w = Wy NwW # P:

(H1) The open subset w verifies the GCC (see Figure 5.6 and Figure 5.9).
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(H2) Assume that meas(w.NI") >0 and meas(w, NT) > 0. Also, assume that w. c wj, and w.
satisfies the GCC (see Figure 5.3).

(H3) Assume that wj, < Q, w, < wy, such that Q is a non-convex open set and w, satisfies GCC
(see Figure 5.10).

(H4) Assume that Q = (0, L) x (0, L), v, < wp, such thatwy, = {(x,y) e R% &1 < x<eqand0< y < L},
we={x,y) eR%ey<x<ezand0< y< L} for0<e; <&y <esz<ey <L (see Figure 5.11).

(H5) Assume that Q = (0, L) x (0, L), w, < wp, such that wp = {(x,y) e R%;0 < x <e2and0 < y < L}
and . = {(x,y) eR%;0< x<e1and0 < y < L} for 0 < &1 < £, < L (see Figure 5.12).

CAw) CAL)

Q Q
Figure 5.9 Figure 5.10
L L
- 2 — 2
Ie) £ =) £q £4 I (@] £ £ L
Figure 5.11 Figure 5.12

Remark 5.4.1. (About Geometric Conditions and Smoothness of the boundary.)
1. IftheT—condition applies, then it is enough to give a Lipschitz boundary conditions toT'.

2. The GCC is an optimal condition, then we need more regularity to the I'—condition, thus
we need to takeT of class C3.

3. In (H1), if Q is a convex domain. Then, the condition w satisfies the GCC means that
meas(@nT) >0 (i.e meas(w, NT) >0 and meas(w;NT) > 0).

4. In (H1), if Q is a non convex domain. When w satisfies the GCC, we study the case when
meas(w_b N F) > 0 and without the condition meas(w_c N F) > 0. For the case when both wy,
and w. are not near the boundary, we didn’t study it since the strong stability remains an
open problem in this case.

5. In (H4) and (H5), wy, and w. does not satisfy any geometric condition.
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One of the main tools to prove the polynomial stability of (5.1.1)-(5.1.3) such that the as-
sumption (H1) holds and such that c € W (Q) is to use the exponential energy decay of the
coupled wave equations via velocities with two viscous dampings. We consider the following
system

Qrr—alp+dx)ps+c(xX)y;=0 in QxR
'l//”—A'l//‘Fd(X)wt—C(X)(pt:O in QXR+,

(5.4.1)
PpxX)=y9(x)=0 on ['xRT,

(p(x,0),¥(x,0) = (po,¥o) and (¢:(x,0),y;(x,0) =(p1,¥1) in Q.
where d € W1*°(Q) such that
dx)=dy>0 on w.cwc.

The energy of System (5.4.1) is given by

1
Equx(t) = Efg (e + alvel® + [we|* + |y ) dx

and by a straightforward calculation, we have

d
A Eantt == [ dwlpiPdx- [ dwlyPdx<o.
dt Q Q

Thus, System (5.4.1) is dissipative in the sense that its energy is a non-increasing function with
respect to the time variable ¢. The auxiliary energy Hilbert space of Problem (5.4.1) is given by

Haux = (HL Q) x I2Q)°.

We denote by 1 = ¢; and ¢ = ¥;. The auxiliary energy space ./, is endowed with the
following norm
1D1%, =l +alVel®+ 117+ IVyl?,

aux

where | - || denotes the norm of L2(Q) and ® = ((p, w,n, cf) in ;. We define the unbounded
linear operator <, x by

D(elay) = (H2(Q) n HL Q) x HL (@), (5.4.2)
and
n
alg —d(x)n —c(x)¢
daux((l’;n»w’é)-r = &

Ay —d(x)é+c(x)n

If ® = (¢, w,n,¢) is the state of System (5.4.1), then this system is transformed into a first order
evolution equation on the auxiliary Hilbert space #,,x given by

D, = ‘dauxq)r @(0) = D,
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where @y = ((PO; N0, ¥0,$ 0)- Itis easy to see that <7, is m-dissipative and generates a Cy—semigroup
of contractions (e’“eu)

Remark 5.4.2. From [43], we know that when w satisfies the GCC condition and under the
equality speed condition we have that the system of two wave equations coupled through velocity
with one viscous damping is exponentially stable (see Theorem 3.1 in [43]). Taking this result
into consideration and the fact that our system is considered with two viscous dampings and
that d,c e WH®(Q), by proceeding with a similar proof with a € R* as in Theorem 3.1 in [43],
we can reach that the system (5.4.1) decays exponentially such that there exists M =1 and 6 >0
such that for all initial data Uy € S, the energy of the system (5.4.1) satfisies the following
estimation
Equx(t) < Me ' E(0), V>0,

Now, we will state the main theorems in this section.

Theorem 5.4.3. Assume that the boundary T is of class C3. Also, assume that assumption
(H1) holds and that c e WH*°(Q). Then, for all initial data Uy € D (<f), there exists a constant
C > 0 independent of Uy, such that the energy of the system (5.1.1)-(5.1.3) satisfies the following
estimation

C
E(t,U) <~ 0ol V>0, (5.4.3)

According to Theorem 1.3.10 of Borichev and Tomilov, by taking ¢ = 2, the polynomial energy
decay (5.4.3) holds if the following conditions

iR p(sd), (C1)

and

1
li — || GAT - )7 < oo, c2
Jmsup 2 Il )7 sy <00 (C2)

are satisfied. Since Condition (C1) is already proved in Lemmas 5.2.7 and 5.2.8. We will prove
condition (C2) by an argument of contradiction. For this purpose, suppose that (C2) is false,
then there exists

{(An, Un := (U, n, Y, 20) )} € R* x D(ef) with

[Apl = +0c0 and || Unll e = Il (un, Vny)/n’zn)”ﬁ =1, (5.4.4)

such that
A (GAnI =) Uy = Fy:= (fin foonr faon fan) | — 0 in 7. (5.4.5)

For simplicity, we drop the index n. Equivalently, from (5.4.5), we have

bl

iAu-v = 27 in Hy(Q), (5.4.6)
iAv—div(aVu+b(x)Vv) +c(x)z = % in L3(Q), (5.4.7)
ily—z = % in H}(Q), (5.4.8)

ilz—div(Vy)—c(x)v = % in L(Q). (5.4.9)
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Here we will check the condition (C2) by finding a contradiction with (5.4.4) such as | U]l # =
o(1). From Equations (5.4.4), (5.4.6) and (5.4.8) we obtain

o) o)
||u||L2(Q) = T and ”y”LZ(Q) = T (5.4.10)

For clarity, we will divide the proof into several lemmas.

Lemma 5.4.4. Assume that the assumption (H1) holds. Then, we have that the solution
(u,v,y,2) € D(A) of (5.4.6)-(5.4.9) satisfies the following estimations

o(1) o(1) o(1) o(1)
”vv“LZ(wb) = T, || l/”LZ(wb) = T ”u”LZ(wb) = ? and ”VM”LZ(wb) = ? (5411)

Proof. Taking the inner product of (5.4.5) with U in /, we get

f b(x)|Vv?dx =—-Re (LU, U) 7) =Re (A — Z) U, U) z) = % (5.4.12)
Q
Then,
Vvl dx = % (5.4.13)
wp

By using Poinacré inequality and Equation (5.4.13), we get the second estimation in (5.4.11).
From Equation (5.4.6) and the second estimation in (5.4.11), we obtain

o(l
||u||L2(wh) = —( )-
/12

By using (5.4.6) and the first estimation in (5.4.11), we get the last estimation. O

Inserting Equations (5.4.6) and (5.4.8) into (5.4.7) and (5.4.9), we get

2 ) . f2 3 ifi
Au+div(aVu + b(x)Vv) —ilc(x)y _ﬁ_c(x)ﬁ_T' (5.4.14)
. fa h ifs
/12y+Ay+z)Lc(x)u = —ﬁ+c(x)ﬁ—7. (5.4.15)

Lemma 5.4.5. Assume that the assumption (H1) holds. Then, the solution (u, v, y, z) € D(«/) of
(5.4.6)-(5.4.9) satisfies the following estimation

f |Ay|* dx = o(1) (5.4.16)
We

where w, C w such that w, satisfies the GCC condition.

Proof. First, we define the function { € C°(R") such that

1 if X € W,
{(x) = 0 if xeQ\o, (5.4.17)
0<(=<1 elsewhere,

such that w, c w satisfies the GCC condition. Multiply Equation (5.4.14) by Ay and integrate
over ) and using Green’s formula, and using Equation (5.4.10) and the fact that ||F|l » =

||(f1rf2)f3)f4)”<]f = 0(1)) we get
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)L3f u(ydx—/lf (aVu+b(x)Vu)-(Wc+CVﬂdx—if c(x)(|/1y|2dx=$. (5.4.18)
Q Q Q

Estimation of the first term in (5.4.18). Using Cauchy-Schwarz inequality, (5.4.11) and (5.4.10)
we get

< Blull 2y 1Y 12 = o). (5.4.19)

A3 f u(ydx
Q

Estimation of the second term in (5.4.18). Using Cauchy-Schwarz inequality, (5.4.10), (5.4.11),
the fact that supp{ < w, and that ||U|| # = 1, we obtain the following estimations

o(1)
‘AL aVuV(?dx = AIIVuIILz(w) . ||y||L2(w€) = ?, (5420)
— o(1)
’A,fgb(x)wcvydx < V0l 2y 1971200 = 0(1), (5.4.22)
o(1)
‘/IL b(x)VvV(?dx < /1||VU”L2((UE) . ||y||L2(w£) = T (5.4.23)

Inserting Equations (5.4.19)-(5.4.23) in Equation (5.4.18), we get that
if e Ay dx = o(1). (5.4.24)
Q

Using the definiton of the function ¢ and ¢, we obtain our desired result. O
Lemma 5.4.6. For any A € R, the solution ((p, 1//) e (H2(Q)n H& (Q))? of the system
)Lz(p +alAp—-ildx)p—ilcX)y=u, in Q

Azw+Aw—i/1d(x)w+i/10(x)(p:y, in Q

4 (5.4.25)
@Y= ’(l/ = 0, on T
satisfies the following estimation
1Al 12 + V@Il 20) + 1AW 120 + IVW Il 20y < M (12l 12y + 1Vl 12(0)) - (5.4.26)

Proof. Using Remark 5.4.2, then the resolvent set of the associated operator </, contains iR
and (iAI — 24,4,,) ! is uniformly bounded on the imaginary axis. Consequently, there exists
M > 0 such that
sup | GAI = L4ux) ™' | 2(Hpr) < M < +00. (5.4.27)
AER
Now, since (1, y) € Hy (Q) x H} (Q), then (0, —,0, —y) belongs to #4,,, and from (5.4.27), there
exists (¢,n,v,¢) € D(«4yy) such that (iAl — %) (,n,v,¢) = (0,-1,0, —y)T i.e.
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ilp—mn = 0, (5.4.28)
iAn—aAp+dx)n+cx)é = -u, (5.4.29)
ily-¢ = 0, (5.4.30)
IN-Ay+d(x)E—cx)n = -y, (5.4.31)
such that
1@, 7w, Oz, < M (llull 2 + 1112 () - (5.4.32)

From equations (5.4.28)-(5.4.32), we deduce that (¢, ) is a solution of (5.4.25) and we have

IA @l 2y + IVQl 2 + 1AW 120 + VW Il 1200y < M (Il 2 + 1Yl 22 () - (5.4.33)
Thus, we get our desired result. O
Lemma 5.4.7. Assume that the assumption (H1) holds. Then, the solution (u, v, y, z) € D(&f) of
(5.4.6)-(5.4.9) satisfies the following estimations

fl)tulzdxzo(l) and f|)ly|2dx:0(1). (5.4.34)
Q Q

Proof. For clarity, we will divide the proof of this Lemma into two steps.
Step 1. Multiply (5.4.14) by 1?9 and integrate over Q, and using Green’s formula, Equation
(5.4.26), and the fact that | Fll #» = I|(f1, f2, f3, fa) | 7 = 0(1), we obtain

1
fQ (A*Q + arp) AP udx - Azfg b(x)Vv- V@dx—fﬂ iVc(x)ypdx = %. (5.4.35)
From Equations (5.4.11) and (5.4.26), we obtain
A2 f b(x)Vv-Vpdx|=o(1). (5.4.36)
Q
By using Equation (5.4.36) in (5.4.35), we get
+ aA udx—| il c(x) x=o(1). (5.4.37)
| 075+ axp)audx— [ ir*ccoypd
Q Q
Now, from System (5.4.25), we have that
A2Q+alp = —idd(x)Q — idc(X)Y + . (5.4.38)

Inserting Equation (5.4.38) into (5.4.37), we obtain
f I/lulzdx—i/13f d(x)u@dx—MBf c(x)u@dx—f iAgc(x)yde= o(1). (5.4.39)
Q Q Q Q

By using (5.4.11) and (5.4.26), we get

o(1l)
< Plull 2w,  l9llzq) = — (5.4.40)

ir3 f d(x)updx
Q
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Now, inserting Equation (5.4.40) into (5.4.39), we get

f|ﬂ,u|2dx—i/13f c(x)u@dx—iﬂte’f c(X)ypdx = o(1). (5.4.41)
Q Q Q

Step 2.
Multiply Equation (5.4.15) by A%y, integrate over Q, using Green’s formula, and the fact that

I|Fll7 = I(f1, f2, f3, fa)ll 2 = 0(1), we obtain

fQ (A2 + AY) AP ydx+iA3 fQ c(x)uydx = %1). (5.4.42)
From System (5.4.25), we have
A2 + Ay = —idd(X) W + idc(X) @+ (5.4.43)

Inserting (5.4.43) into (5.4.42), we get

fQ Ay|dx - M3fgd(x)yﬁdx+ M3[Qc(x)y¢dx+ i)t3fgc(x) uydx = o), (5.4.44)
Using Cauchy-Schwarz inequality, Lemma 5.4.5, and Equation (5.4.26)
ir3 fQ d(x) yw‘ =o(1). (5.4.45)
Inserting (5.4.45)into (5.4.44), we get
fg|/1y|2dx+i/13ch(x)y¢dx+i/l?’fgc(x)uwdx= o(1). (5.4.46)
Adding Equations (5.4.41) and (5.4.46), we get
fQI/lulzdxzo(l) and fg\xly|2dx:0(l). (5.4.47)
Thus, the proof of the Lemma is completed. O

Lemma 5.4.8. Assume that the assumption (H1) holds. Then, the solution (u, v, y, z) € D(«/) of
(5.4.6)-(5.4.9) satisfies the following estimations

fquIzdxzo(l) and f|Vy|2dx:0(1). (5.4.48)
Q Q

Proof. Multiply Equation (5.4.14) by u, integrating over Q, Green’s formula, Equation (5.4.10)
and the fact that | Fll» = || (f1, f2, f3, fo)ll # = 0(1), we obtain

1
f |/1u|2 dx—af IVuIde—f b(x)Vv~Vﬁdx—f ilc(x)yudx = £2) (5.4.49)
Q Q Q Q A
Using Equation (5.4.11) and Lemma 5.4.7, we obtain
f IVul?dx = 0(1). (5.4.50)
Q
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Multiplying Equation (5.4.15) by y and proceeding in a similar way as above, we get

fQ|Vy|2 dx=o(l). (5.4.51)

O

Proof of Theorem 5.4.3. Consequently, from the results of Lemmas 5.4.7 and 5.4.8, we obtain
f (Ilv]? +1z1* + a|Vul* +|Vyl*)dx = 0(1).
Q

Hence || U|l# = o(1), which contradicts (5.4.4). Consequently, condition (C2) holds. This
implies that the energy decay estimation (5.4.3). The proof is thus complete.

Remark 5.4.9. In the case when d, c € L*°(Q) such that they are discontinuous functions, we
didn'’t find any result in the literature on the stability of the system (5.4.1). But, we can conjecture
that the system (5.4.1) is exponentially stable. Further, we have that the system (5.4.1) with d, c
are discontinuous functions is exponentially stable in the dimension 1 (see Chapter 2).

One of the main tools to prove the polynomial stability of the system (5.1.1)-(5.1.3) when one
of the assumptions (H2), (H3), (H4) or (H5) holds is to use the exponential or polynomial decay
of the wave equation with viscous damping. We consider the following system

=0 in T x(0,+00) (5.4.52)

{ Q= Ap+1, ()P =0 in Qx(0,+00)
@(,0) =@, @:(-,0)=¢;.

Remark 5.4.10. (About System (5.4.52))
1. If (H2) or (H3) holds, system (5.4.52) is exponentially stable (see [29] and Lemma 3.8 in
[5).
2. If (H4) holds, the energy of the wave equation (5.4.52) with local viscous damping decays
polynomially as t=! for smooth initial data (see Example 3 in [71]).

3. If (H5) holds, the energy of the wave equation (5.4.52) with local viscous damping decays
4
polynomially as t™3 for smooth initial data (see [90]).

Theorem 5.4.11. Assume that the boundaryT is of class C3. Also, assume that assumption (H2)
or (H3) holds. Also, assume that the energy of the system (5.4.52) is exponentially stable. Then,
for allinitial data Uy € D(f), there exists a constant C, > 0 independent of Uy, the energy of the
system (5.1.1)-(5.1.3) satisfies the following estimation

C
E(t,U) < —* Vol V1>0. (5.4.53)

Following Theorem 1.3.10 of Borichev and Tomilov, the polynomial energy decay (5.4.53) holds
if (C1) and

limsup Lz ||(i7LI—.sz¢)_1H$(ﬂ,) <00, (C3)
AeR | A|—oo 1A
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holds. Since Condition (C1) is already proved (see Lemmas 5.2.7 and 5.2.8). We will prove
condition (C3) by an argument of contradiction. For this purpose, suppose that (C3) is false,
then there exists

{(An, Un:= (U, U, Yy 20) )} < R* x D(f) with

[Apl = +oc0 and || Unllzz = Il(un, Vn»yn’zn) lz=1, (5.4.54)

such that
A% (iAnI =) Up = Fp:= (fin foons fons fan) | — 0 in FE. (5.4.55)

For simplicity, we drop the index n. Equivalently, from (5.4.55), we have

ilu-v = A%fiin Hy(Q), (5.4.56)
ilv—div(aVu+bx)Vv)+c(x)z = A2f in L*(Q), (5.4.57)
ily-z = A%f; in H}(Q), (5.4.58)

ilz—div(Vy)—c(x)v = A7%f, in L2(Q). (5.4.59)

Here we will check the condition (C3) by finding a contradiction with (5.4.54) such as | U]l # =
o(1). From Equations (5.4.54), (5.4.56) and (5.4.58) we obtain

o(1) o)

|| u”LZ(Q) =—— and ||y||L2(Q) = —. (5460)
A A

Lemma 5.4.12. Assume that the assumption (H2) or (H3) holds. We have that the solution
(u,v,y,2) € D(&f) of (5.4.56)-(5.4.59) satisfies the following estimations

o(1) o(1)

T and ”Vu”LZ(wb):—. (5.4.61)

IVl 2w, = 12

The proof of this Lemma is similar to that of Lemma 5.4.4.

Lemma 5.4.13. Under the assumption (H2). We have that the solution (u, v, y, z) € D(«) of
(5.4.56)-(5.4.59) satisfies the following estimations

o(1)
el 2w, = e (5.4.62)

Proof. By using Poincaré inequality and Equation (5.4.61), we get

o(1)
IVl 2w, = ——- (5.4.63)
A
From Equation (5.4.56) and (5.4.63), we obtain
o(1)
el 2w, = e (5.4.64)

O
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Inserting Equations (5.4.56) and (5.4.58) into (5.4.57) and (5.4.59), we get

/12u+div(cNu+b(x)Vv)—i/lc(x)y = /{22 ()é—%, (5.4.65)
My+Ay+ide()u = —%+ ()ﬁ—%. (5.4.66)

Lemma 5.4.14. Assume that assumption (H3) holds. Then, the solution (u, v, y, z) € D(«) of
(5.4.56)-(5.4.59) satisfies the following estimation

Auldx = o0(1).

(5.4.67)
@p
such that w, c @y < wyp,.

Proof. Let anon-empty open subset @, such that w, € @, < wp. Then, we define the function
h € C§°(IRN ) such that

1 if X € Wy,
hy(x) = 0 if

x € Q\wyp, (5.4.68)
0O<h; =<1 elsewhere.
Multiply (5.4.65) by hyu and integrate over 2, we get
1
f hll/lulzdx—f (aVu+bx)Vv)-(iVu+Vhiu)dx— i/lf hic(x)yudx = %. (5.4.69)
Q Q Q
Using (5.4.60) and (5.4.61), we have
_ o(1)
f(aVu+b(x)Vv)-(h1Vu+Vh1mdx = 2z (5.4.70)
Q
and O(l)
l/lf hic(x)yudx| = e (5.4.71)
Thus, by using Equations (5.4.70) and (5.4.71) in (5.4.69), we obtain
o
f hilAul?dx = o (5.4.72)
Q A

Thus, we reach our desired result. O

Lemma 5.4.15. Assume that assumption (H2) or (H3) holds. Then, the solution (u,v,y,z) €
D(<f) of (5.4.56)-(5.4.59) satisfies the following estimation

) IAy|?dx = 0(1). (5.4.73)

Proof. Casel. Assume that assumption (H2) holds, we define the function p € C®°(R") such
that

1 if XEwe,
p(x) = 0 if xeQ\wp, (5.4.74)
0<sp=<l1 elsewhere.
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Now, multiplying (5.4.65) by Ap7y, integrating over Q and using Green'’s formula, (5.4.60) and
the fact that | Fll» = (1, f2, f3, fa)ll 7z = 0(1), we get

Agf up?dx—/lf (aVu+b(x)Vv)~(Vp?+pV7)dx—if c(x)p|/1y|2dx=$. (5.4.75)
Q Q Q

Using (5.4.60), (5.4.61) and Cauchy-Schwarz we obtain

< Plull 2wy - 171 2wy = 0(1) (5.4.76)

/lgf upydx
Q

and
‘/1] (aVu+b(x)Vv)-(Vpy+pVy)dx| =o0(1). (5.4.77)
Q

Thus, using Equations (5.4.76) and (5.4.77) in (5.4.75) we obtain our desired result for the first
case.
Case 2. Assume that assumption (H3) holds. Define the function h; € CgO(IRN ) such that

1 if X E We,
hy(x) = 0 if  xeQ\oyp, (5.4.78)
O<hy =<1 elsewhere.

Multiply (5.4.65) by Ahyy and integrate over (2, and using Green’s formula, (5.4.60) and the
fact that | Fllz = [I(f1, f2, f3, fa) | = 0(1), we get

1
ASf uhgydx—/lf (aVu+b(x)Vv)-(Vh27+h2V?)dx—i/ c(x)h2|)ty|2dx:#. (5.4.79)
Q Q Q

Using (5.4.60), (5.4.61) and Cauchy-Schwarz, we obtain

‘/1[ (aVu+b(x)Vv) - (Vhyy + hoVy)dx| = o(1). (5.4.80)
Q
By using Equation (5.4.80) in (5.4.79), we obtain
/13f uhgydx—if (0 ha| Ay dx = o(1). (5.4.81)
Q Q

Now, multiply (5.4.66) by Ahou and integrate over (2, and using Green’s formula, (5.4.60) and
the fact that | Fll . = | (f1, f2, f3, fa) 2 = 0(1), we get

ot

A3 f yhotidx — A f Vy(Vhoti+ hyVi)dx+icy | 1Aul>dx = (5.4.82)
Q Q We
Using (5.4.54), (5.4.60) and Cauchy-Schwarz, we obtain
‘Af Vy-(Vhou+ hyVu)dx| = o(1). (5.4.83)
Q
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Inserting (5.4.83) into (5.4.82), we get
/lsf yhgﬁdx+icof [Aul?dx=o(1). (5.4.84)
Q W,

Summing Equations (5.4.81) and (5.4.84), and taking the imaginary part and using Equation
(5.4.67), we obtain our desired result. O

Lemma 5.4.16. Assume that assumption (H2) or (H3) holds. Then, the solution (u,v,y,z) €
D(«) of (5.4.56)-(5.4.59) satisfies the following estimations

fl}tulzdxzo(l) and f|7ty|2dx=0(1). (5.4.85)
Q Q

Proof. Let ¢,y € H*(Q) N H} (Q) be the solution of the following system

MPy+Ay—ilMl, (Dy=y, in Q (5.4.86)

{}LZ<p+aA<p—i/1]lwc(x)(p:u, in Q
p=v=0, on T

where (u, v, ¥, z) is the solution of (5.4.56)-(5.4.59). Since either (H2) or (H3) holds, then system
(5.4.52) is exponentially stable. Thus, there exists M > 0 such that system (5.4.86) satisfies the
following estimation

IA@ll 2@ + IVQll 2@ + 1AWl 20 + IVl 20y < M (llull 20y + 1Y 220y - (5.4.87)

Case 1. Under the assumption (H3). Multiply (5.4.65) by A1?% and integrate over Q, and
using Green’s formula, Equation (5.4.87), and the fact that | Fll » = [(f1, f2, f3, fa) |l 7z = 0(1), we
obtain

1
fQ (V29 + aAp) AP udx — A? fQ b(x)VuVpdx— fQ iA3c(x)ypdx = % (5.4.88)
From Equation (5.4.61) and (5.4.87), we obtain

=o(1). (5.4.89)

)sz b(x)Vv-Vodx
Q

Now, using System (5.4.86) and Equation (5.4.89) in (5.4.88), we get
f I/lulzdx—i/lsf 1, (x) tipdx — M3f c(x)ypdx = o(1). (5.4.90)
Q Q Q

By using (5.4.62), (5.4.87) and the fact that w,. c wy,

— o(1
ixlgfﬂllwc(x)uqodx <23 Il 2w, - @l 2 = % (5.4.91)
Using (5.4.73) and (5.4.87), we get that
ir3 f c(x)ypdx|=o(1). (5.4.92)
Q
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Now, inserting Equations (5.4.91) and (5.4.92) into (5.4.90) , we get
f |Aul®dx = o(1). (5.4.93)
Q

Multiply (5.4.66) by A2y and integrate over Q, and using Green’s formula, Equation (5.4.87),
and the fact that || Fll» = (1, f2, f3, fo) .z = 0(1), we obtain

fQ(AZW-FAE)AZydx+Me‘fﬂc(x)qux=%. (5.4.94)
By using System (5.4.86) in (5.4.94), we get
f |Ay|2dx—i/13f ]lwc(x)ywdx+ilgf c(xX)uydx=o(1). (5.4.95)
Q Q Q

Using (5.4.62), (5.4.73), and (5.4.87) and the fact that w, c w;, we get

ir3 f 1o, () ywdx| = o(1). (5.4.96)
Q
and )
i1’ f c(x)uydx|= o) (5.4.97)
Q A
Inserting (5.4.96) and (5.4.97) into (5.4.95), we obtain
f |Ay|* dx = o(1). (5.4.98)
Q

Case 2. Under the assumption (H3). We proceed in the same way as in Case 1., the only change
is that we have the following two estimations instead of (5.4.91) and (5.4.97), by using (5.4.67)
and (5.4.87) we get

ir f 1, (x)updx| = o(1) (5.4.99)
Q
and
iA3 f c(X)uydx| = o(1). (5.4.100)
Q
Thus, we reach our desired result. O

Lemma 5.4.17. Assume that either the assumption (H2) or (H3) holds. Then, the solution
(u,v,y,2) € D() of (5.4.56)-(5.4.59) satisfies the following estimations

fquIzdx:O(l) and f|Vy|2dx=0(1). (5.4.101)
Q Q

Proof. The proofis similar to the proof of Lemma 5.4.8. O

Proof of Theorem 5.4.11. Consequently, from the results of Lemmas 5.4.16, and 5.4.17 , we
obtain that |U|» = o(1), which contradicts (5.4.54). Consequently, condition (C3) holds.
This implies, from Theorem 1.3.10, the energy decay estimation (5.4.53). The proof is thus
complete.
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Theorem 5.4.18. Assume that assumption (H4) or (H5) holds. Then, for all initial data Uy €
D(&f), there exists a constant C3 > 0 independent of Uy, the energy of the system (5.1.1)-(5.1.3)
satisfies the following estimation

C
E(t,U) s ——Upl%,, Vt>0. (5.4.102)
t2+4ﬁ
where
2 if (H4)holds

= (5.4.103)
if (H5)holds.

N W

Following Theorem 1.3.10 of Borichev and Tomilov, the polynomial energy decay (5.4.102)
holds if (C1) and

1
limsup ——— GAT—of)! < 00, (C4)
AR | A|—oo | A|2+4P ” Iz

are satisfied. Since Condition (C1) is already satisfied (see Lemmas 5.2.7 and 5.2.8). We will
prove condition (C4) by an argument of contradiction. For this purpose, suppose that (C4) is
false, then there exists {(An, Uy := (Un, Un, Yn, 2n) | )} € R* x D (/) with

[Apl =400 and Ul = (up, Uy Yo Zn)lle = 1, (5.4.104)
such that
2446 . _ L T .
An (Al —A)U, = Fy = (fl,n;fz,n,f3,n;f4,n) —0 in A. (5.4.105)

For simplicity, we drop the index n. Equivalently, from (5.4.105), we have

N

idu-v = —o5in Hy(Q), (5.4.106)
ilv—div(aVu+b(x)Vv) +c(x)z = /12]:2416 in L*(Q), (5.4.107)
ily-z = % in Hy(Q), (5.4.108)

ilz—div(Vy)—c(x)v = /12]%4!3 in L?(Q). (5.4.109)

Here we will check the condition (C4) by finding a contradiction with (5.4.104) such as | U |l # =
o(1). From Equations (5.4.104), (5.4.106) and (5.4.108), we obtain
o) o)

||u||L2(Q) = T and ”y”LZ(Q) = T (54110)

Lemma 5.4.19. Under the assumptions (H4) or (H5). We have that the solution (u,v,y,z) €
D(«) of (5.4.106)-(5.4.109) satisfies the following estimations

o(1) o(1) o(l)

m IIVulle(wb)=M and ||u||L2(wb):M. (5.4.111)

||VU||L2(wb) =

The proof of this Lemma is similar to that of Lemma 5.4.4.
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Inserting Equations (5.4.106) and (5.4.108) into (5.4.107) and (5.4.109), we get

i

/12u+div(cNu+b(x)Vv)—i/lc(x)y = —/12]%4[3—6(16)%—11—%, (5.4.112)
. fa h ifs

My+Ay+ilc(x)u = ~ e TN G~ g G4113)

Lemma 5.4.20. Assume that assumption (H4) or (H5) holds. Then, the solution (u,v,y,z) €
D(<«f) of (5.4.106)-(5.4.109) satisfies the following estimation
2, o)
. |Ay|"dx = SV (5.4.114)
Proof. Assume that either assumption (H4) or (H5) holds. Define the function p € C®(RY)
such that

1 if X E We,
p(x) = 0 if xeQ\wp, (5.4.115)
0<sp=<l1 elsewhere.

Now, multiply (5.4.112) by Apy, integrate over Q2 and using Green’s formula, (5.4.110) and the
fact that | Fll.z = (1, f2, f3, fa) | 2 = 0(1), we get

1
Asf up?dx—/lf (aVu+b(x)Vv)-(Vp7+pvy)dx—if c)p|Ay[ dx= o) (5.4.116)
Q Q Q AL+4p
Using (5.4.110), (5.4.111) and Cauchy-Schwarz we obtain
— o(1)
Ag_/g‘) upydx < /13” u||L2(w1,,) . ”y”LZ(wh) = W (5.4.117)
and
— — o(1)
‘Af (aVu+b(x)Vv)-(Vpy+pVy)dx| = —=. (5.4.118)
Q 2P
Thus, using Equation (5.4.117) and (5.4.118) in (5.4.116) we obtain our desired result. O

Lemma 5.4.21. Assume that the assumption (H4) or (H5) holds. Then, the solution (u,v,y, z) €
D(«f) of (5.4.106)-(5.4.109) satisfies the following estimations

fmmzdx:o(l) and f|)ty|2dx:0(1). (5.4.119)
Q Q

Proof. Letp,v € H%(Q)n H& (Q) be the solution of the following system

MPy+Ay—ilMl, (Dy=y, in Q (5.4.120)

{A2<p+aA(p—M]le(x)<p:u, in Q
(p:w:O, on r

where (u, v, y, z) is the solution of (5.4.106)-(5.4.109). We suppose that the energy of the System
(5.4.52) satisfies the following estimate

C
E(t,U) < —1Uoll}y ), ¥2>0.
th
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When assumption (H4) holds, we have that System (5.4.52) is polynomially stable with an
energy decay rate ¢!, i.e § = 2. Howerver, when assumption (H5) holds then we have that
System (5.4.52) is polynomially stable with an energy decay rate 73, ie B= % Thus, there
exists M > 0 such that system (5.4.120) satisfies the following estimation

Al 2 ) + IVQl 2 + 1AWl 12y + IVY Il 12 < M|/1|ﬁ (” ullrzq) + ”y”LZ(Q))' (5.4.121)

Assuming that (H4) or (H5) holds. Multiply (5.4.112) by A% and integrate over Q, and using
Green’s formula, Equation (5.4.87), and the fact that ||Fll» = II(f1, f2, f3, fa) 2 = 0(1), we
obtain

1
f (A5 + arg) \udx — A2 f b(x)Vv-Vpdx - f iBeygdr=22 a122)
Q Q Q AL+3P
From Equation (5.4.111) and (5.4.121), we obtain
1
A2 f b(x)VuVepdx| = ol (5.4.123)
Q AP
Now, using System (5.4.120) and Equation (5.4.123) in (5.4.122), we get
2 .13 — . .3 _ o(1)
[Auldx—id> | 1,,(Xupdx—il” | c(x)ypdx=—r. (5.4.124)
Q Q Q AP
By using (5.4.111), (5.4.121) and the fact that w. c wy
.3 — 3 _ o(1)
i1 Q]lwe Dupdx| = AV lull 2w, llelrzaq) = B (5.4.125)
Using (5.4.114) and (5.4.121), we get that
ir3 f c(x)ypdx|=o(1). (5.4.126)
0
Now, inserting Equation (5.4.125) and (5.4.126) into (5.4.124), we get
f |Aul?dx = o(1). (5.4.127)
Q

Multiply (5.4.113) by A2y and integrate over Q, and using Green’s formula, Equation (5.4.121),
and the fact that | Fll» = (1, f2, f3, fa) . = 0(1), we obtain

— — 1
fﬂ(/lzw+Aw)/12ydx+ixlsfﬂc(x)uu/dx: /101(+3)ﬁ' (5.4.128)
By using System (5.4.120) in (5.4.128) we get
— — 1
f |/1y|2dx—i/13f ]lwc(x)ywdx+i/13f c(x)uwdxz%. (5.4.129)
Q Q Q

Using (5.4.111), (5.4.114), and (5.4.121) and the fact that w. c wy, we get

ir3 fQ 1o, () ywdx| = o(1). (5.4.130)
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and a)
.23 — _ 0
il ch(x)uwdx =5 (5.4.131)
Inserting (5.4.130) and (5.4.131) into (5.4.129), we obtain
f IAy|* dx = o(1). (5.4.132)
Q
O

Lemma 5.4.22. Assume that either the assumption (H4) or (H5) holds. Then, the solution
(u,v,y,2) € D() of (5.4.106)-(5.4.109) satisfies the following estimations

fquIzdxzo(l) and f|Vy|2dx:0(1). (5.4.133)
Q Q

Proof. The proofis similar to the proof of Lemma 5.4.8. O

Proof of Theorem 5.4.18. Consequently, from the results of Lemma 5.4.21, 5.4.22 , we obtain
that ||U|| » = o(1), which contradicts (5.4.104). Consequently, condition (C4) holds. This im-
plies, from Theorem 1.3.10, the energy decay estimation (5.4.102). The proofis thus complete.
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